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Introduction Générale

Avant-propos

L’intégralité de cette thése est consacrée a ’étude de fonctionnelles de type Ginzburg-
Landau sans champ magnétique. Elle se divise en trois parties. Dans la premiére partie,
I’application d’'un champ magnétique est remplacée par une prescription de degré topolo-
gique sur le bord du domaine et nous nous intéressons a l’existence de points critiques de
I’énergie. Dans les deux parties suivantes, une condition de type Dirichlet est imposée et
I’étude porte sur 'influence d’un terme de chevillage sur le comportement des minimiseurs.

1 Le modéle physique

Dans les années 50 les physiciens Vitali Lazarevitch Ginzburg et Lev Davidovitch Landau
ont proposé la théorie éponyme de la supraconductivité.

Un supraconducteur S C R3 (par exemple une bille ou une barre) est un matériau qui,
au dessous d’une température critique T, (7, est généralement de 'ordre de quelques Kelvin
ou dizaines de Kelvin), est susceptible de présenter des propriétés supraconductrices :
absence de résistance et diamagnétisme parfait (1)

Nous nous intéressons par la suite essentiellement & des supraconducteurs de type II.
Dans des supraconducteur de ce type, sous 'application d’un champ magnétique élevé, la
supraconductivité est détruite dans certaines zones : on parle alors de défauts de vorticité
(voir par exemple [69], [65] et des images sont disponibles dans [57]).

L’idée de Ginzburg et de Landau est :

L’état d’un supraconducteur S C R3 soumis & un champ magnétique est déterminé par
des données variationnelles, une fonction d’onde ¥ : § — C et un potentiel magnétique
A: S = R3, qui minimisent Uénergie de Ginzburg-Landau Es.

L’originalité des travaux de Ginzburg et de Landau est d’obtenir I’énergie de Ginzburg-
Landau comme une troncature de I’énergie libre développée suivant les puissances de [1)]?
pour une température T' < T, voisine de T.

L’énergie conjecturée est

14 — e2 .k
Bt A) =Gy + [ =Bl [ o9~ Ay + alul + Gt}

8 2m*
ou

e ¢y : § — C est la fonction d’onde régissant ’appariement des électrons en paires de
Cooper (selon la théorie BCS D'appariement des électrons en paires de Cooper est la
source de la supraconductivité) ;

Le diamagnétisme parfait (ou effet Meissner) est la propriété de repousser un champ magnétique
appliqué en créant un contre champ opposé de méme intensité.

vii
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e B, € R3 est une constante représentant le champ magnétique appliqué au supraconduc-
teur;

e A:R3 — R3 est le potentiel magnétique dont le rotationnel curlA correspond au champ
magnétique mesuré (ainsi si le champ B, ne pénétre pas dans S on a curlA = 0) ;

e (G est une quantité indépendante de ¥ et de A qui correspond & I’énergie du supracon-
ducteur & ’état normal i.e. ¥ = 0 et curlA = B

e m* e* cet hsont des constantes universelles, m* est la masse de deux électrons, e* = 2e¢

avec e la charge électrique d’un proton, c est la vitesse de la lumiére et h est la constante
de Planck réduite ;

e a=~v(T —T,) avec v > 0 qui dépend uniquement du matériel supraconducteur et 7" est
la température ambiante ;

3 est un parameétre dépendant uniquement du matériel supraconducteur ).

Lorsque (1, A) est un état stable, [1|? : S — [0, 1] représente la densité des paires de
Cooper ®). Si les conditions magnétiques ne sont pas trop intenses, les défauts de vorticité
prennent la forme de fils fins traversant S de part en part. Ces zones peuvent étre vues
comme l'ensemble {|1)|? ~ 0}. De méme, on peut dire que les zones ot S est dans un état
supraconducteur correspondent a {|¢)|? ~ 1} (voir par exemple [69]).

Les filaments de vorticité sont enveloppés par des courants supraconducteurs circulaires
et orthogonaux au champ appliqué. Par induction, ces courants générent un contre champ
empéchant la pénétration du champ extérieur de s’étendre au-dela d’un voisinage tubu-
laire de rayon de l'ordre de A . De méme, les zones dans un état normal (résistance &
un courant) s’assimilent a des tubes de rayon de lordre de & () entourant les zones de
pénétration du champ (voir les figures 1 et 2(a)).

Afin d’éviter la pénétration du champ dans le matériel, des courants électriques, géné-
rant par induction un contre champ, apparaissent aussi sur le bord du supraconducteur ;
ce sont les courants de Meissner (voir la figure 2(b)).

Il a été démontré (par exemple dans un supraconducteur cylindrique avec un champ
appliqué constant et dirigé suivant son axe) qu’il y a une quantification énergétique des
filaments de vorticité : chaque filament "cotite" une unité d’énergie (voir [69]) par unité de
longueur. Il en est de méme des courants d’écrantage circulant autour des filaments. Ainsi
la quantité de filaments de vorticité est linéairement corrélée avec l'intensité du champ
appliqué.

Bien que soumis & des phénoménes de répulsion entre défauts de vorticité, les filaments
n’ont pas de positions bien déterminées dans le supraconducteur. Un des problémes dans
les applications multiples de la supraconductivité provient de la dynamique des défauts de
vorticité. Dans la réalité (supraconducteur avec des impuretés, par exemple, des défauts du
réseau cristallin) ou méme en théorie (supraconducteur totalement homogeéne), les filaments
de vorticité n’ont pas d’emplacements précis ou se fixer. Ainsi ils se déplacent dans le

2Certains auteurs considérent 3 comme étant dépendant de la température, cependant cette dépendance
est négligeable lorsque T est proche de Tp.

3La quantité |1|? est une quantité observable car invariante par changement de jauge.
Bm*c?

4
A=
47r|ale*

est la longueur de pénétration de London, c’est I’épaisseur minimale afin d’atténuer la
pénétration du champ magnétique d’un rapport e ~ 2, 71.

5&-_ h
©V/2ma]

conductrice & une zone normale.

est la longueur de cohérence, c’est la distance minimale pour passer d’une zone supra-
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I : coeur du filament
de vorticité
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\—A : les courants
d’écrantage
zone : . zone -+ : intensité du champ
supraconductrice - - supraconductrice magnétique dans

le matériel

B : zone dans

un état normal

e induction nulle

FIGURE 1 — Représentation d’un filament de vorticité mettant en évidence la longueur de
pénétration A, la longueur de cohérence £ et les courants d’écrantage

A (@/
B.
f\\
N 1
P
A 0 &
(a) Diagramme représentant les variations (b) Une section d’un supraconducteur cylindrique dans
du champ magnétique (en pointillé) et celles un état mixte dans lequel deux lignes de vorticité sont
de la densité des paires de Cooper (en trait représentées. Le contre champ est représenté en fleche
plein) dans un filament de vorticité centré double

en 0

FIGURE 2 — Un diagramme énergétique et un supraconducteur dans un état mixte
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matériel durant 'utilisation du supraconducteur (voir [35]). Ces mouvements créent des
perturbations de I'appariement en paires de Cooper des électrons et ainsi ils détruisent la
supraconductivité sur leur passage.

Une des solutions pour remédier a ces mouvement anarchiques est d’offrir aux défauts
de vorticité des emplacements dans lesquelles leur position est énergétiquement favorables.
De plus on peut optimiser leur (absence de) déplacement en utilisant des zones dont les
dimensions correspondent a celles des filaments de vorticité. Ces zones sont appelés les
sites d’ancrage. Dans la pratique cela correspond soit & doper le supraconducteur par
I'inclusion d’un autre matériel "moins supraconducteur" ou tout simplement conducteur
ou bien encore & créer des zones avec des températures différentes.

Une autre motivation dans I'utilisation d’un site d’ancrage avec des inclusions supra-
conductrices ou des zones de température différente consiste en la détection de conditions
détruisant la supraconductivité. Supposons que lors de l'utilisation d’un matériel supra-
conducteur on désire essentiellement préserver la supraconductivité dans une zone bien
déterminée et que la destruction du caractére supraconducteur dans cette zone peut en-
trainer des défaillances ou des dégats du systéme.

Afin de stopper le processus avant que la supraconductivité ne soit détruite dans la zone
"utile", on peut placer dans des emplacements "sans grande importance pour le processus"
des inclusions (de différente température ou d’un autre type de matériel supraconducteur)
attirant les défauts de vorticité. L’idée est que tant que la supraconductivité n’est pas
détruite dans les inclusions, le processus peut se dérouler sans probléme. Par contre, dés
que la supraconductivité commence & étre détruite dans les sites d’ancrage, afin de sécuriser
le processus, il est préférable d’arréter I'utilisation du supraconducteur ou de réguler les
conditions (magnétique ou de courant appliqué) créant la présence de défauts de vorticité.

2 Adimensionnalisation et variantes de I’énergie

2.1 Adimensionnalisation de I’énergie : les énergies classiques

Afin de simplifier ’étude de I’énergie Es, on normalise 1’énergie libre en appliquant un
changement d’échelle classique

16} ~ e* - g€” ~ S
g _ A = — A Be f— —Be, Q == .
u(e) = [, Alw) = FrA0), Be= 21 >
En appliquant la normalisation précédente, on obtient
F(u,A) = Gy + B / lcurld — B, |? +/ (V —id)u|® + i(1 — |uf?)?
T O gmne? | Jrs ¢ a 2¢2 '

Ici, e = % est un paramétre caractéristique du matériel supraconducteur utilisé. Puisque

I'on considére uniquement des supraconducteur de type II, £ < 1/4/2.
On voit ainsi clairement ressortir la fonctionnelle classique de Ginzburg-Landau avec
champ magnétique comme étant 'unique quantité variationnelle dépendante de u, A :

1 o1 - 1
GL.(u,A) = E/RS ]curlA—Be]2+§/Q{\(V—zA)u\Q +2_€2(1_ \u]z)Q}

Une large littérature est consacrée a I'étude du cas spécial Q = Q x R c’est a dire Q
est un cylindre infiniment long soumis a un champ magnétique constant et dirigé suivant
son axe.
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Dans cette situation I’étude se raméne a une situation bi-dimensionnelle :
2D it 1 i o721 ST\ (2 1 212
GLZ" (u, A) = = |curlA — he|” + = (V —iA)ul + — (1 — |ul)* ¢, (1)
2 Jp2 2 Jq 22

ottu € H(Q2,C), Ae HY(Q,R?) et he > 0 est l'intensité du champ appliqué.

Aprés cette réduction de la dimension, les filaments de vorticité sont remplacés par des
vortex : des zéros isolés de u avec un degré topologique non nul (circulation des courants
d’écrantage autour des filaments de vorticité).

Durant les quinze derniéres années, I'étude de GL2P a été la source d’un nombre consi-
dérable de travaux. En particulier, dans une série d’articles, Sandier et Serfaty ont démontré
rigoureusement ’existence de phénomeénes observés par les physiciens tels que 'existence
et le calcul de différents champs critiques, la quantification des vortex, les phénoménes de
répulsion bord/vortex (apparition de vortex dans un sous domaine de 2) et vortex/vortex
(répartition uniforme dans le sous domaine), existence et quantification de la circulation
autour des vortex...

Des versions simplifiées (sans champ magnétique) apparaissent au début des années
90 notamment dans des travaux de Bethuel, Brezis et Hélein ([17],[18]). Ils usent d’un
artefact mathématique (le degré topologique) mimant U'effet d’'un champ magnétique élevé
en forcant la présence de vortex. Bethuel, Brezis et Hélein ont considéré (pour e petit)

1 1
Eg(u) =3 /Q {]Vu\Q + 2—52(1 — \u!Q)Q} LU € Hl(Q,(C).

Afin de modéliser I'effet d’un champ magnétique suffisant dans le but de créer des défauts
de vorticité, ils ont minimisé EY sous la contrainte u = g sur 9Q avec g € C°°(9€,St),
degaq(g) # 0.

L’un de leurs résultats le plus important tient dans I’analogie entre ce modéle simplifié et
la réalité : leur approche met en évidence une réelle quantification de la vorticité (créée par
la donnée au bord) a I'instar d’'un potentiométre magnétique utilisé par 'expérimentateur.

Chacun des vortex contient la méme énergie et est entouré d’une circulation (quantifié
elle aussi) analogue au courants d’écrantage. On observe aussi un phénomeéne de concentra-
tion de ’énergie dans les vortex. De plus il apparait clairement un phénoméne de répulsion
lors d’une interaction vortex/vortex ou vortex/bord.

Bien que la condition imposée au bord (condition de type Dirichlet) ne soit pas physique
(non invariante par changement de jauge), il est aujourd’hui communément admis que leur
description des vortex est cohérente avec les problémes étudiés en physique.

2.2 D’autre variante de I’énergie : le phénoméne d’ancrage modélisé par
un terme de chevillage

Le modeéle avec un terme de chevillage est dit & Likharev (dans [46]). Il correspond &
remplacer la non linéarité (1 — |u|?)? par une non linéarité plus générale (a?(z) — |ul?)2.
En considérant une fonction étagée a : 2 — R, cette modification permet de modéliser
les impuretés dans un supraconducteur.
Plusieurs interprétations peuvent étre faites d’un terme de chevillage étagé :

e un supraconducteur avec des zones de températures différentes ;

e un supraconducteur hétérogéne ; une matrice supraconductrice avec des inclusions consti-
tuées d’un matériel supraconducteur distinct.
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Par exemple, dans le cas ot ’on considére un supraconducteur S de température critique 7,
avec deux zones a températures distinctes, une température T < T, dans un sous domaine
S1 CSetTy< T, dans S = S\ S1, en modifiant la normalisation faite Section 2.1 par

u(z) = %w()\ox% Afx) =

Bm*c? h
Ao = PPN 50 = T 0
Arlagle V2m* oy

on obtient en notant € = &y/\o,

6*

Ao A B. = \)°—B.
0A(Aox), 0" 7

6*

he

ou

Flu,d) = Fyt+ ¢ / |cur1A—Be|2+/ (V — iA)yul>+
871')\06* R3 3/)\0

2
e [, (s ) ]
€% JS/ N |To — T

Iei T : S — {1y, 11} correspond a la fonction indiquant la température dans S et «; au
paramétre (dépendant de la température) o du matériel dans la zone S;.

Clairement, lorsque §/\g = Q X R, B. = (0,0,he) et Ty < Ty < T, en utilisant une
réduction de la dimension du probléme, la fonctionnelle simplifiée (qui ignore le champ
magnétique) que l'on obtient prend la forme

B =g [ {IveP + g - 2

Icia?:Q — { I%:%} , 1} est une fonction étagée.
L’étude d’un terme de chevillage étagé a été menée dans un premier temps par Rubin-
stein (voir [58|) et ensuite poursuivie par André et Shafrir [6] et Lassoued et Mironescu
[43]. Par la suite Aydi et Kachmar (voir [9]) ont traité le cas avec un champ magnétique.
Dans [43], Lassoued et de Mironescu ont développé une technique désormais classique
dans le traitement d’une énergie de Ginzburg-Landau avec un terme de chevillage : rem-
placer la fonctionnelle avec un terme de chevillage par une fonctionnelle & poids.

Leur approche traite le cas de la minimisation d’une fonctionnelle du type

E.(u) = 1/Q {|Vu|2 + 2—;(63 - |u|2)2} ,a € L[R2, [b,1]), be (0,1)

2

avec  un domaine du plan, u € Hy := {u € H'(Q,C) |trogqu = g} et g € HY2(Q,S1).

La méthode de Lassoued et Mironescu consiste dans un premier temps a considérer la
solution spéciale U. € H{NL> (£, [b, 1]) qui est I'unique minimiseur de E. avec la condition
au bord g = 1. Cette solution spéciale est 'outil fondamental dans la méthode. Elle permet
de considérer le découplage

E.(Unv) = E.(U.) + F-(v), v € H;
avec

1 2 2 Uél 2\2
Fe(v):§ . UZ |Vl +@(1—|v|) .

Puisque U, = 1 sur 012, on a v = Ugv sur 0f). Ainsi, la minimisation de E. dans H gl est
équivalente & celle de F. dans H, gl dans le sens ou v, € H, ; minimise F; si et seulement si
ue = Ugve € H; minimise F..
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En utilisant le découplage de Lassoued-Mironescu, dans le cas ot des vortex appa-
raissent (d # 0), en admettant qu'un phénomeéne de concentration de I’énergie apparait
dans un voisinage des vortex et que U, est une régularisation de a, on peut peut facilement
se convaincre que notre terme de chevillage joue le role désiré : il offre un site bien défini
pour 'ancrage des vortex en ses points de minimum.

Ce fait est clairement montré dans [58] et dans [43], Lassoued et Mironescu en four-
nissent un énoncé plus précis. Le but de la partie II réside dans I’étude de ce phénoméne
d’attraction de la vorticité lorsque le terme de chevillage dépend de ¢ et en particulier la
situation ou la taille des inclusions tend vers 0 (afin d’optimiser le piégeage des vortex).

3 Premiére partie : Existence de minimiseurs locaux dans un
domaine multiplement connexe avec des conditions de type
degrés (publié : [36])

Pour N € N* et N + 1 ouverts simplement connexes bornés et réguliers Q, wy, ...,wy C R?
tels que W; C N et W; Nw; = 0 pour ¢ # j, on définit le domaine perforé D := Q\ Uw;.
On note

J = {u e H (D,C) | |trogpu| = 1}.
Pour u € J et U € {Q,wy,...,wn} on définit

degyy (u) = i/ u x Orudr € Z,
2w oU
le degré de u par rapport & OU. Dans cette définition, 7 est le vecteur unitaire tangent a
U, cest a dire que 7 est tel que (v, 7) soit une base orthonormée de R? avec v la normale
extérieur a U. (Voir chapitre 1 pour plus de détails.)
Pour € > 0, on considére la fonctionnelle de Ginzburg-Landau sur D :

1 1
E.(u) /D Va4 5 (1 [uP), ue T

) g2
Dans [13] (voir aussi [14], [15]), Berlyand et Mironescu s’intéressent au probléme d’exis-
tence de minimiseurs (globaux) de E. dans

o= {u € T | degon(u) = degy,,, (u) = 1 et degy, () =0 pour i =2, N} (2)

Notons que I'on a Jo N HY(D,S!) # 0 (voir [18]).

En raison de la non continuité du degré pour la convergence faible dans H'(D), I'exis-
tence de minimiseurs ne peut étre obtenue par minimisation directe.

Dans [13], les auteurs montrent le lien entre I’existence d’un minimiseur global de E.
dans Jy et une condition géométrique portant sur D : la H'-capacité de D notée cap(D).

Trois régimes se distinguent

e D est sur-critique : cap(D) < ,
e D est critique : cap(D) =,
e D est sous-critique : cap(D) > .

Berlyand et Mironescu ont montré dans [13] que dans les cas sous-critique et critique, pour
tout € > 0, £, admet un minimiseurs dans Jy. Dans le cas sur-critique seulement I'une des
trois possibilités suivantes peut avoir lieu (voir [13]) :
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e pour tout € > 0, E. admet un minimiseur dans Jj,
e pour tout € > 0, F. n’admet aucun minimiseur dans Jy,

e il existe g5 > 0 tel que pour € < gy, F, n'admette aucun minimiseur dans Jy et pour
€ > ¢g, F: admet un minimiseur dans Jy.

De plus une conjecture est établie pour le cas sur-critique : seulement la derniére des trois
possibilités précédentes a lieu.

Finalement la conjecture de Berlyand et Mironescu est démontrée dans [12]| lorsque D
est de type annulaire et dans [15] pour N > 2.

Une question restait alors ouverte : a défaut d’existence de minimiseurs globaux (pour
£ petit), peut-on obtenir I'existence de minimiseurs locaux de E. dans Jy?

Berlyand et Rybalko ont répondu de maniére affirmative dans [16] pour N = 1 et pour
e assez petit. Le chapitre 1 de cette thése (publié : [36]) généralise le travail de Berlyand
et Rybalko pour N € N*.

En fait les résultats obtenus dans [16] et [36] ne sont pas spécifiques a des conditions
de degré particulieéres du type degyq(u) = degy,, (v) = 1. Plus précisément en notant

Tpg = {u € J |deggq(u) = q,degy,, (u) = p1, ...,degy,,, (u) = pn}

ottp = (p1,....,on) EZN, g€ Z, on ale
Théoréme : Pour tout (p,q) € ZN x Z et M € N*, il existe eo(D, p,q, M) > 0 tel que
pour 0 < € < gq il existe au moins M minimiseurs locauzr de E. dans Jp q-

Le cas N = 1 est traité dans [16] et le cas N € N* dans [36].

La preuve du résultat principal du premier chapitre réside dans deux idées simples :

Idée 1. En observant I'asymptotique d’une suite (u,), C Jpq tel que E;, (uy) < A (g, |
0), il est naturel de construire un "degré approché" stable pour la convergence
faible dans H'. A Daide de cet outil, on définit des sous-ensembles ad hoc pour la
minimisation.

Idée 2. En utilisant d’'une part une bonne quantification de la perte de norme lors d’une
convergence faible d’une suite minimisante et d’autre part un lemme technique
quantifiant ’énergie nécessaire pour modifier le degré d’un élément de 7, on peut
montrer que dans des sous-ensembles ad hoc de Jp 4, sous certaines conditions, une
suite minimisante de E. converge fortement.

4 Deuxiéme partie : La fonctionnelle de Ginzburg-Landau 2D
avec un terme de chevillage

Dans cette partie, nous allons nous intéresser a la situation ot le terme de chevillage dépend
de € et la donnée au bord est de type Dirichlet.

Le chapitre 2 consiste en 1’étude d’une fonctionnelle de type Ginzburg-Landau avec
un terme de chevillage étagé qui prend une valeur b € (0,1) uniquement en un nombre
fini d’inclusions dont la taille § tend vers 0 avec €. Le terme de chevillage est représenté
Figure 3. Dans ce chapitre, on minimise I’énergie de type Ginzburg-Landau en imposant
une condition de Dirichlet de degré non nul; I’étude de la minimisation sous une condition
de Dirichlet de degré nul est un cas particulier des résultats obtenus dans le chapitre 3.

Le but des chapitres 3 et 4 est le traitement d’une fonctionnelle de type Ginzburg-
Landau avec un terme de chevillage périodique selon une grille § x 6, 6 = d(¢) e 0 et

étagé dans chacune des cellules avec une condition au bord de € de type Dirichlet. Le
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FIGURE 3 — Représentation d’'un terme de chevillage avec M = 3 inclusions

chapitre 3 s’intéresse au cas ou la donnée au bord est de degré nul et le chapitre 4 a la
situation qui présente de la vorticité, le cas ol la donnée au bord est de degré non nul.

La construction du terme de chevillage (périodique et étagé) que l'on considére utilise
deux paramétres géométriques :

e le paramétre de période § = 6(¢) = 0;
E—

e la taille d’une inclusion dans une cellule : A = A(¢) € (0, 1].

Une construction rigoureuse est donnée Section 3.3, la figure 4 présente la géométrie du
terme de chevillage.

~ A\
)
(a) Le terme de chevillage est presque périodique sur une grille (b) Le paramétre A controle la taille de
6 x4 Pinclusion dans la cellule

FIGURE 4 — Le terme de chevillage presque périodique, étagé et rapidement oscillant

Dans chacun des trois chapitres de la deuxiéme partie, les informations les plus impor-
tantes que nous allons essayer d’obtenir sont :
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e Quantification de la vorticité (nombre de zéros d’un minimiseur et multiplicité) ;
e Location de la vorticité (influence du terme de chevillage dans la position des zéros) ;

e Asymptotique d’une famille de minimiseurs lorsque € — 0.

4.1 Energie de Ginzburg-Landau avec un terme de chevillage étagé sou-
mis & une condition de Dirichlet de degré non nul (En Collaboration
avec Oleksandr Misiats)

Dans ce chapitre on considére un terme de chevillage étagé avec un nombre M > 1
d’inclusions identiques centrées autour de M points fixés et diluées selon un paramétre
0 = d(e) — 0. L’étude faite peut facilement étre adaptée a la situation ou les inclusions ne
sont pas identiques. Le terme de chevillage considéré est représenté Figure 3.

On s’intéresse alors & une condition de Dirichlet de degré d > 0. On suppose aussi que
g est réguliére. (L’étude faite dans la premiére partie du chapitre 3 permet de traiter le cas
ou la donnée au bord est de degré nul.)

A Taide d'un résultat d'n-ellipticité, on peut facilement obtenir que la vorticité est
contenue dans un voisinage des inclusions. On montre que la vorticité est quantifiée et
localisée : pour € assez petit, un minimiseur v. de F. a exactement d zéros, tous ont un
degré égal a 1 et sont contenus a 'intérieur des inclusions.

Deux cas sont distingués : M > d et M < d. Dans la premiére situation, dans chaque
inclusion, il y a au plus un zéro. De plus la sélection des inclusions contenant des racines
de v est régie par I’énergie renormalisée calculée par Bethuel, Brezis et Hélein dans [18].

Dans la deuxiéme situation (M < d), chaque inclusion contient soit L%J soit L%J +1
zéros et comme précédemment c’est I’énergie renormalisée de Bethuel, Brezis et Hélein qui
détermine la configuration macroscopique des zéros.

Dans chacune des deux situations on établit la configuration limite que prennent les
zéros & l'intérieur des inclusions : la position microscopique des zéros est indépendante de
la donné au bords g.

On démontre que 'emplacement des zéros dans une inclusion ne dépend que de la
géométrie des inclusions, de b et du nombre de zéros dans I'inclusion considérée.

Ce fait s’explique en considérant une estimation de ’énergie d’un minimiseur dans
laquelle I’énergie renormalisée se découple en la somme de deux termes :

e Le premier terme régit la position macroscopique des zéros en sélectionnant les inclu-
sions qui contiennent des zéros (c’est I’énergie renormalisée de Bethuel, Brezis et Hélein
restreinte aux centres des inclusions).

e Le deuxiéme terme correspond & une information localisée dans des voisinages (fixes)
des inclusions qui contiennent des zéros. Il se découple lui aussi en deux parties :

* une partie dépendant de la valeur prise par le minimiseur sur un cercle concentrique
avec l'inclusion mais est indépendante de la position des zéros,
* une deuxiéme énergie qui dépend uniquement de la position des zéros, de b, de la

géométrie de l'inclusion et du nombre de zéros qu’elle contient.

On établit aussi 'asymptotique d’un minimiseur ainsi que son comportement microscopique
autour de l'inclusion.
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4.2 Energie de Ginzburg-Landau avec un terme de chevillage rapide-
ment oscillant et étagé soumis a une condition de Dirichlet de degré
nul (En Collaboration avec Petru Mironescu et Oleksandr Misiats,
a paraitre : [37])

Dans le chapitre 3, on s’intéresse & la minimisation d’une énergie de type Ginzburg-Landau
avec une condition de Dirichlet ¢ : 9Q — S! de degré nul. De par la simplicité du probléme
-en particulier la borne a priori sur 1’énergie- on peut considérer la régularité la plus
générale : g € H'/?2(9Q, SY).

Motivé par le découplage de Lassoued et Mironescu pour une énergie de Ginzburg-
Landau avec un terme de chevillage, le chapitre 3 se décompose en deux sections :

e Etude d’une fonctionnelle de type Ginzburg-Landau avec des poids dépendants de ¢ ;

e Etude d’une fonctionnelle de Ginzburg-Landau avec un terme de chevillage illustré par
la Figure 4.

On démontre dans un premier temps qu’en considérant une fonctionnelle & poids de
type Ginzburg-Landau

Fo) =5 [ {advor + 50— 1Pz} ®)

avec a. € Wh(Q,[b,1]), B € L>®(Q,[b,1]), b € (0,1) et v. un de ses minimiseurs dans
H;, lorsque € — 0, on a |v.| — 1 dans L>(Q) et H(Q).

Ainsi la section 3.2 répond clairement aux questions portant sur la vorticité : pour
as € L>*(8,[b,1]) et ¢ assez petit, un minimiseur ne développe pas de zéros.

Dans le cas particulier ot pour une suite &, | 0, on a a., — & dans L?(Q), on démontre
qu’une suite de minimiseurs de (3) dans H gl converge dans H' vers une limite identifiée
(et indépendante de (5, )n)-

La deuxiéme section consiste en 1’étude des minimiseurs dans H; d’une énergie de
Ginzburg-Landau avec un terme de chevillage périodique a. : Q@ — {b,1}, b € (0,1)
représenté Figure 4.

Elle se divise en quatre parties qui correspondent chacune & une asymptotique parti-
culiére des paramétres d, A par rapport a e. Précisément :

Section 3.3.1 : A — 0, la limite diluée;

Section 3.3.2 : A =1,0 = ¢, le cas critique;
Section 3.3.3 : A =1,e < 4, le cas physique;
Section 3.3.4 : A =1,d < ¢, le cas non physique.

Dans chacun des cas précédents, on détermine l'asymptotique de la solution spéciale
U et de v, un minimiseur de F;. Ainsi 'asymptotique d’un minimiseur u. = U.v. de E.
est identifiée.

4.3 Energie de Ginzburg-Landau avec un terme de chevillage presque
périodique, rapidement oscillant et étagé soumis a une condition de
Dirichlet de degré non nul

Dans ce chapitre on considére une fonctionnelle de Ginzburg-Landau avec un terme de
chevillage décrit Figure 4 dans le régime physique (¢ < J) soumis & une condition de
Dirichlet de degré d > 0. On introduit aussi le paramétre de dilution A = A(¢) € (0, 1] qui
controéle la taille de 'inclusion dans une cellule. Deux cas sont considérés : A =1 ou A — 0.

Le chapitre se décompose en deux parties : on traite dans un premier temps trois
problémes auxiliaires que 'on applique ensuite a 1’étude de la fonctionnelle de Ginzburg-
Landau.
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A Tinstar des travaux de Bethuel, Brezis et Hélein, les problémes auxiliaires concernent
la minimisation de la fonctionnelle de Dirichlet avec un poids défini dans un domaine perforé
par des trous circulaires dont le diamétre tend vers zéro. Le poids considéré dépend d’un
paramétre €, il est presque périodique et rapidement oscillant lorsque ¢ — 0 (la période
tend vers 0). La minimisation se fait parmi des applications unimodulaires avec différentes
données au bord (de type Dirichlet ou de type degré).

En utilisant les problémes auxiliaires, on démontre que pour € assez petit et v, un
minimiseur de la fonctionnelle de Ginzburg-Landau & poids F, on a :

e La vorticité est quantifiée : v, admet exactement d zéros, tous ayant un degré égal a 1.

e Chacun des zéros de v, est capturé par une inclusion ; leur position (macroscopique) est
soumise & des phénomeénes de répulsion vortex/vortex et vortex/bord.

e Dans le cas dilué (A — 0), la position limite microscopique d’un zéro dans une inclusion
est indépendante de g.

e Une limite homogénéisée de v, est obtenue. De plus le profil microscopique de v, autour
de ses zéros correspond & la situation classique étudiée dans [28] et [54].

Un développement précis et explicite est démontré pour 1’énergie d’'un minimiseur dans
I’asymptotique € — O.

5 Troisiéme partie : La fonctionnelle de Ginzburg-Landau 3D
avec un terme de chevillage étagé

Dans cette derniére partie on étudie la fonctionnelle de Ginzburg-Landau tridimensionnelle
sans champ magnétique avec un terme de chevillage étagé indépendant de € et présentant
une seule inclusion w :

B = [ {190P + 350 - P} ato) = {i A ey o

Afin de simplifier le travail on suppose que Q C R? est convexe régulier et w est strictement
convexe et régulier.

Notre but est la description des filaments de vorticité d’un minimiseur u. de E. soumis

. gr1y2
a une condition de type Dirichlet g € H/2(9Q,S") \ C>=(99, Sl)H

Le cas d’un domaine €2 convexe et d’une énergie E. sans terme de chevillage a été étudié
par Lin et Riviére dans [48], [49] et par Sandier dans [60]. Dans la situation ot g admet
un nombre fini de singularités, Sandier a montré que I’ensemble des filaments de vorticité
tendent & étre une connexion minimale des singularités de g pour la métrique euclidienne.

En suivant les mémes arguments que Sandier, et sous différentes hypothéses sur Q,w
et sur les singularités de g, on obtient des estimations de concentration d’énergie le long
d’un ensemble de courbes qui est bien identifié : c’est une jonction minimale (pour une
métrique bien déterminée) des singularités de g.

En utilisant le fait que ’énergie se concentre le long des filaments de vorticité, on déduit
que ces derniers tendent a former une jonction minimale des singularités de g (pour une
certaine métrique dépendant uniquement de w,b).

Sous des hypothéses trés fortes sur w, Q et g (comme la symétrie), la concentration de
I’énergie permet d’identifier la limite et de localiser les défauts de vorticité des minimiseurs.

En général, ces résultats sont encore a obtenir. La difficulté majeure (n-ellipticité en
présence d'un terme de chevillage) n’est pas encore levée (les travaux de Lin et Riviére
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[48], [49], Bethuel, Brezis et Orlandi [19] ou bien ceux de Bethuel, Orlandi et Smets [20]
ne semblent pas s’appliquer & notre situation).

On démontre aussi en suivant la technique développée dans [22] par Bourgain, Brezis et
Mironescu (densité dans H'/?(9€2, S') des applications avec un nombre fini de singularités)

une estimation de 1’énergie pour un minimiseur de E. avec une contrainte de type Dirichlet
g € HY/2(09,S").

6 Perspectives

N

Bien que cette thése réponde & un certain nombre de questions, d’autres interrogations
naturelles restent ouvertes.

6.1 Partiel

Dans le premier chapitre de cette thése, on démontre que pour ¢ assez petit, des minimiseurs
locaux de la fonctionnelle de Ginzburg-Landau définie dans un domaine multiplement
connexe du plan avec des conditions de degré existent toujours.

Qu’en est-il dans un domaine simplement connexe ? Peut-on, au moins, obtenir I'exis-
tence de points critiques ?

Lorsque le domaine est un disque, 'existence de points critiques peut facilement étre
obtenue (voir & la fin de la section 1.1, chapitre 1). Par contre, pour un domaine plus
général, la question reste ouverte.

La technique développée dans le chapitre 1 ne peut pas étre appliquée lorsque le domaine
est simplement connexe. En effet, I'idée utilisée se scinde principalement en deux étapes :
définir des sous-ensembles ad hoc 7 et minimiser I'énergie dans ces sous-ensembles.

La construction des ensembles 7 est basée sur Pobservation du comportement asymp-
totique de fonctions . telles que E.(@.) reste bornée indépendamment de e.

La difficulté nouvelle dans le cas d’'un domaine simplement connexe provient du fait
qu'une éventuelle limite faible dans H! de fonctions @. (& énergie borné indépendamment
de €) est nécessairement constante. Cette pauvreté dans I’ensemble des possibilités des
limites faibles empéche la construction des ensembles ad hoc.

Ainsi, le cas ou le domaine est simplement connexe nécessite une nouvelle approche.

6.2 Partie II
La taille des inclusions

L’étude d’une fonctionnelle de Ginzburg-Landau dans une situation présentant des défauts
de vorticité, faite dans les chapitre 2 et chapitre 4, ne s’applique qu’a des inclusions dont
la taille 6 (ou A\d) est beaucoup plus grande que . Moralement, la condition imposée sur
0 est un peu plus restrictive que de demander 6 > £ pour tout o € (0, 1).

Comme expliqué dans la section 1, afin d’optimiser le piégeage des défauts de vorticité,
il est intéressant de diminuer la taille des inclusions. Sans vouloir aller jusqu’a avoir ¢ de
lordre de e, il serait intéressant d’adapter la démarche afin d’arriver a considérer § de
l'ordre de € pour un certain a € (0, 1).

Terme de chevillage avec b petit
Dans le chapitre 4, les résultats principaux sont énoncés sous une hypothése qui semble

1
uniquement technique : a. : Q — {b, 1} avec b? > g
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1
L’hypothése % > 3 sert essentiellement & mettre en évidence le phénomeéne répulsif

bord du domaine/vortex. Moralement, il n’y a pas de raison pour que ce phénoméne de
répulsion soit astreint a une telle hypothése.
Il est naturel d’essayer d’obtenir les principaux résultats du chapitre 4 pour tout b €

0,1).

Emplacement de la vorticité dans les chapitres 2 et 4

Le chapitre 2 répond parfaitement & la question de la position macroscopique des vor-
tex tandis que le chapitre 4 met uniquement en évidence les deux phénomeénes répulsifs
classiques.

Dans le chapitre 2 et dans le cas dilué du chapitre 4, on sait que la position micro-
scopique des vortex dans les inclusions est indépendante de la donnée au bord. Dans la
situation ot les inclusions sont des disques, et lorsqu’une inclusion contient un seul vortex,
il semble naturel de s’attendre au fait que le vortex tend & se situer au centre de I'inclusion.
Ce résultat reste a prouver.

6.3 Partie I11

Afin d’avoir une description compléte des filaments de vorticité, le fait le plus important
encore & obtenir est un résultat d’n-ellipticité en présence d’un terme de chevillage discon-
tinu.

Il est établi dans le chapitre 5 que, sous certaines hypothéses portant sur la donnée
au bord, une concentration de I’énergie a lieu le long d’un ensemble de courbes que nous
supposons étre proche des filaments de vorticité. Un résultat d’n-ellipticité permettrait
d’affirmer que cet ensemble de courbes correspond & ’emplacement limite des défauts de
vorticité lorsque € — 0.
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Chapter 1

Local minimization of the
Ginzburg-Landau functional with
prescribed degrees in a multiply
connected domain

We consider, in a smooth bounded multiply connected domain D C R2, the
Ginzburg-Landau energy E.(u) = 3 [, {|Vu|? + #(1 — |u[*)?} subject to prescribed
degree conditions on each component of 9D. In general, minimal energy maps do not
exist [13]. When D has a single hole, Berlyand and Rybalko [16] proved that for small e
local minimizers do exist. We extend the result in [16]: E.(u) has, in domains D with
2,3, ... holes and for small ¢, local minimizers. Our approach is very similar to the one in
[16]; the main difference stems in the construction of test functions with energy control.
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1.1 Introduction

This chapter deals with the existence problem of local minimizers of the Ginzburg-Landau
functional with prescribed degrees in a 2D perforated domain D.

The domain we consider is of the form D = Q \ Ujen, i, where N € N*, 0 and the
w;’s are simply connected, bounded and smooth open sets of R?.

We assume that @w; C Q and w; Nw; =0 for 4,5 € Ny :={1,...,N},i # j.

The Ginzburg-Landau functional is

E.(u,D) := %/D{|Vu|2 + 2—22 (1- |u|2)2} dz (1.1)

with u : D — C ~ R? and ¢ is a positive parameter (the inverse of , the Ginzburg-Landau
parameter).

When there is no ambiguity we will write E.(u) instead of E.(u, D).

Functions we will consider belong to the class

J ={ue H(D,C)||u| =1 on oD} .

Clearly, J is closed under weak H'—convergence.

This functional is a simplified version of the Ginzburg-Landau functional which arises
in superconductivity (or superfluidity) to model the state of a superconductor submitted
to a magnetic field (see, e.g., [69] or [65]). The simplified version of the Ginzburg-Landau
functional considered in (1.1) ignores the magnetic field. The issue we consider in this
chapter is existence of local minimizers with prescribed degrees on 9D.

We next formulate rigorously the problem discussed in this chapter. To this purpose,
we start by defining properly the degrees of a map u € J. For v € {09,...,0wy} and
u € J we let

1
deg, (u) = o / u X Orudr.
g

Here:

e cach ~ is directly (counterclockwise) oriented,

e 7 = v 7 is the tangential vector of v and v the outward normal to Q if v = 9 or

w; if v = dw;,

7

e O, = 7.V, the tangential derivative and ” - ” stands for the scalar product in R?,

9

e x7”

stands for the vectorial product in C, (z1 + 122) X (w1 + 1we) = zywe —
zow1, 21,22, w1, w2 € R,

e the integral over v should be understood using the duality between H'/ 2(y) and
H=12(%) (see, e.g., [13] definition 1).

It is known that deg, (u) is an integer see [13] (the introduction) or [26].
We denote the (total) degree of u € J in D by

deg(u, D) = (degpy, (1), ..., degy,, (), degoq(u)) € ZV x Z.
For (p,q) € Z" x Z, we are interested in the minimization of E, in

Ip.q = {u € J|deg(u,D) = (p,q)} -
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There is an huge literature devoted to the minimization of .. In a simply connected
domain 2, the minimization problem of E. with the Dirichlet boundary condition g €
C>(0£,S') is studied in detail in [18]. E. has a minimizer for each ¢ > 0. This minimizer
need not to be unique. In this framework, when degyn(g) # 0, the authors studied the
asymptotic behaviour of a sequence of minimizers (when ¢, | 0) and point out the existence
(up to subsequence) of a finite set of singularities of the limit.

Other types of boundary conditions were studied, like Dirichlet condition g € C*° (02, C\
{0}) (in a simply connected domain ) in 7] and later for g € C*°(9, C) (see [8]).

If the boundary data is not ujgp, but a given set of degrees, then the existence of
local minimizers is non trivial. Indeed, one can show that Jp , is not closed under weak
H'-convergence (see next section), so that one cannot apply the direct method in the
calculus of variations in order to derive existence of minimizers. Actually this is not just
a technical difficulty, since in general the infimum of E. in Jp 4 is not attained, we need
more assumptions like the value of the H!—capacity of D (see [12] and [13]).

Minimizers u of E. in [Jp 4, if they do exist, satisfy the equation

u .
—Au = 6—2(1 —|uf®) inD
u X 0,u=0 on 90D
deg(u, D) = (p,q)
0

where 9, denotes the normal derivative, i.e., 0, = — =v - V.

Existence of local minimizers of E. is obtained following the same lines as in [16]. It
turns out that, even if the infimum of E. in Jp 4 is not attained, (1.2) may have solutions.
This was established by Berlyand and Rybalko when D has a single hole, i.e., when N = 1.
Our main result is the following generalisation of the main result in [16]:

Theorem 1.1. Let (p,q) € ZN x 7 and let M € N*, there is e1(p,q, M) > 0 s.t. for
€ < €1, there are at least M locally minimizing solutions.

Actually, we will prove a more precise form of Theorem 1.1 (see Theorem 1.4), whose
statement relies on the notion of approrimate bulk degree introduced in [16] and generalised
in the next section.

The main difference with respect to [16] stems in the construction of the test functions
with energy control in section 1.6. In a sense that will be explained in details in section
1.6, our construction is local, while the one in [16] is global. We also simplify and unify
some proofs in [16].

We do not know whether the conclusion of theorem 1.1 still holds when D has no holes
at all. That is, we do not know whether for a simply connected domain €2, a given d € Z*
and small €, the problem

U .
—Au = 5—2(1 —|u)*) inQ

uxo,u=0 on 0N (1.3)
lul =1 on 09
degyq(u) = d

has solutions. Existence of a solution of (1.3) is clear when  is a disc, say Q@ = D(0, R) (it
suffices to consider a solution of —Awu = % (1 — |u|?) of the form u(z) = f(|2|) <’Z—‘> with
z

d
z
ujpn = —> ). However, we do not know the answer when Q is not radially symmetric

E

anymore.
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1.2 The approximate bulk degree

This section is a straightforward adaptation of [16].
Existence of (local) minimizers for E, in Jp 4 is not straightforward since [Jp 4 is not
closed under weak H'—convergence. A typical example (see [13]) is a sequence (M), s.t.

M, : D(0,1) — D(0,1)
x—(1—1/n)
X el Sl
(1-1/n)z—1
where D(0,1) C C is the open unit disc centered at the origin. Then M, — 1 in H',
deggi (M,,) = 1 and deggi (1) = 0.
To obtain local minimizers, Berlyand and Rybalko (in [16]) devised a tool: the approz-
imate bulk degree. We adapt this tool for a multiply connected domain.
We consider, for i € Ny := {1,..., N}, V; the unique solution of

—AV; =0 inD
Vi=1 ondD\ow; . (1.4)
V=0 on Ow;

For u € J, we set, noting Jpu = —u
Oxy,
1
abdeg;(u,D) = o / u x (01V; Oou — 02V; O1u) de, (1.5)
D

abdeg(u, D) = (abdeg;(u,D),..., abdegy(u,D)).

Following [16], we call abdeg(u, D) the approzimate bulk degree of u. abdeg; : J — R, in
general, is not an integer (unlike the degree). However, we have

Proposition 1.2. 1) Ifu € H(D,S"), then abdeg;(u, D) = degy,, (u);

2) Let Aye >0 and u,v € J s.t. E-(u), E-(v) <A, then
2
labdeg;(u) — abdeg;(v)| < ;HWHCI(D)AUQHU = vllL2(p); (1.6)
3) Let A >0 and (ug)eso C J s.t. for alle >0, E.(u:) <A, then

dist(abdeg(u.), ZY) — 0 when £ — 0. (1.7)

Proof of Proposition 1.2 is postponed to Appendix 1.B.
We define for d = (dy,...,dn) € ZV, p = (p1,....,pn) € ZY and ¢q € Z,

1
jlgq - jlgq(D) = {u € JIp,q | llabdeg(u) — dfjo := Iggx |d; — abdeg;(u)| < g} :
€Ny

The following result states that jr‘:q in never empty for (p,q,d) € ZV x Z x ZN.

Proposition 1.3. Let (p,q,d) € ZN x Z x Z. Then qu # 0.
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Proof. Fori € {0, ..., N}, we denote e; = (§;1,...,0; n,0i0) € Z¥+! where

1 ifi=k .
Ok = { 0 otherwise ° the Kronecker symbol.

st. M. —1in

0

For i € {0,..., N}, there is M}, € J(p,—dye, if i # 0 and My € Jiq_5a;)e
H' and |[M!| <1 (Lemmas 6.1 and 6.2 in [13]). Let
N
Eq:={ue H'(D,S") |deg(u,D) = (d,d)} ,d = (di, ...,dn), d = Y _d;.
j=1

We note that, Eq # 0, see, e.g., [18]. Let u € Eq and u,, := qu‘]\io M?. Then we will prove
that, for large n, we have, up to subsequence, that u,, € qu. Indeed, up to subsequence,

. 1
up, = win H, u, € Jpq-

Using the fact that abdeg(u) = d and the weak H'-continuity of the approzimate bulk
degree, we obtain for n sufficiently large, that u,, € qu. O

We denote m.(p, q,d) the infimum of E. on jr‘:q, i.e

me(p,q,d) = inf Fe(u)
uCJp,q

and

ueFEyg 2 D

We may now state a refined version of Theorem 1.1.

Theorem 1.4. Let d € (N*)™. Then, for all (py1,....pn,q) € ZNTL s.t. ¢ < d and p; < d;,
there is e9 = e3(p, ¢, d) > 0 s.t. for 0 < e < g9, m-(p, q,d) is attained.

Moreover, we have the following estimate

me(p,¢,d) = Io(d, D) + 7 (di —p1 + ... +dy —py +d —q) = 0:(1), 0-(1) — 0.

For further use, a configuration of degrees (p,q,d) € ZN x Z x (N*)V st pi < d;
and ¢ < > d; will be called a "good configuration". Noting that, for d # d € ZN and
(p,q) € ZN x Z, we have jr;i,q N jlfl,q = (), we are led to
Proof of Theorem 1.1: Let (p,q) € Z" x Z and set for k € N*,

d = max {max |pil, |q|} and dy = (d+k,...,d + k).

We apply Theorem 1.4 to the class .7;,1, ¢. We obtain the existence of

e1(p, g, M) = kréléﬁ, e2(p,q,di) >0

s.t. for € < e1, k € Nyy, mo(p, q,dy) is achieved by uf.

Noting the continuity of the degree and of the approrimate bulk degree for the strong
H'-convergence, there exists VF C jlg % C J an open (for H'-norm) neighbourhood of u¥.
It follows easily that

E.(uf) = min E.(u).
uevVk

Then u* € Jp, 4 is a local minimizer of E. in J (for H'-norm) for 0 < ¢ < &1(p, g, M).



1.3 Basic facts of the Ginzburg-Landau theory 9

1.3 Basic facts of the Ginzburg-Landau theory

It is well known (cf [13], lemma 4.4 page 22) that the local minimizers of E; in Jp, 4 satisfy
1 .
—Au = 6—2u(1 — |u)?) in D, (1.8)

|u| =1 and u x d,u = 0 on ID. (1.9)

Equation (1.8) and the Dirichlet condition on the modulus in (1.9) are classical. The
Neumann condition on the phase in (1.9) is less standard but it is for example stated in
[13].

Equation (1.8) combined with the boundary condition on 9D implies, via a maximum
principle, that

lu| <1in D. (1.10)

One of the questions in the Ginzburg-Landau model is the location of the vortices of
stable solutions (i.e., local minimizers of E.). We will define ad hoc a vortex as an isolated
zero x of u with nonzero degree on small circles around z.

The following result shows that, under energy bound assumptions on solutions of (1.8),
vortices are expelled to the boundary when € — 0.

Lemma 1.5. [53]/ Let A > 0 and let u be a solution of (1.8) satisfying (1.10) and the
energy bound E.(u) < A. Then with C,C}, and €3 depending only on A, D, we have, for
O<e<ezandzxz €D,

Ce?
1-— 2 - 1.11
[u@)l” < distQ(x,(?D) ( )
and o
| DFu(x) LB (1.12)

P -
dist”(z, 0D)

When « is smooth in D and p = |u| > 0, the map l admits a lifting 0 , i.e, we may
1)
write
u = pe",

where 6 is a smooth (and locally defined) real function on D and V@ is a globally defined
smooth vector field.
Using (1.8) and (1.9), we have

div(p®’V0) =0 in B
{ 0,0 =0 on 0D ’ (1.13)
—Ap + |VO)? 42 (P =1)=0 inB
p p ggp p = 7 (1.14)
p=1 on 0D

here, B = {x € D |u(z) # 0}.

We will need later the following.
Lemma 1.6. [16] Let u be a solution of (1.8) and (1.9). Let G C D be an open Lipschitz
set s.t. u does not vanish in G. Write, in G, u = pv with p = |u|. Let w € H(G,C) be

s.t. |traggw| = 1. Then
E.(pw,G) = E-(u,G) + L:(w, G),

with

1 1 1
La(UJ,G) = §/G’P2’Vw’2 dx—i/G‘w‘QpQ‘VU‘Q dx_|_4_€2/Gp4(1_ ’w’2)2 do.
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For further use, we note that we may write, locally in G, u = pe*?, so that v = e*. It
turns out that V6 is smooth and globally defined in G. In terms of V6, we may rewrite

L(w.6) = 5 [ Vulde =5 [ wlVoR ot o5 [ 0= uia.

For u a solution of (1.8) and (1.9), we can consider (see Lemma 7 in [16]) h the unique
globally defined solution of

Vith=uxVu inD
h=1 on 09 (1.15)
h =k, on Ow;

where k;’s are real constants uniquely defined by the first two equations in (1.15). Here

—0sh u X O1u
1 2 : : _ 1
V—h = < Ok ) is the orthogonal gradient of h and u x Vu = < w X Byt > i

It is easy to show that
Vh=—p?’V+0 inB
1
diV(FVh) =0 iinB ; (1.16)
Ah =201u X Ou in B

here, B = {x € D|u(x) # 0}.
1
In [18], Bethuel, Brezis and Hélein consider the minimization of F(u) = 3 / |Vu)? dz,
D

the Dirichlet functional, in the class
Eq = {u € H'(D,S") |deg(u, D) = (d,d)};

here, d = dj.

Theorem 1.1 in [18] gives the existence of a unique solution (up to multiplication by an
S'-constant) for the minimization of E in Eq. We denote uq this solution. This ug is also
a solution of

—~Av=v|Vy? inD
vxdv=0 ondD ’

Moreover, we have

1
Iy(d,D) := min E(u) = —/ |Vho|? dz (1.17)
ueFg 2 D

with Ao the unique solution of

Aho =0 in D

ho=1 on 02
ho = Csty, on wg, k € {1,...., N} . (1.18)
Oyhodo = 2mdy, for k € {1,..,N}

&uk

One may prove that hg is the (globally defined) harmonic conjugate of a local lifting of uyg.



1.4 Energy needed to change degrees 11

1.4 Emnergy needed to change degrees

We denote
®: (ZNxZ)x (ZN x7) — N

((d,d), (p,q)) = Y ldi—pil +ld—ql

The next result quantifies the energy needed to change degrees in the weak limit.

Lemma 1.7. ([13], Lemma 1) Let (uy)n C Jpq be a sequence weakly converging in H' to
u. Then

limninf E(uy,) > E(u) + ma(deg(u, D), (p, q)) (1.19)

and for e >0
liminf E.(uy,) > E-(u) + mae(deg(u, D), (p, q)). (1.20)

The next lemma is proved in [16].

Lemma 1.8. Let d = (di,...,dyn),p = (p1,...,pn) € ZN, q € Z. There is 0.(1) — 0

e—0

(depending of (p,q,d)) s.t. for u € jlgq we have
Ee(u) = Io(d, D) + wa((d, d), (P, q)) — 0(1). (1.21)
Here, d := > d;.
We present below a simpler proof than the original one in [16].

Proof. Let (p,q,d) € Z x Z x ZN. We argue by contradiction and we suppose that there
are 0 >0, &, | 0 and (uy), C qu s.t.

E., (un) < Ip(d, D) + me((d,d), (p,q)) — 0. (1.22)

Since (uy,)y is bounded in H', there is some u s.t., up to subsequence, u,, — u in H' and
u, — u in L* Using the strong convergence in L*, (1.22) and Proposition 1.2, we have
uwe H(D,S")NJ¢, = Ea.

To conclude, we use (1.22) combined with Lemma 1.7

Iy(d, D) + r2((d,d), (p,q)) = > limninf E., (uy)

> liminf E(uy,)
> E(u) +7a((d,d), (p,q))
> Io(d,D) + m=((d,d), (p,q))
which is a contradiction. =

One may easily proved (see Lemma 1.22 in Appendix 1.C) that forn > 0,7 € {0,..., N}
and u € Jyeg(u,p), there are vy € Jgeg(u,p)+e; S-t-

E.(vy) < E:(u)+7+n.

The key ingredient is a sharper result which holds under two additional hypotheses. In
order to unify the notations, we use the notation wg for 2. We may now state the main
ingredient in the proof of Theorem 1.4.
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Lemma 1.9. Let u € Jp 4 be a solution of (1.8), (1.9).

Assume that 1 1
abdeg;(u) € (dj — §’dﬂ' + g), Vj e Npy. (1.23)
Leti € {0,..., N} and assume that there is some point x* € dw; s.t. ux O-u(z') > 0. Recall
that T is the direct tangent vector to dw;.

Then there is 4 € Jp g)—e; S-1-

E.(@) < Ee(u) +7

and 1 .
abdeg; (i) € (dj — §’dj + §)’ Vj € Ny.
The proof of Lemma 1.9 is postponed to section 1.6.
We also have an upper bound for m.(p, q,d).

Lemma 1.10. Let € > 0 and (p,q,d) € ZN x Z x ZN. Then
me(p,¢,d) < Io(d, D) + ma((d, d), (p,q))- (1.24)

To prove Lemma 1.10, we need the following

Lemma 1.11. Letu € J, & > 0 and § = (01, ...,0n,00) € ZN*L. For alln > 0, there is
é
Uy € jdeg(u,’D)-HS s.1.

B.(up) < EB(uw)+7 > |6[+n (1.25)
i€{0,...,N}
and
=6} ll120) = 0(1): 04(1) =, 0. (1.26)

The proof of Lemma 1.11 is postponed to Appendix 1.C.

Proof. We prove that for n > 0 small, we have
me(p,¢,d) < Io(d, D) + m((d, d), (P, q)) + 1.

We denote ug € Eq s.t. E(ug) = Io(d, D). Then abdeg;(up) = d;.
Using Lemma 1.11 with 6 = (p,q) — (d, d), there is u, s.t.

uy € J(p,g) and Ee(uy) < Ec(uo) +72((d, d), (p,q)) +n = lo(d, D) +7=((d,d), (p,q)) +7.
Furthermore, by (1.26), |luo — uyl|r2(py = 0y(1). For n small, by Proposition 1.2, we have
Uug € qu which proves the lemma. O
1.5 A family with bounded energy converges

In this section we discuss:

1. the asymptotic behaviour of a sequence of solutions of (1.8), (1.9), (uc, ), C jlgq
(en, | 0) with bounded energy |, i.e, E., (ue,) < A,

2. the asymptotic behaviour of a minimizing sequence of E. in qu,

3. a fundamental lemma.
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Proposition 1.12. Let &, | 0, (ue,)n C T, with uc, a solution of (1.8), (1.9), s.t. for
A >0, we have
E., (uc,) < A.

Then, denoting he,, the unique solution of (1.15) with u = u., , we have
he, — hg in HY(D), (1.27)

where hg is the unique solution of (1.18).
Up to subsequence, it holds
u., — ug in H'(D), (1.28)

where ug € Eq is the unique solution of (1.17) up to multiplication by an S*-constant.

Proof. Using the energy bound on wu., and a Poincaré type inequality, we have, up to
subsequence,
he, — hin H'.
In order to establish (1.27), it suffices to prove that h = hy.
The set H := {h € H'(D,R); ;h = 0 on dD and hjpy = 1} is closed convex in

HY(D,R). Since (he,)n C H, we find that h € H.

By boundedness of E.,(u.,), Lemma 1.5 implies that u., is bounded in CZ_(D,R?).

Therefore there is some u € C’lloc(D,(C) s.t., up to subsequence, u., — u in Clloc(D,RQ),
LY(D,R?) and weakly in H*(D,R?).

Using the strong convergence in L* and the energy bound on u.,, we find that u €
HY(D,S!). Tt follows that Oju x Gou = 0 in D. On the other hand,

Ah., = 201u., X Oous, — 0in CP_.

Therefore, h is a harmonic function in D.
In order to show that h = hg, it suffices to check that

Oy,hdo = 27d;.
Ow;
To this end, we note that, since g, x (01V;02ue, — 02V;01ue, ) = VV;-Vhe, , we have from
(1.4)

21 abdeg; (ue,, ) = / VV;-Vhe, de —— [ VV;-Vhdx = / o,hdo.

n—oo D
Noting that, by Proposition 1.2,
{ abdeg;(ue, ) —— abdeg;(u) = degy,, (u)
n—oo

abdeg;(u.,) —— d;

and that 0 = / Ahdx = 0,h do, we obtain
D oD

/ Oyhdo = Oyhdo =21 d; = 27 degy,, (u).
8’D\8wi Ow;

In the first integral, v is the outward normal to D, in the second, v is the outward normal
to w;.
This proves (1.27).
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We next turn to (1.28). Let ug be s.t., up to subsequence, u., — ug in H!(D). Since
lue,| < 1, we find that

e, X Vue, — ug x Vug in L*(D).

n

In view of (1.15) and (1.27), we have ug x Vug = V*hg. Therefore,
E(U,Q) = E(ho) = Io(d,D)

Proposition 1.2 implies that ug € Eq. Then wg is the unique, up to multiplication by an
S!'-constant, minimizer of F in Ejq. O

Proposition 1.13. Let (p,q,d) € ZN x Z x ZN. For e > 0, let (u)n>0 C jr()i,q be a
minimizing sequence of E. in qu, Then there is e4 (p,q,d) > 0 s.t. for 0 <e < &4, up to
subsequence, u, — u in H' with u which minimizes E. in jfeg(u D)

Proof. Fore > 0, let (u,), C jlgq be a minimizing sequence of E. in J. Up to subsequence,
using Proposition 1.2,
€ € : 1. € d
u, — u° in H" with v* € jdeg(ugp).

Using Lemmas 1.7 and 1.10, we see that {deg(u®,D),e > 0} C Z" x Z is a finite
set and that E.(u®) is bounded. Therefore, with Proposition 1.2, there is g4 > 0 s.t.
labdeg; (u®) — d;| < % for all i € Ny and 0 < € < &;.

We argue by contradiction and we assume that there is € < g4 s.t.

E.(u®) = m(deg(u®, D),d) + 21, n > 0.

Let u € j(ﬁsg(ug p) be s.t. E.(u) < mg(deg(u®,D),d) + 7.
Using Lemma 1.11 with 6 = (p, ¢) — deg(u®, D), there is v € Jp 4 s.t.

E.(v) < Ec(u) + m((p, q), deg(u®, D)) + .

Furthermore, by (1.26), |[u — v||z2 can be taken arbitrary small, so that we may further
assume v € qu. To summarise we have

me(p, ¢, d) limninf E.(uj)

> E.(u®) +7m2((p,q), deg(u®, D))

= me(deg(u®,D),d) + 2n + m2((p, q), deg(u", D))
> E.(u) +me((p,q),deg(u’, D)) + 1

> Ee(v) > mE(pa q, d)'

This contradiction completes the proof.

The main tool requires the following lemma.

Lemma 1.14. Let (p,q,d) € ZV x Z x ZN and A > 0. There is e5(p, q,d,A) > 0 s.t. for
e <es andu € T2, a solution of (1.8) and (1.9) with E.(u) < A, if d > 0 (respectively
d; > 0), then there is 2° € 0Q (respectively x* € Ow;) s.t. u x -u(z®) > 0 (respectively
u x dru(z') > 0).

Here 7 is the direct tangent vector to OS2 (resp. Ow; ).
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Proof. We prove existence of 2 € 9Q under appropriate assumptions. Existence of 2° is
similar.

We argue by contradiction. Assume that there are &, | 0, (u,) C qu solutions of
(1.8) and (1.9) with E.  (u,) < A s.t. u, X Oru, < 0 on 0.

Since g = — Uy X Orliy,, we have g < 0.
T Jos .
Up to subsequence, by Proposition 1.12, we can assume that

Uy, — ug a.e. with ug the unique solution (up to S') of (1.17).

Let 29 € 0Q and let v : 9Q — [0, H1(0Q)[=: I be s.t. ! is the direct arc-length
parametrization of 92 with the origin at xg.
We denote 6,, : I — R the smooth functions s.t.

Up(x) = @y 2 € 90
0 < 0,(0) < 2

Then, for all n, 6,, is nonincreasing and 6,, € [0,,(0) + 27q, 6,,(0)] C [27q, 27].

Using Helly’s selection theorem, up to subsequence, we can assume that 6, — 6 every-
where on I with # nonincreasing. Denote = the set of discontinuity points of 6. Since 6 is
nonincreasing, = is a countable set.

Using the monotonicity of 6, we can consider the following decomposition

0 = 6°+0°, with #° and #° are nonincreasing functions.

6° is the continuous part of # and #° is the jump function. The set of discontinuity points
of 6 is =.
For t ¢ =,
é
)= > {0s+)—0(s—)}.

0<s<t,s€=

We obtain easily that ug(x) = W@ ge. z € HO. Since ug, O, and v have side limits
at each points and ug = €"°7 a.e., we find that

up(zt) = @B for each z € 9.
Using the continuity of ug, we obtain e®?@H)] = ¢@(@=)] v 1 € 9O which implies that
O[y(z+)] — Oly(z—)] € 2nZ Y x € ON.

For t ¢ =,
Ot)y= > {0(s+)—0(s—)} € 2nZ.

0<s<t, s€E

Then
up(z)e @] = @ =1 ae. z €00

Finally, ug(z) = '@ ae. x € 90, which is equivalent (using the continuity of the
functions) at ug = e*°°7.
We have a contradiction observing that

0 < 2rdegpq (ug) = 2md = 0°(HL(0K2)) — 6°(0)

and using the fact that ¢ is nonincreasing. O
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1.6 Proof of Lemma 1.9

We prove only the part of the lemma concerning 0€2. The proof for the other connected
components of 9D is similar.
For reader’s convenience, we state the part of Lemma 1.9 that we will actually prove

Lemma . Let u € Jp 4 be a solution of (1.8) and (1.9).

Assume that ) )
abdeg;(u) € (dj — §’dj + g), Vje Ny (1.23)

and that there is some point x° € 9Q s.t. u x Oru(x°) > 0.
Then there is u € Jp g-1) S-1.

E.(t) < Ee(u) +,

1

1
abdeg; (i) € (dj — 3,dj + g), Vj e Nn.

1.6.1 Decomposition of D

By hypothesis, there is some 2° € 9Q s.t. 9,h(2?) > 0. Without loss of generality, we may
assume that u(z) = 1.

Then there is Y C D, a compact neighbourhood of x°, simply connected and with
nonempty interior, s.t.:

e v :=00NAT is connected with nonempty interior;
e zY is an interior point of v;

o |[VAh|>0,p>0,h<1in7T;

e 0,h >0 on v (v the outward normal to Q).

It follows that, in T, 6, a lifting of u/|u| is globally defined (we take the determination
of @ which vanishes at x°) .

Using the inverse function theorem, we may assume, by further restricting Y, that there
are some 0 < 7,0 <1 s.t.

T = {z € Dst. dist(z,2°) <n, 1 -85 < h(z) <1, =26 < (x) < 26}.

We may further assume that, by replacing § by smaller value if necessary and denoting
[e]

Ds :=7 (see Figure 1.1), we have

Q) ©:=(0,h)p,: Ds — (-20,26) x (1-4,1) isa C*-diffeomorphism,
xr (0,h)

(ii)) 0Ds\ ({h=1}U{h=1-0}) =90Ds N ({0 = =20} U {0 = 26}),
(i) Dy is a Lipschitz domain.
We consider §p > 0 s.t. for § < &g, Dy satisfies previous properties and

T !Habdeg(u) —d|leo — %!
6 max; [Villon oy (P () + )

|Ds|V/? < (1.29)

12"
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Using Proposition 1.2 and (1.29), if v € HY(D, C) satisfies u = v in D\ Dy, |v| < 2 in D
and E.(v) < E.(u) 4+ 7, then we have abdeg;(v) € (d; — 1/3,d; + 1/3).
We let § < §yp and we denote

Dj:=071[(=5,6) x (1-14,1)],
]

Dy =071 [(-24,-0) x (1 —46,1)
D :==071[(5,20) x (1 -6,1)],

bl

so that D, Dy and Dj are Lipschitz domains (see Figure 1.1).

Figure 1.1: Decomposition of D

1.6.2 Construction of the test function

We consider an application (with unknown expression in Ds) ¢ : D — C (¢ > 0 smaller

than §) s.t.
1 in D\ Dy

vi@) =q e = (1—tp(0)) ,
! I i) —1 92N ODs

with 0 < ¢ <1 a smooth, even and 27-periodic function satisfying

(1.30)

P(~s/2,0/2) = 1 and |z [\ (~s,5) = 0
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It is clear that vy 9p € C*°(9D) and
deggy,,, (¥¢) = 0 for all i € Ny. (1.31)

Expanding in Fourier series, we have

e — (1 —te(9))
e (1 —tp(f)) — 1

= (1 —thy(t) +t Y bp(t)e” DO (1.32)
k#—1

1—
— (1 19(0)) is even and the imaginary part is odd, we
9(1 —tp(0)) -1

obtain that by (t) € R for all k, t.
The following lemma is proven in Appendix 1.B

Noting that the real part of 2 —

Lemma 1.15. We denote, for e € S!,

e~ — (1 —tp(0))
e (1 —tp(f)) — 1

T (1—-1)
T

Ty (e') = and Fi(e) =

Then:

1) ¥, — F| < Cst on S';

z 1-—
2) File) = 2L (e )4t T ), with

Z(1—t)—1 P
(t—2)(1—t)% ifk>0
=140 ifk<—2;
1 ifk=-1

3) |br(t) — cx(t)] < C(n,0) (1 +|k])™"™, Vn > 0 with C(n,d) independent of t sufficiently

small.
It is easy to see using Lemma 1.15 that, for ¢ sufficiently small,
degg: (V) = deggi (F) = —
Using the previous equality and the fact that 0,0 > 0 on -y, we find that

degyq (1) = —1. (1.33)

It will be convenient to use h and 6 as a shorthand for h(z) and 6(x). With these
notations, we will look for ; of the form

() = i(h,0)

(1—tf_y1(h )+t Z be(t) fr.(h)e =B+ in DL
k#A—1
= b0 + P(h, §) —— 200 in D - (1.34)
9 ér ) 5 +6
—— + hy(h, =) —— = in Dy

We impose fr(1 —9) =0 and f(1) =1 for k € Z.
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Our aim is to show that for ¢ > 0 small and appropriate fi’s, the function ; defined
by (1.34) satisfies (1.30) and
Le(¢e', Dg) < . (1.35)

Here, L. is the functional defined in Lemma 1.6, so that
E(pyre'’, D5) = Ex(u, Ds) + Le (0", Ds).

Then, considering

(o if 1] <2

Yy = e
— — if
2‘1%‘ 1 |¢t| > 2

and setting
G4 pwe= Yiu in Dy
- u in D \ D5 ’

in view of (1.35), it is straightforward that @ satisfies the conclusion of Lemma 1.9.
1.6.3 Upper bound for L_(-, Ds). An auxiliary problem
If we let w : [1 — 0, 1] x [—20,26] be s.t. w(h(x),0(z)) := w(x), then we have

Vwl* = [0w]> = Y |0nd(h,0) b+ 0pin(h, 0) 9;6]*

= (p!on(h.O) + [9gw(h, O)*)| VO,

Therefore,
1 - . -
Lw.Ds) = 5 [ { (o oF + owih.0)F - a0, 0)) 170 +
1)
+ ot [i(h, )P} da
2e? ’
1

IN

3 | 1w o8 + oo o) - 1o (h 0 +
2 Jp;

+A|e’9—w(h,9)|2}p2|V9|2d:c (1.36)
= MA(w,Dg),
9
262 iIlfD(S |V9|2

In order to simplify formulas, we will write, in what follows, the second integral in
(1.36) as

provided that |w| < 2 in Ds and A >

1 . - - v -
5/ {\Bhw\Q—i-]@ng— [@|* + Ae e—w]2}p2\V«9]2dx.
Ds

The same simplified notation will be implicitly used for similar integrals.

Remark 1.16. If we replace w by w := % min(|wl,2), then M) does not increase. Fur-
thermore replacing w by w does not affect the Dirichlet condition of (1.30). Therefore, by
replacing w by w if necessary, we may assume |w| < 2.

We next state a lemma which allows us to give a new form of M.
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Lemma 1.17. Let f € CY(R,R). Then, for k € Z, we have

26 f() if k=0
25111]{:5/ F(s)ds if k40

2 2 !
| S0 IO dr = / S

Proof. This result is easily obtained by noting that the jacobian of the change of variable
x + (0(x), h()) is exactly p?|VO|2. O

)

f(h) cos(k0)p*|VO|? dx =
Dy

For w = wy = ;e where 1); of the form given by (1.34), we have

1 - - - u -
Mi(w, Dy) = 5/D Lonal? +[apaf> — [0 + Ne® — o]} 0| V6P da.
5

We next rewrite My(w, Dj). Recalling that for a sequence {a;} C R, we have

Z a2 42 Z agay cos[(k — 1)6].

keZ k,l€Z,
k>l

2
Z akezke —

kEZ

Then we obtain

My(w, Df) = /{ Sob? [A2 + 202 4 A1)

kEZ
—t Y bpfr(k + 1) cos[(k + 1)0]
k#—1
—t? 25: bo1bg[fL1 fr, — f-1fi(k — X+ 1) cos[(k + 1)0]
k#—1
123 b+ (R A = 1) fefi] cos((k — 6]} 1 V6]%.(1.37)
kJl#—1
k—1>0

Using Lemma 1.17 and (1.37), we have

My(w,Df) = 62> bigw(fi) — 2t Y bysin[(k + 1) / i

keZ k#£—1
sin[(k + 1)0
=22 > b p— / {fiifr— (k= X+1)f_1fx}
k#—1
S
+27 > bkbli/ {fifi +(KL+X=1)ffi}  (1.38)
kJ#—1
k—I1>0
= ) — 2t Z bi sin[(k + 1)d / T (1.39)

k-1
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with
Ry(w) = 0% bidn(fr)
keZ
sin[(k + 1)0
_2t22b 1y — P / {fif—(k=X+1)f1fi}
k#—1
sin[(k — )0
+27 ) bkbl% / {fefl + (RL+ X = D) fufi},
kA1 1-4
k—1>0
1
=/ {f7?+aif?}
1-6
and
o = VE24+)N—1.
We next establish a similar identity for M) (wy, D(;i). Using (1.34), we have
1 - - v
My(wi, DF) = 5 /D {1000, 0) + (2D (h, ) — [w]? + Xe* —w|* | 0?76
8

1 - 20 F 6>
= 5 [ {ednzop (277)

8
+672 (14 A (26 F 0)%) | (h, £6) — 1] F 26~ Tm ¢y (R, ié)}p%veﬁ

1

— - nt 2 9
= 952 Dgt{mh%(h,i(;)l (26 7 6)

(14 A (25 F 0)) (b, £6) — 112}V

1
+t Y b(t) sin[(k + 1)3] fe-  (1.40)
1 1-5

Here, Im 1) denotes the imaginary part of 1. To obtain (1.40), we used the identity

|05 (e')|* = [0g0|* + |9]* + 20 x Op.

1.6.4 Choice of w = ;¥

We take
eak(hfl) efak(hfl)
fk;(h) = 1 _ e*2Qk5 + 1 _ eQaké : (141)
With this choice, by direct computations we have
2
(bk(fk) = 1+ m s (1.42)
1
1 2
=—(1—-—5 1.43
[5fk Qg ( eak5_|_1> ( )
and for k,l € Z s.t. k # +I,
1— e—2(ak+al)6 1— e—Z(ak—al)S
/ fefi= 2010 2070\ —2050) (@ 2000 , (1.44)
1-5 (ar +ar)(I —e™20) (1 —e20%)  (ap — aq)(1 — e ?0) (e — 1)
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1— e_2(ak+a’l)6
(ag + ap)(1 — e—20%9) (1 — e —2au9)
1— efz(akfal)é

+ (Oék _ al)(l _ e—ZOzk(S)(GZOQS _ 1) :

1 ! ! pl
— Iefi =
arag J1_s

(1.45)

Using (1.39)—(1.45), we may obtain the following estimate, whose proof is postponed
to Appendix 1.B.

Lemma 1.18. We have

in[(k — 1)0] kI
My (wy, D) <6 — 20t + 42 Y ckcfm[;_l ) ]k+l +o(t). (1.46)

k>1>0

1.6.5 End of the proof of Lemma 1.9

We denote nl(k — o] ki
sin[(k —
S(6,t) =Y e T (1.47)
k>1>0
nro1 l
Setting n = k — [ and noting that (n+D) =—-+ 771, we have

n+20 2 2(n+2l)

2 sin(nd) 9 ) l
S(,t) = 1—t)" 11—t 1—t)nt2 B .
S0 = - TS - P Y (- ()
n>0 >0 n, >0
Here, we have used the explicit formulae for the ¢’s, given by Lemma 1.15.

Using Appendix 1.A (see Appendix 1.A.1) we find that for 0 < ¢ < §, we have

—1)? —t—
S(6,t) = % [arctan <M> + arctan (COS(5>]

sin d sin d
(1 —t+cosd)(2—1)
tsind

+0O(1). (1.48)

We note that

1—t—-cosé 1—cosd tsind
arctan <i> = arctan( e ) T = +O(t%)

sin § sin § 1 —cosd)
) tsind 9
= - t 1.4
2 2(1—cosd) +0(t) (1.49)
and 5
cos T
t =——0. 1.50
arctatt (siné) 2 (1.50)
From (1.48)—(1.50) we infer
1 1[(1—t+cosd)(2—1) sin §
S(6,t) < —(m—9 - - o1 1.51
(9, )_4252(7 )+t[ 8sin § 4(1 — cosd) +0(1) (151)
with
(1—t+4cosd)(2—1t) sin § (1 + cosd) sin §

— — =0. 1.52
8sind 4(1 — cos 9) < 4simo 4(1 — cos 9) 0 (152)
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From (1.46),
My (wy, Ds) < § — 26t + 4t2S(5, ) + oft). (1.53)

Using (1.51) and (1.52),
4125(5,t) < — 6 + olt). (1.54)

Finally, we have by combining (1.53) with (1.54),
M) (wy, Ds) < m— 28t + o(t) < 7 for ¢ small. (1.55)

We conclude that for t sufficiently small, Lg(wt, Dys) < .

1.6.6 Conclusion

min([¢y/, 2)
)]

o E.(u) < E-(u)+7 (by (1.36) and (1.55)) ;

U = Yu, with 1 =1y , satisfies the desired properties i.e.:

ae Jd, 1 (by (1.29), (1.31) and (1.33)).

1.6.7 A direct consequence of Lemma 1.9

By applying Lemma 1.9 and next Lemma 1.11, one may easily obtain the following

Corollary 1.19. Let u € Jp 4 be a solution of (1.8), (1.9).

Assume that . .
abdeg;(u) € (dj — §’dj + §)’ Vj € Nn.
Assume that there are ig € {0, ..., N} and xg € Ow;, s.t. u x Oyu(xg) > 0.
Then for all § = (61, ...,6n5,00) € ZNTL s.t. §;, > 0, there is 5 € Tp.q)—s St

E.(is) < E.(u) + WZ 16|

and . )

1.7 Proof of Theorem 1.4

The energy estimate is obtained from Lemmas 1.8 and 1.10.
We call (p,q,d) a good configuration of degrees if

(p.q.d) € ZV x Zx (NN, p; < dj and ¢ < Y d; =: d.

We first prove Theorem 1.4 when
=((d,d), (p,q)) =|d1 —p1| + ...+ |dn —pn|+ |d—q| =0< p=d and ¢ = d.

For € > 0, let (u§), be a minimizing sequence of E. in j&id. For ¢ < g4(d,d,d), up to
subsequence, using Proposition 1.13, u5 — u. weakly in H' and strongly in L* and u. is
a (global) minimizer of E, in jfeg(us D)
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Applying Lemmas 1.7 and 1.8, for € < e3(d) < ¢4 (here, €9 is s.t. the o-(1) of Lemma

1.8 is lower than g),

Iy(d, D)

v

E.(u:) + mee(deg(ue, D), (d, d))
Io(d, D) — g + 2rz(deg(u., D), (d, d)).

v

1
It follows, &(deg(ue, D), (d,d)) < 2 which implies u. € Jg .
We now prove (following the same strategy) Theorem 1.4 for a good configuration

(p,q,d) s.t.
2((p,q), (d,d)) > 0.

For € > 0 consider (u$), a minimizing sequence of E; in qu.
For e < e4(p, q,d), up to subsequence, using Proposition 1.13, uf, — u. weakly in H!
and strongly in L* and u. is a (global) minimizer of E. in jfeg(us D)
Let A := Iy(d, D) + &((p, q), (d,d))m + 1, by Lemma 1.14, for € < e5(p, q,d, A), there
is 20 € 00 s.t. (ue x Orue)(z2) > 0.
The third assertion in Proposition 1.2 and the energy bound give the existence of
0<eh(p,q,d,A) <es(p,gq,d,A) s.t. for 0 < e < &),
1 1
abdeg;(ue) € (d; — =,d; + ).
3 3
Fix e5(p, ¢, d) > e2(p,q,d) > 0 s.t. the o.(1) in Lemma 1.8 is lower than g (here €5 is
defined in Lemma 1.14).
Using Lemmas 1.7, 1.8 and 1.10, we have for € < &9

Iy(d, D) + m=((p,q),(d,d)) > liminf E.(u;) (by Lemma 1.10 and the definition of (u$,)y)

> E.(u) + 72 ((p,q), deg(us, D)) (Lemma 1.7)
> Io(d, D) + [ ((p, q), deg(u, D))
+e ((d, d), deg(uf, D))] — g (Lemma 1.8)
It follows that
2 ((p,q),deg(u”, D)) + = ((d, d), deg(u", D)) = =((p, 9), (d, d)). (1.56)

Thus
pi < degy,, (u®) < d; and g < deggg(u®) < d.

Assume that there is € < €9 s.t. u: ¢ qu. Then from Lemma 1.14 and (1.56), one may
apply Corollary 1.19 to obtain the existence of 4. € qu s.t.

me(p7 Q7 d) S EE(ﬁE) < EE(UE) + e ((p7 Q)7 deg(u&‘a D)) S hmlnf E&‘(ui) - m&‘(pa q7 d)

which is a contradiction.
Thus for € < €9, ue € qu and consequently u. is a minimizer of E. in qu.

Appendix 1.A Results used in the proof of Lemma 1.9

1.A.1 Power series expansions

For X € C, | X| < 1, we have

L= —In(1-|X]), (1.57)
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1
k _
X = — (1.58)
k>0
X
> kXF = (1.59)
= (1-X)2
Xsind
i Xk = 1.
kzwsm(ké) 1—2Xcosd + X2’ (1.60)
. Y _
ZMXk:arctan ,70085 + arctan C?Sé , (1.61)
= k sin sin §
X + cosd 1 X —cosd
E in(nd) —— X2 — — t — | +Cst(d). (1.62
sin(n )n—|—2l 4(1 — X?)siné dsinZe o sin § +Ost(9). (1.62)

n,>0

Proof: The first four identities are classical. We sketch the argument that leads to (1.61)
and (1.62). The identity (1.61) follows from (1.60) by integration.
We next prove (1.62). Let

: ! n+2l
f(X) = Z sm(mS)mX .
n,>0
On the one hand, by (1.59), (1.60),
X?2siné

/ _i : n 20 _
f(X)—XnZ>051n(n6)X DZOZX (1 - X2)2(1 —2X cosd + X2)'

On the other hand

d X+coss 1 EMCtamX—cosé _ X?siné
dX \4sind(1 — X2) 4sin?/ sin & T (1—-X2)2(1—-2Xcosd + X2)

1.A.2 Estimates for f, and o
Recall that we defined, in section 1.6, fr and az by

ek (h—1) e —k(h—1)
fe(h) = 1 — o200 + 1 — 20,6’

ak:\/kz2+)\—1.

In this part, we prove the following inequalities:

1
ak_|k|+(9<|k|+1>, (1.63)

C
ﬁ’
|f1(h) — |kle~IFIO=R)| < % with C independent of k € Z*, h € (1 —6,1).  (1.65)

Proof: The first assertion is obtained using a Taylor expansion.
Let gn(u) = e“"=1 we have

| fi(h) — e ~FIA=R) < with C independent of k € Z*, h € (1 —4,1), (1.64)

filh) — e HOP < g () — g (kD) +

sup lgh(llow -kl + S < L L€ C
gy RS ek2k R SR

IN

The proof of (1.65) is similar, one uses jp,(u) = ue*“*=1) instead of g
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1.A.3 Further estimates on f; and «;

We have
1

Oﬁ/l;{ ,Qz—aika} < /1_5{ éQ—kakQ}

, with C' independent of k € Z, (1.66)

A

IN

|kl +1

< with C independent of k,l € Z, s.t. |k| # I, (1.67)

/115 fefi
/15 fifi

Proof: Actually (1.67), (1.68) still hold when |k| = |I|, but this will not used in the proof
of Lemma 1.9 and requires a separate argument.

Since ay, > |k|, X X
/1_6{ éQ—aika} < /1_6{ l;Q_kakQ}_

By direct computations,

! 4602 C(0,n)
12 2,2 _ k ’ *
0< /1—5{ K~ it }— (1 — e—2010) (e 2010 — 1) S vn € N,

[ ey e [

1 1 1 1 1 1
2_ - _ —
/1_5f’“‘2ak<1—e2ak5 1—e2ak5>+0<|k|+1> O<|k|+1>'

Which proves (1.66).
For |k| # |l|, we have

/1; fefi

B
max(|kl, [I[)’

< C (min(|k|, |l|) + 1), with C independent of k,l € Z, s.t. |k| # |I|. (1.68)

1 — e 2Aartar)d 1 — ¢ 2(ap—)s

(ap + o) (1 —e2w0)(1 —e—2m0)  (ap — oy)(1 — e—2w0)(e2m0 — 1)

A
max(|k|, [1])

1—e —2(a—y)d

(Oék - Oél)(l — 6_20%5)(620416 — 1) .

We assume that |k| > |I| and we consider the two following cases: a; < ap < 2q; and
aj, > 2. Noting that l—e 220

xT

is bounded for x € RY , we have

1—e —2(ak—ap)é

(ak _ al)(l _ e—Zaké)(GQal(S _ 1)

< ¢ < ¢
= o208 = max(JK 1]

if o < oy <20y,

1— e_Q(O‘k_al)(S
(ak — ag)(1 — e20n0) (e 20 — 1)

c C

< < if ag > 2q4.
o —ap — max(|kl, |I])

This proves (1.67).
For [k] # |1,

1 f’f’ - [e7%eY] (1 - e_2(06k+04l)5) N Ry (1 _ 6—2(0%—041)5)
/15 FET (o ag) (1 — e 200) (1 — e 72000) (o — o) (1 — e 2040 (200 — 1)
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It is clear that,

apoy (1 — e~ 2anta)d) o0

< in(|k|, | 1]. 1.
(o + o) (1 —e28) (1 —e—2000) = “qp+ay — C [min(|k|, [I]) + 1] (1.69)
As in the proof of (1.67), we have
1— 72((1;@7&[)5 C
akaul — e ) N < Clmin(lk],)I) +1].  (1.70)

(o — an)(1 — o2) (020 — 1) | = max([&], [I]

Inequalities (1.68) follows from (1.69) and (1.70).

1.A.4 Two fundamental estimates

In this part, we let k > [ > 0 and prove the following:

(agay + kl+ X —1)(1 — e 2owtady  op 1
Kip = = @) 1.71
m (ag + ap)(1 — e20%9)(1 — e —2a9) k+1 I+ 1 (1.71)
(opay + kL + A — 1)(1 — e 2k —an)d) s
Vi = < . 1.72
k,l (ak; _ O[[)(l _ 6720%5)(620{[5 . 1) = Ce ( 7 )
The computations are direct:
_ 2K 2kl 2kl
e k+1 N (ak—i—al)(l —e—204k5)(1 _e—2a16) k-i—l +
_ 2klk+l— (o +oq)(1 —e72ak5)(1 *201 1
(k+ 1) (ag + ap)(1 —e—29)(1 _e—2al(5 1
_ @) (k + k:QZe’l‘S/?)
N (k—l—l)(()ék—l—al)(l—e_Qak(S)(l _e—ZOzl(S l—l—l

- ofiky)

We now turn to (1.72).
If ap, > 20y (or equivalently, if ay —a; > %), then
(opoy + kl4+ X — 1)(1 — e~ 2an—)d) < kl

o= 2046 C —51.
(ap —oq)(1 —e 2w (e20 — 1)  — an = e

If ap < 2qy, then

(OékOél + ki + A— 1)(1 B e_Z(Qk_al)(s) S Cl2ef2al5 S Ce—&l‘
(ak — ) (1 —e~2m0)(e2m0 — 1)

Appendix 1.B  Proof of Proposition 1.2 and of Lemma 1.15

1.B.1 Proof of Proposition 1.2

The proof of 1) is direct by noting that if u € H'(D,S!), then d;u and dpu are pointwise
proportional and deggq(u) = >, degy,,. (u),

1
abdeg;(u,D) = o (‘Uk/ (u x Oku)O3—kV;
k=12 D
1
= 3 - Viu x Orudr = degyq (u Z degy,,, (u) = degy,, (u).

J#i
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Proof of 2). Since V; is locally constant on 9D, integrating by parts,

/ v X (8111,62‘/2 — 3221 81V,)dx = / Uu X (31?) 82VZ — 82?} 81V2)d.%'
D D

Then
2r|abdeg;(u) — abdeg;(v)| = ‘ / (u—wv) x [(31 Vi Ogu — 02V, 01 u)
D

1 (91 V; 000 — DuVi alv)} dx‘
< V2llu =2y IViller o) (IVull L2(p) + [V 0ll 2 ()
< 2fu = 0]l 2y IViller (o) [B= (W) + Ex(v)'/?]
< Afju— UHLQ(D)HVZ'”Cl(”D)Al/Z-
We prove assertion 3) by showing that dist(abdeg;(u:),Z) = o(1). Using the first and the

second assertion, we have

dist(abdeg;(us),Z) < inf |abdeg,(u.) — abdeg;(v)|

UEEé\

IN

2 .
;||V%HCI(D)A1/2 vlefgoAHus — v z2(p) (1.73)

where E} := {u € HY(D,S') s.t. %/ |Vul|? dz < A} # 0.
D

Now, it suffices to show that inf,pa [ue = v[|L2py — 0. We argue by contradic-
tion and we assume that there is an extraction (g,), | 0 and § > 0 s.t. for all n,

Uienfé\ Hu??n - ’UHL2(D) > 4.

We see that (ue,), is bounded in H'. Then, up to subsequence, u, converges to
u € H'(D,R?) weakly in H! and strongly in L?.

Since |||ue,|? — Ulzzepy — 0, we have u € H(D,S') and by weakly convergence,
HVUH%Q(D) < 2A.

To conclude, we have u € E{ et |lu, — ul|z2 — 0, which is a contradiction.

1.B.2 Proof of Lemma 1.15
1) We see easily that, with z = ¢*, we have

U,(z) - F(Z) (1 - (0))(1 - 22) A0
¢ B [Z(l - t) — 1] [Z(l — t4p(0)) _ 1] - B((g’t)' (1.74)

The modulus of the RHS of (1.74) can be bounded by noting that
e there is some m > 0 s.t. |B(6,t)| > m for each ¢ and each 0 s.t. || > §/2 mod 2m;

o there is some M > 0 s.t. |A(6,t)| < M for each t and each 6 s.t. |#] > §/2 mod 27,
e if |#| < 4/2 (modulo 27), then (¥, — F)t~ 1 = 0.

2) This assertion is a standard expansion.
3) With a classical result relating regularity of ¥; — F; to the asymptotic behaviour of
its Fourier coefficients, we have
2" 7|9 (Wr — Fi) || oo st
t(1+ k)"

b (t) — ()] <

Noting that, for (9; (U, — F)t 1 =




1.B Proof of Proposition 1.2 and of Lemma 1.15 29

e there is some m,, > 0 s.t. |B,(0,t)] > m,, for each ¢t and each 0 s.t. |#| > §/2 mod 2,
e there is some M,, > 0 s.t. |A,(0,t)| < M, for each ¢ and each 0 s.t. || > /2 mod 2m;
e if |#| < /2 (modulo 27), then (¥, — F)t~ 1 =0.

Thus the result follows.

1.B.3 Proof of Lemma 1.18
The key argument to treat the energetic contribution of D(:SIE is the following lemma.
Lemma 1.20. 1. |¢y(h,£0) — 1| = O(t);

2. |0nibe(h, £0)| = O(t|Int]).

Proof. (of Lemma 1.20)
Using Lemma 1.15, (1.58) and (1.64), we have

t (R, 0) — 1] < |—c1fo1(h) + Z crfio(h)e ~1(k+D]
k#—1

+ =01 — ) fa(h) + Y (b — ) fr(h)e TFHLY
k-1

< C(5) Z(u—t)e*@*h*“)k 118 =0().

k>0
We prove that |91 (h,d)| = O(t|Int|). Using Lemma 1.15, (1.59) and (1.65),

t*1|6h7/;t(h,5)| < l=eqfl+ Z Ckf]/cefz(kqtl)(s
k-1

+ =01 =) fLy+ ) (b — o) fre T EFD?
KA1

2) k [(1 - t)e_"s_(l_h)r +O(|Int]) = O(|Int]).
k>0

IN

O
Using (1.39), (1.40) and Lemma 1.20, we have (with the notation of section 1.6) that
M)\(wt’D(S) = R)\(wt) + O(t)’

where

(k08 [,
Ra(w;) = 5t2];zbz¢k(fk)—2t2k;1b_1bkskT/l_6[f_lfk—(k:—)\+1)f_1fk]

sinl(k = 03] [* ., .,
+ 2t2 kg:_lbkbl? /15 [fk:fl + (k)l +A - 1)fkfl]
k—1>0
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The proof of Lemma 1.20 is completed provided we establish the following estimate:

sin[(k — )] Kkl

< § — 26t + 4t : 1.
Ra(wy) <6 =20t +47 > cpay sy B e B O (1.75)
k>0
k—1>0
The remaining part of this appendix is devoted to the proof of (1.75).
We estimate the first term of Rj:
Using (1.42) and Lemma 1.15, we have (with C' independent of ¢)
D bien(fr) = > cidn(fi)| < C. (1.76)
keZ keZ
With (1.42) and (1.63), we obtain
6(fe) = all+ ) = K]+ 0 () when | (1.77)
= _—_ ) = — . .
kUK «Q o2ad _ 1 [+ 1 when 00
From (1.57), (1.59) and (1.77),
2> Goe(fr) = oa(f)+(E—27> (1 -1 6k(fi)
keZ k>0
= 2(t—2"> k(1 —t)* +o(t) =1 -2t +ot). (1.78)
k>0

We estimate the second term of R):
Using Lemma 1.15, (1.67) and (1.68), we have (with C' independent of t)

in !
> - ™ - x| <c
kA1 -

Since b_1(t) is bounded by a quantity independent of ¢, in the order to estimate the third
term of the RHS of (1.38), we observe that there is C' independent of ¢ s.t.

in ) 1 Y
S - EDL - g ae s < o (DU
k>0 1-4 k>1
= C(|Int|+1).
Finally, using Lemma 1.15, (1.44) and (1.45), we have
sinf[(k +1)8] [,
> n S [ = = Dfas) < O+ 1. (1)

k-1

We estimate the last term of R):
First, we consider the case k = —1 > 0 (i.e., fr = f;). Using (1.43), 0 < fr < 1 and
(1.66), we have (with C' independent of t)

. 1
S b [ R+ (R A - ) <
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It remains to estimate the last sum in R), considered only over the indices k£ and [ s.t.
|k| # |l]. We start with

: _ 1
> (b —CM)W/ il + (RL+A=1)fifi]  (1.80)

El#—1 1-4
k—150,k A1
= > k=)t — )+ elbi—a) + by — )] *
ki1
k—150,k A1
sin[(k — 1)8] [!
* %/1 5 [fefi + (BL+ X = 1) fifi].

By Assertion 3) of Lemma 1.15, the first sum of the RHS of (1.80) is easily bounded by a
quantity independent of t. By (1.67), (1.68) and Lemma 1.15,

. B 1
) Ck(bl—cl)w /1 [l + (BU+ X = 1) fifi]

kA1 =0
k=150, k£ —1
(1 —t)%b, — |l
< C .
< > P +C
k>0 -1
h—T>0 k£ —1

On the other hand (putting n =k — 1),

(1= 8)F|by — 1] (1= 8)F|by — ¢l (1 —=8)"|by — 1]
<
D k1 < k—1 +k0¥<1 k+ [l]

k>0,1#—1 k>1>0 >
k—1>0,k#—1
(1=t (1=t
< b — _
< DL ——l—ali+ Y o lbr = alll
1>0,n>0 k>0,1<—1
= O(]Int)).

Similarly, we may prove that

sin|(k — 1
> a2 [ g G- DAl = 0 e,
MG

We have thus proved that

sin|(k — !
> (kb - Ckcl)w /15 [fifi + (kL + X = 1) fufil| = o(t™1).
ey

To finish the proof, it suffices to obtain
sin[(k —1)d !
> CM% /1 5 (il + (KU + X = 1) fifi]

l
kA1
k—1>0,k#—1

sin[(k —1)0] Kkl 1
= 2 .
chcl L —1 k+l+0(t )
>0

k—I1>0
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Since ¢, = 0 for m < —1, it suffices to consider the case k& > [ > 0. Under these
hypotheses, we have by (1.44), (1.45), (1.71) and (1.72),

sin[(k — 1)d] sin[(k —1)0] Kkl
> qu?/l Srfi+ R+ =Dfefi] = 2> aa A
k>1>0 k>1>0
ckey|sin[(k —1)9]] 1
AP F—1 I+l
k>1>0

We conclude by noting that

Z CLCl W‘ <C<1+Z Z 1_lt) >§C(1—Hn2t).

k>1>0 n>0 >0

Appendix 1.C Proof of Lemma 1.11

Lemma 1.21. Let 0 < n,d < 1, there is

M,s: D(0,1) — C '
e o M) S (1.81)

i) M, 5| =1 on St deggi (M, s) =1,
ii) / [V Myl < 741,
ZZZ) |M7775| <2

w) if |0] > & mod 2w, then M, s(e'?) = 1.

Claim: Taking M .5 instead of M, s, we obtain the same conclusions replacing the asser-
tion i) by deggi (M, s) = —1.

Proof. As in section 1.6, let ¢ € C*°(R,R) be s.t.
e 0<p<1,
e ¢ is even and 2m-periodic,
® ¥|(=5/2,8/2) = 1 and oy x[\(-5.6) = 0.

For 0 < t < 4, let My = M be the unique solution of

M) = 5 (;_(t;(;“)p)(e_))l on D(0, 1)
AM = 0 n D(O, 1)

It follows easily that M satisfies i), i77) and iv). We will prove that for ¢ small iz) holds.
Using (1.32), we have

— (1 t(6) o (o4
= tpa) 1 ()t 3 biloe (182)
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It is not difficult to see that

M(re) = (1 —tb_y(t)) +1 > by(t)rlFHleFHine, (1.83)
k#—1

From (1.83),

1/ 2 2/% / 2 2|k+1|—2
= VM|* =t de dr bp(k+1
5 D(OJ)! | > )r

k#—1
= 7Y Up(k+ 1)+t > [k+ 15}
k>0 k<—2
= m*) ci(k+1)+ O(t?) (using Lemma 1.15)
k>0
— 2 2k .
= )2t Z (k4 1) + O(t?) (using Lemma 1.15)
k>0
= 7+ O(t?) (using (1.58) and (1.59))
< w47 for ¢t small.

We finish the proof taking, for ¢ small, M, s = M;. O

Lemma 1.22. Letu € J,i€{0,...,N} ande > 0. For alln > 0, there is

+
Uy € Jdeg(u,D)+e;

s.t.
E.(uif) < Eo(u) + 7 41 (1.84)

and
= sz ) = 041, o) =, 0. (189

Proof. We prove that for i = 0, there is u;]F € Jdeg(u,D)+e,; Satisfying (1.84) and (1.85). In
the other cases the proof is similar. _

Using the density of C°(D,C)NJ in J for the H'-norm, we may assume v € C°(D,C)N
J.

It suffices to prove the result for 0 < n < min{1073,£2}.

Let 2 € 9Q and V;, be an open regular set of D s.t. :

VyNOD £, |V <n?,

0

e 1" is an interior point of 92 N IV},

V,, is simply connected,

2 2 .
lul* < 147" in Vj,

o [VullL2,) <n*
Using the Carathéodory’s theorem, there is
D Vn — D(0,1),

a homeomorphism s.t. @y, : V; — D(0,1) is a conformal mapping.
Without loss of generality, we may assume that ®(z%) = 1. Let § > 0 be s.t. for |0] <6
we have ®~1(e) € OV, N 0.
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Let N, € J be defined by

- 1 ifzeD\V,
Ny () = { M,z 5(®(x)) otherwise

Here, M,2 s is defined by Lemma 1.21. Using the conformal invariance of the Dirichlet

functional, we have
1 1
5/ ‘VNW‘Z = 5/
Vi D(0

It is not difficult to see that u;7F = ulNy € Jdeg(u,D)4eo- Since [Ny < 2 and [NV, —
U[z2(py = 0y(1), using the Dominated convergence theorem, we may prove that ulN,, — u
in L?(D) when 1 — 0. It follows that (1.85) holds.

From (1.86) and using the following formula,

IV M,z 5> < 7+ 0 (1.86)
1)

)

[V (w0)? = [0Vl + [ul’[Vol* +2 ) (vdju) - (udjv)

j=1,2
we obtain
1 1
3 [Vl = 5 [ SINPIVUP 4 PIVNE 2 3 (N050) - (w0
Vi Va Jj=12
< (@) +07) + 2 Vullta,) + 4V 12Vl ) IV NGl 22 v,
< 7r+g. (1.87)
Furthermore, we have
1/(1 \*2)2<772<77 (1.88)
— —|u — < -, :
462 Vi n B 462 -2

From (1.87) and (1.88), it follows
Ea(u;a,D) = E:(u,D\ Vn) + Ea(u;a Vn) < E:(u,D) +7+n.
The previous inequality completes the proof. ]

We may now prove Lemma 1.11. For the convenience of the reader, we recall the
statement of the lemma.

Lemma . Let u € J, ¢ > 0 and § = (61,...,0n5,00) € ZNTL. For all y > 0, there is
ug € jdeg(u,D)Jr(S s.1.

B.(up) <E.(uw)+7 > |6[+n (1.25)
i€{0,...,N}
and
lu — ud || p2(py = on(1), 0y(1) =0 (1.26)

Proof. Asin ‘the previous lemma, it suffices to prove the proposition for 0 < n < min{10=3, £2}
and u € C%(D,C)N J.
We construct uf] int = Z |0;] steps. If £; = 0 (which is equivalent at 6 = 0yn+1)
1€{0,...,N}
then, taking ug = u, (1.25) and (1.26) hold.
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Assume 01 # 0. Let I' = {i € {0,...,N}|§; #0} #0, L = CardT and pu = EE We
1
enumerate the elements of I" in (i )nen, s.t. for n € N1 we have i, < ip41.
Let o be the sign function i.e. for x € R*, o(z) = il
x

For n € Ny, and [ € N, |, we construct

l
Un € Jaeg(vl D) +o(5:)es,

S.t
d; .
v) =u, V) = v,'lfl_l‘ with for n =1, §;, =0,
I+
o { W)y it o, <0 0= Tl

Here, (vil)ff stands for uff defined by Lemma 1.22 taking u = v}, and n = p.

It is clear that v/, is well defined and that for n € Ny, v,, := vlf inl ¢ Jdeg(vn—1,D)+6:, eir,

with vy = u.
Therefore, using (1.84), we have for n € N,

Up € jdeg(UfD)-l—ZkeNn 0ip€ip E€(Un) < EE(U) + (7T + M) Z ‘5%‘
keN,

Taking n = L, we obtain that

ud = vp, € Jaeg(up)+sr Be(u)) < Ec(u)+m Y [6i| +n.

Furthermore, ug is obtained from u multiplying by ¢; factors N;, [ € Ny,. Each N is
bounded by 2 and converges to 1 in L?-norm (when 1 — 0). Using the Dominated conver-
gence theorem, we may prove that ug satisfies (1.26).

O
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Chapter 2

The Ginzburg-Landau functional
with a discontinuous pinning term.
Finitely many dilute inclusions case

In Collaboration with Oleksandr Misiats

We consider a Ginzburg-Landau type energy with a piecewise constant pinning term a in
the potential (a? — |u|?)2. The function a is different from 1 only on finitely many disjoint
domains, called the pinning domains. These pinning domains model small impurities in
a homogeneous superconductor and shrink to single points in the limit ¢ — 0; here, ¢ is
the inverse of the Ginzburg-Landau parameter. We study the energy minimization in a
smooth simply connected domain 2 C C with Dirichlet boundary condition g on 92, with
topological degree degyn(g) = d > 0. Our main result is that, for small ¢, minimizers have
d distinct zeros (vortices) which are inside the pinning domains and they have a degree
equal to 1. The question of finding the locations of the pinning domains with vortices is
reduced to a discrete minimization problem for a finite-dimensional functional. We also
find the precise position of the vortices inside the pinning domains and we prove that,
asymptotically, this position does not depend on the external boundary conditions.
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2.1 Introduction and main results

In this work we study the minimizers of the Ginzburg-Landau type functional

Bestw) = 5 [ {170 + 5oz~ P}, (2.1

where 2 C C is a bounded, smooth, simply connected domain, € is a positive parameter
(the inverse of the Ginzburg-Landau parameter k = 1/¢), 6 = d(¢) > 0 is a geometric
parameter and wu is a complex-valued map. In order to define the function as, we need to
introduce the notion of a pinning domain.

Fix M > 0 points ay,...,aps € Q. Let w be an open subset such that @w C B(0,1) and
0€w. For1 <7< M and for all § > 0 denote wf; = a; + 0w, i.e. the set w scaled by
and centered at a;.

Definition. The set w; := U{‘ilwg is called a pinning domain.
For example, if w = B(0, %), then the pinning domain is ws = UM, B(a;, %)

We now define as : Q — {b,1} as:

boif
T (2.2)
1 ifreQ\ws

The functionals of this type arise in models of superconductivity for composite super-
conductors. The experimental pictures suggest nearly 2D structure of parallel vortex tubes
([56], Fig I.4). Therefore, the domain € can be viewed as a cross-section of a multifilamen-
tary wire with a number of thin superconducting filaments. Such multifilamentary wires
are widely used in industry, including magnetic energy-storing devices, transformers and
power generators [41], [38].

Another important practical issue in modeling superconductivity is to decrease the
energy dissipation in superconductors. Here, the dissipation occurs due to currents associ-
ated with the motion of vortices ([47], [10]). This dissipation as well the thermomagnetic
stability can be improved by pinning (“fixing the positions”) of vortices. This, in turn, can
be done by introducing impurities or inclusions in the superconductor. In the functional
(2.1) the set ws models the set of small impurities in a homogeneous superconductor. The
size of the impurities in our model is characterized by the geometric parameter § which
goes to zero together with the material parameter . We assume henceforth that

[ Ind()[*
0. H
|Ine| - (H)
. . k -\ 3
For example, if ¢ = 277 and d(e) = 27%) | then (H) implies that ﬂ — 0.
J

Notation. In what follow:

e We consider a sequence €, | 0 and we write € instead of €,; the dependence of € on n is
implicit.

e We simply write 0 (instead of d(g)); the dependence of ¢ on ¢ is implicit.

We study the minimization problem for the functional (2.1) in the class

H; = {u € H'(Q,C)|troqu = g}, (2.3)
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where g € C°(0€,S!) is such that degyn(9) = d > 0. Recall that the degree (winding
number) of g is defined as

1
degan(g) = 5 /mg x Org dr.

Here “x” stands for the vectorial product in C, i.e. 21 X zo = Im(Z722), 21,22 € C, and 0,
is the tangential derivative. The degree is an integer, and the condition degyq(u) = d > 0,
u € H'(,C) implies that u must have at least d zeros (counting multiplicity) inside Q.
The properties of the topological degree can be found, e.g., in [26] or [13].

Minimization problems for Ginzburg-Landau type functionals have been extensively
studied by a variety of authors. The pioneering work on modeling Ginzburg-Landau vor-
tices is the work of Bethuel, Brezis and Hélein [18]. In this work the authors suggested to
consider a simplified Ginzburg-Landau model (2.1) with a = 1 in Q (i.e. without pinning
term), in which the physical source of vortices, the external magnetic field, is modeled via
a Dirichlet boundary condition with a positive degree on the boundary (2.3). The analysis
of full Ginzburg-Landau functional, with induced and applied magnetic fields, was later
performed by Sandier and Serfaty in [65].

The functional (2.1) with non-constant a(z) was proposed by Rubinstein in [58] as
a model of pinning vortices for Ginzburg-Landau minimizers. Shortly after, André and
Shafrir [6] studied the asymptotics of minimizers for a smooth (say C!) a. One of the
first works to consider a discontinuous pinning term, which models a composite two-phase
superconductor, was [43]. In this work, a single inclusion described by a pinning term
independent of the parameter € was considered for a simplified Ginzburg-Landau functional
with Dirichlet boundary condition g on 92. Namely the pinning term is
az) {1 iquGQ\w7

b frecw

here w is a simply connected open set s.t. w C €.

The main objective of [43| was to establish that the vortices are attracted (pinned) by

the inclusion w, and their location inside w can be obtained via minimization of certain
finite-dimensional functional of renormalized energy. Full Ginzburg-Landau model with
discontinuous pinning term was later considered by Aydi and Kachmar [9]. An e-dependent
but continuous pinning term a.(z) was studied by Aftalion, Sandier and Serfaty in [1]. The
work [5] studies the case of the smooth a with finite number of isolated zeros, and in [3| the
pinning term a takes negative values in some regions of the domain . The other works
related to Ginzburg-Landau functional with pinning term include, e.g., [47], [68].
In this work, we consider the minimization problem (2.1)-(2.3) with a discontinuous pinning
term given by (2.2). We prove that despite the fact that a. — 1 a.e. as e — 0, i.e.
the pinning term disappears in the limit, the pinning domains ws capture the vortices of
Ginzburg-Landau minimizers of (2.1) for small .

The main difficulty in the analysis of this problem stems in the fact that the a prior:
Pohozhaev type estimate ||1 — [v]?|7, @ < Ce? (on which the analysis in [18] and [43] is
based) does not hold.

The situation we consider requires a different strategy reducing the study of the mini-
mizers of (2.1) to the analysis of S'-valued maps via the uniform estimates on the modulus
of minimizers away from the pinning domains (see Proposition 2.9 below).
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Following [43], let U. be the unique global minimizer of E. in H' with U. =1 on 99.
This U, satisfies b < U, < 1. For v € Hg1 we define

1 1
Fe(v) = Fz(v,Q) =5 /Q {Uf\wﬁ + @U;*u - W)Q} dz.

Using the Substitution Lemma of [43], we have that for v € H, gl,
E.(Uv) = E-(Us) + F:(v). (2.4)

From the decomposition (2.4), we can reduce the minimization problem (2.1)-(2.3) to the
minimization problem for F in H ;.

In this study, two typical behaviors of the minimizers are distinguished.

First, outside a fixed neighborhood of d = min{d, M} inclusions (centered at a =
(aiy, -, ai, ), a minimizer v, is almost an S'-valued map. By minimality of v., the selection
of centers of inclusion containing its zeros and the degrees of v. around the a;’s is related
to the minimization of the Bethuel-Brezis-Hélein renormalized energy W,.

On the other hand, we prove that the vorticity is localized inside the inclusions and
is quantized: all the zeros are isolated, lie in ws and have a degree equal to 1. Moreover,
the location of the zeros (vortices) inside each inclusion, depends only on d and M (see
Theorem 2.23).

In particular:

e if M = 3 and d = 2, then the vorticity is contained in two distinct inclusions with exactly
one zero inside each of both inclusions,

e if M =2 and d = 3, then we have one zero inside an inclusion and two other zeros inside
the remaining inclusion.

Depending on the relation between M (number of inclusions), and d (number of vor-
tices), we distinguish two cases:
Case I: M > d,
Case II: M < d.

Our main result in Case I is the following:

Theorem 2.1. Assume that M > d. Let v. be a minimizer of F. in H;(Q) For all
sequence €, | 0, possibly after passing to a subsequence, there are

e d distinct points {ai,, ..., a;, } C {a;,1 <i < M},
e V¥ €E Hﬁ)c(ﬁ\{ail, @iy}, SY,
such that:

1. v* is a harmonic map, i.e.

(2.5)

*

—Av* :,U*|V’U*|2 inQ\{ail,...,CLid}
v =g on 0f) .

2. We have v, — v* strongly in HL (Q\ {ai,,...,ai,}) and v, — v* in C2(Q\
{a17"'7aM})'

3. ve, has d distinct vortices x7,...,x}; such that x7}, is inside wg’", m=1,...,d and for
small fixed p, degaB(ﬂ’p)(van) =1.
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4. The following expansion holds
F.(ve) = mdb?| Ine| + w(1 — b%)d|In 8| + Wy ((aiy, 1), ..., (ai,, 1)) + W +o0.(1). (2.6)

Here W > 0 is a local renormalized energy depending only on d,b and w. More-
over, the d-subset {a;,,...,a;,} C {ai,...,ap} minimizes the Bethuel-Brezis-Hélein
renormalized energy Wy among the d-subsets of {a1,...,an}.

Remark 2.2. Here, W, denotes the renormalized energy given by Theorem 1.7 in [18] (with
the degrees equal to 1 and the boundary data g). Its definition is recalled in Section 2.5.3.

The main result in Case II is

Theorem 2.3. Assume that M < d. Let v. be a minimizer of F. in H}(Q). For

all sequence €, | 0, possibly after passing to a subsequence, there are v* € Hlloc(ﬁ\
{ay,...,apn},SY) which satisfies (2.5) in Q\ {a1,...,an}, such that:

1. v., — v* strongly in HL (Q\ {a1,...,an}) and v., — v* in C2(Q\ {a1,...,an}).

2. For p > 0 small, ve, has ezactly d; := degyp(q,,p) (ve,) zeros in B(a;,p). They are
1solated, lie inside wf; and they have a degree equal to 1.

d d d d
< d < | = — 1 ) —. .
[M} <d; < [M} + 1, where [M] is the integer part of u (2.7)

Moreover, if J\Cz =mg €N, then d; = mg, 1 < i < M. Otherwise, the configuration
{(a1,dy), ...,(anr, dar)} minimizes the renormalized energy W, among the configura-
tions {(a1,dy), ..., (anr,dar)}. Here {alll < i< M} are ﬁxed and d; € 7 are the
subjects to the constraints (2.7) and ZZ 1di =d.

4. The following expansion holds when ¢ — 0

M
inf F. = ndt’|ne| + 7 () di — db*)|In 6| + W, ({a,d}) + W + oc(1). (2.8)
g =1

Here, {a,d} = {(a1,d1), ..., (anr,dnr)} is a configuration given by the previous asser-
tion and W is local renormalized energy which depends only on w,b,d and M.

In both cases, we prove that the asymptotical location of the vortices inside a pinning
domain depends only on b, w and on the number of zeros inside the inclusion (see Theorem
2.23): this location is independent of the boundary data g on 0.

2.2 Main tools

In this section we establish:
e Estimates for U,,
e Upper bounds for the energy of minimizers in Case I and Case 11,

e An n-ellipticity estimate for minimizers.
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2.2.1 Properties of U.

Proposition 2.4 (Maximum principle for U, [43] Proposition 1). The special solution U,
satisfies b < U, <1 in .

Proposition 2.5. There are C,c > 0 (independent of €) s.t. for any R > & we have

la. — U.| < Ce™ % in Vi = {z € Q| dist(z, dws) > R}, (2.9)

_cR

Ce

VU| < in Vg. (2.10)

The proof of the Proposition 2.5 is presented in the Appendix 2.A.

2.2.2 Upper Bounds
Proposition 2.6. Let £ = %
1. Upper bound in Case I: M > d

There is a constant C depending only on g,w and € s.t. we have

inf  F.(v.Q) < wdb?|1 d|Iné| + C. 2.11
UE%(Q) =(v,Q) < wdb*|In&| + 7d|In d| + (2.11)

2. Upper bound in Case II: M < d

There is a constant C depending only on g,w and Q s.t. for all dyi,...,dpr € N s.t.
> d; = d we have

inf  F.(v,Q) < wdb?|1 d?|1n | + C. 2.12
ooy P @) <m !n§\+w§ijz\n\+ (2.12)

The proof of Proposition 2.6 is given in Appendix 2.B.

2.2.3 Identifying bad discs

Lemma 2.7. Let g., g0 € C®(0Q,C) be s.t. 0 < 1—|g.| <& and g. — go in C*(ON). Let
also ag, B € L*>°(9Q,[b,1]).
Consider the weighted Ginzburg-Landau functional

Fio) =5 [ {advor + G- e},

Denote ve a minimizer of F; in H;g, Then the following results hold:
1. Let x = xe € (0,1) be s.t. x — 0. There are eg > 0, C > 0 and C; > 0 depending
only on b, x, 2, [goll gy -t for & < <o, if
F.(ve, B(z,e/Y) N Q) < % Ine| - Cy,
then
lv| >1—Cy in B(z,e/?)nQ.

2. Let p € (0,1). Then there are g9, C > 0 depending only on b, 1,2, [|golc1 (a0 s-t- for
€ < gq, if
F.(v., B(z,e*) N Q) < C|lne|,
then
lve| > p in B(z,e/?) N Q.

Lemma 2.7 is proved in Appendix 2.C.
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2.3 A model problem

By combining the results of Section 2.2, the proofs of both Theorem 2.1 and Theorem 2.3
are based on the analysis of two distinct problems:

1. A minimization problem of the Dirichlet functional among S!-valued map defined on
a perforated domain.

2. The study of the minimizers v. around an inclusion.

This section is devoted to the second problem. More precisely, we fix p > 0 and we
investigate the minimization problem of F.(-, B(a;, p)) under variable boundary conditions.
Fix p > 0 and let f., fo € C®(0B(0,p)) be s.t. fo is St-valued and s.t.

f= = foller@m(o,0)) — 0 (2.13)

and
I fel = U2 0B(0,p)) < Ce?. (2.14)

Assume also that degyp(q ) (fz) = deggp(o,p) (f) = do > 0.
For i € {1,..., M} consider the minimization problem

1 1
Rl Bl =g [ U Ut - PP )
2 B(ai,p) 2e
in the class
Hj ;= {ve€ H'(B(a;,p),C) | trop(, »v(x) = fe(x — a))}. (2.16)

A suitable way to treat such a problem is to rescale the ball in order to fix the inclusion
independently of e.

Without loss of generality assume a; = 0. Let v, be a minimizer of (2.15) in (2.16).
Performing the change of variables = § in (2.15), we have

N ~ . 1 - . N
Five BO.9) = Fe(oB0.5) = 5 [ 02w + 020 - oy} @i 2an)
2 JB(0,2) 2¢
Here, for a map w € H'(B(0, p)), we denote (%) := w(dz) and & = %. The class (2.16)
under this change of variables becomes

~ “ p R
A} = {v e H'(B(0,%),0) |tropo,p)0() = fa(é-)} . (2.18)
The asymptotic behavior of 9. will be obtained in several steps:

e We first establish a bound for |0.|. This bound will allow us to localize (roughly) the
vortices of v, near the inclusion.

e We next establish sharp energy estimates (see Proposition 2.10) and use them to obtain
the uniform convergence of solutions away from the inclusion. We establish the strong
H' convergence of solutions away from the vortices and derive the equation satisfied by
the limiting map.

e The last step is the location and quantization of the vorticity: for small £, the minimizers
admits exactly dg zeros, and all the zeros lie in the inclusion and have a degree equal to
1.
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Following the same lines as for Proposition 2.6, one may prove

Proposition 2.8. Let 0. be a minimizer of Fg in (2.16). Then there is a constant C
independent of € s.t. we have

F.(v2, B(0, p)) = Fe(io-, B(0, g)) < mdob?| In €| + md2|1n 8] + C. (2.19)

2.3.1 Uniform convergence of |0.| to 1 away from inclusions

Proposition 2.9. Let K C R? be a compact set such that w C K and dist(0K,w) > 0.
Then there is C' > 0 independent of € s.t. for sufficiently small £ we have

o] > 1= Clne|"? in Bs \ K.

Proof. Using Lemma 2.7 with y = |In a]_l/?’, we find that there exist C,C; > 0 s.t. for
e > 0 small, if F. (v, B(z, ")) < \lnes]% — C} then |v.| > 1 — Cy in B(x,e/?).

We argue by contradiction. Assume that there exists a compact K containing w s.t.
dist(0K,w) > 0 and s.t., up to a subsequence, there is a sequence of points Z. € B(0, §)\ K
st. [0:(22)] < 1= C|lne|~'/3 with C given by Lemma 2.7.

Note that &. € B(0, %)\ K is the same as z. € B(0,p) \ (6 - K).

From Lemma 2.7 and Proposition 2.5

1 1
5/ {\V%P + (- vayQ)Q} > |Ine]'/? — 0(1). (2.20)
B(ze,e1/4) 2¢e

We claim that from the conditions (2.13), (2.14), we may extend v. (keeping the same
notation for the extension) to a smooth map still denoted v s.t.

ve(z) = a® /|z|% in B(0,3p) \ B(0,2p)
(1—1oe|*)* < Ce? . (2.21)

B(0,3p)\B(0,p)
|[Vve| < C with C > 0 is independent of €

Indeed, set ¢ € C°(R*,[0,1]) s.t. ¢ =0in [0,p] and ¢ =1 in [2p, 3p] and take
ve(se?) = |¢(s) + (1= C(s))|fu(pe)|] llto0rOCtNe-e)],

Here z = s¢¥, s > 0and ¢. € C®(dB(0,p),R) s.t. fo(pe?) = |fe|e!(@0+<)  Conse-
quently, as follows from (2.11) and (2.21), this map satisfies

1 1
—/ {]Vv5]2+—2(1—]v5\2)2} < Cllnel.
2 JB(0.3p) 2e

Therefore, the map v, in B(0,3p) agrees with the conditions of Theorem 4.1 in [65]. This
theorem guarantees that:

e we may cover the set {x € B(0,3p —¢/b) | |ve(z)] <1— (5/5)1/8} with a finite collection
of disjoint balls B¢ := {B;f};

e the radius of B¢, rad(B¢), which is defined as the sum of the radii of the balls B,
rad(B%) := 3, rad(B5), satisfies rad(B°) < 10726 - dist(w, 0K);

e denoting d; = degyp: (v:) if Bf C B(0,3p — ¢/b) and d; = 0 otherwise;
J
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we have
1

b2
5/ {|Vv€|2—|—@(1—|v€| }>7TZ|d|ln——C (2.22)

Note that, by the construction of v. in B(0,3p) \ B(0, p), if we have degyp:(ve) # 0 then
J
B: C B(0,5p/2). Thus d; = degaBJE_ (ve) for all j.
In order to obtain a lower bound for F. we use the identity
v? b?
. {ivop+ gz0-upr} e
B(ze,el/4)UBs 2¢2

1
+= U2 — v?)|Vo,|?
2 /B(mg,z-:l/‘l)UB8 {( : )‘ 8‘

+ o (U =091~ )2}

F.(ve, B(ze, e/ UB?) =

The first integral in (2.23) is estimate via (2.22):
v Vol 4 -2} = w2 Y s, () nd — 0
2 Bl(ze,c'/4)UBe ve 2e2 Ve =7 r egaBj Ve n€
> wb3dy lné — Cp. (2.24)
€

By combining (2.20) and Proposition 2.5, we have for small &
1 2 2 T T 212
> (U = 07)[Vue|” + 5 (Uz = b7)(1 — Jve]%)
2 B(xg,61/4)UBE 282

10

1
> / {|Vv€|2—|——2(1— |v€|2)2} —C>1-0)|lne)2 - (2.25)
2 B(ze, 1/4) 2e

here we rely on the assumption (H) on the behavior of d(¢) as ¢ — 0.
Substituting the bounds (2.24) and (2.25) in (2.23) we obtain a contradiction with
(2.11). This completes the proof of Proposition 2.9. O

2.3.2 Distribution of Energy in B(0, §)

Proposition 2.10. The following estimates hold:
1

/ 02|V 2 = 72| nd| + O(1), (2.26)
2 JB(0,0/5)\BO,1)

and (recall that & = %)

Fe(d2, B(0,1)) = mdob?|In €| + O(1). (2.27)
Proof. We start by proving that
Fe (b, B(0,1)) > mdgb?|In €| — O(1). (2.28)

As before, we use Theorem 4.1 in [65]: for 0 < r < rg := 1072 - dist(w, dB(0, 1)), there are
C > 0 and a finite covering by disjoint balls Bf, ..., B, (with the sum of radii at most )
of the set {Z € B(0,1 —&/b) |1 — |0-(&)] > (£/b)'/8} s.t.

1 R b?
5[ {ived+ gm0 - app | 2 eoing - ¢ (2.20)
UjBJE- 5
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with D =3 |d;| and

0 otherwise

; {degag;.wa) if BS C B(0,1—¢/b)
j =

From Proposition 2.9, for £ small, if degaBJs_ (9:) # 0 then BS C B(0,1—7) C B(0,1-&/b).
It follows that D > dp and then (2.28) is a direct consequence of (2.29) and the bound
U.>b.

We next prove that there is C' > 0 s.t.

N |

/ U2|Vie|* > nd2|nd| - C. (2.30)
B(O,%)\B(O,l)

By Proposition 2.9, |v;| > 1/2 in B(0, %) \ B(0,1), therefore, . := ﬁ is well-defined in
this domain. Observe that

2

do
= nd?In %. (2.31)

: / Va2 > / -
2 JB(0,2)\B(O,1) 2 JB(0,2)\B(O,1)

£
B

We claim that (2.30) holds with C' = 7d3|In p| + 1 (for small €). By contradiction, assume
(2.30) does not hold. Then, up to a subsequence, we have

1 N
—/ U2|Vo.)? < nd2In 2 — 1. (2.32)
2 JB(0,2)\B(0,1) 4

On the other hand, we have
Vo |? = |0e?| Ve |* 4 | V|0 |2

and therefore

/ V.l > / V|2 - / (1= |6 P) V. (2.33)
B(O,%)\B(O,l) B(O,g)\B(O,l) B(O,%)\B(O,l)

Since [.| > % in B(0, £)\B(0, 1) we have | V.| < 2|V.|. Therefore, by (2.32), Proposition
2.9 and (H) we estimate the last term in (2.33):

Iné
/ (1 — 0|V |* < Cg\lng\é/ Vo |? < C3 [ In |1 — 0. (2.34)
B(0,2)\B(0,1) B(0,5)\B(0,1) [Inels
Combining (2.31), (2.33) and (2.34), we find that
A 12 2, P
/ |V |* > mdiln = — o-(1).
B(0,2)\B(0,1) 0

Since |U. — 1| < C¢* in Be \ B(0,1) (see Proposition 2.5), we obtain a contradiction with
(2.32), and (2.30) follows. Comparing the lower bounds (2.28) and (2.30) with the upper
bound in Proposition 2.8, the Proposition 2.10 follows. U

Using exactly the same techniques as in the proof of Proposition 2.10, one may easily
prove the following estimate.

Corollary 2.11. For any Ry > R4 >'1

Fe(i., B(0, Ry) \ B(0, Ry)) = O(1).
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2.3.3 Convergence in C*°(K) for a compact K s.t. KNw =1
Proposition 2.12. Let K C R?\ @ be a smooth compact set. Then we have

b is bounded in C*(K) for all k >0 (2.35)

and there is Cg > 0 s.t.
0| > 1 - Cgé? in K. (2.36)

Proof. From Proposition 2.5
Fe(0., K) = / V0L + 252( _ 22 = 0(1),. (2.37)

As in [43], the following expansion holds

Ee(Usie, K) = Ee(Ue, K) + Fe(0., K) +/8 (Joc|? = 1)U.8,T.. (2.38)
K
Using (2.10), we have
/ (62 = 1)0.0,0. = o.(1).
oK

With (2.37) and (2.38), we conclude that Eg(U.t., K) = O(1). Since U, and U.0, satisfy
the Ginzburg-Landau equation —Au = 5%u(l —|ul?) in K, as well as |U.| < 1 and |U.0.| <
1. Theorem 1 in [53] implies that

U. and U.9. are bounded in Ck(K) for all £ > 0.

It follows that ©. is bounded in C*(K) for each k > 0. On the other hand, using the fact
that 9. is bounded in C*(K) together with the equation of 9., we find that 1—|0.|> < Ox€?
in K. O

Corollary 2.13. For K C R?\ @, up to a subsequence, there is some vg € C°(K,S!) s.t
Ve — vg in C*(K).

We are now in position to bound the potential part of the energy.
Corollary 2.14. There exists C > 0 independent of € s.t.

1 1
— 1—v“:—/ 1— 19122 < C. 2.39
= B(o,p)( |ve|7) e B(o,p/a)( |0 |%) (2.39)

Proof. Note that from Propositions 2.8, 2.10, we find that there is C' > 0 s.t.

1 N
i / -
€% JB(0,0/0)\B(0,1)

Thus it remains to prove the estimate in B(0,1) for small e. Using (2.35), trop(o,1)0= is
bounded in C1(9B(0,1)) and 1 — [6.]* < C&? on dB(0,1) (for small ). These properties,
allow us to construct a smooth extension 9. of tryppo,1)0e into B(0,2) \ B(0,1), s.t. h =
trop(o,2)0e is S'-valued and independent of €, 1 — |o-* < C&? in B(0,2) \ B B(0,1) and

1
/ - {N@EP +-—(1- yv512)2} < Cp. (2.40)
B(0,2)\B(0,1) 28

(For example, this construction is performed by mimicking (2.21))
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Define w, as w. = v, in B(0,1) and w. = o, in B(0,2) \ B(0,1). Clearly, w. €
H}(B(0,2)), we is bounded in L*(B(0,2)) and, thanks to Proposition 2.10 and (2.40),

_ 2 b2 2\2
- L § |
2 /B(O,Q) {’vwa‘ + 252 (1 ‘we‘ ) < Wdo\ 1n§‘ +Cp

1
We may now apply Proposition 0.1 in [33] to we in B(0,2) to conclude that — (1-—
B(0,2)
lw.|*)? < C}. Therefore the bound (2.39) holds. O

2.3.4 The bad discs
Consider a family of discs (B(z;,/*));er such that
for all ¢ € I we have x; € (),
B(xi, e/ /4) N B(ay, et/ /4) = 0 if i # 4,
Uing(xi,61/4) O 0.

For p € (1/2,1), let C = C(p), €0 = €o(p) be defined as in the second part of Lemma 2.7.
For £ < g¢, we say that B(xi,al/‘l) is p-good disc if

F.(ve, B(zi, e/ N Q) < C(p)|Ine|
and B(z;,e'/*) is p-bad disc if
F.(ve, B(z;,e) N Q) > C(p)| Inel. (2.41)
Let J. = J := {i € I| B(z;,e'/*) is a p-bad disc}.
Lemma 2.15. There is an integer N, which depends only on g and p, s.t.
Card J < N.

Proof. Since each point of € is covered by at most 16 discs B(z;, gl/ 1), we have

> Fu(ve, B(wi,e'*) N Q) < 16F: (ve, Q).
i€l

The previous assertion implies that Card J < é?ﬁf). U

The next result is a straightforward variant of Theorem IV.1 in [18].

Lemma 2.16. Possibly after passing to a subsequence and relabeling I, we may choose
J' C J and a constant X > 1 (independently of €) s.t.

J ={1,..,N'}, N' = Cst,

|z; — x| > x4 forisje Ji# ]

and
UiEJB(xi, 61/4) - UiEJ/B(xi’ >‘61/4)'
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We will say that, for i € J, B(ﬂ:i,)\el/4) are separated p-bad discs. From now on, we

work with separated p-bad discs. Denote &; = % By Proposition 2.9 we know that for

small €, we have ; € By. Clearly, up to a subsequence,
there are aq, ..., oy, k distinct points in By
and {A1,...,A,} a partition (in non empty sets) of J' s.t. (2.42)
for i € J', if i € Ay, then &; — «y,.

Note that for i € J', we have

vn >0, f 11
Y€ {an, o} a {17 T OTIIARS (2.43)
there is a p-bad disc inside B(y,n)
2.3.5 Convergence in H. (R?\ {ay,...,a.})
We have the following theorem.
Proposition 2.17. Let aq, ...,y be defined by (2.42). Then we have:
1. The points ayq, ..., a, belong to w.
2. There exists vg € HE (R?\ {a1, ..., ax},St) s.t. (possibly after extraction)
be — vo in HE (R?\ {ag, ..., }) (2.44)
be — vo in CL.(R*\ {ay, ..., ax}). (2.45)

3. There exists ng > 0 s.t. for all 0 < n < ny and for sufficiently small € we have
deggp, (a;) (0=/|0:]) = degap, (a,)(v0) = 1.

4. k=dg.

Proof. Step 1: 0. — vg in Hﬁ)c
ap € w
Proposition 2.9 guarantees that aq, ..., € 0. Let

(R2\ {a1,...,ax}), vo € H}

loc

(R2\ {1, ...,k },St) and

1072 mingp | — agr| ik >1
Mo = ## | . . (2.46)
1 ifk=1
Applying Theorem 4.1 in [65] we have for all 0 < 1 < np and for small €
1 b?
—/‘ {N@P+—3u—mﬁﬁ}zw%mﬁ—c (2.47)
2 Uke{1,...,x} Blag,m) 2€ §

with C' independent of € and 7.

Combining (2.47) with (2.27) and Corollary 2.11 we obtain that 0. is bounded in
HY(K); here K C R?\ {aq,...,a,} is an arbitrary compact set. Therefore, there exists
vg € HE (R?\{a, ..., }) s.t. we have 9. — vg in HL_(R*\{a, ..., }) (possibly passing
to a subsequence). Since ||1 — [0.][|z2(xy — 0 for all compact sets K C R2\ {1, ..., ay },

we find that vg is S'- valued.
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Following the proof of Step 7 in Theorem C in [43], we can prove that aq, ..., a, ¢ Ow,
thus aq, ..., ax € w, and the first assertion follows.

Step 2: Proof of 2.

Adapting the techniques of [17] (Theorem 2, Step 1), we establish (2.44) and (2.45) in
aball B = B(y, Ry) s.t. BCR?\ {ay,...,a.}.

Lety € R?and let R’ > R > O bes.t. B(y, R') C R?\{a, ..., a,;}. Since F(o., B(y, R'))
is bounded independently on ¢, there is Ry € (R, R') (independent of ¢) s.t., passing to a
further subsequence if necessary we have

1
/ {|8727€|2 + (1 - |f)€|2)2} < C with C independent of ¢. (2.48)
9B(y,Ro) ¢

Indeed, for r € (R, R") denote

R 1 N
to= [ e+ ga-apr
OB(y,r) §

Using the Fubini theorem and the Fatou Lemma we have
R’ R’
0< / liminf I, (r)dr < liminf/ I(r)dr < C".
R N N R
Consequently, liminf, I.(r) < oo for almost all » € (R, R’), so that (2.48) holds with
/

C
C=——.
R —R
Let g. = trpp¥.. Since |v:| > 1/2 in B = B(y, Ry), we have degyg(g:) = 0. The
bound (2.48) implies that, up to choose a subsequence, g. is weakly convergent in H'(0B).

Consequently there is h € HY(OB,S!), h = e, ¢ € H(0B,R) s.t.
g: — h uniformly on 0B, (2.49)
g- — h in HY?(8B). (2.50)

1
Let n. : B — R be the minimizer of / {]Vn\Q + 5—2(1 — 77)2} in H|lgg|(B,R). Then 7.
B
satisfies
—&An.+n.=1 inB
Ne = |Gel on 9B
It follows from [17] that
1
[ {ivne+ ga-nr}<ce (251)
B §
Using (2.49), there is p. € HY(OB,R), s.t. g. = |g-|€*’= and . — ¢ uniformly on OB.
Following [17], denote by . € HL}JE(B,R) the unique solution of —div(a?V.) = 0. (Here
a=binwand a=1inR*\w.) From (2.50), . — ¢ in H'(B) where ¢y € H}(B,R) is
the unique solution of —div(a?V4) = 0. Since n.e™s € H;E (B), we have

~

. 1 A 1
F(b., B) < Fe(n-e™*,B) < 5 / UZIVye|* + C¢ — = / a*| Ve[, (2.52)
2 B e—0 2 B
On the other hand, since 9. — vg in H'(B), we have vy = ¢'? with ¢ € H&,(B,]R) and

R 1 [ - 1 1
lim inf F (9., B) 2liminf—/ U2|Vi|* > —/ a?®|Vul? = —/ a?| V|2 (2.53)
€ ¢ 2Jp 2 /B 2/B
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(The last inequality follows from U. — ain L2, |U.| <1 and 0. — vp in H'.)
By combining (2.52), (2.53) and the fact that ¢ minimizes / a?|V - |? in Hi,(B,R),
B
we find that (2.44) holds. Furthermore, the map 1 in (2.52) is the same as ¢ in (2.53).

Note that since
1 ~
- U?
T

by comparing (2.52) with (2.53), we also have

2
—0.(1) < Fe(0.,B),

0

\%

||

1
[ 1910l + - 1oy o (254)
K 3
In order to prove (2.45), it suffices to establish the convergence
¢ — ¢ in L®(B) with ¢. € H} (B,R) and o, = |i.|e"?", (2.55)

and to use the fact that |[0.| — 1 uniformly.

Proof of (2.55). If Ow N B = (), then the argument is the same as in [17]. Assume
next that dw N B # 0, and let ¢ € H3?(B,R) be the harmonic extension of ¢. Since
¢ := ¢ — 9 € H}(B,R) satisfies —div(a®>V¢) = div(a®>V4)), Theorem 1 in [52] implies that
¢ € WHP(B, R) for some p > 2.

We next prove that, for some ¢ > 2 and B = B(y/, R) s.t. B(y/,2R) C B, we have
| — ¢||W1,Q(B) — 0. (Once proved, this assertion will imply, via Sobolev embedding that
(2.55) holds.)

Note that (up to a subsequence) ¢. — ¢ in L?(B,R). Thus we have

{div [U2|@€|QV(¢E - ¢)] = div [(Ug|@€|2 - az)ng] in B
¢e — ¢ll2m) — 0

From Theorem 2 in [52], there is 2 < ¢ < p and C > 0 s.t.
9662 = &)z < C (R0 = 0llagey + 020 = )6l acs) = 0.

Consequently, ||¢: — ¢||W1"1(B) — 0.
Step 3: We prove the third assertion

Let no > n > 0, with 7y defined by (2.46). Denote dy, = degyp(q,, ) (vo). These integers
do not depend on r € (n,19). Moreover, we have ), di = dy. For r € (1,10), we obtain

that
1/2
27r\dk]§/ ]87v0]§\/2777°/ FENCA
OB(ag,r) OB(ag,r)

and therefore

1
_/ Vool* > wd2In 2.
2 JB(aym0)\Blar.n) n

Consequently, we have

1 1
liminf—/ V| > —/ |Vol?
2 Uk B(ag,m0)\B(a,n) 2 U B(ak,m0)\B(cu,m)

WZd% ln%. (2.56)
k

\%

Y
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By combining (2.47) and (2.56), we obtain the existence of C' independent of € and 7 s.t.

1 / o2 2,10 "
= Vol > 7Y diln—+7ndgln—=—-C
2 Juy.B(ay,mo) ) ; n §

"o 2 1o
= 7mwdoln— + 7 di —dg)In— — C.
ol (Ek 0) »

Therefore, di must be either 0 or 1. Otherwise, (2.27) cannot hold for small 7. Applying

the strong convergence result obtained Step 2 with K = B(ay,7) \ B(ou, 4), we obtain for
small €,

0
dj, = degaB(aM) <@> '

We next prove that di = 1 for each k. We argue by contradiction. Assume that there is
ko s.t. dp, = 0. We may assume that ky = 1. From (2.43), there is a (separated) u-bad
disc B(Zg,e'/*/8) in B(aq,np). Thus by (2.41), we have

Fy(b., B(#0,"/4/5)) > C(p)| Ine].

On the other hand, since in |0:] > 1/2 in B(ag,m0) \ B(ag,m0/2), applying Theorem 4.1
in [65] in B(ag,m0), k € {2,...,k}, with r = 107% - 5y we find that

F§(®57 B(akﬁno)) > b2‘degaB(ak,7]0)(®6)H lnf‘ - C? k= 27 ey R

Since > r_y degyp(ay,no) (0) = do, the above estimates yield

A

Fe(ie, B(0,5)) 2 bdo| In&| + C ()| ne| = C

which is in contradiction with (H) and (2.11). Thus dp = 1 for k € {1,...,x} and conse-
quently, kK = dy. O

Now we are in position to prove a rate for the uniform convergence of || in K C
R2\ {ay,...,a4,}, K a compact set.

Corollary 2.18. There is C' > 0 s.t. for ng >n > 0 and small € we have

[6: > 1= C|Ine| /% in B0, £)\ Bl ).

Proof. Due to (2.36), it is sufficient to establish this result in B(0, 1)\ B(a;,n). Combining
Corollary 2.14 with (2.44), we obtain that

Fi (0=, B(0,2) \ B(ay,n/2)) < C(1).
Thus for all z € B(0, p) s.t. B(&,¢%4/8) € B(0,2) \ B(ay,1/2), for small € we have
F.(ve, B(x,e'*)) < Fe(b, B(0,2) \ B(0w,1/2)) < |Ing|'/?.
From Lemma 2.7 (first assertion), we obtain the existence of C' > 0 (independent of € and

n) s.t. |ve(z)| = |0-(2)] > 1 — C|lne|~'/3. Finally, since for all Z € B(0,1) \ B(as,7) we
have B(&,'/4/8) € B(0,2) \ B(ay,n/2), Corollary 2.18 follows. O
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2.3.6 Information about the limit v,

Following [18] (Appendix IV, page 152) we have

Proposition 2.19. For all 1 < p < 2 and for any compact K C R?, 9, is bounded in
WhP(K).

Let #; be the main argument of é:ai and set § = 61 +...4+60,,. Note that V@ is smooth

ol

away from {aq,...,a,} and Hilﬁ:gél =¢c¥. Let §:= trop,vo and g € C*°(0B1,R) be s.t.
g= Hi%ewo = U0F%0) (see [25] for the existence of ).

Proposition 2.20. The limit vy satisfies —div (a2 vy X Vvo) =0 in D'(R?). Moreover we
may write vg = 0T Here o, is the solution of

(2.57)

—div [a®V(0 + ¢,)] =0 in By
Vs = ©p on 0B,

Proof. Let ¢ € D(R?), and set K = supp(¢). By Proposition 2.19, we have Ug Ue X VU, —
a’vg x Vg in LP(K) for p < 2. Multiplying the equation —div [(752 Ve X Vﬁg] =0 by ¢
and integrating by parts, we obtain

/—div [Uﬁ@exwew — /Uf@exwg-w)
K K
— /GQUQXVUQ-V¢:/ —div(aQonVvo)qﬁ.
K K

Consequently —div (a2 vy X VUO) =0 in D'(R?).

In order to prove that —div [a®*V(6 + ¢,)] = 0in By \ {ov, ..., g, }, we follow [43], step
12 of Theorem C.

Next, we prove that ¢, is harmonic in a neighborhood of aj. Fix A > 0 and zy €
w st. B(xo,2\) C w\ {a1,...,aq,}. As we established in Proposition 2.17, Step 2,
F¢(ve, B(xo,2))) is uniformly bounded in e. Proceeding as in the Step 2, we conclude
that exists A\g € (A, 2)\) s.t., after passing to a further subsequence, we have

1
/ {wwﬁkﬁu—wﬁf}sc (2.58)
OB(z0,0) 2§

with C' and )\g independent of €. Now, if %, minimizes

. 1 1
Eo(d) = = S22, L o o9y
=g [ AV g

subject to @(x) = f-(6x) on B(0, %), then 4. minimizes Eg(ﬂ,B(CEQ, o)) with respect to

its own boundary conditions. In other words, . := 4= minimizes the classical energy

s/ {wwﬁ+@u—mﬁﬂ
2 B(zo,M\o0) i} 252 }

among w € H'(B(z, Ao)) such that w = h. := % on 0B(z, \o). It follows from (2.58)
and Proposition 2.5 that h. also satisfies

1
/ {|<9Th€|2 + 51— |h€|2)2} <C+1. (2.59)
9B(z0,M0) 28
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Note that by Proposition 2.5 we have
[1e | oo (B(zo,h0)) < 1+ ce 08, (2.60)

Using (2.60) and the uniform bound from Corollary 2.18, we may repeat the arguments of
Theorem 2 in [17] and conclude that, up to a subsequence, there exists an S'-valued map
wp s.t. for every compact K C (w\ {a1,...aq,}) we have

W, — wp in C°(K) (2.61)
" PU— o) | o
— e |Vwp|” in C*(K). (2.62)
min oy, — o] dist(ag, Ow)

Fix now r < min and denote w, = {z € w,dist(x,0w) >

8 ’ 8
r}. It follows from (2.61) that w. — go := tra,, wp in C*°(Ow,). In view of Proposition
2.19, we have wg € WP(w,), p < 2. By Remark I.1 in [18], this implies that

wy = W exp (ichln]m—ak\ +ix> )

k

Here:

e W is the canonical harmonic map (see [18], Sec. 1.3.) having singularities {oy, k =
1,...,do} and equal to gy on dw,;

e the ¢;’s are real coefficients;

e x is the solution of

Ax =0 in w,
@)+, cxln|zr —ar] =0 on dw,

Repeating the argument of [18], Theorem VII.1, Step 2 (the key ingredients of this proof
are (2.61), (2.62) and Corollary 2.14), we find that ¢, = 0,k = 1, ..., dy, and, consequently,
wp = W in w,. Finally, by [18], Corollary 1.2., we know that the canonical harmonic map
W is of the form w = ' (?+¥+) with ¢, harmonic in w,.

O

2.3.7 Uniqueness of zeros

Proposition 2.21. For ¢ sufficiently small, the minimizer 0. has exactly dg zeros.

Proof. Tt suffices to prove that for small € there is a unique zero of v. in B(ay, ), k =
1,...,do, with r defined in the proof of Proposition 2.20.

Since w. = {’EISJE, from Proposition 2.5 and Proposition 2.20 we see that wy = vg =

etk tHy) ip B(ag,r), where 6 is the phase of |£:§:\ and Hy = 4 + ¥ is harmonic in
B(ay, ). Using (2.61) and (2.62) and arguing as in the alternative proof of Theorem VII.4
in [18] (page 74) we obtain that VHy(ay) = 0.

Finally, we are now in position to obtain, as in Theorem IX.1 [18], that there is a unique
zero of W, (and, therefore, of 0.) in B(ay, ).

O
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2.3.8 Summary

We have thus proved

Theorem 2.22. Let &, | 0 and let U., be a minimizer for e = &, of (2.17) in (2.18).
Up to a subsequence, there are dy distinct points oq,...,aq, € w and a function vy €

HL (R?\ {ar, .., ag, },SY) NWLP(RESY) (p < 2) s.t.
1. 0., — v in HL_(R*\ {a1,...,aq}) and CL (R?\ {a1, ..., a4, }),
2. 0, = vy in Wil (R?) (p < 2),
3. for K € R:\{a,...,aq,}, |0, | > 1=|Ing,|~V* in K and/K IV, ||* + 5—12(1 — 02, [})? —
0,
4. for K @ R\ @, ., — vg in C®(K) and 1 — |9, | < Cké&?,
9. Ve, has exactly dy zeros x7,...,xy and x — a,
6. vo satisfies —div (a2 vy X Vvo) =0 in D'(R?).
Let us summarize the proof of Theorem 2.22:
e Statement 1. is established in Proposition 2.17,
e Statement 2. follows from Propositions 2.19 and 2.20,
e Statement 3. is a consequence of Corollary 2.18 and (2.54),
e Statement 4. is Corollary 2.13,
e Statement 5. is proved in Proposition 2.21,

e Statement 6. is established in Proposition 2.20.

The proof of Theorem 2.22 is complete.

2.4 Renormalized energy for the model problem

In this section, we establish an expansion of Fx(ve, B(0,p)) = F¢ (o, B(0, £)); more specif-
ically we underline the specific form of the quantity

lim {Fg(@e, B(0, g)) — 7d2| In 6] — mdob?| 1ng|} . (2.63)
€

(We are going to prove that this limit exists).
In order to find an expression for (2.63), our strategy is the following:

e (Section 2.4.1) We first study minimal energies of the Dirichlet functional among S'-
valued maps in annulars B(0, p/§) \ B(0, 1) under Dirichlet boundary conditions: f9(¢-)

on dB(0, p/§) and ¢° on AB(0,1). Here f0 = ‘ﬁ' where f. is given by the model problem

and ¢°,¢° € C>®(dBy,S') are s.t. g‘s — gY in C'. We obtain the following expansion for
a minimal energy: wd3In(p/8) + Wo(fo) + W1(g°) + 0s(1).
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o (Sections 2.4.2, 2.4.3 and 2.4.4) In B(0, 1), we study weighted Ginzburg-Landau func-
tional under a Dirichlet boundary condition g® on dB(0,1). Making use of the previous
bullet, one may obtain matching upper and lower bounds. From these estimates we com-
plete the renormalized energy by its third term which depends on the limiting locations
of the zeros B = (B, ..., Ba,) € w% and on g°. We establish that

. b ~
inf Fe(v, B(0,1)) = mdob? 1ng + dob®y + Wa(B, ¢°) + 0:(1).
veH s

g

e (Section 2.4.5) In order to conclude, we make a fundamental observation: the limiting
function gop = limtrpp, U- and the points o obtained by Theorem 2.22 form a minimal
configuration for Wi (g°) + Wa(B,¢%). Thus we define

wg) =t L")+ Wa(B,6°) } -
9°€C> (9B, §)
with degyp, (9)=do

And we deduce that o minimizes W.
In this section we prove the following theorem.
Theorem 2.23. The following energy expansion holds when € — 0

P

. b
Fe (o2, B(0, g)) = mdob? In £ + 73 In 2

§

Here the points a = (au, ..., aq,) are obtained from Theorem 2.22, v > 0 is an absolute

constant and Wo(fo), W () are renormalized energies:

+ Wo(fo) + W(a) + dob®y + 0-(1).  (2.64)

o W, is independent of the points oy, ..., ag, and given by (2.72),

. Vi/ is given by (2.90), it is independent of fo and the limiting points (a1, .., &g, ) minimizes
w.

Remark 2.24. The renormalized energy in the expansion (2.64) decouples into the part that
depends only on the external boundary conditions Wg( fo) and the part that depends only
on the location of the vortices W (a). Since o minimizes W, the external boundary data
has no effect on the location of vortices inside the inclusion. This is a drastic difference with
the results of [18] and [43], where the Dirichlet boundary data on the external boundary
influences the location of the vortices.

2.4.1 Minimization among S'-valued maps away from the inclusion
Denote B, := B(0,p). Let
fo — f%in CY (OB
(f*)o<s<1 € C®(0B,,S"), f° € C*(9B,,S") be s.t. { -0 (O5,)
degyp, (/) = do
and
5 00 1
g° — ¢’ in C*(OB
(9°)ocs<1 C C™(0B1,S"), ¢° € C*(0B1,S) be s.t. { 0 OB
degyp, (9°) = do
For § € (0,1), we denote A; = B,/5 \ By and

Ws = {u € H'(As,S") |trop, ,u() = £2(6-) and trop,u = ¢°},
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Ys = {u e H'(As,S) |trop, u() = f2(6) and trpp,u = ¢°}.

Consider the following minimization problems:

B0 =15 = int 5 [ (9 (Py)
(g = ds = it 5 [ (vup (@)
u€Ys 2 As
Proposition 2.25. For small e, Is is close to Js, namely
Is = Js + os(1). (2.65)
Proof. In this subsection 6 stands for the argument of z i.e. é =¢e? For § > 0, let

¢s € C®(9B1,R) be s.t. g° = e@0+95) and (5 € C®(0B,,R) be s.t. [0 = e(D0+6) We
may assume that ¢s — ¢o in C1(0B;) and (s — (o in C*(8B,). Note that

uwe Wy e u =t with ¢ € ws. (2.66)

Here ws := {p € H'(As,R) |tr53% () = (s5(0-) and trgp, ¢ = ¢Ps}.
Since A =0 in As and 9,6 = 0 on JAs, for u € W5 we have

/ Vul? = / V(o + o) = 2 / VO + / Vol
As As As As

Consequently, the problem (Ps) has a unique solution us = edof+25) wwith s being the
unique solution of
—Aps =0 in Ag

©5(-) = (s (6-) om 0By .
Y5 = ¢5 on 831

With the same argument, the problem (Qs) admits a unique solution vs = et(dof+95) wwith
1s being the unique solution of

A5 =0 in Az

¥s(-) =G (d) on OB .
1/}5 = ¢0 on 0B,

Denote 15 = w5 — ¥s. Then ns is the unique solution of

Ans =0 in Ag

M6 = Gs — Co on 9By .

N5 =¢s —¢o on 0B
(Here {(x) := ¢(6z)).

One may prove that |[1s||12(4,) is bounded and more precisely we have the following
result.

Proposition 2.26.

1
5 /A<5 \V%’Q - ’¢0’§{1/2(Sl) + ‘COﬁ{l/Q(@BP)’ as 6 — 0. (2.67)
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Proof. Let (an)nez, (bn)nez C C be s.t.

eg):Zan and (o(pe'?) Zbe o

nez nel

We have
|¢0|§{1/2(Sl) = Z |’I’L||an|2 and |C0|§{1/2(33p) = |<AO|§{1/2(QB§) = Z |n||bn|2
Z 7

From [13] (Appendix D.), denoting R(J) = &, we have

1 2 ’bO - a0] W 2 2 2
— [ v — }: n bn|?)(R(8)? + 1

-—%mwn+adiﬂﬂ®mq

by — ao|?
(602205, + W?{w @50 ¥ T R@)

+ Z QW = [(anl? + 10af) = @ibn + au) R(6) "

|¢0|H1/2(831) + |<0|H1/2(8Bp) + 05(1).
Consequently, as 6 — 0, we obtain (2.67). O
Following the same lines as Proposition 2.26 we obtain

[Vesllz2(a,) < C with C independent of 4, (2.68)

and
V5]l 2a5) — O (2.69)

It follows from (2.68) and (2.69) that

d2 2 2
Is = 0
o= ey [ v
d2 2 2 2
= 2/ Vo|* + /|V¢5| /VT/)& Vs + = /|V775|
As As

st os(1), (2.70)

From (2.70) and (2.67), we deduce that
Is = Js + 05(1) = mdy 1D§ + Wo(f%) + Wi(g°) + 05(1) (2.71)

with

One of the main ingredisnts in the study of the renormalized energy is that the Dirichlet
condition fuin(x) = WO%, 70 € S! minimizes Wy. More precisely, for all fy € C1(0B;,S!)
s.t. degyp, (fo) = do, we have

Wo(fmin) = 0 < Wo(fo)- (2.73)
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2.4.2 Energy estimates for S'-valued maps around the inclusion

Let ¢° € C>®(0By,S') be s.t. degyp, (¢g°) =do > 0, B, ..., B4, are dy distinct points of w,
1 . .
o 7= 7 min {dlst(ﬁi,ﬁw),r}l;? |8 — BJ|} .

For r € (0,79), we define

Q=B \ UkB(ﬁk’T),
& = {u S Hl(QmSl) ‘traBlu - go and degaB(ﬁiﬂ’) (u) = 1}

and
1 1 0 1 z — f
Fri= {u € H (Q,,8)|trop,u = g and there are v; € S* s.t. tropg, u(r) = %m} .
Consider two minimization problems
1
K(rg"8) = K() = inf 5 [ (P (R)
ue& 2 QT
and .
Lir g 8) = L) = inf 5 [ @IVuP, 8= (Bl ) (s,)
uE.’Fr 2 QT
We denote 6 = 61 + ... + 04, where 6; is the main argument of ’i : gll’ i.e., ’i : gZ’ — Wi
Let 19 be the unique (up to an additive constant in 27Z) solution of
—div [a®*(Viyo + V0)] =0 in B (2.74)
eUf+0) — 40 on 0By -
Lemma 2.27. ([43], Appendix A.)
1
K(r) =5 / a®|V + Vipo|* + O(r|Inr|),
Qp
1
L(r) = 5/ @|V0 + Viol? + O(r| ),
Qr
with
1 2 2 2 i 0 2
5/ @ |VO + Vipg|* = wdob”| Inr| + Wa(B, 9" ) + O(r?). (2.75)
Qr

In (2.75), Wa(B, ¢°), whose explicit expression is given in [43], formula (106), depends
only on 3 and ¢°.

2.4.3 Upper bound for the energy

Lemma 2.28. Fiz p > 0 and let f. € C®(0B,), fo € C>®(8B,,S') be s.t. f. — fo
in CY(0B,). Let B = (B1,...,0a,) € wh be s.t. B # B; fori # j. Then, for each
g% € C®(0By,S'), the following upper bound holds:

p

. b ~ - -
ok Fe < mdob? Ing+ mdy In % + Wo(fo) + Wi(g”) + Wa(B, 9°) + dob™y + 0-(1).(2.76)
fe TP

Here Wy, W1 are defined by (2.72) and Wa by (2.75).
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Proof. We construct a test function w, € H}E (B,/s5,C) which gives (2.76). Fix 0 < r < np.
Let
us be the minimizer of (Pj) with ¢° = ¢° and f° = Je

L

and
u, be the minimizer of (S,).

Note that o — fo = lim. f. in Cl((?Bp). For each ¢ =1, ...,dy let uf’r be
e the global minimizer of the classic Ginzburg-Landau energy in B(f;,7)

e with the parameter £/b

e and the boundary condition ufr(x) = hl(z) := 'yim%ﬁi on B(B;,r), v; € St is given by
U
Denote

1 b2
I(¢/b, 1) = inf = Vul? + — (1 — “} 2.77
) = e / W){| 4 5 (1= fuf) (2.77)

7 R [\ s SRR
2 JB(@im) 28

Lemma IX.1 in [18] implies that
br
I(&/b,r) :wlnz + v+ 0g(1). (2.78)
We next extend the u;’s to B,, /5. For this purpose, we consider ¢ € C*°(R, [0,1]) s.t. ( =0
in R™ and ( =1 in [1,00) and set

xe(se?) = ¢ (s - £+ 1) [1£10%) = 1] +1.

In view of (2.14), we have ||x: — 1HL2(Bp/5) < Ce. Consider the following test function

Xeus in Bys \ B1

U= < U in By \ UB(ﬁZ‘,T‘) . (279)
uf’r in B(0;,7)
Clearly,
- = ~ ~ b
gllf F. < Fe(we) < 7md31n §+W1(go)+W2(B,go)+Wo(fo)+7Td0b2 In E+d0b2fy+05(1)+h(r)
Je

with h(r) = o0,(1). Thus, letting r — 0 as € — 0 we obtain the result. O

2.4.4 Lower bound
We prove that the upper bound (2.76) is sharp by constructing the matching lower bound.

Lemma 2.29. For ¢ = ¢, | 0, up to a subsequence, one may consider v. and o =
(a1, ..., agy) € w¥ as in Theorem 2.22.
Let also go := limtryp, 9. € C*(0B1,SY). Then, the following lower bound holds:

b ~ - -
F(0:, Bg) > mdob? 1Hg +md; hlg +Wo(fo) + Wilgo) + Wa(er, go) + dob™y + 0=(1). (2.80)
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Proof. Asin the proof of Lemma 2.28, we split B§ into three parts: B§ \ By, B1\UB(a;,7)
and UB(a,r). Here, 0 < r < 1 is small.
In B \ UB(a;, ), write 9 = |0z|w.. Using Corollary 2.18 and (2.44) we have

. _ 1 o . . 4 A
Fe(0e, Br \ B1) = —/ _ S U6 PIVwel? + UZ|Voc||? + 55 (1 — [0:[*)?
s 2 B\ 28
1 2 2 | fraros 2, Us L 12y2
= 3 _ JUZIVwe|” + ULV |oe| +ﬁ(1_|vs|) + 0:(1)
By\Bu §
1 N
> —/ _ U2IVwe* +o.(1). (2.81)
2 By\Bi

trop, 0 trogp, v

We take g0 = Llf and f° = 98,7 Note that with this choice of 19, ¢° one may
[trop, Oc| |trop, ve |

apply the results of Sections 2.4.1 and 2.4.2.

From (2.81) we obtain the lower bound in By \ B1:
Fe(be, Be \ B1) = J5 + 0c(1) (2.82)
with Js the energy associate to the minimization problem (Qys).

Let vy be defined by (2.44). Since we have v. — vy in H'(B; \ UB(«;, 7)) and U. — a
in L2(B; \ UB(ay,)), we obtain from Proposition 2.20 and Lemma 2.27

A — 1
F¢(be,B1 \ UB(, 7)) > = / a?|Vg|? + o0c(1)
2 JB\UB(air)

1
> —/ a2]V0+V¢0]2+05(1)
2 JB\UB(ai,m)
= K(r)+ O(r|lnr|) + o:(1), (2.83)

here K(r) is defined by (R,).
In order to complete the proof of the lemma, we need to obtain a sharp lower bound
in each ball B(a;, 7). Actually we will prove that

Fe(b2, B(y,r)) > V2 I(E/b,7) + 0.(1) + 02(1), (2.84)

here, I(£/b,r) is defined in (2.77).
Estimate (2.84) is equivalent to

Fe (e, B(ey,r)) > 2 I(E/b,7 4+ 12) + 0,(1) + 02(1). (2.85)

Indeed by (2.78) we have I(&,7 +12) — I(&,7) = o,(1).

The construction we use below was made by Lefter and Radulescu in [45] and [44].
From Proposition 2.20, we know that vy = e!%iT¢«+%i) with ,, 1; harmonic, and therefore
smooth in B(w;,n) (n > r small). Set o; = ¢, + ;. Without loss of generality, we can
assume that «; = 0 and 0;(0) = 0. Consequently, |o;(x)| < Clz| with C' independent of 7
and |z| <. Let

b = A€ @it where A\, = | Oe].

From Proposition 2.17 and (2.54), we obtain that

ol — o;in HY(B,,,2 \ B,), (2.86)
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: - 1
Ae — 1in HY(B,,,2 \ B,) and 5—2/ (1= X)*—0. (2.87)
Br+r2\BT
Let
0o (se¥%) if s €[0,7)
0;\ __ 2
se’t) = 1-A — .
Ge(se™) 28(3—7“)—1—)\5}exp{z(@i—i—aéis—i_z +T>} if s € [r,r +r?
r r

Clearly, 3. € H! /|$|(BT +,2). Consequently,

T

V2I(E/b, 7+ 12) < Fe(ve, By) + Fe(Be, Byyy2 \ Br) + 0(1).
From (2.87), we easily obtain that

[ s+ ga-1a) = o,
B,,,2\Br §

It remains to estimate

_ 2 2
o)

Join

From (2.86)

. —_ 2 2
e
Br+r2\B7‘ r Br+r2\B7‘

Since |o;(se??)| < Cs, |9504] < C and |0p,04] < C's we have

—5 412 2
\Y {Hi + Ui$}‘ +0:(1).

2

2 2 2 2 2
'v {gi + UWH S PPt e s} P Pl b i
r r r r r
< C [(1 +r72) + T‘_Q] = O(r ).
Since |B, 2 \ By| = O(r3) we find that
/ v{eﬁa;W} — O(r).
Br+r2\E r

It follows that Fg(ﬂs, B, 12\ By) = O(r) 4+ 0:(1). Consequently, (2.85) holds and thus we
obtain (2.84). Combining (2.82), (2.83) and (2.84), together with (2.71) and (2.75), we
obtain

A

Fi (02, By)

Y

Is + K(r) + b*1(£/b,r) + 0-(1) + 0,(1)
= Wd% lng + 7Td0b2 hlg + Wo(fo) + W(a,go) +
+ dob®y + 0:(1) + 0,(1). (2.88)

Letting » — 0 as € — 0 we obtain the result. O
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2.4.5 The function gy and the points {a, ..., a4, } minimize the renormal-
ized energy

Ip the previous section, we obtained an expansion for the energy of the model problem:
Fe(be, B).

Let us summarize: using (2.76) with (2.80) we obtain for € = ¢, | 0, up to a subse-
quence, by Theorem 2.22, there are gy = lim tryp, 9. and a = (v, ..., ag,) € W% s.t.

N b - -
Fe(b., Bo) = mdgh? ng+ 7d21n g W (e, go) + Wolfo) + dob>y + 0-(1),  (2.89)

with
W (e, go) = Wi(go) + Wa(ex, go)-

The goal of this section is to underline an important property of the points a: it minimizes
the quantity inf occe 9B, s1) W(-,g%).
We have the following

Proposition 2.30. Let B8 = (B4, ..., 34,) € w® be a do-tuple of distinct points and let
g° € C(9By,SY) be s.t. degyp, (¢°) = do. Then

W (e, go) < W(B,¢°).

Proof. Let (B, ¢°) be as in Proposition 2.30.
Using the test function given by (2.79), we obtain that for all € > 0 and r > 0 (small)
there is w, € H} (Bg,@) s.t.

. b ~ ~
F(we) = mdob? In g+ mdf 10 5 4+ W(B, %) + Wo o) +doby + bt + 1

here hl = 0.(1) and h2 = O(r).
On the other hand, for a sequence € = ¢, | 0, by Theorem 2.22, from (2.89) we have

W(B,9°) > W(a,go) + 0-(1) + 2.

Previous estimate implies (letting e — 0 and r — 0) that W (8, ¢°) > W (e, go) which ends
the proof. O

Thus, for B = (B1, ..., 34,) € w™ we define

W(B)= inf  W(B,5) = inf _ Wi(3)+Wa(B,9) (2.90)
GEC™>(0B1,SY) geC™>(8B1,Sh)
degpp, (§)=do degpp, (§)=do

with W, and Wy given by (2.72) and (2.75) respectively. It follows that for a given by
Theorem 2.22 and gy = tryp, vo:

W(a) = W (e, g0) < W(B) for all B = (B, ..., ) € ™.

2.5 Proofs of Theorems 2.1 and 2.3

In this section v, is a minimizer of F, in Hgl(Q, C). We divide the proofs of Theorem 2.1
and 2.3 in three steps:
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e (Section 2.5.1) Using estimates on |v.|, we first localize the vorticity in a neighborhood
of a selection of inclusions. Next we give an energetic decomposition (with a bounded
error term) dividing the domain 2 in two parts: outside a neighborhood of the selected
inclusions and inside a neighborhood of the selected inclusions.

e (Section 2.5.2) We study the asymptotic behavior of v., we prove that, for small ¢, v,
admits exactly d zeros and all the zeros have a degree equal to 1.

e (Section 2.5.3) We gives an expansion of F;(v.) with an error term o.(1) and we prove
that the selection of inclusions which contain the vorticity is related to the renormalized
energy of Bethuel, Brezis and Hélein.

2.5.1 Locating bad inclusions

The following result gives a uniform bound on the modulus of minimizers away from the
inclusions.

Lemma 2.31. There exists C > 0 s.t. for small € we have
1. Jve] > 1—C|lne[~'3 in Q\ UM, B(a;,0),

2. there are at most d points a;,, ...,a;, (1 <d =d. <d)s.t. {jv.| <1-C|lne[7/3} C
Uglle(aik’é)'

Proof. Using Lemma 2.7 with y = |Ine|™"/3, we obtain that there exist C,C; > 0 s.t. for
g > 0 small,

if F.(v., B(z,eY%)) < \lns\% — () then |ve| > 1 — C in B(z,e'/?).
We prove 1. by contradiction. Assume that, up to a subsequence, there is z. € Q\

UM . B(a;,9), s.t. [ve(z:)] <1 —C|lng|~Y/3 with C given by Lemma 2.7.
From Lemma 2.7 and Proposition 2.5

1 1
5/ {\wa\? +—01- 1%12)2} > |Ine]'/? — 0(1). (2.91)
3(15751/4) 2e

Fix a bounded, simply connected domain Q' such that Q C €, and extend v, by a fixed
smooth S!-valued map v in @'\ Q, s.t. v =g on 9.
In view of (2.11) for Case I or (2.12) for Case II, there exists C' > 0 s.t. for small ¢
L wer+ La 2?2 < ()1
5 Q,| Ve +@( = [ve[7)” < ClInel.

Therefore, the map v. in ' satisfies the condition of Theorem 4.1 [65]. This theorem
guarantees that

e there exists B = {B]6 }, a finite disjoint covering of the set
{z € Q' |dist(z,09) > /b and |v:(z)| < 1 — (¢/b)/8},

e such that rad(B°) := >, rad(B;) < 1072 - dist(w, dB(0,1)) - 4,
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e and denoting d; = |degyp, (ve)| if Bf C {dist(z,0(Y') > ¢/b} and d; = 0 otherwise we
have

- - > 7Y djln’-C
2/LJB;WU€‘ tom (=7 = 7 ) djln

= 7Y dj|ln¢ - C, (2.92)

with C independent of e.
Note that since [ve| =1 in @'\ Q, if d; # 0 then B C {dist(z,0Q') > ¢/b}. Consequently,
we have d; = |degype (v:)|.
J
Assertion 1. follows as in the proof of Proposition 2.9 (use (2.91), (2.92) instead of

(2.20) and (2.22)).
The proof of Assertion 2. of Lemma 2.31 goes along the same lines. O

We next obtain some lower bounds for the energy.

Lemma 2.32. For k € {1,...,d'}, we denote dj, = d, = degaB(aikﬁ)(vE). There exist
C,no >0 s.t. for small € and p € [26,m9] we have

d
1
—/ IVve|* > 7> di|Inp| - C (2.93)
2 U Blaiy,.p) k=1
and
F.(ve, B(a;, ,26)) > |dg|b?|In&| — C. (2.94)

Proof. Let ng = 1072 min; {dist(a;, 0Q), min;z; |a; — a;j|} and 0 < p < no.
We prove (2.93). By Lemma 2.31, |v:| > 1/2 in Q\ U¢_, B(a,,, p), therefore, w, = =

~ Toel

is well-defined in this domain. From direct computations in B(a;,,n0) \ B(ai,,p) we have
1 d
—/ Vw2 > 7 d?in . (2.95)
2 Q\U¢_, B(aiy, ,0) i=1 P

We claim that the bound (2.93) holds with C' = |Inng|+1. Argue by contradiction: assume
that up to a subsequence we have:

d
1
—/ Vee> <7y diIn 1. (2.96)
2 Q\UE_, B(ag;, p) i=1 p
On the other hand, we have

|VU€|2 = |v€|2|Vw€|2 + |V|U€||2

and therefore

/ vl = [ Vw2 = (1— o) Ver2. (2.97)
Q\Ug:IB(aik 0) Q\U‘éle(aik ,0)

Using the fact that |v-| > 3 in Q\ U{_, B(a;,, p) we see that [Vw.| < 2|Vo.|. Therefore,
by (2.96), (H) and Lemma 2.31 we estimate the last term in (2.97):

1
ol g, (2.98)

Ine|s

/ (1= 0. [2)| Ve |2 < cunay—%/ Vo> <C
Q\nglB(aik ,0) Q
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By combining (2.95), (2.97) and (2.98), we see that (2.96) cannot hold for small ¢; this
implies (2.93).
—a;,

We now prove (2.94). Performing the rescaling & = z 5=, we obtain

. 1 - 1 -
F-(v, B(a;,,26)) = Fe(d, B(0,2)) = _/ {Uf\w\? + UM - \@12)2} dz,
2 /B(0,2) 28
where, as in the model problem we set 9(z) = v(0&) and £ = %

By Theorem 4.1 [65], for » = 1072 there are C' > 0 and a finite covering by disjoint balls
By, ..., By (with the sum of radii at most ) of {& € B(0,2 — £/b) |1 — |0.(2)| > (¢/b)}/8}
and

1 . b? .
5[ {1wor s gma - o2} 2 noume - c. (2.99)
Uij 5

Dy =3_;Imj| and

degaBj (0e) if dist(B;,0B(0,2)) > £/b
M — .
I 0 otherwise

Since, by Lemma 2.31, |0;] > 1/2 in B(0,2) \ B(0,1), Dy > di, and (2.94) follows from
(2.99) and the estimate U, > b.
O

Corollary 2.33. Assume that M > d. Then d' =d and dj, = 1 for each k.

Corollary 2.34. Assume that M < d. Then d = M and dj, € {[%] , [%] + 1} for
each k.

Proof of Coroallary 2.33 and 2.34. By combining (2.93) and (2.94) we obtain the lower
bound for F; in €:

M
F.(v)>7) {degaB(ai,(S) (v2)?| 06| + b?|degy p(a, ) (ve) 111€|} - (. (2.100)
i=1

The conclusions of the above corollaries are obtained by solving the discrete minimization
problem (2.100). O

As a direct consequence of Proposition 2.6 and Lemma 2.32, we have

Corollary 2.35. There is C' > 0 independent of € s.t. for 1 > p > 26 we have

d/
Ve dz = 7Y dillnp|+O(1)
k=1

)
2 Jo\ud_, Blas, )

md|In p| + O(1) in Case I
M
7 _ min Z d?|Inp| +O(1) in Case IT-

~J1,...,CZMGZ i—1
di+...4+dp=d
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2.5.2 Existence of limiting solution

We now return to the proof of Theorems 2.1 and 2.3.

Recall that {if,...,i5 } is a set of distinct elements of {1,...,M}. Since, up to a subse-
quence, this set does not depend on €, we may simply denote it by {i1,...,i¢}. We keep
in mind the fact that we already selected the €’s s.t. 7; is independent of €. In Case I, we
have d’ = d and we may assume that {iy,...,ig} = {1,...,d}. In Case II, we have d' = M.

Lemma 2.31 and Corollary 2.35 imply that for an appropriate extraction ¢ = ¢, | 0
and for a compact K C 2\ {a;,,...,a;, }, there is Cx > 0 s.t. for small &€ we have

Fe(vz-:aK) <Ck

and
lvo(z)] > 1 —C|lne|~'/3 for all 2 € K.

Therefore, when & — 0, up to a subsequence, there exists v* € H(Q\ {a;,,...,a;, },S")
st ve = v* € HE (2 {a;, e iy })-

We now fix such a sequence and a compact K C Q\ {a;,,...,a;, }. If K C Q\ {a;,1 <
i < M}, then we have K Nws = () for small e. By exactly the same argument as in
Proposition 2.12 we deduce that v, is bounded in C*(K) for all k > 0 and 1— |v.|? < Ce?
in K.

Consequently, up to subsequence we have for a compact set K C Q\ {a1,...,ar}

ve — v in C¥(K) and 1 — |v.|> < Cge?. (2.101)

Now, assume that K is s.t. K C Q\ {as,...,a;, } but K Nws # @ (then we are in Case I).

Without loss of generality, assume K = B(ay,, R), where ag, € {ag+1,...,an} and R > 0
is sufficiently small in order to have K N {ay,...,an} = {ag, }-

Let he := trogve. Since 0K C Q\ {a1,...,an}, we have he — hg in C*°(0K) (possibly

after passing to a subsequence). Since deg(h.,0K) = 0 we have deg(hy,0K) = 0 and
consequently there is some g € C®°(9K,R) s.t. hg = €'%0.

Let © be a minimizer of / |Vo|? in the class H%O (K,S'). Clearly,
K

/\V@Pg/ Vo2,
K K

On the other hand, since U, < 1, we may construct (in the spirit of [17]) a test function in
construction by interpolation and find that (see formula (93) in [17])

1
F.(vs,K) < 5/ |V |? + Ce, (2.102)
K
where 1. is the solution of
AY. =0 in K
. =p. on 0K

Here, ¢, is defined by

on 0K.
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As e — 0, we have

AIbQZO in K

. 2.103
Yo =g on JIdK ( )

Y. — 1 strongly in H'(K), where {

From the fact that v. — v, in L?(K), U. — 1 in L?(K) and |U.| < 1 we have U2Vv. — v*
in L2(K). Consequently, we obtain

1
/|v < liminf—/ UZ|Vve|* < liminf F. (v, K). (2.104)
e—0 2 K e—0

Combining (2.102), (2.103) and (2.104) we deduce that

[wer< [ wul = [ 9,

It follows that v* minimizes the Dirichlet functional in
H%O(K,Sl) = {v e HY(K,S'),v = hy on OK}.

We find that hence © = v* in K. By a classic result of Morrey [55] (see also [17]), v
satisfies (2.5). Moreover, as follows from weak lower semicontinuity of Dirichlet integral,
(2.102), (2.103) and (2.104)

/|Vv |2<hm1nf /|Vv€| <hmsupF Ve, K /|Vv .

Therefore,
ve converges to v* strongly in H'(K). (2.105)

From (2.101) and (2.105) we obtained that v. — v* in H} (Q\ {a1,...,aqz}). Conver-
gence up to 02 will be established in the next section.

In order to prove Assertion 3. of Theorem 2.1 and Assertion 2. of Theorem 2.3 ,
note that, for small p > 0, estimate (2.101) implies that f. := 9B (a;, ,p) Ve satisfies the
conditions (2.13) and (2.14) of Theorem 2.22. Thus leads to 3. of Theorem 2.1 and 2. of
Theorem 2.3.

Assertion 3. of Theorem 2.3 is is a consequence of Corollary 2.34.

2.5.3 The macroscopic position of vortices minimizes the Bethuel-Brezis-
Hélein renormalized energy

Let us recall briefly the meaning of the renormalized energy Wy((b1,d1), ..., (bk, d))) with

g € C®(0Q,SY) s.t. degyn(g) =d
b1, ..., € Q, b; 75 bj for i # j
d; € Z and szl =d

For small p > 0, consider Q, = Q\ U;B(b;, p) and the minimization problem

1
L((b1,....b), (d1,....dR)) = inf —/ Vuwl|?.
p((b1, -, bk), (da, oo di)) ey 2 Qp! |
w=g on OS2
w(bi+pe?)=a;e'dif a;eS?
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Such a problem is studied in details in [18] (Chapter 1). In particular Bethuel, Brezis and
Hélein proved that for small p, we have

Ip((bl, ey bk), (dl, ceey dk)) = 7Td’ In p‘ + Wg((bl, dl), ey (bk, dk)) + Op(l).

This equality plays an important role in the study done in [18]. In the minimization
problem of the classical Ginzburg-Landau functional

1 1
5 {170 + 50— P2} e

the vortices (with their degrees) of a minimizer tend to form (up to a subsequence) a
minimal configuration for W,.

We prove in this section that the (macroscopic) location of the vorticity of minimizers
of F, is related to the minimization problem of Wy((b1, ...,bx), (d1, ..., dy)) with by, ...,b, €
{al, ceey aM}.

Here we treat Case I (Theorem 2.1). Case II settled along the same lines.

The proof of Assertion 4. relies on two lemmas, providing sharp upper and lower
bounds.

Lemma 2.36. There exists pg > 0 s.t., for every p < pg and every € > 0, we have
F.(v;) < md|Inp| +dJ(e, p) + Wy((as,, 1), ..., (aiy, 1)) + 0p(1), (2.106)
where J(g,p) = infueH;p(Bp(o)) F.(u) with g, = z on 0B(0,p).

Proof. The proof, via construction of a test function, is the same as proof of Lemma VIII.1
in [18]. O

Lemma 2.37. Let p >0, p < po. Then for small € we have
F.(ve) > wd|Inp| + dJ (e, p) + Wy((ai,, 1), ..., (aiy, 1)) + 0,(1). (2.107)

Proof. Split the domain 2 into two sub-domains: Q\U;B(ay,, p) and U; B(ay,, p). We start
with the lower bound in the first sub-domain. By previous estimate v. weakly converges
to v* in HY(Q\ U;B(ay,, p)). This implies that

1 1
mmﬁ—/ (ﬁwmﬁz—/ IVo*|?.
2 Q\UyB(aiy ,p) 2 Q\Ui B(aiy,.p)

Here, we used the fact that, since U. — 1 in L?(Q), |U.| < 1 and Vv, — Vo* in L%(Q\
UrB(ai,, p)), we have U.Vv. — Vo* in L2(Q\ UpB(a;,, p)).
Thus we deduce that, for small ¢,

1 1
5/ I@W%Pzi/ (Vo2 — p2. (2.108)
Q\UkB(alk 7p) Q\UkB(alk 7p)

On the other hand, as proved in [18],

1

—/ |Vo*|? > ﬂ'dln - —|— Wy((aiy, 1), ..., (ai,, 1)) +0,(1). (2.109)
2 Jo\uiBlay»)

Thus, combining (2.108), (2.109) and using Proposition 2.5, for e sufficiently small, we
have

F.(ve,Q\ UpB(ai,, p)) > ﬂ'dln p + Wy((ai, 1), ..., (aiy, 1)) + 0,(1). (2.110)
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By Theorem 2.23 and Corollary 2.33 we have the following energy expansion:
F.(ve, B(ai,, p)) = wln p+ab?| Ine|+m(1—b%)| In 5|+ W () + Wo(fo) +b%y+0-(1). (2.111)
Similarly, applying Theorem 2.23 to J(e, p) we obtain
J(e,p) =mlnp+7b?|Ine| + m(1 — b%)|Ind| + W () + Wo(z/|2]) + b2y + 0:(1). (2.112)

Here, the local renormalized energy W(a) is given by (2.90) and is the same in (2.111)
and (2.112). . }
From (2.73), Wy(fo) > 0 while W0(|—j|) = 0. Consequently, we have F(v., B(a;,,p)) —

J(e,p) > 0:(1). Hence Vp > 0 there exists ¢, > 0 s.t. for ¢ < ¢, we have

FE(UE’B(aik’p)) > J(e,p) - P2

and thus

F.(ve,UrB(ai,, p)) > dJ (e, p) — dp*. (2.113)
Which gives the lower bound in the second sub-domain. From (2.110) and (2.113) the
bound (2.107) follows. O

Combining Lemma 2.36 and Lemma 2.37, we see that the points {a;,1 < k < d}
minimize W, among a1, ...,aps. The expansion (2.6) follows from (2.106), (2.107) and
(2.112).

We next turn to convergence of v, up to the boundary. It suffices to prove the H!-
convergence of v in Q, = Q\ Uy, B(a;,,, p) (for small p > 0). We argue by contradiction
and we assume that there are some p; > 0 and 1 > 0 s.t.

1 1
lim inf —/ Voe|? > —/ |Vo* |2 + 1. (2.114)
2 Qp, 2 P1

Note that for all p < py, (2.114) still holds in €2,,.

If, in the proof of Lemma 2.37, we replace (2.108) by (2.114) (with p; replaced by p),
then we obtain for small p a contradiction with Lemma 2.36. The proof of Theorem 2.1 is
complete. The last assertion of Theorem 2.3 is obtained along the same lines.

Appendix 2.A Proof of Proposition 2.5

Let xg € Vg be s.t. B = B(xo, R) C Q \ W5 and assume that xg = 0.
We follow the proof of Lemma 2 in [17].
In Br, n =1 — U, satisfies

—2An+tn=-n(n?>-3n+2—1t) in Bgr
n<l1 on 0Br '’

here, ¢t will be chosed later.
Since n € (0,1 —b), if we take t = b(1 + b), then we have

—e2An +1tn <0 in Bg.
On the other hand, the function w(z) = ¢7(=*~F*) satisfies

—2Aw + tw = [-4e?y(1 +7[z|*) + tjw in Bg
w=1 on 0Br
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A simple computation gives that

_g2 ; _ 2 2
e“Aw +tw > 0 in By S0<n< €+ Ve —i—tR‘
v >0 2R2¢
Take
—e+ Ve2 + tR?
= > 0.
2R%e

Setting v = 1 — w, we have

—e2Av+tv <0 in Bg
v<0 on JBpg.

By the maximum principle, we have v < 0 in Bgr. Therefore,

_ /2 tR2
U(U)SGXP{— = 25 i }SCe_QR-
g

Consequently, (2.9) holds in {z € Q|dist(z,09) > R,dist(z,ws) > R}. The estimate
close to the 0 is a direct consequence of 0 < U, <1, (2.9) holds in {z € Q|dist(z, 02) >

1
R,dist(z,ws) > R} and the equation —AU, = 6—2U€(1— |U-|?) in {z € Q|dist(x,ws) > R}.

Using a similar argument, we establish (2.9) in the case Vg Nws. The proof of (2.9) is
complete.

In order to prove (2.10), note that in Wg := {z € Q| dist(z, dws) > R, dist(x,0Q) > R}
the function 1 = a. — U, satisfies An = %(ag —U2). Thus, applying Lemma A.1 [17] to
in conjunction with (2.9) and the fact that R > ¢, we obtain

_¢cR

C ra
IV < =

in Whg.

Thus (2.10) holds far away from 09 and the inclusions.
We next prove that the bound (2.10) holds near 9S.
Indeed, fix a smooth compact K C €2 s.t. for small  we have wsg C K. Clearly, by
(2.9), 0 < g = traggn < Ce™ . InQ \ K, n satisfies
An = 8%U(l%—U)n in Q\ K
n=20 on 0f2
n=nNK on 0K

Let n = m1 + 12 be s.t. 11 solves

Am =%U1+U)y inQ\K
m =0 on 02U IK

and 1o satisfies
Ay =0 in Q\ K
n2=0  on N
n2 =nKr on 0K

cR

Note that ||n2]|fee < Ce™ and thus lmllpee < Ce™ <.
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Lemma A.2 in [17] implies the existence of a constant Cq\x > 0 s.t.

cR

C e
V| < % nQ\ K.

In order to estimate Vny near 02, we express 72 in terms of Green’s function G(z,y) in
O\ K: function, i.e.

mie) == [ )G . 0)as0) (2115

It follows from (2.115) and (2.9) that |Vnq| < Coe™ away from 0K . The estimate (2.10)
is proved.

Appendix 2.B Proof of Proposition 2.6

This appendix is devoted to the proof of Proposition 2.6.
We prove the first assertion: when M > d we have

inf  F.(v,Q) < wdb?| In€| + 7d|Ind| + O(1).

B Fe0.9) < w1+ O(1)

Fix first d distinct points-centers of inclusions a1, ..., ag. Let pg := 10~2-min(dist(a;, 09), min;; |a;—

a;| > 0). Consider @ to be a smooth fixed function in Q \ UL, B(a;, po), such that 3| = 1
in Q\ Ul B(a;, po) and

S

=g on O}

(3:) = |i:22| on aB(ai,po) '

Such a function clearly exists since the compatibility condition degyn(g) = Zgzl degsB(a;,po) (V)
is satisfied. Let co = 1072 - dist(0, Ow). For every 1 < i < M, consider a disc B(a;,cod) C
wf;. By the choice of ¢y, we have dist(dws, B(a;, cod)) > cod. Therefore, using Proposition
2.5

S}

U2 — 5% < Ce™ % in B(as, cod). (2.116)

Consider the test function v defined as

o(x) for x € Q\ U;B(a;, po)

Tr — a; —
vi(z) = 7 — a] for x € B(as, po) \ B(ai,€) |
Sl for = € B(a;,¢)
€

Using (2.116) and (H) we have

inf F.(v,Q) < F.(v§
ve}%(ﬂ) e(v,Q) < 6(”0)

IN

mdb?|Ine| + wd(1 — b%)|Ind| + C = 7db?| In €| + nd|Ind| + C.
Now we prove the second assertion: when M < d we have

inf  F.(v.Q) < wdb?|1 d?|né| + C.
ot Fe0, @) <m |n£|+7r§i: In | +

Let dy,...,dys € Nbes.t. S d; =d. Set cg = 1072¢ - dist(0, dw). For i € {1,..., M} s.t.
d; >0, fix a4, ..., 4, ; € B(0, 10%¢y) C w s.t.

min <Hi£ lovji — i, dist (a4, 8w)> > 4cy.
J
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Consider an e-dependent map o5 € H (2 \ Ug,~0B(a;, 109¢y6),St) s.t.

U5 =g on 0f)
on 0B(a;,10%6)

and satisfying
/ IVE§* <7 df|Ind|+C
Q\Udi>QB(ai,10dCO5)

with C depending only on €, w and g.

(Such maps do exist, e.g., consider the map introduced in [18], Remark 1.5.)

Fori € {1,..., M} s.t. d; > 0, we consider a map v{ € H*(B(0, 1Odco)\U?i:1B(aj7,~, £),Sh)
s.t.

e v5(z) = 2% /|2|% on 0B(0,10%),

)

e v5(z) = (v — aj;)/|v — | on OB(ay,§),

. / . |Voi|? < wd;| In €| + C with C depending only on w.
B(0,10%c0)\UjL ; B(ej,i.,€)

(For example, the map considered in Remark 1.5 in [18] has these properties).
One obtains a test function satisfying the bound (2.12) by rescaling the v;’s (in order
to have maps defined in balls of size ¢) and gluing the rescaled maps with v§.

Appendix 2.C Proof of the n-ellipticity Lemma

The main argument in the proof of the n-ellipticity result is the following convexity lemma

Lemma 2.38. [Convezity Lemma]

Let C' be a chord in the closed unit disc, C' different from a diameter. Let S be the
smallest of two regions enclosed by the chord and the boundary of the disc.

Let O be a Lipschitz, bounded, connected domain and let g € C(00,5).

Assume that v minimizes Ginzburg-Landau type energy

o) = /O {a(@)|Vol? + Ba)(1 - oP)?)} d

n H;(O), with &, B € L®(0,R) satisfying essinfé > 0, essinf3 > 0. Then v(0) C S.

Remark 2.39. This statement generalizes Lemma 8 in [15] (there & = 1,3 = 1/(2¢2)).
However, the proof in [15] does not apply directly to our situation.

Proof. Clearly, one may assume that O is connected.
We start by noting that v has the following properties:

e v is continuous in O (this relies on the equation satisfied by v, on Theorem 2 in [52| and
on Sobolev embeddings).

v if vl <1

e |[v| < 1. Indeed, consider the test function o' = ¢ v if o] > 1 Since v’ has more
|

energy than v, we find that |[v| <1 a.e. and thus |v| < 1.
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Without loss of generality, we may assume that, for some p € (0,1), we have C' = {z €
B1(0) : Rz = pu} and S = {z € B1(0); Rz > pu}.

The map w := |Rv| + iSv equals g on 9O and has the same energy as v. Thus w
minimizes F. In particular, w is continuous. Therefore, if we prove that w(0) C S, we
will have v(O) C S. In conclusion, we reduced the problem to the case where Rv > 0.

Let P be the orthogonal projection on S. When z € B1(0) N {z > 0}, we have

z if Rz > p
P(z)=q pu+iSz if |2 < /1—p2and Rz < - (2.117)
A+ i(sign S2)y/1 —p? if |Sz] > /1 —p? and Rz < p

One may check easily that
|z| < |P(z)] <1 for z € B1(0)N{Rz > 0}. (2.118)

Set ¥ (z) := P(w(z)), which equals g on 0O. Since P is 1-Lipschitz, we have |Vi| < |Vw|.
On the other hand, (2.118) implies |w| < || < 1. Consequently, F(¢)) < F(w).

Since w is a minimizer, ¢ is also a minimizer. Using the previous pointwise estimates
and the equality of the energies, one may conclude that |¢(z)| = |w(z)| for each z (by
continuity of w and %) and |V¢| = |[Vw| a.e.

By solving the equation |z| = |P(2)|, we see that |¢| = |w| implies that w takes values
in SUV, where V := {2/ € S'|0 < Rz < u}.

We have to prove that U := w™ (V) = (. We argue by contradiction and assume
U # . Then U is open, since U = O \ w™!(S) with S a closed set.

We first prove that w is locally constant in U. Indeed, in U, w satisfies div(aVw) = 0.
Since w € HY(U,S!), we may write, in U, w = €', where ¢ € H! [21]. Let ¢ € C°(U). If
we multiply the equation div(&@V/(cos ¢)) = 0 by ( cos ¢ and the equation div(aV (sin¢)) =

0 by (sin ¢ and add the two results, we obtain /&C!V@]Q =0, so that ¢ (and thus w) is

locally constant in U.

Let W # () be a connected component of U, so that w = s € V in W. Consider the
non empty set Y := w1 ({s}). Then Y is open in O (since w is locally constant in U),
and clearly Y is closed in O. Therefore, Y = O, i. e., w = s in O. This contradicts the
facts that g : 00 — S, trgpw = g and s ¢ S. O

We prove the first part of the lemma 2.7. Let z € Q be s.t. dist(z,0Q) > e'/4. We
have

FE(UE,B($,€1/4)) > b

1
5 Vo2 + =(1 —|v.|? 2}
B 2/3(:1:,51/4)\W{’ E’ 62( ‘ 6‘ )
1/4

b [ 1 1
:_/ _'T/ |VU€|2+_2(1_|U6|2)2 .
2 el/2 T OB(z,r) 9

By Mean Value theorem, exists r € (51/2, 81/4) s.t

1 2F (ve, B(x,e'/4
7n/ {‘V%‘Q—F—Q(l— ’1)6’2)2} S b z—:( 61 ( ))
8B(z,r) € 7lIneg]

There is Cy = Cy(x,b) > 0 s.t if F.(v., B(z,e'*)) < x?|1In¢|, we have

Var(ve, 0B(x,r)) < Cax, where Var (ve,0B(x,r)) := / |0 ve|. (2.119)
OB(z,r)
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It follows that
[ve|? > 1 — 3Cyx on OB(x, 7). (2.120)

Indeed, arguing by contradiction, assume that there is ¢, | 0 and y, € 9B(x,r) s.t.
[ve,, (yn)|? < 1 — 3Cyx. Using (2.119) we obtain that

]van\Q <1—Cox on OB(z,7)

which implies that

. 2,22
271'022)(26%(2 1) < 277022TX
6n
r
< = (1 — [ve,[*)?
€n JOB(x,r)
%an(vgn,B($,€n1/4)) < 8_X2
- +lne,| b

Clearly, the previous assertion gives contradiction.
From (2.119) and (2.120), there is C' = C(x,b) > 0 and g9 = g9(x) > 0 s.t. for € < &p,

Ve : OB, — {z € By |Rz > 1 - Cx}.

Using Convexity Lemma (Lemma 2.38), we find that |v.| > 1 — Cx in B(z,r) D
B(z,e'/?).
If dist(z, 0Q) < e/, we denote S, = QN IB(xz,r), r € (¢'/2,e/4). Clearly, we have
cl/4

2 —_— 1 1
gFg(vg,B(x,al/‘l) \ B(z,el/2)) > / - -rdr/s {]V%P + 5—2(1 — \05\2)2}.

/2 T

Using a mean value argument and the facts that g. — go in C1(99Q,S!) and that 0 <
1 — |ge| <, there are r € (¢1/2,e'/4) and C; = C1(||gol|c1, Q) s:t

1 2F (ve, B(z,e/%)) + C
T/ {|8706|2+_2(1_|U€|2)2} < : = 1( )) 1'
&(B(z,r)NS) 3 7l Ineg|

Using the same argument as before (taking O = QN B(x,r)) we obtain the desired result.
We prove the second part of the lemma. Let p € (0,1) and 2 € {dist(x,d9) > £'/4}.
Using mean value argument, there is r € (¢1/2,1/4) s.t

1 2F.(ve, B(x, Y4
7n/ {‘V05‘2+—2(1— ’7)5’2)2} < b 5(1)51 (1‘ € ))
8B(:v,r) 3 Z| In €|
There exists C; = Cy(u,b) > 0 s.t if F.(ve, B(x,e'/*)) < Cy|Ing|, we have
—u
10

By Convexity Lemma |v.| > p in B(z,r) D B(z,e'/?).
If dist(z, 0Q) < €'/, denote S, = QN IB(x,r), r € ('/2,e1/4). Since

Var(ve, 0B(z, 1)) < ! 1—n

and 1 — |v| <

on 0B(x,r).

2 — e 1
PRoe B\ Bl ) 2 [ rar [ fivae - ez
b cl/2 T S, €

and using the conditions on g, by mean value argument there is r € (51/ 2 g1/ 1) st

L 2F.(ve, Bz, e'/) + C ,Q
g [+ - ) < BB+ Clller.)
A(B(z,r)NQ) € 7lne|

Using the same argument as before, the statement of the lemma follows.




Chapter 3

The Ginzburg-Landau functional
with a discontinuous and rapidly
oscillating pinning term. Part I: the
zero degree case

In Collaboration with Petru Mironescu and

Oleksandr Misiats, to appear: [37]

We consider minimizers of the Ginzburg-Landau energy with pinning term and zero
degree Dirichlet boundary condition. Without any assumptions on the pinning term, we
prove that these minimizers do not develop vortices in the limit ¢ — 0. We next consider
the specific case of a periodic discontinuous pinning term taking two values. In this
setting, we determine the asymptotic behavior of the minimizers as ¢ — 0.
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80 3. A DISCONTINUOUS AND RAPIDLY OSCILLATING PINNING TERM. PART I

3.1 Introduction

Let Q C R? be a simply connected domain and let a. : Q@ — R be a measurable function
such that 0 < b < a. < 1. We associate with a. a generalized Ginzburg-Landau type

energy
1 1
B = [ {0 + 232w - )PP f s (3.1)
Q 9
Here, u € H'(Q,C) and & > 0 is the inverse of the Ginzburg-Landau parameter.
This variant of the standard Ginzburg-Landau type energy (which corresponds to a. =
1) is called Ginzburg-Landau functional with pinning term a. or pinned Ginzburg-Landau
functional. We quote here few relevant papers among the vast literature concerning this
energy functional.

e In [5], the authors consider the case where a. = a € C%(Q) is independent of e.

e [43] and [9] treat the case where a. = a is independent of € and takes the value b in
w and 1 outside w, with w smooth subset of 2. The latter article considers the case
of an applied magnetic field.

e In [1], a. depends on € and is smooth. The oscillation rate of a. depends on e.

The goal of this chapter is to study the pinned Ginzburg-Landau functional with a fast
oscillating discontinuous pinning term a.. This may be viewed as a simplification of more
realistic models which describe superconductivity phenomena for composite superconduc-
tors. (See the introduction of Chapter 2)

Our pinning term is periodic with respect to a § x § grid where 6 = d(¢) — 0. Asin [1],
due to the fast oscillations, this problem is related to a periodic homogenization problem
(depending on the relation between ¢ and J).

The boundary condition we consider is the Dirichlet one. More specifically, we fix some
g € H'/2(9Q,S!). Our class of test functions is

H; = {u e H'(Q,C)|u =g on 9Q}. (3.2)
We consider solutions u,. of the minimization problem

uienlggl E(u). (3.3)

In this chapter we will consider only the case where the boundary data g has zero
degree. The case where the degree is not zero requires additional techniques and will be
investigated in a forthcoming paper.

Recall that the degree (winding number) of g is defined as

1
degynlg) = Py /(mg x Orgdr =0,

where:
e For z € C, Rz denotes the real part of z and Iz denotes the imaginary part of z.
e "x" stands for the "vectorial product" in C, 21 X z9 = S(Z122), 21,22 € C.

e 7 is the unit and direct tangent vector at 92, i.e., denoting v to be the unit outward

normal to 9, one has 7 = vt.
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e 0, is the tangential derivative.

This degree is an integer. For a proof of this assertion and for more properties of the
topological degree of g, see e.g. [26] or [13].
If u. is a minimizer of the problem (3.3), then it satisfies the Euler-Lagrange equation

1, o
—Au, = 6—2u€(aE —|ue®) in Q (3.4)

Us = ¢ on@Q'

Following [43|, one may prove that in the special case g = 1 there is a unique minimizer
U.. Moreover, this minimizer satisfies b < U. < 1. This U, plays an important role in
the study of Ginzburg-Landau functional with pinning term. Indeed, define, for u € H, gl, a

new map v = Len ;. Then E. decouples as follows [43]

Ue
Ee(u) = Ec(Uv) = f(e) + Fe(v), (3.5)
where ) )
10 =B, R)=g [ {oAvep s uta-per). e

Therefore, © minimizes E. in H, ;(Q) if and only if v minimizes F; in H, ;. In what follows,
we denote by v, a minimizer of F; in H, ;.

Following again [43], we have |v:| <1 and |u.| <1 in Q.

From (3.5) and (3.6) we see that the study of the pinned Ginzburg-Landau is reduced
to the study of the weighted Ginzburg-Landau functional F; and to the study of the
asymptotics of U,.

The plan of our work is the following: in Section 3.2 we prove a "clearing out" result

(Theorem 3.1). More specifically, we prove that v, is "vortexless" for small €, i. e., that
|ve| — 1 uniformly in Q as ¢ — 0. (Recall that degyq(g) = 0; this assumption is essential
for our conclusion.) This result is true for any weighted Ginzburg-Landau functionals.
Such general functionals are defined by formula (3.7) and do not require any assumption
except uniform bounds on the weights. In particular, clearing out does not rely on any
periodicity assumption. We believe that this result has its own interest.
The clearing out result reduces the study of the behavior of v, to the one of S'-valued
maps. In other words, we will reduce the problem of minimizing F. in the class of all test
functions to the one of minimizing F. in the class of S'-valued maps. The latter problem
will be studied in detail in Section 3.3. There, the asymptotic analysis of minimizers of the
F. among S!-valued maps, combined with an asymptotic analysis of U, (analysis performed
at the beginning of Section 3.3), will allow us to conclude Section 3.3 by describing the
behavior of u. as ¢ — 0.

3.2 Clearing out for general weighted Ginzburg-Landau type
functionals

Let b € (0,1) and let a. € WH®(Q), B. € L®(Q) be such that b < a., 3. < 1. We
associate to a. and (. the weighted Ginzburg-Landau type functional defined through the
formula

F.: HY9Q,C) — R+
1 s B 22 | - (3.7)
v e §/ﬂ{a€|Vv| + 50 P)
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Let g € HY2(09,S') be such that degyn(g) = 0. For ¢ > 0, we denote by v. a
minimizer of F, in H gl. One may easily prove that v, satisfies

ﬁe

—div(a:Vve) = 2 ve(1 = |v|?) in Q

. (3.8)
Ve =g on 0f2

Since degyn(g) = 0, we have [17] HI(Q sH={ve H1 [lv] =11in Q} # 0.
If we take any fixed map v € Hl(Q S') as a test functlon for F., we find that there is Cy
depending only on g such that

UEI}l}llr(lQ)F( v) = F(ve) < Ch. (3.9)

3.2.1 Uniform convergence of |v.| to 1

This part is devoted to the proof of the following theorem.
Theorem 3.1. When e — 0, we have |v:| — 1 uniformly in Q.

For the convenience of the reader, we split the rather long proof of Theorem 3.1 into
two parts.

Theorem 3.1 holds far away the boundary

We prove that, for sufficiently small €, |v.| is arbitrarly close to 1 outside an 2/e-neighborhood
of 09Q2.

Proposition 3.2. Let ¢, | 0 and {z,}, C Q be such that dist(z,,0Q) > 2y/c,,. Then
[V, (n)] = 1.

Proof. We write ¢ instead of ,. Let n be sufficiently large such that /¢ > ¢ and consider
the circular annulus B z(zn) \ Be(zn).
From (3.9), we have, with C, := {|x — x| = r},

/ o {ivp+ 20 -]
/5 o [ {ron+ 502}

By mean value argument, there are C; (depending only on ¢, and b) and r € (e,/¢)

such that
1 C
24 (1- < 1 1
/CT{’VUE’ ( ’UE, ) } — |1n€| (3 O)

Lemma 3.3. Let 6 > 0. Then, for large n and for r as in (3.10), we have

b
COZZ
b
4

1. Var (ve,C,) < 6, where Var (v, C / |0-ve|;

2. |ve] > 1—20 onC,.
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Proof. Assertion 1. is a direct consequence of the bound (3.10), which yields

2 2 2rCy
(Lot} < ([1ved) < [ 1] 1vor=om [ jvop < T2,
) ’ e, c. [Inel

It follows that, for large n, we have |Var (ve,C,)| < 4.

In order to prove 2., we argue by contradiction. Assume that there are § > 0, a
subsequence {ny}, and points z,, € C, such that |v.(z,,)| <1 —26 (here ¢ =¢,,).

From the estimate 1. on Var (v, C,), one has, for large k, |v.| <1— 4§ on C,.

Consequently, 7“/ (1- |v€nk )2 > 277262, Since 7 > ¢, this inequality contradicts the
Cr
estimate (3.10) for small e. O

So far, we proved the existence of a circle around x,, such that, on that circle, |v.| is
close to 1 and v, varies little. More specifically: if 0 < v < 1 then, for large n, there exists

S. C B1(0) such that
o dist(S:,0) >1—7,
e S. is the smallest of the two regions delimited by a chord in the closed unit disc,
o v.(C) CS..

The following lemma implies that, under the above assumptions on S. and on r, we
have, for large n, |v:(x,)| > 1 —~. This inequality completes the proof of Proposition 3.2,
which is the first step in the proof of Theorem 3.1. U

Lemma 3.4. Let C be a chord in the closed unit disc, C' different from a diameter. Let S
be the smallest of the two regions enclosed by the chord and the boundary of the disc.

Let O be a Lipchitz bounded open set and let g € H/?(90, S).

Let &, € L>®°(O,R) satisfy essinf & > 0, ess inf 3 > 0.

If v minimizes Ginzburg-Landau type energy

o) = | {a@Ivof + B - )2}

in H}(O), then v(0) C S.

This lemma is proved in Chapter 2, Appendix 2.C (Lemma 2.38).

Theorem 3.1 holds close to the boundary

We prove that, inside an o, (1)-strip along 92 and for sufficiently small ¢, |v.| is arbitrarily
close to 1.
The key argument will be provided by the following lemma.

Lemma 3.5. Let (z:)e>0 C Q be such that re := dist(x., Q) — 0. Then we have, for all
C > 2, F.(vs, Bor.(z:)) — 0.

Proof. Note that it suffices to prove the result for C' = 2. (For larger values of C, it suffices

3
e from 0€2.)

Let 6 > 0. We will prove that there is €5 > 0 such that for ¢ < g5, we have
F.(ve, Bor.(x:)) < §. For the convenience of the reader, the proof is divided into four
steps.

to replace x. by the point at distance r. from x. and at distance
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Step 1: Flattening of €2 and choice of a good triangle

Without loss of generality, we may assume that 02 is flat near x.. The general case is
obtained by flattening the boundary. This will affect the equation satisfied by v. and the
energy associated with it, but not the conclusion of the proof below (which relies only on
energy bounds and qualitative conclusions derived form the equation of v.). From now
on, we assume that Q C Ri and 02 C R in a neighborhood of fixed size of .. We also
assume, without loss of generality, that z. = (0,7.).

For ¢ > 0, we set

To:={(s,t) [t =5+, s€[-L0}U{(s,t) |t =—s+1 s€ (0,0} CR:

(thus Ty is the union of two segments).
Denote by wy the (solid) triangle enclosed by Ty and R. Then we have B(x., 2r.)NQ C ws;...
Our goal is to construct, for an appropriate small ¢ (depending on z. and such that ¢ > 5r;)
a test function h : wy — C such that trg,, h = tra,,ve and F;(h,wy) — 0. Since v, is a global
minimizer of F; in H;(Q, C), it follows that v, is also a minimizer of F; in Htlrawv(wg, 0).
Our goal is to prove that F.(ve,wy) — 0. Since Bog,_(x.) C wy, the lemma will follow.

Let 1 > 0 be such that for e < &1, 5 < /r. Let w be the harmonic extension of g to

2. We claim that
1. 3Cy > 0 (independent of ) and 3 ¢ € (5r,+/7) such that

1 C
tf {|w€|2+—2<1—|v€|2>2+|w|2} < G
T, €

~|lnr|’

(3.11)
2. 1

e (@)l Ty 200
3. |vs| > 1/2 on Ty (for sufficiently small €).

The claim 1. comes directly from (3.9) and a mean value argument.
Claim 2. is proved in Lemma 3.6 below, using an argument essentially due to Boutet de
Monvel and Gabber [23].

In order to prove Claim 3., we start by noting that

2 /
</ |87|v€||> gce/ |6T|v€||2§C€/ |V |2 < ¢ (3.12)
T, Ty T, |In7|

Consequently, there exists 0 < g9 < &7 such that, for e < ey, the variation of |v.| on T} is
smaller than 1/2. Since, by Lemma 3.6, we have |v.| = 1 at the endpoints of Ty, we obtain
that Claim 3. holds.

Lemma 3.6. Let a € W1(Q), B € L®(Q;R ) be such that inf a > 0. Let v be a critical
point of u /a\Vu]Q—i—/ﬁ(l— [u[?)? in the class H}(Q), where g € HY2(0Q;SY). Then
lv| € C(Q).

Proof. We first note that |v|] < 1 a. e. (by the maximum principle. This is obtained, e.
—div(aVU) + 48|v|*U = 2a|Vv|? in Q

U=0 on 9Q
consequently U > 0 in €.) We next split v = v1 4 v9, where v is the harmonic extension
—Avy = a " 'WVa-Vo+2a (1 — |v?) in Q

vy =0 on 0f)
lv] <1 and @ € WhH* we obtain vo € H3(Q) N H} C Co(Q). On the other hand, we

have v; € C(Q2) and |v1| € C(§2) (the last point is essentially due to Boutet de Monvel and

Gabber [23]; see also [29], Theorem A.3.2). Therefore, we have |v| € C(2). O

g., by noting that U := 1 — |v|? satisfies and

of g. It follows that vy satisfies { . Since
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Now that ¢ was properly chosen, we construct our test function h. This function will
coincide with v, outside wy. Therefore, we will only explain how to construct h inside wy.
In order to obtain a globally H'-map, we will set h equal v, on T;. Let h be of the form

v
h = pe*¥; in order to have h = v. on Ty, we will make sure that p = |v| and e = ﬁ on
Ve

Ty. In Step 2, we construct p. In Step 3, we construct . Finally, in Step 4 we estimate
the energy of A and conclude.

Step 2 : Choice of the modulus p of the test function h
Let p : Wy — [0, 1] be defined by

(Jlve(s,s+€)]—1)+1 if s<0
p(s7t) = S+t£

—s+ 4
Clearly, p € H(wy,[0,1]), p = |ve| on Ty and p = 1 on dw, N 9.
1
For further use, we estimate / {\Vp\Q + 6—2(1 —p2)2}. We denote w, = {z =
wy
(s,t) € we|s < 0} (this is the left half of the triangle wy). We will estimate the quantity

1 N
IVp|? + 8—2(1 — p2)2} . By symmetry, a similar estimate will hold in w = wy \ w;,

(lve(s,—s +0)] —1)+1 ifs>0

Wy
and thus in wy.
We have

1 . 4 ) C 0 l+s t2 9
| A=)y =<5 (U-p"<3 dS m(|ve(5,8+f)|—1) dt
UJZ —

ct c
< (|v€(s s+0)] - 1) d5<_/ (el = 1)7ds < i

g2

(The last inequality comes from Claim 1.)

In order to estimate / |Vp|?, we start from the identity
Wy

0 l+s
[ ook = [ as [ atfou + a0,
wy —L 0
On the one hand,

/ds/é+sdt|8p|2 / (Joe(s, ii?"l) ds :/Zscfg </Z%[|ve|(l€,k+£)]>2

<20 |Vv€|2

[Tnr|
On the other hand, we have

2 £
2 o —1)?
i —2<<s+e)4(|”€(8’5+€)| Ve

(V]ve|(s,s +£) - (1, 1))2> = 2(A1 + A9).

Since

LI

0
5 (lve(s, s+ 0)| = 1) / %(‘1}5(8,8—%6)’—1)25 ¢

] |In 7|
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0 l+s C
/ A <2£/ Vo2 < 2
_¢Jo |Inr|’

we find that / |Vp|? < ——. In conclusion, the following estimate holds:

]
/w{w S0P} <

Step 3 : Construction of an auxiliary phase

Recall that |w(z)| — 1 uniformly as z — 0 [29]. Thus, there is some 0 < €3 < &9
such that for e < e3 we have |w| > 1/2 in wy. For € < e3, we may write, in wy, w = |w|e'?
with ¢ € H'(wg,R). Note that, by choice of £, we have |v.| > 1/2 on T} and v. € H*(T}).
Therefore, we may write ve = |v:|e*? on Ty, with 1/2 < |v.| < 1 and ¢ € HY(T)).

Since v. —w € C(Q) (¢f the proof of Lemma 3.6) and v, = w on 99, it follows that
l_iglﬂ(@e —w)(z) = 0. Therefore, we have

and

(3.13)

lim X2@)—¢() — i eHeR)—w(2) — 1
z2—00 z—00
zeTmaw[ zGTgﬂaw;

Consequently, there are ki, k_ € Z such that

P(2) — p(2) P(2) — p(2)

lim =k_ and lim ———==Fk,_.
z2—00 2 z2—00 27 +
2€TNOw, ZGT@OBw;

1
By (3.11) and the fact that |v|, |w| > 5 on Ty, we obtain f/ {|V¢|2 + |VS0|2} < e
T nr

Thus, for small e, the variations of ¢ and ¢ are small on dwy \ZBQ and consequently, there
is 0 < g4 < g3 such that for € < g4, we have k_ = k. Without loss of generality, we may
assume k_ =k = 0.

Let ¥ : wy — R be defined by

1. trawﬂb = traw((b - ‘P)7

,5+L) — (s, s+ ¢ if s <0
NP Pl e e L

/_ s [@(s,—s—l—ﬁ) —gpl(s,—s—l—f)] ifs>0.

For further use, we estimate the Dirichlet energy of 1. It suffices to estimate the energy
in w, ; a similar estimate holds in wy.
We have

l+s
/ Yyl = / ds / dt {002 + [0} = By + By,

First, we obtain, denoting £ = ¢ — ¢,

e [t < of [

d
‘dsf(s,s +7)

2
} = 2(B11 + B12).
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Bu=[ pgssrors [ |
1 _g€+8 58 - _g£+8 )
0 C

<c / / e < ¢ / e < -
—¢JTy T, |In7|

0 l+s
Bis — / / AeP(s,s+0) < ¢ [ |dep <
—¢Jo T
C

Now
2

d
£§(a,a +€)‘ da

Next, we have

|Inr|

Similarly, we have By < ——.
[In7|

Finally, we find that

/!WJ\QS c_ (3.14)

[In7|

Step 4: Conclusion (proof of Lemma 3.5 completed)
Consider the following test function

- {v inQ\wg.

pePt¥)inw,

Clearly h € H, gl and

C

Fe(UaBQrg(xe)) SFE(UmWZ) < Fe(h,wz) < HHT‘ +4/ ’VU)’Q. (3.15)
we

The last estimate follows by combining (3.13) with (3.14) and the fact that |Vh|> =
Vol + 0?1V (e +9).
Since / |Vw|? — 0 as ¢ — 0, we find that F.(v, By, (x)) < 6 for small e. O

we

The next result completes the proof of Theorem 3.1.

Proposition 3.7. Let ¢, | 0 and {xn,}, C Q be such that dist(z,,0) — 0. Then
[V (n)] = 1.

Proof of Proposition 3.7. Let 6 € (0,1). Denote d,, := dist(x,,dQ) and v, := v.,. Since
there is Cp > 0 such that F; (v,) < Cp, we may choose C; > 1 and r,, € (dy/C1,d,) such

that
27‘(‘00 )

me, 10t

(3.16)

and
n : n B n =] Cl’ n n n

As in the proof of 1. in Lemma 3.3, we have

27Cy
< .
~— InCy

[Var (v, Cp)]? (3.18)
Using (3.18) and the bound (3.16), we find that one of the two cases occurs:

o
1. |vg| > 1—1—0 on Cp,
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2. |op < 1— 1;33 on Cp.

In the first case, using (3.18) and Lemma 3.4, we obtain |v,(x,)] > 1 — 4.

Assume that for infinitely many n the second case occurs. Up to subsequence, we may
assume that it is true for each n.

For large n, let y, := Ipq(x,) be the orthogonal projection of x, on 9 and let
x!, be the intersection point of the segment [x,,y,] with C,. For large n and for all

zETn::{ZGCn||x;1—z|§g} we have

|z — w,| < 3d,. (3.19)
Here, w, is the first intersection point with 9 of the ray starting from z and passing
through z.
Note that

zeT, & z=u1x,+ (2, — x,)e? with 0 € [-7/6,7/6). (3.20)

For 0 € [—m/6,7/6] we denote Iy := [z, w,]|, where z = z(0) is given by (3.20). Since

lon(2)] <1 — 108 and |v,(w,)| =1 we have
6 2 )
> <] o <3d, | [8,00]%. 3.21
Cofon) s fpr o
Denote A := U Iy and write each © € A as z = x, + s¢¥ (s > r,). By (3.19),
oc[—n/6,7/6]

(3.20) and (3.21) we have

w/6 - 7T(52
You,|? > do | |0,v,?sds > — inf d,, | |0,v,]> > ——.
/A| onl —/_W/G 19| onl*sds = 57 inf 19| ol 2 5305

Since C1 is independent of n and A C Bsg, (z,), the above estimate contradicts Lemma
3.5.

0
Hence, for sufficiently large n, we have |v,| > 1 — 0 on C,. This estimate together
with Lemma 3.4 implies |v,(x,)] > 1 —4. O

3.2.2 A corollary of Theorem 3.1

From Theorem 3.1 one may easily prove that the contribution of the modulus is negligible.
Indeed we have

Corollary 3.8. The following hold.

1
1. We ha,ve/ {]V\%HQ + (1 - ’%’2)2} — 0 ase — 0.
Q 9

In particular, we have |v:| — 1 in HY(Q).

2. Assume that (possibly along some subsequence) we have a. — k in L?(2). Write
g = &% (see [17]), where @9 € HY?(0Q,R). Write, for small €, v. = |v|e"¥e,
where @, € HéO(Q,R). Then p. — ¢ in HY(Q), where ¢* is the solution of

—div(kVe*) =0 in Q
©* =g on O
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The above statement implicitly uses two results on lifting, for which we refer to [21, 22].
The first one is that each zero degree map g € HY 2(09;S') may be lifted as g = e*¥0 for
some @y € HY2(9;R). The second is that each map in u € Hgl(Q;Sl) may be written
as u = e, with ¢ € H&,O(Q;R). Consequently, each map u € H;(Q;IW) such that
0 <essinf |u| <esssup |u| < co may be written as u = pe'?, where p = |u| € Hi(;R,)
and ¢ € H;O(Q;R).

Proof. We start by noting that b < xk < 1.

Let v. be a minimizer of F. in H;. By Theorem 3.1, we may write, for small ¢ ,
Ve = pee'¥e, with 1/2 < p. := |v-| <1 and ¢, € H&,O(Q,R).

Recall that F(v:) < Cy (with Cy depending only on g, and b). Thus, for small €, we

have/ |V |? < 8—CO.
Q b

If we set w, := e'¥= € Hgl, then we have

Be

Felte) = 27

N | —

1
[ {act2ve 41900 + P50 22} < ) = 5 [ vl

Consequently,

1 2 16C
2 2\2 2 2 0 2
[ ek s ga-pr} <3 [a-@ive < 500 - Rl =0

We now prove 2. We start by noting that ¢, — ¢* satisfies

—div[aep?V (pe — ¢*)] = div][(aep? — K)Ve*] in Q
e — " =0 on 9Q

By the Lax-Milgram theorem, we find that

IV (e — 0"z < Cll(aep? = £) V™| 2. (3.22)

We will next use the following simple fact: if |f,| < C and f,, — f in L? and if g, — g in
L?, then f,g, — fg in L?. This implies that a.p? —k — 0 in L? as ¢ — 0. Finally, (3.22)
implies that ¢, — ©* in H'.

]

3.2.3 More on the convergence of v,

This part provides a more quantitative version of Theorem 3.1. Specifically, under some
additional hypotheses on the boundary data g or on the behavior of the weight a., we
derive estimates on the rate of convergence of |v.| to 1 or derive better convergence of the
phase . of v, respectively.

In what follows, we assume that g € W~ 1/249(9Q,S!) for some ¢ > 2. Let ¢y €
W1-1/29(9Q, R) be such that ¢ = g (for the existence of g, see, e. g., [21]). For
a fixed measurable function & : Q — [b,1], let ¢* € WL9(Q,R) be the solution of

—div(kVe*) =0 in Q
©* = o on 90

Proposition 3.9. There is p € (2,q],a € (0,1),C > 0 (depending only on q, b, Q and g)
such that, for 0 < e <1 and ve a minimizer of F in Hgl, we have

1. {v:} is bounded in WP by a constant C which depends only on g,b and €.



90 3. A DISCONTINUOUS AND RAPIDLY OSCILLATING PINNING TERM. PART I

2. {v.} is relatively compact in C%(Q).

2
24 a

1
3.1 —|ve| <Ce (md/ {|V|v€||2 + 6—2(1 - |v€|2)2} < Ce with v =
Q

4. Furthermore, if (possibly after passing to a subsequence) we have oz — K in L%, then
we have p, — ©* in WP,
Here, we write, for small e and in virtue of Theorem 8.1, v. = p.€*¥¢, with ¢, € Hi,o,
pe = |ve| € [1/2,1].

Proof. Let ¢ be any fixed W1 9-extension of ¢g. Then . — ¢ satisfies

—div [acp2V(p: — )] = div(a:p?Vp) in Q
. (3.23)
pe —p =0 on 0f)

Since
loepZVeol| Lagy < C,
it follows from Theorem 1 in [52] that there are p; € (2,q] and C' > 0 (depending only on
b and Q) such that ||V (¢: — @) 1r1 () < C. Thus {¢.} is bounded in W71 ().
We next prove that |1 — pg||;p,2 < C 2. For this purpose, we start with the equation
satisfied by p.:

. & -
div(acVpe) + (1= p2) = acpe|Vipe* Q@ (3.24)
1—p.=0 on 0N

Let n. := 1 — p. and p; > 2 be as in the conclusion of Theorem 1 in [52]. Set r := p;/2
and consider a sequence {¢x} C C*°([0,1],[0,1]) such that

¢r is nondecreasing, ¢y, (0) = 0 and ¢y(s) — |s|" ! as k — oo, Vs € [0,1].

Let A := B-p-(1+ p-), which satisfies, for small €, 3b/4 < A. < 2. Set B := a.p:|V|?
which is bounded in LP'/2. If we multiply (3.24) by ¢y (n.), we find that

, 1
/QOée|V775|2¢k(775)+5—2/9145775%(775)Z/QBEW(%)-

Consequently, we have
[ neontn) < 0 [ B (325)

Note that, in (3.25), the constant C' depends only on b. By letting & — oo, we obtain,
with s being the conjugate exponent of r, that

1
[ [ B <ce ( / ng) 1B 1.
Q (9] (9]

This implies that [|[1 — pe||;p,/2 < Ce? which we wanted to prove.

Going back to (3.24), we observe that 7. satisfies div(a.V7.) = he, where h. is bounded
in LP1/2(2). Using again [52], we find that there is some py > 2 such that V1. is bounded
in LP2(Q)).

It follows that v. is bounded in W1P(Q), with p := min(py, p2) > 2.

We next prove that |1 — p.| < Ce” and / {|V|v€||2 + %2(1 - |v€|2)2} < C¢7, where

Q

_pb=2
==
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2
Indeed, let o := 1 — —, so that v, is bounded in C*(2) and /(1 —pe) < Ce%. Let
p Q

rg = xo(¢) be a minimum point of p. in Q. Since Q is smooth, for r > 0 sufficiently small
we have |B,(zo) N Q| > Cr?. It follows that

Ce? > / (1—pe) > C(1 — p(xg) — Cr)r?.
Br(l'())

With r := eo%r?, we find that 1 — p.(xg) = sup{l — p:} < Ce".
Q

The above estimate together with the inequality F.(v.) < F¢(e'?<) yield the bound on
Vpe: 5
[ {eclwnt+ 5=} < [ati- e <o
Q Q

2e?

Finally, 4. follows from the equation

—div [ p2V (g — ¢*)] = div [(aep? — K)Ve*] in Q
e —p" =0 on 0f2

Indeed, since (aep? — k)Ve* — 0 in LP3(Q) for a suitable p3 such that V* € LP3, we
obtain, using again [52], that ¢. — ¢* in W1P1 for a suitable p; > 2. We conclude by
choosing p := min{py,...,ps4}. O

3.3 The Ginzburg-Landau functional with a periodic pinning
term

In this part, we apply the results obtained in the previous section to the study of a
Ginzburg-Landau energy with a discontinuous periodic pinning term. Inside unit square
Y = [0,1)2, consider a smooth subset w < Y, which will play a role of inclusion (or
impurity). The relative size of this inclusion (with respect to the size of the square)
will be controlled by some parameter A > 0 in the following way: for zqg € w, we set
wx = Aw+ (1 —N)xg. We now define the pinning term a = a(x, \) so that it takes different
constant values inside and outside of the inclusion:

o, \) = b ifz e w)y (3.26)
’ 1 ifzeY\wy’ '

where b € (0,1) is a fixed (material) parameter. We extend a to a periodic function in R2.
The analysis we develop here could apply to the more complicated situation where g
is allowed to depend on A; however, we will not pursue in this direction here.

Let Q C C be a smooth, bounded, simply connected domain. For 1 > § > 0, denote
{C%,n > 1} a partition of R? into squares with side §; for simplicity, we suppose that the

origin is an edge of one of the squares. We may assume, with no loss of generality, that
Ns

the squares that lie inside 2 are labelled CS with 1 <n < Ns. Denote Q5 := U Co.

n=1

We define the pinning term in 2 as

() a(x/o,\) ifxeQy
a:(r) = ;
‘ 1 if € Q\ Qs
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the notation a. is justified by the fact that we will later let 6 depend on the parameter ¢.
The values of a. are represented in Figure 4 in the introduction (Page xv).
The following energy will be associated with this pinning term:

B = [ {Ivup+ g - wp .

Under the Dirichlet condition trgqu = 1, one has the existence of the unique minimizer U,
of E. [43].
The following lemma is straightforward.

Lemma 3.10. There ezists a constant C' (independent of € € (0,1)) such that

A

. 1
E.(U.) < CAmin (5, ?>

and
IVU.| < ¢
€

When € < A, the above lemma is obtained by considering as a test function an e-
regularization of a.. When € > \J, it suffices to estimate the energy of the test function
1.

As explained in [43], if u is of modulus 1 on 92 and we set v := u/Uy, then the energy
E. decouples as follows:

Ez—:(u) = Ee(Us) + FE(U),

where .
Fa(v) = 1/ U2Vl + 21— o2 L.
2 Q € 282

We next note that, by the maximum principle, we have b < U, < 1. Thus F, satisfies the
assumptions of Theorem 3.1, Corollary 3.8 and Proposition 3.9. Therefore, if we let u.
minimize E. in H;, where g : 9Q — S! is of zero degree, if U, minimizes E, in Hl1 and if
we decompose u. = U.v., then the conclusions of these results apply to v..

To be more specific, we fix g € HY/2(9Q,S") such that degso(g) = 0. Then:

1. there is some ¢o € H'/?(Q,R) is such that g = ¢?%0

2. we decompose a minimizer u. of E. in H; as ue = Uv., where U, minimizes E. in
H 11 and v, minimizes F; in H, ;

3. using Theorem 3.1 we have, for small ¢, |u.| > b/2. Thus we may decompose, for
small &, u; = |ucle"?s with o, € H} (Q,R)

4. consequently, for small £ we have v. = |v.[e*?* with |u.| = Ug|vg].

From Corollary 3.8, we know that |v.| — 1 uniformly and in H'. Consequently, we will
obtain the asymptotics of u. from the one of U, and of ..

The remaining part of this section is devoted to the asymptotic analysis of U, and
ve; as a byproduct, this will give the asymptotics of u.. It turns out that the analysis is
governed by the relation between ¢ and 9, as well as by the size of A. Possibly after passing
to subsequences and rescaling, we may assume, with no loss of generality, that we are in
one of the four following cases:

Section 3.3.1: A — 0, the dilute case,

Section 3.3.2: A = 1,0 = ¢, the critical case,
Section 3.3.3: A = 1,¢ < 9, the physical case,
Section 3.3.4: A = 1,0 < ¢, the non-physical case.



3.3 The Ginzburg-Landau functional with a periodic pinning term 93

3.3.1 The dilute limit A\ — 0
Behavior of U,

In this case, the energy bound given by Lemma 3.10 immediately implies
Proposition 3.11. We have
U. — 1 in L*(). (3.27)
Limit of ¢,
Proposition 3.12. Let @, be the harmonic extension of g in . Then, as € — 0,
1. @. — @, in H

2. if, in addition, there is some q > 2 such that g € Wl—l/qu(aQ), then we have
- — . in WP for some suitable p € (2, 4.

Proof. The first part is a direct consequence of Corollary 3.8 and of Proposition 3.11. The
second part is a direct consequence of Propositions 3.9 and 3.11. U

3.3.2 Thecase A\=1,0=¢
Limit of U,
Recall that Y :=[0,1)2. Let

Hrl)er(Y, R) = {u € H'(Y,R)|the extension by Y-periodicity of u in R? is in H}}.(R?)}.
We define similarly Hrl,er(Y,C). For simplicity, we ignore the reference to R or C when
irrelevant.

Note that u € H'(Y) extends to a Y-periodic H,. -map if and only if

tr{ylzo}u(O, ) = tr{ylzl}u(l, -) and tr{yQZO}u(-, 0) = tr{yFl}u(-, 1)

S yi(1 = 1) [ulyr, y2) = ulyr, 1 —y2)] + y2(1 = y2) [u(yr, y2) — u(l = y1,92)] € Hy(Y).
(Y), we find that H!, (Y) is weakly H'-closed. (For

Using these characterizations of Hrl,er per

more properties of Héer(Y), see, e. g., [31], part 3.4.)
It follows that there exists & which is a minimizer of

1

1
E(u) = 3 /Y {|Vu|2 + §(u2 — a2)2} in the class Hrl,er(Y, R).

Theorem 3.13. The following hold:

1. The functional £ has a unique (modulo multiplication by +1) minimizer @ in H},(Y,R).

Among the (exactly) two minimizers, one is positive, the other one negative

2. If @ is the positive minimizer of € in H},,(Y,R), then we have

UE—\/ﬂmLQ(Q) as € — 0.
Y

Proof. We first investigate property 1. This is done via the following two lemmas.
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Lemma 3.14. The energy functional £ admits a positive global minimizer in Hll,er(Y, R).
Furthermore, all global minimizer have constant sign and satisfy

—At = u(a® — 4% in Y, (3.28)
b<lu| <1, (3.29)
0,1(0,y2) = —0,u(1,y2) and d,u(y1,0) = —0,u(y1, 1). (3.30)

Proof. (3.28) is clear. In order to prove (3.29), let u € H}

per

(Y,R) minimize £. Let

lu] ifb<|ul <1
vi=4¢1 if|ul>1
b if Ju| <b
It is clear that v € H}

per

E(v):—/ {|Vu|2+1(a2—u2)2}_|_1/ (a2_1)2+1/ (a2—b2)2.
2 Jpstui<yy 2 4 Ju>1y 4 J{jui<ny

By the minimality of £(u), we find that b < Ju| <1 a. e. Noting that, if u is a minimizer,
then wu is continuous, we find that either u is either positive, or negative. In addition, either
b<u<lor—-1<u<-b

We next prove that minimizers 4 satisfy (3.30). Indeed, for all ¢ € Héer(Y) NC(Q) we
have

(Y,R). On the other hand, we have

0= / Vi Vo —ap(a* —a?)=— [ ¢ d,a. (3.31)
Y oY

We next note that

1 1
o= [ oo,a = / (0,1(0,1) + Bya(1,1)) 60, ) + / (Dyiu(t,0) + Dyi(t, 1)) 6(t, 0)
oY 0 0
= Ti(¢1(t)) + Ta(p2(t)),

Since for each 1) € C§°((0,1),R) there is some ¢ € H]
and ¢9 = 0, (3.31) implies that the map

(Y,R) such that ¢1(t) = ¥(¢)

er

i GRODE) — R
¥ - /0 (B(0,1) + B,(1, 1)) (1)

is identically zero. It follows that 0,u(0,t) + d,4(1,t) = 0. A similar argument leads to
0,0(t,0) + d,u(t,1) = 0. O
Lemma 3.15. The energy £ has a unique positive minimizer in H}, (Y, R).

per

Proof. Let u, v be two positive minimizers and let w = v/u € Héer. By the energy
decoupling formula [43] (which adapts to the periodic case), we have

E.(u) = E.(v) = E.(u) + % / {uQ\Vw\z + %u4(1 — w2)2} .

Thus w = 1, which implies u = v. U
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As a next (and rather long) step in the proof of Theorem 3.13, we examine the asymp-
totic behavior of the energy carried by Uk.

Proposition 3.16. We have lim e?E.(U.) = |Q|€ ().
E—

Proof. We use the unfolding operator (see [30], definition 2.1). More specifically, we define,
for p € (1, 00),

. : LP(Q) — LP(QAXY)
R o) — ¢le g + ey if(m,y)eflaxY ,
¢ 7:(9)(z, y) { < [ J ) o) e A Xy

e U TEaeoibm [2] - ([2)[2])

g g
YXca
YHX=e(K+Y), KeZ?

Here, for s € R, [s] is the integer part of s.
We will use the following results:

i) 7: is linear and continuous, of norm at most 1 ([30], prop. 2.5);

u) - T(u)

i) Ze(uwv) = To(u)7z(v) and 7; <5 =700 I .y ([30], equation (2.2));

iii) "Unfolding criterion for integrals" (u. c. i., [30], prop. 2.6) : If ¢. € LY(Q) is such
that / |pe| — 0, then we have
Ae

/ o~ [ T(9) =0
Q aOxyY

iv) eT.(Vo)(z,y) = VyT:(¢)(z,y) for ¢ € WLHP(Q) ([30], equation (3.1)).

As a first step in the proof of Proposition 3.16, we prove that lim sup €2E5(U5) <

£

|Q|E (7). Indeed, we consider the test function H. € H{ defined by

x

He(w) = po@)i ({2 }) +1 = p-(a),

with

Then we have
T.(H.) — i(y) in LY(Q x Y) and T.(eVH.)(z,y) — Vya(y) in L2(Q x Y).  (3.32)

Indeed, the first convergence in (3.32) is a consequence of the fact that 7:(H.) — u(y)
is bounded in L*™(Q x Y') and that its support is contained inside {z € Q|dist(z, Q) <
3e} x Y. This implies at once that 7.(H.) — @(y) in L*(Q x Y).

In order to establish the second convergence in (3.32), we start from the identity

T.(VH) = T(p)T [ (a ({£}))] + TV [a ({£}) - 1]

= Vi), () + (T(p:) = DVyi(y)Tg, (@) + Vy T(p)T: |

€

= Vyi(y) g (z) + R..

>
/N
—
o8
H,_/
N—

|

—_

—_



96 3. A DISCONTINUOUS AND RAPIDLY OSCILLATING PINNING TERM. PART I

Since p. = 1 in {x € Q|dist(x,0Q) > ¢} and since €|Vp,| is bounded in L>*(£2), it is
clear that the support of R. is included in {z € Q|dist(z,0Q) < 3¢} x Y and that R,
is bounded in L>®(2 x Y). Thus R. — 0 in L?(Q x Y). It then suffices to note that
Vyi(y) g, (z) — Vyi(y) in LA x Y) in order to obtain the desired convergence result.
Similarly, we have 7z(a.)(x,y) — a(y) in L*(Q x Y).
Finally,

1 1
limsupe?E.(U.) < lime*FE.(H.) = lim 5/ {|€VH€|2 + §(H2 - a2)2}
3 £ [¢)

&€ €
&€

1
= [ with ¢ = [eVH.|* + §(H§ - a§)2]

1

In order to complete the proof of Proposition 3.16, it suffices to establish the inequality
liminf e?E.(U.) > |Q|E(a).
€

In order to obtain this estimate, we perform the following change of functions: for
u € A:= {u € H{(Q) such that b < u < 1}, we let v := u®. We clearly have v € B :=
{v € H}(Q) such that b?> < v < 1}. Both A and B are convex and closed in H{. We have
the following equivalences

u minimizes E, in H{ () < u minimizes E. in {u € H{(Q) such that b <u < 1}

& u = /v minimizes E. in {y/v € H}(Q) such that b* <v <1}
& v = u? minimizes G, in {v € H{(Q) such that v* < v < 1}

Go(v) = i/ﬂ{'v;f + 5l —v)2}.

Let U be the minimizer of E. in Hl1 Then V; := Ug is the global minimizer of G, in
{v € H}(Q) such that b> < v < 1}. Let, forv € C:={v € Héer(Y, R) such that v > b%},

It is clear that G has a unique minimizer in C, namely o := 42,

With these notations, we have

with

liminf e?F.(U.) = liminfe’Ge(V2)
3 3

| eVV.|? P B
= hm€1nf1/9{| 2‘/§| +(a2_‘/€)2}:hmelnfz/s;(bs(‘/&)a

VR
- 7

/ ¢-(V.) — 0. This property, together with the properties i)-iv) of the unfolding operator,
Ae

where ¢, (V) : + (a? — V.)?. Using the bound |VU.| < g [17], we see that
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imply
lim inf / ¢<(V.) = lim inf T(o(V2)), (3.33)
€ Q € axy
where
i VyZe(Ve)l? B PICE
0 in A, xY

For W e L2(, H'(Y)) such that W > b? a.e. in Q. x Y, define

2
oty = (BE o v - 200 1,y

Similarly, for W € L?(Q, H*(Y,R)) satisfying W > b? a.e. in Q x Y, we denote

T 2
o) = FHEE I 4 (W (o) - o))

One may prove that ¢¥ is a convex function of its argument W.

Using the strong convergence in L*(Q2 xY), as € — 0, of the family of 7z (a.) to the map
(z,y) — a(y), it is not difficult to prove that the assumptions W, € L?(Q, H'(Y,R)), W. >
b? a.e. in @ x Y and |W,|,|V,W.| <C in Q x Y imply

/Q IRCIUAR LA (3.34)

Since eVV; is bounded in L°°(£2) [17] and since V. is bounded in L2, Corollary 3.2 in
[30] implies that there exists some V € L2(Q, H},,(Y)) such that, up to a subsequence, we

per
have

T.(V.) = Vin L2(Q x Y) and V,(T.(V.)) = V,,V in L} (Q x Y). (3.35)

Let W, := 7.(V.) + Ia_xy, which satisfies the assumptions leading to (3.34) and, in
addition, satisfies

W. —T.(V.) = 0in L*(Q x Y) and V,W. = V,7-(V%).

To resume, the definition of W, combined with (3.35) yields
W.—Vin L2(QxY)
V,W. =V, Vin L2(Q xY) : (3.36)
[We|, |[V,W.| < C and W, > b?

(Here, weak convergence is obtained after possibly passing to a subsequence)

We are now in position to prove that liminf e E.(U.) > |Q|€(@). Indeed, using the fact
3
that 7.(a.) — a in L*(Q x Y) and the convexity of ¢¥, we obtain

1
liminfe?E.(U.) = [from (3.33)] = lim inf — T-(p=(V2)) (3.37)
3 > 4 OxY

A 1
= [since W. = To(V;) in Q. x Y] = liminf — Y (W2) (3.38)
e 4 Joxy

— [using (3.34), (3.36)] = liminf~ | ¢v(W.) (3.39)
€ 4 Joxy

1 N
> [using (3.36) and the convexity of ¢Y] > 1 ¢? (V') (3.40)
Qxy

_ /Q(V(:c, -))dxz/g(ﬁ)dx: QIE (@), (3.41)
Q Q
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It follows that
hma E.(U.) = |Q&(w).

The proof of Proposition 3.16 is complete. O

We are now in position to complete the proof of Theorem 3.13, point 2., by identifying
the weak limit of U.. From (3.37), it follows that, for a. e. x € Q, V(x, 1) is a positive
global minimizer of G. For such z, we have V(z,-) = o(.).

By combining the following facts:

lim / T(3:(V2)) = Q1€ (a) = [2/6(0)
— 9, V,T.(Vz) = V,0 in L*(Q x Y)

)

we obtain

im [ (T(Ve) ~ Te(a)®)? =lim | (b —a®)>
€ QxY € QxY

The above equality implies

lim T.(V.)? = lim 02,
€ Jaxy € Jaxy

which in turn implies 72(Vz) — © in L?(Q x Y). Since 9 = 4% and V. = U2, we obtain

1
/ (To(U.) — ) < 5 (To(U.)? — 4%)* — 0,
QXY 4b QXY

that is, we find that 7_(U.) — @ in L?(Q x Y). This fact combined with Proposition 2.9
iii) in [30] implies U; — My (a) = / 4(y)dy, which is the desired conclusion. O
Y

Limit of v, in H!

Recall that we are in the critical case A =1, § = .
In order to state the main result of this section we recall the following standard existence
result (see, e. g., Theorem 4.27 in [31])

Proposition 3.17. Let f € (H}.(Y))" have zero average. Then there exists an unique

solution h € H},,(Y) of

div(4?Vh) = f and My (h) = 0.

In view of this proposition, let x; € H! (Y) be the unique solution of

per

div(a*Vx;) = 9;(4*) and My (x;) = 0. (3.42)

Recall that the homogenized matrix A of 4> <§> Idp2 is given by

A:/ﬁ2< 1-0ix1  —0Oixe > (3.43)
Y

—Oax1 1 —02x2

(see, e. g., [40] chapter 1 or [31] chapter 6).
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Proposition 3.18. Let p, be the unique solution of

div(AVp,) =0 in Q
V(AVe.) e (3.44)
Px = Y0 on 0N
Let g = €0, Also, for small €, represent a minimizer u. of E. in H1 as ue = Ugpee?e,

where @, € H1 ,(Q).
Then o — @, in HY(Q) as e — 0.

Proof. This argument is an adaptation of the proof of Theorem 4 in [66].
First note that Zo(U2)(z,y) — 4%(y) in L*(Q x Y) and |vc|> = p? — 1 in L*(Q) imply
that
T(p2U2) (2, y) — @(y) in LA x Y).

Recalling that ¢, is the solution of
{ —div(p2U2Vp.) =0 in Q
e = 0 on 09
we find, using Proposition 3.16. iv) and the fact that p2U2Ve. € H[ (), that
0 =eT: (—div(p2U2Vg.)) (w,y) = —divy (Te(p2U2) (2, )T (Veoe) (z,9)) . (3.45)

In order to prove that ¢. — @, it suffices to prove that if, possibly up to a subsequence,
we have ¢, — ¢, then ¢* solves (3.44).
Using Theorem 3.5 in [30], we have the existence of ¢ € L?(Q, H!,.(Y)) such that

per
T:(Vpe) = Vo' + V¢ in L*(Q x Y) and My (¢) = 0. (3.46)
By inserting (3.46) into (3.45) and passing to the weak limits in L?(Q2, H~1(Y")), we obtain
—divy [ (y) (Vo' () + Vyb(@,9))] = 0
which is equivalent to
—divy | [ Vyp(z y)] vyﬂz(y) Vo' (z).
This equality combined with (3.42) implies that
$(2,y) = —X108, 9" — X200,¢"-

Consequently, we have

1-0ix1  —0ixz2 > Vo

Vo +Vy<P=< —oy1 1 —days

On the other hand, let & € D(€2). Then, for sufficiently small ¢ we have (¢f Proposition
2.5. (i) in [30])

0 =lim p?Uzwe VE=lim | T(R2U2)T(Vee) - T-(VE)
e—0 QxY

:/Q{/Y @*(y) (Ve +Vyg0)} VE = /levm /YU (Ve +Vy80)}5

Therefore one has

: .9 * N 1-dix1  —dix2 .

div, [/Yu (y) (V" + Vyw)] = div, [/Y < v 1— Doy Ve
= div, (AVe*) =0

and consequently ¢* solves (3.44). O
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3.3.3 Thecase A\=1,6<K9
Theorem 3.19. Assume that A\=1, 6 — 0 and /5§ — 0. Then, as € — 0, we have

1. pe = |ue| = My (a) in L3(Q),
2. . — @, in HY(Q),

3. p*Vp. = AV, in L*(Q),

where p, solves the homogenized problem

{div(Aw*) =0 inQ (3.47)

Px = P0 on 09

Here, A is the homogenized matriz of a* <§) Idp2.

Proof. Theorem 3.1 combined with Lemma 3.10 yields p. —a. — 0 in L?(2). On the other
hand, we have a. — My (a) weakly in L?*(Q) (see, e. g.,[31] Theorem 2.6), so that 1.
follows.

In order to prove 2. and 3., we start from the equation

{div(pgv%) =0 inQ (3.48)

Ve = Yo on 0f)

satisfied by .. In view of the fact that p. —a. — 0 in L?(f2), it is natural to compare .
to the solution @, of

(%iv(aEVLﬁg) =0 inQ . (3.49)
Pe = P0 on 0f)
The difference 1. := ¢, — @, is solution of
div(a2Vipe) = div [(p2 — a})Vp:] inQ (3.50)
e =0 on 09. '

We claim . — 0 in H'(2). Indeed, we first note that, by (3.48), . is bounded in H'.
Using the fact that b? < ag < 1 and (3.50) we obtain, via the Lax-Milgram theorem, that,
with C,C" > 0 and p < 2 independent of €, we have

[Ve<llze < Cll(pZ = a2) Vel 2 < O < o0
and (with r :==2/(2 — p))
IVeellre < Cll(p2 — a2)Vee|rs < CllpZ — aZ|| o[ Vipe | 2

Consequently, 1. is bounded in H& and converges strongly to 0 in WP(Q). It follows that
Ve — 0 in HY(Q).

Now, using the classic periodic homogenization result (see, e. g., [40] chapter 1 or [31]
chapter 6), we know that ¢. — ¢, in H*(Q) and a?V$. — AV, in L?(Q2). These facts
combined with the weak convergences ¥ — 0 in H'(Q) and (a?2V$. — p2Ve.) — 0 in
L?(2) complete the proof of the theorem. O
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3.34 Thecase A\=1,0<K ¢

In this case, € need not tend to 0. Up to subsequences, we may assume that either ¢ = 1

or e — 0.
Theorem 3.20. The following hold.
1. Assume that € = 1 and that § — 0, and denote the energy by Es rather then E.. If
us is a minimizer of Es, then us — @ in H'(Q), where @ solves
{—Aﬂ = a(My (a?) — @%) inQ
u=4g

. 3.501
on OS2 ( )

2. Assume that ¢ — 0 and that 6/ — 0. If uc = p.e'¥ is a minimizer of E., then we
have

(i) pe — /My (a?) strongly in L?(52),
(i1) e — s in HY(Q).
Here, o, denotes the harmonic extension of @g.

Proof. In case 1., we start by noting that [lus||f1(q) is uniformly bounded with respect
to 6. Let @ be such that, possibly after passing to a subsequence, us weakly converges to
@ in H'. In order to identify 4, we let § — 0 in the weak form of the Ginzburg-Landau
equation satisfied by ugs, namely:

/ Vus - Vi do = / us(a} — ud)pdx, ¥ € C(Q)
Q Q

and find that (3.51) holds.
In order to prove 2., we consider a partition of R? by a family {C5} of § x § squares.

We may assume that

{Cr|Cr C {x € Q|dist(x,00) > e}} ={C} |k € {1,...,N:}}.
Ne
Clearly, we have N, = [Q|62 4+ O(g6~2). Denote (2L := U Cr.
k=1
For Cy > 0 (independent of €) consider
HE = {w e H; | [Vw| < % in QL and |w| <1 in Q}.

Recall [17] that, for ¢ < 1 and a suitable Cj, each minimizer u. of F. in H; belongs to
HOD.
For w € HE, we have

/wﬁ—ﬁfz/ww—ﬁwmmﬁumM@mﬁ—waﬂ+me (3.52)
Q Q

Here, the reminder H. satisfies |H.(w)| < o0-(1), with o.(1) independent of w. Indeed, we
have

L@mﬁwW—LwW—MWﬂV:Léw—Mﬂﬂhi
+ My (a?) /

Q

2 2 2
—2/Q [aZ — My (a®)] |w]*.

(a2 = My (a®))
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We next note the three following facts. First, we have

[ s - X{ [

k €

= 19| [My(a*) = My (a*)?] + O(e).

[a2 — My (a®)] a?} + O(e)

Next, it holds that
/Q(ag — My (a®)) = O(e) + Zk:/cé(ag — My (a?)) = Ofe).

Finally, we have

| la? = My(@)] P
Q

IN

CL2— (l2 ’LU2
%H;/@!e My (@)

O(e) + Zk:/cg laz — My (a®)| = 0-(1).

IN

Thus (3.52) holds. Consequently, for u € H?, one has

_

Eelu) = 4e?

(My (a*) = My (a®)?) + G.(u) + o ( L > , (3.53)

e2

where

Celw) = /Q Vul + 1 /Q (My (2) - [ul?)?.

We next claim that / (|ue)? = My (a®))? dz — 0. Indeed, we consider a test function in

Q
the spirit of [43], more specifically we let w. = |w.|e"?*, where ¢, is the harmonic extension
of ¢ and

_ 2
jwe(z) = 1‘@&“(%89% i dist (2, 00) < ¢

V My (a?), otherwise

Note that, for a suitable Cjy, we have w. € HECO. A straightforward computation yields
C

Gelwe] < —.

Consequently, we obtain

Q .
E.(u:) < E-(we) < ll—gl(/\/ly(aﬂ‘) — My (a®)?) + o(e72).

This estimate combined with (3.53) implies that |u.| — /My (a?) strongly in L?(Q).

Using the second part of Corollary 3.8, we obtain that . — ¢, in H(Q) where ¢, is

the harmonic extension of ¢q.
The proof of Theorem 3.20 is complete. U



Chapter 4

The Ginzburg-Landau functional
with a discontinuous and rapidly
oscillating pinning term. Part II: the
non-zero degree case

We consider minimizers of a Ginzburg-Landau energy with a discontinuous and rapidly
oscillating pinning term, subject to a Dirichlet boundary condition of degree d > 0. We
prove that minimizers have exactly d isolated zeros (vortices). These vortices are of
degree 1 and pinned by the impurities. As in the standard case studied by Bethuel,
Brezis and Hélein, the macroscopic location of vortices is governed by vortex/vortex and
vortex,/ boundary repelling effects. In addition, impurities affect the microscopic location
of vortices.
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4.1 Introduction and main results

This chapter is a follow up of the previous one. As there, we let Q C R? be a simply
connected domain and let a. :  — R be a measurable function s.t. 1 > a. > b > 0. We
associate to a. the pinned Ginzburg-Landau energy

B = [ V0@l + 55 (0o - lu@)P)?} . (1)

Here, u € H'(2,C) and & > 0 is the inverse of the Ginzburg-Landau parameter.

In this chapter, our goal is to consider a discontinuous and rapidly oscillating pinning
term (the same as in Section 3.3 in Chapter 3). Our pinning term is periodic with respect
to a ¢ x d-grid with 6 = d(¢) — 0 as ¢ — 0. We are interested in the minimization of (4.1)
in H'(Q,C) subject to a Dirichlet boundary condition: we fix g € C*°(9€,S') and thus
the set of the test functions is

H; = {uec HY(Q,C)|troqu = g}.

The situation where d = degyn(g) = 0 was studied in detail in Chapter 3. The non
zero degree case (d = degyn(g) > 0) is the purpose of the present chapter.

Before going further, let us summarize two previous works in related directions [43],
[1]. In these works, the role of the pinning term is identified: its points of minimum attract
the vorticity defaults.

In [43], Lassoued and Mironescu considered the case where a. = a. Here, the pinning
term a = b mw , 0 <b< 1, and w is a smooth inner domain of §2. These authors

1 inQ\w
proved that the vorticity defaults are localized in w and that their position is governed by
a renormalized energy (in the spirit of the [18]).

In [1], Aftalion, Sandier and Serfaty considered a smooth and e-dependent pinning term
ae. Their study allows to consider the case where the pinning term has fast oscillations: it
is a perturbation of a fixed smooth function b: Q — [b,1] s.t. b < a..

They considered the following hypotheses on a., b:
o |Va.| < Cl|lneg|

e there is o € R s.t. 0. = 0. ((In] 1n6|)_1/2) and for all z € ), we have

Br(r;i;l) {ae — 5} =0.

These authors study a full Ginzburg-Landau energy G L. with a pinning term:

GL.(u, A) = % /

1
) {ycurlA — hex)? + |(V — iA)u)? + — (a2 — \UP)Q} :

2¢2

We denoted by A the electromagnetic vector potential of the induced field and by hex
the intensity of the applied magnetic field (see Section 2.1 in the introduction or [65] for
more detail).

In the study of the full Ginzburg-Landau functional without pinning term G L?P (G L2P
is defined by (1), page xi), the vorticity defaults appear for large apply magnetic field. They
are characterized by two facts: the presence of isolated zeros x; of a map u with a non
zero degree around small circles centered in z; and the existence of a magnetic field inside
the domain. The nature of the superconductivity makes that both facts appear together.
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Assuming that the intensity of the applied field hey depends on 0 < ¢ < 1 and that
hex/|Ine| — A € R, for the classical full Ginzburg-Landau energy, it is well known (see
e.g. |65]) that there is an inner domain wp (non decreasing with A) s.t., when € — 0, the
vorticity defaults are "uniformly located" by wy.

In [1], the authors proved the existence of wy, an inner set of 2, where the penetration
of the magnetic field is located. In contrast with the situation without pinning term,
the presence of a. makes that, in general, the vortices are not uniformly located in wpy.
Although in the proofs of the main results of [1], the minimal points of b seem play the role
of a pinning site, this fact is not proved. They expect that the most favorable pinning sites
should be close to the minima of b : wa should be located close to the points of minimum
of b.

One of our goals is to prove that the minimum points of a rapidly oscillating and
discontinuous pinning term attract the vorticity defaults.

For the convenience of the reader we recall the construction of our pinning term a.

Consider § = 6(¢) € (0,1), A= A(e) € (0,1] and let w C Y = (—1/2,1/2)? be a smooth
bounded and simply connected open set s.t. (0,0) € w and w C Y. For k,l € Z we denote

Y =0V + (0k,0l), 0P = | V), wt =X w
Y2 ,CcQ

w;‘er = U {wA + (k:,l)} and ws = U {5 W+ (5k,5l)} .
(k,l)ez? (k,))EZ? s.t.
Y2,cQ

For b € (0,1), we define

a: R? — {b,1} as: R — {b,1}
. b ifxe Wé‘er and v b ifxews
1 otherwise 1 otherwise

The values of the pinning term are represented Figure 4 in the introduction (Page xv).

In the rest of this chapter A = A(¢) and § = d(g) are functions of . We assume that
0 — 0 as e — 0. In addition, we assume that either A\ = 1, or A — 0 as ¢ — 0. (The
latter assumption is not restrictive, since it always holds up to some subsequence.) The
case A — 0 is the "dilute case".

We make the assumption

In(A\6)[3
fim R (H)
€ | In €|
Remark 4.1. e This is slightly more restrictive than asking that AJ > & for some 0 <
a e (0,1).

e In [1] and in the situation where we have a bounded number of zeros, the smooth
pinning term aS™°°" satisfies the condition |Vaf™°°®®| < C|Ine|. In order to compare
this assumption with (H), we may consider a regularization of our pinning term by a
mollifier p;(x) = p(z/t). A suitable scale ¢ to have a complete view of the variations

1
of a. is t = Ad. Thus, |V(pys * ac)| is of order 3 Consequently, the condition (H)

allows to consider a more rapidly oscillating than the condition in [1]. Indeed, we have
In|Vad™oo| < In|Ine| 4+ C and on the other hand (H) is equivalent to In |V (pxs * ac)| ~
[ In(AS)| = o(|Ing]'/3).
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We denote by U. the unique global minimizer of E. in H{ (see [43]). Clearly, U.
satisfies

£

1
—-AU, = 6—2U€(ag ~U?) inQ
U.=1 on 0f)

(4.2)

This special solution may be seen as a regularization of a.. For example, one may easily
prove that U, is exponentially close to a. far away from Ows. Namely, we have

Proposition 4.2. There are C,a > 0 independent of €, R s.t.

la. — U:| < Ce % in Vi = {z € Q|dist(x, dws) > R}, (4.3)
C _aR
IVU.| < =" in Wg := {2 € Q|dist(z, dws), dist(z, 9Q) > R}. (4.4)

A similar result was proved in Chapter 2 (Proposition 2.5 in Appendix 2.A). The above
proposition is proved using exactly the same arguments.
As in [43], we define

1 1
F) =3 [ {oaeo + gguta - pep ).
Then we have for all v € H;, (see [43])

E.(Unv) = E-(Ue) + F-(v).

Therefore, u. is a minimizer of E. if and only if u. = U.v. where v, is a minimizer of F;
in H ;. Consequently, the study of a minimizer v, = U.v. of E. in H, gl (location of zeros
and asymptotics) can be performed by combining the asymptotic of U. with one of v,.

The main results of this chapter are obtained under the conditions: AJ satisfies (H)
and b? > 1/2. They take the form of four theorems:

e The first theorem gives informations on the zeros of minimizers of u.,v. (quantification
and location).

e The second theorem establishes the asymptotics of v..

e The third theorem establishes, under the additional hypothesis A — 0, that the micro-
scopic position of the zeros is independent of the boundary condition g.

e The last theorem gives an expansion of F.(v;).

1
Remark 4.3. The condition % > 3 is probably only a technical one. As we will see, this

hypothesis on b will be used in order to prove the repelling effect of the boundary on the
ZEros.

Theorem 4.4. Assume that b> > 1/2 and that )\, satisfy (H). Then there is g9 > 0 s.t.:
1. for 0 < e < &g, ve has evactly d zeros x5, ..., x5,

2. there are ¢ > 0 and ng > 0 s.t. for e < eg, B(z5,cAd) C ws and

min {min |zf — x?\,dist(xf,aﬁ)} > 10,
i i
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3. forp=p(e) | 0 s.t. |[Inp|/|Ine| — 0, we have for e < &y,

In .
v >1—C |\ln§\| in Q\ UB(z%, p).

Here C is independent of ¢.
4. fore < e, degaB(xia)(vE) =1.

Theorem 4.5. Assume that b> > 1/2 and that X\, satisfy (H). Let e, | 0, then, up to
subsequence, we have the existence of a1, ...,aq € Q, d distinct points s.t. z;" — a; and

|ve,| — 1 and ve, — vy in Hlloc(ﬁ\ {aq, ...,ad},Sl)
where v, solves

—div(AVv,) = (AVu, - Voo, in Q\{a1,...,aq}
Vs = ¢ on 05} '

Here A is the homogenized matriz of a® (5) Idpz if A\=1 and A = Idp2 if A — 0.

In addition, for each M > 0, UéJ(') = v (xf + %) converges, up to a subsequence, in
CL(B(0,M)) to f(\x])iezei where f: RY — R* is the universal function defined in [54]

||
and 0; € R.

Theorem 4.6. Assume, in addition to the hypotheses of Theorem 4.5, that X — 0. Let
[z] = [(z1,72)] = ([x1], [x2]) € Z? denote the integer part of the point x € R2.
For % zero of v., let

- [4]
A

Then, ase — 0, up to pass to a subsequence, we have x; — a; € w. Here, a; is independent
of g and minimizes a microscopic renormalized energy W given in (2.90) in Chapter 2.

cq|§m

c w.

Re
5 =

Theorem 4.7. Assume that b®> > 1/2 and that X\, satisfy (H). Then
Fa(va) =Jeet+ db?(ﬂ' Inb+7)+ 05(1)

where J. . is defined in (4.8) and v > 0 is the universal constant defined in [18] Lemma
IX.1.

This chapter is divided in two parts:

e In the first one we consider two auxiliary minimization problems for weighted Dirichlet
functionals associated to S'-valued maps.

e The second part is devoted to the proofs of Theorems 4.4, 4.5, 4.6, 4.7. The main tool
is an n-ellipticity result (Lemma 4.15). This lemma reduces (under the assumption that

A, 0 satisfy (H)) the study of F to the one of the auxiliary problems considered in Section
4.2.
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4.2 Shrinking holes for weighted Dirichlet functionals

This section is devoted to the study of three minimization problems. The hypothesis (H)
is not optimal for the statements in this section. For example, one may replace (H) by
c1/4

0.

A0
The results we prove will be later used in the study of both cases A =1 and A — 0.

4.2.1 Dirichlet Vs Degree Conditions in a fixed perforated domain

Let g € C(09,S) be s.t. degyn(g) = d > 0 and 107° - 9~ diam () > Nstop > 0.
Consider z1,...,zxy € 2, d > N > 1 distinct points of Q satisfying the condition
Nstop < 1073 -9~ min dist(x;, 012), and let p > 0 be s.t. min {7stop, min,-; |z; — 5} > 8p.
Roughly speaking 7stop controls the distance between the points and 9€2.
We denote Q, = Q\ UB(z;,p), x = (21, ...,x,) and for d = (dy,...,dn) € (N*)V
>, di = d we define

Iy(x,d) =1, = {w € H'(9,,S") |w = g on 9Q and degyp(z,,p) (W) = d,}

and

p%

In this section, we compare the minimal energies corresponding to a weighted Dirichlet
functional in the above sets.

Tp(x,d) =T, = {w € H(9,,S")|w = g on 9Q and w(x) = Cst; on 8B(w,~,p)} .

Proposition 4.8. Let a € L>(Q) be s.t. b*> < a < 1. Consider the minimization problems

wel,

= 1
Ipa(x,d) = inf —/ a|Vuw|?
2 Jo,

and

Tpa(x,d) = inf —/ o Vwl|?.
2 Ja,

weJ)p

In both minimization problems the infima are attamed
Moreover, if a € WH*(Q), then, denoting wpa (resp. wD”) a global minimizer of

1
5/ a|lV - |2 in Iy(x,d) (resp. in Jy(x,d)) we have wdeg € H?(Q,,SY) (resp. wng €
Q

P
H*(Q,,SY)) and

{ div(ange(%) = a|deeg|2wge§ in €, (4.5)

wpo% €z, andwdeg X 0, wdeg =0 on OB(z;, p)

pa . (4.6)

div(onwDir) = oz|VwD“r 2wDir in Q,
D‘r € J,and faB(x ) awng x 0, wD“ =0

The proof of this standard result is postponed to Appendix 4.A.
In the special case a = U2, we denote

weIp weJ, P

fpa(x d) = inf 2/ U2|Vw|? and jpg(x d) = inf 2/ U2 |Vw|?.
Q, Q,

The main result of this section is
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Proposition 4.9. There is Cy > 0 depending only on g,8),nsop and b s.t. for a €
L>(9Q, [b?,1]) we have

Tpa(x,d) < T, a(x,d) < I, a(x,d) + Co.

The rigorous proof of Proposition 4.9 is presented in Appendix 4.B.
Here, we simply present the main lines of the proof.
Two situations are possible:

1. N =1 or the points z1, ..., zn are well separated: %mini# |zi — 2] > Nstops
2. The points 21, ...,y are not well separated: %mini;ﬁj |zi — 2] < Nstop-

If the points are well separated (or N = 1), Proposition 4.9 can be easily proved: it is a
direct consequence of Proposition 4.33 and Lemma 4.32 in Appendix 4.B.
Indeed the proof is made in three steps:

Step 1: Using Lemma 4.32, we obtain a constant C; (depending only on g, Q, 7)stop) S.t.
jloflnstop,oz()g d) < (.

Step 2: With the help of Proposition 4.33, we obtain the existence of a constant Cy (de-
pending only on b) s.t. for d € N, denoting A%, = B(xi, 10" ns0p) \ B(zs, p), we

have
. 1 . 1 -
inf [ oVw]P<  inf = [ a|Vw*+ Cod?.
weH! (AL,SY) 2 )4 weH (AL 8" 2 Jaj,
w(z1+107 nstope’®)=Cstyetd? degop (a;,0)=d

w(zy +pele):Cstge“ZG

~ 1
Step 3: By extending a minimizer of Jyg-1,,,., «(X,d) by the ones of 5/ a|V - |? with
At
P
Dirichlet conditions, we can construct a map which proves the result taking Cy =

Ch + d302.

4.2.2 Optimal perforated domains for the degree conditions

Consider € D Q a smooth bounded domain s.t. dist(9€2’,Q) > 0 and a smooth St-valued
extension of g to '\ Q (still denoted by g).
In this section, we study the minimization problem

1
I,.:= inf inf — [ U2|Vuw|? 4.7
P T1ye s NEQ ’U}eHgl(le7S1) 2 /S)/ 3 ’ ’ ( )
i —x5]>8p i

de, . w)=d;
dlv---adN>07Zdi:d gaB(ch’p)( )

where

Q, = Q" \ UB(x, p)

and

H;(Q;,Sl) = {w € HI(Q;,SI) |w =g in Q’\QUB(wi,p)};

here, we extended U, with the value 1 outside 2.

A first purpose of this section is the study of the behavior of I, when p = p(e) — 0
as € — 0. In view of the application we have in mind we suppose that p(¢) > € but this is
not crucial for our arguments.
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A second objective of our study is to exhibit the behavior of almost minimizing config-
urations (27, ...z}, d},....d}).

For fixed p, g, the ex1stence of a minimizing configuration of points x, . is the purpose
of Proposition 4.13. In this section we consider only almost minimizing configurations.

For e, | 0, we say that {(z7,...,z%,), (d},...,dR,)} is an almost minimizing configuration
for p=p(en) | 0 when a7, ....2%, € Q, |27 — 27| > 8p, df,...,d}, > 0,5 d' = d and there
is C' > 0 (independent of n) s.t.

1
inf —/ ]VwIQ pen S C
weH (2,8 2 Jay

degaB(z? ,p) (w):d?

Roughly speaking, we prove in this section two repelling effects for the points: point/point
and point /0 ; and an attractive effect for the points due to the inclusions w;.

The main result of this section establishes that when ¢,,p | 0, an almost minimizing
configuration {(zf,...,2% ), (d},....,d%)} is s.t.

e the points z'’s cannot approach 0€2,
e the points z}'’s cannot be mutually close,

e the degrees d}'’s are necessarily all equal to 1,
o if % — 0, then there is ¢ > 0 s.t., for large n, B(z}',c\d) C ws for all i.

These facts are expressed in the following proposition (whose proof is postponed to Ap-
pendix 4.C).

Proposition 4.10. Assume that b*> > 1/2. Lete, | 0, p = p(e,) | 0, a7, ...,2% € Q be
s.t. |z — x| > 8p, p > en and let dY,...,dY € N* be s.t. 3 d} =d.

1. Assume that there is ig € {1,..., N} s.t. dist(z}},00) — 0. Then

1
inf — Vuw .
T {2/9 2 [V - pen}ﬂoo

deg@B(acl ) (w) ap

2. Assume that there is ip € {1,..,N} s.t. d # 1 or that there are ig # jo s.t.
|27, — 2| — 0. Then

1
£ - .
wEHllr(lQ, & {2 /,, | Vw|* — pan} — 0

degaB(zl p)(w) dzl

3. Assume that % — 0 and that there s ig s.t. x

I ws or s.t. ' € ws and
dist(z , Ows)

20

ZQ’

% — 0. Then

. 1
inf —/ |V 2—1I,., ¢ — o0.
weH} (2,,8) 2 Jay
degop (o, p) (W)=d}'

A straightforward consequence of Proposition 4.10 is the following
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Corollary 4.11. 1. Consider an almost minimal configuration (X,¢,d,c) € QN x NV
Le., assume that there is w,. € Hy (¥ \ UB(2}°, p), S') verifying

1

degyp(pe p)(w) = df'° and 3 / UZ|Vuwl* < Ipe +C.
i 2 Jo

"\UB(z"%,p)
(Here, C' is independent of .)
Then, there is some 1y depending only on C s.t., for small &, we have
|2 — x§’€|,dist(xf’€,(99) >mno and d; =1 for alli # j, i,5 € {1,...,N}.
In particular, we have N = d.
2. If, in addition, p = p(e) is s.t. p > € and % — 0, then there is ¢ > 0 depending only
on p and C s.t., for small e, we have B(z"°, cAd) C w;.

Proof. We prove the first part. Let C' > 0. We argue by contradiction and we assume that
for all n € N* there are 0 < e, < p=p(e,) < 1/n, X =Xpe,,, (d1,...,dy) and w, = w,,
satisfying the hypotheses of Corollary 4.11 and s.t.

min {|z} — 2}, dist(z}, Q) } — 0 or s.t. there is ¢ € {1,..., N} for which we have d; # 1.

By construction we have that (x,.,,d) is an almost minimizing configuration for I,, ., with
p = p(en) > &y. Clearly from Proposition 4.10 we find a contradiction.
The proof of the second part is similar. O

4.2.3 Existence of minimizing configurations of points

For 1 > 0 sufficiently small (depending only on ©Q, g) and p < 10~25, we define

1
n = = i f i f a 2 2- 4
J Jpe e weH;II(lstl) 2/ UZ|Vw| (4.8)

|;—x5|>8p et —at(0405) g cR
dist(z;,002)>n w(@itpet)=e i€

P

First we prove that for n),e, p sufficiently small, the conditions "dist(x;,9Q) > n" and
"|z; — zj| > 8p" are not saturated. Thus J;. may be defined independently of small 7.

Lemma 4.12. Let n > 0. Then for sufficiently small €, p, an almost minimizing configu-
ration (x1,...,xq) for J,e is an almost minimizing configuration for I, ..
Moreover, there is Cy > 0 s.t. J,. < 1,.+ Cy, Cp is independent of € and p.

Proof. Let C >0 and let (21, ..., 7q), (2], ...,2};) € Q¢ be s.t.

jpﬁ(azl, v y) < Jpe +C

and

fp,e(:vll, ,xfi) <I,.+C.
From Corollary 4.11, there is g = n9(C') > 0 s.t. for ¢ < p < ng, min; dist(z}, 0Q) > np.
Using Proposition 4.9 we find the existence of Cj s.t.

~

Tpe(x1,.myq) < jp,g(:nl, wng) < Jpe+C < jpﬁ(a:/l, eI+ C

< fp,g(:cll,...,xfi)%-C%-Co
< Ip,€+2C+CO.
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Thus, from Corollary 4.11, there is 79 > 0 s.t. for e < p < 1o, if x € Q% is a
configuration of points s.t. fpﬁ(x, (1,.,1) <I,.+1lor jp,e(x, (1,..,1)) < J,- + 1 then
dist(z;,002) > no and |z; — x| > no.

Therefore, for 0 < & < p <n9/8 (1o defined above), J, . is independent of n < 7.

We end this section with

Proposition 4.13. For all € > 0, there are nggg,xgi; e Qf st xg,egg minimizes I, . and

Dir 00
X, minimizes Jp..

The proof of this result is in Appendix 4.D.

4.3 The pinned Ginzburg-Landau functional

In this section, we turn to the study of minimizers of (4.1) in H, 91.

Recall that we fix 6 = d(g), d — 0, A = A(e), A = 1 or A — 0 satisfying (H) and
b’ € (1/2,1).
4.3.1 Sharp Upper Bound, n-ellipticity and Uniform Convergence
Sharp Upper Bound and an n-ellipticity result

We may easily prove the following upper bound.

Lemma 4.14. There is a constant C' independent of € s.t., for 1L > X0 > p > e > 0, we

have
inf  FL(0,Q) <d’rlnZ 4+, +C (4.9)
vEHL(Q,0) €
If, in addition, we assume that % — 0, then we have for € sufficiently small
. bp
f  F.(v,Q) <db*(rln— J, 4.10
veHl;n(Q,(C) =(v,Q) < (mIn - +7) + P ( )

where v > 0 is a universal constant defined in [18], Lemma IX.1.
Proof. From Proposition 4.13, one may consider (z7,...,25) = x° € Q4 a minimizing
configuration for J, ..
Note that if LN 0, then, for small &, from Corollary 4.11 and Lemma 4.12, there are
n >0 and ¢ > 0s.t. B(x},c\d) C ws and min; {min;; |x; — x|, dist(z;, 0Q)} > .
Assume that 2= — 0 and let w, be a minimizing map in J,.(x%, (1,...,1)).

Consider u,(y,), the global minimizer of

1 62p2
EZ) by (1) = 3 /B(O ) {|VU|2 + oz (- |u|2)2} ,u € Hy ) (B(0,1),C).

We consider the test function

We in Qp
T — xt

Qe /(bp) ( P Z) in B(x5,p)

we(z) =

Estimate (4.10) is obtained by using the fact that E9(u.) = 7|Ilne| + v+ 0-(1) as ¢ — 0
(see [18] Lemma IX.1) and Proposition 4.2.
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In the situation where £~ - 0, we may assume that % > Cp > 0. We can replace

the minimal configuration x* by a configuration y® s.t. there is C' > 0 independent of ¢
satisfying
yi €EwsNO-(ZxZ)and Jpe(x,(1,...,1) < J,. +C.

We consider the test function

a minimizer of J,.(y%, (1,...,1)) in Q\ UB(y5,p)
We = T =y : .
= in B(y3, p)

A direct computation shows that (4.9) holds. O

Note that
I,. <J,e <mdlInp|+ C. (4.11)

We now turn to the n-ellipticity.

We denote by v, a global minimizer of F; in H, gl. We extend |ve| with the value 1
outside €.

One of the main ingredients in this work is the following result.

Lemma 4.15. [n-ellipticity Lemma/
Let 0 < o < 1/2. Then the following results hold:

1. If fore < gg
F.(ve, B(z,e*)NQ) < X2| Ine| — C,

then we have
lv.| > 1 —Cx in B(x,e2).

Here, x. € (0,1) is s.t. xe — 0 and g9 > 0, C > 0, C; > 0 depend only on
b’a’XaQaHgHCI(QQ)'

2. If for e < eg
F.(ve, B(z,e*)N Q) < Cllng|,

then we have
lve| > p in B(x, ).

Here, pu € (0,1) and g9,C > 0 depend only on b, v, i1, [|gllc1(a0) -
This result is a direct consequence of Lemma 2.7 (this lemma is proved in Chapter 2,
Appendix 2.C).
Uniform convergence to 1 of |0.] in R?\ K, K closed set, w € K

With the help of Lemma 4.15, we are in position to establish uniform convergence of |v|
to 1 far away from wg.

Proposition 4.16. Let 1072 - dist(w,dY) > pu > 0 and Kt = {x € Q| dist(z,ws) > pAd}.
Then, for sufficiently small €, we have

ENEOTR—

>1-C
[ve] = |Ine] e

Here C' is independent of € and p.
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1
Furthermore, if for some small €, we have |ve(z)| <1 —-C | i()\é‘)‘, then
ne
1/4 md+1
F.(ve, B(z,e%) > ) | In(\d)].

md+1 |In(Ad)]
b2(1 —b?) |lng| ’

Proof. Using Lemma 4.15 Part 1. with o = 1/4 and with x = \/ we

obtain the existence of C' > 0 s.t. for ¢ > 0 sufficiently small:

md+1
b2(1 — b?)
In order to prove Proposition 4.16, we argue by contradiction. There are ¢, | 0, x> 0 and
x, € K! s.t.

if F.(ve, B(z,e'/)) < | In(\J)|, then we have |v.| > 1 — Cx in B(z,e/?).

|ve, ()] <1—Cx.
From (4.3), we find
U., — 1| < Ce™ % in KM2. (4.12)

Consequently, Lemma 4.15, the definition of C' and (4.12) imply that for large n,

1 2 1 212 wd + 1
_ L _ o _md+1 | |
2 /B(In,eyll/4) {’V%n’ + 25% (1 ’UEn‘ ) } - b2(1 — b2) ’ ln()\(S)] + 0&‘(1) (4 13)

We extend v. to Q' := Q + B(0,1) with the help of a fixed smooth S'-valued map v
s.t. v = g on 0f). We also extend U, and a. with the value 1 outside €.
For n sufficiently large, we have

1 1
—/ {!Wen!QJr—(l— \van\Q)Q} < Cllney|.
Ql

2 22

Theorem 4.1 in [65] applied with » = 1072\ and for large n, implies the existence of
B" = {B}} a finite disjoint covering by balls of

{CEEQ/

. / En en\1/8
. - — > =
dist(x,0Q") > i and 1 — |ve, (z)| > ( b > }

s.t.
rad (B") < 1072 - \u

satisfying
L |V |2+i(1—|v P)?p > 7Y dj(|lne,| - [In(Ad)]) — C
2 Jupr bl 9g2 e - 7 "
J n J
= 7Y _ dj|ln¢-C.
j

Here, rad (B") = _, rad(B}'), rad(B) stands for the radius of the ball B, { = &,,/(Ad) and
the integers dj are defined by
o {\degaB?(vgn)] if BY C {z € Q'|dist(z,00") > %L}

! 0 otherwise
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Since Bj C Q+ By C {z € Q' [dist(z,0Q') > %L}, we obtain

1 b?
5/ {|Vv€n|2 + 2—2(1 - |v€n|2)2} > wd|Ing| — C. (4.14)
UB? &n

From (4.12) and (H) we have

b2(1 — b2
Fe(ve,,U;B; U B(zp, /) > g/
B(zn,e

1
Von, [+ = (1= o n|2>2} ;
2 { : 2¢2 :

)
2

+— \Y + —(1- +0,(1).(4.15

By combining (4.9), (4.11), (4.13), (4.14) and (4.15), we find that

7db?| In €| + md|In(\6)| F. (v, Q) — 0, (1)

>
> F.,(ve,,U;B; U B(an, /") — 0, (1)
> wdb?|Iné| + (nd + 1)[In(A5)| — O, (1),

which is a contradiction. This completes the proof of Proposition 4.16. ]

4.3.2 Bad discs

Construction and first properties of bad discs

Consider a family of discs (B(;, 51/4))ie[ s.t

;€ QO Viel,
Bz, e /4) N B(x;, eY4/4) = 0 if i # j,
Uie]B(xi,€1/4) D Q.

Let Cy = Co(1/4,7/8), eg = €0(1/4,7/8) be defined by as in Lemma 4.15.2. For ¢ < &,
we say that B(z;,e'/*) is a good disc if

F.(ve, B(z,e"*) N Q) < Cy|Ine]
and B(z;,e'/*) is an initial bad disc if
F.(ve, B(z,e"*) N Q) > Cy|Inel. (4.16)
Define J = J(¢) := {i € I| B(z;,e'/*) is an initial bad disc}.
Lemma 4.17. There is an integer N which depends only on g and 2 s.t.
Card J < N.

Proof. Since each point of € is covered by at most C' > 0 (universal constant) discs
B(z;,e'%), we have
> Fe(ve, B(xi,e'/*) N Q) < CF(ve,9).
ieJ
Crd

The previous assertion implies that Card J < XS + 1. ]
0
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Let p(¢) = p | 0 be s.t.
‘3

P 0 and 2P

— . 4.1
Ad o [Inel —0 (4.17)

Note that from Assumption (H), such a p exists, e.g., p = (AJ)2.

The following result is a straightforward variant of Theorem IV.1 in [18].

Lemma 4.18. Let g, | 0. Then (possibly after passing to a subsequence and relabeling the
indices), we may choose J' C J and a constant k independent of n s.t.

J ={1,..,N'}, N' = Cst,

|z; — x| > 16kp fori,j € J' i #j
and
UZ’GJB('IZ'a 8%/4) - UiEJ’B(xZ" l{p)
For i € J', we say that B(x;,2kp) is a bad disc.

Proposition 4.19. We have

Z p
© dist(B(x;, 2kp), 00Q)

— 0.

2. degaB(xh%p)(ven) > 0.

3. F., (ve,,B(x;,2kp)) > WdeegaB(%znp) (v, ) In gﬁ - 0(1).

[ In p|
|Ine,|

Proof. We prove Assertions 1., 2. and 3.. Set

4. |ve,| >1=-C

in Q\ Uiey B(xi, 2kp).

Jo = {i € J'|degy(pa; 2np)n0) (Ven) > 0}

Since |vg, | > % in Q\ Use s B(z4,2Kp), we have

0<d="" degyp(m anpne) (Ven) < D deo(Bia 2mp)ne) (V,)- (4.18)
e Ieg

Consequently J # 0.
Up to a subsequence, we may assume that J)) is independent of n.
From Proposition 4.16, for all i € J} , we have dist(B(x;,£'/*),99) > 6. Consequently,
for i € J we find
dist(B(x;, 2kp), 0N2)

p

-0 (4.19)

since LN 0.
Assertions 1., 2. and 3. will follow from the estimate

Fen (v5n7 B(x“ 2"€p)) 2 b2ﬂ-degaB($,,2f€p) (Ut’in) ln eﬁ - 0(1)7 (420)

n

valid for ¢ € J|. Indeed, assume for the moment that (4.20) holds.

Then, by combining (4.10), (4.11), (4.16), (4.17), (4.18) and (4.20), we find that Jj = J',
i.e., 2. holds. Consequently, by combining Assertion 2. with (4.19), Assertion 1. yields
and from Assertion 2. and (4.20), Assertion 3. holds.



118 4. A DISCONTINUOUS AND RAPIDLY OSCILLATING PINNING TERM. PART II

We now turn to the proof of (4.20), which relies on Proposition 4.1 in [65]. We apply
this proposition in the domain B = B(0,2k), to the function v'(x) = v, (p(z — z;)) and
with the rescaled parameter &pyeso = =

p
Note that, from (4.17), € K &meso K p K A0 and |Ine| ~ |In&peso| > | In(N)].
Clearly, v’ satisfies

1 1
[{ivvesga-wpeh = [ P 0 epr?)
B meso B(thKp) 19
O(|Inef) = O(|In &mesol )-

Hence, one may apply the following result of Serfaty and Sandier: there is (B;);er, a finite
covering of

{:C € B(O’ 2K — gmeso/b) | |v/(x)| <1l- (gmeso/b)l/g}

with disjoint balls B; of radius 7; < 1072 s.t.

1/ { 12 b? 12 2}
— Vu'|* + 1—|v 2775 di|In&meso| — O(1);
2 BﬂUBj ‘ ‘ §r2neso( ’ ’ ) § ]‘ ’ ( )

here dj = ’degaBJ' (U/)‘ if Bj C. B(07 2K — gmeso/b)
0 otherwise
Note that from construction, {|v,| < 7/8} C UJB(xi7€}L/4) C Uy B(s, kp). Conse-

quently:
. 3
if dega(Bij(O,%fgmeso/b))(U/) # 0, then we have B; C B(0, 5/{)

Therefore,  d; = degyp(o,20) (V") = degap(a, 20p) (e, ) and

1

1
2 2\2
_ \V4 + —(1 - > d ) 1 meso| — 1

= WdegaB(mi,Qﬁp) (UEn) In g — O(l)

Thus (4.20) holds.
The last assertion is obtained using Lemmas 4.14 and 4.15. Indeed, note that the proof
of (4.20) gives a more precise result

3
FEn (UEn’ B(xl’ §Kp)) > bzﬂdegaB(mi,Qﬁp)(UEn) In L 0(1)

€n

Let z € Q\ Uy B(z;,2kp) then B(ﬂ:,e,ll/‘l) N B(z;, 3kp) = 0. Consequently, using Lemma
4.14 and the previous lower bound, we obtain:

E. (ve,,B(z,el/*) < Ingpe, + Co < wd|1In p| + Co.

n

Therefore, from Lemma 4.15, there is C' > 0, independent of z s.t. |v., (x)] > 1 —

| In p| 0

|Ine,|
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Location and degree of bad discs
Ve,

|v€n|

€ H'(Q\ Uy Bz, 2mp),81).

Let w, =
Proposition 4.20. The map wy, is an almost minimizing function for Ia., .., .

1
Proof. Indeed, denote K, = — / Ufn\an\Q, then we have
O\Uy B(i,2kp)

Kn < Fen(venaQ\UJ’B(xi’2l{p))+/ (1_ |v€n|2)|vwn|2

U B(@:,2rp)

= an(’l)en,Q) _an(vé‘n?UJ/B(x’i?Q’%p))—i_/
Q\U s B(x;,2Kp)

1
< (4.10), Prop 419 < Inepc, +C [Inp) / V|2 + O(1)
|ln €n| Q\U ;s B(x;,2Kkp)

(1= Jve, ) [V

1 [
< (4.10), Prop 4.19 < Ipupe, +C ||1;1€p||an (Ve,, @\ Uy B(wi, 26p)) + O(1)
[In p|?
<(49),(411) < Ihgpe, +C Te,] +0(1)
< (H) < Iopen + O(1).

By combining Proposition 4.10 with Proposition 4.20, we obtain the following

Corollary 4.21. The configuration {(xla E xN’)’ (degaB(ml,2np) (/U€n)’ s degaB(xN/,2np) (UEn))}
is an almost minimizing configuration of In., ., and consequently, N' = d, degaB(wiQHp)(v%) =
1 for all v and there is ng > 0 independent of large n s.t.

min {n;éln |z; — |, min dist(ﬂ:i,@Q)} > 2np,
i#£j i
B(x;, 2npAd) C ws.

4.3.3 H] -weak convergence

In order to keep notations simple, we replace from now on, 2kp by p/2. In order to
emphasize dependence on n, we write z7 rather than ;.

Using Corollary 4.21, up to subsequence, there is {aq,...,aq} C Q s.t. possibly after
passing to a subsequence, we have zt — a;.

Let po > 0 be defined as

po=10"2 -min {dist(ar, Q). |ax — arl}

1
Proposition 4.22. We have / {|V|v€n||2 + =1 - |v€n|2)2} =0(1).
Q S

n

Proof. From (4.10), Proposition 4.19 (Assertion 1., 2. and 3.) and Proposition 4.20, we

infer that 1
/ {|V|v€n||2 la- |v€n|2>2} — o).
O\U; B(x4,0/2) €n
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Consequently it suffices to obtain a similar estimate in B(z;, p/2). Note that B(z;, p) C ws.

Thus, if we set

Ue, (x5 + px)
b

o' (z) =

: B(0,1) — C,

then ' solves

—Au' = u' (1 — [o/%) in B(0,1).

From [20], we obtain

1 o e
5/19((),1/2) {W 11"+ 5 2:2 (1= u \2)2} = 0(1).

This estimate is the subject of Theorem 1 for the potential part and Proposition 1 in [20)]
for the gradient of the modulus (see also Corollary 1 in [20]).

1 b2
Set K, = —/ {‘V| H —|— ,0 ( - |u'|2)2}. Using Proposition 4.2, we obtain
2 /B(0,1/2)
1 b4 (AR
K,=0(1) = — 1 Zenenl
1 2 b2 2\ 2
= = v — (1- n(1).
s S {1 g (=t B ont)
Consequently, Proposition 4.22 holds. O
Proposition 4.23. There is C > 0 s.t. for (fixed) 0 < n < pg and n sufficiently large we
have 1
—/ U2 |V, |* — I, < C. (4.21)
2 JouBaim

Proof. We use results prove in Appendix 4.C, Section 4.C.1: Proposition 4.37 and Lemma
4.38.
Set

- . 1
e(Blao, R) \ Blao, 1), d) = inf 5/
weH' (B(zo,R)\B(zo,r),S") B(zo,R)\

degap(xg,r) (W)=d

U2 |Vw|?.

B(zo,r)

Since the configuration (x7,...,2]}) is almost minimizing, from Proposition 4.37, we obtain

that
Iy, = te, (B2, p0) \ BT )
7

here C' is independent of n and large n. Using Lemma 4.38 we have:

<C; (4.22)

e by Assertion 1. we find that
1

2 JUB(zi, 5n)\B(@hn/2)

e by Assertion 2. we find that

5 U2 (Va2 =S e, (Bl po) \Blahon)) <€, (4.24)
2 JUB(, .p0)\B(ah ) ) ; : < >
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e by Assertion 3. we obtain

1
—/ U2 |V, |* < C; (4.25)
2 Jo\UB(E, p0)

here C' is independent of 1 and large n.
Denote K, = =

| 2 Jo\UB(ai,n)

(s-t. Bz, 1/2) C Blai, 3n/4))

U2 |Vve,|* = I,,. We have for a fixed > 0 and large n

1
Ky, < (4.22), Prop. 4.22 < 5/

U2 |Vw,|? — pen ( B(x}, po) \ B(zt,n)) + C’
Q\UB(a;,n) 2 | ZZ: ) ( ( B ))

< (4.23),(4.25) < %/

UB(Z‘% 7p0)\B($§L 77])
< (424) < C.

U2, [Vwal® =3 e, (Bl po) \ Blagm) +C"

Here C’,C"” and C are constants independent of 7, n. O

Consequently, there is v, € HL _(Q\{a1,...,aq},S) s.t. ve, — v in HL (Q\{a1,...,aq}).
In order to obtain the expression of the homogenized problem, we use the unfolding
operator (see [30], definition 2.1). More specifically, we define, for Q9 C R? an open set,
p € (1,00) and 6 > 0,
Ts: LP(Qy) — LP(Qp xY)
f} + 5y) for (z,y) € Qi x v

10} — %(¢)($,y) = { i <5 |:6O for (x y) € As XY

Here, [s] is the integer part of s € R and

opte U E Ao et [3] - (3] [5])
Y& CQo, KezZ?
Y =6(K+Y)

A straightforward adaptation of a result of Myrto Sauvageot (|66], Theorem 4) gives
the following

Proposition 4.24. Let Qg C R? be a smooth bounded open set. Let v, € H?(Qq,C) be s.t.

1. vy <1 and/ (1—|va*)? — 0,

Qo

2. vy — vy in HY(Qq) for some v, € HY(Qp,S1),

3. there are H, € Wbh>®(Qq,[b*,1]) and § = 6, | 0 s.t. Ts(H,)(z,y) — Ho(y) in
L?(Q xY),

4. —div(H,Vuv,) = vpfn(z), fn € L®(Q,R).
Then v, is the solution of
—div(AVv,) = (AVu, - Vo, ),

where A is the homogenized matriz of Ho(5)Idg2.
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The proof of Proposition 4.24 is postponed to Appendix 4.E.
We apply the above proposition to Qy = Q \ UB(a;,n), § = d,, | 0 the sequence which
defines a., and H, = Ugn. By a straightforward application of Proposition 4.2, we obtain

L2(Qoxy) | a?(y) =1— (1 -1, ifa=1
1 ifA—0

We find that v, solves

—div(AVu,) = (AVu, - Voo, if A=1,
—Av, = |V, |?vs, if A — 0.

Here A is the homogenized matrix of a?(5)Idge.

4.3.4 The small bad discs
Definition

From the global bound on the potential part (Proposition 4.22), one may construct bad
discs of radius ¢, in the following sense:

as in [18] (Theorem II1.3), for [ > 2, there are r;, y; > 0 (depending only on €2, g and
1) s.t. for z € Q, if

1
= (1= Joe*)* < pu
€% JB(z,2k¢)

then )
lve| > 1 — 2 in B(z, ke).

We fix | > 2 and we drop the subscript I. Let (B(x;, ke))icr be a family of discs s.t
v, € Q,Viel,

Bz, ke/2) N B(xzj,ke/2) = 0 if i # j,
UieIB(xi,ms) O 0.
We say that B(x;, ke) is a small good disc if

1

L (1= Jof2)? <
g2 B(z,2ke)

If B(z;, ke) is not a small good disc, then we call it a small bad disc. We denote J C I
the set of indices of small bad discs.

Following [18], using Proposition 4.22, there is N; = N > 0 (depending only on 2, g
and /) s.t. Card(J) < N.

Using Lemma 4.31, for €, | 0, possibly after passing to a subsequence and relabeling
the discs, there are J' C J and &’ € {x,...,9V "1k} s.t.

{Jve, | <1 —1/12} C UjeyB(w, ken) C Ui B(zi, k'en)

and
[k T
En
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Separation of small bad discs

By a standard iterative procedure, we may assume that the small bad discs are mutually
far away in the e-scale.

Proposition 4.25. Possibly after passing to a subsequence, we have, for large R and
Jl/ C J/
{lve,| <11/} C Uie v B(a7, Ren),

where, for i # j,
xt — ph
M — 00 as N — 0.

En

Each bad disc contains exactly one small bad disc

We already know that the separated small bad discs are covered by the p-bad discs defined
in Lemma 4.18. We next prove that there are exactly d small bad discs and consequently,
there is exactly one small bad discs per p-bad discs.

Proposition 4.26. For large n and for all i € J”, we have
deg@B(x?,Ran)(vén) =1

Proof. First we prove that, for large n and for all ¢, we have
degop(an, re,) (Ve,) # 0.

We argue by contradiction and we assume that, up to a subsequence, there is i s.t.
degaB(x;l,Rgn)(Uen) =0.

Set M,, = min ([ bmin M 0~ 1) and set
" i#; 8Re,
u, . B(0,M,) — C
uen(g—n:c + ) .
v ~ bf

Note that, B(z}', Me,) C ws and by Proposition 4.25, we have M,, — oco.
It is easy to check that u/, solves —Au/ = u/ (1 — |u}|?). Following [28], up to a
subsequence,
ul, — ug in C2.(R?); (4.26)

here g : R? — C solves —Aug = ug(1 — |ug|?) in R2.

Then two cases occur: [ (1 — ]uo\z)z <ooor [(1-— \uO]Q)Q = oo,
C C
Assume first that /(1 —Jup|*)? < oo. From [28], noting that the degree of ug on large
C

circles centered in 0 is 0, we obtain that ug = Cst € S! and consequently / (1—|ug|?)* = 0.
C
Since u!, — ug in L*(B(0,2bR)), we find that

[ooamm = S A fu Py
B(0,2bR) €n JB(a?,2Ren)

_ _2/ (1= [0 |2) + 0n(1) — 0.
€n JB(2? 2Ren)
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Noting that B(z], key) is a small bad disc and that B(z},2ke,) C B(z},2Re,), we have
a contradiction.

Therefore /(1 — |up|?)? = co. Consequently, there is M > 0 s.t.
C

2y2 4p* 22
(1 —Juol[?)” Zsupq — [ (1= v, [7)" ¢
B(0,bM) n € JQ

Thus, for large n we have

b2
[ a-upr = 5 (1~ fue, /B)?
B(0,bM) €n JB(a?,Mey)
b2 2\2
= (1 = [ve, )" + on(1)
€n JB(a},Men)

20
> sups —& 1—1v 22},
> sw{ % [0 )

which is a contradiction with B(z]', Me,) C Q.
Consequently we obtain that for large n, degyp(znr ge,)(ve,) # 0.
Now we prove that

degyp(an Re,)(Vs,) = 1 for all i and large n. (4.27)

Note that each small bad disc contains at least a zero of v.,. Consequently, for p satisfying
(4.17), all small bad discs are included in a p-bad disc B(y, p) defined in Lemma 4.18. (For
sake of simplicity we wrote B(y, p) instead of B(y,2kp)).

If B(y,p) is a p-bad disc, we denote Ay, = {i € J"|z!" € B(y,p)}. Clearly, if
Card(A,) = 1, then (4.27) holds.

We define

=l — {10—2 mini,jEAy,zééj |£C? — :C?| if Cal“d(Ay) >1 .

Re, otherwise

From Proposition 4.25, if Card(A,) > 1 then @, /e, — oco.
For simplicity, we assume that y = 0 and let

5 7 20
B = B(0,8) \ Uiea, B (;Z7 7")

Clearly, we are in position to apply Theorem 2 in [39] in the perforated domain B.
After scaling, we find that

1 / 2 P P
= Vo, |° > degyp(zn Ve, )|{In— —C =nln— — C.
2 JB(y.80\UBGy 20) [Ved| 2_ degopay e (1) =) =)

€A,

In order to prove (4.27), we observe the case where there is y s.t. Card(A,) > 1. Note
that if for all y centers of p-bad discs we have Card(A,) = 1, then (4.27) holds. Moreover
if Card(A,) > 1, then we have

Z ‘degaB(a:?,Ran)(vtfn)‘ > 1.
i€,
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We obtain easily the following lower bound for i € Ay:

1 L
_ VU 2 > de n ) hl n._ C
2 /B(x aen)\m| = 80B(a] 7R€n)( en) Re,
Summing for ¢ € A,, we obtain that
Yy
>3 / Vo. 2> 27ln =2 — O,
i€Ay (zp,2%)\B(zl',Ren) Re,,

Consequently, we deduce that

y
p &y
E Vo, |> > mdln — + E In —O0,(1).
/B(y 8p)\UB(z!,Ren) Ren y s.t. Card(Ay)>1 Ren

From Lemma 4.14 and Propositions 4.20 and 4.19, we deduce easily

1

2/ U2 Vo, [2 = mdb® In £ + 0,(1).
U B(w.80)\UB(a] Tier) €n

Combining the previous estimates, we obtain that
{y center of p-bad discs | Card(A,) > 1} =0,
and thus degyp(zn ge,)(Ve,) = 1 for large n. O

Corollary 4.27. For large n, there is a unique zero inside each separated small bad discs
defined in Proposition 4.25.

Proof. From Proposition 4.26, one may assume that v, (zI') = 0.
Let i € {1,...,d}. In view of (4.26), if we denote

u, . B(0,M,) — C
usn(e—nx +z) (4.28)
x — b 5

then, up to a subsequence, u/, — ug in C'(B(0,bR)).
Using the main result of [54], we have the existence of a universal function f : RT —

[0,1] s.t
up(z) = f(|z])e" %) where = |z[e”, 6; € R and f : RT — R is increasing.  (4.29)

Therefore, we may apply Theorem 2.3 in [11]| in order to obtain that, for large n,
u,, has a unique zero in B(0,bR). Consequently, for large n, v., has a unique zero in
B(z], Rey,). O

Corollary 4.28. One may consider that R depends only on 1 (it is independent of the
extraction we consider), i.e, for | > 2 there is R; > 0 s.t. for small €, denoting {5 |i €
{1,...,d}} the set of zeros of a minimizer v., we have

{Jve| < 1—1/1%} C U;B(a5, Rie).
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Proof. From Corollary 4.27, one may assume that v, (z]') = 0.

Let f: Rt — R™ be defined as in (4.29) and u), as in (4.28). For [ > 2, consider R; > 0
be s.t.

1
| — Ry is increasing and f(bR;) > 1 — 2B

Note that from [67], one may consider R; ~ v/21/b.
By uniqueness of f, the full sequence |u),| converges to f in L [B(0,bmax {R, R;})].
Consequently, for n sufficiently large, since f is not decreasing,

{lve,,| < 1— 1/12} C U;B(x}, Riey,).

4.3.5 Asymptotic expansion of F.(v.)

Statement of the main result and corollaries

Our main result is

Proposition 4.29. Foralle, | 0, up to a subsequence, there is p = p(ey) s.t. €, K p K A0

and s.t. when n — oo the following holds

b
F. (vs)) > Jye, + db(zn 6—'0 ) + on(1), (4.30)

n

where J, . is defined in (4.8) and v is a universal constant defined in [18], Lemma IX.1.

Corollary 4.30. Let e, | 0,p be as in Proposition 4.29. Then we have

J€n75n - pr€n = 7Tdb2 In gﬁ + On(l)

Proof of Corollary 4.30. Using Proposition 4.13, consider (z1,...,24) € Q% a minimizing
configuration of points for J, ., i.e. s.t.

jpﬁn (@1, .0y Tq) = Jpe,-

Combining Lemma 4.12 with Proposition 4.10, we have the existence of ¢ > 0s.t. B(z;,cAd) C
ws.

Therefore, given a minimizing map w,, of jp,sn (z1,...,24), we may easily construct a
map W, € H'(Q\ U;B(x;,e,),St) s.t. w, € Tz, (21, ..., z4) and

1 -
Joer < 5 U2 Vi
Q\UB($, ,{;‘n)

1 1
= —/ _Ufnlvwn|2+—/ U2 |V,
2 Jo\UB(@.p) 2 JUB(2i,p)\Bwi,en)

= Jye +db?rin 2 4 0,(1), (4.31)

€n

IN

On the other hand, Lemma 4.14 combined with Proposition 4.29 yield

b
Jpen + db2 (1022 £ 7) + 0,(1) < Fe (vs,) < Jep e + db2(wInb + 7). (4.32)

€n

We conclude with the help of (4.31) and (4.32). O
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Proof of Theorem 4.7

We are now in position to prove Theorem 4.7, i.e., we are going to prove that
F.(ve) = Jee + db*(mInd + ) + 0:(1).
Indeed, using Lemma 4.14, it suffices to prove that
F.(ve) > Jee + db*(mInd + ) + 0:(1).
This estimate is equivalent to:
for all &, | 0, up to subsequence, we have F., (ve,) > Je, o, + db*(7Inb +7) + 0, (1).

Let €, | 0. Then, up to a subsequence, there is p = p, given by Proposition 4.29 s.t.

b
Fo(ve) > Jpen + db? (022 4 4) + 0,(1).

En

We deduce from Corollary 4.30 that

b
Feo(e) 2 Jepe, —d¥?In B+ diP(rin 2 4 9) 4 04 (1)

€n

= Jopen +dB*(mlnb+7) + 0,(1),

which ends the proof of Theorem 4.7.

Proof of Proposition 4.29

In order to construct p, we first define a suitable extraction.

For [ € N\ {0,1}, consider R; given by Corollary 4.28.

Using Proposition 4.26 and Corollary 4.27, for sufficiently large n, v, has exactly d
Zeros Iy = Ty, ..., T = Tq.

Clearly, these zeros are well separated and far from 09 (independently of n).

Fix i € {1,...,d} and consider

ul,: B(0,6%/e,) — C
En

Ue, (—x + ;) .

x . bT

For simplicity, assume x; = 0.
Up to a subsequence, one has, as in (4.29),

up, — g in Cffo(R?,C), ug(x) = f(|z])e' ")
where x = |z|e”, §; € R and f:RT — RT is increasing.

Consequently, for [ € N\ {0,1}, one may construct an extraction (n;); s.t., denoting
/

unl = u; = |u2|el(9+¢2) and venl — /Ula
{Jvi| <1 —=1/1%} C U;B(ws, Rien,), (4.33)
)\252
pL = le‘:nl S T;
1 2 1 2 1
/ Ve + 5 (1= i) —/ Vol + 5 (1-Juol?) | <7, (434)
B(0,bR;) 2 B(0,bR,) 2 l
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and

1
161 = Oillor (Bosry) < 7 (4.35)
Here R; ~ v/21/b and is defined in Corollary 4.28.
Following the proof of Proposition 1, Step 2 in [28], one has
/ |V¢j|? < C independently of I. (4.36)
B0.22P)\BO.Ri)

In B(0,\26%) \ B(0,¢,,), we denote v, = v; = |v|e’?T%) (¥ = z/|z|). By conformal
invariance, (4.35)implies that

% (4.37)

¢ = bill Lo 0B(0,00)) + |1 172 (0B (0,00)) <
Denote W; = B(0,2p;) \ B(0, p;) and consider ¢! € HY/2(0W},R) s.t

by = ol = ¢ —0; on 9B(0,p)
: ! 0 on B(0,2p;)

Using (4.37), it is clear that ||1;]| ;12 = O(1/1). From this, it is straightforward that there
exists a constant Cy > 0 (independent of [) and W € H'(W;,R) s.t

1 C
trow, Ul = ¢y = ¢! and 5 / IVUl? < 120.
Wi
Finally we define ¥; € H'(Q \ UB(x;, o), R) by

_— Ul — ;) ina;+W,
! 0 otherwise

and
Therefore, denoting w; = v—l‘ = el0t+e) U, = Ue,, and Q, =Q \ B(z;, pi), we have
A 1 - 1
Tor (1, s Ta) < 5/9 Ut IVal* = 5/ UL |Vwi? + 207V (0 + ¢1) - VI + oy(1).

Pl QPZ

From (4.36), we obtain easily that

V(0 + ¢p) - VI — z;)| = on(1)

/Q V(O+ o) VI =

i zi+W;

and consequently
5 1
T (@1, e ig) < 5/ U2V w2 + or(1). (4.38)
Pl

On the other hand, from direct computations, one has

1 1 1
3 [ vBaP =g [ vvel g [ ORGul - 0196+ ol

2 Pl QPL QPL



4.3 The pinned Ginzburg-Landau functional 129

Using the same argument as Mironescu in [54], one may obtain that

1
5/ UZ(1 — |u|H)Y?|V6]? < C with C independent of . (4.39)

Pl

From (4.39) and (4.33), we obtain

1

1
—/ UlQ\VleQE —/ UlQ\le\Q—ol(l).
2 Ja 2 Ja

Pl Pl

Therefore, with (4.38),

1 .
Fe, (01,9p) + or(1) > 5/ UE V> + o(1) > T, (4.40)

Qp,

In order to complete the proof of (4.30), it suffices to estimate the contribution of the discs
B('Iia pl)
One has (using (4.34))

F{;‘nl (UlaB(thl)) = 5 B(07pl) ‘v (3)‘ 252 < ‘ ) + Ol )
b2 2 2 2
) V" + 5 (1= |u]”) +a(
2 B(o,le)‘ il 2 ( [ > o(1)
— b2 2 1 2 2
2 Jpowry Vuol™+3 <1 — luol > +a(l).

From Proposition 3.11 in [65], one has

1 1 2
—/ |Vuol|® + = (1— \uo\Q) = mln(bRy) + v+ (1),
2 JB(bRy) 2

hence
F, (v, B(wi, p1)) = V2 [mIn(bR;) + 7] + oy(1). (4.41)

By combining (4.40) with (4.41), we obtain (4.30) with p; = Rjep, .

4.3.6 Proof of Theorems 4.4 and 4.5
We prove Theorem 4.4:

e The existence of exactly d zeros is a direct consequence of Corollary 4.27.

e The fact that they are well included in ws and that v, has a degree equal to 1 on small
circles around the zeros are obtained by Proposition 4.26 and Corollary 4.27.

e The lower bound for |v.| is given by Proposition 4.19.
Theorem 4.5 is obtained by combining:

e The weak H'-convergence of v., to v, which is a direct consequence of Proposition 4.24
(this is explained right after Proposition 4.24).

e The behavior in an e-neighborhood of the zeros of v.,,, given by (4.26) and Theorem 4.4
(combined with the main result of [54]).
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e In the case where A — 0, the fact that we may localize the zeros inside the inclusions
(this is obtained via Theorem 2.23 in Chapter 2).

Indeed we take f.(z) = trop((k, 1.),6/2)Ven ((kn, ln) + dx) With (ky,ln) €9 7?2 is a center
of a cell containing a zero of v, . Using the main result of [53|, one may easily prove that
fn satisfies the conditions 2.13 and 2.14. Thus we can apply Theorem 2.23 and infer
that the location of the zero inside the inclusion is governed by a renormalized energy
which is independent of the boundary condition.

Appendix 4.A Proof of Proposition 4.8

We prove the existence of minimal map in Z, and in J,. The main ingredient is the
fact that these sets are closed under H'-weak convergence (see [42]). Thus, considering a

1
minimizing sequence for 5 / a|V - | in above sets, we obtained the result.
Qp

We fix 0y, 0; : 2, — R some multivalued functions with smooth gradient s.t. et =

d;
I1; < L2 > and ¢ = 2=%i  Here d; € N*, and they are given by the definition of 7, or

|x—a;] T—x4

if we are considering the minimization in 7,, then we have d; = 1.
From Lemma 11 in [25], there is ¢g € C°(9, R) s.t. ge™0 = edo,
Note that

wel, = w= e00+9) with ¢ € Hl(Qp,]R) and trgg¢ = ¢p, (4.42)
w = e %F9) with ¢ € H(Q,,R),
we J, = 29@' + ¢ = Cst; on 9B(zi, p) and trond = ¢o - (4.43)
J#i

Clearly, from (4.42) and (4.43), Z, and in J, are H'-weakly closed.

We now prove the second part of Proposition 4.8.

One may easily obtain that for some A : €, — R, denoting w = eUfotd) ¢ e Hl(Qp, R)
(and thus w € 7)), we have

—div(aVw) = M <= {=div[aV (0 + ¢)] = 0 and A = a|Vw|*}. (4.44)
This observation is a direct consequence of the following identity

—div [aVe'® )] = —div[aV(f + ¢)] 1) + |V (6 + ¢) 2! @),

Note that under these notations one has |Vw| = |V(6p + ¢)|. Thus w is a minimizer in Z,
or J, if and only if 6 + ¢ minimizes the weighted Dirichlet functional under the condition
fixed by the RHS of (4.42) or (4.43).

Consequently, we find that 6 4+ ¢ minimizes the weighted Dirichlet functional under its
Dirichlet boundary condition.

Therefore, we obtain easily that —div [@V(0y + ¢)] = 0. The identity V(6y + ¢) =
w x Vw yields —div(aVw) = Aw.

Hence, the Euler-Lagrange equations in (4.5),(4.6) are direct consequences of (4.44).

The condition on the boundary for wg,e(% (resp. wag

equation satisfied by 0 + (b%i%, wgfo% — H0+6pE) (resp. 0 + (bfl)),g, wag = e’(9+¢2§)) by
¥ € D(Q,R) (resp. ¥ € D(Q,R) s.t ¢p = Cst; in B(x, p)).
Since « is sufficiently smooth, we can rewrite the Euler-Lagrange equation as

~ Va-V(p+10) th Va-V(p+0)
N o A [0

) follows from multiplying the

—A¢ € L*(Q)).

So, by elliptic regularity (b%i%, ¢Eg € H*(Q,,R), and consequently wgfo%, wgiof € H*(Q,,S").
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Appendix 4.B Proof of Proposition 4.9

As explained in Section 4.2.1, Proposition 4.9 is easily established when either N = 1 or
when the points are well separated. It remains to consider the case where N > 2 and there
are i # j s.t. |z — x| < 4stop-

4.B.1 The separation process

We assume that N > 2 and that the points are not well separated. Our purpose is to
compare the energy of jp,a to the energy of fp,a. To this purpose, we decompose (2, into
several regions and we compare energies in each regions. These regions are constructed
recursively using the following version of Theorem IV.1 in [18].

Lemma 4.31. Let N > 2, xq,....,2x € R? and n > 0. There are x € {9°,...,9V"1} and
{y1, ..y yn'} C{zx1,...,xn} s.t.

Ui]\ilB(‘IEi, 77) C Ui\ilB(yZ, "/”'77)

and
lyi — yj| > 8kn fori # j.

We let 29, ...,x?v denote the initial points x1,...,xyx. For k > 1 (here, k is an iteration
in the construction of the regions), we let Nj denote the number of points selected at Step
k, and denote the points we select by x’f, v xlf\,k

The recursive construction is made in such a way that Ny > Niy1 and N, > 1 for all
k>1.

The process will stop at the end of Step k if and only if one of the following conditions
yields

Rule 1: there is a unique point in the selection (i.e. Ny = 1),
Rule 2: min;; |2k — xf\ > AMstop-
k_ll.

Step k, k > 1: Let n, = imini# \xf‘l -z
Using Lemma 4.31, there are

k€ {9%, ..., 9Nk—17 1 and {ak, ,xf“‘vk} C {xlf_l,...,a:]fvzil}

s.t.
UiB(zF1 n)) ¢ UjB(az?, k) and |zF — xﬂ > 8k, for i # j.

(2

We denote 1y, = 2ky7),. We stop the construction if Ny, = 1 (Rule 1) or if 4 min o=t
xf*1| > Nstop (Rule 2).

In Figure 4.1 and 4.2 both stop conditions are presented.
Claim:

i. From the definitions of n}, and 7, we have Ny < Nji_1 and ng_1 < 1}, < 1.
ii. The balls B(x%,2n) are disjoint.

ili. Denoting A;“' C {1,..., Ny_; } the set of indices i s.t. 251 € B(x?, Kk}, ), then for i € A;“'
we have B(zF~! n,) C B(:c;?,mkn;g). Furthermore, by construction, |zF~! — x?71| >
4m,..
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o

-

K1my
zt — 23| > dnstop

m = 2Ky
477/1 < 4775t0p I g -

(a) The initial balls (b) The first step: a selec- (¢) The process stops at the end of the first
tion of two centers step since there are two well separated balls.

Figure 4.1: The process stops when we obtain well separated balls

° 8
K1 /1
o
m = 2K11; . ' /
(a) The initial balls (b) The first step: a selec- (¢) The second step: it remains a unique ball
tion of three centers (the picture is at scale 1/2)

Figure 4.2: The process stops when we obtain a unique ball

4.B.2 The separation process gives a natural partition of {2

Let Q, g, x1,...,xn, d and p, 7stop like in Section 4.2.1 with N > 2 and s.t. the points are
not well separated.
We apply the separation process. The process stops after K steps, 1 < K < N — 1.
We denote

{y1,..,yn'} C{x1,...,xn} the selection that we obtain, i.e., xf =y; and N' = Nk,

N stop ifN' =1
B , 0 0 > max(n, Nstop), (445
! {min {9N “ Nstop » imin ly; — y]|} N > 1 Ui (M s Mstop) ( )

Aj={ie{l,...N}|z € Bly;,n)}
We denote

Dj,k = B(x?777k) \ UmfflgB(g;;?’nk)B(w?_%n;c)v ke {17 ---aK}7 JE {17 ---aNk}7 (446)
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Rjp =B}, nj 1)\ B}, m), k€ {0,.... K =1}, j € {1,..., Ny}, (4.47)
R; = B(y;,n) \ B(yj,nx), j € {1,..., N'} (4.48)

and

D =Q\ Ujeq,. Ny B(y;,m)-

Note that by construction of 7., n; and xf the following properties are satisfied:

(a) The macroscopic perforated domain and the first (b) A mesoscopic ring and a mesoscopic perforated domain
mesoscopic rings

the balls B(w?_l, 2n;.) are disjoint (4.49)
and
2-9n), < e < 9V (4.50)
Therefore
Q,=D U UjkDj U Uj. xRk U U, R; with disjoint unions. (4.51)

Construction of test functions in D and Dj

Lemma 4.32. 1. Let n > 0. There is C1(n,Q,g9) > 0 s.t. if x1,....,xy € Q satisfy
min;; |x; — x|, min; dist(x;, 0Q) > 4n and dy,...,dy € N* are s.t. Y d; = d then
there is w € Hgl(Qn,Sl) s.t. w(x) = (w_n+;)di on 0B(zi,m) and

[ vl < ci).

n

Moreover Cy can be considered decreasing with 7).
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2. Letn >0,k >8, dy,dq,...,dny € N* be s.t. Zlgz‘gN d; = dy. Then, there is Co(k,dp)
s.t. x1,...,an € B(0,kn) satisfying min;.; |v; — x| > 4n we can associate a map to
each family w € HY(B(0,2kn) \ UB(z4,1),S!) s.t.

o P
— B(0,2
_ )y o OB02e0)
T on OB(z,n)
and
/ [Vw]?* < Cy(k, dy).
B(0,26m)\UB(z;,m)

Moreover Co can be considered increasing with x, dy.

Proof. In order to prove 1., we consider, e.g., the test function

H:Q,—R
o, (z — xi)d% b et H=0in {dist {x, 0 (Q \ B(mi,n)ﬂ > 77}
|z — a;]% —AH =01in {dlSt {x, 0 (Q \ B(:cl-,n)ﬂ < 77}

T—x; d;
w e Hy(Q,,S") and w(z) = % on 0B(z;,n)

Assertion 2. was essentially established in [39], Section 3. We adapt here the argument
in [39]. By conformal invariance, we may assume that n = 1. We let

X ZT; m— - — .o
H.[+2Z(“ >]d in B(0,2) \ B(0, %)

Z (x+xi<%‘—2>

w(z) = r—x;)% —
(2
— )i
%e@”i?m in B(z;,3/2) \ UB(zy, 1)
1
o0 B TR i ” (z =)%Y
here p; € C*°(B(x;,3/2) \ UB(z;,1),R) is defined by e¥i = Hﬁgim Clearly
lloill H1(B(a:,3/2)\UB@; 1)) 1 Pounded by a constant which depends only on dp. O
By (4.45) and Lemma 4.32, part 1., one may find a map wg € H'(D,S!) s.t.
g on 0f2
wo = (=g ‘ ( where d; = Z d;)
wo(x) = o on 0B(y;,n) € B )
satisfying in addition
[ 1900 < C1() < Calnen). (4.52)
D

For each Djj, combining (4.46), (4.49), (4.50) and using Lemma 4.32, part 2, there exists
amap w;x € H' (D, S') s.t.

_ A kYdjk
xr — x")%,
% for z € aB(CU;?,nk)
i,k
. = /r]k]’ 37
w],k(w) (x B mf—l)di,k—l k—1 .
o~ for x € 0B (x; ", 1))

k
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Here,

x'LEB(x?vnk)

and

/ IVw, x? < Ca(2ky,dj1) < Ca(2-9971,d). (4.53)
D],k

Construction of test functions in R;’s and R;}’s
For R > 17 >0, 7o € R? and o € L*°(R?, [b%,1]), we define

- 1
tia(B(wo, B)\ Blao, 1), d) = inf 5/ o Vul?  (454)
weH (B(zo,R)\B(wo,r),5") 2 J B(xo,R)\B(wo,r)
degap(ag,r) (W)=d
and
WP(B(zo, R) \ Blao, 1), d) = inf 5/ o[ Vul?.  (455)
weH (B(zo,R)\B(zo,r)8") 2 J B(wo,R)\B(wo,r)

w(zo+Re'?)=e?d0
w(zo+re?)e ¥ =Cst

In the special case o = U2, we denote

p1e(B(zo, R) \ B(xo,7),d) = py2(B(zo, R) \ B(wo,7),d)

and

P (Bao, R)\ B, ), d) = pPE (Blao, 1)\ B 1), d)

Note that the minimization problems (4.54) and (4.55) admit solutions; this is obtained
by adapting the proof of Proposition 4.8.

If « is Lipschitz, then the solutions of (4.54) and (4.55) are in H2.

We present an adaptation of a result of Sauvageot, Theorem 2 in [66].

Proposition 4.33. There is C3 > 0 depending only on b € (0,1) s.t. for R > r >0 and
a € L®(R% R) satisfying 1 > o > b, we have

HR(B(wo, R) \ B(z0,7),d) < pra( B(wo, R) \ Bz, ), d) + d*Cs.

Proof. This result was obtained by Sauvageot with a € Wh*°(R2, [b2,1]). We may extend
this estimate to a € L>°(R?, [b%,1]).

Indeed, let (p;)1>t>0 be a classical mollifier, namely p;(z) = t=2p(x/t) with p €
C*(R?,[0,1]), Suppp C B(0,1) and [p. p= 1.

Set oy = a * p; € WH™(B(z0, R), [b?,1]). We have

zltgr(l) ta; (B(zo, R) \ B(2o,7),d) = pa(B(zo, R) \ B(zo,7),d) (4.56)
and
lim 12" (B (0, R) \ B(wo, 1), d) = " (B(wo, R) \ B(xo,7), ). (4.57)

We prove (4.56), Equality (4.57) follows with the same lines.
Let w be a minimizer of puo(B(xg, R) \ B(xg,7),d). By using Dominated convergence
theorem, since ay — « in L*(B(zg, R)), we obtain that oy |Vw|? — o|Vw|? in LY(B(zo, R)\

B(xzg,r)) as t — 0. Consequently

i pi, (B(zo, R) \ B(xo,7),d) < pia(B(o, R) \ B(2o,7),d).
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On the other hand, let w; be a minimizer of pq(B(zo, R) \ B(xo,7),d) and let ¢, | 0. Up to
a subsequence, wy, — wo in H*(B(zo, R) \ B(wo,7)) as n — oo and /&g, Vg, — v/aVwg
in L2(B(zo, R) \ B(zo,7)).

Since the class T := {w € HY(B(wo, R) \ B(zo,7),S!)| degp (g, r) (W) = d} is closed
under the H'-weak convergence (see Appendix 4.A or [42]), we obtain that wg € Z. Con-
sequently, we have

lim inf g, (B(zo, R) \ B(zo,7),d) 2 pa(B(o, B) \ B(xo,7),d).

Thus the proof of (4.56) is complete.
Therefore, without loss of generality, we may assume that « is Lipschitz.

One may easily prove that if R < 4r, then pP™(B(zq, R) \ B(zo,r),d) < 2d*wIn4.
Thus we assume that R > 4r. Clearly, it suffices to obtain the result for d=1and zo = 0.

Let w be a global minimizer of uq(B(zo, R/2) \ B(xo,2r),1). As explained in Section
4.A, denoting x/|z| = €, one may write w = ¢“+%) for some ¢ € H?(B(xo,R/2) \
B(xg,2r),R). Now we switch to polar coordinates.

Consider

B °n 2 1
r={pernral [ averoreaws [

21

alp,0) dH} .

Then I is closed (since ¢ € H?). On the other hand, I is non empty, by the mean value
theorem.

Let r;1 = min/ and ro = maxI. We may assume that ¢(r2,0) = 0 and ¢(r1,0) = 6p.
We construct a test function:

(0 if2ro <p<R
2r2r2_ p¢(7~2, 9) if ro < p <29
¢'(p,0) = o(r,0) ifry <p<r
Qp; n o(r1,60) + ZTITI pHO ifr/2<r<nr
0o ifr<p<ry/2

As explained in [66], there is C' depending only on b s.t.
1

/ (Ve Ve )P <C.
2 JB(0,rR/2)\B(0,2r)

Thus the result follows. O

For o € L>(, [b?,1]), using Proposition 4.33, there is C3 depending only on b € (0,1)
st. for all k € {1,..., K — 1}, j € {1,..., Ny}, there is w. j € H' (R;,S') s.t.

(x— :cé?)df’k X
7. for x € OB(x§, M, 1)
wasn(e) =4 " (o ahyisn
%"j’kd*i? for x € (9B(x?,77k) where v, € S!
mﬁ’k
and s.t. for all w € H'(R;;,S") satisfying degyp (k) (W) = 1; ), one has
J?
2 2 72 2 2
/ a|Vwgjkl” < / alVw|® + Csd; . < / a|Vw|* 4+ Csd”. (4.58)
Rj,k Rng Rj,k:
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Now we consider the rings R;. For j € {1,..., N}, we denote
di= Y d.
z;€B(y;,m)

Using Proposition 4.33, for j € {1,..., N'}, we obtain w, ; € H'(R;,S!) s.t.

(z — y;)?
TJ for x € 0B(y;,n)
Wa,j(x) = (z — y;)"
Yo o € By i) where 7o, € 8'
K

and s.t. for all w € H'(R;,S') satisfying degyp(y, ;) (w) = d; one has

/a]Vwa,jlzg/ a|Vw]? + C3d>. (4.59)

J R,
4.B.3 Proof of Proposition 4.9

Note that there are at most d? regions Dj 1, at most d? rings Rj and at most d rings R;.
Consequently, denoting

Cy = Cu(g, 2, b, Mstop) = C1 (Mstops 9, ) + d2Ca(2 - 9971, d) + 2d>C3(b)d?

and using (4.51), (4.52), (4.53), (4.58), (4.59), one may construct a test function w, € J,
(up to multiply by some S!-Constants each function previously constructed) s.t. for all
w € Z,, one has

/ a\Vwa\QS/ a|Vw]? + Cy. (4.60)
P Qp

Clearly, (4.60) allows us to prove Proposition 4.9 with Cy = C4/2.

Appendix 4.C Proof of Proposition 4.10

4.C.1 Upper bound for /,.. Behavior of almost minimizers of /,.
Upper bound for I,,
We start with some preliminary facts (Proposition 4.34 and 4.37 below).

Proposition 4.34. Let a € L®(R?,[b,1]), R >r, > >0, d € Z and z¢ € R?, then we
have

1. pia(B(zo, R) \ B(zo,7),d) = d?*pio(B(z0, R) \ B(xq,r),1),

2 Prin 2 < juo(Blao, B)\ Blrg, 1), 1) < whn T,

3. MG(B(CUO’ R) \B(xo, T)’ 1) < :ua(B(xO’ R) \B(:C(), Tl)’ 1) +:ua(B(x0’ Tl) \B(:CO, T)’ 1) +
2C'5 where Cy is given by Proposition 4.33 and depending only on b.

Assertion 1 and 2 are direct. The third one is a consequence of Proposition 4.33.

Lemma 4.35. Assume that b > % Then Uy is closed to being & - (Z x Z)-periodic in 2!
in the sense that

U.(z) — U [z + (6k,00)] | < Ce™ % if 2,2 + (6k,0l) € QP ¢ = /5 and k,1 € 7.

Here, v > 0 is an appropriate constant.
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Recall that Qi is the union of the cells [§k,5(k + 1)) x [01,5(1 + 1)) C R? (k,l € Z)
that are include in Q.

Proof. For W C R?, we denote W = % = {# € R?| 62 € W} and for w € HY(W), we
define w € H' (W) s.t. w(2) = w(di).

It suffices to prove that there is V¢ : Y = (—%,
z + (k,1) € Qirc! we have

) x (=1, 1) = [b,1] s.t. for z €Y and

N[

Ve(@) = Ue [ + (k, D] | < Ce %

Let
ay: Y — {b,1}

b ifrewr=\w .
T
1 otherwise

We consider V¢ the unique minimizer of

a _1 2 1 2 2\2 1
BAVY) =5 [ WVE+ 5506 - V2R,V € B ViR,

Denote W (z) = Vi(z) — Us[x + (k,1)] which satisfies (using (4.3))

w
—AW = @ [a3 — (V2 +UV +U?%)] inY
0<W< Ce ¢ on Y
1
Since b% > 3 using the weak maximum principle, we find that W > 0 in Y. Consequently,

since W is subharmonic, we deduce that W < Ce™¢. U

From Lemma 4.35 we obtain the next result.

Lemma 4.36. Foralll > R >r > ¢, x,29 € R? s.t. B(xg, R) C and and x — 9 € 672,
we have

pe(B(x, R)\ B(x,7),1) = pe(B(xo, R) \ B(xo,7),1) — 0:(1).
Adding the condition that B(x, R) C Q! we have

ILLS(B('%.7 R) \ B(.%'7 T)a 1) - ,Ue(B(an R) \ B(£07 7"), 1) < 06(1)'
Moreover the o-(1) may be considered independent of z,xq, R, 1.
Lemma 4.36 implies the following

Proposition 4.37. Let n > 0 and n > p > . Then there is C = C(Q,,g,m) > 0 s.t.
for xy € R? we have

Ipe < dpe(B(xo,n) \ B(wo, p), 1) + C(n),

where C(n) is a constant independent of xy.
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Estimates for almost minimizers

Lemma 4.38. 1. Letx € R, 0 <7 < R, a € L®(R?,[b%,1]), Co > 0 and a map

w € HY(B(x,R) \ B(x,r),S") s.t. degyp(z,r)(w) =1 and

1 -
5 [ o Vul? - ja(B(z, R)\ B(z,7),1) < Co.
2 JB(2,R)\B(r)

Then for all ', R’ s.t. r <1’ < R' < R one has

E / a|Vw|* = po(B(z, R') \ B(z,1'),1) < 4C3 + Cy,
B(z,R/)\

2 B(z,r")

where C3 depends only on b and is given by Proposition 4.33.

2. Let x1,...,tqg € Q, d; =1, ¢ < p < 1072y, 5 := 1072 - min {|z; — x|, dist(x;, 0Q)},
Co>0andw € Hl(Q’p,Sl) s.t.

1
3 | VAVuP < L.+ G

P

Then for p <r < R <n one has for all i

UZ\Vwl* = pe(B(xi, R)\ B(z,7),1) < Co + C(n);

5,
2 /B, R\B(wir)
here C(n) depends only on b, g,Q, Q" and 7.

8. Under the hypotheses of 2., we also have for n > pg > p

1
1 / U2|Vul? < Clpo, Co):
2 Ja

Po
here C(n,Cy) depends only on b, g,Q,', Co, po and 0.

Proof. Using the third part of Proposition 4.34, we have

; / o|Vwl* < pa(B(z,R)\ Bz, R'),1) + pa(B(z, R')\ B(z,1"),1)
2 JB(z,R)\B(@r)

+ha(B(@, ")\ B(z,7),1) + 4C3 + Co.

We easily obtain

1 _ 1
5/ a]Vw[z > po(B(z,R)\ B(z,R'),1) + 3 / 704\Vw\2
B(z,R)\ B(z,R)\B(z,r)

+ po(B(z,7") \ B(z,7),1)

B(z,r)

which proves the first assertion.
The second assertion is obtained by using the same argument combined with Proposi-

tion 4.37.
Last assertion is a straightforward consequence of Proposition 4.37 and both previous

O

assertions.
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Lemma 4.39. Let v, € R?, a,, € L®(R?,[b%,1]) and 0 < r,, < R,, < 1 satisfying ;—n — 0.

Consider w, € H*(W,,S') where W,, = B(xy, R,,) \ B(xn, ), degoB(a,,ry) (Wn) = 1.
Assume that there exists Cy > 0 s.t.

1
5/ Ozn]an\Q < pan, (Wa, 1) + Co.

n

Let 2 > 0y > 2m(1 — b%) and let K,, be a compact cone with vertex x, and aperture .
Then it holds:
1

—/ Vw,|? — oo.
2 Jwank, n—oo

Proof. We argue by contradiction and we assume that up to subsequence there is C7 > 0
s.t.
1

—/ [Vw,|* < C. (4.61)
2 Jwank,

We drop the subscript n.
For p € (r, R), we denote

C,={y|ly—=z|=p}, C;r:CpﬁKandC;: b\ K.

We use the polar coordinate centered in z, i.e., y = x + pe?, p > 0, 6 € [0,27). One may
assume that I = [0, 6] (resp. I = (6o, 2)) is the set of angles 6 which defines C;f" (resp.

o).
P
The argument is based on the variation Of w = e on Cp . Here, %2 18 locally deﬁned

in W, its gradient is globally defined and lies in H*(W,R?).
We denote

2T
Alp) = Var(w, C,) = / dw| = /0 D0i0(0.0)].

P

(o) = Varlw.CF) = [ 10wl 0}
Using the Cauchy-Schwarz inequality, we deduce

A%(p)* _

dpo(p,0)|?, 4.62
Tong(12) = 1i| h(p,0)]| (4.62)

A(p)?
2w

< / o0(p, 0)[2. (4.63)

Note that from (4.61), (4.62) and (4.63), we obtain

R R
/ @A+(p)2 < 2C16p and / @A(p)Q <Cln E (4.64)
ro P r P r
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From (4.62), (4.63) and (4.64), we have

/W |Vwl|? /TR%/O% 1D90(p, 0)?d6
= /TR % {/@ |0pp(p, 0)[d6 + /1 laew(p,ﬁ)\Zde}
R 2 - 2
[
>/ : % {A+9<Op>2 L AW? - 2A;<Tp>_A€<0p> A% (p)? }

fdp A(p)? [, R
/T ?27_90—(9< ln7>. (4.65)

Noting that A(p) > 2, 6y > 27(1 — b?) and using (4.65), we finally obtain

1 2b2 2
—/ o Vuw|* > lnE—O< ln5> —WIHE—{—H > uo(W,1) + Hy,
2 w —90 T

v

Y

with H,, — oco. This contradiction ends the proof. ]

4.C.2 Proof of the first part of Proposition 4.10

Let 27,..., 2% € Qst. |2 — CE;L| > 8p and df,...,dy, > 0,) di' = d. Note that, up to
subsequence, one may assume d;' and N,, are independent of n.

We fix g = 27 € ws N[0 - (Z x Z)] s.t. B(zg,r) C Q where r > 0 is a constant which
depends only on €.

Assume that there is ig € {1,..., N} s.t. dist(z},0Q) — 0

It suffices to prove that, up to a subsequence,

weH} (), 8 2

. 1
inf —/ 2 \Vwl? = 1,., — .
Q)
degaB(z?,p)(w):dl

Up to a subsequence, there are ay,...,apsr € Q and {Ay,..., Ay} a partition of {1,..., N}
s.t.
1tEN = 2! — q.

By hypothesis, we may assume that a; € 9). Let
Nstop = 10-8.9~" .1nin {giin\al am] mln dlst(al,(?Q) dist (092, 89')} po = 103.9¢ nstop,
m

where
mingz, |a; — am| = 400 fM=1
ming, ¢aq dist(a;, 982) = +oo if a; € 0Q, 1 € {1,..., M} .

For [ € {1,..., M}, we denote

Q' = B(ay,2p0) \ Uiea, B(zi, p) and d; = Z d;.
1EN;

We consider four cases:
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1. |[Aj] =1 and a; ¢ 09,
2. [Aj] =1 and a; € 09,
3. |Ay] > 1 and a; ¢ 09,
4. |Aj] > 1 and a; € 992.

We first treat the cases where [A;| = 1.

Assume that a; ¢ 02 (thus we are in Case 1). From Proposition 4.34 and Lemma 4.36,

we have
1

9 /an U2 |Vwl? > d pe, <B(9007P0) \ B(zo, p), 1) - 0(1). (4.66)

Assume that a@; € 9Q (thus we are in Case 2) and let 7 = max(4|a; — x;],16p) with
i€ A
Clearly

1 1 1
—/ U2 |Vw|® > —/ Ufnvay%r—/ U2 |[Vwl|®.  (4.67)
2 Jay 2 J B(a,2p0)\Blar,21) 2 J B(wim)\B@ip)

l

As direct consequence of (4.67) we have

5
2 Jon

1

b? -
Vel = [ GuP s, (Bl \Bp).d) .
B(ai,2p0)\B(a;,2n)

From Lemma VI.1 in [18], since a; € 99 and w = ¢ in '\ Q, we obtain

1

/ \Vw|? > 2rd;| Inn| — C with C independent of n.
2 JB(a.2p0)\Blar 20)

Consequently, since b? > 1/2, there is H,, — o0 s.t.

b2 . N _
> [Vw|* > wdy| In |+ Hy +O(1) > dy pie,, (B(:vi,2po) \ B(zi,n), 1) + H,y,.
2 JB(ai,200)\B(as,2n)

From Proposition 4.34, Lemma 4.36 and (4.67) we obtain

1 -

5 /Q U2 [Vwl® > dy pe, (B(xo,po) \ B(zo, p), 1) + Hy, Hy — 0o, (4.68)
l

We now consider the remaining cases: [A;| > 1.

We apply in {2 the separation process defined in Section 4.B.1.

Since for i, j € A; we have |z; — x| < Tstop, in the end of the process (after K steps),
we obtain a unique z¥ = y; € {x;|i € A;} in the final selection of points and nx — 0.

For k € {1,..., K} we denote {z¥, ,x?vk} the selection of points made in Step k, n
the radius of the final balls in Step k and 7 the radius of the intermediate balls. Note
that ng = p.

From (4.47) and (4.48), the following rings are mutually disjoint

Rjp = B(ah o )\B(@k,me), djp = Y. di withk €{0,..,K—1}, j € {1,..., Ny},
miGB(‘T?,%_,_l)

Ré = B(yl7p0) \ B(yl777K)
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1
So, one has for w € H,(€2,,S") (setting L, = 5/ U2 [Vw|?):
o

1 K—1 Ng 1
Y A 5[ vEivep

Ry k=0 j=1 - 7 Rix

1 K—1 Ng ~

> 5/ U2 [Vwl? + pie, (B(},my1) \ Bk, mi), dj i)

Rj, k=0 j=1

1 K—1 Ng ~

(Lem 4.36) > 3 /l Ufn]VwIQ + ik ten (B(z0, k1) \ B(xo, i), 1) — O(1)

Ry k=0 j=1

1 - -
((4.50), Prop. 4.34) > 5/1 U2 [Vwl? + dy pte,, (B(zo,nx) \ Blwo, p), 1) — O(1).  (4.69)
RO
Here we used the fact that z;vz’“l Nj,k =d.
If a; ¢ 0N, then we obtain

1

3 [ ORIVl > e, (B, p0) \ Bl ). 1) - O(1). (4.70)
Qp

If a; € 99, we have to consider two cases: |a; — y;| < 4nx and |a; — y;| > dnk.
Let 1 := max(|a; — yi|,4nk ). Note that n — 0. For w € H;(Q;},Sl), we have

1 1 1
—/ U2 |Vuw|* = —/ Ufn|Vw|2+—/ U2 |Vuw|?
2 Jry 2 J B(y1,po)\B(a1.p0/2) 2 J B(ar,po/2)\Blar, 16m)
1 1
+—/ Ufnvay%r—/ U2 |Vuw|?
2 JB(ar 16m\B(wi,m) 2 JBy,m\Blyinx)

1

2 /B(al,pop)\s(al,mn)
+ dy pe, (B(@o,m) \ B(wo,nk),1) = O(1).  (4.71)

From Lemma VI.1 in [18], since q; € 9Q and w = g in '\ Q we find
1

2 /B<al,po/2>\B<a_l,16n>

v

Ufn\Vw\Q +

|Vw|*> > 27rd;|Inn| — C with C independent of n. (4.72)

Consequently, using Proposition 4.34, (4.69) and (4.71) and (4.72): there is H,, — o0 s.t.

1

3 /Q U2 |Vw|? > d e, (B(xo, po/2) \ B(xo,p),1) + H, — O(1). (4.73)
!

Summing over [ the lower bounds given by (4.66), (4.68),(4.70), (4.73) and using Proposi-
tion 4.37, we obtain the result since by assumption, (4.68) or (4.73) occurs.

4.C.3 Proof of the second part of Proposition 4.10

Let af, ...,z € Qs.t. |27 — 27| > 8p and dy,...,dny > 0,3 d; = d (up to subsequence the
degrees may be considered independent of n).
Assume that thereisip € {1,..., N} s.t. d;, # 1 or that there are i # j s.t. |z} —27| — 0.
Up to a subsequence, there are ay, ...,ay € Q and {Aq,..., Ay} a partition of {1,..., N}
s.t.
ieEN = 2! — q.
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Note that since d; > 0, the hypotheses of the second part of Proposition 4.10 are
equivalent to
there exists [y € {1,..., M} s.t. chO = Z d; > 1.
i€l

We argue as in the previous section and with the same notations. There are two cases:
1. Card(A;) > 1,
2. Card(Ay) = 1.

In the first case, we apply the separation process in Q' = B(ay, 2po) \ Uiea, B(zi, p).
For w € Hgl(Q’p,Sl) we have

K—1 Ng

1
JATEE / 2o+ 3 1 / U2 [Vul?
Qp k=0 j=1
K—1 Ng - .
> - / 2Vl + )0 pe, (B, miga) \ Bak, i), djg)
k=0 j=1
> d? ., (B po)\B(xomK) D+

(o
K —
ZZ ik e (B (20, Mk11) \ B(wo,mk), 1) — O(1)

k=0
> d pie,, (B (330,,00) \ B(wo, p), 1) + (df — d)wb?| k| — O(1).  (4.74)

In the second case the computations are direct

1 1
—/ U2 |Vu|? z—/ U2 |Vuw|?
2 Qr 2 B(xi,00)\B(z:,p)

> dj ie,, (B(zo, po) \ B(zo,p), 1) + (df — d;)mb*|Inp| — O(1).  (4.75)

Summing the lower bounds (4.74) and (4.75) over [ and applying Proposition 4.37, we
obtain the result since n — 0, n € {nx, p} and d;, > 1.

4.C.4 Proof of the third part of Proposition 4.10

From the first and the second assertion, one may consider 7, ..., 2} € €1 s.t.
min {nin |z — x?|,m_indist(x?,89)} >10%-19 > 0and dy, ...,dg = 1.
1#£j )

We divide the proof into two steps:

Step 1. If the configuration is almost minimizing, then for all 7, we have z}' € w;.

dist(z?, 0
Step 2. If the configuration is almost minimizing, then for all ¢, we have lim inf M

n )
0.

We now prove Step 1.
Assume that there exist Cy > 0, sequences e, p | 0, p = p(e,) > &, and distinct points
xy,...,xl (well separated and far from 99Q) s.t. p/(AJ) — 0, 2 ¢ w5 and

1
inf — Vw < C 4.76
weHL (), S1) 2 // Vel = Tpe, < Co (4.76)

degyp(a,,p) (W)=1
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Denote w,, a minimizer for fpﬁn({(x’f,...,xg),(1,...,1)}) (see Proposition 4.8). Using
Lemma 4.38 Part 2, for p < r < R < 19, one has

/ U2 [Vwal? — pie, (B(a, R)\ B@im), 1) < Co + Clno).
B(z®,R)\B(z},r)

There are two cases to consider:

dist(z, ws)
Ad

dist(z, ws)
Ad

The first case is the easiest. Indeed, let x € (0,107 - ¢) be s.t. B(0,2k) C w C Y and

Yn €0 (Z X Z) st. V', yy € Yk‘sl Note that using (4.3), U, = 1+ V,, in B(z}, k\d) and

U., = b+ Vy, in B(yn, kA0), ||Vp|lze = o(¢2). Therefore we have

i. up to a subsequence, we have € (0, 00,

— 0.

ii. up to a subsequence, we have

e (B, 7\ B ), 1) = wln 22 + 0(1)
Rs . (4.77)
tie, (B(tn, KA8) \ B(yn, p), 1) = b*m1n " +0(1)

With 1 = (1,...,1), we have

~

Tyen (7). 10) > pae, (B m0) \ BT, 509), 1) s
+ 205 e (B(a}, £AO) \ B2, p), 1)
and
fp,en({(ynaﬂ:ga--->xg)a1}) = fie, (B(Yn, KAS) \ B(Yn,p),1)
+ Yo pe, (B}, 5A8) \ B(a7, p). 1) (4.79)

+ 58 e, (B2, mo) \ B(al, £)8), 1) + O(1).

From (4.77), (4.78) and (4.79), we obtain

~

Tpen({@F s @), 1) = Ty, (g @5, oy ), 1)) — 00

this contradicts (4.76).
We now turn to case ii.. Arguing as in case i., it suffices to prove that

e, (B(z], kAO)\B(2Y, p), 1) — pe,, (B(yn, KA)\ B(yn, p), 1) — oo for some fixed . (4.80)

In contrast with case i., we cannot rely on (4.77) anymore.
Let k > 0 depending only on w be s.t.

r < 1072 - dist(w,0Y") and B(0,10% - k) C w.

We have U, = 1+ V,, in W,, N K,, where, ||V,,||L=~ = o(g2),

W, = B(xn, Ry) \ B(xn, 1), Ry = KAS, T, = max(e %L/ )y T = Y
3
and K, is the cone of vertex x, and aperture 6y = % — b?7 which admits the line

(@, Moy, xy) for symmetry axis and s.t. K,,NwsNW,, = (). Here Iy, () is the orthogonal
projection of x,, on Ows. Since b > 1/2, we have 7 > 6y > 2m(1 — b?).



146 4. A DISCONTINUOUS AND RAPIDLY OSCILLATING PINNING TERM. PART II

ws 7 \’i;QZWEWﬂ"“-.-I. e
/// Z 7 7

Figure 4.3: The domain W,, N K,

dist(x,,, w
Note that since M

smoothness of w, K, is well defined.
In Figure 4.3 we have represented the domain W,, N K, used in the proof of Step 2 ; in
the situation Step 1 Case ii., the construction is similar except the fact that the vertex of

— 0, for large n and small x (independently of n), by

the cone is outside wy. R
Applying Lemmas 4.38 and 4.39, for w, a minimizer of Z, . ({(«7,...,x}),1}),

z; KvaHQ—ﬂx. (4.81)
nmn

By smoothness of w, for large n, dist(W,, N K,,,0ws) > /€,,. Consequently, using (4.3),
Us, =14 Vo, [Vallzee = 0(e) in Wy N K.

Let y, € 0-(Z x Z) be s.t. a},y, € Y/f,l' We set W,, = B(Yn, Rpn) \ B(yn,mn),
K, = K, + yn — x, and Wn(+) = wn (- — yn + z5,). We have

1
te, (W, 1) + O(1) = §/W U2 Va2 + O(1)
1 b?
S I Ay
2 Jwankn 2 Jwa\Kn,
1 o, VP o
> 5 |V, |* + Vg, |
2 JWnK, 2 JWa\E,
1 2 - 2 1_b2 - 2
> = | Uz |[V,|" + Ve, +0(1)
2 Jw, 2 Jw.nE,
- 1-v? )
> e, (Wi, 1) + |Vw,|” 4+ O(1). (4.82)
WnaNKy,

By combining (4.81) and (4.82), we obtain

tre, Wiy 1) = pie, (W, 1) — oo. (4.83)
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On the other hand, we have

pep (BWn> 7n) \ B(Yn, p), 1) < pe, (B(n, ) \ B(xn, p), 1) + O(1).
By Proposition 4.34 Assertion 3, Estimate (4.80) follows by combining this inequality with
(4.83). Step 1 is complete.
dist(zT, Ows)
A0
Let R, = kA0 (k small and independent of n), r, = max(p, 671/4, VS - dist(xy,, Ows))
and let D,, be the line passing through z, and Ils.,(x,). (If z, € Ows, D, is the line

orthogonal to dws at x,,)
As in Step 1, we denote W,, = B(zp, Ry) \ B(zp,r). We let K, be the cone with

3T
vertex x, and aperture 6y = — — b*7 which admits the line D, for symmetry axis and

st. W, N K, Nws = 0. (We represent W,, N K, in Figure 4.3.)
Clearly, for large n, K, is well defined. Applying Lemmas 4.38 and 4.39 for w, a
minimizer of Z, ., ({(z},...,27),1}), we obtain

/ |Vw,|? — oo
WnNKn

Note that since dist(W,, N K,,,ws) > £'/2, we have U., = 1+V,, IVall oo (wni,) = 0n(e3)-
Using this fact, we complete Step 2 by arguing as in Step 1 Case ii.

We now prove Step 2. Assume that 2] € W5 and — 0. Denote z7 = z),.

Appendix 4.D Proof of Proposition 4.13

We prove a more general form of Proposition 4.13.
For a € L>®(R2,[b?,1]) we define

. M 1
Iyo = inf inf = alva
Tl,...,xf\réﬂ wGHgl(Q;nSl) 2 le
ri—x;[>8p g oy (w)=d;
dl’___7dN>O,Z di=d g(’)B(zZ,p)( ) i
and
. 1 1 2
Jp o = inf inf 5 a|Vwl*.
’ x17,..,$d€Q wEH;(QmSl) 2 QP
|zi—z;]>8p :

) 10)—e2(0+6;) 9. cR
dist(mi,aﬂ)ZUw(xH_pe )=e v.0i€

Here Q), = Q' \ UB(z;, p).

We prove the existence of a minimizing configuration {x,d} = {(z1,...,zn), (d1,...,dn)}

for I, .
Let ({xn,dn})n be a minimizing sequence of configuration of I, , i.e.,
. 1 2
inf = a|Vw|® — I, 4;
weH (Q7 S1) s.t. 2 n

w=g in ¥\QUUB(z?,p)
degyp(on,p) (w)=d} for all i
z,

here Q) = '\ UB(z}, p).

Up to a subsequence, we have N,, = N = Cst, d,, = d = Cst and x,, — x with
X = (21,...,xN) s.t. mingy; |x; — x| > 8p.

Consider w,, € Z,(xp,d) a minimizing map. Since w, is bounded independently of n
in Hl(QZ), up to a subsequence, we have w, — wq in Hﬁ)c(Qg), Qg = Q' \ UB(z4,p).

Clearly the following properties hold:
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o wy € Hﬁ)c(Qg,Sl) and wp = ¢ in Qg\ﬁ.

1 1
e For all compact K C Qg we have 5/ o|Vug|? < liminfi/ a|Vw,|* < I,
K K

Thus wgy € Hgl(Qg,Sl) and / ol Vg |> < Ia
0

Now, it suffices to check that degyp(,, ,)(wo) € N* for all i. Since wy is St-valued, this
fact is equivalent to degyp(y, ) (wo) € N* for all 4 and for all p € (p, 2p).
In view of the fact that for p/ € (p,2p) we have w] = W onUBE) wy =
Woro\UBT ) and on the other hand the set
7= {w € H' (Y \UB(z;,0),S") | degaB(mi,pl)(w/) =d; forallie{1,..,N}}

is closed under the H!'-weak convergence (see Appendix 4.A or [42]), since w!, € I, we
obtain that w(, € Z’. Therefore {x,d} = {(z1,...,2n), (d1,...,d,)} is a minimizing config-
uration for I, .

Now we prove the existence of a minimizing configuration for J 4.
Let (xy), be a minimizing sequence of configuration for J/ , i.e.,

jp,a(xn, 1) - Jg,a'

Up to a subsequence, one may assume that there is x = (21, ..., z4) € Q% s.t. rl — x,
|z; — x| > 8p and dist(z;,0Q) > .
Let 7, = 8 max |27 — x;|. There is a smooth diffeomorphism ¢,, : R? — R? satisfying

¢n = 1dga in R2\ UB(z}, p +ni*)
b [Ti+ (L +np)z] =2 + 2 for x € B(0,p)
[fn — Idge||c1(r2) = 0n(1)
For example we can consider ¢,, = Idg2 + H,, with
— : 2 n 1/2
H,=0 in R\ UB(z]", p + 15 ")
1/2
n 1% + n
Hy [z + (1 +np)z] = (1 = ¢n(|z]) (27 — 27 —muz)  for z € B(0, ﬁ)
n
Here 9, : RT™ — [0, 1] is a smooth function satisfying
0 ifr<p
r) = - and [y | = O(n;/?).

For w, € J,(Xpn,1) a minimizing map, we consider

W, : Q\UZB(xZ,(l—{—nn)p) — St
x = wy [fn(x)]

Clearly w, is well defined and we have

/ L alVur= / a|Vw,|* 4 0, (1),

Wy, [xl +(1+ nn)peﬂ = w, [Qﬁ(xi +(1+m0) peze)] —w, {x? n peze} _ t(048:)
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We can extend @, in U;B(z;, (1 + n,)p) \ B(zi, p) by 0 (z; + re?) = 010 p < 1 <
(1 +1n)p-

1
Clearly, we have w,, € J)o(x,1) and ~ /
Q\U;

5 |V, |* = J,0 + on(1).

B(zi,p)

Thus considering w € J,.(x,1) a minimizer of a|V - |2, we obtain

O\U; B(z4,p)

1 1
—/ a|Vw|? < —/ |V, |* = J, + on(1).
2 O\U; B(z4,p) 2 Q\U; B(24,p)

Letting n — oo we deduce that the configuration x = (1, ..., 24) is minimizing.

Appendix 4.E Proof of Proposition 4.24

We use the unfolding operator (see [30], definition 2.1). We define, for 9 C R? an open
set, p € (1,00) and 6 > 0:

Ty L9(Q) — L2(Q x V)
x inc
I CT R Rt b
and
Qi;nd = U ﬁ, As:= Qo \ and and {%} = <[%} , [%]) e 72
YHECQo

Y =0(K+Y), KeZ?

Here, for s € R, [s] is the integer part of s.
We will use the following results:

75 is linear and continuous, of norm at most 1 ([30], Proposition 2.5), (4.84)
Z5(¢y) = T5(¢)Ts(¢) ([30], equation (2.2)), (4.85)
§T5(Vp)(z,y) = V, Ts(6)(z,y) for ¢ € WHP(Qq) ([30], equation (3.1)), (4.86)

for ¢ € L1(9y), we have / ¢ = T5(¢s) (|30], Proposition. 2.5 (i)).  (4.87)
Qinel QoxY

If ¢5 € HY(Qp) is such that ¢5 — ¢o in H', then, up to subsequence, there exists (]3 €
L2(Q, H} (V) s.t.:

T5(¢s) — do and T5(Veps) — Vo + V¢ in L3(Qy x V) ([30], Theorem 3.5).  (4.88)

Here Héer(Y) stands for the set of functions ¢ € H'(Y) s.t. the extending of ¢ by Y-
periodicity is in HL_(R?) (see [31], section 3.4).
In order to define properly the homogenized matrix A we recall a classical result (see

Theorem 4.27 in [31]).
Proposition 4.40. Let Hy € L>(Y,[b*1]). For all f € (Hp. (Y))' s.t. f annihilates the

constants there exists a unique solution h € Hrl)er(Y) of

div(HoVyh) = f and My (h) = /Yh — 0.
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Using the previous theorem we denote x; € Hrl)er(Y) the unique solution of
div(HoVyx;) = 3yj (Hp) and My (x;) =0. (4.89)

With these auxiliary functions, we can give an explicit expression of A the homogenized
matrix of Ho(5)Idg2 (see Theorem 6.1 in [31]):

=0y, X2
A= /H prx O >=/HId ~V,0s x = (v ).
0< Oyox1 1= 0Oyyxe2 v o(Idg yX)s X = (X1, X2)

For the convenience of the reader we restate, in larger detail, Proposition 4.24.

Proposition. Let Qo C R? be a smooth bounded open set and let v, € H?(2,C) be s.t.

L joal <1 and/ (1= [on[2)2 =0,

Qo

2. vy — v, in HY(Qg) and v, € H' (9, SY),

3. there is H, € WH*(Qq, [b%,1]) and &, | 0 s.t. Ts, (H,) — Ho in L*(Qy x Y) with
Hy independent of x € g,

4. —div(H,Vv,) = v, fn(z), fn € L>®(Q,R).
Then v, 1s the solution of
—div(AVv,) = (AVu, - Vo,)us

Here A is the homogenized matriz of Ho(5)Idg2 given by
A= / Hy ( Oy x1 =0y X2 )
Oyox1 1= Oyyx2

Proof. In order to keep notations simple, we write, in what follows, d rather than d,,.
Since f,, is real valued, we have that div(H,Vwv,) X v, = 0. From (4.84) and (4.85),
we obtain

divy (T3 (Ho) (2, ) T5 (V) 9)] X To(on)(ry) =0 im Qg x Y. (4.90)
Note that from the assumptions and (4.84),(4.88), passing to a subsequence, there is W €
L?(Qo, H}. (Y)) s.t.
T (vn)(z,y) — vi(x), T5(Von)(x,y) — Vou(z) + V,o(z,y) in L2(Qy x Y)
and

T5(H,)(x,y) — Ho(y) in L*(Q x Y).
Thus we obtain the convergence:

divy, [75(Hy) (2, ) Ts(Vo) (2, y)| x Ts (vy) (2, y) — divy, [Ho(Vo, + Vyd)] xv. in L2(QoxH 1(Y)).

Consequently,
divy [Ho(Vvs + Vy0)] x v, = 0.
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Since v, is independent of y € Y, the previous assertion is equivalent to
—divy [HoVy(0 x vs)] = (VyHo - Vuy) X vy,
which in turn is equivalent to

—divy [HoVy (i x v.)] = Y _ 0y, Ho(Dsvs X v..).

Hence, from Proposition 4.40 and (4.89), we obtain

DX Uy = — in((%v* X vy) = =X - (Vue X vi), x = (X1, X2) - (4.91)

Let ¢ € D() and n sufficiently large s.t. Supp(v) C QL. Since —div [H,, Vv, x v,] = 0,
we have

H, Vv, xv, V¢ =0.

incl
Qé

This identity combined with (4.87) implies that
/ T5[H (Vo X vy,) - Vo] = 0.
QQXY
Therefore, using (4.86) and (4.88), we obtain:

0= / T5 [Ho(Von X va) - V4] = / T5(Ho) T3 (Von) % Ti(vn) - Ts(Ve)
QoxY QoxY

n—oo

- / Ho[Vvs X v, + V(0 x v)] - Vb
QQXY

Finally, for all ) € D(y), using (4.91), we have

0= / HoVv, x v, [Idge — Vyx]- V¢ = / ({/ Hy [Idgz — Vyx]} Vo, X v*> Vi)
QoxY Qo Y

= —/ —div (AVu, X vy) 9.
Qo

Here A = / Hy (Idg2 — Vyx)-

Y
Thus —div (AVw, x v,) = 0. Note that, since Hy and x are independent of =, A is
a constant matrix. This fact combined with the equation —div (AVwv, X v,) = 0 implies
that v, satisfies

—div(AVw,) = (AVoy - Vo, )u,. (4.92)

Indeed, we can always consider ¢, which is locally defined in Qy and whose gradient is
globally defined and in L?(Q, R?) s.t. v, = e¥*.
Since v, X Vv, = Vg, we obtain that div(AVey,) = 0. Identity (4.92) follows from the
equation of ¢, and the fact that |V, |? = |Vu,|?.
O
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Chapter 5

Study of a Ginzburg-Landau
functional with a discontinuous
pinning term: the three-dimensional
case

In a convex domain  C R3, we consider the minimization of a 3D-Ginzburg-Landau type
energy with a discontinuous pinning term among H'(£2, C)-maps subject to a boundary
Dirichlet condition g € H'/ 2(0,S!). The pinning term a : R® — R* takes a constant
value b € (0,1) in w, an inner strictly convex subdomain of €2, and 1 outside w. We prove
energy estimates with various error terms depending on our assumptions on 2, w and g.
In some special cases, we identify the vorticity lines. We also establish the concentration
of the energy along the vorticity lines.
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5.1 Introduction

In a convex domain Q C R3, we consider the minimization of a 3D-Ginzburg-Landau type
energy with a discontinuous pinning term among H'(£2,C)-maps subject to a boundary
Dirichlet condition g € Hl/Q(OQ,Sl). The pinning term a : R? — R% takes a constant
value b € (0,1) in w, an inner strictly convex subdomain of €2, and 1 outside w. The strict
convexity of w is not necessary but it allows to make a simpler description of the technics
used in this chapter.

Our Ginzburg-Landau type energy is

=g [ {\Vu(ac)r? ¥ orplale)? - \u<m>12>2} . (5.1

In (5.1), u € H) :={u e H(Q,C) | trapqu = g}.
Let U, be the unique minimizer of E. in H{. If v € H(2,C) and |v| = 1 on 99, then
[43]

1 Ul
E.(Uv) = E.(Ue) 4+ F.(v), where F.(v) = 3 /Q {U§|Vv|2 + ﬁ(l — |v|2)2} .

Consequently the study of minimizers of E. in H, gl is related to the study of minimizers of
F.in H ;.

Our technics are directly inspired from whose initially developed by Sandier in [60]
(whose purpose was to give, in some special situations, a simple proof of the 3D analysis
of the Ginzburg-Landau equation, by Lin and Riviere [48]), and by their adaptations in
[22].

We prove energy estimates with various error terms depending on our assumptions on
Q and ¢g. In some special cases, we identify the vorticity lines. We also establish the
concentration of the energy along the vorticity lines. At the end of this chapter, we will
present a strategy which could lead to the localization of the vortex lines.

The results we present are a first step towards a more precise description of the vorticity
defaults and of the asymptotic of minimizers.

Before stating our own results, we start by recalling the asymptotic expansion of the
energy in the standard Ginzburg-Landau model in 3D.

For g € H'/2(9Q,SY), if we let

B2 = 5 [ {19+ gz -

111111ng =C(g)|Ine| + o(|Ingl). (5.2)

g

then we have

Moreover, is given by the length of a minimal connection connecting the singularities

of g (in the sq)irit of Brezis, Coron, Lieb [27]). (See [48], [49] and [60] and [22]).

For special ¢g’s and for a convex domain €2, (5.2) was obtained by Lin and Riviére [48]
(see also [49]) and Sandier [60]. The case of a general data g € H'/2(9Q,S') and a simply
connected €2 is due to Bourgain, Brezis and Mironescu [22].

The above articles are our main references in this work. One of our main results is the
analog of (5.2) for the minimization of F. (Theorem 5.4). This result is first proved when
¢ is in a dense set H C H/? (09, S') and then extended by density. The upper bound is
obtained directly using the technics developed in [60] and [22]|. The lower bound needs an
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adaptation in the argument of Sandier [60]. The main ingredient used to obtain a lower
bound in Sandier [60] is the existence of a "structure function" adapted to the singularities
of g. In the spirit of [60], we prove, under suitable assumptions on 2, w and g, the existence
of structure functions adapted to our situation. We presented below constructions (in the
spirit of Sandier) of structure functions under restrictive hypotheses on the geometries of
Q,w and on the singularities of g (see Corollaries 5.8, 5.11 and Proposition 5.12).

C(g)

In our situation, when g admits a finite number of singularities, the constant —== is

the length of a minimal connection between the singularities of g. This minimal Conng:tion
is computed with respect to a metric d,2 depending only on a (see (5.9)). (This generalizes
the case of the standard potential (1 — |u|?)2, where the distance is the euclidean one.)

When ¢ has a finite number of singularities, one may prove a concentration of the
energy along the vorticity lines (See Theorems 5.5 and 5.6). As in [48]| and [60], we obtain,
after normalization, that the energy of minimizer is uniform along the vorticity lines (See
Theorem 5.5). These vorticity lines are identified: they are geodesic segments associated
to d,z.

The goal of this work is to explain how the vorticity lines are modified under the effect
of a pinning term. Although from the theorems below we have an idea on the form of
the vorticity lines, in order to have a complete description of the defaults, we need an
n-ellipticity results in the spirit of [19] for the minimizers of F.. Namely: fix » > 0 then
for small € and v a minimizer of F;

F.(v, B(x,r))

if, in a ball B(x,r), the quantity el
ne

is small, then |v(x)| ~ 1.

It seems that an n-ellipticity result cannot be obtained by the standard method, which
relies on a monoticity formula obtained from a Pohozaev identity. The oscillating behavior
of U, yields impossible the direct application of monotonicity formulae. When U, does not
oscillate, it is possible to derive n-ellipticity (see e.g. [50]). In our case, n-ellipticity would
require a uniform control of the Lipschitz norm of U,; this does not hold in our situation.

5.2 Description of the special solution U.

Let @ € Q C R3 be two smooth bounded open sets s.t. € is convex and w is strictly
convex. For b € (0,1) we define

a: R — {b,1}
{b if 2 € w
€T —

1 otherwise

We denote E. the Ginzburg-Landau functional with a as pinning term, namely

£ = [ {Ivu)l + Zpla? - P2 | an

For € > 0, we denote U, the unique global minimizer of E. in
Hll ={u € Hl(Q,C) |troqu = 1}.

In the following, we will denote also U, € Hlloc(R?’, C) the extension by 1 of the unique
global minimizer of E. in H;.

Proposition 5.1. The following assertions are true
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1. U.: R3 — [b,1] (from [43]),

1
2. —AU, = E—QUg(aQ —U?) in Q,
1 2 _ 772\2 1 .
3 E(Us) ~ — [ (a®=US)° ~ — (same argument as in [{3]),
e—0 €% Jq e—0 ¢

4. There are C,y > 0 s.t. for x € Q we have (same proof as in Chapter 2, Appendiz 2.A)

U.(z) — a(x)| < Cedist(z.0w)/c (5.3)

5 Ifve J :={ve HY (QC)||traqu| = 1} then E.(Uv) = E.(U.) + F-(v) (same proof
as [43]) with

4
R =5 [ {ozeor + g5a- e}, (5.4

6. If v minimises F, in Hy := {v € H'(Q,C) [troqu = g} then |[v] < 1 in Q (same proof

as [45]).

5.3 Minimal connections, geodesic links

In this section we define the main geometrical objects which appear in the description of
the vorticity lines.

5.3.1 Length of a minimal connection of a map g ¢ H'/?(9,S")

For g € H'/?(99,S!), following [22], one may one may associate to g a continuous linear
form

Tg : (Llp(aQ’R)a || : ||Lip) — R.

pr) — ey

Here [[pllp = lollim + sup 12D =9
ryeon [T =yl
T#y

distance in R3 between z and y.
The map T}, is defined by the following way: let ¢ € Lip(0€2,R) and g € HY2(0Q,R);

with |z — y| = deya(x,y) is the euclidean

o fixuce H; and consider H = 2(0u X O3u, dsu X d1u, Oyu X dau);
e fix ¢ € Lip(Q,R) s.t. ¢ = ¢ on 09

then
T,: Lip(0,R) —

R
Q
is independent of the choice of u and ¢.

Following [22]|, we denote, for g € H 1/ 2(09,S') and d an equivalent distance with deyal
on 0},

L(g.d) = sup{Ty(9) | Iela < 1} = max{Ty(e) |Iela < 1} (5.5)
i o) — o0
— s we\r) — ey
lpla = #12; T dwy)

x,yeoN)
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Note that L(g,d) is finite, since T, : (Lip(0S2,R), || - [|Lip) — R is continuous and d, deycl
are equivalent on 0f).
A special subset of H/2(9Q,S") is

g is smooth outside a finite set C,
VM € C we have for x close to M:

H=1{ge (] W'(09,5") V()| < Cflz — M|,
1< 2
=p< IRy € O3) st (g(x) ~ R (é:—%)‘ < Clz — M]|.

Here we considered St ~ {0} x S! c S2.

One may define deg(u, M), the topological degree of u with respect to M: if Ry €
O(3)* then deg(u, M) = 1 otherwise deg(u, M) = —1.

In order to justify the term of "degree", assume that in a neighborhood of M € C,
0Q is flat. Then, for » > 0 sufficiently small, C = 0B(M,r) N 0N is a circle centered in
M. This circle has a natural orientation induced by B(M,r) N Q. Thus g € C*(C,S")
admits a well defined topological degree (see e.g. [26]), and this degree does not depend
on small r.

We consider

P={M e€C|deg(u, M) =1} and N = {M € C|deg(u, M) = —1}.

One may also consider for g € H the degree of g with respect to QU for U a non empty
smooth open set of 0 s.t. AU does not contain any singularities of g. This degree is
defined as

deg(g,0U) = Card({p € P|p € U}) — Card({n € N|n € U}). (5.6)

From [22], we have the following
Proposition 5.2. Let g,h € H/2(9Q,S"), then we have
1. Ty =Ty + Ty, and Ty = =T (Lemma 9),

2. |(Ty = Th)()| < Clg = hlgis(lgl e + Al ge)|@laga, ¢ € Lip(OLR) (Eq. (1.6)),

3. H is dense in HY/?(0Q,S') (Lemma B.1),

4. if u € H, then Card(P) = Card(N) and T, =27 Z op — 2w Z On, (Lemma 2),
pEP nenN

5. if u € H, then L(g,d) = minges, Y _; d(pi;no(;)) where d is a distance equivalent with
deucl on 02 (Theorem 1).

5.3.2 Minimal connections, minimal length and geodesic links

In the last assertion of Proposition 5.2, we used the notion of length of a minimal connec-
tion. Namely, consider d a distance on C = PUN, P, N C R3 two sets of k distinct points
st. PONN =0, P={p1,....,pr} and N = {nqy,...,ng}.

We denote by L(C,d) the length of a minimal connection of C in (C,d), i.e.,

k
L(C,d) = min » d(pi,ns))- (5.7)

O'ES]C .
i=
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In [27] (Lemma 4.2), the authors proved that

k
L(C,d) = max {Z {e(pi) — o)} |9 :C— R, Jpl§ < 1} (5.8)
=1

with
lp(z) — e(y)]
0l = sup L —2
TH#Y d(:ﬂ, y)
z,yeC

A permutation o s.t. ), d(pi,nsi)) = L(P U N,d) is called a minimal connection of
(PUN,d).

In the following we will consider a special form of distance d on 9Q: the geodesic
distance in Q equipped with a metric we will describe below.

Let us first introduce some notations. Let f : R3 — [b% 1] be a Borel function and let
I' C Q be Lipschitz curve. We denote by long(I") the length of I' in the metric fh (here
h is the euclidean metric in R?), i.e.,

1
long ¢ (') := / F(v(8)) |7/ (s)|ds, v : [0,1] — T is a admissible parametrization of T
0

In this paper, when we consider a curve (or arc) I', it will be implicitly that it is a Lipschitz
one.

We define dy as the geodesic distance in fh (h is the euclidean metric in R?).

Thus, for z,y € R3, x # y, we have

df(x’ y) - r Lipsicr}lﬂf;sz arc longf(r) (59)
with endpoints =,y

In the special case f = a?, one may easily prove the following proposition
Proposition 5.3. Let z,y € R3, x # y. The following assertions are true
1. In (5.9) the infimum is attained.
We denote by Ty a minimal curve in (5.9).
2. If x,y € Q then a geodesic T is included in €.
3. A geodesic I'yg = Ui?:lSi s a union of at most three line segments.
4. These line segments are such that

a. if x,y € w then k=1,

b. if k =2 then S1 NSy C Ow,

c. if k=3 then z,y € R3\ @ and S is a chord of w,

d. if [x,y]Nw = {2z} then k € {2,3}.

In the case d = d,2 and C = PU N C 012, we say that U;['; is a geodesic link when o

is a minimal connexion in (C,d,2) and T'; is a geodesic joining p; to Ng(;)- In Figure 5.1,
we have represented a geodesic link for £ = 2 and a certain b € (0, 1).
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Figure 5.1: Hlustration of a geodesic link with &k = 2: the boundary of €2 is in wire, the
one of w is black filled, the positive points are white, the negative ones are black and a
geodesic link is represented in white. The shaded off on the two penetration points gives
indications about the 3D-geometry of the geodesic link and of the inclusion. (Courtesy of
Alexandre Marotta)

5.3.3 The main results

Theorem 5.4. Let g € H/2(9Q,S'). Then we have

inf F.(v) =7nL(g,ds2)|Ine| + o(|Inel).
veH]

Theorem 5.5. Let g € H be s.t. (C =P UN,d,2) admits a unique geodesic link which is
denoted U;I';.
Let ve be a minimizer of F. in Hgl, Then the normalized energy density

U? U2
Z Ve + {50 fuef)?
He = |1n€5| A3 weakly converges in ) in the sense of the measure to ﬂazc%’ﬁim.

Here 7% is the 3-dimensional Hausdorff measure and ,%’ﬁ
dorff mesure on U;I;.
In other words

. 18 the one dimensional Haus-
1+ 1

Vo € CO(Q,R) N L®(Q, R) we have / pdpe — 71'/ pa®dA.
Q U; I
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Note that this result gives an (uniform) energy concentration property of the minimizers
along the geodesic link. Namely, for all compact K s.t. KNU;I'; = 0, we have F_(v., K) =
o(|Ingl).

In order to obtain a more precise statement we assume that Q@ = B(0,1) and w =
B(0,rg), ro € (0,1), g € His s.t. C = {p,n} with p = —n. Under these hypotheses we
have

Theorem 5.6. The following estimation holds

iI?fFE = mdg2(p,n)|lne| + O(1).
g

Moreover, for all 1 > 0, there is Cy, > 0 s.t. denoting V;) = {x € Q|dist(x, [p,n]) > n} and
ve a minimizer of F. in Hgl, we have

F.(ve,Vyy) < Gy,

5.4 Outline of the proofs

The proofs of the above theorems strongly rely on the technics developed in [60]. The proofs
of theorems 5.4, 5.6 consist essentially into two parts devoted to obtaining respectively
lower and upper bounds.

The upper bound is obtained by the construction of a test function. The test function
was obtained by Sandier in [60] in the situation where there is a geodesic link in (C,d,2)
which is a union of line segments. In this special case, one may obtain (see Section 5.5.1):

inf F.(v) <7wL(g,dg2)|Inel + O(1). (5.10)
vEH}

For the general case, when the geodesic links are not unions of line segments, in [22],
Bourgain, Brezis and Mironescu adapted the construction of Sandier. In our case this leads
to the bound:

inf F.(v) <7L(g,ds2)|Ine|+ o|Ine|). (5.11)
veH}
(See Section 5.5.2.)

The lower bounds are obtained as in [60]. The key ingredient is the construction of a
"structure function" ¢ : R® — R (see Section 5.6 for a precise definition). Due to the fact
that for M € R3, & — 9p(x) = dg2(z, M) is not C! (its gradient is not continuous on
Ow since |Vpps| = a? in R?\ Qw), we cannot obtain ¢ with exactly the same properties
as in [60] (see Corollary 5.8). The consequence of this lack of smoothness for the distance
function implies that our best lower bound is

inf F.(v) > nL(g,dy2)|Ine| — o] Ingl). (5.12)

However, under strong symmetry hypotheses, namely, Q = B(0,1),w = B(0,rg) and
C = {p,n = —p}, the structure function £ enjoys additional properties (see Proposition
5.12). In this symmetric case, one may obtain the sharper bound

inf F.(v) > nL(g,d,2)|Ine| — O(1). (5.13)
veEH}

The estimate on inf Hl F. in Theorem 5.4 (resp. Theorem 5.6) is a direct consequence

of (5.11), (5.12) (resp. (5.10) and (5.13)) and of the density of H in H'/2(9%,S') (see
Section 5.8) .
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Theorem 5.5 is proved along the main lines in [60].

Roughly speaking, under the hypotheses of Theorem 5.5, for all x € 2, there is p, > 0
s.t. for K = B(x,p;), one may consider a structure function ¢ adapted to C which is
constant in K (see Section 5.6.2). Arguing as in [60], if K does not intersect the geodesic
link, then we obtain that in K, a minimizer of F. has its energy of order o(|lng|) (see
(5.27)). Thus pu, the weak limit of p. (which exists up to subsequence), is supported in
Q\ K. Therefore, one may prove that the support of 4 is included in the geodesic link.

Otherwise, if z is on the geodesic link, as explain in [60], then we obtain for v. a
minimizer and p sufficiently small that
P (ve, K)

lim sup €| e < wlong,2 (K NU;IY).

Theorem 5.5 is obtained by comparing u to 7ra2¢%’ﬁipi.

5.5 The upper bounds for iangng, geH

5.5.1 The case where C admits a geodesic link in (R3? d,2) which is a
union of lines

Assume that there is T' = UL, a geodesic link of C in (R3,d2) s.t. T; is a line segment for
all 7. One may assume that the minimal connection associated to I' is the identity.

In this situation, we may mimic the construction of the test function made in Section
1 of Sandier [60].

The test function is a fixed (independent of €) S'-valued function outside V,, an n-
tubular neighborhood of T'.

Inside each tubular neighborhood V;,; of a geodesic p;I';n;, the test function takes the
form (in the basis {p;, (es, ey, e.)} where n; = (0,0, [p; — n4|))

al(x,y§| if <2z <|pi —ni| = nand e <|[(z,y)| <n
z,y

(x,y) . , 4

« 1f"7<Z<|pl_nz|_77and|(x’y)|<6

(5.14)

Ue(x,y, Z) = 1 €
o),

1
{1702 + 350~ 0P} < 2l
7,1

with f)n,i =V, N{0<z<n,|pi—nil —n<z<|pi—nl}

Here o € S' is a fixed constant.
From the strict convexity of w, for all line D C R3, we have

long(D N {z € R3|dist(z, dw) < e} < Cv/e with C > 0 is independent of ¢.

Thus one may obtain from Proposition 5.1 Assertion 4. that (5.10) holds.

5.5.2 The general case

One may adapt the above construction to the more general situation where the geodesic
links are not unions of line segments.

For the standard Ginzburg-Landau energy, this has been done in [22]; there, Q is not
supposed convex. Roughly speaking, the argument there consists in replacing in Sandier’s
proof, line segments by curves.
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Their construction begins with the modification of Q (flattening 9 close to the sin-
gularities) and, for n > 0, by the construction of an approximate (smooth) geodesic link
I')y C Q@ s.t. long,2(I') < long,2(I") + 7. Here I' is a geodesic link.

In order to be applicable to our situation, this construction requires the additional
property (', N {dist(z,0w) < \/e}) ~ \/&; we can clearly find I, satisfying this prop-
erty.

By adapting the construction of v, in (5.14), one may construct a test function v
having I';, as set of zeroes and satisfying, for each n > 0, the estimate

inf,e b1 F(v) < F.(v)

Tng] < Thnel + 0:(1) = mlong,2 (I'y) + 0-(1) < wlong,2 (') + 1 + 0-(1).

In order to obtain this estimate we rely on the formula of v, Proposition 5.1 Assertion 4.
and the assumption (', N {dist(z, Ow) < \/e}) ~ \/E.
Consequently we deduce that (5.11) holds.

5.6 The structure functions

For g € 'H, we will construct a suitable structure function adapted to the singularities of
g.

Roughly speaking, a structure function & is a smooth map which almost minimizes (5.5).
More qualitative properties of £ will be describe in Corollaries 5.8, 5.11 and Proposition
5.12.

We present below three constructions of structure functions, corresponding to three
different settings.

Throughout this section, we fix C = PUN, Card(P) = Card(N) =k € N*, PN N = {).

Let 6y = 1072 - dist(dw, Q). For 0 < § < &, we define w5 := w + B(0,6), ap = a® and

as: RP — {1,b%}

b2 if z € ws
€T —
1 otherwise

For z,y € R3 and 0 < 6 < &' < dp, we have
dog, (2,y) < dag (2, y) < day, (x,y) + O = 9). (5.15)

The first inequality is a direct consequence of ay < as. We prove the second inequality.
Consider =,y € R3 s.t. dog (7,y) < dag(w,y). We obtain that if I' is geodesic joining =
and y in (R3, day ), then we have I' N dwy # 0.

Note that by Proposition 5.3, we have Card(I' N dws) € {1,2}.

Assume that T' N dwy = {2/,y'} with dq,, (z,2") < day, (y,2’). The situation where
I'NOws = {z} is similar.

Consider 2" = Ilg;(2') and y” = ;5 (y'). Here Il; stands for the orthogonal projection
on ws. By the definition of z” and y” we have deye(2',2") = deva(v',y") = 6. By
Proposition 5.3, we deduce that da,, (z",y") = da, (2", y").

Since a/,y’ € T, we have

oy (7,7) dag (2,2") 4 doy, (7', 4) + day, (¥, y)

dag (z,2") + o (", y") + dayg (v, y) — 20%6
oy (2, 2") + dog (2", y") + day (v, y) — 20°0

oy (2,2") + dog (2, ') + doy (v, y) — 2(1 4 6%)5
d

s (T, ) — 2(1 + b%)6.

AV AVAR VALY
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Consequently, (5.15) holds.
Thus, for C = PU N as defined above, we obtain that

L(C,das) = L(C,day ) + OO0 —9). (5.16)

5.6.1 First step in the proof of Theorem 5.4: construction of a structure
function

We have the following proposition

Proposition 5.7. For n > 0 there is 6;, > 0 s.t. for 6, > 6 > 0 there are Cp5 > 0,
E,s CRand§,; € C>(R3,R) s.t.

1. |V, 5] < as inR3

2. Zz’eNk {6n6(pi) — &ns(ni)} > L(C,dos) —m

3. H#YE,s) <nand for allt € R\ E, 5, {&,5 =t} is a closed two dimensional surface
with its second fundamental form which is bounded by Cy 5.
Proof. We construct §, s in five steps.

Let n > 0and 0 < § < & < §p. We denote @ = ag5 and o/ = ag. Assume that
P={p1,...,px} and N = {ny,...,n;} are s.t. 0 =1Id is a minimal connection in (C,d).

Step 1: Thereis &y : C — R s.t. &y is 1-Lipschitz in (C, dy) and &y(p;) —&o(n;) = do (i, ni)

This step is a direct consequence of Lemma 4.2 in [27] (see also Lemma 2.2 in [60] or
Lemma 2 in [24]).

Step 2: We extend & to R?: there is some & € Lip(R* R) s.t. [V = o’ and &c = &

Although the argument is the same as in [60], for the convenience of the reader, we recall
the construction.
Consider

51('1:) = mzax {50(])2) - da’ ('Iapl)}a S R3-
Then we have

o {jc =& let M €C and i be s.t. M € {p;,n;} and j # i, it is clear that

$o(pi) — &o(pj) + do (pispj) >0 if M =p;

i) —der (M, pi)— ) +da (M, p;) = ’
olpi) =~ dev (M, pi) ~Colps) v (M, ) {&)(nn—fo<pj>+daf<ni,pj>20 if M =,

o |V&1| = o: for all i we have

IV [€0(pi) — dov (2, p)]| = |Vdos (2, pi)| = o' in L¥(R?).

Step 3: We construct a smooth approximation: & € C°(R3,R) is s.t. |[V&| < da (A < 1)
and

> A{&mi) — &)} = L(C,da) —n/2 (5.17)

1€Ny

Let § > 8 > 0 and let (p;)s>t>0 be a classical mollifier, namely p;(x) = t~3p(x/t) with
p € C=(R3,0,1]), Suppp C B(0,1) and [ p = 1.
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Consider
§2(2) := (1 = B)&1 * pu(x).
Condition (5.17) is clearly satisfied when t and 3 are small. On the other hand, the point
estimate |V ()| < (1—B)[|VEil| Lo (B(a,t) implies that [VEs| < Ao for appropriate A < 1,
provided t is sufficiently small.

Step 4: Let Q be a neighborhood of Q. We approximate & by §ns st we have £, 5 €
C>=(R?* R) and

€05 — 2l ey < n/(4R).

’V&?ﬁ’ <,
&n,6 is a Morse function,
IR = R(n,8) > 0s.t. in R¥*\ B(0,R), &5 = |2|/2

Clearly &, s satisfies 1. et 2. of Proposition 5.7.
Step 5: We follow [60]. We construct E, s
Let {z1,...,z;} be the set of the critical points of &, 5. Then there is C' = C(n,d) > 0 s.t.:

i P - |
inf Vv > — since the critical points are not degenerate
B(QR)\UiB(g;i,p)’ &n.sl > c b .

and
A [§n.5(UiB (x4, p))] < Cp?.
We consider p > 0 s.t. C,O2 <nandset £, s = 57776(Uz‘B($@',p)).
For t ¢ E, 5, we have

o if x € {§,5 =t} \ B(0,R), then the second fundamental form of {£,s = t} in x is
bounded,

C'supp(o,r) 1D%,.]

o ifx € {{,5 =t}NB(0, R), then the second form is bounded by C,, 5 = - .
inf g0, R)\U; B(zs,p) | Vsl

We find that the second fundamental form is globally bounded. O
Our next result provides a sharper estimate on the gradient of structure functions.

Corollary 5.8. For alln > 0, there is C, > 0, E, C R, &, € C°(R3,R) and ¢, > 0 s.t.
for 0 <e<g,

1. |V&,| < min(a?, U2 + ) in R3,
2. ZieNk {577(]%) - gn(nl)} = L(C’daQ) -

3. H#YEy) < n and for allt € R\ E,, {&, =t} is a closed hypersurface whose second
fundamental form is bounded by C,,.

Proof. Let n > 0 and fix 0 < § < 6, (0, given by Proposition 5.7) s.t.

MQ%Q+%2MQ%A
Consider €, > 0 s.t. for 0 < e < g, we have

Ce™1%/% < ¢4 (C and ~ are given by (5.3)).
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We take &, = &, /2,5 obtained from Proposition 5.7.
Clearly, &, satisfies 2. and 3. with B, = E, 5 s and Cy; = Cy; o .
It is direct to obtain that

b -U2<0 ifdist(z,w) <6

et otherwise

|V£n|—U3§aa—U3§{

It follows that &, satisfies I since a5 < a’. O

5.6.2 First step in the proof of Theorem 5.5: construction of a structure
function

Definition and properties of a special pseudometric

Let f : R® — [b,1] be a Borel function and let K C R? be a smooth compact set. We
define

dff (z,y) = min {df(z,y), dy(x, K) + ds(y, K)}.
Here d¢(x, K) = mingex df(z,y).

Then dff is a pseudometric in R3. If, in addition K NC = 0, then dff is a distance in C.
Therefore the minimal connection of C and the length of a minimal connection L(C, dfc( )
with respect to dff make sense.

Clearly, if 2,y € R3, then we have d?(m,y) =0& x=yorxyec K. One may easily

prove that
d?(w,y) <ds(z,y) < dfc((x,y) + diam(K).

We are interested in the special case K = B(xq,r) for some z¢ € Q and f = as with
b€ [O, 50]
Note that we have a similar estimate to (5.16), namely for 0 < § < §' < dy

L(C,d5 ) =L(C,dk )+ 0§ - 4)). (5.18)

' Yags Qg
Definition. For y ¢ K and z € R3, we say that

e I' is a K-curve joining x,y if I' is a finite union of curves included in R3 \ K s.t. their
endpoints are either x or ¢ or an element of 0K,

e ['is a minimal K-curve joining x,y if I' = U;I'; is a K-curve joining z,y, where the I';’s
are disjoint curves and >, long,2(v;) = d%(z,y).

We next sum up the main properties of dfg.

Proposition 5.9. Let 29 € R3, r > 0 and K = B(xg,r). Then:

1. If y ¢ K then for all x € R3 there is a minimal K-curve joining x,y. Moreover, a
minimal K -curve is the union of at most two geodesics in (R3,dy2).

2. For xg,x,y € R, x #y and xo # x,y, we have:
i. If 79 € R®\ Ow and xq is on a geodesic joining x,y in (R3 d,2), then there is
Tro,zy > 0 8.t for all v <1y 2.y, df; (z,y) = dy2(x,y) — 2a2(xo)r,
ii. If xg € Ow and g is on a geodesic joining x,y in (R3,d,2), then there is T2y > 0
s.t. for all 7 < 1y 4y, A% (2,y) = dg2(z,y) — (1+0%)r,
iii. If xo is not on a geodesic joining z,y in (R3,d,z2), then there is Trozy > 0 8.t for
all T < T2y dffg (x,y) = dg2(z,y).
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Proof. We prove the first assertion. There are two cases to consider: x € K and = ¢ K.

If x € K and y ¢ K, then we have the existence of a unique point yy € K which
minimizes d,2(y, z) among the points z € K. Clearly considering I' a geodesic in (R3,d,2)
joining y with yg, by definition of yo, I' N K = (). Thus T is a minimal K-curve according
to the definition given above.

If 2,y ¢ K, then we consider I' a geodesic joining z,y in (R?,d,2) and, for z € {xz,y},
let T', be a minimal curve in (R3,d,2) joining z with K.

If long,2 (I'z) + long,2(I'y) < long,2(I'\ K) < do(z,y), then one may consider I'; UT",
as a minimal K-curve. Indeed, in this situation, dfg (x,y) < dg2(x,y) which implies that a
minimizing sequence of K-curves I, satisfies for large n that T',, contains curves with an
endpoint on K. More precisely, by definition, there are I'?, I'? two connected components
of T, s.t. for z € {x,y}, I has z and 2/, for endpoints with 2/, € K. Therefore

long,2 (') 4 long,2 (T,) < long,e (T,).

Otherwise, long,2(I';) + long,2(I'y) > du2(z,y). Consequently, denoting I' a geodesic in
(R3,d,2) joining  with y, I' \ K is a K-curve and has a minimal length.

It remains to prove that I', a minimal K-curve, is a union of at most two geodesics in
(R3,d,2). If T is connected, then, by the definition of a K-curve, TN K = (). Thus I is a
geodesic joining x, y.

Otherwise, assume that I' is not connected. By the definition of a K-curve and by the
minimality of ', for z € {x,y}, there are 2/ € 9K and I, a connected component of T" s.t.
z, 7' are the endpoints of I",. Thus, by minimality of I', ', is a geodesic joining z, 2z’ and
r=r,ur,.

Now we prove the second assertion. First, we assume that z¢ ¢ dw and that x( is on
a geodesic curve joining x,y in (R3,d,2).

Consider 73y, = 1072 min{|z — zo|, |y — x|, dist(zo,0w)}. Then, for r < 7444,
considering the K-curve I'\ K where I' a geodesic joining x,% in (R3,d,2) and containing
g, we obtain that

A% (2,y) < dg2(x,y) — 20> ()7 (5.19)

This comes from the fact that I'N K is a diameter of K and that this diameter is contained
in the same connected component of R?\ dw as zg. To obtain the reverse estimate, it
suffices to consider I', a minimal K-curve joining z,y. From (5.19), we know that I" as
exactly two connected components: I'y,T'y with I', has z, 2’ for endpoints with z € {z,y}
and 2’ € K. Thus it suffices to complete T by the line segments [xg, 2] and [zg,y'] to
obtain the reverse inequality. (Note that in this situation, [2/,y] is a diameter of K)

If 79 € Ow, then the argument is similar taking 0 < ry 4., < 1072 min{|z — 0|, |y — 0|}
sufficiently small s.t.:

® B(x0,72y2,y) \ Ow has exactly two connected components,

e For all geodesic I joining z,y in (R3,d,2), if 2o € ' then (I' N K) \ Ow has exactly two
connected components: one in w and the other in R3 \ @.

Note that from Proposition 5.3, Assertion 4.d., 74, 24 is well defined.

Now we prove the last assertion arguing by contradiction. Assume that there is r, | 0
s.t. denoting K,, = B(zo,r,), we have dff(w,y) < dg2(z,y). Consequently there are
Tp,Yn € 0K, and 'y, = I'y UL where I'} is a geodesic joining z and 2, in (R3,d,2),
z € {x,y}. Consequently, for z € {x,y}, one may complete I'” by the line segment [/, z¢]
whose length in (R3,d,z2) is at most r,. We denote I'? this curve. Clearly dy2(z,zq) <
long,2 (T'7) < long,z (1) + 7.
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It suffices to claim that in a metric space (X, d) which admits geodesic curves we have
for xg, z,y three distinct points in X

xo is on a geodesic joining x,y <= d(x,y) = d(z,zo) + d(xo,y).

Since z is not on a geodesic curve joining x,y in (R3,d,2), there is n > 0 s.t. dy2(z,y)+
N < dg2(x,z0) + dg2(z0,y) and thus

long,z(I'y) + long,» (FZ) = dﬁg" (2,y) < dg2(z,y) < long,2(I';) + long,: (FZ) +2rp — 1.
Clearly we obtain a contradiction for n sufficiently large s.t. r, < n/2. O

Let 29 € © and C C 09 as above. If for all minimal connexion ¢ of C and for
i €{1,...,k}, we have that x( is not on a geodesic joining p;, N () 0 (R3,d,z2), then there
is r40,c > 0 s.t. for all » < 7y ¢, we have

L(C,d%) = L(C,dy2). (5.20)

Construction of a structure function

Proposition 5.10. Let K = B(xg,7) be s.t. B(xg,2r) C R3\ C and n > 0. Then there
is opx > 0 s.t. for 0 < < 0y there are Cy ks, Epxs CR and & ks € C>(R3,R)
satisfying

1. |V ks < asin R3 and & K.,5 1s constant in K,

2. Y iem (& ks(pi) — Enrs(ni)} > L(C,dE) =,

3. t%”l(En,Kﬁ) <n and fort € R\ Ey k5, {&n,x,5 =t} is a closed hypersurface whose
second fundamental form is bounded by C) k 5.

Proof. The main point is that we require that &, x s is constant in K. All the other
requirements are satisfied by the map &, s constructed in Proposition 5.7.

For 6 < r/2, let K1 = B(0,r +26) and Ko = K + B(0,r +§). We denote o = a5 et
o = aw;.

Step 1: As in the proof of Proposition 5.7, there is a function &, : C — R, 1-Lipschitz
function with respect to df,l and s.t. &o(p;) — &o(ng) = df,l (pi,ni)-

Step 2: We extend & to a map &; : R? — R, 1-Lipschitz and constant in K

For example, we may take
K
6() = max &o(p) — A5 (. ).
As in the proof of Proposition 5.7, {1j¢c = & and |V&;| < o/. Moreover, &; is constant in K.

Indeed, for all x € K, we have {y(z) = max; fo(pi)—dg/l (x,pi) = max; {o(pi) —do (piy K1).

Step 3: We approximate & by & € C®(R3 R) satisfying |[V&| < da (A < 1), > ien 1&2(pi)—
&a(ny)} > L(C,dE) — n/2 (for 6 sufficiently small), and s.t. & is constant in Ky

The approximation & is obtain (as in Proposition 5.7) by regularization using a mollifier
and noting that

L(C,dy) > L(C,df) > L(C,dL?) > L(C,d5}) > L(C,df) — O(8) = L(C,df) — O().
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Step 4: Let Q be a neighborhood of . We approximate & by &3 where & € C™(R3,R)
satisfies

g3 = &2ll oo iy < 1?07,
14 A

|VE&s| <

«,

&3 is a Morse function,

IR > 0 s.t. in R*\ B(0, R), & = |z|/2.

Step 5: We modify &3 in order to have §, ks = Cp in K

By construction, there is Cy € &3(K) s.t. [|£&3—Coll o (k) < n°02. Noting that dist(0K>, K) =
8, one may construct &, x5 € C(R?) s.t.

{ Enko =8 mMR3\ Ky, & ks =Cpin K,
1€n,5.6 = Coll oo (i) < 1?6° and [VE, 5] < b in Ky.

Clearly &, s satisfies 1. and 2. in Proposition 5.10.
Step 6: We construct E, s

For p > 0, we consider E}LK’(; = & k,6(UiB(x4, p)) where {xq,...,2;} is the set of the
critical points of &, x5 in B(0, R) \ K».

For the same reasons as in Proposition 5.7, we have t%”l(E}] xs) < Cp.

We also define E7277K’5 = &, k,5(K>2). By construction, we have ! (E%,K,é) < 2?62

Thus it suffices to consider d, p s.t. Cp + 2n%6? < 1 and to set Eyks = E%,K,& U
O

2
En,Kﬁ'

In the spirit of Corollary 5.8, we have

Corollary 5.11. Let zg € R3 be s.t. xg does not belong any minimal link of C in (R3,d,2).
There is ry, > 0 s.t. denoting K = B(zq,7z,), for n > 0 there are &, x € C®(R3 R),
ETLK C R, Cm}( >0 and En,K > 0 s.t. for0<e< EnK

1. |V&, k| < min(a?, U2 +€?) in R3
2. ZieNk {n.x(pi) — &pic(ni)} > L(C,dg2) —

3. AN E,k) < nand for allt € R\ E,k, {&.x = t} is a closed hypersurface whose
second fundamental form is bounded by Cy fc.

Proof. Assume that o = Id is a minimal connexion in (C, d,2).

Let ry, ¢ > 0 (given by Proposition 5.9, Assertion 2.4ii) be s.t. for K = B(x,74,.¢/2),
we have d% (p;, n;) = dg2(pi,n;). Consequently, L(C,d,2) = L(C,d%,).

Now we apply Proposition 5.10: there is 4,5 x > 0 s.t. for 0 < 6 < 0,3 i, there
are Cyopgs > 0, Eypgs CRand § ks € C>(R3,R) satisfying the conclusions of
Proposition 5.10.

From (5.20), one may fix 0 < § < 6,5 i s.t.

L(C,dz2) — L(C,dL,) < n/2.

s Yas

Consequently, considering &, > 0 s.t. for 0 < ¢ < g, k, we have Ce —/e
e? (C and v are given by (5.3)).
We obtain the result taking Cy xk = Cy 2 k.5, Enx = Eyjors and &k = &2, 15-
O
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5.6.3 A structure function in presence of symmetries

In this section we assume that 2 = B(0,1) and that w = B(0, 1), with 79 € (0,1).
Consider C = {(1,0,0),(-1,0,0)} = {p,n}, p = (1,0,0). It is clear that in this
situation, the line segment [p,n] is the unique geodesic between p and n in (R3,d,2).
The main result of this section is

Proposition 5.12. Let M € Q\ [p,n]. Then there is V, an open neighbourhood of M s.t.
for e >0, there is & : R — R a Lipschitz function s.t.

1. &(p) — &(n) = dyz(p,n),

2. |V&| < U2,

3. &=0inV,

4. YVt e & (R {0,£.(p), &(n)}, {& =t} is a sphere whose radius is at least 1.

Using the spherical symmetry of 2, w and the minimality of U,, one may easily prove
the following proposition.

Proposition 5.13. The unique minimizer U. of E. in Hi, is radially symmetric and non
decreasing.

Proposition 5.12 is a particular case of the following lemma.

Lemma 5.14. [The dumbbell lemma/

Let U : R® — [b,1] be a radially symmetric and non decreasing Borel function. Fix
p,n€S% p=—n andlet M € Q\ [p,n].

Then there are € : R3 — R and BY, B~ two distinct open balls, BY, B~ are exteriorly
tangent and independent of U s.t.

1. f(p) _g(n) = dU2(p,n),

2. |V¢| < U?,

3. ¢€=0mV:=R3\ (BTUB),

4. M € T with T which is the common tangent plan of BT and B,

5. BT is centered in 2p, B~ is centered in 2n,

6. denoting BJl(resp.~ B~ ) the ball centered in 2p (resp. 2n) with radius 1, € is locally

constant in BT U B~
7.Vt € ER3)\ {0,&(p),£(n)}, {& =t} is a sphere centered in 2p or 2n.
Using the symmetry of the situation, the function £ is represented in the Figure 5.2.

Proof. Let p,n € 09, p = —n and {0, (e1, e2,e3)} an orthonormal and direct coordinate
system of R? s.t. p = (1,0,0) et n = (—1,0,0). Let M (g, yo0,20) € Q\ [p,n].
Step 1: We construct & : [—1,1] — R s.t. &(1) — &(—1) = dy2(p, n), &'(s) = U?(s,0,0)
and o(zo) =0

It suffices to consider

o(s) = / U?(t,0,0) dt.

0

Step 2: We construct £ : R — R
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—— The unit circle

\\\ ---- The boundaries of
\‘ B+7B77B+7Bi

b The level sets of
! regular values of ¢

¢. I
‘ //M is on the line segment [M; Mo)]

Figure 5.2: The geometry of the level sets of ¢ (intersected with the plane defined by
p,n, M)

We denote
Y =0B((2,0,0),r) for r € (1,2 — z0)
and
Y, =0B((—2,0,0),r) for r € (1,2 + xo).
We define ¢ : R? — R by its level sets:

(

&(2—r) onXt re (1,2 —x)

Eo(r—2) on X, re(1,2+x)
§=1{%(-1) inB((-20,0),1)

&) i B(20,0),1)

0 otherwise

Step 3: ¢ satisfies the properties of Lemma 5.14

The assertion 1. is easily satisfied since £(p) = &o(1), &(n) = &(—1) and & (1) —
§o(—1) = dy2(p,n).

We take B* = B((2,0,0),2 — zg) et B~ = B((—2,0,0),2 + o).

Clearly the assertions 3., 4., 5., 6. and 7. hold.

We check 2.. Since ¢ is locally constant in

V:=[R*\(BTUB7)UBTUB-,

it suffices to prove that [V¢| < U? in R3\ V.

The key argument is the fact that for Q, Q" € R?, Q # Q' and 0 < r < |Q — Q'| we have
dist(Q.0B(Q'. 1) = |Q — Q| — r = |Q — Qo| where [Q, @] N OB(Q',r) = {Qo}. This is
obvious if we draw a picture and may be easily justified. Indeed, if ()¢ is a minimal point,
then line segment [@Q, Qo] is orthogonal to dB(Q’,r). Only two points on dB(Q’,r) satisfy
this condition and one of them is clearly not minimal.

Consequently, taking @ = 0 and Q" € {2p,2n} we have that

mini |Qo| = [(£(2 —r),0,0)|.

0€EX7
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Note that U is radially symmetric and non decreasing. Since in each connected com-
ponents of

(B¥UB™)\ BTUB-,

¢ admits a spherical symmetry, we have

Ve@)| = {\&)’(2—70)1:U2(2—r,0,0):minzr+ U? ifzest

&/ (r = 2)| = U?(r = 2,0,0) = ming,- U* if z € %
< U?(x).

O

5.7 Lower bound for F.(v.) when g € H : the argument of
Sandier

In the computation of a sharp lower bound for F.(v.), one of the main ingredients is
Proposition 3.5 in [60]. For the convenience of the reader, we recall this result.

Proposition 5.15. Let & be a closed and oriented hypersurface in R3 whose second fun-
damental form is bounded by K. We denote by d(-,-) the Euclidean distance restricted to
3.

Consider ¥ C 2, a bounded open set and v: X — C s.t. there is 0 < a < 1 satisfying

dist(z,0%) < a = |v(x)| > 1/2.
Then we have the existence of C' > 0 depending only on K and deg(v,0X) s.t.

1

1 «
2 212
- Vo2 + — (1 — > - —C.
2/ {| v| 282(1 [v[) } |deg(v, 0%)| In - C

This section is devoted to the proof the following propostion.
Proposition 5.16. Let g € H and C = PU N the set of its singularity.

1) We have

e Fe(ve)
> . .
llgl;élf ne| = wL(g,d,2) (5.21)

2) We denote < T' > the union of all minimal links of C in (R3 dy2) and for u > 0,
K, = {z € Q|dist(z,< T >) > u}. Then we have

F. O\ K
liminf—a(va’ \ M)

>l . .22
c0 ‘hlg‘ Z T (ga da2) (5 )

8) Moreover, if we are in the symmetric case of Section 5.6.3, then there is C,, > 0 s.t.

Fe(ve, Q\ K,,) > mdgz2(p,n)|Ine| — Cp. (5.23)

Theorem 5.4 for g € ‘H, as well as Theorems 5.5, 5.6, are straightforward consequences
of Proposition 5.16 combined with the upper bounds (5.10), (5.11).

We prove in detail (5.21), and we will sketch the proofs of (5.22),(5.23) which are, as
explain in [60], obtained exactly in the same way as (5.21).
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We prove that for all 77 := 1(8k? + 3k + 1) > 0, the following holds

lim inf % > nL(g,dgz2) — 7. (5.24)

e—0 Il6| -

Let n > 0, g, | 0, let (vy)n C H; be a sequence of minimizers of F;, in H; and let
&y, Cy, By be given by Corollary 5.8 (for n sufficiently large).
Let 0 < p < 7 and set

Q, = {r € R*|dist(x,Q) < p et dist(z,C) > p}.

One may assume that p is sufficiently small s.t. in Q,\ Q, IIgq, the orthogonal projection
on 0f), is well defined and smooth.
Then we extend v, (we use the same notation for the extension) by letting

Un () ifxe

U 2 Qp — R?, z . .
g(Hag(%‘)) if x € Qp \ Q

Since g € H and v,q,\q does not depend on n and takes its values in S!, we obtain the
existence of C'(p) depending only on p, (2, g s.t.

Fen (Una Q) > Fan(vm Qp) - C(p)
If we define F' = F,, , := E, U [§,(C) — 2p,&,(C) + 2p], then we have
HANF) < 8kp+n < (8k+1)n.

If t € R\ F, we denote by ¥; = {¢, = t}. We construct for almost all t € R\ F a
closed submanifold ¥; C 3.

Note that for t € R\ F, we have dist(t,&,(C)) > 2p. Consequently, for t € R\ F, we
obtain that 3 N {Q + B(0,p)} = %; N Q.

Since t € R\ F' is not a critical value of &,, the connected components W’s of S =
0{¢, > t} = {&, = t} have no boundary. If such W intersects €,, then we distinguish two
cases:

a) WNo, =10
b) W o, #0.

Denote by W, resp. Wy, the set of the connected components satisfying a), resp. b).
If Wy, =0, then we define ¥; = ¥, N Q, = {& =t} NQ,.
Thus it remains to construct ¥; when W # (). Consider

f: Q+B(0,p) — R?
T = (&(x),dist[z,0(Q2 + B(0,p))])

Using the Constant Rank Theorem (see Theorem 4.3.2, page 91 in [34]), the set
FYH{t} x [r,00)) (r € (0,p/2)) is a manifold with boundary when

e tis a regular value of §,,

e (t,r) is a regular value of f.
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Thus, using Sard’s Lemma, for almost all t € R\ F' s.t. W}, # 0, there is r = r(t) € (0, p/2)
st. Xy = fH{t} x [r,00]) € % is a closed submanifold with boundary. Moreover, we
have 0%y C 0{Q2 + B(0,p —r)} N Q.

We denote by G the set

G:={tcR\F|W,=0o0r Wy # 0 and Xy = f~1({t} x [r, 00)) with r € (0, p/2)}.
For t € G we have

dist (0%, Q) > p/2. (5.25)
Let x € ¥y be s.t. dist(z,0%;) < p/2. Using (5.25), we have z € 2, \ € and therefore

[vn(2)] = 1.
Finally, we are in position to apply Proposition 5.15 :

2

%/2 {|an|2 + 2()?(1 — |vn|2)2} > m|deg(vy, 0%)| In eﬁ — C(deg(vp, 0%)).  (5.26)
For M € C and for t € G we denote M* € 9(Q2 + B(p — r(t)) s.t. lgo(M?") = M. Here we
set r(t) = 0 when Wy, = 0, i.e., when X; = it N§,. It is clear that M t is uniquely defined.

Since d(n,t) = deg(vn,ﬁzt) = Card({p} € {fn > t}}) — Card({n} € {¢, > t}}) takes
at most 2k values, one may assume that C(deg(vy,,d%;)) is uniformly bounded in n and ¢.
Note that d(n,t) is defined for almost all ¢.

The key argument in this proof is the way to pass from lower bounds on hypersurfaces

to a lower bound in 2. We have the following lemma.

Lemma 5.17. The following lower bound holds

/ d(n,t)dt > L(g,d,2) — n(2k + 1).
R

Proof. Let m = infq  §;,, then we have
Lant = [ 1whe (e =0l -nt e (& 2 1)
R R
JHpi e 6zt =l € (& 2 = o1

v

v

k o
Z/ {Hén(p¢)>t+p - H&n(m)>tfp}

> Z{sn pi) — &(na)} — 2kp > L(g,dy2) — n(2k + 1).

With the help of Lemma 5.17, we have

U2
(0 ) = (Coroltry 58 > 5 [ (196,] = eb) [ |90 + 5551~ un PP

> (5.11) > /]R\FQ/E {\anPJr—(l—\vn‘Z)Z}dt—CO

> (5.26) > n(ln 2 — ©) d(t)| — Co
€n R\F

> (Lemma 5.17) > (In gﬁ — C) [Llg,dy2) — n(2k +1) — kA (F)] — C

F.

v

m|Ine,| [L(g, dg2) — n(8k* + 3k + 1)] — C.
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It follows that

lim inf Fen (vn, ) (n, )

e > 7L(g,dg2) — n(8k* + 3k + 1), Vi > 0.

Proposition 5.16.1) is obtained by letting 7 — 0 in the above estimate.

We now briefly sketch the arguments leading to (5.22) and (5.23). The fundamental
ingredient is a lower bound for F (v, \ K,). Without loss of generality, we may assume
that K, = K = B(x,r,) for some x which does not belong to a geodesic link between the
singularities of g; here, r, > 0 is some small number.

In order to prove (5.22), we use Corollary 5.11.

Following the same lines of proof of lower bound as in Proposition 5.16.1), we find that

lim inf Fen(vn, X\ K) (n, 2\ K)

>7nL(g,d,2).
n |1Il€n| =7 (g’ a2)

Combining this lower bound with (5.11), we obtain
E., (vp, K) =o(|Ingy]). (5.27)

In the symmetric case, using Proposition 5.12, we obtain the existence of r, s.t., with

K = B(z,rs), we have

E., (0p, 2\ K) > wdy2(p,n)|Ine| — Ck.

n

Consequently from the upper bound (5.10), we deduce

F. (vn, K) < Ck.

5.8 Extension by density of Theorem 5.4

From (5.22) and (5.11), we obtain that Theorem 5.4 holds for ¢ € H. This section is
devoted to the extension of Theorem 5.4 to the general case g € H'/2(99Q,Sh).
For g € H'/2(99Q,S'), we denote

= min F.(v).
frg = min L0

Using exactly the same argument as in [22], we have

Proposition 5.18. 1. Letd € (0,1) Then there is C(6) > 0 s.t. for gy, go € HY/?(9Q,S1),
we have ((5.1),(5.2) in [22])

(1 - 6)fe,g1 - 0(6)f6,g2 < fe,glgz < (1 + 6)f€,g1 + C(é)fE,QQ’ (5-28)
2. There is C > 0 depending only on Q s.t. for g € H'/?(9Q,SY) we have ((5.4) in [22])

feg < C’Q‘?{l/z(ag)(l + [Inel). (5.29)

3. If (gn)n C His s.t. gn — g in HY2(OQ) then Lemma 17 in [22] applied with
Un = gn/g and v = g yields
In

—0. 5.30
p (5.30)

H1/2(59)
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4. There is C > 0 depending only on Q and on a s.t. for g1, gy € H'/?(99Q,S') we have
((2.6) in [22])

IL(g1.d2) = L(92,d,2)| < Clgr = g2l uvszqony (1911200 + 92l vzony ) - (5:31)

Using this proposition, Theorem 5.4 is proved as follows.

Let g € H'/2(99Q,S"). By Proposition 5.2 (the third assertion), there is (g, ), C H s.t.
gn — g in HY/2(09).

Let € € (0,1) and § > 0. Then, by (5.28), we have

(1 5) L —C(é)fe’g/gn < Joo gy gy Loy (5)f€’g/g"

|Inel |Ine| ~ |lne| — |Inel |Ine|

From (5.29) and the fact that Theorem 5.4 holds for g,, we have
(1 = 8)wL(gn,dy2) — C'(0)|g/gnl 12 < hmeinf ]{;i’

< limsup Jes
e |lng|

< (1= 0)mL(gn, da2) + C'(6)|9/gn| 172 (5-32)

Using (5.31), we obtain that L(gn,d,2) — L(g,d,2). If, in (5.32), we first let n — oo, we
use (5.30) and we next let § — 0, we obtain that

lim —fs’g

=nL(g,d,2).
e |ln€| ™ (g? a2)

The proof of Theorem 5.4 is complete.
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Résumé

Cette thése est consacrée a I'étude mathématique de quelques modeéles suggérés par la
théorie de la supraconductivité. Plus spécifiquement, nous étudions le modéle simplifié
(sans champ magnétique) en présence de condition de type Dirichlet ou du type degrés
prescrits.

Dans une premiére partie nous traitons le probléme d’existence de minimiseurs locaux
dans un domaine multiplement connexe du plan pour des conditions de type degrés pre-
scrits: pour toute combinaison de degrés, il existe toujours des minimiseurs locaux parmi
les applications avec les degrés prescrits. Ce travail est une généralisation de travaux
de Berlyand et Rybalko qui ont démontrés le méme résultat pour un domaine de type
annulaire.

La deuxiéme partie traite l’effet d’un terme de chevillage dans I’énergie de Ginzburg-
Landau bi-dimensionnelle en imposant une condition de type Dirichlet. Cette partie se
décompose en trois chapitres.

On commence par I’étude d’un terme de chevillage (dépendant du paramétre de Ginzburg-
Landau) qui est étagé et prend une valeur différente de 1 uniquement en un nombre fixe
de sous domaines (aussi appelés inclusions) dont la taille tend vers zéro. On montre alors
qu’en considérant une donnée de type Dirichlet avec un degré non nul, la vorticité est
quantifiée et localisée dans les inclusions. On exhibe une énergie renormalisée régissant
la localisation de la vorticité de maniére macroscopique (sous l'influence de la donnée au
bord) et de maniére microscopique.

Dans le chapitre suivant, nous considérons le cas d’un terme de chevillage sans hy-
potheése de structure particuliére dans le cas ot la donnée au bord est de degré nul. Par un
argument de Lassoued et Mironescu, I’étude de la fonctionnelle de Ginzburg-Landau avec
un terme de chevillage se raméne & celle d’une fonctionnelle de type Ginzburg-Landau a
poids. Une fois cette réduction faite, nous démontrons que, sous des conditions raisonnables
et peu restrictives portant sur les poids, les modules des minimiseurs (globaux) d’une fonc-
tion de type Ginzburg-Landau avec poids convergent uniformément vers 1.

On applique ensuite ce résultat & un terme de chevillage étagé et uniformément dis-
tribué. A laide de techniques classiques d’homogénéisation, nous mettons en évidence dif-
férentes asymptotiques des minimiseurs suivant la relation entre le parameétre de Ginzburg-
Landau et la taille de la période du terme de chevillage.

Dans le dernier chapitre de la deuxiéme partie, nous traitons le cas d’un terme de
chevillage étagé et uniformément distribué avec une condition de type Dirichlet de degré
non nul. On montre que la vorticité est quantifiée et localisée dans les inclusions. On prouve
que I'emplacement macroscopique de la vorticité est régi, a 'instar des travaux de Bethuel,
Brezis et Hélein, par un probléme auxiliaire de minimisation d’une fonctionnelle de Dirichlet
a poids dans un domaine perforé parmi des applications unimodulaires avec condition de
Dirichlet. On démontre aussi que si nous rajoutons un paramétre de dilution pour les
inclusions alors la position microscopique des zéros dans les inclusions est indépendante de
la donnée au bord.

La derniére partie s’intéresse a l’effet d’un terme de chevillage étagé (indépendant du
paramétre de Ginzburg-Landau) dans un domaine tridimensionnel avec une condition de
Dirichlet. Les résultats préliminaires que nous présentons permettent d’appréhender la
maniére dont les filaments de vorticité sont "tordus" par I'effet du terme de chevillage.



Abstract

This thesis is devoted to the mathematical study of some models suggested by the theory
of the superconductivity. More specifically, we consider the simplified model of Ginzburg-
Landau (without magnetic field) in presence of a Dirichlet or a degree condition.

In the first part we treat the existence problem of local minimizers in a multiply con-
nected domain of the plan with prescribed degrees conditions: for each configuration of
degrees, there exist local minimizers among maps with the prescribed degrees. This work
is a generalization of the work of Berlyand and Rybalko who proved the same result for
annular type domains.

In the second part, we discuss the effect of a pinning term in the two-dimensional
Ginzburg-Landau functional. This part is divided in three chapters.

We first consider the situation of a pinning term (depending on the Ginzburg-Landau
parameter) which is a simple function and takes a value different to 1 only in a fixed number
of subdomains (also called inclusions) whose size tends to zero. We prove that, considering
a Dirichlet condition with a non zero degree, the vorticity is quantized and localized inside
the inclusions. We exhibit a renormalized energy which governs the macroscopic position
of the vorticity (with an effect of the boundary data) and another renormalized energy
which controls the location of the vortices inside the inclusions.

In the second chapter, we consider the situation of a pinning term without specific
structure. We imposed a Dirichlet boundary condition with a null degree. By an argument
of Lassoued and Mironescu, the study of the pinned Ginzburg-Landau functional is related
to the one of a weighted Ginzburg-Landau functional. Once this reduction is done, we
prove that under mild assumptions on the weights, the modulus of the (global) minimizer
of weighted Ginzburg-Landau functionals converges uniformly to 1.

We then apply this result to a simple and uniformly distributed pinning term. With
the help of classical homogenization technics, we exhibit various asymptotic behaviors of
the minimizers, according to the relation between the Ginzburg-Landau and the period of
the pinning term parameters.

In the last chapter of the second part, we deal with the case of a simple and uniformly
distributed pinning term. We impose a Dirichlet boundary condition with a non zero
degree. We prove that the vorticity is quantized and localized inside the inclusions. We
prove that the macroscopic position of the vortices is governed by an auxiliary minimization
problem of weighted Dirichlet functional in a perforated domain among S'-valued maps
with Dirichlet conditions. We establish also that, if we add a dilution parameter on the
inclusions, then the microscopic location of the vortices inside the inclusions is independent
of the boundary data.

The last part deals with the effect of a simple pinning term (independent of the
Ginzburg-Landau parameter) in the three-dimensional Ginzburg-Landau functional. The
preliminary results we present allow to understand how the vorticity lines are bent under
the effect of the pinning term.



