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Introduction Générale

Ce doctorat a été préparé au sein du Laboratoire Navier etfnaar le Ministére de I'Ecologie,
de I'Energie, du Développement Durable et de la Mer.

Le point de départ de ce travail de doctorat porte sur I'étdide nouveau type d’ame de
panneau sandwich fabriqué a partir de techniques de pliagenemé module a chevrons. Ce type
d’ame n’est pas encore répandu dans les panneaux sandwmbs ietérét économique n’est pas
encore parfaitement démontré. Comme on le verra par la, $eitéle de 'dme dans un panneau
sandwich est d’assurer la résistance a I'effort tranchéee trouve que I'étude du comportement
d’'une plaque a l'effort tranchant pose encore de nombreakl@mes aujourd’hui en raison d’'un
obstacle d’ordre théorique. Cette étude d’'une a&me de parsagawich est donc I'occasion de revoir
en profondeur cette question.

On propose tout d’abord au Chapitteine analyse de la difficulté a déterminer le comporte-
ment a I'effort tranchant d’une plaque ainsi qu’une rapieeue bibliographique. Au Chapiti
une présentation du module a chevrons ainsi que des cdergamposées par le marché des pan-
neaux sandwichs sur la conception d’'un nouveau type d'ameffestuée. Il faudra en retenir que
la maitrise du comportement structurel d’'un panneau saidest un critere déterminant dans cette
technologie. Pourtant, une rapide revue bibliographicerengt de constater qu'il existe trés peu de
meéthodes permettant de connaitre précisement leur coempeint.

Au Chapitre3, la méthode d&elsey et al(1958 qui permet de déterminer des bornes pour la
raideur a I'effort tranchant des panneaux sandwichs sguigage au cas du module a chevrons. Le
principal résultat est que ces bornes sont insuffisantesgstimer précisément la raideur a I'effort
tranchant dans le cas d’un panneau sandwich incluant le lmadthevrons. En effet la méthode de
Kelsey et al(1958 prend en compte uniquement 'ame du panneau pour calcetier @ideur. Elle
ne tient pas compte de l'interaction possible entre I'anesepeaux.

Cette limitation nous amenera a reconsidérer en proforideumnéthodes existantes pour déter-
miner le comportement a I'effort tranchant des plaques.ftat, @eaucoup de difficultés sont aussi
rencontrées dans le cas des plaques stratifiees. On ral@iteau Chapitrd les travaux ddreiss-
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ner (1945 pour dériver la distribution des contraintes de cisaib@ttransverse dans le cas d’'une
plague homogéne en les appliquant au cas d’'une plaqudiégali en résulte la construction d’'un
nouveau modele de plaque, le modéle de gradient du momeng geut étre réduit au modele bien
connu de Reissner-Mindlin dans le cas général. Une premadickation du modéle est obtenue en
le comparant a la solution exacte proposéeRmgang1969 dans le cas de la flexion cylindrique
de plaques stratifiées, au Chapif.eOn montrera en effet que le modele de gradient du moment
converge avec I'élancement vers la solution exacte lorkgpkque vérifie la symétrie mirroir.

Le retour vers les panneaux sandwichs est effectué au Ghégh présentant I'extension de
la théorie de gradient du moment au cas des plaques pérasdliaide d’'un principe d’équiva-
lence énergétique entre champs microscopiques et changresuapiques. Dans le cas particulier
des panneaux sandwichs, cette nouvelle théorie assocl®gathése de contraste entre la raideur
des peaux et la raideur effective de 'dme nous permettiatibéer un schéma d’homogénéisation
simplifié ainsi que de démontrer les borneadsey et al(1958.

L'application du schéma d’homogénéisation associé a larthée gradient du moment a un
panneau sandwich incluant le module a chevrons sera egfeatu Chapitr@. Cette mise en ceuvre
permet tout d’abord de valider une nouvelle fois la théoeegrhdient du moment dans le cas pério-
dique mais aussi de mettre en évidence un phénomeéne desttiatdes peaux du panneau sandwich
qui explique I'écart observé entre les borneKetsey et al(1958.

Enfin, pour illustrer I'intérét des modéles d’ordre supérigont fait partie le modéle de gradient
du moment, un modele de Cosserat multi-particulaire setaemté au Chapitr8. Méme si ces
travaux ne font pas partie de la problématique principaleedeavail de doctorat, ils sont I'occasion
de démontrer l'intérét des modéles de milieux continus g@isés dans la capture des effets de
bords.
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CHAPITRE

1

Enjeux scientifiques soulevés par les
plaques épaisses

Bien gu’extrémement répandus dans les sciences de l'iegeries modeles de plaque sou-
levent encore aujourd’hui des difficultés scientifiquesn®ee chapitre introductif, on présente tout
d’abord en Sectiod.1le modéle naturel de plaque qui prend en compte les effortsbranaires,
les moments de flexion et I'effort tranchant. Bien que ce nepésente un formalisme intuitif pour
le fonctionnement des plaques, il ne donne pas la loi de campent associée. En supposant de
plus que la plague est mince, le modéle naturel peut étrelifgngt devient le modéle de Love-
Kirchhoff (Sectionl.2). Le modele de Love-Kirchhoff possede une assise théofayte et permet
le calcul d’'une loi de comportement mais ne prend pas en alapkeffets de I'effort tranchant dans
la plaque. De nombreux travaux ont tenté de prendre en cocegteffets dans le modéle naturel
mais ils font face a une difficulté fondamentale présentégeastionl.3.

1.1 Le modele naturel de plague

D’'une maniere générale, une plaque est un objet présergarigitandes dimensions dans son
plan:L; ~ Lo, les portées; et une petite dimensidn I'épaisseur. Si on considere la plaque comme
un objet tridimensionnel on peut y calculer des déforma;tiéj’l etdes contraintesff exactes et lo-
calisées. Parce qu’'un modéle tridimensionnel est colteaicaler et que la plaque est élancég¢/(
grand), on souhaite assimiler celle-ci & un plan déformalte fagon naturelle de le faire consiste
a intégrer dans I'épaisseur les contraintes. Ces calcatsdgsaillés dans I’AnnexA.1. lls menent
directement aux efforts réduithl, M, Q). N, est le tenseur 2D des efforts membranailds; le
tenseur 2D des moments de flexionigt I'effort tranchant. De méme, intégrer I'équation d’équi-

libre tridimensionnellerf’fj + f; = 0 dans I'épaisseur méne directement aux équations d’écpiilib
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de plaqué :

Nags + pa =0 (1.1a)
Qa,a +p3 = 0 (11b)
Maﬁ,ﬂ - Qa + Ho = 0 (llC)

oup = (p,) sont les chargements membranaifgsest le chargement transverseet (u,) sont
des couples par unité de surface. Ces équations d’équslimietres connues et ont été démontrées
de nombreuses maniéres différentes. On peut se réfdeussines1871), Reissner1945 et
Mindlin (1951 pour ne citer qu’eux.

En dualisant les équations d’équilibre (formulation fajplon trouve que les efforts de plaque
(N, M, Q) travaillent avec les déformations généralisées qui leon$ sespectivement associées :
e,X,7Y Ol e,z est la déformation membranairg,s est la courbure ef, est la déformation de
cisaillement. Ces déformations ont été représentées emeHidL Elles dérivent de champs de dé-
placement U; ety,, de la fagon suivante :

1
€as = 5 (Uaﬁ + U@a) (1.261)
1
Xas = 5 (Pas + ¥5.a) (1.2b)
Yo = Pa + U3,a (120)

U, est le déplacement d’un point du plan moyen de la plaque est un vecteur associé a la rotation
de ce point par rapport aux axes contenus dans le plan dejaepla

Pour obtenir un modele de plague complet, outre les halegiebnditions aux limites, il est
crucial de donner la loi de comportement qui lie les effoeplhque aux déformations. Dans le cadre
de I'élasticité linéaire, cela revient & définir une fonntiguadratique des déformationgee, x, =)
(on parle de densité d’énergie de déformation) ou une fonauadratique des efforts de plaque
w* (N, M, Q) (densité d’énergie de contraintes). La loi de comporterségtit alors formellement :
_ Ow*(N,M, Q)

0
MM = T o fex) = o)

La facon la plus naturelle de construire la loi de comportgroensiste a trouver le champ de locali-
sation associé aux variables généralisées. On appelledbsation, une approximation des champs
tridimensionnels exacts linéairement dépendante deablas de plaquéeg, x, ) pour les défor-
mations ou(N, M, Q) pour les contraintes (il existe aussi des formulations esixtPar exemple
pour les plagues stratifiées on écrira les déformatie@é = f;j (e,x,~), ou f est une application

1. Dans tout ce qui suit, les indices grecs varient de 1 a Zemntkces latins de 1 a 3 et la convention d’Einstein sur
les sommations est respectée (sauf spécification).
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1.2. LES PLAQUES MINCES

Figure 1.1 — Les déformations volumiques associées auxrdafmns généralisées (le gauchisse-
ment n’est pas représenté peyr

linéaire de(e, x,~). Une fois cette approximation construite, la densité d'gieede déformation

h . .
s'écrit directementw (e, x, ) = 5 [ %, €9°C(@3)ijmelr ds OU Gy €St le tenseur des raideurs élas-
2

tiques en trois dimensions. Il existe une grande libertéhtixade localisation des champs (pourvu
gu’ils soient admissibles) et c’est la qu’intervient la geégrie réelle de la plague.
Lorsque toutes les variables sont découplées, la dengite@jie de déformation s’écrit :

wex,v)==€:2:e+x:D:x+~v-F-7)

N | —

ou 4 et D sont des tenseurs d’ordre quatre en dimension delx et tenseur d’ordre deux en
dimension deux4 est la raideur membranairmémbrane stiffne}2D la raideur en flexionflexural
stiffnes3 etF la raideur d’effort tranchanstiear forces stiffness

Le formalisme présenté ne permet pas de déterminer cesraidesurs. Pour déterminer les
raideurs4 et D il existe des méthodes bien fondées et présentées danditznsgai suit. En ce
gui concerne la raideur a I'effort tranchant, il existe enecbe nombreuses difficultés présentées en
Sectionl.3

1.2 Les plagues minces

On parle d’'une plaque mince, lorsque la fledhggénérée par les déformations de cisaille-
menty,, reste négligeable devant la fleche genérée par la courblagtdejuey . Dans le cas d’'une
plague homogéne isotrope, la part de cisaillement danslagflést directement reliée a I'élancement
L/h. Plus précisément, la fleche de cisaillement rapportée adhdlde flexion est proportionnelle
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a (E;—Zz ou F est le module d’Young eff le module de cisaillement du matériau. Ainsi la fleche de
cisaillement est inversement proportionnelle au carrééi@icement, ce qui en fait dans le cas des
plagues homogeénes isotropes un phénomene vraiment redgbge explique la définition de plaque
mince. D’'une maniére plus générale, on obtient une théerjgaue mince en faisant directement
I'hypothése de Love-Kirchhoff dans le modeéle naturg| = 0. Ce type de modele sera nommé par
la suite plaque de Love-Kirchhoff.

De nombreux travaux ont été effectués dans ce cadre d’hgpetét ont été vérifies expeéri-
mentalement. Leur point de départ sont les travaux de Kofflphuis Love (1888 dans le cas d’'une
plague homogeéne. lIs ont été étendus aux plagues strapiéBeissner and Stavsk$961), Whit-
ney and Leiss§1969 et Whitney (19693 (voir 'Encadrél.1 sur les difféerents types de plaque).
Une justification rigoureuse a été proposée @iarlet and Destuynddi979. Enfin, une méthode
générale pour homogénéiser des plaques périodiques dalas let de forme quelconque a été pro-
posée patCaillerie (1984 puis parKohn and Vogeliug1984). Tous ces travaux reposent sur une
hypothése fondamentale de localisation : la partie planehdmp de déformation tridimensionnel
est directement proportionnelle (en moyenne pour les pagériodiques) aux variables de défor-
mation généralisée de Love-Kirchho#f.et x : c% = e + z3xas. Dans ses travauxaillerie
(1989 fait appel aux développements asymptotiques en fonctiopedit paramétréy/ L. L'inté-
rét des développements asymptotiques est qu’ils perniektesaisir quantitativement la hiérarchie
entre les différents phénomenes mécaniques et qu’ils sentgmsés mathématiquement. En par-
ticulier, Caillerie montre que le modele de plaque de Love-Kirchhoff est exaetere premier
ordre du développement. Ainsi, il confirme la séparatiortidéfie déja mise en avant au paragraphe
précédent entre fleche de flexion et de cisaillement et doneeassise rigoureuse au modele de
Love-Kirchhoff. Ce résultat montre aussi qu’il faut aller moins a I'ordre deux pour faire ressortir
les effets de I'effort tranchant dont on doit tenir comptestpue I'élancement n’est pas suffisant.

1.3 Les plagues épaisses

Le modele présenté en Sectibrd qui fait apparaitre les variables de cisaillement est aussi
ramment appelé modéle de Reissner-MindReissner1945 Mindlin, 1951). D’une part, c’est un
modele qui est apprécié par ceux qui le mettent en ceuvredamile des conditions aux limites plus
naturelles que celles du modele de Love-Kirchhoff et quineee on a pu le voir, peut s’obtenir trés
simplement (d’ou I'appellation parfois rencontrée de tigéthaturelle” de Reissner-Mindlin). Mais
il est aussi controversé parce qu’il ne dérive pas du dewxi@mre des développements asympto-
tiques. En effet, le second ordre et les ordres supériegrdéeloppements asymptotiques ont été
déterminés pacewinski(1991¢b,a). Il apparait que chaque ordre du développement est un model
de la forme Love-Kirchhoff dont les chargements dépendeiibddre précédent. Ainsi, des champs
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La plague homogéne La plaque la plus simple est la plaque homogene, constidugeseul et méme
matériau. Un exemple typique est une tble d'acier.

La plaque stratifiée : Pour ces plaques, les propriétés du matériau constitatient en fonction de
I'épaisseur. Elles sont réalisées par I'empilement d'urtace nombre de couches de matériau. H
exemple, le contreplaqué est un stratifié. Les empilementfent I'objet de beaucoup d’attention sont le
stratifiés de matériaux composites. Il sont constitués delms nommées plis. Chaque pli est homogge
et est constitué d'un composite fibré unidirectionnel, ted ta fibre de carbone ou de verre imprégnée
résine époxyde, dont I'orientation varie par rapport aterds I'empilement. Comme le comportement (
matériau varie brusquement entre chaque couche, on oliEswncentrations de contraintes localisé
en particulier sur les bords du stratifié, qui sont liées aeaftets de cisaillement interlaminaire et qu
nécessitent des modeéles de plaque élaborés.

La plaque fonctionnellement graduée: La plaque fonctionnellement graduéeir(ctionnally graded
plate) est la version continue de la plaque stratifiée. Plus prgmst, grace a de nouveaux procédés
est possible de faire varier presque continuement dare$ggur les propriétés du matériau constitutif.
nouveau concept est une facon de répondre aux difficultésv@ms par les concentrations de contrain
présentées par les plaques stratifiées.

La plaque périodique : Ce sont les plagues dont le matériaux constitutif variefaitadans I'épaisseur,
mais aussi dans le plan. Les tbles gaufrées, le bardage esplatjues périodiques. En Génie Civil, l¢

diques.

Le panneau sandwich Les panneaux sandwichs a ame périodique tels que le nidikiEabsont les
plaques périodiques pour lesquelles on ajoute I'hypothiésdes peaux sont homogenes et assez rigi
par rapport a 'ame hétérogéne. Leur présentation estldétau Chapitre.

Par

bne
de
ju

I

Ll
Ce
tes

bS
rio-

des

Encadré 1.1: Les différents types de plaques
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CHAPITRE 1. ENJEUX SCIENTIFIQUES SOULEVES PAR LES PLAQUEBAISSES
dépendant directement des varial@su~ n'apparaissent a aucun moment.

Cet obstacle fondamental entre modele naturel et dévetopps asymptotiques a donné lieu
indirectement a une tres vaste littérature. Principalémeunx angles d’attaque ont été proposes.

Le premier consiste a revoir la facon dont on passe a la lipote un faible élancement du
modele 3D vers un modele de plaque. On y retrouve les travauiad'—convergence dans la
lignée des travaux d€iarlet and Destuyndgrl979 ainsi que ceux sur la méthode variationelle
asymptotique\(ariational asymptotic methgajui ont abouti aux travaux déu et al. (2002h. On
retiendra aussi les travaux ddiara and Podio-Guidugl{2006 ainsi que ceux d@erdichevsky
(2010 ou une hiérarchie est établie dans la loi de comportemielimniensionnelle de la plaque afin
de faire ressortir (ou non) un modele de plaque de Reissiatid, dans le cas homogene pour
Miara and Podio-Guidugli2006 et dans le cas d'un panneau sandwich @endichevsky(2010.
L'intérét de tout ces travaux est qu’ils montrent que la fagont on passe a la limite détermine de
fagon critique le modéle qu’on obtient au final. De plus, ilsti@ant en avant de fagon fine les ordres
de grandeurs entre les différentes échelles caracté@sti(fayon de courbure, épaisseur, longueur
d’'onde... dans le cas des coques). Cependant, I'ingéniayras le choix du passage a la limite.
Ainsi les modéles obtenus ne peuvent pas étre appliquégetiment.

Le second angle d’attaque consiste a trouver le champ déslatian associé &, ou v, le
plus adapté dans telle ou telle configuration. Ces appradmsnommeées approches axiomatiques
(ou constructives) car elles se basent sur des hypothdsigmiaes. On propose de faire une revue
synthétique de ces modeles.

Dans le cas de la plaque homogéReissnef1945 suggere une distribution des contraintes de
cisaillement transverse associées a I'effort tranchagtteGlistribution est parabolique dans I'épais-
seur de la plaque. Malheureusement, si cela semble vraielaas de la plaque homogene, le calcul
de certaines solutions exact&afanp19703 montre que dans le cas des stratifiés, la distribution
des contraintes dans I'épaisseur est beaucoup plus complsi pour les stratifiés, beaucoup de

propositions ont été faites. La plus simple, mais aussiua grossiere est de supposer que les dé-
formations de cisaillement transversg sont uniformes dans I'épaisseur (First Order Shear Defor-
mation Theory). L'inconvénient majeur de ce choix est guipose des contraintes de cisaillement
transverse discontinues et trés éloignées de la réalit@ilRaurs, cette vision de I'effet de I'effort
tranchant sur la plague méne a un ensemble de confusion®meadrél.2 tente d’éclaircir. Sans
prendre de précautions, on aboutit toujours a des chammstiaintes discontinus comme l'indique
Reddy(1989. Afin d’améliorer les modéles de plaque stratifiée, des nesdeouvent rassemblés
sous le nom de théories Zig-Zag ont été proposeés. Une revaglék de ces modeles est propo-
sée parCarrera(20033. Le travail fondateur de cette approche est cel@ndbartsumian1969.

Il consiste a donner une forme polynomiale a la distributiencontraintes en cisaillement trans-
verse dans chaque couche, a laquelle on ajoute une foncétinsernble couvrant toute I'épaisseur.
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On obtient ainsi une fonction dépendant d’un grand nombrpatameétres qu’on identifie grace
aux conditions de continuité des contraintes et des dépkacts aux interfaces. De nombreuses
propositions pour la fonction d’ensemble ont été faitesédire, quadratiqueéNhitney, 19691,
cubigue Ambartsumian1969 Reddy 1984, sinusoidale Touratier 1991), Zig-Zag Murakami
1986. Outre le fait que ces modeéles sont fondés essentiellesnetd choix arbitraire de la fonction
d’ensemble, leur limitation est qu’a chaque fois ils sord@és a des configurations spécifiques du
stratifie.

La raideur a I'effort tranchant dans les plaqleg est trés souvent confondue avec la raideur en cisallle-
ment transverse (transverse shear stiffnegs), = C.353 OU C est le tenseur d’ordre quatre en dimensipn
trois des raideurs élastiques en trois dimensions.
Il se trouve en effet que dans le cas des plaques stratiféédgfdrmation générée par I'effort tranchant
est toujours un cisaillement transvetsg. Ainsi la raideur en cisaillement transverse joue un roleied
dans I'estimation de la raideur a I'effort tranchant.

La confusion entre ces deux raideurs vient de I'hypothesenée que le cisaillement transverse est
uniforme dans I'épaisseur. En effet, pour une plaque homdgotrope, supposefgg = v, Méne a:
Q = hC -~ ouh est I'épaisseur de la plaque. Avec cette écriture, tout segpaomme si la contrainte
de cisaillement transverse s'écrivaffS = Q,/h et était reliée directement&{$ par la raideur en ci-
saillement transverse. Ainsi dans beaucoup de travaurmersie comportement d’une plaque a I'effor
tranchant consiste & trouver un module de cisaillemenswese effectiC® le plus adapté pour qu'ay
final on puisse écrire directemegt = hC™ . ~. CommeC®™ est souvent notablement différent @en
définit alors un coefficient correcteur en cisaillemgpt= Ce /C,,, (ici sans sommation et dans le cas
ouC est diagonale) pour qu’on puisse toujours éaire= k,Cnahv. €t faire comme siles déformations
de cisaillement étaient uniformes dans I'épaisseur.
Ainsi, plutét que de parler de raideur a I'effort tranchasdgrtains préferent utiliser le terme de raideur
en cisaillement transverse de la plaque définie coréfffe= F/h. Dans ce travail, les effets de I'effort
tranchant sont vus comme un phénoméne en soit et non comnaéfammation uniforme en cisaillement
transverse, corrigée. On parlera donc de raideur a I'dffartchant, la raideur en cisaillement transverse
étant une propriété locale du matériau constitutif.
Pour ajouter a la confusion, il se trouve que dans le cas dasepax sandwichs homogénes avec ges
peaux minces, le cisaillement est effectivement uniforiaesd’ame et il n'y a plus de correction a faire.
C’est le cadre d’étude du ChapitBe Dans ce chapitre, exceptionnellement, on parle indiffénent de
raideur a I'effort tranchant et de raideur en cisaillemears$verse pour respecter les conventions utilisées
dans le dimensionnement des panneaux sandwichs.

174

—

154

Encadré 1.2: Cisaillement transverse et raideur a I'effarichant

Dans le cas des plaques périodiques sans autre hypotheskffiultés sont beaucoup plus
considérables. Aujourd’hui, il n’existe pas de méthoderpmdtant de construire les champs loca-
lisés dépendant directement des varialflesu ~. On n'est méme pas certain que le modéle de
Reissner-Mindlin soit le bon. Il est donc nécessaire degrgsar la résolution du second ordre des
développements asymptotiques qui fait appel a un modeldéadeie beaucoup plus complexe que

celui de Reissner-Mindlin. On relévera tout de méme lesatravlelsaksson et al2007) et deCec-
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CHAPITRE 1. ENJEUX SCIENTIFIQUES SOULEVES PAR LES PLAQUEBAISSES
chi and Sak2007) qui proposent une extension aux plaques périodiques aesutx deWhitney
(1972 pour la plaque stratifiée. Mais ces travaux supposent qoengortement de la plaque suit
un modele de Reissner-Mindlin et sont intimement liés adéthese de flexion cylindrique.

Dans le cas des panneaux sandwichs, le fait d’avoir des peddes permet d’étre un peu
plus explicite sur les effets de I'effort tranchant dans legpe. Une approche simplifiée de cette

condition nommee ici hypothése de contraste entre peauxetest abordée au Chapieet une
étude bibliographique des modeles existants est fourn@@haypitre3.

Ces efforts pour déterminer la localisation des variableffait tranchant sont entierement
justifiés pour plusieurs raisons. En premier lieu, méme saarairement indiqué que la fleche
de cisaillement est négligeable pour les plaques homogéreesste des plaques pour lesquelles
cette fleche peut devenir comparable voire prépondérardesomt les plaques stratifiées dont les
couches ont des raideurs extrémement différentes et pitisydigrement les panneaux sandwichs
qui seront introduits dans le prochain chapitre. En secaw] méme si la fleche de cisaillement
reste négligeable, il est crucial d’avoir une estimatiosaanable voire précise de I'état de contrainte
génére par I'effort tranchant afin de pouvoir calculer lastésce de la plague. Cette question est
particulierement importante dans le cas des compositessfidir stratifiés pour lesquels il existe
des concentrations de contraintes interlaminaires lidedfart tranchant ainsi que dans le cas des
panneaux sandwichs pour lesquels la rupture due a I'efflorthant est souvent dimensionnante.

1.4 Conclusion

Comme on a pu le voir, il existe aujourd’hui un modéle de piabien fondé théoriquement :
le modéle de Love-Kirchhoff. Contrairement au modéle desfer-Mindlin, ce modéle ne prend
pas en compte les effets de I'effort tranchant sur la plaBoertant, méme si I'effort tranchant a
un effet généralement négligeable sur la fleche, il est arde connaitre I'état de contraintes qu'il
génere localement dans la plaque afin d’estimer sa résistaimtsi un grand nombre de travaux
portant chacun sur un type particulier de plaque a été émuit modéliser cet effet. D’'une certaine
facon, tous ces modeles sont confrontés au fait que le mo@eReissner-Mindlin ne résulte pas
du deuxieme ordre des développements asymptotiques. AleHats, un particularisme apparait
pour simplifier 'approche et aboutir a un modéle de Reisstiedlin, que ce soit la configuration
de la plaque (flexion cylindrique) ou des symétries du maéconstitutif. Aux Chapitred et5, on
propose une approche qui couvre I'ensemble des types degdagélaborant un modele plus riche
basé sur les travaux dReissnef1945. Avant cela et pour motiver cet approfondissement sufetef
de l'effort tranchant dans les plaques, une présentatidolbjet d’étude de ce travail, les panneaux
sandwichs & ame pliée en module & chevrons, est effectudepiire qui suit, puis les limitations
des méthodes existantes sont montrées au Ch&pitre
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CHAPITRE

2

Cas d’etude : Les panneaux sandwich
a ame pliee

La motivation originelle de ce travail est I'étude d’'un neaw type d’ame de panneau sand-
wich : le module a chevrons. En effet le marché des panneantwsehs est un marché encore
jeune et en mutation dans lequel il existe des opportunit@saVation. En particulier les panneaux
sandwichs offrent des possibilités d’économie de matiaresdhabitat qu’il est tout a fait d’actua-
lité de considérer. Etudier un nouveau type d’ame de pansaadwich nécessite donc une bonne
compréhension de ce marché ainsi que des questions sqieesifious-jacentes.

Dans ce chapitre, on propose tout d’abord une présentati®plihges structurels périodiques
en Section2.1 En vue de leur utilisation comme ame de panneau sandwi@hjniroduction a
ces panneaux et leur marché est proposée en S&:foGette analyse mettra en évidence que ce
marché est essentiellement structuré autour du compantem&anique des panneaux sandwichs.
Plus particulierement, une analyse mécanique simplifiéetmaue I'ame joue un réle essentiel
dans la résistance du panneau sandwich a I'effort tranchar@lement, en gardant en mémoire les
contraintes posées par le marché des panneaux sandwiehsswue des procédés technologiques
existants est effectuée en Sectibi.

2.1 Les pliages structurels périodiques

Les pliages structurels périodiques sont des pliages gigties qui donnent un volume a la
feuille initialement plane. Ainsi la feuille présente utigequi peut étre exploité pour ses proprié-
tés cinématiques ou structurelles. Un exemple simple esiuéflet d’'un accordéon qui permet les
amples mouvement du musicien tout en servant de réserveadigbit controlé.

Il existe un tres grand nombre de pliages de ce type. On danhgeelques éléments pour les
distinguer puis on indiquera quelques applications egeahles pour le plus connu d’entre eux, le
module a chevrons.
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2.1.1 Les différent types de pliages structurels périodiges

Les pliages structurels périodiques sont aussi nommeéasllggmns (pavages) dans le vocabu-
laire des origamistes (plieurs de papier). lls font appetsimotifs dont I'origine est trés ancienne
et sont rattachés aux pliages traditionnels en origamialaurs, ces motifs sont aussi tres utilisés
par les plisseurs de tissus (Voir les Ateliemgnona Paris). Ceux-ci utilisent des moules en carton
(Figure2.1) pour étuver des tissus utilisés dans la haute couturer@&yp).

Figure 2.1 — Un moule utilisé pour le plissageFigure 2.2 — Une robe réalisée avec un tissu
des tissusSid, 2009 plissé Lognon 2010

Bien qu’il semble y avoir une tres grande variété de motifssiaes, les origamis doivent
respecter certaines regles géometriques. En effet, iliestdonnu qu’une feuille de papier peut
étre assimilée a une surface développable car elle estpeatient inextensible dans son plan en
comparaison de sa faible raideur en flexi@efda and Mahadeva@005. Ainsi, lorsqu’on plie
une feuille, on ne fait gu’introduire des singularités deirtoire localisées au niveau du pli. La
surface engendrée demeure une surface développable. @lomitque la feuille est isométrique
au plan. Le fait de se limiter au pli et de s’interdire tout@gore de la feuille n’est donc pas sans
contrainte. Il existe un certain nombre de résultats foisaat les conditions de pliabilité. Dans le cas
de pliages a plat, quelques théorémes fixant des reglesathdipd sont rappelés en Enca@d. Ces
conditions locales de refermeture a chaque intersectiglisi@e sont pas suffisantes pour garantir
la refermeture de I'ensemble de la feuille. En réalité, sa/h est possible de replier une feuille en
partant d’un dessin des plis a plat (crease pattern) vérigarconditions locales de refermeture est
un probleme ouvertQjemaine and Demain@001). Plus récemment dans cette thématiqlaghi
(2009 s’est intéressé a la cinématique d’ensemble de pliageplesss. Dans le cas des pliages
tridimensionnels, on rappellera les travaux@iencan and Dunca(l982 sur la cinématique des
plis courbes, illustrant la nécessité d’employer la géoméifférentielle pour décrire correctement
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Théoreme de Maekawa: Lorsqu’on déplie un origami, on observe des plis “montdgetedes plis
“vallée”. Dans le cas des pliages plans, a l'intersectionitférents plis (un sommet), la différence entre
le nombre de plis montagne et de plis vallée vaut toujours 2.

Théoreme de KawasakKawasaki(1989 : Soit la suite des angles, ao, ..., as, autour d'un sommet (il
y a toujours un nombre pair d’angles autour d’'un sommetddi@gon d’un angle sur deux est égalera

ap+az+---+taypm_1=m 0OU axtag+-+ay="7

Encadré 2.1: Théoremes d’origami

les déformations acceptables par pliage. Enfin, des tegbsigystématiques pour générer de tels
motifs ont été proposées péling (1997 2009 et sont présentées en Fig8. Parmi ces nombreux
motifs, le plus connu de tous estriedule a chevrongchevron patterr). Ce pliage est aussi connu
sous le nom déMiura-Ori (littéralement : origami de Miura, en hommage a un de sesfdsv
promoteurs, Koryo Miura) ainsi queerringbone-pleatingt enfinZeta-Core(nom donné au pliage
par Miura lui-mémeNiura, 1972).

Column Cross Section

Row Cross Section

Kling (2005)

Figure 2.3 — Motif générés par la théorie de Kling

Le module a chevrons est un motif extrémement simple, domididle élémentaire est consti-
tuée de quatre parallélogrammes identiques (FigubeLe paramétrage complet du motif est donné
au Chapitre8. Un des compétiteurs du module a chevrons envisage sémeunsest le motif nommeé
Matted (Figure2.5). Ce motif est légerement plus complexe et sembleraitraffre plus grande ré-
sistance. Cependant, notre cadre d’étude se restreindn@dwle a chevrons qui est le plus simple
a modéliser.
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TW?vv

Figure 2.4 — Le module a chevrons Figure 2.5 — Le motif MattedHeimbs 2009

2.1.2 Les applications possibles

On peut recenser un nombre important d’applications plessfpur ces motifs. En voici une

liste non exhaustive pour le module a chevrons.

— Absorbeur de chocsdes études montrent que le module a chevrons présente deson
caractéristiques pour étre utilisé comme absorbeur desqBasily and Elsayed®004h. On
peut donc envisager de 'employer dans les emballages omeahsorbeur de choc pour le
parachutage de matériel.

— Echangeur double fluxcomme le module & chevrons est une feuille sans coupukgpals
deux domaines bien définis. Il est possible de faire ciraéparément deux fluides calopor-
teurs a contre courant (Figu2e6). Ainsi le module a chevrons est un bon candidat pour des
echangeur double-flux efficaces et économes a fabriquer.dddenir de bons échangeurs
de chaleur, il faut étre capable non seulement de concanteegrande surface dans un pe-
tit volume, mais aussi de bien mélanger chaque fluide au a@mit®change. Le module a
chevrons présente une grande surface spécifique et sa fonée facilite la création de
tourbillons ce qui lui confere de bonnes capacités d’échahgs travaux d&hang et al.
(2009 sur un motif apparenté au module & chevrons illustrent tenpiel.

— Revétementle relief donné a une feuille métallique par le module a ctes lui donne une
plus grande inertie dans les deux directions principalefiedt@n. On peut donc envisager
des applications similaires a la tdle ondulée et au bardagelus, les qualités esthétiques
et de formabilité du module a chevrons peuvent en faire uémaat apprécié des architectes
et des designers.

— Ame de panneau sandwick’est cette application qui fait I'objet de ce travail. Unigésen-
tation détaillée des panneaux sandwichs est I'objet deckiosequi suit.
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Figure 2.6 — Le fonctionnement en échangeur double flux duuteadchevrons

On peut constater que la simple maitrise d’un procédé desédlum du motif présente déja un intérét
a moyen terme. |l est clair que ce motif n’est pas une solugchniquement optimale pour toutes
ces applications. Cependant, si le colt de fabrication geastuit intermédiaire est tres modique, il
pourrait trouver des débouchés dans des domaines inasteddonme on souhaite utiliser le module
a chevrons comme ame de panneau sandwich, on propose domtyd& les contraintes de ce
marché.

2.2 Le marché des panneaux sandwichs et ses exigences

L'idée de prendre en sandwich un matériau léger et peu adsishtre deux couches d’un mate-
riau noble afin d’obtenir une plaque plus résistante et @ligeren flexion a poids donné est assez an-
cienne. Certains la font remonter a Léonard de Vinci, desiau pont tubulaire sur la riviere Conwy
au Royaume-Uni de Sir W. Fairbairn 184A8llen, 1969 et enfin certains voient dans la structure
poreuse des os du crane un exemple intempdterhpson1917 Gibson and Ashbyl1988. Au-
jourd’hui ce concept multiforme peut étre regroupé sousolzon de panneau sandwich. Les deux
couches de matériau noble sont généralement assez minaast elppelées les peaux (skins). La
couche “tendre” est appelée ame (core) en référence a I'asmpaltres profilées en | (Figu2ey).

Il est communément admis que cet agencement de la matiérpteatl pour maximiser la raideur
en flexion d’une plaque, a poids et gabarit dorresgczyk 2010).

Le premier champ d’application dans lequel la question ddspg'est posée sérieusement est
'aéronautique et la premiere application industrielleomnue est l'utilisation de panneaux sand-
wichs composés de contreplaqué pour les peaux et de balségmea dans le fuselage d’un avion
de combat Britannique lors de la seconde Guerre Mondiale ldavilland Mosquito. Aujourd’hui,
les panneaux sandwichs sont des structures qui se rettodees de nombreuses applications. Le
plus répandu des panneaux sandwichs est le carton ondglé€Ri8) qui consiste a coller entre

deux feuilles de papier kraft, une feuille ondulée en guidmeé. Les panneaux sandwichs sont aussi
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répandus dans la construction comme panneaux d’'isoldfigare2.9), éléments de cloisons et de
mobilier (Portes Isoplanes). Enfin, leur excellente capastructurelle rapportée a leur poids en font
un matériau roi dans I'aéronautique et I'aérospatialeyfég.10).

Is y peau supérieure / upper skin _

h dme / core

peau inférieure [ lower skin

hY

Figure 2.7 — Modele de tri-couche a peaux
minces. Figure 2.8 — Du carton ondulé double face

NASA
C-2000-1447

h
National Aeronautics and Space Administration
John H. Glenn Research Center at Lewis Field

Figure 2.9 — Un panneau isolant formé de peau¥igure 2.10 — Un panneau sandwich de tres
en acier et d'une ame en polyurétha@(us haute qualité structurelle en nid d’abeilles alu-
2010 minium et peaux en aluminiun@&lenn 2000

2.2.1 Le marché des panneaux sandwichs aujourd’hui

Comme on I'a déja indiqué, c’est I'aéronautique qui a étédanere a pousser les recherches
sur ce sujet. En effet, actuellement on estime le colt d'weexle poids a la conception sur la
durée de vie compléte d’'un avion civil a plus de 180Ky. Aujourd’hui, le spectre d’application
des panneaux sandwichs s’est considérablement élargii, Airon souhaite identifier les applica-
tions pertinentes pour un nouveau type d’ame il est négesdaiconnaitre la structure des marchés
sous-jacents. Ceux-ci s’organisent essentiellementiadtan arbitrage tres sévere entre le colt de
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2.2. LE MARCHE DES PANNEAUX SANDWICHS ET SES EXIGENCES
fabrication et la capacité structurelle. Les panneauxwans a hautes capacité structurelle se re-

trouvent dans 'aérospatial@. contrario, on peut chercher a minimiser le plus possible le colt en
gardant des capacités structurelles convenables. Lenaamttulé illustre un tel compromis.

La capacité structurelle rapportée au colt du produit filmalisule autour de trois critéres. Le
premier est le choix du matériau des peaux et de I'ame. Ca elaocie des métaux et des matériaux
fibrés (fibre de carbone, de verre, d’'aramide), pour les plésaux, aux plastiques thermoformables
(polypropylene par ex.) et les différents types de papmuy es moins chers. On notera aussi I'em-
ploi déja évoqué du balsa et du bois (dans les portes isapfmreexemple) comme matériau noble
ainsi gue les mousses polymeres, telles que le polyurétpeses en sandwich avec des toles d’acier
dans les panneaux isolants utilisés dans les hangars iietisiSD’une maniere plus générale et si
I'on souhaite avoir une approche systématique, on peutiéeeréaux travaux d’Ashby sur les stra-
tégies de choix d’'un matérialghby, 2000. Dans le cas présent, les rappdité, E'/3/p, et /p
face au prix jouent un réle déterminant dans ce chébest le module d’Youngg? la résistance
ultime a la tractionp la masse volumique.

Le second critére est bien connu, c’est la taille du marchésatendements d’échelle. En ef-
fet, moyennant un investissement initial conséquenttieesisageable de produire rapidement un
produit de qualité. La viabilité économique du produit désdonc sur la possibilité d’amortir rapi-
dement l'investissement et donc sur la taille du marchéssijoke. Ce raisonnement fonctionne pour
le carton ondulé qui a des capacités structurelles assezgeaables pour un codt trées modique car la
taille du marché est considérable. Dans le cas du nid dlabeih aluminium destiné a I'aérospatiale,
la taille du marché mondial est tellement petite qu’elle ramet pas d’amortir un investissement
dans une machine industrielle de I'ordre de 580kur 5 ans. Méme dans ce cas plus de 50% du
prix de fabrication serait dédié a 'amortissement de lahireecce qui est un frein considérable a
I'entrée de nouveaux acteur sur le marché (étude réalisée ativé par des étudiants de master a
I'université Paris Dauphine).

Le troisieme critere est le choix de la géométrie d’amejmetnent lié a la cadence de fa-
brication accessible et au choix du matériau. Outre un ressgge complet entre les peaux avec
une mousse ou du balsa, de nombreuses formes structurééte anilisées. La plus connue est le
nid d’abeille, mais de nombreux types de gaufrage ont auégpré@duits (voirMiura (1972 par
exemple). Une mousse est tres facile a injecter entre deaxx@dors que produire une forme struc-
turée est inévitablement plus délicat. Par exemple, leséolés utilisés dans I'aérospatiale avec les
nid d’abeilles métalliques peuvent étre presque qualifigdisanaux : procédé de fabrication du
nid d’abeilles par collage feuille par feuille, table d’exgsion du nid d’abeilles etc., ce qui a une
incidence directe sur le colt de fabrication. Ainsi une drgaes principales d’innovation dans le
domaine réside dans la recherche de nouvelles géométérmediinsi que des procédés de fabri-
cation moins onéreux. De trés nombreuse propositions énfaées en variant les matériaux, les
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géomeétries, etc. Deux solutions se démarquent aujourdZ¥une part, les ames en treillis (“truss
core”) font I'objet recherches financées en partie par lestére de la défense américain pour des
raisons balistiques/icks and Hutchinsor2001, Wadley, 2002 Cote et al. 2007 Doherty et al.
2009. Ces géometries sont probablement celles qui offrentua gtande résistance a I'effort tran-
chant a poids fixé, mais elles restent pour I'instant difigih produire. D’autre part, les ames pliées
présentent la possibilité d’étre fabriquées en continurtirie techniques de pliage ce qui pourrait
leur donner un avantage concurrentiel par rapport au niokdllas.

Ainsi, comme on peut le voir, les panneaux sandwichs sonigmésents dans la vie courante.
C’est une technologie qui est relativement jeune et qui tidaéncore d’'un processus de démo-
cratisation : la baisse réguliere des colts de fabricatwmpt I'acces a de nouveaux marchés sous
réserve de se plier au compromis capacité structurebed@ifabrication imposé par ceux-ci. Ce
processus peut offrir des opportunités a de nouveaux raatéd autant plus que les marchés eux-
mémes sont en forte évolution. En effet, outre le raisonmecmmptable sur 'économie de matiere

offerte par les panneaux sandwichs, la question d’unesatitin raisonnée des ressources est deve-
nue un enjeux de société qui nécessairement ouvre la voiea@udelles applications.

2.2.2 Les enjeux structurels des panneaux sandwichs

Les panneaux sandwichs ont donc un comportement strutti@reimeilleur que celui d'une
plague massive. La contrepartie de cette améliorationresstamplexification importante du com-
portement mécanique de ces objets comme on I'a déja évoqaiéagitre précédent. Etant donné
que la capacité structurelle est un élément déterminantlpswapplications utilisant des panneaux
sandwichs, la connaissance et la prédiction du comportesiigmpanneau est un enjeux important.
On propose ici une introduction au comportement mécanigquelifié des panneaux sandwichs
couramment utilisé dans leurs applications.

En effet, méme si on a vu que le comportement d’'une plaquediguie hétérogene est au-
jourd’hui un probleme ouvert, le fait que les peaux soierguoeup plus raides que I'ame permet
une décomposition des réles mécaniques de I'ame et des.p@eit& décomposition n’est possible
gu’au prix d’'une hypothése de contraste qui n’est pas togjfuumalisée. Une exploration quantita-
tive de cette question sera effectuée au Chapigesera appliquée aux panneaux sandwichs a ame
en module a chevrons au ChapittdPour l'instant, on accepte cette hypothése sans justificat

Dans le cadre de I'hypothése de contraste, la raideur esiksta@ce de la plaque en flexion sont
assurées essentiellement par les peaux. En effet la misexséonfid’'un panneau sandwich génere
un effort de traction/compression dans les peaux alors’guoee| étant plus souple, n’est soumise
pratiguement a aucun effort (Figu2ell). La déformation générée par I'effort tranchant est, gaant
elle, liée a la mise en cisaillement de I'ame dans toute saisggur. Ainsi la raideur et la résistance

a 'effort tranchant sont assurées essentiellement pawel'@igure2.12).
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Figure 2.12 — Effet de l'effort tranchant sur
Figure 2.11 — Effet de la flexion sur les peaux ame

Puisqu’on cherche a comparer le module a chevrons utilisgm@mame de panneau sandwich,
c’est I'étude de la raideur et de la résistance a I'effomd¢hant qui sont pertinentes. Comme on
'a déja indiqué, la fleche de cisaillement peut devenir prélgrante dans le cas des panneaux
sandwichs. Mais plus encore, lorsqu’on s’intéresse a latedge, il est absolument nécessaire de
connaitre précisément les efforts locaux générés paoitafanchant.

En effet, pour la plupart des chargements conventionreelgjihe d’'un panneau sandwich se
produit par instabilité élastique. Le nombre de types daeuwbservé est assez grand, allant du
flambement d’ensemble au micro-voilement des facettesamstituent 'ame. A titre d’illustration,
une étude détaillée dans le cas de panneaux sandwichs a aidel&beilles est proposée faetras
and Sutcliffe(1999 mais aussi paRammerstorfer et a[2006. Pour le comportement en grande
transformations du nid d’abeilles seul on pourra aussi f&geéaux travaux d&Vierzbicki (1983
et Mohr and Doyoya(2004). Cette observation mene a deux conclusions. La premiéiguékest
essentiel d’avoir une connaissance détaillée et suffisarhexacte du comportement élastique pour
estimer correctement le point de bifurcation. La seconaelosion est que la qualité géométrique
de I'ame qui est produite est cruciale pour obtenir des padnce structurelles acceptables. Ainsi,
la résistance d’une géométrie donnée dépend fondamemtialelm procédeé qui a été utilisé pour la
produire. Cette observation explique donc I'arbitrageséentre prix et capacité structurelle qui fait
la spécificité du marché des panneaux sandwichs. Une regysraeédés de fabrication du module
a chevrons existants s’avére donc nécessaire.

2.3 Comment fabriquer des ames pliées

Comme nous I'avons montré en Sectidr2.], il existe un compromis entre le colt de fabri-
cation et la capacité structurelle du motif. Ainsi, soit dsevun marché petit et ayant de fortes
attentes structurelles avec un procédé quasi artisanilors@ise un marché trés grand, pour le-
guel on doit étre capable de fournir & haute cadence aveecddsments d’échelles conséquents
(auxquels s’ajoute un colt d’entrée éleve). Jusqu’a réaamhia fabrication des ames pliées a posé
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trop de problémes soit du coté de la qualité structurelledsocté de la vitesse de fabrication pour
gu’elles s'imposent vraiment comme le matériau d’aveniirges @mes de panneau sandwich. En
effet, le module a chevrons a beau étre un pliage, il n’estipasut évident de le produire a I'échelle

industrielle.

A priori on peut envisager deux approches pour fabriquer en comtimotule a chevrons. La
premiere serait de le produire uniqguement par des techsigipliage. L'avantage de cette approche
est que le pliage est fondamentalement peu colteux en émtngiendommage le matériau que sur
une surface limitée a la zone de pli. On s’attendrait doné an produit fini de bonne qualité avec
une telle méthode. Malheureusement une telle approchmpsssible au premier abord. La raison
principale a cela est qu’on ne peut produire le module a dmsven faisant une suite simple de pli
élémentaires mais qu'il faut imposer sa forme “d’un seulf@ua feuille (on parle de pli complexe).
Une deuxieme approche viserait a estamper directementillefa mettre en forme (pressage entre
deux outils gaufrés). De nouveau, une telle approche na&sapplicable. Pour avoir une capacité
structurelle raisonnable, le matériau ne doit pas étredrgmmmagé au cours du procede. Or les
géométries qui présentent un intérét structurel ont uafridl qu’il faudrait étirer la feuille dans son
plan d’un facteur trois ou quatre.

On se propose ici de donner un état de I'art non exhaustihsmirautour de cette thématique
qui est a la fois ancienne et a connu plusieurs foyers d’iation.

2.3.1 Quelques exemples anciens

Il existe un corpus assez ancien de brevets portant sur @agitande variété de gaufrage du
papier, remontant sans probléme a la seconde moitié dii9$ecle. Une premiére phase de déve-
loppements technologiques autour des ames pliées a dalaagées années 50 en méme temps que
I'on s’intéressait de plus pres au nid d’'abeill&lsey et al. 1958. Ainsi le premier brevet portant
sur 'usage du module a chevrons comme ame de panneau shresivicma connaissance celui dé-
posé paRapp(1960 illustré Figure2.13 Cependant il n’est pas exclu qu’il y ait des antériorités ca
alaméme époque, il existait déja des tentatives de pramudti module a chevrons. Aindiochfeld
(1959 propose un procédé itératif présenté FigRued Il est rapidement suivi paBewissqui fera
deux propositions de machine. Une premiére machine “pas’a(@&wiss 1960 1969ha, 1976
illustrée Figure2.15 puis une seconde machine permettant probablement unaqgiad presque
continue du module & chevronGgwiss 1968 1977). Cette analyse ne se base que sur les brevets
publiés. Il est donc difficile de donner une raison précigd’absence de généralisation des ames
pliées dans l'industrie a cette époque. Ceci étant dit, vaofaplexité des machines proposeées et le
fait qu’elles présentent des mécanismes plus ou moingiftélaisse a penser que leurs cadences
n’étaient pas suffisantes.
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2.3.2 Koryo Miura

Parallélement & ces développements en Europe et aux Hiasikdlsujet émerge aussi au Japon
avecMiura qui est aujourd’hui Professeur émérite a I'université dieybeet s’est intéressé essentiel-
lement a l'aérospatiale. Il a été le premier a formalisauti® du module a chevron. Il a en particulier
calculé analytiguement la borne supérieure de la raidansterse du module a chevromdiyra,
1972 (voir Chapitre3). En ce qui concerne la fabrication du module a chevrons, dpie conscient
des difficultés il ne semble pas qiiura se soit penché de maniére approfondie sur la question.
Deux approches sont proposées dans ses travaux. Une mgmuposition fiura, 1972 consiste a
directement estamper le motif, avec les limitations que #andiquées. Le résultat est présenté Fi-
gure2.16 En regardant de pres on peut constater que la géométrie tiflest@ssez approximative
ce qui ne laisse pas présager de capacités structurellisastds. Une deuxiéme propositidviigra,
1980 consiste a mouler le motif avec un polymére (FigRr&7). Malheureusement le moulage ne
se préte pas du tout a une production en continu. Il sembl®kiura n’a pas persévéré sur 'emploi
du module a chevrons comme ame de panneau sandwich maisesilit intéressé par la suite a
ses propriétés cinématiques. Ces propriétés ne seronéfmkas ici. On indiquera seulement que
le module a chevrons a inspiré la cinématique de déploiegemanneaux solaires ainsi qu’une
nouvelle technique pour plier les cartddigra, 1994).

Figure 2.16 — Un panneau sandwich incluant leFigure 2.17 — Moule utilisé pavliura pour réa-
module a chevrons présenté paiura (1972 liser le module a chevron$Ajura, 1980
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2.3.3 Université de Kazan

Selon toute vraisemblance, I'université de Kazan (Russigavaillé dans le courant des an-
nées 70 sur le module a chevrons. Malheureusement il eréstgpéu de documentation d’époque
a ce sujet. Certains auteuldduyen et al.2005a Kintscher et al.2007) indiquent qu’il a été envi-
sage d'utiliser le module a chevrons dans I'aéronautiquis mwssi dans l'industrie pétroliére pour
des raisons acoustiques. Plus récemment on trouve ddesfidliés dans la revue Russian Aero-
nautics avec une orientation essentiellement technaleglhaliulin, 1999 2005 Khaliulin et al,
2005 Khaliulin and Batrakoy2005 2006 Zakirov and Alekseyex2005 Zakirov et al, 2006 2008
Kayumov et al.2007 Movchan 2007). De plus de nombreux brevets ont été déposeés en collabora-
tion avec Airbus Deutschlandkishev et al, 2005ha; Akishev and Zakiroy2005hd,a,e,C).

Le procédé étudié a l'université de Kazan utilise des tepres d’hydroformage avec des
moules déformables pour accompagner la refermeture du lm@dchevrons lors de sa mise en
forme par pliage (Figurg.18. Ce procédé permet en particulier de mettre en forme depasites
afibres de carbone, préimprégnés de résine époxy, connuétpeparticulierement difficiles a plier
(tres fort retour élastique). Cependant, la précision dkgation est limitée par la qualité du moule
déformable utilisé et il s’agit de nouveau d’'un procédé aéae

5

Figure 2.18 — Hydroformage avec moule défor-Figure 2.19 — Exemple d’emploi des panneaux
mable Akishev et al, 20053 produits par FoldcoreKehrle 2004
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2.3.4 Foldcore

L'entrepriseFoldcoreest une spin-off de l'université de Stuttgart dirigée pasirigy. Reiner
Kehrle. Elle dispose d’'une machine brevet&elrle, 2004 2009 2010 présentée en Figuiz19
permettant de produire en continu différents motifs d’apleses. Le procédé consiste a effectuer
un estampage léger du motif, voire de réaliser de légerasions avec des outils rotatifs, pour
amorcer le repliement. Ensuite, la refermeture est fore@es te plan du motif avec éventuellement
un chauffage (dans le cas des plastiques thermoformabkssjnatériaux employés vont du papier
aux métaux en passant par les plastiques thermoformaldedlemexX¥. Le Nome® est un papier
de fibres d’aramides trés couramment utilisé pour fabrigesmid d’abeilles dans I'aviation civile.
C’est une marque déposée par DuPont. Contrairement a ladieciie développée a Kazan, il n'est
probablement pas possible de mettre en forme des fibres deneapréimprégnées. Enfin, il ne
semble pas y avoir de limitation intrinseque de cadenceldéoé est aujourd’hui une des entreprises
les plus avancées autour de ces technologies.

2.3.5 Le programme Celpact

Le programmeCELPACT (Cellular Structures for Impact Performance) rassembitepaires
industriels et scientifiques autour de I'étude de nouveltasctures sandwich. C’est un programme
subventionné par la Commission Européenne a travers Hi@gee European Aeronautics Science
Network (N°AST5-CT-26-031038).

Le programme vise a étudier quantitativement des soluttmmgurrentes du nid d’abeilles
(Herrmann et a).2005. Le nid d’abeilles en Nomékest en effet considéré comme trop cher a fabri-
quer. De plus, comme les cellules du nid d’abeilles sonté&snun nouveau type de dommage caché
est apparu. L'enchainement des décollages et atterrsspageque I'accumulation de condensation
dans les cellules. L'eau finit par faire moisir le nid d’abesice qui provoque des délaminages in-
tempestifs. Ces deux raisons principales poussent dornsédéver de nouvelles structures dont les
ames pliées car elles sont ventilables (voir remarque application en échangeur de chaleur du
module a chevrons, Secti@l.2?.

Le partenaire industriel moteur est EADS, représenté pdasusiDeutschland qui possede la
propriété industrielle de la technologie développée a Kameais on y retrouve aussi I'entreprise
Foldcore. L'objectif est de comparer les capacités stretds des deux types de produits et plus
particulierement la résistance aux chocs.

Du point de vue scientifique le programme regroupe septutistins. On retiendra EADS Inno-
vation Works, le Deutsches Zentrum fur Luft und Raumfahhe &MT de 'ENS Cachan car ils ont
travaillé de plus prés sur les @mes pliées. Un certain noddpriblications sont sorties récemment
et d'autres sont probablement a venir. L'orientation gleloke ces travaux est de mettre en place des
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techniques de simulation numérique reproduisant le plesdident le comportement des ames pliées
et du nid d’abeilles en incluant les non-linéarités de teotggines ainsi que des comportements en-
dommageants pour fitter au mieux les courbes expérimentalesual materials” : Heimbs et al.
2006 2007, 2010 Heimbs 2009 Nguyen et al.2005a Kintscher et al.2007 Fischer et al.2009
Baranger et al2010). Mise a part I'étude de la résistance aux impacts, ceaupvatres utiles pour

la conception de ces nouveaux panneaux sandwichs s’isg&re®us a I'ame prise isolément, sans

tenir compte de possibles interactions avec les peaux.

2.3.6 Rutgers University

L'université de Rutgers dans le New Jersey aux Etats-Uaiwmille aussi indépendamment
sur le sujet. Initialement une équipe formée par Basilyaydsl et Kling a collaboré autour de la
conception d’'une machine brevetBasily et al.(2006; Basily and Elsayed2007) produisant en
continu les ames pliéeBasily and Elsayeant travaillé sur la réalisation de la machine qui met
en forme du papier et des métaux (Figar20. Cependant, il semblerait que le produit finit soit
de moins bonne qualité structurelle que celui proposé plicbre et que le procédé ne s’applique
ni au Nome®, ni aux fibres de carbone. Les applications citées sontlelad le packaging, les
absorbeurs de chocs (Figuze?]) et les échangeurs de chaleur (Figar22, (Basily and Elsayed
20044ab; El-Sawi et al, 2010.

De son c6téKling a travaillé sur la génération de motifs pliable présenté&ection2.1.1
Kling (2005 et a créé sa sociéiolded Structureportant sur ces thématiques.

Figure 2.21 — Etude sur les capacité d’absorp-
Figure 2.20 — La machine développée a I'uni-tion des chocs réalisée pBasily and Elsayed
versité de RutgerdBasily and Elsayed0043 (20049
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b

Figure 2.22 — Les panneaux solaires thermiques déveloghés\ersité de RutgersH|-Sawi et al,
2010

2.4 Discussion

Comme on peut le voir, I'intérét pour le module a chevronsles généralement les ames
pliées est assez ancien et a connu plusieurs foyers d’itinov@&rance, Japon, Russie, Etats-Unis).
Ce constat impose immédiatement de s’interroger sur lamgsur laquelle ce type d’ame ne s’est
pas répandu largement. En premier lieu, il n’est pas éviaenbri de savoir sile module a chevrons
est plus performant d’'un point de vue structurel. En efeeplupart des essais ont eu lieu avec des
meéthodes de fabrication relativement artisanales et orenegavoir si c’est un manque de qualité
dans la réalisation ou un probleme inhérent a la géométmeatii qui fait que ces expériences n’ont
pas été concluantes. En second lieu, il peut tout simplesi&git d’un probléme de marché. Dans le
cas d’'une application de masse, il y a un colt d’entrée cams#gqui n’a peut étre pas été surmontée
jusqu’ici. Dans le cas de marchés de niche, peut étre quavestissements requis pour obtenir un
produit de meilleure qualité structurelle sont trop graexproportion des ventes potentielles.

Aujourd’hui, ce constat semble remis en cause puisqu’unstreel de taille (EADS) s’intéresse
a ce motif. De plus, comme on I'a déja évoqué, la démocraiisaies panneaux sandwichs permet
d’'imaginer qu’il va apparaitre de nouveaux marchés damgikddes ames pliées seront pertinentes.
On pense en premier lieu au domaine de la construction oxigsreee en matiére structurelle sont
moins grandes que I'aéronautique mais ou les surfaces aipequeuvent trés rapidement devenir
grandes.

D’un point de vue scientifique, les @mes pliées sont un swjeadté essentiellement porté
par les industriels et les ingénieurs. Ainsi, aujourd’hemsemble des connaissances reste de I'ordre
technologique et peu formalisé, bien que des travaux d’'uaét§ certaine commencent a émerger.
Comme on I'a indiqué, I'évaluation d'une @me de panneauwaidpasse par la maitrise de son
comportement au cisaillement. On se propose donc d'utipser le module a chevrons la toute
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2.4. DISCUSSION
premiére méthode proposée pour estimer la raideur enlersaiht d’'un panneau sandwich avec du
nid d’abeilles dans le chapitre qui sudlsey et al. 1958.
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CHAPTER

3

Transverse shear stiffness of a chevron
folded core used in sandwich construc-
tion

Dans ce chapitre, on applique la méthode Kdelsey et al. (1958 pour calculer des bornes
encadrant la raideur en cisaillement transverse de 'amenddanneau sandwich. C’est I'occasion
d’introduire un paramétrage précis du module a chevrons’étudlier ses symétries. Ensuite, des
bornes analytiques sont déterminées en supposant quedegpshde contraintes et de déformation
sont constants dans chaque facette du module a chevronsbdbess conduisent a certaines so-
lutions exactes mais restent insuffisantes pour estimeaitieur a I'effort tranchant dans les cas
pratigues. Une validation des bornes analytiques est ®féecpar un calcul éléments finis. Méme
si les bornes obtenues par ce calcul sont plus étroites cgibdenes analytiques, dans les cas pra-
tiques elles restent largement insuffisantes pour estim@igément la fleche de cisaillement. On
aura donc besoin d’'une méthode plus élaborée pour calcalesieur a I'effort tranchant.

Un résultat secondaire de ce travail est qu'il existe desfigomations ou la raideur totale
a l'effort trachant(F;; + F23) du module & chevrons peut étre de 40% supérieure a celle du nid
d’abeilles. De plus, méme si le module a chevrons est gé&arémit orthotrope (les deux direc-
tions principales d’effort tranchant n’ont pas la méme rmeudl), il existe un ensemble continu de
configurations géomeétriques pour lesquelles il devieritagpe pour cette raideur.

Ce chapitre a été publié dans la revue International Jourofabolids and Structures sous la
référencd_ebée and Sa2010g.

Abstract
UsingKelsey, Gellatly, and Clarkl958 unit load method, upper and lower bounds for the effective
transverse shear moduli of a chevron folded core used invgehdonstruction are analytically
derived and compared to finite element computations. Weddhbat these bounds are generally
loose and that in some cases chevron folded cores are 408t gtdn honeycomb-like cores.
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CHAPTER 3. TRANSVERSE SHEAR STIFFNESS OF A CHEVRON FOLDEDRIOUSED
IN SANDWICH CONSTRUCTION

3.1 Introduction

Sandwich panels made of two thin skins separated by a thit&die core structure are com-
monly used in many engineering applications. They offer @dgmmpromise between strength and
weight which is especially important in aeronautics.

When bending the sandwich panel, the skins are subjecteddiane traction and compression
whereas the core is subjected to transverse shear. Mantitaenss can be used as core materi-
als. Balsa glued between stiffer pieces of wood was one ofitsteattempts to make a sandwich
panel. Nowadays, organic compound foams (such as polymetfoam) used with metallic skins
are widespread in buildings as insulating panels. Phepali@r honeycomb is extensively used in
aeronautic structures.

Recently, new types of promising cores have emerged. Tiugspanels using new welding
techniques are raising interest because of their strelgttké and Hutchinsor2001, Wadley, 2002
Cote et al.2007). Folded cores are promising because of new productionsriBasily and Elsayed
2004h Nguyen et al.2005a Heimbs et al.2006 Kintscher et al.2007. Among them, the chevron
folded core was probably the first to be manufactured (Fi§ute

v

7
CL2LLL.

LT

vV

7
J
4

Figure 3.1: Chevron folded paper

It seems that chevron folded core manufacturing was firssidened at the beginning of the
20" century. Later, the pattern was under investigation in Idzaiversity. More recently, contin-
uous production and several new techniques have emekdiad (2005 Basily et al, 2006 Basily
and Elsayed2004h Kehrlg 2004).The strength of chevron folded cores has been experithenta
investigated byBasily and Elsaye{004b), Kintscher et al(2007) andNguyen et al(20053 and it
has been numerically simulated bNguyen et al(20053, Heimbs et al(2006 andHeimbs(2009.

Moreover, their transverse shear stiffness has been exgetally investigated biKintscher et al.
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(2007 but, to the authors knowledge, no theoretical work has bleee yet.
The aim of this paper is to derive bounds for the transversarsstiffness of chevron folded

cores. Kelsey et al.(1958 first suggested a method for deriving such bounds for hamapelike
cores. One may refer also @ibson and Ashby1988 for a detailed description of this method.
Since then, many honeycomb geometries have been assébksee §nd Becker2002 Xu et al,
2007). New homogenization methods have been suggested. FanagsHohe (2003 suggested
the application odd hocboundary conditions reproducing transverse strain laadinto a unit cell

of the sandwich panel, including the skins, so that the auigon between the core and the skins was
taken into accountChen and Davalo@005 suggested a semi-analytical approach in order to refine
Kelsey et al(1958 analysis close to the skins.

Yet, as a first attempt to determine the transverse shetivestsf of folded chevron, it seems
relevant to us&elsey et al.(1958 approach. Even if only bounds will be derived, it offers a
quick and comprehensive view of chevron pattern stiffnessbles us to look for most efficient
configurations and leads to exact solutions when boundsjaiad.e

The paper is organized as follows: Sect®2 is devoted to the geometric description of the
chevron pattern and the suggested analytical bounds akedén Section3.3. In order to assess
the validity of these bounds, a finite element analysis orpeesentative unit cell is performed in
Section3.4. The final section gives an insight into future works.

3.2 The chevron pattern homogenized as Reissner-Mindlin pte
model

Like honeycomb, the chevron pattern is periodic in the impl directions. Four identical
parallelogram - shape faces are necessary to generate tie pditern by periodicity along the
vector (perioc2a) and thee, ? vector (period2s) where M = (A, €}, €, ;) is the main coordinate
system. Figure.2-a shows these faces: Face ABCD, Face 2=D'CBA’, Face 3=A"B"CD’
and Face 4 DCB"A".

Table3.1gives the vertices’ coordinates in terms of four geometa@ametersu, s, v andt,.
wherewv is a horizontal offset parameter 0 when B is aligned withA and A’) andt. is the
pattern height.

Actually, several parameter sets have been suggestecefgetimetric description of the chevron
pattern Basily and Elsayed004h Zakirov et al, 2008. Among them, the sety, by, 9, ¢ fully de-
termines the geometry and the position of Face 1. Face 1 isadlgdagram ¢, andb, are the side

1. Ala date de rédaction de cet article, les travauiilga (1972 m’étaient inconnus
2. D’'une maniére générale, dans ce mémoire les tenseursrsdithension 2 et 3. Comme les plaques font appel a
de nombreuses variables en dimension 2, lorsqu’on manipée/ariable en dimension 3 on I'indique parein
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(@) A (b)

Figure 3.2: The four elementary faces of the pattern (a) @oee B orientation (b)

Vertex | A B C D A D A" B A"
T 0O v a+v a 0 a 2a 2a+v 2a
T 0 s S 0 2s 2s 0 S 2s
T3 0 O t. t. 0 t. O 0 0

Table 3.1: Vertices’ coordinates

lengths) which is tilted by anglesand( with respect to the main coordinate system, as shown in
Figure3.2-b:
— 0 is the member angldy analogy with truss beams: cutting the chevron patternhiey t
(A, ey, e3) plane gives a zigzag shape similar to that of a Warren-tyysstbeam.
— ( is theclosure angleequal to the half angle between Face 1 and Face 2 alongdhedge.
For( = 0, the pattern is completely folded and for= 7/2, the pattern is prismatic.
— [y = arctan (tan5> is DAB angle

cosC
— a = arctan (W) is A’AB angle
We have:
a = agcoso,
s = bgycosa,
v = bgsina,
t. = apsind.

Figure3.3shows the unit cell for several values@f with ay/by = 1.
The chevron pattern has actually three major symmetrieser\Nised as a core between two
isotropic skins, these symmetries lead to several simalibos in the Reissner-Mindlin plate con-

stitutive law Reissner1985. The fully coupled constitutive law can be summarized dlovcs:
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253
e

Figure 3.3: Chevron Pattern configurations for sevé&rtd( angles and /b, = 1

N1y Ay Ay Az | B B B | K Kio el

Noo Aip Az Azz | Bia Boz Bz | Koy Koo €22

Nio A3 Az Az | Biz Bz Bz | Kar Ko 2epn

My _ | Bu Bz Biz|Du D2 D Ly Lao | xn (3.1)
My Boi By Boz | D1z Doz Doz | Lsi Lso X22

Mo Bs1 Bz Bz | Diz Daz Diz| Ler Le2 2x12

Q1 Kirn Kor Kap | La Lsi Ler | Fir Fio M

(2 Kio Koz Ksza | Lyp Lsz Le2 | Fiz Fao V2

whereN,; are the membrane generalized stress componéntsare the bending moment compo-
nents,(), are the shear forces,s are the in-plane straing,,s are the curvatures ang, are the
out-of-plane shear strains. Generalized strains areréites] on Fig.3.4 4,;, B;; andD;; are the
usual Love-Kirchhoff plate stiffnesse§,s is the usual Reissner shear stiffneks; andL,; are a
possible couplings betweeN (3, M,3) and@),.

Due to the rotational symmetyof axis (.S, e3), shown in Figur8.5-a, we have&X,; = L,; = 0.
Figure 3.5-b shows the central symmetf® with respect to the center point of Face 2, This
symmetry uncouples membrane stresses and flexural strégses 0 (similar to mirror symmetry
for laminates). Figureg.5-c shows the symmetry/" with respect to theé B, e;, e;) plane. This
symmetry setst;3 = 4,3 = D3 = Dy3 = F15 = 0. Thus, it uncouples transverse shear stresses.
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Figure 3.4: Reissner-Mindlin generalized strains

Taking into account all uncouplings leads to the followimgstitutive law?:

Nq A1 A 0 0 0 0 0 0 e

Noo Ay Ay 0 0 0 0 0 0 €99

N9 0 0 4| O 0 0 0 0 2eq9

My _ 0 0 0 |Dyn D2 0 0 0 X11 (3.2)
Mao 0 0 0 | D12 D O 0 0 X22

Mo 0 0 0 0 0 D331 0 0 2x12

1 0 0 0 0 0 0 |Fi1 O "

Q- 0 0 0 0 0 0 0 Foo Y2

The symmetries described above are respectively assoeiéte the following matrices in the ref-
erence framée, e, €3):

P =10 -1 0 |,P=]10-10],P=] 0 -10]. (3.3)

3. Ces découplages sont justifiés en détail en Sedtidri
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Figure 3.5: Rotational symmetry with respecif e;) (a). Central symmetry with respect to point
R (b). Symmetry with respect t@3, e;, e3) plane (c)
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Itis useful to introduce a local basi¥ = (&*, ", &" ) associated to Fade(k = 1,2, 3, 4) as shown
in Figure3.2. For Face 1, vectag,, is along theAD edge ., is normal to the face wit&,, - &5 > 0
ande! is such thatC! is direct. Thus, the components @, €., €. ) in the (¢;, €, &) basis are
given by:

) cosd sin(cosd —sindsin
o1~ ~ ~L
(ezlL, ezlj, e%v) =P = 0 sin ¢ cos C . (3.4)
sind —cosdcos( cosdsin(

(e1,e2,e3)
Moreover, the symmetry matrices enables the determinatidhe components of the other local
basis£?, £3 and£*:

oo v . cosd —sincosd —sindsin(
(2 e2e2)y=P P P =P =| o0 sin ¢ —cos¢ (3:5)

ur U Cw

sind cosdcos(  cosdsin( (&1525)
1,€2,€3

cosd —sin(cosd sindsin(
(e, ee) = P’ ﬁN : ISE1 : 5/\/ p° = |5£3 = 0 sin ¢ cos ¢ (3.6)
—sind —cosdcos( cosdsin( (818235
cosd sin{cosd sindsin(
(el et el = P’ ﬁﬁl P’ = §£4 = 0 sin ¢ —cos( (3.7)

—sind cosdcosC cosdsin (61.82.85)

In sandwich panels, the membrane and flexural moduli arellysiexived assuming that the
core structure does not contribute to the overall stiffndsss also assumed for transverse shear
stiffness thaf,; = hcgjg whereC®" is the effective shear stiffness of the core. Finally, reiay
shear behavior, there are only two transverse shear madagitermine C$" andCS".

3.3 Analytical bounds

According to the approach dfelsey et al. (1958, the minimum potential energy theorem is
used to derive upper bounds for the effective transversarshedulus in thex— direction, Ce" .
A uniform horizontal displacemerity,s in the a—direction is imposed on the top face of the core
material while its lower face is fixed. Here, = 1,2 are the in-plane directions,s is the out-
of-plane shear strain in the—direction andt. is the height of the core. Then, the normalized
strain energy of any trial strain field which is piecewisefam in the core walls and compatible
with the kinematic boundary conditions provides an uppemibfor C¢™ | notedCXt. Similarly,

oo

the minimum complementary energy theorem is used for degildwer bounds fo€" . A uniform
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horizontal stress load,; (respectively—,3) is applied in thex—direction to the upper (respectively,
lower) face of the core material. Then, the normalized stesgergy of any piecewise uniform trial
stress field which is statically compatible with the bourydasnditions provides a lower bound for
ce  notedCX:.

oo

3.3.1 Lower bounds

A uniformly distributed horizontal force per unit Iengtﬁ,i, is applied to the upper«) and
lower edges+) of the pattern. Figur8.6-a shows}i for transverse shear loading in Direction 1,
T1-

~+ as

f = :|:2b—07'1€1 y (38)

and Figure3.6-b shows;ch for transverse shear loading in Directionrz,

F= £2°°78,. (3.9)
0

(a) )" ~ (b) A

Figure 3.6: Stress load in Direction 1: (a) and in Directiotf). Face 1 displacement in Direction 1:
(c) and in Direction 2: (d)
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Piecewise uniform plane stress is assumed for each faceekte stress of Face 1 writes:

ol=o, e @e +ol e e ol (ELoe +e ®e,) (3.10)

where® is the dyadic product of two vectors angl,, 7., o are three unknowns to be determined.

Thanks ta\V andS symmetries of the pattern and the considered loadingspitssible to express
the stres&” of Facek, k = 2,3, 4, in terms ofz". Indeed, the following relations are easily derived:

- N =N _ =5 4 = _ N, =N
& =cP :5':P | o' =—P :alzPS, & =cP :5":P | (3.11)
wheree = 1 for loading in Direction 1 and = —1 for loading in Direction 2.
The equilibrium condition at edgéD (or edgeB() is written as:

g -e +a - (-€)=0 (3.12)

v

Similarly, the equilibrium condition at edgeéD (or edgeA B) writes:

~t; (@ -n'+o-nt) + F =0 (3.13)

wheret; is the faces’ thickness andl is the outer normal of Fade = 1,4 alongC'D (»" belongs
to Facek plane):

~1

| ~1 ~4
n° = —sin fye, + cos foe, n

= sin fye, — cos fye. (3.14)
The six (non independent) linear equatioBs¢-3.13 uniquely determine the three unknowss,,
ol ,ol . The solution is:

VU

loading in Direction 1: loading in Direction 2:
U}w:—%sing‘ U}m:—% ($—tan5) cos  cosd
0py =0 ol =0

ol =0 a}w:—%cosé

The faces’ constitutive material is assumed to be isotrbpiitence, the total stress energy of
the unit cell is given by:

21 + 1, 1
Vi = 2sin Boboaot (%(afw)? + E—(Ui“)z) (3.15)

whereF,, andv,, are the constitutive material Young modulus and Poissatis.rThe stress energy

4. This is the case for metallic cores and for Nomex paper. ¢daeCFRP cores, anisotropy has to be introduced.
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of the effective core material subjected to the transvensarsstress, in the direction is:

2

= 2atcsT—a (3.16)

% Cer -

ext

The theorem of the complementary energy statesWttiat< V.*,. Inserting the expressions of,,
andc; into (3.15 gives the lower bounds:

eff K- _ tf sin § cos &
Cll Z Cll - ao m Sil’lc !

eff K— _ t sin & sin ¢
C22 Z C22 — an

ag "™ cosé 2(1+Vm)+(ﬁ—tan6)2wszfl

It is more convenient to use the following normalization:

Ceff

Ea (3.17)

wherep is the core relative densitg,, is the solid shear modulus aégis the normalized transverse
shear modulus in directiom. For chevron coreg; is given by:

p= ty (3.18)

agsin{sindcosd’

Hence, we have:

&> & =2(1+wv,) sin®dcos? 4,

82 Z 82_ — 2(1 + Vm) sin? §sin? ¢

2 0
2(1+1/m)+( ﬁftan 5) cos? ¢

3.3.2 Upper bounds

In order to derive an upper bound for the transverse sheaulm®d: 3, a relative horizon-
tal displacementy,t., between the top and the bottom of the chevron pattern icpbes in the
directiona as shown in Figur8.6-(c,d). The corresponding overall transformation is:

F=20-47€,® 6 (3.19)

where$ is the unit second order tensor.
The in-plane components of the uniform Green-Lagrangensteasor of Face 1 with respect
to the(e., €. ) local basis are given by:

ur v

(&Y - —dy) Mup=uv, (3.20)

DO | =

1 _
ey =
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whereéi* =F. ’éi, ando,,, is the Kronecker symbol. Neglecting the second order tenms leads

to the following linearized in-plane strain components:

loading in Direction 1: loading in Direction 2:
el =v1sindcosd el =0

el = —vsindcosdcos?( el = —7ycos(sin(cosd
Eup = — 2 cos 20 cos( Ep = Zsin(sind

Piecewise uniform plane stress is assumed in each faceefoherthe strain energy density of
Face 1 is given by:

0= (T (b2 + P 2l + 202 (vl ). G2
The total strain energy stored in the unit cell is:
Vint = 2 sin Boboaot jw. (3.22)
The strain energy stored in the effective core material is:
Veat = 2atsCEM ~2. (3.23)

According to the potential energy theorem, we hivg < V;,;. Hence, the following upper bounds
for the normalized transverse shear moduli are obtained:

& < & = 22— sin® G cos® dsin’ ¢ + cos® ¢
E < 52+ = (1—21/ cos? § cos? ¢ + sin? 5) sin? ¢

3.3.3 Results

As expected, for both directions, we have:
0<& <&r<1

where€ = 1 corresponds to the Voigt upper bound &hé: 0 corresponds to the Reuss lower bound.
It should be emphasized that the derived bounds are indepentithe shape ratia,/b,. They are
only functions ofy,,, and the angles ands.

Figure3.7-(a,b) shows the normalized lower and upper bounds in Doedt as functions of
0 and( for v,,, = 0.4. It is possible to give a simple interpretation for the loweund&; . The
corresponding trial stress has only one non-zero componegpt All the faces are subjected to
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RN

Figure 3.8: Warren truss beam

uni-axial traction and compression in tlke direction. This structural behavior can be compared
to Warren truss beams (FiguBeB) where members are under alternative traction and conipress
Hence, itis not surprising that the lower bound depends amihe member angleand is maximum
for § = w/4 as for Warren truss beams. For most valueg @ihdd, & and&; are not equal.
However, for§ = 7/4 andcos? ( = v,,, they are coinciden€ = & = =), This means that,
for this geometric configuration, the piecewise unifornaltstrain and stress fields are the exact
solutions for the transverse shear loading in Direction 1.

Figure3.7-(c,d) shows the normalized lower and upper bounds in Dor@. The trial stress
field associated t&@, is mainly in-plane shear of the core walls as is the case fayreeycomb-
like core. For( = /2, the pattern is prismatic and both bounds are equainfod which is an
exact value fo€,. Actually, prismatic cores are not used much in sandwicle|sdmecause they are
not resistant enough. When decreasjnfyjom 7 /2, the prismatic pattern becomes wavy and this
waviness increases the faces’ buckling strength undes\tesise shear loading in Direction 1.

3.4 Finite element bounds

The analytical bounds suggested in the previous sectiobased on the piecewise uniform
stress or strain assumption. In order to assess the vabdlitisis assumption, a Finite Element
analysis is conducted. The resulting numerical boundsheiltompared to the analytical bounds.

3.4.1 The finite element model

The computation of the transverse shear moduli for bothctioles and both loading cases
(stress and displacement) has been performed within tharlielasticity framework. The unit cell
of Figure3.2is chosen as a representative volume element.

Since faces are very thin, Kirchhoff shell elements are usedir elements of the ABAQUS
software (triangles P1 (STRI3), triangles P2 (STRI65),dyaagles P1 (S4R5) and quadrangles P2
(S8R5)) were tested and compared through a convergencgesen@BAQUS, 2007hH. Element
S4R5 with a 441 node mesh gives accurate results for a low gt@tign cost.
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e . ~ .~ . — ABA/
Boundary conditions involve both nodal displacemdiitand rotation®. For instancel/

andéABA refer respectively to nodal displacements and rotatiomsgaihe edgesl B and BA'.

Periodicity conditions in Direction 1 and 2 have to be applid BA’ matchesA” B” A" and
ADA"” matchesA’D’A”. As mentioned before, thanks to the symmetries of the ufiitlvere is
no in-plane overall strain when applying transverse shesatihg. Hence, the following periodicity
conditions are prescribed:

—~ ABA/ —~ A//B//A/// ~ABA/ ""’A//BNA/N

U =U 5 0 :0 )

ﬁADA” _ ﬁA'D'A”" AO«ADA” _ féA’D’A”"
The reader is referred 8ab(1996; Pradel and Sali1998; Laroussi et al(2002; Lachihab and
Sab(2005; Florence and Sat2006 for more details on periodic boundary conditions invotyin
both nodal displacements and nodal rotations.

For the upper (respectively, lower) bound, the prescribsgdlacements (respectively, forces
per unit length) are applied to théB, BA’, DC, CD’, A”B"”, B" A" edges. For the lower bound
case, nodel displacements and rotations are set to zero to preventmigin.

Few detailed chevron folded core geometries are availabtha open literature. Similar to
Nguyen et al(20053, the following geometric parameters are investigateth \#it, = 3G Pa and
U = 0.4: ag = 30 mm, by € [20 mm, 60 mm], t; = 0.1mm, 6 = 72°, ( = 34°. The analytical
normalized bounds for these configurations are:

023 < & <0.71,
0.09 < & < 0.35.

Figure 3.9-(a,b,c) shows the stresses in the unit cell when submitiétld stress loading;
for the caseny = by = 30mm. At first sight, it is clear that the stresses are almost pies
uniform in each face which is consistent with the assumptiaade for the analytical derivation of
the lower bounds. Also, the stress distribution compliethéosymmetries described in secti®2
As expected, the main componentig, as predicted by the Warren truss beam analogy.

Figure 3.9-(d,e,f) shows the strains in the unit cell when submittethi strain loadingy; .
Again, strains are approximately piecewise uniform in efacke. Analytical estimations aﬁgll ~

0.29, 2= ~ 0.20, = ~ 0.40. FE fields seems consistent with this prediction.
Similar observations were made for the stress loadingnd the strain loading, in Direc-

tion 2.
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Figure 3.9: Membrane stresses farload, § = 72°, ( = 34° ((@): ouu, (b): vy, (C): 0u) and
membrane strains for, load,d = 72°, ¢ = 34° ((d): ey, (€): €vuy () €uv)
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Figure 3.10: Bounds versusg /b, for § = 72°, ¢ = 34° andv,, = 0.4 in both directions

3.4.2 Results

FE analysis has been performed also for several values afhtiyee ratiol, /b, and for both
loading directions. Results are shown on FigBirEd-(a,b).
For all shape ratios, the expected hierarchy between basmiserved:

E, <& T <R FE < gf (3.24)

For Direction 1, on the one hand, the FE lower bound is reddigecto the analytical lower bound
whatever the shape ratio is. This good agreement is consisith the good uniformity of the
stresses shown in Figu®9(a,b,c). On the other hand, the FE upper bound is dependetiiteo
shape ratio. In fact, the computed strain fields are not peyf@iecewise uniform in this case.
Figure3.9-(d,e,f). Moreover, it should be emphasized that the nuraeRE bounds for Direction 1
cover all the range between the analytical upper and lowant® as the shape ratio varies. For
Direction 2, it is the lower bound which presents less umifdtE fields and is more sensitive to
shape ratio. As expected, when the actual fields are almesg¢ise uniform, then the analytical
and numerical bounds are consistent.

One important conclusion of this study is that both FE andyaical bounds are loose for
practical values of the shape ratig (b, € [0.5, 1.5]). This means that the effective transverse shear
moduli of the considered chevron pattetn=€ 72°, ( = 34°) are sensitive to the the skin effect.
According toKelsey et al(1958, this is due to the lack of consideration of the interactietween
the skins and the core of the sandwich panel. Moreover, tithgate that the upper bound is relevant
for sandwich panels with thick skins while the lower boundelgevant for thin skins.
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Figure 3.11: Honeycomb angle

3.4.3 Comparison with honeycomb

It is of interest to compare honeycomb geometries with ahrepattern.
For a regular honeycomb core with the same wall thicknesajske of piecewise uniform strain
and stress in the core walls gives equal lower and upper sound

& =& =0.5.

The normalized upper bounds for hexagonal honeycomb witbuslé wall in the glueing area are
(Kelsey et al(1958): , ,
81+21+6205 0’ 5;2511126’
where the anglé is a design parameter shown in Fig@&1 In order to compare chevron pattern to
honeycomb, the sum = &, + &, can be considered. Its upper bound for all honeycomb ge@setr
is¥t =1 (Xu etal, 2001). However, for chevron pattern, it is:

(3.25)

2

nt = <1 — cos? §sin? ¢ + 1) (1 — cos? § sin® C) (3.26)

which reaches the maximum value: 3 )2

— U,

om) 3.27
8(1—vp) (3.27)

for .
cos? § sin? ¢ = % (3.28)

Figure3.12(a) shows: as the function of andé for v, = 0.4, and the continuous set ¢f, 9)
for which X reaches its maximum value. On FiguBel3the maximum value oE* versusv,,
is plotted. Thus, considering™, the chevron pattern can potentially outperform honeycamyb
~ 40% for usual values of,,,.
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Figure 3.12XF andXHF as the function of ands for v,,, = 0.4 andag /by = 1

In Figure 3.12(b) the FE computed sum of upper bourlds’* is plotted foray/by = 1.
As expected FE upper bounds are lower than analytical upperds. The domain where chevron
pattern outperforms honeycomb geometries{“ > 1) is smaller but still includes geometries that
can be manufactured. Yet,"'F ~ (.65 for the geometry considered Mguyen et al(20053.

3.5 Discussion

The main reason for the gap observed between bounds, evierFwicomputations, is the
lack of knowledge on the actual effect of shear forces oreplaSinceReissner(1945 we know
that local transverse shear is parabolic through the tleigknn a homogeneous plate. However,
when considering anisotropic laminated plates, it is diffito approximate the actual transverse
shear stress distribution. To overcome this difficuliyndlin (1951) suggested to introduce shear
correction factors, which improved the accuracy of the défle prediction but did not provided the
actual transverse shear stress distribution. Numeroysopads have been made to improve stress
estimation and were reviewed Reddy (1989 and Carrera(2002. This issue becomes critical
when considering heterogeneous periodic plates such &ybomb and chevron pattern sandwich
panels.

Most of the approaches suggested for sandwich panels retflyeofollowing steps. First, the
heterogeneous core is homogenized, and replaced with avaksni homogeneous layer. Second,
the First Order Shear Deformation Theory (FOSDT) is apphedkerive the transverse shear stiffness
of the obtained laminated plate. To do this, the transverearsstrain is assumed uniform through
the thickness. Two difficulties arise from this two step noeth

Firstly, the actual boundary conditions replacing thectftd the skins on the core are unknown.
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Figure 3.13: Maximum value af* for honeycombs and chevron pattern versus Poisson’s ratio,

Imposing uniform displacements or uniform forces givesrmsufor the homogenized constitutive
behavior of the heterogeneous core. As it is illustratechia paper, these bounds may be loose.
This is the main drawback of the two step approach.

Secondly, as previously mentioned, the application of FD&Bcessitates the computation of
shear correction factors. However shear correction faadepend on the ply configuration. In the
case of heterogeneous plates, the concept of shear comréatior is even more fuzzy. The work of
Buannic et al(2003 points out limitations of the shear correction factor agwh.

One way has been suggested to overcome these difficulties tase of honeycomb sandwich
panels. It consists in refining the analysis on the connedi@ween the skins and the core, as sug-
gested byHohe and Becke2001) andChen and Davalo@005. In these papers the incompatibility
between the skins and the core average displacement isdrasitan edge effect relatively to the ra-
tio between the cell width and the core thickness. Follovarmgpmpletely different path,ebée and
Sab(2010h suggested a model which enables the consideration of sgomipatibilities and edge
effects in more general configurations. Yet this kind of aagh is relevant only for honeycombs.
Unlike honeycombs, the chevron pattern has no scale sepabstween the cell width and the core
thickness.

A second way to improve the estimation of the transversersiifness is to reconsider glob-
ally the effect of shear forces on the sandwich panel. Thisdeane byHohe(2003 andCecchi and
Sab(2007 among othersHohe (2003, followed by Pahr and Rammerstorfé2006, presented a
direct homogenization scheme assumarighocboundary conditions on the representative volume
element, including skins. When including skit#he (2003 overcomes the difficulty of choosing
the actual boundary conditions that should be used in thestep method. However, applying this

method to a homogeneous plate leads to a uniform stresgdtsin which contradict®keissner
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(1945's prediction and overestimates transverse shear stsf(i¢; instead of5 /6h.G). The reason
why Hohe (2003 method is efficient for sandwich panels comes from a conassumption. In
sandwich panels, the core is allways much more compliamt tifia skins. In this specific case it is
possible to assume a uniform distribution of shear stréirmigh the core thickness. Yet, in practical
applications, the contrast assumption is not always figtfitvhich limits the validity of this method.
Another proposal, made b@§ecchi and Sal§2007) (as well as,Cecchi and Sal2004); Nguyen
et al. (2005h; Cecchi and Salf2007); Nguyen et al(2007, 20083), is based oWhitney (1972
work on the derivation of shear correction factors for laat@s. This seminal work is extended to
heterogeneous plates thanks to an energetic equivalencendists in using the Reissner-Mindlin
equilibrium equatiorM, 5 s = @, in the cylindrical bending case in order to derive the ac8ial
stress field generated by shear forces. This method doesakeat ama priori assumption on trans-
verse shear strain or stress. It is currently under invastig for application to sandwich panels.

3.6 Conclusion

For an out-of-plane loaded sandwich panel with stiff skiné fmm of CFRP for instance), small
slenderness ratio (10 for example) and usual chevron fatdeslthickness (0.1 mm of impregnated
aramid paper), the deflection is almost proportional to fifectve transverse shear moduli of the
chevron folded core. In this papdtelsey et al(1958 approach has been used to derive analytical
and numerical upper bounds for these moduli. For some pagometries, the exact fields have
been obtained. Moreover, it has been shown that for some gjeies) the chevron folded cores are
stiffer than honeycomb-like cores (lower bounds for thevobie core are higher than upper bounds
for honeycombs). Finally, this work sets the path for thevdeion of analytical bounds for other
folded core geometries such as the M-type céteifhbs et al.2007).

However, the bounds obtained for the already existing paggeometriesNguyen et al.20053,

0 = T72°, ( = 34°, are too loose (more than 100% discrepandglsey et al.(1958 already dis-
cussed this difficulty in the context of honeycomb core gtres, but it is even more pronounced in
the case of chevron structures.

In the case of honeycomb-like cores, the discrepancy betlweends has been identified as a
skin effect Hohe and Becke2001;, Xu and Qiag 2002 Chen and Davalo2005 and correlated to
the ratio between the cell width and the core thickness. drcdse of chevron folded core, the large
discrepancy between the bounds has still no explanatiomeoessitates more refined models able
to take into account the interaction between the skins amddhe.
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CHAPTER

4

A full bending gradient plate theory
for thick plates Part I:Theory

Comme on a pu le voir au Chaptér déterminer la raideur a I'effort tranchant d’une plaque
est un probleme qui pose beaucoup de difficultés en raisaredlifférence notable entre le modele
naturel de plaque et le second ordre des développementgasysues. De plus, dans le cas du
module a chevrons, il apparait clairement que la méthodditi@nnelle pour estimer cette raideur
est insuffisante. Le besoin d’'une methode de portée géradddét donc sentir. Dans ce chapitre on
propose donc de revisiter I'approche choisie [Reissnef1945 pour déterminer les contraintes de
cisaillement transverse dans le cas d’'une plague homod@nae place ici dans le cas plus géné-
ral des plaques dont les propriétés sont invariantes danspéan (stratifiées et fonctionnellement
graduées). On en tire une nouvelle théorie de plaque danselsgl’effort tranchant est remplacé
par le gradient du moment de flexion. Cette nouvelle théamemeée théorie de gradient du moment
ne peut pas étre réduite au modele de Reissner-Mindlin. fitigyd, dans certains cas elle est dé-
géneérée en un modele de Reissner-Mindlin. C’est le cas dgsgd homogénes. L'extension au cas
des plaques périodiques sera faite au Chapitegores une application de la théorie de gradient du
moment a la flexion cylindrique de plaques stratifiées.

Ce chapitre est la premiére partie d’un article en deux pastsoumis le 19/07/2010.

Abstract
This is the first part of a two-part paper dedicated to a nevepleeory for out-of-plane loaded thick
plates where the static unknowns are those of the Love-Koffitheory (3 in-plane stresses and
3 bending moments), to which six components are added epieg the gradient of the bending
moment. The new theory, called the Bending-Gradient plagerly is described in the present paper.
It is an extension to arbitrary multilayered plates of théesReer-Mindlin plate theory which appears
as a special case of the Bending-Gradient plate theory wieplate is homogeneous. However,
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we demonstrate also that, in the general case, the Bendiadjgdt model cannot be reduced to
a Reissner-Mindlin model. In part twd.ébée and Sat20103, the Bending-Gradient theory is
applied to multilayered plates and its predictions are canag to those of the Reissner-Mindlin
theory and to full 3DPagant exact solutions. The main conclusion of the second pdhasthe
Bending-Gradient gives good predictions of both deflecaod shear stress distributions in any
material configuration. Moreover, under some symmetry tmms, the Bending-Gradient model
coincides with the second-order approximation of the egatition as the slenderness rafigh
goes to infinity.

4.1 Introduction

Laminated composite plates are widely used in engineeppliGtions, especially in aeronau-
tics. They offer excellent stiffness and strength perfarogafor a low density. However, as fiber
reinforced composites are very anisotropic materialsptiegall plate properties of these laminates
has been really difficult to capture. Because of a strong ddrfram industry for reliable models,
many suggestions have been made.

Let us recall some essential requirements for such a modw. nfain goal is to simplify a
computationally heavy 3D model into a 2D plate model withimsing local 3D fields’ accuracy.
One would expect:

1. Good estimation of macroscopic deflection,

2. No limitation on local material symmetries,

3. A plate theory which is easy to implement with standarddielement tools,
4. Good relocalization of 3D fields in order to estimate I&taksses.

The simplest and most widely-used theory is the Love-Kiathplate model. This model is
easy to implement and gives good estimates for in-plansst@mponents (far from the edges of the
plate) and neglects the contribution of out-of-plane steEsnponents to the stress energy. However,
when the plate slenderness ratigh (h is the plate thickness andthe span) is not large enough,
out-of-plane stresses have an increasing influence ondbegflection. This phenomenon becomes
sensitive wher/h < 10 for an isotropic plate and /h < 40 for classical carbon fiber reinforced
laminated plates and cannot be neglected for conventi@eabiicomposite laminates.

In recent decades many suggestions have been made to intqotbveeflection estimation and
field localization for highly heterogeneous laminat&eddy (1989, Noor and Malik(2000 and
Carrera(2002 provided detailed reviews for these models. Two main apgres can be found:
asymptotic approaches and axiomatic approaches. Therigssanainly based on the fact thigtL
is a small parameter. Using asymptotic expansions in thdl gaeameterh /L (Caillerie, 1984
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Lewinski, 1991¢b,a), it is found that the Love-Kirchhoff kinematic is actualllge first order of
the expansion. However, higher-order terms yield onlyicated “Love-Kirchhoff” plate equations
and no simple model to implement. This difficulty is illused in Boutin, 1996 for 3D peri-

odic composites and iBuannic and Cartrau(001ab) for periodic beams. Another asymptotic
method is based on the so-called Variational Asymptotichdét(VAM) applied to plates byu

et al.(2002ha). The strength of this approach is that it does not make nmesemption than having

h/L small and, according to its authors, it could be applied &dsany non-linearities. However,

this method does not seem simple to implement in convertioriiz element code.

The second main approach is based on assuatnigocdisplacement or stress 3D fields and
often referred to as axiomatic approach. One of the assdtsesé approaches is that they seem
easier to implement in finite element codes. These modeldediEquivalent Single Layer” or
"layerwise”.

Equivalent single layer models treat the whole laminaterascuivalent homogeneous plate.
Stress or displacement approaches have been suggRsisgne(1945 was the first one who sug-
gested a stress approach for homogeneous and isotrogs.pittis approach will be detailled further
in the present workReissnes transverse shear stress field is a parabolic distributicough the
thickness. However, experiments and some exact solutRagafp1969 1970ab) when consider-
ing composite laminates, revealed that shear stresshdistins are much more distorted than that.
At the same time, numerous displacement approaches wegested. The roughest suggestion for
taking into account transverse shear straipg, is assuming that,; is uniform through the thick-
ness (First Order Shear Deformation Theory). Yet, it leaded stiff shear behavior and necessitates
the introduction of shear correction factoMiqdlin (1951) andWhitney (1972). Above all, this
assumption enforces a discontinuous shear sttgghirough the thickness. Other models have been
designed Reddy 1984 Touratier 1991 Vidal and Polit 2008 to remove the use of shear correc-
tion factors, but they did not lead to continuayg, as indicated byreddy(1989. The most refined
Equivalent Single Layers models, which finally led to contios shear stress are zigzag models
(Ambartsumian1969 Whitney, 1969h Carrera 20033. However, these models are restricted to
some specific configurations (symmetry of the plate and nahtmnstitutive equation).

The difficulties encountered with transverse stress figlstsgated the consideration of enriched
models: layerwise models. In these models, all plate degrééreedom are introduced in each
layer of the laminate. Continuity conditions are enforcetiAeeen layers. In this area, most of the
improvements have been focused on refining the local dispiaat field. The reader can refer to
Reddy (1989 and Carrera(2002 for detailed reviews. It should be noted that a static apgino
has also been considered for layerwise models. Based oratlaional formulation fronPagano
(1978, it treats each layer as a Reissner-Mindlin plate and eafostress continuity conditions
(Naciri et al, 1998 Diaz Diaz et al. 2001, Hadj-Ahmed et al.2001, Caron et al.2006 Diaz Diaz

73



CHAPTER 4. A FULL BENDING GRADIENT PLATE THEORY FOR THICK PLAES PART
I:THEORY

et al, 2007 Dallot and Sab2008. Both stress and displacement layerwise models lead teator
estimates of local 3D fields. However their main drawback& they involve many more degrees

of freedom (proportional to the number of layers) than Eglg@mt Single Layer models.

Based orReissnel(1945 paper, the purpose of this work is to suggest an Equivaleglé&
Layer higher-order plate theory which gives an accurateigh@stimate of transverse shear stresses
in the linear elasticity framework. For this, we are motacby two observations. The first one
is that Love-Kirchhoff strain fields have clearly been idéed as good first-order approximation
for slender plates thanks to asymptotic expansion appesacfihus, it would be inconsistent to
refine in-plane fields further without introducing correstimation of transverse fields. The second
one is that the 3D equilibrium plays a critical role in theimsttion of transverse shear stress in
all the existing approaches. For instan@¢hitney (1972 introduced 3D equilibrium in order to
compute shear correction factors and more recently, whechoearking several plate modeldgor
and Malik (2000 used the 3D equilibrium to estimate shear stresses. We shtvis paper that
revisiting the use of 3D equilibrium in order to derive traese shear stress Reissnef1945 did
for homogeneous plates leads to a full bending gradieng pegory. The Reissner-Mindlin theory
will appear as a special case of the new Bending-Gradientyivehen the plate is homogeneous.

The paper is organized as follows. In Secté notations are introduced. In SectidtB we
recall briefly the full 3D elastic problem for a clamped platel, in Sectiod.4, how it is possible to
derive plate equilibrium equations without any assumptionmicroscopic fields and hoReissner
derived his shear stress distribution. Then we demonstr&ection4.5.1that applyingReissnes
approach for deriving transverse shear stress to a corspasitinate involves more static shear
degrees of freedom (DOF) than the usual shear fo€ged he mechanical meaning of these new
DOF is presented and compatible fields are identified in &edti5.2 The constitutive equation
for the bending gradient is derived in Sectidrb.3which leads to the formulation of a complete
plate theory. Finally, in Sectiod.6, it is demonstrated that for the special case of homogeneous
plates, the Reissner-Mindlin and the Bending-Gradiertegiaeory are identical. Thus a means to
guantitatively compare both theories is provided and agdpid conventional laminates.

4.2 Notations

Vectors and higher-order tensors are boldfaced and difféypefaces are used for each order:
vectors are slantedl’, u. Second order tensors are sans seéMf:e. Third order tensors are in
typewriter style:®, I'. Fourth order tensors are in calligraphic st@}¢¢. Sixth order tensors are
double strokedr, W.

When dealing with plates, both 2-dimensional (2D) and 3Bt¢esare used. Thu® denotes a
3D vector andl’ denotes a 2D vector or the in-plane partfbfThe same notation is used for higher-
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Localization

Generalized Stresses

(N,M, Q)

Figure 4.1: The Plate Configuration

order tensorss is the 3D second-order stress tensor whiis its in-plane part. When dealing with
tensor components, the indexes specify the dimensigutenotes the 3D tensarwith Latin index
i,7,k.. = 1,2,3 anda,s denotes the 2[a tensor with Greek indexes, 5,v.. = 1, 2. C = Cijkl
is the fourth-order 3D elasticity stiffness tensgr—= Sijkl = c - is the fourth-order 3D elasticity
compliance tensor while = ¢,3,5 denotes the plane-stress elasticity tengas not the in-plane
part of C but it is the inverse of the in-plane part$fc = $~1. The identity for in-plane elasticity is
ingys = 5 (0ar0ps + 00505, ), Whered,s is Kronecker symbold,s = 1if a = 3, .5 = 0 otherwise).

The transpose operatidm is applied to any order tensors as folIov(éA)aﬁnw = Auy.. pa-

Three contraction products are defined, the usual dot ptgdué = a;b;), the double contrac-
tion product$ : b= a;;jbj;) and a triple contraction produat (. B = A,3,B.5.). In these definitions
Einstein’s notation on repeated indexes is used. It shaaittbticed that closest indexes are summed
together in contraction products. Thés,n = ¢.5,n, is different fromn - ¢ = n,%.5,. The reader
might easily check that: i =i,i .. i = 3/26 and thati - i = i,g,sis, IS @ Sixth-order tensor. We
recall also that respz - b, a : b and‘a .-, b define inner products and associated normgar(R2)*
and(R2)’, respectively.

The derivation operatdV is also formally represented as a vec®rV = a;;V; = a;;; isthe
divergence and ® V = a;; Vi = a;; is the gradient. Here is the dyadic product.

Finally, the integration through the thickness is noted f_%% f(z3)dzs = (f).
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4.3 The 3D model

We consider a linear elastic plate of thicknésxcupying the 3D domaift = wx|—h/2, h/2],
wherew C R? is the mid-plane of the plate (Figuel). Cartesian coordinatds;, x5, z3) in the
reference framée,, e;, e3) are used. The constitutive material is assumed to be imtawéh
respect to translations in the,, z2) plane. Hence, the stiffness tengdis a function ofz; only.
The plate is loaded on its upper and lower faggs= w x {4+h/2} with the distributed forcd™ .
There are no body forces and the plate is clamped on its l&@ge,0w x| — h/2, h/2[ wheredw is
the edge ofv.

The 3D problen??” is summarized as follows:

( ~

oc-V=0 on. (4.1a)

& =C(xs) € onf. (4.1b)
PPLG. 8 =T onw* (4.1c)
E:%(%®a+a®%) onQ. (4.1d)
lu=0 ondwx|—h/2,h/2[ (4.1e)

whereu is the 3D displacement vector fiekis the strain tensor field ardis the stress tensor field.
It is useful to recall the variational approach for the peshlP*”. The sets of statically compatible
stress fieldsSC*” and kinematically compatible strain field&*” are introduced.SC*" is the set
of stress fielder which comply with equilibrium equatiod(19 and boundary condition on the
upper and lower faces of the plat#.19. KC?" is the set of strain fields which derive from a
continuous displacement field (Equation4.1d and comply with boundary condition on the edge
of the plate 4.16.

The strain and stress energy density andw**” are respectively given by:

- - - 1.
E:C:E, w*?’D(a):§a:5:a (4.2)
They are related by the following Legendre-Fenchel tramsfo

w* (o) = sup {0:8—w" (@)} (4.3)

The kinematic variational approach states that the straitisn &° of P is the one that
minimizesP* among all kinematically compatible strain fields:

PP (%) = min {P* (&)} (4.4)

EcKC3D
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whereP?” is the potential energy given by:

PP (g) = /Qw?@ &) dQ—/T+-ﬁ++T U dw (4.5)

andu™ = @ (x1, x5, +h/2) are the 3D displacement fields on the upper and lower facémeqflate.
The static variational approach states that the stressiaofi™ of P is the one that mini-
mizesP*®¥ among all statically compatible stress fields:

«3D [(~=3D\ __ . %3D [~
P (a ) = min {P*"(5)} (4.6)
where P*¥ is the complementary potential energy given by:
P () :/w*w (o) dQ 4.7)
Q

Moreover, the following relation holds for the solution:

ext int

p (’53D> — _pD (530) o VD =y (4.8)
where the external work is:

ext

4T ~3D+ | AT ~3D-—
75 /T cu T+ T cut dw, (4.9)

and the internal work is:
v — [ &P EP40. (4.10)

int
Q

4.4 Revisiting the Reissner-Mindlin plate theory

4.4.1 Reissner-Mindlin statically compatible fields

This section recalls shortly the procedure for the demratf Reissner-Mindlin equilibrium
equationsReissner1945 Mindlin, 1951, Caron and Sgt2001, Nguyen et al.20058.
The generalized Reissner-Mindlin stresses associatde t8D stress field are:

Nog (1, 22) = (0ap) (4.11a)
Mg (21, 22) = (2304p) (4.11b)
Qa (l‘l, IL’Q) = <O'a3> (411C)

whereN is the membrane stredd, the bending moment, ar@ the shear forces.
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Reissner-Mindlin equilibrium equations are obtained lggnating equationgl(19 andx3x(4.19
with respect tar; leading to:

(Tap ) + [Tas] sy = 0
(Caz.a) + [033]]1/5/2 =0
(r300p,8) — (0a3) + [903%3]}1/;3/2 =0
Using boundary conditiongl(19g yields:
Nags + pa =0 (4.12a)
Qaa+ps=0 (4.12b)
Mag,s — Qo + fia =0 (4.12¢)

wherep;, = T;" + T, are symmetric loadings per unit surface and= 2(7;" — 7;") are skew-
symmetric loadings per unit surface. More precis@ly= (p,) are membrane loadings per unit
surfaceps is the out-of-plane loading per unit surfage= (u,) are couples per unit surface angl

is the transverse bulk loading.

Since in-plane loading®( 1) and out-of-plane loading®4, 13) are not of the same order in
the asymptotic analysis of the plate /asL goes to 0 (sekewinski (19919), and for the sake of
simplicity, we focus only on the out-of-plane loadipg(p, = u; = 0).

Finally, for clamped platesiC™ is the set of statically compatibidN, M, Q) fields defined

by:

N-V=00nw (4.13a)
(NM,Q) e C™M <= {M-V-Q=00nw (4.13b)
Q-V+g=00nw (4.13c)

4.4.2 Localization

The second step of the static approach consists in deriigtress energy per unit surface
w™(N;M, Q) from the 3D model. Then, the solution for the Reissner-Mmdahodel is ob-
tained by minimizing the complementary potential eneRyy" = [ w*™ dw over all(N,M, Q)
in SCHM,

As in many homogenization procedures, the derivationd¥’ is based on an approximation
scheme for the real 3D stress fields in terms of the geneddfilsge stress fields:

~(N) ~(M)

UW($1,9€2,$3) =0 " (r1,72,73) +0 (Q)(

(@1, 2, x3) + 0 (21, 9, T3)
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whereg™, ™ ande'? are 3D stress fields generatedMyM and@ as follows:

Uz‘(a"\l) - Sz‘(gl‘\lz)ﬁ(x3)'\'aﬂ($1>$2) (4.14a)
05" = st (@s)Mag(@r, 25) (4.14b)
O'Z(]Q) = 5i(]%)(x3)Qa(£C1,I’2> (4140)

wheresi(;.\gﬁ(xg), Si(;-\i)ﬁ(l‘g) andsig%) (x3) are localization tensors depending only ontheoordinate.

This can be rewritten using contraction products as:

g™ =N N+ M 4+39 Q

Once this approximation of stress fields is set, the streenfial energy density*™ (N,M, Q)
is defined simply as the quadratic form:

<EPM(x1,:E2,x3) :S(x3) I&W($1,$2,$3)> (4.15)

N | —

w*W(N(fEh@),M(%,m), Q(xlaxQ)) =
Hence, a consistent choice B, 5™ ands'? is critical.

4.4.2.1 Love-Kirchhoff fields
The derivation o§™ ands™ is based on the Love-Kirchhoff plate theory. According tis th
theory, plane-stress is assumed and the in-plane part sfrdia is linear incs:

e = e+ 13y (4.16)

wheree is the membrane strain andthe curvature. We draw the reader’s attention to the fadt tha
strain components;; are not null in the general case.
Membrane stresN and bending momenid are linearly dependent @nandy:

N=42:e+8B:x (4.17a)
M='B8:et+D:x (4.17b)

with:
(4,B,D) = <(1,x3,x§) c(x3)> (4.18)

Using 3D constitutive equation under plane-stress assamptove-Kirchhoff constitutive
equation 4.17) and in-plane strains definitiod (16), it is possible to express Love-Kirchhoff stress
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fields as functions ol andM:
oM (zy, 29, 23) = e(3) : (a4 23 °6) : N(21, 22) andag\') =0 (4.19a)
oM (xy, 20, 23) = e(x3) : (b4 x5d) : M(21, 29) andag") =0 (4.19b)

wherea, 6 andd are the reciprocal compliance tensors of the constitutiumgon @.17):

e=a:N+5H:M (4.20a)
x="6:N+d:M (4.20b)

Hence, for a homogeneous plate, Love-Kirchhoff stressdiaté given by:

1
J(N)(xl,xQ,xg):ﬁN(xl,xQ) anda(N) 0 (4.21a)

12[[’3

—3 Mz, 22) ando}" =0 (4.21b)

U(M)('Tlu €T, x3) -

4.4.2.2 Shear fields for a homogeneous plate

Let us recall the approach froReissnef1945 for deriving&(Q) in the case of a homogeneous
monoclinict plate.

The main idea of the method is to recall that the shear foneesetated to the bending moment
through the plate equilibrium4(130. In the previous section, 3D fields generated b(ytg :cz)
invariant bending moment have been derived (Equati@d). If M is invariant, we have™ . v =
0. However, ifM is function ofx, andx,, o &™ field is no more equilibrated and it comes directly:
oM.V = 25 (M. V) = Bug. f@ = Zng appears as the volume load generated by the
bending moment variations and is directly proportional heas forces. Thea'? is defined as
the unique(zy, x2)-invariant stress field which balancg&?). This leads to the following auxiliary
problem:

.V + 12x322 = 0, whereQ; =0 (4.22a)
9. e =0 for a3=+h/2 (4.22b)

The (24, z5)-invariant solution of this problem is:

Qa6 (1
2

This is the original shear stress field derivedRBissner

1. The constitutive material is symmetric with respeci{(tg, z3) plane. This assumption could be released but
would compromise the simplicity of the presentation.
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4.4.2.3 Extension to laminates under cylindrical bending

When considering laminated plates, the approach desceabede does not work any more,
because it is not possible to bring out shear forceéifﬁ') : 6). Whitney (1972 overcame this
difficulty assuming the plate is under cylindrical bendinihis is equivalent to assuming?, =
Mi11, @y = M2, €20 = 0 andy,, = 0.

Whitneys approach for deriving shear correction factors is stilplemented inABAQUS
(20073 under additional assumptions. Compared to exact solfancylindrical bendingPagano
1969 1970h), this method gives good approximation for overall defatand shear stresses in lami-
nated plates. Eventually, it has also been generalizedtditinally graded materialdguyen et al.
2007, 20083 and heterogeneous plat€ecchi and Sal2002 2007 and (ebée and Sal2010c¢d).
However, how shear stress should be extended for more cangaléings than cylindrical bending
(especially involving torsion) is still an issue.

4.5 The Bending-Gradient plate theory

4.5.1 Stress field generated by a linear variation of the bendg moment

Since with laminated plates it is not possible to bring owestforce withReissnes approach,
we suggest considering a more general shear variable, ltheehding gradientR = M ® V. This
will release the cylindrical bending assumption for lan@hplates. In the following, we resume
Sectiond.4.2.2procedure for deriving shear fields in the case of laminalaidp.

We havee™ . V = 0 if M is (x1, z2)-invariant. WherM is function ofz; andz,, we have:

~(M) M M M
AR 5@'(j6)C¢($3)Maﬂ(xla z9)Vj = Si(jﬁLMaBﬂ(Sjv = 5@'(75)aRaﬁv

Again £ = si%LRag,y is the force per unit volume generated by first order vanetiof the bending
momentR. R, is a third-order tensor which respedts,; symmetriesK,3, = Rga). Using&(M)
definition (Equatior4.19bh and assuming that each layer follows monoclinic symmetyidentify

the force per unit volume as:
F® =c(x3): (b+ 23d) . Randf{¥ =0 (4.23)

Then, we defing® the 3D stress generated bya, z,)-invariant bending gradieRtassociated to

the localization tensar'™ . such as™ = 5™ - R. Like in the case of homogeneous plate, this

ijafy
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stress field is derived through the auxiliary problem:
{ F.v4+ 7V -0 (4.242)
e .e;=0 for x3=+h/2 (4.24b)

The (z1, zo)-invariant solution of this problem is easily found, leaglio the explicit determination
of s®:
z3
sé%%ce(xg) = — / . Canys (2) (Bsyec + 2 dsyec) dz 535)7746 =0 and5§§27<6 =0 (4.25)
T2
NB: The integral in the determination of® enforces directly the continuity of shear stress distribu-
tions ands™ (—h/2) = 5™ (h/2) = 0 ensures the traction free boundary condition on the uppér an
lower faces of the plate.
We have derived a localization tens8P which depends on all bending gradient components:
Ragy = Mygs~. Accordingly we define a new approximation of stress field®lving all bending
gradient components:

% = gV

G +o™ 4+

and a new stress energy density identical to Defindidrs
w*P“(N,M,R)

Actually ™ approximation for 3D stress fields is a higher-order gradiesory, as described
in Boutin (1996 for 3D continuum anduannic and Cartrau@0013 for periodic beams. However,
to be consistent with higher-order theories, we should laken into account the gradient of other
static unknowns such as the membrane stress gradient fanags It is the choice of the authors
to limit the number of static variables only to those whiclvdna contribution to the macroscopic
equilibrium of the plate. Thus the number of unknowns reméimited and adapted to engineering
applications, contrary to asymptotic expansions and atgerous approaches in which no distinc-
tion is made between significant static unknowns.

Now it is possible to design a complete plate model.

4.5.2 Compatible fields for the full bending gradient
4.5.2.1 Bending gradient statically compatible fields

45.2.1.1 Generalized stress The full bending gradierk has six component®{;1, Roo1, Ri21,
Ri12, Ra22, Ri22) Whereas) has two components. Thus, using the full bending gradierstatsc
unknown introduces four static unknowns whetlpriori are not related to plate equilibrium.@3.

Only (N, M, Q) appeared in Reissner-Mindlin statically compatible fiel{s™, while integrating
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Ri1 Roo1 Ri21 Ri12 Ro2o Ri22
013 <51(g)111> =1 <51(g)122> =0 <51(g)121> =0 <51(g)211> =0 <51(g)222> =0 <51(g)221> =1/2

023 <52(g)111> =0 <52(1§)122> =0 <52(1§)121> =1/2 <52(1§)211> =0 <52(1§)222> =1 <52(g)221> =0

3D equilibrium equation4.13 through the thickness in Sectid.1
Let us derive generalized stresses associatéd'to Using Equatio.25and integrating by
parts when necessary leads to:

<USB)> =0, <x3082> =0, <5£)m5> = lnBys (4.26)
and we have<o—g§,)> =i..R= Q. OnlyQ remains after integratir@(R) through the thickness and
the four other static unknowns are self-equilibrated strébese stresses are analogous to bimoment
and warping functions in the theory of beams under torsiomfylasov(1961). More precisely we
have:
Ri11 andRgs, are the cylindrical bending part of shear foregsand@,, Ri2; andR,,, are the
torsion part of shear forces ang,» andR,,; are linked to strictly self-equilibrated stresses.

4.5.2.1.2 Bending gradient equilibrium equations Two observations lead to the definition of
statically compatible fields for the bending gradigit®™. The first one is that we chogesuch
asM ® V = R in Section4.5.1 The second one is that we hage = i .. R. Adapting SC*™™
fields @.13 we suggest the following definition o5

N-V=0o0nw (4.27a)
(NNMR) € C* < {M®V —R=00nw (4.27b)
i R-V+4+p3=00nw (4.27¢)

4.5.2.2 Bending gradient kinematically compatible fields

4.5.2.2.1 Dual variables Taking the derivative ofo*?“(N, M, R) with respect to each static un-
known leads to the following definition of dual variables:

e= N X = M r= R (4.28)

wheree is associated to membrane strains gad curvaturesr is a generalized shear stralhis a
third-order 2D tensor following symmetry:T'z,, = a3 .
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Internal work for the bending gradient plate model is acoaly written as:

VB~ [N:e+M:x+R. . Tdw (4.29)
4.5.2.2.2 Dualization of bending gradient equilibrium eqations SinceSC?“ is defined, it is
very classical to identify kinematically compatible field€'?“ by integrating by parts the equilib-
rium equations4.27) multiplied with ad hoctest fieldsU andé, wheref](xl,xg) is a 3D vector
andé(xzy, x,) a third-order 2D tensor following symmetry:¢s,, = ¢.5,. Detailed computation is

given in Appendix4.A.2. This leads to the weak formulation of the plate theory:

Vi =V
where
VB = [N:(i: (VRU)+M: (8- V)+"R. . (8+i-VUs)dw (4.30)
VI = | psUsdw +/ (N-n) - U+M:(2-n)+ (i R-n)Usydl (4.31)
w Ow

andn is the in-plane unit vector outwardly normaldo
Dual strains are identified i, as:

e=i: (VoU), x=%-V, T=é+i VU, (4.32)

whereé is a generalized rotation aredis exactly the Love-Kirchhoff membrane strain. Since we
have assumed the plate is clamped, there is no external wdHeedgéw in V.2 (Equationd.31).
This leads to the following condition oif and# for clamped edges:

$-n=0o0ndw, U = 00ondw

The above remarks enable us to define the set of kinematicaitpatible fieldskC?“ for
clamped plates:

(e=i:(VeU) onw (4.33a)

x =% -Vonw (4.33b)

(e,x,T) e KC* & {T=&+i-VU;onw (4.33c)
$-n=00n0w (4.33d)

LU =0 0ndw (4.33e)
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The setKC?“ has been defined previously using standard dualizatiomigas. In order to recover
a physical meaning fa, x,I') we notice that, wittp = 0 andp = 0, the 3D problenP*® external
work rewrites (Equatiod.9):

VE = [ U (4.34)
where . -

UP = % (4.35)
Besides we have just demonstrated for a clamped plate:

VE = | psUsdw (4.36)

w

Thus settind/; = U3, preserves the energetic relation between the full gradiedlel and the 3D
problem and enables us to recover 3D displacementdi&ld We draw the reader’s attention to the
fact that no assumption has been mad&dh

Moreover, assuminD = 0 leads tod = —i - VUs; and therefore,s = ¢.3,V, = —Us o3 CO-
incides with the Love-Kirchhoff definition of curvatureshds it is possible to rewrite the Bending-
Gradient curvature as the sum of two terms; x* 4T - V, the Love-Kirchhoff curvature and the
contribution of the generalized shear strdins

4.5.3 Bending gradient constitutive equations
4.5.3.1 Bending gradient stress energy density

A detailed analysis dedicated to material symmetries igigeal in Appendix4.A.1. The main
result is that material symmetry of the plate constituerith wespect to(z;, z2) plane uncouples
Love-Kirchhoff M, N) and shear unknowng); Since this is true for almost all laminated plates of
interest, we restrict the analysis to this case. This mdatghe energy density can be written as the
sum of two terms:

w*BG _ w*BG’LK<N, M) 4 w*BG,R (R)

According to Definitiord.15 the shear part of the stress energy density is:
1 4 ~ 1
*BGR(pY _ * ~®) . R) . (=® . _ Ll g
w (R) 2/2 (s ,_R).S(xg).(s ,_R)dl’g 2R,_I}‘,_R (4.37)

where:

F <t(}<ﬁ>) () :?R>> (4.38)
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Inserting}m (Equation4.25) into [ definition leads to:

h

2
Cumsce = [ - 4508 00 (00)Sunin )l () (4.39)

|

which becomes:

:i/i</f(%+zd):d@m>-S@@-(/fc@)ﬂﬁ+ziﬁk>dm (4.40)

whereS =S5 = 45,33 is the out-of-plane shear compliance tensor.

The generalized shear compliarfces a sixth-order tensor, with two symmetries. The major
symmetry:‘f = £ and the minor symmetries, s,scc = Fgarsec. The identity for these tensors is:
logysec = iapec 645 F definition ensures symmetry and positiveness. Howévenot always definite
since four static degrees of freedom are self-equilibratezss (like warping is degenerated in the
torsion of a beam with a circular section). More details d@lfideernel is given in Appendi®.A.4.

Once the stress energy density is defined, it is straigh#atwo derive the constitutive equa-

tion:
aw*BG

JdR

r— ~F.-R (4.42)

4.5.3.2 Bending gradient strain energy density

The strain energy density is defined through the Legendnetted transform. Thus it necessi-
tates the definition df inverse. As indicated previouslijs not always definite. This is the case for
a homogeneous plate. Yet it is possible to be more explictdhinverse.

The generalized shear compliaffamaps symmetric third-order tensors on its image:

f: Re (R?)’—F R=Tc m(f)C (R?)’
In order to define an inverse fbwe introduce the Moore-Penrose pseudo invérdefined as

F=1lim (F. . 6+x)"" - F

k—0
For instancd ) §) pseudo inverse i§'/* 0 ). With this definition we have:
F: Te (R2)3 —F . . T=ReIm(F)C (R2)3

Hencel .. fis the orthogonal projector ontl: (F) andl — £ .-, F is the orthogonal projector onto
Ker (F). Defining an inverse relation fdrimposes to restraii domain to/m (f): (1 —F .- F) ..
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I' = 0. Thus there is an internal constraint over generalizedrsste@nsl’ whenf is not positive
definite. Finally, we have the equivalence:

r=~Ff_-R R=F - T+RF
& (4.42)

0I-f - F).T=0 F. . f-R=0

This enables the definition of the shear part of the straimggneensity, using the Legendre-
Fenchel transform:

wPET(r) = %tr . F..r forrsuchthat I —F - F) .T=0 (4.43)

4.5.3.3 Summary of the Bending gradient plate model

Let us summarize all the definitions introduced for the nestepmodel.
The set of kinematically compatible fields is:

(e=i:(V®U) onw (4.443)

x=% Vonw (4.44Db)

(e,x,T) e KC* & {r=%&+i-VU;onw (4.44c¢)
¢ - n=00n0w (4.44d)

(U = 00ndw (4.44e)

wheree is the conventional in-plane plate strajnis the curvaturel’ is the generalized shear strain
and# is the generalized rotation. These fields are almost idgritdReissner-Mindlin kinematically
compatible fields but rotation pseudo-vector is replacetthbyeneralized third-order rotation tensor
$.

The set of statically compatible fields is

N-V=0o0nw (4.45a)
(N,MR) ¢ SC* & { M®V —R=00nw (4.45b)
(i..R)-V =—p3onw (4.45c)

whereN is the membrane stredd,is the bending moment aldhe gradient of the bending moment.
This set of equations is almost identical to Reissner-Mimedjuations where shear forces have been
replaced by the bending gradidnt

Finally, for constitutive material following local monacic symmetry with respect tor;, x2)
plane (uncoupling betweehand (N, M)) the Bending-Gradient plate constitutive equations write
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as:
N=a:e+B:x (4.46a)
M='8:et+D:x (4.46Db)
r=Ff-R where (I-F - F) - .T=0 (4.46c¢)

The solution of the plate model must comply with the three séequations4.44 4.45 4.46).

We recall also variational approaches for the model: sgltire static approach of Bending-
Gradient consists in finding the set of statically compatii¢lds(N, M,R)” which minimizes the
complementary potential energy:

P ((N,M,R)™) = i P*® (N,M,R 4.47
((N.M.R)) (N,Mgl)lenSCBG{ (N.M.R)} (4.47)
where P*B%, the complementary potential energy of the bending graditate problemP™ is

written as:
p*BG (N,MR) = / w* B (N,M,R) dw (4.48)

w

Again, the strain potential energy B is:

PBG(e7X7r) = /wBG(e7X7r) —nggdw (449)

w

and solving the kinematic approach Bf“ consists in finding the set of kinematically compat-
ible fields (e, x,T')® which minimizes the strain potential energy under the kiatenconstraint
I—-F. - F) .T=0:

P ((e,x, 1)) = i PP (e, x.T 4.50
((e.x,1)™) (e,x}?éﬁcm{ (e.x,T)} (4.50)
(1—F-F).-I=0

Note that the model presented in this paper for clampedgtate be extended to other bound-
ary conditions as detailed in AppendixA.3.

4.6 Bending-Gradient or Reissner-Mindlin plate model?

4.6.1 Homogeneous plate
For a homogeneous plate, we have

12373

5 iR andf{" =0 (4.51)

f(R) _
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and

6 [ h? ,
5c(g)5»y5($3) e (Z - x§> LaByé 522,56 =0 andség?y& =0 (4.52)

which is exactly the same result as in Seciba.2.2 Moreover, the generalized shear compliance
is:

6
f=—i-S-i 4.53
o7t S-i ( )
and the shear stress energy is:
w*PR R) = ltR - i-ES-i R (4.54)
s R S :

Since@ =i .. R, itis possible to identify there the Reissner-Mindlin sgenergy density as:

. 1 6
w RJM’Q(Q) = étQ . 5—h5 . Q
which leads to the constitutive equation:
Sh_
Q - ES ! .

where~ stands here for Reissner-Mindlin plate shear strain. Hhise result fronReissnef1945
which exhibits the well-known shear correction factgr= 5/6. It is furthermore demonstrated in
Appendix4.A.5that boundary conditions are also identical.

Finally, for homogeneous plates, the Reissner-Mindlin ehaaid the Bending-Gradient model
are completely identical.

4.6.2 Projection of the Bending-Gradient plate model

Since in some cases, the Bending-Gradient is turned intassiRe-Mindlin plate model, we
need a means to estimate the difference between both plaesnéor this, we define the projection
of the Bending-Gradient model on a Reissner-Mindlin model.

The shear forces energy density in the case of a ReissnatliNlplate model writes as:
1t

W (Q) = 3

5@ 1. Q (4.55)

Since@ = i .’ R, this stress energy becomes in Bending-Gradient plate inode

1
w* PR (R) = étR i f™oi - R (4.56)
Thus a Reissner-Mindlin compliand&"” is expressed in the Bending-Gradient exactly as for a
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homogeneous plate (Equatich%3):
PRV — i (4.57)

Then, we define the orthogonal projection of a Bending-Gmtdcompliance tensdron a
Reissner-Mindlin compliance tensf. For this, we introduce the following inner product:

FaprsecGapyoec = B g (4.58)

and the related norm:

IF = v/ f (4.59)

We definef™ the Reissner-Mindlin part df as the projection of on the linear subspace of
tensors writting ag™ =i . g™ . i:

Vg™, fRM gt = U gt (4.60)

which is equivalent to:

vgiM o M gV <<§t) o F <§1)) . giM (4.61)
rRv_ (2. g gi
¢ _<3;)..w..<3) (4.62)

200N . (2.
g _ <§H) e (5) (4.63)

The projectiorf™ of [ is equivalent to assumirRy= %i - Q in w*P4R (Equation 4.37). Actually
it is possible to give further mechanical interpretatiortlo$ result. Let us consider the following

Thus

change of generalized shear static variables:

Qo = Raps,  AQ; =Rin — 2Rigp,  AQy = 2Rio1 — Raoz, Ryzz and Rggg (4.64)

In that case the four self-equilibrated static unknowns¥ipe, AQ,, Ri12, andRyo;. They are clearly
set apart from shear forcég,. Setting to zero pure warping unknowns in order to keep opiyé
shear forces” leads exactly o= %i - Q. From this f™ can be considered as the restrictiorf of
when setting warping unknowns to zero. Consequently, wediice the pure warping part bfs
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the orthogonal complement B

W _ f _ pRM (4.65)

Finally we suggest the following relative distance betwdenBending-Gradient plate model

and the Reissner-Mindlin one:

ARMIPG — %T’” (4.66)
ARM/BG gives an estimate of the pure warping fraction of the sheaesstenergy and can be used
as a criterion for assessing the need of the Bending-Gradiedel. When the plate constitutive
equation is restricted to a Reissner-Mindlin one, we haeetxA™ /55 — (.

As illustration, we derived\™/5% for angle-ply laminates which were consideredfagano
(19703. Each ply is made of unidirectional fiber-reinforced miteoriented at) relative to the
directionx;. All plies have the same thickness and are perfectly boundée overall thickness
of the plate ish. A laminate is denoted between brackets by the successverigintations along
thickness. For instanc®°, 90°] denotes a 2-ply laminate where the lower ply fibers are asgent
in the bending direction. The constitutive behavior of aiglassumed to be transversely isotropic
along the direction of the fibers and engineering constaretslaosen similar to those &fagano
(1969:

Er =25x10%si, FEp=1x10%si, Grr=Gry = 0.5x 10°si,

Er
2(1 4+ vnr)
whereG yr has been changed to preserve transversely isotropic sygmeis the longitudinal

Gyt = = 0.4 x 10%si, vpr =viy =vyr = 0.25

direction oriented in théx,, z5) plane aty with respect tee, 7' is the transverse direction aidis
the normal direction coinciding with;

On Figure4.2, AfM/5¢ s plotted for any 2-ply configuration and on Figute8, for any 4-
ply symmetric configurations. It appears clearly thdt'’/2~  is not negligible (up t&7%). Thus,
neglecting warping with a simple Reissner-Mindlin platedebapplied to such laminates can lead
up to37% error in the stress energy.

4.7 Conclusion

In this work, applyingReissnes approach for deriving transverse shear stress to a laedna
plate revealed that more static shear DOF than the usuat &ireas are involved in microscopic
fields. Thanks to conventional variational tools, this ledhe design of a new higher-order gradi-
ent plate theory involving the gradient of the bending momaerstead of shear forces. Statically
and kinematically compatible fields as well as constituégeations were derived. The mechanical
meaning of the bending gradient was identified as self-loaldstatic unknowns associated to warp-
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Figure 4.2: Relative distance between the Reissner-Miratid the Bending-Gradient plate models
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92



4.A. APPENDIX

ing functions in addition to usual shear forces. The pregkate theory does not require any specific
constitutive material symmetry and the monoclinic symmefith respect to plane af; normal was
introduced only for convenience. Finally, we demonstrdbed the Bending-Gradient plate model

is an extension to laminated plates of the Reissner-Minglise model which actually cannot be
reduced to a Reissner-Mindlin plate model.

In the second part of this work.ébée and Sagt2010g, comparison between models is per-
formed in the cylindrical bending case which makes use of cldsed-form solutions. It will be
demonstrated that the Bending Gradient model contains ofitisé relevant aspects of shear effects
with very little computation and simple interpretation. efmain conclusion is that the Bending-
Gradient gives good predictions of both deflection and sk&ass distributions in any material
configuration and provided the plate follows mirror symmé® = 0), the Bending-Gradient so-
lution converges to the exact solution when the slenderrags/ /L goes to O faster than other
existing models.

4.A  Appendix

4.A.1 Symmetries

First, we deriveN, M andR transformation formulas through orthogonal transforovati
Consider a 3D orthogonal transformatiBrsuch ast’ = P -  is the image oft, (tﬁ P=s
anddet P = £1). A stress fields has the imagé! given by:

~ t~

i@ =-P-c(Pz) P
The analysis is restricted to planar transformations:

0
0

0 O‘ Pag=-+1

_ p‘
P—

whereP is a 2D orthogonal matrix. Then we have:

|=

h
P33 5

U(tP'm,ngl‘g)dl‘g'tP:P'/ O'(tP'l‘,yg)%'tP
,pSS% P33

2

N (x) = <aT (z,x3)) = P-/h
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P Nig Noz Nz | Mig Mz Mypp || Risr Roar Rior | Riiz Roo Rim
a) (*31 %?) + + + + + + - - — - - -
b) (475) + o+ o+ | - - - - - - | - - -
C) (é%g) + + - + + - + + - - - +

Table 4.1:eﬁ and loads for three main invariances

This equation does not depend g sign. Thus we obtain:
NT(:B):P-/Q o ("P-a,25)drs- P =P-N("P-z)-'P

The same approach leads to the following equation for thdibgmmoment:
M’ (z) =PyP-M('P-z) - ‘P
We have als®® = M ® V. Thus taking the gradient of the previous equation leads to:

Ry, () = PasPasPscPrcRocc (Poyo)

WhenP is diagonal, the above transformation equations simfdy.instance, we have:
P
Mlﬁ (z) = em_,Mags (P x)

Whereef,laﬁ = +1 is the symmetry index df1,s with respect tdP. For instancezf,a[3 = lindicates
thatN,s is ~symmetric with respect B andel':aﬂ7 = —1 indicates thar,gs, is skew-symmetric with
respect taP. Finally, it is possible to use all the previous transforimratequations to derive the
transformation of the stress energy. In the dseflects a material symmetry, this energy remains
invariant. As a consequence, two components having ogpsgimetry indexes with respectﬁo
are uncoupled

Table4.1 summarizes symmetry indexes for three main symmetries. jmadservation is
that material invariance throughrotation aroun@; axis (case a) ensures uncoupling between shear
degrees of freedom and Love Kirchhoff degrees of freedd) andM. A plate where for all values
of 3 the local behavior is symmetric with respect(tq, x,) plane fulfills ther rotation around;
symmetry. Thus, uncoupling betwe®MM andR holds true also for any kind of laminated plate
provided the local constitutive behavior is monoclinicatele to (z;, z2) plane (which is the case
for fibrous plies).
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4.A.2 Dualization

Multiplying 4.27awith U, and integrating by parts on the plate domaigield:

1
/ Naﬂé (Uap + Usa) dw = /a NagngUadl (4.67)

wheren,, is the outer normal tow.
Multiplying 4.27cwith Uz and integrating by parts on the plate domaigield:

/RaﬁgUgvadw:/ RagﬁnaUgdl—i-/nggdw (468)
w Ow w

Multiplying 4.27bwith ¢4, and integrating by parts on the plate domaigield:
/ Maﬁ‘fag%fy + Ragpy‘?agfydw = / Ma5¢a57n7dl (469)
w ow

Adding all relations developed above leads to the followergression which is separated into
three parts:

1 1
/ Nas 5 (Ua,p + Upa) + Magapyy + Rap,y <‘1’am +3 (07 Us a0 + 5ch3,6)) dw =
; (4.70)

/nggdw + / NaﬁnﬁUa + Ma5¢a67n7 + RagﬁnaU:;dl
w Ow

4.A.3 Mixed boundary conditions

The edge is separated into two padss® where generalized straimgfd, Hd) are enforced and
dw® where generalized streg¥ ¢, M%) are enforcedﬁd is the forced displacement on the edgé,
is a symmetric second-order tensor related to a forcedioatan the edgeV ¢ is the force per unit
length enforced on the edge al is the full bending moment enforced on the edge

4.A.3.1 Kinematically compatible fields

We define Bending-Gradient kinematically compatible fiétagnixt boundary condition plates

as:
(e=i:(V®U) onw (4.71a)
x=% Vonw (4.71b)
(e,x.T) e KC* & {Tr=%+i-VU;onw (4.71c)
$-n =H%onow* (4.71d)
| T = U onowt (4.71e)
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The potential energy is:
B(e x,T / B (e, x,T) — psUsdw — VU +M: (8-n)+ VilUsdl  (4.72)
Ows
4.A.3.2 Statically admissible fields
Bending-Gradient statically compatible fields for mixt Indary condition are:
(N-V =—ponw (4.73a)
M®V —-R=00nw (4.73b)
i .R-V=—p3onuw (4.73c)
(N,M.R) € SO & L
N-n=V*onow’ (4.73d)
M = M? on dw* (4.73e)
(i .R-n=VIonow* (4.73f)

NB: HavingM-t = M“-t on dw*, wheret is orthogonal ta looks unnatural since it involves stresses
that do not belong to the edge surface. It is a fourth boundanglition common to higher-order
models and related to free edge effects similar to thoseitbescin ChapteB.

The complementary energy is:

P*BG(N,M,R):/w*BG(N,M,R)dw+/ (N-n) - U'+M:H + R .i-n)Uldl (4.74)

Owk

4.A.4 Generalized-shear compliance kernel properties

In this section we demonstrate ttfat-. f . i = i andf . F - i = i, whereF is Moore-
Penrose pseudo inverse. This ensures that the internataionél —f .. F) .. T = 0 is equivalent
toéd="~F_ . F. &

Proof: Slnce< ® > Q.. thena® is not uniformly zero through the thickness ant®“®(R) >
0. Thus:

i ' R#0=w™rR) >0 (4.75)

Letus defineR* = 2i-Q, Q # 0. We havei ..R* = Q and therZi - Q € Im (F). SinceF .. f
is the projector on the orthogonal complement &&rnel, we have:

vQ, F . F i-Q=i-Q

which is the first expected result. The second result isgtitBirward when noticing thdtandF
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have the same kernel: sinEandF are diagonalizable, we have:

Re Im(F)
&R=>) Riandf -~ R=) AR;Vi\ #0

©R=) R;andF ~R=> Ri/\,Vi X #0

<R e Im(F)

4.A.5 Degenerated boundary conditions in the homogeneouase

The pseudo inverse in homogeneous case is easy to find:
F=—=i- i (4.76)

andf - F = 2i - i. The generalized shear strain, solutiorst” fulfils (1 — -, F) .-.T = 0, which
is equivalent to® = %i -i .. % (see Appendid.A.4). Then it is possible to rewrite the work M

on the edgedw:

M:(&-n)=(M-n)- (gi.'.é)

which is identical to the Reissner-Mindlin work on the edigewhere the rotation pseudo-vector is

p = %i.'.(b.
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CHAPTER

5

A full bending gradient plate theory
for thick plates Part Il: Closed-form
solutions for cylindrical bending of lam-

Inates

Dans ce chapitre, on propose d’appliquer la théorie de geadidu moment a la flexion cylin-
drique des plaques stratifiees en fibre de carbone. On se qempa solution analytique deagano
(19708 et on montre que la solution de gradient du moment convesgela solution exacte lorsque
la plague est symétrique par rapport a son plan moyen. Ceitileagst la seconde partie d’un article
en deux parties soumis le 19/07/2010.

Abstract
In Chapter4 we have presented a new plate theory for out-of-plane lo#luiell plates where the
static unknowns are those of the Love-Kirchhoff theory (Jlane stresses and 3 bending mo-
ments), to which six components are added representingréakegt of the bending moment. The
new theory, called Bending-Gradient plate theory is anresita to arbitrary multilayered plates of
the Reissner-Mindlin plate theory which appears as a spe&s& when the plate is homogeneous.
Moreover, we demonstrated that, in the general case, théiBgiGradient model cannot be reduced
to a Reissner-Mindlin model. In this paper, the Bendingdsrat theory is applied to multilayered
plates and its predictions are compared to those of Reiddmellin theory and to full 3DPagan&
exact solutions. The main conclusion is that the Bendingdi&nt gives good predictions of both
deflection and shear stress distributions in any materidigaration. Moreover, under some sym-
metry conditions, the Bending-Gradient model coincidethule second-order approximation of
the exact solution as the slenderness ratié goes to infinity.
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5.1 Introduction

Laminated plates are widely used in engineering applinatid-or instance angle-ply carbon
fiber reinforced laminates are commonly used in aeronautiosrever, these materials are strongly
anisotropic and the plate overall behavior is difficult tptteie. The most common plate theory is
the Love-Kirchhoff plate model. However, it is well-knowinait, when the plate slenderness ratio
L/h (h is the plate thickness and the span) is not large enough, transverse shear stresses whi
are not taken into account in the Love-Kirchhoff theory hawmeincreasing influence on the plate
deflection.

In recent decades many suggestions have been made to intpeoestimation of transverse
shear stressesReddy (1989, Noor and Malik(2000 and Carrera(2002 provided detailed re-
views for these models. Two main approaches can be founth@syic approaches and axiomatic
approaches. The first one is mainly based on asymptotic siganin the small parametéy/ L
(Caillerie, 1984 Lewinski, 1991¢b,a). However, higher-order terms yield only intricated “Leve
Kirchhoff” plate equations and no distinction betweenval# fields and unknowns was made. The
second main approach is based on assuméhigocdisplacement or stress 3D fields. These models
can be “Equivalent Single Layer” or "layerwise”. Equivaleingle layer models treat the whole
laminate as an equivalent homogeneous plate. However, déeing with laminated plates, these
models lead systematically to discontinuous transversarsstress distributions through the thick-
ness as indicated yeddy(1989. In layerwise models, all plate degrees of freedom aredhiced
in each layer of the laminate and continuity conditions arfereed between layers. The reader can
refer toReddy(1989 andCarrera2002 for detailed reviews of kinematic approaches andNadjri
et al, 1998 Diaz Diaz et al. 2001, Hadj-Ahmed et al.2001;, Caron et al.2006 Diaz Diaz et al.
2007 Dallot and Sab2008 for static approaches. Layerwise models lead to corrdohates of
local 3D fields. However, their main drawback is that theyolme a number of degrees of freedom
proportional to the number of layers. The limitation is indiaely pointed out with functionally
graded materials, where the plate constituents properéigscontinuously through the thickness
(Nguyen et al.2008ab).

In Chapterd we revisited the use of 3D equilibrium in order to derive tvagrse shear stress as
Reissnel(1945 did for homogeneous plates. Thanks to standard varidtions, this led us to an
Equivalent Single Layer plate theory which takes accuyategb account shear effects and does not
require any specific constitutive material symmetry: thadeg-Gradient theory. This plate theory
is identical to the Reissner-Mindlin plate theory in theeca$ homogeneous plates. However, for
laminated plates, shear forces are replaced by the gragliehe bending momerk = M ® V.
Hence, this theory belongs to the family of higher-orderdgrat models. The mechanical mean-
ing of the bending gradient was identified as self-balan¢aticsunknowns associated to warping

functions in addition to classic shear forces.
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5.2. NOTATIONS

The purpose of the present paper is to derive closed-foratisok for the Bending-Gradient
model in the case of cylindrical bending and compare theind@kact solutions frolRaganq1969
1970ab) and to other approaches commonly used.

This paper is organized as follows. First, in Sectto® notations are briefly introduced. Then,
in Section5.3, the Bending-Gradient model is recalled, Voigt notatiomisoduced and the influ-
ence of material symmetries is also considered. In Se&idncylindrical bending closed-form
solutions are derived and applied to laminates. Finalljgarison with other Equivalent Single
Layer approaches and discussion on results is providedcino®é. 5.

5.2 Notations

Plate models involve 2-dimensional (2D) tensors of severddrs. Vectors and higher-order
tensors are boldfaced and different typefaces are usedatir @der: vectors are slante®:, w.
Second order tensors are sans-sdvifie. Third order tensors are in typewriter sty#:T". Fourth
order tensors are in calligraphic stye ¢. Sixth order tensors are double strolfedv. For instance,
the fourth-order tenso¢ = c¢,3,5 With Greek indexesy, 5,v.. = 1,2, denotes the plane-stress
elasticity tensor. The identity for in-plane elasticityiig,s = %((50,7555 + 0as0s,), Whered,s is
Kronecker symbold,s = 1if a = 3, .5 = 0 otherwise). The transpose operatieris applied to
any order tensors as foIIow(;’:A)aB__ww = Aup.. pa-

Three contraction products are defined, the usual dot ptq¢dud = a,b,), the double con-
traction productq : b = a,sb.s) and a triple contraction produck (. B = A,3,B-3,). In these
definitions Einstein’s notation on repeated indexes is ukeshould be noticed that closest indexes
are summed together in contraction products. Tug, = ¢,3,n, is different fromn - & = n,%.3,.

The derivation operatoV is also formally represented as a vec®r:V = a,sV3 = a,s3 IS
the divergence anal® V = a3V, = a,s,, is the gradient. Herg is the dyadic product.

In this paper, Voigt notation is also introduced. Bracketsare used to denote that a tensor
is considered in a matrix form. Moreover, matrices and vwsoctd several dimensions are defined.
Vectors and matrices are 2D by default. In other casedenotes dimension 37 denotes a 3D
vector and denotes & x 3 matrix. The related components are indexed with Latin iedex;, k.. =
1,2,3: f;;. @ denotes dimension ® denotes & x 6 matrix.

Finally, the integration through the thickness is noted f_%% f(xg)dxs = (f).
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Figure 5.1: The plate configuration

5.3 The Bending-Gradient plate model

5.3.1 Summary of the plate model

We consider a linear elastic plate of thicknés&hich mid-plane is the 2D domain C R?
(Figure5.1). Cartesian coordinates:, o, x3) in the reference framée;, e,, e;) are used. The
local stiffness tensor;;x;(z3) is assumed to be invariant with respect to translationser:th, x-)
plane and the plate is loaded exclusively with the out-afpldistributed forcgses.

The membrane stred§ the bending momer, and shear force are related to the actual
3D local stress by the following equations:

ap (T1,22) = (0ap) (5.1a)
op (T1,T2) = (T304p) (5.1b)
Qa ($1,$2) = (0a3) (5.1¢)

Moreover, we introduce the gradient of the bending monkeat M ® V. R is a 2D third-order
tensor with the following symmetr\R, s, = Rgo,. It is possible to derive shear forcésfromR as:
Q=i .R

Equilibrium equations and boundary conditions involvinigss fields were derived in Chap-
ter4 and are gathered in the set of statically compatible fields:

(N-V =00nw (5.2a)
MV -R=00nw (5.2b)
(i..R)-V =—psonw (5.2¢c)
N-n=V?onow* (5.2d)
M = M? ondw® (5.2€)

L (i ..R)-n = Vi onOw* (5.2f)

wheredw? is the portion of edge on which static boundary conditiorpiyapf/d is the force per unit
length andM“ the full bending moment enforced on the edge. This set oftamnsis almost identical
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to Reissner-Mindlin equations where shear forces have teggaced by the bending gradidt
Generalized stressés M, andR work respectively with the associated strain variables:

the conventional membrane strajnthe conventional curvature afidthe generalized shear strain.

These strain fields must comply with the following compditipiconditions and boundary condi-
tions:

(e=i:(VeU) onw (5.3a)
x=¢% Vonw (5.3b)
r=&+i-VUsonw (5.3¢)
& -n =H" onow” (5.3d)

LU = U’ onowt (5.3e)

whereU is the 3D displacement of the mid-plane of the plate &nsl the generalized rotatioit.
and# are 2D third-order tensors with the following symmet#y;., = ¢5,,. Moreover,0w" is the
portion of edge on which kinematic boundary conditions ;apﬁ[d is a given displacement arttf
is a symmetric second-order tensor related to a forcedoatah the edge. These fields are almost
identical to Reissner-Mindlin kinematically compatiblelfis where the rotation pseudo-vector is
replaced by the generalized rotatidn

Finally, for constitutive material following local monacic symmetry with respect tor;, x2)
plane (uncoupling betwe@®and(N, M)) the Bending-Gradient plate constitutive equations ait wr
ten as:

N=42:e+3B:x (5.4a)
M='B:et+D:x (5.4b)
r=Ff-R where (I-F - F) - T=0 (5.4c)

where conventional Love-Kirchhoff stiffnesses are defineda, 8, D) = ((1,x3,22) ¢(x3)) and
the definition off andF is detailed in Sectio®.4.2of the present work. Herkis the identity for
2D sixth-order tensors following the generalized sheargl@ncef minor and major symmetriés
(lapysec = inpec 945). The solution of the plate model must comply with the threts ©f equa-
tions 6.2 5.3 5.4). The compliancé is positive. However whefiis not definite, there is a set of
solutions, up to a self-stress field.

1. Fopysec follows major symmetryfogyse¢c = Feesysa @and minor symmetryogysec = Fgarysec. Thus there are
only 21 independent components
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5.3.2 Voigt Notations

In this section, we introduce Voigt notation in order to twontraction products into conven-
tional matrix products. Bracke{s] are used to denote that a tensor is considered in a matrix form
Thus|e] is a linear operator, reallocating tensor components.

For instance, the bending moment is reallocated in a veotar:f

M] = Mo, (5.5)
\/§M12

as well asN, e andy, and the fourth-order compliance tengbrs reallocated in a matrix form so
that constitutive equatiorb(4b) becomes a vector-matrix product:

di111 d211 \/Qtfun
[‘f] = dxo11 42292 \/§£f1222 (5-6)
\/Qtfun \/Qtf1222 2d1912

as well as the stiffness tensox This is also done for the other Love-Kirchhoff complianeg$,
and stiffnesseq, 8 and finally to the plane-stress stiffness tensor

The same procedure is applied to shear variables and thespording constitutive equation.
Shear static unknowns are reallocated in a vector form,

Rin

Roo1

R] = V2R191 (5.7)

Rii2

Ro2o

V2Ri9:

as well ag andé; and the constitutive sixth-order tensor is turned into>a6 matrix:

[Fllllll [FHHQQ \/§[F111121 [F111211 E111222 \/§E111221
[F221111 ﬁ\221122 \/§E221121 [F221211 ﬁ\221222 \/5&\221221
[ﬂ _ \/§E121111 \/5&\121122 2[}\121121 \/§E121211 \/5&\121222 2E121221 (58)
[F112111 E112122 \/§[F112121 [F112211 [FHQQQQ \/§E112221
[F222111 [F222122 \/5[{\222121 [F222211 [F222222 \/§E222221

\/§E122111 \/§W122122 2[}\122121 \/5[}\122211 \/§W122222 2E122221
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Finally, when using Voigt matrices components, the samefaqe is used. The number of indexes
indicates unambiguously whether it is the tensor compooetite matrix componentysss; is the
tensor component dfandfs; = /222000 is the matrix component of].

5.3.3 Symmetries

The effects of material symmetries on uncouplings have peesented in Chaptdr The main
resultis thatil, M) and bending gradieriR) are uncoupled when the local elasticity tensgg;(z3)
follows monoclinic symmetry with respect te, , x5 ) plane for allz;. Under this assumption, which
is valid for most of applications involving laminated maads, it is possible to point out the influence
of the invariance of the plate’s overall configuration on toastitutive equations. Regarding the
Love-Kirchhoff constitutive equation, we just recall thahen the plate is overall symmetric with
respect to its mid-plane there is uncoupling between menetstitesses and bending momems:

0. This symmetry is the so-called mirror symmetry. Regardheygeneralized shear constitutive
equation, the in-plane transformationg afe identical to those for in-plane strain-gradient etésti
Auffray et al. (2009 give a detailed analysis of this issue. We provide here w bvaef description
of their conclusions.

Let us consider an isometry of tie,, z,) plane,P: ‘P - P = 4. The transformation df by P,

f* is given by:

[FZByéeg = Pom PBG P’yL Pén Pe)\ Pguﬂ\nemm (59)

It can be rewritten with Voigt notation as:

t~

[*=P-[f]- P (5.10)

whereP is a6 x 6 matrix which components are explicitly known in terms of deenponents oP.
For a rotationP” = (6 - sinf), andP’ is the6 x 6 matrix:

sinf cos

c cs? V25 —cPs —s3 V2cs?
cs? c V2cs —s3 —c%s —v/2¢s?
B _ V25 —/2c%s (P —sY)e —vV2cs?  V2es?  —(P —s%)s
s s3 —/2¢s? I cs? —V232s
53 c*s V2cs? cs? c V2c%s

V2es? —\/2cs? (2 —s%)s V225 —V2c%s (2 —sP)c

wherec ands stand respectively fatos § andsin . WhenP is a reflection througk, normal plane,
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P™ = (§%)and we have:

o O o O

o O O O O =
o O O O = O
I
—_
_— o O O O O

If the laminated plate is invariant with respect to an isajné&, then we have the following 21
linearly dependent equations:
F =P

5.3.3.0.1 Isotropy A plate configuration is isotropic if its constitutive eqiaet is both invariant
by any planar rotationIS(T) and reflectionﬁm). With this assumption, four independent constants
for isotropic platesf;, 12, F29, F26) still remain andF is positive definite:

F11 Fio 0 0 0 ke fog
[F12 ﬁ\gz 0 0 0 ﬁ\26
0 0 Fr14F0 f f F11—Fao _ f 0
) = 3 12 las ~H7 26 (5.11)
0 0 % —[Fy Fio F11 0
lfu\;ilfzz _ [FQG [FQG 0 0 0 [F1142r[F22 o [[‘12

It is possible to simplify further this constitutive equatiwhen a laminate is a stack of plies
with different isotropic constitutive materials (this sgmatry is also valid for some functionally
graded materialdNguyen et al.2008ab)). We use spectral decomposition of plane stress stiffness

2u(xs)E(xs) , E(x3)
1 —v?(x3) T v(xs)

e(r3) =

where I is the Young modulusy Poisson’s ratio ang,z,s = 1/26,30+s. Deriving directly the
constitutive equation5(29 with this decomposition enables us to demonstrate fthat= 5.
Three independent constafits, [, [, still remain andf is no more invertible:

Finally, for a plate with a homogeneous and isotropic ctuste material, we have demon-

strated that the Bending-Gradient model is turned into a$der-Mindlin plate model and that
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L

— X1
O3 = QoCOS 7.

Figure 5.2:Pagant cylindrical bending configuration

F = ->-i-iin Chapter. This is rewritten as

1 0 0 0 0 1/V2
O 0 0 0 0 0
6 0 0 1/2 0 1/v2 0

M =— / /V2 (5.13)
5Gh O 0 0 0 0 0
0 0 1/V2 0 1 0
/Y20 0 0 0 1/2

In this case:f;; = 50% andf;; = [y, = 0 which is different from the general case of a layered
plate made of different isotropic constitutive materidtgjgation 6.12). Consequently, for these
laminates, the Bending-Gradient modekigriori not a Reissner-Mindlin model. This is mainly
because the different Poisson’s ratios in each layer gesevearping. When Poisson’s ratio is uni-
form through the thickness, the constitutive equation ehghatf,, = f,, = 0 and for conventional
isotropic materials, the warping effect remains very laditleading to a quasi homogeneous consti-
tutive equation.

5.4 Closed-form solution for Pagano’s configuration

5.4.1 Plate closed-form solution

Paganq1969 gives an exact solution for cylindrical bending of simplypported composite
laminates. We choose the same configuration for the Ben@naglient model. The plate is invariant
and infinite inz, direction. It is out-of-plane loaded witby (1) = —pg sin kz; wherel = 1/k =
L n e Nt is the wavelength of the loading (FiguseD).

nm’
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The plate is simply supported at = 0 andx; = L with traction free edges:

Us (0)=0, Us(L)=0, M(0)=0, M(L)=0, N(0)-e;=0, N(L)-e;=0 (5.14)

Moo (0) = My (L) = 0is the additional boundary condition compared to the Reissfindlin plate
model as the bimoment vanishes on a free sectiovlasov (1961 beam theory. This additional
boundary condition takes into account free edge effectdasino those described in Chapt@ifor
periodically layered laminate.

The solution is obtained as follows: First, theinvariance leads to several simplifications and
some unknowns vanish. Second, relevant equations and wnkrare gathered into a differential
system and the closed-form solution is derived.

5.4.1.1 Simplifications related tar,-invariance

5.4.1.1.1 Membrane solution Since(N, M) fields are uncoupled from shear fields, it is possible
to solve separately the membrane part of the plate modelcdje¢hez,—invariance in the mem-
brane strain definition5(3g enforcese;, = U, 2 = 0. Moreover, boundary condition§.@d and
equilibrium equationg.29 for membrane stresses lead easilfNtg = N, = 0. HoweverNy,, e,
ande;, remain undetermined.

5.4.1.1.2 Curvatures Curvatures are defined by EquatiéBla x.z = ¢.3,,. Taking into ac-
countz, invariance leads to:

X11 ®111,1 $11
x| = X22 = $901,1 =1 %21 (5.15)
V2x12 \/5‘1’121,1 @31

5.4.1.1.3 Love-Kirchhoff constitutive equation Love-Kirchhoff constitutive equation$(49
and 6.4b are written with Voigt notation in the inverse form as:

le] = [a] - [N] + [6] - [M] (5.162)

D] = (8] - [N] + [4] - [M] (5.16b)

wherela], [6] and|[4] are Love-Kirchhoff compliance matrices.
Taking into accouni;; = N, = 0 andey; = 0 enables us to rewrite Love-Kirchhoff constitu-
tive equation in a compact form as:
x] = [4]" - [M] (5.17)
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where

62@'52]’

a22
is the effective flexural stiffness taking into accoest = 0 constraint.N,,, e;; ande;, are then
derived directly from the bending moment using equations:

dj; = dij —

22 22

2 b9 boi
e = (EZJ — iz 2]) Mj and Ny = ——QMZ (518)

5.4.1.1.4 Equilibrium The x, invariance in the bending gradient equilibrium equatibr2l)
enforces:

Ry My 4
Ro Maa
R 2M
3 _ \/_ 12,1 (5.19)
Ry 0
R; 0
R¢ 0
and transverse loading equilibrium equatiér?g becomes:
M1 = —ps(ﬂfl) (5.20)

5.4.1.1.5 Shear constitutive equation Taking into accounky = R; = R¢ = 0, U3, = 0 and
generalized shear strain definitidh 39, Shear constitutive equatiof.@4qg is rewritten in two parts.
A first part with unknowns involving active boundary condits:

$q Fir Fia Fig Miia Us
$ | =] Fio By Fog |- Mas 1 - 0 (5.21)
&3 Fiz Fos g V2Mig, 0

and a second part which enables the derivatiok, p#5, $; on which no boundary condition applies:

®y Py Fag Fas My
& | = | F52 b5 Fss |- Moo 1 (5.22)
®6 Fos Fos [Fos V2M 12,1
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5.4.1.2 Resolution

5.4.1.2.1 Final System Finally, combining Equation8.14 5.15 5.17, 5.20and5.21, leads to
the following set of equations which fully determines thelgem:

((My111 = —po sin kxy (5.23a)
" U3,11
[d]" - [M] —f- [M],n = 0 (5.23b)
0
M| =0 for 2;=0 and z;=1L (5.23c)
(Us=0 for ;=0 and z;=1L (5.23d)

where for conveniencé,is the3 x 3 submatrix oflff]:

_ F11 Fro [F13
f= [F12 [F22 [F23

[F13 [F23 [F33

Once[M] is derived, the non-zero unknowns are derived using Equsid 8 5.19and5.22

5.4.1.2.2 Solution Sincef is positive andd|” is positive definite, the differential systebm23is
well-posed and the solution is the sum of a particular sotueind hyperbolic solutions of the ho-
mogeneous equation. Boundary conditions appliedd t@nish hyperbolic solutions. There remains
the particular solution:

1
M] = ( eg )po)\Q sinkr;  and Us = poA! (g —'g-g ' - g) sinkay (5.24)

g =[]+, g=<g22 g23), g=<g”>. (5.25)
g23 £33 g13

The matrixg appears to be the effective flexural stiffness for cylinalricending, corrected with
shear effects. When — 0,g = d which yields exactly the Love-Kirchhoff solution.

where

5.4.2 Localization

Once the generalized stresses are derived, it is possildeaastruct local 3D fields, using the
localization procedure described in ChapterThe local 3D stres&™ is the sum of three terms
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depending linearly on the generalized stresses:

o =M N+ M1+ - R (5.26)

where,
S(gg)ec({fg) = caﬂwg(:fg) (ag%g + x5 54575) andsi(?',\z =0 (5278.)
SO0 (23) = capns(@3) (Brec + T3 dinec)  ANdsyn) = 0 (5.27b)

T3
s((l?n&(xg) = —/ Canys (2) (Bsyec + 2 dsyec) dz 56(‘41277& =0 and5§§37<e =0 (5.27¢c)

h
2

ande(z3) is the local plane-stress stiffness tensor.
It is possible to rewrite Equatio® (26) with Voigt notations as follows:

off
N = o | =5V N5 M)
V20
BG
gt = [ 78 ) ™ g
093

where
N (a3) = [e)(x3) - ([a] + 25'[6))

$™ (s) = [e](ws) - (6] + a3[d])

s® (25) = h le(z) : (b+ zd)]d=

|

sV ands™ are3 x 3 matrices an@® is a2 x 6 matrix. Straight double stroked brackéed denote
here the following matrix representation of a fourth-ortirsor:

(5.28)

[£] = L Lz V2Luar Lion Lize V2L
Lo Loz V2La1o1 Lo Loz V2Loom

This reallocation is also useful for the derivation of theahcompliance tensor derived in
Chapter:

h
2

n-/ ( [ e 6+ z«f)udz) S(as) ( NZORE zm]dz) dry  (5.29)

_h _h h
2 2 2

whereS,s(x3) = 45a353(x3) is the out-of-plane shear compliance tensor.
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Sincef is not always invertible, we introduce Moore-Penrose peeuderse for the shear
stiffness tensof :

F=1lim (F. . 6+x)"" - F

k—0

which is used in the constraint on generalized shear SrairEquation 6.4).

5.4.3 Application to laminates
5.4.3.1 Plate configuration

We consider angle-ply laminates. Each ply is made of unstivaal fiber-reinforced material
oriented at relative to the bending direction. All plies have the same thickness and are perfectly
bounded. The overall thickness of the platé:isA laminate is denoted between brackets by the
successive ply-orientations along thickness. For ingt#itc90°] denotes a 2-ply laminate where
the lower ply fibers are oriented in the bending direction. éWkhe laminate follows mirror sym-
metry described in Sectidn3.3 only half of the stack is given and the subscrips added. Thus
[30°, —30°], meang30°, —30°, —30°, 30°].

The constitutive behavior of a ply is assumed to be transWersotropic along the direction of
the fibers and engineering constants are chosen similaose fPagand1969:

E;, =25x10%si, Ep=1x10si, Gpr= Gry = 0.5 x 10%psi,

Er
2(1 -+ VNT)
whereG yr has been changed to preserve transversely isotropic sygmets the longitudinal

Gyt = = 0.4 x 10%si, vipr =viy = vnr = 0.25

direction oriented in théx,, z5) plane aty with respect tee,, T' is the transverse direction aidis
the normal direction coinciding with;

Pagano(1969 1970ab) derived exact 3D elasticity solution of this problem foraminate
loaded only on the upper face and free on the lower face. lpigent work we assume the plate
is identically loaded on its upper and lower face to complthwhe plate modelT;" = T, = £
whereT}" is the normal traction on the upper and lower face of the plate

5.4.3.2 Localization fields

Shear forces are related to the bending gradient as foll&\s:= Rii; + Ry and @y =
Rio1 + Raoo. Thus we suggested in Chaptethe following signification for the bending gradient
components:
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Figure 5.3: Bending-Gradient localization shear distidns through the thickness for a
[0°, —45°,90°, 45°]; laminate

Ri11 —Ry: Cylindrical Bending part of),
Roo1 —Re: Pure warping

Rio1 —Rs: Torsional part ofy),

Ri112 —R4: Pure warping

Rooo —Rs5: Cylindrical Bending part of)-
Ri22 —Rg: Torsional part of),

In Figure5.3 are plotted localization shear stress distributisfisderived in Sectiorb.4.2 corre-
sponding to each componentsdh both directions for a quasi-isotropic laminéte, —45°,90°, 45°].
All stress distributions are continuous and fulfill tractioee boundary conditions on the upper
and lower faces of the plate. For each direction there aredelfi-equilibrated stress distribution
({(ca3) = 0) associated t@,, R3, R4 andR; for direction 1 andk;, Ry, R4 andRg for direction 2. This
explains the suggested signification for shear variables.dvw the reader’s attention to the fact
that, even if there are self-equilibrated stress distrdng, all distributions have comparable ampli-
tude and none can be neglected at this stage. Moreover, léas that torsion generates different
distributions than pure cylindrical bending, except in lsenogeneous case.
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5.4.3.3 Distance between the Reissner-Mindlin and the Bemdj-Gradient model

In Chapter4 we introduced the relative distance between the Bendiragi@&nt model and a
Reissner-Mindlin modelA /55

[ '

161} = /18] - [F] (5.31)

is the norm for Bending-Gradient compliance tensorsfdhis the pure warping part df

where

0 = (-3 14) - m- (-1 1) (532

ARM/BG gives an estimate of the pure warping fraction of the sheasstenergy. When the plate
constitutive equation is restricted to a Reissner-Mindlie we have exacthp /5 = (,

In Table5.1, are given the values ak/™/5 for the laminates considered in this work. For a
single ply, the criterion is zero since in Chapdave demonstrated that the Bending-Gradient model
is exactly a Reissner-Mindlin model in this case. Howevéremwthere are several plies, the distance
is greater than0%. Thus with these laminates, the shear constitutive equatanot be reduced to
a Reissner-Mindlin behavior.

Stack ‘[00] 0°,90°] [30°,—30°], [30°,—30°] [0°, —45°,90°,45°],
AW/BG‘ 0 16.0% 16.0% 23.9% 12.4%

Table 5.1: The criteriod\™/5 for several laminates

5.5 Comparison with other single equivalent layer approachs

5.5.1 Other single equivalent layer approaches
5.5.1.1 The Reissner-Mindlin model with the approach fromWhitney (1972

Closed-form solutions using the Reissner-Mindlin modefevderived in order to compare
them with the Bending-Gradient. The resolution of the ajtical bending problem is quite similar
so it will not be detailed here. The work WWhitney (1972 was used for deriving transverse shear
stress distributions and shear correction factors werentahto account into the shear constitutive
equation of the Reissner-Mindlin plate model.
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Let us recall briefly the methodVhitney (1972 assumes the plate is under cylindrical bending:
Q, =M1, Q, =My, e = 0 andy,, = 0 and derives transverse shear distribuﬁéﬂ)’w(xg)
following a procedure almost identical to the one proposedhapted. Then he computes the shear
correction factor defined as:

fﬁSDT
<5Q1 - S(23) 5Q1>

whereff7T is the First Order Shear Deformation Theory shear compéiafic™ = (FFSDT)_1
whereF 57" = (Casps(x3)). The shear correction factor in the second directipis derived in the

K2 =

same way while rotating the plate #f2. Once shear correction factors are derived, the corrected
shear stiffnesB™"" is defined as follows:

FRM.W _ |\ EESDT (5.33)
wherek = (% )

5.5.1.2 Finite element analysis

A comparison with a finite elements solution was also peréaronABAQUS (2007h. Since
the Bending-Gradient is an Equivalent Single Layer theooypwentional shell elements were cho-
sen (3 displacements and 3 rotations). Transverse sheis fidh conventional shell elements in
ABAQUS are derived using an approach very similaMihitney (1972 where it is furthermore
assumed that the plate overall constitutive equation isotmbpic with respect to the main bend-
ing direction. 5S4, linear quadrangle with full integration elements, weredusA convergence test
was performed comparing the FE mid-span deflectidt-** to the exact solution fronPagano
(1969 U which ensures that the FE error increment is 1/1000 of thar &vith the exact solution
(UBLFE _ B /e, This study enforced the typical size of an elemient. = h/5 whereh is
the plate thickness. For instance when the slenderngs&lis= 1/4 there are 20 elements. Fig-
ure 5.4 shows a typical deformation of this mesh. Periodicity walmed on lateral edges of the
strip in Figure5.4 by equating corresponding rotations and displacememslli#i61 section points
were required as output and section integration is perfdrcheing the analysis. The number of
integration points has no incidence on the convergence.
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Figure 5.4: Finite Element undeformed and deformed mesarf@nisotropic laminate

5.5.2 Error estimates

Two error estimates are introduced: the first one for thestrarse shear part of the stresses for
which we introduce the following seminorm:

h
2

L
”Usz/O/ 003803830 g3dr3dry

h
2

and we define the relative error as: o I
o —0
Alo) = ———
lo”|
whereo™ is the exact shear stress distribution frBagandq1969 1970ab). The second one is the
mid-span deflection relative error:

L/2) - Us(L/2)

U
A0 = =—TE )

whereU(z,) is the plate deflection taken for the exact solution. In Chaptve demonstrated
that the plate deflection is related to 3D fields as:

u,?l,ar(xtha h/2) + u??r(x17x27 _h/2)

U??r('rlux2) - 9

(5.34)

whereut” is the vertical displacement field froRaganq1969 1970ab).
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5.5. COMPARISON WITH OTHER SINGLE EQUIVALENT LAYER APPROAGES
5.5.3 Results

5.5.3.1 [0°,90°] ply

In this section, we consider a skew-symmetric cross[@ly90°] laminate. In this case, the
plate configuration fulfills the assumptions made for thedieiements approximation (orthotropic
laminate). In Figuré.5, shear stress distribution in both directions are plottedife exact solution
from Pagana1969 o, the Bending-Gradient solutian®, Whitneys shear distributiorr (@)
and the finite elements solutien®)72. The slenderness ratio is setkgh = 4 as conventionally
done when benchmarking plate models. The reader is refeyr@lhitney, 1972 Noor and Malik
2000 Yu et al, 2002h Nguyen et al.2005h Carrera2003h among others. The three approximate
solutions yield the same distribution. The discrepancyhulie exact solution is well-known and
associated to edge effects.

In Figure 5.6 the transverse shear stress distribution efx¢s) versus the slenderness ratio
L/h is plotted for the Bending-Gradient solutioB(), the finite elements solutio?(/, FF) and
the closed-form Reissner-Mindlin solutioRX/, W E). In this caseWhitneys solution converges
with L/h whereas finite elements and Bending-Gradient approxim&tim not converge and lead
to rather small errors 10~3). In Figure5.7 the mid-span deflection error is also plotted versus the
slenderness ratio. The three approximate solutions yafdest the same error.

5.5.3.2 [30°, —30°], ply

We consider here a symmetric and non-orthotrdpic, —30°|, laminate. This configuration
does not comply with the assumptions made for the finite etdtsn@pproach. In Figurg.8 shear
distributions are compared to the exact solution. The Bep@radient solution remains close to
the exact solution. However finite elements aNtiitneys solution yield a different distribution
which is not as accurate as the Bending-Gradient. More geBgiin direction 2, the FE solution
does not capture the change of slope associated to the cbémpiye orientation. In direction 1
the macroscopic equilibrium is respected for all approxedaolutions (o13) = @1). However in
direction 2 we can see théﬁgﬂ =+ (), for both finite elements and/hitneys solution.

In Figure5.9 the transverse shear stress distribution error versudeéhdesness ratio is plot-
ted. Contrary to the finite elements solution altiitneys solution, the Bending-Gradient solution
converges when the plate is slender. More precisely we haye™) o (ﬁ)2 in this case. In
Figure5.10the mid-span deflection error is also plotted versus thelsieress ratio. The Bending-

L
Gradient solution is the most accurate one for conventislealderness.
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CHAPTER 5. A FULL BENDING GRADIENT PLATE THEORY FOR THICK PLAES PART
II: CLOSED-FORM SOLUTIONS FOR CYLINDRICAL BENDING OF LAMIMTES

5.5.3.3 [30°, —30°] ply

In Figure5.11the comparison is made for a non-symmetric and non-ortpatgy [30°, —30°].
Again, this configuration does not comply with the assumioade for the finite elements ap-
proach. The Bending-Gradient solution remains close t@Kaet solution andlVhitneys solution
yields acceptable results (except a mismatchriﬁ?’w). However in this case, finite elements yields
inappropriate results: in direction 1 the stress distrdyutioes not respect macroscopic equilibrium
<U§E> # (1. We checked nevertheless that FE nodal forces fulfills ns@oqoic equilibrium.

This inaccuracy is also clear in Figuseb showing the transverse shear stress distribution error
versus the slenderness ratio whereas the Bending-Grautiamérges as\ (%) (%)2 and both
the Whitney and finite elements solutions lead to non negligible errégain, in Figure5.13 the
deflection error indicates that FE are too compliant andttit@Bending-Gradient is more accurate

than the Reissner-Mindlin solution.

5.5.3.4 Influence of the bending direction

As already mentioned, the finite elements approach makasg@s$®n on the overall plate con-
figuration (orthotropy). However, in standard engineedpglication, even if the plate is orthotropic,
the bending direction does not often correspond to the trapp axis. In order to illustrate this, we
consider here the cross gy, 90°] laminate with fixed slenderneggh = 4 and we rotate the bend-
ing directions €g the plate’s overall configuration is rotating relativertpaxis). In Figures.14we
plotted the deflection error with respect to the bendingatiioa for the different approximations.
It is clear that the bending direction has a great influencéheraccuracy of the deflection. Even
for the Reissner-Mindlin approximation, the error can berfomes greater than the error for the
Bending-Gradient.

5.5.4 Discussion

We have compared three approaches for deriving an appragimaf the exact solution for
cylindrical bending suggested IRaganq1969 1970ab).

First we derived closed-form solutions for the Reissnendiin model using shear correction
factors and shear distributions frovdhitney (1972. This approach yields a fair estimation of the
deflection and shear distributions in cylindrical bending i is not as accurate as the Bending-
Gradient approximation in most cases. The main limitatibiis approach is the cylindrical bend-
ing assumption. It is not sure that shear correction faaacsshear distributions will remain valid
with more general plate boundary conditions, especialgliing torsion, whereas the Bending-
Gradient theory is not limited to cylindrical bending.
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Second, we implemented a finite elements approximationgusonventional shell elements.
This approach assumes both cylindrical bending and odhgtin the same direction. When these
assumptions are not valid, the results might be really &dteboth for deflection and stress dis-
tribution as demonstrated for th&0°, —30°] laminate or the rotatef°, 90°] orthotropic laminate.
However, the discrepancy is attenuated, leading to ab&étdéflection errors and 25% shear stress
errors when increasing the number of layers for configunatgmilar to the one described in Section
5.5.3.4 (quasi-isotropic laminates).

Finally, the Bending-Gradient solution was presenteds®piproach enables the derivation of
stress distributions and gives good enough deflection aadsstlistribution estimates whatever the
plate configuration and the bending direction are. Moreaveras numerically demonstrated that
in some configurations the Bending-Gradient solution cage®with the slenderness ratio.

Let us state this convergence condition precisely. In Giraptve indicated that it was our
choice to neglect the gradient of membrane stNegsV since it is not related to macroscopic stress.
In the present application to cylindrical bending, the meamke stress is reduced My,. When
N2 = 0, the membrane stress gradient vanishes. This is the cag#®for-30°]; and[30°, —30°]
since they are balanced laminates (as napljes as—0 plies). In these cases, the Bending-Gradient
solution converges because the stress fields related toghmorane stress gradient do not contribute

to the final solution. It is possible to generalize this resulany boundary conditions with mirror
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5.6. CONCLUSION

symmetric laminatesA = 0) for which the membrane problem is fully uncoupled from the-o
of-plane problem. With these laminates, the Bending-@rmtdsolution is the Saint-Venant solution
for an out-of-plane loaded plate. When the plate is not sytmojean outlook of this work is to
estimate the error which comes from this approximation. Meeking at the convergence of the
skew-symmetrig0°, 90°] laminate in Figureés.6 one can see that the error seems to remain limited.
In this specific casé/Vhitneys solution converges because it assurag®iori x> = 0 which is

not the case with the Bending-Gradient since derives from the generalized rotati®érand is not
directly related to macroscopic displacements.

Finally, in Chapted we pointed out that the relevance of introducing the fulldieg gradi-
ent might be questionable since the Bending-Gradient isesams turned into a Reissner-Mindlin
model. In the present paper, we provide answers. First, wibahng with highly anisotropic lam-
inates, it is clear that all localization fields are relevgsge Sectiorh.4.3.9 and the distance with
Reissner-Mindlin presented in Sectibrt.3.3fully justifies the use of the Bending-Gradient. How-
ever, when studying the influence of isotropy on the sheastdative equation in Sectios.3.3we
indicated that only Poisson’s effect has an influence on iwgrBince most conventional materials
have almost identical Poissons’s ratios, it is more relet@nse a Reissner-Mindlin model in these

cases.

5.6 Conclusion

In the present chapter, we provided first applications usiegBending-Gradient plate theory.
We introduced Voigt notation which enables easier anaytomputations and prepares finite ele-
ments implementation. Then the influence of material symegetvas associated to in-plane strain
gradient elasticity. Closed-form solutions for cylindii®ending were fully derived, applied to lam-
inates and compared to Reissner-Mindlin and finite elemegopsoximations. The main conclusion
is that the Bending-Gradient gives good predictions of la&tection and shear stress distributions
in any material configuration. It is also the Saint-Venantgon when membrane stresses are fully
uncoupled from bending moments and generalized sheasasred=inally, with usual laminated
plates, we demonstrated that the Bending-Gradient carenotduced to a Reissner-Mindlin plate
model.

Several outlooks are under consideration. First, thisepla¢ory can be extended to periodic
plates such as sandwich pandlel§ée and Sgt2010¢d). Second, the estimation of the influence of
the membrane stress gradient on the quality of the sheassistimation should be studied in detail.
Finally, since we have a Saint-Venant solution, it is wontlalgzing the shift with more refined
approximations such as layerwise models or even full 3Defialements when it is necessary to
locally refine the analysis as illustratedAmini et al. (2009 among others.
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CHAPTER

6

Homogenization of periodic sandwich
panels

Since the Bending-Gradient plate theory has been defineshfariant plates in théx;, z5)
plane in Chapted, we suggest its extension to periodic plates thanks to simptéro/macro energy-
equivalence considerations, in this chapter. Once thisnsibn is provided, it is possible to refine
the analysis for the specific case of sandwich panels. kina# will give full justification of the
sandwich theory and identify precisely the underlying agstions.

6.1 Thick periodic plate homogenization

Exactly asCecchi and Saf2007) did for periodic plate Reissner-Mindlin homogenizatidmng
possible to extend to periodic plates the Bending-Grag&te theory of Chaptet. For this, it is
implicitly assumed that macroscopic field$, M,R) and their associated local stress energy density
vary slowly with respect to the size of the unit-cell. Thisvexy conventional in homogenization.
Then, the average of the local energy (microscopic enesgygssumed equal to the plate energy
(macroscopic energy). For a stress approach this is eguivi setting:

1 B\ e ~BG o~
W NMR) = - [ 57(F) 5(@) 5 )y (6.1
Ay Jy
whereAy is the unit-cell surface ang™ =™ : N +5™ .M +3® - Ris the localization field in
the unit-cellY” associated to the Bending-Gradient plate model, the dexivaf which is described

in the following.

6.1.1 The unit-cell configuration

Let us consider a plate generated by periodicity of a uritXgFigure6.1). The upper face
dY,t and the lower fac@Y,  are traction free and the lateral fag#)y must fulfil periodicity con-
ditions. V4 is the unit-cell volume andly is the area of the unit-cell cross section with the plate
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CHAPTER 6. HOMOGENIZATION OF PERIODIC SANDWICH PANELS
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Figure 6.1: The plate unit-cell

mid-plane.(y1, y2, y3) is the set of coordinates in the unit-cell reference frame.

When dealing with laminated plates it was possible to deédealization fields™) (23), sM) (x3)
ands® (x3) explicitly from the constitutive material behavior (Eqieat (4.19 and Equation4.25).
However, with periodic plates this is not possible in theggahcase and deriving localization fields
necessitates the resolution of auxiliary unit-cell profide First, the Love-Kirchhoff homogeniza-
tion auxiliary problem was suggested Byillerie (1984 and enables the derivation of the effective
Love-Kirchhoff membrane and flexural moduli of the periodlate4, 8 andD, as well as the lo-
cal 3D stresses® (y) ands*)(gy). Then a Bending-Gradient auxiliary problem is defined, gisin
Love-Kirchhoff localization fields as loading, in order terd/e the shear constitutive equation.

6.1.2 Love-Kirchhoff auxiliary problem ( Caillerie, 1984

Love-Kirchhoff homogenization of periodic plates was fpsbposed byCaillerie (1984 and
followed by Kohn and Vogeliug1984). The auxiliary problem is stated as follows:

(6" .V =0 (6.2a)

o™ =c(y) e~ (6.2b)

) e =4y + V& w (6.2¢)
o - 3 = 0 on free face®Y;* (6.2d)

o - n skew-periodic on lateral boundarié¥; (6.2e)

u”" (y1,92,y3)  (v1,y=2)-periodic on lateral boundariés’; (6.2f)
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6.1. THICK PERIODIC PLATE HOMOGENIZATION

Basically it enforces the membrane straersnd the curvatureg on average on the unit-cell while
taking into account periodicity in thér;, z,)-plane and traction-free conditions on the upper and
lower faces of the platee andy denote the extension to 3D of the 2D tensoendy with e;3 =

xi3 = 0 (as for any 2D tensolN, M, @, ~). Solving the problem for each individual componené of

andy leads to the localization stress fiekjj%(gj) andsl.(fozﬁ(gj). The complete local stress field can

be reconstructed by linear combination:
=59 4+ =397) e +3Y @) : x (6.3)
Love-Kirchhoff plate moduli are then evaluated as follows:
A= (59:5:39), 3= (59:5:30), 0—(59.5.59) (64
where ands (%) is the local 3D compliance tensor and

(= /Y f(@)dY 6.5)

is the surface average on the unit-cell and replaces thgratten through the thickness in Chapder
Variational principles related tB(¢X) problem are recalled in Frangel
Finally, using the inverted Love-Kirchhoff plate constiue law,

e=a:N+5:M, x="6:N+d:M (6.6)

and localization tensoi&® () ands'™¥ (%), it is possible to write the stress field generated by an
imposed bending moment as:

gM — (}*‘* L6430 J) ‘M (6.7)

NB: For implementation convenience, the probl@X) can be rewritten in the strictly equivalent
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CHAPTER 6. HOMOGENIZATION OF PERIODIC SANDWICH PANELS

Static approach The set of statically compatible field#(eX) is the set of stress fields which fulfil
equilibrium equation§.29, boundary conditionsg(2d and periodicity conditionsg(26.
The stress solutiod™ is the one that minimizes the complementary energy per urfiage P*(¢):

1 ~
#(ex) (K — : Sl 7 - (e (e v
P (cr > s {2 < o:51) .o> (‘o : (e+y3X)>} (6.8)
Kinematic approach: The set of kinematically compatible fieldsC(¢X) is the set of strain fields
which fulfil compatibility conditions .29 and periodicity conditionsg(2f).

The strain solutiog™” is the one that minimizes the potential energy per unit serf(eX):

P (85 = _min {% (% @) - E>} 6.9)

Clapeyron’s formula: The following relation holds for the solution:

plex) <’§LK) — _p*ex) (&LK) —w (e,x)==(e:4:e+2:B:x+Xx:D:X) (6.10)

1
2

Frame 6.1: Variational Principles for the Love-Kirchhotbaliary problem

form:

(6. Vv = (6.11a)

d* =c(@) e~ (6.11b)

e = v a (6.11c)

POV G g & Gy G- (50X 5)8 ondv  (6.11d)

o - e; = 0 on free facedY;* (6.11€)

o - n skew-periodic on lateral boundarié¥; (6.111)

Lu”" (y1,92,y3)  (y1, y2)-periodic on lateral boundariég; (6.119)

where conditions are imposed on the lateral boundarieseoitiit cell which is much easier to
implement than applying average volume strain.

6.1.3 The Bending-Gradient auxiliary problem

Exactly as for laminated plates (Sectsb.]), it is possible to bring out a volume force related
to R when assuming a linear variation of the bending moment in(they,)-plane:M = R - y.
Inserting this in the localization equatio®.{) and taking the 3D divergence of the stress, leads to:

fl-(R) = <.§Z%)C¥(§)Raﬁﬁ,y7> V, = sﬁ?a (Y) Rapy = (fs{e) b5 tf) R (6.12)
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6.1. THICK PERIODIC PLATE HOMOGENIZATION

Then the Bending-Gradient 3D stres® is defined as the stress field which equilibrafgs). Ac-
cordingly, the Bending-Gradient auxiliary problem on tmaticell is defined as:

(6®. v+ @) =0 (6.13a)

& =C@): (6 ®" ﬁ“”) (6.13b)

P &® - €3 = 0 on free face®)Y;* (6.13c)
™. n skew-periodic on lateral boundarié¥; (6.13d)

La®™ (y1, 40, y3)  (y1,ys)-periodic on lateral boundariéd; (6.13¢€)

Variational principles related tB™® are recalled in Framé.2
Likewise Equation .3), solving”® leads to the localization stress fie;l@im associated to
R. The overall stress is obtained by linear combination:

e® =3%(g) -.R (6.14)
It is then possible to identify the Bending-Gradient coraptie tensor as:

F <t(:<<“>) . 3(@) :?R>> (6.15)

Moreover, if the unit-cell does not comply with the rotatisymmetry with respect to a vertical
axis there is coupling betwe€N, M) andR (cf. Sectiond4.A.1). The fifth order compliance tensors
related to this coupling are derived using:

t ~
n— < (}““’) . 5(¥) :}‘R>> (6.16)
for coupling betweeR and the membrane stress, and:
t ~
m— < (}‘M)) . 5(7) :}fﬁ)> (6.17)

for coupling betweeR and the bending moment. Then, the full constitutive equasavritten as:

e=a:N+6:M+n. R (6.18a)
x="6:N+d4:M+m_ R (6.18b)
Fr=m:N+'m:M+F - R (6.18c)

Contrary to axiomatic approaches, the main asset of thi®aph is that no assumption is made
on the strain or stress related to shear forces. Actualyeffect of generalized shear plate force on
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CHAPTER 6. HOMOGENIZATION OF PERIODIC SANDWICH PANELS

the local stress distribution is introduced with the voldmreef(m which cannot be chosemnpriori
but derives from the bending moment localization field.

Static approach The set of statically compatible field&® is the set of stress fields which fulfil
equilibrium equation®.139, boundary conditionsg(139 and periodicity conditionsg(139.
The stress solutioa™® is the one that minimizes the complementary end?g{:

P® (&<R>) = _min {% <t& . 3(7) : &>} (6.19)

Kinematic approach: The set of kinematically compatible fieldé"'® is the set of strain fieldswhich
derive from a displacement field which fulfils periodicitynaiitions 6.139.
The strain solutiog™ is the one that minimizes the potential enefgf}:

PO (E®) = min {1<*§:E@) &) - <}(R’ -a(g)>} (6.20)

zekc® | 2

Clapeyron’s formula: The following relation holds for the solution:

p® (E<R)) = _p® <&(R>) — wBG®) (R) = %tR ~F-R (6.21)

Frame 6.2: Variational Principles for the Bending-Gratieumxiliary problem

The present extension to periodic plate of the Bending-@radheory is provided using sim-
ple energy equivalence. This approach will be validatechengpecific case of a sandwich panel
including the chevron pattern in the next chapter. Howeaverpuld be of interest to compare this
theory to the rigorous one frolrewinski(19919. This was performed in the case of periodic beam
by Buannic and Cartrau@001g and could be extended to periodic plates.

6.2 Sandwich Theory justification

As we indicated in Chapte2, deriving sandwich panels constitutive equations is based
contrast assumption. Provided this assumption, it is addhthat only the skins are involved in the
flexural behavior and only the core affects the shear foresvior of the sandwich panel.

Let us recall the conventional approach for deriving flekarad shear forces stiffnesses of
sandwich panels, called the 2-step homogenization metkodt, the core is homogenized in or-
der to derive both in-plane and out-of-plane effective prtips using standard methods. Once the
effective properties are derived, the Classical Laminabe=ory (CLT) is applied for the flexural be-
havior and the First Order Shear Deformation Theory (FOSBT¥ed for the shear forces stiffness

assuming the contribution from the skins negligible (ttkms), Hohe 2003.
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6.2. SANDWICH THEORY JUSTIFICATION

This approach raises two difficulties. First, the homogatnin scheme for the core is not
always justified. Generally, one assumes that the core mEt@in the thickness direction and per-
formes 3D homogenization for periodic media. This is pdssith honeycomb, but what would be
an infinite pattern for the chevron pattern? Moreover, ieiseyally recognized that 3D homogeniza-
tion fails to capture the influence of the stiff skins on theecdSecond, whereas using the CLT for
deriving flexural stiffnesses is commonly accepted, usegROSDT for the shear forces stiffness
is valid only for thin skins. When the skins are thick and tlbeecheterogeneous, the contribution
of the skins to the shear forces stiffness is controver&aen the homogenized transverse shear
stiffness of the corégfg, Kelsey et al.(1958 suggest, with neither justification nor reference, the
following shear forces stiffness:

te off 3to(h? —t2)
Allen (1969 suggests:
t,+t,)?
Fop— el j ) cef, (6.23)

which is the same as the one frdfelsey et al.(1958 at first order int,/t.. Many authors use:
Fop = tccgfg which is the same dselsey et al(1958 at zeroth order in /t.. Finally, some directly
use the FOSDT uniform shear strain assumption which lead$ o = tccgfg + 2t,C; 5 where
Cos = Cisps Is the transverse shear stiffness of the skins.

In order to give a better insight of these questions, we applyre following the Bending-
Gradient homogenization scheme from SecBohto a sandwich panel. First, the Love-Kirchhoff
auxiliary problem leads to a quantitative definition of tletrast assumption. Then, adopting the
Bending-Gradient auxiliary problem reveals that the dctbaar behavior of a sandwich panel under
the contrast assumption is a Reissner-Mindlin one. Fina#yderive the already known bounds for
the shear forces stiffness in sandwich panels and givedktnsion to the case of thick skins.

6.2.1 The sandwich panel unit-cell

Let us consider the sandwich panel unit-cell in Figér2 The unit-cell,Y’, is separated in
three parts, the upper ski**, the lower skiny*~ and the cor&’: Y = Y*T UY°U Y* . Both
skins have the same thicknegs®nd the same homogeneous elasticity te@Savhich is symmetric
with respect toy;, y2) plane 333 = 0). The core is heterogeneoﬁ'é(gj) and its thickness is..

The total thickness of the plate i&: = t. + 2t,. The interfaces between core and skins are also
introduced. 9Y!, is the interface between the core and the upper skin,d&fyg is the interface

between the core and the lower skin (FigGra).
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Figure 6.2: Periodic sandwich panel unit-cell

6.2.2 Neglecting the core in Love-Kirchhoff constitutive guation

In order to determine the contrast assumption implicithdma sandwich theory, we apply
variational principles for the Love-Kirchhoff auxiliaryrgblem introduced in Sectio6.1.2to the
sandwich panel unit-cell (Figu&2). This is done in two steps. First, strain and stress corleati
trial fields are defined. Then, the related energies areetbeamd compared to the exact solution.

6.2.2.1 Compatible trial fields

For the lower bound, we choose < SC©X) of the form:

R onys*
o = ( X) and o,=0 onY (6.24)
0 onYe

o is nullin the core and plane-stress in the skirigs the plane-stress stiffness tensor in the skins.
As already mentionned, it is the inverse of the in-plane phitte 3D compliancee® = (53)’1. The
complementary energ (8) related tar~ involves only the skins and is written as:

P (g7) = ——< e+ysx) et (e+ysx)), (6.25)
where .
(f(¥),= 1 f(y)dy (6.26)
v Jystys-

is the surface average restricted to the skins.
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6.2. SANDWICH THEORY JUSTIFICATION
For the upper bound, we choose the following kinematicadiypatible strain field:

~ et+uw 33‘” €3 + T3Xag)€s @ €3 ONYs*
=+ = 3X — ( B 3XaB)€3 3 (6.27)

e+ x3X onYC

* is plane-strain in the core and is plane-stress in the skiis i§ the purpose of they; correc-
tion which takes into account Poisson’s effect). Assumilane-stress in the core would lead to
discontinuous strain fields in the general case. The paieriergy 6.9) related teg™ is written as:

~cC

PV (&%) = % ("(e+ysx) e : (e +usx)), + % <t(é+ R y3%)>c (6.28)

where

U@ -5 [ @ (6:29)

is the surface average restricted to the core.

6.2.2.2 Definition of the contrast assumption

Using variational principles derived in Secti@nl.2 leads directly to the bounds for Love-
Kirchhoff stiffnesses:

LK,s

whos <

< WS e (6.30)

where
< e+ysx) e (e+usx)), (6.31)

is the Love-Kirchhoff energy density restricted to the skamd

l<t(g+ yX): C (8 + ygjz)>c (6.32)

LK,c —

is the Love-Kirchhoff energy density restricted to the core
The contrast assumption consists in neglecting the cartioib of the core in the energy:

V(e,x), wc (e, x) < w™* (e, x) (6.33)

which is equivalent to:
Ve, e:(C)..e<<2l,e:c’:e (6.34)

We draw the reader’s attention to the fact th@t)  is proportional tot. in the general case. Thus

the comparison between core and skin stiffnesses is weldiyt¢heir respective thicknesses. This
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is a priori in contradiction with the thin skins assumptian & t.). Further discussion is given in
Chapter7. Here the contrast assumption is stated whatever the skolsess is.

Under the contrast assumption the lower bound for Love+ioff stiffnesses becomes:

h? — 3
A = QtSCS, B =0 D = chs (635)

and the stress distribution related to this lower bound is@dgapproximation for the actual stress
generated by the bending moment:

+ 12 M onyst
RIDEN R and 0" =0 ony (6.36)
0 onY¢

With this lower bound, the core is completely negligible e tflexural behavior of the sandwich
panel.
We have also the following upper bound for Love-Kirchhoiffeesses:

3

h
at =2, +(C%,, B = (x;¢°), D'= chs + (23¢°), (6.37)

where the contribution of the core is related to the Voigterdmound of 3D elasticity for the core.

6.2.3 Degeneration of the Bending-Gradient into a Reissnévlindlin plate
model

Under the contrast assumption, the volume loading defmititquation 6.12) applied to the
stress distribution under contrast assumption (Equaéd@6)) becomes:

+plsi RoonY**

0 onYe©

£ — and f"" =0 onvy (6.38)

where we identify directly shear force€) = i .. R. Thus, as in the homogeneous case, with
sandwich panels under contrast assumption the Bendindi€iitamodel is turned into a Reissner-
Mindlin model.

Accordingly, we define the volume force related to sheardsm@s:

FQ @ onyE

0 onYc

and f\9 =0 ony (6.39)
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Figure 6.3: Shear force loading® ~ for a sandwich panel with thin skins

Basically, it enforces volume forces in the skins so thatdbee is put into shearing exactly as

suggested in sandwich theory (Fig@w.8).
Exactly as forR, the 3D stress field'? related to shear forces is the stress field which equili-

bratesf(Q) and the Bending-Gradient auxiliary problem on the unitisaliefined as:

(69. v+ FVF) =0 (6.40a)

79 =Cc®@): (6 ®° a@) (6.40b)

P FQ g, — 0onfree face®)Y;" (6.40c)
9. n skew-periodic on lateral boundariés; (6.40d)

L ﬁ(Q)(yl, y2,y3) (v1,y2)-periodic on lateral boundari¢®’ (6.40e)

This problem is exactlfecchi and Sak2007) auxiliary problem for deriving shear forces stiffness
without needing the assumption of cylindrical bending.
Again, solvingP@ leads to the localization stress fiesIZ@Qa) (y) associated to shear forces,

obtained by linear combination:
7?9 =391 Q (6.41)

It is then possible to identify the shear forces compliaecsor with:

f <t(:<<@>) . 3(@) ::JQ>> (6.42)
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f is the second order tensor such gs= f - Q, wherev is the conventional Reissner-Mindlin shear
strain (cf. Chaptet). We recall that the shear forces stiffness tensbrisf ' andQ = F - ~.
The variational principles related @) are strictly identical to those introduced in Frafg
replacing R” by “ Q" so they are not recalled here.
Finally, the contrast assumption enable a direct derivadioshear forces stiffness witﬁ(Q)

loading and do not request the derivation of Love-Kirchhatalization fields.

6.2.4 Bounds for sandwich panels shear forces stiffness

In Chapter3, bounds for the shear forces stiffness of sandwich panelading the chevron
pattern were derived using the method frédelsey et al.(1958. However, no real justification
of these bounds is provided. Moreover, when the skins ao,thineir contribution to the shear
forces stiffness is controversial. Since the actual sheraet loading is known for a sandwich panel,
we apply variational principles to the Bending-Gradientibary problemP(@) for deriving these
bounds.

6.2.4.1 Voigt and Reuss bounds

Assuming uniform displacement in the skins and uniform slséain in the core enables the
derivation of a Voigt type upper bound for sandwich panelsasHorces stiffness. Computation
details are given in Appendik.2. Finally, we have:

CC

s

whereF is the actual shear forces stiffness,; = (355 is the transverse shear part of the 3D
stiffness tensor ané, = g% ~1-— i— is the correction suggested Ielsey et al.(1958
related to the relative thickness of the skins.

Here the effective transverse shear stiffness for the qupears asC?l, = (C°), /.. Itis the
Voigt upper bound for transverse shear stiffness in 3D ielast Thus, we define the Voigt upper
bound for shear forces stiffness &: = ﬁ?c.

The correction affects Voigt upper Eound with thin skinspwrdionally to1 + 2¢,/¢. which

might not be negligible in standard sandwich panels apjptina. For instance, with the sandwich

panel of Figure2.1Q t, ~ 1mm andt, ~ 1, 6¢m lead to a correction of 12.5%.

This correction does not depend on the skins stiffness.nbisurprising since the trial strain
field assumes no strain in the skins. The correction is simghéed to a geometric effect: the thicker
the skins are, the further from the midplane the resultarft@f in the skin is. Thus the lever effect
of the resultant off?) in the skin is greater (Figur&.3). Finally, using directly FOSDT leads to
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6.2. SANDWICH THEORY JUSTIFICATION
a correction which depends on the skins stiffness. The ptessult confirms that such approach
might overestimate the Reissner-Mindlin stiffness of thiedsich panel.

Itis also possible to derive a Reuss lower bound, assuatdrigpccompatible stress distribution

in the skins and a uniform shear stress in the core. Compautdatails are given in Appendix.2.
This leads to the following Reuss bound:

: 1(<Sc>c ts (6t2 — 15t ,h + 10Rh?)

—1
\Z S S°) 4 <iy-F- 6.44
T E e + 152(h — 1.)2 ) y<'v-F-~v (6.44)

whereS; ; = 455555 andS;, ; = 45,55, are the transverse shear parts of the 3D compliances.

There is noa priori reason for neglecting the skins contribution since thereshthypothesis
involves only the plane part of 3D stiffnesses (Secto2.1). For instance with carbon fiber rein-
forced composite skins, the transverse shear stiffnedsgedkins is quite low. Yet, if the skins are
thin and their constitutive material is isotropic, theint@bution is negligible.

Again, inthe present case, the effective transverse stiffaess appears a€e", = ((S°), / te) .
It is the Reuss lower bound for transverse shear stiffne8Bialasticity. Thus we define the Reuss
lower bound for shear forces stiffness B8:= Z—Z (Sc>c_1.

Since most of cores used in applicationé are porous, thisdmuoften null. In order to over-
come this difficulty Kelsey et al(1958 suggested improved bounds for sandwich panels.

6.2.4.2 The bounds fronKelsey et al.

The approach frorKelsey et al(1958) is detailed in Chapte3. Let us recall that for the upper
bound, a unit displacement is enforced only on the coreaospd the skins action on it (the unit
displacement method). For the lower bound, it is an arlyitstiress distribution which is applied
on the core (unit force method). It is possible to give paijtiatification to these bounds while
separating the Bending-Gradient auxiliary prob®¥) in three parts, a part dedicated to the core
and two parts dedicated to the skins. Then, the solutionarskins is taken similar to the one used
for Voigt and Reuss bounds and the problem for the core islgxae one suggested li¥elsey et al.
(1958.

For the upper bound, we still assume a uniform displacentetité the skinsz™" = %?7.
Enforcing displacements continuity at the skin/core ifatez 0Y;>, leads to the following auxiliary
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problem in the core:

(5. v =0 (6.45a)

T =C®@) (6 ®° a“) (6.45b)

PR @it = it—gfy on interface face8Y,?, (6.45¢)
™" . n skew-periodic odY;® (6.45d)

2" (g1, 92, 43)  (y1, y2)-periodic ondY;® (6.45€)

which is exactly the unit displacement method suggestdddisey et al(1958. The application of
variational principles for the Bending-Gradient auxyigroblemP (@), detailled in AppendiXA.2,
leads to the following upper bound:

Vv, v Foy<iy FE.y (6.46)

whereF™*" is the original upper bound froidelsey et al(1958.

The lower bound raises more difficulties. Separating thedBejrGradient auxiliary problem
into three parts brings out the interface stra&% (y,,ys, +t./2) - (+é3) located ondY;:,. This
stress interface must respect macroscopic equilibriuredch part:

1
AY 8yi

int

~ - kg ~
O'(Q) (yl, Y2, j:tc/Q) . 63dy1d’y2 = :EEQ (647)

The derivation of the lower bound consists in choosingriori this interfacial stress distribution.
. . ~d+ -
Let us introduce such arbitrary surface tractibn (y, y») fullfilling:

1 . ks ~
T dy = =Q (6.48)

+
AY 8Y;nt

. ~dE . :
GivenT  (y1,y2), the problem in the core is stated as:

(6" .V =0 (6.49a)

K =Cc@): (6 ®° aK*) (6.49b)
P65 &= +T", oninterface)y?, (6.49c)
"~ . i skew-periodic on lateral boundarigs;® (6.49d)

2™ (y1,92,43)  (y1,2)-periodic on lateral boundarie®’© (6.49¢)

Whenk, = 1, this problem is exactly the one suggestedk®}sey et al.(1958 for deriving the

lower bound.
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Then, the problems in the skins are stated as:

Q

p

vt =0 (6.50a)

T =Cc@): (6 ®° aK—) (6.50D)

pi-st ) 55 &, = 2T oninterfacely (6.50c)
" - &3 = 0 on free face)Y;* (6.50d)

"~ . 1 skew-periodic on lateral boundarié¥;* (6.50e)

L3 (y1, 40, y3)  (y1,y2)-periodic on lateral boundari¢s’;’ (6.50f)

The combination of variational principles related to theethproblems is detailed in Append2.
This leads to the following lower bound for shear forcedrsti$s:

Yy, e (T ) Ty <y F oy (6.51)

wheref~ is the transverse shear compliance of the lower bound #efsey et al.(1958, and
%~ are the contribution of the skins.

Demonstrating that the stress energy in the skins is nétgigeven with thin skins) is not
straightforward and might be wrong in the general case.heseems to be a very common implicit
assumption. At best, one can hope that the skins contribigiof the same amplitude as the one in

the case of the Reuss lower bound (Equat®d4)).

6.2.5 Conclusion

When applying the Love-Kirchhoff auxiliary problem to a sanch panel we brought out the
contrast assumption (Equatio®.84)). Then, we demonstrated that under this assumption, e sh
constitutive equation for a sandwich panel is turned inteegssher-Mindlin model as it is the case
for homogeneous plates. Moreover, we identified the load#hgied to shear forces as a volume
force distributed in the skins. This loading confirms the omon intuition that the core is put into
shear by the skins and enables the direct derivation of $baaes stiffness for a sandwich panel.
Finally, we provided justification for bounds which are coomty used in sandwich panel design,
taking into account the thickness of the skins.

As allready mentioned, these bounds do not take into aca@possible interaction between
the skins and the core. Moreover, we demonstrated in Ch3jtet for the chevron pattern, they are
not sufficient for estimating accurately the shear forcémess. Hence, in the following chapter,
the Bending-Gradient homogenization scheme is appliedgstmdwich panel including the chevron
pattern so that a better understanding of the gap betweeardbasi provided.
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Z

Application to sandwich panels includ-
Ing chevron pattern

7.1 Introduction

In Chapter3, the bounds fronkKelsey et al(1958 for a sandwich panel including the chevron
pattern were derived. The main conclusion was that for bothlyséical and finite element ap-
proaches, the bounds remained very loose. The interpretatiggested is that the interaction be-
tween the skins and the core is not taken into account. Meretive Bending-Gradient homoge-
nization scheme provides a means to estimate shear foitfasst of the whole sandwich panel
unit-cell including the skins. Thus, in this chapter we gpble Bending-Gradient homogenization
scheme to a sandwich panel including the chevron pattern.

First, we identify relevant parameters involved in the gesif sandwich panels and correspond-
ing assumptions. Then, we apply the homogenization sch&his.enables the specification of the
assumptions validity range. It confirms also the bounds Kefsey et al (1958 including the thick
skins correction and provides explanation of the gap betvbeeinds. Finally, the homogenization
scheme itself is validated trough comparison with full 3Bglation.

7.2 Relevant parameters for the sandwich panel including ta
chevron pattern

Here we consider a sandwich panel fully made of aluminumtshegh £,, = 73 GPa and
v, = 0.3 (related to the stiffness tensETrn). Assuming the same constitutive material for the core
and the skins simplifies the presentation. The investigggéednetric parameters are again similar to
Nguyen et al(20053. ag = 30mm, t. = 28.5mm, § = 72°, ( = 34° are fixed parameters in the
present study. Varying, € [20 mm, 60 mm] as in ChapteB enables the investigation of the facets
shape ratio. Figur&.1 shows configurations without skins for several shape ratig&,. There
remains to choosg the facets thickness argthe skins thickness.
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ao /bo = 05

ao/b():l

Figure 7.1: Chevron pattern investigated configurations

Let us state the thin skins assumption and the contrast gégumin the present case. First,
the thin skins assumption is direat; < h. Second, since skins and core are made of the same
constitutive material, the contrast assumption (Equgitod4)) becomes:

Ve, e:t.pC":e<K2t;e:c:e (7.2)

wherec™ is the constitutive material plane-stress stiffness teasd p its volume fraction in the
core:

ty ty
P t.sin ( cosd t. (7:2)

Provided the Poisson’s ratio is not too closé1o (detailed justification is given in Appendix.4),
the contrast assumption becomes:
3ty L 1 (7.3)

and we suggest to call /¢, the contrast ratio.
Combining both assumptions leads the following hieraratiyeen thicknesses:

Bt <ty < h (7.4)

Actually, fullfilling a priori this double scale separation is too much restrictive foventional
sandwich panels applications. For instance, an acceptaoliee would beh = 34.5mm, t; =

3mm andt; = 0.1 mm. However, this would lead to up to 20% error, given the ersimeates
introduced in Chaptes for the Love-Kirchhoff stiffnesses and for the shear forsgness. Thus,

in this work, we suggest to perform all computations as ifétveere neither contrast assumption nor
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thin skins assumption and implement all the Bending-Gradi®mogenization scheme. Once the

results are obtained, it will be possible to precisely eatarihe validity range of the assumptions.
Finally we suggest the following range for the facet thicdsi¢; < [0.02 mm, 0.5 mm] and for

the skin thicknesst; € [0.1mm, 5mm|. The facet thickness range is a bit wider than producible

thicknesses and the skins thickness range is rather wides |ddds to a very wide range for the

contrast ratio and will provide a comprehensive view of thiduence of these parameters on the

sandwich panel overall behavior. Let us just recall the ee#uat having, /¢, > 100 is not interest-

ing in sandwich panel design since it leads inevitably talar@ of the core under shear forces. On

the other side, having /t; < 1 leads to systematic wrinkling of the skins and is neithegri@sting

in sandwich panel design.

7.3 Implementation

In this section, the most important points concerning thaerical implementation are given.

7.3.1 Modeling the unit-cell with shell elements

Since the facets constituting the unit-cell are slendes, ore relevant to use shell finite el-
ements than 3D finite elements for implementing the auxiloblems introduced in Chaptér
This necessitates some adaptions to shell models. A futlildd justification is provided in Ap-
pendixA.3 as well as some technical implementation details. We justlrbere that displacement
field w at nodes is replaced by a plate displacement fieldnd a plate rotation field. Moreover,
stress fieldr in the elements is replaced by plate generalized stress fielth, g) expressed in the
facets’ local reference frame. The facets’ local referdrmme and related transformation formulas
were given in details in Sectidh2

We choose54 R quadrangle linear shell elements with reduced integrat &xBAQUS. Since
the facets are homogeneous, using Reissner-Mindlin elsneconsistent with the results on the
transverse shear behavior of laminates derived in Cha&ptek convergence study, not detailed
here, was performed and led to a mesh with ten elements per édggear elements with reduced
integration were used for implementation convenienceh\Wlich an element, there is only one value
per element for stress and strain fields (otherwise thersereral integrations points). Moreover
there is no weighting related to elements shape functioms\applying concentrated loads at nodes.
Obviously, it is possible to extend the method to any kindlatepelements.
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Figure 7.2: The chevron pattern sandwich panel unit-cell@ariodicity conditions

7.3.2 The detailed geometry of the unit-cell

The geometry of the core itself has been fully detailed inti6e@.2 It comprises four tilted
parallelogram-shaped faces which vertices&r&, C, D, A’, D', A”, B” and A”. Moreover, skins
are glued or welded alon, C, D’ (upper skin) and4, B, A’ (lower skin). In order to take into
account the skins thickness, the mid-plane of the skinstisvglk a t,/2 offset (Figure7.2). The
upper and lower skins vertices are denoted with B+, C*, D* A'* D'*= A" B"* and A"+,
Their coordinates are detailed in TaBlel In order to bind the core to teh skins, a rigid motion is

\Vertex A B C D A D' A" B A"
T 0 v a—+wv a 0 a 2a 2a + v 2a
To 0 s s 0 2s 2s 0 s 2s
T3 0 0 te te 0 te 0 0 0

Vertex | A~ B~ C- D~ A~ D'~ A"~ B~ A"
T 0 v a—+wv a 0 a 2a 2a + v 2a
To 0 s s 0 2s 2s 0 s 2s
T _ts _ts _ts _ts _ts _ts _ts ts ts

3 2 2 2 2 2 2 2 2 2

Vertex| AT Bt c+ D+ At D'+ A B AT
T 0 v a—+wv a 0 a 2a 2a + v 2a
To 0 s s 0 2s 2s 0 s 2s
T3 te+b tet+h tet+h b+ b+ tet+hs e+l te+y 4l

Table 7.1: Vertices’ coordinates
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P Nig Nz Nig | Myp Mas Mg || Risn Roar Riar | Rizz Rage Riao
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0 0 —1
N (318) + o+ =+ + - + + — — — +
001

Table 7.2:" and loads for the chevron pattern symmetries

enforced between skins and core aldng”, D’ for the upper skin:

~ DCD'  ~DVCtD't  ~DtCtDt
U U 0

~+

= + X 5553
~DCD’ ~DtCctD'+
7] =0
and alongA, B, A’ for the lower skin:
~ ABA’ ~ ATBtA—  ~AtBTA- ¢~
U =U +0 x (—%es)
~ABA' ~AtBtA—~
0 =0

Finally, periodicity conditions must be applied= D+ A"+ matchesA'=D'= A"+, A* B+ A'+* matches
A"*FB"* A"+ andADA” matchesd' D' A” (Figure7.2).

The influence of the symmetries of the plate material conéigom on uncouplings was pro-
vided in details in Sectiod.A.1 for laminates. These results are easily extended to perpdtes
when considering the symmetries of the whole unit-cell ef pleriodic plate. The chevron pattern
unit-cell including skins follows exactly the same symrresiras detailed for the chevron pattern
alone in ChapteB. The correspondning uncouplings are recalled in T&kke Finally, under the
contrast assumption there are only height Love-Kirchhadtlodi and two Reissner-Mindlin trans-
verse shear moduli to derive (orthotropic symmetry).

7.4 Results

7.4.1 Love-Kirchhoff homogenization
7.4.1.1 Unitload fields

In Figure 7.3 and Figure7.4 are plotted the deformed unit-cell under Love-Kirchhoffitun
strain loads. The facets thickness0id mm, the skins thickness ismm and the shape ratio is,
ao/bo = 1.2. The original geometry is given by a wireframe and the conpdet displays Von Mises
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stress. One can clearly identify the average strains esdlooa the overall unit-cell similar to those
described in Figur.4. When computing the Love-Kirchhoff stiffnesses, expeatedouplings
were obtained.

The main observation is that for both membrane and curvddagings, most of the stress is
concentrated in the skins and the core is almost not stressed

S, Mises

btk
OO ANN OO~k
So00000D00D=N
ISISISISIStSISISIStSISISY=]
I SISISISISISISISISISISISISY
PPOOOPODDDD DD
SOOOOO00O0000
SHGRCNTRTTHHS

X12

Figure 7.3: Deformed unit-cell under Mem£Figure 7.4: Deformed unit-cell under Curvature

branee loading @o/by = 1.2, t; = 0.1mm, X loading @o/by = 1.2, t; = 0.1mm, t, =
ts = 1mm). The contour plot displays Vonlmm). The contour plot displays Von Mises
Mises stress. stress.

7.4.1.2 Validity range of the contrast assumption

This remark is confirmed when deriving Love-Kirchhoff stéiss moduli.

In Figure7.5is plotted the bending stiffness in Direction2,;;, versus the contrast ratig/t s
for several facets thicknesses. It is normalized with theeldbound?,;,, (Equation 6.35 derived
in Section6.2.2.2 The upper bound has also been plotted.

Clearly, the larger is,/t;, the smaller is the error as expected with the contrast gssom
Moreover, the lower bound is a much better approximatiom ttie upper bound, even for low
contrasts. This has been observed whatever the Love-Kifthioduli is. Here is a plausible
explanation: contrary to homogeneous sandwich panelsgdies alone is not a structure: it has
barely no membrane stiffness and a small bending stiffiEsss, its contribution in the sandwich
panel remains very weak. However, this observation mighthatd with other core geometries
(honeycomb for instance).
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Finally it is possible to specify the validity range of thent@st assumption. Based on Fig-
ure 7.5 we suggest; > 5ty which is much less restrictive than expected in previousudision
(Section7.2).

2 rrrrrrT i TrTTTTTy
= LawerBound, D7 © 11
thin’skins), Dy *
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Figure 7.5: Normalized Bending stiffness;,; versust;/t,

7.4.2 Reissner-Mindlin homogenization
7.4.2.1 Unitload fields

Since the validity range of the contrast assumption is beptthn expected, one can expect that
the Bending-Gradient model is turned into a Reissner-Minalodel even for rather thin skins. This
is quantified when looking at the distance between the Begn@iradient model and the Reissner-
Mindlin model (cf. Sectiom.6.2. This distance is plotted in Figurg6 versus the contrast ratio
for several facets’ thickness. Foy = 2t; the distance is already smaller than 2%. It is globally
decreasing with the contrast ratio and whgfi; < 3, the distance between models seems to depend
only on the contrast ratio and not on the facets’ relativekihéss/ s/ f. For contrast ratios greater
than 10, the distance is very small (2%0) and becomes steatiyr@gpect to the contrast ratio. No
satisfying explanation for this observation was found.

Since for all configurations the distance is very small, itssare focused only on the Reissner-
Mindlin part of the Bending-Gradient simulations in theléoVing.

On Figure7.7 are plotted the deformed unit-cell under shear force urEti$o The overall
deformation of the unit-cell looks like uniform shear strais expected with sandwich panels. The
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Figure 7.6: Distance between Reissner-Mindlin and Ben@nadient plate model with respect to
the contrast ratio

core is more stressed than the skins and the fields are sioillwose derived in Chapt&. In
Direction 1, the main stress is stHﬁ?) (0ww In Chapter3d) and in Direction 2, it iSng) (ow)-

Q2 Y

Figure 7.7: Deformed unit-cell under shear forces loadingly = 1.2, t; = 0.1 mm, t; = 1 mm).
The contour plot displays local membrane stmaﬁ?% for ), loading anmg) for (), loading

Finally, whereas in Direction 2 the skins remain planar ur@dgloading, in Direction 1 the skins
are distorted (Figuré.8). The out-of-plane displacement of the skin is about 1/3ef3kins relative
displacement. This explains the gap between bounds in iti@stbn.

7.4.2.2 Shear forces stiffness

In Figures7.9and7.1Q, the shear forces stiffness is plotted in each directiosugethe shape
ratio ag/by. As in Chapte3, it is normalized with Voigt upper bound. Here we used theexed

boundeﬁ = pGnt./k? since skins might be thick. The correction is very strongs iip to 40%
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7.4. RESULTS

Figure 7.8: Deformed unit-cell undéy, loading @o/by = 1.2, ty = 0.1mm, t, = 1 mm). View
from e,

whent, = 5mm. The bounds fronKelsey et al.(1958 derived with finite elements in Chapt8ar
are recalled.

The facet thickness is set tp = 0.1 mm and several skins thicknesses are investigated. The
upper bound fronkKelsey et al(1958 is always respected whereas the lower bound is not when the
contrast ratio is rather low. As already pointed out withbleends in ChapteB, the shape ratio has
a strong influence on the actual shear forces stiffness imdictctions.

It is noticeable that the stiffnesses derived with the Begdbradient homogenization scheme
cover all the range between the bounds fridetsey et al(1958 when varying the skins thickness.
Thus we conclude that these bounds cannot be improved wigldrtailed analysis of the interaction
between the skins and the core.

Finally, in both directions, the thicker the skins are, th&ser to the upper bound the shear
forces stiffness is. This confirms the interpretation gibgrKelsey et al.(1958 for their bounds:
the upper bound is relevant for thick skins and the lower anehin skins. Further analysis of this
phenomenon is provided in Secti@rb.

7.4.3 Comparison with full 3D simulation

In order to validate the Bending-Gradient model, the homagpsl solution derived with the
Bending-Gradient homogenization scheme is compared witi 8D simulation of the sandwich
panel undePagan cylindrical bending.

The Bending-Gradient solution fdPagan& configuration was derived in Chaptér Or-
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7.4. RESULTS
thotropic uncouplings lead directly to the deflection indaiion 1.:

Us(ay) L\* 1 N 2 . T (7.5)
fg — 1m .
3l Po m Dun L*Fi i L

where?;;;; andF;; are the stiffness moduli derived from the homogenizatidreste.

Deformed Var: U Deformation Scale Factor: +3.673e+03 S, Mises
+1.151e+00

Figure 7.11: Overview of the full 3D finite elements cylinchl bendingt, = 1mm andt; =
0.1mm

An illustration of the full 3D simulation is given in Figuré11l The sandwich panel is loaded
on the lower and upper skins Wiﬁﬁi = Beswhereps = —pg sin 7. Simply supported boundary
conditions inPagan® configuration cannot be applied to a heterogeneous sahdveinel. Here
they are replaced by rigid rolls which diameter is equad#to Actually these boundary conditions
are much closer to the reality than those implicitly definedlate models. Periodicity conditions are
enforced along the edge of the 9.5 cells strip in Figludel At mid-span, the rotational symmetry
S with respect to a vertical axis is used to enforce boundangitions. This symmetry was detailed
in Section3.2

The unit-cell geometry is the same as in Figdr& Two arbitrary facet thicknesses are inves-
tigated:t; = 0.1 mm andt; = 2mm as well as two skin thicknesses: = 5mm andt, = 1 mm.
The span covers 18 cell&: = 308 mm ~ 10h.

The same elements as for the homogenization are used. Renfahe supporting rolls, contact
with the sandwich panel is taken into account. Howevergaigains are not allowed.

On Figure7.11is plotted the deformed mesh. The skins distorsion is gleasible. In order
to compare with the prediction from the Bending-Gradientlgipthe plate deflection from the 3D
simulation is derived as the average between the upper slitha lower skin deflections as defined
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CHAPTER 7. APPLICATION TO SANDWICH PANELS INCLUDING CHEVR® PATTERN
in Equation 4.35 from Chapterd. Moreover, this deflection is averaged in thedirection. On
Figures7.12to 7.15are plotted the deflection curves. For each sandwich pamélgcoation, four
deflection curves are plotted: the full simulation and thedeg-Gradient gradient prediction, but
also the deflections using only the bounds frieisey et al.(1958 for the shear forces stiffness.
The deflection is normalized with the Love-Kirchhoff defleatof the plate E; = o).

0.5

T T T T T T T T
—— Full 3D simulation R —— Full 3D simulation
——B b TN, . . . —=—BG

—— Kelsey+
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— Kelsey+
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Figure 7.12: Deflection along the span for=  Figure 7.13: Deflection along the span for=
Immandt; = 0.1mm 5mm andty = 0.1 mm
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Figure 7.14: Deflection along the span for= Figure 7.15: Deflection along the span for=
Imm andt; = 2mm 5mm andty = 2mm

For all configurations, their is a very good agreement betmiee Bending-Gradient predictions
and the 3D solution. Because of the supporting conditidiedihce between the Bending-Gradient
solution and the 3D simulation, it is not possible to give amjitative comparison of deflections.
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7.5. DISCUSSION ON SHEAR FORCES STIFFNESS
For instance, in Figur@.13 the skins flexural stiffness generates an offset in the defle The
gualitative comparison is nevertheless convincing.

7.5 Discussion on shear forces stiffness

7.5.1 The case of honeycomb structures

The interaction between the skins and the core has alreaydizserved with honeycomb. In
order to compare with the case of the chevron pattern, it istefest to recall the existing work on
that matter.

In the case of honeycomb structures, the interaction is Ijnaeused by an incompatibility
between shear strain fields in the core and the skins st#fridgs phenomenon is a boundary effect.

The incompatibility itself is caused by the non-uniform ahsetrain in the core far form the
skins. Especially this generates out-of-plane warpingheftioneycomb core. Close to the skins,
this warping is restrained which generates flexion in thasksince warping involves honeycomb’s
facets in-plane shearing, this phenomenon is driven byde{odf between the skins flexural stiffness
and the honeycomb'’s facets membrane stiffness.

This incompatibility phenomenon is a boundary effect beeanf a structural effect. In many
sandwich panels including honeycomb, the in-planeisid¢he unit-cell is rather small compared to
the core thickness (Figure7.16). Thus, when, /I is large enough, the unit-cell can be considered
as a beam doubly clamped to the skins. The strain incompgtibaused by clamping remains
localized close to the skins. This phenomenon is direcilyedrby the aspect ratio of the unit-cell
t./l. Following a completely different approach, a model is psgd for analyzing such boundary
effects caused by strains incompatibility on the edge inpB#a and an illustration for a doubly
clamped infinite laminate under transverse shear is givéigimre8.3.

<>

l l l

Figure 7.16: The honeycomb unit-cell for several apsedat rat

The structural effect was pointed out Brediac(1993 when applying the unit displacement
method fromKelsey et al.(1958 with finite elements exactly as done for the chevron pattern
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CHAPTER 7. APPLICATION TO SANDWICH PANELS INCLUDING CHEVR® PATTERN
Chapter3. Grediaq1993 demonstrated the influence of the unit-cell aspect ratitnemipper bound
for shear forces stiffness. His work was followed by an atedy approach fron€Chen and Davalos
(2005 where the strain incompatibility is treated as a boundéfigce However both these works
assume fully rigid skins. Thus the trade-off between thaslstiffness and the facets membrane
stiffness was not pointed out.

In order to take into account the full interaction betweeimsland core under transverse shear
loading,Shi and Tong1995 suggested to apply a uniform transverse shear strain sageé the
core (as done in periodic homogenization schemes) to whiehvalded the skins. This enabled
them to bring out both the unit-cell aspect ratio and the sKiexural stiffness on the actual shear
forces stiffness of honeycomb. Their approach was appbeseveral honeycomb geometries by
Hohe (2003 who calls it the direct homogenization method.

Even if this approach is based on a relevant analysis on tlohanéal behavior of sandwich
panels under shear forces, its main limitation is that i@kdvonly for thin skins. As demonstrated
in the present work, the contribution of the skins thickries®mt so often negligible. Actually there
is an inherent contradiction when assuming thin skins ayiddgrto assess the influence of their
thickness on the shear forces stiffness. The Bending-&natibomogenization scheme is not limited
by the skins thickness.

7.5.2 The case of chevron pattern

In the case of the chevron pattern, three combined phenammndd explain the shear forces
stiffness variations.

First, as for honeycomb, their is a shape ratig/‘b,. As indicated in Sectioi.4.2.2this shape
ratio has a strong influence on the shear forces stiffnessveter, it is difficult to relates, /b, to
some scale separation or structural effect. Moreover intjpa casen, /by, € [0.25, 1.5] (Zakirov
et al, 2006 thus it would be irrelevant to look for asymptotic behavior

Second, since the facets are clamped on the skins, thereedand flexion in the facets or in
the skins. In Chapte8 we indicated that facets mostly behave as membranes. Howeven the
skins are thin and the facets thick enough, there could benpettion between flexion in the skins
or flexion in the facets. This phenomenon is driven by a tr@ifléetween facets and skins flexural
stiffnesses. In the present case, this trade-off is prapwtto the cube of the contrast ratig't;.

Third, exactly as for the honeycomb, the shear forces s8#ns nevertheless mostly driven by
the facets membrane stiffness which compete with the skimsfexural stiffness. In the present
case, this trade-off is proportional to the ratio betwees gkins flexural stiffness and the facets
membrane stiffnesst, /(¢ ;h%)'/® which we call the skins relative flexural stiffness (an ealént
parameter was suggested Blyi and Tond1995).

154



7.6. CONCLUSION

The influence of the shape ratio was studied in SedtidiR.2 In order to illustrate the two last
phenomena, the shape ratio is chosem@s, = 1 in the following.

In Figure7.17the shear forces stiffness in Direction 1 is plotted verbescontrast ratio, /1

for several facets thicknesses. The bounds fiKetsey et al.(1958 derived with finite elements
are recalled. Globally, the shear forces stiffness iner@ath the contrast ratio and the upper bound
from Kelsey et al(1958 is always respected. For low contrastsd), the lower bound froniKelsey

et al. (1958 in not fully respected. Again, this is not surprising sinces not a “true” bound and
the contrast assumption is not fullfilled here. Moreovergshear forces stiffness is only function
of the contrast ratidg,/¢;: it does not depend on the facets relative thicknesshj. Hence, for
this range of contrast ratios with thin skins, it is the cofitmy between flexion in the core or in
the skins which drives the stiffness. Large skins deforomatvere observed with finite elements
computations. For contrast ratio larger than 2, a shift betwthe lower bound and the upper bound
occurs. This shift depends on both the contrast ratio antatiegs relative thickness. When the shift
occurs, no more skins distorsion is observed in finite elésn@@mputations.

In Figure7.18the shear forces stiffness in Direction 1 is plotted verbesskins relative flex-
ural stiffnesst,/(t;h?)'/? for several facet thicknesses. All shifts occur for the saalee of this
parametert(/(t;h*)"/? ~ 0.4). This justifies the interpretation of the skins distorsisma trade-off
between skins flexural stiffness and facets membraneetdgfsuggested above.

In Direction 2, the shear forces stiffness is only functiéthe contrast ratio, /¢, and does not
depend on the facets relative thickness (Figude. Contrary to Direction 1, there is no clear shift
between the upper and the lower bound. Very small out-afigotkins deformations were observed
in finite elements results. Here, it is only the competitietween flexion in the core or in the skins
which drives the stiffness.

7.6 Conclusion

In this chapter, a detailed analysis of the behavior of sartdwanels including the chevron
pattern under shear forces loading was performed. Forrlisyant length scales were identified
(the sandwich, the skins and the facets thicknesses) aresponding assumptions stated. Then, the
Bending-Gradient homogenization scheme was applied didhted thanks to full 3D simulations.
The first conclusion is that the contrast assumption validihge is much wider with the chevron
pattern than in the general case and that assuming thinskgi really affect shear forces stiffness
estimates. It is not recommended when designing sandwitblgaThe second conclusion is that
two phenomena drive the shear forces stiffness. The mogiriamt one is the out-of-plane skins
distorsion. This phenomenon is driven by the relative flakstiffness of the skins. The second one
is the competition of flexion between the skins and the cohés phenomenon is driven directly by
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the contrast ratio.

One can wonder if the distorsion effect has to be taken into@aat with conventional sandwich
panel applications including the chevron pattern.

Here is a first answer in the linear elastic domain. Let usidensuch a sandwich panel under
Pagang cylindrical bending. The mid-span deflection (Equati@rb)) can be rewritten as:

4 2
Do L L*
U; = — 1 —
’ @1111(7T) <+(L)>

wherelL* = w\/% is a characteristic length to which the span must be compavieénZ > L*
the contribution of the shear forces stiffness to the defiads negligible. In FigureZ.20L*/h is
plotted as a function of the contrast ratio. This leads teg¢lremarks.

First, we havel.*/h > 1. Having L*/h < 1 would mean that the plate behavior is completely
dominated by flexion. Actually, in such a case, one can wotldemeaning of a shear effect which
is negligible compared to the unit-cell size and the homagion approach becomes inconsistent.

Second, in the present case, the shear deflection cannogleeteel. For instance, in standard

sandwich panel applications, the slenderness rdijgs are barely larger than 40. Here, with a
contrast ratio ot /t; = 10, we haveL* /h ~ 10.
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Figure 7.20: Shear deflection correction vs. contrast fatiseveral facets thicknesses (b, = 1)

Third, the skins distorsion occurs exactly in the standartge for contrast ratio. We con-
clude that this phenomenon has a central role when one waptedict accurately sandwich panels
deflection including the chevron pattern.

The non-linear elasticity is out of the scope of this workt, s already mentioned, the failure
of sandwich panels is mainly due to buckling. The work frBetras and Sutcliffé€L999 has been
given as illustration for an analytical and experimentgbrapch of honeycomb sandwich panels
failure map. It is also very interesting to consider the wivdm Pahr and Rammerstorf€2006
andRammerstorfer et a(2006 were the numerous failure modes are numerically invelsgdan
many of these failure, the out-of-plane displacement ofstias is involved. Thus, in the case of
the chevron pattern, the skins distorsion might reallycftbe bifurcation point. MoreoveRahr
and Rammerstorfef2009 use the direct homogenization method fr&hni and Tong(1995. As
already noticed, this method does not take accurately tickrntbss of the skins into account. It
would be interesting to apply the Bending-Gradient homagion scheme in order to estimate the
sensitivity of bifurcation point when the skins becomeslthi
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CHAPTER

8

A Cosserat multiparticle model for pe-
riodically layered materials

Au Chapitre4, on a montré que la théorie de gradient du moment présentequagieme
condition au bord sur le moment de flexion dans la directioth@gonale a celui-ci. Prendre en
compte des contraintes qui ne font pas partie la surfacénéghsionnelle sur laquelle s’appliquent
les conditions au limites peut sembler artificiel au premabord. En réalité cette condition sup-
plémentaire traduit I'existence d’un effet de bord. Cemtal'interpréteraient comme une tension de
surface. Dans le cas de la théorie de gradient du momentagisplutot de I'incompatibilité entre
le gauchissement de la section dans la partie courante etéistrement imposé au bord. Ce type
d’effet de bord se retrouve aussi dans ce qu’on a décrit colfimteraction entre peaux et ame
dans le cas du nid d’abeilles. En effet, loin des peaux, ledratbeilles présente une déformation
de gauchissement sous cisaillement uniforme qui est edpé&ehniveau des peaux. Enfin il existe
aussi des effets de bord libre. Dans le cas des plaquesf@estisous chargement membranaire, on
a tres rapidement identifié des concentrations de contesiititerlaminaires au niveau des bords
libres provoquant des délaminages prématurés. Une étuiddldé de ce phénomene est présentée
dans 'ouvrage déagano(1989.

Ces trois phénomenes sont en réalité associés a I'appard® singularités des contraintes
tridimensionnelles générees par les incompatibilitésleambords Leguillon 1999. Une approche
pour les étudier consiste a les régulariser par des fon&iexponentielles (finies) qui tendent rapi-
dement vers 0 loin du bord. Cela passe donc par la constmctiéomodéles d’ordre supérieurs (une
dérivation supplémentaire dans les équations différdatigqui font apparaitre ce type de solutions.
Les nombreux travaux sur les milieux continus générali€ésgerat, second gradient etc.) illustre
cette régularisation.

Dans le cas présent, on considére un milieu stratifi@ deuches reproduit a I'infini par pério-
dicité. On utilise des outils similaires a ceux introduitypda théorie de gradient du moment ainsi
que pour les modeles multi-particulaires construits au draboire Navier Diaz Diaz et al, 2007).
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CHAPTER 8. A COSSERAT MULTIPARTICLE MODEL FOR PERIODICALLYAYERED
MATERIALS

On aboutit a un modéle de type Cosserat dans chaque coucliel@raulti-particulaire). Les effets
de bords sont donc pris en compte en faisant apparaitre unenpde flexion localisé dans chaque
couche.

Ce chapitre est paru dans la revue Mechanics Research Coroatioms sous la référence
Lebée and Saf20108.

Abstract
In this paper, the Cosserat Multiparticle Model (CM2) for BBriodically layered materials is pro-
posed in order to reproduce both size and boundary effethege materials. This model can handle
n— phase periodically layered materials with+ 1 kinematic variables at each 3D geometric point:
2 in-plane displacements and 2 rotations per phase + 1 conomeof-plane displacement. The
model gives excellent agreement with full finite elementissfor out-of-plane shearing.

8.1 Introduction

In this paper, a new continuum multiparticle model 8 periodically layered materialgs
proposed in order to reproduce both size effects and boymrdf@cts in these materials.

As example, a two-phase linear elastic periodically lageraterial with free body forces is
submitted to out-of-plane shearing as following Fig8r& The domain considered is infinite in the
1, andx; directions, with|z;| < £, and the displacement vector= (u;, us, us), is imposed at the
boundaryzr,; = ig, u = (0,0, 4+w). The phase-1 material is situated between= 0 andz; = t;
and the phase-2 material is situated betweges t, andz; = ¢, +t, = t. This pattern is reproduced
by periodicity in ther; direction.

The full 3D solution of this(xy, z3) —plane strain problem is periodic in the direction.
Hence, it can be obtained by restricting the analysis to tmeain(z, z3) € D = |—%, L[ x |0, ],
and by applying suitable displacement and stress pertgdionditions to the boundaries = 0
andxs = t.

One may also use the well-known standard homogenizatiaedwoe to solve the same prob-
lem: First, the effective overall elastic constants of tleeiquic material are determined by solving
an auxiliary boundary value problem on the unit cell. Thée,averall elastic constants are used to
solve the initial boundary value problem. Finally, an estiion of the real 3D stresses is obtained
by a suitable localization of the overall stresses in the c@li. WWhen applying this procedure to
periodically layered materials, the unit cell boundaryuegbroblem, as well as the stress localization
problem, are 1D in thes direction, and closed-form solution are obtained. Moreawethe case of
the above described out-of-plane shearing problem withapa constituents (Young’s modulés,
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Figure 8.1: Two-phase periodically layered material

shear modulus:”, Poisson’s ratia?, v = 1, 2), the homogenized solution is straightforward: the
displacement is linear ing, (0, 0, 2%w) and the predicte(l, 3) — shear stress after localization is
uniform in both layersg™ = 2G"™%. Here,G"™ = (W)A is the homogenize(, 3) — shear
modulus where the following notation is used:

— t t
X=Xt 2x

It is expected that the full 3D solution converges to the hgemized one as the slenderness rétio
goes to infinity.

The Finite Element ABAQUS softwardBAQUS, 20071 has been used to numerically solve
the above described plane strain problemZanFigure8.2 shows the normalized effective shear
modulus', G¢/7 /Gm, versus% for & = 4, L, =10andv' = v* = 0.3 and Figures.3 shows
the normalized shear stress distribution with respects@verage value fo{;—’ = 8. Clearly, a
size effect on the effective shear modulus is exhibited falsvalues of%. Moreover, even for
large values oft, the stress distribution near the vertical boundaries dogsit the one predicted
by the homogenization procedure because of its incompigtikiith the displacement boundary
conditions.

Many works have tried to capture these size and boundargteftey adopting higher-order

1. defined as the ratio of the FE and homogenized strain ené@y
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8.2. THE PROPOSED MODEL

homogenized models. See among othBautin, 1996, (Adhikary and Dyskin1997), (Forest and
Sah 1998, (de Buhan and Sudrg2000, (Kouznetsova et 312002, (Bigoni and Drugan2007) and
(Yuan et al, 2008. In most of these papers, general procedures based on sodifeah unit cell
boundary value problems are proposed to derive Cossgratstysecond-gradient-type macroscopic
equivalent homogeneous descriptions of the periodic nmediActually these procedures are not
specific to periodically layered materials. Yet, the bebaaf multilayeredplate structuregnon

periodic with small thickness in the, direction) has been studied for many years. See, for example
(Carrera 2002 for a review. The most common approach is to substitute gterbgeneous plate
with a homogeneous equivalent one, with or without takirig account shear effects. Another class
of plate models initiated blagand1978) is based on layerwise approach. These models called M4
(Multiparticle Model for Multilayered Materials) have heeeveloped at Ecole des Ponts ParisTech
by Ehrlacher, Caron, Foret, Sab and their co-workBiaZ Diaz et al. 2001, (Hadj-Ahmed et al.
2007), (Caron et al.2006, (Diaz Diaz et al.2007) and Dallot and Sab2008. The main interest

of these models is to make the study of local fields possilsipe@ally at the interfaces between
layers (stress concentration in adhesive joints , delamimén composite materials, limit analysis
of reinforced plates...).

The idea of the present paper is to combine higher ordrer gemipation procedures and lay-
erwise plate models. It consists in using the M4 model fopr@odically layered material, and then
in homogenizing this model obtaining a Cosserat MultigégtModel (CM2). The proposed CM2
is described in Sectio8.2 and its application, in SectioB.3, to the shearing problem of Figugel
will demonstrate its ability to reproduce both size and lotarg effects.

8.2 The proposed model

The elasticity tensoL at every pointk = (x1, 25, x3) iS piecewise uniform and periodic iry:

L (x) =L (x3) = L"™ foraz < 23 < 25*!, k€ 7,

wherez} is the coordinate of the the interface between ldyer1 and layerk with 25 = 0, v (k) is
equal to 1 for evert and to 2 for odd:, and L is the elasticity tensor of phase~y = 1, 2. Hence,
even layers-(-- ,—2,0,+2,---) are occupied by phase 1 and odd layers — 3, —1,+1,+3,---)
are occupied by phase 2. The coordinate of the middle sudatayer k is 75 = :”I?fﬂ;:”g. The
multilayered material being periodic, the thicknegs' — 2% of layerk is ¢, and its inertia is

2
Ly = t”g’). The period in ther; direction ist = ¢, + t,.
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MATERIALS

8.2.1 Statics

The idea is to model the 3D layered material as a collectiodRe$sner-Mindlin plates inter-
acting at their interfaces.

The following notations are introduced: Greek indexs,~v = 1,2. Latin indexi, j = 1,2, 3.
For layerk , N* = (NF;) is the in-plane (membrane) stress resultavit, = (M%;) is the out-
of-plane (flexural) stress resultant with respect to thedteigurfacezs, andQ* = (Q’;) is the
out-of-plane shear stress resultant. We have:

k+1
Nc]fﬁ (z1,22) = f;z; Oap (T1, 72, 73) dr3,

{L'k+1 —
Mg (21, 25) = fxg; (z5 — T5) 0up (21, T2, T3) das,
mk+1
QF (z1,29) = fﬂ; Oas (71, 22, 3) dxs,
whereo = (0;;) is the 3D-stress tensor field. It is easily established th&BD balance equation

div o = 0 leads to the following balance equations for each lay@aron and Sat2001), (Nguyen
et al, 20050:

Nk s+ okt — ok, = 0, (8.1)
hotokit—oky = 0, (8.2)
k+1 k
My — Q4 (ot — k) Zod T3 _ g (8.3)

2

wherect, = o,3(x1, 29, 2%) is thei—component of the vector stress at the interface between laye
k — 1 and layerk.

It is assumed that the above introduced plate resultargsstseand momenis®, M* and Q*
are the traces dtr,, 2o, 7%) of regular functions for each phaseMore precisely, we write:

NSB (x1,m9) = tw(k)Eg(ﬁk) (xl,xg,:fg) , (8.4)
Qh (w1, m2) = T (w1,20,2) (8.5)
Méfﬁ (z1,22) = tw(k)ﬂl(gk) (561,372,5735) ; (8.6)
ofy (@r,2) = SO (wr,0,48). (8.7)

whereX ; = Y, 1105 = [13q, Y3, @andS] are functions ofzy, x5, x3). These functions are actually
regular interpolations on theg-coordinate of their corresponding plate stresses.
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Using Taylor series expansionin of order 1 forS?, it is found that:

(_1)7(’?)

k+1 k
o3t
S8 T8 Ny,
9 3+ 1
ol =l & (—1)WA+ bo (k) 203,35 (8.9)

by (k) A3, (8.8)

where the values of the functiots;, A;, X5 5 andA; 5, with

_SH+S;

23 5

;A =S8 — 52
are taken at poin(l;rl, Za, ;f’g) Moreover, it is assumed that; andt;; 5 are of the same order:
A~ 1333 (8.10)
Hence, using the notations
ZYl Z¥2 Y3 M'y M'y
X7 = EYQ 232 Y3 ) Nm - < M}fl M}/Q ) ’ (8.11)
12 22
Y Y3 s

the following stress balance equations are derivedyfet 1,2 from (8.1), (8.2, (8.4), (8.5 and
(8.9:

>

E“f

byt (=)= =0 (8.12)

Y

~

As a consequence of the assumptiBri(), the termi, A, 5 in (8.8) is of the same order a8%;; 5

and is neglected when comparedig. Hence, the following momentum balance equations are

obtained from 8.3), (8.5), (8.6) and 8.9):

fopp — Tia + a3 =0 (8.13)

The balance equation8.128.13 are those of a Cosserat continuum model for each phase, the

two Cosserat models being coupled by the interface strégsesdA,. Note that the out-of-plane

couple-stresses are nyll). = 1, = 0, 33 Y3 In the general case whereas the in-plane tensors
30 Mz?; 3a

¥, andu/ ; are symmetric.
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8.2.2 The generalized stress energy

For givenX”, u, v = 1,2, of the form @8.11), and given in-plane interface stresses,,
a = 1,2, the stress energy density* of the Cosserat Multiparticle Model (CM2) is identified as
the average energy per unit period in thedirection,

t
W (X7, u A = —/ P (x3) : L' (z3) : 0P (23) das,
0

of the periodic 3D-stress tensor figtdt*” (3) defined as follows: Fort < x5 < 25 iy = 25—25,

er k k i‘g er
JZB (.1'3) - El(ﬁ) + 'ul(ﬁ : ]’y(k)’ 0-53 (.1'3) = 2337 (814)
Za _ ZV(’“) ~2 ~
oPe (1) = ¥y 208 _Ta ( . 1) 4 (—1)® A, (8.15)
2 Ly Ty (k)

The in-plane stress componenﬁg (x3) are piecewise linear in; and completely determined

by ¥/ ; andy/ 5 in phasey layers; The out-of-plane shear stressgs (3) are piecewise quadratic
k

in z5. They are equal t67") = ¥, — (C

2
is 20" Finally, 025" (3) = S35 is uniform..

A, at the interfacer” an their average over layér

8.2.3 Kinematics

Since the out-of-plane interface stresgdoes not enter in the expression of the stress energy,
it must be eliminated from the balance equations. Henceretieced balance equations are: the
four in-plane stress balance equatio8d@ for i = 1,2 and~ = 1, 2, the four momentum balance
equations8.13 for « = 1,2 andy = 1,2, and the reduced out-of-plane stress balance equation
obtained by a combination 08(12 for: = 3 andy = 1, 2:

i31,1 + i32,2 + Y333 = 0. (8.16)

The weak formulation of the nine balance equations of the G@d/@tained by introducing nine
corresponding kinematic fields: four in-plane displacetietds, U, four rotation fields? and
one out-of-plane displacement fidl. The CM2 balance equations are equivalent to:

/ ZUEZJ + MO&BXQB + AaDoz dS) = / Z”TLJUZ + ,uaﬁnggba dS (817)
Q o0

for all regular fields(U?, Us, ¢Y). Here,Q2 is a 3D domain with a smooth bounda®y?, n is the
outer normal vector t0€2, and the CM2 generalized strains are given by:
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Egﬁ - (Ug,a + Ulﬁ) 5 E;a - U3,a + d)gv Ea3 - UQ,B - 5@47 E33 - U3,37

Y _
Xaﬁ -

N — N —

1
(@30t bas)» Do =7 (Ua—U3). (8.18)

The above CM2 strains and the usual 3D strainsare related by the following generalized Hill-
Mandel property which is consistent with the assumptionderfar the identification of the CM2
stress energy density: assume thas locally periodic inzs, then, for every(X™), p™ A,), we
should have:

+5

_ 1
YiiEij + BapXap + AaDo = ?/ oP" (z2) e (x1,x9, 3 + 2) dz.

[SIES

whereo??" is given by 8.148.15. Substitutinge?" by its expression in the above identity, the
CM2 strains are identified to weighted averages of the 3Dnst@mponents. In particuIaEC(;g) and
xfjﬁ) are respectively the moving partial averagesagfandf;—jsag on phasey, andFEs; is the moving
average ot33 on a period. Thereforg]{” and¢§7) are respectively the moving partial averages of
u, and fﬁ—jua on phasey, andUs is the moving average of; on a period. Herew = (u;) is the 3D

displacement vector field.

8.2.4 The constitutive law

The CM2 strains can be expressed in terms of their correspgmial stresses by the partial
derivation of W*. For example, > E), is the dual ofS], and ), = %gz%. In the case of
two isotropic phases (Young’s modulé®, shear modulus:”, Poisson’s ratia’”), the following
constitutive relations are obtained:

Y 0% 2 0%
24 v PN v

B, = E—E(EgQﬂLE&%)’ B, = i E(EY1+233)7
1 /6 1 1( 2, Yaq
E;a = a (gzga - 52043) 5 Ea3 = g <Gho§n — (%)) , (819)
N7 1 1%
El, = ﬁa Es3 = (E) Y33 — I (311 + X92),
721(7_1/77) W:L(V_Vvv)
X11 Bl M1t Ha2) 5 Xa2 Bl Moo M1t
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and y
M2 A

X’y = = 704 .
oG, T 12Ghom

Let us summarize the CM2: the generalized stresses anédispents are, respectively,”, u7, A,)
with (8.12) and (U7, Us, ¢), o,y = 1,2. The generalized strains are given I8yl and they are
related to the generalized stresses by the above consatigfuations. The nine balance equations
are8.12,i,v=1,2,(8.13, a,v = 1, 2,and 8.16. The weak formulation of the balance equations
(8.17) exhibits nine pairs of dual unknowns (stati&inematic) on the bounda(: ,ulﬂng « @7,

EZﬁnﬁ + Basng <> UY, Baang + Xasng <+ Us. Therefore, boundary conditions are obtained by
fixing one unknown for each of these pairs. For example, feaebary conditions are those for
which all the static unknowns are null.

Once the CM2 solution has been found, an estimation of tHe3fulstresses is obtained by
using the localization operate”” given by 8.14-8.15 which relates the 3D stresses to the CM2
stresses.

8.3 Application to out-of-plane shearing

The CM2 solution of the shearing problem of Fig@4 is as follows:U; andgbg”), v =1,2,
are the only non null CM2 displacement and rotations and aineyunction ofr;. The compatibility
equations §.18 and the constitutive law are used to determine the non mumiponents:E;; =
Usy+¢] andE 3 = —¢, for the strains; ang], = ¢1 , for the curvaturesy;;, 13 given by 8.19,
a = 1, or equivalently by:

1— 5 —
X3, = Ghom (Els + 6E31) + éGvE;p Yig = G"" (6B + Ea)
for the stresses; and,, 119, = v, with

E7I

i1 = ?V:)QXL

for the couple-stresses. Inserting these expression®ibatance equatio8(16), Y3, = 0 (X3
is uniform), and in the momentum equatid®i3, o = 1, v = 1,2, pf;; — X3, + Yoz = 0,
gives a system of three second order differential equatiobds and¢] which have six fundamental
solutions. Due to the symmetry of the problem, the soluién ¢7) is a linear combination of only
three fundamental solutions: one fundamental solutioméh shatls; is linear andp] is constant,
(Vix1, ¢7), and two fundamental solutions are of the fofff. sinh (s.z1), ¢ cosh (s+x;)) where

Vi, 97, s+, Ux and¢l are constants that are analytically determined in termiseétastic constants,
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1

o.9fH
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C713/231

Figure 8.4: Normalized shear stress distribution in sectio= —0.4L for ¢, /t, = 4, B /E* = 10
andv' = 12 =0.3.

t; andt,. The three integration constants (cofactors of the funddahesolutions) are determined
thanks to the boundary conditions; (%) = w and¢] (%) = 0.

The effective shear modulus is estimated#$/ ~ % and is plotted in Figur®.2 versus
L/t. Excellent agreement with the FE results is obtained evesrfall values of the slenderness
ratio. In Figures8.4 and8.5the normalized shear and in-plane stresses, respectiygly;; and
011 /231, are plotted at sectian; = —0.4L and compared to FE results. Here again the agreement is
excellent. These Figures show that the assumptions ofyisedinears;; and piecewise-quadratic
013 are consistent with the FE results. This is less trug;ampes to the boundaries&t./2 since the
true 3D stress becomes singular. Seegillon, 1999. Figure8.5shows that both CM2 and FEM
011 are of the same order a%; while oy, is zero in the homogenized theory. Finally, Fig&.6
shows the normalized external couple applied to layer 1eabtlundaries versus/t for both CM2
and FEM. A small discrepancy, probably due to numericagragon in the FEM, is observed. Itis
clear from this Figure that the boundary effect is well capduby CM2 and that it does not vanish
asL/t goes to infinity.

In conclusion, we have proposed in this paper a model for 3ibgieally layered materials
able to reproduce both size and boundary effects. This moatelhandlen—phase periodically
layered materials withn + 1 kinematic variables at each geometric point: 2 in-planpldiements
and 2 rotations per phase + 1 common out-of-plane displaceme
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Conclusion Générale

Partant de I'étude d’'un nouveau type d’ame de panneau sehdeeé travail de doctorat a été
I'occasion d’approfondir la question du cisaillement segrse dans les plaques. En effet, comme
le Chapitrel I'a montré, il existe un grand nombre d’approches difféesmour déterminer le com-
portement des plaques soumises a I'effort tranchant. diioei principale de cette abondance de
travaux est que le modéle de Reissner-Mindlin est diffédensecond ordre des développements
asymptotiques. D’'un c6té le modele de Reissner-Mindlis@née une approche assez intuitive du
fonctionnement de la plaque et est apprécié des ingéniBersautre coté, les développements
asymptotiques sont une approche rigoureuse pour €laboraodele de plaque. D’une certaine fa-
con, en reprenant I'approche Beissnepour construire un modéle de plaque dans le cas hétérogéne
au Chapitret, on réalise un compromis entre ces deux visions qui donnglane estimation pré-
cise de I'état de contrainte généré par I'effort tranchaatsnconserve un formalisme analogue au
modeéle de Reissner-Mindlin (Chapitsg

La facon dont nous avons obtenu le modele de gradient du mdiagparente aux théories de
gradient supérieur. Ces théories sont souvent considéodasie complexes car chaque ordre fait
apparaitre un grand nombre de variables supplémentaixgsi@liles sont respectivement associees
des échelles caractéristiques (du typeau Chapitre7). Cependant, on a montré au Chapi&e
gu’elles permettent aussi de capter des effets de bord eédakrisant.

Enfin, dans le cas général, le modéle de gradient du momeringas étre réduit a un modele
de Reissner-Mindlin. Cet écart entre modéles peut devaffissmment important dans le cas des
plagues stratifiées anisotropes pour justifier une impléatiem compléte en éléments finis de ce
nouveau modele. D’'un autre coté, on a pu voir aussi que laithée gradient du moment se simplifie
en une théorie de Reissner-Mindlin dans le cas des plaquesdenes mais aussi dans le cas des
panneaux sandwichs pour lesquels I'hnypothése de contragéeformulée de fagon précise.

Dans le cas plus particulier des panneaux sandwichs qui'esiggne de ce travail de doctorat,
nous avons élaboré un schéma direct d’homogénéisatioripraideur a I'effort tranchant et donné
une assise théorique plus forte aux bornes utilisées dadsrnaine (Chapitr&). Finalement, en
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appliguant cet outil au cas d’'un panneau sandwich inclieantddule a chevrons au Chapifteon

a mis en évidence un phénomene de distorsion des peaux,ciéja dans le cas des nid d’abeilles
mais qui est beaucoup plus important dans le cas du modulevaats. Le phénoméne a lieu pour
des valeurs de contraste assez fortes et pour un possitideedument de la raideur a I'effort tranchant
ce qui explique I'écart entre les bornes obtenues au Cleaitr

L'intérét de cette nouvelle méthode pour calculer la raideleffort tranchant est qu’elle per-
met d’estimer plus précisément non seulement la fleche dammgrau sandwich (qui n’est pas né-
gligeable) mais aussi I'état de contrainte local dans lexpan. Cette maitrise de la localisation des
champs offre de nouvelles perspectives dans le calcul déslatance a I'effort tranchant, ce qui
est au cceur des enjeux technologiques du marché des parsaalwichs comme I'a montré le
Chapitre2.

Ce travail apporte donc un éclairage supplémentaire suquestions posées par les effets de
I'effort tranchant dans les plaques en général et plusqudigrement dans le cas des panneaux
sandwichs. Néanmoins, il souleve un certain nombre de ignssjui pourront faire I'objet de dé-
veloppements ultérieurs.

Tout d’abord, en ce qui concerne la théorie de gradient duembii est nécessaire de faire une
analyse détaillée de ses différences avec le second ordréédeloppements asymptotiques. Plus
particulierement, comme cela a été indiqué, nous n’avoeggrau compte du gradient des efforts
membranaires, ni de la correction au deuxiéme ordre de Hisation des champs associés a la
flexion et aux efforts membranaires. L'erreur introduite pas choix devra étre estimée. Ensuite,
on peut se poser la question de la dégénérescence du modgkdiEnt du moment en modeéle de
Reissner-Mindlin d’une facon plus systématique que lex das, homogéne et panneau sandwich.
Dans le cas des stratifies, on peut s’intéresser aux travaMarthucci and Vercher{2001, 2002
qui utilisent une méthode de décomposition polaire destasde raideur de Love-Kirchhoff afin
d’identifier les configurations menant a des comportemeasigaotropes. Dans le cas des plaques
périodiques, il serait intéressant d’'identifier les malifsit la raideur en cisaillement n’est pas négli-
geable mais qui ménent & des comportements trés éloignésdakleme Reissner-MindlinY™/5
grand) pour mieux comprendre la signification cinématige® ariables de gauchissement intro-
duites avec le modele de gradient du moment. Enfin, commeadndiqué, le modéle de gradient
du moment présente des effets de bords car c’est un modeladiernt supérieur (tout comme le
modeéle de Reissner-Mindlin). Il serait intéressant d'gssde séparer le modéle complet en deux
problémes : un probleme intérieur, sans effet de bord, etraiblgme sur le bord qui ne traite que
des incompatibilités. Une proposition est faite paosier et al.(2001) dans le cas du modéle de
Reissner-Mindlin et pourrait étre poussée plus avant.

En ce qui concerne le module a chevrons utilisé comme amerdepa sandwich, il n’a pas
vraiment été possible de démontrer une supériorité sudie’abeilles. En effet, méme s’il existe

172



Conclusion Générale

des configurations ou le module a chevrons est plus raiddéfart @anchant que le nid d’abeilles,
le critére déterminant est la résistance de I'ame. Cettlysmpasse en partie par I'étude numérique
des différents modes de ruine comme I'effectuealir and Rammerstorfé2006 dans le cas du nid
d’abeilles, mais aussi par un travail expérimental pougsén’a pas été entrepris au cours de ce
doctorat. En effet, méme si la simulation numérique est welent outil d’'investigation systéma-
tique, la méthode expérimentale reste le seul moyen poupamnles comportements préedits par

les différents modeéles et la réalité.
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ANNEXE

A

Annexes

A.1 The Reissner-Mindlin homogeneous plate

We recall here in details the Reissner-Mindlin model for enbgeneous plate.

A.1.1 The 3D model

We consider a linear elastic plate of thicknésxcupying the 3D domaift = wx|—h/2, h/2],
wherew C R? is the mid-plane of the plate (Figuel). Cartesian coordinatés, -, z3) in the
reference framée,, ., e3) are used. The constitutive material is assumed to be horeogsnThe
plate is loaded on its upper and lower faces= w x {4-h/2} with the distributed forcd™ . There
are also body forceg(z3) and the plate is clamped on its lateral edgiex] — /2, h/2[ wheredw
is the edge of.

Localization

Generalized Stresses

Figure A.1: The homogeneous plate configuration
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The 3D problenP? is summarized as follows:

(6-V =0 onQ. (A.1a)
6=C:¢& onq. (A.1b)
PPLG &, =T onwt. (A.1c)
E:%(%®a+a®%) on Q. (A.1d)
(=0 ondwx|—h/2,h/2| (A.le)

wherew is the 3D displacement vector fiekdis the strain tensor field andis the stress tensor field.
The external work is:

VD — /iﬁ* APt T AP+ <} : ftﬁD> dw, (A.2)

The 3D elasticity stiffness tensor is written using the $psxt decomposition:

~ E - 3vE -
o T oa ) (A3)

wherer;;,, = % (031051 + 04651 ) is the identity for 3D elasticity and ;;; = ééijékl.

A.1.2 Reissner-Mindlin compatible fields
A.1.2.1 Statically compatible fields

The generalized Reissner-Mindlin stresses associatée 8D stress field are:

Nog (21, 22) = (0ap) (A.4a)
Mg (21, 22) = (2304p) (A.4b)
Qo (71, 72) = (0a3) (A.4c)

whereN is the membrane stredd, the bending moment, ar@ the shear forces.
Reissner-Mindlin equilibrium equations are obtained lggnating EquationgX.1a8) andz; x (A.1a)
with respect tar; leading to:

(0app) + [%3]@@2 + (fa) =0
(asia) + 053]0 + (f3) = 0
(r3008,8) — (0a3) + [%%3]%12/2 + (x3f0) =0
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A.1. THE REISSNER-MINDLIN HOMOGENEOQOUS PLATE
Using boundary conditiong\(1c) and volume forces yields:

Nags + pa =0 (A.5a)
Qa,a +p3 = 0 (A5b)
Maﬁ,ﬂ - Qoz + Ho = 0 (ASC)

wherep;, = T;" + T, + (f;) are symmetric loadings per unit surface and= 2 (7" — T;) + (3 fi)
are skew-symmetric loadings per unit surface. More prégige= (p,,) are membrane loadings per
unit surface ps is the out-of-plane loading per unit surfage,= (u,,) are couples per unit surface
andys is the transverse bulk loading.

Following Nguyen et al.(2005h a fourth equilibrium equation involving transverse buk i
introduced:

Q3 = 3 (A.6)

whereQs = & (o33 (21,22, %) + 033 (21,22, - 5)).

A.1.2.2 Kinematically compatible fields

Multiplying Equation A.5) with U,, Equation A.5) with Us, Equation A.5) with ¢, and
Equation A.6) with 3, integrating by parts on the domairand summing all equations leads to the
weak formulation of the plate model:

VR]\/[ — VR]\/[

int ext

where

VAL — [N:(i: (VRQU)+M:(i:(Vep)+Q: (p+ VUs)+ Qspsdw (A.7)

R ﬁ~l~1’+ﬁ~¢dw+/ N-n) U+M-n)-o+(Q n)Usdl  (A8)
w ow
andn is the in-plane unit vector outwardly normaldo

Dual strains are identified ;2! as:

e=i: (VoU), x=i:(Voy), vy=¢+VU; and g; (A.9)

wheree, s is the membrane strair,,s is the curvaturey, is the shear strain ang; the transverse
bulk. Since we have assumed the plate is clamped, there ig@mal work on the edgéw in V.23
(EquationA.8). This leads to the following condition o and¢ for clamped edges:

=0 and U=0 onjw
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and finally:
Ve’;'i”:/ﬁ-ﬁ+ﬁ-(adw (A.10)

Dual strains have been defined previously using standardizdtian techniques. In order to
recover a physical meaning foe, x, v, ¢3) it is of interest to compare the external work for the
Reissner-Mindlin plate model and the external work foribeproblem (Equatiom.2).

First, if we assume no volume for&e: 0, we have:

Vi — /’F APt T AP dw (A.11)
which can be rewritten as:
v2 = [ 5.0 45 pPdw (A.12)
with the following definitions:
~3D+ | ~3D— ~3D+  ~3D—
~ 3D u +u ~ u —-u
B S (A13)

Thus settingJ = o’ andp = @™ ensures identical external work for the Reissner-Mindlaig
model and th&D model.

However, another choice is possible. Let us assiime= 0 and}’(xg) =7 + x35. We have:
p = hi andp = 23 and:

VD = <} : 17,3D> dw (A.14)
which can be rewritten as:
~ ~3D
V= [pU +h-¢"dw (A.15)
with the following definitions:
~3D ~3D
N u 12 ( x3u
U3D:<h>, ¢3D=¥ (A.16)

Thus settingf] = ﬂ‘gD and® = 3™ ensures also identical external work for the Reissner-hfind
plate model and th&) model.
Actually, both definition are very close when the plate is bgeneous and slender. In this
case, it is possible to perform a Taylor expansion of¥halisplacement i3 direction:
3D 3 3 3D

X Xz
u” = ulP (21, 22,0) + z3ul; (21, 22,0) + é’u?g?)(:cl, T9,0) + é’ui,%?’(azl, x2,0)
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2 3

X X
u? =P + wyull + 33@323 + Ef”ﬂ?gg?,
and we have:
~3D+ | ~3D— 2 ~3D+ ~3D— 2
u +u _ h® u —u _ h®_
<7[L3D> 12 . 12 <x3ﬁ > . B2 .
T T W T oliss T T Ui T oas i (A.18)
Thus, both definitions are identical at first order and we have
 ~3D+ | ~3D- <ﬁ3D>
o~ ‘QH" L (A.19)
~3D+  ~3D- 12 <x3173D>
~ u —Uu _
P~ - ~ e ~ uf’g (A.20)

Finally, U; is the translation of the plate mid-plang, is a vector related to the local rotation
with respect to in-plane axes apgis a variable related to Poisson’s effect in the transvearsetibn.
The actual rotation pseudo vector corresponding i8 0 = (52 ).

A.1.3 Localization

The derivation of localization fields is the same as the ommpeed in Chapte4.
The stress field is:

.
1
O'(N)(SCl,.TQ,.T:;) = EN(I‘l, SCQ) andO'Z-(Z';’\I) =0 (A21a)
122
oM (1,29, 13) = h33M(ZE1,ZE2) andag") =0 (A.21b)
3 223\ %\ Q.
\

The strain field is derived using tl3® constitutive equation:

€ (21, 15, 23) = e(w1,25) andeld =0 (A.22a)

€0 (21, 29, w3) = w3x (21, 12) andeY =0 (A.22Db)
5 223\

3= (1 - (%) ) Yor €0)=0 and £ =0 (A.22¢)
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A.1.4 Constitutive equations

Constitutive equations a derived using localization fieldd:
1 -
* RM _ - /=BM | . ~RM
w (N,M,Q)—2<a 'S0 >

This leads to: 13 -
N =hc:e, M:Eczx, QIEG}W

wherec is the plane-stress 2D stiffness tensor. Its spectrum deosition is:
E 2vF

:1+1/l+1—1/21

c

whereiyg,s = 5 (0ay035 + 0asds,) is the identity for 2D elasticity anfls,s = $0a505s.
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A.2. JUSTIFICATION OF BOUNDS FOR THE SHEAR FORCES STIFFNESE SANDWICH
PANELS

A.2 Justification of bounds for the shear forces stiffness acdand-

wich panels

In Chapter6, Section6.2.4 is provided justification of bounds for the transverse skatiness
of sandwich panels. Here the computation details are given.

A.2.1 Upper bounds for sandwich panels shear forces stiffres
A.2.1.1 Voigt upper bound
We choose the following kinematically compatible straitdfie

0 onYys*
ehy = and e}y =c33 =0 (A.26)
% onY¢

e enforces a uniform transverse shear strain in the edrés related to the following displacement
field:

+l~ onYsE

wt =727 and uf =0 (A.27)
Yys onY*®

With this trial strain fielde* the potential energy6(20 of the Reissner-Mindlin shear auxiliary

problemP(@) becomes:

_ 1 3t.(h* —t?)
+ c c c
P (5 ) = 5% <Ca353>676 - QWwQa (A.28)
We denote the correction related to skins thicknéss: %7%2@‘:;3) ~1— ’;—
Minimizing P(@) (") with respect tey leads to:
7=k (C).-Q (A.29)

whereC; ; = (5343 I the transverse shear part of the 3D stiffness tensorllftha potential energy
for the Reissner-Mindlin auxiliary problem is:

P@ (g+) — _%tQ K2 <C0>c—1 Q (A.30)
which leads to the Voigt upper bound:

VQ, 'Q-k2(C)1-Q<'Q-f-Q (A.31)
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A.2.1.2 The upper bound fromKelsey et al.

It is possible to give a sharper bound. We still assume a tmiftisplacementt™" = L5 in

the the skins and suggest the following auxiliary problerthancore:

(65 . v =0 (A.32a)

& =) (Vera) (A.32b)

PR @it = it—;fy on interface face8Y;=, (A.32¢)
™" . 7 skew-periodic odY;® (A.32d)

L™ (y1, 92, 93)  (y1,12)-periodic ondY;® (A.32e)

This auxiliary problem is exactly the one suggestetbisey et al(1958 for deriving upper bounds
of sandwich panels shear forces stiffness. The potenteabgrof this problem is:

Prr(E) = L (5 E @) E) (A.33)

[

it is a quadratic form ofy which can be written as:

~ 1
PR+ (5K+) = 5y tCl oy (A.34)

Then the potential energy of the core and the skins becomes:

_ 1
P@ <5K+> = Sy teC Yy —hey - Q (A.35)

and the minimization ovey leads to:
- 1 ~1
P@ <£K+> = —5'Q- K (t.CE) - Q (A.36)

teClT
k3

Then the related shear forces stiffnessh8" = which is the upper bound for shear forces

stiffness fromKelsey et al.

182



A.2. JUSTIFICATION OF BOUNDS FOR THE SHEAR FORCES STIFFNESE SANDWICH
PANELS

A.2.2 Lower bound for sandwich panels shear forces stiffnes

A.2.2.1 Reuss lower bound
We choose a statically compatible stress field of the form:

i3h3h2t3 (1 — (&) ) Q. onYsE

3h—t
5o ONY*

Oa3 =

and o, ;=03 =0 (A.37)

o~ is uniform in the core and fulfils traction free boundary cibioths on the upper and lower faces.
With this definition ofe—, the complementary energy becomes:

(A.38)

o)~y 1 k2 k2t (6t2 — 15tsh + 10h%) o,
p(Q)(a):§tQ ( ts ( )S)-Q

2 SAST 12(h — t,)?

whereS; ; = 455555 andS;, ; = 45,55, are the transverse shear parts of the 3D compliances.

A.2.2.2 The lower bound fromKelsey et al.
The complementary energy of ti~ problem is (Equationg.49) :

P (5 = % (5" 5@ (A.39)

it is a quadratic form o€ which can be written as:

pri- (~K—) - tQ k?sfﬁ_ Q (A.40)

Again, the complementary energy of problems in the sffis** is (Equation 6.50)):
1 /¢ ~c
xK— s+ (=K=\ _ - /'~=K— | ~\ | ~K—
P (a >—2<a . 5°@):d > (A.41)
it is a quadratic form of) where it is possible to bring out the correction for thickreki
prE—sE (5K—) — th SR Q (A.42)
2
Then the complementary energy of the core and the skins bescom

pH@ <~K—> _ %tQ_ (fo | st +fo,sf) Q (A.43)

wheref~ = k2=l “ﬂ is the lower bound for shear forces stiffness frielsey et al.
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A.3 Implementation of the Bending-Gradient homogenizatio

scheme with plate elements

All the developments in Chaptérfor deriving the Bending-Gradient localization fields of pe
riodic plates are valid for 3D continuum mechanics. Howgsandwich panels with core made of
honeycomb structures or folded material are mostly madaioffacets. In order to limit compu-
tational cost, it is much more relevant to model the unit-oEkthese panels with plate elements:
the facets. In this case, the 3D fields in the auxiliary protsé(©x)¥s and P® are replaced by
plate generalized stresses, translations and rotatiartkid section we provide some adaptation of
auxiliary problems to plate fields.

First, boundary conditions in the Love-Kirchhoff auxilygsroblem are modified so that it takes
into account the rotation sfield. Then the volume force egldbR is turned into plates loadings
andgp.

A.3.1 Boundary conditions in the Love-Kirchhoff auxiliary problem

In the Love-Kirchhoff auxiliary problenfP(¢):¥s (Equation 6.11)), displacements are en-
forced on the edge of the cell. These displacements areedelatthe Love-Kirchhoff kinematics
on the overall unit-cell. Since the facets are small plates, have to adapt these boundary condi-
tions to the facets local kinematics: the displacenfé?qand the rotatiod" .

First, let us recall the overall Love-Kirchhoff kinematio the unit-cell (Equationg.11), Fig-

urel.l):
~ LK 1

~_per ~ ~ ~ o~ ~ o~ ~\ ~
U™ =U +e-y+ux-v-5(0 X 9)e (A.44)

Since the size of the unit-cell in its plane is not negligibligh respect to its thickness, one
have to take also into account rotation fields. Rotationsedeged to the skew-symmetric part of the

gradient of the displacement:

é:%(fh@%—%@ff)

Oisa skew-symmetric matrix artlis the pseudo-vector derived fro§1(Forest et al.2001):

The skew-symmetric part (ﬁfuéb Vis:

~LK ~per

© © +Xx yoe—exd((Xx Yy (A.45)
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WITH PLATE ELEMENTS

Figure A.2: Local orientation of a facet belonging to thettosll

and the corresponding rotation pseudo-vector is:

~LK ~per -~ ~ ~ ~ ~ ~
6" =6 +(e2®e —e®er) (X ) (A.46)

When two edges are matching with periodicity conditiong, difference between displace-
ments is written in the main reference frame as:

_ o

AU =2 AG +yx - AF — ( (=) 'YA??) e
. (A.47)

AO =(e;0e —e @e)- (X-Ay)

wherey~ andy™ are the coordinates of the first and the second correspordiggs and\y =

v -7
The periodicity condition between two matching edgeand— are enforced as:

U =0 +a0"

e ~LK (A.48)
6 =60 + A0

These periodicity conditions generalize to any unit-celhfiguration those suggested biohe

(2003 andPahr and Rammerstorf€006 which where restricted to rectangular unit-cell.

In the present case, the unit-cell is constituted of facdtkhvhave their own local orienta-
tion () with respect to the main reference frame. TRtislenote the coordinates in the local refer-
ence frame ang’ = P. Y, whereP is an isometry of the 3D space (Figuke2). For a facet, only
rotations with respect té{ and’é§ are defined. Thus itis also necessary to rest!?rli'g[ to its in-plane
part in the local reference frame. The actual rotation vfiséween matching edges implemented in
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finite elements code in the main reference frame is finally:

K

A" ='P.p.-P.AG"
wherep = (é g §) is the in-plane projection operator.

A.3.2 Localization of Love-Kirchhoff fields

Again, since we are dealing with facets, the local 3D si#€gs is replaced by plate generalized-
stress fielda'(y), m'(y), q'(y) which are written in the local reference frame. Thus, sa@\ine
Love-Kirchhoff auxiliary problem for each individual corapent ofe andy leads to the localiza-
tion of generalized-stress fieldggs.s, m.5,5 and ¢,5,. The local generalized-stress field can be
reconstructed by linear combination:

nfi = n®) e+ n) . x

qTLK — q(e) e_|_ q(X) :X

We recall thae andy are considered in the main reference frame whereas theingsgéneralized-
stressea™®, m' X andq™ are written in the local reference frame.

Using the inverted Love-Kirchhoff plate constitutive latis possible to write the generalized-
stress field generated by imposed bending moment:

nfM =M M= (2®:6+a0:4):M
g™ =g" M= (q®:6+¢q%:4):M

A.3.3 Shear auxiliary problem loading

Finally, the volume forcéf(ﬁ) involved in the shear auxiliary proble® has to be turned into
plate local loadingg'™ andp® in the facet's reference frame. Since it involves diffenefiérence
frames and respective derivatives, we suggest the follpaiep by step procedure:

The local stress field in the homogeneous plates which ¢atestithe unit-cell is written as
(AppendixA.1):

12y}

1
FTM) 2 (M)
o = -n

; + 73

2
3 2y o~
WM+§]_<£ﬂ (¢ wel+efed™)  (A5D



A.3. IMPLEMENTATION OF THE BENDING-GRADIENT HOMOGENIZATON SCHEME
WITH PLATE ELEMENTS

wheret is the facet’s thickness.

Using transformation formula, the stress field is expresséae main reference frame™ =
P.5'™ . 'P. Now it is possible to apply the procedure detailled in Seoi.1.3for deriving f in
the main reference frame. The volume force in the local esfes frame is then}T(R) = tﬁ . ;‘(R).
Then, we derive the plate IoaﬁE(R) andp® from fT(R) while integrating through the thickness as
indicated for a homogeneous plate with a volume loading ipeXalixA.1.

All these steps lead to the following definition of plate lsad the local reference frame gen-
erated by a uniform bending gradient in the unit-cell:

R M M M
™ = (”i(ml + %(ﬁa)5j3 + qfﬂtx)(sif”) Ragr Py

(R M
/~‘6( )= mtgsﬁ)ozRaﬁ’Y Poe

(A.52)

Finite element softwares do not always implement the mospentunit-surface loading with
plate elements. However, it is always possible to load withcentrated force and momentaz
at nodes. The preceding plate loads are then convertedantentrated loads in the main reference
frame with:
F® =Py, ("/(g;/')a + g + %%25%) RagyP+;5"

R : (A.53)
M = Pic (32051 — 0¢1052) méeﬁ)aRaﬂvP%S !

where(d:2051 — dc1d52) turnsp into a moment pseudo-vector afd is the nodal area.
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A.4 Contrast assumption in the case of a sandwich panel made

of only one isotropic material

The contrast assumption for a sandwich panel made of the isatnepic material for the skins
and the core is stated as (Equatib):

Ve, e:t.,pC":e <2l e:c":e (A.54)

wherep is the volume fraction of material in the co®;" is the plane-strain stiffness aat! is the
plane-stress stiffness.

Both tensors ara priori not simultaneously diagonalizable. Thus we suggest to eoentne
largest eigenvalue @fpC™ to the smallest eigenvalue 2f,c™. This will yield a sufficient condition
for fullfilling the contrast assumption.

With Voigt notations we have:

am 1—vm ym 0
c]™ = ZS e 0
14+ vm)(1—2vm
( I ) 0 0 1 — 2™
and
o 1 v 0
[C]m — (1 n ]/m)(l — ]/m) ym 1 0
0O 1-—-v™

m - Em Em . m - Em Em
[C]" eigenvalues are =y — =y and 7 [e] eigenvalues are’ % and ;==. Thus the con-

strast assumption is rewritten, depending on Poisson(s ia:

1—ym

p;C <1 if v<0

ls

{ pthCS < WA=2") e m o

Whenv™ = 0.5 the constrast assumption becomes ill-defined. Howeveraatipal cases,
v™ = 0.3 and the condition is equivalent gl < 1.
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Homogénéisation de plaques périodiques épaisses, apptioa aux panneaux sandwichs a ame
pliable en chevrons

Les panneaux sandwichs sont des éléments de structurerésenps au quotidien. Leur efficacité
structurelle n’est plus a démontrer. Elle est méme un éléaneerminant dans le marché qui leur
est associé. Ce mémoire de doctorat s’intéresse a un notyEad ame de panneau sandwich qui
pourrait étre amené a supplanter le nid d’abeilles danaioes applications, le module a chevrons.
L'objectif est donc de pouvoir faire une estimation prédsecomportement de ces nouvelles ames.
Cependant le gain en efficacité structurelle des panneawdwsehs se paye par une augmentation
considérable de la complexité de leur comportement mégani¢’est en particulier le cas de la
raideur a I'effort tranchant qui est déterminante pournestil’efficacité d’'une ame de panneau
sandwich. Ainsi, ce travail nous a amené a reconsidérerafampeur les méthodes pour calculer le
comportement a I'effort tranchant des plaques en générabuk a conduit a proposer une nouvelle
théorie des plaques ainsi qu’'une méthode d’homogénéisasisociée dans le cas périodique. Cette
théorie peut étre considérée comme I'extension de la thdoen connue de Reissner-Mindlin au
cas des plaques hétérogenes. Elle ne peut cependant pasiétte au modele de Reissner-Mindlin
dans le cas général. Dans le cas particulier des panneadwisas incluant le module a chevrons,
I'application de cette méthode d’homogénéisation perraanéttre en évidence un phénomeéne de
distorsion des peaux qui affecte de facon notable la rai@é&effort tranchant de ces panneaux.

Mots-clés Théorie des plaques, Homogénéisation, Panneaux sangwliahss pliées, Plaques
stratifiées,

Thick periodic plates homogenization, application to sandich panels including chevron folded
core

Sandwich panels are widespread in everyday life. Theicsiral efficiency is well-known and is
a central criterion in possible applications. This Ph.Cesik is dedicated to the study of a new
sandwich panel core which might replace honeycomb in sorpkcagions: the chevron pattern. In
order to compare this new core to other ones, an accuratel&dgevof its mechanical behavior is
necessary. However, the price for structural efficiencynsoae complex mechanical behavior. This
is the case for the shear forces stiffness which is critidarnvcomparing sandwich panels cores.
Thus, in this work we reconsider in details and in the geneaak how to derive plates behavior
under shear forces. A new plate theory is suggested as witleaglated homogenization scheme
for periodic plates. This plate theory is the extension & well-known Reissner-Mindlin plate
theory in the case of heterogeneous plates. However, itotdyereduced to a Reissner-Mindlin
plate theory in the general case. In the special case of seinganels including the chevron pattern,
applying the homogenization scheme brings out a skinsmdisto phenomenon which affects a lot
their shear forces stiffness.

Keywords Plate theory, Homogenization, Sandwich panels Foldedscbeminated plates
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