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Abstract

ODAY, requirements of customers concerning product they would like to purchase, such

as quality, reliability, robustness, innovativeness and cost are more and more tight and

high. Thus, product designer must ensure that the designed product meets fully the

requirements of customers and users as well. In other words, satisfaction of these plays an

important role in the context of design product-process.

The research work presented in my thesis is a complete answer for management of

geometrical variations throughout the product life cycle. In fact, the geometrical deviation

model introduced in my thesis allows to model geometrical deviations generated from the

manufacturing to assembly stage of the product life cycle. Monte-Carlo simulation method is

then used to generate an image of the real manufactured product. As a result, the

geometrical deviations are integrated into simulation of product performance in order to

establish the relationship between the performance and the parameters of geometrical

deviations or variation sources. An image of the real performance of the manufactured

product is generated by using the result of geometrical deviations simulation. From the

result of performance simulation, the parameters of variation sources influencing the

product performance are identified and classified according to their impact level. The

variance of the product performance variation is established by two different approaches

based on the relation between the performance and the parameters of geometrical

deviations or variation sources. Finally, the robust design solution can be found by

minimization of the variance of the product performance variation.

Keywords: Life-cycle Engineering, Geometrical Deviation Model, Performance simulation,

Manufacturing simulation, Geometrical variability management.
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Résumé

UJOURD’HUI, les exigences des clients concernant le produit qu’ils achètent, exigence

telles que la qualité, la fiabilité, la robustesse, l’innovation et le coût sont de plus en

plus elevées. Le concepteur du produit doit s’assurer que le produit conçu satisfait aux

exigences des clients et des utilisateurs. En d’autres mots, la satisfaction de ceux-ci joue un

rôle important dans la conception du produit et du process.

Le travail de recherche présenté dans ce mémoire de thèse est une réponse complète pour

la gestion des variations géométriques durant le cycle de vie du produit. Le modèle de

déviations géométriques du produit exposé dans ce mémoire permet de modéliser les

déviations géométriques générées de l’étape de fabrication à l’étape d’assemblage de son

cycle de vie. La méthode de simulation Monte-Carlo est utilisée pour générer une image des

produits fabriqués. A partir de ces résultats, les déviations géométriques sont intégrées dans

la simulation de performance du produit afin d’établir la relation entre la performance et les

paramètres des sources de variation. Une image de la performance réelle du produit

fabriqué est générée par l’utilisation des résultats de la simulation des déviations

géométriques. A partir des résultats de la simulation de performance, les paramètres des

sources de variation influençant la performance du produit sont identifiés et classifiés par

rapport au leur niveau d’impact. La variance de la variation de la performance est établie par

deux approches différentes s’appuyant sur la relation entre la performance et les

paramètres. Finalement, la solution de robuste de conception peut-être déterminée par

minimisation de la variance de la performance du produit.

Mots clés : Cycle de vie du produit, Modèle des déviations géométriques, Simulation de

performance, Simulation de fabrication, Gestion de variabilité géométrique.
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Chapter 1

INTRODUCTION

T ODAY, the requirements of customers concerning the product they buy are

more and more tight and high. Thus, satisfaction of these such as quality,

reliability, robustness, innovativeness and cost plays an important role in the con-

text of global and competitive economy. Due to the development of information

technology, computers are becoming a useful and effective tool to support engi-

neering activities in product design and manufacturing. Product designers usually

create a numerical model of the product with a CAD software and then use this

model to perform engineering simulation. However, the product model created in

this environment is a nominal representation of the product and thus does not deal

with variations generated along the product life cycle.

In fact, the product must pass through many stages of its life cycle before arriving

in the hand of the customer and of the users. Each part making up the product is

manufactured from raw material by the manufacturing processes (forging, cutting,

grinding, etc.) and geometrical deviations are generated and accumulated over

the successive set-up of the multistage manufacturing process. These deviations

result from the imperfections of material, tooling and machine. The manufactured

parts, with deviations, are then assembled at assembly stage. The deviations of

the surfaces of the parts affect the assemblability and are accumulated on the final
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Chapter 1. Introduction

product. The product geometry is, therefore, different from the nominal one at the

end of the manufacturing and assembly stages and obviously its performances will

also vary. Finally, the real product is different from the one we promised to the

customer, and it is not obvious that it will satisfy him. The question is then how to

manage this performance variability in order to reduce it and at least ensure that

it is compatible with the customer satisfaction.

The current product modelling technology cannot deal with these deviations. Most

of the simulations to predict the behaviour of the product (kinematics, dynamics,

resistance, fluid flow, etc.) and to evaluate its performances are carried out based

on the nominal model of the product. The result of designed product performance

simulation can be considered as nominal and consequently different from the real

one. The risk is then that the designed product does not fully meet the require-

ments of the customers and users. The main issue for the designer is then: Does

the “real” product satisfy the customers’ requirements from the point of view of

product performance?. Thus, the management of geometrical variations through-

out the product life cycle is an important issue in product-process design and con-

current engineering and requires to consider the following questions:

• How to model the geometrical deviations generated throughout the product

life cycle?

• How to manage causes and consequences of these deviations at design stage?

• How to give the feedback about the effects of the geometrical deviations to the

various actors of the product life cycle?

The research works for the thesis have been done within G-SCOP laboratory. This

thesis contributes to develop a unified model for modelling the geometrical devi-

ations generated and accumulated at manufacturing and assembly stage of the

product life cycle. This model is based on the research works developed in the In-

tegrated Design team, including the model of manufactured part (MMP) proposed

11
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by Villeneuve and Vignat [VLL01, VV05a, VV05b, VV07] and the Product Model

for Life-Cycle developed by Brissaud and Tichkiewitch [TV97, TB99, TB00, BT01].

The method applied for this research was first to work on case studies and mainly

the design of a centrifugal pump. Based on this case study, I proposed and tested

methods and tools to model deviation all along the product life cycle, integrate

these deviations in product performance simulation and identify key deviation

sources. The next step was to generalise the proposed methods and tools to define

the global methodology for integration of geometrical deviations from manufactur-

ing and assembly stage in product performance simulation and identification of

key deviation sources. I then applied parts of the global method to test example for

the purpose of comparison of the obtained results with the theoretical purpose and

thus verification of the validity of the proposed tools.

Many researches to model the geometrical deviations generated and accumulated

by the manufacturing/assembly processes have been done. They will be presented

in chapter 2. However, these models are not consistent with all stages of the prod-

uct life cycle. Thus the work presented in this thesis focuses on proposing a method

that is able to model the geometrical deviations generated throughout the product

life cycle and to integrate these into the simulation of the product performance.

The overview of the method is described in figure 1.1. It is separated in two dis-

tinct branches. The first one consists in the generation of the geometrical deviation

model (GDM) by simulation of manufacturing and assembly stage of the product

life cycle. This model is based on the concept of small displacement torsor proposed

by Bourdet [Bou87]. It includes the MMP1 proposed by Vignat et al. [VV07] for

modelling the geometrical deviations generated by manufacturing processes and

the MAP2 based on the GDM for part and mechanism proposed by Ballot et al.

[BB97, BB00] and Thiébaut [Thi01]. Then geometrical deviations of a population

of products are produced by using the Monte-Carlo simulation method. The gener-
1Model of Manufactured Part
2Model of Assembled Part
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Chapter 1. Introduction

Figure 1.1: The overview of method

ation and simulation of GDM are presented in chapter 3.

The second one is a method that allows to integrate these deviations into the prod-

uct performance simulation based on different approaches. Firstly, the relationship

between the product performance and the parameters of the geometrical deviations

is established. Then, the performance of the population of product from Monte-

Carlo simulation is determined in order to verify the compliance of the designed

product with customer’s requirements. This method will be presented in chapter

4. The chapter 5 will present a method that allows to identify and classify the

influence of the geometrical deviation parameters on the product performance. In

13
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Figure 1.2: The nominal model of the centrifugal pump

addition, this method allows to determine the variance of the performance of the

product relative to these parameters. Robust solution can be found from previ-

ous results by minimizing the variance of the product performance. Finally, the

conclusion and the new research axes will be concluded in chapter 6.

To illustrate the methods presented in this thesis, a case study is proposed all

along the dissertation. I used this case study all along my research to develop the

methods and tools that are proposed in this manuscript. The proposed case is a

centrifugal pump (see figure 1.2) with specifications:

• Flowrate: 250m3/h

• Total Head: 100m

• Revolution speed: 2000RPM

• Liquid: Water

• Temperature: 20°C
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Chapter 2

STATE OF ART AND SCIENTIFIC

QUESTIONS

T HE goal of this chapter is to provide a general overview of the academic re-

search around the scientific issues in the thesis. The comprehensive review

of existing methodologies for modelling geometrical deviations of a product gener-

ated and accumulated along manufacturing and assembly processes will be pre-

sented in the first section. Then the general survey of robust design methodology

will be introduced in the second section of this chapter. Their advantages and dis-

advantages among them are discussed in the third section. The research questions

of the thesis are constructed in order to deal with the existences.

2.1 Manufacturing Stage

Many researches work about machining error sources and link between manufac-

turing parameters such as workpiece materials, tooling, machining, cutting speed,

cutting feed, etc., and resulting errors such as surface roughness, surface devia-

tion, surface hardness, etc., have been done. Ramesh et al. [RMP00a, RMP00b]

have studied the effect of cutting force and thermal effect on geometrical deviation
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of the surfaces of the part. Thangavel et al. [TS08] have studied the influence of

turning parameters, such as cutting speed, feed rate, depth of cut and tool nose

radius on the surface roughness. Sahoo et al. [SBR08] have studied the qual-

ity of milled surfaces affected by parameters, such as spindle speed, depth of cut

and feed rate, workpiece materials, etc. They proposed a second order mathemati-

cal models using Response Surface Methodology (RSM) to allow the optimisation of

cutting conditions according to surface quality. Mohanasundararaju et al. [MSA08]

worked on the quality of grinded surfaces and the influence of grinding parameters,

such as wheel speed, work speed, traverse speed, in-feed, dress depth and dressing

lead and developed a mathematical model for surface prediction. Ghasempoor et

al. [GYX07] proposed a geometrical method to model surface finish in grinding.

This model takes into account the stochastic nature of the grinding process and

the kinematics of chip generation. Given the grinding wheel specifications and

cutting conditions, the model can produce the expected surface topography. The

proposed model was evaluated by comparing the predictions with measured sur-

face roughness obtained through grinding experiments. The results showed the

predictions were consistent with the measurements, hence proving the effective-

ness of the model. All these studies are experimental and deal with variations

generated on one surface in one set-up. They have been done for process optimisa-

tion and error compensation. However, it is not a main topic of the related works.

We will only consider models that allow to model geometrical defects generated

and accumulated over successive set-up.

2.1.1 State Space Approach

Many models of dimensional error propagation along multistage machining pro-

cesses are proposed. Many of these models are based on a state space model that

is, firstly, mentioned by Whitney [Whi68]. There are many researches representing

this approach that will be presented in this section, especially Zhou et al. [ZHS03]
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Figure 2.1: Illustration of feature representation [ZHS03]

and Huang et al. [HSY03].

2.1.1.1 Zhou et al. (2003)

Zhou et al. [ZHS03] used a state space model to describe the dimensional varia-

tion propagation of multistage machining processes. When the workpiece passes

through multiple stages, machining errors at each stage are accumulated and

transformed onto the workpiece. Differential motion vector, a concept from the

robotics field, is used in this model as the state vector to represent the geometrical

deviation of the workpiece. The deviation accumulation and transformation are

quantitatively described by the state transition in the state space model.

The workpiece feature is represented by a location vector and a vector that con-

sists of three rotating Euler angles. The part representation is illustrated in figure

2.1.ORXRYRZR is the reference coordinate system (RCS). Plane 1 and Hole 2 are

represented by local coordinate systems (LCSs) that are attached on them, re-

spectively. The position and orientation of Plane 1 can be represented by a vector[
tT1 , ω

T
1

]
. t1 is the location vector that points to the origin of LCS1. ω1 is a vector

containing roll, pitch, and yaw Euler rotating angles between the coordinate sys-

tems LCS1 and RCS. The deviation of a LCS can be represented by a differential

17
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Figure 2.2: Diagram of a multistage machining process [ZHS03]

motion vector XR
n =

 dRn

θRn

.

The deviation of the workpiece before stage k can be represented by a state vector

x(k). It is a stack of differential motion vectors for all key features of the work-

piece. The deviation of the workpiece at stage k results from three sources: the

datum-induced deviation caused in previous stages, the machining inaccuracy at

the current stage, and unmodeled noise. The deviation propagation can be written

in the linear discrete state space format, as shown in equation 2.1.

x(k + 1) = A(k)x(k) +B(k)u(k) + w(k)

y(k) = C(k)x(k) + v(k)
(2.1)

Where A(k)x(k) represents the deviations of previously machined features and the

deviation of newly ones that is only contributed by the datum error, B(k)u(k) repre-

sents the workpiece deviation caused by the relative deviation between the work-

piece and the cutting tool (this deviation is caused by the fixture error and the im-

perfection of the tool path), y(k) is the measurement, w(k) is the unmodeled system

noise, and v(k) is the measurement noise. Thus the accumulation of geometrical

deviation of the workpiece in a multistage machining process can be described by

figure 2.2.

The state vector x(k) is defined as a stack of differential motion vectors correspond-

ing to each feature with respect to RCS. There are three major components in x(k):

• Machining error, which is defined as the deviation of the cutting tool from its

nominal path with respect to Fixture Coordinate System (FCS).

18



Chapter 2. State of Art and Scientific questions 2.1

Figure 2.3: Composition of overall feature deviation [ZHS03]

• Fixturing error, which is caused by the imperfection of the locators.

• Datum error, which is the deviation of FCS with respect to RCS.

The relationships among these coordinate systems and errors are shown in figure

2.3. The geometrical deviations of all features of the manufactured part are de-

scribed by the vector x(N), as a stack of differential motion, at the final stage N of

the multiprocess (see figure 2.2).

2.1.1.2 Huang et al. (2003)

Huang et al. [HSY03] proposed to use a state space model to describe the variation

stack-up in multi-operational machining processes (MMPs). The final product

variation is an accumulation or stack-up of variation from all machining opera-

tions. The error propagation in a machining process with N operations is shown in

figure 2.4.

The main error sources at operation k can be classified as:

• Fixture error efk representing the geometrical inaccuracy of locating elements

• Datum errors edk caused by the imperfection of datum surfaces

• Machine tool errors emk

19
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• Noise w(k) caused by process natural variations.

Figure 2.4: Error propagation in MMPs [HSY03]

Part model: The author assumed that part models need only to describe features

relevant to part deviation. Therefore, they use a revised version of vectorial surface

model developed by Martinsen [Mar93]. In the revised model, a part has n surfaces

related to the error propagation. Those n surfaces include surfaces to be machined,

design datums, machining datums and measurement datums. In a coordinate sys-

tem, the ith surface can be described by its surface orientation ni = [nix, niy, niz]
T ,

location pi = [pix, piy, piz]
T , and size Di = [di1, di2, ..., dim]T . By stacking up ni, pi

and Di, Xi is represented as a vector with the dimension (6 + m), as described in

equation 2.2.

Xi =
[
nTi , p

T
i , D

T
i

]T (2.2)

Thus the part is modelled as a vector by stacking up all surface vectors that are

expressed by equation 2.3.

X =
[
XT

1 , X
T
2 , ..., X

T
n

]T (2.3)

Part deviation: The manufactured part features can differentiate from their ideal

counterparts caused by operational errors and natural process variation. The fea-

ture deviation can be expressed by equation 2.4.

∆Xi =
[
∆nTi ,∆p

T
i ,∆D

T
i

]T (2.4)

Where ∆ni = [∆nix,∆niy,∆niz]
T , ∆pi = [∆pix,∆piy,∆piz]

T , and ∆Di = [∆dix,∆diy,∆diz]
T .

The part deviation is a set of all feature deviations of the part. It is described by
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Figure 2.5: Coordinate systems[HSY03]

equation 2.5.

x =
[
∆XT

1 ,∆X
T
2 , ...,∆X

T
n

]T (2.5)

The intermediate part deviation after operation k can be noted x(k). Part deviation

is mainly caused by setup and machining operations. During each operation, the

part is fixed in a fixture and then cut by the machine tool. Three coordinate systems

are introduced as references to describe the part deviation and operational errors.

They are shown in figure 2.5 including:

• M-Coordinate: the machine tool coordinate (xM , yM , zM), in which the fixture

is located and oriented on the machine table.

• F-Coordinate: the fixture coordinate (xF , yF , zF ), built in the fixture in which

the part is located and oriented.

• P-Coordinate: the part coordinate (x, y, z), in which the part surfaces are rep-

resented.

Figure 2.6: Error propagation [HSY03]
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The authors assume thatX,XF andXM are the part represented in the P-Coordinate,

F-Coordinate and M-Coordinate respectively. The homogeneous transformation is

used to model the part transformation among coordinates through rotation and

translation transformations. The procedure is modelled as transforming the part

from P-Coordinate to F-Coordinate and then from F-Coordinate to M-Coordinate.

The mathematical expression is given by equation 2.6.

 XF

1

 =

 FRP
FTP

0 1


 X

1

 and

 XM

1

 =

 MRF
MTF

0 1


 XF

1

 (2.6)

The figure 2.6 describes how the datum errors, fixture errors, and machine tool

errors cause part deviation for each operation. The error propagation model after

operation k in the multi-operational machining process is expressed by equation

2.7.

x(k) = A(k)x(k − 1) +P RM(k)B(k)xuM(k) + [PRM(k)B(k)MR0
P (k)−B(K)]X0(k)

−PRM(k)B(k)∆MTP (k) + w(k)

(2.7)

Where B(k) is a representation of the process sequence, while A(k) is defined as

A(k) = I − B(k), labeling uncut surfaces at operation k and w(k) is a noise term,

including neglected high order error terms and natural process variation.

2.1.1.3 Other researches

Djurdjanovic and Ni [DN03] proposed procedures for expressing the influence of

errors in fixtures, locating datum features and measurement datum features on

dimensional errors in machining based on the linear state space. These proce-

dures are essential in the derivation of the Stream of Variation model [HS04] of

dimensional machining errors using the CAD/CAPP parameters of the machining

process. This model only considered the fixture errors and locating datum features

on the workpiece and does not take into account machining cutting errors.
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�
Figure 2.7: Equivalent fixture error [WHK05]

Wang et al. [WHK05] formulated the variation propagation model using the pro-

posed equivalent fixture error concept based on the error propagation error model

in MMPs proposed by Huang et al. [HSY03]. With this concept, datum error and

machine tool error are transformed to equivalent fixture locator errors at each op-

eration. The concept of EFE1 is based on the observation that datum and machine

tool errors can generate the same error pattern on machined surfaces as fixture

error. The figure 2.7a shows that the machined surface X3 deviates from the de-

signed position X0
3 due to machine tool errors. The EFE transforms the workpiece

from the nominal position (X0
1 , X

0
2 , X

0
3 , X

0
4 ) to dashed line position shown in 2.7b.

A nominal cutting operation can yield to the same surface deviation as machine

tool error does in 2.7a. In figure 2.7b, the equivalent fixture locator deviation ∆m1

and ∆m2 is determined by the difference between surfaces X0
1 and X1 at locating

point 1 and 2. ∆m3 can be computed by the difference between surfaces X0
2 and X2

at locating point 3. As a result, variation propagation modeling using EFE can be

modelled. The machined surface j in the set-up k is expressed by equation 2.8.

[
XT
j (k) 1

]T
=F H−1

P (k)H−1
d (k)H−1

f (k)H−1
m (k)FHP (k)

[
X0T
j (k) 1

]T (2.8)

Where FHP (k) is a homogeneous transformation matrix that transformsX0
j (k) from

the nominal part coordinate system (PCS0) to the nominal fixture coordinate sys-
1Equivalent Fixture Error
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Figure 2.8: Steps of the derivation of variation propagation model [LZC07]

tem (FCS0); Hd(k) andHf (k) are homogeneous transformation matrices that trans-

form X0
j (k) in FCS0 caused by fixture error and datum error, respectively; Hm(k) is

a homogeneous transformation matrix to represent the transformation of the tool

path from nominal to the real one caused by machine tool error.

Loose et al. [LZC07] established the relationships among fixture error, datum error,

machine geometric error, and the dimensional quality of the product based on the

dimensional variation model proposed by Zhou et al. [ZHS03]. One salient feature

of the proposed technique is that the interactions among different operations with

general fixture layouts are captured systematically through the modeling of setup

errors. This model has a great potential to be applied to fault diagnosis and process

design evaluation for a complex machining process. The steps of the variation

propagation model are shown in figure 2.8. The vector of xk is a collection of quality

deviations of all key features on the product after the kth stage. The deviation of

each feature is represented by a 6 by 1 differential vector. If a feature has not

been generated after the kth stage, the corresponding components of that feature

in xk are set to be zero, and after it has been generated, the zero components are

replaced by nonzero deviations. The detailed procedure explaining each step is

presented below:

• S1: Only the dimensional quality of the datum features will have an influence

on the deviation of the newly generated feature.

• S2: Gather the in-process information on the fixture nominal position and

fixture error U(k).
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• S3: From the q′(k) and the fixture error U(k), find qp(k + 1).

• S4: Calculate the dimensional error for all newly generated features q′i.

• S5: Assemble the deviations of the newly generated features and xk together

(i.e., replace the components corresponding to each ith newly generated fea-

tures in xk by their deviation q′i to obtain the vector xk+1.

Loose et al. [LZZC10] have continued to develop this model to specify and analyse

the workpiece tolerances in terms of GD&T. It is valuable to evaluate a process

since it gives an analytical representation of a design specification defined in the

early design stage as well as the product dimensional quality measured in-line.

Liu et al. [LJ09] used the linear error propagation model proposed by Zhou et al.

[ZHS03] and Huang et al. [HSY03] to establish a form-feature-based quality con-

trol model for MMPs. This model allows to map a relationship between machining

errors of quality attributes and machining process elements. As a result, it is able

to quantify the influences of datum error, fixture error and machine tools on the

quality attributes of the workpiece based on a statistical model. The aim is to pro-

vide an analysis tool for machining error to help operator and manager to improve

the process quality.

2.1.2 Small Displacement Torsor Approach

The concept of small displacement torsor (SDT) is first mentioned by Bourdet

[Bou87] to solve the general problem of fitting of a geometrical surface model to

a set of points (a cloud of points) in three-dimensional metrology. The definition of

SDT will be presented in detail in section 3.1 in chapter 3. This approach is ac-

tively supported by many researchers, especially by a group of scientists in France.

It is used in different research domains classified by Hong et al. [HC02]as below:
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• 3D Tolerance propagation model: [GDTA92], [GPS99], [BB95], [BB98], [TCG96],

[TCG99].

• 3D tolerance transfer techniques: [TCG98], [LVB99], [VLL01].

Moreover, this approach is also used to model geometrical deviations generated and

accumulated by manufacturing processes. The first models of workpiece, set-ups

and machining operations based on SDT is mentioned by Villeneuve et al. [VLL01]

and then they have been developed by many French researchers in GRT2, such as

Tichadou et al. [TLH05] and Vignat et al. [VV07], etc.

2.1.2.1 Villeneuve et al. (2001)

Villeneuve et al. [VLL01] used the concept of small displacement to model the

process. The authors provided a 3D geometrical deviation model of workpiece,

set-ups and machining operations. The geometrical deviation of surface Pi of the

manufactured part by machining operation Mk in set-up Sj is described by the

SDT TP,Pi
, as given in equation 2.9.

TP,Pi
= −TR,P (Sj) + TR,Pi(Sj) (2.9)

Where:

• TR,Pi(Sj) is a SDT modelling the deviation of surface Pi caused by the machin-

ing operation Mk. This torsor depends on the variation of the machining

operation Mk (see figure 2.9):

• TR,Mk(Sj): SDT of a machining operation relative to its nominal position in

set-up j. This torsor is the result of the cinematic variations of the machine

tool.
2Group de Recherche en Tolérancement
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Figure 2.9: SDT of a machining operation (set-up 10) [VLL01]

• TR,Mk(Sj): deviation torsor of the surface Mki relatively to its nominal position

in the machining operation Mk in set-up j. This torsor is the result of the

geometric variations and deformations of the tool.

TR,Pi(Sj) is the positioning torsor of the part modelling the deviation of the work-

piece relative to its nominal position in the set-up Sj. It depends on the quality

of the part-holder and the link between the surface of the workpiece and the part-

holder surface (see figure 2.10):

• TR,H(Sj): global SDT of the part-holder H relatively to its nominal position in

set-up j.

• TH,Hi(Sj): deviation torsor of the surface Hi relatively to its nominal position

on the part-holder in set-up j. This deviation expresses the geometrical vari-

ations of the part-holder.

• THi,Pi(Sj): gap torsor that expresses the characteristics of the interface be-

tween the workpiece and the part-holder at the level of the joint Hi/Pi. In the

context of machining, these joints are organized hierarchically, i.e. the main

support is ensured before the secondary one and so on. The present authors

will hereafter consider that the parts do not interpenetrate at the contacts.

Each fixed component of the torsors is thus considered as nil.
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Figure 2.10: SDT of a part-holder (set-up 10) [VLL01]

2.1.2.2 Vignat et al. (2005)

Vignat et al. [Vig05, VV07] developed a model of manufactured parts (MMP) based

on the SDT for simulating and storing the manufacturing defects in 3D based on

the model of [VLL01]. It collects the deviations generated during a virtual man-

ufacturing process. The defects generated by a machining process are considered

to be the result of two independent phenomena: positioning and machining. The

deviations due to these phenomena are accumulated over the successive set-ups.

The positioning deviation is the deviation of the nominal part relative to the nom-

inal machine while the machining deviation is the deviation of the manufactured

surface relative to the nominal machine. The positioning operation of the part on

the part-holder is realized by a set of hierarchically organized elementary connec-

tions. The deviations of the manufactured surface relative to its nominal position

in MMP are expressed by parameters of a SDT. The MMP will be detailed in section

3.2 in chapter 3.

2.1.2.3 Tichadou et al. (2005)

Tichadou et al. [TLH05, Tic05] proposed a chart representation of the manufactur-

ing process (see figure 2.11). This chart model the successive set-up and for each

set-up the positioning surface and their hierarchy and the machined surfaces. It
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Figure 2.11: Charts of three set-ups [TLH05]

makes it possible to highlight the influential paths. They propose then two anal-

ysis methods. The first one uses a small displacement torsor model. The second

one is based on the use of CAD software in which they model a manufacturing

process with defects. They then virtually measure the realized part and check its

conformity.

The data structure defined in those charts follow the following rules:

• Part-holder surface Hh: the number h indicates the hierarchy of the contacts

(i.e. H1 is the main contact surface and so on).

• Machining operations Mm: m indicates the machining operation sequencing

(M1 is machined first).

• Machining operation surfaces Mmj: j is only a surface number, a different

one for each surface.

2.2 Assembly Stage

A product is made up of parts assembled by the way of connections. Each part has

to pass through the manufacturing stage where geometrical deviations are gener-

ated. Then the product has to pass through assembly stage. Assembly stage of the

product life cycle is an essential stage of its life cycle, and it obviously brings its

share of deviations to the product. Thus it is necessary to manage the dimensional
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and geometrical variations on the final product. Because they influence the quality

of the products when they come to customers and users. Many researches for anal-

ysis of dimensional variation in an assembly process have been done based using

different approaches.

2.2.1 State Transition Model Approach

2.2.1.1 Mantripragada and Whitney (1999)

Mantripragada and Whitney [MW99] propose algorithms to propagate and control

variation in mechanical assemblies using the State Transition Model approach.

It exploits the modeling environment and uses concepts from control theory to

model variation propagation and control during assembly. The assembly process

is modeled as a multistage linear dynamic system. Two types of assemblies are

addressed:

• Type-1: It comprises typical machined or molded parts that have their mating

features fully defined by their respective fabrication process prior to the final

assembly. The variation in the final assembly is determined completely by

the variation contributed by each part in the assembly. The assembly process

merely puts the parts together by joining their predefined mates. The mating

features are almost always defined by the desired function of the assembly,

and the assembly process designer has almost no freedom in selecting mating

features.

• Type-2: The second type of assembly includes aircraft and automotive body

parts that are usually given some or all of their assembly features or relative

locations during the assembly process. Assembling these parts requires plac-

ing them in proximity and then drilling holes or bending regions of parts, as

well as riveting or welding. The locating scheme for these parts must include
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careful consideration of the assembly process itself. Final assembly quality

depends crucially on achieving desired final relative locations of the parts,

something that is by no means assured because at least some of the parts

lack definite mating features that tie them together unambiguously. A dif-

ferent datum flow logic, assembly sequence, etc., will result in quite different

assembly configurations, errors and quality.

The state of an assembly at any assembly station is described by a 6x1 vector X̃(k).

It describes the total deviation in position and orientation of a coordinate frame on

a mating feature on the kth part, measured from its nominal or zero mean location,

expressed in the coordinate frame of the part at the base of the chain. It is given

in equation 2.10.

X̃(k) =

 dpk

dθk

 =



dpxk

dpyk

dpzk

dθxk

dθyk

dθzk


(2.10)

Where dpk is the first order differential error in the Cartesian position of the kth

frame and dθk the corresponding error in orientation.

Then state transition equation is used to express relations between two processes

at kth assembly station:

• Type-1:

X̃(k + 1) = A(k)X̃(k) + F (k)w̃(k) (2.11)

• Type-2:

X̃(k + 1) = A(k)X̃(k) +B(k)Ũ(k) + F (k)w̃(k) (2.12)

Where:
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w̃(k): 6x1 vector describing the variation associated with the part being assembled

at the kth assembly station, expressed in local part coordinates.

F (k): 6x6 matrix that transforms the variation associated with the incoming part

at the kth assembly station from part k’s coordinate frame to the base coordinate

frame of the DFC (Data Flow Chain).

A(k), B(k): identify matrix.

Ũ(k): 6x1 vector describing the property of the absorption zone modelling the con-

tact between fixture and part.

Finally, all dimensional variations from successive assembly station are accumu-

lated into vector X̃(k) at the final assembly station.

2.2.2 Stream of Variation Model Approach

Ceglarek and Shi [CS95]proposed a model of dimensional variation applied to the

sheet metal assembly. They apply their model to the automotive body assembly

with the aim of making diagnosis and reduction of source of dimensional variabil-

ity. Shiu et al. [SCS96] proposed a model of the multi-station assembly process

in order to diagnose the automotive body dimensional faults. This model is based

on the design information from the CAD system and allows a system behaviour

determination based on in-line measurements of the final product. The model is

only applied for the automotive sheet metal assembly.

2.2.2.1 Jin and Shi (1999)

Jin and Shi [JS99] introduced a state space model for dimensional control of sheet

metal assembly processes. According to the authors, the dimensional variation of

sheet metal assembly is caused by fixture error and part variation:
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• Fixture error: the fixture error in station i is represented by equation 2.13.

∆P (i) = (∆xP1(i),∆zP1(i),∆zP2(i))T (2.13)

Where ∆P (i) is the fixture error vector for locator P1 and P2 of station i;

∆xP1(i) and ∆zP1(i) represent the locating errors for 4-way pin P1 in the X

and Z directions respectively; ∆zP2(i) represents the locating error for 2-way

pin P2 in the Z direction.

• Part variation: the part error in station i represented by a vector at a point A

is given by equation 2.14.

∆XA(i) = (∆xA(i),∆zA(i),∆α(i))T (2.14)

Where ∆xA(i), ∆zA(i) are the deviation errors at a point A in the X and Z

directions in the body coordinate system at station ith; ∆α(i) is the part ori-

entation angle error of this part at station i.

A state space model is developed by Jin et al. [JS99] to describe part dimensional

variations during the assembly process. A state variable vector X(i) describing all

assembly part error vectors is represented by equation 2.15.

X(i) =


XA1(i)

...

XAn(i)

 (2.15)

Where i(i = 1, 2, . . . , N) is the index of the assembly station, N is the total number

of assembly stations in the assembly process; n is the total number of parts to be

assembled during the whole assembly process; XA1(i) is the part error vector of

part j expressed in part point A1 in assembly station ith. The state equation at
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station i is expressed by equation 2.16.

X(i) = [I + T (i− 1)]X(i− 1) +B(i)U(i) + V (i) (2.16)

Where T (i − 1) is a part reorientation error vector representing the part reorien-

tation movement occurring when the stack-up variations (up to the previous as-

sembly station i − 1)at locator points of the current station i is reset to zero; V (i)

is the model noise term representing the modeling imperfections; B(i) is a control

matrix; U(i) is the control vector at station i, which is defined as the fixture error

vector for both subassembled parts at station i.

2.2.2.2 Camelio et al. (2003)

Camelio et al. [CHC03] introduced a methodology to evaluate dimensional vari-

ation propagation in a multi-station compliant assembly system based on linear

mechanics and state space representation, as shown in figure 2.12. According to

the authors, the variation sources in compliant assembly result from three sources:

part variation, fixture variation and welding gun variation. The state space model

considering the part variation, fixture variation (N − 2− 1 fixturing principle) and

welding gun variation can be represented by equation 2.17.


X ′(k − 1) = X(k − 1) +M(k).

(
X(k − 1)− Ut3−2−1

)
X(k) = (S(k)− P (k) + I) .X ′(k − 1)− (S(k)− P (k)) .

(
Ug + Ut(N−3)

)
+ U(k)

(2.17)

Where X(k− 1), X(k) are the state vectors representing the dimensional deviation

of the part in the station k−1 and k respectively; X ′(k−1) is a state vector represent-

ing the fixture variation at the re-location process caused by the (3− 2− 1) locating

fixtures Ut3−2−1; Ut(N−3)
is a state vector representing the (N − 3) additional holding

fixture variation; Ug is a state vector representing the welding gun deviation; M(k),

P (k) and S(k) are matrices representing re-location/re-orientation effect, the part
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Figure 2.12: Multi-station assembly modeling methodology [CHC03]

deformation before welding and springback for unit deviations, respectively.

2.2.2.3 Huang et al. (2007)

Huang et al. [HLB+07, HLKC07] proposed a Stream-of-Variation Model (SOVA) for

3D rigid assemblies’ dimensional variation propagation analysis in multi-station

processes. This model is also based on State Space Model approach [JS99]. This

approach is not only applied to the rigid-body assembly in single station assembly

processes but also to multistation assembly processes. The stream of variation in

multistage manufacturing systems (MMS) is illustrated in figure 2.13.

Figure 2.13: An assembly process with N stations [HLKC07]
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The stream of variation in this MMP is characterized by equation 2.18.

X(i) = A(i− 1)X(i− 1) +B(i)P (i) +W (i) i = 1, 2, ..., N (2.18)

Where X(i) = [X1(i), X2(i), .., Xk(i), ..., Xnt(i)]T is a state vector representing the

dimensional deviation of the final part in the station i and X(i− 1) represents the

dimensional deviation of the subassembled part coming from the station i− 1; V (i)

and W (i) are the matrices representing independent noise in the station i; A(i)

and B(i) are transformation matrices between the global coordinate system and

the local coordinate system.

2.2.3 Small Displacement Torsor Approach

2.2.3.1 Ballot et al. (1997, 2000) and Thiebaut (2001)

Ballot et al. [BB97, BB00] introduced a model of geometric deviation for part and

mechanism based on the concept of small displacement torsor [BMLB96]. The

deviation torsor expresses the variation between the nominal surface and the sub-

stitute surface, which is an ideal representation of the real one. This torsor is built

upon two small displacement torsors: the small displacement torsor of the surface

and the torsor of intrinsic feature variation. For example, the deviation torsor be-

tween a substitute S and a nominal N cylinder with a z axis is given in equation

2.19.

TS,N =


αS,N uS,N

βS,N vS,N

IndrzS,N IndtzS,N


(O,xyz)

and TIntrinsic =


0 drS,N .cosθ

0 drS,N .sinθ

0 0


(O,xyz)

(2.19)

They also introduced the gap torsor that represents the gap between two substitute

surfaces from different parts, which are nominally in contact. Finally, the part

torsor is used to describe the part’s displacement within the mechanism in relation

36



Chapter 2. State of Art and Scientific questions 2.2

with geometric errors, gaps and its the nominal position of the part. A part torsor

is associated to each part.

The propagation of deviation from a link i between surface 2 of part B and surface

1 of part A is directly computed from the composition of torsors from one part to

another, as given in equation 2.20.

T
(i)
B/R = TA/R + T1/A − T2/R − T1/2 (2.20)

Where T (i)
B/R and T1/A represent the deviation of part B and part A in the common

reference frame R, respectively; T2/R represents the deviation of the surface 2 of the

part B in the reference frame R; T1/2 represents the deviation of the link between

the surface 1 and surface 2. Moreover, the part B is positioned by n parallel links.

Thus the deviation of part B is calculated by a set of n − 1 equalities, as given in

equation 2.21.

T
(1)
B/R = T

(2)
B/R = ... = T

(i)
B/R = ... = T

(n)
B/R (2.21)

In conclusion, the deviation of part B includes the deviation of part A, the deviation

of the surfaces of the connection and the deviation of the link between the part A

and the part B. All deviations are accumulated over on part B, as expressed in

equation 2.20.

Thiebaut [Thi01] develops a model to allow to analyse the variation of the part in

the assembly based on the concept of small displacement torsor and the research

work of Ballot et al. [BB97, BB00]. The positioning variation of the part relative to

its nominal position in the global coordinate system is expressed by equation 2.22.

D(A/R) = E(A/SA) + T (SA/SB) + E(SA/B) +D(B/R) (2.22)

Where:

D(A/R) is the variation of the position of part A relative to its nominal position in

the global coordinate system R.

37



Chapter 2. State of Art and Scientific questions 2.3

E(A/SA) is the variation of surface SA of the part A relative to its nominal position.

T (SA/SB) is the variation of the link between the surface SA of the part A and the

surface SB of the part B.

E(SA/B) is the variation of surface SB of the part B relative to its nominal position.

D(B/R) is the variation of part B relative to its initial nominal position in the

global coordinate system R.

The linear system of equations is created along all connections between the part A

and B. The positioning variation of the part A is determined by resolution of the

linear system of equations based on the Gauss-Pivot method.

2.3 Robust Design Methodology

The concept of robust design methodology (RDM) evolved during the second half

of the twentieth century. The significant contributions of Taguchi [Tag86], Phadke

[Pha89], Kackar [Kac85], Box and Jones [GJ92] established RDM as a methodology

to improve product and process quality. The fundamental principle in robust design

is mentioned by Taguchi [Tag86]. He summarised the quality loss function by

equation 2.23.

L = k(y −m)2 (2.23)

Where y represents the performance parameter of the system, m represents the

target or the nominal value of y, L represents the quality loss and k is a constant.

Taguchi breaks the design process into three stages:

• System design - involves creating a working prototype

• Parameter design - involves experimenting to find which factors influence

product performance most
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Figure 2.14: A comparison of two types of robust design [CATM96]

• Tolerance design - involves setting tight tolerance limits for the critical factors

and looser tolerance limits for less important factors.

2.3.1 Chen et al. (1996)

Chen et al. [CATM96] defined robust design to be to improve the quality of a

product by minimizing the effects of variation without eliminating its causes. The

authors classified the effect of the variation source on the performance variations

into two general following categories (see figure 2.14):

• Type I: minimizing variations in performance caused by variations in noise

factors (uncontrollable parameters), such as ambient temperature, operating

environment, or other natural phenomena, etc.

• Type II: minimizing variations in performance caused by variations in control

factors (design variables), such as material properties, manufacturing quality

variations, etc.
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They also developed a robust design procedure that integrates the response surface

methodology with a compromise decision support problem in order to overcome the

limitations of Taguchi’s methods. This procedure includes three steps:

• Step 1: Build response surface models to relate each response to all important

control- and noise-factors using the Response Surface Methodology (RSM).

The response surface is established by the design of experiments method and

fitting a response model. This model can be expressed by equation 2.24.

ŷ = f(x, z) (2.24)

Where ŷ is the estimated response and x and z are control and noise variables.

• Step 2: Derive functions for mean and variance of the responses based on the

type of robust design applications. For the Type I, the mean and variance of

the response are described by equations 2.25, respectively.

µŷ = f(x, µz)

σ2
ŷ =

∑n
i=1

(
∂f
∂zi

)2

σ2
zi

(2.25)

For the Type II, the mean and variance of the response are described by equa-

tions 2.26, respectively.

µŷ = f(x)

σ2
ŷ =

∑m
i=1

(
∂f
∂xi

)2

σ2
xi

(2.26)

• Step 3: Use the compromise decision support problem (DSP) to find the robust

design solution.

The response-model approach is used to minimize the variance in equation

2.25 or 2.26 and bring the mean to the target. Because the classical RSM is

restricted to unconstrained searching for a local optimum of a single response

(or the variance of that response) a compromise Decision Support Problem is

introduced to handle multiple aspects of quality and engineering constraints.
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2.3.2 Vlahinos et al. (2003)

Vlahinos et al. [VKDS03] proposed to use probabilistic FEA analysis in order to

identify the effects of material and manufacturing variations on the product per-

formance. The authors then proposed a method that allows to take material and

Figure 2.15: Workflow for Robust Optimization [VKDS03]

manufacturing variations, occurring during the product life cycle, into account for

robust design optimization. The robust design optimization process shown in figure

2.15 has been implemented to evaluate the effect of the bolt stack loading on the

MEA pressure distribution. The effect of variation in the material properties such

as the modulus of elasticity of the bi-polar plates Ebp, the bi-polar plate thickness

tbp, the MEA thickness tmea and the bolt loading F have also been assessed. This

robust optimization workflow includes three different processes: the parametric

deterministic model (PDM), the probabilistic design loop, and the design optimiza-

tion loop.
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2.3.3 Gu et al. (2004)

Gu et al. [GLS04] proposed a new approach for robust design of mechanical sys-

tems. This approach integrates the independent analysis based on axiomatic de-

sign [Suh01] and the traditional robust technique. The sensitivity of the functional

domain Fr to variations in the physical domain Dp is measured by the sensitivity

index S, as expressed by equation 2.27.

S =

∣∣∣∣∆Fr/Fr∆Dp/Dp

∣∣∣∣ =

∣∣∣∣∆Fr/∆DpFr/Dp

∣∣∣∣ ' ∣∣∣∣∂Fr/∂DpFr/Dp

∣∣∣∣ (2.27)

The authors then defined the sensitivity matrix SV by equation 2.28.

Sv = s2
v.D.D

T (2.28)

Where s2
v =

σ2
F

σ2
D

is a ratio between variance of output Fr and variance of input Dp.

The variance of output Fr is defined by equation 2.29.

V (Fr) = σ2
F = V (D.∆Dp) = D.V (∆Dp).DT

= D.σ2
D.D

T
(2.29)

The authors expressed the conditions for a design to be robust being that the sen-

sitivity matrix Sv satisfies the two following requirements:

• Sensitivity matrix Sv has to be a diagonal matrix

• All elements on the main diagonal have to be identical.

This approach is continuously developed by Gang et al. [ZBZG09, ZLB+10] to apply

on nonlinear mechanical systems and the determination of tolerances of mechani-

cal products.
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2.3.4 Other Researches

Since many successful applications in engineering industry are being expanded to

different fields. All the robust design study according to Li et al. [LAB06] can

be classified into two categories: the stochastic approaches and the deterministic

approaches. The stochastic approaches use probabilistic information of the design

variables and the design parameters, such as their mean and variance, to analyse

the system robustness. Parkinson [Par95] proposed to use engineering models to

develop robust design in order to reduce the sensitivity of the design to variation.

This method was used in tolerancing in order to solve the problem of determining

optimum nominal dimensions of manufactured components and improving assem-

bly quality without tightening tolerances. Du et al. [DC00] proposed a statistical

method to allow checking several feasibility modelling techniques for robust op-

timization. Kalsi et al. [KHL01] proposed a technique to reduce the effects of

uncertainty and incorporate flexibility in the design of complex engineering sys-

tems involving multiple decision-makers. Al-Widyan et al. [AWA05] formulated

the robust design problem based on the minimization of a norm of the covariance

matrix. This matrix links the variations in performance functions with the varia-

tions in the design-environment parameters, considering the stochastic nature of

the design-environment parameters.

The deterministic approaches often use the gradient information of the variations

and employ the Euclidean norm method and the condition number method to im-

prove the system robustness. Ting et al. [TL96] determined sensitivity Jacobian

and Rayleigh quotient of the sensitivity Jacobian to measure the robustness of the

system. Zhu et al. [ZT01] presented the theory of the performance sensitivity dis-

tribution in order to find the robust design, i.e. less sensitive to variation sources.

Caro et al. [CBW05] proposed a new robust design method to dimension a mech-

anism and to synthesize its dimensional tolerances. Lu et al. [LL09] proposed

a novel robust design approach to improve system robustness upon variations in
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design variables as well as model uncertainty.

Both are based on a study of impact of source variation on performance varia-

tion. These covariations are expressed by matrix and restricted to geometry versus

geometry. By modelling the manufacturing and assembly process sink of geometri-

cal variations and using the resulting geometrical model in numerical simulations

(structure, fluid, dynamics. . . ), the covariations can be expressed upon non geo-

metrical performances of the product and the robust design methodology can be

applied.

2.4 Conclusion and Scientific Questions

Today, product designers work on a numerical model of the product within a CAx

system. This model only represents nominal product information. Most of the

simulations for predicting the behavior (kinematics, dynamics. . . ) and evaluating

the product quality are carried out on this nominal model. However, according

to Kimura [Kim07] there are many kinds of disturbances in the product life cy-

cle, such as forming and machining errors in manufacturing stage; assembly in-

accuracy in assembly stage and material deterioration, wear, fatigue, corrosion,

temperature, environment and condition of use in product usage stage. These dis-

turbances obviously affect the “real” performance of the designed product. Thus, it

is necessary to take them into account the product design stage.

Some research works exist today in the academic research for each stage of the

product life cycle separately. In the manufacturing stage, there are many ap-

proaches as presented in this chapter and summarised in table 2.1 in order to

model geometrical deviations generated by variation sources from the manufactur-

ing process. In the assembly stage, the geometrical deviations of the final product

are similarly modelled by many approaches, as presented in this chapter and sum-

marised in table 2.2.
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State space approach
Small

displacement
torsor

Zhou et
al.

(2003)

Huang
et al.

(2003)

Wang et
al.

(2005)

Villeneuve
et al.

(2001)

Vignat
et al.

(2005)
Fixture errors Yes Yes Yes Yes Yes
Machining tool

errors Yes Yes Yes Yes Yes

Multioperation Yes Yes Yes Yes Yes

2D/3D 3D 3D 3D 3D 2D and
3D

Table 2.1: The geometrical deviation models in manufacturing stage.

The main principle of the models proposed by Mantripragada and Whitney [MW99],

Jin and Shi [JS99], Huang et al. [HLKC07] and Thiebaut [Thi01] is to model

the variation of the part in each stage along the assembly process. These mod-

els take into account the geometrical deviations of the part but these deviations

are not linked to deviations from the manufacturing stage. They are not linked

to any model proposed by Zhou et al. [ZHS03], Huang et al [HSY03], Wang et al.

[WHK05], Villeneuve et al. [VLL01] and Vignat et al. [Vig05] which model the

variation from the manufacturing stage. Thus, it is necessary to develop a global

model that can cover the whole production stages of the product life cycle.

Moreover, all robust design methodologies as presented in section 2.3 only work for

an accurate model since they need to know the mathematical relationship between

the performance of the product and the variation sources during its life cycle. This

accurate model is difficult to obtain due to complex process (manufacturing and

assembly process), complex dynamics, complex geometrical boundary conditions.

Therefore, it is necessary to integrate the deviation into numerical simulation of

the product performance, and then to establish the relationship between the per-

formance and these deviations.

For these reasons, we need to find out a complete answer for the following scientific

questions:
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• How to model the geometrical deviations of a product corresponding

to all the stage of its life cycle?

• How to integrate geometrical deviations into the product performance

simulation?

• How to manage the causes and consequences of these deviations in

the design stage and identify the variation sources that affect on the

performance of the product?

My thesis focuses on developing a model of geometrical deviations of the product

that has to be consistent with all the stages of the product life cycle and a method

that allows the integration of these deviations into the simulations of the product

performance. We propose several analysis methods in order to classify and identify

the variation sources that influence the performance of the product and to deter-

mine the variance of the product performance variation. As a result, the robust

solution can be found by determining a design solution that minimizes the perfor-

mance variability.

State
transition
approach

State space approach
Small

displacement
torsor

Mantripragada
and Whitney

(1999)

Jin and
Shi

(1999)

Camelio
et al.

(2003)

Huang
et al.

(2007)

Ballot
et al.

(1997)

Thiebaut
(2001)

Fixture
errors No Yes Yes Yes Yes Yes

Part
deviation Yes No Yes Yes Yes Yes

Machining
tool errors N/A N/A N/A N/A N/A N/A

Multistation No Yes Yes Yes N/A Yes
2D/3D N/A 2D 3D 3D 3D 3D

Table 2.2: The geometrical deviation models in assembly stage
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Chapter 3

GDM1 FOR PRODUCT LIFE CYCLE

ENGINEERING

T HE purpose of this chapter is to propose a geometrical deviation model (GDM)

based on the small displacement torsor concept. This model allows to model

geometrical deviations of a product generated and accumulated through manufac-

turing and assembly stage of its life cycle. The Monte-Carlo simulation method is

then used in this chapter to provide a set of products representative of the popula-

tion of the real product by using the proposed GDM. After then, product designers

can measure and verify any geometrical functional requirements on the virtual

products.

3.1 Small Displacement Torsors

The concept of small displacement torsor (SDT) was developed by Bourdet [Bou87],

in order to solve the problem of fitting a model of ideal geometrical surface with a

cloud of points in three-dimensional metrology. This concept is based on the rigid
1GEOMETRICAL DEVIATION MODEL
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Figure 3.1: Displacement of a rigid body

body movements. It has widely been used in software for coordinate measuring ma-

chines to process measured data. It was also used in kinematic simulation software

taking into account geometrical defects and for analysis and transfer of manufac-

turing tolerances [VLL01]. The concept allows to simplify the three-dimensional

problem by linearization of the transformation matrix to express the movement of

a solid.

3.1.1 Definition

The SDT is defined based on the displacement of a point of the rigid body in space.

We consider the displacement of the point M of the rigid body (S) at the instant t1

and t2 represented by points M1 and M2 respectively (see figure 3.1).

The vector
−→
δM =

−−−−→
M1M2 is called the displacement vector of the point M of the rigid

body (S) between the instant t1 and t2. The displacement of the point M in the

global coordinate system R0(O0, X0Y0Z0) is expressed by equation 3.1.

−−−−→
M1M2 =

−−−→
M1O1 +

−−−→
O1O2 +

−−−→
O2M2 (3.1)

Then the displacement
−→
δM in the local reference R1(O1, X1Y1Z1) is calculated by
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relation 3.2.
−→
δM/R1 =

−→
δO/R1 +

−−−→
O2M2/R1 −

−−−→
O1M1/R1 (3.2)

Where
−→
δO is the displacement of the origin of the local coordinate systemR1(O1, X1Y1Z1).

The relation 3.2 can also be expressed by equation 3.3.

−→
δM/R1 =

−→
δO/R1 + (P12 − I)

−−−→
O1M1/R1 (3.3)

Where P12 is a transformation matrix from the local reference R1(O1, X1Y1Z1) to lo-

cal referenceR2(O2, X2Y2Z2). It is a general rotation matrix that can be decomposed

into three rotation matrices around the three axis X1, Y1, Z1 of the local reference

R1. P12 can be obtained by multiplication of the three rotation matrices 3.4.

P12 =


1 0 0

0 cosθ1 −sinθ1

0 sinθ1 cosθ1




cosθ2 0 sinθ2

0 1 0

−sinθ2 0 cosθ2




cosθ3 −sinθ3 0

sinθ3 cosθ3 0

0 0 1

 (3.4)

The result of matrix product can be written by equation 3.5.

P12 =


cosθ2cosθ3 −cosθ2sinθ3 sinθ2

cosθ1sinθ3 + sinθ1sinθ2cosθ3 cosθ1sinθ3 − sinθ1sinθ2sinθ3 −sinθ1cosθ2

sinθ1sinθ3 − cosθ1sinθ2cosθ3 sinθ1cosθ3 + cosθ1sinθ2sinθ3 cosθ1cosθ2


(3.5)

In the case of small displacement, the value of the angles θ1, θ2 and θ3 are very

small. The transformation matrix P12 is thus simplified and written as in equation

3.6.

P12 =


1 −θ3 θ2

θ3 1 −θ1

−θ2 θ1 1

 (3.6)
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The relation 3.3 can then be rewritten as in equation 3.7.

−→
δM/R1 =

−→
δO/R1 +


0 −θ3 θ2

θ3 0 −θ1

−θ2 θ1 0

−−−→O1M1/R1 (3.7)

Finally, the small displacement of the point M of the rigid body (S) between the

instant t1 and t2 is expressed by equation 3.8.

−→
δM/R1 =

−→
δO/R1 +

−→
δθ/R1 ∧

−−−→
O1M1/R1 (3.8)

Where
−→
δθ/R1 =


θ1

θ2

θ3

 is called small rotation vector relative to reference frame

R1.

In conclusion, the small displacement of any point M of the rigid body (S) is deter-

mined by the displacement one point of the solid and a small rotation vector. Thus,

the small displacement of the rigid body (S) is determined by the small displace-

ment torsor T and this torsor is expressed at point M by two vectors, including

rotation vector
−→
δθ/R1 and displacement vector

−→
δM/R1, as shown in equation 3.9.

T =

{
−→
δθ
−→
δM

}
(M,X1Y1Z1)

(3.9)

3.1.2 Torsor Transformations

Each torsor is expressed at a point and in a coordinate system. In order to realise

torsor operations (addition or subtraction), each torsor must be described at the

same point and in the same coordinate system. Thus, it is necessary to transform

the torsor from a point to another point or from a coordinate system to another

coordinate system. The torsor transformations between the local and the global

coordinate system are presented in figure 3.2.
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Figure 3.2: Torsor transformations – Local to Global

A small displacement torsor {T} is defined at a point L by its elements
{
R DL

}
(L,xyz)

in the local coordinate system (L, xyz) and at a point G by
{
R DG

}
in the same

local coordinate system and the relation between two elements is given in equation

3.10. [
RT DT

G

]
= [P ]

[
RT DT

L

]T
(3.10)

Where [P ] is a 6x6 transformation matrix, as given in equation 3.11.

[P ] =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 −∆z ∆y 1 0 0

∆z 0 −∆x 0 1 0

−∆y ∆x 0 0 0 1


(3.11)

Where D = (Dx,Dy,Dz)T = (XL − XG, YL − YG, ZL − ZG)T is a vector from point

G to L in the global coordinate system (G,XY Z). Let the local coordinate system

(L, xyz) be defined by the three unit vectors x = (qxX , qxY , qxZ), y = (qyX , qyY , qyZ)

and z = (qzX , qzY , qzZ) in the global coordinate system (G,XY Z). Thus, the local

coordinate system could be represented by the matrix [Q], as given in equation

3.12.

[Q] =


qxX qyX qzX

qxY qyY qzY

qxZ qyZ qzZ

 (3.12)
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The torsor {T} is a can be expressed in the global coordinate system (G,XY Z) as

shown in equation 3.13.

{T} =

{
RG DG

}
(G,xyz)

=

{
[Q] .RG [Q] .DG

}
(G,XY Z)

(3.13)

3.1.3 Surface Deviation Torsor

From the definition of the small displacement torsor presented in section 3.1.1,

Bourdet et al. [BB95] defined a surface deviation torsor by combining two torsors,

one for the reference elements of the surface and one for the intrinsic character-

istics of the surface. A SDT for a surface describes the deviation of an associated

surface relative to the nominal one. The associated surface is an ideal surface asso-

ciated to the real surface by using a minimum distance criterion such as the least

square. The characteristic variation torsor takes into account the variation of the

intrinsic characteristics of the surface such as the radius of a cylinder or a sphere

or the top angle of a cone. For example, the deviation torsor of a plane (see fig-

ure 3.3) at a point O in the reference frame R(O,XY Z) is expressed by equation

3.14. In this case, the characteristic variation torsor of the plane is null because

the plane does not have intrinsic characteristics.

TPlan =


rx 0

ry 0

0 tz


(O,XY Z)

(3.14)

Where rx and ry are the components of the rotation vector describing the rota-

tional variation of the associated plane relative to the nominal plane around the

X, Y axis. tz is a component of the displacement vector of the point O describing

the translational variation of pointO on the associated plane relative to its nominal

position along Z axis. The plane, in this case, has three invariant characteristics

(i.e. cannot be measured due to the surface class) and the value of these charac-
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Figure 3.3: Deviation torsor of a plane [NVV09]

teristics can be set to 0. The deviation torsors of the usual elementary surfaces are

summarised in table 3.1.

3.1.4 Link Deviation Torsor

A link deviation torsor TLink describes the deviation of the relative position of two

associated surfaces coming from different parts as shown in figure 3.4. A link devi-

ation torsor is associated to each couple of surfaces of a mechanism that builds up a

connection and thus are possibly in contact. The components of the link torsor are

divided into determined component (lr, lt) and undetermined one (Ulr, Ult). The

undetermined components (Ulr, Ult) of the link torsor express the relative degrees

of mobility of the two connected surfaces. In other words, they are the degrees of

freedom of the connection. The link deviation torsors of the usual elementary con-

nections are summarised in table 3.2. For example, the link deviation torsor of the

planar connection (in table 3.2) is expressed by equation 3.15.

TPlane−Plane =


lrx Ultx

lry Ulty

Ulrz ltz


(O,XY Z)

(3.15)

In this case, there are three undetermined components Ulrz, Ultx, Ulty because

the planar connection has three degrees of freedom (one rotation around Z axis,

two translations along X, Y axis).
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Elementary surfaces Deviation torsor

Point

�
O Y 

Z 

X 

TPoint =


0 0
0 0
0 tz


(O,XY Z)

Plane O 
Y 

Z 

X 

TPlan =


rx 0
ry 0
0 tz


(O,XY Z)

Cylinder
O 

Y 

Z 

X 

TCylinder =


rx tx
ry ty
0 0


(O,XY Z)

radius variation ra

Cone

�
O 

Y 

Z 

X 

TCone =


rx tx
ry ty
0 tz


(O,XY Z)

radius variation ra and angle
variation α

Table 3.1: Deviation torsor of elementary surfaces

3.1.5 Part Deviation Torsor

A part deviation torsor TPart is a small displacement torsor associated to each part.

It describes the positioning deviation of a nominal part in the associated assembly

relative to its nominal position in the nominal assembly as shown in figure 3.4.

This part deviation torsor expresses the assembly deviation due to part surfaces’

deviations and links’ deviations among part surfaces. The part torsor expresses

this deviation in the 3D space and thus contains six parameters (three rotations
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Elementary
connection

Coordinate
system Link deviation torsor

Punctual

�
O YX

Z

O YX

Z

O YX

Z

TPunctual =


Ulrx Ultx
Ulry Ulty
Ulrz tz


(O,XY Z)

Plane -Plane
�

O YX

Z

O YX

Z

TPlanar =


lrx Ultx
lry Ulty
Ulrz ltz


(O,XY Z)

Cylinder-
Cylinder

�
O
Y

X

Z
O
Y

X

Z
O
Y

X

Z TCylinder =


lrx ltx
lry lty
Ulrz Ultz


(O,XY Z)

Table 3.2: Link deviation torsors of elementary connections. [Vig05]

and three translations), as given in equation 3.16.

TPart =


rx tx

ry ty

rz tz


(O,XY Z)

(3.16)

3.2 Geometrical Deviation Model

Some models of geometrical deviations generated and accumulated during the

manufacturing and assembly processes already exist and are presented in chap-

ter 2. However, these models are not consistent with the whole production stage

(manufacturing and assembly) of the product life cycle. Thus, it is necessary to de-

velop a model of geometrical deviations covering all processes from manufacturing

stage to assembly stage.
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Figure 3.4: Deviation of associated part and nominal part

3.2.1 Model of Manufactured Part

The geometrical deviation model for the manufacturing stage is based on the model

of manufactured part (MMP) developed by Vignat and Villeneuve [VV07]. It de-

scribes the geometrical deviations generated and accumulated on each surface of

the manufactured part relative to its nominal position. The deviations of surface k

of manufactured part i, manufactured in set-up Sj, relative to its nominal position

can be expressed by equation 3.17.

TP i,P i
k

= −TSj,P i + TSj,P i
k

(3.17)

TSj,P i
k

is a SDT modelling the machining deviation of the machined surface k re-

alised in set-up Sj. This deviation expresses the deviation of machined surfaces

relative to the nominal machine. This torsor merges deviations of the surface swept

by the tool and cutting local deformations.

TSj,P i is a part deviation torsor modelling the positioning deviation of workpiece i

in set-up Sj. This deviation is a function of the MMP surface deviations generated
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by previous set-ups, the fixture surface deviations and the link fixture/part sur-

faces. This SDT is the result of the sum of the three mentioned deviations and is

calculated by equation 3.18.

TSj,P i = −TP i,P i
m

+ TSj,HiSj + THiSj,P i
m

(3.18)

TP i,P i
m

is a surface deviation torsor modelling the deviation of surface m of part i

which has been manufactured in previous set-up Sj − 1 (j ≥ 1). The set-up S0 is

normally a set-up to prepare the raw part.

THiSj,P i
m

is a link deviation torsor between surface m of part i and the corresponding

surface of the fixture in phase Sj. This torsor is written the same as in table 3.2.

TSj,HiSj is a SDT modelling the deviations of the fixture surfaces. It is a combination

of fixture surface deviations and fixture deviation relative to their nominal position

in set-up Sj. It is calculated by equation 3.19.

TSj,HiSj = TSj,H + TH,HiSj (3.19)

TSj,H is a part deviation torsor modelling the positioning deviations of the fixture

relative to its nominal position in the machine.

TH,HiSj is a surface deviation torsor modelling the deviations of surface i of the

fixture relative to its nominal position in the fixture in phase Sj.

For a specific elementary connection, the undetermined components (Ulr, Ult) of

the link deviation torsor THiSj,P i
m

remain in the part deviation torsor TSj,P i. They

express the degrees of freedom of this elementary connection. However, the work-

piece is completely positioned on the part-holder in set-up Sj by a set of parallel

elementary connections. These results are fully constrained and over-constrained

assembly. The mathematical expression of the unique position of the workpiece in

set-up Sj is obtained by elimination of the undetermined components of the link
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torsors. In order to eliminate these components (Ulr, Ult), the part deviation tor-

sor TSj,P i is calculated from each elementary connection between the workpiece and

the part-holder in set-up Sj.

TSj,P i = −TP i,P i
n

+ TSj,HkSj + THkSj,P i
n

(3.20)

The torsor TSj,P i coming from each connection expresses the same positioning devi-

ation of the workpiece on the part-holder in set-up Sj. Using these equalities, the

undetermined components (Ulr, Ult) and the determined ones (lr, lt) are calculated

by using “unification” method proposed by Bourdet et al. [BB95]. The procedure

of calculation is also presented in depth by Villeneuve and Vignat [VV05b]. The

relationship between the undetermined components (Ulr, Ult) and the determined

ones (lr, lt) is established by Gauss-elimination method. The elimination of the

undetermined components (Ulr, Ult) is then realised by replacing these relations

in the part deviation torsor TSj,P i.

Finally, the whole deviations generated and accumulated by the manufacturing

process are collected in the MMP and the deviations of each surface k of the man-

ufactured part i are expressed by a SDT. The variation of the parameters of the

MMP is limited and this limitation is managed by constraints. The constraints

on the part-holder surface deviations (CH) are relative to its quality (precision of

its surface). The constraints on the machining deviations (CM) are relative to the

machine capabilities. The constraints on the links between part and part-holder

surfaces (CHP ) represent assembly rules. They constrain determined components

(lr, lt) of the link deviation torsor. These constraints depend on the type of connec-

tion (floating or slipping). The first constraint expresses non-penetration between

part and part-holder conditions. In other words, workpiece material must not pene-

trate fixture material. For floating contact, the determined components (lr, lt) need

only to comply with the non-penetration condition between the workpiece and the

part-holder. In the case of slipping contact, it is necessary to bring the surfaces
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Elementary
connection

Coordinate
system

Non-penetration
conditions

Positioning
function

Punctual

�
O YX

Z

O YX

Z

O YX

Z
ltz ≥ 0 −ltz

Plane-Plane

a 

O YX

Z

O YX

Z
b − b

2
lrx− a

2
lry + ltz ≥ 0

− b
2
lrx+ a

2
lry + ltz ≥ 0

b
2
lrx− a

2
lry + ltz ≥ 0

b
2
lrx+ a

2
lry + ltz ≥ 0

−ltz

Cylinder-
Cylinder

RN2 −RN1 + r2 − r1+

+

√ (
ltx− H

2
lry
)2

+(
ltx+ H

2
lry
)2 ≥ 0

RN2 −RN1 + r2 − r1+

+

√ (
ltx+ H

2
lry
)2

+(
ltx− H

2
lry
)2 ≥ 0

−RN2

Table 3.3: Non-penetration conditions and positioning functions of elementary con-
nections

close to each other. To do that a positioning function is defined. This function

expresses the displacement of a point of the workpiece along a direction relevant

to the contact. The function increases when the surfaces of the connection move

closer.

For example, plane-plane connection (see table 3.3), this positioning function −ltz

expresses the displacement of a point of the workpiece along a direction normal to

the plane and in a direction that brings the two planes closer. Thus, for this kind

of contact, the displacement function has to be maximized, respecting the non-

penetration conditions between workpiece and part-holder as shown in equation
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3.21. 

− b
2
lrx− a

2
lry + ltz ≥ 0

− b
2
lrx+ a

2
lry + ltz ≥ 0

b
2
lrx− a

2
lry + ltz ≥ 0

b
2
lrx+ a

2
lry + ltz ≥ 0

(3.21)

3.2.2 Model of Assembled Part

The geometrical deviations of each part of a product generated in the manufactur-

ing stage are already modelled by MMP. Then each part making up the product

will be assembled by each set-up of the assembly process in the assembly stage.

In other words, each part with geometrical deviations corresponding to each MMP

is assembled by each set-up. The assembly process is described in figure 3.5. The

model of geometrical deviations generated in each set-up is called model of sub-

assembled part (MSP). Finally, the model of geometrical deviations accumulated

on the product is called model of assembled part (MAP). The geometrical devia-

tions of surface k of part i in the set-up j relative to the global coordinate system of

the product are expressed by equation 3.22.

TP i,P i
k

= TP,P i + TP i,P i
k

(3.22)

Where is TP i,P i
k

a surface deviation torsor modelling the deviation of surface k of

part i relative to its nominal position in the local coordinate system of the part i. It

comes from MMP i.

TP,P i is a part deviation torsor modelling the positioning deviations of part i relative

to its nominal position in the global coordinate system of the product. It depends

not only on the deviations of the surfaces of part i, but also the links between the

surfaces of part i and the surfaces of another connected part t, the deviation of the

concerned surfaces of part t and the positioning deviation of part t relative to the
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Figure 3.5: Assembly process and MAP generation

global coordinate system of the product. Torsor TP,P i is determined based on the

law of mechanisms as proposed by Thiébaut [Thi01]. It is calculated by equation

3.23 for an elementary connection between part i and part t, which is a part of

the subassembled part i− 1 coming from the previous set-up i− 1 of the assembly

process.

TP,P i = TP,P t + TP t,P t
n

+ TP t
n,P

i
m
− TP i,P i

m
(3.23)

Where TP t
n,P

i
m

is a link deviation torsor between surface m of MMP i and surface n of

MMP t. TP,P t is a part deviation torsor modelling the positioning deviations of part

t relative to its nominal position in the global coordinate system of the product.

The position of part i depends on several of these elementary connections who link

part i with the part t and others parts making up the sub-assembly. For each ele-

mentary connection, the positioning deviation of part i is calculated as in equation

3.23 which results in a set of equations 3.24, 3.25 and 3.26, one per elementary

connection between the part i and the other parts from the assembly.
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Link 1:

TP,P i = TP,P t + TP t,P t
m

+ TP t
m,P

i
n
− TP i,P i

n
(3.24)

Link 2:

TP,P i = TP,P t + TP t,P t
q

+ TP t
q ,P

i
p
− TP i,P i

p
(3.25)

...

Link n:

TP,P i = TP,P t + TP t,P t
z

+ TP t
z ,P

i
y
− TP i,P i

y
(3.26)

As far as the part is rigid and its position is unique, it is possible to write a linear

system of equation 3.27.



Link 1 = Link 2

Link 1 = Link 3

. . .

Link n− 1 = Link n

(3.27)

The resolution of this system by Gauss-elimination method is similar to the res-

olution presented for MMP positioning. It is also called unification and aims to

eliminate the undetermined components of the link torsors between part i and the

other parts. The positioning deviation of the part i can then be completely de-

termined and expressed by the torsor TP,P i. It is a function of determined links,

surfaces deviations parameters and part deviation torsor of the other parts it is

connected to. It is calculated in the setup t of the assembly process.

Finally, all part deviation torsors of part i assembled in set-up j of the assembly

process are collected in the MSP i. Similarly, the MSP n is generated at the end

of setup n of the assembly process. Finally, the model of assembled part (MAP) is

created based on a set of n MSP generated throughout the assembly process. The

GDM of the product collects all the geometrical deviations generated and accumu-

62



Chapter 3. GDM for Product Life Cycle Engineering 3.3

lated along the manufacturing and assembly stages. It is built on the MMP and

the MAP, as given in equation 3.28.

GDM/Product = MMP/Product +MAP/Product (3.28)

As a result, the geometrical deviations of surface k of part i in the global coordinate

system of the product, expressed as in equation 3.22, can be decomposed into the

geometrical deviations of surface k of MMP i and the positioning deviations of MAP

i in the global coordinate system of the product.

To summarize, all geometrical deviations of all surfaces of the product relative

to their nominal positions in the global coordinate system are collected by GDM.

The variation parameters of the GDM are limited by manufacturing constraints

(CH, CM, CHP ) and assembly constraints (CA). These constraints are presented

in table 3.3 in section 3.2.1. The geometrical deviations of the product generated

by the manufacturing and assembly processes during its life cycle have been calcu-

lated and stored.

3.3 Geometrical Deviation Simulation

3.3.1 Monte-Carlo Simulation

The GDM generated at previous step gives the mathematical expression of the de-

viations and the constraints representing the process capabilities. For the verifica-

tion of functional requirements and the integration of deviations into performance

simulation, a quantitative evaluation of these deviations is necessary. To this aim,

Monte-Carlo simulation is used to predict the amount of variations generated and

accumulated throughout the product life cycle. This is the second step of the pro-

posed method. The Monte-Carlo methods are based on the use of random genera-

tors to simulate the stochastic phenomenon. An image of the real production with
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geometrical deviations is generated by using this kind of method. The overview of

the algorithm for realising the Monte-Carlo simulation is shown in figure 3.6.

Start 

Step 1 Step 2 Step 3 Step 4 Step 5 

i ≤ m End 
�

Figure 3.6: The algorithm diagram of the Monte-Carlo simulation

A population of M products is virtually manufactured through the following steps:

• Step 1. Define the probability distribution type or the variation zone of the

input variables.

The input variables are the parameters of the torsors that represent the qual-

ity of the manufacturing fixtures and the capabilities of the machine tool.

They are the parameters of the part-holder surfaces’ deviation torsors and the

machining deviation torsors. The determination of the distribution of these

variables is based on experimental measurements or manufacturing process

knowledge [TNVL07]. In the second case, it can come from Statistical Process

Control (SPC) which is a technique used to monitor a manufacturing process.

The strategies to bound the variation zones of the input parameters are pre-

sented by Kamali Nejad [NVV09]. In the case of a plane, the deviation torsor

TSj,HiSj modelling the deviations of the plane of the part-holder in the set-up

Sj is expressed by equation 3.29.

TSj,HiSj =


rxSj 0

rySj 0

0 tzSj


(OHi,XY Z)

(3.29)

To define the variation zone of the parameters of this torsor, the strategy of

independent parameters defined in [NVV09] will be used. Thus their varia-

tion zone can mathematically be defined by equation 3.30, where maximum
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and minimum values for each parameter come from measurement or process

knowledge. 
rxSj min ≤ rxSj ≤ rxSj max

rySj min ≤ rySj ≤ rySj max

tzSj min ≤ tzSj ≤ tzSj max

(3.30)

• Step 2. Generate randomly a set of input values according to their distribu-

tions and variation zone.

The set of input values are randomly generated by a cellular automata al-

gorithm in relation with the defined distributions and variations zone. The

cellular automata defined by Wolfram [Wol83] is a simple mathematical ide-

alization of natural systems. For example, two parameters rxSj and rySj of

the torsor TSj,HiSj are uniformly distributed in the variation zone 3.31.


−0.001 ≤ rxSj ≤ 0.001

−0.0015 ≤ rySj ≤ 0.0015

(3.31)

The figure 3.7 represents 10000 samples generated by the cellular automata

algorithm.

• Step 3. Calculate the surface deviations of each manufactured part of the

product based on the MMPs.

In order to calculate the deviations of the surfaces of the manufactured part,

it is necessary to determine the values of the parameters of the link deviation

torsor of the MMP model. These values determine the position of the man-

ufactured part in the fixture of the current set-up. The determination based

on the non-penetration constraints and positioning functions is explained in

[NVV09].

In the case of floating contact, the determined components (lr, lt) are ran-

domly chosen in the interval bounded by the non-penetration constraints. For
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Figure 3.7: Random sample numbers�
H 

R1 

R2 

X 

Y 

O 

Figure 3.8: Floating cylindrical contact

a cylinder-cylinder connection (see figure 3.8), the components of the link tor-

sor THiSj,P i
m

are described as in 3.32.

THiSj,P i
m

=


lrxSj ltxSj

lrySj ltySj

UlrzSj UltzSj


(O,XY Z)

(3.32)

We make the assumption that the determined components (lr, lt) are uni-

formly distributed in the interval bounded by the inequalities 3.33 represent-

ing the maximum clearance between the two cylinders.
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|lrxSj| ≤ 2(R1−R2)
H

|lrySj| ≤ 2(R1−R2)
H

|ltySj| ≤ R1 −R2

|ltySj| ≤ R1 −R2

(3.33)

The determined components must also satisfy the non-penetration constraints

described by inequalities 3.34. The respect of this condition is thus checked

and the values of the component are rejected in the case of non-satisfaction.

In case of rejection a new set of parameters is randomly generated according

to constraints expressed in 3.33.


R1 −R2 +

√(
ltxSj − H

2
lrySj

)2
+
(
ltySj + H

2
lrxSj

)2 ≥ 0

R1 −R2 +
√(

ltxSj + H
2
lrySj

)2
+
(
ltySj − H

2
lrxSj

)2 ≥ 0

(3.34)

Where R1, R2 and H are the radius of the two cylinder and the height of the

cylindrical link, respectively.

In the case of a slipping contact, the determined components (lr, lt) are cal-

culated by maximizing the positioning function subject to non-penetration

constraints. For the plane-plane connection (see figure 3.9), the components

of the link torsor THiSj,P i
m

are expressed as in 3.35.

THiSj,P i
m

=


lrxSj UltxSj

lrySj UltySj

UlrzSj ltzSj


(O,XY Z)

(3.35)

The determined components (lr, lt) are calculated according to the procedure
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a 

Z 

Y X 
O 

b �
Figure 3.9: Slipping planar contact

3.36.
Maximize : −ltzSj

Subject to

− b
2
lrxSj − a

2
lrySj + ltzSj ≥ 0

− b
2
lrxSj + a

2
lrySj + ltzSj ≥ 0

b
2
lrxSj − a

2
lrySj + ltzSj ≥ 0

b
2
lrxSj + a

2
lrySj + ltzSj ≥ 0

(3.36)

The deviation torsor TP i,P i
j

of the surface j of the manufactured part i is then

calculated by replacing the determined parameters of the link deviation tor-

sor.

• Step 4. Assemble the manufactured part of the product based on verification

of the assembly constraints (CA).

During this step, the determined components (lr, lt) of the link deviation tor-

sor are calculated based on verification of the assembly constraints. The de-

termination is realized as for MMP fixture links by the method presented in

step 3.

• Step 5. Calculate the surface deviations of the product in the global coordi-

nate system of the product.

The surface deviations of the product in the global coordinate system are de-

termined by replacing all input parameters generated in the step 2 and all

determined components of the link deviation torsors calculated in the step 3

and 4 into the GDM. All parameters of the model are collected at the end of

68



Chapter 3. GDM for Product Life Cycle Engineering 3.4

this step. Then the procedure will be restarted from step 1 until the desired

number of product is reached.

A set of M products with geometrical deviations are generated by the Monte-Carlo

simulation method. All parameters of the model from the Monte-Carlo simulation

are collected in matrix data. The matrix data are used to simulate the performance

of the product, as presented in chapter 4 and identify and classify the effect of the

parameters on the performance of the product, as given in chapter 5.

3.4 A Case Study

3.4.1 A Centrifugal Pump

3.4.1.1 CAD2 model of the centrifugal pump

A geometrical deviation model for product life cycle engineering has been presented

in section 3.2. In order to illustrate this method, an example of centrifugal pump

design is developed. The theory of fluid mechanics used to determine the behaviour

of the product is based on [LR92]. The characteristics of the designed centrifugal

pump are:

• Flowrate: 250m3/h

• Total Head: 100m

• Revolution speed: 2000RPM

• Liquid: Water

The CAD model (nominal model) of the designed centrifugal pump is represented

in figure 3.10.
2Computer Aided Design
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Figure 3.11: Model of manufactured shaft of the pump

3.4.1.2 MMP of the centrifugal pump

In order to manufacture the pump, a manufacturing process, an assembly process

and the associated resources are proposed. As a result, the geometrical deviation

model of this centrifugal pump from manufacturing and assembly stages of its life

cycle is generated by the method presented in section 3.2. For example, the shaft

(part 4) of the pump is realised by a turning process on a lathe machine (see figure

3.11) according to the process plan described in table 3.4.

The geometrical deviation of each surface j of the shaft is expressed by a SDT. In

order to calculate this torsor, it is necessary to determine the positioning deviation
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of workpiece in set-up 1 and 2. For example, the positioning deviation of the work-

piece in set-up S1 is determined by the connection between the surface C10 and the

corresponding part-holder surface. It is expressed by equation 3.37.

TS1,P 4 = TS1,H10S1 + TH10S1,P 4
10
− TP 4,P 4

10
(3.37)

Where TP 4,P 4
10

is a surface deviation torsor modelling the deviations of cylinder C10

of the workpiece. It comes from previous set-up 0 where the rough part has been

manufactured. It is described at the center point OC10 of the cylinder C10 in the

local coordinate system (O4, X4Y4Z4) of part 4 by equation 3.38.

TP 4,P 4
10

=


rx4,10 tx4,10

ry4,10 ty4,10

0 0


(OC10,X4Y4Z4)

(3.38)

TS1,H10S1 is a SDT modelling the deviations of the part-holder surface. It is de-

scribed at the pointOC10H of the part-holder in the local coordinate system (O4, X4Y4Z4)

by equation 3.39.

TS1,H10S1 =


rx4,10S1 tx4,10S1

ry4,10S1 ty4,10S1

0 0


(OC10H ,X4Y4Z4)

(3.39)

TH10S1,P 4
10

is a link deviation torsor modelling characteristic link between cylinder

C10 of the workpiece and the surface H10 of the part-holder. It is expressed at the

point OC10L in the local coordinate system (O4, X4Y4Z4) by equation 3.40.

TH10S1,P 4
10

=


lrx4,10S1 ltx4,10S1

lry4,10S1 lty4,10S1

Ulrz4,10S1 Ultz4,10S1


(OC10L,X4Y4Z4)

(3.40)
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Set-up 1

Positioning Cylinder on C10

Plane on P11

Machining Surface C8, P9

Set-up 2

Positioning Cylinder on C10

Plane on P11

Machining Surface
P1, C2, P3, C4, P5, C6, P7

Table 3.4: Turning process

The positioning deviation of workpiece in set-up 1 can similarly be calculated by

another connection between the surface P11 and the corresponding part-holder sur-

face, as shown in equation 3.41.

TS1,P 4 = TS1,H11S1 + TH11S1,P 4
11
− TP 4,P 4

11
(3.41)

TH10S1,P 4
10

is a link deviation torsor modelling characteristic link between the plane

P11 of the workpiece and the surface H11 of the part-holder. It is expressed at the

point OP11L in the local coordinate system (O4, X4Y4Z4) by equation 3.42.

TH11S1,P 4
10

=


lrx4,11S1 Ultx4,11S1

lry4,11S1 Ulty4,11S1

Ulrz4,11S1 ltz4,11S1


(OP11L,X4Y4Z4)

(3.42)

In order to calculate the link deviation torsor TS1,P 4, it is necessary to eliminate the

undetermined components Ulr, Ult. This elimination is based on the unification

method. The equation 3.37 and 3.41 describe the same positioning deviation of part

4 in the part-holder in set-up 1. Thus we can write the linear system of equation
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3.43 by writing this equality.



lrx4,10S1 − lrx4,11S1 − rx4,10 + rx4,11 + rx4,10S1 − rx4,11S1 = 0

lry4,10S1 − lry4,11S1 − ry4,10 + ry4,11 + ry4,10S1 − ry4,11S1 = 0

Ulrz4,10S1 −Ulrz4,11S1 = 0

−300lry4,10S1 + 350lry4,11S1 + ltx4,10S1 + 300ry4,10 − 350ry4,11+

−300ry4,10S1 + 350ry4,11S1 − tx4,10 + tx4,10S1 −Ultx4,11S1 = 0

300lrx4,10S1 − 350lrx4,11S1 + lty4,10S1 − 300rx4,10 + 350rx4,11+

300rx4,10S1 − 350rx4,11S1 − ty4,10 + ty4,10S1 −Ulty4,11S1 = 0

−ltz4,11S1 + tz4,11 − tz4,11S1 + Ultz4,10S1 = 0

(3.43)

The elimination of the undetermined components Ulr, Ult is solved by Gauss-elimination

method. The solution is shown in equation 3.44.



Ulrz4,10S1 = Ulrz4,11S1

Ultx4,11S1 = −300lry4,10S1 + 350lry4,11S1 + ltx4,10S1 + 300ry4,10 − 350ry4,11

−300ry4,10S1 + 350ry4,11S1 − tx4,10 + tx4,10S1

Ulty4,11S1 = 300lrx4,10S1 − 350lrx4,11S1 + lty4,10S1 − 300rx4,10 + 350rx4,11

+300rx4,10S1 − 350rx4,11S1 − ty4,10 + ty4,10S1

Ultz4,10S1 = ltz4,11S1 − tz4,11 + tz4,11S1

(3.44)

The undetermined components Ulrz4,10S1, Ulrz4,11S1 describe the rotational mobility

of the workpiece (part 4) in the part-holder in the set-up 1. However, the work-

piece, in this case, is fixed by clamping force and friction in the chuck jaws on the

turning machine and thus does not have angular reference. Thus their value re-

mains undetermined and for the purpose of simplicity be assigned a null value.

Finally, the torsor TS1,P 4 modelling the positioning deviation of workpiece in set-up
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1 is completely determined as in equation 3.45.

TS1,P 4 =



lrx4,10S1 − rx4,10 + rx4,10S1 −300lry4,10S1 + ltx4,10S1 + 300ry4,10

−300ry4,10S1 − tx4,10 + tx4,10S1

lry4,10S1 − ry4,10 + ry4,10S1 300lrx4,10S1 + lty4,10S1 − 300rx4,10

+300rx4,10S1 − ty4,10 + ty4,10S1

0 ltz4,11S1 − tz4,11 + tz4,11S1


(O4,X4Y4Z4)

(3.45)

The torsor TS2,P 4 modelling the positioning deviation of workpiece in set-up 2 can

be determined by the same way as for set-up 1. The machining deviations in the

case of manufacturing the cylinder C8 are described by a SDT, as shown in equation

3.46. This torsor expresses the machining defects due to the imperfections of tool

and machine.

TS1,P 4
8

=


rx8 tx8

ry8 ty8

0 0


(OC8M ,X4Y4Z4)

(3.46)

Finally, the geometrical deviations of any surface j of the shaft are modelled by the

surface deviation torsor TP 4,P 4
j
. For example, the surface deviations of the plane P1

(see figure 3.11) of the shaft relative to its nominal position expressed at the point

O4 in the local coordinate system (O4, X4Y4Z4) is described by the torsor TP 4,P 4
1
, as

shown in equation 3.47. In this torsor, the parameters rx4,1, rx4,8, rx4,10, ry4,1, ry4,8,

ry4,10, tz4,1, tz4,9 and tz4,11 represent the machining deviations of the surfaces (P1,

P9, P11, C8, C10) of the shaft. The parameters rx4,10S1, rx4,8S2, ry4,10S1, tx4,10S1, tx4,8S2,

ty4,10S1, ty4,8S2, tz4,11S1 and tz4,9S2 represent the deviations of the fixture surfaces in

set-up 1 and set-up 2. The parameters lrx4,10S1, lrx4,8S2, lry4,10S1, lry4,8S2, ltx4,10S1,

ltx4,8S2, lty4,10S1, lty4,8S2, ltz4,11S1 and ltz4,9S2 represent the link between the fixture
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surfaces and the surfaces of workpiece in the set-up 1 and set-up 2.

TP 4,P 4
1

=



lrx4,10S1 + lrx4,8S2 + rx4,1 −300lry4,10S1 − 50lry4,8S2 + ltx4,10S1

−rx4,8 − rx4,10 +ltx4,8S2 − 350ry4,1 + 81ry4,8

+rx4,10S1 + rx4,8S2 +300ry4,10 − 300ry4,10S1 − 50ry4,8S2

−tx4,8 − tx4,10 + tx4,10S1 + tx4,8S2

lry4,10S1 + lry4,8S2 + ry4,1 300lrx4,10S1 + 50lrx4,8S2 + lty4,10S1

−ry4,8 − ry4,10 +lty4,8S2 − 350ry4,1 + 81ry4,8

+ry4,10S1 + ry4,8S2 +300ry4,10 − 300ry4,10S1 − 50ry4,8S2

−tx4,8 − tx4,10 + tx4,10S1 + tx4,8S2

0 ltz4,11S1 + ltz4,9S2 + tz4,1 − tz4,9

−tz4,11 + tz4,11S1 + tz4,9S2


(O4,X4Y4Z4)

(3.47)

3.4.1.3 MAP of the centrifugal pump

The manufactured parts of the pump are then assembled according to the selected

assembly process. The assembly process is shown in figure 3.12. The positioning

deviation of the newly assembled part relative to its nominal position in each set-

up is modelled by the model of subassembled part (MSP). In set-up 1, the MSP 1

includes a torsor TP,P 2 modelling the positioning deviation of the ball bearing (part

2) relative to its nominal position in the global coordinate system that is placed

relative to the casing back (part 1). The torsor TP,P 2 is expressed by equation 3.48

based on the connections between the surfaces (cylinder C4 and plane P3) of the

ball bearing and the surfaces of the casing back (cylinder C8 and plane P7). These
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Figure 3.12: Assembly process of the pump

connections are described by the assembly graph, as shown in figure 3.13.

TP,P 2 = TP,P 1 + TP 1,P 1
8

+ TP 1
8 ,P

2
4
− TP 2,P 2

4

TP,P 2 = TP,P 1 + TP 1,P 1
7

+ TP 1
7 ,P

2
3
− TP 2,P 2

3

(3.48)

The undetermined components (Ulr, Ult) of the link deviation torsor TP 1
8 ,P

2
4

and

TP 1
7 ,P

2
3

modelling the deviation of the link between the part 2 and the part 1 are

eliminated by Gauss-elimination method. Then the part deviation torsor TP,P 2 of

the part 2 is calculated by replacing the undetermined components (Ulr, Ult) in

equation 3.48. The part deviation torsor TP,P 1 models the positioning deviations

of the part 1 of the pump relative to its nominal position in the global coordinate

system of the pump (O,XY Z) (see figure 3.10). The global coordinate system of the

pump is positioned on part 1, thus part deviation torsor TP,P 1 is equal zero. The

part deviation torsor TP,P 2 is then expressed by equation 3.49. In this torsor, the

parameters lrx1,7→2,3, lry1,7→2,3, ltx1,7→2,3 and lty1,7→2,3 are the determined compo-
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nents of the link deviation torsor TP 1
7 ,P

2
3

representing the link between the cylinder

C7 of part 1 and the cylinder C3 of part 2. The parameter ltz1,8→2,4 is a determined

component of the link deviation torsor TP 1
8 ,P

2
4

representing the link between the

plane P8 of part 1 and the plane P4 of part 2. The torsor TP,P 2 is then collected in

MSP 1 for set-up 1.

TP,P 2 =



−lrx1,6S1 + rx1,6 + rx1,7 −35lry1,6S1 − ltx1,4S1 + 35ry1,6

−rx1,6S1 − rx2,3 + lrx1,7→2,3 +45
2

ry1,7 − 35ry1,6S1 − 45
2

ry2,3

+tx1,4 + tx1,7 − tx1,4S1 − tx2,3

+45
2

lry1,7→2,3 + ltx1,7→2,3

−lry1,6S1 + ry1,6 + ry1,7 35lrx1,6S1 − lty1,4S1 − 35rx1,6

−ry1,6S1 − ry2,3 + lry1,7→2,3 −45
2

rx1,7 + 35rx1,6S1 + 45
2

rx2,3

+ty1,4 + ty1,7 − ty1,4S1 − ty2,3

−45
2

lrx1,7→2,3 + lty1,7→2,3

0 −ltz1,6S1 + tz1,6 + tz1,8

−tz1,6S1 − tz2,4 + ltz1,8→2,4


(O4,X4Y4Z4)

(3.49)

Similarly, the positioning deviation of the shaft (part 4) in set-up 2 is described

by the part deviation torsor TP,P 4. It is expressed by equation 3.50 based on the

connections between the part 4 and the part 2.

TP,P 4 = TP,P 2 + TP 2,P 2
2

+ TP 2
2 ,P

4
6
− TP 4,P 4

6

TP,P 4 = TP,P 2 + TP 2,P 2
1

+ TP 2
1 ,P

4
7
− TP 4,P 4

7

(3.50)

The positioning deviation torsor TP,P 4 of the part 4 explicitly depends on the posi-

tioning deviation torsor TP,P 2 of the part 2. Thus, the positioning deviation of part 2

in the set-up 1 participate in the deviation of the part 4 in the set-up 2. The torsor

TP,P 4 is then collected in MSP 2 for the set-up 2. Finally, the model of assembled

part (MAP) of the pump is created based on a set of MSP (MSP 1, MSP 2, MSP 3)
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Figure 3.13: Assembly graph of the pump

generated throughout the assembly process (see figure 3.12).

The geometrical deviation model (GDM) of the pump gathers the MMP and MAP

of the pump according to the selected manufacturing and assembly processes and

the associated resources. The geometrical deviations of each surface of the pump

relative to its nominal position in the global coordinate system (O,XY Z) of the

pump is modelled by the GDM of the pump. As a result, the gap deviation torsor

TP 3
8 ,P

5
4

between the casing (part 3) and the impeller (part 5) of the pump (see figure

3.14) can be calculated based on the GDM by equation 3.51.

TP 3
8 ,P

5
4

= −TP,P 3
8

+ TP,P 5
4

(3.51)

Where TP,P 3
8

and TP,P 5
4

are surface deviation torsors modelling the geometrical devi-

ations of the conic surface C8 of the casing and the conic surface C4 of the impeller
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Figure 3.14: The gap between the casing and the impeller of the pump

of the pump, respectively. These torsors are modelled by the GDM of the pump.

They are calculated based on the MMP and MAP of the pump, as shown in equa-

tion 3.52.
TP,P 3

8
= TP,P 3 + TP 3,P 3

8

TP,P 5
4

= TP,P 5 + TP 5,P 5
4

(3.52)

The torsor TP 3
8 ,P

5
4

at the point O in the global coordinate system (O,XY Z) of the

pump is described by rotational vector
−→
δθ and translational vector

−→
δO, as shown in

equation 3.9. Thus, the deviation of the gap between the casing and the impeller of

the pump is used to verify a non contact condition between the moving surface of

the impeller and the motionless surface of the casing, as shown in inequality 3.53.

DeviationGap =
−→
δO.−→n ≥ 0 (3.53)

Where −→n is a unit vector along the normal direction of the gap.

Moreover, this model is also used to analyse assemblability and geometrical re-

quirements as non contact between moving and motionless surface, etc. and later

performance as flowrate, velocity of fluid, pressure.
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Set-up 2
Fixture

Plane
4,9S2

rx4,9S2, ry4,9S2 variation range 0.001
tz4,9S2 variation range 0.02

Cylinder
4,8S2

rx4,8S2, ry4,8S2 variation range 0.002
tx4,8S2, ty4,8S2 variation range 0.01
radius ra4,8S2 variation range 0.01

Machining

Plane 4,5 rx4,5, ry4,5 variation range 0.005
tz4,5 variation range 0.01

Cylinder
4,4

rx4,4, ry4,4 variation range 0.0025
tx4,4, ty4,4 variation range 0.01
radius ra4,4 variation range 0.025

Plane 4,7 rx4,7, ry4,7 variation range 0.0015
tz4,7 variation range 0.02

... ...

Table 3.5: Variation range of the input variables

3.4.1.4 Geometrical deviation simulation for the centrifugal pump

The Monte-Carlo simulation method is applied to calculate the values of the geo-

metrical deviations of the pump based on the GDM, as presented in section 3.4.1.4.

The input variables are the parameters of the torsors that represent machining

inaccuracy and deviation of the fixture surface, such as rxi,j, ryi,j, txi,j, tyi,j, tzi,j

for the manufacturing operation of the surface j of the part i and rxi,jSk, ryi,jSk,

txi,jSk, tyi,jSk, tzi,jSk for the surface j of the fixture in the set-up Sk. As explained

in subsection 3.3.1, the input variables are considered as independent variables.

The probability distributions and the variation range of the input variables need

to be determined. A uniform distribution is chosen for the current case. The varia-

tion ranges are determined according to the capability of the associated resources.

For example, the variation ranges of the input parameters in the set-up 2 of the

manufacturing process for manufacturing the shaft are shown in table 3.5.

In order to obtain an image of the geometrical deviations of the pump, it is neces-

sary to calculate the value of the determined components (lr, lt) of the link devia-

tion torsor based on the assembly rules and function of machining and part holder

deviation values, as explained in step 3 of the method presented in section 3.3.1.
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The determined component lrx4,9S2, lry4,9S2 and ltz4,9S2 of the link deviation torsor in

the set-up 2 are determined by maximizing the positioning function −ltz4,9S2 while

verifying the non-penetration conditions between the surface of the part-holder

and the surface of workpiece. This procedure is described in equation 3.54.

Maximize : −ltz4,9S2

Subject to :

−25lry4,8S2 + ltz4,9S2 + 25ry4,8 − 25ry4,9 − 25ry4,8S2 + 25ry4,9S2 ≥ 0

−25lrx4,8S2 + ltz4,9S2 + 25rx4,8 − 25rx4,9 − 25rx4,8S2 + 25rx4,9S2 ≥ 0

25lry4,8S2 + ltz4,9S2 − 25ry4,8 + 25ry4,9 + 25ry4,8S2 − 25ry4,9S2 ≥ 0

25lrx4,8S2 + ltz4,9S2 − 25rx4,8 + 25rx4,9 + 25rx4,8S2 − 25rx4,9S2 ≥ 0

(3.54)

Where rx4,8, ry4,8, rx4,9, ry4,9, rx4,8S2, ry4,8S2, rx4,9S2 and ry4,9S2 are the machining and

part holder surface deviation variables. They are randomly generated based on the

uniform distribution and the variation range indicated in table 3.5. Similarly, we

can determine other determined components (lr, lt) of the link deviation torsor of

the MMPs and the MAPs of the pump. The geometrical deviations of each surface

of the pump are then calculated based function of the values of link and surface

deviation parameters. Then, the designer can numerically verify any geometrical

requirement of the pump. For example, the gap necessary to guarantee the non

contact condition between the moving surface of the impeller and the motionless

surface of the casing (see figure 3.14) is calculated by equation 3.55 based on the

definition of the gap in 3.53. If the gap is negative, the surface is in contact and the

manufactured pump is unable to work. Thus this gap is an important geometrical

requirement to verify to guarantee the quality of the pump.

Gap = 14.2291 + tz1,3 − tz1,8 + tz3,4 − tz3,8 − tz4,5 + tz4,7 + tz5,1

−tz5,4 + ltz1,3→3,4 − ltz1,8→2,4 − ltz4,5→5,1

(3.55)

In order to verify the quality of the one million of pumps, the designer can calculate
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(a) 

(c) (d) 

(b) 

Figure 3.15: Monte-Carlo simulation results

one million value of the gap based on the Monte-Carlo simulation method. As a

result, the designer can estimate the distribution of the value of the gap between

the impeller and the casing of the pump which has to remain positive to avoid

contact between the impeller and the casing of the pump. The distribution of the

gap is shown in figure 3.15a (mean µ = 14.172 mm, standard deviation σ = 0.0274

mm).

Further, the designer can also know the distribution of positioning deviation of

each part of the pump. For example, the distribution of the gap between the plane

of the impeller and the plane of the volute back casing is shown in figure 3.15b.

The distribution of the impeller’s center (green colour) and the distribution of the

casing’s center (magenta colour) according to two perpendicular axes X and Y are

shown in figure 3.15c and 3.15d, respectively.
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3.5 Conclusion

The model of geometrical deviations of all surfaces of the product proposed in this

chapter is consistent with the machining and assembly stage of the product life

cycle. It is called Geometrical Deviation Model (GDM) and is built on two models.

• Model of Manufactured Part (MMP) proposed by Vignat [Vig05] for modelling

the geometrical deviation generated and accumulated during the manufac-

turing processes.

• Model of Assembled Part (MAP) for modelling the positioning deviations of

each part of the product accumulated during the assembly process.

The GDM is thus able to model the geometrical deviations of all surfaces relative

to their nominal position in the global coordinate system of the product generated

and accumulated during the manufacturing and assembly stage of its life cycle.

This model is used to analyse and verify the functional requirements (non con-

tact condition, gap, etc.), assemblability conditions, etc. Moreover, an image of the

population of products is calculated by using the parameters of the GDM and the

Monte Carlo simulation method.
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Chapter 4

INTEGRATION OF GD1S INTO

SIMULATION OF PRODUCT

PERFORMANCE

T HE objective of this chapter is to introduce a method that allows to integrate

geometrical deviations into the simulation of the product performance. This

method is able to determine the relationship between the product performance

and the parameters of the geometrical deviations from the manufacturing pro-

cesses. The result is an image of the population of the manufactured products

and their performance calculated from the results of the Monte-Carlo simulation

as presented in section 3.3. Some approaches for integration of the geometrical de-

viations into the simulation of the product performance are introduced in the first

section of this chapter. Case studies are then presented in the second section in

order to illustrate the proposed approaches.
1GEOMETRICAL DEVIATION
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4.1 Method Description

The set of M products with geometrical deviations being virtually manufactured,

the product designers can be aware of the variation range of the geometrical devi-

ation for each surface of the product. These deviations obviously have an influence

on the performance of the product. However, the current product modelling tech-

nology is unable to take into account these deviations. Most of the simulations

predicting the behaviour of the product (kinematics, dynamics, resistance, fluid

flow, etc.) are carried out on the nominal model of the product. The result of the

simulation of the designed product performance can thus be considered as nominal

and consequently different from the real one. The risk is then that not all of the

products meet the requirements of the customers and users. Thus it is necessary to

integrate geometrical deviations into the simulation of the product performance in

order to predict its “real” performance. We propose, in this chapter, two approaches

to answer this issue. The first approach, called mathematical analysis approach, is

based on the existence of a mathematical relationship between the product perfor-

mance and the geometrical deviation parameters. This approach can only be used

when the relationship is available or easy to set up, which does not occur often.

Thus a second approach is proposed based on the design of experiment method

(DOE). This method uses numerical simulations to establish the relation between

product performance and the parameters of the geometrical deviations. The perfor-

mance is then calculated for the set of product virtually manufactured as presented

chapter 3.

4.1.1 Mathematical Analysis Approach

The relationship between performances Pri and design parameters pi can mathe-

matically be described by equation 4.1.

Pri = Fi(p1, p2, p3, ..., pn) (4.1)
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The design parameters {pi}i=1..n can be classified into geometrical parameters {p̂j}j=1..m

and non-geometrical parameters {p̃k}k=1..n−m. We consider, in this thesis, the effect

of geometrical parameters variation {p̂j}j=1..m on product performance variation,

thus non-geometrical parameters variation {p̃k}k=1..n−m is not taken into account.

The deviation of the product performance ∆Pri expresses the difference between

the real performance and the nominal one. It is described in equation 4.2.

∆Pri = Pri − PrNi (4.2)

Where PrNi represents the nominal performance of the product and is determined

by equation 4.3.

PrNi = Fi(µ̂1, µ̂1, , .., µ̂m, µ̃1, µ̃2, .., µ̃n−m) (4.3)

The parameters {µ̂j}j=1..m and {µ̃k}k=1..n−m express the nominal value of the ge-

ometrical parameters {p̂j}j=1..mand the non-geometrical parameters {p̃k}k=1..n−m.

The deviation of the product performance ∆Pri can be expressed by equation 4.4.

∆Pri = Fi(p̂1, p̂2, , .., p̂m, p̃1, p̃2, .., p̃n−m)− Fi(µ̂1, µ̂1, , .., µ̂m, µ̃1, µ̃2, .., µ̃n−m) (4.4)

The expression of the performance Pri can be simplified by a polynomial function

based on the Taylor series expansion principles [AS64] if the function Fi is contin-

uous and high-order derivatives exist. It is expressed, at second order, by equation

4.5.

Pri = Fi(µ̂1, µ̂1, , .., µ̂m, µ̃1, µ̃2, .., µ̃n−m) +
∑m

j=1
∂Fi

∂p̂j

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j

+
∑n

j=n−m
∂Fi

∂p̃j

∣∣∣
(µ̃n−m,..,µ̃n)

.∆p̃j +
∑m

j=1

∑m
k=1

∂2Fi

∂p̂j∂p̂k

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j.∆p̂k

+
∑m

j=1

∑n
k=n−m

∂2Fi

∂p̂j∂p̃k

∣∣∣
(µ̂1,..,µ̂m,µ̃1,..,µ̃n)

.∆p̂j.∆p̃k

+
∑n

j=n−m
∑n

k=n−m
∂2Fi

∂p̃j∂p̃k

∣∣∣
(µ̃1,..,µ̃n)

.∆p̃j.∆p̃k

(4.5)

Where ∆p̂j = p̂j − µ̂j(j = 1..m) represents the deviation of geometrical parameters

p̂j. In this thesis, the variation of the non-geometrical parameters is not taken into
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Figure 4.1: Cross section of the impeller passage

account. Thus the relationship between the deviation of product performance ∆Pri

and the deviations of geometrical parameters ∆p̂j can be expressed by equation

4.6.

∆Pri = fi(∆p̂1,∆p̂2, ..,∆p̂m) =
m∑
j=1

∂Fi
∂p̂j

∣∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j +
m∑
j=1

m∑
k=1

∂2Fi
∂p̂j∂p̂k

∣∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j.∆p̂k

(4.6)

The geometrical deviations ∆p̂i can be determined from the geometrical deviation

model of the product presented in chapter 3. The product performance can be

determined from the relation 4.6 and the results of the geometrical deviation sim-

ulation as presented in section 3.3. Thus, the mathematical analysis approach can

integrate geometrical deviations of the product, generated during its life cycle, into

performance simulation.

The centrifugal pump (see figure 4.1) presented in chapter 3 is used to illustrate

this approach. The considered performance is the flowrate of the pump. According

to the model of Hoshide et al. [HN72], the mass flowrate ṁ of the centrifugal pump

is described by equation 4.8.

ṁ = ρ (ATWT − ALVL) (4.7)
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Where AT = bNdr and AL = λNdr with ρ being the mass density. WT is the relative

tangential velocity of the fluid within the volume control. VL is the leakage velocity

relative to the blade, bN is the nominal blade width of the impeller and λN is the

nominal clearance between the top surface of the impeller and the casing surface.

Then the nominal flowrate can be calculated by equation 4.8.

dQNominal = (bNWT − λNVL) dr

QNominal =
∫ R2

R1
(bNWT − λNVL) dr

(4.8)

The relative tangential velocity WT can be determined by the Bernoulli’s principle,

as shown in equation 4.9.

WT = cosβ.

√
2g (z1 − zr)−

2∆PT
ρ

+ (r −R1)ω2 (4.9)

Where β is the blade angle which is dependent on the radius r. The differential

pressure between the inlet and the outlet of the blade DPT is fitted to a second

order polynomial form, as shown in equation 4.10.

∆PT = P (r)− P (1) = ∆PTmax
(
AT +BT r + CT r

2 + ...
)

(4.10)

In addition, leakage velocity VL is caused by the blade differential pressure from

pressure to suction side of the blade. It is determined by equation 4.11.

VL = K

√
2∆P

ρ
(4.11)

Where K is an equivalent orifice coefficient (K = 0.98, in the present case) and ρ is

the density of the fluid. The differential pressure across the blade DP is also fitted

to a polynomial form, as shown in equation 4.12.

∆P = ∆Pmax
(
A+Br + Cr2 + ...

)
(4.12)
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The nominal blade width of the impeller is determined by equation 4.13.

bN = −aNr + aNR2 + b2; aN = tan10° (4.13)

Finally, the flowrate of the pump taking into account the geometrical deviation of

the gap and blade width is determined by equation 4.14.

Q =

∫ R2+∆R2

R1+∆R1

(bDWT − λDVL) dr (4.14)

Where ∆b = bD − bN is the deviation of the blade width and ∆λ = λD − λN is the

deviation of the gap. The deviation of the flow rate of the pump can be calculated

by equation 4.15.

∆Q =

∫ R2+∆R2

R1+∆R1

(∆bWT −∆λVL) dr (4.15)

The non-geometrical parameters, in this case, including density of fluid ρ, pressure

P and rotational velocity ω are fixed at their nominal value. Thus, the relationship

between the deviation of flowrate and the deviation of geometrical parameters can

be expressed by equation 4.16.

∆Q = f (∆b,∆λ,∆R1,∆R2) (4.16)

∆R1, ∆R2 are deviations of inlet and outlet radius of the impeller and ∆b, ∆λ are

deviation of the blade width and deviation of the gap between the impeller and

the casing of the pump. They are determined based on the geometrical deviation

model of the pump. For example, the gap deviation ∆λ is determined by equation

3.55. The value of coefficients (A,B,C,AT , BT , CT ,...) are determined by experi-

mental measurement on a real model of the pump. In our case, the values from

Hoshide et al. [HN72] for Mark 4 Pump model are used. The value of coefficients

(A,B,C,AT , BT , CT ,...) are shown in equation 4.17.

(A = 1.013;B = 0.267;C = 0;AT = 1.526;BT = 0.577;CT = 0) (4.17)
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Figure 4.2: Distribution of deviation flowrate of the pump

These values do not fit exactly with our pump model. However, they are used

in this case in order to illustrate the proposed approach. The distribution of the

flowrate of one million of pumps is determined based on the result of ∆R1, ∆R2, ∆b

and ∆λ from the Monte-Carlo simulation, as shown in figure 4.2.

Finally, the mathematical analysis approach can take geometrical deviations of

the product into account in the determination of its performance. As a result, the

product designer can predict the “real” performance of the product and thus the

satisfaction of the customers’ requirements. However, it is unable to take into ac-

count all geometrical deviations because it relies on the mathematical model of

the product performance, i.e. the mathematical relationship between the perfor-

mance and the geometrical parameters of the product. Thus, we propose, in the

next section, another approach that allows to integrate more geometrical deviation

sources. This second method, based on numerical simulations and design of exper-

iments, avoid the necessity of finding a mathematical relationship, and it allows

better consideration of geometrical variations.

90



Chapter 4. Integration of GDs into simulation of product performance 4.1

4.1.2 Design of Experiment Approach

We propose, in this subsection, to use numerical simulation together with a design

of experiment (DOE) approach to integrate geometrical deviation parameters into

the performance prediction. The DOE method is based on the results of numerical

simulation with deviated models and uses the regression model to establish an

approximate relationship between the product performance and the geometrical

deviation parameters. Three approaches are proposed in this section and the choice

among them depends on the knowledge that the designer has about the product

behaviour and the number of involved parameters.

4.1.2.1 From nominal model to deviated one in a CAD2 software

To integrate the geometrical deviations into the simulation of the product perfor-

mance, we need a deviated model, that allows to represent these deviations. Thus

it is necessary to develop a method that permits to obtain the deviated model of the

product based on its nominal model in the CAD software.

4.1.2.1.1 Nominal model Today, the engineering activities in product design

involve CAD software. This software is a useful tool to model the nominal geometry

of the product. The nominal model constructed in CAD system is mainly based on

three techniques:

• Constructive solid geometry (CSG) is a technique used in solid modeling. It

allows a modeler to create a complex surface or part by using Boolean oper-

ators (union, intersection and difference) to combine simple parts (cuboids,

cylinders, prisms, pyramids, spheres, cones). The operations used to build a

CSG are shown in figure 4.3.
2Computer Aided Design
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Figure 4.3: CSG operations [Wik10]

• Boundary Representation (B-REP) is a method for representing shapes using

the limits. A solid is represented as a collection of connected surface elements,

the boundary between solid and non-solid.

• TTRS (Technologically and Topologically Related Surface) model is proposed

by Clément et al. [CRT94]. This model composes 7 classes of invariance sur-

faces, such as spheres, planes, prisms, cones, spirals, revolution. A part is

defined by a set of boundary surfaces that are described relative to a coordi-

nate system.

Whatever the technology used, the nominal model does not take into account the

geometrical deviations or form defects of the surfaces. We propose, in next section,

a method to create a deviated model of the product integrating the geometrical

deviations of the surfaces.

4.1.2.1.2 Deviated model The geometrical deviations of each surface of the

product are determined by a surface deviation torsor and the value of its compo-

nent are calculated based on a Monte-Carlo simulation method. As presented in

chapter 3, a surface deviation torsor expresses the positioning deviation of a sur-

face relative to its nominal position. The nominal model of the product created
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Figure 4.4: Deviated model of a plane

in the CAD software is built on a set of elementary surfaces (planes, cylinders,

spheres, etc.). Thus it is possible to create a deviated model of a surface in the CAD

software based on the nominal surface and the part deviation torsor. For example,

the geometrical deviations of a plane relative its nominal position in a coordinate

system (O,XY Z) are described by equation 4.18.

TPlane =


rx 0

ry 0

0 tz


(O,XY Z)

(4.18)

The deviated plane can be created by rotating the nominal plane of an angle rx and

ry around OX, OY axis respectively and translating it of tz along OZ, as shown in

figure 4.4. By the same way, the deviated model of a part or a product relative to

its nominal model could be created in CAD software. The nominal part in CAD

system includes a set of the boundary surfaces (elementary solids) based on B-

REP or TTRS. The boundary surfaces are elementary surfaces, such as planes,

cylinders, cones, spheres and spiral. The deviations of each elementary surface of

a part or a product is modelled by a surface deviation torsor collected in the GDM,

as presented in chapter 3. Thus the deviated model relative to its nominal model

could be generated by displacing the boundary surfaces according to the value of

the surface deviation torsor. The deviated model of the product is built on the

deviated model of the parts. As a result, the deviated model of the product created

in CAD software can be integrated into product performance simulation.
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Figure 4.5: Deviated model of a part in PTC ProEngineer

However, we do not have the interface that allows to act on the geometry data in

commercial CAD software (ProEngineer, Solidworks, Catia, etc.) and thus it is dif-

ficult to combine the deviated elementary surfaces of the deviated model of the part

or the product. Therefore, we propose, in this thesis, to use the expert knowledge to

filter the unessential surfaces and parameters of the geometrical deviations. The

aim is to reduce time used to create the deviated model in CAD software. The

selected geometrical deviations and surfaces must have a strong influence on the

product performance according to expert knowledge.

The deviated model of the part or the product that is used, in the thesis, to make

the simulation of the product performance is produced in a commercial CAD soft-

ware(ProEngineer). This model is created by using some available techniques in

this software, such as extrusion, revolution, sweep, blend, etc. For example, we

use extrusion technique in PTC ProEngineer to displace the plane (see figure 4.5).

The surface deviation torsor representing the geometrical deviations of the plane
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P1 comes from GDM and Monte-Carlo simulation, as given in equation 4.19.

TP1 =


rx1 0

ry1 0

0 tz1


(o1,x1y1z1)

(4.19)

First, the plane P1 is moved along axis o1z1 from a value l,
{
l ≥ tz1 + H

2
(rx1 + ry1)

}
by the extrusion technique. Then the deviated plane is created by cutting the

extruded part by plane rotated around the axes o1x1 and o1y1 of rx1 and ry1, respec-

tively. Finally, we obtain the deviated part in PTC ProEngineer, as shown in figure

4.5.

4.1.2.2 Regression model

Regression analysis is used to approximate a relationship between dependent vari-

ables R and independent variables P . Regression models can be linear or non-

linear. In this thesis, linear and non-linear regression models are used to find the

relation between the performance of the product and the parameters of the varia-

tion sources, as presented in the next section.

The linear regression model presented by [RT95] is used to establish the relation-

ship between the performance and the parameters. The relationship is linearly

expressed as in equation 4.20.

f = p.β + e (4.20)

The equation 4.20 can be written under matrix form, as shown in equation 4.21.



r1

r2

...

r2n


=



p11 p21 . . . pn1

p12 p22 . . . pn2

...
... . . . ...

p12n p22n . . . pn2n





β1

β2

...

β2n


+



e1

e2

...

e2n


(4.21)
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Where β = {β1, β2, ..., β2n} is the coefficient vector of the model. The vector β̂ is an

estimated vector of the vector β and is calculated by equation 4.22.

β̂ =
(
P tP

)−1
.P t.R (4.22)

e = {e1, e1, ..., e2n} is the experimental error vector. The estimated relationship f̂ be-

tween the performance of the product and the parameters is expressed by equation

4.23.

f̂ = p.β̂ + ε (4.23)

Where ε is the residual vector as defined by equation 4.24.

e = f − f̂ (4.24)

This relation f̂ being established, the performance of the population of virtual prod-

ucts (a set of M products) will be calculated by replacing the value of the selected

factors, collected from the Monte-Carlo simulation results, into equation 4.27. The

collection of performance data can then be analysed by using usual statistic and

graphic tools.

4.1.2.3 Factorial design

A factorial design is usually used to understand the effect of two or more inde-

pendent variables upon a single dependent variable. It is used, in the current

case, to study the relationship between the geometrical deviations and a specific

performance of the product. In order to initiate this method, it is necessary to cre-

ate an experimental table, called design matrix, that includes design factors and

their levels and corresponding experimental runs results (called response vector).

These factors are non-geometrical or geometrical deviation parameters that obvi-

ously have an influence on its performance. The overview of this method is shown

in figure 4.6.
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The number of experimental runs depends on the number of factors and the as-

sociated number of levels and thus the number of factors and levels influence the

computation time. kn runs must be realized for n factors and k levels. To reduce the

number of factors, key geometrical parameters are defined based on expert knowl-

edge. Then the number of levels for these factors has to be defined depending on

a compromise between the desired precision and the calculation time. The values

of the key parameters are measured on the virtual product and are functions of

the elementary deviation parameters. The variation range of these factors can be

calculated based on the M Monte-Carlo simulation result. The value assigned to

the levels of a parameter is calculated according to these range of variation. The

kn values of the n parameters are then gathered in a design matrix P , as shown in

equation 4.25.

P =



p11 p21 . . . pn1

p12 p22 . . . pn2

...
... . . . ...

p1kn p2kn . . . pnkn


(4.25)

This method is used when the relationship between geometrical deviation and

product performance is not mathematically established. Thus simulation tools as

FEA, CFD, etc., are used to calculate the performance of the product. A set of the kn

deviated models of the product, corresponding to the geometrical parameters pij of

each line of the design matrix, has to be created in the CAD system, as presented

in section 4.1.2.1.2. Each deviated model is used to simulate the performance of

the product and the performance of kn representative products are gathered in a

response vector R. The response vector R corresponding to the design matrix P can

then be filled, as expressed in equation 4.26.

R =



r1

r2

...

rkn


(4.26)
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Figure 4.6: Performance simulation of the product with geometrical deviations

The relationship f between the performance of the product and the selected factors

{p1, p2, ..., pn} is established by a linear or non-linear regression model, as presented

in section 4.1.2.2. This relationship can be expressed by equation 4.27.

Performance = f (p1, p2, ..., pn) (4.27)

4.1.2.4 Taguchi design

The full factorial designs as presented in subsection 4.1.2.3 are used to establish

the relationship between the performance and the geometrical deviation parame-

ters of the product. However, the number of numerical simulations becomes too

large when the numbers of selected factors and levels is increasing. For example,

34 = 81 simulations are necessary in the case of four factors and three levels. Thus,

we propose an alternative method based on Taguchi’s orthogonal arrays in order

to reduce the number of simulations. The overview of Taguchi design approach is

shown in figure 4.7. Taguchi’s orthogonal arrays are highly fractional orthogonal

designs proposed by Taguchi. They are used to estimate the main effects with only

a few experiments. They are applicable to investigate main effects from factors and

levels. This approach is also suitable to apply for certain mixed level experiments
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where the factors included do not have the same number of levels.

As for section 4.1.2.3, the number of factors is selected by the expert knowledge in

order to filter the factors that have small effects on the performance of the product.

The value associated to the levels of each factor are also defined from the results

of the geometrical deviation simulation. Then the number of experimental runs

is selected based on the Taguchi’s orthogonal arrays, as shown in table 4.1. In the

case of n factors and k levels, there are LN experimental runs that must be realized

according to Taguchi table. The design matrix P in this case is different from the

one from factorial design. It is defined according to Taguchi table for each factor

and level. For example, the design matrix P in the case of 7 factors and 2 levels

(low level, high level) is defined according to Taguchi table L8, as given in equation

4.28.

P =



p−1 p−2 p−3 p−4 p−5 p−6 p−7

p−1 p−2 p−3 p+
4 p+

5 p+
6 p+

7

p−1 p+
2 p+

3 p−4 p−5 p+
6 p+

7

p−1 p+
2 p+

3 p+
4 p+

5 p−6 p−7

p+
1 p−2 p+

3 p−4 p+
5 p−6 p+

7

p+
1 p−2 p+

3 p+
4 p−5 p+

6 p−7

p+
1 p+

2 p−3 p−4 p+
5 p+

6 p−7

p+
1 p+

2 p−3 p+
4 p−5 p−6 p+

7



(4.28)

Where p−i and p+
i represent low and high level value for factor pi respectively.

Then a set of LN deviated model of the product, according to the values of the

geometrical deviations pi of each row of the design matrix P , has to be created in

the CAD system, as presented in section 4.1.2.1.2. Each deviated model is used

to simulate the performance of the product (FEA, CFD software, etc.) and the

performance of the LN representative products are gathered in a response vector
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R, as expressed in equation 4.29.

R =



r1

r2

...

rLN


(4.29)

Figure 4.7: Performance simulation with Taguchi design

The relationship between the performance of the product and the factors is estab-

lished by using a linear or non-linear regression based on the design matrix P and

the response vector R. The procedure has already been presented in subsection

4.1.2.3. In comparison with factorial design, Taguchi design approach can take

into account much more factors with a reasonable number of calculation.

Table 4.1: Table of Taguchi design

For example, it is necessary to run 27 simulations in the case of 10 factors and 3
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levels while we need to run 310 = 59049 simulations in the case of factorial design.

This is one of the advantages of this approach. Thus this approach is usually used

when the number of factors and levels is large.

4.1.2.5 Random design

In case of increasing complexity alongside with factors number, the number of nec-

essary simulations to determine the relationship between performance and devi-

ations can become too large and thus time consuming even using Taguchi design.

Moreover, the use of expert knowledge to determine key factors filters the devia-

tion sources and can lead to the lost of some influential factors. Factorial design

and Taguchi’s orthogonal arrays are not effective in this case. Thus, we propose a

random design method in order to address these issues. All product geometrical

deviations parameters, called factors pi (i=1..n), that have small effects on the per-

formance of the product are taken into account. The variation range of each factor

is determined based on the results of geometrical deviations Monte-Carlo simula-

tions, as presented in chapter 3.�
Step 1 Step 2 Step 3 Step 4 

i ≤ N End 

Figure 4.8: The algorithm diagram of random design method

The random design approach is realized in 4 steps (see figure 4.8):

• Step 1. Draw randomly a product with geometrical deviations in the set of

product collected from the Monte-Carlo simulation.

A kth product with geometrical deviations is randomly drawn in a set of M

products collected from results of geometrical deviation simulation. The value
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of each factor pi is calculated based on the drawn product deviation parame-

ters values. The set of values of the factors pi is added into the kth row of the

design matrix P , as given in equation 4.30.

P =



p11 p21 . . . pn1

p12 p22 . . . pn2

...
... . . . ...

p1k p2k . . . pnk


(4.30)

• Step 2. Create the deviated CAD model.

The deviated model of kth product will be created in the CAD software corre-

sponding the value of each geometrical deviation parameter pi, as presented

in section 4.1.2.1.2.

• Step 3. Simulate the performance of the product.

The deviated model created in the step 2 is used to simulate the performance

of the product in order to determine the performance of the representative

product. The result is appended into the response vector R, as described by

equation 4.31.

R =



r1

r2

...

rk


(4.31)

• Step 4. Eliminate the drawn product in the set of M products. Repeat the

step 1.

In this step, it is necessary to eliminate the product that has been drawn in

step 1. The loop is repeated until the number of the drawn product is equal

to N products.

Then the relationship between the performance of the product and the parameters

of geometrical deviations pi is obtained by using the linear or non-linear model
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Tx Ty 

Figure 4.9: The selected factors of the pump

based on the design matrix P and the response vectorR. The procedure has already

been presented in subsection 4.1.2.2.

4.2 Case Studies

4.2.1 A centrifugal pump

As presented in subsection 4.1.1, the mathematical analysis approach can take

the geometrical deviations of the pump into account in performance simulation.

Hoshide et al. [HN72] only mention the influence of the gap ∆λ on the flowrate of

the pump thus only the deviation of this gap is taken into account by mathematical

analysis. In order to take into account more geometrical deviations, we use finite

element method to simulate the flowrare of the pump and the design of experiment

method (factorial design and Taguchi design) to establish the relationship between

the flowrate and the geometrical deviation parameters.
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4.2.1.1 Factorial design

First, it is necessary to define the factors and the level of each factor. The selected

factors are, in this case, the geometrical and are chosen based on the experimental

or expert knowledge according to their supposed influence. According to the ex-

perimental result of [EG01] and the study of [BKF00], the selected factors are the

gap between the impeller and the casing of the pump, and the translation of the

impeller along the two perpendicular axes X, Y of the global coordinate systems

(see figure 4.9). The levels of each factor are then chosen from the results of the

Monte-Carlo simulation according to the 6σ standard:

• High level at µ+ 3σ (1)

• Medium level at µ (0) (average value of the parameter)

• Low level at µ− 3σ (-1)

Gap (mm) Tx (mm) Ty (mm)
High level (1) 14.311 0.144 0.106
Medium level (0) 14.229 0 0
Low level (-1) 14.147 -0.144 -0.106

Table 4.2: The value of the selected parameters

In order to integrate these geometrical deviations into flowrate simulation, we use

finite element method within CFD3 tool. From the selected factors and levels (see

table 4.2), it is necessary to create 27 deviated models of the pump as shown ta-

ble4.3 with the selected deviations according to each level. These models are used

to simulate the flowrate of the pump by CFDesign software. The working condi-

tions of the pump are as follows:

• Temperature: 20°C

• Revolution speed: 2000 RPM
3Computational Fluid Dynamics
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No. Gap Tx Ty Q(g/s) No. Gap Tx Ty Q(g/s)
1 -1 -1 -1 62699.7 15 0 0 1 62960.5
2 -1 -1 0 63172.7 16 0 1 -1 55293.1
3 -1 -1 1 66700.6 17 0 1 0 63846.4
4 -1 0 -1 63782.8 18 0 1 1 63138.1
5 -1 0 0 63115.5 19 1 -1 -1 63432.4
6 -1 0 1 62976.7 20 1 -1 0 61907.2
7 -1 1 -1 63592.5 21 1 -1 1 61902.1
8 -1 1 0 63671.9 22 1 0 -1 61951.2
9 -1 1 1 63298.4 23 1 0 0 61909.1
10 0 -1 -1 62791 24 1 0 1 61990.3
11 0 -1 0 63527.1 25 1 1 -1 61979.7
12 0 -1 1 62980.2 26 1 1 0 62185
13 0 0 -1 63064.4 27 1 1 1 61907.2
14 0 0 0 63600.3

Table 4.3: The results of the flowrate simulation

• Liquid: Water

The results are shown in table 4.3. The relationship between the performance

of the pump and the selected parameters is determined by non-linear regression

model. The mass flowrate Q of the pump as a function of the gap between the im-

peller and the casing of the pump (Gap) and the translation of the impeller relative

to X, Y axes (Tx, Ty) is described by equation 4.32.

Q = −7.97795× 106 + 1.13956× 106Gap− 40373.3Gap2 − 9.47196× 107Tx

+1.33071× 107GapTx− 467397.Gap2Tx + 6.1493× 108Tx2 − 8.64763× 107GapTx2

+3.04026× 106Gap2Tx2 + 1.72515× 108Ty− 2.42049× 107GapTy + 849043.Gap2Ty

+26307.TxTy− 225203.Tx2Ty + 1.547× 109Ty2 − 2.1753× 108GapTy2

+7.64703× 106Gap2Ty2 + 347389.TxTy2 − 523800.Tx2Ty2(g/s)

(4.32)

Figure 4.10 shows the associated response surfaces representing the dependence

between the flowrate of the pump and the factors Gap, Tx (figure 4.10a), Gap, Ty

(figure 4.10b) and Tx, Ty (figure 4.10c).

The product designer then calculates the flowrate of the 1 million pumps based on

the values of the Gap, Tx and Ty found from Monte-Carlo simulation and equation
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(a) 
(b) 

(c) 

�

Figure 4.10: Response surfaces of the flowrate

4.32. The distribution for the 1 million of pumps is shown in figure 4.11. The mean

and standard deviation of the flowrate of the pump are equal to 61.971kg/s and

0.530kg/s respectively. As a result, the product designer can verify that the real

flowrate of the pump satisfies the requirements of the customers.

4.2.1.2 Taguchi design

Taguchi design method is used in case of increasing number of parameters taken

into account in order to reduce the number of experimental runs. With the Taguchi

design method, we only make 16 flowrate simulation to integrate 11 geometrical

deviation parameters of the pump and two levels (see table 4.5). In comparison

with the factorial design, it would be necessary to run 211 = 2048 simulations.

In order to integrate these deviations, we create 16 deviated models of the pump
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Figure 4.11: Distribution of the flowrate of one million pumps by factorial design

in CAD software according to the value of each geometrical deviation parameter.

These models are used to simulate the flowrate of the pump by CFDesign software.

The results of 16 simulations on CFDesign are shown in table 4.5. The relationship

between the flowrate and the geometrical deviation parameters is established by

a linear regression model as presented in subsection 4.1.2.3. This relationship is

expressed by equation 4.33.

Q = 128361.− 1657.08tx− 884.201Tx− 15766.7ty + 5441.39Ty + 7722.5tz− 4582.16Tz

−1133.32b1 − 338.925b2 + 1452.2b3 + 42.7b4 − 119.d1

(4.33)

The distribution for the 1 million of pumps is shown in figure 4.12. The mean and

standard deviation of the flowrate of the pump are equal to 62.840 kg/s and 0.434

kg/s respectively.

4.2.2 A Spring System

As mentioned in subsection 4.1.2.1.2, there are difficulties to integrate all geomet-

rical deviations of the pump in the CAD software, such as PTC ProEngineer, Solid-

Works, Catia, etc. We could not automatically generate the deviated model of the

pump by the random design approach. Thus, we propose, in this case, a simple case

study as the spring system as represented in figure 4.13. This case study allows
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Geometrical
deviation
parameters

High
level
(mm)

Low
level
(mm)

Geometrical
deviation
parameters

High
level
(mm)

Low
level
(mm)

Translation of
conic surface of
casing tx

0.03 -0.03
Fourth blade
width of impeller
b4

0.05 -0.05

Translation of
conic surface of
casing ty

0.03 -0.03 Translation of
impeller Tx 0.144 -0.144

Translation of
conic surface of
casing tz

0.04 -0.04 Translation of
impeller Ty 0.106 -0.106

First blade width
of impeller b1

0.05 -0.05 Translation of
impeller Tz 14.311 14.147

Second blade
width of impeller
b2

0.05 -0.05 Outer diameter of
impeller d1

0.05 -0.05

Thirst blade
width of impeller
b3

0.05 -0.05

Table 4.4: List of the geometrical deviation parameters of the pump

us to compare the advantages and disadvantages among the proposed approaches

(mathematical analysis, factorial design, Taguchi design and random design). The

frequency of the spring system is the performance investigated in this case.

The frequency of the spring system is expressed by equation 4.34.

f =
1

2π

√
k

m
(4.34)

Where m is a weight of the load. It depends on the density ρ and the volume V of

the load. In other words, the deviation mass of the load depends on the geometrical

deviations of the load. For example, the deviations of a cylinder and two planes

including their rotation and translation effect on the mass m. It is calculated by

equation 4.35.

m = ρV (4.35)
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No. tx ty tz b1 b2 b3 b4 d1 Tx Ty Tz Q (g/s)
1 1 -1 1 1 -1 1 -1 -1 1 1 -1 63096.9
2 -1 1 1 1 1 -1 -1 1 -1 1 -1 60670.3
3 -1 -1 -1 1 1 1 1 -1 -1 -1 -1 63306.3
4 -1 1 1 -1 -1 1 1 1 -1 1 -1 64648
5 1 -1 1 1 -1 1 -1 1 -1 -1 1 65305.4
6 -1 -1 -1 1 1 1 1 1 1 1 1 63466.8
7 -1 1 1 1 1 -1 -1 -1 1 -1 1 62456.6
8 1 1 -1 -1 1 1 -1 -1 -1 1 1 63359.6
9 1 1 -1 1 -1 -1 1 -1 -1 1 1 63069.4

10 1 1 -1 1 -1 -1 1 1 1 -1 -1 59386.3
11 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 63415.7
12 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 63312.1
13 1 1 -1 -1 1 1 -1 1 1 -1 -1 63503.9
14 1 -1 1 -1 1 -1 1 1 -1 -1 1 64522.5
15 1 -1 1 -1 1 -1 1 -1 1 1 -1 62649.6
16 -1 1 1 -1 -1 1 1 -1 1 -1 1 64413.2

Table 4.5: The results of the flowrate simulation in CFDesign for Taguchi design

k is called spring constant or spring stiffness. It is calculated by equation 4.36.

k =
Gd4

8nD3
(4.36)

Where:

G- Modulus of rigidity

d- Spring wire diameter.

D- Spring outer diameter.

n- Number of active windings.

From the expert knowledge as presented above, we can know that the frequency

of the spring system depends on many parameters, especially the geometrical de-

viations such as deviations of the cylinder and plane shaping the load, spring wire

diameter and spring outer diameter.
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Figure 4.12: Distribution of the flowrate of one million pumps by Taguchi design�
O 

Z 

Y 

X 

Spring 

Load 

Base plate 

Figure 4.13: The parts of the spring system

4.2.2.1 Mathematical analysis approach

From the expert knowledge as presented above, the relationship between the fre-

quency of the spring system and its geometrical deviations is expressed by equation

4.37.

f =
1

4π
√

2

√
G(d+ δ)4

nρ (D + ∆)3 [−2hπR2 + hπ (dr +R)2 + πR2 (h+ Tz1) + πR2 (h+ Tz3)
]

(4.37)

Where:
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∆, d – Dimensional deviation of the outer and wire diameter of the spring.

R, h – Radius and height of the cylinder of the load.

Tz1, Tz3 – Translational deviation of two planes of the load.

Figure 4.14: The distribution of frequency by mathematical analysis approach

The frequency of the system for 100000 products is calculated and the results are

shown in figure 4.14. The results will be used for comparison with the 3 design of

experiment methods and thus validation of these methods.

4.2.2.2 Factorial design

From expert knowledge, the geometrical deviations of the load and dimensional

deviation of the spring are defined as factors that have the strongest influence on

the frequency of the spring system. Thus, we can choose the following factors for

the factorial design study:

• Tz1, Tz3: translational deviation of the two planes of the load (P1, P3).

• ∆, d: deviation of the spring outer and wire diameter.

• dr: deviation of the load cylinder radius.

The levels are calculated from the results of the Monte-Carlo simulation of the

manufacturing stage. The number of levels is chosen as 2 and thus the number of

111



Chapter 4. Integration of GDs into simulation of product performance 4.2

Figure 4.15: The distribution of frequency by factorial design

runs is 32. The low and high level are respectively selected at −3sv and +3sv of the

factor distribution. The relationship between the frequency and selected factors

is established by using the linear regression model from the 32 runs results. This

function is expressed by equation 4.38.

f = 4.82605−0.0560401Tz1−0.16062dr−0.0560471Tz3 + 2.51307δ−0.152286∆ (4.38)

The population of the frequency is generated from the results of the simulation of

the manufacturing stage. The distribution of the frequency is represented in figure

4.15.

4.2.2.3 Taguchi design

The selected factors include all t the geometrical deviations parameters of the

spring system. There are 15 parameters as follows:

• 6 parameters of the deviation torsor of two planes of the load.

• 4 parameters of the deviation torsor of the load’s cylinder.

• 2 parameter of deviation of the spring’s wire and outer diameter.

• 3 parameter of dimensional deviation of the base plate.
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Figure 4.16: The distribution of frequency by Taguchi design

By using the table of Taguchi’s orthogonal arrays with these 15 parameters and

2 levels, it is necessary to make 32 runs. The relationship between the frequency

and selected factors is established by using linear regression model. This function

is expressed by equation 4.39.

f = 4.91592− 0.0387945Tz1 − 0.201746dr− 0.0448108Tz3 + 2.53885d− 0.1232∆ (4.39)

The population of the frequency is generated from the results of the simulation of

the manufacturing stage. The distribution of the frequency is represented in figure

4.16.

4.2.2.4 Random design

This method is realized by the 4 steps as presented in section 4.1.2.5. 10 spring

systems are randomly drawn from 10 thousands spring systems. The 10 frequencies

are calculated by equation 4.37. Then the linear regression fit model is used to

establish the relationship between the frequency and all parameters of geometrical

deviations of the spring system. It is expressed by equation 4.40.

f = 4.82709+0.0226579Tz1−0.184982dr−0.117445Tz3 +2.61698d−0.0989216∆ (4.40)
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The population of the frequency is generated by the collected data in the Monte-

Figure 4.17: The distribution of frequency by random design

Carlo simulation stage. The distribution of the frequency is described in figure

4.17.

4.2.2.5 Comparison

In order to compare the proposed approaches in terms of accuracy, we calculate

the error between the frequency of the three DOE methods and the mathematical

analysis approach by equation 4.37. The distribution of the error for the three ap-

proaches (Factorial, Taguchi, Random design) is shown in figure 4.18. In the case

of the spring system, the frequency is easily calculated by equation 4.34. Thus, the

mathematical analysis approach can take into account all geometrical deviations

of each part of the system. The accuracy of the approach, in this case, is obviously

the most accurate in comparison with the DOE methods. The overview of the three

proposed DOE approaches is shown in table 4.7. The relationship between the

frequency and the geometrical deviation parameters of the spring system approx-

imated by Factorial, Taguchi and Random design is given in equation 4.38, 4.39

and 4.40 respectively. However, the relationship can be established by using the

linear regression model with the data of 100000 frequencies and parameters that
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Random Design 

Taguchi Design Factorial Design 

Figure 4.18: The distribution of frequency error

are generated in section 4.2.2.1. It is given in equation 4.41.

f = 4.79048−0.0547296Tz1−0.155346dr−0.0545993Tz3+2.48972d−0.149673∆ (4.41)

The coefficient of each geometrical deviations parameters are not too different for

factorial, Taguchi and random design approach and real one, as given in table

4.6. However, it is necessary to realise 100000 runs to use the exact approach. In

complex cases, the three DOE methods are obviously better than the real approach

in terms of time and cost. Within the three DOE methods, the result from factorial

design are more precise. However, for this approach, the number of experiments

and the precision rely on expert knowledge.

In conclusion, the selection among the three methods to establish the relationship

between the performance and the geometrical deviations of a product depends on

the requirements concerning accuracy, time and cost. We can choose the factorial

design when the expert knowledge is effective or the Taguchi method when the
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Variables Factorial
design

Taguchi
design

Random
design

Exact
model

Constant 4.82605 4.91592 4.82709 4.79048
Tz1 -0.0560401 -0.0387945 0.0226579 -0.0547296
dr -0.16062 -0.201746 -0.184982 -0.155346
Tz3 -0.0560471 -0.0448108 -0.117445 -0.0545993
δ 2.51307 2.53885 2.61698 2.48972
∆ -0.152286 -0.1232 -0.0989216 -0.149673

Table 4.6: Coefficient comparison among proposed approaches

number of factors is large. The random design is only chosen when it is difficult

to determine the factors that have the strong influence on the performance of the

product, or the number of the factors is considerably large.

Factorial
Design

Taguchi
Design

Random
Design

Exact
Model

Mean of frequency 5.03582 5.0719 5.00409 4.99506
Standard deviation of frequency 0.594517 0.595919 0.614884 0.589002
Deviation parameters 5 All All All
Number of runs 32 32 10 100000

Table 4.7: Summary of the proposed approaches

4.3 Conclusion

In this chapter, we have proposed a method that allows to integrate geometrical

deviations in product performance simulation and thus analyse the performance

variation relative to the variation sources from the product life cycle. The relation-

ship between the performance and the geometrical deviations of the product can

be established by two approaches:

• The mathematical analysis approach establishes the relationship between

the performance variation and geometrical parameters variation based on

the mathematical model of the performance of the product.
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• The design of experiment approaches establish the relationship between the

performance and geometrical deviation parameters based on numerical sim-

ulation and regression model. This approach is used in the case of complex

system where the mathematical relationship is not established or cannot take

into account all geometrical deviations.
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Chapter 5

INFLUENCE FACTOR ANALYSIS AND

ROBUST DESIGN METHODOLOGY

T HIS chapter proposes different approaches to determine the effect of the vari-

ation source parameters on the product performance. The aim is to minimize

the variance of the product performance without eliminating the variation sources.

In the first section, some approaches for identification and classification of the pa-

rameters are presented. Two approaches are presented in the second section to

calculate the variance of the product performance relative to the variation sources

parameters. Then a robust design solution can be found by finding design solution

to minimize the variance of the product performance. In order to illustrate the

proposed approaches, a case study is presented in the last section in this chapter.

5.1 Influence Factor Analysis

An image of the real performance of M products is given by using Monte-Carlo

simulation as presented in chapter 4. The variation sources from product life cycle

have an influence on the product performance. It is necessary to determine the

effect of each parameter of the variation sources on the product performance. Thus,
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we propose, in this section, two different approaches: mathematical approach and

data mining approach, to classify their effect on the performance variability of the

product.

5.1.1 Mathematical Approach

5.1.1.1 Global sensitivity analysis

The goal of sensitivity analysis is to determine how uncertainty in the output of

a model depends upon the different sources of uncertainty in the model input

[SRA+08]. In comparison with local sensitivity analysis which determines the

variation of model output relative to input variables, global sensitivity analysis

is able to identify the key parameters whose uncertainty most influences on the

model output. Moreover, it can be used to classify the effect of the variables and

determine unessential variables of the model input. Global sensitivity analysis has

previously been applied for many purposes including design optimization [FDS09],

design under uncertainty [WRA05], analysis of environmental issues [WCBA03],

[FEB+03], food safety modelling [KTHZ07], thermal design [ND06].

Variance-based methods for sensitivity analysis were first employed by chemists in

the early 1970s (Cukier et al. [CFS+73]). Cukier and colleagues not only proposed

conditional variances for a sensitivity analysis based on first-order effects, but were

already aware of the need to treat higher-order terms and of underlying variance

decomposition theorems [CLS78]. Their method, known as FAST (Fourier Am-

plitude Sensitivity Test), although quite effective, enjoyed limiting success among

practitioners, not least because of the difficulty in encoding it. The method did not

allow the computation of higher-order indices, although this was much later made

possible by extensions developed by other investigators (Saltelli et al. [STC99]).

However, the FAST method is complicated to implement because of transforming

multidimensional variable problems into frequency domain problems in contrast
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with the Sobol’s method, which can calculate the variances directly by integrat-

ing the multidimensional problems. Moreover, the model of geometrical deviations

and the product performance function are complex in themselves. Thus, the global

sensitivity indices proposed by Sobol [Sob90] will be used in this case due to the

simple formulation and analysis procedure.

5.1.1.1.1 Sobol’ global sensitivity indices Sobol’s method [Sob90] is used

to test the sensitivity indices of the input parameters X = {x1, x2, .., xn} relative

to output function f(X). Let’s consider the integrable function f(X) in the unit

hypercube Hn (0 ≤ X ≤ 1) can be expanded in equation 5.1.

f (X) = f0 +
n∑
i=1

fi(xi) +
∑
i<j

fij(xi, xj) + . . .+ f12..n(x1, x2, .., xn) (5.1)

The total variance of the function f(X) is calculated by equation 5.2.

V =
n∑
u=1

∑
i1<...<iu

Vi1..iu (5.2)

Where Vi1..iu =
∫ 1

0
f 2
i1..iu

(x1, x2, .., xiu)dx1, .., xiu is called partial variances. It mea-

sures the joint effect of a set of input parameters (x1, x2, .., xiu) on the output func-

tion f(X).

A global sensitivity index is defined as a partial variance contributed by an effect

on the total variance V . It is expressed by equation 5.3.

Si1..iu =
Vi1..iu
V

(5.3)

Obviously,

Si1..iu ≥ 0;
n∑
u=1

∑
i1<...<iu

Si1..iu = 1 (5.4)
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For one-dimensional index Si = Vi
V

shows the effect of the single factor xi on the

output f(x). In order to estimate the total influence of the factor, it is necessary

to determine the total partial variance. The input variables X = {x1, x2, .., xn} can

consider two complementary subsets of variables Y and Z, as shown in equation

5.5.

X = (Y, Z) (5.5)

Where Y = {xi1 , ..., xim}, 1 ≤ i1 ≤ ... ≤ im ≤ n, K = {i1, ..., im}

The variance corresponding to a set y is defined by equation 5.6.

VY =
n∑

u=1(

∑
i1<...<iu)∈K

Vi1..iu (5.6)

To quantify the total influence of each individual variable induced by both its main

effect and interactions with other variables, the total variance corresponding to a

set y is defined by equation 5.7.

V tot
Y = V − VZ (5.7)

Finally, the corresponding total sensitivity index is expressed in equation 5.8.

StotY =
V tot
Y

V
(5.8)

5.1.1.1.2 Classification of design factors In order to apply the Sobol method

for identification of the effect of design factors (geometrical deviation parameters)

on the product performance, the function f representing the relationship between

the performance and the geometrical deviation parameters must satisfy the con-

ditions of the function defined section 5.1.1.1.1. Thus, it is necessary to trans-

form all geometrical deviation parameters P̂ = {p̂j}j=1..n into the normed factors
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{0 ≤ p̂j ≤ 1}j=1..n. The performance function can then be expressed by equation 5.9.

fN
(
P̂
)

= fN0 +
n∑
i=1

fNi (p̂i) +
∑
i<j

fNij (p̂i, p̂j) + . . .+ fN12..n(p̂1, p̂2, .., p̂n) (5.9)

According to the definition presented in paragraph 5.1.1.1.1, the main effect of

each design parameter p̂i on the performance of the product are described by the

global sensitivity index Si. The total effect of the design parameter p̂i including

the main effect and interaction with other parameters {p̂j}j 6=i is described by the

total sensitivity indices Stoti . These sensitivity indices are calculated by equation

5.3 and 5.8. From the result of the global sensitivity analysis, the effect of design

parameters P̂ = {p̂j}j=1..n on the performance of the product is given by the value

of the global sensitivity indices. As a result, we can classify the design parameters

according to their effect on the performance of the product.

5.1.2 Data Mining Approach

5.1.2.1 Covariance and correlation

The relationship between the performance of the product and the parameters of the

manufacturing and assembly processes are established by the method presented

in chapter 4. The function describing this relationship is not explicit and complex.

Thus, it is not simple to use the global sensitivity analysis method for measuring

and classifying the effect of parameters of the manufacturing and assembly pro-

cesses on the product performance. We propose, in this section, to use multivariate

analysis of covariance (MANCOVA) method presented by Raykov et al. [RM08]

in order to identify the influence parameters on the product performance. This

method allows to determine covariance and correlation between the performance

of product Y = {Yi} and each parameter of the manufacturing and assembly pro-

cesses X = {Xij}. From the analysis result, we can use Pareto chart to represent
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Figure 5.1: The overview of the covariance and correlation approach

the classification of the effect of the parameters. The overview of this method is

shown in figure 5.1.

5.1.2.1.1 Covariance Covariance is a measure of dependency between random

variables [WL07]. Covariance between two random variables X, Y is defined by

equation 5.10.

σXY = Cov(X, Y ) = E(XY )− E(X)E(Y ) (5.10)

Where E(XY ), E(X) and E(Y ) are the expected value of XY , X and Y respectively.

If the variable X is n-dimensional multivariate X = {X1, X2, ..., Xn}, then covari-

ances among all the components of X are matrix form, called covariance matrix, as

shown in equation 5.11.

∑
=


σX1X1 . . . σX1Xn

... . . . ...

σXnX1 . . . σXnXn

 (5.11)

In general, the important property of covariance can be summarised as follows:

• If the value of covariance is high, the relationship between two variables X,

Y is strong.

• If the covariance is zero, the relationship between two variables X, Y is non-

linear or independent.

• If the value of covariance is negative, two variables X, Y vary inversely.
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5.1.2.1.2 Correlation The correlation between two random variables X and Y

is defined by equation 5.12.

ρXY =
Cov(X, Y )

σX .σY
(5.12)

Where σX and σY are standard deviation of the variables X and Y . In general, the

important property of covariance is able to be summarised as follows:

• The value of correlation varies between -1 and +1.

• The sign of correlation indicates the direction of the relationship.

• The absolute value of correlation indicates the strength of the linear rela-

tionship between two variables. If the correlation is zero, there is no linear

relationship between two variables.

The advantage of the correlation is that it is independent of the scale, i.e. changing

the variables’ scale of measurement does not change the value of the correlation.

After determining the covariance and correlation between the performance of the

product and the parameters of the manufacturing and assembly processes, we use

the Pareto chart to classify the effect of parameters on the performance. Then we

can compare the analysis result from the covariance and correlation. The purpose

of the Pareto chart is to highlight the most influential in a set of factors.

5.1.2.2 Influence index approach

There are many variation sources that affect the performance of the product dur-

ing its life cycle such as material properties, manufacturing operations, practical

environment, etc. From the result of the performance simulation of the product

based on the Monte-Carlo simulation method, we propose, in this chapter, a new

method that allows to identify and classify the key variation sources parameters

within the set of manufacturing defect parameters. This method is presented in

figure 5.2.
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Figure 5.2: The overview of the influence index approach

The collected data consist in a set of defect parameters from manufacturing pro-

cesses and the corresponding performance of the product obtain by the explained

performance simulation method. The data can be described by the matrix D =

{X,F}. Where X =
{
xji
}
i=1..n,j=1..M

is a data matrix, representing n values of man-

ufacturing processes parameters for M products. F = {f j}j=1..M is a data vector,

representing the performance of the M products. The aim of this method is to eval-

uate the percentages of influence of each parameter X on the product performance

F .

5.1.2.2.1 Data processing The function describing the relationship between

the product performance and the manufacturing process parameters X = {xi}i=1..n

can be expressed by equation 5.13.

f(X) = gi(xi) + hi(x1, x2, .., xi−1, xi+1, .., xn) + qi(xi, xj) (5.13)

Where gi(xi) is a function representing the trend and pattern of the relationship

between product performance and the parameter xi. hi(x1, x2, .., xi−1, xi+1, .., xn) is

a set of function representing the trend and pattern of the relationship between

product performance and the manufacturing parameters (x1, x2, .., xi−1, xi+1, .., xn).

qi(xi, xj) is a set of function representing interaction between the parameter xi and
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the rest of manufacturing parameters. As far as parameters X = {xi}i=1..n have

been created as independent variables, the function hi(x1, x2, .., xi−1, xi+1, .., xn) and

qi(xi, xj) can be considered as measurement noises that influence on the relation-

ship between the product performance and the parameter xi when studying the

function. Thus, it is necessary to filter these noises.

Subsequently, data smoothing techniques, such as curve fitting, moving average,

etc., is used to filter the data in order to evaluate the influence of each parameter

xi of the manufacturing processes on the performance of the product. We propose,

in this case, to use the moving average method to filter the data. Moving average,

a data smoothing method, aims at reducing noise and extracting the trends and

patterns of the data set. The procedure to filter the data set D is described by two

following steps:

• Sort data D =
{
xji , f

j
}
j=1..M

according to increasing value of xi.

The data Di include M instances of parameter xi and M instances of product

performance F .

• Filter data by moving average method.

The data D̂i =
{
x̂ji , f̂

j
}
j=1..M−p

is a filtered data set of data Di by moving

average technique. The data D̂i is described by equation 5.14.


x̂k = 1

p

∑p+k
j=k x

j
i

f̂k = 1
p

∑p+k
j=k f

j
i

(5.14)

Where p is a constant greater than zero defining the number of consecutive

points to average. Higher values cause greater smoothing. The aim of this

stage is to reduce the noises as presented above.

5.1.2.2.2 Definition of influence index The filtered data is then used to es-

timate the contribution of each parameter xi to the variation of the product per-
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formance based on the linear or second order regression model as presented in

section 4.1.2. From the smoothed data, we can determine the relationship between

the variation of the product performance and each parameter xi of the manufac-

turing processes. In case of linear regression model, the coefficients ∂f
∂xi

in equation

2.25 and 2.26 can be estimated by the proposed analysis methods. It is, therefore,

possible to implement a robust design technique for minimization of the variance

of the performance of the product.

Another interesting indicator that can be subsequently calculated is the percent-

age ∆i(%) of the contribution of each parameter xi to the variation of the product

performance. In this case, linear or non-linear regression model is used to estimate

the function gi(x) between each parameter xi of the manufacturing processes and

the product performance F based on the smoothed data D̂i =
{
x̂ji , f̂

j
}
j=1..M−p

. The

percentage ∆i(%) of influence of the parameter xi is then defined by equation 5.15.

∆i =
∆gi(x)

∆F
=
max {gi(x)} −min {gi(x)}

max {F} −min {F}
(5.15)

x ∈ variation range of xi

The percentage ∆i(%) indicates how much the parameters xi of the manufacturing

processes contribute to the variation of the product performance F .

5.1.3 Case Study

5.1.3.1 A centrifugal pump

5.1.3.1.1 Global sensitivity analysis From the result of performance analysis

presented in chapter 4, the relationship between performance and design factors

is established by two different approaches. For example, by using factorial design

method, the function of the flowrate Q of the pump relative to the gap between

the impeller and the casing of the pump (Gap) and the translation (Tx, Ty) of the
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impeller relative to two perpendicular axes OX, OY is expressed by equation 5.16.

Q = f0 + f1(Gap) + f2(Tx) + f3(Ty) + f12(Gap, Tx) + f13(Gap, Ty) + f23(Tx, Ty) (5.16)

Each geometrical deviation parameter Gap, Tx and Ty vary in an interval that is

not the hypercube interval Hn(0 ≤ X ≤ 1). Thus it is necessary to normalise the

parameters Gap, Tx and Ty into the interval [0, 1] by equation 5.17.


GapN = Gap−min{Gap}

max{Gap}−min{Gap}

TxN = Tx−min{Tx}
max{Tx}−min{Tx}

TyN = Ty−min{Ty}
max{Ty}−min{Ty}

(5.17)

The function of the flowrate of the pump Q can be rewritten by equation 5.18.

Q = 62717.6− 769.26GapN − 271.47Gap2
N − 566.71TxN + 74.34Tx2

N + 514.85TyN

+206.37Ty2
N + 70.03GapNTxN − 452.56Gap2

NTxN + 73.89GapNTx
2
N + 423.9Gap2

NTx
2
N

−372.03GapNTyN + 605.15Gap2
NTyN + 82.09GapNTy

2
N + 577.74Gap2

NTy
2
N

+401.55TxNTyN − 495.Tx2
NTyN + 562.07TxNTy

2
N − 122.04Tx2

NTy
2
N

(5.18)

The global sensitivity indices for each parameter Gap, Tx, Ty is then calculated by

equation 5.19.


SGap =

∫ 1

0
(769.26GapN − 271.47Gap2

N)dGapN

STx =
∫ 1

0
(−566.71TxN + 74.34Tx2

N)dTxN

STy =
∫ 1

0
(514.85TyN + 206.37Ty2

N)dTyN

(5.19)

The result of global sensitivity analysis is expressed in table 5.1.

The global sensitivity indices of each parameter are also shown in figure 5.3. The

global sensitivity index of the Gap is obviously the greatest. Thus the gap between

the impeller and the casing of the pump is clearly the most significant parameter
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Parameters
Global

sensitivity
indices

Total
sensitivity

indices
Interaction

Global
sensitivity

indices
Gap 0.5247 0.5758 GapTx 0.0013
Tx 0.1444 0.1767 GapTy 0.0497
Ty 0.2487 0.3295 TxTy 0.0309

Table 5.1: The result of global sensitivity analysis

that strongly effects on the flowrate of the pump. The effect of two parameters Tx

and Ty on the flowrate of the pump is equal in this case. The effect of interaction

between the Gap and Ty on the flowrate is stronger than others according to global

sensitivity index. It agrees with the study of Wong et al. [WCH07] because the

variation of Ty will affect the relative position between the impeller and the tongue

of the volute casing of the pump.

Figure 5.3: Global sensitivity indices of design parameters

5.1.3.1.2 Covariance and Correlation Analysis The relationship between

the flowrate and the geometrical deviation parameters is established by two dif-

ferent approaches. For example, it is expressed by equation 4.32 according to the

results of factorial design. The pump flowrate distribution is generated by using

a Monte-Carlo method. The values of all parameters of the manufacturing and

assembly processes and pump performance are collected and gathered in a matrix

form table. Thus, we can calculate the covariance and correlation between the

flowrate of the pump and each parameter of the manufacturing and assembly pro-

cesses. A Pareto chart is, then, used to represent the importance of the parameters
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of the manufacturing and assembly processes that linearly affect the flowrate of

the pump. The result of analysis is shown in figure 5.4.

No.
Covariance
Classifica-

tion

Covariance
value

Correlation
Classifica-

tion

Correlation
value

1 ty1,4S1 -0.360 ty1,4S1 -0.137
2 ty1,4 0.355 ty1,4 0.135
3 ty1,7 0.331 ty1,7 0.126
4 tx1,4S1 0.233 tx1,4S1 0.088
5 tz8,4 -0.215 tz8,4 -0.082
6 tz3,7 0.208 tz3,7 0.079
7 tx1,4 -0.205 tx1,4 -0.079
8 tz8,1 0.201 tz8,1 0.077
9 tz9,1 0.200 tz9,1 0.076

10 tz4,7 -0.197 tz4,7 -0.075
... ... ... ... ...

Table 5.2: The classification of parameters

The order of the parameters of the manufacturing and assembly processes is clas-

sified by increasing value of covariance and correlation between the flowrate and

these parameters. The classification of parameters by increasing correlation value

is used to classify the linear influence of the parameters of the manufacturing and

assembly processes on the performance of the pump, as shown in table 5.2. The

covariance value is, however, used to study simultaneous variations between per-

formance and each parameter from their respective averages.

From the analysis result, the arrangement of the parameters’ effects on the per-

formance of the pump is created. The designer, manufacturer and assembler can

know what parameters have high influence on the performance. For example, set

of parameters ty1,4S1, ty1,4, ty1,7, tx1,4S1, tz8,4, tz3,7, tx1,4, tz8,1, tz9,1 and tz4,7 are the

first ten parameters of the manufacturing process that have the greatest influence

on the performance of the pump.

5.1.3.1.3 Influence Index Analysis The set of values of manufacturing pro-

cess values and pump flowrate are saved at the end of the performance simulation
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Figure 5.4: Pareto charts of covariance and correlation

stage. In order to identify the influence of each parameter of the manufacturing

process on the flowrate of the pump, we use moving average data smoothing tech-

nique to reduce the random noise generated by the variation of the other manu-

facturing parameters. The filtered data are then fitted with a linear function as

presented in figure 5.5 or non-linear function.

The influence index coefficient for each parameter is determined by equation 5.15.

For example, the influence index of the parameter rx1,9 as shown in figure 5.5 is

calculated by equation 5.20.

∆rx1,9 =
ymax − ymin
Fmax − Fmin

(5.20)

Similarly, influence index of the other parameters is calculated. The result is

shown in figure 5.6. We can see that the manufacturing process parameters, such

as ty1,4S1, ty1,4, ty1,7 and tx1,4S1 from part 1 (revolute casing back) manufacturing are

important contributors to flowrate variation of the pump.
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Figure 5.5: Data filtered by moving average technique
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Figure 5.6: Influence index of manufacturing parameters
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5.1.3.1.4 Conclusion From the result of global sensitivity analysis, covariance

and correlation analysis and influence index, the design factors and the parame-

ters of the manufacturing and assembly processes are classified according to their

effects on the performance of the pump, as shown in table 5.3.

No. Covariance
approach

Correlation
approach

Influence
index

approach

Global
sensitivity

1 ty1,4S1 ty1,4S1 ty1,4S1 Gap
2 ty1,4 ty1,4 ty1,4 Ty
3 ty1,7 ty1,7 ty1,7 Tx
4 tx1,4S1 tx1,4S1 tx1,4S1 GapTy
5 tz8,4 tz8,4 tz8,4 TxTy
6 tz3,7 tz3,7 tz3,7 GapTx
7 tx1,4 tx1,4 tx1,4

8 tz8,1 tz8,1 tz8,1

9 tz9,1 tz9,1 tz9,1

10 tz4,7 tz4,7 tz4,7

... ... ... ...

Table 5.3: The classification of parameters

In this case, the gap between the impeller and the casing of the pump is the design

factor that has the greatest effect on the flowrate of the pump. If the flowrate of

the pump does not satisfy the client, the designer has to manage the variation of

the gap first, and the variation of Ty later. By the other methods, manufacturer

and assembler can verify the influence of the parameters of the manufacturing

and assembly processes. For example, the parameter ty1,4S1 is a parameter of the

manufacturing process that has the greatest effect on the flowrate of the pump.

This is the quality of the part-holder surface in the set-up S1 to manufacture the

casing back of the pump. Thus the manufacturer needs to manage this parameter

variation if the mass flowrate does not satisfy the client. The manufacturer can

change parameters of the manufacturing process based on the classification of pa-

rameters, capabilities of production means and the cost. The analysis result only

proposes factors of the product life cycle to modify in order to adjust the perfor-

mance of the product. The aim is to satisfy the client and make the design robust

and reliable.
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5.2 Robust Design within Product Life Cycle

Robustness of the performance of a product is a key factor in product design under

uncertainty and variation sources during its life cycle, including material prop-

erties, manufacturing operations and practical environment. Actually, from de-

signer’s brain to users’ hands, the product must overtake through many stages of

its life cycle. The variability generated in each stage, as geometrical deviations, ob-

viously have an influence on the performances of the product. It can make the

designed product not to meet fully the requirements of the customers and the

users. Moreover, it is difficult to determine the relationship between the perfor-

mance variation and the variation of design variables, because the current mod-

elling technology is not sufficient for taking the uncertainty and variation sources

into account in the performance simulation. However, the method to integrate

the geometrical deviations into performance simulation as presented in chapter 4

permits to overcome the limitation and approximate the real performance of the

product taking into account the uncertainty and variation sources during its life

cycle.

5.2.1 Mathematical approach

According to the definition of Chen et al. [CATM96], the fundamental principle in

robust design is to improve the quality of a product by minimizing the effects of

variation without eliminating its causes. In other words, the aim is to minimize

the variations product performance caused by variation sources from product life

cycle. Robust design methods as presented in section 2.3 only work for a model

with established mathematical expression of the product performance. Thus it is

necessary to know mathematical expression of the relationship between the per-

formance and the parameters of the variation sources. The proposed methods as

presented in chapter 4 allow to establish the relationship between the performance
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variation and geometrical deviations of the product generated during its life cycle.

It is expressed by equation 5.21.

∆Pri = fi(∆p̂1,∆p̂2, ..,∆p̂m) (5.21)

Where {p̂i}i=1..m are geometrical parameters. The variance of the performance vari-

ation is calculated by equation 5.22.

V ar(∆Pri) = E
{

[∆Pri − E(∆Pri)]
2} (5.22)

According to Taylor series expansion principles, the variance of the performance

variation can be rewritten by equation 5.23.

V ar(∆Pri) = E

{[∑m
j=1

∂Fi

∂p̂j

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j +
∑m

j=1

∑m
k=1

∂2Fi

∂p̂j∂p̂k

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j.∆p̂k

−E
(∑m

j=1
∂Fi

∂p̂j

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j +
∑m

j=1

∑m
k=1

∂2Fi

∂p̂j∂p̂k

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j.∆p̂k

)]2
}

(5.23)

Then

V ar(∆Pri) =

(∑m
j=1

∂Fi

∂p̂j

∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j

)2

E
{

[∆p̂j − E (∆p̂j)]
2}

+

(∑m
j=1

∑m
k=1

∂2Fi

∂p̂j∂p̂k

∣∣∣
(µ̂1,..,µ̂m)

)2

E
{

[∆p̂j.∆p̂k − E (∆p̂j.∆p̂k)]
2} (5.24)

σ2
∆Pri

=
m∑
j=1

(
∂Fi
∂p̂j

∣∣∣∣
(µ̂1,..,µ̂m)

)2

.σ2
∆p̂j

+

(
m∑
j=1

m∑
k=1

∂2Fi
∂p̂j∂p̂k

∣∣∣∣
(µ̂1,..,µ̂m)

)2

σ2
∆p̂j .∆p̂k(i,j=1..m) (5.25)

In order to obtain the robust solution, it is necessary to solve the problem, described

by procedure 5.26.

Minimize : σ2
∆Pri

Subject to : aj ≤ p̂j ≤ bj; E(Pri) = PN
i

(5.26)

Where E(Pri) = PN
i is the expected performance (nominal performance) of the
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product.

5.2.2 Data Mining Approach

The function describing the relationship between the performance of the product

Prk and the parameters of variation sources ∆X = {∆xi}i=1..n can be expressed by

equation 5.27.

Prk = fk(∆X) = gik(∆xi) + hik(∆xj) + qik(∆xi,∆xj) (j 6= i) (5.27)

According to Taylor series expansion principles, the variance of the performance

variation at first-order can be rewritten by equation 5.28.

σ2
∆Prk

=
n∑
i=1

(
∂fk
∂∆xi

∣∣∣∣
(µ∆x1

,µ∆x2
,..,µ∆xn)

)2

σ2
∆xi

(5.28)

Then

σ2
∆Prk

=
n∑
i=1

(
∂gik(∆xi)

∂∆xi

∣∣∣∣
(µ∆x1

,µ∆x2
,..,µ∆xn)

+
∂qik(∆xi,∆xj)

∂∆xi

∣∣∣∣
(µ∆x1

,µ∆x2
,..,µ∆xn)

)2

σ2
∆xi

(5.29)

If the variables X = {xi}i=1..n are independent, the variance of the performance

variation can be simplified by equation 5.30.

σ2
∆Prk

=
n∑
i=1

(
∂gik(∆xi)

∂∆xi

∣∣∣∣
(µ∆x1

,µ∆x2
,..,µ∆xn)

)2

σ2
∆xi

=
n∑
i=1

C2
i σ

2
∆xi

(5.30)

Where Ci = ∂gik(∆xi)
∂∆xi

∣∣∣
(µ∆x1

,µ∆x2
,..,µ∆xn)

is a coefficient representing the effect of each

parameter ∆xi on the performance variation of the product.

As presented in section 5.1.2.2.1, the function gik(∆xi) is estimated from the results

of product performance simulation by using moving average data smoothing meth-

ods and linear or non linear regression model. Thus, the coefficient Ci is easily

136



Chapter 5. Influence factor analysis and Robust design methodology 5.2� ��Gap 

O 

Z 

X 

Ty 

Y 

Tx 

Figure 5.7: Pump flowrate and deviation parameters

determined by using equation 5.30. In order to determine the robust solution, it is

necessary to minimize the variance of the performance variation, as described by

procedure.

Minimize : σ2
∆Prk

Subject to : ai ≤ xi ≤ bi; E(Prk) = PN
k

Where E(Prk) = PN
k is the expected performance (nominal performance) of the

product.

5.2.3 A Case Study

5.2.3.1 A centrifugal pump

5.2.3.1.1 Mathematical approach The example of centrifugal pump as pre-

sented in chapter 3 and 4 is reused in this chapter in order illustrate this approach.

The effect of variation source on pump flowrate variation is considered in this case.

The relationship between the flowrate and the geometrical deviations parameters

of the pump is established by one of the different approaches. According to facto-

rial design approach as presented in section 4.2.1.1, the relationship between the
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flowrate and the gap deviation and the translation deviations (Tx, Ty) (see figure

5.7) is expressed by equation 5.31.

Q = −7.97795× 106 + 1.13956× 106Gap− 40373.3Gap2 − 9.47196× 107Tx

+1.33071× 107GapTx− 467397.Gap2Tx + 6.1493× 108Tx2 − 8.64763× 107GapTx2

+3.04026× 106Gap2Tx2 + 1.72515× 108Ty− 2.42049× 107GapTy + 849043.Gap2Ty

+26307.TxTy− 225203.Tx2Ty + 1.547× 109Ty2 − 2.1753× 108GapTy2

+7.64703× 106Gap2Ty2 + 347389.TxTy2 − 523800.Tx2Ty2(g/s)

(5.31)

The variance of flowrate variation is calculated by using equation 5.32.

σ2
Flowrate = (1.13956× 106 − 80746.6µGap + 1.33071× 107µTx − 934794.µGapµTx

−8.64763× 107µ2
Tx + 6.08052× 106µGapµ

2
Tx − 2.42049× 107µTy + 1.69809× 106µGapµTy

−2.1753× 108µ2
Ty + 1.52941× 107µGapµ

2
Ty

)2

σ2
Gap + (−9.47196× 107 + 1.33071× 107µGap

−467397.µ2
Gap + 1.22986× 109µTx − 1.72953× 108µGapµTx + 6.08052× 106µ2

GapµTx

+26307.µTy − 450406.µTxµTy + +347389.µ2
Ty − 1.0476× 106µTxµ

2
Ty

)2

σ2
Tx + (1.72515× 108

−2.42049× 107µGap + 849043.µ2
Gap + 26307.µTx − 225203.µ2

Tx + 3.09401× 109µTy

−4.3506× 108µGapµTy + 3.09401× 109µTy − 4.3506× 108µGapµTy + 1.52941× 107µ2
GapµTy

+694778.µTxµTy − 1.0476× 106µ2
TxµTy)

2
σ2

Ty + (1.33071× 107 − 934794.µGap

−1.72953× 108µTx + 1.2161× 107µGapµTx)
2
σ2

GapTx + (−2.42049× 107

+ 1.69809× 106µGap − 4.3506× 108µTy + 3.05881× 107µGapµTy)
2
σ2

GapTy

+ (26307.− 450406.µTx + 694778.µTy − 2.0952× 106µTxµTy) 2σ2
TxTy(g/s)

(5.32)

Where µGap, µTx, µTy are respectively the nominal gap deviation between the im-

peller and the casing of the pump and the nominal translation deviation of the

impeller relative to two perpendicular axes X, Y in the global coordinate systems

of the pump. The robust optimization model of the flowrate of the pump is calcu-
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lated as expressed in 5.33.

Minimize σ2
Flowrate

Subject to :

EFlowrate = µFlowrate = 250(m3/h) ' 69444g/s

(5.33)

The solution is calculated by using a NMinimize function in Mathematica software

and is given in 5.34.

µGap = 0.1659, µTx = 0.0770173, µTy = −0.0556371 (5.34)

In conclusion, the designer should increase the nominal gap value to be 14.395mm

and the nominal positioning of the impeller of the pump should be increased rela-

tive to the axis OX and decreased relative to the axis OY according to the global

coordinate system OXY Z of the pump.

5.2.3.1.2 Data mining approach In order to determine the variance of flowrate

variation of the pump, it is necessary to calculate the coefficient Ci as in equation

5.30 by estimating the function gik(xi). This function is estimated by using mov-

ing average technique based on the result of flowrate simulation of the pump. The

procedure to determine the function is presented in section 5.1.2.2 and 5.1.3.1.3.

For example, the moving average is used to extract the trend of relationship be-

tween the flowrate and the parameter tx1,4 of the manufacturing process is shown

in figure 5.8 (see blue curve). Then the function representing this relationship can

be determined by using linear or non linear regression model (see figure 5.8 in red

and green colour respectively). It is expressed by equation 5.35.

g1 = 1.48948− 251.287tx1,4

g2 = 6.437− 258.298tx1,4 − 229682.tx2
1,4

(5.35)
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Figure 5.8: Linear and non linear regression

The coefficient Ci is easily calculated by equation 5.36 according to the function gi.

C1 = 251.287

C2 = −258.298− 459365.µtx1,4

(5.36)

Where µtx1,4is the average value (nominal value) of the parameter tx1,4 of the man-

ufacturing process. Finally, the variance of the flowrate variation of the pump can

be determined by a set of coefficients Ci relative to the manufacturing process pa-

rameters. For example, the variance of the pump flowrate relative to the ten first

parameters of the manufacturing process is expressed by equation 5.37.

σ2
∆Flowrate =

(
−1389.16− 73275.3µrx1,2

)
2σ2

rx1,2
+
(
−6030.19 + 293792.µrx1,3

)
2σ2

rx1,3

+
(
−3762.14− 390749.µrx1,4

)
2σ2

rx1,4
+
(
1013.89 + 28189.5µrx1,5

)
2σ2

rx1,5

+
(
10338.2− 219712.µrx1,9

)
2σ2

rx1,9
+
(
10046.− 856604.µrx1,10

)
2σ2

rx1,10

+
(
−5297.59− 281869.µrx1,11

)
2σ2

rx1,11
+
(
−811.732 + 272251.µrx1,12

)
2σ2

rx1,12

+
(
−186.959 + 511730.µrx1,11S1

)
2σ2

rx1,11S1
+
(
5315.73− 552909.µrx1,4S2

)
2σ2

rx1,4S2
+ ...

(5.37)

The robust design solution can be determined by minimizing the variance of the

flowrate variation of the pump as in previous section.
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5.3 Conclusion

In this chapter, we proposed two methods to give feedback to the product designers

based on the result of the product performance simulation. The first one allows

to identify and classify the effect of the parameters of the variation sources on the

performance of the product during its life cycle. The determination is realized by

two different approaches:

• Mathematical approach: The Sobol’s indices, one of the global sensitivity

analysis techniques, is used to determine the effect of the parameters on the

product performance. The level of the effect of parameters is classified based

on the value of the sensitivity indices. This approach is only used when the

mathematical model describing the relationship between the product perfor-

mance and the parameters is easily established.

• Data mining approach: The covariance-correlation analysis and influence fac-

tor are proposed to identify and classify the effect of the parameters on the

product performance.

The second one allows to determine the variance of the product performance rela-

tive to the parameters of the variation sources and to find the robust solution. This

method has two different approaches:

• Mathematical approach: When the mathematical model describing the rela-

tionship between the product performance and the parameters of the vari-

ation sources is easily established or available, the variance of the product

performance variation relative to the parameters is calculated by Taylor ex-

pansion. Then the robust solution is found by minimizing the variance.

• Data mining approach: The variance of the product performance variation

relative to the parameters of the variation sources is determined by using the

moving average technique and linear or non linear regression model.
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Chapter 6

CONCLUSION AND PERSPECTIVE

T HE research work presented in this thesis contributes to develop a 3D Geo-

metrical Deviation Model (GDM) for the product life cycle engineering. This

GDM is based on the 3D Model of Manufactured Part (MMP) proposed by Vil-

leneuve and Vignat [VLL01, VV03, VV05b, Vig05] for modelling geometrical de-

viations (error stack-up) generated at manufacturing stage. The overview of the

research work is given in figure 6.1. The geometrical deviation model includes the

model of manufactured part for manufacturing stage and the model of assembled

part (MAP) for assembly stage. It allows to model geometrical deviations gener-

ated during the manufacturing stage and to accumulate them on the final product

at assembly stage. It is then used to integrate the geometrical deviations into the

simulation of the product performance. An image of the real performance of the

population of manufactured products is generated by using Monte-Carlo simula-

tion method. The satisfaction of customer’s requirements is then verified by com-

parison of the performance range with the customer requirements. The next step is

to identify and classify the parameters of the variation sources according to their

influence on the performance. Different approaches for influence factor analysis

(IFA) are proposed. The results can then be used for the purpose of robust design,

i.e. finding a design solution minimizing the effect of geometrical deviations on

product performance.
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Figure 6.1: The overview of research works

The geometrical deviations of the product generated and accumulated during its

life cycle are modelled by the GDM. This model allows to link the parameters of the

manufacturing processes from the manufacturing stage to assembly stage. Thus,

the first research question in the thesis is answered by this model.

• Manufacturing stage: The nominal model of the product created by designers

must pass through the manufacturing stage where geometrical deviations

are generated due to imperfection of materials, tools and machines. These

deviations are modelled and collected by the model of manufactured part.

• Assembly stage: Each part making up the product is assembled during this

stage. The deviations generated during manufacturing stage are accumu-

lated on the subassembled part and then on the final product. The GDM is a

total model of geometrical deviations generated during manufacturing stage

and accumulated at assembly stage. Thus the GDM is able to take into ac-
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count geometrical deviations of the surfaces of the parts and to link them

with the parameters of the manufacturing process. Finally, the Monte-Carlo

simulation method is used to produce an image of the manufactured products

with geometrical deviations.

• Use stage: The deviations from the GDM are integrated in the simulation of

the product performance. The relationship between the performance of the

product and the parameters of variation sources is established by different

approaches. The performance of the population of products from assembly

stage is then calculated by using this relationship. An image of a population

of the product performance is produced by using the Monte-Carlo simulation

method. Finally, product designers can verify compliance of the performance

of the designed product with the customers’ requirements. As a result, the

solution for second research issue in the thesis is found out.

The parameters of variation sources during the product life cycle obviously have

an influence on the performance of the product. Thus two approaches proposed

in chapter 5 allow to identify and classify their effect on the performance of the

product. In addition, the variance of the performance variation of the product

relative to the parameters of variation sources is constructed by mathematical and

data mining approach. They are presented in detail in chapter 5. Then a robust

design can be found by minimizing the variance of the performance variation. The

research works presented in chapter 5 aim to give back useful information and

results analysis to the actors of the product life cycle, such as product designer,

producer and user (see figure 6.1).
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M ANY perspectives can be envisaged from the research works in the thesis.

They are classified according to the following research axes:

• The geometrical deviation model developed in this thesis does not take into

account the deformation. Thus a research axis is opened to integrate part

deformations in product life cycle engineering and product performance sim-

ulation.

• In this thesis, the effect of geometrical deviations is only considered in the

use stage to verify one performance of the product. However, there are many

physical phenomena, such as thermal deformation, metal fatigue, metal wear-

ing, etc. The second research axis should be to take the effect of the multi-

physical phenomena into account in the simulation of the product multi-

performances in the use stage.

• The Monte-Carlo simulation method is used to simulate the geometrical de-

viations of the part surfaces and later on the product performance. The input

data including the variation range and distribution of defect parameters are

supposed to be uniform and independent. The third research axis should con-

sider to identifying the variation range and distribution of the defect param-

eters and establishing the correlation among them. Experimental measure-

ments have been started by Tichadou and Kamli Nejad [TNVL07, TLH05]

and currently continued by Bui-Minh et al [BMSVD10, SBMF+10].

• The relationship between the product performance and geometrical devia-

tions parameters is established by the three approach as presented in the

thesis. The deviated model of the product for the performance simulation is

created in the CAD software by manual manipulation. In addition, the ge-

ometrical data of the product for building the GDM including dimensions,

coordinate systems, etc., are also produced by hand. Therefore, the fourth

research axis could be considered to develop an automatic interface in order
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to collect useful data from CAD software and GDM and to generate automat-

ically the deviated model of the product.

• Two different approach for determining the variance of the performance vari-

ation and implementing robust design are presented in this thesis. The al-

gorithm for robust optimization is not mentioned in this thesis. Thus the

fifth research axis could be developed to formulate the robust design problem,

such as identification of the controllable and uncontrollable parameters of

variation sources during the product life cycle. In addition, it is necessary to

build the algorithm for robust multi-objective optimization in order to obtain

a robust design solution taking into account multi-performance and multi-

physical phenomena. The interval analysis method for finding out the robust

domain has been done by Qureshi et al. [QDBB09, QDBB10a, QDBB10b].

This is a good idea to apply in this case for finding the robust domain consid-

ering multi-physical phenomena within the product life cycle.
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RÉSUMÉ DE THÈSE

INTRODUCTION

A UJOURD’HUI, les exigences des clients concernant les produits qu’ils acquièrent

sont de plus en plus elevées. La satisfaction de ces exigences telles que la

qualité, la fiabilité, la robustesse, l’innovation et le coût joue un rôle important

dans le contexte d’économie globale et de concurence. Grâce au développement des

technologies de l’information , les ordinateurs sont devenus un outil incontournable

d’assistance des activités d’ingénierie de conception du produit et du process de fa-

brication. Les concepteurs travaillent principalement sur le modèle numérique du

produit dans un environnement CAO 1, ce modèle est ensuite utilisé pour simuler la

performance du produit. Le modèle créé dans l’environnement CAO est une repré-

sentation nominale du produit, et ils ne peut donc prendre en compte les variations

générées durant le cycle de vie du produit.

En fait, le produit doit passer à travers plusieurs étapes de son cycle de vie avant

d’arriver dans les mains du client. Chaque pièce composant le produit est fabriquée

à partir de matière brute au cours des operations successives du processus de fabri-

cation (forgeage, usinage, affilage, etc.). Des déviations géométriques sont générées

à chaque operation (phase) du processus de fabrication et accumulées tout au long

de l’étapes de fabrication. Ces déviations sont le résultat des imperfections de la

matière, de l’outilllage et desmachines. La pièce fabriquée et leurs déviations sont

1. Concepteur Assisté par l’Ordinateur
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Résumé de thèse Introduction

assemblées dans l’étape d’assemblage pour construire le produit. Les déviations

des surfaces de la pièce impactent l’assemblabilité du produit et sont accumulées

sur le produit final. La géométrie réelle du produit est donc différente desa géomé-

trie nominale à la fin de l’étape de fabrication et d’assemblage, et la performance

du produit est certainement donc certainement différente. Finalement, le produit

réel est différent du produit prévu par le concepteur et promit au client au début

de la conception du produit et il y a donc un risque de ne pas satisfaire le client.

Il est donc important de se demander comment on peut gérer la variation de per-

formance du produit afin de la réduire et tout au moins de s’assurer qu’elle est

compatible avec la satisfaction du client.

La technologie actuelle de modélisation du produit n’est pas capable de prendre

an compte les déviations géométriques. La plupart des simulations pour prédire

le comportement du produit (cinématique, dynamique, écoulement de fluides, etc.)

et évaluer sa performance sont réalisées en s’appuyant sur le modèle nominal du

produit. Le résultat de la simulation de performance du produit peut donc être

considéré comme la performance nominale et donc différer de la performance réelle.

Le risque est alors que le produit conçu ne répond pas totalement aux exigences

des clients et des utilisateurs. La principale problématique pour le concepteur est

alors : « Est-ce que le produit réel satisfait aux exigences des clients du point vue

de sa performance ? ». La gestion des variations géométriques durant le cycle de vie

du produit est donc une question importante dans la conception du produit-process

il faut donc considérer les question suivante :

– Comment modéliser les déviations géométriques générées tout au long du cycle

de vie du produit ?

– Comment intégrer les déviations géométriques à la simulation de performance

du produit ?

– Comment gérer leurs causes et conséquences dans la phase de la conception et

identifier les sources de variation qui influence la performance du produit ?

Les travaux de recherche que j’ai mené ont été réalisés au sein du laboratoire G-

ii
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SCOP 2. La thèse contribue au développement d’un model unifié pour la modéli-

sation des déviations géométriques générées et accumulées au cours de l’étape de

fabrication et d’assemblage du cycle de vie du produit. Ce modèle est basé sur les

travaux de recherche du pole Conception Intégrée en combinant le modèle de pièce

fabriquée MMP 3 proposé par Villeneuve et Vignat [VLL01, VV05a, VV05b, VV07],

et le modèle du produit pour le cycle de vie développé par Brissaud et Tichkie-

witch [TV97, TB99, TB00, BT01]. La méthodologie de recherche appliquée dans

ce travail ss’appuie sur des études de cas, surtout sur la conception d’une pompe

centrifuge. On a proposé et testé des méthodes et des outils pour modéliser les

déviations tout au long du cycle de vie et intégrer celles-ci à la simulation de la

performance du produit et l’indendification des paramètres de variation influents.

L’étape suivante a été de généraliser les méthodes et les outils proposés afin de dé-

finir la méthodologie globale pour l’intégration des déviations géométriques issues

de l’étape de fabrication et d’assemblage dans la simulation de performance du pro-

duit et l’identification des paramètres de variation influents. La derniére étape a

consisté en l’application de certaines parties de la méthode globale afin de les tes-

ter sur un exemple simple et de comparer les résultats obtenus avec les résulatst

théoriquesceci afin de vérifier la validité de la méthode proposée.

De nombreuses recherches pour modéliser les déviations géométriques générées

et accumulées durant le processus de fabrication et d’assemblage ont déja été

conduites. Elles seront présentées dans le chapitre 2. Toutefois, aucun modèle ne

couvre toutes les étapes du cycle de vie du produit. Le travail présenté dans ce

mémoire se concentre donc sur la proposition d’une méthode qui permet de modé-

liser les déviations géométriques générées tout au long du cycle de vie du produit

et l’intération de celles-ci à la simulation de performance du produit.

La vue d’ensemble de la méthode proposée est décrite figure 1. La méthode est di-

visée en deux branches. La première consiste en la génération du modèle de dévia-

2. Laboratoire des Science pour la Conception, l’Optimisation et la Production de Grenoble
3. Model of Manufactured Part
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tions géométriques par la simulation du processus de fabrication et d’assemblage.

Ce modèle est basé sur le concept de torseur des petits déplacements proposé par

Bourdet [Bou87]. Il se compose du modèle MMP proposé par Vignat et al pour mo-

déliser les déviations géométriques générées par le processus de fabrication et du

modèle MAP 4 qui s’appuie sur le modèle proposé par Ballot et al et Thiébaut. Les

une population de produits avec deviations géométriques est ensuite crééle biais

d’une méthode stochastique de type Monte-Carlo. La génération et la simulation

des déviations géométriques du produit sont présentées chapitre 3.

FIGURE 1 – La vue d’ensemble de la méthode

4. Model of Assembled Part
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La seconde partie est une méthode qui permet d’intégrer les déviations géomé-

triques dans la simulation de performance du produit. La relation entre la perfor-

mance et les paramètres de déviations géométriques est d’abord établie. La perfor-

mance de la population du produit est ensuite déterminée à partir des résultats

de la simulation Monte-Carlo. Le calcul de cette population permet de vérifier la

conformité du produit conçu aux exigences du client. Cette méthode va être pré-

sentée chapitre 4. Le chapitre 5 présente une méthode qui permet d’identifier et de

classifier l’influence des paramètres de déviation géométrique sur la performance

du produit. Cette méthode permet aussi de déterminer la variance de la perfor-

mance du produit relativement à chacun des paramètres. La solution robuste de

concpetion peut être trouvée à partir des résultats précédents par minimisation de

la variance de la performance du produit. Conclusion et perspective sont ensuite

présentés chapitre 6.�

FIGURE 2 – Le model nominal de la pompe centrifuge

Afin d’illusterer les méthodes présentées dans ce mémoire de thèse, une étude de

cas est proposée tout au long du mémoire. L’exemple choisit consiste en la concep-

tion d’une pompe centrifuge (voir la figure 2) avec les spécifications suivantes :

– Débit : 250m3/h

– Hauteur manométrique totale : 100m

– Moteur : 2000RPM

– Fluide : Eau

– Température : 200C
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PROBLÉMATIQUE SCIENTIFIQUE

Q UELQUES travaux de recherche existent dans la recherche académique cou-

vrant chacune un étape du cycle de vie du produit. Plusieurs modèles pour

modéliser les déviations géométriques générées au cours des étapes de fabrica-

tion et d’assemblage ont été développés en utilisant des approches différentes. La

résumé des modèles sont présentés dans le tableau 1 pour les déviations géomé-

triques générées à l’étape de fabrication et le tableau 2 pour l’étape d’assemblage.

State space approach
Small

displacement
torsor

Zhou et
al.

(2003)

Huang
et al.

(2003)

Wang et
al.

(2005)

Villeneuve
et al.

(2001)

Vignat
et al.

(2005)
Fixture errors Yes Yes Yes Yes Yes
Machining tool

errors Yes Yes Yes Yes Yes

Multioperation Yes Yes Yes Yes Yes

2D/3D 3D 3D 3D 3D 2D and
3D

Table 1: The geometrical deviation models in manufacturing stage.

Le principe des modèles proposés par Mantripragada et Whitney [MW99], Jin et

Shi [JS99], Huang et al. [HLKC07], Thiebaut [Thi01] est de modéliser les varia-

tions géométriques des pièces assemblées à chaque phase du processus d’assem-

blage. Ils prennent en compte des déviations géométriques des surfaces des pièces,

mais celles-ci ne proviennent pas d’une simulation du processus de fabrication et ne

sont donc liées à aucuns modèle de déviations géométriques de fabrication proposés

par Zhou et al. [ZHS03], Huang et al [HSY03], Wang et al. [WHK05], Villeneuve et

al. [VLL01], Vignat et al. [Vig05]. De plus, toutes les méthodologies de conception

robuste ont besoin pour fonctionner d’un modèle précis qui décrit la relation entre

la performance du produit et les sources de variation. Ce modèle est difficile à obte-

nir du fait de la complexité des processus de fabrication et d’assemblage. Pour ces
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State
transition
approach

State space approach
Small

displacement
torsor

Mantripragada
and Whitney

(1999)

Jin and
Shi

(1999)

Camelio
et al,.
(2003)

Huang
et al,.
(2007)

Ballot
et al,.
(1997)

Thiebaut
(2001)

Fixture
errors No Yes Yes Yes Yes Yes

Part
deviation Yes No Yes Yes Yes Yes

Machining
tool errors N/A N/A N/A N/A N/A N/A

Multistation No Yes Yes Yes N/A Yes
2D/3D N/A 2D 3D 3D 3D 3D

Table 2: The geometrical deviation models in assembly stage

raisons, on a besoin de définir une réponse complète aux questions scientifiques

suivantes :

– Comment modéliser les déviations géométriques du produit tout en couvrant

toutes les étapes de son cycle de vie ?

– Comment intégrer les déviations géométriques à la simulation de performance

du produit ?

– Comment gérer les causes et conséquences dés la phase de la conception et iden-

tifier les sources de variation qui influence la performance du produit ?
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MODÈLE DES DÉVIATIONS GÉOMÉTRIQUES

L E modèle des déviations géométriques développé dans ce travail de thèse per-

met de modéliser toutes les déviations géométriques générées au cours de

l’étape de fabricationet l’étape d’assemblage. Ce modèle est basé sur le modèle de

pièce fabriquée proposé par Vignat et al [VV07], et celui de comportement des mé-

canismes proposé par Thiébaut [Thi01].

Modèle de pièce fabriquée (MMP)

Les déviations géométriques générées à l’étape de fabrication sont modélisées par

le modèle MMP. Elles résultent de deux phénomènes indépendants :

– La mise en position qui génère les défauts de positionnement de la pièce par

rapport à sa position nominale dans le porte-pièce de la machine. Ces défauts

dans la phase Sj sont modélisés par un torseur de petits déplacements 1.

TSj,P i = −TP i,P i
m

+ TSj,HiSj + THiSj,P i
m

(1)

TP i,P i
m

: torseur d’écart de la surface m de la pièce i réalisée dans la phase précé-

dente.

TSj,HiSj : torseur d’écart de la surface Hi du porte-pièce dans la phase Sj

THiSj,P i
m

: torseur lien décrivant l’interface entre la surface m de la pièce et la

surface Hi du porte-pièce dans la phase Sj.

– L’usinage qui génére des défauts géométriques sur les surfaces réalisées dans la

phase Sj par rapport à la machine. Ces défauts de la surface i dans la phase Sj

sont modélisés par le torseur TSj,P i
j

comme présenté équation 2 pour une surface

cylindrique.

TSj,P i
j

=


rxi,jSj txi,jSj

ryi,jSj tyi,jSj

0 0


(O,XY Z)

(2)
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Les déviations géométriques de la surface usinée j dans la phase Sj par rapport

à la pièce nominale sont donc exprimées par un torseur TP i,P i
m

comme présenté

équation 3.

TP i,P i
j

= −TSj,P i + TSj,P i
j

(3)

Modèle de la pièce assemblée (MAP)

Les pièces fabriquées lors de l’étape de fabrication sont assemblées en suivant un

processus d’assemblage définit. Les déviations géométriques générées par le pro-

cessus de fabrication vont s’accumuler lors de l’assemblage. Les déviations de la

surface k de la pièce i dans la phase j par rapport à sa position nominale dans la

coordonnée globale du produit sont exprimées par un torseur TP i,P i
k
, comme décrit

équation 4.

TP i,P i
k

= TP,P i + TP i,P i
k

(4)

TP i,P i
k

est un torseur décrivant les déviations géométriques de la surface k de la

pièce i par rapport à sa position nominale dans le repère globale du produit. Il est

calculé a partir du modèle MMP i.

TP,P i est un torseur exprimant le défaut de positionnement de la pièce i par rap-

port à sa position nominale dans l’assemblage. Ce torseur est calculé a partir des

liaisons élémentaires entre la pièce i et les autres.

Simulation des déviations géométriques du produit

Un ensemble des M produits assemblés est généré par l’utilisation de la simula-

tion Monte-Carlo et du modèle GDM. Les variables entrées sont les paramètres

des torseurs du modèle GDM, comme les paramètres du torseur décrivant la qua-

lité des surfaces du porte-pièce et les défauts d’usinage. On suppose que toutes les

variables sont indépendantes dans ce cas et que leur distribution est uniforme. Les

données de celles-ci peuvent être basées des résultats de mesures expérimentales.
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A partir de ces résultats, le concepteur peut vérifier les exigences géométriques du

produit. De plus, il peut utiliser ces résultats pour intégrer les déviations géomé-

triques du produit dans la simulation de performance.

L’image des déviations géométriques de la population du produit est générée par la

méthode de Monte-Carlo, comme suit :

– Etape 1. Définir la probabilité de distribution et la zone de variation des va-

riables entrées.

Les variables entrées sont des paramètres du torseur représentant la qualité du

porte-pièce et la capabilité de la machine. Ce sont les paramètres des déviations

géométriques des surfaces du porte-pièce et des défauts d’usinage. La détermina-

tion de leur distribution est basée sur des résultats de mesures expérimentales

[TNVL07]. La stratégie pour limiter les zones de variation des variables entrées

est présentée par Kamali Nejad [NVV09].

– Etape 2. Générer par tirage aléatoire des valeurs des variables entrées en res-

pectant la distribution et la zone de variation déterminées.

Dans notre cas, les valeurs des variables d’entrées est générée par un algorythme

de type cellular automata défini par Wolfram.

– Etape 3. Calculer les déviations géométriques des surfaces de la pièce fabriquée

en s’appuyant sur le modèle MMP.

On détermine d’abord les paramètres du torseur lien du modèle MMP. Ils sont

déterminés par les contraintes de non-pénétration et la fonction de positionne-

ment. Cette procédure est expliqué en détail par [NVV09].

Etape 4. Assembler les pièces fabriquées en s’appuyant sur la vérification des

contraintes d’assemblage.

– Etape 5. Calculer les déviations géométriques des surfaces du produit final par

rapport au repère globale en s’appuyant sur le modèle GDM.
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INTÉGRATION DES DÉVIATIONS GÉOMÉTRIQUES DANS

LA SIMULATION DE PERFORMANCE

L ES déviations géométriques générées de l’étape de fabrication à l’étape d’as-

semblage vont évidement influencer la performance du produit. Pourtant, la

technologie actuelle de modélisation des produits ne peut pas prendre en compte

ces déviations. La plupart des simulations pour prédire le comportement du pro-

duit telles que simulations cinématique, dynamiques, de résistance, fluide, etc. sont

réalisées en s’appuyant sur le modèle nominal. La performance prédite par ces si-

mulation est donc différente de la performance du produit réel. Le risque est que

le produit conçu ne satisfasse pas aux exigences du client. Il est donc nécessaire

d’intégrer les déviations géométriques à la simulation de performance du produit.

On propose dans ce mémoire de thèse deux approches afin de répondre à ce pro-

blème. La première approche est utilisée dans le cas que l’on connait bien la re-

lation mathématique entre la performance et les paramètres des déviations géo-

métriques du produit. La variation de performance du produit est déterminée par

l’équation 5.

∆Pri = fi(∆p̂1,∆p̂2, ..,∆p̂m) =
m∑
j=1

∂Fi
∂p̂j

∣∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j +
m∑
j=1

m∑
k=1

∂2Fi
∂p̂j∂p̂k

∣∣∣∣
(µ̂1,..,µ̂m)

.∆p̂j.∆p̂k

(5)

{∆p̂i}i=1..m sont les paramètres des déviations géométriques et ∆Pri est la variation

de performance du produit. A partir de cette relation, on peut générer une image de

la performance du produit en s’appuyant sur les résultats de la simulation Monte-

Carlo effectuée à l’étape précédente.

La deuxième approche est basée sur laméthode desplans d’expérience et l’expertise

des concepteurs. Elle est utilisée dans le cas ou la relation entre la performance et

les paramètres des déviations géométriques n’est pas disponible ou difficile à ob-

tenir mathématiquement. On propose alors trois méthodes différentes que nous
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FIGURE 3 – Simulation de performance du produit avec les déviations géomé-
triques

nommons factorial, Taguchi et random design pour déterminer une version ap-

prochée de cette relation. Dans ce cas, on peut utiliser la méthode des éléments

finis afin de calculer la performance en s’appuyant sur des modèles déviés du pro-

duit. Les modèles dévié sont créés dans des logiciels CAO a partir des résultats, en

terme de déviations géométriques, de la simulation Monte-Carlo effectuée à l’étape

précédente. La relation entre la performance et les paramètres des déviations géo-

métriques est déterminée par un modèle de régression linéaire ou non-linéaire en

s’appuyant sur la méthode des plans d’expérience a partir de pliusieurs résultats

de simulation réparti dans la zone de variation des deviation en utilisant des mo-

dèles factoriel, Taguchi ou aléatoire. La vue d’ensemble de la méthode est présen-

tée figure3. Finalement, une image dela performance des produits fabriqués (réels)

est générée par l’utilisation des résultats de la simulation Monte-Carlo effectuée à

l’étape précédente et la relation ainsi déterminée.
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ANALYSE DES FACTEURS D’INFLUENCE

U NE image des produits réels a été générée par l’utilisation d’une simulation

Monte-Carlo présentée dans le chapitre ci-dessus. Les sources de variation

influence de manière certaine la performance du produit. Il faut donc développer

une méthode qui permet d’identifier et classifier les paramètres des sources de va-

riation ayant une influence sur la performance du produit. On a présenté deux ap-

proches dans ce mémoire de thèse en s’appuyant sur l’analyse de sensibilité globale

et l’analyse des données qui permette d’identifier et classifier le niveau d’influence

des paramètres des sources de variation.

Analyse de sensibilité globale

La première approche est basée sur la définition des indices de sensibilité glo-

bale proposée par Sobol [Sob90]. Ces indices permettent de mesurer le niveau

d’influence de chaque paramètre de déviation géométriquessur la performance du

produit. Elles sont définies en divisantpar la variance de chaque paramètre par

rapport à la variance de la performance présenté équation 6.

Si1..iu =
Vi1..iu
V

(6)

Vi1..iu est la variance partielle qui mesure l’effet de l’ensemble des paramètres d’en-

trée sur le paramètre de sortie tel que la performance du produit. Elle est calculée

en s’appuyant sur la relation f entre les paramètres de déviations géométriques et

la performance. Elle est décrite par l’équation 7.

Vi1..iu =

∫ 1

0

f 2
i1..iu

(x1, x2, .., xiu)dx1, .., xiu (7)

Le coefficient d’influence de chaque paramètre est calculé par cette équation. Les

paramètres sont classifiés par rapport a la valeur du coefficient d’influence calculé.
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FIGURE 4 – L’ensemble de l’approche de la covariance et de la corrélation

Approche d’analyse de donnés

L’approche d’analyse de sensibilité globale est utilisée pour identifier et classifier

les paramètres des déviations géométriques générées par les sources de variation

durant le cycle de vie du produit. Toutefois, si la relation entre celles-ci et les pa-

ramètres des sources de variation n’est pas explicite Cette approche ne peut pas

être utilisée. On va donc proposer une autre approche pour identifier les source de

variation qui influencent le plus la performance du produit.

Covariance et Corrélation

Les résulatats de la simulation de performance par l’utilisation de la méthode

Monte-Carlo sont utilisées pour calculer la covariance et la corrélation entre la

performance et chaque paramètre de source de variation. Ce coefficient permet

de mesurer le niveau d’influence linéaire de chaque paramètre. Il est calculé par

l’équation 8.

σXY = Cov(X, Y ) = E(XY )− E(X)E(Y )

ρXY = Cov(X,Y )
σX .σY

(8)

A partir des résultats de l’analyse de covariance et de corrélation, on peut classi-

fier les paramètres par rapport au niveau d’influence des paramètres sur la per-

formance du produit. La vue d’ensemble de la méthode est résumée dans la figure

4.
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FIGURE 5 – L’ensemble de l’approche

Coefficient d’influence

On défini un coefficient qui permet de mesurer le pourcentage d’influence de chaque

paramètre sur la performance du produit, comme présenté dans l’équation 9.

∆i =
∆gi(x)

∆F
=
max {gi(x)} −min {gi(x)}

max {F} −min {F}
(9)

La fonction gi(x) est estimée par regression linéaire ou non-linéaire en s’appuyant

sur des données filtrées par la méthode de la moyenne glissante. Donc, l’avantage

de cette approche par rapport à l’approche de covariance et corrélation est la possi-

bilité de prise en compte de relation non-linéaire entre la performance du produit et

les paramètres des sources de variation. La méthode pour déterminer le coefficient

est exposée dans la figure 5.
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MÉTHODOLOGIE DE LA CONCEPTION ROBUSTE

L A d’une solution robuste de conception permet de minimiser la variation de

performance du produit par rapport aux incertitudes et aux sources de varia-

tion. Nous avons proposé, dans ce travail de thèse, deux approches qui permettent

de déterminer la variance de la variation de la performance du produit par rapport

à la variation des paramètres des déviations géométriques ou des sources de va-

riation durant son cycle de vie. A partir de ces résultat, la solution de l conception

robuste peut être trouvée par minimisation de la variance.

Approche mathématique

A partir de la relation entre la performance du produit Pri et les paramètres des

déviations géométriques p̂j, la variance de la variation de la performance peut être

calculée par l’utilisation de la série de Taylor. Elle est exprimée par l’équation 10.

σ2
∆Pri

=
m∑
j=1

(
∂fi
∂p̂j

∣∣∣∣
(µ̂1,..,µ̂m)

)2

.σ2
∆p̂j

+

(
m∑
j=1

m∑
k=1

∂2Fi
∂p̂j∂p̂k

∣∣∣∣
(µ̂1,..,µ̂m)

)2

σ2
∆p̂j .∆p̂k(i,j=1..m) (10)

Afin d’obtenir la solution robuste, il est nécessaire de résoudre le problème en sui-

vant la procédure suivante 11.

Minimize : σ2
∆Pri

Subject to : aj ≤ p̂j ≤ bj; E(Pri) = PN
i

(11)

E(Pri) = PN
i est la performance nominale du produit conçu.
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Approche d’analyse desdonnées

La variance de la variation de la performance peut être calculée par l’équation 12.

σ2
∆Prk

=
n∑
i=1

(
∂gik(∆xi)

∂∆xi

∣∣∣∣
(µ∆x1

,µ∆x2
,..,µ∆xn)

)2

σ2
∆xi

=
n∑
i=1

C2
i σ

2
∆xi

(12)

La fonction gik est estimé dans le chapitre ci-dessus a partir des données traitées

par la méthode de la moyenne glissante. La solution de la conception robuste peut

être trouvée par la procédure suivante 13.

Minimize : σ2
∆Prk

Subject to : ai ≤ xi ≤ bi; E(Prk) = PN
k

(13)

E(Prk) = PN
k est la performance nominale du produit conçu.
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CONCLUSION ET PERSPECTIVE

L ES travaux de recherche présentés dans le mémoire de thèse contribuent à

développer un modèle de déviations géométriques (GDM 5) en 3D couvrant

le cycle de vie du produit. Ce modèle est basé sur le modèle de la pièce fabriquée

(MMP 6) proposé par Villeneuve et Vignat [VLL01, VV03, VV05b, Vig05] pour mo-

déliser les déviations géométriques générées lors de l’étape de fabrication. La vue

d’ensemble des travaux de recherche est montrée figure 6. Le modèle de dévia-

tions géométriques est composé du modèle MMP pour l’étape de fabrication et du

modèle de pièce assemblée (MAP 7) pour l’étape d’assemblage. Celui-ci permet de

modéliser tous les déviations géométriques générées dans l’étape de fabrication et

accumulées sur le produit final lors de l’étape d’assemblage. Ce modèle est ensuite

utilisé pour intégrer les déviations géométriques à la simulation de performance

du produit. Une image de la performance réelle de la population de produits fa-

briqués est calculée par l’utilisation d’une simulation Monte-Carlo. La satisfaction

des exigences du client est vérifiée par comparaison de la performance “réelle” aux

exigences. L’étape suivant est d’identifier et de classifier les paramètres des sources

de variation par rapport à leur effet sur la performance du produit. Des approches

différentes pour analyser les coefficients d’influence (IFA) sont proposées dans le

mémoire de thèse. Ses résultats permettent de trouver une solution robuste par

minimisation des effets des déviations géométriques sur la performance du pro-

duit.

Les déviations géométriques du produit générées et accumulées durant son cycle de

vie sont modélisées par le modèle GDM. Ce modèle permet de lier les paramètres

des processus de fabrication de l’étape de fabrication et les résultats en termes de

déviation de l’étape d’assemblage. La réponse à la première question scientifique

est ainsi donnée par ce modèle.

5. Geometrical Deviation Model
6. Model of Manufactured Part
7. Model of Assembled Part
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FIGURE 6 – La vue d’ensemble des travaux de recherche

– Etape de fabrication : Le modèle nominal du produit créé par le concepteur doit

passer par cette étape et des déviations géométriques sont générées du fait des

imperfections de la matière, de l’outillage et des machines. Celles-ci sont modé-

lisées et collectées par le modèle de pièce fabriquée.

– Etape d’assemblage : Chaque pièce composant le produit est assemblée au cours

de cette étape. Les déviations générées lors de l’étape de fabrication sont accu-

mulées sur l’assemblage et donc sur le produit final. Le modèle de déviations

géométrique GDM est un modèle total qui modélise toutes les déviations géomé-

triques de l’étape de fabrication à l’étape d’assemblage. Ce modèle est donc ca-

pable de prendre en compte des déviations géométriques des surfaces des pièces

du produit et de les lier avec des paramètres du processus de fabrication. Enfin,

la méthode Monte-Carlo est utilisée pour créer une image des produits fabriqués

avec déviations géométriques.

– Etape d’usage : Les déviations modélisées par le modèle GDM sont intégrées
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dans la simulation de la performance du produit. La relation entre la perfor-

mance du produit et les paramètres des sources de variation est établie par des

approches différentes. Les performances de la population des produits sont cal-

culée en s’appuyant sur cette relationet les résultats de la simulation Monte-

Carlo. Finalement, le concepteur peut vérifier la conformité de la performance

du produit conçu par rapport aux exigences du client. La réponse à la deuxième

question de recherche est donc donnée.

Deux approches, proposées dans le chapitre 5, permettent d’identifier et de clas-

sifier les effets sur la performance du produit des paramètres des sources de va-

riation. De plus, la variance de la variation de performance par rapport aux para-

mètres des sources de variation est construite par deux approches l’une analytique

et l’autre basée sur l’analyse de données. Elles sont présentées en détail dans le

chapitre 5. Une solution robuste de concpetion peut être ensuite trouvée par mini-

misation la variance de la performance du produit. Les informations utiles peuvent

ensuite être transmisent aux acteurs du cycle de vie du produit tel que les concep-

teurs, fabricants et utilisateurs (voir la figure 6).

xx



Résumé de thèse Conclusion et Perspective

P LUSIEURS perspectives de poursuites de nos travaux sont envisageables. Elles

sont classifiées selon les pistes de recherche suivante :

– Le modèle des déviations géométriques développées dans le mémoire de thèse ne

prend pas en compte la déformation de la pièce. Un axe de recherche est ouvert

pour intégrer aussi la déformation de la pièce à la simulation de performance du

produit.

– L’effet des déviations géométriques est seulement considéré dans l’étape de l’uti-

lisation pour vérifier une performance du produit. Pourtant, il y a plusieurs

phénomènes physiques comme la déformation thermique, la fatigue des métaux,

l’usure, etc. La deuxième piste de recherche est de prendre l’effet de phénomène

multi-physique en compte dans la simulation multi-performance du produit.

– La méthode Monte-Carlo est utilisée pour simuler les déviations géométriques

des surfaces et ensuite la performance du produit. Les données entrées y com-

pris le domaine de variation et la distribution des paramètres sont supposées

être uniformes et indépendantes. La troisième piste de recherche considère les

domaines de variation et la distribution des paramètres ainsi que la corrélation.

Des mesures ont été réalisées par Tichadou et al. [TNVL07, TLH05] et sont ac-

tuellement continuées par Bui-Minh [BMSVD10, SBMF+10].

– La relation entre la performance du produit et les paramètres des déviations

géométriques est établie par les trois approches présentées dans ce mémoire. Le

modèle dévié du produit pour la simulation de performance est créé dans un en-

vironnement CAO par manipulation manuelle. La quatrième piste de recherche

est ouverte pour développer une interface qui permet de collecter les résultats

des simulations en terme de déviation géométrique et de générer automatique-

ment le modèle dévié correspondant.

– Deux approches différentes pour déterminer la variance de la performance du

produit et chercher la conception robuste sont présentées dans ce mémoire de

thèse. La cinquième piste de recherche conciste à formuler le problème de concep-

tion robuste comme l’identification des paramètres contrôlable et incontrôlable
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des sources de variation durant le cycle de vie du produit. De plus, il a neces-

saire de construire un algorithme pour l’optimisation robuste multi-objetif afin

de trouver une conception robuste prenant en compte les phénomènes multi-

physiques. La méthode d’analyse intervalle pour chercher le domaine robuste a

été réalisée par Qureshi et al. [QDBB09, QDBB10a, QDBB10b]. Celle-ci epeut

être appliquée à nos problèmes de conception robuste au sein du cycle de vie du

produit.
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The Impact of Geometrical Deviations on Product Life Cycle

Abstract:

The research work presented in my thesis aims to manage geometrical variability throughout
product life cycle and its consequence on the product performance. The geometrical variations
generated from the manufacturing to assembly stage are modeled by the geometrical deviation
model. Monte-Carlo simulation method is then used to generate an image of the real
manufactured product. As a result, the geometrical deviations are integrated into simulation of
product performance in order to establish the relationship between the performance and the
parameters of geometrical deviations or variation sources. An image of real performance of
the manufactured product is then generated. From this result, the parameters of variation
sources influencing the product performance are identified and classified according to their
impact level. The variance of the product performance variation is also established by the
relation between the performance and the parameters of geometrical deviations or variation
sources. Finally, the robust design solution can be found by minimization of the variance of
the product performance variation.

Keywords: Life-cycle Engineering, Geometrical Deviation Model, Performance simulation,
Manufacturing simulation, Geometrical variability management.

Résumé:

Le travail de recherche présenté dans ce mémoire de thèse est de gérer la variabilité
géométrique durant le cycle de vie du produit et ses conséquences sur la performance du
produit. Le modèle des déviations géométriques du produit exposé dans ce mémoire permet
de modéliser les déviations géométriques générées de l’étape de fabrication à l’étape
d’assemblage de son cycle de vie. La méthode de simulation Monte-Carlo est utilisée pour
générer une image des produits fabriqués. A partir de ces résultats, les déviations
géométriques sont intégrées dans la simulation de la performance du produit afin d’établir la
relation entre la performance et les paramètres des sources de variation. Une image de la
performance réelle du produit fabriqué est générée par l’utilisation de résultat de simulation
des déviations géométriques. Les paramètres de sources de variation influençant la
performance du produit sont ensuite identifiés et classifiés par rapport au leur niveau
d’impact. La variance de la variation de la performance est établie s’en appuyant sur cette
relation. Finalement, la solution de la conception robuste est trouvée par la minimisation de la
variance de la performance du produit.

Mots clés : Cycle de vie du produit, Modèle des déviations géométriques, Simulation de
performance, Simulation de fabrication, Gestion de variabilité géométrique.
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