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12 PR�ESENTATION EN FRAN�CAISI IntroductionLes progr�es accomplis en mati�ere de technologie des processeurs r�esultent de plusieursfacteurs : une forte augmentation de la fr�equence, des bus plus larges, l'utilisation de plu-sieurs unit�es fonctionnelles et �eventuellement de plusieurs processeurs, le recours �a deshi�erarchies m�emoire complexes pour compenser les temps d'acc�es, et un d�eveloppementglobal des capacit�es de stockage. Une cons�equence est que le mod�ele de machine devientde moins en moins simple et uniforme : en d�epit de la gestion mat�erielle des caches, del'ex�ecution superscalaire et des architectures parall�eles �a m�emoire partag�ee, la recherchedes performances optimales pour un programme donn�e devient de plus en plus complexe.De bonnes optimisations pour un cas particulier peuvent conduire �a des r�esultats d�esas-treux avec une architecture di��erente. De plus, la gestion mat�erielle n'est pas capable detirer partie e�cacement des architectures les plus complexes : en pr�esence de hi�erarchiesm�emoire profondes, de m�emoires locales, de calcul out of core, de parall�elisme d'instruc-tions ou de parall�elisme �a gros grain, une aide du compilateur est n�ecessaire pour obtenirde bonnes performances.L'industrie des architectures et des compilateurs tout enti�ere a�ronte en r�ealit�e ce quela communaut�e du calcul �a hautes performances a d�ecouvert depuis des ann�ees. D'unepart, et pour la plupart des applications, les architectures sont trop disparates pour d�e�nirdes crit�eres d'e�cacit�e pratiques et pour d�evelopper des optimisations sp�eci�ques pour unemachine donn�ee. D'autre-part, les programmes sont �ecrits de telle sorte que les techniquestraditionnelles d'optimisation et de parall�elisation ont tout le mal du monde �a nourrir labête de calcul l'on s'apprête �a installer dans un banal ordinateur portable.Pour atteindre des performances �elev�ees �a l'aide des microprocesseurs modernes et desordinateurs parall�eles, un programme | ou bien l'algorithme qu'il impl�emente | doitposs�eder un degr�e su�sant de parall�elisme. Dans ces conditions, les programmeurs ou lescompilateurs doivent mettre en �evidence ce parall�elisme et appliquer les transformationsn�ecessaires pour adapter le programme aux caract�eristiques de la machine. Une autreexigence est que le programme soit portable sur des architectures di��erentes, a�n desuivre l'�evolution rapide des machines parall�eles. Les deux possibilit�es suivantes sont ainsio�ertes aux programmeurs.{ Premi�erement, les langages �a parall�elisme explicite. La plupart sont des extensionsparall�eles de langages s�equentiels. Ces langages peuvent être �a parall�elisme de don-n�ees, comme HPF, ou combiner parall�elisme de donn�ees et de tâches, comme lesextensions OpenMP pour architectures �a m�emoire partag�ee. Quelques extensionssont propos�ees sous la forme de biblioth�eques : PVM et MPI par exemple, ou biendes environnements de haut niveau comme IML de l'Universit�e de l'Illinois [SSP99]ou Cilk du MIT [MF98]. Toutes ces approches facilitent la programmation d'algo-rithmes parall�eles. En revanche, le programmeur est charg�e de certaines op�erationstechniques comme la distribution des donn�ees sur les processeurs, les communica-tions et les synchronisations. Ces op�erations requi�erent une connaissance approfon-die de l'architecture et r�eduisent notablement la portabilit�e.{ Deuxi�emement, la parall�elisation automatique d'un langage s�equentiel de haut ni-veau. Les avantages �evidents de cette approche sont la portabilit�e et la simplicit�ede la programmation. Malheureusement, la tâche qui incombe au compilateur pa-rall�eliseur devient �ecrasante. En e�et, le programme doit tout d'abord être analys�ea�n de comprendre | au moins partiellement | quels calculs sont e�ectu�es et o�u



I. INTRODUCTION 13r�eside le parall�elisme. Le compilateur doit alors g�en�erer un code parall�ele, en pre-nant en compte les sp�eci�cit�es de l'architecture. Le langage source usuel pour laparall�elisation automatique est le Fortran 77. En e�et, de nombreuses applicationsscienti�ques ont �et�e �ecrites en Fortran, n'autorisant que des structures de donn�ees etde contrôle relativement simples. Plusieurs �etudes consid�erent n�eanmoins la paral-l�elisation du C ou de langages fonctionnels comme Lisp. Ces recherches sont moinsavanc�ees que l'approche historique mais plus proches de ce travail : elles consid�erentles structures de donn�ees et de contrôle les plus g�en�erales. De nombreux projetsde recherche existent : Parafrase-2 et Polaris [BEF+96] de l'Universit�e de l'Illinois,PIPS de l'�Ecole des Mines de Paris [IJT90], SUIF de l'Universit�e de Stanford [H+96],le compilateur McCat/Earth-C de l'Universit�e Mc Gill [HTZ+97], LooPo de l'Uni-versit�e de Passau [GL97], et PAF de l'Universit�e de Versailles ; il y a �egalement unnombre croissant d'outils de parall�elisation commerciaux, comme CFT, FORGE,FORESYS ou KAP.Nous nous int�eressons principalement aux techniques de parall�elisation automatiqueet semi-automatique : cette th�ese aborde �a la fois l'analyse et la transformation de pro-grammes.I.1 Analyse de programmesOptimiser ou parall�eliseur un programme revient g�en�eralement �a transformer son codesource, en am�eliorant un certain nombre de param�etres de l'ex�ecution. Pour appliquer unetransformation de programme �a la compilation, on doit s'assurer que l'algorithme impl�e-ment�e n'est pas touch�e au cours de l'op�eration. �Etant donn�e qu'un algorithme peut êtreimpl�ement�e de bien des mani�eres di��erentes, la validation d'une transformation de pro-grammes requiert un processus d'ing�enierie �a l'envers (reverse engineering) pour �etablirl'information la plus pr�ecise possible sur ce que fait le programme. Cette technique fon-damentale d'analyse de programmes tente de r�esoudre le probl�eme di�cile de la mise en�evidence statique | c.-�a-d. �a la compilation | d'informations sur les propri�et�es dyna-miques | c.-�a-d. �a l'ex�ecution.Analyse statiqueEn mati�ere d'analyse de programmes, les premi�eres �etudes se sont port�ees sur lespropri�et�es de l'�etat de la machine entre l'ex�ecution de deux instructions. Ces �etats sontappel�es points de programmes. De telles propri�et�es sont dites statiques car elles recouvrenttoutes les ex�ecutions possibles conduisant �a un point de programme donn�e. Bien entendu,ces propri�et�es sont calcul�ees lors de la compilation, mais le sens de l'adjectif (( statique )) nevient pas de l�a : il serait probablement plus appropri�e de parler d'analyse (( syntaxique )).L'analyse de 
ot de donn�ees est le premier cadre g�en�eral propos�e pour formaliser legrand nombre d'analyses statiques. Parmi les nombreuses pr�esentations de ce formalisme[KU77, Muc97, ASU86, JM82, KS92, SRH96], on peut identi�er les points communs sui-vants. Pour d�ecrire les ex�ecutions possibles, la m�ethode usuelle consiste �a construire legraphe de 
ot de contrôle du programme [ASU86]; en e�et, ce graphe repr�esente tous lespoints comme des sommets, et les arêtes entre ces sommets sont �etiquet�ees par des instruc-tions du programme. L'ensemble de toutes les ex�ecutions possibles est alors l'ensemble detous les chemins depuis l'�etat initial jusqu'au point de programme consid�er�e. Les propri�e-t�es en un point donn�e sont d�e�nies de la fa�con suivante : puisque chaque instruction peut



14 PR�ESENTATION EN FRAN�CAISmodi�er une propri�et�e, on doit prendre en compte tous les chemins conduisant au pointde programme et rassembler (meet) toutes les informations sur ces chemins. La formalisa-tion de ces id�ees est souvent appel�ee rassemblement sur tous les chemins ou meet over allpaths (MOP). Bien sûr, l'op�eration de rassemblement d�epend de la propri�et�e recherch�eeet de l'abstraction math�ematique pour celle-ci.En revanche, le nombre potentiellement in�ni de chemins interdit toute �evaluation depropri�et�es �a partir de la sp�eci�cation MOP. Le calcul est r�ealis�e en propageant les r�esultatsinterm�ediaires | en avant ou en arri�ere | le long des arêtes du graphe de 
ot de contrôle.On proc�ede alors �a une r�esolution it�erative des �equations de propagation, jusqu'�a ce qu'unpoint �xe soit atteint. C'est la m�ethode dite du point �xe maximal ou maximal �x-point(MFP). Dans le cas intra-proc�edural, Kam et Ullman [KU77] ont prouv�e que MFP calculee�ectivement le r�esultat d�e�ni par MOP | c.-�a-d. MFP co��ncide avec MOP | lorsquequelques propri�et�es simples de l'abstraction math�ematique sont satisfaites ; et ce r�esultata �et�e �etendu �a l'analyse inter-proc�edurale par Knoop et Ste�en [KS92].Les abstractions math�ematiques pour les propri�et�es de programmes sont tr�es nom-breuses, en fonction de l'application et de la complexit�e de l'analyse. La structure detreillis englobe la plupart des abstractions car elle autorise le calcul des rassemblements(meet) | aux points de rencontre | et des jointures (join) | associ�ees aux instruc-tions. Dans ce cadre, Cousot et Cousot [CC77] ont propos�e un sch�ema d'approximationfond�e sur des connections de Galois semi-duales entre les �etats concrets de l'ex�ecution etles propri�et�es abstraites �a la compilation. Ce formalisme appel�e interpr�etation abstraitea deux int�erêts principaux : tout d'abord, il permet de construire syst�ematiquement desabstractions des propri�et�es �a l'aide de treillis, et d'un autre cot�e, il garantit que toutpoint �xe calcul�e dans le treillis abstrait correspond �a une approximation conservatriced'un point �xe dans le treillis des �etats concrets. Tout en �etendant le concept d'analyse de
ot de donn�ees, l'interpr�etation abstraite facilite les preuves de correction et d'optimalit�edes analyses de programmes. Des applications pratiques de l'interpr�etation abstraite etdes m�ethodes it�eratives associ�ees sont pr�esent�ees dans [Cou81, CH78, Deu92, Cre96].Malgr�e d'ind�eniables succ�es, les analyses de 
ot de donn�ees | fond�ees ou non surl'interpr�etation abstraite | ont rarement �et�e �a la base des techniques de parall�elisationautomatique. Certaines raisons importantes ne sont pas de nature scienti�que, mais debonnes raisons expliquent �egalement ce fait :{ les techniques MOP/MFP sont principalement orient�ees vers les optimisations clas-siques avec des abstractions relativement simples (les treillis ont souvent une hau-teur born�ee) ; leur correction et leur e�cacit�e dans un v�eritable compilateur sont lesenjeux d�eterminants, alors que la pr�ecision et l'expressivit�e de l'abstraction math�e-matique sont �a la base de la parall�elisation automatique ;{ dans l'industrie, les m�ethodes de parall�elisation se sont traditionnellement concen-tr�ees sur les nids de boucles et sur les tableaux, avec des degr�es importants deparall�elisme de donn�ees et des structures de contrôle simples (non r�ecursives, dupremier ordre) ; prouver la correction d'une analyse est facile dans ces conditions,alors que l'application �a des programmes r�eels et l'impl�ementation dans un compi-lateur deviennent des enjeux majeurs ;{ l'interpr�etation abstraite convient aux langages fonctionnels avec une s�emantiqueop�erationnelle propre et simple ; les probl�emes soulev�es sont alors orthogonaux auxquestions pratiques li�ees aux langages imp�eratifs et bas niveau, traditionnellementplus adapt�es aux architectures parall�eles (on verra que cette situation �evolue).



I. INTRODUCTION 15En cons�equence, les analyses de 
ot de donn�ees existantes sont g�en�eralement des ana-lyses statiques qui calculent des propri�et�es d'un point de programme donn�e ou d'une ins-truction donn�ee. De tels r�esultats sont utiles aux techniques classiques de v�eri�cation etd'optimisation [Muc97, ASU86, SKR90, KRS94], mais pour la parall�elisation automatiqueon a besoin d'informations suppl�ementaires.{ Que dire des di��erentes instances d'un point de programme ou d'une instruction �al'ex�ecution ? Puisque les instructions sont g�en�eralement ex�ecut�ees plusieurs fois, ons'int�eresse �a l'it�eration de boucle ou �a l'appel de proc�edure qui conduit �a l'ex�ecutionde telle instruction.{ Que dire des di��erents �el�ements d'une structure de donn�ees? Puisque les tableauxet les structures de donn�ees allou�ees dynamiquement ne sont pas atomiques, ons'int�eresse �a l'�el�ement de tableau ou au n�ud de l'arbre qui est acc�ed�e par uneinstance donn�ee d'une instruction.Analyse par instancesLes analyses de programmes pour la parall�elisation automatique constituent un do-maine assez restreint, compar�e avec l'immensit�e des propri�et�es et des techniques �etudi�eesdans le cadre de l'analyse statique. Le mod�ele de programme consid�er�e est �egalement plusrestreint | la plupart du temps | puisque les applications traditionnelles des parall�eli-seurs sont les codes num�eriques avec des nids de boucles et des tableaux.D�es le d�ebut | avec les travaux de Banerjee [Ban88], Brandes [Bra88] et Feautrier[Fea88a] | les analyses sont capables d'identi�er des propri�et�es au niveau des instances etdes �el�ements. Alors que la seule structure de contrôle �etait la boucle for/do, les m�ethodesit�eratives avec de solides fondations s�emantiques paraissaient inutilement complexes. Pourse concentrer sur la r�esolution des probl�emes cruciaux que sont l'abstraction des it�erationsde boucles et des e�ets les �el�ements de tableaux, la conception de mod�eles simples et sp�e-cialis�es fut �a coup sûr pr�ef�erable. Les premi�eres analyses �etaient des tests de d�ependance[Ban88] et des analyses de d�ependances qui rassemblent des informations sur les instancesd'instructions acc�edant �a la même cellule m�emoire, l'un des acc�es �etant une �ecriture. Desm�ethodes plus pr�ecises ont �et�e con�cues pour calculer, pour chaque �el�ement de tableau ludans une expression, l'instance de l'instruction qui a produit la valeur. Elles sont souventappel�ees analyses de 
ot de donn�ees pour tableaux [Fea91, MAL93], mais nous pr�ef�eronsle terme d'analyse de d�e�nitions visibles par instances pour favoriser la comparaison avecune technique particuli�ere d'analyse statique de 
ot de donn�ees appel�ee analyse de d�e�-nitions visibles [ASU86, Muc97]. Une information aussi pr�ecise am�eliore signi�cativementla qualit�e des techniques de transformation, et donc les performances des programmesparall�eles.Les analyses par instances ont longtemps sou�ert de s�ev�eres restrictions sur leur mo-d�ele de programmes : ceux-ci devaient initialement ne comporter que des boucles sansinstructions conditionnelles, avec des bornes et des indices de tableaux a�nes, et sansappels de proc�edures. Ce mod�ele limit�e englobe d�ej�a bon nombre de codes num�eriques,et il a �egalement le grand int�erêt de permettre le calcul exact des d�ependances et des d�e-�nitions visibles [Fea88a, Fea91]. Lorsque l'on cherche �a supprimer des restrictions, l'unedes di�cult�es vient de l'impossibilit�e d'�etablir des r�esultats exacts, seule une informationapproch�ee sur les d�ependances est disponible �a la compilation : cela induit des approxima-tions trop grossi�eres sur les d�e�nitions visibles. Un calcul direct de ces d�e�nitions visibles



16 PR�ESENTATION EN FRAN�CAISest donc n�ecessaire. De telles techniques ont �et�e r�ecemment mises au point par Barthou,Collard et Feautrier [CBF95, BCF97, Bar98] et par Pugh et Wonnacott [WP95, Won95],avec des r�esultats extrêmement pr�ecis dans le cas intra-proc�edural. Par la suite, et dans lecas des tableaux et nids de boucles sans restrictions, notre analyse de d�e�nitions visiblespar instances sera l'analyse 
oue de 
ot des donn�ees ou fuzzy array data
ow analysis(FADA) de Barthou, Collard et Feautrier [Bar98].Il existe de nombreuses extensions de ces analyses qui sont capables de prendre encompte les appels de proc�edure [TFJ86, HBCM94, CI96], mais ce ne sont pas pleinementdes analyses par instances car elles ne distinguent pas les ex�ecutions multiples d'uneinstruction associ�ees �a des appels di��erents de la proc�edure englobante. En e�et, cetteth�ese pr�esente la premi�ere analyse qui soit pleinement par instances pour des programmescomportant des appels de proc�edures | �eventuellement r�ecursifs.I.2 Transformations de programmes pour la parall�elisationIl est bien connu que les d�ependances limitent la parall�elisation des programmes �ecritsdans un langage imp�eratif ainsi que leur compilation e�cace sur les processeurs moderneset les super-calculateurs. Une m�ethode g�en�erale pour r�eduire le nombre de d�ependancesconsiste �a r�eduire la r�eutilisation de la m�emoire en a�ectant des cellules m�emoires dis-tinctes �a des �ecritures ind�ependantes, c'est-�a-dire �a expanser les structures de donn�ees.Il y a de nombreuses techniques pour calculer des expansions de la m�emoire, c'est-�a-dire pour transformer les acc�es m�emoire dans les programmes. Les m�ethodes classiquescomportent : le renommage de variables ; le d�ecoupage ou l'uni�cation de structures dedonn�ees du même type ; le redimensionnement de tableaux, en particulier l'ajout de nou-velles dimensions ; la conversion de tableaux en arbres ; la modi�cation du degr�e d'unarbre ; la transformation d'une variable globale en une variable locale.Les r�ef�erences en lecture sont expans�ees �egalement, en utilisant les d�e�nitions visiblespour impl�ementer la r�ef�erence expans�ee [Fea91]. La �gure 1 pr�esente trois programmespour lesquels aucune ex�ecution parall�ele n'est possible, en raison des d�ependances de sortie(certains d�etails du code sont omis). Les versions expans�ees sont pr�esent�ees en partiedroite de la �gure, pour illustrer l'int�erêt de l'expansion de la m�emoire pour l'extractiondu parall�elisme.Malheureusement, lorsque le 
ot de contrôle ne peut pas être pr�edit �a la compilation,un travail suppl�ementaire est n�ecessaire lors de l'ex�ecution pour pr�eserver le 
ot de don-n�ees d'origine : des fonctions � peuvent être n�ecessaires pour (( rassembler )) les d�e�nitionsen provenance de divers chemins de contrôle entrants. Ces fonctions � sont semblables| mais non identiques | �a celles du formalisme d'assignation unique statique ou sta-tic single-assignment (SSA) de Cytron et al. [CFR+91], et Collard et Griebl les ont �et�e�etendues pour la premi�ere fois aux m�ethodes d'expansion par instances [GC95, Col98].L'argument d'une fonction � est l'ensemble des d�e�nitions visibles possibles pour la r�ef�e-rence en lecture associee (cette interpr�etation est tr�es di��erente de la s�emantique usuelledes fonctions � du formalisme SSA). La �gure 2 propose deux programmes avec des ex-pressions conditionnelles et des index de tableau inconnus. Des versions expans�ees avecfonctions � sont donn�ees en partie droite de la �gure.L'expansion n'est pas une �etape obligatoire de la parall�elisation ; elle reste cependantune technique tr�es g�en�erale pour exposer plus de parall�elisme dans les programmes. Ence qui concerne l'impl�ementation de programmes parall�eles, deux visions di��erentes sontpossibles, en fonction du langage et de l'architecture.



I. INTRODUCTION 17. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int x;x = � � �; � � � = x;x = � � �; � � � = x; int x1, x2;x1 = � � �; � � � = x1;x2 = � � �; � � � = x2;Apr�es expansion, c.-�a-d. apr�es renommage de x en x1 et x2, les deux premi�eres instructionspeuvent être ex�ecut�ees en parall�ele avec les deux autres.int A[10];for (i=0; i<10; i++) {s1 A[0] = � � �;for (j=1; j<10; j++) {s2 A[j] = A[j-1] + � � �;}
int A1[10], A2[10][10];for (i=0; i<10; i++) {s1 A1[i] = � � �;for (j=1; j<10; j++) {s2 A2[i][j] = { if (j=1) A1[i];else A2[i][j-1]; }+ � � �;}Apr�es expansion, c.-�a-d. apr�es renommage du tableau A en A1 et A2 puis ajout d'unedimension au tableau A2, la boucle for est parall�ele. La d�e�nition visible par instancesde la r�ef�erence A[j-1] d�epend des valeurs de i et j, comme le montre l'impl�ementationavec une instruction conditionnelle.int A[10];void Proc (int i) {A[i] = � � �;� � � = A[i];if (� � �) Proc (i+1);if (� � �) Proc (i-1);}

struct Tree {int value;Tree *left, *right;} *p;void Proc (Tree *p, int i) {p->value = � � �;� � � = p->value;if (� � � ) Proc (p->left, i+1);if (� � � ) Proc (p->right, i-1);}Apr�es expansion, les deux appels de proc�edure peuvent être ex�ecut�es en parall�ele. L'allo-cation dynamique de la structure Tree est omise.. . . . . . . . . . . . . . . . . . . . . . Figure 1. Quelques exemples d'expansion . . . . . . . . . . . . . . . . . . . . . .La premi�ere exploite le parall�elisme de contrôle, c'est-�a-dire le parall�elisme entre desinstructions di��erentes du même bloc de programme. Le but consiste �a remplacer le plusd'ex�ecutions s�equentielles d'instructions par des ex�ecutions parall�eles. En fonction du lan-gage, il y a plusieurs syntaxes di��erentes pour coder ce type de parall�elisme, et celles-cipeuvent ne pas toutes avoir le même pouvoir d'expression. Nous pr�ef�erons la syntaxespawn/sync de Cilk [MF98] (proche de celle de OpenMP) aux blocs parall�eles de Al-gol 68 et du compilateur EARTH-C [HTZ+97]. Comme dans [MF98], les synchronisationsportent sur toutes les activit�es asynchrones commenc�ees dans le bloc englobant, et dessynchronisations implicites sont ajout�ees aux points de retour des proc�edures. En ce quiconcerne l'exemple de la �gure 3, l'ex�ecution de A, B et C en parall�ele suivie s�equen-tiellement de D puis de E a �et�e �ecrite dans une syntaxe �a la Cilk. En pratique, chaqueinstruction de cet exemple serait probablement un appel de proc�edure.



18 PR�ESENTATION EN FRAN�CAIS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int x;s1 x = � � �;s2 if (� � �) x = � � �;r � � � = x; int x1, x2;s1 x1 = � � �;s2 if (� � �) x2 = � � �;r � � � = �(fs1; s2g);Apr�es expansion, on ne peut pas d�ecider �a la compilation quelle est la valeur lue parl'instruction r. On ne sait seulement que celle-ci ne peut venir que de s1 ou de s2, et lecalcul de cette valeur est cach�e dans l'expression �(fs1; s2g). Celle-ci observe si s2 a �et�eex�ecut�ee, si oui elle retourne la valeur de x2, sinon celle de x1.int A[10];s1 A[i] = � � �;s2 A[� � �] = � � �;r � � � = A[i]; int A1[10], A2[10];s1 A1[i] = � � �;s2 A2[� � � ] = � � �;r � � � = �(fs1; s2g);Apr�es expansion, on ne sait pas �a la compilation quelle est la valeur lue par l'instructionr, puisque l'on ne connâ�t pas l'�el�ement du tableau A �ecrit par l'instruction s2.. . . . . . . . . . . . . . . Figure 2. Restauration du 
ot de donn�ees �a l'ex�ecution . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .spawn A;spawn B;spawn C;sync; // attente de la terminaison de A, B et CD;E;. . . . . . . . . . . . . . . . . . . . Figure 3. Syntaxe du parall�elisme de contrôle . . . . . . . . . . . . . . . . . . . .La deux�eme vision est exploite le parall�elisme de donn�ees, c'�est-�a-dire le parall�elismeentre des instances di��erentes de la même instruction ou du même bloc. Le mod�ele �aparall�elisme de donn�ees a �et�e longuement �etudi�e dans le cas des nids de boucles [PD96],en raison de son ad�equation avec les techniques e�caces de parall�elisation pour les al-gorithmes num�eriques et pour les op�erations r�ep�etitives sur de gros jeux de donn�ees.On utilisera une syntaxe similaire �a la d�eclaration de boucles parall�eles en OpenMP, o�utoutes les variables sont suppos�ees partag�ees par d�efaut, et une synchronisation impliciteest ajout�ee �a la �n de chaque sortie de boucle.Pour g�en�erer du code �a parall�elisme de donn�ees, beaucoup d'algorithmes utilisent destransformations de boucles intuitives comme la �ssion, la fusion, l'�echange, le renverse-ment, la torsion, la r�eindexation de boucles et le r�eordonnancement des instructions. Maisle parall�elisme de donn�ees est �egalement adapt�e �a l'expression d'un ordre d'ex�ecutionparall�ele sous forme d'ordonnancement, c'est-�a-dire en a�ectant une date d'ex�ecution �achaque instance d'une instruction. Le sch�ema de programme de la �gure 4 montre donneune id�ee de la m�ethode g�en�erale pour impl�ementer un tel ordonnancement [PD96]. Leconcept de front d'ex�ecution F (t) est fondamental pusiqu'il rassemble toutes les instances{ qui s'ex�ecutent �a la date t.Le premier algorithme d'ordonnancement est dû �a Kennedy et Allen [AK87], lequel a



I. INTRODUCTION 19. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .for (t=0; t<=L; t++) { // L est la latence de l'ordonnancementparallel for ({ 2 F (t))execute instance {// synchronisation implicite}Figure 4. Impl�ementation classique d'un ordonnancement dans le mod�ele �a parall�elismede donn�ees. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .inspir�e de nombres m�ethodes. Elles se fondent toutes sur des abstractions relativement ap-proximatives des d�ependances, comme les niveaux, les vecteurs et les cônes de d�ependance.La complexit�e raisonable et la facilit�e d'impl�ementation dans un compilateur industrielconstituent les avantages principaux de ces m�ethodes ; les travaux de Banerjee [Ban92] etplus r�ecemment de Darte et Vivien [DV97] donnent une vision globale de ces algorithmes.Une solution g�en�erale a �et�e propos�ee par Feautrier [Fea92]. L'algorithme propos�e est tr�esutile, mais l'absence de support pour d�ecider du param�etre de l'ordonnancement que l'ondoit optimiser constitue un point faible : est-ce la latence L, le nombre de communications(sur une machine �a m�emoire distribu�ee), la largeur des fronts?Pour �nir, il est bien connu que le parall�elisme de contrôle est plus g�en�eral que le pa-rall�elisme de donn�ees, en ce sens que tout programme �a parall�elisme de donn�ees peut êtrer�e�ecrit dans un mod�ele �a parall�elisme de contrôle, sans perte de parall�elisme. C'est d'au-tant plus vrai pour les programmes r�ecursifs o�u la distinction entre les deux paradigmesn'est pas tr�es claire [Fea98]. En revanche, pour des programmes et des architectures r�eels,le parall�elisme de donn�ees �a longtemps �et�e nettement plus adapt�e au calcul massivementparall�ele | principalement en raison du surcoût associ�e �a la gestion des activit�es. Desavanc�ees r�ecentes dans le materiel et les logiciels ont poutant montr�e que la situation estentrain d'�evoluer : d'excellents r�esultats pour des programmes parall�eles r�ecursifs (simu-lations de jeux comme les �echecs, et algorithmes de tri) ont �et�e obtenus avec Cilk parexemple [MF98].I.3 Organisation de cette th�eseQuatre chapitres structurent cette th�ese avant la conclusion �nale, et ceux-ci se re-
�etent dans les sections suivantes. La section II | r�esumant le chapitre 2 | d�ecrit unformalisme g�en�eral pour l'analyse et la transformation de programmes, et pr�esente lesd�e�nitions utiles aux chapitres suivants. Le but est d'être capable d'�etudier une largeclasse de programmes, des nids de boucles avec tableaux aux programmes et structuresde donn�ees r�ecursifs.Des r�esultats math�ematiques sont rassembl�es dans la section III | r�esumant le cha-pitre 3 ; certains sont bien connus, comme l'arithm�etique de Presburger et la th�eorie deslangages formels ; certains sont plutôt peu courants dans les domaines du parall�elismeet de la compilation, comme les transductions rationnelles et alg�ebriques ; et les autressont principalement des contributions, comme les transductions synchrones �a gauche etles techniques d'approximation pour transductions rationnelles et alg�ebriques.



20 PR�ESENTATION EN FRAN�CAISLa section IV | r�esumant le chapitre 4 | s'attaque �a l'analyse de par instances deprogrammes r�ecursifs. Celle-ci est fond�ee sur une extension de la notion de variable d'in-duction aux programmes r�ecursifs et sur de nouveaux r�esultats en th�eorie des langagesformels. Deux algorithmes pour l'analyse de d�ependance et de d�e�nition visible sont pro-pos�es. Ceux-ci sont exp�eriment�es sur des exemples.Les techniques de parall�elisation fond�ees sur l'expansion de la m�emoire constituentl'objet de la section V | r�esumant le chapitre 5. Les trois premi�eres sous-sections pr�e-sentent des techniques pour expanser les nids de boucles sans restriction d'expressionsconditionnelles, de bornes de boucles et d'index de tableaux ; la quatri�eme sous-sectionest une contribution �a l'optimisation simultan�ee des param�etres d'expansion et de pa-rall�elisation ; et la cinqui�eme sous-section pr�esente nos r�esultats sur l'expansion et laparall�elisation de programmes r�ecursifs.II Mod�elesA�n de conserver un formalisme et un vocabulaire constant tout au long de cetteth�ese, nous pr�esentons un cadre g�en�eral pour d�ecrire des analyses et des transformationsde programmes. Nous avons mis l'accent sur la repr�esentation des propri�et�es de pro-grammes au niveau des instances, tout en maintenant une certaine continuit�e avec lesautres travaux du domaine. Nous ne cherchons �a concurrencer aucun formalisme existant[KU77, CC77, JM82, KS92] : l'objectif principal consiste �a �etablir des r�esultats convain-cants sur la pertinence et l'e�cacit�e de nos techniques.Apr�es une pr�esentation formelle des instances d'instructions et des ex�ecutions d'unprogramme, nous d�e�nissons un mod�ele de programmes pour le reste de cette �etude.Nous d�ecrivons ensuite les abstractions math�ematiques associ�ees, avant de formaliser lesnotions d'analyse et de transformation de code.II.1 Une vision par instancesAu cours de l'ex�ecution, chaque instruction peut être ex�ecut�ee un certain nombrede fois, �a cause des structures de contrôle englobantes. Pour d�ecrire les propri�et�es du
ot de donn�ees aussi pr�ecis�ement que possible, nos techniques doivent être capables dedistinguer entre ces di��erentes ex�ecutions d'une même instruction. Pour une instruction s,une instance de s �a l'ex�ecution est une ex�ecution particuli�ere de s au cours de l'ex�ecutiondu programme. Dans le cas des nids de boucles, on utilise souvent les compteurs de bouclespour nommer les instances, mais cette technique n'est pas toujours applicable : un sch�emag�en�eral de nommage sera �etudi�e dans la section II.3.Les programmes d�ependent parfois de l'�etat initial de la m�emoire et interagissentavec leur environnement, plusieurs ex�ecutions du même code sont donc associ�ees �a desensembles d'instances di��erents et �a des propri�et�es du 
ot incompatibles. Nous n'auronspas besoin ici d'un degr�e �elev�e de formalisation : une ex�ecution e d'un programme P estdonn�ee par une trace d'ex�ecution de P , c'est-�a-dire une s�equence �nie ou in�nie (lorsque leprogramme ne termine pas) de con�gurations (�etats de la machine). L'ensemble de toutesles ex�ecutions possibles est not�e E. Pour un programme donn�e, on note Ie l'ensembledes instances associ�ees �a l'ex�ecution e 2 E. En plus de repr�esenter l'ex�ecution, l'indice erappelle que l'ensemble Ie est (( exact )) : ce n'est pas une approximation.Bien entendu, chaque instruction peut comporter plusieurs (y compris z�ero) r�ef�e-rences �a la m�emoire, l'une d'entre elles �etant �eventuellement une �ecriture (c.-�a-d. en



II. MOD�ELES 21partie gauche). Un couple ({; r) constitu�e d'une instance d'instruction et d'une r�ef�erencedans l'instruction est appel�e un acc�es. Pour une ex�ecution donn�ee e 2 E d'un programme,l'ensemble de tous les acc�es est not�e Ae. Il se partitionne en : Re, l'ensemble de toutesles lectures, c.-�a-d. les acc�es e�ectuant une op�eration de lecture en m�emoire ; et We,l'ensemble de toutes les �ecritures, c.-�a-d. les acc�es e�ectuant une op�eration d'�ecriture enm�emoire. Dans le cas d'une instruction comportant une r�ef�erence �a la m�emoire en partiegauche, on confond souvent les acc�es en �ecriture associ�es et les instances de l'instruction.II.2 Mod�ele de programmesNos programmes seront �ecrits dans un style imp�eratif, avec une syntaxe �a la C (avecdes extensions syntaxiques de C++). Les pointeurs sont autoris�es, et les tableaux �a plu-sieurs dimensions sont acc�ed�es avec la syntaxe [i1,: : : ,in] | ce n'est pas la syntaxe duC | pour faciliter la lecture. Cette �etude s'int�eresse principalement aux structures dupremier ordre, mais des techniques d'approximation permettent de prendre �egalement encompte les pointeurs de fonction [Cou81, Deu90, Har89, AFL95]. Les appels r�ecursifs, lesboucles, les instructions conditionnelles, et les m�ecanismes d'exception sont autoris�es ; onsuppose en revanche que les goto ont �et�e pr�ealablement �elimin�es par des algorithmes derestructuration de code [ASU86, Bak77, Amm92].Nous ne consid�ererons que les structures de donn�ees suivantes : les scalaires (bool�eens,entiers, 
ottants, pointeurs...), les enregistrements (ou records) de scalaires non r�ecursifs,les tableaux de scalaires ou d'enregistrements, les arbres de scalaires ou d'enregistrements,les arbres de tableaux et les tableaux d'arbres (même châ�n�es r�ecursivement). Pour sim-pli�er, nous supposons que les tableaux sont toujours acc�ed�es avec leur syntaxe sp�eci-�que (l'op�erateur []) et que l'arithm�etique de pointeurs est donc interdite. Les structuresd'arbres sont acc�ed�ees �a l'aide de pointeurs explicites (�a travers les op�erateurs * et ->).La (( forme )) des structures de donn�ees n'est pas explicite dans les programmes C : iln'est pas �evident de savoir si telle structure est une liste ou un arbre et non un graphe quel-conque. Des informations suppl�ementaires donn�ees par le programmeur peuvent r�esoudrele probl�eme [KS93, FM97, Mic95, HHN92], de même que des analyses �a la compilationde la forme des structures de donn�ees [GH96, SRW96]. L'association des pointeurs �a uneinstance donn�ee d'une structure d'arbre n'est pas �evidente non plus : il s'agit d'un cas par-ticulier de l'analyse d'alias [Deu94, CBC93, GH95, LRZ93, EGH94, Ste96]. Par la suite,nous supposerons que de telles techniques ont �et�e appliqu�ees par le compilateur.Une question importante �a propos des structures de donn�ees : comment sont-ellesconstruites, modi��ees et d�etruites? La forme des tableaux est souvent connue statique-ment, mais il arrive que l'on ait recours �a des tableaux dynamiques dont la taille �evolue �achaque d�epassement de bornes (c'est le cas dans la section V) ; en revanche, les structures �abase de pointeurs sont allou�ees dynamiquement avec des instructions explicites. Feautriera �etudi�e le probl�eme dans [Fea98] et nous aurons la même vision : toutes les structuresde donn�ees sont suppos�ees construites jusqu'�a leur extension maximale | �eventuellementin�nie. La correction d'une telle abstraction est garantie lorsque l'on interdit toute inser-tion et toute suppression �a l'ex�ecution. Cette r�egle tr�es stricte sou�re tout de même deuxexceptions que nous �etudierons apr�es avoir introduit l'abstraction math�ematique pour lesstructures de donn�ees. Il n'en reste pas moins que de nombreux programmes ne respectentmalheureusement pas cette r�egle.



22 PR�ESENTATION EN FRAN�CAISII.3 Mod�ele formelNous pr�esentons d'abord une m�ethode de nommage pour les instances d'instructions,puis nous proposons une abstraction math�ematique des cellules m�emoire.Nommer les instances d'instructionsD�esormais, on suppose que chaque instruction porte une �etiquette, l'alphabet des �eti-quettes est not�e �ctrl. Les boucles m�eritent une attention particuli�ere : elles ont trois�etiquettes, la premi�ere repr�esente l'entr�ee dans la boucle, la deuxi�eme correspond �a lav�eri�cation de la condition, et la troisi�eme repr�esente l'it�eration 1. De la même mani�ere,les instructions conditionnelles ont deux labels : un pour la condition et pour la branchethen, un autre pour la branche else. Nous �etudierons l'exemple de la �gure 5 ; cetteproc�edure calcule toutes les solutions du probl�eme des n reines.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];P void Queens (int n, int k) {I if (k <n) {A=A=a for (int i=0; i<n; i++) {B=B=b for (int j=0; j<k; j++)r � � � = � � � A[j] � � �;J if (� � �) {s A[k] = � � �;Q Queens (n, k+1);}}}}int main () {F Queens (n, 0);}
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FPIA A a A a AJ J Js s s QPIA AJ Br. . . . . . . . . . . Figure 5. La proc�edure Queens et un arbre de contrôle (partiel) . . . . . . . . . . .Les traces d'ex�ecution sont souvent utilis�ees pour nommer les instances �a l'ex�ecution.Elles sont g�en�eralement d�e�nies comme un chemin de l'entr�ee du graphe de 
ot de contrôlejusqu'�a une instruction donn�ee. 2 Chaque ex�ecution d'une instruction est enregistr�ee, ycompris les retours de fonctions. Dans notre cas, les traces d'ex�ecution ont un certainnombre d'inconv�enients, le plus grave �etant qu'une instance donn�ee peut avoir plusieurstraces d'ex�ecution di��erentes en fonction de l'ex�ecution du programme. Ce point interditl'utilisation des traces pour donner un unique nom �a chaque instance. Notre solutionutilise une autre repr�esentation de l'ex�ecution du programme [CC98, Coh99a, Coh97,Fea98]. Pour une ex�ecution donn�ee, chaque instance d'une instruction se situe �a l'extr�emit�e1. En C, la v�eri�cation se fait juste apr�es l'entr�ee dans la boucle et avant chaque it�eration2. Sans se soucier des expressions conditionnelles et des bornes de boucles.



II. MOD�ELES 23d'une unique liste (ordonn�ee) d'entr�ees de blocs, d'it�erations de boucles et d'appels deproc�edures. �A chaque liste correspond un certain mot : la concat�enation des �etiquettes desinstructions. Ces concepts sont illustr�es sur l'arbre de la �gure 5, dont la d�e�nition estdonn�ee ult�erieurement.D�e�nition 1 L'automate de contrôle d'un programme est un automate �ni dont les �etatssont les instructions et o�u une transition d'un �etat q �a un �etat q0 exprime que l'instruc-tion q0 apparâ�t dans le bloc q. Une telle transition est �etiquet�ee par q0. L'�etat initialest la premi�ere instruction ex�ecut�ee, et tous les �etats sont �naux.Les mots accept�es par l'automate de contrôle sont appel�es mots de contrôle. Parconstruction, ils d�ecrivent un langage rationnel Lctrl inclus dans ��ctrl.Si I est l'union de tous les ensembles d'instances Ie pour toute ex�ecution donn�ee e 2 E,il y a une injection naturelle de I sur le langage Lctrl des mots de contrôle. Ce r�esultatnous permet de parler du (( mot de contrôle d'une instance )). En g�en�eral, les ensemblesE et Ie | pour une ex�ecution donn�ee e | ne sont pas connus �a la compilation. Nousconsid�ererons souvent l'ensemble de toutes les instances susceptibles d'être ex�ecut�ees,ind�ependamment des instructions conditionnelles et des bornes de boucles. Cet ensembleest en bijection avec l'ensemble des mots de contrôle. Nous parlerons donc �egalement de(( l'instance w )), qui signi�e (( l'instance dont le mot de contrôle est w )).On remarque que certains �etats n'ont qu'une transition entrante et une transitionsortante. En pratique, on consid�ere souvent un automate de contrôle compress�e o�u tousces �etats sont �elimin�es. Cette transformation n'a pas de cons�equences sur les mots decontrôle. Les automates du programme Queens sont d�ecrits sur la �gure 6.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .F PIAABBr b
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Figure 6.a. Automate de contrôle
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Figure 6.b. Automate de contrôle com-press�e pour Queens. . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 6. Automates de contrôle . . . . . . . . . . . . . . . . . . . . . . . . . . .L'ordre d'ex�ecution s�equentiel d'un programme d�e�nit un ordre total sur les instancesque l'on note <seq. De plus, on peut d�e�nir un ordre textuel partiel<txt sur les instructionsdu programme : les instructions d'un même bloc sont ordonn�ees selon leur apparition, et



24 PR�ESENTATION EN FRAN�CAISles instructions apparaissant dans des blocs di��erents sont incomparables. Dans le casdes boucles, l'�etiquette de l'it�eration s'ex�ecute apr�es toutes les instructions du corps deboucle. Pour la proc�edure Queens on a B <txt J <txt a, r <txt b et s <txt Q. Cet ordretextuel engendre un ordre lexicographique sur les mots de contrôle (ordre du dictionnaire)not�e <lex. Cet ordre est partiel sur ��ctrl et sur Lctrl (notamment �a cause des instructionsconditionnelles). Par construction de l'ordre textuel, une instance {0 s'ex�ecute avant uneinstance { si et seulement si leurs mots de contrôle w0 et w respectifs v�eri�ent w0 <lex w.En�n, le langage des mots de contrôle s'interpr�ete facilement comme un arbre in�ni,dont la racine est nomm�ee " et chaque arête est �etiquet�ee par une instruction. Chaquen�ud correspond alors au mot de contrôle �egal �a la concat�enation des �etiquettes sur labranche issue de la racine. Un tel arbre est appel�e arbre de contrôle. Un arbre d'appelpartiel pour le programme Queens est donn�e par la �gure 5.L'adressage des cellules m�emoireNous g�en�eralisons ici un certain nombre de formalismes que nous avions propos�espr�ec�edemment [CC98, Coh99a, Coh97, Fea98, CCG96]. Celui-ci s'inspire �egalement d'ap-proches assez diverses [Ala94, Mic95, Deu92, LH88].Sans surprise, les �el�ements de tableau sont index�es par des entiers ou des vecteursd'entiers. L'adressage des arbres se fait en concat�enant les �etiquettes des arêtes en partantde la racine. L'adresse de la racine est donc " et celle du n�ud root->l->r dans un arbrebinaire est lr. L'ensemble des noms d'arêtes est not�e �data ; la disposition des arbres enm�emoire est donc d�ecrite par un langage rationnel Ldata � ��data.Pour travailler �a la fois sur les arbres et sur les tableaux, on note que ces deux structurespartagent la même abstraction math�ematique : le mono��de (voir Section III.2). En e�et,les langages rationnels (adressage des arbres) sont des sous-ensembles de mono��des libresavec la concat�enation des mots, et les ensembles de vecteurs d'entiers (indexation destableaux) sont des mono��des commutatifs libres avec l'addition des vecteurs. L'abstractiond'une structure de donn�ees par un mono��de est not�ee Mdata, et le sous-ensemble de cemono��de associ�e aux �el�ements valides de la structure sera not�e Ldata.Le cas des embô�tements d'arbres et de tableaux est un peu plus complexe, mais ilr�ev�ele l'expressivit�e des abstractions sous forme de mono��des. Toutefois, nous ne parle-rons pas davantage de ces structures hybrides dans ce r�esum�e en fran�cais. Par la suite,l'abstraction pour n'importe quelle structure de donn�ees de notre mod�ele de programmessera un sous-ensemble Ldata du mono��de Mdata avec la loi �.Il est temps de revenir sur l'interdiction des insertions et des suppressions de la sectionpr�ec�edente. Notre formalisme est capable en r�ealit�e de g�erer les deux exceptions suivantes :puisque le 
ot des donn�ees ne d�epend pas du fait que l'insertion d'un n�ud s'e�ectue aud�ebut du programme ou en cours d'ex�ecution, les insertions en queue de liste et auxfeuilles des arbres sont permises ; lorsque des suppressions sont e�ectu�ees en queue deliste ou aux feuilles des arbres, l'abstraction math�ematique est toujours correcte maisrisque de conduire �a des approximations trop conservatrices.Nids de boucles et tableauxDe nombreuses applications num�eriques sont impl�ement�ees sous formes de nids deboucles sur tableaux, notamment en traitement du signal et dans les codes scienti�quesou multim�edia. �Enorm�ement de r�esultats d'analyse et de transformation ont �et�e obtenuspour ces programmes. Notre formalisme d�ecrit sans probl�eme ce genre de codes, mais il



II. MOD�ELES 25semble plus naturel et plus simple de revenir �a des notions plus classiques pour nommerles instances et adresser la m�emoire. En e�et, les vecteurs d'entiers sont plus adapt�es queles mots de contrôle, car les Z-modules ont une structure beaucoup plus riche que cellede simples mono��des commutatifs.En utilisant des correspondances de Parikh [Par66], nous avons montr�e que les vecteursd'it�erations | le formalisme classique pour nommer les instances dans les nids de boucles| sont une interpr�etation particuli�ere des mots de contrôle, et que les deux notions sont�equivalentes en l'absence d'appels de proc�edures. En�n, les instances d'instructions ne ser�eduisent pas uniquement �a des vecteurs d'it�eration, et nous introduisons les notationssuivantes (qui g�en�eralisent les notations intuitives de la section II.1) : hS; xi repr�esentel'instance de l'instruction S dont le vecteur d'it�eration est x ; hS; x; refi repr�esente l'acc�esconstruit �a partir de l'instance hS; xi et de la r�ef�erence ref.D'autres comparaisons entre vecteurs d'it�eration et mots de contrôle sont pr�esent�eesdans la section IV.5.II.4 Analyse par instancesLa d�e�nition des ex�ecutions d'un programme n'est pas tr�es pratique puisque notremod�ele utilise des mots de contrôle et non des traces d'ex�ecution. Nous pr�ef�erons ici utiliserune vision �equivalente o�u l'ex�ecution s�equentielle e 2 E d'un programme est un couple(<seq; fe), o�u <seq est l'ordre d'ex�ecution s�equentiel sur toutes les instances possibles etfe associe chaque acc�es �a la cellule m�emoire qu'il lit ou �ecrit. On remarque que <seq ned�epend pas de l'ex�ecution, l'ordre s�equentiel �etant d�eterministe. Au contraire, le domainede fe est exactement l'ensemble Ae des acc�es associ�es �a l'ex�ecution e. La fonction feest appel�ee la fonction d'acc�es pour l'ex�ecution e du programme [CC98, Fea98, CFH95,Coh99b, CL99]. Pour simpli�er, lorsque l'on parlera du (( programme (<seq; fe) )), onentendra l'ensemble des ex�ecutions (<seq; fe) du programme pour e 2 E.Con
its d'acc�es et d�ependancesLes analyses et transformations requi�erent souvent des informations sur les (( con
its ))entre acc�es �a la m�emoire. Deux acc�es a et a0 sont en con
it s'ils acc�edent | en lecture o�uen �ecriture | �a la même cellule m�emoire : fe(a) = fe(a0).L'analyse des con
its ressemble beaucoup �a l'analyse d'alias [Deu94, CBC93] et s'ap-plique �egalement aux analyses de caches [TD95]. La relation de con
it | la relation entrecon
its d'acc�es | est not�ee �e pour une ex�ecution donn�ee e. Comme on ne peut g�en�erale-ment pas connâ�tre exactement fe et �e, l'analyse des con
its d'acc�es consiste �a d�eterminerune approximation conservatrice � de la relation de con
it qui soit compatible avec n'im-porte quelle ex�ecution du programme :8e 2 E; 8v; w 2 Ae : �fe(v) = fe(w) =) v �w�:Pour parall�eliser, on a besoin de conditions su�santes pour autoriser que deux acc�ess'ex�ecutent dans un ordre quelconque. Ces conditions s'expriment en terme de d�epen-dances : un acc�es a d�epend d'un autre acc�es a0 si l'un d'entre eux est une �ecriture, s'ilssont en con
it | fe(a) = fe(a0) | et si a0 s'ex�ecute avant a | a0 <seq a. La relation ded�ependance pour une ex�ecution e est not�ee �e : a d�epend de a0 est not�e a0 �e a.8e 2 E; 8a; a0 2 Ae : a0 �e a def() (a 2We _ a0 2We) ^ a0 <seq a ^ fe(a) = fe(a0):



26 PR�ESENTATION EN FRAN�CAISUne analyse de d�ependances se contente �a nouveau d'un r�esultat approch�e �, tel que8e 2 E; 8a; a0 2 Ae : �a0 �e a =) a0 � a�:Analyse de d�e�nitions visiblesDans certains cas, on recherche une information plus pr�ecise que les d�ependances :�etant donn�e une lecture en m�emoire, on veut connâ�tre l'instance qui a produit la valeur.L'acc�es en lecture est appel�e utilisation et l'instance qui a produit la valeur est appel�eed�e�nition visible. Il s'agit en fait de la derni�ere instance | selon l'ordre d'ex�ecution | end�ependance avec l'utilisation. La fonction associant son unique d�e�nition visible �a chaqueacc�es en lecture est not�ee �e :8e 2 E; 8u 2 Re : �e (u) = max<seq �v 2We : v �e u	:Il se peut qu'une instance en lecture n'ait en fait aucune d�e�nition visible dans leprogramme consid�er�e. On ajoute donc une instance virtuelle ? qui s'ex�ecute avant toutesles instances du programme et initialise toutes les cellules m�emoire.Lorsque l'on e�ectue une analyse de d�e�nitions visibles, on calcule une relation � quiapproxime de mani�ere conservatrice les fonctions �e :8e 2 E; 8u 2 Re; v 2We : �v = �e (u) =) v � u�:On peut aussi voir � comme une fonction qui calcule des ensembles de d�e�nitions vi-sibles possibles. Lorsque ? apparâ�t dans un ensmble d'instances, une valeur non initialis�eerisque d'être lue. Cette information peut être utilis�ee pour v�eri�er les programmes.Par la suite on aura besoin de consid�erer des ensembles approch�es d'instances et d'ac-c�es : On a d�eja rencontr�e la notation I qui repr�esente l'ensemble de toutes les instancespossibles pour n'importe quelle ex�ecution d'un programme donn�e :8e 2 E : �{ 2 Ie =) { 2 I�;De même, on utilisera les approximations conservatrices A, R et W des ensembles Ae,Re et We.II.5 Parall�elisationAvec le mod�ele introduit par la section II.4, parall�eliser un programme (<seq; fe) signi�econstruire un programme (<par; fexpe ), o�u <par est un ordre d'ex�ecution parall�ele, c'est-�a-dire un ordre partiel et un sous ordre de <seq. On appelle expansion de la m�emoire le fait deconstruire une nouvelle fonction d'acc�es fexpe �a partir de fe. Bien sûr, un certain nombrede propri�et�es doivent être satisfaites par <par et fexpe a�n de pr�eserver la s�emantique del'ex�ecution s�equentielle.L'expansion de la m�emoire a pour but de r�eduire le nombre de d�ependances super
uesqui sont dues �a la r�eutilisation des mêmes cellules m�emoire. Indirectement, l'expansion metdonc en �evidence plus de parall�elisme. On consid�ere en e�et une relation de d�ependance�expe pour une ex�ecution e du programme expans�e :8e 2 E; 8a; a0 2 Ae :a0 �expe a def() (a 2We _ a0 2We) ^ a0 <seq a ^ fexpe (a) = fexpe (a0):



III. OUTILS MATH�EMATIQUES 27Pour d�e�nir un ordre parall�ele compatible avec n'importe quelle ex�ecution du pro-gramme, on doit consid�erer une approximation conservatrice �exp. Cette approximationest en g�en�erale induite par la strat�egie d'expansion (voir section V.4 par exemple).Th�eor�eme 1 (correction d'un ordre parall�ele) La condition suivante garantit quel'ordre d'ex�ecution parall�ele est correct pour le programme expans�e (il pr�eserve las�emantique du programme d'origine).8({1; r1); ({2; r2) 2 A : ({1; r1) �exp ({2; r2) =) {1 <par {2:On remarque que �expe coincide avec �e lorsque le programme est mis en assignationunique. On supposera donc que �exp = � pour parall�eliser de tels programmes.En�n, on ne reviendra pas ici sur les techniques utilis�ees pour calculer e�ectivementun ordre d'ex�ecution parall�ele, et pour g�en�erer le code correspondant. Les techniques deparall�elisation de programmes r�ecursifs sont relativement r�ecentes et seront �etudi�ees dansla section 5.5. En ce qui concerne les m�ethodes associ�ees aux nids de boucles, de nombreuxalgorithmes d'ordonnancement et de partitionnement | ou de pavage (tiling) | ont �et�epropos�es ; mais leur description ne parâ�t pas indispensable �a la bonne compr�ehension destechniques �etudi�ees par la suite.III Outils math�ematiquesCette section rassemble les rappels et les contributions portant sur les abstractionsmath�ematiques que nous utilisons. Le lecteur int�eress�e par les techniques d'analyse et detransformation peut se contenter de noter les d�e�nitions et th�eor�emes principaux.III.1 Arithm�etique de PresburgerNous avons besoin de manipuler des ensembles, des fonctions et des relations sur desvecteurs d'entiers. L'arithm�etique de Presburger nous convient particuli�erement puisquela plupart des questions int�eressantes sont d�ecidables dans cette th�eorie. On la d�e�nit�a partir des formules logiques construites sur 8, 9, :, _, ^, l'�egalit�e et l'in�egalit�e decontraintes a�nes enti�eres. La satisfaction d'une formule de Presburger est au c�ur dela plupart des calculs symboliques avec des contraintes a�nes : c'est un probl�eme NP-complet de programmation lin�eaire en nombres entiers [Sch86]. Les algorithmes utilis�es sontsuper-exponentiels dans le pire cas [Pug92, Fea88b, Fea91], mais d'une grande e�cacit�epratique sur des probl�emes de taille moyenne.Nous utilisons principalement Omega [Pug92] dans nos exp�erimentations et impl�emen-tations de prototypes ; la syntaxe des ensembles, relations et fonctions �etant tr�es prochedes notations math�ematiques usuelles. PIP [Fea88b] | l'outil param�etrique de program-mation lin�eaire en nombre entiers | utilise une autre repr�esentation pour les relationsa�nes : la notion d'arbre de s�election quasi-a�ne ou quasi-a�ne selection tree, plus sim-plement appel�e quast.D�e�nition 2 (quast) Un quast repr�esentant une relation a�ne est une expression condi-tionnelle �a plusieurs niveaux, dans laquelle les pr�edicats sont des tests sur le signe deformes quasi-a�nes 3 et les feuilles sont des ensembles de vecteurs d�ecrits dans l'arith-3. Les formes quasi-a�nes �etendent les formes a�nes avec des divisions enti�eres par des constantes etdes restes de telles divisions.



28 PR�ESENTATION EN FRAN�CAISm�etique de Presburger �etendue avec ? | qui pr�ec�ede tout autre vecteur pour l'ordrelexicographique.Lorsque des ensembles vides apparaissent dans les feuilles, ils di��erent du singletonf?g et d�ecrivent les vecteurs qui ne sont pas dans le domaine de la relation. Des exemplesseront donn�es dans la section V.Une op�eration classique sur les relations consiste �a d�eterminer la clôture transitive. Lesalgorithmes classiques ne consid�erent que des graphes �nis. Malheureusement, dans le casdes relations a�nes, il se trouve que la clôture d'une relation a�ne n'en est g�en�eralementpas une.Nous utiliserons donc des techniques d'approximation d�evelopp�ees par Kelly et al. etimpl�ement�ees dans Omega [KPRS96]. L'id�ee g�en�erale consiste �a se ramener �a une sous-classe par approximation, puis de calculer exactement la clôture.III.2 Langages formels et relations rationnellesCertains concepts font partie du fond commun en informatique th�eorique, comme lesmono��des, les langages rationnels et alg�ebriques, les automates �nis, et les automates �a pile.Les ouvrages de r�ef�erence sont [HU79] et [RS97a], mais il existe �egalement de nombreusesintroductions en fran�cais. Nous nous contenterons donc de �xer les notations utilis�eespar la suite, �a l'aide d'un exemple classique. Dans un deuxi�eme temps, nous �etudieronsdes objets math�ematiques plus originaux : nous pr�esenterons les r�esultats essentiels sur laclasse des relations rationnelles entre mono��des de type �ni.Langages formels : exemple et notationsLe langage de Lukasiewicz est un exemple simple de langage �a un compteur | c.-�a-d. reconnu par un automate �a un compteur | sous-classe des langages alg�ebriques.Le langage de Lukasiewicz -L sur un alphabet fa; bg est engendr�e par l'axiome � et lagrammaire dont les productions sont � �! a�� j b:Ce langage est apparent�e aux langages de Dyck [Ber79], ses premiers mots �etantb; abb; aabbb; ababb; aaabbbb; aababbb; : : :L'encodage d'un compteur sur une pile se fait de la fa�con suivante : trois symbolessont utilis�es, Z est le symbole de fond de pile, I code les nombres positifs, et D les codenombres n�egatifs ; ZIn repr�esente donc l'entier n, ZDn repr�esente �n, et Z code la valeur0 du compteur. La �gure 7 d�ecrit un automate �a pile acceptant le langage -L ainsi que soninterpr�etation en termes de compteur.Une g�en�eralisation naturelle des langages �a un compteur consiste �a en mettre plu-sieurs : il s'agit alors d'une machine de Minsky [Min67]. Cependant, les automates �a deuxcompteurs ont d�ej�a le même pouvoir d'expression que les machines de Turing, et la plupartdes questions int�eressantes deviennent donc ind�ecidables. Pourtant, en imposant quelquesrestrictions sur la famille des langages �a plusieurs compteurs, des r�esultats de d�ecidabilit�er�ecents ont �et�e obtenus. L'�etude de ces objets parait riche en applications, notammentdans le cas des travaux de Comon et Jurski [CJ98].
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Figure 7.b. Automate �a un compteur associ�e. . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 7. Exemples d'automates . . . . . . . . . . . . . . . . . . . . . . . . . . .Relations rationnellesNous nous contentons de quelques rappels ; consulter [AB88, Eil74, Ber79] pour deplus amples d�etails. Soit M un mono��de. Un sous-ensemble R de M est un ensemblereconnaissable s'il existe a mono��de �ni N , un morphisme � de M dans N et un sous-ensemble P de N tels que R = ��1(P ).Ces ensembles g�en�eralisent les langages rationnels tout en conservant la structured'alg�ebre bool�eenne : en e�et, la classe des ensembles reconnaissables est close pour l'union,l'intersection et le compl�ementaire. Les ensembles reconnaissables sont �egalement clospour la concat�enation, mais pas pour l'op�eration �etoile. C'est le cas en revanche de laclasse des ensembles rationnels, dont la d�e�nition �etend celle des langages rationnels :soit M un mono��de, la classe des ensembles rationnels de M est la plus petite famille desous-ensembles de M comportant ? et les singletons fmg � M , close pour l'union, laconcat�enation et l'op�eration �etoile.En g�en�eral, les ensembles rationnels ne sont pas clos pour le compl�ementaire et l'inter-section. SiM est de la formeM1�M2, o�uM1 etM2 sont deux mono��des, un sous-ensemblereconnaissable de M est appel�e relation reconnaissable, et un sous-ensemble rationnel deM est appel�e relation rationnelle. Le r�esultat suivant d�ecrit la (( structure )) des relationsreconnaissables.Th�eor�eme 2 (Mezei) Une relation reconnaissable R � M1 � M2 est une union �nied'ensembles de la forme K �L o�u K et L sont des ensembles rationnels de M1 et M2.Par la suite nous ne consid�ererons que des ensembles reconnaissables et rationnels quisont des relations entre mono��des de type �ni.Les transductions donnent une vision (( plus fonctionnelle )) des relations reconnais-sables et rationnelles. �A partir d'une relation R entre des mono��des M1 et M2, on d�e�nitune transduction � de M1 dans M2 comme une fonction de M1 dans l'ensemble P(M2)des parties de M2, telle que v 2 �(u) ssi uRv. Une transduction est reconnaissable (resp.rationnelle) ssi son graphe est une relation reconnaissable (resp. rationnelle). Ces deuxclasses sont closes pour l'inversion, et la classe des transductions reconnaissables est �ega-lement close pour la composition.Celle des transductions rationnelles est �egalement close pour la composition dans lecas de mono��des libres : c'est le th�eoreme de Elgot et Mezei [EM65, Ber79], fondamentalpour l'analyse de d�ependances (section IV).Th�eor�eme 3 (Elgot and Mezei) Si A, B et C sont des alphabets, �1 : A� ! B� et



30 PR�ESENTATION EN FRAN�CAIS�2 : B� ! C� sont des transductions rationnelles, alors �2 � �1 : A� ! C� est unetransduction rationnelle.La repr�esentation (( m�ecanique )) des relations et transductions rationnelles est appel�eetransducteur rationnel ; ceux-ci �etendent naturellement les automates �nis en ajoutant un(( ruban de sortie )) :D�e�nition 3 (transducteur rationnel) Pour un mono��de (( d'entr�ee )) M1 et un mo-no��de (( de sortie )) M2 4, on d�e�nit un transducteur rationnel T = (M1;M2; Q; I; F; E)avec un ensemble �ni d'�etatsQ, un ensemble d'�etats initaux I � Q, an ensemble d'�etats�naux F � Q, et un ensemble �ni de transitions (ou arêtes) E � Q�M1 �M2 �Q.Le th�eor�eme de Kleene assure que les relations rationnelles de M1 �M2 sont exacte-ment les relations reconnues par un transducteur rationnel. On note jT j la transductionreconnue par le transducteur T : on dit que T r�ealise la transduction jT j. Lorsque lesmono��des M1 et M2 sont libres, l'�el�ement neutre est le mot vide not�e ".Th�eor�eme 4 Les probl�emes suivants sont d�ecidables pour les relations rationnelles : est-ce que deux mots sont en relation (en temps lin�eaire), la vacuit�e, la �nitude.Soient R et R0 deux relations rationnelles sur des alphabets A et B avec au moinsdeux lettres. Il n'est pas d�ecidable de savoir si R \ R0 = ?, R � R0, R = R0, R =A� � B�, (A� � B�)�R est �ni, R est reconnaissable.Quelques r�esultats int�eressants concernent les transductions qui sont des fonctionspartielles. Une fonction rationnelle  : M1 ! M2 est une transduction rationnelle qui estune fonction partielle, c.-�a-d. telle que Card( (u)) � 1 pour tout u 2 M1. �Etant donn�esdeux alphabets A et B, il est d�ecidable qu'une transduction rationnelle de A� dans B�est une fonction partielle (en O(Card(Q)4) [Ber79, BH77]). On peut �egalement d�ecider siune fonction rationnelle est incluse dans une autre et si elles sont �egales.Parmi les transducteurs r�ealisant des fonctions rationnelles, on s'int�eresse notamment�a ceux que l'on peut (( calculer �a la vol�ee )) en lisant leur entr�ee. Soient A et B deuxalphabets. Un transducteur est s�equentiel lorsqu'il est �etiquet�e sur A � B� et que sonautomate d'entr�ee (obtenu en omettant les sorties) est d�eterministe. Un transducteurs�equentiel r�ealise une fonction rationnelle. Cette notion de (( calcul �a la vol�ee )) est un peutrop restrictive, on consid�ere plutôt l'extension suivante :D�e�nition 4 (transducteur sous-s�equentiel) Pour deux alphabets A et B, un trans-ducteur sous-s�equentiel (T ; �) sur A� � B� est un couple o�u T est un transducteurs�equentiel avec F pour ensemble d'�etats �naux, et o�u � : F ! B� est une fonction.La fonction  r�ealis�ee par (T ; �) est d�e�nie comme suit : si u 2 A�, la valeur  (u) estd�e�nie s'il existe un chemin dans T acceptant (ujv) aboutissant �a un �etat �nal q ; dansce cas  (u) = v�(q).En d'autres termes, � ajoute un mot �a la �n de la sortie d'un transducteur s�equentiel.Partant d'une d�emonstration de Cho�rut [Cho77], B�eal et Carton [BC99b] ont propos�eun algorithme polynomial pour d�ecider si une fonction rationnelle est sous-s�equentielle, etun autre pour d�ecider si une sous-s�equentielle est s�equentielle. Ils ont �egalement propos�eun algorithme polynomial pour trouver une r�ealisation sous-s�equentielle d'une fonctionrationnelle, lorsqu'elle existe.4. Les mono��des M1 et M2 sont souvent omis de la d�e�nition.



III. OUTILS MATH�EMATIQUES 31III.3 Relations synchrones �a gaucheLes relations rationnelles ne sont pas closes pour l'intersection, mais cette op�eration estindispensable dans le cadre de l'analyse de d�ependances. Feautrier [Fea98] a propos�e un(( semi-algorithme )) pour r�epondre �a la question ind�ecidable de la vacuit�e d'une intersectionde relations rationnelles : l'algorithme ne termine �a coup sûr que lorsque l'intersection n'estpas vide. Puisque nous voulons calculer cette intersection, nous adoptons une approchedi��erente : on se ram�ene | par approximations conservatrices | �a une classe de relationsrationnelles avec une structure d'alg�ebre bool�eenne (c.-�a-d. avec l'union, l'intersection etle compl�ementaire).Les relations reconnaissables constituent bien une alg�ebre bool�eene, mais nous avonsconstruit une classe plus g�en�erale : les relations synchrones �a gauche. Cette classe a �et�e�etudi�ee ind�ependamment par Frougny et Sakarocitch [FS93], mais notre repr�esentation estdi��erente, les preuves sont nouvelles et de nouveaux r�esultats ont �et�e obtenus. Ce travailest le r�esultat d'une collaboration avec Olivier Carton (Universit�e de Marne-la-Vall�ee).On rappelle une d�e�nition classique, �equivalente �a la propri�et�e de pr�eservation de lalongueur pour les mots d'entr�ee et de sortie : Un transducteur rationnel sur des alphabetsA et B est synchrone s'il est �etiquet�e sur A� B. Nous �etendons cette notion de la fa�consuivante.D�e�nition 5 (synchronisme �a gauche) Un transducteur rationnel sur des alphabelsA et B est synchrone �a gauche s'il est �etiquet�e sur (A � B) [ (A � f"g) [ (f"g � B)et seules des transitions �etiquet�ees sur A � f"g (resp. f"g � B) peuvent suivre destransitions �etiquet�ees sur A� f"g (resp. f"g �B).Une relation ou une transduction rationnelle est synchrone �a gauche si elle peutêtre r�ealis�ee par un transducteur synchrone �a gauche. Un transducteur rationnel estsynchronisable �a gauche s'il r�ealise une relation synchrone �a gauche.La �gure 8 montre des transducteurs synchrones �a gauche sur un alphabet A quir�ealisent l'ordre pr�e�xe et l'ordre lexicographique (<txt est un ordre particulier sur A).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Pour les transducteurs suivants, x et y remplacent respectivement 8x 2 A et 8y 2 A.
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Figure 8.b. Ordre lexicographique. . . . . . . . . . . . . . . Figure 8. Exemple de transducteurs synchrones �a gauche . . . . . . . . . . . . . . .



32 PR�ESENTATION EN FRAN�CAISIl est connu que les transducteurs synchrones constituent une alg�ebre bool�eenne 5.Th�eor�eme 5 La classe des relations synchrones �a gauche constitue une alg�ebre boo-l�eenne : elle est close pour l'union, l'intersection et le compl�ementaire. De plus, lesrelations reconnaissables sont synchrones �a gauche ; si S est synchrone et T est syn-chrone �a gauche, alors ST est synchrone �a gauche ; si T est synchrone �a gauche etR est reconnaissable, alors TR est synchrone �a gauche. En�n, la classe des relationssynchrones �a gauche est close pour la composition.Les relations synchrones sont d�ecidables parmi les relations rationnelles [Eil74] , maisce n'est pas le cas des relations reconnaissables [Ber79] et nous avons montr�e qu'il en estde même des relations synchrones �a gauche.On s'int�eresse cependant �a certains cas particuliers pour lesquels une relation ration-nelle peut être prouv�ee synchrone �a gauche. �A cet e�et, on rappelle la notion de taux detransmission d'un chemin �etiquet�e par (u; v) : il s'agit du rapport jvj=juj 2 Q+ [ f+1g.Si T est un transducteur synchrone �a gauche, les cycles de T ne peuvent avoir que troistaux de transmission possibles : 0, 1 et +1. Tous les cycles d'une même composante for-tement connexe doivent avoir le même taux de transmission, seuls les composants de taux0 peuvent suivre ceux de taux 0, et seuls les composants de taux +1 peuvent suivre ceuxde taux +1. Il existe une r�eciproque partielle :Th�eor�eme 6 Si le taux de transmission de chaque cycle d'un transducteur rationnel est0, 1 ou +1, et si aucun cycle de taux 1 suit un cycle de taux di��erent de 1, alors letransducteur est synchronisable �a gauche.Nous pouvons donc \resynchroniser" une certaine classe de transducteurs synchroni-sables �a gauche, �a savoir les transducteurs satisfaisant les hypoth�eses du th�eor�eme 6. Ense fondant sur un algorithme de B�eal et Carton [BC99a], on peut �ecrire un algorithmede resynchronisation pour calculer des approximations synchrones �a gauche de relationsrationnelles. Cette technique sera utilis�ee dans la section III.5.Nous terminons sur des propri�et�es de d�ecidabilit�e, essentielles pour l'analyse de d�e-pendances et de d�e�nitions visibles.Lemme 1 Soient R et R0 des relations synchrones �a gauche sur des alphabets A et B. Ilest d�ecidable que R \R0 = ?, R � R0, R = R0, R = A� � B�, (A� �B�)�R est �ni.Nous travaillons toujours sur la d�ecidabilit�e des relations reconnaissables parmi lessynchrones �a gauche.III.4 D�epasser les relations rationnellesNous avons parfois besoin d'une puissance d'expression sup�erieure �a celle des relationsrationnelles. Nous utiliserons donc la notion de relation alg�ebrique | o�u hors-contexte |qui �etend naturellement celle de langage alg�ebrique. Ces relations sont d�e�nies �a partirdes transducteurs �a pile :D�e�nition 6 (transducteur �a pile) �Etant donn�es deux alphabets A et B, un trans-ducteur �a pile T = (A�; B�;�; 
0; Q; I; F; E) est constitu�e d'un alphabet de pile � 6,un mot non vide 
0 dans �+ appel�e mot de pile initial, un ensemble �ni d'�etats Q, un5. Toutes les propri�et�es �etudi�ees dans cette section ont des preuves constructives.6. Les alphabets A et B sont souvent omis de la d�e�nition.



III. OUTILS MATH�EMATIQUES 33ensemble I � Q d'�etats initiaux, un ensemble F � Q d'�etats �naux, et un ensemble�ni de transitions (o�u arêtes) E � Q� A� � B� � �� �� �Q.La notion de transducteur �a pile r�ealisant une relation est d�e�nie de la même mani�ereque celle d'automate �a pile r�ealisant un langage.D�e�nition 7 (relation alg�ebrique) La classe des relations r�ealis�ees par des transduc-teurs �a pile est appel�ee classe des relations alg�ebriques.Bien entendu, les transductions alg�ebriques constituent la vision fonctionnelle des rela-tions alg�ebriques.Th�eor�eme 7 Les relations alg�ebriques sont closes pour l'union, la concat�enation et l'op�e-ration �etoile. Elles sont �egalement closes pour la composition avec des transductionsrationnelles. L'image d'un langage rationnel par une transduction alg�ebrique est unlangage alg�ebrique.Les questions suivantes sont d�ecidables pour les relations alg�ebriques : est-ce quedeux mots sont en relation (en temps lin�eaire), la vacuit�e, la �nitude.Il y a tr�es peu de r�esultats sur les transductions alg�ebriques qui sont des fonctions par-tielles, appel�ees fonctions alg�ebriques. En particulier, nous ne connaissons pas de sous-classede ces fonctions qui soit (( calculable �a la vol�ee )) au sens des fonctions sous-s�equentielles.N�eanmoins, une sous-classe int�eressante des relations alg�ebriques est celle des relations�a un compteur , r�ealis�ees par un transducteur �a un compteur | d�e�nition semblable �a celled'un automate �a un compteur. On peut �egalement consid�erer plus d'un compteur, maisl'on obtient alors la même puissance d'expression que les machines de Turing. Cette classenous int�eresse lorsque nous sommes amen�es �a composer des transductions rationnellesentre mono��des non libres (le th�eor�eme de Elgot et Mezei ne s'applique plus).Th�eor�eme 8 Soient A et B deux alphabets et n un entier positif. Si �1 : A� ! Zn et�2 : Zn ! B� sont des transductions rationnelles, alors �2 � �1 : A� ! B� est unetransduction �a n compteurs.Ce th�eor�eme sera utilis�e pour l'analyse de d�ependances, principalement avec n = 1.De plus, on peut d�eduire un r�esultat important de la preuve du th�eor�eme :Proposition 1 Soient A et B deux alphabets et n un entier positif. Soient �1 : A� ! Znet �2 : Zn ! B� des transductions rationnelles et T un transducteur �a n compteursr�ealisant �2 � �1 : A� ! B� (calcul�e avec le th�eor�eme 8. Alors, le transducteur rationnelsous-jacent �a T | obtenu en omettant les manipulations de pile | est reconnaissable.Ce r�esultat garantit la clôture pour l'intersection avec n'importe quelle transductionrationnelle, d'apr�es le r�esultat suivant :Proposition 2 Soit R1 une relation alg�ebrique r�ealis�ee par un transducteur �a pile dontle transducteur rationnel sous-jacent est synchrone �a gauche, et soit R2 une relationsynchrone �a gauche. Alors R1 \ R2 est une relation alg�ebrique, et on peut construireun transducteur �a pile qui la r�ealise dont le transducteur rationnel sous-jacent estsynchrone �a gauche.En�n, le th�eor�eme 8 s'�etend aux mono��des partiellement commutatifs libres associ�esaux embô�tements d'arbres et de tableaux, que nous n'abordons pas dans ce r�esum�e.



34 PR�ESENTATION EN FRAN�CAISIII.5 Compl�ements sur les approximationsLe calcul d'intersection est tr�es utilis�e dans le cadre de nos techniques d'analyse etde transformation de programmes. Les relations rationnelles et alg�ebriques ne sont pascloses pour cette op�eration ; mais nous avons identi��e des sous-classes qui le sont. Nousmontrons ici comment s'y ramener en appliquant des approximations conservatrices.Plusieurs m�ethodes permettent d'approcher des relations rationnelles par des relationsreconnaissables. L'id�ee g�en�erale consiste �a consid�erer le produit cart�esien de l'entr�ee et dela sortie. Des techniques plus pr�ecises consistent �a e�ectuer cette op�eration pour chaquecouple d'un �etat initial et d'un �etat �nal, et pour chaque composante fortement connexe.Le r�esultat est toujours une relation reconnaissable, grâce au th�eor�eme 2.L'approximation par des relations synchrones �a gauche est fond�ee sur l'algorithme deresynchronisation, et donc sur le th�eor�eme 6. Lorsque l'algorithme �echoue, on remplaceune composante fortement connexe par une approximation reconnaissable et on recom-mence. Des optimisations permettent de n'appliquer qu'une seule fois l'algorithme deresynchronisation.L'approximation de relations alg�ebriques | o�u �a plusieurs compteur | peut se fairede deux mani�eres : soit on approxime la pile | ou les compteurs | par des �etats suppl�e-mentaires, soit on approxime le transducteur rationnel sous-jacent par un transducteursynchrone �a gauche. Les deux techniques seront utilis�ees par la suite.IV Analyse par instance pour programmes r�ecursifsApr�es un certain nombre de travaux sur l'analyse par instances de programmes r�e-cursifs [CCG96, Coh97, Coh99a, Fea98, CC98], nous pr�esentons une �evolution majeureavec un formalisme plus g�en�eral et une automatisation compl�ete du processus. Au del�ade l'objectif th�eorique d'obtenir le maximum de pr�ecision possible, nous verrons dans lasection V.5 comment ces informations permettent d'am�eliorer les techniques de parall�eli-sation automatique de programmes r�ecursifs.En partant d'exemples r�eels, nous discutons du calcul de variables d'induction puisnous pr�esentons les analyses de d�ependances et de d�e�nitions visibles proprement dites.Cette section se termine sur une comparaison avec les analyses statiques et avec les travauxr�ecents portant sur l'analyse par instances de nids de boucles.IV.1 Exemples introductifsNous �etudions deux exemples pour donner un aper�cu intuitif de notre analyse parinstances pour structures r�ecursives. Un troisi�eme exemple est pr�esent�e dans la th�ese,mais il utilise une structure hybride entre arbres et tableaux dont nous ne parlons pas ici.Premier exemple: le programme QueensNous consid�erons �a nouveau la proc�edure Queens pr�esent�ee dans la section II.3. Leprogramme est reproduit sur la �gure 9 avec un arbre de contrôle partiel.Nous �etudions les d�ependances entre les instances �a l'ex�ecution des instructions. Obser-vons par exemple l'instance FPIAAaAaAJQPIAABBr de l'instruction r, repr�esent�ee par une�etoile sur la �gure 9.b. La variable j est initialis�ee �a 0 par l'instruction B et incr�ement�eepar l'instruction b, nous savons donc que la valeur de j en FPIAAaAaAJQPIAABBr est 0 ;



IV. ANALYSE PAR INSTANCE POUR PROGRAMMES R�ECURSIFS 35. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];P void Queens (int n, int k) {I if (k <n) {A=A=a for (int i=0; i<n; i++) {B=B=b for (int j=0; j<k; j++)r � � � = � � � A[j] � � �;J if (� � �) {s A[k] = � � �;Q Queens (n, k+1);}}}}int main () {F Queens (n, 0);}Figure 9.a. Proc�edure Queens
�FPIAAJs �FPIAAaAJs �FPIAAaAaAJs�ecrivent A[0] FFPIAAaAaAJQPIAABBr lit A[0]

FPIAA aA aAJ J Js s s QPIAAJ BBrFigure 9.b. Arbre de contrôle (compress�e). . . . . . . . . . . . . . . . Figure 9. La proc�edure Queens et un arbre de contrôle . . . . . . . . . . . . . . . .donc FPIAAaAaAJQPIAABBr lit A[0]. Observons �a pr�esent les instances de s, repr�esent�eespar des carr�es. La variable k est initialis�ee �a 0 lors du premier appel �a Queens, puis elle estincr�ement�ee par l'appel r�ecursif Q. Les instances FPIAAJs, FPIAAaAJs et FPIAAaAaAJs�ecrivent donc dans A[0], et sont ainsi en d�ependance avecFPIAAaAaAJQPIAABBr.Laquelle de ces d�e�nitions atteint elle FPIAAaAaAJQPIAABBr ? En observant la �-gure a nouveau, on remarque que l'instance FPIAAaAaAJs | le carr�e noir | s'ex�e-cute en dernier. De plus, on peut assurer que cette instance est ex�ecut�ee lorsque lalecture FPIAAaAaAJQPIAABBr s'ex�ecute. Les autres �ecritures sont donc �ecras�ees parFPIAAaAaAJs qui est ainsi la d�e�nition visible de FPIAAaAaAJQPIAABBr. Nous montre-rons ult�erieurement comment g�en�eraliser cette approche intuitive.Deuxi�eme exemple : le programme BSTConsid�erons �a pr�esent la proc�edure BST de la �gure 10. Cette proc�edure �echange lesvaleurs des n�uds pour convertir un arbre binaire en arbre binaire de recherche, ou binarysearch tree. Les n�uds de l'arbre sont r�ef�erenc�es par des pointeurs, et p->value contientla valeur enti�ere du n�ud. Il y a peu de d�ependances sur ce programme : les seules sontdes anti-d�ependances entre certaines instances d'instructions �a l'int�erieur des blocs I1 ouI2. Par cons�equent, l'analyse de d�e�nition visible donne un r�esultat tr�es simple : la seuled�e�nition visible de tout acc�es en lecture est ?.IV.2 Relier instances et cellules m�emoireOn a d�e�nit dans la section II.4 la notion de fonction d'acc�es. Celle-ci relie les acc�esaux cellules m�emoire qu'ils lisent ou �ecrivent. Nous avons d�esormais besoin d'expliciter cesfonctions, et nous introduisons pour cela la notion de variable d'induction. En pr�esence de



36 PR�ESENTATION EN FRAN�CAIS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .P void BST (tree *p) {I1 if (p->l!=NULL) {L BST (p->l);I2 if (p->value <p->l->value) {a t = p->value;b p->value = p->l->value;c p->l->value = t;}}J1 if (p->r!=NULL) {R BST (p->r);J2 if (p->value >p->r->value) {d t = p->value;e p->value = p->r->value;f p->r->value = t;}}}int main () {F if (root!=NULL) BST (root);}
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. . . . . . . . . . . . Figure 10. Proc�edure BST et automate de contrôle (compress�e) . . . . . . . . . . . .proc�edures r�ecursives, cette notion historiquement li�ee aux nids de boucles [Wol92] doitêtre red�e�nie. Pour simpli�er l'exposition, nous supposons que chaque variable poss�edeun nom distinctif unique ; on pourra ainsi parler sans ambigu��t�e de (( la variable i )). Notred�e�nition des variables d'induction est la suivante :{ les arguments entiers d'une fonction qui sont initialis�es par une constante ou parune variable enti�ere d'induction plus une constante, �a chaque appel r�ecursif ;{ les compteurs de boucle entiers translat�es d'une constante �a chaque it�eration ;{ les arguments de type pointeur qui sont initialis�es par une constante ou par unevariable d'induction de type pointeur �eventuellement d�er�ef�erenc�ee.L'analyse requiert un certain nombre d'hypoth�eses suppl�ementaires sur le mod�ele deprogramme de la section II.2 : les structures de donn�ees analys�ees doivent être d�eclar�eesglobales ; les indices de tableaux doivent être des fonctions a�nes des variables d'inductionenti�eres et de constantes symboliques ; et les acc�es aux arbres doivent d�er�ef�erencer unevariable d'induction de type pointeur ou une constante.Pr�ealablement �a l'analyse de d�ependances, nous devons calculer les fonctions d'acc�esa�n de d�ecrire les con
its �eventuels. Soit � une instruction et w une instance de �. Lavaleur de la variable i �a l'instance w est d�e�nie comme la valeur de i imm�ediatement apr�esex�ecution de l'instance w de l'instruction �. Cette valeur est not�ee [[i]](w).En g�en�eral, la valeur d'une variable en un mot de contrôle donn�e d�epend de l'ex�ecution.Pourtant, grâce aux restrictions que nous avons impos�ees au mod�ele de programme, les



IV. ANALYSE PAR INSTANCE POUR PROGRAMMES R�ECURSIFS 37variables d'induction sont compl�etement d�etermin�ees par les mots de contrôle. On montreque pour deux ex�ecutions di��erentes e et e0, les valeurs de deux variables d'inductionsont identiques sur en un mot de contrôle donn�e. Les fonctions d'acc�es pour di��erentesex�ecutions co��ncident donc, et nous consid�ererons donc par la suite une fonction d'acc�esf ind�ependante de l'ex�ecution.Le r�esultat suivant montre que les variables d'induction sont d�ecrites par des �equationsr�ecurrentes :Lemme 2 On consid�ere le mono��de (Mdata; �) qui abstrait la structure de donn�ees consi-d�er�ee, une instruction �, et une variable d'induction i. L'e�et de l'instruction � surla valeur de i est d�ecrit par l'une des �equations suivantes :ou bien 9� 2Mdata; j 2 induc : 8u� 2 Lctrl : [[i]](u�) = [[j]](u) � �ou alors 9� 2Mdata : 8u� 2 Lctrl : [[i]](u�) = �o�u induc est l'ensemble des variables d'induction du programme, y compris i.Le r�esultat sur la proc�edure Queens est le suivant. On ne s'int�eresse qu'aux variablesinductives i et k, seules utiles pour l'analyse de d�ependances.De l'appel principal F : [[Arg(Queens; 2)]](F ) = 0De la proc�edure P : 8uP 2 Lctrl : [[k]](uP ) = [[Arg(Queens; 2)]](u)De l'appel r�ecursif Q : 8uQ 2 Lctrl : [[Arg(Queens; 2)]](uQ) = [[k]](u) + 1De l'entr�ee de boucle B : 8uB 2 Lctrl : [[j]](uB) = 0De l'it�eration de boucle b : 8ub 2 Lctrl : [[j]](ub) = [[j]](u) + 1Arg(proc; num) repr�esente le nume argument e�ectif d'une proc�edure proc, et toutesles autres instructions laissent les variables inchang�ees.On a con�cu un algorithme pour construire automatiquement un tel syst�eme d�ecrivantl'�evolution des variables d'induction dans un programme. Combin�e avec le r�esultat suivant,cet algorithme permet de construire automatiquement la fonction d'acc�es.Th�eor�eme 9 La fonction d'acc�es f | qui associe chaque acc�es possible dans A �a lacellule m�emoire qu'il lit ou �ecrit | est une fonction rationnelle de ��ctrl dans Mdata.Le r�esultat pour le programme Queens est le suivant :�(urjf(ur; A[j]))	 = (FPIAAj0) � �(JQPIAAj0) + (aAj0)�� � (BBj0) � (bBj1)� � (rj0)�(usjf(us; A[k]))	 = (FPIAAj0) � �(JQPIAAj1) + (aAj0)�� � (Jsj0)On a appliqu�e la même technique au programme BST :8� 2 fI2; a; bg :�(u�jf(u�; p->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (I1I2�j")8� 2 fI2; b; cg :�(u�jf(u�; p->l->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (I1I2�jl)8� 2 fJ2; d; eg :�(u�jf(u�; p->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (J1J2�j")8� 2 fJ2; e; fg :�(u�jf(u�; p->r->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (J1J2�jr)



38 PR�ESENTATION EN FRAN�CAISIV.3 Analyse de d�ependances et de d�e�nitions visibles�A l'aide des fonctions d'acc�es, notre premier objectif consiste �a calculer la relationentre les acc�es con
ictuels �a la m�emoire. Nous ne pouvons pas esp�erer un r�esultat exacten g�en�eral, mais on peut pro�ter du fait que la fonction d'acc�es f ne d�epend pas del'ex�ecution. La relation de con
it approch�ee que nous calculons est la suivante :8u; v 2 Lctrl : u � v def() v 2 f�1(f(v)):D'apr�es le th�eor�eme de Elgot et Mezei (section III.2) et le th�eor�eme 8, la compositionde f�1 et de f est soit une transduction rationnelle soit une transduction �a plusieurscompteurs. Le nombre de compteurs correspond �a la dimension du tableau acc�ed�e, et onpeut se ramener �a un seul compteur par une approximation conservatrice.On remarque que tester la vacuit�e de � est �equivalent �a l'analyse d'alias entre pointeurs[Deu94, Ste96], et la vacuit�e d'une relation rationnelle ou alg�ebrique est d�ecidable.Pour �etablir le transducteur d�ecrivant les d�ependances, on doit d'abord restreindre larelation � aux couples d'acc�es comportant au moins une �ecriture, puis on intersecte avecl'ordre lexicographique. En utilisant les techniques des sections III.3, III.4 et III.5, on peuttoujours calculer une approximation conservatrice �. Celle-ci est r�ealis�ee par un transduc-teur �a un compteur dans le cas des tableaux, et par un transducteur rationnel dans le casdes arbres. De plus, grâce �a la proposition 1, l'intersection avec l'ordre lexicographiquen'est pas approximative dans le cas des tableaux.Si l'on cherche �a calculer les d�e�nitions visibles �a partir de l'information approch�ee surles d�ependances, on aura beaucoup de mal �a obtenir un r�esultat pr�ecis. Pass�ee la premi�ere�etape de restriction de � aux seules d�ependances de 
ot, on doit utiliser des propri�et�esadditionnelles sur le 
ot des donn�ees. La technique principale que nous utilisons est fond�eesur une propri�et�e structurelle des programmes :D�e�nition 8 (ancêtre) On d�e�nit �unco : un sous-ensemble de �ctrl constitu�e de toutesles �etiquettes de blocs qui ne sont pas des instructions conditionnelles ou des corpsde boucles, et de tous les appels de proc�edure (non gard�es), c.-�a-d. les blocs dontl'ex�ecution est inconditionnelle.Soient r et s deux instructions dans �ctrl, et soit u un pr�e�xe strict d'un mot decontrôle wr 2 Lctrl (une instance de r). Si v 2 ��unco est tel que uvs 2 Lctrl, alorsuvs est appel�e ancêtre de wr.Cette d�e�nition se comprend ais�ement sur un arbre de contrôle comme celui de la�gure 9.b page 35: le carr�e noir FPIAAaAaAJs est un ancêtre de FPIAAaAaAJQPIAABBr,mais pas les carr�es gris adjacents. Les ancêtres ont les deux propri�et�es suivantes :1. l'ex�ecution de wr implique celle de u qui est sur le chemin de la racine au n�ud wr ;2. l'ex�ecution de u implique celle de uvs car v 2 ��unco.Ainsi, si une instance s'ex�ecute, tous ses ancêtres le font �egalement. Pour appliquerce r�esultat �a l'analyse de d�e�nitions visibles, on commence par identi�er les instancesdont l'ex�ecution est garantie par la propri�et�e des ancêtres, puis on applique des r�eglesd'�elimination de transitions sur le transducteur des d�ependances de 
ot. On obtient untransducteur qui r�ealise une approximation � des d�e�nitions visibles.L'int�egration de ces id�ees dans l'algorithme d'analyse de d�e�nitions visibles �etant re-lativement technique, nous en resterons la dans ce r�esum�e.



IV. ANALYSE PAR INSTANCE POUR PROGRAMMES R�ECURSIFS 39IV.4 Les r�esultats de l'analyseRevenons tout d'abord sur le cas des structures d'arbres. La fonction d'acc�es pour leprogramme BST est un transducteur rationnel d�ecrit par la �gure 11.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .PI1I2p I2 I2p->la bp bp->l c
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. . . Figure 11. Transducteur rationnel pour la fonction d'acc�es f du programme BST . . .Le transducteur du con
it r�ealisant � est toujours rationnel dans le cas des arbres.Lorsque le r�esultat est un transducteur synchrone �a gauche, on peut calculer les d�epen-dances sans approximation, sinon une approximation de � �a l'aide d'un transducteursynchrone �a gauche est n�ecessaire. Le r�esultat pour BST est d�ecrit par la �gure 12.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .123 4 56 7
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Figure 12. Transducteur rationnel pour la relation de d�ependance � du programme BST. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .On retrouve sur ce r�esultat le fait que les d�ependances se situent entre les instances desinstructions d'un même bloc I1 ou J1. Nous verrons que ce r�esultat permet de parall�eliserle programme.



40 PR�ESENTATION EN FRAN�CAIS�Etudions �a pr�esent le cas des tableaux. La fonction d'acc�es pour le programme Queensest d�ecrite par un transducteur rationnel de ��ctrl dansMdata = Z, donn�e sur la �gure 13.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .PABr J
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Figure 13. Transducteur rationnel pour la fonction d'acc�es f du programme Queens. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .On utilise le th�eor�eme 8 pour calculer un transducteur �a un compteur r�ealisant larelation de con
it �. Pour obtenir la relation de d�ependance, on applique l'algorithme deresynchronisation au transducteur rationnel sous-jacent (qui est reconnaissable), le calculest toujours exact. Le r�esultat pour Queens est donn�e par la �gure 14.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . Figure 14. Transducteur �a un compteur pour les d�ependances de 
ot . . . . . . . . .On peut d�esormais e�ectuer l'analyse de d�e�nition visibles : en utilisant des infor-mations suppl�ementaires sur les instructions conditionnelles du programme Queens ond�emontre que seuls des ancêtres d'une instance de r peuvent être des d�e�nitions visibles.Cette propri�et�e tr�es forte permet d'�eliminer toutes les transitions qui ne m�enent pas �a



IV. ANALYSE PAR INSTANCE POUR PROGRAMMES R�ECURSIFS 41un ancêtre dans le transducteur des d�ependances. Le r�esultat est donn�e par la �gure 15.On peut montrer facilement que le r�esultat est exact : une unique d�e�nition visible estcalcul�ee pour chaque acc�es en lecture.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . Figure 15. Transducteur �a un compteur pour � . . . . . . . . . . . . . . . . . . .IV.5 Comparaison avec d'autres analysesParmi les restrictions du mod�ele de programme, certaines peuvent être �elimin�ees �al'aide de transformations pr�ealables. De surcrô�t, de nombreuses restrictions semblentpouvoir être retir�ees dans des versions futures de l'analyse, �a l'aide d'approximation ad�e-quates. Il subsiste n�eanmoins une restriction tr�es importante qui est fermement enracin�eedans notre formalisme, et nous ne voyons pas de m�ethode g�en�erale pour s'en passer : lesinsertions et suppressions dans les arbres ne sont autoris�ees qu'au niveau des feuilles.Les analyses statiques de d�ependance et de d�e�nition visibles obtiennent g�en�erale-ment des r�esultats similaires, qu'elles soient fond�ees sur l'interpr�etation abstraite [Cou81,JM82, Har89, Deu94] ou d'autres formalismes d'analyse de 
ot de donn�ees [LRZ93, BE95,HHN94, KSV96]. Une �etude int�eressante des analyses statiques utiles en parall�elisation estpropos�ee dans [RR99]. Il est ais�e de comparer notre technique avec ces analyses : aucunene travail au niveau des instances. Aucune n'atteint la pr�ecision n�ecessaire pour identi�erquelle instance de quelle instruction est en con
it, en d�ependance, ou est une d�e�nitionvisible possible. Ces analyses sont cependant utiles pour lever un certain nombre de res-trictions de notre mod�ele de programmes, et pour calculer des propri�et�es utiles �a l'analysede d�e�nitions visibles par instances. Il est plus int�eressant de comparer ces analyses enmati�ere d'applications �a la parall�elisation, voir section V.5.Comparons �a pr�esent avec les analyses par instance pour nids de boucles, par exempleavec la FADA [BCF97, Bar98]. Sur l'intersection commune de leurs mod�eles de pro-grammes, le r�esultat g�en�eral n'est pas surprenant : les r�esultats de la FADA sont bienplus pr�ecis. En e�et, nous n'utilisons les informations sur les instructions conditionnellesqu'�a travers des analyses externes, des approximations suppl�ementaires sont n�ecessairesdans le cas de tableaux �a plusieurs dimensions, les transducteurs rationnels et alg�ebriquesn'ont pas un pouvoir d'expression assez �elev�e pour manipuler des param�etres entiers (unseul compteur peut être d�ecrit), et des op�erations fondamentales comme l'intersectionn�ecessitent parfois des approximations. On peut tout de même noter des points positifs :l'exactitude du r�esultat peut être d�ecid�ee en temps polynômial sur les transducteurs ra-tionnels ; la vacuit�e est toujours d�ecidable, ce qui permet une d�etection automatique desvariables non initialis�ees ; dans le cas des arbres, les tests de d�ependance s'e�ectuent surdes langages rationnels de mots de contrôle, ce qui est tr�es utile pour la parall�elisation ;



42 PR�ESENTATION EN FRAN�CAISen�n, dans le cas des tableaux, les tests de d�ependance sont �equivalents �a l'intersectiond'un langage rationnel avec un langage alg�ebrique.V Expansion et parall�elisationLes recherches sur l'expansion de la m�emoire portent principalement sur les nids deboucles a�nes. Les techniques les plus courantes sont la mise en assignation unique[Fea91, GC95, Col98], la privatisation [MAL93, TP93, Cre96, Li92] et de nombreusesoptimisations pour la gestion e�cace de la m�emoire [LF98, CFH95, CDRV97, QR99].Lorsque le 
ot de contrôle n'est pas pr�evisible �a la compilation ou lorsque les index detableaux ne sont pas a�nes, le probl�eme de la restauration du 
ot des donn�ees devientcapital, et les convergences d'int�erêt avec le formalisme SSA (static single-assignment)[CFR+91] sont tr�es nettes. En partant d'exemples simples, nous �etudions les probl�emessp�eci�ques aux nids de boucles non a�nes, et proposons des algorithmes de mise en assi-gnation unique. De nouvelles techniques d'expansion et d'optimisation de l'occupation enm�emoire sont ensuite propos�ees pour la parall�elisation automatique de codes irr�eguliers.Les principes du calcul parall�ele en pr�esence de proc�edures r�ecursives sont tr�es di��e-rents de ceux des nids de boucles, et les m�ethodes de parall�elisation existantes se fondentg�en�eralement sur des tests de d�ependance au niveau des instructions, alors que notre ana-lyse d�ecrit la relation de d�ependance au niveau des instances ! Nous montrons que cetteinformation tr�es pr�ecise permet d'am�eliorer notablement les techniques classiques de pa-rall�elisation. Nous �etudions aussi la possibilit�e d'expanser la m�emoire dans les programmesr�ecursifs, et cette �etude se termine par des r�esultats exp�erimentaux.V.1 Motivations et compromisLa mise en assignation unique ou single-assignment form conversion (SA) est l'unedes m�ethodes d'expansion les plus classiques. elle correspond au cas extrême o�u chaquecellule m�emoire est �ecrite au plus une fois au cours de l'ex�ecution. Elle di��ere donc dela mise en assignation unique statique (SSA) [CFR+91, KS98], o�u l'expansion se limite �ades renommages de variables.L'id�ee consiste �a remplacer chaque assignation d'une structure de donn�ees D par uneassignation �a une nouvelle structure Dexp dont les �el�ements sont du même type que ceuxde D, et sont en bijection avec l'ensemble W de tous les acc�es en �ecriture possibles aucours de l'ex�ecution. Dans une deuxi�eme �etape, les r�ef�erences en lecture doivent être mises�a jour en cons�equence : c'est ce que l'on appelle la restauration du 
ot des donn�ees. Onutilise pour cela les d�e�nitions visibles par instances : pour une ex�ecution donn�ee e 2 E,la r�ef�erence �a D en lecture h{; refi doit être remplac�ee par un acc�es �a l'�el�ement de Dexpassoci�e �a �e (h{; refi). Puisque l'on ne dispose que d'une approximation � des d�e�nitionsvisibles, cette technique n'est applicable que lorsque � (h{; refi) est un singleton. Si cen'est pas le cas, on doit g�en�erer un code de restauration dynamique du 
ot des donn�ees.Ce code est g�en�eralement repr�esent�e par une fonction �, dont l'argument est l'ensemble� (h{; refi) des d�e�nitions visibles possibles.Pour g�en�erer le code de restauration dynamique associ�e aux fonctions �, on utilise unestructure de donn�ees suppl�ementaire en bijection avec Dexp : cette structure est not�ee �Dexp.On doit m�emoriser deux informations dans �Dexp : l'adresse de la cellule m�emoire �ecritedans le programme d'origine et l'identit�e de la derni�ere instance qui a �ecrit une valeurdans cette cellule. Comme le programme est en assignation unique, l'instance est d�ej�a



V. EXPANSION ET PARALL�ELISATION 43d�ecrite par l'�el�ement de Dexp lui même : �Dexp doit donc contenir des adresses de cellulesm�emoire. L'utilisation de cette structure est la suivante : on initialise �Dexp �a NULL ; puis�a chaque assignation de Dexp on �ecrit dans �Dexp l'adresse de la cellule m�emoire �ecritedans le programme d'origine ; en�n une r�ef�erence �(set) est impl�ement�ee par un calcul demaximum | selon l'ordre s�equentiel | de tous les { 2 set tels que �Dexp[{] soit �egal �al'adresse de la cellule m�emoire lue dans le programme d'origine.L'analyse de d�e�nitions visibles par instances est �a la base de la restauration du 
otdes donn�ees [Col98] : des r�esultats pr�ecis permettent non seulement de r�eduire le nombrede fonctions �, mais �egalement de simpli�er les arguments de celles-ci, et donc d'optimiserles calculs de maximum au cours de l'ex�ecution. On remarquera �egalement que le calculde � �a l'ex�ecution peut lui même se r�ev�eler coûteux, même en l'absence de fonction �.Dans le cas des nids de boucles, le surcoût n'est pourtant dû qu'�a l'impl�ementation duquast associ�e �a � ; des techniques de parcours de poly�edre [AI91] permettent d'optimiser lecode g�en�er�e. L'exemple de la �gure 16 illustre ces remarques. Dans le cas des programmesr�ecursifs, nous verrons que le probl�eme du calcul de � est plus d�elicat.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double A[N];T A[0] = 0;for (i=0; i<N; i++)for (j=0; j<N; j++) {S A[i+j] = � � �;R A[i] = A[i+j-1] � � �;}Figure 16.a. Programme d'origine
double A[N], AT, AS[N, N], AR[N, N];T AT = 0;for (i=0; i<N; i++)for (j=0; j<N; j++) {S AS[i, j] = � � �;R AR[i, j] = �(fhT ig [ fhS; i0; j 0i :(i0; j 0) <lex (i; j)g) � � �}Figure 16.b. SA sans analyse de d�e�nitions visiblesdouble A[N], AT;double AS[N, N], AR[N, N];T AT = 0;for (i=0; i<N; i++)for (j=0; j<N; j++) {S AS[i, j] = � � �R AR[i, j] = if (j==0)if (i==0) ATelse AS[i-1, j]else AS[i, j-1]� � �;}Figure 16.c. SA avec une analyse pr�ecise desd�e�nitions visibles

double A[N], AT;double AS[N, N], AR[N, N];AT = 0;AS[1, 1] = � � �;AR[1, 1] = AT � � �;for (i=0; i<N; i++) {AS[i, 1] = � � �;AR[i, 1] = AS[i-1, 1] � � �;for (j=0; j<N; j++) {AS[i, j] = � � �;AR[i, j] = AS[i, j-1] � � �;}}Figure 16.d. Analyse pr�ecise et (( �eplu-chage )) de la boucleFigure 16. Interactions entre l'analyse de d�e�nitions visibles et le surcoût �a l'ex�ecution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .L'impl�ementation r�eelle de ces techniques d�epend des structures de contrôle et de



44 PR�ESENTATION EN FRAN�CAISdonn�ees. Dans le cas des boucles et des tableaux, nous proposons des algorithmes demise en assignation unique qui �etendent les r�esultats existants �a des nids quelconques. Lamise en assignation unique de programmes r�ecursifs est un domaine nouveau que nous�etudierons dans la section V.5.Nous avons �egalement d�evelopp�e trois techniques pour optimiser le calcul des fonctions�. La premi�ere applique des optimisations simples sur les structures �Dexp ; la deuxi�emer�eduit les ensembles de d�e�nitions visibles possibles (les arguments des fonctions �) �al'aide d'une nouvelle information sur le 
ot des donn�ees appel�ee d�e�nitions visible d'unecellule m�emoire ; et la troisi�eme �elimine les redondances dans le calcul du maximumen e�ectuant les calculs au fur et �a mesure. Cette derni�ere technique ne g�en�ere pas �aproprement parler un programme en assignation unique, ce qui peut parfois nuire �a sonutilisation en parall�elisation automatique. Avec une vision di��erente de l'expansion (pasn�ecessairement en assignation unique), la section V.4 propose une version am�elior�ee de lam�ethode d'�elimination des redondances (appel�ee aussi (( placement optimis�e des fonctions� ))) qui ne nuit pas �a la parall�elisation.V.2 Expansion statique maximaleLe but de l'expansion statique maximale est d'expanser la m�emoire le plus possible |et donc d'�eliminer le maximum de d�ependances | sans recourir �a des fonctions � pourrestaurer le 
ot des donn�ees.Consid�erons deux �ecritures v et w appartenant �a l'ensemble des d�e�nitions visiblespossibles d'une lecture u, et supposons qu'elles a�ectent la même cellule m�emoire. Si vet w �ecrivent dans deux cellules m�emoire di��erentes apr�es expansion, une fonction � seran�ecessaire pour choisir laquelle des deux �ecritures d�e�nit la valeur lue par u. On introduitdonc la relation R entre les �ecritures qui sont des d�e�nitions visibles possibles pour lamême lecture : 8v; w 2W : vRw () 9u 2 R : v � u ^ w � u:Lorsque deux d�e�nitions visibles possibles pour la même lecture �ecrivent la même cellulem�emoire dans le programme d'origine, elles doivent faire de même dans le programmeexpans�e. Puisque (( �ecrire dans la même cellule m�emoire )) est une relation d'�equivalence,on consid�ere en fait la clôture transitive R� de la relationR. En se limitant �a des fonctionsd'acc�es expans�ees fexpe de la forme (fe; �), o�u � est une certaine fonction sur les acc�es en�ecriture, on montre le r�esultat suivant :Proposition 3 Une fonction d'acc�es fexpe = (fe; �) est une expansion statique maximalepour toute ex�ecution e ssi8v; w 2We; fe(v) = fe(w) : vR� w () �(v) = �(w):�A partir de ce r�esultat, on peut calculer une fonction � en �enum�erant les classes d'�equi-valence d'une certaine relation. Le formalisme est donc tr�es g�en�eral, mais l'algorithme quenous proposons est limit�e aux nids de boucles quelconques sur tableaux. Un certain nombrede points techniques | notamment la clôture transitive de relations a�nes | requi�erentune attention particuli�ere, mais ceux-ci ne sont pas trait�es dans ce r�esum�e en fran�cais.Dans le cas g�en�eral, la mise en assignation unique expose plus de parall�elisme quel'expansion statique, il s'agit donc d'un compromis entre surcoût �a l'ex�ecution et paral-l�elisme extrait. Nous pr�esentons �egalement trois exemples, sur lesquels nous appliquonssemi-automatiquement (avec Omega [Pug92]) l'algorithme d'expansion. Toutefois, un seulexemple est �etudi�e dans ce r�esum�e, voir section V.4.



V. EXPANSION ET PARALL�ELISATION 45V.3 Optimisation de l'occupation en m�emoireNous pr�esentons maintenant une technique pour r�eduire l'occupation en m�emoire d'unprogramme expans�e sans perte de parall�elisme. Nous supposons ainsi qu'un ordre d'ex�e-cution parall�ele <par a d�ej�a �et�e d�etermin�e pour le programme d'origine (<seq; fe) |probablement �a partir de la relation approch�ee des d�e�nitions visibles �. Il est int�eres-sant de noter que cet ordre parall�ele peut être obtenu par n'importe quelle technique |ordonnancement ou partitionnement par exemple | tant que le r�esultat peut être d�ecritpar une relation a�ne.Moyennant un calcul de clôture transitive, il est même possible de partir de l'ordre(( data-
ow )), c'est �a dire l'ordre (( le plus parall�ele possible )) d'apr�es la relation ded�e�nitions visibles. On obtient alors un programme expans�e qui requiert (g�en�eralement)moins de m�emoire que la forme en assignation unique, mais qui est compatible avecn'importe quelle ex�ecution parall�ele l�egale.Notre premi�ere tâche pour formaliser le probl�eme consiste �a d�eterminer quelles sont lesexpansions correctes vis �a vis de cet ordre parall�ele, c.-�a-d. quelles sont les fonctions d'acc�esexpans�ees fexpe qui garantissent que l'ordre d'ex�ecution parall�ele pr�eserve la s�emantiquedu programme d'origine. En utilisant la notation8v; w 2W : v ./w def()�9u 2 R : v � u ^ w �par v ^ u �par w ^ (u <seq w _ w <seq v _ v 6�w)�_ �9u 2 R : w � u ^ v �par w ^ u �par v ^ (u <seq v _ v <seq w _ w 6� v)�;nous avons montr�e le r�esultat suivant :Th�eor�eme 10 (correction des fonctions d'acc�es) Si la condition suivante est rem-plie, l'expansion est correcte, c'est �a dire qu'elle garantit que l'ordre d'ex�ecution pa-rall�ele pr�eserve la s�emantique du programme d'origine.8e 2 E; 8v; w 2We : v ./w =) fexpe (v) 6= fexpe (w):Intuitivement, une d�e�nition visible v d'une lecture u et une autre �ecriture w doivent�ecrire dans des cellules m�emoires distinctes lorsque : w s'ex�ecute entre v et u dans leprogramme parall�ele, et soit w ne s'ex�ecute pas entre v et u soit w assigne une autrecellule m�emoire que v dans le programme d'origine. De plus, nous avons montr�e que cecrit�ere de correction est optimal, pour une approximation donn�ee des d�e�nitions visibleset de la fonction d'acc�es du programme d'origine.�A l'aide de ce crit�ere, la g�en�eration du code expans�e requiert la coloration d'un graphenon born�e d�ecrit par une relation a�ne. La m�ethode est la même que dans le cas des nidsde boucles a�nes, elle est d�etaill�ee en fran�cais dans la th�ese de Lefebvre [Lef98].V.4 Expansion optimis�ee sous contrainteNous montrons �a pr�esent qu'il est possible de combiner les deux techniques d'expansionpr�ec�edentes, et nous proposons un cadre g�en�eral pour optimiser simultan�ement le surcoûtde l'expansion et le parall�elisme extrait : l'expansion contrainte optimis�ee. Le formalisme etles algorithmes sont trop techniques pour faire partie de ce r�esum�e, nous nous contenteronsdonc de donner un exemple illustrant l'expansion contrainte | qui g�en�eralise l'expansionstatique | combin�ee avec l'optimisation de l'occupation en m�emoire.



46 PR�ESENTATION EN FRAN�CAIS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x;for (i=1; i<=M; i++) {for (j=1; j<=M; j++)if (P (i; j)) {T x = 0;for (k=1; k<=N; k++)S x = x � � �;}R � � � = x � � �;}Figure 17.a. Programme d'origine

double xT[M+1, M+1], xS[M+1, M+1, N+1];parallel for (i=1; i<=M; i++) {parallel for (j=1; j<=M; j++)if (P (i; j)) {T xT[i, j] = 0;for (k=1; k<=N; k++)S xS[i, j, k] = if (k==1) xT[i, j];else xS[i, j, k-1] � � �;}R � � � = �(fhS; i; 1; Ni; : : : ; hS; i;M;Nig) � � �;}Figure 17.b. Mise en assignation unique. . . . . . . . . . . . . . . . . . . . . . . . Figure 17. Exemple de parall�elisation . . . . . . . . . . . . . . . . . . . . . . . .Nous �etudions le pseudo-code de la �gure 17.a. Nous supposons que N est strictementpositif et que le pr�edicat P (i; j) est vrai au moins une fois pour chaque it�eration de laboucle externe. Les d�ependances sur x interdisent toute ex�ecution parall�ele, on transformedonc le programme en assignation unique. Le r�esultat de l'analyse de d�e�nitions visiblesest exact pour les instances de S, mais pas pour celles de R : une fonction � est n�ecessaire.Les deux boucles externes deviennent alors parall�eles, comme le montre la �gure 17.b.En raison de cette fonction � et de l'utilisation d'un tableau a trois dimensions, onobserve que l'ex�ecution en parall�ele de ce programme est environ cinq fois plus lente quel'ex�ecution s�equentielle (sur SGI Origin 2000 avec 32 processeurs). Il est donc n�ecessairede r�eduire l'occupation en m�emoire. L'application de l'algorithme de la section V.3 montreque l'expansion selon la boucle la plus interne n'est pas n�ecessaire, pas plus que le renom-mage de x en xS et xT . On obtient le code de la �gure 18.a. On a impl�ement�e la fonction� avec une technique optimis�ee de calcul �a la vol�ee (voir section V.1) et le calcul du maxcache une synchronisation. Les performances sont donc correctes pour un petit nombrede processeurs, mais se d�egradent tr�es rapidement au del�a de quatre.L'application de l'algorithme d'expansion statique maximale permet de se d�ebarrasserde la fonction �, en interdisant l'expansion selon la boucle interm�ediaire, voir �gure 18.b ;seule la boucle externe reste parall�ele. Le programme parall�ele sur un processeur est en-viron deux fois plus lent que le programme s�equentiel (probablement en raison des acc�esau tableau �a deux dimensions), mais l'acc�el�eration est excellente. On observe que la va-riable x a �et�e �a nouveau expans�ee selon la boucle interne, bien que cela n'apporte aucunparall�elisme suppl�ementaire : il est donc n�ecessaire de combiner les deux techniques d'ex-pansion. Le r�esultat est tr�es proche de l'expansion statique maximale avec une dimensionde moins pour le tableau x : x[i] au lieu de x[i, � � �]. Bien entendu, les performancessont excellentes : l'acc�el�eration est de 31; 5 sur 32 processeurs (M = 64 et N = 2048).V.5 Parall�elisation de programmes r�ecursifsDes techniques de parall�elisation automatique pour programmes r�ecursifs commencent�a voir le jour, grâce aux environnements et aux outils | comme Cilk [MF98] | facilitantl'impl�ementation e�cace de programmes �a parall�elisme de contrôle [RR99]. Nous propo-sons une technique de mise en assignation unique et une technique de privatisation pour



V. EXPANSION ET PARALL�ELISATION 47. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x[M+1, M+1];int @x[M+1];parallel for (i=1; i<=M; i++) {@x[i] = ?;parallel for (j=1; j<=M; j++)if (P (i; j)) {T x[i, j] = 0;for (k=1; k<=N; k++)S x[i, j] = x[i, j] � � �;@x[i] = max (@x[i], j);}R � � � = x[i, @x[i]] � � �;}Figure 18.a. Optimisation de l'occu-pation en m�emoire

double x[M+1, N+1];parallel for (i=1; i<=M; i++) {for (j=1; j<=M; j++)if (P (i; j)) {T x[i, 0] = 0;for (k=1; k<=N; k++)S x[i, k] = x[i, k-1] � � �;}R � � � = x[i, N] � � �;}Figure 18.b. Expansion statique maximale. . . . . . . . . . . . . . . . . . . . . . Figure 18. Deux parall�elisations di��erentes . . . . . . . . . . . . . . . . . . . . . .programme r�ecursifs, puis nous pr�esentons deux m�ethodes de g�en�eration de code parall�ele.Expansion de programmes r�ecursifsDans un programme r�ecursif en assignation unique, les structures expans�ees ont g�en�e-ralement une structure d'arbre : ses �el�ement sont en bijection avec les mots de contrôle.L'allocation dynamique et l'acc�es �a ces structures est donc plus d�elicat que dans le cas desnids de boucles. L'id�ee g�en�erale est de construire chaque structure expans�ee Dexp (( �a lavol�ee )), en propageant un pointeur sur le n�ud courant. L'acc�es direct �a Dexp est toutefoisn�ecessaire pour la mise �a jour des r�ef�erences en lecture : on doit tout d'abord calculer lesd�e�nitions visibles possibles �a l'aide du transducteur fourni par l'analyse, puis retrouverles cellules m�emoire associ�ees dans Dexp. Même en l'absence de fonction �, la restaurationdu 
ot des donn�ees risque donc d'être tr�es coûteuse.Si les d�e�nitions visibles sont connues exactement, � peut être vue comme une fonc-tion partielle de R dans W. Lorsque cette fonction peut être calcul�ee (( �a la vol�ee )), ilest possible de g�en�erer un code e�cace pour les r�ef�erences en lecture du programme ex-pans�e : il su�t d'impl�ementer le calcul pas �a pas du transducteur. C'est notamment le caspour les transducteurs sous-s�equentiels (voir section III.2), lorsque le programme r�ecursifmanipule une structure d'arbre. En pr�esence de tableaux, il est plus di�cile de savoir sile transducteur �a un compteur des d�e�nitions visibles est calculable (( �a la vol�ee )). Nousavons toutefois propos�e un algorithme de mise en assignation unique pour programmesr�ecursif, incluant le calcul �a la vol�ee des d�e�nitions visibles lorsque cela est possible.Nous avons �etendu la notion de privatisation aux programmes r�ecursifs : elle consiste�a transformer les structures de donn�ees globales en variables locales. Dans le cas g�en�eral,une copie des donn�ees doit être e�ectu�ee lors de chaque appel et de chaque retour d'uneproc�edure. Ceci peut se r�ev�eler coûteux lors de la copie des structures locales dans lesstructures de la proc�edure appelante (le copy-out), notamment �a cause des synchronisa-tions in�evitables en cas d'ex�ecution parall�ele. Toutefois, lorsque les d�e�nitions visibles sontobligatoirement des ancêtres, seule la premi�ere phase de copie (le copy-in) est n�ecessaire ;



48 PR�ESENTATION EN FRAN�CAISc'est le cas du programme Queens, de la plupart des algorithmes de tri, et plus g�en�erale-ment des sch�emas d'ex�ecution du type diviser pour r�egner ou programmation dynamique.Nous proposons donc un algorithme de privatisation pour programme r�ecursifs, o�u lesfonctions � sont remplac�ees par des copies de structures de donn�ees.G�en�eration de code parall�ele. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];P void Queens (int A[n], int n, int k) {int B[n];memcpy (B, A, k * sizeof (int));I if (k <n) {A=a for (int i=0; i<n; i++) {B=b for (int j=0; j<k; j++) {r � � � = � � � B[j] � � �;}J if (� � �) {s B[k] = � � �;Q spawn Queens (B, n, k+1);}}}}int main () {F Queens (A, n, 0);} 0.5
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. . . . . . . . . . . Figure 19. Privatisation et parall�elisation du programme Queens . . . . . . . . . . .Nous montrons que les propri�et�es de d�ecidabilit�e des transducteurs rationnels et al-g�ebriques permettent de r�ealiser des tests de d�ependance e�caces. On en d�eduit un al-gorithme de parall�elisation au niveau des instructions qui permet d'ex�ecuter certainesinstructions de mani�ere asynchrone et qui introduit des synchronisations lorsque les d�e-pendances l'exigent. Cet algorithme est appliqu�e au programme BST, ainsi qu'au pro-gramme Queensapr�es privatisation, voir �gure 19. L'exp�erimentation a �et�e faite sur uneSGI Origin 2000 pour n = 13. Le ralentissement sur un processeur est dû aux copies detableaux, et dans une moindre mesure �a l'ordonnanceur de Cilk [MF98].Nous montrons �egalement que notre algorithme de parall�elisation donne de meilleursr�esultats que les techniques existantes, lorsque la d�ecouverte de parall�elisme n�ecessite uneinformation au niveau des instances. En�n, nous �etudions la parall�elisation par instancesde programmes r�ecursifs, o�u les synchronisations sont gard�ees par les conditions pr�ecises| sur le mot de contrôle | pour lesquelles une d�ependance est possible. L'algorithmeque nous proposons exploite pleinement le r�esultat de l'analyse de d�ependances par ins-tances, et la possibilit�e de tester e�cacement si un couple de mots est reconnu par untransducteur. Un exemple concret permet de valider cette nouvelle technique.



VI. CONCLUSION 49VI ConclusionCette th�ese se conclut par une r�ecapitulation des principaux r�esultats, suivie d'unediscussion sur les d�eveloppements �a venir.VI.1 ContributionsNos contributions se r�epartissent en quatre cat�egories fortement interd�ependantes. Lestrois premi�eres concernent la parall�elisation automatique et sont r�esum�ees dans le tableausuivant ; la quatri�eme cat�egorie concerne les transductions rationnelles et alg�ebriques.Nids affines Nids g�en�eraux Programmes r�ecursifssur tableaux sur tableaux sur arbres et tableauxAnalyse de d�ependances [Bra88, Ban88] [BCF97, Bar98] [Fea98] 1, section IV,par instances [Fea88a, Fea91, Pug92] [WP95, Won95] publi�e dans [CC98] 2analyse de d�efinitions [Fea88a, Fea91, Pug92] [CBF95, BCF97, Bar98] section IV,visibles par instances [MAL93] [WP95, Won95] publi�e dans [CC98] 2Mise en [Fea88a, Fea91] [Col98], section V.5assignation unique sections V.1 et V.4Expansion sections V.2 et V.4, probl�eme ouvertstatique maximale publi�e dans [BCC98, Coh99b, BCC00]Optimisation de [LF98, Lef98] sections V.3 et V.4, probl�eme ouvertl'occupation m�emoire [SCFS98, CDRV97] publi�e dans [CL99, Coh99b]Parall�elisation [Fea92, CFH95] [GC95, CBF95] section V.5par instances [DV97] [Col95b]�A pr�esent, passons en revue chaque contribution.Structures de contrôle et de donn�ees : au del�a du mod�ele poly�edrique Dans lasection II, nous avons d�e�ni un mod�ele de programmes et des abstractions math�ematiquespour les instances d'instructions et les �el�ements de structures de donn�ees. Ce cadre g�en�erala �et�e utilis�e tout au long de ce travail pour formaliser la pr�esentation de nos techniques,en particulier dans le cas des structures r�ecursives.De nouvelles analyses de d�ependances et de de d�e�nitions visibles ont �et�e propo-s�ees dans la section IV. Elles utilisent un formalisme de la th�eorie des langages formels,plus pr�ecis�ement des transductions rationnelles et alg�ebriques. Une nouvelle d�e�nitiondes variables d'induction adapt�ee aux programmes r�ecursifs a permis de d�ecrire l'e�et dechaque instance �a l'aide d'une transduction rationnelle ou alg�ebrique. Une comparaisonavec d'autres analyses conclut ce travail.En revanche, lorsque nous avons con�cu des algorithmes pour les nids de boucles surtableaux | un cas particulier de notre mod�ele | nous sommes rest�es �d�eles aux vecteurs1. Il s'agit d'un test de d�ependances pour les arbres uniquement.2. Pour les tableaux uniquement.



50 PR�ESENTATION EN FRAN�CAISd'it�eration et nous avons pro�t�e de la quantit�e d'algorithmes permettant la manipulationde relations a�nes dans l'arithm�etique de Presburger.Expansion de la m�emoire : de nouvelles techniques pour r�esoudre de nouveauxprobl�emes L'application de l'expansion de la m�emoire �a la parall�elisation est une tech-nique ancienne, mais les analyses de d�e�nitions visibles par instances se sont r�ecemment�etendues aux programmes avec des expressions conditionnelles, avec des r�ef�erences com-plexes aux structures de donn�ees | par exemple des index de tableaux non a�nes | ouavec des appels r�ecursifs, et cela pose de nouvelles questions. La premi�ere est de garantirque les acc�es en lecture dans le programme expans�e r�ef�erent la bonne cellule m�emoire ; ladeuxi�eme question r�eside dans l'ad�equation des techniques d'expansion avec les nouveauxmod�eles de programmes.Les deux questions sont trait�ees dans les sections V.1, V.2, V.3 et V.4, dans pourles nids de boucles (sans restrictions) sur tableaux. Nous avons pr�esent�e une nouvelletechnique pour r�eduire le surcoût de l'expansion �a l'ex�ecution, et nous avons �etendu auxnids de boucles sans restrictions une m�ethode de r�eduction de l'occupation en m�emoire.La combinaison des deux a �et�e �etudi�ee et nous avons con�cu des algorithmes pour optimiserla restauration du 
ot des donn�ees �a l'ex�ecution. Quelques r�esultats exp�erimentaux sontpr�esent�es pour une architecture �a m�emoire partag�ee.L'expansion de la m�emoire pour programmes r�ecursifs est un domaine de recherchetotalement nouveau, et nous avons d�ecouvert que l'abstraction math�ematique pour lesd�e�nitions visibles | les transductions rationnelles ou alg�ebriques | peuvent engendrerdes surcoûts importants. Nous avons n�eanmoins d�evelopp�e des algorithmes qui expansentdes programmes r�ecursifs particuliers avec un faible surcoût �a l'ex�ecution.Parall�elisme : extension des techniques classiques Notre analyse de d�ependancea �et�e mise �a pro�t pour parall�eliser des programmes r�ecursifs. Nous avons pu d�emontrerles applications pratiques des transductions rationnelles et alg�ebriques, en utilisant leurspropri�et�es d�ecidables. Notre premier algorithme ressemble aux m�ethodes existantes, maisil pro�te de l'information plus pr�ecise recueillie par l'analyse et on obtient en g�en�eralde meilleurs r�esultats. Un autre algorithme permet la parall�elisation par instances deprogrammes r�ecursifs : cette nouvelle technique est rendue possible par l'utilisation destransductions rationnelles et alg�ebriques. Quelques r�esultats exp�erimentaux sont d�ecrits,en combinant expansion et parall�elisation sur un programme r�ecursif bien connu.Th�eorie des langages formels : quelques contributions et des applications Lesderniers r�esultats de ce travail n'appartiennent pas au domaine de la compilation. Ils setrouvent principalement dans la section III.3 ainsi que dans les sections suivantes. Nousavons d�e�ni une sous-classe des transductions rationnelles qui admet une structure d'al-g�ebre bool�eene et de nombreuses autres propri�et�es int�eressantes. Nous avons montr�e quecette classe n'est pas d�ecidable parmi les transductions rationnelles, mais des techniquesd'approximation conservatrices permettent de b�en�e�cier de ces propri�et�es dans la classedes transductions rationnelles tout enti�ere. Nous avons �egalement pr�esent�e quelques nou-veaux r�esultats sur la composition de transductions rationnelles sur des mono��des nonlibres, avant d'�etudier l'approximation de transductions alg�ebriques.



VI. CONCLUSION 51VI.2 PerspectivesDe nombreuses questions se sont pos�ees tout au long de cette th�ese, et nos r�esultatssugg�erent plus de recherches int�eressantes qu'ils ne r�esolvent de probl�emes. Nous com-men�cons par aborder les questions li�ees aux programmes r�ecursifs, puis nous discutonsdes travaux futurs dans le mod�ele poly�edrique.En premier lieu, la recherche d'une abstraction math�ematique capable de d�ecrire despropri�et�es au niveau des instances apparâ�t de nouveau comme un enjeu capital. Lestransductions rationnelles et alg�ebriques ont souvent donn�e de bons r�esultats, mais leurexpressivit�e limit�ee a �egalement restreint leur champ d'application. C'est l'analyse ded�e�nitions visibles qui en a le plus sou�ert, ainsi que l'int�egration des expressions condi-tionnelles et des bornes de boucles dans l'analyse de d�ependances. Dans ces conditions,nous aurions besoin de plus d'un compteur dans les transducteurs, tout en conservant lapossibilit�e de savoir si un ensemble est vide et de d�ecider d'autres propri�et�es int�eressantes.Nous sommes donc fortement int�eress�es par les travaux de Comon et Jurski [CJ98] surla d�ecision de la vacuit�e dans une sous-classe des langages �a plusieurs compteurs, et plusg�en�eralement nous voudrions suivre de plus pr�es les �etudes sur la v�eri�cation de syst�emesfond�ees sur des classes restreintes de machines de Minsky, comme les automates tempori-s�es. L'utilisation de plusieurs compteurs permettrait en plus d'�etendre l'une des grandesid�ees de l'analyse 
oue de 
ot des donn�ees [CBF95] : l'insertion de nouveaux param�etrespour am�eliorer la pr�ecision en d�ecrivant les propri�et�es des expressions non a�nes.De plus, nous pensons que les propri�et�es de d�ecidabilit�e ne sont pas forc�ement le pointle plus important pour le choix d'une abstraction math�ematique : de bonnes approxi-mations sur les r�esultats sont souvent su�santes. En particulier, nous avons d�ecouverten �etudiant les relations synchrones �a gauche et les relations d�eterministes qu'une sous-classe avec de bonnes propri�et�es de d�ecision ne peut pas être utilis�ee dans notre cadreg�en�eral d'analyse sans m�ethode e�cace d'approximation. L'am�elioration de nos m�ethodesde resynchronisation et d'approximation de transducteurs rationnels est donc un enjeuimportant. Nous esp�erons aussi que ceci d�emontre l'int�erêt mutuel des coop�erations entreth�eoriciens et chercheurs en compilation.Au del�a de ces probl�emes de formalisme, une autre voie de recherche consiste �a dimi-nuer autant que possible les restrictions impos�ees au mod�ele de programme. Comme on l'apropos�e pr�ec�edemment, la meilleure m�ethode consiste �a rechercher une d�egradation pro-gressive des r�esultats �a l'aide de techniques d'approximation. Cette id�ee a �et�e �etudi�ee dansun contexte semblable [CBF95], et l'application aux programmes r�ecursifs promet des tra-vaux futurs int�eressants. Une autre id�ee serait de calculer les variables d'induction �a partirdes traces d'ex�ecution (au lieu des mots de contrôle) | pour autoriser les modi�cationsdans n'importe quelle instruction | puis de d�eduire des informations approximatives surles mots de contrôle ; l'utilisation de techniques d'interpr�etation abstraite [CC77] seraitprobablement une aide pr�ecieuse pour prouver la correction de nos approximations.Nous n'avons pas travaill�e sur le probl�eme de l'ordonnancement des programmes r�e-cursifs, car nous ne connaissons aucune m�ethode permettant d'assigner des ensemblesd'instances �a des dates d'ex�ecution. La construction d'un transducteur rationnel des datesaux instances est peut être une bonne id�ee, mais la g�en�eration de code pour �enum�erer lesensembles d'instances devient plutôt di�cile. Mais ces raisons techniques ne doivent pascacher que l'essentiel du parall�elisme dans les programmes r�ecursifs peut d'ores et d�ej�aêtre exploit�e par des techniques �a parall�elisme de contrôle, et la n�ecessit�e de recourir �a unmod�ele d'ex�ecution �a parall�elisme de donn�ees n'est pas �evidente.En plus de leur incidence sur notre �etude des programmes r�ecursifs, les techniques



52 PR�ESENTATION EN FRAN�CAISissues du mod�ele poly�edrique recouvrent une partie importante de cette th�ese. Un objec-tif majeur tout au long de ces travaux a �et�e de conserver une certaine distance avec larepr�esentation math�ematique des relations a�nes. Ce point de vue a l'inconv�enient de nepas faciliter l'�ecriture d'algorithmes optimis�es prêts �a l'emploi dans un compilateur, maisil a surtout l'avantage de pr�esenter notre approche dans toute sa g�en�eralit�e. Parmi les pro-bl�emes techniques qui devraient être am�elior�es, tant pour l'expansion statique maximaleet pour l'optimisation de l'occupation en m�emoire, les plus importants sont les suivants.Nous avons pr�esent�e de nombreux algorithmes pour la restauration dynamique du
ot des donn�ees, mais nous avons tr�es peu d'exp�erience pratique de la parall�elisation denids de boucles avec un 
ot de contrôle impr�evisible et des index de tableaux non a�nes.Comme le formalisme SSA [CFR+91] est principalement utilis�e en tant que repr�esentationinterm�ediaire, les fonctions � sont rarement impl�ement�ees en pratique. La g�en�eration d'uncode de restauration e�cace est donc un probl�eme plutôt r�ecent.Aucun parall�eliseur pour nids de boucles sans restrictions n'a jamais �et�e �ecrit. Il enr�esulte qu'une exp�erimentation de grande ampleur n'a jamais pu être conduite. Pour appli-quer des analyses et des transformations pr�ecises sur des programmes r�eels, un importanttravail d'optimisation reste �a conduire. Les id�ees principales seraient de partitionner lecode [Ber93] et d'�etendre nos techniques aux graphes de d�ependance hi�erarchiques, auxr�egions de tableaux [Cre96] ou aux ordonnancements hi�erarchiques [CW99].Un compilateur parall�elisant doit être capable de r�egler automatiquement un grandnombre de param�etres : le surcoût �a l'ex�ecution, l'extraction du parall�elisme, l'occupationen m�emoire, le placement des calculs et des communications... Nous avons vu que leprobl�eme d'optimisation est encore plus complexe pour des nids de boucles non a�nes. Leformalisme d'expansion contrainte permet d'optimiser simultan�ement un certain nombrede param�etres li�es �a l'expansion de la m�emoire, mais il ne s'agit que d'un premier pas.



53
Chapter 1IntroductionPerformance increase in computer architecture technology is the combined result of severalfactors: fast increase of processor frequency, broader bus widths, increased number offunctional units, increased number of processors, complex memory hierarchies to dealwith high latencies, and global increase of storage capacities. New improvements andarchitectural designs are proposed every day. The result is that the machine model isbecoming less and less uniform and simple: despite the hardware support for caches,superscalar execution and shared memory multiprocessing, tuning a given program forperformance becomes more and more complex. Good optimizations for some particularcase can lead to disastrous results with a di�erent machine. Moreover, hardware supportis generally not su�cient when the complexity of the system becomes too high: dealingwith deep memory hierarchies, local memories, out of core computations, instruction levelparallelism and coarse grain parallelism requires additional support from the compilerto translate raw computation power into sustained performance. The recent shift ofmicroprocessor technology from superscalar models to explicit instruction level parallelismis one of the most concrete signs of this trend.Indeed, the whole of computer architecture and compiler industry is now facing whatthe high performance computing community has discovered for years. On the one hand,and for most applications, architectures are too diverse to de�ne practical e�ciency cri-teria and to develop speci�c optimizations for a particular machine. On the second hand,programs are written in such a way that traditional optimization and parallelization tech-niques have many problems to feed the huge computation monster everybody will havetomorrow in his laptop.In order to achieve high performances on modern microprocessors and parallel com-puters, a program|or at least the algorithm it implements|must contain a signi�cantdegree of parallelism. Even then, either the programmer and/or the compiler has to ex-pose this parallelism and apply the necessary optimizations to adapt it to the particularcharacteristics of the target machine. Moreover, the program should be portable in orderto cope with the fast obsolescence of parallel machines. The following two possibilitiesare o�ered to the programmer to meet these requirements.� First, explicitly parallel languages. Most of these are parallel extensions of sequen-tial languages. This includes well known data parallel languages such as HPF, andrecent mixed data and control parallel approaches such as OpenMP extensions forshared memory architectures. Some extensions also appear under the form of li-braries: PVM and MPI for instance, or higher-level multi-threaded environmentssuch as IML from the University of Illinois [SSP99] or Cilk from the MIT [MF98].



54 CHAPTER 1. INTRODUCTIONThese approaches makes the programming of high performance parallel algorithmspossible. However, besides parallel algorithmics, the programmer is also in chargeof more technical and machine-dependent operations, such as the distribution ofdata on the processors depending on their memory capacities, communications andsynchronizations. This requires a deep knowledge of the target architecture and re-duces portability. Several e�orts have been done in HPF so as to make the compilertake care of some parts of this job, but it seems that the programmer still needs tohave a precise knowledge of what the compiler does.� Second, automatic parallelization of a high level sequential language. The obvi-ous advantages of this approach are the portability, the simplicity of programmingand the fact that even old undocumented sequential codes may be automaticallyparallelized (in theory). However the task alloted to the compiler-parallelizer is over-whelming. Indeed, the program has �rst to be analyzed in order to understand|atleast partially|what is performed and where the parallelism lies. The compiler thenhas to take some decisions about how to generate a parallel code which takes intoaccount the speci�cities of the target architecture. Even for short programs and asimpli�ed model of parallel machine, \optimality" in both steps is out of reach fordecidability reasons. As a matter of fact, a wide panel of parallelization techniquesexists, and the di�culty often lies in choosing the more appropriate.The usual source languages for automatic parallelization is Fortran 77. Indeed,many scienti�c applications have been written with Fortran, which allows only rel-atively simple data structures (scalar and arrays) and control 
ow. Several studieshowever deal with the parallelization of C or of functional languages such as Lisp.These studies are less advanced than the historical approach, but also more relatedwith the present work: they handle programs with general control and data struc-tures. Many research projects already exist, among others: Parafrase-2 and Polaris[BEF+96] from the University of Illinois, PIPS from �Ecole des Mines [IJT90], SUIFfrom Stanford University [H+96], the McCat/EARTH-C compiler from Mc Gill Uni-versity [HTZ+97], LooPo from the University of Passau [GL97], and PAF from theUniversity of Versailles; there are also an increasing number of commercial paral-lelizing tools, such as CFT, FORGE, FORESYS or KAP.We are mostly interested in automatic and semi-automatic parallelization techniques:this thesis addresses both program analysis and source to source program transformation.1.1 Program AnalysisOptimizations and parallelizations are usually seen as source to source code transforma-tions which improves one or several run-time parameters. To apply a program transfor-mation at compile-time, one must check that the algorithm implemented by the programis unharmed during the process. Because an algorithm can be implemented in many dif-ferent ways, applying a program transformation requires \reverse engineering" the mostprecise information about what the program does. This fundamental program analy-sis technique addresses the di�cult problem of gathering compile-time|a.k.a. static|information about run-time|a.k.a. dynamic|properties.



1.1. PROGRAM ANALYSIS 55Static AnalysisProgram analyses often compute properties of the machine state between execution oftwo instructions. These machine states are known as program points. Such propertiesare called static because they cover every possible run-time execution leading to a givenprogram point. Of course these properties are computed at compile-time, but this is notthe meaning of the \static" adjective: \syntactic" would probably be more appropriate...Data-
ow analysis is the �rst proposed framework to unify the large number of staticanalyses. Among the various wordings and formal presentations of this framework [KU77,Muc97, ASU86, JM82, KS92, SRH96], one may expose the following common issues. Toformally state the possible run-time executions, the usual method is to build the control
ow graph of the program [ASU86]; indeed, this graph represents all program points asnodes, and edges between these nodes are labeled with program statements. The set ofall possible executions is then the set of all paths from the initial state to the consideredprogram point. Properties at a given program point are de�ned as follows: becauseeach statement may modify some property, one must consider every path leading to theprogram point and meet all informations along these paths. The formal statement of theseideas is usually called meet over all paths (MOP) [KS92]. Of course, the meet operationdepends on the property to be evaluated and on its mathematical abstraction.However, because of the possibly unbounded number of paths, the MOP speci�cationof the problem cannot be used for practical evaluation of static properties. Practicalcomputation is done by|forward or backward|propagation of the intermediate resultsalong edges of the control 
ow graph. An iterative resolution of the propagation equationsis performed, until a �x-point is reached. This method is known as maximal �xed point(MFP). In the intra-procedural case, Kam and Ullman [KU77] have proven that MFPe�ectively computes the result de�ned by MOP|i.e. MFP coincides with MOP|whensome simple properties of the mathematical abstraction are satis�ed; and this result hasbeen extended to inter-procedural analysis by Knoop and Ste�en [KS92].Mathematical abstractions for program properties are very numerous, depending onthe application and complexity of the analysis. The lattice structure encompasses most ab-stractions because it supports computation of both meet|at merge points|and join|atcomputational statements|operations. In this context, Cousot and Cousot [CC77] haveproposed an approximation framework based on semi-dual Galois connections betweenconcrete run-time states of a program and abstract compile-time properties. This math-ematical formulation called abstract interpretation has two main interests: �rst it allowssystematic approaches to the construction of a lattice abstraction for program properties,and second, it ensures that any computed �x-point in the abstract lattice correspondsto a conservative approximation of an actual �x-point in the lattice of concrete states.While extending the concept of data-
ow analysis, abstract interpretation helps provingthe correctness and optimality of program analyses. Practical applications of abstract in-terpretation and related iterative methods can be found in [Cou81, CH78, Deu92, Cre96].Despite the undisputable successes of data-
ow and abstract interpretation frame-works, the automatic parallelization community has very rarely based its analysis tech-niques on one of these frameworks. Beyond the important reasons which are not of ascienti�c nature, we will discuss the good reasons:� MOP/MFP techniques focus on classical optimizations techniques, with rather sim-ple abstractions (lattices often have a bounded height); correctness and e�ciency ina production compiler are the main motivations, whereas precision and expressive-



56 CHAPTER 1. INTRODUCTIONness of the mathematical abstraction are the main issues for parallelization;� in the industry, parallelization has traditionally addressed nests of loops and arrays,with high degrees of data parallelism and simple (non recursive, �rst order) controlstructures; proving the correctness of an analysis is easy in this context, whereasapplications to real programs and practical implementation in a compiler becomeissues of critical interest;� abstract interpretation is well suited to functional languages with clean and simpleoperational semantics; problems raised in this context are orthogonal with practicalissues of imperative and low-level languages such as Fortran or C, traditionally moresuitable for parallel architectures (but we will see that this point is evolving).As a result, data-
ow and abstract interpretation frameworks have mostly focused onstatic analysis techniques, which compute properties at a given program point or state-ment. Such results are well suited to most classical techniques for program checking andoptimization [Muc97, ASU86, SKR90, KRS94], but for automatic parallelization purposes,one needs more information.� What about distinct run-time instances of program points and statements? Becausestatements are likely to execute several times, we are interested in which iterationof a loop or which call to a procedure induced execution of some program statement.� What about distinct elements in a data structure? Because arrays and dynamicallyallocated structures are not atomic, we are interested in which array element orwhich graph node is accessed by some run-time instance of a statement.Because of orthogonal interests in the data-
ow analysis and the automatic paral-lelization communities, it is not surprising that results of the ones could not be applied bythe others. Indeed, a very small number of data-
ow analyses [DGS93, Tzo97] addressedboth instancewise and elementwise issues, but results are very far from the requirementsof a compiler in terms of precision and applicability.Instancewise AnalysisProgram analyses for automatic parallelization are a rather restricted domain, comparedto the broad range of properties and techniques studied in data-
ow analysis frameworks.The program model considered is also more restricted|most of the time|since traditionalapplications of parallelizing compilers are numerical codes with loop nests and arrays.Since the very beginning|with works by Banerjee [Ban88], Brandes [Bra88] andFeautrier [Fea88a]|analyses are oriented towards instancewise and elementwise proper-ties of programs. When the only control structure was the for/do loop, iterative methodswith a high semantical background seemed overly complex. To focus on solving criticalproblems such as abstracting loop iterations and e�ects of statement instances on arrayelements, designing simple and ad-hoc frameworks was obviously more pro�table thantrying to build on unpractical data-
ow frameworks. The �rst analyses were dependencetests [Ban88] and dependence analyses [Bra88, Pug92] which collected information aboutstatement instances which access the same memory location, one of the accesses being awrite. More precise methods have been designed to compute, for every array element readin an expression, the very statement instance which produced the value. They are usuallycalled array data-
ow analyses [Fea91, MAL93], but we prefer to call them instancewise



1.2. PROGRAM TRANSFORMATIONS FOR PARALLELIZATION 57reaching de�nition analyses for better comparison with a speci�c static data-
ow analysistechnique called reaching de�nition analysis [ASU86, Muc97]. Such accurate informa-tion signi�cantly improves the quality of program transformation techniques, hence theperformance of parallel programs.Instancewise analyses have long su�ered strong program model restrictions: programsused to be nested loops without conditional statements, with a�ne bounds and arraysubscripts, and without procedure calls. This very limited model is already su�cientto address many numerical codes, and has the major interest of allowing computationof exact dependence and reaching de�nition information [Fea88a, Fea91]. One of thedi�culties in removing the restrictions is that exact results cannot be hoped for anymore,and only approximate dependences are available at compile-time: this induces overlyconservative approximations of reaching de�nition information. A direct computation ofreaching de�nitions is thus needed. Recently, such direct computations have been crafted,and extremely precise intra-procedural techniques have been designed by Barthou, Collardand Feautrier [CBF95, BCF97, Bar98] and by Pugh and Wonnacott [WP95, Won95]. Inthe following, fuzzy array data
ow analysis (FADA) by Barthou, Collard and Feautrier[Bar98] will be our prefered instancewise reaching de�nition analysis for programs withunrestricted nested loops and arrays.Many extensions to handle procedure calls have been proposed [TFJ86, HBCM94,CI96], but they are not fully instancewise in the sense that they do not distinguish be-tween multiple executions of a statement associated with distinct calls of the surround-ing procedure. Indeed, the �rst fully instancewise analysis for programs with|possiblyrecursive|procedure calls is presented in this thesis.The next section introduces program transformations useful to parallelization. Mostof these transformations will be studied in more detail in the rest of this thesis. Of course,they are based on instancewise and elementwise analysis of program properties.1.2 Program Transformations for ParallelizationDependences are known to hamper parallelization of imperative programs and their e�-cient compilation on modern processors or supercomputers. A general method to reducethe number of memory-based dependences is to disambiguate memory accesses in assign-ing distinct memory locations to independent writes, i.e. to expand data structures.There are many ways to compute memory expansions, i.e. to transform memory ac-cesses in programs. Classical ways include renaming scalars, arrays and pointers, splittingor merging data structures of the same type, reshaping array dimensions, including addingnew dimensions, converting arrays into trees, changing the degree of a tree, and changinga global variable into a local one.Read references are also expanded, using instancewise reaching de�nition informationto implement the expanded reference [Fea91]. Figure 1.1 shows three programs with nopossible parallel execution because of output dependences (details of the code are omittedwhen not useful for presentation). Expanded versions are given in the right-hand side ofthe �gure, to illustrate the bene�t of memory expansion for parallelism extraction.Unfortunately, when the control-
ow cannot be predicted at compile-time, some run-time computation is needed to preserve the original data 
ow: � functions may be neededto \merge" data de�nitions due to several incoming control paths. These � functions aresimilar|but not identical|to those of the static single-assignment (SSA) framework byCytron et al. [CFR+91], and have been �rst extended for instancewise expansion schemes



58 CHAPTER 1. INTRODUCTION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int x;x = � � �; � � � = x;x = � � �; � � � = x; int x1, x2;x1 = � � �; � � � = x1;x2 = � � �; � � � = x2;After expansion, i.e. renaming x in x1 and x2, the �rst two statements can be executedin parallel with the two others.int A[10];for (i=0; i<10; i++) {s1 A[0] = � � �;for (j=1; j<10; j++) {s2 A[j] = A[j-1] + � � �;}
int A1[10], A2[10][10];for (i=0; i<10; i++) {s1 A1[i] = � � �;for (j=1; j<10; j++) {s2 A2[i][j] = { if (j=1) A1[i];else A2[i][j-1]; }+ � � �;}After expansion, i.e. renaming array A in A1 and A2 then adding a dimension to arrayA2, the for loop is parallel. The instancewise reaching de�nition of the A[j-1] referencedepends on the values of i and j, as implemented with a conditional expression.int A[10];void Proc (int i) {A[i] = � � �;� � � = A[i];if (� � �) Proc (i+1);if (� � �) Proc (i-1);}

struct Tree {int value; Tree *left, *right;} *p;void Proc (Tree *p, int i) {p->value = � � �;� � � = p->value;if (� � �) Proc (p->left, i+1);if (� � �) Proc (p->right, i-1);}After expansion, the two procedure calls can be executed in parallel. Memory allocationfor the Tree structure is not shown.. . . . . . . . . . . . . . . . . . Figure 1.1. Simple examples of memory expansion . . . . . . . . . . . . . . . . . .by Collard and Griebl [GC95, Col98]. The argument of a � function is the set of possiblereaching de�nitions for the associated read reference.1 Figure 1.2 shows two programswith some unknown conditional expressions and arrays subscripts. Expanded versionswith � functions are given in the right side of the �gure.Notice that memory expansion is not a mandatory step for parallelization; it is yet ageneral technique to expose parallelism in programs. Now, implementation of a parallelprogram depends on the target language and architecture. Two main techniques are used.The �rst technique takes bene�t of control parallelism, i.e. parallelism between dif-ferent statements in the same program block. Its goal is to replace as many sequentialexecutions of statements|denoted with ; in C|by parallel executions. Depending onthe language, there are many di�erent syntaxes to code this kind of parallelism, and allthese syntaxes may not have the same expressive power. We will prefer the Cilk [MF98]spawn/sync syntax (similar to OpenMP's syntax) to the parallel block notation fromAlgol 68 or the EARTH-C compiler [HTZ+97]. As in [MF98], synchronizations involve1This interpretation of � functions is very di�erent from their usual semantics in the SSA framework.



1.2. PROGRAM TRANSFORMATIONS FOR PARALLELIZATION 59. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int x;s1 x = � � �;s2 if (� � �) x = � � �;r � � � = x; int x1, x2;s1 x1 = � � �;s2 if (� � �) x2 = � � �;r � � � = �(fs1; s2g);After expansion, one may not decide at compile-time what value is read by statementr. One only knows that it may either come from s1 or from s2, and the e�ective valueretrieval code is hidden in the �(fs1; s2g) function. It checks whether s2 executed or not,then if it did, it returns the value of x2, else it returns the value of x1.int A[10];s1 A[i] = � � �;s2 A[� � �] = � � �;r � � � = A[i]; int A1[10], A2[10];s1 A1[i] = � � �;s2 A2[� � �] = � � �;r � � � = �(fs1; s2g);After expansion, one may not decide at compile-time what value is read by statement r,because one does not know which element of array A is assigned by statement s2.. . . . . . . . . . . . . . . . . Figure 1.2. Run-time restoration of the 
ow of data . . . . . . . . . . . . . . . . .every asynchronous computation started in the surrounding program block, and implicitsynchronizations are assumed at return points in procedures. For the example in Fig-ure 1.3.a, execution of A, B, C in parallel followed sequentially by D and E has beenwritten in a Cilk-like syntax (each statement would probably be a procedure call).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .spawn A;spawn B;spawn C;sync;// wait for A, B and C to completeD;E;Figure 1.3.a. Control parallelism
// L is the latency of the schedulefor (t=0; t<=L; t++) {parallel for ({ 2 F (t))execute instance {// implicit synchronization}Figure 1.3.b. Data parallel implementation forschedules. . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 1.3. Exposing parallelism . . . . . . . . . . . . . . . . . . . . . . . . . . .The second technique is based on data parallelism, i.e. parallelism between di�erentinstances of the same statement or block. The data parallel programming model hasbeen extensively studied in the case of loop nests [PD96], because it is very well suitedto e�cient parallelization of numerical algorithms and repetitive operations on large datasets. We will consider a syntax similar to OpenMP parallel loop declaration, where allvariables are supposed to be shared by default, and an implicit synchronization takesplace at each parallel loop termination.The �rst algorithms to generate data parallel code were based on intuitive loop trans-formations such as loop �ssion, loop fusion, loop interchange, loop reversal, loop skewing,loop reindexing and statement reordering. Moreover, dependences abstractions were muchless expressive than a�ne relations. But data parallelism is also appropriate when de-scribing a parallel order with a schedule, i.e. giving an execution date for every statement



60 CHAPTER 1. INTRODUCTIONinstance. The program pattern in Figure 1.3.b shows the general implementation of sucha schedule [PD96]. It is based on the concept of execution front F (t) which gathers allinstances { executing at date t.The �rst scheduling algorithm was designed by Allen and Kennedy [AK87], from whichmany other methods have been designed. These are all based on a rather approximativeabstractions of dependences, like dependence levels, vectors and cones. Despite the lackof generality, the bene�t of such methods is the low complexity and easy implementationin a industrial parallelizaing compiler; see the work by Banerjee [Ban92] or more recentlyby Darte and Vivien [DV97] for a survey of these algorithms.The �rst general solution to the scheduling problem was proposed by Feautrier [Fea92].The proposed algorithm is very useful, but its weak point is the lack of help to decide whatparameter of the schedule to optimize: is it the latency L, the number of communications(on a distributed memory machine), the width of the fronts?Eventually, it is well known that control parallelism is more general than data paral-lelism, meaning that every data parallel program can be rewritten in a control parallelmodel, without loosing any parallelism. This is especially true for recursive programs,for which the distinction between the two paradigms becomes very unclear, as shown in[Fea98]. However, for practical programs and architectures, it has long been the casethat architectures for massively parallel computations were much more suited to dataparallelism, and that getting good speed-ups on such architectures was di�cult with con-trol parallelism|mainly due to asynchronous task management overhead. But recentadvances in hardware and software systems are showing an evolution in this situation:excellent results for parallel recursive programs (game simulations like chess, and sortingalgorithms) have been shown with Cilk for example [MF98].1.3 Thesis OverviewThis thesis is organized in four chapters and a �nal conclusion. Chapter 2 describes ageneral framework for program analysis and transformation, and presents the formal de�-nitions useful to the following chapters. The main interest of this chapter is to encompassa very large class of programs, from nests of loops with arrays to recursive programs anddata structures.A collection of mathematical results is gathered in Chapter 3; some are rather wellknown, such as Presburger arithmetcis and formal language theory; some are very un-common in compiler and parallelism �elds, such as rational and algebraic transductions;and the others are mostly contributions, such as left-synchronous transductions and ap-proximation techniques for rational and algebraic transductions.Chapter 4 addresses instancewise analysis of recursive programs. Based on an ex-tension of the induction variable concept to recursive programs and on new results informal language theory, it presents two algorithms for dependence and reaching de�nitionanalysis. These algorithms are applied to several practical examples.Parallelization techniques based on memory expansion are studied in Chapter 5. The�rst three sections present new techniques to expand nested loops with unrestricted condi-tionals, bounds and array subscripts; the fourth section is a contribution to simultaneousoptimization of expansion and parallelization parameters; and the �fth section presentsour results about parallelization of recursive programs.
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Chapter 2FrameworkThe previous introduction and motivation has covered several very di�erent conceptsand approaches. Each one has been studied by many authors who have de�ned theirown vocabulary and abstractions. Of course, we would like to keep the same formalismalong the whole presentation. This chapter presents a framework for describing programanalysis and transformation techniques and for proving their correctness or theoreticalproperties. The design of this framework has been governed by three major goals:1. build on well de�ned concepts and vocabulary, while keeping the continuity withrelated works;2. focus on instancewise properties of programs, and take bene�t of this additionalinformation to design new transformation techniques;3. head for both generality and high precision, minimizing the necessary number oftradeo�s.This presentation does not compete with other formalisms, some of which are �rmlyrooted in semantically and mathematically sound theories [KU77, CC77, JM82, KS92].Because we advocate for instancewise analysis and transformations, we primarily focusedon establishing convincing results about e�ectiveness and feasibility. This required leavingfor further studies the necessary integration of our techniques in a more traditional analysistheory. We are sure that instancewise analysis can be modeled in a formal framework suchas abstract interpretation, even if very few works have addressed this important issue.We start with a formal presentation of run-time statement instances and programexecutions in Section 2.1, then the program model we will consider throughout this studyis exposed and motivated in Section 2.2. Section 2.3 proposes mathematical abstractionsfor these instance and program models. Program analysis and transformation frameworksare addressed in Sections 2.4 and 2.5 respectively.2.1 Going InstancewiseDuring program execution, each statement can be executed several times, depending onthe surrounding control structures (loops, procedure calls and conditional expressions).To capture data-
ow information as precisely as possible, our analysis and transformationtechniques should be able to distinguish between the distinct executions of a statement.De�nition 2.1 (instance) For a statement s, a run-time instance of s is some particularexecution of s during execution of the program.



62 CHAPTER 2. FRAMEWORKFor short, a run-time instance of a statement is called an instance. If the program termi-nates, each statement has a �nite number of instances.Consider the two example programs in Figure 2.1. They both display the sum of anarray A with an unknown number N of elements; one is implemented with a loop andthe other with a recursive procedure. Statements B and C are executed N times duringexecution of each program, but statements A and D are executed only once. The valueof variable i can be used to \name" each instance of B and C and to distinguish atcompile-time between the 2N + 2 run-time instances of statements A, B, C and D: theunique instances of statements A and D are denoted respectively by hAi and hCi, and theN instances of statement B (resp. statement C) associated with some value i of variablei are denoted by hB; ii (resp. by hC; ii), 0 � i < N . Such an \iteration variable" notationis not always possible, and a general naming scheme will be studied in Section 2.3.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[N];int c;A c = 0;for (i=0; i<N; i++) {B c = c + A[i];}printf ("%d", c);
int A[N];int Sum (int i) {if (i<N)C return A[i] + Sum (i+1);elseD return 0;}printf ("%d", Sum (0));. . . . . . . . . . . . . . . . . . Figure 2.1. About run-time instances and accesses . . . . . . . . . . . . . . . . . .Because of the state of memory and possible interactions with its environment, severalexecutions of the same program may yield di�erent sets of run-time statement instancesand incompatible results. We will not formally de�ne this concept of program executionin operational semantics: a very clean framework has indeed been de�ned by Cousotand Cousot [Cou81] for abstract interpretation, but the correctness of our analysis andtransformation techniques does not require so many details.De�nition 2.2 (program execution) Let P be a program. A program execution e isgiven by an execution trace of P , which is a �nite or in�nite (when the program doesnot terminate) sequence of con�gurations|i.e. machine states. The set of all possibleprogram executions is denoted by E.Now, the set of all run-time instances for a given program execution e 2 E is denotedby Ie. Subscript e denotes a given program execution, but it also recalls that set Ieis \exact": it is the e�ective unapproximate set of statement instances executed duringprogram execution e. This formalism will be used in every further de�nition of execution-dependent concept.Considering again the two programs in Figure 2.1, the execution of statements B and Cis governed by a comparison of variable i with the constant N . Without any informationon the possible values of N , it is impossible to decide at compile-time whether someinstance of B or C executes. In the extreme case of an execution e where N is equalto zero, both statements are never executed, and the set Ie is equal to fhAi; hDig. Ingeneral, Ie is equal to fhAi; hDig [ fhB; ii; hC; ii : 0 � i < Ng, the value of N being partof the de�nition of e.



2.2. PROGRAM MODEL 63Of course, each statement can involve several (including zero) memory references, atmost one of these being a write (i.e. in left-hand side).De�nition 2.3 (access) A pair ({; r) of a statement instance and a reference in thestatement is called an access.For a given execution e 2 E of a program, the set of all accesses is denoted by Ae. Itcan be decomposed into:� Re, the set of all reads, i.e. accesses performing some load operation from memory;� and We, the set of all writes, i.e. accesses performing some store operation intomemory.Due to our syntactical restrictions, no access may be simultaneously a read and awrite. Since a statement performing some write in memory involves exactly one referencein left-hand side, its instances are often used in place of its write accesses (this sometimessimpli�es the exposition).Looking again at our two programs in Figure 2.1:� statement A has one write reference to variable c, the single associated access isdenoted by hA; ci;� statement B has one write and one read reference to variable c, since both referencesare identical, the associated accesses are both denoted by hB; i; ci, 0 � i < N ;� statement B has one read reference to array A, the associated accesses are denotedby hB; i; A[i]i, 0 � i < N ;� statement C has one read reference to array A, the associated accesses are denotedby hC; i; A[i]i, 0 � i < N ;� statement D has no memory reference, thus no associated access.2.2 Program ModelOur framework focuses on imperative programs. This section describes the control anddata structure syntax we consider. In a preliminary work [CCG96], we de�ned a toylanguage|called LEGS|which allowed explicit declaration of complex data structuresshapes �tting our program model. Most of the program model restrictions we enumeratein this section were also enforced by the language semantics. We chose yet to de�ne ourprogram model with a C-like syntax (with C++ syntactic sugar facilities): despite the thelack of formal semantics available in C, we hope this choice will ease the understandingof practical examples and the communication of our new ideas.2.2.1 Control StructuresProcedures are seen as functions returning the void type and explicit|typed|pointersare allowed. Multi-dimensional arrays are accessed with syntax [i1,: : : ,in]|not Csyntax|for better understanding.De�nition 2.4 (statement and block) A program statement is any C expressionended with \;" or \}". A program block is a special kind of statement that starts



64 CHAPTER 2. FRAMEWORKwith \{", a function declaration, a loop or a conditional expression, and surroundingone or more sub-statements.To simplify the exposition, the only control structures that may appear in the right-hand side of an assignment, in a function call or in a loop declaration are conditionalstatements. Moreover, multiple expressions separated by , are not allowed, and loopsare supposed to follow some minimal \code of ethics": each loop variable is a�ected bya single loop and its value is not used outside of this loop; as a consequence, each loopvariable must be initialized.This framework is primarily designed for �rst-order control structures: any functioncall should be fully speci�ed at compile-time, and \computed" gotos are forbidden. Buthigher-order structures can be handled conservatively, in approximating the possible func-tion calls using external analysis techniques [Cou81, Deu90, Har89, AFL95]. Calls toinput/output functions are allowed as well, but completely ignored by analysis and trans-formation techniques, possibly yielding incorrect parallelizations.Recursive calls, loops with unrestricted bounds, and conditional statements with unre-stricted predicates are allowed. Classical exception mechanisms, breaks, and continuesare supported as well. However, we suppose that gotos are removed by well known algo-rithms for structuring programs [Bak77, Amm92], at the cost of some code duplication inthe rare cases where the control 
ow graph is not reducible [ASU86].2.2.2 Data StructuresWe only consider� scalars (boolean, integer, 
oating-point, pointer...);� records (non-recursive and non-array structure with scalar and record �elds);� arrays of scalars or records;� trees of scalars or records;� arrays of trees;� and trees of arrays.Records are seen as compound scalars with unaliased named �elds. Moreover, unre-stricted array values in trees and tree elements in arrays are allowed, including recursivenestings of arrays and trees.Arrays are accessed through the classical syntax, and other data structures are accessedthrough the use of explicit pointers. However, to simplify the exposition, we suppose thatno variable is simultaneously used as a pointer (through operators * and ->) and as anarray (through operator []): in particular, explicit array subscripts must be preferred topointer arithmetic.By convention, edge names in trees are identical to the label of pointer �elds in thetree declaration.



2.3. ABSTRACT MODEL 65In practical implementations, recursive data structures are not made explicit. Moreprecisely, two main problems arise when trying to build an abstract view of data structurede�nition and usage in C programs.1. Multiple structure declarations may be relative to the same data structure, with-out explicit declaration of the shape of the whole object. Moreover, even a sin-gle recursive struct declaration can describe several very di�erent objects, suchas lists, doubly-linked lists, trees, acyclic graphs, general graphs, etc. Building acompile-time abstraction of data structures used in a program is thus a di�cultproblem, but it is essential to our analysis and transformation framework. It can beachieved in two opposite ways: either \decorating" the C code with shape descrip-tions which guide the compiler when building its abstract view of data structures[KS93, FM97, Mic95, HHN92] or running a compile-time shape analysis of pointer-based structures [GH96, SRW96].2. Two pointer variables may be aliased , i.e. they may be two di�erent names for thesame memory location. The goal of alias analysis [Deu94, CBC93, GH95] (store-less)and points-to analysis [LRZ93, EGH94, Ste96] (store-based) techniques is preciselyto disambiguate pointer accesses, when pointer updates are not too complex to beanalyzed. In practice, one may expect good results for strongly typed programswithout pointer arithmetics, especially if the goal of the alias analysis is to checkwhether two pointers refer the same structure or not. Element-wise alias analysis isvery costly and still a largely open problem: indeed, no instancewise alias analysis forpointers has been proposed so far, and it could be an interesting future developmentof our framework.In the following, we thus suppose that the shape of each data structure has beenidenti�ed as one of the supported data types, and that each pointer reference has beenassociated the data structure instance it refers to.Now, there is one last question about data structures: how are they constructed,modi�ed and destroyed? When dealing with arrays, a compile-time shape declaration isavailable in most cases; but some programs require dynamic arrays whose size is updateddynamically every time an out-of-bound access is detected: this is the case of some ex-panded programs studied in Chapter 5. The problem is more critical with pointer-baseddata structures: they are most of the time allocated at run-time with explicit malloc ornew operations. This problem has already been addressed by Feautrier in [Fea98] andwe consider the same abstraction: all data structures are supposed to by built to theirmaximal extent|possibly in�nite|in a preliminary part of the code. To guarantee thatthis abstraction is correct regarding data-
ow information, we must add an additional re-striction to the program model: any run-time insertion and deletion is forbidden. In factthere are two exceptions to this very strong rule, but they will be described in the nextsection after presenting the mathematical abstraction for data structures. Nevertheless, alot of interesting programs with recursive pointer-based structures perform random inser-tions and deletions, and these programs cannot be handled at present in our framework.This issue is left for future work.2.3 Abstract ModelWe start with a presentation of a naming scheme for statement instances, and show thatexecution traces are not suitable to our purpose. Then, we propose a powerful abstraction



66 CHAPTER 2. FRAMEWORKfor memory locations.2.3.1 Naming Statement InstancesIn the following, every program statement is supposed to be labeled. The alphabet ofstatement labels is denoted by �ctrl. Now, loops and conditionals requires special atten-tion.� Because a loop involves an initialization step, a bound check step, and an iterationstep, loops are given three labels: the �rst one represents the loop entry, the secondone is the check for termination, and the third one is the loop iteration. Remem-ber that, in C, a bound check is performed immediately after the loop entry andimmediately after each increment. The loop check is considered as a block and aconditional statement, and the two other are non-block labels.� An if � � � then � � � else � � � statement is given two labels: one for the conditionand the then branch, and one for the else branch. Both labels are considered asblock labels.Consider the program example in Figure 2.2.a. This simple recursive procedure com-putes all possible solutions to the n-Queens problem, using an array A (details of the codeare omitted here); it is our running example in this section.There are two assignment statements: s writes into array A and r performs some readaccess in A. Statement I and J are conditionals, and statement Q is a recursive call toprocedure Queens. Loop statements are divided into three sub-statements which are givendistinct labels: the �rst one denotes the loop entry|e.g. A or B|the second one denotesthe bound check|e.g. A or B|and the third one denotes the loop iteration|e.g. a or b.Finally, P is the label of the procedure and F denotes the initial call in main.A primary goal for instancewise analysis and transformation is to name each statementinstance. To achieve this, many works in the program analysis �eld rely on executiontraces. Their interpretation for program analysis is generally de�ned as a path from theentry of the control 
ow graph to a given statement.1 They record every execution of astatement, including return from functions.For our purpose, these execution traces have three main drawbacks:1. because of return labels, traces belong to a non-rational language in ��ctrl, as soonas there are recursive function calls;2. full-length traces are huge and extremely redundant: if an instance executes beforeanother in the same program execution, its trace pre�xes the other;3. a single statement instance may have several execution traces because statementexecution is unknown at compile time.To overcome the �rst problem, a classical technique relies on a function called Net on��ctrl [Har89]: intuitively this function collapses all call-return pairs in a given executiontrace, yielding compact rational sets of execution traces. The third point is much moreunpleasant because it forbids to give a unique name to each statement instance. Noticehowever that di�erent execution traces for the same instance must be associated withdistinct executions of the program.1Without notice of conditional expressions and loop bounds.
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int A[n];P void Queens (int n, int k) {I if (k < n) {A=A=a for (int i=0; i<n; i++) {B=B=b for (int j=0; j<k; j++)r � � � = � � � A[j] � � �;J if (� � �) {s A[k] = � � �;Q Queens (n, k+1);}}}}int main () {F Queens (n, 0);}Figure 2.2.a. Procedure Queens

�FPIAAaAaAJs
FFPIAAaAaAJQPIAABBr

FPIA A a A a AJ J Js s s QPIA AJ BrFigure 2.2.b. Control tree. . . . . . . . . . . . . . . . . . . . Figure 2.2. Procedure Queens and control tree . . . . . . . . . . . . . . . . . . . .Our solution starts from another representation of the program 
ow: the intuitionbehind our naming scheme for instances is to consider some kind of \extended stackstates" where loops are seen as special cases of recursive procedures. The dedicatedvocabulary for this representation has been de�ned in parts and with several variationsin [CC98, Coh99a, Coh97, Fea98].Let us start with an example: the �rst instance of statement s in procedure Queens.Depending on the number of iterations of the innermost loop|bounded by k|an execu-tion trace for this �rst instance can be one of FPIAABBJs, FPIAABBbBJs, FPIAABBbBbBJs,: : : , FPIAABB(bB)kJs. Since we would like to give a unique name to the �rst instance ofs, all B, B and b labels should intuitively be left out. Now, for a given program execution,any statement instance is associated with a unique (ordered) list of block enterings, loopiterations and procedure calls leading to it. To each list corresponds a word: the con-catenation of statement labels. This is precisely what we get when forgetting about theinnermost loop in execution traces of the �rst instance of statement s: the single wordFPIAAJs. These concepts are illustrated by the tree in Figure 2.2.b, to be de�ned later.We now formally describe these words and their relation with statement instances.De�nition 2.5 (control automaton and control words) The control automaton ofthe program is a �nite-state automaton whose states are statements in the programand where a transition from a state q to a state q0 express that statement q0 occurs in



68 CHAPTER 2. FRAMEWORKblock q. Such a transition is labeled by q0. The initial state is the statement executedat the beginning of program execution, and all states are �nal.Words accepted by the control automaton are called control words. By construction,they build a rational language Lctrl included in ��ctrl.Lemma 2.1 Ie being the set of statement instances for a given execution e of a program,there is a natural injection from Ie to the language Lctrl of control words.Proof: Any statement instance in a program execution is associated with a uniquelist of block enterings, loop iterations and procedure calls leading to it. We can thusde�ne a function f from Ie to �Nctrl|lists of statements labels|mapping statementinstances to their respective list of block enterings, loop iterations and procedure calls.Consider an instances {1 of a statement s1 and an instance {2 of a statement s2, andsuppose f({1) = f({2) = l. By de�nition of f , both statements s1 and s2 must be partof the same program block B, and precisely, the last element of l is B. Considering apair of a statement s and an instance { of s, this proves that no other instance {0 of astatement s0 may be such that (f({); s) = (f({0); s0).Consider a function  from Ie to Lctrl|control words|which maps an instance { ofa statement s to the concatenation of all labels in f({) and s itself. Thanks to thepreceding property on pairs (f({); s), function  is injective. �Theorem 2.1 Let I be the union of all sets of statement instances Ie for every possibleexecution e of a program. There is a natural injection from I to the language Lctrl ofcontrol words.Proof: Consider two executions e1 and e2 of a program. The function de�ned in theproof of Lemma 2.1 is denoted by  1 for execution e1 and  2 for execution e2. If aninstance { is part of both Ie1 and Ie2 of a program, control words  1({) and  2({) arethe same, because the list of block enterings, loop iterations and function calls leadingto { are unchanged. Lemma 2.1 terminates the proof. �We are thus allowed to talk about \the control word of a statement instance". Ingeneral, the set E of possible program executions and the set Ie for e 2 E are unknownat compile-time, and we may consider all instances that may execute during any pro-gram execution. Eventually, the natural injection becomes a one-to-one mapping whenextending the set Ie with all possible instances associated to \legal" control words. Asa consequence, if w is a control word, we will say \instance w" instead of \the instancewhose control word is w".We are also interested in encoding accesses themselves with control words. A simplesolution consists in considering pairs (w; ref), where w is a control word for some instanceof a statement s and ref is a reference in statement s. But we prefer to encode the fullaccess \inside" the control word: we thus extend the alphabet of statement labels �ctrlwith letters of the form sref, for all statement s 2 �ctrl and reference ref in s. Ofcourse, extended labels may only take place as the last letter in a control word: when thelast letter in a control word w is of the form sref, it means that w represents an accessinstead of an instance. However, when clear from the context, i.e. when there is only one\interesting" reference in a given statement or all references are identical, the referencewill be taken out of the control word of accesses. This will be the case in most practicalexamples.



2.3. ABSTRACT MODEL 69Eventually, notice that some states in the control automaton have exactly one incom-ing transition and one outgoing transition (looping transitions count as both incomingand outgoing). Now, these states do not carry any information about where a statementcan be reached from or lead to: in every control word, the label of the outgoing transitionfollows the label of the incoming one. In practice, we often consider a compressed con-trol automaton where all states with exactly one incoming transition and one outgoingtransition are removed. This transformation has no impact on control words.Observe that loops in the program are represented by looping transitions in the com-pressed control automaton, and that cycles involving more than one state are associatedwith recursive calls.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .FPIAABBr b
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Figure 2.3.a. Control automaton
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Figure 2.3.b. Compressed control au-tomaton

. . . . . . . . . . . . . . . . . . Figure 2.3. Control automata for program Queens . . . . . . . . . . . . . . . . . .Figure 2.3.a describes the plain control automaton for procedure Queens.2 Since statesF , I, A, B, Q, a and b are useless, they are removed along with their outgoing edges.The compressed automaton is described in Figure 2.3.b.As a practical remark, notice that it is often desirable to restrict the language ofcontrol words to instances of a particular statement. This is easily achieved in choosingthe state associated to this statement as the only �nal one.To conclude this presentation of a naming scheme for statement instances, it is possibleto compare the execution traces of an instance { and the control word of {. Indeed, the2Every state is �nal, but this is not made explicit on the �gure.



70 CHAPTER 2. FRAMEWORKfollowing property is quite natural: it results from the observation that traces of aninstance may only di�er in labels of statements that are not part of the list of blockenterings, loop iterations and function calls leading to this instance.Proposition 2.1 The control word of a statement instance is a sub-word of every exe-cution trace of this instance.2.3.2 Sequential Execution OrderThe sequential execution order of the program de�nes a total order over instances, call it<seq. In English, words are ordered by the lexicographic order generated by the alphabetorder a < b < c < � � � . Similarly, in any program one can de�ne a partial textual order<txt over statements: statements in the same block are sorted in apparition order, andstatements appearing in di�erent blocs are mutually incomparable.Remember the special case of loops: the iteration label executes after all the state-ments inside the loop body, but entry and check labels are not comparable with thesestatements. For procedure Queens in Figure 2.2.a, we have B <txt J <txt a, r <txt band s <txt Q.This textual order generates a lexicographic one on control words, denoted by <lex:w0 <lex w () 9x; x0 2 �ctrl; u; v; v0 2 ��ctrl : w = uxv; w0 = ux0v0; x0 <txt x_ 9v0 2 ��ctrl : w = w0v (a.k.a. pre�x order):This order is only partial on ��ctrl. However, by construction of the textual order:Proposition 2.2 An instance {0 executes before an instance { i� their respective controlwords w0 and w satisfy w0 <lex w.Notice that the lexicographic order <lex is not total on Lctrl because both cases on aconditional are not comparable! This does not yield a contradiction, because the then andelse cases of the same if instance are never simultaneously executed in a single execution.In general, the lexicographic order is total on the subset of control words correspondingto instances that do execute|in one-to-one mapping with Ie for some execution e 2 E.Eventually, the language of control words is best understood as an in�nite tree, whoseroot is named " and every edge is labeled by a statement. Each node then correspondsto the control word equal to the concatenation of edge labels starting from the root.Consider a control word ux, u 2 ��ctrl and x 2 �ctrl; every downward edge from a nodewhose control word is ux corresponds to an outgoing transition from state x in the controlautomaton. To represent the lexicographic order, downward edges are ordered from leftto right according to the textual order. Such a tree is usually called a call tree in thefunctional languages community, but control tree is more adequate in the presence of loopsand other non-functional control structures. One may talk about plain and compressedcontrol trees, dependending on the control automaton which de�nes them.A partial control tree for procedure Queens is shown in Figure 2.2.b (a compressedone will be studied later in Figure 4.1 page 124). Control word FPIAAaAaAJQPIAABBris a possible run-time instance of statement r|depicted by a star in Figure 2.2.b, andcontrol word FPIAAaAaAJs|depicted by a black square|is a possible run-time instanceof statement s.



2.3. ABSTRACT MODEL 712.3.3 Adressing Memory LocationsA large number of data structure abstractions have been designed for the purpose ofprogram analysis. This presentation can be seen as an extension of several frameworkswe already proposed [CC98, Coh99a, Coh97, Fea98] some of which in collaboration withGriebl [CCG96], but it is also highly relevant to previous work by Alabau and Vauquelin[Ala94], by Giavitto, Michel and Sansonnet [Mic95], by Deutsch [Deu92] and by Larusand Hil�nger [LH88].With no surprise, array elements are addressed by integers, or vectors of integers formulti-dimensional ones. Tree adresses are concatenation of edge names (see Section 2.2.2)starting from the root. The address of the root is simply ", the zero-length word. Forexample, the name of node root->l->r in a binary tree is lr. The set of edge names isdenoted by �data. The layout of trees in memory is thus described by a rational languageLdata � ��data over edge names.For the purpose of dependence analysis, we are looking for a mathematical abstractionwhich captures relations between integer vectors, between words, and between the two.Dealing with trees only, Feautrier proposed to use rational transductions between freemonoids in [Fea98]. We will formally de�ne such transductions in Section 3.3, and thenshow how the same idea can can be extended to more general classes of transductions andmonoids, to handle arrays and nested trees and arrays as well.Extending the Data Structure ModelSome interesting structures are basically tree structures enhanced with traversal edges.In many cases, these traversal edges have a very regular structure. Most usual casesare reference to the parent and links between nodes at the same height in a tree. Suchtraversal edges are often used to facilitate special-purpose traversal algorithms. Thereis some support for such structures when traversal edges are known functions of thegenerators of the tree structure [KS93, FM97, Mic95], i.e. the \back-bone" spanning treeof the graph. In such a case, traversal edges are merely an \algorithmical sugar" for betterperformance. But even though, our support is limited since recursion and iteration overtraversal edges is not supported. We will not study this extension any further becausea full chapter would be necessary and our support for traversal edges does not includerecursion and iteration.Abstract Memory ModelThe key idea to handle both arrays and trees is that they share a common mathematicalabstraction: the monoid. For a quick recall of monoid de�nitions and properties, seeSection 3.2. Indeed rational languages (tree addresses) are subsets of free monoids withword concatenation, and sets of integer vectors (array subscripts) are free commutativemonoids with vector addition. The monoid abstraction for a data structure will be denotedby Mdata, and the subset of this monoid corresponding to valid elements of the structurewill be denoted by Ldata.The case of nested arrays and trees is a bit more complex but reveals the expressive-ness of monoid abstractions. Our �rst example is the hash-table structure described inFigure 2.4. It de�nes an array whose elements are pointers to lists on integers. A monoidabstraction Mdata for this structure is generated by Z [ fng, and its binary operation �
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struct key {// value of keyint value;// next keykey *n;};key *hash[7];

. . . . . . . . . . . . . . . . . . . . . . . . . . Figure 2.4. Hash-table declaration . . . . . . . . . . . . . . . . . . . . . . . . . .is de�ned as follows: n � n = nn (2.1)8i 2 Z : i � n = in (2.2)8i 2 Z : n � i = ni (never used for the hash-table) (2.3)8i; j 2 Z : i � j = i + j: (2.4)The set Ldata �Mdata of valid memory locations in this structure is thusLdata = Zn�:Check that the third case in the de�nition of operation � is never used in Ldata.Our second example is the structure described in Figure 2.5. It de�nes an array whoseelements are references to other arrays or integers. Each array is either terminal withinteger elements or intermediate with array reference elements. This de�nition is verysimilar to �le-system storage structures, such as UNIX's inodes. The monoid abstractionMdata for this structure is the same as the hash-table one. However, the set Ldata �Mdataof valid memory locations in this structure is nowLdata = (Zn)�Z:Now the de�nition of operation � is the same as for the hash-table structure, see (2.1).In the general case of nested arrays and trees, the monoid abstraction is generated bythe union of node names in trees and integer vectors. Its binary operation � is de�ned asword concatenation with additional commutations between vectors of the same dimension.The result is called a free partially commutative monoid [RS97b]:De�nition 2.6 (free partially commutative monoid) A free partially commutativemonoid M with binary operation � is de�ned as follows:� generators of M are letters in an alphabet A and all vectors from a �nite union offree commutative monoids of the form Zn;
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struct inode {// true means terminal array of integers// false means intermediate array of pointersboolean terminal// array sizeint lengthunion {// array of block numbersint a[];// array of inode pointersinode *n[];}} quad;. . . . . . . . . . . . . . . . . . . . . . . . . . Figure 2.5. An inode declaration . . . . . . . . . . . . . . . . . . . . . . . . . .� operation � coincides with word concatenation on A�, 8x; y 2 A : x � y = xy;� for a given integer n, operation � coincides with vector addition on Zn, 8x; y 2 Zn :x � y = x+ y.This framework clearly supports recursively nested trees and arrays.In the following, we abstract any data structure as a subset Ldata of the monoidMdatawith binary operation �. (� denotes word concatenation for trees and usual sum forarrays.)Eventually, we have required in the previous section that no run-time insertion ordeletion appeared in the program. This rule is indeed too conservative, and two exceptionscan be handled by our framework.1. Because it makes no di�erence for the 
ow of data whether the insertion is done be-fore the program or during execution|only assignment of the value does matters|insertions at a list's tail or tree's leaf are supported.2. The abstraction is still correct when deletions at a list's tail or tree's leaf are sup-ported, but may lead to overly conservative results. Indeed, suppose an insertion



74 CHAPTER 2. FRAMEWORKfollows a deletion at the tail of a list. Considering words in the free monoid abstrac-tion of the list, the memory location of the tail node before deletion will be aliasedwith the new location of the inserted one.2.3.4 Loop Nests and ArraysThe case of nested loops with scalar and array operations is very important. It applies toa wide range of numerical, signal-processing, scienti�c, and multi-media codes. A largeamount of work has been devoted to such programs (or program fragments), and verypowerful analysis and transformation techniques have been crafted. While the frameworkabove easily captures such programs, it seems both easier and more natural to use anotherframework for memory addressing and instance naming. Indeed, we prefer the naturaladdressing scheme in arrays, using integers and integer vectors, because Z-modules havea much richer structure than plain commutative monoids.To ensure consistency of the control word and integer vector frameworks, we show howcontrol words can be embedded into vectors. This embedding is based on the followingde�nition, introduced by Parikh [Par66] to study properties of algebraic subsets of freecommutative monoids:De�nition 2.7 A Parikh mapping over alphabet �ctrl is a function from words over�ctrl to integer vectors in NCard(�ctrl), such that each word w is mapped to the vectorof occurrence count of every label in w.There is no speci�c order in which labels are mapped to dimensions, but we are interestedin a particular mapping where dimensions are ordered from the label of the outer loop tothe label of the inner one.The loop nest structure is non-recursive, hence the only cycles in the control automatonare transitions looping on the same state. As a result, the language of control words is inone-to-one mapping with its set of Parikh vectors. The following mapping is computedfor the loop nest in Figure 2.6:AA(aA)��BB(bB)�s + CC(cC)�r� �! N11w 7�! �jwjA; jwjA; jwja; jwjB; jwjB; jwjb;jwjC; jwjC; jwjc; jwjs; jwjr�:Respective Parikh vectors of instances AAaAaAaAaABBbBbBs and AAaAaACCcCcCcCr are(1; 5; 4; 1; 2; 2; 0; 0; 0; 1; 0) and (1; 4; 3; 0; 0; 0; 1; 4; 3; 0; 1).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A=A=a for (i=0; i<100; i++) {B=B=b for (j=0; j<100; j++)s A[i,j] = � � �C=C=c for (k=0; k<100; k++)r � � � = A[i,k] � � �}. . . . . . . . . . . . . . . . . . . . . . Figure 2.6. Computation of Parikh vectors . . . . . . . . . . . . . . . . . . . . . .From Parikh vectors, we build iteration vectors by removing all labels of non-iterationstatements and collapsing all loops at the same nesting level in the same dimension. Doing



2.4. INSTANCEWISE ANALYSIS 75this, there is a one-to-one mapping between Parikh vectors and pairs built of iterationvectors and statement labels. Indeed, the statement label captures both the last non-zerocomponent of the Parikh vector|i.e. the identity of the statement|and the identity ofthe surrounding loops|i.e. which dimension corresponds to which loop.Continuing the example in Figure 2.6, the only remaining labels are a, b and c|i.e.labels of iteration statements|and labels b and c are collapsed together into the seconddimension.� Iteration vector of instance AAaAaAaAaABBbBbBs of statement s is (4; 2).� Iteration vector of instance AAaAaACCcCcCcCr of statement r is (2; 3).In this process, the lexicographic order <lex on control words is replaced by the lex-icographic order on iteration vectors (the �rst dimensions having a higher priority thanthe last).As a conclusion, Parikh mappings show that iteration vectors|the classical frame-work for naming instances in loop nests|are a special case of our general control wordframework.Because a statement instance cannot be reduced to an iteration vector, we introducethe following notations (these notations generalize the intuitive ones at the end of Sec-tion 2.1):� hS; xi stands for the instance of statement S whose iteration vector is x;� hS; x; refi stands for the access built from instance hS; xi and reference ref.This does not imply that control words are a case of overkill when studying loop nests.In particular, they may still be useful when gotos and non-recursive function calls areconsidered. However, most interesting loop nest transformation techniques are rooted toodeeply in the linear algebraic model to be rewritten in terms of control words. Furthercomparison is largely open, but some ideas and results are pointed out in Section 4.7.2.4 Instancewise AnalysisBecause our execution model is based on control words instead of execution traces, theprevious De�nition 2.2 of a program execution is not very practical. For our purpose,a sequential execution e 2 E of a program is seen as a pair (<seq; fe), where <seq isthe sequential order over all possible statement instances (associated to the language ofcontrol words) and fe maps every access to the memory location it either reads or writes.Notice that <seq is not dependent on the execution: it is de�ned as the order between allpossible statement instances for all executions, which is legal because sequential executionis deterministic. Order <seq is thus partial, but its restriction to a set of instances Ie fora given execution e 2 E is a total order. However, fe clearly depends on the execution e,and its domain is exactly the set Ae of accesses.Function fe is the storage mapping for execution e of the program [CFH95, Coh99b,CL99]|it is also called access function [CC98, Fea98]. Storage mapping gathers the e�ectof every statement instance, for a given execution of the program. It is a function from theexact set Ae of accesses (see De�nition 2.3) that actually execute into the set of memorylocations.



76 CHAPTER 2. FRAMEWORKIn practice, the sequential execution order is explicitly de�ned by the program syntax,but it is not the case of the storage mapping. Some analysis has to be performed, eitherto compute fe(a) for all executions e and accesses a, or to compute approximations of fe.Eventually, (<seq; fe) has been de�ned as a view of a speci�c program execution e,but it can also be seen as a function mapping e 2 E to pairs (<seq; fe). For the sake ofsimplicity, such a function|which de�nes all possible executions of a program|will bereferred as \program (<seq; fe)" in the following.2.4.1 Con
icting Accesses and DependencesMany analysis and transformation techniques require some information on \con
icts"between memory accesses.De�nition 2.8 (con
ict) Two accesses a and a0 are in con
ict if they access|eitherread or write|the same memory location: fe(a) = fe(a0).This vocabulary is inherited from the cache analysis framework and its con
ict misses[TD95]. Analysis of con
icting accesses is also very similar to alias analysis [Deu94,CBC93]. The con
ict relation is the relation between con
icting accesses, and is denotedby �e for a given execution e 2 E. An exact knowledge of fe and �e is impossible ingeneral, since fe may depend on the initial state of memory and/or input data. Thus,analysis of con
icting accesses consists in building a conservative approximation � of thecon
ict relation, compatible with any execution of the program: v �w must hold whenthere is an execution e such that v; w 2 Ae and fe(v) = fe(w), i.e.8e 2 E; 8v; w 2 Ae : �fe(v) = fe(w) =) v �w�: (2.5)This condition is the only requirement on relation �, but a precise approximation isgenerally hoped for. For most program analysis purposes, this relation only needs tobe computed on writes, or between reads and writes, but other problems such as cacheanalysis [TD95] require a full computation.Consider the example in Figure 2.7 where FirstIndex and SecondIndex are externalfunctions on which no information is available. Because the sign of v is unknown atcompile-time, the set of statement instances Ie can be either statement S or statementT (statements coincides with statement instances since they are not surrounded by anyloop or procedure call), depending on the execution. Since the results of FirstIndexand SecondIndex are unpredictable too, no exact storage mapping can be computed atcompile-time. The only available compile-time information is that S and T may execute,and then they may also yield con
icting accesses, i.e.hS; A[FirstIndex ()]i � hT; A[SecondIndex ()]i:However, another information is that executions of S and T are mutually exclusive (due tothe if � � � then � � � else � � � construct syntax), and then S and T cannot be con
ictingaccesses: @e 2 E : S 2 Ae ^ T 2 Ae:This example shows the need for computing approximative results about data-
ow prop-erties such as con
icting accesses, and it also shows how complex it is to achieve preciseresults.



2.4. INSTANCEWISE ANALYSIS 77. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int v, A[10];scanf ("%d", &v);if (v > 0)S A[FirstIndex ()] = � � �elseT A[SecondIndex ()] = � � �. . . . . . . . . . . . . . . . . Figure 2.7. Execution-dependent storage mappings . . . . . . . . . . . . . . . . .For the purpose of parallelization, we need su�cient conditions to allow two accessesto execute in any order. Such conditions can be expressed in terms of dependences:De�nition 2.9 (dependence) An access a depends on another access a0 if at least oneis a write (i.e. a 2We or a0 2We), if they are in con
ict|i.e. fe(a) = fe(a0)|and ifa0 executes before a|i.e. a0 <seq a.The dependence relation for an execution e is denoted by �e: a depends on a0 is writtena0 �e a:8e 2 E; 8a; a0 2 Ae : a0 �e a def() (a 2We _ a0 2We) ^ a0 <seq a ^ fe(a) = fe(a0):(2.6)Once again, an exact knowledge of �e is impossible in general. Thus, dependence analysisconsists in building a conservative approximation �, i.e.8e 2 E; 8a; a0 2 Ae : �a0 �e a =) a0 � a�: (2.7)Eventually, Bernstein's conditions tell that two accesses can be executed in any order|e.g. in parallel|if they are not dependent.2.4.2 Reaching De�nition AnalysisSome techniques require more precision than is available through dependence analysis:given a read access in memory, they need to identify the statement instance that producedthe value. Then the read access is called the use and the instance that produced the valueis called the \de�nition" that \reaches" the use, or reaching de�nition. The reachingde�nition is indeed the last instance|according to the execution order|on which the usedepends.We thus de�ne function �e, mapping every read access to its reaching de�nition:8e 2 E; 8u 2 Re : �e (u) = max<seq �v 2We : v �e u	; (2.8)or, replacing max with its de�nition:8e 2 E; 8u 2 Re; v 2We : v = �e (u) def()v �e u ^ �8w 2We : u <seq w _ w <seq v _ :(w � u)�:



78 CHAPTER 2. FRAMEWORKor, replacing �e with its de�nition (2.6):8e 2 E; 8u 2 Re; v 2We : v = �e (u) def()v <seq u ^ �8w 2We : u <seq w _ w <seq v _ fe(v) 6= fe(w)�:So de�nition v reaches use u if it executes before the use, if both refer to the same memorylocation, and if no intervening write w kills the de�nition.When a read instance u has no reaching de�nition, either u reads an uninitializedvalue (hinting at a programming error) or the analyzed program is only a part of alarger program. To cope with this problem, we add a virtual statement instance ? whichexecutes before all instances in the program and assigns every memory location. Then,each read instance u has a unique reaching de�nition, which may be ?.Because no exact knowledge of �e can be hoped for in general, reaching de�nitionanalysis computes a conservative approximation �. It is preferably seen as a relation, i.e.8e 2 E; 8u 2 Re; v 2We : �v = �e (u) =) v � u�: (2.9)One may also use � as a function from reads to sets of writes, and we talk about setsof possible reaching de�nitions. One must be very careful in the distinction between aset of e�ective instances S � Ie and the set S [ f?g: if ? 62 � (u) then it says that ureads a value produced by some instance in S, but if ? 2 � (u) then u may read a valueproduced before executing the program. The fact that ? appears in a set of possiblereaching de�nitions is the key to program checking techniques, since it may correspondto uninitialized values.2.4.3 An Example of Instancewise Reaching De�nition AnalysisThis section is an overview of fuzzy array data
ow analysis (FADA); which was �rstpresented in [CBF95]. The program model is restricted to loop nests with unrestrictedconditionals, loop bounds and array subscripts. The aim of this short presentation isto allow comparison with our own analysis for recursive programs, and because the re-sults of an instancewise reaching de�nition analysis for loop nests are extensively used inChapter 5.Intuitive FlavorAccording to (2.8), the exact reaching de�nition of some read access u|�e (u)|is de�nedas the maximum of the set of writes in �e (u) (for a given program execution e 2 E).As soon as the program model includes conditionals, while loops, and do loops withnon-linear bounds, we have to cope with a conservative approximation of the dependencerelation. In the case of nested loops, one usually look for an a�ne relation, and non-a�ne constraints in (2.6) are approximated using additional analyses on variables andarray subscripts.But then, and with the exception of very special cases, computing the maximum of anapproximate set of dependences has no meaning: the very execution of instances in � (u)is not guaranteed. One solution is to take the entire set � (u) as an approximation of thereaching de�nition. Can we do better than that? Let us consider an example. Notice �rstthat, for expository reasons, only scalars are considered. The method, however, appliesto arrays with any subscript.for (i=0; i<N; i++) {



2.4. INSTANCEWISE ANALYSIS 79if (� � �)S1 x = � � �;elseS2 x = � � �;}R � � � = � � � x � � �;Assuming that N � 1, what is the reaching de�nition of reference x in statement R?Since all instances of S1 and S2 are in dependence with hRi, it seems like we cannot dobetter that approximating � (hRi) with fhS1; 1i; : : : ; hS1; Ni; hS2; 1i; : : : ; hS1; Nig.Let us introduce a new boolean function be(i) which represents the outcome of thetest at iteration i, for a program execution e 2 E. This allows to compute the exactdependence relation �e at compile-time:8e 2 E; 8v 2We :v �e hRi () 9i 2 f1; : : : ; Ng : (v = hS1; ii ^ be(i)) _ (v = hS2; ii ^ :be(i));which can also be written8e 2 E : �e (hRi) = fhS1; ii : 1 � i � N ^ be(i)g [ fhS2; ii : 1 � i � N ^ :be(i)g:Since the above result is not approximate, the exact reaching de�nition �e (hRi) of hRi isthe maximum of �e (hRi).Suppose �e (hRi) is an instance hS1; �1e i for some execution e 2 E. Because be(i) _:be(i) is equal to true for all i 2 f1; : : : ; Ng, any value produced by an instance hS1; ii orhS2; ii with i < N is overwritten either by hS1; Ni or by hS2; Ni. This proves that �1e mustbe equal to N . Conversely, supposing �e (hRi) is an instance hS2; �2e i, the same reasoningproves that �2e must be equal to N . Then, we have the following result for function �e:8e 2 E : �e (hRi) = fhS1; Ni : be(N)g [ fhS2; Ni : :be(N)g: (2.10)We may now replace be and :be by their conservative approximations:� (hRi) = fhS1; Ni; hS2; Nig: (2.11)Notice here the high precision achieved.To summarize these observations, our method will be to give new names to the result ofmaxima calculations in the presence of non-linear terms. These names are called parame-ters and are not arbitrary: as shown in the example, some properties on these parameterscan be derived. More generally, one can �nd relations on non-linear constraints|like be|by a simple examination of the syntactic structure of the program or by more sophisticatedtechniques. These relations imply relations on the parameters, which are then used toincrease the accuracy of the reaching de�nition. In some cases, these relations may be soprecise as to reduce the \fuzzy" reaching de�nition to a singleton, thus giving an exactresult. See [BCF97, Bar98] for a formal de�nition and handling of these parameters.The general result computed by FADA is the following: the instancewise reachingde�nition relation � is a quast, i.e. a nested conditional in which predicates are testsfor the positiveness of quasi-a�ne forms (which include integer division), and leaves areeither sets of instances whose iteration vector components are again quasi-a�ne, or ?.See Section 3.1 for details about quasts.



80 CHAPTER 2. FRAMEWORKImproving AccuracyTo improve the accuracy of our analysis, properties on non-a�ne constraints involved inthe description of the dependences can be integrated in the data-
ow analysis. As shownin the previous example, these properties imply properties on the parameters introducedin our computation.Several techniques have been proposed to �nd properties on the variables of the pro-gram or on non-a�ne functions (see [CH78, Mas93, MP94, TP95] for instance). They usevery di�erent formalisms and algorithms, from pattern-matching to abstract interpreta-tion. However, the relations they �nd can be written as �rst order formulas of additivearithmetic (a.k.a. Presburger arithmetics, see Section 3.1) on the variables and non-a�nefunctions of the program. This general type of property makes the data-
ow analysisalgorithm independent of the practical technique involved to �nd properties.How the properties are taken into account in the analysis is detailed in [BCF97, Bar98].The quality of the approximation is de�ned w.r.t. the ability of the analysis to integrate(fully or partially) these properties. In general, the analysis cannot �nd the smallestset of possible reaching de�nitions [Bar98]. This is due to decidability reasons; but forsome kind of properties, such as properties implied by the program structure, the bestapproximation can be found.2.4.4 More About ApproximationsUntil then, every set of instances or accesses considered was exact and dependent on theexecution. However, as hinted before, we will mostly consider approximative sets andrelations in the following. For this reason, we need the following conservative approxima-tions:I, the set of all possible statement instances for every possible execution of a givenprogram, 8e 2 E : �{ 2 Ie =) { 2 I�;A, the set of all possible accesses,8e 2 E : �a 2 Ae =) a 2 A�;R, the set of all possible reads,8e 2 E : �a 2 Re =) a 2 R�;W, the set of all possible writes,8e 2 E : �a 2We =) a 2W�:They can be very conservative or be the result of a very precise analysis. In practice, theprecision of these sets is not critical because they are rarely directly used in algorithms(but they are widely used in theoretical frameworks associated with these algorithms).Most of the time, they are implicitly present as domains or images of every relation overinstances and accesses, which have their own dedicated analysis and approximation.Sets I, A, R, W and relations �, 6�, �, � are the key to program analysis and trans-formation techniques. In our framework, no other instancewise information is availableat compile-time. In particular, when we present an optimality result for some algorithmit means optimality according to this information: nobody can do a better job if his onlyinformations are the sets and relations above.



2.5. PARALLELIZATION 812.5 ParallelizationWith the model de�ned in Section 2.4, parallelization of some program (<seq; fe) meansconstruction of a program (<par; fexpe ), where <par is a parallel execution order : a partialorder and a sub-order of <seq. Building a new storage mapping fexpe from fe is calledmemory expansion.3 Obviously, <par and fexpe must satisfy several properties in order topreserve the sequential program semantics.Some additional properties that are not mandatory for the expansion correctness, areguaranteed by most practical expansion techniques. For example, the property that theye�ectively \expand" data structures. Intuitively, a storage mapping fexpe is �ner than fewhen it uses at least as much memory as fe. More precisely:De�nition 2.10 (�ner) For a given execution e of a program, a storage mapping fexpeis �ner than fe if8v; w 2W : fexpe (v) = fexpe (w) =) fe(v) = fe(w):2.5.1 Memory Expansion and Parallelism ExtractionSome basic expansion techniques techniques to build a storage mapping fexpe have beenlisted in Section 1.2, they are used implicitly or explicitly in most memory expansionalgorithms, such as the ones presented in Chapter 5.Now, the bene�t of memory expansion is to remove spurious dependences due to mem-ory reuse: \the more expansion, the less memory reuse". Then, removing dependencesextracts more parallelism: \the less memory reuse, the more parallelism". Indeed, con-sider the exact dependence relation �expe for the same execution of the expanded programwith sequential execution order (<seq; fexpe ):8e 2 E; 8a; a0 2 Ae :a0 �expe a def() (a 2We _ a0 2We) ^ a0 <seq a ^ fexpe (a) = fexpe (a0): (2.12)Any parallel order <par (over instances) must be consistent with dependence relation �expe(over accesses):8e 2 E; 8({1; r1); ({2; r2) 2 Ae : ({1; r1) �expe ({2; r2) =) {1 <par {2({1, {2 are instances and r1, r2 are references in a statement).Of course, we want a compile-time description and consider a conservative approxi-mation �exp of �expe . This approximation does not require any speci�c analysis in general:its computation is induced by the expansion strategy, see Section 5.4.8 for example.Theorem 2.2 (correctness criterion of parallel execution orders) Given the fol-lowing condition, the parallel order is correct for the expanded program (it preservesthe original program semantics).8({1; r1); ({2; r2) 2 A : ({1; r1) �exp ({2; r2) =) {1 <par {2: (2.13)An important remark is that �expe is actually equal to �e when the program is con-verted to single-assignment form (but not SSA): every dependence due to memory reuseis removed. We may thus consider �exp = � to parallelize such codes.3Because most of the time, fexpe requires more memory than fe.



82 CHAPTER 2. FRAMEWORK2.5.2 Computation of a Parallel Execution OrderIn this section, we recall some classical results about loop nest parallelization; recursiveprograms will be addressed in Section 5.5. We have already presented|in Section 1.2|two main paradigms to generate parallel code. To compute the parallel execution order<par, data parallelism|the second paradigm|will be assumed.Extending parallelization techniques to irregular loop nests has already been studiedby several authors: [Col95a, Col94b, GC95] to cite only the results nearest to our work.Instead of presenting a novel algorithm for parallelization, we show how most of theexisting ones can be integrated in our framework.SchedulingDependence or reaching de�nition analyses derive a graph where nodes are operations andedges are constraints on the execution order. The problem is now to traverse the graph ina partial order; this order is the execution order for the parallel program. The more partialthe order, the higher the parallelism. In general, this partial order cannot be expressedas the list of relation pairs: one needs an expression of the partial order that does notgrow with problem size, i.e. a closed form. Additional constraints on the expression ofpartial orders are: have a high expressive power; be easily found and manipulated; allowoptimized code generation.A suitable solution is to use a schedule [Fea92], i.e. a function � from the set I of allinstances to the set N of positive integers. In a more general presentation of schedules,vectors of integers can be used: one may then talk about multidimensional \time" andschedules. This issue is studied by Feautrier in [Fea92]. The following de�nitions con-sider one-dimensional schedules only, but it makes no fundamental di�erence with multi-dimensional ones. From Theorem 2.2, we already know how the correct parallel executionorders are de�ned from the dependence relation in the expanded program. Rewriting thisresult for a schedule function, the correctness becomes8({1; r1); ({2; r2) 2 A : ({1; r1) �exp ({2; r2) =) �({1) < �({2); (2.14)where �exp is the dependence relation in the expanded program. (for multidimensionalschedules, <lex is used to compare vectors). If no expansion has been performed �exp isthe original dependence relation �. If the program has been converted to single assignmentform, it is the reaching de�nition relation �. On the other hand, since � is integer valued,the constraint above is equivalent to:8({1; r1); ({2; r2) 2 A : ({1; r1) �exp ({2; r2) =) �({1) + 1 � �({2): (2.15)This system of functional inequalities, called causality constraints, must be solved for theunknown function �. As it is often true for system of inequalities, it may have manydi�erent solutions. One can minimize various objective functions, as e.g. the number ofsynchronization points or the latency.Feautrier's Scheduling AlgorithmIn the following, notation Iter({) denotes the iteration vector of instance {. Considering(2.15), let us introduce �, the vector of all variables in the problem: � is obtained byconcatenating Iter({1), Iter({2), and the vector of symbolic constants in the problem



2.5. PARALLELIZATION 83(recall Iter(hS; xi) = x). It so happens that, in the context of a�ne dependence relations,(({1; r1) �exp ({2; r2)) is the disjunction of conjunctions of a�ne inequalities. In other words,the set f(u; v) : u �exp vg is a union of convex polyhedra. This result, built for general a�nerelations, is also true when the dependence relation is approximated in various ways suchas dependence cones, direction vectors and dependence levels, see [PD96, Ban92, DV97].Since the constraints in the antecedent of (2.15) are a�ne; let us denote them byCi(�) � 0, 1 � i � M . Similarly, let  (�) � 0 be the consequent �(v)� �(u)� 1 � 0 in(2.15). Then, we can apply the following lemma:Lemma 2.2 (A�ne Form of Farkas' Lemma) An a�ne function  (�) from integervectors to integers is non-negative on a polyhedron f� : Ci(�) � 0; 1 � i �Mg if thereexists non-negative integers �0; : : : ; �M (the Farkas multipliers) such that: (�) = �0 + MXi=1 �iCi(�) (2.16)This relation is valid for all values of �. Hence, one can equate the constant term and thecoe�cient of each variable in each side of the identity, to get a set of linear equations wherethe unknowns are the coe�cients of the schedules and the Farkas multipliers, �i. Since thelatter are constrained to be positive, the system must be solved by linear programming[Fea88b, Pug92] (see also Section 3.1).Unfortunately, some loop nests do not have \simple" a�ne schedules. The reason isthat when a loop nest has an a�ne schedule, it has a large degree of parallelism. However,it is clear that some loop nests have few or even no parallelism, hence no a�ne schedule.The solution in this case is to use a multidimensional a�ne schedule, whose domain is Nd ,d > 1, ordered according to the lexicographic order. Such a schedule can have as low adegree of parallelism as necessary, and can even represent sequential programs. The selec-tion of a multidimensional schedule can be automated by using algorithms from [Fea92].It can be proved that any loop nest in an imperative program has a multidimensionalschedule. Notice that multidimensional schedules are particularly useful in the case ofdynamic control programs, since we have in that case to overestimate the dependencesand hence to underestimate the degree of parallelism.Code generation of parallel scheduled programs is simple in theory, but very com-plex in practice: issues such as polyhedron-scanning [AI91], communication handling,task placement, and low-level optimizations are critical for e�cient code generation[PD96] (pages 79{103). Dealing with complex loop bounds and conditionals raises newcode generation problems{not talking about allocation of expanded data structures|see[GC95, Col94a, Col95b].Other Scheduling TechniquesBefore the general solution to the scheduling problem proposed by Feautrier, most algo-rithms were based on classical loop transformation techniques that include loop �ssion,loop fusion, loop interchange, loop reversal, loop skewing, loop scaling, loop reindexingand statement reordering. Moreover, dependences abstractions were much less expressivethan a�ne relations.The �rst algorithm was designed by Allen and Kennedy [AK87], which inspired manyother solutions [Ban92]. Several complexity and optimality results have also been dis-covered by Darte and Vivien [DV97]. Extending previous results, they designed a very



84 CHAPTER 2. FRAMEWORKpowerful algorithm, but its abstraction does not support the full expressive power of a�nerelations.Moreover, many optimizations of Feautrier's algorithm have been designed, mainlybecause of the wide range of objective functions to optimize. For example, Lim and Lampropose in [LL97] a technique to reduce the number of synchronizations induced by aschedule, and they compare their technique with other recent improvements.Speculative execution is a classical technique to improve scheduling of �nite depen-dence graphs, but it is not for general a�ne relations. It has been explored by Collard andFeautrier as a way to extract more parallelism from programs with complex loop boundsand conditionals [Col95a, Col94b].Eventually, all schedule functions computed by these techniques can be captured bya�ne functions of iteration vectors. The associated parallel execution order is thus ana�ne relation <par, well suited to our formal framework:8u; v 2W : u <par v () �(u) < �(v)for one-dimensional schedules, and8u; v 2W : u <par v () �(u) <lex �(v)for multidimensional ones.TilingDespite the good theoretical results and recent achievements, scheduling techniques canlead to very bad performance, mainly because of communication overhead and cacheproblems. Indeed, �ne grain parallelization is not suitable to most parallel architectures.4Partitioning run-time instances is thus an important issue: the solution is to group ele-mentary computations in order to take advantage of memory hierarchies and to overlapcommunications and computations.The tiling technique groups elementary computations into a tile, each tile being ex-ecuted on a processor in an atomic way. It is well suited to nested loops with regularcomputation patterns [IT88, CFH95, BDRR94]. An important goal of these researchesis to �nd the best tiling strategy respecting measure criteria like the number of commu-nications happening between the tiles. This strategy must be known at compile time togenerate e�cient code for a particular machine.Most tiling techniques are limited to perfect loop nests, and dependences are oftensupposed uniform when evaluating the amount of communications. The most usual tilemodel has been de�ned by Irigoin and Triolet in [IT88]; it enforces the following con-straints:� tiles are bounded for local memory requirements;� tiles are identical by translation to allow e�cient code generation and automaticprocessing;� tiles are atomic units of computation with synchronization steps at their beginningand at their end.4But it is suitable for instruction-level parallelism.



2.5. PARALLELIZATION 85Many di�erent algorithms have been designed to �nd an e�cient tile shape and then topartition the nest of loops. Scheduling of individual tiles is done using classical schedul-ing algorithms. However, inner-tile sequential execution is open for a larger scope oftechniques, depending on the context. The simplest inner-tile execution order is the orig-inal sequential execution of elementary computations, but other execution orders|stillcompatible with the program dependences|could be more suitable for the local memoryhierarchy, or would enable more aggressive storage mapping optimization techniques (seeSection 5.3 for details, but further study of this idea is left for future work). A moreextensive presentation of tiling can be found in [BDRR94].We make one hypothesis to handle parallel execution orders produced by tiling tech-niques in out framework: the inner-tile execution order must be a�ne. It is denoted by<inn. Nevertheless, we are not aware of techniques that would not build a�ne inner-tileexecution orders. The tile shape can be any bounded parallelepiped (or part of a paral-lelepiped on iteration space boundaries), but is often a rectangle in practice. Then, theresult of a tiling technique is a pair (T; �), where the tiling function T maps statementinstances to individual tiles and the schedule � maps tiles to integers or vectors of integers.Eventually, the result of a tiling technique can be captured by our parallel executionorder framework, with an a�ne relation <par:8u; v 2W : u <par v () �(T (u)) < �(T (v)) _ (T (u) = T (v) ^ u <inn v) (2.17)for a one-dimensional schedule of tiles, and8u; v 2W : u <par v () �(T (u)) <lex �(T (v)) _ (T (u) = T (v) ^ u <inn v) (2.18)for a multidimensional schedule.2.5.3 General E�ciency RemarksWhen dealing with nest of loops, it is well known that complex loop transformationsrequire complex polytope traversals, which slightly increases execution time. Moreover,even when no run-time restoration of the data 
ow is required, the right-hand side ofstatements often grow huge because of nested conditional expressions. Then, the codegenerated by a straightforward application of parallelization algorithms is very ine�cient.Moving conditionals and splitting loops is very useful, as well as polytope scanning tech-niques [AI91, FB98].These remarks naturally extend to recursive programs and recursive data structures.The only di�erence is that most optimization techniques|such as constant propagation,forward substitution, invariant code motion, dead-code elimination [ASU86, Muc97]|areeither limited to non-recursive programs or much less e�ective with complex recursivestructures. In this work, indeed, most experimentations with recursive programs haverequired manual optimizations. This should encourage us to develop more aggressivetechniques suitable for recursive programs.Of course, shape and alias analyses discussed in Section 2.2.2 are very useful whenpointer-based data structures are considered. A single pair of aliased pointers is likely toforbid any further precise analysis or aggressive program transformation, especially whenusing generic types (such as void*).Induction variable detection [Wol92] and other related symbolic analysis techniques[HP96] are critical for program analysis and transformation. It is especially true for



86 CHAPTER 2. FRAMEWORKinstancewise analyses: computing the value of an integer (or pointer) variable at eachinstance of a statement is the key information for dependence analysis. We will indeedpresent a new induction variable detection technique suitable for our recursive programmodel.In the following, when no speci�c contribution has been proposed in this work, we willnot address these necessary previous stages and optimizations:� we will always consider that the required information about data structure shape,aliases or induction variables is available, when this information can be derived byclassical techniques;� we will generate unoptimized transformed programs, supposing that classical opti-mization techniques can do the job.We make the hypothesis that our techniques, if implemented in a parallelizing compiler,are preceded and followed by the appropriate analyses and optimizations.
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Chapter 3Formal ToolsMost technical results on mathematical abstractions are gathered in this chapter. Sec-tion 3.1 is a general presentation of Presburger arithmetics and algorithms for systems ofa�ne inequalities. Section 3.2 recalls classical results on formal languages and Section 3.3addresses rational relations over monoids. Contributions to an interesting class of ratio-nal relations are found in Section 3.4. Section 3.5 addresses algebraic relations, and alsopresents some new results. The two last sections are mostly devoted to applicability offormal language theory to our analysis and transformation framework: Section 3.6 dis-cusses intersection of rational and algebraic relations, and approximation of relations isthe purpose of Section 3.7.The reader whose primary interest is in the analysis and transformation techniquesmay skip all proofs and technical lemmas, to concentrate on the main theorems. Becausethis chapter is more a \reference manual" for mathematical objects, it can also been read\on demand" when technical information is required in the following chapters.3.1 Presburger ArithmeticsWhen dealing with iteration vectors, we need a mathematical abstraction to capture sets,relations and functions. This abstraction must also support classical algebraic operations.Presburger arithmetics is well suited to this purpose, since most interesting questions aredecidable within this theory. It is de�ned by logical formulas build from :, _ and ^,equality and inequality of integer a�ne constraints, and �rst order quanti�ers 9 and8. Testing the satis�ability of a Presburger formula is at the core of most symboliccomputations involving a�ne constraints. It is known as integer linear programming andis decidable, but NP-complete, see [Sch86] for details. Indeed, all known algorithms aresuper-exponential in the worst case, such as the Fourier-Motzkin algorithm implementedby Pugh in Omega [Pug92] and the Simplex algorithm with Gomory cuts implemented byFeautrier in PIP [Fea88b, Fea91]. In practice, Fourier-Motzkin is very e�cient on smallproblems, and the Simplex algorithm is more e�cient on medium problems, because itscomplexity is polynomial in the mean. Computing exact solutions to large integer linearprograms is an open problem at present, and this is a problem for practical applicationof Presburger arithmetics to automatic parallelization.



88 CHAPTER 3. FORMAL TOOLS3.1.1 Sets, Relations and FunctionsWe consider vectors of integers, and sets, functions, and relations thereof. Functionsare seen as a special case of relation and relations are also interpreted as functions: arelation on sets A and B can equivalently be described by a function from A to the setP(B) of subsets of B. Notice the range and domain of a function or relation may nothave the same dimension. Sets of integer vectors are ordered by the lexicographic order<lex, and the \bottom element" ? denotes by de�nition an element which precedes allinteger vectors. Strictly speaking, we consider sets, functions and relations described byPresburger formulas on integer vectors extended with ?.To describe mathematical objects in Presburger arithmetics, we use three types ofvariables: bound, unknowns and parameters. Bound variables are quanti�ed by 9 and 8 inlogical formulas, whereas unknown variables and parameters are free variables. Unknownvariables appear in input, output or set tuples, whereas parameters are fully unbound andinterpreted as symbolic constants. Handling parameters is trivial with Fourier-Motzkin,but required a speci�c extension of the Simplex algorithm, called Parametric IntegerProgramming (PIP) by Feautrier [Fea88b].Omega [Pug92] is widely used in our prototype implementations and semi-automaticexperiments, and its syntax is very close to the usual mathematical one. Non-intuitivedetails will be explained when needed in the experimental sections. PIP uses another rep-resentation for a�ne relations called quasi-a�ne selection tree or quast, where quasi-a�neforms are an extension of a�ne forms including integer division and modulo operationswith integer constants.De�nition 3.1 (quast) A quasi-a�ne selection tree (quast) representing an a�ne rela-tion1 is a many level conditional, in which� predicates are tests for the positiveness of quasi-a�ne forms in the input variablesand parameters,� and leaves are sets of vectors described in Presburger arithmetics extended with ?| which precedes any other vector for the lexicographic order.It should be noticed that bound variables in a�ne relations appear as parameters inquasts called wildcard variables. These wildcard variables are not free: they are con-strained inside the quast itself. Moreover, quasi-a�ne forms (with modulo and divisionoperations) in conditionals and leaves can be converted into \pure" a�ne forms thanksto additional wildcard variables, see [Fea91] for details.Empty sets are allowed in leaves|they di�er from the singleton f?g|to describevectors that are not in the domain of a relation. Let us give a few examples.� The function corresponding to integer addition is writtenf(i1; i2)! (j) : i1 + i2 = jgand can be represented by the quast fi1 + i2g1In fact, this is an extension of Feautrier's de�nition to capture unrestricted a�ne relations and notonly a�ne functions, see [GC95].



3.1. PRESBURGER ARITHMETICS 89� The same function restricted to integers less than a symbolic constant N is writtenf(i1; i2)! (j) : i1 < N ^ i2 < N ^ i1 + i2 = jgand as a quast ������������
if i1 < Nthen ������� if i2 < Nthen fi1 + i2gelse ?else ?� The relation between even numbers is writtenf(i)! (j) : (9�; � : i = 2� ^ j = 2�)g(we keep the functional notation ! for better understanding, and to be compliantwith Omega's syntax) and a quast representation������� if i = 2�then f2� : � 2 Zgelse ?(� is a wildcard variable)Many other examples of quasts occur in Chapter 5.A new interface to PIP has been written in Objective Caml, allowing easy and e�cienthandling of these quasts. Implementation was done by Boulet and Barthou, see [Bar98]for details. The quast representation is neither better nor worse than the classical logicalone, but it is very useful to code generation algorithms and very near from the parametricinteger programming algorithm.To conclude this presentation of mathematical abstractions for a�ne relations, wesuppose that Make-Quast is an algorithm to compute a quast representation for anya�ne relation. (The reverse problem is much easier and not useful to our framework.) Itsextensive description is rather technical but we may sketch the principles of the algorithm.The Presburger formula de�ning the a�ne relation is �rst converted to a form with onlyexistential quanti�ers, by the way of negation operators (a technique also used in theSkolem transformation of �rst order formulas); then every bound variable is replaced by anew wildcard variable; unknown variables are isolated from equalities and inequalities tobuild sets of integer vectors; and eventually the ^ and _ operators are rewritten in termsof conditional expressions. Subsequent simpli�cations, size reductions and canonical formcomputations are not discussed here, see [Fea88b, PD96, Bar98] for details.For more details on Presburger arithmetics, integer programming, mathematical repre-sentations of a�ne relations, speci�c algorithms and applications to compiler technology,see [Sch86, PD96, Pug92, Fea88b].3.1.2 Transitive ClosureComputing the transitive closure of a relation is a classical technique in computer science,but most algorithms target relations whose graph is �nite. This hypothesis is obviously



90 CHAPTER 3. FORMAL TOOLSnot acceptable in the case of a�ne relations. The problem is that the transitive closure ofan a�ne relation may not be an a�ne relation; and knowing when it is an a�ne relationis not even decidable. Indeed, we can encode the multiplication using transitive closure,which is not de�nable inside Presburger arithmetics:f(x; y)! (x + 1; y + z)g� = f(x; y)! (x0; y + z(x0 � x)) : x � x0g:It should be noted that testing if a relation R is closed by transitivity is very simple:it is equivalent to R �R �R being empty.We are thus left with approximation techniques. Indeed, �nding a lower bound israther easy in theory: the transitive closure R� of a relation R can be de�ned asR� = [k2NRk;and computing Snk=0Rk for increasing values of n yields increasingly accurate lowerbounds. In some cases, Snk=0Rk is constant for n greater than some value n0, and thisconstant gives the exact result for R�. But in general, the size of the result grows veryquickly without reaching the exact transitive closure. This method can still be used with\reasonable" values of n to compute a lower bound.Now, the previous iterative technique is unable to �nd the exact transitive closure ofrelation R = f(i)! (i+1)g, and it is even unable to give any interesting approximation.The transitive closure of R is nevertheless a very simple a�ne relation: R� = f(i) !(i0) : i � i0g. More clever techniques should thus be used to approximate transitiveclosures of a�ne relations. Kelly et al. designed such a method and implemented itin Omega [KPRS96]. It is based on approximating general a�ne relations in a sub-class where transitive closure can be computed exactly. They coined the term d-form(d for di�erence) to de�ne this class. Their technique allows computation of both upperbounds|i.e. conservative approximations|and lower bounds, see [KPRS96] for details.3.2 Monoids and Formal LanguagesThis section starts with a short review of basic concepts, then we recall formal languagesproperties interesting to our purpose. See the well known book by Hopcroft and Ullman[HU79], the �rst two chapters of the book by Berstel [Ber79], and the Handbook of FormalLanguages (volume 1) [RS97a] for details.3.2.1 Monoids and MorphismsA semi-group consists of a set M and an associative binary operation on M , usuallydenoted by multiplication. A semi-group which has a neutral element is a monoid . Theneutral element of a monoid is unique, and is usually denoted by 1M or 1 for short. Themonoid structure is widely used in this work, with several di�erent binary operations.Given two subsets A and B of a monoid M , the product of A and B is de�ned byAB = fc 2M : (9a 2 A; 9b 2 B : c = ab)g:This de�nition converts P(M) into a monoid with unit f1Mg. A subset A of M is asub-semi-group (resp. sub-monoid) of M if A2 � A (resp. A2 � A and 1M 2 A). Given



3.2. MONOIDS AND FORMAL LANGUAGES 91any subset A of M , the set A+ = [n�1Anis a sub-semi-group of M , and A� = [n�0Anwith A0 = f1Mg is a sub-monoid of M . In fact, A+ (resp. A�) is the least sub-semi-group(resp. sub-monoid) for the order of set inclusion containing A. It is called the sub-semi-group (resp. sub-monoid) generated by A. IfM = A� for some A �M , then A is a systemof generators of M . A monoid is �nitely generated if it has a �nite set of generators.For any set A, the free monoid A� generated by A is de�ned by tuples (a1; : : : ; an)of elements of A, with n � 0, and with tuple concatenation as binary operation. WhenA is �nite and non-empty, it is called an alphabet, tuples are called words, elements of Aare called letters and the neutral element is called the empty word and denoted by ". Aformal language is a subset of a free monoid A�, and the length juj of a word u 2 A� isthe number of letters composing u. By de�nition, the length of the empty word is 0. Fora letter a in an alphabet A, the number of occurrences of a in A is denoted by juja. Wewill also use the classical notions of pre�xes, su�xes, word reversal, sub-words and wordfactors. The product of two languages is also called concatenation.We also recall the de�nition of a monoid morphism. If M and M 0 are monoids, a(monoid) morphism � :M !M 0 is a function satisfying�(1M) = 1M 0 and 8m1; m2 2M : �(m1; m2) = �(m1)�(m2):If A and B are subsets of M and � :M !M 0 is a morphism, then�(AB) = �(A)�(B); �(A+) = �(A)+; and �(A�) = �(A)�:3.2.2 Rational LanguagesThis sections recalls basic de�nitions and results, to set notations and allow reference inlater chapters.Given an alphabet A, a (�nite-state) automaton A = (A�; Q; I; F; E) consists of a�nite set Q of states, a set I � Q of initial states, a set F � Q of �nal states, and a �niteset of transitions (a.k.a. edges) E � Q� A� �Q.Free monoid A� is often removed for comodity, when clear from the context: we writeA = (Q; I; F; E). A transition (q; x; q0) 2 E is usually written q x�! q0, q is the departingstate, q0 is the arrival state, and x is the label of the transition. A transition whose labelis " is called an "-transition.A path is a word (p1; x1; q1) � � � (pn; xn; qn) in E� such as qi = pi+1 for all i 2 f1; : : : ; n�1g, and x1 � � �xn is called the label of the path. An accepting path goes from an initialstate to a �nal one. An automaton is trim when all its states are accessible and may bepart of an accepting path.An automaton is deterministic when it has a single initial state, every transition labelis a single letter or ", at most one transition may share the same departing state andlabel, and a state with departing "-transition may not have departing labeled transitions.The language jAj realized by a �nite-state automaton A is de�ned by u 2 jAj i� ulabels an accepting path ofA. A regular language is a language realized by some �nite-stateautomaton.



92 CHAPTER 3. FORMAL TOOLSAny regular language can be realized by a �nite-state automaton without "-transitionsand where all transition labels are single letters. Any regular language can be realized bya deterministic �nite-state automaton.The family of rational languages over an alphabet A is equal to the least family oflanguages over A containing the empty set and singletons, and closed under union, con-catenation and the star operation.The following well known theorem is at the core of formal language theory.Theorem 3.1 (Kleene) Let A be an alphabet. The family of rational and regular lan-guages over A coincides.Beyond the closure properties included in the de�nition, rational languages are closedunder the plus operation, intersection, complementation, reversal, morphism and inversemorphism.Proposition 3.1 The following problems are decidable for rational languages: member-ship in linear time, emptiness, �niteness, emptiness of the complement, �niteness ofthe complement, inclusion, equality.3.2.3 Algebraic LanguagesWe recall a few basic facts about algebraic languages and push-down automata. See[HU79, Ber79] for an extensive introduction.An algebraic grammar|a.k.a. context-free grammar|G = (A; V; P ) consists of an al-phabet A of terminal letters, an alphabet V of variables|also known as non-terminals|distinct from A, and a �nite set P � V � (V [ A)� of productions.When clear from the context, the alphabet is removed from the grammar de�nition,and we write G = (V; P ). A production (�; �) 2 P is usually written in the form � ! �,and if � ! �1; �2; : : : ; � ! �n are productions of G having the same left-hand side �,they are grouped together using notation � ! �1 j �2 j � � � j �n.Let A be an alphabet and let G = (V; P ) be an algebraic grammar. We de�ne thederivation relation as an extension of the production notation !:f ! g () 9� 2 V; 9u; �; v 2 (V [ A)� : � ! � 2 P ^ f = u�v ^ g = u�v:Then, for any p 2 N , p! is the pth iteration of !, and +! and �! are de�ned as usual.In general, grammars are presented with a distinguished non-terminal S called theaxiom. This allows to de�ne the language LG generated by a grammar G = (V; P ) byLG = fu 2 A� : S ��! ug:A language LG generated by some algebraic grammarG is an algebraic language|a.k.a.context-free language.Most expected closure properties hold for algebraic languages, but not intersection.Indeed, algebraic languages are closed under union, concatenation, star and plus opera-tions, reversal, morphism, inverse morphism, and intersection with rational languages.Although the most natural de�nition of algebraic languages comes from the grammarmodel, we prefer in this work another representation.Given an alphabet A, a push-down automaton A = (A�;�; 
0; Q; I; F; E) consists of astack alphabet �, a non-empty word 
0 in �+ called the initial stack word , a �nite set Q



3.2. MONOIDS AND FORMAL LANGUAGES 93of states, a set I � Q of initial states, a set F � Q of �nal states, and a �nite set oftransitions (a.k.a. edges) E � Q� A� � �� �� �Q.Free monoid A� is often removed for commodity, when clear from the context. A tran-sition (q; x; g; 
; q0) 2 E is usually written q x:g!
�! q0, the �nite-state automata vocabularyis inherited, and g is called the top stack symbol . An empty stack word is denoted by ".A con�guration of a push-down automaton is a triple (u; q; 
), where u is the word tobe read, q is the current state and 
 2 �� is the word composed of symbols in the stack.The transition between two con�gurations c1 = (u1; q1; 
1) and c2 = (u2; q2; 
2) is denotedby relation 7! and de�ned by c 7�! c0 i� there exist (a; g; 
; 
0) 2 A� � �� �� � �� suchthat u1 = au2 ^ 
1 = 
0g ^ 
2 = 
0
 ^ (q1; a; g; 
; q2) 2 E:Then p7�! with p 2 N , +7�! and �7�! are de�ned as usual.A push-down automaton A = (�; 
0; Q; I; F; E) is said to realize the language L by�nal state, when u 2 L i� there exist (qi; qf ; 
) 2 I � F � �� such that(u; qi; 
0) �7�! ("; qf ; 
):A push-down automaton A = (�; 
0; Q; I; F; E) is said to realize the language L by emptystack, when u 2 L i� there exist (qi; qf) 2 I � F such that(u; qi; 
0) �7�! ("; qf ; "):Notice that realization by empty stack implies realization by �nite state: qf is still requiredto be in the set of �nal states.Theorem 3.2 The family of languages realized by �nal state or by empty stack by push-down automata is the family of algebraic languages.Unlike �nite-state automata, the deterministic property for push-down automata im-poses some restrictions on the expressive power and brings an interesting closure property.A push-down automaton is deterministic when it has a single initial state, every transitionlabel is a single letter or ", at most one transition may share the same departing state, la-bel and top stack symbol, and a state with departing "-transition may not have departinglabeled transitions.It is straightforward that any algebraic language can be realized by a push-down au-tomaton whose transition labels are either " or a single letter. The family of languagesrealized by �nal state by deterministic push-down automata is called the family of deter-ministic algebraic languages. It should be noticed that this family is also known as LR(1)(which is equal to LR(k) for k � 1) in the syntactical analysis framework [ASU86].Proposition 3.2 The family of languages realized by empty stack by deterministic push-down automata is the family of deterministic algebraic languages with pre�x property.Recall that a language L has the pre�x property when a word uv belonging to Lforbids u to belong to L, for all words u and non-empty words v. The interesting closureproperty is the following:Proposition 3.3 The family of deterministic algebraic languages is closed under com-plementation.



94 CHAPTER 3. FORMAL TOOLSHowever, closure of deterministic algebraic languages under union and intersection arenot available. Decidability of deterministic algebraic languages among algebraic ones isunknown, despite the number of tries and related works [RS97a].Proposition 3.4 The following problems are decidable for algebraic languages: member-ship, emptiness, �niteness.These additional problems are decidable for deterministic algebraic languages:membership in linear time, emptiness of the complement, �niteness of the comple-ment.The following problems are undecidable for algebraic languages: being a rationallanguage, emptiness of the complement, �niteness of the complement, inclusion (openproblem for deterministic algebraic languages), equality (idem).We conclude this section with a simple algebraic language example whose propertiesare frequently observed in our analysis framework [Coh99a]. The Lukasiewicz language-L over an alphabet fa; bg is the language generated by axiom � and the grammar withproductions � �! a�� j b:The Lukasiewicz language is apparented to Dyck languages [Ber79] and is the simplestof a family of languages constructed in order to write arithmetic expressions withoutparentheses (pre�x or \polish" notation): the letter a represents a binary operation andb represents the operand. Indeed, the �rst words of -L areb; abb; aabbb; ababb; aaabbbb; aababbb; : : :Proposition 3.5 Let w 2 fa; bg�. Then w 2 -L i� jwja � jwjb = �1 and juja � jujb � 0for any proper left factor u of w (i.e. 9v 2 fa; bg+ : w = uv). Moreover, if w;w0 2 -L,then jww0ja � jww0jb = jwja � jwjb + jw0ja � jw0jb:This implies that -L has the pre�x property, see [Ber79] for details. A graphical rep-resentation may help understand intuitively the previous proposition and properties of-L: drawing the graph of function u 7! juja � jujb as u ranges over the left factors ofw = aabaabbabbabaaabbb yields Figure 3.1.a.Eventually, Figure 3.1.b shows a push-down automaton which realizes the Lukasiewiczlanguage by empty stack. It has a single state, which is both initial and �nal, a single stacksymbol I. The initial stack word is also I, it is denoted as ! I on the initial state. Thepush-down automaton in Figure 3.1.c realizes -L by �nal state. Two states are necessary,as well as two stack symbols Z and I, the initial stack word being Z.Important remark. In the following, every push-down automaton will implicitly ac-cept words by �nal state.3.2.4 One-Counter LanguagesAn interesting sub-class of algebraic languages is called the class of one-counter languages.It is de�ned through push-down automata. A classical de�nition is the following: A push-down automaton is a one-counter automaton if its stack alphabet contains only one letter.
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a a a a aa a a ab b b b b b b b b bFigure 3.1.a. Evolution of occurrence count di�erences
1!Ia; I ! II

b; I ! "
Figure 3.1.b. Push-down automatonaccepting by empty stack

1!Z 2a; I ! II a; Z ! ZI
b; I ! " "; Z ! Z

Figure 3.1.c. Push-down automaton accept-ing by �nal state. . . . . . . . . . . . . . . . . . . . Figure 3.1. Studying the Lukasiewicz language . . . . . . . . . . . . . . . . . . . .An algebraic language is a one-counter language if it is realized by a one-counter automaton(by �nal state).However, we prefer a de�nition which is more suitable to our practical usage of one-counter languages. This de�nition is a bit more technical.De�nition 3.2 (one-counter automaton and language) A push-down automatonis a one-counter automaton if its stack alphabet contains three letters, Z (for \zero"),I (for \increment") and D (for \decrement") and if the stack word belongs to the(rational) set ZI� + ZD�. An algebraic language is a one-counter language if it isrealized by a one-counter automaton (by �nal state).It is easy to show that De�nition 3.2 describes the same family of languages as thepreceding classical de�nition: the idea is to replace all stack symbols by I and to \remem-ber" the original symbol in the state name. Intuitively, if n is a positive integer, stackword ZIn stands for counter value n, stack word ZDn stands for counter value �n, andstack word Z stands for counter value 0.The family of one-counter languages is strictly included in the family of algebraiclanguages, and appears as a natural abstraction in our program analysis framework. TheLukasiewicz language is a simple example of one-counter language, Figure 3.2 shows a one-counter automaton realizing it. This example introduces speci�c notations to simplify thepresentation of one-counter automata:!n stands for initialization of the stack word to ZIn is n is positive, ZDn if n isnegative, and Z if n is equal to zero;+n for n � 0 stands for pushing In onto the stack if the stack word is in ZI�, and if



96 CHAPTER 3. FORMAL TOOLSthe stack word is ZDk its stands for removing max(n; k) symbols then, if n > k,pushing back In�k onto the stack;+n for n < 0 stands for �(�n);�n for n � 0 stands for pushing Dn onto the stack if the stack word is in ZD�, and if thestack word is ZIk its stands for removing max(n; k) symbols then, if n > k, pushingback Dn�k onto the stack;�n for n < 0 stands for +(�n);=0 stands for testing if the top stack symbol is Z;6=0 stands for testing if the top stack symbol is not Z;>0 stands for testing if the top stack symbol is I;<0 stands for testing if the top stack symbol is D;�0 stands for testing if the top stack symbol is Z or I;�0 stands for testing if the top stack symbol is Z or D.These operations are the only available means to check and update the counter. Moreover,tests for 0 can be applied before additions or subtractions: <0 ;�1 stands for allowing thetransition and decrementing the counter when the counter is negative, and ";+1 standsfor incrementing the counter in all cases. See also the transition labeled by b on Figure 3.2.The general form for a one-counter automaton is thus (A�; c0; Q; I; F; E)], where A isan alphabet (removed when clear from the context), c0 is the initial value of the counter,and E � Q� A� � f";=0 ; 6=0 ; >0 ; <0 ;�0 ;�0g � Z�Q.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1!1 2a;+1

b; >0 ;�1 ";=0
. . . . . . . . . . Figure 3.2. One-counter automaton for the Lukasiewicz language . . . . . . . . . .After this short presentation of one-counter languages, one would expect a generaliza-tion to multi-counter languages, also called Minsky machines [Min67]. The general formof n-counter automata is (A�; c10; : : : ; cn+0; Q; I; F; E), where ck0 is the initial value of thekth counter and E is de�ned on the product of all stacks. However, it has been shownthat two-counter automata have the same expressive power as Turing machines|whichis a stronger result than the well known equivalence of Turing machines and two-stackautomata. Most interesting questions thus become undecidable for multi-counter lan-guages. However, a few additional restrictions on this family of languages have recently



3.3. RATIONAL RELATIONS 97been proven to enable several decidability results, as for the emptiness problem. Studyingthe applicability of these new results to our program analysis framework is left for futurework, but most interesting applications would probably arise from work by Comon andJurski [CJ98].3.3 Rational RelationsWe start with de�nition and basic properties of recognizable and rational relations, thenintroduce the machines realizing rational transductions. After studying some examples,we review decision problems and closure properties. This section recalls classical results,see [Eil74, Ber79, AB88] for details.3.3.1 Recognizable and Rational RelationsWe recall the de�nition and a useful characterization of recognizable sets in �nitely gen-erated monoids.De�nition 3.3 (recognizable set) Let M be a monoid. A subset R of M is a recog-nizable set if there exist a �nite monoid N , a morphism � from M to N and a subsetP of N such that �(R) = P .Recognizable sets can be seen as a generalization of rational (a.k.a. regular) languagesto non-free mono��ds which preserves the structure of boolean algebra:Proposition 3.6 Let M be a monoid, both ? and M are recognizable sets in M . Rec-ognizable sets are closed under union, intersection and complementation.Although recognizable sets are closed under concatenation, they are not closed underthe star operation. But it is the case of rational sets, which extend recognizable ones.Their de�nition is borrowed from rational languages:De�nition 3.4 (rational set) Let M be a monoid. The family of rational sets in M isthe least family of subsets of M holding ? and singletons fmg � M , closed underunion, concatenation and the star operation.However, rational sets are not closed under complementation and intersection, in gen-eral.When there are two monoids M1 and M2 such that M = M1 �M2, a recognizablesubset ofM is called a recognizable relation. The following result describes the \structure"of recognizable relations.Theorem 3.3 (Mezei) A recognizable relation R in M1�M2 is a �nite union of sets ofthe form K � L where K (resp. L) is a rational set of M1 (resp. M2).When there are two monoids M1 and M2 such that M = M1 �M2, a rational subsetof M is called a rational relation. In the following, we will only consider recognizable orrational sets which are relations between �nitely generated monoids.



98 CHAPTER 3. FORMAL TOOLSThe following characterization of rational relations is fundamental: it allows to expressrational relations by means of rational languages and monoid morphisms. (The formula-tion is slightly di�erent from the original theorem by Nivat, see [Ber79] for details.)Theorem 3.4 (Nivat) LetM andM 0 be two monoids. Then R is a rational relation overM and M 0 i� there exist an alphabet A, two morphisms � : A� ! M , �0 : A� ! M 0,and a rational language K � A� such thatR = f(�(h); �0(h)) : h 2 Kg:3.3.2 Rational Transductions and TransducersWe recall here a \more functional" view of recognizable and rational relations. From arelation R overM1 andM2, we de�ne a transduction � fromM1 intoM2 as a function fromM1 into the set P(M2) of subsets of M2, such that v 2 �(u) i� uRv. For commodity, �may also been extended to a mapping from P(M1) to P(M2), and we write � :M1 !M2.A transduction � : M1 ! M2 is recognizable (resp. rational) i� its graph is a recog-nizable (resp. rational) relation over M1 and M2. Both recognizable and rational trans-ductions are closed under inversion (i.e. relational symmetry).In the next sections, we use either relations or transductions, depending on the context.The family we will study lies somewhere between recognizable and rational relations; itretains the boolean algebra structure and the closure under composition.The following result|due to Elgot and Mezei [EM65, Ber79]|is restricted to freemonoids.Theorem 3.5 (Elgot and Mezei) If A, B and C are alphabets, �1 : A� ! B� and �2 :B� ! C� are rational transductions, then �2 � �1 : A� ! C� is a rational transduction.Nivat's theorem can be rewritten for rational transductions:Theorem 3.6 (Nivat) Let M and M 0 be two monoids. Then � :M !M 0 is a rationaltransduction i� there exist an alphabet A, two morphisms � : A� !M , �0 : A� !M 0,and a rational language K � A� such that8m 2 M : �(m) = �0(��1(m) \K):These two theorems are key results for dependence analysis and dependence testing,see Chapter 4.The \mechanical" representations of rational relations and transductions are calledrational transducers; they extend �nite-state automata in a very natural way:De�nition 3.5 (rational transducer) A rational transducer T = (M1;M2; Q; I; F; E)consists of an input monoidM1, an output monoidM2, a �nite set of states Q, a set ofinitial states I � Q, a set of �nal states F � Q, and a �nite set of transitions (a.k.a.edges) E � Q�M1 �M2 �Q.MonoidsM1 andM2 are often removed for commodity, when clear from the context: wewrite T = (Q; I; F; E). Since we only consider �nitely generated monoids, the transitionsof a transducer can equivalently be chosen in Q0 � (G1 [ f1M1g) � (G2 [ f1M2g) � Q0,where G1 (resp. G2) is a set of generators for M1 (resp. M2) and Q0 is some set of stateslarger than Q.



3.3. RATIONAL RELATIONS 99Most of the time, we will be dealing with free monoids|i.e. languages; the emptyword is then the neutral element and is denoted by ".A path is a word (p1; x1; y1; q1) � � � (pn; xn; yn; qn) in E� such as qi = pi+1 for all i 2f1; : : : ; n � 1g, and (x1 � � �xn; y1 � � �yn) is called the label of the path. A transducer istrim when all its states are accessible and may be part of an accepting path.The transduction jT j realized by a rational transducer T is de�ned by g 2 jT j(f) i�(f; g) labels an accepting path of T . It is a consequence of Kleene's theorem that a subsetof M1 �M2 is a rational relation i� it is recognized by a rational transducer :Proposition 3.7 A transduction is rational i� it is realized by a rational transducer.Let us now present decidability and undecidability results for rational relations.Theorem 3.7 The following problems are decidable for rational relations: whether twowords are in relation (in linear time), emptiness, �niteness.However, most other usual questions are undecidable for rational relations.Theorem 3.8 Let R, R0 be rational relations over alphabets A and B with at least twoletters. It is undecidable whether R \ R0 = ?, R � R0, R = R0, R = A� � B�,(A� � B�)� R is �nite, R is recognizable.A few questions may become decidable when replacing A� and B� by some particular�nitely generated monoids, but it is not the case in general.The following de�nition will be useful in some technical discussions and proofs in thefollowing. It formalizes the fact that a rational transducer can be interpreted as a �nite-state automaton on a more complex alphabet. But beware: both interpretations havedi�erent properties in general.De�nition 3.6 Let T be a rational transducer over alphabets A and B. The �nite-state automaton interpretation of T is a �nite-state automaton A over the alphabet(A�B)[ (A� f"g)[ (f"g�B) de�ned by the same states, initial states, �nal statesand transitions.3.3.3 Rational Functions and Sequential TransducersWe need a few results about rational transductions that are partial functions.De�nition 3.7 (rational function) Let M1 and M2 be two monoids. A rational func-tion  :M1 !M2 is a rational transduction which is a partial function, i.e. such thatCard( (u)) � 1 for all u 2M1.Most classical results about rational functions suppose that M1 and M2 are freemonoids, but we will see a result about composition of rational functions over non-freemonoids in Section 3.5. In the following, however, M1 and M2 will be free monoids.Given two alphabets A and B, it is decidable whether a rational transduction fromA� into B� is a partial function. However, the �rst algorithm by Sch�utzenberger wasexponential [Ber79]. The following result by Blattner and Head [BH77] shows that it isdecidable in polynomial time.Theorem 3.9 It is decidable in O(Card(Q)4) whether a rational transducer whose set ofstates is Q implements a rational function.



100 CHAPTER 3. FORMAL TOOLSRational functions have two additional decidable properties:Theorem 3.10 Given two rational functions f and f 0 from A� to B�, it is decidablewhether f � f 0 and whether f = f 0.Among transducers realizing rational functions, we are especially interested in trans-ducers whose output can be \computed online" with its input. Our interpretation for\online computation" is the following: it requires that when a path e leading to a stateq is labeled by pair of words (u; v), and when a letter x is read, there is only one stateq0 and one output letter y such that (ux; vy) labels a path pre�xed by e. This is bestunderstood using the following de�nitions.De�nition 3.8 (input and output automata) The input automaton (resp. output au-tomaton) of a transducer is obtained by omitting the output label (resp. input label)of each transition.De�nition 3.9 (sequential transducer) Let A and B be two alphabets. A sequentialtransducer is labeled in A�B� and its input automaton is deterministic (which enforcesthat it has a single initial state).A sequential transducer obviously realizes a rational function; and a function is se-quential if it can be realized by a sequential transducer. The transducer example inFigure 3.3.a, whose initial state is 1 is sequential. It replaces by a the bs which appearafter an odd number of bs.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 2bjbbjaaja bjbFigure 3.3.a. Sequential transducer 1a 2bbjbajaaja bjbFigure 3.3.b. Sub-sequential transducer. . . . . . . . . . . . . . . . Figure 3.3. Sequential and sub-sequential transducers . . . . . . . . . . . . . . . .Note that a if  is a sequential function and  (") is de�ned, then  (") = ". Moreover,when all the states of a sequential transducer are �nal, the function it realizes is pre�xclosed, i.e. if uv belongs to its domain then it is the same for u.2 To a sequential transducerT = (A;B�; Q; I; F; E), one may associate a \next state" function � : Q� A! Q and a\next output" function � : Q�A! B� whose purpose is self-explanatory. Together withthe set F of �nal states, functions � and � are indeed an equivalent characterization ofT . However, the sequential transducer de�nition is a bit too restrictive regarding our\online computation" property, and we prefer the following extension.De�nition 3.10 (sub-sequential transducer) If A and B are two alphabets, a sub-sequential transducer (T ; �) over A��B� is a pair composed of a sequential transducer2In [Ber79, Eil74], all states of a sequential transducer are �nal.



3.4. LEFT-SYNCHRONOUS RELATIONS 101T over A� � B� with F as set of �nal states, and of a function � : F ! B�. Thefunction  realized by (T ; �) is de�ned as follows: let u be a word in A�, the value (u) is de�ned i� there is an accepting path in T labeled by (ujv) and leading to a�nal state q; in this case  (u) = v�(q).In other words, the function � is used to append a word to the output at the endof the computation. A sub-sequential transducer is obviously a rational function; and afunction is sub-sequential if it can be realized by a sequential transducer. A sequentialfunction is sub-sequential: consider �(q) = " for all �nal states q.This de�nition matches our \online computation" property. The function realized bythe sub-sequential transducer in Figure 3.3.b appends to each word its last letter. Thisfunction is not sequential because all its states are �nal and it is not pre�x closed.The following result has been proven by Cho�rut in [Cho77].Theorem 3.11 It is decidable if a function realized by a transducer is sub-sequential,and it is decidable if a sub-sequential function is sequential.B�eal and Carton [BC99b] give two polynomial-time algorithms to decide if a rationalfunction is sub-sequential, and if a sub-sequential function is sequential. Two algorithmsto build a sub-sequential realization and a sequential realization are also provided, butthe �rst may generate an exponential number of states; as a result, this does not providea polynomial-time algorithm to decide if a rational function is sequential.Before we conclude this section, notice that the \online computation" property satis-�ed by sub-sequential transducers is still satis�ed for a larger class of rational functions:De�nition 3.11 (online rational transducer) A rational transducer is online if it is arational function and if its input automaton is deterministic. A rational transductionis online if it is realized by an online rational transducer.The only di�erence with respect to sub-sequential transducers is that " is allowed inthe input automaton, as long as the deterministic property is kept. We are not aware ofany result for this class of rational functions, strictly larger than the class of sub-sequentialtransductions. But if it was decidable among rational functions, it would probably replaceevery use of sub-sequential functions in the following applications.In our analysis and transformation framework, we will only use rational and sub-sequential functions, which are decidable in polynomial-time among rational transduc-tions.3.4 Left-Synchronous RelationsWe have seen that rational relations are not closed under intersection, but intersection iscritical for dependence analysis. Addressing the undecidable problem of testing whetherthe intersection of two rational relations is empty or not, Feautrier designed a \semi-algorithm" for dependence testing which sometimes not terminate [Fea98]. Because wewould like to e�ectively compute the intersection, and not only testing its emptiness, ourapproach is di�erent: we are looking for a sub-class of rational relations with a booleanalgebra structure (i.e. with union, intersection and complementation).Indeed, the class of recognizable relations is a boolean algebra, but we have founda more expressive one: the class of left-syncrhonous relations. We will show that left-synchronous relations are not decidable among rational ones, but we could de�ne a precise



102 CHAPTER 3. FORMAL TOOLSalgorithm to conservatively approximate relations into left-synchronous ones. In fact,this point is even more interesting for us than decidability. Many results presented herehave already been published by Frougny and Sakarovitch in [FS93]. However, our workhas been done independently and based on a di�erent|more intuitive and versatile|representation of transductions. Proofs are all new, and several unpublished results havealso been discovered.Notice that a larger class with a boolean algebra structure is the class of deterministicrelations [PS98] de�ned by Pelletier and Sakarovitch. But some interesting decidabilityproperties are lost and we could not de�ne any precise approximation algorithm for thisclass, See Section 3.4.7.This work has been done in collaboration with Olivier Carton (University of Marne-la-Vall�ee).3.4.1 De�nitionsWe recall the de�nition of synchronous transducers:3De�nition 3.12 (synchronism) A rational transducer on alphabets A and B is syn-chronous if it is labeled on A� B.A rational relation or transduction is synchronous if it can be realized by a syn-chronous transducer. A rational transducer is synchronizable if it realizes a synchronousrelation.Obviously, such a transducer is length preserving; Eilenberg and Sch�utzenberger [Eil74]showed that the reciprocal is true: a length preserving rational transduction is realizedby a synchronous transducer.A �rst extension of the synchronous property is the �-synchronous one:De�nition 3.13 (�-synchronism) A rational transducer on alphabets A and B is �-synchronous if every transition appearing in a cycle of the transducer's graph is labeledon A� B.A rational relation or transduction is �-synchronous if it can be realized by asynchronous transducer. A rational transducer is �-synchronizable if it realizes a �-synchronous relation.Such a transducer has a bounded length di�erence; Frougny and Sakarovitch [FS93]showed that the reciprocal is true: a bounded length di�erence rational transduction isrealized by a �-synchronous transducer. Obviously, the bound is 0 when the transducer issynchronous. Two examples are shown in Figure 3.4. They respectively realize f(u; v) 2fa; bg� � fa; bg� : u = vg and f(u; v) 2 fa; bg� � fcg� : juja = jvjc ^ jujb = 2g.Then, we de�ne two new extensions:De�nition 3.14 (left-synchronism) A rational transducer over alphabets A and B isleft-synchronous if it is labeled on (A�B)[ (A�f"g)[ (f"g�B) and only transitionslabeled on A � f"g (resp. f"g � B) may follow transitions labeled on A � f"g (resp.f"g �B).A rational relation or transduction is left-synchronous if it is realized by a left-synchronous transducer. A rational transducer is left-synchronizable if it realizes aleft-synchronous relation.3It appears to be a special case of k; l-synchronous transducers, where k = l = 1, see Section 3.4.7.
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1aja, bjb

Figure 3.4.a. A synchronous transducer
1 2 3bj" bj"ajc ajc ajc

Figure 3.4.b. A �-synchronous transducer. . . . . . . . . . . . . . . Figure 3.4. Synchronous and �-synchronous transducers . . . . . . . . . . . . . . .De�nition 3.15 (right-synchronism) A rational transducer over alphabets A and Bis right-synchronous if it is labeled on (A�B)[(A�f"g)[(f"g�B) and only transitionslabeled on A� f"g (resp. f"g �B) may precede transitions labeled on A� f"g (resp.f"g � B).A rational relation or transduction is right-synchronous if it can be realized by aright-synchronous transducer. A rational transducer is right-synchronizable if it realizesa right-synchronous relation.Figure 3.5 shows left-synchronous transducers over an alphabet A realizing two orders(a.k.a. orderings), where <txt is some order on A: the pre�x order f <pre g , f9h 2A� : f = ghg and the lexicographic order f <lex g , ff <pre g _ (9u; v; w 2 A�; a; b 2A : f = uav ^ g = ubw ^ a < b)g.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .In the following transducers, labels x and y stand for 8x 2 A and 8y 2 A respectively.
1 2"jyxjx "jy

Figure 3.5.a. Pre�x order 1 2 34
5 xjy; x <txt y"jy xj""jyxjx

xjy"jy

xj"
"jy

Figure 3.5.b. Lexicographic order. . . . . . . . . . Figure 3.5. Left-synchronous realization of several order relations . . . . . . . . . .The word-reversal operation converts a left-synchronous transducer into a right-synchronous one and conversely.4 The two de�nitions are not contradictory: some re-lations are left and right synchronous, such as synchronous ones.4Recognizable, synchronous and �-synchronous relations are closed under word-reversal.



104 CHAPTER 3. FORMAL TOOLSFigure 3.6 shows a transducer realizing the relation � = f(u; v) 2 A� � B� : juj � jvjmod 2g. It is neither left-synchronous nor right-synchronous, but the left-synchronous andright-synchronous realizations in the same �gure show that � is left and right synchronous.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .In the three following transducers, labels x and y stand for 8x 2 A and 8y 2 B.
1 4 5

2 3xjy
xj" yj"xj"
"jx "jy"jx

(left-synchronous)
1xjyxyj" "jxy(left and right synchronizable)

145
23 xjy

xj"yj"xj"
"jx"jy"jx

(right-synchronous). . . . . . . . . . . . . . . . . Figure 3.6. A left and right synchronizable example . . . . . . . . . . . . . . . . .In the following we mostly consider left-synchronous transducers, because all resultsextend to right-synchronous through the word-reversal operation and most interestingtransducers are left-synchronous.3.4.2 Algebraic PropertiesIt is well known that synchronous and �-synchronous relations are closed under union,complementation, intersection. We show that it is the same for left-synchronous relations.Lemma 3.1 (Union) The class of left-synchronous relations is closed under union.Proof: Let T = (Q; I; F; E) and T 0 = (Q0; I 0; F 0; E 0) be left-synchronous transducers.Q and Q0 can be supposed disjoint without loss of generality; and then (Q [ Q0; I [I 0; F [ F 0; E [ E 0) realizes jT j [ jT 0j. �The proof is constructive: given two left-synchronous realizations, one may compute aleft-synchronous realization of the union.Here is a direct application:Theorem 3.12 Recognizable relations are left-synchronous.Proof: Let R be a recognizable relation in A� � B�. From Theorem 3.3, thereexists an integer n, A1; : : : ; An 2 A�, and B1; : : : ; Bn 2 B� such that tau = A1 �B1 [ � � � [ An � Bn. Let i 2 f1; : : : ; ng, AA = (QA; IA; FA; EA) accepting Ai, andAB = (QB; IB; FB; EB) accepting Bi. We suppose QA and QB are disjoint sets|without loss of generality|and de�ne a transducer T = (Q; I; F; E), where Q =(QA � QB) [ QA [ QB, I = IA � IB, F = FA � FB [ FA [ FB, and E is de�ned asfollows:1. All transitions in EA and EB are also in E;



3.4. LEFT-SYNCHRONOUS RELATIONS 1052. If qA x�! q0A 2 EA and qB y�! q0B 2 EB, then (qA; qB) xjy�! (q0A; q0B) 2 E;3. If qA (resp. q0B) is a �nal state and qB y�! q0B 2 EB (resp. qA x�! q0A 2 EA), then(qA; qB) "jy�! q0B 2 E (resp. (qA; qB) xj"�! q0A 2 E).By construction, T is left-synchronous, its input is Ai and its output is Bi. Moreover,it accepts any combination of input words in Ai and output words in Bi. Lemma 3.1terminates the proof. �The proof is constructive: given a decomposition of a recognizable relation into productsof rational languages, one may build a left-synchronous transducer.Another application is this useful decomposition result for left-synchronous relations:Proposition 3.8 Any left-synchronous relation can be decomposed into a union of rela-tions of the form SR, where S is synchronous and R has either no input or no output(R is thus recognizable).Proof: Consider a relation U 2 A� � B� realized by a left-synchronous transducerT , and consider an accepting path e in T . The restriction of T to the states andtransitions in e yields a transducer Te, such as jTej � jT j. Morover, Te can be dividedinto transducers Ts and Tr, such as the (unique) �nal state of the �rst is the (unique)initial state of the second, Ts is synchronous and Tr has either no input or no output.Therfore, Te realizes a left-synchronous relation of the form SR, where S is synchronousand R has either no input or no output. Since the number of \restricted" transducersTe is �nite, closure under union terminates the proof. �The proof is constructive if the left-synchronous relation to be decomposed is given by aleft-synchronous realization.To study complementation and intersection, we need two more de�nitions: unambi-guity and completion.De�nition 3.16 (unambiguity) A rational transducer T over A and B is unambiguousif any couple of words over A and B labels at most one path in T . A rational relationis unambiguous if it is realized by an unambiguous transducer.This de�nition coincides with the one in [Ber79] Section IV.4 for rational functions,but di�ers for general rational transductions.De�nition 3.17 (completion) A rational transducer T is complete if every pair ofwords labels at least one path in T (accepting or not).It is obviously not always possible to complete a transducer in a trim one. From thesetwo de�nitions, let us recall a very general result.Theorem 3.13 The class of a complete unambiguous rational relations is closed undercomplementation.Proof: Let R be a complete unambiguous relation realized by transducer T =(Q; I; F; E). We de�ne a transducer T 0 = (Q; I;Q�F;E) such that an accepting pathin T cannot be one of T 0. The completion of T and the uniqueness of accepting pathsin T shows that the complementation of R is realized by T 0. �



106 CHAPTER 3. FORMAL TOOLSThe proof is constructive.Now, we specialize this result for left-synchronous relations.Lemma 3.2 A left-synchronous relation is realized by an unambiguous left-synchronoustransducer.Proof: Let T be a left-synchronous transducer over A and B realizing a relation R.Let A be the �nite-state automaton interpretation of T|over the alphabet (A�B)[(A�f"g)[ (f"g�B)|and let A0 be a deterministic �nite-state automaton acceptingthe same language as A. Let f; g two words such that jT j(f) = g, and let e and e0 betwo accepting paths in T .Suppose e di�ers from e0. By the determinim property, the words w and w0 they acceptin A0 also di�ers; let (x; y) and (x0; y0) be the �rst di�erence. If x = " and x0 6= ",the de�nition of left-synchronous transducers imposes that w to be labeled in f"g�Bafter (x; y), then e and e0 accept di�erent inputs in T . The same reasoning applies tothe three other cases|y = " and y0 6= ", x0 = " and x 6= ", y0 = " and y 6= "|andyields di�erent inputs or outputs for paths e and e0. This contradicts the de�nition ofe and e0.Thus f and g are accepted by a unique path in the rational transducer interpretationT 0 of A0. Since A0 is the determinization of A, a transition labeled on A� f"g (resp.f"g�B) may only be followed by another transition labeled on A�f"g (resp. f"g�B).Eventually, T 0 is unambiguous and left-synchronous, and it realizes R. �The proof is constructive.Proposition 3.9 A left-synchronous relation is realized by a complete unambiguous left-synchronous transducer.Proof: Let R be a left-synchronous relation. We use Lemma 3.2 to compute anunambiguous left-synchronous transducer T = (Q; I; F; E) which realizesR. We de�nea transducer T 0 = (Q0; I; F; E 0), where qi, qo and qio are three new states, Q0 =Q [ fqi; qo; qiog, and E 0 is de�ned as follows:1. All transitions in E are also in E 0.2. For all (x; y) 2 A� B, qio xjy�! qio 2 E 0.3. For all x 2 A, qio xj"�! qi 2 E 0 and qi xj"�! qi 2 E 0.4. For all y 2 B, qio "jy�! qo 2 E 0 and qo "jy�! qo 2 E 0.5. If q 2 Q is such that 8(x0; q0) 2 A � Q : q0 x0j"�! q 62 E, then 8(y00; q00) 2 B � Q :q "jy00�! q00 62 E ) q "jy00�! qo 2 E 0.6. If q 2 Q is such that 8(y0; q0) 2 B � Q : q0 "jy0�! q 62 E, then 8(x00; q00) 2 A � Q :q x00j"�! q00 62 E ) q x00j"�! qi 2 E 0.7. If q 2 Q is such that 8(x0; q0) 2 A�Q : q0 x0j"�! q 62 E and 8(y0; q0) 2 B �Q : q0 "jy0�!q 62 E, then 8(x00; y00; q00) 2 A�B �Q : q x00jy00�! q00 62 E ) q x00jy00�! qio 2 E 0.



3.4. LEFT-SYNCHRONOUS RELATIONS 107The resulting transducer is left-synchronous, complete, and realizes relation R. More-over, the three last cases have been carefully designed to preserve the unambiguousproperty: no transition departing from a state q is added if its label is already the oneof an existing transition departing from q. �The proof is constructive.Theorem 3.14 (Complementation and Intersection) The class of left-synchronousrelations is closed under complementation and intersection.Proof: As a corollary of Theorem 3.13 and Proposition 3.9, we have the closureunder complementation. Together with closure under union, this proves closure underintersection. �Eventually, we have proven that the class of left-synchronous relations is a booleanalgebra, which will be of great help for dependence and reaching de�nition analysis, seeSection 4.3.Synchronous and �-synchronous relations are obviously closed under concatenation,but it is not true for left-synchronous ones. However, we have the following result:Proposition 3.10 Let S, T and R be rational relations.(i) If S is synchronous and T is left-synchronous, then ST is left-synchronous.(ii) If T is left-synchronous and R is recognizable, then TR is left-synchronous.Proof: Proof of (i) is a straightforward application of the de�nition of left-synchronous transducers (see Proposition 3.12 for a generalization).We use Proposition 3.8 to partition T into S1R1; : : : ; SnRn where Si is synchronousand Ri is recognizable for all 1 � i � n. Now, RiR is recognizable, hence left-synchronizable from Theorem 3.12. Application of (i) shows that SiRiR is left-synchronizable. Closure under union terminates the proof of (ii). �The proof is constructive when a left-synchronous realization of T is provided, thanks toProposition 3.8. A generalization of (i) is given in Section 3.4.5.To close this section about algebraic properties, one should notice that the �nite-stateautomaton interpretation (see De�nition 3.6) of a left-synchronous transducer T has ex-actly the same properties as T itself, regarding computation of the complementation andintersection. Indeed, by de�nition of left-synchronous relations, applying classical algo-rithms from automata theory to the �nite-state automaton interpretation yields correct re-sults on the transducer. This remark shows that algebraic operations for left-synchronoustransducers have the same complexity as for �nite-state automata in general.3.4.3 Functional PropertiesSynchronous and �-synchronous transductions are closed under inversion (i.e. relationalsymmetry) and composition. Clearly, the class of left-synchronous transductions is alsoclosed under inversion.Combined with the boolean algebra structure, the following result is useful for reachingde�nition analysis (to solve (4.17) in Section 4.3.3).Theorem 3.15 The class of left-synchronous transductions is closed under composition.



108 CHAPTER 3. FORMAL TOOLSProof: Consider three alphabets A, B and C, two transductions �1 : A� ! B� and�1 : B� ! C�, and two left-synchronous transducers T1 = (Q1; I1; F1; E1) realizing �1and T2 = (Q2; I2; F2; E2) realizing �2. We suppose Q1 and Q2 are disjoint sets|withoutloss of generality|and de�ne T = (Q1�Q2 [Q1 [Q2; I1� I2; F1�F2 [F1 [F2; E) as1. All transitions in E1 and E2 are also in E;2. If q1 xjy�! q01 2 E1 and q2 yjz�! q02 2 E2, then (q1; q2) xjz�! (q01; q02) 2 E;3. If q1 xj"�! q01 2 E1 and q2 "jz�! q02 2 E2, then (q1; q2) xjz�! (q01; q02) 2 E;4. If q1 "jy�! q01 2 E1 and q2 yj"�! q02 2 E2, then (q1; q2) "j"�! (q01; q02) 2 E;5. If q1 xjy�! q01 2 E1 and q2 yj"�! q02 2 E2, then (q1; q2) xj"�! (q01; q02) 2 E;6. If q1 "jy�! q01 2 E1 and q2 yjz�! q02 2 E2, then (q1; q2) "jz�! (q01; q02) 2 E;7. If q1 xj"�! q01 2 E1, then 8q2 2 F2 : (q1; q2) xj"�! q01 2 E;8. If q2 "jz�! q02 2 E2, then 8q1 2 F1 : (q1; q2) "jz�! q02 2 E.First, consider an accepting path e in T for a couple of words (f; h). We may writee = e12e0, where e12 is the Q1 � Q2 part of e. By construction of T , the end state ofe12 is a �nal state of T1 and e0 is a path of T2, or it is the opposite. Considering theprojection of states in e12 on Q1, e12 accepts a couple of words (f; g) in T1 such ash 2 �2(g). Hence h 2 �2 � �1(f).Second, consider three words f; g; h such as g 2 �1(f) and h 2 �2(g). Let e1 be anaccepting path for (f; g) in T1 and e2 be one for (g; h) in T2. Suppose je1j > je2j. Build apath e12 in T from the product of states and labels of the �rst je2j transitions in e1 ande2; its end state is (q1; q2) with q1 2 Q1 and q2 2 F2. Now, the last je1j�je2j transitionsin e1 can be written (q1; x; "; q01):e01, hence e12:((q1; q2); x; "; q01):e01 is an accepting pathfor (f; h) in T .Eventually, we have shown that T realizes �2 � �1. Now, using the classical "j"-transition removal algorithm for �nite-state automata, we de�ne transducer T 0. Itis left-synchronous because T1 and T2 are, and transitions involving states of Q1 orQ2|labeled on A�f"g or f"g�C|are never followed by transitions involving statesof Q1 �Q2. �The proof is constructive.Before showing an important application of this result, we need an additional de�ni-tion:De�nition 3.18 (�-selection) Let � : A� ! B� be a rational transduction, and � bea rational order on B�|i.e. a rational relation which is re
exive, anti-symmetric andtransitive. The �-selection of � is a partial function �� de�ned by8u; v 2 A� �B� : v = ��(u) () v = min� �(u):Proposition 3.11 Let � : A� ! B� be a left-synchronous transduction, and � be aleft-synchronous order on B�. The �-selection of � is a left-synchronous function.



3.4. LEFT-SYNCHRONOUS RELATIONS 109Proof: Let � be the identity rational function on B�. If �� is the �-selection of � ,the proof comes from the fact that �� = � � ((�� �) � �) �The most interesting application of this to our framework appears when choosing thelexicographic order for �, see Section 4.3.3. For more details on �-selection, also knownas uniformization, see [PS98].3.4.4 An Undecidability ResultIt is well known that the recognizability of a transduction is undecidable. This is provedby Berstel in [Ber79] Theorem 8.4, and we use a similar technique to show that it is thesame for left-synchronous relations. We start with a preliminary result.Lemma 3.3 Let K be a positive integer, let A = fa; bg, let B be any alphabet, and letu1; u2; : : : ; up 2 B�. De�neU = f(abK ; u1); (ab2K ; u2); : : : ; (abpK; up)g:Then, U and U+ are rational relations, and relation (A��B�)�U+ is also rational.Proof: Relation U is �nite, hence rational, and U+ is rational by closure underconcatenation and the star operation.Usually, the class of rational relations is not closed under complementation, so we haveto prove something here. This is done the same way as in [Ber79] Lemma 8.3, withthe only substitution of b by bK . �Theorem 3.16 Let A and B be alphabets with at least two letters. Given a rationalrelation R over A and B, it is undecidable whether R is left-synchronous.Proof: We may assume that A contains exactly two letters, and set A = fa; bg.Consider two sequences u1; u2; : : : ; up and v1; v2; : : : ; vp of non-empty words over B,and let K be their maximum length. De�neU = f(abK ; u1); : : : ; (abpK; up)g and V = f(abK; v1); : : : ; (abpK; vp)g:From Lemma 3.3, U , V , U+, V +, �U = (A� � B�)� U+ and �V = (A� �B�)� V + arerational relations.Let R = �U [ �V . Since left-synchronous transductions are closed under complementa-tion, R is left-synchronous i� (A� �B�)�R = U+ \ V + is.Assume U+\V + is non-empty and realized by a left-synchronous transducer T . Con-sider (m; u) 2 U+ \ V +. We may write m = fg with jf j = juj and jgj > 0. Left-synchronism requires that (g; ") labels a path in T . Moreover, ((fg)k; uk) 2 U+ \ V +for all k � 1, hence the path labeled by (g; ") must be part of a cycle:9g0 : 8k : (fg(g0g)k; u) 2 U+ \ V +:However, because u1; : : : ; up and v1; : : : ; vp are non-empty, the ratio between thelength of input and output words must be less than or equal to K + 1; this is contra-dictory.



110 CHAPTER 3. FORMAL TOOLSEventually, R is left-synchronous i� U+\V + is empty.5 Since deciding this emptinessis exactly solving the Post's Correspondence problem for u1; : : : ; up and v1; : : : ; vp, wehave proven that left-synchronism is undecidable. �A similar proof shows the following result, which is not a corollary of Theorem 3.16.Theorem 3.17 Let A and B be alphabets with at least two letters. Given a rationalrelation R over A and B, it is undecidable whether R is left and right synchronous.3.4.5 Studying Synchronizability of TransducersDespite the general undecidability results, we are interested in particular cases where arational relation can be proved left-synchronous.Transmission RateWe recall the following useful notion to give an alternative description of synchronismin transducers. The transmission rate of a path labeled by (u; v) is de�ned as the ratiojvj=juj 2 Q+ [ f+1g.Eilenberg and Sch�utzenberger [Eil74] showed that the synchronism property of atransducer is decidable. Frougny and Sakarovitch [FS93] showed a similar result for�-synchronism, and their algorithm operates directly on the transducer that realizes thetransduction. The result is:Lemma 3.4 A rational transducer is �-synchronizable i� the transmission rate of all itscycles is 1.There is no characterization of recognizable transducers through the transmission rateof its cycles, but one may give a su�cient condition:Lemma 3.5 If the transmission rate of all cycles in a rational transducer is 0 or +1,then it realizes a recognizable relation.Proof: Let T be a rational transducer whose cycles transmission rates are only 0 and+1. Considering a strongly-connected component, all its cycles must be of the samerate. Hence a strongly-connected component has either no input or no output. Thisproves that strongly-connected components are recognizable. Closure of recognizablerelations by concatenation and by union terminates the proof. �There is no characterization of left-synchronizable transducers either. However, as astraightforward application of previous de�nitions, one may give the following result:Lemma 3.6 If T is a left-synchronous transducer, then cycles of T may only have threedi�erent transmission rates: 0, 1 and +1. All cycles in the same strongly-connectedcomponent must have the same transmission rate, only components of rate 0 mayfollow components of rate 0, and only components of rate +1 may follow componentsof rate +1.Even if synchronizable transducers may not satisfy these properties, some kind ofreciprocal is available, see Theorem 3.19.5We have also proven here that U+ and V + are not left-synchronous.



3.4. LEFT-SYNCHRONOUS RELATIONS 111Classes of TransductionsWe have shown that left-synchronous transductions extend algebraic properties of rec-ognizable transductions. The following theorem shows that they also extend real-timeproperties of �-synchronous transducers.Theorem 3.18 �-synchronous transductions are left-synchronous.Proof: Consider a �-synchronous transducer T realizing a relation R over alphabetsA and B, and call � the upper bound on delays between input and output wordsaccepted by T . Taking advantage of closure under intersection, one may partition Rinto relations Ri of constant delay i, for all �� � i � �. Let Ti realize relation Ri: byconstruction, v 2 jTij(u) i� juj = jvj+ i.Let \ " be a new label; if i is non-negative (resp. negative), de�ne T 0i from Ti insubstituting its �nal state by a transducer accepting (";  i) (resp. ( �i; ")). Each T 0iis length preserving, hence synchronizable. Transducer T 0 = T 0�� [ � � � [ T 0� is thussynchronizable, hence left-synchronizable.Let P realize relation f(u; u a) : u 2 A�; a � 0g and Q realize relation f(v b; v) : v 2B�; b � 0g, which are both left-synchronizable. Transducer Q � T 0 � P realizes thesame transduction as T , and it is left-synchronizable from Theorem 3.15. �One may go a bit further and give a generalization of Theorems 3.12 and 3.18, basedon Lemmas 3.5 and 3.4:Theorem 3.19 If the transmission rate of each cycle in a rational transducer is 0, 1 or+1, and if no cycle whose rate is 1 follows a cycle whose rate is not 1, then thetransducer is left-synchronizable.Proof: Consider a rational transducer T satisfying the above hypotheses, and con-sider an acceptation path e in T . The restriction of T to the states and transitions in eyields a transducer Te, such as jTej � jT j. Moreover, Te can be divided into transduc-ers Ts and Tr, such as the (unique) �nal state of the �rst is the (unique) initial state ofthe second, and the transmission rate of all cycles is 1 in Ts and either 0 or +1 in Tr.From Lemma 3.5, Tr is recognizable. From Lemma 3.4, Ts is �-synchronizable, henceleft-synchronizable from Theorem 3.18. Eventually, Proposition 3.10 shows that Te isleft-synchronizable. Since the number of \restricted" transducers Te is �nite, closureunder union terminates the proof. �The proof is constructive.As an application of this theorem, one may give a generalization of Proposition 3.10.(i):Proposition 3.12 If � is �-synchronous and � is left-synchronous, then �:� is left-synchronous.Notice that the left and right synchronizable transducer example in 3.6|which is evenrecognizable|does not satisfy conditions of Theorem 3.19, since the transmission rate ofsome cycles is 2.



112 CHAPTER 3. FORMAL TOOLSResynchronization AlgorithmAlthough left-synchronism is not decidable, one may be interested in a synchronizationalgorithm that work on a subset of left-synchronizable transducers: the class of transducerssatisfying the hypothesis of Theorem 3.19.Extending an implementation by B�eal and Carton [BC99a] of the algorithm in [FS93],it is possible to \resynchronize" our larger class along the lines of the proof of Theo-rem 3.19. This technique will be used extensively in Sections 3.6 and 3.7, to compute|possibly approximative|intersections of rational relations. Presentation of the full algo-rithm and further investigations about its complexity are left for future work.3.4.6 Decidability ResultsWe �rst present an extension of the minimality concept for �nite-state automata to left-synchronous transducers. Let T = (Q; I; F; E) be a transducer over alphabets A and B.We de�ne the following predicate, for q 2 Q and (u; v) 2 A� �B�:Accept(q; u; v) i� (u; v) labels an accepting path starting at q:Nerode's equivalence, noted �, is de�ned byq � q0 i� for all (u; v) 2 A� � B� : Accept(q; u; v) () Accept(q0; u; v):The equivalence class of q 2 Q is denoted by q̂. LetT = �= (Q= �; I= �; F= �; Ê);where Ê is naturally de�ned by(q̂1; x; y; q̂2) 2 Ê () 9(q01; q02) 2 q̂1 � q̂2 : (q01; x; y; q02) 2 E:Using Nerode's equivalence, we extend the concept of minimal automaton to left-synchronous transducers.Theorem 3.20 Any left-synchronous transduction is realized by a unique minimal left-synchrnonous transducer (up to a renaming of states).Proof: Let � be a transduction over alphabets A and B, realized by a left-synchronoustransducer T = (Q; I; F; E). We suppose without loss of generality that T is trim.By de�nition of �, it is clear that T = � realizes � .Every transition on T = � is labeled on A�B[A�f"g[f"g�B. Consider two statesq; q0 2 Q such that q � q0 and q holds an input transition labeled on A � f"g (resp.f"g �B); and consider (u; v) 2 A� �B� such that Accept(q; u; v) and Accept(q0; u; v).Any output transition from q must be labeled on A � f"g (resp. f"g � B), hence v(resp. u) must be empty. Since this is true for all accepted (u; v), and since T is trim,any output transition from q0 must also be labeled on A � f"g (resp. f"g � B); thisproves that T = � is left-synchronous.Finally, let A be the �nite-state automaton interpretation of T (see De�nition 3.6). Itis well known that A= � is the unique minimal automaton realizing the same rationallanguage as A (up to a renaming of states). Thus, if T 0 is an realization of � with as



3.4. LEFT-SYNCHRONOUS RELATIONS 113many states as T = �, its �nite-state automaton interpretation must be A= � (up toa renaming of states) which is the interpretation of T = �. This proves the unicity ofthe minimal left-synchronous transducer. �As a corollary of closure under complementation and intersection, usual questionsbecome decidable for left-synchronous transductions:Lemma 3.7 Let R, R0 be left-synchronous relations over alphabets A and B. It isdecidable whether R\R0 = ?, R � R0, R = R0, R = A��B�, (A��B�)�R is �nite.These properties are essential for formal reasoning about dependence and reachingde�nition abstractions in the following chapter.Eventually, we are still working on decidability of recognizable relations among left-synchronous ones. We have strong arguments to expect a positive result, but no proof atthe moment.3.4.7 Further ExtensionsWe now consider possible extensions of left-synchronizable relations.Constant Transmission RatesAn elementary variation on synchronous transducers consists in enforcing a single trans-mission rate in all cycles which is not necessary 1: if k and l are positive integers, a(k; l)-synchronous relation over A� � B� is realized by a transducer whose transitionsare labeled in Ak � Bl. Similarly, one may de�ne �-(k; l)-synchronous and left-(k; l)-synchronous transducers.When noticing that a change of the alphabet converts a (k; l)-synchronous transducerinto a classical synchronous one, it obviously appears that the same properties are satis�edfor any k and l, including k = l = 1. The only di�erence is that transmission rates ofcycles is now 0, +1 and k=l. Mixing relations in (k; l)-synchronous classes for di�erent(k; l) is not allowed, of course.However, most rational transductions useful to our framework, including orders, areleft-(1; 1)-synchronous, that is left-synchronous... This strongly reduces the usefulness ofgeneral left-(k; l)-synchronous transductions.Deterministic TransducersMuch more interesting is the class of deterministic relations introduced by Pelletier andSakarovitch in [PS98]:De�nition 3.19 (deterministic transducer and relation) Let A and B be two al-phabets. A transducer T = (A�; B�; Q; I; F; E) is deterministic if the following condi-tions hold:(i) there exists a partition of the set of states Q = QA [ QB such that the label of anedge departing from a state in QA is in A� f"g and the label of an edge departingfrom a state in QB is in f"g � B;(ii) for every p 2 Q and every (x; y) 2 (A� f"g) [ (f"g � B), there exists at most oneq 2 Q such that (p; x; y; q) is in E (i.e. the �nite-state automaton interpretation isdeterministic);



114 CHAPTER 3. FORMAL TOOLS(iii) there is a single initial state in I.A deterministic relation is realized by a deterministic transducer.This class is strictly larger than left-synchronous relations, and keeps most of its goodproperties: the greatest loss is closure under composition. Moreover, because relation U+is deterministic in the proof of Theorem 3.16, it is undecidable whether a deterministicrelation is recognizable, left-synchronous or both left and right synchronous.But the most important reason for us to use left-synchronous relations instead ofdeterministic ones is that there is no result such as Theorem 3.19 to �nd a deterministicrealization of a relation, or to help approximate a rational relation by a deterministic one.3.5 Beyond Rational RelationsFor the purpose of our program analysis framework, we sometimes require more expres-siveness than rational relations: \�nite automata cannot count", and we need countingto handle arrays! We thus present an extension of the algebraic|also known as context-free|property to relations between �nitely generated monoids. As one would expect,the class of algebraic relations includes rational relations, and retains several decidableproperties. This sections ends with a few contributions: Theorems 3.27 and 3.28, andProposition 3.13.3.5.1 Algebraic RelationsWe de�ne algebraic relations through push-down transducers, de�ned similarly to push-down automata (see Section 3.2.3).De�nition 3.20 (push-down transducer) Given alphabets A and B, a push-downtransducer T = (A�; B�;�; 
0; Q; I; F; E)|a.k.a. algebraic transducer|consists of astack alphabet �, a non-empty word 
0 in �+ called the initial stack word, a �nite setQ of states, a set I � Q of initial states, a set F � Q of �nal states, and a �nite setof transitions (a.k.a. edges) E � Q� A� �B� � �� �� �Q.Free monoidsA� andB� are often removed for commodity, when clear from the context.A transition (q; x; y; g; 
; q0) 2 E is usually written q xjy:g!
�! q0. The push-down automataand rational transducer vocabularies are inherited.A con�guration of a push-down automaton is a quadruple (u; v; q; 
), where (u; v)is the pair of word to be accepted or rejected, q is the current state and 
 2 �� isthe word composed of symbols in the stack. The transition between two con�gurationsc1 = (u1; v1; q1; 
1) and c2 = (u2; v2; q2; 
2) is denoted by relation 7! and de�ned by c 7�! c0i� there exist (x; y; g; 
; 
0) 2 A� � B� � �� �� � �� such thatu1 = xu2 ^ v1 = yv2 ^ 
1 = 
0g ^ 
2 = 
0
 ^ (q1; x; y; g; 
; q2) 2 E:Then p7�! with p 2 N , +7�! and �7�! are de�ned as usual.A push-down transducer T = (�; 
0; Q; I; F; E) is said to realize the relation R, when(u; v) 2 R i� there exist (qi; qf ; 
) 2 I � F � �� such that(u; v; qi; 
0) �7�! ("; "; qf ; 
):



3.5. BEYOND RATIONAL RELATIONS 115A push-down transducer T = (�; 
0; Q; I; F; E) is said to realize the relation R, when(u; v) 2 R i� there exist (qi; qf ) 2 I � F such that(u; v; qi; 
0) �7�! ("; "; qf ; "):Notice that realization by empty stack implies realization by �nite state: qf is still requiredto be in the set of �nal states.De�nition 3.21 (algebraic relation) The class of relations realized by �nal state orby empty stack by push-down transducers is called the class of algebraic relations.As for rational relations, the following characterization of algebraic relations is fun-damental: it allows to express algebraic relations by means of algebraic languages andmonoid morphisms. A proof in a much more general case can be found in [Kar92]. (Bersteluses this theorem as a de�nition for algebraic relations in [Ber79].)Theorem 3.21 (Nivat) Let A and B be two alphabets. Then R is an algebraic relationover A� and B� i� there exist an alphabet C, two morphisms � : C� ! A�,  : C� !B�, and an algebraic language L � C� such thatR = f(�(h);  (h)) : h 2 Lg:To generalize Section 3.3.2, algebraic transductions are the functional counterpart ofalgebraic relations.Nivat's theorem can be formulated as follows for algebraic transductions:Theorem 3.22 (Nivat) Let A and B be two alphabets. Then � : A� ! B� is analgebraic transduction i� there exist an alphabet C, two morphisms � : C� ! A�, : C� ! B�, and an algebraic language L � C� such that8w 2 A� : �(w) =  (��1(w) \ L):Let us recall some useful properties of algebraic relations and transductions.Theorem 3.23 Algebraic relations are closed under union, concatenation, and the staroperation. They are also closed under composition with rational transductions (similarto Elgot and Mezei theorem). The image of a rational language by an algebraictransduction is an algebraic language (thanks to Nivat's theorem).The image of an algebraic language by an algebraic transduction may not be algebraic,but there are some interesting exceptions:Theorem 3.24 (Evey) Given a push-down transducer T , if L is the algebraic languagerealized by the input automaton of T (see De�nition 3.8), the image T (L) is analgebraic language.The following de�nition will be useful in some technical discussions and proofs in thefollowing. It formalizes the fact that a push-down transducer can be interpreted as apush-down automaton on a more complex alphabet. But beware: both interpretationshave di�erent properties in general.De�nition 3.22 Let T be a push-down transducer over alphabets A and B. The push-down automaton interpretation of T is a push-down automaton A over the alphabet(A�B)[ (A�f"g)[ (f"g�B) de�ned by the same stack alphabet, initial stack word,states, initial states, �nal states and transitions.



116 CHAPTER 3. FORMAL TOOLSAmong the usual decision problems, only the following are available for algebraicrelations:Theorem 3.25 The following problems are decidable for algebraic relations: whethertwo words are in relation (in linear time), emptiness, �niteness.Important remarks. In the following, every push-down transducer will implicitly ac-cept words by �nal state. Recognizable and rational relations were de�ned for any �nitelygenerated monoids, but algebraic relations are de�ned for free monoids only.Algebraic FunctionsThere are very few results about algebraic transductions that are partial functions. Hereis the de�nition:De�nition 3.23 (algebraic function) Let A and B be two alphabets. An algebraicfunction f : A� ! B� is an algebraic transduction which is a partial function, i.e. suchthat Card(f(u)) � 1 for all u 2 A�.However, we are not aware of any decidability result for an algebraic transduction tobe a partial function, and we believe that the most likely answer is negative.Among transducers realizing algebraic functions, we are especially interested in trans-ducers whose output can be \computed online" with its input. As for rational transducers,our interpretation for \online computation" is based on the determinism of the input au-tomaton:De�nition 3.24 (online algebraic transducer) An algebraic transducer is online ifit is a partial function and if its input automaton is deterministic. An algebraictransduction is online if it is realized by an online algebraic transducer.Nevertheless, we are not aware of any results for this class of algebraic functions; evendecidability of deterministic algebraic languages among algebraic ones is unknown.3.5.2 One-Counter RelationsAn interesting sub-class of algebraic relations is called the class of one-counter relations.It is de�ned through push-down transducers. A classical de�nition is the following:De�nition 3.25 A push-down transducer is a one-counter transducer if its stack alphabetcontains only one letter. An algebraic relation is a one-counter relation if it is realizedby a one-counter transducer (by �nal state).As for one-counter languages, we prefer a de�nition which is more suitable to ourpractical usage of one-counter relations.De�nition 3.26 (one-counter transducer and relation) A push-down transducer isa one-counter transducer if its stack alphabet contains three letters, Z (for \zero"),I (for \increment") and D (for \decrement") and if the stack word belongs to the(rational) set ZI�+ZD�. An algebraic relation is a one-counter relation if it is realizedby a one-counter transducer (by �nal state).



3.5. BEYOND RATIONAL RELATIONS 117It is easy to show that De�nition 3.26 describes the same family of languages as thepreceding classical de�nition.We use the same notations as for one-counter languages, see Section 3.2.4. The familyof one-counter relations is strictly included in the family of algebraic relations.Notice that using more than one counter gives the same expressive power as Turingmachines, as for multi-counter automata, see the last paragraph in Section 3.2.4 for furtherdiscussions about this topic.Now, why are we interested in such a class of relations? We will see in our programanalysis framework that we need to compose rational transductions over non-free monoids.Indeed, the well known theorem by Elgot and Mezei (Theorem 3.5 in Section 3.3) can be\partly" extended to any �nitely generated monoids:Theorem 3.26 (Elgot and Mezei) If M1 and M2 are �nitely generated monoids, Ais an alphabet, �1 : M1 ! A� and �2 : A� ! M2 are rational transductions, then�2 � �1 :M1 !M2 is a rational transduction.But this extension is not interesting in our case, since the \middle" monoid in ourtransduction composition is not free. More precisely, we would like to compute the com-position of two rational transductions �2 � �1, when �1 : A� ! Zn and �2 : Zn ! B�, forsome alphabets A and B and some positive integer n. Sadly, because of the commutativegroup nature of Z, composition of �2 and �1 is not a rational transduction in general. Anintuitive view of this comes from the fact that all \words" on Z of the form1 + 1 + � � �+ 1| {z }k �1� 1� � � � � 1| {z }kare equal to 0, but do not build a rational language in f1;�1g� (they built a context-freeone).We have proven that such a composition yields a n-counter transduction in general,and the proof gives a constructive way to build a transducer realizing the composition:Theorem 3.27 Let A and B be two alphabets and let n be a positive integer. If �1 :A� ! Zn and �2 : Zn ! B� are rational transductions, then �2 � �1 : A� ! B� is an-counter transduction.Proof: We �rst suppose that n is equal to 1. Let T1 = (A�;Z; Q1; I1; F1; E1) realize�1 and T2 = (Z; B�; Q2; I2; F2; E2) realize �2. We de�ne a one-counter transducerT 01 = (A�; B�; 0; Q1; I1; F1; E 01)|with no output on B�|from T1: if (q; u; v; q0) 2 E1then (q; u; "; ";+v ; q0) 2 E 01 (no counter check). Similarly, we de�ne a one-countertransducer T 02 = (A�; B�; 0; : : : ; cn0 ; Q2; I2; F2; E 02)|with no input from A�|from T2:if (q; u; v; q0) 2 E2 then (q; "; v; ";�u ; q0) 2 E 02 (no counter check). Intuitively, theoutput of T1 and T2 are replaced by counter updates in T 01 and opposite counterupdates in T 02 .Then we de�ne a one-counter transducer T = (A�; B�; 0; Q1 [Q2 [ fqFg; I1; fqFg; E)as a kind of concatenation of T 01 and T 02 :� if e 2 E 01 then e 2 E;� if e 2 E 02 then e 2 E;



118 CHAPTER 3. FORMAL TOOLS� if q1 2 F1 and q2 2 I2 then (q1; "; "; "; "; q2) 2 E (neither counter check nor counterupdate);� if q2 2 F2 then (q2; "; ";=0 ; "; qF ) 2 E (no counter update);� no other transition is in E.Intuitively, T accepts pairs of words (u; v) when (u; ") would be accepted by T1, ("; v)would be accepted by T2 and the counter is zero when reaching state qF . Then, T isa one-counter transducer and recognizes �2 � �1.Finally, if n is greater than 1, the same construction can be applied to each dimensionof Zn, and the associated counter check and updates can be combined to build an-counter transducer realizing �2 � �1. �Theorem 3.27 will be used in Section 4.3 to prove properties of the dependence analysis.In practice, we will restrict ourselves to n = 1 applying conservative approximationsdescribed in Section 3.7, either on �1 and �2 or on the multi-counter composition.We now require an additional formalization of the rational transducer \skeleton" of apush-down transducer.De�nition 3.27 (underlying rational transducer) Let T = (�; 
0; Q; I; F; E) be apush-down transducer. We can build a rational transducer T 0 = (Q; I; F; E 0) from Tin setting (q; x; y; q0) 2 E 0 () 9g 2 �; 
 2 �� : (q; x; y; g; 
; q0) 2 E:The underlying rational transducer of T is the rational transducer obtained in trimmingT 0 and removing all transitions labeled "j".Looking at the proof of Theorem 3.27, there is a very interesting property abouttransducer T realizing �2 � �1: the transmission rate of every cycle in T is either 0 or +1.Thanks to Lemma 3.5 in Section 3.4, we have proven the following result:Proposition 3.13 Let A and B be two alphabets and let n be a positive integer. Let�1 : A� ! Zn and �2 : Zn ! B� be rational transductions and let T be a n-countertransducer realizing �2 � �1 : A� ! B� (computed from Theorem 3.27). Then, theunderlying rational transducer of T is recognizable.Applications of this result include closure under intersection with any rational trans-duction, thanks to the technique presented in Section 3.6.2.Eventually, when studying abstract models for data structures, we have seen thatnested trees and arrays are neither modeled by free monoids nor by free commutativemonoids. Their general structure is called a free partially commutative monoid, see Sec-tion 2.3.3. Let A and B be two alphabets, and M be such a monoid with binary opera-tion �. We still want to compute the composition of rational transductions �2 � �1, when�1 : A� ! M and �2 : M ! B�. The following result is an extension of Theorem 3.27,and its proof is still constructive:Theorem 3.28 Let A and B be two alphabets and letM be a free partially commutativemonoid. If �1 : A� ! M and �2 : M ! B� then �2 � �1 : A� ! B� is a multi-countertransduction. The number of counters is equal to the maximum dimension of vectorsin M (see De�nition 2.6).



3.6. MORE ABOUT INTERSECTION 119Proof: Because the full proof is rather technical while its intuition is very natural, weonly sketch the main ideas. Considering two rational transducers T1 and T2 realizing�1 and �2 respectively, we start applying the classical composition algorithm for freemonoids to build a transducer T realizing �2 � �1. But this time, T will be multi-counter, every counter is initialized to 0, and transitions generated by the classicalcomposition algorithm simply ignore the counters.Now, every time a transition of T1 writes a vector v (resp. T2 reads a vector v), the\normal execution" of the classical composition algorithm is \suspended", only tran-sitions reading (resp. writing) vectors of the same dimension as v are considered in T2(resp. T1), and v is added to the counters using the technique in Theorem 3.27. Whena letter is read or written during the \suspended mode", each counter is checked forzero before \resuming" the \normal execution" of the classical composition algorithm.The result is a transducer with rational and multi-counter parts, separated by checksfor zero. �Theorem 3.28 will also be used in Section 4.3.3.6 More about IntersectionIntersecting relations is a major issue in our analysis and transformation framework. Wehave seen that this operation neither preserve the rational property nor the algebraicproperty of a relation; but we have also found sub-classes of relations, closed under in-tersection. The purpose of this section is to extend these sub-classes in order to supportspecial cases of intersections.3.6.1 Intersection with Lexicographic OrderFor the purpose of dependence analysis, we have already mentioned the need for intersec-tions with the lexicographic order. Indeed, the class of left-synchronous relations includesthe lexicographic order and is closed under intersection.In this section, we restrict ourselves to the case of relations over A� � A� for somealphabet A. We will describe a class larger than synchronous relations over A��A� whichis closed under intersection with the lexicographic order only.6De�nition 3.28 (pseudo-left-synchronism) Let A be an alphabet. A rational trans-ducer T = (A;A;Q; I; F; E) (same alphabet A) is pseudo-left-synchronous if there exista partition of the set of states Q = QI [QS [QT satisfying the following conditions:(i) any transition between states of QI is labeled xjx for some a in A;(ii) any transition between a state of QI and a state of QT is labeled xjy for some x 6= yin A;(iii) the restriction of T to states in QI [QS is left-synchronous.A rational relation or transduction is pseudo-left-synchronous if it is realized by apseudo-left-synchronous transducer. A rational transducer is pseudo-left-synchronizableif it realizes a pseudo-left-synchronous relation.6This class is not comparable with the class of deterministic relations proposed in De�nition 3.19 ofSection 3.4.7.



120 CHAPTER 3. FORMAL TOOLSAn intuitive view of this de�nition would be that a pseudo-left-synchronous transducersatis�es the left-synchronism property everywhere but after transitions labeled xjy withx 6= y. The motivation for such a de�nition comes from the following result:Proposition 3.14 The class of pseudo-left-synchronous relations is closed under inter-section with the lexicographic order.Proof: Because the non-left-synchronous part is preceded by transitions labeled xjywith x 6= y, which are themselves preceded by transitions labeled xjx, intersection withthe lexicographic order becomes straightforward on this part: if x < y the transitionis kept in the intersection, otherwise it is removed. Intersecting the left-synchronouspart is done thanks to Theorem 3.14. �Another intersecting result is the following:Proposition 3.15 Intersecting a pseudo-left-synchronous relation with the identity re-lation yields a left-synchronous relation.Proof: Same idea as the preceding proof, but transitions xjy with x 6= y are nowremoved every time. �Of course, pseudo-left-synchronous relations are closed under union, but not intersec-tion, complementation and composition.Eventually, the constructive proof of Theorem 3.19 can be modi�ed to look for pseudo-left-synchronous relations: when a transition labeled xjy is found after a path of transitionslabeled xjx, leave the following transitions unchanged.3.6.2 The case of Algebraic RelationsWhat about intersection of algebraic relations? The well known result about closure ofalgebraic languages under intersection with rational languages has no extension to alge-braic relations. Still, it is easy to see that there is a property similar to left-synchronismwhich brings partial intersection results for algebraic relations.Proposition 3.16 Let R1 be an algebraic relation realized by a push-down trans-ducer whose underlying rational transducer is left-synchronous, and let R2 be a left-synchronous relation. Then R1 \R2 is an algebraic relation, and one may compute apush-down transducer realizing the intersection whose underlying rational transduceris left-synchronous.Proof: Let T1 be a push-down automaton realizing R1 whose underlying rationaltransducer T 01 is left-synchronous, and let T2 be a left-synchronous realization of R2.The proof comes from the fact that intersecting T 01 and T2 can be done without \for-getting" the original stack operation associated with each transition in T1. This isdue to the cross-product nature of the intersection algorithm for �nite-state automata(which also applies to left-synchronous transducers). �



3.7. APPROXIMATING RELATIONS ON WORDS 121Of course, the pseudo-left-synchronism property can be used instead of the left-synchronous one, yielding the following result:Proposition 3.17 Let A be an alphabet and let R be an algebraic relation over A��A�realized by a push-down transducer whose underlying rational transducer is pseudo-left-synchronous. Then intersecting R with the lexicographic order (resp. identity rela-tion) yields an algebraic relation, and one may compute a push-down transducer real-izing the intersection whose underlying rational transducer is pseudo-left-synchronous(resp. left-synchronous).3.7 Approximating Relations on WordsThis section is a transition between the long study of mathematical tools exposed in thischapter and applications of these tools to our analysis and transformation framework.Remember we have seen in Section 2.4 that exact results were not required for data-
owinformation, and that our program transformations were based on conservative approxi-mations of sets and relations. Studying approximations is rather unusual when dealingwith words and relations between words, but we will show its practical interest in thenext chapters.Of course, such conservative approximations must be as precise as possible, and exactresults should be looked for every time it is possible. Indeed, approximations are neededonly when a question or an operation on rational or algebraic relations is not decidable.Our general approximation scheme for rational and algebraic relations is thus to �nd aconservative approximation in a smaller class which supports the required operation orfor which the required question is decidable.3.7.1 Approximation of Rational Relations by Recognizable Re-lationsSometimes a recognizable approximation of a rational relation may be needed. If R is arational relation realized by a rational transducer T = (Q; I; F; E), the simplest way tobuild a recognizable relation K which is larger than R is to de�ne K as the product ofinput and output languages of R.A smarter approximation is to consider each pair (qi; qf) of initial and �nal states in T ,and to de�ne Kqi;qf as the product of input and output languages of the relation realizedby (Q; fqig; fqfg; E). Then K is de�ned as the union of all Kqi;qf for all (qi; qf ) 2 I � F .This builds a recognizable relation thanks to Mezei's Theorem 3.3.The next level of precision is achieved in considering each strongly-connected compo-nent in T and approximating it with the preceding technique. The resulting relation Kis still recognizable, thanks to Mezei's theorem. This technique will be considered in thefollowing when looking for a recognizable approximation of a rational relation.3.7.2 Approximation of Rational Relations by Left-SynchronousRelationsBecause recognizable approximations are not precise enough in general, and because theclass of left-synchronous relations retains most interesting properties of recognizable re-lations, we will rather approximate rational relations by left-synchronous ones.



122 CHAPTER 3. FORMAL TOOLSThe key algorithm in this context is based on the constructive proof of Theorem 3.19presented in Section 3.4.5. In practical cases, it often returns a left-synchronous transducerand no approximation is necessary. When it fails, it means that some strongly-connectedcomponent could not be resynchronized. The idea is then to approximate this stronglyconnected component by a recognizable relation, and then to restart the resynchronizationalgorithm.For better e�ciency, all strongly-connected components whose transmission rate isnot 0, 1 or +1 should be approximated this way in a �rst stage. In the same stage, ifa strongly-connected component C whose transmission rate is 1 follows some strongly-connected components C1; : : : ; Cn whose transmission rates are 0 or +1, then a recogniz-able approximation KC of C should be added to the transducer with same outgoing tran-sitions as C, and all paths from C1; : : : ; Cn to C should now lead to KC . Applying such a�rst stage guarantees that the resynchronization algorithm will return a left-synchronousapproximation of R, thanks to Theorem 3.19.Eventually, when trying to intersect a rational transducer with the lexicographic order,we are looking for a pseudo-left-synchronous approximation. The same technique as beforecan then be applied, using the extended version of Theorem 3.19 proposed in Section 3.6.3.7.3 Approximation of Algebraic and Multi-Counter RelationsThere are two very di�erent techniques when approximating algebraic relations. The sim-plest one is used to give conservative results to a few undecidable questions for algebraictransducers that are decidable for rational ones. It consists in taking the underlying ratio-nal transducer as a conservative approximation. Precision can be slightly improved whenthe stack size is bounded: the �nite number of possible stack words can be encoded instate names. This may induce a large increase of the number of states. The second tech-nique is used when looking for an intersection with a left-synchronous relation: it consistsin approximating the underlying rational transducer with a left-synchronous (or pseudo-left-synchronous) one without modifying the stack operations. In fact, stack operationscan be preserved in the resynchronization algorithm (associated with Theorem 3.19), butthey are obviously lost when approximating a strongly-connected component with a rec-ognizable relation. Which technique is applied will be stated every time an approximationof an algebraic relation is required.Eventually, we have seen that composing two rational transductions over Zn yields an-counter transduction by Theorem 3.27. Approximation by a one-counter transductionthen consists in saving the value of bounded counters into new states names, then removingall unbounded counters but one. Smart choices of the remaining counter and attempts tocombine two counters into one have not been studied yet, and are left for future work.



123
Chapter 4Instancewise Analysis for RecursiveProgramsEven though dependence information is at the core of virtually all modern optimizingcompilers, recursive programs have not received much attention. When considering in-stancewise dependence analysis for recursive data structures, less than three papers havebeen published. Even worse is the state of the art in reaching de�nition analysis: be-fore our recent results for arrays [CC98], no instancewise reaching de�nition analysis forrecursive programs has been proposed.Considering the program model proposed in Chapter 2, we now focus on dependenceand reaching de�nition analysis at the run-time instance level. The following presentationis built on our previous work on the subject [CCG96, Coh97, Coh99a, Fea98, CC98], buthas been going through several major evolutions. It results in a much more general andmathematically sound framework, with algorithms for automation of the whole analysisprocess, but also in a more complex presentation. The primary goal of this work is rathertheoretical: we look for the highest precision possible. Beyond this important target, wewill show in a later chapter (see Section 5.5) how this precise information can be usedto outperform current results in parallelization of recursive programs, and also to enablenew program transformation techniques.We start our presentation with a few motivating examples, then discuss inductionvariable and storage mapping function computation in Section 4.2, the general analysistechnique is presented in Section 4.3, with questions speci�c to particular data structuresdeferred to the next sections. Eventually, Section 4.7 compares our results with staticanalyses and with recent works on instancewise analysis for loop nests.4.1 Motivating ExamplesStudying three examples, we present an intuitive 
avor of the instancewise dependenceand reaching de�nition analyses for recursive control and data structures.4.1.1 First Example: Procedure QueensOur �rst example is still the procedure Queens, presented in Section 2.3. It is reproducedhere in Figure 4.1.a with a partial control tree.Studying accesses to array A, our purpose is to �nd dependences between run-timeinstances of program statements. Let us study instance FPIAAaAaAJQPIAABBr of state-



124 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];P void Queens (int n, int k) {I if (k < n) {A=A=a for (int i=0; i<n; i++) {B=B=b for (int j=0; j<k; j++)r � � � = � � � A[j] � � �;J if (� � �) {s A[k] = � � �;Q Queens (n, k+1);}}}}int main () {F Queens (n, 0);}Figure 4.1.a. Procedure Queens
�FPIAAJs �FPIAAaAJs �FPIAAaAaAJswrite A[0] FFPIAAaAaAJQPIAABBr reads A[0]

FPIAA aA aAJ J Js s s QPIAAJ BBrFigure 4.1.b. Compressed control tree. . . . . . . . . . . . . . . . . . . . Figure 4.1. Procedure Queens and control tree . . . . . . . . . . . . . . . . . . . .ment r, depicted as a star in Figure 4.1.b. In order to �nd some dependences, we wouldlike to know which memory location is accessed. Since j is initialized to 0 in state-ment B, and incremented by 1 in statement b, we know that the value of variable j atFPIAAaAaAJQPIAABBr is 0, so FPIAAaAaAJQPIAABBr reads A[0].We now consider instances of s, depicted as squares: since statement s writes intoA[k], we are interested in the value of variable k: it is initialized to 0 in main (by the�rst call Queens(n, 0)), and incremented at each recursive call to procedure Queens instatement Q. Thus, instances such as FPIAAJs, FPIAAaAJs or FPIAAaAaAJs write intoA[0], and are therefore in dependence with FPIAAaAaAJQPIAABBr.Let us now derive which of these de�nitions reaches FPIAAaAaAJQPIAABBr. Lookingagain at Figure 4.1.b, we notice that instance FPIAAaAaAJs|denoted by a black square|is, among the three possible reaching de�nitions that are shown, the last to execute. And itdoes execute: since we assume that FPIAAaAaAJQPIAABBr executes, then FPIAAaAaAJ(hence FPIAAaAaAJs) has to execute. Therefore, other instances writing in the samearray element, such as FPIAAJs and FPIAAaAJs, cannot reach the read instance, sincetheir value is always overwritten by FPIAAaAaAJs.1 Noticing that no other instance ofs could execute after FPIAAaAaAJs, we can ensure that FPIAAaAaAJs is the reachingde�nition of FPIAAaAaAJQPIAABBr. We will show later how this simple approach tocomputing reaching de�nitions can be generalized.1FPIAAaAaAJs is then called an ancestor of FPIAAaAaAJQPIAABBr, to be formally de�ned later.



4.1. MOTIVATING EXAMPLES 1254.1.2 Second Example: Procedure BSTLet us now look at procedure BST, as shown in Figure 4.2. This procedure swaps nodevalues to convert a binary tree into a binary search tree (BST). Nodes of the tree structureare referenced by pointers; p->l (resp. p->r) denotes the pointer to the left (resp. right)child of the node pointed by p; p->value denotes the integer value of the node.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .P void BST (tree *p) {I1 if (p->l!=NULL) {L BST (p->l);I2 if (p->value < p->l->value) {a t = p->value;b p->value = p->l->value;c p->l->value = t;}}J1 if (p->r!=NULL) {R BST (p->r);J2 if (p->value > p->r->value) {d t = p->value;e p->value = p->r->value;f p->r->value = t;}}}int main () {F if (root!=NULL) BST (root);}

PI1I2a b c
J1J2d e f

FPI1 J1LP RP
I2 J2a b c d e f

. . . . . . . . . . . . Figure 4.2. Procedure BST and compressed control automaton . . . . . . . . . . . .There are few dependences on program BST. If u is an instance of block I2, then thereare anti-dependences between the �rst read access in u and instance ub, between thesecond read access in u and uc, between the read access in instance ua and instance ub,and between the read access in ub and instance uc. It is the same for an instance v ofblock J2: there is an anti-dependence between the �rst read access in u and ue, betweenthe read access in u and uf , between the read access in ud and ue, and between the readaccess in ue and uf . No other dependences are found. We will show in the following howto compute this result automatically. Eventually, a reaching de�nition analysis tells that? is the unique reaching de�niton of each read access.4.1.3 Third Example: Function CountOur last motivating example is function Count, as shown in Figure 4.3. It operates onthe inode structure presented in Section 2.3.3. This function computes the size of a �lein blocks, in counting terminal inodes.Since there is no write access to the inode structure, there are no dependences onthe Count program (not considering the other data structures, such as scalar c). How-



126 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .P int Count (inode *p) {I if (p->terminal)a return p->length;E else {b c = 0;L=L=l for (int i=0; i<p->length; i++)c c += Count (p->n[i]);d return c;}}int main () {F Count (file);}
PIa Eb L d
FPI Ea b LL dcP lL. . . . . . . . . . . Figure 4.3. Procedure Count and compressed control automaton . . . . . . . . . . .ever, an interesting result for cache optimization techniques [TD95] would be that eachmemory location is read only once. We will show that this information can be computedautomatically by our analysis techniques.4.1.4 What Next?In the rest of this chapter, we formalize the concepts introduced above. In Section 4.2,we compute maps from instance names to data-element names. Then, the dependenceand reaching de�nitions relation are computed in Section 4.3.4.2 Mapping Instances to Memory LocationsIn Section 2.4, we de�ned storage mappings from accesses|i.e. pairs of a run-time instanceand a reference in the statement|to memory locations. To abstract the e�ect of everystatement instance, we need to make explicit these functions. This is done through theuse of induction variables.After a few de�nitions and additional restrictions of the program model, we showthat induction variables are described by systems of recurrence equations, we prove afundamental resolution theorem for such systems, and �nally we apply this theorem in analgorithm to compute storage mappings.To simplify the notations of variables and values, we write \v" for the name of anexisting program variable, and \v" is an abbreviation for \the value of variable \v".4.2.1 Induction VariablesWe now extend the classical concept of induction variable|strongly connected with nestedloops|to recursive programs. To simplify the exposition, we suppose that every integeror pointer variable that is local to a procedure or global to the program has a uniquedistinctive name. This allows quick and non-misleading wordings such as \variable i",



4.2. MAPPING INSTANCES TO MEMORY LOCATIONS 127and has no e�ect on the generality of the approach. Compared to classical works withnests of loops [Wol92], we have a rather original de�nition of induction variables:� integer arguments of a function that are initialized to a constant or to an integerinduction variable plus constant (e.g. incremented or decremented by a constant),at each procedure call;� integer loop counters that are incremented (or decremented) by a constant at eachloop iteration;� pointer arguments that are initialized to a constant or to a possibly dereferencedpointer induction variable, at each procedure call;� pointer loop variables that are dereferenced at each loop iteration;For example, suppose i, j and k are integer variables, p and q are pointer variablesto a list structure with a member next of type list*, and Compute is some procedurewith two arguments. In the code in Figure 4.4, reference 2*i+j appears in a non-recursivefunction call, hence i, j, p and q are considered induction variables. On the opposite, kis not an induction variable because it retains its last value at the entry of the inner loop.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .void Compute (int i, list *p) {int j, k;list *q;� � �for (q=p, k=0; q!=NULL; q=q->next)for (j=0; j<100; j+=2, k++)// recursive callCompute (j+1, q);� � �printf ("%d", 2*i+j);}. . . . . . . . . . . . . . . . . . . Figure 4.4. First example of induction variables . . . . . . . . . . . . . . . . . . .As a kind of syntactic sugar to increase the versatility of induction variables, somecases of direct assignments to induction variables are allowed|i.e. induction variableupdates outside of loop iterations and procedure calls. Regarding initialization and in-crement/decrement/dereference, the rules are the same than for a procedure call, butthere are two additional restrictions. These restrictions are those of the code motion[KRS94, Gup98] and symbolic execution techniques [Muc97] used to move each directassignment to some loop/procedure block surrounding it. After such a transformation,direct assignments can be interpreted as \executed at the entry of that block", the nameof the statement being replaced by the actual name of the block.Of course, symbolic execution techniques cannot convert all cases of direct assignationsinto legal induction variable updates, as shown by the following examples. Consideringthe program in Figure 4.5.a, i is an induction variable because the while loop can beconverted into a for loop on i, but j is not an induction variable since it is not initializedat the entry of the inner for loop. Considering the other program in Figure 4.5.b, variablei is not an induction variable because s is guarded by a conditional.



128 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int i=0, j=0, k, A[200];while (i<10) {for (k=0; k<10; k++) {j = j + 2;� � �;}r A[i] = A[i] + A[j];s i = i + 1;}Figure 4.5.a. Second example
int i, A[10, 10];for (i=0, j=0; i<10; i++) {if (� � �)s i = i + 2;r A[i, j] = � � �;}Figure 4.5.b. Third example. . . . . . . . . . . . . . . . . . Figure 4.5. More examples of induction variables . . . . . . . . . . . . . . . . . .Additional restrictions to the program model In comparison with the generalprogram model presented in Section 2.2, our analysis requires a few additional hypotheses:� every data structure subject to dependence or reaching de�nition analysis must bedeclared global (notice that local variables can be made global using explicit memoryallocations and stacks);� every array subscript must be an a�ne function of integer induction variables (notany integer variable) and symbolic constants;� every tree access must dereference a pointer induction variable (not any pointervariable) or a constant.4.2.2 Building Recurrence Equations on Induction VariablesDescribing con
icts between memory accesses is at the core of dependence analysis. Wemust be able to associate memory locations to memory references in statement instances(i.e. A[i], *p, etc.) by means of storage mappings. This analysis is done independentlyon each data-structure. For each induction veriable, we thus need a function mappinga control word to the associated value of the induction variable. In addition, the nextde�nition introduces a notation for the relation between control words and inductionvariable values.De�nition 4.1 (value of induction variables) Let � be a program statement orblock, and w be an instance of �. The value of variable i at instance w is de�nedas the value of i immediately after executing (resp. entering) instance w of statement(resp. block) �. This value is denoted by [[i]](w).For a program statement � and an induction variable i, we call [[i; �]] the set ofall pairs (u�; i) such that [[i]](u�) = i, for all instances u� of �.We consider pairs of elements in monoids, and to be consistent with the usual notationfor rational sets and relations, a pair (x; y) will be denoted by (xjy).In general, the value of a variable at a given control word depends on the execution.Indeed, an execution trace keeps all the information about variable updates, but not a



4.2. MAPPING INSTANCES TO MEMORY LOCATIONS 129control word. However, due to our program model restrictions, induction variables arecompletely de�ned by control words:Lemma 4.1 Let i be an induction variable and u a statement instance. If the value[[i]](u) depends on the e�ect of an instance v|i.e. the value depends on whether vexecutes or not|then v is a pre�x of u.Proof: Simply observe that only loop entries, loop iterations and procedure calls maymodify an induction variable, and that loop entries are associated with initialisationswhich \kill" the e�ect of all preceeding iterations (associated with non-pre�x controlwords). �For two program executions e; e0 2 E, the consequence of Lemma 4.1 is that storagemappings fe and fe0 coincides on Ae \ Ae0. This strong property allows to extend thecomputation of a storage mapping fe to the whole set A of possible accesses. With thisextension, all storage mappings for di�erent executions of a program coincides. We willthus consider in the following a storage mapping f independent on the execution.The following result states that induction variable are described by recurrence equa-tions:Lemma 4.2 Let (Mdata; �) be the monoid abstraction of the considered data structure.Consider a statement � and an induction variable i. The e�ect of statement � on thevalue if i is captured by one of the following equations:either 9� 2Mdata; j 2 induc : 8u� 2 Lctrl : [[i]](u�) = [[j]](u) � � (4.1)or 9� 2Mdata : 8u� 2 Lctrl : [[i]](u�) = � (4.2)where induc is the set of all induction variables in the program, including i.Proof: Consider an edge � in the control automaton. Due to our syntactical restric-tions, edge � corresponds to a statement in the program text that can modify i inonly two ways:� either there exist an induction variable j whose value is j 2 Mdata just beforeexecuting instance u� of statement � and a constant � 2 Mdata such that thevalue of i after executing instance u� is j � �|translation from a possibly identicalvariable;� or there exist a constant � 2Mdata such that the value of i after executing instanceu� is �|initialization. �Notice that, when accessing arrays, we allow general a�ne subscripts and not onlyinduction variables. Therefore we also build equations on a�ne functions a(i,j,� � � )of the induction variables. For example, if a(i,j,k) = 2*i+j-k then we have to buildequations on [[2 � i+ j� k]](u) knowing that [[2 � i+ j� k]](u) = 2[[i]](u) + [[j]](u) �[[k]](u).22We have indeed to generate new equations, since computing [[2 � i+ j� k]](u) from [[i]](u), [[j]](u)and [[k]](u) is not possible in general: variables i, j and k may have di�erent scopes.



130 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMSTo build systems of recurrent equations automatically, we need two additional nota-tions:Undefined is a polymorphic value for induction variables, [[i]](w) = Undefined meansthat variable i has an unde�ned value at instance w; it may also be the case that iis not visible at instance w;Arg(proc; num) stands for the numth actual argument of procedure proc.Algorithm Recurrence-Build applies Lemma 4.2 in turn for each statement in theprogram.Recurrence-Build (program)program: an intermediate representation of the programreturns a list of recurrence equations1 sys ?2 for each statement � in program3 do for each induction variable i in �4 do switch5 case � = for (i=init; � � �; � � �) : // loop entry6 sys sys [ f8u� 2 Lctrl : [[i]](u�) = initg7 case � = for (� � �; � � �; i=i+inc) : // loop iteration8 sys sys [ f8u� 2 Lctrl : [[i]](u�) = [[i]](u) � incg9 case � = for (� � �; � � �; i=i->inc) : // loop iteration10 sys sys [ f8u� 2 Lctrl : [[i]](u�) = [[i]](u) � incg11 case � = proc ( � � �|{z}m�1, var, � � �) :12 sys sys [ f8u� 2 Lctrl : [[Arg(proc; m)]](u�) = [[var]](u)g13 case � = proc ( � � �|{z}m�1, var+cst, � � �) :14 sys sys [ f8u� 2 Lctrl : [[Arg(proc; m)]](u�) = [[var]](u) � cstg15 case � = proc ( � � �|{z}m�1, var->cst, � � �) :16 sys sys [ f8u� 2 Lctrl : [[Arg(proc; m)]](u�) = [[var]](u) � cstg17 case � = proc ( � � �|{z}m�1, cst, � � �) :18 sys sys [ f8u� 2 Lctrl : [[Arg(proc; m)]](u�) = cstg19 case default :20 sys sys [ f8u� 2 Lctrl : [[i]](u�) = [[i]](u)g21 for each procedure p declared proc (type1 arg1, � � �, typen argn) in �22 do for m 1 to n23 do sys sys [ f8up 2 Lctrl : [[argm]](up) = [[Arg(proc; m)]](u)g24 return sysNow, suppose that there exist a statement �, two induction variables i and j, and aconstant � 2Mdata such that [[i]](u�) = [[j]](u) �� is an equation generated by Lemma 4.2.Transposed to [[i; �]]|the set of all pairs (u�j[[i]](u�))|it says that(ujj) 2 [[j; �0]] =) (u�jj ��) 2 [[i; �]];for all statements �0 that may precede � in a valid control word u. Second, suppose thatthere exist a statement �, an induction variables i, and a constant � 2 Mdata such that



4.2. MAPPING INSTANCES TO MEMORY LOCATIONS 131[[i]](u�) = � is an equation generated by Lemma 4.2. Transposed to [[i; �]], it says that(uji) 2 [[i; �0]] =) (u�j�) 2 [[i; �]];for all statements �0 that may precede � in a valid control word u. These two observa-tions allow to build a new system involving equations on sets [[i; �]] from the result ofRecurrence-Build. Algorithm to achieve this is called Recurrence-Rewrite: thetwo conditionals in Recurrence-Rewrite are associated with u = ", i.e. with recur-rence equations of the form [[i]](�) = [[j]](")� ([[j]](") is an unde�ned value) or [[i]](�) = �,and the two loops on �0 consider predecessors of �.Recurrence-Rewrite (program; system)program: an intermediate representation of the programsystem: a system of recurrence equations produced by Recurrence-Buildreturns a rewritten system of recurrence equations1 Lctrl  language of control words of program2 new  ?3 for each equation 8u� 2 Lctrl : [[i]](u�) = [[j]](u) � � in system4 do if � 2 Lctrl5 then new  new [ f(�jj ��) 2 [[i; �]]g6 for each �0 such that (��ctrl�0� \ Lctrl) 6= ?7 do new  new [ f8u� 2 Lctrl : (ujj) 2 [[j; �0]]) (u�jj � �) 2 [[i; �]]g8 for each equation 8u� 2 Lctrl : [[i]](u�) = � in system9 do if � 2 Lctrl10 then new  new [ f(�j�) 2 [[i; �]]g11 for each �0 such that (��ctrl�0� \ Lctrl) 6= ?12 do new  new [ f8u� 2 Lctrl : (uji) 2 [[i; �0]]) (u�j�) 2 [[i; �]]g13 return newAlgorithms Recurrence-Build and Recurrence-Rewrite are now applied toprocedure Queens. There are three induction variables, i, j and k; but variable i is notuseful for computing storage mapping functions. We get the following equations:From main call F : [[Arg(Queens; 2)]](F ) = 0From procedure P : 8uP 2 Lctrl : [[k]](uP ) = [[Arg(Queens; 2)]](u)From recursive call Q: 8uQ 2 Lctrl : [[Arg(Queens; 2)]](uQ) = [[k]](u) + 1From entry B of loop B=B=b: 8uB 2 Lctrl : [[j]](uB) = 0From iteration b of loop B=B=b: 8ub 2 Lctrl : [[j]](ub) = [[j]](u) + 1All other statements let induction variables unchanged or unde�ned:[[j]](F ) = Undefined8uP 2 Lctrl : [[j]](uP ) = Undefined8uI 2 Lctrl : [[j]](uI) = Undefined8uA 2 Lctrl : [[j]](uA) = Undefined8uA 2 Lctrl : [[j]](uA) = Undefined8ua 2 Lctrl : [[j]](ua) = Undefined8uB 2 Lctrl : [[j]](uB) = [[j]](u)8ur 2 Lctrl : [[j]](ur) = [[j]](u)8uJ 2 Lctrl : [[j]](uJ) = [[j]](u)8uQ 2 Lctrl : [[j]](uQ) = Undefined8us 2 Lctrl : [[j]](us) = Undefined



132 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS[[k]](F ) = Undefined8uI 2 Lctrl : [[k]](uI) = [[k]](u)8uA 2 Lctrl : [[k]](uA) = [[k]](u)8uA 2 Lctrl : [[k]](uA) = [[k]](u)8ua 2 Lctrl : [[k]](ua) = [[k]](u)8uB 2 Lctrl : [[k]](uB) = [[k]](u)8uB 2 Lctrl : [[k]](uB) = [[k]](u)8ub 2 Lctrl : [[k]](ub) = [[k]](u)8ur 2 Lctrl : [[k]](ur) = [[k]](u)8uJ 2 Lctrl : [[k]](uJ) = [[k]](u)8uQ 2 Lctrl : [[k]](uQ) = [[k]](u)8us 2 Lctrl : [[k]](us) = [[k]](u)Now, recall that [[j; �]] (resp. [[k; �]]) is the set of all pairs (u�jj) (resp. (u�jk)) such that[[j]](u�) = j (resp. [[k]](u�) = k), for all instances u� of a statement �. From equationsabove, Recurrence-Rewrite yields:8>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>:

(F jUndefined) 2 [[j; F ]]8uP 2 Lctrl : (ujj) 2 [[j; F ]] ) (uP jUndefined) 2 [[j; P ]]8uP 2 Lctrl : (ujj) 2 [[j; Q]] ) (uP jUndefined) 2 [[j; P ]]8uI 2 Lctrl : (ujj) 2 [[j; P ]] ) (uIjUndefined) 2 [[j; I ]]8uA 2 Lctrl : (ujj) 2 [[j; I]] ) (uAjUndefined) 2 [[j; A]]8uA 2 Lctrl : (ujj) 2 [[j; A]] ) (uAjUndefined) 2 [[j; A]]8uA 2 Lctrl : (ujj) 2 [[j; a]] ) (uAjUndefined) 2 [[j; A]]8ua 2 Lctrl : (ujj) 2 [[j; A]] ) (uajUndefined) 2 [[j; a]]8uB 2 Lctrl : (ujj) 2 [[j; A]] ) (uBj0) 2 [[j; B]]8uB 2 Lctrl : (ujj) 2 [[j; B]] ) (uBjj) 2 [[j; B]]8uB 2 Lctrl : (ujj) 2 [[j; b]] ) (uBjj) 2 [[j; B]]8ub 2 Lctrl : (ujj) 2 [[j; B]] ) (ubjj + 1) 2 [[j; b]]8ur 2 Lctrl : (ujj) 2 [[j; B]] ) (urjj) 2 [[j; r]]8uJ 2 Lctrl : (ujj) 2 [[j; A]] ) (uJ jUndefined) 2 [[j; J ]]8uQ 2 Lctrl : (ujj) 2 [[j; J ]] ) (uQjUndefined) 2 [[j; Q]]8us 2 Lctrl : (ujj) 2 [[j; J ]] ) (usjUndefined) 2 [[j; s]]



4.2. MAPPING INSTANCES TO MEMORY LOCATIONS 1338>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(F jUndefined) 2 [[k; F ]]8uP 2 Lctrl : (ujx) 2 [[Arg(Queens; 2); F ]] ) (uP jx) 2 [[k; P ]]8uP 2 Lctrl : (ujx) 2 [[Arg(Queens; 2); Q]] ) (uP jx) 2 [[k; P ]]8uI 2 Lctrl : (ujk) 2 [[k; P ]] ) (uIjk) 2 [[k; I]]8uA 2 Lctrl : (ujk) 2 [[k; I ]] ) (uAjk) 2 [[k; A]]8uA 2 Lctrl : (ujk) 2 [[k; A]] ) (uAjk) 2 [[k; A]]8uA 2 Lctrl : (ujk) 2 [[k; a]] ) (uAjk) 2 [[k; A]]8ua 2 Lctrl : (ujk) 2 [[k; A]] ) (uajk) 2 [[k; a]]8uB 2 Lctrl : (ujk) 2 [[k; A]] ) (uBjk) 2 [[k; B]]8uB 2 Lctrl : (ujk) 2 [[k; B]] ) (uBjk) 2 [[k; B]]8uB 2 Lctrl : (ujk) 2 [[k; b]] ) (uBjk) 2 [[k; B]]8ub 2 Lctrl : (ujk) 2 [[k; B]] ) (ubjk) 2 [[k; b]]8ur 2 Lctrl : (ujk) 2 [[k; B]] ) (urjk) 2 [[k; r]]8uJ 2 Lctrl : (ujk) 2 [[k; A]] ) (uJ jk) 2 [[k; J ]]8uQ 2 Lctrl : (ujk) 2 [[k; J ]] ) (uQjk) 2 [[k; Q]]8us 2 Lctrl : (ujk) 2 [[k; J ]] ) (usjk) 2 [[k; s]](F j0) 2 [[Arg(Queens; 2); F ]]8uQ 2 Lctrl : (ujk) 2 [[k; J ]] ) (uQjk + 1) 2 [[Arg(Queens; 2); Q]]4.2.3 Solving Recurrence Equations on Induction VariablesThe following result is at the core of our analysis technique, but it is not limited to thispurpose. It will be applied in the next section to the system of equations returned byRecurrence-Rewrite.Lemma 4.3 Consider two monoids L and M with respective binary operations � and ?.Let R be a subset of L�M de�ned by a system of equations of the form(E1) 8l 2 L;m1 2M : (ljm1) 2 R1 =) (l ��1jm1 ? �1) 2 Rand (E2) 8l 2 L;m2 2 M : (ljm2) 2 R2 =) (l ��2j�2) 2 R;where R1 � L�M and R2 � L�M are some set variables constrained in the system(possibly equal to R), �1; �2 are constants in L and �1; �2 are constants in M . Then,R is a rational set.Proof: Our �rst task is to convert these expressions on unstructured elements of Land M , into expressions in the monoid L�M . Then our second task is to derive setexpressions in L�M , of the form set � constant � set or constant � set (the inducedoperation is denoted by \�"). Indeed, the right-hand-side of (E1) can be written(ljm1) � (�1j�1) 2 R:Thus, (E1) gives R1 � (�1j�1) � R:The right-hand-side of (E2) can also been written(lj") � (�2j�2) 2 Rbut (lj") is neither a variable nor a constant of L�M .



134 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMSTo overcome this di�culty, we call R" the set of all pairs (lj") such that 9m 2 M :(ljm) 2 R. It is clear that R" satis�es the same equations as R with all right pairmembers replaced by ". Now, (E2) yields two equations:R"2 � (�2j") � R" and R" � ("j�2) � R:At last, if the only equations on R are (E1) and (E2), we haveR" = R1 � (�1j") +R"2 � (�2j")R = R1 � (�1j�1) +R" � ("j�2)More generally, applying this process to R1, R2 and to every subset of L�M describedin the system, we get a new system of regular equations de�ning R. It is well knownthat such equations de�ne a rational subset of L�M . �Thanks to classical list operations Insert, Delete and Member (systems are en-coded as lists of equations), and to string operation Concat (equations are encodedas strings), algorithm Recurrence-Solve gives an automatic way to solve systems ofequations of the form (E1) or (E2).Recurrence-Solve (system)system: a list of recurrence equations of the form (E1) and (E2)returns a list of regular expressions1 sets ?2 for each implication \ (ljm) 2 A) (l ��jm?�) 2 B " in system3 do Insert (sets; fA � (�j�) � Bg)4 Insert (sets; fA" � (�j") � B"g)5 for each implication \ (ljm) 2 A) (l ��j�) 2 B " in system6 do Insert (sets; fB" � ("j�) � Bg)7 Insert (sets; fA" � (�j") � B"g)8 variables ?9 for each inclusion \ A � (xjy) � B " in sets10 do if Member (variables; B)11 then equation Delete (variables; B)12 Insert (variables;Concat (equation; \ +A � (xjy) "))13 else Insert (variables; \ B = A � (xjy) ")14 variables Compute-Regular-Expressions (variables)15 return variablesAlgorithm Compute-Regular-Expressions solves a system of regular equationsbetween rational sets, then returns a list of regular expressions de�ning these sets. Thesystem is seen as a regular grammar and resolution is done through variable substitution|when the variable in left-hand side does not appear in right-hand side|or Kleene starinsertion|when it does. Well known heuristics are used to reduce the size of the result,see [HU79] for details.4.2.4 Computing Storage MappingsThe main result of this section follows: we can solve recurrence equations in Lemma 4.2to compute the value of induction variables at control words.Theorem 4.1 The storage mapping f that maps every possible access in A to the mem-ory location it accesses is a rational function from ��ctrl to Mdata.



4.2. MAPPING INSTANCES TO MEMORY LOCATIONS 135Proof: Since array subscripts are a�ne functions of integer induction variables, andsince tree accesses are given by dereferenced induction pointers, one may generate asystem of equations according to Lemma 4.2 (or Recurrence-Build) for any reador write access.The result is a system of equations on induction variables. Thanks to Recurrence-Rewrite, this system is rewritten in terms of equations on sets of pairs (u�j[[i]](u�)),where u� is a control word and i is an iteration variable, describing the value ofi for any instance of statement �. We thus get a new system which inductivelydescribes subset [[i; �]] of ��ctrl �Mdata. Because this system satis�es the hypothesesof Lemma 4.3, we have proven that [[i; �]] is a rational set of ��ctrl �Mdata. Now, fora given memory reference in �, we know that pairs (wjf(w))|where w is an instanceof �|build a rational set. Hence f is a rational transduction from ��ctrl to Mdata.Because f is also a partial function, it is a rational function from ��ctrl toMdata. �The proof is constructive, thanks to Recurrence-Build and Recurrence-Solve,and Compute-Storage-Mappings is the algorithm to automatically compute storagemappings for a recursive program satisfying the hypotheses of Section 4.2.1. The resultis a list of rational transducers|converted by Compute-Rational-Transducer fromregular expressions|realizing the rational storage mappings for each reference in right-hand side.Compute-Storage-Mappings (program)program: an intermediate representation of the programreturns a list rational transducers realizing storage mappings1 system Recurrence-Build (program)2 new  Recurrence-Rewrite (program; system)3 list Recurrence-Solve (new)4 newlist ?5 for each regular expression reg in list6 do newlist newlist [Compute-Rational-Transducer (reg)7 return newlistLet us now apply Compute-Storage-Mappings on program Queens. Starting fromthe result of Recurrence-Rewrite, we apply Recurrence-Solve. Just before call-ing Compute-Regular-Expressions, we get the following system of regular equations:



136 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

[[j; F ]] = (F jUndefined)[[j; P ]] = [[j; F ]] � (P jUndefined) + [[j; Q]] � (P jUndefined)[[j; I]] = [[j; P ]] � (IjUndefined)[[j; A]] = [[j; I]] � (AjUndefined)[[j; A]] = [[j; A]] � (AjUndefined) + [[j; a]] � (AjUndefined)[[j; a]] = [[j; A]] � (ajUndefined)[[j; B]] = [[j; B]]" � ("j0)[[j; B]] = [[j; B]] � (Bj0) + [[j; b]] � (Bj0)[[j; b]] = [[j; B]] � (bj1)[[j; r]] = [[j; B]] � (rj0)[[j; J ]] = [[j; A]] � (J jUndefined)[[j; Q]] = [[j; J ]] � (QjUndefined)[[j; s]] = [[j; J ]] � (sjUndefined)[[j; F ]]" = (F j")[[j; P ]]" = [[j; F ]]" � (P j0) + [[j; Q]]" � (P j0)[[j; I]]" = [[j; P ]]" � (Ij0)[[j; A]]" = [[j; I]]" � (Aj0)[[j; A]]" = [[j; A]]" � (Aj0) + [[j; a]]" � (Aj0)[[j; a]]" = [[j; A]]" � (aj0)[[j; B]]" = [[j; A]]" � (Bj0)[[j; B]]" = [[j; B]]" � (Bj0) + [[j; b]]" � (Bj0)[[j; b]]" = [[j; B]]" � (bj0)[[j; J ]]" = [[j; A]]" � (J j0)[[j; Q]]" = [[j; J ]]" � (Qj0)8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

[[k; F ]] = (F jUndefined)[[k; P ]] = [[Arg(Queens; 2); F ]] � (P j0) + [[Arg(Queens; 2); Q]] � (P j0)[[k; I ]] = [[k; P ]] � (Ij0)[[k; A]] = [[k; I]] � (Aj0)[[k; A]] = [[k; A]] � (Aj0) + [[k; a]] � (Aj0)[[k; a]] = [[k; A]] � (aj0)[[k; B]] = [[k; A]] � (Bj0)[[k; B]] = [[k; B]] � (Bj0) + [[k; b]] � (Bj0)[[k; b]] = [[k; B]] � (bj0)[[k; r]] = [[k; B]] � (rj0)[[k; J ]] = [[k; A]] � (J j0)[[k; Q]] = [[k; J ]] � (Qj0)[[k; s]] = [[k; J ]] � (sj0)[[Arg(Queens; 2); F ]] = (F j0)[[Arg(Queens; 2); Q]] = [[k; J ]] � (Qj1)These systems|seen as regular grammars|can be solved with Compute-Regular-Expressions, yielding regular expressions. These expressions describe rational functionsfrom ��ctrl to Z, but we are only interested in [[j; r]] and [[k; s]] (accesses to array A):[[j; r]] = (FPIAAj0) � �(JQPIAAj0) + (aAj0)�� � (BBj0) � (bBj1)� � (rj0) (4.3)[[k; s]] = (FPIAAj0) � �(JQPIAAj1) + (aAj0)�� � (Jsj0) (4.4)



4.2. MAPPING INSTANCES TO MEMORY LOCATIONS 137Eventually, we have found the storage mapping function for every reference to the array:�(urjf(ur; A[j]))	 = (FPIAAj0) � �(JQPIAAj0) + (aAj0)�� � (BBj0) � (bBj1)� � (rj0)(4.5)�(usjf(us; A[k]))	 = (FPIAAj0) � �(JQPIAAj1) + (aAj0)�� � (Jsj0) (4.6)4.2.5 Application to Motivating ExamplesWe have already applied Compute-Storage-Mappings on program Queens, and werepeat the process for the two other motivating examples.Procedure BSTAlgorithm Compute-Storage-Mappings is now applied to procedure BST in Fig-ure 4.2. The only induction variable is p:From main call F : [[Arg(BST; 1)]](F ) = "From procedure BST: 8uP 2 Lctrl : [[k]](uP ) = [[Arg(BST; 1)]](u)From �rst recursive call L: 8uL 2 Lctrl : [[Arg(BST; 1)]](uL) = [[p]](u)lFrom second recursive call R: 8uR 2 Lctrl : [[Arg(BST; 1)]](uR) = [[p]](u)r:All other statements let the induction variable unchanged. Recall that [[p; �]] is theset of all pairs (ujp) such that [[p]](u) = p, for all instances u of a statement �. Fromequations above, this set satisfy the following regular equations:8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
[[p; P ]] = (FP j") + [[p; I1]] � (LP jl) + [[p; J1]] � (RP jr)[[p; I1]] = [[p; P ]] � (I1j")[[p; J1]] = [[p; P ]] � (J1j")[[p; I2]] = [[p; I1]] � (I2j")[[p; J2]] = [[p; J1]] � (J2j")[[p; a]] = [[p; I2]] � (aj")[[p; b]] = [[p; I2]] � (bj")[[p; c]] = [[p; I2]] � (cj")[[p; d]] = [[p; J2]] � (dj")[[p; e]] = [[p; J2]] � (ej")[[p; f ]] = [[p; J2]] � (f j")This system describes rational functions from ��ctrl to Z, but we are only interested in[[p; �]] for � 2 fI2; a; b; c; J2; d; e; fg (accesses to node values):8� 2 fI2; a; b; cg : [[p; �]] = (FP j") � �(I1LP jl) + (J1RP jr)�� � (I1I2�j") (4.7)8� 2 fJ2; d; e; fg : [[p; �]] = (FP j") � �(I1LP jl) + (J1RP jr)�� � (J1J2�j") (4.8)Eventually, we can compute the storage mapping function for every reference to the tree:8� 2 fI2; a; bg :�(u�jf(u�; p->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (I1I2�j") (4.9)8� 2 fI2; b; cg :�(u�jf(u�; p->l->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (I1I2�jl) (4.10)8� 2 fJ2; d; eg :�(u�jf(u�; p->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (J1J2�j") (4.11)8� 2 fJ2; e; fg :�(u�jf(u�; p->r->value))	 = (FP j") � �(I1LP jl) + (J1RP jr)�� � (J1J2�jr) (4.12)



138 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMSFunction CountAlgorithm Compute-Storage-Mappings is now applied to procedure Count in Fig-ure 4.3. Variable p is a tree index and variable i is an integer index. Indeed, the inodestructure is neither a tree nor an array: nodes are named in the language Ldata = (Zn�)Z.Thus, the e�ective induction variable should combine both p and i and be interpreted inLdata, with binary operation � de�ned in Section 2.3.3. But no such variable appears inthe program... The reason is that the code is written in C, in which the inode structurecannot be referenced through a uniform \cursor"|like a tree pointer or array subscript.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .P int Count (inode &p) {I if (p->terminal)a return p->length;E else {b c = 0;L=L=l for (int i=0, inode &q=p->n; i<p->length; i++, q=q->1)c c += Count (q);d return c;}}main () {F Count (file);}. . . . . . . . . . . . . . . . . Figure 4.6. Procedure Count and control automaton . . . . . . . . . . . . . . . . .This would become possible in a higher-level language: we have rewritten the programin a C++-like syntax in Figure 4.6. Now, p is a C++ reference and not a pointer, andoperation -> has been rede�ned to emulate array accesses.3 References p and q are thetwo induction variables:From main call F : [[Arg(Count; 1)]](F ) = "From procedure P : 8uP 2 Lctrl : [[p]](uP ) = [[Arg(Count; 1)]](u)From recursive call c: 8uc 2 Lctrl : [[Arg(Count; 1)]](uc) = [[q]](u)From entry L of loop L=L=l: 8uL 2 Lctrl : [[q]](uL) = [[p]](u) � nFrom iteration l of loop L=L=l: 8ul 2 Lctrl : [[q]](ul) = [[q]](u) � 1All other statements let induction variables unchanged or unde�ned. Recall that[[p; �]] (resp. [[q; �]]) is the set of all pairs (ujp) (resp. (ujq)) such that [[p]](u) = p (resp.[[q]](u) = q), for all instances u of a statement �. From equations above, these sets satisfy3Yes, C++ is both high-level and dirty!



4.3. DEPENDENCE AND REACHING DEFINITION ANALYSIS 139the following regular equations:8>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>:

[[p; P ]] = (FP j") + [[q; L]] � (cP j")[[p; I ]] = [[p; P ]] � (Ij")[[p; E]] = [[p; P ]] � (Ej")[[p; a]] = [[p; I ]] � (aj")[[p; b]] = [[p; E]] � (bj")[[p; L]] = [[p; E]] � (Lj")[[p; L]] = [[p; L]] � (Lj") + [[p; L]] � (lLj")[[p; d]] = [[p; E]] � (dj")[[q; P ]] = (F jUndefined) + [[q; L]] � (cP jUndefined)[[q; I ]] = [[q; P ]] � (IjUndefined)[[q; E]] = [[q; P ]] � (EjUndefined)[[q; a]] = [[q; I ]] � (ajUndefined)[[q; b]] = [[q; E]] � (bjUndefined)[[q; L]] = [[p; E]] � (Ljn)[[q; L]] = [[q; L]] � (Lj0) + [[q; L]] � (lLj1)[[q; d]] = [[q; E]] � (djUndefined)These systems describe rational functions from ��ctrl to (Zn�)Z, but we are onlyinterested in [[p; I]], [[p; a]] and [[p; L]] (accesses to inode values):[[p; I]] = �(uIjf(uI; p->terminal))	= (FP j") � �(ELLjn) � (lLj1)� � (cP j")�� � (Ij") (4.13)[[p; a]] = �(uajf(ua; p->length))	= (FP j") � �(ELLjn) � (lLj1)� � (cP j")�� � (Iaj") (4.14)[[p; L]] = �(uLLjf(uLL; p->length))	= (F j") � �(ELLjn) � (lLj1)� � (cP j")�� � (ELj") (4.15)4.3 Dependence and Reaching De�nition AnalysisWhen all program model restrictions are satis�ed, we have shown in the previous sectionthat storage mappings are rational transductions. Based on this result, we will now presenta general dependence and reaching de�nition analysis scheme for recursive programs.Both classical results and recent contributions to formal languages theory will be useful,de�nitions and details can be found in Chapter 3.This section tackles the general dependence and reaching de�nition analysis problemin our program model. See Sections 4.4 (trees), 4.5 (arrays) and 4.6 (nested trees andarrays) for technical questions depending on the data structure context.4.3.1 Building the Con
ict TransducerIn Section 2.4.1, we have seen that analysis of con
icting accesses is one of the �rstproblems arising when computing dependence relations. We thus present a general com-putation scheme for the con
ict relation, but technical issues and precise study is left forthe next sections.We consider a program whose set of statement labels is �ctrl. Let Lctrl � ��ctrl bethe rational language of control words. Let Mdata be the monoid abstraction for a given



140 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMSdata structure D used in the program, and Ldata �Mdata be the rational language of validdata structure elements.Now because f is used instead of fe (it is independent on the execution), the exactcon
ict relation �e is de�ned by8e 2 E; 8u; v 2 Lctrl : u �e v () (u; v 2 Ae) ^ f(u) = f(v);which is equivalent to8e 2 E; 8u; v 2 Lctrl : u �e v () (u; v 2 Ae) ^ v 2 f�1(f(u)):Because f is a rational transduction from ��ctrl to Mdata, f�1 is a rational transductionfrom Mdata to ��ctrl, and Mdata is either a free monoid, or a free commutative monoid,or a free partially commutative monoid, we know from Theorems 3.5, 3.27 and 3.28 thatf�1 � f is either a rational or a multi-counter counter transduction. The result will thusbe exact in almost all cases: only multi-counter transductions must be approximated byone-counter transductions.We cannot compute an exact relation �e, since Ae depends on the execution e. More-over, guards of conditionals and loop bounds are not taken into account for the moment,and the only approximation of Ae we can use is the full language A = Lctrl of controlwords. Eventually, the approximate con
ict relation we compute is the following:8u; v 2 Lctrl : u � v def() v 2 f�1(f(u)): (4.16)In all cases, we get a transducer realization (rational or one-counter) of transduction �.This realization is often unapproximate on pairs of control words which are e�ectivelyexecuted.One may immediately notice that testing for emptiness of � is equivalent to testingwhether two pointers are aliased [Deu94, Ste96], and emptimess is decidable for rationaland algebraic transductions (see Chapter 3). This is an important application of ouranalysis, considering the fact that � is often unapproximate in practice.Notice also that this computation of � does not require access functions to be rationalfunctions: if a rational transduction approximation of f was available, one could stillcompute relation � using the same techniques. However, a general approximation schemefor function f has not been designed, and further study is left for future work.4.3.2 Building the Dependence TransducerTo build the dependence transducer, we need �rst to restrict relation �e to pairs of writeaccesses or read and write accesses, and then to intersect the result with the lexicographicorder <lex:8e 2 E; 8u; v 2 Lctrl : u �e v () u��e \ ((W�W)[ (W�R)[ (R�W))\ <lex �v:Thanks to techniques described in Section 3.6.2, we can always compute a conservativeapproximation � of �e. Relation � is realized by a rational transducer in the case of treesand by a one-counter transducer in the case of arrays or nested trees and arrays.Approximations may either come from the previous approximation � of �e or fromthe intersection itself. The intersection may indeed be approximate in the case of treesand nested trees and arrays, because rational relations are not closed under intersection



4.3. DEPENDENCE AND REACHING DEFINITION ANALYSIS 141(see Section 3.3). But thanks to Proposition 3.13 it will always be exact for arrays. Moredetails in each data structure case can be found in Sections 4.4, 4.5 and 4.6. We can nowgive a general dependence analysis algorithm for our program model. The Dependence-Analysis algorithm is exactly the same for every kind of data structure, but individualsteps may be implemented di�erently.Dependence-Analysis (program)program: an intermediate representation of the programreturns a dependence relation between all accesses1 f  Compute-Storage-Mappings (program)2 � (f�1 � f)3 if � is a multi-counter transduction4 then � one-counter approximation of �5 if the underlying rational transducer of � is not left-synchronous6 then � resynchronization with or without approximation of �7 � � \ ((W�W) [ (W�R) [ (R�W))8 �  �\ <lex9 return �The result of Dependence-Analysis is limited to dependences on a speci�c datastructure. To get the full dependence relation of the program, it is necessary to computethe union for all the data structures involved.4.3.3 From Dependences to Reaching De�nitionsRemember the formal de�nition in Section 2.4.2: the exact reaching de�nition relation isde�ned as a lexicographic selection of the last write access in dependence with a givenread access, i.e. 8e 2 E; 8u 2 Re : �e (u) = max<lex fv 2We : v �e ug:Clearly, this maximum is unique for each read access u in the course of execution.In the case of an exact knowledge of �e, and when this relation is left-synchronous, onemay easily compute an exact reaching de�nition relation, using lexicographic selection,see Section 3.4.3.The problem is that �e is not known precisely in general, and the above solution israrely applicable. Moreover, using the computation scheme above, conditionals and loopbounds have not been taken into account: the result is that many non-existing accessesare considered dependent for relation �. We should thus be looking for a conservativeapproximation � of �e, built on the available approximate dependence relation �. Relyingon � makes computation of � from (4.17) almost impossible, for two reasons: �rst, awrite v may be in dependence with u without being executed by the program, and sec-ond, all writes which are not e�ectively in con
ict with u may be considered as possibledependences.However, we know we can compute an approximate reaching de�nition relation � from� when at least one of the following conditions is satis�ed.� Suppose we can prove that some statement instance does not execute, and that thisinformation can be inserted in the original transduction: some 
ow dependences canbe removed. The remaining instances are described by predicate emay(w) (instancesthat may execute).



142 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS� On the opposite, if we can prove that some instance w does execute, and if thisinformation can be inserted in the original transduction, then writes executing beforew are \killed": they cannot reach an instance u such that w � u. Instances thatare e�ectively executed are described by predicate emust(w) (instances that mustexecute).� Eventually, one may have some information econditional(v; w) about an instances wthat does execute whenever another instance v does: this \conditional" informationis used the same way as the former predicate emust.The more precise the predicates emay, emust and econditional, the more precise the reachingde�nition relation. In some cases, one may even compute an exact reaching de�nitionrelation.Now, remember all our work since Section 4.2 has completely ignored guards in condi-tional statements and loop bounds. This information is of course critical when trying tobuild predicates emay, emust and econditional. Retrieving this information can be done usingboth the results of induction variable analysis (see Section 4.2) and additional analysesof the value of variables [CH78, Mas93, MP94, TP95]. Such external analyses would forexample compute loop and recursion invariants.Another source of information|mostly for predicate econditional|is provided by asimple structural analysis of the program, which consists in exploiting every informationhidden in the program syntax:� in a if � � � then � � � else � � � construct, either the then or the else branch isexecuted;� in a while construct, assuming some instance of a statement does execute, allinstances preceding it in the while loop also execute;� in a sequence of non-guarded statements, all instances of these statements are si-multaneously executed or not;Notice this kind of structural analysis was already critical for nested loops [BCF97, Bar98,Won95].Another very important structural property is described with the following additionalde�nition:De�nition 4.2 (ancestor) Consider an alphabet �ctrl of statement labels and a lan-guage Lctrl of control words. We de�ne �unco: a subset of �ctrl made of all blocklabels which are not conditionals or loop blocks, and all (unguarded) procedure calllabels, i.e. blocks whose execution is unconditional.Let r and s be two statements in �ctrl, and let u be a strict pre�x of a control wordwr 2 Lctrl (an instance of r). If v 2 ��unco (without labels of conditional statements)is such that uvs 2 Lctrl, then uvs is called an ancestor of wr.The set of ancestors of an instance u is denoted by Ancestors(u).This de�nition is best understood on a control tree, such as the one in Figure 4.1.bpage 124: black square FPIAAaAaAJs is an ancestor of FPIAAaAaAJQPIAABBr, but notgray squares FPIAAaAJs and FPIAAJs. Now, observe the formal ancestor de�nition:1. execution of wr implies execution of u, because it is in the path from the root ofthe control tree to node wr;



4.3. DEPENDENCE AND REACHING DEFINITION ANALYSIS 1432. execution of u implies execution of uvs, because v is made of declaration blocksonly, without conditional statements.We thus have the following result:Proposition 4.1 If an instance u executes, then all ancestors of u also execute. Thiscan be written using predicates emust and econditional:8u 2 Lctrl : econditional(u;Ancestors(u));8u 2 Lctrl : emust(u) =) emust(Ancestors(u)):At last, we can de�ne a conservative approximation � of the reaching de�nition rela-tion, built on �, emay, emust and econditional:8u 2 R : � (u) = �v 2 � (u) : emay(v) ^�@w 2 � (u) : v <lex w ^ (emust(w) _ econditional(v; w) _ econditional(u; w)�	: (4.17)Predicates emay, emust, econditional should de�ne rational sets, in order to compute thealgebraic operations involved in (4.17). When, in addition, relation � is left-synchronous,closure under union, intersection, complementation, and composition, allows unaproxi-mate computation of � with (4.17).However, designing a general computation framework for these predicates is left forfuture work, and we will only consider a few \rules" useful in our practical examples.4.3.4 Practical Approximation of Reaching De�nitionsInstead of building automata for predicates emay, emust and econditional then computing� from (4.17), we present a few rewriting rules to re�ne the sets of possible reachingde�nitions, starting from a very conservative approximation of the reaching de�nitionrelation: the restriction of dependence relation � to 
ow dependences (i.e. from a write toa read access). This technique is less general than solving (4.17), but it avoids complex|and approximate|algebraic operations.Applicability of the rewriting rules is governed by the compile-time knowledge ex-tracted by external analyses, such as analysis of contitional expressions, detection of in-variants, or structural analysis. In the Section 4.5, we will demonstrate practical usage ofthese rules when applying our reaching de�nition analysis framework to program Queens.For the moment, we choose a statement s with a write reference to memory, and try tore�ne sets of possible reaching de�nitions among instances of s. Re�ning sets of possiblereaching de�nitions which are instances of several statements will be discussed at the endof this section.The vpa Property (Values are Produced by Ancestors)This property comes from the common observation about recursive programs that \valuesare produced by ancestors". Indeed, a lot of sort, tree, or graph-based algorithms performin-depth explorations where values are produced by ancestors. This behavior is alsostrongly assessed by scope rules of local variables.vpa () 8e 2 E; u 2 Re; v 2We : �v = �e (u) =) v 2 Ancestors(u)�:



144 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMSSince all possible reaching de�nitions are ancestors of the use, rule vpa consistsin removing all transitions producing non-ancestors. Formally, all transitions �0j� s.t.�0 <txt � and �0 6= s are removed.We may de�ne one other interesting property useful to automatic property checking;its associated rewriting rule is not given.The oka Property (One Killing Ancestor)If it can be proven that at least one ancestor vs of a read u is in dependence with u, itkills all previous writes since it does execute when u does.oka () 8u 2 R : � � (u) 6= ? =) (9v 2 Ancestors(u) : v 2 � (u))�:Property CheckingProperty oka can be discovered using invariant properties on induction variables. Check-ing for property vpa is di�cult, but we may rely on the following result: when propertyoka holds, checking vpa is equivalent to checking whether an ancestor vs in dependencewith us may followed|according to the lexicographic order|by a non-ancestor instancew in dependence with us.Other properties can be obtained by more involved analyses: the problem is to �nd arelevant rewriting rule for each one.Now, remember we restricted ourselves to one assignation statement s when presentingthe rewriting rules. Designing rules which handle the global 
ow of the program is a bitmore di�cult. When comparing possible reaching de�nition instances of two writes s1and s2, it is not possible in general to decide whether one may \kill" the other withouta speci�c transducer (rational or one-counter, depending on the data structure). Theproblem is thus to intersect two rational or algebraic relations, which cannot be donewithout approximations in general, see Sections 3.6 and 3.7. In many cases, however,storage mappings for s1 and s2 are very similar, and exact results can be easily computed.The Reaching-Definition-Analysis algorithm is a general algorithm for reachingde�nition analysis inside our program model. Algebraic operations on sets and relationsin the second loop of the algorithm may yield approximative results, see Sections 3.4, 3.6and 3.7. The intersection with R� fw : emay(w)g in the third line serves the purpose ofrestricting the domain to read accesses and the image to writes which may execute; it canbe computed exactly since R�fw : emay(w)g is a recognizable relation. The Reaching-Definition-Analysis algorithm is applied to program Queens in Section 4.5.Notice that all output and anti-dependences are removed by the algorithm, but somespurious 
ow dependences may remain when the result is approximate.Now, there is something missing in this presentation of reaching de�nition analysis:what about the ? instance? When predicates emust(v) or econditional(u; v) are empty forall possible reaching de�nitions v of a read instance u, it means that an uninitialized valuemay be read by u, hence that ? is a possible reaching de�nition; and the reciprocal istrue. In terms of our \practical properties", oka can be used to determine whether ?is a possible reaching de�nition or not. This gives an automatic way to insert ? whenneeded in the result of Reaching-Definition-Analysis.To conclude this section, we have shown a very clean and powerful framework forinstancewise dependence analysis of recursive programs, but we should also recognizethe limits of relying on a list of re�nement rules to compute an approximate reaching



4.4. THE CASE OF TREES 145Reaching-Definition-Analysis (program)program: an intermediate representation of the programreturns a reaching de�nition relation between all accesses1 compute emay; emust and econditional using structural and external analyses2 �  Dependence-Analysis3 �  � \ (R� fw : emay(w)g)4 for each assignment statement s in program5 do check � for properties oka, vpa, and other properties6 using external static analyses or asking the user7 apply re�nement rules on � accordingly8 for each pair of assignment statements (s; t) in program9 do kill  f(us; w) 2W �R : (9vt 2W : us � w ^ vt � w ^ us <lex vt10 ^ (emust(vt) _ econditional(us; vt) _ econditional(w; vt)))g11 �  � � kill12 return �de�nition relation from an approximate dependence relation. Now that the feasibilityof instancewise reaching de�nition analysis for recursive programs has been proven, it istime to work on a formal framework to compute predicates emay, emust and econditional,from which we could expect a powerful reaching de�nition analysis algorithm.4.4 The Case of TreesWe will now precise the dependence and reaching de�nition analysis in the case of a treestructure. Practical computations will be performed on program BST presented in 4.2.The �rst part of the Dependence-Analysis algorithm consists in computing thestorage mapping. When the underlying data structure is a tree, its abstraction is thefree monoid Mdata = fl; rg and the storage mapping is a rational transduction betweenfree monoids. Computation of function f for program BST has already been done in Sec-tion 4.2.5. Figure 4.7 shows a rational transducer realizing rational function f . Followingthe lines of Section 2.3.1 page 68, the alphabet of statement labels has been extended todistinguish between distinct references in I2, J2, b and e, yielding new labels I2p , I2p->l ,J2p , J2p->r , bp, bp->l, ep and ep->r (these new labels may only appear as the last letter in acontrol word).Computation of � is done thanks to Elgot and Mezei's theorem, and yields a rationaltransduction. The result for program BST is given by the transducer in Figure 4.8.When � is realized by a left-synchronous transducer, the last part of theDependence-Analysis algorithm does not require any approximation: dependence relation � =�\ <lex can be computed exactly (after removing con
ict between reads in �). It isthe case for program BST, and the exact dependence analysis result is shown in Fig-ure 4.9. In the general case, a conservative left-synchronous approximation of � must becomputed, see Section 3.7.One may immediately notice that every pair (u; v) accepted by the dependence trans-ducer is of the form u = wu0 and v = wv0 where w 2 fF; P; L;R; I1; J1g� and u0; v0 donot hold any recursive call|i.e. L or R. That means that all dependences lie betweeninstances of the same block I1 or J1. We will show in Section 5.5 that this result can beused to run the �rst if block|statement I1|in parallel with the second|statement J1.Eventually, it appears that dependence transduction � is a rational function, and the



146 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .PI1I2p I2 I2p->l
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. . . . . . . . Figure 4.7. Rational transducer for storage mapping f of program BST . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .123 4 5

6 7
89 10 11

12 13

FP jFPI1jI1 J1jJ1LP jLP RP jRP
I2jI2I2p jI2bpI2bpjI2p I2p->l jI2cI2cjI2p->l J2jJ2J2p jJ2epJ2epjJ2p J2p->r jJ2fJ2f jJ2p->r

ajbpbpja bp->ljccjbp->l djepepjd ep->rjff jep->r
. . . . . . . . Figure 4.8. Rational transducer for con
ict relation � of program BST . . . . . . . .restriction of � to pairs (u; v) of a read u and a write v yields the empty relation! Indeed,the only dependences on program BST are anti-dependences.



4.5. THE CASE OF ARRAYS 147. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .123 4 5
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I2jI2I2p jI2bp I2p->l jI2c J2jJ2J2p jJ2ep J2p->r jJ2f

ajbp bp->ljc djep ep->rjf
. . . . . . Figure 4.9. Rational transducer for dependence relation � of program BST . . . . . .4.5 The Case of ArraysWe will now precise the dependence and reaching de�nition analysis in the case of anarray structure. Practical computations will be performed on program Queens presentedin 4.1.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .PABr J

FPj0IAAj0BBj0rj0 J j0 QPj0aAj0bBj1
P 0A0 J 0s0
FPj0IAAj0J j0sj0

QPj1aAj0
. . . . . Figure 4.10. Rational transducer for storage mapping f of program Queens . . . . .The �rst part of the Dependence-Analysis algorithm consists in computing thestorage mapping. When the underlying data structure is an array, its abstraction is thefree commutative monoid Mdata = Z. Computation of function f for program Queenshas already been done in Section 4.2.5. Figure 4.10 shows a rational transducer realizing



148 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMSrational function f : ��ctrl ! Z. It re
ects the combination of regular expressions (4.5)and (4.6).Computation of � is done thanks to Theorem 3.27, and yields a one-counter transduc-tion. The result for program Queens is given by the transducer in Figure 4.11|with fourinitial states.To compute a dependence relation �, one �rst restrict � to pairs of accesses with at leastone write, then intersect the result with the lexicographic order. From Proposition 3.13the underlying rational transducer of � is recognizable, hence left-synchronous (from The-orem 3.12) and can thus be resynchronized with the constructive proof of Theorem 3.19to get a one-counter transducer whose underlying rational transducer is left-synchronous.Resynchronization of � has been applied to program Queens in Figure 4.12: it islimited to con
icts of the form (us; vr), us; vr 2 Lctrl. The lacking three fourths of thetransducer have not been represented because they are very similar the the �rst fourthand not used for reaching de�nition analysis. The underlying rational transducer is onlypseudo-left-synchronous because resynchronization has not been applied completely, seeSection 3.6 and De�nition 3.28Intersection with <lex is done with Theorem 3.14. As a result, the dependence relation� can be computed exactly and is realized by a one-counter transducer whose underlyingrational transducer is left-synchronous.This is applied to program Queens in Figure 4.13, starting from the pseudo-left-synchronous transducer in Figure 4.12. Knowing that B <txt J <txt a and s <txt Q,transitions J ja and sjQ are kept but transitions ajJ , ajB and J jB are removed (and thetransducer is trimmed). This time, only one third of the actual transducer is shown: thetransducer realizing 
ow dependences. Anti and output dependences are realized by verysimilar transducers, and are not used for reaching de�nition analysis.We now demonstrate the Reaching-Definition-Analysis algorithm on programQueens. A simple analysis of the inner loop shows that j is always less than k. Thisproves that for any instance w of r, there exists u; v 2 ��ctrl s.t. w = uQvr and us � uQvr.Because us is an ancestor of uQvr, property oka is satis�ed. Dependence transducer inFigure 4.13 shows that all instances of s executing after us are of the form uQv0s, and italso shows that reading Q increases the counter: the result is that no instance executingafter us may be in dependence with w. In combination with oka, property vpa thusholds. Applying rule vpa, we can remove transition J jaA which does not yield ancestors.We get the one-counter transducer in Figure 4.14. Notice that the ? instance (associatedwith uninitialized values) is not accepted as a possible reaching de�nition: this is becauseproperty oka ensures that at least an ancestor of every read instance de�ned a value.The transducer is \compressed" in Figure 4.15 to increase readability. It is easy toprove that this result is exact: a unique reaching de�nition is computed for every readinstance. However, the general problem of the functionality of an algebraic transductionis \probably" undecidable. As a result, we achieved|in a semi-automated way|the bestprecision possible. This precise result will be used in Section 5.5 to parallelize programQueens.4.6 The Case of Composite Data StructuresWe will now precise the dependence and reaching de�nition analysis in the case of anested list and array structure. Practical computations will be performed on programCount presented in 4.3.
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. . . . Figure 4.11. One-counter transducer for con
ict relation � of program Queens . . . .The �rst part of the Dependence-Analysis algorithm consists in computing thestorage mapping. When the underlying data structure is built of nested trees and arrays,its abstraction is a free partially commutative monoid Mdata. Computation of function ffor program Count has already been done in Section 4.2.5.
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Figure 4.12. Pseudo-left-synchronous transducer for the restriction of � to W�R. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Computation of � is done thanks to Theorem 3.28, and yields a one-counter transduc-tion. On program Count, there are no write accesses to the inode structure. Now, wecould be interested in an analysis of con
ict-misses for cache optimization [TD95]. Theresult f�1 � f for program Count is thus interesting, and it is the identity relation! Thisproves that the same memory location is never accessed twice during program execution.Now, when computing a dependence relation in general, Proposition 3.13 does notapply: it is necessary in general to approximate the underlying rational transducer by aleft-synchronous one. Eventually, the Reaching-Definition-Analysis algorithm hasno technical issues speci�c to nested trees and arrays.4.7 Comparison with Other AnalysesBefore evaluating our analysis for recursive programs, we summary its program modelrestrictions. First of all, some restrictions are required to simplify algorithms and shouldbe considered harmless thanks to previous code transformations|see Sections 2.2 and 4.2for details:� no function pointers (i.e. higher-order control structures) and no gotos are allowed;



4.7. COMPARISON WITH OTHER ANALYSES 151. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
12 34 5

6 78 9
"jIAA"jBB"jr "jJ"jQ

"jaA"jbB;�1
IAAj" J j"QPj";+1 sj";=0

aAj"
"j"

1011
1213 !0FPjFP

IAAjIAAJ jJQPjQP;+1aAjaA
J jaA

1415 1617 18"jIAA"jBB"jr;=0 "jJ"jQP
"jaA"jbB;�1

sjQP
Figure 4.13. One-counter transducer for the restriction of dependence relation � to 
owdependences. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .� a loop variable is initialized at the loop entry and used only inside this loop;� expressions in right-hand side may hold conditionals but no function calls and noloops;� every data structure subject to dependence or reaching de�nition analysis must bedeclared global;Now, some restrictions on the program model cannot been avoided with preliminaryprogram transformations, but should be removed in further versions of the analysis, thanksto appropriate approximation techniques (induction variables are de�ned in Section 4.2):� only scalars, arrays, trees and nested trees and arrays are allowed as data structures;� induction variables must follow very strong rules regarding initialization and update;� every array subscript must be an a�ne function of integer induction variables andsymbolic constants;� every tree access must dereference a pointer induction variable or a constant.
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. . . . . . . . . . . . . . . . . Figure 4.15. Simpli�ed one-counter transducer for � . . . . . . . . . . . . . . . . .Eventually, one restriction is very deeply rooted in the monoid abstraction for treestructures, and we expect no general way to avoid it:� random insertions and deletions in trees are forbidden (allowed only at trees' leaves).We are now able to compare the results of our analysis technique with those of classicalstatic analyses|some of which also handle our full program model|and with those ofthe existing instancewise analyses for loop nests.Static dependence and reaching de�nition analyses generally compute the same kind ofresults, whether they are based on abstract interpretation [Cou81, JM82, Har89, Deu94]or other data-
ow analysis techniques [LRZ93, BE95, HHN94, KSV96]. A comprehen-sive study of static analysis useful to parallelization of recursive programs can be foundin [RR99]. Comparison of the results is rather easy: none of these static analyses is in-stancewise.4 None of these static analyses is able to tell which instance of which statement4We think that building an instancewise analysis of practical interest in the data-
ow or abstractinterpretation framework is indeed possible, but very few works have been made in this direction, see



4.7. COMPARISON WITH OTHER ANALYSES 153is in con
ict, in dependence, or a possible reaching de�nition. However, these analysesare very useful to remove a few restrictions in our program model, and they also computeproperties useful to instancewise reaching de�nition analysis. Remember that our owninstancewise reaching de�nition analysis technique makes a heavy use of so called \exter-nal" analyses, which precisely are classical static analyses. A short comparison betweenparallelization from the results of our analysis and parallelization from static analyses willbe proposed in Section 5.5, along with some practical examples.Comparison with instancewise analyses for loop nests is more topical, since our tech-nique was clearly intended to extend such analyses to recursive programs. A simplemethod to get a fair evaluation consists in running both analyses on their common programmodel subset. The general result is not surprising: today's most powerful reaching de�ni-tion analyses for loop nests such as fuzzy array data
ow analysis (FADA) [BCF97, Bar98]and constraint-based array dependence analysis [WP95, Won95] are far more precise thanour analysis for recursive programs. There are many reasons for that:� we do not use conditionals and loop bounds to establish our results, or when it isthe case, it is through \external" static analyses;� multi-dimensional arrays are roughly approximated by one-dimensional ones;� rational and algebraic transducers have a limited expressive power when dealingwith integer parameters (only one counter can be described);� some critical algebraic operations such as intersection and complementation are notdecidable and thus require further approximations.A major di�erence between FADA and our analysis for recursive program is deeplyrooted the philosophy of each technique.� FADA is a fully exact process with symbolic computations and \dummy" parametersassociated with unpredictable constraints, and only one approximation is performedat the end; this ensures that no precious data-
ow information is lost during thecomputation process (see Section 2.4.3).� Our technique is not as clever, since many approximation stages can be involved.It is more similar to iterative methods in that sense, and hence it is far from beingoptimal: some approximations are made even if the mathematical abstraction couldhave enough expressive power to avoid it.But the comparison also reveals very positive aspects, in terms of all the informationavailable in the result of our analysis:� exactness of the result is equivalent to deciding the functionality of a transduction,and is thus polynomial for rational transductions; but it is unknown for algebraicones, and decidability of the �niteness of a set of reaching de�nitions can help insome cases;� emptiness of a set of reaching de�nitions is decidable, which allows automatic de-tection of read accesses to uninitialized variables;[DGS93, Tzo97, CK98].



154 CHAPTER 4. INSTANCEWISE ANALYSIS FOR RECURSIVE PROGRAMS� in the case of rational transductions, dependence testing can be extended to rationallanguages of control words, because of Nivat's Theorem 3.6 and the fact that rationallanguages are closed under intersection; this is very useful for parallelization;� in the case of algebraic transductions, dependence testing is equivalent to the inter-section of an algebraic language and a rational one, because of Nivat's Theorem 3.21for algebraic transductions and Evey's Theorem 3.24; this is still very useful for par-allelization.We refer to Section 5.5 for additional comparisons between the applicability of ouranalysis and loop nest analyses to parallelization.4.8 ConclusionWe presented an application of formal language theory to the automatic discovery ofsome semantic properties of programs: instancewise dependences and reaching de�ni-tions. When programs are recursive and nothing is known about recursion guards, onlyconservative approximations can be hoped for. In our case, we approximate the relationbetween reads and their reaching de�nitions by a rational (for trees) or algebraic (for ar-rays) transduction. The result of the reaching de�nition analysis is a transducer mappingcontrol words of read instances to control words of write instances. Two algorithms fordependence and reaching de�nition analysis of recursive programs were designed. Inci-dentally, these results showed the use of the new class of left-synchronous transductionsover free monoids.We have applied our techniques on several practical examples, showing excellent ap-proximations and sometimes even exact results. Some problems obviously remain. First,some strong restrictions on the program model limit the practical use of our technique.We should thus work on a graceful degradation of our analyses to encompass a larger setof recursive programs: for example, restrictions on induction variables operations couldperhaps be removed by allowing computation of approximate storage mappings. Second,reaching de�nition analysis is not quite mature now, since it relies on rather ad-hoc tech-niques whose general applicability is unknown. More theoretical studies are needed todecide whether precise instancewise reaching de�nition information can be captured byrational and algebraic transducers.We will show in the next chapters that decidability properties on rational and alge-braic transductions allow several applications of our framework, especially in automaticparallelization of recursive programs. These applications include array expansion andparallelism extraction.
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Chapter 5Parallelization via MemoryExpansionThe design of program transformations dedicated to dependence removal is a well studiedtopic, as far as nested loops are concerned. Techniques such as conversion to single-assignment form [Fea91, GC95, Col98], privatization [MAL93, TP93, Cre96, Li92], andmany optimizations for e�cient memory management [LF98, CFH95, CDRV97, QR99]have been proven useful for practical parallelization of programs (automatically or not).However, these works have mostly targeted a�ne loop nests and few techniques havebeen extended to dynamic control 
ow and general array subscripts. Very interestingissues arise when trying to expand data structures in unrestricted nests of loops, andbecause of the necessary data-
ow restoration, con
uent interests with the SSA (staticsingle-assignment) [CFR+91] framework become obvious.Motivation for memory expansion and introduction of the fundamental concepts isthe �rst goal of Section 5.1; then, we study speci�c problems related with non-a�nenests of loops and we design practical solutions for a general single-assignment formtransformation. Novel expansion techniques presented in Sections 5.2, 5.3 and 5.4 arecontributions to bridging the gap between the rich applications of memory expansiontechniques for a�ne loop nests and the few results with irregular codes.When extending the program model to recursive procedures, the problem is of anothernature: principles of parallel processing are then very di�erent from the well mastereddata parallel model for nested loops. Applicable algorithms have been mostly designedfor statementwise dependence tests, when our analysis computes an extensive instance-wise description of the dependence relation! There is of course a large gap between thetwo approaches and we should now demonstrate that using such a precise informationbrings practical improvements over existing parallelization techniques. These issues areaddressed by Section 5.5, starting with an investigation of memory expansion techniquesfor recursive programs. Because this last section addresses a new topic, several negativeor disappointing answers are mixed with successful results.5.1 Motivations and Tradeo�sTo point out the most important issues related with memory expansion, and to motivatethe following sections of this chapter, we start with a study of the well-known expansiontechnique called conversion to single-assignment form. Both abstract and practical pointof views are discussed. Several results presented here have been already presented by



156 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONmany authors, with their formalism and their program model, but we prefered to rewritemost of this work in our syntax to �x the notations and to show how memory expansionalso makes sense out of the loop nest programming model.5.1.1 Conversion to Single-Assignment FormOne of the most usual and simplest expansion schemes is conversion to single-assignment(SA) form. It is the extreme case where each memory location is written at most onceduring execution. This is slightly di�erent from static single-assignment form (SSA)[CFR+91, KS98], where each variable is written at most in one statement in the program,and expansion is limited to variable renaming.The idea of conversion to SA-form is to replace every assignment to a data structureD by an assignment to a new data structure Dexp whose elements have the same type aselements of D, and are in one-to-one mapping with the setW of all possible write accessesduring any program execution. Each element of Dexp is associated to a single write access.This aggressive transformation ensures that the same memory location is never writtentwice in the expanded program. The second step is to transform the read referencesaccordingly, and is called restoration of the 
ow of data. Instancewise reaching de�nitioninformation is of great help to achieve this: for a given program execution e 2 E, the valueread by some access h{; refi to D in right-hand side of a statement is precisely stored in theelement of Dexp associated with �e (h{; refi) (see Section 2.4 for notations and de�nitions).In general, an exact knowledge of �e for each execution e is not available at compile time:the result of instancewise reaching de�nition analysis is an approximate relation �. Thecompile-time data-
ow restoration scheme above is thus unapplicable when � (h{; refi) isa non-singleton set: the idea is then to generate a run-time data-
ow restoration code,which tracks what is the last instance executed in � (h{; refi). As we have seen for generalexpansion schemes in Section 1.2, this run-time restoration code is hidden in a � functionwhose argument is the set � (h{; refi) of possible reaching de�nitions.A few notations are required to simplify the syntax of expanded programs.� CurIns holds the run-time instance value, encoded as a control word or iterationvector, for any statement in the program. It is supposed to be updated on-line infunction calls, loop iterations and every block entry. More precisions about thistopic in Section 5.1.3 and Section 5.5.3.� � has the syntax of a function from sets of run-time instances to untyped values,but its semantics is to summarize a piece of data-
ow restoration code. It is verysimilar to � functions in the SSA framework [CFR+91, KS98]. Code generation for� functions is the purpose of Section 5.1.2.� Dexp is the expanded data structure associated with some original data structure D.Its \abstract" syntax is inherited from arrays: Dexp[set of element names ] forthe declaration and Dexp[element name ] for the read or write access. In practice,element names are either integer vectors or words, and Dexp is an array, a tree, or anest of trees and arrays. Its \concrete" syntax is then implemented as an array oras a pointer to a tree structure. See Sections 5.1.3 and 5.5.1 for details.We now present Abstract-SA: a very general algorithm to compute the single-assignment form. This algorithm is neither really new nor really practical, but it de�nesa general transformation scheme for SA programs, independently of the control and data



5.1. MOTIVATIONS AND TRADEOFFS 157structures. It takes as input the sequential program and the result of an instancewisereaching de�nition analysis|seen as a function. Control structures are left unchanged.This algorithm is very \abstract" since data structures are not de�ned precisely and someparts of the generated code have been encapsulated in high-level notations: CurIns and�.Abstract-SA (program;W; �)program: an intermediate representation of the programW: a conservative approximation of the set of write accesses�: a reaching de�nition relation, seen as a functionreturns an intermediate representation of the expanded program1 for each data structure D in program2 do declare a data structure Dexp[W]3 for each statement s assigning D in program4 do left-hand side of s Dexp[CurIns]5 for each reference ref to D in program6 do ref  if (� (CurIns; ref)==f?g) refelse if (� (CurIns; ref)=f{g) Dexp[{]else �(� (CurIns; ref))7 return programWe will show in the following that several \abstract" parts of the algorithm can beimplemented when dealing with \concrete" data structures. Generating code for the �function is the purpose of the next section.5.1.2 Run-Time OverheadWhen generating code for � functions, the common idea is to compute at run-time thelast instance that may possibly be a reaching de�nition of some use. In general, for eachexpanded data structure Dexp one needs an additional structure in one-to-one mappingwith Dexp. In the static single-assignment framework for arrays [KS98], these additionalstructures are called @-structures and store statement instances. Dealing with a more gen-eral single-assignment form, we propose another semantics for additional structures, henceanother notation: the data structure in one-to-one mapping with Dexp is a �-structuresdenoted by �Dexp.To ensure that run-time restoration of the 
ow of data is possible, elements of �Dexpshould store two informations: the memory location assigned in the original programand the identity of the last instance which assigned this memory location. Because weare dealing with single-assignment programs, the identity of the last instance is alreadycaptured by the element itself (i.e. the subsrcipt of �Dexp).1 Elements of �Dexp shouldthus store memory locations.� �Dexp is initialized to NULL before the expanded program;� Every time Dexp is modi�ed, the associated element of �Dexp is set to the value ofthe memory location that would have been written in the original program.1This run-time restoration technique is thus speci�c to SA-form. Other expansions require di�erenttype and/or semantics of �-structures.



158 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION� When a read access to D in the original program is expanded into a call of the form�(set), the � function is implemented as the maximum|according to the sequentialexecution order|of all { 2 set such that �Dexp[{] is equal to the memory locationread in the original program.Abstract-Implement-Phi (expanded)expanded: an intermediate representation of the expanded programreturns an intermediate representation with run-time restoration code1 for each data structure Dexp in expanded2 do if there are � functions accessing Dexp3 then declare a structure �Dexp with the same shape as Dexp initialized to NULL4 for each read reference ref� to Dexp whose expanded form is �(set)5 do for each statement s involved in set6 do refs  write reference in s7 if not already done for s8 then following s insert �Dexp[CurIns] = fe(CurIns; refs)9 �(set) Dexp[max<seq f{ 2 set :�Dexp[{]= fe(CurIns; ref�)g]10 return expandedAbstract-Implement-Phi is the abstract algorithm to generate the code for �functions. In this algorithm, the syntax fe(CurIns; ref) means that we are interested inthe memory location accessed by reference ref , and not that some compile-time knowledgeof fe is required. Of course, practical details and optimizations depend on the controlstructures, see Section 5.1.4. Notice that the generated code is still in SA form: eachelement of a new �-structure is written at most once.An important remark at this point is that instancewise reaching de�nition analysis isthe key to run-time overhead optimization. Indeed, as shown by our code generation al-gorithm, SA-transformed programs are more e�cient when � functions are sparse. Thus,a parallelizing compiler has many reasons to perform a precise instancewise reaching def-inition analysis: it improves parallelism detection, allow to choose between a larger scopeof parallel execution orders (depending on the \grain size" and architecture), and re-duces run-time overhead. An example borrowed from program sjs in [Col98] is presentedin Figure 5.1. The most precise reaching de�nition relation for reference A[i+j-1] inright-hand side of R is
� (hR; i; j; A[i+j-1]i) = ������������

if j � 1then hS; i; j � 1ielse ������� if i � 1then hS; i� 1; jielse hT i :
This exact result shows that de�nitions associated with the reference in left-hand side ofR never reach any use. Expanding the program with a less precise reaching de�nitionrelation induces a spurious � function, as in Figure 5.1.b. One may notice that the quastimplementation in Figure 5.1.c is not really e�cient and may be rather costly; but usingclassical optimizations such as loop peeling|or general polyhedron scanning techniques[AI91]|can signi�cantly reduce this overhead, see Figure 5.1.d. This remark advocatesonce more for further studies about integrating optimization techniques.



5.1. MOTIVATIONS AND TRADEOFFS 159. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double A[N];T A[0] = 0;for (i=0; i<N; i++)for (j=0; j<N; j++) {S A[i+j] = � � �;R A[i] = A[i+j-1] � � �;}Figure 5.1.a. Original program
double A[N], AT, AS[N, N], AR[N, N];T AT = 0;for (i=0; i<N; i++)for (j=0; j<N; j++) {S AS[i, j] = � � �;R AR[i, j] = �(fhT ig [ fhS; i0; j 0i :(i0; j 0) <lex (i; j)g)� � �}Figure 5.1.b. SA without reaching de�nition analysisdouble A[N], AT, AS[N, N], AR[N, N];T AT = 0;for (i=0; i<N; i++)for (j=0; j<N; j++) {S AS[i, j] = � � �R AR[i, j] = if (j==0) if (i==0) AT else AS[i-1, j]else AS[i, j-1]� � �;}Figure 5.1.c. SA with precise reaching de�nition analysisdouble A[N], AT, AS[N, N], AR[N, N];AT = 0;AS[1, 1] = � � �;AR[1, 1] = AT � � �;for (i=0; i<N; i++) {AS[i, 1] = � � �;AR[i, 1] = AS[i-1, 1] � � �;for (j=0; j<N; j++) {AS[i, j] = � � �;AR[i, j] = AS[i, j-1] � � �;}}Figure 5.1.d. Precise reaching de�nition analysis plus loop peeling. . . . . Figure 5.1. Interaction of reaching de�nition analysis and run-time overhead . . . . .Eventually, one should notice that � functions are not the only source of run-timeoverhead: computing reaching de�nitions using � at run-time may also be costly, evenwhen it is a function (i.e. it is exact). But there is a big di�erence between the twosources of overhead: run-time computation of � can be costly because of the lack ofexpressiveness of control structures and algebraic operations in the language or because ofthe mathematical abstraction. For example, transductions generally induce more overheadthan quasts. On the opposite, the overhead of � functions is due to the approximative



160 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONknowledge of the 
ow of data and its non-deterministic impact on the generated code; itis thus intrinsic to the expanded program, no matter how it is implemented. In manycases, indeed, the run-time overhead to compute � can be signi�cantly reduced by classicaloptimization techniques|an example will be presented later on Figure 5.1|but it is notthe case for � functions.5.1.3 Single-Assignment for Loop NestsIn this section, we only consider intra-procedural expansion of programs operating onscalars and arrays. An extension to function calls, recursive programs and recursive datastructures is studied at the end of this chapter, in Section 5.5. These restrictions simplifythe exposition of a \concrete" SA algorithm in the classical loop nest framework.When dealing with nest of loops, instancewise reaching de�nitions are described by ana�ne relation (see [BCF97, Bar98] and Section 2.4.3). We pointed in Section 3.1.1 thatseeing an a�ne relation as a function, it can be written as a nested conditional calleda quast [Fea91]. This representation of relation � is especially interesting for expansionpurposes since it can be easily and e�ciently implemented in a programming language.Algorithm Make-Quast introduced in Section 3.1.1 builds a quast representation forany a�ne relation.We use the following notations:� Stmt(hS; xi) = S (the statement),� Iter(hS; xi) = x (the iteration vector),� and Array(S) is the name of the original data structure assigned by statement S.Given a quast representation of reaching de�nitions, Convert-Quast generates an ef-�cient code to retrieve the value read by some reference. This code is more or less acompile-time implementation of the conditional generated at the end of Abstract-SA.A � function is generated when a non-singleton set is encountered. Eventually, becausestatements partition the set of memory locations in the single-assignment program, weuse an array AS[x] instead of the proposed AexphS; xi in the abstract SA algorithm.Thanks to Convert-Quast, we are ready to specializeAbstract-SA for loop nests.The new algorithm is Loop-Nests-SA. Current instance CurIns is implemented by itsiteration vector (built from the surrounding loop variables). To simplify the exposition,scalars are seen are one-dimensional arrays of a single element. All memory accesses arethus performed through array subscripts.The abstract code generation algorithm for � functions can also be precised whendealing with loop nests and arrays only. For the same reason as before, run-time in-stances are stored in a distinct structure for each statement: we use �AS[x] instead of�Aexp[hS; xi]. The new algorithm is Loop-Nests-Implement-Phi. E�cient computa-tion of the lexicographic maximum can be done thanks to parallel reduction techniques[RF94].One part of the code is still unimplemented: the array declaration. The main problemregarding array declaration is to get a compile-time evaluation of its size. In many cases,loop bounds are not easily predictable at compile-time. One may thus have to considersome expanded arrays as dynamic arrays whose size is updated at run-time. Anothersolution proposed by Collard [Col94b, Col95b] is to prefer a storage mapping optimizationtechnique|such as the one presented in Section 5.3|to single-assignment form, and to



5.1. MOTIVATIONS AND TRADEOFFS 161Convert-Quast (quast; ref)quast: the quast representation of the reaching de�nition functionref : the original reference, used when ? is encounteredreturns the implementation of quast as a value retrieval code for reference ref1 switch2 case quast = f?g :3 return ref4 case quast = f{g :5 A Array({)6 S  Stmt({)7 x Iter({)8 return AS[x]9 case quast = f{1; {2; : : : g :10 return �(f{1; {2; : : : g)11 case quast = if predicate then quast1 else quast2 :12 return if predicate Convert-Quast (quast1; ref)else Convert-Quast (quast2; ref)Loop-Nests-SA (program; �)program: an intermediate representation of the program�: a reaching de�nition relation, seen as a functionreturns an intermediate representation of the expanded program1 for each array A in program2 do for each statement S assigning A in program3 do declare an array AS4 left-hand side of S is replaced by AS[Iter(CurIns)]5 for each read reference ref to A in program6 do �=ref  � \ (I� ref)7 quast Make-Quast (�=ref )8 map Convert-Quast (quast; ref)9 ref  map (CurIns)10 return programfold the unbounded array into a bounded one when the associated memory reuse does notimpairs parallelization. Such structures are very usual in high-level languages, but mayresult in poor performance when the compiler is unable to remove the run-time veri�cationcode. Two examples of code generation for � functions are proposed in the next section.5.1.4 Optimization of the Run-Time OverheadMost of the run-time overhead comes from dynamic restoration of the data 
ow, using� functions; and this cost is critical for non-scalar data structures distributed acrossprocessors. The technique presented in Section 5.2 (maximal static expansion) eradicatessuch run-time computations, to the cost of some loss in parallelism extraction. Indeed, �functions may sometimes be a necessary condition for parallelization. This justi�es thedesign of optimization techniques for � function computation, which is the second purposeof this section.We now present three optimizations to the code-generation algorithm in Section 5.1.2.The �rst method groups several basic optimizations for loop nests, the second one is based



162 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONLoop-Nests-Implement-Phi (expanded)expanded: an intermediate representation of the expanded programreturns an intermediate representation with run-time restoration code1 for each array AS in expanded2 do dA  dimension of array AS3 refS  write reference in S4 if there are � functions accessing AS5 then declare an array of dA-dimensional vectors �AS6 initialize �AS to NULL7 for each read access to AS of the form �(set) in expanded8 do if not already done for S9 then insert10 �AS[Iter(CurIns)] = fe(CurIns; refS)11 immediately after S12 for each original array A in expanded13 do for each read access �(set) associated with A in expanded14 do �(set) parallel for (each S in Stmt(set))vector[S] = max<lexfx : hS; xi 2 set ^ �AS[x] = fe(CurIns; ref�)ginstance = max<seqfhS; vector[S]i : S 2 Stmt(set)gAStmt(instance)[Iter(instance)]15 return expandedon a new instancewise analysis, and the last one avoid redundant computations duringthe propagation of \live" de�nitions. The second and third methods apply to loop nestsand recursive programs as well.First Method: Basic Optimizations for Loop NestsWhen dealing with nests of loops, the �-structures are �-arrays indexed by iteration vectors(see Loop-Nests-Implement-Phi). Because of the hierarchical structure of loop nests,accesses in a set � (u) are very likely to share a few iteration vector components. Thisallows the removal of the associated dimensions in �-arrays and to reduce the complexityof lexicographic maximum computations. Another consequence is the applicability of up-motion techniques for invariant assignments. An example of �-array simpli�cation andup-motion is described in Figure 5.2, where function max computes the maximum of a setof iteration vectors, and where the maximum of an empty set is the vector (�1; : : : ;�1).Another interesting optimization is only applicable to while loops and for loops whosetermination condition is complex: non-a�ne bounds, break statements or exceptions.When a loop assigns the same memory location an unbounded number of times, conversionto single-assignment form often requires a �-function but the last de�ning write can becomputed without using �-arrays: its iteration vector is associated with the last value ofthe loop counter.2 An example is described in Figure 5.3.2The semantics of the resulting code is correct, but rather dirty: a loop variable is used outside of theloop block.



5.1. MOTIVATIONS AND TRADEOFFS 163. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x;for (i=1; i<=N; i++) {for (j=1; j<=N; j++)if (� � �)for (k=1; k<=N; k++)S x = � � �;R � � � = x;}Figure 5.2.a. Original program
double x, xS[N+1, N+1, N+1];for (i=1; i<=N; i++) {for (j=1; j<=N; j++)if (� � �)for (k=1; k<=N; k++)S xS[i, j, k] = � � �;R � � � = �(fhS; i; j 0; Ni : 1 � j 0 � Ng [ f?g);}Figure 5.2.b. SA programdouble x, xS[N+1, N+1, N+1], �xS[N+1, N+1, N+1]={NULL};for (i=1; i<=N; i++) {for (j=1; j<=N; j++)if (� � �)for (k=1; k<=N; k++) {S xS[i, j, k] = � � �;�xS[i, j, k] = &x;}R � � � = {maxS = max f(i; j 0; k0) : 1 � j 0 � N ^ k0 = N ^ �xS[i; j 0; k0] = &xg;if (maxS != (�1;�1;�1)) xS[maxS] else x;}}Figure 5.2.c. Standard � implementationdouble x, xS[N+1, N+1, N+1], �xS[N+1]={NULL};for (i=1; i<=N; i++) {for (j=1; j<=N; j++) {if (� � �) {for (k=1; k<=N; k++) {S xS[i, j, k] = � � �;�xS[j] = &x;}R � � � = {maxS = max fj 0 : 1 � j 0 � N ^ �xS[j 0] = &xg;if (maxS != �1) xS[maxS] else x;}}Figure 5.2.d. Optimized � implementation. . . . . . . . . Figure 5.2. Basic optimizations of the generated code for � functions . . . . . . . . .Second Method: Improving the Single-Assignment Form AlgorithmIn some cases, � functions can be computed without �-arrays to store possible reachingde�nitions. When the read statement is too complex to be analyzed at compile-time,



164 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x;while (� � �)S x = � � �;R � � � = x;Figure 5.3.a. Original program
double x, xS[� � � ];w = 1;while (� � �) {S xS[w] = � � �;w++;}R � � � = �(fhS;wi : 1 � wg [ f?g);Figure 5.3.b. SA programdouble x, xS[� � � ], �xS[� � �]={NULL};w = 1;while (� � �) {S xS[w] = � � �;�xS[w] = &x;w++;}R � � � = {maxS = max fw : �xS[w] = &xg;if (maxS != �1) xS[maxS] else x;}Figure 5.3.c. Standard � implementation
double x, xS[� � �];w = 1;while (� � �) {S xS[w] = � � �;w++;}R � � � = if (w>1) xS[w-1] else x;Figure 5.3.d. Optimized � implementa-tion. . . . . . . . . . . Figure 5.3. Repeated assignments to the same memory location . . . . . . . . . . .the set of possible reaching de�nitions can be very large. However, if we could computethe very memory location accessed by the read statement, the set of possible reachingde�nitions would be much smaller|sometimes reduced to a singleton. This shows theneed for an additional instancewise information, called reaching de�nition of a memorylocation: the exact function which depends on an execution e 2 E of the program isdenoted by �mle and its conservative approximation by �ml. Here are the formal de�nitions:8e 2 E; 8u 2 Re; c 2 fe(We) : �mle (u; c) = max<seq �v 2We : v <seq u ^ fe(v) = c	;8e 2 E; 8u 2 Re; c 2 fe(We) : v = �mle (u; c) =) v 2 �ml (u; c):Computing relation �ml is not really di�erent from reaching de�nition analysis. Tocompute the �ml for a reference r in right-hand side of a statement, r is replaced by aread access to a new symbolic memory location c, then classical instancewise reachingde�nition analysis is performed. The result is a reaching de�nition relation parameterizedby c. Seeing c as an argument, it yields the expected approximate relation �ml. In somerare cases, this computation scheme yields unnecessary complex results:3 the generalsolution is then to intersect the result with �.Algorithm Abstract-ML-SA is an improved single-assignment form conversion al-gorithm based on reaching de�nitions of memory locations. It is based on the exact3Consider an array A, an assignment to A[foo] and a read reference to A[foo], where foo is somecomplex subscript. A precise reaching de�nition analysis would compute an exact result because thesubscript is the same in the two statements. However, the reaching de�nition of a given memory locationis not known precisely, because foo in the assignment statement is not known at compile time.



5.1. MOTIVATIONS AND TRADEOFFS 165run-time computation of the symbolic memory location with storage mapping fe. Thisalgorithm can also been specialized for loop nests and arrays, using quasts parameterizedby the current instance and the symbolic memory location, see Loop-Nests-ML-SA.In both cases, the value of fe should not be interpreted, it must be used as the originalreference code|possibly complex|to be substituted to the symbolic memory location c.An example is described in Figure 5.4.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double A[N+1];for (i=1; i<=N; i++)for (j=1; j<=N; j++)S A[j] = A[j] + A[foo ];Figure 5.4.a. Original programdouble A[N+1], AS[N+1, N+1];for (i=1; i<=N; i++)for (j=1; j<=N; j++)S AS[j] = if (i>1) AS[i-1, j] else A[j]+ if (i>1 || j>1) �(f?g [ fhS; i0; j 0i : 1 � i0; j 0 � N ^ (i0; j 0) <lex (i; j)g)else A[foo ];Figure 5.4.b. SA programdouble A[N+1], AS[N+1, N+1];for (i=1; i<=N; i++)for (j=1; j<=N; j++)S AS[j] = if (i>1) AS[i-1, j] else A[j]+ if (foo <j) AS[i, foo ]else if (i>1) AS[i-1, foo ] else A[foo ];Figure 5.4.c. SA program with reaching de�nitions of memory locations. . . . . . . . . . . . . . . . . . . . . . . Figure 5.4. Improving the SA algorithm . . . . . . . . . . . . . . . . . . . . . . .Third Method: Cheating with Single-AssignmentA general problem with implementations of � functions based on �-structures is the largeredundancy of lexicographic maximum computations. Indeed, each time a � functionis encountered, the maximum of the full set of possible reaching de�nitions must becomputed. In the static single-assignment framework (SSA) [CFR+91, KS98], a largepart of the work is devoted to optimized placement of � functions, in order to neverrecompute the maximum of the same set. These techniques are well suited to the variablerenaming involved in SSA, but are unable to support the data structure reconstructionperformed by SA algorithms. Nevertheless, for another expansion scheme presented inSection 5.4.7, we are able to avoid redundancies and to optimize the placement of �functions, but the algorithm is rather complex.The method we propose here has been studied with the help of Laurent Vibert. Itremoves redundant computations, but computation is not made with �-structures in SA



166 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONAbstract-ML-SA (program;W; �ml)program: an intermediate representation of the programW: a conservative approximation of the set of write accesses�ml: reaching de�nitions of memory locationsreturns an intermediate representation of the expanded program1 for each data structure D in program2 do declare a data structure Dexp[W]3 for each statement s assigning D in program4 do left-hand side of s Dexp[CurIns]5 for each reference ref to D in program6 do ref  if (�ml ((CurIns; ref); fe(CurIns; ref))=f?g) refelse if (�ml ((CurIns; ref); fe(CurIns; ref))==f{g) Dexp[{]else �(�ml ((CurIns; ref); fe(CurIns; ref)))7 return programLoop-Nests-ML-SA (program; �ml)program: an intermediate representation of the program�ml: reaching de�nitions of memory locationsreturns an intermediate representation of the expanded program1 for each array A in program2 do for each statement S assigning A in program3 do declare an array AS4 left-hand side of S  AS[Iter(CurIns)]5 for each reference ref to A in program6 do �ml=ref  �ml \ (I� ref)7 u symbolic access associated with reference ref8 quast Make-Quast (�ml=ref (u; fe(u)))9 map Convert-Quast (quast; ref)10 ref  map (CurIns)11 return programform: it is based on @-structures whose semantics is similar to @-arrays in the staticsingle-assignment (SSA) framework [KS98]. This is a simple compromise between de-pendence removal and e�cient computation of � functions, based on the commutativityand associativity of the lexicographic maximum. The idea is to use @-structures in one-to-one mapping with the original data structures instead of the expanded ones. Notice@-structures are not in single-assignment form, and maximum computation must be donein a critical section. Both the write instance and the memory location should be stored,but the memory location is now encoded in the subscript: @-structures are thus storinginstances instead of memory locations, see Abstract-Implement-Phi-Not-SA.The original memory-based dependences are displaced from the original data struc-tures to their @-structures: they have not disappeared! However, thanks to the propertiesof the lexicographic maximum, output dependences can be ignored without violating theoriginal program semantics. Spurious anti-dependences remain, and must be taken intoaccount for parallelization purposes. The �rst example in Figure 5.5 can be parallelizedwith this technique, but not the second.In the case of loop nests and arrays, a simple extension to the technique can be helpful.It is su�cient, for example, to parallelize the second example in Figure 5.5. Consider acall of the form �(set). If the component value of some dimensions is constant for all



5.1. MOTIVATIONS AND TRADEOFFS 167Abstract-Implement-Phi-Not-SA (expanded)expanded: an intermediate representation of the expanded programreturns an intermediate representation with run-time restoration code1 for each original data structure D[shape] in expanded2 do if there are � functions accessing Dexp3 then declare a data structure @D[shape] initialized to ?4 for each read reference ref� to D whose expanded form is �(set)5 do sub�  subscript of reference ref�6 for each statement s involved in set7 do subs  subscript of the write reference to D in s8 if not already done for s9 then following s insert @D[subs] = max (@D[subs], CurIns)10 �(set) if (@D[sub�]!=?) Dexp[@D] else D[sub�]11 return expandediteration vectors of instances in set, then it is legal to expand the @-array along thesedimensions. Applied to the second example in Figure 5.5, @x is replaced by @x[i], whichmakes the outer loop parallel.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
double x;for (i=1; i<=N; i++)S if (� � �) x = � � �;R � � � = x;Figure 5.5.a. First exampledouble x, xS[N+1], @x=�1;parallel for (i=1; i<=N; i++)S if (� � �) {x = � � �;@x = max (@x, i);}R � � � = if (@x != �1) xS[@x]else x;Figure 5.5.b. First example:parallel expansion

double x;for (i=1; i<=N; i++) {T x = � � �;for (j=1; j<=N; j++)S if (� � �) x = x � � �;R � � � = x;}Figure 5.5.c. Second exampledouble x, xT[N+1], xS[N+1, N+1];double @x=(�1;�1);for (i=1; i<=N; i++) {T xT[i] = � � �;for (j=1; j<=N; j++)S if (� � �) {xS[i, j] = if (j>1) xS[i, j-1]else xT[i] � � �;@x = max (@x, (i, j));}R � � � = if (@x != (�1;�1)) xS[@x]else xT[i];}Figure 5.5.d. Second example:not parallelizable expansion. . . . . . . . . . . . . Figure 5.5. Parallelism extraction versus run-time overhead . . . . . . . . . . . . .In practice, this technique is both very easy to implement and very e�cient for run-



168 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONtime restoration of the data 
ow, but it can often hamper parallelism extraction. It is a�rst and simple attempt to �nd a tradeo� between parallelism and overhead.5.1.5 Tradeo� between Parallelism and OverheadAll the single-assignment form algorithms described and most techniques for run-timerestoration of the data 
ow share the same major drawback: run-time overhead. Byessence, SA form requires a huge memory usage, and is not practical for real programs.Moreover, some � functions cannot be implemented e�ciently with the optimizationsproposed. To avoid or reduce these sources of run-time overhead, it is thus necessary todesign more pragmatic expansion schemes: both memory usage and run-time data-
owrestoration code should be handled with care. This is the purpose of the three followingsections.5.2 Maximal Static ExpansionThe present section studies a novel memory expansion paradigm: its motivation is tostick with the compile-time restoration of the 
ow of data while keeping in mind theapproximative nature of the compile-time information. More precisely, we would liketo remove as many memory-based dependences as possible, without the need of any �function (associated with run-time restoration of the data-
ow). We will show that thisgoal requires a change in the way expanded data structures are accessed, to take intoaccount the approximative knowledge of storage mappings.An expansion of data structures that does not need a � function is called a staticexpansion [BCC98, BCC00].4 The goal is to �nd automatically a static way to expandall data structures as much as possible, i.e. the maximal static expansion. Maximal staticexpansion may be considered as a trade-o� between parallelism and memory usage.We present an algorithm to derive the maximal static expansion; its input is the (per-haps conservative) output of a reaching de�nition analysis, so our method is \optimal"with respect to the precision of this analysis. Our framework is valid for any imperativeprogram, without restriction|the only restrictions being those of your favorite reachingde�nition analysis. We then present an intra-procedural algorithm to construct the maxi-mal static expansion for programs with arrays and scalars only, but where subscripts andcontrol structures are unrestricted.5.2.1 MotivationThe three following examples introduce the main issues and advocate for a maximal staticexpansion technique.First Example: Dynamic Control FlowWe �rst study the pseudo-code shown in Figure 5.6; this kernel appears in several convo-lution codes5. Parts denoted by � � � are supposed to have no side-e�ect.4Notice that according to our de�nition, an expansion in the static single-assignment framework[CFR+91, KS98] may not be static.5For instance, Horn and Schunck's algorithm to perform 3D Gaussian smoothing by separable convo-lution.



5.2. MAXIMAL STATIC EXPANSION 169. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x;for (i=1; i<=N; i++) {T x = � � �;while (� � �)S x = x � � �;R � � � = x � � �;}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.6. First example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Each instance hT; ii assigns a new value to variable x. In turn, statement S assigns xan unde�ned number of times (possibly zero). The value read in x by statement R is thusde�ned either by T , or by some instance of S, in the same iteration of the for loop (thesame i). Therefore, if the expansion assigns distinct memory locations to hT; ii and toinstances of hS; i; wi,6 how could instance hR; ii \know" which memory location to readfrom?We have already seen that this problem is solved with an instancewise reaching de�ni-tion analysis which describe where values are de�ned and where they are used. We maythus call � the mapping from a read instance to its set of possible reaching de�nitions.Applied to the example in Figure 5.6, it tells us that the set � (hS; i; wi) of de�nitionsreaching instance hS; i; wi is:� (hS; i; wi) = if w > 1 then fhS; i; w � 1ig else fhT; iig (5.1)And the set � (hR; ii) of de�nitions reaching instance hR; ii is:� (hR; ii) = �hT; ii	 [ �hS; i; wi : w � 1	; (5.2)where w is an arti�cial counter of the while-loop.Let us try to expand scalar x. One way is to convert the program into SA, making Twrite into xT[i] and S into xS[i; w]: then, each memory location is assigned to at mostonce, complying with the de�nition of SA. However, what should right-hand sides looklike now? A brute-force application of (5.2) yields the program in Figure 5.7. While theright-hand side of S only depends on w, the right-hand side of R depends on the control
ow, thus needing a � function.The aim of maximal static expansion is to expand x as much as possible in this programbut without having to insert � functions.A possible static expansion is to uniformly expand x into x[i] and to avoid outputdependencies between distinct iterations of the for loop. Figure 5.8 shows the resultingmaximal static expansion of this example. It has the same degree of parallelism and issimpler than the program in single-assignment.Notice that it should be easy to adapt the array privatization techniques by Maydanet al. [MAL93] to handle the program in Figure 5.6; this would tell us that x can beprivatized along i. However, we want to do more than privatization along loops, asillustrated in the following examples.6We need a virtual loop variable w to track iterations of the while loop.



170 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .for (i=1; i<=N; i++) {T xT[i] = � � �w = 1;while (� � �) {S xS[i,w] = if (w==1) xT[i] else xS[i,w-1] � � �w++;}R � � � = �(fhT; iig [ fhS; i; wi : w � 1g) � � �}. . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.7. First example, continued . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .for (i=1; i<=N; i++) {T x[i] = � � �while (� � �)S x[i] = x[i] � � �R � � � = x[i] � � �}. . . . . . . . . . . . . . . . . . Figure 5.8. Expanded version of the �rst example . . . . . . . . . . . . . . . . . .Second Example: Array ExpansionLet us give a more complex example; we would like to expand array A in the program inFigure 5.9.Since T always executes when j equals N , a value read by hS; i; ji, j > N is neverde�ned by an instance hS; i0; j 0i of S with j 0 � N . Figure 5.9 describes the data-
owrelations between S instances: an arrow from (i0; j 0) to (i; j) means that instance (i0; j 0)de�nes a value that may reach (i; j).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double A[4*N];for (i=1; i<=2*N; i++)for (j=1; j<=2*N; j++) {if (� � �)S A[i-j+2*N] = � � � A[i-j+2*N] � � �;T if (j==N) A[i+N] = � � �;}
j2NN

N i2N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.9. Second example . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



5.2. MAXIMAL STATIC EXPANSION 171Formally, the de�nition reaching an instance of statement S is:7� (hS; i; ji) = ��������� if j � Nthen �hS; i0; j 0i : 1 � i0 � 2N ^ 1 � j 0 < j ^ i0 � j 0 = i� j	else �hS; i0; j 0i : 1 � i0 � 2N ^ N < j 0 < j ^ i0 � j 0 = i� j	[ �hT; i0; Ni : 1 � i0 < i ^ i0 = i� j +N	 (5.3)Because reaching de�nitions are non-singleton sets, converting this program to SA formwould require run-time computation of the memory location read by S.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .j
iN 2N

N2N
Figure 5.10.a. Instances involved in thesame data 
ow

j
iN 2N

N2N
Figure 5.10.b. Counting groups per memorylocation. . . . . . . . . . . . . . . . Figure 5.10. Partition of the iteration domain (N = 4) . . . . . . . . . . . . . . . .However, we notice that the iteration domain of S may be split into disjoint subsetsby grouping together instances involved in the same data 
ow. These subsets build apartition of the iteration domain. Each subset may have its own memory space thatwill not be written nor read by instances outside the subset. The partition is given inFigure 5.10.a.Using this property, we can duplicate only those elements of A that appear in twodistinct subsets. These are all the array elements A[c], 1 + N � c � 3N � 1. They areaccessed by instances in the large central set in Figure 5.10.b. Let us label with 1 thesubsets in the lower half of this area, and with 2 the subsets in the top half. We add onedimension to array A, subscripted with 1 and 2 in statements S2 and S3 in Figure 5.11,respectively. Elements A[c], 1 � c � N are accessed by instances in the upper left trianglein Figure 5.10.b and have only one subset each (one subset in the corresponding diagonalin Figure 5.10.a), which we label with 1. The same labeling holds for sets correspondingto instances in the lower right triangle.The maximal static expansion is shown in Figure 5.11. Notice that this program hasthe same degree of parallelism as the corresponding single-assignment program, withoutthe run-time overhead.



172 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double A[4*N, 2];for (i=1; i<=2*N; i++)for (j=1; j<=2*N; j++) {// expansion of statement Sif (-2*N+1<=i-j && i-j<=-N) {if (� � �)S1 A[i-j+2*N, 0] = � � � A[i-j+2*N, 1] � � �;} else if (-N+1<=i-j && i-j<=N-1) {if (j<=N) {if (� � �)S2 A[i-j+2*N, 0] = � � � A[i-j+2*N, 0] � � �;} elseif (� � �)S3 A[i-j+2*N, 1] = � � � A[i-j+2*N, 1] � � �;} elseif (� � �)S4 A[i-j+2*N, 0] = � � � A[i-j+2*N, 0] � � �;// expansion of statement TT if (j==N) A[i+N, 2] = � � �;}. . . . . . . . . . . . Figure 5.11. Maximal static expansion for the second example . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double A[N+1];for (i=1; i<=N; i++) {for (j=1; j<=N; j++)T A[j] = � � �;S A[foo (i)] = � � �;R � � � = � � � A[bar (i)];}Figure 5.12.a. Source program
double A[N+1, N+1];for (i=1; i<=N; i++) {for (j=1; j<=N; j++)T A[j, i] = � � �;S A[foo (i), i] = � � �;R � � � = � � � A[bar (i), i];}Figure 5.12.b. Expanded version. . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.12. Third example . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Third Example: Non-A�ne Array SubscriptsConsider the program in Figure 5.12.a, where foo and bar are arbitrary subscriptingfunctions8. Since all array elements are assigned by T , the value read by R at the ithiteration must have been produced by S or T at the same iteration. The data-
ow graph7Some instances of S read uninitialized values (e.g. when j = 1) and they have no reaching de�nition.As a consequence, the expanded program in Figure 5.11 shoud begin with a copy-in code from the originalarray to the expanded one.8A[foo(i)] stands for an array subscript between 1 and N , \too complex" to be analyzed at compile-time.



5.2. MAXIMAL STATIC EXPANSION 173is similar to the �rst example:� (hR; ii) = �hS; ii	 [ �hT; i; ji : 1 � j � N	: (5.4)The maximal static expansion adds a new dimension to A subscripted by i. It is su�cientto make the �rst loop parallel.What Next?These examples show the need for an automatic static expansion technique. We presentin the following section a formal de�nition of expansion and a general framework formaximal static expansion. We then describe an expansion algorithm for arrays thatyields the expanded programs shown above. Notice that it is easy to recognize the originalprograms in their expanded counterparts, which is a convenient property of our algorithm.It is natural to compare array privatization [MAL93, TP93, Cre96, Li92] and maximalstatic expansion: both methods expose parallelism in programs at a lower cost than single-assignment form transformation. However, privatization generally resorts to dynamicrestoration of the data 
ow, and it only detects parallelism along the enclosing loops;it is thus less powerful than general array expansion techniques. Indeed, the example inSection 5.2.1 shows that our method not only may expand along diagonals in the iterationspace but may also do some \blocking" along these diagonals.5.2.2 Problem StatementWe assume an instancewise reaching de�nition analysis is performed previously, yieldinga conservative approximation � of the relation between uses and reaching de�nitions.The de�nition of static expansion has �rst been introduced in [BCC98]: the idea is toavoid dynamic restoration of the data 
ow. Let us consider two writes v and w belongingto the same set of reaching de�nitions of some read u. Suppose they both write in thesame memory location. If we assign two distinct memory locations to v and w in theexpanded program, then a � function is needed to restore the data 
ow, since we donot know which of the two locations has the value needed by u. Using the notationsintroduced in Sections 2.4 and 2.5, \v and w write in the same memory location" isdenoted by fe(v) = fe(w), and \u and w are assigned distinct memory locations in theexpanded program" is denoted by fexpe (v) 6= fexpe (w).We introduce relation R between de�nitions that possibly reach the same read (recallthat we do not require the reaching de�nition analysis to give exact results):8v; w 2W : vRw () 9u 2 R : v � u ^ w � u:Whenever two de�nitions possibly reaching the same read assign the same memory lo-cation in the original program, they must still assign the same memory location in theexpanded program. Since \writing in the same memory location" is an equivalence rela-tion, we actually use R�, the transitive closure of R (see Section 5.2.4 for computationdetails). Relation R�, therefore, generalizes webs [Muc97] to instances of references, andthe rest of this work shows how to compute R� in the presence of arrays.99Strictly speaking, webs include de�nitions and uses, whereas R� applies to de�nitions only.



174 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONRelation R holds between de�nitions that reach the same use. Therefore, mappingthese writes to di�erent memory locations is precisely the case where � functions wouldbe necessary, a case a static expansion is designed to avoid:De�nition 5.1 (static expansion) For an execution e 2 E of the program, an expan-sion from storage mapping fe to storage mapping fexpe is static if8v; w 2We : vR� w ^ fe(v) = fe(w) =) fexpe (v) = fexpe (w): (5.5)When clear from the context, we say \static expansion fexpe " instead of \static ex-pansion from fe to fexpe ". Now, we are interested in removing as many dependences aspossible, without introducing � functions. We are looking for the maximal static expansion(MSE), assigning the largest number of memory locations while verifying (5.5):De�nition 5.2 (maximal static expansion) For an execution e, a static expansionfexpe is maximal on the set We of writes, if for any static expansion f 0e,8v; w 2We : fexpe (v) = fexpe (w) =) f 0e(v) = f 0e(w): (5.6)Intuitively, if fexpe is maximal, then f 0e cannot do better: it maps two writes to the samememory location when fexpe does.We need to characterize the sets of statement instances on which a maximal staticexpansion fexpe is constant, i.e. equivalence classes of relation fu; v 2 We : fexpe (u) =fexpe (v)g. However, this hardly gives us an expansion scheme, because this result does nottell us how much each individual memory location should be expanded. The purpose ofSection 5.2.3 is to design a practical expansion algorithm for each memory location usedin the original program.5.2.3 Formal SolutionFollowing the lines of [BCC00], we are interested in the static expansion which removesthe largest number of dependences.Proposition 5.1 (maximal static expansion) Given a program execution e, a stor-age mapping fexpe is both a maximal static expansion of fe and �ner than fe if andonly if 8v; w 2We : vR�w ^ fe(v) = fe(w) () fexpe (v) = fexpe (w) (5.7)Proof: Su�cient condition|the \if" partLet fexpe be a mapping s.t. 8u; v 2W : fexpe (u) = fexpe (v) , uR� v ^ fe(u) = fe(v):By de�nition, fexpe is a static expansion and fexpe is �ner than fe.Let us show that fexpe is maximal. Suppose that for u; v 2 W: fexpe (u) = fexpe (v).(5.7) implies uR� v and fe(u) = fe(v). Thus, from (5.5), any other static expansionf 0e satis�es f 0e(u) = f 0e(v) too. Hence, fexpe (u) = fexpe (v) ) f 0e(u) = f 0e(v), so fexpe ismaximal.Necessary condition|the \only if" partLet fexpe be a maximal static expansion �ner than fe. Because fexpe is a static expan-sion, we only have to prove that8u; v 2W : fexpe (u) = fexpe (v) =) uR� v ^ fe(u) = fe(v):



5.2. MAXIMAL STATIC EXPANSION 175On the one hand, fexpe (u) = fexpe (v) ) fe(u) = fe(v) because fe is �ner than fe. Onthe other hand, for some u and v in W, assume fexpe (u) = fexpe (v) and :(uR� v). Weshow that it contradicts the maximality of fexpe : for any w in W, let f 0e(w) = fexpe (w)when :(uR�w), and f 0e(w) = c when uR� w, for some c 6= fexpe (u). f 0e is a staticexpansion: By construction, f 0e(u0) = f 0e(v0) for any u0 and v0 such that u0R� v0. Thecontradiction comes from the fact that f 0e(u) 6= f 0e(v). �Results above make use of a general memory expansion fexpe . However, constructing itfrom scratch is another issue. To see why, consider a memory location c and two accesses vand w writing into c. Assume that vR� w: these accesses must assign the same memorylocation in the expanded program. Now assume the contrary: if :(vR� w), then theexpansion should make them assign two distinct memory locations.We are thus strongly encouraged to choose an expansion fexpe of the form (fe; �) wherefunction � is constructed by the analysis and must be constant on equivalence classes ofR�. Notation (fe; �) is merely abstract. A concrete method for code generation involvesadding dimensions to arrays, and extending array subscripts with �, see Section 5.2.4.Now, a storage mapping fexpe = (fe; �) is �ner than fe by construction, and it is amaximal static expansion if function � satis�es the following equation:8e 2 E; 8v; w 2We; fe(v) = fe(w) : vR� w () �(v) = �(w):In practice, fe(v) = fe(w) can only be decided when fe is a�ne. In general, we have toapproximate fe with relation � and derive two constraints from the previous equation:Expansion must be static: 8v; w 2W : v �w ^ vR� w =) �(v) = �(w); (5.8)Expansion must be maximal: 8v; w 2W : v �w ^ :(vR� w) =) �(v) 6= �(w): (5.9)First, notice that changing � into its transitive closure �� has no impact on (5.8), andthat the transformed equation yields an equivalence class enumeration problem. Second,(5.9) is a graph coloring problem: it says that two writes cannot \share the same color" ifrelated. Direct methods exists to address these two problems simultaneously (see [Coh99b]or Section 5.4), but they seem much two complicated for our purpose.Now, the only purpose of relation � is to avoid unnecessary memory allocation, andusing a conservative approximation harms neither the maximality not the static prop-erty of the expansion. Actually, we found that relation � di�ers from ��|meaning � isnot transitive|only in contrived examples, e.g. with tricky combinations of a�ne andnon-a�ne array subscripts. Therefore, consider the following maximal static expansioncriterion: 8v; w 2W; v ��w : vR� w () �(v) = �(w) (5.10)Now, given an equivalence class of ��, classes of R� are exactly the sets where storagemapping fexpe is constant:Theorem 5.1 A storage mapping fexpe = (fe; �) is a maximal static expansion for allexecution e 2 E i� for each equivalence class C 2W���, � is constant on each classin C�R� and takes distinct values between di�erent classes: 8v; w 2 C : vR�w ,�(v) = �(w).Proof: C 2W��� denotes a set of writes which may assign the same memory cell, andC�R� is the set of equivalence classes for relationR� on writes in C. A straightforwardapplication of (5.10) concludes the proof. �



176 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONNotice that � is only supposed to take di�erent values between classes in the sameC: if C1;C2 2 W��� with C1 6= C2, u1 2 C1 and u2 2 C2, nothing prevents that�(u1) = �(u2).As a consequence, two maximal static expansions fexpe and f 0e are identical on a class ofW���, up to a one-to-one mapping between constant values. An interesting result follows:Lemma 5.1 The expansion factor for each memory location assigned by writes in C isCard(C�R�).Let C be an equivalence class in W��� (statement instances that may hit the samememory location). Suppose we have a function � mapping each write u in C to a rep-resentative of its equivalence class in C (see Section 5.2.4 for details). One may labeleach class in C�R�, or equivalently, label each element of �(C). Such a labeling scheme isobviously arbitrary, but all programs transformed using our method are equivalent up toa permutation of these labels. Labeling boils down to scanning exactly once all the integerpoints in the set of representatives �(C), see Section 5.2.5 for details. Now, rememberthat function fexpe is of the form (fe; �). From Theorem 5.1, we can take for �(u) thelabel we choose for �(u), then storage mapping fexpe is a maximal static expansion for ourprogram.Eventually, one has to generate code for the expanded program, using storage mappingfexpe . It is done in Section 5.2.4.5.2.4 AlgorithmThe maximal static expansion scheme given above works for any imperative program.More precisely, you may expand any imperative program using maximal static expansion,provided that a reaching de�nition analysis technique can handle it (at the instance level)and that transitive closure computation, relation composition, intersection and union arefeasible in your framework.In the sequel, since we use FADA (see [BCF97, Bar98] and Section 2.4.3) as reachingde�nition analysis, we inherit its syntactical restrictions: data structures are scalars andarrays; pointers are not allowed. Loops, conditionals and array subscripts are unrestricted.Therefore, Maximal-Static-Expansion andMSE-Convert-Quast are based on theclassical single-assignment algorithms for loop nests, see Section 5.1. They rely on Omega[KPRS96] and PIP [Fea88b] for symbolic computations. Additional algorithms and tech-nical points are studied in Section 5.2.5. In Maximal-Static-Expansion, the function� mapping instances to their representatived is encoded as an a�ne relation between it-eration vectors (augmented with the statement label), and labeling function � is encodedas an a�ne relation between the same iteration vectors and a \compressed" vector spacefound by Enumerate-Representatives, see Section 5.2.5.An interesting but technical remark is that, by construction of function �|seen as aparameterized vector, a few components may take a �nite|and hopefully small|numberof values. Indeed, such components may represent the \statement part" of an instance.In such case, splitting array A into several (renamed) data structures10 should improveperformance and decrease memory usage (avoiding convex hulls of disjoint polyhedra).Consider for instance MSE of the second example: expanding A into A1 and A2 wouldrequire 6N�2 array elements instead of 8N�2 in Figure 5.11. Other techniques reducing10Recall that in single-assignment form, statements assign disjoint (renamed) data structures.



5.2. MAXIMAL STATIC EXPANSION 177Maximal-Static-Expansion (program; � ; �)program: an intermediate representation of the program�: the con
ict relation�: the reaching de�nition relation, seen as a functionreturns an intermediate representation of the expanded program1 ��  Transitive-Closure (�)2 R�  Transitive-Closure (� � ��1)3 � Compute-Representatives (�� \R�)4 �  Enumerate-Representatives (�� ; �)5 for each array A in program6 do �A  component-wise maximum of �(u) for all write accesses u to A7 declaration A[shape] is replaced by Aexp[shape, �A]8 for each statement S assigning A in program9 do left-hand side A[subscript] of S is replaced by Aexp[subscript; �(CurIns)]1011 for each read reference ref to A in program12 do �=ref  restriction of � to accesses of the form ({; ref)13 quast Make-Quast (� � �=ref )14 map MSE-Convert-Quast (quast; ref)15 ref  map (CurIns)16 return programMSE-Convert-Quast (quast; ref)quast: the quast representation of the reaching de�nition functionref : the original referencereturns the implementation of quast as a value retrieval code for reference ref1 switch2 case quast = f?g :3 return ref4 case quast = f{g :5 A Array({)6 S  Stmt({)7 x Iter({)8 subscript original array subscript in ref9 return Aexp[subscript; x]10 case quast = f{1; {2; : : : g :11 error \this case should never happen with static expansion!"12 case quast = if predicate then quast1 else quast2 :13 return if predicate MSE-Convert-Quast (quast1; ref)else MSE-Convert-Quast (quast2; ref)the number of useless memory locations allocated by our algorithm are not described inthis paper.5.2.5 Detailed Review of the AlgorithmA few technical points and computational issues are raised in the previous algorithm.This section is devoted to their analysis and resolution.



178 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONFinding Representatives for Equivalence ClassesFinding a \good" canonical representative in a set is not a simple matter. We choose thelexicographic minimum because it can be computed using classical techniques, and our�rst experiments gave good results.Notice also that representatives must be described by a function � on write instances.Therefore, the good \parametric" properties of lexicographical minimum computations[Fea91, Pug92] are well suited to our purpose.A general technique to compute the lexicographical minimum follows. Let � be anequivalence relation, and C an equivalence class for �. The lexicographical minimum ofC is: min<lex (C) = v 2 C s:t: @u 2 C; u <lex v:Since <lex is a relation, we can rewrite the de�nition using algebraic operations:min<lex (C) = � � n(<lex � �)�(C): (5.11)This is applied in our framework to classes of R� and �� with order <seq.Compute-Representatives (equivalence)equivalence: an a�ne equivalence relation over instancesreturns an a�ne function mapping instances to a canonical representative1 repres equivalence n (<seq �equivalence)2 return represApplying Algorithm Compute-Representatives to relation R� yields an a�nefunction �, but this does not readily provide the labeling function �. The last stepconsists in enumerating the image of � inside classes of equivalence relation ��.Computing a Dense LabelingTo label each memory location, we associate each location to an integer point in the a�nepolyhedron of representatives, i.e. the image of function � whose range is restricted toa class of equivalence relation ��. Labeling boils down to scanning exactly once all theinteger points in the set of representatives. This can be done using classical polyhedron-scanning techniques [AI91, CFR95] or simply by considering a \part" of the representativefunction in one-to-one mapping with this set. It is thus easy to compute a labeling function�. But computing a \good" labeling function is much more di�cult: a \good" labelingshould be as dense as possible, meaning that the number of memory locations accessedby the program must be as near as possible as the number of memory locations allocatedfrom the shape of function �.A possible idea would be to count the number of integer points in the image of function�, thanks to Erhart polynomials [Cla96], and to build a labeling (non-a�ne in general)from this computation. But this would be extremely costly in practice and would some-times generate very intricate subscripts; moreover, most compile-time properties on �would be lost, due to the possible non-a�ne form. As a result, the \dense labeling prob-lem" is mostly open at the moment. We have found an interesting partial result by Wildeand Rajopahye [WR93], but studying applicability of their technique to our more generalcase is left for future work.



5.2. MAXIMAL STATIC EXPANSION 179Many simple transformations can be applied to � to compress its image. Thanksto the regularity of iteration spaces of practical loop nests, techniques such as globaltranslation, division by an integer constant|when a constant stride is discovered|andprojection gave excellent results on every example we studied. Algorithm Enumerate-Representatives implements these simple transformations to enumerate the image ofa function whose range is restricted to a class of some equivalence relation.Enumerate-Representatives (rel; fun)rel: equivalence relation whose classes de�ne enumeration domainsfun: the a�ne function whose image should be enumeratedreturns a dense labeling of the image of fun restricted to a class of rel1 repres Compute-Representatives (rel)2 enum Symbolic-Vector-Subtract (fun; repres � fun)3 apply appropriate translations, divisions and projections to iteration vectors in enum4 return enumWhat about Complexity and Practical Use?For each array in the source program, the algorithm proceeds as follows:� Compute the reciprocal relation ��1 of �. This is di�erent from computing theinverse of a function and consists only in a swap of the two arguments of �.� Composing two relations � and �0 boils down to eliminating y in x � y ^ y �0 z.� Computing the exact transitive closure ofR or � is impossible in general: Presburgerarithmetic is not closed under transitive closure. However, very precise conservativeapproximations (if not exact results) can be computed. Kelly et al. [KPRS96] do notgive a formal bound on the complexity of their algorithm, but their implementationin the Omega toolkit proved to be e�cient if not concise. A short review of theiralgorithm is presented in Section 3.1.2. Notice again that the exact transitive closureis not necessary for our expansion scheme to be correct.Moreover, R and � happens to be transitive in most practical cases. In our imple-mentation, the Transitive-Closure algorithm �rst checks whether the di�erence(R�R)nR is empty, before triggering the computation. In all three examples, bothrelations R and � are already transitive.� In the algorithm above, � is a lexicographical minimum. The expansion scheme justneeds a way to pick one element per equivalence class. Computing the lexicograph-ical minimum is expensive a priori, but was easy to implement.� Finally, numbering classes becomes costly only when we have to scan a polyhedralset of representatives in dimension greater than 1. In practice, we only had intervalson our benchmark examples.Is our Result Maximal?Our expansion scheme depends on the transitive closure calculator, and of course on theaccuracy of input information: instancewise reaching de�nitions � and approximation�� of the original program storage mapping. We would like to stress the fact that the



180 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONexpansion produced is static and maximal with respect to the results yielded by theseparts, whatever their accuracy:� The exact transitive closure may not be available (for computability or complex-ity reasons) and may therefore be over-approximated. The expansion factor of amemory location c is then lower than Card(fu 2W : fe(u) = cg�R�). However, theexpansion remains static and is maximal with respect to the transitive closure givento the algorithm.� Relation �� approximating the storage mapping of the original program may bemore or less precise, but we required it to be pessimistic (a.k.a. conservative). Thispoint does not interfere with the staticity or maximality of the expansion; but themore accurate the relation ��, the less unused memory is allocated by the expandedprogram.5.2.6 Application to Real CodesDespite good performance results on small kernels (see following sections), it is obviousthat reaching de�nition analysis and MSE will become unacceptably expensive on largercodes. When addressing real programs, it is therefore necessary to apply the MSE al-gorithm independently to several loop nests. A parallelizing compiler (or a pro�ler) canisolate loop nests that are critical program parts and where spending time in powerfuloptimization techniques is valuable. Such techniques have been investigated by Berthouin [Ber93], and also in the Polaris [BEF+96] and SUIF [H+96] projects.However, some values may be initialized outside of the analyzed code. When the setof possible reaching de�nitions for some read accesses is not a singleton and includes ?,it is necessary to perform some copy-in at the beginning of the code. Each array holdingvalues that may be read by such accesses must be copied into the appropriate expandedarrays. In practice this is expensive when expanded arrays hold many copies of originalvalues. However, the process is fully parallel and can hopefully not cost more than theloop nest itself.There is a simple way to avoid copy-in, to the cost of some loss in the expansion degree.It consists in adding \virtual write accesses" for every memory location and replacing ?sin the reaching de�nition relation by the appropriate virtual access (accesses indeed, whenthe memory location accessed is unknown). Since all ?s have been removed, computingthe maximal static expansion from this modi�ed reaching de�nition relation requires nocopy-in; but additional constraints due to the \virtual accesses" may forbid some arrayexpansions. This technique is especially useful when many temporary arrays are involvedin a loop nest. But its application to the second motivating example (Figure 5.9) wouldforbid all expansion since almost all reads may access values de�ned outside the nest.Moreover, the data structures created by MSE on each loop nest may be di�erent, andthe accesses to the same original array may now be inconsistent. Consider for instance theoriginal pseudo code in Figure 5.13.a. We assume the �rst nest was processed separatelyby MSE, and the second nest by any technique. The code appears in Figure 5.13.b.Clearly, references to A may be inconsistent: a read reference in the second nest does notknow which �1 to read from.A simple solution is then to insert, between the two loop nests, a copy-out code inwhich the original structure is restored (see Figure 5.13). Doing this only requires to add,at the end of the �rst nest, \virtual accesses" that reads every memory locations written



5.2. MAXIMAL STATIC EXPANSION 181. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .for i � � �� � � A[f1(i)] � � �end for� � �for i � � �� � � = A[f2(i)] � � �end forFigure 5.13.a. Original code
for i � � �� � � A1[f1(i), �1(i)] � � �end for� � �for i � � �� � � = A1[f2(i), /* unknown */] � � �end forFigure 5.13.b. MSE versionfor i � � �� � � A1[f1(i), �1(i)] � � �end for� � �for c � � � // copy-out codeA[c] = A1[c, �1(� (� � � ))]end for� � �for i � � �� � � = A[f2(i)] � � �end forFigure 5.13.c. MSE with copy-out. . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.13. Inserting copy-out code . . . . . . . . . . . . . . . . . . . . . . . . .in the nest. The reaching de�nitions within the nest give the identity of the memorylocation to read from. Notice that no � functions are necessary in the copy code|theopposite would lead to a non-static expansion. More precisely, if we call V (c) the \virtualaccess" to memory location c after the loop nest, we can compute the maximal staticexpansion for the nest and the additional virtual accesses, and the value to copy back intoc is located in (c; �(� (V (c)))).Fortunately, with some knowledge on the program-wide 
ow of data, several opti-mizations can remove the copy-out code11. The simplest optimization is to remove thecopy-out code for some data structure when no read access executing after the nest uses avalue produced inside this nest. The copy-out code can also be removed when no � func-tions are needed in read accesses executing after the nest. Eventually, it is always possibleto remove the copy-out code in performing a forward substitution of (c; �(� (V (c)))) intoread accesses to a memory location c in following nests.5.2.7 Back to the ExamplesThis section applies our algorithm to the motivating examples, using the Omega Calcu-lator [Pug92] as a tool to manipulate a�ne relations.11Let us notice that, if MSE is used in codesign, the intermediate copy-code and associated datastructures would correspond to additional logic and bu�ers, respectively. Both should be minimized incomplexity and/or size.



182 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONFirst ExampleConsider again the program in Figure 5.6 page 169. Using the Omega Calculator text-based interface, we describe a step-by-step execution of the expansion algorithm. Wehave to code instances as integer-valued vectors. An instance hSs; ii is denoted by vector[i,..,s], where [..] possibly pads the vector with zeroes. We number T; S; R with 1,2, 3 in this order, so hT; ii, hS; i; ji and hR; ii are written [i,0,1], [i,j,2] and [i,0,3],respectively.From (5.1) and (5.2), we construct the relation S of reaching de�nitions:S := {[i,1,2]->[i,0,1] : 1<=i<=N}union {[i,w,2]->[i,w-1,2] : 1<=i<=N && 2<=w}union {[i,0,3]->[i,0,1] : 1<=i<=N}union {[i,0,3]->[i,w,2] : 1<=i<=N && 1<=w};Since we have only one memory location, relation � tells us that all instances arerelated together, and can be omitted.Computing R is straightforward:S' := inverse S;R := S(S');R;{[i,0,1]->[i,0,1] : 1<=i<=N} union{[i,w,2]->[i,0,1] : 1<=i<=N && 1<=w} union{[i,0,1]->[i,w',2] : 1<=i<=N && 1<=w'} union{[i,w,2]->[i,w',2] : 1<=i<=N && 1<=w' && 1<=w}In mathematical terms, we get:hT; iiR hT; ii () 1 � i � NhS; i; wiR hS; i; w0i () 1 � i � N;w � 1; w0 � 1hS; i; wiR hT; ii () 1 � i � N ^ w � 1hT; iiR hS; i; w0i () 1 � i � N ^ w0 � 1 (5.12)Relation R is already transitive, no closure computation is necessary:R = R�There is only one equivalence class for ��.Let us choose �(u) as the �rst executed instance in the equivalence class of u for R�(the least instance according to the sequential order): �(u) = min<seq(fu0 : u0R� ug). Wemay compute this expression using (5.11):8i; w; 1 � i � N;w � 1 : �(hT; ii) = hT; ii; �(hS; i; wi) = hT; ii:Computing �(W) yields N instances of the form hT; ii. Maximal static expansion ofaccesses to variable x requires N memory locations. Here, i is an obvious label:8i; w; 1 � i � N;w � 1 : �(hS; i; wi) = �(hT; ii) = i: (5.13)All left-hand side references to x are transformed into x[i]; all references to x in theright hand side are transformed into x[i] too since their reaching de�nitions are instancesof S or T for the same i. The expanded code is thus exactly the one found intuitively inFigure 5.8.The size declaration of the new array is x[1..N].



5.2. MAXIMAL STATIC EXPANSION 183Second ExampleWe now consider the program in Figure 5.9. Instances hS; i; ji and hT; i; Ni are denotedby [i,j,1] and [i,N,2], respectively.From (5.3), the relation S of reaching de�nitions is de�ned as:S := {[i,j,1]->[i', j',1] : 1<=i,i'<=2N && 1<=j'<j<=N && i'-j'=i-j}union {[i,j,1]->[i',j',1] : 1<=i,i'<=2N && N<j'<j<=2N && i'-j'=i-j}union {[i,j,1]->[i',N,2] : 1<=i,i'<=2N && N<j<=2N && i'=i-j+N};It is easy to compute relation � since all array subscripts are a�ne: two instances ofS or T , whose iteration vectors are (i; j) and (i0; j 0) write in the same memory locationi� i � j = i0 � j 0. This relation is transitive, hence � = ��. We call it May in Omega'ssyntax:May := {[i,j,s]->[i',j',s'] : 1<=i,j,i',j'<=2N && i-j=i'-j' &&(s=1 || (s=2 && j=N) || s'=1 || (s'=2 && j'=N))};As in the �rst example, we compute relation R using Omega:S' := inverse S;R := S(S');R;{[i,j,1]->[i',j-i+i',1] : 1<=i<=2N-1 && 1<=j<N && 1<=i'<=2N-1&& i<j+i' && j+i'<N+i} union{[i,j,1]->[i',j-i+i',1] : N<j<=2N-1 && 1<=i<=2N-1 && 1<=i'<=2N-1&& N+i<j+i' && j+i'<2N+i} union{[i,N,2]->[i',N-i+i',1] : 1<=i<i'<=2N-1 && i'<N+i} union{[i,j,1]->[N+i-j,N,2] : N<j<=2N-1 && i<=2N-1 && j<N+i} union{[i,N,2]->[i,N,2] : 1<=i<=2N-1}That is:hT; i; NiR hT; i; Ni , 1 � i � 2N � 1hS; i; jiR hS; i0; j 0i , (1 � i; i0 � 2N � 1) ^ (i� j = i0 � j 0)^ �1 � j; j 0 < N _N < j; j 0 < 2N � 1�hS; i; jiR hT;N + i� j; Ni , (1 � i � 2N � 1) ^ (N < j � 2N � 1) ^ (j < N + i)hT; i; NiR hS; i0; N � i + i0i , 1 � i < i0 � 2N � 1 ^ i0 < N + iRelation R is already transitive: R = R�. Figure 5.10.a shows the equivalence classesof R�.Let C be an equivalence class for relation ��. There is an integer k s.t. C = fhS; i; ji :i�j = kg[fhT; k+N;Nig. Now, for u 2 C, �(u) = min<seq(fu0 2W : u0 �� u ^ u0R� ug).Then, we compute �(u) using Omega:1� 2N � i� j � �N : �(hS; i; ji) = hS; 1; 1� i + ji1�N � i� j � N � 1 ^ j < N : �(hS; i; ji) = hS; i� j + 1; 1i1�N � i� j � N � 1 ^ j >= N : �(hS; i; ji) = hT; i; NiN � i� j � 2N � 1 : �(hS; i; ji) = hS; i� j + 1; 1i1 � i � 2N � 1 : �(hT; i; Ni) = hT; i; Ni



184 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONThe result shows three intervals of constant cardinality of C�R�; they are described inFigure 5.10.b. A labeling can be found mechanically. If i� j � �N or i� j � N , thereis only one representative, thus �(hS; i; ji) = 1. If 1�N � i� j � N � 1, there are tworepresentatives; then we de�ne �(hS; i; ji) = 1 if j � N , �(hS; i; ji) = 2 if j > N , and�(hT; i; Ni) = 2.The static expansion code appears in Figure 5.11. As hinted in Section 5.2.4, condi-tionals in � have been taken out of array subscripts.Array A is allocated as A[4*N, 2]. Note that some memory could have been sparedin de�ning two di�erent arrays: A1 standing for A[� � � ; 0] holding 4N � 1 elements, andA2 standing for A[� � � ; 1] holding only 2N � 1 elements. This idea was pointed out inSection 5.2.4.Third Example: Non-A�ne Array SubscriptsWe come back to the program in Figure 5.12.a. Instances hT; i; ji, hS; ii and hR; ii arewritten [i,j,1], [i,0,2] and [i,0,3].From (5.4), we build the relation of reaching de�nitions:S := {[i,0,3]->[i,j,1] : 1<=i,j<=N}union {[i,0,3]->[i,0,2] : 1<=i<=N};Since some subscripts are non a�ne, we cannot compute at compile-time the exactrelation between instances writing in some location A[x]. We can only make the followingpessimistic approximation of �: all instances are related together (because theymay assignthe same memory location).S' := inverse S;R := S(S');R;{[i,j,1]->[i,j',1] : 1<=i<=N && 1<=j<=N&& 1<=j'<=N} union{[i,0,2]->[i,j',1] : 1<=i<=N && 1<=j'<=N} union{[i,j,1]->[i,0,2] : 1<=i<=N && 1<=j<=N} union{[i,0,2]->[i,0,2] : 1<=i<=N}R is already transitive: R = R�.There is only one equivalence class for ��.We compute �(u) using Omega:8i; 1 � i � N : �(hS; ii) = hT; i; 1i8i; j; 1 � i � N; 1 � j � N : �(hT; i; ji) = hT; i; 1iNote that every hT; i; ji instance is in relation with hT; i; 1i.Computing �(W) yields N instances of the form hT; ii. Maximal static expansionof accesses to variable x requires N memory locations. We can use i to label theserepresentatives; thus the resulting � function is:�(hS; ii) = �(hT; i; ji) = i:



5.2. MAXIMAL STATIC EXPANSION 185Using this labeling, all left hand side references to A[� � �] become A[� � �, i] in theexpanded code. Since the source of hR; ii is an instance of S or T at the same iterationi, the right hand side of R is expanded the same way. Expanding the code thus leads tothe intuitive result given in Figure 5.12.b.The size declaration of A is now A[N+1, N+1].5.2.8 ExperimentsWe ran a few experiments on an SGI Origin 2000, using the mp library. Implementationissues are discussed in Section 5.2.9.Performance Results for the First ExampleFor the �rst example, the parallel SA and MSE programs are given in Figure 5.14. Re-member that w is an arti�cial counter of the while-loop, andM is the maximum numberof iterations of this loop. We have seen that a � function is necessary for SA form, but itcan be computed at low cost: it represents the last iteration of the inner loop.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double xT[N], xS[N, M];parallel for (i=1; i<=N; i++) {T xT[i] = � � �;w = 1;while (� � �) {S xS[i][w] = if (w==1) xT[i] � � �;w++;} else xS[i, w-1] � � �;R � � � = if (w==1) xT[i] � � �;else xS[i, w-1] � � �;// the last two lines implement// �(fhT; iig [ fhS; i; wi : 1 � w � Mg)}Figure 5.14.a. Single-assignment

double x[N+1];parallel for (i=1; i<=N; i++)T x[i] = � � �;while (� � �)S x[i] = x[i] � � �;R � � � = x[i] � � �;}Figure 5.14.b. Maximal static expan-sion
. . . . . . . . . . . . . . . . . . . Figure 5.14. Parallelization of the �rst example. . . . . . . . . . . . . . . . . . . .Table in Figure 5.15 �rst describes speed-ups for the maximal static expansion relativeto the original sequential program, then speed-ups for the MSE version relative to thesingle-assignment form. As expected, MSE shows a better scaling, and the relative speed-up quickly goes over 2. Moreover, for larger memory sizes, the SA program may swap orfail for lack of memory.5.2.9 ImplementationThe maximal static expansion is implemented in C++ on top of the Omega library. Fig-ure 5.16 summarizes the computation times for our examples (on a 32MB Sun SPARC-station 5). These results do not include the computation times for reaching de�nitionanalysis and code generation.



186 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .M �NCon�guration 200� 250 200� 500 200� 1000 200� 2000 200� 4000Speed-ups for MSE versus original program16 processors 6.72 9.79 12.8 13.4 14.732 processors 5.75 9.87 15.3 21.1 24.8Speed-ups for MSE versus SA16 processors 1.43 1.63 1.79 1.96 2.0732 processors 1.16 1.33 1.52 1.80 1.99. . . . . . . . . . . . . . . . Figure 5.15. Experimental results for the �rst example . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1st example 2nd example 3rd exampletransitiveclosure 100 100 110(check)picking therepresentatives 110 160 110(function �)other 130 150 70total 340 410 290. . . . . . . . . . . . . . . . . . . Figure 5.16. Computation times, in milliseconds. . . . . . . . . . . . . . . . . . . .Moreover, computing the class representatives is relatively fast; it validates our choiceto compute function � (mapping instances to their representatives) using a lexicographicalminimum. The intuition behind these results is that the computation time mainly dependson the number of a�ne constraints in the data-
ow analysis relation.Our only concern, so far, would be to �nd a way to approximate the expressions oftransitive closures when they become large.5.3 Storage Mapping OptimizationMemory expansion techniques have two main drawbacks: high memory usage and run-time overhead. Parallelization via memory expansion thus requires both moderation inthe expansion degree and e�ciency in the run-time computation of data-
ow restorationcode.Moderation in the expansion degree can be addressed in two ways: either with \hardconstraints" such as the one presented in Section 5.2 or with optimization techniques thatdo not interfere with parallelism extraction. This section addresses such optimization



5.3. STORAGE MAPPING OPTIMIZATION 187techniques, and presents the main results of a collaboration with Vincent Lefebvre. It canbe seen as an extension of a work by Feautrier and Lefebvre [LF98] and also by Strout etal. [SCFS98].Our contributions are the following: we formalize the correctness of a storage map-ping, according to a given parallel execution order, for any nest of loops with unrestrictedconditional expressions and array subscripts; we show that schedule-independent storagemappings de�ned in [SCFS98] correspond to correct storage mappings according to thedata-
ow execution order ; and we present an algorithm for storage mapping optimization,applicable to any nest of loops and to all parallelization techniques based on polyhedraldependence graphs (i.e. captured by Presburger arithmetics).5.3.1 MotivationFirst Example: Dynamic Control FlowWe �rst study the kernel in Figure 5.17.a, which was already the �rst motivating examplein Section 5.2. Parts denoted by � � � have no side-e�ect. Each loop iteration spawnsinstances of statements included in the loop body.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x;for (i=1; i<=N; i++) {T x = � � �;while (� � �) {S x = x � � �;}R � � � = x � � �;}Figure 5.17.a. Original program
double xT[N+1], xS[N+1, M+1]parallel for (i=1; i<=N; i++) {T xT[i] = � � �;w = 1;while (� � � ) {S xS[i][w] = if(w=1) xT[i] � � �;else xS[i, w-1] � � �;w++;}R � � � = if (w==1) xT[i] � � �;else xS[i, w-1] � � �;// the last two lines implement// �(fhT; iig [ fhS; i; wi : 1 � w � Mg)}Figure 5.17.b. Single-assignmentdouble xTS[N+1]parallel for (i=1; i<=N; i++) {T xTS[i] = � � �;while (� � �) {S xTS[i] = xTS[i] � � �;}R � � � = xTS[i] � � �;}Figure 5.17.c. Partial expansion. . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.17. Convolution example . . . . . . . . . . . . . . . . . . . . . . . . . .Any instancewise reaching de�nition analysis is suitable to our purpose, but FADA



188 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION[BCF97] is prefered since it handles any loop nest and achieves today's best precision.Value-based dependence analysis [Won95] is also a good choice. In the following, Theresults for references x in right-hand side of R and S are nested conditionals:� (hS; i; w; xi) = if w = 1 then fTg else fhS; i; w � 1ig� (hR; i; xi) = fhS; i; wi : 1 � wg:Here, memory-based dependences hampers direct parallelization via scheduling ortiling. We need to expand scalar x and remove as many output, 
ow and anti-dependencesas possible. Reaching de�nition analysis is at the core of single-assignment (SA) algo-rithms, since it records the location of values in expanded data structures. However,when the 
ow of data is unknown at compile-time, � functions are introduced for run-time restoration of values [CFR+91, Col98]. Figure 5.17.b shows our program convertedto SA form, with the outer loop marked parallel (M is the maximum number of iterationsof the inner loop). A � function is necessary but can be computed at low cost since itrepresents the last iteration of the inner loop.SA programs su�er from high memory requirements: S now assigns a huge N �Marray. Optimizing memory usage is thus a critical point when applying memory expansiontechniques to parallelization.Figure 5.17.c shows the parallel program after partial expansion. Since T executesbefore the inner loop in the parallel version, S and T may assign the same array. Moreovera one-dimensional array is su�cient since the inner loop is not parallel. As a side-e�ect, no� function is needed any more. Storage requirement isN , to be compared withNM+N inthe SA version, and with 1 in the original program (allowing no legal parallel reordering).This partial expansion has been designed for a particular parallel execution order.However, it is easy to show that it is also compatible with all other execution orders,since the inner loop cannot be parallelized. We have thus built a schedule-independent(a.k.a. universal) storage mapping, in the sense of [SCFS98]. On many programs, a morememory-economical technique consists in computing a legal storage mapping accordingto a given parallel execution order, instead of �nding a schedule-independent storagecompatible with any legal execution order. This is done in [LF98] for a�ne loop nestsonly.Second Example: a More Complex ParallelizationWe now consider the program in Figure 5.18 which solves the well known knapsack prob-lem (KP). This kernel naturally models several optimization problems [MT90]. Intuitively:M is the number of objects, C is the \knapsack" capacity, W[k] (resp. P[k]) is the weight(resp. pro�t) of object number k; the problem is to maximize the pro�t without exceedingthe capacity. Instances of S are denoted by hS; k;W [k]i, : : : ,hS; k; Ci, for 1 � k �M .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[C+1], W[M+1], P[M+1];for (k=1; k<=M; k++)for (j=W[k]; j<=C; j++)S A[j] = max (A[j], P[k] + A[j-W[k]]);. . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.18. Knapsack program . . . . . . . . . . . . . . . . . . . . . . . . . . .



5.3. STORAGE MAPPING OPTIMIZATION 189We suppose (from additional static analyses) that W[k] is always positive and less thanor equal to an integer K. The result for references A[j] and A[j-W[k]] in right-handside of S are conditionals:� (hS; k; j; A[j]i) = ������� if k = 1then f?gelse fhS; k � 1; jig� (hS; k; j; A[j-W[k]]i) = fhS; k0; j 0i : 1 � k0 � k ^ max(0; j �K) < j 0 < j � 1gFirst notice that program KP does not have any parallel loops, and that memory-based dependences hampers direct parallelization. Therefore, parallelizing KP requiresthe application of preliminary program transformations.Thanks to the reaching de�nition information, Figure 5.19 shows program KP con-verted to SA form. The unique � function implements a run-time choice between valuesproduced by fhS; k0; j 0i : 1 � k0 � k ^ max(0; j �K) < j 0 < j � 1g, for some read accesshS; k; j; A[j-W[k]]i.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[C+1], W[M+1], P[M+1]int AS[M+1, C+1]for (k=1; k<=M; k++)for (j=W[k]; j<=C; j++)S AS[k, j] = if (k==1)max (A[j], P[1] + A[j-W[1]]);elsemax (AS[k-1, j],P[k] + �(fhS; k0; j 0i : 1 � k0 � k ^ max(0; j�K) < j 0 < j� 1g);. . . . . . . . . . . . . . . . . . . . . . Figure 5.19. KP in single-assignment form . . . . . . . . . . . . . . . . . . . . . .Eventually, in this particular case, the � function is really easy to compute: the valueof A[j-W[k]] has been \moved" by SA form transformation \to" AS[k, j-W[k]]. Then�(fhS; k0; j 0i : 1 � k0 � k ^ max(0; j � K) < j 0 < j � 1g) is equal to AS[k,j-W[k]].This optimization avoids the use of temporary arrays. It can be performed automatically,along with other interesting optimizations, see Section 5.1.4.The good thing with SA-transformed programs is that the only remaining dependencesare true dependences between a reaching de�nition instance and its use instances. Thusa legal parallel schedule for program KP is: \execute instance hS; k; ji at step k + j", seeFigure 5.20 (see Section 2.5.2 for schedule computation).Since KP is a perfectly nested loop, it is also possible to apply tiling techniquesto single-assignment KP, based on instancewise reaching de�nition information. Tilingtechniques improve data locality and reduce communications in grouping together com-putations a�ecting the same part of a data structure (see Section 2.5.2). Rectangularm� c tiles seem appropriate in our case; the height m and width c can be tuned thanksto theoretical models [IT88, CFH95, BDRR94] or pro�ling techniques. The knapsackproblem has been much studied and very e�cient parallelizations have been crafted byAndonov and Rajopadhye [AR94], see also [BBA98] for additional information on tiling



190 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
kkk

jj j
. . . . . . Figure 5.20. Instancewise reaching de�nitions, schedule, and tiling for KP . . . . . .the knapsack algorithm. The third graph in Figure 5.20 represents 2� 2 tiles, but largersizes are used in practice, see Section 5.3.10.Consider the dependences in Figure 5.20. The value produced by instance hS; k; jimaybe used by hS; k; j + 1i; : : : ; hS; k;min(C; j +K)i or by hS; k + 1; ji. Using the scheduleor the tiling proposed in Figure 5.20, we can prove that some value produced during theexecution stops being useful after a given delay: if 1 � k; k0 � M and 1 � j; j 0 � C aresuch that k + j + K < k0 + j 0, the value produced by hS; k; ji is not used by hS; k0; j 0i.This allows a cyclic folding of the storage mapping: every access of the form AS[k, j]can be safely replaced by AS[k % (K+1), j]. The result is shown in Figure 5.21.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[C+1], W[M+1], P[M+1]int AS[K+2, C+1]for (k=1; k<=M; k++)for (j=W[k]; j<=C; j++)S AS[k % (K+1), j] = if (k==1)max (A[j], P[1] + A[j-W[1]]);elsemax (AS[(k-1) % (K+1), j],P[k] + �(fhS; k0; j 0i : 1 � k0 � k ^ max(0; j�K) < j 0 < j� 1g);. . . . . . . . . . . . . . . . . . . . . . . . Figure 5.21. Partial expansion for KP . . . . . . . . . . . . . . . . . . . . . . . .Storage requirement for array AS is (K+1)C, to be compared withMC in the SA ver-sion, and with C in the original program (where no legal parallel reordering was possible).This suggests two observations:� �rst, the gain is only signi�cant when K is much smaller than M , which may notbe the case in practice;� second, the expanded subscript in left-hand side is not a�ne any more, since K isa symbolic constant.In general, when the cyclic folding is based on a symbolic constant (like K), it becomesboth di�cult to measure the e�ectiveness of the optimization and to reuse the generated



5.3. STORAGE MAPPING OPTIMIZATION 191code in subsequent analyses. In [Lef98], Lefebvre proposed to forbid such symbolic fold-ings, but we believe they can still be useful when some compile-time information on thesymbolic bounds (like K) is available.Eventually, this partial expansion is not schedule-independent, because it highly de-pends on the \parallel front" direction associated with the proposed schedule and tiling.5.3.2 Problem Statement and Formal SolutionGiven an original program (<seq; fe), we suppose that an instancewise reaching de�nitionanalysis has already been performed|yielding relation �|and that a parallel executionorder <par has been computed using some suitable technique (see Chapter 2.5.2). Ourproblem is here to compute a new storage mapping fexpe such that (<par; fexpe ) preservesthe original semantics of (<seq; fe).Given a parallel execution order <par, we have to characterize correct expansionsallowing parallel execution to preserve the program semantics. In addition to the con
ictrelation �e, we use the no-con
ict relation 6�e, which is the complement of �e. As inSection 2.4.1, we build a conservative approximation 6� of this relation:8e 2 E; 8v; w 2 Ae : �fe(v) 6= fe(w) =) v 6�w�:Since both approximations � and 6� are conservative, we have to be very careful that theyare not complementary in general. Indeed, �e and 6�e are complementary for the sameexecution e 2 E, but � is de�ned as a \may con
ict" approximation for all executions,and 6� is the negation of the \must con
ict" approximation.Our �rst task is to formalize the memory reuse constraints enforced by the partialorder <par. We introduce �0e: the exact reaching de�nition function for a given executione of parallelized program (<par; fexpe ).12 The expansion is correct i�, for every programexecution, the source of every access is the same in the sequential and in the parallelprogram: 8e 2 E; 8u 2 Re; 8v 2We : v = �e (u) =) v = �0e (u): (5.14)We are looking for a correctness criterion telling whether two writes may use the samememory location or not. To do this, we return to the de�nition of �0e:8e 2 E : v = �0e (u) ()v <par u ^ fexpe (u) = fexpe (v) ^ �8w 2We : u <par w _ w <par v _ fexpe (v) 6= fexpe (w)�:(5.15)Plugging (5.15) in (5.14), we get8e 2 E; 8u 2 Re; 8v; w 2We : v = �e (u) ^ u �par w ^ w �par v =)v <par u ^ fexpe (u) = fexpe (v) ^ fexpe (v) 6= fexpe (w):We may simplify this result since v <par u and fexpe (u) = fexpe (v) constraints are alreadyimplied by v = �e (u)|through (5.14)|and do not bring any information between fexpe (v)and fexpe (w):8e 2 E; 8u 2 Re; 8v; w 2We :v = �e (u) ^ u �par w ^ w �par v =) fexpe (v) 6= fexpe (w): (5.16)12The fact that <par is not a total order makes no di�erence for reaching de�nitions.



192 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONIt means that we cannot reuse memory (i.e. we must expand) when both v = �e (u) andv �par w ^ u �par w are true. Starting from this dynamic correctness condition, we wouldlike to deduce a correctness criterion based on static knowledge only. This criterion mustbe valid for all executions; in other terms, it should be stronger than condition (5.16).We can now expose the expansion correctness criterion. It requires the reaching de�-nition v of a read u and an other write w to assign di�erent memory locations when: wexecutes between v and u in the parallel program, and either w does not execute betweenv and u or w assigns a di�erent memory location from v (v 6�w) in the original program;see Figure 5.22. Here is the precise formulation of the correctness criterion:Theorem 5.2 (correctness of storage mappings) If the following condition holds,then the expansion is correct|i.e. allows parallel execution to preserve the programsemantics.8e 2 E; 8v; w 2W :9u 2 R : v � u ^ w �par v ^ u �par w ^ (u <seq w _ w <seq v _ v 6�w)=) fexpe (v) 6= fexpe (w): (5.17)Proof: We �rst rewrite the de�nition of v being the reaching de�nition of u:8e 2 E; 8u 2 Re; 8v 2We :v = �e (u) =) v <seq u ^ fe(u) = fe(v) ^�8w 2We : u <seq w _ w <seq v _ fe(v) 6= fe(w)�:As a consequence,8e 2 E; 8u 2 Re; 8v 2We :v = �e (u) =) �8w 2We : u <seq w _ w <seq v _ fe(v) 6= fe(w)�: (5.18)The right-hand side of (5.18) can be inserted into (5.16) as an additional constraint:(5.16) is equivalent to8e 2 E; 8u 2 Re; 8v; w 2We :v = �e (u) ^ w �par v ^ u �par w ^ �u <seq w _ w <seq v _ fe(v) 6= fe(w)�=) fexpe (v) 6= fexpe (w): (5.19)Let us now replace �e with its approximation � in (5.19)|using v = �e (u)) v � u:8e 2 E; 8u 2 Re; 8v; w 2We :v � u ^ �u <seq w _ w <seq v _ fe(v) 6= fe(w)� ^ w �par v ^ u �par w=) fexpe (v) 6= fexpe (w)w� approximation: v = �e (u)) v � u8e 2 E; 8u 2 Re; 8v; w 2We :v = �e (u) ^ �u <seq w _ w <seq v _ fe(v) 6= fe(w)� ^ w �par v ^ u �par w=) fexpe (v) 6= fexpe (w)



5.3. STORAGE MAPPING OPTIMIZATION 193Eventually, we approximate fe over all executions thanks to relation 6�|using fe(v) 6=fe(u)) v 6� u: 8v; w 2W :9u 2 R : v � u ^ w �par v ^ u �par w ^ (u <seq w _ w <seq v _ v 6�w)=) fexpe (v) 6= fexpe (w)w� approximation: fe(v) 6= fe(u)) v 6� u8e 2 E; 8u 2 Re; 8v; w 2We :v � u ^ �u <seq w _ w <seq v _ fe(v) 6= fe(w)� ^ w �par v ^ u �par w=) fexpe (v) 6= fexpe (w)This proves that (5.17) is stronger than (5.19), itself equivalent to (5.16). �Notice we returned to the de�nition of �e at the beginning of the proof. Indeed, someinformation on the storage mapping may be available, and we do not want to looseit13: the right-hand side of (5.18) gathers information on w which would have been lost inapproximating �e by � in (5.16). Without this information on w, we would have computedthe following correctness criterion:8e 2 E; 8v; w 2W :�9u 2 R : v = � (u) ^ u �par w ^ w �par v� =) fexpe (v) 6= fexpe (w): (5.20)Sadly, this choice is not satisfying here.14 Indeed, consider the motivating example: twoinstances hS; i; wi and hS; i; w0i would satisfy the left-hand side of (5.20) as long as w 6=w0. Therefore, they should assign di�erent memory locations in any correct expandedprogram. This leads to the single-assignment version of the program... but we showed inSection 5.3.1 that a more memory-economical solution was available: see Figure 5.17.c.A precise look to (5.16) explains why replacing �e with � in 5.16) is too conservative:it \forgets" that w is not executed after the reaching de�nition �e (u). Indeed, w �par vin left-hand side of (5.20) is much stronger: it states that w is not executed after anypossible reaching de�nitions of u, which includes many instances execution before thereaching de�nition �e (u).In the following, we introduce a new notation for the expansion correctness criterion:the interference relation ./ is de�ned as the symmetric closure of the left-hand side of(5.17):8v; w 2W : v ./w def()�9u 2 R : v � u ^ w �par v ^ u �par w ^ (u <seq w _ w <seq v _ v 6�w)�_ �9u 2 R : w � u ^ v �par w ^ u �par v ^ (u <seq v _ v <seq w _ w 6� v)�: (5.21)We take the symmetric closure because v and w play symmetric roles in (5.17). Usinga tool like Omega [Pug92], it is much easier to handle set and relation operations than13Such information may be more precise than deriving it from the approximate reaching de�nitionrelation �.14This criterion was enough for Lefebvre and Feautrier in [LF98] since they only considered a�ne loopnests and exact reaching de�nition relations.



194 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
uv 2 � (u) <parParallel w �par vu �par w
u <seqv 2 � (u)Sequential w <seq v u <seq wv 6�w

. . . . . . . . . . . . . . . . . . . Figure 5.22. Cases of fexpe (v) 6= fexpe (w) in (5.17) . . . . . . . . . . . . . . . . . . .logic formulas with quanti�ers. We thus rewrite the previous de�nition using algebraicoperations:15./ = �(� (R)�W)\ �par \(>seq [ 6�)� [ � �par \(� � (�par \ <seq))�[ �(� (R)�W)\ �par \(<seq [ 6�)� [ � �par \(� � (�par \ <seq))�: (5.22)Rewriting (5.17) with this new syntax, v and w must assign distinct memory locationswhen v ./w|one may say that \v interferes with w":8e 2 E; 8v; w 2W : v ./w =) fexpe (v) 6= fexpe (w): (5.23)An algorithm to compute fexpe from Theorem 5.2 is presented in Section 5.3.4. Noticethat we compute an exact storage mapping fexpe which depends on the execution.5.3.3 Optimality of the Expansion Correctness CriterionWe start with three examples showing the usefulness of each constraint in the de�nitionof ./, see Figure 5.23.We now present the following optimality result:16Proposition 5.2 Let <par be a parallel execution order. Consider two writes v and wsuch that v ./w (de�ned in (5.22) page 194), and a storage mapping fexpe such thatfexpe (v) = fexpe (w)|that is, fexpe does not satisfy the expansion correctness criterionde�ned by Theorem 5.2. Then, executing program (<par; fexpe ) violates the originalprogram semantics, according to approximations � and 6�.Proof: Suppose v � u ^ w �par v ^ u �par w ^ (u <seq w _ w <seq v _ v 6�w)is satis�ed for a read u, and two writes v and w. One may distinguish three casesregarding execution of w relatively to u and v, see Figure 5.22.15Each line of (5.21) is rewritten independently, then predicates depending on u are separated from theothers. The existential quanti�cation on u is captured by composition with �. Because v is the possiblereaching de�nition of some read access, intersection with (� (R) �W) is necessary in the �rst disjunctof each line.16See Section 2.4.4 for a general remark about optimality.



5.3. STORAGE MAPPING OPTIMIZATION 195. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .T x = � � �;S x = � � �;R � � � = x � � �; S k T <seq R is legal but requires renaming: this isenforced by T <seq S, i.e. w <seq v (and T �par S, i.e.w �par v, and R �par T , i.e. u �par w).Figure 5.23.a. Constraints w <seq v and w �par v, u �par wS x = � � �;R � � � = x � � �;T x = � � �; S <seq T <seq R is legal but requires renaming: this isenforced by R <seq T , i.e. u <seq w.Figure 5.23.b. Constraints w �par v, u �par w and u <seq wS A[1] = � � �;T A[foo ] = � � �;R � � � = A[1] � � �; S k T <seq R is legal but requires renaming: this is en-forced by S 6� T , i.e. v 6�w, since S may assign a di�erentmemory location as T .Figure 5.23.c. Constraints w �par v, u �par w and v 6�wFigure 5.23. Motivating examples for each constraint in the de�nition of the interferencerelation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .The �rst two cases are (1) u executes before w in the sequential program, i.e. u <seq w,or (2) w executes before v in the sequential program, i.e. w <seq v: then w must assigna di�erent memory location than v, otherwise the value produced by v would neverreach u as in the sequential program.When w executes neither before v nor after u in the sequential program, one maykeep v and w assigning the same memory location if it was the case in the sequentialprogram. However, if it might not be the case, i.e. if v 6�w, then w must assign adi�erent memory location than v, otherwise the value produced by v would neverreach u as in the sequential program. �5.3.4 AlgorithmThe formalism presented in the previous section is general enough to handle any imper-ative program. However, as a compromise between expressivity and computability, andbecause our prefered reaching de�nition analysis is FADA [BCF97], we choose a�ne rela-tions as an abstraction. Tools like Omega [Pug92] and PIP [Fea91] can thus be used forsymbolic computations, but our program model is now restricted to loop nests operatingon arrays, with unrestricted conditionals, loop bounds and array subscripts.Finding the minimal amount of memory to store the values produced by the programis a graph coloring problem where vertices are instances of writes and edges representinterferences between instances: there is an edge between v and w i� they can't share thesame memory location, i.e. when v ./w. Since classic coloring algorithms only apply to�nite graphs, Feautrier and Lefebvre designed a new algorithm [LF98], which we extendto general loop-nests.The more general application of our technique starts with instancewise reaching de�ni-tion analysis, then apply a parallelization algorithm using � as dependence graph |thus



196 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONavoiding constraints due to spurious memory-based dependences, describe the result as apartial order <par, and eventually apply the following partial expansion algorithm.Partial Expansion AlgorithmStorage-Mapping-Optimization and SMO-Convert-Quast are simple extensionsof the classical single-assignement algorithms for loop nests, see Section 5.1. Input isthe sequential program, the results � and 6� of an instancewise analysis, and parallelexecution order <par (not used for simple SA form conversion). The big di�erence withSA-form is the computation of an expansion vector ES of integers or symbolic constants:its purpose is to reduce memory usage of each expanded array AS with a \cyclic folding"of memory references, see Build-Expansion-Vector in Section 5.3.5. To reduce thenumber of expanded arrays, partial renaming is called at the end of the process to coalescedata structures using a classical graph coloring heuristic, see Partial-Renaming inSection 5.3.5.Storage-Mapping-Optimization (program; � ; 6� ;<par)program: an intermediate representation of the program�: the reaching de�nition relation, seen as a function6�: the no-con
ict relation<par: the parallel execution orderreturns an intermediate representation of the expanded program1 ./ �(� (R)�W)\ �par \(>seq [ 6�)� [ � �par \(� � (�par \ <seq))�2 [ �(� (R)�W)\ �par \(<seq [ 6�)� [ � �par \(� � (�par \ <seq))�3 for each array A in program4 do for each statement S assigning A in program5 do ES  Build-Expansion-Vector (S; ./)6 declare an array AS7 left-hand side of S  AS[Iter(CurIns) % ES]8 for each reference ref to A in program9 do �=ref  � \ (I� ref)10 quast Make-Quast (�=ref )11 map SMO-Convert-Quast (quast; ref)12 ref  map (CurIns)13 program Partial-Renaming (program; ./)14 return programThis algorithm outputs an expanded program whose data layout is well suited forparallel execution order <par: we are assured that the original program semantic will bepreserved in the parallel version.Two technical issues have been pointed out. How is the expansion vector ES builtfor each statement S? How is partial renaming performed? This is the purpose of Sec-tion 5.3.5.5.3.5 Array Reshaping and RenamingBuilding an Expansion VectorFor each statement S, the expansion vector must ensure that two instances v and wassign di�erent memory locations when v ./w. Moreover, it should introduce memory



5.3. STORAGE MAPPING OPTIMIZATION 197SMO-Convert-Quast (quast; ref)quast: the quast representation of the reaching de�nition functionref : the original reference, used when ? is encouteredreturns the implementation of quast as a value retrieval code for reference ref1 switch2 case quast = f?g :3 return ref4 case quast = f{g :5 A Array({)6 S  Stmt({)7 x Iter({)8 return AS[x % ES]9 case quast = f{1; {2; : : : g :10 return �(f{1; {2; : : : g)11 case quast = if predicate then quast1 else quast2 :12 return if predicate SMO-Convert-Quast (quast1; ref)else SMO-Convert-Quast (quast2; ref)reuse between instances of S as often as possible.Building an expanded program with memory reuse on S introduces output depen-dences between some instances of this statement (there is an output dependence betweentwo instances v and w in the expanded code if v 2W, w 2W and fexpe (v) = fexpe (w)).An output dependence between v and w is valid in the expanded program i� the left-handside of the expansion correctness criterion is false for v and w, i.e. i� v and w are notrelated by ./. Such an output dependence is called a neutral output dependence [LF98].The aim is to elaborate an expansion vector which gives to AS an optimized but su�cientshape to only authorize neutral output dependences on S.The dimension of ES is equal to the number of loops surrounding S, written NS.Each element ES[p + 1] is the expansion degree of S at depth p (the depth of the loopconsidered), with p 2 f0; : : : ; NS � 1g and gives the size of dimension (p+1) of AS. Eachdimension of AS must have a su�cient size to forbid any non-neutral output dependence.For a given access v, the set of instances which may not write in the same location as vcan be deduced from the expansion correctness criterion (5.17), call it W Sp (v). It holdsall instances w such that:� w is an instance of S: Stmt(w) = S;� Iter(v)[1::p] = Iter(w)[1::p] and Iter(v)[p+ 1] < Iter(w)[p+ 1];� And v ./w.Let wSp (v) be the lexicographic maximum of W Sp (v). For all w in W Sp (v), we have thefollowing relations:� Iter(v)[1::p] = Iter(w)[1::p] = Iter(wSp (v))[1::p]Iter(v)[p+ 1] < Iter(w)[p+ 1] � Iter(wSp (v))[p+ 1]If ES[p + 1] is equal to (Iter(wSp (v))[p + 1] � Iter(v)[p + 1] + 1) and knowing thatthe index function will be AS[Iter(v) % ES], we ensure that no non-neutral outputdependence appear between v and any instance of W Sp (v). But this property must be



198 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONveri�ed for each instance of S, and ES should be set to the maximum of (Iter(wSp (v))[p+1]� Iter(v)[p+1]+1) for all instances v of S. This proves that the following de�nitionof ES forbids any output dependence between instances of S in relation with ./:ES[p+ 1] = max�Iter(wSp (v))[p+ 1]� Iter(v)[p+ 1]+ 1 : v 2W ^ Stmt(v) = S	(5.24)Computing this for each dimension of ES ensures that AS has a su�cient size for theexpansion to preserve the sequential program semantics. This is the purpose of Build-Expansion-Vector: working is relation (v;W Sp (v)) and maxv is relation (v; wSp (v)).For a detailed proof, an intuitive introduction and related works, see [LF98, Lef98]. Forthe Build-Expansion-Vector algorithm, the simplest optimality concept is de�ned bythe number of integer-valued components in ES, i.e. the number of \projected" dimensions,as proposed by Quiller�e and Rajopadhye in [QR99]. But even with this simple de�nition,optimality is still an open problem. Since the algorithm proposed by [QR99] has beenproven optimal, we should try to combine both techniques to yield better results, but hisis left for future work.Build-Expansion-Vector (S; ./)S: the current statement./: the interference relationreturns expansion vector ES (a vector of integers or symbolic constants)1 NS  number of loops surrounding S2 for p = 1 to NS3 do working  f(v; w) : hS; vi 2W ^ hS;wi 2W4 ^ v[1::p] = w[1::p] ^ v[1::p+ 1] < w[1::p+ 1]5 ^ hS; vi ./ hS;wig6 maxv  f(v;max<lexfw : (v; w) 2 workingg)g7 vector[p+ 1] max<lexfw � v[p+ 1] + 1 : (v; w) 2 maxvg8 return vectorNow, a component of ES computed by Build-Expansion-Vector can be a symbolicconstant. When this constant can be proven \much smaller" than the associated dimen-sion of iteration space of S, it is useful for reducing memory usage; but if such a resultcannot be shown with the available compile-time information, the component is set to+1, meaning that no modulo computation should appear in the generated code (for thisparticular dimension). The interpretation of \much smaller" depends on the application:Lefebvre considered in [Lef98] that only integer constants where allowed in ES, but webelieve that this requirement is too strong, as shown in the knapsack example (a moduloK + 1 is needed).Partial RenamingNow every array AS has been built, one can perform an additional storage reduction tothe generated code. Indeed, for two statements S and T , partial expansion builds twostructures AS and AT which can have di�erent shapes. If at the end of the renamingprocess S and T are authorized to share the same array, this one would have to be therectangular hull of AS and AT : AST . It is clear that these two statements can share thesame data i� this sharing is not contradictory with the expansion correctness criterion



5.3. STORAGE MAPPING OPTIMIZATION 199for instances of S and T . One must verify for every instance u of S and v of T , that thevalue produced by u (resp. v) cannot be killed by v (resp. u) before it stops being useful.Finding the minimal renaming is NP-complete. Our method consists in building agraph similar to an interference graph as used in the classic register allocation process.In this graph, each vertex represents a statement of the program. There is an edgebetween two vertices S and T i� it has been shown that they cannot share the samedata structure in their left-hand sides. Then one applies on this graph a greedy coloringalgorithm. Finally it is clear that vertices that have the same color can have the samedata structure. This partial renaming algorithm is sketched in Partial-Renaming (theGreedy-Coloring algorithm returns a function mapping each statement to a color).Partial-Renaming (program; ./)program: the program where partial renaming is required./: the interference relationreturns the program with coalesced data structures1 for each array A in program2 do interfere ?3 for each pair of statements S and T assigning A in program4 do if 9hS; vi; hT; wi 2W : hS; vi ./ hT; wi5 then interfere interfere [ f(S; T )g6 coloring  Greedy-Coloring (interfere)7 for each statements S assigning A in program8 do left-hand side A[subscript] of S  Acoloring(S)[subscript]9 return program5.3.6 Dealing with Tiled Parallel ProgramsThe partial expansion algorithm often yields poor results, especially on tiled programs.The reason is that subscripts of expanded arrays are of the form AS[subscript % ES],and the block regularity of tiled programs does not really �t in this cyclic pattern. Fig-ure 5.24 shows an example of what we would like to achieve on some block-regular expan-sions. No cyclic folding would be possible on such an example, since the two outer loopsare parallel.The design of an improved graph coloring algorithm able to consider both block andcyclic patterns is still an open problem, because it requires non-a�ne constraints to beoptimized. We only propose a work-around, which works when some a priori knowledgeon the tile shape is available. The technique consists in dividing each dimension with theassociated tile size. Sometimes, the resulting storage mapping will be compatible withthe required parallel execution, and sometimes not: decision is made with Theorem 5.2.Expanded array subscripts are thus of the form AS[i1=shape1, � � �, iN=shapeN], where(i1; : : : ; iN) is the iteration vector associated with CurIns (de�ned in Section 5.1), andwhere shapei is either 1 or the size of the ith dimension of the tile.It is possible to improve this technique in combining divisions and modulo operations,but the expansion scheme is somewhat di�erent: see Section 5.4.6.



200 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int x;for (i=0; i<N; i++)for (j=0; j<N; j++) {S x = � � �;R � � � = x � � �;}Figure 5.24.a. Original program
int xS[N, N];for (i=0; i<N; i++)for (j=0; j<N; j++) {S xS[i, j] = � � �;R � � � = xS[i, j] � � �;}Figure 5.24.b. Single-assignment programint xS[N/16, N/16];parallel for (i=0; i<N; i+=16)parallel for (j=0; j<N; j+=16)for (ii=0; ii<16; ii++)for (jj=0; jj<16; jj++) {S xS[i/16, j/16] = � � �;R � � � = xS[i/16, j/16] � � �;}Figure 5.24.c. Partially expanded tiled program. . . . . . . . . . . . . . Figure 5.24. An example of block-regular storage mapping . . . . . . . . . . . . . .5.3.7 Schedule-Independent Storage MappingsThe technique presented in Section 5.3.4 yields the best results, but involves an externalparallelization technique, such as scheduling or tiling. It is well suited to parallelizingcompilers.A schedule-independent (a.k.a. universal) storage mapping [SCFS98] is useful wheneverno parallel execution scheme is enforced. The aim is to preserve the \portability" of SAform, at a much lower cost in memory usage.From the de�nition of ./|the interference relation|in (5.21), and considering twoparallel execution orders <1par and <2par whose associated interference relations are ./1and ./2, we have: <1par�<2par=) ./2 � ./1 :Now, a schedule-independent storage mapping fexpe must be compatible with any possi-ble parallel execution <par of the program. Partial order <par used in the Storage-Mapping-Optimization algorithm should thus be included in any correct executionorder. By de�nition of correct execution orders|Theorem 2.2 page 81|this condition issatis�ed by the data-
ow execution order , which is the transitive closure of the reachingde�nition relation: �+.Section 3.1.2 describes a way to compute the transitive closure of � (useful remarksand experimental study are also presented in Section 5.2.5). In general, no exact resultcan be hoped for the data-
ow execution order �+, because Presburger arithmetic is notclosed under transitive closure. Hence, we need to compute an approximate relation.Because the approximation must be included in all possible correct execution order, wewant it to be a sub-order of the exact data-
ow order (i.e. the opposite of a conservativeapproximation). Such an approximation can be computed with Omega [Pug92].



5.3. STORAGE MAPPING OPTIMIZATION 2015.3.8 Dynamic Restoration of the Data-FlowImplementing � functions for a partially expanded program is not very di�erent from whatwe have seen in Section 5.1.3. Indeed, algorithm Loop-Nests-Implement-Phi applieswithout modi�cation. But doing this, no storage mapping optimization is performed on �-arrays. Now, remember �-arrays are supposed to be in one-to-one mapping with expandeddata structures. Single-assignment �-arrays are not necessary to preserve the semanticsof the original program, since the same dependences will be shared by expanded arraysand �-arrays.The resulting code generation algorithm is very similar to Loop-Nests-Implement-Phi. The �rst step consists in replacing every reference to �AS[x] with its \folded"counterpart �AS[x % ES]. In a second step, one merge �-arrays together using the resultof algorithm Partial-Renaming.Eventually, for a given � function, the set of possible reaching de�nitions should bereconsidered: values produced by a few instances may now be overwritten, according to thenew storage mapping. As in the motivating example, the � function can even disappear,see Figure 5.17. A good technique to automatically achieve this is not to perform a newreaching de�nition analysis. One should update the available sets of reaching de�nitions:a �(set) reference should be replaced by��fv 2 set : @w 2 set : v <seq w ^ fexpe (v) = fexpe (w)g�:Moreover, if coloring is the result of the greedy graph coloring algorithm in Partial-Renaming, fexpe (hs; xi) = fexpe (hs0; x0i) is equivalent tocoloring(s) = coloring(s0) ^ (x mod Es = x0 mod Es0):5.3.9 Back to the ExamplesFirst ExampleUsing the Omega Calculator text-based interface, we describe a step-by-step executionof the expansion algorithm. We have to code instances as integer-valued vectors. Aninstance hs; ii is denoted by vector [i, � � �, s], where [� � �] possibly pads the vectorwith zeroes. We number T , S, R with 1, 2, 3 in this order, so hT; ii, hS; i; ji and hR; iiare written [i,0,1], [i,j,2] and [i,0,3], respectively.Schedule-dependent storage mapping. We �rst apply the partial expansion algo-rithm according to the parallel execution order proposed in Figure 5.17.The result of instancewise reaching de�nition analysis is written in Omega's syntax:S := {[i,0,2]->[i,0,1] : 1<=i<=N}union {[i,w,2]->[i,w-1,2] : 1<=i<=N && 1<=w}union {[i,0,3]->[i,0,1] : 1<=i<=N}union {[i,0,3]->[i,w,2] : 1<=i<=N && 0<=w};The no-con
ict relation is trivial here, since the only data structure is a scalar variable:NCon := {[i,w,s]->[i',w',s'] : 1=2}; # 1=2 means FALSE!



202 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONWe consider that the outer loop is parallel. It gives the following execution order:Par := {[i,w,2] -> [i,w',2] : 1 <= i <= N && 0 <= w < w'} union{[i,0,1] -> [i,w',2] : 1 <= i <= N && 0 <= w'} union{[i,0,1] -> [i,0,3] : 1 <= i <= N} union{[i,w,2] -> [i,0,3] : 1 <= i <= N && 0 <= w};We have to compute relation ./ in left-hand side of the expansion correctness criterion,call it Int.# The "full" relationFull := {[i,w,s]->[i',w',s'] : 1<=s<=3 && (s=2 || w=w'=0)&& 1<=i,i'<=N && 0<=w,w'};# The sequential execution orderLex := {[i,w,2]->[i',w',2] : 1<=i<=i'<=N && 0<=w,w' && (i<i' || w<w')}union {[i,0,1]->[i',0,1] : 1<=i<i'<=N}union {[i,0,3]->[i',0,3] : 1<=i<i'<=N}union {[i,0,1]->[i',w',2] : 1<=i<=i'<=N && 0<=w'}union {[i,w,2]->[i',0,1] : 1<=i,i'<=N && 0<=w && i<i'}union {[i,0,1]->[i',0,3] : 1<=i<=i'<=N}union {[i,0,3]->[i',0,1] : 1<=i<i'<=N}union {[i,w,2]->[i',0,3] : 1<=i<=i'<=N && 0<=w}union {[i,0,3]->[i',w',2] : 1<=i<i'<=N && 0<=w'};ILex := inverse Lex;NPar := Full - Par;INpar := inverse NPar;Int := (INPar intersection (ILex union NCon))union (INPar intersection S(NPar intersection Lex));Int := Int union (inverse Int);The result is:Int;{[i,w,2] -> [i',w',2] : 1 <= i' < i <= N && 1 <= w <= w'} union{[i,0,2] -> [i',w',2] : 1 <= i' < i <= N && 0 <= w'} union{[i,w,2] -> [i',w-1,2] : 1 <= i' < i <= N && 1 <= w} union{[i,w,2] -> [i',w',2] : 1 <= i' < i <= N && 0 <= w' <= w-2} union{[i,0,1] -> [i',0,1] : 1 <= i' < i <= N} union{[i,0,2] -> [i',0,1] : 1 <= i' < i <= N} union{[i,0,1] -> [i',w',2] : 1 <= i' < i <= N && 0 <= w'} union{[i,0,3] -> [i',0,1] : 1 <= i' < i <= N} union{[i,0,3] -> [i',w',2] : 1 <= i' < i <= N && 0 <= w'} union{[i,w,2] -> [i',0,3] : 1 <= i < i' <= N && 0 <= w} union{[i,0,1] -> [i',0,3] : 1 <= i < i' <= N} union{[i,w,2] -> [i',0,1] : 1 <= i < i' <= N && 0 <= w} union{[i,0,1] -> [i',0,2] : 1 <= i < i' <= N} union



5.3. STORAGE MAPPING OPTIMIZATION 203{[i,0,1] -> [i',0,1] : 1 <= i < i' <= N} union{[i,w,2] -> [i',w',2] : 1 <= i < i' <= N && 0 <= w <= w'-2} union{[i,w,2] -> [i',w+1,2] : 1 <= i < i' <= N && 0 <= w} union{[i,w,2] -> [i',0,2] : 1 <= i < i' <= N && 0 <= w} union{[i,w,2] -> [i',w',2] : 1 <= i < i' <= N && 1 <= w' <= w}A quick veri�cation shows thatInt intersection {[i,w,s]->[i,w',s']}is empty, meaning that neither expansion nor renaming must be done inside an iterationof the outer loop. In particular: ES[2] should be set to 0. However, computing the setW S0 (v) (i.e. for the outer loop) yields all accesses w executing after v (for the same i).Then ES[1] should be set to N . We have automatically found the partially expandedprogram.Schedule-independent storage mapping. We now apply the expansion algorithmaccording to the "data-
ow" execution order. The parallel execution order is de�ned asfollows:Par := S+;Once againInt intersection {[i,w,s]->[i,w',s']}is empty. The schedule-independent storage mapping is thus the same as the previous,parallelization-dependent, one.The resulting program for both techniques is the same as the hand-crafted one inFigure 5.17.Second ExampleWe now consider the knapsack program in Figure 5.18. It is easy to show that a schedule-independent storage mapping would give no better result that single-assignment form.More precisely, it is impossible to �nd any schedule such that a \cyclic folding"|a storagemapping with subscripts of the form AS[CurIns % ES]|would be more economical thansingle-assignment form.We are thus looking for a schedule-dependent storage mapping. An e�cient paral-lelization of program KP requires tiling of the iteration space. This can be done usingclassical techniques since the loop is perfectly nested. Section 5.3.10 has shown goodperformance for 16 � 32 tiles, but we consider 2� 1 tiles for the sake of simplicity. Theparallel execution order considered is the same as the one presented in Section 5.3.1: tilesare scheduled in fronts of constant k+ j, and the inner-tile order is the original sequentialexecution one.The result of instancewise reaching de�nition analysis is written in Omega's syntax:S := {[k,j]->[k-1,j] : 2<=k<=M && 1<=j<=C} union{[k,j]->[k,j'] : 1<=k<=M && 1<=j'<j<=C && j'-K<=j};Instances which may not assign the same memory location are de�ned by the followingrelation:NCon := {[k,j]->[k',j'] : 1<=k,k'<=M && 1<=j,j'<=C && j!=j'};



204 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONConsidering the 2� 1 tiling, it is easy to compute <par:InnerTile := {[k,j]->[k',j] : (exists kq,kr,kr' : k=2kq+kr&& k'=2kq+kr' && 0<=kr<kr'<2)};InterTile := {[k,j]->[k',j'] : (exists kq,kr,kq',kr' : k=2kq+kr&& k'=2kq'+kr' && 0<=kr,kr'<2 && kq+j<kq'+j')};Par := Lex intersection (InnerTile union InterTile);We have to compute relation ./ in left-hand side of the expansion correctness criterion,call it Int.# The "full" relationFull := {[k,j]->[k',j'] : 1<=k,k'<=M && 1<=j,j'<=C};# The sequential execution orderLex := Full intersection {[k,j]->[k',j'] : k<k' || (k=k' && j<j')};ILex := inverse Lex;NPar := Full - Par;INpar := inverse NPar;Int := (INPar intersection (ILex union NCon))union (INPar intersection S(NPar intersection Lex));Int := Int union (inverse Int);The result is:Int;{[k,j] -> [k',j'] : 1 <= k <= k' <= M && 1 <= j < j' <= C} union{[k,j] -> [k',j'] : 1 <= k < k' <= M && 1 <= j' < j <= C} union{[k,j] -> [k',j'] : Exists ( alpha : 1, 2alpha+2 <= k < k' < M&& j <= C && 1 <= j' && k'+2j' <= 2+2j+2alpha)} union{[k,j] -> [k',j'] : Exists ( alpha : 1, 2alpha+2 <= k' < k < M&& j' <= C && 1 <= j && k+2j <= 2+2j'+2alpha)} union{[k,j] -> [k',j'] : 1 <= j < j' <= C && 1 <= k' < k <= M} union{[k,j] -> [k',j'] : 1 <= k' <= k <= M && 1 <= j' < j <= C}A quick veri�cation shows thatInt intersection {[k,j]->[k+K+1,j']}is empty, meaning that ES[1] should be set to K + 1.5.3.10 ExperimentsPartial expansion has been implemented for Cray-Fortran a�ne loop nests [LF98]. Semi-automatic storage mapping optimization has also been performed on general loop-nests,using FADA, Omega, and PIP.Figure 5.25 summarizes expansion and parallelization results for several programs.The three a�ne loop nests examples have already been studied by Lefebvre in [LF98,



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 205. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Sequential Parallel Parallel Size Run-time OverheadProgram Complexity Size Complexity SA Optimized SA OptimizedMVProduct O(N2) N2+2N+1 O(N) 2N2+3N N2+2N no � no �Cholesky O(N3) N2+N+1 O(N) N3+N2 2N2+N no � no �Gaussian O(N3) N2+N+1 O(N) N3+N2+N 2N2+2N no � no �Knapsack O(MC) C+2M O(M+C) MC+C+2M KC+2C+2M free � free �Convolution O(NM) 1 O(M) NM+N N cheap � no �. . . . . . . . . . . . . . . . . . . . . . Figure 5.25. Time and space optimization . . . . . . . . . . . . . . . . . . . . . .Lef98]: matrix-vector product, Cholesky factorization and Gaussian elimination. A fewexperiments have been made on an SGI Origin 2000, using the mp library (but not PCA,the built-in automatic parallelizer). As one would expect, results for the convolutionprogram are excellent even for small values of N. Execution times for program KP appearin Figure 5.26. The �rst graph compares execution time of the parallel program and ofthe original (not expanded) one; the second one shows the speed-up. We got very goodresults for medium array sizes,17 both in terms of speed-up and relatively to the originalknapsack program.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.26. Performance results . . . . . . . . . . . . . . . . . . . . . . . . . . .5.4 Constrained Storage Mapping OptimizationSections 5.2 and 5.3 addressed two techniques to optimize parallelization via memoryexpansion. We show here that combining the two techniques in a more general expansionframework is possible and brings signi�cant improvements. Optimization is achieved fromtwo complementary directions:� Adding constraints to limit memory expansion, like static expansion avoiding �-functions [BCC98], privatization [TP93, MAL93], or array static single assignment[KS98]. All these techniques allow partial removal of memory-based dependences,but may extract less parallelism than conversion to single assignment form.17Here C=2048, M=1024 and K=16, with 16� 32 tiles (scheduled similarly to Figure 5.18).



206 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION� Applying storage mapping optimization techniques [CL99]. Some of these are eitherschedule-independent [SCFS98] or schedule-dependent [LF98] (yielding better opti-mizations) whether they require former computation of a parallel execution order(scheduling, tiling, etc.) or not.We try here to get the best of both directions and show the bene�t of combining theminto a uni�ed framework for memory expansion. The motivation for such a framework isthe following: because of the increased complexity of dealing with irregular codes, andgiven the wide range of parameters which can be tuned when parallelizing such programs,a broad range of expansion techniques have been or will be designed for optimizing oneor a few of these parameters. The two preceding sections are some of the best examplesof this trend. We believe that our constrained expansion framework greatly reduces thecomplexity of the optimization problem, in reducing the number of parameters and helpingthe automation process.With the help of a motivating example we introduce the general concepts, beforewe formally de�ne correct constrained storage mappings. Then, we present an intra-procedural algorithm which handles any imperative program and most loop nest paral-lelization techniques.5.4.1 MotivationWe study the pseudo-code in Figure 5.27.a. Such nested loops with conditionals appearin many kernels, but most parallelization techniques fail to generate e�cient code forthese programs. Instances of T are denoted by hT; i; ji, instances of S by hS; i; j; ki, andinstances of R by hR; ii, for 1 � i; j �M and 1 � k � N . (\P (i; j)" is a boolean functionof i and j.). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x;for (i=1; i<=M; i++) {for (j=1; j<=M; j++)if (P (i; j)) {T x = 0;for (k=1; k<=N; k++)S x = x � � �;}R � � � = x � � �;}Figure 5.27.a. Original program

double xT[M+1, M+1], xS[M+1, M+1, N+1];for (i=1; i<=M; i++) {for (j=1; j<=M; j++)if (P (i; j)) {T xT[i, j] = 0;for (k=1; k<=N; k++)S xS[i, j, k] = if (k==1) xT[i, j];else xS[i, j, k-1] � � �;}R � � � = �(fhS; i; 1; Ni; : : : ; hS; i;M;Nig) � � �;}Figure 5.27.b. Single assignment form. . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5.27. Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . .On this example, assume N is positive and predicate \P (i; j)" evaluates to true at leastone time for each iteration of the outer loop. A precise instancewise reaching de�nitionanalysis tells us that the reaching de�nition of the read access hS; i; j; ki to x is hT; i; jiwhen k = 1 and hS; i; j; k � 1i when k > 1. We only get an approximate result forde�nitions that may reach hR; ii: those are fhS; i; 1; Ni; : : : ; hS; i;M;Nig. In fact, the



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 207value of x may only come from S (since N > 0) for the same i (since T executes at leastone time for each iteration of the outer loop), and for k = N .Obviously, memory-based dependences on x hampers parallelization. Our intent is toexpand scalar x so as to get rid of as many dependences as possible. Figure 5.27.b showsour program converted to SA form. The unique � function implements a run-time choicebetween values produced by hS; i; 1; Ni; : : : ; hS; i;M;Ni.SA removed enough dependences to make the two outer loops parallel, see Fig-ure 5.28.a. Function � is computed at run-time using array @x. It holds the last value ofj at statement S when x was assigned. This information allows value recovery in R, seethe third method in Section 5.1.4 for details.But this parallel program is not usable on any architecture. The main reason ismemory usage: variable x has been replaced by a huge three-dimensional array, plus twosmaller arrays. This code is approximately �ve times slower than the original program ona single processor (when arrays can be accomodated in memory).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double xT[M+1, M+1], xS[M+1, M+1, N+1];int @x[M+1];parallel for (i=1; i<=M; i++) {@x[i] = ?;parallel for (j=1; j<=M; j++)if (P (i; j)) {T xT[i, j] = 0;for (k=1; k<=N; k++)S xS[i, j, k] = if (k==1)xT[i, j];else xS[i, j, k-1] � � �;@x[i] = max (@x[i], j);}R � � � = xS[i, @x[i], N] � � �;}Figure 5.28.a. Parallel SA

double x[M+1, M+1];int @x[M+1];parallel for (i=1; i<=M; i++) {@x[i] = ?;parallel for (j=1; j<=M; j++)if (P (i; j)) {T x[i, j] = 0;for (k=1; k<=N; k++)S x[i, j] = x[i, j] � � �;@x[i] = max (@x[i], j);}R � � � = x[i, @x[i]] � � �;}Figure 5.28.b. Parallel SMO. . . . . . . . . . . . . . . . Figure 5.28. Parallelization of the motivating example . . . . . . . . . . . . . . . .This shows the need for a memory usage optimization technique. Storage mappingoptimization (SMO) [CL99, LF98, SCFS98] consists in reducing memory usage as muchas possible as soon as a parallel execution order has been crafted, see Section 5.3. Asingle two-dimensional array can be used, while keeping the two outer loops parallel, seeFigure 5.28.b. Run-time computation of function � with array @x seems very cheap at�rst glance, but execution of @x[i] = max (@x[i], j) hides synchronizations behindthe computation of the maximum! As usual, it results in a very bad scaling: goodaccelerations are obtained for a very small number of processors, then speed-up dropsdramatically because of synchronizations. Figure 5.29 gives execution time and speed-upfor the parallel program, compared to the original|not expanded|one. We used the mplibrary on an SGI Origin 2000, with M = 64 and N = 2048, and simple expressions for\� � � " parts.This bad result shows the need for a �ner parallelization scheme. The question is to
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. . . . . . . . . . Figure 5.29. Performance results for storage mapping optimization . . . . . . . . . .�nd a good tradeo� between expansion overhead and parallelism extraction. If we targetwidely-used parallel computers, the processor number is likely to be less than 100, butSA form extracted two parallel loops involving M2 processors! The intuition is that wewasted memory and run-time overhead.One would prefer a pragmatic expansion scheme, such as maximal static expansion(MSE) [BCC98], or privatization [TP93, MAL93]. Choosing static expansion has thebene�t that no � function is necessary any more: x can be safely expanded along outermostand innermost loops, but expansion along j is forbidden|it requires a � function thusviolates the static constraint, see Section 5.2. Now, only the outer loop is parallel, and weget much better scaling, see Figure 5.30. However, on a single processor the program stillruns two times slower than the original one: scalar x|probably promoted to a register inthe original program|has been replaced by a two-dimensional array.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x[M+1, N+1];parallel for (i=1; i<=M; i++) {for (j=1; j<=M; j++)if (P (i; j)) {T x[i, 0] = 0;for (k=1; k<=N; k++)S x[i, k] = x[i, k-1] � � �;}R � � � = x[i, N] � � �;} 0.5
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. . . . . . . . . . . . . . . . . . . . . . . . Figure 5.30. Maximal static expansion . . . . . . . . . . . . . . . . . . . . . . . .Maximal static expansion expanded x along the innermost loop, but it was of nointerest regarding parallelism extraction. Combining it with storage mapping optimizationsolves the problem, see Figure 5.31. Scaling is excellent and parallelization overhead isvery low: the parallel program runs 31:5 times faster than the original one on 32 processors(for M = 64 and N = 2048).



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 209This example shows the use of combining constrained expansions|such as privati-zation and static expansion|with storage mapping optimization techniques, to improveparallelization of general loop nests (with unrestricted conditionals and array subscripts).In the following, we present an algorithm useful for automatic parallelization of impera-tive programs. Although this algorithm cannot itself choose the \best" parallelization, itaims to simultaneous optimization of expansion and parallelization constraints.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .double x[M+1];parallel for (i=1; i<=M; i++) {for (j=1; j<=M; j++)if (P (i; j)) {T x[i] = 0;for (k=1; k<=N; k++)S x[i] = x[i] � � �;}R � � � = x[i] � � �;} 0.5
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Figure 5.31. Maximal static expansion combined with storage mapping optimization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5.4.2 Problem StatementBecause our framework is based on maximal static expansion and storage mapping opti-mization, we inherit their program model and mathematical abstraction: we only considernests of loops operating on arrays and abstract these programs with a�ne relations.Introducing Constrained ExpansionThe motivating example shows the bene�ts of putting an a priori limit to expansion.Static expansion [BCC98] is a good example of constrained expansion. What about otherexpansion schemes? The goal of constrained expansion is to design pragmatic techniquesthat does not expand variables when the incurred overhead is \too high". To generalizestatic expansion, we suppose that some equivalence relation � on writes is available fromprevious compilation stages|possibly with user interaction. It is called the constraintrelation. A storage mapping constrained by � is any mapping fexpe such that8e 2 E; 8v; w 2W : v � w ^ fe(v) = fe(w) =) fexpe (v) = fexpe (w): (5.25)It is di�cult to decide whether to forbid expansion of some variable or not. A shortsurvey of this problem is presented in Section 5.4.5, along with a discussion about buildingconstraint relation � from a \syntactical" or \semantical" constraint. Moreover, we leavefor Section 5.4.8 all discussions about picking the right parallel execution order.Now, the two problems are part of the same two-criteria optimization problem: tun-ing expansion and parallelism for performance. We do not present here a solution to thiscomplex problem. The algorithm described in the next sections should be seen as an inte-grated tool for parallelization, as soon as the \strategy" has been chosen|what expansion



210 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONconstraints, what kind of schedule, tiling, etc. Most of these strategies have already beenshown useful and practical for some programs; our main contribution is their integrationin an automatic optimization process. The summary of our optimization framework ispresented in Figure 5.32.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Correct optimized expansion f 0e = (fe; �)(storage mapping optimization)Expansion constrained by � Correct parallel execution order <par(scheduling, tiling, etc.) Data-
ow execution orderSingle-assignment form

Expansion ParallelismSequential program <seqOriginal storage mapping fe. . . . . . . . . . . . . . . . . . . . . . . . Figure 5.32. What we want to achieve . . . . . . . . . . . . . . . . . . . . . . . .5.4.3 Formal SolutionWe �rst de�ne correct parallelizations then state our optimization problem.What is a Correct Parallel Execution Order?Memory expansion partially removes dependences due to memory reuse. Recall fromSection 2.5 that relation �exp approximates the dependence relation of (<seq; fexpe ), theexpanded program with sequential execution order. (�exp equals � when the program isconverted to SA form.) Thanks to Theorem 2.2 page 81, we want any parallel executionorder <par to satisfy the following condition:8({1; r1); ({2; r2) 2 A : ({1; r1) �exp ({2; r2) =) {1 <par {2: (5.26)Computation of approximate dependence relation �exp from storage mapping fexpe is pre-sented in Section 5.4.8.What is a Correct Expansion?Given parallel order <par, we are looking for correct expansions allowing parallel execu-tion to preserve original semantics. Our task is to formalize memory reuse constraintsenforced by <par. Using interference relation ./ de�ned in Section 5.3.2, we have provenin Theorem 5.2 that the expansion is correct if the following condition holds.8e 2 E; 8v; w 2W : v ./w =) fexpe (v) 6= fexpe (w): (5.27)



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 211Computing Parallel Execution Orders and ExpansionsWe formalized the parallelization correctness with an expansion constraint (5.25) and twocorrectness criteria (5.26) and (5.27). Let us show how solving these equations simulta-neously yields a suitable parallel program (<par; fexpe ).Following the lines of Section 5.2.3, we are interested in removing as many dependencesas possible, without violating the expansion constraint. We can prove|like Proposi-tion 5.1 in Section 5.2.3|that a constrained expansion is maximal|i.e. assigns the largestnumber of memory locations while verifying (5.25)|i�8e 2 E; 8v; w 2We : v � w ^ fe(v) = fe(w) () fexpe (v) = fexpe (w):Still following Section 5.2.3, we assume that fexpe = (fe; �), where � is constant on equiv-alence classes of �. Indeed, if fe(v) = fe(w), condition fexpe (v) = fexpe (w) becomesequivalent to �(v) = �(w). Because we need to approximate over all possible executions,we use con
ict relation ��, and our maximal constrained expansion criterion becomes8v; w 2W; v ��w : v � w () �(v) = �(w) (5.28)Computing � is done by enumerating equivalence classes of �. For any access v in a classof �� (instances that \may" hit the same memory location), �(v) can be de�ned via arepresentative of the equivalence class of v for relation �. Computing the lexicographicalminimum is a simple way to �nd representatives, see Section 5.2.5.It is time to compute dependences �exp of program (<seq; fexpe ): an access w dependson v if they hit the same memory location, v executes before w, and at least one is awrite. The full computation is done in Section 5.4.8 and uses (5.28); the result is8v 2W; w 2 R : v �expw , �9u 2W : u � w ^ v � u ^ v � u� ^ v <seq w8v 2 R; w 2W : v �expw , �9u 2W : u � v ^ u �w ^ u � w� ^ v <seq w8v; w 2W : v �expw , v �w ^ v � w ^ v <seq w (5.29)We rely on classical algorithms to compute <par from �exp [Fea92, DV97, IT88, CFH95].Knowing (<par; fexpe ), we could stop and say we have successfully parallelized ourprogram; but nothing ensures that fexpe is an \economical" storage mapping (rememberthe motivating example). We must build a new expansion from <par that minimizesmemory usage while satisfying (5.27).For constrained expansion purposes, fexpe has been chosen of the form (fe; �). Thishas some consequences on the expansion correctness criterion: when fe(v) 6= fe(w), it isnot necessary to set �(v) 6= �(w) to enforce fexpe (v) 6= fexpe (w). As a consequence, thev 6�w clause in (5.22) is not necessary any more (see page 194), and we may rewrite theexpansion correctness criterion thanks to a simpli�ed de�nition of interference relation ./.Let �� be the interference relation for constrained expansion:v ��w def() �9u 2 R : v � u ^ w �par v ^ u �par w ^ (u <seq w _ w <seq v)�_ �9u 2 R : w � u ^ v �par w ^ u �par v ^ (u <seq v _ v <seq w)�: (5.30)We can rewrite this de�nition using algebraic operations:�� = �(� (R)�W)\ �par \ >seq � [ � �par \(� � (�par \ <seq))�[ �(� (R)�W)\ �par \ <seq � [ � �par \(� � (�par \ <seq))�: (5.31)



212 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONTheorem 5.3 (correctness of constrained storage mappings) If a storage map-ping fexpe is of the form (fe; �) and the following condition holds, then fexpe is a correctexpansion of fe|i.e. fexpe allows parallel execution to preserve the program semantics.8v; w 2W; v �w : v ��w =) �(v) 6= �(w): (5.32)Proving Theorem 5.3 is a straightforward rewriting of the proof of Theorem 5.2 andthe optimality result of Proposition 5.2 also holds: the only di�erence is that the v 6�wclause has been replaced by v �w in left-hand side of (5.32).Building a function � satisfying (5.32) is almost what the partial expansion algorithmpresented in Section 5.3.5 has been crafted for. Instead of generating code, one canredesign this algorithm to compute an equivalence relation � over writes: the coloringrelation. Its only requirement is to assign di�erent colors to interfering writes,8v; w 2W : v ��w =) :(v �w); (5.33)but we are also interested in minimizing the number of colors. When v �w, it says thatit is correct to have fexpe (v) = fexpe (w). The new graph coloring algorithm is presented inSection 5.4.6.By construction of relation �, a function � de�ned by8v; w 2W; v �w : v �w () �(v) = �(w)satis�es expansion correctness (5.32), but annoyingly, nothing ensures that expansionconstraint (5.25) is still satis�ed: for all v; w 2W such as v �w, we have v ��w ) �(v) 6=�(w) but not necessarily v � w ) �(v) 6= �(w). Indeed, � de�nes a minimal expansionallowing the parallel execution order to preserve the original semantics, but it does notenforce that this expansion satis�es the constraint.The �rst problem is to check the compatibility of � and ��. This is ensured by thefollowing result.18Proposition 5.3 For all writes v and w, it is not possible that v � w and v ��w at thesame time.19Proof: Suppose v �w, v � w, v ��w and v <seq w. The third line of (5.29) shows thatv �expw, hence v <par w from (5.26). This proves that the v �par w conjunct in secondline of (5.30) does not hold. Now, since v ��w, one may consider a read instance u 2 Rsuch that the �rst line of (5.30) is satis�ed: v � u ^ w �par v ^ u �par w ^ u <seq w.Exchanging the role of u and v in the second line of (5.29) shows that u �expw, henceu <par w from (5.26); this is contradictory with u �par w.Likewise, the case w <seq v yields a contradiction with u �par v in the second line of(5.30). This terminates the proof. �We now have to de�ne � from a new equivalence relation, considering both � and �.Figure 5.33 shows that � [� is not su�cient: consider three writes u, v and w such thatfe(u) = fe(v) = fe(w), u � v and v �w. (5.28) enforces fexpe (u) = fexpe (v) since u � v.Moreover, to spare memory, we should use coloring relation � and set fexpe (v) = fexpe (w).Then, no expansion is done and parallel order <par may be violated.18The proof of this strong result is rather technical but helps understanding the role of each conjunctin equations (5.29), (5.26) and (5.30).19A non-optimal de�nition of relation �� would not yield such a compatibility result.



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 213. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .w if (� � �) x = � � �rw � � � = � � � x � � �u x = � � �v if (� � �) x = � � �ruv � � � = � � � x � � �Original program,� (rw) = fwg and� (ruv) = fu; vg.
u x = � � �w if (� � �) x = � � �rw � � � = � � � x � � �v if (� � �) x = � � �ruv � � � = � � � x � � �Wrong expansion whenmoving u to the top: rwmay read the valueproduced by u.

u y = � � �w if (� � �) x = � � �rw � � � = � � � x � � �v if (� � �) y = � � �ruv � � � = � � � y � � �Correct whenassigning y in u and vand moving u to thetop.. . . . . . . . . . Figure 5.33. Strange interplay of constraint and coloring relations . . . . . . . . . .To avoid this pitfall, coloring relation must be used with care: one may safely setfexpe (u) = fexpe (v) when for all u0 � u, v0 � v: u0 � v0 (i.e. u0 and v0 share the same color).We thus build a new relation over writes, built from � and �. It is called the constraintcoloring relation, and is de�ned by8v; w 2W : v ��w def() v � w _ �8v0; w0 : v0 � v ^ w0 � w =) v0 �w0�: (5.34)We can rewrite this de�nition using algebraic operations:�� = � [�� n � �((W�W) n �)� � �: (5.35)The good thing is that relation �� is an equivalence: the proof is simple since both� and � are equivalence relations. Moreover, choosing �(v) = �(w) when v ��w and�(v) 6= �(w) when its not the case ensures that fexpe = (fe; �) satis�es both the expansionconstraint and the expansion correctness criterion.The following result solves the constraint storage mapping optimization problem:20Theorem 5.4 Storage mapping fexpe of the form (fe; �) such that8v; w 2W; v �� w : v ��w () �(v) = �(w) (5.36)is the minimal storage mapping|i.e. accesses the fewer memory locations|which isconstrained by � and allows the parallel execution order <par to preserve the programsemantics, � and � being the only information about permitting two instances toassign the same memory location.Proof: From Proposition 5.3, we already know that � and �� have an empty inter-section. Together with the inclusion of � n � �((W�W) n �)� � into �, this provesthe correctness of fexpe = (fe; �). The constraint is also enforced by fexpe since �� ��.To prove the optimality result, one �rst observe that � de�nes an equivalence relationof write instances, and second that �� is the largest equivalence relation included in� [�. �Theorem 5.4 gives us an automatic method to minimize memory usage, according toa parallel execution order and a prede�ned expansion constraint. Figure 5.34 gives an20See Section 2.4.4 for a general remark about optimality.



214 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONintuitive presentation of this complex result: starting from the \maximal constrainedexpansion", we compute a parallel execution order, from which we compute a \minimalcorrect expansion", before combining the result with the constraint to get a \minimalcorrect constrained expansion".. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(storage mapping optimization) Correct parallel execution orderCorrect optimized expansion(scheduling, tiling, etc.)Constrained expansion Data-
ow execution orderSingle-assignment form

Expansion ParallelismSequential program
�

<seq<par� Original storage mapping
��

. . . . . . . Figure 5.34. How we achieve constrained storage mapping optimization . . . . . . .5.4.4 AlgorithmAs a summary of the optimization problem, one may group the formal constraints exposedin Section 5.4.3 into the system:8>>>>>><>>>>>>:
Constraints on fexpe = (fe; �):8v; w 2W : v �w ^ v � w =) �(v) = �(w)8v; w 2W : v �w ^ v ��w =) �(v) 6= �(w)Constraints on <par:8({1; r1); ({2; r2) 2 A : ({1; r1) �exp ({2; r2) =) {1 <par {2Figure 5.35 shows the acyclic graph allowing computation of relations and mappingsinvolved in this system.The algorithm to solve this system is based on Theorem 5.4. It computes relation�� with an extension of the partial expansion algorithm presented in Section 5.3.4,rewritten to handle constrained expansion. Before applying Constrained-Storage-Mapping-Optimization, we suppose that parallel execution order <par has been com-puted from <seq, �, �, and �, by �rst computing dependence relation �exp then ap-plying some appropriate parallel order computation algorithm (scheduling, tiling, etc.).Then, this parallel execution order is used to compute the expansion correctness criterion��. Algorithm Constrained-Storage-Mapping-Optimization reuses Compute-Representatives and Enumerate-Representatives from Section 5.2.5.As in the last paragraph of Section 5.2.4, one may consider splitting expanded arraysinto renamed data structures to improve performance and reduce memory usage.Eventually, when the compiler or the user knows that the parallel execution order <parhas been produced by a tiling technique, we have already pointed in Section 5.3.6 that



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 215. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f 0e = (fe; �) and code generation for (<par; f 0e)� Enumeration of equivalence classes��� Coloration<parScheduling, etc.�exp �
��

Section 5.4.5Program analysis<seq��Program analysisProgram (<seq; fe) Expansion scheme

. . . . . Figure 5.35. Solving the constrained storage mapping optimization problem . . . . .the cyclic graph coloring algorithm is not e�cient enough. If the tile shape is known,one may build a vector of each dimension size, and use it as a \suggestion" for a block-cyclic storage mapping. This vector of block sizes is used when replacing the call toCyclic-Coloring with a call to Near-Block-Cyclic-Coloring in Constrained-Storage-Mapping-Optimization.5.4.5 Building Expansion ConstraintsOur goal here is not to choose the right constraint suitable to expand a given program,but this does not mean leaving the user compute relation �!As shown in Section 5.4.2, enforcing the expansion to be static corresponds to setting�= R�. The constraint is thus built from instancewise reaching de�nition results (seeSection 5.2).Another example is privatization, seen as expansion along some surrounding loops,without renaming. Consider two accesses u and v writing into the same memory location.After privatization, u and v assign the same location if their iteration vectors coincide onthe components associated with privatized loops:u � v () Iter(u)[privatized loops] = Iter(v)[privatized loops];where Iter(u)[privatized loops] holds counters of privatized loops for instance u.



216 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONConstrained-Storage-Mapping-Optimization (program; � ; � ;�; <par)program: an intermediate representation of the program�: the con
ict relation�: the reaching de�nition relation, seen as a function�: the expansion constraint<par: the parallel execution orderreturns an intermediate representation of the expanded program1 ��  �(� (R)�W)\ �par \ >seq � [ � �par \(� � (�par \ <seq))�2 [ �(� (R)�W)\ �par \ <seq � [ � �par \(� � (�par \ <seq))�3 � Cyclic-Coloring (� \ ��)4 ��  � [(� n � �((W �W) n �)� �)5 � Compute-Representatives (�� \ ��)6 �  Enumerate-Representatives (�� ; �)7 for each array A 2 program8 do �A  component-wise maximum of �(u) for all write accesses u to A9 declaration A[shape] Aexp[shape, �A]10 for each statement S assigning A in program11 do left-hand side A[subscript] of S  Aexp[subscript, �(CurIns)]12 for each reference ref to A in program13 do �=ref  � \ (I� ref)14 quast Make-Quast (� � �=ref)15 map CSMO-Convert-Quast (quast; ref)16 ref  map (CurIns)17 return programCSMO-Convert-Quast (quast; ref)quast: the quast representation of the reaching de�nition functionref : the original referencereturns the implementation of quast as a value retrieval code for reference ref1 switch2 case quast = f?g :3 return ref4 case quast = f{g :5 A Array({)6 S  Stmt({)7 x Iter({)8 subscript original array subscript in ref9 return Aexp[subscript, x]10 case quast = f{1; {2; : : : g :11 return �(f{1; {2; : : :g)12 case quast = if predicate then quast1 else quast2 :13 return if predicate CSMO-Convert-Quast (quast1; ref)else CSMO-Convert-Quast (quast2; ref)Building the constraint for array SSA is even simpler. Instances of the same statementassigning the same memory location must still do so in the expanded program (onlyvariable renaming is performed):u � v () Stmt(u) = Stmt(v)



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 217Now, remember we have de�ned an extension of reaching de�nitions, called reachingde�nitions of memory locations. This de�nition can be used to weaken the static expan-sion constraint: if the aim of constrained expansion is to reduce run-time overhead dueto � functions, then �ml seems more appropriate than � to de�ne the constraint. Indeed,if Loop-Nests-ML-SA is used to convert a program to SA form, we have seen that �functions generated by the classical algorithm have disappeared, see the second methodin Section 5.1.4. It would thus be interesting to replaceMake-Quast (� � �=ref)in line 14 of Constrained-Storage-Mapping-Optimization byMake-Quast (�ml=ref (u; fe(u)))and to consider the constraint de�ned by the transitive closure of relationW8v; w 2W : vWw () 9c 2 f(u) : v; w 2 �ml (u; c);where f is some conservative approximation of fe. Maximal expansion according toconstraint W� is called weakened static expansion. Eventually, setting �= W� combinesweakened static expansion with storage mapping optimization.These practical examples give the insight that building � from the formal de�nitionof an expansion strategy is not di�cult. New expansion strategies should be designed andexpressed as constraints|statement-by-statement, user-de�ned, knowledge-based, and es-pecially architecture dependent (number of processors, memory hierarchy, communicationmodel) constraints.5.4.6 Graph-Coloring AlgorithmOur graph coloring problem is almost the same as the one studied by Feautrier andLefebvre in [LF98], and the core of their solution has been recalled in Section 5.3.5.However, the formulation is slightly di�erent now: it is no longer mixed-up with codegeneration. An easy work-around would be to redesign the output of algorithm Storage-Mapping-Optimization, as proposed in [Coh99b]: let Stmt(u) (resp. Iter(u)) be thestatement (resp. iteration vector) associated with access u, and let NewArray(S) bethe name of the new array assigned by S (after partial expansion),8v; w 2W : v �w def() NewArray(Stmt(v)) = NewArray(Stmt(w))^ �Iter(v) mod EStmt(v) = Iter(w) mod EStmt(w)�:This solution is simple but not practical. We thus present a full algorithm suitablefor graph de�ned by a�ne relations: Cyclic-Coloring is used on statement instancesfor our storage mapping optimization purposes. Since the algorithm is general purpose,we consider an interference relation between vectors (of the same dimension). Using thisalgorithm for statement instances requires a preliminary encoding of statement nameinside the iteration vector, and a padding of short vectors with zeroes. We already usethis technique when formatting instances to the Omega syntax: see Section 5.2.7 for apractical example.Remember that Storage-Mapping-Optimization was based on two independenttechniques: building of an expansion vector and partial renaming. This decomposi-tion came from the bounded statement number which allowed e�cient greedy coloring



218 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONtechniques, and the in�nity of iteration vectors which required a speci�c cyclic coloring.Cyclic-Coloring proceeds in a very similar way, and the reasoning of Section 5.3.5 and[LF98, Lef98] is still applicable to prove its correctness. However, the decomposition intotwo coloring stages is extended here in considering all �nite dimensions of the vectors con-sidered: if the vectors related with an interference relation have some dimensions whosecomponents may only take a �nite number of values, it is interesting to apply a classicalcoloring algorithm to these �nite dimensions. We then build an equivalence relation ofvectors that share the same �nite dimensions: it is called finite in the Cyclic-Coloringalgorithm (the number of equivalence classes is obviously �nite). When vectors encodestatement instances, it is clear that the last dimension is �nite, but some examples maypresent more �nite dimensions, for example with small loops whose bounds are known atcompile time. This extension may thus bring more e�cient storage mappings that theStorage-Mapping-Optimization algorithm in Section 5.3.4.Cyclic-Coloring (��)��: the a�ne interference graphreturns a valid and economical cyclic coloration1 N  dimension of vectors related with interfere2 finite equivalence relation of vectors sharing the same �nite components3 for each class set in finite4 do for p = 1 to N5 do working  f(v; w) : v 2 set ^ w 2 set6 ^ v[1::p] = w[1::p] ^ v[1::p+ 1] < w[1::p+ 1]7 ^ hS; vi �� hS;wig8 maxv  f(v;max<lexfw : (v; w) 2 workingg)g9 vector[p+ 1] max<lexfw � v[p+ 1] + 1 : (v; w) 2 maxvg10 cyclicset  v mod vector11 interfere ?12 for each set; set0 in finite13 do if (9v 2 set; v0 2 set0 : v �� v0)14 then interfere interfere [ f(set; set0)g15 coloring  Greedy-Coloring (interfere)16 col ?17 for each set in finite18 do col  col [ (cyclicset; coloring(set))19 return colThe Near-Block-Cyclic-Coloring algorithm is an optimization ofCyclic-Coloring: it includes an improvement of the technique to e�ciently handle graphsassociated with tiled programs, as hinted in Section 5.3.6. In this particular case, weconsider|as in most tiling techniques|a perfectly nested loop nest. Notice the \=" sym-bol is used for symbolic integer division. The intuitive idea is that a block-cyclic coloringis prefered to the cyclic one of the classical algorithm.The Near-Block-Cyclic-Coloring algorithm should be seen as a �rst attemptto compute optimized storage mappings for tiled programs. As shown in Section 5.3.6,the block-cyclic coloring problem is still open for a�ne interference relations.



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 219Near-Block-Cyclic-Coloring (�� ; shape)��: a symbolic interference graphshape: a vector of block sizes suggested by a tiling algorithmreturns a valid and economical block-cyclic coloration1 N  number of nested loops2 quotient f(x; x) : x 2 ZNg3 for p = 1 to N4 do quotient0  quotient �5 f(x; y) : y[1] = x[1]; : : : ; y[p] = x[p]=shapep; : : : ; y[N ] = x[N ]g6 if (@z : z quotient0 � ��� quotient0�1 z)7 then quotient quotient08 col  Cyclic-Coloring (quotient � ��� quotient�1)9 return col � quotient5.4.7 Dynamic Restoration of the Data-FlowAs in Section 5.3.8, �-arrays should be chosen in one-to-one mapping with the expandeddata structures, and arguments of � functions|i.e. sets of possible reaching de�nitions|should be updated according to the new storage mapping. The technique is essentiallythe same: function fexpe is used to access �-arrays, then relation 6� and function � areused to recompute the sets of possible reaching de�nitions:21 a �(set) reference should bereplaced by ��fv 2 set : @w 2 set : v <seq w ^ :(v 6�w) ^ �(v) = �(w)g�:Another optimization is based on the shape of �-arrays: since fexpe = (fe; �), thememory location written by a possible reaching de�nition can be deduced from the arraysubscript, and the boolean type is now preferred for �-arrays elements. This very simpleoptimization reduces both memory usage and run-time overhead. Algorithm CSMO-Implement-Phi summarizes these optimizations.22As hinted in Section 5.1.4, the goal is now to avoid redundancy in the run-time restora-tion of the data 
ow. Our technique extends ideas from the algorithms to e�ciently place� functions in the SSA framework [CFR+91, KS98]. However, code generation for theonline computation of � functions is rather di�erent.As in the SSA framework, � functions should be placed at the joins of the control-
owgraph [CFR+91]: there is a join at some program point when several control-
ow pathsmerge together. Remember the control-
ow graph is not the control automaton de�nedin Section 2.3.1, and a program point is an inter-statement location in the program text[ASU86]. Of course, textual order <txt is extended to program points.Joins are e�ciently computed with the dominance frontier technique, see [CFR+91] fordetails. Indeed, the only \interesting" joins are those located on a path from a write wto a use whose set of possible reaching de�nitions is non empty and holds w. If Pointsis the set of program points, the set of \interesting" joins for an array (or scalar) A is21We use :(v 6�w) to approximate the relation between writes that must assign the same memorylocation.22For e�ciency reasons, an expanded array Aexp is partitioned into several sub-arrays, as proposed inSection 5.4.4. To correctly handle this partitioning, some simple|but rather technical|modi�cationsshould be made on the algorithm.



220 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONCSMO-Implement-Phi (expanded)expanded: an intermediate representation of the expanded programreturns an intermediate representation with run-time restoration code1 for each array Aexp[shape] in expanded2 do if there are � functions accessing Aexp3 then declare an array �Aexp[shape] initialized to false4 for each read reference ref� to Aexp whose expanded form is �(set)5 do sub�  array subscript in ref�6 short fv 2 set : @w 2 set : v <seq w ^ :(v 6�w) ^ �(v) = �(w)g7 for each statement s involved in set8 do refs  write reference in s9 subs  array subscript in refs10 if not already done for s11 then following s insert12 �Aexp[subs, �(CurIns; refs)] = true13 �(set) Aexp[max<seq f{ 2 short :�Aexp[sub�, �({; ref�)]=trueg]14 return expandeddenoted by JoinsA, and is formally de�ned by8p 2 Points : p 2 JoinsA () 9v; u 2 I :v � u ^ Stmt(v) <txt p <txt Stmt(u) ^ Array(Stmt(u)) = A: (5.37)For each array (or scalar) A in the original program, the idea is to insert at each joinj in JoinsA a pseudo-assignment statementPj A[] = A[];which copies the entire structure into itself. Then, the reaching de�nition relation isextended to these pseudo-assignment statements and the constraint storage-mapping op-timization process is performed on the modi�ed program instead of the original one.23Application of Constrained-Storage-Mapping-Optimization and then CSMO-Implement-Phi (or an optimized version, see Section 5.1.4) generates an expanded pro-gram whose interesting property is the absence of any redundancy in � functions. Indeed,the lexicographic maximum of two instances is never computed twice, since it is done asearly as possible in the � function of some pseudo-assignment statement.However, the expanded program su�ers from the overhead induced by array copying,which was not the case for a direct application of Constrained-Storage-Mapping-Optimization and CSMO-Implement-Phi. Knobe and Sarkar encounter a similarproblem with SSA for arrays [KS98] and propose several optimizations (mostly basedon copy propagation and invariant code motion), but they provide no general methodto remove array copies{it is the very nature of SSA to generate temporary variables.Nevertheless, there is such a general method, based on the observation that each pseudo-assignment statement in the expanded program is followed by an �-array assignation, byconstruction of pseudo-assignment statements and the set JoinsA. Consider the followingcode generation for a pseudo-assignment statement P :for (� � �) { // iterate through the whole array23Extending the reaching de�nition relation does not require any other analysis: the sets of possiblereaching de�nitions for pseudo-assignment accesses can be deduced from the original reaching de�nitionrelation.



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 221P Aexp[subscript] = Aexp[max (set)];�Aexp[subscript] = true;}Statement P does not compute anything, it only gathers possible values coming fromdi�erent control paths. The idea is thus to store instances instead of booleans and to use@-arrays (see Section 5.1.4) instead of �-arrays. An array @Aexp is initialized to ?, andthe array copy is bypassed in updating @Aexp[subscript] with the maximum in right-handside of P . The previous code fragment can thus safely be replaced by:for (� � �) { // iterate through the whole array@Aexp[subscript] = max (set);}This technique to remove spurious array copies is implemented in CSMO-Efficiently-Implement-Phi: the optimized generation code algorithm for � functions. Rememberthat before calling this algorithm, Constrained-Storage-Mapping-Optimizationshould be applied on the original program extended with pseudo-assignment statements.24CSMO-Efficiently-Implement-Phi (expanded)expanded: an intermediate representation of the expanded programreturns an intermediate representation with run-time restoration code1 for each array Aexp[shape] in expanded2 do if there are � functions accessing Aexp3 then declare an array @Aexp[shape] initialized to ?4 for each read reference ref� to Aexp whose expanded form is �(set)5 do sub�  array subscript in ref�6 short fv 2 set : @w 2 set : v <seq w ^ :(v 6�w) ^ �(v) = �(w)g7 for each statement s involved in set8 do refs  write reference in s9 subs  array subscript in refs10 if not already done for s11 then following s insert12 @Aexp[subs, �(CurIns; refs)] = CurIns13 �(set) Aexp[max<seq f{ 2 short :@Aexp[sub�, �({; ref�)]g]14 for each pseudo-assignment P to Aexp with reference �(set)15 do genmax code-generation for the lexicographic genmax in set16 right-hand side of �-array assignment following p genmax17 remove statement P18 return expandedEventually, computing the lexicographic maximum of a set|de�ned in Presburgerarithmetics|is a well known problem with very e�cient parallel implementations [RF94].but it is easier and sometimes faster to perform an online computation. Let us denoteby NextJoin the next instance of the nearest pseudo-assignment statement followingCurIns. Computation of the lexicographic maximum in �(set) can be performed onlinein replacing each assignment of the form@Aexp[subscript, �(CurIns)] = CurIns;24Same remark regarding partitioning of expanded arrays as for CSMO-Implement-Phi.



222 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONby@Aexp[subscript, �(NextJoin)] = max (@Aexp[subscript, �(NextJoin)], CurIns);(� is de�ned for instances of NextJoin: it is a pseudo-assignment to A).Applying CSMO-Efficiently-Implement-Phi and this transformation to the mo-tivating example yields the same result as the SA form in Figure 5.28.5.4.8 Parallelization after Constrained ExpansionThis section aims to characterize correct parallel execution orders for a program aftermaximal constrained expansion. The bene�t memory expansion is to remove spuriousdependences due to memory reuse, but some memory-based dependences may remain afterconstrained expansion. We still denote by �expe (resp. �exp) the exact (resp. approximate)dependence relation of the expanded program with sequential execution order (<seq; fexpe ).As announced in Section 5.4.3, we now give the full computation details for (5.29).Dependences left by constrained expansion are, as usual, of three kinds.1. Output dependences due to writes connected to each other by the constraint � (e.g.by R� in the case of MSE).2. True dependences, from a de�nition to a read, where the de�nition either may reachthe read or is related (by �) to a de�nition that reaches the read.3. Anti dependences from a read to a de�nition where the de�nition, even if it executesafter the read, is related (by �) to a de�nition that reaches the read.Formally, we thus de�ne �expe for an execution e 2 E as follows:8e 2 E; 8v; w 2 Ae : v �expe w () v � w_ fe(v) = fe(w) ^ v � w ^ v <seq w_ fe(v) = fe(�e (w)) ^ v � �e (w) ^ v <seq w_ fe(w) = fe(�e (v)) ^ �e (v) � w ^ v <seq wThen, the following de�nition of �exp is the best pessimistic approximation of �expe , sup-posing relation � is the best available approximation of function fe and � is the bestavailable approximation of function �e:8v; w 2 A : v �expw def() v � w (5.38)_ v �w ^ v � w ^ v <seq w (5.39)_ �9u 2W : u � w ^ v � u ^ v � u� ^ v <seq w (5.40)_ �9u 2W : u � v ^ u �w ^ u � w� ^ v <seq w (5.41)Now, since � and � are re
exive relations, we observe that (5.38) is already included in(5.40). We may simplify the de�nition of �exp:8v 2W; w 2 R : v �expw , �9u 2W : u � w ^ v � u ^ v � u� ^ v <seq w8v 2 R; w 2W : v �expw , �9u 2W : u � v ^ u �w ^ u � w� ^ v <seq w8v; w 2W : v �expw , v �w ^ v � w ^ v <seq w (5.42)



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 223Eventually, we get an algebraic de�nition of the dependence relation after maximal con-strained expansion:�exp = (�\ �) [ (�\ �) � � [ ��1 � (�\ �): (5.43)The �rst term describes output dependences, the second one describes 
ow dependences(including reaching de�nitions), and the third one describes anti-dependences.Using this de�nition, Theorem 2.2 page 81 describes correct parallel execution order<par after maximal constrained expansion. Practical computation of <par is done withscheduling or tiling techniques, see Section 2.5.2.As an example, we parallelize the convolution program in Figure 5.6 (page 169). Theconstraint is the one of the maximal static expansion. First, we de�ne the sequentialexecution order <seq within Omega (with conventions de�ned in Section 5.2.7):Lex := {[i,w,2]->[i',w',2] : 1<=i<=i'<=N && 1<=w,w' && (i<i' || w<w')}union {[i,0,1]->[i',w',2] : 1<=i<=i'<=N && 1<=w'}union {[i,w,2]->[i',0,1] : 1<=i,i'<=N && 1<=w && i<i'}union {[i,0,1]->[i',0,1] : 1<=i<i'<=N}union {[i,0,3]->[i',0,3] : 1<=i<i'<=N}union {[i,0,1]->[i',0,3] : 1<=i<=i'<=N}union {[i,0,3]->[i',0,1] : 1<=i<i'<=N}union {[i,w,2]->[i',0,3] : 1<=i<=i'<=N && 1<=w}union {[i,0,3]->[i',w',2] : 1<=i<i'<=N && 1<=w'};Second, recall from Section 5.2.7 that all writes are in relation for � (since the datastructure is a scalar variable), and that relation R� is de�ned by (5.12). We compute �expfrom (5.43):D := (R union R(S) union S'(R)) intersection Lex;D;{[i,w,2] -> [i,w',2] : 1 <= i <= N && 1 <= w < w'} union{[i,0,1] -> [i,w',2] : 1 <= i <= N && 1 <= w'} union{[i,0,1] -> [i,0,3] : 1 <= i <= N} union{[i,w,2] -> [i,0,3] : 1 <= i <= N && 1 <= w}After MSE, it only remains dependences between instances sharing the same value ofi. It makes the outer loop parallel (it was not the case without expansion of scalar x).The parallel program in maximal static expansion is given in Figure 5.14.b.5.4.9 Back to the Motivating ExampleUsing the Omega Calculator text-based interface, we describe a step-by-step executionof the expansion algorithm. We have to code instances as integer-valued vectors. Aninstance hs; ii is denoted by vector [i,..,s], where [..] possibly pads the vector withzeroes. We number T , S, R with 1, 2, 3 in this order, so hT; i; ji, hS; i; j; ki and hR; ii arewritten [i,j,0,1], [i,j,k,2] and [i,0,0,3], respectively.The result of instancewise reaching de�nition analysis is written in Omega's syntax:S := {[i,0,0,3]->[i,j,k,2] : 1<=i,j<=M && 1<=k<=N}union {[i,j,1,2]->[i,j,0,1] : 1<=i,j<=M}union {[i,j,k,2]->[i,j,k-1,2] : 1<=i,j<=M && 2<=k<=N};



224 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONThe con
ict and no-con
ict relations are trivial here, since the only data structure isa scalar variable: � is the full relation and 6� is the empty one.Con := {[i,j,k,s]->[i',j',k',s'] : 1<=i,i',j,j'<=M && 1<=k,k'<=N&& ((s=1 && k=0) || s=2 || (s=3 && j=k=0))&& ((s'=1 && k'=0) || s'=2 || (s'=3 && j'=k'=0))};NCon := {[i,j,k,s]->[i',j',k',s'] : 1=2}; # 1=2 means FALSE!As in Section 5.4.1, we choose static expansion as constraint. Relation � is thusde�ned as R� in Section 5.2.2:S' := inverse S;R := S(S');No transitive closure computation is necessary since R is already transitive. Computingdependences is done according to (5.43) and relation Con is removed since it always holds:D := R union R(S) union S'(R);In this case, a simple solution to computing a parallel execution order is the transitiveclosure computation:Par := D+;We can now compute relation ./ in left-hand side of the expansion correctness criterion,call it Int.# The "full" relationFull := {[i,j,k,s]->[i',j',k',s'] : 1<=i,i',j,j'<=M && 1<=k,k'<=N&& ((s=1 && k=0) || s=2 || (s=3 && j=k=0))&& ((s'=1 && k'=0) || s'=2 || (s'=3 && j'=k'=0))};# The sequential execution orderLex := {[i,j,0,1]->[i',j',0,1] : 1<=i<i'<=M && 1<=j,j'<=M}union {[i,j,0,1]->[i',j',k',2] : 1<=i<=i'<=M && 1<=j,j'<=M&& 1<=k'<=N}union {[i,j,k,2]->[i',j',0,1] : 1<=i<i'<=M && 1<=j,j'<=M&& 1<=k<=N}union {[i,j,k,2]->[i',j',k',2] : 1<=i<=i'<=M && 1<=j,j'<=M&& 1<=k,k'<=N && (i<i' || (j<=j' && (j<j' || k<k')))}union {[i,j,0,1]->[i',0,0,3] : 1<=i<=i'<=M}union {[i,0,0,3]->[i',j',0,1] : 1<=i<i'<=M}union {[i,j,k,2]->[i',0,0,3] : 1<=i<=i'<=M && 1<=j<=M&& 1<=k<=N}union {[i,0,0,3]->[i',j',k',2] : 1<=i<i'<=M && 1<=j'<=M&& 1<=k'<=N}union {[i,0,0,3]->[i',0,0,3] : 1<=i<i'<=M};ILex := inverse Lex;NPar := Full - Par;INPar := inverse NPar;



5.4. CONSTRAINED STORAGE MAPPING OPTIMIZATION 225Int := (INPar intersection ILex)union (INPar intersection S(NPar intersection Lex));Int := Int union (inverse Int);The result is:Int;{[i,j,k,2] -> [i',j',k',2] : 1 <= j <= j' <= M&& 1 <= k <= k' <= N && 1 <= i' < i <= M} union{[i,j,k,2] -> [i',j',k',2] : 1 <= j < j' <= M&& 1 <= k' < k <= N && 1 <= i' < i <= M} union{[i,j,k,2] -> [i',j,k',2] : 1 <= k' < k <= N&& 1 <= i' < i <= M && 1 <= j <= M} union{[i,j,1,2] -> [i',j',1,2] : N = 1&& 1 <= i' < i <= M && 1 <= j' < j <= M} union{[i,j,k,2] -> [i',j',k',2] : 1 <= k <= k' <= N&& 1 <= i' < i <= M && 1 <= j' < j <= M && 2 <= N} union{[i,j,k,2] -> [i',j',k',2] : 1 <= k' < k <= N&& 1 <= i' < i <= M && 1 <= j' < j <= M} union{[i,j,k,2] -> [i',j,k',2] : k'-1, 1 <= k <= k'&& 1 <= i < i' <= M && 1 <= j <= M && k < N} union{[i,j,k,2] -> [i',j',k',2] : 1, k'-1 <= k <= k'&& 1 <= i < i' <= M && 1 <= j < j' <= M && k < N} union{[i,j,k,2] -> [i',j',k',2] : 1 <= i < i' <= M&& 1 <= j < j' <= M && 1 <= k' < k < N} union{[i,j,k,2] -> [i',j',k',2] : k'-1, 1 <= k <= k'&& 1 <= i < i' <= M && 1 <= j' < j <= M && k < N} union{[i,j,k,2] -> [i',j',k',2] : k-1, 1 <= k' <= k&& 1 <= j < j' <= M && 1 <= i' < i <= M && k' < N} union{[i,j,k,2] -> [i',j',k',2] : 1 <= k < k' < N&& 1 <= i' < i <= M && 1 <= j' < j <= M} union{[i,j,k,2] -> [i',j',k',2] : 1, k-1 <= k' <= k&& 1 <= i' < i <= M && 1 <= j' < j <= M && k' < N} union{[i,j,k,2] -> [i',j,k',2] : k-1, 1 <= k' <= k&& 1 <= i' < i <= M && 1 <= j <= M && k' < N} union{[i,j,k,2] -> [i',j',k',2] : 1 <= i < i' <= M&& 1 <= j < j' <= M && 1 <= k < k' <= N} union{[i,j,k,2] -> [i',j',k',2] : 1 <= i < i' <= M&& 1 <= j < j' <= M && 1 <= k' <= k <= N && 2 <= N} union{[i,j,1,2] -> [i',j',1,2] : N = 1 && 1 <= i < i' <= M&& 1 <= j < j' <= M} union{[i,j,k,2] -> [i',j,k',2] : 1 <= i < i' <= M&& 1 <= k < k' <= N && 1 <= j <= M} union{[i,j,k,2] -> [i',j',k',2] : 1 <= i < i' <= M&& 1 <= k < k' <= N && 1 <= j' < j <= M} union{[i,j,k,2] -> [i',j',k',2] : 1 <= i < i' <= M&& 1 <= k' <= k <= N && 1 <= j' <= j <= M}



226 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONA quick veri�cation shows thatInt intersection {[i,j,k,2]->[i,j,k',2]};andInt intersection {[i,j,0,1]->[i,j,k',2] : k' != 0};are both empty. It means that hT; i; ji and hS; i; j; ki should share the same color forall 1 � k � N (R does not perform any write). However, the sets W T0 (v), W S0 (v) (forthe i loop), W T1 (v), W S1 (v) (for the j loop) hold all accesses w executing after v. Then,di�erent i or j enforces di�erent color for hT; i; ji and hS; i; j; ki. Application of the graphcoloring algorithm thus yields the following de�nition of the coloring relation:Col := {[i,j,0,1]->[i,j,k,2] : 1<=i,j<=M && 1<=k<=N}union {[i,j,k,2]->[i,j,k',2] : 1<=i,j<=M && 1<=k,k'<=N};We now compute relation ��, thanks to (5.35):Eco := R union (Col-R(Full-Col(R)));We choose the representative of each equivalence class as the lexicographic minimum(relation � always holds and has been removed):Rho := Eco-Lex(Eco);The result is:Rho;{[i,j,0,1] -> [i,j,0,1] : 1 <= i <= M && 1 <= j <= M} union{[i,j,k,2] -> [i,j,0,1] : 1 <= i <= M && 1 <= j <= M && 1 <= k <= N}The labeling scheme is obvious: the last two dimensions are stripped o� from Rho.The resulting function � is thus�(hT; i; ji) = (i; j) and �(hS; i; j; ki) = (i; j):Following the lines of Constrained-Storage-Mapping-Optimization, we havecomputed the same storage mapping as in Figure 5.31.5.5 Parallelization of Recursive ProgramsThe last contribution of this work is about automatic parallelization of recursive programs.This topic has received little interest from the compilation community, but the situationis evolving thanks to new powerful multi-threaded environments for e�cient executionof programs with control parallelism. When dealing with shared-memory architecturesand software-emulated shared memory machines, tools like Cilk [MF98] provide a verysuitable programming model for automatic or semi-automatic code generation [RR99].Now, what programming model should we consider for parallel code generation? First,it it still an open problem to compute a schedule from a dependence relation describedby a transducer. This is of course a strong argument against data parallelism as a modelof choice for parallelization of recursive programs. Moreover, we have seen in Section 1.2



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 227that the control parallel paradigm was well suited to express parallel execution in re-cursive programs. In fact, this assertion is true when most iterative computations areimplemented with recursive calls, but not when parallelism is located within iterations ofa loop. Since loops can be rewritten as recursive procedure calls, we will stick to controlparallelism in the following.Notice we have studied powerful expansion techniques for loop nests, but no practicalalgorithm for recursive structures has been proposed yet. We thus start with an investiga-tion of speci�c aspects of expanding recursive programs and recursive data structures inSection 5.5.1. Then we present in Section 5.5.2 a simple algorithm for single-assignmentform conversion of any code that �t into our program model: the algorithm can be seen asa practical realization of Abstract-SA, the abstract algorithm for SA-form conversion(page 157). Then, a privatization technique for recursive programs is proposed in Sec-tion 5.5.4; and some practical examples are studied in Section 5.5.5. We also give someperspectives about extending maximal static expansion or storage mapping optimizationto this larger class of programs.The rest of this section addresses generation of parallel recursive programs. Sec-tion 5.5.6 starts with a short state of the art on parallelization techniques for recursiveprograms, then motivates the design of a new algorithm based on instancewise data-
ow information. In Section 5.5.7, we present an improvement of the statementwisealgorithm which allows instancewise parallelization of recursive programs: whether somestatements execute in parallel or in sequence can be dependent on the instance of thesestatements|but it is still decided at compile-time. This technique is also completely novelin parallelization of recursive programs.5.5.1 Problems Speci�c to Recursive StructuresBefore proposing a general solution for SA-form conversion of recursive programs, weinvestigate several issues which make the problem more di�cult for recursive control anddata structures. Recall that elements in data structures in single-assignment form arein one-to-one mapping with control words. Thus, the preferred layout of an expandeddata structure is a tree. Expanded data structures can sometimes be implemented witharrays: it is the case when only loops and simple recursive procedures are involved, andwhen loops and recursive calls are not \interleaved"|program Queens is such an example.But automatic recognition of such programs and e�ective design of a speci�c expansiontechnique are left for future work. We will thus always consider that expanded datastructures are trees whose edges are labeled by statement names.Management of Recursive Data-StructuresCompared to arrays, lists and trees seems much less easy to access and traverse: theyare indeed not random access data structures. For example, the abstract algorithmAbstract-SA (page 157) for SA-form conversion uses the notation Dexp[CurIns] torefer the access of an element index by word { in a data structure Dexp. But when Dexp isa tree, what does it mean? How is it implemented? Is it e�cient?There is a quick answer to all these questions: the tree is traversed from its root usingpointer dereferences along letters in CurIns, the result is of course very costly at run-time. A more clever analysis shows that CurIns is not a random word: it is the currentcontrol word. Its \evolution" during program execution is fully predictable: it can be seen



228 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONas a di�erent local variable in each program statement, a new letter being added at eachblock entry.The other problem with recursive data structures is memory allocation. Because theycannot be allocated at compile-time in general, a very e�cient memory managementtechnique should be used to reduce the run-time overhead. We thus suppose that anautomatic scheme for grouping mallocs or news is implemented, possibly at the C-compileror operating system level.Eventually, both problems can be solved with a simple and e�cient code generationalgorithm. The idea is the following: suppose a recursive data structure indexed byCurIns must be generated by algorithm Abstract-SA; each time a block is entered,a new element of the data structure is allocated and the pointer to the last element|stored in a local variable|is dereferenced accordingly. This technique is implemented inRecursive-Programs-SA.About Accuracy and VersatilityWhen trying to extend maximal static expansion and storage mapping optimization torecursive programs, two kind of problems immediately arise:� transductions are not as versatile as a�ne relations, because some critical algebraicoperations are not decidable and require conservative approximations;� the results of dependence and reaching de�nition analyses are not always as preciseas one would expect, because of the lack of expressiveness of rational and one-countertransductions.These two points are of course limiting the applicability of \evolved" expansion techniqueswhich intensively rely on algebraic operations on sets and relations.In addition, a few critical operations useful to \evolved" expansion techniques arelacking, e.g., the class of left-synchronous relations is not closed under transitive closure.Conversely, the problem of enumerating equivalence classes seems rather easy becausethe lexicographical selection of a left-synchronous transduction is left-synchronous, seeSection 3.4.3; a remaining problem would be to label the class representatives...We are not aware of any result about coloring graphs of rational relations, but op-timality should probably not hoped for, even for recognizable relations. Graph-coloringalgorithms for rational relations would of course be useful for storage mapping optimiza-tion; but recall from Section 5.3.2 that many algebraic operations are involved in theexpansion correctness criterion, and most of these operations are undecidable for rationalrelations.The last point is that we have not found enough codes that both �t into our programmodel and require expansion techniques more \evolved" than single-assignment form orprivatization. But this problem is more with the program model restrictions than withthe applicability of static expansion and storage mapping optimization.5.5.2 AlgorithmAlgorithm Recursive-Programs-SA is a �rst attempt to give a counterpart of al-gorithm Loop-Nests-SA for recursive programs. It works together with Recursive-Programs-Implement-Phi to generate the code for � functions. Expanded data struc-tures all have the same type, ControlType, which is basically a tree type associated with



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 229the language Lctrl of control words. It can be implemented using recursive types andsub-types, or simply with as many pointer �elds as statement labels in �ctrl. An addi-tional �eld in ControlType stores the element value, it has the same type as original datastructure elements, and it is called value.Recursive-Programs-SA (program; �)program: an intermediate representation of the program�: a reaching de�nition relation, seen as a functionreturns an intermediate representation of the expanded program1 de�ne a tree type called ControlType whose elements are indexed in Lctrl2 for each data structure D in program3 do de�ne a data structure Dexp of type ControlType4 de�ne a global pointer variable Dlocal = &Dexp5 for each procedure in program6 do insert a new argument Dlocal in the �rst place7 for each call to a procedure p in program8 do insert Dlocal->p = new ControlType () before the call9 insert a new argument Dlocal->p in the �rst place10 for each non-procedure block b in program11 do insert Dlocal->b = new ControlType () at the top of b12 de�ne a local pointer variable Dlocal = Dlocal->b13 for each statement s assigning D in program14 do left-hand side of s Dlocal->value15 for each reference ref to D in program16 do ref  �(� (CurIns; ref))17 return programA simple optimization to spare memory consists in removing all \useless" �elds fromControlType, and every pointer update code in the associated program blocks and state-ments. By useless, we mean statement labels which are not useful to distinguish betweendi�erent memory locations, i.e. which cannot be replaced by another label and yield an-other instance of an assignation statement to the considered data structure. Applied toprogram Queens, only three labels can be considered to de�ne the �elds of ControlType:Q, a, and b; all other labels are unnecessary to enforce the single-assignment property.This optimization should of course be applied on a data structure per data structure basis,to take bene�t of the locality of data structure usage in programs.One should notice that every read reference requires a � function! This is clearly a bigproblem for e�cient code generation, but detecting exact results and computing reachingde�nitions at run-time is not as easy as in the case of loop nests. In fact, a part of thealgorithm is even \abstract": we have not discussed yet how the argument of the � can becomputed. To simplify the exposition, all these issues are addressed in the next section.Of course, algorithmRecursive-Programs-Implement-Phi generates the code for�-structures �Dexp using the same techniques as the SA-form algorithm. These �-structuresstore addresses of memory locations, computed from the original write references in as-signment statements. Each � function requires a traversal of �-structures to compute theexact reaching de�nition at run-time: the maximum is computed recursively from theroot of �Dexp, and the appropriate element value in Dexp is returned. This computation ofthe maximum can be done in parallel, as usual for reduction operations on trees.



230 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONRecursive-Programs-Implement-Phi (expanded)expanded: an intermediate representation of the expanded programreturns an intermediate representation with run-time restoration code1 for each expanded data structure Dexp in expanded2 do if there are � functions accessing Dexp3 then de�ne a data structure �Dexp of type ControlType4 de�ne a global pointer variable �Dlocal = &�Dexp5 for each procedure in program6 do insert a new argument �Dlocal in the �rst place7 for each call to a procedure p in program8 do insert �Dlocal->p = new ControlType () before the call9 insert a new argument �Dlocal->p in the �rst place10 for each non-procedure block b in program11 do insert �Dlocal->b = new ControlType () at the top of b12 de�ne a local pointer variable �Dlocal = �Dlocal->b13 insert �Dlocal->value = NULL14 for each read reference ref� to Dexp whose expanded form is �(set)15 do for each statement s involved in set16 do refs  write reference in s17 if not already done for s18 then following s insert �Dlocal->value = &refs19 �(set) { traverse Dexp and �Dexp in lexicographic orderusing pointers Dlocal and �Dlocal respectivelyif (�Dlocal->value == &ref�) maxloc = Dlocal;maxloc->value; }20 return expandedTwo problems remain with � function implementation.� The tree traversal does not use the set argument of � functions at all! Indeed,testing for membership in a rational language is not a constant-time problem, andit is even not linear in general for algebraic languages. This point is also relatedwith run-time computation of sets of reaching de�nitions: it will be discussed in thenext section.� Several � functions may induce many redundant computations, since the maximummust everytime be computed on the whole structure, not taking bene�t of theprevious results. This problem was solved for loop nests using a complex techniqueintegrated with constrained storage mapping optimization (see Section 5.4.7), butno similar technique for recursive programs is available.5.5.3 Generating Code for Read ReferencesIn the last section, all read accesses were implemented with � functions. This solutionensures correctness of the expanded program, but it is obviously not the most e�cient.If we know that the reaching de�nition relation � is a partial function (i.e. the result isexact), we can hope for an e�cient run-time computation of its value, as it is the casefor loop nests (with the quast representation). Sadly, this is not as easy in general: somerational functions cannot be computed for a given input in linear time, and it is evenworse for algebraic functions.



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 231The class of sequential functions is interesting for this purpose, since it is decidableand allows e�cient online computation, see Section 3.3.3. Because for every state andinput letter, the output letter and next state are known unamiguously, we can computesequential functions together with pointer updates for expanded data structures. Thistechnique can be easily extended to a sub-sequential function (T ; �), in adding the pointerupdates associated with function � (from states to words, see De�nition 3.10 page 100).The class of sub-sequential transductions is decidable in polynomial time among ratio-nal transductions and functions [BC99b]. This online computation technique is detailedin algorithm Recursive-Programs-Online-SA, for sub-sequential reaching de�ntiontransductions. An extension to online rational transduction would also be possible, with-out signi�cantly increasing the run-time computation cost, but decidability is not knownfor this class.Dealing with algebraic functions is less enthusiastic, because deciding whether analgebraic relation is a function is rather unlikely, and it is the same for the class of onlinealgebraic transductions. But supposing we are lucky enough to know that an algebraictransduction is online (hence a partial function), we can implement e�ciently the run-time computation, with the same technique as before: the next state, output label, andstack operation is never ambiguous.A similar technique can be used to optimize the tree traversal in the implementa-tion of �(set) by algorithm Recursive-Programs-Implement-Phi. Computing aleft-synchronous approximation of the reaching de�nition transduction (even in the caseof an algebraic transduction), one may use the closure under pre�x-selection (see Sec-tion 3.4.3 and especially Proposition 3.11) to select the topmost node in Dexp[set] and�Dexp[set]. These topmost nodes can be used instead of the root of the trees to initiate thetraversal. To be computed at run-time, however, the rational function implementing thepre�x-selection of � (approximate in general) must be sub-sequential. Another approachconsists in computing an approximation of the union of all possible sets of reaching de�ni-tions involved in a given � function. The result is rational (resp. algebraic) if the reachingde�nition transduction is rational (resp. algebraic), thanks to Nivat's Theorem 3.6 (resp.Evey's Theorem 3.24), and it can be used to restrict the tree traversal to a smaller domain.Both approaches can be combined to optimize the � function implementation.To conclude this discussion on run-time computation of reaching de�nitions, onlythe case of sub-sequential functions is very clear: it allows e�cient online computationwith algorithm Recursive-Programs-Online-SA. In all other cases|which includesall cases of algebraic transductions|we think that no real alternative to � functions isavailable. In practice, Recursive-Programs-Online-SA should be applied to thelargest subset of data structures and read references on which � is sub-sequential, andRecursive-Programs-SA is used for the rest of the program. It is perhaps one ofthe greatest failures of our framework, since we computed an interesting information|reaching de�nitions|which we are unable to use in practice. This is also a discouragingargument for extending static expansion to recursive programs: what is the use of remov-ing � functions if the reaching de�nition information fails to give the value we are lookingfor at a lower cost? Finally, � functions may be so expensive to compute that conversionto single-assignment form should be reconsidered, in favor of other expansion schemes. Inthis context, a very interesting alternative is proposed in the next section.Eventually, looking at our motivating examples in Chapter 4, or thinking about mostpractical examples of recursive programs using trees and other pointer-based data struc-tures, one common observation can be made: there is \not so many" memory reuse|if



232 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONRecursive-Programs-Online-SA (program; �)program: an intermediate representation of the program�: a sub-sequential reaching de�nition transductionreturns an intermediate representation of the expanded program1 de�ne a tree type called ControlType whose elements are indexed in Lctrl2 build (T ; �) from � where T = (Q; fq0g; F; E) is sequential and � : Q! ��ctrl3 build a \next state" function � : Q� �ctrl ! Q from T4 build a \next output" function � : Q� �ctrl ! ��ctrl from T5 for each data structure D in program6 do declare a data structure Dexp of type ControlType7 de�ne a global pointer variable Dlocal = &Dexp8 de�ne a global pointer variable D�local = &Dexp9 de�ne a global \state" variable DQlocal = q010 for each procedure in program11 do insert a new argument Dlocal in the �rst place12 insert a new argument D�local in the second place13 insert a new argument DQlocal in the third place14 for each call to a procedure p in program15 do insert Dlocal->p = new ControlType () before the call16 insert a new argument Dlocal->p in the �rst place17 insert a new argument D�local->�(DQlocal; p) in the second place18 insert a new argument �(DQlocal; p) in the third place19 for each non-procedure block b in program20 do insert Dlocal->b = new ControlType () at the top of b21 de�ne a local pointer variable Dlocal = Dlocal->b22 de�ne a local pointer variable D�local = D�local->�(DQlocal; b)23 de�ne a local pointer variable DQlocal = �(DQlocal; b)24 for each statement s assigning D in program25 do left-hand side of s Dlocal->value26 for each reference ref to D in program27 do ref  D�local->�(DQlocal)->value28 return programnot zero memory reuse|in these programs! This late but simple discovery is a strongargument against memory expansion techniques for recursive tree programs: they maysimply be useless. In fact, many tree programs already have a high level of parallelismand do not need to be expanded. This is very disappointing that the best results of oursingle-assignment technique are likely to be very rarely useful in practice. In the case ofrecursive array programs, expansion is still a critical issue for parallelisation, like for theQueens program in Chapter 4.5.5.4 Privatization of Recursive ProgramsWe have seen that SA-form conversion is not practical for all recursive programs. Itwas already the case for loop nests, but the problem is more obvious here. However,SA-form is probably not the most suitable method to extract parallelism from recursiveprograms. Because of the heavy use of procedures and functions, looking at expansion as atransformation of global data structures into local ones is much more pro�table. This idea



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 233happens to be very similar to the principles of array privatization for loop nests, and weuse the same word here. A general privatization technique can be de�ned for unrestrictedrecursive programs, but copy-out code is necessary to update the data structures of thecalling procedure. In a parallel execution, this often requires additional synchronizations,and the overhead of such an expansion is likely to be very high. Further study is left forfuture work.We will restrict ourselves to the case of reaching de�nition relations � which satisfy thevpa property de�ned in Section 4.3.4 (for reaching de�nition analysis purposes): forallu; v 2 Lctrl, if v � u then v is an ancestor of u, i.e. 9w1; w2 2 Lctrl; s 2 �ctrl : v = w1s ^u = w1w2 (and v <lex u, which is trivial since v � u). This property is enforced in manyimportant classes of recursive programs: all divide-and-conquer execution schemes, mostdynamic-programming implementations, many sorting algorithms...Now, the privatization technique for vpa programs is very simple: every global datastructure (probably an array) to be expanded is made local to each procedure in theprogram, and the appropriate copy-in code of the whole structure is inserted at thebeginning point of each procedure. Notice no copy-out is needed since it would involvereaching de�nitions from non-ancestor instances. A program privatized in that sense isgenerally less expanded than SA-form25, and the parallelism extracted by privatizationcan be found at function calls only: instead of waiting for the function's return, one mayrun each function call in parallel and insert synchronizations only when the result of afunction is needed.This technique may appear somewhat expensive because of the data structurecopying, but the same optimization that worked for loop nests can be applied here[TP93, MAL93, Li92]: privatization can be done on a processor basis instead, and copy-in is only performed when a procedure call is made accross processors. We implementedthis optimization for program Queens, using Cilk's \fast" and \slow" implementationsof parallel procedures, the \slow" one being called only when a processor \catches" newwork [MF98]. Further discussion about parallelization of expanded programs is delayedto Section 5.5.6.5.5.5 Expansion of Recursive Programs: Practical ExamplesWe applied single-assignment algorithmRecursive-Programs-SA to program Queens.The result is shown in Figure 5.36. The ControlType structure has been optimized inkeeping only �elds which enforce the single-assignment form property. It is implementedwith a C++ template-like syntax to handle both Dexp and �-structure �Dexp:struct ControlType<T> {T value;ControlType<T> *Q;ControlType<T> *a;ControlType<T> *b;};Notice that the input automaton for the reaching de�nition transducer of procedureQueens is not deterministic. This ruins any hope to e�ciently compute reaching de�ni-tions at run-time and to remove the � function, despite the fact our analysis technique25As a technical remark, this is not always true because we copy the whole data structures and noteach element. In some tricky cases, privatization can require more memory than SA-form!



234 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];ControlType<int> Aexp = new ControlType<int> ();ControlType<int> *Alocal = &Aexp;ControlType<int*> �Aexp = new ControlType<int*> ();ControlType<int*> *�Alocal = &�Aexp;P void Queens (ControlType<int> *Alocal, ControlType<int*> *�Alocal,int n, int k) {I if (k < n) {A=a for (int i=0; i<n; i++) {Alocal->b = new ControlType<int> ();�Alocal->b = new ControlType<int*> ();ControlType<int> *Alocal = Alocal->a;ControlType<int*> *�Alocal = �Alocal->a;B=b for (int j=0; j<k; j++) {Alocal->b = new ControlType<int> ();�Alocal->b = new ControlType<int*> ();ControlType<int> *Alocal = Alocal->b;ControlType<int*> *�Alocal = �Alocal->b;r � � � = � � � �(� (CurIns; A[j])) � � �;}J if (� � �) {s Alocal->value = � � �;�Alocal->value = &(A[k]);Alocal->Q = new ControlType<int> ();�Alocal->Q = new ControlType<int*> ();Q Queens (Alocal->Q, �Alocal->Q, n, k+1);}}}}int main () {F Queens (Alocal, �Alocal, n, 0);}. . . . . . . . . . Figure 5.36. Single-assignment form conversion of program Queens . . . . . . . . . .computed an exact result! The tree traversal associated with the � function has not beenimplemented in Figure 5.36, but it does not require a full tranversal of Dexp: becauseonly ancestors are possible reaching de�nitions (property vpa), the computation of themaximum can be made on the path from the root (i.e. &Dexp) to the current element(i.e. &Dlocal). This is implemented most e�ciently with pointers to the parent node inControlType, stopping at the �rst ancestor in dependence (i.e. the deepest ancestor independence). An e�ective implementation of statement r is given in Figure 5.37. The



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 235maxatloc != NULL test is necessary in general, when ? can be a possible reaching de�ni-tion, but it could indeed be removed in our case since execution of ancestors is guaranteed.The appropriate construction of the parent �eld in ControlType is assumed in the restof the code.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .r { ControlType<int> *maxloc = Dlocal;ControlType<int*> *maxatloc = �Dlocal;while (maxatloc != NULL && maxatloc->value != &(A[j])) {maxloc = maxloc->parent;maxatloc = maxatloc->parent;}� � � = � � � maxloc->value � � �;}. . . . . . . . . . . Figure 5.37. Implementation of the read reference in statement r . . . . . . . . . . .We also experimented the privatization technique since property vpa is satis�ed forprogram Queens, see Figure 5.38. An additional optimization has been performed: onlythe k �rst elements of array A are copied, because the others are not used. This result canbe obtained thanks to static analyses of variables [CH78]. Parallelization of the privatizedform is studied in Section 5.5.6.5.5.6 Statementwise ParallelizationWe start with two motivating examples to show what we want to achieve, then discuss theresults of classical static analyses on such examples, before we present our statementwiseparallelization algorithm.Motivating ExampleOur �rst example is the BST program introduced in Section 2.3. Instancewise dependenceanalysis has been performed in Section 4.4 and the result is the rational transducer inFigure 4.9. Because the two recursive calls involve dereferences of pointer p along twodistinct edges, and because the underlying data structure is a tree, we know that allaccesses performed after the �rst call are independent from accesses performed after thesecond one. Both conditional statements I1 and J1 can thus be executed asynchronously(recall that an implicit synchronization is supposed at the return point of procedure BST,see Section 1.2). The parallel version is given by Figure 5.39.Our second example maps two functions on a list, one on even elements and the otheron the odd ones, see program Map in Figure 5.40. The result of our analysis for thisprogram is that there are no dependences between instances of s and t. This allowsparallel execution of s and t, and their respective function calls to Even and Odd.Let us compare the e�ectiveness of related parallelization techniques with the expectedresults on these two motivating examples. Hendren et al. propose in [HHN94] a depen-dence test for recursive programs with pointer-based data structures. Their techniquedoes not handle arrays (seen as pointer arithmetics in that case). But since it handles



236 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];P void Queens (int A[n], int n, int k) {int B[n];memcpy (B, A, k * sizeof (int));I if (k < n) {A=a for (int i=0; i<n; i++) {B=b for (int j=0; j<k; j++) {r � � � = � � � B[j] � � �;}J if (� � �) {s B[k] = � � �;Q Queens (B, n, k+1);}}}}int main () {F Queens (A, n, 0);}. . . . . . . . . . . . . . . . . . . . Figure 5.38. Privatization of program Queens . . . . . . . . . . . . . . . . . . . .a wide range of recursive data structures, including directed acyclic graphs and doubly-linked lists, it is more general than our technique in that domain. Because their pointeraliasing abstraction is based on path expressions which are pairs of regular expressions onthe edge names, the BST program is actually parallelized with their technique. But the Mapprocedure is not, since their path expressions cannot capture the evenness of dereferencenumbers. The very precise alias analysis by Deutsch [Deu94] would allow parallelization ofthe two examples because Kleene stars are there replaced by named counters constrainedwith systems of a�ne equations. More usual 
ow-sensitive and context-sensitive aliasanalyses [LRZ93, EGH94, Ste96] would generally succeed for BST and fail for Map.AlgorithmWe now present an algorithm for statementwise parallelization of recursive programs,based on the results of our dependence analysis. Let (�ctrl; E) be the dual control 
owgraph [ASU86] of the program|i.e. the dual graph of the control 
ow graph|whose nodesare statements instead of program points, and whose edges are program points insteadof statements. We de�ne a synchronization graph (�ctrl; E 0) as a sub-graph of (�ctrl; E)such that every edge in E 0 is associated with a synchronization barrier. Supposing thatall sequential compositions of statements are replaced by asynchronous executions, a syn-chronization graph must ensure that there are enough synchronization points to preservethe original program semantics. Thanks to Bernstein's conditions, this is ensured by thefollowing condition: let S; T 2 �ctrl be two program statements, ST 2 E, and B be the



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 237. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .P void BST (tree *p) {I1 spawn if (p->l!=NULL) {L BST (p->l);I2 if (p->value < p->l->value) {a t = p->value;b p->value = p->l->value;c p->l->value = t;}}J1 spawn if (p->r!=NULL) {R BST (p->r);J2 if (p->value > p->r->value) {d t = p->value;e p->value = p->r->value;f p->r->value = t;}}}int main () {F if (root!=NULL) BST (root);}. . . . . . . . . . . . . . . . . . . . . Figure 5.39. Parallelization of program BST . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .void Map (List *p, List *q) {s p->value = Even (p->value);t q->value = Odd (q->value);if (� � �) {Map (p->next->next, q->next->next);}int main () {Map (list, list->next);}. . . . . . . . . . . . . . . . Figure 5.40. Second motivating example: program Map . . . . . . . . . . . . . . . .innermost block surrounding both S and T ,ST 2 E 0 () 9v; w 2 Lctrl; u; x0; y0 2 ��ctrl; x; y 2 (�ctrl n fBg)� :v = uBxSx0 ^ w = uByTy0 ^ v � w _ w � v: (5.44)Indeed, executing uBxS and uByT in parallel induces parallel execution of all theirdescendants|coarse grain parallelization|and pre�x u should be chosen as long as pos-



238 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONsible, hence the restriction of x and y to non-B labels. Algorithm Statementwise-Parallelization is based on this equation to generate a parallel program with therequired synchronizations. It is interesting to notice thatv � w _ w � v () v �w ^ (v 2W _ w 2W);which means that intersection with the lexicographic order is not necessary: con
ict re-lation � can be used instead of the dependence one to describe statements that mayexecute in parallel. Because (��ctrlB(�ctrl nfBg)�S��ctrl���ctrlB(�ctrl nfBg)�T��ctrl)in Statementwise-Parallelization is a recognizable language, its intersection withdepend can be computed exactly. These two remarks show that computing the synchro-nization graph for a recursive program can be done without any approximation in mostcases: the con
ict relation is approximate only for multi-dimensional arrays. Notice thatthis algorithm does not perform any statement reordering inside a program block; thisissue is left for future work.Statementwise-Parallelization (program; �)program: an intermediate representation of the program�: the con
ict relation to be satis�ed by all parallel execution ordersreturns a parallel implementation of program1 depend � \ ((W �R) [ (R�W) [ (W�W))2 (�ctrl; edges) dual control 
ow graph of program3 for each ST in edges4 do B  innermost block surrounding both S and T5 synchro depend \ (��ctrlB(�ctrl n fBg)�S��ctrl6 � ��ctrlB(�ctrl n fBg)�T��ctrl)7 if synchro 6= ?8 then insert a sync statement at program point associated with ST9 insert a spawn keyword before every statement10 return programOf course, several spawn keywords may be useless or misplaced regarding the paral-lel programming environment: Cilk only allows asynchronous procedure calls, not asyn-chronous execution at the statement level, and several environments do not support nestedparallelism. When a spawned statement is immediately followed by a sync, both keywordscan be removed since such a construct is equivalent to sequential execution. In addition,powerful methods have been crafted to optimize the number of synchronization pointsand shrink the critical-path, see for example [Rin97]. Application of Statementwise-Parallelization on the two motivating examples yields the expected results.Eventually, the parallelization technique proposed by Feautrier in [Fea98] would �nda similar result on both motivating examples, since they are based on an instancewise de-pendence test (but automatic computation of storage mappings is not handled in [Fea98]).Statementwise Parallelization via Memory ExpansionOur running example is now program Queens, already studied in the previous chapters.This program does not hold any parallel loop (the inner-loop looks parallel but memorydependences on the \� � �" parts actually hampers parallelization). We will consider thereaching de�nition information computed in Section 4.5, i.e. the one-counter transducer inFigure 4.15, and the privatized Queens program proposed in Section 5.5.5, see Figure 5.38.



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 239Recall that reaching de�nition relation � of program Queens satis�ed the vpa property:this guarantees that the reaching de�nition relation can be used as dependence informationto decide whether a procedure call can be executed asynchronously or not. The resultis that the recursive call can be made asynchronous, see Figure 5.41. Starting from thesingle-assignment form version of program Queens(see Figure 5.36), no more parallelismwould have been extracted but the overhead due to � function computation would makethe parallel program unpractical.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int A[n];P void Queens (int A[n], int n, int k) {int B[n];memcpy (B, A, k * sizeof (int));I if (k < n) {A=a for (int i=0; i<n; i++) {B=b for (int j=0; j<k; j++) {r � � � = � � � B[j] � � �;}J if (� � �) {s B[k] = � � �;Q spawn Queens (B, n, k+1);}}}}int main () {F Queens (A, n, 0);}. . . . . . . . . . . Figure 5.41. Parallelization of program Queens via privatization . . . . . . . . . . .The algorithm to achieve this result automatically is simple. First choose betweensingle-assignment form and privatization; Second, apply algorithm Statementwise-Parallelization using the reaching-de�nition relation as dependence relation for the ex-panded program. However, if privatization is chosen, only asynchronous calls to privatizedprocedures are provably correct (they preserve the original program semantics), all otherasynchronous and parallel constructs should be removed from the generated code; this isbecause some memory-based dependences between instances of non-procedure statementsmay remain.Some experiments have been performed with the Cilk environment [MF98] on a 32processor SGI Origin 2000. The results in Figure 5.42 corresponds to the execution timeand to the speed-up of the parallel version compared to the sequential non-privatizedone (without Cilk overhead and without array copying). The program was run with13 queens only, to demonstrates both the e�ciency of the Cilk run-time and the lowoverhead induced by the expansion of program Queens. Performance is very good up to16 processors, then it degrades for 32 processors.
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. . . . . . . . . . . . . . . Figure 5.42. Parallel resolution of the n-Queens problem . . . . . . . . . . . . . . .Notice that the privatized Queens program can itself be the matter of a comparisonwith other parallelization techniques. It happens that analyses for pointer arithmetics(seen as a particular implementation of arrays) used by Rugina and Rinard in [RR99]are unable to parallelize the program. Indeed, the ordering analysis shows that j <k, which means that for a given iteration of the outer loop, the procedure call can beexecuted asynchronously with the next iterations. However, the inter-procedural regionexpression analysis computes a �x-point over recursive calls to procedure Queens whichcannot capture the fact that only the k �rst elements of array A are useful: subsequentrecursive calls are thus supposed to read the whole array A, which is not the case inpractice.5.5.7 Instancewise ParallelizationThis last section investigates parallelization of recursive programs at the statement in-stance level. This common technique for loop nest parallelization is completely new forrecursive programs. Notice we do not propose a run-time parallelization technique forrecursive programs: we describe at compile-time the sets of run-time instances which canbe executed asynchronously.Motivating ExampleWe study the procedure P example in Figure 5.43.a. Pointer arguments p and q areidentical in the �rst call: they are set to the root of a binary tree structure.Because p and q may be aliased during the whole execution, any dependence test|instancewise or not|would return the same result: no parallelism can be found in thisprogram. However, a more precise observation shows that when the current control wordw contains both a and b or both c and d, p and q may never be aliased again in alldescendants of w (words such as w is a strict pre�x). This proves the correctness of theabstract parallelization of procedure P in Figure 5.43.b (recall that CurIns stands for therun-time value of the control word). As soon as both branches of the same conditionalhave been taken, all recursive calls can be executed asynchronously. This yields in practicea huge amount of parallelism|an average logarithmic parallel complexity.Eventually, this motivating example shows the need for an instancewise parallelizationtechnique for recursive programs. Of course, such a technique requires more information



5.5. PARALLELIZATION OF RECURSIVE PROGRAMS 241. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .P void P (int *p, int *q) {s p->v = � � �;t q->v = � � �;a if (� � �) P (p->l, q);b else P (p, q->r);c if (� � �) P (p->r, q);d else P (p, q->l);} int main () {F P (tree, tree);}Figure 5.43.a. Procedure P

P void P (int *p, int *q) {s p->v = � � �;t q->v = � � �;a if (� � �) spawn P (p->l, q);b else spawn P (p, q->r);if (CurIns 2 (a+ d)� + (b + c)�) syncc if (� � �) spawn P (p->r, q);d else spawn P (p, q->l);}int main () {F P (tree, tree);}Figure 5.43.b. Abstract parallelization of P. . . . . . . . . . . . . . . . . . Figure 5.43. Instancewise parallelization example . . . . . . . . . . . . . . . . . .than a simple dependence test: a precise description of the instances in dependence is thekey for instancewise parallelism detection.AlgorithmWe now present an algorithm to automatically detect instancewise parallelism in recursiveprograms, and to generate the parallel code. This technique naturally extends the previousstatementwise algorithm, but synchronization statements are now guarded by membershipof the current run-time instance to rational subsets of Lctrl|the whole language of controlwords. The idea consists in guarding every sync statement with the domain of relationsynchro in Statementwise-Parallelization. In the case of algebraic relations, thisdomain is an algebraic language and membership may not be decided e�ciently, we thencompute a rational approximation of the domain before generating the code.Instancewise parallelization algorithm Instancewise-Parallelization is based onthe statementwise version, and it generates a \next state" function alpha : Q��ctrl ! Qfor online computation of the CurIns 2 set condition. This function is usually imple-mented with a two-dimensional array, see the example below.26The result of Instancewise-Parallelization applied to procedure P is shown inFigure 5.44. It is basically the same parallelization as the abstract code in Figure 5.43.a,but the synchronization condition is now fully implemented: the deterministic automataused for online recognition of (a+ d)� + (b+ c)� is given in Figure 5.44.b. Transitions arestored in array next, the �rst dimension is indexed by state numbers and the second bystatement labels.Notice the parallelization technique proposed by Feautrier in [Fea98] would also failon this example, because it is a dependence test only: it cannot be used to compute atcompile-time which instances of procedure P allow asynchronous execution of the recursive26An extension to deterministic algebraic languages would be rather easy to design, and would some-times give better results for recursive programs with arrays. Nevertheless, it requires computation ofa deterministic approximation of an algebraic language, which is much more di�cult than a rationalapproximation.



242 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONInstancewise-Parallelization (program; �)program: an intermediate representation of the program�: the con
ict relation to be satis�ed by all parallel execution ordersreturns a parallel implementation of program1 depend � \ ((W �R) [ (R�W) [ (W�W))2 (�ctrl; edges) dual control 
ow graph of program3 for each ST in edges4 do B  innermost block surrounding both S and T5 synhro depend \ (��ctrlB(�ctrl � fBg)�S��ctrl6 � ��ctrlB(�ctrl � fBg)�T��ctrl)7 set domain of relation synchro8 if set 6= ?9 then if set is algebraic10 then set rational approximation of set11 (Q; fq0g; F; E) determinization of set12 compute a \next state" function � from (Q; fq0g; F; E)13 de�ne a global variable state = q014 for each procedure in program15 do insert a new argument state in the �rst place16 for each call to a procedure p in program17 do insert a new argument �(state; p) in the �rst place18 for each non-procedure block b in program19 do de�ne a local variable state = �(state; b)20 insert \if (state 2 F) sync" at program point associated with ST21 insert a spawn keyword before every statement22 return programcalls.5.6 ConclusionIn this chapter, we studied automatic parallelization techniques based on memory ex-pansion. Expanding data structures is a classical optimization to cut memory-baseddependences. The �rst problem is to ensure that all reads refer to the correct memorylocation, in the generated code. When control and data 
ow cannot be known at compile-time, run-time computations have to be done to �nd the identity of the correct memorylocation. The second problem is that converting programs to single-assignment form istoo costly, in terms of memory usage.When dealing with unrestricted nests of loops and arrays, we have tackled both prob-lems. We proposed a general method for static expansion based on instancewise reachingde�nition information, a robust run-time data-
ow restoration scheme, and a versatilestorage mapping optimization technique. Our techniques are either novel or generalizeprevious work to unrestricted nests of loops. Eventually, all these techniques were com-bined in a simultaneous expansion and parallelization framework, based on expansionconstraints. Many algorithms were designed, from single-assignment conversion to con-strained storage mapping optimization and e�cient data-
ow restoration. This workadvocates for the use of constrained expansion in parallelizing compilers. The goal is nowto design pragmatic constraints and to propose a real bi-criteria optimization algorithm



5.6. CONCLUSION 243. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .int state = 0;int next[4, 4] = {{1,2,2,1}, {1,3,3,1}, {2,3,3,2}, {3,3,3,3}};P void P (int state, int *p, int *q) {s p->v = � � �;t q->v = � � �;a if (� � �)spawn P (next[state, 0], p->l, q);b elsespawn P (next[state, 1], p, q->r);if (state == 3) syncc if (� � �)spawn P (next[state, 2], p->r, q);d elsespawn P (next[state, 3], p, q->l);}int main () {F P (state, tree, tree);}Figure 5.44.a. Parallel code
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Figure 5.44.b. Automaton to decidesynchronization at run-time. . . . . . . . . . Figure 5.44. Automatic instancewise parallelization of procedure P . . . . . . . . . .for expansion overhead and parallelism extraction.The second part of this chapter discussed parallelization of recursive programs. Weinvestigated memory expansion of recursive programs, which is a new issue in automaticparallelization. Single-assignment and privatization were extended to recursive programs,based on the rational and algebraic transduction results of our analysis for recursive pro-grams. Di�cult problems related with online computation of reaching de�nitions andrun-time data-
ow restoration where investigated. Extending constrained expansion andstorage mapping optimization to recursive programs is left for future work, but severalunresolved issues for simpler expansion schemes must be investigated �rst. Eventually,we showed that the rational or algebraic transductions returned by dependence analysiscould be used to extract control parallelism. A simple algorithm to decide whether twostatements can be executed in parallel has been designed and applied to an example|in combination with the privatization technique. This algorithm achieves better resultsthan most existing techniques, because it is based on a very precise|and instancewise|dependence information. These good results motivate further researches in dependenceanalysis of recursive programs. Another contribution is the algorithm for instancewiseparallelization: it decides at compile-time whether two instances of a statement can beexecuted in parallel or not. Common in the case of nested loops, this technique is com-pletely new for recursive programs. However, algorithms proposed are still rather prim-itive: they neither perform statement reordering nor integrate architecture parameterssuch as the minimal grain of parallel tasks. Fortunately, these issues have been widelystudied in more classical parallelization frameworks and we hope that the same solutions



244 CHAPTER 5. PARALLELIZATION VIA MEMORY EXPANSIONwould apply to our own framework.Future work is threefold. First, improve optimization of the generated code andstudy|both theoretically and experimentally|the e�ect of � functions on parallel codeperformance. Second, study how comprehensive parallelization techniques can be pluggedinto the constrained storage mapping optimization framework: reducing memory usage isa good thing, but choosing the right parallel execution order is another. Third, proceed inan extensive study of the applicability of memory expansion techniques for parallelizationof recursive programs.
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Chapter 6ConclusionWe now conclude this thesis by a summary of the main results and contributions, followedby a discussion of perspectives and future works.6.1 ContributionsOur main contributions can be divided into four closely related parts. The �rst three partsaddress automatic parallelization and are summarized in the next table, and the fourthone is about rational and algebraic transductions. Not all contributions in this table arewell matured and ready to use results: most of the work about recursive programs shouldbe seen as a �rst attempt to extend instancewise analysis and transformation techniquesto a larger class of programs.Affine loop nests Unrestricted loop nests Recursive programswith arrays with arrays with arrays and treesInstancewise [Bra88, Ban88] [BCF97, Bar98] [Fea98],1 Chapter 4,dependence analysis [Fea88a, Fea91, Pug92] [WP95, Won95] published in [CC98]2Instancewise reaching [Fea88a, Fea91, Pug92] [CBF95, BCF97, Bar98] Chapter 4,definition analysis [MAL93] [WP95, Won95] published in [CC98]2Single-assignment [Fea88a, Fea91] [Col98], Section 5.5form Sections 5.1 and 5.4Maximal static Sections 5.2 and 5.4, open problemexpansion published in [BCC98, Coh99b, BCC00]Storage mapping [LF98, Lef98] Sections 5.3 and 5.4, open problemoptimization [SCFS98, CDRV97] published in [CL99, Coh99b]Instancewise [Fea92, CFH95] [GC95, CBF95] Section 5.5parallelization [DV97] [Col95b]Let us now review every contribution in more detail.1Dependence test for trees only.2For arrays only.



246 CHAPTER 6. CONCLUSIONControl and Data Structures: Beyond the Polyhedral Model In Chapter 2,we de�ned a program model and mathematical abstractions for statement instances andelements of data structures. This framework was used throughout this work to give aformal presentation of our techniques, especially when dealing with recursive control anddata structures.Novel instancewise dependence and reaching de�nition analyses for recursive programswere proposed in Chapter 4, based on formal language theory, and more precisely on ratio-nal and algebraic transductions. Using a new de�nition of induction variables in recursiveprograms, we could capture the e�ect of every run-time instance of a statement in a ratio-nal or algebraic transduction. Because conditionals and loop bounds are unrestricted, wecould achieve only approximate results in general. A summary of program model restric-tions and a comparison with other dependence and reaching de�nition analyses concludesthis work.However, when designing algorithms for nested loops and arrays|a special case ofthe program model|we sticked to the classical iteration vector framework, and we tookbene�t of the wealth of algorithms to work with a�ne relations in Presburger arithmetics.Memory Expansion: New Techniques to Solve New Problems Parallelizationvia memory expansion is an old technique, but the recent extension of instancewise reach-ing de�nition analyses to programs with conditionals, complex data structure references|e.g. non-a�ne array subscripts|or recursive calls raises new questions. The �rst one is toensure that read accesses in the expanded program refer to the correct memory location;the second is that existing techniques for memory expansion have to be extended to �tthe new program models.We addressed both questions in the �rst four sections of Chapter 5, when dealing withunrestricted nested loops and arrays. A new technique to reduce the run-time overheadof memory expansion has been proposed, and another technique to reduce memory usagehas been extended to unrestricted loop nests. Combination of the two techniques has alsobeen studied. Eventually, we designed several algorithms to optimize run-time restorationof the 
ow of data (when it is mandatory). We also discussed experimental results on ashared-memory architecture.Memory expansion for recursive programs is a completely new topic, and we discov-ered that the mathematical abstraction for reaching de�nitions|rational and algebraictransductions|may incur a severe run-time overhead. Nevertheless, in a few particularcases we could design algorithms to generate low-overhead expanded recursive programs.Parallelism: Extending Classical Techniques Our new dependence analysis tech-nique has been shown useful to parallelizing recursive programs. It demonstrates theapplicability of rational and algebraic transductions, thanks to their decidable properties.The �rst algorithm we presented is similar to existing parallelization methods for recursiveprograms, but it takes bene�t of the additional information captured by our analysis toachieve better results in general. Another algorithm addresses instancewise parallelizationof recursive programs: this new technique is made possible by the instancewise informa-tion captured in rational and algebraic transductions. A few experimental results werediscussed, combining expansion and parallelization on a well known recursive program.Formal Language Theory: Several Contributions and Applications The lastresults of this work do not belong to compilation. They are mostly found in the third



6.2. PERSPECTIVES 247section of Chapter 3|presenting useful mathematical abstractions|and some in the fol-lowing sections. We designed a sub-class of rational transductions with boolean algebrastructure and many other interesting properties. We showed that this class is not de-cidable among rational transductions, but conservative approximation techniques allowto take bene�t of these properties in the whole class of rational transductions. We alsopresented some new results about composition of rational transductions over non-freemonoids and investigated approximation of algebraic transductions.6.2 PerspectivesMany questions arose along this thesis, and our results motivate more interesting studiesthan it solves problems. We start with questions related with recursive programs, thendiscuss future work in the polyhedral model.First of all, looking for the good mathematical abstraction to capture instancewiseproperties appeared once more as a critical issue. Rational and algebraic transductionshave been successful in many cases, but the lack of expressiveness has often limited theirapplications. Reaching de�nition analysis has most su�ered of these limitations, as wellas integration of conditional expressions and loop bounds in dependence analysis. In thiscontext, we would like to consider more than one counter in a transducer, and still be ableto decide emptiness and other useful properties. We are thus very interested in the workby Comon and Jurski [CJ98] on deciding the emptiness for a sub-class of multi-counterlanguages, and more generally in studies about system veri�cation based on restrictedclasses of Minsky machines, such as timed automata. In addition, using several counterswould allow us to extend one of the major ideas underlying fuzzy array data
ow analysis[CBF95]: inserting new parameters to capture properties of non-a�ne expressions andimprove precision.Moreover, we believe that decidability of the mathematical abstraction is not the mostimportant thing for program analysis: a few good approximate results are often su�cient.In particular, we discovered when studying deterministic and left-synchronous relationsthat a nice sub-class with good decidability properties cannot be used in our frameworkwithout an e�cient approximation method. Improving our techniques to resynchronizerational transducers and approximate them by left-synchronous ones is thus an importantissue. We also hope that this demonstrates the high mutual interest of cooperationsbetween theoretical computer scientists and compilation researchers.Besides these formal aspects, another research issue is to alleviate as many restrictionsas possible in the program model. As hinted before, the best way consists in lookingfor a graceful degradation of our results using approximation techniques. This idea hasbeen investigated in a similar context [CBF95], and studying its applicability to recursiveprograms is an interesting future work. Another idea would be to perform inductionvariable computation on execution traces (instead of control words)|allowing inductionvariable update in every program statement|then to deduce approximate informationon control words; relying on abstract interpretation techniques [CC77] would perhaps behelpful in proving the correctness of our approximations.The interest of memory expansion for recursive programs is still unclear, because ofthe high overhead to compute reaching de�nitions at run-time|either exactly or with �functions. Pragmatic techniques similar to privatization|i.e. making a global variablelocal to each procedure|seem more promising, but require further study. Working onan extension of maximal static expansion and storage mapping optimization to recursive



248 CHAPTER 6. CONCLUSIONprograms is perhaps too early in this context, but transitive closure, class enumerationand graph coloring techniques for rational and algebraic transductions are interestingopen problems.We have not addressed the problem of scheduling recursive programs, because theway to assign sets of run-time instances to logical execution dates is unknown. Buildinga rational transducer from dates to instances is perhaps a good idea, but the problem ofgenerating the code to enumerate the precise sets of instances becomes rather di�cult.Besides these technical reasons, most parallelism in recursive programs can already beenexploited by control parallel techniques, and the need for a data parallel execution modelis not obvious.In addition to motivating a large part of our work on recursive programs, techniquesfrom the polyhedral model cover an important part of this thesis. An major goal through-out his work was to keep some distance with the mathematical representation of a�nerelations. One drawback of this point of view is the increased di�culty to build optimizedalgorithms ready to be used in a compiler, but the big advantage is the generality of theapproach. Among the technical problems that should be improved in both maximal staticexpansion and storage mapping optimization, the most important are the following.Many algorithms for run-time restoration of the data 
ow have been designed, butpractical experience with parallelization of loop nests with unpredictable control 
ow andnon-a�ne array subscripts is still very low. Because the SSA framework [CFR+91] ismainly used as an intermediate representation, � functions are rarely implemented inpractice. Generating an e�cient data-
ow restoration code is thus a rather new problem.No parallelizing compiler for unrestricted nested loops has been designed. As a result,a large scale experiment has never been performed. To apply precise analysis and trans-formation techniques to real programs, an important work in optimizing the techniquesmust be done. The main ideas would be code partitioning [Ber93] and extending our tech-niques to hierarchical dependence graphs, array regions [Cre96] or hierarchical schedules[CW99].A parallelizing compiler must be able to tune automatically a large number of pa-rameters: run-time overhead, parallelism extraction, parallelization grain, copy-in andcopy-out, schedule latency, memory hierarchy, memory usage, placement of computationsand communications... And we have seen that the optimization problem is even morecomplex for non-a�ne loop nests. Our constrained expansion framework allows simulta-neous optimization of some parameters related with memory expansion, but this is onlya �rst step.
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R�esum�eLes microprocesseurs et les architectures parall�eles d'aujourd'hui lancent de nou-veaux d�e�s aux techniques de compilation. En pr�esence de parall�elisme, les optimisa-tions deviennent trop sp�eci�ques et complexes pour être laiss�ees au soin du program-meur. Les techniques de parall�elisation automatique d�epassent le cadre traditionneldes applications num�eriques et abordent de nouveaux mod�eles de programmes, telsque les nids de boucles non a�nes, les appels r�ecursifs et les structures de donn�eesdynamiques. Des analyses pr�ecises sont au c�ur de la d�etection du parall�elisme, ellesrassemblent des informations �a la compilation sur les propri�et�es des programmes �al'ex�ecution. Ces informations valident des transformations utiles pour l'extractiondu parall�elisme et la g�en�eration de code parall�ele.Cette th�ese aborde principalement des analyses et des transformations avec unevision par instances, c'est-�a-dire consid�erant les propri�et�es individuelles de chaqueinstance d'une instruction �a l'ex�ecution. Une nouvelle formalisation �a l'aide de lan-gages formels nous permet tout d'abord d'�etudier une analyse de d�ependances et ded�e�nitions visibles par instances pour programmes r�ecursifs. L'application de cetteanalyse �a l'expansion et la parall�elisation de programmes r�ecursifs d�evoile des r�e-sultats encourageants. Les nids de boucles quelconques font l'objet de la deuxi�emepartie de ce travail. Une nouvelle �etude des techniques de parall�elisation fond�ees surl'expansion nous permet de proposer des solutions �a des probl�emes d'optimisationcruciaux.Mots-cl�es : parall�elisation automatique, programmes r�ecursifs, nids de boucles non af-�nes, analyse de d�ependances, analyse de d�e�nitions visibles, expansion de la m�emoire.AbstractCompilation for todays microprocessor and multi-processor architectures is fac-ing new challenges. Dealing with parallel execution, optimizations become overlyspeci�c and complex to be left to the programmer. Traditionally devoted to numeri-cal applications, automatic parallelization addresses new program models, includingnon-a�ne nests of loops, recursive calls and pointer-based data structures. Paral-lelism detection is based on precise analyses, gathering compile-time informationabout run-time program properties. This information enables transformations use-ful to parallelism extraction and parallel code generation.This thesis focuses on aggressive analysis and transformation techniques froman instancewise point of view, that is from individual properties of each run-timeinstance of a program statement. Thanks to a novel formal language framework, we�rst investigate instancewise dependence and reaching de�nition analysis for recur-sive programs. This analysis is applied to memory expansion and parallelization ofrecursive programs, and promising results are exposed. The second part of this workaddresses nests of loops with unrestricted conditionals, bounds and array subscripts.Parallelization via memory expansion is revisited in this context and solutions tochallenging optimization problems are proposed.Keywords: automatic parallelization, recursive programs, non-a�ne loop nests, depen-dence analysis, reaching de�nition analysis, memory expansion.


