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À mon père.
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Cher
her ne signi�e rien en peinture.Ce qui 
ompte, 
'est trouver.Pablo Pi
asso.The Arts (1923).
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Abstra
t
This work is 
on
erned with the dynami
s of premixed 
on�ned turbulent swirling�ames submitted to a
ousti
 velo
ity disturban
es. The general obje
tive is togain an understanding of the me
hanisms governing the response of these �amesand to derive predi
tive methods for 
ombustion instabilities. Swirling �ows are�rst reviewed in terms of swirl numbers and novel expressions for them are given.Perturbed form of the swirl number are suggested taking into a

ount a
ousti
disturban
es in the �ow. The experimental system 
omprises an upstream man-ifold, an inje
tor equipped with a swirler and a transparent �ame tube allowingdire
t visualization of the �ame motion. Two operating points are investigated
orresponding to di�erent bulk velo
ities. The upstream manifold and the �ametube of the burner 
an be easily 
hange to test several 
on�gurations. The burnera
ousti
 is also analyzed in term of 
oupled 
avities approa
h to determined theresonant frequen
ies of the system in non rea
tive 
ases. Experiments are 
arriedout to measure the system eigen frequen
ies and the estimate damping 
oe�
ientof the various burners arrangements. A 
riterion for de
oupling a
ousti
 mode issuggested. The �ow dynami
s is examined in terms of mode 
onversion o

urringat the swirler or downstream an airfoil 
as
ade. This part of the work, 
arriedout with numeri
al simulations, shows that when submitted to an a
ousti
 wave,a swirler gives rise to an azimuthal 
onve
tive wave in addition to the transmit-ted a
ousti
 wave. Both axial and radial swirlers are prone to this me
hanism as
on�rmed by experiments. It is found that this mode 
onversion pro
ess has astrong impa
t on the �ame dynami
s in swirling �ames 
ombustors. Combustiondynami
s is then analyzed by measuring the �ame des
ribing fun
tion (FDF) ofthis burner. This FDF is used to determine the response of the �ame to a
ousti
velo
ity disturban
es propagating on the upstream �ow. It is shown that theStrouhal number is a suitable dimensionless group to 
hara
terize the swirling�ame response. The �ame dynami
s is also analyzed with an ensemble of diag-nosti
s in
luding pressure probes, photomultipliers and laser Doppler velo
imeter(LDV). A model for the linear swirling �ame transfer fun
tion is derived theoret-i
ally. The physi
al me
hanisms driving the response of the �ame are identi�ed: vortex rollup and swirl number �u
tuations. The vortex rollup is asso
iatedto the a
ousti
 wave transmitted downstream of the swirler and entering in the
ombustor while the swirl number �u
tuations are dire
tly linked to the mode
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onversion me
hanisms downstream the swirler whi
h indu
ed di�erent axial andazimuthal speeds upstream the �ame. The rollup phenomena a
ts at the extrem-ity of the �ame while swirl number �u
tuations a
t on the �ame angle. These
ompetiting me
hanisms a
t 
onstru
tively or destru
tively leading to low or highgains in the �ame response depending on the frequen
y. These me
hanisms areretrieved by large eddy simulations of the �ame dynami
s. Finally, an instabilityanalysis is 
arried out by 
ombining the experimental �ame des
ribing fun
tion(FDF) and an a
ousti
 model of the 
ombustor to determine the frequen
y andthe amplitude of the velo
ity disturban
es at the limit 
y
le. A good agreementbetween predi
tions and experiments is obtained in most 
ases indi
ating thatthe method is suitable subje
t to further developments.
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Résumé
Ce travail traite de la dynamique des �ammes turbulentes prémélangées 
on-�nées et swirlées soumises à des perturbations de vitesses a
oustiques. L'obje
tifgénéral est d'a
quérir une 
ompréhension des mé
anismes régissant la réponse de
es �ammes et d'en tirer des méthodes de prévision des instabilités de 
ombustion.Les é
oulements swirlés sont d'abord examinés en termes de nombre de swirl et denouvelles expressions sont données pour 
ette quantité. On traite notamment dese�ets de perturbations de vitesse et une expression est proposée qui tient 
omptedes �u
tuations de vitesses dans l'é
oulement. Le système utilisé pour l'étudeexpérimentale 
omprend une 
avité amont, un inje
teur équipé d'un swirler etun tube à �amme transparent permettant la visualisation dire
te du mouvementde la �amme. Deux points de fon
tionnement sont étudiés 
orrespondant à desvitesses débitantes di�érentes. La 
avité amont et le tube à �amme du brûleurpeuvent être fa
ilement 
hangés pour étudier plusieurs 
on�gurations di�érentes.L'a
oustique du brûleur est également analysée au moyen d'une appro
he de
avités 
ouplées pour déterminer les fréquen
es de résonan
e du système en 
on-�guration non-réa
tive. Des expérien
es sont menées pour mesurer les fréquen
espropres du système et l'estimation du 
oe�
ient d'amortissement est réalisée àpartir de la réponse du système à une modulation externe. Un 
ritère de dé-
ouplage des mode a
oustiques est proposé. La dynamique de l'é
oulement estexaminée en termes de 
onversion de modes au niveau de la vrille (swirler) oudans une grille d'aubes. Cette partie du travail, e�e
tuée au moyen de simula-tions numériques montre que lorsqu'une grille ou une vrille sont soumis à une ondea
oustique, le swirler donne naissan
e à une onde azimutale 
onve
tive en plusde l'onde a
oustique axiale transmise. Les deux types de swirlers, axial et radial,donnent lieu à 
e mé
anisme, un fait 
on�rmé par des expérien
es. Il est montréque 
e pro
essus de 
onversion de mode a un impa
t important sur la dynamiquede la �amme swirlée. La dynamique de la 
ombustion est ensuite analysée enmesurant la fon
tion de transfert généralisée ainsi que les distributions de taux dedégagement de 
haleur au 
ours du 
y
le d'os
illation. La fon
tion de transfert estutilisée pour déterminer la réponse de la �amme à des perturbations a
oustiquesse propageant dans l'é
oulement en amont de la �amme. Il est aussi montré quele nombre de Strouhal est un groupe sans dimensions qui permet de 
ara
tériserla réponse de la �amme. La dynamique est également analysée au moyen d'un
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xensemble de diagnosti
s 
omprenant des sondes de pression, un photomultipli
a-teur et un vélo
imètre laser Doppler. Un modèle pour la fon
tion de transfertlinéaire de la �amme est dérivé théoriquement à partir d'une des
ription de la�amme au moyen de l'équation pour une variable de 
hamp G. Les mé
anismesphysiques de la réponse de la �amme sont identi�és : enroulement tourbillonnaireet �u
tuations du nombre de swirl. L'enroulement tourbillonnaire est asso
ié àl'onde a
oustique transmise en aval du swirler et qui pénètre dans la 
hambrede 
ombustion. Tandis que les �u
tuations du nombre de swirl sont dire
tementliées aux mé
anismes de 
onversion de mode au swirler qui induit di�érentesvitesses pour les perturbations axiales et azimutales. L'enroulement tourbillon-naire enroule l'extrémité de la �amme tandis que les �u
tuations du nombre deswirl agissent sur l'angle de la �amme. Ces deux mé
anismes en 
ompétition se
ombinent de manière 
onstru
tive ou destru
tive 
onduisant à des gains faiblesou élevés dans la réponse de la �amme en fon
tion de la fréquen
e. Ces mé-
anismes sont retrouvés par simulation aux grandes é
helles (LES). En�n, uneanalyse d'instabilité est réalisée en 
ombinant la fon
tion de transfert généraliséeexpérimentale et un modèle a
oustique du brûleur a�n de déterminer la fréquen
eet l'amplitude des perturbations de vitesse au 
y
le limite. Un bon a

ord entreles prévisions et les résultats d'expérien
es est obtenu dans la plupart des 
as, 
equi indique que la méthode est appropriée pour de futurs développements.Introdu
tionPartie I : Flammes swirlées, 
on�guration expérimentale eta
oustique du systèmeChapitre 1 : E
oulements et �ammes swirléesLes é
oulements swirlés sont 
ouramment ren
ontrées en mé
anique des �uides,en 
ombustion et dans de nombreuses appli
ations industrielles 
omme les tur-bines à gaz ou les turboréa
teurs. Ces é
oulements en rotation sont généralement
ara
térisés par le nombre de swirl, un groupement sans dimensions dont la dé�-nition est d'abord donnée. On déduit de 
ette expression une forme perturbée de
e nombre qui fait intervenir la di�éren
e entre les �u
tuations relatives de vitesseazimutale et axiale. On 
onsidère dans un deuxième temps l'e�et de l'évolutionde l'angle des pales pour un swirler axial. Comme l'angle des pales 
hange ave
 lerayon, le nombre de swirl peut être estimé au moyen d'une intégration numérique.Une expression est don
 déduite en tenant en 
ompte de l'angle au bord de fuitedes pales de la vrille. La dernière partie du 
hapitre traite des e�ets instation-naires sur le nombre de swirl. On montre dans 
e 
hapitre qu'il est possible deprendre en 
ompte les termes d'a

umulation de moment angulaire azimutal etde quantité de mouvement axiale. Une synthèse rassemble �nalement les expres-sions obtenues pour le nombre de swirl.
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xiChapitre 2 : Des
ription de l'expérien
e et diagnosti
sL'expérien
e de laboratoire et les diagnosti
s utilisés dans 
e do
ument sontdé
rits dans 
e 
hapitre. La des
ription porte sur les di�érents éléments del'installation et traite notamment des swirlers. Les diagnosti
s de mesures as-so
iées à la vélo
imétrie laser (LDV), au photomultipli
ateur et aux mi
rophonessont ensuite exposés. On dé
rit la transformée d'Abel qui est utilisée dans 
emanus
rit pour déduire la stru
ture de �amme des images d'émission et anal-yser la dynamique de la �amme swirlées au 
ours d'un 
y
le d'os
illation. Deuxméthodes de détermination du taux de dégagement de 
haleur d'une �amme sontensuite 
omparées. La première utilise un photomultipli
ateur qui 
apte toute lalumière rayonnée par la �amme. La se
onde est basée sur la somme de l'intensitélumineuse reçue par les pixels d'une 
améra ICCD sans �ltre. Il est démontréque les signaux déduits de 
es deux types de 
apteurs sont en bon a

ord.Chapitre 3 : A
oustique des systèmes de 
ombustion : données expéri-mentales et analyse théoriqueLa réponse a
oustique du système de 
avités 
ouplées est examinée dans 
e
hapitre. Cette réponse est d'abord étudiée expérimentalement pour 
haque sys-tème a�n de déterminer les fréquen
es de résonan
e. Le taux d'amortissementest également obtenu pour les diverses 
on�gurations. On traite ensuite des 
on-ditions pour lesquelles les modes a
oustiques d'une 
hambre remplie de produitsde 
ombustion 
hauds peuvent être 
onsidérées 
omme dé
ouplés de l'a
oustiquede la partie amont de la 
hambre de 
ombustion fournissant les réa
tifs frais.On introduit à 
et e�et un paramètre de 
ouplage est Ξ = (cbρb)/(ρucu)S2/S3 ≃
(Tu/Tb)

(1/2)(S2/S3) où Tu et Tb sont respe
tivement les températures des gazfrais et des gaz brûlés, S3/S2 est le rapport des se
tions entre 
avité aval et dis-positif d'inje
tion. Il est démontré que l'a
oustique du système peut être analyséen dé
ouplant les signatures a
oustiques de la partie aval de la partie amontpour des petites valeurs du paramètre Ξ. Cette séparation est possible pourles petites valeurs de l'impédan
e de sortie de la 
hambre, lorsque la sortie dela 
hambre est ouverte 
orrespondant aux 
onditions atmosphériques ou pourdes fortes valeurs de l'impédan
e de sortie, lorsque par exemple la 
hambre estéquipée d'une tuyère sonique. Le 
as d'une 
avité amont 
ara
térisée par unerésonan
e de type Helmholtz est étudié en détail lorsque l'impédan
e de sortieest modi�ée. Il est démontré que les instabilités de 
ombustion auto-entretenuesse développent de préféren
e autour du mode résonant de la 
avité amont. Lesrelations exa
tes dans lesquelles les modes de la 
avité amont et de la 
avité avalsont dé
ouplés sont obtenues.Partie II : Dynamique de l'é
oulement et de la 
ombustion
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xiiChapitre 4 : Pro
essus de 
onversion de mode dans une grille d'aubeset dans un swirlerQuand une onde a
oustique interagit ave
 une grille d'aubes, un mode tourbil-lonnaire est généré et il en résulte des perturbations de vitesses transversales.Ce pro
essus de 
onversion de mode est étudié pour expliquer la dynamique desé
oulements observés lorsque des vrilles (swirlers) sont soumises à des perturba-tions a
oustiques in
identes. Le phénomène est d'abord etudié dans le 
as d'unegrille dans une 
on�guration bidimensionnelle au moyen d'une analyse théoriquefondée sur le modèle du disque a
tuateur. Ce modèle est simpli�é pour tenir
ompte du faible nombre de Ma
h de l'é
oulement. Le 
hamp de vitesse enaval de la grille possède deux 
omposantes, une perturbation axiale asso
iée àl'onde a
oustique transmise et une perturbation transversale 
orrespondant àl'onde tourbillonnaire générée aux bords de fuite de la grille. Le modèle four-nit l'amplitude des deux 
omposantes et dé�nit leur déphasage. Des simulationsnumériques sont réalisées dans une deuxième étape pour valider 
e modèle dansle 
as d'un faible nombre de Reynolds : Re = 2 700 basé sur la longueur de
orde des aubes. Des diagrammes spatio-temporels des perturbations de vitessesdéduits de 
es simulations sont utilisés pour mettre en éviden
e les deux types demodes. Les expérien
es sont ensuite e�e
tuées dans le 
as d'une vrille (swirler)axiale pla
ée dans une 
onduite 
ylindrique et soumise à des ondes a
oustiquesplanes émises en amont. Les amplitudes et phases des deux 
omposantes devitesse mesurée dans les dire
tions axiale et azimutale sont en bon a

ord ave
les estimations théoriques et ave
 les 
al
uls numériques.Chapitre 5 : Dynamique 
ombinée d'un swirler et d'une �amme swirléeturbulenteLa dynamique de �ammes prémélangées swirlées est étudiée en analysant leurréponse aux perturbations de vitesses in
identes. Une fon
tion de transfertgénéralisée est déterminée en balayant une gamme de fréquen
es allant de 0 à 400Hz et en 
hangeant la �u
tuation de vitesse entre 0 et 72 % de la vitesse débi-tante. Le taux de dégagement de 
haleur instationnaire est déduit de l'intensitéd' émissions du radi
al OH∗. Cette information globale est 
omplétée par destransformées d'Abel d'images formées par moyenne syn
hronisée par la phase. Onobtient ainsi la distribution d'émission lumineuse. En supposant que l'intensitélumineuse est proportionnelle au taux de dégagement de 
haleur, il est possi-ble de déduire la distribution des taux de dégagement de 
haleur instationnairesen W m−3 et observer l'évolution de la distribution spatiale de 
ette quantitéau 
ours du 
y
le de modulation et pour di�érentes fréquen
es de forçage. Cesdonnées peuvent être utiles pour la détermination des régimes d'instabilité maisaussi donnent des indi
ations sur les mé
anismes qui 
ontr�lent la dynamiquedes �ammes swirlées. Il est montré expérimentalement et analytiquement quele swirler soumis à des ondes a
oustiques provenant de l'amont génère une onde
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xiiitourbillonnaire en aval. La �amme est don
 soumise à une perturbation a
ous-tique axiale transmise au travers de la vrille qui se propage à la vitesse du sonet à une perturbation de vitesse azimutale qui est 
onve
tée par l'é
oulement.Il en résulte que la réponse de la �amme est déterminée par les e�ets 
ombinésde 
es perturbations de vitesse axiale et azimutale. Les perturbations axialesprovoquent l'enroulement d'un tourbillon à l'extrémité de �amme tandis que lesperturbations de vitesses azimutales génèrent une os
illation angulaire de la basede la �amme. La phase entre les perturbations in
identes est 
ontr�lée par ledélai de 
onve
tion des perturbations entre la sortie du swirler et la base de la�amme. L'interféren
e 
onstru
tive ou destru
tive entre les di�érentes pertur-bations provoque respe
tivement des forts ou faibles gains dans la réponse de la�amme. On peut ainsi expliquer les 
ara
téristiques prin
ipales de la fon
tion detransfert des �ammes swirlées.Chapitre 6 : E�et de la géométrie du swirler et du nombre de swirlsur la fon
tion de transfert généraliséeCe 
hapitre traite de la réponse des �ammes swirlées soumises à des perturbationsde vitesses a
oustiques lorsque la rotation de l'é
oulement est produite par unswirler axial ou radial. L'obje
tif est de 
omparer les réponses obtenues dans 
esdeux 
as. La réponse est 
ara
térisée en terme de fon
tion de transfert général-isée, qui élargit la fon
tion de transfert de �amme en 
onsidérant non seulementla fréquen
e mais aussi l'amplitude des perturbations de vitesses. Cet outil amontré sa pertinen
e dans l'étude des instabilités de 
ombustion 
ouplées parl'a
oustique. Les résultats indiquent que pour les deux types de swirlers, la dy-namique est essentiellement similaire pour les gains et les phases de la réponse.Il est également 
onstaté que la valeur du nombre de swirl in�uen
e fortementla réponse en terme de gain. La forme 
ara
téristique de la fon
tion de transfertgénéralisée, ave
 un minimum et un maximum lo
al, se retrouve pour les deux 
asde swirlers. Cette réponse 
ara
téristique 
orrespond à des mé
anismes dé
ritspré
édemment (�u
tuations du nombre de swirl et enroulement d'un tourbillonà l'extrémité de la �amme). Les �u
tuations du nombre de swirl sont induitespar l'intera
tion des perturbations a
oustiques in
identes ave
 le swirler. Celagénère dans les deux 
as (axial et radial) une onde transmise a
oustique et uneonde tourbillonnaire 
onve
tée. Cette dernière est 
ara
térisée par des pertur-bations de vitesses azimutales. Le pro
essus de 
onversion de mode à l'originede 
e dernier type de perturbation a déjà été démontré dans le 
as d'une vrilleaxiale. Il est i
i étudié dans la géométrie radiale. Il est montré que le pro
essusde 
onversion de mode pour les deux géométries est très similaire et qu'il produitdes e�ets identiques sur la dynamique de �amme et don
 sur la réponse.
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xivChapitre 7 : Simulations aux grandes é
helles de �ammes swirléesperturbéesLa dynamique d'une �amme swirlée prémélangée turbulente est étudiée au moyende la simulation numérique aux grandes é
helles. La réponse de la �amme estdéterminée en introduisant un forçage a
oustique externe à deux fréquen
es demodulation 
orrespondant à des valeurs 
ara
téristiques de la fon
tion de trans-fert de �amme obtenues expérimentalement. Ces valeurs 
ara
téristiques de laréponse di�èrent en terme de gain. Les mé
anismes physiques sous-ja
ents iden-ti�és expérimentalement sont étudiés numériquement. Les simulations 
on�r-ment que les �u
tuations du nombre de swirl et que le vortex rollup régissentla réponse de la �amme. Il est également 
on�rmé que le premier mé
anismeest asso
ié à un pro
essus de 
onversion de mode qui a lieu lorsque les ondesa
oustiques impa
tent le swirler. La perturbation de vitesse axiale a
oustiquesur le 
�té en amont du swirler génère une onde a
oustique axiale et une pertur-bation 
onve
tive azimutale en aval de 
elui-
i. Ces mé
anismes sont restituéspar les simulations numériques. Les 
al
uls indiquent également que les tourbil-lons responsables du rollup sont syn
hronisés par le forçage a
oustique à la sortiedes lèvres de l'inje
teur. Ces tourbillons sont ensuite 
onve
tés dans la 
ou
hede 
isaillement du jet et interagissent sur la �amme en provoquant le roll-up del'extrémité de la �amme. Ce pro
essus interfère ave
 les os
illations de l'angle dela �amme induite par les �u
tuations du nombre de swirl. La phase entre l'anglede la �amme et la formation des tourbillons au bord de l'inje
teur déterminela durée de vie du tourbillon avant son intera
tion ave
 la �amme et 
ontr�lel'intensité de 
ette intera
tion. Lorsque 
ette durée de vie est réduite, le tourbil-lon ne peut pas se développer pleinement et la réponse de la �amme reste faible.Pour les plus longues durées de vie, le tourbillon peut se développer pleinementet produire de plus grandes perturbations du taux de dégagement de 
haleur. Cepro
essus dépend de la fréquen
e qui détermine la phase entre les �u
tuations dunombre de swirl et la génération des tourbillons.Chapitre 8 : Modélisation de la fon
tion de transfert de �ammesswirléesUn modèle analytique est établi pour la réponse linéaire de �ammes swirléessoumises à des perturbations de vitesses. La dynamique de la �amme est représen-tée par une version linéarisée de l'équation pour une variable de 
hamp G. Les�u
tuations turbulentes sont d'abord moyennées pour obtenir une équation 
iné-matique pour le 
hamp moyen. Une moyenne de phase est ensuite appliquée auxperturbations a
oustiques pour obtenir une équation pour le 
hamp G perturbée.Il est d'abord 
on
lu que le mouvement de �amme est dû aux e�ets 
ombinés desperturbations de vitesses axiales et azimutales. Les �u
tuations du nombre deswirl sont modélisées en supposant que la vitesse de 
ombustion turbulente estmodulée par 
es perturbations de vitesses. Il est ensuite montré que la réponse
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xvdes �ammes swirlées peut être déduite de la fon
tion de transfert des �ammesen �V� soumises à des perturbations de vitesses axiales. Il est toutefois impor-tant de tenir 
ompte de la di�éren
e de phase résultant de la propagation desperturbations axiales et azimutales. Cette di�éren
e de phase, résultant de ladi�éren
e des vitesses de propagation des perturbations a
oustiques et 
onve
-tives, est déterminée expérimentalement. Les fon
tions de transfert théoriquessont 
omparées aux mesures pour deux vitesses débitantes di�érentes et pourun nombre de swirl �xé S = 0.55. Un bon a

ord est obtenu. On montre enparti
ulier que le gain minimal obtenu pour un nombre de Strouhal de 0.5 estbien reproduit par le modèle théorique.Partie III : Instabilités de 
ombustion des �ammes swirléesChapitre 9 : Instabilités de 
ombustionLes instabilités thermo-a
oustiques sont analysées au moyen d'une représenta-tion non-linéaire de la dynamique de la �amme basée sur la fon
tion de transfertgénéralisée (�Flame Des
ribing Fun
tion" ou FDF). Dans 
e 
adre, la réponse dela �amme est déterminée en fon
tion de la fréquen
e et de l'amplitude des pertur-bations qui interagissent ave
 la �amme. Cette fon
tion de transfert généralisée,déterminée expérimentalement, est 
ombinée ave
 une représentation matri
iellede l'a
oustique du système et permet un 
al
ul des taux de 
roissan
e et desfréquen
es d'os
illation en fon
tion de l'amplitude des perturbations. Ces don-nées peuvent être utilisées pour déterminer les régimes d'instabilité, les 
hange-ments de fréquen
e et les niveaux d'amplitude au 
y
le limite. L'os
illation au
y
le limite est obtenue lorsque le taux de 
roissan
e dépendant de l'amplitudeest égal au taux d'amortissement dans le système. Il faut pour 
ela déterminerla valeur du taux d'amortissement qui est i
i déduit de mesures de la 
ourbede résonan
e du brûleur. Les résultats obtenus sont 
omparés à des donnéesd'expérien
es systématiques e�e
tuées en faisant varier la géométrie du brûleur.Un bon a

ord est obtenu entre les prévisions et les observations.Con
lusion et perspe
tives
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Nomen
lature
Latin Chara
ters :
cp Spe
i�
 heat [J kg−1 K−1℄
d Inje
tor or swirler diameter[m℄
f Frequen
y [Hz℄
k Wavenumber [m−1℄
l Element size [m℄
ṁf Fuel mass �ow rate [kg s−1℄
p Pressure [Pa℄
q̇ Lo
al heat release rate [Wm−3℄
r Radial 
oordinate [m℄
s Entropy [J kg−1 K−1℄
t Time [s℄
u Axial velo
ity [m s−1℄
v Azimuthal or transverse ve-lo
ity [m s−1℄
x Axial 
oordinate [m℄
A Amplitude of the in
identa
ousti
 wave [Pa℄
Af Flame surfa
e [m2℄
B Amplitude of the velo
-ity 
omponent asso
iatedto the vorti
ity wave [ms−1℄

D Flame tube diameter [m℄
E Total energy
F Flame des
ribing fun
tion
G Gain of the �ame transferfun
tion
Gθ, Jθ Angular momentum �ux
Gz, Jz Axial momentum �ux
I Light intensity
L Flame tube length orswirler axial size [m℄
Q Quality fa
tor
Q̇ Global heat release rate [W℄
R Re�e
tion 
oe�
ient or ra-dius
S Se
tion area [m2℄
ST Turbulent burning velo
ity[m s−1℄
T Transmission 
oe�
ient ortemperature
Ub Inje
tor bulk velo
ity [ms−1℄
YFO Fuel mass fra
tionNon-dimensional numbers :

He Helmholtz number
Re Reynolds number
Ro Rossby number St Strouhal number

S Swirl number
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2 Nomen
latureGreek Chara
ters :
α Flame angle or damping 
o-e�
ient
β S
aling fa
tor [W m−3℄
χ Azimuthal sensitivity fa
-tor
δ Trailing edge blade angle
η Heat release ratio Q̇lw/Q̇

γ Spe
i�
 heat ratio
λ Laser wavelength [nm℄
ω Angular frequen
y [s−1℄
φ Equivalen
e ratio
ψ Phase of images
ρ Fluid density [kg m−3℄
τ Conve
tive time delay [s℄
θ Swirl exit �ow angle

ϕ Phase di�eren
e betweenazimuthal and axial velo
-ity 
omponent
ζ Axial sensitivity fa
tor
ζ3 Spe
i�
 impedan
e at thesystem outlet
∆h Heat released by 
onversionof a unit mass of fuel [Jkg−1℄
Γ Cir
ulation
Ω Rotation rate [s−1℄
Φ Phase of the �ame transferfun
tion
Ξ Coupling parameterSubs
ripts :

lw Lower window
uw Upper window
r Radial dire
tion
θ Azimuthal dire
tion
x, z Axial dire
tion
u Unburnt gases
b Burnt gases

1 Cas
ade upstream se
tion
2 Cas
ade downstream se
-tion
a a
ousti

v vorti
ityAbbreviations :FDF Flame Des
ribing Fun
tionFTF Flame Transfer Fun
tionHW HotwireICCD Intensi�ed Charge-Coupled Devi
eIRZ Inner Re
ir
ulation ZoneLDV Laser Doppler Velo
imetryLES Large Eddy SimulationLPM Lean Premixed Mode
ORZ Outer Re
ir
ulation ZonePLIF Planar Laser Indu
ed Fluores
en
ePM PhotomultiplierPVC Pre
essing Vortex CoreRANS Reynolds Average Navier-StokesRMS Root mean square [m s−1℄
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Introdu
tion
Combustion is a multidis
iplinary �eld involving a 
ombination of �uid me
han-i
s, thermodynami
s, 
hemi
al kineti
s and transport phenomena. It has a broadrange of appli
ations in
luding energy 
onversion, industrial pro
esses, aeronau-ti
al and spa
e propulsion (see Figure 1 for an illustration). In many appli
ationsand in parti
ular in the high performan
e systems used in propulsion or energy
onversion, 
ombustion 
an 
ouple with the a
ousti
s of the system and lead tovarious types of instabilities. This phenomenon brings together the 
omplexitiesof 
ombustion and those related to a
ousti
s and unsteady �uid motions givingrise to a wide range of 
hallenging issues. Some of these problems are the sub-je
t of the present investigation and will be des
ribed in detail later on. At thispoint, it is worth gathering some additional ba
kground on 
ombustion to show

(a) (b)
(
) (d)Figure 1: Aerospa
e propulsion appli
ations of 
ombustion. (a) : Airbus A380 equippedwith four jet engines. (b) : Spa
e
raft laun
her Ariane 5. (
) : CFM 56-7 engine (Sne
maand GE). (d) : Air to air missile from MBDA.
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4 Introdu
tionits importan
e.It is �rst interesting to note that 98% of the energy used in transportation isissued from oil and transformed into me
hani
al energy through 
ombustion (In-stitut Français du Pétrole, www.ifp.fr). It is also worth remembering that on aworldwide basis 85% of the primary energy is delivered by 
ombustion systems,see Ia
ona et al. (2009). In Fran
e 
ombustion is less used be
ause most of theFren
h ele
tri
al energy has a nu
lear origin with a per
entage of 80% while it isaround 20% from 
ombustion. To �x the ideas a few energy 
onversion systemsbased on 
ombustion are shown in Fig. 2.In this general 
ontext, it is important to improve 
ombustion te
hnologies byenhan
ing systems e�
ien
y and redu
ing the environmental impa
t in terms ofemissions. It is known that 
onversion of hydro
arbon fuels into burnt produ
tsgenerates green house gases like CO2 and pollutants like unburnt hydro
arbonsHC, nitri
 oxides NOx and 
arbon monoxide CO. Amongst other harmful 
on-sequen
es, nitri
 oxides NOx and unburnt hydro
arbons are major 
ontributorsto the formation of smog and produ
tion of near ground level ozone. Carbondioxyde, whi
h is the leading greenhouse gas, 
an only be redu
ed by higher e�-
ien
y thermodynami
 
y
les and asso
iated systems. With regard to emissions,it is di�
ult to simultaneously redu
e the levels of NOx and CO but it is possibleto use 
losed loop 
ontrol to adjust operating point to minimize these emissions.Low operating 
osts require high e�
ien
y devi
es. As an example, the fuel e�-
ien
y per passenger-km of today's subsoni
 air
raft has been in
reased by about70 % 
ompared to a referen
e value some 40 years ago (Penner et al. (1999)).
(a) (b)
(
) (d)Figure 2: Energy 
onversion systems based on 
ombustion. (a) : Domesti
 boiler. (b): Industrial glass furna
e. (
) : Gas turbine from Alstom. (d) : Fossil fuel powerplantfrom EDF in Fran
e.
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Introdu
tion 5This has been a
hieved dire
tly through 
ombined s
ienti�
 progress, te
hnolog-i
al advan
es and 
lever engineering.One method for nitri
 oxides NOx emissions redu
tion 
onsists in burning ina lean premixed mode where fuel and air are premixed before they rea
h the
ombustion region. It is known however that this 
ombustion mode is moresus
eptible to dynami
al phenomena like blow-o� and �ashba
k as reviewed forexample by Plee and Mellor (1978) and to instabilities as explained for exampleby Culi
k (2001); Candel (2002) and in the 
olle
tive book edited by Lieuwenand Yang (2005). Combustion instabilities have been investigated for a long timebut still raises many fundamental and more pra
ti
al 
hallenges. The basi
 issuesare to develop an understanding of the �ame dynami
s and asso
iated unsteadyheat release pro
esses, derive predi
tive methods for 
ombustion instabilities andimagine advan
ed methods for redu
tion and 
ontrol of dynami
al phenomena.Combustion dynami
s problems are reviewed in many arti
les (see for exampleCandel (2002)) and in a 
olle
tive book edited by Lieuwen and Yang (2005). The
ase of swirling �ames whi
h is the subje
t of the present work is spe
i�
ally
onsidered in a re
ent arti
le by Huang and Yang (2009). A
ousti
ally 
oupled
ombustion instabilities are 
onsidered in a wide range of publi
ations many ofwhi
h are 
ited in these reviews. The physi
al me
hanisms responsible for the
oupling between a
ousti
s and 
ombustion are now well do
umented. The un-steady heat release rate stands out as the driving sour
e of the pro
ess. Thisis generally delayed with respe
t to in
ident perturbations and may trigger anunstable a
ousti
-�ame 
oupling as explained in the early literature by Cro

o(1968), Putnam (1971) or in a more re
ent monograph from Culi
k (2001). Dif-ferent paths 
an produ
e these delayed perturbations in heat release rate, butin most 
ases they are asso
iated with 
onve
tion of �ow perturbations, see forexample Candel (2002), or �u
tuations of the mixture 
omposition, see for exam-ple Lieuwen and Zinn (1998). Mu
h of the re
ent understanding has 
ome fromsome fundamental experiments under well 
ontrolled 
onditions (see for exampleDu
ruix et al. (2003)). Extension to turbulent �ames and spe
i�
ally to turbu-lent swirling �ames is more di�
ult but a 
onsiderable e�ort has been devotedto the analysis of the 
ombustion dynami
s of these systems (see for exampleKülsheimer and Bü
hner (2002); Weigand et al. (2006); Bellows et al. (2007);Kim et al. (2010); Palies et al. (2010)).Mu
h e�ort has been expanded to solve instability problems in propulsion sys-tems like liquid ro
ket engines (see for example a 
lassi
al report on the subje
tassembled by Harrje and Reardon (1972)), or solid ro
ket motors (see for exam-ple by De Lu
a et al. (1992)). Industrial appli
ations have also been 
onsideredand this topi
 is 
overed in a monograph due to Putnam (1971). Most of the
urrent resear
h is 
on
erned with instabilities of swirling �ames in relation withproblems en
ountered in gas turbines involving longitudinal a
ousti
 modes or
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6 Introdu
tionazimuthal disturban
es, see for example Frits
he et al. (2007) and Meier et al.(2007) and referen
es in
luded in the review by Huang and Yang (2009).While 
onsiderable progress has been a

omplished we show in this do
umentthat mu
h remains to be done to develop predi
tive tools for 
ombustion insta-bilities and devise solutions for redu
tion and suppression of os
illations. Thereis also a need for well 
ontrolled experiments enabling a detailed investigationof swirling �ame dynami
s. This study will be 
arried out in what follows bymaking use of a novel burner, equipped with a swirling inje
tor. The generaldesign follows that adopted in the previous �ame dynami
s studies 
arried outin our laboratory by Du
ruix et al. (2000); Durox et al. (2005); Birbaud et al.(2006). We also follow the same logi
 as that adopted by S
huller et al. (2003a);Noiray et al. (2006) to examine self-sustained os
illations .This do
ument is fo
used on a few 
entral aspe
ts of the problem and uses a
ombination of experiments, numeri
al simulations and analysis to deal with thefollowing issues :
• Swirling �ame dynami
s : the obje
tive is to 
hara
terize the �ame responsein terms of a des
ribing fun
tion. This generalized fun
tion 
orresponds toa family of transfer fun
tions whi
h also depend on the input level. The�ame dynami
s is also analyzed to identify pro
esses whi
h determine the�ame response.
• Mode 
onversion pro
esses at swirler : it is dedu
ed from experiments thatthe swirler a
ts as a mode 
onverter and generates a vorti
ity wave when itis submitted to an a
ousti
 disturban
e. The vorti
ity wave is manifestedas azimuthal velo
ity perturbations 
onve
ted by the �ow and propagatingon the downstream side of the swirler. A set of studies is developed toanalyze this pro
ess and dedu
e its 
onsequen
es for the �ame response.
• Combustion instabilities of swirling �ames : the goal is to predi
t the fre-quen
ies and amplitudes at the limit 
y
le and 
ompare predi
tions with ex-periments. The method is based on the Flame Des
ribing Fun
tion (FDF)framework.At this point it is worth reviewing the relevant literature. This is done belowwhere we su

essively 
onsider the three points.The swirling �ame dynami
s is 
onsidered in a large number of arti
les and it isdi�
ult to write a short review. This aspe
t will be 
overed in more detail inthe following 
hapters. It is 
on
luded that some of the key me
hanisms driving
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Introdu
tion 7

Figure 3: Flame dynami
s from Thumuluru et al. (2009).the response of swirling �ames need to be identi�ed. In general, nonlinear pro-
esses whi
h appear under self-sustained os
illations need to be do
umented in asystemati
 fashion. Me
hanisms like vortex rollup have been studied previouslyfor example by Bellows et al. (2007) but only for a redu
ed set of frequen
iesand over a limited range. It is also important to remember that perturbationsof various types need to be 
onsidered. One 
lass is formed by velo
ity �u
-tuations whi
h a

ompany pressure os
illations, see Poinsot et al. (1987); Yuet al. (1991); Pas
hereit et al. (2000). Another type of perturbation 
onsists inequivalen
e ratio disturban
es, whi
h 
an be 
reated by the di�erential responseof fuel and air inje
tors to pressure waves generated by unstable 
ombustion, seeKeller (1995); Lieuwen and Zinn (1998); Sengissen et al. (2007). In the 
ase ofswirling �ames, �ame transfer fun
tions are often de�ned in a limited range offrequen
ies and only 
orrespond to linear perturbations (see for example Borghesiet al. (2009)). Some arti
les 
onsider the dynami
s of swirling �ames experimen-tally as Külsheimer and Bü
hner (2002); Weigand et al. (2006); Bellows et al.(2007); Kim et al. (2010) but the understanding of the driving sour
es are notfully do
umented. Only a few investigations (Armitage et al. (2006); Thumuluruet al. (2007); Bellows et al. (2007)) are dealing with nonlinear e�e
ts of �owmodulations on the dynami
s of 
on�ned turbulent swirling �ames. An a

uratestudy of the swirling �ame dynami
s and on the nonlinear response is neededto explain some phenomena observed and for the predi
tion of limit 
y
les inself-sustained 
ombustion os
illations regimes.A se
ond aspe
t whi
h needs to be examined in more detail 
on
erns the mode
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8 Introdu
tion

Figure 4: Flow dynami
s in swirl inje
tor from Wang et al. (2007).
onversion taking pla
e at a swirler submitted to in
ident a
ousti
 waves. Thishas already been studied but the origin and the in�uen
e on the �ame is not ex-amined in Wang and Yang (2005). The me
hanism of swirl number �u
tuationsindu
ed by this 
onversion pro
ess has been inferred but not fully identi�ed andits impa
t on the �ame response is only brie�y 
onsidered by Komarek and Po-lifke (2010). The work of Hirs
h et al. (2005) has theoreti
ally shown that swirlstrength �u
tuations was present in the �ow downstream the swirler. The be-havior of turbulent premixed swirling �ames submitted to a
ousti
 disturban
esneeds to be revisited by taking this me
hanism also into a

ount. Be
ause themode 
onversion pro
ess is so important it is worth reviewing similar 
onversionme
hanisms des
ribed in the te
hni
al literature. This 
an then be analyzed inthe 
ase of a two dimensional airfoil 
as
ade. When an a
ousti
 wave impingeson su
h a system a 
onve
tive vorti
ity mode is generated giving rise to trans-verse velo
ity perturbations. This problem 
overed in the 
lassi
al textbooks ofHorlo
k (1978) and Greitzer et al. (2004) has been extensively investigated in thedomain of turboma
hinery for example by Kaji and Okazaki (1970), Ko
h (1971)and Morfey (1973b) in early works and more re
ently by Peake and Kers
hen(1997) and Glegg (1999). It is important be
ause su
h intera
tions indu
e �u
-tuating for
es on the blades generating noise. Conversion of entropy �u
tuationsby a 
as
ade has been worked out analyti
ally by Cumpsty and Marble (1977b)and was pursued by Cumpsty (1979). It is shown that the intera
tion gives riseto a
ousti
 pressure waves. These studies are used as starting points of the modeldeveloped in the present do
ument. Most of the previous studies 
onsider highMa
h number �ows found in axial 
ompressors or turbines, the 
ase of low Ma
h
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Introdu
tion 9�ows is less well do
umented and the present developments try to �ll this need.

Figure 5: Self-sustained instability by Stöhr et al. (2009). The 
y
le of os
illation is
hara
terized by OH∗ emissions images (left 
olumn), laser indu
ed �uores
en
e of OH(
entral 
olumn) and velo
ity and streamline distribution (right 
olumn).Another important 
hallenge is that of the predi
tion of 
ombustion instabilitiesin swirling �ame 
ombustor taking into a

ount the nonlinear �ame response.Previous investigations indi
ate that it is possible to �nd the linear stability mapof various types of burners but this is restri
ted to small perturbations and 
an-not a

ount for the limit 
y
le os
illations observed in pra
ti
e. It is well knownthat nonlinear me
hanisms dominate the dynami
s of real systems. These non-linearities determine the limit 
y
le amplitudes, triggering of instabilities (theme
hanism by whi
h an unstable os
illation appears when the system experi-en
es a �nite amplitude perturbation), mode swit
hing (the 
hange in frequen
yobserved during operation of pra
ti
al devi
es) and hysteresis, see Wi
ker andYang (1996); Dowling (1997); Dowling (1999); Lieuwen and Neumeier (2002a);Stöhr et al. (2009). It has been shown re
ently that these 
ombustion dynami
snonlinearities 
ould be represented with a uni�ed framework developed by Noirayet al. (2008) in whi
h the �ame transfer fun
tion (FTF) is repla
ed by a �amedes
ribing fun
tion 
on
ept (FDF) whi
h depends on the amplitude of perturba-tions impinging on the �ame. A frequen
y domain stability analysis then yieldsgrowth rates and frequen
ies whi
h depend on amplitude. Appli
ation of theFDF to the analysis of the stability of an un
on�ned by Noiray et al. (2008) or
on�ned by Candel et al. (2009) multipoint inje
tion laminar burner indi
atesthat it is possible to predi
t with reasonable a

ura
y many of the phenomenalisted previously. The present study follows these lines to determine frequen
iesand amplitudes at the limit 
y
le of a self-sustained instability.
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10 Introdu
tion
Thesis obje
tives and 
ontents

Figure 6: Blo
k-diagram of the thesis manus
ript.The present resear
h fo
uses on premixed turbulent swirling �ames dynami
s.This work 
omprises three main parts as shown in the blo
k-diagram of Fig. 6 :
• Swirling �ames, experimental design and system a
ousti
s
• Flow and 
ombustion dynami
s
• Combustion instabilities of swirling �amesThe blo
k-diagram in Fig. 6 gives the global organization while a more visualpresentation 
an be found in Fig. 7. The 
ontent of the nine 
hapters 
omposingthis do
ument are su

essively 
onsidered in what follows.
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Part I Part II Part III

Swirling �ames, experimentaldesign and system a
ousti
s Flow and 
ombustiondynami
s Combustion instabilities inswirling �ames1 - Swirling �ows & swirling �ames 4 - Mode 
onversion pro
esses 9 - Combustion instabilities2 - Experiment des
ription and di-agnosti
s 5 - Combined dynami
s of swirlerand turbulent swirling �ames3 - Combustion system a
ousti
s :experiment and theory 6 - Swirler geometry and swirlnumber e�e
ts on FDF7 - LES of swirling �ame dynami
s8 - Modeling of FTFFigure 7: Blo
k-diagram of the thesis manus
ript.
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12 Introdu
tionPart I : Swirling �ames, experimental design and system a
ousti
sThe �rst part of the manus
ript in
ludes ba
kground material on swirling �ows.It introdu
es expressions used to evaluate the swirl number whi
h is 
lassi
allyused to determine the rotation rate of the �ow (
hapter 1). The swirl numbermay be dedu
ed from geometri
al parameters like the vane angle. In the 
ase ofaxial swirlers, the vane angle depends on the radius and the swirl number 
anbe obtained by numeri
al integration. This extends known results like those 
on-tained in Gupta et al. (1984). The e�e
t of perturbations on the swirl numberis also dis
ussed. It is shown that swirl number �u
tuations 
an be 
al
ulated interms of the in
oming velo
ity disturban
es. These results are used to design theexperiment (
hapter 2) and later on in the data interpretation. The swirling�ame experiment is des
ribed in 
hapter 2. Instrumentation, diagnosti
s anddata pro
essing are presented in this 
hapter as well. A method is proposed todetermine the heat release rate in the �ame at various instants during a 
y
le ofos
illation by pro
essing phase average 
hemilumines
en
e images. Chapter 3deals with the a
ousti
 response of generi
 
ombustion systems whi
h in
lude anupstream manifold, an inje
tor and a �ame tube. This response is investigatedexperimentally for a set of burners providing the eigenfrequen
ies. The dampingrate is also determined for these 
on�gurations. A 
oupled 
avity analysis is alsoused to predi
t resonant frequen
ies whi
h are then 
ompared with experimentaldata. This investigation is pursued with an analysis of 
onditions under whi
ha
ousti
 modes of a 
hamber �lled with hot 
ombustion produ
ts 
an be 
onsid-ered de
oupled from the plenum a
ousti
s supplying the fresh rea
tants througha inje
tion manifold. The aim is to provide an index Ξ whi
h 
an be used to seewhether elements lo
ated on the upstream of the rea
tion region 
an be 
onsid-ered a
ousti
ally de
oupled from downstream elements of the 
ombustor.Part II : Flow and 
ombustion dynami
sThis part is 
on
erned with the dynami
s of swirling �ows and swirling �ames.The analysis begins with an investigation of the mode 
onversion pro
ess takingpla
e when a
ousti
 waves impinge on a swirler (
hapter 4). The phenomenonis �rst studied in the 
ase of a two dimensional airfoil 
as
ade using a modelderived from an a
tuator disk theory. The model provides the amplitude of bothaxial and azimuthal velo
ity 
omponents and de�nes their phase shift. Numeri
alsimulations and experiments are then 
arried out to 
on�rm model predi
tions.The aerodynami
s of the �ow entering the 
ombustor 
hamber is also examinedand a 
omparison of mode 
onversion pro
esses between axial and radial swirlersis 
arried out. The dynami
s of swirling �ames is 
onsidered in 
hapter 5.The study begins with experimental determinations of �ame des
ribing fun
tionsfollowing the framework developed by Noiray et al. (2008). The dynami
s of
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Introdu
tion 13two premixed 
on�ned swirling �ames is studied by examining their response toin
ident velo
ity perturbations. A Strouhal number is used to 
hara
terize theresponse in an attempt to 
ollapse transfer fun
tion data. The �ame dynami
s isthen investigated with 
hemilumines
en
e images. It is shown that the �ame issubmitted to a transmitted axial a
ousti
 perturbation whi
h propagates at thespeed of sound and to an azimuthal velo
ity perturbation whi
h is 
onve
ted atthe �ow velo
ity. It will be demonstrated that the net result is that the dynam-i
al response and unsteady heat release rates are determined by the 
ombinede�e
ts of these axial and indu
ed azimuthal velo
ity perturbations. Chapter 6
on
erns the in�uen
e of the swirler geometry on the �ame des
ribing fun
tion.Two swirlers, axial and radial are investigated. The swirl number is also usedas parameter to see impa
t on the �ame response. Chapter 7 is devoted tothe understanding of me
hanisms based on Large Eddy Simulations (LES) usingthe AVBP 
ode (see S
hönfeld and Rudgyard (1999); Sta�elba
h et al. (2009)).The dynami
s of a turbulent premixed 
on�ned swirling �ame is investigated us-ing LES. The �ame response is determined by introdu
ing an external a
ousti
for
ing at two modulation frequen
ies 
orresponding to 
hara
teristi
 values ofthe �ame des
ribing fun
tion obtained experimentally. Swirl number �u
tuationsand vortex roll-up are retrieved in the simulation and as their e�e
t on the �amedynami
s. Cal
ulations also indi
ate that vortex shedding takes pla
e at the in-je
tor lip outlet. Vorti
es originating from this region are 
onve
ted by the �ow,impinge on the �ame and roll-up the �ame tip. This pro
ess interferes with the�ame motion indu
ed by swirl number �u
tuations to de�ne the �ame responsein terms of heat release rate. Chapter 8 reports a possible modeling of the linear�ame transfer fun
tion. An analyti
al model is derived for the linear response ofswirling �ames submitted to a
ousti
 velo
ity disturban
es. Theoreti
al transferfun
tions of swirling �ames are not so 
ommon and do not fully reprodu
e 
har-a
teristi
 features of the �ame response, see Huang and Yang (2005); Borghesiet al. (2009), ex
ept the study from Komarek and Polifke (2010). Many previ-ous studies do not a

ount for the presen
e of an azimuthal velo
ity disturban
e
onve
ted by the �ow in addition to the initial axial 
omponent propagating atthe speed of sound. This feature whi
h is reported in some re
ent investigations(Wang and Yang (2005); Komarek and Polifke (2010); Huang and Yang (2009))is however not in
luded in most of these studies with the ex
eption of Komarekand Polifke (2010) whi
h provides a phenomenologi
al representation of the FTF.The �ame dynami
s is represented by a linearized version of the G-equation inthe present analysis. It is �rst 
on
luded that the �ame motion results fromthe 
ombined e�e
ts of axial and azimuthal velo
ity perturbations. The latterdisturban
es are generated at the swirler when this element is submitted to axialvelo
ity �u
tuations, they are 
onve
ted by the �ow and impinge on the �ame.In this disturban
e �eld the swirl number is perturbed and this is e�e
tivelymodeled by assuming that the turbulent burning velo
ity is modulated by theaxial and azimuthal velo
ity perturbations. Theoreti
al transfer fun
tions ob-
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14 Introdu
tiontained are 
ompared with measurements 
orresponding to two bulk velo
ities ata 
onstant mean swirl number S = 0.55.Part III : Combustion instabilities of swirling �amesChapter 9 leads an instability analysis based on the FDF methodology. Thermo-a
ousti
 instabilities are analyzed here by making use of a nonlinear representa-tion of the �ame dynami
s based on the des
ribing fun
tion. The �ame des
ribingfun
tion determined experimentally in the previous 
hapters is 
ombined with ana
ousti
 transfer matrix representation of the system to estimate growth rates andos
illation frequen
ies as a fun
tion of perturbation amplitude. This equilibriumis obtained when the amplitude dependent growth rate equals the damping ratein the system. This requires an independent determination of this last quantitywhi
h is here based on measurements of the resonan
e response 
urve. Resultsobtained are 
ompared with observations from systemati
 experiments 
arriedout by varying the test 
ombustor geometry.
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Part ISwirling �ames, experimentaldesign and system a
ousti
s
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Chapter 1
Swirling �ows and swirling�ames

Abstra
t : Swirling �ows are 
ommonly en
ountered in �uid me
han-i
s and 
ombustion resear
h and in a variety of industrial appli
ationslike gas turbines or jet engines. The swirl number is the naturaldimensionless group used to 
hara
terize swirling �ows. The derivationof the swirl number is brie�y reviewed. This is then used to derive aperturbed form of this number. We next 
onsider the e�e
t of the vaneangle evolution and its in�uen
e on the swirl number of axial swirlers.As the vane angle 
hanges with the radius, the swirl number 
an beestimated by numeri
al integration. An expression of the swirl numberis derived whi
h takes into a

ount the swirler vane angle. The last partof this 
hapter is 
on
erned with unsteady e�e
ts on the swirl number.This analysis takes into a

ount the unsteady momentum terms in theaxial and azimuthal momentum �uxes. Finally, a synthesis gathers swirlnumber expressions found in the present work and brie�y reviewed thosein the literature.
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18 Part I. Swirling flames, experimental design and system a
ousti
sRésumé : Les é
oulements swirlés sont 
ouramment ren
ontrées en mé-
anique des �uides, en 
ombustion et dans de nombreuses appli
ationsindustrielles 
omme les turbines à gaz ou les turboréa
teurs. Ces é
oule-ments en rotation sont généralement 
ara
térisés par le nombre de swirl,un groupement sans dimensions dont la dé�nition est d'abord donnée. Ondéduit de 
ette expression une forme perturbée de 
e nombre qui fait in-tervenir la di�éren
e entre les �u
tuations relatives de vitesse azimutaleet axiale. On 
onsidère dans un deuxième temps l'e�et de l'évolution del'angle des pales pour un swirler axial. Comme l'angle des pales 
hangeave
 le rayon, le nombre de swirl peut être estimé au moyen d'une inté-gration numérique. Une expression est don
 déduite en tenant en 
omptede l'angle au bord de fuite des pales de la vrille. La dernière partie du
hapitre traite des e�ets instationnaires sur le nombre de swirl. On mon-tre dans 
e 
hapitre qu'il est possible de prendre en 
ompte les termesd'a

umulation de moment angulaire azimutal et de quantité de mouve-ment axiale. Une synthèse rassemble �nalement les expressions obtenuespour le nombre de swirl.1.1 Physi
al me
hanisms in swirling �owsSwirling �ows are 
ommonly found in industrial appli
ations and give rise tomany fundamental issues. E�e
ts of swirl are exploited in many systems to sta-bilize �ames and obtain a 
ompa
t 
ombustion region. Swirl is used to redu
e the
ombustor size (see for example Galley (2006)). The �ow dynami
s in swirling�ames is 
ontrolled by the level of swirl (the rate of rotation in the �ow) whi
h
an be 
hara
terized by the swirl number. Changes in this number result in
hanges in the geometry of the �ow as illustrated in Fig. 1.1.It is spe
i�
ally shown that when the swirl number is in
reased a reverse �owis generated inside the 
ombustor. This yields an inner re
ir
ulation zone (IRZ)where burnt gases 
ontinuously ignite the fresh stream fed from the inje
tor. Theinner re
ir
ulation zone is asso
iated with the vortex breakdown phenomenonwhi
h has been extensively investigated (see for example the review by Lu

a-Negro and O'Doherty (2001)). This phenomenon appears for a 
riti
al swirlnumber when the axial pressure gradient is su
h that the �ow has a stagnationpoint and as a 
onsequen
e is reversed. There are three main vortex breakdownstru
tures a

ording to Sarkpaya (1971) respe
tively the double-heli
al mode,the axisymmetri
 mode and the heli
al mode. The �rst one is observed at lowReynolds number, the se
ond also referred as bubble mode is 
hara
terized bya stagnation point on the �ow axis followed by a re
ir
ulation zone. The lastmode features a stagnation point on the �ow axis where the 
enter of the vortex
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Chapter 1. Swirling flows and swirling flames 19

Figure 1.1: Flow patterns observed for swirling jets and �ames issuing from divergentnozzles. The swirl number in
reases from type A to type C. Type A : with zero or lowswirl number intensity, the annular air �ow tends to separate from the nozzle surfa
e nearthe nozzle throat. Flames produ
ed with this type of �ow have a �u
tuating �ame frontpositioned at a distan
e downstream from the burner exit. Type B : for an intermediateor high degree of swirl, the air �ow is stably atta
hed to the divergent nozzle walls anden
loses a large torroidal vortex. A reverse �ow zone is situated in the 
enters of the jet.This is typi
ally the 
on�guration used to stabilize swirling �ames. Type C : this �owpattern represents the radial wall jet. Flames produ
ed with this �ow type are atta
hedto the burner fa
e and to the wall of the 
ombustion 
hamber. Adapted from Beer andChigier (1972).exe
utes a heli
al motion. This last mode is also designated as pre
essing vortex
ore (PVC) (see for example Syred and Beer (1972)).One aspe
t of swirling �ows 
on
erns the o

urren
e of the pre
essing vortex
ore (PVC) whi
h is one manifestation of vortex breakdown. This type has beenreviewed by Syred (2006) for non rea
tive and rea
tive 
on�gurations. A typi
alswirl stabilized 
ombustor presenting su
h PVC stru
ture is shown in Fig. 1.2
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20 Part I. Swirling flames, experimental design and system a
ousti
s

Figure 1.2: Isosurfa
e of a low pressure level used to visualize an isothermal PVCformed at the exit of the swirl burner from Roux et al. (2005).(borrowed from Roux et al. (2005)). One does not quite know if su
h PVC in�u-en
e the stru
ture and �ame dynami
s in rea
tive swirling �ows. This issue 
anbe investigated with numeri
al simulations as exempli�ed in Selle et al. (2004);Roux et al. (2005)While mu
h resear
h has 
on
erned stationary swirling �ows and �ames, the in-�uen
e of unsteadiness is less well do
umented. It is spe
i�
ally useful to explorethe e�e
t of in
oming perturbations on the rate of rotation of the �ow and exam-ine the e�e
t of su
h perturbations on the swirl number. One me
hanism whi
hwill be examined in this do
ument is shown in Fig. 1.3 in a blo
k-diagram formshowing the response of swirling �ame as we investigated it in the present thesis.A
ousti
 waves impinging the swirler give rise to a transmitted axial a
ousti

Figure 1.3: Blo
k-diagram of the swirling �ame dynami
s. Mode 
onversion takespla
e at the swirler and indu
es swirl number �u
tuations. An axial a
ousti
 wave v′xis transmitted while an azimuthal wave v′θ is 
onve
ted. Combination of both wavesdownstream the swirler generates swirl number �u
tuations S′/S in the �ow. Thetransmitted a
ousti
 wave downstream the swirler gives rise to rollup at the �ame tips.The interferen
e of both swirl number �u
tuations and rollup determine the level of the�ame response. See Palies et al. (2010).
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Chapter 1. Swirling flows and swirling flames 21wave v′x and to an azimuthal 
onve
tive wave v′θ whi
h interfere downstreamthe swirler. As the swirl number depends upon both velo
ity signal vx and vθ,swirl number �u
tuations S′/S o

urs. That topi
 is investigated in the presentmanus
ript. The axial a
ousti
 wave indu
ed a vortex rollup at the �ame. Theinterferen
e of both swirl number �u
tuations and rollup determine the level ofthe �ame response, see Palies et al. (2010) and 
hapter 6. Some indi
ations onthis me
hanism are 
ontained in Hirs
h et al. (2005); Wang and Yang (2005);Komarek and Polifke (2010). Further information is provided in the presentdo
ument (see 
hapters 5 and 7).1.2 Theoreti
al derivation of swirl numberIt is natural to introdu
e the swirl number and 
onsider methods whi
h 
an beused to estimate this quantity. The basi
 
on�guration of a 
on�ned swirling �owis displayed in Fig. 1.4.
er

eθ

ez

Figure 1.4: Swirling �ow 
on�guration. Cylindri
al referential is shown.As a starting point of the theoreti
al derivation (see Galley (2006)), it is 
onve-nient to use the mass and momentum equations written in 
ylindri
al 
oordinates(er, eθ, ez). The velo
ity of a �uid parti
le is de�ned as v(r, t) and 
omponentsof this ve
tor are : vr,vθ and vz.It is 
onvenient to introdu
e at this point the angular momentum �ux Gθ :
Gθ =

∫ R

0
ρvθvzr

2 dr (1.1)
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22 Part I. Swirling flames, experimental design and system a
ousti
sand the axial momentum �ux Gz:
Gz =

∫ R

0
(ρv2

z + p)r dr (1.2)The swirl number is de�ned by taking the ratio of the angular momentum �ux
Gθ to the axial momentum �ux Gz times the radius R :
S =

Gθ

RGz
=

∫ R
0 ρvθvzr

2 dr

R
∫ R
0 (ρv2

z + p)r dr
(1.3)It is �rst interesting to show that under fairly general assumptions, Gθ and Gz donot depend on z so that the swirl number S de�ned by Eq. (1.37) is a 
onservedquantity. The derivation begins with the balan
e equations of �uid dynami
swritten in the absen
e of body for
es.The mass balan
e equation may be written in the form :

∂ρ

∂t
+

1

r

∂ρrvr

∂r
+

1

r

∂ρvθ

∂θ
+
∂ρvz

∂z
= 0 (1.4)The radial momentum balan
e is :

∂vr

∂t
+v·∇vr−

v2
θ

r
= −

1

ρ

∂p

∂r
+ν

[
∂2vr

∂z2
+

1

r

∂

∂r

(
r
∂vr

∂r

)
+

1

r2
∂2vr

∂θ2
−
vr

r2
−

2

r2
∂vθ

∂θ

] (1.5)The azimuthal momentum balan
e may be 
ast in the form :
∂vθ

∂t
+v·∇vθ +

vr vθ

r
= −

1

ρ r

∂p

∂θ
+ν

[
∂2vθ

∂z2
+

1

r

∂

∂r

(
r
∂vθ

∂r

)
+

1

r2
∂2vθ

∂θ2
−
vθ

r2
+

2

r2
∂vθ

∂θ

](1.6)The axial momentum balan
e is :
∂vz

∂t
+ v · ∇vz = −

1

ρ

∂p

∂z
+ ν

[
∂2vz

∂z2
+

1

r

∂

∂r

(
r
∂vz

∂r

)
+

1

r2
∂2vz

∂θ2

] (1.7)The following analysis relies on four additional assumptions : the �ow is 
onsid-ered steady ∂/∂t ∼ 0, axisymmetri
 ∂/∂θ ∼ 0 and vis
ous e�e
ts are assumedto be negligible 
ompared to the inertial terms. The gravity term is generallynegligible in the types of �ows 
onsidered in this do
ument.With these hypothesis, the mass balan
e Eq. (1.4) be
omes :
1

r

∂rvr

∂r
+
∂vz

∂z
= 0 (1.8)
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Chapter 1. Swirling flows and swirling flames 23The radial momentum equation Eq. (1.5) yields :
vr
∂vr

∂r
+ vz

∂vr

∂z
−
v2
θ

r
= −

1

ρ

∂p

∂r
(1.9)The azimuthal momentum equation Eq. (1.6) gives :

vr
∂vθ

∂r
+ vz

∂vθ

∂z
+
vr vθ

r
= 0 (1.10)The axial momentum equation Eq. (1.7) be
omes :

vr
∂vz

∂r
+ vz

∂vz

∂z
= −

1

ρ

∂p

∂z
(1.11)Furthermore, it is 
onvenient to work with 
onservative forms of the balan
eequations. Only axial and azimuthal momentum equations are useful to analyzethe swirl number de�nition.The azimuthal momentum equation 
an be 
ast in 
onservative form as :

∂ρvrvθ

∂r
+
∂ρvθvz

∂z
+ 2ρ

vθvr

r
= 0 (1.12)The 
onservative form of the axial momentum equation may be written as :

∂ρvrvz

∂r
+
∂ρv2

z

∂z
+ ρ

vzvr

r
= −

∂p

∂z
(1.13)One may now integrate these last equations Eq. (1.12) and Eq. (1.13) over a
onstant se
tion A of the �ow �eld perpendi
ular to the z axis.Azimuthal momentum equation : One may �rst multiply the azimuthalmomentum equation Eq. (1.12) by r :

r
∂ρvrvθ

∂r
+ r

∂ρvθvz

∂z
+ 2ρvθvr = 0 (1.14)and integrate the azimuthal momentum equation over the se
tion A :

∫

A

[
r
∂ρvrvθ

∂r
+ r

∂ρvθvz

∂z
+ 2ρvθvr

]
dS = 0 (1.15)This yields :

∫ R

0

[ ∫ 2π

0
r2
∂ρvrvθ

∂r
+ r2

∂ρvθvz

∂z
+ 2rρvθvr

]
dθdr = 0 (1.16)
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24 Part I. Swirling flames, experimental design and system a
ousti
sAs the system is axisymmetri
, this leads to :
∫ R

0

[
r2
∂ρvrvθ

∂r
+ r2

∂ρvθvz

∂z
+ 2rρvθvr

]
dr = 0 (1.17)The �rst and last terms in the bra
ket may be 
ombined :

2rρvθvr + r2
∂(ρvrvθ)

∂r
=
∂(r2ρvrvθ)

∂r
(1.18)One dedu
es the following expression for the azimuthal momentum balan
e :

∫ R

0

[
∂(ρr2vrvθ)

∂r
+
∂(ρr2vθvz)

∂z

]
dr = 0 (1.19)From this last equation, one �nds that :

d

dz
Gθ = −

[
ρvrvθr

2

]R

0

(1.20)For a �ow in a 
ylindri
al du
t vr(R) = 0 and Eq. (1.20) shows that the quantity
Gθ is 
onserved along the z axis. It is important to note that when the se
tion isnot 
onstant meaning that R = R(z), the previous expression involves additionalterms.Axial momentum equation : The same pro
ess is applied to the axial mo-mentum equation and yields :
d

dz

∫ R

0
(ρv2

z + p)r dr = −

[
rρvrvz

]R

0

(1.21)from whi
h one dedu
es that :
d

dz
Gz = −

[
ρvrvzr

]R

0

(1.22)Sin
e vr(R) = 0 this indi
ates that the quantity Gz is 
onserved along the z axis.Result : Gθ and Gz are respe
tively the azimuthal angular momentum �uxand the axial momentum �ux. These quantities will be 
onserved along the zaxis when the right hand terms of Eq. (1.20) and Eq. (1.22) will be zero. Thisis a
hieved when the �ow is 
on�ned with an axial swirler so that the radialvelo
ities vanish at the boundaries vr(R) = vr(0) = 0. Hen
e, in a 
on�ned
on�guration with an axial or a radial swirler, the swirl number S is 
onserved
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Chapter 1. Swirling flows and swirling flames 25keeping in mind that turbulen
e e�e
ts and vis
osity are negle
ted.It is thus 
lear that the swirl number de�ned by :
S =

Gθ

RGz
=

∫ R
0 ρvθvzr

2 dr

R
∫ R
0 (ρv2

z + p)r dr
(1.23)is independent of z.1.3 Perturbative form of swirl numberIt is possible to derive a linearized form of the swirl number S from equation Eq.(1.23) by 
onsidering a perturbed velo
ity �eld 
omprising axial and azimuthalvelo
ity 
omponents :

vz(r, z, t) = vz(r) + v′z(z, t)

vθ(r, z, t) = vθ(r) + v′θ(z, t)
(1.24)Negle
ting the pressure term, only retaining �rst order terms in the �ow pertur-bations and substituting Eq. (1.24) in Eq. (1.23) leads to the following expressionof the linearized swirl number S :

S =

∫ R
0 ρ(vθvz + vθv

′

z + vzv
′

θ)r
2 dr

R
∫ R
0 (ρv2

z + 2vzv′z)r dr
(1.25)After some simple manipulations, one obtains :

S =

∫ R
0 ρvθvzr

2 dr

R
∫ R
0 ρv2

zr dr

[
1 + v′z

vz
+

v′θ
vθ

1 + 2v′z
vz

] (1.26)where the mean swirl number S is de�ned by :
S =

∫ R
0 ρvθvzr

2 dr

R
∫ R
0 ρv2

zr dr
(1.27)The linearized expression of the swirl number S may then be written as :

S = S

[
1 +

v′θ
vθ

−
v′z
vz

] (1.28)One �nds that the relative �u
tuation in swirl number S′/S 
an be expressed interms of the relative �u
tuations in azimuthal and axial velo
ity 
omponents :
S′

S
=
v′θ
vθ

−
v′z
vz

(1.29)
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26 Part I. Swirling flames, experimental design and system a
ousti
s1.4 E�e
t of twisted vanes on swirl numberIn many situations of pra
ti
al interest, the �ow is set in rotation with axialswirlers equipped with straight or twisted vanes. The analysis of the �rst type ofswirler is 
arried out for example by Gupta et al. (1984). It is worth examiningthe latter 
ase whi
h is less well do
umented.The vane angle e�e
t on the steady swirl number is then investigated startingwith the following expression :
S =

∫ r2

r1
ρvθvzr

2 dr

r2
∫ r2

r1
(ρv2

z + p)r dr
(1.30)One 
an assume that the axial velo
ity vz is 
onstant over the radius r and thatthe density of the �uid is also 
onstant. Negle
ting the pressure term p oneobtains (Ivani
 et al. (2003)) :

S =
2

r2(r22 − r21)

∫ r2

r1

vθ(r)

vz
r2 dr (1.31)The ratio vθ(r)/vz 
an be dire
tly linked to the angle δ(r) of the �ow at thetrailing edge of the vane of the swirler by tan δ(r) = vθ(r)/vz .This leads to the following expression :

S =
2

r2(r22 − r21)

∫ r2

r1

tan δ(r)r2 dr (1.32)This novel expression re�e
ts the e�e
t of the dependen
y of the swirl numberon the angle of the trailing edge of the vane.Aerodynami
s modeling : There are three generi
 model �ows whi
h 
an beused to des
ribe the �ow generated by a swirler : (a) Solid body rotation, (b)Free vortex (
) A 
ombination of solid body and free vortex �ows. In pra
ti
e,this de�nes the dependan
e of the azimuthal velo
ity 
omponent with respe
tthe radius r.The solid body rotation gives rise to the expression of vs
θ(r), where Ω is therotation rate of the �ow :

vs
θ = Ωr (1.33)
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(
)Figure 1.5: Radial distributions of velo
ity for three types of �ows generated by aswirler. (a) : Solid body Vortex. (b) : Free Vortex. (
) : Combined Vortex.The free vortex de�nes an expression of vf
θ (r) where Γ is the 
ir
ulation of the�ow su
h that :

vf
θ =

Γ

r
(1.34)The 
ombined solid body rotation and free vortex 
orresponds to vc

θ(r) :
vc
θ = Ωr +

Γ

r
(1.35)It is possible to plot the radial distributions 
orresponding to the previous types of�ows in terms of the ratio : tan δ = vθ(r)/vz . Results are plotted in Figs. 1.5(a),(b) and (
).It is easy to dedu
e the in�uen
e of the velo
ity distributions on the steady swirlnumber (see Fig. 1.6). This analysis is useful if the velo
ity distribution of a
on�guration is known and 
an be identi�ed to one of the three generi
 �ows
onsidered previously.
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(
)Figure 1.6: (a) : Swirl number S as a fun
tion of the rotation rate Ω. (b) : Swirlnumber S as a fun
tion of the 
ir
ulation Γ. (
) : Swirl number S as a fun
tion of Ωand Γ.Angle modeling : When the velo
ity distribution is not known, it is possibleto determine the level of swirl by spe
ifying the angle distribution of the swirlervanes. This is used in the swirler design pro
ess. The swirl number S de�nedby Eq. (1.32) 
an be numeri
ally determined for a given δ(r) distribution. Thefollowing 
hoi
e is made for this distribution :
δ(r) = δ1

[
1 + α

(
r − r1
r2 − r1

)m] (1.36)where α and m are 
oe�
ients and δ1 is the vane angle at the trailing edge at
r = r1. Substituting this expression in Eq. (1.32), one obtains results plotted inFig. 1.7. The white squares 
urve 
orrespond to straight vanes expressions (Guptaet al. (1984)) in whi
h δ(r) is a 
onstant. The two others 
urves 
orrespond to apreset value of the swirl number S and provide the angles δ1 and δ2 whi
h needto be spe
i�ed to rea
h this number. These 
urves have been obtained by using
α = 1 and m = 1. For example to obtain a swirl number of 0.6, it is ne
essaryto have δ1 = 23.5◦ and δ2 = 47.5◦.
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Figure 1.7: Swirl number S obtained with Eq. (1.32) taking into a

ount the radiusdependen
y of the axial swirler as a fun
tion of the angle of vane δ. Data obtainedtheoreti
ally are 
ompared with expressions based on straight vanes assumptions.1.5 Theoreti
al derivation of unsteady swirl numberWe have previously analyzed the �u
tuations in swirl number indu
ed by pertur-bations in the velo
ity 
omponents. However, this analysis was based on a steady�ow expression of the swirl number. In the unsteady �ow 
ase, one wonders ifthis is still appropriate or if one should in
lude unsteady angular momentum andmomentum �ux terms in the swirl number. This is investigated in what follows.This analysis is only meant to explore a possible modi�
ation of the de�nition ofthe swirl number whi
h might be more adequate than the steady state expression.We introdu
e a new de�nition of the swirl number :
S(t) =

Jθ

RJz
=

1

R

∫
z

∫ R
0

∂ρvθ

∂t r
2 dr dz +

∫ R
0 ρvθvzr

2 dr
∫
z

∫ R
0

∂ρvz

∂t r dr dz +
∫ R
0 (ρv2

z + p)r dr
(1.37)
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30 Part I. Swirling flames, experimental design and system a
ousti
swhere :
Jθ =

∫

z

∫ R

0

∂

∂t
(ρvθr

2) dr dz +Gθ (1.38)and
Jz =

∫

z

∫ R

0

∂

∂t
(ρvzr) dr dz +Gz (1.39)These two quantities Jθ and Jz take into a

ount unsteady a

umulations terms.It is shown in what follows that both Jθ and Jz do not depend on z so that thisunsteady swirl number is again 
onstant in the �ow but 
an vary with time.The starting point is still the mass and momentum balan
e equations with un-steady terms.The mass balan
e equation is :

1

r

∂rvr

∂r
+
∂vz

∂z
= 0 (1.40)Keeping the unsteady term, the radial momentum balan
e may be written as :

∂vr

∂t
+ vr

∂vr

∂r
+ vz

∂vr

∂z
−
v2
θ

r
= −

1

ρ

∂p

∂r
(1.41)The azimuthal momentum equation takes the form :

∂vθ

∂t
+ vr

∂vθ

∂r
+ vz

∂vθ

∂z
+
vr vθ

r
= 0 (1.42)and the axial momentum balan
e may be written as :

∂vz

∂t
+ vr

∂vz

∂r
+ vz

∂vz

∂z
= −

1

ρ

∂p

∂z
(1.43)The gravity term g is negle
ted in the last expression. It is 
onvenient to workwith 
onservative form of equations and one only needs axial and azimuthal mo-mentum equations to obtain a working expression for the swirl number.For the azimuthal momentum equation, one has:

∂ρvθ

∂t
+
∂ρvrvθ

∂r
+
∂ρvθvz

∂z
+ 2ρ

vθvr

r
= 0 (1.44)whi
h 
an be also written under the form :

r
∂ρvθ

∂t
+ r

∂ρvrvθ

∂r
+ r

∂ρvθvz

∂z
+ 2ρvθvr = 0 (1.45)
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Chapter 1. Swirling flows and swirling flames 31This equation 
an be integrated over a 
onstant se
tion of the �ow �eld perpen-di
ular to the z axis :
∫ R

0
r2
∂

∂t
(ρvθ)dr +

∫ R

0

∂

∂r
(ρr2vrvθ)dr +

∫ R

0
r2
∂

∂z
(ρvθvz)dr = 0 (1.46)Then :

∫ R

0
r2
∂

∂t
(ρvθ)dr +

∫ R

0
r2
∂

∂z
(ρvθvz)dr = −

[
ρr2vrvθ

]R

0

(1.47)Substituting in this last equation the expression of Gθ, one obtains :
∫ R

0
r2
∂

∂t
(ρvθ)dr +

d

dz
Gθ = −

[
ρr2vrvθ

]R

0

(1.48)And �nally :
d

dz

[ ∫

z

∫ R

0
r2
∂

∂t
(ρvθ)drdz +Gθ

]
= −

[
ρr2vrvθ

]R

0

(1.49)The axial momentum equation is :
∂ρvz

∂t
+
∂ρvrvz

∂r
+
∂ρv2

z

∂z
+ ρ

vzvr

r
= −

∂p

∂z
(1.50)This equation 
an also be integrated over a 
onstant se
tion of the �ow �eldperpendi
ular to the z axis.Azimutal momentum equation : For the azimutal momentum equation andfollowing the previous derivation resulting in Eq. (1.49), one obtains :

d

dz
Jθ =

d

dz

[ ∫

z

∫

z
r2
∂

∂t
ρvθ drdz +Gθ

]
= −

[
ρvrvθr

2

]R

0

(1.51)Sin
e vr(R) = 0, one �nds that :
d

dz
Jθ = 0 (1.52)Axial momentum equation : For the axial momentum equation and follow-ing the same derivation pro
edure, one has :

d

dz
Jz =

d

dz

[ ∫

z

∫

z
r
∂

∂t
ρvz drdz +Gz

]
= −

[
ρvrvzr

]R

0

(1.53)Sin
e, vr(R) = 0, one obtains :
d

dz
Jz = 0 (1.54)
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ousti
sResult : The previous derivation indi
ates that :
Jθ = Gθ +

∫

z

∫ R

0

∂

∂t
ρvθr

2 dr dz (1.55)and
Jz = Gz +

∫

z

∫ R

0

∂

∂t
ρvzr dr dz (1.56)are 
onstant with respe
t to z.Both axial and azimuthal unsteady terms appear in equations Eq. (1.55) andEq. (1.56). The unsteady swirl number S(t) 
an then be de�ned by :

S(t) =
Jθ

RJz
=

1

R

∫
z

∫ R
0

∂ρvθ

∂t r
2 dr dz +

∫ R
0 ρvθvzr

2 dr
∫
z

∫ R
0

∂ρvz

∂t r dr dz +
∫ R
0 (ρv2

z + p)r dr
(1.57)This unsteady swirl number S(t) is also 
onstant in the �ow.1.6 Perturbative form of unsteady swirl numberTo explore the previous formulation, it is 
onvenient to derive a linearized versionof Eq. (1.57). This is a
hieved in what follows. One 
onsiders that perturbedvelo
ity �eld is given by :

vz(r, z, t) = vz(r) + v′z(z, t)

vθ(r, z, t) = vθ(r) + v′θ(z, t)
(1.58)Substituting this velo
ity �eld in equation Eq. (1.57), integrating the expressionover the distan
e L 
orresponding to the swirler axial size and only retaining �rstorder terms one obtains :

S(t) =

∫ R
0 ρ(vθvz + vθv

′

z + v′θvz − iωv′θL)r2 dr

R
∫ R
0 ρ(v2

z + 2vzv′z − iωv′zL)r dr
(1.59)After some manipulations, one �nds that :

S(t) =

∫ R
0 ρvθvzr

2 dr

R
∫ R
0 ρv2

zr dr

[
1 +

v′θ
vθ

+ v′z
vz

− iωL
vz
v′θvθ

1 + 2v′z
vz

− iωL
vz

v′z
vz

] (1.60)One �nally obtains the following expression for the linearized unsteady swirlnumber :
S(t) = S(t)

[
1 +

v′θ
vθ

−
v′z
vz

− i
ωL

vz

(
v′θ
vθ

−
v′z
vz

)] (1.61)



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 33 � #55
i

i

i

i

i

i

Chapter 1. Swirling flows and swirling flames 33Swirl number S ∫ R

0
ρvθvzr2 dr

R
∫ R
0

(ρv2
z+p)r drLinearized form S S

[
1 +

v′θ
vθ

− v′z
vz

]Flu
tuation S′/S
v′

θ

vθ
− v′z

vzUnsteady swirl number S(t) 1
R

∫
z

∫ R
0

∂ρvθ
∂t

r2 dr dz+
∫ R
0

ρvθvzr2 dr
∫
z

∫ R
0

∂ρvz
∂t

r dr dz+
∫ R
0

(ρv2
z+p)r drLinearized form S(t) S(t)

[
1 +

v′θ
vθ

− v′z
vz

− iωL
vz

(
v′θ
vθ

− v′z
vz

)]Flu
tuation S′(t)/S(t)

[
v′θ
vθ

− v′z
vz

][
1 − iωL

vz

]Table 1.1: Theoreti
al work of the present study on swirl numbers.The relative �u
tuation of the linearized unsteady swirl number is su
h that :
S′(t)

S(t)
=

[
v′θ
vθ

−
v′z
vz

][
1 − i

ωL

vz

] (1.62)1.7 SynthesisA synthesis of swirl numbers derived in the previous se
tions is given in Table. 1.1.It is also interesting to summarize the various swirl number relations found inthe literature. These numbers are gathered in Table. 1.2. The 
lassi
al swirlnumber expression Eq. (1.23) in
ludes a pressure term whi
h is often di�
ultto estimate but is generally small 
ompared to the momentum �ux term. Thepressure term is sometimes repla
ed by a term 1/2v2
θ (see for example Ribeiroand Whitelaw (1980)) or it is simply removed as in Ivani
 et al. (2003) whi
his reasonable for low velo
ity 
on�gurations. For turbulent in
ompressible �ows,expressions have been derived by Chigier and Chervinsky (1967); Mattingly andOates (1986) whi
h in
lude turbulent �u
tuations but the Reynolds stress term

v′θv
′

z is di�
ult to obtain experimentally. Many simpli�
ations are available inthe literature as in Gupta et al. (1984) where the swirl number is given as afun
tion of the trailing edge angle of the swirler vanes. This 
orrelation 
an be
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ousti
simproved by taking into a

ount the vane angle pro�le as shown in a previousse
tion. In analyti
al studies of vortex breakdown, another de�nition has beenproposed with a velo
ity distribution taken at the origin z0 (see Billant et al.(1998)). Finally, it is also possible to de�ne the swirl number as the inverseof the Rossby number (Liang and Maxworthy (2005)). An overview of theseexpressions are gathered in Table. 1.2.Classi
al swirl number S = ∫ r2
r1

ρvθvzr2 dr

r2

∫ r2
r1

(ρv2
z+p)r drRibeiro and Whitelaw (1980) S = ∫

∞

0
ρvθvzr2 dr

r2

∫
∞

0
ρ(v2

z−
1

2
v2

θ
)r drIvani
 et al. (2003) S = ∫ r2

r1
ρvθvzr2 dr

r2

∫ r2
r1

ρv2
zr drMattingly and Oates (1986) S = ∫ r2

r1
ρ(vθvz+v′

θ
v′z)r2 dr

r2

∫ r2
r1

(ρv2
z+ρv′2z +(p−p∞))r drChigier and Chervinsky (1967) S = ∫ r2

r1
ρ(vθvz+v′

θ
v′z)r2 dr

r2

∫ r2
r1

ρ(v2
z−

1

2
v2

θ
+v′2z −

1

2
(v

′2

θ
+v′2r ))r drGupta et al. (1984) S = 2

3
1−(r2/r1)3

1−(r2/r1)2
× tan δPalies (2010) S = 2

r2(r2

2
−r2

1
)
×

∫ r2

r1
tan δ(r)r2 drBillant et al. (1998) S = 2vθ(r2/2,z0)

vz(0,z0)Liang and Maxworthy (2005) S = r2Ω
vzTable 1.2: Synthesis on swirl numbers.
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Chapter 2
Experimental setup anddiagnosti
s

Abstra
t : The laboratory-s
ale experiment and diagnosti
s used inthis thesis are now des
ribed. The fo
us is on the di�erent parts of thesetup and spe
i�
ally on the swirler devi
es. Diagnosti
s asso
iated toLDV and heat release rate measurements are then detailed. The Abeltransform method is presented and will be used in this manus
ript toanalyze swirling �ame dynami
s. Two methods are des
ribed whi
h 
anbe used to determine the heat release rate. The �rst uses a photomulti-plier whi
h 
aptures the whole light radiated by the �ame. The se
ondis based on the sum of the pixel light intensity re
eived by an ICCD
amera without any �lter. It is shown that a good agreement betweenboth te
hniques is obtained indi
ating that the light emission re
orded bythe ICCD 
amera mainly originates from free radi
als in the �ame.
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36 Part I. Swirling flames, experimental design and system a
ousti
sRésumé : L'expérien
e de laboratoire et les diagnosti
s utilisés dans
e do
ument sont dé
rits dans 
e 
hapitre. La des
ription porte surles di�érents éléments de l'installation et traite notamment des swirlers.Les diagnosti
s de mesures asso
iées à la vélo
imétrie laser (LDV), auphotomultipli
ateur et aux mi
rophones sont ensuite exposés. On dé
ritla transformée d'Abel qui est utilisée dans 
e manus
rit pour déduire lastru
ture de �amme des images d'émission et analyser la dynamique dela �amme swirlées au 
ours d'un 
y
le d'os
illation. Deux méthodes dedétermination du taux de dégagement de 
haleur d'une �amme sont en-suite 
omparées. La première utilise un photomultipli
ateur qui 
aptetoute la lumière rayonnée par la �amme. La se
onde est basée sur lasomme de l'intensité lumineuse reçue par les pixels d'une 
améra ICCDsans �ltre. Il est démontré que les signaux déduits de 
es deux types de
apteurs sont en bon a

ord.2.1 Introdu
tionThis 
hapter introdu
es the main elements of the experiment. The setup isdes
ribed in se
tion 2.2. The axial and radial swirlers design is dis
ussed inse
tion 2.3. And se
tion 2.4 is a review of diagnosti
s with spe
ial attention tothe laser Doppler velo
imeter and to the Abel transform pro
edure. That lastse
tion also presents a novel method to determine the heat release rate of a �amebased on the postpro
essing of 
hemilumines
en
e images.2.2 Laboratory-s
ale experimentThe burner sket
hed in Fig. 2.1 
omprises a standard body in
luding a driverunit, a settling 
hamber, a 
ontra
tion ended by a 
onstant diameter du
t wherea swirler is installed, a horizontal end pie
e and a 
ylindri
al �ame tube. Anair/methane premixed �ow is delivered from the premixing unit through twodiametrally opposed apertures at the base of the burner. The �ow then 
rossesa grid and a honey
omb in order to break the largest turbulent s
ales. The gasthen traverses a 
onvergent unit to de
rease the boundary layer thi
kness, redu
ethe level of turbulen
e and generate a �at velo
ity pro�le at the swirler input.The rotation of the �ow is generated by an axial swirler equipped with vanesarranged periodi
ally around a 
entral rod (d = 6 mm in diameter). This 
entralrod is terminated with a small 
one (10 mm in diameter at its base) whi
h isused to stabilize the �ame in the swirling �ow and to minimize �ashba
k. Theouter diameter of the inje
tion tube is d = 22 mm. The tube 
on�ning the �ameis made of quartz allowing opti
al visualization of the �ame and transmitting
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Chapter 2. Experimental set-up and diagnosti
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(a) (b) (
)Figure 2.1: (a) : Experimental 
on�guration used to measure �ame des
ribing fun
-tions. (b) : Without the loudspeaker, this setup is also used to obtain frequen
ies andamplitude of velo
ity disturban
es u′/Ub under self-sustained limit 
y
le operation. (
) :Idealized representation of the burner geometry. Three lengths of the upstream manifold
l1 
an be used together with three di�erent length of the �ame tube l3.its radiation in the near ultraviolet. Its diameter is 70 mm and the length l3
an take di�erent values : 100 mm, 150 mm, 200 mm and 400 mm respe
tively.There are also three lengths l1 available for the upstream manifold : short (96mm), medium (160 mm) and long (224 mm). The upstream manifold diameteris 65 mm. The length of the 
onvergent unit is 60 mm. Combination of theseelements yields twelve geometri
al 
on�gurations.The equivalen
e ratio is set equal to φ = 0.7 in all experiments ex
ept with theradial swirler at S = 0.65 where the equivalen
e ratio is 0.63. A premix unit isused to mix methane and air far upstream mass �ow 
ontrollers. Two operating
onditions A and B were investigated 
orresponding respe
tively to two bulk �owvelo
ities Ub = 2.67 m s−1 and 4.13 m s−1, determined in the inje
tor tube down-stream of the swirler. The 
orresponding Reynolds numbers are respe
tively Re= 3 900 and Re = 6 000.Air is provided by the laboratory �ltered network and the generating pressureis 6 bars. The G20 methane is stored on site. Flow rate 
ontrol during exper-iments is performed by means of mass �ow
ontrollers : maximum �ow rates of
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ousti
s

(a) (b)
(
) (d)
(e) (f)Figure 2.2: Photos from the experiment. (a) : global view of the setup. (b) : 
lose-upview of the swirler and the rod. (
) : view of the �ame inside the quartz tube. (d) :saturated image of the �ame. (e) & (f) : �ame and laser operating.4.2 l s−1 for the air stream and of 0.6 l s−1 for the methane stream. Re
ordeddata are pro
essed with Labview and Matlab. Loudspeakers are also used inthe experiments presented hereby, either to determine the burner a
ousti
s by
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Chapter 2. Experimental set-up and diagnosti
s 39ex
iting the eigenmodes of the system or to modulate the upstream �ow velo
ity.Chara
teristi
s of the di�erent tools are gathered in Table 2.1.In Fig. 2.2, we show photographs of the experiments. (a) : global view of thesetup with the burner 
onsisting in three parts : the �ame tube, the inje
tor andthe upstream manifold. The 
ooling tubes are also visible. (b) : 
lose-up viewof the swirler and the rod. (
) : view of the �ame inside the quartz tube. (d) :saturated image of the �ame. (e) & (f) : �ame and laser under operation.
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Table 2.1: Materials and diagnosti
 tools 
hara
teristi
s.Equipment Manufa
turer Referen
eFlow-
ontroller (Air) Bronkhorst F202AC-FAC55V, 5 Nm3h−1 with C3H8Flow-
ontroller (CH4) Bronkhorst F201AC-FAC33V, 50 Nlmin−1 with N2Mi
rophone (5Hz-20kHz, 50mV/Pa) Brüel & Kjaer 4189Mi
rophone preampli�er Brüel & Kjaer 2669Mi
rophone ampli�er Brüel & Kjaer Nexus Conditioning Ampli�erHot wire probe Dante
 Dynami
s 55P16Power supply Dante
 Dynami
s Mini CTA 54T30Photomultiplier Ele
tron Tubes Limited 91295BCurrent to voltage 
onvertor Ele
tron Tubes Limited Transimpedan
e Ampli�er A1Loudspeaker Fo
al 4K211Sinusoidal wave generator Hameg HM8040Loudspeaker ampli�er Europsoni
 PA-9402



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 41 � #63
i

i

i

i

i

i

Chapter 2. Experimental set-up and diagnosti
s 412.3 Swirlers

Figure 2.3: Close-up view of the upperpart of the burner.

The swirler lo
ation is shown inFig. 2.3. Three swirler geometrieshave been designed in this thesis: one axial and two radials whi
hdi�ers by their swirl numbers. Themain part of the work presentedin the manus
ript 
on
erns the ax-ial swirler. This swirler is sket
hedin Fig. 2.4 while one of the radialswirler is sket
hed in Fig 2.5. Bothgeometries are widely en
ounteredin industrial appli
ations likes gasturbines or jet engines and in re-sear
h studies. The geometry ofthe swirlers was optimized to ob-tain a predetermined value of theswirl number 
orresponding to a�ow featuring a well establishedinner re
ir
ulation zone. Anotherobje
tive was to redu
e the pertur-bation level produ
ed downstreamof the swirler due to the presen
e of the blades. This was obtained by usingNACA 8411 airfoils to design the blades. The result of the design pro
ess is aswirler 
omprising vanes periodi
ally spa
ed. The swirler was manufa
tured byfast prototyping of plasti
 material, see Palies et al. (2009). The surfa
e qualityis moderately smooth but su�
ient for the present purpose. In this study, theswirl number is determined experimentally by integrating the pro�les of meanaxial and azimuthal velo
ities measured at the inje
tor outlet.Axial swirler : The axial swirler is made of eight vanes periodi
ally spa
ed by45◦. The vanes are twisted, so that the angle at the trailing edge evolves linearlyfrom 30◦ at the hub to a value of 58◦ at the vane tip. Twisting is employed toimpose the same rotation to the �ow streamlines along the vane. In the absen
eof twist there would be regions near the vane tip in whi
h the �ow might not bede�e
ted enough. The evolution angle at the trailing edge as a fun
tion of theradius is given by :
δ(r) = δ1

[
1 + α

(
r − r1
r2 − r1

)m] (2.1)



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 42 � #64
i

i

i

i

i

i
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ousti
swhere α = 1 and m=1 are the 
oe�
ients of the pro�le and δ1 = 30◦ is the vaneangle at the trailing edge at r = r1.Radial swirler : The radial swirlers are made of eighteen vanes periodi
allyspa
ed by 20◦. Vanes are made of NACA 8411 airfoils pro�les. Two parameters
hara
terized the radial geometry : the thi
kness of the 
ir
ular inlet se
tion ofthe swirler and the trailing edge angle of the vanes. The trailing edge angle isequal to 58◦ for the �rst one and 72◦ for the se
ond one. The thi
kness of the
ir
ular inlet se
tion is 6 mm for the �rst swirler and 4 mm for the se
ond one.They provide two distin
ts swirl numbers respe
tively S = 0.55 and S = 0.65.

(a) (b)Figure 2.4: Axial swirler geometry. (a) : upstream side. (b) : downstream side.

(a) (b)Figure 2.5: Radial swirler geometry with thi
kness h = 4 mm. (a) : upstream side.(b) : downstream side.2.4 Diagnosti
s
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Chapter 2. Experimental set-up and diagnosti
s 43LDV : Velo
ity pro�les were obtained by laser Doppler velo
imetry (LDV),under automated displa
ement 
ontrol and data a
quisition. Light delivered bythe green line of a 5W Argon-ion Laser (λ = 514.5 nm) is s
attered by the seededparti
les and 
olle
ted by a �ltered photomultiplier. Velo
ity is dedu
ed from theDoppler bursts by a frequen
y 
ounter. In all experiments, the referen
e os
illat-ing velo
ity is measured at z = 2.9 mm above the edge of the nozzle. Mi
roni
oil droplets are generated by a perfume atomizer, see Durox et al. (1999). Themean droplet diameter is 2.5 µm and the droplet size dispersion is small (80%of the size distribution is under 5 µm). The seeding rate, set at about 25 000validated data samples per se
ond (over 70% validation) assures well resolvedmeasurements in a wide range of frequen
ies between 10 and 400 Hz (Duroxet al. (2004)). These data rate and validation per
entage 
an be a
hieved by amode of the frequen
y 
ounter allowing multiple 
ounts per parti
le, with Braggfrequen
y shift of 0.1 MHz. When the frequen
y 
ounter mode is swit
hed todeliver one 
ount per parti
le, the data rate drops to about 5 000 samples perse
ond and the validation per
entage be
omes 60%. This ensures that there istypi
ally only one parti
le at a time in the probe volume.Mean velo
ity pro�les measured by LDV at the outlet of the inje
tor for the threegeometries are now investigated. The swirl number 
al
ulation is done a

ordingto the following formulae from Gupta et al. (1984) and realized on the right sideof the velo
ity pro�les :
S =

∫ R
0 ρ u v 2π r2 dr

R
∫ R
0 ρ u2 2π r dr

(2.2)where ρ is the �uid density, u and v respe
tively the axial and azimuthal velo
ity
omponents, r the radius and R the 
hara
teristi
 outer radius.The 
omparison is �rst a
hieved between the axial and the radial swirlers andresults of measurements are sket
hed in Fig. 2.6. The 
al
ulated swirl numbersare 
lose to S = 0.55 for both swirlers. For the axial swirler, Fig. 2.6 (a), it isobserved that velo
ity pro�les are not perfe
tly symmetri
 and this e�e
t is dueto the wakes of the vanes behind the swirler. The maximum of axial velo
ity is
lose to 4.1 m s−1 while the maximum of azimuthal velo
ity is near 2.4 m s−1.For the radial swirler, Fig. 2.6 (b), we also distinguished little di�eren
es in thesymmetry of the pro�les. In this 
ase, the maximum axial velo
ity is 
lose to 3.8m s−1 and the maximum azimuthal velo
ity is 2.4 m s−1.One 
an now investigated the mean axial and azimuthal velo
ity pro�les gener-ated by radial swirlers. They are both presented in Fig. 2.7. For the �rst one,Fig. 2.6 (a), the swirl number is S = 0.55 while for the se
ond one in Fig. 2.7(b), the swirl number is 
lose to 0.65. This 
an be seen by mat
hing azimuthal
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(a) (b)Figure 2.6: Mean velo
ity pro�les of axial and azimuthal 
omponents at the inje
toroutlet measured with a laser Doppler velo
imeter. The swirl number dedu
ed from thesevelo
ity pro�les is equal to S = 0.55. (a) : Axial swirler (b) : Radial swirler.
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(a) (b)Figure 2.7: Mean velo
ity pro�les of axial and azimuthal 
omponents at the inje
toroutlet measured with a Laser Doppler Velo
imeter for the radial swirlers. Results givetwo distin
ts values for the swirl number. (a) : S = 0.55, h = 6 mm (b) : S = 0.65, h= 4 mm.velo
ity pro�les where it is 
lear that in the se
ond 
ase, the maximum is 3 m s−1while this maximum is 2.4 m s−1 for the �rst 
ase. In both 
ases, the maximumaxial velo
ity rea
h a 
onstant value of 3.8 m s−1. While the axial 
omponent ofthe velo
ity keep a 
onstant value between both swirlers, the azimuthal 
ompo-nent in
reases whi
h re�e
ts an in
rease of the swirl number from 0.55 to 0.65.Abel transform : The �ame motion indu
ed by in
oming perturbations willbe analyzed in 
hapter 6 using opti
al imaging te
hniques to interpret �amedes
ribing fun
tions data. This 
an be a
hieved by making use of OH PLIFmethods as done by Thumuluru et al. (2007); Lee et al. (2000); Bellows et al.
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(a) (b)Figure 2.8: (a) Typi
al average emission image a
quired with the ICCD 
amera. (b)Abel transform. Con�guration : Ub = 4.13 m s−1, f = 100 Hz and u′/Ub = 0.5.(2007) or by dire
tly re
ording the �ame emission with an ICCD 
amera as didKülsheimer and Bü
hner (2002); S
huller et al. (2003a); Bellows et al. (2007).The method is in fa
t quite 
lassi
al and has been used in numerous 
ombustiondynami
s studies. Some early emission images from free radi
als were obtainedfor example by Poinsot et al. (1987). A dire
t analysis of instantaneous �ameemission images is not suitable be
ause turbulent �u
tuations tend to hide theorganized motion asso
iated with the periodi
 motion. It is also important toremember that emission images are formed by integrating �ame radiation overthe line of sight. It is then more suitable to use a 
ombination of phase 
ondi-tioned averaging of emission images followed by an Abel transformation. Themain obje
tive is to 
apture the dynami
s of the �ame at a set of instants in the
y
le of os
illation. This is a
hieved by a

umulating one hundred instantaneousimages for twelve sele
ted phases in the 
y
le. The resulting averages are then
ompressed by binning adja
ent pixels of two by two matri
es to de
rease theimage size and augment the signal to noise ratio. An Abel transform is thenapplied to ea
h binned image to get the two dimensional �ame sli
e. This pro-
essing is applied to �ames A and B des
ribed previously. The Abel transformis illustrated in Fig. 2.8 for an external modulation frequen
y f = 100 Hz. Thepro
essed image indi
ates that 
ombustion is 
on
entrated in a �ame brush witha �ame edge in the inje
tor near �eld adja
ent to a 
entral 
ore. A spe
ial pro-
ess has been applied to redu
e the noise asso
iated with the Abel transform : aGaussian �lter is used to smooth the data on the axis. This does not 
ompletelyredu
e the �u
tuations whi
h appear near the axis of symmetry.The shape of the �ame is �rst examined without modulation for the sele
ted
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soperating 
onditions A and B 
orresponding respe
tively to mean �ow velo
ities
Ub of 2.67 m s−1 and 4.13 m s−1 at the outlet of the inje
tor tube. Figure 2.9 dis-plays four images of the �ame for ea
h operating 
ondition. The �rst (Fig. 2.9(a))
orresponds to an instantaneous image of the �ame region. This shows the highlywrinkled �ame pattern formed by the system. The se
ond image (Fig. 2.9(b))is an ensemble average of a hundred instantaneous images whi
h highlights themean �ame pattern without external perturbations. The third image (Fig. 2.9(
))is obtained by taking the Abel transform of the average image. This yields asli
e through the mean �ame. The Abel transform is appli
able if the average�ame is rotationally symmetri
. Images in Fig. 2.9(d) have been s
aled in termsof volumetri
 heat release rate. To do this, one assumes that the relation be-tween 
hemilumines
en
e and heat release is linear and essentially depends onthe equivalen
e ratio whi
h is 
onstant in the present experiments. It is usually
onsidered that the dependen
e with respe
t to 
urvature, strain and unsteadi-ness is less important and that the 
orresponding variations are small. It is thenpossible to use a s
aling fa
tor β and obtain an estimate of the volumetri
 heatrelease rate in W m−3. This is admittedly an approximation but it provides anorder of magnitude whi
h 
an be quite useful. For example the values obtainedin this way 
an be 
ompared with those dedu
ed from 
al
ulations thus servingas a guide to modeling. One may then write :
q̇(r, x, t) = β × I(r, x, t) (2.3)where q̇(r, x, t) is the lo
al heat release rate and I(r, x, t) the pixel light intensity.The s
aling fa
tor β 
an be determined by integrating the previous expressionover the �ame volume
Q̇ =

∫
q̇(r, x, t)2πrdrdx = β

∫
I(r, x, t)2πrdrdx (2.4)Assuming 
omplete 
ombustion, the global heat release in the �ame is given by

Q̇ = ṁf∆h where ṁf is the fuel mass �ow rate and ∆h is the heat released by
onversion of a unit mass of fuel. The s
aling fa
tor β expressed in W m−3 isthen equal to :
β =

ṁf∆h
∫ R
0

∫ x
0 I(r, x, t)2πrdrdx

(2.5)This fa
tor 
an be used to generate distributions of volumetri
 heat release rate.Results obtained in this way indi
ate that the �ame volume and �ame size arelarger for �ame B. One also �nds that the shapes of �ames A and B are quitesimilar, ex
ept near the 
on�nement wall for �ame B where the �ame front isslightly bent in the vi
inity of the wall.
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Chapter 2. Experimental set-up and diagnosti
s 47Flame A Flame B
(a)
(b)
(
)
(d)Figure 2.9: From top to bottom : (a) Instantaneous images of the �ame, (b) Average of100 instantaneous images, (
) Abel transform of the average image, (d) Abel transformof the average image providing a two-dimensional sli
e through the �ame s
aled in Wm−3. Operating point A (left 
olumn) Ub = 2.67 m s−1. Operating point B (right
olumn) Ub = 4.13 m s−1.
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48 Part I. Swirling flames, experimental design and system a
ousti
sHeat release rate : ICCD 
amera and photomultiplier : It is interestingto examine the heat release rate signal dete
ted by the photomultiplier equippedwith an OH∗ �lter 
olle
ting light λ = 308 nm and the light intensity dedu
edfrom images a
quired with the ICCD 
amera equipped with a 
lassi
al glass lenswithout �lter 
apturing only the visible light of the �ame. This is essentially theCH∗ radiation for a lean methane/air �ame. This analysis is 
arried out for twofrequen
ies. The photomultiplier signal is plotted as solid lines in Fig. 2.10 forthe frequen
ies at f = 60 Hz and f = 90 Hz for �ame A.

(a) (b)Figure 2.10: Photomultiplier signal and visible light emission signal for �ame A, u′/Ub= 0.5 and φ = 0.7. (a) f = 60 Hz. (b) f = 90 Hz. Signals over one period are dupli
atedfor two periods.
The same �gure also shows the signal dedu
ed by summing the pixel intensitydistribution from the ICCD 
amera frame. The summation of light intensityover all pixels of the 
onditioned average images gives a value whi
h is roughlyproportional to the heat release rate. These values 
an be used to synthesizethe phase average of unsteady light emission time signal. It is then possibleto substra
t the mean value and divide by this value to obtain a relative lightintensity �u
tuation. This signal is plotted in Fig. 2.10 as gray dotted lines. Thesesignals and those delivered by the photomultiplier are quite 
lose indi
ating thatthe 
amera images are e�e
tively proportional to the intensity signal re
ordedby the photomultiplier equipped with the OH∗ �lter. It is then reasonable to
onsider that these signals are roughly proportionnal to the heat release rate.This 
on�rms that the Abel transformed phase average images 
an be s
aled interms of volumetri
 heat release rate as illustrated in Fig. 2.9 (d).
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Chapter 2. Experimental set-up and diagnosti
s 492.5 Con
lusionThe main elements used in the experiment are des
ribed. The swirlers geometrieshave been dis
ussed. Systemati
 experiments are 
arried out to determine thelevel of swirl of ea
h swirler 
on�guration. Finally, a method is proposed for thedetermination of the heat release rate based on the 
hemilumines
en
e intensityof images a
quired during one 
y
le of modulation.
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52 Part I. Swirling flames, experimental design and system a
ousti
s
Chapter 3Combustion system a
ousti
s :experiment and theoreti
alanalysis

Abstra
t : The a
ousti
 response of multi-elements 
ombustionsystems is examined in this 
hapter. This response is investigatedexperimentally for ea
h system providing the resonant frequen
ies. Thedamping rate is also determined for the various 
on�gurations. Atheoreti
al analysis based on 
oupled 
avities is then proposed to predi
tresonant frequen
ies and predi
tions are 
ompared with experimentaldata. Conditions are examined under whi
h a
ousti
 modes of a 
hamber�lled with hot 
ombustion produ
ts 
an be 
onsidered de
oupled fromthe plenum a
ousti
s supplying the fresh rea
tants through a feedingmanifold. It is shown that this is 
ontrolled by values of the 
ouplingparameter Ξ = (ρbcb)/(ρucu)S2/S3 ≃ (Tu/Tb)
1/2(S2/S3) where Tu and

Tb are the unburnt and burnt gases temperatures and S3/S2 is theexpansion ratio between the feeding manifold and the 
hamber 
rossse
tions. It is shown that the system a
ousti
s 
an be analyzed by
onsidering the plenum and the 
hamber a
ousti
 signatures separatelyfor small values of the parameter Ξ. This separation is possible for smallvalues of the 
hamber outlet impedan
e when the 
hamber exhaust isopen to atmospheri
 
onditions or for high values of the outlet impedan
ewhen the 
hamber is for example equipped with a soni
 nozzle. The
ase of a plenum featuring a Helmholtz resonan
e type is investigated indetail when the 
hamber exhaust impedan
e is modi�ed. It is shown thatself-sustained 
ombustion instabilities develop preferentially around theplenum mode. Exa
t relations under whi
h the plenum and the 
hambermodes are de
oupled are derived.
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Chapter 3. Combustion system a
ousti
s : experiment and theoreti
alanalysis 53Résumé : La réponse a
oustique du système de 
avités 
ouplées estexaminée dans 
e 
hapitre. Cette réponse est d'abord étudiée expérimen-talement pour 
haque système a�n de déterminer les fréquen
es de réso-nan
e. Le taux d'amortissement est également obtenu pour les diverses
on�gurations. On traite ensuite des 
onditions pour lesquelles les modesa
oustiques d'une 
hambre remplie de produits de 
ombustion 
hauds peu-vent être 
onsidérées 
omme dé
ouplés de l'a
oustique de la partie amontde la 
hambre de 
ombustion fournissant les réa
tifs frais. On intro-duit à 
et e�et un paramètre de 
ouplage est Ξ = (cbρb)/(ρucu)S2/S3 ≃
(Tu/Tb)

(1/2)(S2/S3) où Tu et Tb sont respe
tivement les températures desgaz frais et des gaz brûlés, S3/S2 est le rapport des se
tions entre 
avitéaval et dispositif d'inje
tion. Il est démontré que l'a
oustique du sys-tème peut être analysé en dé
ouplant les signatures a
oustiques de lapartie aval de la partie amont pour des petites valeurs du paramètre Ξ.Cette séparation est possible pour les petites valeurs de l'impédan
e desortie de la 
hambre, lorsque la sortie de la 
hambre est ouverte 
orre-spondant aux 
onditions atmosphériques ou pour des fortes valeurs del'impédan
e de sortie, lorsque par exemple la 
hambre est équipée d'unetuyère sonique. Le 
as d'une 
avité amont 
ara
térisée par une réso-nan
e de type Helmholtz est étudié en détail lorsque l'impédan
e de sortieest modi�ée. Il est démontré que les instabilités de 
ombustion auto-entretenues se développent de préféren
e autour du mode résonant de la
avité amont. Les relations exa
tes dans lesquelles les modes de la 
avitéamont et de la 
avité aval sont dé
ouplés sont obtenues.3.1 Introdu
tionIn many pra
ti
al appli
ations �ames are stabilized in a 
hamber behind a feed-ing manifold 
onne
ted to a plenum featuring a large expansion ratio S3/S2 ≫ 1between the feeding manifold 
ross se
tion S2 and the 
ombustion 
hamber 
rossse
tion S3. This is used to 
reate a re
ir
ulation of the hot 
ombustion produ
tsthat help to stabilize the �ame. The feeding manifold is eventually also equippedwith a swirler to obtain 
ompa
t lean �ames enabling redu
ed levels of pollu-tant emissions, see Lefebvre (1998). These 
on�gurations are however prone toa
ousti
 indu
ed 
ombustion instabilities whi
h redu
e the range of operation ofthe burner, see Candel (2002); Lieuwen (2005); Culi
k (2006). In these regimes,self-sustained 
ombustion os
illations develop from initial perturbations and fea-ture a frequen
y whi
h lies around one of the a
ousti
 modes of the 
ombustoras shown for example by Yu et al. (1991); Noiray et al. (2008).In an e�ort to ta
kle these problems at the design stage, it is important to have a
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54 Part I. Swirling flames, experimental design and system a
ousti
sgood knowledge of the 
ombustor a
ousti
 modes prior to any stability analysis.These modes 
an often be asso
iated with an eigenfrequen
y of quarter wave orHelmholtz type mode in simple setups (see among other studies by S
huller et al.(2003a); Noiray et al. (2006)). In more 
omplex 
on�gurations, a
ousti
 modes
an be determined experimentally using an internal or an external for
ing devi
e.Progress has been made with the use of numeri
al tools based on a
ousti
 net-works of 
ompa
t elements by Poinsot et al. (1987); Dowling and Stow (2003);Sattelmayer and Polifke (2003); Poinsot and Veynante (2001) or more re
ently ofHelmholtz solvers by Ni
oud et al. (2007) to determine the set of a
ousti
 modesof pra
ti
al 
ombustors, see for example Selle et al. (2006). Re
ent simulationsa

ount for the detailed geometry of the 
ombustor and the temperature �eld thatdetermines the lo
al sound speed, and may also in
lude a
ousti
 dissipation asilustrated by Searby et al. (2008) or a
ousti
 dampers e�e
ts as Os
hwald et al.(2008). Predi
tions yield the 
orre
t frequen
ies and shapes of the 
ombustormodes if the a
ousti
 boundary 
onditions at the domain limits are well known.This raises some di�
ulties be
ause a
ousti
 impedan
es at the fuel and air inletsor at the 
hamber outlet may be in�uen
ed by the mean �ow, see Janardan et al.(1976); Cumpsty and Marble (1977b); Sattelmayer (2003) or by the perturbationamplitude level, see Tran et al. (2009). Another issue is that it is often di�-
ult to estimate the impa
t of modi�
ations of the 
ombustor initial geometryon the modal distribution. Of 
ourse, parametri
 analysis 
an be undertakento determine the sensitivity to slight 
hanges of the a
ousti
 boundary 
ondi-tions or to some geometri
al elements, but from an engineering point of view itis also desirable to determine simple rules whi
h would help simplify the problem.This 
hapter aims at providing a 
riterion whi
h 
an be used to see if elementslo
ated upstream of the rea
tion region 
an be 
onsidered a
ousti
ally de
oupledfrom downstream elements of the 
ombustor. Coupled low frequen
y instabili-ties involving the propellant feed system and the 
ombustion 
hamber have beenmainly resolved by de
oupling these 
omponents using large head losses in theinje
tion units, as explained for example by Culi
k and Yang (1995). This 
anbe obtained in laboratory s
ale 
ombustors by using soni
 nozzles as shown byBloxsidge et al. (1988); S
hadow et al. (1990); Yu et al. (1991); Kendri
k et al.(1996); E
kstein et al. (2006) , but this solution is not re
ommended for gasturbine 
ombustors where head losses should be minimized between the feedingmanifold and the 
ombustion 
hamber, see Lefebvre (1998). A new 
riterion isproposed whi
h relies on the geometri
al arrangement of the main elements insidethe 
ombustor. It may be used (1) On existing 
on�gurations to infer if elementsof the 
ombustor 
an be 
onsidered a
ousti
ally de
oupled or (2) At the designstage of new 
hambers to weaken a
ousti
 
oupling between parts of the 
ombus-tors and to freeze some degrees of freedom for potential ranges of unstable modes.
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Chapter 3. Combustion system a
ousti
s : experiment and theoreti
alanalysis 55

Figure 3.1: S
hemati
 representation of a 
ombustor modeled by three 
oupled 
avities.Using 
lassi
al elements of a
ousti
s for plane wave propagation in low Ma
h�ows inside 
avities, it is shown that the analysis of the a
ousti
 signatures ofmany burners 
an often be simpli�ed into the analysis of the plenum and the
ombustion 
hamber a
ousti
s separately. Conditions are examined where thisseparation is possible for 
ombustors featuring an exhaust open to atmospheri

onditions in se
tion 3.2. E�e
ts of the 
hamber outlet impedan
e are then pre-sented in se
tion 3.3. The 
ase of a 
ombustor 
omprising a plenum featuring aHelmholtz resonan
e (bulk �ow os
illation) is investigated in detail throughoutthe 
hapter. These theoreti
al elements are 
ompleted in se
tion 3.4 by exper-imental validations. Se
tion 3.5 is devoted to estimate damping of the system.Se
tion 3.6 
ompares predi
tions of pressure distribution.
3.2 A
ousti
 analysis of three 
oupled 
avitiesThe obje
tive is to 
al
ulate the eigenfrequen
ies of three 
oupled 
avities, wherethe two �rst ones (1) and (2) are �lled with fresh rea
tants at a temperature Tu
hara
terized by the same density ρu and sound speed cu and the last one (3)is �lled with hot 
ombustion produ
ts at a temperature Tb with a lower density
ρb and a higher speed of sound cb ( Fig. 3.1). The 
ombustion region, if any, isassumed to be 
ompa
t in the following developments. Assuming one dimensionalharmoni
 plane waves of the form u(x, t) = ũ(x) exp(−iωt) where the quantity
u denotes the a
ousti
 pressure p or velo
ity v, the following expressions 
an be
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56 Part I. Swirling flames, experimental design and system a
ousti
swritten in the di�erent 
avities (1), (2) and (3) :
p̃1(x) = A exp(ikux) +B exp(−ikux) (3.1)

ρucuṽ1(x) = A exp(ikux) −B exp(−ikux) (3.2)
p̃2(x) = C exp(iku(x− l1)) +D exp(−iku(x− l1)) (3.3)

ρucuṽ2(x) = C exp(iku(x− l1)) −D exp(−iku(x− l1)) (3.4)
p̃3(x) = E exp(ikb(x− l1 − l2)) + F exp(−ikb(x− l1 − l2)) (3.5)

ρbcbṽ3(x) = E exp(ikb(x− l1 − l2)) − F exp(−ikb(x− l1 − l2)) (3.6)where the 
oe�
ient A, B, C, D, E and F are 
omplex numbers. This setof equations must 
omply with the following set of 
ontinuity and boundary
onditions, (similar 
al
ulations 
an be found in mu�ers analysis as exempli�edby Munjal (1987)) :
ṽ1(0) = 0 (3.7)
p̃1(l1) = p̃2(l1) (3.8)

S1ṽ1(l1) = S2ṽ2(l1) (3.9)
p̃2(l1 + l2) = p̃3(l1 + l2) (3.10)

S2ṽ2(l1 + l2) = S3ṽ3(l1 + l2) (3.11)
p̃3(l1 + l2 + l3) = 0 (3.12)Velo
ity vanishes at the inlet of the system. Pressure and volume �ow rate are
ontinuous at the du
t se
tion 
hanges. Pressure vanishes at the system exhaust.Using Eqs. (3.1) to (3.6) within Eqs. (3.7) to (3.12) yields a system whi
h 
an bewritten in a matrix form, M [AB CDE F ]T = 0, where M is given by :



1 −1 0 0 0 0

e(ikul1) e(−ikul1) −1 −1 0 0
S1

S2
e(ikul1) −S1

S2
e(−ikul1) −1 1 0 0

0 0 e(ikul2) e(−ikul1) −1 −1

0 0 Ξe(ikul2) −Ξe(−ikul2) −1 1

0 0 0 0 e(ikbl3) e(−ikbl3)




(3.13)where Ξ = (ρbcb)/(ρucu)S2/S3 ≃ (Tu/Tb)
1/2(S2/S3). Modes of these three 
ou-pled 
avities 
orrespond to non trivial solutions of detM = 0.One may symplify the determinant by de
omposition along the last line and thenthe last 
olumn. One is left with :

detM = −2 cos(kbl3) detMuu − 2i sin(kbl3) detMub (3.14)where detMuu 
orresponds to the determinant of the two �rst 
oupled 
avities�lled with gases at the same temperature Tu and detMub 
orresponds to a 
ou-pling term between 
avities separated by the �ame. Before spe
ifying the exa
t
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Chapter 3. Combustion system a
ousti
s : experiment and theoreti
alanalysis 57form of theses terms, it is worth noting that this de
omposition has yielded anexpression where a
ousti
 
oupling between 
avities �lled with gases at di�erenttemperatures is isolated in a single term.Consider �rst the determinant detMuu where :
Muu =




1 −1 0 0

e(ikul1) e(−ikul1) −1 −1
S0

S1
e(ikul1) −S0

S1
e(−ikul1) −1 1

0 0 e(ikul2) e(−ikul1)


 (3.15)then

detMuu = −4

[
cos(kul1) cos(kul2) −

S0

S1
sin(kul1) sin(kul2)

] (3.16)Modes 
al
ulated from detMuu = 0 are asso
iated with the two 
avities (1) and(2) traversed by a fresh stream of rea
tants. The �rst mode of this system is ofHelmholtz type, with a wavelength λH large 
ompared to the 
avities lengths l1and l2 : λH ≫ l1, l2. In this 
ase, the following appoximations 
an be made inEq. (3.16) :
cos(kul1) ≃ cos(kul2) = 1 and sin(kul1) ≃ kul1 sin(kul2) ≃ kul2The dispersion relation detMuu = 0 then redu
es to :

1 −
S1

S2
k2

ul1l2 = 0 (3.17)One retrieves the 
lassi
al Helmholtz angular frequen
y :
ω2

H =
c2uS2

S1l1l2
=
c2uS2

V1l2
(3.18)where V1 = S1l1 is the volume of the �rst 
avity, see S
huller (2003); Poinsot andVeynante (2001).One should now 
onsider the se
ond determinant detMub appearing in Eq. (3.14).This 
oupling term between the 
avities �lled with unburnt gases and the �ame
on�nement tube �lled with burnt produ
ts takes the form :

Mub =




1 −1 0 0

e(ikul1) e(−ikul1) −1 −1
S1

S2
e(ikul1) −S1

S2
e(−ikul1) −1 1

0 0 Ξe(ikul2) −Ξe(−ikul1)


 (3.19)
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ousti
sand
detMub = −4iΞ

[
cos(kul1) sin(kul2) +

S1

S2
sin(kul1) cos(kul2)

] (3.20)where Ξ = (S2/S3)(ρbcb)/(ρucu) is a dimensionless parameter. It is interestingto note that a
ousti
s 
oupling between the 
avities separated by the �ame is
ontrolled by the values of this parameter Ξ.By 
ombining Eqs. (3.16) and (3.20), the determinant of the three 
oupled
avities takes an elegant form :
detM = 8cos(kbl3)

[
cos(kul1) cos(kul2) −

S1

S2
sin(kul1) sin(kul2)

]

− 8 sin(kbl3)Ξ

[
cos(kul1) sin(kul2) +

S1

S2
sin(kul1) cos(kul2)

] (3.21)Note that if Ξ takes vanishingly small values (Ξ ≪ 1), the 
ontribution from
detMub in the pre
eding equation 
an be negle
ted and the dispersion relation
detM = 0 redu
es to :
0 = cos(kbl3)

[
cos(kul1) cos(kul2) −

S1

S2
sin(kul1) sin(kul2)

] (3.22)This is an important 
ase for 
ombustion systems be
ause (1) The expansionratio between the 
hamber and the feeding manifold 
ross se
tions is often large(S2/S3 ≪ 1) and (2) the spe
i�
 impedan
e between the hot and fresh gasess
ales approximatively with the square root of the unburnt to burnt temperatureratio ρbcb/(ρucu) ≃ (Tu/Tb)
1/2 whi
h also takes small values (Tu/Tb = 0.15−0.40in typi
al appli
ations). This last expression shows that for many 
ombustors theplenum 
an often be 
onsidered a
ousti
ally de
oupled from the 
hamber modes.Modes of the 
oupled 
avities {(1), (2), (3)} are then asso
iated either with theplenum inje
tor system or with the 
hamber separately :

cos(kbl3) = 0 (3.23)
cos(kul1) cos(kul2) −

S1

S2
sin(kul1) sin(kul2) = 0 (3.24)Solutions of Eq. (3.23) 
orrespond to 
hamber modes and are of the quarter wavetype fn

c = (2n + 1)cb/(4l3), where n is an integer. Solutions of Eq. (3.24) 
orre-spond to modes asso
iated with the 
avities {(1), (2)} �lled with fresh rea
tants.There is no 
oupling between plenum and 
hamber modes when the parameter Ξtakes vanishingly small values. This result may be useful to design 
ombustion
hambers de
oupled from the plenum a
ousti
s whi
h supply the rea
tants.It is interesting to examine the 
ase of a plenum with a large volume (1) followedby a narrow 
hannel (2) where a swirler may eventually be installed. This is a
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s : experiment and theoreti
alanalysis 59typi
al 
ase for many pra
ti
al burners. The dominant resonant mode is thenoften of Helmholtz type fH = ωH/(2π), where ω2
H = c2uS1/(V1l2), V1 being thevolume of the 
avity (1). Consider the general 
ase where the parameter Ξ is notne
essary small in Eq. (3.21), the 
oupled 
avities a
ousti
 signature still takesa relatively simple form. Assuming large wavelengths 
ompared to the plenumand the feeding manifold dimensions λ ≫ l1, l2 in Eq. (3.21), one obtains thefollowing dispersion relation :

cos(kbl3)

(
1 − k2

u

S1l1l2
S2

)
− Ξ sin(kbl3)

(
1 +

S1l1
S2l2

)
kul2 = 0 (3.25)Noting that kb = ω/cb, ku = ω/cu and using the fa
t that in a Helmholtz res-onator V1 = S1l1 ≫ V2 = S2l2, the pre
eding relation simpli�es to yield :

1 −

(
ω

ωH

)2

− Ξ

(
S1l1
S2l2

)1/2

tan

(
ωl3
cb

)
ω

ωH
= 0 (3.26)This expression shows that modes of this system are 
ontrolled by three 
ompet-ing parameters :1. The �rst is the 
oupling parameter between the 
avities separated by the�ame Ξ = (S2/S3)(ρucu)/(ρbcb) ≃ (S2/S3)(Tu/Tb)

1/2,2. The se
ond is the square root of the plenum 
avity volumes (V1/V2)
1/2,3. The last 
orresponds to the Helmholtz number Heb = ωl3/cb of the 
on-�nement tube, whi
h 
an be estimated by repla
ing the angular frequen
y

ω by the Helmholtz frequen
y ωH : Heb ≃ ωH l3/cb.The volume ratio V1/V2 generally takes high values (V1/V2 ≫ 1), but this is
ompensated by the two other 
ontrol parameters whi
h take small values. Asalready mentioned the parameter Ξ is generally small (Ξ ≪ 1). The Helmholtznumber Heb ≪ is also generally small, be
ause it is desirable to design 
ompa
t
hambers and the sound 
elerity of the 
ombustion produ
ts cb takes high val-ues. Typi
al sound 
elerities in the burnt gases of pra
ti
al burners ranges from
cb ≃ 600 to 900 m s−1. The net e�e
t is that the se
ond term in Eq. (3.26) is inmany 
ases small 
ompared to the other ones, and this 
ontribution 
an often bedis
arded when the produ
t Ξ(V1/V2)

1/2Heb ≪ 1 takes small values. This leads toan important result, that the system a
ousti
s is solely 
ontrolled by the plenumHelmholtz mode (for 
hambers with a large expansion ratio). Modi�
ations of the
hamber length do not 
hange the system a
ousti
s when the plenum features aHelmholtz resonan
e. In this a
ousti
al environment, self-sustained longitudinal
ombustion instabilities may essentially develop around the Helmholtz resonan
e.In the low frequen
y range, this indi
ates the predominan
e of the a
ousti
s en-vironment upstream from the 
ombustion region 
ompared to modi�
ations ofthe downstream side of the �ame region.
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60 Part I. Swirling flames, experimental design and system a
ousti
sThe analysis developed above applies to 
ombustors open to atmospheri
 
ondi-tions and may explain some results observed in laboratory s
ales experiments,but the validity of this �nding is yet limited be
ause pra
ti
al 
on�gurationsoften feature di�erent downstream impedan
e 
onditions. It is then worth inves-tigating e�e
ts of a modi�
ation of the downstream boundary 
ondition on themodal distribution of three 
oupled 
avities.3.3 E�e
ts of modi�
ation of the downstream bound-aryThe 
ase of three 
oupled 
avities with an arbitrary boundary 
ondition at the
on�nement tube outlet 
an be treated easily using the type of analysis devel-oped in the previous se
tion. Equation (3.12) is now repla
ed by an impedan
e
ondition at the 
on�nement tube outlet. This impedan
e is represented by Z3and the boundary 
onditions be
omes :
p̃3(l1 + l2 + l3) = Z3ṽ3(l1 + l2 + l3) (3.27)This leads to a modi�
ation of the last line in the matrix M in Eq. (3.13) whi
hshould be repla
ed by the following expression :
E(1 − ζ3) exp(ikbl3) + F (1 + ζ3) exp(−ikbl3) = 0 (3.28)where ζ3 = Z3/(ρbcb) is the spe
i�
 impedan
e at the system outlet. Using thesame type of de
omposition, one obtains a new expression for the determinant
detM whi
h is slightly modi�ed 
ompared to the 
ase of an open atmospheri

ondition Eq. (3.14) examined in se
tion 3.2 :
detM = detMuu [(ζ3 − 1) exp(ikbl3) − (ζ3 + 1) exp(−ikbl3)]

− detMub [(ζ3 − 1) exp(ikbl3) + (ζ3 + 1) exp(−ikbl3)] (3.29)One retrieves Eq. (3.14) for an outlet se
tion open to atmospheri
 
onditionswhen the spe
i�
 impedan
e is �xed to ζ3 = 0. Note that this new expressionEq. (3.29) yields a dispersion relation detM = 0 valid for an arbitrary outletimpedan
e ζ3 whi
h has the same general stru
ture as Eq. (3.14) when ζ2 is setto zero. Coupling between the plenum and the 
hamber 
avity modes is stillen
ompassed in the term detMub whi
h is proportional to the parameter Ξ. Forvanishingly small values Ξ ≪ 1, one is thus left with :
0 = detMuu [(ζ3 − 1) exp(ikbl3) − (ζ3 + 1) exp(−ikbl3)] (3.30)This new dispersion relation shows that the three 
avity modes depend on theplenum and the 
hamber modes independently. Modi�
ations of the system outletimpedan
e has no e�e
t on the plenum a
ousti
s when Ξ takes vanishingly small
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Chapter 3. Combustion system a
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s : experiment and theoreti
alanalysis 61values. This results extends our previous �nding to a more general 
on�guration.Pra
ti
al burners 
omprising a plenum 
onne
ted to a �ame 
on�nement tubefeature no 
oupled modes between these elements when Ξ ≃ S2/S3(Tu/Tb)
1/2take small values independently of the outlet impedan
e. The solution whi
his often adopted in laboratory fa
ilities is to use soni
 nozzles to avoid a
ousti
intera
tions between the di�erent 
avities from the 
ombustor, as for exampleto de
ouple the feeding lines from the 
hamber. This solution is generally notdesirable in pra
ti
al burners be
ause this also leads to high head losses and in-
reases energy 
onsumption. The solution proposed hereby to de
ouple 
avitiesis simpler and does not in
rease head losses.The analysis 
ondu
ted above leads a priori to the same type of 
on
lusion as thatfor a 
oupled 
avity problem with an exhaust open to atmospheri
 
onditions.This is at �rst glan
e a surprising result, but it is worth re
alling that values ofthe 
oupling parameter Ξ were supposed to be vanishingly small. This idealized
ondition is now examined in more detail by 
onsidering the 
ase of a burnerfeaturing a Helmholtz mode.The parti
ular 
ase of a system equipped with a plenum, a �ame 
on�nement tubeand a nozzle is now examined. The same type of analysis 
ondu
ted in se
tion3.2 is undertaken when the 
on�nement tube is ended by a 
ompa
t nozzle. Thisis �rst 
arried out without any assumption on values of the parameter Ξ. Inthe limit of large wavelengths λ≫ l1, l2 
ompared to the plenum and the feedingmanifold dimensions and large volume di�eren
es V1 ≫ V2, the dispersion relationEq. (3.29) takes the form :

0 =

(
1 −

ω2

ω2
H

)
[cos(kbl3) − iζ3 sin(kbl3)]

− Ξ

(
S1l1
S2l2

)1/2 ω

ωH
[sin(kbl3) + iζ3 cos(kbl3)] (3.31)This expression may also be rewritten by separating terms whi
h depend on ζ3 :

0 =

(
1 −

ω2

ω2
H

)
cos(kbl3) − Ξ

(
S1l1
S2l2

)1/2

sin(
ωl3
cb

)
ω

ωH

− iζ3

[(
1 −

ω2

ω2
H

)
sin(kbl3) + Ξ

(
S1l1
S2l2

)1/2

cos(
ωl3
cb

)
ω

ωH

] (3.32)It is interesting to investigate two limiting 
ases. First note that when ζ3 = 0 fora downstream tube open to atmospheri
 
onditions, one e�e
tively retrieves Eq.(3.26). Modes are then asso
iated to the plenum and the manifold system or the
on�nement tube separately when Ξ ≪ 1, and in many burners self-sustainedlongitudinal instabilities may only develop around the plenum Helmholtz fre-quen
y as shown in the previous se
tion. Taking the other limiting 
ase when
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62 Part I. Swirling flames, experimental design and system a
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s
ζ3 → ∞, this would 
orrespond to an a
ousti
ally 
losed 
on�nement �ame tube.The dispersion relation now redu
es to :
0 =

(
1 −

ω2

ω2
H

)
sin

(
ωl3
cb

)
+ Ξ

(
S1l1
S2l2

)1/2

cos

(
ωl3
cb

)
ω

ωH
(3.33)For vanishingly small values of the parameter Ξ ≪ 1, modes of the three 
oupled
avities 
orrespond to a 
ombination of the plenum and the �ame 
on�nementtube modes 
al
ulated separately. The �ame tube modes are in this 
ase ofhalf wave type fn

c = ncb/(2l3) be
ause the 
avity is a
ousti
ally 
losed at thedownstream side. Modes separation is however more di�
ult to obtain when
ζ3 → ∞ than when ζ3 = 0 be
ause the stru
ture of the dispersion relationEq. (3.33) is slightly di�erent than that of Eq. (3.26). For 
ompa
t 
hambers�lled with hot produ
ts, one 
an still assume Heb = ωl3/cb ≪ 1 and �rst orderapproximations of sin(Heb) ≃ Heb and cos(Heb) ≃ 1 
an be used in Eq. (3.33) :
0 =

(
1 −

ω2

ω2
H

)
Heb + Ξ

(
S1l1
S2l2

)1/2 ω

ωH
(3.34)The 
riterion that minimizes intera
tions between the plenum and 
hamber a
ous-ti
 
avities redu
es to Ξ(V1/V2)

1/2 ≪ 1 when the downstream impedan
e goes toin�nity ζ3 → ∞. This is a more stringent 
ondition than Ξ(V1/V2)
1/2Heb ≪ 1obtained for vanishing values of the downstream impedan
e ζ3 = 0 (see se
tion3.2). In summary, regions separated by the �ame 
an be 
onsidered de
oupledindependently of values of the 
ombustion 
hamber outlet impedan
e when the
oupling parameter Ξ takes vanishingly small values. In pra
ti
al burners, this
oupling parameter takes a small but however a �nite value, and one should alsopay attention to values of the outlet impedan
e. For the 
ase of a plenum featur-ing an Helmholtz mode, it is possible to derive a quantitative 
riterion. Chambermodes 
an be 
onsidered de
oupled when :

• Ξ(V1/V2)
1/2Heb ≪ 1 for ζ3 = 0, when the exhaust is open to the atmo-sphere,

• Ξ(V1/V2)
1/2 ≪ 1 when ζ3 −→ ∞, when the exhaust is a
ousti
ally 
losed.Conditions under whi
h the 
hamber exhaust impedan
e approa
hes that of rigidwall are now examined. Pra
ti
al 
hambers feature at their exhaust a distributorbefore the �rst stage of the high pressure turbine, see Lefebvre (1998). Thisdistributor is often modeled as a nozzle operating near soni
 
onditions. A
ousti
disturban
es through nozzles were analyzed by Cumpsty and Marble (1977b)as a fun
tion of the approa
h Ma
h number. Negle
ting entropy �u
tuations
onve
ted by the mean �ow and assuming a 
ompa
t nozzle traversed by hot
ombustion produ
ts with a mean approa
h Ma
h �ow number Mb ≤ 1, thespe
i�
 nozzle impedan
e then writes :

ζ3 =
2

γ − 1

1

Mb
(3.35)
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Chapter 3. Combustion system a
ousti
s : experiment and theoreti
alanalysis 63where γb is the spe
i�
 heat 
apa
ity ratio of the burnt gases �owing through thenozzle. This expression shows that ζ3 → ∞ is a limiting 
ase rea
hed for smallapproa
h Ma
h numbers Mb ≪ 1 near the 
hamber exhaust. The nozzle then a
tsvery mu
h like a solid wall for a
ousti
 waves as indi
ated by Cumpsty and Mar-ble (1977b). In pra
ti
al 
on�gurations, the exhaust �ow is a

elerated by thedistributor and the approa
h Ma
h number has a �nite value. Equation (3.33) isa good approximation of the dispersion relation for a 
ombustor equipped witha nozzle when the magnitude of the downstream impedan
e is larger than 10 :
ζ3 ≥ 10. Consider hot 
ombustion produ
ts where γb ≃ 1.3, this 
ondition isful�lled for approa
h Ma
h numbers smaller than about Mb ≤ 0.65.A modi�
ation of the downstream impedan
e by adding a 
ompa
t nozzle tothe 
hamber outlet leads to a redistribution of the modes within the 
ombustor.The parameter Ξ ≃ S2/S3(Tu/Tb)

1/2 is still an indi
ator of the 
oupling strengthbetween 
avities separated by the �ame. When this parameter takes vanishinglysmall values modes of the plenum and the �ame tube equipped with the nozzleare de
oupled and 
an be analyzed separately. When the approa
h Ma
h num-ber remains lower than 0.65, modes of the �ame 
on�nement tube are of halfwave type. These modes are de
oupled from the plenum Helmholtz mode when
Ξ(V1/V2)

1/2 ≪ 1.3.4 Experimental validation in a swirled turbulent 
om-bustorPredi
tions from se
tion 3.2 are 
ompared to experimental data obtained with aswirl burner equipped with a �ame 
on�nement tube open to atmospheri
 
ondi-tions (see experimental setup in 
hapter 2). It was yet not possible to 
ondu
t theanalysis for a burner equipped with a nozzle at the 
hamber exhaust be
ause thesetup was not designed to sustain operating pressures higher than atmospheri
.The burner 
omprises a 
ylindri
al body of diameter D1 = 65 mm fed by twoinlet ports with a methane air mixture kept at a 
onstant mixture equivalen
eratio Φ = 0.7. Three bodies of di�erent lengths l1 = 96, 160 and 224 mm 
anbe used to modify the plenum geometry. This 
ylindri
al pie
e is followed by asmooth 
onvergent of 
ontra
tion ratio σ = 3.9 and length l = 60 mm. A smalladaptation pie
e is then used to redu
e the outer diameter to D2 = 22 mm. Thetop of the burner is a straight tube of diameter D2 with a 
ylindri
al elementwhere a hot wire 
an be installed to measure the lo
al �ow velo
ity and then aswirler to put the rea
tive �ow mixture in rotation. The 
ylinder tube of length117 mm ends in the 
ombustion 
hamber where the mixture is burnt. A 
entralrod is also used to help to stabilize the lean �ame and to avoid �ashba
k within
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64 Part I. Swirling flames, experimental design and system a
ousti
s

Figure 3.2: Experimental setup 
omprising a swirl burner with a plenum and a �ame
on�nement tube.
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Figure 3.3: Low frequen
y a
ousti
 response of the feeding manifold without �ame
on�nement tube (l3 = 0). Curve on the left : large body (l1 = 224 mm). Curve at the
enter : medium body (l1 = 160) mm. Curve on the right : short body (l1 = 96 mm).
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Chapter 3. Combustion system a
ousti
s : experiment and theoreti
alanalysis 65Plenum Short body Medium body Large body
l1 (mm) 96 160 224
f1 (Hz) 140 116 94/106
fH (Hz) 142 118 104Chamber Short tube Medium tube Long tube
l3 (mm) 100 200 400
fc (Hz) 635 365 197Table 3.1: Top lines : Measured (f1) and estimated (fH) plenum bulk os
illationfrequen
ies fH = cu/(2π)(S2/Vele)

1/2 as a fun
tion of the 
ylindri
al body length l1= 96, 160 and 224 mm. Feeding manifold outlet se
tion : S2 = 352 mm2. E�e
tivelength of the burner feeding manifold : le =
∫ 2

1
S2/S(x)dx + δ2 = 106 mm, where

δ2 = D2/2. Total manifold volume : Ve = S0l1 +V1, where V1 = 154 mm3 is the interiorvolume of the feeding manifold elements 
omprised between se
tion 0 and 1. Bottomlines : Estimated fundamental os
illation frequen
y of the 
hamber 
on�nement tube :
fc = cu/[4(l3 + δ2)], where δ2 = D3/2. The sound speed is taken equal to c2u = (γurTu)= 343 m s−1, with γu =1.4, r =287 kg−1 K−1 and Tu =293 K.the burner. It has a diameter d = 3 mm and extends from the top of the 
ylindri-
al body (se
tion 1) to the 
hamber inlet (se
tion 2). The low frequen
y a
ousti
signature of this set of elements 
onstituting the feeding manifold is plotted in�gure 3.3. It 
an be modeled by a Helmholtz resonator as proposed by Duroxet al. (2002); S
huller et al. (2003a) of e�e
tive volume Ve 
orresponding to thetotal volume of the burner and e�e
tive length le =

∫ 2
1 S2/S(x)dx + δ2 = 106mm, where S(x) is the lo
al 
ross se
tion area at the 
urrent axial 
oordinate
omprised between se
tions 1 and 2, S2 = 352 mm2 is the �nal 
ross se
tion areaand δ2 = D2/2 is an end 
orre
tion. The bulk resonant mode of this feedingsystem is then given by fH = cu/(2π)(S2/Vele)

1/2, see Rienstra and Hirs
hberg(2005), and 
an be estimated as a fun
tion of the 
ylindri
al body length l1 inTab. 3.1. Estimated and measured peak frequen
ies 
losely mat
h ex
ept withthe large body, where experimental data feature a double peak stru
ture at 94and 106 Hz.The 
ombustion 
hamber is a 
ylindri
al tube made of quartz of diameter D3 =
70 mm where a turbulent swirled �ame is stabilized. The swirl number was mea-sured using laser Doppler velo
imetry at a distan
e z = 2.9 mm from the 
hamber�oor and a value of S = 0.55 was found for the operating 
onditions envisagedin this study. More information about the burner and detailed 
hara
terizationsof the �ow and �ame dynami
s 
an be found in the se
tion devoted to the ex-perimental setup page 36, 
hapter 1. Three di�erent quartz tubes of lengths
l3 = 100, 200 and 400 mm 
an be used to 
on�ne the �ame. The estimated fun-damental resonant frequen
ies of quarter-wave type fc = cu/[4(l3 + δ2)], where
δ2 = D3/2 is an end 
orre
tion, are also indi
ated in the bottom rows of Tab. 3.1.



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 66 � #88
i

i

i

i

i

i

66 Part I. Swirling flames, experimental design and system a
ousti
sShort body Medium body Large body
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Figure 3.4: Frequen
y response of the burners submitted to external a
ousti
 modula-tions. From left to right, the plenum of the burner is equipped with the short (l1 = 96mm), medium (l1 = 160 mm) and large (l1 = 224 mm) 
ylindri
al bodies. From top tothe bottom, the �ame 
on�nement tube length is in
reased from l3 = 100, 200 to 400mm.
Experiments were �rst 
arried out without �ames. The a
ousti
 response of thissetup was 
hara
terized using a loudspeaker, a referen
e mi
rophone measuringthe external pressure pe in front of the loudspeaker and a se
ond mi
rophone�xed at the bottom of the burner measuring the internal pressure �u
tuation piresulting from the external modulation. The response (p̃i/p̃e)

2 shows resonantpeaks whi
h are fun
tions of the plenum 
avity and the 
on�nement tube lengths(Fig. 3.4). Frequen
ies 
orresponding to the �rst two resonant peaks in these�gures are gathered at the top of Tab. 3.2 and are indi
ated by f1 and f2 respe
-tively. The frequen
y f1 de
reases when the manifold body length is augmentedfrom l1 = 96, 160 to 224 mm. For a �xed plenum length, this frequen
y alsoslightly de
reases when the 
on�nement tube length is in
reased. This depen-den
e is nonetheless weak 
ompared to modi�
ations of the plenum body length.
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Chapter 3. Combustion system a
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alanalysis 67Experiments Short body Medium body Large body
Tu = Tb = 293 K l1 = 96 mm l1 = 160 mm l1 = 224 mmPeak frequen
y (Hz) f1 f1 f1

l3 = 0 mm 142 118 104Peak frequen
ies (Hz) f1 f2 f1 f2 f1 f2

l3 = 100 mm 137 754 113 757 95 696/757
l3 = 200 mm 133 428 111 425 90 420
l3 = 400 mm 117 241 109 231 88 230Unstable mode f1 f1 f1Peak frequen
ies (Hz) 135-140 115-128 97-125Table 3.2: Top lines : Resonant frequen
ies measured under 
old operating 
onditions.The two �rst peak frequen
ies f1 and f2 are indi
ated in Hz as a fun
tion of the plenumbody and the �ame 
on�nement tube lengths. Bottom line : Peak frequen
ies dete
tedat limit 
y
les of unstable 
ombustion modes.The se
ond peak frequen
y f2 de
reases signi�
antly when the �ame 
on�nementtube length is in
reased from l3 = 100, 200 to 400 mm, but is almost insensitiveto modi�
ations of the plenum body length l1. It is also found that the peak fre-quen
y f2 evolution follows the same trend as the quarter-wave mode fc indi
atedin Tab. 3.1 for 
on�nement tube lengths l3 = 100, 200 and 400 mm. The ratio

f2/fc = 0.84±0.01 remains essentially 
onstant for the three frequen
ies explored.When the mixture is ignited, this setup features unstable regimes 
hara
terizedby syn
hronized heat release rate and pressure os
illations within the plenumand the 
hamber measured by the internal and external mi
rophones in absen
eof any external perturbations. These unstable modes were 
hara
terized for anequivalen
e ratio Φ = 0.7. Modi�
ation of the limit 
y
le frequen
y is investi-gated when the plenum and the �ame tube lengths are modi�ed. Results for theinstability frequen
y are gathered at the bottom of Tab. 3.2. When the �ame
on�nement tube length is set to l3 = 100 mm, 
ombustion is found to be alwaysstable and the spe
trum measured by the internal of the external mi
rophonesremains essentially in
oherent. In
reasing the �ame 
on�nement tube length to
l3 = 200 or 400 mm always 
orresponds to an unstable operation mode for thethree 
avity bodies tested. The os
illation peak frequen
y may 
hange from onetest to the other depending for example on the thermal history of the burner,but values always lie in the frequen
y range indi
ated in the table. These self-sustained peak frequen
ies are fun
tion of the plenum body length l1, but remainindependent of the �ame 
on�nement tube length l3. The os
illation frequen
yde
reases when the plenum body length is in
reased from l1 = 96, 160 to 224 mm.It is also found that the instability frequen
y always lies in a frequen
y band-width 
lose to the resonant peak frequen
y f1 determined without 
ombustion byexternal modulation. It is also found that the Helmholtz frequen
y estimated in
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ousti
sModel Short body Medium body Large body
Tb = 300 K, Ξ = 0.09 l1 = 96 mm l1 = 160 mm l1 = 224 mmHelmholtz mode (Hz) f1 f1 f1

l3 = 0 mm 142 118 104Peak frequen
ies (Hz) f1 f2 f1 f2 f1 f2

l3 = 100 mm 140 645 115 648 101 651
l3 = 200 mm 138 375 113 378 99 380
l3 = 400 mm 131 212 107 214 94 215

Tb = 1600 K, Ξ = 0.04 f1 f1 f1Peak frequen
y 141±1 117±1 103±1Table 3.3: Top lines : Predi
ted resonant frequen
ies under 
old operating 
onditions.The two �rst peak frequen
ies f1 and f2 are indi
ated in Hz as a fun
tion of the plenumbody and the �ame 
on�nement tube lengths. Bottom line : Predi
ted resonant fre-quen
ies under hot operating 
onditions.Tab. 3.1 
losely mat
hes the peak frequen
y f1 in the absen
e of a 
on�nementtube (l3 = 0 in Tab. 3.2)These results 
an easily be interpreted using the theoreti
al analysis developedin se
tion 3.2. First note that the wavelength asso
iated with the instabilityfrequen
y is always very large 
ompared to the plenum dimensions. The os
illa-tion frequen
ies in the last 
olumn of Tab. 3.2 
losely mat
h the 
orrespondingplenum Helmholtz frequen
ies determined in Tab. 3.1. By 
omparing these pre-di
tions with the observed instability os
illation frequen
ies, this 
learly showsthat the instability peak is always lo
ked on the Helmholtz resonan
e frequen
yof the plenum and is essentially una�e
ted by modi�
ations of the downstream
on�nement tube length. It is then interesting to investigate why the funda-mental a
ousti
 mode of the system features a weak dependen
e when in
reasingthe downstream 
on�nement tube length without 
ombustion and remains un-
hanged with 
ombustion. This 
an be done by examining values of the 
avity
oupling parameter Ξ between the plenum and the �ame tube. This parameter is
al
ulated for the nonrea
tive 
ases at room temperature and the rea
tive 
asesat the hot 
ombustion produ
ts temperature. One respe
tively �nds Ξ = 0.09for Tb = Tu = 293 K and Ξ = 0.04 for Tu = 293 K and Tb = 1600 K. Thisparameter is thus weaker the in the presen
e of 
ombustion. One should howeverpay attention that in the 
ase of a plenum featuring a Helmholtz mode the exa
t
oupling parameter between the upstream and the downstream regions separat-ing the �ame is the produ
t of Ξ, the volume ratio (V1/V2)
1/2 and the Helmholtznumber Heb = ωl3/cb. When repla
ing the angular frequen
y by ω ≃ ωH one
an estimate the 
hamber Helmholtz number and values of the exa
t 
oupling
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alanalysis 69parameter :
Ξ∗ = Ξ

(
V1

V2

)1/2 ωH l3
cb

(3.36)Results are gathered in Tab. 3.3 for the di�erent 
ases explored. It is foundthat Ξ∗ ranges from 0.10 to 0.32 under 
old 
onditions when the geometri
alparameters are varied, but takes mu
h values under hot 
onditions Ξ∗ = 0.02 to0.06. Solutions of Eq. (3.26) indeed yield pre
ise estimates of the fundamentalpeak frequen
ies under 
old for
ed experiments and hot self-sustained unstableregimes. Due to the high temperature of the hot produ
ts Ξ∗ takes vanishinglysmall values in the presen
e of 
ombustion, the plenum and the �ame tube arethen essentially de
oupled. Under 
old 
onditions, there is a weak 
oupling be-tween the plenum and the 
on�nement tube be
ause Ξ∗ is not so small.3.5 DampingOne 
an also estimate the damping asso
iated to frequen
y response of the burnersubmitted to external a
ousti
 modulation. To determine the damping fa
tor itis interesting to assume that the system behaves like a se
ond order system witha for
e term. If this assumption is made one may dedu
e the damping of thissystem from a measurement of the quality fa
tor. It is here worth re
alling thatthe resonant system de�ned by the following se
ond order di�erential equation :
ẍ+ 2ξω0ẋ+ ω2

0x = F cos(ωt) (3.37)has a quality fa
tor Q de�ned by :
Q =

f0

∆f
(3.38)where ∆f is the frequen
y width of the resonan
e 
urve taken at half height ofthe peak when the square of the amplitude is plotted with respe
t to frequen
y.It is easy to show that :

Q =
1

2ξ
(3.39)Now one may re
all that x ≃ Ae−ξω0t cos[ω0(1−ξ

2)1/2 +Φ], where Φ is the phasebetween the response of the system and the for
e term.The damping 
oe�
ient de�ned by α = ξω0 takes the form :
α = 2πξf0 =

πf0

Q
(3.40)
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70 Part I. Swirling flames, experimental design and system a
ousti
sFlame tube (mm) : 0 100 200 400Short burner
∆f (Hz) 8 7.4 7.5 7.6Damping α (s−1) 25 23.3 23.6 23.9Medium burner
∆f (Hz) 8.5 5.8 7 7.5Damping α (s−1) 26.8 18.2 22 23.6Long burner
∆f (Hz) 6.6 6 6.7 5.2Damping α (s−1) 20.8 19 21.1 16.4Table 3.4: Damping 
oe�
ient α in s−1 for the di�erent geometri
al 
on�gurations.from whi
h one �nally obtains :

α =
πf0∆f

f0
= π∆f (3.41)The damping 
oe�
ient is dire
tly proportional to the frequen
y bandwidth ∆f :

α = π∆f (3.42)The rate of de
ay of energy is :
1

E

dE

dt
= −2α = −∆ω (3.43)From Eq. (3.42) and from results of burner a
ousti
 responses plotted in Fig. 3.4,one 
an determine the damping 
oe�
ient of ea
h 
on�guration. Results arelisted in Table. 3.4.From the previous results, one may 
on
lude that the damping 
oe�
ient inthe various 
on�gurations is of the order of 20 s−1. A general observation isthat in
reasing the �ame tube length or the upstream manifold size tends to not
hange the damping 
oe�
ient.
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bFigure 3.5: Pressure and velo
ity �u
tuations pro�les for all geometri
al 
on�gurations.Bla
k symbols are obtained from the multi-element 
oupled model. Open symbols arefrom a dire
t solution of the Helmholtz equation.

3.6 Comparisons between predi
tions and measurements
It is interesting to 
ompare the pressure and velo
ity �u
tuations pro�les from themulti-element 
oupled 
avity approa
h developped in se
tion 3.2 of the present
hapter and from a dire
t solution of the Helmholtz equation in the exa
t ge-ometry of the system. This dire
t solution is obtained with Comsol (Numeri
alsimulation have been 
arried out by Geo� Searby from IRPHE, Marseille). Re-sults are exhaustively give in Fig.3.5 for all 
on�gurations. This 
omparisonindi
ates that it is reasonable to make use a of multi-element 
oupled 
avitymodel to predi
t the eigenfrequen
ies and mode shapes for 
ombustion systemsused in the present investigation.
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72 Part I. Swirling flames, experimental design and system a
ousti
s3.7 Con
lusionIt has been shown that a
ousti
 intera
tions between the 
ombustion 
hamberand the feeding manifold system with the plenum 
an often be negle
ted whenthe 
oupling parameter Ξ between theses 
avities takes small values. This 
rite-rion 
an be used to simplify analysis of modal distribution of existing fa
ilities orto design new 
hambers with redu
ed intera
tions between the feeding manifoldand the 
ombustion 
hamber 
avities. It has also be shown that the thresh-old level under whi
h a
ousti
 un
oupling is ensured depends on values of thedownstream impedan
e at the 
hamber exhaust. For a given 
on�guration, this
riterion should thus be 
ompleted by more detailed 
al
ulations or experimentsto obtain the exa
t distribution of the modes within the 
ombustor.Exa
t 
onditions leading to de
oupled plenum and 
hamber a
ousti
 signatureswere derived for systems featuring a bulk os
illation mode (Helmholtz mode)when the outlet impedan
e is modi�ed. It has been shown that low frequen
yinstabilities preferentially lo
k on the plenum mode and are independent of ge-ometri
al modi�
ations of the 
hamber. This shows the predominan
e of thea
ousti
s environment upstream from the 
ombustion region 
ompared to modi-�
ations on the downstream side of the �ame region for low frequen
y 
ombustioninstabilities in 
hambers featuring a large expansion ratio.Damping 
oe�
ient are determined from experimental frequen
y responses of theburner submitted to external a
ousti
 modulations. It is shown that the damping
oe�
ient in the various 
on�guration is of the order of 20 s−1. Pressure andvelo
ity �u
tuations pro�les for all geometri
al 
on�gurations determined withthe multi-element 
oupled 
avity approa
h and from a dire
t solution of theHelmholtz equation in the exa
t geometry 
on�rms that is reasonable to makeuse of a multi-element approa
h to predi
t eigenfrequen
ies and mode shapes.
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Chapter 4Mode 
onversion pro
esses over
as
ades and in swirling �ows
Abstra
t : When an a
ousti
 wave impinges on an airfoil 
as
ade a
onve
tive vorti
ity mode is generated giving rise to transverse velo
ityperturbations. This mode 
onversion pro
ess is investigated to explainthe �ow dynami
s observed when swirlers are submitted to in
identa
ousti
 disturban
es. The phenomenon is �rst studied in the 
aseof a two dimensional airfoil 
as
ade using a model derived from ana
tuator disk theory. The model is simpli�ed to deal with low Ma
hnumber �ows. The velo
ity �eld on the downstream side of the 
as
adefeatures two 
omponents, an axial perturbation asso
iated with thetransmitted a
ousti
 wave and a transverse disturban
e 
orrespondingto the vorti
ity wave generated at the 
as
ade trailing edge. The modelprovides the amplitude of both 
omponents and de�nes their phase shift.Numeri
al simulations are 
arried out in a se
ond stage to validatethis model in the 
ase of a 
as
ade operating at a low Reynolds numberRe = 2 700 based on the 
hord length. Spa
e-time diagrams of velo
ityperturbations dedu
ed from these simulations are used to retrieve thetwo types of modes. Experiments are then 
arried out in the 
ase of anaxial swirler pla
ed in a 
ylindri
al du
t and submitted to plane a
ousti
waves emitted on the upstream side of the swirler. The amplitudeand phase of the two velo
ity 
omponents measured in the axial andazimuthal dire
tions are found to be in good agreement with theoreti
alestimates and with numeri
al 
al
ulations. This analysis is motivatedby 
ombustion dynami
s observed in �ames stabilized by aerodynami
swirlers in 
ontinuous 
ombustors.
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76 Part II. Flow and 
ombustion dynami
sRésumé : Quand une onde a
oustique interagit ave
 une grille d'aubes,un mode tourbillonnaire est généré et il en résulte des perturbations devitesses transversales. Ce pro
essus de 
onversion de mode est étudiépour expliquer la dynamique des é
oulements observés lorsque des vrilles(swirlers) sont soumises à des perturbations a
oustiques in
identes. Lephénomène est d'abord etudié dans le 
as d'une grille dans une 
on�gu-ration bidimensionnelle au moyen d'une analyse théorique fondée sur lemodèle du disque a
tuateur. Ce modèle est simpli�é pour tenir 
ompte dufaible nombre de Ma
h de l'é
oulement. Le 
hamp de vitesse en aval de lagrille possède deux 
omposantes, une perturbation axiale asso
iée à l'ondea
oustique transmise et une perturbation transversale 
orrespondant àl'onde tourbillonnaire générée aux bords de fuite de la grille. Le mod-èle fournit l'amplitude des deux 
omposantes et dé�nit leur déphasage.Des simulations numériques sont réalisées dans une deuxième étape pourvalider 
e modèle dans le 
as d'un faible nombre de Reynolds : Re = 2700 basé sur la longueur de 
orde des aubes. Des diagrammes spatio-temporels des perturbations de vitesses déduits de 
es simulations sontutilisés pour mettre en éviden
e les deux types de modes. Les expéri-en
es sont ensuite e�e
tuées dans le 
as d'une vrille (swirler) axiale pla
édans une 
onduite 
ylindrique et soumise à des ondes a
oustiques planesémises en amont. Les amplitudes et phases des deux 
omposantes devitesse mesurée dans les dire
tions axiale et azimutale sont en bon a

ordave
 les estimations théoriques et ave
 les 
al
uls numériques.4.1 Introdu
tionMode 
onversion is a me
hanism where one type of propagating disturban
egenerates another type of wave. This involves 
onve
tive modes (entropy andvorti
ity) and a
ousti
 modes and takes pla
e in many situations in �uid dynam-i
s. The present investigation is 
on
erned with one su
h me
hanism whereby ana
ousti
 wave is in
ident on an airfoil 
as
ade produ
ing a vorti
ity wave in thedownstream �ow. At this point, it is worth putting this problem in perspe
tiveby reviewing 
on�gurations of fundamental and pra
ti
al interest where mode
onversion is important. In Fig. 4.1(a) entropy waves, generally hot spots, 
on-ve
ted through a nozzle generate a
ousti
 pressure waves whi
h are radiated tothe far �eld. This me
hanism designated as �entropy noise� or indire
t 
ombus-tion noise initially 
onsidered by Candel (1972) and Marble and Candel (1977)has been examined extensively in relation with aeroa
ousti
 appli
ations by Mor-fey (1973a), Ffwo
s-Williams and Howe (1975), Howe (1975), Bake et al. (2009)and Leyko et al. (2009). A related problem 
onsidered by Cumpsty and Marble(1977b) is that of entropy waves impinging on a blade row sket
hed in Fig. 4.1(b).
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Chapter 4. Mode 
onversion pro
esses over 
as
ades and in swirlingflows 77The 
as
ade a
ts like a nozzle and the in
ident entropy waves are a

elerated inthe �ow generating a
ousti
 waves propagating in the upstream and downstreamdire
tions. This again 
onstitutes a sour
e of 
ore noise in gas turbines studiedby Cumpsty and Marble (1977a). In the third 
on�guration shown in Fig. 4.1(
)the 
oupling results from vorti
es shed from the upstream side of a 
avity ex-posed to a uniform �ow. The vorti
es impinge on the downstream 
avity lip andgenerate a
ousti
 waves whi
h in turn syn
hronize the vortex shedding me
ha-nism at the leading edge 
avity (see for example the review by Ro
kwell andNaudas
her (1979)). Chara
teristi
 frequen
ies 
an be estimated with an expres-sion due to Rossiter (1964). A related problem found in solid propellant ro
ketengines is shown in Fig. 4.1(d). Here vorti
es are shed from ba�es separatingthe propellant segments and protruding in the gas stream or from the edge ofthe propellant blo
 as exempli�ed in this sub�gure. The vorti
es impinge on thenozzle radiating an a
ousti
 wave whi
h may 
ouple with the vortex sheddingme
hanism giving rise to self sustained os
illations. In solid ro
ket engines thisme
hanism is responsible for troublesome thrust os
illations augmenting the vi-brational levels on the payload as studied by Dotson et al. (1997). A simpli�edversion of the previous 
ase is shown in Fig. 4.1(e) where a diaphragm blo
ks the�ow in a 
hannel. When an a
ousti
 wave impinges on this 
onstri
tion vorti
esare generated. The mode 
onversion pro
ess taking pla
e in this geometry isstudied in a re
ent arti
le by Noiray et al. (2009). Another situation of interestis that of a jet exhausted from a nozzle or a 
hannel into a quies
ent atmosphereas shown in Fig. 4.1(f). An a
ousti
 wave propagating in the upstream �ow andintera
ting with a 
hannel exhaust produ
es a 
onve
tive mode in the free jetwhen the Strouhal number is su�
iently low meaning that the os
illation is inthe low frequen
y range. This pro
ess has re
eived 
onsiderable attention in thepast and is the subje
t of a 
lassi
al arti
le by Crow and Champagne (1971).Birbaud et al. (2007) provide many additional referen
es and map the variousmodes of intera
tions in a diagram. A related pro
ess takes pla
e in a �amestabilized on a burner equipped with a driver unit as in Fig. 4.1(g). In the lowfrequen
y range the a
ousti
 wave is transformed in a 
onve
tive mode whi
hmodulates the �ame. This type of mode 
onversion has been studied for exampleby De Soete (1964), Boyer and Quinard (1990a), Baillot et al. (1992), Bourhelaand Baillot (1998), S
huller et al. (2003a), Birbaud et al. (2006), Kornilov et al.(2007) and Shanbhogue et al. (2009).The present 
hapter is 
on
erned with the problem shown in Fig. 4.2(a) and (b).An a
ousti
 wave impinges on an airfoil 
as
ade or a swirler pla
ed in a du
t. Themotivation of this analysis lies in the domain of 
ombustion dynami
s. In many
ombustors operating in a 
ontinuous mode the �ame is stabilized in a swirling�ow generated by axial or radial vanes. Typi
al gas turbine 
ombustors rely onradial swirlers whi
h impart rotation to the in
oming air produ
ing an inner re
ir-
ulation zone �lled with hot gases and an
horing the �ame in the vi
inity of the
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78 Part II. Flow and 
ombustion dynami
s

Figure 4.1: Review of mode 
onversion me
hanisms. (a) : entropy waves, generally hotspots, 
onve
ted through a nozzle generate a
ousti
 pressure waves whi
h are radiatedto the far �eld. (b) : entropy waves impinging on a blade row. (
) : vorti
es shed fromthe upstream side of a 
avity exposed to a uniform �ow. (d) : vorti
es shed from ba�esseparating the propellant segments and protruding in the gas stream or from the edgeof the propellant blo
. (e) : a
ousti
 waves are impinging the diaphragm and vorti
esare then generated. (f) : modulated jet exhausted from a nozzle or a 
hannel into aquies
ent atmosphere. (g) : 
oni
al �ame submitted to a
ousti
 modulations.
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Figure 4.2: Mode 
onversion me
hanisms study in the present work. (a) : a
ousti
waves impinging on an airfoil 
as
ade. (b) : a
ousti
 waves impinging on a swirler in adu
t.inje
tion plane. Under unstable operation 
oupling a
ousti
s and 
ombustion,the swirlers are submitted to in
ident a
ousti
 perturbations. It is interestingto examine this situation and spe
i�
ally analyze the possible generation of avorti
ity wave and the asso
iated velo
ity perturbations on the downstream sideof the swirler. At this point it is worth brie�y reviewing the literature dealingwith the intera
tion of perturbations with blade rows. This problem 
overed inthe 
lassi
al textbooks of Horlo
k (1978) and Greitzer et al. (2004) has beenextensively investigated in the domain of turboma
hinery for example by Kajiand Okazaki (1970), Ko
h (1971) and Morfey (1973b) in early works and morere
ently by Peake and Kers
hen (1997) and Glegg (1999). It is important be
ausesu
h intera
tions indu
e �u
tuating for
es on the blades generating noise and un-desirable vibrations. Conversion of entropy �u
tuations by a 
as
ade has beenworked out analyti
ally by Cumpsty and Marble (1977b) and was pursued byCumpsty (1979). It is shown that the intera
tion gives rise to a
ousti
 pressurewaves. These studies are used as starting points of the model developed in thepresent 
hapter. Most of these studies 
onsider high Ma
h number �ows found inaxial 
ompressors or turbines, the 
ase of low Ma
h �ows is less well do
umented.The response of a 
as
ade to unsteady perturbations 
an be studied with numer-i
al simulations as exempli�ed by Paynter (1997). The 
ase of swirlers intera
t-ing with a
ousti
 perturbations has re
ently been examined by Wang and Yang(2005) using LES. Consequen
es on the dynami
s of swirling �ames are dis
ussedin a re
ent review by Huang and Yang (2009). It is dedu
ed from simulationsthat axial and azimuthal velo
ity disturban
es propagate at di�erent velo
itieson the downstream side of the swirler. This is also inferred by Hirs
h et al.
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80 Part II. Flow and 
ombustion dynami
s(2005) and Komarek and Polifke (2010). While the presen
e of the 
onve
tive
omponent is re
ognized by these authors, there are no dire
t measurements ofthe axial and azimuthal velo
ity 
omponents whi
h support this 
on
lusion andno theoreti
al attempt is made to estimate the respe
tive levels of the variousperturbations, ex
ept perhaps in a study 
arried out by Sajben and Said (2001)where the strength of the vorti
ity wave is estimated.
This 
hapter is organized as follows. A theoreti
al formulation is �rst derivedfrom the analysis of Cumpsty and Marble (1977b) to deal with situations wherethe Ma
h number is low 
orresponding to standard operation of swirlers (se
-tion 5.2). The blade row is assumed to operate in the low velo
ity range andintera
ts with an in
ident a
ousti
 wave giving rise to a perturbed velo
ity �elddownstream of the 
as
ade. Amplitudes of the downstream perturbations aredetermined. The model is derived in 2D a standard assumption used in turbo-ma
hinery analysis where the �ow is des
ribed on a median 
ylindri
al surfa
elo
ated at equal distan
es from hub and tip. The underlying equations are basedon an a
tuator disk des
ription. Numeri
al simulations are 
arried out with aNavier-Stokes unsteady �ow solver (se
tion 5.3). Simulations are performed ina 2D 
as
ade whi
h is 
onsistent with the two dimensional theory. The modu-lation free �ow established in a group of airfoils is obtained in a �rst step. Inthis simulation the wakes formed at the airfoil trailing edges give rise to a shearlayer instability whi
h develop into a Karman street of vorti
es. The �ow is thenmodulated by an axial a
ousti
 wave whi
h propagates towards the 
as
ade. Twomodulation frequen
ies are 
onsidered f = 60 Hz and f = 100 Hz 
orrespondingto two Strouhal numbers based on the 
hord length respe
tively equal to 0.15and 0.25 for two amplitudes of the inlet velo
ity �u
tuation u′

∞
= 0.1 m s−1and u′

∞
= 1 m s−1. These simulations are used to extra
t the velo
ity 
ompo-nents amplitudes. Spa
e-time diagrams are plotted highlighting the axial andazimuthal modes of propagation. The problem is then examined experimentallyby making use of a du
ted swirler submitted to a plane a
ousti
 wave (se
tion5.4). This axisymmetri
 geometry is easier to 
onsider for the experiments. Thesituation is 
lose to that found in turboma
hinery analysis where 
al
ulations are
arried out in 2D 
as
ade 
on�gurations while the real geometry has a rotationalsymmetry. The obje
tive is not so mu
h to reprodu
e simulations through an ex-periment but to reveal a me
hanism and for this one may use the geometry whi
his easiest to explore. The perturbed velo
ity �eld on the downstream side of theswirler is 
hara
terized and these data are 
ompared with theoreti
al estimatesand numeri
al 
al
ulations (se
tion 5.5).
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Chapter 4. Mode 
onversion pro
esses over 
as
ades and in swirlingflows 814.2 Theoreti
al modelThis analysis is 
on
erned with the intera
tion taking pla
e between a swirler andin
ident a
ousti
 perturbations. This problem is easier to ta
kle theoreti
ally by
onsidering the two dimensional geometry of a 
as
ade as plotted in Fig. 4.3. Thein
oming �ow velo
ity w1 is oriented in the axial dire
tion while the outgoing�ow w2 makes an angle θ2 with respe
t to the axis. One assumes that the �owvelo
ities remain in the low Ma
h number range. The 
hara
teristi
 size of the
as
ade (the blade 
hord) is small 
ompared to the a
ousti
 wavelengths 
onsid-ered. The ratio is typi
ally of the order of 0.01. One may then 
onsider that itis 
ompa
t with respe
t to the in
ident wave �eld and use an a
tuator disk torepresent the blade row. The swirler 
an then be treated as a dis
ontinuity forthese perturbations and operates like an a
tuator disk.To relate perturbations on the upstream and downstream sides of this 
as
adeone may use jump 
onditions provided by Cumpsty and Marble (1977b) whi
hare adapted to a low Ma
h number �ow :
s′1 = s′2 (4.1)

ρ′1
ρ1

+
w′

1

w1
− θ′1 tan θ1 =

ρ′2
ρ2

+
w′

2

w2
− θ′2 tan θ2 (4.2)

p′1
γp1

+
s′1

(γ − 1)cp
=

p′2
γp2

+
s′2

(γ − 1)cp
(4.3)where s′ is the entropy �u
tuation and ρ′/ρ the relative density �u
tuation.Subs
ripts 1 and 2 refer to inlet and outlet of the 
as
ade vanes. The ratios w′

1/w1and w′

2/w2 are the relative velo
ity �u
tuations on ea
h side of the 
as
ade, θ′1is the �u
tuation of the angle of in
iden
e θ1, θ′2 is the �u
tuation of the angle

Figure 4.3: Geometry of the airfoils 
as
ade.



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 82 � #104
i

i

i

i

i

i

82 Part II. Flow and 
ombustion dynami
s
θ2 at the trailing edge, p′ refers to the �u
tuation in pressure, γ is the spe
i�
heat ratio and cp is the spe
i�
 heat of the working �uid. At the trailing edgethe Kutta 
ondition implies that the �ow should leave the blade in a dire
tiontangent to the mean 
amber line so that the perturbation angle vanishes θ′2 = 0.In region 1, the pressure �eld is formed by in
ident and re�e
ted a
ousti
 waveswhi
h are taken as plane waves propagating in the axial dire
tion :
p′1 = A exp i(kx− ωt) +AR exp i(−kx− ωt) (4.4)where A is the amplitude of the in
ident a
ousti
 wave, R is the re�e
tion 
o-e�
ient of this wave and k = ω/c designates the a
ousti
 wave number. Thevelo
ity �u
tuation 
orresponding to this �eld is expressed as :
u′1 =

A

ρ1c1
exp i(kx− ωt) −

AR

ρ1c1
exp i(−kx− ωt) (4.5)where ρ1 and c1 are the density and the speed of sound in region 1. It is assumedin the present analysis that the mean density and speed of sound are the sameon both sides of the swirler : ρ1 = ρ2 = ρ and c1 = c2 = c. In region 2, thetransmitted a
ousti
 pressure also propagating in the axial dire
tion writes :

p′2 = AT exp i(kx− ωt) (4.6)where T is the transmission 
oe�
ient and the 
orresponding a
ousti
 velo
ity
omponent is (subs
ript a) :
(u′2)a =

AT

ρ c
exp i(kx− ωt) (4.7)A vorti
ity wave (subs
ript v) is also generated at the swirler. This is requiredto satisfy the set of jump 
onditions. The in
ident a
ousti
 �eld has a waveve
-tor whi
h is perpendi
ular to the a
tuator disk. This �eld of plane waves andthose 
orresponding to the re�e
ted and transmitted a
ousti
 waves have a zerowaveve
tor proje
tion in the transverse dire
tion. As a 
onsequen
e, the vorti
itywave must also have a zero waveve
tor proje
tion in the transverse dire
tion tobe 
ompatible with the other wave �elds. The vorti
ity wave 
orresponds to a
onve
tive velo
ity �u
tuation whi
h is transverse to the dire
tion of propagation.There are no velo
ity perturbations in the x-dire
tion to satisfy 
onservation ofmass. The vorti
ity wave must then have a zero wave number in the transversedire
tion y and it is 
onve
ted by the mean �ow in the x dire
tion with a velo
ity

u2 = w2 cos θ2 whi
h is also equivalent to v2 = u2 tan θ2. This wave 
omprises asingle velo
ity 
omponent of amplitude B in the transverse dire
tion :
(v′2)v = B exp i

[
ωx

w2 cos θ2

− ωt

] (4.8)Velo
ity perturbations on the downstream side of the swirler have the following
omponents :w′

2 = (u′2)aex + (v′2)vey (4.9)
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Chapter 4. Mode 
onversion pro
esses over 
as
ades and in swirlingflows 83In what follows one may drop indi
es a and v but it is important to remem-ber that the axial and transverse velo
ity 
omponents respe
tively 
orrespond toan a
ousti
 wave propagating at the speed of sound c and to a vorti
ity wave
onve
ted at the �ow velo
ity u2 = w2 cos θ2 in the axial dire
tion. It is inter-esting to determine �u
tuations in the modulus of the downstream �ow velo
ityw′

2 = u′2ex + v′2ey and in the angle θ′2. We begin with :
w2 + w′

2 = [(u2 + u′2)
2 + (v2 + v′2)

2]
1

2 (4.10)Negle
ting se
ond order terms this last expression 
an be written as :
w2 + w′

2 = (u2
2 + v2

2)
1

2

[
1 + 2

(u2u
′

2 + v2v
′

2)

u2
2 + v2

2

] 1

2 (4.11)Expanding the square root to �rst order one �nds :
w2 + w′

2 = w2

[
1 +

(u2u
′

2 + v2v
′

2)

w2
2

] (4.12)and the �u
tuation in modulus may be written as :
w′

2 =
u2

w2
u′2 +

v2

w2
v′2 (4.13)This 
an be 
ast in the following form for w′

2 :
w′

2 = cos θ2u
′

2 + sin θ2v
′

2 (4.14)Some straightforward 
al
ulations also lead to :
θ′2 = sin θ2 cos θ2

[
v′2
v2

−
u′2
u2

] (4.15)Noting that the 
hange in pressure and density a
ross the swirler is small (p1 ≃ p2,
ρ1 ≃ ρ2) one easily dedu
es from the previous set of jump 
onditions that :

p′1 = p′2 (4.16)
w′

1

w1
− θ′1 tan θ1 =

w′

2

w2
− θ′2 tan θ2 (4.17)Now the �u
tuation in angle on the downstream side of the swirler must vanish tosatisfy the unsteady Kutta 
ondition θ′2 = 0. Sin
e �u
tuations on the upstreamside are only axial w′

1 = u′1 one dedu
es that there are no angular �u
tuations atthe leading edge θ′1= 0. The jump 
onditions for the perturbations simplify :
p′1 = p′2 (4.18)
u′1
w1

=
u′2 cos θ2 + v′2 sin θ2

w2
(4.19)
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84 Part II. Flow and 
ombustion dynami
sInserting Eqs. (4.4) to (4.8) in these last expressions, one obtains :
A(1 +R) = T (4.20)

A

ρ c

1

w1
(1 −R) =

AT

ρ c

1

w2
cos θ2 +

B sin θ2

w2
(4.21)Noting that the steady state mass balan
e requires that w1 = w2 cos θ2, theprevious expression be
omes :

A(1 −R) = cos2 θ2AT + ρc sin θ2 cos θ2B (4.22)From the Kutta 
ondition θ′2 = 0 (Eq. (4.15)), one also dedu
es that v′2 =
u′2 tan θ2 whi
h yields :
B =

AT

ρ c
tan θ2 (4.23)Inserting this expression in Eq. (4.22), one obtains :

A(1 −R) = AT (4.24)This relation 
ombined with Eq. (8.7) �nally yields :
R = 0 and T = 1 (4.25)Assumptions of equality of mean pressure and density on the two sides of theswirler lead to a zero re�e
tion 
oe�
ient and to a unit value for the transmission
oe�
ient. One also �nds from this analysis that the transverse velo
ity is dire
tlyproportional to the axial a
ousti
 velo
ity 
omponent and that tan θ2 de�nes theproportionality between these two 
omponents. This result is in agreement withprevious �ndings by Sajben and Said (2001). It is thus possible to write thevelo
ity 
omponents on the downstream side of the swirler under the followingform :
u′2 =

A

ρ c
exp i

[ω
c
x− ωt

] (4.26)
v′2 =

A

ρ c
tan θ2 exp i

[
ω

u2
x− ωt

] (4.27)The axial velo
ity perturbation propagates at the speed of sound while the trans-verse velo
ity 
omponent is 
onve
ted at the lo
al �ow velo
ity u2 = w2 cos θ2in the axial dire
tion. The previous 
al
ulations indi
ate that the swirler a
ts asa mode 
onverter. When it is submitted to axial a
ousti
 waves it generates avorti
ity wave whi
h is 
onve
ted by the �ow in the axial dire
tion. This 
onve
-tive wave is 
hara
terized by a velo
ity 
omponent in the transverse dire
tion.The relative amplitude of this 
omponent is equal to the relative amplitude ofthe axial velo
ity perturbation v′2/v2 ≃ u′2/u2. These 
on
lusions were obtainedfrom a two dimensional a
tuator disk theory be
ause it provides essential results
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ades and in swirlingflows 85without the 
ompli
ations en
ountered in a 3D 
on�guration. Su
h 2D analysisare found in turboma
hinery �ow investigations, see for example Cumpsty andMarble (1977b). The reasoning is easy to follow in 2D be
ause the algebra issimpli�ed by using a well established a
tuator disk framework. The analysis in3D is more 
omplex be
ause of the radial velo
ity 
omponent. However 3D nu-meri
al simulations 
arried out re
ently (see 
hapter 7) indi
ate that the mode
onversion is 
on�rmed and that the amplitude of the radial 
omponent is lessimportant by an order of magnitude than the axial and azimuthal 
omponents. Itis then reasonable to apply the previous results to a swirler and 
onsider that theazimuthal velo
ity �u
tuation 
an be approximately identi�ed to the transverse
omponent determined previously.The previous analysis relies on a 2D a
tuator disk theory be
ause it provides es-sential results without the 
ompli
ations en
ountered in a 3D 
on�guration. Su
h2D analysis are found in turboma
hinery �ow investigations. The reasoning iseasy to follow in 2D be
ause the algebra is simpli�ed by using the well estab-lished a
tuator disk framework. The analysis in 3D is more 
omplex be
ause ofthe radial velo
ity 
omponent. However 3D numeri
al simulations presented in
hapter 7 indi
ate that the mode 
onversion is 
on�rmed and that the amplitudeof the radial 
omponent is less important by an order of magnitude than the axialand azimuthal 
omponents.4.3 Numeri
al simulationSimulation is now used to examine the unsteady �ow intera
tion with a 
as
ade.It is 
onvenient to examine the pro
ess with 2D 
on�gurations. The 
omputa-tional requirements are redu
ed and 
al
ulations 
an be repeated. Simulations are
arried out with the AVBP 
ode (S
hönfeld and Rudgyard (1999)), a 
ompress-ible Navier-Stokes �ow solver operating on stru
tured and unstru
tured meshes.AVBP solves the laminar and turbulent 
ompressible Navier-Stokes equations intwo or three spa
e dimensions. The last e�ort on this 
ode was put on modelingunsteady turbulent rea
tive �ows motivated by a
tivities in the �eld of unsteadyturbulent 
ombustion as reported by Selle et al. (2006) or Sta�elba
h et al.(2009). This 
ode is used in the present 
ontext be
ause it has a good degreeof pre
ision with a third order in spa
e and in time dis
retization and suitablydes
ribes a
ousti
s �ow intera
tions. The �ltered 
ompressible equations exhibitsubgrid s
ale tensors and ve
tors des
ribing the intera
tion between the resolvedand subgrid motions.The �ltered quantity f is resolved in the numeri
al simulation whereas f ′ = f−fis the subgrid s
ale part due to the unresolved �ow motion. For variable density
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s
ρ, a mass-weighted Favre �ltering is introdu
ed su
h as :
ρf̃ = ρf (4.28)The balan
e equations for Large Eddy Simulations (LES) are obtained by �lteringthe instantaneous balan
e equations and give :
∂ρ ũi

∂t
+

∂

∂xj
(ρ ũi ũj) = −

∂

∂xj
[P δij − τij − τij

t], (4.29)where ρ refers to the density, u to the velo
ity, p to the pressure, δ the Krone
kersymbol and τij and τijt are respe
tively the laminar and turbulent �ltered stresstensors. Subs
ripts i, j and l refer to the three spatial dimensions while t denotesfor turbulen
e.
∂ρ Ẽ

∂t
+

∂

∂xj
(ρ Ẽ ũj) = −

∂

∂xj
[ui (P δij − τij) + qj + qj

t] + ω̇T +Qr (4.30)In this equation, E denotes for the total energy per unit mass, qj and qj
t arerespe
tively the resolved �ltered and the subgrid s
ale heat �ux ve
tors. ω̇T isthe 
hemi
al sour
e term and Qr the radiative sour
e term.

∂ρ Ỹk

∂t
+

∂

∂xj
(ρ Ỹk ũj) = −

∂

∂xj
[Jj,k + Jj,k

t
] + ω̇k, (4.31)where Y is the mass fra
tion of the spe
ies k. Jj,k and Jj,k

t are respe
tively thedi�usive spe
ies and the subgrid s
ale di�usive �ux ve
tors. Finally, ω̇k refers tothe rea
tion rate of ea
h spe
ies 
omputed with the Arrhenius law.In Eqs. (4.29), (4.30) and (4.31), one re
ognizes standard resolved parts in-
luding laminar stress and �ux terms and an unresolved part featuring turbulentstresses and �uxes. The resolved parts are the same as those found in DNS butthey are expressed in terms of �ltered variables. In large eddy simulations theunresolved part has to be modeled. In the limiting 
ase where the unresolvedstresses and �uxes vanish, the 
ode provides quasi-DNS solutions of the Navier-Stokes equations.In the present analysis, the 
ode is used in this quasi-DNS limit be
ause the 
ellsize in the region of interest is very small and the Reynolds number based on the
hord length is low (Rec = 2700). It has also been veri�ed that standard bound-ary layer stru
tures are well retrieved. Under these 
ir
umstan
es the physi
alvis
osity is mu
h larger than the subgrid s
ale vis
osity. It has been 
he
kedthat in the 
as
ade and its near�eld (at distan
es of up to 4 
hords) the lami-nar vis
osity is two orders of magnitude larger than the subgrid s
ale vis
osity.The subgrid s
ale stresses are only used in the present 
ontext to dissipate thevorti
es 
onve
ted by the �ow towards the outlet of the domain. This 
an be
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Figure 4.4: Mesh used for numeri
al simulations.a

omplished with a Smagorinsky model, whi
h is used here to avoid problemslinked with the passage of vorti
es through the downstream boundary. When the
ell size is in
reased dissipation by this model is augmented and the perturba-tions are damped in this way. The downstream part of the domain serves as a�sponge layer� and is not used in the analysis. The a
ousti
 motion is also wellrepresented with the third order in spa
e and time pre
ision of the 
ode. Theelement sizes are mu
h smaller than the wavelength and the size of the domain ofinterest is mu
h smaller than the wavelength. Under these 
onditions, the systemis 
ompa
t with respe
t to the wavelength, the a
ousti
 motion then 
orrespondsto a bulk �u
tuation of the �ow variables and the level of dissipation and disper-sion are minimal in the region of interest.A group of �ve airfoils is used to represent the 
as
ade together with periodi
boundary 
onditions on the upper and lower sides of the domain. The meshshown in Fig. 4.4 
omprises 450 000 
ells. The total length of the 
omputationaldomain is 13 
entimeters while the transverse size is 3.1 
entimeters 
orrespondingrespe
tively to 13 and 3.1 
hord lengths. Airfoils are separated by 6 millimetersin the transverse dire
tion. Several previous investigations have been 
arriedout with the AVBP 
ode in whi
h tetrahedral grids have been used. A
ousti
propagation is suitably des
ribed be
ause the pre
ision is third order and thetypi
al grid size is quite small 
ompared to the wavelength so that the system is
ompa
t with respe
t to the wavelength. Under these 
ir
umstan
es one expe
tslittle dispersion and dissipation. Considering the growth of a laminar boundarylayer over a thin �at plane, standard expressions give a thi
kness of nearly onemillimeter at the trailing edge. Ea
h side of the airfoil is re�ned with 200 meshpoints so that at least 20 points lie in the boundary layer at the trailing edge.The mesh is su�
iently re�ned to 
apture the boundary layers on the airfoilssu
tion and pressure sides. The minimum 
ell size is 0.03 mm and the typi
alaverage 
ell size is 0.045 mm. Time integration is expli
it with a �xed time stepequal to 4.5 × 10−8 s.The air �ow velo
ity at the numeri
al domain inlet is �xed to u∞ = 4 m s−1. This
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s�ow impinges on the 
as
ade. Ea
h airfoil features a NACA 8411 pro�le whi
h isalso used to design the swirler 
onsidered in se
tion 4. The trailing edges makean angle θ2 = 25◦ with the horizontal axis. The 
hord length of the airfoil is lc =10 mm. No slip boundary 
onditions are used on the airfoils and the upper andlower sides of the domain are periodi
. Non-re�e
ting boundary 
onditions forNavier-Stokes equations are used at the 
omputational domain inlet and outletand this allows an easy modulation of the �ow at the inlet. The outlet thenbehaves as a non-re�e
ting subsoni
 
ondition.We �rst investigate the dynami
s of the modulation free �ow through the 
as-
ade. There are no in
ident perturbations and the dynami
s observed in thisreferen
e 
ase 
orresponds to the transient leading to the establishment of the�ow in the airfoil 
as
ade and in the downstream domain. It is interesting toexamine the vorti
ity �eld in the downstream �ow shown in Fig. 4.5 in the formof su

essive maps. The �ow is initialized with an axial velo
ity equal to 4 ms−1 everywhere in the 
omputational domain. This does not satisfy the boundary
onditions in the 
as
ade and there is an initial adjustment of the �ow�eld duringa short period of time. A starting vortex is then shed from the trailing edges tosatisfy Kelvin's theorem. The 
ir
ulation in ea
h vortex is opposite to that whi
hdevelops around ea
h blade. This 
an be seen at t = 0.45 ms in Fig. 4.5. Onedistinguishes a vortex shed at the extremity of ea
h trailing edge. This intensestarting vortex is generated to satisfy the 
onservation of 
ir
ulation in the �owas expe
ted from Kelvin's theorem. From t = 2.25 ms to t = 11.25 ms, thisprimary vortex is 
onve
ted in the downstream dire
tion and the wake behindea
h airfoil expands in both axial and transverse dire
tions. The starting vor-tex intensity is progressively redu
ed by vis
ous dissipation. This vortex is alsodissipated by numeri
al vis
osity whi
h is low but non-negligible when the meshsize in
reases near the domain outlet. Shear layer instability be
omes visible at
t = 13.5 ms. The instability grows up to t = 18 ms. The �ow then approa
hesa state whi
h satis�es the Navier-Stokes equations and boundary 
onditions onthe blades and 
omputational domain boundaries. The amplitude of os
illationsaturates for larger times t > 20.25 ms giving rise to well established Karmanvortex streets de�ning a pattern of 
ounter-rotating vorti
es.These simulations are 
arried out at a modest �ow velo
ity and the �ow whileunsteady remains laminar but features a periodi
 pattern of vorti
es generated bywake instability. The mode 
onversion pro
ess is also operating under turbulent�ow 
onditions a point whi
h is 
urrently investigated with fully 3D simulationsof the �ow through a swirler. To obtain a fully turbulent wake downstream the
as
ade, the inlet velo
ity should be augmented but this is out of the s
ope of thisstudy. To make sure that the �ow remains laminar the 
al
ulation were 
arriedout for the modulation free �ow over a long period of 50 ms. It was found that
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t = 0.45 ms t = 13.5 ms
t = 2.25 ms t = 18 ms
t = 6.75 ms t = 20.25 ms
t = 11.25 ms t = 24.75 msFigure 4.5: Vorti
ity �elds of the �ow in the absen
e of a
ousti
 modulation. Themaximum level of vorti
ity 5000 s−1 is in bla
k while the minimum level -5000 s−1 isin white. The time instant of ea
h simulation is given below ea
h �eld in ms. The�ow dynami
s goes through three stages : (1) emission of a vortex from the airfoilstrailing edges, (2) Destabilization of the wake 
aused by shear layer instability, (3) Fullydeveloped Karman vortex street.the �ow did not transition to a turbulent state but 
ontinuously featured distin
tvortex patterns like those shown in Fig. 4.5.
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(a) (b)Figure 4.6: Spa
e-time diagrams of velo
ity 
omponents beyond the airfoils 
as
ade.Theses diagrams are obtained with raw velo
ity signals extra
ted from numeri
al simu-lations along straight lines downstream the 
as
ade. (a) : u velo
ity 
omponent. (b) :
v velo
ity 
omponent.
This dynami
s is now studied with spa
e-time diagrams des
ribing the tempo-ral evolution of both axial and transverse velo
ity 
omponents u and v alongstraight lines in the axial dire
tion. Data were re
orded at points separated bya distan
e ∆x = 5 mm over a distan
e of 50 mm 
orresponding to �ve 
hordlengths and over a time duration of 35 ms. The aim of the spa
e-time diagramsis to highlight the behavior of the �ow on the downstream side of the 
as
ade.Figure 4.6 shows the spa
e-time diagram 
orresponding to Fig. 4.5. The axialand transverse velo
ity signals are analyzed as a fun
tion of time in the diagramappearing in Fig. 4.6. Figures 4.6 (a) and (b) respe
tively display the axial u(x,t)and transverse v(x,t) velo
ity 
omponents along this line. From t = 0 to about
t = 20 ms, one observes in Fig. 4.6 (a) a periodi
 pattern of alternating highand low velo
ities 
onve
ted by the mean �ow and 
orresponding to the sheddingand 
onve
tion of the starting vortex des
ribed previously. The se
ond patternobserved is the tra
e of the wake with a velo
ity defe
t as expe
ted. Finally, at
t = 18 ms, a periodi
 pattern is formed re�e
ting the 
onve
tion of vorti
es inthe Karman streets. The same des
ription applies to the velo
ity 
omponent vdisplayed in Fig. 4.6 (b). The �rst pattern is now superposed on a zero velo
ityregion where no transverse velo
ity exists before the �ow is established in the
as
ade. The se
ond pattern in this �gure 
orresponds to the tra
e of the wakeand is 
hara
terized by a low velo
ity region. Beyond t = 18 ms, one observesa regular pattern asso
iated with the Karman vorti
es at a frequen
y f = 905Hz 
orresponding to a Strouhal number St = flb/u∞ = 0.25 based on the blademaximum thi
kness lb = 1.1 mm and the inlet velo
ity u∞ = 4 m s−1.
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Figure 4.7: Blo
k-diagram detailing the �ltering pro
edure of velo
ity signals.4.3.1 Data analysis for modulated 
asesThe analysis is now 
arried out both for low and high amplitudes of modula-tion. The obje
tive is to investigate signal amplitudes and a
ousti
 or 
onve
tivemodes. Some data pro
essing is needed to extra
t the periodi
 signals 
orre-sponding to the perturbed motion from the 
omplete velo
ity signal. This 
an bedone by noting that the modulation frequen
y is well separated from the naturalvortex shedding frequen
y. One may then extra
t the required information by�ltering out the velo
ity data. The pro
edure is detailed in the blo
k-diagram inFig. 4.7 and 
onsists in applying a FFT algorithm to the perturbed velo
ity �elds
u′ and v′. The signal 
omprising N samples 
orresponding to three periods is �rstdupli
ated Q times to form a longer sequen
e of M = Q N samples. This sequen
eis then used to get the Fourier transform with a Fast Fourier Transform (FFT)algorithm. The dupli
ation operation applied to the data is used to arti�
iallyin
rease the spe
tral resolution. The elementary �lter size ∆f is redu
ed by afa
tor 1/Q. Spe
tral 
omponents 
orresponding to frequen
ies ex
eeding a 
ut-o�value fc = αfm, fm being the modulation frequen
y (α = 1.5), are then elim-inated. This pro
edure �lters out high frequen
y 
omponents 
orresponding tovortex shedding in the airfoil wakes. An inverse FFT is then applied to the result.This pro
ess 
orresponds to a re
tangular window in the frequen
y domain. Thetransition band is sharp but the reje
tion level is moderate. However, by suitably
hoosing α one 
an essentially eliminate the signals asso
iated with vortex shed-ding yielding the low pass �ltered velo
ity disturban
es. One 
an then investigatethe evolution of the phase shift between both perturbed velo
ity signals u′ and v′.This is obtained by 
al
ulating the 
ross power spe
tral densities of the �lteredvelo
ity signals at dis
rete points separated by regular intervals of 5 mm alonga line perpendi
ular to the 
as
ade. The phase di�eren
e between the signals isdedu
ed from the 
omplex value of the 
ross power spe
tral density 
al
ulated atthe driving frequen
y fm. The referen
e used to establish this phase evolution isthe axial velo
ity signal u′ measured at the 
as
ade trailing edge lo
ated at x =
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(a) (b)Figure 4.8: Amplitudes of perturbed velo
ity signals extra
ted at a distan
e of one
hord from the 
as
ade ba
k end in the 
omputational domain. Data are obtained foran inlet velo
ity modulation u′
∞

= 0.1 m s−1 with f = 100 Hz. (a) : raw signal. (b) :after low pass �ltering.0 mm.The starting point of the a
ousti
ally modulated 
ases is a mean �ow 
onsistingof the �ow over an airfoil with a well established Karman vortex street. The �owis unsteady and laminar. After an initial transient of about one period, it is wellestablished and periodi
 as 
an be 
he
ked by re
ording signals at various pointsin the domain. The �rst period in the numeri
al simulation is not taken into a
-
ount in the analysis be
ause the �ow is transient. After this initial period results
an be analyzed. The mean �ow 
an then be obtained by summing over timeto eliminate os
illations asso
iated with vortex shedding from the blade trailingedges.Typi
al axial and azimuthal velo
ity signals are displayed in Fig. 4.8. Thesesignals feature a high frequen
y 
omponent 
orresponding to the periodi
 �u
-tuation asso
iated with alternating vorti
es in the wakes and a low frequen
y
omponent indu
ed by the �ow modulation. This last 
omponent is extra
ted bythe low pass �ltering method des
ribed in Fig. 4.7.4.3.2 Low amplitude modulationTwo frequen
ies of modulation are investigated f = 60 Hz and f = 100 Hz at alow for
ing amplitude. This is used to validate the theoreti
al model derived inthe linear approximation. The amplitude of the signals and the phase relationbetween axial and transverse velo
ity perturbations are spe
i�
ally 
onsidered.
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(a) (b)Figure 4.9: Filtered amplitudes of perturbed velo
ity signals extra
ted at a distan
e ofone 
hord from the 
as
ade ba
k end in the 
omputational domain. Data are obtainedfor an inlet velo
ity modulation u′
∞

= 0.1 m s−1. (a) : f = 60 Hz. (b) : f = 100 Hz.Signal amplitudes Figure 4.9 displays amplitudes of velo
ity perturbations
u′ and v′ at a distan
e of one 
hord from the 
as
ade ba
k plane. Sub�gures(a) and (b) respe
tively 
orrespond to modulations at f = 60 Hz and f = 100Hz. In both 
ases the amplitude of the relative transverse velo
ity �u
tuation v′is slightly lower than the relative axial velo
ity disturban
e u′. This is 
lose towhat was predi
ted analyti
ally. One also �nds that the amplitudes of the twosignals vary as a fun
tion of time indi
ating that a 
ertain amount of re�e
tiontakes pla
e at the 
omputational domain outlet.A
ousti
 and 
onve
tive mode The analysis of vorti
ity �elds is 
arried outby examining Fig. 4.10 presented for f = 100 Hz and for two phases in the 
y
le0◦ and 180◦. Over one 
y
le of modulation, one �nds that fully developed Kar-man vorti
es streets are established in the airfoil wakes. The global behavior isidenti
al for ea
h phase of the 
y
le : the thi
kness of the boundary layers aroundthe airfoil remains almost 
onstant with very small variations, the frequen
y ofvortex-shedding is also 
onstant. It is di�
ult to identify a periodi
 pattern 
or-responding to the imposed modulation frequen
y f = 100 Hz for an input levelequal to u′

∞
= 0.1 m s−1. These results indi
ate that with a low input level, it isnot possible to dete
t the vorti
al mode asso
iated to the modulation frequen
ybe
ause the amplitude of this mode is too low 
ompared to the amplitude of thehigh frequen
y Karman vorti
es formed in the blade row wakes.Results of the data �ltering are plotted in Fig. 4.11 for two modulation frequen-
ies f = 60 Hz and f = 100 Hz and for a small perturbation level u′

∞
= 0.1 m s−1.The �gure gathers the phases determined with signals extra
ted from numeri
alsimulations at 60 Hz and 100 Hz respe
tively in (a) and (b). It serves to identify
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0◦ 180◦
30◦ 210◦
60◦ 240◦
90◦ 270◦
120◦ 300◦
150◦ 330◦Figure 4.10: Vorti
ity �elds of the �ow with an a
ousti
 modulation of amplitude u′

∞= 0.1 m s−1 at the inlet and for a frequen
y f = 100 Hz. The maximum level of vorti
ity5000 s−1 is in bla
k while the minimum level -5000 s−1 is in white.
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(a) (b)Figure 4.11: Evolution of the phase shift between relative �u
tuations of velo
ity u′ and
v′ in the linear regime. Data are extra
ted from numeri
al simulations for a modulationamplitude equal to u′

∞
= 0.1 m s−1. (a) : f = 60 Hz. (b) : f = 100 Hz.the two types of waves propagating in the downstream �ow. The axial velo
itydisturban
e has an essentially 
onstant phase and it is a
ousti
. The phase shiftis negligible be
ause this wave propagates on a small distan
e at the speed ofsound. One 
an also say that the phase shift is small be
ause the distan
e isa small fra
tion of the wavelength. The transverse disturban
e is 
onve
tive asthe phase shift in
reases linearly with distan
e and frequen
y and is inverselyproportional to the mean axial �ow velo
ity : ∆ϕ = 2πfx/u.The transverse perturbations v′ are out of phase with axial velo
ity �u
tuations

u′ at the trailing edge lo
ation as expe
ted from linear theory v′2 = tan θ2u
′

2 (here
tan θ2 is negative). Results obtained at f = 60 Hz feature some spurious os
illa-tions whi
h are less visible at f = 100 Hz. This may be attributed to the �lteringpro
edure whi
h does not fully eliminate the high frequen
y 
omponents. As therelative for
ing amplitude is weak (u′

∞
/u∞ = 0.025), the perturbation signal islow and it is a�e
ted by residual high frequen
y �u
tuations. Os
illations aremore visible on the a
ousti
 velo
ity 
omponent near the 
omputational domainoutlet where some re�e
tions have already been mentioned. These di�eren
es donot however s
ramble the general trend. It will be seen below that results 
ansigni�
antly be improved by in
reasing the modulation level.4.3.3 High amplitude modulationWe now examine the dynami
s of the modulated �ow indu
ed by an intensea
ousti
 wave with an amplitude u′

∞
= 1 m s−1 at the inlet of the domain. This
ase is explored for the same modulation frequen
ies f = 60 Hz and f = 100 Hz.Amplitudes of velo
ity 
omponents u′ and v′ are investigated and the a
ousti
 to
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(a) (b)Figure 4.12: Filtered velo
ity signals extra
ted from the simulations at one 
hordlength downstream of the airfoil trailing edge (x = 0 mm) for an inlet velo
ity modulation
u′
∞

= 1 m s−1. (a) : f = 60 Hz. (b) : f = 100 Hz.
onve
tive mode 
onversion me
hanism is highlighted with spa
e-time diagrams.Signal amplitudes The amplitude of velo
ity signals in the downstream �oware extra
ted from the numeri
al �elds of u and v. The mean velo
ity is sub-tra
ted to get the �u
tuations u′ and v′. The low pass �ltering pro
edure de-s
ribed previously is used to separate the periodi
 
oherent motion due to themodulation. This pro
ess is �rst applied at a point lo
ated at a distan
e of one
hord from the 
as
ade ba
k plane. Signals are plotted in Fig. 4.12 for the twomodulation frequen
ies. One �nds that the ratio of amplitudes |v′|/|u′| is 
loseto 0.5 for both frequen
ies. This is in agreement with analyti
al predi
tions ob-tained in se
tion 2 whi
h give a value |v′|/|u′| = | tan θ2| = 0.47 for a trailingedge angle θ2 = 25◦.It is also found that the �u
tuation amplitude u′ ≃ 1.2 m s−1 is greater than thatof the in
ident wave amplitude u′
∞

= 1 m s−1. This is be
ause the axial �ow isa

elerated due to the presen
e of the wakes in whi
h the axial velo
ity is redu
ed.A
ousti
 and 
onve
tive modes The dynami
s of the �ow �eld is now in-vestigated by examining the vorti
ity �elds over one 
y
le of ex
itation shown inFig. 4.13. The �rst phase at 0◦ shows the 
lassi
al vortex-shedding beyond theairfoil followed by an intense vortex pairs. These two vorti
es are then 
onve
tedby the mean �ow. At 60◦, a new vortex pair is formed at the trailing edge ofea
h airfoil. This indu
es an in
rease of the boundary layer thi
kness on thesu
tion side near the trailing edge. At 180◦, this pair is shed and 
onve
ted by
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0◦ 180◦
30◦ 210◦
60◦ 240◦
90◦ 270◦
120◦ 300◦
150◦ 330◦Figure 4.13: Vorti
ity �elds of the �ow with an a
ousti
 modulation of amplitude u′

∞= 1 m s−1 at the inlet and for a frequen
y f = 100 Hz. The maximum level of vorti
ity5000 s−1 is in bla
k while the minimum level -5000 s−1 is in white.
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(a) (b)Figure 4.14: Spa
e-time diagrams of �u
tuating velo
ity 
omponents beyond the air-foils 
as
ade for a modulation frequen
y f = 60 Hz and an amplitude equal to u′
∞

=1 m s−1. Theses diagrams are obtained by �ltering raw velo
ity signals extra
ted fromnumeri
al simulations along a straight line downstream the 
as
ade and ea
h 5 mm overthree time periods. (a) : axial �u
tuation u′. (b) : transverse �u
tuation v′.the mean �ow. In the remaining part of the 
y
le, the 
lassi
al high frequen
yvortex shedding also present in the non modulated 
ase prevails.One 
an now investigate the �ow dynami
s with spa
e-time diagrams. It is againne
essary to �lter out velo
ity 
omponents 
orresponding to the vorti
es formedin the airfoil wakes. This is a

omplished by applying the method des
ribed pre-viously. Be
ause the frequen
y asso
iated to the Karman vorti
es is mu
h largerthan the modulation frequen
y, the 
orresponding velo
ity 
omponents 
an be�ltered out. It is then possible to extra
t the 
oherent motion 
orrespondingto the modulation frequen
y. Spa
e-time diagrams are obtained for three timeperiods for both frequen
ies su
h that the total time observed is 50 ms at f =60 Hz and 30 ms at f = 100 Hz.For the modulation frequen
y f = 60 Hz, the spa
e-time diagram is shown inFig. 4.14. The axial velo
ity �u
tuation u′ is plotted in Fig. 4.14(a) while thetransverse �u
tuation velo
ity v′ is displayed in Fig. 4.14(b). For the axial ve-lo
ity, one �nds a pattern of alternating bla
k and white verti
al stripes. Thismeans that the propagation of axial velo
ity perturbations is nearly instanta-neous indi
ating that propagation takes pla
e at the speed of sound. For thetransverse velo
ity 
omponent the white and dark stripes are in
lined indi
atingthat this 
omponent is 
onve
ted by the �ow. It it interesting to extra
t the 
on-ve
tive velo
ity ucv whi
h 
an be dedu
ed by estimating the slope of the stripes
a = ∆l/∆t ≃ 3.7m s−1. This value is 
lose to the �ow velo
ity u∞ = 4 m s−1imposed at the numeri
al domain inlet. These spa
e-time diagrams 
on�rm that
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(a) (b)Figure 4.15: Spa
e-time diagrams of �u
tuating velo
ity 
omponents on the down-stream side of the 
as
ade for a modulation frequen
y f = 100 Hz and an amplitudeequal to u′
∞

= 1 m s−1. Theses diagrams are obtained by �ltering raw velo
ity signalsextra
ted from numeri
al simulations on a straight line downstream the 
as
ade and ea
h5 mm over three time periods. (a) : axial �u
tuation u′. (b) : transverse �u
tuation v′.
axial and transverse velo
ity perturbations respe
tively propagate at the speed ofsound and at a 
onve
tive velo
ity as predi
ted by the analyti
al model derivedin Se
tion 2.
A similar analysis 
an be 
arried out for a modulation frequen
y f = 100 Hz.The 
orresponding spa
e-time diagrams given in Fig. 4.15 are quite similar tothose examined previously. Note that the time s
ale in Fig. 4.14 and Fig. 4.15is slightly di�erent. One 
an also determine the 
onve
tive velo
ity of transversevelo
ity perturbations with a = ∆l/∆t = 4 m s−1 whi
h is again equal to the inlet�ow velo
ity u∞. The phase shift between the two velo
ity 
omponents is shownin Fig. 7.15. In this 
ase too, the phase evolves in a nearly linear fashion with re-spe
t to distan
e and is essentially proportional to the modulation frequen
y andinversely proportional to the 
onve
tion velo
ity. At the origin, the phase shift isequal to π as expe
ted for a situation where the trailing edge angle θ2 is negative.
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(a) (b)Figure 4.16: Evolution of the phase between axial and transverse velo
ity perturbations
u′ and v′. Data are extra
ted from numeri
al simulations for a modulation amplitudeequal to u′

∞
= 1 m s−1. (a) : f = 60 Hz. (b) : f = 100 Hz.4.4 Experiments on a du
ted swirlerIt is now interesting to see if the previous features 
an be retrieved experimen-tally. This is a

omplished in a 
ylindri
al 
on�guration where the �ow is setin rotation by an axial swirler. This 
hoi
e is made be
ause experiments areeasier to perform in an axisymmetri
 system. Admittedly a 
as
ade experimentmight have been more 
onsistent with the numeri
al simulation. However sin
ewe intend to 
hara
terize a me
hanism the 
hange in 
on�guration is reasonable.4.4.1 Experimental setup

Loudspeaker

Swirler

Rod

Tube

 Laser 
Beams

D = 22 mm

d = 6 mm
X axis

x = 0 mm

Upstream manifold

Figure 4.17: Experimental setup used to de-termine velo
ity signals behind a swirler. Laserbeams of the laser Doppler velo
imeter are usedto measure the axial and azimuthal velo
ity sig-nals ea
h 5 mm over a 50 mm range downstreamthe swirler. The �rst measurement point is a
-quired 17 mm downstream this devi
e due to lim-itation in opti
al a

ess.

The experimental setup issket
hed in Fig. 4.17. Thesystem 
omprises three ele-ments : a loudspeaker, a
onvergent unit and a tube
ontaining a swirler. The�ow inje
ted at the baseof the 
onvergent unit fromtwo ori�
es diametri
ally op-posed traverses a honey
ombto break the largest turbu-lent s
ales and produ
e a lam-inar �at velo
ity �ow pro-�le on the upstream side ofthe swirler. The gas is 
on-ve
ted through the swirler
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(a) (b)Figure 4.18: Swirler geometry used in the experiment. (a) upstream side. (b) :downstream side.whi
h imparts a rotating mo-tion to the �ow. Theswirling �ow obtained in thisway evolves in an annulartube made of quartz. Arod is lo
ated at the 
enterof the tube in this experi-ment.The swirler 
omprises eightvanes periodi
ally spa
ed. Theblades are formed by NACA8411 pro�les and their staggerangle with respe
t to the axialdire
tion is 45◦. Upstream and downstream views of the swirler are displayed inFig. 4.18.A laser Doppler velo
imeter is used to measure the velo
ity signals in the axialand azimuthal dire
tions. The data are re
orded at 5 mm intervals on a verti
alline lo
ated in the middle of the se
tion between the tube and the rod. This setup was also used in experiments on 
ombustion dynami
s reported in 
hapter 2.The bulk velo
ity in the tube is Ub = 2.67 m s−1 and the �u
tuation level of theaxial velo
ity disturban
e was measured downstream the swirler, at a distan
e of17 mm from the swirler ba
kplane, and it is equal to u′rms/Ub = 0.5.4.4.2 ResultsResults gathered from measurements are plotted in Fig. 4.19 in the form of phaseevolutions for the velo
ity signals u(x, t) and v(x, t) for two modulation frequen-
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(a) (b)Figure 4.19: Experimental phase shift evolution of axial and azimuthal velo
ity 
om-ponents u′ and v′ for two modulation frequen
ies. Data are re
orded from 17 mm to 67mm due to limitations in opti
al a

ess downstream of the swirler. The swirler ba
kplaneis lo
ated at x = 0 mm. (a) : f = 60 Hz. (b) : f = 100 Hz.
ies f = 60 Hz and f = 100 Hz. One immediately observes that the phase ofthe axial velo
ity signal u′ is nearly 
onstant when the distan
e from the swirlerin
reases. This indi
ates that axial disturban
es propagate at a high phase velo
-ity whi
h 
an only be the speed of sound. An azimuthal 
omponent is dete
tedby the laser Doppler velo
imeter and this velo
ity 
omponent v′ features a phasewhi
h varies linearly with distan
e from the swirler. This re�e
ts the 
onve
tive
hara
ter of azimuthal perturbations originating from the swirler blades trail-ing edges. Using the slope of the phase fun
tion it is possible to determine the
onve
tion velo
ity whi
h is found to be ucv = 3.05 m s−1 for f = 60 Hz and
ucv = 3.19 m s−1 for f = 100 Hz. These two values are of the order of thebulk velo
ity in the 
hannel indi
ating that azimuthal perturbations 
reated atthe swirler are essentially transported by the �ow. It is also worth noting thatthe phase di�eren
e at the airfoil trailing edges x = 0 mm 
oin
ides with thetheoreti
al predi
tion ∆ϕ ≃ 0 by extrapolating the phase 
urve (bla
k squaresymbols) to zero.4.5 Comparison between theory, numeri
al simulationsand experimentsAnalyti
al results, numeri
al simulations and experiments are now 
ompared inFig. 4.20. Bla
k symbols 
orrespond to experiments while open markers per-tain to numeri
al predi
tions. The horizontal axis indi
ates the distan
e fromthe swirler ba
kplane where velo
ity signals are analyzed to determine the phaseshift. Measurements are 
arried out at points separated by an interval of �vemillimeters. The evolution of the phase shift between u′ and v′ is spe
i�
ally
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Figure 4.20: Comparison of simulations, theory and experiments with the redu
edphase as a fun
tion of the length. Results of simulations indi
ate that the phase shift atthe 
as
ade trailing edge plane ϕ0 = π be
ause of the negative value of the blade trailingedge angle. Results of experiments indi
ate that ϕ0 ≃ 0 at the swirler ba
kplane.
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ombustion dynami
sexamined. It is interesting to introdu
e a redu
ed phase to 
ollapse the experi-mental data and numeri
al results and 
ompare with theory. This 
an be a

om-plished by multiplying the phase by the 
onve
tion velo
ity ucv and dividing bythe frequen
y f :
ϕ∗ = (ϕ− ϕ0)

ucv

2πf
(4.32)where ϕ0 is the phase between axial and azimuthal velo
ity signals at the 
as-
ade ba
kplane in 2D or at the swirler in 3D and is respe
tively equal to ϕ0= π and ϕ0 = 0. The redu
ed quantity is plotted in Fig. 4.20 as a fun
tionof distan
e from the 
as
ade (simulations) and from the swirler ba
kplane (ex-periments). One �nds that numeri
al simulations and experimental data 
loselymat
h theory 
on�rming that the transverse perturbation are well des
ribed bythe model. Experimental results are in agreement with simulations in that thephase is found to be proportional to frequen
y and distan
e and inversely pro-portional to a 
onve
tion velo
ity. The 
onve
tive velo
ity is 
lose to the mean�ow velo
ity. Numeri
al simulations also agree with theoreti
al predi
tions ofthis phase shift. There are however minors di�eren
es in the phase determinedexperimentally whi
h are most probably due to the fa
t that the swirler bladeshave a variable angle at the trailing edge. This result 
an be used to predi
tthe phase of the transverse or azimuthal velo
ity perturbations with respe
t toin
ident a
ousti
 disturban
es but this requires an estimate of ucv whi
h 
an betaken equal to the mean �ow velo
ity.4.6 Con
lusionThe major point of this study is that swirler units used to set a �ow in rotationa
t as mode 
onversion element. When a
ousti
 waves impinge on a swirler unitthey generate an azimuthal velo
ity perturbation. When the �ow is a
ousti
allyperturbed, intera
tions with a swirler or an airfoil 
as
ade generates an azimuthalvelo
ity disturban
e (in the swirler 
ase) or a transverse velo
ity disturban
e (inthe 2D 
as
ade 
on�guration). The main 
hara
teristi
s of this disturban
e aredo
umented in this 
hapter. Theory, simulation and experiments are used toshow that this wave is 
onve
ted by the �ow. The theoreti
al model based ona
tuator disk theory provides an estimate of the amplitude of this wave and linksits relative level to the relative axial velo
ity disturban
e. It is then demonstratedthat this mode 
onversion pro
ess is retrieved from numeri
al simulations of the�ow in a two dimensional 
as
ade and that the azimuthal velo
ity disturban
e isobserved in experiments on an axisymmetri
 
on�guration. It 
an be 
on
ludedthat the 
onversion pro
ess will have a profound e�e
t on the dynami
s of the�ow downstream of the swirler and that the 
ombination of axial and azimuthal
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Chapter 4. Mode 
onversion pro
esses over 
as
ades and in swirlingflows 105velo
ity perturbations will modulate the rate of rotation of the �ow. This in turnwill a�e
t the downstream �ow by 
hanging the rate of rotation of the �ow. Nowit is known that most pra
ti
al 
ombustors like those found in jet engines or gasturbines use swirlers to stabilize 
ombustion. The dynami
s of the �ow will bein�uen
ed by the pro
ess des
ribed in the present 
hapter. It has been shownin a re
ent study of swirling �ame dynami
s that the upstream �ow dynami
splays a 
entral role. The present study fo
uses on this point and do
umentsthis fundamental pro
ess with a 
ombination of theory, numeri
al simulation andexperimentation.
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s
Chapter 5Combined dynami
s of swirlerand turbulent swirling �ames

Abstra
t : The dynami
s of premixed 
on�ned swirling �ames is in-vestigated by examining their response to in
ident velo
ity perturbations.A generalized transfer fun
tion designated as the �ame des
ribing fun
-tion (FDF) is determined from 0 to 400 Hz and for a velo
ity �u
tuationlevel between 0 and 72% of the bulk velo
ity. The unsteady heat releaserate is dedu
ed from the emission intensity of OH∗ radi
als. This globalinformation is 
omplemented by phase 
onditioned Abel transformedemission images. By assuming that the light intensity from these imagesis proportional to the heat release rate, it is possible to dedu
e the distri-bution of unsteady heat release rate in W m−3 and see how it evolves withtime during the modulation 
y
le and for di�erent for
ing frequen
ies. Itis found from experiments and demonstrated analyti
ally that a swirlersubmitted to axial a
ousti
 waves originating from the upstream manifoldgenerates a vorti
ity wave on its downstream side. The �ame is thensubmitted to a transmitted axial a
ousti
 perturbation whi
h propagatesat the speed of sound and to an azimuthal velo
ity perturbation whi
his 
onve
ted at the �ow velo
ity. The net result is that the dynami
alresponse and unsteady heat release are determined by the 
ombinede�e
ts of these axial and indu
ed azimuthal velo
ity perturbations. Theformer disturban
e indu
es a shedding of vorti
es from the inje
tor lipwhi
h roll-up the �ame extremity while the latter e�e
tively perturbs theswirl number whi
h results in an angular os
illation of the �ame root.The phase between in
ident perturbations is 
ontrolled by the 
onve
tivetime delay between the swirler and the inje
tor. The 
onstru
tive ordestru
tive interferen
e between the di�erent perturbations is shown toyield the low and high gains observed for 
ertain frequen
ies.
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Chapter 5. Combined dynami
s of swirler and turbulent swirlingflames 109Résumé : La dynamique de �ammes prémélangées swirlées est étudiéeen analysant leur réponse aux perturbations de vitesses in
identes. Unefon
tion de transfert généralisée est déterminée en balayant une gammede fréquen
es allant de 0 à 400 Hz et en 
hangeant la �u
tuation devitesse entre 0 et 72 % de la vitesse débitante. Le taux de dégagementde 
haleur instationnaire est déduit de l'intensité d' émissions du radi
alOH∗. Cette information globale est 
omplétée par des transformées d'Abeld'images formées par moyenne syn
hronisée par la phase. On obtientainsi la distribution d'émission lumineuse. En supposant que l'intensitélumineuse est proportionnelle au taux de dégagement de 
haleur, il estpossible de déduire la distribution des taux de dégagement de 
haleur in-stationnaires en W m−3 et observer l'évolution de la distribution spa-tiale de 
ette quantité au 
ours du 
y
le de modulation et pour di�érentesfréquen
es de forçage. Ces données peuvent être utiles pour la détermi-nation des régimes d'instabilité mais aussi donnent des indi
ations surles mé
anismes qui 
ontr�lent la dynamique des �ammes swirlées. Il estmontré expérimentalement et analytiquement que le swirler soumis à desondes a
oustiques provenant de l'amont génère une onde tourbillonnaireen aval. La �amme est don
 soumise à une perturbation a
oustique axialetransmise au travers de la vrille qui se propage à la vitesse du son et à uneperturbation de vitesse azimutale qui est 
onve
tée par l'é
oulement. Il enrésulte que la réponse de la �amme est déterminée par les e�ets 
ombinésde 
es perturbations de vitesse axiale et azimutale. Les perturbations ax-iales provoquent l'enroulement d'un tourbillon à l'extrémité de �ammetandis que les perturbations de vitesses azimutales génèrent une os
illa-tion angulaire de la base de la �amme. La phase entre les perturbationsin
identes est 
ontr�lée par le délai de 
onve
tion des perturbations entrela sortie du swirler et la base de la �amme. L'interféren
e 
onstru
tiveou destru
tive entre les di�érentes perturbations provoque respe
tivementdes forts ou faibles gains dans la réponse de la �amme. On peut ainsiexpliquer les 
ara
téristiques prin
ipales de la fon
tion de transfert des�ammes swirlées.5.1 Introdu
tionRedu
tion of NOx emissions while keeping other pollutants like CO at a low levelhas given rise to di�
ult 
hallenges. Mu
h of the e�ort in the gas turbine indus-try has fo
used on advan
ed 
ombustion systems in whi
h rea
tants are inje
tedin premixed form at a relatively lean equivalen
e ratio. This lean premixed mode(LPM) of operation has many advantages but raises 
ombustion dynami
s prob-lems. Lean premixed �ames are sensitive to �ow perturbations and premixed
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ombustion dynami
soperation near the lean blowout limit 
an lead to os
illations, �ashba
k or ex-tin
tion Plee and Mellor (1978); Culi
k (2001); Candel (2002); Lieuwen and Yang(2005).In most pra
ti
al LPM 
ombustors the �ame is stabilized by a swirling inje
tor.Combustion is established around a hot kernel formed by the swirling �ow. Thegas rotation indu
es a lower pressure zone in the 
entral region generating aninternal re
ir
ulation of burnt gases an
horing the �ame. When the rate of swirlex
eeds a threshold the inner re
ir
ulation zone (IRZ) be
omes hydrodynami
allyunstable and its development is intimately asso
iated with a vortex breakdownpro
ess Lilley (1977); Syred (2006); Huang and Yang (2009). The intensity andshape of the IRZ mainly depend on the rate of rotation indu
ed by swirl andon the 
ombustor geometry. The rate of rotation is 
hara
terized by the swirlnumber S (see for example Gupta et al. (1984)) de�ned as the ratio of thetangential to axial momentum �ux :
S =

∫ R
0 ρ u v 2π r2 dr

R
∫ R
0 ρ u2 2π r dr

(5.1)where ρ is the �uid density, u the axial, v the azimuthal velo
ity 
omponents, rthe radius and R a 
hara
teristi
 outer radius. In this expression, the pressureterm in the axial momentum �ux has been negle
ted. It is known that the in-ner re
ir
ulation zone is well de�ned for swirl numbers ex
eeding 0.6. In typi
alindustrial 
ombustors, the swirl number is generally 
hosen 
lose to this value.A se
ond stabilization me
hanism is linked to an outer re
ir
ulation zone (ORZ)Lilley (1977); Syred (2006); Thumuluru et al. (2007) whi
h is formed by re
ir-
ulation of hot gases trapped between the �ame, the 
ombustor walls and the
ombustor ba
kplane.The swirling �ow 
on�guration used in LPM 
ombustors in 
ombination withthe highly resonant �ame tube geometry employed in these systems gives rise tovarious kinds of 
ombustion instabilities, a problem whi
h has re
eived 
onsider-able attention and is investigated in a large number of arti
les and papers Brodaet al. (1998); Lee et al. (2000); Lawn (2000); Frits
he et al. (2007); Meier et al.(2007); Kang et al. (2007); S
huermans et al. (2009). A 
omprehensive reviewof many issues is due to Huang and Yang Huang and Yang (2009). The sour
eof instability is the resonant 
oupling between unsteady �u
tuations of heat re-lease rate and the pressure os
illation in the 
hamber. This 
oupling is howeverindire
t and one important element is the sensitivity and dynami
al response ofswirling �ames to in
oming disturban
es. This 
entral aspe
t is envisaged in thepresent arti
le whi
h spe
i�
ally fo
uses on the dynami
al response of the �ameto in
oming a
ousti
 perturbations. Our obje
tives are (1) to provide systemati
measurements of the �ame des
ribing fun
tion (a transfer fun
tion depending on
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Chapter 5. Combined dynami
s of swirler and turbulent swirlingflames 111frequen
y and amplitude of in
ident perturbations), (2) obtain spatial distribu-tions of heat release perturbations during the 
y
le of os
illation and (3) explainthe observed response of the �ame to in
ident perturbations. It is shown that the�ame dynami
s 
annot be understood without 
onsidering the response of theswirler to in
oming a
ousti
 perturbations and it is demonstrated analyti
allyand experimentally that the swirler generates a vorti
ity wave whi
h is mani-fested in azimuthal velo
ity perturbations having the same order of magnitudeas the in
oming a
ousti
 disturban
es. The �ame is then submitted to a 
ombi-nation of axial and azimuthal disturban
es whi
h in turn indu
e di�erent motionsand heat release perturbations. It is shown that these elements 
an be used toexplain the observed dynami
al response.At this point, it is worth examining the existing literature and reviewing whatis already available on the previous aspe
ts. It is �rst important to rememberthat perturbations of various types need to be 
onsidered. One 
lass is formed byvelo
ity �u
tuations whi
h a

ompany pressure os
illations Poinsot et al. (1987);Yu et al. (1991); Pas
hereit et al. (2000). Another type of perturbation 
on-sists in equivalen
e ratio disturban
es, whi
h 
an be 
reated by the di�erentialresponse of fuel and air inje
tors to pressure waves generated by unstable 
om-bustion Keller (1995); Lieuwen and Zinn (1998); Sengissen et al. (2007).In general, �ame dynami
s issues 
an be treated by examining the �ame responseto well 
ontrolled externally imposed disturban
es. This aspe
t is already 
overedby some arti
les whi
h 
onsider the dynami
s of swirling �ames experimentallyBellows et al. (2007); Bellows et al. (2007); Weigand et al. (2006); Külsheimerand Bü
hner (2002); Kim et al. (2010) or numeri
ally through RANS Mongia(2004); Armitage et al. (2006) or through the more advan
ed LES approa
hRoux et al. (2005); Grinstein and Fureby (2005); Huang and Yang (2005); Fre-itag and Jani
ka (2007). Simulations are now widely used to optimize the steadystate performan
e of swirling inje
tors but the validation of unsteady numeri
al
al
ulations in well 
ontrolled 
on�gurations is still a resear
h issue. Some ofthe previous studies show that it is essential to take into a

ount the frequen
ydependen
e and the nonlinearities asso
iated with the �ame and 
ombustor re-sponses. Experimental work indi
ates that the IRZ is a sensitive region and thatits intensity and lo
ation 
an be in�uen
ed by in
oming perturbations Thumu-luru et al. (2007); Bellows et al. (2007); Bellows et al. (2007). Previous studiesalso indi
ate that the dynami
s of swirling �ames are linked to vortex roll-uppro
esses taking pla
e in the inje
tion region and involving the �ame tip Huangand Yang (2009); Kang et al. (2007); Bellows et al. (2007); Külsheimer andBü
hner (2002). This phenomenon is similar to the roll-up motion observed atthe tip of laminar and turbulent �V� �ames Durox et al. (2005); Bala
handranet al. (2005). Vorti
es are shed from the inje
tor nozzle lip in response to the�ow pulsations and roll-up the �ame edge resulting in large heat release rate �u
-tuations. When the �ow is rotating, one dire
t e�e
t of the swirl number is to
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s
hange the �ame spreading angle modifying the distan
e between the nozzle andthe �ame front. In an un
on�ned �ame study Külsheimer and Bü
hner (2002)it is 
on
luded that at large swirl numbers (0.79) the �ame is more sus
eptibleto instabilities, and that its response 
an amplify the perturbation. When the�ame is un
on�ned only the IRZ stabilizes the 
ombustion be
ause ambient airis entrained and it is di�
ult to extend the results obtained to 
on�ned 
aseswhere the ORZ is also present. In a 
on�ned swirled burner submitted to ve-lo
ity modulations with mixtures kept at a �xed equivalen
e ratio, Kim et al.Kim et al. (2010) have shown that the �ame length is redu
ed as the modulationfrequen
y in
reases. In the linear regime and for a �xed perturbation level, theywere able to redu
e their data obtained for �ame transfer fun
tions at di�erentlean operating 
onditions into a single 
urve using a Strouhal number based onthe relative length s
ales ratio of the �ame length to the 
onve
tive length s
aleof inlet velo
ity �u
tuation. As the magnitude of the inlet velo
ity �u
tuationin
reases a saturation appears, due to nonlinear e�e
ts, and the gain of the �ametransfer fun
tions de
reases. The amplitude of the perturbation where this sat-uration arises, depends on the frequen
y. In this 
ase, saturation appears fasterwhen the frequen
y is lower but the phase remains almost una�e
ted for relativeperturbation levels lower than 0.2. Other authors Thumuluru et al. (2007); Bel-lows et al. (2007) also evoke the nonlinear behaviour of swirling �ames submittedto in
reasing levels of mass �ow �u
tuations. It is shown that the unsteady shapeof the �ame is a strong fun
tion of the mass �ow rate �u
tuation level as alsoobserved for non swirling �ames Bala
handran et al. (2005); Durox et al. (2009).The main 
on
lusions are that the �ame response saturates when the mass �owrate �u
tuation is augmented, and that it is not easy to determine a time delaybetween �ow rate �u
tuations and resulting perturbations in heat release rate.Furthermore, �ame transfer fun
tions are often not 
omplete or limited to linearperturbations Borghesi et al. (2009), with the ex
eption of referen
es Thumuluruet al. (2007); Kim et al. (2010); Bellows et al. (2003). But theses results arelimited and it is ne
essary to 
olle
t more data to understand the dynami
s ofswirling �ames.Some previous investigations have 
on
erned the in�uen
e of the swirler designon �ame transfer fun
tions (see for example Gentemann et al. (2004); Hirs
het al. (2005)). It is found that the transfer fun
tions of radial and axial swirlersfeature the same behaviour at moderate and high frequen
y but slight di�eren
esare observed in the low frequen
y range.A number of arti
les Thumuluru et al. (2007); Bellows et al. (2007); Külsheimerand Bü
hner (2002); Kim et al. (2010); Kim et al. (2009) deal with the e�e
t of�ow modulations on the dynami
s of 
on�ned swirling �ames and provide someof the data needed to predi
t thermo-a
ousti
 instabilities and limit 
y
les in
ombustion 
hambers. In Kim et al. (2009), the laboratory-s
ale gas turbine
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ombustor used to measure �ame transfer fun
tions and predi
t instability fre-quen
ies is mainly used in the linear regime. Flame transfer fun
tions measuredwith this type of burner indi
ate that the Strouhal number 
onstitutes a relevantdimensionless parameter Kim et al. (2010). The present arti
le tries to �ll theneed for a nonlinear des
ription of the �ame dynami
s by making use of transferfun
tions for in
reasing perturbation levels up to amplitudes approa
hing reverse�ow 
onditions. Another aspe
t whi
h is not well understood is how �ow per-turbations 
reated at the swirler outlet modify the �ame dynami
s. This issueis dis
ussed in a few re
ent studies Huang and Yang (2009); Stone and Menon(2002); Wang and Yang (2005); Komarek and Polifke (2010). It is 
on
ludedfrom LES 
al
ulations Huang and Yang (2009); Wang and Yang (2005) and in-dire
tly from transfer fun
tion measurements by Komare
k and Polifke Komarekand Polifke (2010) that on the downstream side of the swirler the perturbation
omprises an a
ousti
 and a 
onve
tive 
omponent. While the presen
e of this
onve
tive 
omponent is re
ognized Huang and Yang (2009); Wang and Yang(2005); Komarek and Polifke (2010) there are no dire
t measurements of theaxial and azimuthal velo
ity 
omponents whi
h support this 
on
lusion and notheoreti
al attempt is made to obtain an estimate of the respe
tive levels of per-turbation. The impa
t of the a
ousti
 and 
onve
tive perturbations on the �amedynami
s is also not fully dis
ussed. It is known that modulated �ames 
an bein�uen
ed by interferen
es between di�erent types of perturbations propagatingat di�erent velo
ities S
huller et al. (2003b); Preetham et al. (2008); Shanbhogueet al. (2009). The present paper emphasizes the 
ombined e�e
ts of the swirlerand �ame.The 
hapter is organized to deal with the previous issues. The �ame responseto axial velo
ity modulations is des
ribed in se
tion 5.2. Transfer fun
tions aremeasured for di�erent levels of in
oming perturbations. This family of transferfun
tions forms a ��ame des
ribing fun
tion� (FDF) whi
h depends on frequen
yand amplitude of the in
ident disturban
es. Two sets of results 
orresponding todi�erent mass �ow rates are reported. Flame des
ribing fun
tions are determinedusing two methods by measuring axial velo
ity �u
tuations on the two sides ofthe swirler. This global analysis of the �ame response is 
ompleted in se
tion5.3 by a detailed examination of phase 
onditioned images of the �ame patternsduring the modulation 
y
le. Distributions of heat release are obtained by takingthe Abel transform of phase 
onditioned emission data. These images provide asli
e through the �ame and determine the evolution of the rea
tion region as afun
tion of time. Spa
e-time diagrams of heat release rate �u
tuations are thenused to understand the global response of the �ames at di�erent for
ing frequen-
ies. Se
tion 5.4 dis
usses physi
al me
hanisms driving the observed response.This requires a detailed examination of the perturbations on the downstream sideof the swirler. This analysis is then used in se
tion 5.5 to interpret the signalsobserved for two 
hara
teristi
 frequen
ies of the �ame des
ribing fun
tion 
or-
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sresponding to low and high gains.
5.2 Flame Des
ribing Fun
tionsIt has been shown re
ently by Noiray et al. (2008), that the Flame Des
ribingFun
tion gives a

ess to nonlinear features of 
ombustion dynami
s. The FDF isdetermined for a range of frequen
ies and for di�erent levels of in
oming velo
ityperturbations. It 
an be de�ned by :
F(ω, u′) =

Q̇′/Q̇

u′/u
(5.2)The heat release rate is generally estimated by re
ording the global emissionsignals of ex
ited radi
als like CH∗ or OH∗ using a photomultiplier dete
ting thewhole light radiated by the �ame. In the present study, the heat release rate isdedu
ed from OH∗ emission and the axial velo
ity disturban
e is measured witha LDV system or a hot wire. One 
an then write this �ame des
ribing fun
tionas a fun
tion of the OH∗ 
hemilumines
en
e signal :

F(ω, u′) =
Q̇′/Q̇

u′/u
≃
I ′OH∗/IOH∗

u′/u
(5.3)This FDF 
an be expressed as a 
omplex number in terms of a gain G and aphase di�eren
e Φ whi
h depend on the frequen
y and the in
oming perturbationlevel. The 
lassi
al �ame transfer fun
tion (FTF) then 
orresponds to the �amedes
ribing fun
tion (FDF) obtained for a �xed perturbation level :

F(ω, u′) = G(ω, u′) eiΦ(ω,u′) (5.4)The gain G re�e
ts the level of response while the phase Φ de�nes the time delaybetween velo
ity and emission signals.The FDF is here determined in two ways whi
h di�er by the lo
ation where axialvelo
ity disturban
es u′ are measured. In the �rst 
ase, this velo
ity 
omponentis obtained by laser Doppler velo
imetry at x = 2.9 mm above the ba
kplane ofthe 
on�nement tube and at a radial distan
e r = 8 mm from the axis. Thisde�nes a small measurement volume on the downstream side of the swirler in theturbulent swirling �ow, 
lose to the rea
tion region. In the se
ond 
ase, the axialvelo
ity �u
tuation is measured with a hot wire set in a small 
ylindri
al pie
e(20 mm in height) pla
ed on the upstream side of the swirler. The 
alibration ofthis devi
e is made by using a premixture at an equivalen
e ratio φ = 0.7.



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 115 � #137
i

i

i

i

i

i

Chapter 5. Combined dynami
s of swirler and turbulent swirlingflames 115

(a) (b)

(
) (d)Figure 5.1: Flame des
ribing fun
tion based on LDV measurement for �ame A (a) and�ame B (b). Flame des
ribing fun
tion based on hot wire anemometry for �ame A (
)and �ame B (d).The �ame response is determined �rst by using velo
ity measured with the laserDoppler velo
imeter (LDV). The FDF obtained for 
ase A presented in Fig. 5.1(a) pertains to a �ow with a bulk velo
ity Ub = 2.67 m s−1 over a frequen
yrange extending from 0 to 400 Hz and to four velo
ity modulation levels u′/Ub= 0.3, 0.41, 0.51 and 0.72 where u′ 
orresponds to the rms perturbation level de-termined at x = 2.9 mm from the inje
tor outlet and at r = 8 mm from the axis.The gain approa
hes one in the low frequen
y limit. It de
reases in a �rst rangebetween 0 and 60 Hz to a value of less than 0.5. From 60 to 100 Hz, ea
h 
urvefeatures a peak. For all velo
ity disturban
e levels, this peak is the maximum inthe frequen
y range of interest. At 100 Hz, the �ame response is highest. Beyond
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s100 Hz and until 150 Hz, the gain drops again and rea
hes a value of 0.75 formost of the transfer fun
tion 
urves. From 150 Hz to 180 Hz, the gain in
reasesbut rea
hes a lo
al maximum of about 1 (for the smallest modulation level) and0.75 (for the highest modulation level). Beyond 180 Hz the gain de
reases in all
ases and rea
hes a value whi
h falls below 0.25. An in
rease of the level of theperturbation generates a de
rease of the gain, espe
ially in the range 60 Hz - 180Hz. The phase, Fig. 5.1 (a), in
reases nearly 
ontinuously with frequen
y from 0to 250 Hz. Beyond 250 Hz, the phase is less smooth due to the low value of thegain in that frequen
y range. Under these 
onditions phase estimates be
omeless reliable. The phase signal 
an be used to determine a global delay of thedynami
al intera
tion between the in
oming velo
ity modulation and the result-ing heat release rate perturbation. If the phase varies in an approximately linearway with respe
t to frequen
y, it is possible to write Φ = ωτcv where ω = 2πfand determine the delay whi
h is in this 
ase asso
iated to a 
onve
tive time.One �nds τcv = 5 ms whi
h 
orresponds to the time required by a disturban
eto be 
onve
ted to the �ame and rea
h the �ame edge. This 
an be seen by
al
ulating this delay for the �ame geometry under investigation : τd ≃ L/Ubwhere L is a 
hara
teristi
 length of the �ame under unsteady operation and Ubis the bulk velo
ity. In this parti
ular 
ase, L ≃ 1.5 
m and Ub is 2.67 m s−1.The asso
iated delay is 5.6 ms whi
h is 
lose to the 
hara
teristi
 delay dedu
edfrom the transfer fun
tion phase. While the phase evolution is roughly linear,there are also ripples and a slight de
rease around 70 Hz where the gain is small.But whatever the amplitude levels, phase 
urves 
ollapse well.The des
ribing fun
tion shown in Fig. 5.1 (b) obtained for �ame B 
orrespondsto a larger �ow velo
ity of 4.13 m s−1. This FDF was also measured with theLDV system. The response is determined in the same frequen
y range, but onlythree velo
ity disturban
e levels u′/Ub : 0.2, 0.4 and 0.53 are 
onsidered. Dataare la
king for the highest velo
ity disturban
e level in the range 0-100 Hz be-
ause the �ame �ashes ba
k into the burner when for
ed by the loudspeaker.From 0 to 60 Hz, the gain is 
onstant and 
lose to a value of one. From 60 to100 Hz, the gain diminishes and rea
hes a low value of 0.3. From 100 to 150Hz, the gain in
reases and rea
hes a lo
al maximum for the three 
urves. From150 to 200 Hz, the gain de
reases and rea
hes a value of 0.6. This value re-mains 
onstant in the frequen
y range 200-280 Hz. For the frequen
ies ex
eeding280 Hz and up to 400 Hz, the gain de
reases �nally taking values below 0.2.The general trend for the phase is quasi-linear from 0 to 400 Hz but there areundulations. The di�erent 
urves 
omposing the FDF 
ollapse well up to 250 Hz.To evaluate the in�uen
e of the velo
ity measurement point, one may 
omparethe previous data with FDFs based on hot wire velo
ity measurements. Withthis 
omparaison, it is possible to see if the swirler adds a time delay to the �ame
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s of swirler and turbulent swirlingflames 117response. The resulting FDFs are plotted in Fig. 5.1 (
) and (d) for �ame A andB respe
tively. The modulation levels indi
ated in these �gures now 
orrespondto the rms perturbation level determined at the hot wire lo
ation.For �ames A and B results are 
lose to those obtained previously with the LDVsystem. It is interesting to dis
uss the main di�eren
es between the two kinds ofmeasured FDF. All FDF measured with the LDV or the hot wire have the sameglobal shape. The minimum and the maximum gains are lo
ated at the samefrequen
y independently of the measurement te
hnique. The main di�eren
e isfound in the low frequen
y range where the gain is slightly higher in the hot wire
ase than in the LDV 
ase for both �ames. Furthermore, peaks obtained withthe LDV take higher values than those observed with the hot wire system as 
anbe seen by 
omparising (a) and (b) versus (
) and (d) in Fig. 5.1. As dedu
edfrom measurements obtained with the LDV system, the gain de
reases for highamplitude perturbations. The phase is roughly linear with a few undulations forboth measurements methods. There are small di�eren
es in the slopes deter-mined with the two methods. For the hot wire FDF, slope of the phase 
urvesis slightly higher than the slope of the phase obtained with LDV. This is due tothe fa
t that the velo
ity perturbation is measured with the LDV system at 2.9mm from the base of the 
one and not exa
tly in the outlet plane. Then the timedelay determined with the LDV system is shorter than the time delay determinedwith the hot wire. From results presented in Fig. 5.1, it 
an be 
on
luded thatthe swirler does not indu
e an additional time delay. And this di�eren
e is 
loseto the time delay obtained by dividing the distan
e 2.9 mm by the bulk velo
ity.Finally, measurements are smoother with the hot wire system.A 
entral issue in studying dynami
s is to identify 
hara
teristi
 dimensionlessnumbers. In the 
ase of swirled �ames submitted to in
oming velo
ity distur-ban
es in 
onstant equivalen
e ratio mixture, the Strouhal number mainly de-s
ribes the �ame response to velo
ity perturbations of 
onstant level, see Kimet al. (2010). It is then natural to transform previous data by using this dimen-sionless group based on the �ow velo
ity and de�ned as : St = fD/Ub where fis the frequen
y, D the inje
tor outer diameter and Ub the bulk velo
ity. Resultsare presented in Fig. 5.2 where the �rst plot, marked (a) shows �ame transferfun
tions for �ames A and B determined for a disturban
e level u′/Ub of 0.5measured at the inje
tor outlet with the LDV system. The se
ond plot, marked(b), shows the same fun
tions but determined for a disturban
e level of 0.5 insidethe burner upstream the swirler. Some data are missing in the top plot in thelow frequen
y range but it is interesting to note that the gain and phase 
urves
ollapse well from 0 up to 0.7 in terms of Strouhal number. Beyond this value,the two 
urves are distin
t but the di�eren
e remains small and the general trendis the same. This is also veri�ed for the other relative velo
ity amplitudes. The
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(a)

(b)Figure 5.2: Strouhal number (St = fD/Ub) dependen
y for FDF issued from twodi�erent measurement methods. Results obtained in (a) are based on LDV measurementand in (b) are based on hot wire anemometry.
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Figure 5.3: Gain and phase of the �ame des
ribing fun
tion for �ame A plotted as afun
tion of the input velo
ity u′/Ub.Strouhal number 
an then be used to predi
t the transfer fun
tion behaviourfor a given geometry 
on�rming previous �ndings from Kim et al. (2010). The
ollapse is imperfe
t probably be
ause, as suggested by a reviewer the Reynoldsnumber also 
hanges with the bulk �ow velo
ity.Some general trends 
an be mentioned for these FDFs. The gain 
an be higherthan unity indi
ating that the system behaves as an ampli�er. This feature mayfavor 
ombustion instabilities. Beyond a Strouhal number of 1.5 - 2, the gainis small, indi
ating that perturbations at high frequen
ies are less favor to trigsu
h 
ombustion instabilities. By in
reasing the perturbation amplitude, thegain regularly de
reases. This nonlinearity in the �ame response is 
ru
ial to thepredi
tion of limit 
y
le os
illations. The gain 
urves also feature also a lo
alminimum for a Strouhal number around 0.5 whi
h will be examined later in thepaper. With this burner, the phase slope does not depend on the perturbationlevel and then the time delay is always the same at a given frequen
y. It is notfully independent of the frequen
y but the s
atter around a mean value is rela-tively small.It is interesting to plot the gain and the phase versus the input velo
ity �u
-tuations u′/Ub for two 
hara
teristi
s frequen
ies f = 60 Hz and f = 90 Hzrespe
tively bla
k and gray 
urves in Fig. 5.3. These plots obtained for �ame Ashow that there is a 
hange in gain and phase as the relative amplitude of thevelo
ity inlet in
reases and re�e
ts the nonlinearity of the system.
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0 30 60 90 120 150 180 210 240 270 300 330Figure 5.4: Abel transform for �ame A at low amplitude u′/Ub ≃ 0.3.5.3 Unsteady �ame dynami
s at low modulation am-plitudeFlame A Dynami
s of �ame A is investigated with a low level of modulation
orresponding to a velo
ity �u
tuation in the inje
tor tube of u′/Ub ≃ 0.3 and forthree frequen
ies f = 90 Hz, f = 170 Hz and f = 230 Hz. Results are presented inFig. 5.4. This is a
hieved by a

umulating one hundred instantaneous images fortwelve sele
ted phases in the 
y
le. The resulting averages are then 
ompressedby binning adja
ent pixels of two by two matri
es to de
rease the image size andaugment the signal to noise ratio. An Abel transform is then applied to ea
hbinned image to get the two dimensional �ame sli
e. This pro
essing is appliedto �ame A des
ribed previously.
0 30 60 90 120 150 180 210 240 270 300 330Figure 5.5: Abel transform for �ame B at low amplitude u′/Ub ≃ 0.2.Flame B Dynami
s of �ame B is investigated with a low level of modulation
orresponding to a velo
ity �u
tuation in the inje
tor tube of u′/Ub ≃ 0.2 andfor two frequen
ies f = 100 Hz and f = 150 Hz. Results are presented in Fig. 5.5
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s of swirler and turbulent swirlingflames 1215.4 Unsteady �ame dynami
s at high modulation am-plitudeThe �ame motion indu
ed by in
oming perturbations is analyzed in this se
tionusing opti
al imaging te
hniques to interpret �ame des
ribing fun
tions data.This 
an be a
hieved by making use of OH PLIF methods as done by Thumuluruet al. (2007); Lee et al. (2000); Bellows et al. (2007) or by dire
tly re
ording the�ame emission with an ICCD 
amera as by Bellows et al. (2007); Külsheimer andBü
hner (2002). A dire
t analysis of instantaneous �ame emission images is notsuitable be
ause turbulent �u
tuations tend to hide the organized motion asso-
iated with the periodi
 motion. It is also important to remember that emissionimages are formed by integrating �ame radiation over the line of sight. It is thenmore suitable to use a 
ombination of phase 
onditioned averaging of emissionimages followed by an Abel transformation. The main obje
tive is to 
apture thedynami
s of the �ame at ea
h instant in the 
y
le during the os
illation. This isa
hieved by a

umulating one hundred instantaneous images for twelve sele
tedphases in the 
y
le. The resulting averages are then 
ompressed by binning ad-ja
ent pixels of two by two matri
es to de
rease the image size and augment thesignal to noise ratio. An Abel transform is then applied to ea
h binned image toget the two dimensional �ame sli
e. This pro
essing is applied to �ames A andB des
ribed previously. The Abel transform is illustrated in Fig. 2.8 on page 45for an external modulation frequen
y f = 100 Hz. The pro
essed image indi-
ates that 
ombustion is 
on
entrated in a �ame brush with a �ame edge in theinje
tor near �eld adja
ent to a 
entral 
ore and redu
e the noise asso
iated withthe Abel transform. A Gaussian �lter is used to smooth the data. This does not
ompletely redu
e the �u
tuations whi
h appear near the axis of symmetry.Phase 
onditioned Abel transformed images are now used to analyze the dynam-i
s of �ames A and B. Case A is illustrated with the dynami
s observed for themodulation level u′/Ub = 0.5 sele
ted for the transfer fun
tion 
omparison 
ar-ried out previously. The �ame patterns over a full 
y
le of os
illation are shownin Fig. 5.6. Data 
orrespond to four di�erent for
ing frequen
ies f = 20, 60, 90and 230 Hz whi
h are 
hara
teristi
 points in the transfer fun
tion represented inFig. 9.2. In these �gures, results are displayed as a fun
tion of time expressed indegrees of phase. These data 
an be used to examine the evolution of the �amesurfa
e area by assuming that the volumetri
 rate of rea
tion is a produ
t of thelo
al heat release rate per unit surfa
e multiplied by the surfa
e per unit volume.If the rate per unit surfa
e does not 
hange, then the Abel transformed images
an be interpreted in terms of phase average surfa
e densities. Consider �rst the
ase where the �ame response is modulated at f = 20 Hz. This 
orresponds to again of about unity (on the left plot in Fig. 9.2). The �ame surfa
e is de
reasingfrom 0◦ to 180◦ and in
reasing from 180◦ to 300◦. The �ame motion essentially
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0◦

60◦

120◦

180◦

240◦

300◦

Figure 5.6: Flame sli
e images obtained by phase averaging and Abel transformationof emission images re
orded by an ICCD. Flame A - u′/Ub ≃ 0.5 and φ = 0.7. Imagesare s
aled in W m−3.
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0◦

60◦

120◦

180◦

240◦

300◦

Figure 5.7: Flame sli
e images obtained by phase averaging and Abel transformationof emission images re
orded by an ICCD. Images are s
aled in W m−3. Flame B -
u′/Ub ≃ 0.5.
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orresponds to that of a bulk os
illation, with minor �ame roll-up at the �ametip. It is also found that from 60◦ to 240◦ �ashba
k takes pla
e and the �ameis seen to slightly move into the burner. It is now worth examining a 
ase at f= 60 Hz presented in Fig. 5.6, where the gain of the transfer fun
tion takes asmall value (0.25, on the left plot in Fig. 9.2). The �ame is now subje
ted toa 
onve
tive roll-up motion between 0◦ to 120◦, but the �ame surfa
e does not
hange signi�
antly during the 
y
le. From 120◦ to 240◦ the 
onve
tive motionis still present but the �ame surfa
e is a�e
ted and in
reases slightly. After 240◦and up to 300◦, the �ame surfa
e is de
reasing. For a modulation frequen
y of f= 90 Hz, the gain of the FDF slightly ex
eeds unity (G ≃ 1.25). The �ame sur-fa
e now features large variations. The �ame surfa
e de
reases from 240◦ to 120◦and then in
reases in the remainder of the 
y
le. Images in Fig. 5.6 show thatvortex roll-up a
ts on the �ame and spe
i�
ally on its tips from 120◦ to about
240◦. At higher modulation frequen
ies, as for example in images presented inthe right part of Fig. 5.6 for f = 230 Hz, one �nds that the main vortex roll-upo

urs at the �ame tips from 0◦ to 120◦. After that, the main vortex roll-upprogressively disappears while a se
ond roll-up wrinkles the �ame base from 180◦to 240◦. From 240◦ to 300◦, the se
ond vortex be
omes dominant and propagatesalong the �ame. It should be noted that during the 
y
le, the shape of the �ameis 
hanging but the surfa
e area remains nearly 
onstant. The gain found in thissituation approa
hes G ≃ 0.2.
E�e
ts of the mean �ow velo
ity are now examined with data obtained for �ameB and for a modulation level u′/Ub = 0.5 whi
h nearly 
oin
ides with that usedfor �ame A. The �ame patterns are shown in Fig. 5.7 for four frequen
ies f =50, 100, 150 and 250 Hz 
orresponding to 
hara
teristi
 points in the gain ofthe transfer fun
tion presented on the right plot in Fig. 9.2. Similar dynami
s isobserved for �ame B and Flame A. The main di�eren
e is in the intera
tion ofthe �ame with the walls of the �ame tube. Results reported in this se
tion givean indi
ation on the �ame motion indu
ed by in
oming perturbations and onthe di�erent response types whi
h 
an be observed when the frequen
y is varied.These data 
omplement the des
ribing fun
tion measurements and they 
onsti-tute a database for future 
omparisons with unsteady simulations. One questionwhi
h 
annot be answered with the present 
hapter is that of the possible in�u-en
e of a pre
essing vortex 
ore (PVC). This requires further experiments andlarge eddy simulations 
arried out in 
hapter 13. It is generally believed that thePVC is weaker under hot �re 
onditions. Its impa
t on the �ame response is notfully do
umented.
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(a)Figure 5.8: View of the two interrogation windows superimposed on �ame A at 60 Hz.UW and LW respe
tively designate the upper and lower windows.5.5 Dis
ussionThe underlying me
hanisms leading to di�erent �ame dynami
s are now exam-ined by analyzing emission images. This is a
hieved by de�ning two interrogationwindows, an upper window noted UW and a lower window noted LW as indi
atedin Fig. 5.8 for �ame A. In this �gure, the light intensity radiated by �ame A mod-ulated at f = 60 Hz is dete
ted separately in the two windows. The 
utting lineseparates an upper region where 70% of the heat is released from a lower regionwhere 30% of the heat is deposited. With this 
hoi
e, the relative �u
tuations inthese two regions have the same order of magnitude : Q̇′

lw/Q̇lw ≃ Q̇′

uw/Q̇uw. Forthe higher for
ing frequen
y f = 90 Hz for �ame A and f = 150 Hz for �ame Bthe 
utting line de�nes upper and lower regions where 63% and 37% of heat isreleased. It is thus possible to dedu
e the 
ontribution to the heat release ratesignal from the light emission dete
ted in ea
h of the previous windows. This isobtained by summing the pixels in the two windows for ea
h phase-lo
ked image.This pro
ess is repeated for f = 60 Hz and f = 90 Hz for �ame A and for f = 100Hz and f = 150 Hz for �ame B. It is important to remember that these values
orrespond to 
hara
teristi
 points where the gain of the FDF are respe
tivelyminimum and maximum. Results are displayed in Fig. 5.9 (a) and (b) for �ameA and in Fig. 5.9 (
) and (d) for �ame B.For �ame A and for a modulation frequen
y f = 60 Hz, the signals dete
tedin the two windows are essentially out of phase and the sum of these signals issmaller than its upper and lower 
omponents. The global response of the �ameis low be
ause the lower and upper parts of the �ame respond in opposition. Inother words the pro
ess leads to a 
an
elation of their respe
tive 
ontributions.
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(a) (b)(
) (d)

Figure 5.9: Heat release rate signals re
onstru
ted from the light emission dete
ted inthe upper and lower windows. (a) f = 60 Hz, �ame A. (b) f = 90 Hz, �ame A. (
)
f = 100 Hz, �ame B, (d) f = 150 Hz, �ame B.
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s of swirler and turbulent swirlingflames 127At f = 90 Hz, the situation is quite di�erent. The signals from the lower andupper parts of the �ame are nearly in phase and the whole �ame 
ontributes
oherently to the �u
tuation in heat release rate. The same observations 
an bemade for �ame B. At f = 100 Hz, the signals from the lower and upper windowsare out of phase while at f = 150 Hz, emissions from these two windows arenearly in phase. The main result is that the �ame response is a strong fun
tionof the response of ea
h part of the �ame. These observations indi
ate that thegain of the �ame is linked to the timing of the heat release perturbations in the�ame. When this timing 
orresponds to an out of phase motion, the gain is low.When the sum of the light intensity in both windows is in phase, the gain is high.It is also interesting to examine these data by plotting phase-spa
e diagrams.One uses a referen
e frame where the verti
al axis is the phase and the horizon-tal axis 
orresponds to the axial 
oordinate in the �ame. Spa
e-phase diagrams
orresponding to modulations at f = 60 and f = 90 Hz are plotted in Fig. 5.10(a) and (b) respe
tively for �ame A. These diagrams are formed by summingemission over the pixels in ea
h line of the phase average images. For a givenphase ψ one starts from the phase average image like Fig. 5.8 a
quired with theICCD 
amera. Let I(j, l, ψ), j = 1, ..., 512, l = 1, ..., 512 be the lo
al pixel in-tensity on the CCD s
reen. One forms a transversally averaged emission signal
< I > (j, ψ) and then subtra
ts the time average intensity from this signal. Theresult is then divided by this average to obtain a relative intensity �u
tuation
(< I > (j, ψ) − < I >)/< I >. For a given phase ψ, this quantity de�nes thespatial distribution of relative emission whi
h may be interpreted as the spatialdistribution of transversally integrated heat release rate. This operation is re-peated for a set of phases and results are gathered in the form of 
ontours. InFig. 5.10, the verti
al gray line indi
ates the border of the two windows LW andUW de�ned in the previous se
tion.An examination of the diagram in Fig. 5.10 (a) 
orresponding to �ame A undera modulation at f = 60 Hz indi
ates the presen
e of alternate positive and neg-ative �u
tuations. For a given phase one �nds a region in the �ame where the�u
tuation is positive while in another region the �u
tuation is negative. Theseregions are 
onve
ted downstream and the pro
ess is repeated periodi
ally. Thisexplains observations made previously where the two regions lo
ated in the LWand UW operate in phase opposition when the �ame is modulated at f = 60Hz. When this takes pla
e the total heat release �u
tuation in the �ame is low.For f = 90 Hz shown in Fig. 5.10 (b), both sides of the gray line are nearly inphase and both 
ontribute positively or negatively to the heat release �u
tuation.Under these 
ir
umstan
es the global level of heat release �u
tuation is high. For�ame B, similar trends are observed for f = 100 Hz and f = 150 Hz. From thisanalysis it be
omes 
lear that the �ame response 
an be weak when two regions
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(a) (b)(
) (d)

Figure 5.10: Spa
e-time distributions of light emission. (a) : �ame A modulated at f= 60 Hz. (b) : �ame A modulated at f = 90 Hz. (
) : �ame B modulated at f = 100Hz. (d) : �ame B modulated at f = 150 Hz. These diagrams are formed by summingemission over the pixels in ea
h line of the phase average images. For a given phase thisquantity de�nes the spatial distribution of relative emission whi
h 
an be interpreted asthe spatial distribution of transversally integrated heat release. The gray line indi
atesthe limit used to split both windows.
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Chapter 5. Combined dynami
s of swirler and turbulent swirlingflames 129in the �ame operate sequentially and give rise to a destru
tive interferen
e oftheir heat release rates. Furthermore, the patten orientation in these maps aredi�erent suggesting that the response is determined by a 
ombination of pertur-bations. In Fig. 5.10 (a) and (
), 
onve
tive propagation is 
learly visible whilein Fig. 5.10 (b) and (d), the motion is 
lose to a bulk mode.5.6 Physi
al me
hanisms driving the responseIt is now interesting to 
onsider the physi
al me
hanisms de�ning the �ame re-sponse and examine more spe
i�
ally the me
hanism whi
h gives rise to the lo
alminimum and maximum in the FDF gain 
urve. This requires an analysis ofperturbations on the downstream side of the swirler. It is known from 
hapter 7that a blade row intera
ting with an in
ident a
ousti
 wave generates re�e
tedand transmitted a
ousti
 waves as well as a vorti
ity wave in the downstreamregion. This last wave features velo
ity 
omponents in the axial and transversedire
tions whi
h are 
onve
ted by the �ow. The same me
hanism operates whena swirler is impinged by a
ousti
 waves indu
ing a vorti
ity wave on its down-stream side. It is useful to develop an analysis of the mode 
onversion pro
esstaking pla
e at this 
omponent. This 
an be a

omplished by employing an a
-tuator disk des
ription of this devi
e and using the work of Cumpsty and Marble(1977b) to start the analysis. In the geometry shown in Fig. 4.3, page 81, theswirler is represented by a two dimensional 
as
ade. The in
oming �ow velo
ity
w1 is oriented in the axial dire
tion while the outgoing �ow w2 makes an angle
θ2 with respe
t to the axis. To relate perturbations on the upstream (index 1)and downstream (index 2) sides of this 
as
ade one may use jump 
onditions pro-vided in Cumpsty and Marble (1977b) and adapted to a small Ma
h number �ow.It is thus possible to write the velo
ity 
omponents on the downstream side ofthe swirler in the following form :
u′2 =

A

ρ c
exp i

(
ω

c
x− ωt

) (5.5)
v′2 =

A

ρ c
tan θ2 exp i

(
ω

u2
x− ωt

) (5.6)The axial velo
ity 
omponent propagates at the speed of sound while the trans-verse velo
ity 
omponent is 
onve
ted at the lo
al �ow velo
ity u2 = w2 cos θ2in the axial dire
tion. The previous 
al
ulations indi
ate that the swirler a
ts asa mode 
onverter. When it is submitted to axial a
ousti
 waves it generates avorti
ity wave whi
h is 
onve
ted by the �ow in the axial dire
tion. This 
onve
-tive wave is 
hara
terized by a velo
ity 
omponent in the transverse dire
tion.These 
on
lusions were obtained from a two dimensional 
as
ade model. Theappli
ation to a typi
al swirler is only approximate but su�
ient for the present
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ombustion dynami
spurpose. It is then possible to 
onsider that the azimuthal velo
ity �u
tuation
an be identi�ed to the transverse 
omponent determined previously.Sin
e the �ow leaving the swirler is rotating around the x-axis, the presen
e of�u
tuations in the radial and azimuthal dire
tions will have an e�e
t on the in-stantaneous swirl number. In prin
iple, the swirl number is de�ned by assumingthat the �ow is steady. It is however informative to 
al
ulate this number byexpressing the velo
ity 
omponents in terms of a mean value and a small �u
tu-ation u = u + u′ and v = v + v′. If one assumes for simpli
ity that the relative�u
tuations are uniform over the �ow and that their amplitude is small, one mayexpand the swirl number given in Eq. (6.1) to �rst order. This yields :
S = S

[
1 +

v′2
v2

−
u′2
u2

] (5.7)where S is the mean value in the absen
e of �u
tuations. This expression indi
atesthat �u
tuations in swirl number are due to the di�eren
e between the relative�u
tuations of azimuthal and axial velo
ities. Using expressions Eq. (5.6) andsubstituting in Eq. (5.7), one obtains :
S − S

S
=
S′

S
= a

[
exp i

(
ω

u2
x

)
− exp i

(
ω

c
x

)]
exp(−iωt) (5.8)where a designates the modulus of in
oming relative �u
tuations in axial velo
itydownstream the swirler.The axial and azimuthal �u
tuations propagate at signi�
antly di�erent phasevelo
ities, the �rst being a
ousti
 in nature while the se
ond is 
onve
tive. Thishas the 
onsequen
e that these two 
omponents will intera
t with the �ame 
on-stru
tively or destru
tively depending on the distan
e between the swirler and theinje
tor exhaust as 
an be seen by examining expression Eq. (8.13). The in�uen
eof this distan
e was indeed noti
ed previously by Huang and Yang (2009); Gen-temann et al. (2004); Wang and Yang (2005); Komarek and Polifke (2010) andthe resulting e�e
t was attributed to swirl number �u
tuations but the present
al
ulations provide estimates of these �u
tuations around its mean value andindi
ate that the amplitude of these �u
tuations is governed by the 
ombinationof in
ident axial perturbations with azimuthal velo
ity perturbations indu
ed bythe swirler.This analysis indi
ates that the vorti
al mode generated on the downstream sideof the swirler gives rise to azimuthal velo
ity �u
tuations whi
h are 
onve
ted bythe �ow. These �u
tuations 
ombine with perturbations in axial velo
ity. Theimpa
t of this disturbed �eld on the �ame response depends on the phase shift.
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s of swirler and turbulent swirlingflames 131This di�ers in nature from me
hanisms invoking the PVC.It is worth noting that the present two-dimensional model only approximates
onditions prevailing near the swirler hub in the axial 
ase. Radial swirlers arewell represented by a 
as
ade. In addition, fully three dimensional 
al
ulationsnot shown here 
on�rm that the same mode 
onversion me
hanism is at work.5.7 Data interpretationThe entire set of data 
orresponding to the FDF have provided the importantinformation that all transfer fun
tions 
omposing the FDF feature the lo
al min-imum and maximum and that the me
hanisms produ
ing these gains operatefor all levels of perturbation. The following analysis is 
arried out for a singlelevel of perturbation but is equally valid for others values. It turns out that themode 
onversion pro
ess taking pla
e at the swirler is essentially linear. It is thenreasonable to use the highest modulation level to get the best signal to noise ratio.It is now possible to interpret the �ame des
ribing fun
tion measurements andspe
i�
ally 
onsider the minimum and maximum gain of this fun
tion. Thisanalysis is 
arried out for �ame A, whi
h features a minimum and a maximumgain at f = 60 and f = 90 Hz respe
tively but similar results are found for �ameB. It is already shown in the previous subse
tion that the perturbed velo
ity�eld 
omprises an axial and an azimuthal 
omponent. It is also known fromprevious studies that when the axial velo
ity perturbation rea
hes a maximuma vortex is shed from the inje
tor lips. This vortex is 
onve
ted by the �ow andeventually rolls up the �ame tip. This is a �rst me
hanism of unsteady heatrelease whi
h indu
es large �ame surfa
e area �u
tuations whi
h mainly operatenear the end of the �ame and produ
es most of the heat release �u
tuationdete
ted in the upper window UW de�ned in se
tion 6.4. The se
ond me
hanismis here asso
iated with the 
ombined axial and azimuthal velo
ity perturbations.This indu
es �u
tuations in swirl number as expressed in the linearized form byEq. (5.7) or more expli
itly by Eq. (8.14) whi
h in return give rise to a breathingmotion of the 
entral re
ir
ulation region resulting in an angular de�e
tion ofthe �ame. The �ame angle 
hanges in response to the in
oming perturbations ofaxial and azimuthal velo
ity 
omponents. It is interesting to estimate the relativeangular �u
tuation indu
ed by this me
hanism. This 
an be done by des
ribingthe normal propagation of the �ame in terms of a turbulent burning velo
ity ST .The �ame angle α is then de�ned by :
sinα =

ST

u
(5.9)



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 132 � #154
i

i

i

i

i

i

132 Part II. Flow and 
ombustion dynami
sThis expression 
an be linearized around the mean state assuming small varia-tions of the �u
tuating quantities :
sin(α+ α′) =

ST + S′

T

u+ u′
(5.10)After some simple 
al
ulations in whi
h one only retains �rst order terms, one�nds the following relation :

α′

α
≃

tanα

α

[
S′

T

ST

−
u′

u

] (5.11)It is reasonable to assume that the �u
tuations in turbulent burning velo
ity(ST ∼ vmax, see Ishizuka et al. (1998)) are linked to the axial and azimuthalvelo
ity perturbations. A �rst order expansion 
onsists in assimilating S′

T /ST tothe weighted sum of relative �u
tuations in azimuthal and axial velo
ities :
S′

T

ST

= χ
v′

v
+ ζ

u′

u
(5.12)The relative �u
tuation of �ame angle then be
omes :

α′

α
≃

tanα

α

[
χ
v′

v
+ (ζ − 1)

u′

u

] (5.13)To use the previous model one has to �x the 
oe�
ients de�ning the relativeperturbations in turbulent burning velo
ity in Eq. (5.12). This information isadmittedly not easy to obtain. We use the following values : χ = −0.4 and
ζ = 0.4 dedu
ed from a trial and error pro
ess. These values are also obtainedfrom a separate analysis of the theoreti
al transfer fun
tion of swirling �ames,see 
hapter 8. The present 
hoi
e 
orresponds to a trade-o�.One expe
ts from the previous analysis that swirl number �u
tuations will bere�e
ted in �ame angle �u
tuations. Also, the �u
tuations in burning velo
ityand �ame angle will dire
tly translate into �u
tuations in heat release rate. It isthen possible to 
onsider the me
hanism whi
h de�nes the heat release perturba-tion near the root of the �ame, in the lower window and link these perturbationsto �u
tuations of �ame angle α and burning velo
ity ST . The heat released bythe �ame in the lower window is proportional to the burning velo
ity and �amesurfa
e area :
Q̇lw = ρSTAf∆hYFO (5.14)where ρ is the density of the fresh stream, Af is the �ame surfa
e, ∆h is theheat release per unit mass of fuel (50 MJ kg−1) and YFO is the mass fra
tion of
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s of swirler and turbulent swirlingflames 133fuel in the premixed stream. Near the �ame an
hor point the surfa
e may beassimilated to a trun
ated 
one :
Af =

π(r22 − r21)

sinα
(5.15)where r2 is the radius of the �ame at the top of the lower window, at a distan
e

dlw from the 
entral rod and r1 is the radius of the rod. Now, r2 = dlw tanα and
r1 << r2 so that Af is proportional to sinα/ cos2 α. The heat release �u
tuationin the lower region Q̇′

lw, may be obtained by expanding Eq. (8.31) :
Q̇′

lw = ρ∆hYFO(S′

TAf + STA
′

f ) (5.16)and the relative �u
tuation in heat release is then determined by :
Q̇′

lw

Q̇lw

=
S′

T

ST

+ α′
1 + sin2 α

cosα sinα
(5.17)To allow a 
omparison with experimental data, it is 
onvenient to obtain theratio of the heat release rate perturbation in the lower window to the total heatrelease in the �ame. This is obtained from the previous expression :

Q̇′

lw

Q̇
= η

[
S′

T

ST

+ α′
1 + sin2 α

cosα sinα

] (5.18)Here η = Q̇lw/Q̇ represents the ratio of mean heat release in the lower windowto the total mean heat release in the �ame and its value is approximately equalto η = 0.3 for �ame A. Expression Eq. (8.23) together with Eq. (5.12) and Eq.(5.13) fully determine the heat release �u
tuations dete
ted in the lower window(LW). The 
ombination of these �u
tuations with those indu
ed at the �ame tipdetermines the �ame response to in
ident perturbations.This s
enario may now be veri�ed by examining signals dete
ted in the experi-ments and 
omparing these data to theoreti
al estimates based on the previousexpression. For this analysis one 
onsiders the following signals : v′/v, u′/u,
α′/α, Q̇′

lw/Q̇, Q̇′

uw/Q̇ and Q̇′/Q̇. All these signals are obtained from measure-ments. Radial pro�les of axial velo
ity �u
tuations were not measured but pre-vious experiments in other 
on�gurations indi
ate that the perturbation level isapproximately 
onstant ex
ept near the boundaries where it diminishes. Thenthe measured level at a median point is representative of the state of modula-tion. In addition, it is also worth plotting the swirl number �u
tuations S′/Sdedu
ed by subtra
ting the axial velo
ity �u
tuation from the azimuthal velo
ity�u
tuation Eq. (5.7) and theoreti
al estimates of α′/α dedu
ed from expressionEq. (5.13) and Q̇′

lw/Q̇ obtained from Eq. (8.23). The signals 
orresponding to�ame A are plotted in Fig. 5.11 and Fig. 5.12 whi
h respe
tively 
orrespond to a
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Figure 5.11: Chara
teristi
 signals des
ribing the response of the �ame A at f = 60Hz versus phase (in degrees) during two 
y
les. Re
onstru
ted signals are plotted assolid lines while experimental data are represented by symbols. (a) Relative velo
ity�u
tuations. Open squares : v′/v, dark squares : u′/u. (b) Relative swirl number�u
tuations S′/S dedu
ed from the velo
ity signals. (
) Angular �u
tuations α′/α.Squares : experiment. Solid line : predi
tion. (d) Relative heat release rate in the upperwindow Q̇′

uw/Q̇. (e) Relative heat release rate in the lower window Q̇′

lw/Q̇ symbols :experiment, solid line : predi
tion. (f) Relative total heat release rate �u
tuation in the�ame Q̇′/Q̇.
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Chapter 5. Combined dynami
s of swirler and turbulent swirlingflames 135minimum and a maximum response of the �ame at f = 60 and f = 90 Hz.We �rst examine signals at 60 Hz plotted in Fig. 5.11. The relative velo
ity �u
-tuations displayed in the top sub�gure have the same order of magnitude (|v′|/v
≃ |u′|/u) in agreement with the a
tuator disk theory derived previously. The twosignals are nearly in phase opposition. Measurements of the phase between thetwo velo
ity 
omponents over a range of frequen
ies indi
ate that this quantityevolves linearly with frequen
y ϕ = ωτc + ϕ0 as predi
ted theoreti
ally. Thereis however a phase o�set ϕ0 whi
h does not appear in the model. For �ameA one �nds τc = 12 ms and ϕ0 = −1 rad. The phase between u′/u and v′/vre�e
ts the delay indu
ed by 
onve
tion of azimuthal perturbations v′. This 
on-ve
tion takes pla
e at a velo
ity whi
h is 
lose to the maximum axial velo
ityin the inje
tion 
hannel. For �ame A this 
orresponds to 3.8 m s−1. The swirlnumber �u
tuations S′/S estimated from expression Eq. (5.7) in terms of therelative velo
ity �u
tuations are in this 
ase quite large (Fig. 5.11 (b)). These�u
tuations are almost in phase with the �ame angle �u
tuations displayed inFig. 5.11 (
). The �ame angle α de�ned between the �ame sheet and the ver-ti
al axis in
reases when the swirl number in
reases. The next three sub�guresdisplay relative heat release �u
tuations. The heat release rate �u
tuation inthe upper window Q̇′

uw/Q̇ (Fig. 5.11 (d)) is delayed with respe
t to the axialvelo
ity signal measured at the base of the �ame and displayed in Fig. 5.11 (a),bla
k square symbol. The phase di�eren
e ∆ϕ ≃ 60◦ between these two signals
orresponds to a delay τ ≃ 3 ms. This delay is that required for 
onve
tion of avortex from the inje
tor lip to the �ame tip. The heat release in the lower win-dow follows the �ame angle �u
tuation Q̇′

lw/Q̇ ≃ α′/α. When the �ame angleis de
reasing, the heat release rate observed in the lower window also de
reases.The inverse me
hanism o

urs when the �ame angle in
reases (Fig. 5.11 (e)).The theoreti
al signal Q̇′

lw/Q̇ dedu
ed from expression Eq. (8.23) and plotted asa solid line in Fig. 5.11 (e) is in good agreement with experimental data shownas bla
k symbols. The total heat release rate shown in Fig. 5.11 (f) is the sumof heat release rates measured in the lower and upper interrogation windows asdis
ussed in se
tion 4. In the present 
ase for a modulation frequen
y f = 60 Hz,the two velo
ity signals at the �ame base are out of phase and their 
ombinationhas a relatively low amplitude and one may 
on
lude that the two me
hanismsperturbing the �ame interfere to redu
e the total response thus yielding a lowgain.The signals 
orresponding to f = 90 Hz for �ame A are displayed in Fig. 5.12.The relative axial and azimuthal velo
ity �u
tuations are still of the same orderof magnitude as expe
ted from the a
tuator disk theory but the signals are nownearly in phase. The swirl number �u
tuations dedu
ed from experimental ve-lo
ity signals are mu
h weaker than at 60 Hz Fig. 5.12 (b). The �ame angle is
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Figure 5.12: Chara
teristi
 signals des
ribing the response of the �ame A at f = 90Hz versus phase (in degrees) during two 
y
les. Re
onstru
ted signals are plotted assolid lines while experimental points are represented by symbols. (a) Relative velo
ity�u
tuations. Open squares : v′/v, dark squares : u′/u. (b) Relative swirl number�u
tuations S′/S dedu
ed from the velo
ity signals. (
) Angular �u
tuations α′/α.Squares : experiment. Solid line : predi
tion. (d) Relative heat release rate in the upperwindow Q̇′

uw/Q̇. (e) Relative heat release rate in the lower window Q̇′

lw/Q̇ symbols :experiment, solid line : predi
tion. (f) Relative total heat release rate �u
tuation in the�ame Q̇′/Q̇.
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s of swirler and turbulent swirlingflames 137also weakly perturbed by these �u
tuations Fig. 5.12 (
). The 
al
ulated �ameangle �u
tuation Eq. (5.13) is larger than expe
ted and out of phase 
omparedto experimental data. Con
erning the heat release rate in the upper window, theme
hanism involving �ame surfa
e �u
tuation is present in this 
ase and one 
ande�ne a time delay between the upper window heat release signal Q̇uw/Q̇ andthe axial velo
ity signal u′/u at the �ame base. The phase di�eren
e ∆ϕ ≃ 90◦yields a delay τ ≃ 3 ms whi
h nearly 
oin
ides with that found at 60 Hz. A
omparison between Fig. 5.12 (
) and (e) indi
ates that when the �ame angle in-
reases, the heat release rate in the lower window in
reases like in the 60 Hz 
ase.The 
al
ulated heat release �u
tuation in the lower window has the right orderof magnitude but the phase is less well reprodu
ed. The experimental signals
Q̇′

lw/Q̇ and Q̇′

uw/Q̇ are nearly in phase yielding a maximum response in terms oftotal heat release rate �u
tuation.The previous theory provides some suitable estimates of the experimental signals.It 
on�rms the existen
e of two pro
esses of unsteady heat release asso
iated withtwo types of velo
ity perturbations. While results are quite satisfa
tory at theminimum of the transfer fun
tion gain, some improvement is needed at the pointof maximum response.It is probable that the me
hanism des
ribed in this arti
le will be equally im-portant in lean premixed inje
tors operating at higher bulk velo
ities. As theFDF 
an be s
aled in terms of Strouhal numbers one dedu
es that frequen
ieswill follow Strouhal s
aling rules. An in
rease in bulk velo
ity by a fa
tor of10 will multiply the 
hara
teristi
 frequen
ies by the same fa
tor if geometri
aldimensions are kept 
onstant.5.8 Con
lusionThe dynami
s of swirled premixed �ames is 
onsidered in this 
hapter leading tothe followings results :1. The �ame response is determined in terms of families of transfer fun
tionswhi
h 
onstitute a �ame des
ribing fun
tion (FDF). The FDF depends onthe frequen
y and amplitude of the in
oming perturbation and 
an be usedin nonlinear analysis of instabilities involving this type of �ame. Two meth-ods employed for the FDF determination yield similar values. Data indi
atethat the transfer fun
tion gain depends on the input level most notably infrequen
y ranges where this gain rea
hes an extremum. The phase is lessdependent on the input level and features a quasi linear behaviour with
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srespe
t to frequen
y indi
ating that the �ame responds with a delay to thein
oming perturbations.2. It is found that transfer fun
tions 
an be 
ollapsed for a �xed value of themodulation amplitude at least in the low frequen
y range in terms of aStrouhal number 
on�rming previous �ndings.3. Systemati
 experiments indi
ate that the �ame response is 
ontrolled bytwo types of �u
tuations, the �rst being related to azimuthal velo
ity per-turbations generated by the swirler and 
onve
ted by the �ow, the se
ondbeing asso
iated to axial velo
ity perturbations propagating to the inje
torexhaust. Flu
tuations in the swirl number are generated and may 
ombinewith vortex roll-up indu
ing large variations in �ame surfa
e area.4. An estimate of indu
ed azimuthal velo
ity perturbations obtained from ana
tuator disk analysis is found to agree well with laser Doppler measure-ments of these 
omponents.5. At the frequen
y 
orresponding to a lo
al minimum in the FDF gain, itis shown that the initial and downstream regions of the �ame operate inphase opposition giving rise to heat release 
omponents whi
h interferedestru
tively and yield a low level for the global heat release signal. Atthe frequen
y 
orresponding to a lo
al maximum in gain, the heat releasesignals indu
ed by the two types of perturbations are in phase and their
ombination yields a maximum level.
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Chapter 6
Swirler geometry and swirlnumber e�e
ts on FDF

Abstra
t : This 
hapter deals with the response of swirling �amessubmitted to a
ousti
 velo
ity disturban
es when the rotation of the �owis produ
ed by an axial or a radial swirler. The obje
tive is to 
ompareresponses obtained in these two 
ases. The response is 
hara
terized interm of the �ame des
ribing fun
tion (FDF) whi
h generalizes the 
lassi-
al �ame transfer fun
tion 
on
ept by 
onsidering not only the frequen
ybut also the amplitude of the velo
ity disturban
es. The FDF been shownto be relevant in studies of 
ombustion instabilities 
oupled by a
ousti
s.Results indi
ate that for both types of swirlers, the dynami
s is essentiallysimilar for the gains and the phases of the �ame des
ribing fun
tions. Itis also found that the swirl number value markedly in�uen
es the gainresponse. The 
hara
teristi
 shape of the FDF, with a lo
al minimumand maximum are found in both 
ases and these features 
orrespondto the me
hanisms des
ribed previously (swirl number �u
tuations andvortex roll-up of the �ame. Swirl number �u
tuations are indu
ed by theintera
tion of the in
ident a
ousti
 disturban
es with the swirler. Thisgenerates in the two 
ases a transmitted a
ousti
 wave and a 
onve
tivevorti
ity wave. This last wave is 
hara
terized by azimuthal velo
ityperturbations. The mode 
onversion pro
ess giving rise to the latter typeof disturban
e was already demonstrated in the 
ase of an axial swirler.It is here examined in the radial swirler geometry. It is shown thatthe mode 
onversion pro
esses in the two geometries are quite similarand that they produ
e similar e�e
ts on the �ame dynami
s and response.
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140 Part II. Flow and 
ombustion dynami
sRésumé : Ce 
hapitre traite de la réponse des �ammes swirléessoumises à des perturbations de vitesses a
oustiques lorsque la rotationde l'é
oulement est produite par un swirler axial ou radial. L'obje
tifest de 
omparer les réponses obtenues dans 
es deux 
as. La réponseest 
ara
térisée en terme de fon
tion de transfert généralisée, qui élar-git la fon
tion de transfert de �amme en 
onsidérant non seulement lafréquen
e mais aussi l'amplitude des perturbations de vitesses. Cet outila montré sa pertinen
e dans l'étude des instabilités de 
ombustion 
ou-plées par l'a
oustique. Les résultats indiquent que pour les deux types deswirlers, la dynamique est essentiellement similaire pour les gains et lesphases de la réponse. Il est également 
onstaté que la valeur du nom-bre de swirl in�uen
e fortement la réponse en terme de gain. La forme
ara
téristique de la fon
tion de transfert généralisée, ave
 un minimumet un maximum lo
al, se retrouve pour les deux 
as de swirlers. Cetteréponse 
ara
téristique 
orrespond à des mé
anismes dé
rits pré
édem-ment (�u
tuations du nombre de swirl et enroulement d'un tourbillon àl'extrémité de la �amme). Les �u
tuations du nombre de swirl sont in-duites par l'intera
tion des perturbations a
oustiques in
identes ave
 leswirler. Cela génère dans les deux 
as (axial et radial) une onde trans-mise a
oustique et une onde tourbillonnaire 
onve
tée. Cette dernière est
ara
térisée par des perturbations de vitesses azimutales. Le pro
essusde 
onversion de mode à l'origine de 
e dernier type de perturbation adéjà été démontré dans le 
as d'une vrille axiale. Il est i
i étudié dansla géométrie radiale. Il est montré que le pro
essus de 
onversion demode pour les deux géométries est très similaire et qu'il produit des e�etsidentiques sur la dynamique de �amme et don
 sur la réponse.6.1 Introdu
tionIt has been shown in some re
ent studies that the response of �ames to velo
ityperturbations 
an be suitably 
hara
terized by making use of the �ame des
rib-ing fun
tion (FDF). This generalizes the �ame transfer fun
tion by taking intoa

ount the e�e
t of the modulation frequen
y and of the amplitude of the in-
oming velo
ity disturban
es as did Noiray et al. (2008); Durox et al. (2009).The FDF may be in
luded in an a
ousti
 network analysis of 
ombustion systemsto predi
t regions of instability and estimate frequen
ies and amplitudes of limit
y
le os
illations. This analysis has been 
arried out for a set of 
oni
al �amesan
hored to a perforated plate, see Noiray et al. (2008) and to a swirling �ame,see Kulkarni and Ni
oud (2010) and 
hapter 9 of the present manus
ript. The�ame dynami
s and response plays a 
entral role in this framework.
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Chapter 6. Swirler geometry and swirl number effe
ts on FDF 141In the 
ase of non-swirling �ames, the main physi
al me
hanisms 
ontrollingthe shape of the �ame transfer fun
tion have been widely analyzed. For 
oni-
al �ames, the a
ousti
 modulation produ
es wrinkles 
onve
ted along the �amefront resulting in a high response at low frequen
y. The gain of the �ame transferfun
tion approa
hes unity as the frequen
y is redu
ed and the 
ut-o� frequen
y isrea
hed when one 
onve
tive wavelength sets along the �ame front, see Du
ruixet al. (2000). It was also shown that the same type of response 
an be obtainedby modifying the dynami
s of the �ame root, see Kornilov et al. (2007) andPreetham et al. (2008). �V" �ames are more re
eptive to �ow perturbations and
onve
tive e�e
ts result in a gain ex
eeding unity, see S
huller et al. (2003b).The �ame response then results from 
onve
ted wrinkles along the �ame front,see Boyer and Quinard (1990b) also interfering with large vorti
es shed from theburner lips and syn
hronized by the a
ousti
 for
ing, see Durox et al. (2005).This latter me
hanism is responsible for vortex rollup at the �ame tip produ
inglarge �ame extin
tions and peak values of the gain at 
hara
teristi
 frequen
ies.It has also been shown that the dynami
s of the an
horing points of �V" �amesmay strongly modify their response, see Perterson and Emmons (1961), Dowling(1999) and Shanbhogue et al. (2009). The transfer fun
tion of premixed non-swirling �ames submitted to velo
ity perturbations is then mainly determinedby three 
ompeting me
hanisms (a) �ame front wrinkling, (b) atta
hment pointdynami
s and (
) intera
tion with 
oherent stru
tures, whi
h may interfere 
on-stru
tively or destru
tively. These me
hanisms also operate for swirling �ames,see Thumuluru and Lieuwen (2009). There are indi
ations in Straub and Ri
hards(1999) and more re
ently in Hirs
h et al. (2005) that the swirler has an in�uen
eon the dynami
s of the �ame when it is submitted to in
ident a
ousti
 perturba-tions. For example Straub and Ri
hards (1999) show that the axial position ofthe swirler in the inje
tor element 
hanges the instability 
hara
teristi
s of thesystem. It is indi
ated by Hirs
h et al. (2005) that the swirling jet dynami
sare de�ned by generation and stret
hing asso
iated with 
onve
tive e�e
ts if theswirler is lo
ated upstream. However this arti
le did not provide an estimate ofthe respe
tive levels of axial and azimuthal perturbations produ
ing �u
tuationsin swirl strength.It is shown more re
ently (
hapter 4) that the intera
tion between an axial swirlerand in
ident a
ousti
 disturban
es generates a vorti
ity wave 
onve
ted by the�ow. This mode 
onversion pro
ess plays a major role be
ause it gives rise toazimuthal velo
ity disturban
es whi
h are 
onve
ted by the �ow and in�uen
ethe �ame dynami
s. It is then natural to inquire whether this will also o

ur ina radial swirler 
on�guration and if the same unsteady �ow and �ame responsefeatures 
an be found in the radial 
on�guration. This issue is already addressedin a previous paper from Hirs
h et al. (2005). This arti
le does not provide atheoreti
al estimate of the 
onversion pro
ess taking pla
e in the swirler. Thisstudy was also 
arried out in the linear regime or at least for a single level of
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142 Part II. Flow and 
ombustion dynami
smodulation. As in the present investigation, the equivalen
e ratio was not thesame for both swirler types due to �ame stabilization di�
ulties. It was set to0.71 for the radial system and to 0.63 for the axial one. The swirl number wasnot expli
itly given but it has been kept equal for both swirlers types and oneprevious study on the radial swirler indi
ates a value S = 0.73 by Gentemannet al. (2004) for the same 
ombustor. Results of this study indi
ate that phasesof the �ame transfer fun
tion are quite similar for both swirlers while amplitudesdi�er markedly in the low frequen
y range. Spe
i�
ally, the gain 
urve presentsa peak around 100 Hz for the axial swirler whereas the radial one exhibits twodistin
t maximum values at 40 Hz and 110 Hz. It is however worth noting thatthe axial and radial swirlers are not lo
ated at the same distan
e from the dumpplane in this analysis. In the present study, we show that the two swirler geome-tries yield the same response when they are pla
ed at the same distan
e fromthe dump plane and that the mode 
onversion pro
ess taking pla
e in the twogeometries are also quite similar.At this point it is worth brie�y reviewing the literature 
on
erning �ame trans-fer fun
tions of swirling �ames generated by axial swirlers. It is abondant, seefor example Külsheimer and Bü
hner (2002), Bellows et al. (2007) and 
hap-ters 5 and 8 of the present manus
ript. These studies 
onsider the 
ombustiondynami
s of swirling �ames and 
hara
terize the role of vortex roll-up on the�ame response. Radial swirlers are less well do
umented ex
ept the study fromGentemann et al. (2004) where the �ame transfer fun
tion is experimentallymeasured and re
onstru
ted by postpro
essing data from numeri
al simulations.The numeri
al simulations retrieve the shape of the swirling �ame gain and phaseresponse.The swirl number is re
ognized as a fundamental parameter de�ning the dynam-i
s of �ow and �ame as shown in the extensive review from Huang and Yang(2009). In the absen
e of 
ombustion, the dynami
s of a turbulent swirling jetsubmitted to an a
ousti
 for
ing is 
onsidered by Alekseenko et al. (2008). It isfound that an in
rease of the swirl intensity leads to a higher value of the turbu-lent kineti
 energy. When a
ousti
 for
ing amplitude is in
reased the turbulentkineti
 energy in
reases enhan
ing mixing. The in�uen
e of the swirl number Son the unsteady dynami
s of the �ow in a swirl inje
tor is 
onsidered by Wanget al. (2005) who show that the size of the vortex breakdown region is stronglyaugmented when S takes higher values. The dynami
s of two swirling �amesrespe
tively with swirl numbers equal to S = 0.44 and S = 1.1 is simulated byHuang and Yang (2005). It is shown that when the swirl number is in
reasedthe �ow features a larger inner re
ir
ulation zone whi
h moves upstream mergingwith the re
ir
ulation zone of the 
entral blu� body. This spe
i�
 feature is alsoexamined experimentally in Vaniers
hot and Van den Bul
k (2008) for di�erent
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Chapter 6. Swirler geometry and swirl number effe
ts on FDF 143levels of swirl. Another aspe
t dis
ussed by Huang and Yang (2005) is that anin
rease in the swirl number strength diminishes the �ame length. It appearsthat a single referen
e 
ontains experimental data on the in�uen
e of the swirlnumber on the �ame transfer fun
tion, see Külsheimer and Bü
hner (2002). It isshown that an in
rease in the swirl number leads to an augmented �ame responsewhen the frequen
y is �xed. This is at varian
e with our own 
on
lusions on thein�uen
e of the swirl number. But their analysis is 
on
erned with un
on�ned�ames whereas our work fo
uses on 
on�ned swirling �ames. In the 
ase of un-
on�ned �ames, vortex rings develop in the shear layer between the 
ombustiblemixture and ambient air, their intera
tion with the �ame front takes pla
e at the�ame tip where fresh ambient air is entrained within the rea
tion zone. In the
ase of 
on�ned �ames, hot gases are entrained within the rea
tion zone, thusmodifying the �ame vortex rollup.It has been re
ently shown that mode 
onversion o

urring in swirl inje
tors isfundamental in the understanding of �ame dynami
s, see 
hapter 5. Straub andRi
hards (1999) analyzed the in�uen
e of the axial swirler vane lo
ation on the�ame response and showed that this 
ould be used to suppress self-sustainedos
illations. The me
hanism of mode 
onversion was evoked but only partiallyinvestigated. This pro
ess is identi�ed by Wang and Yang (2005), where largeeddy simulations des
ribe e�e
ts of an external ex
itation on the swirling �owdynami
s. It is shown that two di�erent propagation modes are involved in swirlinje
tors : the �ow os
illation in the axial dire
tion travelling a
ousti
ally whilethe os
illation in the azimuthal dire
tion propagates at the lo
al �ow velo
ity.Perturbations 
reated at the swirler outlet whi
h modify the �ame dynami
s aredis
ussed in a few re
ent studies from Huang and Yang (2009); Wang and Yang(2005); Komarek and Polifke (2010). It is 
on
luded indire
tly from transferfun
tion measurements by Komarek and Polifke (2010) that on the downstreamside of the swirler the perturbation 
omprises an a
ousti
 and a 
onve
tive 
om-ponent. While the presen
e of this 
onve
tive 
omponent is re
ognized there areno dire
t measurements of the axial and azimuthal velo
ity disturban
es. Therelative levels of the di�erent perturbations propagating on the downstream sideof the swirler are not estimated in these previous referen
es. This is analyzedmore re
ently in 
hapter 5 for an axial swirler. It is then useful to pursue thisanalysis by 
omparing radial and axial swirlers and by measuring the respe
tivevelo
ity disturban
es in the inje
tor tube.This 
hapter is organized as follows. The swirl-stabilized burner is �rst des
ribedand the axial and radial geometry are given. The velo
ity pro�les measured witha laser Doppler velo
imeter are reported and the swirl number of ea
h 
on�g-uration is 
al
ulated. In a se
ond se
tion, swirling �ames des
ribing fun
tionsare 
ompared in the axial and radial geometries. Another point whi
h deserves
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144 Part II. Flow and 
ombustion dynami
sattention is the e�e
t of the mean swirl number on the �ame response. Thisaspe
t is also 
onsidered in that se
tion.6.2 Experimental 
on�guration6.2.1 Combustor

(a) (b)Figure 6.1: Swirl-stabilized 
ombustor with the axial swirler. The experimental setupis the same with the radial swirler. (a) : Global experimental setup with the loudspeakergenerating velo
ity �u
tuations in the �ow and lo
ated at the base of the burner. Thehotwire probe used to measure FDF is lo
ated upstream the swirler. (b) : Close-up viewof the �ame tube with laser beams used to measure the velo
ity pro�les just downstreamthe inje
tor.The 
ombustor 
onsists in three se
tions : an upstream manifold, an inje
tor anda 
ombustion 
hamber or �ame tube as sket
hed in Fig. 6.1. A methane/air �owenters through two diametri
ally opposed apertures at the base of the upstreammanifold and then �ows through a honey
omb pie
e whi
h breaks the largestturbulent eddies in �ne s
ale �u
tuations. The bulk velo
ity in the inje
tor is
Ub = 2.67 m s−1. The swirler devi
e indu
es the rotating motion to the mixtureand a swirling �ame is an
hored to a 
oni
al blu�-body stabilizing the �ame inthe 
ombustion 
hamber.
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Chapter 6. Swirler geometry and swirl number effe
ts on FDF 145To 
ompare the in�uen
e of the geometry and swirl number on the �ame des
rib-ing fun
tions, it is natural to try to work at a 
onstant equivalen
e ratio. Forthe axial swirler and the �rst radial swirler (S = 0.55), this parameter was set to0.7 while for the se
ond radial swirler (S = 0.65) we use an equivalen
e ratio of0.62 as the �ame was not well stabilized inside the burner. This small di�eren
eis not fundamental as some previous studies indi
ate that the in�uen
e of theequivalen
e ratio does not signi�
antly in�uen
e the �ame transfer fun
tion (seefor example Kang et al. (2007)).To measure the �ame des
ribing fun
tion, a loudspeaker generates the a
ousti
velo
ity disturban
es in the �ow for a range of frequen
y from 0 up to 400 Hzand a photomultiplier 
aptures the light radiated by the �ame and When the�ame is submitted to a velo
ity �u
tuation u′ the heat release �u
tuates by anamount Q′ dedu
ed from the light intensity �u
tuation I ′. It is assumed as inmany previous studies that Q′/Q = I ′/I. The laser Doppler velo
imeter (LDV)provides the mean and root mean square velo
ity pro�les near the outlet of theinje
tor as sket
hed in Fig. 6.1 (b).6.2.2 Axial and radial swirlers
(a) (b)Figure 6.2: Axial swirler geometry. (a) : upstream side. (b) : downstream side.Three swirler geometries are 
onsidered in this 
hapter : an axial and two ra-dial swirlers whi
h di�er by their swirl numbers. The axial swirler is sket
hedin Fig. 6.2 while the radial swirlers with S = 0.55 is sket
hed in Fig 6.3. Bothgeometries are widely used in industrial appli
ations like gas turbines or jet en-gines and in resear
h studies.The axial swirler 
omprises eight vanes periodi
ally spa
ed by 45◦. Vanes aremade of NACA 8411 airfoils pro�les and the angle of ea
h vane 
hanges with the
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146 Part II. Flow and 
ombustion dynami
sradius : the inner vane angle is 30◦ while the outer vane angle is 58◦.

(a) (b)Figure 6.3: Radial swirler geometry. (a) : upstream side. (b) : downstream side.The radial swirlers are made of eighteen vanes periodi
ally spa
ed by 20◦. Vanesare made of NACA 8411 airfoils pro�les. Two parameters 
hara
terize the radialgeometry : the thi
kness of the 
ir
ular inlet se
tion of the swirler and the vanestrailing edge angle. The trailing edge angle is equal to 58◦ for the �rst geometryRS1 and 72◦ for the se
ond one (RS2). The thi
kness of the 
ir
ular inlet se
tionis 6 mm for the �rst swirler and 4 mm for the se
ond one.6.2.3 Swirl numbersMean velo
ity pro�les measured by LDV at the outlet of the inje
tor for the threegeometries are now investigated. The swirl number 
al
ulation is done a

ordingto the following formulae Gupta et al. (1984). This is applied to the right sideof the velo
ity pro�les :
S =

∫ R
0 ρ u v 2π r2 dr

R
∫ R
0 ρ u2 2π r dr

(6.1)where ρ is the �uid density, u and v respe
tively the axial and azimuthal velo
ity
omponents, r the radius and R the 
hara
teristi
 outer radius.The 
omparison is �rst a
hieve between the axial and the radial swirlers andresults of measurements are sket
hed in Fig. 6.4. The 
al
ulated swirl numbersare 
lose to S = 0.55 for both swirlers. For the axial swirler, Fig. 6.4 (a), it isfound that velo
ity pro�les are not perfe
tly symmetri
 and this is probably dueto the vane wakes behind the swirler. The maximum of axial velo
ity is 
lose to4.1 m s−1 while the maximum of azimuthal velo
ity is near 2.4 m s−1. For theradial swirler RS1, Fig. 6.4 (b), one also distinguishes slight di�eren
es in the
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(a) (b)Figure 6.4: Mean velo
ity pro�les of axial and azimuthal 
omponents at the inje
toroutlet measured with a laser Doppler velo
imeter for S = 0.55. (a) : Axial swirler (b) :Radial swirler RS1.symmetry of the pro�les. In this 
ase, the maximum axial velo
ity is 
lose to 3.8m s−1 and the maximum azimuthal velo
ity is 2.4 m s−1.

−30 −20 −10 0 10 20 30
0

1

2

3

4

5

 Radius [mm]

 V
el

oc
ity

 [m
 s

−
1 ]

Axial velocity
Azimuthal velocity

−30 −20 −10 0 10 20 30
0

1

2

3

4

5

 Radius [mm]

 V
el

oc
ity

 [m
 s

−
1 ]

Axial velocity
Azimuthal velocity

(a) (b)Figure 6.5: Mean velo
ity pro�les of axial and azimuthal 
omponents at the inje
toroutlet measured with a Laser Doppler Velo
imeter for the radial swirlers. (a) Radialswirler RS1 : S = 0.55 (b) Radial swirler RS2 : S = 0.65One 
an now investigate the mean axial and azimuthal velo
ity pro�les generatedby the radial swirlers. They are both presented in Fig. 6.5. For RS1 (Fig. 6.4(a)), the swirl number is S = 0.55 while for the se
ond system RS2 (Fig. 6.5(b)) the swirl number is 
lose to 0.65. This 
an be seen by 
omparing azimuthalvelo
ity pro�les where it is 
lear that in the RS2 
ase, the maximum is 3 m s−1while this maximum is 2.4 m s−1 for RS1. In both 
ases, the maximum axialvelo
ity rea
hes a 
onstant value of 3.8 m s−1. While the axial 
omponent of thevelo
ity keeps a 
onstant value, the azimuthal 
omponent in
reases re�e
ting an
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ombustion dynami
sin
rease in swirl number from 0.55 to 0.65.6.3 Swirling �ames des
ribing fun
tionsExperimental swirling �ames des
ribing fun
tions are now investigated by �rst
omparing geometri
al e�e
ts at 
onstant swirl number and then 
onsideringswirl number e�e
ts for the same radial geometry. All FDFs are presented fora frequen
y range extending from 0 to 400 Hz and for four a
ousti
 velo
ity�u
tuation amplitudes u′/Ub 
lose to 0.075, 0.15, 0.3 and 0.4. These FDF arede�ned as the ratio of the relative heat release rate �u
tuation Q̇′/Q̇ to therelative velo
ity amplitude disturban
e u′/u so that :
F(ω, u′) =

Q̇′/Q̇

u′/u
(6.2)These FDFs 
an also be written as a 
omplex number highlighting a gain G anda phase Φ :

F(ω, u′) = G(ω, u′) eiΦ(ω,u′) (6.3)The gain G re�e
ts the level of response while the phase Φ de�nes the time delaybetween velo
ity input and heat release rate output signals.

(a) (b)Figure 6.6: Flame des
ribing fun
tions for the axial swirler at S = 0.55. Gain G andphase Φ of the FDF are presented for a frequen
y range from 0 to 400 Hz. Four distin
tamplitudes of the velo
ity disturban
es are investigated. (a) : Axial swirler. (b) : Radialswirler.
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Chapter 6. Swirler geometry and swirl number effe
ts on FDF 149Flame des
ribing fun
tions obtained with the axial and radial swirlers are respe
-tively presented in Fig. 6.6 (a) and (b) for a 
onstant swirl number equal to S =0.55.One 
an start by 
omparing the gain G of both responses at low relative velo
-ity modulation amplitude u′/Ub = 0.075. For the axial swirler in Fig. 6.6 (a),the response presents a peak at 20 Hz where G ex
eeds 1.5 and then de
reasesto 0.5 at 55 Hz. Then the gain in
reases and rea
hes a se
ond peak at 90 Hzwhere the response is maximum over the whole frequen
y range and G equals1.7. Beyond this frequen
y value, the gain de
reases 
ontinuously with slightundulations and above 250 Hz, the �ame response to a
ousti
 modulation essen-tially vanishes. This type of response 
hara
terized by a minimum gain followedby a maximum 
an be predi
ted by a kinemati
 des
ription of the �ame frontmotion whi
h 
ombines the e�e
ts of �ame speed �u
tuations resulting from swirlnumber �u
tuations with the transport of 
onve
ted disturban
es, see previous
hapters. These two me
hanisms prevail and interfere to determine the �ameresponse level. For the radial swirler in Fig. 6.6 (b), the gain highlights the sameglobal behavior with a less intense response. A peak is still present at 20 Hz, butits value is 
lose to 1.3, then the gain de
reases and rea
hes a minimum lo
ated atthe same frequen
y as the axial swirler ( fmin = 55 Hz). Beyond this frequen
y,the gain in
reases rea
hing a se
ond peak at about 80 Hz but its intensity isnot as strong as in the axial 
ase with a value for G of 1.2. Then the responsediminishes 
ontinuously and it essentially vanishes beyond 250 Hz. To 
on
lude,both minimum and maximum responses take pla
e at the same frequen
ies butintensities of theses responses are stronger in the axial swirler 
ase. It is �nallyimportant to note that the gain of the �ame response de
reases when the rela-tive velo
ity modulation level is in
reased. This is a key feature of the nonlinearresponse of su
h �ames.The 
ase of the axial swirler in Fig. 6.6 (a) highlights the fa
t that for all ampli-tudes of velo
ity disturban
es, the phase Φ is almost the same from 0 up to 210 Hzwhere some slight di�eren
es are observed. It is also found that some undulationsin the 
urves are present around 60 Hz. Con
erning the radial swirler in Fig. 6.6(b), the 
urves are superimposed showing that the phase is not a fun
tion of theamplitude of the velo
ity disturban
e. Here also, some undulations are visiblearound 60 Hz. To 
on
lude, one may say that phase evolutions are very similarand that propagation of perturbations are following the same me
hanisms for thetwo swirler geometries.Considering next the radial swirler geometry, one may investigate the in�uen
eof the swirl number on the �ame des
ribing fun
tion. For this we 
ompare tworadial swirlers with a swirl number respe
tively equal to S = 0.55 and S = 0.65.
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s

(a) (b)Figure 6.7: Flame des
ribing fun
tions for radial swirler. Gain G and phase Φ of theFDF are presented for a frequen
y range from 0 to 400 Hz. Four distin
t amplitudesof the velo
ity disturban
es are investigated. (a) : Swirl number S = 0.55 (b) : Swirlnumber S = 0.65Results are respe
tively displayed in Fig. 6.7 (a) and (b). The response of theradial swirler RS1 with S = 0.55 is already des
ribed in the previous se
tion.The 
omparison is now made with results obtained for RS2 
orresponding to S= 0.65 for an a
ousti
 velo
ity disturban
e amplitude u′/Ub = 0.075. The gain
G, now rea
hes a maximum value at 10 Hz, with a value equal to 1.5. Then, asin the RS1 
ase (S = 0.55), the gain drops rea
hing a minimum value of 0.25 at50 Hz. After that, the gain in
reases and passes through a lo
al maximum at 80Hz with a value of 1.2. The gain then 
ontinuously de
reases with respe
t to thefrequen
y up to 160 Hz where a 
hara
teristi
 se
ond minimum is re
orded whi
his only observed in the RS2 
ase (S = 0.65). Beyond 160 Hz, the �ame responseis weak. To 
on
lude, the dynami
s is similar to that found in the RS1 
ase fora lower swirl number but intensities of minimum and maximum are stronger inthe RS2 and a se
ond minimum is re
orded for the se
ond 
ase. One may alsodis
uss about the in�uen
e of the amplitude of the velo
ity disturban
es u′/Ub.Here also, an in
rease in amplitude implies a de
rease of the response but thee�e
t is stronger in the of RS2 
ase an less pronoun
ed in the RS1 
ase.The phase evolution highlights a spe
i�
 behavior : for a threshold value of theratio u′/Ub 
lose to 0.3, a shift is observed and phase di�ers signi�
antly fromthat re
orded for the radial swirler RS1. In both 
ases, some undulations areseen in the phase, in regions where the gain response features minimum values.
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Chapter 6. Swirler geometry and swirl number effe
ts on FDF 1516.4 Mode 
onversion pro
essThe response of swirling �ames formed by an axial swirler is examined in 
hapter6 in terms of gain and phase of the FDF. It was spe
i�
ally shown that the gain
urves are the 
onsequen
e of a 
ombination of pro
esses whi
h 
an be designatedas vortex roll-up of the �ame and perturbations indu
ed by swirl number �u
tu-ations. The interferen
e of these two me
hanisms was shown to be responsiblefor the weak and strong response of the �ame. This provided an explanation ofthe low gain value observed at f = 60 Hz and the high gain value at f = 90 Hzfor �ame A. This analysis is now extended to the radial swirler geometry. One
an still assume that the �rst me
hanism involving vortex roll-up a
ts at the tipof the �ame due to the a
ousti
 wave transmitted downstream the swirler. It ishowever ne
essary to 
on�rm that mode 
onversion also takes pla
e in the radial
ase giving rise to indu
ing swirl number �u
tuation. This is dedu
ed in whatfollows from experimental measurements.We spe
i�
ally 
onsider the 
onversion taking pla
e at the swirler when an a
ous-ti
 wave impinges on this devi
e. We already know from the axial swirl experi-ments (see 
hapters 5, 6 and 7) that this gives rise to a transmitted a
ousti
 wavepropagating at the speed of sound and to azimuthal velo
ity perturbations 
on-ve
ted by the �ow. A phase shift exists between the axial u′ and the azimuthal
v′ velo
ity �u
tuations leading to swirl number �u
tuations.This frequen
y shift is now examined by re
ording axial and azimuthal velo
ity�u
tuations in a tube mounted on the downstream side of the swirler. Measure-ments are 
arried out with an LDV system. To allow 
omparisons, results arepresented in Fig. 6.8 for the axial swirler at two frequen
ies of interest f = 60 Hzand f = 90 Hz for the 
ase where the swirl number is S = 0.55. The same mea-surements are 
arried out for the radial swirler RS1 in Fig. 6.9. Due to limitationin the opti
al a

ess, measurements 
annot be 
arried out between 0 and 59 mm,where 0 mm 
orresponds to the swirler outlet. It is found from these results thatin all 
ases, the axial velo
ity �u
tuation is a
ousti
 as the phase does not 
hangeas a fun
tion of the lo
ation in the tube while the phase of the azimuthal velo
ity�u
tuation is 
ontinuously in
reasing as a fun
tion of the measurement lo
ation.One 
an also extra
t from these data the 
onve
tion velo
ity of the azimuthaldisturban
e. Cal
ulations from the slope of the 
urves leads to the results gath-ered in Table. 7.1. The 
onve
tive velo
ities range between 3.5 and 3.8 m s−1.These data suggest that the 
onve
tive velo
ity ucv of the azimuthal disturban
esis slightly higher than the bulk velo
ity in the inje
tor whi
h is Ub = 2.67 m s−1.Spe
i�
ally, the 
onve
tive velo
ity of azimuthal disturban
es is 
lose to the max-imum velo
ity (4.1 m s−1) determined at the measurement point with LDV. Theprevious measurements 
learly indi
ate that mode 
onversion takes pla
e in the
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152 Part II. Flow and 
ombustion dynami
sTable 6.1: Conve
tive velo
ities of azimuthal disturban
es expressed in m s−1Axial swirler f = 60 Hz ucv = 3.7Axial swirler f = 90 Hz ucv = 3.8Radial swirler f = 60 Hz ucv = 3.5Radial swirler f = 90 Hz ucv = 3.6radial swirler 
ase and that one may expe
t the same e�e
ts on the �ame dynam-i
s as those found in the axial 
ase. This 
an be further analyzed by 
omparingthese results to those obtained by previous authors using a di�erent swirler and�ow 
onditions. To do so, a Strouhal number St = fL/ucv 
an be de�ned basedon the frequen
y of the minimum �ame response, the 
onve
tive velo
ity ucvof azimuthal disturban
es and the distan
e L between the swirler outlet and the
ombustor dump plane. One �nds here St = 0.67 for f = 55 Hz, L = 0.043 m and
ucv = 3.5 m s−1 in the 
ase of the radial swirler (RS1). The same type of analysis
arried out on the 
on�guration explored by Hirs
h et al. (2005) yields a valueSt = 0.66 for a di�erent radial swirler operated under di�erent �ow 
onditions
orresponding to L/ucv = 8.8 ms. These results obtained for di�erent burners,swirler geometries, swirler lo
ations and operating 
onditions 
on�rm the me
ha-nisms taking pla
e downstream the swirler, where 
onve
tive and a
ousti
 wavesinterfere to determine the swirling �ame response.
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(a) (b)Figure 6.8: Experimental phase evolution as a fun
tion of the tube length at S = 0.55for the axial swirler. (a) : f = 60 Hz. (b) : f = 90 Hz.6.5 Con
lusionThis 
hapter fo
uses on the in�uen
e of the swirler geometry and swirl numbere�e
ts on the response of swirling �ames. The �rst 
on
lusion is that the axial orradial swirler geometry lead to the same 
hara
teristi
 response. Slight di�eren
es
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(a) (b)Figure 6.9: Experimental phase evolution as a fun
tion of the tube length at S = 0.55for the radial swirler. (a) : f = 60 Hz. (b) : f = 90 Hz.are found in the maximum and minimum levels in gain whi
h are slightly lowerin the radial geometry. Con
erning the swirl number, it is shown here that amoderate in
rease in the swirl number S = 0.55 to S = 0.65 leads to stronge�e
ts in the amplitude of the �ame des
ribing fun
tion. For the se
ond swirlnumber, there is a se
ond peak whi
h is signi�
antly a�e
ted by the amplitudeof the inlet disturban
e u′/Ub and the gain de
reases substantially when therelative velo
ity disturban
e level is augmented. This may possibly re�e
t amodi�
ation in the relative importan
e of the me
hanisms 
ontrolling the �ameresponse. Another important 
on
lusion is that the minimum of the gain in theresponse is still lo
ated at the same frequen
y for both axial and radial swirlers
on�rming the fa
t that mode 
onversion is also at work in the radial geometry.This is 
on�rmed by measurements of the phase between the axial and azimuthalvelo
ity �u
tuations. This result is of importan
e in the design of gas turbine
ombustors and 
an be used to de�ne improved swirling inje
tors.
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156 Part II. Flow and 
ombustion dynami
s
Chapter 7Large Eddy Simulations ofperturbed swirling �ames

Abstra
t : The dynami
s of a turbulent premixed 
on�ned swirling�ame is investigated using large eddy simulation. The �ame response isdetermined by introdu
ing an external a
ousti
 for
ing at two modulationfrequen
ies 
orresponding to 
hara
teristi
 values of the �ame transferfun
tion obtained experimentally. The underlying physi
al me
hanismsidenti�ed experimentally are investigated numeri
ally. Simulations
on�rm that swirl number �u
tuations and vortex roll-up govern the�ame response. It is also 
on�rmed that the �rst me
hanism is asso
i-ated with a mode 
onversion pro
ess taking pla
e when a
ousti
 wavesimpinge on the swirler unit. The axial a
ousti
 velo
ity disturban
e onthe upstream side of the swirler generates an axial a
ousti
 wave andan azimuthal 
onve
tive disturban
e in the downstream �ow. These
ombined disturban
es are retrieved in the simulation and their e�e
ton the swirl number is extra
ted. Cal
ulations also indi
ate that vortexshedding syn
hronized by the a
ousti
 for
ing takes pla
e at the inje
torlip outlet. Vorti
es originating from this region are 
onve
ted in the jetshear layer, impinge on the �ame and roll-up the �ame tip. This pro
essinterferes with os
illations in the �ame angle indu
ed by swirl number�u
tuations. Phasing of the �ame angle with respe
t to the instant ofvortex shedding from the inje
tor lips determines the lifetime of thevortex before intera
tion with the �ame and 
ontrols the strength of thisintera
tion. When this lifetime is redu
ed, the vortex 
annot fully developand the �ame response remains weak. For larger lifetimes, the vortex
an fully develop and produ
e larger heat release rate perturbations. Thispro
ess depends on the for
ing frequen
y whi
h determines the phasingbetween swirl number �u
tuations and vorti
es generation.
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Chapter 7. Large Eddy Simulations of perturbed swirling flames157Résumé : La dynamique d'une �amme swirlée prémélangée turbulenteest étudiée au moyen de la simulation numérique aux grandes é
helles. Laréponse de la �amme est déterminée en introduisant un forçage a
oustiqueexterne à deux fréquen
es de modulation 
orrespondant à des valeurs 
ar-a
téristiques de la fon
tion de transfert de �amme obtenues expérimen-talement. Ces valeurs 
ara
téristiques de la réponse di�èrent en termede gain. Les mé
anismes physiques sous-ja
ents identi�és expérimen-talement sont étudiés numériquement. Les simulations 
on�rment queles �u
tuations du nombre de swirl et que le vortex rollup régissent laréponse de la �amme. Il est également 
on�rmé que le premier mé
an-isme est asso
ié à un pro
essus de 
onversion de mode qui a lieu lorsqueles ondes a
oustiques impa
tent le swirler. La perturbation de vitesse axi-ale a
oustique sur le 
�té en amont du swirler génère une onde a
oustiqueaxiale et une perturbation 
onve
tive azimutale en aval de 
elui-
i. Cesmé
anismes sont restitués par les simulations numériques. Les 
al
ulsindiquent également que les tourbillons responsables du rollup sont syn-
hronisés par le forçage a
oustique à la sortie des lèvres de l'inje
teur.Ces tourbillons sont ensuite 
onve
tés dans la 
ou
he de 
isaillement dujet et interagissent sur la �amme en provoquant le roll-up de l'extrémitéde la �amme. Ce pro
essus interfère ave
 les os
illations de l'angle de la�amme induite par les �u
tuations du nombre de swirl. La phase entrel'angle de la �amme et la formation des tourbillons au bord de l'inje
teurdétermine la durée de vie du tourbillon avant son intera
tion ave
 la�amme et 
ontr�le l'intensité de 
ette intera
tion. Lorsque 
ette duréede vie est réduite, le tourbillon ne peut pas se développer pleinement etla réponse de la �amme reste faible. Pour les plus longues durées de vie,le tourbillon peut se développer pleinement et produire de plus grandesperturbations du taux de dégagement de 
haleur. Ce pro
essus dépend dela fréquen
e qui détermine la phase entre les �u
tuations du nombre deswirl et la génération des tourbillons.7.1 Introdu
tionThe study is motivated by the dynami
al problems en
ountered in pra
ti
al 
om-bustors and in parti
ular in devi
es using lean premixed 
ombustion where �ash-ba
k (see for example Plee and Mellor (1978)), �ame blowout and self-sustainedos
illations (see Candel (2002); Lieuwen and Yang (2005)) may develop. In this
ombustion mode, the �ame is often stabilized in swirling �ows featuring 
omplexunsteady intera
tions between the �ame and the �ow. The aim of this 
hapteris to enhan
e the physi
al understanding of the pro
esses whi
h determine the�ame response to in
ident disturban
es. This is a

omplished by suitably 
om-
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158 Part II. Flow and 
ombustion dynami
sbining Large Eddy Simulations (LES) and analysis to retrieve the fundamentalme
hanisms identi�ed in some re
ent experiments. The present work is fo
usedon swirling �ames perturbed by a
ousti
 disturban
es travelling in the upstream�ow. It spe
i�
ally 
onsiders the pro
esses taking pla
e when these waves 
rossthe swirler unit and rea
h the inje
tor exhaust se
tion. This gives rise to di�er-ent types of disturban
es traveling in the downstream �ow dire
tion and produ
e
ompeting �ow intera
tions perturbating the �ame response and generating heatrelease �u
tuations. These me
hanisms are investigated with LES. Results ob-tained numeri
ally are 
ompared with well 
ontrolled experiments 
arried outpreviously.Many elementary me
hanisms 
an be responsible for heat release rate perturba-tions and have been the subje
t of di�erent reviews from Candel (2002); Du
ruixet al. (2003); Lieuwen and Yang (2005). These me
hanisms eventually operatesimultaneously and it is di�
ult to sort the dominant ones for swirling �ames,see Thumuluru et al. (2007). S
enarios have however been proposed to explainsome of the key elements and parts of the global �ame response. These di�erent
ontributions are examined below and are 
ombined to put in light two 
ompet-ing me
hanisms determining the response of weakly turbulent swirling �ames.This analysis extends a work 
arried out in 
hapter 4 and 5 where it is shownthat a
ousti
 disturban
es impinging on the swirler generate transverse velo
ityperturbations whi
h are 
onve
ted by the �ow. The �ow downstream the swirlerfeatures then axial and azimuthal velo
ity perturbations propagating at di�erentspeeds. They indu
e swirl number �u
tuations at the burner outlet and as aresult the �ame exe
utes a breathing motion with os
illation of the �ame rootangle. Vortex roll-up takes also pla
e when the axial perturbations rea
h theinje
tor exhaust se
tion. These vorti
es are 
onve
ted by the �ow and intera
twith the �ame rolling up its tips. Vortex rollup and �ame root angle �u
tuations
ombine 
onstru
tively or destru
tively depending on the for
ing frequen
y ofthe in
oming velo
ity perturbations leading to a low or a strong response of theswirling �ame, see 
hapter 5. Conditions under whi
h these �ame responses 
anbe obtained were not fully investigated yet and this is the purpose of the presentstudy. It is now worth reviewing the di�erent 
ontributing me
hanisms.The impa
t of swirling strength �u
tuation on the �ame transfer fun
tion was�rst envisaged by Hirs
h et al. (2005). This was used to explain some exper-imental observations for the �ame transfer fun
tion whi
h features amplitudesex
eeding unity and di�erent behaviours for radial or axial swirler types. Thes
enario proposed is based on �u
tuations of the �owrate and of the 
ir
ulationindu
ed by the swirling �ow inside the burner. It is shown that these latter per-turbations are 
onverted at the burner outlet into azimuthal vorti
ity �u
tuationswhi
h are then transported along a streamsurfa
e of the swirling jet downstreamthe annular exit. It is assumed that the azimuthal vorti
ity 
omponent is 
on-



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 159 � #181
i

i

i

i

i

i

Chapter 7. Large Eddy Simulations of perturbed swirling flames159ve
ted along a diverging 
oni
al shell of 
onstant angle α. The vorti
ity strengthin
reases with the relative distan
e from the burner 
aused by the diverging jetand is superimposed with growing os
illations. This 
reates additional velo
ity�u
tuations via the Biot-Savart law impinging on the �ame. In this s
enario,the �ame response then results from dire
t velo
ity perturbations due to �owrate�u
tuations at the burner outlet and vortex indu
ed additional velo
ity pertur-bations. Using this model it is shown that the �ame transfer fun
tion mainlydepends on the lo
ation of the swirler and less on the type of swirler used. Thepossibility of swirl angle �u
tuations is however not evoked in this study andthe relation between the di�erent velo
ity 
omponents at the burner outlet isdetermined heuristi
ally using a 
onve
tive time lag. In a re
ent analysis, it is
on
luded indire
tly from transfer fun
tion measurements in Komarek and Po-lifke (2010) that on the downstream side of the swirler the perturbation 
omprisesan a
ousti
 and a 
onve
tive 
omponent but the impa
t of the a
ousti
 and 
on-ve
tive perturbations on the �ame dynami
s is not fully dis
ussed.Dynami
s of swirling �ames was re
ently reviewed by Huang and Yang (2009).The in�uen
e of the swirl number on the �ame dynami
s is dis
ussed by Huangand Yang (2005) for two swirling �ames 
hara
terized by very di�erent swirl num-bers and respe
tively equal to S = 0.44 and 1.1. Simulations indi
ate that anin
rease in this number results in a larger inner re
ir
ulation zone whi
h movesupstream to merge with the re
ir
ulation zone of the 
entral blu�-body. It isalso found that an in
rease in swirl strength strongly redu
es the �ame length.The swirl number also in�uen
es the unsteady dynami
s of the �ow and the vor-tex breakdown region is enhan
ed with a higher value of this number, see Wanget al. (2005). The 
ase of a
ousti
 perturbations impinging swirlers has also beenexamined in Wang and Yang (2005). It is dedu
ed from LES that axial and az-imuthal velo
ity disturban
es propagate at di�erent velo
ities on the downstreamside of the swirler.Many 
ontributions also 
on
ern the possible interferen
es between di�erent typesof perturbations. Indeed, di�erent parts of the perturbed �ame may enhan
e or
an
el out lo
al heat release �u
tuations from other parts, see Shanbhogue et al.(2009); Shin et al. (2008), produ
ing maximum and minimum responses in theglobal transfer fun
tion, see Preetham et al. (2008), depending on the phaserelationship of the di�erent e�e
ts. It is spe
i�
ally shown that interferen
e phe-nomena both in the distribution of heat release and in the global transfer fun
tionarise be
ause the �ame is ex
ited by multiple disturban
es propagating at di�er-ent speeds.Experiments reported by Kim et al. (2009); Kim et al. (2010) deal with the e�e
tof �ow modulations on the dynami
s of 
on�ned swirling �ames and provide some
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160 Part II. Flow and 
ombustion dynami
sTable 7.1: Experimental parametersEquivalen
e ratio 0.7Inje
tor bulk velo
ity [m s−1℄ 2.67Swirl number 0.55Reynolds number 3 500A
ousti
 modulation level u′/Ub 0.51Flame tube diameter [mm℄ 70Inje
tor diameter [mm℄ 22of the transfer fun
tion data needed to predi
t thermo-a
ousti
 instabilities andlimit 
y
les in 
ombustion 
hambers. A laboratory-s
ale gas turbine 
ombustoris used to measure �ame transfer fun
tions and predi
t instability frequen
iesmainly in the linear regime, see Kim et al. (2009). Flame transfer fun
tionsmeasured with this type of burner indi
ate that the Strouhal number 
onstitutesa relevant dimensionless parameter and data show the e�e
t of the �ame angle,see Kim et al. (2010).Simulations reported in the present 
hapter are 
arried out to examine premixedswirling �ame dynami
s in a well 
ontrolled experimental 
on�guration withthree obje
tives : (1) Compare numeri
al predi
tions with experimental datato validate the numeri
al approa
h; (2) Examine the me
hanisms identi�ed ex-perimentally and see if they 
an be retrieved numeri
ally; (3) Complement theavailable data with additional information generated by the simulation and pro-vide a simple me
hanism explaining strong and low swirling �ame response toin
oming perturbations. The experimental geometry is brie�y presented in se
-tion 2 together with a typi
al �ame transfer fun
tion. The main features of theNavier-Stokes LES �ow solver are reviewed in se
tion 3 and initial results areobtained for the �ame in absen
e of modulation. Unsteady �ame dynami
s is
onsidered in se
tion 4. The last se
tion is fo
used on the me
hanisms of mode
onversion at the swirler and on the �ame / vortex intera
tions. E�e
ts of swirlnumber �u
tuations and vortex roll-up are des
ribed and their interferen
e isinvestigated.7.2 Experimental 
onditions7.2.1 SetupThe experimental setup sket
hed in Fig. 7.1 
onsists of four elements: (1) Anupstream manifold; (2) An inje
tor equipped with a swirler; (3) A quartz tube
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Chapter 7. Large Eddy Simulations of perturbed swirling flames161

Figure 7.1: Experimental setup with sizes in millimeters. It 
onsists in a upstreammanifold, a swirler, an inje
tor and a �ame tube in quartz.
on�ning the �ame; (4) A loudspeaker lo
ated at the bottom of the system. Apremixed �ow of air and methane with an equivalen
e ratio equal to 0.7 is in-trodu
ed at the base of the upstream manifold through two diametrally opposedapertures. In order to break the largest turbulent eddies, this �ow passes througha grid and a honey
omb layer. The �ow then traverses a 
onvergent unit de
reas-ing the boundary layer thi
kness and de�ning a �at velo
ity pro�le at the swirlerinlet. The swirler imparts a rotating motion to the �ow. It is made of eightNACA airfoil vanes periodi
ally spa
ed. More details on the experimental setup
an be found in 
hapter 2.7.2.2 Flame transfer fun
tionThe �ame transfer fun
tion de�ned as the ratio of relative heat release rate tovelo
ity �u
tuation is here used to 
hara
terize the response of the �ame toin
ident velo
ity disturban
es : Q̇′/Q̇ = G exp(iϕ)u′/Ub, where u′ is measured atthe burner outlet and Ub 
orrespond the bulk velo
ity in the inje
tor. This leadsto a gain G and a phase ϕ as a fun
tion of the frequen
y. This response plottedin Fig. 7.2 for a relative velo
ity modulation equal to u′/Ub = 0.51 shows twodistin
t behaviors at f = 60 Hz and f = 90 Hz, whi
h respe
tively 
orrespondto low and high values of the gain. It is of interest to understand the underlyingdynami
s de�ning these very di�erent �ame responses.
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Figure 7.2: Flame transfer fun
tion determined experimentally for a frequen
y range of
0 to 400 Hz at a relative velo
ity modulation u′/Ub = 0.51 where Ub is the bulk velo
ityin the inje
tor du
t and u′ the rms velo
ity �u
tuation level. The gain is plotted in thetop �gure while the phase between the velo
ity signal and the heat release rate signal isplotted in the bottom �gure.It is �rst worth examining time tra
es of relative heat release rate signals de-termined experimentally to reveal the di�eren
es between the �ame response atthe two 
hara
teristi
 frequen
ies and get some insight on the nonlinearity ofthis response. The signals plotted in Fig. 7.9 indi
ate that with a modulationfrequen
y f = 90 Hz, the amplitude of the relative heat release rate signal Q̇′/Q̇is mu
h higher than that observed at f = 60 Hz. The amplitude of the velo
itymodulation was kept 
onstant at the two for
ing frequen
ies and it is essentiallysinusoidal with a very little harmoni
 
ontent, but the two heat release rate ratesignals are nonlinear. The waveform determined at 60 Hz is markedly di�erentfrom a sinusoid.7.3 Numeri
al simulations7.3.1 Large Eddy Simulation 
odeSimulations are 
arried out with AVBP, a 
ode developed at Cerfa
s (see S
hönfeldand Rudgyard (1999); Sta�elba
h et al. (2009)) to solve the laminar or turbulent
ompressible Navier-Stokes equations in three spa
e dimensions. In the turbulent
ase, the LES balan
e equations for mass, momentum and energy are solved by
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Chapter 7. Large Eddy Simulations of perturbed swirling flames163the 
ode. The �ltered quantity f is determined while the subgrid s
ale �u
tuation
f ′ = f −f is modeled. As the density is variable, a mass-weighted Favre �lteringis adopted so that ρf̃ = ρf . One important di�
ulty in rea
tive �ows lies in therepresentation of the �ltered rea
tion rates. It is shown in many previous studiesthat a suitable model for fully premixed laminar �ames is obtained by arti�
iallythi
kening the rea
tion layers, see Colin et al. (2000). In pra
ti
e and in orderto resolve the �ame on the relatively 
oarse mesh as used in LES, the �ame frontis thi
kened by modifying the preexponential fa
tor and 
hanging the transport
oe�
ients but the lo
al burning velo
ity is 
onserved. In the 
ase of turbulentrea
ting LES, the Thi
kened Flame Model (TFM) introdu
es modi�
ations inthe intera
tion of turbulen
e with the �ame front. It is thus ne
essary to 
om-pensate this missing distorsion by introdu
ing a sub-grid s
ale wrinkling model.This is done with an e�
ien
y fun
tion determined from dire
t numeri
al simu-lations. This e�
ien
y fun
tion des
ribes e�e
ts of the sub-grid s
ale wrinklingas a fun
tion of the lo
al sub-grid turbulen
e velo
ity u′ and spatial �lter size ∆.After 
losure, one obtains the following set of �ltered modeled equations:

• Momentum
∂ρũi

∂t
+

∂

∂xj
(ρũiũj) = −

∂

∂xj

[
pδij − 2(µ+ µt)(S̃ij −

1

3
S̃llδij)

]
, (7.1)where ρ refers to the density, u to the velo
ity, p to the pressure, µ to thedynami
 vis
osity of the gas and Sij is the strain rate tensor. Subs
ripts

i, j and l refer to the three spatial dimensions while t denotes turbulen
e.The sub-grid s
ale turbulent vis
osity µt is modeled through the WALEmodel (see Du
ros et al. (1998)) whi
h provides a suitable des
ription ofthe sub-grid s
ale dynami
s in free shear �ows and also re
overs the s
alinglaws in wall regions.
• Energy
∂ρẼ

∂t
+

∂

∂xj
(ρẼũj) = −

∂

∂xj

[
ũipδij − 2µũi(S̃ij −

1

3
S̃llδij)

]

+
∂

∂xj

[
cpEF

µ

Pr

∂T̃

∂xj

]

+
∂

∂xj

[ N∑

k=1

(
EF

µ

Sc,k

Wk

W

∂X̃k

∂xj
− ρỸk(Ṽ

c
j + Ṽ c,t

j )

)
h̃s,k

]

+
Eω̇T

F
. (7.2)
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164 Part II. Flow and 
ombustion dynami
sIn this equation, E denotes the total energy per unit mass, E is the e�
ien
yfun
tion, F is a �ame thi
kening fa
tor (F = 3.3 in the present simulations),
T is the temperature and cp the spe
i�
 heat of the working �uid. Thequantity W indi
ates the mean mole
ular weight of the mixture, X and Yare the spe
ies molar and mass fra
tions respe
tively. The ve
tors Ṽ c

j +
Ṽ c,t

j are the di�usion velo
ities, the s
alars hs,k 
orrespond to the sensibleenthalpies per unit mass and ω̇T refers to the rea
tion rate de�ned by anArrhenius expression.
• Spe
ies
∂ρỸk

∂t
+

∂

∂xj
(ρỸkũj) =

∂

∂xj

[
EF

µ

Sc,k

Wk

W

∂X̃k

∂xj
− ρỸk(Ṽ

c
j + Ṽ c,t

j )

]

+
Eω̇k

F
. (7.3)where ω̇k refers to the rea
tion rate of ea
h spe
ies 
omputed with the Ar-rhenius law.The �nite rate 
hemistry is modeled by a single step global rea
tion involvingfour spe
ies and a diluent CH4, O2, CO2, H2O and N2 :

CH4 + 2O2 → CO2 + 2H2O (7.4)The volumetri
 rea
tion rate of this single step rea
tion ω̇0 given in mol m−3 s−1is de�ned by an Arrhenius law :
ω̇0 = A

[
ρYCH4

WCH4

]nCH4

[
ρYO2

WO2

]nO2

exp(−Ea/RT ) (7.5)where the pre-exponential fa
tor A is equal to 6.98×109 S.I. units, the a
tivationenergy Ea is 20 000 kJ mol−1, nCH4
is 1.0 and nO2

is 0.5. These values wereadjusted to yield a laminar burning velo
ity whi
h 
oin
ides with that determinedexperimentally, see Martin et al. (2006).7.3.2 Mesh and boundary 
onditionsA fully unstru
tured mesh is used in the present 
al
ulations be
ause it is welladapted to the 
omplex experimental geometry. A part of this mesh is repre-sented in Fig. 7.3. The 
hoi
e was made to dis
retize the 
omplete burner fromthe upstream manifold to the end of the �ame tube. The mesh is made of 6 mil-lions tetrahedral 
ells and the minimum 
ell volume is 3.73 × 10−12 m3. Timeintegration is third order in time, see Coli and Rudgyard (2000), expli
it and with
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Chapter 7. Large Eddy Simulations of perturbed swirling flames165

(a) (b)
(
)Figure 7.3: (a): View of a longitudinal 
ut in the mesh used to represent the burner,inje
tion du
t and �ame tube. (b): Close-up view of the mesh with the 
utting linein bla
k where (
) is obtained. Note that a very large volume is used to simulate theambient atmosphere and 
onne
ts to the �ame tube (not shown in this �gure). (
) :transversal 
ut of the mesh at the 
enter of the swirler indi
ating 
ells around the eightvanes.a �xed time step equal to 1.25 10−7 s. All walls are treated as no-slip boundary
onditions. A very large volume is used to simulate the ambient atmosphere sothat the �ow and waves are suitably exhausted from the �ame tube. On thelarge volume downstream side, the boundary 
ondition is non-re�e
ting. Thisis also the 
ase for the system inlet allowing an easy modulation using an in-
oming 
hara
teristi
 wave 
ondition, see Poinsot and Lele (1992); Kau�mannet al. (2002). The �ame tube walls are adiabati
 while the ba
kplane and the
entral rod are isothermal with temperatures respe
tively �xed at 600 and 650 K.
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Figure 7.4: Time and azimuthal averages of the axial velo
ity �eld plotted on a 
olors
ale. The superimposed average velo
ity ve
tors 
orrespond to an axial sli
e throughthe system.

Figure 7.5: Top view of the time average axial velo
ity �eld. Instantaneous velo
ityve
tors are superimposed.7.3.3 Modulation free �ameIt is natural to �rst 
onsider the modulation free �ame. A general view of themean �ow in the system determined from the simualtion is given in Figs. 7.4and 7.5. The annular jet �ow is diverging at the burner outlet separating anouter re
ir
ulation zone from a 
entral inner re
ir
ulation zone. The highestshear stresses are found on the external jet bran
hes as indi
ated by the velo
itypro�les in right part of Fig. 7.4. The top view in Fig. 7.5 indi
ates that thegeometri
al axis of the �ame tube and the 
enter of the vortex breakdown regionare identi
al whi
h 
on�rms that no pre
essing vortex 
ore is at work in thepresent experiment.One may now 
ompare results of simulation and measurements by examining
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Figure 7.6: Radial pro�les of time average and rms axial velo
ity 
omponent u in ase
tion lo
ated at 4 mm downstream of the inje
tor outlet.
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ombustion dynami
sthe mean and rms pro�les of axial and azimuthal velo
ities plotted in Fig. 7.6and Fig. 7.7 respe
tively. One �nds that the simulation provides fairly a

uratemean velo
ity pro�les but that the rms distributions are slightly underestimatedwith LES. One explanation is that the 
al
ulated rms pro�les do not a

ount forthe subgrid s
ale �u
tuations. In addition, in the experimental setup, the �ow isintrodu
ed through ori�
es and the 
orresponding �u
tuations are not 
ompletelyeliminated by the honey
omb grid. This geometri
 spe
i�
ity of the apparatus isnot modeled in the 
al
ulation. As a 
onsequen
e the �ow in the inje
tor featuresa higher level of �u
tuations than in the simulation. The grid size used in thesimulation is also perhaps too 
oarse to fully a

ount for the wakes formed by thetrailing edges of the swirler blades. It is also useful to examine the experimentaland numeri
al rates of swirl. This may be quanti�ed in terms of a swirl number
S =

∫ r2

r1
ρ u vθ 2π r2 dr

r2
∫ r2

r1
ρ u2 2π r dr

(7.6)
The swirl number measured in the experiment is 0.55 and the simulation yieldsa value of 0.58 whi
h is quite 
lose. Another important variable in rea
ting�ows is the distribution of volumetri
 heat release rate. Experimental values ofthis quantity are dedu
ed from images of light emission from free radi
als likeOH* and CH*. Average emission images are Abel transformed to obtain a sli
ethrough the �ame and a spe
ial pro
edure (see 
hapter 2) is used to s
ale theresult in W m−3. Experimental data plotted in Fig. 7.8 features a 
ertain amountof noise asso
iated with the Abel transform. If 
ompared to LES, one �nds thatthe distributions of volumetri
 heat release rate are similar. The �ame brushis slightly thi
ker in the experiment and the maximum rates are in agreementrea
hing in both 
ases a value 
lose to 180 MW m−3 whi
h is quite typi
al ofatmospheri
 premixed hydro
arbon �ames at a moderate Reynolds number andan equivalen
e ratio of 0.7. One also remarks that the left part of the �ame is moreintense both in the experiments and in the simulations. Flame angle and �amebrush thi
kness are also in good general agreement. The main di�eren
e is foundat the extremity of the �ame where the simulated �ame shape is between a �V"and an �M" �ame and 
orresponds not stri
tly to a �V" �ame as in the experiment.These di�eren
es may be explained in various ways. It is also possible that theboundary 
onditions used in the simulation do not quite mat
h the experimentalvalues. The �ame tube is treated as an adiabati
 wall in the 
al
ulation whi
h itis not the 
ase in the experiment. The di�eren
e is however minor and one may
on
lude that the natural �ame is well represented in the simulation.
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Chapter 7. Large Eddy Simulations of perturbed swirling flames169(a) (b)
Figure 7.8: Volumetri
 heat release rate distribution in W m−3. Experimental data onthe left are obtained by averaging 
hemilumines
en
e emission images, taking an Abeltransform and s
aling the result in terms of volumetri
 heat release rate. Numeri
al sim-ulations on the right are obtained by taking axial 
uts through the �ame and 
al
ulatingtime average distributions of volumetri
 heat release rate.7.4 Perturbed �ame dynami
s7.4.1 Retrieving experimental signalsThe �ow is now modulated by a sinusoidal axial velo
ity perturbation introdu
edat the bottom of the burner. This produ
es �u
tuations in heat release rate whi
hare plotted in Fig. 7.9. Results of simulations are obtained by phase averaging the
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PM experiment(a) (b)Figure 7.9: Heat release rate signals Q̇′/Q̇. Solid lines 
orrespond to simulation resultsand are obtained by phase averaging over nine periods of modulation. Bla
k square 
urveis obtained by integrating the heat release rate in a window whi
h 
aptures the signal thatwould be re
orded by a photomultiplier like in the experiment. This window ex
ludespoints lo
ated inside the inje
tor and does not a

ount for heat release asso
iated withthe part of the �ame whi
h �ashes ba
k. Open square 
urve is obtained experimentallywith a photomultiplier 
apturing the light radiated by the �ame but not that originatingfrom the �ame inside the inje
tor. (a) f = 60 Hz. (b) f = 90 Hz.
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170 Part II. Flow and 
ombustion dynami
sTable 7.2: Flame transfer fun
tion
f = 60 Hz f = 90 HzExperimental Gain 0.29 1.22Experimental Phase [rad℄ 1.98 2.66Numeri
al Gain 0.30 1.05Numeri
al Phase [rad℄ � 2.05instantaneous signal over nine periods. The relative �u
tuation Q̇′/Q̇ is shownas a fun
tion of phase angle during two periods for the 
hara
teristi
 frequen
ies

f = 60 Hz and f = 90 Hz. Before 
omparing these results with experimentaldata, it is important to note that the photomultiplier measuring heat release ratesignals in the experiment does not 
apture the whole light radiated by the �ameif the �ame travels into the inje
tor. This a
tually takes pla
e at f = 60 Hz. Itis then ne
essary to extra
t the signal whi
h would be re
orded by a photomulti-plier. This 
onsists in limiting the integration of heat release to a window similarto the experimental observation window (i.e. ex
luding the inje
tion du
t). Re-sults are plotted as bla
k square symbols. These data 
an then be 
ompared withthe experimentally determined heat release rate signals also plotted in Fig. 7.9 (a)and (b). At f = 60 Hz, both experimental and numeri
al results agree in termsof signal amplitudes. The maximum and minimum responses are also found atthe same phase in the 
y
le. The shape of the signal is however not perfe
tlyreprodu
ed by the numeri
al simulation. One 
an also 
on
lude that �ashba
khas no e�e
t on the amplitude of the heat release rate by 
omparing both signalsat f = 60 Hz but a strong e�e
t on the phase of these signals. At f = 90 Hz,the amplitude of experimental and numeri
al signals agree well with only a slightshift in phase. The shape of the signal is a

urately reprodu
ed by the numeri
alsimulation.From both numeri
al simulations performed in this 
hapter at respe
tively f = 60Hz and f = 90 Hz, it is possible to retrieve signals determined experimentally.This 
an be used to obtain estimates of the �ame transfer fun
tion and 
omparethe values obtained with those given in Fig. 7.2. The velo
ity signals are deter-mined at the lo
ation used in the experimental setup and are used as inputs ofthe �ame transfer fun
tion while the global heat release rate signals are used asoutputs of the �ame transfer fun
tion to determine the numeri
al �ame response.Results are gathered in Table 7.2 whi
h 
ompares data for the gain and the phaseof the �ame transfer fun
tion determined experimentally and numeri
ally. At themodulation frequen
y of 60 Hz the global heat release rate signal is 
al
ulated inthe region whi
h 
an be observed experimentally with the photomultiplier. Thisex
ludes lo
ations inside the du
t whi
h are swept by the �ame during a smallpart of the 
y
le. A reasonable agreement is obtained but the phases are less wellpredi
ted than the gains.
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Chapter 7. Large Eddy Simulations of perturbed swirling flames1717.4.2 Combustion dynami
sThe dynami
s is now examined by 
onsidering the evolution of the volumetri
heat release rate distribution during a modulation 
y
le. Experiments were previ-ously 
arried out by generating a plane a
ousti
 wave with a loudspeaker lo
atedat the base of the burner. Light emission by the �ame was re
orded with anICCD 
amera. Six phase-lo
ked images were re
orded during an os
illation 
y-
le to de�ne the motion of the �ame at the modulation frequen
y. Ea
h image,separated by a phase angle of 60◦, was formed by a

umulating one hundredinstantaneous images. An Abel transform was then applied to ea
h image to getthe two-dimensional �ame sli
e. The �nal images are s
aled in terms of volumet-ri
 heat release rate and the levels are given in W m−3. Results are plotted inFig. 7.10.Numeri
al simulations are also phase averaged by 
al
ulating the dynami
s overnine periods and by spatially averaging the results over thirty two axial sli
esaround the axis. Results are plotted in Fig. 7.11 for the two modulation fre-quen
ies. Comparison between experiments and numeri
al results indi
ate thatthe dynami
s is well retrieved by LES and for both frequen
ies. Spe
i�
ally, the�ame motion 
ombining large �ame angle �u
tuation at the �ame root and vor-tex rollup is a

urately 
aptured at f = 60 Hz. At f = 90 Hz, the numeri
alsimulation retrieves previous experimental results where os
illations in the �ameangle are redu
ed during the modulation 
y
le and the larger roll-up observedexperimentally is also well 
aptured.These results 
hara
terize the �ame dynami
s and 
an be used to interpret theheat release rate signals plotted in Fig. 7.9. The 
ase modulated at f = 60 Hz is�rst 
onsidered (Fig. HR3). From about 240◦ to 300◦ the �ame angle α, de�nedbetween the �ame sheet and the verti
al axis, in
reases suddenly while its rootpenetrates within the burner. This 
orresponds to a sudden drop in heat releaserate indi
ated by the 
ontinuous de
rease of the ratio Q̇′/Q̇ in Fig. 7.9(a) (squaresymbols, PM experiment). The �ame root is then pushed outside the inje
tiontube and reatta
hes to the an
horing 
entral rod for a phase 
orresponding tonearly 0◦. This instant also 
orresponds to the maximum �ame angle αm andone 
an identify the beginning of a roll-up pro
ess at the �ame tip. This roll-uppro
ess lasts from about 0◦ to a phase 
omprised between 180◦ and 240◦ and
orresponds to an in
rease of the �ame surfa
e area as indi
ated by Fig. 7.9with the regular augmentation of Q̇′/Q̇. When this me
hanism ends the �ameretra
ts rapidly and begins to travel ba
k into the burner. This is a

ompaniedby a sudden drop of the heat release rate whi
h rea
hes its minimum value at
300◦. The net output of these 
ombined me
hanisms examined over one 
y
le ofos
illation is that the �ame front exhibits a 
omplex motion with some �ashba
k,
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f = 60 Hz Phase f = 90 Hz

0◦

60◦

120◦

180◦

240◦

300◦Figure 7.10: Phase 
onditioned average heat release rate distribution in W m−3 ob-tained experimentally. Left : f = 60 Hz. Right : f = 90 Hz. The 
olorbar is the sameas in Fig. 7.8(a)
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f = 60 Hz Phase f = 90 Hz

0◦

60◦

120◦

180◦

240◦

300◦Figure 7.11: Phase 
onditioned average heat release rate distribution in W m−3 ob-tained with LES. Left : f = 60 Hz. Right : f = 90 Hz. The 
olorbar is the same as inFig. 7.8(b)a strong �ame angle 
hange and roll-up of the �ame tips whi
h interfere destru
-
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ombustion dynami
stively to hinder heat release �u
tuations. For a modulation at f = 90 Hz thesituation is di�erent. From 90◦ to 270◦, the ratio Q̇′/Q̇ in
reases 
ontinuously inFig. 7.9(b) (square symbols, PM experiment). During this period the �ame tipis progressively roll-up at the extremity while the angle at the �ame root redu
esregularly but with a limited variation 
ompared to its maximal value αm rea
hedfor a phase 
omprised between 60◦ and 120◦ (Fig. 7.10). The remaining part ofthe 
y
le, the �ame surfa
e area redu
es regularly while the distribution of heatrelease rate takes a 
ompa
t shape. No �ashba
k o

urs during the 
y
le andthe �ame remains atta
hed to the an
horing devi
e. In this 
ase, the �ame anglefeatures a redu
ed os
illation over a modulation 
y
le and the �ame dynami
s isessentially 
ontrolled by the roll-up me
hanism at the �ame tip with large heatrelease �u
tuations.One 
an 
on
lude this se
tion by underlining two points 
on
erning the swirling�ame dynami
s. At f = 60 Hz, the �ame features strong �u
tuations in the �ameangle and roll-up at the �ame tip while at f = 90 Hz, variations of the �ameangle remain limited and the tip roll-up determines the dynami
s of the �amefront indu
ing large variations in the heat release rate. The distin
t responsesobserved at these two frequen
ies 
an be attributed to the interferen
e betweentwo pro
esses. The �rst, responsible for the �ame angle variations, may be 
ausedby �u
tuations in swirl number. The se
ond 
orresponds to �ame tip roll-up andsubsequent a

eleration of burning of rea
tants.7.5 Mode 
onversion at the swirler7.5.1 Theoreti
al modelingBefore examining two key pro
esses in�uen
ing the �ame dynami
s, it is worthre
alling theoreti
al results obtained previously in 
hapter 4 in an analysis ofmode 
onversion taking pla
e when an a
ousti
 wave impinges on a swirler. Theanalysis relies on a
tuator disk theory and on jump 
onditions derived by Cump-sty and Marble (1977b) whi
h link �ow variables upstream and downstream of ablade row 
as
ade. One 
onsiders that on the upstream side of the 
as
ade theaxial velo
ity is determined by an a
ousti
 wave at an angular frequen
y ω.
u(x, t) = u+ u′ exp(ikx− iωt) (7.7)When the jump 
onditions at the a
tuator disk are spe
i�ed for a low Ma
h �owone �nds that on the downstream side of the 
as
ade, the velo
ity �eld has two
omponents, an axial a
ousti
 velo
ity perturbation propagating at the speed of
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Figure 7.12: Velo
ity �u
tuation signals re
orded at 28 mm downstream of the swirlerand at a radial distan
e of 5.7 mm from the axis. Modulation at f = 60 Hz.sound with the same amplitude as in the upstream �ow and a transverse velo
ity
omponent 
onve
ted by the �ow.
u(x, t) = u+ u′ exp(ikx− iωt) (7.8)
v(x, t) = vθ + v′θ exp(i

ωx

u
− iωt) (7.9)The amplitude of the transverse velo
ity perturbation is dire
tly related to thatof the axial wave:

v′θ = u′ tan θ2 (7.10)where θ2 is the blade trailing edge angle with respe
t to the axial dire
tion.Noting that vθ = tan θ2u this 
ondition may also be 
ast in the form:
v′θ/vθ = u′/u (7.11)The axial velo
ity disturban
e 
orresponds to the transmitted a
ousti
 wave andits amplitude remains un
hanged. The transverse velo
ity perturbation travelsat the �ow velo
ity u. This perturbation is asso
iated with a vorti
ity wave
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sgenerated at the blade row trailing edges when the 
as
ade is submitted to ax-ial perturbations. Velo
ity disturban
es on the downstream side of the swirlerpropagate at di�erent velo
ities be
ause a vorti
al mode with an azimuthal 
om-ponent and a transmitted axial a
ousti
 wave are generated when the swirler isimpinged by an axial a
ousti
 wave. This mode 
onversion me
hanism takingpla
e at the swirler outlet generates swirl number �u
tuations that should betaken into a

ount in the analysis of the response of the �ame. In a non-swirlingjet a �V" �ame would be rolled up by the vortex generated by the a
ousti
-vorti
al
onversion at the outlet of the inje
tor. In the present study, the swirling jet willbe submitted to two key pro
esses: the 
lassi
al vortex roll-up and e�e
t of theswirl number �u
tuation.7.5.2 Signal analysisFrom analyti
al modeling derived previously in 
hapter 4, it is possible to 
om-pare the amplitude of velo
ity signals in the downstream �ow with predi
tions.Figure 7.12 and Fig. 7.13 display velo
ity �u
tuation signals obtained for thetwo modulation frequen
ies f = 60 Hz and f = 90 Hz. The perturbed axial u′,azimuthal v′θ and radial v′r velo
ity �elds are re
orded at a probing point lo
ated
28 mm from the swirler and at a radial distan
e of 5.7 mm from the axis. Itis �rst interesting to note that the radial velo
ity �u
tuation is relatively small
ompared to axial and azimuthal 
omponents. One �nds that the amplitude pre-di
ted theoreti
ally Eq. (7.10) is in agreement with numeri
al results if one takes
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Figure 7.13: Velo
ity �u
tuation signals re
orded at 28 mm downstream of the swirlerand at a radial distan
e of 5.7 mm from the axis. Modulation at f = 90 Hz.
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Figure 7.14: Axial evolution of phase shift between relative velo
ity �u
tuations u′/uand v′θ/vθ with respe
t to the axial velo
ity �u
tuation at the swirler outlet at x = 0.Modulation at f = 60 Hz.
θ2 equal to 30◦.Figure 7.14 and Fig. 7.15, 
orresponding to f = 60 Hz and f = 90 Hz respe
-
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Figure 7.15: Axial evolution of phase shift between relative velo
ity �u
tuations u′/uand v′θ/vθ with respe
t to the axial velo
ity �u
tuation at the swirler outlet at x = 0.Modulation at f = 90 Hz.
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(a) (b)Figure 7.16: Spa
e-time diagrams of velo
ity signals re
orded on the downstream sideof the swirler. These diagrams are obtained by low pass �ltering signals on a sidelineparallel to the burner axis at points separated by 5 mm. Modulation at f = 60 Hz. (a): u′. (b) : v′θ.tively, show the evolution of the phase shift between axial u′ and azimuthal v′θvelo
ity �u
tuations. These 
urves are obtained by low pass �ltering the velo
itydata obtained from the simulation. The pro
edure 
onsists in applying a FFT al-gorithm to the velo
ity �elds u′ and v′θ. This is used to �lter out higher frequen
y
omponents 
orresponding to vortex shedding in the swirler wakes. An inverseFFT is then applied to the result. This pro
ess provides the �ltered �u
tuatingvelo
ities. One 
an then investigate the evolution of the phase shift between theperturbed velo
ity signals u′ and v′θ with respe
t to the axial velo
ity signal u′measured at the swirler trailing edge x = 0 mm. The phase shift is obtainedby 
al
ulating 
ross power spe
tral densities of the �ltered velo
ity signals atdis
rete points separated by a distan
e of 5 mm and lo
ated on a sideline in thedownstream �ow. The phase shift between �ltered velo
ity perturbation signals isdedu
ed from the 
omplex value of the 
ross power spe
tral density at the drivingfrequen
y. For both modulation frequen
ies f = 60 and 90 Hz shown in Fig. 7.14and Fig. 7.15, one �nds that the phase shift of u′ is nearly 
onstant indi
atingthat this 
omponent propagates at a high velo
ity whi
h is that of an a
ousti
wave. Results di�er for the transverse velo
ity 
omponent v′θ. In Fig. 7.14, thephase shift in
reases roughly linearly with the distan
e to the swirler and rea
hesa value a bit lower than 2π at x = 35 mm for a modulation frequen
y f = 60Hz. The value π taken at the swirler trailing edge x = 0 simply indi
ates thatthe the blade is in
lined with a negative angle with respe
t to the axial dire
tion(θ2 = −30o). For a higher modulation frequen
y f = 90 Hz, the phase shift alsoin
reases linearly with the distan
e from the swirler but rea
hes a larger valuethan 2π at x = 35 mm (Fig. 7.15). The slope is proportional to the frequen
yand the transverse velo
ity 
omponent v′θ travels at the �ow velo
ity u.
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(a) (b)Figure 7.17: Spa
e-time diagrams of velo
ity signals re
orded on the downstream sideof the swirler. These diagrams are obtained by low pass �ltering signals on a sidelineparallel to the burner axis at points separated by 5 mm. Modulation at f = 90 Hz. (a): u′. (b) : v′θ.
It is now interesting to use spa
e-time diagrams to investigate the mode 
on-version taking pla
e at the swirler. Su
h diagrams are plotted in Fig. 7.16 andFig. 7.17 for the two 
hara
teristi
 frequen
ies f = 60 and 90 Hz. The spa
e-timediagrams des
ribe the temporal evolution of axial and azimuthal velo
ity �u
tu-ations u′ and v′θ on a straight line parallel to the swirler axis at a radial distan
eof 5.7 mm. Data are re
orded at points separated by ∆x = 5 mm over a distan
e
x = 30 mm and for a time period of 40 ms. Figures 7.16 and 7.17 (a) show theaxial velo
ity 
omponent u′. One observes a periodi
 pattern of alternating highand low velo
ity stripes whi
h are near to perpendi
ular to the time axis andre�e
t the a
ousti
 nature of this perturbation. Figures 7.16 and 7.17 (b) displaythe azimuthal �u
tuating 
omponent. One �nds that the spa
e-time diagram iswell de�ned and the pattern is in
lined forming oblique stripes. The slope 
anbe used to estimate the 
onve
tion velo
ity of ucv = 3.3 m s−1 of the transverse
omponent v′θ.
These diagrams 
learly demonstrate that the velo
ity �u
tuations travelling inthe inje
tion du
t behind the swirler di�er in nature. The axial perturbation isa
ousti
 while the transverse 
omponent is 
onve
ted by the mean �ow with avelo
ity ucv ≃ 3.3 m s−1.
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Figure 7.18: Experimental velo
ity signals and linearized swirl number �u
tuation
S′/S at the base of the �ame. f = 60 Hz.7.6 Contributing me
hanisms7.6.1 Swirl number �u
tuationsThe velo
ity �eld 
hara
terized in the previous se
tions indu
es swirl number�u
tuations. These variations may be determined dire
tly by 
al
ulating instan-taneous values of the swirl number S using expression Eq. 7.6 or a linearizedversion of this expression :
S′

S
=
v′θ
vθ

−
u′

u
(7.12)This form is approximate but easy to use and more physi
al. It was already

Figure 7.19: Experimental velo
ity signals and linearized swirl number �u
tuation
S′/S at the base of the �ame. f = 90 Hz.
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Figure 7.20: Numeri
al velo
ity signals and linearized swirl number �u
tuation S′/Sat the base of the �ame. f = 60 Hz.employed in the experimental analysis in 
hapter 5. The axial and azimuthalvelo
ity signals at the base of the �ame are now used to determine the levelof swirl. The point where the velo
ity signals are determined is lo
ated at 4.3mm from the 
ombustor ba
kplane and at one half of the inje
tor diameter (r =
8 mm). Experimental swirl number �u
tuations are plotted in Fig. 7.18 for
f = 60 Hz and in Fig. 7.19 for f = 90 Hz. Results dedu
ed from numeri
alsimulations are displayed in Fig. 7.20 for f = 60 Hz and in Fig. 7.21 for f = 90Hz. These diagrams indi
ate that the numeri
al simulation suitably 
aptures theswirl number �u
tuations observed experimentally. The mat
h is not perfe
t butthe velo
ity signals and resulting swirl number os
illations are reasonably wellretrieved. The previous data 
on�rms that the pulsating velo
ity �eld indu
esswirl number �u
tuations. These variations are found in the experiments andthe simulations larger for a modulation at 60 Hz than at 90 Hz. This in turnprodu
es larger �ame angle �u
tuations at 60 Hz than at 90 Hz as it was observed

Figure 7.21: Numeri
al velo
ity signals and linearized swirl number �u
tuation S′/Sat the base of the �ame. f = 90 Hz.
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f = 60 Hz Phase f = 90 Hz

0◦

60◦

120◦

180◦

240◦

300◦Figure 7.22: Axial velo
ity and velo
ity ve
tors: on the left, f = 60 Hz; on the right,
f = 90 Hz. The maximum velo
ity is 4 m s−1 and 
olored in red while the minimumvelo
ity is −2 m s−1 and 
olored in blue.
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Figure 7.23: Axial velo
ity �u
tuation u′/u extra
ted from LES on the burner sym-metry axis and 4.3 mm downstream the ba
kplane of the 
ombustor.It is next interesting to examine the pro
esses whi
h determine the �ame response.The �rst identi�ed me
hanism is linked to the motion and strength of the InnerRe
ir
ulation Zone (IRZ) whi
h is 
ontrolled by the swirl number and de�nes inturn the �ame angle with respe
t to the axial dire
tion. The se
ond pro
ess isrelated to vortex shedding from the inje
tor outer lip. To examine the dynami
sof the IRZ and the in�uen
e of the �u
tuating swirling �ow, one may rely onLES and plot the axial velo
ity �elds and velo
ity pro�les during one 
y
le ofmodulation. Figure 7.22 shows the �ow 
on�guration at six phases during a 
y
lefor the two modulation frequen
ies f = 60 and 90 Hz. For both frequen
ies, oneobserves a well de�ned 
entral inner re
ir
ulation zone where velo
ity ve
torsindi
ate a reverse �ow. The strength of this IRZ 
hanges during the 
y
le. Whenthe rotation rate is low, the IRZ is essentially formed by the blu� body and thenegative axial �ow velo
ities are low. When the rotation level is high the IRZ isstrong and the reverse �ow is more intense. This is in agreement with previousexperimental studies from Vaniers
hot and Van den Bul
k (2008) in whi
h theswirl number is varied 
ontinuously.At f = 60 Hz, the maximum ba
kward velo
ity is rea
hed for a phase 
omprisedbetween 240◦ and 300◦ while at f = 90 Hz, this maximum is rea
hed between
300◦ and 0◦. These phases nearly mat
h with maximum of the swirl number asindi
ated in Fig. 7.20 and Fig. 7.21. The velo
ity ve
tors plotted in Fig. 7.22indi
ate that similar levels of �u
tuation of reverse �ow o

ur during a 
y
le ofmodulation near the an
horing rod. This is better shown in Fig. 7.23 where therelative axial velo
ity �u
tuation ratio u′/u takes about the same level for bothmodulation frequen
ies in the vi
inity of the 
entral blu� body. It 
an howeverbe noted that the motion of the IRZ takes pla
e at a di�erent phase with respe
tto the in
ident axial velo
ity �u
tuations. The unsteady �ow around the rod also
hanges signi�
antly for the two modulation frequen
ies. A large reversal �ow
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stakes pla
e along the 
entral rod for phases 
omprised between 180◦ and 300◦ at
f = 60 Hz while this phenomenon remains very limited between 240◦ and 0◦ at
f = 90 Hz. This may indi
ate that a 
ertain swirl number �u
tuation level mustbe rea
hed to indu
e �ashba
k along the 
entral blu� body.7.6.2 Interfering me
hanismsOne may now try to see how the two dynami
al pro
esses examined previously
ombine to de�ne the �ame response to in
ident velo
ity perturbations. It isfound from previous experimental work that the �ame motion is governed by ame
hanism where the swirl number is perturbed indu
ing variations in �ame an-gle and a me
hanism where vorti
es shed from the inje
tor lip intera
t with the�ame indu
ing 
hanges in the �ame surfa
e area. These me
hanisms were foundto a
t 
onstru
tively or destru
tively depending on the modulation frequen
y.To examine the vortex shedding pro
ess taking pla
e at the inje
tor lip and rollingup the �ame, one may �rst lo
ate the vortex stru
tures in the �ow at variousinstants during a modulation 
y
le. The identi�
ation of vortex stru
tures is
onveniently a
hieved by post-pro
essing the LES and 
al
ulating a phase averageQ-
riterion �elds. This quantity is de�ned by Hunt et al. (1988) as :
Q =

1

2

(
‖Ω‖2 − ‖S‖2

)
, (7.13)where S is the symmetri
 
omponent of the velo
ity gradient while Ω is the an-tisymmetri
 part. Q-
riterion �elds are plotted in Fig. 7.24 together with phaseaverage �ame 
ontours shown as bla
k solid lines at ea
h phase of the 
y
le sep-arated by 60◦. These results are obtained by taking an average over nine 
y
les.It is also possible to improve the result by taking azimuthal averages be
ause thephase average is rotationally symmetri
. The 
olorbar for the Q-
riterion is setfrom 2.106 s−2 in red to −2.106 s−2 in blue. The des
ription of the dynami
s 
anbe analyzed by examining vortex patterns in the �ow and their intera
tions withthe �ame front. Heat release rate 
ontours are also used to tra
k the �ame frontdynami
s during one modulation 
y
le. For the modulation frequen
y f = 60Hz, one �nds that a vortex is shed from the inje
tor external lip near 300◦. The
orresponding swirl number determined at the base of the �ame is also 
lose toits maximal value (Fig. 7.20) and this indu
es a �ashba
k along the an
horingrod due to the high value of the rotation rate. The �ame angle α is also largebe
ause of the high rotation rate (Fig. 7.11). In these 
onditions, the vortexgenerated at the inje
tor lip 
annot fully developed and rapidly intera
ts withthe �ame tip for a phase near 0◦. Its size and strength remain thus limited andthe resulting �ame roll-up is weak during the remaining part of the 
y
le. At
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f = 60 Hz Phase f = 90 Hz

0◦

60◦

120◦

180◦

240◦

300◦Figure 7.24: Q 
riterion 
ontour in 
olor: the 
olorbar is set from 2 106 s−2 in red to
−2 106 s−2 in blue. Heat release rate 
ontours in bla
k are used to tra
k the �ame frontduring one 
y
le of modulation. Left : f = 60 Hz. Right : f = 90 Hz.
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f = 90 Hz and for a phase 
orresponding to 60◦, an annular vortex is shed fromthe inje
tor external lip. The 
orresponding �ame angle α at that instant in themodulation 
y
le is signi�
antly smaller than at f = 60 Hz be
ause swirl number�u
tuations are substantially redu
ed in this 
ase (Fig. 7.21). This vortex is thus
onve
ted by the �ow and in
reases in size and strength before intera
ting withthe �ame for a phase of about 180◦. At this instant in the 
y
le, it is strongenough to roll-up the �ame tip from 180◦ to 300◦ thereby in
reasing the �amesurfa
e area. Finally, during the next part of the 
y
le, the vortex is dissipated,the �ame front extremities 
ollapse and the �ame spreads over a broad area andone observes the formation of a new vortex pattern in the du
t due to the mode
onversion pro
ess taking pla
e at the swirler.The previous results indi
ate that a strong vortex rolls up the �ame at f = 90Hz whi
h is 
on�rmed by the experiments (Fig. 7.10). It is also found that vor-tex shedding is signi�
antly less important at f = 60 Hz. The formation of thevortex is 
an
eled by the important swirl number at f = 60 Hz while at f = 90Hz, its formation takes pla
e in a quasi non-swirling jet. This 
learly shows thatthe rate of rotation of the �ow has an impa
t on the annular vortex shedding.The present 
al
ulations also indi
ate that the �ame motion is determined bythe relative phasing between the IRZ strength �u
tuations 
ontrolling the �ameangle and the in
ident axial velo
ity �u
tuations. At 60 Hz, the phasing is su
hthat the �ame angle 
hanges signi�
antly and the vortex 
reated by the axial ve-lo
ity �u
tuation rapidly intera
ts with the �ame without possibility to gain insize and strength. At 90 Hz, the IRZ dynami
s 
ombined with the axial velo
ity�u
tuations keep the �ame angle at an essentially 
onstant value and this let timefor the vortex generated by the axial velo
ity �u
tuation to fully developed andgain in strength before intera
ting with the �ame. These interfering me
hanisms
an only be explained by taking into a

ount the mode 
onversion me
hanismat the swirler outlet whi
h is at the origin of swirl number �u
tuations and thus�ame root angle �u
tuations.7.7 Con
lusionThe dynami
s of a swirling �ame submitted to in
ident a
ousti
 velo
ity per-turbations is investigated numeri
ally. The in
oming wave is initiated on theupstream side of a swirler unit. It is �rst 
on�rmed that mode 
onversion takespla
e at the swirler and that this gives rise to azimuthal velo
ity �u
tuationswhi
h are 
onve
ted by the �ow. The numeri
al results also agree with theo-reti
al results obtained previously by making use of an a
tuator disk theory toevaluate the levels of �u
tuation in the �ow on the downstream side of a bladerow 
as
ade. The 
ombination of axial and azimuthal velo
ity perturbations in-
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e variations in swirl number 
on�rming previous experimental observationsof this pro
ess. The 
al
ulations also indi
ate that vortex shedding taking pla
eat the inje
tor lips 
an indu
e �ame roll-up and subsequently large variations in�ame surfa
e area. The two me
hanisms of rotation rate �u
tuations and vortexroll-up 
ombine in one 
ase and lead to an intense �u
tuation in heat release. Ina se
ond 
ase, these me
hanisms interfere destru
tively indu
ing a low level ofheat release rate �u
tuations. The out
ome depends on the inlet a
ousti
 wavefrequen
y. Simulations indi
ate that vortex roll-up is strong when �u
tuations ofthe rotation rate are limited and the inner re
ir
ulation zone strength is weak. In
ontrast, the shedding and roll-up pro
ess is less intense when the IRZ strengthfeatures large �u
tuations and the rotation rate is high.



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 188 � #210
i

i

i

i

i

i



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 189 � #211
i

i

i

i

i

i

Chapter 8
Modeling of �ame transferfun
tions

Abstra
t : An analyti
al model is derived for the linear response ofswirling �ames submitted to velo
ity disturban
es. The �ame dynami
sis represented by a linearized version of the G-equation. Turbulent�u
tuations are �rst averaged in time to obtain a kinemati
 equation inwhi
h the �ame is represented by a wrinkled sheet. The variables are thenphase averaged to des
ribe a
ousti
 perturbations and obtain a perturbed
G-equation. It is �rst 
on
luded that the �ame motion results from the
ombined e�e
ts of axial and azimuthal velo
ity perturbations. The latterdisturban
es formed at the swirler when this element is submitted toaxial velo
ity �u
tuations are 
onve
ted by the �ow and impinge on the�ame. In this disturban
e �eld the swirl number is perturbed and thisis e�e
tively modeled by assuming that the turbulent burning velo
ityis modulated by the axial and azimuthal velo
ity perturbations. It isthen shown that the response of swirling �ames 
an be dedu
ed from thetransfer fun
tion of inverted 
oni
al �ames submitted to axial velo
ityperturbations. It is however important to a

ount for the phase shiftresulting from the propagation of axial and azimuthal disturban
es on thedownstream side of the swirler. This phase shift, due to the di�eren
ein propagation velo
ity of a
ousti
 and 
onve
tive perturbations, isdetermined experimentally. Theoreti
al transfer fun
tions are 
omparedwith measurements 
orresponding to two bulk velo
ities at a 
onstantswirl number S = 0.55. A good agreement is obtained. It is shown inparti
ular that minima and maxima of the �ame response are suitablyretrieved and the Strouhal number 
an be used to 
ollapse the data.
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190 Part II. Flow and 
ombustion dynami
sRésumé : Un modèle analytique est établi pour la réponse linéaire de�ammes swirlées soumises à des perturbations de vitesses. La dynamiquede la �amme est représentée par une version linéarisée de l'équationpour une variable de 
hamp G. Les �u
tuations turbulentes sont d'abordmoyennées pour obtenir une équation 
inématique pour le 
hamp moyen.Une moyenne de phase est ensuite appliquée aux perturbations a
ous-tiques pour obtenir une équation pour le 
hamp G perturbée. Il est d'abord
on
lu que le mouvement de �amme est dû aux e�ets 
ombinés des pertur-bations de vitesses axiales et azimutales. Les �u
tuations du nombre deswirl sont modélisées en supposant que la vitesse de 
ombustion turbulenteest modulée par 
es perturbations de vitesses. Il est ensuite montré que laréponse des �ammes swirlées peut être déduite de la fon
tion de transfertdes �ammes en �V� soumises à des perturbations de vitesses axiales. Ilest toutefois important de tenir 
ompte de la di�éren
e de phase résultantde la propagation des perturbations axiales et azimutales. Cette di�éren
ede phase, résultant de la di�éren
e des vitesses de propagation des per-turbations a
oustiques et 
onve
tives, est déterminée expérimentalement.Les fon
tions de transfert théoriques sont 
omparées aux mesures pourdeux vitesses débitantes di�érentes et pour un nombre de swirl �xé S =0.55. Un bon a

ord est obtenu. On montre en parti
ulier que le gainminimal obtenu pour un nombre de Strouhal de 0.5 est bien reproduit parle modèle théorique.8.1 Introdu
tionA suitable des
ription of �ame dynami
s and 
ombustion response to in
identperturbations is one important element for the predi
tion of 
ombustion insta-bilities. It is 
onvenient to use a des
ription based on the transfer fun
tion torepresent this response in a 
ompa
t form. Theory, experiments and simulationshave been widely used to deal with this problem in various geometries. Resultsare available for simple �ames but the 
ase of swirling �ames is less well do
u-mented. It is our goal to show that the dynami
s of premixed swirling �amessubmitted to in
oming velo
ity disturban
es results from a 
omplex intera
tioninvolving initial axial velo
ity perturbations in 
ombination with azimuthal dis-turban
es indu
ed by the swirler. By a

ounting for these two types of pertur-bations, it is shown that one 
an dedu
e a model for the swirling �ame responsewhi
h exhibits the main features of experimentally determined transfer fun
tions.Flame transfer fun
tions have been extensively studied in laminar 
on�gurationslike 
oni
al �ames by Baillot et al. (1992), inverted 
oni
al �ames by Durox et al.(2005) and multiple 
oni
al �ames by Kornilov et al. (2009). These data 
an be
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Chapter 8. Modeling of flame transfer fun
tions 191used to guide and validate the theoreti
al modeling but they also provide anunderstanding of the physi
al me
hanisms 
ontrolling the 
ombustion response.The �ame transfer fun
tion gain of 
oni
al �ames behaves like that of a low pass�lter. For �V� �ames, the gain 
an ex
eed unity for a range of frequen
ies indi
at-ing that this �ame geometry is more sensitive to in
ident perturbations. Vortexroll-up has been asso
iated to this overshoot in the gain and depends on fre-quen
y for swirling �ames Lohrmann et al. (2003). The phase evolves in a nearlylinear fashion with frequen
y indi
ating that velo
ity disturban
es are 
onve
tedfrom the outlet of the inje
tor to the �ame. Turbulent �V� �ame 
on�gurationsare also 
onsidered by Bala
handran et al. (2005); Armitage et al. (2006) andsome studies also fo
us on swirling �ames as Bellows et al. (2007); Thumuluruet al. (2007); Borghesi et al. (2009). Flame transfer fun
tions measured with aswirl-stabilized burner indi
ate that the Strouhal number is the relevant dimen-sionless group, see Kim et al. (2010).The transfer fun
tion may also be determined from simulations. In prin
iple,this requires an unsteady �ow solver and broadband modulations of the in
om-ing �ow. The transfer fun
tion is then derived by post-pro
essing results of thesetime dependent 
al
ulations. This is exempli�ed by Gentemann et al. (2004);Kopitz and Polifke (2008) with Unsteady Reynolds Average Navier-Stokes 
odes.It is probably more adequate to use LES methods as illustrated in a numberof re
ent investigations from Borghesi et al. (2009); Kaufmann et al. (2002);Chang et al. (2009). The numeri
al approa
h however does not yield analyti
alexpressions and tends to hide the underlying me
hanisms.The theoreti
al modeling of �ame transfer fun
tions (FTF) has also been pur-sued in laminar or turbulent 
on�gurations by Preetham et al. (2007). Mostderivations rely on the kinemati
 G-equation in whi
h the �ame front is repre-sented by a surfa
e G = G0 separating fresh gases G < G0 from burnt gases
G > G0. This is used for example by Flei�l et al. (1996); S
huller et al. (2003b);Lieuwen (2005). A uni�ed framework 
arried out by S
huller et al. (2003b) dealswith 
oni
al and �V� �ames submitted to uniform or 
onve
tive disturban
es.The motion of the �ame an
hor point is also 
onsidered for a du
ted �ame byDowling (1999). It is also shown in Preetham et al. (2008) that these transferfun
tions 
an be very sensitive to the vortex 
onve
tion velo
ity. In the 
ase of�V� �ames it is found that the transfer fun
tion gain is a strong fun
tion of theamplitude of the velo
ity perturbation. Modeling has been extended to turbulent
on�gurations to study the nonlinear response of premixed �ames, see Lieuwen(2005). Turbulent �ame speed e�e
ts on �ame transfer fun
tion for su
h �V��ames have also been investigated Lipatnikov and Sathiah (2005); Sathiah andLipatnikov (2007) but e�e
ts are signi�
ant only for long �ames. The FTF of
oni
al �ames is 
lose to that found in the linear regime but the response of �V�
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192 Part II. Flow and 
ombustion dynami
s�ames is in�uen
ed by the amplitude of os
illation, see S
huller et al. (2003b).Turbulent �ame speed e�e
ts on �ame transfer fun
tion for su
h �V� �ames havealso been investigated by Lipatnikov and Sathiah (2005). Theoreti
al transferfun
tions of swirling �ames are less 
ommon and do not fully reprodu
e 
har-a
teristi
 features of the �ame response, see You et al. (2005); Borghesi et al.(2009); Komarek and Polifke (2010) even if a �tting is suggested by Komarekand Polifke (2010). There are multiple sour
es of 
onve
ting vorti
es in the ar-rangement of our present study. The main 
ontributing me
hanisms are thosegenerating large vortex stru
tures. They 
an be produ
ed by the swirler, theba
kward fa
ing step and the 
enterbody and are all syn
hronized by the modu-lation frequen
y. Detailed 
hara
terizations of the �ow dynami
s however showthat in this setup the main 
ontributing me
hanism is that due to the swirler.Studies from You et al. (2005); Borghesi et al. (2009) do not a

ount for thepresen
e of an azimuthal velo
ity disturban
e 
onve
ted by the �ow in additionto the initial axial 
omponent propagating at the speed of sound a feature whi
his reported in some re
ent investigations by Wang and Yang (2005); Komarekand Polifke (2010); Huang and Yang (2009). The e�e
t of this 
onve
tive modeis however not in
luded in most of these studies with the ex
eption of Komarekand Polifke (2010) whi
h provides a phenomenologi
al representation of the FTF.The presen
e on the downstream side of the swirler of a perturbation featuringa
ousti
 and 
onve
tive 
omponents is do
umented in previous se
tions in whi
hthe azimuthal disturban
e velo
ity is fully 
hara
terized from experiments andalso by 
onsidering the theoreti
al response of a blade row submitted to in
identaxial perturbations. It is ne
essary to represent this 
omplex perturbed �ow �eldif one wishes to determine the FTF of swirling �ames.The present study attempts to improve the modeling of the swirling �ame trans-fer fun
tion by suitably a

ounting for the perturbed �ow �eld indu
ed by theswirler. It relies on a G-equation derived by �rst taking an ensemble averagewith respe
t to the turbulent �u
tuations. This equation is then separated intosteady and phase average 
omponents 
orresponding to imposed �ow modula-tions, a pro
ess leading to a perturbed G-equation. It is then shown that theresponse of swirling �ames results from the dire
t e�e
t of axial velo
ity perturba-tions and from the 
ombined e�e
ts of axial and azimuthal velo
ity 
omponents.The latter are taken into a

ount by 
onsidering that the turbulent �ame velo
-ity is perturbed by these disturban
es. It is shown that the transfer fun
tion ofswirling �ames 
an be dedu
ed from the transfer fun
tion of �V� �ames submit-ted to 
onve
tive �ow disturban
es. This is a

omplished by taking into a

ountthe relative level of axial and azimuthal disturban
es and the phase shift betweenthese two 
omponents. This last quantity 
an be estimated theoreti
ally or de-du
ed from measurements of the axial and azimuthal velo
ity signals.
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Chapter 8. Modeling of flame transfer fun
tions 193The geometry of the problem is des
ribed in se
tion 8.2. The perturbed G-equation is derived in se
tion 8.3. A theoreti
al expression is dedu
ed for thetransfer fun
tion in se
tion 8.4. The modeling of in
ident velo
ity 
omponents isenvisaged in se
tion 8.5 in
luding measurements of the phase di�eren
e betweenaxial and azimuthal velo
ity perturbations. Comparisons between predi
tionsand experimental data are also 
arried out in this se
tion.8.2 Experimental 
on�guration and problem geometry

Figure 8.1: Inje
tor and �ame tube s
heme. The �ame is an
hored at a 
one ending arod. Flame visualization is a
hieved by a long time exposure without any ex
itation inorder to 
apture the mean �ame front.It is interesting to �rst examine the experimental 
on�guration. The burner 
om-prises three elements : an upstream manifold, an inje
tor and a �ame tube madeof quartz. A premixed methane/air stream (equivalen
e ratio 0.7) is introdu
edthrough the burner base and passes through a 2 
m thi
k honey
omb layer tobreak the largest turbulent s
ales. The burner body is terminated by a 
onver-gent se
tion whi
h is �tted to the 
ylindri
al inje
tion tube. The swirler pla
edin this tube de�nes the rate of rotation of the �ow. A 
entral rod terminated bya small 
one is used to an
hor the �ame and avoid �ashba
k as shown in Fig. 8.1.The swirler represented in Fig. 8.2 
omprises eight blades formed by NACA 8411airfoil se
tions. The vanes are periodi
ally spa
ed with a stagger angle of 45◦.The vanes are twisted radially, so that the angle at the trailing edge evolves lin-early from 30◦ at the hub to a value of 58◦ at the vane tip. The measured swirl
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194 Part II. Flow and 
ombustion dynami
snumber is S = 0.55.

Figure 8.2: Axial swirler with eight vanes. The inner diameter d of the swirler is equalto the diameter of the inje
tor tube (22 mm). The rod passes through the 
enter holeof the swirler (6 mm in diameter).

Figure 8.3: Geometri
al view of the 
on�guration : swirler (d = 22), inje
tor (d = 22,l = 43) and �ame tube (D = 70, L = 100). All dimensions are given in millimeters.The problem geometry is an idealized version of the previous 
on�guration showns
hemati
ally in Fig. 8.3. It is assumed for simpli
ity that the �ame is an
horedat the 
enter of the rod on the verti
al axis. In the experiment, the �ame transferfun
tion is determined by measuring the axial velo
ity disturban
es u′ generated
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Chapter 8. Modeling of flame transfer fun
tions 195by a loudspeaker pla
ed at the burner base and the total heat release rate per-turbation Q̇′ of the �ame. The velo
ity �u
tuation is obtained by laser Dopplervelo
imetry at x = 2.9 mm above the ba
kplane of the 
on�nement tube and ata radial distan
e of r = 8 mm from the axis. This de�nes a small measurementvolume on the downstream side of the swirler in the turbulent swirling �ow, 
loseto the rea
tion region. Heat release rate �u
tuations are estimated by re
ordingthe global emission signals of ex
ited radi
als OH∗ using a photomultiplier 
ol-le
ting the light emitted by the �ame. The experimental �ame transfer fun
tion
Fs

exp is then obtained by taking the ratio of relative heat release rate �u
tuationsand relative axial velo
ity �u
tuations :
Fs

exp(ω) =
Q̇′

s/Q̇s

v′x/vx
(8.1)8.3 Derivation of the perturbed G-equationThe theoreti
al swirling �ame transfer fun
tion is de�ned as :

Fs
th(ω) =

A′/A

v′x/vx
(8.2)Where A is related to the �ame surfa
e area and assuming that for a lean pre-mixed �ame the ratio Q̇′/Q̇ is equivalent to A′/A.To start this analysis it is assumed that the �ame is instantaneously des
ribedas a surfa
e de�ned by a kinemati
 G-equation :

∂G

∂t
+ v·∇G = SD|∇G| (8.3)where one of the 
ontours of G de�nes the �ame front lo
ation, v is the lo
al�ow velo
ity and SD designates the displa
ement velo
ity of the �ame surfa
epropagating normal to itself. To obtain the equation governing the perturbed�ame front position one has to deal with two types of velo
ity disturban
es. It isnatural to distinguish turbulent �u
tuations whi
h wrinkle the front in a randomfashion and organized perturbations asso
iated to the modulations imposed tothe �ow. It is then 
onvenient to begin by taking an ensemble average of the

G-equation to derive a Reynolds average equation. This equation is de
omposedin a se
ond step by separating the mean �eld from the phase average �eld. Thisyields a perturbed G-equation.In the �rst step one uses an ensemble average and turbulent �u
tuations aroundthis average. Ea
h variable a is written as a sum of a mean value a(x, t) and of
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196 Part II. Flow and 
ombustion dynami
sa turbulent �u
tuation a′(x, t) :
G(x, t) = G(x, t) +G′(x, t) (8.4)
v(x, t) = v(x, t) + v

′(x, t) (8.5)Inserting this de
omposition in Eq. (8.3) one obtains :
∂

∂t
(G+G′) + (v + v

′)·∇(G+G′) = SD|∇(G+G′)| (8.6)This equation is now ensemble averaged yielding
∂G

∂t
+ v·∇G = SD|∇G| − v

′·∇G′ (8.7)The right hand terms of this equation 
an be repla
ed by introdu
ing a turbulentburning velo
ity ST . Following Peters (1992), this is a
hieved by de�ning thisquantity by :
ST |∇G| = SD|∇G| − v

′·∇G′ (8.8)It is however worth noting that this last expression is an approximate equationthat attempts to a

ount for turbulent wrinkling e�e
ts on the ensemble averaged�ame motion. This is still 
urrent a
tive resear
h topi
 Oberla
k et al. (2001).This pro
ess yields a heuristi
 generalization of the G-equation for the ensembleaveraged �ame front :
∂G

∂t
+ v·∇G = ST |∇G| (8.9)In the se
ond step, the variables appearing in this equation are written as asum of a mean �eld and phase average perturbations around this mean �eld

< a(x, t) > = a0(x) + a1(x, t) where a0(x) and a1(x, t) are the mean steadyvalue and its unsteady perturbation. The phase averages of G,v, ST are writtenin the following form :
< G(x, t) > = G0(x) +G1(x, t) (8.10)
< v(x, t) > = v0(x) + v1(x, t) (8.11)

< ST (x, t) > = ST0
(x) + ST1

(x, t) (8.12)Applying the average operator to Eq. (8.9) one �nds:
<
∂G

∂t
> + < v·∇G >=< ST |∇G| > (8.13)Introdu
ing the de
ompositions de�ned previously one obtains :

∂G1

∂t
+v0·∇G0+v0·∇G1+v1·∇G0 +v1·∇G1 = (ST0

+ST1
)|∇(G0 +G1)| (8.14)
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Chapter 8. Modeling of flame transfer fun
tions 197The previous equation 
an be simpli�ed by 
onsidering that perturbations aresmall 
ompared to the mean quantities. Negle
ting se
ond order terms and in-trodu
ing the normal ve
tor n to the mean �ame front n = −∇G0/|∇G0| one�nds after some 
al
ulations that
|∇(G0 +G1)| = [(∇G0)

2 + 2∇G0·∇G1 + (∇G1)
2]

1

2 (8.15)We negle
t the term of se
ond order and we �nd :
|∇(G0 +G1)| = |∇G0|

[
1 + 2

∇G0

|∇G0|
·

∇G1

|∇G0|

] 1

2 (8.16)Then we introdu
e
|∇(G0 +G1)| ≃ |∇G0|

[
1 − n·

∇G1

|∇G0|

] (8.17)The right hand side in equation (8.14) be
omes :
(ST0

+ ST1
)|∇(G0 +G1)| = ST0

|∇G0| + ST1
|∇G0| − ST0

n·∇G1 (8.18)Introdu
ing this last expression in Eq. (8.14), retaining �rst order terms andusing the fa
t that the mean �ame front is de�ned by v0·∇G0 = ST0
|∇G0| oneobtains :

∂G1

∂t
+v0·∇G0+v0·∇G1+v1·∇G0 = ST0

|∇G0|+ST1
|∇G0|−ST0

n·∇G1 (8.19)And then :
∂G1

∂t
+ v0·∇G1 + v1·∇G0 = ST1

|∇G0| − ST0
n0·∇G1 (8.20)It is 
onvenient to rearrange this expression to get a perturbed G-equation for aturbulent �ame :

∂G1

∂t
+ (v0 + ST0

n)·∇G1 = −v1·∇G0 + ST1
|∇G0| (8.21)This expression may be rearranged by pla
ing the velo
ity perturbation on theright hand side, as n = −∇G0/|∇G0| so −v1·∇G0 = v1·n|∇G0|. Notingthat the steady front equation v0·∇G0 = ST0

|∇G0| 
an be 
ast in the form
−v0·n|∇G0| = ST0

|∇G0| one obtains the �nal form :
∂G1

∂t
+ (v0 + ST0

n)·∇G1 =

[
v1·n −

ST1

ST0

v0·n

]
|∇G0| (8.22)This expression indi
ates that the perturbed �ame motion is 
ontrolled by �owvelo
ity perturbations v1 and turbulent �ame velo
ity perturbations ST1.
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198 Part II. Flow and 
ombustion dynami
s8.4 Swirling �ame transfer fun
tionIt is interesting to modify Eq. (8.21) in order to be 
lose to the following equationstudied by S
huller et al. (2003b) for laminar V �ames :
∂G1

∂t
+ (v0 + SDn)·∇G1 = v1·n|∇G0| (8.23)Furthermore, we know that the normal to the �ame front is de�ned as n =

−∇G0/|∇G0| so −v1·∇G0 = v1·n|∇G1|. Furthermore, when the �ame front issteady without any �u
tuations, we have v0·∇G0 = ST0
|∇G0| and as a 
onse-quen
e −v0·n|∇G0| = ST0

|∇G0|. We �nally establish that :
∂G1

∂t
+ (v0 + ST0

n)·∇G1 =

[
v1·n −

ST1

ST0

v0·n

]
|∇G0| (8.24)Examining the perturbed G-equation one �nds that the two terms appearing inthe right hand side v1 and −(ST1

/ST0
)v0 a
t in a similar fashion. In other wordsperturbations in the turbulent �ame velo
ity and velo
ity disturban
es have simi-lar e�e
ts. It is then logi
al to extra
t the transfer fun
tion for turbulent burningvelo
ity perturbations from the transfer fun
tion for �ow velo
ity disturban
es.The latter transfer fun
tion denoted by Fv

th is known from previous studies, seeS
huller et al. (2003b). The �V� �ame transfer fun
tion Fv
th is de�ned as the ratioof the relative �u
tuation of heat release rate Q̇′

v/Q̇v to the relative �u
tuationsof axial velo
ity v′x/vx where v′xex stands for v1.
Fv

th(ω) =
Q̇′

v/Q̇v

v′x/vx
(8.25)When v′x in this expression is repla
ed by −ST1

/ST0
vx, one obtains the �ametransfer fun
tion due to turbulent burning velo
ity perturbations :

Q̇′

ST

Q̇ST

= −Fv
th(ω)

ST1

ST0

(8.26)The previous results may be 
ombined to obtain the relative heat release �u
tu-ation 
orresponding to a swirling �ame :
Q̇′

s

Q̇s

=
Q̇′

v

Q̇v

+
Q̇′

ST

Q̇ST

(8.27)whi
h leads to :
Q̇′

s

Q̇s

= Fv
th(ω)

[
v′x
vx

−
ST1

ST0

] (8.28)
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Chapter 8. Modeling of flame transfer fun
tions 199This yields the global �ame transfer fun
tion Fs
th for a swirling �ame

Fs
th(ω) =

Q̇′

s/Q̇s

v′x/vx
= Fv −Fv

ST1
/ST0

v′x/vx
(8.29)or in a more 
ompa
t form :

Fs
th(ω) = Fv

th(ω)

[
1 −

ST1
/ST0

v′x/vx

] (8.30)To use this expression one has to relate the relative �u
tuations in turbulentburning velo
ity ST1
/ST0

to the in
oming velo
ity modulations. This relation isnot known but it is natural to 
onsider that these �u
tuations are linked in alinear fashion to the in
ident perturbations and use the following model :
ST1

ST0

= χ
v′θ
vθ

+ ζ
v′x
vx

(8.31)where vθ is the azimuthal 
omponent and vx the axial 
omponent of the swirling�ow. This expression is based on the idea that the in
ident velo
ity modulationsmodify the swirl number and e�e
tively 
hange the turbulent burning velo
ity.It 
an be shown that the previous model provides a reasonable des
ription ofthe signals observed in perturbed swirling �ame experiments. The 
oe�
ientsappearing in Eq. (8.31) are obtained from an adjustment pro
ess and from ex-perimental data obtained for �ame A (see 
hapter 6). The same numeri
al valuesfor these 
oe�
ients are kept to explore the response of �ame B featuring a higher�ow velo
ity. Coe�
ients χ and ζ are respe
tively taken equal to -0.4 and 0.4.It is next important to spe
ify the �eld of azimuthal velo
ity �u
tuations interms of the axial �eld. Experiments indi
ate that when the swirler is submittedto axial velo
ity modulations it generates an azimuthal velo
ity perturbation.By imposing the unsteady Kutta 
ondition at the trailing edge of the swirlerblades one �nds that the relative level of �u
tuations is the same. However axialvelo
ity disturban
es are propagating at the speed of sound while azimuthalvelo
ity perturbations are 
onve
ted at the speed of the �ow. As a 
onsequen
e,when the �ow is inje
ted into the �ame tube, all perturbations are 
onve
tedbut a phase shift remains between the two velo
ity 
omponents. This phasehas to be taken into a

ount to establish a theoreti
al �ame transfer fun
tion.This is a

omplished by using expression Eq. (8.31) for perturbations of theturbulent burning velo
ity and the following relation between axial and azimuthal�u
tuations, where φ de�nes the phase shift between these �u
tuations :
v′θ
vθ

=
v′x
vx

exp(iφ) (8.32)
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Figure 8.4: Evolution of the phase shift φ as a fun
tion of the frequen
y for twooperating regimes A and B.Inserting Eq. (8.31 and Eq. (8.32) in Eq. (8.30) one obtains :
Fs

th(ω) = Fv
th(ω)

[
1 − (ζ + χ exp(iφ))

] (8.33)To use this result one has to provide an expression for Fv
th. This is obtained fromS
huller et al. (2003b) and reprodu
ed below for 
onvenien
e :

Fv
th(ω)(ω∗, α) =

2

ω2
∗

1

1 − cos2 α
×

[
exp(iω∗) − 1 −

exp(iω∗ cos2 α) − 1

cos2 α

]

+
2i

ω∗

1

1 − cos2 α
×

[
exp(iω∗ cos2 α) − exp(iω∗)

] (8.34)where ω∗ = ωR/ST0
cosα, ST0

being the turbulent burning velo
ity de�ned by
ST0

= vx sinα, R the inje
tor tube radius and α the �ame angle de�ned betweenthe �ame front and the verti
al axis.The phase shift φ has been measured experimentally at the base of the �ame andresults are plotted in Fig. 8.4. Experiments 
arried out for two operating regimes
orresponding to di�erent bulk velo
ities in the inje
tor tube : Ub = 2.67 m s−1(�ame A) and Ub = 4.13 m s−1 (�ame B). Results are : φA = ωτA + φ0
A with

τA = 12 ms and φ0
A = −1. For �ame B, the phase is given by : φB = ωτB + φ0

Bwith τB = 8.5 ms and φ0
B = −1.5.
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Figure 8.5: Comparisons of experimental Fs
exp and theoreti
al Fs

th swirling �ame trans-fer fun
tions for �ame A (Ub = 2.67 m s−1).8.5 Theoreti
al estimates and experimental dataExperimental data are displayed in Fig. 8.5 and Fig. 8.6 together with theoreti
alpredi
tions. Flame A is analysed �rst by examining the evolution of the gain andthe phase of the �ame transfer fun
tion in Fig. 8.5. In the top sub�gure, the gainapproa
hes unity in the low frequen
y limit. It de
reases in a �rst range between0 and 60 Hz to a value of less than 0.5. From 60 to 100 Hz, the 
urve featuresa peak. This peak is the maximum in the frequen
y range of interest. At 100Hz, the �ame response rea
hes its highest value. Beyond 100 Hz and until 150Hz, the gain drops and rea
hes a value of 0.75. From 150 Hz to 180 Hz, the gainin
reases and rea
hes a lo
al maximum of about 1. Beyond 180 Hz the gain de-
reases and eventually falls below 0.25. The phase, shown in the lower sub�gure,in
reases nearly monotoni
ally with frequen
y from 0 to 250 Hz. Beyond 250 Hz,the phase is less well de�ned as the gain is low in that frequen
y range. Underthese 
onditions phase estimates be
ome less reliable.Theoreti
al results 
losely mat
h experimental data ex
ept the phase whi
h isslightly overestimated. It is worth noting that the maximum and minimum gainvalues are well reprodu
ed and that this is obtained at 
hara
teristi
 frequen-
ies determined experimentally. Me
hanisms giving rise to the minimum and
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Figure 8.6: Comparisons of experimental Fs
exp and theoreti
al Fs

exp swirling �ametransfer fun
tions for �ame B (Ub = 4.13 m s−1).maximum gain amplitudes have been investigated previously by examining theswirling �ames dynami
s. It was 
on
luded that the level of �u
tuation in heatrelease rate is linked to two me
hanisms 
orresponding to a large surfa
e varia-tion at the extremity of the �ame and swirl number �u
tuations indu
ing anglevariation at the base of the �ame. These me
hanisms are a
ting in phase oppo-sition at 60 Hz leading to a low value of the gain and are a
ting nearly in phaseat 90 Hz indu
ing a strong response.The se
ond 
ase 
orresponding to �ame B is shown in Fig. 8.6. In the experi-mental data, the gain is nearly 
onstant and 
lose to a value of one between 0to 60 Hz. In the range from 60 to 100 Hz, the gain diminishes and rea
hes alo
al minimum of 0.3. From 100 to 150 Hz, the gain in
reases and rea
hes a lo
almaximum. From 150 to 200 Hz, the gain de
reases to a value of 0.6. It remains
onstant in the frequen
y range 200-280 Hz. For frequen
ies ex
eeding 280 Hzand up to 400 Hz, the gain de
reases �nally dropping below 0.2. The generaltrend for the phase is quasi-linear from 0 to 400 Hz but there are undulations.Theoreti
al predi
tion agree with these data quite well for this 
ase with onlysome small di�eren
es in the amplitude of the response around 150 Hz and 230Hz.
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Figure 8.7: Flame transfer fun
tions expressed in term of Strouhal number. Flame A(Ub = 2.67 m s−1) and Flame B (Ub = 4.13 m s−1).It is �nally worth examining the evolution of the gain and phase of the 
al
ulatedtransfer fun
tion as a fun
tion of the Strouhal number St = fd/Ub where f isthe frequen
y, d is the inje
tor tube diameter and Ub is the bulk velo
ity insidethe inje
tor tube. Fig. 8.7 displays transfer fun
tion gain and phase 
al
ulatedfor �ames A and B. The gain 
urves nearly 
ollapse over the low Strouhal num-ber range up to a value St = 1.3 but there are di�eren
es indi
ating that thegain depends on other parameters. Phase 
urves 
ollapse in the useful rangeof Strouhal numbers below 1.6. These similarity features suitably re�e
t thosefound experimentally.
8.6 Con
lusionThe transfer fun
tion of premixed swirling �ames submitted to velo
ity distur-ban
es is derived in this arti
le. The analysis is based on an ensemble averageperturbed G-equation whi
h des
ribes the dynami
s of the mean �ame front whenit is submitted to external perturbations. It is important to a

ount for the pres-en
e of azimuthal velo
ity perturbations generated by the swirler when this unitis impinged by axial velo
ity disturban
es. These disturban
es are propagatingat the speed of sound while azimuthal velo
ity disturban
es are 
onve
ted by
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sthe mean �ow. This gives rise to a phase di�eren
e between these �u
tuations.The 
ombined axial and azimuthal unsteady velo
ity �eld modulates the swirlnumber and this is re�e
ted in perturbations of the turbulent burning velo
ity. Itis shown that the transfer fun
tion of swirling �ames 
an be extra
ted from thetransfer fun
tion of �V� �ames derived in a previous study. This is a

omplishedby linking the relative variations of the turbulent burning velo
ity to the relativevariations of the axial and azimuthal velo
ity 
omponents and by taking intoa

ount the phase di�eren
e whi
h exists between these two 
omponents at theinje
tor exit se
tion. This phase is here determined experimentally. The modelpredi
tions are 
ompared with experimentally determined transfer fun
tions. Agood agreement is rea
hed for two operating points. It is also shown that the
al
ulated transfer fun
tions nearly 
ollapse when they are plotted with respe
tto a Strouhal number based on the bulk velo
ity inside the inje
tor. Con
lusionsraised in this paper also apply on radial swirlers where it has been shown thatthe same me
hanism of mode 
onversion operates for axial or radial swirlers.Spe
i�
ally, the gain of the �ame transfer fun
tion for radial swirlers present alsothe same type of peak and small values at spe
i�
 frequen
ies.
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Chapter 9
Combustion instabilities

Abstra
t : Thermoa
ousti
 instabilities are analyzed by making useof a nonlinear representation of �ame dynami
s based on the des
ribingfun
tion. In this framework, the �ame response is determined as afun
tion of frequen
y and amplitude of perturbations impinging on the
ombustion region. The �ame des
ribing fun
tion has been experi-mentally determined and is 
ombined with an a
ousti
 transfer matrixrepresentation of the system to provide growth rates and os
illationfrequen
ies as a fun
tion of perturbation amplitude. These data 
an beused to determine regions of instability, frequen
y shifts with respe
tto the a
ousti
 eigenfrequen
ies and they also yield amplitude levelswhen self-sustained os
illations of the system have rea
hed a limit 
y
le.This equilibrium is obtained when the amplitude dependent growth rateequals the damping rate in the system. This requires an independentdetermination of this last quantity whi
h is here based on measurementsof the resonan
e response 
urve. Results obtained are 
ompared withobservations from systemati
 experiments 
arried out by varying thetest 
ombustor geometri
al parameters. The demonstration of the FDFframework in a generi
 
on�guration indi
ates that this 
an be used inmore general situations of te
hnologi
al interest.
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208 Part III. Combustion instabilities of swirling flamesRésumé : Les instabilités thermo-a
oustiques sont analysées au moyend'une représentation non-linéaire de la dynamique de la �amme baséesur la fon
tion de transfert généralisée (�Flame Des
ribing Fun
tion"ou FDF). Dans 
e 
adre, la réponse de la �amme est déterminée enfon
tion de la fréquen
e et de l'amplitude des perturbations qui interagis-sent ave
 la �amme. Cette fon
tion de transfert généralisée, déterminéeexpérimentalement, est 
ombinée ave
 une représentation matri
ielle del'a
oustique du système et permet un 
al
ul des taux de 
roissan
e et desfréquen
es d'os
illation en fon
tion de l'amplitude des perturbations. Cesdonnées peuvent être utilisées pour déterminer les régimes d'instabilité,les 
hangements de fréquen
e et les niveaux d'amplitude au 
y
le lim-ite. L'os
illation au 
y
le limite est obtenue lorsque le taux de 
roissan
edépendant de l'amplitude est égal au taux d'amortissement dans le sys-tème. Il faut pour 
ela déterminer la valeur du taux d'amortissement quiest i
i déduit de mesures de la 
ourbe de résonan
e du brûleur. Les ré-sultats obtenus sont 
omparés à des données d'expérien
es systématiquese�e
tuées en faisant varier la géométrie du brûleur. Un bon a

ord estobtenu entre les prévisions et les observations.9.1 Introdu
tionCombustion instabilities resear
h has been quite intense during the re
ent periodin relation with the development of lean premixed 
ombustors but predi
tion ofthese phenomena at the design stage still 
onstitutes a 
hallenge. It is knownthat high performan
e 
ombustors feature instabilities whi
h are mainly drivenby the unsteady heat release rate. In these modes, heat release rate �u
tuationsare delayed with respe
t to in
ident perturbations and give rise to an unstablegrowth of os
illations Cro

o (1968); Putnam (1971); Culi
k (2001). These per-turbations 
an be generated in many di�erent ways, but in most 
ases they areasso
iated with 
onve
tion of hydrodynami
 perturbations Candel (2002) or �u
-tuations of the rea
tant 
omposition Lieuwen and Zinn (1998).The standard analysis of 
ombustion instability 
ombines the transfer fun
tionof the �ame with a des
ription of the system a
ousti
s to determine eigenmodesand growth rates. Previous investigations (for example S
huermans et al. (2009);Kim et al. (2010a)) indi
ate that it is possible to �nd the linear stability map ofvarious types of burners but this is restri
ted to small perturbations and 
annota

ount for the limit 
y
le os
illations observed in pra
ti
e. It is well known thatnonlinear me
hanisms dominate the dynami
s of real systems. This is well illus-trated in the 
ase of �V" �ame 
on�gurations Lawn (2000); Durox et al. (2005);Bala
handran et al. (2005); Külsheimer and Bü
hner (2002) where one nonlin-
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Chapter 9. Combustion instabilities 209ear intera
tion takes pla
e between the �ame sheet and vorti
es shed from theinje
tor lip. The �V" �ame a
ts as an ampli�er in the low frequen
y range andthe response depends on the amplitude level Durox et al. (2009). Nonlinearitiesdetermine the limit 
y
le amplitudes, instability triggering (the me
hanism bywhi
h an unstable os
illation appears when the system experien
es a �nite am-plitude perturbation), mode swit
hing (the 
hange in frequen
y observed duringoperation of pra
ti
al devi
es) and hysteresis Wi
ker and Yang (1996); Dowling(1997); Dowling (1999); Lieuwen and Neumeier (2002a). It has been shown re-
ently that these nonlinearities asso
iated with the 
ombustion dynami
s 
ouldbe represented with a uni�ed framework Noiray et al. (2008) in whi
h the �ametransfer fun
tion (FTF) is repla
ed by a �ame des
ribing fun
tion 
on
ept (FDF)whi
h depends on the amplitude of perturbations impinging on the �ame. A fre-quen
y domain stability analysis then yields growth rates and frequen
ies whi
hdepend on amplitude. Appli
ation of the FDF to the analysis of the stability ofan un
on�ned multipoint inje
tion laminar burner Noiray et al. (2008) indi
atesthat it is possible to predi
t with reasonable a

ura
y many of the phenomenalisted previously.The FDF framework is here extended to deal with the dynami
s of turbulent�ames formed by a swirling inje
tor in a 
on�ned geometry. Swirling inje
tionis used in many pra
ti
al systems like jet engines or gas turbine 
ombustors.The swirling �ow establishes a 
entral hot gas re
ir
ulation region whi
h stabi-lizes 
ombustion. Swirling inje
tion is usually adopted to an
hor lean premixed
ombustion but the 
orresponding �ow is highly unsteady and sensitive to a
ous-ti
 perturbations eventually leading to 
ombustion instabilities. The analysisof these instabilities has been mainly 
arried out with linear models Lieuwenand Neumeier (2002b); Broda et al. (1998); S
huermans et al. (1999); Kopitzet al. (2005). One of the issues in a nonlinear treatment is to suitably des
ribethe swirling �ame dynami
s when �ow perturbations have a variable level. Thedi�
ulty is 
ompounded be
ause the �ame stru
ture is 
omplex with a 
entralre
ir
ulation zone Syred (2006); Lilley (1977) and �ame folding phenomena takepla
e at large amplitude levels Thumuluru et al. (2007). In this last referen
ethe swirl number is only estimated (S = 1). It is shown in this study that theunsteady shape of the �ame is a strong fun
tion of the �ow rate os
illation level.There are some indi
ations Kang et al. (2007) that the dynami
s of the �ame isonly weakly in�uen
ed by the swirl number but it is also found Thumuluru et al.(2007) that 
ombustion dynami
s of swirling �ames feature an os
illation in theposition and strength of the vortex breakdown region.It is also indi
ated in Frits
he et al. (2007) that the 
ombustor inlet temperaturea�e
ts the �ame stru
ture leading to di�erent shapes and �ame dynami
s. Somedata indi
ate that the response saturates when the �ow rate �u
tuations areaugmented. Experimental and numeri
al transfer fun
tion of swirling �ames are
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210 Part III. Combustion instabilities of swirling flamesreported in Gentemann et al. (2004); Hirs
h et al. (2005) for a frequen
y rangeextending from 0 to 400 Hz but e�e
ts of velo
ity perturbation amplitude are notdo
umented and nonlinear e�e
ts are not 
hara
terized. It is however interestingto note that the transfer fun
tion features maximum and minimum gain valuesin the low frequen
y range. This has been re
ently 
on�rmed experimentally byJones et al. (2010) and numeri
ally by Chong et al. (2010). A theoreti
al modelbased on the vorti
ity transport equation Hirs
h et al. (2005) yields transferfun
tions whi
h apparently mat
h those obtained with two di�erent swirlers ofradial and axial types. Another paper Kim et al. (2010a) 
onsiders 
ombustioninstabilities of swirling �ames to determine frequen
ies at the limit 
y
le but itremains in the linear regime. This also dis
usses the 
ompa
t �ame assump-tion with respe
t to a
ousti
 wavelength. It is shown that in the 
ompa
t �ameregime, a

urate predi
tions of eigenfrequen
ies and growth rate 
an be obtainedusing a global �ame transfer fun
tion. Referen
es Thumuluru et al. (2007); Bel-lows et al. (2007) are dealing with the nonlinear e�e
ts of �ow modulations onthe dynami
s of 
on�ned swirling �ames. It is found that as the amplitude of theinstability grows, nonlinear saturation limits the level of heat release rate �u
tu-ations and 
hanges the phase of these �u
tuations with respe
t to the in
omingperturbations Thumuluru et al. (2007). Flame des
ribing fun
tion and swirling�ame dynami
s were investigated in a re
ent paper S
himek et al. (2010) butthere are no predi
tions of frequen
ies and amplitudes of velo
ity disturban
esat the limit 
y
le. Another re
ent paper Kim et al. (2010b) examines nonlinearresponse of swirling �ames to equivalen
e ratio disturban
es and shows that theamplitude and frequen
y dependen
e of the �ame response to equivalen
e ratioos
illations is almost the same in terms of gain and phase as the �ame responseto inlet velo
ity os
illations.Well 
ontrolled experiments are reported in 
hapter 5 where the dynami
s of
on�ned swirling �ames is 
hara
terized by measurements of the FDF and by anexamination of �ame patterns during the 
y
le of os
illation at various levels ofexternal modulation. These data will be used in the next se
tions to develop anonlinear analysis of 
ombustion instabilities based on the FDF framework whi
h
ombines a standard a
ousti
 transfer matrix analysis of the di�erent 
omponentsforming the system with a nonlinear des
ription of the �ame response.At this point, it is interesting to brie�y review the possible approa
hes of 
om-bustion instability analysis and link the present framework to the other 
urrenttools. It is possible to distinguish three general 
lasses : (a) Methods based on ana
ousti
 analysis of the system relying on networks of 
ompa
t a
ousti
 elementsand employing a linear transfer fun
tion to des
ribe the �ame response. Thesemethods are do
umented in books Poinsot and Veynante (2001); Munjal (1987)and their re
ent developments in papers by Ni
oud et al. (2007); Stow and Dowl-



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 211 � #233
i

i

i

i

i

i

Chapter 9. Combustion instabilities 211ing (2001); S
huermans et al. (2009), (b) Methods based on a proje
tion on theeigenmodes of the system leading to a set of di�erential equations for the modalamplitudes Culi
k (1987), (
) Dire
t methods where Large Eddy Simulations ofthe 
omplete 3D, 
ompressible Navier-Stokes equations are integrated as illus-trated by Selle et al. (2004) where the stability of the system is determined byobserving the growth or de
ay of perturbations. The present approa
h extendsthe linear te
hniques of the �rst group by making use of the des
ribing fun
tion
on
ept in a manner introdu
ed by Noiray et al. (2008). As in standard linearanalysis, the frequen
y and growth rate are obtained from a dispersion relationand the 
al
ulation is 
arried out in the frequen
y domain but the dispersionrelation here depends on the amplitude of perturbations impinging on the �ame.It is thus possible to see how the level a�e
ts the growth rate, determine thestability of the system by 
omparing this rate with the damping rate asso
iatedwith dissipation pro
esses and �nd the level of os
illation at the limit 
y
le whenthe system is unstable.This 
hapter begins with a des
ription of the experimental 
on�guration (se
-tion 9.2). Experimental data obtained for the des
ribing fun
tion of swirling�ames are reviewed in se
tion 9.3. The theoreti
al model is outlined in se
tion9.4. Experimental determination of the system a
ousti
 damping is des
ribed inse
tion 9.5 together with predi
tions of self-sustained 
ombustion os
illations ofthe system. This se
tion also 
ontains a 
omparison between experiments and
al
ulations.9.2 Experimental 
on�gurationThe 
ombustor 
omprises an upstream manifold in
luding a settling 
hamber,a 
ontra
tion ended by a 
onstant diameter du
t equipped with the swirler, ahorizontal end pie
e and a 
ylindri
al �ame tube (Fig. 9.1). A driver unit (loud-speaker) may be pla
ed at the ba
k end of this system to measure the �amedes
ribing fun
tion. An air/methane premixed �ow is delivered to the feedingmanifold unit through two diametrally opposed apertures. The �ow then 
rossesa grid and a honey
omb to break the largest turbulent s
ales. The gas thentraverses a 
onvergent unit to de
rease the boundary layer thi
kness, redu
e thelevel of turbulen
e and �atten the velo
ity pro�le at the swirler inlet. The �owrotation is generated by the swirler whi
h 
omprises eight twisted vanes arrangedperiodi
ally around a 
entral rod (6 mm in diameter). This 
entral rod is termi-nated with a small 
one (10 mm in diameter at the top) whi
h stabilizes the �ameduring the unsteady motion of the �ow. More details on the swirler are given inprevious 
hapters. In this way, �ashba
k is minimized. The outer diameter of theinje
tor is 22 mm. The swirler geometry was designed to obtain a predeterminedvalue of the swirl number 
orresponding to a �ow featuring an inner re
ir
ulation
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212 Part III. Combustion instabilities of swirling flameszone. Experimental pro�les of axial and azimuthal velo
ities provide an estimateof the swirl number of about 0.55 (the radius is used in the de�nition of thisnumber). The tube 
on�ning the �ame is made of quartz allowing opti
al a

essand transmitting the �ame radiation in the near ultraviolet. This is used to 
ol-le
t the OH∗ emission signal from the �ame. The tube diameter is 70 mm andthe length l3 
an take di�erent values : 100 mm, 150 mm, 200 mm and 400 mmrespe
tively. There are also three lengths l1 available for the upstream manifold: short (96 mm), medium (160 mm) and long (224 mm). The upstream manifolddiameter is 65 mm. The length of the 
onvergent unit is 60 mm. Combinationof these elements yields twelve geometri
al 
on�gurations. The equivalen
e ratiois set equal to φ = 0.7 in all experiments but the �ow velo
ity in the inje
tionunit 
an be varied. Two values are investigated in this study 
orresponding tobulk inje
tion velo
ities Ub = 2.67 m s−1 and Ub = 4.13 m s−1 determined in theinje
tor pipe. The root mean square velo
ity disturban
e u′ is measured witha hot wire anemometer. This devi
e is pla
ed in a 
ylindri
al pie
e (20 mm inheight) lo
ated on the upstream side of the swirler. The length between theswirler outlet and the ba
kplane of the 
ombustor is 43 mm.The response of the 
ombustor to external a
ousti
 perturbations is obtained

(a) (b) (
)Figure 9.1: (a) : Experimental 
on�guration used to measure �ame des
ribing fun
-tions. (b) : Without the loudspeaker, this setup is also used to obtain frequen
ies andamplitude of velo
ity disturban
es u′/Ub under self-sustained limit 
y
le operation. (
) :Idealized representation of the burner geometry. Three lengths of the upstream manifold
l1 
an be used together with three di�erent length of the �ame tube l3.
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Chapter 9. Combustion instabilities 213when it is operating in a steady regime with a loudspeaker pla
ed near the outletse
tion. This is used to generate harmoni
 perturbations and os
illations withinthe system are re
orded with a mi
rophone (M0) lo
ated at the base of the burner.A se
ond mi
rophone (M1) pla
ed in front of the loudspeaker provides a referen
esignal. The response is then obtained by dividing the 
ross power spe
tral densityexamined at the driving frequen
y of the signal dete
ted by mi
rophone M0 by thepower spe
tral density of the signal re
orded by mi
rophone M1. This responseis then used to determine the damping rate by examining the quality fa
tor atthe resonan
e peak.The FDF is obtained by modulating the �ame with a driver unit pla
ed at theba
k end of the system and by simultaneously measuring the velo
ity os
illationwith the hot wire anemometer pla
ed on the upstream side of the swirler andthe heat release rate perturbation by dete
ting the light intensity radiated byOH∗ radi
als in the �ame rea
tion zone. It has been indi
ated in 
hapter 6 thatthe FDF determined using the axial velo
ity signal measured with laser Dopplervelo
imeter downstream the swirler at the �ame base yields a similar result. Thesame 
on
lusion was obtained by Kim et al. (2009) showing that the swirleris a
ousti
ally transparent. It is known that for premixed �ames at a 
onstantequivalen
e ratio, the heat release rate is nearly proportional to the light intensity
IOH∗. Light emission is 
olle
ted by a photomultiplier lo
ated at 25 
m from theburner axis whi
h integrates the global emission signal. This dete
tor is equippedwith a narrow bandpass �lter 
entered on the main OH∗ peak light radiation inthe near UV.9.3 Swirling �ame des
ribing fun
tionsThe �ame response is here 
hara
terized by making use of the des
ribing fun
tionNoiray et al. (2008). This is a

omplished by determining a set of transferfun
tions 
onstituting the FDF. This quantity, de�ned by taking the ratio ofthe relative heat release rate �u
tuation to the relative velo
ity �u
tuation, isdetermined for a range of frequen
ies and for di�erent levels of in
oming velo
ityperturbations :
F(ω, u′) =

Q̇′(ω, u′)/Q̇

u′(ω)/U
(9.1)The heat release rate is dedu
ed from OH∗ emission intensity and the axial velo
-ity disturban
e is measured with a hot wire anemometer. The �ame des
ribingfun
tion 
an be 
ast in the form of a 
omplex number in terms of a gain G anda phase di�eren
e ϕ and expressed as :

F(ω, u′) = G(ω, u′) eiϕ(ω,u′) (9.2)
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214 Part III. Combustion instabilities of swirling flamesThe gain re�e
ts the level of response while the phase de�nes the time lag betweenvelo
ity and emission signals. The FDFs presented in Fig. 9.2 pertain to �owswith a bulk velo
ity Ub = 2.67 m s−1 and Ub = 4.16 m s−1 over a frequen
y rangeextending from 0 to 400 Hz and to four velo
ity modulation levels u′/Ub where
u′ 
orresponds to the root mean square (rms) perturbation level determined bythe hot wire anemometer. Results are only presented for four dis
rete levels inFig. 9.2 but intermediate perturbation amplitudes were also investigated. Sys-temati
 experiments indi
ate that FDF measurements are repeatable and thatthe un
ertainty in the gain does not ex
eed 5 % at least in the range where thisgain takes values greater than 0.2. The same level of un
ertainty is found in therelative phase ∆φ/φ measurements.

(a) (b)Figure 9.2: Flame Des
ribing Fun
tions for two operating points and for a range ofperturbation velo
ities. Flame A on the left (Ub = 2.67 m s−1) and �ame B on the right(Ub = 4.13 m s−1). Gains and phases are expressed as fun
tions of frequen
y and ratioof amplitude of the root mean square velo
ity disturban
e to the bulk velo
ity u′/Ub.For the �rst operating point (Fig. 9.2 (a)), the gain approa
hes one in the lowfrequen
y limit. It de
reases in a �rst range between 0 and 60 Hz to a value ofless than 0.5. From 60 to 100 Hz, ea
h 
urve features a peak. For all velo
itydisturban
e levels, this peak is the maximum in the frequen
y range of interest.At 100 Hz, the �ame response is high. Beyond 100 Hz and until 150 Hz, thegain drops again and rea
hes a value of 0.75 for most of the transfer fun
tion
urves. From 150 Hz to 180 Hz, the gain in
reases but rea
hes a lo
al maximumof about 0.7 for the smallest modulation level and 0.5 for the highest modulationlevel. Beyond 180 Hz the gain de
reases in all 
ases and its value falls below0.25. The phase in the bottom plot in Fig. 9.2 (a) in
reases nearly 
ontinuouslywith frequen
y from 0 to 250 Hz.There is however a lo
al in�e
tion in the rangewhere the gain features a minimum. This behavior generally 
orresponds to an
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Chapter 9. Combustion instabilities 215interferen
e pro
ess involving two kinds of �u
tuations as shown for example in are
ent theoreti
al modeling of the �ame transfer fun
tion, see previous 
hapters.Beyond 250 Hz, the phase is less smooth due to the low value of the gain in thatfrequen
y range with the 
onsequen
e that phase estimates be
ome less reliable.The phase signal 
an be used to determine a global delay of the dynami
al inter-a
tion between the in
oming velo
ity modulation and the resulting heat releaserate perturbation. If the phase varies in an approximately linear fashion withrespe
t to frequen
y, it is possible to write ϕ = ωτcv where ω = 2πf . This 
an beused to determine a global delay between a velo
ity perturbation measured at thehotwire lo
ation and the �ame response whi
h is found hereby independent of thefrequen
y. In a previous work, it was shown that the axial velo
ity �u
tuationmeasured by the hot wire is equivalent to the axial velo
ity �u
tuation at thebase of the �ame, see previous 
hapters. For operating point A, a 
onve
tive timeestimated from : τcv = ϕ/2πf is approximately equal to 5 ms in the frequen
yrange of interest. This value 
orresponds to the time required by a disturban
eto be 
onve
ted to the �ame and rea
h the �ame edge. The dynami
s observedfor the se
ond operating point B in Fig. 9.2 (b) is quite similar to that found forpoint A shown in the left plot but with a shift in frequen
y. The minimum isaround 90 Hz in the se
ond 
ase and the maximum around 130 Hz. It is possibleto show that the des
ribing fun
tions for these two velo
ities are similar whenthey are plotted with respe
t to a Strouhal number based on the bulk �ow ve-lo
ity, see previous 
hapters.
9.4 Theoreti
al modelingIt is now interesting to show how the previous data 
an be in
luded in a stabilityanalysis. For this one has to link the �ame des
ribing fun
tion to the a
ousti
sof the system. The simpli�ed geometry of the burner is sket
hed in Fig. 9.1(
)whi
h 
onsist in three 
ylindri
al parts. The �rst one has a length l1 and 
or-responds to the upstream manifold part and to the �rst third of the 
onvergentunit and its diameter is 65 mm. Three 
ases are examined for l1 : short, mediumand long upstream manifold respe
tively 
orresponding to 117.3 mm, 181.3 mmand 245.3 mm. The se
ond element has a length l2 and is asso
iated to the twoothers thirds of the 
onvergent unit and to the inje
tor. Its length is 116.7 mmand the diameter is 21.17 mm. This diameter 
orresponds to the hydrauli
 diam-eter of the inje
tor pipe with the rod. Finally, the last element models the �ametube (70 mm in diameter and l3 in length). The �ame is established in a regionwhere the �ow area 
hanges abruptly. On its upstream side this area is de�nedby the inje
tion du
t S2, on its downstream side the area is that of the �ametube S3. It is thus interesting to 
onsider this geometry and derive the jump
ondition relating the upstream and downstream perturbed variables. This is a
-
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216 Part III. Combustion instabilities of swirling flames
omplished by assuming that the �ame is 
ompa
t with respe
t to the wavelength.It is 
onvenient to start from a lo
al equation obtained by 
ombining mass andenergy balan
e equations for a rea
tive medium. Sin
e the �ow velo
ities aresmall, the Ma
h number is low and the 
ombustion region is nearly isobari
. Onemay also negle
t the 
onve
tive terms. Integrating the balan
e equation over the�ame volume V , noting that the produ
t ρ0c
2
0 (where ρ0 is the density and c0 thespeed of sound) is 
onstant a
ross the �ame and applying Green's theorem oneobtains an expression for the integrated volumetri
 �ux in terms of the global heatrelease �u
tuations in the 
ontrol volume. Using this expression between se
tions2 and 3 in the system (plot Fig. 9.1(
)) and assuming that velo
ity perturbationsare uniform in these se
tions one obtains the following jump 
ondition :

S3u
′

3 − S2u
′

2 =
γ − 1

ρ0c20
Q̇′ (9.3)This expression links velo
ity perturbations on the upstream and downstreamsides of the �ame to the unsteady heat release rate Q̇′ integrated over the �amevolume. The perturbed quantities appearing in this jump 
ondition are notne
essarly small. It is now possible to express the integrated heat release rate Q̇′in terms of the �ame des
ribing fun
tion de�ned previously Eq. (9.1) and writethe jump 
ondition as a fun
tion of the gain and phase of the FDF. By 
ombiningEq. (9.1), Eq. (9.2) and Eq. (9.3), one �nds :

S3u
′

3 − S2u
′

2 =
γ − 1

ρ0c20
GeiϕQ̇

u′2
u2

(9.4)It is 
onvenient to express the integrated mean heat release rate in terms of thefresh and burnt gas temperatures whi
h in the present 
ase 
orrespond to T2 and
T3 : Q̇ = ṁcp(T3 −T2) where ṁ = ρ2u2S2 is the total mass �ow rate (we 
an ob-serve that u2 
orresponds to Ub). Temperature T2 and T3 are respe
tively equalto 300 K and 1600 K. T3 is an estimation of the mean temperature in the �ametube taking into a

ount heat losses to the tube with respe
t to the adiabati
temperature of the �ame. The produ
t ρ0c

2
0 is a 
onstant through the 
ombus-tion region and 
an be evaluated in any of the se
tions belonging to the 
ontrolvolume V . It is 
onvenient to use se
tion 2 and express the sound velo
ity in thatse
tion : ρ0c

2
0 = ρ2c

2
2 = ρ2γrT2. Gathering these various results it is possibleto obtain an expression for the ratio of the perturbed volume �ow rates on thedownstream and upstream sides of the �ame K(ω, u′2) = (S3u

′

3)/(S2u
′

2) :
K(ω, u′2) =

[
1 +Geiϕ

(
T3

T2
− 1

)] (9.5)Considering plane wave propagation in the di�erent 
omponents of the systemwith amplitudes Aj and Bj, it is then a simple matter to write that the pressure
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Chapter 9. Combustion instabilities 217and volume �ow rate perturbations are 
ontinuous at the su

essive area 
hangesand use equation Eq. (9.5) to link the volumetri
 �ow rate perturbations throughthe �ame. These various equations 
ombine with the boundary 
onditions at thesystem ba
kplane (a rigid wall) and exhaust (an open end) to yield a system oflinear equations M × X = 0 where M is given by the following matrix :



eik1l1 e−ik1l1 −1 −1 0 0
1 −1 0 0 0 0

S1

ρ1c1
eik1l1 −S1

ρ1c1
e−ik1l1 −S2

ρ2c2
S2

ρ2c2
0 0

0 0 KS2

ρ2c2
eik2l2 KS2

ρ2c2
e−ik2l2 −S3

ρ3c3
S3

ρ3c3
0 0 0 0 eik3l3 e−ik3l3

0 0 eik2l2 e−ik2l2 −1 −1


where lengths l1, l2, l3 are de�ned in Fig. 9.1 (
). kj is the wavenumber in the

jth se
tion and X is a ve
tor of waves amplitudes in the various 
omponents ofthe system :XT = [A1 B1 A2 B2 A3 B3℄This set of equations in
ludes the �ame des
ribing fun
tion in the fa
torK de�nedpreviously Eq. (9.5). Nontrivial solutions of this system 
orrespond to a vanishingdeterminant. This de�nes the dispersion relation whi
h now depends on the levelof perturbations impinging on the �ame. The determinant of this matrix 
an bederived analyti
ally and takes the form :
Det[M] =

S1

ρ1c1
sin(k1l1)

[
K(ω, u′2)S2

ρ2c2
cos(k2l2) sin(k3l3) +

S3

ρ3c3
sin(k2l2) cos(k3l3)

]

−
S2

ρ2c2
cos(k1l1)

[
S3

ρ3c3
cos(k2l2) cos(k3l3) −

K(ω, u′2)S2

ρ2c2
sin(k2l2) sin(k3l3)

](9.6)The 
omplex roots ω = ωr + iωi of the dispersion relation Det[M(ω,u′)℄ = 0 areobtained numeri
ally as a fun
tion of the perturbation level. This yields an angu-lar frequen
y ωr = ωr(u
′

2) and a growth rate ωi = ωi(u
′

2) whi
h both depend onthe amplitude of velo
ity perturbations impinging on the �ame. ωr 
orrespondsto 2πf where f is the os
illation frequen
y. Sin
e �ame transfer fun
tion weremeasured at dis
rete levels, FTF at intermediate os
illation levels were interpo-lated linearly. One may thus tra
e the root lo
us as a fun
tion of the amplitudelevel in a diagram where the frequen
y is used as ordinate while the growth rateis used as horizontal 
oordinate. In the absen
e of damping, the stability of thesystem is de�ned by the sign of ωi(u
′

2). If this quantity is positive the os
illa-tion grows and the system is unstable. However, the real system also featuresa 
ertain amount of damping α. While this quantity is di�
ult to determinetheoreti
ally it 
an be estimated experimentally by measuring the resonan
e re-sponse of the system when it is submitted to an external for
ing as explained in
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218 Part III. Combustion instabilities of swirling flames

Figure 9.3: Experimental setup used to determine the resonan
e response of the burnerunder hot �re 
onditions. The external ex
itation is generated with the loudspeakerlo
ated at the outlet of the �ame tube. Two mi
rophones are used to measure thea
ousti
 response M0 and M1 respe
tively lo
ated at the base and at the outlet of theburner.the experimental 
on�guration se
tion. The damping 
oe�
ient is then dedu
ed(see the next se
tion) from the frequen
y bandwidth of the a
ousti
al responseof the system to external modulations. Stability is then governed by the sign of
ωi(u

′

2)−α. In other words when the growth rate ωi(u
′

2) ex
eeds the damping rate
α, the os
illation amplitude in
reases. One also dedu
es that when ωi(u

′

2) = αthe system rea
hes a limit 
y
le. This is used in what follows to analyze stabilityand determine the amplitude level at the limit 
y
le when the system featuresself-sustained os
illations.9.5 Experimental results and 
omparison with predi
-tionsExperimental measurements of the system damping As indi
ated in theprevious se
tion, the growth rate must be 
ompared to the damping 
oe�
ientto determine the stability of the system. This 
oe�
ient 
an be estimated froma resonan
e response by imposing an external modulation under hot �re 
ondi-tions and measuring the resonan
e sharpness. The setup used to 
hara
terize theresponse is plotted in Fig. 9.3.This a
ousti
 response is plotted in Fig. 9.4 and obtained for �ame A. Fromthe frequen
y response one �nds the half power points whi
h give the frequen
ybandwidth ∆f of the quality fa
tor. Assuming that the system is analogous to a
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Chapter 9. Combustion instabilities 219harmoni
 os
illator, one dedu
es the damping 
oe�
ient α ≃ π∆f . The dampinghas been determined with the burner equipped with the short upstream manifoldand the 100 mm �ame tube. In this 
on�guration, 
ombustion is stable. In whatfollows, it will be assumed that the damping does not 
hange with the geometri
al
hara
teristi
s. There are four distin
t 
ontribution to the damping depending onthe boundary layers, the bulk velo
ity, the radiated losses and the vortex rollup.The main 
ontribution identi�ed in a separate investigation 
orresponds to vortexrollup and subsequent dissipation. This 
ontribution to damping will not dependon the size of the upstream manifold and �ame tube. The typi
al value of thedamping rate is α ≃ 55 s−1. This value is mu
h larger than that found for thesame 
on�guration but in the absen
e of �ow and rea
tion. The measurement it-self is imperfe
t and one should take into a

ount a possible error bar of ± 10 s−1.Self-sustained os
illations Self-sustained os
illations are 
hara
terized bythe level of the root mean square of the pressure �u
tuation at the base of theupstream manifold. The signal is obtained with the mi
rophone M0, see Fig. 9.1(b). When the rms pressure level is low and broadband, the system is operatingin a stable mode. It is os
illating when most of the power is 
on
entrated in anarrow band of frequen
ies and when the rms pressure ex
eeds a threshold valuewhi
h 
orresponds to the typi
al noise level in the system and in the present 
ase
an be taken equal to 10 Pa. This is illustrated in Fig. 9.5 whi
h displays tem-poral evolutions of heat release rate �u
tuation and pressure inside the upstreammanifold for one stable and one unstable 
ase. The geometry is based on theshort upstream manifold for the operating point A and the length of the �ame

Figure 9.4: Experimental a
ousti
 response of the 
ombustor from f = 0 to f = 200Hz obtained under �re 
ondition for �ame A with the short upstream manifold and the100 mm �ame tube. This 
urve is used to determine the damping 
oe�
ient α with
α = π∆f . Result indi
ates a damping 
oe�
ient equal to α ≃ 55 s−1.
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220 Part III. Combustion instabilities of swirling flamestube is varied from l3 = 100 mm to l3 = 400 mm. These signals indi
ates that thelong �ame tube leads to an unstable os
illation while the �ame is stable when the�ame tube is short for the operating point A. One 
an observed that the pressuresignal is quasi sinusoidal meaning that the a
ousti
s remains linear in the system.Results of systemati
 experiments are plotted in Fig. 9.6 for �ames A and inFig. 9.7 for �ame B. The stars are displayed as a fun
tion of geometri
al pa-rameters of the 
on�guration : �ame tube length and upstream manifold size.Results are given for operating points A and B 
orresponding to two di�erentbulk velo
ities in the inje
tion unit. Gray 
ir
les indi
ate stable 
on�gurationswhile bla
k stars indi
ate self-sustained instabilities. Gray stars 
orresponds toslightly unstable 
ases. Both �gures indi
ate when the system is stable or un-stable for �ames A and B. When the system is equipped with a 400 mm �ametube, it is unstable for all sizes used for the upstream manifold and for bothoperating points A and B. One observes that for some 
ases, the amplitudes ofvelo
ity u′/Ub is very high. Some fairly high values are rea
hed for u′/Ub and itis possible that a reverse �ow o

urs during some parts of the modulation 
y
le.Limit 
y
les Results of 
al
ulations are plotted in Figs. 9.8, 9.9 and 9.10.Ea
h plot shows the root lo
us ωi(u
′

2), f(u′2) when the relative velo
ity �u
tua-tion level upstream of the �ame is progressively in
reased. The error bar on thedamping rate is also shown in the form of a verti
al gray region 
entered around
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(a) (b)Figure 9.5: Root mean square pressure in Pa measured at the base of the 
ombustorwith the mi
rophone M0 and heat release rate �u
tuation Q̇′ measured with the photo-multiplier. The geometri
al 
on�guration is based on the short upstream manifold for�ame A and two lengths of the �ame tube are mat
hed : (a) : stable 
ase with l3 = 100mm, (b) : unstable 
ase with l3 = 400 mm.
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Chapter 9. Combustion instabilities 221

Figure 9.6: Combustor stability map for �ame A. The stable 
on�gurations are in gray
ir
les while bla
k stars indi
ate a high level of rms pressure whi
h 
orresponds to a self-sustained os
illation of the system. Gray stars indi
ate a slightly unstable 
on�guration.

Figure 9.7: Combustor stability map for �ame B. The stable 
on�gurations are in gray
ir
les while bla
k stars indi
ate a high level of rms pressure whi
h 
orresponds to a self-sustained os
illation of the system. Gray stars indi
ate a slightly unstable 
on�guration.55 s−1. When the traje
tory is on the left of the estimated damping, the systemis stable. This 
orresponds to negative values of ωi(u
′

2) − α meaning that thepressure �u
tuation is damped as a fun
tion of time. When the traje
tory beginson the right of the region 
orresponding to the estimated damping the system isunstable and rea
hes a limit 
y
le at the 
ross point between the lo
us root andthe verti
al region 
orresponding to α with the error bar in gray.The root lo
us is plotted as a fun
tion of frequen
y f expressed in Hz and growthrate ωi given in s−1 as a fun
tion of the velo
ity disturban
e amplitude. Six 
asesare des
ribed, four 
orresponds to �ame A and the others to �ame B. The �rst
ases, in Fig. 9.8 (a) and (b), start with a growth rate whi
h is below α = 55 s−1
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222 Part III. Combustion instabilities of swirling flames

(a) (b)Figure 9.8: Frequen
y - Growth rate traje
tories plotted as a fun
tion of the velo
itydisturban
e level u′/Ub. The value of the damping 
oe�
ient α is shown in the formof a gray region representing the error bar on this quantity. The stable and unstableregions are lo
ated respe
tively on the left and on the right of the gray region. The rootlo
us is plotted on a 
olor s
ale as a fun
tion of the relative �u
tuation u′/Ub. (a) and(b) respe
tively 
orrespond to a system equipped with the medium and long upstreammanifold and for a 
on�nement tube length l3 = 100 mm. Flow 
onditions are those of�ame A.and at frequen
ies near 111 Hz and 104 Hz. The traje
tory always remains onthe left of the damping value indi
ating that the system is stable. This is indeedwhat is observed experimentally as shown in Fig. 9.6.In Fig. 9.9 (a) and (b), both 
ases are unstable be
ause traje
tories start on theright of the gray zone asso
iated to the damping 
oe�
ient. But these traje
-tory are not 
rossing the damping limit �xed for a value equal to α = 55 s−1.Nevertheless, one may get an estimate of the limit 
y
le. For 
ase (a), this limit
y
le is predi
ted with a frequen
y f equal to 116.5 Hz and a velo
ity disturban
eamplitude 
lose to 0.8. Experimental values (Fig. 9.6) indi
ate a frequen
y equalto 116 Hz and an amplitude level of 0.9 for this operating point. Predi
tions andexperiments are then in good agreement. For 
ase (b), the predi
ted frequen
yis f = 103 Hz and the velo
ity amplitude level u′/Ub is 0.8 while experimentalresults give a frequen
y of 102 Hz and an amplitude level of 0.78 
on�rming pre-di
tions.For �ame B with the medium upstream manifold and l3 = 400 mm, Fig. 9.10(a) indi
ates that the traje
tory begins on the right of α and that it 
rosses thedamping boundary for a relatively high value of u′/Ub. The limit 
y
le is rea
hedfor a frequen
y of 130 Hz for u′/Ub ≃ 0.55. This is 
onsistent with experimentalobservations indi
ating that the system os
illates at f = 126 Hz and that the
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Chapter 9. Combustion instabilities 223

(a) (b)Figure 9.9: Frequen
y - Growth rate traje
tories plotted as a fun
tion of the velo
itydisturban
e level u′/Ub. The value of the damping 
oe�
ient α is shown in the formof a grey region representing the error bar on this quantity. The stable and unstableregions are lo
ated respe
tively on the left and on the right of the gray region. The rootlo
us is plotted on a 
olor s
ale as a fun
tion of the relative �u
tuation u′/Ub. (a) and(b) respe
tively 
orrespond to a system equipped with the medium and long upstreammanifold and for a 
on�nement tube length l3 = 400 mm. Flow 
onditions are those of�ame A.

(a) (b)Figure 9.10: Frequen
y - Growth rate traje
tories plotted as a fun
tion of the velo
itydisturban
e level u′/Ub. The value of the damping 
oe�
ient α is shown in the formof a grey region representing the error bar on this quantity. The stable and unstableregions are lo
ated respe
tively on the left and on the right of the gray region. The rootlo
us is plotted on a 
olor s
ale as a fun
tion of the relative �u
tuation u′/Ub. (a) and(b) respe
tively 
orrespond to a system equipped with the medium and long upstreammanifold and for a 
on�nement tube length l3 = 400 mm. Conditions are those of �ameB.amplitude at the limit 
y
le is u′/Ub = 0.71. For �ame B with the long up-stream manifold and l3 = 400 mm, in Fig. 9.10 (b), the growth rate also ex
eeds
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224 Part III. Combustion instabilities of swirling flamesthe damping 
oe�
ient α but the traje
tory 
rosses the damping boundary ata mu
h lower value of the relative velo
ity disturban
e u′/Ub ≃ 0.05. This isunderestimated with what is shown in Fig. 9.6 where the level of os
illationrea
hes u′/Ub = 0.4. One explanation of the di�eren
e between predi
ted esti-mates and experimental amplitude is that the rms value u′ is determined in thepredi
tion with pure harmoni
 signals while ba
kground noise is superimposedin the experiments due to turbulent �ow. This may lead in the experiments toslight di�eren
es with higher rms values for limit 
y
les at moderate amplitudes.The predi
ted frequen
ies at the limit 
y
le (130 Hz for 
ase (a) and 122 Hzfor 
ase (b)) are also in good agreement with experimental measurements whi
hrespe
tively indi
ate 126 Hz and 125 Hz.All results are gathered in Table 9.1. These results support 
on
lusions of are
ent work Kim et al. (2010a) whi
h dis
usses the 
ompa
t �ame assumptionwith respe
t to a
ousti
 wavelength. In the 
ase of a �ame in the 
ompa
t �ameregime, a

urate predi
tions of eigenfrequen
ies and growth rate 
an be obtainedusing a global �ame transfer fun
tion.It is interesting to determine the evolution of the growth rate minus the damp-ing 
oe�
ient ωi − α as a fun
tion of the velo
ity amplitude and the length ofthe �ame tube. When the value of ωi − α is equal to zero, the system rea
hesthe limit 
y
le. In Fig. 9.11, the stability maps for �ame A are plotted for twosizes of the upstream manifold. These plots 
an be used to predi
t the stable orunstable behavior of a 
on�guration. With the medium size upstream manifold(Fig. 9.11(a)), one �nds that for a �ame tube of 170 mm in length the 
ombustoris stable. In
reasing the �ame tube length, the amplitude of the velo
ity distur-ban
e at limit 
y
le in
reases to rea
h very high levels. It appears that these highamplitude levels have a limit 
lose to 0.8.Similar results are obtained for �ame B in Fig. 9.12, respe
tively (a) for themedium upstream manifold and (b) for the long one. The 
ase (b) presents awide stability range for all �ame tube sizes. This explains why the limit 
y
leOperating point A A B BUpstream manifold (burner) Medium Long Medium LongExperimental frequen
y 116 Hz 102 Hz 126 Hz 125 HzPredi
ted frequen
y 116.5 Hz 103 Hz 130 Hz 122 HzExperimental velo
ity amplitude 0.9 0.78 0.71 0.4Predi
ted velo
ity amplitude 0.8 0.8 0.55 0.05Table 9.1: Comparison between predi
tions and experiments at limit 
y
le for operatingpoints A and B and for a �ame tube length l3 = 400 mm.
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Chapter 9. Combustion instabilities 225with the 400 mm �ame tube is weakly unstable with �ame A (see Fig. 9.10(b)).
9.6 Con
lusionThis 
hapter fo
uses on the analysis of 
ombustion instabilities of swirling �amesin a 
on�guration idealizing typi
al situations en
ountered in pra
ti
e. The ge-

(a)

(b)Figure 9.11: Stability maps of the burner for �ame A as a fun
tion of the �ametube length varying between 100 and 400 mm. The 
olorbar indi
ates values of ωi −
α in s−1 (negative values in the gray region). The line separating gray and whiteregions 
orresponds to points where ωi −α = 0 meaning that the limit 
y
le is rea
hed.(a) 
orresponds to the medium upstream manifold while (b) 
orresponds to the longupstream manifold.
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226 Part III. Combustion instabilities of swirling flames

(a)

(b)Figure 9.12: Stability maps of the burner for �ame B as a fun
tion of the �ametube length varying between 100 and 400 mm. The 
olorbar indi
ates values of ωi −
α in s−1 (negative values in the gray region). The line separating gray and whiteregions 
orresponds to points where ωi −α = 0 meaning that the limit 
y
le is rea
hed.(a) 
orresponds to the medium upstream manifold while (b) 
orresponds to the longupstream manifold.ometry 
an be varied by 
hanging the lengths of the upstream manifold and �ametube. The �ame des
ribing fun
tion determined experimentally is used to repre-sent the nonlinear response of the 
ombustion pro
ess to velo
ity perturbationsof various levels. These data are used in 
ombination with an a
ousti
 transfermatrix analysis to derive a nonlinear dispersion relation (a relation whi
h de-pends on the amplitude of os
illation). This is then exploited to determine thefrequen
y and growth rate of perturbations in the system as a fun
tion of theamplitude of velo
ity perturbations on the upstream side of the �ame. Values ofthe growth rate are then 
ompared to the damping 
oe�
ient of the system ob-
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Chapter 9. Combustion instabilities 227tained from separate experiments to determine stability or instability and obtainthe amplitude when the system os
illates at a limit 
y
le. Theoreti
al predi
tionsretrieve well experimental observations validating the FDF methodology appliedto the 
ase of 
on�ned swirling �ames.
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Con
lusion and perspe
tives
This investigation is 
on
erned with swirling �ames dynami
s and 
ombustioninstabilities indu
ed by the resonant 
oupling between su
h �ames and systema
ousti
s. This important s
ienti�
 and te
hnologi
al problem is examined inthe 
ase of a turbulent premixed 
on�ned swirling 
ombustor. This study maybe 
onsidered as a 
ontinuation of work 
arried out in four previous do
toraldissertations by (Du
ruix (1999), S
huller (2003), Birbaud (2006) and Noiray(2007)) and supervised by Daniel Durox and Sébastien Candel. These previousstudies and the present investigation have in 
ommon the general method ofapproa
h whi
h relies on a 
ombination of experimentation, theoreti
al modelingand numeri
al simulation but there are also many novel features leading to anumber of new �ndings :

• The turbulent swirling �ame 
on�guration 
onstitutes the main topi
 ofthis resear
h (there are some preliminary tests in the work 
arried out byBirbaud (2006) but the present investigation is more systemati
).
• A novel analysis 
on
erning mode 
onversion taking pla
e in an airfoil 
as-
ade or in a swirler is 
arried out to explore the generation of a vorti
itywave when the 
as
ade intera
ts with a
ousti
 disturban
es. The result-ing axial and transverse velo
ity perturbations are 
hara
terized and theirphase velo
ities are shown to 
orrespond to the sound velo
ity and mean�ow velo
ity respe
tively. The di�eren
e in phase velo
ities of disturban
espropagating on the downstream side of the swirler has an important impa
ton the �ow dynami
s.
• It is demonstrated that the mode 
onversion pro
ess in the swirler stronglya�e
ts the �ame response.
• The dynami
s of the �ame is examined in a uni�ed framework. It is foundthat the �ame response to a
ousti
 disturban
es 
an be suitably representedwith a nonlinear method based on the des
ribing fun
tion framework. The�ame dynami
s is investigated experimentally. It is then shown that itre�e
ts the presen
e of the mode 
onversion me
hanism taking pla
e in theswirler. S
aling rules are derived for the �ame response whi
h indi
ate thatthe Strouhal number 
an be used as a fundamental dimensionless group to
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230 Con
lusion and perspe
tives
ollapse data gathered at various points of operation.
• The understanding of the fundamental me
hanisms is used to propose amodel for the �ame transfer fun
tion of swirling �ames.
• Self-sustained instabilities are analyzed systemati
ally by 
hanging the sizeof the upstream manifold and the size of the �ame tube. The nonlinearstability analysis is shown to provide velo
ity amplitudes and frequen
iesat limit 
y
les whi
h are in fairly good agreement with experimental data.
• It is possible to infer that the understanding of the me
hanisms driving theresponse of the �ames 
an be used to develop passive 
ontrol strategies andobtain an essentially neutral response to in
ident perturbations.The present study is 
arried out in a 
on�ned geometry to reprodu
e 
onditionsprevailing in appli
ations like jet engines or gas turbines. The experimentallayout 
omprises a swirler designed to an
hor a turbulent swirling �ame, anupstream manifold and a �ame tube featuring adjustable sizes and enabling easy
hanges in the burner a
ousti
s. Stable or unstable operation is shown to dependon the �ame tube length. When the system operates in an unstable regimethis 
orresponds to a 
oupling by the Helmholtz mode indu
ing large amplitudeos
illations. The self-indu
ed os
illations observed experimentally are retrievedtheoreti
ally.Another novel aspe
t is a study of the �ame dynami
s based on Large EddySimulations and subsequent 
omparisons between experimental data and 
al
u-lations. This study is 
arried out with the AVBP 
ode. The distributions of heatrelease rate at various instants during the 
y
le 
ompare well with experimentalmeasurements. The simulations are used to gain a better understanding of theunderlying pro
esses and 
on�rm that the swirler generates a azimuthal velo
itydisturban
es when it intera
ts with a
ousti
 perturbations.These studies open new perspe
tives and 
an be pursued in various dire
tions.
• Mu
h remains to be done to fully do
ument the dynami
s of swirling �ames.It has been found that the FDF of swirling �ames is sensitive to swirlnumber level. In this thesis, it has been shown that a slight in
rease inthe swirl number redu
es the gain of the FDF and then 
ould be used asa novel passive 
ontrol strategy. One may try to explore this point bysystemati
ally investigating the FDF for a range of swirl numbers.
• The intera
tion of a vortex with a swirling �ow may enhan
e the under-standing of rollup me
hanism during self-sustained os
illations. This shouldbe 
onsidered theoreti
ally, numeri
ally and experimentally in order to showwhat one expe
t physi
ally : in
reasing the level of swirl might de
reasethe strength of the vortex.
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Con
lusion and perspe
tives 231
• The 
oupling between swirling �ames and transverse a
ousti
 modes is im-portant in many appli
ations. This is now being 
onsidered in the MICCAproje
t. Further work is being planned to study this 
oupling in an an-nular 
hamber equipped with multiple inje
tors. Knowledge a
quired inthe present resear
h 
an be used to design this 
hamber and obtain self-sustained azimuthal instabilities.
• A point whi
h needs further examination is the question of damping. Itwould be useful to pursue the quanti�
ation of the damping levels in 
om-plex geometries under 
old �ow and hot �re 
onditions taking into a

ountdissipation pro
esses asso
iated to rollup, boundary layers, mean �ow, pres-en
e of hot gases and radiation losses.
• Large Eddy Simulations of perturbed swirling �ames need to be developedmore systemati
ally to see if the transfer fun
tion 
an be derived fromsimulations without further need for experiments. This will require a largeamount of 
omputer resour
es whi
h are progressively be
oming available.
• The knowledge developed in this resear
h 
ould be used to devise novel 
on-trol methods for swirling �ames. It seems feasible to use the data to adjustthe �ame dynami
s so that the response to disturban
es is minimized.
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Appendix AModeling of intera
tion betweenswirling jet and vortex
A.1 Introdu
tionThe obje
tive of the present appendix is to derived a simple model to 
hara
terizethe intera
tion of a vortex with a swirling jet. Spe
i�
ally, two sour
es of vorti
ityare identi�ed : the �rst due to the vortex generated by a
ousti
 waves impingingthe swirler (ωθ), the se
ond due to the swirling �ow (ωz). It is shown that both
ontributions are linked with a simple model. It has been demonstrated in themanus
ript that an in
rease of the swirl number redu
es the gain of the �ameresponse. And one reason maybe due to the damping of the rollup me
hanismwhen the level of swirl is in
reased.A.2 Equation of motionThe mass balan
e equation is :
1

r

∂rvr

∂r
+

1

r

∂vθ

∂θ
+
∂vz

∂z
= 0 (A.1)One assumes a 
onstant density �ow and invis
id su
h that the vorti
ity equation
an be written as :

∂w

∂t
+ (v·∇)w = (w·∇)v (A.2)The radial vorti
ity 
omponent is given by :

∂wr

∂t
+ vr

∂wr

∂r
+
vθ

r

∂wr

∂θ
+ vz

∂wr

∂z
= wr

∂vr

∂r
+
wθ

r

∂vr

∂θ
+ wz

∂vr

∂z
(A.3)
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238 Appendix A. Swirling jet/vortex intera
tionThe azimuthal vorti
ity 
omponent is given by :
∂wθ

∂t
+ vr

∂wθ

∂r
+
vθ

r

∂wθ

∂θ
+ vz

∂wθ

∂z
= wr

∂vθ

∂r
+
wθ

r

∂vθ

∂θ
+ wz

∂vθ

∂z
(A.4)The axial vorti
ity 
omponent is given by :

∂wz

∂t
+ vr

∂wz

∂r
+
vθ

r

∂wz

∂θ
+ vz

∂wz

∂z
= wr

∂vz

∂r
+
wθ

r

∂vz

∂θ
+ wz

∂vz

∂z
(A.5)One 
onsiders an axysymetri
 �ow and no radial velo
ity 
omponent vr.One obtains then for the radial vorti
ity 
omponent :

∂wr

∂t
+ vz

∂wr

∂z
= 0 (A.6)For the azimuthal vorti
ity 
omponent :

∂wθ

∂t
+ vz

∂wθ

∂z
= wr

∂vθ

∂r
+ wz

∂vθ

∂z
(A.7)For the axial vorti
ity 
omponent :

∂wz

∂t
+ vz

∂wz

∂z
= wr

∂vz

∂r
+ wz

∂vz

∂z
(A.8)This set of three equations are the starting point of the theoreti
al derivation.A.3 Model derivationThere is two main sour
es of vorti
ity in the present 
ase :

Figure A.1: Example of geometry with swirling jet / vorti
es intera
tion. Vorti
es areshed from the outlet of the swirler and intera
t with the swirling �ow.
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Appendix A. Swirling jet/vortex intera
tion 239
• the �rst 
ontribution is the vorti
ity asso
iated to the vortex shed at thetrailing edge of the swirler generating a azimuthal vorti
ity 
omponent wθ

• the se
ond is the vorti
ity asso
iated to the swirling �ow with an axial
omponent wzOne assumes that wr is zero.Furthermore, a

ording to Eq. (A.1) and previous hypothesis, one has :
∂vz

∂z
≃ 0 (A.9)Finally, it remains for the azimuthal vorti
ity 
omponent Eq. (A.7) :

∂wθ

∂t
+ vz

∂wθ

∂z
= wz

∂vθ

∂z
(A.10)And for the axial vorti
ity equation Eq. (A.8) :

∂wz

∂t
+ vz

∂wz

∂z
= 0 (A.11)One 
an sum these two equations, respe
tively Eqs. (A.10) and (A.11) to obtain:

∂

∂t
(wθ + wz) + vz

∂

∂z
(wθ +wz) = wz

∂vθ

∂z
(A.12)One 
an also assume that vθ = vθ(r) and so :

d

dt
(wθ + wz) = 0 (A.13)This last equation balan
es e�e
ts of vorti
ity due to the vortex (ωθ) and theswirling jet (ωz).One 
an determine both 
ontributions wθ and wz.It is known that wθ is de�ned as :

wθ =

[
∂vr

∂z
−
∂vz

∂r

]eθ (A.14)While wz is de�ned as :
wz =

1

r

[
∂

∂r
(rvθ) −

∂vr

∂θ

]ez (A.15)
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240 Appendix A. Swirling jet/vortex intera
tionTaking into a

ount previous hypothesis, respe
tively no radial �ow and axisym-metri
 
on�guration, one obtains :
wθ = −

∂vz

∂r
eθ (A.16)whi
h re�e
ts the vorti
ity term ωθ indu
ed by the vortex. While wz is indu
edby the swirling jet :

wz =
1

r

[
∂

∂r
(rvθ)

]ez (A.17)One 
an use a vortex model, the isentropi
 vortex to 
ontinue the analysis. Theexpression of the velo
ity vz for an isentropi
 vortex is given by :
vz(r) =

Γv

Rc
exp

(
−

r2

2R2
c

) (A.18)where Rc is the radius of the vortex, r the 
urrent radius and Γv the 
ir
ulationof the vortex. Then, one has :
wθ =

rΓv

2R3
c

exp

(
−

r2

2R2
c

) (A.19)The expression of the velo
ity vθ for a swirling �ow 
an be modeled as a solidbody rotation with : vθ(r) = Ωs r. Then : wz = 2Ωs. A

ording to Eq. (A.13),one has :
wθ + wz = K (A.20)where K is a 
onstant. By substituting expressions for both vorti
ity terms ωθand ωz in Eq. (A.20), one has :
rΓv

2R3
c

exp

(
−

r2

2R2
c

)
+ 2Ωs = K (A.21)One obtains �nally :

Γv = 2
R3

c

r
[K − 2Ωs] exp

(
r2

2R2
c

) (A.22)This last expression shows that in
reasing the rotation rate Ωs of the �ow resultsin a de
rease of the in
ident vortex strength Γv.
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Appendix BRe
onstru
tion de signaux
Problématique Cette annexe a pour obje
tifs de présenter deux méthodes dere
onstru
tion de signaux utiles pour a

éder à la valeur de la �u
tuation depression a
oustique en un point où 
ette quantité ne peut être mesurée expéri-mentalement. La première méthode utilise une représentation fréquentielle ets'appuie sur la transformée de Hilbert. On passe ainsi par le signal analytique.La se
onde méthode réalise une extrapolation dire
te dans le domaine temporel.Dans les deux 
as, la re
onstru
tion est valide pour une distan
e ∆x, entre lepoint 1 de mesure et le point 2 de re
onstru
tion, su�samment faible et telle que: k∆x << 1 où k représente un nombre d'onde typique k = 2π/λ. Ce 
ritèreindique que la distan
e ∆x ne doit pas être trop grande par rapport à la longueurd'onde. Lorsqu'il est respe
té, l'extrapolation des 
hamps d'onde est fa
ilementréalisée au moyen d'un développement en série de Taylor. Nous étudions parsimulation numérique les deux méthodes pour deux 
as 
onnus : une onde planeprogressive et une onde stationnaire. Ces deux situations génériques vont per-mettre de valider la méthode.On suppose que la pression et la vitesse a
oustique sont 
onnues au point 1. Ilest alors naturel de faire appel à l'équation de bilan de quantité de mouvementlinéarisée dans un milieu au repos. Celle-
i est donnée sous la forme :
ρ0
∂v
∂t

= −∇p (B.1)On peut alors travailler sur 
ette équation en supposant des solutions harmoniquespour les 
hamps de pression et de vitesse. Celles-
i prenant alors la forme 
anon-ique a(x, t) = a(x)e−iωt. L'expression suivante relie le gradient de pression à la�u
tuation de vitesse au point de mesure.
ρ0 i ω v1 =

∂p

∂x
(B.2)



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 242 � #264
i

i

i

i

i

i

242 Appendix B. Re
onstru
tion de signauxEn utilisant un développement de Taylor à l'ordre 3 pour le 
al
ul de la �u
tuationde pression, on obtient :
p2 = p1 + ∆x

∂p

∂x
+

∆x2

2

∂2p

∂x2
+

1

6
(∆x)3

∂3p

∂x3
+ o[(∆x)4] (B.3)Méthode fréquentielle Pour obtenir la dérivée se
onde de la pression, onpeut partir de l'équation d'onde :

1

c20

∂2p

∂t2
−
∂2p

∂x2
= 0 (B.4)qui devient dans le 
as harmonique :

∂2p

∂x2
= −k2p (B.5)La dérivée troisième s'obtient fa
ilement en dérivant 
ette expression puis enutilisant le bilan de quantité de mouvement linéarisé.

∂3p

∂x3
= −k2 ∂p

∂x
= −ρ0iωk

2v (B.6)Dès lors, la 
ombinaison des équations Eqs. (B.3), (B.5) et (B.6) donne :
p2 = p1 +

∂p

∂x
∆x−

1

2
(k∆x)2p1 −

1

6
k2(∆x)3

∂p

∂x
(B.7)En inje
tant alors l'expression du gradient de pression de l'équation Eq. (B.2)dans l'équation Eq. (B.7), on obtient :

p2 = ρ0 i ω v1∆x

[
1 −

1

6
(k∆x)2

]
+ p1

[
1 −

(k∆x)2

2

] (B.8)Cette dernière expression donne bien la pression à re
onstruire en 2 en fon
tion dela �u
tuation de vitesse et de la pression au point 1. Pour utiliser 
ette expressionen partant de signaux réels, il faut d'abord re
al
uler des signaux analytiques enappli
ant la transformée de Hilbert. L'équation Eq. (B.8) est alors dire
tementappli
able aux signaux analytiques p̂1, p̂2 et v̂1. On obtient alors en prenantla partie réelle de l'équation Eq. (B.8) le signal temporel de pression p2. Onapplique dans les deux paragraphes suivants la méthode à un signal 
onnu : uneonde plane progressive.On 
onsidère don
 maintenant une onde plane progressive. Le 
hamp de pressiona dans 
e 
as pour expression :
p(x, t) = p0 cos(kx− ωt) (B.9)



i

i �These_Palies_V3� � 2010/11/8 � 17:18 � page 243 � #265
i

i

i

i

i

i

Appendix B. Re
onstru
tion de signaux 243

2 2.2 2.4 2.6 2.8 3

−100

−50

0

50

100

 P (Pa)

 Temps (ms)

 

 

p1
p2

2 2.2 2.4 2.6 2.8 3

−100

−50

0

50

100

 P (Pa)

 Temps (ms)

 

 

p2
p2 par TH

Figure B.1: A gau
he, amplitudes des signaux de pression, à des abs
isses séparésd'une distan
e ∆x = 5 
m. A droite, re
onstru
tion du signal de pression au point 2suivant l'équation Eq. (B.8). On utilise les signaux de pression et de vitesse déte
tés aupoint 1. f = 750Hzoù p0 est une amplitude. La �gure B.1 montre l'évolution de 
ette onde auxabs
isses x1 et x2. En d'autres termes, on observe le déphasage des signauxasso
iés à p(x, t). La �gure donne le signal déte
té en x2 et le résultat obtenuen re
onstruisant 
e signal à partir de la pression et de la vitesse au point 1. Onprésente sur le se
ond graphique la re
onstru
tion du signal en 
omparaison ave
le signal réel.On observe ainsi que la re
onstru
tion du signal est d'une très bonne qualité. Ilest di�
ile de faire apparaître une di�éren
e entre les signaux réel et re
onstruit.Méthode temporelle
• GénéralitésUne autre appro
he 
onsiste à déterminer l'expression de p2 en utilisant uneformulation temporelle. Cette méthode est plus générale que la méthodefréquentielle 
ar elle s'applique à des signaux dont les variations temporellessont arbitraires. On part la en
ore des équations de l'a
oustique et onutilise des approximations 
entrées des dérivées. Pour 
ela, on représentela pression au point 2 sous la forme d'un développement de Taylor (B.3)
omme pré
édemment et on 
al
ule 
haque terme du développement ens'appuyant sur l'équation d'onde et le bilan de quantité de mouvementlinéarisé :
∂p

∂x
= −ρ0

∂v

∂t
(B.10)

∂2p

∂x2
=

1

c20

∂2p

∂t2
(B.11)
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Figure B.2: A gau
he, amplitudes des signaux de pression, 
al
ulés à des abs
issesséparés d'une distan
e de ∆x = 5 
m. A droite, re
onstru
tion du signal de pression àpartir des signaux de pression et de vitesse déte
tés au point 1.On a alors :
p2 = p1 − ρ0

∂v

∂t
∆x+

1

2

∂2p

∂x2
∆x2 (B.12)Il est ensuite né
essaire de 
al
uler les dérivées temporelles des termes degau
he. Il vient :

∂v

∂t
=
v(t+ ∆t) − v(t− ∆t)

2∆t
(B.13)

∂2p

∂t2
=
p(t+ ∆t) − 2p(t) + p(t− ∆t)

(∆t)2
(B.14)En substituant 
es expressions dans le développement en série de Taylor(B.3), on obtient :

p2 = p1 − ρ0
v(t+ ∆t) − v(t− ∆t)

2∆t
∆x+

1

2

1

c20

∂2p

∂t2
∆x2 (B.15)

• Onde plane progressive et onde stationnaireOn peut à nouveau 
omparer les résultats d'extrapolation au 
hamp exa
te.La �gure [B.3℄ donne une représentation du 
hamp de pression p2 et du
hamp de pression estimé dans le 
as d'une onde plane progressive. La �guredonne les signaux extrapolé et théorique pour le 
as d'une onde stationnaire.Ces deux �gures montrent que la méthode d'extrapolation est bien adaptée.
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Figure B.3: A gau
he, re
onstru
tion du signal de l'onde plane progressive au point 2ave
 la méthode temporelle pour une distan
e de 5 
m entre les deux abs
isses x1 et x2.A droite, re
onstru
tion du signal de pression au point 2 ave
 la méthode temporellepour une distan
e de 3 
m.
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Appendix CConvergent e�e
t on the swirlnumber
We now investigated the e�e
t of a 
hange in the se
tion area downstream theswirler. We assume that the �uid parti
ule as the following velo
ity ve
tors
omponents v(r, t) = vθ eθ + vz ez. The swirl number is still :
S =

∫ R
0 ρvθvz2πr

2dr

R
∫ R
0 (ρv2

z + p)2πr dr
(C.1)The mass balan
e for a �xed 
ontrol volume V en
ompassing the 
ross se
tion
hange is :

d

dt

∫

V
ρ dV +

∫

A
ρv.n dA = 0 (C.2)The surfa
e A 
an be divided in three boundary surfa
es of the 
ontrol volume

V where A1 is the inlet surfa
e, A2 the outlet surfa
e and Σ the lateral surfa
e.The only non zero 
ontributions 
ome from the inlet and the outlet surfa
es. We�nally obtain for an in
ompressible �ow :
vz2 = vz1

A1

A2
(C.3)To understand the e�e
t of a geometri
al 
hange on the swirl number, we alsoneed to analyze the evolution of the azimuthal 
omponent vθ through the 
hangein 
ross se
tion. So we used the azimuthal momentum equation under its 
on-servative form :

∂ρvrvθ

∂r
+
∂ρvθvz

∂z
+ 2ρ

vθvr

r
= 0 (C.4)
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248 Appendix C. Convergent effe
t on the swirl numberOne 
an assume that the radial velo
ity 
omponent is small 
ompared to theother 
omponents and negle
t terms 
ontaining vr :
∂ρvθvz

∂z
= 0 (C.5)This expression 
an be integrated in the z dire
tion :

∫ z2

z1

∂ρvθvz

∂z
dz = 0 (C.6)This yields :

vθ2vz2 = vθ1vz1 (C.7)Whi
h is also :
vz1

vz2
=
vθ2

vθ1
(C.8)One 
an 
onsider a 
onvergent unit where the se
tion A2 is smaller than A1. As

vz2 is stronger than vz1, one dedu
es that vθ2 is lower than vθ1. One 
an thenexamine the di�erent terms of the swirl number. In the numerator :
∫ R2

0
ρvθ2vz2 2πr2 dr <

∫ R1

0
ρvθ1vz1 2πr2 dr (C.9)As R2 is smaller than R1, the produ
t of the axial velo
ity by azimuthal velo
ityis 
onserved. In the denominator, one �nds :

R

∫ R

0
(ρv2

z + p) 2πr dr (C.10)We used the axial momentum equation under it 
onservative form :
∂ρvrvz

∂r
+
∂ρv2

z

∂z
+ ρ

vzvr

r
= −

∂p

∂z
(C.11)Eliminating terms 
ontaining vr :

∂ρv2
z

∂z
= −

∂p

∂z
(C.12)and integrating this equation along the z axis.

∫ z2

z1

∂(ρv2
z + p)

∂z
dz = 0 (C.13)One obtains :

ρv2
z2

+ p2 = ρv2
z1

+ p1 (C.14)
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Appendix C. Convergent effe
t on the swirl number 249The denominator only depends on the square of the se
tion area. Furthermore,as the outlet radius R2 is smaller than the radius R1, one has :
R2

∫ R2

0
(ρv2

z2 + p2) 2πr dr < R1

∫ R1

0
(ρv2

z1 + p1) 2πr dr (C.15)We observed �nally that both numerator and denominator have the same behav-ior de
reasing proportionally with the radius. As their ratio is linearly propor-tional to the radius R, the swirl number de
reases in a 
onstri
tion.It is also possible to show this result by making use of swirl number 
orrelationslike those given by Gupta et al. (1984) and de�ning tanφ = vθ/vz.
S = tanφ

∫ R
0 r2 dr

R
∫ R
0 r dr

(C.16)Su
h that :
S = tanφ

R3/3

RR2/2
(C.17)One �nds that S = (2/3) tan Φ and �nally : S = (2/3)(vθ1/vz1).The ratio of the swirl numbers between the inlet and the outlet is then :

S1

S2
=
vθ1/vz1

vθ2/vz2
(C.18)This 
an be expressed in terms of 
ross se
tion area by making use of Eq. (C.3)and Eq. (C.8) :

S1

S2
=
vθ1

vθ2

vz2

vz1
=

(
vz2

vz1

)2

=

(
A1

A2

)2 (C.19)This last expression shows that a 
hange in the se
tion area indu
es a 
hange inswirl number.
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Appendix DFormulaire
Cette annexe ré
apitule quelques formules utilisées pour determiner la ri
hessed'un mélange et les fra
tions massiques des espè
es.La réa
tion de 
ombustion du méthane et de l'air s'é
rit dans des proportionsstoe
hiométriques 
omme :
CH4 + 2 (O2 + 3.76N2) → CO2 + 2 (H2O + 3.76N2) (D.1)Pour une ri
hesse inférieure à la stoe
hiométrie, 
ette équation devient :
φCH4 + 2 (O2 + 3.76N2) → φ(CO2 + 2H2O) + 2 [(1 − φ)O2 + 3.76N2] (D.2)où φ est la ri
hesse du mélange. Celle-
i est dé�nie 
omme le ratio des rapportsde mélange lo
al α et stoe
hiométrique αs. Le rapport de mélange étant dé�nipar : α = ṁCH4

/ṁair où ṁCH4
et ṁair sont les débits masses de 
ombustible etd'air. Le 
al
ul du rapport de mélange αs est donné par :

αs =
MC + 4MH

2(MO2
+ 3.717N2)

(D.3)Les masses molaires de l'hydrogène, du 
arbone, de l'azote et de l'oxygène sontrespe
tivement : 1, 12, 14 et 16 g.mol−1. Le rapport de mélange αs a don
 pourvaleur 0.059. Par dé�nition de la ri
hesse, on peut é
rire :
ṁCH4

= φαsṁair (D.4)De plus, le débit massique total ṁ s'exprime 
omme la somme du débit de 
om-bustible et d'air :
ṁ = (1 + φαs)ṁair (D.5)
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252 Appendix D. FormulaireEn 
e qui 
on
erne les fra
tions massiques des espè
es, 
elles-
i s'é
rivent :
YCH4

=
ṁCH4

ṁ
=

φαs ˙mair

(1 + φαS)ṁair
(D.6)et

YO2
=
ṁO2

ṁ
=
ṁO2

ṁair

ṁair

ṁ
(D.7)Or le rapport ṁO2

/ṁair est la fra
tion massique de d'oxygène dans l'air :
YO2

=
2MO2

2MO2
+ 3.717MN2

(D.8)Cette fra
tion massique d'oxygène dans l'air a pour valeur 0.235. Ainsi, leséquations (D.6) et (D.7) 
onduisent à :
YCH4

=
φαs

1 + φαs
(D.9)et

YO2
=

0.235

1 + φαs
(D.10)Il est intéressant de ré
apituler, dans le tableau D.1 les valeurs numériques pré
é-dentes pour ensuite les utiliser dans un 
ode de 
al
ul.Ri
hesse 0.7 0.8 0.9 1

YCH4
0.0397 0.0451 0.0504 0.0558

YO2
0.2257 0.2244 0.2231 0.2219Table D.1: Évolution des fra
tions massiques en fon
tion de la ri
hesse
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