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Analyse mathématique de quelques modéles en calcul de structures
électroniques et homogénéisation

Résumé. Cette thése comporte deux volets distincts. Le premier, qui fait 'objet du
chapitre 2, porte sur les modéles mathématiques en calcul de structures électroniques, et
consiste plus particuliérement en 1’étude des modéles de type Kohn-Sham avec fonction-
nelles d’échange-corrélation LDA et GGA. Nous prouvons, pour un systéme moléculaire
neutre ou chargé positivement, que le modéle Kohn-Sham LDA étendu admet un min-
imiseur, et que le modéle Kohn-Sham GGA pour un systéme contenant deux électrons
admet un minimiseur. Le second volet de la thése traite de problématiques diverses en
homogénéisation. Dans les chapitres 3 et 4, nous nous intéressons a un modéle de matériau
aléatoire dans lequel un matériau périodique est perturbé de maniére stochastique. Nous
proposons plusieurs approches, certaines rigoureuses et d’autres heuristiques, pour cal-
culer au second ordre en la perturbation le comportement homogénéisé de ce matériau
de maniére purement déterministe. Les tests numériques effectués montrent que ces ap-
proches sont plus efficaces que "approche stochastique directe. Le chapitre 5 est consacré
aux couches limites en homogénéisation périodique, et vise notamment, dans le cadre
parabolique, & comprendre comment prendre en compte les conditions aux limites et ini-
tiale, et comment corriger en conséquence le développement & deux échelles sur lequel
repose classiquement "homogénéisation, pour obtenir des estimations d’erreur dans des
espaces fonctionnels adéquats.

Mots-clés : Equations aux dérivées partielles, Chimie quantique, Modéles de Kohn-Sham,
Homogénéisation, Matériaux aléatoires.

Mathematical analysis of some models in electronic structure
calculations and homogenization

Abstract. This thesis is divided into two parts. The first part, that coincides with Chap-
ter 2, deals with mathematical models in quantum chemistry, and specifically focuses on
Kohn-Sham models with LDA and GGA exchange-correlation functionals. We prove, for
a neutral or positively charged system, that the extended Kohn-Sham LDA model admits
a minimizer, and that the Kohn-Sham GGA model for a two-electron system admits a
minimizer. The second part is concerned with various issues in homogenization. In Chap-
ters 3 and 4, we introduce and study a model in which the material of interest consists
of a random perturbation of a periodic material. We propose different approaches, ei-
ther rigorous or formal, to compute the homogenized behavior of this material up to the
second order in the size of the perturbation, in an entirely deterministic way. Numerical
experiments show the efficiency of these approaches as compared to the direct stochastic
homogenization process. Chapter 5 is devoted to boundary layers in periodic homogeniza-
tion, in particular in the parabolic setting. It aims at giving a better understanding of
how to take into account boundary and initial conditions, and how to correct the two-scale
expansion on which homogenization is classically grounded, to obtain fine error estimates.

Keywords: Partial differential equations, Quantum Chemistry, Kohn-Sham models, Ho-
mogenization, Random materials.
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CHAPITRE 1

Introduction générale

Nous présentons ici les deux grands thémes de ce travail de thése. Le premier concerne
les propriétés mathématiques de modéles de chimie quantique dits de Kohn-Sham, utilisés
en calcul de structures électroniques. Le second, qui fait I’objet d’une collaboration avec
EADS IW, traite de deux problématiques distinctes dans le cadre de ’homogénéisation
des matériaux composites, et consiste en 1’étude d’'un modéle perturbatif de matériau
aléatoire d'une part, et des couches limites en homogénéisation parabolique d’autre part.
Aprés avoir détaillé les contextes scientifique et le cas échéant applicatif de ces travaux,
nous introduisons les résultats qui seront prouvés dans le corps de la thése.

1.1 Modéles mathématiques en calcul de structures électro-
niques

On s’intéresse dans cette partie & un systéme moléculaire comprenant M noyaux atomiques
et IV électrons. Pour simplifier, on utilise les unités atomiques, ce qui se traduit par

me=1 e=1 h=1, =1, (1.1)

ol me désigne la masse d’un électron, e sa charge, h la constante de Planck réduite et g
la permittivité diélectrique du vide.

On se place dans tout ce qui suit dans le cadre de "approximation de Born-Oppenheimer :
les noyaux étant beaucoup plus lourds que les électrons, la dynamique des premiers peut
étre découplée de celle des seconds |20, 4, 41, 60, 82.

Sous cette approximation, les M noyaux sont considérés comme des particules clas-
siques, de positions Z1,---,Zys dans R? et de charges 21, -- 2y dans N* en unités ato-
miques. Les N électrons sont quant & eux représentés dans le formalisme de la physique
quantique par une fonction d’onde notée ¥ (z1,--- ,zy), ou pour tout i € [1, N], x; est
un vecteur de R3.

Un des problémes les plus importants dans le calcul des structures électroniques est la
détermination de ’état fondamental du systéme, c’est-a-dire I’état de plus basse énergie.
Ce dernier conditionne en effet la plupart des propriétés physiques et chimiques du sys-
téme. Sous 'approximation de Born-Oppenheimer, cette recherche du fondamental prend
la forme d’une double minimisation : les positions des noyaux étant fixées, on calcule la
configuration électronique d’énergie minimale, puis on optimise la géométrie des noyaux.
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Détaillons ces deux étapes. Pour une configuration atomique (Zi,---,Zps) donneée,
I’évolution des électrons est décrite par le Hamiltonien

H = — Z Az, — Zz‘x_m Z # (1.2)

i=1 k=1 1<i<j<N i — ]

Le premier terme de H##} correspond a I’énergie cinétique des électrons, le second
terme & l'attraction coulombienne entre électrons et noyaux et le troisiéme & la répul-
sion coulombienne interélectronique. La configuration électronique donnant la plus basse
énergie est alors obtenue en calculant

U(if‘l, to 7i'JW) = inf {<71Z)7 H{fk}d}>7 ¢ € Hv ||17[}||L2(]R3N) = 1} ) (13)
ou
N
H=/\H' R
=1

Précisons que dans (1.3), et selon les principes de la physique quantique :

e les fonctions d’onde sont normalisées (ceci vient de leur interprétation comme pro-
babilite de présence), d’ot la condition [|[¢)]|,2(gsny = 1;

e en vertu du principe d’exclusion de Pauli, 'espace /\f\; H L(R3) désigne le sous-
ensemble de H'(R3V) composé des fonctions d’onde antisymétriques par permuta-
tion de deux variables, c’est-a-dire

17[}(351)(1)7 Tp2)y - a:l:p(N)) = (_1)8(p)w(1:1’ X, - a'TN)~
Les variables de spin ont été omises. Elles ne joueront pas de réle dans la suite.

Une fois le probléme électronique (1.3) résolu, le potentiel effectif dans lequel se dé-
placent les noyaux est donné par

1
1<k<i<M k !

L’état fondamental du systéme est alors obtenu en minimisant W sur toutes les confi-
gurations de noyaux (Z1,--- ,Zys) de R3M,

Dans le cadre de cette thése, nous nous intéresserons uniquement & la résolution du
probléme électronique (1.3) pour une géométrie de noyaux donnée. Pour simplifier, nous
réécrivons ce probléme de minimisation de la facon suivante :

inf { (v, HY), $ €N, 6] o) =1} (L5)
avec

N
H=/\ H' &),

i=1
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N N 1
H:_Z2A$i+ZV(azi)+ Z Pt
i=1 =1 1<i<j<N
Mo
k
Vi ==, |z — Ty
k=1

Dans (1.5), les Zj jouent le role de simples parameétres de R3,

Une approche numérique directe de (1.5) nécessite de discrétiser RV, Le cofit de cal-
cul qui en résulte est trop élevé pour les systémes complexes comprenant plus de deux
électrons. Pour remeédier & ce probléme, beaucoup de modéles consistant en des approxi-
mations de (1.5) existent dans la littérature. Parmi ceux-ci, on distingue deux grandes
classes :

e les modeéles reposant sur des méthodes de fonctions d’onde (voir [25] pour une intro-
duction mathématique a ces modeles) : le plus connu d’entre eux, celui de Hartree-
Fock, fait 'objet de la section suivante;

e les modéles issus de la théorie de la fonctionnelle de la densité, et notamment ceux
de Kohn-Sham [33, 67] présentés dans la Section 1.1.2.

1.1.1 Modéle de Hartree-Fock

Le modéle de Hartree-Fock repose sur une réduction de 'ensemble de minimisation de
(1.5). De maniére schématique, le but est de remplacer Iespace Hl(R?’N) par le produit
HY(R3) x --- x HY(R3) : d’un point de vue numérique, il suffit alors de discrétiser R® en
lieu et place de R3V.

Le nouvel ensemble de minimisation doit respecter le principe d’exclusion de Pauli et
donc 'antisymétrie des fonctions d’onde. 1l s’agit de I’espace des déterminants de Slater,
c’est-a-dire des fonctions d’onde qui s’écrivent

¢1(r1) -+ ¢1(zn)

1

1
Y(x1, - aN) = ﬁdet(@(%‘)) = ﬁ (1.6)

on(71) -+ dn(zN)
ol les ¢; sont des fonctions de H'(R?) appelées orbitales moléculaires vérifiant les condi-
tions d’orthonormalité / Gij = ;5.
R3

On note
Wy = {<I> ={bihcicn, ¢ € H'(R?), /IR Gidj =0y, 1<i,j< N} (1.7)

I’ensemble des configurations de N orbitales moléculaires, et

Sy = {w €M, 3= {di}1can € Wy, U= V%detwi(xm} (18)
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I’ensemble des déterminants de Slater.

Le modéle de Hartree-Fock est alors le probléme de minimisation

inf {{), HY), ¥ € S} (1.9)

Pour une fonction d’onde ¢ dans Sy, (¢, HY) peut s’écrire en fonction du n-uplet ®
introduit dans (1.7) et (1.8). Plus précisément, on a

(v, Hy)y = EMF(®), (1.10)

ot la fonctionnelle d’énergie de Hartree-Fock £ est définie par

SHF (g / . / v //p‘1> ) dedy (111
Z Voil+ | Vg ] ‘x_y‘ vdy  (111)

—// da;dy,
R3 JR3 \f—y\
N

N
avec 7o (z,y) = > _ ¢i(x) ¢i(y) et po(z) = To(z,2) = > [di(x)]?
i=1 i=1

La fonction pg est la densité électronique associée au déterminant de Slater construit
a partir de ®. L’intégrale de cette densité sur R? vaut N et permet bien de retrouver le
nombre total d’électrons du systéme. La fonction 7¢(x,y) définit un opérateur de L?(R?)
dans lui-méme appelé opérateur densité d’ordre 1, dont le noyau est précisément 7¢. Cette
terminologie se retrouvera dans la section suivante consacrée aux modeéles de Kohn-Sham.

Dans la fonctionnelle d’énergie (1.11), le premier terme correspond a 1’énergie cinétique
des N électrons. Le second terme représente ’attraction coulombienne exercée par le po-
tentiel V' crée par les noyaux, et le troisiéme I’énergie de Coulomb de la densité pg. Ces
trois termes admettent une interprétation classique, par opposition au quatriéme terme,
dit d’échange, d’origine purement quantique car provenant de 'antisymétrie de la fonction
d’onde et donc du principe de Pauli.

Au vu de (1.8), (1.9) et (1.10), le modele de Hartree-Fock peut se réécrire
inf {77 (@), @€ Wn}. (1.12)

L’ensemble de minimisation du probléme (1.9) étant plus petit que celui du probléme
initial (1.5), Iénergie fondamentale donnée par (1.9) ou de maniére équivalente par (1.12)
est plus élevée que celle obtenue par (1.5). La différence est appelée énergie de corrélation.

Soulignons par ailleurs que la restriction de I’ensemble de minimisation sous-jacente a
la construction du modéle de Hartree-Fock a une contrepartie : la fonctionnelle d’energie
(1.11) n’est pas quadratique en son argument P, alors que (1.5) est quadratique en la
fonction d’onde .
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L’existence d’un minimiseur au probléme (1.12) a été montrée pour les systéme neutres
ou chargés positivement, c’est-a-dire pour Z := Zkle 2z > N (voir [54] et [58]). La
question de 'unicité du minimiseur, ou méme celle, moins forte, de I'unicité de la densité
associée au minimiseur, est un probléme ouvert.

1.1.2 Modéles de Kohn-Sham et théorie de la fonctionnelle de la densité

Le principe de la théorie de la fonctionnelle de la densité (que 'on appellera aussi par son
acronyme DFT pour Density Functional Theory), et de tous les modéles qui en découlent,
est de décrire le systéme a ’aide non pas d’une fonction d’onde, mais de la seule densité
électronique. Les bénéfices pratiques en sont évidents : on travaille dans R3 au lieu de R3%.

On définit
Fr={v € H, |6l pamon) =1} (1.13)

Le probléme de minimisation (1.5) peut se réécrire de la fagon suivante, ou la dépen-
dance en le potentiel V' est explicitée :

ou
N
Hy = H + ZV(ﬂﬁz‘)
i=1
et

Z Api+ Y [ (1.15)
Ty — Xy

1<Z<j<N

A une fonction d’onde ¥ dans Fy est associée la densité électronique

R3(N-1)

On note
IN:{pa EWG]:N, pw:p}

Iensemble des densités associées aux fonctions d’ondes admissibles. D’aprés [53], Zy peut-
étre caractérisé de maniére équivalente par

IN:{pZO, Vp € HY(R?), /Rgp:zv}. (1.17)

Le point de départ de la théorie de la fonctionnelle de la densité est le calcul élémentaire
suivant [43, 53] :

E(WV) = inf{(y,Hyy), € Fn}

— it {iut((0 o) v € Py, po=pbt [ oV pelv)
= inf{Frr(p) +pV, p€In}, (1.18)
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avec
Frr(p) =inf {(¢, H1¢)), ¥ € Fn, py=p}. (1.19)

La fonctionnelle Fr; est appelée fonctionnelle de Levy-Lieb. Elle est universelle, au
sens ou elle ne dépend pas du systéme moléculaire considéré (ce dernier n’intervenant que
dans le potentiel V).

Il est clair d’apres (1.18) que la minimisation sur les fonctions d’onde a été remplacée
par une minimisation sur la densité électronique. Une autre approche de la DFT est pos-
sible, faisant intervenir les opérateurs densité. Nous la détaillons ci-aprés.

A une fonction d’onde ¢ € Fy, également dénommeée état pur, est associé un opérateur
densité T donné par

Ly = [9)(@l.

Les états mixtes sont définis comme I’ensemble des combinaisons convexes d’états purs.
Ils sont décrits par les opérateurs densité

+00 400
D= "pil") @], 0<pi<1, > pi=1 o' €Fy. (1.20)
i=1 —

On note Dy lensemble des opérateurs densité admettant la forme (1.20), qui est
I’enveloppe convexe de l'ensemble des opérateurs densité associés & des états purs. La
densité électronique correspondant a 'opérateur I est

+o0o
r) =Y pipyi(x)
=1

ol py: est la densité associée a I'état pur Y' par (1.16).

En désignant par Tr la trace d’un opérateur, il est clair que

+oo
D) =Y pill ¢! 72@sny = 1, Tr (HiT) = Zpl W,  Hig'),

(HyT) (1t H V.
v ZP 19°) /RSPF

On peut montrer que la minimisation sur les états purs (1.14) est équivalente & une
minimisation sur les états mixtes, d’ou

E(V) =inf {Tr (HyT), T € Dy}.

D’autre part, on a
{p, I €Dy, pr=p}=1In.

Un calcul analogue a celui de (1.18) nous donne alors

EV) :inf{FL(p)—i-/RB) PV, peIN}, (1.21)
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ou Fr(p) est la fonctionnelle de Lieb définie par
Fr(p) = inf {Tr (H1I"), T € Dy de densité p}. (1.22)

De méme que Frr, Fr, ne dépend pas du systéme moléculaire considéré.

Nous disposons donc, via (1.18) et (1.21), de deux maniéres de rechercher le fonda-
mental du systéme en considérant la variable densité électronique plutdt que les fonctions
d’onde. L’avantage de la construction reposant sur les états mixtes par rapport a celle
fondée sur les états purs, présentement peu évident, apparaitra clairement lorsque nous
introduirons les modéles de Kohn-Sham.

La simplification apportée par la théorie de la fonctionnelle de la densité a une contre-
partie : il n’existe pas d’expression explicite des fonctionnelles F 1, et Fy, définies par (1.19)
et (1.22) respectivement. En pratique, on doit donc utiliser des approximations, basées sur
des évaluations exactes de ces fonctionnelles pour des systémes de référence. Beaucoup de
modéles existent dans la littérature. Les modéles de type Thomas-Fermi sont fondés sur
un systéme de référence qui est un gaz homogéne d’électrons; ils sont en fait antérieurs
a la dérivation de la DFT détaillée ci-dessus. Contenant des difficultés mathématiques
que 'on retrouve dans les modéles plus complexes, et donc instructifs d’'un point de vue
théorique, ils ne sont plus utilisés dans les calculs numériques car trop rudimentaires.

Plus précis que les modéles de type Thomas-Fermi, les modéles dits de Kohn-Sham,
dont I’étude fait I'objet du Chapitre 2, ont pour systéme de référence un systéme de N
électrons sans interaction. Le Hamiltonien H; defini par (1.15) est alors remplacé par

N o
Hy=-) 5. (1.23)
=1

Le Hamiltonien Hy est utilisé pour obtenir une fonctionnelle d’énergie cinétique. Celle-
ci revét deux expressions différentes suivant que I’on adopte la construction de Levy-Lieb
(états purs) ou la construction de Lieb (états mixtes). Dans le premier cas, on introduit
la fonctionnelle de Kohn-Sham

Trs(p) = inf {(, Hop), ¥ € Fn, py=p}. (1.24)

La fonctionnelle Txg n’admet une expression exploitable que si 'infimum dans (1.24)
est atteint en une fonction d’onde ¥ qui prend la forme d’un déterminant de Slater. Il
est prouvé que ce n'est pas toujours le cas [53|. Néanmoins, 'approche pratique est de
restreindre la minimisation au sous-ensemble des déterminants de Slater, et de considérer
une approximation de ZFKS donnée par

1 2 113 - 2
Tks(p) :inf{Q;/RS \Voil*, ¢ H(R?), /R3 Gidj = 0ij, ZZ;GZ)Z :P}- (1.25)

Ce probléme de représentation des minimiseurs de (1.24) ne se pose pas si 1’on calcule
la fonctionnelle d’énergie cinétique en utilisant les états mixtes. La fonctionnelle ainsi
obtenue, dite de Janak, s’écrit alors

Tj(p) =inf {Tr (HoI'), T € Dn, pr=p}, (1.26)
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et l'on peut montrer rigoureusement ’équivalence entre (1.26) et la formulation suivante :
1
Ty(p) = infq5 an/ IVoil?, ¢ e H'(RY), / G = 0ij,
25 Jwe R3

400 “+00
0<m <1, > mi=N, Zniwzp}. (1.27)
=1 i=1

Comparant (1.25) et (1.27), la distinction entre états purs et états mixtes (qui sont,
rappelons le, combinaisons convexes d’états purs) apparait clairement.

Nous disposons & présent de deux fonctionnelles censées approcher ’énergie cinétique
du systéme sans interaction. Il est en outre raisonnable d’estimer ’énergie liée & la répulsion
interélectronique & ’aide de I’énergie de Coulomb

1 p(@)p(y)
J(p) = 5 /R3 /R3 pr— dz dy. (1.28)

Dans le cas du modéle de Hartree-Fock (1.11), nous avons vu que l’énergie liée au
Hamiltonien H; se composait de ’énergie cinétique, de I’énergie de Coulomb et d’un
troisiéme terme dit d’échange, la différence entre I’énergie de Hartree-Fock et I’énergie
fondamentale exacte étant appelée énergie de corrélation. Cette terminologie se retrouve
dans les modéles dits de Kohn-Sham, dans lesquels les erreurs commises sur 1’énergie
cinétique et la répulsion électronique sont regroupées au sein d’une fonctionnelle appelée
fonctionnelle d’échange-corrélation, ainsi définie par

Eye(p) = Frr(p) — Trs(p) — J(p) (1.29)

Eqe(p) = Fr(p) — Ts(p) — J(p), (1.30)

selon que I'on adopte la construction de Levy-Lieb ou de Lieb.

Le modéle de Kohn-Sham standard dérive de la formulation de Levy-Lieb et donc de
(1.18), (1.19), (1.25), (1.28) et (1.29) :

N
inf { 1 1 p()p(y)
R L L oty T
(V) in {2; R3|V¢! LV o L ey (p),

¢; € HY(R?), /R3 Gipj = 5ij} , (1.31)

N
ot p=">>_|¢il*.
=1
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Fondé sur les états mixtes, le modeéle de Kohn-Sham étendu provient de (1.21), (1.22),
(1.27), (1.28) et (1.30) :

+oo
e 1 p(@)p(y)
EEES(V) = inf{ = nz/ V¢i2+/ PV+// o drdy + Eee(p),
(V) 2 ZZ; R3 | | R3 2 JJrsxrs |7~y (®)

+o0o
¢Z€H1(R3)7 /]R3 ¢1¢]:5U’ 0<n; <1, anzN}, (132)
=1

N
ot p=>"|gil*
i=1

Dans le Chapitre 2, nous utiliserons une formulation alternative de (1.32), reposant
sur les opérateurs densité d’ordre 1 associés aux états mixtes, définis par

+o0 +oo
Y, ') = nigi(x) ¢i(z'), ¢ € H'(R?), /3 $idj = 0ij, 0<m; <1, Yy mn;=N.
i=1 R i=1
Le modéle de Kohn-Sham étendu peut alors se réécrire

) 1
EPES(V) = inf {Tr <_2Afy> + /R3 pyV + J(py) + Exc(py)

v E€S(LAR3)), 0 <y <1, Tr (y) = N, Tr (-Ay) < oo}, (1.33)

ot py = y(z, ), ot S(L?(R3)) est I'ensemble des opérateurs auto-adjoints bornés sur
L2(R3), et ot Tr (—A~) désigne la quantité Tr (|V]y|V|) qui a un sens dans Ry U {400}
dés que v est un opérateur auto-adjoint positif. La notation Tr (—A-~) est justifiée par le
fait que |V|*> = —A.

Comme nous ’avons mentionné plus haut, la fonctionnelle d’échange-corrélation Fiy.
porte les erreurs d’approximation commises sur les autres composantes de ’énergie. C’est
sur ce terme que se concentre 'effort de modélisation en calcul de structures électroniques,
et ¢’est I’expression de ce terme qui différencie les modéles de type Kohn-Sham. Dans cette
thése, et plus précisément dans le Chapitre 2, nous nous intéressons aux deux fonction-
nelles d’échange-corrélation les plus répandues.

La premiére est appelée LDA pour Local Density Approximation, et admet la forme
générale
LDA
BEPAp) = | glol@)de. (1.34)
La seconde fonctionnelle, appelée GGA pour Generalized Gradient Approximation, est
une correction de la précédente faisant intervenir le gradient de la densité, soit

ESO(p) = [ hp(o), Vo). (1.35)
RS
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La fonctionnelle LDA n’est utilisée en pratique qu’avec une seule définition de la fonc-
tion g, qui est celle obtenue pour un gaz uniforme d’électrons. Elle a été introduite par
Kohn et Sham [47]. A linverse, il existe pour la fonctionnelle GGA beaucoup de choix
différents de h dans la littérature (voir [48], [70], [12], [69]).

L’objectif du Chapitre 2 de cette thése, écrit avec E. Canceés, est de montrer ’exis-
tence d’'un minimiseur pour le modéle de Kohn-Sham étendu (1.33) avec fonctionnelles
d’échange-corrélation LDA et GGA. A notre connaissance, le seul résultat relié disponible
est la preuve de I'existence d’un minimiseur pour le modéle de Kohn-Sham standard (1.31)
avec fonctionnelle LDA | établi par Le Bris dans [49].

Par souci de généralité, nous ne spécifions pas les fonctions g et h dans notre étude.
Nous cherchons au contraire & déterminer les hypothéses les plus larges possibles sur g et
h sous lesquelles les modéles admettent un minimiseur, afin de pouvoir évaluer le caractére
bien posé des divers modéles existants, et de proposer un cadre mathématique rigoureux
pour les modéles & venir.

Les résultats principaux du Chapitre 2 sont les théorémes 2.2 et 2.3. Sous certaines
conditions sur g et h, satisfaites en pratique, et pour des structures électroniques neutres
ou chargées positivement, nous montrons que le modéle de Kohn-Sham étendu LDA admet
un minimiseur, et que le modéle de Kohn-Sham étendu GGA pour les systémes compre-
nant deux électrons admet un minimiseur. Dans ce dernier cas, I'hypothése restrictive
sur le nombre d’électrons est due au fait que notre analyse repose sur des résultats de
régularité elliptique scalaires dont nous ne savons pas s’ils sont vérifiés pour les systémes
d’équations. Précisons que nous prenons en compte le spin dans cette étude, et que les
deux électrons du systéme sont décrits par une méme orbitale moléculaire ¢ € H'(R?).

Les difficultés mathématiques rencontrées dans ce chapitre proviennent essentiellement
de la nonlinéarité, de la non convexité et de la non compacité des modeéles. L’argument
central de nos preuves est le lemme de concentration-compacité de P.-L. Lions [59].

Les résultats du Chapitre 2 ont été publiés dans [5].

1.2 Homogénéisation

1.2.1 Problématique industrielle et homogénéisation

Les matériaux composites sont de nos jours présents partout dans I'industrie, et notam-
ment 'industrie aéronautique. La prochaine génération d’avions civils disposera ainsi d’'une
voilure et d’un fuselage réalisés principalement & I'aide de ces matériaux. Rappelons que
les composites sont des matériaux hétérogenes constitués de deux phases, a savoir une ma-
trice et des inclusions. Lorsque ces deux phases sont arrangées d’'une maniére astucieuse,
le matériau obtenu présente des avantages considérables en comparaison des structures
métalliques classiquement utilisées, en terme de poids, de résistance a la fatigue, de robus-
tesse, ... Les économies potentielles, notamment vis-a-vis de la consommation de carburant
et de la capacité de transport, sont énormes. Ces choix technologiques ont néanmoins de
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trés fortes implications relativement aux méthodes de conception et de certification des
appareils. Prenons I’exemple d’un avion foudroyé, ce qui constitue un événement fréquent :
alors que Deffet dit de cage de Faraday protége l'avion classique en aluminium, le risque
d’endommagement de la structure composite est a prendre en compte.

Cette problématique s’inscrit dans un contexte multi-physique. En effet, bien que ’as-
pect mécanique et structurel prime dans le dimensionnement des matériaux, d’autres cri-
téres ne peuvent étre négligés. Sur le plan des échanges thermiques, la généralisation de
I’'emploi des composites suppose une parfaite maitrise des températures de service afin
de ne pas dégrader la résine qui constitue les matrices organiques. Au niveau électro-
magnétique, 'interaction de la structure avec les installations de plus en plus complexes
d’équipements électroniques, et en particulier la circulation des courants au sein des ma-
tériaux, doivent étre contrélées. Enfin, la détermination de la performance acoustique de
I’avion et le calcul du bruit externe nécessitent des modélisations plus fines que celles en
vigueur actuellement. L’enjeu & venir est d’étre capable d’effectuer des arbitrages abou-
tissant a des solutions optimales vis-a-vis de ’ensemble de ces contraintes.

Chaque composite est concu & partir d’'un arrangement qui lui est propre afin d’en
adapter les propriétés. A une matrice et une inclusion données ne sont donc pas asso-
ciés un matériau mais une famille de matériaux. Caractériser expérimentalement chaque
variante d’une méme famille est trop cotteux. Il est donc nécessaire de se doter d’outils
précis permettant de prédire les caractéristiques comportementales des matériaux en se
basant sur un nombre réduit de tests expérimentaux.

Les méthodes de prédiction qui ont cours dans I'industrie aéronautique se fondent sur
des approches souvent heuristiques dont le domaine de validité est restreint. Etant de sur-
croit difficilement adaptables, elles ne permettront pas de traiter aisément les nouvelles
générations de matériaux, en particulier les nanomatériaux. En paralléle, il est envisagé
d’utiliser de plus en plus massivement les outils de simulation numérique dans les contextes
physiques mentionnés ci-dessus. Cependant, une approche basée sur une modélisation et
une simulation numérique "exactes" des composites sans traitement préalable ne constitue
pas une réponse adéquate. En effet, les hétérogénéités constitutives de ces matériaux ont
lieu & une échelle € beaucoup plus petite que la taille caractéristique du composite, que
nous prenons ici égale & 1. En utilisant une méthode numérique standard telle que celle
des éléments finis, le maillage devrait étre au moins aussi fin que € pour espérer reproduire
convenablement le comportement du matériau. Le nombre de degrés de liberté serait alors
de lordre de e =%, ot1 d est la dimension de l'espace de travail, et induirait un cofit de calcul
trop élevé.

De maniére schématique, le but de 'homogénéisation est de remédier & ce probléme
et de faciliter le traitement des matériaux hétérogénes en les remplacant par des maté-
riaux homogénes de comportement macroscopique équivalent. Cette définition générale
recouvre un ensemble de techniques plus ou moins rigoureuses. Du point de vue mathéma-
tique qui sera le nodtre dans cette thése, I’homogénéisation s’intéresse aux équations aux
dérivées partielles dont les coefficients présentent des oscillations & 1’échelle microscopique
¢ introduite ci-dessus.
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Considérons ainsi I’équation elliptique modele
—div(A.Vu.) = f dans O C RY, (1.36)

ol A, est un champ de tenseurs de R4*? indexé par le paramétre €. Cette équation peut
par exemple modéliser un probléme de mécanique ou de thermique. Dans le premier cas
A; est le tenseur d’élasticité du matériau, f un chargement et u. le déplacement. Dans le
second cas A. donne la conductivité du matériau, f représente les sources de chaleur et
ue est la température. L’homogénéisation consiste & prendre la limite € — 0 dans (1.36).
D’une certaine facon, cela revient a regarder le matériau de trés loin pour ne plus voir les
hétérogénéités. L'objectif est de trouver un probléme limite

—div(A*Vug) = f dans O, (1.37)

ou le tenseur A* définit un matériau dit homogénéisé, et ol ug est, en un sens & définir,
la limite de wu.. La petite échelle € ayant disparu dans (1.37), il est beaucoup plus aisé de
traiter (1.37) que (1.36) d’un point de vue numérique.

La justification mathématique du passage de (1.36) & (1.37) a été établie par Murat et
Tartar dans les années 1970 dans le cadre de la théorie de la H-convergence [81]. Cette théo-
rie généralise la G-convergence de Spagnolo [78], restreinte aux opérateurs symétriques.
Nous ne rentrons volontairement pas dans les détails, ni ne précisons les hypothéses né-
cessaires a cette convergence, et préférons souligner un probléme pratique : il n’existe, en
général, pas d’expression explicite du tenseur homogénéisé A*.

On peut cependant obtenir une expression pour A* sous certaines conditions sur le
matériau, par exemple si celui-ci est périodique ou aléatoire stationnaire. Si le premier cas
décrit un matériau idéal, le second se préte aux applications industrielles car il permet
de prendre en compte les incertitudes inhérentes au processus de fabrication. Dans cette
thése, et plus précisément au sein des Chapitres 3, 4 et 5, nous considérerons toujours des
matériaux satisfaisant I'une de ces deux hypothéses.

Nous verrons que le calcul de A* dans le cas aléatoire stationnaire le plus général
est coliteux a mettre en ceuvre. Pour proposer des approches eflicaces d’un point de vue
numeérique, nous supposerons que nos matériaux aléatoires sont des perturbations de ma-
tériaux périodiques, autrement dit que la quantité d’incertitude présente dans le systéme
est faible. De tels matériaux seront dénommeés faiblement aléatoires. Ce faisant, nous es-
pérons modéliser une certaine réalité industrielle.

Enfin, pour ne pas multiplier les difficultés, nous nous intéresserons uniquement a des
équations elliptiques linéaires scalaires sous forme divergence telles que (1.36), ou, intro-
duisant la variable temps, a leur équivalent parabolique.

Nous rappelons ci-aprés les bases de 'homogénéisation dans les contextes périodique
et aléatoire stationnaire, puis introduisons les problématiques qui feront 'objet des Cha-
pitres 3, 4 et 5.
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1.2.2 Homogénéisation périodique

Soit A un champ de tenseurs de R a valeurs dans R%*? tel qu’il existe \ et A strictement
positifs tels que

vEeRY ppta e RE e < A@)E-€ et |A(n)E] < Al (1.38)
On suppose de plus que A est Z%périodique, ce qui signifie que
Vk e 4, A(x+k)= A(x) pptzeRL

Les hétérogénéités du matériau auquel on s’intéresse ont lieu a 'échelle € > 0. On
définit par conséquent le tenseur A, par

Az) = A (g) . (1.39)

Dans la suite, on appellera variable macroscopique ou lente la variable x, et variable
microscopique ou rapide la variable y = Z. Ces dénominations sont dues au fait qu’une
variation d’ordre 1 sur x entraine une variation d’ordre % sur .

Considérons a présent le probléme modéle suivant :

{ —div (A:Vue) = f  dans O, (1.40)

ue = 0 sur 90,

ot O est un ouvert borné de R et f est une fonction de L2(O).

Le probleme (1.40) admet, pour tout ¢ > 0, une unique solution u. dans Hg(O).
Comme expliqué dans la Section 1.2.1, il est cotiteux d’attaquer directement (1.40) nu-
mériquement, du fait de la présence de I'échelle microscopique € qui nécessite un maillage
fin. L’homogénéisation consiste en une analyse asymptotique du probléme lorsque & tend
vers 0.

En dimension un, on peut aisément résoudre (1.40) explicitement, et obtenir I’expres-
sion du probléme limite quand € — 0. Pour les dimensions supérieures, ’analyse est plus
compliquée. Plusieurs techniques existent, comme la méthode de la fonction test oscillante
due & Murat et Tartar [81] ou la convergence & deux échelles introduite par Nguetseng et
développée par Allaire |1, 65]. Il est possible de retrouver le résultat formellement a l'aide
d’un développement & deux échelles. C’est cette derniére approche que nous choisissons.
Elle repose sur 'hypothése, traditionnellement appelée Ansatz, que u. s’écrit comme une
série entiére en ¢ :

x x x
ue(z) = ug(z, g) + cuq (z, E) + e%ug(z, g) + .., (1.41)
ott pour tout k € N, la fonction u(x,y) est Z%périodique en la variable rapide y.
On injecte ensuite (1.41) dans (1.40), en utilisant la régle de dérivation composée

Vo(z, ) = Vaole, T) + %Vyv(x, o) (1.42)
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puis on regroupe les coefficients des différentes puissances de €. Cela donne un systéme in-
fini d’équations vérifiées par les fonctions ug, que 'on résout successivement en supposant
que les variables = et y = £ sont indépendantes. La variable z joue le role d’un parameétre,
et la résolution se fait en y.

Introduisant la cellule unité @ = [0, 1]¢, équation obtenue pour ug (correspondant &
l'ordre £72) s’écrit

{ — divy (A(y)Vyuo(z,y)) =0 dans Q, (1.43)

y — up(z,y) 7% — périodique.

L’équation de (1.43) est en fait posée dans I'espace R tout entier, et le probléme est
résolu dans 'espace des fonctions de H. lloc(Rd) qui sont Z%périodiques. Nous adopterons
par convention la notation (1.43) dans toute la theése pour souligner que le probléme se
réduit & un probléme posé sur Q.

On déduit aisément de (1.43), par unicité de la solution & une constante additive (fonc-
tion de x) pres, que ug ne dépend pas de la variable microscopique y. Cela est en accord
avec l'interprétation de ug comme champ homogénéisé n’admettant de variations qu’a
I’échelle macroscopique. On écrira donc ug(z).

La seconde équation, provenant de I'ordre e, relie ug et uy via

— divy (A(y)Vyeur (,9)) = divy (A(y)Vauo()) dans Q.
4o (1.44)
y — ui(x,y) Z% — périodique.
Le second membre de (1.44) peut se réécrire
d
. ug , .
divy (A(y)Vauo(x)) = %(az)dlvy (A(y)ei) , (1.45)

ou pour tout i € [1,d], e; est le i-éme vecteur canonique de R,

Utilisant (1.45), la linéarité de (1.44) et l'unicité de la solution de (1.44) & une fonction
de x pres, il vient que uy s’exprime en fonction de ug par

Z ?}Z? ) + i1 (), (1.46)

ot @1 (z) correspond a l'indétermination en la variable z, et pour tout @ € [1,d], w;(y) est
solution du probléme dit de cellule

{ —div (A(y)Vw;(y)) = div(A(y)e;) dans @,

1.47
w; 2% — périodique. ( )

Les fonctions w; sont définies & une constante additive prés (au vu de (1.46), ces
constantes peuvent étre intégrées a 4j). Intuitivement, le role des problémes de cellule
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(dont le nombre est égal a la dimension de l'espace de travail) est de récupérer I'informa-
tion sur la microstructure, afin de la propager a I’échelle macroscopique.

La derniére équation que nous utiliserons, associée a l'ordre 0, s’écrit

— divy, (A(y) Vyua(z,y)) = dive (A(y) Veuo(z)) + dive (A(y) Vyu (z,5))
+ divy (A(y)Veur(z,y)) + f(z) dans Q, (1.48)
y — ug(x,y) Z — périodique.
Le théoréme de Lax-Milgram appliqué au probléme aux limites (1.48) avec conditions
de périodicité montre qu’il y a existence et unicité (a fonction de x prés) de la solution ugy
si et seulement si I'intégrale du second membre sur la cellule de périodicité @ est nulle.

Notons que cette condition de compatibilité est trivialement vérifiée pour les problémes
précédents (1.43) et (1.44). Elle prend ici la forme

- /Q (div (A(y)Vatio(2)) + dive (A(y)Vyun (z,9)) + divy (A@W)Vaur (z,)) dy

- /Q f(x)dy,(

divx/ A(y) (Vauo(z) + Vyui(z,y)) dy = f(z). (1.50)
Q

1.49)

et quelques simplifications élémentaires ménent &

Injectant (1.46) dans (1.50), on obtient 1’équation suivante sur wug :
—div(A*Vug) = f, (1.51)

ou le tenseur A* est constant et défini par
Vie[Ld], A'e= / AW) (Vwi(y) + e)dy. (1.52)
Q

La condition aux limites du probléme initial (1.40) doit également étre vérifiée par
I'approximation d’ordre zéro qu’est ug. Par conséquent, ug est solution du probléme dit
homogénéisé

(1.53)

—div (A*Vug) = f dans O,
ug = 0 sur 00.

Comme mentionné précédemment, ces manipulations formelles admettent une justifi-
cation rigoureuse. La pertinence de (1.53) comme approximation de (1.40) repose sur le

résultat suivant :
us — ug dans L*(0O). (1.54)

La convergence de u. vers ug a en fait aussi lieu faiblement dans H'(QO). Pour obtenir
une convergence forte dans cet espace, il est nécessaire d’ajouter u; défini par (1.46) :

us(z) — up(z) — euq (z, g) — 0 dans H'(0). (1.55)
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Rappelons que u; est défini & une fonction u; de x prés, et que les solutions w; des pro-
blémes de cellule qui constituent u; sont elles-mémes définies & une constante additive
prés. Ces indéterminations sur u; ne jouent aucun role dans la convergence (1.55) puisque
leur norme dans H1(Q) est d’ordre . Elles n’ont bien stir également aucune influence sur
la définition (1.52) de A*. A ce stade seul le gradient de u; par rapport a y a été utilisé.

La fonction uy corrige 'approximation du gradient de u. par le gradient de ug. Elle
est pour cette raison appelée correcteur d’ordre 1. Par extension, les solutions w; des pro-
blémes de cellule (1.47) sont parfois également appelées correcteurs. Plus généralement, la
fonction uy de ’Ansatz (1.41) est dénommeée correcteur d’ordre k.

Poursuivant la résolution du systéme d’équations provenant du remplacement de u. par
la série (1.41) dans (1.40), il est possible de déterminer successivement tous les correcteurs
uy par des arguments similaires a ceux exposés plus haut. Cependant, comme nous le ver-
rons dans la Section 1.2.5 ci-dessous, on ne calcule pas en pratique les correcteurs d’ordre
élévé car d’autres termes, dits de couche limite, interviennent dés 'ordre un en e dans les
estimations d’erreur. Dans cette thése, nous n’irons pas au dela du correcteur d’ordre 2 us.

Nous disposons & présent, via (1.54) et (1.55), d’un moyen d’approcher u. dans L?(O)
et H'(O) a l'aide du champ homogénéisé ug et du premier correcteur u;. L’intérét de la
méthode réside dans le fait que d’un point de vue numérique, le calcul de ug et uq est
beaucoup plus simple que la résolution directe du probléme initial (1.40). La premiére
étape consiste a calculer le tenseur homogénéisé A* par la formule (1.52), ce qui nécessite
de résoudre les d problémes de cellule (1.47) posés sur la cellule unité (). Une fois A*
déterminé, ug est donné par la résolution de (1.53) sur O, et uy s’obtient “gratuitement”
grace a (1.46) o l'on peut choisir @; = 0. On doit donc résoudre en tout d + 1 problémes
aux limites dans lesquels ’échelle microscopique € a disparu, et qui par conséquent ne re-
quiérent pas 'utilisation d’un maillage fin. Le cotit de calcul s’en trouve considérablement
réduit.

Le contexte périodique est I'exemple d’homogénéisation le plus simple & mettre en
ceuvre. Il ne correspond cependant pas & des matériaux concrets, mais au contraire idéa-
lisés. Pour tendre vers plus de généralité, nous présentons dans la section suivante la
procédure d’homogénéisation dans un cadre stochastique, qui permet & nouveau d’obtenir
une expression explicite pour le tenseur A*.

1.2.3 Homogénéisation stochastique

Nous introduisons un espace de probabilité (2, F,P), ou F est une tribu et P une mesure
de probabilité. Le singleton w € Q désigne un événement (ici une réalisation du matériau),
et E(X) 'espérance de la variable aléatoire X.

L’hypothése cruciale qui fait de 'homogénéisation une méthode pratique dans le cadre
stochastique et qui, en quelque sorte, généralise I’hypothése de périodicité précédente, est
la stationnarité. Dans la littérature, la notion de stationnarité principalement rencontrée
est continue, et implique en particulier que la loi du matériau en deux points x et x+ h est
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la méme pour tout h € R%. Dans ce qui suit, et dans les Chapitres 3 et 4, nous emploierons
une stationnarité quelque peu différente dite discréte : la loi du matériau est la méme en
deux points z et x + k pour tout k € Z%. Ceci nous permet de considérer des matériaux
aléatoires ayant une structure périodique sous-jacente.

Cette stationnarité discréte est formalisée de la maniére suivante. On suppose que le
groupe (Zd, +) agit sur , et que cette action, notée 1 pour k € Z¢, préserve la mesure P
au sens ou

VA e F, Vk e 2%, P(A) = P(A).
On dit alors qu'une fonction F' € L} (R L1()) est stationnaire si

loc

Vk e 2, F(z + k,w) = F(z,w) pptzeRetwe Q. (1.56)
On supposera de plus que 'action de groupe est ergodique, soit
VAc F, (Vk e Z' A=, A) = (P(A) =00uP(A)=1).

Intuitivement, 'ergodicité signifie que considérer une réalisation du matériau en tous
les points de ’espace revient & considérer toutes les réalisations en un point donné. Sans
cette hypothése, le tenseur homogénéisé A* obtenu in fine est aléatoire, ce qui complique
considérablement la mise en ceuvre pratique.

Le cadre de travail aléatoire ayant été précisé, nous considérons un champ de tenseurs
A stationnaire, tel que (1.38) est presque siirement satisfait par A(-,w), et introduisons la
petite échelle € en définissant le tenseur A, par

x
A(z,w) = A (—,w) . (1.57)
€
Le probléme aux limites canonique que nous regardons est 1’équivalent aléatoire de

(1.40), c’est-a-dire

(1.58)

—div (As(z,w)Vue(z,w)) = f  presque sirement dans O,
ue = 0 presque sturement sur 90,

ot O est un ouvert borné de R? et f est une fonction de L2(0).

L’homogénéisation de (1.58) ressemble formellement & celle de (1.40). Les résultats
standard d’homogénéisation stochastique [46] impliquent que dans la limite ¢ — 0, le
probléme homogénéisé admet la forme (1.53), ot la matrice homogénéisée est & présent
définie par

vie i, A= ( [ AGe)(Tu.e) +eds). (159
Q
et pour tout ¢ € [1,d], w; est la solution du probléme de cellule stochastique
— div (A(y,w)(Vw;(y,w) + €;)) =0 presque stirement dans R?,

. . (1.60)
Vw; stationnaire, E / Vw; | =0.
Q
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Ce probléme admet une solution unique & constante prés dans ’espace

{we L] (R L2(Q), Vwe L2,/ (RY L2(Q))}.

unif

La notation Lfmi s désigne I'espace des fonctions dont la norme L? sur une boule de rayon 1

est bornée indépendamment du centre de cette boule.

Le champ homogénéisé ug est déterministe, solution de (1.53) avec A* donné par (1.59).
Le premier correcteur u; est stochastique et défini par 'équivalent de (1.46) ot les w; sont
a présent solutions de (1.60) et 4 est stochastique. Les convergences (1.54) et (1.55) ont
désormais lieu presque stirement en w.

Remarquons que pour des fonctions déterministes, la condition de stationnarité (1.56)
se réduit & la Z%périodicité de la section précédente : ’homogénéisation périodique se dé-
duit donc immédiatement de I’homogénéisation stochastique. Si les deux contextes donnent
des formules explicites pour le tenseur homogénéisé A*, I'implémentation numérique dans
le cas stochastique est beaucoup plus compliquée. En effet, contrairement aux problémes
de cellule périodiques (1.47) réductibles a des problémes posés sur la cellule unité @, les
problémes de cellule aléatoires (1.60) doivent étre résolus en principe sur 'espace R? tout
entier. En pratique, comme nous le verrons dans les Chapitres 3 et 4, et comme expliqué
dans [22], on les résout sur un domaine de grande taille et pour plusieurs réalisations du
matériau. Le tenseur A* est alors obtenu en prenant la moyenne de ces réalisations, et en
faisant tendre la taille du domaine vers l'infini. Le cotit de calcul lié & une telle approche
est trés éleveé.

La question de l'intérét de I’homogénéisation par rapport & une résolution directe de
(1.58) se pose donc de maniére légitime dans ce cadre aléatoire. Nous contournerons ce
probléme en nous intéressant & des matériaux pour lesquels la part d’aléatoire est faible,
ce qui facilite grandement le traitement numérique. Nous présentons ce point de vue dans
la section suivante.

1.2.4 Matériaux faiblement aléatoires

Cette partie, développée dans les Chapitres 3 et 4 écrits avec C. Le Bris, repose sur I’hy-
pothése que les matériaux composites utilisés en pratique ne sont pas totalement désor-
donnés, et qu’il existe une structure déterministe sous-jacente, laquelle est modifiée par les
incertitudes et aléas du processus de fabrication. Autrement dit, nos matériaux aléatoires
consistent en des perturbations stochastiques de matériaux déterministes.

Nos travaux s’inscrivent dans la continuité de nombreuses approches perturbatives
proposées dans la littérature consacrée a ’homogénéisation, dans des cadres déterministes
ou stochastiques. Le prototype de telles approches est de considérer un matériau dont les
propriétés sont données par un tenseur A, de la forme

Ay = A+nC, (1.61)

ou A et C' sont deux tenseurs, et n > 0 est un petit paramétre interprété comme I’'amplitude
de la perturbation. On peut alors, suivant une démarche quelque peu similaire & celle de
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I’Ansatz (1.41), chercher toutes les quantités d’intérét, et notamment les correcteurs, sous
la forme d’une série entiére en 7). Injectant ’expression (1.61) dans les problémes de cellule
et identifiant les coefficients des puissances de 1, on résout successivement les différents
ordres en 7, le but étant in fine d’exprimer le tenseur homogénéis¢ A} comme

A=A+ nf1(A,C) + 0 f2(A,C) + ..., (1.62)

ol A* est le tenseur homogénéisé associé & A et pour k € N*| fi est une fonction de A et
C. Bien str, une telle approche ne se justifie que si le calcul des premiers ordres en n est
plus simple que le calcul direct de Aj.

Un exemple de cette démarche dans un contexte déterministe non nécessairement pé-
riodique est donné dans [80] sous l'appellation "small amplitude homogenization". Men-
tionnons de plus les travaux exposés dans [18], dont la philosophie, bien que dépassant
le cadre perturbatif, se rapproche de la nétre. Les auteurs y supposent qu’une structure
de référence périodique est déformée par l'action d’un difféomorphisme aléatoire. Plus
précisément, ils étudient I’homogénéisation de

T

A(cbil(ng))? (163)

otl A est un tenseur déterministe Z%périodique, et presque stirement en w, ®(-,w) est un
diffeomorphisme de R? dans R?. Soulignons que le gradient de ® est supposé stationnaire
mais pas la fonction ® elle-méme. Il s’ensuit que le tenseur défini par (1.63) n’est pas
stationnaire, et donc que ce modéle ne satisfait pas les hypothéses de la section précédente
et n’en constitue pas une application. Les auteurs obtiennent une formule explicite pour
le tenseur homogénéisé, dont la mise en ceuvre présente les mémes difficultés pratiques
que dans le cadre stationnaire usuel. Ils considérent alors le cas particulier ot ® est une
perturbation de l'identité, soit

d(z,w) =z +n¥(x,w) + O(n?), (1.64)

et dérivent une formule du type (1.62).

Le point commun aux deux approches ci-dessus est que lorsque n est petit, 'impact
de la perturbation sur la structure du matériau est faible. En effet, la perturbation tend
vers zéro en norme L™ quand 7 tend vers zéro. Nous souhaitons nous affranchir de cette
contrainte, et considérons un tenseur A, donné par

A, = A+b,C, (1.65)

ot A et C sont deux tenseurs déterministes périodiques, et b, est un champ scalaire aléa-
toire stationnaire petit “en moyenne”, mais dont la réalisation peut grandement modifier
la structure locale du matériau périodique de référence représenté par A. De maniére in-
tuitive, ’idée est de perturber le matériau périodique seulement rarement, mais en contre-
partie éventuellement fortement. Les hypothéses de ce modéle sont détaillées dans les
Chapitres 3 et 4. Le but est d’obtenir, pour le tenseur homogénéisé A7, une expression de
la forme

Af = A" A5+ n* Ay + o(n?), (1.66)
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ou les corrections ff’{ et ff; sont calculées de maniére purement déterministe en utilisant
des informations statistiques basiques sur b, (moyenne, variance, corrélation spatiale, ...).
Le calcul des coefficients du développement asymptotique (1.66) est alors plus rapide que
le calcul direct de Aj par la formule (1.59).

Le Chapitre 3 étudie le cas particulier d'une perturbation b, suivant une loi de Ber-
noulli, c’est-a-dire prenant uniquement les valeurs 0 et 1. Celle-ci se préte bien & une
interprétation du modéle (1.65) comme modéle de défauts. On peut par exemple penser a
un composite dont les inclusions sont enlevées de maniére aléatoire. Des liens clairs avec
les théories de défauts classiques en physique des solides apparaissent. L’approche adoptée
dans ce chapitre est heuristique et n’a pas pu étre justifiée dans son intégralité, sauf en di-
mension un ou les calculs sont explicites. Ainsi, si des expressions explicites sont obtenues
pour les corrections /f{ et fi; dans (1.66), la validité du développement asymptotique reste
un probléme ouvert pour nous. Des tests numériques prouvent néanmoins la pertinence et
Pefficacité pratique de la méthode.

Le Chapitre 4 généralise les résultats du Chapitre 3 a d’autres lois. Cette extension re-
pose sur un développement de la mesure image de b, par rapport a7 (i.e un développement
de la loi de by). Par ailleurs, nous proposons dans ce chapitre une approche alternative
entiérement rigoureuse, mais dont le domaine d’application nous parait moins large. Une
nouvelle fois, des tests numériques exhaustifs viennent confirmer l'intérét de ces approches.

Notre modéle perturbatif a fait 'objet d’une publication dans [8]. Les travaux contenus
dans le Chapitre 3 ont été soumis pour publication dans SIAM Multiscale Modeling &
Simulation (6], ceux du Chapitre 4 dans Communications in Computational Physics |7].

1.2.5 Couches limites en homogénéisation périodique

Nous abordons dans cette section le probléme des couches limites en homogénéisation, qui
constitue le sujet du cinquiéme et dernier chapitre de cette thése, écrit avec G. Allaire.

Notre intérét pour cette question trouve une origine pratique dans un dispositif ex-
périmental appelé thermographie infrarouge stimulée (TIS), utilisé pour le contrdle non
destructif et la caractérisation des matériaux et structures aéronautiques. La TIS consiste
& chauffer rapidement la surface d’un matériau au moyen, par exemple, de lampes flashs,
et & mesurer 1’élévation de température résultante a ’aide d’une caméra infrarouge. L’ana-
lyse du signal obtenu fournit une cartographie thermique du matériau. Les applications en
sont diverses : les informations récupérées permettent de détecter des défauts & I'intérieur
du matériau, de déterminer certaines propriétés telles que des conductivités thermiques
ou des coefficients d’échange entre deux phases hétérogénes, etc.

Simuler numériquement ce procédé dans le cas du controle de matériaux composites
requiert de disposer de modéles reproduisant fidélement le comportement du composite
a la fois en surface (la ou la mesure se fait) et en régime transitoire avant relaxation (la
stimulation thermique et la mesure ayant lieu sur une échelle de temps trés petite). L’ob-
jectif du Chapitre 5 est d’apporter une réponse a cette double exigence pour des matériaux
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périodiques, c’est-a-dire dans le contexte de la Section 1.2.2.

Il est naturel de dissocier les difficultés, et de considérer d’abord les phénoménes de
frontiére en régime stationnaire (ce dernier terme étant pris dans une acception différente
de la section précédente, et signifiant "indépendant du temps"). Revenons donc au pro-
bléme canonique (1.40). Nous avons vu que l'intérét de ’homogénéisation périodique était
de remplacer le calcul cotiteux de u. par celui, beaucoup plus simple, du champ homogé-
néisé ug et éventuellement des correcteurs. Nous nous intéressons & présent & la qualité
d’approximation de u. par wug et les correcteurs sur le bord 0O du domaine, que nous
supposerons désormais suffisamment régulier.

A cette fin, la convergence dans L?(Q) donnée par (1.54) est clairement trop faible.
En revanche, le théoréme de trace dans H'(0O), soit I'injection continue de cet espace dans
L2(D0) (et méme HY?(0)), implique que la convergence (1.55) dans H'(O) permet de
controler Uerreur d’approximation dans L?(90).

Le résultat fondamental qui précise l'erreur dans (1.55), est le suivant [14] :

Le taux de convergence en /¢ donné par (1.67) est optimal. Il est contre-intuitif, car
d’aprés ’Ansatz (1.41), on peut s’attendre & obtenir, formellement,

L’apparente sous-optimalité de (1.67) par rapport a (1.68) est due au fait que le déve-
loppement asymptotique (1.41) n’est pas vrai prés du bord 0O. En effet, les correcteurs uy,
pour k € N* ne vérifient pas la condition aux limites de Dirichlet de (1.40). A 'ordre un
en ¢, approximation ug(z) +eu1(x, £) est ainsi égale a eus (z, £) sur JO. Les oscillations
du correcteur sur la frontiére expliquent la perte d'un facteur /e entre (1.68) et (1.67)
[2, 14].

ue () — up(z) — euq (z, g)H

< Cy/e. 1.67
oy S OVE (1.67)

ue(x) —up(x) — euy (z, E)

| :
e NH1(0)

= HEQW(JC’ g)HHl(O)

< Ce. (1.68)

Pour améliorer (1.67), il est nécessaire d’ajouter des termes supplémentaires a I’An-
satz afin de le corriger sur la frontiére. Ces termes, qui ne “vivent” que prés du bord,
sont appelés couches limites. Ils n’admettent pas une définition unique, la seule contrainte
étant de compenser le correcteur sur d0. Néanmoins, une contrainte pratique, et donc un
critére discriminant, est que leur calcul et leur implémentation doivent étre simples pour
ne pas compromettre 'intérét global de ’approche par homogénéisation par rapport & la
résolution directe de (1.40).

Afin de satisfaire & ces exigences pratiques, les nombreux travaux sur les couches li-
mites pour les problémes elliptiques tels que (1.40) existant dans la littérature supposent
une géomeétrie particuliére pour le domaine O : demi-espace dont la frontiére intersecte
les axes de périodicité avec une pente rationnelle [10, 11, 15, 45, 56|, semi-bande ayant la
méme propriété [66], domaine rectangulaire [2] ou plus récemment polygonal quelconque
[37], ou encore domaine dont la frontiére est une courbe réguliére dans le cas spécifique
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d’un milieu stratifé [64].

Nous nous appuyons principalement, dans le Chapitre 5, sur les techniques utilisées
dans [2] et [64], qui étudient l'influence au premier ordre des couches limites pour des
problémes d’homogénéisation périodique, et sont en particulier consacrés aux estimations
d’erreur du type (1.67). Par simplicité, nous nous restreignons comme dans [2] aux do-
maines rectangulaires. Les frontiéres sont alors planes et les couches limites peuvent étres
calculées trés simplement numériquement. Tous les travaux mentionnés précédemment
correspondant & des conditions aux limites de Dirichlet, nous étudions, dans une premiére
partie, le cas de conditions de Neumann. Nous n’avons pas trouvé de références a ce sujet,
mis & part [62] dont l’approche consistant a transformer les conditions de Neumann en
conditions de Dirichlet par dualité n’est pas celle que nous souhaitons adopter. L’adapta-
tion de Dirichlet & Neumann se révéle aisée et les techniques employées similaires a celles
de [2] et [64].

Notre véritable motivation réside cependant, comme annoncé au début de cette sec-
tion, dans ’étude des régimes transitoires, et donc des équations paraboliques du type
équation de la chaleur dans le cadre de 'homogénéisation périodique. Ceci fait ’objet de
la seconde partie du Chapitre 5. L’introduction de la variable temps ajoute en quelque
sorte une nouvelle frontiére ¢ = 0. De méme que ’Ansatz (1.41) (généralisé classiquement
au contexte parabolique) ne satisfait pas la condition aux limites, il ne vérifie pas la condi-
tion initiale. Formellement, le probléme est donc identique a celui des couches limites :
on doit rajouter un terme corrigeant le développement asymptotique (1.41) a ¢t = 0, et ne
donnant pas lieu a un surcoiit de calcul trop élevé, pour obtenir des estimations d’erreur
dans un espace adéquat, en I'occurrence C([0,T]; HY(O)) pour T > 0 (voir [23]).

A notre connaissance, la seule étude concernant ce terme est [68]. L’auteur y consi-
dére un probléme posé sur tout 'espace R?: labsence de frontiéres permet alors de se
concentrer uniquement sur la condition initiale, et de proposer une correction que nous
appellerons couche initiale. A la différence de [68], nous nous intéressons a un probléme
d’homogénéisation parabolique posé sur un domaine borné. Nous souhaitons utiliser les
résultats précités sur les couches limites en régime stationnaire et sur la couche initiale
sans frontiéres pour obtenir des estimations d’erreur dans le cas général. Ceci requiert
de comprendre l'interaction entre les couches limites et la couche initiale. Notre résultat
principal est le théoréme 5.19 qui fournit une estimation d’erreur dans C([0,T]; H(O)).
Malheureusement, ce théoréme repose sur des hypothéses de régularité que nous n’avons
pu vérifier. En conséquence, nous ne pouvons affirmer qu’il apporte une réponse perti-
nente. Néanmoins, nous pensons que les travaux contenus dans le Chapitre 5 offrent un
panorama exhaustif des difficultés liées aux couches limites et initiale en homogénéisation
parabolique, et espérons qu’ils constituent un premier pas vers une compréhension plus
fine.



CHAPITRE 2

Existence of minimizers for

Kohn-Sham models in Quantum

Chemistry

Sommaire
2.1 Introduction . . . . . ¢ v v v v vt i v v v vttt ot e e 23
2.2 Mathematical foundations of DFT and Kohn-Sham models ... 24
2.2.1 Density Functional Theory . . . .. .. ... .. ... .. ...... 24
2.2.2 Kohn-Sham models. . . . . . .. .. ... ... ... ... ... ... 27
2.3 Mainresults . . . . v v v i i i i e e e e e e e e 32
2.4 Proofs . . . . . e e e e e e e e e e e e e e e e e e e e e e e e 35
2.4.1 Preliminary results . . . . . . .. ... oo Lo 36
2.4.2 Proof of Lemma 2.1 . . . . ... .. .. ... ... .. 37
2.4.3 Proof of Theorem 2.2 . . . .. .. .. ... .. ... ... ... 40
2.4.4 Proof of Theorem 2.3 . . . .. . . .. ... .. ... ... ..... 45

2.1 Introduction

Density Functional Theory (DFT) is a powerful, widely used method for computing ap-
proximations of ground state electronic energies and densities in chemistry, materials sci-
ence, biology and nanosciences.

According to DFT [43, 53|, the electronic ground state energy and density of a given
molecular system can be obtained by solving a minimization problem of the form

inf{F(p)+/Rgpv, p>0,/pc H (R, /RSp:N}

where IV is the number of electrons in the system, V' the electrostatic potential generated
by the nuclei, and F' some functional of the electronic density p, the functional F' being
universal, in the sense that it does not depend on the molecular system under consid-
eration. Unfortunately, no tractable expression for F' is known, which could be used in
numerical simulations.
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The groundbreaking contribution which turned DFT into a useful tool to perform cal-
culations, is due to Kohn and Sham [47], who introduced the local density approximation
(LDA) to DFT. The resulting Kohn-Sham LDA model is still commonly used, in particular
in solid state physics. Improvements of this model have then been proposed by many au-
thors, giving rise to Kohn-Sham GGA models [48, 70, 12, 69], GGA being the abbreviation
of generalized gradient approximation. While there is basically a unique Kohn-Sham LDA
model, there are several Kohn-Sham GGA models, corresponding to different approxima-
tions of the so-called exchange-correlation functional. A given GGA model will be known
to perform well for some classes of molecular system, and poorly for some other classes.
In some cases, the best result will be obtained with LDA. It is to be noticed that each
Kohn-Sham model exists in two versions: the standard version, with integer occupation
numbers, and the extended version with “fractional” occupation numbers. As explained
below, the former one originates from Levy-Lieb’s (pure state) contruction of the density
functional, while the latter is derived from Lieb’s (mixed state) construction.

There are three main mathematical difficulties encountered when studying these mod-
els from a theoretical point of view: the nonlinearity, the nonconvexity, and the possible
loss of compactness at infinity of the models. To our knowledge, very few results on Kohn-
Sham LDA and GGA models exist in the mathematical literature. In fact, we are only
aware of a proof of existence of a minimizer for the standard Kohn-Sham LDA model by
Le Bris [49]. In this contribution, we prove the existence of a minimizer for the extended
Kohn-Sham LDA model, as well as for the two-electron standard and extended Kohn-Sham
GGA models, under some conditions on the GGA exchange-correlation functional.

This chapter is organized as follows. First, we provide a detailed presentation of the
various Kohn-Sham models, which, despite their importance in physics and chemistry 73],
are not very well known in the mathematical community. The mathematical foundations
of DFT are recalled in Section 2.2.1, and the derivation of the (standard and extended)
Kohn-Sham LDA and GGA models is discussed in Section 2.2.2. We state our main results
in Section 2.3, and postpone the proofs until Section 2.4.

We restrict our mathematical analysis to closed-shell, spin-unpolarized models. All
our results related to the LDA setting can be easily extended to open-shell, spin-polarized
models (i.e. to the local spin-density approximation LSDA). Likewise, we only deal with
all electron descriptions, but valence electron models with usual pseudo-potential approx-
imations (norm conserving [84], ultrasoft [85], PAW [19]) can be dealt with in a similar
way.

2.2 Mathematical foundations of DFT and Kohn-Sham mod-
els

2.2.1 Density Functional Theory

As mentioned previously, DFT aims at calculating electronic ground state energies and
densities. Recall that the ground state electronic energy of a molecular system composed
of M nuclei of charges z1, ..., za (2 € N\ {0} in atomic units) and N electrons is the
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bottom of the spectrum of the electronic hamiltonian

N N
Hx = _% ZAH - ZV(FZ) + Z |I‘i (2'1)
i=1 i=1 ¢

oy ;|
1<i<j<N

where r; and Ry, are the positions in R? of the it electron and the k' nucleus respectively,
and V is the electrostatic potential generated by the nuclei defined by

V(r) = A
(r)__zlr_RH‘
k=1

The hamiltonian H]‘\/, acts on electronic wavefunctions ¥(ry,01;---;rN,0nN), 0; € X 1=
{I1),]1)} denoting the spin variable of the i*® electron, the nuclear coordinates {Ry }, <</
playing the role of parameters. It is convenient to denote by R3 := R3 x {|1),])} and
x; := (r4,0;). As electrons are fermions, electronic wavefunctions are antisymmetric with
respect to the renumbering of electrons, i.e.

\Ij(xp(l)> T 7Xp(N)) = E(p)\ll(xla T 7XN)

where €(p) is the signature of the permutation p. Note that (in the absence of magnetic
fields) HX\II is real-valued if W is real-valued. Our purpose being the calculation of the
bottom of the spectrum of H}é, there is therefore no restriction in considering real-valued
wavefunctions only. In other words, HX can be considered here as an operator on the real
Hilbert space

N
Hy = [\ L*(RY),
1=1

endowed with the inner product

<\I/’\I//>HN = /(Rs )N \I/(Xl, s 7XN) \IJI(XI, s 7XN> dX1 cee dXN7
)

where

RCLEDY [ 1oy,

1
and the corresponding norm | - |3y = (-[)7,, - It is well-known that HY; is a self-adjoint

operator on Hy with form domain

N
ON = /\ H'(RS,).

=1

Denoting by Z = Z,iwzl 2, the total nuclear charge of the system, it results from the
Zhislin-Sigalov theorem |87, 88| that for neutral or positively charged systems (Z > N),
HY; has an infinite number of negative eigenvalues below the bottom of its essential spec-
trum. In particular, the electronic ground state energy In (V) is an eigenvalue of H),, and
more precisely the lowest one.
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In any case, i.e. whatever Z and N, we always have
In(V) = inf {(U|HX|P), ¥ € Qn, [|¥]lpy =1} (22)

Note that it also holds
In(V) =inf {Tr (HYT), T € Dy} (2.3)

where Dy is the set of N-body density matrices defined by
={TeSMHN)|0<T <1, Tr (T) =1, Tr (-AT') < o0} .

In the above expression, S(Hy) is the vector space of bounded self-adjoint operators on
Hy, and the condition 0 < T < 1 stands for 0 < (¥|T|W) < || |3, for all ¥ € Hy. Note
that if H is a bounded-from-below self-adjoint operator on some Hilbert space H, with
form domain Q, and if D is a positive trace-class self-adjoint operator on H, Tr (H D) can
always be defined in Ry U{+oc0} as Tr (HD) = Tr ((H — a)%D(H — a)%) +aTr (D) where
a is any real number such that H > a.

From a physical viewpoint, (2.2) and (2.3) mean that the ground state energy can be
computed either by minimizing over pure states (characterized by wavefunctions ¥) or by
minimizing over mixed states (characterized by density operators I').

With any N-electron density operator I' € Dy can be associated the electronic density

=N E / I(r,o;xg, - ,XN;T,05X2, -+ ;XN) dXo - - dXN
gEY

(here and below, we use the same notation for an operator and its Green kernel). For an
N-electron wavefunction ¥ € Hy such that ||¥||y, =1, we will denote by py := pjw) (|-
Let us now define the interacting free Hamiltonian by

:—fZArZ-&- > _r‘ (2.4)
1<z<j<N Ti J
It is easy to see that
(U HY|®) = (U|HY| ) +/ pgV and Tr (HNT) = Tr (HYT) +/ prV.
R3 R3
Besides, it can be checked that
Ry = {p|3V e, [[¥|ny =1, puv =p} ={p |3 € Dy, pr = p}
- {p>owﬁeH1<R3>, / p:N}.
R3

It therefore follows that

IN(V) = inf {FLL +/ pV, p € RN} (25)

R3

= inf{ +/ pV, pERN}, (2.6)
R3
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where Levy-Lieb’s and Lieb’s density functionals [51, 53| are respectively defined by

Fri(p) inf {(U|HY|P), ¥ € Qn, |[¥[4y =1, pv = p} (2.7)
F,(p) = inf{Tr (HYT), I € D, pr = p}.

Note that the functionals Fri and Fi, are independent of the nuclear potential V| i.e.
they do not depend on the molecular system. They are therefore universal functionals of
the density. It is also shown in [53] that Fj, is the Legendre transform of the function
V — In(V). More precisely, it holds

Rulp) =sw {Ix(v) = [ oV v e L) + 2 )

from which it follows in particular that F is convex on the convex set Ry (and can be
extended to a convex functional on L!(R3) N L3(R3)).

Formulae (2.5) and (2.6) show that, in principle, it is possible to compute the elec-
tronic ground state energy (and the corresponding ground state density if it exists) by
solving a minimization problem on Rpy. At this stage no approximation has been made.
But, as neither F1p, nor F1, can be easily evaluated for the real system of interest (N in-
teracting electrons), approximations are needed to make of the density functional theory
a practical tool for computing electronic ground states. Approximations rely on exact,
or very accurate, evaluations of the density functional for reference systems “close” to the
real system:

e in Thomas-Fermi and related models, the reference system is a homogeneous electron
gas;

e in Kohn-Sham models (by far the most commonly used), it is a system of N non-
interacting electrons.

2.2.2 Kohn-Sham models

For a system of N non-interacting electrons, universal density functionals are obtained as
explained in the previous section; it suffices to replace the interacting hamiltonian HR[ of
the physical system (formula (2.4)) with the hamiltonian of the reference system

N
Tn=-)Y
i=1

The analogue of the Levy-Lieb density functional (2.7) then is the Kohn-Sham type kinetic
energy functional

A,,. (2.9)

N | —

Tis(p) = inf ([T |T), W € O, [Wlhoy =1, pu = p} (2.10)
while the analogue of the Lieb functional (2.8) is the Janak kinetic energy functional

T5(p) = inf {Tr (TnT'), ' € Dy, pr = p}.
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Let T be in the above minimization set. The energy Tr (TnI") can be rewritten as a
function of the one-electron reduced density operator Y1 associated with I'. Recall that
Yr is the self-adjoint operator on L?(R3,) with kernel

Tr(x,x')=N [(x,Xg, -+ ,XN; X, X2, ,Xy) dXs - - - dXy.
(R)N-1

Indeed, a simple calculation yields Tr (TnI') = Tr (—%Aer), where A, is the Laplace
operator on L?(R3,) - acting on the space coordinate r. Besides, it is known (see e.g. [32])
that

{Y[3C € DN, pr =p} ={Y € RDn | px = p}, (2.11)
where
RDy = {Y € S(L*(R)) [0 < T <1, Tr (T) =N Tr (-A,Y) < o0}

and py(r) := Z Y(r,o;r,0). Hence,
€Y

Ty(p) = inf {Tr <—;ArT> , T € RDnN, pr = p}. (2.12)

It is to be noticed that no such simple expression for TKS(p) is available because one lacks
an N-representation result similar to (2.11) for pure state one-particle reduced density
operators. In the standard Kohn-Sham model, TKS(p) is replaced with the Kohn-Sham
kinetic energy functional

Tks(p) = inf {(¥|Tn|¥), ¥ € Qu, ¥ is a Slater determinant, py = p}, (2.13)

where we recall that a Slater determinant is a wavefunction ¥ of the form
1
v N!

It is then easy to check that

U(xy, -+ ,XN) = det(¢i(x;)) with ¢; € L*(RY), /Rg ¢i(x)d;(x) dx = &;;.

N
=1 5
where we have set
Wy = {‘b = (¢1,---,0n) | ¢i € H'(RY), /R3 Pi(x)¢;(x) dx = %}

and
N

po(r) = > loi(r,0)*

i=1 oc€X



2.2. Mathematical foundations of DFT and Kohn-Sham models 29

Note that for an arbitrary p € Ry, it holds

Ty(p) < Tks(p) < Tks(p).

It is not difficult to check that (2.12) always has a minimizer. If one of the minimizers
T of (2.12) is of rank N, then T = Zfil |pi)(¢i] with @ = (¢1,---,¢n) € Wh, © being
then a minimizer of (2.13) and Tks(p) = T5(p). Otherwise, Tks(p) > Ty(p).

The density functionals Tkg and T’y associated with the non interacting hamiltonian
Tn are expected to provide acceptable approximations of the kinetic energy of the real
(interacting) system. Likewise, the Coulomb energy

_1 p(r) ,O(I‘/) rdr’
Tp) = Q/R:s/Rg lr —r/| drd

representing the electrostatic energy of a classical charge distribution of density p is a
reasonable guess for the electronic interaction energy in a system of N electrons of density
p- The errors on both the kinetic energy and the electrostatic interaction are put together
in the exchange-correlation energy defined as the difference

Eyc(p) = FLL(p) — Tks(p) — J(p), (2.15)

Exe(p) = F1L(p) — Ty(p) — J(p), (2.16)

depending on the choices for the interacting and non-interacting density functionals. We
finally end up with the so-called Kohn-Sham and extended Kohn-Sham models

N
. 1
(V) = mf{zZ/Rg |V¢i(><)!2d><+/R5 paV + J(pa) + Exc(pa),
i=1 Y :

D = (¢, ,d)N)EWN}, (2.17)

and

1
ISKS(V) = inf {Tr <—2AFT> +/ pxV 4+ J(pr) + Exc(pr), T € RDN}. (2.18)
R3

Up to now, no approximation has been made, in such a way that for the exact exchange-
correlation functionals ((2.15) or (2.16)), IKS(V) = I¥KS(V) = In(V) for any molecular
system containing N electrons. Unfortunately, there is no tractable expression of Fx.(p)
that can be used in numerical simulations. Before proceeding further, and for the sake
of simplicity, we will restrict ourselves to closed-shell, spin-unpolarized, systems. This
means that we will only consider molecular systems with an even number of electrons
N = 2N,, where N, is the number of electron pairs in the system, and that we will
assume that electrons “go by pairs”. In the Kohn-Sham formalism, this means that the set
of admissible states reduces to

{(I) = ((plaagplﬁv'” 7¢Npa7gprﬁ) ‘ pi € Hl(R3)7 /]RS PiP; = 6@]}7
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where o(|1)) = 1, a(|])) =0, 8(|T)) = 0 and 5(]])) = 1, yielding the spin-unpolarized (or
closed-shell, or restricted) Kohn-Sham model

NP
IES() = mf{z L5624 [ ooV + (00) + Bl
=1 /R R?

Np
o= om) € EENY, [ g0 =ds pm=23lo | (219)
=1

where the factor 2 in the definition of pg accounts for the spin. Likewise, the constraints on
the one-electron reduced density operators originating from the closed-shell approximation
read:

Y, [1),0,11) = T(r, [1),x, 1)) and L(r,[1),x',[1)) = T(r,[1), ', 1)) = 0.

Introducing ~(r,r’) = Y(r,|1),r',|T)) and denoting by p,(r) = 2v(r,r), we obtain the
spin-unpolarized extended Kohn-Sham model

I]%EKS(V) = inf {5(7)» S /CNp}

where

E(y)=Tr (-Av) + /Rg pyV + J(py) + Exc(py)s

and
Kn, ={y€SL*R*)|0<y <1, Tr (y) = Np, Tr (—Ay) < oo} .

Note that any v € Ky, is of the form

+o00
v = niléi) (il
=1
with
oo oo
6 € H'(RY), /R 00y =0, me 01, Yom= Ny S mil Vel < oo,
=1 =1

In particular,
+oo
py(x) =2 milei(r)]*.
i=1

Let us also remark that problem (2.19) can be recast in terms of density operators as
follows:

INS(V) =inf {E(y), ~€Pn,}, (2.20)

where
PNP = {’Y S S(L2(R3)) ‘ ’72 =7 Tr (7) = Np7 Tr (—A’y) < oo}

is the set of finite energy rank-N, orthogonal projectors (note that Ky, is the convex
hull of Py, ). The connection between (2.19) and (2.20) is given by the correspondence
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v = Zfﬁl |pi){(¢i|, i.e. v is the orthogonal projector on the vector space spanned by the
¢i’s. Indeed, as |V| = (—A)%, it holds

Np NP NP
Tr (~89) = Tr (VPIV) = 2191l = - 190l =3 [ 19
=1 =1 i=1

Let us now address the issue of constructing relevant approximations for Fy.(p). In
their celebrated article [47], Kohn and Sham proposed to use an approximate exchange-
correlation functional of the form

Ei(p) = / g(p(r))dr (LDA exchange-correlation functional) (2.21)
R3

where p~lg(p) is the exchange-correlation energy density for a uniform electron gas with
density p, yielding the so-called local density approximation (LDA). In practical calcula-
tions, it is made use of approximations of the function p — g(p) (from R4 to R) obtained
by interpolating asymptotic formulae for the low and high density regimes (see e.g. [33])
and accurate quantum Monte Carlo evaluations of g(p) for a small number of values of
p [29]. Several interpolation formulae are available [72, 71, 86|, which provide similar re-
sults. In the 80’s, refined approximations of Fy. have been constructed, which take into
account the inhomogeneity of the electronic density in real molecular systems. Generalized
gradient approximations (GGA) of the exchange-correlation functional are of the form

1
E.(p) = /R3 h (p(r)7 2|V\/p(r)|2> dx (GGA exchange-correlation functional).

(2.22)
Contrarily to the situation encountered for LDA, the function (p,x) — g(p,x) (from
Ry xRy to R) does not have a univoque definition. Several GGA functionals have been
proposed and new ones come up periodically.

Remark 2.1. We have chosen the form (2.22) for the GGA exchange-correlation func-
tional because it is well suited for the study of spin-unpolarized two electron systems (see
Theorem 2.8 below). In the Physics literature, spin-unpolarized LDA and GGA exchange-
correlation functionals are rather written as follows

Eyc(p) = Ex(p) + Ec(p)

with
Bp) = [ o) exlolo) sy (r)) dr. (2.23)
Belp) = [ plo) Eelrple)) + Hrp(e)oty(o)] di, (2.21)

In the above decomposition, Fyx is the exchange energy, E. is the correlation energy, €x

and €. are respectively the exchange and correlation energy densities of the homogeneous

_1
electron gas, r,(r) = (37p(r)) "3 is the Wigner-Seitz radius, s,(r) = — L [Ve®l s the

2(3n2)3 p(r)s
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(non-dimensional) reduced density gradient, t,(r) = L Ne®l s the correlation gra-
43n=1)s p(r)s
dient, Fy is the so-called exchange enhancement factor, and H is the gradient contribution

to the correlation energy. While ex has a simple analytical expression, namely

s =-3 (%)

ec has to be approximated (as explained above for the function g). For LDA, Fy is every-
where equal to one and H = 0. A popular GGA exchange-correlation energy is the PBE
functional [69], for which

is°
1+ pr—1s?’

v 1+ A(r)t? , v o[ -1
H(rt) = 6m(1+2¢ Ay = U (=i _
(nt) = ( 5 T amE apyE) vt A0 =g (¢ )

the values of the parameters p ~ 0.21951, v ~ 0.804, § = 7= 2(1 — In2) and v = 372
following from theoretical arguments.

ol

1
pP3,

F(s) = 1+

2.3 Main results

Let us first set up and comment on the conditions on the LDA and GGA exchange-
correlation functionals under which our results hold true:

e the function g in (2.21) is a C* function from R, to R, twice differentiable and such

that
9(0) =0, 2.25)
g <0, 2.26
2 19'(p)]
W< p_<Pr<= st sup ——"+ <0, 2.27
B per, PP 4 pP+ (2.27)
1 <a< 3 s.t. limsupM < 0; (2.28)
2 p—0t pa

e the function h in (2.21) is a C! function from Ry x Ry to R, twice differentiable
with respect to the second variable, and such that

h(0,k) =0, Vk € Ry, (2.29)
gz <0, (2.30)
5 ’(;Z(p, K)
< <py < 3 s.t. (pﬁ);&)x&r P 00, (2.31)
N <a<S st lmsp M2F) g (2.32)
2 (pm)—(0+ 0%)  P”

h
H<a<b<oo st V(p,r) e Ry xRy, a§1+g(p,ﬁ)§b,(2.33)
K
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2

oh 0°h
V(p,k) e Ry xRy, 1+ a(p, k) + QKw(p, k) > 0. (2.34)

Conditions (2.25)-(2.28) on the LDA exchange-correlation energy are not restrictive. They
1

are obviously fulfilled by the LDA exchange functional (giP4(p) = —% (%) 3 p%), and are

also satisfied by all the approximate LDA correlation functionals currently used in practice

(with @ = § and B_ = T = 1).

Besides, it is easy to see that the set of functions satisfying assumptions (2.29)-(2.34)
is nonempty and nontrivial, meaning that it contains functions really depending on x and
not only LDA-type functions. For instance, ¢ being a sufficiently small positive constant,

h(p, k) = —cpte—r/@+oh)

fulfills all the conditions with o = % and f_ = [y = % We have also checked numerically
that assumptions (2.29)-(2.34) are actually satisfied for the PBE exchange-correlation
functional (see Remark 2.1), when the LDA correlation energy density e.(r) is given by
the PZ81 formula [72].

Remark 2.2. Our results remain true if (2.26) and (2.30) are respectively replaced with
the weaker conditions

/
st sup 22x0.90)

= ;
peRy P + pfi

<pL <P <

W=
GV )

and

e (0 28400
s.t. sup P

i < 0.
(pR)ERy xRy PO 4 pP+

Wl o

3% <pBL<By <
As usual in the mathematical study of molecular electronic structure models, we embed
(2.20) in the family of problems
I =inf{&(7), v € Ky} (2.35)
parametrized by A € R where
Ka={yeSIL*®R"))|0<y <1, Tr(7) = A, Tr (~Ay) < oo},
and introduce the problem at infinity
I =inf {£€(7), v € Ki} (2.36)

where

E%(y) = Tr (=A%) + J(py) + Exc(py)-
The following results hold true for both the LDA and GGA extended Kohn-Sham models.
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Lemma 2.1. Consider (2.35) and (2.36) with Ex. given either by (2.21) or by (2.22)
together with the conditions (2.25)-(2.28) or (2.29)-(2.32). Then

1. Iy =1I5° =0 and for all A >0, —co < I\ < I <0;
2. the functions A — I\ and X — I° are continuous and decreasing;

3. forall0 < p <A,
L<I,+1I7,. (2.37)

Inequalities (2.37) in Lemma 2.1 are classical concentration-compactness type inequali-
ties [59].

Our main results are the following two theorems.

Theorem 2.2 (Extended KS-LDA model). Assume that Z > N = 2N, (neutral or pos-
itiwely charged system) and that the function g satisfies (2.25)-(2.28). Then the extended
Kohn-Sham LDA model (2.35) with Ex. given by (2.21) has a minimizer ~y. Besides, Yo
satisfies the self-consistent field equation

Y0 = X(—oco,er) (pro) +6 (238)

for some exr <0, where

H

Pyo

1 _
= _iA +V+ Pyo * ’I‘| ! + g/(p“fo)a

where X (—oo ep) 18 the characteristic function of the range (—oo, er) and where § € S(L?(R3))
is such that 0 <6 <1 and Ran(5) C Ker(H,, — ¢F).

Theorem 2.3 (Extended KS-GGA model for two electron systems). Assume that Z >
N = 2N, = 2 (neutral or positively charged system with two electrons) and that the
function h satisfies (2.29)-(2.84). Then the extended Kohn-Sham GGA model (2.35) with
Ex. given by (2.22) has a minimizer ~yy. Besides, v = |¢)(¢| where ¢ is a minimizer of
the standard spin-unpolarized Kohn-Sham problem (2.19) for N, = 1, hence satisfying the
Euler equation

1 oh oh
—giv (14 G 0en 99 T 4 (V4 ol 4 G0 Vo) ) 6 =20 (239

for some € < 0, where py = 2¢*. In addition, ¢ € CO*(R3) for some 0 < a < 1 and
decays exponentially fast at infinity. Lastly, ¢ can be chosen non-negative and (e, ¢) is the
lowest eigenpair of the self-adjoint operator

1. oh _ oh
5w (14 G e (90 ) T) 4V 4o it 50 [V,

We have not been able to extend the results of Theorem 2.3 to the general case of N,
electron pairs. This is mainly due to the fact that the Euler equations for (2.35) with
Ex. given by (2.22) do not have a simple structure for N, > 2 (see remark 2.4 for further
details).
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Remark 2.3. Let us explain as of now the usefulness of properties (2.33) and (2.34) in
the proof of Theorem 2.3:

o (2.33) is necessary to make the operator appearing in the Euler-Lagrange equation
(2.39) elliptic;

o (2.34) implies that the Kohn-Sham energy functional, considered as a function of p
and K = |Vﬁ|2, 15 conver w.r.t to Kk, and thus ensures some lower semiconiinuily
property of the gradient terms of the energy for the weak topology of H'(R3).

Remark 2.4. (On the difficulties in extending the results of Theorem 2.3 to the general
case of Ny > 1 electron pairs). Consider the pure-state Kohn-Sham GGA model (2.19)
for the sake of simplicity. Under assumptions (2.29) to (2.34), it is easy to see that the
equivalent of Lemma 2.10 with N = 2N, > 2 electrons still holds. The main argument is
that, using [38, Theorem 2.5], the condition (2.34) still ensures the lower semicontinuity
of the energy w.r.t to |V\@|2 for the weak topology of H'(R3;RNv). Therefore, for all
N, € N*, if a minimizing sequence (P )nen is compact in L2(R3;RM»), then its limit is a
minimizer of the problem.

In our proof of compactness in the case N, = 1, we use in a crucial way the properties
of the solutions of the Euler equation (2.89), among which boundedness in L>®(R3) and
ezponential decay at infinity. When Ny > 1, denoting the state vector by ® = (¢1,--- , dn,)
and assuming that the energy is differentiable, the Euler-Lagrange optimality conditions
turn into the following system: Vi € [1, Np],

1. oh >k Pk Vor ) 10h >k Pk Vor
_7d v 7 77v 7 v o V’L
jiiv (Vo + <p¢|m>zk¢i¢ 0o 19l S

(2.40)
\V4 oh 1
AL (vw* )+ <p¢,|vrp¢2>) b1 = erds.
k Pk op 2

The study of (2.40) is much more involved than that of (2.39). We were not able to
prove that solutions of (2.40) still have the required reqularity properties and behaviour at
infinity, and thus to extend our proof from the scalar case to the vector case.

2 o 51V Val?)

2.4 Proofs

For clarity, we will use the following notation
BN p) = [ alpte)) .
£ ) = [ 1 (o), 519 vA0P) d
EPNG) =T (A + [ VT + [ gl (r))dr
e =T (-8 + [ oV a4 [ (0,0 519 0R)

The notations Ex.(p) and £(y) will refer indifferently to the LDA or the GGA setting.
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2.4.1 Preliminary results

Most of the results of this section are elementary, but we provide them for the sake of
completeness. Let us denote by &; the vector space of trace-class operators on L?(R3)
(see e.g. [74]) and introduce the vector space

H={y€61[|Vh|V]e &}
endowed with the norm || - || = Tr (] - |) + Tr (||V] - [V]]), and the convex set

K={yeS(I*R*)[0<y <1, Tr(y) <oo, Tr ([V|V]) < oo}

Lemma 2.4. For ally € K, \/py € HY(R?) and the following inequalities hold true
- Lower bound on the kinetic energy:
SV VA3 < T (~4) (2.41)
- Upper bound on the Coulomb energy:
0 < J(py) < O(Tr 7)2(Tr (—An))? (2.42)

- Bounds on the interaction energy between nuclei and electrons:
—4Z(Tr )2 (Tr (—=Ay))2 g/ p V<0 (2.43)
R3

- Bounds on the exchange-correlation energy:

6 36_ By 364
—C <(Tr NI (Tr (=Ay) 2 + (Try)' ™2 (T (—Av))2> < Exe(py) <0 (2:44)

- Lower bound on the energy:

1 1 1\2 28 28y
£) 2 5 (T (~Ay)3 —42(Te 7))~ 82°Try — C (<Tr )T 4 (T v))
(2.45)
- Lower bound on the energy at infinity:
1 2—06_ 27ﬂ+
£2(0) 2 5T (-89 = € ()= 4 () ), (240

for a positive constant C independent of v. In particular, the minimizing sequences of

(2.835) and those of (2.36) are bounded in H.
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Proof. (2.41) is a straightforward consequence of Cauchy-Schwarz inequality; a proof can
be found for instance in [27]. Using Hardy-Littlewood-Sobolev [55], interpolation, and
Gagliardo-Nirenberg-Sobolev inequalities, we obtain

3 1 3
T(py) < Culloyl2 5 < CillpallzalloylIZs < Colloy 1211V /B3 2

Hence (2.42), using (2.41) and the relation ||py||;1 = 2Tr (y). It follows from Cauchy-
Schwarz and Hardy inequalities and from the above estimates that

[ <2 IV VA le < AT ) (T (-2,
r3 | - —Ryl

Hence (2.43). Conditions (2.25)-(2.27) for LDA and (2.29)-(2.31) for GGA imply that
Ex.(p) <0 and there exists 1 < p_ < py < % (p+ = 1+ (1) and some constant C' € Ry
such that

wek, Bpi=c([ o [ ). (2.47

from which we deduce (2.44), using interpolation and Gagliardo-Nirenberg-Sobolev in-
equalities. Lastly, the estimates (2.45) and (2.46) are straightforward consequences of
(2.42)-(2.44). O

Lemma 2.5. £ and £%° are continuous on H.

Proof. Let v € Ky and consider a sequence (vy)nen converging to v strongly in H. It
is well-known that p,, converges to p, strongly in LP(R?) and ,/p5, converges to /py
strongly in H'(R3). Since the linear form « +— Tr (—A#) is continuous on H and the
functionals u — [ps u?V and u — J(u?) + Exc(u?) are continuous on H'(R?), the conti-
nuity of £ and £*° on ‘H immediately follows. O

2.4.2 Proof of Lemma 2.1
Obviously, Ip = I = 0 and I < I3 for all A € R,

Let us first prove assertion 3. Let 0 < p < A, ¢ > 0 and v € K, such that I, <
E(v) £ 1,+¢. Using Lemma 2.5, the density of finite-rank operators in H and the density
of C2°(R3) in L?(R?) , there is no restriction in choosing ~ finite-rank and such that
Ran(y) C C°(R3). Likewise, there exists a finite-rank operator 7/ € K,_, such that
Ran(y') C C°(R?) and I* , < E%°(v) < I, +e.

Let e be a unit vector of R® and 7, the translation operator on L?(R?) defined by
Tof = f(- —a) for all f € L?(R3). For n € N, we define v, = v + TheV'T_ne. It is easy to
check that for n large enough, v, € K and

I)\ S E(Vn) S 8(7) + 800(7) + D(p’WTnep’y’) S I,M + I;.\i,u, + 357

/(4]
where D(p, p) ::/ / Mdr dr’. Hence (2.37).
R3 JR3 [T —

r|
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Making use of similar arguments, it can also be proved that
I*<IF+1Iy,. (2.48)

Let us now consider a function ¢ € C2°(R?) such that ||¢||z2 = 1. For all o > 0 and all
0 < A < 1, the density operator v, with density matrix v, (r,r') = Ao? ¢(o1) $(01’) is
in K. Using (2.28) for LDA and (2.32) for GGA, we obtain that there exists 1 < a < 3,
c> 0 and o9 > 0 such that forall 0 < A <1 and all 0 < o < gy,

I < E%°(Ypn) < Ao /RB IVo|? + A20J(2|¢]?) — ex®o3leb) /RS o[22

Therefore I3° < 0 for X positive and small enough. It follows from (2.37) and (2.48) that
the functions A = I and A — I{° are decreasing, and that for all A > 0,

—OO<I>\§I§O<O.

To proceed further, we need the following lemma.

Lemma 2.6. Let A > 0 and (yn)nen be a minimizing sequence for (2.35). Then the
sequence (P, )neN cannot vanish, which means (see [59]) that

JR>0 st lim sup / Py, > 0.
LL’+BR

N0 zcR3

The same holds true for the minimizing sequences of (2.36).

Proof. Let (Vn)nen be a minimizing sequence for I. By contradiction, assume that the
sequence p., vanishes, i.e

VR >0, lim sup / Py, = 0.
I+BR

We know from lemma 2.4 that 7, is bounded in H, and thus that p,, is bounded in
HY(R?). According to lemma 1.1 in [59], this and the fact that p,, is vanishing imply that
p~, converge strongly to 0 in LP(R3) for 1 < p < 3. In particular, it follows from (2.47)
and from the fact that V € L"(R?) 4+ L4(R?) for some % <r,q < +o0o, that

lim Py V 4+ Exe(py,) = 0.
3

n—oo R

£ = [ | praV + Buclon,).

we obtain that I, > 0. This is in contradiction with the previously proved result stating
that Iy < 0. Hence (p-, )nen cannot vanish. The case of problem (2.36) is easier since the
only non-positive term in the energy functional is Ey.(p). O
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We can now prove that Iy < I3°. For this purpose let us consider a minimizing sequence
(Yn)nen for I°. We deduce from Lemma 2.6 that there exists n > 0 and R > 0, such that
for n large enough, there exists z,, € R? such that

/ Pyn 21
wn+BR

Let us introduce ¥, = Tz, —z, YnTe,—z,- Clearly 7, € Ky and £(7,) < €%°(yn) — %5t Thus,
z
I < I - %7 < I

It remains to prove that the functions A — I and A +— I3° are continuous. We will deal
here with the former one, the same arguments applying to the latter one. The proof is
based on the following lemma.

Lemma 2.7. Let (ap)ren be a sequence of positive real numbers converging to 1, and
(pr)ken @ sequence of non-negative densities such that (\/pr)ren is bounded in H'(R3).
Then

lim (Exc(okpr) — Exc(pr)) = 0.

k—o0

Proof. In the LDA setting, we deduce from (2.27) that there exists 1 < p_ <p; < % and
C € R, such that for k large enough

B2 @) = BEPA ()| < Clow =11 [ (6 + 20,

In the GGA setting, we obtain from (2.31) and (2.33) that there exists 1 <p_ < p; < 2
and C' € R such that for k large enough

[BS awpn) ~ BN )] < Clow =11 [ ( + ot + Vvl

As (\/Pr)ken is bounded in H'(R3), (pg)ren is bounded in LP(R?) for all 1 < p < 3 and
(V/Pk)ken is bounded in (L?(R?))3, hence the result. O

We can now complete the proof of Lemma 2.1.

Let A > 0, and (Ag)ren be a sequence of positive real numbers converging to A. Let ¢ > 0
and v € K, such that

9
I/\SE(’V) SIA+§-

For all k € N, v, = M\gA "1y is in Ky, so that Vk € N, I, < (). Besides, it is easy to
see that £(yx) tends to £(v) in virtue of Lemma 2.7. Thus I), < I)+¢ for k large enough.
Now, for each k € N, we choose 7, € Ky, such that £(y;) < I), + % For all k € N, we
set y, = )\)\,;1%. As A, € Ky, it holds I, < E(7x). We then deduce from Lemma 2.7 that
klggo (E(Wk) — €M) = 0, so that for k large enough we get Iy —e < Iy,. This proves

the continuity of A — Iy on Ry \ {0}. Lastly, it results from the estimates established in

Lemma 2.4 that lim I, = 0.
A—0t
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2.4.3 Proof of Theorem 2.2
Let us first prove the following lemma, which relies on classical arguments.

Lemma 2.8. Let (v,)nen be a sequence of elements of K, bounded in H, which converges
to v for the weak-x topology of H. If lim Tr (y,) = Tr (), then (p-, )nen converges to p,
n—oo

strongly in LP(R3) for all 1 < p < 3 and

EYPA(4) <liminf EYPA(y,) and EPA®(5) < liminf EFPA(4,).

n—oo n—0o0o

Proof. The fact that (y,)nen converges to v for the weak-* topology of H means that for
any compact operator K on L%(R3),

lim Tr (v, K) =Tr (yK) and lim Tr (|[V|y,|V|K) = Tr (|V|y|VIK).

n—oo

For all W € C2°(R3), the operator (1 + |V|)"!W (1 + |V|)~! is compact (it is even in the
Schatten class &, for all p > % in virtue of the Kato-Seiler-Simon inequality [77]), yielding

/RBP%W = 2T (W) = 2Tr (L + V)3 (L + VA + V)T W@ +[V)) )

n—oo

— 2T (L4 V(L + V)L + V)W (4 V) ) = 2T (4W7) = /R .

Hence, (p-, Jnen converges to py in D'(R3). As by (2.41), (/P )nen is bounded in H1(R3),
it follows that (,/p-, )nen converges to /p, weakly in H'(R3), and strongly in L? (R?)

loc

for all 2 < p < 6. In particular, (,/p-,)nen converges to ,/p, weakly in L?(R3). But we
also know that

. 2 _ . _ . _ _ o 2
Jim [|y/py, |72 = lim /Rs P = 2 lim Tr () = 2Tr (7) = /Rd py = VPl

Therefore, the convergence of (,/p, )nen to \/py holds strongly in L*(R*). Using Holder’s
inequality and the boundedness of (,/py, Jnen in H' (R?), we obtain that (\/Pyn Jnen con-
verges strongly to \/py in LP(R?) for all 2 < p < 6, hence that (p,, Jnen converges to p,
strongly in LP(R3) for all 1 < p < 3. This readily implies

lim p%V=/ p,V, lim J(py,) = J(py), lim EXP(p, )= EXP%(p,).
R,j Rg n—oo n—oo

n—00
Lastly, Fatou’s theorem for nonnegative trace-class operators yields

Tt (IVAIV]) < liminf Tr (V| 9]).
We thus obtain the desired result. O

We will also need the following result.



2.4. Proofs 41

Lemma 2.9. Consider o > 0 and 3 > 0 such that o+ 3 < N, < Z/2. If I, and Igo have
minimazers, then

Tovp < Io+15°.
Proof. Let ~ be a minimizer for I,. In particular v satisfies the Euler equation
Y= 1(7OO,€F)(HPW) + 6

for some Fermi level ep € R, where
1 _
Hpy, :_iA"‘V"‘PV*M 1+9/(p'y)a

and where 0 < 0 < 1, Ran(d) C Ker(H, —ep). As V + py = [r|7t + ¢/(py) is A-compact,
the essential spectrum of H), is [0, +00). Besides, H,_ is bounded from below,

H,

1 _
S AV el
and we know from [58, Lemma I1.1] that as — Zﬂil 2+ Jgs py = —Z+2a < —Z+2N, <0,
the right hand side operator has infinitely many negative eigenvalues of finite multiplicities.
Therefore, so has H,, . Eventually, ep < 0 and

v =Y leadil+ Y nildi) (il
i=1 i=n+1

where 0 < n; <1 and where

1
—5A0i+Véi+ (py *x|™Y) @i + d'(py) 5 = & ¢5.

g1 < &2 < €3 < --+ < 0 denoting the negative eigenvalues of H, including multiplicities
(by standard arguments the ground state eigenvalue of H), is non-degenerate). It then
follows from elementary elliptic regularity results that all the ¢;’s, hence p,, are in H?(R3)
and therefore vanish at infinity. Using Lemma 2.16, all the ¢; decay exponentially fast to
zero at infinity.

Now consider 7" a minimizer for I3°. ' satisfies
V' =Y ooep (HyY) + 0

where .
HE, = =5 A+ py o [r| ™+ g'(py),
and where 0 < ¢’ <1, Ran(d’) C Ker(Hpoj, —¢ef), and epr < 0.

First consider the case egr < 0. Then

Y _Z|¢z ¢z‘+ Z z|¢z sz

i=n'+1
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all the ¢;’s being in C*°(R3) and decaying exponentially fast at infinity. For n € N large
enough, the operator

Yn = Min (1, H'Y + Tne'YlT—ne”_l) (v + Tne'YlT—ne)

then is in K and Tr (v,) < (o + B), which implies Io45 < Iy (4,) due to Lemma 2.1. As
both the ¢;’s and the ¢}’s decay exponentially fast to zero, a simple calculation shows that
there exists some ¢ > 0 such that for n large enough

ELDA('Yn) — ELDA(7)+5LDA’OO(7/)2Q(ZR_ Zﬁ) +O(€_5n) — 04+I[302a(zn_ 2ﬁ) +O(€_6n).

Since 23 < 2N, < Z , we have for n large enough
Ia+g < Iy () < SLDA("}/n) < Iy+ I/go'

Now if epr = 0, 0 is an eigenvalue of ng/ and there exists ¢ € Ker(ng/) C H?(R?)

such that ||¢]|2 = 1 and "¢ = pp with > 0. For 0 < n < p, v + 1|dm+1){(Pms1] and
v —nl) (1| are in K and it is easy to see that

gLDA(’Y + n’¢m+l><¢’m+l‘) =1, + 2nemy1 + 0(77)
and
ELPA (o) — ) (y]) =I5 + o(n).
Since Tr (7 + 1lémsr) (Gmsa]) = @ + 1 and Tr (v — nf) (]) = B — 5, we deduce

Inin < Io +2n€m41 +0(n) and I3, <I3+ o(n).
Then, according to Lemma 2.1, we obtain for 1 small enough
Toyp < dogy + 152, < In + 157 + 2nemin +0(n) < Lo + 15
O]

We are now in position to prove Theorem 2.2, and even more generally that problem (2.35)
with (2.21) has a minimizer for A < N,,. Let (7,)nen be a minimizing sequence for I with
A < N,. We know from Lemma 2.4 that (v,)nen is bounded in H and that (M)neN
is bounded in H'(R3). Replacing (Vn)nen by a suitable subsequence, we can assume that
(n) converges to some v € K for the weak-* topology of H and that (,/p, )nen converges
to \/py weakly in H L(R3), strongly in LY (R?) for all 2 < p < 6 and almost everywhere.

loc

If Tr (y) = A, then v € K and according to Lemma 2.8,

EWPA(y) < liminf ELPA(y,) = I,

n—-400
yielding that v is a minimizer of (2.35).

The rest of the proof consists in ruling out the eventuality when Tr (v) < A.
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Let us first rule out the case Tr () = 0. By contradiction, assume that Tr (v) = 0,
which implies py = 0. Then p,, converges to 0 strongly in L{’OC(R?’) for 1 < p < 6, from
which we deduce

lim PV =
R3
Consequently,

I§O< lim SLDA,OO(,}/n): lim 5LDA(,7n):I)\

n—-+o0o n—-+o00

which contradicts the first assertion of Lemma 2.1.

Let us now set &« = Tr (y) and assume that 0 < o < A. Following e.g. [35], we
consider a quadratic partition of the unity &2 + x? = 1, where ¢ is a smooth, radial
function, nonincreasing in the radial direction, such that £(0) =1, 0 < &(z) < 1if |z] > 0,
Ex) =01if |z| > 1, |VE]|pe < 2 and ||V(1 — 52)%||Loo < 2. We then set &r(-) = & (5)-
For all n € N, R — Tr ({rvn&R) is a continuous nondecreasing function which vanishes at
R = 0 and converges to Tr (v,) = A when R goes to infinity. Let R, > 0 be such that
Tr (€r, YnéR, ) = . The sequence (Ry,)nen goes to infinity; otherwise, it would contain a
subsequence (Ry, )ken converging to a finite value R*, and we would then get

/ P (2)€20 () d = lim / P ()8 () do =2 Tim T (€r,, Y, ) = 20 = / ps () de.
R3 k—o00 R3 k k—oo R3

As €2, < 1 on R?\ {0}, we reach a contradiction. Consequently, (R, )nen indeed goes to
infinity. Let us now introduce

Y = &R, n€R, and Y2 = XR, VnXR,-

Note that v1, and 72, are trace-class self-adjoint operators on L?(R3) such that 0 <
Yjm < 1, that py, = py,,, + Py, and that Tr (y1,,) = a while Tr (72,,) = A — «. Besides,
using the IMS formula

—A = xR, (=A)Xr, + &R, (—A)ER, — VxR, > — |VER, I,

it holds
Tr (—Av,) = Tr(=Avin) +Tr (=Ay0) = Tr (IVXR,? + [VER, [F)m)
4\
> Te (~Aq) + Tr (—A%0) — 2 (2.49)

from which we infer that both (v1,)nen and (y2,n)nen are bounded sequences of H. As
for all ¢ € C°(R3),

T (a8} 0)) = T (allEr, &) (En, o))
= T (al((Er, — DENEROD) + T (1a(|8) (R, — DOD) + Tr (1a(6)(0))
— T (1) (6]),

we obtain that (1, )nen converges to vy for the weak-* topology of H.
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Since Tr (y1,,) = a = Tr () for all n, we deduce from Lemma 2.8 that (p,,,, )nen
converges to p, strongly in LP(R3) for all 1 < p < 3, and that

EWPA(4) < lim EMPA(y1,). (2.50)

n—o0

As a by-product, we also obtain that (p,, , Jnen converges strongly to zero in LY (R?) for
all 1 < p < 3 (since py,,, = Py, — Pyi, With (0, Jnen and (py, ,, Jnen both converging to
pyin LP (R3) for all 1 < p < 3). Besides, using again (2.49), it holds

loc

EWPA () = Tr (—Aya) + /R ooV + T(p) + / 9y

=z Tr (=Avin) + Tr (Av2n) +/ pmeJr/ PV
R3

4\

+J (P n) + I (Pra) + g(pmﬂ)m) 3

= EPA) + 8800, ¢ [ 0,V

4\
+ / 9110+ Pran) = 9(Pn1) = 9(Pr2)) = 3
R3 n

For R large enough, one has on the one hand

1

2 2Z(\ — «)
’/ Pvz,nv‘ <27 (/ P’yz,n) vap'yz,n”L? + (R )
R3 Br

and on the other hand

L0 ) = 60000 = s(0.))
S/B \g(pm+p72,n)—g(pm,n)|+/3 19(P32.0)]

R R

+/ 9Py + Pron) = 9(Pran)] +/ 19(P1.)]
B¢ B¢

R R

1
2
S C (/ (p’YQ,n + p’QYQ,n) + ”p’Y1,1’L||L2 (/ p’QyQ’n) >
Br Br
Bgr

1
2
+ C / (p'Yl,n + p’zyl,n) + HP'YZ,n”Lz (/ p'%l,n)
B¢ B%

R

+C< pp1n+ '7171)
Bc

for some constant C independent of R and n. Yet, we know that (,/p5;,)nen and
(\/Pyan)nen are bounded in H'(R?), that (p,,,)nen converges to p, in LP(R3) for all
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1 < p < 3 and that (py,,, )nen converges to 0 in L (R3) for all 1 < p < 3. Consequently,
there exists for all € > 0, some N € N such that for all n > N,

EMPA(y,) = EMPA(yy ) + EMPAX(15,) —e > I, + I, — .

Letting n go to infinity, € go to zero, and using (2.37), we obtain that Iy = I, + I3,
and that (y1,n)nen and (y2,n)nen are minimizing sequences for I, and I5° | respectively.
It also follows from (2.50) that v is a minimizer for I,,.

Let us now analyze more in details the sequence (v2,,)nen. As it is a minimizing se-
quence for I3° . (py,, )nen cannot vanish, so that there exists n > 0, R > 0 such that
for all n € N, fyn+BR Pra, = 1 for some y, € R®. Thus, the sequence (Ty,¥2,nT—y, JneN
converges for the weak-x topology of H to some 7/ € K satisfying Tr (v') > n > 0. Let
B = Tr (7). Reasoning as above, one can easily check that 4/ is a minimizer for I3, and
that I = I, + I+ 132, s On the other hand, Lemma 2.9 yields 1,45 < 1o + I3

All in all we obtain Iy > I,4g + Ij'\‘ia_ﬂ, which contradicts Lemma 2.1. The proof is
complete.

2.4.4 Proof of Theorem 2.3
For ¢ € H'(R3), we set py(z) = 2|¢(z)|* and

BO) = [ V0P + [ gV + T(pe) + B ).

For all ¢ € H'(R3) such that ||¢||z2 = 1, 74 = |¢){(¢| € K1 and E(7y) = E(¢). Therefore,
n<int {5), o &), [ 0P =1},
R3
Conversely, for all v € K1, ¢y =4/ %—7 satisfies ¢, € H(R?), ||#||2 = 1 and

£SO () = £, )+ T (<A) = 5 [ 9V = €99 10 0n]) = B,

Consequently,
n=ut {B), o @), [ o7 =1} (251)
R3

and (2.20) has a minimizer for N,, = 1, if and only if (2.51) has a minimizer ¢ (4 then is a
minimizer of (2.20) for N, = 1). We are therefore led to study the minimization problem
(2.51). In the GGA setting we are interested in, F(¢) can be rewritten as

B = [ Vol + [ gV + 0000 + [ hpan V9P

Conditions (2.29)-(2.33) guarantee that E is Fréchet-differentiable on H'(R3). To see this,
it is sufficient to address the exchange-correlation energy, the Fréchet-differentiability of
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the other constituents of the energy being classical.

Consider then ¢ and w in H'(R3), and define, for t € R,

H(,t) = h(pgriw, V(9 + tw)]?), (2.52)

K(t) = IRBH(:E,t)dx. (2.53)

We compute

OH oh

7('7 t) :2w(¢ + tw)i(pdﬂrtwa ‘V(¢ + tUJ)|2)

ot Ip o (2.54)
+2Vw - (Vo +1Vw) o oy, [V (@ + tw) ).

It entails from (2.31) and (2.33) that there exists a positive constant C' such that

<O+ )

oh
vteR, \<p¢+tw, V(6 + tw)?) s

dp

(2.55)

oh
HER, | poran Vot )| < C.

Ok

We derive from (2.54) and (2.55) that there exists a constant C such that for all
te]l—1,1],
OH 8
\&m\ < C (gl + [w)? + (1] + [w)F + (V6] + [Tw])?) . (2.56)
The functions ¢ and w being in H!(R?), the right-hand side of (2.56) is in L'(R3).

Using a classical result of differentiation under the integral sign, this shows that K
defined by (2.53) is differentiable at ¢ = 0, with

oh oh
K'0) = [ 25000 [VoP)ow + 252 (5. [VOP) Vo - V.

Consequently E is Gateaux-differentiable and for all (¢, w) € H'(R3) x HY(R3),

1 Oh

/ _1  Oh
E'(¢)w = 2(2 /}R3 (1 + I (P |V¢2)> Vqﬁ-VuH—/R3 (V + pg * et + o (P |V¢]2)> ¢w>.

Since h is a C! function from R, x R, to R, it is straightforward to see that the
function ¢ — E’(¢) is continuous from H'(R3) to H (R3).

It is then well known that this implies that F is Fréchet-differentiable on H'(R3).

We now embed (2.51) in the family of problems

Jy = inf {E(¢), ¢ € H'(R?), /RB 19? = )\} (2.57)
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and introduce the problem at infinity

J° = inf {Em(qs), ¢ € HY(R?), /R3 9% = )\} (2.58)

where

%(0) = [ V6P +3(00)+ [ hpon V),

Note that reasoning as above, one can see that Jy = I and J3° = I{® forall 0 < A <1
(while these equalities do not a priori hold true for A > 1).

The rest of this section consists in proving that (2.57) has a minimizer for all 0 < A < 1.
Let us start with a simple lemma.

Lemma 2.10. Let 0 < pp <1 and let (¢n)nen be a minimizing sequence for J,, (resp. for
J°) which converges to some ¢ € HY(R®) weakly in H*(R®). Assume that ||¢]|7. = p.
Then ¢ is a minimizer for J,, (resp. for Ji°).

Proof. Let (én)nen be a minimizing sequence for J, which converges to ¢ weakly in
HY(R?). For almost all z € R3, the function z — |z|? + h(pg(x), |2|?) is convex on R? due
to (2.34). Besides the function ¢ — ¢ + h(pg(x),t) is Lipschitz on R, uniformly in z due
to (2.33). It follows that the functional

wH/ (V%[ + h(pe. [V01?))
R?)

is convex and continuous on H'(R3). As (¢, )nen converges to ¢ weakly in H'(R3), we
get

[, (968 + o [90) < timint [ (V6,2 + oo [90,/7)

Besides, we deduce from (2.31) that

‘/Rg (h(p¢n, |v¢n|2) - h(p¢, |v¢n|2))‘ < C||¢n - ¢||L27

where the constant C only depends on h and on the H! bound of (¢,)nen. AS (¢n)nen
converges to ¢ weakly in L?(R?) and as ||@|| 2 = ||¢nl|| 12 for all n € N, the convergence of
(n)nen to ¢ holds strongly in L?(R?). Therefore,

/ VPP + ESGA(p,) = / (IVI2 + h(ps, [V H2)
R3 R3

< liminf/ (|V¢n|2+h(,0¢?|v¢n|2))
n—oo R3

+ lim [ (hpg, [VOul®) = (oo, |V ul?))

n—oo R

= liminf [ |Veu|? + ES%(p,).
R3

n—oo
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Finally, as (¢, )nen is bounded in H' and converges strongly to ¢ in L?(R3), we infer that
the convergence holds strongly in LP(R3) for all 2 < p < 6, yielding

lim [ pg V4 J(pg,) :/. peV + J(pg)-
R3 R3

n—oo

Therefore,
E(¢) <liminf E(¢y,) = I,.

n—oo

As ngbH%z = 1, ¢ is a minimizer for J,. Obviously, the same arguments can be applied to
a minimizing sequence for .J;°. O

Next, we show that the equivalent of Lemma 2.9 in the GGA setting holds.

Lemma 2.11. Consider a > 0 and 8 > 0 such that o + (3 < 1. If J, and Jg° have
minimizers, then
Ja_t,_/g < Ja + Jgo

Proof. Let u and v be minimizers for J, and J§° respectively. Since E(¢) = E(|¢]) for all
¢ € H'(R?), we can assume that v and v are nonnegative. u satisfies the Euler equation

1., oh 9 _1  Oh 9
-5 1 a.. \Pu u T  \Pu =
2d1V << +8H(p |Vul )) Vu) + <V+p *[r| 7" + ap(p |Vul®) Ju+61u=0
(2.59)
and v satisfies the Euler equation

—%div <<1 + g:(py, yvu|2)> w) + <pv * e+ g];(pv, |W|2)> v+ 60v =0 (2.60)
where 67 and 6 are two Lagrange multipliers.

Using properties (2.31) and (2.33) and classical elliptic regularity arguments [39] (see
also the proof of Lemma 2.16 below), we obtain that both u and v are in C%®(R3) for
some 0 < a < 1 and vanish at infinity.

Using again (2.31), this implies that g—};(pu, |Vu|?)u vanishes at infinity. Since it is a
nonpositive function, applying Lemma 2.15 (proved in Appendix) to (2.59) then yields
0, > 0.

Moreover, the function A — J° being decreasing on [0, 1], f3 is nonnegative.

Let us first assume 65 > 0. Applying Lemma 2.16, we then obtain that there exists
v >0, fi € HY(R3), fo € HY(R3), g1 € (L*(R3))3 and g2 € (L*(R3))3 such that

wu=ep, v=eMp Vu=elg, V=g, (2.61)

In addition, as u > 0 and v > 0, we also have fi > 0 and fo > 0. Let e be a given unit
vector of R3. For t > 0, we set

wi(r) = oy (u(r) + v(r — te)) where o = (a+ ﬂ)% lu+v(- — te)HZQl.
Obviously, w; € H(R3) and |Jw||2 = a + 3, so that

E(wt) > Jags. (2.62)
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Besides,

lutot—telts = [+ [ 2 [ ) fale e et gy
R3 R3 R3
= a+p+ 2/ Fi(r) fo(r — te) e IrlHr=tel) gy
R3
= a+pB+0(),

yielding
ar=1+0(e").

Likewise, we have

/ |Vw|* = / |Vu)? +/ Vol + O0(e™), (2.63)
R3 R3 R3

/ Vw2 = / V]l +/ Vio(- — te)[2 + O(e™™), (2.64)

R3 R3 R3

D(puy: puwr) = D(pus pu) + D(po, po) + 2D (pu, pu(—1e) + O™ 7). (2.65)

The exchange-correlation term can then be dealt with as follows. Denoting by
Tt = Py — Pu— Pu(—te) = 2(a7 — 1)(Jul® + |v(- — te)|?) + 4afuv(- — te)
and
_ 2 2 2_ (.2 2 2 2

st = |Vw|* — |[Vul|* = |Vo(- —te)|* = (of — 1)(|Vul* + |Vu(- — te)|?) + 2a; Vu - Vu(- —te),

and using (2.31), (2.33), (2.61) and the fact that v and v are bounded in L>(R3), we
obtain

‘/R3 h(pww |th|2) - h(pua ‘VU|2) - h(pv(-—te)a |Vv( - te)|2)

< / 1h(pu + pote) + s |Vl + [Vo(- — te)? + 51) — hlpu, [Vuf?)|

By
3

+ / . |P(pu(.—te) + pu + e, | VO(- — te)|> 4+ |[Vul® + s¢) — h(py(.—te), IVV(- — te)|*)]
te+B¢
2

+ / Py, [V — te)?)] + / |pu, [V

Bt te+Bt
2 2

|h(pwt, ’th‘Q)‘ + h(pua ’VU"Q)‘ + ‘h(pv(-fteﬁ |VU( - te)‘Q)‘

/R3\ (B%U(te+3%)>
= O(e™ ).

Combining (2.63)-(2.65) together with the above inequality, we obtain

B(wy) < Ja+JF + / VIo(- — 1) + D(pus poie)) + O(e™).
]R3
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Next, using (2.61), we get

/. va(~—te) +D(Puapv(-—te)) = _Zt_l/. Pu ‘|‘t—1/ Pv / Pu +0(t_1)
R3 R3 R3 R3
= —2a(Z =28t  +o(t™Y).

Finally, for ¢ large enough and since 20 < 2 < Z|
Joip < E(wy) < Ja+JP —20(Z =280t +0(t™") < Jo + I

Let us now assume that 6 = 0. Using (2.59) and (2.60), we easily get that for n > 0 small
enough,
J14n2a < E(u+nu) = E(u) —nbra+ o(n) = Jo —nfr1a+ o(n)
while
a

5v) = BT () +oln) = J5" + olm).

T s < B¥0 -2
Lemma 2.1 then yields
J(1+n)2a+(1—2%q7)25 < Jn)2a + J(Olo—Q%n)Qﬂ < Jo+J5° —nbra+o(n),
and for 7 small enough, it holds (1 + n)%a + (1 — 2%77)2[3 < a+ [ so that
Jo+s < J(1+77)2a+(1—2%77)26 < Ju+ Jgo —nbia+o(n) < Jo + Jﬁoo.

O]

In order to prove that the minimizing sequences for Jy (or at least some of them) are
indeed precompact in L?(R?) and to apply Lemma 2.10, we will use the concentration-
compactness method due to P.-L. Lions [59], for the simpler method used in the LDA
setting does not seem to work anymore. Consider an Ekeland sequence (¢, )nen for (2.57),
that is [34] a sequence (¢n,)nen such that

vneN, ¢, H(R?) and P2 =\, (2.66)
]RIS

lim E(¢n) = Jx, (2.67)

lim E'(¢n) + 0pdp =0 in H H(R?) (2.68)

for some sequence (60, )nen of real numbers. As in the proof of Lemma 2.11, we can assume
that

VneN, ¢,>0ae onR® and 6, >0. (2.69)

Lastly, up to extracting subsequences, there is no restriction in assuming the following
convergences:

¢n — ¢ weakly in H'(R?), (2.70)

¢n — ¢ strongly in L} (R?) for all 2 < p < 6, (2.71)

¢n — ¢ a.e. in R, (2.72)

0y, — 0 in R, (2.73)
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and it follows from (2.69) that ¢ > 0 a.e. on R® and § > 0. Note that the Ekeland
condition (2.68) also reads

1., Oh 4  Oh
—§d1V <<1 + & (p¢>na |v¢n|2>) v¢n> + (V + Py, * |I‘| ! + 87/) (pd)n7 ’v¢n’2)> On + Ondn

=0,  with 7, —0in H }(R?). (2.74)

n—0

We can apply to the sequence (¢, )nen the following version of the concentration-
compactness lemma.

Lemma 2.12 (Concentration-compactness lemma [59]). Let A > 0 and (¢n)nen be a
bounded sequence in H'(R3) such that

Vn € N, / 2 =\
RN

Then one can extract from (¢n)nen a subsequence (¢n, )ken such that one of the following
three conditions holds true:

1. (Compactness) There ewists a sequence (yg)pen in R, such that for all € > 0, there
exists R > 0 such that

Vk € N, / ¢a, > A—e.
Yr+BR

2. (Vanishing) For all R > 0,

lim sup/ qﬁik = 0.
k=00 yeRr3 Jy+Br
3. (Dichotomy) There exists 0 < d < A, such that for all € > 0 there exists

e a sequence (Yi)ren of points of R3,

e a positive real number Ry and a sequence of positive real numbers (Raj)keN
converging to 400,

e two sequences (¢1k)ken and (Pok)nen bounded in HY(R3) (uniformly in )
such that for all k:

( Gny = P11 on Yy + Br,,
¢nk = ¢2,k on R3 \ (yk + BRQ,k)7

[ sti-d<e |[ -0-9]<-
R3 ’ R3 ’
klim dist(Supp ¢1x, Supp ¢2x) = o0,

6-p
o), — (D16 + G2k) [ Lo®e) < Cpe®  forall 2 <p <6,

6—p
H(ank||LP(yk+(BR27k\§R1)) <Cpe?  forall 2<p<6,

liminf/ (1V6n.? — [Vor4l® ~ 1Vo24]?) > ~Ce,
R3

k—o0
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where the constants C and C),, only depend on the H' bound of (¢n)nen.
We then conclude using the following result.

Lemma 2.13. Consider (¢n)nen satisfying (2.66)-(2.73). Then, using the terminology
introduced in the concentration-compaciness Lemma in [59)],

1. if some subsequence (¢p, )ken Of (én)nen satisfies the compactness condition, then
(én,, )ken converges to ¢ strongly in LP(R3) for all 2 < p < 6;

2. a subsequence of (¢n)nen cannot vanish;
3. a subsequence of (¢n)nen cannot satisfy the dichotomy condition.

Consequently, (¢n)nen converges to ¢ strongly in LP(R3) for all 2 < p < 6. It follows that
¢ is a minimizer to (2.57).

As the explicit form of the functions ¢; ; and ¢9; arising in Lemma 2.12 will be useful
for proving the third assertion of Lemma 2.13, we briefly recall the proof of the former
lemma.

Sketch of the proof of Lemma 2.12. The argument is based on the analysis of Levy’s con-
centration function
Quimy = sup [
y€R3 Jy+Br
The sequence (Qn)nen is a sequence of nondecreasing, nonnegative, uniformly bounded
functions such that Rlim Qn(R) = A
—00

There exists consequently a subsequence (@, )ren and a nondecreasing nonnegative func-
tion @ such that (Qn, )ren converges pointwise to Q. We obviously have

lim Q(R) =4 € [0, \].

R—oo
The case § = 0 corresponds to vanishing, while § = A corresponds to compactness. We
now consider more in details the case when 0 < § < \ (dichotomy). Let &, x be in C°°(R3)
and such that 0 < &, x < 1, &(x) =11if |z| < 1, &(x) = 0if |z| > 2, x(z) =0 if |z| < 1,
x(z) =1if 2| > 2, |Vx|lze < 2 and [|[VE]| < 2. For R > 0, we denote by Eg(-) = £ (5)
and xgr() = x (). Let £ > 0 and Ry > ! large enough for Q(R1) > § — § to hold.
Then, up to getting rid of the first terms of the sequence, we can assume that for all k&,
we have Qy, (R1) > 6 — € and @y, (2R1) < 6 + 5. Furthermore, there exists y; € R? such
that

and we can choose a sequence (R},)ien of positive real numbers greater than Ry, converging
to infinity, such that Qn, (2R)) < ¢ + ¢ for all k € N. Consider now

1 =R (- — Yk)Pny,  and b2 = Xr; (- — Yk)Pny.-
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Denoting by Ry = 2R), we clearly have

'/ qﬁik—é‘ga, '/ ¢§7k—(x—5)‘gg,
R3 R3

/ = / 02 < Quy(Rok) — Quy (R1) < 26,
Yk +(Br, ;, \BR;) Ri<|-—yk|<Ra

and

[ tom = @+ 020P < [ 11 =) = g~ P,
R3 R3

< / ¢a, < 2e.
Ry <|-—yx|<Ra

Similarly, by Hélder and Gagliardo-Nirenberg-Sobolev inequalities, we have for all k£ and
2 < p < 6 that

(6—p)
[6ns = (@16 + D210 < il ioys (3, )y < Cof >

where the constant C), only depends on p and on the H ! bound on (¢ )nen. Finally, we
have ||VEg, || < 2Ry < 2¢ and IVXR, [lLe < 2(R,)™! < 2¢, so that

e
[ 1901 = 6~ Vou | <
R3

and
9
[ 190 =y - wolvon | < 0
R3

where the constant C only depend on the H' bound on (¢, )nen. Thus

v

L1900 = 9610 = 1902 = [ (1= k(=) =y (- = m)Vam, [ - C=
R3 R3

> —(Ce..
O

Proof of the first two assertions of Lemma 2.13. Assume that there exists a sequence (yx)keN
in R3, such that for all € > 0, there exists R > 0 such that

Vk € N, / ¢p, > A—e.
Y +BRr

Two situations may be encountered: either (yx)ren has a converging subsequence, or
klim lyr| = co. In the latter case, we would have ¢ = 0, and therefore
—00

lim [ ¢7 V =0.

k—oo JRr3
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Hence
I < lim E®(¢,,) = Jim E(¢n,) = I,

k—oo

which is in contradiction with the first assertion of Lemma 2.1. Therefore, (yi)ken has a
converging subsequence. It is then easy to see, using the strong convergence of (¢, )nen

to ¢ in L2 (R3), that
/ ¢22/ ¢* > A—c¢,
R3 y+BRr

loc
where y is the limit of some converging subsequence of (yx)ren. This implies that [|¢[|7, =
A, hence that (¢,)nen converges to ¢ strongly in L%(R3). As (én)nen is bounded in
H'(R?), this convergence holds strongly in LP(R?) for all 2 < p < 6.

Assume now that (¢n, )ren is vanishing. Then we would have ¢ = 0, an eventuality that
has already been excluded. O

Proof of the third assertion of Lemma 2.13. Replacing (¢p)nen with a subsequence and
using the detailed construction of the dichotomy case given in the proof of Lemma 2.12
above, we can assume that in addition to (2.66)-(2.73), there exist

e 0 €0, \],
e a sequence (Y, )nen of points in R3,
e two increasing sequences of positive real numbers (R1 ,,)nen and (R2 ., )nen such that

. . 2,n
lim Ry, =00 and lim
n—oo n—oo

_Rl,n =00

such that the sequences ¢1, = §R1,n(' — Yn)¢n and ¢2,n:XR2,n/2(‘ — Yn ) Op satisty
On = d)l,n on y, + BR1,na
¢n = P2, OR R \ (Yn + Br,.,);
lim 2, =90, lim P2, =\—9,
n—0o0 Jp3 ’ n—0oo Jp3 ’
lim ||pn — (¢1,n + P2.) | Lro@sy =0 for all 2 < p <6,
n—oo
nlirglo H(bn”Lp(yn‘i’(BRQ’n\ERl’n)) = 0 fOI‘ aH 2 S p < 67

lim dist(Supp ¢1,n, SUpp ¢2,n) = 00,

liminf/ (\wn\? — [Vial - ng,n\?) > 0.
n—oo R

3
Besides, it obviously follows from the construction of the functions ¢1 , and ¢2, that

VneN, ¢1,>0 and ¢, >0 ae. on R3. (2.75)
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A straightforward calculation leads to
B = EGun)+ [ ponV+E™ o)+ [ 0o,V

+/R3(|v¢n2 2)+/Rgﬁnv

- |
+D(p¢1,nv p¢2,n) + D(pn, Poin T p¢2,n) + *D(pm pPn)

+ /R (h(pon [V6ul?) — B(pgr s [V10]%) — B0, [Vb2nl?). (2.76)

where we have denoted by pn = pg, — Pp1.,, — Pps.,.- AS
~ 2
’Pn‘ <3 ﬂﬂﬂ*(BRg,n\ERLn) ‘¢n‘ >

where ]lyn+(BR27n \Br, ) is the characteristic function of y, + (Br,,, \ Br,.,), the sequence

(Pn)nen goes to zero in LP(R?) for all 1 < p < 3, yielding

N - 1
/ puV 4 D(Pns Por + Po2n) + 5Dy pn) — 0.
RS n—oo
Besides,
D(pgy > o) < 4 dist(Supp ¢1,n, Supp d2) " d1mll72 [ d2nl2 —0

and

'/R (h(pons I96nl2) — hpon . [V1.n]2) — <p¢2,n,\w>z,n|2>>]

<[ hpan TP+ o [V610P)| + [l [Vl
+(BRy ,, \BRy ,,)

(‘p¢7z||L1) (yn+(Br \B + ||p¢”HLp+ (yn+(Br \BRln))> njo?oo

(recall that 1 <pi =1+ 01 < g) Lastly, as lim,,—,o dist(Supp ¢1.n, Supp ¢an) = 00,

o[ ¥

It therefore follows from (2.76) and from the continuity of the functions A — J) and
A+ J3° that at least one of the inequalities below holds true

)

n—oo

> Js+JIs (casel) or Jy>J5%+ Jy_s (case2). (2.77)
As the opposite inequalities are always satisfied, we obtain

In=Js+JI2s (casel) or Jy=J+ Jy_s (case?2), (2.78)
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and (still up to extraction)

{ lim E(¢1,) = Js, lim E*(¢10) = J5°,

nh_{go B (o) = I3 (case 1) or { nh_{goE(?Z)?,n) — Js (case 2). (2.79)

Let us now prove that the sequence (¢, )nen, where ¢, = ¢, — (d15, + P2.1), goes to zero
in Hl(R3). For convenience, we rewrite 1, as ¥, = e,¢, where e, = 1 — §R1,n(' — Yn) —
XRy.,/2(* — yn) and Ekeland’s condition (2.74) as

—div (@, Ven) + Vén + (ps, * 1| V) dn + Vi ¢5 T2 + VP oh 204 10,6, =0, (2.80)

where

1 on )
tn = (14 G001V

_ _g_0h
Va :25*%5 67(p¢n7|v¢n|2)>(p¢n§1a

_3, 0
V= 2ﬁ+p¢f*8fp(p¢n, IV énl*)Xpy, >1-

Due to assumption 2.32, V.~ and V. are bounded in L*°(R3).

The sequence (Ve + (pg, * |[v|™1)pn + V- ¢711+2ﬂ— + Vn+q§71f2ﬁ+ + 0,00 )nen is bounded
in L2(R?), (u)nen goes to zero in H~1(R?), and the sequence (i,)nen is bounded in
H'(R3) and goes to zero in L?(R?). We therefore infer from (2.80) that

/ anVopn - Vb, — 0.
R3 n—o00
Besides Vi, = €, V¢, + ¢, Ve, with 0 < e, <1 and ||Ve,||r~ — 0. Thus

/ anen]qun]Q — 0.
R:ﬂ n—oo

1 oh b
0<=-<a,== (1 + =—(pg,» ]V¢n|2)> < 5 <00 ae on R3 (2.81)

a
2 2 Ok

and 0 < e% < e, <1, we finally obtain
/ 2|Von|2 — 0,
R3 n—oo

from which we conclude that (Vi) )nen goes to zero in L?(R?). Plugging this information
in (2.80) and using the fact that the supports of ¢1 5, and ¢o,, are disjoint and go far apart
when n goes to infinity, we obtain

. — — _ H!
=iV (@ V610) + VOLn + (g0, * P b1+ Vi 61377 + VO + b1 T 0,
. - - - H!
—div (anV(bQ,n) + V¢2,n + (p¢>2,n * |I‘| 1)¢2,n + Vn (Z%;ZB + Vn+¢;7r125+ + 9n¢2,n njc;o 0.

We can now assume that the sequences (¢1,)nen and (¢2.r,)nen, which are bounded in
H'(R?), respectively converge to ¢; and ¢o weakly in H'(R3), strongly in LfOC(R?’) for
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all 2 < p < 6 and a.e. in R3 In virtue of (2.75), we also have ¢1 > 0 and ¢3 > 0
a.e. on R3. To pass to the limit in the above equations, we use a H-convergence result
proved in Appendix (Lemma 2.14). The sequence (a,)nen satisfying (2.81), there exists
oo € L®(R3) such that 5 < a0 < % and (up to extraction) a,ls —p aools (where I3
is the rank-3 identity matrix). Besides, the sequence (V),en is bounded in L°°(R3), so
that there exists VF € L>(R?), such that (up to extraction) (V,F),en converges to V*
for the weak-* topology of L°(R?). Hence for j € [1,2] (and up to extraction)

n

Vi — Ve;  strongly in H™'(R)
n—oo
VR o VA weakty in T2,

n—oo

(P * [0 7)Bjim + Ondbjn — (pg, * [e| )¢5 + 05 strongly in Li,.(R?).
We end up, for j € [1,2], with
—div (a0eV5) + Vb + (pg, x [t )b + Vo, + Ve 109, =0, (2.82)

Remark 2.5. The elliptic operator involved in equation (2.80) being monotone, it appears
that we could also pass to the limit using Leray-Lions theory instead of H-convergence.
Since we are not interested in the very precise structure of the limit equation, we chose
not to follow that way.

By classical elliptic regularity arguments already stated in the proof of Lemma 2.11,
both ¢; and ¢ are in C%%(R3) for some 0 < a < 1 and vanish at infinity. Besides,
exactly one of the two functions ¢; and ¢9 is different from zero. Indeed, if both ¢; and
¢2 were equal to zero, then we would have ¢ = 0, an eventuality that we have already
excluded in the proof of the first two assertions of lemma 2.13. On the other hand, as
dist(Supp ¢1,n, SUpp ¢2.n) — 00, at least one of the functions ¢; and ¢ is equal to zero.

We only consider here the case when ¢ = 0, corresponding to case 1 in (2.77)-(2.79),
since the other case can be dealt with the same arguments. A key point of the proof
consists in noticing, as in the proof of Lemma 2.11, that applying Lemma 2.15 to (2.82)
(note that W = V‘qﬁ?_ + V+¢’f+ is nonpositive and goes to zero at infinity) yields

6 > 0. (2.83)

Consider now the sequence (4751,”)”6N defined by q~517n = 5%¢1,n|]¢1’n |221 It is easy to check

that

Vn € N, 51771 e H'(R?), / qAb?n =4¢ and ¢~517n >0 a.e. on R3,
~ R3
lim E(¢1,) = Js,

n—-+00

. ~ ~ _INT — T1426- 7142 ~ H7!
—div (a1, V1) + Vi + (o5, [t )o1n + Vi, o1, AV 4 O — 0

1n n

(51,71)7161\? converges to qgl # 0 weakly in H', strongly in LY  for 2 < p<6and a.e. on R?

(with in fact ¢1 = ¢). Likewise, the sequence ((A — 5)% H¢2nHZzl ®2.n)neN being a min-
imizing sequence for J3°;, it cannot vanish. Therefore, there exists v > 0, R > 0
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and a sequence (Z,)nen of points of R? such that fxn+BR |p2.n|> > 7. Then, defining
~ L -
Gom = (A= 06)2 ||g2nll 12 d2n(- — 2n),

VneN, ¢, € H'(RY), / $3,=A—0 and ¢, >0ae. onR?
~ R3
nEI—Eoo Em(¢2’n) - Jf\ié?

. - N 26 2 H1
—div (42,0 V2.0) + (05, * 1™ Vb2 + Vaybis ™ + Vihubog* + Ondon == 0,
(q~52,n)n€N converges to ¢y # 0 weakly in H', strongly in L} for 2 <p<6and ae. on R

It is important to note that the sequences (a;n)nen and (V - )nen for j € [1,2], which we
do not detail for their exact expression is not of use, are such that

a b +
5 San <5 and [Vi|lpe < 2P+,

where the constants a, b and C' are those arising in (2.31) and (2.33).

We can now apply the concentration-compactness lemma to (al,n)nEN and to (gg,n)neN.
As these sequences can’t vanish, they are either compact or split into subsequences that
are either compact or split, and so on. The next step consists in showing that this process
necessarily terminates after a finite number of iterations. By contradiction, assume that
it is not the case. We could then construct by repeated applications of the concentration-
compactness lemma an infinity of sequences (¥, )nen, such that for all k € N

Vn € N, {Ekn € HY(R?), / Jzn =0, and @Zlm >0 a.e. on R,

~ ~ -1
—div (@ Vi) + (05, * 0|0k + Vi k™™ + Vil b7 4 0nthin 7 0,

(wk n)neN converges to Ui # 0 weakly in H!, strongly in LP. for 2 < p < 6 and a.e. on R,

loc
with

> <A (2.84)

keN
and Vk € N, Vn € N|

<Gpn <5 and [V e < 2%C

IS
N o

Using Lemma 2.14 to pass to the limit with respect to n in the equation satisfied by 1’/;;67”,
we obtain

—div (@ V) + (pg, * [l vk + Vi o2 + Vg 4 09, = (2.85)
with
@z < IVE|| L < 2°+C
5 = A >~ % a. E Lo = .
Besides, we infer from (2.84) that Z HJkH%Q < A, hence that

keN

Jim ([ 2 = 0.
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It then easily follows from (2.85) that
Jlim |[div (@xVr)|l 2 = 0.

We can now make use of the elliptic regularity result [39] (see also the proof of Lemma 2.16)
stating that there exists a constant C, depending only on the positive constants a and b,
such that for all k € N

Il < C (Illlzz + 1div @)z
and obtain B
Jm Y|z =0.
Lastly, we deduce from (2.85) that
Okl < C (I10kll3% + 1el 7 ) Il
As ||¥gllz2 > 0 for all k € N, we obtain that

0 < C (Il + 19l ) — o,

which obviously contradicts (2.83). We therefore conclude from this analysis that, if
dichotomy occurs, (én)nen splits in a finite number, say K, of compact bits having mass
0 > 0 with 22{21 0r = A. We are now going to prove that this cannot be.

If this was the case, there would exist two sequences (u1 ,)nen and (ugn)nen such that

VneN, wu,e€ Hl(R?’), / |u17n]2 =61, wu; >0ae. onR3,
]R3

lim E(ui,) =Js

n—oo

and
VneN, wug, € HI(R?’), / |u27n]2 =6y, wuy>0ae on R
]R3

lim E*(u2,) = Js,,

n—oo
and converging weakly in H'(R?) to u; and ug respectively, with [Ju1[|7. = 61 and [lug||3, =
52 (as the weak limit of (¢, )nen in L?(R?) is nonzero, one bit stays at finite distance from
the nuclei). It then follows from Lemma 2.10 that u; and ug are minimizers for J5, and
Jsy s and from Lemma 2.11 that Js, 15, < Js5, + J5, .
Applying (2.78) twice, we also have Jy = J5 + J5y + I, 5,0 SO that we infer
Ix > Jsy 15, + I35, s, Which is a contradiction to Lemma 2.1. O

End of the proof of Lemma 2.13. As a consequence of the concentration-compactness lemma
and of the first three assertions of Lemma 2.13, the sequence (¢, )en converges to ¢ weakly
in H1(R3) and strongly in LP(R3) for all 2 < p < 6. In particular,

n—oo

¢2 lim P2 =
R3

It follows from Lemma 2.10 that d) is a minimizer to (2.57). O
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Appendix

In this appendix, we state three technical lemmas, which we make use of in the proof of
Theorem 2.3. These lemmas are concerned with second-order elliptic operators of the form
—div (AV:). For the sake of generality, we deal with the case when A is a matrix-valued
function, although A is a real-valued function in the two-electron GGA model.

For © an open subset of R3 and 0 < A < A < oo, we denote by M*(\, A, Q) the closed
convex subset of L>(2,R3*3) consisting of the symmetric matrix fields A € L>(Q, R3*3)
such that for almost all x € €,

A< A(x) <A

The first lemma is a H-convergence result which allows to pass to the limit in the
Ekeland condition (2.74). We shall not give the proof, for it is very similar to the proofs
that can be found in the original article by Murat and Tartar [81] . Recall that a sequence
(Ap)nen of elements of M*(\, A, Q) is said to H-converge to some A € M5(N,A’,Q), which
is denoted by A, —p A, if for every w CC € the following property holds: Vf € H (w),
the sequence (un)nen of the elements of H} (w) such that —div(A,Vu,) = f|, in H 1(w),
satisfies

u, — u weakly in Hj(w),
ApVu, — AVu weakly in L*(w)

where u is the solution in H}(w) to —div(AVu) = f|,. It is known ([81]) that from
any bounded sequence (Ap)nen in M*(A, A, Q) one can extract a subsequence which H-
converges to some A € M*(\,A71A% Q).

Lemma 2.14. Let Q be an open subset of R3, 0 < A < A <00, 0 < N < AN < oo,
and (An)nen a sequence of elements of M®*(A\, A, Q) which H-converges to some A €
MS(N, AN, Q). Let (un)nen, (fo)nen and (gn)nen be sequences of elements of H'(S),
H=1(Q) and L*(Q) respectively, and v € H*(Q), f € H Y(Q) and g € L*(Q) such that

—div(A,Vu,) = fo +gn in H Q) for all n € N,

w, — u weakly in H'(S2),

frn — f strongly in H=(Q),

gn — g weakly in L*(Q).

Then —div (AVu) = f + g and A,Vu, — AVu weakly in L*(Q).

The second lemma is an extension of [58, Lemma II.1] and of a classical result on the
ground state of Schrédinger operators [75]. Recall that

L*(R%) + LP(R3) = {Wyvs >0, IWe, Wao) € L*(R?) x L®(R?) s.t.

Wil <&, W =Wy + woo}.
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Lemma 2.15. Let 0 < A < A < oo, A€ M3\, A,R3), W € L3(R3) + L=(R3) such that
W, = max(0,W) € L?(R3) + L3(R?) and p a positive Radon measure on R® such that
w(R3) < Z=S"" 2. Then,

H=—div (AV) +V +px|e| P+ W
defines a self-adjoint operator on L?(R?) with domain
D(H) = {u e H'(R®)|div (AVu) € L*(R%)}.

Besides, D(H) is dense in H*(R3) and included in L (R3) N CY%*(R3) for some a > 0,
and any function of D(H) vanishes at infinity. In addition,

1. H is bounded from below, oess(H) C [0,00) and H has an infinite number of negative
eigenvalues;

2. the lowest eigenvalue py of H is simple and there exists an eigenvector uy € D(H)
of H associated with p1y such that uy > 0 on R3;

3. if w € D(H) is an eigenvector of H such that w > 0 on R3, then there exists o > 0
such that w = au;.

The third lemma is used to prove that the ground state density of the GGA Kohn-
Sham model exhibits exponential decay at infinity (at least for the two electron model
considered in this chapter).

6
Lemma 2.16. Let 0 < A < A < oo, A € M*(\,A,R?), V a function of L} (R3) which
vanishes at infinity, 0 > 0 and u € H'(R®) such that

—div(AVu) + Vu+0u=0 in D'(R?).

Then there exists v > 0 depending on (A, A, 0) such that elrly e H(R3).

Proof of Lemma 2.15. The quadratic form gy on L?*(R3) with domain D(qo) = H'(R?),
defined by

¥(u.0) € Dlan) x Dla).  aolv) = [ AT o,

is symmetric and positive. It is also closed since the norm /|- [[2, 4 go(-) is equiv-

alent to the usual H' norm. This implies that go is the quadratic form of a unique
self-adjoint operator Hy on L?(R3), whose domain D(Hp) is dense in H'(R3). It is
casy to check that D(Hp) = {u € H(R?) | div (AVu) € L*(R*)} and that Vu € D(Hy),
Hou = —div (AVu). Using classical elliptic regularity results [39], we obtain that there
exist two constants 0 < o < 1 and C € R4 (depending on A and A) such that for all
regular bounded domains 2 CC R3, and all v € H(2) such that div (AVv) € L?(Q),

[v]lco.e(q) = sup lv| +  sup < C ([l 2y + I1div (AVo) || L2(0) -

(rr)eQxQ |r_r/|a
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It follows that on the one hand, D(Hp) — L*°(R3) N C%*(R3), with

v(r) —v(r’
Vu € D(Ho), |ullp=gs+  sup w < C(|lullp + || Houll ), (2.86)
(r,r’)ER3xR3 |I' r |

and that on the other hand, any v € D(Hj) vanishes at infinity.

Let us now prove that the multiplication by W = V + ux |r| =} + W defines a compact
perturbation of Hy. For this purpose, we consider a sequence (uy,)nen of elements of D(Hp)
bounded for the norm || - ||z, = (|| - |2 + || Ho - H%z)% Up to extracting a subsequence, we
can assume without loss of generality that there exists u € D(Hj) such that:

u, — uin H'(R?) and LP(R?) for 2 < p < 6,
up, — win L (R®) with 2 < p < 6 and a.e.

Besides, it is then easy to check that the potential W = V + p* |r|~! + W belongs to
L? + L(R3). Let ¢ > 0 and (Wa, Wao) € LE(R3) x L*(R3) such that |[Wsol||z~ < € and
W = Wy + Ws. On the one hand, [[Woo(un — w)|/z2 < 2€ sup,ey ||tnl my, and on the
other hand lim,, o ||[Wa(u, — u)||z2 = 0. The latter result is obtained from Lebesgue’s
dominated convergence theorem, using the fact that it follows from (2.86) that (up)nen is
bounded in L (R3). Consequently,

lim |Wu, —Wul|;2 =0,

which proves that W is a Hg-compact operator. We can therefore deduce from Weyl’s
theorem that H = Hy+ W defines a self-adjoint operator on L?(R?) with domain D(H) =
D(Hy), and that oess(H) = 0ess(Ho). As qo is positive, o(Hy) C Ry and therefore
Oess(H) C Ry

Let us now prove that H has an infinite number of negative eigenvalues which form an
increasing sequence converging to zero. First, H is bounded below since for all v € D(H)
such that ||v||;2 =1,

3
(v|[Hv) = / AVv - Vv +/ Wo? > )\||VUH%2 — [Wallp2l| V|2 — €
R3 R3
27
> -\ 1
In order to prove that H has at least IV negative eigenvalues, including multiplicities, first
notice that we have
H< ANV 4 px et 4+ Wy (2.87)

with W, € L?(R3) + L3(R3). It is proven in [58, Lemma II.1] that the operator in the
right hand side of (2.87) has infinitely many eigenvalues including multiplicities. There-
fore by the minimax principle, H also has infinitely many negative eigenvalues, including
multiplicities.

The lowest eigenvalue of H, which we denote by 1, is characterized by

1 = inf{ AVu - Vu —i—/ Wlu|?, we H' R, |ul2= 1} , (2.88)
R3 R3
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and the minimizers of (2.88) are exactly the set of the normalized eigenvectors of H

associated with u;. Let u; be a minimizer (2.88). As for all u € H'(R?), |u| € H'(R3)

and V|u| = sgn(u)Vu a.e. on R3 |uj| also is a minimizer to (2.88). Up to replacing u;

with |u1]|, there is therefore no restriction in assuming that u; > 0 on R3. We thus have
up € HY(R*) NCO'(R?), w1 >0 and —div (AVuy) +gu; =0

with g = W — uy € LV (R3) for some p > % (take p = 2). A Harnack-type inequality due

loc
to Stampacchia [79] then implies that if u; has a zero in R?, then wu; is identically zero.

As |Ju1]|z2 = 1, we therefore have u; > 0 on R3. Using classical arguments (see e.g. [75]),
it is then not difficult to prove that p; is simple. The proof of the third assertion of the
Lemma then is straightforward. O

Proof of Lemma 2.16. Consider R > 0 large enough to ensure that g <V(r)+6< 376 a.e.
on B :=R3\ Bg. It is straightforward to see that u is the unique solution in H*(BS%) to
the elliptic boundary problem

{ — div(AVv) + Vo +60v =0 in B,

v=u on 0Bg.

Let v > 0, % = wexp "= and w = u — 4. The function w is in H*(R?) and is the
unique solution in H'(B$) to
—div(AVw) +Vw + 0w =div(AVa) — Vi —0u in Bf,
(2.89)
w=0 on JBg.

Let us now introduce the weighted Sobolev space W/ (B%) defined by
Wy (BR) = {v e Hy(BR) | v € H'(BR) }

endowed with the inner product (v, w)yy(pe) = / M (v(r)w(r) + Vo(r) - Vu(r)) dr.
: B,
Multiplying (2.89) by ¢e2'I'l with ¢ € D(B§) and integrating by parts, we obtain
/ AV - T + 27/ ATy - revr|¢+/ (V4 0)e el
B B r| B¢,
' (2.90)

- _ AV G - eIV — 2y AtV - Lewlr\(z) _ (V + 0)eFlgerily,
B¢, B¢, | B¢,

% ¢ |

Due to the definitions of W] (B%) and @, (2.90) actually holds for (w, ¢) € W (B%)x W (BS),
and it is straightforward to see that (2.90) is a variational formulation equivalent to (2.89).

It is also easy to check that the right-hand-side in (2.90) is a continuous form on W (B%,),

so that we only have to prove the coercivity of the bilinear form in the left-hand-side of
(2.90) to be able to apply Lax-Milgram lemma. We have for v € W (BS%)

ATy - Ty 4 2y Ay . Lty 4 / (V + 0)eMyerlrly
B BS, Ir| B¢,
2

‘evlr\v‘

ewr\v‘

2
> Hevlr‘wu _2A~ Hevlr‘w)
12(Bg,)

0
+5
L2(BS%,) L2(Bg) 2 L2(B%)

e RS

L2(BS)
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Thus the bilinear form is clearly coercive if v < min(%, %), and there is a unique w
solution of (2.89) in W (B%) for such a v. Now since u = w + @, it is clear that
ey e HY(B%), and then e'l'lu € HY(R3). O
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3.1 Introduction

Composite materials are increasingly used in industry. For instance, modern aircrafts
consist, for more than 50%, of composite materials. Generally speaking, composites are
heterogeneous materials obtained by mixing two phases, a matrix and reinforcements (or
inclusions). When appropriately designed, these materials outperform traditional mate-
rials, notably because they combine robustness and lightness. Their use however raises
new challenges. The behavior of these materials under extreme conditions has to be pre-
dicted carefully, so as to avoid, in the worst case scenario, separation of the components
(think of a plane hit by thunder). While it is possible to create an infinity of composites
starting from the same elementary components, it is out of question to actually construct
and experimentally test each and every possible combination. Characterizing a priori the
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properties of a given composite material, not yet synthetized or assembled, is therefore
instrumental.

A brute force numerical approach, consisting in directly solving the classical boundary
value problems modelling the behavior of the material, is not practical. The heterogeneities
indeed often occur at a scale £ much finer than the overall typical lengthscale (say, 1) of
the material itself. A finite element mesh would, for example, need to be of size less than
€ in order to capture the correct behavior. The number of degrees of freedom would then
be proportional to e~¢ (where d denotes the dimension of the ambient physical space) and
would yield, for € small, a heavy computational cost one cannot necessarily afford.

The aim of homogenization is to provide a practical alternative to the brute force nu-
merical approach. In a nutshell, homogenization consists in replacing a possibly compli-
cated heterogeneous material with a homogeneous material sharing the same macroscopic
properties. It allows for eliminating the fine scale, up to an error which is controlled
by €, the size of this fine scale as compared to the macroscopic size. Homogenization is
a well-established theory (see [46] for a comprehensive textbook), which, in a simplified
picture, can be seen as averaging partial differential equations that have highly-oscillating
coeflicients.

Of course, the structure of the material, and more precisely the way the constituents
are combined, have a deep influence on the results of the homogenization process. The
simplest possible situation is the periodic situation. At the fine scale, a unit cell is repeated
in a periodic manner in all directions. Then, in simple cases (say, to be schematic and
to fix the ideas, linear well-posed equations), the homogenized material is characterized
only using the solution of simple problems on the unit cell, called the cell problems. The
role of these cell problems is to encode the information of the micro-scale and convey it to
the macro-scale. Related cases, such as locally periodic materials, can be treated similarly.

As Figure 3.1 shows, real life materials are however not often periodic. In particular
because of uncertainties and flaws in the industrial process, composites often do not ex-
hibit a perfect periodic structure, even though it was the original plan. A suitable way
to account for this is to use random modelling. Although the mathematical theory for
homogenization of random materials under classical assumptions (ergodicity and station-
arity) is well known, the practice is quite involved. The cell problems are defined over
the whole space R? and not simply on a “unit” cell. The numerical approximation of
such problems using Monte-Carlo type computations is incredibly costly: the cell prob-
lems are truncated on a bounded domain, many possible realizations of the materials are
considered, averages are performed. Consequently, in the context of random modelling,
the benefits of homogenization over the direct attack of the original composite material
are arguable.

Our line of thoughts, and the approach we try to advocate here, are based on the
following two-fold observation: classical random homogenization is costly but perhaps, in
a number of situations, not necessary. A more careful examination of Figure 3.1 indeed
shows that albeit not periodic, the material is not totally random. It may probably be
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fairly considered as a perturbation of a periodic material. The homogenized behavior
should expectedly be close to that of the underlying periodic material, up to a small error
depending on the amount of randomness present.

Figure 3.1: Two-dimensional cut of a composite material used in the aeronautics industry,
extracted from [83] and reproduced with permission of the author. It is clear that this

material is not periodic, yet there is some kind of an underlying periodic arrangement of
the fibers.

The aim of this chapter is to give a practical example of theory following the above
philosophy. We introduce and study a specific model for such a randomly perturbed
periodic material, which we also call a weakly random material. More precisely, we are
interested in the homogenization of the following elliptic problem

' z x x _ - d
_div ((Aper(g) + bn(g,w)CpeT(E))V%) — f(z)inD C RY,
ue: = 0 on 0D.

Here the tensor Ay, models a reference Z%-periodic material which is randomly perturbed
by the Z%-periodic tensor Cper, the stochastic perturbation being encoded in the station-
ary ergodic scalar field b,. In the present chapter, the law of the random variable b, (z, -)
is a Bernoulli distribution with parameter n (that is, b, is equal to 1 with probability n
and 0 with probability 1 —». Using an asymptotic analysis in terms of 7, we will develop
an homogenization theory for 4, (%,w) = Aper (%) + by (%,w) Cper based on the similar
theory for Ape, (g)

In short, let us say that the main result of this chapter is to formally derive an expansion
Ay = Ase 4 A5 + 02 A5 + o),

where A} and Ay, are the homogenized tensors associated with A, and Ape, respectively.

The first-order and second-order corrections fﬁ and A; are obtained as limits, when N
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goes to infinity, of sequences of tensors AT’N and A;N computed on the supercell [—%, %]d.
It is the purpose of Propositions 3.2 and 3.4 to prove the convergence of A’{’N and AZ’N
respectively. We stress that these corrections are achieved through purely deterministic

computations.

The above setting is of course one possible setting where we may develop our theory,
but not the only one. More general distributions are studied in Chapter 4 (see also [7]).
Other forms of random perturbations of periodic problems, in the spirit of [18], could also
be addressed. Moreover, we have deliberately considered the simplest possible equation (a
scalar, linear second order elliptic equation in divergence form) to avoid any unnecessary
technicalities and fundamental difficulties. Other equations could be considered, although
it is not currently clear (to us, at least) how general our theory is in this respect.

With the ideas developed here (and originally introduced and further mentioned in
[7, 8, 50]) and in Chapter 4, we work in the footsteps of many previous contributors who
have considered perturbative approaches in homogenization. In [80] and [3], a determinis-
tic setting in which an asymptotic expansion is assumed on the properties of the material
(the latter being not necessarily periodic) is studied under the name “small amplitude
homogenization”. In [76], the case of a Gaussian perturbation with a small variance is
addressed from a mechanical point of view. Our setting here is particular, because our
random perturbation has order one in amplitude. It is only n law that the perturbation
considered is small. The corrections obtained are therefore intrinsically different from
those obtained in other settings (including settings we ourselves consider elsewhere, see
Chapter 4 and |7]). Also, the present perturbative theory has unanticipated close connec-
tions with some classical defect-type theories used in solid state physics.

We emphasize that, contrary to what is presented in Chapter 4 for some other distri-
butions, the theoretical results we obtain below in the Bernoulli case are only formal. We
are unfortunately unable to fully justify our manipulations except in the one-dimensional
case. Nevertheless, we can prove that the terms we obtain as first-order and second-order
corrections are indeed finite and well defined. Our numerical results, on the other hand,
show the efficiency of the approach. They somehow constitute a proof of the definite va-
lidity of our perturbative approach, although we wish to remain cautious. Note that due
to the prohibitive cost of three-dimensional random homogenization problems, our tests
are performed in dimension two.

This chapter is organized as follows. For the sake of consistency and the reader’s conve-
nience, we start by recalling in Section 3.2 some classical results of periodic and stochastic
elliptic homogenization. Then we introduce our perturbative model in Section 3.3, and
explain how we obtain the first-order and second-order correction by means of an ergodic
approximation. Qur elements of proof are exposed in Section 3.3. Our two-dimensional
numerical tests are presented in Section 3.4. The Appendix contains explicit computations
in the one-dimensional case as well as some useful technical lemmas.

Throughout this chapter, and unless otherwise mentioned, K denotes a constant that
depends at most on the ambient dimension d, and on the tensors A, and Cper. The
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indices i and j denote indices in [1,d].

3.2 Some classical results of elliptic homogenization

We recall here some classical well-known results regarding linear elliptic periodic and
stochastic homogenization. The reader familiar with homogenization theory can easily
skip this section and directly proceed to Section 3.3.

3.2.1 Periodic homogenization

Consider A a Z%periodic tensor field from R¢ to R4*? | that is
Vk € 74, A(z + k) = A(x) almost everywhere in 2 € RY.

We assume that A € L2 (R? R%*9) and A is coercive, which means that there exist A > 0
and A > 0 such that

Ve e R aeinz € RY, N€|? < A(z)€ - € and |A(z)€] < AJ€]. (3.1)

Consider now a material occupying a bounded domain @ C R?. The constitutive proper-
ties of this material are supposed to be periodic, the scale of periodicity being €, and we
assume that these properties are given by the tensor A.(z) = A (%)

We consider the following canonical elliptic problem: f € L2(O) being given, find
u. € H}(O) solution to

(3.2)
ues = 0 on 00.

{ —div (A:Vu.) = fin O,

A direct numerical handling of (3.2) using finite elements has a heavy computational
cost since the scale € of the heterogeneities requires a fine mesh. The aim of homogenization
is to take the limit ¢ — 0 in (3.2) so as to replace the heterogeneous material with a
homogeneous material. To this end, let us define the periodic cell problems on the unit

cell Q = [—3, 3]% by: Vi € [1,d],

{ — div (A(Vw; + ) =0 inQ, (3.3)

w; Z¢ — periodic,
where e; is the i-th canonical vector of R%. Problem (3.3) has a solution unique up to the
addition of a constant, in the space of functions in Hlloc(Rd) that are Z%periodic. Note

that the number of cell problems is equal to the dimension of the space.

The homogenized tensor A* is then given by:

(i, ) € [L,dI?, A;i:/QA(Vwi—Fei)-ej. (3.4)



70 Chapitre 3. A defect-type weakly random model in homogenization

Using (3.3), it also holds
A = /QA(Vwi Fer)- (Vs +¢;).
Notice that in this periodic setting A* is a constant matrix.

Finally, let us define the homogenized solution ug as the unique solution in H{(O) to

{ —div(A*Vug) = fin O, (3.5)

ug = 0 on 90O.

Solving (3.3) and (3.5) is much simpler than directly solving (3.2) for the fine scale ¢ has
disappeared. It is well-known (see [46] for instance) that

Us = Uo in L*(0) (3.6)
e—
and
() Ot in 7'(O 7
ua—uo—EZwi <g> oz, 5300 in H(O). (3.7)
i=1

The functions w; are also called the correctors, since they allow for the strong convergence

in (3.7). Convergences (3.6) and (3.7) show the relevance of the homogenization process:

ue can be replaced by ug or more accurately ug + € 25:1 w; (%) %(m), which are easier

to compute.

3.2.2 Stochastic homogenization

Throughout this chapter, (2, F,P) denotes a probability space, P the probability measure
and w € Q an event. We denote by E(X) the expectation of a random variable X.

We assume that the group (Z? +) acts on  and denote by 74,k € Z%, the group
action. We also assume that this action is measure-preserving, that is,

VA e F Yk € 7%, P(A) = P(1A),
and ergodic:
VAc F,(Vk € 2%, A= 1, A) = (P(A) =0or P(A) = 1).
We call F € L} (R, LY(12)) stationary if

Vk € 2%, F(z + k,w) = F(z, w) almost everywhere in 2 € R? and w € Q. (3.8)

Notice that the notion of stationarity we use here is discrete: the shifts in (3.8) are
assumed to be integers. This is related to our wish to connect the random problems con-
sidered with some underlying periodic problems. Notice also that for a deterministic F,
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stationarity amounts to Z%periodicity.

Consider a stationary tensor field A(z,w) € L®(R? x Q,R¥?) such that (3.1) is
almost surely satisfied by A(-,w), and a material occupying a bounded domain O C RY
modeled by A (f,w).

We are interested in solving, for a deterministic function f,

_div (A (§w> vug) — f(x)in O,
ues = 0 on 00.

(3.9)

In order to describe the behavior of u., we again need to define cell problems. Here
they read (see [46]):

— div (A(z,w)(Vw; +¢;)) =0 in RY,

Vw; stationary, [E (/ sz) = 0.
Q

Problem (3.10) has a solution unique up to the addition of a (possibly random) constant
in the space

(3.10)

{we L] (R L2(Q), Vwe L2, /(RY L2(Q))}.

unif

We have denoted above by L? ¢ the space of functions for which the L? norm on a ball

uni

of unit size is bounded independently of the center of the ball.

Then we define the homogenized tensor A* by

V(i j) € [[1,d]]2,A;71» =E </Q Ay, w)(e; + Vyw;(y,w)) - ejdy) ) (3.11)

Notice that A* is deterministic and constant throughout the domain O. The homogenized
field ug, which gives the asymptotic behavior of u. (in a sense similar to (3.6) and (3.7)),
is also deterministic. It is the unique solution in H{(O) to

—div (A*Vug) = fin O,
ug = 0 on 90O.

The computation of the stochastic cell problems (3.10) is not an easy task since the
problems are posed in an infinite domain (R?) with a stationarity condition. As we have
seen in the previous paragraph, when the material is periodic, the cell problems (3.10)
reduce to the deterministic cell problems (3.3) which are Z%periodic and can thus be
computed on the unit cell Q. Consequently, when the material under consideration is a
stochastic perturbation of a reference periodic material, we expect the computation of the
homogenized tensor to be tractable, up to an approximation. This is our motivation for
proposing a perturbative approach.
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3.3 Homogenization of a randomly perturbed periodic ma-
terial
3.3.1 Presentation of the model

In the stochastic framework (3.9)-(3.10)-(3.11), we now specifically consider the following
tensor field in R? x

Ap(z,w) = Aper(x) + by (2, w)Cper (). (3.12)

Here Aper and Cpe, are two deterministic Z%periodic tensor fields. Intuitively, Aper
is the reference material perturbed by Cpe,. The random character of the perturbation is
encoded in the stationary ergodic scalar field b,, upon which we assume the expression

bﬁ(mvw) = Z ]lQJrk(x)B?];(w)v
kezd

where the Bf; are independent random variables having Bernoulli distribution with pa-
rameter 1, meaning B,’; = 0 with probability 1 —n and Bf; = 1 with probability 7.

It is clear that as 7 — 0 the perturbation becomes a rare event. However, the realiza-
tion of this event modifies the microscopic structure of the material since it replaces, in a
given cell, Aper with Aper + Cher.

We additionally assume that there exist 0 < av < 8 such that for all ¢ € R? and almost
all z € RY,

’Aper(x)ﬂ < B¢l ‘ (Aper + CpeT) (z)¢] < B¢l (3.14)

We can therefore use for every 0 < n < 1 the stochastic homogenization results recalled
in Section 3.2. The cell problems associated with (3.12) read, for 1 < i < d,

— div (A, (Vw! +¢;)) =0 in RY,

3.15
Vw, stationary, E </ Vw?) =0, (8.15)
Q
and the homogenized tensor A7 is given by
Aei =E </Q Ay(Vw] + ei)> , for1 <i<d. (3.16)

Throughout the rest of this chapter we denote by w? the solution to the i-th cell prob-
lem (3.3) associated with Ape;.

Because of the specific form of A,, and more precisely because A, converges strongly
to Aper in L2(Q x ) as  — 0, it is easy to see that:
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Lemma 3.1. Whenn — 0, A} — AJ

per:

Proof. Fix 1 <i < d. We start by proving that Vw converges strongly in L?(Q x Q) to
Vuw?. Indeed, define r} = w] — wf solution to

— div (4,V7r]) = div (b,Cper (V) +¢;)) in R,

3.17
Vr] stationary, E (/ Vr?) = 0. (3.17)
Q

Standard cut-off and ergodicity arguments (see e.g the proof of Proposition 3.1 in [18])
show that
" 1 0
IVrillL2@oxa) < a”bncpﬂ (Vw? + €i) |l 2(oxa)
1
= aHBgHLQ(Q)HCper (Ve? + ei) [l2(o)

1
= E\/ﬁHCper (Vw? + ei) HLQ(Q)a

where « is defined in (3.13), so that Vw] — Vu in L2(Q x Q) .
77—)
Next, it is straightforward to see that A, converges strongly to Ape, in L?(Q x Q). We
deduce from these two strong convergences that

Aje; =E (/ Ay (z,w)(Vw! + ei)> — / Aper(Vwi + ;) = Ape i
Q 1=0.JQ

This concludes the proof.
O

Our goal is now to find an asymptotic expansion for A, with respect to n up to the
second order.

3.3.2 An ergodic approximation of the homogenized tensor

We consider a specific realization @ € € of the tensor A, in the truncated domain Iy =
[—%,%}d, with (for simplicity) N an odd integer, and solve the following “supercell”
problem:

— div (An(x,@)(Vw?’N’@ + ei)) =0 in Iy, (3.18)

wN¥ (NZ)? - periodic.

2

Then an easy adaptation of Theorem 1 of [22], stated in the continuous stationary
setting, to our discrete stationary setting, shows that when N goes to infinity,

1

N Ay (x, LI))(VU)?’N’&(SU) + e;)dx converges to Aje; almost surely in © € Q. (3.19)
Iy
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1 .
Since N / Ay (x, Q)(Vw?:N,w(x) +e;)dx is the tensor obtained by periodic homogeniza-
In

tion of the tensor A,(x,®) in the supercell Iy, it is also well-known (see [46]) that the
following bounds hold for all (i,5) € [1, d]*:

1 -1 . ~
o ([ At o) e g [ e mun o -

1 -
< Nd < . An(:v,w)dm> €i - €.

As a result, for all N in 2N+ 1, for all 0 <7 < 1 and almost all @ in €,

L / Ay, 0) (Va2 (2) + e1) - e;dz| < B, (3.20)
N, i

where (3 is defined in (3.14). We then deduce from (3.19), (3.20) and the Lebegue domi-
nated convergence theorem that

N—+oc0

1
Vi<i<d, Aje;= lim WE ( An(:v,w)(Vw?,N,w(:p) + 61')> dx. (3.21)
In

Remark 3.1. A similar result holds for homogeneous Dirichlet and Neumann boundary
conditions instead of periodic conditions in the definition (3.18) of w?’N’w (see [22] for
more details).

Using now the fact that b, has a Bernoulli distribution in each cell of 7%, it is a simple
matter to count the events and to make (3.21) more precise. We first define the set

N—-1 N-17¢
_ d — |l
TN—{]CEZ,Q—F/CCIN}—[[ 5 H ) (3.22)

The cardinal of 7y is of course N¢, and U {Q+k} =1y.
keTn

We then have the following possible values for A,:
o A,(x,&0) = Aper with probability (1 — n)Nd.

n,N,w

; = w? solves the usual periodic cell problem:

{ — div (Aper (Vo +€;)) =0 inQ,

w? 74 — periodic.

In this case w

o Ay(x,@) = Aper + Lo 41y Cper for k € Ty, with probability 5(1 — )N~

In this case w?’N’Q = wi1 BN solves the following problem, which we call here a “one

defect” supercell problem:

= div ((Aper + (@) Cper) (VPN - €)) =0 in Iy,

wrPN (NZ)? — periodic.

(2

(3.23)
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o Ay(z,0) = Aper + 14 413u{Q+m} Cper for (I, m) € Tn, | # m, with probability
d_
P (1 =) 2
In this case w"Nw = w?’l’m’N solves the following problem, which we call here a

“two defects” supercell problem:

—div ((Aper + L@ s1yut@im) Cper) (V™ + 62-)) =0 in Iy,
w ™ N (N7Z)® - periodic.

(2

(3.24)

All the other possible values for A,, which are of probability less than n3 and which
we will not use in this chapter, can be obtained using similar computations.

An instance of a setting with zero, one and two defects is shown in Figure 3.2 in the
two-dimensional case of a material A, consisting of a lattice of inclusions.

soocOOOBOS
(R A 2 2 2 K3 N
so00000800
(R A 2 2 2 K3 N/
2000 0800
P60600600600
80 o606 O0FG
s00000000
060600606

Figure 3.2: From left to right: zero defect, one defect and two defects.

Let us define AY = A, + 1¢Q+k)Cper and Aé’m
(3.21) reads

= Aper + ﬂ{Q—i—l}U{Q—l—m}CpeT' Then
/ Aper (Vs i)+ 32 T Nt e

Ni-1
4
keTn

2(1 — p)V4-2
SD D) / A (VN ) -
l,meTn l#m In

A¥e; = lim
n-t N—oo

Al (Vw; LN 4 e) does not depend on the

In

position k € Ty of the defect. Likewise, / AlQ’m(Vw?’l’m’N + ¢;) only depends on the

Iy

It is clear, by (NZ)%periodicity, that

vector m — [. Thus we can rewrite

Apei = lim <(1 N A e (L= )N [ ANVl N e

In
2(1 — Nid_—2
bE T [ A
keTn\{0} I

(3.25)
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This is of the form
A* = lim anA* N
N=ood (3.26)
= lim (AO’ + nAl’N + nzA;’N + oN(nz)) ,
N—o00

where the remainder oy (n?) depends on N.

Explicitly expanding the polynomials in 7 up to the second-order in (3.25), we obtain:

AN = A, (3.27)
ArNe; _/ Ad(Vw N 4 e;) — / Aper (V) + ¢;), (3.28)
In In
A;’Nei— </ AOk 2OkN+ei)_2 AV 10N+6i)
? ket o) & (3.29)
+ ApeT(Vw? + 61))
In

as the first three coefficients in (3.26).

Remark 3.2. The structure of A;,’N for p € N is obviously related to that of the polynomial
(1—2x)P.

Our approach consists in formally exchanging the limits N — oo and n — 0 in (3.26).
In the next section, we show that A’{’N is a converging sequence when N — oo. The case
of A;’N, which is also shown to be a converging sequence, is discussed in Section 3.3.4.

We are not able to prove, though, that A} — A}i_r)noo(A* - nAT’N — UQAS’N) = o(n?)

per

with a remainder term o(n?) independent of N.

Remark 3.3. The expression of AI’N (and likewise A;’N) 1s remaniscent of standard
expressions in solid state theory: each of the two integrals in the definition (3.28) of A’{’N
scales as the volume N@ of the domain Iy, and a priori needs to be renormalized in order
to give a finite limit. The difference however has a finite limit without renormalization.
In solid state physics, it s common to substract a jellium, that is, a uniform background,
and proceed similarly.

3.3.3 Convergence of the first-order term AT’N

We study here the convergence, as IV goes to infinity, of A’{’N defined by (3.28), and prove:

Proposition 3.2. A’{’N converges to a finite limit A} in R4 when N — o0.
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Proof. We fix (i, j) in [1,d]? and study the convergence of A’{’Nei - €j.
Let us define the adjoint problems to the cell problems (3.3):

{ —div (Age,,(vwg + 6]')) =0 in Q, (3 30)

fJ}j Z% — periodic,

where we have denoted by Al . the transposed matrix of Apc,. Then using (3.23) and the
definition of A, we have

AO(V 10N+€i)'€j — A(l)(v 10N+el) (e]+Vlb§])
In In
- /Aper(v 7N ) - (e + vay)
/Cper +62) (ej—i_vw?)'

Next, using (3.30), we note that

Aper(Vw; ™ 4 e) - (e + V) = / (V™™ + i) - Ay (ej + V)

IN IN
= / €; - Agﬁ(ej + V’LD?)
In
= Nd (Azj;er)* ej * €4,
and applying (3.4) to the periodic tensor Al and noticing that (AL )* = (45..)7, we
obtain
i AUVl N fe) e = NUA%, e; - ej + /Q Cper (V] PN + ;) - (e + Va?). (3.31)
N

Since, by definition,

A’{’Nei = /I A?(Vwil’o’N +ei) — Aper(Vw) + ¢;)
N

In

_ / AV N o) - N9A® e
Iy

per €

we deduce from (3.31) that
ArNe; . ej = / C’per(Vwil’O’N +e;)- (e + Vu??). (3.32)
Q

We now define

1,0,N 1,0,N
g = w] N — W, (3.33)
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which solves

_div (A?til’o’N) = div(1oCper (VW) +¢;)) in Iy, (3:34)
qil’O’N (NZ)? — periodic.

We deduce from Lemma 3.6 of the Appendix, applied to (3.34), that qu-?L 0 converges in
L? (RY), when N — 400, to til’o’oo, where qil’o’Oo is a L?

loc 2 (R%) function solving

~div (A?til’o"’o> = div(1gCher (Vo + ¢;)) in RY,

(3.35)
Vg™ e LA(RY).

Defining w; > = w? +¢;"">, it is clear that Vuw; " converges in L*(Q) to Vu; >

It follows from (3.32) that AT’N — A} with A} defined by

N—+o00

N

Vi j) € [LdP, Ate;-e; — / Coer(Vul ™ 4 ci) - (e + V). (3.36)
Q

O]

Remark 3.4. We stress that the expressions above, and in particular (3.36), bear formal
resemblance with the results obtained in a deterministic selting in [13], [17], [26], [28].
In these papers, broadly speaking, small inclusions of size € are put in a medium, and
the solution of a given boundary value problem posed in the perturbed medium, say ve, is
compared to the solution v of the same problem in the perfect medium. An asymptotic
expansion for the difference ve — v is derived. The first-order term is written in function
of a mathematical object called a polarization tensor. FEven though our approach and
our applications are different, we can likewise introduce a polarization tensor to define the
first-order correction (3.36) and thus make the links between our work and those mentioned
above explicit.

The computation of A¥ requires to solve (3.35) which is defined in R?, but, in sharp
contrast to the stochastic cell problems (3.15), is deterministic and has a right-hand side
with compact support in R?. In practice, problem (3.35) is truncated on Iy. The following
result gives insight on the truncation error.

Lemma 3.3. Assume that d > 3 and that the unit cell QQ contains an inclusion D, the
boundary of which has regularity C** for some 0 <p <1, and such that dist(D, 0Q) > 0.
Assume also that Ape, is Holder continuous in D and in Q\D. Then there ezists a tensor

BT’N, computed on Iy, and a constant K independent of N such that
1BPN — Ax| < KN4
Proof. Step 1.

Fix (i,7) in [1,d]%. We first define the adjoint problem for (3.34), namely

— div ((A?)Tvqjl.’o’]v) — div(1oCL, (Va? +¢;)) in Iy,

per

(3.37)
(jjl-’o’N (NZ)?® — periodic.
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Applying Lemma 3.6 to (3.37), we also introduce the limit (jjl»’o’oo of dj’O’N

N — oo. It solves the adjoint problem of (3.35).

when

Then, using (3.37), we obtain

/Q Coer Vg O - (e + V?) = Vg "N 1oCL (e + V)

Iy
1,0,N ~1,0,N
= = vqi ) (A?)Tqu

Iy

= - / AV N vg .
In
Consequently, (3.32) and the definition (3.33) of qil’O’N yield

AN, . ej = / Cper (VW) + ;) - (ej + Vﬁ}?) — / A?til’o’N . chjl-’o’N. (3.38)
Q In
We know from Lemma 3.6 applied to (3.34) and (3.37) that the functions IL]Ntil’O’N
and ]IINch;’O’Nconverge strongly in L?(R%) to til’o’oo and chjl-’o’oo respectively, when
N — oo. Passing to the limit in (3.38) then gives

Ate;-ej = / Crer (Vwd + €;) - (e + Va?) — / dA(quj’O"” LV,
Q R

1,0,N ~1,0,N : .

We now define v, and ¥; solutions to (3.34) and (3.37) with homogeneous

Dirichlet (instead of periodic) boundary conditions on the boundary 0Iy of Iy, and the

tensor BT’N by
BiNei-e; = /Cper(Vw?Jrei)-(ejJrvw?)—/ AVVo 0N v (3.39)
Q In

The proof of Proposition 3.2 is easily adapted to show that BI’N converges to A as
N goes to infinity.

Step 2.

We consider

«N _ 0w 10,00 —~1,0,00 0w, 10N —~1,0N
(B1 — A’{) e -ej = /d AiVg; : qu — / A7V, . ij ,
R

In

and expand the difference B N _ A{ as follows:

(BrY — A7) eive; = APV v
RIIy ’ !
(3.40)

+< i AVVg 0 gt — [ AN O >
N

Iy
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We now show that the two terms in the right-hand side of (3.40) converge to 0 as N ¢
when N — +o0.

We first note that the results of Lemma, 3.8 of the Appendix, stated for a Z?-periodic
matrix, can be readily extended to address Ay since A{ is equal to Ape, in RNQ.

We deduce from Lemma 3.7 applied to (3.35) that qil’o’Oo is defined uniquely up to

an additive constant. Moreover, A, being piecewise Holder continuous, we deduce from
Lemma 3.8 that there exists a unique solution to (3.35) which converges to zero at infinity.

Since we only use Vql-l 000 i A%, we can thus assume without loss of generality that
1,0,00
i

q
infinity.

. . . . ~1.0
converges to zero at infinity. Likewise, we assume that q;’ >° converges to zero at

We then deduce from Lemma 3.8 that there exists a constant K independent of N
such that for |z| > 1,

3.41
3.42
3.43
3.44

g} 0 (2)| < K|z['9, |g7"(2)] < Kl
1,0, — ~1,0, _
IV, " (@)] < Kl|z|~%, |V "> (2)| < Klz| ™9,
0N ()] < Kla*=4, 5,0 (2)] < Ko,
(

N - ~1,0,N _
Vo PN ()] < Klz|~2, [V (@)] < K|~

(3.41)
(3.42)
(3.43)
(3.44)

Using (3.42), we have || Vg "™|| p2gay 1) < KN~Y2 and |V " || 2oy ryy < KN~42,
and so

0 1,0,00 ~1,0,00 1,0,00 ~1,0,00
/Rd\IN AjVg; -V, <BIVEG N 2@aanlIVEG ™ L2 @aviy) (3.45)

< KN4

where (3 is defined in (3.14).

We now address the second term of the right-hand side of (3.40) and write

0w, LON o~10,N 0w, 1,0,00 o ~1,0,00
/I ATV, Vo — AiVg; -Vg;
N

Iy

= / AY (Vo N = vg ) v 0N 4 / APV O (Vi O — v ).
Iy

(A
In

Since div (A?(VU-I’O’N - vq?’O’“)) = div ((A?)T(Vﬁ;’O’N - vq}o’”)) — 0 in Iy, and

(2 K3
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~1,0,N
V. =

; 0 on Oly, we have, using integration by parts,

ATt =g %) vt AV (v - v 0

3
IN IN

1,0,N 1,0, ~1,0,N
= / A (Vo — Vg ") - v o;
oln

(2

~1,0,N ~1,0 1,0
+/a (A(l])T(v,Ujv ’ _ v%’ 700) . ]/qi7 ;OO
In

o LR R B2
where v is the unit outward normal vector to dly.
The estimates (3.41) and (3.44) imply
lg; o ory) < KN4 1(ADT (Vi Y = V%) - vl poory) < KN

while the measure of the boundary Iy scales as N1~ Hence

[ - v gl < kv,
In

and then

/ AYVo 0N O / A?vqj’oﬁm-vq}’ov“’gav—d. (3.46)

In In

We conclude by substituting (3.45) and (3.46) into (3.40).
O

Remark 3.5. We assume d > 3 and piecewise Hilder reqularity on Ape,, and use Dirichlet
boundary conditions in Lemma 3.3, because our proof relies on Lemma 3.8. Note however
that the numerical experiments of Section 3.4 show, in dimension d = 2, thalt we again
obtain the rate N~¢ in the convergence of AT’N to f[’{ for two different Ape,, one being
piecewise Halder continuous in the sense of Lemma 3.8 and the other not, and with periodic
boundary conditions. Moreover, the explicit computations of Proposition 3.5 show that in
dimension one, and without any assumption of regularity on A, the rate of convergence
of AT’N to A% is N~L.

3.3.4 Convergence of the second-order term AS’N
We now address the second-order term A;’N defined by (3.29).

Proposition 3.4. A;’N converges to a finite limit A3 in R4 when N — o0.

The rest of this section is devoted to the proof of this proposition.
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Proof. We fix (i, j) in [1,d]?, and proceed in four steps.
Step 1. Rewriting of A;’N

By (NZ)%-periodicity, we have

VkeTN,/ A’“(v lkNJrei),ej:/ A?(V 10N+€Z)
Iy

In

It follows that

/ Ag’k(Vw?’o’k’N +e;) - ej — 2/ AO(V —l— ei) - e;j —I—/ Aper(Vw? +e) - e;
In Iy Iy
= / APF(Vw2OFN ey e — / AR (VWY e e (3.47)
IN IN
— [ AV O fe) e+ [ Aper (V) + ) - e
In Iy

Using (3.31) from the proof of Proposition 3.2, and the similar equalities

In

AE(Vw N o) ey = NUAS ei - ej + / Cper (VPN +¢5) - (Vi + ¢;) (3.48)
Q+k
and
7k b ’k’N
/I Ag (Vw? 0 +e)-e NdApereZ - €
N

(3.49)
+/ Coer (V"5 4 ) - (V) + ¢;),
QU{Q+k}

for a defect at position k and two defects at positions 0 and k respectively, and using

(3.31), (3.48) and (3.49) in (3.47), we obtain a new expression for the right hand side of
(3.47):

/ Ag’k(Vw?’O’k’N +e€i)-ej — 2/ A?(V LON | e)-e —|—/ Ape,-(Vw? +€;) - €

In In In

= Q%cper(v PN gw PNy (vl + e)) (3.50)

+ / Crer (VPPN — [ ON) (V) + ¢;).
Q

We now define

2,06,N _ 2,0kN 1,0,N 1Lk,N 0
q; = w; —w; — w; + w; . (3.51)

2,0,k,N

Intuitively, we are comparing the solution w; with two defects located at 0 and

at k € Ty to the sum of the one-defect solutions wll 0N LkN

background wl- We expect the difference q2 0.k N

and w; minus the periodic

to decay sufficiently fast far from the



3.3. Homogenization of a randomly perturbed periodic material 83

defects.
The function q,? ORN golves
— div (A3*Vg ) = div(1 (g 4y Crer Ve )

+ div(19Cper Vg, ™) in Iy, (3.52)
qf’o’k’N (NZ)4 — periodic,

with qz1 BN ql1 0, N( k) for k € Ty. For later use, we also define the adjoint of (3.52)
by
. ki ~2,0,k,N . ~1,0,N
— div ((Ag )TVq? 0 ) = dlv(]l{Q+k}C'peTVq; 0 )
+div(1oCL, V™) in Iy, (3.53)

chZ ORN(NZ) — periodic.

Using (3.33) and (3.51), we rewrite (3.50) as follows:

/ Ag’k(wa’O’k’N +e)ej—2 [ AN Vuw; LON 4 e - ej + Aper(Vw) + ;) - e;

_ / Cper (Vg N + Vg2 "N ) - (Vs + ) (3.54)
Q+k
+ / Cper (V™ + Vg2 - (Vi) 4 ¢;).
Q

It entails from (3.29) and (3.54) that

N _ 1 1,0,N 2,0,k,N
ANe; e = = Cper (VN + 97N - (7] + ¢))

2 Qtk

keTn \{0} (3.55)
+ / Chper (til M4V ’O’k’N) (V) + 6j)>
Q

1,0,N

Since ¢; q1 k’N(- + k), and u}? is Z%periodic, we have

/ Cper Vg™ (V0 + ¢) = / Coper Vg N - (V0 + ;). (3.56)
—k

By definition of 7T, we know that

UQ+k = {Q-k} =1In,

k’ETN k‘ETN
we then have

/chpervqlw (Val +e) = / Cper V"N - (V) + ). (3.57)
_l’_

keTn\{0} keTn\{0}
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Substituting (3.56) in (3.57), we obtain

/ Cper Vg O™ - (V) + ) = > / Coer Vg "N - (V) + ¢5), (3.58)
Q+k

keTa\{0} keTn\{0}

and using (3.58) in (3.55), we find that

A;’Nei-ej /CpervqlkN (V’J)?—l—ej)
keTn\{0} (3 59)
(/ Cper VN ( vw§?+ej)+/cpervq2°” (vw;?+ej)>.
keT \{0} @tk
We henceforth denote by
py= 0 / Cper Vg N - (Vi + ), (3.60)
keTn\{0} 7 @
and
Vke Ty, By = [ Cpor V2™ (Vi +¢5) /cpervq”” (V) + ¢;), (3.61)
Q+k

(we omit the dependence on i and j of these quantities to keep the notation light), so that
(3.59) writes in the following more concise form:

* 1
Az’Nei cej =Dy + B Z E]I{{} (3.62)
keTn\{0}

Note that Dy is a “one defect” term and E]k{, a “two defects” term. In the next two steps
we are going to prove that Dy and zkeTN\{O} E]]i, converge to finite limits as N — oo.

Step 2. Convergence of Dy

Introducing

1,N 1Lk, N
keTn

we rewrite Dy defined by (3.60) as
Dy = / Coer Vg™ - (V) + ¢;) / Cper Vg "N - (V) + ¢;). (3.64)
Q
We will now pass to the limit N — 400 in each of the two terms in the right-hand side.

For this purpose, we first obtain from (3.34) that qj’k’N, which is by definition equal
to qzl ON(C_ k), is (NZ)%-periodic and satisfies

—div (AperVql ok, N) = div(]lQ+ka€r(Vw? +€;)) + div <]lQ+kaeTti1’k’N) in Iy.
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Then qil’N defined by (3.63) is (NZ)%periodic and satisfies
—div (APeTtil’N> = div(Cper(Vw? +¢;)) + div(Chper Z ]1Q+qui1’k’N) in Iy.
keTn

Actually, since the qz-1 kN are obtained by a k-shift of qz1 0N , it follows that their sum qi1 a

as well as Z ]lQ+qui1 KN (the latter being extended by (NZ)d—periodicity to the whole
keTn
space R?) are Z%periodic, so that we can rewrite qil’N as the solution (up to an additive
constant) to
— div (Aper V™) = div(Cper (Vi) + €)) + div (10Cper Ve ™) in @,

(3.65)
LN

d_ periodic.

Since we know from Lemma 3.6 applied to (3.34) that til’O’N converges in L?(Q) to
til’o’oo defined by (3.35), we easily deduce from (3.65) that til’N converges in L%(Q) to

1 1
Vg;>, where g;"™ solves

— div (Apervqjv“) = div(Cper (V? + ¢)) + div (chpervq}vom) in Q,
qil’oo Z® — periodic.
Using (3.64), it is clear that

Dy — cpervq1 (V) +ej) — / Cper Vg, ™ - (V) + ¢5),

N—oo

which concludes step 2.

Step 3. Convergence of Z E%,
keTn\{0}

We first rewrite Ezli, in a more tractable way.
We compute, using integration by parts, (3.37) and the definition of Ag’k,
EY = / Coer Vg " F N - (V) + ¢) + / Cper Vg " PN (V) + ¢))
Q+k Q
=- /IN 2ORNdiv (CF, (Lo(V) + e5) + Lo4r(Va? +¢))))

_ / 2,0k.N §iy ((A?)Tvq;,O,N n (Alf)Tv(j;,k,N)

In
:/ (onqfokzv v~10N+Akv 2,0,k,N v~1kN>
Iy
0,k 2,0,k,N ~1,0,N ~1,k,N
:/ A27 vqivvv '<vqj77 _’_vq‘;l77 )
In

2,0,k,N ~1,k,N ~1,0,N
— Vg; C’g;r (]lQqu + 1o+£Vay )

Iy
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Using (3.52), (3.53) and integration by parts then yields
Ey = - / Cper (1YY + 10009/ ) - (V3O + Vg Y
R

0kw 2,0,k,N o ~2,0,k,N
+/ A"V -qu .
In

Defining
B — /d Chor (]leqil,k,N n ]lQ+qui1’0’N) _ (V(];’O’N " qul.’k’N> (3.66)
R
and
EJQVk _ / Ag,kquz,o,/aN ) qu%O,kr,N7 (3.67)
In
it holds

EY = By + B

We are going to prove that ZkeTN\{o} E}Vk and ZkeTN\{o} Ejzvk converge to finite limits
when N goes to infinity.

Step 3.1. Convergence of Z E]lvk

keTn\{0}

. 1,k,N _ 1,0,N 1,kN _ ~1,0,N
Since g+ = g0V (. — k), gHEY = oM.

that

— k) and Ty = —7y, we start by noting

1Lk,N 1,0,N 1k, N
/d Chper (]lQti + 141 Vg, ) . qu
R

keTn\{0}
= > [ G (toaVal N 109GV 1)) - 0
keTn\{0} ' F .
= Z / Cper (]]'Q-HCVQZLO’N + ]leqzl,OJV( . k))) . vq;,O,N
keTw\{0} 7
= > /  Crer (1ourva N +1gva ™) - v o,
keTn\{0} 7 F
Inserting (3.68) in (3.66) gives
Z Ell\}k =-2 Z /d Cher <1qui17k’N + ILQ_HCtil’O’N) . V(j}’O’N
kTN \{0} keTy\{0} 7 E
=2 Z / Crer <]1Qqu'l’k’N + ]1Q+qui1’0’N) -chjl.’O’N
keTn R
+4 / ) Coerl oV "N vqjlgo,N (3.69)
R

= — 2/ Cpertil’N . vq]l,O,N _ 2/ Cpervqil,U,N ] ch}’o’N
Q In

+4 / CperVa; ™ - v ",
Q
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where we recall that q = ety G LEN

We know from Lemma 3.6 applied to (3.34) and (3.37) that 1,, Vg;""" and 1,, Vg *"
converge to til,o,oo and V(jjl-’o’oo in L?(RY) when N — oco. Moreover, we have seen in
Step 2 that til’N converges to til’oo in L?(Q).

We can consequently take the limit N — oo in (3.69), and obtain

> B o 2 Guva Va2 [ GVt vyt
keTa\{0} Q " (3.70)

+4/CperVq10°° v~10<>o

Step 3.2. Convergence of Z EJQVk
keTn\{0}

Following the proof of Lemma 3.6 applied to (3.52) and (3.53), we first note that
ﬂlequ,O,k,N and HINVQ?’O’k’N converge in L?(RY) to Vq?’o’k’oo and V(j?’o’k’oo respectively,

where ¢>*"> is in L2 _(R?) and solves

—div (AO kv 2,0k, oo> = diV(]l{Q_,_k}Cpervqil’O’oo)
+ div(1gCper Vg, ™) in RY, (3.71)
VR €

2
and q]O 0

solves the adjoint problem to (3.71).
Consequently, for each k € 7y \{0}, we deduce from (3.67) that

B2k E2F = /R dAg:'quf»U:’wo.vq}“:km. (3.72)

We are going to prove that the series ZkeTN\ {0} EJQVk converges to Z Ezok when
kezd\{0}
N — oo. For this purpose we first obtain some bounds on EJQVk and Egok

We derive from (3.67) that
2,0,k,N 2,0k, N
535 < & (19212, 10y + V22, 1) (3.73)
where (3 is defined in (3.14).

On the other hand it entails from (3.52) that

Okg 2,0,kN 20kN 1k, N 20kN 1,0,N 2,0,k,N
/ A / Coor Vg N . ¢ / Crer V0N - Vg2 0N,
Q+k

In
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whence, using the Cauchy-Schwarz inequality in the right-hand side and the coerciveness
constant « defined in (3.13),

| Cper | Lo
1921y < (a“‘”) (196201 + V8 N 124 -

and then

|Crerllze@)\*
19675 gy < 2 (a@)) (Ve * Y 22q) + 190 N Fegrny )+ (374

Likewise,

. HC eTHL‘><> Q ~ ~
VG 5N 132 1) <2 (pa<)> (VG N o) + 198"V 22 1ny) - (3.75)

Using (3.74) and (3.75) in (3.73), we obtain that there exists a constant C' such that
for all k € Tn\{0},

2.k 1k,N 1L,o,N
B3] <0 (198 12200 + IVa "N 1234

(3.76)

~1,k,N ~1,0,N
Vi, Vg;

+ 122 + I

I2(@4m) -

Similar computations yield that for all & € Z%\{0},

B2 <0 (V0" IE2g) + V0 I 2g.10 (3.77)
VG o) + 198 P i) -

Summing (3.77) for all positions k € Z4\{0}, we find that

‘EQk‘ < C (Hv 1OOO||L2 Rd + Hv~1 OOOHLZ(Rd)) 3 (378)
kezZd4\{0}

which proves that the series ZkeZd\ 0} E%F s absolutely converging.

Consider now ¢ > 0. For (M, N) € (2N + 1)2, M < N, we compute

SR Y B2< Y ]Efvu’f_ngh 3 ’E]?V’“

keTn\{0} kezd\{0} keTyp\{0} k€T \Ty (3.79)

£ e

]{:EZd\TA{

Summing (3.76) for all k € Ty\Tys and (3.77) for all k € ZI\ Ty, yields

2,k 1,0,N 1,0,N
‘E ‘ =c ( ]Vq HL2(1N\IM) + HV ”L2(1N\[M)> (3.80)
k€TN\TM
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and
2,k 1,0,00 12 ~1,0,00(12
S B2 <0 (196 o) + VG 2o, (3.81)
keZN\Ty
respectively.

We know from Lemma 3.6 applied to (3.34) and (3.37) that 1,, Vg;""" and 1,, Vg *"

converge in L?(R?) to til’o’oo and chjl.’o’oo respectively. It is then straightforward to
deduce from (3.80) and (3.81) that there exist My and Ny such that

3 ]Ego’f] <e (3.82)
k’EZd\TN[O
and
VN> No, > ’EJQV’“‘ <e. (3.83)
k‘ETN\T]\/]O

Moreover, (3.72) implies that, choosing Ny sufficiently large,
VN >Ny, Y ‘Eka - Eggﬁ( <e. (3.84)
kGTMO\{O}

Inserting (3.83), (3.82) and (3.84) in (3.79), we have shown that for every £ > 0, there
exists INg such that

VN > Ny, Yoo EY - Y EX <3
keTn\{0} kezZd\{0}

This amounts to say that

2,k 2,k
E EN: — E EST.
N—oo

keTn\{0} keza\{0}

We have thus proved in Steps 3.1 and 3.2 that > .7\ (0} E}Vk and 3 pe70\ (o) E?Vk
converge when N goes to infinity. Since E¥ = E}Vk + EJZ\}k, we deduce that ZkeTN\{O} E]]’i,

converges.

Remark 3.6. We actually conclude from Step 3.2 a stronger result, namely that the series
ZkeTN\{O} E?Vk 1s absolutely converging. Numerical experiments show that this is not the

case for ZkeTN\{O} Ejl\}k, which can be quessed from the proof.

Step 4. Conclusion

We have shown in the previous steps that the sequence Dy and the series ZkETN\{O} E]]if

converge when N — oo. Using (3.62), this implies that the sequence A;’N converges in
Rdxd t
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3.4 Numerical experiments

Our purpose in this section is to assess the approximation of Aj by the second-order
expansion A7, + nAT’N + UQA;’N. In order to maintain a reasonable computational cost,

we restrict ourselves to the two-dimensional case. We first explain our general methodology
and then make precise the specific settings.

3.4.1 Methodology

We will consider two commonly used composite materials as periodic reference materi-
als Aper. The first material consists of a constant background reinforced by a periodic
lattice of circular inclusions, that is

Aper(21,72) =20 x Id + 100 Z 15(k,0.3)(T1,72) X Id,
kez?

where B(k,0.3) is the ball of center £ and radius 0.3. The second material is a laminate
for which
Aper(xl, xg) =20 x Id+ 100 Z ]ll§x1§1+1($17 Ig) x Id.
l€Z
In the case of material 1, the role of the perturbation is, loosely speaking, to randomly
eliminate some fibers:

Cper(1,22) = =100 Y L p(0.3) (21, 32) x Id.
kez?

In the case of material 2, the perturbation consists in a random modification of the lami-
nation direction:

Cper(xl, :Eg) = —100 Z ]llgzlgl+1($1, xz) x Id+ 100 Z ]llgzggl-I—l(fL'la l‘g) x Id.
leZ leZ

In both cases, we have chosen the coefficients 20 and 100 in order to have a high con-
trast between Ape, and Ayer + Cper, and thus for the perturbation to be significant. There
is of course nothing specific in the actual values of these coefficients.

These two materials are shown in Figure 3.3.

Our goal is to compare A} with its approximation Ay, + nAT’N + UZA;’N for each of
these two particular settings. A major computational difficulty is the computation of the
“exact” matrix A} given by formula (3.16). It ideally requires to solve the stochastic cell
problems (3.15) on R?. To this end we first use ergodicity and formulae (3.18) and (3.21),
and actually compute, for a given realization w and a domain Iy which is here equal to

[0, N]? for convenience, AZ’N(w) defined by

1

A:]’N(W)ei = W

/I Ay (2, 0) (VN () + e;)de. (3.85)

In a second step, we take averages over the realizations w.
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Figure 3.3: Left: a periodic lattice of circular inclusions. Right: a one-dimensional lami-
nate.

For each w, we use the finite element software FreeFem++ (available at www.freefem.org)
to solve the boundary value problems (3.18) and compute the integrals (3.85). We work
with standard P1 finite elements on a triangular mesh such that there are 10 degrees of
freedom on each edge of the unit cell Q.

We define an approximate value AZ’N as the average of A;;’N(w) over 40 realizations w.
Our numerical experiments indeed show that the number 40 is sufficiently large for the
convergence of the Monte-Carlo computation. We then let N grow from 5 to 80 by incre-
ments of 5. We observe that A;?N stabilizes at a fixed value around N = 80 and thus take
A?,’SO as the reference value for A} in our subsequent tests.

*

pers and the first-order and second-

The next step is to compute the zero-order term A

order deterministic corrections A} and A5 . Using the same mesh and finite elements

as for our reference computation above, we compute Ay . using (3.3) and (3.4), and for

each N we compute AT’N and A;’N using (3.28) and (3.29). We again let N grow from
5 to 80 by increments of 5 for AT’N. The computation of A;’N being significantly more
expensive (note that in (3.29) there is not only an integral over Iy but also a sum over
the N2 cells) we have to limit ourselves to N = 25 and approximate the value for N larger
than 25 by the value obtained for N = 25.

Before presenting our results, we wish to discuss our expectations. Note that there are
three distinct sources of error:

e the finite element discretization error;

e the truncation error due to the replacement of R? with Iy, in the computation of
the stochastic cell problems (3.15) that are replaced with (3.18), as well as in the
computation of the integrals (3.85);

e the stochastic error arising from the approximation of the expectation value (3.21)
by an empirical mean.

The discretization error originates from the fact that, in practice, we only have access
to the finite element approximations of all the functions manipulated here (such as w,
w?’N’w,...). Although we have not proved it in the specific context of our work, we believe,
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because it is shown in a similar weakly random setting (see [31]), that all the convergences
stated here in the infinite-dimensional setting still hold true for the finite-dimensional ap-
proximations of the objects. Our numerical results indeed confirm it is the case. In order
to eliminate the discretization error from the picture, our practical approach consists in
adopting the same finite element space for all approximations of the cell and supercell
problems, independently of V.

The truncation error is a different issue. For the “exact” computation of A} (we mean
not using the second-order expansion (3.26), but (3.85)), we use an empirical mean and
a truncation. We know from [22]|, for a continuous notion of stationarity analogous to
the discrete notion (3.8) we use here, and under mixing conditions which are satisfied in
our setting, that the convergence of the truncated approximation to the ideal value holds
at a rate N~" with k a non explicit function of the dimension, the mixing exponent and
the coercivity constant of the material. On the other hand, in the second-order expansion

(3.26), the zero-order term Ay, is of course free of any truncation error. All that we

know for the approximation AT’N defined by (3.28) to the first-order correction A3, is
stated in Lemma 3.3 in dimension d > 3, under Holder regularity assumptions on Ape,,
and with Dirichlet boundary conditions replacing periodic ones. One of the aims of our
experiments is therefore to draw some numerical conclusions on the convergence of this
term when these assumptions are not satisfied. Note that the matrices involved in our test
materials are clearly discontinuous functions of . The matrix corresponding to material 1
is piecewise Holder continuous in the sense of Lemma 3.3, while the matrix corresponding
to material 2 is not. As for the second-order approximation A;’N, we have no insight on
the truncation error and we also wish to study its convergence from a numerical point of
view.

Finally, we have a practical approach to the stochastic error: besides the empirical
mean, we provide, for each N, the minimum and the maximum values of AfI’N (w) achieved
over the 40 computations.

We now would like to emphasize that the purpose of our numerical tests is not to prove

that
N N
Ay = Ape, + AT + 02 ATT + o)

for a remainder term o(n?) that is independent of N, of the number of realizations and
of the size of the mesh. Establishing experimentally that such an asymptotic holds is too
demanding a task. It would indeed require letting 1 go to 0, which in turn, since we have
to observe at least one (and in fact many) event per domain considered, would necessitate
a supercell of size N extremely large. We cannot afford such a computational workload.

Using our numerical tests, we only hope here to demonstrate, and we indeed do so, that
the second-order expansion is an approximation to Ay sufficiently good for all practical
purposes, and in particular for n not so small ! We will observe that both AT’N and AZ’N
converge to their respective limits faster than AZ;’N to Ay (which is intuitively expected

since the former quantities are deterministic and contain less information). We will also
observe that A}, + nAT’N is significantly closer to A} than A%.., thereby motivating the

n per



3.4. Numerical experiments 93

expansion. The inclusion of the second-order term further improves the situation.

3.4.2 Results

In order to give an idea on how the perturbation affects the materials considered, we first
show some typical realizations in Figures 3.4. Our results are presented in Section 3.4.2.1
and Section 3.4.2.2 below. Since these results are qualitatively similar for the two mate-
rials, we comment on the results altogether in Section 3.4.2.3.

sssse see
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Figure 3.4: Above: two instances of material 1 with n = 0.1 (left) and n = 0.4 (right).
Below: two instances of material 2 with n = 0.1 (left) and n = 0.5 (right).

To present our numerical results, we choose the first diagonal entry (1,1) of all the
matrices considered. Other coefficients in the matrices behave qualitatively similarly. As
mentioned in the previous section, we illustrate a practical interval of confidence for our
Monte-Carlo computation of A} by showing, for each N, the minimum and maximum

values of A;’N(w) achieved over the 40 realizations w.

We will use the following caption in the graphs:
- periodic: gives the value of the periodic homogenized tensor Ay, ;
- first-order: gives the value of A7, + nA;’N;
- second-order: gives the value of A}, + nA’{’N + 772A;’N;
- stochastic mean, minima and maxima: respectively give the values of A;;’N and the ex-
trema obtained in the computation of the empirical mean.

Finally, the results are given for some specific values of 7 (not necessarily the same for
both materials) which serve the purpose of testing our approach in a diversity of situations,
from a “small” to a “not so small” perturbation.
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3.4.2.1 Results for material 1

We show the results for n = 0.1, n = 0.4 and n = 0.5 (Figures 3.5, 3.6 and 3.7 respectively).
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Figure 3.5: Results for material 1 and n = 0.1. Above: complete results. Below: close-up
on ATI’N and the first and second-order corrections.
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Figure 3.6: Results for material 1 and n = 0.4. Above: complete results. Below: close-up
on A;’N and the first and second-order corrections.
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Figure 3.7: Results for material 1 and n = 0.5. Above: complete results. Below: close-up
on A;’N and the first and second-order corrections.
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3.4.2.2 Results for material 2

We now show for material 2 the results for n = 0.1, n = 0.3 and n = 0.4 (Figures 3.8, 3.9
and 3.10 respectively).
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Figure 3.8: Results for material 2 and n = 0.1. Above: complete results. Below: zoom on
A;’N and the first and second-order corrections.
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Laminate - eta=0.3
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Figure 3.9: Results for material 2 and n = 0.3. Above: complete results. Below: zoom on
A;’N and the first and second-order corrections.
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3.4.2.3 Comments

Notice on the results for both materials (it is especially clear on the close-ups) that the
first and second-order corrections AT’N and A;’N converge very fast in function of N, and
in particular, as expected, much faster than the stochastic computation. Convergence of
these deterministic computations is actually typically reached for N = 10.

Then, for all values of 7, it is clear that the first-order correction enables to get sub-
stantially closer to Aj. The interest of the second-order term is also obvious as n gets
larger, and we stress that the results are still excellent for n as large as 0.5, so that our
approach is robust.

It is interesting to get some insight on the rate of convergence of the first-order cor-
rection, and to see whether the theoretical results of Lemma 3.3 still hold beyond the
somewhat restrictive assumptions set in this lemma (d > 3, piecewise Holder regularity
on Aper and Dirichlet boundary conditions on dIy). Recall that d is equal to 2 in our
tests, and that AT’N is computed with periodic boundary conditions on the supercell Iy.
Moreover, while the lattice of inclusions is piecewise Hdélder continuous in the sense of
Lemma 3.3 (meaning that there is an inclusion stricly contained in the unit cell @ and
that the matrix Ay, is Hélder continuous in each phase), the laminate is not.

We thus plot, for N going from 1 to 20 and for both materials, log(|(AT’N —Al)er-e1)
in function of log(N). We recall that A7 is numerically given by A”{’SO. For both materials
the 20 points are arranged in a straight line (Figures 3.11 and 3.12). This leads us to
perform a linear regression in order to obtain the slope of the lines. As regards material
1, we find a slope of —2.05 and a coefficient of correlation R = 0.99. For material 2, the
slope is —1.9 with a coefficient of correlation equal to 0.95. The rate of convergence for
both materials is then approximately O(N~%) with d = 2, which seems to indicate that
the result of Lemma 3.3 still holds true in these circumstances.

Inclusions - Rate of convergence of the first-order correction
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Figure 3.11: Rate of convergence of the first-order correction for material 1.
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Laminate - Rate of convergence of the first-order correction
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Figure 3.12: Rate of convergence of the first-order correction for material 2.

3.5 Appendix

The purpose of this Appendix is two-fold. In Section 3.5.1 we prove that the approach
exposed in Section 3.3, which relies on formal considerations for general dimensions, is
rigorous in dimension d = 1. In Section 3.5.2, we prove for convenience of the reader some
technical results used in Section 3.3.

3.5.1 One-dimensional computations

Although we are aware that homogenization theory is very specific in dimension 1, and can
be somehow misleading by its simplicity, it is still important to check that our approach
is rigorously founded in this setting. This is the aim of this section.

To stress that we work in dimension one, we use lower-case letters ape, and cpe,r instead
of Aper and Cper, respectively, as well as for all the tensors manipulated.

*
per

1\ 2 1 -
2

a¥, = , a=|E R .

ber </é aper) g ( /é Qper + bncper>

This enables us to prove the following elementary result which shows that our approach
is correct in dimension one:

We recall that in dimension one, a,., and a, are given by the explicit expressions

N

Proposition 3.5. In dimension d =1, it holds
Ay = ape, + 15 +1°as + O(),

where a} and a3 are the limits as N — oo of ay{’N and a;’N defined generally by (3.28)
and (3.29) respectively.
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Proof. We compute

1
2 (1—
(a;)~" = / < T, 1 )
_ Qper Qper 1 Cper

1
2

1 1
.
—1 Qper 7 —1 \Qper + Cper  Qper

2

1

2 C
= (&, ) ' 1=na / - .
( per) < per 7% aper(aper + Cper)

This yields the expansion

1
2

2
Cper Cper
0 = e+ (e, | ; / ;
—% Aper (apeT + Cper % aper Qper + CpeT)
—1
Cper Cper
g [ g [
—% aper(aper + Cper) aper Qper + Cper)
2
i (]}
er er er
P P p 7% aper Qper + Cper)

7% Aper (aper + Cper
3
3/ % Cper *
e ([
—1 Qper (aper + C;DGT)

It follows from (3.20) and (3.21) that the function n — aj is bounded on [0, 1]. There-
fore

[N

—
N\H

2 Cper

1
2 Cper

* * * 2
a“n :a“per + n(aper) /

—% ape'r(aper + Cper)

1 2
2 C
+ 2 a* 3 / per +0 3'
n ( per) ( 7 aper(aper +Cper) (77 )

1
2

(3.86)

We now devote the rest of the proof to verifying that the coefficients of n and 72
(3.86) are indeed obtained as the limit as N — oo of aT’N and a;’N generally defined by
(3.28) and (3.29) respectively, in this particular one-dimensional setting.

The one-defect supercell solution w!%N generally defined by (3.23) satisfies here

d (ofd 10N : N N
- - i) 1 — -
dx <a1 (dmw * 0 in] 272 !

whN N — periodic.
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We easily compute

d
a?(%wl’o’N +1)

—1
1
% Qper + ]l[,%,%]cper

1 -1
2 C
N | N(ak,,) —/ e
< ( per) —% aper<ape7" + Cper)

2 1 * 3 1 2
~ e / P / 2 ( Cer ) +o(N72),
N —% aper(aper + Cper) N ; aper(aper + Cpe'r)
Thus a’{’N defined generally by (3.28) takes here the form

1
N 2 g, d 0N « 2 [2 Cper
a; = / N al(%w + 1) - Na;er = (a ) / -
-y _

+o(1),
per % Gper (aper + Cper) ( )
and
1
* N _x « \2 [ 2 Cper
a;’ — a; = (a . 3.87
1 Nooo 1 ( per) /—é aper(aper+cper) ( )
Likewise, for k € [—23L, Y17\ {0},
N —1
d 2 1
agk(in,O,k,N + 1) — N /
du % Gper + L1 4051 ks 3 Cper
1 —1
2 C
BN s
( ( per) _% a,peT<ape7- + Cper)
* 2 1 * 3 1 2
= lper + g ier) / j Sper +4(ap€;) / 2 < er ) +o(N72),
N —% Gper (aper + Cper) N —% Gper (aper + Cper)

which is independent of k& (and so of the distance between the two defects). Hence,
a;’N defined generally by (3.29) writes here

2
*, N * 3 Cper
ay” = (a +o(1),
2 ( per) (/é aper(aper+cper)> ( )

2
*, N —x * 3 Cper
ay”  — ay = (aye,) / . (3.88)
2 N—o0 2 P ( —% Aper (aper + Cper))
Using (3.86), (3.87) and (3.88), we verify that

D=

and

NI

ay = ay., +naj +n°as + O(n°).

O]

Remark 3.7. The fact that the distance between two defects does not play a role in the
computation of a;’N

1s of course specific to the one-dimensional setting. As we have seen,
this is not true in higher dimensions where the geometry comes into play.
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3.5.2 Some technical lemmas

The second part of this Appendix is different in nature. We prove here three technical
lemmas that are useful for our proofs in Section 3.3. These results, or related ones, are
probably well known and part of the mathematical literature. We prove them here under
specific assumptions for the convenience of the reader and for consistency. We acknowl-
edge several instructive discussions with Xavier Blanc on the content of this section.

We recall that Q@ = [—1, 2]? and Iy = -5, 5]
Lemma 3.6. Consider f € L*(Q), and a tensor field A from R? to R™? such that there
exist A > 0 and A > 0 such that
Ve e R aeinz € RY N¢E? < A(x)¢ - € and |A(z)€] < Al€].
Consider ¢V solution to

— div (AV¢Y) = div(1 in Iy,
y v ( ) q) = div(Lof) N (3.89)
q" (NZ)® — periodic.

Then ]lINVqN converges in Lz(Rd), when N goes to infinity, to Vg™, where ¢* is
a L? (R?) function solving

loc

— div ) = div in R?
{ div (AVg™) = div(lgf) inRY (3.90)

Vg™ € L*(RY).

Proof. We first obtain a bound on ||V¢'|| 12(1y) and then, by compactness, extract a limit
of this sequence.

Multiplying the first line of (3.34) by ¢ and integrating by parts yields
/ AVgN VN = —/ vy, (3.91)
In Q
from which we deduce
1
VeV |21y < XHfHLQ(Q)‘ (3.92)

Consider now a bounded domain D C R?. For N sufficiently large, we have D C Iy
and so

1
IV || r2(py < 2@
Thus V¢¥ is bounded in L?(D) for every bounded subset D C R%.

Using diagonal extraction and the weak compactness of LZQDC(]Rd), we can classically
find a subsequence of V¢!V such that, without changing the notation for simplicity,

V¢V — h  weakly in L (R?). (3.93)
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We deduce from (3.92) and (3.93) that for every bounded subset D C RY,

1
Al z2(p) < XHfHL?(Qy

This implies that the vector h is in L2(R?).
G- = 9ii. This implies that h
= his in L*(R?) and ¢>

We also deduce from (3.93) that for all (4, ) € [1,d]?,
is the gradient of a function we call ¢>. Since h € L?(R%), V¢™

in L2 (R9).
Finally, (3.93) yields that V¢ converges to V¢™ in D’(R?). We can then pass to the

limit N — oo in the first line of (3.89) and obtain
—div (AV¢™®) = div(1gf) inR?
in the sense of distributions.
We have proved that V¢!V converges up to extraction and weakly in LZQOC(Rd) to Vg,
where ¢ is in L? (R?) and solves
— div (AV¢™) = div(1 in R?,
( 2 q d) (Iof) (3.04)
Vq™ € L*(R%).

We deduce from Lemma 3.7 thereafter that (3.94) has a solution unique up to an additive
constant, so that V¢® is uniquely defined. A classical compactness argument then yields
in L2, (RY).

that the whole sequence V¢ converges weakly to Vg
(3.95)

It is clear from what precedes that
]lINVqN — V¢™®  weakly in L2(R%).

We now prove that the sequence 1 INVqN actually converges strongly to V¢* in

L?(R%).
Using a cut-off technique as in the proof of Lemma 3.7 thereafter, we deduce from
(3.90) that
(3.96)

AV¢>® - Vg™ = —/ f-Vg™.
Q

Rd
The weak convergence of VgV to V¢* implies that the right-hand side of (3.91)

converges to the right-hand side of (3.96). Consequently,
AVEY v — / AV¢™® - Vq>, (3.97)
In R4
and, denoting by Ag the symmetric part of A, (3.97) is equivalent to
(3.98)

ANV vy — /Rd AVg™ - Vg™.

In
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A is of course a uniformly coercive tensor field, we can thus define its square root
ALY 1t follows from (3.98) that

14511, V™ || 2 ey = 1452V | 2 ). (3.99)
On the other hand, multiplying (3.95) by A;/2, we obtain
A2 VN — AV weakly in L2(RY). (3.100)

Because of the uniform convexity of L2(R9), it is well known that (3.99) and (3.100)
imply

A1 VgV — A2V strongly in L?(RY). (3.101)

Multiplying (3.101) by A;l/Q, we finally have
17, Vg — Vg™  strongly in L?(R%). (3.102)
0

Lemma 3.7. Let A be a tensor field from R? to R*? such that there exist X > 0 and
A > 0 such that

Ve € RY aeinz € RY, NEJ2 < A(x)€ - € and |A(2)€] < AJE.

Consider u € L?_(R?) solving

loc

—div(AVu) =0 inRY,
(3.103)

Vu € L*(RY).
Then u s constant.

Proof. We define a smooth cut-off function y € C*(R?) such that y = 1 in the ball Bg,
X = 0 in Rd\BgR and HVXHLOO(Rd) < 2/R

Multiplying the first line of (3.103) by yu and integrating by parts, we obtain
/ AVu-(Vu)x=— [ AVu-(Vy)u.
Rd Rd

Using the Cauchy-Schwarz inequality, this yields

A 1/2 1/2
|19l < 19l ( / rw?) ( / |u|2>
Br Byr\Br Byr\Br

1/2 1/2
<L wer) ([ we)

RA Bar\Br Bar\Br

1
 |B2r\BR| JB,s\Bg

(3.104)

Defining

UR u,
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it is clear that u — up is also a solution to (3.103) so that the above computations are
valid for v — ug. Since V(u —ugr) = Vu, we deduce from (3.104) that

oA 1/2 1/2
/ Vul|? < =~ / |Vu)? / lu — up|* : (3.105)
Bgr RA B2r\Br Bar\Br

We next apply the Poincaré-Wirtinger inequality to u — ur on Bor\Bpg. There exists
a constant C'(R) which depends only on R such that

/ i — ugl? < C(R)/ Vul2.
BQR\BR BQR\BR

An easy scaling argument shows that C'(R) is equal to R times the Poincaré-Wirtinger
constant on By\Bj, so that there exists a constant C' such that

/ lu— ugl? < CR V. (3.106)
BQR\BR B2R\BR

We deduce from (3.105) and (3.106) that

2CA
/ |Vu|* < C/ |Vul?. (3.107)
Br A Bar\BRr

Since Vu € L?(R?), the left-hand side of (3.107) converges to [pa |Vu|> when R — oo,
and the right-hand side of (3.107) converges to 0. Then Vu = 0 and u is a constant. [

Lemma 3.8. For d > 3, consider a Z%-periodic tensor field A such that there exist A > 0
and A > 0 such that

Ve e RY, aeinz € RY NE? < A(x)€ - € and [A(z)€] < Al

Assume that the unit cell QQ contains an inclusion D, the boundary of which has regularity
CLH for some 0 < p < 1, and such that dist(D,0Q) > 0. Assume also that Aper is Holder

continuous in D and in Q\D.

Let f be a function in L*(Q).

There ezists a unique solution u € L% _(RY) to

— div (AVu) = div (1gf) inRY,

Vu € LQ(Rd%' l‘im u(z) = 0. (3.108)
Defining also ug the unique solution to
— div (AVug) = div (1 in O,
(1 * (taf) (3.109)
up € Hy(0),
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where O is a bounded domain of RY containing Q and such that dist(00,Q) > 1, there
exists a constant K which depends only on X\, A, u, d, f and the Hélder exponents, and
not on the domain, such that for |x| > 1, it holds

K K
‘UO@?)’ < |x’d_17 ]Vuo(x)\ < W?

K K
) < e (V)] <

Proof. Let G be the Green kernel associated with A with homogeneous Dirichlet boundary
conditions on JO, uniquely defined by

and G be the Green kernel associated with 4 on R?, unique solution to

G(-+y) € Wi (R) N HY(RAB(y, 1)).

loc

{ — div(AVG(-,y)) =6, inR?

We deduce from arguments stated in [13, Lemma 4.2| and relying on [40, Theorem 3.3|,
and on [9, Lemma 16] when A is Hélder continuous and [52, Theorem 1.9] when A is
piecewise Holder continuous, that there exists a constant K depending only on A, A, u, d
and the Holder exponents, and not on the domain, such that

V(z,y) € O, [V,Go(z,y)| < gl VaVyGo(z,y)| < oy’ (3.110)
V(z,y) €RY, V,Glx,y)| < oy VeVl S =g @
It is well known that ug solution to (3.109) can be represented as
uo(w) = /O Gol,y)div(Lof)(y)dy. (3.112)
It is also clear that the function 4 defined by
u(z) = [ G(z,y)div(lef)(y)dy (3.113)

Rd
is a H} (R?) function which satisfies
—div (AVa) = div (1o f)

in the sense of distributions.
Integrating by parts in (3.112) and (3.113) for x ¢ @, we have

wo(z) = /Q V,Golr.y) - Fy)dy, i(x) = /Q V,Glx.y) - fy)dy, (3.114)
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and then
Vo () = /Q V.V,Golw,y) - fy)dy, Vilz) = /Q V.V,Gly) - fy)dy.  (3.115)
Using estimates (3.110) and (3.111) in (3.114) and (3.115) respectively, we find that

there exists a constant K depending only on A, A, u, d, f and the Holder exponents, and
not on the domain, such that for |x| > 1, we have

K
lug(z)| < P and |Vug(z)| < W, (3.116)
N K . K
la(z)] < P and |Va(x)| < F (3.117)

The function @ being in H} (R?), we deduce from (3.117) that Vi € L?(R?). Conse-
quently, 4 solves

— div u) = div in R?
{ div (AVa) = div (1gf) inR% (3.118)

Vi e LA(RY).
We know from Lemma 3.7 that (3.118) has a solution unique up to an additive constant.
It follows from (3.117) that @ converges to zero at infinity, so that @ = u unique solution

to (3.108).
0
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4.1 Introduction

Our purpose here is to follow up on the study of the weakly random homogenization model
presented in Chapter 3. Let us recall, for consistency, that we consider homogenization
for the following elliptic problem

— div ((Aper(2) + by (5,0)Cper () Viie ) = f(a) in D € B,

(4.1)

ue = 0 on 0D,
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where the tensor A, models a reference Z%-periodic material which is randomly perturbed
by the Z%periodic tensor Cper, the stochastic nature of the problem being encoded in the
stationary ergodic scalar field b, (the latter getting small when 7 vanishes). We have
studied in Chapter 3 (see also [6]) the case of a perturbation that has a Bernoulli law with
parameter 1), meaning that b, is equal to 1 with probability 7 and 0 with probability 1 —n.
In the present chapter, we address more general laws. The common setting is that all the
perturbations we consider are, to some extent, rare events which, although rare, modify
the homogenized properties of the material. Our approach is a perturbative approach,
and consists in approximating the stochastic homogenization problem for

Ay(z,w) = Aper(x) + by (2, w) Cper

using the periodic homogenization problem for A,.,. In short, let us say that our main
contribution is to derive an expansion

Ay = Ao + 1A% 17 A5+ o(n?), (4.2)

where A7 and Aj, are the homogenized tensors associated with A, and Ape, respectively,
and the first and second-order corrections A} and A3 can be, loosely speaking, computed
in terms of the microscopic properties of Ay, and Cpe, and the statistics of second order
of the random field b,. The formulation has been made precise in Chapter 3, and the

changes we introduce in the present chapter are detailed in Sections 4.2 and 4.3 below.

Motivations behind setting (4.1), as well as a review of the mathematical literature on
similar issues, can be found in Chapter 3. We complement our study of the perturbative
approach introduced in Chapter 3 in two different directions.

In Section 4.2, we rigorously establish an asymptotic expansion of the homogenized
tensor in a mathematical setting where our input parameter (the field b, in (4.1)) en-
joys appropriate weak convergence properties, as n vanishes, in a reflexive Banach space,
namely a Lebesgue space L>(D, LP(Q2)) (with p > 1). In such a setting, we are in position
to rigorously prove a first order asymptotic expansion (announced in [8] and precisely
stated in |8, Théoréme 2.1| and Theorem 4.2 below) for the homogenization of A,, using
simple functional analysis techniques very similar to those exposed in [18]. In our Corol-
laries 4.3 and 4.4, the expansion is pushed to second order under additional assumptions.

Our aim in Section 4.3 is to further extend our formal theory of Chapter 3. Recall
that this formal theory, rather than manipulating the random field b, itself, consists in
focusing on its law. We indeed assume that the image measure (the law) corresponding
to the perturbation admits an expansion (see (4.48) below) with respect to 1 in the sense
of distributions. While Chapter 3 has only addressed the specific case of a Bernoulli law,
we consider here more general laws and proceed with the same formal derivations. These
derivations lead to first-order and second-order corrections A} and A% in (4.2) obtained

as limits when IV — oo of sequences of tensors AT’N and A;’N computed on the supercell

[—%, %}d. It is the purpose of Propositions 4.7 and 4.8 to prove the convergence of A’{’N

and AZ’N respectively. As in Chapter 3, our approach in this section exhibits close ties
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with classical defect-type theories used in solid state physics.

We emphasize that, in sharp contrast to the exact stochastic homogenization of A,,
the determination of the first and second-order terms in (4.2) relies on entirely determinis-
tic computations, albeit of very different kind, for both approaches of Sections 4.2 and 4.3.

Finally, a comprehensive series of numerical tests in Section 4.4 show, beyond those
contained in Chapter 3, that the two approaches exposed here are efficient and quite ro-
bust: the computational workload induced by the perturbative approach is light compared
to the direct homogenization of A,, and expansion (4.2) proves to be accurate for not so
small perturbations.

We complement the text by a long Appendix. The reader less interested in theoretical
issues can easily omit the reading of this Appendix. Besides providing, in Sections 4.5.1
and 4.5.2 and for consistency, some theoretical results useful in the body of the text, the
purpose of this Appendix is two-fold. We examine in details in Section 4.5.3 the one-
dimensional setting, and we show that, expectedly, all our formal expansions can be made
rigorous through explicit computations. We next demonstrate, in Section 4.5.4, that our
two modes of derivation coincide in a particular setting appropriate for both the theoreti-
cal results of Section 4.2 and the formal results of Section 4.3. This final section therefore
provides a proof of our formal manipulations of Section 4.3, in a setting — we concede
it — that is not the setting the approach was designed to specifically address. Definite
conclusions on the theoretical validity of the approach developped in Section 4.3 are yet
to be obtained, even though applicability and efficiency are beyond doubt.

Throughout this chapter, and unless otherwise mentioned, C' denotes a constant that
depends at most on the ambient dimension d, and on the tensors Ay, and Cper. We write
C() when C depends on « and possibly on d, A,e, and Cpe,r. The indices i and j denote
indices in [1,d].

4.2 A model of a weakly random material and a first ap-
proach

For consistency, we first recall the general setting introduced in Chapter 3.

Throughout this chapter, (22, F,P) denotes a probability space with P the probability
measure and w € {2 an event. We denote by E(X) the expectation of a random variable
X and Var(X) its variance.

We assume that the group (Z?, +) acts on Q and denote by 7,k € Z% the group
action. We also assume that this action is measure-preserving, that is,
VA € F,Vk € 72, P(A) = P(1,A),
and ergodic:

VAe F,(Vke 28, A=1,A) = (P(A) =0o0r P(A) =1).
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We call F € L} (R, LY()) stationary if
Vk € 2%, F(z + k,w) = F(z, ,w) almost everywhere in 2 € R? and w € Q. (4.3)

Notice that if F' is deterministic, the notion of stationarity used here reduces to
Z4%-periodicity, that is,

Vk € Z¢, F(x + k) = F(z) almost everywhere in z € R%. (4.4)
We then consider the tensor field from R% x Q to R4x4:
Ayg(,0) = Aper () + by(,)Cper (), (45)

where Aye, and Cpe, are two deterministic Z%periodic tensor fields and b, a stationary
ergodic scalar field. The matrix Ay, models the reference periodic material, perturbed by
Cher. This perturbation is random, thus the presence of b,. We refer the reader to [18] for
a more detailed presentation of the stationary ergodic setting in a similar weakly random
framework.

We make the following assumptions on the random field b,:

IM > 0,Yn > 0, [|byll L (@) < M, (4.6)
bl Lo (00 -0, 47
160l Lo (@:22(02)) ~d (4.7)
~ - 1 17d
where @ is the unit cell [-3, 5]%.

Assumption (4.7) encodes that the perturbation for small 1 is a rare event. Still, it is
able to significantly modify the local structure of the material when it happens, for we do
not require it to be small in L*>°(Q x Q) as n — 0.

We additionally assume that there exist 0 < o < 3 such that for all £ € R?, for almost
all z € R? and for all s € [-M, M|,

aé? < Aper ()6, al€]? < (Aper + 5Cper) ()€ - &, (4.8)

Aper(2)E] < BIEL, [ (Aper + 5Cper) ()] < BIE]. (4.9)

We can therefore use the classical stochastic homogenization results (see for instance [46]
for a comprehensive review or Chapter 3 for a concise presentation). The cell problems
associated with (4.5) read

— div (A, (Vw] +¢;)) =0 in RY

4.10
Vw, stationary, E (/ Vw?) = 0. (4.10)
Q

Problem (4.10) has a solution unique up to the addition of a random constant in

{we L} (R L2(Q), Vwe L2, (R L(Q))}.

unif
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n

The function w;’ is called the i-th corrector or cell solution.

The homogenized tensor Aj is given by

Vie[1,d], Aye;i=E (/Q Ay (Vw)] + ei)) : (4.11)

Throughout the rest of this chapter we will denote by w? the i-th cell solution associ-
ated with A, defined up to an additive constant in the space of H, lloc(Rd) functions that
are Z%-periodic by

— div (Aper (VW +¢;)) =0 in Q, (1.12)
w) 74 — periodic. '
The periodic homogenized tensor is then given by
Vi [1,d], A%e;= / Ao (Vi + ¢;). (4.13)
Q

Due to the specific form of A,, the following zero-order result can be easily proved.
The proof is actually the same as that of Lemma 3.1 of Chapter 3, which relies on the fact
that [|b, || oo (Q;r2(n)) converges to 0 as 1 tends to 0.

Lemma 4.1. Whenn — 0, A} — A}

per*

Our goal is to find an asymptotic expansion for A, with respect to 7, and a first answer
is given by the following theorem announced as Théoréme 1 in [8]:

Theorem 4.2 (Théoreme 1, [8]). Assume that by, satisfies (4.6) and (4.7), and denote
by my = ||byllLeo(@:r2())- There exists a subsequence of 1, still denoted 1 for the sake of

simplicity, such that % converges weakly-* in L= (Q; L?(Q)) to a limit field denoted by by
when n — 0. Then

e for alli € [1,d], the following expansion
V)] = Vw) +m, Vv + o(my) (4.14)

holds weakly in L*(Q; L?(S2)), where w? is the solution to the i-th periodic cell prob-
lem and v) is solution to

— div(Aper V1Y) = div (boCper (Vo +€;))  in RY,

4.15
Vo? stationary, E </ Vv?) =0. ( )

Q

o A} can be expanded up to first order as
Ay = Ar + my AT+ o(my), (4.16)

where

Vi e [1,d], A’{ei:/E(Eo)Cper(Vw?—l—ei)—i-/ Aper VE(0). (4.17)
Q Q
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Proof. We fix i € [1,d] and define v;/! = ——=. v/ is solution to
n

—div (4, Vv]) = div <:;L Cher (Vw + el)> in RY,
U

Vv, stationary, E </ Vv?) =0.
Q

Using an argument similar to that used in the proof of Lemma 3.1 in Chapter 3, we
have

(4.18)

v >0, Vvl r2(0x0) HCp67 (V) + ;) z2(q

where « is defined in (4.8).

The sequence Vv, is bounded in L*(Q x ) and therefore, up to extraction, weakly
converges in L?(Q x ) to some limit which is necessarily a gradient and which we denote
VY. Since b, converges strongly to 0 in L?(Q x Q), b, Vv, converges to 0 in D'(Q x Q).
It is then easy to pass to the limit 7 — 0 in (4.18) and to deduce that v is solution to

— div (Aper V) = div (boCher (Vi +€;))  in RY,

V! stationary, E </ V’U?) =0.
Q

0
Thus 7V converges, up to extraction, weakly to Vo? in L2(Q x Q). This amounts

to say that we "have the following first-order expansion:
Vw] = Vw) +m, Vo) +o(m,) in L*(Q x Q) weak.

Inserting this expansion in (4.11), we obtain

* _ * )
Anei = Aperel—i—mn/

E(bo) Cper (Vi + ;) + mn/ Aper VE(v) + o(my),
Q Q

which concludes the proof.
O

Remark 4.1. Notice that taking the expectation of both sides of (4.15), E(vY) is actually
the Z%-periodic function that is the unique solution (up to an additive constant) to

. 0V _ i 04 e in
{ — div (ApeTvE(Ui )) = div (E(bo)cper (Vwi + 61)) Q (4.19)

E(v)) Z* — periodic.

The computation of Ay up to the first order in m, only requires solving 2d deterministic
problems, namely (4.12) and (4.19), in the unit cell Q.

In fact, the situation is even more advantageous when A, is a symmetric matrix, as
shown by our next remark.
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Remark 4.2. Defining the adjoint problems to the cell problems (4.12),

{ a (Alj;er(vw? + 67’)) =0 in Q’ (4 20)

w? zZt — periodic,
where we have denoted by Ager the transposed matriz of Aper, allows to write the first-

order correction (4.17) in a slightly different form. Indeed, multiplying (4.19) by u?? and
integrating by parts, we obtain

/ Aper VE(D) - Vi) = — / E(bo)Cper (Vuol + ;) - V.
Q Q
Likewise, multiplying (4.20) by VE(vY) and integrating by parts yields
/ Aper VE(v)) - (V@] + ;) = 0.
Q

Combining these equalities gives

/ Aper VE(¥)) - ej = / E(bo)Cper (Vi + €;) - V],

Q Q

and thus (4.17) may be equivalently phrased as

V(i j) € [LdP, Ate;-e; — /E(bo)cm(w%ei)-(vm§?+ej). (4.21)
Q

When Aper is symmetric, u?? = w?, and solving the periodic cell problems (4.12) suffices

to determine A} up to the first order in my,.
Pushing expansion (4.16) to second order requires more information on b,:
Corollary 4.3. Assume in addition to (4.6) and (4.7) that
by = nbo + n*7o + o(n?)  weakly —* in L>®(Q; L*(Q)). (4.22)
Then
e for alli € [1,d], the following expansion
Vw] = Vw) +nVo) +n°Vz) + o(n?) (4.23)
holds weakly in L*(Q; L*(Q)), where z) is solution to
— div(Aper V2Y) = div (70Cper (V) + €;)) + div (boCper VoY) in RY,

4.24
Vz? stationary, | (/ Vz?) = 0. ( )
Q
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o A7 can be expanded up to second order as

A= AS. +nAr + 07 A5+ o(n?), (4.25)

per

where A* is defined by (4.17) and for all i € [1,d],

Ase; = / E(70)Cper (VW) + €;) +n? / CperE(boV0Y) + / Aper VE(2)), (4.26)
Q Q Q

or equivalently, for all (i,7) € [1,d]?,
Aéei t€5 = / E(fo)Cper(Vw? + 61') . (Viﬁjo + ej) +/ CperE(i)OvU?) . (V?ﬁjo + ej). (4.27)
Q Q

Proof. The proof follows the same pattern as that of Theorem 4.2. The computation
of the second order relies on the fact that (4.22) implies that %” converges strongly to

bo in L>=(Q; L?(2)), whereas the convergence was weak in Theorem 4.2. Likewise, the
0

expansion of the cell solution, namely (4.23), implies that @ converges strongly to
Vol in L?(Q; L*(£2)). We then obtain (4.25) and (4.26) by inserting (4.23) in (4.11), and
deduce (4.27) from (4.26) as in Remark 4.2. O

The computation of A} up to the order n? is much more intricate than that up to
the order 7, for it requires determining E(byVvY). Computing the periodic deterministic
function E(v)) solution to the simpler problem (4.19) is not sufficient in general. We have
to determine the stationary random field ) solution to (4.15) in R%.

It turns out that in a particular, practically relevant setting, we may still avoid solving
the random problem (4.15). This setting presents the additional advantage to provide
insight on the influence of spatial correlation.

Corollary 4.4. Assume that b, is uniform in each cell of 7%, and writes

by(.) = 3 gia()By(rew). (4.28)
kezd

where By, satisfies
W0 > 0, 1Byl ey < M. (4.20)
B, =nBy +n*Ro + o(n*) weakly in L?(). (4.30)

Assume also that
> leov(By, Bo ()| < 0. (4.31)

kezd

Then the second-order term (4.27) can be rewritten

Ases - e; —E(Ry) /Q Coor (Yl + 1) - (Vi + €;) + Var(By) /Q Coer Vs - (V) + ¢)
+(E(Bo))2/QCperV8i-(V@?Jrej) (4.32)

+ Z CO'U(BO, Bo(Tk))/ Cpethi(- - k) . (VUNJE] + 6]‘),
kezd\ {0} @
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where t; is a L} _(RY) function solving

— div (Aper Vt;) = div (Cper L (Vo +¢;))  in RY, (433)
Vit; € L*(RY), '
and s; solves
—div (Aper Vs;) = div (Cher Vw? + e; in Q,
s; 2 — periodic.

Proof. We notice first that the specific form (4.28) of b, considered implies that by and 7o
defined in (4.22) here write

bo(w,w) = > Tgur(x)Bo(Thw), (4.35)
kezd

fo((L‘,w) = Z ]lQJrk(x)RO(TkW). (4.36)
kezd

The rest of the proof mainly consists in showing that in this particular setting, V’UZQ
and the product l_)UVU? can be written using the deterministic functions ¢; and s;. The
existence of #; and its uniqueness up to an additive constant come from Lemma 4.15, and
Lemma 3.7 in Chapter 3 respectively.

We start by proving that the sum

> (Bo(rww) — E(Bo)) Viti(x — k) (4.37)
kezd

is a convergent series in L?(Q x ).

To this end, we compute the norm of the remainder of this series:

2
> (Bo(mw) — E(Bo)) Vti(- — k)
k=N oo
= Z Z COU(BO(Tk-),Bo(Tl-))/ Vii(- — k)Vti(- — 1)
|k[=N [l=N Q
= % Z Z |cov(Bo (7). Bo (7)) I([VEi(- — k’)H%g(Q) + |Vt (- — Z)H%2(Q))
[k|>N [[|>N
< D> leov(Bo(mr), Bo(m)) [Vt = k) 172

K[> 1| >N

< > IVt =BTy D leov(Bo(mi-), Bo(m-))

k=N >N

< IVEC=B)F2g) Y cov(Bo, Bo(mik))]

k>N ltI=N
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< IVt - R)lI72(q Z lcov(Bo, Bo (7))

k|>N keZd

Using (4.31), we obtain
2

> (Bo(mw) —E(Bo)) Vti(- — k) <C DY IVEC =R (4.38)

|k[=N L2(QxQ) |k|>N

Since Vt; € L?(R%), the right-hand side of (4.38) converges to zero when N goes to
infinity.

Consequently, (4.37) defines a vector T in L2(Q x Q). It is clear from (4.37) that

g% = g% for all (n,p) € [1,d]?. Thus T is a gradient, and there exists a function @; such

that
Vi, =T +E(Bo)Vsi = Y (Bo(r) — E(Bo)) Vti(x — k) + E(Bo) V. (4.39)
kezd

Since s; is Z%periodic, we deduce from (4.39) that
V; is stationary and E </ Vf}i) = 0. (4.40)
Q

We then compute, using (4.33) and (4.34),

~div(Aper V) = > —div(Aper VEi(- — k) (Bo(r) — E(Bo))
kezd
—diV(ApeTVSi)E(Bo)

= Z div (Cper]lQ-i-k (Vw? + 61)) (Bo(Tk) — E(Bo))
kezd
+div (Cper (V) + €;)) E(Bo)
= Y div (Cperlger Bo(mi) (Vi +¢7)) . (4.41)
kezd
Because of (4.35), (4.41) implies
~div(Ape, V3;) = div (boCper (Vo + €;)) . (4.42)
It follows from (4.40) and (4.42) that 0; solves (4.15). As (4.15) has a solution unique
up to the addition of a random constant, we obtain
Vo) =Vi; = Y (Bo(mi) — E(Bo)) Vii(z — k) + E(Bo) Vs;. (4.43)
keZd
We deduce from (4.35) and (4.43) that
E(BoVe)) = > > 1ouE(Bo(m:)(Bo(k:) — E(Bo)))Viti(- — k)

kezd lezd

B()))2 Z 19+ Vs;

lezd

= > Y 1gucov(Bo(ra), Bo(m) V(- — k) + )2 1o Vsi,

kezd lezd lezd
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and then that

1GE(boVo)) =Var(Bo)Vti+ Y cov(Bo(-), Bo(rs)) V(- — k)
kezd\{0} (4.44)
+ (E(Bo))*Vs;.

We conclude by inserting (4.36) and (4.44) in (4.27).
O

Theorem 4.2 (and its two corollaries) are only of interest if E(bg) # 0. Indeed, if
E(by) = 0 it only states that A} = Ay, + o(my).

The prototypical case where Theorem 4.2 does not provide valuable information is the
case studied in Chapter 3: by(z,w) = > 74 ]lQJrk(a:)Bﬁ(w), where the Bf; are indepen-
dent identically distributed variables that have Bernoulli law with parameter 7, i.e are
equal to 1 with probability  and to 0 with probability 1 — 7. Then, using the notation of
Theorem 4.2, b% = by, my = /N and by = 0, and we only get Ay = A7, + o(,/n) (while
Section 3.5.1 of the Appendix of Chapter 3 shows that there exists a tensor A} such that
Ay = Ap.. +nA7 + o(n) at least in dimension one). Omitting the dependence on the
space variables since by, is uniform in each cell of Z% in this particular setting, a suitable

b"]

functional space F' on €2 to obtain a non trivial weak limit of Tonls would be L!(Q) for the

norm of each Bf; in L'(Q) is equal to 7. The Dunford-Petti weak compactness criterion

in that space is however not satisfied by b1 The reason is of course that —— =
||bn||L1(Q) ||bn||L1(Q)
converges in the set of bounded measures to a Dirac mass. The techniques used in the

proof of Theorem 4.2 and its two corollaries thus do not work in this setting.

The above considerations somehow suggest that an alternative viewpoint might be
useful. Because of (4.7), the image measure dP, of b,(z,-) converges to a Dirac mass
in the sense of distributions. Our alternate approach, related to our work in Chapter 3,
consists in working out an expansion of the image measure (or of the law), rather than an
expansion of the random variable. As in Chapter 3, our manipulations are mostly formal.
Some rigorous foundations, in specific settings, are provided in the Appendix.

4.3 A formal approach

4.3.1 A new assumption on the image measure

For simplicity, we assume as in Corollary 4.4 that b, is uniform in each cell of 7%, and is
of the form

by(w,w) = Y Tger(2) BE(w), (4.45)
kezd

where the Bf; are independent identically distributed random variables, the distribution
of which is given by a "mother variable" B,,. For convenience we slightly modify (4.29)
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and require

36> 0,9 > 0, || Byll o) < M —¢ (4.46)
| Bnllz2(0) n—;g ~ (4.47)

Assumption (4.46) is a technical assumption which implies in particular that for every
n > 0, the image measure dP, of B, is a distribution with compact support contained
in the open set | — M, M[. Of course the specific values of M and ¢ have no particular
significance. Throughout the sequel we denote by £'(] — M, M|) the space of distribu-
tions on R with compact support in | — M, M|, and by (T, ) the action of a distribution
T € &(] — M, M]|) on a test function ¢ € C®(] — M, M[). Basic elements of distribution
theory are recalled in Section 4.5.1 of the Appendix, for convenience of the reader not
familiar with technical issues.

Because of assumption (4.47) and Lebesgue dominated convergence theorem, it is clear
that for every ¢ € C*°(] — M, M),

E(p(By) — ¢(0).

n—0+

Since E(¢(By)) = (dP,, ¢) and ¢(0) = (o, p) where dg is the Dirac mass at 0, dP, con-
verges to dg in &'(] — M, M|).

This leads us to assume that dP, satisfies
dP, = 0o + ndP; + n*dPy + o(n?) in &'(] — M, M]), (4.48)
which is equivalent to
Vo € C(] = M, M[), E(p(By)) = (dPy,¢) = ¢(0) +1(dPy1,¢) +17°(dP2, ) + o(n?).

Of course dP; and dP, also have a compact support contained in | — M, M[: for every
test function ¢ with compact support in R\[-M + &, M — ¢, it holds for all n > 0

(dPy, ) = E(p(By)) = 0= n{dPr, ¢) +17°(dP2, ) + (1),

which yields (dPy, ) = (dPs, ) = 0. Then the supports of dP; and dP, are contained in
[—M +e, M —¢] C]— M, M]|.

Denoting by M’ = M — /2, we deduce from Proposition 4.13 of the App_endix thzit
there exists a constant C' > 0 and integers p; and po (namely the orders of dP; and dP,
respectively) such that

_ dn

Vo € CF(] — M, M[), [{dP1,¢)] <C  sup  sup |——(s)|, (4.49)
s€[-~M’",M'] 0<n<p, | ds
0 D d"

Vo € OF( = M, M[), {dPy, )| <C  sup  sup |—2(s)) . (4.50)
z€[-M’,M') 0<n<py | @S



4.3. A formal approach 123

Let us now give some additional motivations underlying assumption (4.48).

The first motivation is related to our work presented in Chapter 3 in which B, has
Bernoulli law with parameter 7, meaning that it is equal to 1 with probability n and 0
with probability 1 — 7. Then the image measure dP, is equal to dg + 1n(d1 — dp), so that
it satisfies (4.48) exactly at order 1 with dP; = §; — do.

The second motivation comes from the following result, which shows that there is an
easy way, used in our numerical experiments, to build perturbations satisfying (4.48).

Lemma 4.5. Consider B a random variable in L3(Q). Let K be a positive real, and define
By, = nBl,g<k- Then By, which obviously satisfies (4.46) and (4.47), also satisfies
(4.48) with

2
P, = 5y — nE(B)d} + %E(BQ)(sg +O®P) in £'(R). (4.51)

Proof. Let us denote by dP the image measure of B, and consider ¢ € D(R) (i.e ¢ € C*(R)
and has compact support). Then

(P, ) = /| P+ (0 /| e (4.52)
ns|< ns|>
Z{/ﬂmMP+/ (p(0) — o(ns))dP. (4.53)
R Ins|>K

Since B is in L3(12),

/ dP = O(n%),
[ns|>K

and thus, ¢ being a bounded function,
(dPy, @) = /Rw(nS)dPJrO(n?’)-
Then, since ¢ € D(R), there exists C' > 0 such that

2
veep |P) = @(0) - ns¢’ (0) — L-s20"(0)

Again using B € L3(Q), this implies that

[ o) — p(0) ~ s/ (0) = 520" O .
R n

2 70

which is just a rewriting of (4.51) since / dP =1, / sdP = E(B) and / s2dP = E(B?).
O

Before exposing our approach in this new setting, we prove the following elementary
result which we will often use in the sequel:
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Lemma 4.6. It holds (dPy,1) = 0 and (dP,,1) = 0.

Proof. It holds on the one hand (dP,,1) = 1 since dP, is a probability measure, and on
the other hand

<dP177 1> = <507 1> + 77<dp1> 1> + 772<d]52’ 1> + 0(772)
= 1+ n<dp1a 1> + 772<dp27 1> + 0(772)a

so that the conclusion follows.

4.3.2 An ergodic approximation of the homogenized tensor
3. 517

55 5% N being for simplicity

Let us consider a specific realization @ € Q of A, in Iy = [—
an odd integer, and solve the following “supercell” problem:

_div (An(m,dj)(v ”N“+ez)> =0 inly,

) (4.54)
w™¥ (NZ)? — periodic.
Then we have
1
e, o= Jim B ([ Ao u e ve))dr 053)

The proof of (4.55) is given in Chapter 3. We only outline it here for convenience. We
know from Theorem 1 in [22] that

1 N
Nd /IN Ay(2,0) (Vw?N () + €;) da converges to Ale; almost surely in & € Q. (4.56)
1 N
Since Nd Ay (2, @) (Vw!™M(z) 4 e;)da is the periodic homogenization of A, (z,&) on

Iy, it is also well known that for all (i, 5) € [1,d]?,

N4 (/ = “’)d‘””re@ o= / Ay, &) (V" (@) + ) - ejda

, (4.57)
< Nd (/IN An(x,d))dx> ei - ej,
so that for all N € 2N + 1, for all » > 0 and for almost all © € ,
v | N(2) + ) - egde| < B, (158)

where (3 is defined by (4.9). Using (4.58) and the Lebesgue dominated convergence theo-
rem, we can take the expectation in (4.56) and get (4.55).

Remark 4.3. The same result holds for homogeneous Dirichlet and Neumann boundary
conditions instead of periodic conditions in the definition of w?’N’w (see [22] for more
details).
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For convenience, we label the unit cells of Iy from 1 to N¢. The k-th cell is denoted
by Qg, for 1 <k < N A given realization A4, (z,&) can then be rewritten

Nd
Ay(z,0) = Aper(z) + Z 1g, (2)5kCper(@),
k=1
with s = Bf; (@) for all k € [1, N9]. The BZ; (@) being independent random variables, the
Nd
joint probability of the N%-uplet (s1,--- ,sya) is simply the product H dP,(sy).
k=1

Remark 4.4. The approach exposed in the sequel also works, with minor changes, for ran-
dom variables which are not independent but correlated with a finite length of correlation.
We present it in the independent setting for simplicity.
Nd
We now define A% *nd = A0, + Z 1, 51Cper for (s1,--- ,sya) € [ M, M]Nd- We
k=1
denote by wiS PN the solution of the i-th cell problem for the periodic homogenization
of A%1»®nd on I, that is

yoe

— div (A817~--75Nd (wal""’sNd + Cz')> =0 in[N’

81,58 nd d s (4.59)
w, (NZ)® — periodic.
Then, defining
1
A;’Nei = WE </I An(x,w)(Vw?’N’w(:r) + ei)> dx, (4.60)
N
we have
d
* N ]. 81 e S d 81’... 78Nd N
ANei= 5 | A SN (Vw; +ei) ) [T dP(se). (4.61)
R In k=1
It is proved in Lemma 4.14 of the Appendix that Vwisl’m "N ig 2 C% function of (51, ,Snd)

in|—M, M[Nd. Thus, since dP; and dP, have compact support in | — M, M| (as well as &g

. . . 81, S nrd .
of course), we can make these distributions act on A% *~¢ and Vw, "N as functions

of (s1,--+,sNd).

It follows from (4.48) that

Nd Nd Nd Nd
[T aPy(se) =[] So(se) +n>_ dPi(s) [ dolse)
k=1 k=1 =1

k=1,k#l
772 N N4 - - Nd
+ 5 Y>> dPi(s)dPi(sm) [ do(sk) (4.62)
=1 m=1 k=1,k#£{l,m}

Nd Nd

+m? > dPs(st) [ do(se) +on(n?) &' (|- M, MM
=1 k=1,k#l
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We stress that the remainder ox(n?) in (4.62) depends on N, hence the notation.

Moreover the products (4.62) are to be understood as tensorized products: we work
in £() = M, M[) @1 £'(] = M, M[) @3 - ®ya_y E'(] = M, M[) C £'(| = M, M[N").

Inserting (4.62) in (4.61), we obtain the following second-order expansion
AN = AGN 4 AN + 2 ASY on (n). (4.63)

Before making the first three orders in (4.63) precise, note that (4.55), (4.60) and
(4.63) imply

Ar = lim (A;‘;’N 4 AN 2 AsN 4 oN(n2)> (4.64)

N—oo

In the sequel we exchange in (4.64) the limit in N and the series in 7 in order to guess
a second-order expansion of A} depending only on 7. Since we are not able to justify this
permutation, our approach is formal.

We now detail the first three orders in (4.63).

First, we notice that for i € [1,d],

Nd
AV = Nd<II50(Sk)v/I At (V! SNd+€i)>
k=1 N

1
= i | ATV e
N
1
- /] Aper (V0 + ¢5)
N

*
= A €i,

per

which obviously gives the zero-order term expected for A;. Then

Nd N¢
* 1 — 81, 4,8
Al’Nei: —Nd E <dP1(Sl) H 60<3k),/ A517 78Nd(vwi17 S nd +€i)>- (4.65)
=1

k=1,kl In

) sSNd

It is easy to see that, by (NZ)%periodicity of wfl ,
Nd
<dP1<sl> TT dotse). [ ammme (v 4 >>
k=1,k#l In

does not depend on [. The expression (4.65) can then be rewritten

ArNe, = <dP1(s),/ Asﬁo"vo(vmfvov“*o+ei)>. (4.66)

Iy
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We change the notations for convenience, and define, for s € [—-M, M],

A?O - As,O--- 0 = Aper + S]lQCpera (467)

1,5,0,N 0, ,0 .
7 = w7 solution to

and w
—div (Af’o(Vwil’s’o’N + ei)> =0 inly,
(4.68)

wil’s’O’N (NZ)? — periodic.

The matrix A‘i’o corresponds to the periodic material with a defect of amplitude s

il’s’O’N is the i-th cell solution for the
. . $,0 . 1,5,0,N 5,0,

periodic homogenization of A} in Iny. Since w, = w;

function of s €] — M, M]|.

located in @ (i.e at a position 0 € Z% in Iy), and w
0, it is of course a C*°

With these notations, we find that
ArNe; = <d]51(s),/ A0 (Vw4 ei)> : (4.69)
In

For the second-order term, we first define the set

N-1N-1]¢
The cardinal of 7y is of course N¢, and U {Q+k}=In.
keTn
For (s,t) € [-M, M]? and k € Ty, we define
ASPOR — A 4+ 519Cher + 111 1Cher, (4.71)
and w>*"""N golution to
— div (A3 H (VP O g e)) =0 indy,
2 (Ve ! (4.72)

wi2737t707k7N (NZ)d . periodic.

The matrix AZ’t’O’k corresponds to the periodic material with two defects of amplitude
s and t located in Q and Q + k (i.e at positions 0 € Z% and k € Z% in Iy) respectively.
The function w?’s’t’o’k’N is the i-th cell solution for the periodic homogenization of Ag’t’o’k

in Iy. It is a C* function of (s,t) €] — M, M[2.

Then computations similar to that presented for the first order yield

* 1 = = s S
ANe; = 3 > <dP1(s)dP1(t), / ASPOR (G2 sbORN Lo >

+ <dP2(s),/ AT’O(Vwil’S’O’N + ei)> .
In

A setting with zero, one and two defects is shown in Figure 3.2 of Chapter 3 in the
two-dimensional case of a reference material Ay, consisting of a periodic lattice of circular
inclusions.
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Remark 4.5. [t is illustrative to consider the particular case where the random variable
By, has a Bernoulli law. This is the case treated in Chapter 3. Then, expansion (4.48)
holds exactly with dP, = 61 — 8g. The distribution dPy and all other terms of higher order
identically vanish. The expressions (4.69) and (4.73) then coincide with (3.28) and (3.29)
in Chapter 3.

In the next section we prove that AT’N converges to a finite limit when N — oo.

The case of the second-order term A;’N, which is also proved to converge, is discussed in
Section 4.3.4.

4.3.3 Convergence of the first-order term

We study here the convergence as N goes to infinity of AT’N defined by (4.69).
Proposition 4.7. The sequence Ay{’N converges in R*? to a finite limit A when N — oc.
Proof. We fix (i,7) € [1,d]? and study the convergence of AT’Nei -ej.

Using (4.68) and the adjoint problems defined by (4.20), we first obtain, for all
€ [-M, M|,

/ A?O(vwil’&()’N + ei) . ej _ / Ai,o(vwilysyo,]v =+ ei) . (ej + VUNI]O)

IN [N

Then, letting the distribution dP; act on the left and right-hand sides, and using (4.69),
we find that

ANe; ej = <d]51(5),/ A0 (Tw! SN ) - (e + vuv;?)>. (4.74)

In

Because of the definition of A5

/ Ai’O(V 1 ,8,0,N 4 ez) (ej + VUNJE]) = / Aper(vwl ,5,0,N + 62) (ej + VIT)E))
5 I (4.75)
+ /Q SCper(le SON o ei) - (ej + V@?).

Next, using (4.20),

Aper(Vwy* N + ) - (ej + Vi) = / (Vw; >N +e;) - AL (e + Vi)
In In (4.76)
= / e; - AZ);T(GJ‘ + VIDE])

Iy

We know from Lemma 4.6 that (dP;, 1) = 0. Thus

<dP1(s),/ e AL (e + Vi )> ~0. (4.77)

Iy
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Collecting (4.74), (4.75), (4.76) and (4.77), we get
A?Nei c€j = <dP1(3)7/ SCper<vwi1’S’07N + ei) ’ (ej + V’lf)?)> : (4'78)
Q

We now define

1,s,00N _  1,5,0,N 0

1,s,0,N
%

q solves

)

~div (Aivovq.lv&o’N) = div(s1oCher (V? + ¢;)) in Iy,
(4.80)
g "N (NZ)? — periodic.

Using (4.79) in (4.78), we rewrite
AT’Ne,- ey = <sd]31(s), /Q Cper (VW) + €;) - (ej + Vu??)>
+ <dP1(s), /Q ster(til’s’O’N +e;) - (ej+ Vd)?)> . (4.81)
The rest of the proof consists in showing that
<dP1(S), /Q $Cper (Vi "N + €5) - (e + Vﬁ}?)> ,
which is of course equal to
<sdz51<s>7 /Q Cper (VO 4 €) - (e + vw?>> ,

converges to a finite limit when N — oo.

More precisely, defining
Vs e [-M,M], VN € 2N + 1, fN(s) = / Cper(tiLs’O’N +e;) - (e + Vu??),
Q

we will prove that the sequence fV and its derivatives converge uniformly, when N goes
to infinity, to a limit function f°° and its derivatives.

Applying Lemma 4.15 of the Appendix to (4.80), we obtain that for all s € [-M, M],

1,5,0,N . 1 1 .
Vg, SO0V converges in L2(Q), when N — oo, to ti,s,o,oo7 where qi’s’o’Oo is a L2 (R%)

function solving

(2

— div (Ai’OVql’s’O7°°> = div(s1gCher(Vu? + ¢;)) in R, s

Vg™ e LA(RY).
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Moreover, arguing as in the proof of Lemma 4.15 (given in Chapter 3, see Lemma 3.6),

it is easy to see that for all n € N and all s € [-M, M], vagq}’s’O’N converges in L?(Q)
n 1,5,0,00
to VOiq; :

We then define f*° by
Vs e [-M,M], [*(s) = / Cper(Va; ™ + €1) - (e + V).
Q

Because of (4.121) and (4.122) in Lemma 4.16 of the Appendix, and using a classical
result of differentiation under the integral sign, it is clear that

)

¥n € N, Vs €] = M, M[, ——f"(s) = /Q Crer (VTGN + ) - (e + Va?),
and

)

dYL
Vi € N,Vs €] = M, M[, 5 f(s) = / Coer (VOG0 4 1) - (5 + V0.
Q

The convergence of Va7q """ to Varq > in L2(Q) for every n € N thus yields

T vy 4

Vn € N,Vs €] — M, M], JHm @fN(s) = f2(s). (4.83)

On the other hand, we deduce from Lemma 4.17 that there exists a constant C(p1, M)
(recall that p; is the order of dP;(s)) such that for all n € [0, p1],

dn dn
V(s,s') €] — M, M[>,¥YN € 2N + 1, |%fN(s) - @fN(s’)] < C(p1, M)|s — §'|. (4.84)
It is straightforward to see that (4.83) and (4.84) imply that
dn dn
V0 <n <py, d—an converges uniformly to d—nfoO in]— M, M]. (4.85)
s s

It follows from (4.49) and (4.85) that
(sdPy(s), [ (s)) — (sdPy(s), f¥(s)),
and then

<dpl(8)a/ 5Cper(Vg; "N +€i) - (e + Vw?)>

Q (4.86)

— <d]51(s),/ $Cper (Vg "0 4 ¢;) - (e + Vﬁ)?)> :
Q

N—oo

Collecting (4.81) and (4.86), we conclude that AT’N converges to a limit tensor A%
defined by

V(i,j) € [1,d]?, Aje;-ej = <8d131(8),/ Cper (Vi +¢) - (¢j + vw§)>

Q (4.87)

i <dp1(5),/ sCher (W}S’Om + €i> (ej + Vzb?)> :
Q
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4.3.4 Convergence of the second-order term

We study here the second-order term of (4.63), namely A;N given by (4.73).
Proposition 4.8. A;’N converges to a finite limit A% in R¥¢ when N — oo.
Proof. We fix (i,5) € [1,d]?.

In (4.73), the term <d]52(5), fIN A‘i’o (Vw}»s,O,N + ei)> is shown to converge to a finite

limit exactly as in the proof of convergence of AT’N given in Proposition 4.7. Therefore it
is sufficient to focus on the term

* 1 D D s s
ByNe; = 5 > <dP1(s)dP1(t), / AP0k (250N e > (4.88)
kETN\{0} In

In order to show that B;’N and then A;N converge, we proceed in four steps.
Step 1. Rewriting of B}

Using the adjoint problems, we obtain, exactly as in the proof of (4.78) in Proposi-
tion 4.7:

B;’Nei cej = (4.89)

1 _ _ s s

5 2 <dP1<s>dP1<t>7 / Cher (s1Q + tlgyr) (VwP 0N 4 e)) - (V) + ej>> ‘
keTn\{0} In

Let us define

2,s,t,0,k,N 2,s,t,0,k,N 1,s,0,N
i = w; - W -

wil’t’k’N + w?, (4.90)

where w

[Ag)
(2 (2

1,t,k,N w_l,t,O,N(‘ o k;)

The role of q?’s’t’o’k’N is to compare the cell solution w?’s’t’o’k’N with two defects located

at 0 and at k € 7y to the sum of the one-defect solutions w3’570’N Z-l’t’k7N
periodic background w{. We expect this difference to decay sufficiently fast far from the

defects.

and w minus the

2,5,4,0,k,N

Note that ¢; solves

— div (Agvtvov’“vqf”vovw ) = div(s1gCpe, Vg, ")
+ div(tl g £ Cper Vg, * ") in Iy, (4.91)

)

¢SO N (N7) — periodic.

It follows from (4.79) and (4.90) that

2,8,t,0,k,N

1,5,0,N 1,t,k,N 2,8,t,0,k,N
i ; : (4.92)

w =w +¢;""" + " 4 g
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1,tk,N 1,t,0,N
where ¢; =gq; (-

(2

— k). Inserting (4.92) in (4.89), we obtain

* N o
Byeiej =

< dPy(s)dPy(t / Cper (519 + tlg k) (Vi + ¢;) - (Vw +e])>
n\{0

l\')\»i

1
+ =

9 < dP1 / Cper S]IQ 4 t]lQ+k:) (VqZLS,O N v 1,t,k N) (v ~0 +e )>(493)
keTn\{0}

1
2

> <d]51(s)d151(t), / cpw(sn@+th+k)vq§vS¢v°7’“N-(vw§?+ej)>.
keTw\{0} I

We know from Lemma 4.6 that (dPy,1) = 0. This implies that

<dP1(s)dP1 (t),/I Cper (s1g + thgii) (V) + €;) - (V) + ej)> =0. (4.94)

Still using (dP;,1) = 0, an easy computation yields
D D »Ss 7N ) 7k N "
<dP1(s)dP1(t), /I Cper (s1g + thgyr) (Vg 0N + Vg oY) - (Vi + ej)>
N

= (sdPy(s), <dP1 / Cper VY. (vwg?+ej>> (4.95)

+ (sdPy(s),1) <d]51(3), / CperVa; 0N - (Vi) + ej)>.
Q+k

Since q1 5.k N qil’S’O’N(o — k), and u?;-) is Z%-periodic, we have

/Cpervq“” (V) + e;) = / Cper V0N - (V) + ¢;).

By definition of 75, we know that

(4.96)

U{@+r=J{Q-k =1y,

keTn keTy
so that

/ Cper Vg, “ 0N (Vi) +ej) = > / Cper Vg "N (Vi +e;). (4.97)
keTy\{0} Y @K keTn\{0} @~

Substituting (4.96) in (4.97), we have

/ Coer Vg N (Va0 + ¢;) = / Coer Vg™ N (Vi 1 ¢;). (4.98)
keTn\{0} 7@tk

keTn\{0}
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Using (4.94), (4.95) and (4.98) in (4.93), we finally obtain the more convenient expres-
sion:

ByNei-ej = (sdPi(s),1) Y. <d]31(s), / cpervqjvSv’“’N-(vwg?+ej)>
Q

1 k€T \{0} (1.99)
+ 3 Z <dp1 (s)dPy (t),/ (s1gCper + tLg11Cher) Vq?’s’t’o’]“N ) (V/LD? + €j)> )
keTy \{0} In
Defining
Dy= > <d]51(s),/ Crer VPN - (Vi + ej)> , (4.100)
keTn\{0} Q

and, for all &k € Ty\{0},

Ek = <d151(s)d151(t), / (s1QCher + Lok Cher) Vi PN - (V) + ej)>, (4.101)

In

we have

* _ 1
ByNe; - ej = (sdPy(s),1) Dy + 5 > E. (4.102)
keTn\{0}

Intuitively, Dy is a “one defect” term and E]]i, a “two defects” term. In the next two
steps we are going to prove that Dy and ZkeTN\{o} E]’i, converge to finite limits as N — oo.

Step 2. Convergence of Dy

It readily follows from (4.100) that
Dy = <d]51(s), / CperVa; N - (V) + ej)>
Q

- <dP1<s>7 /Q Coer V"N - (V0 + 6f>> 7

where we have denoted by qil’s’N = qil’s’k’N.
keTn
. . . 1,5,k,N . . - 1,5,0,N ;
As detailed in Chapter 3, since g; is obtained by a k-shift of g; , we notice

that qi1 =N g a Z%-periodic function, unique solution up to the addition of a constant to

— div (ApeTtil’s’N) = div(sCper (VW + €;))
+div (519 Va ™) Q. (4.103)

— periodic.

1,s,N rpd
q; 7
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We know from Lemma 4.15 that for every s € [—M, M], qu»l’s’()?N converges in L%(Q)
to til’s’o’oo defined by (4.82). This readily implies that for every s € [-M, M|, til’s’N
converges in L2(Q) to til’s’oo, where qil’s’C>O solves

—div (Apertil’s’oo) = div(sCper (V) + €;))

+ div (ancpervq}’S’O’w) in Q, (4.104)

1,5,00 rpd
q; 7

Arguing exactly as in the proof of Proposition 4.7, we finally find that

Dy — <d]51(s),/Cperti1’s’°°-( w?+€j)>
Q

— periodic.

—00

- <dP1<s>» / Coer V" - (V) + €j>> |
Q

Step 3. Convergence of Z E%
keTy\{0}

We first define the adjoint problems to (4.80) and (4.91) respectively by

— div ((AivO)Tvq;@OvN) = div(slqCL, (Va) +¢;)) in Iy, 105)

g;* " (NZ)* - periodic,

_div ((ASJ,OJC)Tvq]?,S,t70,k,N> _ diV(S]lQCZ;Tvqjl-’t’kyN)
+div(tloskCle, Vi " ™Y) inIy,  (4.106)

(j?’s’t’o’k’N (NZ)% — periodic,

with cjjl-’t’k’N = cj;’t’o’N( — k). In what follows we also use the notation Ai’k = AV — k).

Now, using integration by parts, (4.105) and the definition of A;’t’o’k, we compute
/ Cper (S]IQ + t]lQJrk) vq?,s,t,o,k,N . (Vﬂ}? 4 ej)
In
2,5,6,0,k,N 1. - -
= /[ g’ div (C’;;,, (S]lQ(Vw? +e;) + t]lQ+k(Vw? +¢€;)))
N

— _ / qusyt’oyksziV ((Ai)O)Tvq";:szo’N + (Ai:k)Tv(']";>t7k7N)
In

(2
0w 2,56,0,kN  ~1,5,0,N the 2,560kN <Ltk N
:/ (A‘i Vg™ V@ + ATV g - Vg, )
In
10,k 2,560,k N 1,5,0,N 1tk N
:/ A;vv ) vqi7577 sy . (vqj s _’_vq] )

In

2,8,t,0,k,N ~1,5,0,N ~1.t,k,N
_ qu s . C;j);r (t]}_Q+kVQ] s + S]Iquj ) .

In
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Using then (4.91), (4.106) and integration by parts, we obtain

/ Cper (sl + tlgex) Vg™ PN (V] + ;)

In

= —/ CpeT <S]IQti1,t,k,N _‘_t]lQ_‘rkvqil,s,O,N) . (V(j}’s’o’N + V(j;’t’k’N>
In

$,t,0,k 2,s,t,0,k,N ~2.5,t,0,k,N
N

Thus E¥ defined by (4.101) can be rewritten

By — — <d151(s)d151(t), / Cper (s1QVay PN + 110470V ) - (VG0N + W}’”‘“N)>
In
D D b 707k 27 K 707k7N ~27 b 707k7N
+<dP1(s)dP1(t),/IN AFHOEg gt AV > (4.107)

: k- 1,k 2,k
For convenience we part EY; into E" + Ky~ where

ENF = - <dP1(s)dP1 (t), /

Iy

Cror (Sﬂquil,t,k,N N t]lQ+qu}’S’O’N) , (Vq;,s,o,N n vq;,t,k,N>>’

(4.108)
and

By = <dpl<s>dpl<t>, AGHORg gt R va‘?’s’t”’”> : (4.109)

In

We are going to prove that the series } ;7.\ (0} E]l\,k and 3 cr\ oy Ejzvk are converg-
ing when N goes to infinity.

Step 3.1. Convergence of Z E}Vk

keTn\{0}
Using the fact that qil’t’k’N = qz»l’t’o’N(‘ — k) and (jjl»’t’k’N = (jjl-’t’O’N(- — k) in (4.108), a

simple calculation shows that

> OBy = 2 ) <dﬁl<s>dﬁl<t>, / cperquz’“’““-vq;’s’O’N>
Q

keTn\{0} keTy\{0}

—2(tdPy(t),1) Y <d]51(3),

1,s,0,N ~1,5,0,N
CpersVg; . qu > .

kETx\{0} Ak
Then, recalling that qil’t’N = Zk’GTN qil’t’k’N, it comes
S B =-2 <dP1(s)dP1(t), / CpersVa Y - vqjvs’O’N>
keTn\{0} Q
+2 <dP1(s)dP1(t), / CpersVig "N . vq;’s’°7N> (4.110)
Q

— 2(tdPy(t),1) { dPy(s), / Cher Vg O 50
IN\Q
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The proof of Proposition 4.7 is then easily adapted to show that

> BV & —2<d]31(s)d]51(t), / Cperqu}’t’“.vqj’5’°7°‘°>
keTn\{0} - Q

+2 <d]51(s)d]51 (t), / ChersVa 0. vq;7570’°°> (4.111)
Q

—_ 2<tdp1(t)7 1> <dp1(s)7/ Cperqu37870700 3 vqu78707oo> )
RNQ

Step 3.2. Convergence of Z EJQVk
keTn\{0}

We do not give here the detailed proof of convergence for it consists of long technical
computations. The core of the proof is essentially the same as that of Proposition 3.4 in
Chapter 3. We content ourselves with presenting the main ingredients.

Following the proof of Lemma 4.15 (given in Chapter 3, see Lemma 3.6) applied
to (4.91) and (4.106), we first note that for all (s,¢) € [—-M, M]?, 17, V@@ *" """ and

]lINVQ’?’S’t’O’k’N converge in L?(R?) to Vq?’s’t’o’k’oo and V(’]’?’S’t’o’k’oo respectively, where

2,s,t,0,k,00

q; isa L2 (R?) function solving

—div (Ag’tﬁo’kvqfvsvt’ovm) = div(s1gCper Vg, )
+ div(tlgi 1 Cper Vg, ®0™) inRY,  (4112)
vqi278,t70,k3700 e LQ(Rd)’

and d?"g’t’o’k’oo solves the adjoint problem to (4.112).
This implies that for all (s,t) € [-M, M]?,

s,t,0,k 2,s,t,0,k,N ~2,5,t,0,k,N s,t,0,k 2,s,t,0,k,00 ~2.5,t,0,k,00
/ Ay Vg, -V — A"V -V(; . (4.113)

In N—oo JRrd

Convergence (4.113) can be differentiated indefinitely with respect to s and t. Arguing
as in the proof of Proposition 4.7 (which requires first to adapt Lemma 4.17 to address
the “two defects” setting), we actually prove that all these convergences are uniform in
[—-M, M2

It then follows from (4.49) that

B3 — <dP1(s)dP1 (t),/ Ak st Ok Vq~j?,s,t,0,k,N>

In

(4.114)
— Egg)k = <d]51(8)dp1(t),

N—oo

t,0,k 2,5,t,0,k,00 ~2.5,t,0,k,00
A577 ) qu LU Ry ‘VQ'7 LU, Ry >

2 i J :
Rd
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Using (4.131) in Lemma 4.18, we easily prove that the series >, 7a (o) E%F is abso-
lutely converging.

We finally conclude, as in the proof of Proposition 4.8 in Chapter 3, and using (4.128)

in Lemma 4.18, that
k k
> B~ ) EX
keTn\{0} keza\{0}

We have thus shown in Steps 3.1 and 3.2 that > o7\ (o) E}Vk and > per\ (o) Ejzvk

converge when N goes to infinity. Since E]’i, = Ejl\,k + EJQ\,]’C we deduce that ZkeTN\{O} Ejli,

converges.

Step 4. Conclusion

We have shown in the previous steps that the sequence Dy and the series ZkeTN\{O} Ejli,

converge when N — oo. Using (4.102), this implies that BS’N converges in R4*? and then

that AS’N converges in R4,

O]

4.4 Numerical experiments

The purpose of this section is to assess the numerical relevance of the approaches of
Sections 4.2 and 4.3. To this end we build and homogenize stochastic composite materials
using laws that satisfy the assumptions of these sections. Our motivations are not strictly
identical for the two approaches. In contrast to the first approach which relies on a rigorous
proof, our second approach is formal and we thus need to demonstrate its correctness
experimentally (note that the tests performed in Chapter 3 in the Bernoulli case are
already to be considered as a component of the validation of the approach). We wish
to check that the expansions derived in Sections 4.2 and 4.3 provide an accurate and
efficient approximation to the direct stochastic computation. Due to the prohibitive cost
of three-dimensional random homogenization problems, we restrict ourselves to the two-
dimensional setting. We first explain our general methodology, which is the same as that
presented in Chapter 3, and then make precise the specific settings.

4.4.1 Methodology

We mainly consider as in Chapter 3 a reference material Ay, that consists of a constant
background reinforced by a periodic lattice of circular inclusions, that is

Aper(z1,72) =20 x Id + 100 > Lp 0.3 (21, 22) x Id,
kez?

where B(k,0.3) is the ball of center k and radius 1. Loosely speaking, the role of the
perturbation is to randomly eliminate some fibers:

Cper(l’l,fﬁg) = —100 Z ]lB(k’O_g)(xl,l’Q) x Id.
kez?
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We will also, in our last test, consider a laminate

Aper(z1,22) =54+ 10> Ljg, <1 (21, 22),
leZ

with the perturbation yielding an error in the lamination direction:

Cpm.(arl, 332) = 102 ﬂl§12§l+1(x17 x2> X Id — 10 Z ]llgxlglJrl (a:l, 3:2) X Id.
leZ leZ

For both materials (shown in Figure 3.3 of Chapter 3), we have chosen the values of
the coeflicients in order to have a high contrast between Ay, and A,e, + Cper and thus for
the perturbation to have an important impact on the microscopic structure. The specific
values of these coefficients has no other significance.

We will consider different perturbations by, all of them satisfying (4.45) with the Bf;
independent and identically distributed.

Our goal is to compare A} with its approximation A7, + nAT’N + nQA;’N. A major
computational difficulty is the computation of the “exact” matrix A} given by formula
(4.11). Tt ideally requires to solve the stochastic cell problems (4.10) on R?. To this end
we first use ergodicity and formula (4.55), and actually compute, for a given realization w
and a domain Iy chosen here to be [0, N]? for convenience, A;’N(w) defined by

1

AN o
K (W)ez Nd In

Ay (2, w) (VW™ (z) + ;) da. (4.115)
In a second step, we take averages over the realizations w.

For each w, we use the finite element software FreeFem++ (available at www.freefem.org)
to solve the boundary value problems (4.54) and compute the integrals (4.115). We work
with standard P1 finite elements on a triangular mesh such that there are 10 degrees of
freedom on each edge of the unit cell Q.

We define an approximate value A}‘}’N as the average of A:;’N(w) over 40 realizations w.
Our numerical experiments indeed show that the number 40 is sufficiently large for the
convergence of the Monte-Carlo computation. We then let N grow from 5 to 80 by steps
of 5. We observe that A;;’N stabilizes at a fixed value around N = 80 and thus take A:;’SO

as the reference value for A} in our subsequent tests.

The next step is to compute the zero-order term Aj.,, and the first-order and second-
order deterministic corrections. Using the same mesh and finite elements as for our refer-
ence computation above, we compute A%, using (4.12) and (4.13). The computation of

per
the next orders depends on the setting:

e in the setting of Section 4.2, the first-order correction is given by (4.17) in Theo-
rem 4.2 and is thus independent of N; since b, is of the form (4.28), we use for-
mula (4.32) in Corollary 4.4 for the second-order correction which depends on N
through the term t; defined on R by (4.33), and which has to be approximated on
In; we let N grow from 5 to 80 by steps of 5;
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e in the setting of Section 4.3, the corrections AT’N and AZ’N are respectively given by
(4.69) and (4.73); we let N grow from 5 to 80 by steps of 5 for AT’N; the computation
of A;"N being far more expensive (there is not only an integral over Iy but also a sum

over the N2 cells in (4.73)), we have to limit ourselves to N = 25 and approximate
the value for N larger than 25 by the value obtained for N = 25.

We stress that there are three distinct sources of error in these computations:

e the finite element discretization error;

e the truncation error due to the replacement of R? with I, in the computation of
the stochastic cell problems (4.10) that are replaced with (4.54), as well as in the
computation of the integrals (4.115);

e the stochastic error arising from the approximation of the expectation value by an
empirical mean.

Detailed comments on these various errors and the way we deal with them are provided
in Chapter 3. We just emphasize, in the setting of Section 4.3, that it is not our purpose
to prove through our tests that

Ay = Aper + AT + 07 A5 + o()
with a o(n?) which would be independent of N, of the number of realizations and of the
size of the mesh. We only wish to demonstrate that the second-order expansion is an
approximation to A} sufficiently good for all practical purposes. We will observe that
both A’{’N and A;’N converge to their respective limits faster than A;;’N to A; (which is
expected since the former quantities are deterministic and contain less information). We
will also observe that A}, + T]AT’N is closer to A} than A7.,. and that the inclusion of the

. . . N N .
second order improves the situation for A% . 4+ nAp" +7n?A5" is even closer.

To present our numerical results, we choose the first diagonal entry (1,1) of all the
matrices considered. Other coefficients in the matrices behave qualitatively similarly. We
illustrate a practical interval of confidence for our Monte-Carlo computation of A} by

showing, for each N, the minimum and maximum values of A;’N(w) achieved over the 40
realizations w.

We will use the following caption in the graphs:

e periodic: gives the value of the periodic homogenized tensor A, ;
o first-order: gives the value of the first-order expansion;

e second-order: gives the value of the second-order expansion;

e stochastic mean, minima and mazima: respectively give the values of A;;’N and the
extrema obtained in the computation of the empirical mean.

Finally, the results are given for various values of 1 which serve the purpose of testing
our approach in a diversity of situations, and in particular for perturbations that are “not
so small”.
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4.4.2 An example of setting for our theory in Section 4.2 (and 4.3)

Consider B, = nG lo<yg<1 where G is a normalized centered Gaussian random variable.
It is easy to check that

B, = nGlo<g<ioo + 0o(n?) in L*(Q),

so that Corollary 4.4 of Section 4.2 applies. Alternatively, we can use Lemma 4.5, which
gives

1
dP, = 60y —n—=0y+ 5+021nE’R,
n 0—1" NG ot 0 () (R)
to perform our formal approach. We verify in Section 4.5.4 of the Appendix that both
approaches yield the same results up to second order.

We show results for the lattice of inclusions and for n = 0.1 and n = 0.2 (Figures 4.1
and 4.2 respectively).

The results are very satisfying for both values of 7. The first-order correction, which
does not depend on N according to Theorem 4.2, enables to get substantially closer to Aj.
Moreover, it is clear (especially from the close-ups) that the second-order correction A;’N
converges very fast (convergence is already reached at N = 5), and in particular much
faster than the stochastic computation ATZ’N. It also provides excellent accuracy.

4.4.3 A first example of setting for our formal approach of Section 4.3

Consider R, a random variable having Bernoulli law with parameter n, and G a normalized
centered Gaussian random variable independent of R,. We define the product random
variable B, = R;) X nG1},g|<1- Then

E(p(By) = E(o(Ry x nGligi<1))

= nE(p(nGlygi<1)) + (1 —n)e(0)
2
= 7((0) + nE(G)¢'(0) + %sO”(O) +o(n*) + (1 —n)¢(0)

3
= @(0) + T¢"(0) + ().
This implies
P, = 6o + 50 +o(n®) in&'(R). (4.116)

In this case we only consider the first-order correction since the dominant order in
(4.116) is already tiny. We present the results in the case of the lattice of inclusions, for
n=10.2,7=0.3 and n = 0.5 (Figures 4.3, 4.4, 4.5 respectively).

Once again, our approach converges rapidly and allows for an accurate approximate
value of A} even for n as large as 0.5.
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Figure 4.1: Inclusions - results for a Gaussian perturbation and n = 0.1. Above: complete
results. Below: close-up on A;;’N and the first and second-order corrections.
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Inclusions - Gaussian - eta=0.2
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Figure 4.2: Inclusions - Results for a Gaussian perturbation and n = 0.2. Above: complete
results. Below: close-up on A;;’N and the first and second-order corrections.
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Figure 4.3: Inclusions - results for perturbation (4.116) and n = 0.1. Above: complete
results. Below: close-up on A;;’N and the first-order correction.
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Inclusions - Bernoulli times Gaussian - eta=0.3
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Figure 4.4: Inclusions - results for perturbation (4.116) and n = 0.3. Above: complete
results. Below: close-up on A;;’N and the first-order correction.
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Inclusions - Bernoulli times Gaussian - eta=0.4

247 i periodic
T --- first order
a2 @ — sgtochastic mean
i > stochastic minima
22,0
el A E A A A AAAAAALLAARA
R <
£ 316 o o o
270 ] < o000 H oo 0 00
= T e e g
.§31.4—/’H— X % ow X X X XX ox XX
Y T e x
2 212 W
£ | X
=
21.0-
20,8
206
: T T T T T T T T T T T T T T T !
1] 10 20 30 40 A0 B0 70 g0
M
Inclusions - Bernoulli times Gaussian - eta=0.4
21496
3144
E T -
o ] -
= 1
a
Z 3142
- 2 :ﬂrstnrder
o 1
= ]
a
™ -
=
E 3140
)
= ]
31,38
2136 T T T T T T T T T T T T T T T 1
] 10 20 20 40 &0 G0 70 g0
M

Figure 4.5: Inclusions - results for perturbation (4.116) and n = 0.5. Above: complete
results. Below: close-up on A;;’N and the first-order correction.
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4.4.4 A second example of setting for our formal approach of Section
4.3

Consider R, a random variable having Bernoulli law with parameter 7, and U a uniform
variable on [0, 1] independent of R,. We define B, = R, — nU. Then

E(p(By) = E(p(R; —nU))
nE(p(1 —nU)) + (1 = n)E(p(—nU))
= (1) —=nEU)¢ (1) + o(n))

so that

dPn =6y +1n (—E(U)(S(l) + 61 — 50)

1

4.117
+n? <—E(U)(5g —8p) + QE(UZ)é”(O)> +o(n?) in&'(R). (L.117)

Notice that this complex case is a mixture of Sections 4.2 and 4.3. The first-order
perturbation is of course only the sum of the first-order perturbations for a Bernoulli law
(Section 4.3 and Chapter 3) and a uniform law (Section 4.2). The interaction of these laws
at order 2, and notably the §] term, is much more involved and requires the computation

23t0kN

of the cross derivatives of w; with respect to s and t at s =0 and t = 1.

We give the results in the case of the inclusions and for n = 0.05, n = 0.1 and n = 0.2
(Figures 4.6, 4.7, 4.8, respectively).

For n = 0.05 and n = 0.1, the results display the same features as in our previous tests
and are very good. The case n = 0.2 is instructive: the second-order expansion signifi-
cantly departs from the "exact" value provided by the direct stochastic computation. Our
interpretation is that, far from contradicting the validity of our expansion in the limit of
small 7, it shows the limitations of the approach. The value n = 0.2 is too large for the
expansion to be accurate in the case of a lattice of inclusions with a high contrast between
the inclusions and the surrounding phase.

Interestingly, a value of 7 twice as large (0.4) provides a very accurate approximation
for another material, as shown by our final test performed on the laminate (Figure 4.9).

Our approach has limitations and deteriorates, like any asymptotic approach, for large
values of 1. The threshold is case dependent. The approach is however generically robust.
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Figure 4.6: Inclusions - results for perturbation (4.117) and n = 0.05. Above: complete
results. Below: close-up on A;’N and the first and second-order corrections.
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Inclusions - Bernoulli plus unifarm - eta=0.1
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Figure 4.7: Inclusions - results for perturbation (4.117) and n = 0.1. Above: complete
results. Below: close-up on A;;’N and the first and second-order corrections.
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Figure 4.8: Inclusions - results for perturbation (4.117) and n = 0.2. Above: complete
results. Below: close-up on A;;’N and the first and second-order corrections.
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Laminate - Bernoulli plus uniform - eta=0.4
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Figure 4.9: Laminate - results for perturbation (4.117) and n = 0.4. Above: complete
results. Below: close-up on A;;’N and the first and second-order corrections.
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4.5 Appendix

The objectives of this Appendix are diverse. We first quickly recall some elements of
distribution theory. We then prove technical results used in Section 4.3. Next we show
that the approach formally derived in Section 4.3 is rigorous in dimension one. Finally we
prove that this approach is also rigorous, in general dimensions, in a specific setting close
to those of Theorem 4.2 and Corollary 4.4.

4.5.1 Elements of distribution theory

We recall here some basic definitions and results of distribution theory for convenience of
the reader. See [44] for a comprehensive presentation.

In this section, O denotes an open set in R.

Definition 4.9. We denote by D(O) the space of infinitely differentiable functions on O
having compact support in O.

Definition 4.10. T is a distribution on O if T is a linear form on D(O) satisfying the
following continuity property: for every compact K C O, there exists an integer p and a
constant C such that for all ¢ € D(O) having compact support in K,

mn

——p(z)].

T <C
(Tol<C s |

zeK,0<n<p

The space of distributions on O is denoted by D'(O).

(4.118)

If the integer p in (4.118) can be chosen independently of K, the distribution T is said
to have a finite order. The smallest possible value for p is called the order of T.

Definition 4.11. A distribution T € D'(O) is said to have compact support if there ex-
ists a compact set K C O such that for all o € D(O) having compact support in O\K,
(T, ¢) = 0.

The support of T is defined as the smallest compact set K which satisfies the above
assertion.

The space of distributions on O having compact support is denoted by E'(O).

Proposition 4.12. IfT € £'(O), its action on D(O) can be naturally extended to C=(0O).
Denoting by K o compact neighborhood of the support of T, and by x o cut-off function
in D(O) equal to 1 on K, we define

Vo € C*(0), (T, p) := (T, x¥)-
This definition does not depend on K and .

Proposition 4.13. If a distribution T is in E'(O), it has a finite order. Denoting by p its
order and by K a compact neighborhood of the support of T, there exists a constant C' > 0
such that:

Vip € C(0), (T, )| <C  sup

zeK,0<n<p

dmﬁ@(l’) .

; ‘



152 Chapitre 4. On some approaches for weakly random homogenization

4.5.2 Some technical results

This section is devoted to the proof of technical lemmas used in Section 4.3. Loosely
speaking, these lemmas all deal with the variation of the supercell correctors defined by
(4.59), (4.68), and (4.72) with respect to the amplitudes of the defects.

Lemma 4.14. Let H' (Ix) be the set of (NZ)®-periodic functions in H}

per loc
mean on In. The function

(RY) with zero

Fil =M, MN'3 (s1,- ,sya) =@, "N € L, (Iy),

S8y uSNd STyt uSnd 81,58 yd S1,,Spnd - . oo
where W, = w, fIN w; and w, is defined by (4.59), is C°.

Proof. For (s1,--- ,sya) € [=M, M]N", @,""""N is the unique solution to

— div (Asv"vSNd(vwf””’sNd + 6z‘)> =0 inly,

S1, 51,

Nt (NZ)? — periodic, / W,
In

'78Nd
=0,

i %

so that F' is well defined.
Let us now define G :] —M,M[Ndle (In) — H='(In) by

per

G(s1, - ,8yd,w) = —div (A% N (Vw + ¢;)) ,
so that F(sy, -+ ,sya) = w:l’m’sNd is the unique solution to

G(s1, - ,sya,F(s1,--+ ,8na)) = 0.

It is easy to see that G is a C'! function, and that

Vh € H) (In), 0uwG(s1, -+ ,sya,w) - h = —div (A% *NVh),
where 0,,G(s1, -+ - , Syd,w) is the first derivative of G with respect to w at (s1,- -+ , Sya, w).
The Lax-Milgram theorem and the coercivity of A% *~d show that 0, G(s1, - , Sna, W)

is an isomorphism. We can therefore apply the inverse function theorem and deduce that
F is C1, with 0, F the unique solution to

— div (A*V7 5N (V, F)) = div (Lo, Cper(VF + ;) inly,

95, F (NZ)? — periodic, / 0., F = 0.
In

Arguing by induction, we obtain that F' is a C'*° function.

For consistency, we state next a lemma proved in Chapter 3 (as Lemma 3.6).
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Lemma 4.15. Consider f € L*(Q), and a tensor field A from R? to R¥¥? such that there
exist A > 0 and A > 0 such that

Ve eRY aeinz € RY N¢]? < A(z)¢ - € and |A(z)€] < Al€].
Consider ¢V solution to

—div (AVeY) = div(lgf) in Iy, (4119)
¢~ (N7Z)¢ — periodic. .
Then ]lINVqN converges in L2(RY), when N goes to infinity, to Vq*>, where ¢> is

a L2 (R?) function solving

—div (AV¢™) = div(1 in R?,
(AV0) = div(ta) 10
Vq¢* € L*(R?).
Lemma 4.16. Consider qil’s’D’N and qil“s’o’oo solutions to (4.80) and (4.82) respectively,
and n € N. There exists a constant C(n, M), such that

Vs €] — M, M[, YN € 2N+ 1, ||[Va2q;*"N||210) (4.121)
< C(n, M)||Vw; + eil 2

Vs €] = M, M[, VOl " pae) < Cln, M)|Vul + eill iz (4122)

1,s,0,N

Proof. Multiplying the first line of (4.80) by ¢; and integrating by parts, we find that

IVa; =N 21y < M D [Tw? + il 2(q)- (4.123)

7

[Crerl o=
(0%

where « is defined by (4.8).

Thus (4.121) is true for n = 0 with C(0, M) = M 1%erliz@

[0}

1,s,0,N

Next, the first derivative 0,q; is solution to

- div(A‘i’Ovasqil’s’O’N) = div (]lQCper(Vw? +€))

+div (19Cper V™) in Iy, (4.124)
856_11-1’5’0’]\[ (NZ)® — periodic,
from which we deduce
SON 1Crerllz=(q SON
10! N2y < =2 (Y0l + ez + 1V 12())

and, using (4.123),

1 —=

s HC 67"”[/“’
190077 N 12010y < = FHE M + 1) Ve +eill12(g)-
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Thus (4.121) is true for n = 1 with C(1, M) = (M + 1)%.

Finally, we have for n > 2

(2

o div(A?Ova;lq'LS,OvN) = nle (]IQCpervagilqiLs,O’N) in IN7 (4 125)
vagqiL&QN (NZ)4 — periodic,

so that an easy induction proves (4.121). The proof of (4.122) is identical. O

The following result is an immediate consequence of Lemma 4.16.

Lemma 4.17. Consider ql-l’S’O’N and qil’s’o’OO solutions to (4.80) and (4.82) respectively.

For every n € N, there ezists a constant C(n, M) such that for all (s,s') €] — M, M[?,

YN € 2N+ 1, [[Varg N — vorg N g

N) . (4.126)
< C(n, M)||Vw; + el r2(g)ls — 5l

[V = Valiqr™ |2 gay < Cln, M)V +eillzgls = /). (4.127)
Lemma 4.18. Consider q?’s’t’o’k’N and q?’s’t’o’k’oo solutions to (4.91) and (4.112) respec-
tively, and (p,7) € N2. There exists a constant C(p,7, M) such that for all (s,t) €

]_MaM[ZJ

2,8,t,0,k,N
IVoLoy ¢, llz2(1x)

4.128)
:5,0,N kN (
<Clp,r, M) [ Y IVOrg ™ " Mipaen + Y, VOGN 2 | -
0<m<p 0<n<r
bl 7k7
Hvagangg,s,to P21y
4.129)
1,s,0, 1,t.k, (
<Clp.r, M) | > IVOre " llzgem + > Ve  lr2) | »
0<m<p 0<n<r
and
VR g Y R ) < Cloor, M)V + €ill72 g (4.130)
keTn\{0}
N VRGO 2 gy < O, M)[[V? + €2, (4.131)
keZa\{0}

Proof. The proof of (4.128) is identical to that of (4.121) in Lemma 4.16.
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Summing (4.128) over all k € Ty\{0}, we obtain

27 7t707k7N 2
> Iveroe 1221y

keTn\{0}
(4.132)
1,5,0,N 1,t,k,N
<ClrM) Y| Y IVare e + D 1V G N30
keTny \0<m<p 0<n<r
Next, we have
1,5,0,N 1,s,0,N
D IVare N e = IV a7 72 (4.133)
keTn
and since qg’t’k’N = qil’t’o’N( — k),
1,t,k,N 1,t,0,N
S IV N 220, = 190N 2o - (4.134)
keTn
Thus (4.132), (4.133) and (4.134) yield
27 b ’O7k7N
D IVaRarg N R
keTn\{0}
(4.135)

m 38,y 7J\[ 7 Uy ,N
<C(p,r, M) Z Vo g ° 1721 + Z IVoyq; " 172z

0<m<p 0<n<r

We finally obtain (4.130) using (4.121) in (4.135). The proofs of (4.129) and (4.131)
are similar.

O

4.5.3 The one-dimensional case

We address here the one-dimensional context. All the computations are explicit, for the
settings of Sections 4.2 and 4.3. To stress the fact that we deal with scalar quantities,

we use lower-case letters for the tensors. Note also that in this section @ = [—%, %] and
Iy =[55I

4.5.3.1 An extension of Theorem 4.2

The following theorem extends the result of Theorem 4.2, stated in L*(Q; L*(Q)),
to L (Q; LP(Q)) for any p €]1, o0]:

Theorem 4.19 (one-dimensional setting). Assume that d =1, that b, satisfies (4.6) and
my = ”anLOO([fl 1.10(Q) 8 for some p > 1. There exists a subsequence of n, still
2020 n—

denoted n for simplicity, such that % converges weakly-* in LOO([—%, %], LP(Q)) to a limit
field denoted by by when n — 0. Then
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e the expansion

d d d
@w" = %wo + mn%vo + o(my) (4.136)
holds weakly in L*([—1,1]; LP(Q)), where w® is the periodic corrector and v° solves
d d d [+ d )
— %(aper%vo) = <bOCper(d$w0 + 1)) in R,

(4.137)

1
d 2 d
%UO stationary, E (/_1 dxvo> =0.

° a;’; reads
* * % 7 d 0 % d 0
Ay = pey + My B E(bo)cper(%w +1) +my B alm%E(v )+ o(my).

2 2
Proof. The periodic and stochastic correctors can be computed explicitly. They are re-

spectively given by

1 —1 1 -1
d o_ 2 1 d ., _ 2 1
= </_ aper> Aper — 1 and = E . a, a, —L

. . 1 1
Note that w? is in W0 (=3, 3).

n_ .0
We define " = 2" 1t solves
My
d d d (b d
— ag—oM) = — [ ey (—w® + 1 in R
dx(andxv ) dx <ncper(dxw + )> s
. Ly (4.138)
—' stationary, E </ U”) =0.
dx -1 dx
We deduce from (4.138) that
d b d
an - = m%cper(%wo +1) + ky, (4.139)

where k; depends only on w. Since k,, is by construction stationary ergodic, it is constant,
and we compute from (4.138) and (4.139):

1 -1 1
1 2 1 2
ky=—— E/2 — X E/2 b—ncper(iwo—l—l) .
my, —1ay, —1ay dx

Since w? is in Wl’oo(—%, %), ay is coercive and cpe, is bounded, it holds

| C”bﬂHLl([—%,%]xQ)
n — m,

1ball a1 11x0)

1Bnll oo~ 2, 17:1002))
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This implies that &, is a bounded function of  whatever p > 1 and thus, using (4.139),

that %v" is bounded in LQ([—%, %];LP(Q)) for all p > 1. As a result, for p > 1, %v"

converges weakly and up to extraction in L*([—3, 3]; LP()) to a limit we denote %vo.

The random field by, tends to 0 in L?([—3, 3]; LP(€2)). Since it is bounded in L ([—3, 3] x
Q), it converges to 0 in L?([—31,1]; L7()) for all » > p. By Hélder inequality it also

converges to 0 in L2([-3,1];L7(Q)) for all 1 < r < p. Thus it converges to 0 in

272

L2([—%, %];Lq(ﬂ)) where ¢ = pfl.

The space L*([—3,3]; L%(2)) being the dual of L*([—3,3]; LP()), we obtain that
by Cper 0" tends to 0 in D'([—3, 3] x Q). We can then take the limit n — 0 in (4.138)
and obtain that v° is solution to (4.137).

We have thus proved that m%] (%w” — %wﬂ) converges, up to extraction, weakly to
40 in L2([-3, 3]; LP(Q)), which is equivalent to (4.136).

The second assertion of Theorem 4.19 is obtained by inserting (4.136) into the expres-
sion (4.11) of ay. O

Note that the proof of Theorem 4.19 depends crucially on the fact that we are able to
solve explicitly the cell problems.

Theorem 4.19 allows for a better intuitive understanding of Theorem 4.2. In dimension
one, the homogenized coefficient is explicitly given by

1 1 -1
2

(el )"
—% Qper + bncper

which, when b, (z,w) = Z Lg kt1) (7) By (Tpw), may be rewritten as the formal series

sfomen [ (e

*
1
n k=0 2

Assume now that there exists p > 1 such that ||Byl/zrq) — 0 when n — 0 and

m converges weakly in LP({2) to some By with E(Bg) # 0. We have in particular
E(B _
M — E(By) # 0,
Byl e ()
which, since E(|By|P) — 0, implies
B(IB,") = o (B(By). (4.141)
n—0T

We now claim that, without loss of generality and up to an extraction in 7, we may
take p = 2 in (4.141). Indeed, if p < 2, then since B, is bounded in L*°(2), (4.141)
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implies E(| B, |?) = o, (E(By)). On the other hand, if p > 2, we consider the normalized
’r]—)

sequence in L?(Q2). Up to extraction, it weakly converges to By € L?(Q). Since

HB”I||L2(Q)

E(By) _ E(B,) [Blrre
IByllr)  [1Bnllzz) 1Byllze)

where the left hand side converges to E(Bg) # 0 and 1Bl ) is bounded by 1 by Holder’s

1 BnllLe (o)
, . E(By)
inequality, E(Bg) = %1_)0 W # 0 and (4.141) is satisfied with p = 2.

We then take p = 2. Since E(|B,*) = o . (E(B,)) and B, is bounded in L*(),
n—0
E(|B,|*) = o (E(By)) for all k > 2.
n—0
This intuitively expresses that all orders higher than or equal to 2 are negligible as
compared to the first-order term in the series (4.140), and thus that a kind of “separation

of scales” is satisfied. This is of course formal since one has to check that the remainder
term consisting of the sum of all terms of order higher than or equal to 2 is o (E(B,)), so

that
o = </_ ajer>1+</11a;r>2 (/1E(BW)ZZ:>+0(E(B,]))
- </> +mn<> [ m ZZ:>+0(E(Bn)).

But this is the purpose of the proofs of Theorems 4.2 and 4.19, using another viewpoint,
to show this is indeed the case.

N
(M|
N|=

=

[T,

4.5.3.2 The setting of Section 4.3 in dimension one
We now prove that our approach of Section 4.3 is rigorous in dimension one.

Lemma 4.20. In dimension d =1, it holds

*

ay = ak., +naj +n’as + o(n?),

where a] and a; are the limits as N — oo of aT’N and a;’N defined generally by (4.69)
and (4.73) respectively.

Proof. Recall that in dimension one, a, is given by the simple explicit expression

1 1 -1 1 1 -1
2 2
a, = E/ _ = dPn(s),/ _ .
—% QAper + bncper —% Gper + SCper

The proof thus consists in inserting expansion (4.48) in this explicit expression and
identifying successively the first three dominant orders.
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Using (4.48), we write

1 1 1
-1 21 5 /2 L 2/ 5 / 1
a = +n{ dP;(s), —_— )+ dPs(s), —_—
( "7) /—1 Gper K < 1( ) —% Aper + SCper> g < 2( ) —% Qper + SCper
1 1 1 1
_ * —1 * D 2 2 % D 2
- ) (1 T <dP1(S)’ /_; per + scmr> e <dp2(s)’ / >>

—% Aper + SCper
+o(n?).

This yields the expansion

_ 1
* * * 2
a, =a,.. —nla dP(s ,/ _—
mooTper 7]( per) < 1(5) -1 CLper+SCp6r>
1 1 2
20 % 3 D 2
dP, _ 4.142
+n (aper) < 1(8)1/_1 aper+36per> ( )

f 1
2/ % 2 5 2 2
—n“(a dPs(s ,/ — ) +o .
n ( per) < 2( ) _% (per SCpe7-> (77 )

We now devote the rest of the proof to verifying that the coefficients of  and 7? in
(4.142) are indeed obtained as the limit as N — oo of a*{’N and aS’N defined generally by
(4.69) and (4.73) respectively, in this particular one-dimensional setting.

N

N|=

The function w!*%" generally defined by (4.68) satisfies here

d ( s0,d 150N . N N
_dm<a1 (dxwi +1)) =0 in]

dz AL (4.143)
1,5,0,N N

w;

— periodic.

We easily compute using (4.143):

-1
d 1
a‘i,O(iwl,s,O,N_'_ 1) = N /
dx —& Qper + 311[7%,%]01067“

= N(N(al,) ™~ f(s)"

N (@per)” o i
- a’per N f(S) N2 f(S) +0(N )7

N4

1
where f(s) = /2 *Cper

aper<aper + Scpe’r‘) .

1
2

Thus a’{’N defined generally by (4.69) takes here the form

N
“N = 2 g0,d g
o’ = <dP1<s),/_Na1 (ow" ’07N+1>>
2

= Na;;er <dp1(s)’ 1> + (a;eT)Z <dp1(8)7 f(8)> + 0(1)
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We know from Lemma 4.6 that (dPi(s),1) = 0, whence

a;™N = aj = (ake,)? (dPi(s), f(3)). (4.144)

Likewise, we compute from (4.72), for k € [—22, X=L]\ {0},

N —1
s,t,0,k 2,8,t,0,k,N 2 1
ay’ — b + 1 — N /
2 (dx ) 7% Qper+5]l[%7%]cper+t]l[k;7k+é}cper>
1 1 ¢ -1
2 sc 2 c
= N a* —1 _/ per _/ per
< ( per) % Gper (aper + Scper) —% aper(aper + tcper)
= N (N(ap,) ™" = f(s) = F())
Then
d (aper)” (a5er)” -
ag,t,o,k(dx wsORN L1y =g 4 P;;‘ (f(s)+ f(t) + xg (f(s)+ f(t)2 4+ o(N72).

Notice that this expression is independent of k (and so of the distance between the
two defects), so that CL;’N defined by (4.73) here reads

B at 2 a* 3
N :N(Nzl) <dP1( VAP (1), a4+ P]j;> (F(s) + FB) + & ;{;;) (£(s) +f(t)>2}
(h.145)

(@per)?

<dP2( )? Aper + N f(8)> + 0(1)

Since we know from Lemma 4.6 that (dPi(s),1) = 0 and (dPs(s),1) = 0, (4.145)
reduces to

ay™ = (ah)? (APL(5), F(5))" + (o) (dPs(s), f(5)) + o(1).
Thus
ay™ = @ = (ape,)* (APi(9), [(5))" + (ape,)” (dPo(s), £ () - (4.146)

=

Finally, since f(s) = / LI /2 ;, and <dP1 1> = <dP2( ), > =0,

_% Aper —% Oper + SCper
we have
1
) _ 2 1
Biis) __{apys) ), 4.147
< 1(8) f(8)> < 1(8) /_% Qper + Scper> ( )
and

(dPy(s), £(5)) = — <dP2<s>, I 1> . (4.148)

—% Qper + SCper

In view of (4.142), (4.144), (4.146), (4.147) and (4.148), we have proved

*

ay = Qpe, +Maj + n*a; + o(n?).
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4.5.4 A proof of the approach of Section 4.3 in a specific setting
The purpose of this final section is to prove that the formal approach of Section 4.3 is

rigorous in a setting related to that of Corollary 4.4.

More precisely, we assume that the random field b, satisfies the assumptions of Corol-
lary 4.4. These assumptions do not imply that the image measure dFP, satisfies assumption
(4.48) which is at the heart of the approach of Section 4.3, so that we have to impose that
dP, additionally satisfies (4.48). The following preliminary result then gives the necessary
form of the expansion of the image measure dF,.

Lemma 4.21. Assume that b, satisfies

by(w,w) = Y Tgur(2) BE(w), (4.149)
kez

where the Bf] are i.i.d random variables, the distribution of which is given by a “mother
variable” B, satisfying

Vi >0, || Byllpe=(o) < M, (4.150)
B, =nBy +n*Ro + o(n*) weakly in L?(Q). (4.151)

Assume further that the image measure dP, of By, satisfies (4.48). Then
2
dP, = 6o — nE(Bo)d) + %E(BS) 0 — n*E(Ro)dy + o(n?) in £'(R). (4.152)

Proof. Firstly, notice that % converges strongly to By in L?(Q) because of (4.151). Now
consider ¢ € D(R). We have on the one hand

B2 _
E <77;780(Bn)) — E (B3) ©(0),
and on the other hand

E (B2p(B,)) = n(s*dPy, ) + n*(sdPs, ) + o(n?).

Thus s?dP; = 0 and s%dP, = E (Bg) dp in D'(R). It is then well known that there
exist 1, K1, Y2, ke in R such that

5 / S5 / E (Bg) "
dPy = v100 + K16y and dPy = y20¢ + K26y + ) 9

Lemma 4.6 implies 71 = 72 = 0. Then, we have
E(By) = nE(Bo) + n”E(Ro) + o(n*)
and also B B
E(By) = n{sdPi, 1) + 1*(sdPs, 1) + o(n?).

Thus (sdP;,1) = E(By) and (sdP,,1) = E (Ry), from which we deduce x; = —E(By)
and ko = —E(Rp).
O
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Theorem 4.2 and Corollary 4.4 rigorously yield the second-order expansion
Ay = Aner + AT+ 02 A5 + o()

with A% and A} respectively defined by (4.17) and (4.26).
On the other hand, using (4.152), Section 4.3 yields the formal expansion

Al = A+ AL+ 0P As + o(n?),

where A% is the limit of the sequence AT’N defined by (4.69) or equivalently by (4.74), and
A3 the limit of the sequence A;’N defined by (4.73).

The rest of this section is devoted to verifying that A% coincides with fl’{ and A}
coincides with A% in the specific setting of Lemma 4.21.

4.5.4.1 First-order term

Using (4.152), (4.74) reads
A’{’Nei -e; = —E(By) <(56(s), /Q ster(Vwil’s’O’N +e;) - (e; + Vu??)> ,
and we compute
AN = E(By) /Q Cper (Vo PN 4 €7) - (ej + V).
Setting s = 0 in (4.68), it is clear that wl-l’O’O’N is equal to the periodic corrector w?. Then
AN ZB(By) /Q Coer(Vuo? + 1) - (¢ + Vi), (4.153)

Clearly A’{’N does not depend on N and its limit is then

A = E(Bo)/ Cper (Vwy + ;) - (ej + th?). (4.154)
Q

We recognize in the right-hand side of (4.154) the first-order coefficient in (4.21), which
we know from Remark 4.2 is equivalent to (4.17). Theorem 4.2 therefore shows that the
first-order expansion

Ay = A5+ AT+ o(n)

is correct with the values of the coefficients given by our formal approach of Section 4.3.

We now proceed similarly with the second-order coefficient.
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4.5.4.2 Second-order term

Using the adjoint cell problems (4.20) in (4.73) as in the proof of Proposition 4.7, let us
first rewrite

ANejej= Y <dP1(s)d]51(t), / §Cper Vw2 H0FN -(ej+vm;?)>
RETN\{0} N (4.155)

+ <d152(8), /Q 5Cper (V™ &) - (e + Vﬂ’?)> :

Inserting (4.152) in (4.155), we start by focusing on
<d]52(s),/ §Cper (V"N - ¢;) - (e + vw9)> =
Q
1 .8, -
5 (E( )) <5 (s), /Qster(le ON+62) (ej+Vw§-))>
—E(Ry) <56(s), / §Cper (Vo "N 4 ¢;) - (ej+vw;?)>.
Q

1,0,0,N

Denoting by Osw; , the first derivative of wil’S’O’N evaluated at s = 0, we compute

<dP2<s>, | SConr (T ) e+ vil))
E(B2) / Crer VOsw; "N - (Va? + ¢;) + E(Ro) /Q Cper (Vo PON 4 e7) - (Va? + ¢)
E(B?) / Cper VOsw; "N - (Va? + ¢;) + E(Ro) /Q Cper (Vo + ;) - (V) + ;).
It follows from (4.68) that Os wl 00N solves

—div(A ervasw-l’o’o’N = div (LoCher (V! + ¢; inly,
{ iv(Ap i ) ( QChper (Vw; )) N (4.156)

8Swil,O,O,J\f (NZ)d — periodic.

Applying Lemma 4.15 to (4.156), we deduce that VO wlOON converges in L?(Q),
when N — oo, to Vt; defined by (4.33) in Corollary 4.4. Consequently,

<d]52(s),/ sCher (Vw““N +ez) (€5 +V@?)> —
Q

N—oo
E(Bg)/cgcpervlti-(vw§+ej)+E(Ro)/QCper (Vwy + e;) - (Vi) + ¢;). (4.157)

Next, we address

Z <d]51(3)d151(t), / scpervqu}&fvov’fﬂ.(ej+vw§’)> —
Q

keTy\{0}

E(Bo)* > <(56(3)(56(t), /Q scperv@s’wv’““(ej+vwg?)>.

keTn\{0}
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2,5,4,0,k,N

i

2,0,0,0,k,N
atwl7 sy

Denoting by the first derivative of w

at s =t =0, we have

S S ,8,t,0,k, ~
> <dP1(s)dP1(t), / $Cher VP OPN (o) vw9)> =
keTn\{0} @

E(BO)Q Z / Cpervatw?p’o’o’k’]v : (ej + V’J}?) (4158)
keTw\{0} /@

with respect to ¢ evaluated

It follows from (4.72) that 9;w>**%*Y solves

7

7

— div(Aper VO] 0F ) = div (Lot Cper (V] + ) inly, (4.159)
8twi270’0’0’k’N (NZ)? — periodic. |

Defining d¥ = > keTy 8twi2’0’0’0’k’N, it is easy to see that d¥ is a Z%-periodic function
that solves

{ — div(Aper Vd;') = div (Cper (Vuy) + 1)) inQ, (4.160)

d 74 — periodic.

Since problem (4.160) has a unique solution up to an additive constant, Vd¥ = Vs;
where s; is defined by (4.34) in Corollary 4.4.

Finally, comparing (4.156) to (4.159) for k = 0, we find that V@tw?’O’O’O’O’N is equal to
Vaswil’o’o’N and then also converges in L?(Q) to Vt; when N — oc.

Then, starting from (4.158),

> (AP, [ 5O Tut O (4 a0 )
Q

keTn\{0}

= (B(By))” /Q Cper > Vo7 " BN (e; + Vi)

keTn
— (E(By))* /Q Crer Voyw? * 00N - (e + V)

— (E(By))” /Q CperVsi - (e + Vi) — (E(By))? /Q Crer VO, 000N - (e + Vi)

N—oo

— (E(Bo))Q/QCperVSi-(6j+VID?) (IE(BO))Q/QCpethi~(ej+V12);-)). (4.161)

It entails from (4.155), (4.157) and (4.161) that A;’N converges to a limit A3 defined
by

Ase;-e; = E(Rp) /Q Cher (Vw? + €;) - (VQD? + e;) + Var(By) /Q CperViti - (Vﬁ)? +ej)

+(IE(B0))2/QVS¢'(6J'—I—V@?).
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The matrix A} obtained is equal to the second-order term given by (4.32) in Corollary 4.4
since we deal with independent random variables in each cell of Z?. Thus the second-order
expansion - -

Ay = Apep + 0 A5 + 17 A5+ o(n?)

derived from the formal approach of Section 4.3 is correct in this specific setting.
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5.1 Introduction

We are interested in this chapter in the issue of boundary layers for elliptic and above all
parabolic periodic homogenization problems.

Generally speaking, the aim of periodic homogenization is to address rapidly oscillating
partial differential equations of the form

—div (A(g)Vus) = f inQCcRY (5.1)

where A is a Z%-periodic matrix field. The small parameter e represents the lengthscale
of the heterogeneities in the domain €.

From a numerical point of view, solving directly (5.1) is involved. For instance, a stan-
dard finite element approach would require the use of a mesh of size at least as fine as ¢,
and the resulting computational cost would be very high. The homogenization process
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consists in taking the limit ¢ — 0 in equation (5.1) in order to obtain an “averaged” or
homogenized field ug, close to u. in some sense, and easier to compute.

In the elliptic periodic setting, homogenization is classically grounded on the assump-
tion, called an “Ansatz”, that u. can be written as the two-scale expansion

ue(z) = ug(z) +5u1(:c,§) +52u2(1’,§) ¥ .. (5.2)

In (5.2), ug is the homogenized field introduced above, and the functions u; and wus
and more generally ug for & € N* are called the correctors for they allow to refine the
approximation of u. by ug. The correctors are periodic with respect to the so-called fast
variable y = Z. Substituting (5.2) in (5.1), we obtain the equations satisfied by ug and
the correctors [14]. These manipulations, which are a priori only formal, can be justified

by several means [1, 14, 81].

The issue of boundary layers in homogenization originates from the following well-
known fact: if the domain € in (5.1) is not R?, i.e if there are boundaries, then the Ansatz
(5.2) is not correct near 9. Intuitively, this comes from the fact that as such, this Ansatz
is written independently of any boundary condition on 0f2, so that it generally violates
any boundary condition that we may impose on 0f2, and can thus only hold in the interior
of the domain.

Concretely, this implies that the H'(Q)-norm of the error ue — ug(x) — eu(w, 2) is
not of order e, contrary to what might be expected from (5.2) since the H'(Q)-norm of
the following term &2us(z, Z) is of order . This statement is made precise in Theorem
5.1 in Section 5.3.1, excerpted from [14], in the case of homogeneous Dirichlet boundary

conditions on Of).

One of the purposes of this chapter is then to propose, in some classical homoge-
nization settings, boundary layers to improve the approximation of uw. by ug + cu;. We
will not go further than order one in ¢, the difficulties being the same at higher orders.
Our ultimate goal is to address the parabolic setting, that, contrary to the elliptic one, is
not well documented in the literature (we are only aware of [68] in an unbounded domain).

As will appear clear to the reader by Section 5.3.1, it is straightforward to find and add
terms in (5.2) that yield fine error estimates. However it is imperative that these terms
be computationally tractable, otherwise the homogenization approach would not be more
advantageous than directly solving the initial oscillating problem (5.1). So as to fulfill
this practical requirement, a simplifying assumption will be to consider only rectangular
domains, as in [2]. Though this assumption is restrictive, and can be alleviated at the
expense of much greater complexity (general polygonal domains are studied in [37], and
curved domains are considered in [64] in the case of a layered medium), it will allow us
not to address all difficulties simultaneously, and in particular, in the parabolic setting,
to focus merely on the new issues coming from the introduction of the time variable while
relying on a fully understood elliptic background.
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The approach that we follow in this chapter is two-fold: we first deal with the elliptic
case, and then use the knowledge acquired to tackle the parabolic case. In Section 5.2,
we introduce general notation and recall classical facts about periodic homogenization.
Section 5.3 focuses on the elliptic setting. In Section 5.3.1, we cite some well-known re-
sults (taken from [14], [2], [9], [62] and [64]) concerning boundary layers in the case of
Dirichlet boundary conditions. Section 5.3.2 consists of an adaptation of these results to
the case of Neumann boundary conditions: although this adaptation is rather straight-
forward, it is, as far as we know, not written anywhere in the literature. The parabolic
setting is the object of Section 5.4. After two introductory sections, Section 5.4.3, that is
greatly inspired by [68], addresses the specific case when the domain  is equipped with
periodic boundary conditions, which allows us not to consider boundary layers and to
concentrate solely on the new boundary ¢ = 0 and the subsequent need for what we call
an initial layer. Finally, Section 5.4.4 aims at discussing the general parabolic setting and
notably at understanding the interaction between the boundary layers and the initial layer.

We emphasize that the results of Section 5.4.4 in the general parabolic setting are
unfortunately not conclusive yet. Although we are able to propose a candidate for a com-
plete “boundary—+initial” layer, it relies on regularity assumptions that we could not prove
to hold. Nonetheless, we reckon that it is a first step in the search for tractable layers in
parabolic homogenization.

One last word is of order here. All the results found in the homogenization literature
dealing with boundary layers rely on assumptions of smoothness of the homogenized solu-
tion ug and of the matrix field A. However, one observes, reading the many articles aiming
at alleviating those assumptions, that the boundary layer terms proposed never depend on
the smoothness of ug and A; only the technical complexity of the proofs actually depends
on it. Since our aim is to find relevant boundary and initial layers, we choose here not to
focus on regularity issues, and we will always assume that ug and A are smooth enough
for our purposes without entering into details.

Throughout this chapter, C denotes a generic constant which does not depend on &,
i.e on the size of the heterogeneities.
5.2 General setting and notation
In the sequel, A denotes a Z%periodic tensor field from R? to R4¥4:
Vk € Z%, A(x+k) = A(z) almost everywhere in 2 € R%
We assume that A € L>(R? R and that there exist A > 0 and A > 0 such that
Vé e RY, aeinz € RY AE2 < A(x)¢ - € and |A(z)€] < A€). (5.3)

We consider a material occupying a bounded regular open set Q € R?. The properties
of the material are given by the tensor field A-(z) = A (2). The material is subject to a
force f € L*(Q).
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For i € [1,d], we denote by w; the i-th cell solution, that solves the cell problem

—div(A(Vw; +¢;)) =0 in Q,
(A(Vus ) =0 i Q o
w; Z° — periodic,

where @ is the unit cell [0,1]? and e; the i-th canonical vector of RY. Note that for
every i, w; is uniquely defined up to an additive constant.

The homogenized tensor A* is then given by
V(i j) € [Ld]?, A% = / AV, +e) - 5. (5.5)
Q

We will consider both stationary and transient settings for different boundary condi-
tions. Remark that in this chapter, “stationary” does not have the same meaning as in
the previous chapters at all: it is here synonymous with steady-state.

5.2.1 Stationary setting

The stationary setting is the elliptic equation

(5.6)

—div (A:Vu.) = f inQ,
boundary condition on 0f).

It is well known that the boundary condition has no influence on the homogenization
process away from the boundary (i.e in the core of the material). We will thus specify it
later when dealing with boundary layers.

It is classical to look for u. in  as the following two-scale expansion, called Ansatz,
x x
ue(z) = up(x) + euq (z, g) + 2uy(x, g) + ... (5.7)

where each function wuy(z,y) for k € N* is Z%-periodic with respect to the so-called

fast variable y = Z.

The function ug depends only on the slow variable x and is called the homogenized
solution. The function uy for k € N* is called the k-th corrector.

Inserting (5.7) in (5.6), and identifying different powers of ¢, we obtain a cascade of
equations solved by the functions ug.

To detail these equations, we use for convenience the notation introduced in [14] and
[2], and define the operator L. by

L.¢ = —div(A.Ve). (5.8)

Then we may write

1 1
L. = 7L0 + —L1 4+ Lo, (59)
3 9
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where, in terms of the fast variable y and the slow variable x, we have

Ly = —divy(A(y)Vy), (5.10)
Ly = —divy(A(y)Vs) — diva(A(y)Vy), (5.11)
Ly = —divy(A(y)Va). (5.12)

Taking the variables x and y as independent, equation (5.6) becomes equivalent to the
system

Loup = 0,
Liug + Louy = 0,
Loug + Liuy + Lous = 0, (513)

Louy + Lius + Loug = 0,

This heuristic computation can be rigorously justified [1, 14, 81].

The homogenized field ug solves

—div(A*Vug) = f inQ, (5.14)
boundary condition on 0f). '
The first corrector u; is given by
d 6u0
ur(z,y) = Zwi(y)%($) + a1 (). (5.15)
i=1 '

It is defined up to a function @y of x that is determined by solving the fourth equation
of system (5.13), and that will not play a role in this chapter since we will not go further
than order one in ¢, hence we can consider it to be 0.

The second corrector ug writes

d 82u0 d 8&1 -
u(z,y) = Z sz‘j(y)m(@ + Zwi(y) oz, (z) + t2(x), (5.16)

i=1

where for (i, j) € [1,d]?, w;j solves another cell problem

—diV(Avwi'):bi'—/bi' inQ,
’ Tl (5.17)

Wij 7t — periodic,

with
bij = Aij + AVw] -e; + le(ABZw])
It is defined up to a function s of x that only plays a role in the computation of higher
order correctors, and that we can consequently choose to be 0 in the sequel.
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5.2.2 Transient setting
The transient setting is the parabolic equation posed in 2 x (0,7") for some 7" > 0:

Ou,
ot
boundary condition on 9 x (0,7,

—div(A:Vu) = f inQx(0,7),
(5.18)

initial condition in .

Once again the boundary and initial conditions do not have to be specified if we are
only interested in finding the homogenized equation corresponding to the first line of
(5.18). We will make them precise when addressing the issue of boundary and initial
layers in Section 5.4.

As in the stationary case, we write an Ansatz
x x
ue(x,t) = uo(x, t) + euy (x, - t) + e%uy(, g,t) + .. (5.19)

where each function uy(z,y,t) for k € N* is Z%-periodic with respect to the fast space
variable y.

For later use we define the fast time variable 7 = E% Note that the so-called parabolic
scaling 6% for 7, as compared to the scaling % for g, is intuitive since there is one derivative

in time and two derivatives in space in (5.18).

We also redefine the operator L. introduced in the stationary setting (5.8) by

0 .
Leo = 22— div(A.V9),
and again write a decomposition
1 1
L. = 7L0 + —L1 4+ Lo, (520)
€ €
with
0
Ly = 97 divy (A(y)Vy),
Ly = —divy(A(y)Vy) — dive(A(y)Vy), (5.21)
0
Ly=— — A
2 8t leI( (y)v$)

Inserting (5.19) in (5.18), we find heuristically that the functions g, u; and ug satisfy
(5.13) with Lo, L1 and Lo given by (5.21). This can be justified rigorously [14].

It is then well known (see [14]) that the homogenized solution ug solves

881;0 —div(A*Vug) = f in Q x (0,7),

boundary condition ond2 x (0,7,

initial condition inQ x {0}.

(5.22)
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The first and second-order correctors u; and wuy are given by

d
urw 1) = 30 20, tyu(y) + (1), (5.23)
i=1 "

and

d ~
) =33 () + D i) g (0 0) + ) (524
J i=1 ’

i=1 j=1

As in the stationary setting, the functions @; and s only come into play if we are
interested in higher order correctors, and may be taken as 0 in what follows.

Note that the fast time variable 7 does not play a role in the expansion (5.19). We
will use it to build the initial layer in Sections 5.4.3 and 5.4.4.

Until now, boundary and initial conditions have not been taken into account. We have
only looked at homogenization far from the boundary and for “large” times. In the next
section, we concentrate on the issue of boundary conditions in the elliptic setting, while
Section 5.4 addresses boundary and initial conditions in the parabolic case.

5.3 Boundary layers in the homogenization of elliptic equa-
tions

The aim of this section is two-fold. We first recall some well-known results in the case
of Dirichlet boundary conditions, and then adapt them to address Neumann boundary
conditions.

We will often for simplicity (and when there is no possible confusion) write u; and wug
instead of using the full notation ui(z, Z) and uz(z, £). The same holds for all functions
depending on the slow variable x and the fast variable Z once they have been defined.

5.3.1 Classical results for Dirichlet boundary conditions

We consider in a first step the case of the elliptic equation (5.6) with homogeneous Dirichlet
boundary conditions, which is well documented in the homogenization literature. Here u.
and ug solve

—div (A:Vue) = f in Q, (5.25)
ue = 0 on 012,

and
—div(A*Vug) = f inQ, (5.26)
ug = 0 on 09,
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respectively, where we recall that € is a bounded regular open set in R%.

All the results presented in this section can be readily deduced from (sometimes more
complicated) results in [2], [9], [14], [62] and [64]. We shall not give here the proofs for
similar proofs for Neumann boundary conditions will be presented in the next section.

The starting point in our study of boundary layers is the following well-known theorem,
the proof of which can be found in [14].

Theorem 5.1. Assume that ug € W°°(Q). Then

where uy is given by (5.15).

ue(x) — up(x) — euy (z, E)

£ HHl(Q) = OVe, (5:27)

The rate /¢ in (5.27) is somewhat surprising, for Ansatz (5.2) hints at a remainder
e2ug(x,2) of order € in H'(2). However, as mentioned in the introduction to this chapter,
Ansatz (5.2) is not correct near 02 because the correctors do not vanish on the boundary
and therefore violate the boundary condition in (5.25). Therefore we introduce the new

Ansatz
ue(z) = up(x) + isk (uk (aj, g) + uzl’g(a:)> , (5.28)
k=1

where the uzl’s are designed to guarantee that the coefficients of all powers of ¢ in (5.28)

satisfy the homogeneous Dirichlet boundary conditions, hence
— div(A.Vul™) =0 in Q,

5.29
uzl’g(x) = —u (m, g) on Jf). (5.29)

We will only address the first boundary layer u?l’s that compensates for the first cor-
rector on 0f), the computations for higher orders being identical. We have the following

improvement over (5.27), found for instance in [62]:

Theorem 5.2. Assume that ug is smooth. Then

For completeness, let us stress that the boundary layer does not play a role far from
the boundary, as shown by the following result |9, 2]:

x bl,e
ue(z) —up(x) — euy (z, g) —guy (x)HHé(Q) < Ce.

Theorem 5.3. Assume that ug is smooth. Then, for any open set w CC € (i.e compactly
embedded in ), there exists a constant C, depending on w but not on e, such that

|

< Ce.

x
ue(z) — up(x) — euq (z, g)HHl(w)
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Remark 5.1. The link between Theorems 5.1, 5.2 and 5.3 can be explained as follows:
the H'-norm of ul{l’e blows up like 1/+/c in Q (this estimate is optimal, see [2]), whereas
it is bounded independently of € in any open subset w CC €.

The introduction of the boundary layer u?l’s allows to recover a precision of order ¢
in the whole domain Q. However it is clear from (5.29) that the computation of u?l’a is
as intricate as that of u., so that it is not of practical interest. The challenge is then to
propose tractable boundary layers ensuring a precision of order O(e). This has been done
when the domain is a half-space, the boundary of which intersects the axes of periodicity
in an angle with rational slope [10, 11, 15, 45, 56], when it is a half strip satisfying the same
property [66], when the domain is rectangular [2], for a curved domain in the specific case
of a laminate [64], and recently in the case of general polygonal domains [37]. In the se-
quel we consider for simplicity a rectangular domain as in [2] and we use the same notation.

We assume in the rest of this section that © = (0,1)%, and that the sequence of ¢
satisfies é € N, so that Q always contains an integer number of cells. We denote by
I =(0,1) 1t x {0}, Ty = (0,1)% 1 x {1}, Ty = OQ\I'y UTs, o’ = (z1,22,...24-1) (see

Figure 5.1).

Figure 5.1: Boundaries for the domain of work = (0,1)%.

For convenience we consider Dirichlet boundary conditions only on I'y and I'y, and
impose periodic boundary conditions on the rest of the boundary I'y. This implies that
there are no boundary layer terms due to I'y, and so no interaction between adjacent
edges of €2, which would require to introduce specific boundary layers in the corners.
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Let us define the Sobolev space
Hp(Q) ={ve HY(Q), v=00onT;UTly, 2’ — v(z' z4) 291 — periodic}, (5.30)

equipped with the H'(Q) norm.

The function w,. is then the unique solution in Hp(Q) to
—div (A:Vue) = f inQ,
ue =0 onT'; UTy, (5.31)
2’ u (2, xq) 2371 — periodic.

The role of the first boundary layer is to compensate for the first corrector

on I'y and I's (note that we have taken 47 = 0in (5.15)). The linear structure of u; implies
that we can associate to each cell solution w; and each boundary I'; a boundary layer term.

For this purpose, we define @' = (0,1) !, G' = Q' x (0,+00), T = Q" x {0},
g%;ﬁ = 9Q' x (0,+00), G? = Q' x (~00,0), and 8G% = 8Q' x (—00,0) (see Figure

Figure 5.2: Semi-infinite strips G' and G>.
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For j € [1,2] and i € [1,d], we denote by ng the boundary layer term aiming at
compensating for w; on I';, solution to

— div(AV¢) =0 in &7,
wibj = —w; on F, (5_32)
y 7/135j(y,, Yd) 74t — periodic.

The following lemma, the proof of which can be found in [11] and [56], gives crucial
properties of the functions 7, namely exponential decay far from the boundary.

Lemma 5.4. For all j € [1,2] and i € [1,d], there exists a unique solution wj:’)j of (5.52)
n HZIOC(GJ). Moreover, there exist an exponent v > 0 and a unique real constant d"7 such
that

ev\ydl(w —d") e LA(GY), evlyd\vng e L*(GY).

Due to the linearity of the structure of ui, we define the global Dirichlet boundary
layer in Q by

(e, ?) ZZZ? (Ve (2A2)) em

where, for j € [1,2], X is a smooth cut-off function equal to 1 on I'V and 0 on the opposite
boundary. We then have the following result [64]:

Theorem 5.5. Consider u. solution to (5.31) and assume that ug is smooth. Then

The boundary layer ub, therefore yields the same precision as ulil’g defined by (5.29).
bl €

HY(Q)

ue(z) —up(x) — euy (z, g) — eubl(z, f)H < Ce.

It is however, contrary to u; ~, tractable from a numerical point of view. Indeed, although
one has in theory to solve 2d problems (5.32) defined on half strips to compute u4, the
exponential decay given by Lemma 5.4 implies that we may, up to an error of order smaller
than e, truncate those strips so that they contain a small number of cells. In practice, it is
sufficient to work with five to ten cells. As an illustration of this, we show in Figure 5.3 an
instance of computation of the functions 1/1}’)1 on a truncation of the strip G' composed of
five cells, for a material consisting of a periodic lattice of circular inclusions in dimension
two. It is clear from the isovalues of the functions in Figure 5.3 that the boundary layer
only lives very close to the boundary, and that one merely needs a small number of cells
to determine it entirely.



178 Chapitre 5. Boundary layers in periodic homogenization
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Figure 5.3: An instance of computation of the Dirichlet boundary layer for a periodic
lattice of inclusions in dimension 2. Left: isovalues of the function %13,1 agsociated with
wy on G'. Right: isovalues of the function w%l associated with wy on G,

The goal of the next section is to adapt the approach exposed in the Dirichlet set-
ting to address Neumann boundary conditions. Although this is quite a straightforward
adaptation, we have not found it in the literature. The only related work we are aware of
is [62], where the Neumann boundary conditions are transformed by a duality argument
into Dirichlet boundary conditions, which is not the path we want to follow.

5.3.2 Neumann boundary conditions

Let us temporarily go back to a general regular bounded domain €2, and consider f € L?(Q)

and g € L?(09) satisfying the Neumann compatibility condition / f +/ g =0, and u,
Q o0
solution to

(5.34)

—div(A:Vu:) = f in Q,
A NVue. -n =g on 05,
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where n is the outward unit normal vector on 0f2.

It is well known that the corresponding homogenized problem reads

(5.35)

—div(A*Vuy) = f in Q,
A*Vug-n =g on 9.

Ansatz (5.2) induces a flux on 9 that is formally equal to
A, (Vuo(a:) + Vyuy (x, g)) -n+ O(e),
and that thus differs from the flux of the exact solution A.Vu, - n.

Consequently, we have to add boundary layers in order to satisfy the Neumann bound-
ary condition. As in the Dirichlet setting, it is possible to propose at order one in € an

intuitive boundary layer vll’l’E solution to

B div(AEVUIfZ’E) — f+div (Aa (Vuo(x) + Vyu(z, g))) in Q,

5.36
Agvvllal,e -n=AVue(z) -n— A (Vuo(ﬂs) + Vyui(z, §)> -n on Jf). 530

It is clear in (5.36) that the boundary condition compensates for the difference between
the flux of the exact solution and the flux of the first-order expansion, up to an error of
order . Note moreover that contrary to (5.29), the source term in (5.36) is not zero. It
is actually chosen in order to satisfy the Neumann compatibility condition, and is also of
order €. It entails that ’ulfl’a is well defined (up to the addition of a constant).

A proof identical to that of Theorem 5.2 (see [62] or [2]) yields the following error
estimate:

Theorem 5.6. Assume that ug is smooth. It holds

|

ue(w) = uo(w) — cur(a, 2) — o (@) < Ce,

where
Yo e HY(Q), [[vllmgr= Vvl

Even though the boundary layer vlfl’a allows to improve estimate (5.27), it is only of
theoretical interest since its computation is as involved as that of wu..

To obtain practically relevant boundary layers, we consider in the rest of this section
the case of the domain Q = (0,1)? containing an integer number of cells (i.e 1/ € N),
and use the notation of Figures 5.1 and 5.2.

Defining the Sobolev space

Hy(Q) = {v e H(Q), 2/ — v(a,25) Z¥ ' — periodic} (5.37)
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equipped with the H(Q) norm, u. is now the unique solution in Hy()/R to

—div(AcVue) = f in Q,
AVu:. -n=¢g onT'y UTy, (5.38)

2 u (2, xq) 2971 — periodic,
where f and ¢ satisfy the compatibility condition / f+ / g=0.
Q T

1UlNg

At order one in g, the boundary layer has to compensate for the flux discrepancy
AVue(z)-n— Ae (Vuo () + Vyuq (x, %)) - non 'y UT'5. Notice that using the expression
(5.15) of the first corrector and the fact that the original problem and the homogenized
problem satisfy the same Neumann condition g, we find that for x € I'y U Ty,

ANVuc(z)-n— A (Vuo(x) + Vyui (z, §)> n
= g(x) — A (Vuo(ac) + Vs (x, §)> ‘n
= A"Vug(x) -n— A. <Vu0(x) + Vyui(z, g)) ‘n

- 8u0
8951-

(5.39)

(x) (A*ei -n — Ag <e¢ + sz(g)) n) :

=1

The linear structure of (5.39) with respect to the dimension implies that it is possible
to write the global Neumann boundary layer as a sum of d terms, the i-th term aiming
at compensating for A*e; -n — A, (el- + Vywi(%)) -non 'y UT. For all ¢ € [1,d] and all
j € [1,2] we denote by wﬁvj the term associated with the i-th dimension on I';, solution
to

~ div (AVe) =0 in &7,
Aij\}j -n=A%; -n—Ale;+Vw;)-n onT, (5.40)
y = P (Y, ) 297 — periodic.

Problem (5.40) is well posed in H} (G7)/R if and only if the Neumann compatibility
condition is satisfied, i.e if and only if

/ A%e;-mn = / A(e; + Vw;) - n. (5.41)
r r

We check thereafter that this is the case. For clarity, we call nr the outward unit
normal vector on I', which is a constant vector. Using (5.5), we have

/ A*ei snr = A*ei ‘nr
r

= </Q A(ei+sz‘)> M.

(5.42)
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Note that nr is equal to —Vyq if we work in the domain G' and to Vy, if we work in
G?. Tt is then equal to (—1)/Vy, in G7. Consequently,

</Q Ale; + Vm)) “np = (—1)3'/6214(62» + V) - Viyg (5.43)

and an integration by parts in the right-hand side of (5.43) shows that

( /Q Ale; + vyw,-)> -y

(5.44)
= (-1)/ (—/QdiV(A(ei + Vyw;)ya +

A(ei + Vywi) . nyd> .
oQ

The first term in the right-hand side of (5.44) is zero because of (5.4). Using the
Z%-periodicity of A and w;, we have on the other hand

(—1)j Ale; + Vywi) “NYqg = / Ale; + Vywi) “nr. (5.45)
oQ r

~ Collecting (5.42), (5.44) and (5.45), we conclude that (5.41) holds. Thus the functions
¥y are well defined (up to an additive constant).

The functions 1/}3\,] defined by (5.40) behave exactly as the functions %’)j defined by
(5.32), as shown by the following result, the proof of which is similar to that of Lemma
5.4 (see [11] or [56]):

Lemma 5.7. For all j € [1,2] and i € [1,d], there exists a unique 1/13\[] solution to (5.40)
mn Hlloc(Gj)/R. Moreover, there exist an exponent v > 0 and a unique real constant d>
such that

ev\ydl(u) —d") e LX(@Y), evlyd\vqu\}i e L2(GY).
We then propose the global Neumann boundary layer

8’&0

e ) = 6m<><¢3$< )+ R I, (5.46)

9

Due to the exponential decay of the functions wﬁvj given by Lemma 5.7, ul]’\l] is tractable
from a numerical point of view. The qualitative behavior of the boundary layer is the
same as in the Dirichlet setting, and it suffices in practice to compute the functions 1/13\’,]
on truncated strips consisting of a small number of cells. Figure 5.4 shows an instance of
computation of the functions @Zﬁ\’,l on a truncation of the strip G' composed of five cells,
for a periodic lattice of circular inclusions in dimension two.

The rest of this section is devoted to the proof of the following error estimate that
shows the relevance of u%. It relies on the same techniques used in [2] and [64].

Theorem 5.8. Consider u. solution to (5.38) and assume that uy and A are smooth.

Then ‘

X bl X
- _ B - < Ce.
ue(z) — up(z) — euq (z, 8) euy(z, )HHl(Q)/R < Ce
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IsoValue IsoValue

MW 7.09528e-005 LB
W 0.000227526 ' E
3841 ]
000540674 ]
W 0.000697247 ]
W 0.000853821 WO
M0.00101039 WO
MW 0.0011669 ]
W0.00132354 ]
W0.00148012 u

r'/ ]

I;l / ' )

Figure 5.4: An instance of computation of the Neumann boundary layer for a periodic
lattice of inclusions in dimension 2. Left: isovalues of the function w]l\}l associated with

wy on G'. Right: isovalues of the function %2\}1 associated with wy on G,

Proof. We define the remainder

and .
Ve = ue(x) — up(x) — euy (z, g)

Our goal is to prove that there exists a constant C' such that, for all € > 0,
HVTEHL2(Q) < Ce.

By definition of r. and v., we have, for all ¢ € Hy (),

/A5VT6-V¢:/A5VUE-V¢—€/A€Vu%-v¢. (5.47)
Q Q Q
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We proceed in three steps.
Step 1.

We first address the second term of the right-hand side of (5.47). Using (5.46), we
have

AV (B D) w—ez AV (G0 ) Ve
o [iA9 (site. ) -vo 3 [ a9 (o)

Oug 9, 1—x4
+€;/QAEV (8@» ()9 (? )) V.

(5.48)

3

It suffices to focus on E/ AV <8u0
ox1

ing dealt with in a similar manner.

(x)x 1(3:)¢]1V1(j)> - V¢ in (5.48), the other terms be-

The function ug is smooth, and our regularity assumptions on A yield that w]l\}l is in
L>®(G'). This implies that

/AV(&‘O (@)l (2) ) Vo = /Aa“O V(o (2) - Vo
OVl 2

= /Q Aavw}v’l(fﬁ)'V( gZU) (5.49)

aUO
— | AV Vo—
[ AV ovgs
OVl 2
Integrating by parts in the right-hand side of (5.49) and using (5.40), we find that

8UO 1,1 _ [ 1. 1.1\ (&, dug

[ A7 (Gl D) Vo= [ L, (av,0l) G0
ou

+ AV B
[ AT ) o g

1,1 Oug
| AV & ovgt
OVl 2

ou,
- / ANV (D) n o5
I'iul'y €

(5.50)

8u0

- [ AV ovae
Q g
O()IVPllr2(q)

We will first prove that in (5.50), / A Vywjlvl( ) n d)— is negligible compared

to €, which amounts to say that the boundary layer term assoc1ated with I'; is negligible
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on FQ.

By a classical duality argument, it holds

Guo

/ Asvyzﬁjl\}l(g) ¢7 HA vywjlvl(*) n
Iy

€ HH*l/Q(Fg) (5:51)

uo
8.7}1

H/2(T9) '
Using the definition of H/2(Q) and the smoothness of ug, we deduce from (5.51) that

Jug

AR (D) o 50 < O vyt (D) |

RN [ PRTSCE

I's
Let us then define Q1 = (0,1)%"1x (0, 3), Q2 = (0,1)4" 1 x (3, 1) and x € C>*(Q)NH()
equal to 1 on I's and to 0 in €2;. We have

s T

H~1/2(T'y) N H

H-1/2(80)
and because of a trace theorem in H%(Qy),
ATE 1] =0 (T
H VoI )|y v |y (5.53)
. 1,1,
o (A €, )
Using (5.40), we compute
. x . x x
div (Asvyw]l\}l(*) X) =div (Asvylb]l\}l(*)) X+ Asvyw]l\}l(*) VX
< e < < (5.54)
= Aevywj\} (g) : VX'
It follows from (5.53), (5.54) and the boundedness of A that
AT (D) ¢ (J4veit O]
H Voo (5) x|, 1/2(392) vON ( Ix L2(Q)
A L1 Ty ‘ 5.55
+[lA-vuit ) v v (5.55)
<C H 1 1 x
Vit ( )‘ L2(Qa)
The exponential decay given by Lemma 5.7 yields
Vn' ()] < Cet 5.56
[V D), < e (5.56)
for some v > 0. We deduce from (5.52), (5.55) and (5.56) that
ou _a
[ AT E 005 < 0 ol (557
2
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Next, we address the second term in the right-hand side of (5.50) and following (2], we
part the domain € as

o1
o=|]Jct
k=1
with CF = {(2/,24) € Q, (k — 1)e < 24 < ke}.
Moreover we denote by DF = |Ji_, CL = [0,1]""1 x [0, ke].

Since ug is smooth and A is bounded,

ou
[ampeit & ovg|<c [ vt 1o
(5.58)
< 1,1,
< cz/m V05 lol,
k=1"Ce
and using the Cauchy-Schwarz inequality in (5.58),
[ AV oVt < Z ] N PSR 1)
0 Y¥N y N L2(C) )
For x € D, we write
Tq 6
o) = o0 + [ 90! 2)d
2z=0 0%
whence
zq 8¢ 2
ota <200 07 +2 ([ (0 2)02)
z=0 a:L‘d
T4 2
< 20(a', 0" + 204 [ (', 2)dz (5.60)
z=0 833d
ke
< 2¢(z',0)? + 2k€/ Vo[ (2, 2)dz.
z=0
Integrating (5.60) on DY shows that
191172 pey < 2kell@l T2, + 2(ke)(IVSlIT2 e
L (Ds) - L (Fl) L (Ds) (561)

< 2k€||(25”%2(rl) + 2(k5)2‘|v¢”%2(9)

On the other hand, using Lemma 5.7, we find that there exist constants C' > 0 and
~v > 0 such that
< Cyee Mk, (5.62)

LQ(Ck)

Ve >0, Vk e [1,e7)], Hvyw}vl *)’
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Substituting (5.61) and (5.62) in (5.59) yields

ou
[ ATl E) oV < cz Ve F(Vrelglla,) + kel Vol )
Q € (5.63)
< CE(WHL?(H) + VeVl r2a))-
A trace theorem in H'(2) then implies
1,1 Aug
QAEVW)N ( ) ¢V7 < CSHéf)HHl (5.64)
Collecting (5.50), (5.57) and (5.64), we have thus proved that
ou x ou
/ A5 2@V (N () Vo= | AV (C) n o 50+ 066l o).
o On € I
Arguing similarly for other boundary layer terms, we derive from (5.48) that
T d T Oug
bl _ i1
a/QAav (uN(x,g)) Ve = Z/ ATy () m o 0
1 Oug (5.65)
A ’L 2 x .
—i—Z/ Vwa E ) n(b@xi
O()l|él 1 ()
Step 2.
We now address the term / AV, - V¢ in (5.47). By definition of v, we have
Q
/ ANVv. - Vo =
Q (5.66)

/QAE (VuE — Vuy(z) — Vyui(z, g) —eVu(z, 6)) V.

Using the smoothness of up and the definition (5.16) of ug, it is straightforward to see
that there exists a constant C' such that for all ¢,

xr
e | [ Vit D) Vo) < Celolniay (567

Inserting (5.67) in (5.66), we write

/ AVv. -V =

Q

/QAe (Vue = Vauo(@) = Vyua (e, 5) = eV (@, 2) = eVyun(e, ) - v (368)
Ol m (o)
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Since ug, u1 and ug satisfy (5.13), it is straightforward to see that

—div (As (Vue — Vug(z) — Vyu (z, g) —eVau(z, g) ~EVyualr,

T
9

)

N——~7

)

)-

(5.69)
= —e divy (AcVyue + A V) (,

m\&

It follows from the smoothness of ug and the definitions (5.15) and (5.16) of uy and wuy
that div, (A-Vyuz + A:Vyur) (z,2) is bounded in L?(2) independently of e.

Consequently, integrating by parts in the right-hand side of (5.68) and using (5.69),
we get

/ AV, Vo = — g/ divy (A-Vyus + AV (z, g) &
Q Q
+ / A <Vu6 — Vug(z) — Vyu (z, E) — eV (z, E) — eVyua(x, E)) ‘ne
o ) ) ) 5.70
O@)dl () (5.70)
= / A, <Vu5 — Vuy(z) — Vyui(z, E) —eVyu (z, E) —eVyus(z, )) nao
I ul'y I3 3]

O@©@) el (o)

We deduce from the definitions of u; and us and the smoothness of ug and A that
there exists a constant C' such that

xT
A o) (2, %) H <c.
H e (Vyua + Vo) (z 5) " Le(Tur2) — ¢

The previous inequality and a trace theorem in H'(f2) give

X
[ @ +vxul><x,>-n¢' < Olléll 2oy
I'ul'y €

< Cl9lla

(5.71)

It entails from (5.70) and (5.71) that

/QAEV'UE Vo = Ae (V’LLE - VUO(ZE) - Vyul(xa g)) "no+ O( )”ngHl (5 72)

I ul'y

and then from (5.39) that

/Awg Vo = Z/

I UFQ

Jug
Ox; ¢ (5.73)

0@l

A(e; +V wz(g))> ‘n
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Step 3.

Collecting (5.65) and (5.73) yields

8UO

/A Vr. V¢ = Z/ A*eZ ez—i—Vywl( )+Vy¢§\,1( ))) o 1)

1— $d))) ., Qo ¢(5.74)

9 a.TZ

+Z/ <A*el (e + Vywi (= )+vyzpjv2(
O@) el e (o)

The definition (5.40) of the functions 1/1}‘\,] implies that the boundary integrals in (5.74)
are all equal to zero, so that we are left with

/QAEVTE Vo = 0|18l a1 (0,

which is equivalent to

QAEVTE . V(b‘ < CgH(b”Hl(Q)

Replacing ¢ by ¢ + ¢ for any real constant ¢, we obtain

Ve e R,

QAEVTg : Vcb‘ < Cell¢ + cllgr ()

and then

/ AV, - ng)‘ < Ceinf [[¢ + ¢l g1 (q)- (5.75)
Q ceR

Thanks to Deny-Lions’ theorem, we deduce from (5.75) that

/QAEVTa : V¢‘ < Ce||9llma)r
This being true for any ¢ € Hy(2), we conclude that

I7ell () /m < Ce.

5.4 Boundary layers for parabolic equations

Here we deal with the parabolic setting presented in Section 5.2.2. We first explain why it
is necessary to add to Ansatz (5.19) a new term, that we call an “initial layer”, to account
for the initial condition at ¢ = 0. Interestingly, this initial condition somehow plays the
role of a new boundary and leads to issues similar to those encountered in the previous
section. Then we consider, following [68], a specific parabolic problem in which there are
no boundaries, so as to focus only on the initial layer and to understand how to design
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it in an efficient and practical way. Finally we gather all the results about boundary and
initial layers to address the general parabolic case. Unfortunately our results in this latter
case are not conclusive, for they rely on regularity assumptions the validity of which we
were not able to evaluate.

Throughout this section we assume that A is a symmetric tensor field. We will also
often for simplicity (and when there is no possible confusion) write u; and wus instead

of using the full notation ui(z,%,t) and uz(z,%,t). The same holds for all functions

depending on the slow space variable x, the fast space variable y = Z, the slow time
¢

variable ¢ and the fast time variable 7 = —, once they have been defined.
5.4.1 Need for an “initial layer”

Let © be a general bounded regular open set of R,

Consider, for T > 0, f € L%(Q2 x (0,T)), g € L*(Q) and wu, solution to

aa“: — div (A:Vue) = £ in Q x (0,7),

ue =0 on 0N x (0,7, (5.76)
ue(+,0) =g in Q.

It follows from Lemma 5.21 of the Appendix that for every € > 0 there exists a
unique u. solution to (5.76) in C([0,T; L%(Q)) N L2(]0,T[; H} (22)) and that u,. is bounded
independently of € in this space. Consequently, u. converges weakly in L*°(]0, T'[; L?(€2))N
L2(]0,T[; H(Q)) to a homogenized limit ug which solves (see [14])

% — div(A™Vug) = f in Q x (0,T),
ugp =0 on 02 x (0,7, o

up(+,0) =g in Q.
It is further proved in [14] and [23] that u. converges to ug in
L*(J0,T[; L*(2)) N C([0, T]; H~H(9),
and that adding the first corrector (5.23) yields the stronger convergence result:

we (2, 1) — ug(@, ) — eun (, g,t) 0 in L0, T[; LX(Q)) N L2(J0, T[; H(Q)). (5.78)

e—0

Under assumptions of smoothness on ug, and following a proof identical to that of
Theorem 5.1, it is easy to quantify the error estimate in the convergence (5.78) and to
obtain:

A
e (@, ) = wo(z, t) — cur(z, = O)lleqorL2@)nr2g0.rpm1 @) < CVE. (5.79)

The order /¢ in (5.79) comes, as in the stationary setting of Section 5.3, from the
fact that the first corrector does not satisfy the Dirichlet boundary condition imposed on
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0 in (5.76). To improve estimate (5.79), we have to add boundary layers. Those built
in Sections 5.3.1 (for Dirichlet boundary conditions) and 5.3.2 (for Neumann boundary
conditions) work, and allow to replace /¢ with e.

More precisely, all the results presented in the stationary case can be readily adapted
to address the parabolic setting: it suffices to formally replace the space H'(Q) by
C([0,7]; L*(2)) N L(]0, T[; H' ().

However, in order to model real life experiments such as the pulsed-infrared ther-
mography described in Section 2 of Chapter 1, we have to work in a space in which the
traces of the functions on 9 are defined for every t in [0,7]. To this end the space
C([0,T); L3(2)) N L?(]0, T[; H'(£2)) does not provide enough regularity, and the purpose
of all that follows is to replace it with another classical space in the analysis of parabolic
equations, namely C([0,T]; H'(£2)).

The use of C([0, T]; H(9)) yet raises a new difficulty, due to the fact that the Ansatz (5.19)
does not satisfy the initial condition in (5.76). Indeed, at first order in ¢, the difference

X
ue(l‘a t) - UO(J;?t) - EU1($, gat)

is equal to —cuy(z,%,0) at t = 0. In view of Lemma 5.21, this is not an issue if we are
to work in C([0,T]; L*(Q)) N L2(]0, T[; H(£2)), since the estimates in this space rely on
the L?(Q)-norm of the initial condition, here of order e. On the contrary, this matters if
we choose to work in C([0,T]; HY()): in this case, Lemma 5.22 yields that we use the
H'(Q)-norm of the initial condition, that is of order 1.

It is then necessary to add what we call an “initial layer” to compensate for the first
corrector at ¢ = 0. Formally, this resembles very much what has been exposed in the
elliptic setting for boundary layers, the difference being that the boundary is now ¢t = 0.
To our knowledge, the only work available on this initial layer is [68]. The latter addresses
the case of an infinite domain, which allows the author not to consider boundary layers
and in particular not to deal with the interaction between the boundary layers and the
initial layer. Our aim in this section is to extend the results of [68] and to give an ensemble
picture of the problem of boundary and initial layers in parabolic homogenization.

As mentioned in the introduction to this chapter, we are not interested in finding the
most general regularity assumptions under which our results hold, since we observe in the
homogenization literature that only the proofs and not the intrinsic results do depend on
these assumptions. Another point of view on this topic is that our approach has to be
correct at least in regular settings. Thus, we will always assume that we have sufficient
regularity, and in particular that ug is sufficiently smooth for our purposes. A convenient
assumption for all that follows is e.g ug € C3(Q x [0, T]).

Remark 5.1. The assumption of reqularity on ug is not as restrictive as it may seem.
Indeed, ug is solution to (5.77) which is the heat equation with a constant tensor A*.
Therefore the reqularity of ug only depends on the reqularity of the boundary and initial
conditions.
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5.4.2 A theoretical boundary+initial layer

Here we verify that, as announced in the previous section, compensating for the first cor-
rector on the boundary 02 and at t = 0 yields an error estimate of order € in the space
C([0,T]: H'(©).

An intuitive way to proceed is to define a boundary+initial layer ul{il’s by

8ubil,8 bil

81t —div(A:Vu"%) =0 in Q x (0,7),
u?il’e(w,t) = —uy(z, %,t) on 90 x (0,7, (5.80)
u?il’s(aﬁ, 0) = —uy(x, g, 0) in Q.

Adding ul{il’s to Ansatz (5.19) yields the expected result:

Theorem 5.9. Assume that ug is smooth. Then it holds

Proof. We define the remainder r. = %(ug — Uy — EUT — EU
and the system (5.13), we see that r. is solution to

x bil,
ue(x,t) —ug(x, t) — euy (x, g,t) — euy E(x’t)HC([O,T];Hl(Q)) < Ce.

l{il’e). Using the operators (5.21)

0 1

% — div(A.Vr.) = ELOW — Louy in Q2 x (0,7),

re =0 on 00 x (0,7), (581)
re(-,0) =0 in Q.

We next verify that the right-hand side of (5.81) is bounded in the functional spaces
used in Lemma 5.22 of the Appendix.

Since uy is smooth, and because of the definition (5.23) of uy, Louy = % —div, AV uq
is bounded in L%(]0,T[; L?(£2)). Then, we write

1 1
ELOUQ = —gdivy(AEVyug) (5.82)

= —div(A:Vyug) + div, (A Vyus). (5.83)
The smoothness of up and the definition (5.24) of ug imply that
o divy(A:Vyug)(x, 2,t) is bounded in L*(]0, T[; L*(Q));
o A.Vyus(z,%,t) is bounded in L*°(]0, T[; L*(Q));

’ e

o 0y (A-Vyus(z,Z,t)) is bounded in L*(]0, T'[; L*()).

[P
Consequently all the terms of the right-hand side of (5.81) are bounded in the functional

spaces of Lemma 5.22. It follows from Lemma 5.22 that r. is bounded in C([0, T]; H'(Q2)),
which concludes the proof.

O
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For completeness, we check that ubZl © is not useful if we are not interested in initial

instants and points close to the boundary. This is the object of the following result:

Theorem 5.10. Assume that ug is smooth. Consider 0 < k < T and an open set w CC Q.
Then

Proof. The proof is elementary. We write

T
—_— - - < .
uE(IL‘,t) UO(xat) 5u1($, g’t)HC([H,T];Hl(W)) =

xT
ue(x,t) — uo(z,t) — eu(w, E’t)HC([H,T];Hl( )

x b'Lls H H bil,e
< 1) — 7t - 77775 - t
< [Juete )~ wo(e.t) —ewi(e oD e @I ey TN o o
z bzla H H bil
< t) — t) — t) —
- ‘ua(w’) ol 1) = ew (e, ) = e Dl oy M logayn o
and conclude by using Theorem 5.9 and Lemma 5.11 therafter. O

Lemma 5.11. Assume that ug is smooth. Consider 0 < k < T and an open set w CC ().
It holds

bil,e
Uy

<, (5.84)
C([0,TT5L? (@) N (0,T [ H ()

and

<C. (5.85)

C([r Tl H (W)

bil,e
Uy

Proof. Classical regularity results imply that the cell solutions w; belong to L>°(Q). The
latter and the smoothness of ug yield that the first corrector satisfies

T
[|u (z, g»t)HC([O,T};LOO(Q) <C. (5.86)

Then, thanks to the bound (5.86) and a weak maximum principle applied to (5.80),
we have

[ (o1);2() < C. (5.87)
Next, let ¢ be a smooth function in D(£2) such that ¢ = 1 in w. Multiplying the first
bile»2 and integrating by parts on Q x (0,t) for some 0 < ¢t < T

equation of (5.80) by uy
1
2/( lnls (b +//AV bzls Vilnls)¢

gives
1
- 2/9(161(:5 . 2:0) // A VUl g - b v,

We deduce from the smoothness of ug that the L?(Q)-norm of the initial condition
u1(z, £,0), and so the third term of (5.88), are bounded independently of ¢. Using the
Cauchy Schwarz inequality and (5.87) in the fourth term of (5.88), and the uniform co-
erciveness of A. in the second term, it is then straightforward to obtain (5.84) from (5.88).

(5.88)
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Consider now ¢ a smooth function of the time variable such that v = 1 in (k, 7).

Multiplying the first equation of (5.80) by aul - $?1? and integrating by parts on £ x (0, )
for some k <t < T, we find that

//|8W\¢2w2 /Avl"“(-,) Vulie(. )2

bzls bil,e bil e 8ub2l6 2
Av ul) ¢— AV -w))atw.

Using the Cauchy-Schwarz inequality and (5.84) in both terms of the right-hand side
of (5.89), as well as the uniform coerciveness of A, in the second term of the left-hand
side, we obtain (5.85). O

(5.89)

Remark 5.2. The weak mazimum principle is instrumental in obtaining (5.87). If we
were to work not in a scalar setting but with systems of equations (for instance in the
context of elasticity), then the compactness method of Avellaneda and Lin [9] may be used,
under additional regularity assumptions on A.

The computation of the boundary-initial layer ul{il"s is as involved as that of u.. It is

therefore necessary to find a tractable alternative. To this end, we proceed in two steps:

e in the next section, we get rid of the boundaries so as to gain insight on how to
design a practical initial layer;

e in Section 5.4.4, we address simultaneously the initial and boundary layers.

5.4.3 Initial layer in an “unbounded” domain

The results given in this section can be derived of those of [68]. We nonetheless believe it
is useful to state and prove them here in perhaps a clearer and more concise fashion, all
the more so since we will significantly use the same arguments in the next sections.

So as to get rid of the boundaries, we consider here Q = (0,1)¢ equipped with fully
periodic boundary conditions, and thus define u. as the solution to

Ou,
ot
x — ug(z,-) Z% — periodic,
ue(+,0) =g in Q,

—div(A:Vue) = f in Q x (0,7),
(5.90)

where ¢ is a Z%-periodic function. We also suppose that the sequence of ¢ is such that
contains an integer number of cells (i.e 2 € N).

The first thing to note is that, because of the periodic boundary conditions, there is
no need for boundary layers in the homogenization of (5.90), hence the following estimate
in C([0, T]; LA(©2)) 0 L2(J0, T[; HL(Q)):
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Theorem 5.12. Consider u. solution to (5.90), and assume that ug is smooth. Then it
holds
< Ce.

ue(w,t) —ug(w,t) — cur(x - t)H
e(, o(z, W e Plleqoryza@pnzgo i @)

Proof. We define r.(x,t) = %(ue(x, t) —uo(x,t) — euy (x,%,t)). Using system (5.13), and
after some rewriting already detailed in the proof of Theorem 5.80, we see that r. is
solution to

ore

e div(A.Vr.) = —=div (AVyu2) + div, AV ug

. Ouy .
+ div, AV, uy — 5t in Q2 x (0,7), (5.91)

z— re(x,-) Z% — periodic,

re(z,0) = —uy(x, g,O) in Q.
\

The smoothness of up and the definitions (5.23) and (5.24) of u; and uy imply that
o AVyuy(x,%,t) is bounded in L(]0, T'[; L*(Q2));

o divy AV us(xz, 2,t) and divyAVu (2, £,¢) are bounded in L'(]0, T[; L*(Q));

) e

o %(m, £ t) is bounded in L'(]0, T[; L2(2));

e?

e ui(z,%,0) is bounded in L*(Q).

Thus all the terms in the right-hand side of (5.91) are bounded in the functional spaces
used in Lemma 5.21. Tt entails from Lemma 5.21 (easily adapted to handle periodic
boundary conditions instead of Dirichlet boundary conditions on 9€2) that 7. is bounded
in C([0,77; L?(2)) N L2(]0, T[; H(£2)), which concludes the proof.

O

To obtain error estimates in the space C([0, T]; H'(Q)) rather than in C ([0, T]; L?(£2))N
L2(]0,T[; HY(Q2)), and since there are no boundaries here, we only have to compensate for
the first corrector at ¢ = 0, in a more tractable way than (5.80).

For this purpose, we will once again use the linear structure of u;. We follow [68] and
define parabolic cell problems by: Vi € [1,d],
Oz
aﬁ — div(AVz) =0 in Q x RY,,
-
y— zi(y,") 7% — periodic, (5.92)

2i(y,0) = —w; in Q.

Recall that each w; is defined up to the addition of a constant, and therefore so is each z;.

We start by proving the following elementary properties of the functions z;.
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Lemma 5.13. For all i € [1,d], there exists a unique solution z; to (5.92) such that:

zi € C(Ry; L*(Q)) N L= (Ry; L(Q)), (5.93)
2; +/ w; € L*(Ry; L2(Q)), (5.94)
Q
Vz € L*(Ry; L(Q)). (5.95)
Moreover, z; satisfies
% PRy Q) N ARy Q). (5.96)

Proof. For simplicity, we drop indices in this proof and replace z; and w; with z and w
respectively.

Let us call (A, ag)ren the eigenpairs of the operator —div(AV-) on @ with periodic
boundary conditions. It is well known that (az)ren is an orthonormal basis of L?(Q)
and that we can arrange these pairs in such a way that the sequence Ay is nondecreasing
and goes to infinity when k goes to infinity. Moreover we have (g, ap) = (0,1) and Ay > 0.

The periodic function w can be expanded in the basis (ag)ren as

= cpan(y) (5.97)

keN

with ¢ = / w(y)ak(y)dy for all k € N. Note that (5.97) implies
Q
[wlFeg) =D i (5.98)
keN

It is classical that there is a unique solution z to (5.92) such that (5.93), (5.94) and
(5.95) hold, which writes

Z cxe” Fag(y (5.99)

keN

The sequel is devoted to proving (5.96).

For a given 7, it follows from (5.99) that
0z 2
|56,

—Z )\k—/AVw Vw < +00.
L2(Ry;L2(Q keN* Q

keN*

Then

HBT
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Therefore
0z
5, € L(Ry; L2(Q)), (5.101)
-
and as an immediate consequence
0z
5. € L1101 L*(Q)). (5.102)
-
Next, we rewrite (5.100) as
0z 2 c?
o =) EajemwT 5.103
’ 87’ LQ(Q) k%* )\k ( )
For 7 > 0, the function z € Ry > z3e™ ™

reaches its maximum at x = =
deduce from (5.103) that

= i Hence we

2 _
12|, <4
T 2 87 kens 'k
¢ >
= S (5.104)
kEN*
¢ 2
73 ”wHL2(Q)>
so that
0z
<= .
5207, = e

(5.105)
Since = € L'(]1,+00), (5.105) implies

0% ¢ M1, +oof; 1(Q)). (5.106)

or
We conclude from (5.101), (5.102) and (5.106) that g—f_ € L2(Ry; LA(Q))NLY(Ry; L2(Q))
which proves (5.96).

O
We can now define our candidate as an initial layer by

8u0 t
Zaxz x,0)z( ,6—2)

The following result shows that w, is a relevant initial layer
different from that found in [68].

(5.107)

. The proof we give is

Theorem 5.14. Consider u. solution to (5.90) and assume that ug is smooth. Then

ue (@) — up(z) — eus (@, =, t) — eus (@, =,
g

gl e

< CEe.

([0, 7)1 (%))
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Proof. We define the remainder

t
Te = 5_1 <UE([L‘,t) - UO(z)t) - E:ul(mv gat) - 5”2(357 f )) .

e’ e?
Our aim is to prove that . is bounded in C([0, T]; H*(Q)).

Remark that the definition (5.107) of u, and the smoothness of ug imply that r. =0
at t = 0. Using the parabolic operators (5.21) and the system (5.13), the function 7. is
solution to

0
% —divA . Vr. = 5_1L0U2 — Louy — 5_1L1uz — Lou, in Q% (0,T),

x —re(zx,-) Z% — periodic,
re =0 att=0.

We decompose 7. = r} 4+ r2 with r! solution to

o 1

Orta — divAEVr; = e 'Loug — Louq in Q X (0,7,

T r; (z,-) Z% — periodic, (5.108)
rl =0 att=0,

and 72 solution to

87“? . 2 -1 .

T divA.Vri = —e " Liuy; — Lou, in Q x (0,7),

2 (5.109)

z— 12(z,-) 2% — periodic,
7“? =0 att=0.

Following the proof of Theorem 5.9, it is straightforward to see that r! is bounded in
C([0,T); HY(Q2)). The main difficulty lies in the term 72, to which we devote the rest of

£

this proof. The latter consists in showing that the right-hand side of (5.109) is bounded
in the functional spaces of Lemma 5.22.

For this purpose, we rewrite

—e ' Liu, — Lou, = e divy AVyu, + e 'divy AV, u, + div, (AV,u,)

N . (5.110)
= ¢ div,AVyu, + div(AV,u,).

We first deal with e ~1div, AV, u, in (5.110). We know from (5.95) in Lemma 5.13 that
Vzi(y,7) € L>(Ry; L?(Q)). Note then that by Z?- periodicity and a scaling argument, we
have, for all 7 € [1,d],

1 rz t
2IVy2i(Zs llezqorprec) = 1Vaill 120, 3 2y (5.111)

< |IVzill L2 52200))-
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It follows from (5.111) that 1V,z(%, %) is bounded in L*(]0,T[; L*(R)). In view of the
definition (5.107) of Uy, and using additionally the smoothness of ug, this implies that
e Mdiv, AVyu.(z, £, %) is bounded in L*(]0, T[; L*(2)).

We now focus on diV(AV uy) in (5.110). According to Lemma 5.22, we have to
prove that AV u.(z, %, %) is bounded in C([0,T]; L*(2)) and that %(Avxuz (z,2, %))
is bounded in L'(]0,T7; L2(Q)). The former easily comes from the smoothness of uy and
(5.93) in Lemma 5.13. As for the latter, by Z% periodicity and a scaling argument, we
note that

1 0z o t

0z;
€2H8T(67 2>HL (0, T[;L2(22 _H

HL1 2
2L2(@) (5.112)

Z
< ||§HL1(R+;L2<Q))-
We deduce from (5.112) and (5.96) in Lemma 5.13 that E%%Zj(%, %) is bounded in the

space L(Jo, T[ L%(9)). Using on the other hand the smoothness of ug, we obtain that
6t(AVmuZ (z,%,%)) is bounded in L'(]0, T'[; L*(2)).

Consequently, all the terms in the right-hand side of (5.109) are bounded in the func-
tional spaces of Lemma 5.22. We can then conclude from Lemma 5.22 that r2 is bounded
in C([0, T); H'(Q).

It follows from the decomposition r. = r} + 2 that 7. is bounded in C([0,T]; H'(12)),
which is the desired result. O

According to (5.99), the functions z; decay exponentially with respect to 7. In prac-
tice, it is sufficient to compute them only for small 7 and to assume that they vanish
afterwards. These computations are easy since they take place in the unit cell Q.

Once the parabolic cell solutions z; have been computed, the initial layer wu, is ob-
tained in a straightforward manner from (5.107). Recalling that 7 = 6%, it has only to be
added to the Ansatz (5.19) for small ¢, for its contribution becomes negligible after initial
instants. It is then much more convenient for practical purposes than the layer (5.80).

Now that we have an efficient method to compute an initial layer, and also, from
Section 5.3.1, tractable boundary layers for stationary problems, we seek in the next
section to address the full issue of boundary+initial layers.

5.4.4 (General case

In this final section we wish to use our knowledge of the stationary setting and of the
parabolic setting without boundaries to handle simultaneously the initial condition and
the boundary conditions and to find relevant boundary-+initial layers.

In the sequel, we use the notation of Section 5.3.1 and more precisely of Figures 5.1
and 5.2. We assume that Q = (0,1)%, and work in the space Hp(f2) defined by (5.30).
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This means that u. is solution to

‘95;5 — div(A.Vu.) = f(z,t) in Q x (0,T),
UEZO on F1UF2, (5113)

&' — u (2, xq,t) 2971 — periodic,
UE('7O) =g inQ,

with g € Hp(Q).

Let us recall that in the previous section we have obtained an initial layer u, defined
by (5.107). On the other hand, in the stationary setting of Section 5.3.1, we have obtained
a boundary layer u% defined by (5.33). We need to slightly modify the latter to account
for the introduction of the time variable, and define the new Dirichlet boundary layer by

. T d g 1 i1,% 2 i2,x 1—xq
b 2.0 =30 50 ) (@) - @5 ) G

)
9 9
i=1

where for all ¢ € [1,d] and all j € [1, 2], 1/13"{ is defined by (5.32) and x7 is the same cut-off
function as in (5.33).

We have seen that at order one in e, the need for an initial layer comes from the
oscillation of the first corrector at ¢ = 0. Before going further, we just check that when
there is no initial oscillation of the corrector, the boundary layer u% suffices to obtain the
desired error estimate in C([0, T]; H*(Q)).

Theorem 5.15. Consider ue solution to (5.113) with g = 0. Assume that the homogenized
solution ug is smooth. Then

|
bl).

: _ -1
Proof. Let us define the remainder r. = €™ (us — ug — eu1 — eup

xT bl €T
- - o) — Z <
e, ) = ol #) — e, 20) —eulbe, )| s e

Since u. = 0 at t = 0, the same is true for ug. The smoothness of ug then implies that
u1 and u% are equal to 0 at ¢ = 0. It follows that r. =0 at ¢t = 0.

Using the operators (5.21) and the system (5.13), we find that 7. is solution to

( Or . 1
87: — le(AEVTE) = ELOUQ — L2u1
0 w, @ . b, X .
— —up(x, =, t) +div ( AV (up(z, =, ) in Q2 x (0,7,
re =0 on 'y UT'g,

2 (2, xq,t) 2971 — periodic,
re(-,0) =0 in €.
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We decompose 7. = rl 4+ r2, with r! solution to

( 87“% . (A€V7“l) — lLom — Louy — gu% in Qx (0,7)
at e 8 at M M
7“5} =0 onI'y UTy, (5.116)

o’ rl(al, zg,t) 2971 — periodic,
ri(-,0) =0 in Q,

\ ¢

and 72 solution to

6T§ . 2 T .
T (AcVri(z,t)) =div (A \Y (uD(:c - t))) in Q x (0,7,
T? =0 onI'yUTy, (5.117)

o' r2(af xg,t) 731 — periodic,
r2(-,0) =0 in Q.

€

Using Lemma 5.22, we show exactly as in the proof of Theorem 5.9 that r! is bounded
in C([0, T]; HY(Q)).

In order to deal with 72, we need to proceed a bit differently. For ¢ € [0, T], multiplying

(5.117) by 855 and integrating by parts, we obtain the energy equality

//t 1/AN@@wv@@@
// A, 8V ;13,575)) (z,s) /A V uD x, = t)) 'Vrf(-,t).

The same arguments as those used in the study of boundary layers in the stationary
setting, either in the proof of Theorem 5.5 (see [2] or [64]) or in the proof of Theorem 5.8,
apply. In particular, we derive an expression similar to formula (5.65) where the boundary
integrals are zero for we here deal with homogeneous Dirichlet boundary conditions. This
leads to

(5.118)

/Aav ubh(z, = t 'v¢>‘ < OVl 2 (- (5.119)

Hence, taking ¢ = 72 in (5.119), we get

/A V ulb(z, = t)) -Vr?(:z;,t)‘ < C||Vr§(~,t)HL2(Q). (5.120)
Likewise, we have

6V

7?7 )
) - Vri(z,s)| < CIVrE oLz @)- (5.121)

Using (5.120) and (5.121) in the right-hand side of (5.118), and the uniform coerciveness
of Ac in the left-hand side, we find that [[rZ||c(o1,m1 () < CVE and a fortlorl that r2 is
bounded in C([0, T7; Hl(Q)) which concludes the proof since re = rl + 12 O
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Let us sum up where we have come to. Theorem 5.14 in Section 5.4.3 gives an initial
layer for parabolic problems with no boundary layers. Theorem 5.15 above gives a bound-
ary layer for parabolic problems with no initial layer. For the sake of comprehensiveness,
we emphasize that these two results are readily adapted, in the same fashion as in Theo-
rem 5.10, to address problem (5.113) when we get rid of boundaries and of initial instants
respectively, as stated thereafter:

Theorem 5.16. Consider u. solution to (5.113), and an open subset w CC Q. Assume
that the homogenized solution ug is smooth. Then

< Ce.

C([0,T|;H (w))

9

x x

>t - 7t - a77t - s T o
ue(x,t) —up(x,t) — eur(x 5 ) — euy(x -0
Theorem 5.17. Consider u. solution to (5.113), and 0 < k < T. Assume that the
homogenized solution ug is smooth. Then

|

We now want to find the general boundary-+initial layer. An intuitive way to proceed
is to add the initial layer (5.107) and the boundary layer (5.114), since the former is needed
when there is no boundary and the latter is needed when there is no initial oscillation.
However it is clearly not sufficient to add them, for the boundary layer violates the initial
condition, while the initial layer violates the Dirichlet boundary condition on I'y U I's.
Therefore we have to add a new term that corrects the unwanted effects induced by both
layers, and that compensates for u, on 92 and for u% at t = 0.

X bl X
_ _ A z < )
UE(Iat) UQ(IE,t) 8U1(.’L‘, €’t> 5uD($v 6’t)HC([n,T];H1(Q)) = Ce

Due to the linear structure of the boundary and initial layers, we define this new term
by

t 0 t " 1- t
UDZ(I',g,t,*):Z ug('f?t) <P11<§752)X1(95)+p?(i7 xda€2>x2($)> (5122)

S 9

where for all 7 € [1,d] and all j € [1,2], ¢}/ is defined by (5.32), p! solves

o) . 4
DL divAVp =0 in GY x RY,
-

(.7) = ~s{y.7) onT. 512
y' = pl(y,ya, ) 297" — periodic,
pl(-,0) =~y in G,

and x/ is the same cut-off function as in (5.114).

Note that the initial and boundary conditions in (5.123) are compatible at y; = 0 and
7 = 0, because wiD’j is equal to w; on the edge I' and z; is equal to w; at 7 = 0. Consequently
we can expect some regularity of p{ . On the other hand, since we know from (5.99) that z;
decays exponentially in function of 7 to a constant , and from Lemma 5.4 that @Z)%)j decays
exponentially in function of yg to a constant, we expect some integrability in space and
time of the derivatives of pz . We actually have the following existence result:
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Lemma 5.18. For all i € [1,d] and all j € [1,2], there exists a unique solution p! to
(5.128) such that

W ¢ [2(Ry; I2(GY)), (5.124)
Vpl € L®(R4; L*(G7)) N C(Ry; LA(GY)). (5.125)

Moreover,
pl € L®(Ry; L®(GY)). (5.126)

Proof. Let 1) be a smooth test function depending only on y4 such that (0) = 1 and ¢
vanishes for |yq| > 1. For alli € [1,d] and all j € [1,2], we look at the following problem:
aqj . j . . ; *
L —divAVq] = —div(A V) — AVz; - Vi in G7 x RY,
-

a(y,7) =0 on, (5.127)
y' gl (y,ya,7) Z7 — periodic,
L ¢/(-,0) = =¥ + ¢w; in GI,

The cell solutions w; being defined up to the addition of a constant, we can assume
without loss of generality that their average over the unit cell @ is 0. It follows from
(5.97) and (5.99) that z; and Vz; decay exponentially to 0 with respect to 7. Applying
Lemma 5.22 to (5.127) for T as large as we want, we find that there exists a unique solution
q] to (5.127) such that

6qg ,
25, € L*(Ry; L*(G7)),

Vgl € L®(Ry; LP(GF)) N C(Ry; LP(G)).

(5.128)

On the other hand, it obviously holds by definition of ¢ and due to the exponential
decay of z; that

82’1-

2 .72 j
P e IR IAGY)), 5.129)
V(¥z) € L®(Ry; L*(G7)) N C(Ry; L(G)).
We then define ‘ ‘
P =q — bz (5.130)

In view of (5.128) and (5.129), pg satisfies (5.124) and (5.125), and an easy calculation
shows that it is solution to (5.123). The uniqueness of p] follows from Lemma 5.22.

Finally a weak maximum principle applied to (5.123) yields (5.126).
O

Remark 5.3. If we choose to normalize the cell solutions so that their average over the
unit cell Q is zero, then the boundary condition of (5.123), that is z;, converges to zero
when T goes to infinity, hence p! goes to zero when T goes to infinity. In general, p]
converges to fQ W .
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The integrability given by (5.124) and (5.125) is not sufficient for our purposes. Indeed,
our main result, which consists of an error estimate obtained by adding the layer up,
defined by (5.122) to the Ansatz, relies on stronger integrability assumptions:

Theorem 5.19. Consider u. solution to (5.118). Assume that ug is smooth, and that for
all i € [1,d] and all j € [1,2], p] satisfies

8pg 1 2/
ol € L'(R; L*(GY)), (5.131)
Vpl € L*(Ry; LA(GY)). (5.132)

Then it holds

T x x t x
ue(x,t) — up(x,t) — euq(x, ;,t) — su%(:v, g,t) —eu,(x, = 6—2) — eup,(z, g,t, —)

< Ce.
)

C([0,T);H(Q)
(5.133)
bl

Proof. Let us introduce the remainder r. = % (u6 —UQ — EUL — EUp) — EU — suDz). Using

the operators (5.21) and the system (5.13), we find that r. is solution to

or . 1
8—: —div(AcVre) = ELOUQ — Lo(uy + u(,’:l) +u, +up)
1
— ZLy(u + u. 4 up.) in Qx(0,7),
, € (5.134)
re =0 inT'y Uy,
(2! 3g,t) 741 — periodic,

re(-,0) =0 in Q.

1

- s solution to

We then decompose 7. = r! + 72 where 7

or} 1 1
5; — div(A.Vrl) = - Lous - Lo(up + ubb 4+ u,) — ng(u% +u,) inQ x (0,T),

7“; =0 inT'; UTY, (5.135)

o’ v rl(al zg,t) 2971 — periodic,

rl(-,0) =0 in Q,

\ ¢

and 72 is solution to

or? . 9 1 .

T div(A.Vre) = —Loup, — nguDZ in Q x (0,7,

7’? =0 inI'y UTy, (5.136)
2 (2 xg, ) 731 — periodic,

r2(-,0) =0 in Q.

\

It follows from the same arguments as in the proofs of Theorem 5.14 (regarding the
initial layer u,) and Theorem 5.15 (concerning the boundary layer u%) that r! is bounded
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in C([0,T); HY(2)). Therefore we only have to consider r2.
The rest of the proof is devoted to verifying that the terms in the right-hand side of
(5.136) are bounded in the functional spaces of Lemma 5.22. To this end we will use

(5.126) and assumptions (5.131) and (5.132).

First, we rewrite

1
—Loup, — —Liup, = 5_1diV$AVyuDZ + s_ldivyAquDZ +div,AViup, — %u[)z
€
0
= e 'div,AVyup, + div(AV,up,) — 57 4D= (5.137)

It is clear from the definition (5.122) of up., the smoothness of up and (5.126) that
%uDz( z,Z,t, %) in (5.137) is bounded in L*(]0,TT[; L*(%2)).

Next, we deal with the term e~!div, AV, up, in (5.137). Using Z4!- periodicity and
a scaling argument, we obtain, for all ¢ € [1,d],

1

€\|Vypz( ; 2)HL2 0722 < VEIVyDi (0, Tl 2,12 (61)- (5.138)

It follows from (5.138) and assumption (5.132) that 1VypZ (£,%) is bounded in the space
L2(]0,T[; L*(2)). The same is obviously true for 2V, p?(%, Z) In view of (5.122), and
using additionally the smoothness of wg, this imphes that e~ div, AV up.(z, Z,t, ;2)
bounded in L?(]0, T[; L3(R)).

Finally, we focus on div(AV up;) in (5.137). According to Lemma 5.22, we have to
prove that AV up.(x, 2, t, %) is bounded in C([0, T]; L*(£2)) and %(AVQ;UDZ (z,2,t, %))
is bounded in L!(]0, T'[; LQ(Q)) The former easily comes from the smoothness of vy and
(5.126). Regarding the latter, we compute, for all i € [1,d],

opt x t dp}
€2H or (87 Q)HL (10,T[;L2(£2)) < \/E||W||L1(R+;L2(Gl))‘ (5139)

Collecting (5.139) and assumption (5.131) yields that 2 %p; (%, 1) is bounded in the space
L*(J0,T[; L*(©2)). The same holds for p?. We then deduce from the definition (5.122)
of up,, the smoothness of up and (5.126) that gt(AV uDZ( T, 2,1, ;2)) is bounded in
LY(]0,T[; L*(2)).

We have thus proved that all terms in the right-hand side of (5.136) are bounded in the
functional spaces of Lemma 5.22, which allows us to conclude, using the latter theorem,
that r2 is bounded in C([0,7]; H*()).

Finally, 7. being equal to 7} + 2, it is bounded in C([0, T]; H*(R2)), which terminates
the proof. 0

Theorem 5.19 is only relevant from a practical point of view if assumptions (5.131)
and (5.132) are satisfied. These assumptions ensure that the decay with respect to space
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and time of the derivatives of the function pg solution to (5.123) is sufficiently strong. As
mentioned previously, they seem reasonable since the boundary condition z; in (5.123) has
exponential decay in time and the initial condition ¢}j has exponential decay in space.
Unfortunately, we are not able to prove that these assumptions hold.

Let us explain the main difficulty. According to (5.99), the function z; converges when
T — 00 to a constant which is — [, w;; on the other hand ¢ converges when [ya| — +o00
to the constant d*/ defined in Lemma 5.4. These constants depend linearly on w; since z;
and ng depend linearly on w;. If we normalize w; so that its average over () is 0, then
the boundary condition z; goes to 0 when 7 — oo, but the initial condition 1/1%7 is not
integrable for a priori d"/ # 0, and we cannot use Lemma 5.21 to obtain (5.132). The
converse is true if we normalize w; to make z/JZD’J integrable. Thus it is not possible to
choose the cell solutions in order to have nice properties on z; and %’Dj simultaneously.
Somehow, the initial layer and the boundary layers are not compatible at infinity, i.e in
the limits 7 — oo and |yg4| — +o0.

Of course, it is possible to use wiD’j —d"I instead of ng as boundary layer, and z; + fQ w;
instead of z; as initial layer (the estimate of Theorems 5.5 and 5.14 still hold). This re-
moves the issue of compatibility at infinity, but at the expense of having boundary and
initial layers that are not compatible anymore at 7 = 0 and y; = 0. As a result the proof
of Lemma 5.18 does not apply anymore, and we lose properties (5.124) and (5.125) and
the regularity of the function p].

We stress however that assumptions (5.131) and (5.132) are sufficient for our purposes
but not necessary. Indeed, it readily follows from the proof of Theorem 5.19 that we only
need the left-hand sides of (5.138) and (5.139) to be bounded independently of ¢ for the
error estimate (5.133) to hold. Thus assumptions (5.131) and (5.132) can be replaced with
less demanding assumptions. This is the object of the following Corollary.

Corollary 5.20. Assume that ug is smooth, and that there exists a constant C' > 0 such
that for all i € [1,d], all j € [1,2] and all e > 0, p] satisfies

1 0pg r t
gH or (g, ?)HLl(]O,T[;LQ(Q)) <, (5.140)
1 x t
*||Vyp{(—, 7)||L2(]0,T[;L2(Q)) <C. (5.141)
€ e €

Then estimate (5.133) holds.

Albeit less demanding, assumptions (5.140) and (5.141) also seem less natural to us.
Besides, we are not able to prove that they are satisfied either.

So as to gain some insight on the relevance of assumptions (5.131) and (5.132) of
Theorem 5.19, and assumptions (5.140) and (5.141) of Corollary 5.20, we consider in the
next section a one-dimensional setting allowing some explicit computations. Since problem
(5.123) is posed on a strip, we believe that the one-dimensional case is representative of
what happens in higher dimensions.
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5.4.5 One-dimensional toy model

Let us consider problem (5.113) with @ = (0,1). There is only one cell solution to (5.4),
which we denote w. The boundary 02 only consists of the two points {0} and {1}.

It is then straightforward to see that the function p associated to the boundary z = 0,
generally defined by (5.123), is here solution to

)

2P —divAVp =0 in R} x R},

p(0,7) = —2(0,7) in R, (5.142)
p(-0) = w(0) inRY,

with z defined by (5.92).

Denoting by p = p — w(0), we have

s
22— divAVF =0 iR} xR},
p(0,7) = —w(0) — 2(0,7) inR%, (5.143)

(-0) =0 inR;.

Obviously, p satisfies assumptions (5.131) and (5.132) of Theorem 5.19, or assump-
tions (5.140) and (5.141) of Corollary 5.20, if and only if p satisfies them. In the sequel
we choose to work with p for convenience.

Using the expansions (5.97) and (5.99), we obtain the following form for the boundary
condition of (5.143):

—w(0) — 2(0,7) = = Y cr(1 — e 7)ag(0). (5.144)
k=1

The boundary condition (5.144) is thus the sum of a constant and a function that is
exponentially decreasing with respect to 7. Note that it vanishes at 7 = 0, as a result it
is compatible with the initial condition of (5.143).

Remark 5.4. The constant in (5.144) is generally nonzero. It is equal to zero if and only
if w(0) is equal to the limit of —z(0,7) when T — oo, that is fol w, which is generally
not true. This is related to the fact, explained in the general d-dimensional case, that
the initial layer and the boundary layers are not compatible at infinity. However, there
classically exists some b € [0,1] such that w(b) = fol w, so that if we were to consider
fl(y) = A(y + b) instead of A, we would obtain a purely exponentially decreasing function
of T as boundary condition. This trick works only in dimension 1.

We would like to determine if the function p solution to (5.143) satisfies the assumptions
of Theorem 5.19 and Corollary 5.20. Rather than directly tackling (5.143), which still
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remains quite involved, we consider the following toy model with constant coefficients:

)
5 —Au=0 iR} xR,
u(0,t) = c(t) inR7,

u(-,0) =0 in R,

(5.145)

for some function ¢(t) writing as the sum of a constant and an exponentially decreasing
function of ¢.

Our motivation in studying (5.145) is to understand the behavior of solutions to prob-
lems of the same kind as (5.143) (namely heat equation with specific boundary and initial
conditions). The aim of the computations below is to determine if u verifies the assump-
tions of Theorem 5.19, that is

g@; € LY(Ry; L*(Ry)) (5.146)
and

ou 9 9

57 € L (R L5(R4)), (5.147)

or if, a minima, u verifies the assumptions of Corollary 5.20.

Problem (5.145) can be solved explicitly by means of a Fourier analysis. For this
purpose, we first extend it to R. Therefore we define v on R x R* by

v(z,t) = u(z,t)lys0 — u(—z,t)Ly<o. (5.148)
Then
ov ou ou
%(QC, t) = %(CE, t)]lz>0 + %(_IB, t)]].$<[) + QC(t)(SO, (5149)
ov ou ou
E(‘T,t) = E(x,t)]lx>0 + E(_x7t>]lx<0, (5150)
and
0%v 9%u 0%u

W(%t) = @(%t)ﬂmo + @(—%t)ﬂxo + 2¢(t)dp,
so that v is solution to the equation

ot 0z
v(x,0) =0 inR%.

= —2¢(t)d, in R x R,

The Fourier transform v of v, defined by

@(f,t):/ﬂgv(x,t)eigzdm,
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then solves

v . . . *
En +&%0 = —2ic(t)¢ in R x R* (5.151)
9(£,0) =0 inRY,
and we deduce from (5.151) that
t
0(&,t) = —2z'§e_§2t/ c(s)egzsds. (5.152)
0

It is clear from (5.149) and (5.150) that u satisfies (5.146) and (5.147) if and only if v
satisfies

% € LY(Ry; L*(R)) (5.153)
and
ov 9 9
5, ~ 20()do € LA(Ry; LA(R)), (5.154)

hence, taking the Fourier transform of (5.153) and (5.154), if and only if

o
5 € L'(Ry; L*(R))

and

o~

% —2¢(t) € L*(Ry; L*(R)).

We then compute from (5.152) that

gi’(g,t) = 213 /0 tc(s)e§23ds - j;%c(t) (5.155)
and
(:;); - 2c> (&, t) = —2¢ € /Ot c'(s)eéQSds - 0(0)67621‘/. (5.156)

We thereafter consider two different expressions for the function ¢(¢), aiming at emu-
lating (5.144).

a) Case c(t)=1—e"t

As the sum of a constant and an exponentially decreasing function of ¢, ¢(t) is designed
to reproduce the behavior of (5.144). It also satisfies the compatibility condition with the
initial condition ¢(0) = 0. Inserting this specific expression of ¢(¢) in (5.155) and (5.156)
yields

- —&%t _ —t
g:(f,t) = 2i¢° ¢ (5.157)

g-1



5.4. Boundary layers for parabolic equations 209

and
v et et
— -2 t) =2————. .1
(83: ) €0 =25 (5159
Computing the L?(R)-norm of (5.157) and (5.158), it is straightforward to see that
C
~ 5.159
H LQ(R t—oo ¢3/4 ( )
and e
ov C
L2(R)

Clearly then,

o0
o ¢ L'(Ry; L*(R)),
and
v 2 2
oL~ 2e(t) ¢ ARy IA(R))
As a consequence
ou
n ¢ L'(Ry; L*(Ry)),
and
ou 9 9
57 L (R L(Ry))

This shows that the assumptions of Theorem 5.19 are not satisfied by u solution to (5.145)
with c(t) =1 —e7 %

However, it is easy to deduce from estimates (5.159) and (5.160) that the bounds
(5.140) and (5.141) hold for w. Thus u verifies the assumptions of Corollary 5.20.

b) Case c(t) =e t — e 2t.

Following Remark 5.4, ¢(t) here mimics the boundary condition (5.144) that we obtain
when the corrector w is such that w(0) = fol w, i.e when the initial layer and the boundary
layers are compatible at infinity: it is the sum of exponentially decreasing functions of .

It also satisfies the initial compatibility condition ¢(0) = 0.

With this specific function ¢(t), we find that

(6 t) = 2i¢ (e et petio €2t> , (5.161)

€21 €22
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and

-~ 2 - &2 2
(gz—%) (5,75)22(6 5;_{3 Y 5:_; t). (5.162)

Computing the L?(R)-norm of (5.161) and (5.162), we get the following behavior for
large times:

ot ’ L2(R) t—+o00 t7/4

and .

ov C

||a$(’a t) — 2c(t) oo A

L2
Therefore,
% € L' (Ry; L*(R)), (5.163)

and

v 2 2

e 2¢(t) € L*(Ry; L*(R)). (5.164)

It follows from (5.163) and (5.164) that

ou
5 € L' (Ry; L*(R+))

and

Ju
— € L*(Ry; L*(Ry)).
O e 2Ry L (R,)

The function u solution to (5.145) with ¢(t) = e~ —e~2! thus satisfies the assumptions
of Theorem 5.19 and a fortiori those of Corollary 5.20.

These two examples show that assumptions (5.131) and (5.132) of Theorem 5.19 are
generally not satisfied in the case of a problem (5.145) resembling the original problem
(5.123), though they may hold if by chance the constant in the boundary condition is zero
and then if only exponentially decreasing functions remain.

Note however that these one-dimensional computations, albeit instructive, do not al-
low to draw definitive conclusions on the validity of assumptions (5.131) and (5.132), for
the toy problem (5.145) is not equivalent to the original problem (5.123). In particular, we
have injected and used in (5.145) less information than we originally had in (5.123): in the
latter setting, the boundary and initial conditions depend on the matrix A via (5.32) and
(5.92), whereas it is not the case in (5.145). More precisely, if A was the identity matrix
in (5.123), then the functions z and ¥} would necessarily be constants, hence p] would
also be a constant and assumptions (5.131) and (5.132) would be trivially verified. This
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is obviously not taken into account in (5.145), hence we do not have a counter-example.

On the other hand, the computations above give us hope that assumptions (5.140) and
(5.141) of Corollary 5.20 may generally hold.

So as to go further, we would have to define a more suitable toy model with an opera-
tor —div(AV:) instead of the Laplace operator, and with boundary and initial conditions
related to A. Then the Fourier analysis performed above would have to be replaced with
a Bloch waves analysis. Our attempts to do so have been unfruitful so far.

In conclusion, the validity of the assumptions of Theorem 5.19 and Corollary 5.20
remains an open problem to us.

5.5 Appendix: two parabolic regularity results

In this section we recall two standard parabolic regularity results. We shall not give the
proofs and refer the reader to [57] for details.

In the sequel A denotes a symmetric tensor field from R? to R4*? such that there exist
A >0 and A > 0 such that

Ve e R aeinz € RY, N€|? < A(z)€ - € and |A(z)€] < AJ€]. (5.165)

We consider the generic parabolic problem

% —divAVu = f +divg in Q x (0,7),
w=0 ondQ x (0,T), (5.166)
u(-,0) =h in Q,

where € is a regular open set in R%, not necessarily bounded, and the regularity assump-
tions on f, g and h will be detailed in the statements of the results below.

Lemma 5.21. Assume that h € L*(Q), g € L*(]0,T[; L*(Q)) and f € L*(J0, T[; L*(Q)).

There exists a unique solution u to (5.166) in C([0,T]; L*(Q)) N L2(]0, T[; H(Q)).
Moreover, there exists a constant C' such that

Jull Lo go. 722 ) FI Vel L2gorpzz)) < C (1 nrqorprz@)) + 191 L2qo.rpz2) + 1Rl L2)) -
The constant C' only depends on X\ and A defined in (5.165).
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Lemma 5.22. Assume that h € L} (Q), Vh € L*(Q), hjpo = 0, g € C([0,T]; L*(2)),

loc

9% ¢ 1110, T[; L*(Q)) and f € L*(|0, T[; L*(2)).

There ezists a unique solution u to (5.166) such that Vu € C([0,T]; L*(Q)) and % €
L2(]0,T[; L*(2)). Moreover there exists a constant C such that

ou

o =+ HVUHC([O,T};LQ(Q))

L2(10,T[;L2(52))

dg
<C <||f||L2(]o,T[;L2(Q)) + Hat

+lglleqom;z2@) + |VhHL2(Q)> :
L1(J0,T[;L?(2))

The constant C' only depends on X\ and A defined in (5.165).

Remark 5.5. (On the assumptions of Lemma 5.22). Note that if Q has a boundary, then
the assumption Vh € L?(Q) implies that h € L? (Q) because of Poincaré inequality. If

loc

Q is the whole space R?, then an adequate definition of the working space (Beppo-levi or
Deny-Lions) also guarantees that h € L2 (Q) if Vh € L*(Q).
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