
HAL Id: tel-00561467
https://theses.hal.science/tel-00561467

Submitted on 1 Feb 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Filtrations à temps discret
Gael Ceillier

To cite this version:
Gael Ceillier. Filtrations à temps discret. Mathématiques [math]. Université Joseph-Fourier - Greno-
ble I, 2010. Français. �NNT : �. �tel-00561467�

https://theses.hal.science/tel-00561467
https://hal.archives-ouvertes.fr


  
   

 
 
 

THÈSE 
 

Pour obtenir le grade de 
 

DOCTEUR DE L’UNIVERSITÉ DE GRENOBLE 
Spécialité MSTII / Mathématiques 

 

Arrêté ministériel : 7 août 2006 
 

Présentée et soutenue publiquement par 
 

Gaël CEILLIER 
 

le 01/12/2010 
 

 

« Filtrations à temps discret » 
 
 

Thèse dirigée par Christophe Leuridan 
 
 

JURY 
 
 

Soutenance à Grenoble le 1er décembre 2010 devant le jury composé de :                    
 
Rapporteurs     Michel ÉMERY          Directeur de recherche CNRS, IRMA       
      Anatoly VERSHIK         Professeur, Steklov Institute of Mathematics 
Examinateurs   Xavier BRESSAUD         Professeur, Université Paul Sabatier 
                                Didier PIAU                        Professeur, Université de Grenoble 
                                Marc YOR            Professeur, Université Paris VI 

          Christophe LEURIDAN Maître de Conférences, Université de Grenoble  (Directeur de thèse) 

 
 

 
 
 

Thèse préparée au sein de l’Institut Fourier, Laboratoire de mathématiques dans l' Ecole Doctorale 
de Grenoble, MSTII. 
 
 
 



 



 !"#$#% &$'( )'* +$'+ ,$--.#,. "' -$-.#+ $/ 012,(*3 ,.3 -$+34

5



 !"!#$%!"!&'( 

!" #$"%& '()*+,' - "./,$0", 0"& ,"0",1$"0"%#& - 23,$&#+/3" 4"5,$')% /+5,

)6+$, )11"/#7 '" '"6"%$, 0+% '$,"1#"5, '" #38&" "# /+5, 9()$'" /,71$"5&" :5($9 )

&5 0()//+,#",; !" 6+5',)$& :5($9 &)13" 1+0*$"% &) 1+%<)%1" &+% &+5#$"% "# &)

1+0/,73"%&$+% 0(+%# 7#7& /,71$"5. '5,)%# 1"& #,+$& )%%7"&;

!" &+53)$#",)$ "%&5$#" ,"0",1$", =$13"9 >0",? /+5, )6+$, )11"/#7 '(@#," 9(5%

'"& ,)//+,#"5,& '" 1" 0)%5&1,$# )$%&$ :5" /+5, 9) :5)9$#7 '"& 1+%&"$9& :5($9 0()

/,+'$A57 '5,)%# 1"& '",%$8,"& )%%7"&; !()$0",)$ 7A)9"0"%# 9" ,"0",1$", /+5,

0()6+$, '+%%7 9(+//+,#5%$#7 '" 95$ /,7&"%#", 0"& #,)6)5. "# /+5, 9) &?0/)#3$"

:5($9 ) &"0*97 0" /+,#",;

B# $& :5$#" )% 3+%+, C+, 0" #3)# D%)#+9? E",&3$F )11"/#"' #+ *" +%" +C 0? ,"C",""& 

)%' B G+59' 9$F" #+ "./,"&& 0? 0+&# &$%1"," #3)%F& C+, 3$& 1),"C59 ,")'$%A )%'

3"9/C59 1+00"%#& )*+5# 0? G+,F;

!" #$"%& )5&&$ - "./,$0", 0) A,)#$#5'" )5. ".)0$%)#"5,& '" 0+% H5,? '" #38&" 

I)6$", J,"&&)5' K$'$", L$)5 "# =),1 M+,;

=",1$ - K$'$", L$)5 /+5, 0()6+$, )$'7 /), &"& :5"&#$+%& &"& ,"0),:5"& "# &+%

350+5, - 0$"5. "./+&", 0"& $'7"&; !" 6+5',)$& :5($9 &)13" 1+0*$"% &+% &+5#$"%

#+5# )5 9+%A '" 0) #38&" ) H+57 ')%& 9) /",#$%"%1" '" 0"& #,)6)5.;

=",1$ - =),1 M+, '" 0()6+$, C)$# 9(3+%%"5, '()11"/#", '" '"6"%$, 5% '"& 0"0*,"&

'" 0+% H5,?;

N%<% 0",1$ - I)6$", J,"&&)5' /+5, 9($%#7,@# :5($9 /+,#" - 0"& #,)6)5. "# /+5,

)6+$, )11"/#7 '" C)$," /),#$" '" 0+% H5,? '" #38&";

!" ,"0",1$" 7A)9"0"%# O#7/3)%" 4)5,"%# '+%# 9"& #,)6)5. +%# $%$#$7 9"& 0$"%& "#

/+5, 9"& %+0*,"5. 713)%A"& :5" %+5& )6+%& "5&;

N%<% H()$0",)$ ,"0",1$", P,7'7,$1 O$0+% /+5, &+% )$'" ')%& 0"& 1)9159& "# &+%

)0$#$7; =",1$ )5&&$ )5. )5#,"& 3)*$#)%#& '" 9) Q2RSQ "% /),#$159$", - B6)% /+5,

)6+$, &5//+,#7 0"& )T,"& /"%')%# 0) /,"0$8," )%%7" '" #38&" - =).$0" /+5,

@#," ,"&#7 1" :5($9 "&# "# )5&&$ - D9". !")% D%#+$%" "# L+9 /+5, #+5& 9"& *+%&

0+0"%#& /)&&7 "%&"0*9";

U% A,)%' 0",1$ - K)0$"% :5$ "&# /),#$ "% 719)$,"5, - V,"%+*9" "# :5$ C5# %+%

&"59"0"%# 5% /),C)$# 1+9+1)#)$," 0)$& )5&&$ 5% A5$'" 159$%)$,";

=",1$ - J)&#$"% "# - 451)& /+5, 9" &F$ 9) 1+$%13" "# /+5, #+5& 1"& 0+0"%#& '"

'7#"%#";

W



 !"#$ % &'()$* +'," -',- ./01+'$"2 3,/$. (/) 2'**4 +!*2)*- #!1 .'*5,!1 1'$"4!1

2! -")6)$.7 )$*1$ 3,/%  )5).$! !- .!," +!-$-!  )"$*! +'," .!," )##,!$.8

 !"#$ 1,"-',- % 9)($")7 +'," -',- #! 3,/!..! ) #:)(;',.4 2)*1 () 6$! !- +',"

-',1 .!1 +"'<!-1 3,! *',1 )6'*1 !*1!(;.!8

 !"#$ % () =)($..!7 % ('* 2'#-!," 2! 5")*2 =">"! 3,$ (/) 2',;.4 2! 3,!.3,!1

('$17 % () 1'!," ?4) 3,$ (@(! .'$* !1- -',<',"1 ),11$ +"'#:! !- %  '"5)* 2'*-

./$*-!..$5!*#! !- .! -).!*- ='"#!*- ('* )2($")-$'*8

A! -$!*1 % "!(!"#$!"7 -',- +)"-$#,.$>"!(!*- (!1 +)"!*-1 2'*- .! 1',-$!* 1)*1 =)$..!1

(/) (!*4 .% 'B <! 1,$1 ()$*-!*)*-8

C



 



 !"#$"#%

 !"#$%&'(#)%" *

 ! "#$%&' () *+)#,)$-.' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! /

 !0 1$+)#,)$-.' 2( )34( 4#-2&$) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   

 !5 1$+)#,)$-.' 4-''62,.) &.( 4,#,76)#$',)$-. 86.6#,)#$9( ! ! ! ! ! ! !  :

 !: 1$+)#,)$-.' '),.2,#2 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ;

 !< =#$)>#(' 2( '),.2,#2$)6 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  ?

 !<! =#$)>#( 2( @(#'A$B 2( 4#(7$(# .$C(,& ! ! ! ! ! ! ! ! ! ! ! !  ?

 !<!0 =#$)>#( 2( @(#'A$B 2( '(9-.2 .$C(,& ! ! ! ! ! ! ! ! ! ! ! ! !  /

 !<!5 DE9-.F-#) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0G

 !; H#-9(''&' 2(' 7-)' 269-&46' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0 

 !I H#-9(''&' '),)$-..,$#(' J C,+(&#' 2,.' &. (.'(7%+( *.$ ! ! ! ! ! ! 0:

 !I! K.( 9-.2$)$-. '&# +(' 69,#)' 7-3(.' ! ! ! ! ! ! ! ! ! ! ! ! ! 0<

 !I!0 =A,L.(' J 767-$#( C,#$,%+( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0<

 !I!5 M,#9A( ,+6,)-$#( (. '9>.( ,+6,)-$#( ! ! ! ! ! ! ! ! ! ! ! ! ! 0;

 !I!: K.( C,#$,.)( 2( +, 7,#9A( ,+6,)-$#( (. '9>.( ,+6,)-$#( ! ! ! 0I

 !? H$')(' 2( #(9A(#9A( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0I

+ !"#$%&'(#)%" ,%$ -./-$#0 +*

0! N$87,E*(+2' ,.2 *+)#,)$-.' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0/

0!0 H#-2&9) )34( *+)#,)$-.' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 5G

0!5 1$+)#,)$-.' O$)A , 8(.(#,)$.8 4,#,7()#$P,)$-. ! ! ! ! ! ! ! ! ! ! ! 5 

0!: N),.2,#2 *+)#,)$-.' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 50

0!< =#$)(#$-. -F '),.2,#2.('' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 55

0!<! @(#'A$BQ' *#') +(C(+ 9#$)(#$-. ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 55

I



 !"! #$%&'()*& &$+,-. /$0$/ +%(1$%(,- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 23

 !"!2 45+,&(-$&& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 2"

 !6 78/(159,%. 8%,+$&&$& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 26

 !: 71;1(,-;%< 8%,+$&&$& 9(1' 0;/=$& (- ; >-(1$ &$1 ! ! ! ! ! ! ! ! ! ! ! 2?

 !"#$%&$"'() '* )+#"$,-'%. +%'/0))0) 12

2!@ 4-1%,.=+1(,- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3@

2!@!@ A$&=/1& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 32

2!@! BC;D8/$& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3"

2! E;=%$-1*& D$1',. ;-. 1,,/& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3:

2! !@ F';-G$ ,H (--,0;1(,-& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3:

2! ! F;-,-(+;/ 9,%. ;-. +,=8/(-G ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3?

2! !2 I.;81(-G E;=%$-1*& 8%,,H ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! " 

2!2 4D8%,0(-G ,- +,-.(1(,- ∇ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "2

2!2!@ 71;1$D$-1 ,H 1'$ D;(- %$&=/1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "2

2!2! F,-&1%=+1(,- ,H 1'$ -$9 (--,0;1(,-& ! ! ! ! ! ! ! ! ! ! ! ! "3

2!2!2 J%,,H ,H 1'$ D;(- %$&=/1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "6

2!2!3 J%,,H ,H &,D$ ;=C(/(;%< H;+1& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "K

2!3 J%,,H ,H -,- &1;-.;%.-$&& =-.$% ∆ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6@

2!3!@ J%$/(D(-;%< -,1(,-& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6 

2!3! J%,,H ,H 1'$ (-$L=;/(1< P[X ′
n0

6= X ′′
n0

] > E[en(X ′
n, X ′′

n)] H,%
n 6 n0 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6"

2!3!2 M,=-.(-G N$/,9 E[en(X ′
n, X

′′
n)] 9'$- X ′

n ;-. X ′′
n ;%$ (-.$5

8$-.$-1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 66

2!3!3 O$G;1(,- ,H 1'$ 45+,&(-$&& +%(1$%(,- ! ! ! ! ! ! ! ! ! ! ! ! ! 6:

1 345/"0($ /'(."$"'() '* )$&(.&%.(0)) *'% 6#$%&$"'() '* )$&$"'(&%7

+%'/0))0) $&8"(9 :&#40) "( & 6("$0 )+&/0 ;<

3!@ 4-1%,.=+1(,- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6K

3!@!@ 7$11(-G ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6K

3!@! 71;1$D$-1 ,H 1'$ %$&=/1& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :@

3! J,(-19(&$ (-P=$-+$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :3

3! !@ F,-&1%=+1(,- ,H ; G,0$%-(-G &$L=$-+$ ! ! ! ! ! ! ! ! ! ! ! ! :3

?



 !"!" #$$%& '()*+ (, -.% %&&(& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! /0

 !"!1 2&((, (, -.% &%3)4- 56-. 78967)7 6*:)%*;%3 ! ! ! ! ! ! ! ! 0"

 !1 <=%&8>% 6*:)%*;%3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0 

 !1!? 2&676*> 4%778 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0 

 !1!" <$$&(9678-6(* )*-64 8 >6=%* -67% ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0/

 !1!1 @);;%336=% 8$$&(9678-6(*3 8*+ %*+ (, -.% $&((, (, -.% &%3)4-

56-. 8=%&8>% 6*:)%*;%3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 00

 ! A987$4%3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B"

 ! !? 28&6-C (, -.% *)7'%& (, (*%3 6* 8 &(5 ! ! ! ! ! ! ! ! ! ! ! ! B"

 ! !" D8*+(7 584E 6* &8*+(7 3;%*%&C ! ! ! ! ! ! ! ! ! ! ! ! ! ! B1

 ! !1 D8*+(7 584E 6* &8*+(7 3;%*%&C 56-. 763&%8+6*>3 ! ! ! ! ! B 

 ! ! D8*+(7 584E 6* &%*%5%+ &8*+(7 3;%*%&C ! ! ! ! ! ! ! ! ! BF

 !F 2&((,3 (, 8)96468&C ,8;-3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B0

 !F!? G*%H)846-6%3 6*=(4=6*> αn, δn, γn 8*+ ηn ! ! ! ! ! ! ! ! ! ! ! B0

 !F!" 2&((, (, 4%778  !?!? ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BB

 !F!1 2&((, (, ;(&(448&C  !?!" ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ?II

 !F! 2&((, -.8- H(γ) $&(=6+%3 8 $(36-6=% 4(5%& '()*+ ,(& p(a|x) ?II

 !""#$# % &'#()# *# +(#,+(#- ./01- -02&,#- 343

F!I!F 2&%)=% +% 48 $&($(36-6(* ?!1!? ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ?I?

F!I!J 2&%)=% +% 48 $&($(36-6(* ?!1!1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ?I1

F!I!/ 2&%)=% +) ;(&(4486&% ?! !? ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ?I1

B



 !



 !"#$%& '

()$&*+,-$.*)

 ! "#$%&' () *+)#,)$-.'

 !"#!$!%!& ' (%!(!)* +, -.// 0,+ 12*!%3+ 4+) (%!5'53"31*) 4!,1 "+ 6'4%+ +)1 0,

+)('6+ (%!5'53"3)* (Ω,A, P)7

8',) ,!#5%+ 4+ )310'13!,)9 !, +)1 '#+,* : 1%'&'3""+% '&+6 0,+ )!0);1%350 4+ A7
<,+ )!0);1%350 %+(%*)+,1+ 0,+ 6+%1'3,+ 3,=!%#'13!,7 >'% +?+#("+9 )3 ξ +)1 0,+
&'%3'5"+ '"*'1!3%+ : &'"+0%) 4',) 0, +)('6+ #+)0%* (E, E)9 "' 1%350

σ(ξ) :=
{

ξ−1(A) ; A ∈ E
}

%+(%*)+,1+ "@3,=!%#'13!, '((!%1*+ ('% "' &'%3'5"+ ξ7 A0',4 !, 6!,,'B1 "' &'"+0%
(%3)+ ('% ξ +, 0, (!3,1 ω ∈ Ω9 !, )'31 C0+") )!,1 "+) *&D,+#+,1) 4+ σ(ξ) C03 )!,1
%*'"3)*) +, ω7

<,+ 1%350 +)1 431+ 1%3&3'"+ E!0 4*$*,*%*+F )3 +""+ ,+ 6!,13+,1 (') 4@3,=!%#'13!,9

6@+)1;:;43%+ )3 +""+ ,+ 6!,13+,1 C0+ 4+) *&D,+#+,1) 4+ (%!5'53"31* 0 !0 17

8',) 1!01+ 6+11+ 12D)+9 ,!0) 1%'&'3""!,) '&+6 4+) 1%350) 6!#("D1+)9 6@+)1;:;43%+

4+) 1%350) B &*%3G',1 "' (%!(%3*1* )03&',1+ H )3 B 6!,13+,1 0, *&D,+#+,1 A 4+

(%!5'53"31* ,0""+9 '"!%) B 6!,13+,1 1!01+) "+) ('%13+) 4+ A7

<,+ )!0);1%350 4+ (Ω,A, P) +)1 431+ +))+,13+""+#+,1 )*('%'5"+ )3 "@!, (+01 "@+,$+,;
4%+% E#!40"! "+) *&D,+#+,1) ,*$"3$+'5"+)F ('% 0,+ )031+ 4@*&D,+#+,1)9 !0 4+ ='I!,

*C03&'"+,1+ )3 +""+ +)1 4+ "' =!%#+ σ(ξ) (!0% 0,+ 6+%1'3,+ &'%3'5"+ '"*'1!3%+ %*+""+ ξ7
J' )*('%'53"31* +))+,13+""+ 4@0,+ 1%350 B *C03&'01 : "' )*('%'53"31* 4+ "@+)('6+ 4+
K3"5+%1 L2(Ω,B, P)7 >'% 6!,)*C0+,1 1!01+ )!0);1%350 4@0,+ 1%350 +))+,13+""+#+,1
)*('%'5"+ +)1 +))+,13+""+#+,1 )*('%'5"+7

J+) (%!5'53"31*) #!4+%,+) E#'%13,$'"+)9 62'B,+) 4+ L'%M!&9 *C0'13!,) 43N*%+,;

13+""+) )1!62')13C0+)777F =!,1 3,1+%&+,3% )O)1*#'13C0+#+,1 E53+, C0+ 6+ )!31 )!0&+,1

4+ #',3D%+ 3#("3631+F 4+) ='#3""+) 6%!3))',1+) 4+ 1%350) '((+"*+) G"1%'13!,)7 P,;

--



 !" "#$%$& ' ($) *( +, "-&) +$.+/)$& $& !&$ 0$+ ,"&$ "&1-+%, "-& 2").-&"3($ 4!"

,!5%$& $ $& 1-&0 "-& 26!& .,+,%7 +$ 4!$ &-!) ,..$(($+-&) ($  $%.)8

9$) -3:$ ) ,!;4!$() &-!) &-!) "& /+$))-&) 2,&) 0$  $  <7)$ )-& ($) *( +, "-&)

=  $%.) 2")0+$ ' $ .(!) .+/0")/%$& ($) )!" $) 0+-")),& $) F = (Fn)n 2$  +"3!)

"&2$;/$) .,+ ($) $& "$+) &, !+$()' ($) $& "$+) &/5, "1) -! .,+ ($) $& "$+) +$(, "1)8

>& 1," ' -& / !2"$ ($) *( +, "-&) $& ("$& ,#$0 (, .+-3,3"(" / P8 ?"$& 4!$ 0$ )-" 

)-!)@$& $&2!' ($ #/+" ,3($ -3:$ 2$ (6/ !2$ $) 2-&0 !& $).,0$ .+-3,3"(")/ *( +/

(Ω,A, P,F).

9$) $;$%.($) 2$ *( +, "-&) 4!$ &-!) 0-&)"2/+-&) )-&  -!) ($) *( +, "-&) &, !+$(($)

2$ 0$+ ,"&) .+-0$))!)8 A" -& )$ 2-&&$ !& .+-0$))!) X = (Xn)n' (, *( +, "-&

&, !+$(($ 2$ X $) (, 1,%"(($ 2$  +"3!) FX
2/*&"$ .,+

FX
n = σ({Xk ; k 6 n}).

>& 26,! +$)  $+%$)' (,  +"3! FX
n +$.+/)$& $ (6"&1-+%, "-& 0-& $&!$ .,+ (,  +,:$0@

 -"+$ 2$ X :!)4!6,!  $%.) n8

?"$& 4!$ 2/*&"+ (, &- "-& 2$ *( +, "-& )-" )"%.($' ($) 0(,))$+ = ")-%-+.<")%$ .+7)

$) .-!+ (6"&) ,& 0-%.(7 $%$& <-+) 2$ .-+ /$8

B&$ 2/*&" "-& &,C#$ 26")-%-+.<")%$ 26!& $).,0$ .+-3,3"(")/ *( +/ (Ω,A, P,F)
2,&) !& $).,0$ .+-3,3"(")/ *( +/ (Ω′,A′, P′,F ′) $) !&$ ,..("0, "-& 3"%$)!+,3($

Φ : Ω → Ω′
 $(($ 4!$ Fn = Φ−1(F ′

n) .-!+  -! n' $ P
′(A′) = P(Φ−1(A′)) .-!+

 -! A′ ∈ A′
8

D$  $ 2/*&" "-& $) $& 1,"  +-. +$) +"0" "#$' .-!+ ,! %-"&) 2$!; +,")-&) E

• "( 1,!  +,#,"(($+ %-2!(- ($) /#7&$%$& ) &/5("5$,3($)'

• ($)  +"3!) A $ A′
.$!#$& &$ .,) 0-& $&"+ ($) )"&5($ -&)8

F%$+G $ A0<,0<$+%,G$+ ! "(")$& 2,&) HIJ !&$ 2/*&" "-& .(!) )-!.($ E !& ")-@

%-+.<")%$ 26!& $).,0$ .+-3,3"(")/ *( +/ (Ω,A, P, (Fn)n∈Z) 2,&) !& $).,0$ .+-3@

,3"(")/ *( +/ (Ω′,A′, P′, (F ′
n)n∈Z) $) !&$ ,..("0, "-& ("&/,"+$ 2$ (6$).,0$ #$0 -+"$(

L
0(Ω,F∞, P) 2$) #,+",3($) ,(/, -"+$) +/$(($) )!+ (Ω,F∞, P) 2,&) L

0(Ω′,F ′
∞, P′)

4!" .+/)$+#$ ($) (-") 2$) #,+",3($) ,(/, -"+$)' 4!" 0-%%! $ ,#$0 ($) -./+, "-&)

3-+/("$&&$) $ 4!" $&#-"$ F )!+ F ′
8

 !"#$%" & ' ($)*"( $+,-)-.%.(/( 0%1+/( .(,#,+$2"(3  !" !"#$%!" "&'($)*"

"+)* '"+,+-#.!" /

• {0, 1}∞ ,&)' 0! 1$ *-'2& #-+0&'*3 0! 1$ #-+2$2'1'*4

⊗

n>1
1
2
(δ0 + δ1) !* 0! 1$

51*-$*'+) !)6!)0-4! #$- 1!" $##1'%$*'+)" %++-0+))4!" pn : x ∈ {0, 1}∞ 7→ xn7

• [0, 1[ ,&)' 0! 1$ *-'2& 2+-41'!))!3 0! 1$ ,!"&-! 0!  !"2!6&! !* 0! 1$ 51*-$*'+)

KL



 !" #$%& ' ()%* n > 0+ Fn &,- &./&. *0& ("* 1&, #.-&*2"11&, [k2−n, (k + 1)2−n[
()%* 0 6 k 6 2n − 13
• R 4%.#  & 1" -*#5%  &, 5)*01#&., 16(0*#) #$%&,+  & 1" 1)# %.#7)*4& ,%* [0, 1[ 2%&
8)44& (*)5"5#1#-0 ,%* R &-  & 1" 91-*"-#). &./&. *0& ("* 1&, "((1#8"-#)., (fn)n>1

 & R  "., {0, 1}  09.#&, ("* fn(x) = 1 ,# 1" ("*-#& &.-#:*&  & 2nx &,- ("#*&+ &-

fn(x) = 0 ,#.).3

• Z
∞

4%.#  & 1" -*#5% (*) %#-+  & 1" 1)#  & 1" 4"*8;& "10"-)#*& ,#4(1& ,!40-*#$%&

,%* Z &-  & 1" 91-*"-#). ."-%*&11&  & 8&--& 4"*8;&3

 !"#$%# &' ("%)$')")$* )+,- )+,- %)$.#'--+)- '--')$%'//'(')$ ",0 1/$#"$%+)- %)2

&'0.'- !"# /'- ')$%'#- ).3"$%4- +, !"# /'- ')$%'#- #'/"$%4-5 6+,- "//+)- &.1)%# $#+%-

3#")&'- 4"(%//'- &' 1/$#"$%+)- 7

• /'- 1/$#"$%+)- &' $8!' !#+&,%$*

• /'- 1/$#"$%+)- "&('$$")$ ,)' !"#"(.$#%-"$%+) 3.).#"$#%9'*

• /'- 1/$#"$%+)- -$")&"#&5

:'- 4"(%//'- -+)$ %)$.#'--")$'- !+,# &'- 1/$#"$%+)- %)&'0.'- !"# /'- ')$%'#- #'/"$%4-

+, /'- ')$%'#- ).3"$%4- !,%-;,' /'- &%<9,/$.- "!!"#"%--')$ &, 9=$. &' −∞5 >)
&'- +?@'9$%4- &' 9'$$' $AB-' '-$ &' &.$'#(%)'# C ;,'//'D-E 4"(%//'D-E "!!"#$%'))')$

9'#$"%)- '0'(!/'- &' 1/$#"$%+)-5

 !" #$%&'(&$)*+ ,- &./- /'),0$&

F'- 1/$#"$%+)- /'- !/,- -%(!/'- -+)$ /'- 1/$#"$%+)- &' $8!' !#+&,%$5

 !"#$%$&# ' ()$*%+,%$&# -. %/0. 0+&-1$%2 <.& 91-*"-#). F = (Fn)n &,-  &

-!(& (*) %#- ,=#1 &>#,-& %.& 7"4#11& I = (In)n  & 2"*#"51&, "10"-)#*&, #. 0(&. ".-&,

-&11&, $%& F = F I
3

G) !',$ (+)$#'# 4"9%/'(')$ ;,' -% F '-$ &' $8!' !#+&,%$ "/+#- $+,$' 1/$#"$%+)

%-+(+#!A' C F '-$ ",--% &' $8!' !#+&,%$* 9'$$' )+$%+) '-$ &+)9 ,) %)H"#%")$ !+,#

/'- 1/$#"$%+)-5 F" )+$%+) &' 1/$#"$%+) &' $8!' !#+&,%$ '-$ C !#'(%B#' H,' $#B-

-%(!/'* '//' #.-'#H' 9'!')&")$ &'- -,#!#%-'-5 I+,# ,)' 1/$#"$%+)* ,)' !#+!#%.$.

!/,- 4"%?/' ;,' &JK$#' &' $8!' !#+&,%$ '-$ &' !+--.&'# ,)' -,%$' &J%))+H"$%+)-5

 !"#$%$&# 3 (4##&5,%$&#62 <.& ,%#-&  & 2"*#"51&, I = (In)n ,&*" "((&10& ,%#-&

 =#..)2"-#)., ?)% ,!,-:4&  =#..)2"-#).,@ ()%* F ,# ()%* -)%- n+ 1" 2"*#"51& In

&,- #. 0(&. ".-&  & Fn−1 &- Fn = Fn−1 ∨ σ(In)3

LM



 ! "#$%&'&(% )&*"+,,-, &./(,+ 0-+ 1+, 2!3&!41+, !1#!'(&3+, In ,(%' &%"#/+%"!%'+,

+%'3+ +11+,5

 !"#$%$&# ' ()$*%+,%$&# - ,..+&$//010#%/ $#2!30#2,#%/4  !" #$%&'%()!

"*% +(%" , '--&)(**"."!% (!+/0"!+'!%* *( "$$" '+."% 1! *2*%3." +4(!!)5'%()!*6

6+''+ %('&(% ! #'# &%'3("-&'+ +% )+, '+3.+, /!3 7.+38 +' 9):!):+3.!8+3 ;<=> +11+

+,' !-,,& -'&1&,#+ /!3  !-3+%'> .!&, &1 !//+11+ )+, $1'3!'&(%, "+, ? $1'3!'&(%, "+

'8/+ /3("-&' 1()!1 @5

A!3.& 1+, $1'3!'&(%, B !))3(&,,+.+%', &%"#/+%"!%',> 1+, $1'3!'&(%, (rn)*!"&0-+,
)(%,'&'-+%' -%+ )1!,,+ &%'#3+,,!%'+5

 !"#$%$&# 5 ()$*%+,%$&#/ (rn)6,2$780/4 7)(% (rn) 1!" *1(%" +4"!%("&* *%&(-%"8
."!% 0)*(%(9*: 1!" #$%&'%()! F = (Fn)n "*% (rn)8'+(;1" *( "$$" '+."% 1! *2%3."
+4(!!)5'%()!* (In)n %"$ ;1" 0)1& %)1% n: $' $)( +" In *)(% 1!(9)&." *1& {1, . . . , rn}6
 !" #$%&'%()! *"&' +(%" +2'+(;1" *( "$$" "*% (rn)8'+(;1" '5"- rn = 2 0)1& %)1% n6

 ! /3(/(,&'&(% ,-&2!%'+ C!&' 1+ 1&+% +%'3+ 1+, $1'3!'&(%, "+ '8/+ /3("-&' +' 1+,

&%%(2!'&(%,5

9+&3&/$%$&# :;<;: 7( F "*% 1!" #$%&'%()! +" %20" 0&)+1(% "!<"!+&/" 0'& 1!"

*1(%" +" 5'&('=$"* '$/'%)(&"* (!+/0"!+'!%"* (In): '$)&* >

• $"* In 9)&."!% 1! *2*%3." +4(!!)5'%()!* 0)1& F :

• $' %&(=1 F−∞ =
⋂

n

Fn "*% %&(5('$"6

D% /(-3!&' E'3+ '+%'# "+ )3(&3+ 0-+ 1! 3#)&/3(0-+ +,' 23!&+> )F+,'*B*"&3+ 0-+ ,& F−∞
+,' '3&2&!1+ +' ,& F !".+' -%+ ,-&'+ "F&%%(2!'&(%, (In)n> !1(3, F = F I

5 G!&, )+''+

&./1&)!'&(%> -'&1&,#+ B '(3' "!%, ;HH= /!3 I!11&!%/-3 +' J&+%+3 +,' C!-,,+5 K6+''+

+33+-3 "+ I!11&!%/-3 +' J&+%+3 +,' C!.+-,+ +' 1F!3'&)1+ %F+,' /!, /-41&# .!&, &1 +%

+L&,'+ -%+ "+,)3&/'&(% "!%, ;HM=5N

O(&)& -% )(%'3+*+L+./1+ )1!,,&0-+ B )+''+ !P3.!'&(% Q ,(&' X = (Xn)n∈Z -%+ ,-&'+

"+ 2!3&!41+, !1#!'(&3+, &%"#/+%"!%'+, -%&C(3.+, ,-3 {−1, 1}5 A(,(%, /(-3 '(-'

n ∈ Z> In = XnXn−15 R1(3,> FX
−∞ +,' '3&2&!1+ +' FX

n = FX
n−1 ∨ σ(In)5 6+/+%"!%'

FX 6= F I
/-&,0-+ X0 +,' &%"+/+%"!%' "+ F I

0 5

O(&)& -% +L+./1+ /1-, #'(%%!%' "+ )(%,'3-)'&(% "F&%%(2!'&(%,5 9(&' µ -%+ /3(4*

!4&1&'# ,-3 1+ )+3)1+ R/Z ,8.#'3&0-+ /!3 3!//(3' B 0̇5 9(&' (Xn)n∈Z -%+ .!3):+

!1#!'(&3+ ,-3 1+ )+3)1+ B /!, "+ 1(& µ> )F+,'*B*"&3+ -%+ ):!S%+ "+ G!3T(2 ,'!'&(%%!&3+
'+11+ 0-+ /(-3 '(-' n ∈ Z>

HU



•  ! "#$%&%#' Xn $(%&  !  #% ('%)#*+, $(* [0, 1[= R/Z-

•  , "!$ ξn = Xn − Xn−1 ,$& %'./",'.!'& ., FX
n−1 ,& .,  #% µ0

1' ,2,+" , %'&/*,$$!'& ,$&  , 3!$ #4 µ = 1
2
(δa + δ−a) !5,3 a ∈ R/Z %**!&%#'', 0

6' +#'&*, )!3% ,+,'& 7(,  ,$ "!$ (ξn)n∈Z )#*+,'& (' $8$&9+, .:%''#5!&%#'$ "#(*

 ! 3;!<', X0 =,",'.!'& 3,$ %''#5!&%#'$ ', ",*+,&&,'& "!$ ., *,&*#(5,* &#(&,  !

$(%&,- "(%$7(:#' +#'&*, )!3% ,+,'& 7(, X0 ,$& %'./",'.!'& ., F ξ
0 6' ",(& $,

.,+!'.,* $% .:!(&*,$ %''#5!&%#'$ ",*+,&&,'& ., *,&*#(5,*  , "*#3,$$($ X0

>,*$;%? @ABC +,'&%#'', 3,& ,2,+" , D"!E, FGG- *,+!*7(,$ $(*  ,$ ,2,+" ,$ A ,&

HI- ,& !J*+, 7(,  ! K &*!&%#' FX
,$& ., &8", "*#.(%& $% µ ', 3;!*E, 7(, .,(2

%**!&%#'', $0 L#(&,)#%$- >,*$;%? ', 3#'$&*(%& "!$ ., $(%&, ., 5!*%!M ,$ ! /!&#%*,$

%'./",'.!'&,$ 7(% ,'E,'.*, FX
0

N!'$ @OFC- P,(*%.!' 3#'$&*(%& ,2" %3%&,+,'& (', &,  , $(%&,  #*$7(,  , $(""#*&

., µ ':,$& "!$ 3#'&,'( .!'$ (' $#($QE*#(", K'% ., R/Z0 N!'$  , 3!.*, .:(',

+!*3;, ! /!&#%*, R "!$ .,  #% $8+/&*%7(, "!* *!""#*& R 0̇-  ! 3#'$&*(3&%#' .,

P,(*%.!' .#'', (', M#'', %./, ., 3, 7(,  :#' ",(& 3;#%$%* 3#++, %''#5!&%#'$0

P,$ %''#5!&%#'$ (ηn)n∈Z 7(:% (&% %$, "#(* ,'E,'.*,*  ! K &*!&%#' FX
$#'& .,  !

)#*+, ηn = Hnξn #4 Hn ,$& (', 5!*%!M , ! /!&#%*, +,$(*!M , "#(* FX
n−1 ,& R

5! ,(*$ .!'$ {−1, 1}0

=,& ,2,+" , %  ($&*, (', +/&;#., E/'/*! , .#''/, ,'&*, !(&*,$ "!* P!(*,'& .!'$

$! &;9$, @OA- "*#"#$%&%#' G0H0FC "#(* 3;!'E,* .:%''#5!&%#'$0

 !"#"$%&%"' ()*)*  !"#$% B, C &#'( )!')*%+",') #))#$%"#--#.#$% )/01+1,-#) &#

(Ω,A, P)2  '00!)!$) 3'4"- #(")%# '$# 51+"1,-# 1-/1%!"+# +/#--# V "$&/0#$&1$%# &#

C %#--# 3'# B = C ∨ σ(V )2 6-!+) -#) 51+"1,-#) 1-/1%!"+#) V ′
"$&/0#$&1$%#) &# C

%#--#) 3'# B = C ∨ σ(V ′) )!$% -#) 51+"1,-#) &# -1 7!+.#

V ′ = φY (V ) p.s.

!8 Y #)% '$# 51+"1,-# 1-/1%!"+# +/#--# #$9#$&+1$% C #% (φy)y∈R #)% '$# 71."--# &#

%+1$)7!+.1%"!$) "$5#+)",-#) &# (R,B(R)) &1$) -'"*.:.# %#--# 3'# 0!'+ %!'% y ∈ R

φy(PV ) = PV ′
2

P,$ K &*!&%#'$ 3#'$%./*/,$ .!'$  ,$ ,2,+" ,$ "*/3/.,'&$ $#'& .,$ K &*!&%#'$ .,

&8", "*#.(%&0 6' ",(& $, .,+!'.,* ., +!'%9*, E/'/*! , $% &#(&, K &*!&%#' F
!.+,&&!'& (', $(%&, .:%''#5!&%#'$ ,$& ., &8", "*#.(%& .9$ 7(, F−∞ ,$& &*%5%! ,0

P! */"#'$, ,$& '/E!&%5,- (' 3#'&*,Q,2,+" , $%+" , ! /&/ .#''/ "!* >%'#?#(*#5 S

+,-.#/- * 01%'"2"3!"4 5*678  !"% p ∈]0, 1[; !$ $!%# X = (Xn)n∈Z -1 <=1>$#

&# ?1+@!5 )%1%"!$$1"+# A 51-#'+) &1$) {−1, 1} &# 0+!,1,"-"%/ &# %+1$)"%"!$ B

p1,1 = p−1,−1 = p

p1,−1 = p−1,1 = 1 − p.

OT



 ! "#$%&' ()*%+','!- ./' FX
−∞ '0- -$%"%)+'1 '- ./' X )2,'- +' 030-4,' 25%!!6")7

-%6!0 (In)n∈Z 68 In = XnXn−19 :)%0 FX 6= F I
;/%0./' X0 '0- %!2#;'!2)!-'

2' F I
0 9 <% p 6= 1

2
1 6! ;'/- ,6!-$'$ = +5)%2' 2' +) ;$6;60%-%6! >9?9? ./' +'0 0'/+'0

%!!6")-%6!0 2' FX
06!- +'0 (6!*-%6!0 %!@'*-%"'0 2'0 ")$%)A+'0 In1 +) &+-$)-%6! FX

!5'0- 26!* ;)0 2' -3;' ;$62/%-9

 !" #$%&'(&$)*+ ,)++-.(*& /*0 ,('(1-&'$+(&$)* 2-3

*-'(&'$40

 ! ) "/ ./' 2)!0 +5'B',;+' 2' C%!6D6/$6"1 +) &+-$)-%6! !)-/$'++' 2' (Xn)n∈Z

!5'0- ;)0 2' -3;' ;$62/%- 0% p 6= 1
2
1 *';'!2)!- '++' "#$%&' /!' ;$6;$%#-# ;+/0 ()%A+'

./' !6/0 )++6!0 "6%$9

</;;606!0 ;)$ 'B',;+' ./' p < 1
2
9 E+6$0 ./%--' = F$600%$ +5'0;)*' ;$6A)A%+%0#1 6!

;'/- *6!0-$/%$' /!' 0/%-' (Un)n∈Z 2' ")$%)A+'0 )+#)-6%$'0 %!2#;'!2)!-'0 = ")+'/$0

2)!0 {−1, 0, 1}1 2' +6% pδ−1 + pδ1 + (1 − 2p)δ01 -'++'0 ./' +) 0/%-' (Xn)n∈Z "#$%&'

+) $'+)-%6! 2' $#*/$$'!*' 0/%")!-' G ;6/$ -6/- n 2)!0 Z1

• Un '0- %!2#;'!2)!-' 2' FX,U
n−1 1

• 0% Un = 0 )+6$0 Xn = Xn−11

• 0% Un 6= 0 )+6$0 Xn = Un9

H) $'+)-%6! 2' $#*/$$'!*' ,6!-$' ./' FX
n ⊂ FX

n−1 ∨ σ(Un)9

I +) 2%J#$'!*' 2'0 %!!6")-%6!0 (In)n∈Z *6!0%2#$#'0 ;$#*#2',,'!-1 +'0 ")$%)A+'0

)+#)-6%$'0 (Un)n∈Z ;'$,'--'!- 2' $'*6!0-%-/'$ +) *K)L!' (Xn)n∈Z9 M! 'J'-1 ;6/$

-6/- n ∈ Z1 %+ 'B%0-' ;$'0./' 0N$','!- /! '!-%'$ m 6 n -'++' ./' Um 6= 09 H)
$'+)-%6! 2' $#*/$$'!*' ,6!-$' ./' Xn = Um 68 m '0- +' 2'$!%'$ '!-%'$ )")!-

n -'+ ./' Um 6= 09 O'- 'B',;+' '0- /!' A6!!' %++/0-$)-%6! 2' +) !6-%6! 2'

;)$),#-$%0)-%6! F#!#$)-$%*'9

 !"#$%$&# ' ()*+*,!%+$-*%$&#.  !"# F = (Fn)n $%& '(#)*#"!% +& (Ω,A, P),
 !"# U = (Un)n $%& -$"#& +& .*)"*/(&- *(0*#!")&- "%+01&%+*%#&-2 %!$- +")!%- 3$&

U &-# $%& 1*)*40#)"-*#"!% +& F -" 1!$) #!$# n2

• Un &-# "%+01&%+*%#& +& Fn−1 ∨ FU
n−12

• Fn ⊂ Fn−1 ∨ σ(Un),

M! ;)$-%*/+%'$ -6/-' 0/%-' 25%!!6")-%6!0 2' F '0- /!' ;)$),#-$%0)-%6! 2' F 9 H)
2#&!%-%6! 2' ;)$),#-$%0)-%6! ./' !6/0 /-%+%06!0 05%!0;%$' 2' *'++' /-%+%0#' ;)$

<*K)*K'$,)3'$ P?QR = /! $'-6/$!','!- 2/ -',;0 ;$40 S<*K)*K'$,)3'$ 2',)!2'

>T



 ! "#$% &$ # % '()*(+# % (#,(-.*) % Un %$*' !- #( #.* $!*/.)0 %$) [0, 1]1 0(*% 2 -- 

) %-)*2-*.! ( " $ 34*0".)-(!2 56

 !"#"$%&%"' ()*)(  !"#$ %&#'(#)!* (Fn)n60 #$&&$ +"$ F0 $,# $,,$*#)$&&$-$*# ,./

0('(1&$ 0!,,23$ "*$ 0('(-.#'),(#)!*4

7( 3,0.!%-)(-*.! 3 2 -- ").".%*-*.!  %- /(*- 8 #( 9! 3 2 -- -:;% <% 2=

-*.! >6?6>56

+,-'%&%"' . /0'123$%"'4 5!)$*# F = (Fn)n $# G = (Gn)n 3$"6 %&#'(#)!*,4 7*

3)# +"$ F $,# )*8&",$ 3(*, G 98$ +":!* *!#$ F ⊂ G; ,) Fn ⊂ Gn 0!"' #!"# n4

5"&6&%"' ( 5!)$*# F = (Fn)n $# G = (Gn)n 3$"6 %&#'(#)!*,4 7* *!#$ F ∨ G &(

%&#'(#)!* 3.%*)$ 0(' (F ∨ G)n = Fn ∨ Gn = σ(Fn ∪ Gn) 0!"' #!"# n4

+,-'%&%"' 7 / 6!68,&!%$6&%"' 9,',!6&!%1:4 5!)$*# F = (Fn)n "*$ %&#'(/

#)!* 3$ (Ω,A, P) $# U = (Un)n "*$ 0('(-.#'),(#)!* 3$ F 4 5) 3$ 0&", F ⊂ FU
<

!* 3)# +"$ U $,# "*$ 0('(-.#'),(#)!* =.*.'(#')8$ 3$ F 4

@$-) 0 !- 3*-1 $! "()(0,-)*%(-*.! (Un)n  %- A,!,)(-)*2 %*  - % $# 0 !- %* 8

-.$- *!%-(!- n1 #4*!/.)0(-*.! 2.!- !$ 3(!% Fn " $- B-) ) 2.!%-*-$, 8 "()-*) 3 

(Uk)k6n6 C(!% # 2(% .D F  %- #( 9#-)(-*.! !(-$) ## 34$! ").2 %%$% (Xn)n1 2 #(

) '* !- 8 -).$' ) 3 % /.!2-*.!% gn - ## % &$ Xn = gn((Uk)k6n)6

7.)%&$ U  %- $! "()(0,-)*%(-*.! A,!,)(-)*2 3 F 1 # % 9#-)(-*.!% F  - FU

%.!- !.! % $# 0 !-  0+.E-, %1 0(*%  ## % ',)*9 !- $! ").")*,-, "#$% /.)- &$ 

#4*!2#$%*.! ("" #, *00 )%*.! <'.*) ").".%*-*.! F6G6G "#$% #.*!56

+,-'%&%"' ; /088:!$%"'4 >( %&#'(#)!* F $,# )--$'=.$ 3(*, &( %&#'(#)!* G< 8$
+"$ *!", *!#!*, 3.,!'-(), F →֒ G< ,)

• F ⊂ G<

• 0!"' #!"# n< Fn $,# )*3.0$*3(*#$ 3$ Gn−1 8!*3)#)!**$&&$-$*# ? Fn−14

H!-$*-*' 0 !-1 #( 3 $I*;0 "()-* 3 #4,!.!2, %*A!*9 &$ Gn−1 ! 3.!! "(%

"#$% 34*!/.)0(-*.! %$) Fn &$ Fn−16 J! "()-*2$#* ) $! 9#-)(-*.! (Fn)n∈Z !4 %-

"(% *00 )A, 3(!% #( 9#-)(-*.! (Fn+1)n∈Z 8 0.*!% 34B-) 2.!%-(!- 6 C /(K.!

,&$*'(# !- 1 F  %- *00 )A, 3(!% G %*  - % $# 0 !- %* -.$- F =0()-*!A(#  %- $! 

G=0()-*!A(# 6

74 I 0"# # "#$% %*0"# 34*00 )%*.! !.! -)*'*(#  %- .+- !$ "() A).%%*%% 0 !-

*!3," !3(!-6

FL



 !"#$%$&# '  ! "#$ %&' G '($ &! )*+((#((','!$ #!"-.'!"/!$ "' F (0#1 '2#($' &!'

31$*/$#+! H #!"-.'!"/!$' "' F '$ $'11' %&' G = F ∨H4

()&*&+$%$&# ,-.-/ 5# G '($ &! )*+((#((','!$ #!"-.'!"/!$ "' F 6 /1+*( F '($

#,,'*)-' "/!( G4

 ! "#$"#%&'& ()%*!+',- .&/$+'#&, .!+( 0! (,1'%$+ 23435- .$++, .6!)'#,( ,7,/"0,(

.6%//,#(%$+(3

()&*&+$%$&# ,-.-. 5# F /",'$ &!' ./*/,-$*#(/$#+! )-!-*/$*#7' U 6 /1+*( F '($

#,,'*)-' "/!( FU
4

8,1%"#$9),/,+' '$)', :0'#!'%$+ %//,#;&, .!+( )+, :0'#!'%$+ ., '<", "#$.)%'

!./,'=,00, )+, "!#!/&'#%(!'%$+ ;&+&#!'#%1, > ?,'', 9),('%$+ #,(', $)*,#', /@/,

"$)# 0,( :0'#!'%$+( ,((,+'%,00,/,+' (&"!#!A0,(3

B6!"#C( 0! "#$"$(%'%$+ D3E3D- (% F = (Fn)n ,(' %//,#;&, .!+( 0! :0'#!'%$+ FV

!*,1 (Vn)n .,( *!#%!A0,( !0&!'$%#,( #&,00,( %+.&",+.!+',(- $+ ",)' 1$+('#)%#, )+,

"!#!/&'#%(!'%$+ (Un)n ., 0! :0'#!'%$+ F 3 F+ ! !0$#( "$)# '$)' n-

• Fn ⊂ FV
n -

• Fn ⊂ Fn−1 ∨ σ(Un)3

?,",+.!+'- +$)( +, (!*$+( "!( 1$+('#)%#, ,+ ;&+&#!0 ., ()%', (Un) ., *!#%!A0,(
!0&!'$%#,( #&,00,( %+.&",+.!+',( *&#%G!+' 0,( .,)7 %+10)(%$+( H 0! G$%( Fn ⊂ FU

n ,'

Fn ⊂ Fn−1 ∨ σ(Un)3

 !" #$%&'(&$)*+ +&(*,(',

I)%(9), +$)( +$)( %+'&#,(($+( H .,( "#$"#%&'&( %+*!#%!+',( "!# %($/$#"J%(/,- %0

+$)( G!)' !(($)"0%# 0&;C#,/,+' 0! +$'%$+ .6%//,#(%$+3

 !"#$%$&# ,0 8!' 31$*/$#+! F '($ #,,'*(#91' "/!( &!' 31$*/$#+! G (0#1 '2#($'
&!' 31$*/$#+! F ′

#(+,+*.:' ; F $'11' %&' F ′
(+#$ #,,'*)-' "/!( G4

 ! +$'%$+ .6%//,#(%A%0%'& ",#/,' ., .&:+%# 0,( :0'#!'%$+( ('!+.!#.3

 !"#$%$&# ,, 8!' 31$*/$#+! '($ ($/!"/*" (# '11' '($ #,,'*(#91' "/!( &!' 31$*/<

$#+! "' $=.' .*+"&#$4
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 ! "#$ %&'(")$ (*+,-.# !+ (%/)'$'0) (" !*'11"-#'2'!'$% 34" !+ #$+)(+-('$% "#$ 4)"

,-0,-'%$% ')&+-'+)$" ,+- '#010-,5'#1"6

7+ )0$'0) (" #$+)(+-('$% + (*+20-( %$% ')$-0(4'$" ,+- 8"-#5'9 :;<= ,04- ("# #4'$"#

(%>-0'##+)$"# (" ,+-$'$'0)# 1"#4-+2!"#? >*"#$@A@('-" ,04- ("# $"1,# ('#>-"$#6 B"$$"

)0$'0) + ")#4'$" %$% +(+,$%" "$ %$4('%" ,+- C42')#? D"!(1+)? E10-0(')#9F "$

G#'-"!#0) :H? ;I= (+)# !" >+(-" ("# /!$-+$'0)# A $"1,# >0)$')46 7*+-$'>!" :J= ("

K1"-F "$ E>5+>5"-1+F"- (0))" 4) ,+)0-+1+ ,04- !"# /!$-+$'0)# A $"1,# ('#>-"$?

+&"> 4) ,0')$ (" &4" ,-02+2'!'#$"6

7+ ,-0,0#'$'0) L6I6L ,0##.(" 4) >0-0!!+'-" ')$%-"##+)$ (+)# !" (01+')" (" !+ #$+)@

(+-('$% M

 !"!##$%"& '()('  !"# F = (Fn)n60 $%& '(#)*#"!% #&((& +$& F0 &,# &,,&%#"&((&-&%#

,./*)*0(&1 2!$) #!$# n0 ≤ 03 (* '(#)*#"!% (Fn)n6n0 &,# ,#*%4*)4 ," &# ,&$(&-&%# ,"

#!$#& (* '(#)*#"!% F &,# ,#*%4*)41

B" >0-0!!+'-"? (%10)$-% A !+ #">$'0) J6N6O? 10)$-" 34" !" >+-+>$.-" #$+)(+-( (*4)"

/!$-+$'0) "#$ 4)" ,-0,-'%$% +#F1,$0$'34"? 34' )" (%,")( 34" (4 >01,0-$"1")$

&"-# −∞ (" !+ /!$-+$'0)6

P) ('#,0#" (0)> (" $-0'# Q+1'!!"# "120R$%"# (" /!$-+$'0)# M

{

D'!$-+$'0)# (" $F," ,-0(4'$

}

⊂
{

D'!$-+$'0)# +(1"$$+)$ 4)" ,+-+1%$-'#+$'0) S%)%-+$-'>"

}

⊂
{

D'!$-+$'0)# #$+)(+-(

}

C" )012-"4T +-$'>!"# %$4('")$ ("# "T"1,!"# (" /!$-+$'0)#? ,04- (%$"-1')"- #'

"!!"# +,,+-$'"))")$ 04 )0) A >"# Q+1'!!"# (" /!$-+$'0)#6

C+)# >"-$+')# >+# >"# )0$'0)# >0U)>'(")$6 7" >-'$.-" (" 8"-#5'9 :;<= V$5%0-.1"

I6;? %34'&+!")>" ")$-" !"# ,0')$# ; "$ IW 04 !" $5%0-.1" LJ6;6H (+)# :L;=? 10)$-")$

34" ,04- !"# /!$-+$'0)# (rn)@+('34"# !" Q+'$ (*X$-" (" $F," ,-0(4'$ "#$ %34'&+!")$

+4 Q+'$ (*X$-" #$+)(+-(6 B" Q+'$ -"#$" &-+' ,!4# S%)%-+!"1")$ ,04- !"# /!$-+$'0)#

5010S.)"# V>*"#$@A@('-" ,0##%(+)$ 4) #F#$.1" (*'))0&+$'0)# (" !0'# 4)'Q0-1"# #4-

[0, 1] 04 #4- ("# ")#"12!"# /)'#W6

P) + ")&'" (" ('-" 34" !"# /!$-+$'0)# #$+)(+-( #0)$ -"!+$'&"1")$ #'1,!"# ,4'#34*0)

,"4$ !"# '11"-S"- (+)# ("# /!$-+$'0)# (" $F," ,-0(4'$ 34" !*0) >01,-")( 2'")6

Y+'# !+ !'1'$" ")$-" /!$-+$'0)# #$+)(+-( "$ /!$-+$'0)# )0) #$+)(+-( -"#$" #42@

$'!"6 Z) -%#4!$+$ '1,0-$+)$ (" !+ $5%0-'" ("# /!$-+$'0)# #$+)(+-( "#$ !" $5%0-.1"

(*'#010-,5'#1" !+>4)+'-"? ([ A 8"-#5'96 C+)# #+ Q0-14!+$'0) (*0-'S')" >" $5%0@

-.1" #*+,,!'34" +4T #4'$"# (%>-0'##+)$"# (" ,+-$'$'0)# 1"#4-+2!"#? !+ Q0-14!+$'0)

#4'@&+)$"? 34' 4$'!'#" !" &0>+24!+'-" ("# /!$-+$'0)#? "#$ ,-0,0#%" ,+- K1"-F "$

E>5+>5"-1+F"- :J=6
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 !"#$%&' ( )*+#&#$,!-+&' ./012/-$' )3'$+!-45 6789::  !"# (Fn)n60 $%&

'(#)*#"!% #&((& +$& F0 &,# &,,&%#"&((&-&%# ,./*)*0(&1 2% ,$//!,& 3& /($, +$& (*

#)"0$ *,4-/#!#"+$& F−∞ &,# #)"5"*(&1 6(!), "( &7",#& $%& *//("8*#"!% ϕ : Z
− → Z

−

,#)"8#&-&%# 8)!",,*%#& #&((& +$& (* '(#)*#"!% &7#)*"#& (Fϕ(n))n60 &,# ,#*%3*)31

 ! "#$%&'(! )&$*$+!," +%,,! -.!/01"!,*! +.2,! "!--! !/"&3*"&0*! ϕ4 *!)!,+3," 0-
,! +%,,! )31 +! (%5!, +! -3 *%,1"&20&!6 723,+ %, 3 2,! 8-"&3"0%, (Fn)n60 ,%,

1"3,+3&+ %, )!2" +%,* 1! +!(3,+!& )%2& 92!-1 *#%0/ +! ϕ -3 8-"&3"0%, (Fϕ(n))n60

!1" 1"3,+3&+6 :3,1 ;<=>4 ?!&1#0@ +%,,! 2, !/!()-! +! 8-"&3"0%, (Fn)n60 ,%,

1"3,+3&+4 "!--! 92! (F2n)n60 !1" 1"3,+3&+6 A%&B2-1@5 +3,1 ;C> +%,,! 2, 32"&!

!/!()-! +! 8-"&3"0%, 920 D$&08! *!""! )&%)&0$"$6 E%21 D!&&%,1 +3,1 -3 )&!(0'&!

)3&"0! +! *!""! "#'1! 92! -! )&%*!1121 +!1 (%"1 +$*%2)$1 +%,,! 2, !/!()-! +!

8-"&3"0%, ,%, 1"3,+3&+ F -3 -0(0"! +! -3 1"3,+3&+0"$6

 !" #$%&'$() *( )&+,*+$*%&-

:$8,0& -3 ,%"0%, +! 1"3,+3&+0"$ !1" &!-3"0D!(!," 10()-!4 (301 13D%0& 10 2,! 8-"&3G

"0%, +%,,$! !1" 1"3,+3&+ %2 ,%, !1" 1%2D!," *%()-!/!6 H, )3&"0*2-0!& )&%2D!&

+0&!*"!(!," 92.2,! 8-"&3"0%, ,.!1" )31 1"3,+3&+ !1" "&'1 +0I*0-!6 J.!1" )%2&92%0

+!1 *%,+0"0%,1 ,$*!1130&!1 !" 12I13,"!1 +! 1"3,+3&+0"$ %," $"$ $"3B-0!16 E%21

3--%,1 &3))!-!& 92!-92!1G2,1 +! *!1 *&0"'&!14 !, *%((!,K3," )3& -!1 *&0"'&!1 +!

?!&1#0@4 )201 !, +%,,3," 92!-92!1 *&0"'&!1 +! *%,L%&"6

 !"! #$%&'$( )( *($+,%- )( .$(/%($ 0%1(23

M%2" +.3B%&+ ,%21 3--%,1 "&30"!& +2 *&0"'&! +! ?!&1#0@ N+! )&!(0!& ,0D!32O P120DG

3," -3 "!&(0,%-%Q0! +! R(!&5 !" S*#3*#!&(35!& ;T>U6 :3,1 13 L%&(2-3"0%, 0,0"03-!

P;<=> "#$%&'(! V6<4 $920D3-!,*! !,"&! -!1 )%0,"1 W !" <U4 *! *&0"'&! !1" $,%,*$ )%2&

+!1 120"!1 +$*&%0113,"!1 (rn)G3+092!1 +! )3&"0"0%,1 (!12&3B-!16 J! *&0"'&! 3 $"$
$"!,+2 32 *31 1$)3&3B-! )3& X!-+(3, !" S(%&%+0,1@5 ;=>6 E%21 $,%,K%,1 0*0 2,!

L%&(2-3"0%, )-21 Q$,$&3-! $*&0"! +3,1 2, -3,Q3Q! )&%B3B0-01"! !" )&%)%1$! )3&

 32&!," ;W<4 +$8,0"0%, V6W6V> Y

;"<2-=-#2 (7  $) $% &,/*8& /)!0*0"(",. (Ω,A, P)9 ,!"# F = (Fn)n60 $%& '(#)*:

#"!% ; *88)!",,&-&%#, "%3./&%3*%#, #&((& +$& F0 ,!"# &,,&%#"&((&-&%# ,./*)*0(&1

2% 3"# +$& F ,*#",<*"# (& 8)"#=)& 3& >&),?"@ 3& /)&-"&) %"5&*$ ," /!$) #!$#& 5*)":

*0(& *(.*#!")& ξ -&,$)*0(& /!$) F0 &# ; 5*(&$), 3*%, $% &%,&-0(& '%" F &# #!$#

).&( δ > 09 "( &7",#& $% &%#"&) n0 < 09 3&, "%%!5*#"!%, Vn0 , . . . , V0 3& F *$7

"%,#*%#, n0, . . . , 0 &# $%& 5*)"*0(& *(.*#!")& ζ -&,$)*0(& /!$) σ(Vn0 , . . . , V0) &# ;

5*(&$), 3*%, F #&(, +$& P[ξ 6= ζ] < δ.
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 !"#"$%&%"' ()*)(  !"# F = (Fn)n60 $%& '(#)*#"!% + *,,)!"--&.&%#- "%/01&%2

/*%#-3 4(!)- F &-# /& #51& 1)!/$"# -" &# -&$(&.&%# -" F 60)"'& (& ,)"#7)& /& 8&)-9":

/& 1)&."&) %"6&*$3

 !"!# $%&'(%) *) +)%,-&. *) ,)/01* 1&2)34

 !"# $%&!&# '% $!() *"% +% ,)(-.)% '% /%)#0(1 '% 2)%3(%) &($%4" '!&&% "&% ,!&'(5

-(!& &6,%##4()% %- #"7#4&-% 2!") *"8"&% 9+-)4-(!& #!(- '% -:2% 2)!'"(-; <% ,)(-.)%

'% /%)#0(1 = '% #%,!&' &($%4" > '!&&% "&% ,!&'(-(!& &6,%##4()% %- #"7#4&-% '%

#-4&'4)'(-6; ?&,!)% "&% @!(#A +4 @!)3"+4-(!& (&(-(4+% BCDEF -06!).3% G;DA 6*"($45

+%&,% %&-)% +%# 2!(&-# H %- GI '% ,% ,)(-.)% %#- 6&!&,6% 2!") '%# #"(-%# '6,)!(##4&-%#

(rn)54'(*"%# '% 24)-(-(!&# 3%#")4J+%#; K!") '% -%++%# #"(-%# L-)% '% -:2% 2)!'"(-
6*"($4"- M L-)% #-4&'4)'A 2!") ,%--% )4(#!& (+ : 4 6*"($4+%&,% %&-)% +%# '%"N ,)(-.)%#

'4&# +4 -06!)(% '% /%)#0(1; O%# ,)(-.)%# #!&- )%P)!"26# #!"# +% &!3 '% ,)(-.)% '%

#-4&'4)'(-6 '4&# CDEF;  !"# 4++!&# 6&!&,%) 2+"# +!(& +4 @!)3"+4-(!& '% ,% ,)(-.)%

2)!2!#6% 24) Q3%): %- R,04,0%)34:%) CSF %- 6,)(-% '4&# "& +4&P4P% 2)!J4J(+(#-%;

<% #%,!&' ,)(-.)% %#- 2+"# 6+4J!)6 *"% +% 2)%3(%) %- &6,%##(-% '8(&-)!'"()% *"%+*"%#

&!-4-(!&# 2)64+4J+%#;

+,-'%&%"' (. /+%$#0!$%"' 123'0 45!%5670 57,5&"%!08  !"# ξ $%& 6*)"*;(& *(02
*#!")& + 6*(&$)- /*%- $% &-1*,& .0#)"<$& -01*)*;(& (E, ρ)3 =% *11&((& /"-1&)-"!%

/& ξ (* /"-#*%,& .!5&%%& &%#)& /&$> ,!1"&- "%/01&%/*%#&- ξ′ &# ξ′′ /& ξ ?

disp(ξ) = E[ρ(ξ′, ξ′′)].

+,-'%&%"' (9 /:$#5;0$ 10 <5'&"!"4%;=>?36%'$&0%' %&,!,$8 @!$) #!$# &-2

1*,& .0#)"<$& ,!.1*,# (K, ρ)A !% %!#& K ′
(B&%-&.;(& /&- 1)!;*;"("#0- -$) K &# ρ′

(* /"-#*%,& /& C*%#!)!6",92D$;"%-#&"% -$) K ′
A /0'%"& 1*)

ρ′(µ, ν) = inf

∫

ρ(x, y)dΛ(x, y)

!E (* ;!)%& "%F0)"&$)& &-# 1)"-& -$) (&- 1)!;*;"("#0- Λ -$) K × K /& .*)G"%*(&-

µ &# ν3 H&##& /"-#*%,& ρ′
.$%"# K ′

/B$%& -#)$,#$)& /B&-1*,& .0#)"<$& ,!.1*,#3

=% /0'%"# *(!)- 1*) )0,$)&%,& (&- &-1*,&- .0#)"<$&- ,!.1*,#- (Kn, ρn)n60 1*)

(K0, ρ0) = (K, ρ) &# 1*) (* )&(*#"!% /& )0,$)&%,& (Kn−1, ρn−1) = (K ′
n, ρ′

n)A 1!$)
#!$# n 6 03

+,-'%&%"' (* /@"3!$ 10 A0$3!0$ 5$$";%,0$ B 3'0 -7&!5&%"'8  !"# (Fn)n60

$%& '(#)*#"!% /& (Ω,A, P)3  !"# ξ $%& 6*)"*;(& *(0*#!")& /0'%"& -$) (Ω,A, P)A
.&-$)*;(& 1!$) F0 &# + 6*(&$)- /*%- (B&-1*,& .0#)"<$& ,!.1*,# (K, ρ)3 =% /0'%"#

1*) )0,$))&%,& (&- 6*)"*;(&- πF
n ξ + 6*(&$)- /*%- Kn &% 1!-*%# πF

0 ξ = ξ &# 1!$)

#!$# n 6 0A
πF

n−1ξ = L(πF
n ξ | Fn−1).
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 ! "!#$!%&' !&(!)*$#' πF
−1ξ '+) ,*-. &! &*$ .*-,$)$*--'&&' ,' ξ +!./!-) F−1 "0'

.*11' "!#$!%&' !&(!)*$#' 2 "!&'0#+ ,!-+ (K−1, ρ−1)3 &! "!#$!%&' !&(!)*$#' πF
−2ξ '+)

&! &*$ .*-,$)$*--'&&' ,' πF
−1ξ +!./!-) F−23 ') !$-+$ ,' +0$)'4

5*0+ 6*0"*-+ 1!$-)'-!-) ,*--'# &! "'#+$*- 6#*%!%$&$+)' ,0 .#$)7#' ,' 8'#+/$9 ,'

+'.*-, -$"'!03 +0$"!-) &! )'#1$-*&*:$' ,' ;1'#< ') =./!./'#1!<'# >?@4

 !"#$%$&# '( )*+$%,+- .- /-+01$2 .- 0-3&#. #$4-567  ! F = (Fn)n60 "#$

%&" '($)*$!+& #%) %& "#,*-" ,)+.*.!(!#/ (Ω,A, P)0 +& 1!$ 2%" F 3/)!'" (" #"-+&1

-)!$4)" 1" 5")#6!7 #! $+%$" 3*)!*.(" F089"#%)*.(" ξ : 3*("%)# 1*&# [0, 1] 3/)!'"

disp(πF
n ξ) → 0 2%*&1 n → −∞.

81!&+,9- : )/-+01$2 ;:(<7  +!$ F = (Fn)n60 %&" '($)*$!+& #%) %& "#,*-"

,)+.*.!(!#/ (Ω,A, P); <(+)# F "#$ #$*&1*)1 #! "$ #"%("9"&$ #! F #*$!#=*!$ (" -)!$4)"

1" #"-+&1 &!3"*% 1" 5")#6!7;

 !"!# $%&'()'*+

 ' .#$)7#' ,' 8'#+/$9 ,' +'.*-, -$"'!0 ! ()( !,!6)( 6!# A+$#'&+*- >BC@ '- 0- .#$)7#'

,' .*-D*#) 6*0# ,'+ E&)#!)$*-+ 2 )'16+ .*-)$-04  ! -*)$*- ,' .*-D*#) 2 ()( '-+0$)'

,(.&$-(' '- 6&0+$'0#+ "!#$!-)'+ 6!# ;1'#< ') =./!./'#1!<'# >?@ ,*-) &' FG.*-D*#)

H0' -*0+ !&&*-+ 6#(+'-)'#4

 !"#$%$&# '=  +!$ F = (Fn)n60 %&" '($)*$!+& 1>%& "#,*-" ,)+.*.!(!#/ (Ω,A, P);
?& 1!$ 2%" F "#$ I8-+&=+)$*.(" #! ,+%) $+%$" 3*)!*.(" *(/*$+!)" ξ 9"#%)*.(" ,+%)

F0 "$ : 3*("%)# 1*&# %& "&#"9.(" '&! "$ ,+%) $+%$ )/"( δ > 00 !( "@!#$" %& "#,*-"

1" ,)+.*.!(!$/ (Ω,A, P) 9%&! 1" 1"%@ '($)*$!+&# F ′
"$ F ′′

$"(("# 2%" A

• ("# '($)*$!+&# F ′
"$ F ′′

#+&$ !#+9+),6"# : (* '($)*$!+& F B

• ("# '($)*$!+&# F ′
"$ F ′′

#+&$ !99")C/"# 1*&# F ′ ∨ F ′′
B

• !( "@!#$" %& "&$!") n0 < 0 $"( 2%" ("# $)!.%# F ′
n0

"$ F ′′
n0

#+&$ !&1/,"&1*&$"#B

• ("# -+,!"# ξ′ "$ ξ′′ 1" ξ ,*) ("# !#+9+),6!9"# 1" (* ,)"9!4)" -+&1!$!+& 3/)!8

'"&$ P[ξ′ 6= ξ′′] < δ;

F-)0$)$"'1'-)3 .'+ H0!)#' .*-,$)$*-+ )#!,0$+'-) &' D!$) H0I$& '+) 6*++$%&' ,' .*06&'#

,' 1!-$7#' -*- !-)$.$6!)$"' ,'0J .*6$'+ ,' F ,' +*#)' H0' ,'+ .*-,$)$*-+ $-$)$!&'+

$-,(6'-,!-)'+ ,!-+ &' 6!++( &*$-)!$- $-K0'-) )#7+ 6'0 +0# &! "!&'0# ,' ξ4

;1'#< ') =./!./'#1!<'# *-) '-+0$)' 1*-)#( H0' .'))' -*)$*- ,' .*-D*#) '+) (H0$G

"!&'-)' !0 +'.*-, .#$)7#' ,' 8'#+/$9 L

BB



 !"#$%&' ( )*&'$+ ', -.!/.!'$&/+'$ 0123  !"# F = (Fn)n60 $%& '(#)*+

#"!% ,$) $% &,-*.& -)!/*/"(",0 (Ω,A, P)1 2(!), F &,# I+.!%3!)#*/(& ," &# ,&$(&4&%#
," &((& ,*#",3*"# (& .)"#5)& 6& 7&),8"9 6& ,&.!%6 %":&*$1

 ! "! #$#%&' &($#&)'"("!' *%" +" ,-./!0/1' "2' %!" ./!#&'&/! !$."22)&1" "' 2%0-

32)!'" #" 2')!#)1#&'$4 5)%1"!' ) (/!'1$ 6789 *%" +:$*%&;)+"!." "!'1" +" 2"./!#

.1&'<1" #" ="12>&? "' +" ,-./!0/1' ) +&"% ;)1&)@+" )+$)'/&1" A)1 ;)1&)@+" )+$)'/&1" B

+"2 ;)1&)@+"2 )+$)'/&1"2 ξ *%& ;$1&3"!' +"2 ./!#&'&/!2 #" ="12>&? 2/!' "C).'"("!'
+"2 ;)1&)@+"2 )+$)'/&1"2 ξ *%& ;$1&3"!' +"2 ./!#&'&/!2 #"()!#$"2 A)1 +" ,-./!0/1'4
D+%2 A1$.&2$("!'E 5)%1"!' (/!'1" *%" A/%1 '/%'" ;)1&)@+" )+$)'/&1" F0-("2%1)@+"

ξ F ;)+"%12 #)!2 %! "2A)." ($'1&*%" ./(A).' (K, ρ)E

disp(πF
n ξ) = inf E[ρ(ξ′, ξ′′)],

/G +:&!3(%( "2' A1&2 2%1 +:"!2"(@+" #"2 ;)1&)@+"2 )22/.&$"2 )%C ./A&"2 #" F ;$1&-

3)!' +"2 '1/&2 A1"(&"12 A/&!'2 #" +) #$3!&'&/! A1$.$#"!'"4

5"2 .1&'<1"2 #" ="12>&? "' +"2 .1&'<1"2 #" ./!0/1' A"1("''"!' #:$'%#&"1 +" .)1).'<1"

2')!#)1# /% !/! 2')!#)1# #" ."1')&!"2 3+'1)'&/!24 H! "C"(A+" &!'$1"22)!' "2'

."+%& 0/%1!& A)1 +"2 A1/."22%2 #"2 (/'2 #$./%A$24

 !" #$%&'(()( *'( +%,( *-&%).-(

I)!2 +) A1"(&<1" A)1'&" #" ."''" '><2" !/%2 $'%#&/!2 +"2 3+'1)'&/!2 #"2 A1/."22%2

#"2 (/'2 #$./%A$24 J"2 A1/."22%2 2/!' &!2A&1$2 #:%! "C"(A+" #/!!$ A)1 ="1-

2>&? 6KL94 ,+2 /!' $'$ $'%#&$2 "! +)!M)M" A1/@)@&+&2'" A)1 N(/1/#&!2?O 6KK9 #)!2 +"

.)2 #O)#&*%"E A%&2 A)1 P("1O "' N>).>"1()O"1 689 '/%Q/%12 #)!2 +" .)2 #O)#&*%"

"' A)1 5)%1"!' 67K9E #)!2 +" .)2 M$!$1)+4

5) #&2'1&@%'&/! #:%! A1/."22%2 #"2 (/'2 #$./%A$2 #$A"!# #:%! )+A>)@"' A #"

')&++" N > 2 "' #:%!" 2%&'" #:"!'&"12 A/2&'&02 (ℓn)n60 '"+2 *%" ℓ0 = 1 "'E A/%1 '/%'
n 6 0E +" 1)AA/1' rn = ℓn−1/ℓn "2' %! "!'&"1 > 24 5" A1/."22%2 (Xn)n60 #"2 (/'2

#$./%A$2 "2' &!#"C$ A)1 +"2 "!'&"12 !$M)'&024 D/%1 '/%' n 6 0E +) +/& #" Xn "2'

%!&0/1(" 2%1 +:"!2"(@+" #"2 (/'2 #" +/!M%"%1 ℓn 2%1 A4 I" A+%2E 2& +:/! ./%A"
+" (/' Xn−1E #" +/!M%"%1 ℓn−1E "! rn 2/%2-(/'2 #" +/!M%"%1 ℓnE )+/12 +" (/' Xn

"2' .>/&2& #" 0)R/! %!&0/1(" A)1(& ."2 2/%2-(/'2E &!#$A"!#)(("!' #" '/%' +"

A1/."22%2 Q%2*%:)% '"(A2 n − 14 D+%2 A1$.&2"("!'E +) A/2&'&/! #% 2/%2-(/' Xn

#)!2 Xn−1 "2' %!" ;)1&)@+" )+$)'/&1" Vn &!#$A"!#)!'" #" FX,V
n−1 "' #" +/& %!&0/1("

#)!2 {1, 2, . . . , rn}4 5" A1/."22%2 #"2 (/'2 #$./%A$2 "2' (Xn, Vn)n604

5) 2%&'" (Vn)n60 "2' .+)&1"("!' %! 2O2'<(" #:&!!/;)'&/!2 A/%1 +) 3+'1)'&/! FX,V

*%& "2' #/!. (rn)n60-)#&*%"4 5) *%"2'&/! *%" +:/! 2" A/2" "2' #" 2);/&1 #)!2 *%"+2

.)2 +) 3+'1)'&/! FX,V
"2' 2')!#)1#E S/% #" 'OA" A1/#%&'E ." *%& "2' $*%&;)+"!' &.&

A%&2*%" +) 3+'1)'&/! "2' (rn)-)#&*%"T4

KU



 ! "#$%& '()*)!&#&+!, -# '+#&.#)./+0 .! -# 1-+)#+/%& FX,V
.0*!&. .! -# '(/+! .!

-%&2(!()' (ℓn)n603 4& !5!+, .#&' 6789, :#()!&+ *%'! -!' .!(; <%&./+/%&' '(/=#&+!' >

?- !;/'+! α < 1 +!- @(! rα
n ≫ N ℓn

@(#&. n → −∞. (∇N)

:# '0)/!

∑

n

ln(rn)

ℓn

<%&=!)2!3 (∆)

:!' <%&./+/%&' ∇N !+ ∆ '%&+ /&<%A*#+/B-!'3 :#()!&+ A%&+)! @(! '%(' -# <%&C

./+/%& ∇N , -# 1-+)#+/%& .( *)%<!''(' .!' A%+' .0<%(*0' !'+ .! +D*! *)%.(/+, !&

<%&'+)(/'#&+ !;*-/</+!A!&+ (&! '(/+! .E/&&%=#+/%&' (Un)n60 @(/ !&2!&.)! FX,V
3

?- A%&+)! !&'(/+! @(! '%(' -# <%&./+/%& ∆, <!++! 1-+)#+/%& &E!'+ *#' '+#&.#).3
:#()!&+ /&./@(! @(! -!' <%&./+/%&' ∇N '%&+ *-(' "#/B-!' @(! -# <%&./+/%&

ln(rn)

ℓn

→ ∞ @(#&. n → −∞, (∇)

@(/ &! .0*!&. *#' .! N 3

?- )!A#)@(! @(! -!' <%&./+/%&' ∇ !+ ∆ #=#/!&+ .0FG 0+0 /&+)%.(/+!' *#) H!)C

'I/J 68K, *#)#2)#*I! 73L9 *%() 0+(./!) -E!&+)%*/! .! <!)+#/&!' '(/+!' .0<)%/''#&+!'

(rn)C#./@(!' .! *#)+/+/%&' A!'()#B-!'3 H!)'I/J 68K, +I0%)MA! N3N9 # A%&+)0 @(!
-E!&+)%*/! !'+ +%(F%()' &(--! '%(' -# <%&./+/%& ∇3 O%(' -# <%&./+/%& ∆, /- # <%&C
'+)(/+ P+%(F%()' .#&' 68K, +I0%)MA! N389Q (& !;!A*-! %R -E!&+)%*/! !'+ '+)/<+!A!&+

*%'/+/=!, <! @(/ !&+)#S&! -! <#)#<+M)! &%& '+#&.#).3

T(/'@(! -!' <%&./+/%&'∇ !+ ∆ &! <%(=)!&+ *#' +%(' -!' <#', H!)'I/J !+ :#()!&+ %&+

+%(' .!(; *%'0 -# @(!'+/%& .! <! @(/ '! *#''! !&+)! ∇ !+ ∆3 U%(' #--%&' )0*%&.)!
G -# @(!'+/%& .! :#()!&+ > -# <%&./+/%& ∆ !'+ !& "#/+ &0<!''#/)! !+ '(V'#&+! *%()

@(! -# 1-+)#+/%& .( *)%<!''(' .!' A%+' .0<%(*0' '%/+ &%& '+#&.#).3 W! @(/ '!

)0'(A! *#) -! +I0%)MA! '(/=#&+3

 !"#$%&' (  ! "#$%!$&'( (!$)%*##* +* (Xn, Vn)n60 *,$ ,$!(+!%+ ,& *$ ,*)#*-*($

,& #! .'(+&$&'( ¬∆ *,$ /0%&"0*1 .2*,$343+&%* ,& *$ ,*)#*-*($ ,& #! ,0%&*

∑

n

ln(rn)

ℓn

+&/*%5*6

X*)M' -E0<)/+()! .! <!++! +IM'!, X&#+%-D H!)'I/J # #++/)0 &%+)! #++!&+/%& '()

-E#)+/<-! 6Y9, %R Z!/<J-!& %B+/!&+ (& )0'(-+#+ 0@(/=#-!&+ #( [I0%)MA! N3 :# 1-C

+)#+/%& (rn)C#./@(! 0+(./0! *#) Z!/<J-!& # 0+0 /&+)%.(/+! *#) H!)'I/J 68N9 <%AA!
'(/+3 P:# '!(-! ./50)!&<! !&+)! <! @(! &%(' #--%&' *)0'!&+!) !+ -# .!'<)/*+/%& .!

H!)'I/J !+ Z!/<J-!& !'+ @(E/-' /&.!;!&+ -!' '(/+!' *#) -!' !&+/!)' '+)/<+!A!&+ *%'/+/"'

#-%)' @(! &%(' #--%&' -!' /&.!;!) *#) -!' !&+/!)' &02#+/"'3Q

8N



 !"# A $% &'()&*+# ,%" +# (Gn)n60 '& -$"#+ ./01!"--&%#+ .+ 21!$(+- ./,%"+ (&1

Gn =
0

∑

k=n+1

Z/rkZ.

3!#!%- G '4$%"!% -$1 n 6 0 .+- 21!$(+- Gn5 6!$1 0)&7$+ n 6 08 '+ 21!$(+

Gn &2"# -$1 AG
(&1 #1&%-'&#"!% 9 2&$0)+5 :$#1+;+%# ."#8 (!$1 #!$# g ∈ Gn +#

f ∈ AG
8 !% .+,%"# g · f ∈ AG

(&1 (g · f)(x) = f(xg) (!$1 #!$# x ∈ G5 6!$1

f ∈ AG
8 %!#!%- OrbGn

(f) '4!1*"#+ .+ f -!$- '4&0#"!% .+ Gn8 04+-#<9<."1+8

OrbGn
(f) = {g · f ; g ∈ Gn}.

 !"# F = (F (x))x∈G ∈ AG
$%+ =!%0#"!% &'/&#!"1+ .!%# '+- >&'+$1- F (x) -!%#

"%./(+%.&%#+- +# $%"=!1;/;+%# ."-#1"*$/+- -$1 A5 ?& ,'#1&#"!% (Fn)n60 /#$."/+

(&1 @+1-)"A &%. B+"0A'+% +# '& ,'#1&#"!% %&#$1+''+ .$ (1!0+--$- (On)n608 ./,%"

(&1

On = OrbGn
(F ).

6!$1 #!$# n 6 08 On−1 +-# '& 1/$%"!% .+ rn !1*"#+- -!$- '4&0#"!% .+ Gn8 $%+ !1*"#+

(!$1 0)&7$+ /'/;+%# .+ Gn−1/Gn5 61+-7$+ -C1+;+%#8 0+- !1*"#+- -!%# #!$#+-

."D/1+%#+- ($"-7$+ '+- =!%0#"!%- ./0&'/+- g ·F -!%# ."D/1+%#+-5 E+ ('$-80!%."#"!%<

%+''+;+%# 9 (On−1, On−2, ...)8 '& >&1"&*'+ &'/&#!"1+ On +-# $%"=!1;+ -$1 0+- rn

!1*"#+-5 F+0" ;!%#1+ 7$+ (Fn)n60 +-# $%+ ,'#1&#"!% (rn)<&."7$+5

G% (+$# ;!%#1+1 7$+ '& #1"*$ &-H;(#!#"7$+ F−∞ +-# #1">"&'+ +# 7$+ '& ,'#1&#"!%

.$ (1!0+--$- .+- ;!#- ./0!$(/- +-# ";;+12/+ .&%- (Fn)n605 E+ =&I!% "%=!1;+''+8

'+ ;!# Xn &$ #+;(- n +-# .!%%/ (&1 '+- >&'+$1- +% e J'4/'/;+%# %$' .$ 21!$(+ GK

.+- /'/;+%#- .+ On5 G% ./.$"# Xn .+ Xn−1 +% -/(&1&%# '4!1*"#+ -!$- Gn−1 +% rn

!1*"#+- -!$- Gn +# +% 0)!"-"--&%# $%+ .+ 0+- !1*"#+- &$ )&-&1. $%"=!1;/;+%#5

E!%08 '& -#&%.&1."#/ .+ (Fn)n60 -!$- '& 0!%."#"!% ¬∆ ";('"7$+ 7$+ '& ,'#1&#"!%

.$ (1!0+--$- .+- ;!#- ./0!$(/- +-# -#&%.&1. +#8 .!%0 7$4+''+ +-# .+ #H(+ (1!<

.$"#5 ?& (1+$>+ .+ B+"0A'+% 1+(!-+ -$1 '+ -+0!%. 01"#L1+ .+ @+1-)"A +# +-# /01"#+

.&%- '+ '&%2&2+ .+ '& #)/!1"+ +12!."7$+5 M"+% 7$+ '+ 1/-$'#&# .+ B+"0A'+% +# %!#1+

N)/!1L;+ O -!"+%# '!2"7$+;+%# /7$">&'+%#-8 %!$- (+%-!%- 7$+ %!#1+ (1+$>+ +-#

"%#/1+--&%#+ ($"-7$4+''+ 1+(!-+ -$1 $%+ ;/#)!.+ 0!%-#1$0#">+8 ."1+0#+ +# (1!*&<

*"'"-#+5

P1Q0+ 9 '& #)/!1"+ .+ @+1-)"A8 ?&$1+%# RSOT & ./.$"# .+ 0+ #)/!1L;+ 7$+ '& ,'#1&<

#"!% .$ (1!0+--$- .+- ;!#- ./0!$(/- -$1 %4";(!1#+ 7$+' &'()&*+# -/(&1&*'+ +-#

-#&%.&1. -!$- '& 0!%."#"!% ¬∆5

F+ #)/!1L;+ (!--L.+ $%+ &(('"0&#"!% "%#/1+--&%#+ +% #)/!1"+ +12!."7$+8 0!;;+

%!$- &''!%- '+ >!"15 G% 1&((+''+ 7$+ '4+%#1!("+ +-# $% "%>&1"&%# *"+% 0!%%$ &-<

-!0"/ 9 $% &$#!;!1()"-;+ .4$% +-(&0+ (1!*&*"'"-/ J04+-#<9<."1+ $%+ &(('"0&#"!%

*";+-$1&*'+ 7$" (1/-+1>+ '& ;+-$1+K5 E&%- RUVT8 @+1-)"A & ./,%" $% "%>&1"&%#

UV



 !"# $!%&'($) %  *!$ !+$,-*!!*. /%0# ,%!,"!*( ,*1 023%(0%21 *#1 405,0!*) 676* 4%2#

!*# ,%# !*#  !"# #06 !*#. 8* *24%21 9%"(*21 % 6'21($ :"* 2'1(* ($#"!1%1 $2'2,$

%" 1-$'(;6* < 4'22* !+$,-*!!* 4+"2 4$,%!%=* 4* >*(2'"!!0 ?@ABC  !"#  ($,0#*6*21)

!+$,-*!!* 4* ,*11* 1(%2#D'(6%10'2 *#1 !+*2#*6&!* 4*# #"01*# (rn)n60 :"0 3$(0E*21 !%

,'24010'2 ∆.

F%2# !* ,%# 'G !% #"01* (ℓn)n60 3$(0E* !% ,'24010'2 ∆) !% E!1(%10'2 (FX,V
n )n60 *#1

2'2 #1%24%(4) '2  *"1 4'2, #* 4*6%24*( :"*!!*# E!1(%10'2# *H1(%01*# #'21 #1%2I

4%(4. J0 B ⊂ Z
−
*#1 02E20) !% E!1(%10'2 (FX,V

n )n∈B *#1 ,*!!* 4"  (',*##"# 4*#

6'1# 4$,'" $# %##',0$ K !% #"01* 4* !'2="*"(# (ℓn)n∈B. L!!* *#1 4'2, #1%24%(4 #0

*1 #*"!*6*21 #0 !% #"01* (ℓn)n∈B 3$(0E* ¬∆. 8* ($#"!1%1 D'"(201 "2* E!1(%10'2 2'2

#1%24%(4 1(;#  (',-* 4+71(* #1%24%(4 C !+*H*6 !* M 4* !%  (*60;(*  %(10* 4* ,*11*

1-;#* 4'22* "2* E!1(%10'2 F 2'2 #1%24%(4) 1*!!* :"* (Fn)n∈B *#1 #1%24%(4 4;#

:"* B *#1 02E20 *1 :"* #'2 ,'6 !$6*21%0(* 4%2# Z
−
*#1 02E20.

8*1 *H*6 !* ,'2E(6* :"* !% !0601* *21(* #1%24%(401$ *1 2'2 #1%24%(401$ *#1 #"&I

10!*.

 !" #$%&'(()( (*+*,%--+,$'( . /+0')$( 1+-( )- '-2

('340' 5-,

9*# E!1(%10'2# 2%1"(*!!*# 4+"2  (',*##"# #1%10'22%0(* K 3%!*"(# 4%2# "2 *2#*6&!*

E20 D'(6*21 "2* ,!%##* 1(;# $1"40$* 4* E!1(%10'2#. N1%21 4'22$ "2  (',*##"# X
#1%10'22%0(*) 024*H$  %( !*# *210*(# (*!%10D# Z *1 K 3%!*"(# 4%2# "2 *2#*6&!* E20

A) K :"*!!* ,'24010'2 !% E!1(%10'2 2%1"(*!!* 4* ,*  (',*##"# *#1I*!!* #1%24%(4 O

9* PI,'2D'(1 D'"(201 "2* ,'24010'2 2$,*##%0(* *1 #"5#%21* 4* #1%24%(401$) ,* *2I

4%21 ,*11* ,'24010'2 *#1  *" 6%20%&!* *1 !+'2 %06*(%01 &0*2 %3'0( 4*# ,'24010'2#

 !"# #06 !*# K 3$(0E*(. Q'"# %!!'2# $1%&!0( 4* 1*!!*# ,'24010'2# #"5#%21*# R6%0#

2'2 2$,*##%0(*#S 4* #1%24%(401$.

8'66* !* PI,'2D'(1 4* !% E1(%10'2 FX
06 '#* %"  %##$ !'021%02 4+%3'0(  *"

4+02T"*2,* #"( !% 3%(0%&!* X0) 2'"# %!!'2# ,-*(,-*( K :"%210E*( !+02T"*2,* 4"

 %##$ K !'2= 1*(6* #"( #'2  ($#*21. U2 2'1* X⊳
n := (Xk)k6n  '"( 1'"1 n. V'"(

:"%210E*( !+02T"*2,* 4"  %##$ K !'2= 1*(6* '2 ,-*(,-* K 6*#"(*( K :"*!  '021 !% !'0

4* X0 #%,-%21 X⊳
−1 4$ *24 4"  %##$ (Xk)k6n−1 !'(#:"* (Xn, . . . , X−1) *#1 ,'22")

*2 ,'6 %(%21 !*# !'0# ,'24010'22*!!*# p(·|x) = L(X0|X⊳
−1 = x)  '"( 40W$(*21*#

#"01*# x = (xk)k6−1 :"0 ,'X2,04*21 #"( !*"(# n 4*(20*(# 1*(6*#.

F0W$(*21*# :"%2101$#  '"( 6*#"(*( ,*11* 02T"*2,* '21 $1$ 021('4"01*#. F%2# ?MB)

Y. >(*##%"4) Z. /%%##) J. /%(102*[ *1 \. J%2 /%(102 6'21(*21 :"+"2 ,'21(]!*

4* ,*11* 02T"*2,*) 6*#"($*  %( 4*# ($*!# γn) *#1 "2* ,'24010'2 #"5#%21* 4* #1%2I

4%(401$  '"( "2  (',*##"# #1%10'22%0(* K 3%!*"(# 4%2# {0, 1}. 8* *24%21 !*"(

($#"!1%1  '##;4* 4*# (*#1(0,10'2# 06 '(1%21*#. '̂"1 4+%&'(4 0!# #* !0601*21 %" ,%#

M_



 ! A " #$%& '(')$*+,- .$ /(%, ($, '0"1+, %+2(2,', , *+ %*$ )$,%1$ #$ (32*4%$*0$

)"&2)"($ #% /",,' ,%1 ($ /1',$*+ /(%+5+ 6%3%*$ )$,%1$ #$ (32*4%$*0$ ) 7$**$-

8*$ "%+1$ 9": * #$ )$,%1$1 (32*4%$*0$ $,+ 2*+1 #%2+$ #"*, ;<= /"1 > )$+,? @$1*A*B

#$C $+ @$11"12- 8* 0 *+15($ #$ 0$++$ 6%"*+2+' ($%1 /$1)$+ #3 D+$*21 %* 1',%(+"+

/(%, 9 1+ E (3$&2,+$*0$ #3%* "(F 12+G)$ #$ ,2)%("+2 * /"19"2+$- >$/$*#"*+ 2(,

%+2(2,$*+ $%& "%,,2 #$, '0"1+, )"&2)"%&-

 !"! #$% &'$()*)'$ +,- .%+ /&0-*+ 1'2%$+

H3"1+20($ I !"#$%&' #(&)$'$(&* (+ *',&),-)&%** +(- ./'-,'$(&* (+ *','$(&,-0 1-(2

#%**%* ',3$&4 5,/!%* $& , .&$'% *1,#% J 6%2 0 *,+2+%$ (" #$%&2K)$ /"1+2$ #$ 0$++$

+GK,$ # **$ %*$ 0 *#2+2 * ,%L,"*+$ #$ ,+"*#"1#2+' , %M$*+ /(%, 9"2D($ N$+ # *0

)$2(($%1$O 6%$ 0$(($ # **'$ #"*, (3"1+20($ ;P=- Q* $R$+? (" 0 *#2+2 * #% +G' 1K)$

,%2M"*+ $,+ %* 0 *+15($ #$, 2*4%$*0$, ) 7$**$, #% /",,' S ( *F +$1)$ ,%1 ($

/1$,$*+ "( 1, 6%$ + %+$, ($, "%+1$, 0 *#2+2 *, 0 **%$, %+2(2,$*+ #$, 2*4%$*0$,

)"&2)"($,-

 !"#$%$&# '( )*#+,-#.- /&0-##-1 6(!- #7,8!% n > 09 (& &('% ηn /:$&;!2

%&#% <(0%&&% = )$*',&#% n9 )>.&$% 1,-

ηn = E
[

‖p(·|Y−n:−1) − p(·|X⊳
−n−1Y−n:−1)‖V T

]

,

(? ‖µ−ν‖V T )>*$4&% /, )$*',&#% %& 5,-$,'$(& '(',/% %&'-% )%!@ 1-(A,A$/$'>* µ %' ν
*!- A9 Y %*' !&% #(1$% $&)>1%&),&'% )% X9 Y−n:−1 = (Y−n, ..., Y−1) %' X⊳

−n−1Y−n:−1

%*' /, *!$'% (A'%&!% %& #(&#,'>&,&' (Xk)k6−n−1 %' (Y−n, ..., Y−1)B

23!&45/- 6  $

+∞
∑

n=0

ηn < +∞. NH′(η)O

%' *$ /, /($ p(·|X⊳
−1) #7,-4% 1-%*8!% *C-%<%&' '(!' A D#(&)$'$(& ):,<(-#%E ,/(-*

FX
%*' *',&),-)B

>$ 1',%(+"+ / ,,K#$ %* 0 1 (("21$ 2*+'1$,,"*+ / %1 ($, 0G"T*$, S )') 21$ M"12"D($-

 !"!3 4506$%+ 7 1/1')-% 80-)09.%

>$, 0G"T*$,? '+%#2'$, /"1 $&$)/($ #"*, ;U= $+ ("1F$)$*+ %+2(2,'$, #"*, ($, "//(2B

0"+2 *, N/"1 $&$)/($ #"*, ;V= ;VW=O? , *+ #$, /1 0$,,%, ,+"+2 **"21$, X S M"($%1,

#"*, %* "(/G"D$+ X*2 A? +$(, 6%$ (" ( 2 #$ X0 ,"0G"*+ ($ /",,' X⊳
−1 *$ #'/$*#

PU



 !" #! $%&&' X−L:−1 ( #)&*%+," L- ./ L "&* !+" 0%1)%23" %3'%*.)1" ( 0%3"!1& #%+&

N "* 4"&!1%23" $.!1 FX
−15

67!+ 8%9.+ $3!& $1',)&"- $.!1 x ∈ A⊳
- &.)*

ℓ(x) = inf{n > 0 ; y 7→ p(·|yx−n:−1) "&* ,.+&*%+* &!1 A⊳}
= inf{n > 0 ; ∀y ∈ A⊳, p(·|yx−n:−1) = p(·|x)}.

:%1 #';+)*).+ 3" $1.,"&&!& &*%*).++%)1" X "&* !+" ,<%=+" #" >%1?.0 ( 4'4.)1"

0%1)%23" &) ℓ(X⊳
−1) "&* $1"& !" &@1"4"+* ;+)5 A" *<'.1B4" C 8.!1+)* 3" 1'&!3*%*

&!)0%+*5

 !"!##$%"& '()('  ! X "#$!%& '( )*+,!-!*+ ,.(/*$)&0 ).&1-232,!$& 1! 4$&156& 17$&2

/&+- '( '*! ,& X0 1()8(+- '& 4(11# X⊳
−1 )8($9& -*6- '.('48(:&- A &- 1! ℓ(X⊳

−1) &1-
!+-#9$(:'&0 ('*$1 '( %'-$(-!*+ +(-6$&''& FX

&1- 1-(+,($,;

D"4%1 !.+&  !" 3% 1",<"1,<" #" ,.+#)*).+& &!E&%+*"& #" &*%+#%1#)*' "&* )+*'1"&F

&%+*" $!)& !" 3% ;3*1%*).+ +%*!1"33" #7!+ $1.,"&&!& &*%*).++%)1" ( 0%3"!1& #%+& !+
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%'##-##-# $ %$&$4-+&"<$+"'09

 !"#$%$&# 5 (6#789.$&#. *#: $,,!+.$&#./ >-+ F = (Fn)n $0( G = (Gn)n

2- +?' ./+&$+"'0#9 @0- #$,# +7$+ F "# "0*/)(-( "0+' G6 $0( '0- ?&"+-# F ⊂ G6

"! Fn ⊂ Gn !'& -5-&, n9 @0- #$,# +7$+ F "# "44-&#-( "0+' G6 $0( '0- ?&"+-#

F →֒ G6 "! F ⊂ G $0( "! !)&+7-&4'&-6 !'& -5-&, n6 Fn "# "0(-%-0(-0+ '! Gn−1

*'0("+"'0$//, '0 Fn−19

B%*,+*+&"-1/ *!" +%5"2"%5"%#" $) Fn .%5 Gn−1 #$%5+*+$%.--1 $% Fn−1 0".%( *!.*

Gn−1 4+&"( %$ 0$'" +%)$'0.*+$% $% Fn *!.% Fn−1 5$"(7 B% 2.'*+#,-.' . 3-*'.*+$%

CC



(Fn)n∈Z  ! "#$  %%&'!&(  "$# $)& *+$',$ #" (Fn+1)n∈Z -"+&!!  $  ! , .#"!$,"$

*+$',$ #"/

0)& ! %1+&!$ "#"2$' 3 ,+ &4,%1+& #5 ,"  %%&'! #"  ! #6$, "&( 67  "(&1&"(&"$

&"+,'8&%&"$/

 !"#"$!% &  !" F = (Fn)n #$% G = (Gn)n &! "'( )*"+#",($-. /!$("! &0 F ∨ G
"1! )*"+#",($ %!)$!% &0 (F ∨ G)n = Fn ∨ Gn = σ(Fn ∪ Gn) 2(+ !3!+0 n.

'(!)!*$"$!% +,-,+ 42 F #$% H #+! "'( ,$%!5!$%!$" )*"+#",($-6 "1!$ F ,- ,78

7!+-!% ,$"( F ∨H.

0)& 5#++#9 "8 1'#1#! $ #" 8 3&! #$)&' &4,%1+&! #5  %%&'! #"!/

'(!)!*$"$!% +,-,- 42 F 5(--!--!- # 9!$!+#",$9 5#+#7!"+,:#",($ U 6 "1!$ F ,-

,77!+-!% ,$"( FU
.

 !" #$%&'%(' )*$(%$+,&-

0)& "#$ #" #5  %%&'! #" %-!$ 6& !+ 8)$+7 9&,:&"&( $# 1'#3 (& , "#$ #"  "3,' ,"$

67  !#%#'1) !%/

./0%$"$!% 1 ; )*"+#",($ F ,- ,77!+-,&*! ,$"( # )*"+#",($ G ,2 "1!+! !<,-"- #

)*"+#",($ F ′
,-(7(+51,= "( F ->=1 "1#" F ′

,- ,77!+-!% ,$"( G.

;& .," "#9 (&*"& $)& !$,"(,'("&!! #5 *+$',$ #"!/

./0%$"$!% 2 ; )*"+#",($ ,- -"#$%#+% ,2 ," ,- ,77!+-,&*! ,$"( # 5+(%>=" "05! )*8

"+#",($.

0)& "#$ #" #5 !$,"(,'("&!! 9,! *'!$  "$'#(-.&( 67 <&'!) : =>?@ 5#' (&.'&,! "8

!&A-&".&! #5 %&,!-',6+& 1,'$ $ #"!/ B$ 9,! $)&" ,(,1$&( $# .#"$ "-#-!2$ %& *+2

$',$ #"! 67 0! '&+!#" =>C@ ,"( !$-( &( 67 D-6 "! &$ ,+/ =E@ 5#' .#"$ "-#-!2$ %&

*+$',$ #"! ,"( 67 F%&'7 ,"( G.),.)&'%,7&' =H@ 5#' 6#$) .#"$ "-#-!2$ %& ,"(

( !.'&$&2$ %& *+$',$ #"!/

I'#1#! $ #" >/C/J ),! ,"  "$&'&!$ "8 .#'#++,'7 5#' !$,"(,'( *+$',$ #"!/

3!(!44#(5 +,6,& 7!8 )(!)!*$"$!% +,-,&9 .  !" F = (Fn)n60 &! # )*"+#",($ ->=1

"1#" F0 ,- !--!$",#**0 -!5#+#&*!. ?(+ !3!+0 k 6 06 "1! )*"+#",($ (Fn)n6k ,- -"#$%#+%

,2 #$% ($*0 ,2 "1! =(75*!"! )*"+#",($ F ,- -"#$%#+%.
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 !"# $%&%''(&) #!%*# +!(+ +!, #+(-.(&.-,## %/ ( 0'+&(+"%- "# (- (#)12+%+"$('

2&%2,&+)3 *!"$! %-') .,2,-.# %/ +!, 4,!(5"%6& %/ +!, 0'+&(+"%- +%*(&.# −∞7
 % #611(&"8, *, .,0-,. +!&,, /(1"'",# %/ 0'+&(+"%-#3 &,'(+,. (# /%''%*#9

{

:&%.6$+ +)2, 0'+&(+"%-#

}

⊂
{

;"'+&(+"%-# 2%##,##"-< ( <,-,&(+"-< 2(&(1,+&"8(+"%-

}

⊂
{

=+(-.(&. 0'+&(+"%-#

}

>- #%1, #2,$"0$ $%-+,?+# #%1, %/ +!,#, -%+"%-# $%"-$".,7 @,&#!"AB# $&"+,&"%- "- CDEF

G+!,%&,1 H7D3 ,I6"5(',-$) 4,+*,,- 2%"-+# D (-. HJ #!%*# +!(+ (-) (rn)K(."$ 0'K
+&(+"%- "# #+(-.(&. "/ (-. %-') "/ "+ "# %/ 2&%.6$+ +)2,7

 !, 4%6-.(&) 4,+*,,- #+(-.(&. (-. -%- #+(-.(&. 0'+&(+"%-# "# #64+',7 L- "1K

2%&+(-+ &,#6'+ %/ +!, +!,%&) %/ #+(-.(&. 0'+&(+"%-# "# +!, /%''%*"-< %-,7

 !"#$"% & '()*+,)$- ./#%#$0!./% 1234  !" (Fn)n60 #! $ %&"'$"()*+ ,-.

-/0! "1$" F0 (- !--!*"($&&2 -!3$'$#&! $*4 "1$" "1! σ.%!&4 F−∞ (- "'(5($&+ 61!*

"1!'! !7(-"- $* (*8'!$-(*9 $33&(8$"()* ϕ : Z
− → Z

−
-/81 "1$" "1! !7"'$8"!4 %&"'$.

"()* (Fϕ(n))n60 (- -"$*4$'4+

>- CDEF3 @,&#!"A <"5,# (- ,?(12', %/ ( -%- #+(-.(&. 0'+&(+"%- (Fn)n60 #6$! +!(+

(F2n)n60 "# #+(-.(&.7 >- CMF N%&46'#A) <"5,# (-%+!,& ,?(12', *"+! +!"# 2&%2,&+)7

O, *"'' #,, +!(+ #2'"+K*%&. 2&%$,##,# )",'. -%- #+(-.(&. 0'+&(+"%-# *!"$! 4,$%1,

#+(-.(&. *!,- +"1, "# ($$,',&(+,. 4) %1"++"-< "-0-"+,') 1(-) "-#+(-+# %/ +"1,7

 !" #$%&'$%() (* +&,)-,$-)'++

L'+!%6<! +!, -%+"%- %/ #+(-.(&.-,## "/ &,'(+"5,') ,(#) +% .,0-,3 +% A-%* "/ (

<"5,- 0'+&(+"%- "# #+(-.(&. %& -%+ "# $%12',?7  !"# "# *!) 5(&"%6# -,$,##(&) (-.

#6P$",-+ $%-."+"%-# %/ #+(-.(&.-,## *,&, ,#+(4'"#!,.7 O, -%* &,$('' #%1, %/

+!,17

 !"!# $%&'()*+' ,&'- .%/%. 0&)-%&)12

>- "+# 0&#+ /%&16'(+"%- GCDEF +!,%&,1 H7D3 ,I6"5(',-$, 4,+*,,- 2%"-+# Q (-. DJ3

@,&#!"AB# 0&#+ ',5,' $&"+,&"%- *(# ,#+(4'"#!,. /%& (rn)K(."$ .,$&,(#"-< #,I6,-$,# %/
1,(#6&(4', 2(&+"+"%-#7 R(+,& %- "+ *(# ,?+,-.,. +% +!, #,2(&(4', $(#, 4) ;,'.1(-

(-. =1%&%."-#A) CEF7  !, 2&%4(4"'"#+"$ /%&16'(+"%- 4,'%* "# .6, +% R(6&,-+ CQD3

.S0-"+"%- H7Q7HF9

HT



 !"#$%$&# '  !" F = (Fn)n60 #! $ %&"'$"()* +(", (*-!.!*-!*" (*/'!0!*"1 12/,

",$" F0 (1 !11!*"($&&3 1!.$'$#&!4 5*! 1$31 ",$" F 62&%&&1 7!'1,(891 %'1" &!:!&

/'("!'()* (6 6)' $*3 '$*-)0 :$'($#&! ξ 0!$12'$#&! 6)' F0 +(", :$&2!1 (* $ %*("!

1!" F $*- $*3 '!$& *20#!' δ > 0; ",!'! !<(1"1 $* (*"!=!' n < 0; 1)0! (**):$"()*1
(Vk)n6k60 )6 F $" "(0!1 n; 4 4 4 ; 0; $*- $ '$*-)0 :$'($#&! ξ′ 0!$12'$#&! 6)'

σ({Vk ; n 6 k 6 0}) "$8(*= :$&2!1 (* F 12/, ",$" P[ξ 6= ξ′] 6 δ.

()&*&+$%$&# ,-.-/  !" F = (Fn)n60 #! $ %&"'$"()* +(", (*-!.!*-!*" (*/'!0!*"14

>,!* F (1 )6 .')-2/" "3.! (6 $*- )*&3 (6 F 62&%&&1 7!'1,(891 %'1" &!:!& /'("!'()*4

 !"! #$%&'()*& &$+,-. /$0$/ +%(1$%(,-

 !"#$%&'# #!()*+ ,!-!, ("%.!"%)* /%-!# 0 *!(!##0"1 0*+ #23(%!*. ()*+%.%)* 4)" 0

5,."0.%)* .) 6! #.0*+0"+7 8*(! 0/0%*9 .$! )"%/%*0, 4)":2,0.%)* ;<=>? .$!)"!: @7=9

!A2%-0,!*(! 6!.B!!* C)%*.# D 0*+ @E )4 .$%# ("%.!"%)* B0# !#.06,%#$!+ 4)" (rn)F0+%(
+!("!0#%*/ #!A2!*(!# )4 :!0#2"06,! C0".%.%)*#7 G$! 4)":2,0.%)* 6!,)B )4 .$%#

("%.!"%)* %# 4"): H:!"1 0*+ I($0($!":01!" <J? 0*+ "!A2%"!# #):! *).0.%)*# .$0.

B! *)B %*.")+2(!7

 !"#$%$&# 0 1 $+*!)+$&# &2 3 )3#4&5 63)$378!9  !" ξ #! $ '$*-)0 :$'($#&!

)* $ 1!.$'$#&! 0!"'(/ 1.$/! (E, ρ)4 >,! -(1.!'1()* )6 ξ (1 ",! $:!'$=! -(1"$*/!

#!"+!!* "+) (*-!.!*-!*" /).(!1 ξ′ $*- ξ′′ )6 ξ; ",$" (1;

disp(ξ) = E[ρ(ξ′, ξ′′)].

 !"#$%$&# /: 1;%!)3%!4 <3#%&)&6$=>?@A7$#+%!$# +*3=!+9 >) $*3 /)0.$/"

0!"'(/ 1.$/! (K, ρ); )*! $11)/($"!1 ",! 1!" K ′
)6 .')#$#(&("(!1 )* K $*- ρ′

",!

?$*")'):(/,@A2#(*1"!(* -(1"$*/! )* K ′
; -!%*!- #3

ρ′(µ, ν) = inf

∫

ρ(x, y)dΛ(x, y),

+,!'! ",! (*%020 $#):! (1 "$8!* ):!' ",! 1!" )6 .')#$#(&("(!1 Λ )* K × K )6

0$'=(*$&1 µ $*- ν4 >,!* (K ′, ρ′) (1 $ /)0.$/" 0!"'(/ 1.$/!4

5*! ",!* -!%*!1 '!/2'1(:!&3 $ 1!B2!*/! (Kn, ρn)n60 )6 /)0.$/" 0!"'(/ 1.$/!1 #3

(K0, ρ0) = (K, ρ) $*- (Kn−1, ρn−1) = (K ′
n, ρ′

n); 6)' !:!'3 n 6 04

 !"#$%$&# // 1B&C!) &2 5!3+A)!+ 3++&=$3%!4 %& 3 "8%)3%$&#9

 !" F = (Fn)n60 #! $ %&"'$"()* $*- ξ $ F0@0!$12'$#&! '$*-)0 :$'($#&! +(",

:$&2!1 (* ",! /)0.$/" 0!"'(/ 1.$/! (K, ρ)4 C!%*! '!/2'1(:!&3 ",! :$'($#&!1 πF
n ξ

+(", :$&2!1 (* Kn #3 πF
0 ξ = ξ $*- 6)' n 6 0;

πF
n−1ξ = L(πF

n ξ | Fn−1).

@>



 !"#$%&'# #!()*+ ,!-!, ("%.!"%)* (/* *)0 1! #./.!+2 3#%*4 .$! .!"5%*),)46 )7 85!"6

/*+ 9($/($!"5/6!" :;<=

 !"#$%$&# '( )*!+,-$./, ,!0&#1 2!3!2 0+$%!+$&#4  !" #$%# &'$& &'" ()&*$&+,!

F = (Fn)n60 -.)())# /"*#'+01# #"2,!3 )"4") 2*+&"*+,! +- -,* $!% F056"$#.*$7)" *$!5

3,6 4$*+$7)" ξ 8+&' 4$)."# +! [0, 1]9

disp(πF
n ξ) → 0 8'"! n → −∞.

5-!&+!6 ( )7(894 :&$!3$*3!"## +# ";.+4$)"!& &, /"*#'+01# #"2,!3 )"4") 2*+&"5

*+,!<

 !"!# $%&'()*+((

 !"#$%&'# #!()*+ ,!-!, ("%.!"%)* 0/# /+/>.!+ 16 ?#%"!,#)* :@A< %*.) / B()#%*!##C

("%.!"%)* 7)" ()*.%*3)3#D.%5! E,."/.%)*#= F/.!" )*2 -/"%)3# *).%)*# )7 ()#%*!##

0!"! %*.")+3(!+ 16 85!"6 /*+ 9($/($!"5/6!" :;<2 %*(,3+%*4 .$! GD()#%*!##2 .$/.

0! *)0 >"!#!*.=

 !"#$%$&# ': );<0&,$#!,,4 ="& F = (Fn)n60 7" $ ()&*$&+,! ,! $ >*,7$7+)+&%

#>$2" (Ω,A, P)<  !" #$%# &'$& F +# I52,#% +- -,* $!% F056"$#.*$7)" *$!3,6

4$*+$7)" ξ 8+&' 4$)."# +! $ (!+&" #"&9 $!3 $!% *"$) δ > 09 &'"*" "?+#&# $ >*,7$7+)+&%
#>$2" (Ω,A, P) #.>>)+"3 8+&' &8, ()&*$&+,!# F ′

$!3 F ′′
#.2' &'$&@

• &'" ()&*$&+,!# F ′
$!3 F ′′

$*" +#,6,*>'+2 &, &'" ()&*$&+,! F A

• &'" ()&*$&+,!# F ′
$!3 F ′′

$*" +66"*#"3 +!&, F ′ ∨ F ′′
A

• &'"*" "?+#&# $! +!&"B"* n0 < 0 #.2' &'$& &'" σ5(")3# F ′
n0
$!3 F ′′

n0
$*" +!3"5

>"!3"!&A

• &'" 2,>+"# ξ′ $!3 ξ′′ ,- ξ $##,2+$&"3 &, &'" +#,6,*>'+#6# ,- &'" (*#& 2,!3+&+,!
$*" #.2' &'$& P[ξ′ 6= ξ′′] 6 δ<

85!"6 /*+ 9($/($!"5/6!" #$)0!+ .$/. .$%# *).%)* )7 ()#%*!## %# !H3%-/,!*. .)

 !"#$%&'# #!()*+ ,!-!, ("%.!"%)*=

5-!&+!6 : )=6!+> ?#1 @0-?0-!+6?>!+ 7A94 I52,#+!"## $!3 /"*#'+01# #"25
,!3 )"4") 2*+&"*+,! $*" ";.+4$)"!&<

I# / ()*#!H3!*(!2 GD()#%*!## /*+ #./*+/"+*!## /"! !H3%-/,!*.=
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 !" #$%&'()*+, $+*-.//./

 !" #"$%&'&(% () *+,&'-.(/# +/(0"**"* .1* &%*+&/"# 23 "415+,"* 6&7"% 23 8"/-

*!&97"/*!&9:;<=>  !"*" +/(0"**"* ."/" &%'/(#?0"# 1%# *'?#&"# +/(212&,&*'&01,,3

23 @5(/(#&%*93 ABBC &% '!" #31#&0 01*" 1%# 23 D1?/"%' A:BC &% '!" 6"%"/1, 01*">

 !" #&*'/&2?'&(% () 1 *+,&'-.(/# +/(0"** #"+"%#* (% 1% 1,+!12"' A () *&E" N > 2
1%# (% 1 *"F?"%0" () +(*&'&7" &%'"6"/* (ℓn)n60 *?0! '!1' ℓ0 = 1 1%#G )(/ "7"/3
n 6 0G '!" /1'&( rn = ℓn−1/ℓn &* 1% &%'"6"/ rn > 2>  !" *"F?"%0" (Xn)n60 () *+,&'

.(/#* &* &%#"4"# 23 '!" %(%+(*&'&7" &%'"6"/*> H(/ "7"/3 n 6 0G '!" ,1. () Xn &*

?%&)(/5 (% '!" *"' () .(/#* () ,"%6'! ℓn (% A> I(/"(7"/G &) (%" *+,&'* '!" .(/#
Xn−1G .!(*" ,"%6'! &* ℓn−1G &%'( rn *?2.(/#* () ,"%6'! ℓnG '!"% '!" .(/# Xn &*

0!(*"% ?%&)(/5,3 15(%6 '!"*" *?2.(/#*G &%#"+"%#"%',3 () "7"/3'!&%6 ?+ '( '&5"

n − 1> I(/" +/"0&*",3G #"%('" 23 Vn '!" ,(01'&(% () '!" *?2.(/# Xn &% Xn−1>

 !"% Vn &* ?%&)(/5 &% {1, 2, . . . , rn}>  !" *+,&'-.(/# +/(0"** &* (Xn, Vn)n60>

 !" *"F?"%0" (Vn)n60 &* 0,"1/,3 1 *3*'"5 () &%%(71'&(%* )(/ '!" $,'/1'&(% FX,V

.!&0! &* '!"/")(/" (rn)n60-1#&0> J%" 0(?,# 2" '"5+'"# '( #"#?0" '!1' FX,V
n = FV

n

)(/ "7"/3 n 6 0G 2?' '!&* "F?1,&'3 &* 0,"1/,3 )1,*" *&%0" X0 &* &%#"+"%#"%' ()

(Vn)n60> K(."7"/G (%" *'&,, 01% .(%#"/ .!"'!"/ '!" $,'/1'&(% FX,V
&* 1 +/(#?0'

'3+" $,'/1'&(% L6"%"/1'"# 23 *(5" ('!"/ &%#"+"%#"%' *"F?"%0"M (/ %('>

@?/+/&*&%6,3G '!" 1%*."/ #"+"%#* (% '!" *"F?"%0" (ℓn)n60> N%#""#G &% A:BCG D1?/"%'

0(%*&#"/* '!" )(,,(.&%6 '.( 0(%#&'&(%* ∇N 1%# ∆>

•  !"#$%$!" ∇N &  !"/" "4&*'* α < 1 *?0! '!1' rα
n ≫ N ℓn

.!"% n → −∞>

•  !"#$%$!" ∆&  !" *"/&"*
∑

n

ln(rn)

ℓn

0(%7"/6"*>

O(%#&'&(%* ∇N 1%# ∆ 1/" 5?'?1,,3 "40,?*&7"> D1?/"%' *!(."# '!1' ∇N &5+,&"*

'!1' '!" $,'/1'&(% () '!" *+,&'-.(/# +/(0"** &* () +/(#?0' '3+"G 23 0(%*'/?0'&%6 1%

"4+,&0&' &%#"+"%#"%' *"F?"%0" 6"%"/1'&%6 FX,V
> K" 1,*( *!(."# '!1' ∆ &5+,&"*

'!1' FX,V
&* %(' () +/(#?0' '3+" 1%# !" %('"# '!1' 0(%#&'&(%* ∇N 1/" ."19"/

'!1% '!" )(,,(.&%6 0(%#&'&(% ∇G .!&0! #("* %(' #"+"%# (% N >

•  !"#$%$!" ∇& ln(rn)

ℓn

→ +∞ .!"% n → −∞>

D1?/"%' %('"# '!1' 0(%#&'&(%* ∇ 1%# ∆ ."/" +/"7&(?*,3 &%'/(#?0"# 23 8"/-

*!&9 ABPG "415+," :C &% '!" 0(%'"4' () #"0/"1*&%6 *"F?"%0"* () 5"1*?/12," +1/'&-

'&(%*>

@&%0" 0(%#&'&(%* ∇ 1%# ∆ #( %(' "4!1?*' 1,, 01*"*G 2('! 8"/*!&9 1%# D1?/"%'

1*9"# .!1' !1++"%* Q2"'.""% ∇ 1%# ∆R> S" 1%*."/ '!"&/ F?"*'&(%T 0(%#&'&(% ∆

UV



 !  " #$%& "'%'!!$() $"* !+,% '"& #-( &.' /0&($& -" -# $ !10 &23-(* 1(-%'!! &- 4'

"-" !&$"*$(*5

 !"#$"% &  !" #$%&'$( )(%'$%*+# +, (Xn, Vn)n60 *- +, .'+/&0% %1." *, $#/ +#(1

*, 0+#/*%*+# ∆ ,$*(-2

6#&'( &.' %-710'& -" -# &. ! &.'! !8 6"$&-0) 9'(!. : *('3 -+( $&&'"& -" &- &.'

1$1'( ;<=8 3.'(' >' %:0'" -4&$ "! $ ('!+0& '?+ @$0'"& &- A.'-('7 B5 A.' (rn)2$* %

/0&($& -"! !&+* '* 4) >' %:0'" 3'('  "&(-*+%'* 4) 9'(!. : ;CB= $! #-00-3!5 DE'

7'"& -" &.$& 4-&. 9'(!. : $"* >' %:0'"  "*'F !'?+'"%'! 4) &.' !'& -# 1-! & @'

 "&'G'(! 3.'('$! 3'  "*'F &.'7 4) &.' !'& -# "-"1-! & @'  "&'G'(!8 $"* &.$& &. !

 ! &.' -"0) * H'('"%' 4'&3''" &.' ( 1('!'"&$& -" $"* -+(!8 G @'" 4'0-35I

J'& A 4' $ /" &' $01.$4'& $"* (Gn)n60 &.' *'%('$! "G !'?+'"%' -# G(-+1! *'/"'*

4)

Gn =
0

∑

k=n+1

Z/rkZ.

J'& G *'"-&' &.' +" -" -@'( n 6 0 -# &.' G(-+1! Gn5 K-( '@'() n 6 08 &.' G(-+1

Gn $%&! -" AG
D-" &.' 0'#&I 4) %$"-" %$0 !. #&!5 L$7'0)8 #-( '@'() g ∈ Gn $"*

f ∈ AG
8 -"' *'/"'! g · f ∈ AG

4) (g · f)(x) = f(xg) #-( '@'() x ∈ G5 J'&

OrbGn
(f) *'"-&' &.' -(4 & -# $ G @'" f ∈ AG

+"*'( &.' $%& -" -# Gn8 &.$&  !8

OrbGn
(f) = {g · f ; g ∈ Gn}5

J'& F = (F (x))x∈G ∈ AG
4' $ ($"*-7 #+"%& -" 3.-!' %--(* "$&'! F (x) $('

 "*'1'"*'"& $"* +" #-(70) * !&( 4+&'*  " A5 A.' /0&($& -" (Fn)n60 !&+* '* 4)

9'(!. : $"* >' %:0'"  ! &.' "$&+($0 /0&($& -" -# (On)n608 3.'('

On = OrbGn
(F ).

K-( '$%. n 6 08 On−1  ! &.' +" -" -# rn -(4 &! +"*'( &.' $%& -" -# Gn8 -"' -(4 & #-(

'$%. '0'7'"& -# Gn−1/Gn5 607-!& !+('0)8 &.'!' -(4 &! $(' $00 * H'('"& ! "%' &.'

!. #&'* #+"%& -"! g·F $(' * H'('"&5 K+&.'(7-('8 %-"* & -"$00) -" (On−1, On−2, ...)8
&.' ($"*-7 @$( $40' On  ! +" #-(70) * !&( 4+&'* -" &.'!' rn -(4 &!5 A. ! !.-3!

&.$& (Fn)n60  ! $" (rn)2$* % /0&($& -"5

M"' %$" !.-3 &.$& &.' &$ 0 σ2/'0* F−∞  ! &( @ $0 $"* &.$& &.' /0&($& -" -# &.'

!10 &23-(*! 1(-%'!!  !  77'(!'*  " (Fn)n605 N"#-(7$00)8 &.' 3-(* Xn $& & 7' n
 ! G @'" 4) &.' @$0+'! $& e D&.'  *'"& &) -# &.' G(-+1 GI -# &.' '0'7'"&! -# On5

M"' G'&! Xn #(-7 Xn−1 4) !10 && "G &.' -(4 &! +"*'( Gn−1  "&- rn -(4 &! +"*'(

Gn $"* 4) %.--! "G -"' -# &.'!' -(4 &! +" #-(70) ($"*-70)5

A.+!8 &.' !&$"*$(*"'!! -# (Fn)n60 3.'" %-"* & -" ∆ #$ 0!  710 '! &.$& &.' "$&+($0

/0&($& -" -# &.' !10 &23-(*! 1(-%'!!  ! !&$"*$(* $"*8 &.'('#-('8 &.$&  &  ! -# 1(-*+%&

&)1'5 >' %:0'"O! 1(--# ('0 '! -" 9'(!. :O! !&$"*$(*"'!! %( &'( -" $"* +!'! &.'

0$"G+$G' -# '(G-* % &.'-()5 60&.-+G. >' %:0'"O! ('!+0& $"* -+( A.'-('7 B $('

P<



 !"#$%  & '()#*% '+,- .' /' #'*' ,0%, !)1 21!!3 #4 #+,'1'4,#+" /'$%)4' #, 1' #'4 !+ %

$!+4,1)$,#*'- 5#1'$, %+5 21!/%/# #4,#$ 6',0!57

84#+" 9'140#:;4 ,0'!1&- !+' $%+ 5'5)$' 31!6 ,0'!1'6 < ,0%, ,0' = ,1%,#!+ !3

,0' 42 #,>.!15 21!$'44 !+ %+& 4'2%1%/ ' % 20%/', ?'+5!.'5 .#,0 %+ %1/#,1%1&

6'%4)1'@ #4 4,%+5%15 .0'+ $!+5#,#!+ ∆ 3%# 4- 4'' AB<C 3!1 % 21!!37

D0#4 1'4) , 0%4 #+,'1'4,#+" %22 #$%,#!+4 #+ '1"!5#$ ,0'!1&- %4 .' +!. 'E2 %#+7

F'$%  ,0%, '+,1!2& #4 % .'  :+!.+ #+*%1#%+, %44!$#%,'5 ,! %+ %),!6!120#46

!3 % 21!/%/# #,& 42%$' ?,0%, #4- % /#6'%4)1%/ ' %22 #$%,#!+ 21'4'1*#+" ,0' 6'%>

4)1'@7 9'140#: AGHC 5'=+'5 % 6)$0 6!1' ' %/!1%,' #+*%1#%+,- .0#$0 0' +%6'5 ,0'

4$% '7 I), $!62),#+" ,0#4 #+*%1#%+, #4 % *'1& 5#J$) , ,%4:- '*'+ #+ 4#62 ' $%4'47

K!.'*'1- L%)1'+, 40!.'5 ,0%, !)1 1'4) , 21!*#5'4 ,0' 'E%$, 4$% ' !3 % 5&%5#$

,1%+43!16%,#!+ ABHC- 6!1' 21'$#4' &- ,0' 4$% ' !3 ,0#4 ,1%+43!16%,#!+ #4 ,0' 4', !3

4'()'+$'4 (rn)n60 #4 4)$0 ,0%, $!+5#,#!+ ∆ 0! 547

M3 ϕ : Z
− → Z

−
#4 #+$1'%4#+"- ,0' = ,1%,#!+ (FX,V

ϕ(n))n60 #4 ,0' = ,1%,#!+ !3 ,0'

42 #,>.!15 21!$'44 %44!$#%,'5 ,! ,0' 4'()'+$' !3  '+",0'4 (ℓϕ(n))n607 D0'1'3!1' #,

#4 4,%+5%15 #3 %+5 !+ & #3 ,0' 4'()'+$' (ℓϕ(n))n60 #4 4)$0 ,0%, $!+5#,#!+ ∆ 3%# 47

D0#4 21!*#5'4 %+ 'E%62 ' !3 % +!+ 4,%+5%15 = ,1%,#!+ #+ .0#$0 ,0' ,1%+4#,#!+ 31!6

,0' +!+ 4,%+5%15 $%4' ,! ,0' 4,%+5%15 $%4' #4 40%12 4#+$' Fφ(n) #4 4,%+5%15 3!1

'*'1& 4)/4'()'+$' φ : Z
− → Z

−
.0#$0 !6#,4 #+=+#,' & 6%+& ?+'"%,#*'@ #+,'"'147

 !" #$%$&'(%)* +)',-..-. /&$0 1%23-. &( % 4(&$- .-$

N%,)1% = ,1%,#!+4 !3 4,%,#!+%1& 21!$'44'4 .#,0 *% )'4 #+ % =+#,' 4', %1' % .'  >

4,)5#'5 $ %44 !3 = ,1%,#!+47 O#*'+ % 4,%,#!+%1& 21!$'44'4 X- #+5'E'5 /& Z %+5

*% )'5 #+ % =+#,' 4',- .0%, $!+5#,#!+ '+4)1'4 ,0' 4,%+5%15+'44 !3 ,0' +%,)1% 

= ,1%,#!+ !3 ,0#4 21!$'44P

Q +'$'44%1& %+5 4)J$#'+, $!+5#,#!+ !3 4,%+5%15+'44 #4 M>$!4#+'44- +'*'1,0' '44

,0#4 $1#,'1#!+ #4 5#J$) , ,! 0%+5 ' %+5 4#62 '1 $!+5#,#!+4 .!) 5 /' %221'$#%/ '7

R' +!. 21!*#5' 4)$0 4)J$#'+, ?/), +!, +'$'44%1&@ $!+5#,#!+4 !3 4,%+5%15+'447

S#+$' ,0' M>$!4#+'44 !3 ,0' = ,1%,#!+ FX
3!1$'4 ,0' 1%+5!6 *%1#%/ ' X0 ,! /'

% 6!4, #+5'2'+5'+, !3 ,0'  !+">,'16 2%4, "#*'+ ,0' 1'$'+, 2%4,- .' .#  6'%4)1'

,0' #+T)'+$' !3 ,0'  !+">,'16 2%4, !3 ,0' 21!$'44 !+ #,4 21'4'+,7

U!1 '*'1& n #+ Z-  ', X⊳
n := (Xk)k6n7 U!1 n > 0- .' ()%+,#3& ,0' #+T)'+$'

!3 X⊳
−n−1 !+ ,0' $!+5#,#!+%  %. L(X0|X⊳

−1) /& $!62%1#+" ,0' $!+5#,#!+%  %.4

p(·|x) = L(X0|X⊳
−1 = x) 3!1 5#V'1'+, 4'()'+$'4 x = (xk)k6−1 .0#$0 $!#+$#5' !+

,0'#1  %4, n ,'1647

S'*'1% ()%+,#,#'4 .'1' #+,1!5)$'5 ,! 6'%4)1' ,0#4 #+T)'+$'7 M+ AGC- I1'44%)5 ',

% 7 40!.'5 ,0%, % $!+,1! !3 ,0#4 #+T)'+$' #4 % 4)J$#'+, $!+5#,#!+ !3 4,%+5%15+'44

3!1 % 4,%,#!+%1& 21!$'44'4 .#,0 *% )'4 #+ {0, 1}7 I), ,0'#1 1'4) , 0%4 4!6' #6>

<W



 !"#$%# "&'#"()#(!%' '(%)&* +"'#* #,&  "!)&'' -.'# /& 0$1.&2 (% $ '&# A 3(#, !%14

#3! &1&-&%#'* $%2* '&)!%2* #,& 5.$%#(#(&' .'&2 $"& $ -&$'."& !6 #,& -$7(-.-

(%8.&%)& !6 #,&  $'# !% #,&  "&'&%# 3,&"&$' $% $0&"$9& -&$'."& 3!.12 /& -!"&

8&7(/1&:

;& 9(0& $ '.<)(&%# )!%2(#(!% 3,(), (' !6#&% 3&$=&" >$%2 #,&"&6!"& /&##&"? #,$%

#,& )!%2(#(!% )!%'(2&"&2 (% @AB* '(%)& (# (' /$'&2 !% $ )!%#"!1 !6 #,& $0&"$9&

(%8.&%)& !6 #,& 1!%9 #&"-  $'# !% #,&  "&'&%#:

 !"#$%$&# '( )*+!,-.! $#/0!#1!23  !" #$#"% n > 0& '(# )$#")*# +,-.#,/#
)' 0+1'),/# n +1

ηn = E
[

‖p(·|Y−n:−1) − p(·|X⊳
−n−1Y−n:−1)‖V T

]

.

2#"# ‖µ − ν‖V T +1 '(# '!')3 $)"+)'+!, 0+1'),/# 4#'5##, '(# 6"!4)4+3+'+#1 µ ),0 ν
!, A& Y +1 ), +,0#6#,0#,0 /!6% !7 X& Y−n:−1 = (Y−n, ..., Y−1) ),0 X⊳

−n−1Y−n:−1

+1 '(# 1#8.#,/# !4')+,#0 4% '(# /!,/)'#,)'+!, !7 (Xk)k6−n−1 ),0 (Y−n, ..., Y−1)9

45!&,!6 7 :7 '(# 1#"+#1

∑

n

ηn /!,$#"*#1 ),0 +7 '(# 3)5 !7 p(·|X⊳
−1) /()"*#1

)3;!1' 1."#3% #$#"% #3#;#,' !7 A& '(#, FX
+1 1'),0)"09

CD



 !



 !"#$%& '

()*$&"$)+,- +. -#*)$/0+&1 #&+2%--%-

 ! "#$%$&'()*+ ,(& "! -,.%/(0 1,2/ '('0',0/& 01/ )0.&+ $3 01/ 450%,0'$() $3 )65'07

8$%& 6%$9/))/): '( 01/ 3%,#/8$%* $3 &')9%/0/ (/;,0'2/ 0'#/! <$% 01/)/ 450%,0'$():

8/ )1$8 01,0 -,.%/(0=) ).>9'/(0 9$(&'0'$( 3$% ($( )0,(&,%&(/)) ') ,5)$ (/9/)),%+:

01.) +'/5&'(; , 6%,90'9,5 )0,(&,%&(/)) 9%'0/%'$(! ?( 0.%(: 01') 9%'0/%'$( /(,@5/)

.) 0$ /A1'@'0 , ($( )0,(&,%& 450%,0'$( 81'91 @/9$#/) )0,(&,%& 81/( 0'#/ ')

,99/5/%,0/& @+ $#'00'(; '(4('0/5+ #,(+ '()0,(0) $3 0'#/!

 !" #$%&'()*%+'$

B/ )1,55 @/ '(0/%/)0/& '( 450%,0'$(): '( 01/ )/00'(; $3 &')9%/0/: (/;,0'2/ 0'#/C ;'2/(

, 6%$@,@'5'0+ )6,9/ (Ω,A, P): , 450%,0'$( ') ,( '(9%/,)'(; 3,#'5+ F = (Fn)n60

$3 ).@7σ74/5&) $3 AD $@)/%2/ 01,0 01/ 0'#/ ( %,(;/) $2/% ,55 (/;,0'2/ '(0/;/%)!
EFG.'2,5/(05+: $(/ 9$.5& 9$()'&/% &/9%/,)'(; 3,#'5'/) $3 σ74/5&) '(&/A/& @+ 6$)7
'0'2/ '(0/;/%): *($8( ,) %/2/%)/ 450%,0'$()D @.0 8/ 4(& '0 #$%/ 9$(2/('/(0 0$ 5/0

0'#/ %.( 3$%8,%&: 8'01 n + 1 6$)0/%'$% 0$ n: ,0 01/ #'5& 9$)0 $3 &/,5'(; 8'01
(/;,0'2/ '()0,(0)!H I) &')9$2/%/& @+ J/%)1'* KLMN: '( 01') 3%,#/8$%* 2/%+ ).@05/

61/($#/(, $99.% '( 01/ 2'9'('0+ $3 0'#/ −1!

<$% , )'#65/ /A,#65/: ).66$)/ 01,0 01/ σ74/5& ∩nFn ') &/;/(/%,0/ ,(& 01,0:

3$% /,91 (: Fn ') ;/(/%,0/& @+ Fn−1 ,(& @+ )$#/ O/%($.55' %,(&$# 2,%',@5/

Un 81'91 ') '(&/6/(&/(0 $3 Fn−1 ,(& .('3$%#5+ &')0%'@.0/& $( 01/ 27)/0 {0, 1}!
P(&/% 01/)/ 1+6$01/)/): '0 #,+ 1,66/( 01,0 F 9$(0,'() #$%/ '(3$%#,0'$( 01,(
01/ (,0.%,5 450%,0'$( $3 01/ O/%($.55' 6%$9/)) U = (Un)n60 E01') ') )'#'5,% 0$

8/,* )$5.0'$() '( "QF)HD @.0 )$#/01'(; #$%/ ).%6%')'(; ') ,5)$ 6$))'@5/C 01,0 F
') ($0 ;/(/%,0/& @+ ,(+ O/%($.55' 6%$9/)) 81,0)$/2/%! ".91 450%,0'$() 1,2/ @//(

9,55/& ($( )0,(&,%& @+ J/%)1'*: 81$ 1,) ;'2/( '( KLMN , (/9/)),%+ ,(& ).>9'/(0

9%'0/%'$( 3$% )0,(&,%&(/)): ,(& )/2/%,5 /A,#65/) $3 ($( )0,(&,%& 450%,0'$()! R1/

%';$%$.) &/4('0'$( $3 , )0,(&,%& 450%,0'$( 8'55 @/ %/9,55/& 5,0/%: '( )/90'$( S!T!

TS



 !! "!#$%#&'() *'()&+,$,+ &( #-&) )#.+/ -%0, %( %++&#&'(%! 1$'1,$#/2 3'$ ,%*- (4

Fn &) 5,(,$%#,+ 6/ Fn−1 %(+ 6/ )'7, $%(+'7 0%$&%6!, Un 8-&*- &) &(+,1,(+,(#

3$'7 Fn−1 %(+ .(&3'$7!/ +&)#$&6.#,+ '( )'7, "(&#, ),# 8&#- rn ,!,7,(#)9 :.*-

% "!#$%#&'( &) *%!!,+ (rn);%+&*9 <'$ #-,), "!#$%#&'()4 %) )-'8( 6/ =,$)-&> ?@AB4
)#%(+%$+(,)) #.$() '.# #' 6, #%(#%7'.(# #' % )&71!,$4 7.*- 7'$, &(#.&#&0, 1$'1;

,$#/2 %( (rn);%+&* "!#$%#&'( F &) )#%(+%$+ &3 %(+ '(!/ &3 F &) '3 1$'+.*# #/1,4

#-%# &)4 F &) #-, (%#.$%! "!#$%#&'( '3 )'7, 1$'*,)) V = (Vn)n60 8-,$, #-, Vn %$,

&(+,1,(+,(# $%(+'7 0%$&%6!,) C&( #-&) *%),4 &# &) ,%)/ #' ),, #-%# #-, 1$'*,)) V
*%( 6, *-'),( 8&#- #-, )%7, !%8 %) U 9D :'4 %# "$)# $,%+&(54 E)#%(+%$+F *%( 6,
$,1!%*,+ 8&#- E'3 1$'+.*# #/1,F &( #-&) &(#$'+.*#&'(9

G-,( #&7, &) %**,!,$%#,+ 6/ ,H#$%*#&(5 % ).6),I.,(*,4 #-%# &)4 8-,( CFn)n∈Z−

&) $,1!%*,+ 8&#- CFn)n∈Q 8-,$, Q &) )'7, &("(&#, ).6),# '3 #-, #&7,;%H&) Z
−
4 %

)#%(+%$+ "!#$%#&'( %!8%/) $,7%&() )#%(+%$+4 6.# % ('( )#%(+%$+ '(, 7%/ 6,*'7,

)#%(+%$+ C'$ ('#D9 JH%71!,) '3 #-&) 1-,('7,('( 8,$, "$)# )#.+&,+ 6/ =,$)-&>

&( #-, 3$%7,8'$> '3 ,$5'+&* #-,'$/4 %(+ #-,(4 &( % 1$'6%6&!&)#&* ),##&(54 6/ K%.;

$,(# ?L@B9 K%*.(%$/ &)'7'$1-&)7 #-,'$,7 ?MB )#%#,) #-%#4 3$'7 %(/ "!#$%#&'(

(Fn)n∈Z−
C).*- #-%# F0 &) ,)),(#&%!!/ ),1%$%6!,D4 #-,$, ,H&)#) Q ⊂ Z

−
).*- #-%#

CFn)n∈Q &) )#%(+%$+9

N/ 0%$/&(5 #-, 1%$%7,#,$) &( %( ,H%71!, &(&#&%!!/ +., #' =,$)-&> ?@AB %(+ !%#,$

7'+&",+ C&( #-, +/%+&* *%),D 6/ O9 :7'$'+&()>/ ?@@B4 K%.$,(# ?L@B -%) +,)*$&6,+

% 3%7&!/ '3 "!#$%#&'()4 #-, )1!&#;8'$+ "!#$%#&'()P -, -%) )-'8( )'7, '3 #-,7 C#-,

3%)#,)# '(,)D #' 6, )#%(+%$+4 %(+ )'7, '#-,$ '(,) C#-, )!'8,)# '(,)D #' 6, ('(

)#%(+%$+P 6.# %( &(#,$7,+&%#, *!%)) 8%) !,3# .(+,*&+,+9 G, *'(#&(., -&) )#.+/4

%(+ )-'8 #-%# %!! #-,), &(#,$7,+&%#, "!#$%#&'() %$, &( 3%*# )#%(+%$+9 Q-&) /&,!+)

%( ,%)&!/ 0,$&"%6!, (,*,))%$/ %(+ ).R*&,(# *'(+&#&'( 3'$ % )1!&#;8'$+ "!#$%#&'( #'

6, )#%(+%$+9

 ) #-, 3%7&!/ '3 )1!&#;8'$+ "!#$%#&'() &) )#%6!, 6/ ,H#$%*#&(5 ).6),I.,(*,)4 #-&)

*$&#,$&'( 7%>,) &# )&71!, #' '6),$0, '( #-,), ,H%71!,) #-, #$%()&#&'( 3$'7 ('(;

)#%(+%$+(,)) #' )#%(+%$+(,)) 8-,( #&7, &) %**,!,$%#,+9 G, "(+ #-%# #-&) #$%()&;

#&'( &)4 &( )'7, ),(),4 )-%$12 &( JH%71!, @4 8, ,H-&6&# % ('( )#%(+%$+ "!#$%#&'(

F ).*- #-%#4 3'$ ,0,$/ &("(&#, ).6),# Q '3 Z
−
8&#- &("(&#, *'71!,7,(#%$/4 #-,

*'$$,)1'(+&(5 ,H#$%*#,+ "!#$%#&'( CFn)n∈Q &) )#%(+%$+9 Q-&) F &) %) *!'), #'

6,&(5 )#%(+%$+ %) 1'))&6!,4 3'$4 &3 Q ⊂ Z
−
&) *'"(&#, %(+ &3 G &) %(/ "!#$%#&'(4

#-, ,H#$%*#,+ "!#$%#&'( (Gn)n∈Q *!,%$!/ -%) #-, )%7, %)/71#'#&* 1$'1,$#&,) C)#%(;

+%$+(,))4 1$'+.*# #/1,4 ,#*9D %) G9 Q' '.$ >('8!,+5,4 &( #-, ,%$!&,$ !&#,$%#.$,4
#-, 6,)# $,).!# &( #-&) +&$,*#&'( 8%) #-, ,H&)#,(*, '3 % ('( )#%(+%$+ "!#$%#&'( F
).*- #-%# (F2n)n60 &) )#%(+%$+ C,H%71!,) %$, 5&0,( 6/ =,$)-&> ?@AB4 S'$6.!)>/ ?TB

%(+ Q)&$,!)'( &( %( .(1.6!&)-,+ 1%1,$D9

U( #-&) 1%1,$ 8, )#.+/ #-, "!#$%#&'() '3 )1!&#;8'$+ 1$'*,)),)9 Q-,), 1$'*,)),)

%$, &()1&$,+ 6/ ,H%71!,) 5&0,( 6/ =,$)-&> ?@A4 ,H%71!, @4V4WB %(+ -%0, 6,,(

&(#$'+.*,+ %(+ )#.+&,+ &( #,$7) '3 1$'6%6&!&#/ #-,'$/ 6/ :7'$'+&()>/ ?@@B &( #-,

WW



 !" #$ $"%& "' (! )"*+&', -./0 #' ,1& 2&'&+"3 $"%&4

51&  #%,+#(*,#6' 67 " %83#,9:6+ 8+6$&%%  &8&' % 6' "' "381"(&, A 67 %#;& N > 2
"' 6' " %&<*&'$& 67 86%#,#=& #',&2&+% (ℓn)n60 %*$1 ,1", ℓ0 = 1 "' > 76+ &=&+!

n 6 0> ,1& +",#6 rn = ℓn−1/ℓn #% "' #',&2&+ rn > 24 51& %&<*&'$& (Xn)n60 67 %83#,

:6+ % #% #' &?& (! ,1& '6'86%#,#=& #',&2&+%4 @6+ &=&+! n 6 0> ,1& 3": 67 Xn #%

*'#76+A 6' ,1& %&, 67 :6+ % 67 3&'2,1 ℓn 6' A4 B6+&6=&+> #7 6'& %83#,% ,1& :6+ 

Xn−1> :16%& 3&'2,1 #% ℓn−1> #',6 rn %*(:6+ % 67 3&'2,1 ℓn> ,1&' ,1& :6+ Xn #%

$16%&' *'#76+A3! "A6'2 ,1&%& %*(:6+ %> #' &8&' &',3! 67 &=&+!,1#'2 *8 ,6 ,#A&

n − 14 B6+& 8+&$#%&3!>  &'6,& (! Vn ,1& 36$",#6' 67 ,1& %*(:6+ Xn #' Xn−14

51&' Vn #% *'#76+A #' {1, 2, . . . , rn}4 51& %83#,9:6+ 8+6$&%% #% (Xn, Vn)n604

C"33 FX,V = (FX,V
n )n60 ,1& '",*+"3 D3,+",#6' 67 (Xn, Vn)n604 C3&"+3!> &=&+! %*(9

%&<*&'$& (FX,V
n )n∈Q :#,1 Q ⊂ Z

−
#% ,1& '",*+"3 D3,+",#6' 67 " %83#,9:6+ 8+6$&%%

:#,1 3&'2,1% (ℓn/ℓm)n∈Q 6' ,1& "381"(&, Aℓm
> :1&+& m = maxQ4

51& D3,+",#6' FX,V
#% (rn)9" #$ %#'$& 76+ &=&+! n 6 0>

FX,V
n = FX,V

n−1 ∨ σ(Vn) :#,1 Vn #' &8&' &', 67 FX,V
n−1 .

B6+&6=&+> ,1& ,"#3 σ9D&3 FX,V
−∞ #% ,+#=#"3> ,1"'E% ,6 8+686%#,#6' F4/4. #' -./04 G&,>

,1& #'$3*%#6' FV
n ⊂ FX,V

n #% $3&"+3! %,+#$, %#'$& X0 #% #' &8&' &', 67 (Vn)n604

H6:&=&+> ,1& D3,+",#6' FX,V
A"! %,#33 (& " 8+6 *$, ,!8& D3,+",#6' I2&'&+",& (!

%6A& 6,1&+ #' &8&' &', %&<*&'$&J4

 !"!" #$%&'(%

K*+8+#%#'23!> ,1& '",*+& 67 ,1& D3,+",#6' FX,V
 &8&' % 6' ,1& %&<*&'$& (ℓn)n60L

 !"#$"% &  !" #$%&'%()* FX,V
(+ +%'*,'&, -)& "./(0'$"*%$12 (+ )3 4&),/5% %14"6

(3 '*, )*$1 (32 %!" +"&("+

∑

n

ln(rn)

ℓn

,(0"&7"+8

51& M#7N 8"+, 67 ,1& ,1&6+&A> :1#$1 #% '&:> :#33 (& 8+6=& #' %&$,#6' O4O> "' ,1&

M6'3! #7N 8"+, #' %&$,#6' O4P4

Q6,& ,1", ,1& $6'=&+2&'$& 67 ,1& %&+#&%

∑

n

ln(rn)

ℓn

#% &<*#="3&', ,6 ,1& $6' #,#6'

∆ 67 )"*+&', -./0> :16 &%,"(3#%1& ,1& M6'3! #7N 8"+, 67 ,1&6+&A F4

51& $6' #,#6' ,1", :& $"33 ¬∆ I,1&  #=&+2&'$& 67 ,1& %&+#&%

∑

n

ln(rn)

ℓn

J> :1#$1

#A83#&% %,"' "+ '&%%> #A8+6=&% 6' )"*+&',N% %*R$#&', $6' #,#6' 67 %,"' "+ '&%%L

I∇NJ 51&+& &?#%,% α < 1 %*$1 ,1", rα
n ≫ N ℓn

"% n → −∞4

PS



 !"#$%& %'&()$* &+!& )'%,(&('%* ∇N !#$ -$!.$# &+!% &+$ )'%,(&('%

ln(rn)

ℓn

→ ∞ !* n → −∞, (∇)

-+()+ ,'$* %'& ,$/$%, '% N 0  !"#$%& (%,()!&$* &+!& )'%,(&('%* ∇ !%, ∆ -$#$

/#$1('"*23 (%&#',")$, 43 5$#*+(. 6789 $:!;/2$ <=9 (% &+$ )'%&$:& '> ,$)#$!*(%?

*$@"$%)$* '> ;$!*"#!42$ /!#&(&('%*0

A(%)$ )'%,(&('%* ∇ !%, ∆ ,' %'& $:+!"*& !22 /'**(42$ *(&"!&('%*9 4'&+ 5$#*+(.

!%,  !"#$%& !*.$, -+!& +!//$%* B4$&-$$% ∇ !%, ∆C0 D% &+$'#$; 89 -$ *'21$

 !"#$%&E* @"$*&('%F )'%,(&('%∆ (* (% >!)& %$)$**!#3 !%, *"G)($%& >'# &+$ H2&#!&('%

'> &+$ */2(&I-'#, /#')$** &' 4$ %'% *&!%,!#,0

J>&$# &+$ )';/2$&('% '> &+(* /!/$#9 J%!&'23 5$#*+(. ,#$- '"# !&&$%&('% &' &+$

/!/$# 6K=9 -+$#$ L$().2$% '4&!(%* ! #$*"2& $@"(1!2$%& &' M+$'#$; 80 M+$ (rn)I!,()
H2&#!&('%* *&",($, 43 L$().2$% -$#$ (%&#',")$, 43 5$#*+(. 67N= !* >'22'-*0 OP$

;$%&('% &+!& 4'&+ 5$#*+(. !%, L$().2$% (%,$: *$@"$%)$* 43 &+$ *$& '> %'%%$?!&(1$

(%&$?$#* -+$#$!* -$ (%,$: &+$; 43 &+$ *$& '> %'%/'*(&(1$ (%&$?$#*9 !%, &+!& &+(*

(* &+$ '%23 ,(Q$#$%)$ 4$&-$$% &+$(# /#$*$%&!&('% !%, '"#*9 ?(1$% 4$2'-0R

 $& A 4$ ! H%(&$ !2/+!4$& !%, (Gn)n60 &+$ ,$)#$!*(%? *$@"$%)$ '> ?#'"/* ,$H%$,

43

Gn =
0

∑

k=n+1

Z/rkZ.

 $& G ,$%'&$ &+$ "%('% '1$# n 6 0 '> &+$ ?#'"/* Gn0 S'# $1$#3 n 6 09 &+$ ?#'"/
Gn !)&* '% AG

O'% &+$ 2$>&R 43 )!%'%()!2 *+(>&*0 T!;$239 >'# $1$#3 g ∈ Gn !%,

f ∈ AG
9 '%$ ,$H%$* g · f ∈ AG

43 (g · f)(x) = f(xg) >'# $1$#3 x ∈ G0  $&

OrbGn
(f) ,$%'&$ &+$ '#4(& '> ! ?(1$% f ∈ AG

"%,$# &+$ !)&('% '> Gn9 &+!& (*9

OrbGn
(f) = {g · f ; g ∈ Gn}0

 $& F = (F (x))x∈G ∈ AG
4$ ! #!%,'; >"%)&('% -+'*$ )''#,(%!&$* F (x) !#$

(%,$/$%,$%& !%, "%(>'#;23 ,(*&#(4"&$, (% A0 M+$ H2&#!&('% (Fn)n60 *&",($, 43

5$#*+(. !%, L$().2$% (* &+$ %!&"#!2 H2&#!&('% '> (On)n609 -+$#$

On = OrbGn
(F ).

S'# $!)+ n 6 09 On−1 (* &+$ "%('% '> rn '#4(&* "%,$# &+$ !)&('% '> Gn9 '%$ '#4(& >'#

$!)+ $2$;$%& '> Gn−1/Gn0 J2;'*& *"#$239 &+$*$ '#4(&* !#$ !22 ,(Q$#$%& *(%)$ &+$

*+(>&$, >"%)&('%* g·F !#$ ,(Q$#$%&0 S"&+$#;'#$9 )'%,(&('%!223 '% (On−1, On−2, ...)9
&+$ #!%,'; 1!#(!42$ On (* "%(>'#;23 ,(*&#(4"&$, '% &+$*$ rn '#4(&*0 M+(* *+'-*

&+!& (Fn)n60 (* !% (rn)I!,() H2&#!&('%0

U%$ )!% *+'- &+!& &+$ &!(2 σIH$2, F−∞ (* &#(1(!2 !%, &+!& &+$ H2&#!&('% '> &+$

*/2(&I-'#,* /#')$** (* (;;$#*$, (% (Fn)n600 D%>'#;!2239 &+$ -'#, Xn !& &(;$ n
(* ?(1$% 43 &+$ 1!2"$* !& e O&+$ (,$%&(&3 '> &+$ ?#'"/ GR '> &+$ $2$;$%&* '> On0

N8



 !" #"$% Xn &'() Xn−1 *+ %,-.$$.!# $/" ('*.$% 0!1"' Gn−1 .!$( rn ('*.$% 0!1"'

Gn 2!1 *+ 3/((%.!# (!" (& $/"%" ('*.$% 0!.&(')-+ '2!1()-+4

5/0%6 $/" %$2!12'1!"%% (& (Fn)n60 7/"! 3(!1.$.(!∆ &2.-% .),-."% $/2$ $/" !2$0'2-

8-$'2$.(! (& $/" %,-.$97('1% ,'(3"%% .% %$2!12'1 2!16 $/"'"&('"6 $/2$ .$ .% (& ,'(103$

$+,"4 :".3;-"!<% ,'((& '"-."% (! ="'%/.;<% %$2!12'1!"%% 3'.$"'.(! 2!1 0%"% $/"

-2!#02#" (& "'#(1.3 $/"('+4 >-$/(0#/ :".3;-"!<% '"%0-$ 2!1 (0' 5/"('") ? 2'"

-(#.32--+ "@0.A2-"!$6 7" *"-."A" $/2$ (0' ,'((& .% .!$"'"%$.!# *"320%" .$ '"-."% (! 2

3(!%$'03$.A"6 1.'"3$ 2!1 ,'(*2*.-.%$.3 )"$/(14

5/.% '"%0-$ /2% .!$"'"%$.!# 2,,-.32$.(!% .! "'#(1.3 $/"('+ 2% 7" !(7 "B,-2.!4 C"9

32-- $/2$ "!$'(,+ .% 2 7"-- ;!(7! .!A2'.2!$ 2%%(3.2$"1 $( 2! 20$()(',/.%) (& 2

,'(*2*.-.$+ %,23" D$/2$ .%6 2 *.)"2%0'2*-" 2,,-.32$.(! ,'"%"'A.!# $/" )"2%0'"E4

="'%/.; FGHI 1"8!"1 2 )03/ )('" "-2*('2$" .!A2'.2!$6 !2)"1 $/" %32-"4 J0$

3(),0$.!# $/.% .!A2'.2!$ .% 2 A"'+ 1.K30-$ $2%;6 "A"! .! %.),-" 32%"%4 :(7"A"'6

L20'"!$ %/(7"1 $/2$ (0' '"%0-$ ,'(A.1"% $/" "B23$ %32-" (& 2 1+21.3 $'2!%&(')29

$.(! FMHIN )('" ,'"3.%"-+6 $/" %32-" (& $/.% $'2!%&(')2$.(! .% $/" %"$ (& %"@0"!3"%

(rn)n60 &0-8--.!# 3(!1.$.(! ∆4

O%.!# ="'%/.;%< $/"('+6 (!" 32! 1"103" &'() $/"('") ? $/2$ $/" 8-$'2$.(! (&

$/" %,-.$97('1 ,'(3"%% (! 2!+ %",2'2*-" 2-,/2*"$ D"!1(7"1 7.$/ 2! 2'*.$'2'+

)"2%0'"E .% %$2!12'1 0!1"' 3(!1.$.(! ¬∆6 %"" FMPI &(' 2 ,'((&4

 !"!# $%&'()*+

Q(!1.$.(! ¬∆ &('3"% $/" -"!#$/ ℓn $( #'(7 A"'+ @0.3;-+ 2% n #("% $( −∞4 R& 2
#.A"! %"@0"!3" (ℓn)n60 .% ¬∆6 $/"! "A"'+ %"@0"!3" (ℓ′n)n60 %03/ $/2$ (ln r′n)/ℓ′n >

(ln rn)/ℓn .% ¬∆ 2% 7"--4 S( %.).-2' ,'(,"'$+ /(-1% &(' $/" %"@0"!3" (ℓn)n60

(!-+6 !(' &(' $/" %"@0"!3" (rn)n60 (!-+4 R!1""16 $/" 8'%$ "B2),-" (& $/.% %"3$.(!

,'(A.1"% 2 %"@0"!3" (rn)n 7/.3/ .% ¬∆ 2!1 %03/ $/2$ (r2
n)n60 .% ∆4

 !"#$%& ' () *+",-".- *$%/+012.- 3%+."+/2,4  !" ℓ0 = 1 #$% ℓn−1 = 2ℓn

&'( !)!(* n 6 0+ ,-#" ./ "' /#*

ℓn = 222..
.2

0-!(! "-! 123(! 2 #44!#(/ |n| ".5!/+

,-!$ &'( !)!(* n < 06

rn = ℓn−1/ℓn = 2ℓn−ℓn+1 .

,-!(!&'(!

log2(rn)/ℓn =
ℓn − ℓn+1

ℓn

→ 1,

0-.7- 4(')!/ "-#" (rn) ./ ¬∆+

PT



 !"#$"% & !'( ')#*!"$ +)*"$"(*+), -#)("./")-" 0!+-! 0" )#0 "123'+)4 5"-'33

*!'*6 78 *!" 3'-/)'$8 +(#%#$2!+(% *!"#$"% 9:;6 <$#% ')8 =3*$'*+#) (Fn)n60 >(/-!

*!'* F0 +( "((")*+'338 ("2'$'73"?6 #)" -') "1*$'-* ' =3*$'*+#) (Fn)n∈Q 0!+-! +(

(*')@'$@4 A) 9B&;6 C"$(!+D 2$#E+@"( ') "1'%23" 0!"$" (Fn)n60 +( )#) (*')@'$@

0!"$"'( (F2n)n60 +( (*')@'$@4 A) 9F;6 G#$7/3(D8 '3(# ,+E"( (/-! ') "1'%23"4

 !"#$"% & 2$#E+@"( ') "1'%23" #< ' )#) (*')@'$@ =3*$'*+#) >"1'%23" B 7"3#0? +)

0!+-! *!" *$')(+*+#) <$#% *!" )#) (*')@'$@ -'(" *# *!" (*')@'$@ -'(" +( E"$8 (!'$2H

(Fn)n∈Q +( (*')@'$@ <#$ "E"$8 +)=)+*" (/7("* Q #< Z
−
0+*! +)=)+*" -#%23"%")*'$84

 !"#$%& ' () *+* ,-"*."/. 0%-/"-1+* 2%+,& -+ ,-"*."/.*&,,3  !" ℓ0 = 1
#$% ℓn−1 = 4

√
ℓn

&'( !)!(* n 6 0+ ,-#" ./ "' /#*

ℓn = 422..
.2

0-!(! "-! 123(! 2 #44!#(/ |n| − 1 ".5!/+

,-!$ "-! 16"(#".'$ (F (X,V )
n )n60 ./ $'" '& 4('%37" "*4!+ 8!"9 .& φ ./ # /"(.7"6*

.$7(!#/.$2 #446.7#".'$ &('5 −N .$"' −N /37- "-#" φ(n)−n → −∞ #/ n → −∞9

"-!$ "-! 16"(#".'$ (F (X,V )
φ(n) )n60 ./ '& 4('%37" "*4!+

:(''&+ I) *!" #)" !')@

log2 rn

ℓn

6
log2 ℓn−1

ℓn

=
2√
ℓn

,

0!+-! +( *!" ,")"$'3 *"$% #< ' -#)E"$,")* ("$+"(6 *!/( (ℓn)n60 +( ∆4 I) *!" #*!"$

!')@ *!" =3*$'*+#) (F (X,V )
φ(n) )n60 +( *!" =3*$'*+#) #< ' (23+*J0#$@ 2$#-"(( #< 3"),*!

2$#-"(( (ℓ′n)n60 = (ℓφ(n))n604  !" $'*+#( 7"*0"") (/--"((+E" 3"),*!( '$"6 <#$ n 6 06

r′n = ℓ′n−1/ℓ
′
n = ℓφ(n−1)/ℓφ(n).

A< φ(n)−n → −∞ 0!") n → −∞6 *!") φ(n− 1) 6 φ(n)− 2 +)=)+*"38 #<*")4 K#$
*!"(" n6

r′n >
ℓφ(n)−2

ℓφ(n)

=
4
√

ℓφ(n)−1

ℓφ(n)

=
42

√
ℓφ(n)

ℓφ(n)

!")-"

log2 r′n
ℓ′n

> 2
2
√

ℓφ(n)

ℓφ(n)

− log2 ℓφ(n)

ℓφ(n)

.

 !+( (!#0( *!'* ' (/7("./")-" #< (log2(r
′
n)/ℓ′n)n -#)E"$,"( *# +)=)+*86 !")-" *!'*

(ℓ′n)n +( ¬∆4 ¤
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 !" #$%&'()*+ ,')-./ $(/ )..0+

 ! "#$% %&'"$(!) *& $!"+(,-'& "#& "((.% -%&, /0 12-+&!" "( 3+(4& "#2" -!,&+

'(!,$"$(! ∇) "#& 5."+2"$(! (6 "#& %3.$"7*(+, 3+('&%% $% (6 3+(,-'" "03&8 12-+&!"

-%&, 2 '2!(!$'2. '(-3.$!9 "( /-$., &:3.$'$".0 2 %&;-&!'& (6 $!!(42"$(!% (V ′
n)n60

*#$'# 9&!&+2"&% "#& 3+('&%% (Xn, Vn)n608

 !"#$%$&# '(  ! (Fn)n60 "# $ %&'($'")*+ $*, (Un)n60 "# $ #-./-*0- )! ($*,)1

2$("$3&-# #/04 '4$' !)( -2-(5 n 6 0+

Fn = Fn−1 ∨ σ(Un) 6"'4 Un "*,-7-*,-*' )! Fn−1,

)*- #$5# '4$' (Un)n60 "# $ #-./-*0- )! "**)2$'")*# !)( (Fn)n608

<#$% =&"#(, $% %"+&!9"#&!&, $! %&'"$(! >8>) *#&+& *& '(!%$,&+ 2 32+"$2. '2!(!$'2.

'(-3.$!9 "( $=3+(4& (! '(!,$"$(! ∇8

?& +&=$!, "#& +&2,&+ "#2" %&;-&!'&% 2+& $!,&:&, /0 "#& !(!3(%$"$4& $!"&9&+%8

 !"!# $%&'() *+ ,''*-&.,*'/

?& %"2+" *$"# 2 '(=3.&"& ,&5!$"$(! (6 %3.$"7*(+, 3+('&%%&%8

 !"#$%$&# ') *+,-$%./&01 ,0&2!334 9-' (rn)n60 ,-*)'- $ #-./-*0- )! "*'-:-(#

#/04 '4$' rn > 2 !)( -2-(5 n 6 08 ;-' ℓ0 = 1 $*,+ !)( -2-(5 n 6 0+ ℓn−1 = rnℓn8

9-' A ,-*)'- $ %*"'- #-'+ 0$&&-, '4- $&74$3-'+ 6"'4 0$(,"*$& N > 28

< #7&"'=6)(, 7()0-## "# $*5 7()0-## (Xn, Vn)n60 #/04 '4$'+ !)( -2-(5 n 6 0+

• Xn "# /*"!)(1&5 ,"#'("3/'-, )* Aℓn
+

• Vn "# /*"!)(1&5 ,"#'("3/'-, )* {1, . . . , rn} $*, "*,-7-*,-*' )! '4- σ=$&:-3($

F (X,V )
n−1 = σ(Xm, Vm ; m 6 n − 1)+

• "! '4- 6)(, Xn−1 >6"'4 &-*:'4 ln−1 = lnrn? "& 7$('"'")*-, "*') rn #/36)(,#

)! &-*:'4 ln+ Xn "# '4- Vn='4 $1)*: '4)#- rn #/36)(,#8

<#& %&;-&!'& (Xn)n60 $% 2 $!#(=(9&!&(-% @2+A(4 3+('&%% $!,&:&, /0 "#& !&927

"$4& $!"&9&+% 2!, 9&!&+2"&, /0 "#& $!!(42"$(!% (Vn)n608 <#& &:$%"&!'& (6 %-'# 2

3+('&%% (Xn, Vn)n60 $% 9-2+2!"&&, /0 B(.=(9(+(4C% "#&(+&=8

<( 3+(4& "#2") -!,&+ %(=& '(!,$"$(!%) "#& 5."+2"$(! (6 "#& %3.$"7*(+, 3+('&%%

$% (6 3+(,-'" "03&) (!& #2% "( %*$"'# 6+(= (!& %&" (6 $!!(42"$(!% "( 2!("#&+8

1&==2 >8D8E 3+(4$,&% 2 9&!&+2. =&"#(, "( /-$., !&* $!!(42"$(!%8

FG



 !""# $%&%' ()*#+,! -. /++-0#1/-+23  !" #$#"% n 6 −1& '#( {ϕn
w}w )#*!(#

+ ,+-.'% !, /#"-0(+(.!*1 !, {1, . . . , rn+1}& .*)#2#) 3% (4# #'#-#*(1 w !, Aℓn
& +*)

'#(

V ′
n+1 = ϕn

Xn
(Vn+1).

54#* (V ′
n)n60 .1 + 1#60#*7# !, 8#*#"+(.*8 .**!$+(.!*1 ,!" (Xn)n609 54.1 -#+*1

(4+(& ,!" #$#"% *#8+(.$# .*(#8#" n 6 −1& (4# ,!''!:.*8 /"!/#"(.#1 4!');

• 54# "+*)!- $+".+3'# V ′
n+1 .1 0*.,!"-'% ).1(".30(#) !* {1, . . . , rn+1}9

• 54# "+*)!- $+".+3'# V ′
n+1 .1 .*)#/#*)#*( !, FX,V

n +*) (4#"#,!"# +'1! !,

FX,V ′

n 9

• 54# "+*)!- $+".+3'# Xn+1 .1 + -#+10"+3'# ,0*7(.!* !, Xn +*) V ′
n+19

<"!!, !, '#--+ =9>9?9  !" #$#"% &#'()*$# *&)#'#" n (&+ #$#"% v ,-./ )/() 1 6

v 6 rn+10 ( ,*123# .!12-)()*!& 2"!$#, )/()

P[V ′
n+1 = v|FX,V

n ] = P[Vn+1 = (ϕn
Xn

)−1(v)|FX,V
n ] = 1/rn+1.

4/*, ,/!5, )/# 6",) )5! 2"!2#")*#,7 4/# )/*"+ 2"!2#")% 8!33!5, 8"!1 )/# 8(.) )/()

Xn+1 *, )/# k9)/ ,-:5!"+ !8 Xn0 5/#"# k = (ϕn
Xn

)−1(V ′
n)7 ¤

 !"!" #$%&%'($) *&+, $%, (&-.)'%/

4! :-*3+ )/# *&&!$()*!&, 5/*./ '#&#"()# )/# 2"!.#,,-, (Xn)n600 !&# .(& -,#0 (&+

*12"!$# !&0 ;(-"#&)<, .!&,)"-.)*!& -&+#" )/# ,)"!&'#" .!&+*)*!& ∇7 4/*, -,#,
)/# &!)*!&, !8 .(&!&*.(3 5!"+ (&+ .(&!&*.(3 .!-23*&'0 5/*./ 5# "#.(33 :#3!57

4!5+/1/-+ '6 ()#+-+/7#8 #89*#:!12 #+; 7#+-+/7#8 <-=;23  !" #$#"% .*@

(#8#" M > 2& (4# 7+*!*.7+' +'/4+3#( !* M '#((#"1 .1 AM = {1, . . . ,M}9 A+*!*.7+'
:!")1 !* AM +"# (4# :!")1 :4!1# i@(4 '#((#" .1 7!*8"0#*( (! i -!)0'! M 9 B#*7#&

(4# '#((#"1 !, AM +//#+" .* !")#" +*) +"# "#/#+(#) /#".!).7+''%9

=(&!&*.(3 5!"+, 5*33 -,-(33% :# +#&!)#+ :% )/# 3#))#" c7  !" #>(123# )/# .(&!&*.(3
5!"+ !8 3#&')/ 11 !& A3 *, 123123123127

>-1#1/-+ & (?!+!=#8 +-1#1/-+23 5! 1.-/'.,% (4# )#C*.(.!* !, (4# 7+*!*.7+'

7!0/'.*8& !*# .)#*(.C#1 +*% !")#"#) +'/4+3#( B !, 1.D# M > 2 :.(4 AM +77!").*8

(! (4# "+*E !, #+74 '#((#" .* (4# +'/4+3#( B9
54# i@(4 '#((#" !, + :!") w .1 )#*!(#) 3% w(i)9 F#( w = (w(i))16i6r )#*!(# + :!")

!, '#*8(4 r9  !" #$#"% 1 6 i 6 r& H(w, i) )#*!(#1 (4# *0-3#" !, .*1(+*7#1 !, (4#
'#((#" w(i) +-!*8 (4# (i − 1) C"1( '#((#"1 !, w;

H(w, i) =
∑

16j<i

1{w(j)=w(i)}.

?@



 !"#$%$&# '( )*+#&#$,+- ,&./-$#01  !" w #!$%"! & '%(# %) *!$+", r %$ &$

%(#!(!# &*-,&.!" B %) /01! M > 22 3,! 4&$%$04&* 4%5-*0$+ &//%40&"!# "% w 0/ ",!

-!(65"&"0%$ ϕw %) {1, · · · , r} #!7$!# &/ )%**%'/8 )%( !9!(: i 6 r;

ϕw(i) = w(i) + H(w, i)M 0) w(i) + H(w, i)M 6 r.

<)"!( ",0/ -(%4!// ,&/ .!!$ &--*0!# "% !9!(: i; %$! 4,%%/!/ ϕw(j) )%( ",! 0$"!+!(/
j /54, ",&" w(j) + H(w, j)M > r; 0$ &$ 0$4(!&/0$+ '&: &$# 0$ %(#!( "% 6&=! ϕw

& .0>!4"0%$2 ?@% ϕw(j) 0/ ",! /6&**!/" k ',04, #%!/ $%" .!*%$+ :!" "% ",! (&$+! %)

ϕw2A

 !"#$ %&' (# !))*+ ",# &%"-%&. %/ 0!&%&-0!* (%$1 !&1 0!&%&-0!* 0%2)*-&3 "% .%4#

!*),!5#". Aℓ
(-", ℓ > 16

78



 !"#$% &'() *+,-./% 01 2,303!2,/ 20#./!3"

45 20367$#27!03 ϕw !6 03% 01 78% .%$-#7,7!036 ϕ 6#28 78,7 ϕ ·w := w ◦ϕ−1
!6 ,6

2/06% ,6 .066!9/% 70 , 2,303!2,/ :0$;' <%--, &'='= -,>%6 78!6 67,7%-%37 -0$%

.$%2!6%'

 !""# $%&%& '()"*#+,-). )/ w #.0 c ◦ ϕw1  !" c #! "$! %&'(')%&* +(,- (.
*!'/"$ r > 1 (' &' (,-!,!- &*0$&#!" B (. 1)2! M > 23 4$!' .(, !5!,6 1 6 i 6 r
&'- w ∈ Br

7

c(ϕw(i)) = w(i) ). &'- ('*6 ). w(i) + H(w, i)M 6 r.

8,((. (. *!99& :3;3;3 45 ;%?3!7!03 01 c@ 78% 3#-9%$ 01 !367,32%6 01 j !3 c !6

Kj = max{k > 0 : j + (k − 1)M 6 r} = ⌊r − j

M
⌋ + 1 = ⌈r + 1 − j

M
⌉.

A1 w(i) + H(w, i)M 6 r@ 78%3 ϕw(i) = w(i) + H(w, i)M @ 78#6 c(ϕw(i)) = w(i) 95
;%?3!7!03 01 c'

B78%$:!6%@ w(i) + H(w, i)M > r@ 8%32% 78% 3#-9%$ H(w, i) 01 !367,32%6 01 w(i)
,-03" 78% i − 1 ?$67 /%77%$6 01 w !6 ,7 /%,67 78% 3#-9%$ Kw(i) 01 !367,32%6 01 78%

/%77%$ w(i) !3 c' C220$;!3" 70 78% ?$67 2,6%@ ϕw 6%3;6 78% $,3>6 01 78% Kw(i) ?$67

!367,32%6 01 w(i) !3 w 03 78% $,3>6 01 78% !367,32%6 01 w(i) !3 c' D!32% ϕw !6

9!E%27!F%@ 78% $,3> 01 %F%$5 !367,32% 01 78% /%77%$ w(i) !3 c 8,6 ,3 ,37%2%;%37 95
ϕw 78,7 !6 /%66 78,3 i' G8%$%10$% 78% /%77%$ !3 c :!78 $,3> ϕw(i) 2,3307 9% w(i)@
78,7 !6@ c(ϕw(i)) 6= w(i). ¤

H=



 !""# $%&%& '"()'!* )!""# $%&%$ +!),-. -/'0/ '* # *)'1/2 '"(3,4!"!52 ,5  #67

3!528* )!""# 9%$%& ,: ;<&=%

 !""# $%&%$  !" X #!$%"! & '$()%*+ *&$#%+ ,%*# %) -!$."/ r %$ &$ %*#!*!#

&-0/&1!" B %) 2(3! M > 24 V & '$()%*+ *&$#%+ 5&*(&1-! %$ {1, . . . , r}4 ($#!0!$6
#!$" %) X4 &$# c "/! 7&$%$(7&- ,%*# %) -!$."/ r %$ B8 9/!$4

P[X(V ) 6= c(ϕX(V ))] 6 M/r + 2(M/r)1/3.

:*%%) %) -!++& ;8<8;8 >'50! X(V ) 6 M #5? {X(V ) = c(ϕX(V ))} = {X(V ) +
H(X, V )M 6 r}.

{X(V ) = c(ϕX(V ))} ⊃ {H(X,V )M 6 r − M},

/!50!. :,3 !4!3@ (,*'2'4! s.

{X(V ) = c(ϕX(V ))} ⊃ {H(X, V )M 6 V − 1 + Ms} ∩ {V − 1 + Ms 6 r − M}.

A#B'51 0,"()!"!52*. ,5! 1!2*

{X(V ) 6= c(ϕX(V ))} ⊂ {H(X,V )M > V − 1 + Ms} ∪ {V − 1 + Ms > r − M},

-/'0/ @'!)?*

P[X(V ) 6= c(ϕX(V ))] 6 P[H(X, V )M > V − 1 + Ms] + P[V − 1 + Ms > r −M ].

>'50! r + 1 − V #5? V #3! +,2/ 65':,3" ,5 {1, . . . , r}.

P[V − 1 + Ms > r − M ] = P[V < M(s + 1)] 6 M(s + 1)/r.

C5 2/! ,2/!3 /#5?.

P[H(X, V )M > V − 1 + Ms] 6 P
[∣

∣H(X, V ) − (V − 1)/M
∣

∣ > s
]

.

>'50! V #5? X #3! '5?!(!5?!52. 0,5?'2',5#))@ ,5 V 2/! ?'*23'+62',5 ,: H(X, V ) '*
+'5,"'#) D'5(V −1, 1/M)% A/! 0,5?'2',5#) !E(!02#2',5 ,: H(X, V ) '* (V −1)/M
#5? 2/! 0,5?'2',5#) 4#3'#50! ,: H(X, V ) '*

(V − 1)(M − 1)/M2
6 V/M,

/!50! 2/! D'!5#@"F7G/!+@0/!4 '5!H6#)'2@ @'!)?*

P[H(X, V )M > V − 1 + Ms] 6 E[V ]/(Ms2) = (r + 1)/(2Ms2) 6 r/(Ms2).

I'5#))@.

P[X(V ) 6= c(ϕX(V ))] 6 M(s + 1)/r + r/(Ms2).

A/'* 6((!3 +,65? :,3 s = (r/M)2/3
'"()'!* 2/! *2#2!"!52 ,: 2/! )!""#% ¤

J$



 !"! #$%&'()* +%,-.)'/0 &-112

 !" #$ $"%"! % $&'()" '*+,-.!*!/" -/  %#,!/"0$ ,!$#&" 1234 +,-+-$'"'-/ 5676789

 !"#$"% &  ! rn ≫ N ℓn
"# n → −∞$ %&'( %&' ("%)*"+ ,+%*"%-.( .! (Xn, Vn)n60

-# .! /*.0)1% %2/'3

 !" #$ '/",-:#;! /-"%"'-/$ <-, ")! +,--<6 =,-* /-> -/4 % >-,: -< &!/(") ℓn -/

")! %&+)%?!" A >'&& -<"!/ ?! $!!/ %$ % >-,: -< &!/(") rn+1 -/ ")! %&+)%?!" Aℓn+1
6

4*..! .! %&'.*'5 63

• @)-';! %*-/( $#?A>-,:$9 <-, !.!,B x '/ Aℓn−1
%/: v '/ {1, . . . , rn}4 :!/-"!

?B fn(x, v) = x(v) ")! vA") &!""!, -< x $!!/ %$ % >-,: -< &!/(") rn -/ ")!

%&+)%?!" Aℓn
6 C- Xn = fn(Xn−1, Vn)6

• D!> '//-.%"'-/$9 &!" cn−1 ?! ")! ;%/-/';%& >-,: -< &!/(") rn -/ ")! %&+)%?!"

Aℓn
E<-, $-*! FG!: -,:!, -/ Aℓn

H6  !" ϕXn−1 ?! ")! ;%/-/';%& ;-#+&'/(

%$$-;'%"!: "- Xn−1 $!!/ %$ % >-,: -< &!/(") rn -/ Aℓn
6 C!" V ′

n = ϕXn−1(Vn)6

• @-/$",#;"'-/ -< % $!I#!/;! (X ′
n)n60 %++,-G'*%"'/( (Xn)n609 $!"

X ′
n = fn(cn−1, V

′
n) = fn(cn−1, ϕXn−1(Vn)).

J)! K!B +-'/" '$ "- $)-> ")%"

P[Xn = X ′
n] → 1 %$ n → −∞

?B ?-#/:'/( %?-.!

P[Xn−1(Vn) 6= cn−1(ϕXn−1(Vn))].

L++&B'/( &!**% 76367 "- Xn−1 $!!/ %$ % >-,: -< &!/(") rn -/ ")! %&+)%?!" Aℓn
4

-/! (!"$ ")%"4

P[Xn 6= X ′
n] 6 N ℓn/rn + 2(N ℓn/rn)1/3.

M!/;! P[Xn 6= X ′
n] → 0 $'/;! N ℓn ≪ rn6

N!F/! %/ %++&';%"'-/ f ′
n : Aℓn−1×{1, . . . , rn} → Aℓn

?B f ′
n(x, v′) = fn(x, ϕ−1

x (v′))6
J)!/ f ′

n(Xn−1, V
′
n) = Xn %/: f ′

n( · , V ′
n) ◦ . . . ◦ f ′

m+1( · , V ′
m+1)(Xm) = Xn <-,

m 6 n 6 06 J)!,!<-,!4 #/:!, ")! %$$#*+"'-/ ∇4 -/! )%$4

P
[

Xn 6= f ′
n( · , V ′

n) ◦ . . . ◦ f ′
m+1( · , V ′

m+1)(X
′
m)

]

6 P[Xm 6= X ′
m]

→ 0 %$ m → −∞.

J)'$ '*+&'!$ ")! ;-/.!,(!/;! '/ +,-?%?'&'"B9

Xn = lim
m→−∞

f ′
n( · , V ′

n) ◦ f ′
n−1( · , V ′

n−1) ◦ . . . ◦ f ′
m+1( · , V ′

m+1)(X
′
m)

= lim
m→−∞

f ′
n( · , V ′

n) ◦ . . . ◦ f ′
m+1( · , V ′

m+1) ◦ fm( · , V ′
m)(cm−1)

OP



 !" #$%&'( )* ) )*' +!!%& )+%!( (V ′
k)k6n "')'$,+!' )*' -%$"( (Xk)k6n  !" )*'

+!!%& )+%!( (Vk = ϕ−1
Xk−1

(V ′
k))k6n. /*0(1 )*' 23)$ )+%! (F (X,V )

n )n60 +( 4'!'$ )'"

56 )*' +!!%& )+%!( (V ′
n)n60. ¤

 ! "#$%&'()* &) +&),(-(&) ∇

 ! !" #$%$&'&($ )* $+& '%,( -&./0$

7( ( +" 5'8%$'1 )*'$' +(  4 # 5')-''! )*' 9%!"+)+%!( ∇  !" ∆ 0!"'$ -*+9* )*'

#$%53', * ( 5''! (%3&'" 56 : 0$'!). ;0$ !'<) )*'%$', 5$+"4'( )*' 4 # 5')-''!

)*' )-% 9%!"+)+%!(.

 !"#$"% &  ! "#$ %$&'$%

∑

n

ln(rn)/ℓn (')$&*$% +,-.('"'-. ¬∆/0 "#$. "#$ 12"&34

"'-. (F (X,V )
n )n60 '% -! 5&-(6," "75$8

'"%($) * 936&$." :;<= %"3"$% ,-.('"'-. ∆ 3% "#$ ,-.)$&*$.,$ -! "#$ %$&'$%

∑

n

ln(rn!)

ℓn−1

.

>#$ '.$?632'"'$%

1
2
r ln(r) 6 ln(r!) 6 r ln(r)0 )32'( !-& $)$&7 r > 20 $.%6&$ "#3" "#$

%$&'$%

∑

n

ln(rn)

ℓn

3.(

∑

n

ln(rn!)

ℓn−1

@-"# ,-.)$&*$ -& @-"# (')$&*$8 A$.,$ 936&$."B% ,-.('"'-. ∆ 3.( "#$ ,-.('"'-. ∆
C#',# C$ %"3"$( '. -6& '."&-(6,"'-. 3.( 6%$( %'.,$0 3&$ '.($$( $?6')32$."8

=%!"+)+%! ¬∆  ! "#!$ %& "'()"!!* +,% -"!! .#/0$ %& ()&1" %. /2!3 4." "5, 1#-"/%

6&)0 /2 +"-&6* 6. 7.  ! 7-&!") %& %."&)"8 9*  ! 8&)" 7&/1"/ "/%3

 !"#"$%&%"' ()()* +,-."!/%'0 "1 2"'/%&%"' ¬∆3  !"#$%$!" ∆ &'$() $& '"#

!"(* $& %+,-, ,.$)%) ' ),/0,"1, (αn)n60 !& "!"",2'%$3, -,'( "045,-) '"# '" $"6

1-,')$"2 '77($1'%$!" φ : −N → −N8 )01+ %+'% %+, &!((!9$"2 7-!7,-%$,) +!(#:

;< =!- ,3,-* n 6 08 rφ(n) > N2αnℓφ(n) .

>< ?+, ),-$,)

∑

n

αn #$3,-2,)<

=0-%+,-4!-,8 9+," %+,* ,.$)%8 %+, ),/0,"1, (αn)n60 '"# %+, '77($1'%$!" φ 1'" 5,
1+!)," $" )01+ ' 9'* %+'% %+, '##$%$!"'( 7-!7,-%$,) 5,(!9 +!(#:

::



 ! "#$% n → −∞& rφ(n) ≫ N2αnℓφ(n)
'(% )*+,(-./*+& rφ(n) → +∞0!

1! 2#$ 3$+($3

∑

n

α2n 4(5$+6$3!

7! 89+ $5$+: n 6 0& 0 < αn 6 1!

;! 89+ $5$+: n 6 −2& ,#$ +*,(9 αnℓφ(n)/ℓφ(n+1) (3 *% (%,$6$+!

 !" #$%%& %& '!() $")*+' ,-. /" &%*.0 (. )",'(%. 121232

 ! !" #$%&'()*'+$% $, '-. %./ +%%$01'+$%&

 !" ,%.)'$*,'(%. %& '!" ."4 (..%5-'(%.) *)") - )*+,(*/ -*%9%(-*/ -9.)/(%62  !()

'%%+ )!-$#".) '!" ,-.%.(,-+ ,%*#+(.6 '!-' 4-) (.'$%0*,"0 (. )",'(%. 12727 -.0

4!(,! !-) '% /" 8"#' (. 9(.02

:.0"$ '!" !;#%'!")") %& '!"%$"9 <= '!" $-'(%) (rn)n60 -$" .% +%.6"$ /(6 ".%*6!

&%$ '!" (..%5-'(%.) -))%,(-'"0 '% '!" ,-.%.(,-+ ,%*#+(.6 '% -##$%-,! '!" ".'($"

4%$0 Xn (. %.+; %." )'"#2  !"$"&%$" )"5"$-+ )'"#) -$" .","))-$; '% 6"' - 6%%0

(.&%$9-'(%. %. '!" 4%$02

 !"#$%$&# '( )*+,%$+- .+#&#$.+- .&/0-$#12 <$, w =$ * >9+4 9? /$%6,# ℓr 9%

,#$ */)#*=$, A *%4 λ ∈ {1, · · · , ℓ} *% (%,$6$+! @$%9,$ =: w̃ ,#$ >9+4 $A,+*-,$4

?+9B w =: 3)/(,,(%6 w (%,9 r 3.=C>9+43 9? /$%6,# ℓ *%4 D$$)(%6 9%/: ,#$ E+3, λ
/$,,$+3 9? $*-# 3.=C>9+4! F% 9,#$+ >9+43& (? w = (w1, . . . , wℓr)& ,#$%

w̃ = (w1, . . . , wλ, wℓ+1, . . . , wℓ+λ, . . . , w(r−1)ℓ+1, . . . , w(r−1)ℓ+λ)

(3 ,#$ >9+4 -9%3,(,.,$4 9? ,#$ /$,,$+3 wi 3.-# ,#*, i = j B94 ℓ >(,# 1 6 j 6 λ!

<$, ϕw̃ =$ ,#$ -*%9%(-*/ -9.)/(%6 9? w̃ ,9>*+43 ,#$ -*%9%(-*/ >9+4 c̃ 9? /$%6,# r
9% ,#$ */)#*=$, Aλ

! G(%-$ ϕw̃ =$/9%63 ,9 Sr ',#$ 3:BB$,+(- 6+9.) 9% + /$,,$+30&

9%$ -*% *))/: (, ,9 ,#$ r 3.=C>9+43 9? w 9? /$%6,# ℓ! 2#$ )$+B.,*,(9% ϕ
λ/ℓ
w = ϕw̃

(3 -*//$4 ,#$ )*+,(*/ -*%9%(-*/ -9.)/(%6 9? +*,$ λ/ℓ *339-(*,$4 ,9 w!

>?



 !"#$% &'() *+,-./% 01 , .,$2!,/ 3,404!3,/ 30#./!4"' 54 26% .$0017 26!8 30#./!4"

9!// :% 3048!;%$%; 9!26 ℓ = ℓφ(2n)7 λ = α2n7 r = rφ(2n)7 w = Xφ(2n)−1 ,4;

w̃ = X̃φ(2n)−1'

 !""# "# $%&"!&' () <88#-% 26,2 ¬∆ 60/;8'  !+ φ ,4; (αn)n60 96!36 1#/=//

304;!2!048 >7(7&7?7@ ,4; A 01 .$0.08!2!04 &'&'>' B% 409 30482$#32 4%9 !440C,2!048

(V ′
n)n60 96!36 "%4%$,2% 26% 8,-% =/2$,2!04 26,4 26% .$03%88 X'

D%2 #8 ;%=4% 4%9 !440C,2!048 (V ′
k)k60 ,8 10//098'  0$ %C%$E k 6 07 ;%=4% V ′

k =
ϕα2n

Xk−1
(Vk) = ϕX̃k−1

(Vk) !1 26%$% %+!828 ,4 !42%"%$ n F4%3%88,$!/E #4!G#%H 8#36 26,2

k = φ(2n)7 ,4; V ′
k = Vk 026%$9!8%'

D%--, ('& 9!// :% #8%; 20 8609 26,2 9!26 .$0:,:!/!2E 3/08% 20 17 26% =$82 α2nℓφ(2n)

/%22%$8 01 26% 90$;8 Xφ(2n) ,4; 2608% 01 fφ(2n)(Cφ(2n)−1, V
′
φ(2n)) 30!43!;%'

@I



 !"#$% &'&( )%*+$!,-!./ .0 -1% 2%-1.3'

 ! ! "#$$% $% &'( )*+, #(-./&

41!* ,$..0 !* *,5!- !/-. -1$%% *-%,*'

 !"#$ #$%&' Xφ(2n+1) ()*%# +")* $,% -%.!//!/. )+ Xφ(2n) !/0/!$%12 )+$%/

6/% 0.+#*%* ./ -1% %7%/-*

An = {Xφ(2n+1) +.2%* 0$.2 -1% 8$*- α2nℓφ(2n) 5%--%$* .0 Xφ(2n)}.

6/% +.2,#-%* P[An] 9: +.#/-!/"( -1% /#29%$ .0 ,.**!95% +1.!+%* 0.$ -1% !//.7;<

=>



 !"#$ Vk %"& φ(2n) + 1 6 k 6 φ(2n + 1) !$

φ(2n+1)
∏

k=φ(2n)+1

rk = ℓφ(2n)/ℓφ(2n+1).

'() #*+,)& "% -.$)$ $*-(  (. An "--*&$ !$  () #*+,)& "% $*,/0"&1$ "% 2)#3 (

ℓφ(2n+1) )# !&)24 !#-2*1)1 !#  () 5&$ α2nℓφ(2n) 2)  )&$ "% Xφ(2n)6  (!$ #*+,)& !$

α2nℓφ(2n)/ℓφ(2n+1)  (.#7$  "  () .11! !"#.2 (48" ()$!$  (. α2nℓφ(2n)/ℓφ(2n+1) !$ .#

!# )3)&9 '()&)%"&) P[An] = α2n .#1  () $)&!)$

∑

n P[An] 1!:)&3)$9

;"&)":)& An !$ . <1) )&+!#!$ !-= %*#- !"# "% Vk %"& φ(2n) + 1 6 k 6 φ(2n + 1)>
()#-)  () ):)# $ An .&) !#1)8)#1)# .#1  () ?"&)2/@.# )22! 2)++. )#$*&)$  (. 

.2+"$ $*&)24> An "--*&$ %"& !#5#! )24 +.#4 n9

A" )  (. An ∈ FV ′

φ(2n+1) %"& ):)&4 n $!#-) V ′
k = Vk %"& ):)&4  !+) k 0(!-( !$ #" 

"#) "%  () !# )3)&$ φ(2n)9

 !"#$% &'!() *&! #+ ,!--. /010/

B*& 8*&8"$) !$  " 8&":) 2)++. C9C9D9

2!--. /0/01  !" #$#"% n 6 0& '#( Iφ(2n) = {1, ..., α2nℓφ(2n)} )*+ ,- ) .!"+

Cφ(2n)−1 !/ 0#*1(2 ℓφ(2n)−1 = rφ(2n)ℓφ(2n) !* A '342 (2)( C̃φ(2n)−1 5' (2# 4)*!*54)0

.!"+ !/ 0#*1(2 rφ(2n) !* (2# )062)7#( Aα2nℓφ(2n)
8 92# 6"!7)7505(% /!" Xφ(2n)(Iφ(2n))

:(2# ,"'( α2nℓφ(2n) 0#((#"' !/ Xφ(2n); (! 7# (2# V ′
φ(2n)<(2 '37<.!"+ !/ C̃φ(2n)−1 4!*<

$#"1#' (! 1 )' n (#*+' (!.)"+' −∞8 92)( 5' (! ')%&

P
[

Xφ(2n)(Iφ(2n)) = fφ(2n)(Cφ(2n)−1, V
′
φ(2n))(Iφ(2n))

]

→ 1, )' n → −∞.

="!!/ !/ 0#>>) ?8?8@8 A" )  (. Xφ(2n)(Jφ(2n)) !$  () Vφ(2n)/ ( 2)  )& "% X̃φ(2n)−1

$))# .$ . 0"&1 "% 2)#3 ( rφ(2n) "#  () .28(.,) Aα2nℓφ(2n)
<0()&) X̃φ(2n)−1 !$ ,*!2 

%&"+ Xφ(2n)−1 .--"&1!#3  " 1)5#! !"# EF .#1  () -.8 !"# "% 53*&) C9C9D=9 G)#-)

P
[

Xφ(2n)(Iφ(2n)) = fφ(2n)(Cφ(2n)−1, V
′
φ(2n))(Iφ(2n))

]

= P

[

X̃φ(2n)−1(Vφ(2n)) = C̃φ(2n)−1(ϕX̃φ(2n)−1
(Vφ(2n)))

]

H)++. C9D9C .882!)1  " X̃φ(2n)−1 $))# .$ . 0"&1 "% 2)#3 ( rφ(2n) "#  () .28(.,) 

Aα2nℓφ(2n)
8&":!1)$

P

[

X̃φ(2n)−1(Vφ(2n)) 6= fφ(2n)(Cφ(2n)−1, V
′
φ(2n))(Iφ(2n))

]

6 Nα2nℓφ(2n)/rφ(2n) + 2(Nα2nℓφ(2n)/rφ(2n))
1/3.

I&"+ 8&"8"$! !"# C9C9E> ).-(  )&+ -"#:)&3)$  " 0> ()#-) 2)++. C9C9D ("21$9

JF



 !"#$ %&'() *%' +, &!' "--+./&"+-% &+ #'0+.'# (Xn)n60

 !" #$% $& '( &)(* ')#'+ ,(" -.-"/ m 6 0+ Xm $& # ,!01'$(0 (, ')- $00(.#'$(0&

(Vk)k6m2 3(0&$4-" (01- #5#$0 ')- -.-0'&

An = {Xφ(2n+1) 1(%-& ,"(% ')- 6"&' α2nℓφ(2n) 7-''-"& (, Xφ(2n)}.

8, ')- -.-0' An (11!"& #04 $,

Xφ(2n)(Iφ(2n)) = fφ(2n)(Cφ(2n)−1, V
′
φ(2n))(Iφ(2n)),

')-0

Xφ(2n+1) = fφ(2n+1)(·, V ′
φ(2n+1)) ◦ . . . ◦ fφ(2n)(·, V ′

φ(2n))(Cφ(2n)−1).

9("-(.-"+ &$01- An 4-:-04& (07/ (0 (V ′
φ(2n)+1, · · · , V ′

φ(2n+1))+ $' $& $04-:-04-0' (,

{Xφ(2n)(Iφ(2n)) = fφ(2n)(Cφ(2n)−1, V
′
φ(2n))(Iφ(2n))}2 ;)!&

P[Xφ(2n+1) = fφ(2n+1)(·, V ′
φ(2n+1)) ◦ . . . ◦ fφ(2n)(·, V ′

φ(2n))(Cφ(2n)−1) | An]

≥ P[Xφ(2n)(Iφ(2n)) = fφ(2n)(Cφ(2n)−1, V
′
φ(2n))(Iφ(2n))],

*)$1) '-04& '( 1 #& n 5(-& '( −∞ </ 7-%%# =2=2>2

?(%- ,("%!7#& <-7(* *$77 <- -#&$-" '( "-#4 ')#0@& '( ')- $0'"(4!1'$(0 (, ')-

,!01'$(0 gn *)$1) #&&(1$#'-& Xn+1 '( (Xn, V ′
n+1)2 A#%-7/+ ,(" -.-"/ $0'-5-" n 6 0+

-.-"/ *("4 x $0 Aℓn
#04 -.-"/ $0'-5-" 1 6 v 6 rn+ 4-60-

gn(x, v) = fn(x, ϕx̃(v)) $, n $& (0- (, ')- $0'-5-"& φ(2k),

= fn(x, v) (')-"*$&-.

B-' X ′
φ(2n) <- ')- *("4 (, 7-05') ℓφ(2n) *)(&- 6"&' α2nℓφ(2n) 7-''-"& #"- ')(&- (, ')-

*("4 fφ(2n)(Cφ(2n)−1, V
′
φ(2n)) #04 ')- (')-"& #"- &-' '( C2 ;)-0+ </ 7-%%# =2=2>+

P
[

Xφ(2n)(Iφ(2n)) = X ′
φ(2n)(Iφ(2n))

]

→ 1 #& n → −∞.

D(" n < m 6 0+ 1#77 X ′
m,n ')- (E&:"$05 (, X ′

φ(2n) #' '$%- m+ ')#' $&+

X ′
m,n = gm−1(·, V ′

m) ◦ gm−2(·, V ′
m−1) ◦ . . . ◦ gφ(2n)+1(·, V ′

φ(2n))(X
′
φ(2n)−1).

;)-0+

P
[

Xm 6= X ′
m,n|An

]

6 P
[

Xφ(2n)(Iφ(2n)) 6= X ′
φ(2n)(Iφ(2n))|An

]

,

)-01- P
[

Xm 6= X ′
m,n|An

]

→ 0, #& n 5(-& '( −∞2
B-%%# =2=2= <-7(*+ *)$1) *$77 <- :"(.-4 #' ')- -04 (, &-1'$(0 =2=2F+ -0#<7-& !&

'( !&- G("-7H3#0'-77$I& 7-%%# '*$1-2

JK



 !""# $%$%$  !" (an)n>0 #$% (bn)n>0 %!$&"! "'& (&)$%!% *!+)!$,!* &- $&$.

$!/#"01! 2!#3 $)4(!2* *),5 "5#" "5! *!20!*

∑

n

bn %01!2/!* #$% *),5 "5#" an ≪ bn6

75!$ "5!2! !80*"* #$ 0$,2!#*0$/ #9930,#"0&$ θ : N → N *),5 "5#" "5! *!20!*

∑

n

aθ(n)

,&$1!2/!* #$% "5! *!20!*

∑

n

bθ(n) %01!2/!*6

&'()*(+#)*'( ', )-! ./'', ', )-!'/!" 0

 !"#$ %&$ '$(!$'

∑

n

P(An) )!*$(+$' ,")- ./( $*$(0 12$) m 6 0-

P[Xm 6= X ′
m,n|An] → 0, 3&$" n → −∞,

/4( 5,'% 5$66, ,775!$) %/ %&$ '$84$"#$' (P[An])n6m ,") (P[Xm 6= X ′
m,n; An])n6m

7(/*!)$' , )$%$(6!"!'%!# !"#($,'!"+ ,775!#,%!/" θ : −N → −N '4#& %&,%

∑

n6m

P
[

Xm 6= X ′
m,θ(n); Aθ(n)

]

< ∞ ,")

∑

n6m

P
[

Aθ(n)

]

= ∞.

90 9/($5:;,"%$55!<' 5$66,- %&$ $*$"%' {Xm 6= X ′
m,θ(n)} ∩ Aθ(n) /##4( /"50 ./( ,

1"!%$ "46=$( /. %!6$' n- 3&$($,' %&$ !")$7$")$"% $*$"%' Aθ(n) /##4( !"1"!%$50

/.%$"> ?&4' ./( $*$(0 3/() x !" Alm
- ,56/'% '4($50-

{Xm = x} = lim sup
n→−∞

Aθ(n) ∩ {X ′
m,θ(n) = x}.

?&!' 7(/*$' %&,% {Xm = x} =$5/"+' %/ FV ′

m - &$"#$ Xm !' , .4"#%!/" /. %&$

!""/*,%!/"' (V ′
m)m60> ¤

 ! !" #$%%& %& '%() *+,-.-*$/ &*01'

:2&&- &- 92&9&*0"0&$ ;6;6<6 @''46$ %&,% (αn)n60 ,") φ $2!'% '4#& %&,% A ,")

B &/5)> ?&$"- ./( $*$(0 n 6 0- rφ(n) > N2αnℓφ(n)
&$"#$ logN rφ(n) > 2αnℓφ(n)>

?&$($./($

∑

n

logN rn

ℓn

>
∑

n

logN rφ(n)

ℓφ(n)

> 2
∑

n

αn,

,") %&$ 5,'% '$(!$' )!*$(+$' &$"#$ #/")!%!/" ¬∆ &/5)'>

;/"*$('$50- ,''46$ %&,% #/")!%!/" ¬∆ &/5)'> C$% βn = 1
4
logN(rn)/ℓn> ?&$"-

rn = N4βnℓn
&$"#$ rn/N2βnℓn = N2βnℓn

>

 !"#$

∑

n60

βn )!*$(+$' ,")

∑

n60

|n|2n
#/"*$(+$'- %&$($ $2!'%' ," !"#($,'!"+ ,775!#,:

%!/" φ '4#& %&,% %&$ '$(!$'

∑

n

βφ(n) )!*$(+$' ,") '4#& %&,% βφ(n) > 2φ(n)|φ(n)| ./(

$*$(0 n 6 0>

DA



 !"#$%&'() &* '!%!++$,-) φ .- ϕ (&/!' .- ϕ(n) = φ(n − 1)) 0'! %$' !'+1,! 23$2

23! +!,&!+

∑

n

βφ(2n) 4&/!,(!+ $+ 5!##6

7&'%! rn > 2 *0, !/!,- n) ℓφ(n) > 2−φ(n)
) 3!'%! βφ(n) > 2φ(n)|φ(n)| &8"#&!+ 23$2

βφ(n)ℓφ(n) > |φ(n)| > |n|. 9!'%!)

rφ(n)/N
2βφ(n)ℓφ(n) = N2βφ(n)ℓφ(n) > N2|n|

> 1,

$'4 23&+ +!:1!'%! %0'/!,(!+ 20 +∞6 ;1,23!,80,!) 4!<'&'( αn = min(βφ(n), 1))
0'! +!!+ 23$2 (αn)n *1#<##+ %0'4&2&0'+ =>?>@>A B%0'4&2&0' C .!&'( $ %0'+!:1!'%! 0*

%0'4&2&0' @D6

E! '05 +305 305 20 .1&#4 *,08 (αn)n $ +!:1!'%! (α′
n)n +1%3 23$2 %0'4&2&0' F

30#4+ $+ 5!##6

 !%$## 23$2 *,08 23! %0'+2,1%2&0' $.0/!) rn = N4βnℓn
$'4 βφ(n)ℓφ(n) > |φ(n)|)

3!'%! rφ(n) > N4|φ(n)| > 2−4φ(n)
6 G#+0 αn > 2φ(n)|φ(n)|6

H3!+! &'!:1$#&2&!+ &8"#&!+ 23$2 23! ,$2&0 ̺n = αnℓφ(n)/ℓφ(n+1) &+ +1%3 23$2

̺n = αn





φ(n+1)−1
∏

k=φ(n)+1

rk



 rφ(n+1)

> 2φ(n)|φ(n)| 2φ(n+1)−φ(n)−12−4φ(n+1)

= 2−3φ(n+1)−1|φ(n)|.

7&'%! φ(n + 1) 6 −1 $'4 |φ(n)| > 2 *0, !/!,- n 6 −2) 23&+ +305+ 23$2 ̺n > 8 *0,
!/!,- n 6 −26

H31+) 8̺n/9 6 ⌊̺n⌋ 6 ̺n $'4 23! +!:1!'%! (α′
n)n 4!<'!4 .-

α′
n =

⌊αnℓφ(n)/ℓφ(n+1)⌋
ℓφ(n)/ℓφ(n+1)

,

&+ +1%3 23$2

8
9
αn 6 α′

n 6 αn *0, !/!,- n 6 −26 H3!,!*0,! &2 *1#<##+ 23! %0'4&>
2&0'+ $#,!$4- +$2&+<!4 .- 23! +!:1!'%! (αn)n60 $'4 23! $44&2&0'$# %0'4&2&0' 23$2

α′
nℓφ(n)/ℓφ(n+1) &+ $' &'2!(!, *0, !/!,- n 6 06 ¤

 !""# "# $%&&' ()()() I$## B $'- <'&2! 1""!, .01'4 0* 23! +!:1!'%! (bn)n∈N6

7&'%! an ≪ bn) *0, $'- "0+&2&/! &'2!(!, k) 23!,! !J&+2+ $' &'2!(!, Nk +1%3 23$2

*0, !/!,- n > Nk) an 6 bn2−k
6 E! '05 4!<'! $ +!:1!'%! 0* 4&+K0&'2 &'2!,/$#+ 0*

&'2!(!,+ Jk = {ik, . . . , jk}) $+ *0##05+6 7!2 j−1 = −1 $'4 #!2 k > 06

L'%! jk−1 &+ 4!<'!4) #!2 ik = max{jk−1 + 1, Nk}6 7&'%! 23! +!,&!+
∑

n

bn 4&/!,(!+

$'4 0 6 bn 6 B *0, !/!,- n ∈ N) 0'! %$' %300+! $' &'2!(!, jk > ik +1%3

F?



 !" B 6

jk
∑

n=ik

bn < 2B "#$ %& Ik = {ik, . . . , jk}' () &  !" 

∑

n∈Jk

bn > B "#$

∑

n∈Jk

an 6 2B/2k
'

*"%%+#, Q  !& -& 

⋃

k∈N

Ik. )#& ,& -

∑

n∈Q

an =
∑

k∈N

∑

n∈Jk

an 6 2B
∑

k∈N

1/2k = 4B,

"#$

∑

n∈Q

bn =
∑

k∈N

∑

n∈Jk

bn >
∑

k∈N

B = ∞,

/!+0! 0)12%& &-  !& 23))4 )4  !& %&11"' ¤

 !" #$%%& %& '%' ()*'+*$+',(( -'+,$ ∆

5!& #)# - "#$"3$#&-- )4  !& -2%+ 6/)3$ 23)0&-- /"- &- "7%+-!&$ 78 9":3&# +# !+-

 !&-+- ;<=> "#$ " -+1+%"3 3&-:% /"- )7 "+#&$ 78 ?&3-!+@ +# ;=A> +#  !& 0)# &B )4

$&03&"-+#, -&C:&#0&- )4 1&"-:3"7%& 2"3 + +)#-' D#  !+- -&0 +)# /& ,+E& " -+12%+F&$

23&-&# " +)# )4 9":3&# G- 23))4'

5!& 23))4 )4  !+- 3&-:% +#E)%E&- " -:7 %& #) +)# )# F% 3" +)#-. /!+0! +- - "#$"3$6

#&--' 5!& #) +)# )4 - "#$"3$#&-- /"- F3- +# 3)$:0&$ 78 ?&3-!+@ 4)3 $&03&"-+#,

1&"-:3"7%& 2"3 + +)#-' 5!+- #) +)# !"- 7&&# "$"2 &$  ) 0)# +#:):-  +1& F% 3"6

 +)#- 78 5-+3&%-)# ;=H>. + !"- 7&&# 4)31:%" &$ 78 I:7+#-. J&%$1"#. K1)3)$+#-@8

"#$ 5-+3&%-)# ;L> 4)3 0)# +#:):-  +1& F% 3" +)#- "#$ 78 M1&38 "#$ K0!"0!&36

1"8&3 ;N> 4)3 $+-03& &  +1& F% 3" +)#-'

O"#8 #&0&--"38 "#$ -:P0+&# 0)#$+ +)#- 4)3 - "#$"3$#&-- !"E& 7&&# &- "7%+-!&$.

4)3 +#- "#0& ?&3-!+@G- -&%46Q)+#+#, 03+ &3+)# "#$ E"3+):- #) +)#- )4 0)-+#&--' R%%

 !&-& 03+ &3+)#- "3& 7"-&$ )# 0):2%+#, 1& !)$-' *!&0@+#,  !&1 +# -2&0+F0 0"-&-

+- )4 &# "  &0!#+0"%  "-@' S& .  !&-& 03+ &3+)#- "3&  !& @&8  ))%  ) -)%E& -)1&

$+P0:% 23)7%&1-' J)3 &B"12%&. 5-+3&%-)# $&F#&- "#$ :-&- " #) +)# )4 0)-+#&--

 ) 23)E&  !"  !& F% 3" +)# )4 T"%-!G- U3)/#+"# 1) +)# +- #) U3)/#+"# -+#0& + 

+- #)# - "#$"3$'

U8 $&F#+ +)#. " F% 3" +)# F = (Fn)n60 +#$&B&$ 78 n 6 0 +-  !"#$"%$ +4. 1)$:%)

"# &#%"3,&1&# )4  !& 23)7"7+%+ 8 -2"0&. )#& 0"# +11&3-& F +# " F% 3" +)# ,&#6

&3" &$ 78 "# +'+'$' 23)0&--' V&0"%%  !" " F% 3" +)# F = (Fn)n60 +- &''(% ($ +#

" F% 3" +)# G = (Gn)n60 +4. 4)3 &E&38 n 6 0. Fn ⊂ Gn "#$ Fn "#$ Gn−1 "3& +#6

$&2&#$&# 0)#$+ +)#"%%8 )# Fn−1' V):,!%8 -2&"@+#,.  !+- 1&"#-  !" Gn−1 ,+E&-

AH



 ! "#$%&'$ ( "!$)*%(! ! Fn %&* Fn−1 +!',- ./#(0*1' %123 F (, ())'$,'+ ( G
(" '0'$2 F 4)*$%( 5*1' (, * G4)*$%( 5*1'-

6*#$' %  '5*%', %&' ,!47*11'+ 847!,( ',, 9$!9'$%2 %! 9$!0' %&*% # +'$ ∆3 %&'

:1%$*%(! (,  ! ,%* +*$+ * + %&'$'"!$'  ! !" 9$!+#7% %29'-

;' "!11!< %&' )'%&!+ %&*% =)!$!+( ,>2 ?@@A #,'+ %! 9$!0' %&'  ! 4'B(,%' 7' !"

* C5' '$*%( 5 9*$*)'%$(D*%(! E ( %&' 7*,' <&'$' rn = 2 "!$ '0'$2 n 6 0- F&(,

)'%&!+ ,%(11 <!$>, ( %&' 5' '$*1 7*,' * + 9$!0(+', %&'  ! ,%* +*$+ G'&*0(!#$

!" %&' :1%$*%(! -

F&' 9#$9!,' !" %&(, ,'7%(! (, %! ,&!< %&*% (" %&' ,'/#' 7' (rn)n60 (, ∆3 %&' %&'

:1%$*%(! F (X,V )
(,  ! ,%* +*$+- H!%' %&*% ∆ &!1+, "!$ '0'$2 G!# +'+ ,'/#' 7'

(rn)n-

 !"!# $%&'()(*+%, *-.(-*/

;' :$,% $'7*11 %&'  !%(! !" 847!,( ',,3 +#' %! I)'$2 * + =7&*7&'$)*2'$ ?JA-

 !"#$%$&# '( )*++!,-$&# .#/ 0&1$++!,-$&#2  !" F = (Fn)n60 #$% G =
(Gn)n60 %!$&"! "'& ()"*#"+&$, %!($!% &$ "-! ,#.! /*&0#0+)+"1 ,/#2!3

• F +, +..!*,!% +$ G +4 !5!*1 .#*"+$6#)! +$ F +, # .#*"+$6#)! +$ G3

• F #$% G #*! 2&7+..!*,!% +4 F #$% G #*! 0&"- +..!*,!% +$ F ∨ G3

 !"#$%$&# '3 )*10&-$#!--2  !" F 0! # ()"*#"+&$ &$ # /*&0#0+)+"1 ,/#2! (Ω,A, P)3
8$! ,#1, "-#" F ,#"+,(!, "-! 972&,+$!,, 2*+"!*+&$ +4 4&* !5!*1 *#$%&. 5#*+#0)! Y
.!#,:*#0)! 4&* F0 '+"- 5#):!, +$ # ($+"! ,!" #$% 4&* !5!*1 *!#) δ > 0; "-!*! !<+,",
# /*&0#0+)+"1 ,/#2! (Ω,A, P) #$% "'& ()"*#"+&$, F ′

#$% F ′′
&$ (Ω,A, P); ,:2- "-#"

"-! 4&))&'+$6 /*&/!*"+!, -&)%3

• =-! ()"*#"+&$, F ′
#$% F ′′

#*! 0&"- +,&.&*/-+2 "& F 3

• =-! ()"*#"+&$, F ′
#$% F ′′

#*! 2&7+..!*,!%3

• =-!*! !<+,", #$ +$"!6!* n0 ,:2- "-#" F ′
n0
#$% F ′′

n0
#*! +$%!/!$%!$"3

• =-! 2&/+!, Y ′
#$% Y ′′

&4 Y 01 "-! +,&.&*/-+,., &4 "-! (*," 2&$%+"+&$; 5!*+41

P[Y ′ 6= Y ′′] < δ3

F&' 9$!!" !" %&'  ! ,%* +*$+ ',, !" %&' :1%$*%(! F (X,V )
#,', %&' '*,2 9*$% !"

%&' '/#(0*1' 7' G'%<'' 847!,( ',, * + ,%* +*$+ ',,-

45!&,!+ 6 )7&,&88.,9 : ;:<2 > ()"*#"+&$ +, ,"#$%#*% +4 #$% &$)1 +4 +" ,#"+,(!,

"-! 972&,+$!,, 2*+"!*+&$ #$% +, !,,!$"+#))1 ,!/#*#0)!3

KL



 ! "#!$% &'% (!( )&*(+*#+(%)) !, F (X,V )
- .& .) &'%#%,!#% )/01.%(& &! )'!2 &'*&

F (X,V )
+!%) (!& )*&.)3%) &'% 451!).(%)) 1#.&%#.!(6  '% &!!7) !, &'% "#!!, *#% .(&#!5

+/1%+ 8/)& 9%7!26

:%& n0 9% * (%;*&.$% .(&%;%# 2'.1' 2.77 9% 3<%+ 7*&%#6

 !"#$%$&# '' ( !"#$%$&# &) Autn*  !" #$%"&'()* +, #$%"-"&* {1, . . . , ℓk}.
{ℓk +1, . . . , 2ℓk}, . . . , {ℓn− ℓk +1, . . . , ℓn} (&" /())"0 1)+/2* +, {1, . . . , ℓn} +, )"$-%!
ℓk3 4'"&5 6"&78%(%#+$ +, %!" ℓn/ℓn0 1)+/2* +, )"$-%! ℓn0 9!#/! #$08/"* ,+& "'"&5

k ∈ {n, . . . , n0} ( 1#:"/%#+$ 1"%9""$ %!" 1)+/2* +, )"$-%! ℓk #* /())"0 ($ (8%+7+&;

6!#*7 +, {1, . . . , ℓn} (0(6%"0 %+ {rn+1, ..., rn0}3 <$" 0"$+%"* 15 Autn %!" *"% +,

%!+*" 6"&78%(%#+$*3

=(% 1*( %(/>%#*&% &'% */&!>!#"'.)>) *+*"&%+ &! (rn)n60- 9? .(+/1&.!(- *)

,!77!2)6 @? +%3(.&.!(- *( */&!>!#"'.)> a .( Autn−1 .) 9/.7& ,#!> * "%#>/&*&.!(

σ !, {1, . . . , rn} *(+ ,#!> rn */&!>!#"'.)>) (ak)16k6rn
.( Autn6 =(% ;%&) a ,#!>

σ *(+ (ak)16k6rn
9? )%&&.(;- ,!# %$%#? 1 6 j 6 rn *(+ %$%#? 1 6 k 6 ℓn-

a((j − 1)ℓn + k) = (σ(j) − 1)ℓn + aj(k).

 '%#%,!#% #(Autn−1) = #(Srn
)(#(Autn))rn = rn!(#(Autn))rn

6 @? .(+/1&.!(

#(Autn) =

n0
∏

k=n+1

(rk!)
rn+1...rk−1 =

n0
∏

k=n+1

(rk!)
ℓn/ℓk−1 .

A!&% &'*&

#(Autn) = exp(ℓnSn) 2'%#% Sn =

n0
∑

k=n+1

ln rk!

ℓk−1

.

B% (!2 +%3(% * )%>.5>%&#.1) 9*)%+ !( &'% C*>>.(; +.)&*(1%6

 !"#$%$&# '+ (,!-$.-!%/$01 en &# Aℓn
* ="/()) %!(% %!" >(77#$- 0#*%($/"

+$ Aℓn
#* 0"?$"0 15

dH
n (x, x′) = #{k ∈ {1, . . . , ℓn} : x(k) 6= x′(k)}.

<$" 0"?$"* ($ (/%#+$ +, %!" -&+86 Autn +$ Aℓn
. *""$ (* (Aℓn0 )ℓn/ℓn0

. 15

a · x = x ◦ a−1,

($0 ( *"7#;7"%&#/* en +$ Aℓn
. 15

en(x, x′) =
1

ℓn

min{dH
n (a · x, x′) ; a ∈ Autn}.
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 !" #$%&'(') en(x, x′) (* '!" *+%,,"*' -./-/.'(/& /0 ,"''".* 1!(2! %." 3(4"."&'
5"'1""& '!" 1/.3* x′

%&3 x ◦ a−1
%* a 6/"* '!./$6! Autn7 8$. &"9' ."*$,' (* %

."2$.*(/& .",%'(/&: $*"0$, '/ 2/+-$'" en7

 !""# $%&%'  !" #$#"% n 6 0& x = (w1, . . . , wrn
) '() x′ = (w′

1, . . . , w
′
rn

) *+#"#
wi '() w′

j ,#-!(. /! Aℓn
&

en−1(x, x′) = min
σ∈Srn−1

(

1

rn

rn
∑

j=1

en(wj, w
′
σ(j))

)

.

0"!!1 !1 -#22' 345464

;*(&6 '!" 3"2/+-/*('(/& /0 "<".) %$'/+/.-!(*+ a /0 Autn−1 (&'/ % -".+$'%'(/&

σ /0 {1, . . . , rn} %&3 rn %$'/+/.-!(*+* ak: 1 6 k 6 rn (& Autn: %&3 '!" %33('(<(')

/0 '!" ."*'.(2'"3 =%++(&6 3(*'%&2": /&" *""* '!%' ℓn−1en−1(x, x′) (* '!" +(&(+$+
/<". '!"*" σ %&3 ak /0 '!" *$+*

rn
∑

j=1

dH
n (aj · wj, w

′
σ(j)),

!"&2"

ℓn−1en−1(x, x′) = min
σ∈Srn

(

ℓn

rn
∑

j=1

en(wj, w
′
σ(j))

)

.
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 / -./<" '!%' '!" >,'.%'(/& F (X,V )
(* &/& *'%&3%.3 $&3". '!" %**$+-'(/& ∆: 5)

3"&)(&6 '!" ?@2/*(&"** 2.('".(/&: /&" 2/&*(3".* X ′
%&3 X ′′

'1/ 2/-("* /0 (Xn)n60

*$2! '!%'A

•  !" %**/2(%'"3 >,'.%'(/&* F ′ = F (X′)
%&3 F ′′ = F (X′′)

%." 2/@(++".*"3B
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−13

"#



 ! "#$ %"&'#()*! &+'!! ,)-"&%&%!. γn/ αn -"( δn 0!-.)'%"1 &+! 2#%"&$%.! %"3)4

!"*! -& (%.&-"*! n5

 !"#$%$&# '(  !" #$#"% n > 0& '#(

γn = 1 − inf

{

p(a|xz)

p(a|yz)
; a ∈ A, x ∈ A⊳, y ∈ A⊳, z ∈ An, p(a|yz) > 0

}

,

αn = 1 − inf
z∈An

∑

a∈A

inf {p(a|yz) ; y ∈ A⊳} ,

δn = sup
{

‖p(·|xz) − p(·|yz)‖ ; x ∈ A⊳, y ∈ A⊳, z ∈ An
}

,

)*#"#& +!" ,'' -"!.,./'/(/#0 µ ,12 ν !1 A& ‖µ−ν‖ /0 (*# 2/0(,13# /1 (!(,' $,"/,(/!1
.#()##1 µ ,12 ν& 2#41#2 ,0

‖µ − ν‖ =
1

2

∑

a∈A

|µ(a) − ν(a)| =
∑

a∈A

[µ(a) − ν(a)]+ .

6#&! &+-& &+! (!7"%&%#". #8 γn/ αn -"( δn (!2!"( #" &+! *+#%*! #8 &+! '!1)9-'

:!'.%#" (p(·|x))x∈A⊳
#8 &+! *#"(%&%#"-9 9-$ #8 X0 1%:!" X⊳

−15 ;"! "!!(. - <1##(=

:!'.%#" &# 1!& .0-99 %"3)!"*!. 8#' -229>%"1 &+! &+!#'!0. ?!9#$5

@+! .!,)!"*!. (γn)n≥0/ (αn)n≥0 -"( (δn)n≥0 -'! "#"4%"*'!-.%"1/ [0, 1]4:-9)!(/ -"(
δn 6 γn/ δn 6 αn 8#' !:!'> n ≥ 0 A.!! &+! 2'##8 %" .!*&%#" B5C5DE5

F#' !:!'> [0, 1]4:-9)!( .!,)!"*! (εn)n≥0/ $! *#".%(!' &+! *#"(%&%#"

+∞
∑

k=0

k
∏

n=0

(1 − εn) = +∞. AH(ε)E

F#' %".&-"*!/ H(γ) -"( H(2δ) -'! '!.2!*&%:!9>

+∞
∑

k=0

k
∏

n=0

(1 − γn) = +∞, -"(

+∞
∑

k=0

k
∏

n=0

(1 − 2δn) = +∞.

;?.!':! &+-& %8 &$# [0, 1]4:-9)!( .!,)!"*!. (εn)n≥0 -"( (ζn)n≥0 -'! .)*+ &+-&

εn ≤ ζn 8#' !:!'> n ≥ 0/ &+!" H(ζ) %029%!. H(ε)5 G!"*! *#"(%&%#" H(ε) -..!'&.
&+-& (εn)n≥0 %. =.0-99 !"#)1+= %" - $->5

@+! (!7"%&%#" #8 (γn)n≥0 -"( &+! -..)02&%#" H(γ) -'! ?#&+ .&-&!( %" HIJ5 @+!
0-%" '!.)9& #8 HIJ %. &+! 8#99#$%"15

)*!&+!, -. /012+!334567 81944337 :194+%$#!; 4#6 <1:4# 94+%$# ='>?

50067# (*,( (*# 0/8# !+ A /0 2& (*#1 H(γ) /7-'/#0 (*,( FX
/0 0(,12,"29

KB



 !" #$%&" %' (!"%)"* +, -# )"#()-$(". /0 (!" '%11%2-34 (!)"" $%3.-(-%3#5 6-)#(7 (!"

#-8" %' A *9#( /" 25 :"$%3.7 %3" *9#( $%3()%1 (!"  !"#$% %' &)%/;/-1-(-"# 2!-$!

."<3" γn5  !-).7 H(γ) -*&1-"# (!;( γ0 < 17 (!")"'%)" %3" $;3 #!%2 (!;( H(γ)
-*&1-"# (!" "=-#("3$" %' c > 0 #9$! (!;( p(a|x) > c '%) ">")0 x -3 A⊳

;3. a -3 A
#9$! (!;( P[X0 = a] > 0 ?#"" (!" &)%%' -3 #"$(-%3 @5A5@B5

C9) <)#( )"#91( ;11%2# (% 4"( )-. %' (!" (2% <)#( )"#()-$(-%3#5

 !"#$"% && &'( )%%*+, "-!" A #% ./#",0 "-!" 2δ0 < 1 !/1 "-!" H(2δ) -$21%3

4-,/ FX
#% %"!/1! 13

&5( 67 "-, %#8, $7 A #% 20 H(δ) !2$/, #+92#,% "-!" FX
#% %"!/1! 13

 !"%)"* ++ 4"3");1-8"# ;3. -*&)%>"# %3 (!"%)"* +, %' DEF7 #-3$" δn 6 γn '%)

">")0 n5 G%(" (!;( (!" #();-4!( ;.;&(;(-%3 %' (!" &)%%' %' DEF (% #-8"# %' A ;(

1";#( 3 1";.# (% (!" *%)" #()-34"3( $%3.-(-%3 H(2γ)5

H3%(!") *";#9)" %' -3I9"3$"7 /;#". %3 (!" J9;3(-(-"# αn ."<3". /"'%)"7 -# -3()%K

.9$". ;3. 9#". -3 DLF ?;$(9;110 (!" 3%(;(-%3 (!")" -# an = 1 − αnB5  !" ;9(!%)#

#!%2 (!;( -' H(α) !%1.#7 (!")" "=-#(# ; &")'"$( #;*&1-34 ;14%)-(!* '%) (!" &)%$"##

X7 ; )"#91( 2!-$! -*&1-"# (!;( FX
-# #(;3.;).5 M9( #-3$" δn ≤ αn '%) ">")0

n ≥ 07 (!" )"#91( %' DLF .%"# 3%( -*&10 (!"%)"* +,5

 !"%)"*# +, ;3. ++ ;3. (!" "=;$( #;*&1-34 ;14%)-(!* %' DLF ;11 )"J9-)" ;3 9&&")

/%93. %' #%*" &%-3(2-#" -3I9"3$" #"J9"3$"5 C9) 3"=( )"#91( 9#"# ; 1"## )"#()-$(->"

!0&%(!"#-# /;#". %3 #%*" ;>");4" -3I9"3$"# ηn7 ."<3". /"1%25

'"()*+*#) ,- :$ ,;, < n > 00 2," ηn 1,/$", "-, !;, !=, #/>*,/?, !" 1#%"!/?,

n0 1,./,1 !%

ηn =
∑

z∈An

E
[

‖p(·|z) − p(·|X⊳
−n−1z)‖

]

· P[X−n:−1 = z],

!/1 ?!22 H′(η) "-, ?$/1#"#$/

+∞
∑

k=0

ηk < +∞. ?H′(η)B

G%(" (!;( ηn -# ;1#%

ηn = E
[

‖p(·|Y−n:−1) − p(·|X⊳
−n−1Y−n:−1)‖

]

,

2!")" Y -# ;3 -3."&"3."3( $%&0 %' X5

'"()*+*#) ,. /0$*%*)1 2#)3*+*#)4

@, %!< "-!" "-, 9 $?,%% X 7*2.22% "-, 9 #+#/= ?$/1#"#$/ #7 7$ ,;, < a #/ A0

p(a|X⊳
−1) > 0 !2+$%" %* ,2<3

NA



 !"#$"% &'  !!"#$ %&'% A (! )*(%$ '*+ %&'% X ,"-)--! %&$ ./(#(*0 12*+(%(2*3

4&$*5 H′(η) (#.-($! %&'% FX
(! !%'*+'/+3

 !" #"$%"&'" (ηn)n≥0 (# [0, 1])*+,%"-. /0 ηn < 1 012 "*"23 n ≤ 04 5!"& H′(η) ',"+2,3
(67,("# H(η). 8"54 #(&'" ηn 6 δn 012 "*"23 n ≥ 0 9#"" 5!" 72110 (& #"'5(1& :.;.<=4
5!" '1&-(5(1& H′(η) '+&&15 >" '167+2"- 51 5!" '1&-(5(1&# H(δ) +&- H(2δ).

 !"12"6 <? @(*"# + 2"6+2A+>," 2"#%,5 012 '!+(&# B(5! 6"6123 10 *+2(+>," ,"&@5!.

 !"#" '!+(&#4 #5%-("- &15+>,3 (& CDE +&- B(-",3 %#"- 012 6+5!"6+5('+, 61-",#4

+2" #5+5(1&+23 721'"##"# X 5+A(&@ *+,%"# (& + F&(5" +,7!+>"5 A4 #%'! 5!+5 5!"
-(#52(>%5(1& 10 X0 @(*"& 5!" 7+#5 X⊳

−1 -"7"&-# 1&,3 1& + 7+#5 X−ℓ:−1 10 ,"&@5! ℓ4
B!"2" ℓ (# 2+&-16 +&- 6"+#%2+>," B(5! 2"#7"'5 51 FX

−1.

G12" 72"'(#",34 012 x ∈ A⊳
4 ,"5

ℓ(x) = inf{n ≥ 0 ; y 7→ p(·|yx−n:−1) (# '1&#5+&5 1& A⊳}
= inf{n ≥ 0 ; ∀y ∈ A⊳, p(·|yx−n:−1) = p(·|x)}.

 !"& X (# + *+2(+>," ,"&@5! G+2A1* '!+(& (0 ℓ(X⊳
−1) (# +,61#5 #%2",3 F&(5".  !"

01,,1B(&@ 2"#%,5 !1,-#.

(#$#))*$+ ,-&-' 6, X ,"-)--! %&$ ./(#(*0 12*+(%(2* '*+ (, ℓ(X⊳
−1) (! (*%$0/'7-$5

%&$* %&$ *'%"/'- )-%/'%(2* FX
(! !%'*+'/+3

H&'" +@+(& B" 2"0"2 5!" 2"+-"2 51 #"'5(1& :.;.I 012 5!" 72110.

J"2" (# + 7,+& 10 5!" 2"#5 10 5!" 7+7"2. /& #"'5(1& :.?4 B" 721*" 5!"12"6 <<. /&

#"'5(1& :.I4 B" 721*" 5!"12"6 <?. /& #"'5(1& :.:4 B" '167+2" 5!"12"6# << +&-

<? 5!21%@! "K+67,"#. L(&+,,3 (& #"'5(1& :.;4 B" 721*" #16" 0+'5# #5+5"- B(5!1%5

72110 (& 5!" (&521-%'5(1&4 &+6",3 ,"66+ :.<.<4 '121,,+23 :.<.?4 + '1&#"$%"&'" 10

5!" +##%675(1& H(γ) +&- #16" (&"$%+,(5("# (&*1,*(&@ 5!" $%+&5(5("# αn, γn4 δn

+&- ηn.

 !" #$%&'(%)* %&+,*&-*

 !"!# $%&'()*+(,%& %- . /%01)&,&/ '12*1&+1

M" '1&#52%'5 + @1*"2&(&@ #"$%"&'" B(5! *+,%"# (& 5!" #5+&-+2- #(67,"K 1& #A
*"25('"#.

.#/*/0#1 2 8$% H 7$ %&$ &9.$/.-'*$ (* R
A
+$)*$+ 79

H = {x = (xa)a∈A ∈ R
A :

∑

a∈A

xa = 1}.

DN



 !" S #! "$! %&'()!* &+ H ,!-+!, #.

S := (R+)A ∩ H =

{

x ∈ (R+)A :
∑

a∈A

xa = 1

}

.

/+ 0"$!1 201,%3 S = Conv(EA) &% "$! 40+5!* !+5!)0((! 06 "$! 47+0+&47) #7%&%
EA = (Ea)a∈A 06 R

A
8

 !" λ ,!+0"! "$!  !#!%9:! '!7%:1! 0+ H 7+, µ = (1S/λ(S))λ "$! :+&601' ,&%;

"1&#:"&0+ 0+ S8

 !"#"$!% & <01 7+. (10#7#&)&". p 0+ A3 )!"

G(p) =
(

p(a)
)

a∈A
=

∑

a∈A

p(a) Ea, G(p) ∈ S.

<01 a &+ A3 ,!+0"! #. fa(·, p) "$! 7=+! '7( 610' H "0 H 2$&4$ %!+,% Ea 0+

G(p) 7+, )!"% &+571&7+" Eb 601 !5!1. b &+ A3 b 6= a8  !"

Sa(p) = fa(S, p) = Conv
(

{G(p)} ∪ EA \ {Ea}
)

.

 !"#$% &#'()%*%+#, -+./0! %". +,%.$($.%*%+#, #1 p(a) 2./#34

'())# *+,+- <01 7+. a &+ A3 det(fa(·, p)) = p(a)8 >$!1!601!3 601 7+. '!7%:1;
7#)! B ⊂ S3

λ[fa(B, p)] = λ[B] p(a).

/+ (71"&4:)71 λ(Sa(p)) = λ(S) p(a)3 $!+4! µ(Sa(p)) = p(a)8

5. ,#3 &"*$*&%.$+6. Sa(p)4

7- &#,8.,%+#,9 1#$ .8.$- r > 09 3. !.% r/0 = ∞9 *,0 0/0 = 04

'())# *+,+,  !" p #! 7 (10#7#&)&". 0+ A3 a &+ A3 "$!+

Sa(p) =

{

x = (xa)a∈A ∈ S :
xa

p(a)
= min

b∈A

xb

p(b)

}

=

{

x ∈ S : ∀b ∈ A,
xa

p(a)
≤ xb

p(b)

}

.

.!/!00#/1 *+,+2 S &% "$! :+&0+ 06 "$! %&'()&4!% Sa(p)3 2&"$ a &+ A 7+, "$7"3 &6

a 6= b3 "$! %&'()&4!% Sa(p) 7+, Sb(p) '!!" 0+). 7" "$!&1 #0:+,71.8

:$##1; +%<! * !%$*+="% &#$#//*$- #1 %". /.''*! >4?4@ *,0 >4?4?4

AA



 !""#$  !"" Σa(p) #$% &'($#)$!*+ ,'+%- .'*/% Σa(p) ', ! /0*1%2 30"4%+&0* !*+
/0*#!'*, #$% 30'*#, G(p) !*+ Eb 50& %1%&4 b 6= a6 Sa(p) ⊂ Σa(p)-

7, &%(!&+, #$% 0#$%& '*/"8,'0*6 "%# x = (xa)a∈A '* Σa(p)- 9$%* xa/p(a) ', :*'#%6
!*+

x =
xa

p(a)
G(p) +

∑

b6=a

(

xb − p(b)
xa

p(a)

)

Eb.

;&0< #$% +%:*'#'0* 05 Σa(p)6 xb/p(b) > xa/p(a) 50& %1%&4 b 6= a6 $%*/% 0*% $!,
xb − p(b)xa/p(a) > 0 50& %1%&4 b 6= a- ;8&#$%&<0&%6

xa

p(a)
+

∑

b6=a

(

xb − p(b)
xa

p(a)

)

=
xa

p(a)
+

∑

b∈A

(

xb − p(b)
xa

p(a)

)

=
∑

b∈A

xb = 1,

$%*/% x ', '*+%%+ ! =!&4/%*#%& 05 #$% 30'*#, G(p) !*+ Eb 50& b 6= a- 9$', /0*/"8+%,
#$% 3&005- ¤

>*% ?*0@, #$!# #$% ,'<3"'/%, (Sa(p))a∈A /01%& S !*+ '*#%&,%/# 0*"4 0* ! ,%# 05

<%!,8&% A%&0- B%*/%6 50& !"<0,# %1%&4 s '* S6 #$%&% %2',#, ! 8*'C8% a '* A ,8/$

#$!# s ∈ Sa(p)- >8& *%2# +%:*'#'0* +%!", @'#$ #$% #'% /!,%,-

 !"#$%$&# '( %&' "()* +(, #"! +-- + .".+- "!,*!&(/ "# A$ %"! *0*!1 s &( S +(,

*0*!1 2!"3+3&-&.1 p "( A 4&.5 #6-- 7622"!.8 ,*9(*

g(s, p) = min{a ∈ A : s ∈ Sa(p)}.

DE



 !"#$% &'() f(·, p) *+, g(·, p)

 !""# $%&%$  !" U #!$%"! & '&$#%( )&'*&+,! -$*.%'(,/ #*0"'*+-"!# %$ S1 23!$
"3! #*0"'*+-"*%$ %. g(U, p) *0 p1

-+,%%,. #/ 01 +%"2!"!32% %4%+05. {g(U, p) = a} = {U ∈ Sa(p)}. 6%+7%
P[g(U, p) = a] = µ(Sa(p)) = p(a).

86% 91221:!+" 2%;;* !5 1#$ ;*!+ 0112 01 71+50$#70 "14%$+!+" 5%<#%+7%5'

 !""# $%&%'  !" X +! & '&$#%( )&'*&+,! 4*"3 #*0"'*+-"*%$ p %$ A1  !" W +! &

'&$#%( )&'*&+,! 4*"3 -$*.%'( #*0"'*+-"*%$ %$ S &$# *$#!5!$#!$" %. X1 6$"'%#-7!

U = fX(W, p) =
∑

a∈A

fa(W, p)1{X=a}.

23!$ U *0 -$*.%'(,/ #*0"'*+-"!# %$ S &$# X = g(U, p) &,(%0" 0-'!,/1

=>



 !""#$  !"#$ U ∈ fX(S, p) = SX(p)% X = g(U, p) &'()*+ *,-$'./ 0$ ")1 2-)3$

+4&+ U !* ,"!5)-('. 6!*+-!7,+$6 )" S/

84$ *$+* Sa(p) 5)- a !" A #)3$- S &"6 +4$!- 2&!-1!*$ !"+$-*$#+!)"* &-$ "$9'!9!7'$

5)- λ/ :$"#$% 5)- $3$-. ;)-$' *,7*$+ B )5 S%

P[U ∈ B] =
∑

a∈A

P[X = a ; fa(W, p) ∈ B] =
∑

a∈A

P[X = a] · P[W ∈ fa(·, p)−1(B)]

=
∑

a∈A

p(a)
λ
(

fa(·, p)−1(B) ∩ S
)

λ(S)
=

∑

a∈A

λ
(

B ∩ Sa

)

λ(S)
=

λ(B)

λ(S)
= µ(B),

14$-$ +4$ *$#)"6 $<,&'!+. *+$(* 5-)( +4$ !"6$2$"6$"#$ )5 X &"6 W &"6 +4$

5),-+4 $<,&'!+. *+$(* 5-)( '$((& =/>/?/ 84!* #)"#',6$* +4$ 2-))5/ ¤

 !"!" #$$%& '()*+ (, -.% %&&(&

@" +4!* *$#+!)" 1$ *+,6. +4$ 6$2$"6$"#$ )5 +4$ -&"6)( 3&-!&7'$ g(U, p) 1!+4

-$*2$#+ +) p/ 84$ 5)'')1!"9 -$*,'+ 1!'' 7$ ,*$6 +1!#$/

 !"#"$%&%"' ()*)+ ,-##.! /"0'1 "2 &3. .!!"!4 %&' U (& ) !)*+", -)!.)(/&

0*.#"!,/1 +.2'!.(0'&+ "* S$ %&' p )*+ q (& '3" 4!"()(./.'.&2 "* A$ 56&*7

P[g(U, p) 6= g(U, q)] ≤ 2 ‖p − q‖.

8* '6& 24&9.)/ 9)2& #A = 27

P[g(U, p) 6= g(U, q)] = ‖p − q‖.

5.67!8 * 56& (&''&! !&20/' 36&* #A = 2 .2 '6& !&)2"* 361 '6&"!&, :: .*-"/-&2

3&);&! 614"'6&2&2 "* (δn)n .* '6.2 9)2&$

AB



 !"#$% &'() *+,-#./.!+0 +1 P[g(U, p) 6= g(U, q)]' 23% "$%4 /$%/ 53+65 .3% s ∈ S
5#73 .3/. g(s, p) 6= g(s, q)'

 !""# "# $!"$"%&'&"( )*+*,* 855#,% 6!.3+#. 9+55 +1 "%0%$/9!.4 .3/. U !5 7+0:

5.$#7.%; 1$+, !'!';' $/0;+, </$!/=9%5 (εa)a∈A %>-+0%0.!/994 ;!5.$!=#.%; 6!.3 -/:

$/,%.%$ 1? /5 1+99+65'  +$ %<%$4 a !0 A?

Ua =
εa

∑

b∈A εb

.

23% %<%0. {g(U, p) 6= g(U, q)} ;%-%0;5 +0 (εa)a? /5 1+99+65' @4 ;%A0!.!+0 +1 g? #-
.+ 0%"9!"!=9% %<%0.5?

{g(U, p) = g(U, q)} =
⋃

a∈A

Ca, 6!.3 Ca = {U ∈ Sa(p) ∩ Sa(q)}.

BC



 !"#$%"&'"%( )*+,% -'" %.%"/ a ∈ A( P[Ca] = 0 *- p(a) > 0 '" q(a) > 0( 0+1 )*+,%
µ(Ca ∩ Cb) = 0 -'" a 6= b( '+% 2%#)

P[g(U, p) = g(U, q)] =
∑

a∈A

P[Ca]1{p(a)>0, q(a)>0}.

 '" %.%"/ a ∈ A )!,$ #$0# p(a) > 0 0+1 q(a) > 0( 3%&&0 45656 2*.%)

Ca =

{

εa

p(a)
= min

b

εb

p(b)
;

εa

q(a)
= min

b

εb

q(b)

}

=

{

εa ≤ min
b

(

p(a)
εb

p(b)
, q(a)

εb

q(b)

)

}

,

$%+,%

Ca =
⋂

b6=a

{

εb > λb/aεa

}

, λb/a = max
( p(b)

p(a)
,

q(b)

q(a)

)

.

7'+1*#*'+*+2 '+ εa 0+1 !)*+2 #$0# #$% "0+1'& .0"*083%) (εb)b6=a 0"% *5*515( %9:';

+%+#*033/ 1*)#"*8!#%1 0+1 *+1%:%+1%+# '- εa( '+% 2%#)

P

[

Ca

∣

∣ εa

]

= P

[

⋂

b6=a

{

εb > λb/aεa

}

∣

∣

∣
εa

]

=
∏

b6=a

exp
(

−λb/aεa

)

,

$%+,%

P

[

Ca

]

= E

(

exp

(

−
(

∑

b6=a

λb/a

)

εa

))

=
1

1 +
∑

b6=a λb/a

.

<$%"%-'"%

P[g(U, p) = g(U, q)] =
∑

a∈A

P [Ca]1{p(a)>0, q(a)>0} =
∑

a∈A

1{p(a)>0, q(a)>0}
1 +

∑

b6=a λb/a

.

<$*) 30)# %9:"%))*'+ *) +'# )' %0)/ #' ,'&:!#% 8%,0!)% %0,$ λb/a *) 1%=+%1 0) 0

&09*&!&5 >'?%.%"(

∑

a∈A

1{p(a)>0}
1 +

∑

b 6=a p(b)/p(a)
=

∑

a∈A

p(a)1{p(a)>0}
p(a) +

∑

b6=a p(b)
=

∑

a

p(a) = 1.

@!8#"0,#*+2 #$% %9:"%))*'+ -'" P[g(U, p) = g(U, q)] #' #$*)( '+% 2%#)

P[g(U, p) 6= g(U, q)] =
∑

a∈A

1{p(a)>0}
1 +

∑

b6=a p(b)/p(a)
−

∑

a∈A

1{p(a)>0, q(a)>0}
1 +

∑

b6=a λb/a

.

7'&*+2 80,A #' #$% 1%=+*#*'+ '- λb/a 0+1 !)*+2 )*&:3% 032%8"0*, &0+*:!30#*'+)(

'+% 2%#) -'" 0+/ a ∈ A )!,$ #$0# p(a) > 0 0+1 q(a) > 0(

1

1 +
∑

b6=a p(b)/p(a)
− 1

1 +
∑

b6=a λb/a

=

∑

b 6=a

(

λb/a − p(b)/p(a)
)

(

1 +
∑

b6=a p(b)/p(a)
)(

1 +
∑

b 6=a λb/a

)

= p(a)
r(a)

q(a) + r(a)
,

B6



 !"#"

r(a) =
∑

b

[q(b)p(a) − p(b)q(a)]+ .

$%#&!"#'(#") *(# +,- a ∈ A .%/! &!+& p(a) > 0 +,0 q(a) = 0 (," 1"&.

1

1 +
∑

b6=a p(b)/p(a)
= p(a) = p(a)

r(a)

q(a) + r(a)
.

2%''3,1 (, "4"#- a) (," 1"&. 5,+66-

P[g(U, p) 6= g(U, q)] =
∑

a∈A

p(a)
r(a)

q(a) + r(a)
,

7* A = {a, a′} +,0) *(# "8+'96") q(a) < p(a)) &!", r(a) = p(a)−q(a) +,0 r(a′) = 0)
!",/"

P[g(U, p) 6= g(U, q)] = r(a) = p(a) − q(a) = ‖p − q‖.
7, &!" 1","#+6 /+.") ,(&" &!+&

q(a) + r(a) > q(a) +
∑

b

(q(b)p(a) − p(b)q(a)) = p(a),

!",/"

P[g(U, p) 6= g(U, q)] 6
∑

a∈A

r(a) =
∑

a∈A

∑

b6=a

[p(a)q(b) − q(a)p(b)]+

6
∑

a∈A

∑

b 6=a

p(a)
[

[q(b) − p(b)]+ + p(b) [p(a) − q(a)]+

]

,

 !"#" &!" 6+.& 3,":%+63&- .&"'. *#(' &!" *+/& &!+& (u + v)+ 6 (u)+ + (v)+ *(#

"4"#- u +,0 v; $3,+66-) &!" 6+.& 0(%<6" .%' 3. +& '(.& 2‖p − q‖)  !3/! ",0. &!"
9#((* 3, &!" 1","#+6 /+."; ¤

="/+66 &!+& 3* p +,0 q +#" & (  !"# 9#(<+<363&3". (, A) &!", *(# "4"#- #+,0('
4+#3+<6". Zp +,0 Zq  3&! 6+ . p +,0 q 0"5,"0 (, &!" .+'" 9#(<+<363&- .9+/")

P[Zp 6= Zq] ≥ ‖p − q‖.

>(,4"#."6-) + .&+,0+#0 /(,.&#%/&3(, 3, /(%963,1 &!"(#- 9#(430". #+,0(' 4+#3+<6".

Zp +,0 Zq  3&! 6+ . p +,0 q .%/! &!+& P[Zp 6= Zq] = ‖p − q‖.
?!" 3,&"#".& (* 9#(9(.3&3(, @;A;B 3. &( 9#(430" + 16(<+6 /(%963,1 (* $%% 9#(<+<36C

3&3". (, A; D," /+,  (,0"#  !"&!"# &!" /(,.&+,& 2 3, &!3. 9#(9(.3&3(, /+, <"
3'9#(4"0; D%# ,"8& #".%6& E,(& %."0 3, &!" .":%"6F .!( . &!+& &!" /(,.&+,& 2 3.
(9&3'+6 *(# &!" /(%963,1 (g(U, p))p) +,0 &!+& 3& 3. ,(& 9(..3<6" &( 0( '%/! <"&&"#

 3&! +,- (&!"# 16(<+6 /(%963,1;

GH



 !"#"$%&%"' ()*)+ ,-#&%./0%&1 "2 &34 5##4! 6"5'7 "2 &34 4!!"!8

 ! #A > 3" #$% &'()#*(# 2 +( #$% +(%,-*.+#/ P[g(U, p) 6= g(U, q)] 6 2‖p − q‖ '!

01'0')+#+'( 23435 +) '0#+6*.3

7-1#$%16'1%" +! (Zp)p +) * !*6+./ '! 1*(8'6 9*1+*:.%) +(8%;%8 :/ 01':*:+.+#+%) '(

A" <$%1% %*&$ Zp !'..'<) #$% .*< p" #$%( #$%1% %;+)# #<' 01':*:+.+#+%) p 6= q )-&$

#$*#

P[Zp 6= Zq] > 2(1 − 1/#A)‖p − q‖.

=1''!3  !" #$%& '($& )* &!" '$)')%+&+), *)--).% *$)/ &!" "0'-+1+& "0(/'-" .!"$"

{a, b, c} ⊂ A2 p(a) = q(a) = 1 − ε (,3 p(b) = q(c) = ε +, &!" -+/+& ε → 04

5% $"6($3% &!" %"1),3 '($&2 -"& N = #A (,3 *)$ "7"$8 a +, A2 -"& Za
3",)&" &!"

$(,3)/ 7($+(9-" )* (Zp)p .+&! :,+*)$/ 3+%&$+9:&+), ), A \ {a}4 ;!))%" a0 ∈ A2
(,3 1),%+3"$ &!" $(,3)/ %"& D )* &!" "-"/",&% a )* A %:1! &!(& Za = Za0

4 <)$

"7"$8 a, b ∈ A2
1[Za 6=Zb] ≥ 1[a∈D,b/∈D] + 1[a/∈D,b∈D].

=8 %://+,6 )7"$ a, b ∈ A (,3 98 &(>+,6 "0'"1&(&+),%2 )," 6"&%

∑

a,b

P[Za 6= Zb] ≥ E
[

2#D(N − #D)
]

.

?* 1):$%" a0 ∈ D2 (,3 Za0 /∈ D2 %+,1" Za 6= a (-/)%& %:$"-8 *)$ "7"$8 a4  !:%
1 6 #D 6 N − 14 @",1"2

∑

a,b

P[Za 6= Zb] > 2(N − 1).

 !"$" ($" (& /)%& N(N − 1) ,),A"$) &"$/% +, &!" %:/ (9)7"2 !",1" &!"$" "0+%&

a 6= b %:1! &!(&
P[Za 6= Zb] > 2/N.

B+,1" ‖pa−pb‖ = 1/(N −1)2 &!+% 8+"-3% P[Za 6= Zb] > 2(1−1/N)‖pa−pb‖2 .!+1!
",3% &!" '$))*4 ¤

 !"!# $%&&' &' ()* %*+,-( ./() 012/0,0 /34,*35*+

C" ,). '$)7" DD4 E"& W = (Wn)n∈Z 9" (, +4+434 %"F:",1" )* $(,3)/ 7($+(9-"%2

:,+*)$/-8 3+%&$+9:&"3 ), S2 +,3"'",3",& )* &!" '$)1"%% X4 5''-8+,6 &!" 1),G
%&$:1&+), )* 6)7"$,+,6 %"F:",1"% +, %"1&+), H4I4D2 ." +,&$)3:1"2 *)$ "7"$8 n +,

Z2

Un = fXn
(Wn, Pn−1) .+&! Pn−1 = p(·|X⊳

n−1).

E"& n ∈ Z4  !(,>% &) &!" %&(&+),($+&8 )* &!" '$)1"%% X (,3 &) &!" +,3"'",3",1"

)* X (,3 W 2 Pn +% &!" 1),3+&+),(- -(. )* Xn+1 6+7", FX,W
n 4 B+,1" Wn+1 +%

+,3"'",3",& )* FX,W
n (,3 Xn+12 -"//( H4I4J 8+"-3% &!(&

KH



 ! Un+1 "# "$%&'&$%&$( )* FX,W
n + ,$% (-&.&*).& )* FX,U

n +

/! Un+1 "# 0$"*).123 %"#(."40(&% )$ S+

5! Xn+1 = g(Un+1, Pn) ,21)#( #0.&23!

6). &7&.3 T "$ Z+ 8& $)8 %&9$& , '.):&## XT
8-":- "# , *0$:(")$ )* (Un)n>T+1

"$ #0:- , 8,3 (-,( XT
,''.);"1,(&# X 8-&$ T → −∞!

<&( XT
n = a0 *). n 6 T 8"(- a0 ∈ A 9;&%+ ,$% ,##01& (-,( XT

n "# %&9$&% 0' ()

("1& n > T ! =&9$&

XT
n+1 = g(Un+1, P

T
n ) 8-&.& P T

n = p(·|(XT )⊳
n ).

>.)')#"(")$ ?!/!@ "1'2"&# (-,( *). n > T +

P
[

Xn+1 6= XT
n+1 | FX,U

n

]

= P
[

g(Un+1, Pn) 6= g(Un+1, P
T
n ) | FX,U

n

]

≤ 2‖Pn − P T
n ‖,

4&:,0#& Pn ,$% P T
n ,.& 1&,#0.,42& *). FX,U

n ,$% Un+1 "# "$%&'&$%&$( )* FX,U
n !

6). n "$ Z+ 2&( LT
n :)0$( (-& $014&. )* :)$#&:0("7& ("1&# 4&*).& n #0:- (-,( XT

,$% X :)"$:"%&+ (-,( "#+

LT
n = max{k > 0 : XT

n−k+1:n = Xn−k+1:n}.

A$ (-& &7&$( {LT
n = ℓ}+ (-& #&B0&$:&# X⊳

n ,$% (XT )⊳
n :)"$:"%& )$ (-&". 2,#( ℓ

(&.1#! C&$:&+ )$ (-& &7&$( {LT
n = ℓ}+

‖Pn − P T
n ‖ 6 sup

{

‖p(·|xz) − p(·|yz)‖ ; x ∈ A⊳, y ∈ A⊳, z ∈ Aℓ
}

= δℓ.

A$& D&(#

P
[

Xn+1 6= XT
n+1 | FX,U

n

]

6 2δLT
n
.

E-& &$% )* )0. '.))* *)22)8# (-& 1&(-)% "$ F/GH :)$#"%&. , Z
+
I7,20&% J,.K)7

:-,"$+ Z = (Zn)n>0 #(,.("$D *.)1 Z0 = 0+ 8"(- (.,$#"(")$ '.)4,4"2"("&#

pi,i+1 = 1 − 2δi, pi,0 = 2δi, *). &7&.3 i ≥ 0.

6). ,$3 n > T + "( -,''&$# (-,( LT
n %)1"$,(&# #():-,#(":,223 Zn−T + "$ (-& #&$#&

)* (-& *)22)8"$D 2&11,!

 !""# $%&%'  !" #$#"% k > 0 &'( n > T ) P[LT
n > k] > P[Zn−T > k]*

+"!!, !, -#..& /*0*1* E-& .&#02( "# )47")0# *). n = T #"$:& Z0 = 0! L##01& (-,(

(-& .&#02( -)2%# *). n > T ! E-&$+

P[LT
n+1 > k + 1] = P[LT

n > k, Xn+1 = XT
n+1]

= E
[

1{LT
n >k}P[Xn+1 = XT

n+1 | FX,U
n ]

]

> E
[

1{LT
n >k}(1 − 2δLT

n
)
]

.

MN



 !"#$ (δi)i !% "&"'!"#($)%!"* )"+ %!"#$ 2δi < 1 ,&( $-$(. i/ 01$ %$23$"#$ !"+$4$+
5. i &, *$"$()6 0$(7 1{i>k}(1 − 2δi) !% "&"'+$#($)%!"*8 9. !"+3#0!&"/ &"$ &50)!"%

P[LT
n+1 > k + 1] > E

[

1{Zn−T >k}(1 − 2δZn−T
)
]

= P[Zn−T > k, Zn−T+1 = Zn−T + 1]

= P[Zn−T+1 > k + 1],

:1!#1 $"+% 01$ ($#3(($"#$ &-$( n > T )"+ 01$ ;(&&, &, 01$ 6$77)8 ¤

<%!"* 01!% 0& $%0!7)0$ P[LT
n = 0]/ &"$ *$0%

P
[

XT
n 6= Xn

]

= P[LT
n = 0] 6 P[Zn−T = 0].

=$0 µ 5$ 01$ 7$)%3($ +$>"$+ &" Z
+
5.

ν(k) =
k

∏

n=0

(1 − 2δn),

,&( $-$(. k ≥ 08 01$ 1.;&01$%!% &, 01$&($7 ?? $"%3($ 01)0 µ 1)% !">"!0$ 7)%%8

@,

∏+∞
n=0(1 − 2δn) = 0/ 01$" µ !% !"-)(!)"0 )"+ 01$ %0)0$ 0 !% ($#3($"08 930 01$

#1)!" Z !% !(($+3#!56$ %!"#$ 01$ 1.;&01$%!% &, 01$&($7 ?? ,&(#$% 01$ ;&%!0!-!0. &,

01$ ;(&5)5!6!0!$% (1 − 2δn)8 A$"#$ Z !% "366 ($#3(($"08

@,

∏+∞
n=0(1 − 2δn) > 0/ 01$" Z !% 0()"%!$"0 %!"#$ ,&( $-$(. i/ 01$ ;(&5)5!6!0. &,

"$-$( ($03("!"* 0& i ,(&7 i !%
∏+∞

n=i(1 − 2δn) > 08 @" 5&01 #)%$%

P
[

XT
n 6= Xn

]

→ 0 :1$" T → −∞.

@" &01$( :&(+%/ XT
n #&"-$(*$% !" ;(&5)5!6!0. 0& Xn :1$" T → −∞/ !" ;)(0!#36)(

Xn !% 7$)%3()56$ ,&( FU
n / :1!#1 ;(&-$% 01)0 U *$"$()0$ X8 <%!"* 6$77) B8?8?

&"$ *$0% 01)0 01$ >60()0!&" FX
!% !77$(%$+ !" FU

/ 01$($,&($ FX
!% %0)"+)(+8

C1!% $"+% 01$ ;(&&, &, 01$&($7 ??8

 !" #$%&'(% )*+,%*-%.

C1!% %$#0!&" !% +$-&0$+ 0& 01$ ;(&&, &, 01$&($7 ?D8

 !"!# $%&'&() *+'',

E$#)66 01)0 01$ *&-$("!"* %$23$"#$ U :!01 -)63$% !" S )"+ 5)%$+ &" 6$77) B8D8F

!% +$>"$+ 5.

Un = fXn
(Wn, Pn−1) :1$($ Pn−1 = p(·|X⊳

n−1),

GH



 !"#" W = (Wn)n∈Z $% & %"'(")*" +, $-$-.- #&).+/ 0&#$&12"% ()$,+#/ +) S3
$)."4").")5 +, X- 6"*&22 &2%+ 5!&53 ,#+/ 2"//& 7-8-93 Xn = g(Un, Pn−1) &2/+%5
%(#"2: ,+# "0"#: n ≥ 0-

;"5 ℓ > 0- ;"5 (% %!+ 5!&5  $5! 4#+1&1$2$5: *2+%" 5+ 13 ,+# "&*! x $) Aℓ
3 X1:ℓ = x

&% %++) &% U1:ℓ ∈ Bx  !"#" Bx $% & /"&%(#&12" %(1%"5 +, Sℓ
 $5! µ</"&%(#"

$)."4").")5 +, x-

6"*&22 5!&5 X %&5$%="% 5!" 4#$/$)> *+).$5$+) $, ,+# "0"#: a $) A3 p(a|X⊳
−1) > 0

&2/+%5 %(#"2:-

 !""# $%&%' ()*+"+,- .!""#/  !" ℓ > 0# $% X &!'()!* "+! ,'(-(./ 01.2(3

"(1.4 "+!. %1' !&!'5 ε ∈]0, 1[4 "+!'! !6(*" 7 '!78 .9-:!' βℓ > 0 7.2 7 0188!0"(1.

(Bx)x∈Aℓ 1% ;1'!8 *!"* 1% Sℓ
*90+ "+7" %1' !&!'5 x ∈ Aℓ

4

µ⊗ℓ[Bx] = βℓ &). P
[

X1:ℓ = x | U1:ℓ ∈ Bx

]

≥ 1 − ε.

<+!'!%1'! (% Y (* 7 '7.21- &7'(7:8! &789!2 (. Aℓ
(.2!,!.2!." 1% (Xn, Un)n∈Z4

P[U1:ℓ ∈ BY ] = βℓ &). P
[

X1:ℓ = Y | U1:ℓ ∈ BY

]

≥ 1 − ε.

='11%# ?+# "0"#: n ∈ Z3 2"5 Pn = p(·|X⊳
n )- @!&)A% 5+ 5!" %5&5$+)&#$5: +, 5!"

4#+*"%% X3 Pn $% 5!" *+).$5$+)&2 2& +, Xn+1 >$0") FX
n &). 5!" 4#$/$)> *+).$5$+)

")%(#"% 5!&5 5!" %(44+#5 +, Pn $% A &2/+%5 %(#"2:-

;"5 ε ∈]0, 1[ &). ℓ > 0- ?+# &): =B". x ∈ Aℓ
2"5 (% *+)%5#(*5 1: $).(*5$+) C+#"2

%"5% Bx
1 , ..., Bx

ℓ +, S  $5! 4+%$5$0" /"&%(#" %(*! 5!&5 ,+# "0"#: m ∈ {1, ..., ℓ}3

P(Cm) ≥
(

1 − ε

ℓ

)

µ(Bx
m) P(Cm−1) > 0,

 !"#" C0 = Ω &). ,+# "0"#: m ∈ {1, ..., ℓ}3

Cm =
{

X1:m = x1:m ; U1:m ∈ Bx
1 × ... × Bx

m

}

.

;"5 m ∈ {1, ..., ℓ}- D%%(/" 5!&5 Bx
1 , ..., Bx

m−1 &#" *+)%5#(*5". 0"#$,:$)> 5!" $).(*<

5$+) !:4+5!"%$%- E$)*" P[Cm−1] > 0, +)" >"5%3 5!&)A% 5+ 5!" 4#$/$)> *+).$5$+)3

P
[

Pm−1(xm) = 0
∣

∣ Cm−1

]

= 0.

@!"#",+#" +)" *&) *!++%" & #"&2 )(/1"# q ∈]0, 1] %(*! 5!&5

P
[

Pm−1(xm) ≤ q
∣

∣ Cm−1

]

<
ε

ℓ
.

FG



 !" Um = (Um,1, ..., Um,N)#  $%&! Xm = g(Um, Pm−1) '()*+" +,-!(./ *%! 0!"+ ,1

"* %!0($0$2(! !3!%"+/

{Xm = xm} ⊃ {Xm = xm ; Pm−1(xm) > q}
=

{

g(Um, Pm−1) = xm ; Pm−1(xm) > q
}

=

{

Um,xm

Pm−1(xm)
= min

k∈A

Um,k

Pm−1(k)
; Pm−1(xm) > q

}

⊃
{

Um,xm

q
≤ min

k 6=xm

Um,k ; Pm−1(xm) > q

}

.

 !"

Bx
m =

{

(y1, ..., yN) ∈ S ;
yxm

q
≤ min

k 6=xm

yk

}

.

45!% µ(Bx
m) > 0 '%6

{

Xm = xm ; Um ∈ Bx
m

}

⊃
{

Um ∈ Bx
m ; Pm−1(xm) > q

}

.

 $%&!

Cm = {Xm = xm ; Um ∈ Bx
m} ∩ Cm−1,

"5! $%6!1!%6!%&! *7 Um '%6 FX,U
m−1 '%6 "5! &5*$&! *7 q .$!(6

P[Cm] ≥ P
[

Um ∈ Bx
m ; Pm−1(xm) > q ; Cm−1

]

= µ(Bx
m)P

[

Pm−1(xm) > q ; Cm−1

]

≥ µ(Bx
m)

(

1 − ε

ℓ

)

P[Cm−1].

45!-!7*-! P[Cm] > 0#

8. -!6,&$%0 "5! 8*-!( +!" Bx
ℓ '" "5! ('+" +"!1 *7 "5! $%6,&"$*%/ *%! &'% )'9! "5!

)!'+,-! µ⊗ℓ[Bx
1 × ... × Bx

ℓ ] $%6!1!%6!%" *7 x ∈ Aℓ
# :!%*"! 2. βℓ "5$+ )!'+,-!/

"5!% +!" Bx = Bx
1 × ... × Bx

ℓ # ;%! 0!"+

P
[

X1:ℓ = x
∣

∣U1:ℓ ∈ Bx

]

=
P
[

X1:ℓ = x ; U1:ℓ ∈ Bx

]

P
[

U1:ℓ ∈ Bx

] .

8. $%6!1!%6!%&!/

P[X1:ℓ = x, U1:ℓ ∈ Bx] >

ℓ
∏

k=1

µ(Bx
k )

(

1 − ε

ℓ

)

, '%6 P[U1:ℓ ∈ Bx] =
ℓ

∏

k=1

µ(Bx
k ),

5!%&!

P[X1:ℓ = x | U1:ℓ ∈ Bx] >

(

1 − ε

ℓ

)ℓ

≥ 1 − ε,

<5$&5 !%6+ "5! 1-**7# ¤

==



 !"!# $%%&'()*+,)'- .-,)/ + 0)12- ,)*2

 !""#$ ε > 0 %&' ℓ > 1 #()! *!%*
∑

n>ℓ ηn 6 ε+ ,$* J = [s, t] -$ %& .&*$/0%, "1
.&*$2$/# #()! *!%* t − s + 1 = ℓ3

4!$&+ ,$* Y -$ % /%&'"5 0%/.%-,$ *%6.&2 0%,($# .& Aℓ
+ .&'$7$&'$&* "1 (Xn, Un)n∈Z

%&' '.#*/.-(*$' ,.6$ XJ 3

8$55% 93:3; 7/"0.'$# % /$%, &(5-$/ βℓ %&' <"/$, #$*# (Bx)x∈Aℓ + #()! *!%*

P
[

XJ = Y
∣

∣ UJ ∈ BY

]

≥ 1 − ε %&' P
[

UJ ∈ BY

]

= βℓ.

=#.&2 Y %&' *!$ 2"0$/&.&2 #$>($&)$ (Un)n≥t+1+ ,$* (# )"&#*/()* /%&'"5 0%/.%-,$#

(X ′
n)n≥s -? *%6.&2 X ′

J = Y %&' 1"/ $0$/? n > t

X ′
n = g(Un, P

′
n−1) @!$/$ P ′

n−1 = p(·|X ′
s:n−1).

4!$ /%&'"5 0%/.%-,$ Y .# (#$1(, .& *!$ 7/""1 "1 "(/ 1",,"@.&2 /$#(,*3

 !""# $%&%'  !" #$#"% n ≥ s& '(# )*+ !, X ′
s:n -. '(# )*+ !, Xs:n/

0"!!,/ A"/ $0$/? n ≥ t + 1+ y ∈ An−s
%&' %,, x ∈ A+

P
[

X ′
n = x

∣

∣ X ′
s:n−1 = y

]

= p(x|y) = P
[

Xn = x
∣

∣ Xs:n−1 = y
]

.

B.&)$ *!$ ,%@ "1 X ′
J = Y .# *!$ #%5$ %# *!$ ,%@ "1 XJ + *!$ /$#(,* 1",,"@# -?

.&'()*."&3 ¤

 !""# $%&%& 12# (*. P
[

X ′ 6= X "& [s, +∞[
∣

∣ UJ ∈ BY

]

≤ 3ε.

0"!!,/ B.&)$ Xn = g(Un, Pn−1) %&' X ′
n = g(Un, P

′
n−1)+ 7/"7"#.*."& 93C3D ?.$,'#

1"/ n > t+

P
[

X ′
n 6= Xn

∣

∣ FX,U
n−1 ∨ σ(Y )

]

≤ 2‖P ′
n−1 − Pn−1‖.

8$*

(⋆) = P
[

X ′
n 6= Xn ; X ′

s:n−1 = Xs:n−1 ; UJ ∈ BY

]

.

B.&)$

{

X ′
s:n−1 = Xs:n−1 ; UJ ∈ BY

}

∈ FX,U
n−1 ∨ σ(Y ),

EF



 !" #"$%

(⋆) ≤ E
[

2‖Pn−1 − P ′
n−1‖ 1{X′

s:n−1=Xs:n−1} 1{UJ∈BY }
]

= 2
∑

y∈Aℓ

z∈An−t−1

E
[

‖p(·|X⊳
s−1yz) − p(·|yz)‖ 1{yz=X′

s:n−1=Xs:n−1} 1{UJ∈By}
]

≤ 2
∑

y,z

E
[

‖p(·|X⊳
s−1yz) − p(·|yz)‖ 1{UJ∈By} 1{yz=X′

s:n−1}
]

,

= 2
∑

y,z

E
[

‖p(·|X⊳
s−1]yz) − p(·|yz)‖

]

µ⊗ℓk(By) P
[

X ′
s:n−1 = yz

]

= 2βℓ

∑

x∈An−s

E
[

‖p(·|X⊳
s−1x) − p(·|x)‖

]

P
[

Xs:n−1 = x
]

= 2βℓηn−s,

&'"(" $'" )*%$ $'("" "+,*$- !% %$". /( . $'" -!0"1"!0"!2"  / X⊳
s−13 UJ 3 Ut+1:n−1

*!0 Y 3 /( . )"..* 45657 *!0 /( . $'" 0"8!-$- !  / ηn5 9"!2"3

P
[

X ′
n 6= Xn ; X ′

s:n−1 = Xs:n−1

∣

∣ UJ ∈ BY

]

≤ 2ηn−s,

$'"("/ ("3

P
[

X ′
s:n = Xs:n | UJ ∈ BY

]

≥ P
[

X ′
s:n−1 = Xs:n−1 | UJ ∈ BY

]

− 2ηn−s.

:; -!0,2$- !3  !" #"$%

P
[

X ′
s:n = Xs:n

∣

∣ UJ ∈ BY

]

≥ P
[

X ′
J = XJ

∣

∣ UJ ∈ BY

]

− 2
n−s
∑

m=ℓ

ηm.

<-!2" X ′
J = Y *!0 P[XJ = Y | UJ ∈ BY ] ≥ 1 − ε3 $'-% ;-")0%

P
[

X ′ = X  ! [s, +∞[
∣

∣ UJ ∈ BY

]

> 1 − ε − 2
∞

∑

m=ℓ

ηm ≥ 1 − 3ε,

&'-2' "!0% $'" 1(  /5 ¤

 !"!" #$%%&''()& *++,-.(/*0(-1' *12 &12 -3 04& +,--3 -3

04& ,&'$50 6(04 *)&,*7& (18$&1%&'

=,( !">$ %$"1 -! $'" 1(  /  / $'" (". ?7 -% $ *11( *2' $'" (*!0 . @*(-*A)" X0

A; ."*%,(*A)" /,!2$- !%  / $'" # @"(!-!# %"+,"!2"5 B $'-% *-.3 &" #( ,1 $'"

-!! @*$- !% A; -!$"(@*)%  / $-."%5 C ( "@"(; m > 0  !" 2'  %"% Lm %,2' $'*$

∑

n≥Lm

ηn ≤ 1/m.

DE



 !" #$%& m' (#))$ *+,+- ./&# 0"1)123 (#))$4 $00(1#5 /! ℓ = Lm $25 ε = 1/m
0"!615#7 $ "#$( 28)9#" βLm

> 0 $25 :!"#( 7#/7 (Bx)x∈ALm !; SLm
<1/& )#$78"#

βLm
78%& /&$/

P
[

X1:Lm
= x | U1:Lm

∈ Bx

]

≥ 1 − 1/m.

=&!!7# $2 12/#3#" Mm ≥ 1/βLm
+ >0(1/ Z

∗
− 12/! M1 12/#"6$(7 !; (#23/& L1' M2

12/#"6$(7 !; (#23/& L2' +++ ?!"# 0"#%17#(@ 7#/' ;!" #6#"@ n ≥ 1'

ℓn = Lm 1; M1 + · · · + Mm−1 < n ≤ M1 + · · · + Mm

$25

εn = 1/m 1; M1 + · · · + Mm−1 < n ≤ M1 + · · · + Mm

A&#"#;!"#' ;!" #6#"@ k ≥ 0 !2# 3#/7

∑

n≥ℓk

ηn ≤ εk.

B/ ($7/' ;!" #6#"@ k ≥ 0' 7#/

tk = −
∑

1≤n≤k

ℓn

/&$/ 17 /! 7$@ t0 = 0 $25 tk = tk−1 − ℓk ;!" k ≥ 1+ C#D2#' ;!" k ≥ 0' /&# 12/#"6$(
!; 12/#3#"7

Jk = [tk, tk + ℓk − 1] = [tk, tk−1 − 1] $25 XJk
= Xtk:tk−1−1.

E-



 !"#$% &'() *+,!--!." Z
∗
− !. !.-%$/0,1 23 -!4%1'

5%- Y = (Yk)k≥1 6% 0 1%7#%.8% 23 $0.924 /0$!06,%1: !.9%+%.9%.- 23 (Xn, Un)n∈Z

0.9 1#8; -;0- 32$ %/%$< k ≥ 1: -;% ,0= 23 Yk !1 -;% ,0= 23 X1:ℓk
'

 2$ %/%$< k ≥ 0: ,%- #1 #1% -;% 82.1-$#8-!2. 23 1%8-!2. &'('>) 1%- Xk
Jk

= Yk: -;%.

32$ %/%$< n ≥ tk + ℓk = tk−1

Xk
n = g(Un, P

k
n−1) =;%$% P k

n−1 = p(·|Xk
tk:n−1).

?;%$%32$% ,%440 &'('( <!%,91 -;% !.%7#0,!-<

P
[

Xtk:0 6= Xk
tk:0

∣

∣ UJk
∈ BYk

]

≤ 3εk,

0.9

P
[

Xk
0 6= X0

∣

∣ UJk
∈ BYk

]

→ 0 =;%. k → +∞.

@>



 !"#!$#" #%&' #$#()

{

UJk
∈ BYk

}

*+ *(,#-#(,#() !. )'# !)'#"+ /*(,##, )'#0 %"#

.1(&)*!(+ !. "%(,!2 $%"*%34#+ Uk .!" ,*+5!*() +#)+ !. *(,*&#+ k6 %(,

∑

k≥1

P
[

UJk
∈ BYk

]

=
∑

k≥1

βℓk
=

+∞
∑

m=1

MmβLm
= +∞

+*(&# MmβLm
> 1 30 &'!*&# !. Mm7

8#22% 97:79; +)%)#, 3#4!<; -"!$*,#+ % ,#)#"2*(*+)*& *(&"#%+*(= .1(&)*!( θ +1&'
)'%)

∑

k≥1

P
[

X
θ(k)
0 6= X0 ; UJθ(k)

∈ BYθ(k)

]

< +∞

%(,

∑

k≥1

P
[

UJθ(k)
∈ BYθ(k)

]

= +∞.

>+*(= ?!"#4@A%()#44*B+ 4#22%; !(# ,#,1&#+ )'%) %42!+) +1"#40;

•
{

X
θ(k)
0 6= X0

}

∩
{

UJθ(k)
∈ BYθ(k)

}

*+ "#%4*C#, .!" % D(*)# (123#" !. k !(40;

•
{

UJθ(k)
∈ BYθ(k)

}

*+ "#%4*C#, .!" %( *(D(*)# (123#" !. k7

E'1+; .!" #$#"0 a ∈ A;

{X0 = a} = lim sup
k→∞

{

UJθ(k)
∈ BYθ(k)

}

∩
{

X
θ(k)
0 = a

}

.

E'#"#.!"#; {X0 = a} 3#4!(=+ )! FU
0 ∨ σ(Y )7 F*(&# )'# +#G1#(&# Y = (Yk)k≥0 *+

*(,#-#(,#() !. FU,X
0 ; !(# =#)+

P
[

X0 = a
∣

∣FU
0

]

= P
[

X0 = a
∣

∣ FU
0 ∨ σ(Y )

]

= 1{X0=a} %7+7,

)'#"#.!"# {X0 = a} ∈ FU
0 7 ?0 +)%)*!(%"*)0 !. )'# -"!&#++ (X,U); !(# =#)+ )'#

*(&41+*!( !. )'# D4)"%)*!( FX
*()! )'# D4)"%)*!( FU

7 E'#"#.!"# 4#22% 97H7H 0*#4,+

)'%) FX
*+ *22#"+#, *( FU

; <'*&' #(,+ )'# -"!!.7 ¤

 !""# $%&%$  !" (an)n>0 #$% (bn)n>0 %!$&"! "'& (&)$%!% *!+)!$,!* &- $&$$!./

#"01! 2!#3 $)4(!2* *),5 "5#" "5! *!20!*

∑

n

bn %01!2.!* #$% *),5 "5#" an ≪ bn6

75!$ "5!2! !80*"* #$ 0$,2!#*0$. -)$,"0&$ θ : N → N *),5 "5#" "5! *!20!*

∑

n

aθ(n)

,&$1!2.!* #$% "5! *!20!*

∑

n

bθ(n) %01!2.!*6

I:



 ! "#$%&'()

 ! "#$% %&'"$(! )& %"*+, %(-& &./-01&% %#()$!2 "#& /+3/!"/2&% /!+ "#& 1$-$"/4

"$(!% (5 (*6 6&%*1"%7

• 8*6 96%" &./-01& :%&'"$(! ;7;7<= $% / '#/$! )$"# -&-(6, (5 3/6$/>1& 1&!2"#

)#$'# 5*1911% "#& #,0("#&%&% (5 "#&(6&- <? >*" !(" "#(%& (5 "#&(6&- <@ !(6

"#&(6&- <<7  "% !/"*6/1 91"6/"$(! $% %"/!+/6+7

• 8*6 %&'(!+ &./-01& :%&'"$(! ;7;7?= $% +&6$3&+ 56(- "#& )&11 A!()! [T, T−1]
"6/!%5(6-/"$(!7  " 06(3$+&% / %"/"$(!/6, 06('&%% )$"# 3/1*&% $! / 9!$"&

%0/'&B )#(%& !/"*6/1 91"6/"$(! $% !(! %"/!+/6+7 C#$% &./-01& +(&% !(" 5*14

911% /!, (5 "#& ")( '(!+$"$(!% (5 "#&(6&- <? :!/-&1, "#& 06$-$!2 '(!+$"$(!

/!+ "#& %*--/>$1$", (5 "#& 2/0%=7

• 8*6 "#$6+ &./-01& :%&'"$(! ;7;7D= $% / %1$2#" /+/0"/"$(! (5 "#& %&'(!+ (!&B

)#&6& "#& 91"6/"$(! (5 "#& 06('&%% $% %"$11 !(! %"/!+/6+ /1"#(*2# "#& 06$-$!2

'(!+$"$(! $% 5*1911&+7

• 8*6 5(*6"# /!+ 1/%" &./-01& :%&'"$(! ;7;7;= $% /!("#&6 /+/0"/"$(! (5 "#&

%&'(!+ &./-01& $! )#$'# "#& 91"6/"$(! $% %"/!+/6+ /1"#(*2# "#& '(!+$"$(!

(5 %*--/>$1$", (5 "#& 2/0% $% !(" 5*1911&+ /!+ "#& 6&1/"&+ '(!+$"$(!/1 06(>4

/>$1$"$&% /6& '1(%& "( "#(%& (5 "#& %&'(!+ &./-01&7

 ! !" #$%&'( )* '+, -./0,% )* )-,1 &- $ %)2

 !"# $%#& '()*+,' +%-."/'# ) #'&&"01 2!'%' -0' +%-.'# #&)0/)%/0'## 3#"01 &!'-4

%'* 567

8'& (Xn)n∈Z 9' ) #&)&"-0)%: +%-;'## &)<"01 .),3'# "0 {0, 1} #3;! &!)&

P[X0 = 0 | FX
−1] =

1

3
+

1

3
1{T  ! "#"$ %& T=−∞} 2!'%' T := sup{k < 0 : Xk = 0}.

 !' '("#&'0;' -= #3;! ) +%-;'## "# '0#3%'/ 9: +%-+-#"&"-0 675> "0 ?@A7 B #"*+,'

;-*+3&)&"-0 1".'#C =-% '.'%: n ≥ 0C

γn =
1

2
, δn =

1

3
, αn =

1

3
, ηn ≤ 1

3
P[T < −n] ≤

(

2

3

)n+1

.

 !'%'=-%' &!"# +%-;'## =3,$,,# &!' !:+-&!'#'# -= &!'-%'* 56 D)0/ "&# ;-%-,,)%: E7576F

93& 0'"&!'% &!-#' -= &!'-%'* 5> 0-% &!-#' -= &!'-%'* 557  !' $,&%)&"-0 FX
"#

#&)0/)%/7

GE



 ! !" #$%&'( )$*+ ,% -$%&'( ./0%0-1

 !" #"$%&' "()*+," -# ) +.%$"## /!%#" 0,1.)1-%& -# &%& #1)&').'2

3"1 X = (Xn)n∈Z )&' C = (Cs)s∈Z 4" 1/% -&'"+"&'"&1 #"56"&$"# %7 -2-2'2 .)&'%*

8).-)4,"# /-1! 6&-7%.* ,)/ %& {−1, 1}2 9"1

Sn = X1 + · · · + Xn -7 n ≥ 0
Sn = −Xn+1 − · · · − X0 -7 n < 0

.

 !"."7%." Sn+1 = Sn + Xn+1 7%. "8".: n ∈ Z2 9"1 CSn
= Yn2  !" #1)1-%&).:

+.%$"## Z '"0&"' 4: Zn = (Xn, Yn) 7%. "8".: n ∈ Z )&' 1);-&< 8),6"# -& A =
{−1, 1}2

-# $),,"' .)&'%* /),; -& .)&'%* #$"&".:2

 !-# +.%$"## -# '".-8"' 7.%* ((Xn+·, CSn+·))n∈Z /!"." Xn+· = (Xn+m)m≤0 -# 1!"

1.)="$1%.: %7 X 6&1-, 1-*" n )&' CSn+· = (CSn+s)s∈Z -# 1!" #$"&".: #""& 7.%* Sn2

>1 -# ")#: 1% +.%8" 1!)1 1!" +.%$"##"# Z )&' (Xn+·, CSn+·)n∈Z <"&".)1" 1!" #)*"

0,1.)1-%&2 >&'""'? <-8"& (Xk, CSk
) 7%. "8".: k ≤ n? %&" ;&%/# 1!" 1.)="$1%.: Xn+·

)&' %&" $)& '"'6$"# 1!" -&$."*"&1# (Sn − Sk)k≤n2 9-&$" 1!%#" -&$."*"&1# 8-#-1

),*%#1 #6.",: "8".: -&1"<".? %&" $)& ."$%8". 1!" #$"&".: #""& 7.%* Sn2

 !" +.%$"## ((Xn+·, CSn+·))n∈Z -# 1!" *%#1 7)*%6# [T, T−1] +.%$"##2 >&'""' 1!"
[T, T−1] 1.)&#7%.*)1-%& -# 1!" )++,-$)1-%& 7.%* {−1, 1}Z

− × {−1, 1}Z
-&1% -1#",7

'"0&"' 4:

[T, T−1]((xn)n≤0, (cs)s∈Z) = ((xn−1)n≤0, (cs−x0)s∈Z).

@&" $!"$;# 1!)1 7%. "8".: n ≤ 0

(Xn+·, CSn+·) = [T, T−1]−n(X, C).

A$$%.'-&< 1% BCDE? 1!" &)16.), 0,1.)1-%& %7 1!" +.%$"## ((Xn+·, CSn+·))n∈Z -# &%&

#1)&').' 1!%6<! -1# )#:*+1%1-$ σF0",' )1 −∞ -# 1.-8-),2  !"."7%." 1!" #)*" !%,'#

7%. 1!" &)16.), 0,1.)1-%& %7 Z2

3"1 n ≥ 02 3"1 6# #16': 1!" +.%4)4-,-1-"# p(a|z) 7%. a ∈ A )&' z ∈ An
2 G%1"

z = (z−n, ..., z−1)? zk = (xk, yk) )&' a = (x0, y0)2

H-.#1? &%1" 1!)1 #%*" %7 1!" "8"&1#

{

Z−n:−1 = z
}

=
{

X−n:−1 = x−n:−1 ; Y−n:−1 = y−n:−1

}

)." -*+%##-4,"2 >&'""'? 4: '"0&-1-%& %7 1!" +.%$"## Y 7%. i < j? Yi = Yj %& 1!"

"8"&1 Xi+1 + · · ·+ Xj = 02 I!"& 1!" "8"&1 {Z−n:−1 = z} -# -*+%##-4,"? %&" #):#
1!)1 z -# &%1 )'*-##-4,"2 G%1" 1!)1 1% $%*+61" ηn? %&" %&,: &""'# 1% $%&#-'".

+.%4)4-,-1-"# p(·|z) )&' p(·|wz) 7%. )'*-##-4," z ∈ An
)&' w ∈ A⊳

2 J"1? wz *):
4" &%&F)'*-##-4," "8"& -7 z )&' w )." )'*-##-4,"2

A##6*" 1!)1 z -# )'*-##-4,"2  !"& P
[

X0 = x0|Z−n:−1 = z
]

= 1/22 >7 7%. #%*"
i ∈ {−n, ...,−1}? xi+1 + · · ·+x0 = 0? 1!"& 1!" $%&'-1-%&# Z−n:−1 = z )&' X0 = x0

KL



 !"#$ %&'% Y0 = yi( )%&*+, -*. %&* /0#0+ Y0  -  12*"*12*1% 03 Z−n:−1 '12 X0(

4&5- 30+ '1$ '2! -- 6#* ,0+2 z ∈ An
.

p(a|z) =

∣

∣

∣

∣

∣

∣

1/2  3 %&*+* *7 -%- i -5/& %&'% xi+1 + · · · + x0 = 0 '12 y0 = yi,
0  3 %&*+* *7 -%- i -5/& %&'% xi+1 + · · · + x0 = 0 '12 y0 6= yi,
1/4 0%&*+, -*(

4&*+*30+* 30+ *8*+$ n ≥ 0. γn = 1 '12 δn = αn = 1/2(

95+%&*+!0+*. 30+ '#!0-% *8*+$ '2! -- 6#* ,0+2 w = (xn, yn)n<0  1 A⊳
. %&*+* *7 -%-

t < 0 -5/& %&'% xt+1 + · · · + x0 = 0 '12 %&* -'!* '+:5!*1% : 8*- %&'%

p(a|w) =
1

2
1{yt=y0}.

90+ 101;'2! -- 6#* w ∈ A⊳
. %&* 8'#5* 03 p(a|w) /'1 6* /&0-*1 '+6 %+'+ #$( <*%

p(a|w) =
1

2
1{yd=y0} ,&*+* d = sup{t ≤ −1 : xt+1 + · · · + x0 = 0}

 3 d  - ,*## 2*=1*2. '12 p(a|w) = 1/4 0%&*+, -*(

> %& %& - /018*1% 01. 01* :*%- %&'%. 30+ '#!0-% '1$ '2! -- 6#* w ∈ A⊳
'12

z = ((x−n, y−n), · · · , (x−1, y−1)) ∈ An
.

|p(a|z) − p(a|wz)| =

∣

∣

∣

∣

0  3 %&*+* *7 -%- t ∈ [−n,−1] -5/& %&'% xt + · · · + x0 = 0
1/4 0%&*+, -*(

4&*+*30+*. 30+ *8*+$ n ≥ 0.

ηn =
1

4

(

P
[

∀i ∈ {−n, ...,−1}, Xi+1 + · · · + X−1 ≥ 0
]

+ P
[

∀i ∈ {−n, ...,−1}, Xi+1 + · · · + X−1 ≤ 0
]

)

=
1

2
P
[

∀i ∈ {−n, ...,−1}, Xi+1 + · · · + X−1 ≥ 0
]

.

)1* -**- %&'% ηn ∼ C/
√

n , %& C ∈ R
+
∗ ( ?*1/* %&* "+0/*-- Z 20*- 10% 35#=## '1$

03 %&* &$"0%&*-*- 03 %&*0+*! @A(

 ! !" #$%&'( )$*+ ,% -$%&'( ./0%0-1 ),23 (,.-0$&,%4.

>* /01-%+5/% ' 8'+ '1% 03 %&* +'120! ,'#B  1 +'120! -/*1*+$ ,& /& 35#=##- %&*

"+ ! 1: /012 % 01 65% ,&0-* 1'%5+'# =#%+'% 01  - 101 -%'12'+2(

CD



 !"#$%&'$ Zn = (Xn, Yn) (# )" #*'$)!" +,+,-, .)/ q ∈]0, 1/2[, 0*$ (ξn)n∈Z 1* (

#*2&*"'* !3 ),),4, %("4!5 6(%)(17*# $(8)"9 6(7&*# )" {−1, 1}: )"4*;*"4*"$ !3 FZ

("4 #&'< $<($ P[ξ0 = 1] = 1 − q, =*>"* ( ;%!'*## (Z ′
n)n∈Z 1?

Z ′
n = (Xn, Ynξn).

@<* ;%!'*## (Z ′
n)n∈Z )# ( %("4!5 A(78 )" %("4!5 #'*"*%? )" A<)'< ($ *('< $)5*:

!"* 5)#%*(4# $<* '!7!% !3 $<* #)$* Yn A)$< ;%!1(1)7)$? q,

@<* ;%!'*##*# Z ′
("4 (Zn, ξn)n∈Z 9*"*%($* $<* #(5* >7$%($)!", B"4**4: $<* %("4!5

6(%)(17*# ξm (##!')($*4 $! $<* $)5*# m < n A<*%* Sm = Sn (%* )"4*;*"4*"$ ("4

$(8* $<* 6(7&* 1 A)$< ;%!1(1)7)$? 1 − q > 1/2: $<*%*3!%* $<* '!7!% Yn )# $<* 5!#$

'!55!" '!7!% (5!"9 $<* '!7!%# Ymξm #**" ($ $<!#* $)5*#, @<*%*3!%*: 3!% (75!#$

*6*%? z ∈ A⊳
("4 a ∈ A: $<* '!%%*#;!"4)"9 '!"4)$)!"(7 ;%!1(1)7)$? p′(a|z) )#

*2&(7 $! q/2 !% $! (1 − q)/2 4*;*"4)"9 !" $<*#* '!7!%#,

C!%*!6*%: 1? )"4*;*"4*"$ *"7(%9*5*"$: FZ
)# )55*%#*4 )"$! FZ,ξ = FZ′

, D)"'*

FZ
)# "!" #$("4(%4: !"* 4*4&'*# $<($ FZ′

)# "!" #$("4(%4 *)$<*%,

E? ( #<!%$ '(7'&7($)!": !"* 9*$# 3!% *6*%? n > 0:

γn =
q

1 − q
, δn =

1 − 2q

4
, αn = 1 − 2q.

D)"'* $<* ;%!1(1)7)$)*# p′(a|z) %*7($*4 $! $<)# ;%!'*## #($)#3? p′(a|z) ≥ q/2: 3!%
*6*%? a ∈ A ("4 z ∈ A⊳

: $<* ;%)5)"9 '!"4)$)!" )# 3&7>77*4, @<* */('$ 6(7&* !3

p′(a|z) 3!% z ∈ An
)# 4)F'&7$ $! '!5;&$*: 1&$ $<* '!%%*#;!"4)"9 9(;# η′

n 6*%)3?

η′
n >

(

1

4
− q

2

)

(

P
[

∀i ∈ {−l, ...,−1}, Xi+1 + · · · + X−1 ≥ 0
]

+ P
[

∀i ∈ {−l, ...,−1}, Xi+1 + · · · + X−1 ≤ 0
]

)

= (1 − 2q)ηn.

@<*%*3!%* 3!% q < 1/2: $<* #*2&*"'* (η′
n)n )# "!$ #&55(17*: $<&# $<* ;%!'*## Z ′

4!*# "!$ 6*%)3? $<* '!"4)$)!" !3 #&55(1)7)$? !3 $<* 9(;#,

 ! ! "#$%&' (#)* +$ ,-$-(-% ,#$%&' ./-$-,0

G* '!"#$%&'$ ("!$<*% 6(%)("$ !3 $<* %("4!5 A(78 )" %("4!5 #'*"*%? )" A<)'< $<*

"($&%(7 >7$%($)!" )# #$("4(%4 (7$<!&9< $<* '!"4)$)!" !3 #&55(1)7)$? !3 $<* 9(;#

!3 $<*!%*5 H- )# "!$ 3&7>77*4,

G* '!"#)4*% ( 6(%)("$ !3 $<* ;%!'*## (Xn, CSn+·)n∈Z )" A<)'< ($ *('< $)5* n $<*
'!7!% ($ 0 !3 $<* #'*"*%? #**" 3%!5 Sn )# '<("9*4 A)$< ;%!1(1)7)$? q ∈]0, 1/2[, .!%
*6*%? g ∈ {−1, 1}Z

: 4*"!$* g ∈ {−1, 1}Z
$<* (;;7)'($)!" 4*>"*4 1?

g(s) = g(s) 3!% s 6= 0 ("4 g(0) = −g(0).

IJ



 !" (Xn, Gn) #! $ %"$"&'($)* +$),'- ./$&( 0&"/ -$12!% &( {−1, 1} × {−1, 1}Z
3

0&"/ ")$(%&"&'( 4)'#$#&1&"&!%

p
(

(x, g), (x′, g′)
)

=

∣

∣

∣

∣

∣

∣

(1 − q)/2 &5 g′ = g(x′ + ·)

q/2 &5 g′ = g(x′ + ·)
.

6/! )$(7'8 0$1, &( )!(!0!7 )$(7'8 %.!(!)* &% "/! 4)'.!%% Z ′′ = (Z ′′
n)n∈Z 7!9(!7

#* Z ′′
n = (Xn, Gn(0)):

6/! .'))!%4'(7&(; 4)'#$#&1&"&!% p′′(a|z) $)! .1'%! "' "/! 4)'#$#&1&"&!% p(a|z): <(=
7!!73

p′′(a|z) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(1 − q)/2 &5 p(a|z) = 1/2

q/2 &5 p(a|z) = 0

1/4 &5 p(a|z) = 1/4

.

6/!)!5')! "/! .'))!%4'(7&(; ;$4% -!)&5*

η′′
n = (1 − 2q)ηn.

6' %/'0 "/$" "/! 91")$"&'( FZ′′

&% %"$(7$)73 '(! .$( 2%! "/! 5'11'0&(; ")&.,>

&(%"!$7 '5 ./$(;&(; "/! .'1') $" 0 '5 "/! %.!(!)* Gn 0&"/ 4)'#$#&1&"* q3 '(! 7)$0%
$" )$(7'8 "/&% .'1') 0&"/ 4)'#$#&1&"* 2q: ?(! (!!7% $ )$(7'8 -$)&$#1! εn "$,&(;

"/! -$12! 1 &5 "/&% 7)$0&(; '..2)% $(7 0 '"/!)0&%!3 $(7 $ )$(7'8 -$)&$#1! κn

;&-&(; "/! .'1') '#"$&(!7 &5 "/! 7)$0&(; '..2)%:

6' .'(%")2." "/!%! )$(7'8 -$)&$#1!%3 .'(%&7!) "0' &(7!4!(7!(" %!@2!(.!% '5 )$(=

7'8 -$)&$#1!% (βn)n∈Z $(7 (Vn)n∈Z3 &(7!4!(7!(" '5 FX,G
%2./ "/$"

• "/! βn $)! &:&:7: A!)('211& -$)&$#1!% '5 4$)$8!"!) (1 − 2q)/(1 − q)3

• "/! Vn $)! &:&:7: $(7 2(&5')8 '( {−1, 1}:

 !"3 5') !-!)* n ∈ Z3

εn = 1 − βn {Gn(0)=Gn−1(Xn)} $(7 κn = Gn(0) {εn=1} + Vn {εn=0}.

 !" 2% %/'0 "/$" "/! )$(7'8 -$)&$#1!% Un = (Xn, εn, κn) .'(%"&"2"! $ ;'-!)(&(;
%!@2!(.! 5') "/! 4)'.!%% Z ′′

: B&-!( Z ′′
n−1 $(7 Un3 '(! 7!72.!% Z ′′

n "/$(,% "' "/!

!@2$1&"&!%

Gn(s) = Gn−1(Xn + s) &5 εn = 0 ') s 6= 0
Gn(0) = κn &5 εn = 1.

CD



 ! "#$%&'( !) *+#*, !+%! Un &( &'-#.#'-#'! )/ !+# σ−0#1- Gn−1 = FX,G,β,V
n−1 %'-  

!"#$%"#% )/ FZ′′,U
n−1 2 3+%',( !) !+# &'-#.#'-#'*# )/ !+# .")*#((#( β4 V %'- (X, G)

)'# 5#!( /)" #6#"7 x ∈ {−1, 1}4

P
[

Xn = x ; Gn = Gn−1(Xn + ·)
∣

∣Gn−1

]

= (1 − q)/2,

P
[

Xn = x ; Gn 6= Gn−1(Xn + ·)
∣

∣Gn−1

]

= q/2.

3+#"#/)"#4 /)" #6#"7 c %'- x &' {−1, 1}4

P[εn = 1 ; κn = c ; Xn = x | Gn−1] = P[εn = 1 ; Gn(0) = c ; Xn = x | Gn−1]
= (1) + (2) + (3),

8&!+

(1) = P
[

βn = 0 ; Gn 6= Gn−1(Xn + ·) ; Gn−1(Xn) = −c ; Xn = x | Gn−1

]

,

(2) = P
[

βn = 0 ; Gn = Gn−1(Xn + ·) ; Gn−1(Xn) = c ; Xn = x | Gn−1

]

,

(3) = P
[

β = 1 ; Gn 6= Gn−1(Xn + ·) ; Gn−1(Xn) = −c ; Xn = x | Gn−1

]

.

9'# 5#!(

(1) =
q

1 − q
× P

[

Gn 6= Gn−1(Xn + ·) ; Gn−1(x) = −c ; Xn = x | Gn−1

]

=
q

2
× q

1 − q
× P

[

Gn−1(x) = −c | Gn−1

]

=
q

2
× q

1 − q
× 1{Gn−1(x)=−c},

(2) =
q

1 − q
× P

[

Gn = Gn−1(Xn + ·) ; Gn−1(x) = c ; Xn = x | Gn−1

]

=
1 − q

2
× q

1 − q
× P

[

Gn−1(x) = c | Gn−1

]

=
q

2
× 1{Gn−1(x)=c},

%'-

(3) =
1 − 2q

1 − q
× P

[

Gn 6= Gn−1(Xn + ·) ; Gn−1(x) = −c ; Xn = x | Gn−1

]

=
q

2
× 1 − 2q

1 − q
× P

[

Gn−1(x) = −c | Gn−1

]

=
q

2
× 1 − 2q

1 − q
× 1{Gn−1(x)=−c}.

::



 !"#$ %&' ()('* c +,- x ., {−1, 1}$

P[εn = 1 ; κn = c ; Xn = x | Gn−1] =
q

2
.

/&'(&)('$ 0* .,-(1(,-(,2( &% βn$ Vn +,- Gn−1$

P
[

εn = 0 ; κn = c ; Xn = x | Gn−1

]

= P
[

βn = 1 ; Gn = Gn−1(Xn + ·) ; Vn = c ; Xn = x|Gn−1

]

=
1 − 2q

1 − q
× 1

2
× 1 − q

2

=
1 − 2q

4
.

 !.# #!&3# 4!+4 4!( '+,-&5 )+'.+06(# Un = (Xn, εn, κn) 2&,#4.4"4( + 7&)(',.,7
#(8"(,2( %&' 4!( 1'&2(## Z ′′

9

:(4 "# #!&3 4!( .,26"#.&, FZ′′

n ⊂ FU
n %&' +,* n ∈ Z$ 4!+4 .# 4& #+*$ 4!+4 4!( #(;

8"(,2( (Uk)k≤n .# #"<2.(,4 4& '(2&)(' 4!( #2(,('* Gn #((, %'&5 Sn9  !( )+'.+06(#

(Xk)k≤n -(4('5.,( 4!( .,2'(5(,4# (Sn −Sk)k≤n +,- %&' ()('* s ∈ Z$ Sn −Sk = s
%&' +, .,=,.4( ,"50(' &% 4.5(# k ≤ n9 >5&,7 4!&#( 4.5(#$ 4!('( .# +, .,=,.4(
,"50(' &% 4.5(# #"2! 4!+4 εk = 19  !( )+6"( &% κk +4 4!( 6+#4 4.5( k ≤ n #"2!
4!+4 Sn − Sk = s +,- εk = 1 .# (8"+6 4& Gn(s)9  !('(%&'( FG ⊂ FU

$ +,- #.,2(

FX ⊂ FU
$ &,( 7(4# FZ′′ ⊂ FU

9 ?.,+66*$ 6(55+ @9A9A *.(6-# 4!+4 FZ′′

.# .55('#(-

., FU
$ 4!('(%&'( 4!( ,+4"'+6 =64'+4.&, &% 4!( 1'&2(## (Z ′′

n)n∈Z .# #4+,-+'-9

 !" #$%%&' %& ()*+,+($- &(./'

 !"!# $%&'()*+,+&- +%./*.+%0 αn, δn, γn )%1 ηn

 ! "#!$% &'(& δn 6 γn )!# %$%#* n ≥ 0+ 2&,#.-(' x +,- y ., A⊳
+,- z ∈ An

9

 !(,$

‖p(·|xz) − p(·|yz)‖ =
∑

a∈A

[

p(a|xz) − p(a|yz)
]

+

=
∑

a∈A

p(a|xz)

(

1 − p(a|yz)

p(a|xz)

)

+

6
∑

a∈A

p(a|xz)γn = γn.

 +B.,7 4!( #"1'(5"5 &)(' x$ y +,- z$ &,( 7(4# δn ≤ γn9

 ! "#!$% &'(& ηn 6 δn )!# %$%#* n ≥ 0+ 2&,#.-(' %&' ()('* z ∈ An
$ 4!( 6+3

Qz &% X⊳
−n−1 2&,-.4.&,+66* &, X−n:−1 = z9  !(,$

p(·|z) =

∫

A⊳

p(·|yz)Qz(dy).

ACC



 !"#$ %&' ()('* x +, A⊳
-,. z +, An

$

‖p(·|z) − p(·|xz)‖ =
∥

∥

∥

∫

y∈A⊳

(

p(·|yz) − p(·|xz)
)

Qz(dy)
∥

∥

∥

6

∫

y∈A⊳

∥

∥p(·|yz) − p(·|xz)
∥

∥Qz(dy)

6 sup
y∈A⊳

∥

∥p(·|yz) − p(·|xz)
∥

∥ 6 δn.

/&' ()('* z +, An
$

∥

∥p(·|z) − p(·|X⊳
−n−1z)

∥

∥ ≤ δn -01&#2 #"'(0*3  -4+,5 2!( (67(89

2-2+&, -,. 2!( -)('-5( &)(' z$ &,( 5(2# ηn 6 δn3

 ! "#!$% &'(& δn 6 αn )!# %$%#* n ≥ 0+ 8&,#+.(' z ∈ An
-,. y, y′ ∈ A⊳

3

 !(,$

‖p(·|yz) − p(·|y′z)‖ =
∑

a∈A

∣

∣p(a|yz) − p(a|y′z)
∣

∣

+

=
∑

a∈A

(

p(a|yz) − min
(

p(a|yz), , p(a|y′z)
)

)

≤ 1 − inf
z∈An

∑

a∈A

inf
{

p(a|yz) : y ∈ A⊳
}

= αn.

 !+# (,.# 2!( 7'&&%3

 !"!# $%&&' &' ()**+  !,!,

:##"1( 2!-2 X +# - 7'&8(## )-0"(. +, - 1(-#"'-;0( #7-8( (E, E) -,. 2!-2 U +#

- 5&)(',+,5 -,. 5(,('-2+,5 7'&8(## &% X3 <(2 n ∈ Z3 =+,8( U 5&)(',# X$ 2!('(
(6+#2# - 1(-#"'-;0( %",82+&, ψn #"8! 2!-2 Xn+1 = ψn(Un+1, X

⊳
n ) >-6+&1 >++??3

<(2 B ∈ E3 @( 2'* 2& (#2+1-2(

ρ = P[Xn+1 ∈ B | FX,U
n ] = P[ψn(Un+1, X

⊳
n ) ∈ B | FX,U

n ].

=+,8( U 5&)(',# X$ Un+1 -,. FX,U
n -'( +,.(7(,.(,2 >-6+&1 >+?? !(,8( ρ +# -

%",82+&, &% X⊳
n &,0*$ 2!-2 +#$

ρ = P[ψ(Un+1, X
⊳
n ) ∈ B | FX

n ] = P[Xn+1 ∈ B | FX
n ].

A(,8( FX
n+1 +# +,.(7(,.(,2 &% FU

n 8&,.+2+&,-00* &, FX
n 3  !+# #!&B# 2!-2 FX

+#

+11('#(. +, FU
3

CDC



 !"!# $%&&' &' (&%&))*%+  !,!-

 !!"#$ %&'% X (! ' )&'(* +(%& #$#,-. ,/ 0'-('12$ 2$*3%& '*4 Y 1$ '* (*4$5$*6

4$*% ),5. ,/ X7  ! p(·|X⊳
−n−1Y−n:−1) = p(·|Y−n:−1). ,* %&$ $0$*% {ℓ(Y ⊳

−1) 6 n}8

‖p(·|X⊳
−n−1Y−n:−1) − p(·|Y−n:−1)‖ 6 1{ℓ(Y ⊳

−1)>n+1}.

9':(*3 $;5$)%'%(,*!8 ,*$ 3$%! ηn 6 P[ℓ(Y ⊳
−1) > n + 1]8 &$*)$

∑

n>0

ηn 6 E[ℓ(Y ⊳
−1)] < +∞.

9&(! $*4! %&$ 5-,,/7

 !"! $%&&' ./*. H(γ) 0%&12345 * 0&52.214 )&64% 7&893 '&%

p(a|x)

<$ !&,+ %&'% H(γ) (#52($! %&$ $;(!%$*)$ ,/ c > 0 !")& %&'% p(a|x) > c /,- $0$-.
x (* A⊳

'*4 a !")& %&'% P[X0 = a] > 07
 !!"#$ %&'% H(γ)8 %&'% (!

+∞
∑

k=0

k
∏

n=0

(1 − γn) = +∞.

9&$-$/,-$8 1 − γ0 > 07 =. 4$>*(%(,* ,/ γ08 /,- $0$-. a ∈ A8 x, y ∈ A⊳
8

p(a|x) ≥ (1 − γ0)p(a|y).

?*%$3-'%(*3 %&(! (*$@"'2(%. +(%& -$!5$)% %, %&$ 2'+ ,/ X⊳
8 ,*$ 3$%!

p(a|x) ≥ (1 − γ0)P[X0 = a].

A(*)$ A (! >*(%$8 %&(! $*4! %&$ 5-,,/7

BCD



 !"#$%& '

())%*% + #&%,-% .% /,%0/,%1 2"3$1

134#0%1

 !"! #$%&'% (% )* +$,+,-./.,0 1!2!1

 !"# $%%!&# '!&()*) +"* (!"(* ,%()$(-!& (Fn)n60 (*%%* +"* F0 *#( *##*&(-*%%*'*&(

#./$)$0%* /!##12* "&* /$)$'.()-#$(-!&3 4$ 5!&#()"5(-!& 26"&* /$)$'.()-#$(-!&

7.&.)$()-5* #* 0$#* #") %* %*''* .%.'*&($-)* #"-8$&(3

 !""! #$%$&  !"# Z $%& '()"(*+& (+,(#!")& ),&++& -& .!%/#"!% -& ),0()#"#"!% F 1
2!$) z ∈ R3 %!#!%4 ∆F (z) = F (z) − F (z−) = P[Z = z]1  !"# φ +5"%'&)4& -& F
/!%#"%$ 6 7($/8& 9 0!$) #!$# u ∈]0, 1]3

φ(u) = inf{z ∈ R ; F (z) > u}.

 !"# V $%& '()"(*+& (+,(#!")& 6 '(+&$)4 -(%4 ]0, 1[3 -& +!" $%".!):& 4$) [0, 1]3
"%-,0&%-(%#& -& Z1 ;% 0!4&

U = (1 − V )F (Z−) + V F (Z) = F (Z−) + V ∆F (Z).

<+!)4 ="> U 4$"# +( +!" $%".!):& 4$) [0, 1] &# =""> φ(U) = Z 0)&4?$& 4@)&:&%#1

9)*"8* 2" %*''* :3;3<3 =*'$)+"!&# (!"( 26$0!)2 +"* /!") (!"( z ∈ R *(

u ∈]0, 1[>

F (z) < u ⇔ z < φ(u)

u 6 F (z) ⇔ φ(u) 6 z

<;?



 ! "! #$#%&' (%" )*%+ '*%' u ∈]0, 1[, F (φ(u)−) 6 u 6 F (φ(u)) "' (%" )*%+ '*%'
z ∈ R "' u ∈]0, 1],

F (z−) < u 6 F (z) ⇒ ∀ε > 0, F (z − ε) < u 6 F (z)

⇒ ∀ε > 0, z − ε < φ(u) 6 z

⇒ φ(u) = z

⇒ u 6 F (z).

-.+ /*!0$(%"!'

F (z−) < u 6 F (z) ⇔
(

z = φ(u) "' F (z−) < u
)

.

-.+ #$1!&'&*! #" U , F (Z−) 6 U 6 F (Z)2 3" )4%0, 0& F (Z−) < F (Z) .4*+0
F (Z−) < U )%&0(%" V > 02  ! . #*!/ )*%+ '*%' u ∈]0, 1[,

{U < u} = {F (Z) < u} ∪
{

F (Z−) < u 6 F (Z) ; V ∆F (Z) < u − F (Z−)
}

= {F (Z) < u} ∪
{

Z = φ(u) ; F (Z−) < u ; V ∆F (Z) < u − F (Z−)
}

= {Z < φ(u)} ∪
{

Z = φ(u) ; F (φ(u)−) < u ; V <
u − F (φ(u)−)

∆F (φ(u))

}

-.+ &!#$)"!#.!/" #" Z "' V , *! . #*!/

P[U < u] = F (φ(u)−) + ∆F (φ(u)) 1{F (φ(u)−)<u}
u − F (φ(u)−)

∆F (φ(u))

= F (φ(u)−) + 1{F (φ(u)−)<u}(u − F (φ(u)−))

= u,

)%&0(%" F (φ(u)−) 6 u2  ! . 5*!'+$ 6&78 U 0%&' 4. 4*& %!&9*+5" 0%+ [0, 1]2

-*%+ 5*!'+"+ 6&&7 &!'+*#%&0*!0 4:"!0"5;4"

B = {z ∈ R : ∃ε > 0, F (z − ε) = F (z)}.

<*&"!' z ∈ B "' I 4. /*5)*0.!'" /*!!"=" #" B /*!'"!.!' z2 -.+ #$1!&'&*! #" B,
&4 "=&0'" ε > 0 '"4 (%" F "0' /*!0'.!'" 0%+ [z − ε, z], "' #*!/ ]z − ε, z] ⊂ I2  !
"! #$#%&' (%" 4"0 /*5)*0.!'"0 #" B 0*!' #"0 &!'"+>.44"0 #" 4. 9*+5" ]a, b[ *% ]a, b]
.>"/ −∞ 6 a < b 6 +∞2 ?44"0 0*!' #*!/ "! (%.!'&'$ #$!*5;+.;4"2
@*!'+*!0 (%" F "0' /*!0'.!'" 0%+ /A.(%" /*5)*0.!'" /*!!"="2 <*&' I %!" /*5B
)*0.!'" /*!!"=" #" B, &4 0%C' #" 5*!'+"+ (%" )*%+ '*%' c ∈ I, F "0' /*!0'.!'"

0%+ I∩] −∞, c]2 <*&' c ∈ I, "' m = inf{z ∈ R : F (z) = F (c)}2 D4*+0 ).+ /*!'&B
!%&'$ E #+*&'" #" F , *! . F (m) = F (c), #*!/ F "0' /*!0'.!'" 0%+ [m, c]2  ! !"
)"%' ).0 .>*&+ m ∈ I, 0&!*! /"4. /*!'+"#&+.&' 4. #$1!&'&*! #" m2 F*55" I "0' %!
&!'"+>.44" /*!'"!.!' c, *! . I ⊂]m, +∞[ /" (%& "!'+.G!" (%" F "0' /*!0'.!'" 0%+

I∩] −∞, c]2 3*!/ F "0' /*!0'.!'" 0%+ I2

HIJ



 !"# $!"$% &!'(!)*+$% &!++%,% I -% B. !+ * -!+& P[Z ∈ I] = 0/ 0!''% B +1*

2"1"+ +!'3#% -4+!'3#*35% -% &!'(!)*+$%) &!++%,%). !+ * -!+& P[Z ∈ B] = 0/
6$ &!''% )"# 51478+%'%+$ {Z /∈ B}. !+ * (!"# $!"$ ε > 0. F (Z−ε) < U 6 F (Z).
-1!9 Z − ε < φ(U) 6 Z. !+ !3$:%+$ φ(U) = Z (#%)2"% );#%'%+$/ <% 5%''% =/>/?

%)$ -4'!+$#4/

@!") *55!+) '*:+$%+*+$ A+:# 5* (#%"7% -% 5* (#!(!):$:!+ ?/B/?/  !"# $!"$ n 6 0.
!+ )% -!++% Zn "+% 7*#:*35% *54*$!:#% #4%55% 2": %+C%+-#% Fn/ D":$$% E C#!)):#

51%)(*&% (Ω,A, P) !+ (%"$ )% -!++%# "+% )":$% (Vn)n60 -% 7*#:*35%) *54*$!:#%)

:/:/-/ -% 5!: "+:F!#'% )"# [0, 1]. :+-4(%+-*+$% -% F0/ G+ +!$% Fn 5* F!+&$:!+ -%

#4(*#$:$:!+ &!+-:$:!++%55% -% Zn )*&H*+$ Fn−1 %$ !+ (!)%

Un = (1 − Vn)Fn(Zn−) + VnFn(Zn).

I1*(#8) 5% 5%''% =/>/? !+ )*:$ 2"% J:K 5* 5!: -% Un )*&H*+$ Fn−1 %)$ "+:F!#'% )"#

[0, 1] %$ J::K Zn = φn(Un) (#%)2"% );#%'%+$. !9 φn %)$ 51:+7%#)% &!+$:+" E C*"&H%

-% Fn/

I% J:K !+ -4-":$ 2"% Un %)$ :+-4(%+-*+$% -% Fn−1 %$ -% 5!: "+:F!#'% )"# [0, 1]/
I% (5") (!"# $!"$ z ∈ R. !+ -4-":$ -% J::K 2"%
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P[A | FU
n ] = 1BP[C | FU
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K!--& F−1 ⊂ F0D "( &>",#& $%& ;!%?#"!% 0!).("&%%& ϕ : R → R #&((& +$&
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