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Dans ces travaux, nous nous intéressons aux problèmes mal posés en traitement d’images
en général et au problème de l’estimation du mouvement apparent, le flot optique, dans une
séquence d’images en particulier. Le problème de la reconstruction 3D est également abordé
mais il est formulé en terme de compensation de mouvement. L’estimation du mouvement est,
comme la plupart des problèmes du traitement d’images, mal posée [?]. En effet, le déplace-
ment des points dans l’image est modélisé par une équation de conservation de la luminosité.
Or, une telle équation est scalaire. La vitesse est un vecteur à deux composantes (dans le plan
image), il y a donc une infinité de solutions. Une seconde difficulté est que l’équation de con-
servation de la luminosité est non linéaire par rapport à la vitesse, quantité que l’on souhaite
calculer. On notera qu’il existe d’autres modèles pour représenter le déplacement des points
dans l’image, modèles qui tirent parti de la modalité d’acquisition et du contexte d’étude. Par
exemple, nous avions proposé un modèle spécifique aux images infrarouges satellitaires basé
sur un principe de conservation de la masse [?]. Les présents travaux constituent donc un pro-
longement naturel de ces premières recherches. Quel que soit le modèle considéré, le problème
de l’estimation du mouvement reste mal posé et non linéaire (c’est aussi le cas de nombreux
problèmes du traitement d’images) et la question qui se pose est : quelles sont les informations
supplémentaires nécessaires pour lever l’indétermination ?
Les dispositifs d’acquisition moderne ont maintenant la capacité de délivrer des données avec
un rythme d’acquisition rapide. On dispose alors de séquences d’images dans lesquelles l’in-
formation temporelle, c’est-à-dire l’évolution en temps des structures spatiales observées dans
une acquisition, peut être décrite à l’aide d’heuristiques. Il apparaît alors évident qu’une telle
information sera utile pour la résolution d’un problème de traitement d’images donné quel
qu’il soit. Toutefois ce type d’information reste sous utilisé pour deux raisons :

1. comment modéliser cette évolution temporelle ?

2. comment exploiter ce modèle dans les algorithmes existant ?

Dans ce manuscrit, nous utiliserons le formalisme du calcul des variations pour résoudre le
problème posé et nous le déclinerons sous plusieurs formes et pour différentes problématiques.
De façon très générale, un modèle liant les observations (les images) avec le vecteur d’état (les
quantités que l’on souhaite calculer) est établi sous la forme d’une ou plusieurs équations,
nous l’appellerons “modèle image”. On construit alors une fonctionnelle de coût, dépendant du
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vecteur d’état qui mesure la déviation du modèle à la réalité sur l’ensemble de l’image (ou de
la séquence d’images). Le minimum de la fonctionnelle, qui fournit une solution ayant l’erreur
la plus petite, est déterminé en calculant la différentielle de la fonctionnelle puis en résolvant
l’équation d’Euler-Lagrange associée. On peut trouver un calcul complet dans [?], annexe A.1
de ce manuscrit, pour le calcul du flot optique. Si le problème est mal posé, il faut ajouter des
contraintes supplémentaires, la technique éprouvée étant de borner les variations du vecteur
d’état : on parle de régularisation [?]. On peut aussi ajouter d’autres contraintes qui tirent profit
de l’information a priori lorsqu’elle est identifiable. Le problème n’étant plus sous-contraint on
peut alors déterminer une solution unique.

C’est donc dans ce contexte que notre travail s’inscrit : résoudre des problèmes mal posés et
non linéaires en traitement d’images. Résoudre un problème mal posé, hormis la régularisation,
nécessite de prendre en compte l’information a priori pour formaliser une nouvelle contrainte
liant les observations et le vecteur d’état. L’information a priori peut alors être de deux types :

1. spatiale : on fait des hypothèses structurelles sur la scène observée dans les images en in-
corporant des propriétés spatiales. Ce type d’approche est très utilisé en imagerie médi-
cale et biologique puisqu’on peut tirer profit du fait qu’on connaît bien le contexte dans
lequel se déroule l’acquisition. Nous l’illustrerons dans un cas particulier en imagerie cel-
lulaire où l’on observe des structures sphériques. Nous exploiterons alors cette sphéricité
pour réaliser une reconstruction 3D et également pour améliorer des algorithmes 2D tels
que la segmentation ou le suivi d’objets évoluant à la surface de ces structures sphériques.

2. temporelle : si la dynamique de l’image est connue, nous la représentons sous la forme
d’une équation d’évolution. Nous montrerons que la connaissance d’une telle équation
et d’une condition initiale permet de calculer le vecteur d’état à tout instant sans re-
courir à la régularisation. Néanmoins le problème est alors de calculer une solution qui
soit un bon compromis entre l’équation d’évolution et les observations disponibles. Ceci
peut être réalisé en utilisant le formalisme de l’assimilation variationnelle de données.
Cette technique permet non seulement la prise en compte de l’information temporelle
mais encore de traiter naturellement le problème crucial des données manquantes. Nous
présenterons alors nos contributions pour le calcul de l’estimation du mouvement.

Les modèles images étant généralement non linéaires, l’inversion de tels modèles est plus déli-
cate numériquement (selon leur complexité). Nous distinguons dans l’état de l’art trois grandes
approches.
La première approche consiste à considérer malgré tout la fonctionnelle de coût bâtie sur le mo-
dèle non linéaire, de calculer sa différentielle, puis de résoudre l’équation aux dérivées partielles
(EDP) non linéaire qui en résulte. C’est ce qui est fait par exemple pour les contours actifs [?].
Elle requiert un fort coût algorithmique, car elle nécessite un algorithme itératif et pour chaque
itération l’inversion d’une matrice de grande taille (selon la taille du vecteur d’état). Cela peut
également mener à des instabilités numériques si la matrice est mal conditionnée ce qui est
souvent le cas.
La seconde approche consiste à “linéariser” les modèles : il s’agit simplement d’approximer les
modèles par un développement limité d’ordre 1. Le modèle étant linéaire, la différentiation de
la fonctionnelle de coût conduit à résoudre un système d’EDP linéaires : la solution est obtenue
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par discrétisation, ce qui conduit à résoudre un système linéaire de grande taille avec des mé-
thodes itératives numériquement robustes. Une telle approche est séduisante mais possède
évidemment un inconvénient : le modèle étant linéarisé, il est imparfait et la solution approxi-
mative. Pour le cas du flot optique, on peut s’en contenter si les vitesses à calculer sont faibles,
ce qui n’est pas toujours le cas.
Enfin une voie intermédiaire consiste à utiliser des méthodes incrémentales. Le vecteur d’é-
tat est décomposé en un vecteur “moyen”, que l’on suppose connu, et un vecteur incrémental
à calculer. Le modèle est linéarisé et permet alors de calculer le vecteur incrémental à partir
d’une solution imprécise. En ajoutant les deux vecteurs, on obtient une solution plus précise et
le procédé peut alors être répété. Ainsi, on peut obtenir une solution avec la précision souhaitée
mais le calcul reste néanmoins linéaire. Chacune de ces techniques a été utilisée à un moment
ou à un autre dans ces travaux. La méthode incrémentale joue également un rôle important en
assimilation variationnelle de données comme nous le verrons.

Le manuscrit comporte 5 chapitres. Le chapitre 1 récapitule les travaux effectués en ima-
gerie biologique dans le contexte d’objets sphériques et illustre comment on peut exploiter
une information spatiale pour résoudre des problèmes de traitement d’images. Le chapitre 2
présente brièvement l’assimilation variationnelle de données et résume nos contributions pour
l’assimilation des images pour le calcul du flot optique. Enfin, le chapitre 3 décrit brièvement
des recherches parallèles ou secondaires. Nous y traitons de méthodes pour le calcul du flot
optique dans sa formulation non linéaire, des travaux effectués en occupation des sols par le
biais de l’imagerie satellitaire et enfin de suivi multi-cibles dans des séquences d’images par
l’utilisation de filtrage particulaire. Ce dernier est une approche probabiliste pour calculer une
trajectoire selon un modèle d’évolution et en recoupant au mieux des observations partielles. Le
chapitre 5 est un bref curriculum vitæ de l’auteur. Enfin le lecteur trouvera en annexe quelques
publications en complément des chapitres précédents.
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Chapitre 1
Prise en compte des informations spatiales : un

cas d’étude

Dans ce chapitre sont présentées les contributions méthodologiques pour les problèmes de
traitement d’images au sens général à partir de séquence d’acquisitions en microscopie multi-
focales. Ce type de données est rencontré en imagerie biologique en optique focale (voir sec-
tion 1.1) où la profondeur optique du dispositif d’acquisition varie. Une situation similaire est
rencontrée en imagerie satellitaire où certains capteurs sont maintenant capables d’acquérir
des images sur un très grand nombre de fréquences électromagnétiques. Il s’agit alors de don-
nées multispectrales et non plus de données multifocales. Les problèmes abordés sont l’esti-
mation du mouvement, la reconstruction en volume et en temps (3D+t) à partir de données
3D statiques et d’une séquence d’images bidimensionnelles (2D+t), et le traitement d’images
pour analyser des structures évoluant sur des surfaces sphériques. Ce choix est guidé par le
contexte expérimental qui sous-tend ces travaux : nous étudions des séquences multifocales
observant des simulations physiologiques de membranes cellulaires et ces membranes sont
quasi-sphériques.

Nous ferons, selon les applications, l’une ou les deux hypothèses suivantes :

1. nous connaissons le processus d’acquisition d’une image à partir d’une scène 3D ;

2. nous observons des objets translucides quasi-sphériques sur lesquels évoluent des struc-
tures d’intérêt.

Les problèmes abordés sont par nature mal posés. De plus, nous ajoutons une difficulté supplé-
mentaire puisque nous souhaitons produire un résultat 3D à partir de données qui ne le sont
que partiellement. Les hypothèses faites constituent alors les informations a priori qui perme-
ttent de lever en partie l’indétermination. Cette indétermination est ensuite levée entièrement
après régularisation spatiale des solutions.

Dans la section 1.1 nous présentons plus en détail le contexte expérimental et la nature
des données. Dans la section 1.2 nous présentons une première approche générique pour ana-
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lyser la texture des structures sphériques présentes dans nos jeux d’images biologiques. Ces mé-
thodes reposent sur la prise en compte de la géométrie de ces structures et donc de la seconde
des hypothèses énumérées dans le paragraphe précédent. Dans la section 1.3, nous allons plus
loin dans le traitement de ces données puisque il s’agit de reconstruire une séquence d’ima-
ges 3D à partir d’une séquence d’images 2D et d’une initialisation 3D. Toutes ces méthodes
utilisent la première des deux hypothèses précédemment énumérées et certaines d’entre elles
font l’hypothèse de topologie sphérique. Enfin nous concluons à la section 1.4 et donnons une
perspective scientifique à cette série de travaux.

1.1 Contexte expérimental

Le contexte est donc, nous l’avons dit, l’imagerie biologique microscopique. Le dispositif
d’acquisition est relativement simple et classique : il s’agit d’un microscope en optique focale
couplé à un dispositif d’acquisition numérique (capteur CCD), voir figure 1.1(a). On remar-
quera aussi la présence d’électrodes et d’un micro injecteur dont l’utilité est expliquée dans le
paragraphe suivant. Le microscope possède deux modes d’acquisition : l’acquisition en con-
traste de phase et l’acquisition en fluorescence. En contraste de phase, le photon en changeant
de milieu modifie sa phase et c’est cette modification qui est détectée par le microscope. Elle
permet la détection d’objets peu opaques. En fluorescence, on introduit du matériau fluores-
cent qui se fixe sur certaines molécules et qui sera ensuite détecté par le capteur. La figure 1.1(b)
montre ces deux modalités. Les temps d’acquisition varient largement selon le mode de fonc-
tionnement du microscope. En contraste de phase, le temps d’acquisition d’une image est de 20
millisecondes. Selon les marqueurs fluorescents utilisés et leur concentration, les temps d’ac-
quisition varient de 100 millisecondes jusqu’à 4000 millisecondes. En mode contraste de phase,
nous avons accès à une excellente précision temporelle mais les structures sont faiblement con-
trastées. En fluorescence, la résolution temporelle peut se révéler insuffisante pour étudier la
dynamique de certaines structures mais le contraste des objets d’intérêts est bon.

La scène observée est en revanche moins classique. Les biologistes souhaitent étudier les
échanges chimico-physiques de la membrane cellulaire avec divers agents. Pour cela, nos col-
lègues biologistes créent des simulations de parois cellulaires appelées vésicules : ces structures
sont sphéroïdes et constituées d’une double paroi phospholipidique comme le montre la fi-
gure 1.2(a). Les vésicules sont obtenues par hydratation de films lipidiques sous l’action d’un
champ électrique : les parties hydrophobes des lipides, en fuyant l’eau, se regroupent et for-
ment l’intérieur de la membrane tandis que les parties hydrophiles forment l’extérieur de la
membrane. La différence de potentiel permet de faire croître la taille de la vésicule. Une fois
la vésicule formée (cela peut prendre plusieurs heures), un manipulateur insère (à l’aide du
micro manipulateur) des agents dans la membrane, formant une région appelée raft et étudie
son comportement au cours du temps. La figure 1.2(b) montre une acquisition en fluorescence
d’une vésicule et où un raft est bien visible.
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(a) Protocole expérimentale d’acquisition des données.

(b) Deux types d’acquisitions : contraste de phase (à
gauche) ou fluorescence (à droite).

Figure 1.1 – Le dispositif d’acquisition des images.

Nous travaillons sur des données acquises en fluorescence car seule cette modalité permet
la visualisation du raft sur la vésicule. Le microscope peut alors réaliser une série d’acquisitions,
à une profondeur optique fixe, qui permet d’étudier l’évolution des objets. La figure 1.3 illustre
ce type de séquence. Le logiciel d’acquisition d’image pilote également les paramètres de fonc-
tionnement du microscope. On peut alors faire varier la profondeur optique du dispositif au fur
et à mesure des acquisitions. On obtient ainsi une séquence dite multifocale ou scan-f. Comme
le montre la figure 1.4, la séquence montre la vésicule à différentes profondeurs optique, on voit
une vésicule nette dans la plus grande largeur mais de plus en plus floue à mesure qu’on avance
ou que l’on recule. Il est en théorie possible d’obtenir une image nette à différentes profondeurs
z et donc des images 3D mais cela nécessite une déconvolution ainsi qu’une phase de calibra-
tion pour estimer la fonction d’étalement du point (PSF). Pour des raisons techniques liées au
contexte opératoire de formation des vésicules, il n’a pas été possible de mettre en œuvre ces
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(a) Double membrane de phos-
pholipides de la vésicule.

raft

vésicule

électrode
(b) Structures observées au microscope (fluorescence).

Figure 1.2 – Vésicules et rafts.

Figure 1.3 – Un exemple de séquence temporelle : on observe un déplacement du raft.

14



procédés de déconvolution. Les méthodes de reconstruction 3D décrites dans la section 1.3
sont donc appliquées à des données synthétiques en attendant d’obtenir de véritables données
3D. Néanmoins, nous proposons dans la section 1.4 une heuristique originale pour procéder à
une reconstruction 3D sans phase de calibration.

Figure 1.4 – Un exemple de séquence scan-f acquise à différentes profondeurs optique.

1.2 Traitement d’images dans un contexte sphérique

Dans cette section, nous tentons d’exploiter les informations a priori contenues dans les
images de vésicule : la vésicule est translucide et quasi-sphérique ; et nous observons une pro-
jection cavalière de cette dernière dans l’axe de l’objectif du microscope. Pour traiter au mieux
de ce type de données, nous proposons trois approches génériques.

La première méthode concerne les images 2D qui sont le résultat direct d’acquisition du
microscope. Sur de telles images, il est aisé de déduire le rayon et le centre de la vésicule : ap-
pliquons un détecteur de contours puis un détecteur de Hough [?] et nous trouvons très facile-
ment ces paramètres. Les coordonnées de la sphère-vésicule étant connues, nous sommes en
mesure d’inverser le processus d’acquisition en plaquant l’image 2D de la vésicule sur la sphère
3D reconstruite. Seuls les objets (les rafts) qui évoluent sur la sphère nous intéressent, c’est-à-
dire la texture de la vésicule. Comme nous souhaitons analyser ces structures (conformation
spatiale, évolution dans le temps), il s’agit d’un problème 2D car les rafts sont partie intégrante
de la membrane vésiculaire. L’idée est alors de transformer la surface de la sphère en un plan
à l’aide d’une transformation adéquate. Pour ce faire, nous utiliserons les transformations car-
tographiques. Il existe un très grand nombre de ces transformations : par exemple un article du
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XIX ième Siècle en recense plus de 200 ! En effet, une sphère n’est pas isomorphe à un plan, et
il faut alors faire des compromis. Pour notre part, nous utilisons la projection de Lambert : elle
permet de projeter un voisinage d’un point de la sphère sur le plan tangent à ce point et donc
avec un minimum de déformation dans ce voisinage. Cette projection transforme un point M,
identifié par la longitude λ et sa latitude ϕ dans le voisinage d’un point (un pôle) de référence P

de longitude λP et latitude ϕP dans un système de coordonnées angulaire intermédiaire (z,a)

par la formule :





cos(z) = sin(ϕP)sin(ϕ)+cos(ϕP)cos(ϕ)cos(δλ), δλ = λP −λ

sin(a) =
cos(ϕ)sin(δλ)

sec(z)

(1.1)

On obtient ensuite les coordonnées de la projection de Lambert qui sont en fait les coordonnées
polaires dans le voisinage de P : {

r = 2sin( z
2
)

θ = a
(1.2)

La figure 1.5 illustre les deux systèmes de coordonnées.

P M

N

O

z

a

Figure 1.5 – Les coordonnées angulaires intermédiaires (z,a) d’un point M avec référence à un
pôle P.

La seconde approche concerne les données 3D observant la vésicule. Elles doivent provenir
des acquisitions multi-focales déconvoluées, et en l’état ce sont des données synthétiques.
Là encore, en appliquant un détecteur de Hough, il est possible de déterminer le rayon de la
sphère : il faut procéder plan par plan et ne garder que le rayon le plus grand et son centre as-
socié. En appliquant la projection de Lambert, nous reconstruisons localement un plan de la
vésicule. La figure 1.6 résume ce cas de figure ainsi que le précédent.

L’utilisation de projections cartographiques permet alors d’améliorer significativement le
traitement des images 2D de vésicules puisque leur nature sphérique est prise en compte. Si
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Image 3D originale
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au point de référence P

surface 3D mappée

Figure 1.6 – Passage des données 2D et 3D aux références cartographiques.

les données sont 3D, elle permet de ramener un problème 3D à un problème 2D et donc une
baisse significative du coût des calculs. Ce principe a été mis en œuvre pour concevoir un logi-
ciel de visualisation d’informations reposant sur une sphère à partir des deux types de don-
nées décrites dans les deux paragraphes précédent. Ce logiciel, appelé MAPVIS [?] permet de
visualiser des informations scalaires (la texture par exemple) ou bien vectorielles (un champ
de vitesses par exemple). La projection d’une sphère sur un plan laisse apparaître un grand
nombre de points non initialisés à cause des pas de discrétisation de l’image. Il est nécessaire
d’interpoler ces points à partir des points voisins correctement initialisés. Nous utilisons une
méthode d’interpolation multiéchelle sur une base de B-spline [?] afin d’obtenir un bon com-
promis en un résultat lisse et un résultat fidèle. La figure 1.7 montre un affichage de la texture tel
que le permet MAPVIS et on mesure l’intérêt de cette projection pour l’application d’algorithme
de traitement d’images 2D comme nous pouvons le voir dans la figure 1.8 : un algorithme de
segmentation a été appliqué sur l’image brute et l’image projetée [?]. L’algorithme de segmen-
tation est un contour actif qui n’utilise pas d’informations de type contours/gradient [?] pour
se positionner sur les bords du raft, il donne de bons résultats sur ces images où les bords du
raft sont peu marqués. Une autre application de ce principe a été un algorithme de suivi des
rafts par une méthode de type bloc-matching sur un critère de maximum de corrélation. L’orig-
inalité de la méthode est l’utilisation de la projection de Lambert pour rectifier les deux blocs
à mettre en correspondance [?, ?, ?] (voir annexe A.2 du manuscrit) et nous avons montré que
seule la rectification par projection de Lambert permet de suivre tout le long de la séquence le
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Figure 1.7 – Visualisation de la texture sans et avec MAPVIS. Le pôle a été choisi au centre du
raft.

Figure 1.8 – Segmentation du raft sur image brute, puis projetée.
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raft. La figure 1.9(a) résume l’algorithme proposé : le principe est de faire la recherche du bloc à
mettre en correspondance dans l’image brute, mais le calcul de corrélation porte sur les images
projetées dont chaque pôle est donné par les centres des blocs dans les images brutes. Sans la

I1I1 Iproj

1I
proj

1

Iproj

2I
proj

2

ω∗
1ω
∗
1

ω∗
2ω
∗
2ω2ω2

I2I2

Corr(ω
∗
1, ω

∗
2)Corr(ω

∗
1, ω

∗
2)

ω1ω1

PP

−→
T
−→
T

ProjectionProjection

ProjectionProjection

Zone de RechercheZone de Recherche

Estimation deEstimation de

la corrélationla corrélation

P +
−→
TP +
−→
T

(a) L’algorithme du block-matching projeté. (b) Suivi d’un raft sur image brute et projetée. Le cadre
rouge indique la fenêtre de calcul de la corrélation au
plan 33, la ligne cyan est la trajectoire complète calculée
par l’algorithme de suivi.

Figure 1.9 – Suivi par blocs projetés.

projection, l’algorithme de suivi du raft échoue très rapidement : le raft se rapproche du bord
et le calcul de corrélation est biaisé par le bord de la vésicule (voir figure 1.9(b)). En revanche,
en utilisant notre algorithme de suivi avec projection, nous réussissons à suivre le raft tout le
long de la séquence longue d’une soixantaine de plans (voir figure 1.9(b)).

Enfin, une troisième approche pour prendre en compte la structure sphérique de la vésicule
est de formuler le problème 3D en problème 2D par l’utilisation d’un paramétrage sphérique au
lieu de procéder à la projection de Lambert. On traite donc directement la surface 3D plaquée
(voir figure 1.6) ce qui permet d’éviter les problèmes d’interpolations liées à la projection de
Lambert. Mais le problème doit alors être spécifiquement reformulé lorsque cela est possible.
Nous avons fait ce travail pour le calcul du flot optique [?] (voir annexe A.2 de ce manuscrit). La
contrainte du flot optique est reformulée en coordonnées sphériques (ici pour une sphère de
rayon 1 et de centre C) :

I(
−−→
CM,t) = I(

−−→
CM+∂

−−→
CM,t+∂t), (1.3)

où M est un point sur la sphère. On note (−→er ,
−→
eθ ,

−→
eϕ) le repère local de Frenet au point M. Nous
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avons alors :

−−→
CM = −→

er
−→
er = ∂θ∂

−→
eθ + sin(θ)∂ϕ∂

−→
eϕ

Nous reportons l’expression de −→
er dans l’équation (1.3) et effectuons un développement de

Taylor d’ordre 1 pour obtenir l’équation de contrainte sphérique du flot optique :

∂I

∂θ

∂θ

∂t
+ sin(θ)

∂I

∂ϕ

∂ϕ

∂t
+

∂I

∂t
= Iθθ̇+ sinθIϕϕ̇+ It = 0 (1.4)

Cette équation est linéaire en (θ̇,ϕ̇) qui est le vecteur vitesse en coordonnées sphériques. Une
solution unique est obtenue par régularisation spatiale en minimisant la fonctionnelle de coût :

∫

((Iθθ̇+ sinθIϕϕ̇+ It)
2 +α2(‖∇θ̇‖2 +‖∇ϕ̇‖2))dθ̇dϕ̇ (1.5)

Le paramètre α est un réel strictement positif choisit empiriquement qui pondère les effets de
la régularisation. L’optimum est obtenu par un calcul de la variation de la fonctionnelle.

Dans cette section, nous avons donc utilisé la géométrique sphérique de la vésicule, tantôt
pour aplanir la vésicule autour d’un pôle pour en faire une image 2D, tantôt pour plaquer des
textures 2D et construire une pseudo image 3D. Dans ce dernier cas, nous plaquons toutes les
structures visibles sur une vésicule sur une demi-sphère : en réalité la vésicule est transparente
et les structures observées sur sa surface peuvent être à l’avant ou à l’arrière. Dans la section
suivante, nous proposons des méthodes permettant de résoudre cette ambiguïté de position-
nement.

1.3 Reconstruction 3D

Après avoir examiné les différentes possibilités pour faire du traitement d’images sur les
données de vésicules, nous nous intéressons maintenant au problème de la reconstruction
3D à partir des séquences d’images 2D acquises par le microscope. Connaissant la taille de
la vésicule et le dispositif d’acquisition, c’est-à-dire la façon d’obtenir une image 2D à partir de
la scène 3D, il est possible de projeter la vésicule en vue planaire sur la structure sphérique 3D
comme nous l’avons vu dans la section précédente. Néanmoins, la vésicule est translucide et
les structures observées sur la vésicule ont un positionnement ambigu : sont-elles sur la face
postérieure ou antérieure ? En se rappelant que la reconstruction 3D est possible (en théorie)
à partir du mode d’acquisition multifocale du microscope, nous avons supposé que nous dis-
posons de temps en temps de telles images : le microscope acquiert continuellement des ima-
ges ce qui fournit une séquence 2D temporelle, puis on fait varier la profondeur optique le
temps de balayer la vésicule en profondeur et on obtient, après déconvolution, une image 3D.
La situation est donc telle que la montre la figure 1.10. Dans les acquisitions 3D, nous n’avons
plus d’ambiguïté de positionnement des structures. Nous utilisons alors le fait que le décalage
temporel entre une image 3D et l’acquisition 2D suivante est suffisamment faible pour lever
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Volume1(t =0)Volume1(t =0) Volume2(t =1)Volume2(t =1)Plans2D temporelsPlans2D temporels
(I 13D)(I 13D)(I 03D)(I 03D) (I t2D)(I t2D)

I t22DI t22DI t12DI t12D I tn2DI tn2D

Figure 1.10 – Acquisition d’images 2D ou 3D

l’ambiguïté de positionnement dans la donnée 2D. De proche en proche, nous pouvons alors
reconstruire la séquence 3D complète. Dans cette section nous proposons plusieurs méthodes
de reconstruction 3D. Toutes utilisent le fait qu’on connaît le processus d’acquisition, c’est-à-
dire qu’une image 2D, I2D, acquise par le microscope au temps t est reliée à la scène 3D c’est-
à-dire l’image, I, que l’on souhaite reconstruire par une relation du type

p(I)(x,y) =

∫+∞

−∞
I(x,y,z)h(z)dz (1.6)

qui décrit l’interaction des photons collectés par un pixel du capteur avec le milieu caractérisé
ici par la fonction h. La fonction p est donc une projection qui transforme une image 3D en une
image 2D. Ceci nous donne une équation reliant l’observation I2D à l’image I à reconstruire :

p(I)(x,y)− I2D(x,y) = 0 (1.7)

Encore une fois, on peut exploiter la propriété sphérique de la vésicule pour définir plus pré-
cisément la fonction p : dans le cas où l’on observe une seule vésicule, chaque pixel de l’image
acquise contient les contributions de l’interaction des photons avec les parois avant et arrière
de la vésicule comme le montre la figure 1.11. Nous proposons de reconstruire non pas une

? ?

Projection 2D

?

Images 3D correspondantes

Figure 1.11 – Ambiguïté de positionnement.

demi-sphère comme nous l’avons fait dans la section précédente, mais maintenant une sphère
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complète en dupliquant les deux hémisphères. On obtient alors une première reconstruction
imprécise (voir figure 1.12) que l’on nomme IG. L’équation de transport de la luminosité entre

IG(x, y, z, t)

Reprojection de la

texture 2D

I2D(x, y, t)

Figure 1.12 – Reconstruction imprécise.

deux acquisitions 3D s’écrit :

I(x,t) = I(x−w,t−1) (1.8)

où x = (x,y,z) et w est un vecteur vitesse de❘3. Nous avons exprimé ce transport sous forme
rétrograde car il sera plus aisé par la suite de reconstruire l’image à partir du temps précédent
sans avoir à faire d’interpolation. En linéarisant cette équation, on obtient une contrainte 3D
du flot optique :

∇I(x,t−1)T w+ I(x,t)− I(x,t−1) = 0 (1.9)

où ∇I = ( ∂I
∂x

∂I
∂x

)
T

est le gradient de I. Au temps t−1, l’image 3D, I, est connue, soit comme
donnée initiale, soit comme reconstruction. Au temps t, I n’est pas encore reconstruite, nous
utilisons en lieu et place la reconstruction imprécise IG déduite de l’image I2D correspondante.
Nous utilisons alors la régularisation spatiale pour calculer un champs de vitesse régulier ce
qui permet de lever l’ambiguïté de positionnement. Nous minimisons donc la fonctionnelle
d’énergie :

∫

((∇I(x,t−1)T w+ IG(x,t)− I(x,t−1))
2
+α2‖∇w‖2)dx (1.10)

Le minimum est déterminé en utilisant les techniques du calcul des variations. La méthode
a été validée sur des données synthétiques puisque les véritables données 3D en contraste
de phase ne sont pas encore accessibles. Dans ces données, on construit deux carrés évolu-
ant avec un mouvement propre et approximativement diamétralement opposé sur une sphère
translucide. Nous utilisons une donnée initiale 3D et une séquence 2D en vue projective de
cette sphère et calculons le champs de déplacement par minimisation de (1.10). La figure 1.13
montre la donnée 3D imprécise calculée à partir de la donnée 2D sous deux angles de vue avec
MAPVIS, on remarquera que les deux carrés sont visibles. La figure 1.14 montre le champ de
vitesses calculé et superposé à l’image 3D au temps précédent, la visualisation est toujours as-
surée par MAPVIS, l’ambiguïté a été levée. Ces résultats ont été publiés dans [?], consultable
dans l’annexe A.3 de ce manuscrit. On trouvera d’avantage de résultats dans [?], chapitre 4.
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(a) Vue frontale. (b) Vue au pôle Nord. (c) Vue dorsale.

Figure 1.13 – Vues projectives de la reconstruction imprécise.

(a) Vue frontale (b) Vue au pôle Nord (c) Vue dorsale

Figure 1.14 – Vues projectives du champ des vitesses calculées.

Nous avons proposé une seconde approche pour la reconstruction 3D+t toujours en ex-
ploitant la sphéricité de la vésicule en utilisant une démarche similaire à celle vue dans la sec-
tion précédente utilisant le paramétrage sphérique pour se ramener à un problème 2D. Nous
formulons d’abord la contrainte 3D du flot optique, équation (1.8), en coordonnées sphériques
et en appliquant un développement de Taylor d’ordre 1 :

I(θ,ϕ,t) = It−1(θ,ϕ,t−1)+
∂I(θ,ϕ,t−1)

∂θ

∂θ

∂t
+ sin(θ)

∂I(θ,ϕ,t−1)

∂ϕ

∂ϕ

∂t
(1.11)

Nous faisons la même hypothèse sur p qu’au début de cette section : la vésicule est transparente
et on observe dans l’image acquise des contributions venant des faces dorsale et frontale de la
vésicule. Nous l’exprimons ainsi :

p(I)(θ,ϕ) = I(θ,ϕ)+ I(θ,π−ϕ) (1.12)

Nous appliquons p aux deux membres de l’équation (1.11) et obtenons après simplification :

p(Iθ)(θ,ϕ,t)θ̇(θ,ϕ)+p(Iθ)(θ,π−ϕ,t−1)θ̇(θ,π−ϕ)+

p(Iϕ)(θ,ϕ,t−1)ϕ̇(θ,ϕ)sinθ+p(Iϕ)(θ,π−ϕ,t−1)ϕ̇(θ,π−ϕ)+

p(I)(θ,ϕ,t−1)− I2D(θ,ϕ,t) = 0

(1.13)
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Nous avons 4 inconnues : (θ̇(θ,ϕ),ϕ̇(θ,ϕ)) le vecteur vitesse sur la face frontale et (θ̇(θ,π−

ϕ),ϕ̇(θ,π − ϕ)) pour la face dorsale. Cette sous-détermination provient de la projection p,
nous ramenons le problème à deux inconnues en distinguant les objets appartenant aux deux
hémisphères en supposant :

θ̇(θ,π−ϕ) = θ̇(θ,ϕ)

ϕ̇(θ,π−ϕ) = −ϕ̇(θ,ϕ)

L’équation (1.13) est donc simplifiée et nous calculons une solution par régularisation spatiale.
On consultera [?], donné dans l’annexe A.3, pour plus de détails.

Finalement, il est aussi possible de procéder à la reconstruction 3D+t sans tenir compte de
la topologie de la vésicule. Ceci est notre dernière contribution [?], voir annexe A.3, à la recon-
struction 3D. Nous utilisons bien sûr la connaissance de p. En considérant l’équation (1.9), nous
utilisons la linéarité de p pour obtenir une équation 2D de flot optique :

p(∇I(x,t−1)T w)+ I2D(x,y,t)−p(I(x,t−1)) = 0 (1.14)

Une solution peut être obtenue par régularisation spatiale. Pour les deux méthodes, il faut bien
évidemment connaître p qui doit être différentiable, ce qui est le cas si elle s’écrit comme dans
(1.6). Pour montrer que la méthode fonctionne, nous l’avons mise en œuvre sur des données
synthétiques et nous avons supposé une contribution égale à chaque profondeur optique, c’est-

à-dire p(I)(x,y) =
∫b

a I(x,y,z) dz
b−a

puisque c’est ainsi qu’ont été construite les données. Dans
le cas des données biologiques en contraste de phase ou fluorescence, la méthode est en l’état
inapplicable puisque non seulement nous ne disposons pas des données 3D défocalisées mais
encore la fonction p n’est pas connue.

1.4 Conclusions et perspectives

Nous avons présenté nos contributions sur le traitement d’images biologiques de vésicule
acquises par un microscope focal standard. Ces travaux ont été réalisés dans le cadre de la thèse
de Wafa Rekik [?] dont j’ai assuré la complète direction scientifique. Les deux dernières contri-
butions, concernant la reconstruction 3D, n’ont pu être entièrement publiées autrement que
par des rapports de recherche, essentiellement par manque de temps, et aussi à cause de mon
départ en délégation.

Pour mesurer l’intérêt de ces méthodes, les tester sur des données synthétiques n’est pas
suffisant, il faut pouvoir les mettre en œuvre sur des données réelles. Comme il a été dit au
début de ce chapitre, le dispositif d’acquisition auquel nous avions un accès (indirect) ne pou-
vait pas restituer des images déconvoluées 3D. Aussi, en suite logique à ces travaux, il faut ré-
soudre ce problème de déconvolution. À cette fin, j’ai proposé une stratégie possible et orig-
inale. Il s’agit bien d’un problème de déconvolution, puisqu’il s’agit de calculer I connaissant
des relations du type

∫
I(x,y,z)h(x,y,z,f)dz = I2D(x,y,f) La fonction h dépend des conditions

d’acquisition, en particulier de la profondeur optique f et I2D(x,y,f) est l’image acquise par le
microscope. En examinant les données scan-f, telles que celles montrées dans la figure 1.4, on
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observe que la vésicule est nette dans sa plus grande largeur. Au fur et à mesure qu’on augmente
ou diminue la profondeur optique, la vésicule observée dans la zone de focalisation devient de
plus en plus floue. La raison en est que les parties de la vésicule qui sont tangentes aux trajec-
toires des photons collectés par le capteur interagissent plus fortement (sur une longueur plus
grande) comme le montre la figure 1.15. Nous pouvons exploiter ce constat pour définir une
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Contoursfocalisation

(a) Image floue.
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(b) Image nette au voisinage de l’équateur.

Figure 1.15 – Action de la profondeur optique sur la netteté.

fonction h adéquate. Soit zf la profondeur qui focalise au mieux pour une focale f, la fonction
h pourrait s’écrire :

h(x,y,z,f) = h(x,y)
exp(−

z−zf

2σf
)

p
2πσf

en supposant un modèle de flou gaussien en profondeur. On pose h(x,y) = 1 par soucis de sim-
plification. Les variances σf et les biais zf restent à calibrer. On connaît déjà la focale f qui donne
une image de la vésicule la plus nette. Connaissant le diamètre et le centre de la vésicule, il est
facile alors de construire une image idéale binaire qui positionne les contours de la vésicule
pour chaque valeur de z. Cette pseudo image reconstruite sert alors de mire de calibration pour
déduire les paramètres zf et σf en appliquant les méthodes de déconvolution de l’état de l’art.
Par la suite, la modélisation de h pourra être affinée en utilisant des fonctions d’étalement du
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point plus réalistes qu’un simple flou en z. Ce thème de recherche sera proposé comme futur
sujet de thèse.
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Chapitre 2
Prise en compte de la dynamique : assimilation

variationnelle de données

Le but de ce chapitre est de montrer comment on peut incorporer la connaissance de la dy-
namique d’une séquence d’images dans la formulation variationnelle d’un problème de traite-
ment d’images. Ces considérations sont générales et indépendantes de la dimension du prob-
lème même si nous utilisons le problème de la détermination du flot optique comme exemple
d’application. Nous supposons donc que nous disposons d’une séquence d’images et que nous
connaissons la dynamique de la quantité que l’on souhaite calculer à partir de l’observation de
cette séquence d’images.

Dans ce chapitre, nous notons Y la séquence spatio-temporelle des observations et X le
vecteur d’état. Le vecteur d’état désigne la ou les grandeurs physiques (par exemple la tem-
pérature, la radiance ou encore le vecteur vitesse) que l’on souhaite déterminer à partir des ob-
servations et des lois qui régissent le comportement du vecteur d’état. Connaître la dynamique
du vecteur d’état, c’est disposer d’une équation d’évolution généralement écrite sous la forme :

∂X

∂t
(x,t)+M(X(x,t)) = EQ(x,t) (2.1)

L’opérateur M est appelé modèle d’évolution, x est une coordonnée spatiale et t le temps. Pour
intégrer l’équation (2.1), nous devons disposer d’une condition initiale sur X :

X(x,t0) = X0(t)+EB(x) (2.2)

Nous disposons également d’une relation entre les observations et le vecteur d’état. On peut la
trouver sous cette forme dans la littérature

Y(x,t) = H(X(x,t))+ER(x,t) (2.3)

mais nous la généralisons à :
H(X(x,t),Y(x,t)) = ER(x,t) (2.4)
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ce qui nous permettra de formuler correctement le problème de l’estimation du flot optique
comme nous le verrons. L’opérateur H est appelé opérateur d’observation. Les vecteurs EQ, EB

et ER représentent respectivement les erreurs du modèle d’évolution, du terme d’ébauche et
du modèle d’observation. Pour le moment, nous ne faisons pas d’hypothèse particulière con-
cernant ces bruits. Le problème est donc de trouver une solution X qui satisfasse au mieux les
équations (2.1), (2.2) et (2.3).

Nous pouvons formuler la résolution du problème avec l’approche variationnelle classique-
ment employée en traitement d’image, c’est-à-dire minimiser la fonctionnelle de coût suivante :

J(X) =

∫

Ω

∫ t1

t0

(
∂X

∂t
+M(X))2dxdt+

∫

Ω

∫ t1

t0

H(X,Y)2dxdt+

∫

Ω

(X−X0)
2dx (2.5)

Contrairement aux approches vues dans le chapitre précédent, la solution est recherchée main-
tenant dans l’espace spatio-temporel Ω× [t0,t1], l’intervalle [t0,t1] étant le domaine temporel.
Notons que pour le moment, nous ne prenons pas en compte la nature des erreurs des modèles.

Appliquons ceci au problème de l’estimation du flot optique. Le vecteur d’état est donc le

champ de vecteurs vitesse dans l’image. Nous avons alors X(x,t) = (u(x,t),v(x,t))
T

où u et v

sont les composantes horizontale et verticale du vecteur vitesse. Nous avons besoin d’un mo-
dèle d’évolution. Le choix de ce modèle dépendra des conditions expérimentales. Dans le cas
de l’estimation de la vitesse d’objets dans une séquence vidéo quelconque, nous ne disposons
d’aucune information sur la dynamique. Nous ferons alors une hypothèse qui, même très sim-
ple et limitative, nous permettra d’appréhender l’apport de l’information temporelle dans le
traitement d’un problème. Cette hypothèse est la constance d’un vecteur vitesse le long de sa
trajectoire. Elle se traduit par :

dX

dt
= 0 (2.6)

∂X

∂t
+∇XT X = 0 (2.7)

L’équation (2.7) se réécrit sous forme scalaire :

∂u

∂t
+

∂u

∂x
u+

∂u

∂y
v = 0 (2.8)

∂v

∂t
+

∂v

∂x
u+

∂v

∂y
v = 0 (2.9)

L’équation d’observation lie les observations au vecteur d’état, nous prenons donc naturelle-
ment l’équation du flot optique :

∇IT X+
∂I

∂t
= 0 (2.10)

On remarque que la généralisation de l’équation d’observation (équation (2.4)) était nécessaire
dans le cas de l’estimation du flot optique. Par souci de lisibilité, nous utilisons la notation in-
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dice pour les dérivées partielles, par exemple ∂u
∂t

= ut. Finalement la fonctionnelle de coût de-
vient :

J(u,v) =

∫

Ω

∫ t1

t0

[(ut +uxu+uyv)2 +(vt +vxu+vyv)2 +(Ixu+ Iyv+ It)]
2
dxdydt

+

∫

Ω

(u(t = t0)−u0))
2dxdy+

∫

Ω

(v(t = t0)−v0)
2dxdy

Calculons la différentielle des deux premiers termes intégrants de J (que nous nommons J1) par
rapport à u :

∂J1

∂u
= 2 [−utt −uxxu

2 −u2
xu−2vvyuy

−v2uyy −2utxu−uxut −vtuy −2vuyt −vyut

−vxuuy −vuuyx −vyuxuy −vuxyuy −vuxuyy]

Sans développer davantage le calcul de la différentielle complète de J on remarque que l’on
obtient une expression complexe du second ordre avec des termes croisés et non linéaires et
cela malgré une équation d’évolution très simple. Une telle équation sera difficile à discrétiser
et numériquement instable. Pour résoudre cette difficulté nous allons utiliser les algorithmes
de type “4DVar” utilisés en assimilation de données.

2.1 Assimilation variationnelle de données

L’assimilation de données désigne les méthodes qui permettent de corriger, à l’aide d’ob-
servations, les prédictions d’un modèle physique. Il s’agit de bâtir une fonctionnelle de coût
dont l’optimal fournit la solution. Ces méthodes ont été initialement appliquées aux sciences
de l’environnement, c’est-à-dire la prévision météorologique, les modèles océanographiques,
les modèles de qualité de l’air (polluants chimiques ou autres). Son utilisation commence à
se généraliser à d’autres domaines : citons par exemple la biologie végétale pour la croissance
de plantes, la médecine avec le projet CardioSense3D1 de modélisation électromécanique du
cœur. Enfin, signalons que son utilisation en traitement d’images reste pour l’heure encore
émergente. L’assimilation de données étant un problème d’optimisation, nous nous sommes
naturellement intéressé aux déclinaisons variationnelles de ces méthodes.

Cas pour un modèle d’évolution parfait

L’algorithme 4DVar (pour assimilation variationnelle spatio-temporelle) a été introduit au
début des années 80 par [?]. Notons que c’est ce type d’algorithme qui est utilisé de manière
opérationnelle chez Météo France pour les prévisions météorologiques. Si nous supposons que
le modèle d’évolution est parfait, c’est-à-dire que Q≡ 0 ; alors la donnée du vecteur d’état à l’in-
stant initial suffit alors à connaître le vecteur d’état à tout instant. On suppose que l’on dispose

1http ://www-sop.inria.fr/CardioSense3D/
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d’observations, qui peuvent être dégradées, du vecteur d’état à différents instants. Le problème
se résume donc à trouver le terme d’ébauche, c’est-à-dire le vecteur d’état au premier instant,
de façon telle qu’il soit le plus proche des observations. Il s’agit donc de minimiser la fonction-
nelle suivante :

J(X(t1)) =

n∑

i=1,

< Yi −X(ti)|Yi −X(ti)> (2.11)

Yi est l’observation du vecteur d’état à l’instant ti et < |> est le produit scalaire à associé à l’es-
pace fonctionnel de représentation des observations et du vecteur d’état. La minimisation de J

sera obtenue par une descente de gradient. Nous calculons la différentielle de J : une variation
δX(t1) sur le vecteur d’état engendre la variation sur J :

δJ = 2
∑

i

< Xi(ti)−Yi|δX(ti)> (2.12)

Si nous écrivons l’équation d’évolution de X sous la forme suivante :

Xt = M(X) (2.13)

nous en déduisons par différentiation l’équation d’évolution sur la variation de X :

δXt = A(t)δX(t) (2.14)

où A est le jacobien de M. En intégrant cette équation, on en déduit l’opérateur résolvant R

associé à (2.14) :
δX(t) = R(t,t1)δX(t1) (2.15)

Nous pouvons maintenant faire apparaître X(t1) dans le membre de droite de l’équation (2.12) :

δJ = 2
∑

i

< X(ti)−Yi|R(ti,t1)δX(t1)> (2.16)

Introduisons maintenant l’opérateur adjoint de R, noté R∗, et défini par :

< X ′|RX >=<R∗X ′|X > (2.17)

Remarquons que selon la nature de R ou du produit scalaire, R∗ n’est pas nécessairement la
transposée de R. L’équation (2.16) devient :

δJ =< 2
∑

i

R∗(ti,t1)[X(ti)−Yi]|δX(t1)> (2.18)

Et l’opérande gauche du produit scalaire est par définition la différentielle de J. Nous allons
maintenant montrer une méthode efficace pour évaluer l’opérande gauche du produit scalaire
de (2.18) donc pour calculer la différentielle de J. L’équation (2.14) peut s’écrire sous la forme
d’un opérateur linéaire appliqué à δX (puisque A est un opérateur linéaire et possède un ad-
joint) :

[
∂

∂t
−A(t)]δX(t) = 0
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Cet opérateur possède donc un adjoint défini par :

−
∂

∂t
−A∗(t)

Constatons que le signe - apparaît conséquemment à l’intégration par parties nécessaire pour
le calcul de l’adjoint. On en déduit l’équation adjointe :

(δ∗X)t = −A∗(t)δ∗X(t) (2.19)

On peut montrer que pour tout couple (X,Z) respectivement solution de (2.14) et (2.19) on a
∂
∂t

< X(t)|Z(t)>= 0 et donc que < X(t)|Z(t)> ne dépend pas de t. Soit S le résolvant de (2.19).
Nous avons donc :

< X(t1)|Z(t1)> = < X(ti)|Z(ti)>
< X(t1)|S(t1,ti)Z(ti)> = <R(ti,t1)X(t1)|Z(ti)>

Donc R∗ = S, où S est le résolvant de l’équation adjointe (2.19) entre ti et t1. Intégrer (2.19)
revient donc à calculer R∗ et donc on peut calculer

∑
i R

∗(ti,t1)(X(ti)− Yi) c’est-à-dire 1
2
∇J.

L’intégration de (2.19) s’obtient rétrogradement à partir de X(tn). Il faut donc d’abord calculer
X(tn) à partir de X(t1) et de l’équation (2.13). Nous obtenons alors un algorithme efficace pour
calculer le gradient de J et le minimisant de J à travers un méthode de descente de gradient. Cet
algorithme est en deux passes :

1. direct run : à partir d’une condition initiale X(t1) et l’équation (2.13) calculer X(t2), · · · ,X(tn).

2. backward run : à partir de X(tn) et l’équation (2.19) calculer R∗(tn,t1), · · · ,R∗(t2,t1) puis
∇J.

Cette méthode est bien adaptée dans les cas où le modèle d’évolution décrit parfaitement la
dynamique de l’image. C’est pour cette raison que cet algorithme est utilisé en météorologie,
par exemple, car les phénomènes physiques observés sont relativement bien connus et mo-
délisés. Mais dans le cas où le modèle d’évolution est imparfait, approximatif, cette approche
est inadaptée car elle privilégie le modèle sur les observations.

Assimilation de données et modèle imparfait

Nous nous plaçons dans le cas où la dynamique du vecteur d’état est mal connue, comme
c’est souvent le cas en traitement d’images. Nous souhaitons alors calculer un vecteur d’état qui
soit un compromis entre l’adéquation au modèle et aux observations, c’est-à-dire considérer
une énergie du type (2.5). Dans le cas général, le problème se formalise ainsi :

J(X) =
1

2

∫

A

∫

A

(
∂X

∂t
+M(X))

T

(x,t)Q−1(x,t,x ′,t ′)(
∂X

∂t
+M(X))(x ′,t ′)dxdtdx ′dt ′

+
1

2

∫

A

∫

A

H(X,Y)T (x,t)R−1(x,t,x ′,t ′)H(X,Y)(x ′,t ′)dxdtdx ′dt ′

+
1

2

∫

Ω

∫

Ω

(X(x,0)−X0(x))
T
B−1(x,x ′)(X(x ′,0)−X0(x ′))dxdx ′

(2.20)
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avec A = Ω× [t0,t1]. Nous faisons apparaître les matrices de covariances associées aux erreurs
modèles et ainsi prenons en compte la nature de l’erreur. Nous supposerons que ce sont des
bruits gaussiens de matrices de covariance respectives Q, B et R. On remarquera alors que la
solution minimisant la fonctionnelle (2.20) correspond alors à l’estimateur du maximum de la
loi a posteriori dans un cadre bayésien et gaussien. Les erreurs peuvent dépendre de la localisa-
tion spatio-temporelle. De ce fait, la covariance associée à une erreur-modèle mesure la dépen-
dance du vecteur d’état évalué en deux points du domaine spatio-temporel. Nous reviendrons
dans la section suivante sur la définition des matrices de covariances et sur leurs propriétés
mathématiques.

Nous l’avons montré dans l’introduction de ce chapitre, le calcul de l’équation d’Euler-
Lagrange associée à la fonctionnelle J de l’équation (2.20) mène à une impasse. Pour résoudre
ce problème nous introduisons la variable auxiliaire suivante dans le calcul de la dérivée direc-
tionnelle de J :

λ(x,t) =

∫

A

Q−1(x,t,x ′,t ′)(
∂X

∂t
+M(X))(x ′,t ′)dx ′dt ′ (2.21)

ce qui conduit au système d’équation suivant :

λ(x,t1) = 0 (2.22)

−
∂λ

∂t
+(

∂M

∂X
)
∗
λ = −

∫

A

(
∂H

∂X
)
∗
R−1H(X,Y)(x ′,t ′)dx ′dt ′ (2.23)

X(x,t0) =

∫

Ω

Bλ(x ′,0)dx ′+X0(x) (2.24)

∂X

∂t
+M(X) =

∫

A

Qλ(x ′,t ′)dx ′dt ′ (2.25)

On consultera [?] (voir annexe A.4) qui détaille le calcul complet. Néanmoins, le calcul de la
variable adjointe nécessite la connaissance du vecteur d’état (équations (2.22) et (2.21)) et vice
versa (équations (2.24) et (2.25)). Pour résoudre ce problème, on utilise une décomposition in-
crémentale du vecteur d’état : X = Xb + δX, le terme δX est l’incrément et Xb est la variable
background. Les opérateurs M et H sont linéarisés par un développement limité d’ordre 1 et
nous obtenons le système final :

Xb(x,t0) = Xb (2.26)

∂X

∂t
+M(Xb) = 0 (2.27)

λ(x,t1) = 0 (2.28)

−
∂λ

∂t
+(

∂M

∂Xb

)
∗
λ = −

∫

A

(
∂H

∂Xb

)
∗
R−1 (H(Xb,Y)+

∂H

∂X
(δX))dx ′dt ′ (2.29)

δX(x,t0) =

∫

Ω

Bλ(x ′,0)dx ′ (2.30)

∂δX

∂t
+

δM

Xb

(δX) =

∫

A

Qλ(x ′,t ′)dx ′dt ′ (2.31)
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Cet algorithme fonctionne ainsi : on calcule une première valeur pour le vecteur d’état Xb grâce
aux équations (2.26) et (2.27) ; le terme incrémental est initialement supposé nul ce qui nous
permet de calculer la variable adjointe par l’intermédiaire des équations (2.28) et (2.29) ; le
vecteur incrémental est ensuite calculé avec les équations (2.30) et (2.31) ; le vecteur d’état est
mis à jour avec le vecteur incrémental ; le procédé peut alors être itéré (calcul de la variable
adjointe, puis calcul du vecteur incrémental) jusqu’à convergence de la méthode. On trouvera
dans [?] un algorithme complet en page 8. On peut voir cet algorithme comme une formula-
tion “faible” du 4DVar classique. Nous le baptiserons 4DVarMI dans la suite du manuscrit, MI
signifiant Modèle Imparfait.

2.2 Matrices de covariance

Les matrices de covariance jouent un rôle très important dans le formalisme de l’assimila-
tion de données. Dans le cadre fonctionnel, le vecteur d’état Z est une fonction x 7→ Z(x) et on
défini sa matrice de covariance par Σ(x,x ′) =

∫
(Z(x)−❊Z(x))T (Z(x ′)−❊Z(x ′))dPZ(x),Z(x ′) où

❊ est l’espérance et dPZ(x),Z(x ′) la mesure associée à la loi jointe de (Z(x),Z(x ′)). Le vecteur
Z est donc vu comme un vecteur aléatoire paramétré par x et Σ est donc une matrice d’auto-
covariance. L’inverse d’une matrice de covariance Σ est défini ainsi :

∫

Σ−1(x,x ′′)Σ(x ′′,x ′)dx ′′ = δ(x−x ′) (2.32)

où δ est la fonction de Dirac. Le calcul de l’inverse d’une matrice est donc difficile mais nous
pouvons l’établir dans des cas simples ou particuliers. Par exemple, si nous considérons une
covariance de Dirac, c’est-à-dire Σ(x,x ′) = δ(x,x ′), l’inverse est également une Dirac. Con-
sidérons la fonctionnelle

Î

F(Z(x))TΣ−1(x,x ′)F(Z(x ′))dxdx ′, pour une covariance de Dirac,
cette fonctionnelle se simplifie en

Î

‖F(Z(x))‖2dx. En terme de minimisation de fonctionnelle,
choisir une covariance de Dirac est équivalent à une régularisation d’ordre 0. Sinon on con-

sidère une covariance exponentielle, c’est-à-dire Σ(x,x ′) = exp(−‖x−x ′‖
σ

), nous obtenons alors
Î

F(Z(x))TΣ−1(x,x ′)F(Z(x ′))dxdx ′ = 1
2σ

∫
(‖F(z)‖2 +σ2

∥

∥∇F(Z)
∥

∥

2
)dx. Une covariance expo-

nentielle se traduit donc par une régularisation d’ordre 1 en terme de minimisation fonction-

nelle. Enfin, si on considère une covariance gaussienne, Σ(x,x ′) = exp(−‖x−x ′‖2

σ2
), on obtient

Î

F(Z(x))TΣ−1(x,x ′)F(Z(x ′))dxdx ′ = 1
σ
p

π

∫∑
n≥0

1
n!

(σ
2
)2n

∥

∥

∥

∂nF(Z)

∂xn

∥

∥

∥

2
dx. Une covariance gaussi-

enne correspond alors à une régularisation à tout ordre. On consultera [?] pour le détail de ces
calculs. Ces cas particuliers nous permettrons de faire des choix pour les matrices Q, B et R lors
de la mise en œuvre de 4DVarMI.

2.3 Application au calcul du flot optique

L’algorithme 4DVarMI a été utilisé pour le calcul du flot optique dans des séquences vidéo [?,
?]. Le vecteur d’état est donc un vecteur vitesse. Les observations sont constituées des images
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de la vidéo à certains instants. Puis nous calculons pour tout instant le champ de vitesse qui
respecte au mieux l’équation d’observation et l’équation d’évolution. Certaines difficultés ont
du être levées.

La première d’entre elles est le choix des modèles M et H. Comme nous souhaitons calculer
des vitesses, le vecteur d’état est la distribution des vecteurs vitesse dans l’image et nous ob-
servons une séquence d’images. Le modèle H, liant état et observation, est donc tout naturelle-
ment le transport de la luminosité dans la séquence d’images ou la contrainte du flot optique.
Le modèle M lui décrit la dynamique de l’image. Nous allons considérer une vitesse constante
le long de chaque trajectoire. Cela correspond à une certaine régularité temporelle du champ
des vitesses d’un plan à l’autre de la séquence d’images. Le problème se formalise donc ainsi :

w(x;t = t0) = w0(x)+EB (2.33)

wt +∇wT w = EQ (2.34)

It +∇IT w = ER (2.35)

où w = (u v)
T

est le vecteur d’état, c’est-à-dire la vitesse et I le vecteur d’observation, c’est-à-
dire l’image. La mise en œuvre du 4DVarMI conduit à implémenter le système suivant :

w(x;t = t0) = w0(x) (2.36)

wt +∇wT w = 0 (2.37)

λ(x,t1) = 0 (2.38)

−λt −∇λT w−(∇⊥w)Tλ = −∇IR−1 ⋆ (It +∇IT (w+δw)) (2.39)

δw(x,t0) = B⋆λ(x,t0) (2.40)

δwt +∇δwT w+∇wTδw = Q⋆λ (2.41)

avec ∇⊥w = (
vy −uy

−vx ux
). Pour obtenir ce système à partir du système d’équations (2.26–2.31)

nous avons déterminé les adjoints des opérateurs ∂M
∂w

et ∂H
∂w

et considéré des covariances iso-
tropiques, c’est à dire Σ(x,x ′) = Σ(x − x ′), pour lesquelles l’équation (2.32) s’écrit maintenant
comme une convolution. Remarquons que les trois cas particuliers examinés dans la section 2.2
sont isotropiques.

La seconde difficulté concerne la discrétisation et l’implémentation du système (2.36–2.41).
En premier lieu, l’équation (2.37) est une équation 2D comportant un terme d’advection linéaire
et un terme d’advection non linéaire. Obtenir un schéma numérique stable d’une telle équation
est délicat. Nous avons proposé un schéma stable utilisant la technique de spliting et des sché-
mas appropriés pour chaque type d’advection [?]. Parce qu’elle sont 2D, les équations (2.39) et
(2.41) doivent également être découplées par spliting.

Une troisième difficulté concerne la stabilité du schéma incrémental. Les expériences mon-
trent que le schéma incrémental diverge au bout d’un nombre, variable selon les expériences,
d’itérations. La raison semble être que nous calculons de façon formelle les différentielles et ad-
joints des modèles d’évolution et d’observation, puis, les équations résultantes sont discrétisées.
Or, il est établi que l’adjoint discrétisé d’un opérateur continu ne coïncide pas avec l’adjoint
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de l’opérateur discrétisé. Notamment, il faut bien s’assurer que l’équation (2.17) soit vérifiée
par les opérateurs discrets. Pour résoudre ce problème, nous calculons les différentielles et ad-
joints des modèles discrets à l’aide d’un logiciel de différentiation automatique, en l’occurence
il s’agit ici de Tapenade2 développée par l’équipe INRIA TROPICS. Cette approche permet non
seulement d’obtenir la convergence de l’algorithme incrémental mais aussi de modifier plus
facilement les modèles M et H sans avoir à procéder à des calculs complexes.

L’utilisation de la dynamique permet, comme nous le voyons dans les équations (2.36–2.41),
de se passer de la régularisation du vecteur d’état (une telle régularisation apparaîtrait sous la
forme d’un terme de diffusion sur la variable adjointe et le vecteur incrémental). La figure 2.1
montre un résultat typique. Dans cette séquence synthétique, deux carrés se déplacent avec
un mouvement uniforme jusqu’à se rencontrer. Nous montrons un plan (c’est-à-dire une im-
age à un instant donné) au début de la séquence et un second à la fin, lors de l’occultation.
L’assimilation de données obtient un résultat moins lisse au contraire d’une méthode standard
par régularisation. Néanmoins, il reste parfaitement possible de formaliser des contraintes de
régularisation. En effet, la forme de l’équation (2.4) d’observation est très générale : il est pos-
sible d’y ajouter un terme portant sur le gradient du vecteur d’état qui, en conjonction d’une
covariance de dirac par exemple, aboutisse à une régularisation du vecteur d’état comme nous
l’expliquons dans [?] (voir annexe A.4 de ce document).

(a) Calcul au plan 4. Droite : 4DVarMI, gauche : [?].

(b) Calcul au plan 10. Droite : 4DVarMI, gauche : [?].

Figure 2.1 – Séquence synthétique : carrés s’occultant.

2http ://tapenade.inria.fr
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L’équation d’évolution permet de calculer le vecteur d’état à tout instant à partir d’un vecteur
initial et l’équation d’observation permet alors d’assimiler les observations dans le calcul du
vecteur d’état. En poussant cette logique jusqu’au bout, nous pouvons remarquer qu’il n’est
pas nécessaire d’utiliser les observations pour calculer w même si sans observations le résul-
tat ne sera pas pertinent. Mais si une partie des observations est manquante, cela ne gênera
aucunement le calcul du vecteur d’état. Ceci peut être facilement obtenu en définissant intel-
ligemment la matrice R−1 : les observations (membre de droite de l’équation (2.39)) ne seront
pas utilisées aux endroits où R−1 est proche de la matrice nulle. Nous gérons ainsi très na-
turellement le problème des données manquantes. Dans la figure 2.2, nous avons masqué une
partie des observations pour simuler une donnée manquante. L’assimilation de données per-
met de donner un résultat cohérent fourni par l’équation d’évolution bien que celle-ci décrive
très imparfaitement la dynamique de l’image.

Figure 2.2 – Taxis de Hambourg et données manquantes. Droite : 4DVarMI, gauche : [?].

Nous avons testé également cet algorithme sur des données satellites sur lesquelles nous
avons de véritables données manquantes : il s’agit de défauts d’acquisition ou de nuages oc-
cultant la scène [?]. Pour ces expériences, nous avons modifié le modèle d’observation H en
utilisant non plus la contrainte de flot optique mais le transport de la luminosité, c’est-à-dire
que H(w,I) = I(x + w,t + 1) − I(x,t) ce qui permet d’estimer les vecteurs vitesse ayant une
norme élevée (voir aussi la sous-section 3.1). La figure 2.3 montre les données sur lesquelles
nous avons testé l’algorithme : ce sont des images de température de surface. Le calcul a été
fait dans la zone d’intérêt repérée en bleu. La figure 2.3 montre la situation générale au sixième
plan d’acquisition sachant que la zone de calcul est occultée par un nuage dans le plan suivant
(figure 2.3). Un algorithme standard ne pourra pas calculer le flot optique de façon pertinente
là où les données sont manquantes. En revanche, notre approche le permet, comme le montre
la figure 2.4, puisque les zones de données absentes sont identifiées et ignorées dans le calcul
de la vitesse, cette dernière étant prise en charge par le modèle d’évolution.

2.4 Conclusion du chapitre

L’assimilation des données permet de résoudre une équation d’évolution sur l’état en tenant
compte des observations directes ou indirectes du vecteur d’état. Pour employer ce formalisme
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(a) Image complète et zone de calcul au plan 6.

(b) Zone de calcul aux plans 5, 6 et 7.

Figure 2.3 – Images SST et données manquantes.

Figure 2.4 – Calcul du flot optique par 4DVarMI aux plans 5 et 6.
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dans un cadre généraliste du traitement d’images, nous avons étendu l’équation d’observation
dans le 4DVar. La dynamique des structures images étant, toujours dans un cadre général, in-
connue, nous l’avons approchée avec un modèle exprimant la régularité temporelle et l’emploi
d’un 4DVar autorisant une erreur sur l’équation d’évolution. À travers l’exemple du flot op-
tique, nous avons essayé de montrer dans cette section que ces techniques peuvent apporter
beaucoup au traitement d’images : elles permettent d’incorporer l’information temporelle dans
les modèles et de gérer les données manquantes. Ces travaux ont d’abord été menés dans le
cadre de ma délégation INRIA dans l’équipe-projet CLIME, Isabelle Herlin m’ayant demandé
de réfléchir aux applications potentielles en traitement d’images. Depuis, nous poursuivons
notre collaboration sur ce thème.
Bien que des résultats significatifs aient également été obtenus dans l’équipe-projet FLUMI-
NANCE de l’INRIA sur le suivi d’objets et l’estimation du mouvement dans les images météo-
rologiques, ce thème de recherche reste pour l’heure encore émergent dans le domaine du
traitement des images.

L’assimilation des images satellitaires est un enjeu capital en sciences de l’environnement
puisque seuls les satellites sont capables d’observer le globe terrestre dans sa totalité. Mais cette
information, très riche, ne peut être directement assimilée dans les modèles de prévision car les
grandeurs physiques mesurées dans les images ne sont pas les variables d’état des modèles. Des
travaux sont actuellement menés, dans les équipes-projet CLIME et MOISE de l’INRIA pour ne
citer qu’eux, pour bâtir des modèles intermédiaires qui ont pour rôle, toujours avec l’aide de
l’assimilation de données, d’inférer certaines variables d’état à partir des images satellitaires.
Il ne s’agit pas seulement de transformer l’information radiométrique issue du capteur en une
variable d’état mais aussi d’exploiter l’information structurelle visible dans les images et là, le
traitement d’images aura un grand rôle à jouer dans un futur proche.
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Chapitre 3
Autres travaux

3.1 Méthodes numériques pour des problèmes non linéaires

Le calcul du flot optique est originellement un problème non linéaire puisqu’il s’agit de cal-
culer le vecteur vitesse ou déplacement dans une équation de transport. Dans le papier orig-
inel de détermination du flot optique [?], les auteurs prennent cette équation de transport et la
linéarisent par un développement de Taylor à l’ordre 1. Elle prend alors le nom de contrainte du
flot optique. Toutefois, à cause de cette linéarisation, la détermination du champ des vitesses
n’est possible que pour des petites vitesses. Dans ce chapitre nous étudions brièvement les mé-
thodes numériques pour calculer un champ de vitesses à norme élevée et proposons deux con-
tributions originales.

Méthodes incrémentales

Flot optique dual

Dans [?] est établi un schéma baptisé “Dual Optical Flow Scheme”. Soit w la vecteur vitesse
et w̃ une estimation de ce dernier. Le vecteur w vérifie l’équation de contrainte du flot optique
sur une séquence d’images I(x,t) :

∇IT w+ It = 0 (3.1)

Rappelons deux approximations :

It(x,t) = I(x,t+1)− I(x,t) (3.2)

I(x+ w̃,t+1) = I(x,t)+∇IT (x,t)w̃+ It(x,t)

= ∇IT (x,t)w̃+ I(x,t+1) (3.3)

L’équation (3.2) est introduite dans (3.1), on remarquera qu’en pratique, on calcule le gra-
dient temporel de I de cette façon. Puis on fait apparaître le terme I(x + w̃,t+ 1) et on sub-
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stitue (3.3) :

∇IT w + I(x,t+1)− I(x,t) = 0

∇IT w + I(x,t+1)− I(x+ w̃,t+1)+ I(x+ w̃,t+1)− I(x,t) = 0

∇IT (w− w̃) + I(x+ w̃,t+1)− I(x,t) = 0

Notons It(w̃) = I(x+ w̃,t+1)− I(x,t), intuitivement il s’agit d’une dérivée temporelle calculée
au temps t sur un plan déplacé par le vecteur w. Nous obtenons alors une contrainte sur le flot
résiduel w− w̃, baptisée équation duale du flot optique :

∇IT (w− w̃)+ It(w̃) = 0 (3.4)

Comme le problème de l’estimation du flot résiduel est mal posé, on régularise en cherchant le
minimum de la fonctionnelle de coût suivante :

J(w) =

∫

dx((∇IT (w− w̃)+ It(w̃))2 +α2∇wT∇w) (3.5)

Méthode incrémentale

On retrouve ce schéma sur le flot optique résiduel dans [?, ?] formulé cette fois sous une
forme incrémentale. Le champ de vecteurs vitesses w vérifie l’équation de transport de la lumi-
nosité :

I(x+w(x,t),t+1) = I(x,t) (3.6)

Soit w̃ un estimé de w, le vecteur incrémental est défini par : δw = w − w̃. On remplace w

dans l’équation (3.6) et on effectue un développement de Taylor à l’ordre 1 de I au voisinage de
x+ w̃ :

I(x+ w̃(x,t)+δw(x,t),t+1) = I(x,t)

I(x+ w̃(x,t),t+1)+∇IT (x+δw(x,t),t+1)δw(x,t) = I(x,t)

∇ITwδw+△wI = 0 (3.7)

en notant∇Iw =∇I(x+w,t+1) et△wI = I(x+w,t+1)−I(x,t). L’équation (3.7) est une équation
de flot optique sur le terme incrémental, la quantité △wI jouant le rôle de dérivée temporelle et
on retrouve l’équation (3.4).

Approche proposée

Plutôt que de faire apparaître le terme incrémental dans l’équation du flot optique puis de
bâtir une fonctionnelle de coût autour de ce terme, nous proposons de le faire apparaître di-
rectement dans la fonctionnelle en utilisant le lemme suivant :

Lemme 1 Soit w 7→ J(w) une fonctionnelle, soit w0 une fonction relativement proche d’un mini-
mum de E. Alors on a :

argmin
w

J(w) = argmin
δw

J(w0 +δw) (3.8)
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Donc, plutôt que de minimiser J(w) par rapport à w, nous minimisons J(w+δw) par rapport à
δw. Cette nouvelle fonctionnelle s’écrit donc :

J(w+δw) =

∫

(I(x+w+δw,t+1)− I(x+w,t))2 +α2‖∇(w+δw)‖2)dx (3.9)

Le premier intégrant est linéarisé en δw et nous minimisons la fonctionnelle suivante :

J(w+δw) =

∫

(∇I(x+w,t)Tδw+ I(x,w,t))2 +α2‖∇(w+δw)‖2)dx (3.10)

avec I(x,w,t) = I(x + w,t+ 1)− I(x,t)+ It(x + w,t). Nous calculons la différentielle de J par
rapport à δw et nous obtenons l’équation d’Euler-Lagrange suivante :

−α2∇2δw−α2∇2w+∇I(x+w,t)(∇I(x+w,t)Tδw+ I(x,w,t)) = 0 (3.11)

à résoudre par rapport à δw. La fonction w est connue : 0 à la première itération, puis w +

δw avec les quantités calculées à l’itération précédente. L’équation (3.11) est linéaire en δw, le
laplacien est discrétisé comme dans [?] et on se ramène à un système linéaire à résoudre dont la
matrice est à diagonale strictement dominante pour α strictement positif : le système est résolu
en utilisant la méthode décrite dans [?], c’est-à-dire une méthode itérative de type Gauss-Seidel.
Les méthodes à résolution directe sont inapplicables car le système est de trop grande taille : le
nombre d’inconnues est le nombre de pixels de l’image soit plusieurs centaines de milliers.

Les méthodes incrémentales permettent donc, nous l’avons vu, de ramener un problème
non linéaire en une suite de problèmes linéaires. Remarquons que c’est cette approche qui est
utilisée en assimilation variationnelle de données pour le modèle imparfait. Dans la section
suivante, nous proposons une seconde méthode, non incrémentale cette fois, pour résoudre le
problème non linéaire de transport de la luminosité.

Méthodes directes

Il s’agit de résoudre directement l’équation de transport, équation (3.6), autrement dit de
minimiser la fonctionnelle de coût de l’équation (3.9) (en rétablissant w à la place de w0 +δw

dans cette fonctionnelle) sans avoir à linéariser le problème. Pour cela, il suffit de calculer di-
rectement la différentielle de E ce qui est parfaitement possible à condition de supposer que I

soit différentiable. Ceci a déjà été fait, d’abord dans [?, ?] pour les contours actifs puis dans [?]
pour l’estimation du flot optique. Ces derniers utilisent à la fois une contrainte sur le transport
de la luminosité et une contrainte sur le transport des contours. Pour notre part, nous con-
sidérons uniquement le transport de la luminosité, mais il est aisé de traiter le transport des
contours en utilisant en données des images de contours ou de normes de gradients, et nous
utilisons un schéma numérique alternatif.

Approche proposée

Calculons la différentielle de la fonctionnelle définie dans l’équation (3.9) par rapport à w et
nous obtenons l’équation d’Euler-Lagrange suivante :

−α2∇2w+∇I(x+w,t+1)(I(x+w,t+1)− I(x,t)) = 0 (3.12)
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Évidemment, cette équation n’est pas linéaire en w et nous ne pouvons pas utiliser les méthodes
habituelles de résolution de système linéaire car le second membre dépend maintenant de w.
Plutôt que résoudre (3.12), nous résolvons :

∂w

∂t
−α2∇2w+∇I(x+w,t+1)(I(x+w,t+1)− I(x,t)) = 0 (3.13)

pour des fonctions w = w(x,t,τ) et nous nous intéressons aux solutions stationnaires en τ

qui sont également solutions de (3.12). Nous proposons d’utiliser le schéma numérique semi-
implicite suivant :

wk+1 = wk +△τ(α2∇2wk+1 −∇I(x+wk,t+1)(I(x+wk,t+1)− I(x,t)))

en notant wk(x,t) = w(x,t,τ = k) et△τ le pas de discrétisation en τ. Le schéma est implicite sur
le terme de diffusion ce qui mène à des schémas numériques inconditionnellement stables. Le
schéma est explicite sur le terme de réaction, autrement il est impossible d’évaluer numérique-
ment I(x,t+1) sur un vecteur x non connu. En regroupant les termes linéaires en w, le schéma
s’écrit :

(I−△τα2∇2)wk+1 = wk −△τ∇I(x+wk,t+1)(I(x+wk,t+1)− I(x,t)) (3.14)

ce qui implique la résolution d’un système linéaire à chaque itération. Selon la valeur de △τα2,
nous obtenons une matrice à diagonale strictement dominante, ce qui nous autorise à utiliser
une méthode de type Gauss-Seidel pour résoudre l’équation (3.14) à l’itération k+1.

Conclusion

Nous avons proposé deux contributions pour le calcul du flot optique dans le cas de vitesses
élevées, cas pour lequel les méthodes basées sur la contrainte de flot optique deviennent trop
approximatives. Ces méthodes peuvent facilement être adaptées à d’autres problèmes non linéaires.
Ces travaux sont en cours de rédaction et seront prochainement soumis à publication.

3.2 Traitement d’images satellitaire : segmentation, dénombre-

ment de cocotiers et occupations des sols dans les images

IKONOS

Ces travaux concernent un problème d’occupation des sols dans le contexte particulier de
la Polynésie française. La Polynésie Française est un archipel constitué d’un très grand nombre
d’îles. Elles sont petites et très isolées. À cela on peut ajouter que la Polynésie Française, qui a
le statut de Pays d’Outre-Mer (POM), est très dépendante de la Métropole. Il est important de
développer les ressources propres de l’archipel. Le développement de ses ressources naturelles
est l’une d’entre elles et parmi celles-ci, on trouve les cocoteraies. Les cocotiers poussent sur les
îles et les atolls soit de façon sauvage, soit de façon artificielle au sein de plantations. On peut
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également distinguer des plantations qui ont été laissées à l’abandon parce que le coût de l’en-
tretien est élevé sur des îles désertes et éloignées de Papetee. Des cocotiers, on peut récupérer
le bois pour le bâti. On peut aussi en extraire l’huile de coprah pour l’exportation et aussi ré-
colter les noix de coco. Le service de l’Urbanisme de Papetee a souhaité faire le recensement des
cocotiers sur l’ensemble de l’archipel. Nous avons été contacté par l’Université de la Polynésie
Française, où est menée une activité de recherche sur la télédétection, en tant que spécialiste du
traitement des images. L’utilisation d’images satellite est évidemment une réponse pertinente
au problème du recensement des cocotiers car elle est effectuée à distance. Le coût humain
(temps et accès aux îles) devient quasiment nul.

Le service de l’Urbanisme a fourni les données dont elle disposait : il s’agit d’images IKONOS,
résolution d’un mètre au sol pour certaines et 80 centimètres pour d’autres, géoréférencées
et acquises dans le canal visible. Mais elles ne possèdent pas de canal proche infrarouge (qui
n’avait pas été acheté). Nous avons une dizaine d’images IKONOS sur différents Atolls, mais une
image pèse très lourd. Par exemple, pour l’Atoll de Tikeheau, l’image fait 28517 pixels par 28617
pixels en RGB. Au final, nous disposons d’une grande quantité de données à traiter.

Dénombrement des cocotiers

C’est dans ce contexte que nous avons proposé un algorithme semi-supervisé pour dénom-
brer les cocotiers [?, ?], la dernière référence est consultable à l’annexe A.5. La figure 3.1 résume
brièvement la méthode. La première partie consiste à masquer les régions qui ne sont pas de la
végétation. Habituellement, on utilise le canal proche infrarouge pour calculer le Normalized
Difference Vegetation Index (NVDI), un indice de végétation pertinent. Mais nous ne disposons
pas de l’infrarouge. Alternativement, nous avons proposé d’utiliser conjointement une classi-
fication bayésienne et une analyse de la texture pour discriminer les zones de végétation du
reste de l’image. Cette étape est supervisée (apprentissage du classifieur bayésien et calibra-
tion des filtres de textures). La seconde partie est la segmentation des cocotiers sur les zones
de végétation. L’image RGB est fusionnée en une image monochrome en utilisant la première
composante ACP et les zones non végétatives sont masquées. La segmentation est basée sur
une ligne de partage des eaux et dont les points d’immersion sont soigneusement choisis afin
d’éviter une sur-segmentation. Ces points correspondent aux sommets des houppiers des co-
cotiers et sont caractérisés par un maximum local de la luminosité dans quatre directions. Ils
sont localisables dans un voisinage 7×7. On identifie de façon similaire un réseau de minima
locaux qui vont permettre d’individualiser les cocotiers. La figure 3.2 montre différentes étapes
de l’algorithme appliquée sur une parcelle de l’Atoll de Tikeheau. Pour évaluer l’efficacité de la
méthode une validation visuelle a été effectuée ainsi qu’une mission terrain sur l’Atoll de Tike-
heau. Diverses parcelles ont été visitées sur lesquelles les cocotiers ont été dénombrés et leur
agencement spatial noté. À partir des résultats de segmentation nous créons des cartes de den-
sité comme celle montrée dans la figure 3.3 et elles sont confrontées à celles obtenues sur le ter-
rain. Les résultats ont montré que la méthode est robuste. Elle a été appliquée à l’ensemble des
données à notre disposition. La thèse de Raimana Teina [?] détaille les protocoles utilisés pour
la validation et énumère dans ses annexes les résultats obtenus sur la dizaine d’Atoll traités. Les
résultats ont été communiqués au Service de l’Urbanisme pour exploitation.
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Figure 3.1 – Dénombrement des cocotiers.

Caractérisation des plantations

La seconde partie de la thèse a concerné la caractérisation des cocoteraies, c’est-à-dire
dresser une typologie des configurations spatiales des plantations. Il s’agit de savoir quelles
plantations sont entretenues, lesquelles sont sauvages et enfin lesquelles sont laissées à l’aban-
don. Pour cela nous avons proposé deux méthodes. La première méthode consiste à analyser di-
rectement la texture des images en utilisant des méthodes de classification [?], voir annexe A.5.
Dans un premier temps, nous avons identifié l’information nécessaire à fournir aux classifieurs
pour obtenir une classification correcte des secteurs tests en 3 classes de cocoteraies : sauvage,
entretenue, abandonnée. Cette information est constituée des descripteurs de texture [?]. Nous
avons également effectué une étude de performance sur différents classifieurs de l’état de l’art
dont les bayésiens et les vastes marges. Ces méthodes donnent de bons résultats mais sont très
lourdes car elles traitent pixel à pixel les données. Nous proposons une seconde méthode qui
exploite directement la segmentation des cocotiers obtenue dans la section précédente.

Plutôt que d’analyser la texture des images, nous extrayons le centre des cocotiers segmen-
tés puis nous analysons la répartition de ces points dans le plan. Nous avons proposé ainsi une
méthode statistique [?], annexe A.5 du manuscrit, pour caractériser la répartition de ces points
selon les trois classes de plantations précédemment citées. Un ensemble de cocotiers sera qual-
ifié de sauvage si leurs centres suivent un processus ponctuel de Poisson c’est-à-dire que le
nombre de points contenus dans une région B connexe quelconque suit une loi de Poisson de
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(a) Composante 1 de
l’ACP.

(b) Masque de végétation
obtenu par classification
et analyse de la texture.

(c) Maxima locaux
(rouge) et réseau des
minima locaux (jaune).

(d) Segmentation finale.

Figure 3.2 – Exemple de segmentation des cocotiers.

Figure 3.3 – Carte de densité.
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paramètre λA(B) où A(B) est l’aire de B et λ un paramètre réel caractérisant la densité de ré-
partition de ces points. La méthode consiste donc à utiliser un test statistique caractérisant ou
non un processus poissonien sur une fenêtre. Si le test est vrai alors l’estimation du paramètre
λ donne une indication sur la densité de la cocoteraie sachant qu’un forte densité indique une
cocoteraie sauvage. Le test se fait localement, il suffit de parcourir la fenêtre de test sur le do-
maine pour obtenir une description complète. La figure 3.4 montre un résultat typique obtenu
sur une région test.

(a) Image des centres des cocotiers (b) Analyse des densités spatiales

Figure 3.4 – Partition en fonction de la densité estimée (paramètre λ).

Conclusion

Nous avons présenté nos contributions en occupation des sols : une méthode originale
pour dénombrer des cocotiers sans utiliser le canal infrarouge, deux méthodes de typologie des
cocoteraies la première par classification d’attributs extraits de l’image et la seconde utilisant
une approche statistique caractérisant les répartitions spatiales des centres des cocotiers. Ces
travaux ont été réalisés dans le contexte de l’encadrement de la thèse de Raimana Teina [?], dont
j’ai assuré la plus grande part de la direction scientifique. La première contribution a donné lieu
à une exploitation de toutes les images disponibles. Les résultats ont été communiquées par
la suite à un service d’exploitation de l’administration polynésienne, ce qui, dans le contexte
d’une thèse, est remarquable.

3.3 Suivi d’objets, approche probabiliste

Cet axe de recherche concerne le problème du suivi d’objets multiples. Le cas d’étude est
le suivant : nous disposons, à différents instants, de mesures sur des objets en mouvement. Le
nombre de ces mesures peut varier et cela pour deux raisons : 1/ le nombre de cibles n’est pas
connu, il évolue au cours du temps, généralement à cause d’occultations ou de collisions entre
ces cibles, 2/ les mesures contiennent des erreurs : certaines sont des fausses alarmes, d’autres

46



sont défaillantes. Nous supposerons également que les mesures sont des coordonnées d’objets.
Ces mesures peuvent venir d’images mais pas nécessairement. Ce type de problème appartient
à la classe des problèmes cités dans l’introduction de ce manuscrit : il est mal posé car le suivi
des cibles nécessite au préalable l’association des mesures à ces cibles. Il n’y a pas de solution
unique si on ne peut pas distinguer les cibles entre elles.

Jusqu’à présent nous avons examiné les problèmes du point de vue de l’analyse fonction-
nelle. Ce n’est évidemment pas l’unique cadre de résolution possible et, par exemple, les ap-
proches stochastiques sont largement employées. Dans cette section, le filtrage particulaire [?]
a été utilisé pour mettre en œuvre le suivi des cibles. Comme l’assimilation variationnelle de
données, le filtrage particulaire permet de résoudre les trois équations (2.1,2.2,2.3) mais ex-
primées de façon discrète en temps. Le modèle d’observation permet d’attribuer les mesures
aux cibles. Pour prédire l’évolution des cibles, l’équation d’évolution est utilisée pour calculer
la loi du vecteur d’état à l’instant souhaité. Le modèle d’évolution M peut être complexe et non
linéaire et le calcul de la loi conditionnelle du vecteur d’état difficile, voire impossible. Le fil-
tre particulaire consiste à échantillonner le vecteur d’état (aux instants connus) formant ainsi
un nuage de particules. On applique alors la loi des grands nombres pour en déduire une ap-
proximation de la loi conditionnelle du vecteur d’état. Remarquons alors deux différences im-
portantes entre le filtrage particulaire et les algorithmes 4DVar : d’une part la formulation est
discrète en temps pour la première contrairement à la seconde, d’autre part 4DVar calcule une
solution optimale sur l’intervalle de temps des observations alors qu’en filtrage particulaire on
calcule l’état au fur et à mesure que le temps s’écoule (comme un filtre de Kalman).

La première contribution à ces travaux est un algorithme permettant la mise en correspon-
dance des mesures (avec données manquantes) avec les cibles. Le vecteur d’état est l’ensemble
des trajectoires de chaque cible. Plutôt que de discriminer les cibles entre elles à partir de leur
aspect, nous le faisons par leur trajectoire. Pour une cible nous construisons une trajectoire
probable constituée des positions passées et futurs (que l’on obtient par prédiction grâce au
modèle d’évolution). Puis, à l’aide de trois critères géométriques, nous retenons la trajectoire
des observations la plus proche de la trajectoire précédemment construite [?, ?, ?].

La seconde contribution est de mettre en œuvre le filtrage particulaire pour le suivi multi-
cible. Pour cela, nous utilisons l’algorithme géométrique d’association précédemment décrit.
Mais nous devons disposer aussi d’un modèle d’évolution. Nous nous plaçons toujours dans
le cas où la dynamique du vecteur d’état n’est pas connue. À partir de conditions initiales de
l’état, nous avons proposé d’utiliser des B-splines interpolant ces premiers états. La B-spline
est extrapolée pour fournir les prédictions [?]. Ce type de modèle construit des trajectoires rela-
tivement régulières mais malgré tout autorise des modifications importantes de la dynamique.

Cet algorithme de suivi a été adapté pour traiter le cas d’objets déformables. L’objet dé-
formable est représenté par son contour, lequel est décomposé en un ensemble de cœfficients
de Fourier formant le vecteur d’état [?]. L’aspect déformable est géré par le fait que l’algorithme
puisse faire apparaître ou disparaître des trajectoires au cours du temps. Une autre application
est le suivi dans les séquences d’images multimodales. Nous utilisons l’information mutuelle
pour mettre en correspondance des zones d’intérêts, issues de modalités d’acquisition dif-
férentes, mais qui contiennent une conformation spatiale similaire. Chaque zone d’image con-
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stitue alors la cible à suivre [?].
Ces travaux ont été effectués dans le cadre de la thèse d’Abir El Abed [?] dont j’ai participé

de façon plus marginale à l’encadrement.
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Chapitre 4
Conclusion et perspectives

Dans ce manuscrit nous avons résumé les deux axes principaux de nos recherches depuis
2003. Ces recherches ont en commun l’estimation du mouvement en utilisant un formalisme
variationnel de résolution et le but d’intégrer l’information a priori, qu’elle soit spatiale ou tem-
porelle, dans les formalismes de résolution des problèmes de traitement de l’image.

Le premier de ces axes est l’imagerie biologique dans le contexte d’objets sphériques. De
cette manière nous montrons comment utiliser l’information liée au contexte expérimental, ce
que nous appelons l’a priori, pour résoudre un problème mal posé. En ce sens, nous répondons
à la première question posée dans l’introduction pour un cas particulier. Cette réponse dépend
évidemment du contexte et il n’est pas possible d’y répondre de façon générale. Nous avons
présenté nos contributions sur le suivi d’objets sur surface sphérique, la visualisation de struc-
tures évoluant sur ces surfaces et enfin plusieurs techniques de reconstruction de séquence
d’images tridimensionnelles à partir d’une séquence d’images bidimensionnelles et d’une ima-
ge tridimensionnelle initiale. Certaines de ces techniques exploitent la sphéricité et d’autres
non. Ces algorithmes ont une spécificité par rapport aux autres méthodes de l’état de l’art : elles
fonctionnent en fusionnant les données 2D et 3D, la reconstruction 3D est déduite de l’ima-
ge tridimensionnelle par compensation du mouvement et contrainte de façon à s’aligner au
mieux sur des observations bidimensionnelles. C’est aussi leur point faible car elles nécessitent
aussi une première image 3D. Nous avons expliqué que le procédé de reconstruction 3D n’é-
tait pas fonctionnel pour des raisons liées au contexte expérimental et nous avons dû illustrer
les algorithmes de reconstruction 3D sur des données synthétiques. Ceci n’est évidemment pas
satisfaisant si on souhaite évaluer le réel apport de ces méthodes à la communauté du traite-
ment d’image. Pour cette raison, nous devons travailler sur le problème de la reconstruction
d’une image tridimensionnelle à partir d’une série d’acquisitions bidimensionnelles réalisées
à différentes profondeurs optiques et nous avons détaillé une heuristique qui, toujours en ex-
ploitant l’information a priori, doit permettre d’autocalibrer les paramètres de la déconvolution
à partir d’une mire synthétique déduite de la scène expérimentale. Ces travaux ont été mis en
parenthèses pendant 3 ans mais nous souhaitons maintenant y revenir par le biais d’un en-
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cadrement doctoral.

Le second axe fort de ces recherches concerne l’assimilation variationnelle de données qui
est émergent dans le domaine du traitement de l’image. L’assimilation de données, nous l’avons
vu, permet d’incorporer dans les problèmes l’information temporelle sous la forme d’une équa-
tion d’évolution du vecteur d’état. Néanmoins, cela demande de connaître la dynamique du
vecteur d’état. Concernant le calcul du flot optique, nous nous sommes placé dans le contexte
où l’on ne dispose pas de connaissances précises sur la dynamique des structures images. Un
modèle très approximatif tel que l’invariance du vecteur vitesse le long d’une trajectoire per-
met néanmoins de gérer les problèmes d’occultations ou de données manquantes. Ainsi, nous
répondons d’une façon assez générale aux deux questions posées dans l’introduction sur l’-
exploitation de l’information temporelle. Nos contributions sont une généralisation du modèle
d’observation dans l’algorithme du 4DVarMI et ceci pour mettre en œuvre des algorithmes d’es-
timation du mouvement, une étude des matrices de covariance et de leur action dans la fonc-
tionnelle de coût, deux algorithmes d’estimation du flot optique qui gèrent l’absence partielle
de données d’observation. Les algorithmes proposés ont nécessité de longs développements
car plusieurs difficultés ont été rencontrées sur la stabilité des schémas numériques, mais nous
disposons maintenant de codes stables et fonctionnels. Ceci nous permet d’envisager d’autres
développements.
En premier lieu nous pouvons proposer d’autres applications : une première application évi-
dente est d’utiliser l’assimilation de données pour procéder à la reconstruction des images
3D+t par à partir des séquences 2D comme décrit dans la première partie de ce manuscrit :
le cadre s’y prête totalement puisque nous avons là un processus temporel et un modèle d’ob-
servation. Les contextes expérimentaux pour lesquels la dynamique est connue sont également
des terrains d’applications idéaux. Pour revenir sur l’imagerie océanographique, nous pouvons
utiliser un modèle shallow-water qui modélise l’évolution des courants et de la température sur
la couche supérieure des mers.
En second lieu, nous devrons affiner le modèle d’évolution dans les situations où la dynamique
n’est pas connue. Le modèle que nous avons proposé décrit bien les cas pour lesquels le vecteur
d’état évolue de façon régulière mais n’est pas capable de prendre en compte les irrégularités
ou discontinuités temporelles. Une réponse possible est la régularisation : en introduisant un
terme régularisant sur le vecteur d’état dans la fonctionnelle d’énergie du 4DVar et en choi-
sissant correctement la matrice de corrélation associée à l’équation d’évolution, on peut alors
limiter son influence, voire la supprimer totalement, dans le calcul du vecteur d’état. Sans équa-
tion d’évolution, l’équation d’observation et la régularisation spatiale permet d’obtenir une so-
lution aux instants où le modèle d’évolution ne décrit plus correctement la dynamique.
En troisième lieu, il faut réfléchir aux stratégies alternatives pour formaliser le problème à ré-
soudre en terme d’assimilation de données et cela pour permettre d’assimiler les images satel-
lites pour les modèles physiques. En effet, la difficulté majeure à résoudre est que les grandeurs
directement observées dans ces images ne sont pas des variables d’état de ces modèles. Nous
avons déjà commencé significativement ce processus de réflexion sur le problème du flot op-
tique. Donnons un exemple pour fixer les idées : l’équation du flot optique est une advection
de la luminosité par le vecteur vitesse, elle peut donc être considérée comme une équation
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d’évolution sur la luminosité. Cela signifie que la luminosité peut être traitée comme une com-
posante du vecteur d’état, les autres composantes étant le vecteur vitesse. Cela a deux con-
séquences : la première est que les observations sont les images et non plus leur gradient spatio-
temporel et que l’opérateur d’observation est maintenant une simple discrépance ; la seconde
est que nous sommes capables de reconstruire l’image à n’importe quel instant que ce soit à des
instants intermédiaires ou à des instants où l’observation est manquante. Nous avons pu im-
plémenter et vérifier l’intérêt d’un tel modèle ; un article traitant ce sujet va être prochainement
soumit. Ce type d’approche est donc pertinent en météorologie ou océanographie puisque le
modèle comporte maintenant une variable d’état qui peut être directement observée.

Enfin, un dernier exemple important d’application concerne la cancérologie : des progrès
significatifs ont été accomplis pour décrire l’évolution de certains tissus tumoraux sous la forme
d’équations différentielles. Là encore, l’assimilation de données sera très utile pour relier ces
modèles d’évolutions aux observations médicales de ces maladies. Tout comme en imagerie
satellitaire, il faudra proposer des algorithmes qui soient capables d’extraire les bonnes infor-
mations des images médicales pour nourrir ces modèles de croissance de tumeurs. En collabo-
ration avec l’équipe CNRS IPAL, nous avons élaboré un sujet de thèse prospectif sur ce thème,
pour le cancer du sein et pour les cellules souches neuronales, qui sera proposé début 2011.
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Chapitre 5
Curriculum vitæ

BÉRÉZIAT Dominique
Université Pierre et Marie Curie
Laboratoire d’Informatique de Paris VI
4 place Jussieu
75005 Paris
Né le 8 septembre 1968.

5.1 Carrière

2001–

Maître de conférence à l’Université Pierre et Marie Curie (Paris 6).

2006–2008

Délégation INRIA dans l’équipe-projet CLIME, INRIA Paris-Rocquencourt (Le Chesnay).

2000-2001

Ingénieur expert dans le projet AIR, INRIA Rocquencourt (Le Chesnay).

1998–2000

Attaché temporaire d’enseignement et de recherche (ATER) à l’Institut d’Informatique
d’Entreprise (IIE, école d’ingénieur dépendant du CNAM, Évry).

5.2 Diplômes

1995–1999

Thèse en mathématique appliquée à l’Université Paris-Sud Orsay (financement MESR)
sous la direction de Laurent Younes et dont le sujet est “Estimation et suivi de structures
déformables en mouvement. Application à la météorologie”. Mention Très Honorable.
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1992–1993

Diplôme d’études approfondies “Modélisation stochastique et statistique”, mention bien.
Université Paris-Sud Orsay.

1990–1992

Maîtrise de Probabilités et Statistiques, Maîtrise d’Analyse Numérique. Université Paris-
Sud Orsay.

5.3 Activités d’enseignement

Enseignements à l’UPMC

Ces cours ont été donnés en Informatique sauf mention contraire.

– Introduction à l’imagerie numérique. Cours, TD, TME. Enseignement de L3.
– Initiation à l’automatisation des tâches. TD, TME. Enseignement de L2.
– Initiation à l’informatique pour scientifique. TD, TME. Enseignement de L1.
– Initiation au langage C TD, TME. Enseignement de L1.
– Analyse multiéchelles et ondelettes. Cours. Enseignement de M2.
– Acquisition et traitement des images médicales. Cours. Enseignement de M2.
– Méthodologies des images médicales. Cours. Enseignement de M2.
– Environnement de développement. TD, TME. Enseignement de L3.
– Initiation au traitement d’images et à l’infographie. Cours, TD, TME. Enseignement de

L3.
– Programmation scientifique en Fortran 90. Cours, TD, TME. Enseignement de L2.
– Programmation parallèle et répartie. Cours, TD, TME. Enseignement de M1.
– Algorithmique graphique et animation. Cours, TD, TME. Enseignement de M1.
– Programmation récursive (scheme). TME. Enseignement de L1.
– Algorithmique Numérique. Cours, TD et TME en Magister MIAIF.
– Traitement des images médicales. Cours de M2.
– Méthodes numériques et Informatique pour les géosciences. TD et TME en Licence de

géologie.
– Initiation à la programmation en Pascal et bureautique. TD et TME en DEUG Sciences

de la matière, Physique et Chimie.

Enseignements à IST

L’IST était une école d’Ingénieur attachée à l’UPMC. Elle s’est transformée en l’École Polytech’Paris-
UPMC.

– Infographie et mise en œuvre avec OpenGL. Cours, TD, TME.
– Parallélisme. Cours, TD, TME.
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Enseignements à IIE/CNAM

L’IIE est une école d’ingénieur dépendant du CNAM et basée à Evry. Elle s’appelle main-
tenant l’école nationale supérieure d’informatique pour l’industrie et l’entreprise (ENSIIE).

– Programmation et algorithmique. TD et TME. Enseignement de première année.
– Encadrement de projets. Enseignement de première année.
– Programmation objet en C++ et Java. TME. Enseignement de seconde année.
– Vision par ordinateur. Enseignement de troisième année.
– Encadrement de projets en robotique. Enseignement de seconde année.

Enseignements à l’ISTM

L’ISTM est une école d’ingénieur basée anciennement à l’Université Léonard de Vinci (à
la date de ces vacations) puis à l’ESIEE (Marne-La-Vallée). Elle forme des ingénieurs ayant la
double compétence Management/Informatique.

– Programmation structurée en C. Cours, TD, TME.
– Reconnaissance de forme dans les images. Enseignement de troisième année.
– Encadrement de projet de fin de première année.

5.4 Activité de recherches

Encadrement de thèses

Raimana Teina 2005–2009 Caractérisation de la cocoteraie des Tuamotu à partir d’images
satellites à très hautes résolution spatiale. Bourse de l’école
doctorale “EDITE de Paris”. Taux d’encadrement : 70%.

Abir El Abed 2004–2008 Fusion de données pour la reconstruction 3D temporelle.
Bourse de l’école doctorale “EDITE de Paris”. Taux d’en-
cadrement : 15%.

Wafa Rekik 2003–2007 Fusion de données temporelles, ou 2D+t, et spatiale, ou 3D,
pour la reconstruction de scènes 3D+t et traitement d’images
sphériques. Application à la biologie cellulaire. Bourse de l’é-
cole doctorale “EDITE de Paris”. Taux d’encadrement : 80 %.

Encadrement de stages Master/DEA

Imen Jdey 2009 Mise en œuvre de techniques de différentiation automatique pour
l’estimation de flot optique par assimilation de données. Internship
INRIA (4 mois).

Sahar Syassi 2009 Implantation Matlab d’un algorithme d’assimilation variationnelle
de données et étude de l’influence des matrices de covariances as-
sociées aux équations d’observation et d’évolution. Internship INRIA
(4 mois).
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Carlos De Almedia 2008 3D Reconstruction using Data Assimilation. Internship INRIA (4
mois.)

Masnou Amiri 2006 Étude de la morphologie des neurones en développement (6 mois).
Olivier Mougin 2005 Implémentation d’algorithmes d’interpolation par B-splines (4

mois).
Frédéric Tchéou 2005 Caractérisation par analyse d’image des stades initiaux de la bio-

minéralisation nacrée chez les huîtres perlières (6 mois).
Raimana Teina 2005 Segmentation d’images bruitées et faiblement contrastées selon une

approche par Level Sets (6 mois).
Richard Moulen 2004 Reconstruction tridimensionnelle par déconvolution automatique

en microscopie cellulaire (6 mois).
Wafa Rekik 2003 Recalage géométrique et analyse de vésicules cellulaires en imagerie

focale (6 mois).
Issam El Hattab 2003 Reconstruction tridimensionnelle de coupes d’images vésiculaires.

Traitement des structures tridimensionnelles (6 mois).
Kamel Haddadou 2002 Segmentation des anévrismes de l’aorte dans des images scanner X

(6 mois).
Jacopo Grazzini 2000 Étude des trajectoires et de la déformation de structures nuageuses

dans des séquences d’images satellites (6 mois).

Vie scientifique

– Participations à des programmes nationaux de recherche :
– ANR (programme APP TECSAN) “MICO”, (2011-2014), 10%1.
– ANR (programme SYSCOMM) “Geo-FLUIDS” (2010–2013), 10 %.
– ANR (programme Masse de données) “ADDISA” (2006-2009), 10 %.

– Relecteur régulier pour Transaction on Image Processing, Transaction on Geosciences and
Remote Sensing et Pattern Recognition Letters et occasionnellement pour International
Conference on Image Processing.

– Organisateur de la journée “Imagerie Biologique et Médicale de l’UPMC” (novembre 2004).
– Participation à l’organisation du congrès international SCAN (Paris, 2002).
– Participation à l’organisation du congrès international ICAOS (Paris, 1996).

5.5 Activités administratives

Responsabilités pédagogiques actuelles

– Responsable de l’UE “Introduction à l’image numérique” (et anciennement l’UE “Initia-
tion au traitement d’image et à l’infographie”).

– Responsable de l’UE “Analyse multiéchelles et ondelettes”.
– Membre du jury d’admission pour la spécialité IMA (Master d’Informatique de l’UPMC).

1Taux de participation en temps “recherche”
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Mobilité des étudiants

– Responsable du Programme International de Master “Management de l’Imagerie Bio-
médicale” en partenariat avec National University of Singapore et Asian Institute of Techno-
logy.

Comités de sélection

2004–2007 Membre de la commission de spécialistes CNU 27 de l’UPMC.

2008–2011 Membre du comité d’experts CNU 27 de l’UPMC.
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Motion estimation on meteorological infrared data using a total
brightness invariance hypothesis

Dominique Béréziat *, Jean-Paul Berroir
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Abstract

This work investigates a novel approach for cloud motion wind (CMW) estimation of Meteosat infrared images. It is motivated
by the fact that variational techniques, such as those employed for computing the optical flow, are successfully applied to many
computer vision applications but fail in this particular applicative context, mainly because optical flow techniques are adapted to
rigid objects on visible data. The objective of this work is not to propose a full operational process for CMW estimation, but rather
to improve optical flow techniques by applying constraints adapted to the specificity of meteorological infrared imagery. 2000
Elsevier Science Ltd. All rights reserved.

1. Introduction

Satellite data are being more and more used for pro-
viding data to environmental models. Meteorology is
undoubtfully the domain for which satellite data are most
intensively used, but applications to oceanography,
hydrology, air and water quality are gaining increased
attention. Satellite data can be processed in many ways:
the measures of electromagnetic radiations directly pro-
vide physical information, such as, in the context of
atmospheric studies, brightness temperature on the infra-
red part of the spectrum, that can be assimilated into
models. Further physical modelling makes it possible to
derive optical depths that can be related to the chemical
and aerosol content of the atmosphere. Many other
physical interpretations of satellite measures are poss-
ible. Other interesting approaches consist of considering
satellite data as images — three dimensional images in
the case of image sequences — and applying methods
initially developed for computer vision. These
approaches allow for capturing the spatial and temporal
behavior of macroscopic structures (e.g. clouds in
meteorological imagery). However, the direct appli-
cation of computer vision techniques to satellite data is
often unsuccessful, since these methods, originally
developed for specific imageries (video, medical imag-

* Corresponding author. Tel.:+33 1 39 63 5703.
E-mail address:dominique.bereziat@inria.fr (D. Be´réziat).

1364-8152/00/$ - see front matter 2000 Elsevier Science Ltd. All rights reserved.
PII: S1364-8152 (00)00046-3

ing, …), do not account for the specificity of satellite
images: nature of structures (e.g. clouds) and physical
interpretation of pixels (e.g. temperature).

Cloud motion wind (CMW) estimation is a typical
example of such methods. Many authors actually
developed tracking techniques (e.g. statistical correlation
as a tracking criterion) for that purpose. Another alterna-
tive is the use of variational techniques (e.g. optical
flow), even though optical flow has not proven success-
ful for cloud tracking. Correlation and variational
methods have been used for long to analyse video image
sequences. They cannot be used for operational CMW
estimation in their original form. It is actually necessary
to perform prior processing steps such as cloud height
determination. Yet, the core of the tracking methods are
similar to “traditional” image processing techniques. See
the reference list in Velden et al. (1997) for a survey of
techniques employed for CMW estimation.

The work presented therein describes a novel tech-
nique for CMW estimation on data provided by geosta-
tionary infrared radiometers, such as Meteosat’s IR
channel. The objective of this work is not to produce a
full operational process (Laurent 1991, 1993) for deriv-
ing CMW from Meteosat data, but rather to improve the
pure image processing part of these processes. We were
particularly interested in improving the optical flow tech-
nique, that has had several successful applications in
computer vision, but is rather disappointing for CMW
estimation. The proposed scheme is a variational tech-
nique, similar to optical flow. Its major improvement lies
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in the fact that it does not make assumption on the
behavior of individual pixels (e.g. brightness
conservation), which usually does not make sense on
meteorological images. In contrary, conservation con-
straints are applied to objects as a whole. This hypoth-
esis, the total brightness conservation, leads to a differ-
ential constraint very similar to that of optical flow, with
an additional divergence term. The latter allows for cap-
turing expansion and contraction of deformable struc-
tures, as it is often encountered in turbulent flow. Beside
this new formulation of an image processing problem,
another physical justification can be found by analogy
with fluid mechanics: the differential constraint is similar
to the Euler equation of mass conservation. Furthermore,
considering that the measured IR brightness temperature
are highly correlated to cloud altitude, the differential
constraint can be viewed as a cloud volume conservation
hypothesis. The achieved results are much better than
those obtained by applying optical flow techniques.

This paper is organized as follows: firstly, an over-
view of the image processing techniques used in meteor-
ology for CMW estimation is given. The second part
of the paper addresses the total brightness conservation
hypothesis and how it leads to a new differential con-
straint. The hypothesis is justified from the point of view
of image processing (conservation rules applied to
objects rather than to pixels), and an analogy with fluid
mechanics is given. A qualitative meteorological justifi-
cation is also proposed. The third part gives details on
the numerical scheme: even if a full operational process
is not given, the reader can find all the necessary infor-
mation for implementing the method. Finally results are
displayed and compared to optical flow techniques.

2. State of the art

Understanding and measuring the dynamics of clouds
is a complex issue. For instance, vortices are represented
with chaotic models and fluid mechanics models. Such
models are computationally expensive, leading to diffi-
cult problems in any real-time analysis procedure. Image
analysis could be a very interesting way to analyse cloud
motion because it only makes use of the images proper-
ties. A second motivation is related to the huge amount
of digitalized data available, which rises an important
need of automatic analysis of the data coming from the
different satellites and sensors: geostationary satellites
(MeteoSat, GMS, GOES, INSAT, GOMS) are providing
for a long time a global coverage of the Earth’s surface,
with high temporal resolution (e.g. half-an-hourly) and
a large variety of spectral measures (radiometers
operating in the visible and IR domain). Currently, com-
puter vision techniques are used by meteorologists to
improve and analyze remote sensing data. There are two
main approachs to compute velocity on these data. The

first one are the correlation-based method. The second
one are the optical flow-based method. In the following
paragraphs, we describe and briefly confront these
methods.

2.1. Correlation methods

Correlation methods are matching approachs: one tries
to match a region of a frame in an image sequence to an
another region on the next frame in the sequence using a
correlation criterion. The correlation criterion measures
the similarity between two regions. For a given region,
the region on the next frame with maximal correlation
is searched. In general, the correlation criterion used is
the statistical correlation but others statistics may be
used. It could be more interesting to use criteria model-
ling the clouds texture for example. This method is
widely used on meterological data because it gives good
results. Particularly, correlation methods are used to
track small cloudy structures (the so-calledtracers): the
object to track has to have a constant size and a constant
britghness. The correlation criterion identifies more eas-
ily small objects because they have a signifiant variance.
The method has severals drawbacks:

O the computational cost is very expensive,
O the method is not usable on large structures,
O computation of a dense velocity field is impossible

because the methods work only on objects, not on
pixels,

O the method is very sensitive to the parameter (size of
window computation) and requires, in order to speed
up the computation, the prior localization of the tra-
cers.

However, the correlation methods remain very widely
used because they provide an excellent estimation of the
objects’ displacement.

2.2. Optical flow methods

The optical flow is the distribution of the apparent
motion in an image. So, we compute directly the velocity
and not the displacement as in the correlation methods.
The fundamental assumption made is the brightness
function, usually denotedI, is invariant for each point:
given (x,y)PV,I(t,x,y)=Cste,∀t$0 whereV is the image
and t the time. This is formulated as dI/dt=0 and the
chain rule derivation leads to the following equation, the
Optical Flow Constraint:

=I.w1I t50 (1)

where w denotes the velocity vector andIt=∂I/∂t. An
important issue is that the Eq. (1), being undercon-
strained (one has to solve forw, that has two compo-
nents, the two horizontal directions, with solely one
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equation), cannot be solved directly. A second constraint
is required. A simple approach consists of constraining
the spatial variation of=w: it means that only regulars
fields (wPL2(V)) are allowed. The choice of the
additional constraint depends on the context. In the
meteorological framework, the method gives interesting
results but could be improved by using a physical con-
straint. Many authors have undertaken studies on the
choice of the second constraint for solving undercon-
strained problems in general (Black, 1994; Kornprobst et
al., 1997) and more specifically the optical flow problem
(Horn and Schunck, 1981; Nagel, 1983; Verri et al.,
1990; Tistarelli, 1996; Herlin et al., 1998).

The optical flow can be seen as a matching method
operating at the pixel level. Thus, a velocity is computed
in each point of the image, providing a dense velocity
field. A second advantage of the method is its low com-
putational cost: the Horn et al. method takes about 2 min
to compute a 256×256 velocity field image (including
the necessary spatio-temporal gradient computation cost)
on a DecAlpha 500 MHz. The method has however
some inconvenients:

O the velocity estimation on the border of the image
sequence is often unreliable: this problem is due to
the difficulties in estimating the spatial gradient in
these areas,

O if the velocity direction is generally well estimated,
the velocity norm is under evaluated. This problem is
due to the choice of the second constraint, a regulariz-
ing constraint which has no physical justification,

O the brightness invariance principle is not necessary
true on meteorological data. For example, on infrared
data, the temperature change over time. There are
some alternative methods introducing a more flexible
constraint than the brightness invariance (Gennert and
Negahdaripour, 1987; Odobez and Bouthemy, 1995).

Since the optical flow methods provides a bad estimation
of the velocity norm, they are seldom used for CMW
estimation.

2.3. Conclusion and objectives

The two class of methods have their own advantages
and drawbacks. The correlation-based methods provide
a good estimation of velocity but at the expense of a
high computational cost, and most implementations of
correlation methods require a user supervision. In con-
trary, the optical flow methods are fully automatic, have
a low computational cost but the quality of velocity esti-
mation is unsufficient with respect to operational
meteorological requirements. The goal of the next sec-
tion is to propose an alternative method to the corre-
lation-based methods and the optical flow-based

methods: a non supervised method with a low compu-
tational cost and providing a realistic velocity field.

3. Total brigthness invariance hypothesis

3.1. Definition

The main idea of the method is to extend the bright-
ness invariance principle from the pixel to the object.
For that purpose we define thetotal brightnessnotion.

Definition 1 (Total brightness).
Let O,V be an object, typically a cloud. The total

brightness ofO is defined by the quantity:

IO(t)5E
O

I(t,X,Y) dX dY

where X and Y denote the spatial directions in the
image domain.

Instead of assuming that a point has a constant bright-
ness over time, we assume that a moving object point
has locally a constant total brightness over time that is
expressed by the relation:

∀S,O,
dIS(t)

dt
50 (2)

whereS is any (topological opened) part ofO.
The total brightness invariance and the brightness

invariance are not equivalent principles. However, in the
case of a rigid object with a constant brightness, it veri-
fies the total brightness invariance principle. This
hypothesis may be viewed as an extension of the bright-
ness invariance operating at an object scale.

Let j(t,x,y) be the spatial position at timet, the pixel
being at the position (x,y) at timet=0. In fact,j describes
the trajectory of a point whent varies. Now, let
(X,Y)=j(t,x,y) be the change of variables, the total
brightness of a partS becomes:

IS(t)5E
S

I+j(t,x,y)Jj(t,x,y) dx dy (3)

with J the Jacobian operator. We apply the chain rule
derivation and obtain:

∀S,O,
dIS(t)

dt
5E

S

d
dt

[I+j(t,x,y)Jj(t,x,y)] dx dy (4)

5E
S

F(=I+j).jtJj1I+j
∂Jj
∂t G dx dy

where==(∂/∂x, ∂/∂y) and . is the scalar product inR2.
We use the approximation d/dt(Jj)|div(ϕt)Jj. and obtain
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∀S,O, E
S

[=I+j.w1It+j1I+jdiv(w)]Jj dx dy. (5)

Finally, Eq. (2) leads to:

∀S,O, E
S

(=I.w1I t1Idiv(w))Jj dx dy50 (6)

We can show that Eq. (6) is equivalent to:

∀(x,y)PO, =I.w1It1Idiv(w)50. (7)

3.2. Link with the extended optical flow constraint

Eq. (7) is known as the extended optical flow con-
straint. This model was originally studied by Schunck
(1984). Eqs. (1) and (7) are very similar. Actually, Eq.
(7) is exactly the mass conservation equation used in
fluid mechanics whereI andw are respectively the den-
sity and the velocity vector of a fluid parcel. The main
problem with this equation is that there is no physical
justification for using this model as a motion equation
on images sequence. Horn et al. had removed the diver-
gence term in Eq. (7) in order to interpret this model as
a brightness invariance hypothesis. However, Schunck
had proved the apparent motion computed with the Eq.
(6) is equal to the real 3-D motion in the case of
rotational motion in the direction of the camera axis. The
optical flow Eq. (1) indeed cannot compute the real 3-
D motion. Our work show now that the extended optical
flow constraint has a physical interpretation: it is equiv-
alent to a total brightness invariance hypothesis and can
be used when this hypothesis is verified.

3.3. Physical interpretation of the total brightness
invariance

In the previous section, we demonstrated that the total
brightness invariance could be justified in the context of
computer vision and have have shown an analogy with
mass conservation in fluid mechanics. We now try to
find a justification in the specific context of meteorologi-
cal IR data.

The first step is based on the physical interpretation
of the measured radiance. The data consist of digital
counts that can be converted into brightness tempera-
tures by applying the calibration procedures, provided
simultaneously with satellite data. Considering the quali-
tative description of the vertical profile of temperature
in the troposphere (i.e. a negative gradient of 6 degrees
per kilometer), we see that brightness temperatures are
somehow negatively correlated to cloud elevation. This
is the core of our “justification”, and this in fact relies

on two major simplifications: the first one is that this
assertion is true if the structures of interest are below
the altitude of temperature inversion, which excludes the
polar stratospheric clouds from the study. However, as
we are mainly concerned with large vortex structures in
northern Atlantic, this hypothesis is valid. We therefore
consider that the temperature profile is in the form
T(z)=T02az. The second simplification consists of con-
sidering that radiances measured on clouds correspond
to emissions at cloud top, instead of the altitude for
which the atmosphere’s optical depth equals 1. This is
equivalent to state that the clouds are opaque to infrared
radiation and that the measured radiance is emitted by
the cloud, which is not an irrealistic assumption when
considering very large and deep cloud structures.

Stating this, we now consider that the radiance is a
measure of elevation. It is easy to see that the total
brightness of a cloud equals (up to a linear
transformation) the volume of the column of air located
between an altitude of reference and the cloud top. The
next level of approximation is the assimilation of the
variation of this volume to the variation of the cloud
volume. This is a rather severe assumption on the defor-
mation that clouds undergo during their motion, our
belief being that, at least during short periods and if there
is no precipitations, this can be done. The final con-
clusion is that the total brightness invariance is equival-
ent to the conservation of the cloud volume. This of
course has to be considered as a qualitative meteorologi-
cal justification, and does not pretend to exactitude.

3.4. Bi-model

In the subsection 3, we’ve proved that the total bright-
ness hypothesis [Eq. (2)] is equivalent to Eq. (7). Strictly
speaking, this equivalence is true only on some regions
of an image. For the meteorological infrared data
example, only clouds should verify the total brightness
invariance hypothesis. We use the fact that the Eqs. (1)
and (7) are very similar: the second one contains an
additional term:Idiv(w). Strictly, Eq. (7) is applied on
points (x,y)PO. OutsideO, we propose to use a standard
brightness invariance assumption to model the motion.
Then we obtain a new motion equation that is a bi-
model:

∀(x,y)PV, =I.w1It1Idiv(w)1O50. (8)

4. Numerical resolution

We present in this section an implementation of the
numerical resolution of Eq. (8). The first problem is to
choose a second constraint to -overconstraint Eq. (8) (w
has two components). We choose to regularize the spa-
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tial variation of w using aL2(V) norm. Of course, this
choice is not really pertinent in our framework but it
gives satisfying results. A variational framework is used:
we build a functional which minimum value provides a
solution for the Eq. (8). This functional is defined by:

E(w)5E
V

(=I.w1It1Idiv(w)1O)2 dx dy1aE
V

(uu=uuu2 (9)

1uu=vuu2) dx dy

where (u,v) = w and uu=uuu2=u2
x+u2

y. The first integral is
the bi-model constraint, the second one is the regulariz-
ing term. The parametera weights the effects of the reg-
ularizing constraint. We can change this empirical value
to obtain velocity fields more and less smoothed. We
have to compute the minimul value ofE. The operand
w is a function lying inH1(V). A minimum of E can be
computed by using the Euler Lagrange equations asso-
ciated to (9). The Euler Lagrange equations are the dif-
ferential of E with respect tow and in the case of (9)
equal:

5−
∂
∂x

(I(Ixu+Iyv+It+(Iux+Ivy)1O)))−aDu=0

−
∂
∂y

(I(Ixu+Iyv+It+(Iux+Ivy)1O))−aDv=0

. (10)

As the functionE is convex, the Eq. (10) provide an
unique minimal value of (9). Such a system is difficult
to solve. If we suppose, in a first time, that1O;1, Eq.
(8) is equivalent to:

div(W)1It50 (11)

whereW=Iw. The functional to minimize becomes:

E(W)5E
V

(div(W)1I t)2 dx dy1aE
V

(uu=Uuu2 (12)

1uu=Vuu2) dx dy

where (U,V)=W. The Euler–Lagrange equations associa-
ted toE are:

5−
∂
∂x

(It+Ux+Vy)−aDU=0

−
∂
∂y

(It+Ux+Vy)−aDV=0

. (13)

The resolution of Eq. (13) are performed by using the
numerical scheme:

5
dU
dt

−
∂
∂x

(It+Ux+Vy)−aDU=0

dV
dt

−
∂
∂y

(It+Ux+Vy)−aDV=0

. (14)

We can show that a stationary solution of Eq. (14) is
solution of Eq. (13). Finally this scheme is implemented
using the finite difference method: dW/dt|Wt+12Wt.
We have:

5Ut+1=Ut+
∂
∂x

(It+Utx+Vty)+aDUt

Vt+1Vt+
∂
∂y

(It+Utx+Vty)+aDVt
. (15)

At the first step, we supposeU0=V0=0. Others differen-
tial operators onW are approximated by finite differen-
tiation. We have:

5
Uxx(i,j)|(U(t,i+1,j)−2U(t,i,j)+U(t,i−1,j))/4

Uyy(i,j)|(U(t,i,j+1)−2U(t,i,j)+U(t,i,j−1))/4

Uxy(i,j)|(U(t,i+1,j+1)−U(t,i−1,j)+U(t,i,j−1)

−U(t,i−1,j−1))/4

. (16)

The computation of the scheme (14) provides a dense
velocity vector field on an objectO following the
extended optical flow constraint. OutsideO, the diver-
gence term disappears. The functional to minimize is:

E(w)5E
V

(=I.w1I t)2 dx dy1aE
V

(uu=uuu2 (17)

1uu=vuu2) dx dy

the Euler–Lagrange equations are:

H−Ix(Ixu+Iyv+It)−aDu=0

−Iy(Ixu+Iyv+I t)−aDv=0
(18)

and the numerical scheme is:

Hut+1=ut+Ix(Ixut+Iyvt+It)+aDut

vt+1=vt+Iy(Ixut+Iyvt+It)+aDvt
(19)

this scheme provides a dense velocity vector field out-
side the objectO following the optical flow constraint.
Horn et al. had used a different numerical scheme to
compute the solution of Eq. (18), that seems to be more
robust than ours, but it can not be used in the extended
optical flow constraint. The choice of the parameter is
empirical. We use the valuea=40.

5. Results

To validate the total brightness conservation model,
we built a synthetic sequence verifying this principle: on
Fig. 1, the grey square evolving over time keeps a con-
stant total brightness. The model correctly captures the
motion.

Fig. 2 depicts the result of the brightness invariance



518 D. Béréziat, J.-P. Berroir / Environmental Modelling & Software 15 (2000) 513–519

Fig. 1. Sequence of a growing square with a constant total brightness
and an horizontal translational motion (from left to right). On left, the
four first images of the sequence. On right, the result of the compu-
tation of velocity field.

Fig. 2. Result of the brightness invariance model on an IR image.

model (the optical flow constraint) on a METEOSAT IR
sequence of a vortex over the Atlantic Ocean. There are
many differences between the optical flow and the
extended optical flow: they are underlined at the end of
this section. Differences between the extended optical
flow model and the bi-model are not significative. The
velocity field is different only outside of clouds because
of the different motion models used.

To apply the bi-model model on our data, we have
to localize cloudy structures on infrared data. It can be
performed using a simple threshold on grey level value.
However, we’ve used a sophificated segmentation pro-
cess to localize accurately the cloudy structures. Fig. 3
pictures the results of the total brightness model (the
extended optical flow constraint) and the bi-model.

Figs. 4 and 5 picture respectively the results of the
brightness invariance model on two images of the vortex
sequence and the total brightness invariance model. We
used the Vis5D software to display the vector velocity
field and the iso-value of the norm of the field. Compar-
ing the brightness invariance hypothesis with the total
brightness invariance hypothesis, we have the follow-
ing remarks:

Fig. 3. Result of the total brightness invariance model (left) and the
bi-model (right).

Fig. 4. Brightness invariance model computed on three successive
images.

Fig. 5. Total brightness invariance model computed on three success-
ive images.

O detection of singular points: our method captures sev-
eral singular points (see Fig. 5). The classical optical
flow model does not,

O the optical flow method detect motion in darker areas,
i.e. areas where there is no cloud and then there is no
motion. Our model does not detect any motion in
these areas because their grey level values are close
to zero,

O our model detects a large motion activity at the border
of the vortex, larger than motion computed with the
optical flow method. Local expansion/contraction are
captured with our model due to the divergence term
modeling the type of motion.
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6. Conclusion

In order to improve the results of optical flow tech-
niques applied to cloud motion wind estimation, a novel
hypothesis, the total brightness conservation is proposed.
This hypothesis leads to a differential equation similar
to the mass conservation equation in fluid mechanics. A
qualitative meteorological justification can be found if
one considers that the radiance measured by infrared
radiometers is directly related to elevation. This of
course is not exactly the case, and a prior cloud heigh
resolution should be performed first before applying our
method. However, the results show significant improve-
ments compared to optical flow, and it can be expected
that the integration of this algorithm into an operational
CMW estimation chain might be beneficial. This in fact
is the principal perspective of this work, that has to be
undertaken in order to perform a true meteorological
validation of the results.
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ABSTRACT

In this article, we put forth the contribution of cartographic

map projection in image analysis for 2D and 3D spheric-
shaped data. In the 2D case, map projection of the under-
lying hemi-spherical surface has the merit to overcome de-

formations generated by perspective sights. In the 3D case,
processing cartographic references of the original spheroid

surfaces presents mainly two advantages. On one hand, it

decreases significantly the amount of processed data. On the

other hand, we avoid extension of exhaustive processes to a

higher dimension. We make use of this geographical trans-

formation in several classical image processing applications

such as temporal tracking, information visualization, and fea-

ture extraction, such as segmentation. These applications are

described and results of cell wall simulations are displayed.

1. INTRODUCTION

In bio-cellular imaging, microscopic cell wall models are de-

signed in order to analyze the behavior of some biological

structures and find out their functional role. Due to some bi-

ological constraints, these models have spheroid shapes. Bi-

ologists inject fluorescent markers on the spheroid surface,

in order to segregate between objects interacting with the in-

put light spot. Multidimensional types of cell wall simula-

tions are acquired: temporal 2D video sequences, i.e. 2D+t,

multi-focal 2D sequences, etc. We may merely distinguish

two types of acquisitions: 2D and 3D frames. In the 2D

case, frames are perspective projections of light signals emit-

ted by structures of interest lying on the translucent spheroid

surfaces. Distortions introduced by projective sights of these

non-rigid objects generate deformations on their shape, size,

etc. These deformations bother the extraction of typical fea-

tures and relevant information related to structures of interest,

namely, temporal tracking of such templates may fail. Con-

sequently, it is an essential issue to take into account the un-

derlying hemi-spherical surface on which these structures are

evolving, without modifying the topology of the input data.

For this purpose, we first warp the 2D frames into a spherical

image and then project the 3D surface onto a planar carto-

graphic reference using a suitable map projection. This ge-

ometrical transformation locally removes distortions, gener-

ated by perspective projection, around the objects of inter-

est. It is then possible to carry out different analysis in trans-

formed frames. In the 3D case, we have obviously accurate

description of the original spherical surface, free of any pro-

jective sight distortions. A natural first approach consist in

directly processing the 3D data sets. This way of proceed-

ing is doubtless reasonable. However, extension of non trivial

algorithms for 2D to 3D domains appear to be quite exhaus-

tive. On one hand, the amount of processed data increases

significantly, which bring algorithms about being computa-

tionally prohibitive. On the other hand, some basic applica-

tions doesn’t perform well, like optical flow computation. We

may also think of statistical local approaches, such as Markov

Random Fields modelisation, that involves specific neighbor-

hoods. In the 3D case, voxels surrounding a selected point

seem to form a bent vicinity. It is then interesting to consider

the cartographic reference of the corresponding 3D images. It

is worth noticing that, in this case, the 3D elliptical surface is
already available, thereby, there is no need to map texture into

a sphere. We proceed with the description of the geographi-

cal transformation in section 2. Since the map projection in-

volved generates a set of scattered points, we present in sec-

tion 3 a method for missing-value approximation. Then, we

present main applications of our approach: temporal track-

ing in section 4.2 as well as information visualization in sec-

tion 4.3 and extraction in 4.4.

2. GEOGRAPHICAL TRANSFORMATION

Our geographical transformation is based on a suitable car-

tographic map projection. The tangent map projections are

divided into three categories, depending on the choice of the

surface on which the Earth surface will be unrolled: conical,

cylindrical and azimuthal. The first two are purely geometri-



cal projections of the Earth upon a tangent cone or cylinder.

The parallel on contact with the surface is mapped without

any deformation and corresponds to the line of zero distortion

on the map. Azimuthal projections project the globe onto

a plane tangent to the Earth’s surface on a specified point.

Distances measured from the center are true, and distortions

of other properties increase away from this center point. In

this case, the point of contact coincides with the point of

zero-distortion on the map, that is very interesting if we need

to minimize distortions around a specific region of interest.

Since we deal with objects of weak thickness lying on the

surface, we opt for the azimuthal equal area projection. The

latter maps locally the region of interest and limits deforma-

tions around it.

In the 2D case, we observe circular contours of the surface of
interest. We estimate then maximum of curvature by recover-

ing these contours. They are fitted by the closest tangent circle

whose parameters correspond, with extension to a 3D repre-
sentation, to the hemispherical underling surface ones. Once

these parameters are estimated, we map the 2D texture into
the spherical surface and then compute the azimuthal equal

area projection (see [1, 2] for a complete mathematical an-

alyze) of the mapped surface. These steps are schemed in

Figure 1. In the 3D case, there is obviously no need to warp
the texture since the spheroid surface is already available.
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Fig. 1. From 2D frame to planar cartographic reference.

It worth noticing that map projection result depends on

the accuracy of the original curvature estimation. For this

purpose, we first detect the edges in the image using a Canny-

Deriche operator to obtain a transition map. Then, we use

an edge following algorithm to detect the longest contours of

the transition map, corresponding to the contours of the sur-

face on which objects of interest are lying. These contours

are fitted by a tangent circle whose parameters (center and ra-

dius) are computed by least square fitting. Moreover, couples

of computed cartesian coordinates of projected points hardly

correspond to a grid position in the sampled output image. In

addition, geometrical distortions introduced by this projection

beyond the close neighborhood of the origin, generate impor-

tant number of non-initialized points on the mapped surfaces.

That’s why we used an interpolation method in order to esti-

mate values of missing points.

3. MISSING-VALUE APPROXIMATION

Our projection yields a set of scattered data in the projection

plan. The farther we move from the projection origin, the

more mapped samples become sparse and irregular. Our goal

is to fit a smooth surface through a non uniform distribution

of data samples. For this purpose, we manage to represent our

surface as a sum of weighted and shifted synthesis functions.

B-splines stand apart for a good compromise between quality

(namely high fidelity reconstruction and regularity) and com-

putational issues.There is a whole family of synthesis kernels

made of B-splines, usually called βn, as they are (n−1) con-
tinuously differentiable. They are given by :

βo(x) =






1 |x| < 1
2

1
2 |x| = 1

2
0 |x| > 1

2

and βn+1(x) = βn(x)β0(x)

Since our samples are scattered and mapped to non-grid

position, approximation with such functions is a non trivial

task. A framework introduced in [3], is dedicated to this sake.

The implemented algorithm makes use of a coarse-to-fine hi-

erarchy of control lattices in order to generate a sequence of

bi-cubic B-spline functions whose sum approaches the desire

interpolation function. We carry out this method allowing a

high quality of approximation with regard to a satisfactory

computation time.

4. APPLICATIONS

4.1. Biological context

We deal with spatio-temporal video sequences of cell wall

simulations acquired by a CCD camera coupled with a mi-

croscope. Recall that camera and microscope observe light

signals emitted by some fluorescent markers injected on the

cell wall surface modeled by ellipsoid vesicles. These mark-

ers target at viewing some lipid exterior phases of weak thick-

ness that we call rafts, moving on these surfaces. Biologists

are interested on analyzing behavior of rafts (shape, move-

ment, etc.) in order to find out their functional role (see [4, 5]

for details ). Due to this experimental context, different ac-

quisitions are blurred and have a very low contrast resolution.

That doesn’t ease application of image processing algorithms.

4.2. Temporal tracking

Many methods developed to track objects in motion make

use of correlation techniques, consisting of two steps: first,

to pick up suitable features in the image, second, to search

the corresponding points in another image to determine their

displacement. It is the case for Block Matching methods, in-

teresting candidates to analyze motion of quite small object

structures included within a window defining the block con-

sidered. So, if we consider two consecutive frames I1 and I2,



such approach attempt to compute ξ so that:

ξ = argmax
−→
T

S(I1|w1
, I2|w1+

−→
T

)

S is a similarity criterion, in our case it is the well-known nor-
malized correlation coefficient. Let I1|w1

be the restriction of

I1 to the window w1 and
−→
T the tested displacement vector.

Indeed, to find a characteristic feature from the first image

I1 in the second I2, we take a small area (i.e. window) w1

from the first image and compare it with equal-sized areas

w2 = w1 +
−→
T from the second image within a certain range

(i.e. search space). In this search space, we look for the posi-

tion of the optimum similarity between the two areas, giving

a displacement vector of the characteristic feature between

the two images. The idea is to combine the Block Match-

ing trackingwith the geometrical transformation realizedwith

map projection (section 2). That means that, before estimat-

ing correlation between two blocksw1 andw2, for each tested

displacement vector
−→
T , we compute map projections of these

blocks taking as origin their centers. We note πP map projec-

tion of a block w1 taking as origin its center P . We estimate
correlation then by the formula:

ξ = argmax
−→
T

S(πP (I1|w1
), π

P+
−→
T

(I2|w1+
−→
T

))

Consequently, correlation is computed between blocks which

doesn’t suffer under perspective projection deformations. Cor-

responding algorithm is described with details in [6].

We have tested our method on several video sequences and

compared it with the standard Block-Matching method. The

latter, ie, the correlation method fails quickly in image se-

quences, especially when the appearance of the raft is dis-

torted because of the 2D view of its displacement on the vesi-

cle surface. Comparisons between the two method results, on

the same video sequence, are given in Figure 2. We can notice

that, at the beginning of the sequence, windows localized by

both methods have almost same center positions. Difference

of quality tracking results are notable from the 16th frame

of the sequence (see Figure 2b). Moreover, we can see that

the correlation method totally fails on the 22th frame of the

sequence, whereas our approach continues to capture raftmo-

tion (Figure 2c). Since the target is completely lost by conven-

tional method, Block Matching is let down in the 23th frame.

However, tracking is carried out in the same sequence with

our method till the end of the sequence. Figure 2d shows, in

the 33th frame, the tracking window, as well as, the total raft

trajectory computed by both methods. In a general way, we

have noticed, by testing other video sequences, that our ap-

proach prevents tracking errors, especially when the moving

object appearance is deformed by 2-D acquisition.

4.3. Information visualization

We aim at visualizing structures of small thickness in 2D and
3D images. Our geographical transformation unrolls locally

(a) Frame 1 (b) Frame 16 (c) Frame 22 (d) Frame 33

Fig. 2. Comparison of the tracking results obtained by, from

top to bottom, standard BM method and ours.

the spheroid surface around the object of interest. It presents

then the advantage to improve the visualization effects. In the

2D case, deformations resulting from this kind of projection
increase the recovery and the understanding on the visualized

area. In fact, unlike perspective projection, this geographical

transformation does not map uniformly each point of the 3D

warped surface. As for the 3D case, our image is a structure
of data organized in a certain number of equal-sized plans.

Indeed, they have all the same number of lines and columns.

Therefore, it is possible to visualize the sphere either, by its

perspective projection, or as a sequence of 2D plans. The first

solution leads to the same problem as in the 2D case, and the
second one is insufficient to recover and display structures of

small thickness lying on the spheroidal surface. The first cou-

ple of image in Figure 3 illustrates difference of visualization

effects between both perspective and map projections. More-

over, varying the projection origin around the surface allows

to observe different views of the sphere. We designed then

a novel tool called Mapvis for the visualization of scalar and

vectorial information lying on spheroidal surface, reader is

referred to [7] for a full principle and illustration description.

4.4. Information extraction

Segmentation is an essential issue for relevant feature extrac-

tion such as surface shape and specific area perimeters. How-

ever carrying out segmentation on projected textures seems to

be interesting for the 3D as well as the 2D case. On one hand,
processing projected spheres decreases the dimension of the

implemented algorithms which are, doubtless, computation-

ally prohibitive when extended to the 3D case. Moreover in
a region close to the projection center, original characteristics

of the underling sphere are accurately preserved. On the other

hand, in the 2D context, perspective projection generates de-



formed curvatures. The latter yields errors in surfaces and

perimeter analyzing and bothermatching algorithms based on

curvatures.

Addressing the segmentation application, we have used a geo-

desic snake based method. A geodesic snake is an implicit

formulation of a standard snake [8] using an Eulerian for-

mulation.The main advantage of using an implicit snake is

the capability to change the topology of curve. We experi-

ment segmentation using the Chan&Vese model [9] involving

a criterion of a gray level homogeneous repartition inside the

curve. Moreover, data should be preprocessed otherwise the

segmentation process failed. This problem is due to the low

contrast of the data set. We enhance the image contrast by the

mean of a two-step filtering process. In a first stage, contrast

is enhanced using a combination of mathematical morpho-

logical operators. In the second one, we apply a numerical

scheme of an anisotropic diffusion [10], which has the prop-

erty to smooth image while preserving edges. Segmentation

results are displayed in Figure 3: (a) is a perspective view of

the 3D processed surface, (b) is the map projection of the se-
lected volume, (c) is the initialization curve on the mapped

surface and finally (d) is segmentation results. We can see

that the geographical transformation improves the raft shape

and contours visibility.

(a) (b)

(c) (d)

Fig. 3. Segmentation of geographically transformed spherical

surface.

5. CONCLUSION

In this article, we have presented a new approach for process-

ing spheric-shaped data. It involves a geographical transfor-

mation based on a suitable map projection. This transforma-

tion presents several advantages for the 2D as well as the 3D
case. It improves temporal tracking of biological structures

in 2D + t video sequences. Besides, it ameliorates recov-
ery and visualization effects of scalar and vectorial informa-

tion lying on spheroid surface. Moreover, feature extraction is

more meaningful in geographically transformed 2D and 3D
images. In other words, this transformation provides a car-

tographic reference of the original data with relevant proper-

ties improving a number of non-trivial image analysis. It is

dedicated mainly to a spheroid geometry data context, but it

could be interesting to generalize this concept to any regular

surface. A solution could consist in estimating a global cur-

vature of the enclosing surface or a local one near the object

of interest.
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Abstract— The main focus of this paper is optical flow
computation for 2D movement of objects embedded on 3D
surfaces. For spheric-shaped supports, object motion has only
2 degrees of liberty, thus 3D optical flow constraint is not
relevant. Constancy assumption is formulated using a suitable
parametrization of the 3D surface, leading to a 2D equation.
Input temporal sequence is also transformed according to the
3D surface parametrization. We build a complete 2D model,
taking into account the underlying spherical surface. It has the
merit to estimate at a lower cost velocity field in the temporal
input sequence. In order to analyze motion computation results,
we design an adapted visualization tool, instead of carryingout
an inverse transformation for the velocity field. Adapted to the
selected parametrization, it displays rapidly moving objects and
velocity field and improves the understanding of the displayed
information. We display optical flow computation results for
3D+t cell wall simulation temporal sequences.

I. INTRODUCTION

Motion computation is of growing interest in various com-

puter vision applications. A fundamental widely investigated

issue is the computation of optical flow. It aims at providing

an approximation of the local image motion based upon

local derivatives in a given sequence of images. We are

mainly interested in estimating the velocity vector field of

objects embedded on spheroid surfaces. We have therefore,

a 3D+ t structure of data organized on a set of 3D frames
at each sample of the acquisition temporal process. Each 3D

image is a ball represented by a given number of equal-

sized plans. Since inside objects are meaningless, movement

of structures evolving on the surface has only two degrees

of liberty. 3D optical flow constraint is not relevant for 2D

object movement. It is then useful to investigate motion on

the surface domain that profit from a 2D parametrization.

We switch then to a system of spherical coordinates, with

strong resemblance to geographical one. We evaluate angular

displacements, as radial temporal variations are negligible.

The main advantage of this way of proceeding is to decrease

the dimension of the input data set. We process then 2D+ t
instead of 3D + t sequences. For this sake, we need to
map the 3D cartesian grids into an angular one. Due to

angular distortion, a robust interpolation method is needed

to recover missing points, looking like furrows. After the

angular temporal variation estimation, it is possible to come

back to the 3D structure of data. However, we are interested

in visualizing, both texture and vector fields in the same

reference. Since the geometry of the surface is not relevant,

standard volume visualization methods do not seem to be

adapted to our context of study. We developed a visualization

tool based on a suitable map projection, called Mapvis,
that maps the data set sampled on a 2D angular grid into

a cartographic 2D reference. Mapvis has hence the merit
to provide relevant visualization properties for scalar and

vectorial information for 3D surfaces.

II. OPTICAL FLOW COMPUTATION

The initial hypothesis in measuring image motion is that

the intensity structures of local time-varying image regions

are approximately constant under motion for a short dura-

tion. The optical flow constraint, introduced by Horn and

Shunck [1], expresses the assumption that a moving pixel

keeps the same gray value over time. Formally, if I(x, y, t)
is the image intensity function, then:

I(x, y, t) = I(x + δx, y + δy, t + δt),

where δx and δy are the displacements of the local image
region at (x, y, t) after time δt. Expanding the left-hand side
of this equation in a first order Taylor series leads to the well

known Optical Flow Constraint:

−→
∇I.−→ω + It = 0, (1)

where
−→
∇I = (Ix, Iy) is the spatial intensity gradient

and −→ω = (∂x
∂t

, ∂y
∂t

) is the velocity vector. Many techniques
were developed to solve equation 1. We may distinguish dif-

ferential methods involving variational formulation, Markov

random field approach [2] and parametric modeling [3], [4].

Differential methods include mainly local and global ap-

proaches. Local methods use normal velocity information in

local neighborhoods to perform a least square minimization

in order to find out the best fit for −→w . That was first described
by Lucas and Kanade [5]. Global methods use an additional

global constraint, usually a smoothness regularization term,

to compute dense optical flow over large image regions.

Computation in the 3D domain is most frequently performed

by extension of the last two techniques to a higher dimension.

However, this solution is not adapted to our context of study.

Each 3D image is an empty ball organized on a sequence of

equal sized plans. That means that our 3D data set is merely

a sequence of variable diameter rings of low thickness.

Therefore, the optical flow constraint becomes not relevant



for such structure of data. Moreover, computation of spatial

derivatives in the three directions, x, y and z is incoherent
and noisy. An attempt to improve the 3D variational model is

to penalizes radial component of the vector field. However,

this solution increases the complexity of the model, already

extended to a higher dimension. Therefore, we thought of

a new approach consisting in carrying out estimation of the

global and local spherical vector field.

III. ANGULAR VELOCITY COMPUTATION

A. 3D dataset transformation

Since movement of structures embedded on spherical

surfaces has only two degrees of liberty, a system of 2D

coordinates is sufficient to parametrize the displacement

vector field. Spherical angular coordinates seem well adapted

to the geometry of the input dataset. The idea is to map the

3D+t texture into the 2D+t angular grid, ie indexed by θ, ϕ
and t. For an entire globe, with reference to the geographical
north pole and the equator, θ has range from 0 to π versus a
double-sized range, for ϕ, ie from − π

2 to
3π
2 . The main limit

of this coordinate system is to the singularity of geographical

poles. A solution to avoid computation of velocity vectors

close the geographical polar zones when we ought to, could

be a globe rotation, see [6] for mathematical formulates.

After localizing a viewpoint, we carry out a rotation of

angular coordinates (θ, ϕ), with reference to this viewpoint
and a great circle oblique to the equator (see Figure 1).

PP
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ϕrϕr

ZZ
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θrθr θθ

Fig. 1. Rotation of angular coordinates (θ, ϕ) with reference to the origin
T .

Let I(i, j, k, t), Is(θ, ϕ, t) and Is(θk, ϕl, t) be, respec-
tively, the input 3D+ t intensity sequence, the intermediate
list of scattered points and the final 2D+t sequence. In order
to compute the final sequence, we proceed as the following:

• First we convert the discrete 3D+t sequence, considered
from a selected point of view, to a set of scattered values

of dimension 3. First couple of variables are spherical
angles (θ, ϕ) deduced from cartesian ones by trigono-
metrical conversions, and third one is time t. θ and ϕ
computed from discrete 3D do not correspond to grid-

positions in the output sampled image. Therefore, we

obtain an intermediate list of intensity values Is(θ, ϕ, t).
• Secondly, we attempt to fit a smooth 2D + t surface
through the non-uniform distribution of Is(θ, ϕ, t) data
samples. For this purpose, we manage to represent our

surface as a sum of weighted and shifted synthesis

functions. B-splines stand apart for a good compromise

between quality (namely high fidelity reconstruction

and regularity) and computational issues. A framework

introduced in [7] is dedicated to recover such samples,

in the 2D case. The implemented algorithm makes use

of a coarse-to-fine hierarchy of control lattices in order

to generate a sequence of bi-cubic B-spline functions

whose sum approaches the desired interpolation func-

tion. Since, we aim at estimating a 2D+ t sequence, we
carry out this method extended to a higher dimension.

B. Angular velocity estimation

The position of a moving pixel on the spheric surface is

determined by the couple of angles (θ, ϕ), defined in figure 2

and the following equality :
−−→
OM = R−→er .
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−→eθ
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Fig. 2. Spherical system of coordinates.

The optical flow constancy constraint leads to:

I(R−→er , t) ≈ I(R−→er + ∂
−−→
Rer, t + ∂t), (2)

where R−→er + ∂
−−→
Rer is the displacement of the local image

region at (R−→er , t) after time ∂t. ∂−→er is:

∂−→er = ∂θ∂−→eθ + sin(θ)∂ϕ∂−→eϕ

Hence, equation 2 becomes, for a unity sphere (R = 1):

I(−→er , t) = I(−→er + ∂θ∂−→eθ + sin(θ)∂ϕ∂−→eϕ, t + ∂t)

Expanding the left-hand side of this equation in a Taylor

series, subtracting I(−→er , t) on both sides and dividing by ∂t
yields:

∂I

∂θ

∂θ

∂t
+ sin(θ)

∂I

∂ϕ

∂ϕ

∂t
+

∂I

∂t
= 0,

Let θ̇ and ϕ̇ be temporal derivative of respectively θ and ϕ,
Iθ and Iϕ spatial derivatives with reference to respectively θ
and ϕ. The optical flow constraint on a sphere is:

Iθ θ̇ + sin(θ)Iϕϕ̇ + It = 0 (3)



C. Resolution

In order to estimate a dense motion field we use a varia-

tional formulation. We build a functional whose minimum,

with reference to −→v , corresponds to the equation 3 solution.

E1(
−→v ) =

∫

θ

∫

ϕ

|Iθ θ̇ + sin(θ)Iϕϕ̇ + It|
2dθdϕ

Since equation 3 is under-determined, it is necessary to

use an additional constraint to solve it. We then add a

second term to our functional that penalizes high spatial

deformations of −→v :

E2(
−→v ) =

∫

θ

∫

ϕ

|
−→
∇ θ̇|2 + |

−→
∇ϕ̇|2dθdϕ

Finally, our functional E, is, with respect to −→v :

E(−→v ) = E1 + αE2,

where α is a tuning parameter between the two terms
that weights the importance of the regularization term E2.

Differentiation of E, with reference to θ̇ and ϕ̇ yields a
set of Euler-Lagrange equations (reader is referred to [8]).

Discretization of the latter with finite differences leads to a

great linear system. We solve the minimization of the linear

system within a Gauss-Seidel iterative scheme.

Moreover, we can estimate a piecewise continuous motion

field by adding the extra assumption that the optical flow

is locally constant. To find the flow vector at any point

M(θM , ϕM ), we minimize the function:

∑

m∈N(M)

W (m)(Iθ(m) ˙θM + sin(θ(m))Iϕ ˙ϕM + It(m))2,

(4)

WhereW (m) is a normalized neighborhood weighting func-
tion and N(M) is a neighborhood region surrounding M .
The minimization problem is solved using singular value

decomposition. As already outlined, both global and local

resolution methods are similar to classical 2D ones, except
that in our case, all assumptions are available in the spherical

system of coordinates. Implementation has hence the merit

to be rapid and stable, with few parameters to adjust.

IV. VISUALIZATION

We are interested in visualizing our computed optical

flow field. Recall that in previous section, we performed

a structural modification in our input 3D + t data set. We
have a 2D+ t sequence with different spatial resolutions and
structure organization. Computed velocity vector field have

the same spatial resolution than the texture scalar sequence

2D + t, as well as a coherent structure. Consequently,
instead of carrying out an inverse transformation to convert

our vector field to the original configuration, we select a

suitable tool to visualize our spherical texture as well as

the velocity vector in each couple of angular coordinates

(θ, ϕ). Since the underlying enclosing surface has a spherical
geometry, map projections are good candidates to project

the 3D input surface into a planar cartographic reference.

We opt for the azimuthal equal area projectionpresenting
relevant visualization properties. We have then built a novel

map-projection based tool for visualizing scalar and vectorial

information lying on spherical surfaces, called Mapvis. It
displays 3D scalar and vectorial data sets, see [9] for a whole

description. We may sum up map-projection stages by the

following scheme:

(λ, ϕ) 7−→ (r, θ) 7−→ (x, y)

Geographical coordinates of each point of the input sphere

are transformed into polar, then, cartesian ones in the projec-

tion plan. Since, our transformed 3D+ t datasets are indexed
with spherical coordinates (θ, ϕ), and conversion from spher-
ical to geographical coordinates is trivial, displaying results

with Mapvis becomes a natural simple task.

V. RESULTS

A. Biological context

In bio-cellular imaging, microscopic cell wall models are

designed in order to analyze the behavior of some biological

structures and find out their functional role. Due to some

biological constraints, these models, called vesicles, have

spheroid shapes. Biologists inject fluorescent markers on

the spheroid surface, in order to segregate between objects

interacting with the input light spot. These markers target

at viewing some lipid exterior phases generally of weak

thickness called rafts, moving on vesicle surfaces. Biologists
are interested on analyzing behavior of rafts (shape and

mainly movement, etc.) in order to find out their functional
role (see [10] for details). We estimate raft motion on the
spheroid surface by computing optical flow velocity field on

the simulation temporal sequences.

B. Validation

In order to validate optical flow computation on a sphere,

we first used the well known urban taxi sequence usually
used to test 2D optical flow computation. In order to display

results for 3D+ t sequence, we map each frame of the input
2D + t series into 3D sphere with suitable parameters. We
then compute optical flow by both local and global algo-

rithms on the designed spheres and project both textures and

velocity fields into 2D cartographic references. In figure 3,

we visualize results of movement of the white taxi toward

the right road, on the scene mapped onto a spherical support.

The projection origin is set as the taxi center for texture as

well as velocity field on the showed frame.

We notice, in this example, that global regularization

generates a smoother motion field. Local method, tested on

a 20 pixel neighborhood, give similar results on moving
structures i.e white taxi and black car on the right bottom
side of the hemisphere. However it also yields some scattered

vectors mainly in polar zone, where deformation introduced

by our cartographic projection are most important. In both

cases, optical flow computation produce a set of correct

vector fields (from amplitude and direction point of views),

perfectly tangent to the enclosing spherical surface. Besides,



a b

Fig. 3. Visualization of taxi sequence texture and velocity field computed,
from right to the left, by global then local optical flow method on a 20
pixel neighborhood

3D cartesian displacements can be estimated with trivial

trigonometrical operations.

C. biological data

We tested both methods on several 3D+t cell wall sim-

ulation sequences. Due to the experimental context, images

are blurred and have a very low contrast resolution, which

doesn’t ease optical flow computation. We display in fig-

ure 4, spherical optical flow computation results on a given

sequence showing a raft moving on the vesicle surface, from
the middle-left side to the right one on the front hemisphere.

Quarter (a) shows a prospective projection of the vesicle

holding the raft on the middle left border. In (b) we present
a cartographic reference of the same frame by projecting

the spheroid vesicle texture taking as origin the raft center.
We can see that the raft shape is better recovered. In (c)
we add to the cartographic reference the projected motion

vector field computed by the global method and in (d) the

projected one estimated by the local approach, in a 20 pixel
neighborhood. Again, we can see that global method seem to

give better results. Moreover, both methods capture correctly

the raft movement with a minimum cost.

VI. CONCLUSION

In this paper, we have presented a new approach for optical

flow computation. The central idea is to take advantage

from the geometry of the support on which structures are

evolving to build an adapted model, involving a relevant data

transformation. Since movement of structures of interest is

embedded on a spherical surface, it has only two degrees

of liberties. Consequently, we transform the 3D + t input
temporal sequence to a 2D + t video sequence, indexed
with angular coordinates. Local and global optical flow

and smoothness regularization constraints are formulated on

angular coordinates and they are solved with a suitable

variational method. Compared to an extension of a classical

variational model to a higher dimension, our model is more

adapted to the processed data set, where the classical 3D

optical constraint is not relevant, and obviously simpler

and faster. Moreover, it is possible to visualize directly, the

transformed sequence and the computed angular vector field

a b

c d

Fig. 4. Visualization of spherical optical flow computation for a 3D+t cell
wall simulation sequence.

with an adapted tool, with relevant visualization properties.

The inverse data transformation is not necessary to highlight

motion computation results. However, it is possible to de-

duce 3D cartesian displacements with trivial trigonometrical

operations. In a future work, it is possible to improve the ac-

curacy of optical flow computation, mainly where first order

constancy hypothesis doesn’t hold, by building hierarchical

models taking also advantage from the 2D parametrization.
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Abstract
In this paper, we address 3D+t shape recovery from 3D spatialdata and 2D+t temporal sequences.
This reconstruction is particularly challenging due to thegreat deal of in-depth information loss
observed on the 2D+t temporal sequence. To handle this critical lack of information, we use a
geometrical local constraint defined by a spherical topology arising in number of computer vi-
sion applications. Our approach consists in gradual 2D-to-3D restoration by motion compensation
using a brightness constancy constraint and a spatial regularity criterion. Data prior geometri-
cal model implies that structures of interest evolve on a spherical support. Motion has then only
two degrees of liberty. We build then an adapted 2D model in the surface domain, where move-
ment assumptions are more relevant, using a spherical parametrization. We restore 2D+t surfaces
parametrized by spherical angular coordinates that we display using an adapted visualization tool.

Keywords
3D+t reconstuction, optical flow, motion compensation, spherical parametrisation.

1 Introduction
In some computer vision applications, we deal with volumetric, i.e. 3D, acquisitions framing tem-
poral, i.e. 2D+t, ones (Fig. 1). First type of acquisitions provides a description of the 3D scene
geometry, thus, purely spatial information. Second ones observes 2D object motion providing
temporal and partial spatial information. A possible approach to mine exhaustively these comple-
mentary datasets is to carry out a complete spatio-temporalor a 3D+t scene reconstruction. 3D+t
sequences are restored by recovering the 3D original volumefrom each 2D frame belonging to the
2D+t sequence.

As the matter of fact, 3D reconstruction is an inverse problem. In this particular case, it is
also an ill-posed problem since a single 2D frame is hardly sufficient to recover the 3D original
volume. Indeed, this frame exhibits a great deal of spatial distortions and in-depth loss of infor-
mation caused by the projective transformation that reduces the 3D real structure into a 2D image.
To handle this critical lack of information, we introduce a prior data model. It consists in a geo-
metrical constraint defined on a spherical topology. Data observing locally spheric shaped objects
can be issued from remote sensing acquisitions and especially in meteorology, from astronomical
ones focusing on the Sun and in bio-cellular microscopic imagery. A relevant biologic application
is described in [9] where biologists study dynamic of structures of interest evolving on a spherical
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cell simulation surface. In this context, for instance, spatial datasets consist in multi-focus acqui-
sitions. Hence, they are not actual 3D images since they are formed by a series of equal sized
slices, where signal in each slice is bothered by luminositycoming from adjacent ones. A spatial
deconvolution stage is therefore needed when biologists calibrate correctly the video microscopy
system to cell wall simulation experiments. Due to this limitation and to respect generality, we use
synthetic data to validate our algorithm.
Our approach uses this geometrical prior constraint in order to select a relevant reconstruction
strategy. In the context of locally spheric shaped data, theinformation of interest is embedded on
the outer curved surface. This allows the 3D-to-2D transformation to be modeled simply with a
surface based reconstruction approach. On one hand, inverse 3D restoration is performed gradu-
ally by motion compensation involving a spatial regularitycriterion that balances the in-depth loss
of information. On the other hand, since movement has only two angular degrees of liberty, we
opt for a spherical parametrisation to investigate motion in the surface domain instead of build-
ing a 3D model. For the latter, computation of spatial derivatives is incoherent and noisy, mainly
with reference to the normal to the surface. Besides movement constraints are not relevant. We
restore then spherical surfaces, parameterized by angularcoordinates, that we display directly by
an adapted visualisation tool, called MAPVIS [8].

2 State-of-the-art
In the literature, a wide scope of approaches addresses the 3D reconstruction problem. Volume
based methods aim at restoring an accurate description of luminosity in each voxel of the 3D re-
constructed image, while surface based ones provide a 3D model of the object of interest. This
model requires shape and texture recovery of the outer visible side of the observed object. Namely,
tomographic reconstruction [7] focuses on restoring the original volume from multiple projective
views. Stereo-vision [4] approaches make use in general of the triangulation principle in order
to recover the surface shape of selected targets. Moreover,2D-to-3D registration methods re-
construct 3D features from only one projective view. This registration consists in identifying a
geometrical transformation that aligns 2D frames with 3D datasets often issued from a different
modality of acquisition. This alignment determines their relative position and orientation and then
locates them in the coordinate system of the 3D images. It is of growing interest in the medical
imaging field mainly to register 3D pre-operative images (like MRI or CT images) into 2D se-
ries of intra-operative frames acquired during a surgical intervention. Registration may operate on
feature-based methods or intensity based ones. Reader is referred to [2, 6]. Tomography and stere-
ovison, namely, require multiple projective views to achieve the reconstruction task. Therefore,
approaches aligning 2D projection images to 3D datasets appear to be adapted to the context of
our study. However these approaches fit into a registration framework rather than a reconstruction
one, unless other projective views are available, which is quite unusual. They can be used alterna-
tively for a preprocessing stage for some aforementioned applications. We then build an adapted
reconstruction model involving a prior geometrical constraint.
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3 Reconstruction by motion compensation
Our approach is based on the existence and the knowledge of a functionalp that reduces every
volumetric structure at each instant into a 2D frame. The central idea is to carry out the 3D+t
reconstruction using a couple of 3D data acquired at two different instants as well as the 2D+t
sequence acquired meanwhile. Since the intermediary videosequence presents an interesting tem-
poral resolution, we propose to restore the underlying 3D structure of each of its frame. The latter
provides only a partial description of the real 3D structurethat we aim to estimate at a given in-
stantt. We attempt to compensate this lack of information by the mean of a matching procedure
with the 3D volumetric image estimated att − 1. For this purpose, we compute a displacement
field matching both 3D structures. We introduce, consequently, a motion hypothesis expressing
the assumption that a moving voxel keeps the same gray value over time. It is identical to the well
known optical flow constraint [3]. It leads to a fundamental equation that we solve gradually in
order to rebuild the whole 3D+t sequence, using the couple of3D data as initial border conditions.

3.1 Modeling, assumptions
We carry out the 3D+t reconstruction using a series of 2D+t video sequence acquisitions inter-
sected with 3D volumetric ones. We opt for the following notations for the remainder of the paper:

• X a 3D vector position,i.e. X = (x, y, z);

• x a 2D vector position,i.e. x = (x, y);

• W a 3D vector field,i.e. W = (u, v, w);

• I(X, t) a 3D+t sequence;

• I2D(x, t) a 2D+t sequence;

• Î(X, t) the estimation ofI at (X, t);

Concretely, we have two 3D structures at two different instants:I1 = I(X, t1) andI2 = I(X, t2).
Betweent = t1 andt = t2, we also dispose of a video sequenceI2D(x, t) describing all the 2D
reductions of theI(X, t) structures evolving in this duration. Each 2D frameI2D is a projective
sight, at a given instantt, of a 3D original volume. This projection only depends on thedata
acquisition mechanism. We model it by a linear and stationary transformation, called projection
p, given by:

p(I)(x, y) =

∫

R
I(x, y, z)h(z)dz, (1)

whereh(z) is a function describing the interaction between observed objects and the input light
signal.p integrates contributions of all 3D slices to produce a unique 2D image. It introduces then
an important loss of information in thez−direction. In order to reconstruct gradually the 3D+t
sequence, we estimate the 3D structure at a given instantt, using the dataI2D(x, t) extracted from
the 2D+t sequence. We then minimize the discrepancy betweenp(Î) andI2D. A straightforward
data model equation is:

p(Î)(x, t) − I2D(x, t) = 0, ∀t ∈ [t1, t2] (2)

Since objects of interest evolve slowly fromt to t− 1, we can matcĥI(X, t) with the 3D structure
I(X, t − 1) known at the previous instant. This matching is quantified interms of a displacement

4



Rapport de recherche LIP6

vector fieldW between both images. It expresses the assumption that a moving voxel keeps the
same gray value over time yielding the following motion constraint, similar to optical flow one:

Î(X, t) = I(X + W, t − 1) (3)

We estimate a retrogress vector field defining voxel displacement fromt − 1 to t for notation
conveniences (we represent−W in Section 4). Expanding the left-hand side of Equation (3) in a
first order Taylor series leads to:

Î(X, t) = ∇I(X, t − 1).W + I(X, t − 1), (4)

where∇ = ( ∂
∂x

, ∂
∂y

, ∂
∂z

) is the gradient operator. Sincep is a linear operator, injection of the
Equation (4) in the earlier data model constraint (2) provides the 2D data motion constraint related
to W:

p(∇I(X, t − 1).W) + p(I(X, t − 1)) − I2D = 0 (5)

We compute the velocity vector fieldW at each instantt.

3.2 Formulation in the spherical context
Let us point out that, in the context of spherical shaped dataobservations, structures of interest
evolve on the surface of a ball of constant ray. Even-though the support is embedded on a 3D-
space, movement has only two degrees of liberty. It is then relevant to estimate the vector field
using a spherical surface parametrisation. Let’s establish equations formulated in the previous
section in the spherical context. For this purpose, we introduce two 2D imagesIs andIs

2D defined
by the following substitutions (see Fig. 2):

Is(θ, ϕ, t) = I(x(θ, ϕ), y(θ, ϕ), z(θ, ϕ), t) (6)

Is
2D(θ, ϕ, t) = I2D(x(θ, ϕ), y(θ, ϕ), t) (7)

with the following parametrisation:

x(θ, ϕ) = R cos(ϕ) sin(θ)

y(θ, ϕ) = R sin(ϕ) sin(θ)

z(θ, ϕ) = R cos(θ)

The spherical coordinatesϕ and θ respectively stand for the longitude and co-latitude angles.
Equation (6) expresses merely passage from cartesian coordinates to spherical ones. Equation (7)
involves the mapping of the 2D frame texture into a hemisphere with same diameter that the 3D
known balls. Data model constraint (2) becomes:

p(Îs)(θ, ϕ, t) − Is
2D(θ, ϕ, t) = 0 (8)

Let’s now set upp in the sphere reference mark schemed in Fig. 2. Operatorp integrates, in a
plane including both geographical poles, contributions offrontal and dorsal hemispheres.
Assuming that frontal and dorsal interactions with the input light signal are the same,p is defined
by:

p(Is)(θ, ϕ) = Is(θ, ϕ) + Is(θ, π − ϕ) (9)
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ϕ
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π − ϕ
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Figure 2: System of spherical coordinates. The projection plane corresponding to
p is P = (C, Y ′, Z ′).

Matching between̂Is(., t) andIs(., t−1) are now expressed as performed in the cartesian parametri-
sation by Equation (3). According to Fig. 2 notations, the position of a moving point on the spher-
ical surface is determined by the couple of angles(θ, ϕ) and the following equality :

−−→
CM = R−→er ,

whereR is the sphere radius and(−→er ,−→eθ ,−→eϕ) the Frenet local coordinate system related toM .
Thus:

Îs(R−→er , t) = Is(R−→er + ∂R−→er , t − 1), (10)

where−→er +∂R−→er is the elementary displacement atR−→er after the duration∂t. SinceR is constant,
∂−→er is defined by :

∂−→er = ∂θ∂−→eθ + sin(θ)∂ϕ∂−→eϕ (11)

Inserting right-hand side of Equation (11) in the equality (10) leads to, for a unit sphere (R = 1):

Îs(−→er , t) = Is(−→er + ∂θ∂−→eθ + sin(θ)∂ϕ∂−→eϕ, t − 1) (12)

The right member of Equation (12) is linearized using a first order Taylor expansion. It yields the
following equation:

Îs(θ, ϕ, t) = Is
t−1(θ, ϕ, t − 1) +

∂Is(θ, ϕ, t − 1)

∂θ

∂θ

∂t

+sin(θ)
∂Is(θ, ϕ, t − 1)

∂ϕ

∂ϕ

∂t

(13)
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Inserting second member of Equation (13) in (8) and using linearity of the transformationp leads
to:

p
(∂Is(., t − 1)

∂θ

∂θ

∂t
+ sin(θ)

∂Is(., t − 1)

∂ϕ

∂ϕ

∂t

)
(θ, ϕ)

+ p(Is)(θ, ϕ, t − 1) − Is
2D(θ, ϕ, t)︸ ︷︷ ︸

I′s

2D

= 0
(14)

Finally, the data model constraint in the spherical contextis:

p
(∂Is(., t − 1)

∂θ

∂θ

∂t
+ sin(θ)

∂Is(., t − 1)

∂ϕ

∂ϕ

∂t

)
+ I ′

s
2D = 0 (15)

3.3 Numerical Resolution
We compute an angular velocity field defined by the couple of angular variations(θ̇, ϕ̇):

{
θ̇ = ∂θ

∂t

ϕ̇ = ∂ϕ
∂t

(16)

For this sake, we have to solve the motion constraint given in(15). Let us introduce the aforemen-
tionedp expression in Equation (15):

p
(∂Is(., t − 1)

∂θ

∂θ

∂t
+ sin(θ)

∂Is(., t − 1)

∂ϕ

∂ϕ

∂t

)
=

∂Is(θ, ϕ, t)

∂θ
θ̇(θ, ϕ) +

∂Is(θ, π − ϕ, t − 1)

∂θ
θ̇(θ, π − ϕ)+

sin(θ)(
∂Is(θ, ϕ, t − 1)

∂ϕ
ϕ̇(θ, ϕ)+

∂Is(θ, π − ϕ, t − 1)

∂ϕ
ϕ̇(θ, π − ϕ))

(17)

where(θ̇(θ, ϕ), ϕ̇(θ, ϕ)) is the couple of angular velocity fields on the frontal hemisphere and
(θ̇(θ, π − ϕ), ϕ̇(θ, π − ϕ)) the couple of fields on the dorsal one. Equation (15) involvesfour
velocity fields. This is due to the transformationp that introduces a positioning ambiguity. Indeed,
it is not possible to undoubtedly state if the original position of a given point on the projection
plane is in the frontal or the dorsal hemisphere. In order to reduce variable space, we suppose that
these velocity fields are related. Let’s express relation between velocity fields on the frontal as
well as on the dorsal hemisphere. This relation takes into account possible object occlusions. In
fact, objects with same latitude and a double-quadrant adjusted longitude are mapped at exactly
the same position in the projection plane (see Fig. 3). To circumvent this ambiguity of positioning,
we assume that:

{
θ̇(θ, π − ϕ) = θ̇(θ, ϕ)
ϕ̇(θ, π − ϕ) = −ϕ̇(θ, ϕ)

(18)
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Figure 3: Occlusion of objects centered respectively inM1 andM2.

Under this assumption, number of variables is reduced to two. We estimate then velocities on the
upper hemisphere, whereθ has a range from0 to π andϕ from−π

2 to π
2 . For the remainder of the

globe, displacement vectors are issued from the system of equations (18). Data motion constraint
is merely respect tov = (θ̇, ϕ̇):

M(v)(θ̇, ϕ̇, t) = p(
∂Is(., t − 1)

∂θ
)θ̇+

sin(θ)
(∂Is(., t − 1)

∂ϕ
(θ, ϕ) −

∂Is(., t − 1)

∂ϕ
(θ, π − ϕ)

)
ϕ̇

+I ′
s
2D = 0

(19)

Since this equation involves only two variables, we can build a bi-dimensional model to accurately
recover motion. In order to estimate a dense motion field we use a variational formulation. We
build a functional whose minimum, with respect tov, corresponds to the solution of Equation (19):

E1(v) =

∫ π

0

(∫ π

2

−π

2

M(v)2dϕ

)
dθ

Since Equation (19) is under-determined, it is necessary touse an additional constraint to solve it.
An obvious way is to constrain the spatial variations ofv using aL2 norm [11]. This regularization
penalizes high spatial deformations ofv and implicitly important variations with reference to the
data known at a previous time:

E2(v) =

∫ π

0

(∫ π

2

−π

2

(
‖∇θ̇‖2 + ‖∇ϕ̇‖2

)
dϕ

)
dθ

Other types of regularization may be used (L1 norm, image driven norm, ...). Finally, our func-
tional E, is, with respect tov: E = E1 + αE2, whereα is a tuning parameter between the two
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terms that weights the importance of the regularization term E2. Differentiation ofE, with refer-
ence toθ̇ andϕ̇ yields a set of Euler-Lagrange equations [1]. Discretization of the latter with finite
differences leads to a linear system, that we solve using a Gauss-Seidel iterative scheme.
Our goal, as schemed in Fig. 1, is to recover a full 3D+t sequence from the 2D+t series of data and
the couple of 3D samples framing the temporal interval. The central idea is to estimate gradually
velocity field between each 2D frame extracted from the 2D+t at a given instantt and the 3D
structure previously estimated att − 1, as detailed in Section 3.1. Under the constant brightness
assumption from timet − 1 to t, an estimation of̂Is(., t) is recovered from the dataIs(., t − 1)
and angular variations(θ̇, ϕ̇) by the following:

Îs(θ, ϕ) = Is(θ + θ̇, ϕ + ϕ̇, t − 1) (20)

However angular coordinatesθ + θ̇ andϕ + ϕ̇, computed from discrete 2D couples, do not
generally correspond to grid-positions in the output sampled image sequenceIs: they yield a set of
scattered data. We attempt, therefore, to fit a smooth surface through the non-uniform distribution
of these data samples. For this purpose, we represent our surface as a sum of weighted and shifted
synthesis functions. B-splines stand apart for a good compromise between quality (namely high
fidelity reconstruction and regularity) and computationalissues, reader is referred to [10]. We then
use the method introduced in [5] and dedicated to recover such samples. The implemented algo-
rithm makes use of a coarse-to-fine hierarchy of control lattices in order to generate a sequence of
bi-cubic B-spline functions whose sum approaches the desired interpolation function.
In order to restore gradually the complete 3D+t sequence, weadopt a quite simple reconstruction
strategy. We use, respectively, a forward progression procedure taking as first 3D available im-
age,I1 and a backward one using the final 3D available imageI2. Consequently, we generate
two displacement vector fields at the median moment of the temporal interval[t1, t2]. The final
3D image is computed merely using the average of both fields. Let us point out that we restore
surfaces parametrized by angular coordinates(θ, ϕ). To display results, we use an adapted vi-
sualisation tool called, MAPVIS [8], instead of carrying out inverse transformations in cartesian
3D+t grids. This tool displays complex information (scalarand vectorial) lying on real spheroid
surfaces or projected ones. In the 3D case, MAPVIS projects data embedded on the actual globe
observed part. Moreover, it improves visualisation of texture in perspective sight views of spheric
shaped structures. This tool is based on a suitable planar map projection that unrolls the curved
surface around a given origin. Therefore, varying the projection origin around the surface allows
to observe different views of the sphere. Since the selectedmap projection minimizes distortions
around the projection origin, the closer this point the moreaccurate the data recovery. Equato-
rial aspect of map projection, with reference to an origin lying on the equator displays the frontal
hemisphere of the observed globe and polar one, with reference to the north geographical pole
displays information lying on the northern hemisphere.

4 Results
We present, in this Section, a series of experiments in orderto assess the performance of the pro-
posed approach. They consist in computing the displacementvector field matching a 2D frame
with an anterior 3D structure. As real data are not available, we have designed two sets of simple
synthetic data. First one is composed of a couple of spheresI(., t1), I(., t2) holding two squares
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lying on respectively the frontal and dorsal hemispheres. From t1 to t2, the frontal square center
moves towards the right-bottom direction and the dorsal square evolves merely downwards. We
simulate the 3D-to-2D transformation ofI(., t2) yielding I2D(., t2) and we compute the spheri-
cal representation ofI andI2D using Equations (6,7). We then determine angular variationfields
(θ̇, ϕ̇) matching dataIs(., t1) with the projectionIs

2D(., t2) in order to estimatêIs(., t2) by motion
compensation. Second set of data is quite identical to the first one, except that squares occlude
each other in the 2D projection. Results are displayed in cartesian coordinates using MAPVIS. We
display in Fig. 4 and 5 motion estimation results for respectively first and second set of synthetic
data. Let us point out that motion computation produces a setof correct vector fields (from ampli-
tude and direction point of views), perfectly tangent to theenclosing spherical surface. Moreover,
our reconstruction method handles ambiguities, due to the 2D data position, by determining which
hemisphere it is evolving in. It is noticeable by visualisation of the difference between the estima-
tion of 3D image and the original one,i.e. I(., t2) − Î(., t2). Performance of our algorithm is not
bothered by the more complex case showing an object occlusion (see Fig. 5) which does not ease
the aforementioned structure distinction problem. However image difference shows also recon-
struction errors, doubtless amplified by the double interpolation procedure involved, first by the
computation of a smooth surface from samples recovered by motion compensation, second by the
visualization of projective views [8]. These errors are localized in the border of moving objects.
They may be caused by spatial derivative computations. Besides, they are due to the smoothing
of motion discontinuities introduced by the spatial regularization of the estimated displacement
vector field.

5 Conclusion
In this paper, we have presented an original approach dedicated to 3D+t scene reconstruction using
3D temporal data and 2D+t temporal sequences. It is based on motion compensation and involves
a prior surface model. The latter concerns spherical topology arising in number of computer vi-
sion applications. In this context, structures of interestevolve on a spherical support. Although
movement is embedded on a 3D domain, it has only two degrees ofliberty. Consequently, it
is more interesting to investigate motion in the surface domain than to build a 3D model. Con-
sequently, we build a 2D model using a spherical parametrisation in order to compute angular
velocity fields. Three dimensional spherical shapes are gradually restored by estimating angular
variations. Matching is carried out under the assumption that a moving voxel keeps the same
brightness over time. This assumption corresponds to the optical flow constancy constraint. Our
approach recovers reliably the 3D structures and handles possible object occlusions. Thanks to
the 2D modeling, implemented algorithms are not prohibitive compared to a full 3D approach.
Moreover, we use an adapted tool, with relevant visualisation properties, in order to quickly dis-
play the restored surfaces parameterized by spherical angular coordinates. Currently, the whole
sequence is computed frame by frame, causing errors cumulation along the sequence. This limita-
tion could be circumvented using a spatio-temporal smoothness constraint computed globally on
the whole sequence [12]. Discussing other reconstruction issues, it is possible to generalize the
prior geometrical constraint to any regular surface. We propose also in another framework to solve
the 3D+t scene recovery taken lower assumptions related to the data model. Moreover, we plan to
apply our approach based on spherical topology to microscopic cell wall simulation acquisitions
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(a) From left to right: visualisation of the frontal then dor-
sal hemisphere of the set(I(., t1),W).

(b) From left to right: frontal view of projectionI2D(., t2),
frontal then dorsal hemisphere view of the estimated im-
ageÎ(., t2).

(c) From left to right: frontal then dorsal hemisphere view
of the difference between original image and estimated one
I(., t2) − Î(., t2).

Figure 4: Result on sequence without occluding squares.
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(a) From left to right: visualisation of the frontal then dor-
sal hemisphere of the setIs(., t1),W.

(b) From left to right: frontal view of projectionI2D(., t2),
frontal then dorsal hemisphere view of the estimated im-
ageÎ(., t2).

(c) From left to right: frontal then dorsal hemisphere of
the difference between original image and estimated one
I(., t2) − Î(., t2).

Figure 5: Result on sequence with occluding squares.
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in the context described in [9]. That requires a spatial deconvolution framework to reconstruct
each sphere from the original multi-focus image.
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Résumé

L’objet de cette étude est la reconstruction de scènes Temps/Volume, ou, 3D+t
à partir de données statiques 3D encadrant des séquences temporelles 2D+t. La
combinaison de ces données complémentaires fournit une séquence décrivant la
dynamique 3D des structures d’intérêt en reconstruisant le volume original à par-
tir de chaque image 2D de la séquence temporelle. Le problème de reconstruction
inverse 2D-3D est complexe et mal posé à cause du manque d’information et de
la distorsion spatiale induite par la vue projective dans chaque image 2D. Afin
de compenser ce manque d’information critique, nous modélisonsle processus
de formation des images 2D à partir du volume 3D original et nous mettons en
correspondance chaque image 2D avec le volume 3D connu à l’instant précédent.
Cette mise en correspondance est établie/schématisée par un champ de vecteurs
de déplacements quantifiant les variations de position de chaque voxel entre deux
instants successifs. Pour ce faire, nous utilisons l’hypothèse de conservation de
la luminosité. Nous proposons deux approches pour estimer le mouvement des
voxels et nous reconstruisons la scène 3D+t de proche en proche estimé par com-
pensation du mouvement. Des applications potentielles de cette étude concernent
la biologie microscopique cellulaire et l’imagerie médicale.

Mots Clef

Reconstruction 3D, compensation du mouvement, contrainte du flot optique.

Abstract

The main focus of this paper is 3D+t shape recovery from 3D spatial data
framing 2D+t temporal sequences. Merging these two kind of data yields a tem-
poral sequence describing 3D dynamic of structures of interest by reconstructing
the original volume from each 2D frame. 2D to 3D inverse reconstruction is a
complex and ill posed problem due to the great deal of distortion and in-depth in-
formation loss generated by the projective view in each 2D frame. To handle this
critical lack of information, we model relevantly the 3D-to-2D transformation that
reduces each 3D image into a 2D one and we match each frame with the 3Dim-
age known at a previous time. Assuming that structures evolve scarcely between
a couple successive moments, these images are matched by a displacement vector
field measuring voxel position variation meanwhile. We embed theluminosty con-
servation constraint and we propose two approaches to estimatevoxel movement
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over time. We reconstruct gradually the 3D+t sequence by motioncompensation.
Some applications observing in different modalities 2D+t and 3Ddata can benefit
from this study such as microscopical cell biology or medical imaging.

Keywords

3D reconstruction, motion compensation, optical flow constraint.
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1 Introduction

La reconstruction d’une scène tridimensionnelle à partir d’indices visuels bidi-
mensionnels ou d’images est l’une des problématiques les plus étudiées de nos
jours. Elle trouve un intérêt en vision par ordinateur, en imagerie médicale et bi-
ologique ou dans des applications plus récentes comme le contrôle de qualité en
industrie,etc. En particulier, nous nous intéressons au cas générique suivant : nous
disposons d’images volumiques (3D) et de séquences d’images2D (2D+t).

1. Les données3D définissent la géométrie en trois dimensions de la scène
observée. Elles comportent des informations purement spatiales.

2. Les séquences2D+t sont porteuses d’informations temporelles et partielle-
ment spatiales puisqu’elles décrivent en deux dimensions la dynamique des
objets en mouvement.

En général, les données 3D sont contiguës aux séquences temporelles 2D+t (voir
la figure 1). Pour exploiter d’une manière exhaustive l’information contenue dans
les données 2D+t, il est intéressant de reconstruire une scène temps/volume ou
3D+t. Cette reconstruction est réalisée en restaurant une structure 3D originale à
partir de chaque image 2D de la séquence temporelle intermédiaire. Les données
3D dont nous disposons peuvent alors servir de conditions initiales aux procédés
de reconstruction 3D.

La situation décrite dans la figure 1 existe en imagerie biologique où le dis-
positif d’acquisition est en mesure de fournir une image 3D –en faisant varier la
mise au point de ce dispositif et en utilisant un procédé de déconvolution calibrée –
ou une séquence d’images mais focalisée à un plan précis dansla scène. On a donc
un compromis entre précision temporelle et précision spatiale. Il existe un second
cas de figure, en imagerie médicale. En acquisition par rayons X, on peut obtenir
des images 3D par un scanner mais au prix d’une exposition plus longue et moins
ciblée du patient. Mais on peut également se contenter d’unesimple acquisition X
projective, comme un angiogramme, qui permet d’obtenir la précision temporelle
souhaitée. Le compromis se situe plutôt en terme de minimisation d’irradiation du
patient.

Malheureusement, nous ne disposons pas, pour cette étude, dedonnées réelles.
Nous nous plaçons donc dans un contexte méthodologique dans lequel les données
utilisées sont synthétiques ce qui a pour avantage de quantifier la pertinence des
méthodes.

Dans cet article, nous proposons une extension à nos travaux de reconstruc-
tions 3D+t [13] qui fait maintenant abstraction de la forme desobjets observés.
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Volume0
Projections 2D

Volume1

(I1)(I0)

Séquence 3D+t complète

FIG. 1 – Reconstruction 3D+t complète à partir de volumes 3D ponctuels et d’ac-
quisitions temporelles 2D+t.

Nous posons toutefois deux hypothèses. La première hypothèse concerne le procédé
d’acquisition, en particulier, nous supposons connu le procédé qui transforme
une scène 3D en une image 2D. Cette transformation est modélisée comme une
transformée linéaire et stationnaire. La seconde hypothèse concerne la dynamique
d’évolution des images 3D à reconstruire : dans cette séquence nous supposons
que tous les points suivent une trajectoire de même valeur deniveaux de gris,
autrement dit, nous utilisons une hypothèse de flot optique.L’hypothèse de trans-
port de la luminosité doit se retrouver dans la séquence 2D+t et c’est ce qui nous
permet de reconstruire la séquence 3D+t. Évidemment, l’utilisation d’une con-
trainte de type flot optique est un problème mal posé. Aussi nous proposons, à des
fins de comparaison, deux méthodes de résolution. La première méthode est vari-
ationnelle : elle minimise une énergie qui mesure la discrépance du flot optique
dans le domaine 2D en utilisant la transformée 3D-2D et la régularité spatiale du
champ de déplacements. La second méthode élimine le critèrede régularité spa-
tiale du flot optique en calculant un champ constant par morceaux : le flot optique
est alors calculé par moindres carrés à partir d’un système linéaire surcontraint.
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2 Travaux précédents

Un grand nombre de méthodes, qui fournissent un modèle ou une image 3D à
partir de vues projectives 2D, ont été proposées ces dernièresannées. Ces méth-
odes dépendent complètement du contexte d’étude : système d’acquisition et modal-
ité d’image, type de traitement d’image souhaitée, nature de la scène observée,etc.
Dans cette brève revue méthodologique, nous distinguons deux grandes classes de
méthode.

La première classe regroupe toutes les approches proposantune reconstruction
3D effective. Cette reconstruction peut être complète en fournissant une image
volumique complète : la scène 3D est décrite par une collection dense de voxels.
Dans ce type de reconstruction, on privilégie l’information texturelle au détriment
de la localisation des structures. La reconstruction peut aussi être incomplète en
fournissant, par exemple, des reconstructions 3D de surfaces, généralement des
objets ciblés dans la scène 3D. Dans ce type de reconstruction,on met l’accent sur
l’information topologique ou la visualisation. Ces reconstructions sont obtenues
à partir d’une série d’acquisition 2D. Nous pouvons alors identifier deux sous-
groupes de méthodes selon que les acquisitions sont réalisées à partir d’un même
angle de vue ou d’angles de vue différents. Dans le premier cas, observant la
scène toujours d’un même point de vue, on peut focaliser l’acquisition à un plan
de profondeur précis. Selon le type de capteur (focal, confocal) la focalisation est
plus ou moins précise mais elle passe toujours par une étape de déconvolution [3]
qui permet d’éliminer l’information parasite qui provientde plans de focalisation
adjacents. Cette étape de traitement est difficile, elle nécessite des conditions d’ac-
quisition calibrées qui ne sont pas toujours possibles. La calibration permet de ren-
dre réalisable la déconvolution qui est un problème, rappelons-le, mal posé. Dans
le second cas, où l’on observe donc la scène à différents points de vue, la situa-
tion est plus favorable. À partir d’un grand nombre d’acquisitions, on peut utiliser
des techniques de reconstruction tomographique [11] pour obtenir une image 3D
complète. Le principe de la tomographie repose sur l’inversion de la transformée
de radon, qui est un problème bien posé. Cette technique est largement utilisée
en imagerie médicale (CT-X, IRM). Avec deux ou trois caméras, on peut aussi
reconstruire une image 3D par stéréoscopie [7]. Le procédé de reconstruction est
purement géométrique et bien posé. Toutefois, la stéréoscopie nécessite un bon
alignement des images, donc une phase de recalage qui peut être plus ou moins
difficile selon la nature des images et des scènes. La stéréovision est utilisée en
vision robotique mais aussi en imagerie médicale (images ultrasons 3D).

La seconde classe regroupe les méthodes de mise en correspondance 2D-3D.
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Elles ont pour objectif de reconstruire des primitives 3D à partir d’une seule vue
projective. Son rôle est de plus en plus important en imagerie médicale où elle
est connue sous le terme de recalage 2D-3D [10]. Ce recalage estdéfini par la
recherche de la meilleure transformation permettant de replacer un ensemble de
données multimodales dans un espace tridimensionnel commun. En utilisant des
images issues de diverses modalités, il permet de faire apparaître l’information
qui manque à une modalité dans l’autre modalité. La majoritédes applications
pour ce genre de recalage se trouve en radiologie. Elles concernent l’alignement
d’images scanner (CT) à une ou plusieurs images de projectionà rayons X (images
de simulateurs, images portiques, images générées par la fluoroscopie,etc). Ces
méthodes d’alignement dépendent bien-sûr du contexte applicatif et des modalités
utilisées. Nous pouvons distinguer essentiellement les méthodes basées sur des
primitives caractéristiques comme notamment les contours[1] et les méthodes
basées directement sur l’intensité de l’image [5, 8, 14].

Pour notre part, nous avons proposé une méthode de reconstruction 2D+t
vers 3D+t utilisant des informationsa priori sur la structure topologique des ob-
jets observés [13]. Cette méthode fournit d’abord une reconstruction de données
géométriquement correctes mais souffrant de l’ambiguïté depositionnement dans
la directionz, i.e.en profondeur. Cette ambiguïté est ensuite levée par une régular-
isation spatiale adéquate. C’est en continuité à ces travauxantérieurs que se situe
notre étude. Notamment, les méthodes proposées ici permettent de s’affranchir
des hypothèses faites sur la nature topologique des objets observés dans les acqui-
sitions. Nous nous sommes placés dans un contexte générique où les acquisitions
sont réalisées selon un point de vue unique, comme c’est le cas en imagerie bi-
ologique. Nous supposons connue la transformation de la scène 3D en une image
2D.

3 Modélisation et hypothèses utilisées

Nous menons la reconstruction 3D+t à partir d’acquisitions temporelles 2D+t,
entrecoupées par des acquisitions volumiques 3D. Nous adoptons dorénavant les
notations suivantes :

– X un vecteur position 3D,i.e.X = (x, y, z) ;
– x un vecteur position 2D,i.e.x = (x, y) ;
– W champ de vecteurs vitesse 3D,i.e.W = (u, v, w) ;
– I(X, t) une image 3D+t ;
– I2D(x, t) une image 2D+t ;
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– Î(X, t) l’estimée d’une image 3D+t ;
Concrètement, nous disposons de deux images 3D acquises à deuxinstants

distincts :I0 = I(X; 0) et I1 = I(X; 1). Ces deux images bordent une séquence
temporelleI2D(x; t) décrivant les projections successives des volumesI(X; t) en-
tre l’instant initial t = 0 et l’instant final t = 1 (voir figure 1). Notre étude
méthodologique repose sur l’existence d’une fonctionnellep qui réduit une scène
réelle tri-dimensionnelle en une image bi-dimensionnelle. Ainsi, chaque image
2D de la séquence vidéoI2D(x; t) est une projection de la structure 3D réelle cor-
respondante. Cette fonctionnelle dépend uniquement du processus d’acquisition
des données. Nous modélisonsp par une transformation linéaire et stationnaire :

p : E 7−→ F

p(I)(x, y) 7−→

∫

R
I(x, y, z) a(z)dz︸ ︷︷ ︸

dµ(z)

, (1)

E correspond au domaine des images 2D etF à celui des images 3D et, la den-
sité de mesurea(z) dépend du dispositif d’acquisition et en particulier du plan
de focalisation etdµ(z) est une mesure de Lebesgue. D’après cette formulation,
cette projection intègre la contribution de tous les plans d’une structure 3D pour
former une image 2D, la contribution de chaque plan est pondérée par la densité
de mesurea(z). La position de ce plan dépend des caractéristiques du disposi-
tif d’acquisition et principalement de la distance focale.La transformation induit
par conséquent une perte d’information importante dans la direction z. L’objec-
tif est de réaliser une reconstruction 3D+t (temps/volume) complète de la scène
observée à partir de deux échantillonsI0 et I1 et d’une séquence vidéoI2D(x, t).
Les données 3D sont statiques, alors que la séquenceI2D(x, t), partiellement spa-
tiale, présente une résolution temporelle intéressante. Nous souhaitons restituer
une structure 3D à partir de chaque projectionI2D(x; t) existante. Évidemment, ce
problème est mal posé puisqu’il existe une infinité d’images3D correspondant à
la projection 2D. Toutefois, nous pouvons contraindre l’espace des solutions en
utilisant les valeurs des bords données par les imagesI0 et I1 et en imposant une
contrainte de régularité.̂I(X, t) désigne l’estimée tri-dimensionnelle déduite de
I2D(x) à l’instantt. Une condition sur̂I(X, t) découle directement du principe de
reconstruction adopté. En effet, il s’agit de maximiser la ressemblance entre la
projection de l’estimée 3D à l’instantt, i.e.p(Î)(X, t), et la donnéeI2D(x, t). Cela
nous fournit une première équation d’attache aux données qui contraintÎ(X, t) :

p(Î)(x, t) − I2D(x, t) = 0, ∀t ∈]0 , 1[ (2)
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Puisque les instantst et t− 1 sont supposés très proches et que les objets d’intérêt
évoluent lentement pendant cette durée, nous pouvons mettre en correspondance
Î(X, t) avec la structure 3DI(X, t−1) connue à l’instantt−1. Cette mise en cor-
respondance est quantifiée en terme d’un champ de déplacement W entre les deux
images. Il exprime l’hypothèse qu’un point en mouvement garde la même valeur
de niveau de gris au cours du temps ce qui implique la contrainte de mouvement
suivante :

Î(X, t) = I(X + W, t− 1) (3)

x

xM(X + W)

M ′(X)

W

I(X, t− 1) Î(X, t)

FIG. 2 – Mise en correspondance entre 2 structures 3D successives.

Nous estimons un champ rétrograde (voir figure 2) car la reconstruction des
images par compensation de mouvement rétrograde simplifie le processus d’in-
terpolation des voxels manquant dans les images estimées. Néanmoins, nous vi-
sualisons, dans la suite de l’article le champ opposé,i.e.−W, traduisant le mou-
vement réel des pixels det− 1 à t. Puisque la distance temporelle entre deux ac-
quisitions vidéo est infiniment petite, nous pouvons étendre le second membre de
l’égalité précédente à un développement limité d’ordre 1. L’équation précédente
s’écrit alors :

Î(X, t) = ∇I(X, t− 1).W + I(X, t− 1), (4)

où∇ = ( ∂
∂x
, ∂

∂y
, ∂

∂z
)T est l’opérateur gradient. Puisquep est linéaire, l’injection de

l’équation (4) dans la contrainte d’attache aux données (2)produit une contrainte
de données et de mouvement relative àW :

p(∇I(X, t− 1).W) + p(I(X, t− 1))(x, t) − I2D(x, t) = 0 (5)

Notre but est de résoudre l’équation (5) afin d’estimer un champ de déplacements
W à chaque instantt. Nous présentons deux types d’approches d’estimation du
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champ de vitesse de proche en proche. La première fournit un champ de vitesse
C0 par morceaux et la seconde estime un champ dense de vecteurs et régularisé.

En notantI ′2D(x, t) la différence d’imagesp(I(X, t − 1)) − I2D(x, t), l’équa-
tion (5) s’écrit plus simplement :

p(∇I(X, t− 1).W) + I ′2D(x, t) = 0 (6)

Cette équation est de type flot optique dans laquelle le gradient temporel de l’im-
age est remplacé par une différence d’image projetée.

Notre objectif est de résoudre cette équation pour chaque structure 3D,I(X, t−
1), et chaque différence d’images,I ′2D(x, t), afin de reconstruire la séquence de
proche en proche.

4 Résolution directe par approximation constante
par morceaux

Le principe consiste à résoudre l’équation (6) sans recourir à l’ajout d’une
contrainte de régularisation supplémentaire sur le champ de vitesse recherché. Le
modèle ajuste, dans chaque voisinage spatialΩl du point considéré (voir figure 3),
les contraintes locales du premier ordre à une valeur fixe deWl. Cela revient
à résoudre l’équation (6) en tout point de l’image volumiqueen supposant que
le champ soit constant en tout point d’un voisinage donné centré autour de ce
point [9]. Ainsi, pour estimer le champ de vitesse en une position donnée de la
structure 3D, il suffit de définir un voisinageΩl cubique de côtén et de résoudre
localement l’équation (6) sous l’hypothèse que le champ de vecteur vitesse est
égal à une valeur fixeWl surΩl. Cela se traduit par l’équation suivante valable
sur le sous-domaineΩl :

E(Wl) =

n
2∑

i=−
n
2

n
2∑

j=−
n
2

‖pk(∇I.Wl)(i, j) + I ′2D(i, j)‖
2 (7)

oùWl est un vecteur constant dansΩl, Jk la restriction deI(X, t−1) au voisinage
considéré de côtén etpk la restriction de la projectionp aux plans de ce voisinage,
définie par :

pk(I)(i, j) =

m=k+n
2∑

m=k−n
2

amJk(i, j,m), (8)
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Les coefficientsam proviennent de la formulation discrète de la projectionp don-
née, dans le cas continu, par l’équation (1) à la section 3. Ainsi on peut écrire
matriciellementE sous la forme :

E(W ) = ‖PAW −B‖2, (9)

Quatre éléments agissent dans l’énergieE : P ,A,W etB se rapportant respective-
ment à la projection, la fenêtre cubique des gradients spatiaux, le vecteur vitesse
et la composante temporelle.P (n × n, n × n × n) est une matrice bande (voir
équation (10) à la page suivante) dont les éléments dépendentdes coefficientsak

de la restriction de la projectionpk au voisinage considéré.

P =





ak−n
2
. . . ak+n

2
0 . . . 0

0 . . . . . . . . . 0 ak−n
2
. . . ak+n

2
0 . . . 0

... 0 . . . . . . . . . 0
. . . 0

... . . . . . . 0 ak−n
2
. . . ak+n

2




(10)

Pour un voisinage centré au pixelP de coordonnée(i, j, k), chaque colonne
deA (voir équation (12) représente une suite ordonnée de pixelsobtenue en par-
courant d’abord les restrictions des gradients spatiauxIx, Iy etIz à ce voisinage en
profondeur puis en hauteur et finalement en largeur. Le voisinageΩl est représenté
schématiquement à la figure 3. Rappelons que :

∇I = (Ix, Iy, Iz)
T (11)
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Z

Ωl

j

i

k

Y

X

FIG. 3 – Représentation schématique du voisinageΩl.

A(n× n× n, 3) =





∇I(i− n
2
, j − n

2
, k − n

2
)

∇I(i− n
2
, j − n

2
, k − n

2
+ 1)

...
∇I(i− n

2
, j − n

2
, k + n

2
)

∇I(i− n
2

+ 1, j − n
2
, k − n

2
)

...
∇I(i− n

2
+ 1, j − n

2
, k + n

2
)

...

...
∇I(i+ n

2
, j − n

2
, k + n

2
)

∇I(i+ n
2
, j − n

2
+ 1, k − n

2
)

...
∇I(i+ n

2
, j − n

2
+ 1, k + n

2
)

...

...

...
∇I(i+ n

2
, j + n

2
, k + n

2
)





(12)
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Wl(3, 1) est un vecteur constant à trois composantes, soit :

Wl =




ul

vl

wl





Et B(n × n) est un vecteur représentant une suite ordonnée des pixels com-
posant le voisinage carré de côtén considéré dans la différence d’imagesI ′2D :

B =





I ′2D(i−
n
2
, j − n

2
)

I ′2D(i−
n
2
, j − n

2
+ 1)

...
I ′2D(i−

n
2
, j + n

2
)

I ′2D(i−
n
2

+ 1, j − n
2
)

...
I ′2D(i−

n
2

+ 1, j + n
2
)

...

...
I ′2D(i+

n
2
, j + n

2
)





Le problème de la minimisation de (9) correspond donc simplement à une
régression linéaire. Dans ce cas, la solution est directe et donnée par la méthode
des moindres carrés [2] :

Wl = [A′TA′]−1A′TB, (13)

AvecA′ = PA etA′T la transposée deA′. La matrice produitA′(n × n, 3) a la
forme analytique suivante :
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A′ =





m=k+n
2∑

m=k−n
2

am∇I(i−
n

2
, j −

n

2
,m)

m=k+n
2∑

m=k−n
2

am∇I(i−
n

2
, j −

n

2
+ 1,m)

...
l=k+n

2∑

m=k−n
2

am∇I(i−
n

2
, j +

n

2
,m)

...

...
m=k+n

2∑

m=k−n
2

am∇I(i+
n

2
, j +

n

2
,m)





L’équation (9) peut être résolue si la matriceA′TA′ n’est pas singulière, ce qui
n’esta priori jamais le cas sauf pour les zones où la distribution de l’intensité est
constante.A′TA′ est la matrice de taille3 × 3 symétrique définie par l’expression
donnée par l’équation (14) à la page suivante.

A′TA′ =





∑

n×n

pk(Ix)
2

∑

n×n

pk(Ix)pk(Iy)
∑

n×n

pk(Ix)pk(Iz)

∑

n×n

pk(Ix)pk(Iy)
∑

n×n

pk(Iy)
2

∑

n×n

pk(Iy)pk(Iz)

∑

n×n

pk(Ix)pk(Iz)
∑

n×n

pk(Iy)pk(Iz)
∑

n×n

pk(Iz)
2





(14)

Cette méthode permet en principe de fournir un champ dense de vecteur vitesse
puisque en chaque pointl de l’image, on peut calculer un vecteur vitesse par inver-
sion de l’équation du flot optique sur le voisinageΩl. En pratique, on ne procède
pas ainsi car les coûts algorithmiques seraient trop importants. Il est préférable
de calculer le champ de vitesse sur une grille sous-échantillonnée. On peut alors
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faire se chevaucher les voisinagesΩl pour contrôler dans une certaine mesure la
régularité spatiale du champ des vitesses.

5 Approche variationnelle

Une seconde méthode proposée est d’estimer un champ dense parformulation
variationnelle [6]. Afin de résoudre l’équation (6), nous construisons une énergie
dont le minimum fournit une estimation de la solution. Le terme de coût lié à cette
contrainte d’attache aux données est :

E1(W) =

∫∫

R2

(
p(∇I(X, t− 1).W) + I ′2D(x, t)

)2
dxdy

En introduisant les gradients spatiaux deI(X, t − 1) dans les trois directions
(Ix, Iy et Iz) (11), cette équation s’écrit :

E1(W) =

∫∫

R2

(
p(Ixu+ Iyv + Izw) + I ′2D(x, t)

)2
dxdy (15)

La solution du problème de la minimisation de (15) est alors donnée par un

zéro des équations d’Euler-Lagrange associées, c’est-à-dire
∂E1

∂W
= 0. La quantité

∂E1

∂W
est la différentielle de la fonctionnelleE1. Cette fonctionnelle est convexe,

donc les équations d’Euler-Lagrange associées ont une solution unique qui cor-
respond à un minimum global de (15). Malheureusement l’équation (6) est sous
dimensionnée car le vecteurW possède 3 composantes. Nous ajoutons, dans la
fonctionnelle, un terme régularisant qui contraint les variations spatiales deW :

E2(W) =

∫∫∫

R3

(
‖∇u‖2 + ‖∇v‖2 + ‖∇w‖2

)
dxdydz

Finalement, nous minimisons l’énergie totale enW :

E(W) = E1(W) + αE2(W), (16)

oùα est un coefficient pondérant les effets de la régularisation.Nous avons main-
tenant un problème bien posé mais la nouvelle fonctionnellen’est plus convexe.
Cela implique que la solution obtenue par calcul d’un zéro de la différentielle de
E correspond à un minimum local.

Nous devons maintenant calculer explicitement la différentielle deE. Pour
cela nous utilisons la dérivée directionnelle définie par laformule de Gâteau :

15
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Définition 1 (Dérivée de Gâteau)La dérivée d’une fonctionnelleE en un point
u dans la directiong est donnée par :

lim
λ→0

F (u+ λg) − F (u)

λ

Si cette quantité existe, c’est une forme linéaire continue en g et nous la notons
∂F
∂u

(g).

Propriété 1 Dans ce cas, le théorème de représentation de Riesz établit que:

∂F

∂u
(g) = 〈

∂F

∂u
, g〉L1 , (17)

où 〈, 〉L1 est le produit scalaire associé à l’espaceL1 des fonctions intégrables.

Le terme
∂F

∂u
est la différentielle recherchée. Nous devons donc écrire les

dérivées directionnelles sous la forme d’un produit scalaire. CommeW est une
fonction à valeurs dansR3, nous effectuons d’abord le calcul des dérivées deE1

par rapport àu, v et w fixes, suivant une directiong quelconque. En d’autres
termes, il s’agit de calculer :

lim
λ→0

E1(u+ λg) − E1(u)

λ
(18)

Nous développons alors l’expressionE1(u + λg, v, w) − E1(u, v, w) et obtenons
après simplification :

E1(u+ λg, v, w) − E1(u, v, w) =

λ2

∫∫
p(Ixg)

2dxdy +

2λ

∫∫
p(Ixg)[p(Ixu+ Iyv + Izw) + I ′2D]dxdy

(19)

En divisant parλ et en passant à la limite, nous obtenons :

lim
λ→0

E1(u+ λg) − E1(u)

λ
=

2

∫∫
p(Ixg)[p(Ixu+ Iyv + Izw) + I ′2D]dxdy

(20)

À cause de la présence de la fonction de projectionp, le second membre de l’é-
galité (20) n’est pas sous la forme du produit scalaire définipar l’expression (17).
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Nous remplaçons, dans l’équation (20),p par son expression générale dans le cas
continu 1. Injecté dans le premier membre de l’égalité (20),nous obtenons :

∫∫
p(Ixg)

(
p(Ixu+ Iyv + Izw) + I ′2D

)
dxdy =

∫∫ [∫

z

a(z)Ixgdz

] (
p(Ixu+ Iyv + Izw) + I ′2D

)
dxdy

(21)

La fonctionψ(x, y) = p(Ixu + Iyv + Izw) + I ′2D dépend uniquement des
variablesx et y. En d’autres termes, à cause de la présence de la fonction de
projectionp, cette fonction est indépendante de la variablez. D’après le théorème
de Fubini, nous avons :

∫∫
p(Ixg)ψ(x, y)dxdy =

∫∫∫
a(z)Ixg(x, y, z).ψ(x, y)dzdxdy

(22)

En posant le changement de mesure :azdz = dµ(z), l’égalité (22) devient :
∫∫

p(Ixg)ψ(x, y)dxdy =
∫∫∫

Ixg(x, y, z)ψ(x, y)dxdydµ(z)
(23)

Donc :

lim
λ→0

E1(u+ λg) − E1(u)

λ
=

2

∫∫∫
Ixg
[
p(Ixu+ Iyv + Izw) + I ′2D

]
dxdydµ(z)

(24)

Nous remarquons alors que cette dernière expression représente bien le produit
scalaire entre deux fonctions données définies en (17). Ainsi:

lim
λ→0

E1(u+ λg) − E1(u)

λ
= 〈g, 2Ix

[
p(Ixu+ Iyv + Izw) + I ′2D

]
〉 (25)

D’après la propriété 1, la dérivée de Gâteau par rapport àu est donc :

∂E1

∂u
= 2Ix

[
p(Ixu+ Iyv + Izw) + I ′2D

]
(26)
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D’une manière analogue, les différentielles deE1 env etw sont :

∂E1

∂v
= 2Iy

[
p(Ixu+ Iyv + Izw) + I ′2D

]

∂E1

∂w
= 2Iz

[
p(Ixu+ Iyv + Izw) + I ′2D

]

Nous ne donnons pas les détails du calcul des gradients du terme de régulari-
sationE2 qui est classique, le lecteur pourra consulter [4, 12]. Ce calcul donne le
système d’équations suivant :

∂E2

∂u
= −2α∆u

∂E2

∂v
= −2α∆v

∂E2

∂w
= −2α∆w

Nous écrivons ensuite que les trois composantes de
∂E

∂W
sont nulles pour aboutir

au système d’équations suivant :

Ix
[
p(Ixu+ Iyv + Izw) + I ′2D

]
− α∆u = 0

Iy
[
p(Ixu+ Iyv + Izw) + I ′2D

]
− α∆v = 0

Iz
[
p(Ixu+ Iyv + Izw) + I ′2D

]
− α∆w = 0

(27)

Afin de converger vers un minimum local, nous utilisons les équations d’évolution
associées à celles du système (27). Nous sommes toutefois assurés d’atteindre le
minimum global que si la condition initiale est suffisammentproche de la solution.
Les équations d’évolution sont alors équivalentes à une méthode de descente dans
la direction du gradient :

du

dt
+ Ix

[
p(Ixu+ Iyv + Izw) + I ′2D

]
− α∆u = 0

dv

dt
+ Iy

[
p(Ixu+ Iyv + Izw) + I ′2D

]
− α∆v = 0

dw

dt
+ Iz

[
p(Ixu+ Iyv + Izw) + I ′2D

]
− α∆w = 0
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6 Expérimentation

Afin de valider l’étude théorique concernant les approches ne tenant pas compte
d’un modèle de données bien déterminé, nous construisons unlot de données
volumiques. Nous considérons une séquence 3D+t simple contenant un cube de
couleur homogène qui se déplace vers le bas et en profondeur,vers l’intérieur.
Nous simulons la projection perspective produisant la séquence vidéo 2D+t inter-
médiaire. Considérons maintenant la première image 3DI0 obtenue et la première
projectionI2D(x, t1). Ces deux structures nous permettent de calculer le champ de
déplacements entre les deux structures et de restituer la donnée 3D à l’instantt1.
Nous estimons ce champ de déplacement à l’aide des deux méthodes présentées
dans cet article. Afin de visualiser le résultat de calcul des champs de déplace-
ments, nous représentons une section de l’image volumique avec la restriction des
champs calculés aux composantesu et v (voir figure 4). Nous rappelons que les
composantesu etv contiennent des informations relatives aux déplacements dans
la direction respectivement deX et deY . Enfin, les gradients spatio-temporels
qui constituent nos données d’entrée sont calculés par convolution sur un noyau
gaussien 3D dérivé respectivement dans les trois directions. La variance du noyau
est fixée à 1 ce qui correspond à un lissage modéré.

D’après la figure 4, le champ de déplacements généré par la méthode différen-
tielle globale est lisse. De plus, les déplacements sont localisés sur les frontières
du cube en mouvement. Néanmoins, les déplacements estimés par la méthode lo-
cale s’étalent sur une région plus large. Cela est dû au fait que l’estimation locale
du mouvement sur un voisinage de taille donnée produit un champ continu par
morceaux. Plus la taille du voisinage considéré est grande,meilleure est la qualité
de reconstruction, mais plus lente est la résolution. Nous abordons, par ailleurs,
un cas d’occultation d’objets en profondeur. Nous considérons une image 3D con-
tenant deux cubes qui se recouvrent lors de la projection 2D. D’après la figure 5,
nos deux méthodes estiment des champs corrects de point de vue amplitude et
directions.

7 Conclusion

Nous avons présenté dans cette étude deux approches possibles pour résoudre
la problématique de la reconstruction 3D+t n’impliquant pasde connaissances
a priori sur le modèle de données. Le principe est de résoudre une équation de
transport de la luminosité en chaque voxel, en établissant des hypothèses sur la
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(a) Champ de vitesses estimé à l’aide de la
méthode différentielle globale,α = 100, le
nombre d’itérations est de50.

(b) Champ de vitesses estimé à l’aide de la
méthode locale, testé sur un voisinage cubique
de côté5 pixels.

FIG. 4 – Représentation des composantesu et v des champs de vitesse estimés,
de gauche à droite, par la méthode variationnelle (a) et la méthode directe (b) sur
une section d’une image volumique comprenant un cube qui se déplace de haut
vers le bas et vers l’intérieur.
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(a) Coupe de l’image 3DI0 à deux profondeurs montrant
les deux carrés en déplacement.

(b) Image 2DI2D(x, t1), pro-
jection à l’instantt1.

(c) Champ de vitesse estimé à l’aide de la méthode différen-
tielle, α = 100, le nombre d’itérations est de50.

(d) Champ de vitesse estimé à l’aide de la méthode directe,
testé sur un voisinage cubique de côté5 pixels.

FIG. 5 – Représentation des composantesu etv des champs de vitesse estimés, de
haut en bas, par la méthode variationnelle et la méthode directe sur deux sections
d’une image volumique comprenant deux cubes qui se déplacent respectivement
vers le bas et vers le haut.
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nature du mouvement à calculer. La méthode différentielle consiste à contraindre
spatialement le champ de déplacement estimé de proche en proche. Cette méthode
génère un champ dense ayant un aspect visuel lisse satisfaisant. La méthode di-
recte consiste à résoudre l’équation de conservation de la luminosité en supposant
que le champ de vitesse soit constant sur un voisinage de taille donnée. Cette méth-
ode fournit un champ continu par morceaux. Plus la taille du voisinage considéré
pour la résolution de cette équation est élevée, meilleure est la qualité de recon-
struction, mais aussi, plus le temps d’exécution de l’algorithme associé est impor-
tant. Ce dernier, comparé à la résolution itérative mise en œuvre dans la méthode
différentielle, présente l’avantage d’être plus simple. En évitant le lissage généré
par la régularisation, pouvant être une contrainte trop forte sur les données, il peut
s’avérer plus adapté au contexte des données biologiques. Néanmoins, l’exécution
de cet algorithme peut induire des erreurs d’estimation desdéplacements car elle
repose sur l’inversion de matrices dépendant des gradientsde l’image. En par-
ticulier la méthode ne fonctionne pas sur des zones homogènes. Cette difficulté
peut être levée en excluant du calcul les zones de pixels de faible norme du gra-
dient spatial. Nous avons montré que la reconstruction 3D estpossible par calcul
du flot optique. Évidemment, ces approches souffrent des limitations connues de
la formulation relative à la contrainte du flot optique. En l’occurrence, l’estima-
tion des larges déplacements n’est pas adapté. Cette formulation a aussi une faible
robustesse vis à vis des gradients spatio-temporels servantde données d’entrée.
De plus, la régularisationL2 mise en œuvre dans l’approche variationnelle peut
être très contraignante. Néanmoins, il est parfaitement possible d’adapter toutes
les variantes qui existent autour de la résolution du flot optique qui permettent de
résoudre les problèmes que nous venons de citer.
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Abstract. The main focus of this paper is 3D+t shape recovery from
3D spatial data and 2D+t temporal sequences. This reconstruction is
particularly challenging due to the great deal of in-depth information
loss observed on the 2D+t temporal sequence. Our approach embed a
geometrical local constraint to handle the critical lack of information.
This prior constraint is defined by a spherical topology because several
applications may be concerned. It allows us to model relevantly the 3D-
to-2D transformation that reduces each 3D image into a 2D frame. We
then can build a 3D inaccurate inverse reconstruction of each 2D frame
belonging to the video, i.e. 2D+t sequence. These inaccurate 3D im-
ages are enhanced by gradual motion compensation using a regularity
criterion. Results on synthetic data are displayed.

Key words: 3D reconstruction, motion compensation, variational for-
mulation, optical flow constraint

1 Introduction

In some computer vision applications, we deal with volumetric, i.e 3D, acquisi-
tions framing temporal, i.e 2D+t, ones (figure 1). First type of acquisitions pro-
vides a description of the 3D scene geometry, thus, purely spatial information.
Second ones observe 2D object motion providing temporal and partial spatial
kind of information. A possible approach to mine exhaustively these comple-
mentary datasets is to carry out a complete spatio-temporal or a 3D+t scene
reconstruction. 3D+t sequences are restored by recovering the 3D original vol-
ume from each 2D frame belonging to the 2D+t sequence. As the matter of fact,
3D reconstruction is an inverse problem. In this particular case, it is also an
ill posed problem since a single 2D frame is hardly sufficient to recover the 3D
original volume. Indeed, this frame exhibits a great deal of spatial distortion and
in-depth loss of information caused by the projective transformation that reduces
the 3D real structure into a 2D image. To handle this critical lack of informa-
tion, we introduce a prior data model. It consists in a geometrical constraint
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Volume1

(3D)
2D Projections 

Volume2

(3D)

3D+t full sequence

Fig. 1. Recovering a 3D+t sequence from a couple of 3D images framing a series of 2D
projections.

defined a spherical topology. Data observing locally spheric shaped objects can
be issued from remote sensing acquisitions and especially meteorology, from as-
tronomical ones focusing on the sun and from bio-cellular microscopic imagery.
A relevant biologic application is described in [1] where biologists study dynamic
of structures of interest evolving on a spherical cell simulation surface. In this
context, for instance, spatial datasets consist in multifocus acquisitions. Hence,
they are not actual 3D images since they are formed by a series of equal sized
slices, where signal in each slice is bothered by luminosity coming from adjacent
ones. A spatial deconvolution stage is therefore needed when biologists calibrate
correctly the video microscopy system to cell wall simulation experiments. Due
to this limitation and to respect generality, we use synthetic data to validate
implemented algorithms.
Our approach uses this geometrical prior constraint in order to model relevantly
the 3D-to-2D transformation. This modeling allows us to build a 3D inaccu-
rate inverse reconstruction of each 2D frame belonging to the video sequence.
These inaccurate 3D images are enhanced by gradual motion compensation us-
ing a regularity criterion. We proceed with a short overview of 3D reconstruction
methods using multiple/single projective views in section 2. Then, we move to
the description of our 3D+t reconstruction approach in section 3. Experimental
results on synthetic datasets are given in section 4.

2 State-of-the-art

In the literature, a wide scope of approaches addresses the 3D reconstruction
problem. Volume based methods aim at restoring an accurate description of lu-
minosity in each voxel of the 3D reconstructed image, while surface based ones
provide a 3D model of the object of interest. This model requires shape and
texture recovery of the outer visible side of the observed object. Namely, tomo-
graphic reconstruction [2] focuses on restoring the original volume from multiple
projective views. Stereo-vision [3] approaches make use in general of the tri-
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angulation principle in order to recover the surface shape of selected targets.
Moreover, 2D-to-3D registration methods reconstruct 3D features from only one
projective view. This registration consists in identifying a geometrical transfor-
mation that aligns 2D frames with 3D datasets often acquired with a different
modality. This alignment determines their relative position and orientation and
then locates them in the coordinate system of the 3D images. It is of growing
interest in the medical imaging field mainly to register 3D pre-operative images
(like MRI, CT images) into 2D series of intra-operative frames acquired dur-
ing a surgical intervention. Registration may operate on feature-based methods
or intensity based ones. Reader is referred to [4, 5]. Tomography and stereovi-
son, namely, require multiple projective views to achieve the reconstruction task.
Therefore, aligning 2D projection images to 3D datasets approaches appear to be
adapted to our context of study. However they fit into a registration framework
rather than a reconstruction one, unless other projective views are available,
which is quite unusual. They can be used alternatively for a preprocessing stage
for some aforementioned applications. We built then an adapted reconstruction
model involving a prior geometrical constraint.

3 3D+t reconstruction approach

We carry out the 3D+t reconstruction using a couple of 3D data acquired at
two different instants as well as the 2D+t sequence filmed meanwhile. Since
the intermediary video sequence presents an interesting temporal resolution, we
propose to restore the underlying 3D structure of each frame. The latter results
from a reduction of the real 3D structure into a 2D projective view at a given
time t. We take into account the prior geometrical constraint related to the
observed object in order to build an inaccurate 3D inverse reconstruction of
each 2D frame. We then attempt to improve this inaccurate 3D representation
by motion compensation. We compute a motion vector field matching the 3D
inaccurate structure with the 3D one already estimated correctly at time t − 1.
The whole 3D+t sequence is reconstructed gradually using the couple of 3D data
as initial border conditions.

3.1 Modeling assumption

We carry out the 3D+t reconstruction using a series of 2D+t video sequence
acquisitions intersected with 3D volumetric ones. We opt for the following no-
tations for the remainder of the paper: X = (x, y, z), x = (x, y), W = (u, v, w),
I(X, t), I2D(x, t) and Î(X, t) are respectively a 3D vector position, a 2D vector
position, a 3D vector field, a 3D+t sequence, a 2D+t one and finally the estimate
of a 3D image at time t. Concretely, we have two 3D structures at two different
instants: I0 = I(X; t0) et I1 = I(X; t1). Between t = t0 and t = t1, we also have a
video sequence I2D(x; t) describing all the 2D reductions of the I(X; t) structures
evolving in this duration, i.e. between t = t0 and t = t1. Each 2D frame I2D is a
projective sight, at a given instant t, of the 3D original volume. This projection



4 Wafa Rekik, Dominique Béréziat, and Séverine Dubuisson

depends only on the data acquisition mechanism. We model it by a linear and
stationary transformation, called projection p: p(I)(x, y) =

∫
� I(x, y, z)h(z)dz,

where h(z) is a measure kernel describing the interaction between observed object
and the input light signal. p integrates contributions of all 3D slices to produce
an unique 2D image. It introduces then, an important loss of information in the
z−direction.

3.2 Prior geometrical constraint

Let us point out that, in our case of study, structures of interest evolve on a
spheroid surface. The transformation p does not introduce distortions on respec-
tively x and y−directions, consequently, p is reduced merely to a sum of two
contributions coming from, respectively, the frontal and the dorsal hemisphere.
2D frames suffer then from a positioning ambiguity. Indeed, we are unable to
assert that a projected object belongs either to the frontal or dorsal hemisphere.
We suppose that the spherical support has a constant radius that we estimated
in a pre-processing stage. We map the texture of each 2D frame on both sides of
a sphere of same parameters that the original surface. This leads to an inaccu-
rate 3D+t sequence IG(X, t) geometrically similar to the original 3D+t sequence
I(X, t), but holding errors generated by the positioning ambiguity (figure 2). The
sequence IG is formally obtained by IG◦G(x, t) = I2D(x, t) where G is defined by
G(x, y, z) = (x, y)T if (x−cx)2+(y−cy)

2+(z−cz)
2 = R2. Parameters (cx, cy, cz)

and R are respectively the center and the radius of the sphere surface.

? ?

A 2D given projection

?

Possible 3D original images I2D(x, t)I2D(x, t)

Mapping same TextureMapping same Texture

on frontal and dorsalon frontal and dorsal

hemisphereshemispheres

IG(X, t)IG(X, t)

Fig. 2. From left to right: illustration of the positioning ambiguity problem and recov-
ering inaccurate 3D images, IG(X, t), from 2D frames I(x, t).

Building the inaccurate 3D+t sequence yields the following data model equation:

Î(X, t) = IG(X, t), t ∈]t0; t1[ (1)

3.3 Motion compensation

In order to restore correctly each luminosity contribution in the corresponding
hemisphere, we match the inaccurate 3D representation, IG(X, t), with the 3D
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image available at t−1, I(X, t−1). This matching is quantified as a displacement
vector field W describing voxel motion between both structures IG(X, t) and
I(X, t − 1). Since times t and t − 1 are assumed to be very close and objects of
interest evolve scarcely in this duration, we make the assumption that a moving
voxel keeps the same gray value over time. A straightforward equation, similar to
optical flow constraint, is then issued under the constant brightness assumption
from time t to t − 1:

Î(X, t) = I(X + W, t − 1) (2)

We recall that Î(X, t) accounts for the estimate of the 3D image at time t. We
estimate a retrogress vector field defining voxel displacement from t− 1 to t for
notation conveniences. Expanding the right-hand side of equation (2) in a first
order Taylor series leads to: I(X + W, t − 1) = I(X, t − 1) + ∇I(X, t − 1).W.
This linearization yields the following motion constraint:

Î(X, t) = I(X, t − 1) + ∇I(X, t − 1).W (3)

3.4 Numerical resolution

Combining both constraints related, respectively to motion (3) and data model (1)
leads to an equation model related to the displacement vector field:

✁
(W)(X, t) = I(X, t − 1) + ∇I(X, t − 1).W − IG(X, t) = 0 (4)

On one hand, equation (4) is under determined as it is insufficiency to recover
reliably the displacement vector field W. On the other hand, a data model con-
straint involving a corrupted 3D representation, IG(X, t), is embedded in this
equation. To cope with the inaccuracy of IG(X, t), we add an adapted smooth-
ness term standing for spatial regularization of W. This regularization over-
comes the aforementioned ambiguity positioning problem. We estimate gradu-
ally a dense motion field using a variational formulation. We build a functional
E whose minimum, with respect to W, corresponds to the displacement vector
field matching IG(X, t) and I(X, t − 1). E is composed of two additive terms:

E(W) =

∫

Ω

✁
(W)2(X, t)dX + α

∫

Ω

(
‖∇u‖2 + ‖∇v‖2 + ‖∇w‖2

)
dX (5)

where the first term is related to equation (4) and the second one penalizes high
spatial deformations of W. Parameter α tunes the importance of the second
term, i.e. the spatial regularization. Differentiation of E, with respect to dis-
placements u, v and w yields a set of Euler-Lagrange equations (reader is referred
to [6]). Discretization of the latter with finite differences leads to a huge linear
system. We solve the minimization of the linear system within a Gauss-Seidel it-
erative scheme. Estimated 3D images are reconstructed by motion compensation
with respect to equation (2). However, positions of mapped samples computed
with this equation do not match perfectly grid-positions in the output image
Î(X, t). We use then a method introduced in [7] to fit a smooth surface from the
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set of mapped samples. This algorithm makes use of a coarse-to-fine hierarchy
of control lattices in order to generate a sequence of bi-cubic B-spline functions
whose sum approaches the desired interpolation function. In order to restore
gradually the complete 3D+t sequence, we adopt a quite simple reconstruction
strategy. We use, respectively, a forward progression procedure taking as first 3D
available image, I0 and a backward one using the final 3D available image I1.
Consequently, we generate two displacement vector fields at the median moment
of the temporal interval [t0; t1]. The final 3D image is computed merely using
the average of both fields.

4 Results

We present, in this section, a series of experiments in order to assess the perfor-
mance of the proposed approach. They consist in computing the displacement
vector field matching a 2D frame with an anterior 3D structure. As real data are
not available, we design two sets of simple synthetic data. First one is composed
of a couple of spheres I(X, t1), I(X, t2) holding two squares lying on respectively
the frontal and dorsal hemispheres. From t1 to t2, the frontal square center
moves towards the right-bottom direction and the dorsal square evolves merely
downwards. We simulate the 2D transformation of I(X, t2) yielding I2D(x, t).
We build then inaccurate representation IG(X, t2) using I2D(x, t) and finally we
compute displacement vector field matching I(X, t1) and IG(X, t2). The esti-
mate Î(X, t1) is computed by motion compensation. Second set of data is quite
identical to the first one, except that squares occlude each other in the 2D pro-
jection. In order to visualize motion computation results, we use an adapted tool
called MAPVIS [8]. This tool displays complex information (scalar and vecto-
rial) lying on real spheroid surfaces or projected ones. In the 3D case, MAPVIS
project data embedded on the actual globe observed part. Moreover, it improves
visualization of texture in perspective projective views of spheric shaped struc-
tures. This tool is based on a suitable planar map projection that unrolls the
curved surface around a given origin. Therefore, varying the projection origin
around the surface allows to observe different views of the sphere. Since the
selected map projection minimize distortions around the projection origin, the
closer this point is the more accurate is the data recovery. Equatorial aspect of
map projection, with reference to an origin lying on the equator displays the
frontal hemisphere of the observed globe and polar one, with reference to the
north geographical pole displays information lying on the northern hemisphere.
We display in figures 3 and 4 motion results for respectively first and second
set of synthetic data. Let us point out that motion computation produces a set
of correct vector fields (from amplitude and direction point of views), perfectly
tangent to the enclosing spherical surface. Moreover, our reconstruction method
handle reliably ambiguity positioning as moving square are mapped on the right
original hemispheres. It is noticeable by visualization of difference between the
estimated 3D image and the original one, i.e. I(., t2)−Î(., t2). Performance of our
algorithm is not bothered by the more complex case showing object occlusion (see
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Fig. 3. On the first line: from left to right, visualization of the equatorial aspect then
polar aspect of respectively of the set I(., t1),W then IG(., t2). On the second line, from
left to right, visualization of the equatorial aspect then polar aspect of respectively
Î(., t2) then of difference image I(., t2) − Î(., t2).

figure 4) which does not ease the aforementioned structure distinction problem.
However image difference show also reconstruction errors, doubtless amplified by
the double interpolation procedure involved first to compute a smooth surface
from samples recovered by motion compensation and second to visualize projec-
tive views [8]. These errors are localized in the border of moving objects. They
may be caused by spatial derivative computations. Besides, they are due to the
smoothing of motion discontinuities introduced by the spatial regularization of
the estimated displacement vector field.

Fig. 4. On the first line: from left to right, visualization of the equatorial aspect then
polar aspect of respectively I(., t1) then IG(., t2). On the second line, from left to right,
visualization of the equatorial aspect then polar aspect of respectively Î(., t2) then of
difference image I(., t2) − Î(., t2).
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5 Conclusion

In this paper, we have presented an original approach dedicated to 3D+t scene
reconstruction using 3D temporal data and 2D+t temporal sequences. It is based
on motion compensation and involves a prior geometrical data constraint. The
latter touches spherical topology because several applications may be concerned.
It leads us to build an inaccurate 3D inverse reconstruction of each 2D frame.
This 3D image is enhanced by motion compensation, involving a regularity cri-
terion under the brightness assumption constancy. The whole 3D+t sequence
is reconstructed gradually using both 3D data as initial border conditions. In-
corporating the prior geometrical constraint reduces relevantly the 3D-to-2D
transformation to a merely a sum of contributions coming from the underlying
frontal and dorsal hemispheres. This generates a positioning ambiguity on the in-
termediate 3D inaccurate representation. Our algorithm overcomes reliably this
inaccuracy and handle possible object occlusions. Besides, we use an adapted
tool, with relevant visualization properties, in order to display quickly recon-
struction results. Currently, the whole sequence is computed frame per frame
causing errors cumulation along the sequence. This limitation could be circum-
vented using a spatio-temporal smoothness constraint computed globally on the
whole sequence [9]. Discussing other reconstruction issues, it is possible to gen-
eralize the prior geometrical constraint to any regular surface. We propose also
in an other framework to solve the 3D+t scene recovery taken lower assumptions
related to the data model. Moreover, we plan to apply our approach based on
spherical topology to microscopic cell wall simulation acquisitions in the context
described in [1]. That requires a spatial deconvolution framework to reconstruct
each sphere from the original multi-focus image.
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Abstract Data Assimilation is a mathematical framework used in environmental sci-

ences to improve forecasts performed by meteorological, oceanographic or air quality

simulation models. It aims to solve an evolution equation, describing the temporal

dynamics, and an observation equation, linking the state vector and observations. In

this article we use this framework to study a class of ill-posed Image Processing prob-

lems, usually solved by spatial and temporal regularization techniques. An approach

is proposed to convert an ill-posed Image Processing problem in terms of a Data As-

similation system, solved by a 4D-Var method. This is illustrated by the estimation of

optical flow from a noisy image sequence, with the dynamic model ensuring the tem-

poral regularity of the result. The innovation of the paper concerns first, the extensive

description of the tasks to be achieved for going from an image processing problem

to a data assimilation description; second, the theoretical analysis of the covariance

matrices involved in the algorithm; and third a specific discretisation scheme ensuring
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1 Introduction

In the research field of Image Processing, most problems are ill-posed (according to

Hadamard definition) in the sense that it is not possible to provide a unique solution

[4]. A first cause of ill-posedness is that the equations used to model image properties

are under-determined. An example is given by the famous “aperture problem” occurring
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in the estimation of optical flow: a further constraint is required to compute a unique

field of velocity vectors. As an image processing problem is usually modelled by a

system of equations to be solved, the so-called Image Model, this type of ill-posedness

means that the Image Model is not invertible. A second cause of ill-posedness occurs

when the computation of image features can be obtained by different algorithms. For

example, determining image gradient requires to approximate a differential operator

by a discrete one among several possible finite difference formulations; each one with

a different result.

An usual strategy to solve ill-posed problems is to provide additional informa-

tion to the Image Model. Two options may be considered. 1) Explicit information:

complementary images are used to enlarge the set of input data. However, this is gen-

erally not possible because additional acquisitions, having the requested properties,

are not available. 2) Implicit information such as hypotheses on image properties or

constraints on the solution. A usual way is to restrict the dimension of the space of

admissible solutions. For instance, the result may be searched among the functions

with bounded spatial variations, which is called “Tikhonov regularization method” in

the literature [22]. In the general case, these additional properties or constraints are

expressed as equations, which, combined to the Image Model, lead to a new invertible

model.

Assuming not only one or two images but a whole sequence is available, enhance-

ment may be obtained by taking into account the temporal evolution. Let us illustrate

this on the image segmentation issue, which is a pure static problem. A spatial regu-

larization method, such as Shah-Mumford’s functional [10], produces a segmentation

which is a compromise between a spatially smooth solution and the adequacy to the

input data. If the segmentation process is performed directly on the whole sequence,

following [26], the solution is then seek as a function depending on the spatial and

temporal coordinates. This space-time approach has however several drawbacks. First,

it imposes an arbitrary temporal regularity, which can not deal with complex dynam-

ics. Second, missing data are taken into account in the process and introduce errors

in the final solution. By “missing data”, we refer to pixels’ values displaying a wrong

information due to either a failure of the acquisition system or noise. Third, as the

solution is looked for in the space-time domain, this leads to an high computing com-

plexity compared to a pure spatial model, which is a limiting factor for operational

applications.

As the space-time approach fails in case of missing data, an alternative is to consider

the temporal dynamics of the data. One challenge becomes to write an efficient dynamic

model and to include it in the solution computation. Such information can be inferred,

for instance, from a priori knowledge on the observed phenomena and related images.

Moreover, data quality has to be evaluated in order to ignore missing data in the

process. The first innovation of the paper is thus to use the dynamic model and the

data quality measure to rewrite the image processing problem in a Data Assimilation

system [8] in a generic way.

A Data Assimilation method solves a system of three equations with respect to a

state vector, corresponding to the studied quantities:

– an evolution equation describes the evolution of the state vector over time, using

an operator called the “evolution model”;

– an “observation equation” models the links between the state vector and the ob-

servations provided by the image sequence;
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– the initial condition of the state vector.

Each equation of the system only approximates the reality and a description of the

error is stated in terms of a Gaussian noise characterized by a covariance matrix. For

a given error, such matrix depicts the dependencies between error’s coordinates on the

one hand, and between two different locations in the space-time domain on the other

hand.

We aim to use Data Assimilation as a generic framework to solve ill-posed Image

Processing problems. The spatio-temporal regularization constraint is replaced by an

evolution equation. Image dynamics being correctly approximated by this equation, the

first drawback of the space-time approach is no more occurring. Describing the tasks to

be achieved for going from an ill-posed image processing problem to a data assimilation

system is the first contribution of this paper. A study of covariance matrices and

their impact during the energy minimization has been performed. We show how a

relevant choice allows to deal with missing data and solve the second drawback of

the space-time approach. This is the second contribution of this work. These general

considerations are illustrated on the problem of optical flow estimation. The third

contribution is to propose a robust and innovative numerical scheme to implement the

transport of velocity by itself, used in this paper as evolution equation. We show that

the computation of the state vector can then be done locally in time, with specific

choices for covariance matrices. This allows the algorithm to work on a frame-by-frame

basis, unlike the space-time approach.

This article is organized as follows. Section 2 introduces the concept and difficulties

of ill-posed problems in the Image Processing research field. We give some typical exam-

ples and present a short start-of-the-art of Tikhonov regularization methods. Section 3

describes the variational Data Assimilation method known as the 4D-Var algorithm.

How can Data Assimilation be used to solve ill-posed problems by assimilating images

in an appropriate evolution model is explained in Section 4. Section 5 is then a direct

application describing how to compute optical flow in this framework, using a robust

numerical scheme. It also presents and discusses experimental results. We conclude in

Section 6 and give some scientific perspectives to this research study.

2 Ill-posed problems in Image Processing

Hadamard gave the following definition: a problem is well-posed if 1) it has a unique

solution, 2) the solution depends continuously on the input [4]. A problem which does

not meet these conditions is called ill-posed. Using this definition, optical flow esti-

mation, image registration, curves or surfaces matching, tracking of multiple objects,

segmentation, restoration, deconvolution, denoising and shape from shading are well

known ill-posed image processing problems because the equations used for modeling

them are under-constrained (see the aperture problem of optical flow for instance).

Links between image properties and the solution are modeled as a set of equations

constituting the so-called Image Model. The image, input data, is denoted Y and

depends on the spatial coordinate x in a bounded domain denoted Ω. The solution of

the problem, denoted X, is not necessarily an image: it can be a velocity field, a curve,

etc. To be general, the Image Model is mathematically written as:

■(X,Y)(x) = 0 ∀x ∈ Ω (1)

with ■ a differentiable operator that may be:
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– linear: ■(X,Y) = Y−A(X) with A linear. This is a typically the case for segmen-

tation, restoration, denoising, deconvolution: ■ measures the discrepancy between

the input image and the solution filtered by the operator A.

– non linear. A common situation in image processing is the following: ■(X,Y) =

B(Y(C(X)). The input data Y is only considered on the pixels C(X) depending on

the solution. For example, ■(X,Y)(x) = −‖∇Y(X(x))‖ for the well known active

contour or ■(X, Y1, Y2)(x) = Y2(x + X(x)) − Y1(x) for estimating the optical flow

X between two images Y1 and Y2.

In this section, attention is focused on variational methods: instead of directly

solving (1), an optimization problem is formulated and the solution is obtained by

minimizing E(X) =

Z

Ω

Ψ(‖■(X,Y)‖)dx with Ψ a convex function such as Ψ(0) = 0.

As Equation (1) is under-constrained, a possible method to obtain a unique solution is

to use the Tikhonov regularization. This is performed by adding a second term to the

functional E which becomes:

E(X) =

Z

Ω

0

@Ψ(‖■(X,Y)‖) +
X

n≥0

αnΨ

„‚

‚

‚

‚

∂nX

∂xn

‚

‚

‚

‚

«

1

A dx (2)

An usual choice is to set αn = 0 for n 6= 1 ensuring a first order regularization or

αn = 0 for n 6= 1, 2 ensuring a second order regularization. The norm used in the reg-

ularizing term is often the Euclidean norm but other choices are possible: for instance,

to determine optical flow, Nagel uses in [11] an oriented norm driven by the local image

configuration. The regularization performed by the algorithm is then weak on edges

and strong otherwise. The minimization of E is led in the calculus of variation frame-

work: the solution is searched as the zero of the Euler-Lagrange equation associated

to (2):
∂E

∂X
= 0, with

∂E

∂X
denoting the differential of E with respect to X. With a first

order regularization, ∂
∂x

is usually denoted ∇, and

E(X) =
R

(Ψ(‖■(X,Y)‖) + α1Ψ(‖∇X‖)) dx. The general expression of the correspond-

ing Euler-Lagrange equation becomes:

Ψ
′(‖■(X,Y)‖) ∂■

∂X
− α1∇.

„

Ψ
′(‖∇X‖) ∇X

‖∇X‖

«

= 0 (3)

It is discretized by finite differences and the solution is obtained using a Jacobi or

Gauss-Seidel method in the linear case and a method of steepest descent or conjugate

gradient otherwise.

From the beginning of this section, the image Y is considered as only depending

on the spatial coordinate x and the Image Model ■ is then static. In the case of optical

flow computation, at least two frames are required to compute the temporal derivatives,

but the result obtained on one image, using (3), has no link with those obtained on

adjacent frames. An improved solution, when dealing with a temporal sequence, has

been proposed by Weickert et al [26] and consists in minimizing the functional:

E(X) =

Z

Ω

Z

T

0

0

@Ψ(‖■(X,Y)‖) +
X

n≥0

αnΨ

„‚

‚

‚

‚

∂nX

∂xn

‚

‚

‚

‚

,

‚

‚

‚

‚

∂X

∂t

‚

‚

‚

‚

«

1

A dxdt (4)

with X and Y becoming space-time dependent. Such a functional describes accurately

linear dynamics but becomes irrelevant otherwise. Moreover, missing data are taken
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into account during the computation: the method performs a smoothing of these aber-

rant values on the spatio-temporal neighborhood. Last, the time being viewed as an

additional dimension, a consequence is the proportional increase of the problem’s size.

A huge memory is then requested for processing a large sequence.

A partial answer to the problem of dealing with complex dynamics and missing

data is to include a model of the temporal evolution. This implies to be able to solve

simultaneously the Image Model ■ and the evolution equation. This possibility is offered

by the Data Assimilation framework described in the following Section.

3 The Data Assimilation framework

3.1 Mathematical setting

Let X being the state vector depending on the spatial coordinate x and time t. X is

defined on A = Ω× [0, T ], Ω being the spatial domain and [0,T] the temporal domain.

We assume X is evolving in time according to:

∂X

∂t
(x, t) +▼(X)(x, t) = Em(x, t) (5)

▼, named evolution model, is supposed differentiable. As ▼ may describe approxi-

mately the evolution of the state vector, a model error Em is introduced to quantify

the imperfections.

We consider having knowledge on the initial condition of the state vector at t = 0:

X(x, 0) = Xb(x) + Eb(x) (6)

with Xb named the background value and Eb denotes the background error.

Observations Y(x, t) are available at location x and date t and linked to the state

vector through the observation equation:

Y(x, t) = ❍(X)(x, t) + EO(x, t) (7)

Equation (7) is the standard form of the observation equation used in the Data Assim-

ilation literature. However, this formulation is quite restrictive to describe the links,

possibly complex, existing between the observations and the state vector. To be more

general, the following will be used in this paper:

❍(Y,X)(x, t) = EO(x, t) (8)

which includes the previous formulation (7). The observation error EO simultaneously

represents the imperfection of the observation operator ❍ and the measurement errors.

Em, Eb and EO are assumed to be Gaussian and then fully characterized by their

covariance matrices Q, B and R [21]. Let Z denote a Gaussian stochastic vector de-

pending on a space-time coordinate (x, t); Z = Z(x, t) and Z′ = Z(x′, t′) are random

vectors on the two given locations. The covariance matrix Σ, computed for Z and Z′,

measures their dependency and is defined by:

Σ(x, t,x′
, t

′) =

Z

(Z −❊Z)T (Z′ −❊Z′)dPZ,Z′ (9)

with PZ,Z′ the joint distribution of
`

Z,Z′
´

and ❊ denoting the expectation.
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3.2 Variational formulation

In order to solve the system (5), (6) and (8) with respect to X having a maximal

probability, the following functional, to be minimized, is defined:

E(X) =
1

2

Z

A

Z

A

„

∂X

∂t
+▼(X)

«T

(x, t)Q−1(x, t,x′
, t

′)

„

∂X

∂t
+▼(X)

«

(x′
, t

′)dxdtdx′
dt

′

+

Z

A

Z

A

❍(X,Y)T (x, t)R−1(x, t,x′
, t

′)❍(X,Y)(x′
, t

′)dxdtdx′
dt

′

+

Z

Ω

Z

Ω

`

X(x, 0) − Xb(x)
´T

B
−1(x,x′)

`

X(x′
, 0) − Xb(x

′)
´

dxdx′

(10)

As Em, Eb and EO are assumed to be independent, the functional E represents the

log-density of X law [2]. The minimization is carried out by solving the associated

Euler-Lagrange equation. The differential
∂E

∂X
is obtained by computing the derivative

of E with respect to X in direction η:

∂E

∂X
(η) = lim

γ→0

d

dγ
(E(X + γη)) (11)

and by introducing an auxiliary variable λ, called the adjoint variable in the literature

of Data Assimilation:

λ(x, t) =

Z

A

Q
−1(x, t,x′

, t
′)

„

∂X

∂t
+▼(X)

«

(x′
, t

′)dx′
dt

′ (12)

We detail in Appendix A the determination of the Euler-Lagrange equation associated

to (10). This leads to the following so-called Optimality System [9]:

λ(x,T) = 0 (13)

−∂λ

∂t
+

„

∂▼

∂X

«∗

λ = −
Z

A

„

∂❍

∂X

«∗

(x, t)R−1
❍(X,Y)(x′

, t
′)dx′

dt
′ (14)

X(x, 0) =

Z

Ω

Bλ(x′
, 0)dx′ + Xb(x) (15)

∂X

∂t
+▼(X) =

Z

A

Qλ(x′
, t

′)dx′
dt

′ (16)

Because the initial condition for λ is given at time T (13), λ must be computed back-

ward in time using (14). Equation (14) makes use of two adjoint operators denoted
„

∂▼

∂X

«∗

and

„

∂❍

∂X

«∗

. Adjoint operators are also called dual operators in the mathe-

matics literature. For a given operator ❑, we have:

Z

(❑(η))T λdµ =

Z

η
T
❑

∗(λ)dµ (17)

for all integrable functions η and λ. Riesz’s theorem ensures the existence and unique-

ness of the adjoint operator. For clarifying the discussion, let us determine the adjoint
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operator of ❑ =
∂

∂x
in an interval [a, b]:

Z b

a

∂f

∂x
(x)g(x)dx = [f(x)g(x)]x=b

x=a −
Z b

a

f(x)
∂g

∂x
(x)dx

=

Z b

a

f(x)

„

(δ(x − b) − δ(x − a)) g(x) − ∂g

∂x
(x)

«

dx

=

Z b

a

f(x)

„

∂g

∂x

«∗

(x)dx

The adjoint operator of
∂

∂x
in [a, b] is then

„

∂

∂x

«∗

= δ(x − b) − δ(x − a) − ∂

∂x
.

If ❑ is a differential operator, the adjoint operator is then a compact notation for

integration by parts.

3.3 Incremental algorithm

Solving the Optimality System is however not straightforward: the state vector is de-

termined by equations (15,16) using the adjoint variable and the adjoint variable is

determined by equations (13,14) using the state vector. To break this deadlock, an

incremental method is applied. The underlying idea comes from the following lemma:

min
w∈V(w0)

E(w) = min
δw∈V(0)

E(w0 + δw)

where w0 denotes a local minimum of E and V(w0) denotes one neighborhood of w0.

The state vector is therefore written as Xb + δX where Xb is called the background

variable in the Data Assimilation literature, and δX is the incremental variable. X is

then replaced by Xb + δX in equations (14), (15) and (16). If ▼ and ❍ are non linear

operators, we obtain:

▼(X) ≃ ▼(Xb + δX) =▼(Xb) +
∂▼

∂X

˛

˛

˛

Xb

(δX) (18)

❍(X,Y) ≃ ❍(Xb + δX,Y) = ❍(Xb,Y) +
∂❍

∂X

˛

˛

˛

Xb

(δX) (19)

from a first order Taylor development of ▼ and ❍ at Xb. Equations (18) and (19)

become equalities if ▼ and ❍ are linear. In both cases, (18,19) lead to the following

new system:

λ(x,T) = 0 (20)

−∂λ

∂t
+

„

∂▼

∂X

˛

˛

˛

Xb

«∗

λ = −
Z

A

„

∂❍

∂X

˛

˛

˛

Xb

«∗

R
−1
„

❍(Xb,Y) +
∂❍

∂X

˛

˛

˛

Xb

(δX)

«

dx′
dt

′

(21)

Xb(x, 0) = Xb(x) (22)

∂Xb

∂t
+▼(Xb) = 0 (23)

δX(x, 0) =

Z

Ω

Bλ(x′
, 0)dx′ (24)

∂δX

∂t
+

∂▼

∂X

˛

˛

˛

Xb

(δX) =

Z

A

Qλ(x′
, t

′)dx′
dt

′ (25)
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The background variable Xb is first calculated from equations (22) and (23). The

adjoint variable λ is then obtained from the background variable using equations (20)

and (21). Last, the incremental variable δX is obtained from the adjoint variable using

equations (24) and (25).

If ▼ and ❍ are not linear, equations (20,21,24,25) only produce an approximated

solution Xb + δX due to the first order Taylor development described in (18) and (19).

In this case, the incremental algorithm is applied iteratively until convergence. This

iterative method, indexed by i, is summarized in the following:

1. Initialization (i = 0) :

(a) Compute the background variable Xb from the initial condition of the state

vector at t = 0 in (6):

Xb(x, 0) = Xb(x)

∂Xb

∂t
+▼(Xb) = 0, ∀t ∈ [0,T]

(b) Initialize the incremental variable:

δX(x, t) = 0, ∀t ∈ [0,T]

2. Do i = i + 1 and :

(a) Compute the adjoint variable λ from t = T to t = 0:

λ(x, T ) = 0

−∂λ

∂t
+

„

∂▼

∂X

˛

˛

˛

Xb

«∗

(λ) = −
Z „

∂❍

∂X

˛

˛

˛

Xb,Y

«∗

R
−1

»

❍(Xb,Y) +
∂❍

∂X

˛

˛

˛

Xb,Y
(δX)

–

dx′
dt

′

(b) Update the value of background variable:

Xb(x, t) = Xb(x, t) + δX(x, t)

(c) Compute the incremental variable δX (required for the next iteration) from

t = 0 to t = T :

δX(x, 0) =

Z

B(x,x′)λ(x′
, 0)dx′

∂δX

∂t
+

∂▼

∂X

˛

˛

˛

Xb

(δX) =

Z

Q(x, t,x′
, t

′)λ(x′
, t

′)dx′
dt

′

Back to step 2 until ‖δX‖2 ≤ ǫ.

3. Final result is Xb + δX.

4 Assimilation of images

This section explains how to solve the ill-posed Image Processing problems using the

framework of Data Assimilation and constitutes the core of this research and one main

contribution of the paper. Using Data Assimilation to solve Image Processing problems

is a relatively recent domain. This idea has been described in [5] and the first applica-

tion has been published in [17]. Studies have been done on curve tracking [16,17] and
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determination of optical flow [14,15]. In [14] two evolution models are considered, a first

one describing fluid motion by the transport of vorticity and a second one describing

video motion using the transport of velocity by itself, stabilized by a diffusion process.

In [15] a shallow water model is considered to describe the atmospheric circulation.

In [7], a method is proposed to estimate the ocean surface circulation from SST data:

images are assimilated in a dynamic image model to produce pseudo-observations for

the oceanographic model. In this paper, we restrict to the case of ill-posed problems,

which have been solved in the literature using Tikhonov regularization methods. We

define a method to convert these problems, in a generic way, from the Tikhonov reg-

ularization to the Data Assimilation framework. The proposed method, which is the

first innovation of the paper, rewrites the Image Model and the regularization term

under the form of the system of three equations (5,6,8).

– First, the state and observation vectors have to be defined. Obviously, the obser-

vations will be images or processed images, but the components of the state vector

will strongly depend on the studied problem. For example, segmentation, denoising

and restoration use a state vector which is composed of the result’s values for all

pixels of the input image. Tracking, image registration and motion estimation use

a state vector whose components are the values of the resulting vector field. Active

contours use a curve.

– Second, a suitable equation describing the temporal evolution of the state vector has

to be stated (Subsection 4.2). Next, an observation equation is written expressing

the links between the state vector and the images (Subsection 4.3). Sometimes,

this link is highly indirect. For instance, as it is not possible to deduce the ocean

circulation from surface temperatures with a shallow-water model, a specific system

has to be stated with relevant evolution and observation equations [7].

– Third, the initial condition should be defined.

– Last, the errors, characterized by their covariance matrices, must be chosen for

the three equations. It is therefore crucial to understand the role of these matrices

inside functional (10). The second innovation of the paper is therefore to conduct

a full analysis of the errors and associated covariance matrices and their impact in

term of spatio-temporal regularization (Subsection 4.1).

4.1 Covariance matrix

A covariance matrix Σ being defined by equation (9), its inverse is formally and im-

plicitly defined [13] as:

Z

Σ
−1(x,x′′)Σ(x′′

,x′)dx′′ = δ(x − x′) (26)

We consider three possible choices of covariance and analyze their respective impact

in a functional
RR

FT (Z)Σ−1F (Z)dxdx′ which has to be minimized.

As a first example, let Σ be the Dirac covariance defined by Σ(x,x′) = δ
`

x − x′´.

This covariance expresses a null interaction between two space locations. The Dirac

function, δ (), has the following property:

Z

Ω

δ
`

x
′´

δ
`

x − x
′´

dx
′ = δ (x) (27)
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By identification of (26) and (27), we have Σ−1(x,x′) = δ
`

x − x′´ and:

ZZ

Ω2

F (Z)T (x)Σ−1(x,x′)F (Z)(x′)dxdx′ (28)

=

Z

Ω

F (Z)T (x)F (Z)(x)dx =

Z

Ω

‖F (Z)‖2
dx

A Dirac covariance is therefore acting like a zero-order regularization on F (Z).

More generally, we consider the case of an isotropic covariance which is written as

Σ(x,x′) = s(x − x′). In this case, determining its inverse from (26) is equivalent to

determine its inverse convolution defined by:

s
−1

⋆ s(x) = δ(x) (29)

This is more easily done in the Fourier domain as the latter equation is equivalent to:

ŝ−1 ⋆ s(ω) = 1

Using the convolution theorem, we have:

ds−1(ω)bs(ω) = 1

ds−1(ω) =
1

bs(ω)

and the inverse convolution s−1(x) is obtained by the inverse Fourier transform of
1

bs
.

Let us apply this with the exponential covariance defined by s(x) = exp

„

−|x|
σ

«

.

Its Fourier transform is
2σ

1 + σ2ω2
. We have:

ds−1(ω) =
1 + σ2ω2

2σ

s
−1(x) =

1

2σ

“

δ (x) − σ
2
δ
′′(x)

”

We replace the expression of Σ−1(x,x′) by s−1(x − x′) in the functional (28):

ZZ

Ω2

F (Z)T (x)Σ−1(x,x′)F (Z)(x′)dxdx′

=
1

2σ

Z

Ω

F (Z)T (x)

„

F (Z) − σ
2 ∂2F (Z)

∂x2

«

dx

=
1

2σ

Z

Ω

 

‖F (Z)‖2 + σ
2
‚

‚

‚

‚

∂F (Z)

∂x

‚

‚

‚

‚

2
!

dx (30)

Integration by parts is applied for deriving (30), assuming null boundary terms. The

exponential covariance is thus associated to a first-order regularization of F (Z).

Another possibility is the Gaussian covariance defined by s(x) = exp

„

−x2

σ2

«

.

Using the previous technique, the Fourier transform of the Gaussian function is first

established: bs(ω) = σ
√

π exp(−σ2

4
ω

2). The Fourier transform of the inverse covariance
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is thus ds−1(ω) =
1

σ
√

π
exp

„

σ2

4
ω

2
«

, but its inverse Fourier transform can not be

directly computed. Let us replace the exponential by its infinite series:

ds−1(ω) =
1

σ
√

π

X

n≥0

1

n!

„

σ2

4
ω

2
«n

=
1

σ
√

π

X

n≥0

anω
2n (31)

with an =
1

n!

“σ

2

”2n
. Remembering that 1 is the inverse Fourier transform of the Dirac

function and using the theorem of Fourier derivation, equation (31) leads to:

s
−1(x) =

1

σ
√

π

X

n≥0

an(i)2n ∂2n

∂x2n
δ(x)

=
1

σ
√

π

X

n≥0

an(−1)nδ
(2n)(x)

Let us examine the impact of such covariance in the functional (28):

ZZ

F (Z)T (x)Σ−1(x,x′)F (Z)(x′)dxdx′

=
1

σ
√

π

X

n≥0

(−1)nan

Z

F (Z)T (x)

„Z

δ
(2n)(x − x′)F (Z)(x′)dx′

«

dx

=
1

σ
√

π

X

n≥0

(−1)nan

Z

F (Z)T (x)F (2n)(Z)(x)dx

=
1

σ
√

π

Z

X

n≥0

an

‚

‚

‚

‚

∂nF (Z)

∂xn

‚

‚

‚

‚

2

(x)dx

Again, assuming null boundary conditions, we use a series of integration by parts to

derive to the final result. The Gaussian exponential covariance then corresponds to the

Tikhonov regularization at any order of F (Z).

The inversion of a covariance matrix Σ is however non-trivial and usually inaccessible.

Restrictive choices have to be made such as those previously described. In the general

case, it still remains possible to approximate the matrix of covariance using finite

difference operators and to inverse it using numerical techniques. Unfortunately, if the

discrete matrix is large, the inversion is costly and often numerically unstable. For

further details, the reader is referred to [13,21].

4.2 The evolution model

Tikhonov regularization is in fact assuming spatial properties of the result from heuris-

tics on the dynamics. These heuristics, with a better knowledge on the image dynamics,

could be efficiently written as an evolution equation of the state vector X. This evo-

lution law imposes a temporal regularity of X and consequently impacts in specific

spatial configurations.
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A first and simple heuristic about dynamics is to assume X being constant over

time, which is expressed by:
dX

dt
= 0

or:
∂X

∂t
+

∂X

∂x

∂x

∂t
= 0 (32)

This is a transport equation as
∂x

∂t
is a velocity vector. Identifying equation (32)

and (5), the evolution model is ▼(X)(x, t) =
∂X

∂x

∂x

∂t
. An example of using (32) as

evolution equation is given in Section 5 for optical flow estimation.

Another possible heuristic is to express the transport of the state vector as a diffu-

sion process, a physical law applying for chemical species or temperature. The general

formulation is:
∂X

∂t
= ∇T (D∇X) and by identification with equation (5), the evolution

model is▼(X) = −∇T (D∇X). The matrix D is a tensor characterizing simultaneously

the direction and the intensity of the diffusion. If D does not depend on spatial coor-

dinates, the diffusion is linear and equivalent to a smoothing process using a Gaussian

convolution [27]. It is also possible to drive the diffusion according to image character-

istics. A standard example is the Perona & Malik diffusion [18]: the tensor matrix D is

equal to c(‖∇X‖)Id with c a Gaussian function and Id the identity matrix, with the

result of smoothing the image on homogeneous regions and preserving contours. The

tensor matrix D can also take into account the orientation of the image gradient [24,

25] resulting in spatial regularization properties similar to that of Nagel [11].

The two previous definitions of ▼ remain restrictive for image sequences display-

ing complex dynamics. In these cases, the evolution model could be built using prior

information on the observed data. As a first example, dynamics can be approximated

by piecewise linear functions whose parameters are estimated by analyzing the evolu-

tion of the image probability density function with a particule filter method. However,

this issue remains complex and widely open. As a second example, an evolution model

based on a physical law is considered. In [7,15] a shallow-water equation is chosen for

modeling the evolution of apparent motion, which is an advection-diffusion equation

with additional forcing terms. However, this is specific to the ocean surface circulation

and can not be applied to a generic framework.

The covariance matrix Q, associated to the model error Em, is used in func-

tional (10) for regularizing
∂X

∂t
+▼(X). For this reason Q is chosen as Dirac covariance

as explained in Subsection 4.1. In such a way, we are ensuring that the temporal evo-

lution of X is coherent with the heuristics involved in the model ▼.

4.3 The observation equation

As previously pointed out, the observation equation describes the links between the

state vector and the observations. In the standard framework of Image Processing, an

image or a sequence of images provides the observations in the Image Model ■ expressed

in equation (1). The operator ❍, as it appears in equation (8), is then defined as the

image operator ■ i.e. ❍(X,Y) ≡ ■(X,Y).

The observation error EY, characterized by its covariance matrix R, has also to

be specified. R weights the contribution of observations in equation (21). Its inverse
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should then have values close to zero when observations should be discarded, which is

the case for missing data. Using the Dirac covariance, R is then written as:

R(x, t,x′
, t

′) = r(x, t)δ
`

x − x′´
δ
`

t − t
′´

with r a real matrix whose size corresponds to the number of components of ❍ and

the inverse is:

R
−1(x, t,x′

, t
′) = δ

`

x − x′´
δ
`

t − t
′´

r
−1(x, t) (33)

The matrix r−1 characterizes the quality of the observation: a high value indicates

that the observation value is relevant and a value close to zero indicates an irrelevant

observation value, which should not be included in the computation of the solution.

Assuming the availability of a function f measuring the confidence in observation data

(f ∈ [0, 1], f = 0 for no confidence), one possible formulation of r−1 is:

r
−1(x, t) = r0(1 − f(x, t)) + r1f(x, t) (34)

r−1(x, t) will be equal to a “minimal value” r0 if confidence is 0 and equal to a “maximal

value” r1 if confidence is 1. Matrices r0 and r1 are chosen to be constant and invertible.

For completeness, f is modeled as:

f(x, t) = fsensor(x, t)fnoise(x, t)f❍(x, t) (35)

fsensor indicates the availability of observation values: it is equal to 0 if data are not

or wrongly acquired by the sensor. fnoise characterizes data quality: it is close to 0 for

noisy data. f❍ measures the confidence in the observation model; it is close to 0 if the

observation equation is not valid.

With such definition of R, observation values with a low confidence will not be

considered during the computation of the solution of the Image Processing problem.

4.4 Conclusion

In this Section, we considered the class of ill-posed Image Processing problems which

are usually solved by constraining spatially and/or temporally the solution. We pro-

posed a generic method to convert the Image Model and the spatio-temporal regularity

constraint on the result in term of Data Assimilation components, as expressed in equa-

tions (5,6,8). The Image Model is taken as observation model and the observation error

weights the importance of the observation values in the computation of the state vector:

when data are irrelevant, their values are no more used. Of course, this is only possible

if the quality of the observations can be evaluated. The evolution equation describes

the temporal evolution of the state vector and we proposed two generic choices for the

operator▼. However, both are too restrictive to deal with complex temporal dynamics

and prior knowledge should be included when available. The coherency of the temporal

evolution through the operator ▼ is ensured by the covariance matrix Q and we gave

three examples of regularization. In the next Section, we illustrate how to use Data

Assimilation to determine optical flow by applying these general principles.
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5 Application to optical flow estimation

Let I be a sequence of images on a bounded domain of ❘2, denoted Ω. Let W(x, t) be

the velocity vector of a point x ∈ Ω between t and t + △t, verifying:

I(x + W(x, t)△t, t + △t) = I(x, t) (36)

As this equation is non linear with respect to W, the left member of equation (36) is

often linearized using a first order Taylor development around △t = 0. This provides

the so-called optical flow constraint equation [6]:

∇I
T (x, t)W(x, t) +

∂I

∂t
(x, t) = 0 ∀x ∈ Ω (37)

By identifying (37) with (1), we have X = W, Y = (∇I, It) and ■ = ∇IT (x, t)W(x, t)+
∂I

∂t
(x, t). Estimating apparent motion is an ill-posed problem: the velocity vector has

two components and the optical flow equation is not sufficient to compute both. A solu-

tion could be obtained in the Image Processing context using a Tikhonov regularization

as stated in Section 2, by constraining spatially [6] or spatially and temporally [26] the

solution. Equation (37) is often preferred to (36) because it is linear and the associ-

ated Euler-Lagrange equation can be discretized using an explicit and robust numerical

scheme. However, it is possible to directly use the equation (36) for estimating the op-

tical flow. This has been described in [3] where the resulting Euler-Lagrange equation

has been approximated with a semi-implicit scheme. The advantage of equation (36)

is that W can be estimated even for high velocity norms. Equation (37) is an approx-

imation and only well suited for low velocity except if incremental algorithms [12,19]

or scale-space methods [1] are considered.

In this paper, we choose however to consider the optical flow constraint (37) in

order to illustrate the tasks to be applied for going from an ill-posed Image Processing

problem to a Data Assimilation system, compare it with state-of-the-art methods, and

prove the advantage of Data Assimilation when processing noisy acquisitions including

missing data.

5.1 Observation and evolution models

The optical flow constraint is chosen as image model. As ❍ ≡ ■, the observation model

is:

❍(W, I)(x, t) = ∇I(x, t)T W(x, t) + It(x, t) (38)

With this choice, the field W(x, t) of velocity vectors is now considered as the state

vector X(x, t) and the image gradients (∇I(x, t), It(x, t)) constitutes the observation

vector Y(x, t).

We have to define an appropriate observation error. Equations (33) and (34) are

used to define the inverse of R and to locate the observation values which must be

discarded. The observation model ❍ being scalar, the matrices r0 and r1 are scalars

and respectively set to ǫ and 1 − ǫ with ǫ ≃ 10−6. Equation (35) is used as the

observation confidence. Without any information, fnoise is assumed to be equal to 1.

fsensor is set to 0 if data are not acquired and to 1 otherwise. f❍ is chosen from the

following remark: the spatio-temporal gradient is null on regions of uniform grey level
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values and equation (37) is then degenerated on pixels belonging to them. For avoiding

further considering these points, f❍ is defined by:

f❍(x, t) = 1 − exp(−‖∇3I(x, t)‖2) (39)

where ∇3 denotes the spatio-temporal gradient operator.

The transport of the velocity, equation (32), is taken as evolution equation:

∂W

∂t
+ ∇WT W = 0 (40)

This equation is rewritten as a two-component system:

∂U

∂t
+ UUx + V Uy = 0 (41)

∂V

∂t
+ UVx + V Vy = 0 (42)

and by identification of equation (5) with (40) and (41,42), the evolution model is:

▼(W) =
`

▼1(W) ▼2(W)
´T

=
`

UUx + V Uy UVx + V Vy

´T

W being a two-component vector, the Q matrix is of size 2 × 2 and chosen as:

Q(x, t,x′
, t

′) = q(x − x′
, t − t

′)

„

1 0

0 1

«

(43)

with q(x, t) = exp(− 1
σ (‖x‖+ |t|)) or q(x, t) = δ(x)δ(t). We have tested both covariance

matrices with σ = 1 without noticing significant differences on the results.

The background value at t = 0 (equation (6)) has also to be provided: we make

use of Horn and Schunck’s algorithm [6] to compute the velocity field on the two first

frames of the sequence. We consider the background error B(x,x′) = δ(x − x′) for

measuring the quadratic discrepancy between Xb(x) and X(x, 0).

5.2 Adjoint operators

In order to determine the adjoint operators for ▼ and ❍, the directional derivatives

must first be established.

Using the definition (11), we obtain:

∂▼1

∂W
(η) =

∂▼1

∂U
(η1) +

∂▼1

∂V
(η2) = Uη

1
x + Uxη

1 + V η
1
y + Uyη

2

∂▼2

∂W
(η) =

∂▼2

∂U
(η1) +

∂▼2

∂V
(η2) = Uη

2
x + Vyη

2 + V η
2
y + Vxη

1

with η =
`

η1 η2
´T

and ηx and ηy standing for partial derivate with respect to x

and y. The reader is referred to Appendix B.1 for more details. Using definition (17),
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integration by parts and considering boundary terms equal to zero, the adjoint operator

of ▼ is:
„

∂▼1

∂W

«∗

(λ) = −Uλ
1
x − Vyλ

1 − V λ
1
y + Vxλ

2

„

∂▼2

∂W

«∗

(λ) = −Uxλ
2 − Uλ

2
x − V λ

2
y + Uyλ

1

with λ =
`

λ1 λ2
´T

. Details are reported in Appendix B.2. In a compact form, the

adjoint operator of ▼ is written:

„

∂▼

∂W

«∗

(λ) = −
„

λ1
x λ2

x

λ1
y λ2

y

«T „
U

V

«

−
„

Vy −Uy

−Vx Ux

«T „
λ1

λ2

«

= −
`

∇λ1 ∇λ2
´T

W −
“

∇⊥V −∇⊥U
”T

λ

with ∇⊥U =
`

Uy −Ux

´T
.

The directional derivative of the observation operator is:

∂❍

∂W
(η)(x, t) = ∇I

T (x, t)η(x, t)

and determining the adjoint operator is direct, as described in Appendix B.3:

„

∂❍

∂W

«∗

(λ)(x, t) = ∇I(x, t)λ(x, t)

5.3 Discretization

Using the choices made in Subsection 5.1, differential and adjoint operators values

calculated in Subsection 5.2, the three PDEs (23,21,25) become:

∂W

∂t
+ ∇WT W = 0 (44)

−∂λ

∂t
−∇λ

T W − (∇⊥W)T λ = −∇IR
−1

⋆ L (45)

∂δW

∂t
+ ∇δWT W + ∇WT

δW = Q ⋆ λ (46)

with ∇⊥W =
“

∇⊥V −∇⊥U
”

, and L = It +∇IT (W+ δW). The covariance matrices

Q and R being chosen isotropic, they only depend on x − x′ and t − t′, and the right

members of equations (45) and (46) can then be expressed as a convolution product.

For evaluating these right members at a given date, the knowledge of L and λ over the

whole temporal domain is required. However, choosing a Dirac matrix for Q and R−1

reduces the convolution product to a simple multiplication. In (45) computation of λ(t)

is only depending on values at (t + 1) and in (46) δX(t) is obtained from variables at

(t − 1). The algorithm becomes a frame-by-frame process: the whole sequence of state

and observation vectors, adjoint and incremental variables may be left on the mass

storage, excepted frames implied in the computation.

The three equations are discretized using a finite difference technique. Let us first

examine equation (44): it is a 2D non linear advection equation. The advection term
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corresponds to the velocity transport. Its direct approximation by a standard Euler

scheme is known as being numerically unstable. This instability has several origins:

the non-linearity of the equation, the multi-dimensionality of the state vector, the

simultaneous occurrence of linear and non linear terms in the equation. For stabilizing

the scheme, a diffusive term is often introduced into the equation:

∂W

∂t
+ ∇WT W = κ∇2W

with κ > 0 having a small value as done in [15]. This is known under the name of Lax-

Wendroff method. Such an equation can then be approximated using an explicit Euler

scheme (with Courant-Friedrich-Levy condition) or an implicit Euler scheme. This has

the drawback of smoothing the solution and not preserving sharp discontinuities. We

propose, in the following, a stable scheme for the advection equation, without adding

this diffusive term, by using a splitting method [23]. As W(x, t) is a vector of ❘2,

equation (44) has two components (41) and (42). The first one combines a term of

linear advection in direction y and non linear one in direction x and is expressed as a

two-equation system using the splitting method:

∂U

∂t
+ UUx = 0 (47)

∂U

∂t
+ V Uy = 0 (48)

Equation (47) is rewritten with the Lax-Friedrich method [20] as
∂U

∂t
+

∂F (U)

∂x
= 0

with F (U) =
1

2
U

2. This new equation is discretized by:

U
k+1
i,j =

1

2
(Uk

i+1,j + U
k
i−1,j) −

△t

2
(F k

i+1,j − F
k
i−1,j)

with Uk
i,j = U(xi, yi, tk), F k

i,j = F (U(xi, yi, tk)) and △t the time step. The term
1
2 (Uk

i+1,j + Uk
i−1,j) stabilizes the scheme by adding a diffusive effect while △t satisfies

the Courant-Friedrich-Levy condition. The linear advection (48) is discretized using an

explicit shock scheme [20]:

U
k+1
i,j = U

k
i,j −△t

“

max(V k
i,j , 0)

“

U
k
i,j − U

k
i,j−1

”

+ min(V k
i,j , 0)

“

U
k
i,j+1 − U

k
i,j

””

In the same way, it can be seen that the second component of (44) contains a linear

advection term in direction x and a non linear one in direction y. The same strategy

is then applied for discretization.

Equation (45) combines a linear advection (∇λT W), a term of reaction ((∇⊥W)T λ)

and a forcing term (∇IR−1 ⋆ L). Its first component is −∂λ1

∂t
− Uλ

1
x − Vyλ

1 − V λ
1
y +

Vxλ
2 =

∂I

∂x
A with A = −R−1 ⋆ L. It is split into two parts. The first part contains

the linear advection in direction x and the reaction term: −∂λ1

∂t
− Uλ

1
x − Vyλ

1 = 0

and is discretized in the same way as (48) with an explicit shock scheme. However, the

equation is retrograde and its initial condition is given at time T :

(λ1)k−1
i,j =

„

1 +
△t

2
(V k

i,j+1 − V
k
i,j−1)

«

(λ1)ki,j +

△t
“

max(Uk
i,j , 0)((λ1)ki,j − (λ1)ki−1,j) + min(Uk

i,j , 0)((λ1)ki+1,j − (λ1)ki,j)
”
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The second part contains the linear advection term in direction y and the forcing term:

−∂λ1

∂t
− V λ

1
y = −Vxλ

2 +
∂I

∂x
A. Again, an explicit shock scheme is used:

(λ1)k−1
i,j = (λ1)ki,j − △t

2

“

V
k
i+1,j − V

k
i−1,j

”

(λ2)ki,j + △t(IxA)ki,j +

△t
“

max(V k
i,j , 0)((λ1)ki,j − (λ1)ki,j−1) + min(V k

i,j , 0)((λ1)ki,j+1 − (λ1)ki,j)
”

Having the same structure, the second component of (45) is discretized with the same

method. The complete numerical scheme is described in Appendix C.2.

The last equation, (46), is similar to equation (45): a linear advection with a reaction

term and a forcing term. We therefore use the same discretization technique. The full

numerical scheme is detailed in Appendix C.3.

5.4 Results

The “taxi” sequence and a synthetic sequence have been chosen for discussing results. In

both cases, image gradients are computed with a convolution method and a derivative

Gaussian kernel whose variance is set to 1. The incremental algorithm (Subsection 3.3)

is iterated 5 times.

The taxi sequence displays several cars moving with a slow and quasi uniform

motion.

In a first experiment, we compute the optical flow using the Data Assimilation method

with image gradients as observations. Horn & Schunk’s method is also applied on the

sequence and both results are displayed for comparison and analysis purposes of our

method. Figures 1 to 3 show the results obtained on three frames of the sequence.

These results are qualitatively similar, illustrating that both methods are equivalent

when observation values are available on the whole sequence. Having chosen Horn &

Schunck or another image processing method does not really matter, because we are

not interested in discussing a quantitative comparison of optical flow methods but in

proving the efficiency of Data Assimilation for dealing with missing data and complex

dynamics. Consequently, a second experiment is designed for analyzing the issue of

missing data. A large region around the white car, denoted ℜ, is set to zero (black

rectangle) on one frame of the sequence to simulate a sensor failure. To indicate the

irrelevance of pixel values inside this region, the function fsensor returns the value 0

inside ℜ and the value 1 outside. The spatio-temporal gradient is then computed on

the modified sequence and provides the observations. Figure 4 shows the results with

Data Assimilation and Horn & Schunk methods. This latter obviously fails to provide

acceptable velocity vectors over ℜ, while Data Assimilation provides a correct result

thanks to the eviction of missing observation in the computation and to the evolution

equation. A similar experiment is performed by setting several small regions to zero

on one frame and flagged them as not acquired with fsensor equal to zero. This lack of

observation also disturbs Horn & Schunk’s algorithm while Data Assimilation provides

a correct result as illustrated by Figure 5. Even a whole frame of the observation

sequence can be missing: we force image gradients to zero on the fifth frame of the taxi

sequence resulting to f❍ = 0 on this frame. In this case, Horn & Schunk’s method can

not provide any result on this frame. Figure 6 is then comparing results obtained by

Data Assimilation with and without observation on frame 5. Results remain similar,



19

due to the fact that the evolution model correctly approximates the temporal dynamics

of these data and compensates the missing acquisition.

Fig. 1 Comparison Data Assimilation (left) / Horn-Schunk (right) – frame 3.

Fig. 2 Comparison Data Assimilation (left) / Horn-Schunk (right) – frame 6.

A third experiment is dedicated to prove that using the real dynamics within the

evolution model ensures getting correct estimation of motion. For that purpose, we

built a synthetic sequence displaying one square moving horizontally from the left up

part of the image and one moving vertically from the right bottom part. At the end

of the sequence, the two squares meet each other. Figures 7(b), 8(b) and 9(b) show

the results with Horn & Schunk’s method which fails to estimate a correct velocity

direction when the squares meet. This is due to an over-regularization by the cost

function. Figures 7(a), 8(a) and 9(a) show the results with Data Assimilation: motion

is better estimated because the evolution model correctly describes the dynamics and

avoids the negative effects of spatial regularization.

6 Conclusion

In this paper we proposed a general framework to solve ill-posed Image Processing

problems by Data Assimilation methods. This is an alternative to the space-time ap-
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Fig. 3 Comparison Data Assimilation (left) / Horn-Schunk (right) – frame 9.

(a) Data assimilation (b) Horn-Schunk

Fig. 4 Missing data on a large region in frame 5.

(a) Data assimilation (b) Horn-Schunk

Fig. 5 Missing data on small regions in frame 5.
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(a) Result with image gradients set to 0 on
frame 5

(b) Result with image gradient available

Fig. 6 Missing data on the whole frame 5.

(a) Data Assimilation (b) Horn-Schunk

Fig. 7 Results on synthetic sequence - frame 4.

proach, described in the introduction, which constrains the solution’s variations in

space and time.

If the dynamics is approximately known and expressed as an evolution equation,

we show how this information is used, simultaneously with the observation equation, in

the framework of Data Assimilation, to temporally constrain the solution and obtain a

better result. We extensively describe how to formalize the image processing problem

using the Data Assimilation framework.

The impact of covariance matrices on the energy minimization has been investigated.

Their regularization properties have been described for three different cases. The knowl-

edge of the temporal dynamics and the choice of relevant covariance matrices make it

possible to handle the problem of missing and noisy data. For that purpose, the ob-

servation error is described by a specific covariance matrix, with high values on pixels

corresponding to missing and noisy data, which are then discarded during the com-
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(a) Data Assimilation (b) Horn-Schunk

Fig. 8 Results on synthetic sequence - frame 7.

(a) Data Assimilation (b) Horn-Schunk

Fig. 9 Results on synthetic sequence - frame 10.

putation process. On these pixels, the solution is mainly obtained by the evolution

equation. Obviously, this is only possible if a confidence measure on observation data

is available.

Due to specific choices of covariances, the 4D-Var algorithm described in the paper

allows a local computation of the state vector, on a frame-by-frame basis. It therefore

has memory management advantages compared to the space-time approach, which re-

quires to include the whole sequence in memory, as the linear system is solved in the

space-time domain.

The general approach has been illustrated on estimation of the optical flow by

assimilating image gradient observations in a model, that describes the evolution of
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velocity by itself. This transport equation is simple and correctly approximates the

dynamics, which is locally translational and uniform. The chosen observation equation

is the optical flow constraint, linearly linking velocity and image brightness gradients.

The discretization leads to an unstable numerical scheme if standard finite difference

methods are used. To overcome this problem, a robust scheme, based on a splitting

method, has been proposed in the paper.

A first perspective of this work is to investigate the evolution equation issue. For

some applications it is possible to use a physically consistent equation: for instance,

ocean surface motion is described with a shallow-water model. If we are concerned with

video sequences of rigid objects, the transport of velocity by itself is relevant for locally

translational displacements, but becomes inadequate for rotational or discontinuous

motion. A solution is to build a parametric model of the image dynamics: the spatio-

temporal domain is first divided in sub-domains and the transport equation is assumed

to correctly describe the dynamics on each of them.

A second perspective is to investigate the spatial regularization of the state vector X

through the observation covariance matrix R.

A last perspective addresses the experimental application chosen in the paper: the

estimation of optical flow. The optical flow equation has been used as observation

equation. This equation has the advantage to be linear but is only an approximation

of the transport of image brightness by velocity. The initial transport equation, even if

non linear, can be used as observation equation. The differential and adjoint operator

of the observation model can be determined if the image brightness is supposed to be

differentiable. The 4D-Var algorithm, described in Subsection 3.3, could then be used

with such observation equation.

A The Euler-Lagrange equation of E (10)

Let us first compute the derivative of E in direction η using definition (11):

E(X + γη) =
1

2

Z

A

Z

A

(Xt + γηt +▼(X + γη))T Q−1 (Xt + γηt +▼(X + γη))T dxdtdx′dt′

+

Z

A

Z

A

❍(X + γη,Y)T R−1
❍(X + γη,Y)dxdtdx′dt′

+

Z

Ω

Z

Ω

(X + γη − Xb)
T B−1(X + γη − Xb)dxdx′

d

dγ
E(X + γη) =

Z

A

Z

A

„

ηt +
d

dγ
▼(X + γη)

«T

Q−1 (Xt + γηt +▼(X + γη)) dxdtdx′dt′

+

Z

A

Z

A

d

dγ

“

❍(X + γη,Y)T
”

R−1
❍(X + γη,Y)dxdtdx′dt′

+

Z

Ω

Z

Ω

ηT B−1(X + γη − Xb)dxdx′

Let us γ tend to zero:

∂E

∂X
(η) =

Z

A

Z

A

„

ηt +
∂▼

∂X
(η)

«T

Q−1 (Xt +▼(X)) dxdtdx′dt′

+

Z

A

Z

A

„

∂❍

∂X
(η)

«T

R−1
❍(X,Y)dxdtdx′dt′

+

Z

Ω

Z

Ω

ηT B−1(X − Xb)dxdx′
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We use integration by parts in order to factorize each term with ηT :

∂E

∂X
(η) =

Z

A

Z

A

ηT

„

δ(t = T) − δ(t = 0) −
∂

∂t
+

„

∂▼

∂X

«

∗
«

Q−1 (Xt +▼(X)) dxdtdx′dt′

+

Z

A

Z

A

ηT

„

∂❍

∂X

«

∗

R−1
❍(X,Y)dxdtdx′dt′

+

Z

Ω

Z

Ω

ηT B−1(X − Xb)dxdx′

Let us introduce the adjoint variable λ in the previous expression and use Fubbini’s theorem:

∂E

∂X
(η) =

Z

Ω

ηT (x,T)λ(x,T)dx −

Z

Ω

ηT (x, 0)λ(x, 0)dx

+

Z

A

ηT (x, t)

„

−
∂λ

∂t
+

„

∂▼

∂X

«

∗

(λ)

«

dxdt

+

Z

A

ηT (x, t)

„Z

A

„

∂❍

∂X

«

∗

R−1
❍(X,Y)dx′dt′

«

dxdt

+

Z

Ω

ηT (x, 0)

„Z

Ω

B−1(X(x′, 0) − Xb(x
′))dx′

«

dx

A solution of
∂E

∂X
(η) = 0 ∀η w.r.t. X verifies the following system:

λ(x,T) = 0 (49)

−λ(x, 0) +

Z

Ω

B−1(X(x′, 0) − Xb(x
′))dx′ = 0 (50)

−
∂λ

∂t
+

„

∂▼

∂X

«

∗

(λ) +

Z

A

„

∂❍

∂X

«

∗

R−1
❍(X,Y)dx′dt′ = 0 (51)

Using the definition of inverse covariance (26), Equation (50) is rewritten as:

X(x, 0) = Xb(x) +

Z

Ω

B(x,x′)λ(x′, 0)dx′ (52)

and the state vector is expressed from λ using (12):

∂X

∂t
+▼(X) =

Z

A

Q(x, t,x′, t′)λ(x′, t′)dx′dt′ (53)

Equations (49), (51), (52) and (53) are the Euler-Lagrange equations.

B Determination of the adjoint operators

B.1 Differential of ▼

The operator ▼ is defined by:

▼(W) = WT
∇W =

„

▼1(W)
▼2(W)

«

=

„

UUx + V Uy

UVx + V Vy

«

The differential of ▼ is formally equal to the following Jacobian matrix:

∂▼

∂W
=

0

B

B

@

∂▼1

∂U

∂▼1

∂V

∂▼2

∂U

∂▼2

∂V

1

C

C

A

(54)
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Each element of this matrix is obtained using the definition of the directional derivative.

Considering the first element of
∂▼

∂W
, the directional derivative with respect to U in direction

η1 is given by:
„

∂▼1

∂U

«T

η1 = lim
γ→0

d

dγ

`

▼1(U + γη1, V )
´

and we obtain:

∂▼1

∂U

T

η1 = Uη1
x + V η1

y + Uxη1

∂▼1

∂V

T

η2 = Uyη2

∂▼2

∂U

T

η1 = Vxη1

∂▼2

∂V

T

η2 = Uη2
x + V η2

y + Vyη2

∂▼

∂W
=

„

U∂x + V ∂y + Ux Uy

Vx U∂x + V ∂y + Vy

«

In equation (25), the differential of ▼ appears as a directional derivative in direction δW and
it has been defined in such a way (see equation (54)) that the Jacobian matrix does not need
to be transposed to compute the derivative in a given direction. It is therefore evaluated as:

∂▼

∂W
(δW) =

∂▼

∂W
δW =

0

B

B

@

∂▼1

∂U
δU +

∂▼1

∂V
δV

∂▼2

∂U
δU +

∂▼2

∂V
δV

1

C

C

A

=

„

UδUx + V δUy + UxδU + UyδV
UδVx + V δVy + VxδU + VyδV

«

B.2 Adjoint operator of
∂▼

∂W

The adjoint operator of
∂▼

∂W
is formally defined by:

fi

∂▼

∂W
(δW), λ

fl

L2

=

fi

δW,

„

∂▼

∂W

«

∗

(λ)

fl

L2

=

Z „

∂▼

∂W
(δW)

«T

λdx

The directional derivative
∂▼

∂W
(δW) is a column vector and has to be transposed to perform

the scalar product with λ =
`

λ1 λ2
´T

:

Z „

∂▼

∂W
(δW)

«T

λdx =

Z „

UδUx + V δUy + UxδU + UyδV
UδVx + V δVy + VxδU + VyδV

«T „

λ1

λ2

«

dx

=

Z „

−δU∂x(Uλ1) − δU∂y(V λ1) + δUUxλ1 + δV Uyλ1

δUVxλ2
− δV ∂x(Uλ2) − δV ∂y(V λ2) + δV Vyλ2

«

dx

=

Z

`

δU δV
´

„

−Uλ1
x − Vyλ1 − V λ1

y + Vxλ2

−Uxλ2 − Uλ2
x − V λ2

y + Uyλ1

«

dx

=

Z

`

δU δV
´

„

−U∂x − V ∂y − Vy Vx

Uy −U∂x − V ∂y − Ux

« „

λ1

λ2

«

dx
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The adjoint operator of
∂▼

∂W
is:

„

∂▼

∂W

«

∗

=

„

−U∂x − V ∂y − Vy Vx

Uy −U∂x − V ∂y − Ux

«

and its expression in direction λ is:

„

∂▼

∂W

«

∗

(λ) =

„

−Uλ1
x − V λ1

y − Vyλ1 + Vxλ2

Uyλ1 − Uλ2
x − V λ2

y − Uxλ2

«

B.3 Differential of ❍ and adjoint operator

The operator ❍ is defined by:

❍(W, I)(x, t) = ∇I(x, t)T W(x, t) + It(x, t)

The differential of ❍ is:
∂❍

∂W
=

„

∂❍

∂U

∂❍

∂V

«

The first component is given by:

∂❍

∂U
η1 = lim

γ→0

d

dγ
❍(U + γη1, V )

= lim
γ→0

d

dγ

`

Ix(U + γη1) + IyV + It

´

= Ixη1

The same calculus leads for the second component to
∂❍

∂V
η2 = Iyη2 and finally the differential

of ❍ is:
∂❍

∂W
= ∇IT

The adjoint operator is defined by:

fi

∂❍

∂W
(δW), λ

fl

L2

=

fi

δW,

„

∂❍

∂W

«

∗

(λ)

fl

L2

=

Z

∇IT δWλdx

=

Z

δWT
∇Iλdx

And finally, the adjoint operator is:

„

∂❍

∂W

«

∗

= ∇I

C Numerical schemes

C.1 Evolution equation of the background variable

Equation (44) has two components and can be written as:

∂U

∂t
+ UUx + V Uy = 0 (55)

∂V

∂t
+ UVx + V Vy = 0 (56)
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Equation (55) is rewritten and split into the system:

F =
1

2
U2 (57)

∂U

∂t
+ Fx = 0 (58)

∂U

∂t
+ V Uy = 0 (59)

Equations (58) and (59) are now linear advection equations. They can be approximated using
the following schemes:

Uk+1

i,j −
1

2
(Uk

i+1,j + Uk
i−1,j)

△t
= −

1

2
(F k

i+1,j − F k
i−1,j)

Uk+1

i,j − Uk
i,j

△t
= −Sy(V, U)k

i,j

S is the discrete operator approximating the advection operator using a shock filter, defined
in the following in the y direction:

Sy(V, U)i,j = max(Vi,j , 0) (Ui,j − Ui,j−1) + min(Vi,j , 0) (Ui,j+1 − Ui,j)

Equation (56) is rewritten and split into the system:

G =
1

2
V 2

∂V

∂t
+ Gy = 0

∂V

∂t
+ UVx = 0

and then approximated by:

V k+1

i,j −
1

2
(V k

i,j+1
+ V k

i,j−1
)

△t
= −

1

2
(Gk

i,j+1 − Gk
i,j−1)

V k+1

i,j − V k
i,j

△t
= −Sx(U, V )k

i,j

C.2 Evolution equation of the adjoint variable

Equation (45) has two components and can be rewritten as follow:

− λ1
t − Uλ1

x − Vyλ1
− V λ1

y + Vxλ2 = IxA (60)

−λ2
t − Uλ2

x − Uxλ2
− V λ2

y + Uyλ1 = IyA (61)

with A = −R−1 ⋆ L. Equation (60) is split into:

−λ1
t = Uλ1

x + Vyλ1

−λ1
t = V λ1

y − Vxλ2 + IxA

The numerical scheme is retrograde because the initial condition for λ1 is given at time t = T.
We use an explicit Euler scheme:

−
(λ1)k

i,j − (λ1)k−1

i,j

△t
= Sx(U, λ1)k

i,j +
1

2
(V k

i,j+1 − V k
i,j−1)(λ1)k

i,j

−
(λ1)k

i,j − (λ1)k−1

i,j

△t
= Sy(V, λ1)k

i,j −
1

2
(V k

i+1,j − V k
i−1,j)(λ

2)k
i,j + (IxA)k

i,j
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The numerical scheme is written:

(λ1)k−1

i,j = (λ1)k
i,j + △t

„

Sx(U, λ1)k
i,j +

1

2
(V k

i,j+1 − V k
i,j−1)(λ1)k

i,j

«

(λ1)k−1

i,j = (λ1)k
i,j + △t

„

Sy(V, λ1)k
i,j −

1

2
(V k

i+1,j − V k
i−1,j)(λ

2)k
i,j + (IxA)k

i,j

«

The equation (61) is split into:

−λ2
t = Uλ2

x + Uxλ2

−λ2
t = V λ2

y − Uyλ1 + (IyA)

and the numerical scheme is:

(λ2)k−1

i,j = (λ2)k
i,j + △t

„

Sx(U, λ2)k
i,j +

1

2
(Uk

i+1,j − Uk
i−1,j)(λ

2)k
i,j

«

(λ2)k−1

i,j = (λ2)k
i,j + △t

„

Sy(V, λ2)k
i,j −

1

2
(Uk

i,j+1 − Uk
i,j−1)(λ1)k

i,j + (IyA)k
i,j

«

C.3 Evolution equation of the incremental variable

Equation (46) has two components which are expressed as follow:

δUt + UδUx + V δUy + UxδU + UyδV = Q ⋆ λ1 (62)

δVt + UδVx + V δVy + VxδU + VyδV = Q ⋆ λ2 (63)

Equation (62) is split into:

δUt + UδUx + UxδU = 0

δUt + V δUy + UyδV = Q ⋆ λ1

Again, linear advection terms are approximated using shock filter.

δUk+1

i,j − δUk
i,j

△t
= −Sx(U, δU)k

i,j −
1

2
(Uk

i+1,j − Uk
i−1,j)δUk

i,j

δUk+1

i,j − δUk
i,j

△t
= −Sy(V, δU)k

i,j −
1

2
(Uk

i,j+1 − Uk
i,j−1)δV k

i,j + (Q ⋆ λ1)k
i,j

Equation (63) is split into:

δVt + UδVx + VyδV = 0

δVt + V δVy + VxδU = Q ⋆ λ2

and approximated by:

δV k+1

i,j − δV k
i,j

△t
= −Sx(U, δV )k

i,j −
1

2
(V k

i,j+1 − V k
i,j−1)δV k

i,j

δV k+1

i,j − δV k
i,j

△t
= −Sy(V, δV )k

i,j −
1

2
(V k

i+1,j − V k
i−1,j)δUk

i,j + (Q ⋆ λ2)k
i,j
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Using models of dynamics for large displacement

estimation on noisy acquisitions
Dominique Béréziat and Isabelle Herlin

Abstract—The paper discusses the issue of motion estimation
on noisy images displaying large displacements, due to high
velocity values. “Noisy” means that the data contain either
missing acquisitions on isolated points, regions, frames or noisy
measures. Assuming the dynamics is partially accessible from
heuristics and modeled, the objective is to include this knowledge
in the computation of the solution even if large displacements
occur from one frame to the next one and if the data are noisy.
This is performed by Data Assimilation techniques which simulta-
neously solve an evolution equation and an observation equation.
The evolution equation includes the partial knowledge on the
dynamics. The observation equation describes the transport of
image brightness and is written in a non-linear form in order to
better characterize large displacements. The assimilation method
is a weak 4D-Var algorithm, in which each component of the Data
Assimilation system is associated to an error. We prove that the
observation covariance matrix can be used to discard the noisy
data during the computation of the solution letting the evolution
equation estimate motion from adjacent frames on these pixels.
The method is quantified on synthetic data and illustrated on
oceanographic satellite images.

Index Terms—Optical flow, Variational Data Assimilation, SST
images.

I. INTRODUCTION

Motion estimation is one major task of Image Processing. It

is applied for instance on satellite data to study the cloud struc-

tures dynamics or to estimate the ocean surface circulation. In

the medical domain, motion detection is used for analyzing

the dynamics of organs: abnormalities of the cardiac cycle

are detected with ultrasound imaging and the brain neural

activity is controlled with magneto and electroencephalog-

raphy (MEG/EEG) or magnetic resonance imaging (MRI).

In video surveillance, motion information permits to assess

people behavior.

Motion vectors fields are often inferred from the Optical

Flow Constraint [5] but this equation is only valid for small

displacements as it results from the linearization of a non linear

equation. However, large displacements frequently occur if the

time period of the acquisition process is too large compared

to the observed dynamics. There are two main approaches to

deal with this issue. The first one solves the Optical Flow

Constraint equation with an incremental algorithm [8], [12],

each iteration remaining a linear problem. The second one

directly solves the non linear equation of image brightness

transport. Such method is named warping method [4].

An additional difficulty concerns the quality of images:

as widely known, the image data are commonly noisy. This

degradation has various origins: a failing acquisition process,

occluding structures (clouds over the sea, people behind ob-

jects, ...), or a poor quality of the signal (ultrasound imaging

for instance). The corresponding values should be ignored or

given a low weight during the estimation process and the final

result.

Estimating a motion field from two consecutive images

with the optical flow constraint is an ill-posed problem and

additional information must be provided to obtain a unique

solution. Usually the uniqueness is obtained by constraining

the space of the solutions. This method, named Tikhonov

regularization, is widely used in the literature [13]. However,

this is too restrictive and not always justified according to the

experimental context.

Sometimes the underlying dynamics is partially known. This

is the case if the physical processes, visualized on images,

are accurately modeled by the specialists. In meteorology and

oceanography, equations, approximately describing apparent

motion on the image data, can be derived from the fluid

flow dynamics. In the medical domain, efforts are engaged

to describe the electro-mechanic cardiac cycle and the brain

electric activity, and first dynamic models are now available.

The problem is then to include this knowledge in the computa-

tion of the solution: this is achieved using Data Assimilation

methods. Knowing the approximate dynamics provides two

major advantages as it had been discussed in [2]: first, a unique

solution can be obtained without any Tikhonov regularisation

and, second, a solution is obtained even if the observation

are noisy. Using Data Assimilation to determine motion from

image sequences is an emerging domain. In [10], the optical

flow constraint is used as observation equation to compute ve-

locity and two alternative evolution equations are considered: a

Navier-Stokes equation ruling the fluid velocity and a transport

of velocity by itself for addressing rigid motions. In [11],

the velocity field of several atmospheric layers is computed

from pressure images and shallow-water equations are used

as evolution equation for velocity and pressure. In [6], the

surface velocity field is estimated from SST images with a

shallow-water model and an advection/diffusion equation for

the temperature.

In this paper, the issue of motion estimation is investigated

in the following context: the displacements may be large and

approximately ruled by the transport of brightness; observa-

tions may be noisy but the localization of noisy pixels is

known by the user from metadata. Without any information

on the image dynamics, the transport of velocity by itself is

considered. Such assumption means that the motion vector is

constant over time along the pixel trajectory. As this model

is rough, derivation from it is accepted in the estimation

process. In Section II, the issue of motion estimation is

introduced, and equations ruling the evolution of brightness
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and the dynamics are discussed. In Section III, the variational

data assimilation framework is briefly described for a complete

understanding of our method. Section IV gives a discussion

about the covariance matrix associated to the error involved

in the observation equation. We explain how to use it to

discard noisy data from the solution and to add spatio-temporal

regularity constraints on the solution. In Section V, results

are quantified on synthetic images and displayed on SST

data acquired over the Black Sea. Concluding remarks and

perspectives are given in Section VI.

II. DEFINING THE EVOLUTION OVER THE IMAGE

SEQUENCE

Optical flow measures the displacement of patterns on a

sequence of images. This is one signature of the physical

processes occurring in the scene during the acquisition. Equa-

tions ruling it therefore depend on the studied context. A first

example concerns the estimation of fluid particles velocity

from a mass conservation equation:

∂I

∂t
+ ∇T (IV) = 0 (1)

with I denoting the image value, ∇ the spatial gradient, ∇T

its transpose and V the velocity. This equation is suitable

if, for instance, I is an image of pressure and V the blood

speed [15] or I is an image of temperature (satellite infrared

image) and V the clouds displacement [3], [7]. A second

example, commonly used for video sequences, assumes that

moving objects display a Lambertian surface and the optical

flow is modeled as the transport of image brightness by the

velocity vector:

I(x + V(x; t)△t; t + △t) = I(x; t)

x and t are space-time coordinates, △t is the time step

between two frames and can be set to 1 without any loss of

generality:

I(x + V(x; t); t + 1) = I(x; t) (2)

Being non linear, Equation (2) is commonly approximated by

a first-order Taylor expansion:

∂I

∂t
+ ∇IT V = 0 (3)

Equations (1), (2) and (3) are named observation equations as

they link the observations and the quantity to be computed,

named the state vector, which is the velocity field V.

As we are interested in tracking structures visualized on the

ocean surface, the displacements may be large if the time

period between two frames is high compared to the dynamics

time scale. Equation (3) is then no more valid and Equation (2)

is considered. This observation equation is not invertible

and provides an infinity of solutions. A first possibility to

overcome this difficulty is to look for the velocity V as the

minimum of an objective function and to include a constraint

on the velocity spatial variation. This is named the Tikhonov

regularization [13]:
∫ (

(I(x + V; t + 1) − I(x; t))2 + α2‖∇V‖2
)
dx (4)

The associated Euler-Lagrange equation is established and

leads to a non linear system. A semi-implicit scheme [4] can

then be used with the drawback of requiring the inversion of a

large matrix. A second possibility is to consider an incremental

method such as in [12]. In this case, we consider the value

I(x + Ṽ; t + 1) with Ṽ being the current estimate of the

velocity V, and subtract it in Equation (2). We obtain after a

first-order Taylor expansion:

∇IT (x; t)(V − Ṽ) + I(x + Ṽ; t + 1) − I(x; t) = 0 (5)

This equation is also ill-posed and requires a Tikhonov regu-

larization. The new objective function is:

∫ (
∇IT (V − Ṽ) + I(x + Ṽ; t + 1) − I)2 + α2‖∇V‖2

)
dx

(6)

Equation (5) being linear, the Euler-Lagrange equation asso-

ciated to (6) is linear and can be solved efficiently with a

Gauss-Seidel method [5]. It provides a solution for V from the

estimate Ṽ. Due to the Taylor expansion, the equation provides

an approximate solution of the transport equation (2). The

process is then iterated until convergence using the solution

from an iteration as the initial estimate for the next one.

However the dynamics of V may be sometimes approxi-

mated from heuristics and described by an evolution equation:

∂V

∂t
+▼(V) = 0 (7)

The operator ▼ is named evolution model. Given an initial

condition for V at time t = 0, it is possible to compute V at

any time t > 0 by integrating (7). The Tikhonov regularization,

corresponding to the second term of (6), is no more required.

Depending on the experimental context, various evolution

models may be considered. The best would be to consider the

mathematical equations describing the observed physical pro-

cesses. For instance in oceanography, the heat equation rules

the diffusion of the surface temperature and the shallow-water

equations describe the ocean surface circulation [6]. These

shallow-water equations are a simplification of the Navier-

Stokes equation describing turbulent and incompressible fluid

flows:

ρ
dV

dt
= F −∇p + µ∇2V (8)

F being the gravity force, p the pressure, ρ the fluid density,

and µ the kinetic viscosity. Without effective knowledge on

dynamics, simpler equations can be experimented, as the

Lagrangian constancy:

dV

dt
=

∂V

∂t
+ (VT∇)V = 0, (9)

However these evolution models are often an approximation

of the reality and deviations to them must be allowed during

the computation, as it is the case with weak data assimilation

techniques. Equation (9) is considered in the remainder of the

paper.
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III. DATA ASSIMILATION

Let X be the state vector and Y the observation vector

defined on a spatio-temporal domain A = Ω × [0, T ]. Data

Assimilation solves the following system of three equations:

∂X

∂t
(x, t) +▼(X)(x, t) = Em(x, t) (11)

❍(Y,X)(x, t) = Eo(x, t) (12)

X(x, 0) = Xb(x) + Eb(x) (13)

In addition to the evolution and observation equations

(Eqs. (11,12)), a constraint on the initial condition, Eq. (13),

is added. For linking with the previous section, Eq. (11)

and Eq. (12) respectively correspond to Eq. (7) and Eq. (3)

with X = V and Y = I in the case of motion estimation

from image data. An error term is added to each equation:

Em represents the deviation to the evolution equation, Eo

describes the errors on observation data and the deviation

from the observation equation, and Eb concerns the initial

condition uncertainty. These errors are supposed unbiased and

Gaussian, and fully characterized by their covariance matrix

Q, R and B. For solving the full system, the functional (10)

has to be minimized with respect to X. Its differential

is established by determining the directional derivative and

introducing the auxiliary variable (named adjoint variable)

λ(x, t) =

∫

A

Q−1(x, t,x′, t′)

(
∂X

∂t
+▼(X)

)
(x′, t′)dx′dt′.

As operators ▼ and ❍ are non linear, a local linearization

is applied: the state vector is written as X = Xb + δX,

with Xb the background variable and δX the incremental

variable. A Taylor development of ▼ and ❍ is performed at

the neighborhood of Xb. The following system of equations

has then to be solved (reader is referred to [2], [14] for a

complete description):

λ(x,T) = 0 (14)

−
∂λ

∂t
+

(
∂▼

∂X

∣∣∣
Xb

)∗

λ = −

∫

A

(
∂❍

∂X

∣∣∣
Xb

)∗

R−1 (15)

(
❍(Xb,Y) +

∂❍

∂X

∣∣∣
Xb

(δX)

)
dx′dt′

Xb(x, 0) = Xb(x) (16)

∂Xb

∂t
+▼(Xb) = 0 (17)

δX(x, 0) =

∫

Ω

Bλ(x′, 0)dx′ (18)

∂δX

∂t
+

∂▼

∂X

∣∣∣
Xb

(δX) =

∫

A

Qλ(x′, t′)dx′dt′ (19)

Operators

(
∂▼

∂X

)∗

and

(
∂❍

∂X

)∗

are the adjoint operators.

For a given operator ❑, the adjoint is mathematically defined

by:

〈❑(η)), λ〉 = 〈η,❑∗(λ)〉 (20)

The linearization of operators ▼ and ❍ leads to an inexact

solution of Equations (14) to (19) and requires to iterate

this incremental method. The background variable is first

computed from Equations (16) and (17). Background and

incremental variables are used to compute the adjoint variable

with Equations (14) and (15). After updating the background

variable with Xb = Xb +δX, a new value for the incremental

variable can then be computed from Equations (18) and (19).

The process is iterated up to convergence. This method, named

incremental 4D-var, has been designed specifically to solve

non linear evolution and observation models such as those

discussed in the previous section.

IV. THE ERROR COVARIANCE MATRIX

This section describes the use of error covariance matrices

to handle noisy data and to express spatio-temporal regularity

properties.

First, for a general discussion, let Z be a stochastic state

vector depending on the spatial coordinate x and Σ its covari-

ance matrix:

Σ(x,x′) =

∫∫
(Z(x) −❊(Z))

T
(Z(x′) −❊(Z)) dP (x,x′)

dP (x,x′) being the density of (Z(x), Z(x′)) and ❊ the

expectation. The inverse of Σ is defined in [9] by:
∫

Σ−1(x,x′′)Σ(x′′,x′)dx′′ = δ(x − x′) (21)

A first class of covariance matrices concerns the one depending

on x−x′: Σ(x,x)′ = Σ(x−x′). Equation (21) can be rewritten

as a convolution product

∫
Σ−1(r − r′)Σ(r′)dr′ = δ(r) with

r = x − x′ and r′ = x′′ − x′. This corresponds to a simple

product Σ̂−1(ω)Σ̂(ω) = 1 in the Fourier space. It is then

much easier to compute the inverse covariance matrix in the

Fourier domain. A Dirac covariance, Σ(x,x′) = δ(x − x′),
has an inverse which is also a Dirac function, and we

have

∫∫
ZT (x)Σ−1Z(x′)dxdx′ =

∫
‖Z(x)‖2dx. Applying

a Dirac covariance is therefore equivalent to a zero-order

regularization. For an exponential covariance, Σ(x,x′) =

exp

(
−
‖x − x′‖

σ

)
, we have

∫∫
ZT (x)Σ−1Z(x′)dxdx′ =

∫
1

2σ

(
‖Z(x)‖2 + σ2‖∇Z(x)‖2

)
dx [2], which is equivalent

E(X) =

∫

A

∫

A

(∂X

∂t
+▼(X)

)T
(x, t)Q−1(x, t,x′, t′)

(∂X

∂t
+▼(X)

)
(x′, t′)dxdtdx′dt′

+

∫

A

∫

A

❍(X,Y)T (x, t)R−1(x, t,x′, t′)❍(X,Y)(x′, t′)dxdtdx′dt′

+

∫

Ω

∫

Ω

(
X(x, 0) − Xb(x)

)T
B−1(x,x′)

(
X(x′, 0) − Xb(x

′)
)
dxdx′

(10)
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to a first-order regularization.

A second class concerns covariance matrices written as

Σ(x,x′) = S(x)δ(x − x′). We have Σ−1(x,x′) = δ(x −
x′)S−1(x). In this case, the error is localized. These matrices

are used to weight the contribution of pixels in the energy

function (10).

To avoid noisy data having an impact on the solution, we

define the inverse of the observation covariance matrix R as:

R−1(x, t;x′, t′) = δ(x − x′)δ(t − t′)f(x, t) (22)

with f a confidence measure which is close to 0 if the obser-

vation value must be discarded because the acquisition process

failed or the observation model is wrong. A first category

of pixels is identified from metadata with a function fsensor

that expresses the quality of the acquisition. For example SST

images contain clouds occluding the ocean surface: these areas

are flagged by the provider and fsensor has a low value on

these pixels. A second category concerns pixels having a small

value of the space-time gradient norm: Equation (2) becomes

true whatever the value of V as it reduces to 0 = 0. To

discard these pixels from the computation we define the quality

function f❍ such as:

f❍(x, t) = 1 − exp

(
−
‖∇3I(x, t)‖2

σ

)
(23)

with ∇3 the gradient operator on the space-time domain.

The function f in Eq. (22) is then defined by f(x, t) =
fsensor(x, t)f❍(x, t).

Another concern is the spatial regularization of the re-

sult. Our objective is to perform this regularization with the

observation error covariance matrix R. Applying a spatial

regularization to the state vector X may be seen as defining a

piecewise constant approximation Xpc. This issue is formal-

ized by extending the observation vector as Y′ = (Y, 0)T :

the observations Y will be compared to X as previously and

null observations of ∇X are given in order to force X to

be piecewise constant. For the optical flow estimation, the

observation equation is rewritten as:

❍
′(V, I) =

(
I(x + V, t + 1) − I(x, t)

∇V

)
= Eo (24)

This is a two-component equation and the inverse of the error

covariance matrix is defined as:

R′(x, t;x′, t′) =

(
R−1(x, t;x′, t′) 0

0 γδ(x − x′)

)
(25)

with γ > 0 and R−1 written as in Eq. (22). Using ❍′ and

R′−1 from Eq. (24) and (25), with γ = α2, we have:
∫∫
❍

′(X,Y′)T R′−1
❍

′(X,Y′)dxdtdx′dt′ =
∫ (

f(x, t)(I(x + V, t + 1) − I(x, t))2 + α2‖∇V‖2
)
dxdt

(26)

The second part of this integral may be recognized as the

classical Tikhonov regularization involved in Eq. (4). The data

assimilation method, applied on the state vector X, with the

observation Y′ and the matrix R′, actually performs the same

regularization in an indirect way.

V. IMPLEMENTATION AND RESULTS

Details for determining the differential and adjoint operator

of ▼(V) = ∇VT V are given in [2]. The differential of

❍(V, I) = I(x+V, t+1)− I(x, t) is ∇IT (x+V, t+1)
def
=

∇IT ◦ V [4] and the adjoint operator is the transpose. A

Dirac covariance is chosen for Q and B. Equations (17,15,19)

correspond to the three following EDPs:

∂V

∂t
+ VT

b ∇Vb = 0 (27)

−
∂λ

∂t
−∇λT Vb − λT∇⊥Vb = L (28)

∂δV

∂t
+ VT

b ∇δV + ∇VT
b δV = λ (29)

The right member of Equation (28) is:

L = −∇I ◦ Vb

(
I ◦ Vb − I + ∇IT ◦ VbδV

)
f❍fsensor

Discretisation is performed as follows. Equation (27) is a non

linear advection and a robust explicit numerical scheme is

proposed in [2]. Equations (28) and (29) have linear but non

constant advection terms with additional forcing terms. The

advection terms are discretized using an upwind scheme [1].

The initial condition Xb, in Equation (16), is given by the

Horn & Schunck algorithm [5].

A. Synthetic data

The potential of the method is first demonstrated on a

synthetic sequence displaying two squares, one moving down

and the other moving up, meeting each other on the last

frames. Figures 1(a) and 1(b) show the results obtained at

the beginning and the end of the sequence for Horn &

Schunck (HS) and Data Assimilation (DA) methods. HS has

the drawback of spatially smoothing the velocity field at

the junction of the two squares at the end of the sequence

producing sometimes a wrong direction for the motion vector.

The heuristics on the dynamics is successfully exploited by

DA that estimates a correct direction of the motion field.

B. Satellite data

The algorithm has also been used on a sequence of 17

SST images, acquired by NOAA-AVHRR in July 1998 over

the Black Sea. The image data present major difficulties: (1)

Figure 2(a) and 2(b) display two consecutive frames with

a cloud occluding a large region and displaying a large

displacement; (2) Figure 2(c) shows data missing due to a

registration problem; (3) the pixel brightness is subject to large

variations on the sequence due to varying acquisition times and

atmospheric conditions (see frame 10 in Figure 2(d) which

is darker than other frames). To deal with this last problem,

we use the coarse hypothesis of constant brightness variation

along the trajectory: dI
dt

= a, with a being a real constant.

Consequently ∂
∂x

(
dI
dt

)
= d

dt

(
∂I
∂t

)
= 0 and we consider ∂I

∂x
as

input data instead of the image function I .

For analyzing results, we focus on a small region of interest,

marked by the blue square in Figure 2(b). Magnification

is displayed at several acquisition dates in Figure 2(d). It

shows a black structure evolving with a translational motion,



IEEE TRANSACTIONS ON IMAGE PROCESSING 5

(a) Result on frame 3 for HS(left) DA (right).

(b) Result on frame 9 for HS (left) and DA (right).

Fig. 1. Results on synthetic data.

from right to left, during the first frames and then with a

counter clockwise rotational motion during the remainder of

the sequence. The acquisitions also display missing data on

frames 9 and 11. Figure 3 shows the results of HS and DA on

the second frame. The two methods give similar results. This

demonstrates that the spatial regularity involved in HS may

be suppressed and replaced by the evolution equation if the

dynamics is correctly modeled. Figure 4 displays the results

Fig. 3. Result on SST with HS (left) and DA (right) on frame 2.

obtained on the third and fourth frames (partially occluded

by a cloud). As HS computes spatio-temporal gradients using

consecutive frames, it fails if gradients are computed on

missing data. DA, however, provides a good result because

these pixels are discarded due to the confidence function f :

the solution is obtained from the evolution equation. Figure 5

illustrates results on the tenth and eleventh frames with many

missing pixels. HS fails to provide a coherent velocity field.

DA successes again thanks to the evolution equation and the

discard of missing data.

VI. CONCLUDING REMARKS

In the paper, we proposed a method to estimate large

displacements from an image sequence including some noisy

data. The method relies on an evolution equation which ap-

proximately describes the image dynamics. Data assimilation

is used to simultaneously solve the evolution and brightness

transport equations. Noisy data are identified by a confidence

function and discarded from the computation of the solution,

that is then estimated from the evolution equation on these

pixels. A spatial regularization of the solution may be obtained

from a suitable observation equation and its covariance matrix.

(a) Large cloud in black occluding the Sea. (b) Next frame. (c) Missing data on the right part of the acquisi-
tion.

(d) Region of interest on frames 2, 3, 4, 9, 10 and 11.

Fig. 2. SST sequence with noisy data.
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(a) Frame 3.

(b) Frame 4.

Fig. 4. Cloud occultation: HS (left) and DA (right).

(a) Frame 10.

(b) Frame 11. The background – see frame 11 in Figure 2(d) – has been
removed in order to enhance visibility.

Fig. 5. Missing data: HS (left) and DA (right).

We discussed the relevance of the method on satellite images

displaying various types of missing data. As the dynamics

is obtained from heuristics, we allowed inaccuracies of the

evolution equation by involving a model error in the equations.

Even if the dynamics’ model is inaccurate, we obtain better

results than standard optical flow methods because the missing

data are correctly managed by our method.

The major perspective is to define an evolution model

dealing with spatio-temporal discontinuities of the dynamics.

If the state vector is too different from the observations at

a given time step, the method should consider a dynamics’

discontinuity and the evolution equation should no more be

involved in the computation of the solution. This could be

obtained by increasing the error model and its covariance

matrix Q. However the problem will then become ill-posed

and require a spatial regularization at that time step. The

difficulty is to define adaptive covariances Q and R driven

by the observations and the state vector in order to release the

weight of the evolution equation and to apply regularization

if necessary.
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[2] D. Béréziat and I. Herlin. Solving ill-posed image processing problems
using data assimilation. Numerical Algorithms, to appear, 2010. 1, 3, 4

[3] D. Béréziat, I. Herlin, and L. Younes. A generalized optical flow
constraint and its physical interpretation. In CVPR, pages 487–492,
June 2000. 2

[4] T. Brox, A. Bruhn, N. Papenberg, and J. Weickert. High accuracy optical
flow estimation based on a theory for warping. In ECCV, volume 4,
pages 25–36, May 2004. 1, 2, 4

[5] B. Horn and B. Schunk. Determining optical flow. Artificial Intelligence,
17:185–203, 1981. 1, 2, 4

[6] E. Huot, I. Herlin, and G. Korotaev. Assimilation of SST satellite images
for estimation of ocean circulation velocity. In IGARSS, July 2008. 1,
2

[7] T. Isambert, J. Berroir, and I. Herlin. A multiscale vector spline method
for estimating the fluids motion on satellite images. In ECCV. Springer,
Oct. 2008. 2

[8] J.-M. Odobez and P. Bouthemy. Direct incremental model-based image
motion segmentation for video analysis. Signal Processing, 66(2):143–
155, 1998. 1

[9] D. Oliver. Calculation of the inverse of the covariance. Mathematical

Geology, 30(7):911–933, 1998. 3
[10] N. Papadakis, T. Corpetti, and E. Mémin. Dynamically consistent optical
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ABSTRACT

The goal of this study is to classify the coconut fields, observed on remote sensing images, according to their
spatial distribution. For that purpose, we use a technique of point pattern analysis to characterize spatially a
set of points. These points are obtained after a coconut trees segmentation process on Ikonos images. Coconuts’
fields not following a Poisson Point Process are identified as maintained, otherwise other fields are characterized
as wild. A spatial analysis is then used to establish locally the Poisson intensity and therefore to characterize
the degree of wildness.

Keywords: Poisson Point Process, Ripley’s function, quadrant count, nearest neighbor distances, coconut fields
typology.

1. INTRODUCTION

French Polynesia government wants to improve their knowledge about the coconut (Cocos Nucifera L.) fields and
specially to evaluate the coconut fields regeneration of old trees planted in the 1980’s. The goal is to enhance
the management of Coprah oil extraction as an alternative fuel. The French Polynesia Government acquired in
2003 some RGB pansharpened Ikonos images at 1m pixel resolution on ground for this purpose. Coconuts are
detected using a segmentation process based on a marker-controlled watershed algorithm. For each crown, a
center of mass, weighted by the values of the pixels in each RGB channels, is computed to estimate the canopies’
center.1 We finally obtain a set of point that we want to characterize as several type according to their spatial
distribution.

In this study, we use Poisson Point Process (PPP) to characterize wild (or natural) coconut plantations. If
the point pattern does not follow a Poisson Process Point, then the planting is considered as maintained. If
the plantations are natural, and therefore identified as a Poisson Point Pattern, then we seek to segment these
regions according to a criterion of homogeneity based on the density of the coconut trees. This density is directly
related to the parameter of the Poisson distribution. If the density is not uniform, it has to be estimated locally.

We first focus on the Quadrant Count Method. It can be described simply by partitioning the data set into
equal sized sub regions. Then some statistics are computed in each quadrant to determine if the observed data
are clustered or not.

Another method is to simulate different outcomes of a Poisson Point Pattern, whose the intensity has been
estimated from the observation, to compare these achievements with the observation using a suitable distance
such as Ripley’s K-function,2, 3 L-function, Pair Correlation function (g-function), and to deduce whether the
point pattern is spatially uniform or not.

In this paper, we propose to segment regions by analysis of the histogram of the estimated density and
according to some theoretical density values for this specific species of coconut trees. We then obtain three regions

Further author information: (Send correspondence to Teina R.)
Teina R.: E-mail: Raimana.Teina@lip6.fr, Telephone: +33 (0) 1 44 27 88 16
Béréziat D.: E-mail: Dominique.Bereziat@lip6.fr



that we can classify as less wild, maintained and wild or natural plantations with the result of a comparison to
a Poisson process.

These point pattern analysis methods are applied to coconut field types on the island of Tikehau.

2. DATA AND STUDY AREAS

The study focuses on the atoll of Tikehau, which is located in the north-east of the French Polynesia Territory,
specially on the main motu (a motu is one of the small islands constituting an atoll).
Previous works were done to segment the trees’ crown using a marker-controlled watershed approach.1 Thus,
for each crown, a weighted center of mass is computed using informations from the three channel R,G and B of
the Ikonos image. Each tree’s center is then located by its Cartesian coordinates. Figure 1 shows a picture of
the atoll of Tikehau and the main motu on which six study regions are located. These regions are representative
of the several fields type available on the atoll.

Figure 1. The Atoll of Tikehau and the study areas on the main motu.

3. THEORETICAL BACKGROUND

3.1 Spatial Poisson Point Process

A Poisson Point Process is a set of points X = {Xi} in a domain S ⊂ �n verifying the following properties:

1. For any B ⊂ S, the number of points belonging to B, denoted |X ∩B| in the remain of this paper, follows
a Poisson law with parameter λA(B), i.e.

P (|X ∩ B| = n) = e−λA(B) (λA(B))n

n!
(1)

where A(B) stands for the area of B.

2. If B1 and B2, two subsets of S, are disjoint, then |X ∩ B1| and |X ∩ B2| are independent.



Figure 2. Uniform Poisson point process simulated in the unit square with λ = 100, 200 and 300.

(a) λ(x, y) = e2+5x (b) λ(x, y) = e−2x (c) λ(x, y) = e2x+5y

Figure 3. Inhomogeneous Poisson point process simulated in the unit square using different intensity function λ(x, y).

The parameter λ, which fully characterizes the Poisson process, is called intensity. Often, this parameter depends
on a spatial coordinate, because the distribution may differ from a region to another one. Such a process is then
called Spatial Poisson Point Process (SPPP). A SPPP can be used to characterize, for example, a random
distribution of points in space, like a wild coconut field, by building a statistical test: a set of points coordinates
are distributed as a Poisson process (H0) against a non Poisson process (which can characterize a domestic
coconut field for instance).

One possible way to characterize a set of point pattern as SPPP is to estimate the intensity in equal area
units using an appropriate statistical estimator, such as,4 and to show how the intensity of SPPP varies. It may
be constant (“uniform” or “homogeneous”) or may vary depending on location (“spatial” or “inhomogeneous”).
A Poisson point process, with a constant intensity λ, is also called Complete Spatial Randomness (CSR) in the
literature.

Assuming the intensity of the PPP does not depend on space, the expectation of number of points in a given
region B is given by:

�(|X ∩ B|) = λA(B)

because |B| follows a Poisson distribution with intensity λA(B). Let us suppose now the intensity depends on
spatial location �x, it can be shown that:

�(|X ∩ B|) =

∫

B

λ(x)d�x (2)

Figure 2 shows some simulated realizations of a Poisson Point Process with various values of intensity.
Figure 3 shows some simulated realizations of an Spatial Poisson Point Process using various non constant
intensity function depending on spatial position.

If the intensity is inhomogeneous, the intensity function can be estimated locally under the assumption of
locally constancy. In the following subsection, we present such a method based on an image regular partitioning.



3.2 Quadrant Test

To identify a wild plantation, i.e a PPP, a χ2 test denoted to test the hypothesis of distribution of two samples,
is used on several subregions B1, B2, ...Bm of equal area, called quadrants (or quadrats). Then, points belonging
to each quadrant is counting: nj = n(X ∩ Bj) for j = 1, ..., m. Under the hypothesis of homogeneous Poisson
Point Pattern (or CSR), the {nj} are independent and identically distributed.
For each subregions, we estimate the intensity function λ (under hypothesis of a CSR). To verify their spatial
homogeneity, a set of samples pattern is generated using the estimated intensity function λ. Then, we check if
the samples are significantly closed to the observation. To perform the comparison, the distance between two
samples must be considered. Several distances can be used, such as:

1. the Pearson distance χ2 goodness-of-fit test;5

2. the Clark Evans distance (CE):6 it compares the mean distance between nearest neighbors to expected
distance between nearest neighbors when the points are dispersed in a random pattern;

3. the index of dispersion (ID):7–9 it is a quadrant based index computed on the frequency of events in each
quadrant and the number of quadrants

4. the distance index of dispersion (I):10 it is a distance based on point-to-event distances. I = 2 suggests a
random pattern, I < 2 a uniform pattern and I > 2 a clustered pattern.

Quadrant based methods are very dependent of the space partition and it therefore does not show necessarily
the spatial variation of the intensity function λ between two adjacent regions. Another method, described in the
next Section allows us a visual interpretation of the spatial variation of the intensity function λ.

3.3 Kernel Estimation

A second approach is to estimate the intensity function λ using a kernel method such as.11 This method
computes a mass value for each point of the process in order to estimate λ, these values are then smoothed
using a Gaussian convolution. This smoothing allows the visualization of λ disparities at various scale σ such
as illustrated in Figure 4. Regions obtains by thresholding can provide good candidates for an image partition
spatially homogeneous with respect to λ.

In order to analyze the interactions between neighbor points, a second order method should be used. This is
described in the next Subsection.

3.4 Second order analysis

Ripley’s K-function2, 3 is widely used as a second order descriptive statistic in two-dimensional point pattern
analysis. This function analyzes all point-to-point distance, as opposing to a first order analysis like nearest
distance. Ripley defines the K-function for a point process such as λK(r) is the expected number of other points
of the process within a distance r. Under a CSR assumption, the expected number of points belonging to a circle
centered on x with radius r is λπr2. The general form of the estimator of K is

K̂(r) =
1

λ̂2A(S)

n∑

i=1

n∑

j �=i

�{||xi−xj||≤r}e(xi, xj , r) (3)

where e(xi, xj , r) is an edge correction used for eliminating biais due to the edge effect. Several edge correction
strategies are available in the literature, see12 for a survey of edge effect corrections. S is the spatial domain and

� is the indicator function defined as �{||xi−xj ||≤r} =

{
1 if ||xi − xj || ≤ r

0 otherwise
.

Under the assumption of CSR, we have K̂(r) = πr2, otherwise values such as K̂(r) < πr2 suggest clustering

while values such as K̂(r) > πr2 suggest a regular pattern. The interpretation of the K-function is often difficult.
A commonly-used transformation of is the L-function13 defined as:

L(r) =

√
K(r)

π
(4)



Figure 4. Various estimations of the intensity function λ(u) using different values of the Gaussian kernel convolution.

Under the hypothesis of a CSR, we have Lpois(r) = r.

The Ripley’s K-function is cumulative, so it becomes problematic to interpret the spatial interaction at larger
distances. The pair correlation function g(r)14, 15 is better for this purpose and for a stationary point process
the g(r) function is defined as:

g(r) =
K ′(r)

2πr
(5)

where K ′(r) is the derivative of K(r). With a CSR hypothesis, we have g(r) = 1. In the opposite case, values
such as g(r) < 1 suggest inhibition (or regularity) between points and values such as g(r) > 1 suggest clustering
(or aggregation).

4. CHARACTERIZING COCONUT FIELDS

Our study focusses on two regions, denoted region #01 and #04 and presented in Figure 1. For each region, a
subset of the point pattern is extracted within a square of 150m×150m (representing an area of 2.25 Ha). The
minimum distance between each trees is 3.6m in Subregion #01 and 4m in Subregion #02. Then, applying
various methods, we characterize the coconut plantations.
Figure 5 shows the full point pattern for regions #01 and #04, and for the corresponding subregions. Table 1
gives summary of the point pattern statistics like areas, number of trees and average intensities.

Region #01 Subregion #01 Region #04 Subregion #04

Area (in Ha) 12.69 2.25 3.99 2.25

Number of points 1950 399 632 316

Average intensity 0.0154 0.0177 0.0158 0.014
Table 1. Some statistics from studied regions and subregions. The average intensity is the number of trees per square
meter.



(a) Region #01 (b) Region #04 (c) Subregion #01 (d) Subregion #04

Figure 5. Studied regions and subregions.

The first step of the spatial analysis is to estimate the intensity of PPP. We use the methods described in
Sections 3.2, 3.3 and 3.4.

First method is quadrant count. Subregions are divided into 4 × 4 equals areas and distances cited in
Subsection 3.2 are computed. Figure 6 shows the partitioning in equals areas for each Subregions. Table 2
shows values of the various distances computed to determine if the point pattern reject the hypothesis of a CSR.
Finally, this technique gives an indication on the intensity function λ(�x) in each areas of the partitioning, bit it
is highly dependent of the number of quadrants used in the space partition.

(a) Subregion #01: p − value = 0.76 (b) Subregion #04: p − value = 0.25

Figure 6. χ2 test for the two subregions.

Subregion #01 Subregion #04

CE ID I CE ID I

Index Value 1.30 3.81 2.53 1.27 5.58 5.95
Test Statistics 8.76 3.81 2.53 7.26 5.58 25.20

Reject Ho yes no yes yes yes yes

Table 2. Determination of Indices of Dispersion: Clark Evans (CE), Index of Dispersion (ID), Distance Index of Dispersion
(I).

We can see in Figure 7, the result of the kernel estimation with σ = 12m. It shows spatial variation of the
intensity indicating a spatial PPP.

To extend our analysis, we compute the L-function as defined in equation (4) for the two Subregions. Results
are shown in Figure 8 as L(r) − r. Under the hypothesis of CSR, L(r) − r = 0. If the point pattern exhibits
aggregation, then L(r) − r tends to be positive, and if it exhibits regularity, then L(r) − r tends to be negative.
Points in both Subregions #01 and #04 show a significant regularity for r < 9.5m (the L-function computed with



(a) Kernel estimation on Subregion #01 (b) Kernel estimation on Subregion #04

Figure 7. Kernel estimation of the two subregions #01 and #04. Densities are plotted as number of trees per hectare.

the observation is under the lower confidence bound) with a minimum distance between each tree about 3.5m for
the Subregion #01 and 4m for the Subregion #04. There is also a regularity observed for r ∈ ]11m, 15.5m] for
Subregion #01. Finally, points of the Subregion #01 don’t show deviation from CSR for r ∈ [9m, 11m[ and for
r > 15.5m. Points in Subregion #04 exhibit a small clustering for r ∈ [31m, 32m]. For r ∈ ]9.5m, 31m], there
is no deviation from CSR (the curve of the observation is between the lower and upper bounds of confidence) at
larger scales (larger distances r).

(a) L-function on Subregion #01. (b) L-function on Subregion #04.

Figure 8. L-function plotted as L(r) − r with the upper (green line) and lower (blue blue) 95% confidence bounds, the
theoretical curve (red dashed line) and the observation (black line).

The pair correlation function g for a point process defined as in equation (5) is also computed for the two
subregions. Figure 9 displays such a function with lower (green line) and upper (blue line) confidence bounds
plotted. Theoretical curves (red dashed line) and observed curves (black line) are also plotted. Under the
hypothesis of CSR, g(r) = 1, values of g(t) < 1 suggest a regularity between points and values g(r) > 1 suggest
clustering.



We observe that trees in Subregion #01 are clustered around distance values of r = 6− 10, 15− 17, 23, 24−25m,
and those in the Subregion #04 are aggregated around distance values of r = 7 − 10.5, 17− 21, 26− 29m.
Comparing Figures 8 and 9, we see that L-function and pair correlation function detect the same patterns but
with different distance values.

(a) g function on Subregion #01. (b) g function on Subregion #04.

Figure 9. Pair correlation functions (g function) plotted with the upper (green line) and lower (blue line) 95% confidence
bounds, the theoretical curve (red dashed line) and the observation (black line).

For this species of coconut trees (Grands Locaux ), spacing between each tree should be 8.5m, which implies a
density of 140-150 trees per hectare.16 According to these informations, we examine the density histogram and
we define three classes of coconut plantations taking account the theoretical density and the standard deviation
of the result of the kernel estimation (σKD), described as:

⎧
⎨

⎩

values < 140 − σKD less wildness region: class 1
140 − σKD ≤ values ≤ 150 + σKD maintained fields: class 2
values > 150 + σKD wild or natural fields: class 3

(6)

Figure 10 shows the histogram of the estimated density for Subregions #01 and #04. The threshold values
are plotted in the blue vertical line. Low and High threshold values for Subregion #01 are 125 trees/hectare and
165 trees/hectare. Those for Subregion #04 are 124 trees/hectare and 166 trees/hectare.

Figure 11 shows the result of the histogram threshold in three regions with over plotted trees.

Table 3 lists statistics computed for the three classes, these classes being obtained by a histogram thresholding
using values described in (6). Even if the area and the number of trees in class 3 (representing then the wild
or natural plantation) of each subregion (Subregions #01 and #04) are different, the average intensity is the
same. We observe the same conclusion for class 2 (classified as maintained plantations). Addressing class 1 in
Subregion #01, there is only 7 trees detected inside. Even if the average intensity is closed to the intensity of
class 1 in Subregion #04, we can not conclude for this region because the number of trees is not relevant. But
it also indicates that maintained and wild plantations are mainly the two types of plantation in the Subregion
#01.

In order to take a decision on the spatial properties of each segmented region, we use a Q-Qplot of residual.
A Q-Qplot of residual is a diagnostic tool for checking some assumptions about the distribution. For example,
a Q-Qplot of the (smoothed) residuals from a fitted model is a useful way to check the inter-point interaction.17

Figure 12 shows the Q-Qplot of smoothed residuals for the three segmented regions on Subregions #04. For each
plot, intervals with 95% of confidence are plotted in red dashed line and the model to fit in black dotted line.



(a) Kernel density histogram on Sample 01 (b) Kernel density histogram on Sample 04

Figure 10. The histogram of the kernel density estimation of Subregions #01 and #04. The vertical blue line are the
threshold values.

(a) Thresholded kernel density of Subregion #01 (b) Thresholded kernel density of Subregion #04

Figure 11. Thresholded kernel density of Subregions #01 and #04.

Subregion #01 Subregion #04
Area 1 Area 2 Area 3 Area 1 Area 2 Area 3

number of trees 7 78 314 20 243 53
Average intensity (# trees/m2) 0.00414 0.0154 0.02 0.00631 0.0148 0.0185
area (in m2) 1692 5080.5 15727.5 3170.5 16465.5 2864.25

Table 3. Resume of each segmented regions for both Area 01 and Area 04.

Sub-figures 12(a) and 12(c) suggest that the uniform Poisson model is appropriate for points for classes 1 and
3 and we conclude that the coconuts’ fields in the corresponding regions are wild. Class 3 has a higher degree
of wildness than class 1 because its average intensity within class 3 is higher. Figure 12(b) indicates that the
Poisson model is inappropriate for class 2 and can be characterized as a maintained plantation.

5. CONCLUSION

In this study, we classified a coconut trees plantation using a Spatial Poisson Point Pattern approach. Methods
used allow us to characterize the spatial distribution of coconuts. The last part of this work consisted to segment
the regions into three classes using a histogram analysis and a threshold on the result of kernel density estimation
according to theoretical values of density of trees per hectare for a specific species of coconut trees. The analysis
of these segmented regions gives information of the spatial distribution of trees.



(a) Q-Qplot for Area 1 (b) Q-Qplot for Area 2 (c) Q-Qplot for Area 3

Figure 12. Q-Qplot for the segmented regions of Subregion #04.

In a future work, the threshold values should be estimated using histogram approximation with a mixture of
Gaussian.
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[10] Johnson, R. B. and Zimmer, W. J., “A more powerful test for dispersion using distance measurements,”
Ecology 66(5), 1669–1675 (1985).

[11] Diggle, P., “A kernel method for smoothing point process data,” Applied Statistics 34(2), 138–147 (1985).

[12] Baddeley, A. J., “Spatial sampling and censoring,” in [Stochastic Geometry: Likelihood and Computation,
chapter 2 ], 37–78, Chapman and Hall (1998).

[13] BESAG, J., “Contribution to the discussion of dr ripley’s paper,” Journal of the Royal Statistical Society,
Series B 39, 193–195 (1977).

[14] Stoyan, D. and Stoyan, H., “Random shapes and point fields, methods of geometrical statistics,” (1994).

[15] Stoyan, D. and Stoyan, H., “Estimating pair correlation functions of planar cluster processes,” Biometrical
Journal 38(3), 259–271 (1996).

[16] Chantry, G.; Cabannes, Y. W. V., [Le cocotier: production et mise en oeuvre dans l’habitat ], Ministère de
la Coopération, Paris (France) (1983). ISBN: 2-11-084847-2.

[17] Baddeley, A., Turner, R., Moller, J., and Hazelton, M., “Residual analysis for spatial point processes
(with discussion),” Journal of the Royal Statistical Society: Series B (Statistical Methodology) 67, 617–666
(November 2005).



TOWARD A GLOBAL TUAMOTU ARCHIPELAGO COCONUT TREES SENSING USING
HIGH RESOLUTION OPTICAL DATA

R. Teina1, D. Béréziat1,2
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ABSTRACT

This study is part of a regeneration program of the coconut
grove of French Polynesia where most coconut palm trees
of the Tuamotu archipelago were planted in the 1980’s fol-
lowing the various hurricanes that had struck islands. The
French Polynesia government acquired one-meter pansharp-
ened RGB Ikonos images over the Tuamotu archipelago. To
exploit these data, a pilot study is conducted on the island of
Tikehau, well-known from the specialists and easily acces-
sible from Tahiti. A Maximum Likelihood (ML) classifica-
tion is performed to segment the high vegetation in images.
Thus, a Support Vector Machines (SVM) classification al-
lows the high vegetation to be classified in different patterns.
And finally, a robust segmentation process based on markers
controlled watershed segmentation is proposed to extract tree
crows. Through the ground mission, the trees detection accu-
racy is estimated which is then used to compute the number
of trees the closest to the reality by applying a weighted factor
to the number of trees located in each class.

Index Terms— SVM, Maximum Likelihood, classifica-
tion, segmentation, watershed, texture.

1. INTRODUCTION

French Polynesia government wants to improve the coconut
tree field exploitation in order to develop the extraction ofthe
Coprah oil as an alternative fuel and also the use of senile
trees wood. The Coprah oil exploitation already constitutes
one of the principal financial resources of the inhabited atolls.
Remote sensing technics minimize the cost of these studies
by automating this task and avoiding ground missions.

The aim of this work is to characterize the coconut field
type typology,i.e. the spatial distribution of coconuts. This
goal is reached by first segmenting the coconut trees and then
by classifying them according to their spatial distribution.
Several steps are required to perform the automatic enumer-
ation of coconut trees: a coconut field segmentation keeping

the area of interest, a coconut field classification among a
set of classes describing the different type of coconut fields
encountered in Tuamotu using texture features and the SVM
classifier, and finally, a robust segmentation process of co-
conut trees crown. An enumeration is now possible and an
identification / segmentation of these trees according to some
objective criteria such as the size of canopy, the average
color, local density of the coconut trees field. A ground truth
validation is performed in order to estimate the detection
rate and error in each coconut trees class type leading to a
precise extrapolation of the global number of trees. The con-
vergence between results obtained with the proposed method
and ground truth missions highlights the robustness of the
method and authorizes a large-scale production on all islands.

2. DATA AND SITE STUDY

IKONOS optical data is widely available through the whole
Tuamotu archipelago and its high spatial resolution (about
one-meter resolution at ground level) is sufficient to carryout
our objective. The study focuses on the atoll of Tikehau that
is well-known from the specialists and easily accessible from
Tahiti as a validation study area before extending the method
to the rest of Tuamotu’s atolls. Tikehau data set was acquired
by IKONOS2 on July and August 2003 and is already ortho-
rectified and registered in the WGS84 projection. The atoll of
Tikehau is constituted of several islands calledmotu. As the
full mosaic of the atoll of Tikehau has a resolution of 28517
by 28617 pixels, the original image is cut out into sub-images,
each one locating amotu.

3. TREE FIELDS CLASSIFICATION
METHODOLOGY

The coconut trees crown segmentation process must be ap-
plied in coconut fields areas to avoid false alarms and reduce
the number of pixels to classify. In images, several struc-
tures are distinguished such as the sea, the sand, the coral and



some dwellings as well as the vegetation (coconut trees and
other atoll vegetation types). In a first step, it is necessaryto
generate high vegetation masks before applying the segmen-
tation process. Due to the lack of the near infra-red (NIR)
band (not available in our database), it is not possible to com-
pute the well known normalized difference vegetation index
(NDVI) which is relevant for characterize the vegetation. An
alternative solution has been tested and chosen: a Bayesian
classification using a ML algorithm. However, this implies a
manual selection of the training sets for each different avail-
able structures in the image. Then, a texture analysis [1, 2]is
performed on the vegetation class to separate the high vege-
tation (which has been proved to be exclusively coconuts in
Tuamotu) from the low vegetation. Once the segmentation is
completed, areas are classified in three types of planting: nat-
ural (non spatial organization), artificial (trees are positioned
on a grid spaced by 8 meters) and mixed fields (artificial fields
where activities were dropped). The tree crown segmenta-
tion process depends on a pixel’s neighborhood to compute
the minimal network of the darkest pixels. The planting type
classification is needed to adjust the size of the research win-
dow. For this case, a supervised SVM classification is used to
segment these fields based on some training sets representing
each kind of these fields that were selected in order to extract
features like texture information [2, 3, 4, 5].

3.1. SVM Principle

The SVM classifier was introduced in 1995 by [6]. This Sub-
section briefly describes this classifier, details can be found
in [7]. The Figure 1 illustrates the principle of the optimal
hyperplan and the optimal margin used in the SVM classifier.

Fig. 1. SVM Classifier principle

Let’s consider the case of a two-classe classification prob-
lem. A training set data is constituted ofN samples described
by dataXi and the labelsYi take−1 or +1 as values. For the
linear separability data, the SVM classifier is defined as the
function

fi(x) = sign(〈ω,Xi〉 + b) (1)

which maximizes the margin between the optimal hyperplan
and the support vectors. The problem can be solved by using
the Lagrange multipliers

f(x) = sign

(
N∑

i=1

yi.αi〈x, xi〉 + b

)
(2)

whereαi are Lagrange multipliers.
In the case of nonlinear separable data, one possible

method to solve the problem is to use a kernel. This kernel is
a function which project the initial data into a higher dimen-
sion space feature,Φ : Rn → F, in a such way that data are
now considered as linearly separable. In equation (2), the dot
product〈x, xi〉 is replaced by the dot product associated to
the space featureF defined as:

K(x, xi) = 〈Φ(x),Φ(xi)〉 (3)

and then the function to classify data becomes

f(x) = sign

(
N∑

i=1

yi.αi.K(x, xi) + b

)
(4)

In this study we use the Radial Basis Kernel (RBF) de-

fined withK(x, xi) = e−
|x−xi|

2

2σ2 . This kernel gives the best
results in our case compared to other kernels we have tested.

3.2. Application to Ikonos images

We use a modified ground truth made by Jacq [8] on the main
Motu to describe our classes. For each class, an equalized
random samples of 1100 pixels is taken for the training set
as described in [9]. The definition of training set classes is
listed in Figure 2. The SVM classification was performed
using [10, 11] available in ENVI Software on a stack com-
posed by the RGB components and the normalized Haralick’s
texture descriptors (with a total of 11 bands). The classifica-
tion result has been improved using a majority analysis witha
45×45 window size. The Figure 2 shows the final fields type
classification on the mainmotuof Tikehau.

Fig. 2. SVM classification result on the mainmotuand classes color.

4. TREE CROWN DELINEATION METHODOLOGY

The crown delineation method is based on [12] which uses a
watershed segmentation to extract tree crowns. However, sev-
eral modifications has been bring to take into account speci-
ficity of image and trees: after an anisotropic filtering [13]



of high vegetation areas on the first PCA component [14]
of the RGB image, local maximums are detected and used
as markers for the watershed; these maximums are located
closed to the crowns center [15]. The assumption that there
are the darkest pixels between each crown is used to compute
a boundary crown network [16, 17]. This minimal network
of dark pixels is computed as the local minima of a search-
ing window which the size depends on the planting type. The
minimal network of dark pixels and markers are used as new
minimum for the watershed segmentation process and to com-
pute a topographic surface using theL2 distance map. To
avoid too small regions, we discriminate them according to
their area using a coconut tree crown approximation by a cir-
cle within a radiusR. Once the crowns delineation is made,
the center of mass, weighted by the values of the pixels in
each RGB channel, is computed to estimate the center of
canopies. For details, the reader is referred to [18].

5. RESULTS, VALIDATION AND EXTRAPOLATION

In order to validate the whole method, some sample areas
characterizing various fields type are chosen. For each of
these sample areas, the segmentation process is executed and
all tree crowns are extracted. The validation is made using a
photo ground truth and a ground mission. The Figure 5 shows
a result of the crown segmentation on a small region and the
corresponding local density map.

(a) Tree crown delineation (b) Density Map

5.1. Validation

A first validation is performed on images (acquired in 2003)
by human interpretation (manual localization of the coconut
trees canopy) in order to estimate the detection error for each
kind of fields type. This validation provides a mean detec-
tion error of less than 10% (see table 1) which proves that
our method locates a majority of the coconut trees visible in
images.

A ground mission was planed in 2006 by Jacq [8] which
has counted coconut trees within12m radius circular plots,
each plot being located by its GPS coordinates. Moreover,
the tree height had been recorded. This mission had covered
the entire atoll of Tikehau. To compare our results with the
ground mission results, the tree delineation process is used
to compute a local density map with the same radius circle

Table 1. Method accuracy using a photo interpretation ground truth
Id Area # Method Photo accuracy

1 908 818 9,91%
2 986 912 7,51%
3 495 450 9,09%
4 346 356 -2,89%
5 436 399 8,49%
6 1269 1198 5,59%

Total 4440 4133 6.81%

whose centers are given by GPS coordinates. Two similar
local density maps are build from the ground mission data
considering trees having more than 4-meter height and trees
having more than 5-meter height, these heights representing
trees likely visible on the remote sensed images. The Table 2
shows that our method detects between 66% to 89% (for H>
5m) of the visible trees according in which class the trees are.
In maintained fields, where trees density is the highest (dis-
tance between each tree is about8m), the accuracy is closed
to 83%. The zeros values for classes3 and8 indicate that
no measurements have been made in this regions during the
different ground missions.

Differences between validations come from the fact that
the photo interpretation is done on the image taken in 2003.
The ground truth missions was planed in 2006, 3 years later.
During this period of 3 years, some trees not visible on the
image may have arrived to the top of the canopy, also other
trees may have been able to grow (especially in unmaintained
fields) and some may have died.

5.2. Trees Extrapolation

Once the method’s accuracy is estimated for each class, we
can estimate a number of coconut trees in each class and on
all over the atoll of Tikehau. We believe it is wise to take as
precision for each class an average accuracy from all trees,
those over 4-meter height and those over 5-meter height (see
the last column in Table 2). Excepted for classes3 and 8
whose the accuracy can not be measured, we only keep the
same number of detected trees for those classes. The esti-
mated number is computed by applying a weighting factor to
the number of trees located in each class and summing them
to obtain a global estimation.

6. CONCLUSION

Despite of the lack of the NIR band, combining the use of
ML and SVM classification on Haralick’s texture descriptors
provides a good classification of various coconut field types.
The segmentation process based on a markers controlled wa-
tershed algorithm gives good results since that the photo in-
terpretation shows less than10% of false detections. Our tree
crown segmentation method is robust and allows a production
on all atolls. The ground truth surveys in each class provides
an accuracy of good detection for each type of planting. Ap-



Table 2. Ground truth accuracy on the entire atoll

Class Id
number of trees Accuracy

all H > 4m H > 5m Method % Diff 4m % Diff 5m % Diff All % Mean

1 73 50 48 51 102,00% 106,25% 69,86% 92,70%
2 228 206 185 132 64,08% 71,35% 57,89% 64,44%
3 0 0 0 0 0,00% 0,00% 0,00% 0,00%
4 687 584 540 399 68,32% 73,89% 58,08% 66,76%
5 174 133 123 102 76,69% 82,93% 58,62% 72,75%
6 8 6 6 4 66,67% 66,67% 50,00% 61,11%
7 22 21 16 11 52,38% 68,75% 50,00% 57,04%
8 0 f0 0 0 0,00% 0,00% 0,00% 0,00%

Table 3. Final coconut trees estimation all over the island of Tikehau

Class Id
1 2 3 4 5 6 7 8

Mean accuracy 92,70% 64,44% 0,00% 66,76% 72,75% 61,11% 57,04% 0,00% Total
Detected 13771 21735 650 87824 23439 1334 973 904 150630
Extrapolated 14855 33728 650 131546 32220 2183 1706 904 217792

plying different weighting factor according to a class, we ob-
tain an estimated number of coconut trees the closest to the
reality. A drawback of the classification method is its high
computational cost as the classification is directly performed
on pixel values leading to a big configuration space. To fix
this problem, we propose to perform the classification of co-
conut plantation type directly on the crown center coordinate
which is a small configuration space. A relevant representa-
tion of these coordinates using wavelet or Poisson process is
probably required to obtain good classification results.
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ABSTRACT

The purpose of this study is to classify the types of coconut plantation. To do this, we compare several classifiers
such as Maximum Likelihood, Minimum Distance, Parallelepiped, Mahalanobis and Support Vector Machines
(SVM). The contribution of textural informations and spectral informations can increase the separability of
different classes and then increase the performance of classification algorithms. To compare these algorithms,
the search for the optimal size of the window to the calculation of texture information is necessary, as well as
optimization of parameters for SVM. Following this study, we find that SVM give very satisfactory results for
coconut field type mapping.

Keywords: SVM, Maximum Likelihood, Mahalanobis, Parallelepiped, Minimum Distance, Texture, Principal
Component Analysis

1. INTRODUCTION

French Polynesia government wants to improve the coconut tree field exploitation in order to develop the ex-
traction of the Coprah oil as an alternative fuel and also the use of senile trees wood. The French Polynesia
Government acquired in 2003 some RGB pansharpened Ikonos images 80 cm pixel resolution on ground for
almost the 80 islands in the Tuamotu’s archipelago. The goal of our work is to classify the coconut palm trees
fields’ using several supervised classification algorithms and to measure their accuracies. The several compared
classifiers are Maximum Likelihood, Minimum Distance, Mahalanobis Distance, Parallelepiped and Support
Vector Machines (SVM). First, the classifications are done using only the spectral informations but this is not
enough to achieve our goal. Then, the Haralick’s texture descriptors are computed using the first component
of the Principal Component Analysis applied to the spectral bands. These texture descriptors are computed
using a window size estimated by analyzing different field types. Spectral and textural informations are used for
classifications. The classifiers’ accuracies is done by analysis of the confusion matrix using a ground truth ROIs.
According to the performance analysis, the use of SVM provides a good land use mapping of coconut field types.

2. DATA AND STUDY SITE

The study focuses on the atoll of Vahitahi, which is located in the north-east of the French Polynesia Territory,
especially on the area located at the north-east where different types of plantation are available. The remote
sensed image was acquired in September 2005 at 19:46 GMT by the satellite Ikonos and the data are projected
in the WGS-84 coordinates system. The complete mosaic (10673 × 4120 pixels) is centered on geographic
coordinates 138◦51′52.96′′W and 18◦45′35.19′′S. The RGB images are pansharpened with a ground resolution
of the pixel of 80 cm. The figure 1 illustrates a global view of the atoll of Vahitahi and a zoom of the study area
in the north-east.

Further author information: (Send correspondence to Teina R.)
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Béréziat D.: E-mail: Dominique.Bereziat@lip6.fr



Figure 1. The atoll of Vahitahi and a zoom of the study site on the north-east.

3. CLASSIFIERS REVIEW

3.1 Maximum Likekihood Classification

3.1.1 Bayes’ Classification

Let the spectral classes be represented by ωi, i = 1, ...,M , where M is the number of classes. The conditional
probabilities p(ωi|x) gives the likelihood that the correct class is ωi for a pixel at location x. The classification
is performed according to

x ∈ ωi, if p(ωi|x) > p(ωj |x) for all j 6= i (1)

The pixel at position x belongs to class ωi if p(ωi|x) is the largest.

3.1.2 Maximum Likelihood decision rule

The p(ωi|x) in equation 1 are unknown but the p(x|ωi) can be estimated from the training data. Using the
Bayes’ theorem (Freund1), we have:

p(ωi|x) = p(x|ωi)p(ωi)/p(x) (2)

Using equation 2, the Maximum Likelihood (ML) classification’s rule defined in equation 1 becomes

x ∈ ωi, if p(x|ωi)p(ωi) > p(x|ωj)p(ωj) for all j 6= i (3)

and the disciminant function gi(x) is defined as

gi(x) = ln p(x|ωi) ln p(ωi) (4)

In the case of a multivariate normal class models, the discriminant function gi(x) becomes

gi(x) = − ln |Σi| − (x − mi)
tΣ−1

i (x − mi) (5)

where mi and Σi are the mean vector and covariance matrix of the data in class ωi.

3.2 Minimum Distance Classification

Suppose mi, i = 1, ...,M are the means of the M classes determined from the training data, and x is the location
of the pixel to be classified. The set of square Euclidean distances of the unknown pixel to each of the class means
is computed as d(x,mi)

2 = (x−mi)
T (x−mi). The Minimum Distance (MinDist) classification is performed on

the base of the rule described below:

x ∈ ωi, if d(x − mi)
2 < d(x − mj)

2 for all j 6= i (6)



3.3 Parallelepiped Classification

The parallelepiped (Para) classifier is trained by inspecting histograms of the individual spectral component of
the available training data. The lower and the upper significant bounds on the histogram are identified and
used to describe the brightness value range for each band for that class. The range in all bands describes a
multidimensional box or parallelepiped. During the classification process, if pixels are found to lie in such a
parallelepiped they are labelled as belonging to that class.

(a) Histograms with upper and lower bounds. (b) Examples of 2D paral-
lelepipeds.

Figure 2. Principle of the Parallelepiped classification.

3.4 Mahalanobis Classification

Consider the discriminant function defined in equation 5 and let reverse the sign of this function, we have

d(x,mi)
2 = ln |Σi| + (x − mi)

tΣ−1
i (x − mi) (7)

Now let consider the case where all class covariances are equal, i.e Σi = Σ for all i, The term ln |Σ| can be
ignored. The Mahalanobis (Mahal) distance classifier is defined using the following distance measure:

d(x,mi)
2 = (x − mi)

tΣ−1(x − mi) (8)

3.5 Support Vector Machine (SVM)

The SVM classifier was introduced in 1995 by Vapnik.2 This Subsection briefly describes this classifier, details
can be found in the works of Burges3 and Wu et al.4 Figure 3 illustrates the principle of the optimal hyperplan
and the optimal margin used in the SVM classifier.

Figure 3. SVM Classifier principle.

Let’s consider the case of a two-classe classification problem. A training set data is constituted of N samples
described by data Xi and the labels Yi take −1 or +1 as values. For the linear separability data, the SVM
classifier is defined as the function

fi(x) = sign(〈ω,Xi〉 + b) (9)

which maximizes the margin between the optimal hyperplan and the support vectors. The problem can be solved
by using the Lagrange multipliers

f(x) = sign

(
N∑

i=1

yi.αi〈x, xi〉 + b

)
(10)



where αi are Lagrange multipliers.

In the case of nonlinear separable data, one possible method to solve the problem is to use a kernel. This
kernel is a function which project the initial data into a higher dimension space feature, Φ : Rn → F, in a such
way that data are now considered as linearly separable. In equation 10, the dot product 〈x, xi〉 is replaced by
the dot product associated to the space feature F defined as:

K(x, xi) = 〈Φ(x),Φ(xi)〉 (11)

and then the function to classify data becomes

f(x) = sign

(
N∑

i=1

yi.αi.K(x, xi) + b

)
(12)

In this study we use the Radial Basis Kernel (RBF) defined with K(x, xi) = e−
|x−xi|

2

2σ2 . This kernel gives the
best results in our case compared to other kernels we have tested.

4. METHODOLOGY

4.1 Training sets

The goal of the study is to analyze the accuracy of the supervised classifiers for the characterization of different
planting types. We first segment the vegetation part where we define regions of interest (ROI) corresponding to
each class of fields. As recommended by Swain and Davis,5 100N (with N the number of bands) training pixels
per class are needed to avoid the covariance matrix being singular. In our study, training sets are constructed
by randomly generating 1500 pixels in each ROI. Figure 4 shows three class of field types listed below:

• 4(a): natural field where there is not any spacial organization between trees (Natural),

• 4(b): artificial field with low density (Artificial LD),

• 4(c): artificial field with medium density (Artificial MD).

(a) Natural (b) Artificial LD (c) Artificial MD

Figure 4. Training set for each class of plantation.

To predict the result of the final classification, we computed the classes separability with the Jeffries-Matusita
(JM) distance. This measure is the average distance between two classes density function (Wacker6) and for
normally distributed classes it is defined as

Jij = 2(1 − e−B) (13)

where B is referred to the Bhattacharyya distance (Kailath7) and is defined as

B =
1

8
(mi − mj)

t

(
Σi + Σj

2

)−1

(mi − mj) +
1

2
ln

(
|(Σi + Σj)/2|√

ΣiΣj

)
(14)



Table 1. Jeffrey-Matusita distance for each class.
Natural Artificial LD Artificial MD

Natural 0

Artificial LD 1.44641 0

Artificial MD 0.74986 0.40689 0

As shown in Tab. 1, the use of only spectral informations is not enough to achieve a good classification. We
can see that the best pair separation doesn’t exceed 1.446 and at least Artificial LD and Artificial MD only have
a pair separation equal to 0.407.

The spectral information is not sufficient to characterize the fields types. Indeed the figure 5 below, where
classifications have been made only on spectral informations with ML and SVM algorithms, shows unsatisfactory
results.

(a) ML classification (b) SVM classification

Figure 5. ML and SVM classification’s results using only the spectral informations.

To achieve our task, we will use some textural informations defined by Haralick.

4.2 Textural informations

A first step is to do a Principal Component Analysis (PCA) on the RGB image. Then, all the texture descriptors
are computed using the first component of the PCA transformation because following Ricotta et al.8 it contains
informations of the three bands (Red,Green and Blue) and has the higher variance

The eight texture descriptor described by Haralick9–12(GLCM) and used in this work are: mean, variance,
homogeneity, contrast, dissimilarity, entropy, second moment and correlation. As the artificial plantation have
no preferred direction, each texture descriptor is computed in the four directions (0◦, 45◦, 90◦ and 135◦) than
a mean descriptor is calculated by averaging the four directions. The textural informations and the spectral
informations are stacked together and normalized.

Figure 6 shows the evolution of the global mean of JM distance versus the size of the window used for the
calculation of the texture descriptors. As shown in this figure, the global mean class separability is greater than
1.9 from a window size greater or equal to 29 pixels. This indicates that we could obtain a better accuracy of
the classification from a window size of 29 pixels.

5. APPLICATION ON IKONOS IMAGES

In this section, we apply different classifiers reviewed in Sect. 3 using even spectral and textural informations.



Figure 6. JM distance versus the window size used for the calculation of the texture description.

5.1 Comparison of different classifiers

For all those methods, we apply the classification with different window size (from 5×5 to 41×41 with a step of
2) used for the calculation of the textural informations. The accuracy is computed using the coherence matrix
computed on 3000 randomly generated pixel’s locations in ground truth ROI for each class.

For each method’s classification result, the accuracy is compared by analyzing the mean accuracy, i.e the
average of the diagonal values of the coherence matrix. Tab. 2 shows sample calculation of the mean accuracy
(in %).

Table 2. Method to compute the mean accuracy using the confusion matrix.
Natural Artificial LD Artificial MD

Natural 98,63 0 14,33
Artificial LD 0 99,89 16,53
Artificial MD 1,37 0,11 69,13 Mean accuracy

89,22

Figure 7 shows a plot of the classifiers’ accuracies versus the GLCM’s window size. As we can see, SVM’s
and Maximum Likelihood’s accuracies are clearly better than the other classifiers. From a GLCM’s window size
equal 5 to 29, SVM and ML have similar accuracies. But while the GLCM’s window size increase, SVM gives
some better classification’s results than the ML.

Considering the three other classifiers, we observe that Mahalanobis classification’s accuracies tend to increase
and reach its maximum value for a GLCM’s window size of 37 pixels with a mean accuracy value of 74.54%.
It shows the influence of textural informations for the classification’s performance with a maximum difference
between values equal to 24%.
As regards the Parallelepiped algorithm, the curve tends to grow until the GLCM’s window size equal 37 pixels
where the maximum accuracy is reached with a value of 63.2%.
As against, the Minimum Distance algorithm is one that gives the worst performance. Indeed, we see that the
curve has a low slope, although it is positive. And textural informations do not improve more than 7% the
accuracies of this method.

Looking at the results, we can distinguish three groups:

• Best performance: SVM and ML,

• Medium performance: Mahalanobis,

• Poor performance: Minimum Distance and Parallelepiped.



Figure 7. Classifiers’ accuracy.

The SVM classification is done using the LIBSVM13 and the default values, i.e using γ = 1
N

with N the
number of bands (3 spectral bands and 8 texture descriptors), and the penalty set to 100. Now we want to see
if the SVM’s parameter (Penalty and Gamma) can increase the mean accuracy of the classification in the next
section.

5.2 SVM parameters optimization

To highlight the contribution of the SVM’s parameters to the accuracy of the classification, we fix a GLCM’s
window size to 37. The data to classify are still the textural informations and the spectral informations stacked
together.

First, we increase the penalty (P) parameter from 100 to 2000 with a step of 100. In Fig. 8(a), the mean
accuracy is plotted for each penalty parameter. Variations of the parameter P does not show any significant
increase in performance. Indeed, accuracy varies between 88.79% and 89.22% . We observe less than 1% of
variation. The curve has no constant growth or decay but fluctuates depending on the value of P with a
maximum level reached for P = 1200 giving 89.22% of mean accuracy.

Next, we fix the penalty parameter equal to 1200 and do vary the γ parameter in the range of 100 and 2000
with a step of 1

10 . As shown in Fig. 8(b), for γ in range 0.091 and 0.125, we observe constant accuracies. Then,
the curve has a tendency to decrease as γ increases. This shows the important influence of γ on the results of
the classification.

(a) Penalty (b) Gamma

Figure 8. SVM parameters optimization.

With the help of the previous study of the influence of different parameters, we set the penalty parameter to



1200 and γ to 0091 for our final classification. Fig. 9 illustrates the result of the classification on the study area
in the north-east of the atoll of Vahitahi.

Figure 9. SVM classification using P=1200 and γ = 0.091.

6. CONCLUSION

In this study, we highlight that the use of spectral information not sufficient to classify the different field’ types.
But we reach our goal by providing textural informations. Thanks to the study of classifiers’ accuracies, we show
that the use of Minimun Distance and Parallelepiped algorithms produces poor results. Mahalanobis algorithm
gives results that are satisfactory but not sufficient to classify correctly fields’ types of coconut trees. Best results
are obtained with Support Vector Machines and Maximum Likelihood classifications. But, through the study of
the influence of various parameters of SVM and although Maximum Likelihood’s accuracies are almost equivalent
to that of SVM, we show that SVM gives very satisfactory results with a good selection of parameters P and γ.

The use of the SVM classification is a good tool to estimate from remote sensed images different fields type
of coconut trees, and allows an estimation of the number of trees in each class according recommendations about
the space between trees in artificial fields.

Because of the lack of the Near Infra-red channel, future works could focus on finding other descriptors based
on vegetation indices calculated using the RGB channels or other color space descriptions to improve the quality
of classification.
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