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Résumé

L’objectif de cette these est I’étude du probleme de Cauchy pour les solutions faibles

de trois probléemes (systemes paraboliques dégénérés et fortement couplés) modélisant
des écoulements diphasiques et compressibles en milieu poreux. La motivation de ce
travail est un "benchmark" du GNR MoMaS pour I’étude de I'impact de 1’écoulement
du gaz di a la corrosion des matériaux ferreux dans un site de stockage de déchets
radioactifs. Cette these est divisée en trois chapitres indépendants.
Premieérement, on s’intéresse a ’analyse mathématique d’un probléme modélisant 1’écou-
lement de deux phases immiscibles et en considérant qu’'une phase est compressible et
l'autre est incompressible (eau/gaz). Deuxiemement, on traite le cas général du dépla-
cement de deux fluides compressibles et immiscibles dans un milieu poreux. Enfin, le
dernier chapitre est consacré a la construction et a la convergence de la méthode des
volumes finis pour le systeme eau-gaz sous I’hypothese que la densité du gaz est une
fonction de la pression globale.

Mots clés
Ecoulement en milieu poreux, compressible, immiscible, volumes finis, systémes pa-

raboliques dégénérés, systeémes elliptiques, systémes non linéaires, méthode de semi-
discrétisation.



Abstract

The aim of this thesis is the study of the Cauchy problem (existence of weak so-

lutions) for three degenerate highly coupled parabolic systems modeling compressible
immiscible flow in porous media. The motivation of this work is a benchmark of the
GNR MoMas, to study the impact of the gas flow due to the corrosion of ferrous ma-
terials in a radioactive waste storage site. This thesis is divided into three independent
chapters.
Firstly, we look at a problem modeling the flow of two immiscible phases and conside-
ring one phase is compressible and the other is incompressible (water/gas). Secondly,
we consider the problem modeling two-compressible immiscible flow in porous media.
An existence results for both problems established by a semi-discretization method.
Finally, The fourth chapter is devoted to the construction and convergence of a multi-
dimensional finite volume method (upwind scheme) for the gas-water model under the
assumption that the gas density is a function of a global pressure.

Key words

porous medium, compressible, immiscible, finite volume, parabolic degenerate systems,
elliptic systems, degenerate systems, nonlinear coupled systems, semi-discretization me-

thod.
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CHAPITRE 1

Introduction

1 Contexte général et scientifique

La modélisation des écoulements multiphasiques en milieu poreux prend une place
importante en ingénierie pétroliere, par exemple la récupération des hydrocarbures, et
des problemes liés a la pollution de 'environnement. En effet, en ingénierie pétroliere,
la technique de récupération secondaire du pétrole est largement utilisée, elle consiste
a injecter de 'eau dans des puits réservés a cet effet (puits d’injection) afin de déplacer
les hydrocarbures présents dans le gisement vers les puits de production. Il est alors
naturel de considérer deux ou trois phases (eau, gaz, huile) afin de simuler I’écoulement
dans ces gisements.

Les gisements pétroliers peuvent étre utilisés pour la séquestration du CO2. Les émis-
sions du CO2 ont fortement augmenté au cours des récentes années, entrainant une
croissance de la teneur en CO2 dans l'atmosphere. Ce type de gaz a effets de serre
serait responsable de la tendance du réchauffement climatique. Une facon de réduire la
teneur en CO2 de 'atmospheére est de capturer le CO2 émis afin de le séquestrer dans
des sites de stockage. Plusieurs options de stockage sont envisagées : stockage dans des
gisements d’hydrocarbures déplétés, veines de charbons inexploitées et aquiferes salins
profonds. La capacité potentielle de stockage du CO2 dans des gisements et dans des
aquiferes profonds est a la mesure des quantités de CO2 émises. Il est clair que les
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gisements pétroliers sont un bon moyen pour la séquestration du CO2. Actuellement,
le CO2 est utilisé dans certains gisements pour le récupération secondaire du pétrole.
Ce qui conduit naturellement a I’étude des écoulements diphasiques compressibles.

L’objet de cette these est essentiellement de simuler numériquement et d’analyser
mathématiquement les écoulements de type eau-gaz dans un milieu poreux.

Ce travail est motivé par le Benchmark Couplex—Gaz 2 proposé par ’ANDRA lors
des rencontres du GDR MoMaS sur I'étude de I'impact de I’écoulement du gaz di a
la corrosion des matériaux ferreux dans un site de stockage des déchets radioactifs. En
effet, une quantité importante d’hydrogene produite par corrosion des colis de stockage
entraine une augmentation significative de la pression d’hydrogene autour des alvéoles
des déchets. Une telle surpression risque d’endommager les colis de stockage, les maté-
riaux de confinement des déchets et de fracturer le milieu géologique.

Le modele physique complet est un probléme biphasique (eau/gaz) tenant compte de
I’hydrogene sous forme gazeuse et dissoute dans 1’eau.

On s’intéresse au déplacement des fluides dans un milieu poreux (gisement pétrolier,
site de stockage) constitué d’un seul type de roche caractérisé par la porosité, le ten-
seur des perméabilités intrinseques, les pressions capillaires et les perméabilités relatives.
Le fluide est constitué de deux phases compressibles ou compressible/incompressible,
immiscibles et sans interaction chimique entre elles. Ici, la méthode de récupération
secondaire du pétrole est modélisée. Elle consiste a injecter un fluide dans des puits
d’injection ('eau ou le CO2) afin de déplacer les hydrocarbures vers les puits de pro-
duction.

Dans [47], les auteurs s’intéressent a ’analyse mathématique des écoulements dipha-
siques immiscibles compressibles en milieu poreux, notamment aux écoulements eau—gaz
sans dissolution. Sous ’hypothese que la densité du gaz dépend de la pression globale
(la phase eau est considérée incompressible), 'existence de solutions pour le probléme
dégénéré est prouvée. Dans [45], le cas de deux fluides compressibles, immiscibles et
sous I’hypothese que les densités dépendent de la pression globale a été étudié. Cette
hypotheése est justifiée dans les travaux de J. Jaffré et C. Chavent ! lorsque la variation
des densités par rapport a la pression capillaire est faible.

1. Mathematical models and finite elements for reservoir simulation. Single phase, multiphase and
multicomponent flows through porous media, Studies in Mathematics and its Applications; 17, North-
Holland Publishing Comp., 1986.



2 Formulation mathématique 3

Ici, on traite les modeles complets en supposant que la densité de chaque phase dé-
pend de sa propre pression et en généralisant I’analyse aux écoulements multiphasiques.
En effet, des nouvelles estimations d’énergies sont obtenues pour controler les vitesses
de chaque phase et ensuite les termes capillaires. Cette nouvelle approche ne nécessite
pas la formulation du probleme diphasique compressible et immiscible en fonction de la
pression globale. Par contre, la notion de la pression globale est introduite pour obtenir
un résultat de compacité. Cette analyse mathématique nous conduit naturellement au
développement de schémas numériques pour la simulation des écoulements eau/gaz.
En effet, un schéma aux volumes finis en dimension 2 et 3 d’espace pour simuler un
écoulement eau-gaz en supposant que la phase gaz est compressible et celle de I'eau
est incompressible est étudié. L’idée est de proposer un schéma numérique conservant
les estimations d’énergies sur les solutions discretes. Le schéma proposé est un schéma
implicite construit sur un maillage admissible au sens de Eymard, Gallouét, Herbin ?
et en décentrant les mobilités selon le gradient de la pression globale aux interfaces des
mailles. Un point important dans la construction de ce schéma est de considérer une
approximation de la densité du gaz aux interfaces des mailles comme étant la moyenne
le long des pressions entre les deux mailles voisines. Cette approximation a permis d’as-
surer des estimations a priori sur les solutions discretes et assurer la convergence du
schéma numérique.

Dans la suite, nous allons décrire les principaux modeles traités et décrire les prin-
cipaux résultats de cette these.

2 Formulation mathématique

2.1 Deux fluides compressibles et immiscibles en milieu po-
reux

Les équations décrivant les déplacements de deux fluides immiscibles et compres-
sibles sont données par la conservation de la masse de chaque phase. Le modele est
obtenu a partir de la loi de conservation de la masse, de la loi de Darcy et de la loi de la
pression capillaire. Pour plus de détails sur ce type de modéles, on peut citer [44, 45, 47|

2. Finite Volume Methods. Handbook of Numerical Analysis, Vol. VII, P. Ciarlet, J.-L. Lions,
eds.,North-Holland, (2000)



2 Formulation mathématique 4

Conservation de la masse de chaque phase

&(2)0,(pi(pi)si) + div(pi(pi) Vi) + pilpi)si fp(t, x) = pi(ps)si f; (¢, @) (2.1)

ou ¢ est la porosité du milieu, la porosité indique la proportion de fluide pouvant

imprégner une roche :
_ Volume de pores(vide)

I

Volume total
pi est la densité du fluide 7. On appellera fluide 1 et fluide 2 respectivement le fluide
non mouillant et le fluide mouillant et s; et sy leurs saturations respectives.

La vitesse de chaque phase V; est donnée par la loi de Darcy :

kz(sz)

1

V,=-K (Vpi = pi(p)g), i=1,2. (2.2)
ou K est le tenseur de perméabilité du milieu poreux (la perméabilité intrinseque K
traduit la résistance exercée par la roche a I’écoulement, elle dépend de la nature des
matériaux en présence et de la répartition géométrique des pores dans le milieu),

k; est la perméabilité relative de la phase i, elle traduit le fait que plus la phase est
présente dans le milieu plus elle est mobile. Noter aussi que la phase est immobile des
qu’elle absente, ceci implique que les perméabilités relatives satisfont

k’r(Si = O) = O, (23)

la fonction s; — k;(s;) est croissante (voir figures 1.1-1.2),
; la viscosité (constante), g est la gravité, et p; la pression de la phase i.

FIGURE 1.1 — ky(s1) perméabilité de la phase 1(croissante) ko(s;) perméabilité de la
phase 2 (décroissante)

Dans les équations (2.1), I'injection et la récupération des fluides dans le milieu sont
modélisées par les termes f7 et f,. Les fonctions f; et f, sont respectivement les termes
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FIGURE 1.2 — Mobilité totale : M = M; + M,

d’injection et production. Par ailleurs, les saturations des fluides injectés sont connues
et sont notées s! dans I’équation (2.1). Par définition de la saturation, on a

s1(t,z) + so(t, z) = 1. (2.4)

La courbure de la surface de contact entre deux fluides entraine une différence de pres-
sion appelé pression capillaire. Les expériences ont montré que les pressions capillaires
sont fonctions de saturations. Ainsi, la pression capillaire ne dépend que de la satura-
tion,

Pe(s1(t, x)) := f(s1(t, x)) = p1(t, x) — palt, x) (2.5)

et est une fonction monotone croissante de la saturation, (£(s;) > 0, pour tout s; €
[0,1]).

Les inconnues de ce probleme sont les saturations s;, ¢ = 1,2 et les pressions p;, ¢ = 1, 2.
Les relations (2.4) et (2.5) permettent de réduire les variables indépendantes. En effet,
il suffit de connaitre soit une saturation et une pression soit les deux pressions.

Nous verrons dans le chapitre 3, nous considérons les deux pressions comme incon-
nues.

Pour décrire le contexte physique, a savoir la récupération secondaire du pétrole, on
complete le systéme par des conditions aux limites et des conditions initiales.
On désigne par € un ouvert borné de R? (d > 1), de frontiere 9 réguliere. Soit
n le vecteur normal extérieur a 9Q et [0,7] Uintervalle du temps d’étude. On note
Qr =(0,T) x Qet Xp = (0,T) x 0. La frontiere 0L est partitionnée comme suit :

@szlunmp Flﬂl—‘lmpzw
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avec

I frontiere d’injection,

Limp frontiere imperméable.

Conditions aux limites. On distingue, selon la nature des frontieres considérées, les
conditions aux limites suivantes :
> Sur I'y, partie de la frontiere par laquelle 'eau (ou gaz) est injectée on impose

pi(t,x) =0, poft,z) = 0.
> Sur ', frontiere imperméable, on impose
V1~n:V2-n=0.

Conditions initiales. Les conditions initiales, a l'instant ¢ = 0, sont définies sur les
pressions
pr(0,2) = p(x) dans ©,

p2(0,2) = pS(z) dans Q. (2.6)

Le chapitre 2 est consacré a 1’étude de ce systeme dans le cas ou est I'une des phases
est incompressible, modele eau-gaz. Le chapitre 3 est consacré a I’étude de ce systeme
dans le cas ou les deux phases sont compressibles.

Formulation en saturation-pression globale.

Les équations (2.1) sont dégénérées a cause de la propriété physique (2.3), en effet
dans la région ou lI'une des phases est absente alors la perméabilité est nulle et par
conséquent la vitesse de la phase est nulle également, ainsi on perd le contrdle du
gradient de la pression de cette phase. Pour se remédier a cela, C. Chavent et al. [22],
ont introduit la notion de pression globale. La pression globale peut étre contrdlée
indépendamment de la présence des phases.

Pression globale. La pression p; de chaque phase se représente comme étant une
variation de la pression globale de la maniere suivante :

p=p2+p(s1) =p1 +p(s1)
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telles que les fonctions p(s1) et p(sy) sont définies comme suit :

- Ml(Sl) _ M2(32)
/ o / / _ /
p (Sl) - M(Sl) f (51)7 p (Sl) M(Sl) f (81)7
ou
M;(s) = ki(s)/ i la mobilité de la phase i,
M(s) = My (s) + Ms(s) la mobilité totale.

Alors, la vitesse de Darcy de chaque phase peut s’écrire sous la forme :

ou le terme capillaire

Ml(Sl)JMQ(SQ) df

- 7 - v > 0.
M (s1) ds (s1) 20

Sur la figure 1.3, on montre 'allure de la fonction a.

a(s)) =

FIGURE 1.3 — Allure de la fonction c.

Dans le cas incompressible (p; = constante), il est facile de voir qu’en sommant les
équations (2.1), on obtient une équation elliptique en pression

div(V + V3) = —div (KM(sl)Vp —K(Mi(s1)p1 + Mg(Sg)pg)g)) =0,
et une équation parabolique en saturation
0;s1 — div (KMl(sl)Vp + KMl(sl)p1g> = 0.

Le controle de la pression globale de 1’équation elliptique permet ensuite le controle de
la saturation.

Dans le cas compressible, nous n’allons pas exhiber une équation pour la pression et
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une équation pour la saturation. On traite le systéeme de conservation de la masse dans
sa formulation originale, la compressibilité complique évidemment I'analyse, on établit
des nouvelles estimations d’énergies permettant le controle de la vitesse de chaque phase.

Dans [22, 44, 45, 47], 'hypothese essentielle, classiquement formulée, est de consi-
dérer les densités des fluides comme une fonction de la pression globale :

pi(pi) = pi(p)- (2.8)

En effet, selon Chavent et al. ([22], chapitre 3) la densité varie peu selon la pression
capillaire. Sous I’hypothese (2.8), les équations (2.1) s’écrivent

&(2)0e(pi(p)si) + div(pi(p) Vi) + pi(p)sifp(t, x) = pilp)si f; (t,x) (2.9)
La vitesse de chaque phase :
Vi = —KM;(s;)Vp — Ka(s1)Vs; + KM, (s;)pi(p)g- (2.10)
Pour clore le systeme, et par définition de la saturation on a :

s1+ 59 = 1. (2.11)

A ce systeme, on ajoute les conditions suivantes :
Conditions aux limites
> Sur I';, partie de la frontiere par laquelle I'eau (ou gaz) est injectée on impose

s1(t,z) =0, p(t,z) =0
> Sur ', frontiere imperméable, on impose

V1~n:V2~n:O.

Conditions initiales Les conditions initiales, a l'instant ¢t = 0, définies sur les pres-
sions
p(0,z) = pi(z) in Q

(
51(0,2) = pS(z) in Q. (2.12)

Dans le chapitre 4, on s’intéresse a la construction et a la convergence d’un schéma
de type volumes finis pour ce modele, en dimension 2 ou 3 d’espace, dans le cas ou I'une
des phases est incompressible.
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3 Plan du mémoire

On s’intéresse dans cette these a 1’étude du probleme de Cauchy pour les solutions
faibles de trois probléemes modélisant des écoulements diphasiques, immiscibles et com-
pressibles.

On décrit un systéme parabolique non linéaire modélisant le déplacement de deux
fluides compressibles et immiscibles dans un milieu poreux. En dimension 3, 1’étude
du probleme de Cauchy pour les solutions faibles de deux modeles diphasiques a été
réalisée. Le premier modele traite de deux phases compressibles, le deuxieme traite
d’une phase compressible et d’'une phase incompressible (écoulement eau/gaz).

De nouvelles estimations d’énergies ont été obtenues afin d’établir 1'existence de
solutions. La pression globale n’est pas nécessaire pour formuler le probléme mais elle
est utile afin d’obtenir un résultat de compacité.

3.1 Chapitre 2 : Systéme non linéaire dégénéré modélisant les
déplacements immiscibles eau-gaz en milieu poreux

On s’intéresse a un probleme modélisant 1’écoulement de deux phases immiscibles et
en considérant qu’une phase est compressible et 'autre est incompressible. On considere
qu'un seul fluide est injecté (i.e s1 = 0, s = 1), et un seul fluide incompressible (i.e
pa(p2) = p2 € RT). Les équations (2.1)—(2.2) se réduisent alors a

()0 (p1(p1)s1)(t, x) + div(pi(p1) V1) (E, ) + pr(p1)sifp(t,x) =0, (3.13)
O(x)Oso(t, x) + div(Va)(t, x) + safp(t, x) = f;(t, ), (3.14)
S1 -+ S9 = 1, (315)
f(s1) =p1 — pa. (3.16)

La premiere équation est la conservation de la masse du gaz, La deuxieme est la conser-
vation de la masse du fluide incompressible -’eau en général-, dont la densité, constante,
a été simplifiée. On considere aussi f; le débit d’injection et f, celui de la production.
La loi d’état considérée est une fonction croissante par rapport a la pression et est bor-
née (voir (H6)).

Le réservoir est toujours noté €, un ensemble ouvert borné de IR%. On pose, Qr =
(0,7) x Q, X7 = (0,T) x 9. Au systeme (3.13)-(3.14), on ajoute les conditions aux
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limites suivantes, 92 = I'y U 'y, ot I'y designe la frontiere d’injection d’eau et L'y,
son complémentaire.

{pl(tv’ﬁ) =0, p(tz)=0 onl (3.17)

Vl'l’l:VQ'l’l:O OIlFimp

Cela signifie que la pression est imposée dans une zone d’injection du bord du réservoir.
On complete le probleme par les conditions intiales suivantes

{ p1(0,z) = pi(z) in Q (3.18)

Les hypotheses portant sur les mobilités, la porosité du milieu, le tenseur de perméabilité
et autres grandeurs physiques, sont similaires a celles de la section précédente,

(H1) il existe deux constantes ¢y et ¢; dans W1>°(Q)) telles que 0 < ¢y < ¢(x) < ¢y
p.p.- ¢ € €L

(H2) Le tenseur K appartient & (W1>°(€))4*4. De plus, il existe deux constantes stric-
tement positives kg et ko, telles que

K|z (@)yixa < koo et (K(2)€,8) > kol¢|? (pour touté € R?, p.p. z € Q).

(H3) Les fonctions M; et M, appartiennent a C°([0, 1]; R™) et M;(s; = 0) = 0. De plus,
il existe une constante strictement positive my telle que, pour tout s; € [0, 1],

Ml(sl) + MQ(SQ) Z mo.

(H4) La fonction o € C°([0,1]; IR™) satisfait a(s;) > 0 pour 0 < s; < 1, et a(0) = 0.
On définit B(s1) = [;* a(2)dz, on suppose que 37! est une fonction Holderienne
d’ordre 6, avec 0 < 6 < 1, sur [0,5(1)]. Cela signifie qu’il existe une constante
positive non nulle ¢ telle que pour tout sy, so € [0, 3(1)], on a |37 (s1)— 7 (s2)] <
c|sy — so|’.

(H5) (fp. fr) € (L2<QT))2> fp(t,z), fi(t,x) > 0pp. (t,2) € Qr

(H6) La densité p; est C*(IR), strictement croissante et il existe p,, > 0 et pp; > 0
telque 0 < pp, < p1(p1) < pur

(H7) La pession capillaire f € C°([0,1};R™), f est différentiable et 0 < f < Z—J;.

On définit I'espace de Hilbert

Hi ={ue H'(Q);u=0sur I't}.

Theorem 1.1. Sous les hypothéses (H1)~(H7), pour p,py (défini par (3.18)) appar-
tenant a L*(Q) et so vérifiant 0 < so < 1 p.p. Q, il existe (p1,p2) solution de (5.13),
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(5.1/) vérifiant,

pi € L*(0,T; L*()), ¢di(pi(pi)si) € L*(0, T (Hp, (Q))), i = 1,2, (3.19)
0<si(t,x) <1 aeinQp, i=1,2, B(s;) € L*0,T; H(Q)) (3.20)

such that for all ¢, & € CY(0,T; H} (Q)) avec o(T) = &(T) = 0,
= | om)sidp dedt — [ 6(x)pn (@)} @)0(0,2) da
—|—/Q KM, (s1)p1(p1)Vp1 - Vo dzdt — /Q KM, (s1)p5(p1)g - Vip dadt (3.21)

+/ p1(p1)sifpepdrdt =0,
Qr

_ / $5904€ duvdlt — / (2)s2(2)€(0, z) do
+ 0 KM;(s2)Vpy - VE dxdt — 0 KM;(s2)peg - VEdxdt (3.22)
+/QT sofpt drdt — /QT fr¢ dudt,

et enfin les conditions initiales sont satisfaites dans un sens faible comme suit :

Pour tout ¢ € HL. () les fonctions t — /ngﬁpl(pl(t,x))sl(t, z)(z) dz € C°([0,T)),

(3.23)
et t — /ngﬁSQ(t, z)(z) dz € C°([0,T)) (3.24)
de plus, on a
| 601 (p1(0,2)5:(0. ) () dx = [ (o) da (3.25)
/QQSSQ(O,:E)w dr = /qusgw dx. (3.26)

Le point clef de ce théoréme d’existence est d’obtenir une estimation L? sur Vp et
V(3(s1). Pour cela, on note

)= [ . 5 (3.27)
Hi(p1) = p1(p1)g1(p1) — p1, (3.28)
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ou Hi(p1) = pi(p1)gi(p1), H1(0) = 0, Hi(p1) > 0 pour tout p;, et H; est sous-
linéaire.(i.e [H1(p1) < Clp1l).
On multiplie (3.13) par g;(p1) et (3.14) par ps et on somme ces deux estimations. Apres
intégration en espace, il reste

d 51
G o (s + [ r€de) dot [ KM (s0)Tp1 - Vprdo
-I—/QKM2(S2>VPQ - Vpadx — _/QKMl(Sl)Pl(p1>g - Vprdz — /QKM2(82)P2g'Vp2 dx

+/Qp1(p1)81fp91(p1)d$+/982fpp2d$:/QfIPQdﬂ

En utilisant les hypotheses (H3) et (H6) ainsi que la borne de la fonction H > 0 et
g1(p1) est sous-linéaire, on déduit

/Q Mi(s1)Vp1 - Vi da:+/Q Ma(s5)Vps - Vi da < C. (3.29)

M M
Vp=Vp2+ -V (s1) = Vi = 2V f(s1), (3.30)

et par conséquent, on a de I'égalité principale

M, M,
M|Vpltde+ [ Vf(s1)? do =
[ M et | SR )]

/Q M (s1)Vpy - Vpy dx +/Q M5 (s2)Vpe - Vpadz. (3.31)

L’hypothese (H3) assure alors que p € L*(0,T; Hf () et 5(s1) € L*(0,T; H'(2)).
L’aspect dégénéré en évolution sur la variable pression ne permet pas d’obtenir de
compacité en variable pression p;. Par contre, le terme d’évolution 0;(p1(p1)s1) dans
I'équation (3.13) nous permet d’obtenir de la compacité en variable p;(p1)s;. D’autres
difficultés techniques apparaissent alors, en particulier 'identification de la limite de la
variable pi(p1.n)s1n O (P1h, S14) est solution d'un probleme approché. Cette identifi-
cation est rendue possible grace a la monotonie de la fonction p;, alors méme que 1'on
ne dispose que de la convergence faible dans la variable pression et de la convergence
forte sur la saturation dans LZ.

Le choix du probleme approché doit dans un premier temps assurer la positivité de la
saturation et ensuite pouvoir définir la pression dans un processus d’ajout de la dis-
sipation artificielle. La preuve du théoreme 1.1 s’effectue en deux étapes, la premiere
consiste a prouver l'existence des solutions pour le probleme non-dégénéré, la fonction
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M; (dégénérée en 0), on remplace dans I’quation (3.13) le terme dégénérée
— div(Kp1(p1)Mi(s1) V1)
par un terme non dégénéré
— div(Kpi (pY) Mi (s7) VpT) — ndiv(pi(p])V(pi — p3))
et nous remplagons aussi dans I'quation (3.14) la terme dégénérée
— div(KMs(s2)Vpe)
par un terme non dégénéré

— div(KMy(s3)Vp3) — ndiv(V(p3 — pi)).

L’existence des solutions du probleme non dégénéré est basée sur une méthode de
semi-discrétisation en temps ([3]). Soit 7' > 0, N € IN* et h = L. On définit la suite
paramétrée par h :

s n(x) = s{(z) € [0,1], a.e. in Q (3.32)
pin(r) = pi(2) ae. in Q, (3.33)

pour tout n € [0, N — 1], soit (pf,, (Phy) € LZ(Q) x L*(Q) avec 0 < s}, < 1, on
désigne par (fp)P Tt =L [ p Sy dret (f,)0 =L [0 £ (2) dr alors on définit,
(int, (54! € H%I(Q) X Hll(Q) avec 0 < sf' <1 solutlon de

00 (p1(p])sT) — div(Kpy (p}) My (s7) V) + div(Kp?(p]) M (s7)g)
—ndiv(p:(p])V(p! — p3)) + pr(p)s{fp =0, (3.34)

¢0i(s3) — div(KMy(s3)Vpy) + div(Kpy My (s3)g)
—ndiv(V(p3 —pl)) +s3fp = f1, (3.35)

avec les conditions intiales (3.18) et les conditions aux limites
p?(t,l‘) = 07 pg(t,x) =0 on (O,T) X Fl

(KALGD(Tp = pr(D)g) + 0¥ (0t~ p1)) -n =0 on (0.T) X Ty (3.36)

(KM:(s3) (V03— pog) = nV (s — 1) -n =0 on (0,T) X T,
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ou n est la normale extérieure a la limite I';,,,.

L’existence des solutions pour ce systéme elliptique est obtenue grace au théoreme de
Leray—Schauder et en utilisant deux régularisations en pressions : la premiere consiste
a projeter la pression sur les N premiers vecteurs propres de I'opérateur —Ap dans les
équations (3.54)(3.35) du chapitre 2 et la seconde consiste a ajouter de la dissipation
artificielle par remplacer M; par M7 = M; + <. Ensuite une version discréte de l'inéga-
lité (3.51) permet l'obtention des estimations uniformes sur les solutions indépendantes
de h et donc le passage a la limite quand h tend vers zéro. Enfin, on s’intéresse au
passage a la limite quand 7 tend vers zéro. Il est clair qu’il est inespéré de démontrer
que (Vs"), est uniformément borné dans L?*(Q7), par contre on établit que les suites
(B(s])), et (p"), sont uniformément bornées dans L*(0,7; H'(Q)) et (/7 Vf(s])), et
(y/ Mi(s]) Vp!),, sont uniformément bornées dans L*(Qr). Ces estimations sont essen-
tielles pour démontrer le théoreme 1.1.

3.2 Chapitre 3 : Ecoulement diphasique compressible immis-
cible en milieu poreux

On considere le déplacement diphasique, immiscible d’un fluide compressible par
un autre. La différence par rapport au modele eau-gaz mélange traitée dans le premier
chapitre est que :

- La densité du fluide considere comme une fonction de sa pression correspondant.

pi=pi(p:) i=12
- Les termes source injectés sont contraints par
sl+sl=1 st >0

- Le terme capillaire v est dégénéré en 0 et 1.
On considere la formulation a deux pressions

¢(x)0(pi(pi)si)(t, x) + div(pi(p:) Vi) (t, @) (3.37)
+ pi(pi)sifp(t, @) = pi(pi)si fr (), i=1,2.

S1 48y =1, (3.38)

f(s1) =p1 —pa. 39)

avec les conditions initiales et les conditions aux limites suivante :
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Le réservoir est toujours noté 2, un ensemble borné de IR%. On pose, Qr = (0,T) x
Q, Xr = (0,7) x 0. Au systeme (3.13)-(3.14), on ajoute les conditions aux limites
suivantes, 092 = I'y U I[';,,,, ou I'y désigne la frontiere d’injection d’eau et I';,,, son
complémentaire.

{p1<t’“") =0, p(tr) =0 onT, (3.40)

Cela signifie que la pression est imposée dans une zone d’injection du bord du réservoir.
On complete le probleme par les conditions initiales suivantes

{pl(O, r) = p)(x) in Q (3.41)

Les hypotheses portant sur les mobilités, la porosité du milieu, le tenseur de perméabilité
et autres grandeurs physiques, sont similaires a celles de la section précédente,

(H1) il existe deux constantes ¢q et ¢; telles que 0 < ¢g < ¢(x) < ¢ p.p. x € Q.

(H2) Le tenseur K appartient a (W1>°(Q))4*4. De plus, il existe deux constantes stric-
tement positives kg et ko, telles que

K|z @yyaxe < koo et (K(2)E, &) > kolé|* (for allé € RY, p.p. x € Q).

(H3) Les fonctions M; et M, appartiennent a C°([0, 1]; IR") et M;(s; = 0) = 0. De plus,
il existe une constante strictement positive my telle que, pour tout s; € [0, 1],

M;(s1) + Ma(s2) > my.

(H4) La fonction a € C°([0,1];IR™) satisfait a(s;) > 0 pour 0 < s; < 1, et a(0) =
a(l) =0.
On définit B(s1) = [;* a(2)dz, on suppose que 3! est une fonction Holderienne
d’ordre 6, avec 0 < 0 < 1, sur [0, 5(1)]. Cela signifie qu’il existe une constante
positive non nulle ¢ telle que pour tout sy, s € [0, 3(1)],on a |37 (s1)— B (s2)] <
clsy — so|’.

(H5) (fp. f1) € (L2(Q1))% fp(t, @), fr(t,x) Z 0 p.p. (t,2) € Qr
sl(t,z) >0 (i=1,2) et si(t,z) + sk(t,z) =1 p.p. (t,7) € Qr.

(H6) La densité p; (1 = 1,2.) est C*(IR), strictement croissante et il existe p,, > 0 et
pam > 0 telque 0 < p,, < pi(pi) < pur

(H7) La pession capillaire f € C°([0,1];R™), f est différentiable et 0 < f < %.

Theorem 1.2. Sous les hypothéses (H1)-(H7), pour p,py (défini par (3./1)) appar-
tenant a L*(Q2) et so vérifiant 0 < so < 1 p.p. Q, il existe (p1,p2) solution de (3.37)



3 Plan du mémoire 16

vérifiant,
p; € L*(0,T; L*(Q)), M;(s;)Vp; € L*(0,T; L*(2)) (3.42)
¢at(pi(pi)5i) € L2<Oa T (Hfl‘l(Q)),)a 1=1,2, (343)
0<si(t,z) <1 aeinQr, i=1,2, 3(s1) € L*(0,T; H(Q)) (3.44)

tel que pour tout p;, € C'(0,T; HE (Q)) avecp(T) = £(T) =0,

—/Q ®pi(pi)siOrpi dxdt—/Q¢(x)ﬂi(p?(x))5?($)<ﬂi(0>35) dx
+ 0 KM;(s:)pi(pi)Vp; - Ve d:pdt—/Q KMi(si)p?(pi)g-thi dxdt
—i—/Q pi(pi)si fpi dxdt:/Q pi(pi)si[f[goi dxdt, (3.45)

et enfin les conditions initiales sont satisfaites au sens faible suivant :
pouri=1,2,

pour tout 1 € H{. (Q) les fonctions t — /ngpi(pi(t, x))si(t, x)y(z) dw € C°([0,T)),
(3.46)

de plus, on a

(/chpi(pi)si@bd:v) (0) :/ngpi(p?)s?@/)dx (3.47)

Le point clef de ce théoréme d’existence est d’obtenir une estimation L? sur Vp et
V3(s1). Pour cela, on note

pi ]
gi(pi) = /0 mdfa (3-48)
Hi(pi) = pi(pi)gi(pi) — pi, (3.49)

ou H,(pi) = pi(pi)gi(pi), Hi(0) =0, H;(p;) > 0 pour tout p;, et H,; est souslinéaire.(i.e
Hi(p:) < Clpil).
On multiplie (3.37) par g¢;(p;) pour i = 1,2 et on somme ces des estimations. Apres



3 Plan du mémoire 17

intégration en espace, il reste

Z/QQb <31H1(P1) + s2Ha(pa) + /081 f(€) df) dx

+ /Q KMl(sl)Vpl . Vp1 dr + /Q KM2(52)vp2 . Vpg dx
—/QKMl(Sl)Pl(pl)g'Vpl dﬂ?-/QKM2(52)P2(P2)g'VP2 dx
+/901(P1)51fp91(p1) dx—l—/ﬂpz(]?z)szfpgz(pz)dx

= /Q p1(p1)stfroi(p1) dx + /Q p2(p2)sh frgo(ps) dz. (3.50)

Un point clé est d’obtenir le premier terme dans I’égalité ci-dessus. On note

D = 0i(p1(p1)s1)g1(p1) + Ox(p2(p2)s2)g2(p2)
= 0(p1(p1)5191(p1)) + Ou(p2(p2)5292(p2)) — 510ip1 — 520,p2.

On a s; + s9 = 1, alors s10ip1 + $20;pa = $10,f (1) + Opa = 0,G(s1) + Oip2, ou G est
une primitive de s; f'(s1). On peut écrire D comme D = 0;E ou FE est définie par

E = p1(p1)s191(p1) + p2(p2)s292(p2) — G(51) — p2
= s1(p1(p1)g1(p1) — p1) + s2(p2(p2)s292(p2) — p2) — G(s1) + s1f(51),

De la définition des fonctions H; (i = 1,2) et G, 'expression de E est équivalente a :
S1
B = sTi(py) + saMa(p) + [ F(6) de.

En utilisant les hypotheses (H2) et (H5) ainsi que la borne de la fonction H > 0 et
91" (p1) est sous-linéaire, on déduit

/ M;i(s1)Vp1 - Vpy dz +/Q M5 (s9)Vps - Vpydr < C. (3.51)
On a

M M
Vp=Vp2+ -V I(s1) = Vo = 2V f(s1), (3.52)

et donc

M, M.
MIVpI2 / 1M 2 5. _
MRt [ RV ()P da

/Q Mi(s1)Vpy - Vi1 die + /Q Mo(s5)Vps - Vo de. (3.53)
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L’hypothese (H2) assure alors que p € L*(0,T; H () et f(s1) € L*(0,T; H*(12)).

Avant d’établir le théoreme 1.2, on montre l'existence de solution du systeme (3.37)
sous I'hypothese (H1)-(HT7), en ajoutant un terme de dissipation en saturation dans
chaque équation (probléme non dégénéré). Pour cela, la méthode de semi discrétisation
en temps est employée. A chaque intervalle en temps, on établit d’abord 'existence des
solutions du probleme elliptique. Comme dans le chapitre précédent, différentes régu-
larisations sont alors introduites pour mener ’existence d’un point fixe via le théoréme
de Leray-Schauder. Enfin, on établit un lemme de compacité permettant le passage
du probleme non dégénéré au probléme initial. On considere le systéeme non dégénéré
paramétré par 7 :

$0:(pi(pl)s]) — div(Kpi(p]) Mi(s7) Vp{) + div(Kpj (p]) Mi(s7)8g)
+ (=)' div(pi(p)V (p] — p3)) + pi(P])s! fp = pi(p)si 1. (3.54)
avec les condition initiales (3.41), et les conditions aux limites suivantes
pit,x) =0, p3(t,z) =0 on I’y
‘ (3.55)
(= KMi(s))(VP! = pr(p)g) + (=1)'nV (p = p)) -n =0 on Ty,

ou n est le vecteur normal sortant de I';,,,.

Enfin, on s’intéresse au passage a la limite quand 7 tend vers zéro. On établit

que les suites (3(s7)), et (p"), sont uniformément bornées dans L?(0,7; H'(Q)) et

(VI Vf(s]))y et (y/M;(s]) Vp}), sont uniformément bornées dans L*(Qr). Enfin, pour
passer a la limite sur 7, on établit un résultat de compacité sur les solutions (p;, pa) et

en utilisant le fait que I'application H : R" x R" — IR x [0, 3(1)] definie par

H(p1(p1)s1, p2(p2)s2) = (p, B(s1)) (3.56)

est un homéomorphisme.

3.3 Chapitre 4 : Convergence d’un schéma de volumes finis
pour le modele eau-gaz

On s’intéresse dans ce chapitre a la construction et a la convergence de la méthode
des volumes finis pour le systeme eau-gaz sous ’hypothese que la densité du gaz est
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une fonction de la pression globale.

Le systeme (2.1) se réduit dans ce cas a :

PO (p(p)s) — div(Kp(p) M, (s)Vp) — div(Kp(p)a(s)Vs)
+div(Kp®(p) Mi(5)g) + p(p)sfp =0, (3.57)

¢0;s + div(KM,(s)Vp) — div(Ka(s)Vs) + div(KpaMa(s)g) + sfp = fp— fr- (3.58)

La premiere équation est la conservation de la masse du gaz, la deuxiéme est la conser-
vation de la masse du fluide incompressible -1’eau en général-, dont la densité, constante,
a été simplifiée.

Le réservoir est toujours noté €, un ensemble ouvert borné de IRY. On pose, Qr =
(0,7) x Q, X7 = (0,T) x 9. Au systeme (3.57)-(3.58), on ajoute les conditions aux
limites suivantes, 02 = I',, UT;, ou I',, désigne la frontiere d’injection d’eau et I'; son
complémentaire.

s(t,x) =0, p(t,x) =0on T},
(3.59)
Vl'n:VQ'IIZOOIlFZ',
On complete le probleme par les conditions initiales suivantes
s(0,z) = so(x), in Q
{ ) = s(a) ' (3.60)
p(owl') = po(l’) in

Le schéma de volumes finis qu’on propose est valable pour un tenseur de perméabilité
de type :
K=%k1Z,

ou k est une constante positive. Quitte a faire un changement d’échelle en temps, on
pose k = 1. Nous verrons comment généraliser au cas ou la fonction k dépend de
I’espace.

Ensuite, les hypotheses portant sur les mobilités, la porosité du milieu et autres
grandeurs physiques, sont similaires a celles de la section précédente.

(H1) 3 ¢g et ¢y dans L>(2)) telles que 0 < ¢ < ¢(x) < ¢1 p.p. x € (L.
(H2) Les fonctions M; et M, € C°([0,1];IR™) et M;(0) = 0. De plus, il existe my > 0
tel que
M (s) = My(s) + Ma(s) > my, s € 10,1].

(H3) La fonction o € C°([0, 1]; R") satisfait a(s) > 0 pour 0 < s < 1, et a(0) = 0.
On définit 3(s) = J5 a(z)dz, on suppose que 7' est une fonction Holdérienne
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d’ordre 6, avec 0 < 6 < 1, sur [0, 5(1)].

(H4) (fp. fr) € (L*(Q1))*, fp(t,x), f;(t,x) =0 p.p. (t,2) € Qr
(H5) La densité p est C'(IR), p est strictement croissante et il existe p,, > 0 et ppr > 0
tel que 0 < pr, < p1(p1) < pus

Definition 1.1. Sous les hypotheses (H1)-(H5), et pour des données initiales (5.60)
po € L3(Q) et sy satisfaisant 0 < so < 1 p.p. x € Q. Le couple (s,p) est dit solution
faible de (3.57)-(5.58) si

0<s<1ae inQr, [(s)eL*0,T;H (), peL*0,T;Ht, (),

pour tout ¢, & € D([O,T) X Q),

~ [, dpwsirg drdt — [ o(x)uo(x)(0.2) de
+ p(p)Ml(S)Vp-Vsodde/QT p(p)VB(s) - Ve dudt

Qr
= [, POM(s)s- Vodudi + [ p(p)sipedudi =0, (3.61)

- /Q GsOiE dd ~ /Q Bs0(2)€(0, ) da + /Q VA(s) - VE dude
— / My (s)Vp - VE dxdt — / paMsy(s)g - VE dxdt
QT Qr

+ /Q sfpEdudt = /Q (fp— f)Edudt. (362

Schémas de volumes finis et résultats principaux

Soit 7 un maillage polygonal régulier et admissible (& préciser plus loin) du do-
maine {2, constitué d’une famille de sous-domaines compacts, polygonaux, convexes,
non vides K de () avec taille maximale (diametre) h, et appelés volumes de controle.

Pour tout K € 7, on note x le centre de K, N(K) 'ensemble des voisins de K,

Ning(K) Pensemble des voisins de K localisé a 'intérieur de 7', par Ny (K) I'ensemble
des voisins de K sur la frontiere 0S2.
De plus, pour tout L € N;:(K) on note par dg 1, le distance entre xx et xp, par ox r,
I'interface entre K et L, et par ng  la normale unitaire a ok ; orientée de K vers L.
Et pour tout 0 € N (K), on note di,, le distance de xx a 0. Donnons la figure 1.4
pour plus de clarté dans notre explication.
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FIGURE 1.4 — Centre et distance

Pour tout K € 7, |K| désigne la mesure de Lebesgue dans IR? de K.
7 est un maillage orthogonal admissible dans le sens de Eymard-Gallouét-Herbin .
L’admissibilité de 7 implique que Q = Uger K, et pour tout triangle L € N(K) (voisin
de la maille K), le segment [zxxy] est orthogonale & ok ;, = K N L.
Un maillage conforme constitué de rectangles vérifie la condition d’orthogonalité, alors
on peut prendre pour zy le centre de gravité de K.
Pour un maillage conforme de triangles, on peut prendre pour xg le centre du cercle
circonscrit a K. Pour assurer que le centre zx soit dans K, alors tous les angles du
triangle doivent étre aigus. On retrouve souvent cette condition en éléments finis pour
assurer la monotonie du systeme linéaire.
L’avantage d’un tel maillage est de donner une approximation consistante de la dérivée
dans la direction de la normale en utilisant uniquement deux points :

u(ry) — u(rg)

dk,r

Vu(z) - n, = +O(h),Yreo=KNL,

on a également x;, — xx = d Nk . Pour un vecteur up, = (ug)xer € R7 donné sur

3. Finite Volume Methods. Handbook of Numerical Analysis, Vol. VII, P. Ciarlet, J.-L. Lions, eds.,
North-Holland, 2000.
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7T, on associe la fonction constante par maille

up(z) = Y urlg(z).
KeT
A partir de uy, on définit Vjuy, le gradient discret constant par diamond Tk ;. On
appelle diamond Tk 1, associé a l'aréte ok 1, le polygone formé des quatre sommets
rr, T et les deux sommets de 'aréte o 1, (voir figure 1.5). On a alors le recouvrement
suivant :
O =Uger K = UpeeTk 1.

1
On a aussi [Tk 1| = ZIUK, L|dk . Enfin, le gradient discret V,uy, est défini constant par

diamond Tk, ; comme suit

Vi (z) = (2L UK

NK,L siz € TK,L
dK,L

FI1GURE 1.5 — Maillage Diamond

Ainsi,

ag
||VhUh||%2(Q) =/ Z Z |dK7L| |UL — UK 2.
L

KeT LeN(K) “K,

Nous supposerons qu’il existe une constante a € IR+, telle que pour tout élément K
du maillage :
min 7dK’L
KeT,LeN(K) diam(K) —
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On note D une discrétisation admissible de ()7, qui consiste a un maillage admissible
de 2, un pas de temps At > 0, et un nombre positif N choisit comme le plus petit
entier tel que NAt > T, et on note

t" = nAt forn € {0,..., N}

La méthode des volumes finis consiste a intégrer le systeme de conservation de la
masse (3.57)-(3.58) sur |t,,t,+1[x K, on obtient les équations suivantes

/f+ / $0:(p(p)s) dwdt — /t+ / $)Vp - i dodt

tn 1 tn 1
/ ’ / P)VA(s anadt+/ / )My (s gana+/ v / p)sfp drdt = 0,
tn BK tn BK
(3.63)

tn+1 tn+1 tn+1
/+/q58tsdxdt+/ +/ Mg(s)Vp'anadt—/ +/ V3(s) - nk dodt
tn
tnt1
: / poMy(8)g - nic dodt + / / sfpdudt = / / — f)dadt. (3.64)
tn in

ou 7y est la normale unitaire a 0K (frontiere de K) dirigée vers 'extérieur de K. On
note pour toute fonction f(¢,x) définie sur (0,7) x Q par f une approximation de

f(tn7 xK)'

Nous allons décrire brievement une approximation de chaque terme des équations
(3.57)-(3.58).

> Les conditions initiales :

1 1
pff = |K]/Kp0($) dz, sé( = W/KSO(:E) dx

> Les termes d’évolutions :

At /tn / ¢ dadt = N / (tny1,z) — s(tn, x)) dz

Sn-i—l —g"
K K K
~ | gy I
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De méme,

1 tnt1 tnt1

o [ o0etr)s) dat = [0 (oot )i, ) = oot 2))sl0a,2)) o
N |K|¢Kp(p}‘<“) skt — p(ph)sk

At

> Les termes capillaires. On considere un schéma implicite en temps et le maillage or-
thogonal admissible a été choisi pour donner une approximation simple pour les termes
dissipatifs :

tn+l

E . oK Vﬁ(s) ‘Mg dodt =~ Z @(5(5,?1) _ ﬁ(SnKJrl))

LEN(K) dr.L

De méme,

S [ V) i dodt Y 9] i (1) — B(si)

LEN(K) dr.L

ou

1 /pz+1 1 1
n ST T p()dE  sipy™ —pi #0
it = L = T Sy L
p(pEh) sinon.

Ce choix d’approximation de la densité aux interfaces joue un réle essentiel pour contro-
ler le gradient discret de la pression globale.

> Les termes convectifs. Les termes de dissipation en pression sont vus comme des
termes de convection des flux selon la vitesse ” — Vp”, ainsi un schéma amont est utilisé.
On définit d’abord le gradient discret aux interfaces comme suit :

o _
dpk,L = ‘dK’L’ (pL - pK) = (dpk,.)” — (dpk,L)
K,L

ou (dpg,)" = max(0,dpk.r) et (dpr )~ = —min(0, dpx. ).
La fonction M, est décroissante, le schéma amont s’écrit

L Mys)Vp e dodt Y / (s"T)Vpt i d

—_ S . O‘ Y . 0"

At Ji, o b oK P KL

LeN(K
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et sur chaque interface

M2( n+1)dpn+1 si dpn—H 0

M. Sn+1 Vpn+1 NEL R
/ch,L 2(s"7) , My(si)dplitt st dplit > 0

— Gg( n+1 n+1 d n+1>

avec

Ga(a,b,c) = My(b)ct — My(a)c. (3.65)

De méme, la fonction M; est croissante,

/n+1/ Vp - dodt ~ Z pn+1( ( n+1)(dpn+1) + M, ( n+1)<dpn+1) )
tn LEN(K
Z pn—|—1 n+1 n+1 dpn—l—l)
LEN(K)
avec
Gi(a,b;q) = =M, (b)ct + My (a)c™ (3.66)

>les termes de gravité :

n+1
At / (p)Mi(s)g - ni dodt = > (P (P M (s gL — Pz(p?H)Ml(SfH)gL,K)
tn orc " LEN(K)

= Z FlnltlL = Flnftl
LEN(K) 7
1 et
A - p2Ms(s)g - i dodt = (PzMz(SL Yer.L — p2Ma(si)gr, K)
n LEN(K)
n+1 n+1
Z 2 K, L= 2 K

LEN(K)

ol gx.r = [x/r(8 Mxr)T do =[x/ (8 nrx)” dy(z).
> Les termes sources :

1 tn+1 tn+1
ntl = tx)dedt, frE = / (t,x) dxdt.
PK At‘K‘ /tn /KfP( ,l’) zrat, I,.K At’Kl : fI .I‘ X

On va maintenant décrire les propriétés des flux numériques G; dans le cas général
pour approcher les termes de convection. On peut remplacer le schéma amont par tout
autre schéma a condition de satisfaire les propreiétés suivantes :

— Monotonie.
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s+ Gy(s, -, ) est croissante, (3.67)

(@)
o
~~—

s +— G;(+,s,+) est décroissante.

cette propriété est importante pour assurer le principe du maximum sur les satu-
rations.
— Consistance.

G1(s,s,q9) = —M;(s) q, Go(s,s,q) = My(s) q, Vs, q. (3.69)

— Conservation.

Gi(aa b7 Q) = _Gz(ba a, _Q)a vav bv q (370)

Cette condition assure la conservation des flux numériques et au point de vue
mathématique permet 'intégration par parties, ce qui est essentiel pour la conver-
gence du schéma numérique.

— Couplage. Il existe mg > 0 tel que

(Galabia) = Galab.))a = molaP,  forallabgeR. (371

Cette condition est spécifique a notre systeme, ceci traduit, au point de vue nu-
mérique, la version continue sur les flux. En effet, la version continue est celle
donnée par la condition (3.69) :

<G2<Sa S, q) - Gl(sv S, q)>q = M(S)|Q|2 > m0|Q|2, for all a, ba qc R.
Les flux numériques définies par (3.65),(3.66) vérifie (3.71), en effet

(Gz(cu b,q) — Gi(a,b, Q)>q = M(b)g™* + M(a)g~" > mo|q|*.

Cette condition sur le couplage entre les flux assure que le gradient discret de la
pression globale est borné.

En résumé, le schéma de volumes finis proposé pour la discrétisation du probleme
(3.57)-(3.58) consiste a chercher P = (pF ) kerncpn et S = (sE) keTnepo.n
solution de :

1 1
p(}{ = |K|/Kp0(:c) dz, s(}( = |K’/Kso(x) dz, (3.72)
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et
p(pi) st — p(pk) st lox Ll , n n
el o PSR = 5 RO = Bl
LeN(K) “K.L
+ Z pn—i-l n+1 +1 dpn+1)+F1n+1 +|K\p( n+1) n+1fn+1 _ ’ (3'73>
LeN(K)
5?{“ — Sk lok,L n+1 n+1
|K|¢KT Z d (ﬁ(sL )_5(31( ))
LeN(K) “K.L
+ Z Gs(s n+l n+1 -d n+l)+F2(7;r1 + | K] (s% n+1 —1) 12}(1_ K| f] n+1
LeEN(K)

(3.74)

Soit (psen, Ssen) @ RT x Q — IR? une solution discréte pour tout K € 7 et
n € [0, N]

potn(t,r) = it et ssn(t, r) = st (3.75)

pour tout z € K et t € (nAt, (n + 1)At).

Le résultat principal de ce travail est le théoréme suivant.

Theorem 1.3. Sous les hypothéses (H1)-(H/). Soit (po, so) € L*(, IR)x L=(2, IR)
et 0 < so <1 p.p. dans Q. Soit (psn, Sse.n) une solution discréte du schéma VF
(3.73)-(3.74). Alors, d une sous suite prés, (Dsin, Sse,n) converge vers une solu-
tion faible (p,s) comme (0t,h) — (0,0) du probléme (3.57)-(3.58) au sens de la
Définition 1.1.

La preuve de ce théoreme de convergence se compose de plusieurs étapes :
Apres I'existence de solutions par un théoréme de point fixe et le principe du
maximum sur la saturation, nous obtenons une estimation a priori sur le gradient
discret de p et 3(s) comme suit

K| sk HpR) — Y |K|skH(pk)

KeT KeT

Py > Bl —prf <o

KeT LeN(K

(3.76)
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et

> |K[B(sg) = > |K|B(sk)

KeT KeT

+ = Z At Z Z |UK,L| ’ﬁ(s?{—’—l) —5(87£+1)‘2 <C

KeT LeN(K dK L

(3.77)

ott B'(s) = B(s), et H(p) = g(p) + p(p)p avec ¢'(p) = —p(p).

Pour obtenir 'estimation (3.76), on multiplie I’équation discrete du gaz (3.73) et
I’équation discrete de 'eau (3.74) respectivement par p et g(pi) = H(pp) —
p(pEpit; on additionne les équations et on somme sur K et n. Ensuite, pour
obtenir l'estimation (3.77), on multiplie I'équation discrete de l'eau (3.74) par

B(sEh) puis on somme sur K et n. De I'estimation (3.76) on déduit que
Vupn est uniformément bornée dans L*(0, T, L*(£2)).
et de (3.77)
V1B(sp) est uniformément bornée dans L*(0, T, L*(€2)).

Dans la deuxieme étape, on montre des estimations sur les translatées en temps et
en espace sur les suites s, et 7, = p(pr)sx. On applique un théoréme de compacité
de type Riesz-Fréchet-Kolmogorov pour établir la convergence forte dans L' (Qr).
L’aspect dégénéré en évolution sur la variable pression ne permet pas d’obtenir
de compacité en variable pression. Par contre, le terme d’évolution 0;(p(p)s) dans
I'équation (3.57) nous permet d’obtenir de la compacité en variable p(p)s. D’autres
difficultés techniques apparaissent alors, en particulier I'identification de la limite
de la variable p(pp,)sn ot (pn, sn) est solution du probléme approché. Cette iden-
tification est rendue possible grace a la monotonie de la fonction p, alors méme
que 'on ne dispose que de la convergence faible dans la variable pression et de la
convergence forte sur la saturation dans L2.

Enfin, le passage a la limite est rendu possible grace a la convergence forte de

p(pn)B(sn) vers p(p)B(s) dans LY(Qr), pour tout 1 < ¢ < oo.



CHAPITRE 2

On a fully nonlinear degenerate parabolic system modeling

immiscible gas-water displacement in porous media

Abstract. In this paper, we are interested in the simultaneous flow of two im-
miscible fluid phases within a porous medium. We consider two-phase flow model
where the fluids are immiscible and there is no mass transfer between the phases.
The medium is saturated by compressible/incompressible phase flows. We study
the gas-water displacement without simplified assumptions on state law of gas
density. We establish an existence result for the nonlinear degenerate parabolic
system based on new energy estimate on pressures.

1 Introduction, Assumptions and Main results

The equations describing the immiscible displacement of two compressible fluids
are given by the following mass conservation of each phase :

3(2)0u(pi(pi)si) + div(pi(p) Vi) + pipi)sifp(t,2) = pilpi)si fi () (11)

where ¢ is the porosity of the medium, p; and s; are respectively the density
and the saturation of the i’* fluid. Here the functions f; and fp are respectively

the injection and production terms. Note that in equation (1.1) the injection
I

term is multiplied by a known saturation s; corresponding to the known injected

fluid, whereas the production term is multiplied by the unknown saturation s;
corresponding to the produced fluid.

We are concerned with the study of (1.1). considering one injected fluid (i.e si =
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0, s1 = 1), and one incompressible fluid (i.e py(p2) = p» € RT),

()0 (p1(p1)s1)(t, z) + div(pi(p1) V1) (L, 2) + pr(p1)sifp(t, x) =0, (1.2)
d(2)0s2(t, x) + div(Va)(t, x) + safp(t, x) = f;(t, ). (1.3)

Theoretical analysis has been studied by many authors for miscible/immiscible
and incompressible/compressible flows in porous media. The study of the miscible
flow models has been investigated in ([10], [11], [40]) and recently in ([17], [18],
[19]). The immiscible and incompressible flows have been treated by many authors
([10], [9], [22], [39], [29], [41], [42]). For two immiscible compressible flows, we refer
to [44], [47], and recently [45] and [15].

The velocity of each fluid V; is given by the Darcy law :

kz(Sz)

)

where K(z) is the permeability tensor of the porous medium at point x to the
fluid under consideration, k;(s;) the relative permeability of the i** phase, u; the
constant i-phase’s viscosity and p; the i-phase’s pressure and g is the gravity term.
By definition of saturations, one has

si(t,x) + soft,z) = 1. (1.5)

The curvature of the contact surface between the two fluids links the jump of
pressure of the two phases to the saturation by the capillary pressure law in order
to close the system (1.1)-(1.5),

f(s1) =p1 —po. (1.6)

With the arbitrary choice of (1.6) (the jump of pressure is a function of s;), the
application s; — f(s1) is non-decreasing, (%(sl) > 0, for all s; € [0,1]), and
usually f = 0, in the case of two incompressible phases or two-phase compressible
incompressible, when the wetting fluid is at its maximum saturation. In order
to know which of the fluids is the wetting one, one has to look at the meniscus
separating the two fluids in a capillary tube, the concavity of the meniscus is
oriented towards the non wetting fluid. For example, air is the non wetting phase
in water air displacement. In this study we consider the index ¢ = 1 represents the
non-wetting fluid. With the choice (1.6), f will always be an increasing function
of s1 defined over the interval [0; 1], and vanishing when s; = 0.
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In section 4 we will use the feature of global pressure. For that let us denote,

M;(s;) = ki(s:)/ s i — phase’s mobility,
M(s1) = My(s1) + Ma(1 — s1) the total mobility
and as in [22], [64] and [45] we define the functions p(s;), p(s1) such that

_ MQ(SQ)
M(s1)

_ Ml(Sl)

PeU = )

f'(s1), P(s1) = f'(s1), (1.7)
so, the global pressure is defined as p = ps + p(s1) or equivalently p = p; + p(sy).

Finally, let us denote the capillary term by

M1 (31)M2<82)

M(s)) f(s1) >0,

a(sy) =
and define
8s) = [ a(e)de (18)

The study of two immiscible compressible models has done in [44, 45, 46, 47].
The authors consider a formulation in phase pressure and saturation and restrict
the dependence of the densities on global pressure. In this paper, we consider
gas-water model (1.2)-(1.3) under the formulation in phase pressures, this formu-
lation was employed in the simultaneous solution scheme in petroleum reservoirs
(Douglas, Peaceman, and Rachford, 1959)[28]. The model is treated without sim-
plified assumptions on the gas density, we consider that the gas density depends
on its corresponding pressure. We derive new energy estimates on the velocities.
Nevertheless, these estimates are degenerated in the sense that they don’t permit
the control of gradients of pressure of each phase, especially when a phase is not
locally present in the domain. So, the global pressure has a major role in the analy-
sis, we will show that the control of the velocities ensures the control of the global
pressure in the whole domain regardless of the presence or the disappearance of
the phases.

We detail the physical context by introducing the boundary conditions, the initial
conditions and some assumptions on the data of the problem.

Let T > 0, fixed and let ©Q be a bounded set of R? (d > 1). We set Qr =
(0,7) x Q, Xp = (0,T) x 9. To the system (1.1)-(1.5)-(1.6) (: = 1,2), we add
the following mixed boundary conditions and initial conditions. We consider the
boundary 02 = I'; U I';,,,, where I'y denotes the injection boundary of the first
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phase and I';,,,, the impervious one.

{pl(t,x>=07 pa(t) =0 on T, (1.9)

Vl'l'l:VQ'l'l:O onFimp

where n is the outward normal to the boundary I',,.
The initial conditions are defined on pressures

p2(0,2) = pY(z) in Q. (1.10)

Next we are going to introduce some physically relevant assumptions on the co-

{pl(O,fL‘) =pi(@) in Q

efficients of the system.

(H1) The porosity ¢ € W1°(Q) and there is two positive constants ¢y and ¢
such that ¢y < ¢(z) < ¢ almost everywhere = € €.

(H?2) There exist two positive constants ko and k., such that for all ¢ € R?, almost
everywhere z € .

1K (e @ixe < koo and  (K(2)&, &) > kol€|?

(H3) The functions M; and M, belong to C°([0,1];R"), Mi(s; = 0) = 0 and
Ms(sy = 0) = 0. In addition, there is a strictly positive constant mg, such
that, for all s; € [0, 1],

Ml(sl) + MQ(SQ) Z mo.

(H4) (fp, f1) € (L*(Qr))?, fp(t,x), f;(t,z) > 0 almost everywhere (¢,x) € Qr.
(H5) The density p; is C*(R), increasing and there exist two positive constants p,,

and pys such that 0 < p,, < p1(p1) < pur-

(H6) The capillary pressure function f € C°([0,1]; R"), monotone increasing, f is
differentiable on [0,1[ and 0 < f < 4.

(HT7) The function o € C%*([0,1];IR") satisfies a(s) > 0 for 0 < s < 1, and
a(0) =0.
We assume that 57!, inverses of 3(s) := [ a(z)dz, is Holder function of
order 0, with 0 < 6 <1, on [0, 5(1)].

The assumptions (H1)—-(H7) are classical for porous media. The assumption (H7)
on 37! indicates that the mobilities are polynomial functions around s; = 0.
According to the definition of @ and (H3), we have

(1/(81 = 1) = M2(81 = 1)f/(81 = 1) > 0, (111)
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which shows that the behavior of f'(s;) is equivalent to m around s; = 1, then
f'(s1) — oo when s; — 1. Note that, due to the boundedness of the capillary

pressure function, the functions p and p (defined in (1.7)) are bounded on [0; 1].

The main existence result of this paper is given below, for that let us define the
following Sobolev space

Hy (Q)={ueH(Q);u=0o0nT}},

this is an Hilbert space when equipped with the norm [lul[ ;1 () = [Vull 12y
1

Let us state the main results of this paper.
Theorem 2.1. Let (H1)-(H7) hold. Let (p, p9) belongs to L*(2) x L*(). Then
there exists (p1,p2) satisfying

sy € L2000, T, W™?°(Q)) for some 0 <7 < 1; 5, =0 on Ty (1.12)
pi € L*(Qr),/M;(5:)Vpi € (L*(Qr))" (1.13)
¢ (p1(p1)s1) € L*(0, T (Hy, (2))'), ¢des1 € L*(0, T (Hy, (2))') (1.14)
0<si(t,z) <1aeinQr, i=1,2, B(s1) € L*(0,T; H (Q)) (1.15)

such that for all ¢, & € C'(0,T; H} (Q)) witho(T) = &(T) = 0,

—/Q ¢P1(p1)313t¢d$dt—/Q¢(75)P1(p(1)<$>>5(1)(x)90(0a53) dx
+ /QT KM, (s1)p1(p1)Vpy - Vodzdt — /QT KM, (s1)pi(p1)g - Vodzdt (1.16)

+/Q p1(p1)sifpedrdt = 0,

_ /Q 952006 dudt — /Q 6(2)s2()E(0, 7) da
+ 0 KM;(s2)Vps - VEdxdt — /Q KM, (s5)pog - VE ddt (1.17)

n / sofp€ drdt = / fr€ dudt,
Qr Qr

and finally the initial conditions are satisfied in a weak sense as follows :

For all ¢ € Hy () the functions t — /qupl(pl)slw dr € C°([0,T]), (1.18)

and t — /qu.sQw dz € C°([0, 7)) (1.19)
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furthermore we have

([ omsiwdz)©) = [ oph)st da (1.20
([ $520) da:> (0) :/ 5% d. (1.21)
The notion of weak solutions is very natital provided that we explain the origin of

the requirements (1.14)—(1.15) Obviously, they correspond to a priori estimates.
Indeed, (1.16)-(1.17) ensure that s; > 0 (i = 1,2) which is equivalent to 0 < s; <
1. (the proof is detailed in lemma 2.5). The key point is to obtain the estimates
on Vp and V3(s1).

For that, define

P1 1
gl(pl) = 0 mdg (1-22)
Hi(p1) = p1(p1)g1(p1) — p1, (1.23)

then H'(p1) = pi(p1)g1(p1), H1(0) =0, Hi(p1) > 0 for all p;, and H; is sublinear
with respect to p; (i.e [Hi(p1)| < Clpi|).

Multiplying (1.2) by ¢1(p1) and (1.3) by po then integrate the equations with
respect to x and adding them, we deduce at least formally,

C;lt,/(2¢<81H1(pl)+-/()81f<§) d§> dx+/S2KM1(81)Vp1-Vp1 da
+/QKM2(82)VP2'VP2 dx—/QKMl(sl)pl(pl)g.vpl dx_/QKM2(32),02g~Vp2 s

+/§2P1(p1)31fpgl(p1)dx+/Qszfpm dx:/QfIPQ dx.

Using the assumptions (H1)—(H6) and the fact that H; > 0, g1(p1) is sublinear
with respect to p; we deduce

/Q Ml(sl)Vpl . Vpl dx +/Q MQ(SQ)V]?Q . Vpg dr < 00. (124)
T T

We have M M
Vp = Vpy + le(sl) = Vp, — ﬁQVf(sl), (1.25)

and consequently, we have the main equality

My M,
M|Vpltde+ | Vf(s1) de =
| MIVpPdr [ S ()

/Q Ml(sl)Vpl . Vpl dx + /Q MQ(SQ)VPQ . Vpg dz. (1.26)

Due to the fact that the total mobility does not vanish, the above equality permits
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the control of global pressure in the whole domain whereas the control on the
gradient of pressure of each phase is not available in the region where the phase
is not presented. Also, the second integral in the left hand side gives a control on
a function of capillary term. We will see in section 4, the control of the global
pressure and the capillary terms are sufficient to give a sense of each pressure
almost everywhere in the domain.

Before establishing theorem 2.1, we introduce the existence of regularized solutions
to system (1.1). Firstly we are interested on non degenerate system by adding a
dissipative term on saturation preserving a maximum principle on saturations.
Precisely, we consider the non-degenerate system :

90 (pr(p])sT) — div(Kpy (p}) My (s7) V) + div(Kp? (p]) M (s])g)
—ndiv(p:(p])V(p! — p3)) + pr(pT)s{fp =0, (1.27)

¢0,(s3) — div(KMx(s3)Vp3) + div(Kpa My (s3)g)
—ndiv(V(p3 —pl)) +s3fp = f1, (1.28)

completed with the initial conditions (1.10), and the following mixed boundary
conditions,

p?(t,l’) = O) pg(t7x> =0 on (O,T) X Fl

(KMl(S?)(Vp? —p(pl)g) +nV(p! — p3)> =0 on(0,7) xTimp (1.29)

(KAL((VrE ~ pog) = aV (5~ 1)) -n=0 o (0.T) x T,
where n is the outward normal to the boundary I',,,.

Existence of solutions of the above system is given in the following theorem.
Theorem 2.2. Let (H1)-(H6) hold. Let (p, p9) belongs to L*(2) x L*(). Then
for all n > 0, there exists (p7, p3) satisfying

p! € L*(0,T; Hy, (),

¢ (p1(p)sT) € L*(0,T; (Hy, (Q))), 953 € L*(0, T (Hy, ())'),
pi(p)s] € C([0, T); L*(Q), sT € L*(0,T; Hy, (),

sj € (L2(0,T; H'(Q)) n C°([0, T]; LA()),
0<s!(t,x)<1aeinQr, i=1,2,
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for all ¢, & € L*(0,T; Hy, (2)),

(60, (p1 (P1)S7), &) + /Q KM, (s7)p1 (p) VD - Vip dadt
~ [, KMot - Vedudi | pr ) V]~ p) - Vi ded (130

+ /Q 1 ()7 fpp dadt = 0,
T

(604(s3),€) + /Q KM, (s§)Vp} - VE dudt — /Q KMy (s)pag - VE ddt

0 V(p?—p3)~vgdmt+/ sgfpfdxdt:/ 16 dadt (1.31)
Qr Qr Qr

where the bracket (-,-) represents the duality product between L*(0,T; (H} (Q)))

and L*(0,T; HE (Q)). Furthermore, the initial conditions are satisfied :

(p1(p1)s1)(0,2) = p1(p)s}(2) and s3(0,2) = sh(x) a.e. in Q.
The proof of the theorem 2.2 is based on time discretization method. The construc-
tion of this method is described in section 3. The main idea of this method consists
firstly to solve elliptic system on each interval of discretization. Then, we recons-
truct a solution for the parabolic system. Now, we introduce the existence of
solutions to a time discretization of (1.27)-(1.28),

p1(p1)s1 — pist

¢ N — div(Kpi (p1) M1(s1)Vpr) + div(KM,(s1)p7g)
—ndiv(p1(p1)V(pr — p2)) + pr(p1)sifp =0, (1.32)
65275 _ 4y (K My(s9)Vpa) + div(K Ma(s)po)

—ndiv(V(p2 —p1)) + safp = f1, (1.33)

where p7 and s}, formally, are the values of the h—translated in time of p;(p;)
and s; respectively, 1 = 1, 2.

Existence of solutions of system (2.1)(2.2) is given in the following theorem.
Theorem 2.3. Let (H1)-(HG) hold. Let 0 < pi(z) < par, 0 < s3(z) < 1 be defined
almost everywhere in Q. Then for all h > 0, there exists (p",pl) = (p*", pi™)
satisfying

P € Hy,(Q), p3 € Hy, (),
st € H'(Q), sh € HL(Q), 0 <s!(t,x) <1 aeinQp, i=1,2,
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for all p, & € H%l(Q),

h\ .h * K
pM)st — prs
/qupl( ) ;L il lwdx+/QKM1(8’f)pl(p§‘)Vp’f-defv

— [ Kan()eiehg - Voda+n [ p@h)V0h—ph) - Veds  (134)

+ /Qpl(p?)S’ffpsO dx = 0,

Sh — sk
/ng = 2§d$+/QKM2(3}2‘)Vp’2"‘-Vfdw—/QKMg(sg)pgg-VSdm

—n [ V0 —ph) - Vedo+ [ sifpcdr = [ figdr, (1.5)
The rest of the paper is organized as follows. In the next section we deal with the
time discrete model (2.1)-(2.2) in two steps. The first step deals with an elliptic
system with non degenerate mobilities, M; = M; + ¢ with € > 0, in this step
we apply a suitable fixed point theorem, Leray-Schauder, to get weak solution.
The second step is to pass to the limit as € goes to zero depending on a suitable
uniform estimate (w. r. to €), and a maximum principle ensures the positivity of
saturations which achieves the proof of theorem 2.3.
In the third section we introduce a sequence of solutions solving (1.34) (1.35).
This choice is motivated by the fact that no evolution have to be considered
in a first step. The problem of degeneracy of evolution term is temporarily sat
aside. Furthermore, the maximum principle is conserved on saturation after the
passage to the limit on in the non linear variational elliptic system. The last
section is devoted to pass from non-degenerate case to degenerate case. through
a compactness lemma which allow us with the help of some estimates to pass
the limit and end the proof of existence of weak solutions of the system under
consideration.
The next section is devoted to the analysis of the elliptic problem.

2 Study of a nonlinear elliptic system (proof of
theorem 2.3)

Having in mind a time discretization of (1.27)-(1.28), we are concerned with the
following system,

¢P1(p1)31 — Pis1

A — div(Kpi (p1)Mi(s1)Vp1) + diV(KM1<51)P%g)

—ndiv(pi(p1)V(p1 — p2)) + pr(p1)sifp =0, (2.1)
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*

h

) — div(KM3(s2)Vps) + div(KMs(s2)pag)

—ndivV(py —p1) +sa2fp = f1, (2.2)

where p7 and s}, formally, are the values of the h—translated in time of p;(p;)
and s; respectively, 1 = 1, 2.

In order to show the existence of solutions of the system (2.1)-(2.2), we introduce
two regularisations. The first consists to replace the mobilities M;, (i =1,2.), by
a non-degenerate positive mobilities

M:=M;+¢, i=1,2, and € > 0.

The second consists to trunk high frequencies of nonlinear elliptic term in pres-
sures. For that, let Py be the orthogonal projector of L?(Q) on the first N eigen-
functions {py,--- ,pn} of the eigenproblem

—Ap; = A\p;  inQ
pi=0 on I'y (2.3)
Vp;,-n=0 on 'y

The projector Py appears in (2.9) to make regular the implied term. The neces-
sity of this regularization appears in the coming proposition in order to define the
operator which we apply on the Leray-Schauder fixed point theorem.

The addition of such ¢ to the mobilities lead to the loss of maximum principle on
the saturations s; (¢ = 1,2.) so the functions M; and M, are extended on R by
continuous constant functions outside [0, 1] and then are bounded on R. For the
same reason we denote,

0 fors<0
Z(s)=< s forsel0,1] (2.4)
1 for s> 1.

In the same spirit and in order to write the saturations s; (i = 1, 2.) as functions of
the principle unknowns p; and py of the system, we extend the capillary pressure
function f into f where the function

f continuous, bounded and strict monotony outside [0, 1], (2.5)

this is possible in the case when the capillary function f is bounded, in other words

when | f(0) |< oo, and denote by s; = f~'(p; — p2) and sy = 1 — f~1(p; — pa).
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Note that, the extended functions can be written

Mi(s1) == M1(Z(s1)), Ms(se) := My(Z(s2)), (2.6)
a(s1) = a(Z(s1)),

0 if S1 S 0
B(s1) ::/0 a(Z(s))ds = [+ a(s)ds if0<s <1 (2.8)
B(1)+a(l)(sy —1) if sy > 1.

Existence of solution to (2.1)-(2.2) is constructed in three steps. The first one
consists in studying the following problem for fixed parameters ¢ > 0 and N > 0,

e,N

S *S* £ £ £
/¢p1 p . ) =i lsoderAKMf(Sl’N)pl(pl’N)Vpl’N'de:c
—/KM1 st )Pt (Pt )g-Vsodx+n/ pr( pi’N)V(PNpE’N—PNpZ’N)'dex

+/ pi(p N fopdz =0, (2.9)

e,N

- / KMy (s5™ ) pog - VEda — / V(Ppi™ — Pups™) - VEda
+/ fpgda:_/ fi€dr, (2.10)

for all (¢, &) belonging to H}: () x HE (Q).
The second step concerns the passage to the limit as N goes to infinity in order
to recover the full physical diffusion on pressures p; and po, while the third one
is the passage to the limit as € goes to zero.

Step 1. We show for fixed N > 0 and ¢ > 0 existence of solutions to (2.9)-(2.10).
We omit for the time being the dependence of solutions on parameter N > 0 and
€.

Proposition 2.1. Assume p}s} belongs to L*(Q) and pfst > 0, Then there exists
(p1,p2) belonging to Hp () x Hp (), solution of (2.9)-(2.10).

Démonstration. The proof is based on the Leray-Schauder fixed point theorem.
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Let 7 be a map from L?(Q) x L?(Q2) to L*(Q) x L*(Q) defined by

T(ﬁl7ﬁ2) - (plap2>’

where the pair (p1, p2) is the unique solution of the system (2.11)-(2.12)

p1(5)Z (1)
S

— /QKMl(El)P%(@)g -Vodr + 77/QP1(T91)V(7’NT?1 — PnDs) - Vo dx

+ [ mE)ZE) fpedr =0, @11)

— prs*
P51 d + /Q KM: (51)p1(5y) Vs - Vg dat

7(5,) — g*
/Q ¢(S22325dx+ /Q K ME(35,)Vps - VEda — /Q KM;(32)pag - VEda

—n [ V(Pxpy ~ Pxpy) - VEda + [ Z(a)fpbde = | fiEde, (212)

for all (¢, &) belonging to H (Q)x Hf (), 51 = f (P, —Py) and 5, = 1— f~ (p,—
Ds). The mobilitiesM;, M, and the capillary function f are the extended functions
on R. After the passage to the limit in ¢, we establish a maximum principle on
saturations and then extended functions operate only on [0, 1] where they have a
physical meaning.

The system (2.11) — (2.12) can be written under the form

Bi(pr,¢) = f1(¢), Ba(p2,€) = f2(§), (2.13)
where
Bi(pr,¢) = [ KM;(50)p(5,)Vpr - Vo,
filp) = [ P PIICNZ AT gy [ KM (563 p0)g - Vipda

- /Qpl(?l)Z@l)fpsodﬂf - n/Qpl(T?l)V(PNT?l — Pnps) - Ve dr,

Bapo,€) = [ KM;(5)Vps - VE da,
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5&) = [ 62 "By [ Kiy(s,)pg - VEdr

— [ ZG)fetdn+ [ fi&detn [ V(P —Pup) - VEda.

The maps By (p1, ) and Bs(ps, &) are bilinear, continuous and coercive mappings
on Hf () x H{, (). The coercivity is due to the presence of ¢, and the assump-
tions (H2)-(H3) and (H5). The maps fi(y¢) and fo(§) are linear continuous on
H{ (). Now, apply Lax-Milgram theorem to get the existence of the unique pair
(p1,p2) in HE (Q) x HE (Q) for all (py, py) belongs to L?(Q2) x L*(12).

Lemma 2.1. The map 7T is a continuous operator which maps every bounded
subsets of L*(Q) into a relatively compact set.

Démonstration. Consider a sequence (P, ,,,Ds,,) of a bounded set of L*(£2) x L*(2)
which converges to (P, D) € L*(Q) x Lz(Q), and let us prove that (pi,,pan) =
T (Py > Pa,p) is bounded in Hp, () x HE (Q) which converges to (p1, p2) = 7 (B, Dy)-
The sequences p; ,,, pa, verity respectively

D1n)Z(S1n) — P1SY e (= =
/¢p1( 1) (hl ) — /i 1g0dx+/QKM1(31,n),01(P1,n)Van'vgpdm

- /QKMl(gLn)p%(ﬁl,n)g ’ VSO dx + n/gzpl(ﬁl,n)v<PNﬁl,n - PNT?Q,n) ’ VQO dr

+/52p1(171,n)2(§1,n)f1990 de =0, (2.14)

(5. —
/ ¢M§dx+ / KMz (55,0) Vo - VEda
Q h Q

— | KM (s2)pag - VEda =11 | V(P = Pupa,) - VEda

+/QZ(§27n)fP§dm:/QfI£dx, (2.15)

for all (¢,€) belonging to Hy () x Hf ().
Let us take ¢ = py, in (2.14),

/ KM;(31,0)p1(P1,) VD1 - VD10 dT :/ KM, (51,,)p1(P1,)8 - VP10 d

p nZE,n — prs*
—n/pl P1n)V(PNDyyn — PnPon) - Vplndx—/qﬁpl 1) (hl ) =i Ly da

_/Qpl pl,n) (El,ﬂ)prl,ndx (216>
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we deduce from Cauchy-Schwartz inequality that (2.16) reduces to,

5kopm/ [Vp1n|* dz <
Q

C(L+ lpnllzz@) + IVPLallze) + IVPNDLll 2@) + VPPl 2)  (2.17)

where C' depends on €2, 1, h, ¢1, |[frllz2): [[f1llz20): pus ks and [|p7s7][12(q)-
As,

IVPNDinllize) < enllPinllize), (i=1,2)

where cy is the square root of the n'* eigenvalue of the Laplace operator (by
considering the set of eigenvalues as increasing sequence), the Poincaré and Young
inequalities and the estimate (2.17) ensure that the sequence (py ), is uniformly
bounded in Hf (Q).

Then, taking £ = py, in (2.15), we deduce similarly that, the sequence (ps,), is
uniformly bounded in H} _(£2). This establishes the relative compactness property
of the map 7.

Furthermore, up to a subsequence, we have the convergences

Pin — D1 weakly in Hf (Q), (2.18)
Pon — D2 weakly in H} (Q), (2.19)
Din — D1 strongly in L*(Q) and a.e. in €, (2.20)
Do — D2 strongly in L*(Q) and a.e. in €. (2.21)

In order to complete the proof of continuity of the operator 7, it is enough to
show that (p1,p2) is the unique adherent value of the sequence (py ,,, p2.n), for that
let us show (p1, p2) is the unique solution of (2.11)-(2.12) by passing the limit in
(2.14)-(2.15).

Passage to the limit in (2.1]) :

Pin Z(5 n) — HEH €(= i
/s2¢p1( - ) (hl ) & 190dm+/QKM1(81,n)Pl(P1,n)Van'v@dx

- /QKMI (gl,n)P%@Ln)g -Vodr + 77/QP1 (P1.,)V(PNP1 — PnDay) - Voda

+ | (B2 (1) frpda = 0,

where 51, = 7' (D1, — Don)-

The passage to the limit in the first term is due to the continuity of Z, f~' and
p1, the convergences (2.20) and (2.21), and the domination of py(p, ,,)Z(51,0)¢ by
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pule|, which allow us to apply the Lebesgue theorem.

The second term is treated as follows, the sequence (K M5 (51,)p1 (ﬁln)Vgo)n is
dominated and converges a.e. as n goes to infinity. Then, by Lebesgue’s theorem,
we have the following strong convergence in L?((2),

KM (31,0)p1(P1,) Vo — KM (51)p1(5) V. (2.22)

And, using the weak convergence (2.18), we establish the limit for the second
term.
The fourth term

77/9,01 (P1.,)V(PNDy,, — PnDy,) - Vo dz,
is treated as follows, we have
p1(P1n) Ve — p1(Py) Vi strongly in (L?(£2))". (2.23)
Furthermore p; ,, converges in L*(9), it follows that
VPNDi — VPnD; strongly in (L*(Q))* (i =1,2). (2.24)

Then, the convergences (2.23)(2.24) allow us to pass the limit in the fourth term.
The convergences of the other terms are always an application of the Lebesgue
convergence theorem.
The passage to the limit on (2.15) is obtained in the same manner. Thus (py, p2)
is a solution of (2.11)-( 2.12), which establishes the continuity and achieves the
proof of the lemma. O

Lemma 2.2. (A priori estimate) There exists v > 0 such that, if (p1,p2) =
AT (p1, pa) with A € (0,1), then

[(p1; P2)|lL2(@)x2() < 7

Démonstration. Assume (p1, pa) = A7 (p1,p2) exists , then (p1, pe) satisfies

VA Kok
/QKMf(51>P1(pl)VP1 -Vpdr = _)\/ngm(pl) (Zl) A

X [ K pg - Viede =\ [ pr(p)Z(s1)fppdo

_/\77/QPI<p1)v(PNp1 — Pnp2) - Vpdu,

pdr  (2.25)
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/KM (52)Vps - VEda = —)\/ o252 =Sy, (2.26)
+)\/QKM2 32)p2g-V§dx—)\/Q (52 fpgd:er)\/QfIfd:r
£30 [ V(Pypi — Paps) - Ve da.
for all (¢, &) belonging to Hf (Q) x HE (Q).

Consider ¢ = gi(p1) = [§" ;{5 d¢ € Hf,(Q) in (2.25) and € = p, € Hy, (Q) in
(2.26). Summing these quantities, we obtain

M L2 (0o Z(50) = pist)on(mn) + (Z(2) = 3 )a) i (227)
+/QKM1Vp1 Vi dx—l—)\n/QV(PNpl —Paps) - Vip1 — ps) da
—)\/QKpl(pl)Ml(sl)g -Vp1dx +/QKM§Vpg - Vpg dx
—1—)\/9 (,01(]71)2(81)91(171)+Z(32)p2)fp dx

—)\/Q KpaMy(s2)g - Vo dr = /\/Qp2f1 dx.

Remark that the functions p; — ¢1(p1) is sub-linear, we deduce from Cauchy-
Schwarz and Poincaré inequalities that (2.27) reduces to

5/{2 |Vpl\2daz:—|—<€/Q |Vps|? do + )\n/Q |V (Pnp1 — Pype)|* do
< Ci(1+ 1 fpllZ2y + o2 + 110787 20 + 118511 72(0))s  (2-28)

where '} depends on € and not on A. O

Lemma 2.1, Lemma 2.2 allow to apply the Leray-Schauder fixed point theorem
[66], thus the proof of proposition 2.1 is finished. O

Step 2. Now we are concerned with the limit N goes to infinity (we omit
the dependence of solutions on ¢). For all N, we have established a solution
(p1,v:p2,n) € HE () x HE (Q) to (2.9) (2.10) satisfying
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N 7 SN o *S*
—/QKMl(SiV)m(pl )g-Vsod:c+n/p1 pY)V(PypY = Papy) - Vo da
+/ o (P Z(sY) fppdr =0, (2.29)
/ g2 = gy | KM (s5)V) - Ve da
Q h Q 2\°2 2
— [ KMp(s3)pag - VEdr —n [ V(Papl = Pup)) - VEd
[ 2 prgde = [ figdr, (230

for all (¢, &) belonging to H} () x HE (Q).
Reproducing the estimate (2.28) with A = 1, we get
5/9 V) |2 da + 5/9 |Vpy |2 do + 77/Q IV (Pnpy — Papd)|? da
<Ci(1+ HfP”%?(Q) + ”fIH%Q(Q) + HPTSTH%%Q) + ”SEH%Q(Q))’ (2.31)

where (' depends on € and not on N.
Then, up to a subsequence, we have the convergences,

py — p1 weakly in H} (Q), strongly in L*(2) and a.e. in Q (2.32)
py — ps weakly in Hp (Q), strongly in L*(2) and a.e. in Q. (2.33)

The convergences in (2.29)-(2.30) with respect to N are obtained in the same

manner as for the convergences with respect to n in (2.14) (2.15).

Step 3. Passage to the limit as ¢ goes to zero. For all € > 0, we have shown that
there exists (pi1,c, p2,c) € Hp, () x Hp (), satisfying

/¢p1 (p)Z(s7) — pis SOdIJF/KMa Dp1(]) Vs - Ve do

—/Q KM ( Sl)pl(pl)g-vsodﬁn/gm PV (pi—p3)-Ve dfv+/Q p1(p1)Z(s1) fredz =0,
(2.34)
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Z(sE) — s*
/. qs(S?;l Sedo+ [ KM5(s5)V5 - Ve da
— | KMy (5)pag-VE o —n | V(i —p3)-Vedat [ Z()frde = [ fiedr,
(2.35)

for all (¢, &) belonging to H}: () x HE (Q).

Here we are going to use the feature of global pressure and the function (3(s7)
(defined in (1.8)) to derive uniform estimates with respect to . After the passage
to the limit in €, a maximum principle on saturations is proven.

We state the following two lemmas in order to pass to the limit in €.
Lemma 2.3. The sequences (s5)., (p° := p5 + p(s5)). defined by the proposition
2.1 satisfy

(p°)- is uniformly bounded in H} (2) (2.36)
(Ve Vpb)eis uniformly bounded in L*(£2) (2.37)
(B(55))e is uniformly bounded in H"'(£2) (2.38)
(Vf(55))e is uniformly bounded in L*(£2) (2.39)

Démonstration. Consider ¢ = g1(p5) := 3,”5 p%(C) d¢ € Hp () in (2.34), £ =p5 €

H{ (Q) in (2.35) and summing these quantities, we obtain

/Q KM,V - V5 da + /Q KMyVps - Vs da + ¢ /Q KVp - Vi do
(2.40)

+€/QKVp§~Vp§d:v+77/QVf(sl)-Vf(sl)dxZ/QKm(pi)Ml(Si)ngi dx
+ /Q Kp2Ms(s3)g - Vs d — /Q (P (P Z(5)01(P5) + Z(5)p3 ) fp da

+ [ mafrae = [ 2((m0)2(5) ~ pist)n ) + (2(5) — 1) )

To estimate the right hand side of (2.40), the Cauchy-Schwarz inequality combined
with assumption (H2) leads to estimate the first two integrals

k
/QKpl(pi)Ml(si)g-vpi dz gc+50/QM1vpi.vp§ d, (2.41)

k
| Keopi)Ma(s3)g - Vs da| < C+ 2 | MoV - Vs da (2.42)
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Now, the function p; — g1(p1) is sub-linear (i.e |g1(p1)| < pim|p1| ) and,
107 2@ <[l 27 llz2e) + | P(s1) llz2e)

| 25 |22 <l " |2 + || D(5T) |l 220

with the help of Poincaré inequality on the global pressure, it is possible to esti-
mate the last three integrals by C(1+ [, M1 Vp® - Vp* dx)%.
For the left hand side of (2.40), we use the following key equation

e €12 Ml(si)MQ(Sg)

— /Q My (s5)VE - Vi da + /Q Mo (s5)Vp5 - Vi dz. (2.43)

[V f(s1)I” da

Combine the left and right hand side estimates of (2.40), we get

5 € Ml(SE)MZ(Sa)
/QM(sl)\Vp ‘de—i_/&)]\}(si)Q
0 [ V(F(s1)) - V(F(s0) o+ [ Vi Vpide+e | Vo5 Vpsde < C.

(2.44)

[V f(sD)] do

where C' is a generic constant depends on a known terms and independent of ¢,
and this with the assumption (H3) ensure the estimate (2.36), the estimate (2.37)
is established due to (2.44). For the estimate (2.38) we have

M (s7) Ma(s5) o2
/QWWf(ﬁﬂ dr < C,

using the assumption (H3),
| M) M)V £ ()2 d < .
which implies that,

M3 (s7) M; (s3)

[ I8P ar = [ SRR SR (s da

1
< MMV e < C.

and this leads to the desired estimate (2.38).
The last estimate (2.39) is a consequence of (2.44), and this closes the proof of
lemma. O
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From the previous lemma, we deduce the following convergences.
Lemma 2.4. (Strong and weak convergences)
Up to a subsequence the sequence (s5)., (p°)e, (p5)e verify the following convergence

p°—D weakly in Hp (), (2.45)
B(s]) — B(s1) weakly in H*(Q), (2.46)
p"—p almost everywhere in €2, (2.47)
B(s]) — B(s1) almost everywhere in €, (2.48)
Z(s]) — Z(s1) almost everywhere in €2, (2.49)
Z(s5) — Z(s1) strongly in L*(12), (2.50)
P; — D almost everywhere in Q. (2.51)

Démonstration. The weak convergences (2.45)—(2.46) follows from the uniform
estimates (2.36) and (2.38) of lemma 2.3, while

p° — pa.e. in (),
B(s]) — (" a. e.in Q

is due to the compact injection of H} into L*(£2).
From (2.8), we have ((s1) := 3(Z(s;)) for s; € [0,1] and 37! is continuous,

Z(s5) — B71(B) = Z(s1) a e in €,

while the Lebesgue theorem ensures the strong convergence (2.50).

From the definition (2.8), and the previous convergences, we deduce the almost
everywhere convergence (2.48). The almost everywhere convergence (2.51) is a
consequence of (2.47)—(2.49) and the fact that p(s1) := p(Z(s1)) for s; € [0,1],
and this close the proof of the lemma. O

In order to achieve the proof of Theorem 2.3, it remains to pass to the limit as ¢
goes to zero in the formulations (2.34)(2.35) and a proof of a maximum principle
on saturations.
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For all test functions (¢,§) € Hf () x Hf (),

)7 (85) — prs*
/qu'ol(pl) (hl) il 190dw+/QKMf(S§)p1(pi)Vpi-Vsodx
—/QKMl(Si)pf(pi)g-Vsod:c+77/9p1(pi)v(pi—pi)-Vsodx

+ [ @D Z(s5) frpde =0,

Z(sE) — g*
/Q ¢>(522825d1~+ /Q KM: (s5)Vps - VE da
— | K)o Ve du—n | V(pi—p3)-Vedu+ | Z(s5)frgdn= [ fiéda,

The first terms of the above equality converge due to the strong convergence of

p1(p7)Z(s7) to pi(p1)Z(s1) in L*(Q).
The second terms can be written as,

| KM ()0 (0 Vi - Vipda = [ KM () (p5) VP - Vipda

+ | Kpu(ph)VB(s5) - Veoda + VE [ Kpi(p)(VE Vi) - Vipda. (2:52)

The first two terms on the right hand side of the equation converge arguing in two
steps. Firstly, the Lebesgue theorem and the convergences (2.49)(2.51) establish

p1(p) M1 (57)Vie — p1(p1) M (s1) Ve strongly in (L*(Qr))?,

p1(p}) Vi — p1(p1) Ve strongly in (L*(Qr))".

Secondly, the weak convergence on pressure (2.45) combined to the above strong
convergence validate the convergence for the first term of the right hand side of
(2.52), and the weak convergence (2.46) combined to the above strong convergence
validate the convergence for the second term of the right hand side of (2.52).
The third term converges to zero due to the uniform estimate (2.37), and this
achieves the passage to the limit on the second terms.

The convergences of the fourth terms of the above equations are due to the uniform
estimate (2.39). The other terms converge using (2.49)(2.51) and the Lebesgue
dominated convergence theorem. Similarly we can pass the limit to the other
equality. So, there exists (p, ph) solution of :



2 Study of a nonlinear elliptic system (proof of theorem 2.3) 50

for all ,& € Hp (),

S
/¢p1 (ph) (hl> pis ¢d$+/KM1 s o1 (p}) Vpl - Vi do

—/QKMl sl)pl(pl)g-wdwrn/gm POV (P} —ph) - Veds

+/Qp1(p’f)Z(S?)fpsodx =0, (2.53)

/¢ 2¢ iy +/ KM, (s8)Vpl vgda:—/ KM, (s")pog - VE da

—n/ﬂv pl—pg)-V§dx+/Q (sh fpﬁdm:/ﬂffgdx. (2.54)

Lemma 2.5. 0 < s, sh <1 a.e in Q.

Démonstration. It is enough to show that s? > 0 a.e in Q. For that, consider ¢ =
—(s1)7,& = —(s2)~ respectively in (2.53) and (2.54), with (s;)” = —min(0, s;) >
0 and s; = s{ — (s1)”. Taking into consideration the definition of the map Z, and
according to the extension of the mobility of each phase, M;(s?)(sh)~ =0 (i =
1,2.) we get

p{hsi( M= dw + n/Qpl(p’f)f’(S?)V(S?)f V(1) dz =0, (2.55)

[ 0%ty detn [ FVE) - Vh) dr=— [ (s de, (250)

Since it is possible to choose an extension f of f out side [0,1] in a way that
ensures f’(sy) different from zero out side [0, 1], we get

hy—|2 < —
n [V Pde <0 (i=1,2),

which proves the maximum principle since s, vanishes on I'y. O

After this maximum principle, the weak formulations (1.34) and (1.35) are esta-
blished, and thus the theorem 2.3 is then established.
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3 Proof of Theorem 2.2

The proof is based on a semi-discretization method in time [3]. Let be T' > 0,

N e N*and h = % We define the following sequence parametrized by h :

pin(x) = p)(x) ae in Q i=1,2, (3.1)

for all n € [0, N — 1], consider (p,, p3,) € L*(Q) x L*(Q), denote by (fp)i"" =

1 (n+1)h 1 1 (n+1)h 1 1
E/ fp(T)dr and (fl)zJr = E/ f; (1) dr, then define (p’fJg , pSJ{L ) so-
TLh T'Lh ’ )
lution of
p (st — ml)st, . . .
gt =Rt div (KM (575 ) e (07 Vs )

h
+ div(Kpi (pi ) Mi(sthhg) — ndiv(p (0P HV (0L — p5it))
+ o1 (ST (fe)r =0, (3.2)

TL—I—I_ n

20— div(KMa(sy ) Vst + div(Kpa Mo (shh)g)

shn — s
¢ h
+ 77diV(V(pH1 — p%l)) + Sg,zl(fp)ﬁl = (), (33)

with the boundary conditions (1.29). This sequence is well defined for all n €
[0, N — 1] by virtue of theorem 2.3. As a matter of fact, for given st ,p1(p7,) >

0, s, > 0 and pi(ply,)st, € L3(92), shp € L3(f2), we construct (p’f#,pgfgl) e
HE () x HE (Q) so that s/t € [0,1].

Lemma 2.6. (Uniform estimates with respect to h) The solutions of (3.2)-(3.3)
satisfy

- [ o(ratisttt = e st ) do+ 4 [ o(F ) - st ) do
e [ [V =P de+ ko [ M) VRLE - VR do
ko [ M(EE)VIEE - VpET o < OO U s + 100E ).
(3.4)
where C' does not depend on h,

D1 1
21(9)

M) = pr(p)on(p) ~pr F(s) = [ Q) dC and gi(p) = [ dc.

Démonstration. First of all, let us prove that : for all s; > 0 and s} > 0 such that
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51+ 89 =57+ 85 =1,

(or(p)s1 = o1(P))s7) 91 (p1) + (52 = 83)p2 > Ha(pr)s1 = Ha(p})st + Fls1) — F(s7).

(3.5)
Let us denote by J the left hand side of (3.5),
T = (p1(pr)s1 — pr(01)s1) g1(p1) + (52— 83)a.
Since the function ¢, is concave, we have
g1(p1) < g1(p7) + 91(p1) (p1 — P1)-
From the definition of H; and the concavity property of g;, one gets
T = pi(p1)s191(p1) — p1(p1)s191(p1) + s2p2 — s5p2
> siHi(p1) — sTHi(p1) + s1p1 — $1p1 + Sap2 — S5p2
= siHi(pr) = siHa(p}) + s1(pr = p2) — s1(p1 — p2)
= siHa(p1) — sTHa(p}) + (51— 1) f(s1). (3.6)
Since the function F is convex, then
(s1 = 1) f(s1) = F(s1) — F(s7). (3.7)

The above inequalities (3.6) and (3.7) verify that the assertion (3.5) is satisfied.

Let us multiply scalarly (3.2) with g;(pf}') and add the scalar product of (3.3)

with ph1t, we have

o L o((n S = st i) + (55— 5, et ) de (39)
+ /Q KM, s?#)vp"“ Vil dr + /Q KM(s3 i) Vpit! - Vit da

+n/ IVf(sih)P de = / KM, (si 4o (pih)g - Vi de
+ [ KMa(s5ipg - Oo53 do = [ onhiD)st (Fe)i 031 do

= [ SR s e+ [ (i do
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By a similar demonstration as lemma 2.3 one gets,

T n 7 n 1 n n
h/ (Hl 191721 31:1 Hl(pl,h)sl,h) dx+h/9¢( 5121) ]:(51,h>> dx
(3.9)
o [ VL =P P dr+ ko [ MR - VRl do
+ko/QM2 (s55 )Vpss' - Voghtde < C(L+ [(fp)i ™ 72 + (£ 2 0)s

and this achieves the proof of lemma 2.6. O

For a given sequence (u}),, let us denote

up(0) = up,
N-1
n(t) = 3w X (®), Ve €0, 7] (3.10)
n=0
and
~ = t n t n+1
an(t) =Y (1+n- S+ (= n)uj WX meon (£), VEE[0,T]. (3.11)
n=0
Then
1 N-
atuh Z nH - Uh X]nh, (n+1)h[( ) Vit € [O,T]\{Uf:[:onh}

Let the functions p;j and s; 5 be defined as in (3.10) for ¢ = 1,2. We denote by
r1,» the function defined by (3.10) corresponding to 77, = p1(p},)st,, and 71, the
function defined by (3.11) corresponding to r7,. In the same way, we denote by
fpn and f;, the functions corresponding to (fp)pt! and (f;)p*' respectively.

Proposition 2.2. Suppose the initial conditions p?, s9 being in H'(Q). The se-
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quence

(pin)n is uniformly bounded in L*(0,T; Hyp ()),i = 1,2,
(f(s1.0))n is uniformly bounded in L*(0,T; HE (),

(s1n)n is uniformly bounded in L*(0,T; Hf (),
(r1.0)n is uniformly bounded in L*(0,T; H'(S2)),
(F1.0)n is uniformly bounded in L*(0,T; H'(Q)),
(8o.0)n s uniformly bounded in L*(0,T; H'(Q)),
(¢0De3a)n is uniformly bounded in L*(0,T; (Hp, (Q))'),
(¢0¢F11)n is uniformly bounded in L*(0,T; (Hf (Q))').

Démonstration. At the beginning of this proof, we indicate to some useful remarks

which can be established by a classical calculations,
/ M;(sip)|Vpip|? dedt = h Z / Mi(sph VP P de (i =1,2),
Qr

/QT ’vf(31,h)|2 dxdt = hnz%/gyvf 87114};1)’2 de,

N-1

Jo, Mt )P e = 0 52 1

N-1

Jo, M6 dide = b 32 IR

Now, multiply (3.4) by h and summing it from n =0 ton =N — 1,

/quHl (pl,h(T))Sl,h(T) dl‘ + kO/Q Ml(slyh)|VpLh|2 dl’dt
T
+ k‘o/ M2(527h)|vp27h‘2 dxdt + 77/ IVf(SLh)‘z dxdt
Qr Qr

< /Q(¢H1(p1,h(0))81,h(0))dx + F(514(0))
— F(s1u(T)) + C<1 + HfP“%?(QT) + Hf[||%2(QT))7

where C' is a constant independent of h.

The positivity of the first term on the left hand side of (3.24) ensures that,

kO/Q M1(317h)|Vp17h|2 dl’dt + ko-/Q M2(327h)|Vp2,h|2 dl‘dt
T T

+ n/Q IV f(s1)|? dadt < C,

(3.20)
(3.21)
(3.22)

(3.23)

(3.24)

(3.25)
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since we have,

AJMQMW@MFMﬁ+/Jm@MMMMFMﬁ

M (s1,0)Ma(s2.1)
M(Sl,h)

_/ (s1.0)|Vpn|? dxdt—i—/ IV f(s10)? dedt, (3.26)

then, one gets the main estimate :
L/Aﬂqmwmﬁwﬁ+n/\VﬂaMPMﬁgC, (3.27)
Qr Qr

which gives the estimate (3.13). For the second estimate (3.14) and first of all, let
us indicate to the fact that,

pin(t,z) — pan(t,z) =0 = f(s1n(t,x)) for x eIy

which gives that sy = 0. The assumption (H6) on the capillary function f
with the second term of (3.27) lead to

/ Vs? dedt < C,
Qr
where C'is a constant independent of h, and this achieves (3.14).

Since we have,

M. M
Vpin = Vpn + =V f(sin) and  Vpyu = Vp — —V f(s14),
M M
then, the estimate (3.12) becomes a consequence of (3.27).
The uniform estimate (3.15) is a consequence of the two previous ones since the
density p; is bounded and of class C! functions as well as the saturations 0 <
Si.h S 17

N-1

Ve = Y (PSR VPR + o (P VTR ) X s (£).
n=0

Now, for estimate (3.16) we have,

N-1

~ t n n n n n
Vith =, ((1 +n— E)[Pi(pl,h)sl,hvm,h + p1(07 ) Vst ]

n=0

t (3 n T T n
+ (5 = ST VL + e () VST 30) X nron (). (3.28)
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since the density p; is bounded and of class C! function as well as the saturations

0<sm, <1,
N—1

[Vi|* < C > <|VP?,h|2 + |vs?,h|2 + ]Vp’leﬁ + ’vsﬁlﬁ)mnh,(nﬂ)h] (t),
n=0

and this implies that,

||Vf1,h||%2(QT)§ O(HVp(l),hH%Q(Q) + ||V3(1),h||%2(9) + ||Vpl,h||%2(QT) + ||V31,h||%2(QT))

where C' is a constant independent of h, and this achieve estimate (3.16).
From equations (3.2) and (3.3), we have for all p € L*(0,T; H} (Q2)),

(POT1 py ) = —/Q KM (s1,)p1(p1,p)VD1h - Vo dadt
T

+/Q Kp?(pl,h>M1(51,h)g -Vedvdt — 77/@ V(p1n — pan) - Vo dzdt
T T

- / p1(P1n)S10fppe drdt,
Qr

(pOyTop, p) = —/Q KM;(s2,1)p2(p2,n) VP2, - Vo drdt
T
+ /Q K} (p2.n) Ma(s2,)g - Vip dadt + 1 /Q V(pin — p2n) - Ve dadt
T T
—/ p2(P2,n)S2.0fp e dﬂ?dt‘f‘/ p2(P2,n) [1 P dzdt.
QT QT

The above estimates (3.14)—(3.12) with (3.27) ensure that (40,7 p)p is uniformly
bounded in L*(0,T; (HE (2))). O

The next step is to pass from an elliptic problem to a parabolic one. Then, we
pass to the limit on A, using some compactness theorems.

Proposition 2.3. (Convergence with respect to h) We have the following conver-
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gences as h goes to zero,

Furthermore,

and

r1 = p1(p1)s1 almost everywhere in Qr and almost everywhere in 3.

[rn =71 h||L2 O HE Q) 0,

520 = S2h”L2 OTHEQ) 0,
Din — pi weakly in L*(0,T; H%l(Q)) (1=1,2.),
Son — S weakly in L*(0,T; H (),

pin — p; weakly in L*(3r),

S — Sy strongly in L*(0,T; H%(Q)),

r),

So.n — Sy strongly in L*(%
r1p — 11 strongly in L*(0,T; H %( 0)).
(

T — 11 strongly in L? Xr).

sin — 8; almost everywhere in Qr,

0 < s; <1 almost everywhere in Qr,

Finally, we have,

(3.40)

fiprn) folsin) — fi(p1) fa(s1) a.e. in Qr,Vf1, fa € C2(IR) such that f2(0) =0

GOy, — PO(p(p1)s1) weakly in LQ(O,T; (H%w(Q))’)
$DyBo.p — Orsy weakly in L*(0,T; (Hp, (Q))).

Démonstration.

-2 _ & potDh byintl  om
Irin = TLallz2m = > . [((T+n— B)(Tlh —Tin
1

Note that

—o /nh

N

3

Hrn+1

w| >

T?,h | %2 Q)
n=0

(3.41)
(3.42)
(3.43)
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1 (n+1Dh t n+1 n 2
52 = S2alaian) /n I = )65 = ) e dt
1

C»J\D‘

N—
1
Z n+ —Sz,hHL2 Q)

n+1

We multiply scalarly (3.2) and (3.3) respectively with r{}* — 7, and s5}' — s .

Then, summing for n =0 to N — 1, we get
for the water equation,

N-1
Z ||5n+1 SS,hH%Q(Q) <C Z (||V5§,h\|2L2(Q) + HVSS,#H%%Q)

+ IIVp”“HL2 + 1R e + 1R )

This yields to

Z Is5h" = s5 7200 < 0(1 + I VsanllZ2(on
+ HVPZFLH%Q(QT) + ”fPHZLQ(QT) + Hf[”%?(QT))'

And from (3.14),(3.12) and (3.15), we conclude that

52,0 — 82,8l 22(Qp) — 0,

Using again (3.14) and by interpolation argument, we obtain (3.30) since

CHSQh — 8o hHL2 (Qr) H52h — 8o hHL2 (0,T;H(Q))-

L2(0,T;HE () —
And, for the gas equation,

N-1

Z I35 = rialliee < € 3 (197 nlZae) + 19788 2o
i ||v5”+1||L2 @ + VP ey + )R Bgey)-

This yields to

Z ||7“n+1

< C(l + ||V7”1 h||L2 (Qr) + ||V82 h”L2 (Qr)

+ VoLl + 1 fpl32i0m)-
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And from (3.14),(3.12) and (3.15), we deduce that

71, — Tl L2y — 0,

In the same way as above, using (3.15), by interpolation we obtain (3.29) since,

|71 — T1all < Cllrin = Funllezn min — Fipll L2 ar @)

L2(0,T;H2 ()

From (3.14)-(3.12) , the sequences (S2.)n, (Pin)n, are uniformly bounded in
L*(0,T; HE (9)), we have up to a subsequence the convergence result (3.31),(3.32).
By virtue of the continuity of the trace operator we have,

pinll7200) < Clipinlline

To conclude the weak convergence (3.33), we integrate over (0,7") the above in-
equality to deduce that p; is uniformly bounded in L*(Xr).

From (3.14), the sequence (S2) is also uniformly bounded in L*(0, 7 H (2))
and from estimate (3.18) we have up to a subsequence the convergence result

8y — So strongly in L*(0,T; H%(Q)).

This compact result is classical and can be found in [62], [22] when the porosity is
constant, and under the assumption (H1) (the porosity belongs to W1>(£2)), the
proof can be adapted with minor modifications. By virtue of (3.30), we deduce
(3.34) and (3.35).

The sequence (71), is uniformly bounded in L*(0,7T; Hf (9)) , (3.16), and in
light of (3.19) we have the strong convergence

1, — 71 strongly in L*(0,T; H%(Q)).

Then, (3.29) finishes to establish (3.36) and (3.37).
Recall that ry;, = p1(p1n)s1, and from the convergence (3.36)

p1(p1n)sn — 71 strongly in L*(Qr) and a.e. in Q7. (3.44)

Let us show that r1 = p1(p1)s;.
We consider

L sunlerprn) = (o) prn — v)dtdr, o € LA(Qr),

T
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this quantity is positive by monotony of p; and converges to

/Q (ry — s1p1 (0))(p1 — v) did > 0, v € L*(Qr),

by virtue of (3.36) and (3.31). Then, we choose v = p; + dw with § €]0,1],
w € L*(Qr). So, divide by ¢ and let § goes to zero,

/ (r1 — s1p1(p1))w dtdr > 0 Yw € L*(Qr).

This clearly shows the identification (3.40) on Q7. We can do the same computa-
tions by integrating on Y7 instead of Qr to establish the identity (3.40) on Y.
Remark that the convergence on

/z sua(p1(pin) — p1(v)) (P — v)dtdo Vv € L*(Sr),

T

is obtained by (3.33) and (3.37).
To conclude the a.e. convergence (3.41),on one hand, when s, — s1 = 0 a.e,,

fipin)fa(s1n) — 0 = fi(p1)fa(s1) ae. (since fo(0) = 0 and f; is bounded). On
the other hand, when s1; — s1 # 0, in light of (3.44) we have fi(p1) — fi(p1)
a.e.. Then, fi(pin)fa(sin) — fi(p1)fa(s1) since fi, fo are continuous and this
establish (3.41).

Finally, the weak convergences (3.42) and (3.43) are a consequence of (3.18) and
(3.19). In particular, identification of the limit for (3.42) is due to (3.40). O

The technique for obtaining solutions of the system (1.27)—(1.28) is to pass to the
limit as h goes to zero on the solutions of

GO (F1p) — div(KM(s1.4)p1(p1.a) Vois) + div(KM, (s14)p7(p10)8)
—ndiv(pr(P1,p)V(Prr — P2p)) + pr(pin)sinfp, =0 (3.45)

gb@t(§27h) — diV(KMQ(SQ’h)vp27h) + diV(KMQ(SQJ—L)pQg)
+ndiv(V(pin — p2p)) + s2nfpp = fr  (3.46)
Remark that this system is nothing else than (3.2)-(3.3), written forn = 0 to N—1

by using the definition (3.10) and (3.11). Let us consider the weak formulations
(1 = 1,2) on which we have to pass to the limit
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(POT1 hy 1) +/Q KM (s1.0)p1(p1,a)VD1h - Vipr dadt
T
- /Q Kot (p1pn) Mi(s1)g - Vi dadt + 1 /Q p1(PLa)V(P1p — p2p) - Vipr dadt
T T

—l—/Q p1(P1n)S1nfppe1 dodt = 0. (3.47)
T

(PO¢Sa.p, 2) +/Q KMy (s2,)Vpap - Vo drdt
T
— /Q KpoMs(s2.1)g - Vo dudt — n/Q V(p1,n — pap) - Vo dadt
T T

+/ Sgyhfp,hwdxdt:/ frnsp2 dadt. (3.48)
Qr Qr

where 1, @2 belong to L*(0,T; H (2)).

Next we pass to the limit on each term of (3.47)-(3.48) which is conserved by the
previous proposition.

Consider firstly (3.47) :

The passage to the limit on the first term is due to (3.42). For the second term
we have M (s1)p1(p1,n) Vi converges almost everywhere in ) and dominated
which leads by Lebesgue theorem to a strong convergence in L?*(Qr) and by virtue
of the weak convergence (3.31) we establish the convergence of the second term
of (3.47) to the desired term. The third and fifth terms converge obviously to the
wanted limit due to the previous proposition and Lebesgue theorem.

The passage to the limit in fourth term is technical somehow. We first consider a
smooth function (] approaching ¢; in order to integrate by parts,

/QT P1 (p1,h)v(p1,h - pz,h) : VSOT dxdt = /QT P1(p1,h)v(f(51,h) - f(())) ) VSOT dxdt
(3.49)

= - / pi(flsi) = S(0)) div Vi dedt + /E p(fls1) = J(0)) Vg - ndort

- /Q 01(F(s1) = 1(0) Vs - Vepf dad

It is now possible to pass to the limit on the right hand-side. The first term
converges to the desired term by virtue of (3.41) with f; = p; and fo = f — f(0).
The second term converges in the same way, but on the boundary. The last term
converges to the desired limit by using again (3.41) with f; = p, and f, = f— £(0)
to apply the Lebesgue theorem on Pll(pl,h)(f(é‘m) — f(O))V(pT. Then the weak
convergence (3.31) allows to conclude.
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After passing the limit in (3.49), we integrate again by parts to establish,

/Q P1 (pl,h)v<p1,h - p2,h) : VSOT dxdt — /Q £1 (pl)v(pl - p2) : V‘PT dxdt

Now, by density argument, this convergence exists with ¢, instead of 7, i.e. as
h goes to zero,

n /Q p1(PLR)V (P — P2n) - Vor dedt — /Q p1(p1)V(p1 — p2) - Vo dadt
T T

Secondly, consider (3.48) :

The first term converges due to the weak convergence (3.43). The convergence of
the second term is a consequence of the weak convergence (3.31) and a Lebesgue
theorem application on My(s2.,)Vpa. The forth one follows from the weak conver-
gence (3.31), and the convergences for the other terms is a simple application of
Lebesgue theorem.

We then establish the weak formulation (1.30)-(1.31) of theorem 2.2. Furthermore,
we have well obtained by proposition 2.3

0< Si(tux) <Tlae. in QT; S2 € L2(07T7 HIl‘l (Q))v
pi € L*(0,T; Hy () (i = 1,2.), pi(p1)s1 € L*(0,T; H(Q)),
¢0,(p1(p1)s1) € L*(0,T; (Hy, ())'), ¢dysa € L*(0, T (Hy, (2)))

The compactness property on py(p14)s1, and sop implies p1(p1)sy, s2 belong to
CY([0,T7; L*(€2))), and this achieve the proof of Theorem 2.2 under the assumption
on regular initial conditions. It is possible to regularize the initial conditions p) €
L*(Q) by p), € H'(Q) such that p?, — p? strongly in L*(Q) when v — 0, for
t = 1, 2. Then we can reproduce energy estimates for the non-degenerate parabolic
system independent of the parameter of regularization, since the estimates are
depending only on L?*(Q) initial conditions, and pass to the limit in this system
to establish the proof of Theorem 2.2.

4 Proof of Theorem 2.1

The proof is based on the existence result established for the non-degenerate case
and some compactness technique on the evolution terms.
Lemma 2.7. The sequences (s}),, (p" := p3+p(s])), defined by the Theorem 2.2
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satisfy

0<s!(t,x) <1 ae. in (t,r) € Qr (4.1)
p")y is uniformly bounded in L*(0,T; H} () (4.2)
V1 YV f(s)yis uniformly bounded in L*(Qr) (4.3)

M;(s7) Vpl),is uniformly bounded in L*(Qr) (4.4)
M)y is uniformly bounded in L*(0,T; H'(£2)) (4.5)
90 (p1(p})sY))y, is uniformly bounded in L*(0,T; Hy (2)') (4.6)
(s2))y is uniformly bounded in L*(0,T; Hp, (Q2)) (4.7)

Démonstration. The maximum principle (4.1) is conserved through the limit pro-
cess.

For the next four estimates, consider the L*(§2) scalar product of (1.27) by ¢ (p]) =
o e d€ and (1.28) by pJ and adding them after denoting by H1(p]) = p1(p{)g1(p

7, then we have

P—‘d

)—

d 51
i oo (st [ s©ae) asin [[IVFGDR et [ KOG Dot
+ [ KMV Vpdde — [ KM(sDp(pl)g - Vil de — | KMa(s))pag - Vi do

+ [ o Dstfeg o) do+ [ sifepide = [ fihde.

Using the assumptions (H1)—(H6), Cauchy Schwartz inequality, the functions g;
is sublinear,

dt/ <31H1 / dg) d:v+/ KM1<5?)vp§7-vp§’dx+n/ V£ (s7)|? do
+/ KM, (s3)Vps - Vi dm—/ KM (s])p1(p1)g - Vi d:c—/KM2 s pag - Vpl dx
== | @Dt o) do = [ shfepide+ [ fiphd

PM
< 7(|, fe ez + 11 frlle@) (NP1 llze) + 11 95 [1220)

m

2,0M _ ~
—— (I fp 2@ + I fr l2@) Ul P 2@y + 11 P(s?) lz2@) + 1 P(sT) llz2)

m

Cl fp llzz@) + L fr l2@) (U VP [l2@) + 1 D(sT) [[z2@) + 11 B(sT) ll2@)-

We have

Vi(sh) = vy - M)

Ml (8717)
n_ Iy
v M (sT)

i VISD, ()
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then,

2 M, (s])Ma(s]) 9
/QT M ()| Vp"| dxdt—l—/ W|vf(31)| dudt

- / My (sT)Vp! - V! dadt + / My(sD)Vpl - Vpl dadt, (4.9)
Qr Qr
using again the assumptions (H1)—(HG), Cauchy Schwartz inequality, young in-

equality, the functions H; is non negative and integrate the above inequality over
(0,7, we get

7|2 M ( 51)M2(32>

v/ Ml(sl)Vpl V! ddt + / Ma(s3)Vpl - Vpll dadt

[V f(s1)|* dxdt

+77/QTVf $1) - V() dedt < C. (4.10)

and this with the assumption (H3) ensure the estimate (4.2), the estimates (4.3)—
(4.4) are established due to (4.10) . For the estimate (4.5) we have

M, (s{) Mo (s3) 9
/TW\VJ”( N2 dedt < C

using the assumption (H3),

| MM S () dudt < C.

Qr

which indicates that
/Q IVD(s?)|2 dwdt < C, (4.11)
T

F/ 81 \/Ml 81 M2 52 f 81

and this leads to the desired estimate (4.5).

where

N2 dodt — M3 (s1) M3 (s3) 2 I
J,, 19O P dzde = [ SEPESEEV ()P dedi

< i /Q Mi(s1)Ma(sD) |V F(s1)[2 dadt < C.
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For all ,& € L*(0,T; Hf (2)), we have

(60, (p1 (D) ST), ) + /Q KM, (s7)p1 (p])Vp! - Vip dadt
— KMl(S’f)p?(p?)g'dexdtJrn/ p1(pV(p] — p2) - Ve dadt

Qr
—I—/ p1(p]) st fppdrdt =0 (4.12)

(90i(s3),€ +/ KM, (s3)Vpl - VEdxdt
~ | KMa(s})pog - Ve ddi - / ) - VE dadt

+ /Q s fp€ dudt = /Q fi€ dudt (4.13)

where the bracket (-, -) represents the duality product between L*(0, T (Hp (€2))")
and L*(0,T; Hf (). Using (4.8), one gets

(0 (p1(p)s1), )| < ‘ / p1(p)V f(s]) - Vgodxdt'
| KnGDOREDYY + VAD) - Voded

+| [ KeGDM(Dg - Vodrdt|+ | [ on(ph)si o dad].
T T

(4.14)

The functions p; and M; are bounded, with Cauchy Schwarz inequality imply,
(60 (1 (P])s]), )] < C(1+ VD" | 1200y + VB |20
+ IV (D 2@n) IVellz@n  + pall follzen el 2@,
and from the estimates (4.2)—(4.5), we deduce
(0 (p1(P])s1), )| < C' || HL?(O,T;H%l(Q)),

which establish (4.6). In the same way we obtain the estimate (4.7). Indeed, for
¢ e L*(0,T; HE (Q)) and from (2.2) we have

(005,61 < |n [ V(s Vet + | | KOM(HVp+ VO(D) - Ve dod

+‘/Q szMz(sg)g-Véd:L’dt‘ + ‘/Q s3(fp — fr)& dzdt|,
T T (4.15)
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and using the Cauchy Schwarz inequality as above, similarly we get
(603, ) < C(1+ IV | 2@ + VB 120
+ 9V £ ()20 ) IVEll 2@y + C Il fp = 1 2@ 1€l2@0)-

and from the estimates (4.2)—(4.5), we deduce

[(p0rs3,8)| < C'| & ||L2(0,T;H%1(Q))7

which establish (4.7), and close the proof of the lemma. O

From the previous two lemmas, we deduce the following convergences.

Lemma 2.8. (Strong and weak convergences)

Let fi, f» € C)(IR) such that fo(0) = 0, then up to a subsequence, the sequences
(s))ns (P")ys (P1)y verify the following convergence

5] — 51 almost everywhere in Qr and Xr,  (4.16)
st — s1 strongly in L*(Qr) and L*(Xr), (4.17)
0<s(t,x) <1 almost everywhere in (t,z) € Qr, (4.18)
B(s]) — B(s1) weakly in L*(0,T; H'(Q)), (4.19)
pT—p weakly in L*(0,T; Hf (Q)), (4.20)
POs9 — pO;So weakly in L*(0,T; (Hp, (Q))'), (4.21)
AEDAED — filp)f(s)  almost ecverywhere in (1,7) € Qr,  (422)
S0 (1)) — 60 (mu(p)s))  weakly in 20,7 (HL,(Q)).  (4.23)

Démonstration. The relative compactness of the sequence (s7), in the degenerate
case is obtained in the same manner as in the incompressible flows. For that, from
(H4) the function 37! is an Holder function of order 6, with 0 < 6 < 1, and the
sequence (sy), satisfy (4.1), (4.5) and (4.7), then up to subsequence we have

s] — s strongly in L*(Qr), (4.24)

s{ — s; strongly in L*(37), (4.25)

this compactness result is proved in (][22]) in the case where the porosity is
constant, a straightforward modification of the Lemma 3.1 in [44] shows that
the compactness lemma remains valid under the assumption (H1).
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Lemma 2.9. (Compactness result for degenerate case) For every M, the set

Ev = {(s € L*(Qr),0 < s(t,z) <1 a.e. in Qr such that
||5(3)||L2(0,T;H1(Q)) < M, ||¢at5||L2(o,T;(H%l(Q))/) < M}

is relatively compact in L*(Qr), and v(Eyy) is relatively compact in L*(X7), (v
denotes the trace on Xr operator).

Démonstration. The proof is based on the proof of the Lemma 3 in ([22], p. 140).
For that, for 0 < 7 < 1, and 1 < r < o0, let us denote

W) = fwe @) [ [ P dody < oc)

equipped with the norm

w(z) —w(y)|" )i
T,r — Tr d d 3
Jolhwerior = (Wl + |, [, e oy

recall d denote the space dimension. Denote v = (3(s), then v € L*(0,T; H'(Q))
and s = $71(v) is an Holder function. Using the continuity of the injection of
H(Q) into W™2(Q) for any 0 < 7 < 1, we have v € L*(0,T; W™2(2)). So, v(t,-) €
W™2(Q) a.e. in (0,T), which implies that s(t,-) = 37 (v(t,-)) € W™%9(Q) and

[[8[lworr/o) < CHUHng(m
Integrating the above inequality over (0,7,
181l 270 (0,0 w0m200 (02)) < C||U||%2(07T;H1(Q)).
Furthermore the porosity function ¢ belongs to W1*°(Q), it follows that
@8] 270 (0,75 0m2/0(02)) < C.
As Q is bounded and regular, we have, for 7" < 07,
WORO(Q) C WTA(0) € (i ()

with compact injection from W™2/¢(Q) into W72/(Q). Now, from a standard

compactness argument (see [63]), we get

By is relatively compact in L¥°(0, T; W™ %9(Q)) ¢ L*(0,T; L*(Q)).
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Secondly, the trace operator v maps continuously W7%%(Q) into W™ ~9/22/9(T)

as soon as 7" > 6/2. Choosing for example 7/ = 3{, we deduce the relative com-

pactness of y(Ey,) into L?(X7). This closes the proof of lemma 2.9. O

Consequently the maximum principle (4.18) is conserved through a limit process.
The weak convergences (4.19)-(4.20) on the capillary term 5 and the global pres-
sure p are a direct consequences of (4.5) and (4.2). The convergence (4.21) is a
consequence of the estimate (4.7), and the identification of the limit follows from
the above convergences.

Now, for the convergence of the last two terms, define v(s;) = s;a3(s;), and let
us prove

n

p1(P)v(s1)) — Y(s1)p1(p1), for all (¢,z) in (0,7) x Q almost everywhere.

(4.26)

The sequence (p1(p])7(s?)), is uniformly bounded in L*(0,T; H} (Q)) :
since

V(o () (s1) = 1 Vpr(p) + (3sla(sT)al(s]) + a2(s1) ) VA(s")  (4.27)

/ My (s{)Ma(s3)
= Do ) (AR )

S1

+(3sta(sal (s7) + a*(s1)) VA(s1).

the uniform bound becomes a consequence of (4.4)-(4.5).
The sequence (¢, (p(pT)y(s7)), is uniformly bounded in (L2(07 T; H}, (Q))QLOO(QT))/.
In fact,

(@0 (pr(p])v(sT), ©) = (90 (pr(p])sT), &’ (s1)) + (¢DesT, 3p1(p])sia® (sT)e! (s7)e)
(4.28)

for all p € L*(0,T; HE (Q))NL>(Q7). Therefore, the evolution term is uniformly
bounded due to (4.6)-(4.7).
Then up to a subsequence, we have

p1(p)(s7) — I strongly in L'(0,T; H2(2)).

This result is a direct consequence of a Simon’s Lemma [62] when the porosity is
constant, and under the assumption (H1), we use Lemma 2.9. We have also,

pr(p})y(s]) — I strongly in L'(0,T; L*(%7)). (4.29)
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From the Lebesgue theorem, we have
p1(p1)v(s7) — 1 strongly in LY(Qr), for all 1 < ¢ < occ. (4.30)

Now, due to the monotonicity of the function p;, we have

[, o] =1 (sDo(w)) (0} —v)dedr > 0. o € L(@r)

T

Note that, from the relation between p" and p] and by the help of (4.17) and
(4.20) we obtain

p] — p1 weakly in L*(Qr), (4.31)

this with the convergence results (4.30), (4.24) leads to,
U =@m@) o —v)didr >0, Vo€ L(Qr).
T
Finally, choose v = p; — dw with § €]0,1], w € L*(Q7), then

/ (I —v(s)p1(p1 — ow))wdtdr > 0,

Qr

letting ¢ goes to zero, we establish (4.26)
I =~(s1)p1(p1), for all (t,z) in (0,7) x £ almost everywhere. (4.32)

To conclude the almost everywhere convergence (4.22), consider s{ — s; = 0
almost everywhere then f1(p])f2(s]) — 0 = fi(p1) f2(s1) almost everywhere, since
f2(0) = 0 and f; is bounded. Next, when s! — s; # 0, in light of (4.26) and due
to the assumption that a vanishes only at zero, we have fi(p]) — fi(p1) almost
everywhere, and f1(p]) fo(s]) — fi(p1)f2(s1) by the continuity of the functions f;
and fs.

Finally (4.23) is a consequence of (4.6), and the identification of the limit is due
to (4.22). O

Limit process.
In order to achieve the proof of Theorem 2.1, it remains to pass to the limit
as 1 goes to zero in the formulations (1.30)—(1.31), for all smooth test functions
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p € CL([0,T); HE () such that o(T) = 0

- /Q 61 (1) 10 devdt + /Q KM, (s7)p1 (p)Vpl - Vip dadt

= [, KM(DAWDE - Vo dudt + /Q p1 (D)1 fop dvdt
T T

1 | BV ph) Vi drdt = | 6p1()shp(0. ) dudt. (4.33)

_ / 510, drdt + / KM, (s3)Vpl) - Vo dadt
Qr Qr

- KM;(s3)pag - Vo drdt + / safpp dadt
Qr Qr

—77/9V(p717 —pg)Vgodxdt:/ flgod:cdt+/g¢sggo(0,:c) drdt. (4.34)
Qr

The first and third term in (4.33) converge due to the strong convergence of

pi(p})s] to pi(pi)s; in L*(Qr).
The second term can be written as,

/Q KM (s7)p1(p) V1 - Vo dadt = /Q KM (s1)p1(p{)Vp" - Vo dadt

+ [ Ko MDD G () 9o dade

M(s)

(4.35)

The first term on the right hand side of the equation (4.35) converges arguing in
two steps. Firstly, let the functions fi, fo of the previous lemma play respectively
the role of p;, M; and by Lebesgue theorem we get,

p1(P)) M (s1)Vip — pi(p1)Mi(51) Vg strongly in (L*(Qr))".
Secondly, as a consequence of (4.2), we have
Vp" — Vp  weakly in (L*(Qr))*,

Now, this weak convergence combined to the above strong convergence validate
the convergence of the first term in (4.35). Similarly, the last term on the right

hand side of the equation (4.35) converges arguing in two steps. Firstly, let the

v M1 Mo
M

functions fi, fo play respectively the role of p, and by Lebesgue theorem
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we get,

M (s7)My(sY)

M (sY) Vo — pi(pr) Milon)Mals2)

M(s) Vi strongly in (L*(Qr))".

P1 (P?)

Now, as a consequence of (4.11),
VI(s]) — VT(s1)  weakly in (L*(Qr))",

Now, this weak convergence combined to the above strong convergence validate
the convergence of the last term in (4.35). and this achieves the passage to the
limit on the second term of (4.33).

The passage to the limit in the third term attain by Lebesgue theorem and (4.22),
where f; plays the role of p? and f, plays the role of M;.

The fifth term can be written as,

0 [ oDVl = p) Ve dadt = i | p]) (Vi (s)) - Vipdudt, (4.3

the Cauchy-Schwartz inequality and the uniform estimate (4.3) ensure the conver-
gence of this term to zero.

Similarly, we can pass the limit to (4.34). The weak formulations (1.16) and (1.17)
are then established.

The main theorem 2.1 is then established.



CHAPITRE 3

Two compressible immiscible flow in porous media

Abstract. In this paper, we consider a model of flow of two compressible and
immiscible phases in a three dimensional porous media. The equations are obtai-
ned by the conservation of the mass of each phase. This model is treated in its
general form with the whole nonlinear terms. We establish an existence result for
this model.

1 Introduction, Assumptions and Main Results

Many authors studied flows in porous media. The study of the miscible flow
models has been investigated in ([10], [11], [40]) and recently in ([17], [18], [19]).
The immiscible and incompressible flows have been treated by many authors ([10],
9], [22], [39], [29], [41], [42]). For two immiscible compressible flows, we refer to
[44], [47], and recently [45] and [15].

The immiscible flow models developed by [44], [45], [47] use the feature of global
pressure even if the density of each phase depends on its own pressure, then the
context was to assume small capillary pressure so that the densities are assumed
to depend on the global pressure, recently and under that context C. Galusinski,
M. Saad [45] obtained an existence result of solutions.

In this paper, we consider the two compressible immiscible flows model studied
in [45], with the difference that we will not use the feature of global pressure in
the sense that it enables us to write all models with one pressure variable and
one or several saturations with assumption concerns the dependence of densities
on a global pressure. The model is treated in its general form under the physical
assumption that the density of each phase depends on its own pressure. The
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mathematical analysis of this model is based on new energy estimates on the
pressures. The main idea consists to derive from degenerate estimates on pressure
of each phase, which not allowed straight bound on pressures, an estimate on
global pressure and degenerate capillary term. An appropriate compactness lemma
is shown with the help of the feature of global pressure to pass from non-degenerate
case to the degenerate case.

We give below the basic model written in variables pressures and saturations.
The equations describing the immiscible displacement of two compressible fluids
are given by the following mass conservation of each phase (1 =1,2) :

G(2)Dp(pi(pi)si) (t, ) + div(pi(pi) Vi) (t, 2) + pi(pi)si fo(t, x) = pi(pi)si fr (¢, @),
(1.1)
where ¢ is the porosity of the medium, p; and s; are respectively the density and
the saturation of the i* fluid. The velocity of each fluid V; is given by the Darcy
law :

ki(si(t, ) 4
Vi(t,z) = —K(x)T(sz-(w) ~ pi(pi)g), i=1,2 (1.2)
where K(x) is the permeability tensor of the porous medium at point z to the fluid
under consideration, k; the relative permeability of the i** phase, u; the constant
i-phase’s viscosity, p; the i-phase’s pressure and g is the gravity term. Here the
functions f; and fp are respectively the injection and production terms. Note

that in equation (1.1) the injection term is multiplied by a known saturation
I

s; corresponding to the known injected fluid, whereas the production term is
multiplied by the unknown saturation s; corresponding to the produced fluid. By

definition of saturations, one has
s1(t,z) + so(t, z) = 1. (1.3)

The curvature of the contact surface between the two fluids links the jump of
pressure of the two phases to the saturation by the capillary pressure law in order
to close the system (1.1)-(1.3),

f(s1(t,z)) = pi(t,x) — palt, ). (1.4)

With the arbitrary choice of (1.4) (the jump of pressure is a function of s1), the
application s; — f(s1) is non-decreasing, (%(51) > 0, for all s; € [0,1]), and
usually f(s; = 1) = 0, in the case of two phases, when the wetting fluid is at
its maximum saturation. In order to know which of the fluids is the wetting one,
one has to look at the meniscus separating the two fluids in a capillary tube, the
concavity of the meniscus is oriented towards the non wetting fluid. For example,
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air is the non wetting phase in water air displacement. In this study we consider
the index i = 1 represents the wetting fluid, and for this choice capillary pressure
vanishes when s; = 1. This point is crucial in determining the spaces that the
saturation of each phase belongs. We take the capillary pressure function f as
considered in [22], defined on [0, 1], increasing and f(1) = 0.

In section 4 we will use the feature of global pressure. For that let us denote,

M;(si) = ki(si)/ i i — phase’s mobility,
M (s1) = My(s1) + Ma(1 — 1) the total mobility,
V=V;+V, the total velocity.

As in [22], [64] and [45] we can express the total velocity in terms of ps and f(s1).
We have

Ml(Sl)
M(s1)

V =—KM(s) (vm + Vf(sﬂ) + K (M, (51)p1(p1) + Ma(s2)p2(p2))e;

and defining the functions p(s1), p(s1) such that

_ Ml(sl) _ MQ(SQ)
/ — ! d o = — ! 1.5
the global pressure is then defined as in [22]
p=p2+P(s1) = p1 +p(s1) (1.6)

Thus, the total velocity can be expressed as

V = —-KM(s1)Vp+ K(M;(s1)p1(p1) + Ma(s2)pa2(p2))8,

and each fluid velocity

Mﬁ(s ) > 0.

where «(s;) = o 2 g

Define
3s) = [ ale)ds (17)

In this paper we do not use this concept of writing the total and each velocity in
terms of the global pressure and one saturation, but just to show the source of
definitions of some functions.



1 Introduction, Assumptions and Main Results 75

We detail the physical context by introducing the boundary conditions, the initial
conditions and some assumptions on the data of the problem.

Let T > 0, fixed and let © be a bounded set of R? (d > 1). We set Qr =
(0,T7) x Q, Xp = (0,T) x 9Q. To the system (1.1)-(1.3)-(1.4) (i = 1,2), we add
the following mixed boundary conditions and initial conditions. We consider the
boundary 0€2 = I'y U I';,,,, where I'y denotes the injection boundary of the first
phase and I, the impervious one.

{pl(m) =0 p(te)=0  onl (1.8)

Vl'n:VQ'Il:O Onrimp

where n is the outward normal to the boundary I',,.
The initial conditions are defined on pressures

{pl(O,x) = pd(x) in Q (L.9)

p2(0,2) = p5(z) in Q.
Next we are going to introduce some physically relevant assumptions on the co-
efficients of the system.

(H1) The porosity ¢ € W1>(Q) and there is two positive constants ¢y and ¢,
such that ¢y < ¢(x) < ¢ almost everywhere x € €.

(H2) The tensor K belongs to (W1°°(Q))4*4. Moreover, there exist two positive
constants kg and k., such that

1K [ (zoo()yixd < koo and (K(2)&,€) > kol[?, for all £ € RY, ae. z € Q.

(H3) The functions M; and M, belong to C°([0,1];RT), M;(s; = 0) = 0 and
Ms(ss = 0) = 0. In addition, there is a positive constant my, such that, for
all s; € [0,1],

Ml(Sl) + MQ(SQ) > my.

(H4) (fp, f7) € (L*(Q1))?%, fp(t,z), f;(t,z) > 0 almost everywhere (¢,7) € Qr,
st(t,r) > 0 (i = 1,2) and si(t,x) + si(t,x) = 1 almost everywhere in
(ta .CE) S QT-

(H5) The densities p; (i = 1,2) are C*(R), increasing and there exist two positive
constants p,, and pys such that 0 < p,, < pi(p;) < par, for i =1, 2.

(H6) The capillary pressure function f € C'([0,1];R™) and 0 < f < j—’;.

(H7) The function a € CY([0,1];IR") satisfies a(s) > 0 for 0 < s < 1, and
a(0) = (1) =0.
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We assume that 37!, inverses of 3(s) := [; a(z)dz, is an Holder function of
order 6, with 0 < # < 1, on [0, 5(1)]. Which means there exists a positive ¢
such that for all s;, sy € [0, 3(1)], one has |37 1(s;) — 7 (s1)] < ¢|s1 — s2/’.

The assumptions (H1)-(H7) are classical for porous media.

The main existence result of this paper is given below, for that let us define the
following Sobolev space

Hi (Q)={ue H(Q);u=0o0nT},

this is an Hilbert space when equipped with the norm [ul[ ;1 () = [[Vull(2(q)a-
1

Let us state the main results of this paper.
Theorem 3.1. Let (H1)-(H7) hold. Let (p, p9) belongs to L*(2) x L*(). Then
there exists (p1,pa) satisfying

pi € L2(07T7 HIl‘l (Q))a (bat(pl(pz)sz) S L2(07Ta (H11“1(Q>)/)a L= 17 27 (110>
0<si(t,x) <1 aeinQp, i=1,2, B(s1) € L*(0,T; H'(Q)) (1.11)

such that for all ¢, & € C'(0,T; Hp () withe(T) = &(T) = 0,

= [ om)sidrpdrdt — [ 6(x)pr (@)} (@) (0. )
+ /QT KM;(s1)p1(p1)Vp1 - Vo dadt — /QT KM, (s1)p}(p1)g - Vo dadt

+ [ mpsifepdedt = [ pu(pr)stfyedadt, (1.12)
Qr Qr

— [ dpalp)sadhe ddt — | o(w)pale3(@)s3(2)E(0,2) da
+ 0 KMs(s2)p2(p2)Vpse - VE dadt — /Q KM, (s2)p5(p2)g - VE dxdt

+/ p2(p2)s2fp€ dxdt :/ pa(p2)sy fr& dudt, (1.13)
Qr Qr
and finally the initial conditions are satisfied in a weak sense as follows :
For all ¢ € Hy () the function t — / opi(pi)sib dr € C°([0,T]),  (1.14)
Q
furthermore we have

(/gz¢pi(pi)si¢ dﬂc) (0) = /Qébm(p?)sgl/} dz. (1.15)

As we can see, the above notion of weak solutions is very natural provided that we
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explain the origin of the requirements (1.10)—(1.11). Obviously, they correspond to
a priori estimates. Indeed, the equations (1.12)-(1.13) ensure that s; > 0 (i = 1, 2)
which is equivalent to 0 < s; < 1 (the proof is detailed in lemma 3.5. The key
point is to obtain the estimates on Vp and V3(sq) .

For that, define

pi ] .
gi(ps) = /0 gl =12, (1.16)
Hi(pi) :== pi(pi)gi(ps) —pi 1 =1,2, (1.17)

then H.(p;) = pi(pi)gi(pi), Hi(0) =0, H;(p;) > 0 for all p;, and H; is sublinear
with respect to p;. Multiplying (1.1) by g¢1(p1) for i = 1 and (1.1) by g2(p2) for
© = 2 then integrate the equations with respect to z and adding them, we deduce
at least formally,

d 51

T /Q ) <S1H1(p1) + s9Ha(p2) +/0 f(€) df) dx

+ /Q KMl(Sl)Vpl . Vpl dx + /Q KM2(52)vp2 . sz dx

— [ KMi(s)m(p)g - Vprde = | KiMa(s2)pa(pa)e - Vada
+ /Q p1(p1)s1fpg1(p1) dv + /Q p2(p2)s2 fpg2(p2) dx

= [ @)t frn () o+ [ pa(p)sh igalpn) da (118)

A key point is to obtain formally the first term in the above equality, for that let

D = 0y(p1(p1)s1)91(p1) + Or(p2(p2)s2)g2(p2)
= 0i(p1(p1)5191(P1)) + O¢(p2(p2)5292(P2)) — 51001 — 5202
We have s; + so = 1, then s10ip1 + $20ip2 = $10:f(51) + Oipa = 0:G(s1) + Orpa,

where G is a primitive of s; f'(s1). We can write D as D = 0;E where E is defined
by

E = pi1(p1)s191(p1) + p2(p2)s292(p2) — G(s1) — p2
= 51(p1(P1)91(p1) — p1) + s2(p2(P2)5292(p2) — p2) — G(s51) + 51 (51),

from the definition of the functions H; (i = 1,2) and G, the expression of E is
equivalent to :

B = siHa(pn) + saHalpa) + [ £(6) dé

Using the assumptions (H1)—(H6) and the fact that H; > 0, ¢;(p;) is sublinear
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with respect to p; we deduce from (1.18) that
/Q Ml(sl)Vpl . Vpl dx + /Q MQ(SQ)VPQ . Vpg dr < oQ, (119)
T T

By definition of global pressure, we have

M M.
Vp = Vp, + ﬁlVf(sl) =Vp, — HQVf(sl), (1.20)
then, we deduce a magic equality

M, M,
M|Vpl*de + [ 2q
L MIVpPdr [ S ()P d

:/Q M1(31)|Vp1|2dm+/Q M (s9)|Vpo|? d, (1.21)

thus, the equality (1.21) and the assumption (H3) ensure that p € L*(0,T; H} (Q2))
and 3(s1) € L*(0,T; H(Q2)).

Before establishing theorem 3.1, we introduce the existence of solutions to system
(1.1) under the assumptions (H1)-(H7), with the addition of some terms on each
equation to save a maximum principle on saturations, to conserve the existence
of solutions of a time discretization , and to insure a compactness lemma which is
necessary to pass from an elliptic problem to parabolic one, after that we get rid
of these terms by a limit process which is also conserved. Thus we consider the
non-degenerate system :

00 (p1(p])sT) — div(Kpy (p]) My (s])VpY) + div(Kps (p]) M (s])g)
—ndiv(p(p])V (! — p3)) + p1(p])sT fp = pr(p)s1fr, (1.22)

90 (p2(p3)s3) — div(Kpa(p3) Ma(s3)Vp3) + div(Kp3(pg) Ma(s3)g)
—ndiv(p2(pD)V(pd — p1)) + p2(p3)s3 fr = p2(pd)ss f1, (1.23)

completed with the initial conditions (1.9), and the following mixed boundary
conditions,

p?(t,l’) = 07 pg(tax) = 0 on F1
(= KMi(sD)(Vp! = pr(p])g) = nV (P = p)) m=0 on Ty, (1.24)
(= KM(s3)(Vp§ = pa(p3)g) + 0V (] —p3)) =0 on Tip,

where n is the outward normal to the boundary I',,,.
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Now, we state existence of solutions of the above system by the following theorem.
Theorem 3.2. (Non-degenerate system) Let (H1)-(H6) hold. Let (p, p3) be-
longs to L*(Q) x L*(Q). Then for all n > 0, there exists (p],p3) satisfying

pj € L*(0,T; HY (Q)), s{ € L*(0,T; H'(Q)), si € L*(0,T; H{ (Q)),
¢ (pi(p])s?) € L*(0, T (Hy, (Q))), pip])s]) € C°(0,T;5 L*(92)),
0<s!(t,x) <1l aeinQp, i=12,

for all ¢, & € L*(0,T; H} (2)),
(60 (p1(p)ST), ) + /Q KM, (s7)p1 (p))Vpl - Vo dadt

Qr
[ st fepdrdi= [ pi(o])s] frpdudt (1.25)
T T

— [ KM (sD)p2(pD)g - Vep dadt + 1y /Q PV (P! — pl) - Voo dudt
T

(60s (p2(p2)s3), €) + /Q KMy(2) pa(p}) Vil - VE dadt

= [, KMu(sh)piph)g - VEddt — /Q PPV (P — ph) - VE dudt

+ [ pa)sifee dudt = [ pa(p)shfié dudt (1.26)
where the bracket (-,-) represents t e duality product between L*(0,T; (HE, ())
and L*(0,T; H} ().

Before establishing theorems 3.2 and 3.1, we introduce the existence of solutions
to a time discretization of (1.22)-(1.23),

¢P1(p1)31 — p1S]

N — div(Kpy (p1)Mi(51)Vp1) + diV(KM1<51)P%g)

—ndiv(p1(p1)V(pr — p2)) + pr(p1)s1fp = pi(p1)stfr,

S9 — P58 ) )
(pr(pz) }QL P22 _ div(Kpz(p2) Ma(s9)Vp2) +d1V(KM2(52)p§g)

— ndiv(pa(p2)V(p2 — p1)) + p2(p2)safp = p2(p2)shf1,

where pr and s}, formally, are the values of the h—translated in time of p;(p;) and
s; respectively, 1 = 1, 2.

Existence of solutions of the above system is given in the following theorem.
Theorem 3.3. (Non-degenerate elliptic system) Let (H1)-(HG) hold. Let
(09, p9) belongs to L?(Q) x L*(Q). Then for all h > 0, there exists (ph, plh) =
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7h ah , y
(P!, p3") satisfying

Pt € Hy (), ps € HE, (), st € H(Q), s5 € Hy, (),
0<sh(t,x)<1laeinQp, i=1,2,

for all p, & € H%I(Q),

h Sh — prg*
/chpl(pl);b l 1sodw+/QKM1(8'f)p1(pT)Vp'f-Vsodw
—/QKMl(S'f)p?(p’f)g-Vsodern/Qpl(p’f)V(p?—pS)-Vsodx

+ [ st frode = | pi(p)stfrpde, (1.27)

h Sh— * g%
[P PEZ PR gy [ KAL) )V - VE

—/QKMQ(SZ)pi(p@g-Vé“dx—nfgpz(pé‘)v(p’f —ph) - Védz

+/QP2(P§)SZJCP§ de = /SZP2(P3)3£fI€d$, (1.28)
The rest of the paper is organized as follows. In the next section we deal with the
time discrete model to prove theorem 3.3 in two steps. The first step deals with
an elliptic system with non degenerate mobilities, M; = M; + € with € > 0, in
this step we apply a suitable fixed point theorem, Leray-Schauder, to get weak
solution. The second step is to pass to the limit as ¢ goes to zero depending on
a suitable uniform estimate (w. r. to ¢), and a maximum principle ensures the
positivity of saturations which achieves the proof of theorem 3.3.
In the third section we introduce a sequence of solutions solving (1.27) (1.28).
This choice is motivated by the fact that no evolution have to be considered
in a first step. The problem of degeneracy of evolution term is temporarily sat
aside. Furthermore, the maximum principle is conserved on saturation after the
passage to the limit on in the non linear variational elliptic system. The last
section is devoted to pass from non-degenerate case to degenerate case through
a compactness lemma which allow us with the help of some estimates to pass
the limit and end the proof of existence of weak solutions of the system under
consideration.
The next section is devoted to the analysis of the elliptic problem.
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2 Study of a nonlinear elliptic system (proof of
theorem 3.3)

Having in mind a time discretization of (1.22)-(1.23), we are concerned with the
following system,

¢P1(p1)31 — 1St

h — div(Kpy (p1) M (51)Vpr) + div(KM;(s1)pig)

—ndiv(pi(p1)V(p1 — p2)) + pr(p1)sife = pr(pr)sifr, (2.1)

¢P2(p2)32 — P585

A — div(Kpz(p2) Ma(s2) Vp2) + diV(KM2<52)P§g)

—ndiv(pa(p2)V(p2 — p1)) + p2(p2)safr = pa(p2)sifr, (2.2)

where pr and s}, formally, are the values of the h—translated in time of p;(p;) and
s; respectively, 1 = 1, 2.

Before establishing theorem 3.3 which is the main purpose of this section, we
introduce the existence of solutions of system (2.1)(2.2), when the mobilities
M;, (i =1,2.), are replaced by a non-degenerate positive functions,

M:=M;+¢, i=1,2, and € > 0,

which reinforce the passage to the limit in another regularization which is the
trunk high frequencies of nonlinear elliptic term in pressure ps in the equation
(2.1). Let Py be the orthogonal projector of L?(2) on the first N eigenvectors of
the operator

p— —Ap

with homogeneous Dirichlet boundary conditions.

The projector Py appears in (2.4) to make regular the implied term. The neces-
sity of this regularization appears in the coming proposition in order to define the
operator which we apply on the Leray-Schauder fixed point theorem.

The addition of such € to the mobilities lead to the loss of maximum principle on
the saturations s; (1 = 1,2.) so the functions M; and M, are extended on R by
continues constant functions outside [0, 1] and then are bounded on R. For the
same reason we denote,

0 fors; <0
Z(Sz) = S; for S; € [0, 1] (23)
1 fors; > 1.
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In the same spirit and in order to write the saturations s; (i = 1, 2.) as functions of
the principle unknowns p; and psy of the system, we extend the capillary pressure
function f by continuity and strict monotony outside [0, 1] in to £, this is possible
in the case when the capillary function f is bounded, in other wards when |
£(0) |< o0, and denote by s; = f~(py — p2) and sy = 1 — ! (p1 — pa).
Existence of solution to (2.1)-(2.2) is constructed in three steps. The first one
consists in studying the following problem for fixed parameters € > 0, N > 0 and
1 > 0. Then, we are concerned with the regularized elliptic system :

Pl<pi’N)Z(3i’N) — 18] e/ e N e N e N
X pda+ | KM (7)o (o) Vi - Vo da

9 h
— / KM, (s7™M)pi(p7™)g - Vodr +1 / p1(pTV )V (Pap?™ — Paps™) - Vo da
+/ p1(p )fPSDdﬂU—/Pl )st fre de, (2.4)

S — P3S5 € 5 5
/¢P2 pz 2 ) P2 2§d:c+/ KM 527N)p2(p2’N)Vp2’N'V£dI
- [ K(sy p2<p2 g Ved —n | pa(o3™)V(Papi - Pap™) - Ve do

+/p2 fP§d$—/pz 5™ )shfi€ da, (2.5)

for all (¢, &) belonging to H}: () x HE (Q).
The second step concerns the passage to the limit as N goes to infinity in order
to recover the full physical diffusion on pressures p; and po, while the third one
is the passage to the limit as € goes to zero.

Step 1. We show for fixed N > 0 and ¢ > 0 existence of solutions to (2.4)-(2.5).
We omit for the time being the dependence of solutions on parameter N > 0 and
€.

Proposition 3.1. Assume p}s} belongs to L*(Q) and pfst > 0. Then there exists
(p1,p2) belonging to Hy () x Hp (), solution of (2.4)-(2.5).

Démonstration. The proof is based on the Leray-Schauder fixed point theorem.
Let 7 be a map from L*(Q) x L*(Q) to L*(Q) x L*(2) defined by

T(ﬁl?ﬁQ) - (p17p2)7
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where the pair (p, ps) is the unique solution of the system (2.6)-(2.7)

D.)2(51) — prs*
/S)¢p1(p1> (hl) pl 1Q0dl‘+ /QKMf(§1)p1(171)VP1 3 Vgpdw
- /QKMl(gl)p?(ﬁl)g-Vsodern/Qpl(ﬁl)V(PNﬁl — Pnps) - Vdx

+ [ n@IZG)fped = [ p(pi)sifroda, (2.6

BVZ(5) — prs*
/ngpz(pz) (Zz) p252§dx+/QKM§(§2)[)2@2)VP2'Vfdx

— [ KML(2)pi(B)g - VEdr =1 [ po(o)V(Pyp) — Paps) - VE da

+ | ) Z2) fp€da = | palpo)shfi€ da, (2.7)

for all (i, &) belonging to HE (Q)x HE (2),51 = f~1(,—P,) and 5 = 1— f (5, —
Do) The functions M; and M, are the extended mobilities which operates on R.
Such extensions of the mobilities M; (i = 1,2.), the capillary function f and such
bound of the saturations s; (i = 1,2.) by introducing the map Z are temporary ;
we deal it at the end of this section after the passage to the limit in € by a
maximum principle on saturations and then the mobilities, the map Z and the
extended capillary function f operates only on [0, 1] where they have a physical
meaning.

The system (2.6)—(2.7) can be written under the form By (p1, ¢) = fi(¢), Ba2(p2,§) =
f2(§), where

Bi(ps, @) = [ KM;(5)p1(p) V1 - Vo,

fi(e) Z—/Qcépl(pl)z(zl) _pfs{sod:H/QKMl(sl)p?(pl)g-Vsodx
—/QP1<T71)Z<§1>JCPSOCZ$+/g}ﬂl(@)%f}%pdw

- 77/901(171)V(73NT91 — PnDy) - Vpdu,

Ba(p€) = [ KM5(52)pa(po) Vps - VE dr,
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) = — [ o PIEC 2Py [ Ky (5,)8pa)e - VE

~ [ @)z et dr+ [ pa(B)shfi6 do

1 [ p2(5)V(PDy — Pp) - V€ do.

By(-,-) and By(-,-) are bilinear, continuous and coercive mappings on Hp () x
H{ (). fi(-) and fo(-) are linear continuous mappings on Hp. (€2). Then, apply
Lax-Milgram theorem to get the existence of the unique pair (py, p2) in Hp () x
H} () which ensures that the map 7 is well defined on L*(Q) x L*(Q2).

Lemma 3.1. The map 7 is a continuous operator which maps every bounded
subsets of L*(Q) into a relatively compact set.

Démonstration. Consider a sequence (P, ,,, Py ,,) of a bounded set of L*(Q2) x L*()
which converges to (py,p,) € L*(Q) x L*(2), and let us prove that (p1,, p2n) =
T (D1, Py.) is bounded in Hf () x Hp, () which converges to (p1, p2) = 7 (py, Da)-
The sequences p; ,,, ps, verify respectively

*

P1n)Z (81
/Q¢p1( L) (hl ) L (;Ddx_’_/KM Sln)pl(pln)vpln ngdCC

- /QKMI (gl,n)P%@Ln)g -Vodr + 77/QP1 (P1.,)V(PNDy ., — PnDay) - Vo dzx

+ | ) ZG)fpeds = [ 01t da. (28

Pon)Z(S2.0) — P5sh c(= 5
/Q¢p2( 1) (h2 G 2§dx+/QKM2 (32.1)P2(Pay) VD20 - VEd

- /QKM2<§2,n>p§(ﬁ2,n)g ’ V€ dr — n /Q p2<p2,n)v(’PNp1,n - ,PNTDQ,n) ’ Vf dx

"’/902(132,71)2(52,0]01355[55:/§2P2(132,n>5§f1§d55> (2.9)

for all (¢, &) belonging to H}: () x HE (Q).
Let us take ¢ = py, in (2.8),

/ KME gl n)pl(pl n)vpln : vPl ndxr = / KMl §1 n)p%(pl,n)g ’ VPL” dx

(P1,0)Z(51,0) — pisT
_77/m (P1,0)V(PNP1n — PaPoy) - Vplndx—/¢p1 1n) (hl ) — pis]

_/Qpl pl,n) (gl,n)prl,ndx/Qpl ﬁl,n)S{prl,ndl‘7 (210)

Pin dx
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we deduce from the Cauchy-Schwarz inequality that (2.10) reduces to,

akopm/Q [Vprnl® de < C(l + Ip1nl 220

+ val,n

220 + VPP allizey + VPPl ), (2:11)

where C depends on €, 0, h, ¢1, || frllrz@), [ frllz2@), pu, koo and [[pisi]r2@)-
As,

IVPNDinlliz@) < enllPinllize), (i=1,2)

where cy is the square root of the n'”* eigenvalue of the laplace operator (by consi-
dering the set of eigenvalues as increasing sequence), the Poincaré and Young in-
equalities and the estimate (2.11) ensure that the sequence (P ), is uniformly
bounded in Hf (Q).

Then, taking & = po,, in (2.9), we deduce similarly that,

€]</‘opm/Q |Vpon|® dz < C<1 + |2l L2)+

va2,n

220 + IVPsPLallizey + VPP lliom ), (2:12)

where C' depends on Q, 1, h, é1, || frllrz), [If1llz2@): Py koo and [[p3s3]|2(0)-
Then the sequence (Ps,), is uniformly bounded in H{ (€2). This establishes the
relative compactness property of the map 7.

Furthermore, up to a subsequence, we have the convergences

Din — P1 weakly in H{ (Q), (2.13)
Da2jn — P2 weakly in H} (), (2.14)
Pin — D1 strongly in L*(Q2) and a.e. in €, (2.15)
Don — D2 strongly in L*(Q) and a.e. in €. (2.16)

In order to complete the proof of continuity of the operator 7, it is enough to
show that (pi,ps) is the unique adherent value of the sequence (pi,,pa,), for
that let us show (pi1,pe) is the unique solution of (2.6)-(2.7) by passing the limit
in (2.8)-(2.9).
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Passage to the limit in (2.8) :

P1n)Z(51,0) — Pis e (= 5
/Q¢p1( L) (hl [ 190(19(:+/QKM1(51,n)/71(P1,n)Van'V‘pdx

- /QKMl (S1.2)P1 (D1 )8 - Vo da + 77/{)/)1 (P1,,)V(PND1,, — PNPay) - Vo dr

| B ZG) fppde = [ p(E)stfreda,
where 51, = [ (D1, — Pon)- )
The passage to the limit in the first term is due to the continuity of Z, f~! and
p1, the convergences (2.15) and (2.16), and the domination of py(p, ,,)Z(51,0)¢ by
pulp|, which allow us to apply the Lebesgue theorem.
The second term is treated as follows, the sequence (K M5 (51,)p1 (Toln)Vgo)n is
dominated and converges a.e. as n goes to infinity. Then, by Lebesgue theorem,
we have the following strong convergence in L?(2),

KM (51,0)p1(P1,,) Vg — KM (51)p1(P1) Vep. (2.17)
Furthermore and due to the convergence (2.13), it follows that
Vpl — Vp, weakly in L*(12), (2.18)

then, the convergences (2.19) and (2.20) establish the limit for the second term.
The fourth term

77/9101@1,71)V(7)N2791,n - ,PNp2,1’L) ' VSD dl‘,

is treated as follows,
0 B)Ve — 0BV strongly in (IAQ) (i=1,2).  (2.19)
Furthermore p; ,, converges in L*(Q), it follows that
VPNDi — VPnP; strongly in (L*(Q))* (i =1,2). (2.20)

Then, the convergences (2.19)-(2.20) allow us to pass the limit in the fourth term.
The convergences of the other terms are always an application of the Lebesgue
convergence theorem.

The passage to the limit on (2.9) is obtained in the same manner. Thus (p;, p2) is
a solution of (2.6)-( 2.7), which establishes the continuity and achieves the proof
of the lemma. O
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Lemma 3.2. (A priori estimate) There exists v > 0 such that, if (p1,p2) =
AT (p1,pa) with A € (0,1), then

[(p1; p2)llL2(@)xL2(0) < 7

Démonstration. Assume (py, pa) = A7 (p1,p2) holds , then (py, ps) satisfies

Z(s1) — p¥s*
/QKM{:(Sl)pl(pl)Vpl V(pdx: _)\/ngpl(pl) (hl) P1 1gpdl'

+A/QKM1(81)/J?(p1>g -Vodr — A/Qpl(pl)Z(sl)fpsoder A/Qpl(pl)S{fmd:r

Y /Q p1(p))V (Pyp1 — Pype) - Veodz, (2.21)

7 kX
/QKMQE(52)P2(2?2)V192 -V&dr = _)\/Q(bPZ(m) (22) p252£da:
+ )\/QKMQ(Sz)P%(Pz)g -V&dr — )\/002(102)2(52)&5 dx + )‘/QP?(M)Séflfdx

+ An/ﬂpz(pz)V(PNpl — Pnp2) - VEdz. (2.22)

for all (¢, &) belonging to H}: () x HE ().

Consider ¢ = ¢1(p1) = éjlp%«) d¢ € Hp () in (2.21) and & = go(p2) =
I pjg) d¢ € Hp (Q) in (2.22). Summing these quantities, we obtain

M (o) 2050 = pist)on(on) + () Z(52) = sl )
_|_/QKM1€Vpl - Vpi dz + )\n/QV(PNpl — Pnpa) - V(p1 — p2) dx
~ ) [ Kpu(p)Mi(s1)g - Vprdo+ [ KM;Vp, - Vpoda
_)‘/QK'OQ(M)M?(SQ)Q'VPQ aggch/\/Q (pl(pl)Z<81)gl(p1)+p2(p2)Z(82)g2<p2))fP dx

= [ ((p2)stgr () + pa(p2)sha(p2) fi . (2.23)

Remark that the functions p; — g¢;(p;) is sub-linear, we deduce from Cauchy-
Schwarz and Poincaré inequalities that (2.23) reduces to

5/9]Vpl\zdmjta/Q\Vp2|2d:c+)\77/Q|V(PNp1 — Pap2)|? dx

< Ci(L+1fpll22q) + 1711220y + 10757172 + 10585 M1720)),  (2:24)

where ('} depends on € and not on A. O
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Lemma 3.1, Lemma 3.2 allow to apply the Leray-Schauder fixed point theorem
[66], thus the proof of proposition 3.1 is completed. O

Step 2. Now we are concerned with the limit N goes to infinity (we omit
the dependence of solutions on ¢). For all N, we have established a solution
(p1,n.p2,n) € HE () x HE (Q) to (2.4) (2.5) satisfying

MZ(sN) — prst
[P PBCLZ A gy [ KM () 7)) VY - Vep

—/QKMl(SiV)p?(in)g-Vsodern/ pr(p )V (Papy = Papy’) - Ve da

"‘/Pl p1 51 fPSde—/Pl pl 51f190dx (2 25)

N VA SN — ptsk
/Q¢>p2(p2> (}f) P 25d$+/QKM§(S§V)pz(péV)Vp§V-Vﬁdar
—A}KMQ(S?)p%(pév)g-Vﬁd:v—n/ p2(py )V (Papy — Pypy) - VEdx

+/ pa(py ) Z (53 fpﬁda:—/pz py )8y fi€ dx, (2.26)

for all (¢,€) belonging to Hy () x Hf ().
Reproducing the estimate (2.24) with A = 1, we get

s/ﬂ|Vp1\2da:+€/9\Vp2|2d:v—|—77/Q|V(PNp1 —PNp2)|2da:

<Ci(1+ HfPH%Q(Q) + HfIH%Q(Q) + HPTSTH%Z’(Q) + HPESQH%%Q)% (2.27)

where C depends on ¢ and not on N.
Then, up to a subsequence, we have the convergences,

pi,y — p1 weakly in Hp (), strongly in L*(2) and a.e. in O (2.28)
pa,y — po weakly in Hp (), strongly in L*(Q) and a.e. in Q. (2.29)

The convergences in (2.25)-(2.26) with respect to N are obtained in the same

manner as for the convergences with respect to n in (2.8) (2.9).

Step 3. Passage to the limit as € goes to zero. For all € > 0, we have shown that
there exists (pi1., pa,) € HE (Q) x HE (Q), satisfying
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p5)Z(s5) — pisy £ (o€ v
/Q<Z5p1( i) (hl) P 1S0dx+/QKM1(S1)Pl(p1)Vp1'V‘de

—/QKMl(Si)p?(pi)g-Vsodw+77/9p1(pi)v(pi—pi)-Vsodw

+ [ )2 frpdn = [ pp)sifrpda, (2:30)

5)2Z(55) — P55
/qup2(p2) (hz) P2 2£dI+/QKM§(S§)P2(p§)VP§'ngx

- /QKMz(SZ)pE(pE)g-Vﬁdx—n/ng(pé)V(pi —p3) - Védr
| @5 2(5)frg du = [ pa(p3)shfida, (231

for all (¢, &) belonging to H} () x HE (Q).

We need uniform estimates on the solutions independent of the regularization ¢ in
order to pass to the limit in €. For that, we are going to use the feature of global
pressure. After the passage to the limit in ¢, a maximum principle on saturations
is possible.

We are now concerned with a uniform estimate on the gradient of ((sj), and on
the global pressure p°.

We state the following two lemmas.
Lemma 3.3. The sequences (s5)., (p° := p5 + p(s7)). defined by the proposition
3.1 satisfy

(p°) is uniformly bounded in H (2)
(Ve Vp5).is uniformly bounded in L*(9)
(B(s5))e is uniformly bounded in H"'(£2)
(Vf(55))e is uniformly bounded in L*(£2)

Démonstration. Consider o = g(pf) = J} m (C d¢ € Ht (Q) in (2.30) and

5 dC € H{ () in (2.31). Summing these quantities, we

£ = g:(p3) = fo” p2
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obtain
?(5 e e\ e e rey  x) e
/Q h( () Z(s5) — pist) 91 (05) + (p2(p3) Z(s5) 0252>92(P2)) dx
+ /Q KM;Vpi - Vpide + 77/Q V(pi —p3) - V(pi — p3) dz
—/QKpl(pi)Ml(Si)g-Vp‘i dx+/QKM§Vp§-Vp§ dx
~ [ Kpa3)Ma(s5)g - Vosdo+ [ (o1(5) Z(53)91(55) + p2(05) Z(55)92(03)) fp do
= [ (@) ston () + pa05)sh2(p3) 1 do
then,
/Q KM, Vp: - Vp: do + /Q KMy Vps - Vs da
+€/QKVp§-Vpidx—k&/ﬂKVp‘;~Vp:§dx+77/QVf(81)-Vf(sl)dx
Z/QKpl(pi)Ml(S‘i)g-Vpi dw+/Qsz(p§)Mz(8§)g-Vp§ dz (2.36)
= | () Z()91(55) + p2(p) 2 (55)92(p5) ) F
+ | ((oah)ston @) + paps)shoa(p5)) 1 da
[ () 2(5) — pist)nv) + (pa(05) 2(53) — i) u(05) ) i
The hypothesis (H2) and with the help of Cauchy-Schwarz inequality, we have
[ Koian(e Vi di] < 0+ [ MVs - Vaide,  (23)
[ Ko (sg - Vide] < O+ [ MVe Vide,  (239)
then the gravity terms in (2.36) on the right hand side are absorbed by pressures

dissipative terms. Recall that, the functions p; — g;(p;) is sub-linear (i.e |g;(p;)| <
—=|pil ), then from (2.36), one gets

[ MiIVRE P dr+ [ M5(5) [ Vps o+ [V (s1) da

+€/Q IVpilzdchré?/Q VP52 de < C(14 || p§ 2@ + || 25 llr2))- (2:39)

Return now to the relationship between pressures and global pressure. From
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(4.10), we have p* = p§ + p(s5) = p§ + p(s5), and

V() = Vs - Sl

M (s5
Vpe — Vp; + 1( 1) M(Si)

M(s7)

V£(s3), (2.40)

which imply that,

/M )| Vp© \2dx—|—/ ) )|Vf( |2d:v—/M1 YV - Vpi dx

1

+ /Q My(s5)Vp5 - Vpsda. (2.41)

The estimate (2.39) is equivalent to

[P [ SR R i

+77/Q|Vf(31)|2d:)3+5/ﬂ|Vp‘i|2d:r+5/ﬂ|Vp§\2dx

< COA+ (191 ll2) + 1 25 [z @)
< OO+ 97 ez + 112(s7) [z + [ (s7) llz2()
< O+ [ VP ez + [12(s1) [le2@) + 1 5(s7) llz2),

due to the Poincaré’s inequality. Finally, using the fact that the function p and
p are bounded, and the global pressure term on the right hand side in the above
inequality can be absorbed by the dissipative term in global pressure, on the left
hand side, we deduce that there exists a constant ' independent of ¢, C =

Cy(hy pmy My &, [, f1, 81, 85, pist, psss, by @, koo, ko) such that

J e de+ [ AT )P o

+77/Q]Vf(81)|2dx+5/9|Vpﬂ2dac+€/QIVp§|2dx <0y, (242)

which establish the estimates (2.32), (2.33) and (2.35). For the estimate (2.34),
we use the fact that the second term on the left hand side in (2.42) is bounded
and the total mobility is bounded below due to the assumption (H3), we have

| M Ma(5)I VS (5 d < moC,
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which implies that,

[ vas P = [ A s s

< [ M (s)Ma(s5) IV F () da < moCh,

and completes the proof of lemma. O

From the previous lemma, we deduce the following convergences.
Lemma 3.4. (Strong and weak convergences)
Up to a subsequence the sequence (s5)c, (p°)e, (p5)e verify the following convergence

p°—D weakly in H}. (), (2.43)
B(s]) — B(s1) weakly in H*(Q), (2.44)
p°—p almost everywhere in ) (2.45)
B(s7) — B(s1) almost everywhere in Q (2.46)
Z(s]) — Z(s1) almost everywhere in (2.47)
Z(s7) — Z(s1) strongly in L*(Q) (2.48)
p; — ;i almost everywhere in €. (2.49)

Démonstration. The weak convergences (2.43)—(2.44) follows from the uniform
estimates (2.32) and (2.34) of lemma 3.3, while

p° — p strongly in L*(Q) and a.e. in €,
B(s5) — * strongly in L*(Q2) and a. e. in Q

is due to the compact injection of H} in to L*(12).
As B(s1) := B(Z(s1)) and B! is continuous,

Z(s]) — Z(s1) a. e. in Q,

while the Lebesgue theorem ensures the strong convergence (2.48).
The convergence (2.49) is a consequence of (2.45)—(2.47) and the fact that pj :=

p° —p(Z(s9)), p5 =" — p(Z(s])). O

In order to achieve the proof of Theorem 3.3, it remains to pass to the limit as ¢
goes to zero in the formulations (2.30)(2.31) and a proof of a maximum principle
on saturations.
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For all test functions (¢,§) € Hf () x Hf (),

[ PV Z IS 4 [ KM (500 (1) Vi - Vep
—/QKMl Sl)pl(pl)g-vsodx+n/ p1(P)V(pi — p3) - Vpdr

+/ p1(pi)Z fPSde—/Pl (p})st freda,

5)Z(55) — p5s;
/ngpz(Pz) (ha) ps 2§dx+/QKM§(S§)P2(P3)Vp§'Vfdf

— | KM (s5)p3(p5)g - VEda = | palph)V(pi — p3) - VEda

[ ) Z(s5) fe€da = [ paloh)shfic d,

The first terms of the above equalities converge due to the strong convergence of

pi(p5)Z(s5) to pi(pi)Z(si) in L*(Q).
The second terms can be written as,

AKMf(S?)pi(pf)fo'dexz /Q KM;(s;)pi(p;)Vp® - Vo dx

+ | Ko VAGs:) - Vo do +VE [ Kpulp)(VE Vi) - Ve (250)

The first two terms on the right hand side of the equation converge arguing in two
steps. Firstly, the Lebsgue theorem and the convergences (2.47)(2.49) establish

pi(p5)M;(55) Vo — pi(pi) M;(s:) Ve strongly in (L*(Qr))?,

pi(p5) Ve — pi(pi) Ve strongly in (L*(Qr))".

Secondly, the weak convergence on pressure (2.43) combined to the above strong
convergence validate the convergence for the first term of the right hand side of
(2.50), and the weak convergence (2.44) combined to the above strong convergence
validate the convergence for the second term of the right hand side of (2.50).
The third term converges to zero due to the uniform estimate (2.33), and this
achieves the passage to the limit on the second terms.

The convergences of the fourth terms of the above equations are due to the uniform
estimate (2.35). The other terms converge using (2.47)(2.49) and the Lebesgue do-
minated convergence theorem.

In summarize, we have shown, there exists (p},p}) € Hf () x H} (Q) solution
of
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S S
/¢p1 ph) (hl) pi (pder/KMl s1)pr(p})Vpl - Ve dx

—/QKMl Sl)pl(pl)g'vsodwrn/gm POV (P —py) - Ve da

+/Qp1(p’i‘)Z(8?)fpsod:v=/Qpl(p?)é’{fzsodx, (2.51)

h hY _ % o*
/QQSPZ(pQ)Z(SQ) p2$2§d$+/QKMQ(SS),OQ(]?S)VPSVfd:ﬁ

h
— | KMa(sh) g - VEdr —n [ pa )V (bt — 1) - VEda
+ | ) Z () frgdn = [ pa(ph)shfi€ da, (2.52)

for all ,& € HE (),

Lemma 3.5. (Maximum principle) Under the conditions of Theorem 3.3, the
saturation functions s" and si which verify (2.51)-(2.52) are between zero and
one a.e in 2.

Démonstration. It is enough to show that s > 0 a.e in Q. For that, consider
@ = —(s1)7,§ = —(s9)” respectively in (2.51) and (2.52) and by taking into
consideration the definition of the map Z, and according to the extension of the
mobility of each phase, M;(s)(sh)= =0 (i =1,2.) we get

/Q le;jT( = d$_|_77/9f’(s?)V(s?) SV (st~ /pl ph)sifi(sh) de,
and
/Q pé;f§( hy= d3;+77/9f’(5?)V(33) - V(sh)™ //)2 Py)ssfi(s5)” d

Since it is possible to choose an extension f of f outside [0,1] in a way that
ensures f’(sy) different from zero outside [0, 1], we get

n/|v “Pdr <0 (i=1,2),

which proves the maximum principle since s; vanishes on 'y, e =1,2. 0

After this maximum principle, the weak formulations (1.27) and (1.28) are esta-
blished, and thus the theorem 3.3 is then established.
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3 Proof of Theorem 3.2

The proof is based on a semi-discretization method in time [3]. Let be T' > 0,

N e N*and h = % We define the following sequence parameterized by h :

pin(x) = p)(x) ae in Q i=1,2, (3.1)

for all n € [0, N — 1], consider (p,, py,) € L*() x L*(Q) with py(p},,)s}, > 0
1t 1 pnrijh
for i = 1,2, denote by (fp)i* =5 [ fp(mydr, (it =5 [ fi(r)dr
nh nh
1 rn+)h

and (s))ptt = z
nh

si(7)dr for i = 1,2, then define (p{},", p5}") solution of

p (st — st n n "
h - le(KMl(Sl,Zl)Pl (pl,—gl)vijl,zl)

+ div(Kpf (pP )M (siihg) — ndiv(p (i HV (075" — p5i))
+ o1 (ST ) = D (SR ()R, (3.2)

¢

po(p5i)s5i = v AN
2.h 2.h ; 2,h/°2,h le(KMQ(SQ:ZI)pQ(pQ:;tl)vaj;l)
+div(Kps(ph, ) Ma(s3,)g) + ndiv(pe(psr ) V(0LL — pos'))

+ (053 )sn (fe)i ™ = pa(psh ) (s2)n T ()R, (3.3)

¢

with the boundary conditions (1.24). This sequence is well defined for all n €
[0, N — 1] by virtue of theorem 3.3. As a matter of fact, for given s7; p;(p};,) > 0
and p;(p},) s, € L2(2), i = 1,2, we construct (p}'}',p5}") € HE, () x HE () so
that s;' € [0,1].

Now, we are concerned with uniform estimates with respect to h. We state the
following lemma.

Lemma 3.6. (Uniform estimates with respect to h) The solutions of (3.2)-(3.3)
satisfy

- [ oSt = Haloh st ) do
b [ o(ratomissi? = Haloh, st ) do
+;1L /Q ¢(f(3?3§1) - f(é”f,h)> dx + 77/Q IV = psihI? da
+ko /Q My (st Vpist - Vpi ! de + kg /Q My(sy i) Vpsht - Vst dz

<COA(e)n e + 1R @) (3-4)
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where C' does not depend on h, and fori=1,2

1
pi(¢)

Halp) = o) —p F(s) = [ Q) amd gip) = [ e

Démonstration. First of all, let us prove that : for all s; > 0 and sF > 0 such that

51+ 89 =57+ 85 =1,

(p1(p1)81 — P (pf)ﬂ)gl (p1) + (P2(P2)52 - Pz(pg)sg)gz@z)
> Hi(p1)s1 — Ha(p1)si + Ha(p2)s2 — Ha(p3)ss + F(s1) — F(s1). (3.5)
Let us denote by J the left hand side of (3.5),

T = (pr(p1)s1 = pr(01)st) g1 (p1) + (p2(p2)sz — pa(ps)s3 ) 2(p2).

Since the function g; is concave, we have

1

*

pi(p;)

9:(pi) < gi(p}) + g;(p7) (pi — P}) = 9:(p) + (pi — 1) (3.6)

From the definition of H;, we have

J = [<p1<p1)5191<p1) — 81291) + s1p1 — Pl(pf)sfgl(]?l)}
+ sz(lh)szgz(pz) - 52]92) + Sop2 — ;02(135)5;92(272)}
= s1Hi(p1) + s1p1 — p1(p1)s191(p1) + s2Ha(pa) + s2p2 — pa(p3)s392(p2)

and the concavity property of g; leads to

J > siHi(p1) — sTH1(pT) + s2Ha(pa) — s5H2(p3) + s1p1 — S1p1 + Sap2 — S5p2
> s1Hi(p1) — sTHi(py) + s2aHa(p2) — syHa(ps) + 51 (p1 - p2) — 5] <p1 - pz)
= s1Ha(p1) — sTHA(P}) + s2Ha(p2) — s5Ha(p5) + (51— s7) f(s1). (3.7)

Since the function F is convex, then
(s1 = 1) f(s1) = F(s1) — F(s7). (3.8)

The above inequalities (3.7) and (3.8) ensure that the assertion (3.5) is satisfied.
Let us multiply scalarly (3.2) with g;(pf}') and add the scalar product of (3.3)
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with ga(p5}'), we have

+ L o(( s = me)sta) )

+ (255" 5k — pa(php)sh h)gz(p321)> dx

n / KM, (33 Vpig! - Vit da + / KM(s31)Vpst! - Vpitl da

+77/ V(T de = / KM, (s73")pa (077, )g - Vi)' do

+ | K5 e g - VRLE e = [ DS ()i () do

— [ oS e ) do [ oG DR (R o 1)

+ | s s ) ) d (3.9)

Using (3.5) and following the demonstration as lemma 3.3 one gets (3.4). O

For a given sequence (u}),, let us denote

uh(o) = u?w
Z uh X]nh,(n+1)A] (t), Vit E]O,T] (3.10)
and
N—-1 t L
ﬂh<t) = Z ((1 +n— E)UZ + (E - n)u?fr )X[nh,(n—‘rl)h] (t), Vit € [O,T] (311)
n=0
Then,
N
atuh Z n+1 — up X]nh,(n-i-l)h[(t)’ Vt € [O T]\{U onh}

Let the functions p;;, and s; be defined as in (3.10). For ¢ = 1,2, we denote by
r;.n the function defined by (3.10) corresponding to 17, = pi(p}y,)siy, and 7y the
function defined by (3.11) corresponding to rj;,. In the same way, we denote by
fpns frn and (sh), the functions corresponding to (fp)i™", (f;)p*" and (s))p*

respectively.
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Proposition 3.2. The sequence

(s2,0)n is uniformly bounded in L*(0,T; H (€2)), (3.12)
(pin)n is uniformly bounded in L*(0,T; Hy (Q)),i = 1,2 (3.13)
(rin)n is uniformly bounded in L*(0,T; H'(2)),i = 1,2 (3.14)
(Fin)n is uniformly bounded in L*(0,T; H'(2)),i = 1,2 (3.15)
(9Fipn)n is uniformly bounded in L*(0,T; (Hy (Q))),i = 1,2. (3.16)

Démonstration. At the beginning of this proof, we indicate to some useful remarks
which can be established by a classical calculations,

/ M; (i) | Vpinl* dedt = hZ/M (sHDIVp P de (i =1,2), (3.17)
Qr

/ |Vf(sl,h>|2dxdt=hz/ VAP da, (3.18)

Qr n=0 /<
N-1

S 1) dd = S G e (3.19)
N

[ V)P dtde = b S NCG0R aee (3.20)
n=0

Now, multiply (3.4) by h and summing it fromn =0ton =N — 1,

| M1 (T)31.0(T) + GHa(p2n(T))s2(T) de
+ kQ/Q M1 (317h)\Vp1,h]2 dxdt + k‘o/@ MQ(SQ’h)‘Vp27h|2 dxdt
IV (s1)P drdt < [ (6M0(010(0)51(0) + Ha(pan(0))32,(0) )

+ F(s1(0) = F(s1.(T)) + C(1+ 1fpl320p) + 1 £ 13200m) ) (3.21)

where C' is a constant independent of h.
The positivity of the first term on the left hand side of (3.21) ensures that there
exists a positive constant C' independent of h such that

ko /Q My (s1.0)|Vpual? deedt + ko /Q Mo (s0.4)|Vpan|? dedt
T T

4 n/ IV f(s1.0)[2 dadt < C,
QT
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since we have,

AJMQMW@MFMﬁ+/Jm@MMMMFMﬁ

M (s1,0)Ma(s2.1)
M(Sl,h)

_/ (s1.0)|Vpn|? dxdt—i—/ IV f(s10)? dodt, (3.22)

then, we deduce
t/Aﬂ&mePMﬁ+n/\VﬂaMPMﬁgC. (3.23)
Qr Qr
For the first estimate (3.12) and first of all, let us indicate to the fact that,

Pin(t,z) — pan(t,z) =0 = f(s1.n(t,x)) for z €I

which gives that sy = 0. The assumption (H6) on the capillary function f
with the second term on the right hand side of (3.23) lead to

/ V1|2 dudt < C,
Qr
where C' is a constant independent of h, which establishes (3.12).

Since we have,

M- M
Vpin = Vpy + MQvf(Sl,h) and  Vpyy = Vp, — Mlvf(sm),

then, the estimate (3.13) becomes a consequence of (3.23).
The uniform estimate (3.14) is a consequence of the two previous ones since the
densities p; are bounded and of class C'functions as well as the saturations 0 <
Si.h S 1 )
N-1
Vrin =3 (Pt Vi 4 p i Vst ) Xgon oo ().
n=0

Now, for estimate (3.15) we have,

N-1

=~ t n n n n n
Vi = Z ((1 +n-— E)[P; (P7) st VD + pi(Pin)Vsis)
n=0
t T mn T n n
+ (5 = loiein )i Vi + pipin ) Vs )X (1) (3.24)

since the densities p; are bounded and of class C* functions as well as the satura-
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tions 0 < S?,h <1,

N—1
Vil <C > (lvPZhF + |VS?,h|2 + |VPZ;1|2 + |V3%1|2)X]nh,(n+1)h] (t), (3.25)

n=0

and this implies that,

IV7inl|Z2i0r) < CUIVPLAIIT2 @ HIVSEAllZ2 @ HIIVPinl T2 HI VSinl o)
(3.26)

where C'is a constant independent of h, and the estimate (3.15) is established.
From equations (3.2) and (3.3), we have for all ¢ € L*(0,T; H{ (Q2)),
(607 0) = = [ KMi(sn)ps(pis) Vs - Vi dads
T

[ Ko o) Milsoa)g - Vedad +n(-1) [ V(i —pas) - Vipdads
T

T

—/ Pi(Pin)Sinfpne dxdt+/ Pi(ph)sz‘j,hff,hSOdﬂUdt'
Qr Qr

The above estimates (3.12)—(3.13) with (3.23) ensure that (40,7 p)p is uniformly
bounded in L*(0,T; (HE (R2))). O

The next step is to pass from an elliptic problem to a parabolic one. Then, we
pass to the limit on A, using some compactness theorems.

Proposition 3.3. (Convergence with respect to h) We have the following conver-
gences as h goes to zero,

||7’7;’h — fi,h”LQ(QT) E— O, (327)
Son — S weakly in L*(0,T; Hy (2)), (3.28)
Din — pi weakly in L*(0,T; H%I(Q)), (3.29)
rin — 1; strongly in L*(Qr). (3.30)
Furthermore,
Sin — s; almost everywhere in Qr, (3.31)
0 < s; <1 almost everywhere in Qr, (3.32)

Pin — Di almost everywhere in Qr, (3.33)
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and
ri = pi(p;)s; almost everywhere in Qr. (3.34)

Finally, we have,

$OiTi — HO:(ps(pi)si) weakly in L*(0,T; (Hﬁl(Q))/) (3.35)

Démonstration. Note that

= (n+1)h t n+1 n 2

Iria = FinllFaen = X /h (14— D) = 1) e

=0 n
-1

| n+1

00\33

- Tz‘,h”L? Q
n=0

We multiply scalarly (3.2) and (3.3) respectively with r{"f* — 7, and 757" — 75,
Then, summing for n =0 to N — 1, we get
for i = 2,

h Z || nH - T;,h“%?(ﬂ) <

N-1
C Y (19l + 19755 1200y + V555 120y + V055 1220y

n=0
N e + IR 2@y

This yields to

< C<1 + [IVranll? + IVsanlliziop + 1 VD2l 7200

Z ||Tn+1 o n
+ 1 folB2or + 1F2 32000 )-

And from (3.12),(3.13), and (3.14), we conclude that

72,0 — TonllL2(r) — 0,
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for i =1,

¢0 = n+1 n |12 <

T Z ||7’ Tl,h||L2(Q) >
n=0

N-1

C Z (||V7’1 hHL?(Q) + HV?”? ||L2 ‘ / K/)1 pﬁl (S?Jﬁl)g V(T?Jﬁl - T?,h) d’Y‘
+ (I Vsy), HL2(Q + HVPTLH”B(Q) + H(fP)ZHHm(Q) + H(fI)ZHH%%Q))-

where v is the outward normal to the injection boundary.
This yields with the help of trace theory to

Z ||,r,n+1 . n

0) < C(l FVrLall? + [ VsanllZzon + VDL 72000

+ 1 folBar + 1Fe 32000 )-

And from (3.12),(3.13), and (3.14), we conclude that

71,0 = TonllL2@r) — 0,

and this achieve (3.27).

From (3.13) (3.12), the sequences (p; ), (S2,5)n are uniformly bounded in L*(0, T; Hf. (2)),
we have up to a subsequence the convergence results (3.28), (3.29).

The sequences (7; 1), are uniformly bounded in L*(0,T; H'(£2)). In light of (3.16)

we have the strong convergence

i n — 7; strongly in L*(Qr). (3.36)

This compactness result is classical and can be found in [62], [22] when the porosity
is constant, and under the assumption (H1) (the porosity belongs to W1>(Q)),
the proof can be adapted with minor modifications.

The convergence (3.36) with (3.27) ensures the following strong convergences

p1(p1p)s1n — 11 strongly in L*(Q7) and a.e in Qr, (3.37)
pa2(pa.p)san — 1o strongly in L*(Qr) and a.e in Qr, (3.38)

and this achieve (3.30)

We are now concerned with almost everywhere convergence on pressures p; ;, and
saturations s; .
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Denote by
u = pr(pLn)sin, U= p2(Prn — f(s1.0))(1 = s1).

Define the map H : R" x R* — IR™ x [0, 1] defined by
H(u,v) = (p1n, S1,1) (3.39)
where v and v are solutions of the system
U(pl,m S1,h) = pl(pl,h)SLh-

v(P1hs S1n) = p2(prn — fls1,0)) (1 = s1.0).
Note that H is well defined as a diffeomorphism,

ou ou
0 0 /

ot o | == P (pun)pa(prn — fs10))s1n
apl,h (981,h

— p1(prn) Py (prn — f(s10)) (1 — s1.0)
— Py (prn)sin(L = s1n)pa(prp — f(sn))f (s1,n) < 0.

As we have the almost everywhere convergences (3.37),(3.38) and the map H
defined in (4.16) is continues, we deduce

Pi,p — p1 a.e in Qr.

S1,p — S1 a.€ in QT'

The identification of the limit is due to (3.13), (3.12).
The continuity of the capillary pressure function ensures that,

p2n — P2 a.e in Qr,
the saturation equation ensures also,
S9, — S2 a.e in Qr,

and this achieve (3.31), (3.33).

The maximum principle (3.32) and the identification (3.34) are conserved through
a limit process. Finally the weak convergence (3.35) is a consequence of (3.16),
and the identification of the limit is due to (3.34). O
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The technique for obtaining solutions of the system (1.22)—(1.23) is to pass to the
limit as h goes to zero on the solutions of

G0 (Fip) — div(KM;(s:0)pi(pin) Vin) + div(KM;(s:1) 07 (pin)g)
+ (_1)i77 diV(Pi(pi,h)v(Pl,h - p2,h)) + Pi(Pi,h)Si,hfP,h = Pz’(Pz‘,h)SffI,h (3.40)

Remark that this system (i = 1,2) is nothing else than (3.2)-(3.3), written for
n =0 to N —1 by using the definition (3.10) and (3.11). Let us consider the weak
formulations (¢ = 1,2) on which we have to pass to the limit

(POiTi py i) +/Q KM;(5i)pi(0in) Vi - Vi drdt—
T
/Q Kp?(pi,h)Mi(Si,h)g -V dxdt — (_1)i77/Q ,Oi(pi,h)v<p1,h - pz,h) -V, dxdt
T T
[ poa)sintoaeidedt = [ pp)sty Sy dedt (3.41)
T T

where ¢; (i = 1,2) belongs to L*(0,7; Hf (2)).

Next, we pass to the limit on each term of (3.41) which is conserved by the pre-
vious proposition.

The passage to the limit on the first term is due to (3.35), for the second term
we have M;(s;n)pi(pin) Vi converges almost everywhere in Q7 and dominated
which leads by Lebesgue theorem to a strong convergence in L?(Qr) and by virtue
of the weak convergence (3.29) we establish the convergence of the second term of
(3.41) to the desired term. The last three terms converge obviously to the wanted
limit due to the previous proposition and Lebesgue theorem.

We then have established the weak formulation (1.25)-(1.26) of theorem 3.2. Fur-
thermore, we have well obtained by proposition 3.3

0< Si(tvl‘) <la.e. in QT7 Sz € L2(07T7 H%‘l(Q))a
pi € L*(0,T; HY (), 60 (pi(pi)si) € L*(0, T (Hp, (Q))), i =1,2.

The compactness property on p;(p;n)sin implies p;(p;)s; € C°([0,T]; L*(Q2)), for
1t = 1,2. Theorem 3.2 is then proved.

4 Proof of Theorem 3.1 (Degenerate case)

The proof is based on the existence result established for the non-degenerate case
and the compactness lemma 3.8.
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Lemma 3.7. The sequences (s} ),, (p" := p3+p(s})), defined by the Theorem 3.2

satisfy
0<s!(t,x) <1 ae. in (t,r) € Qr (4.1)
(p"), is uniformly bounded in L*(0,T; Hy (Q)) (4.2)
(vVn'V ( N))yis uniformly bounded in L*(Qr) (4.3)
(\/ My(s]) Vp!),is uniformly bounded in L*(Qr) (4.4)
(B(s 717))77 is uniformly bounded in L*(0,T; H'(12)) (4.5)
(90 (pi(p))s?))y is uniformly bounded in L*(0,T; HE: (€)' (4.6)

Démonstration. The maximum principle (4.1) is conserved through the limit pro-

cess.
For the next three estimates, consider the LQ(Q) scalar product of (1.22) by
ap]) = & o (5 d¢ and (1.23) by go(p3) = df and adding them after

denoting by M,(p/) = pi(p])9:(p}) — i (i =1, 2 ) ‘hen we have

dt/ ( Y 4 $IH (P +/ fle d£> da:+/KM1 NVl - V! de
+n/ IV £ (s |2dx+/ KM, (s)Vpl - Vpl dx_/KM1 (Mg - Vi da
+/QKM2 s3)p2(p3)g - V3 dx+/9m p)s1fig:(p7) da —/Qpl p1)s1 fpg1 (pY) dx
— [ 2 OD)sihga By da+ | pap})shfr2(3) o (47)
Integrate (4.7) over (0,7)

(TP + s3Hao})) (. 7) dr - | KM () V] - V] v

+ 77/QT IV f(sD)|? dwdt + /QT KM, (s3)Vpl - Vpl dedt

s7(x,T)
= [, o 68) + 3 e = [ [ f(6) e
+ [ KMo (p)g - Vi dudi + / KM,(sD)ps(pl)g - Vpl dedt (4.8
[ o @Dst o) dedt — [ pu(0])s1 0 (07)

= /Q pa(D2) 3£, 92(pY) dclt + /Q p2(02)sL Frga(ph) dadt.
T T

The first term on the left hand side of (4.8) is positive and the two first terms
on the right hand side are bounded since p? € L*(Q2) and 0 < s? < 1. The third
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and the fourth terms on the right hand side, corresponding to gravity term, can
be absorbed by the degenerate dissipative term on pressures (namely the second
and fourth terms on the left hand side of (4.8) ) since :

k
KM;(s])pi(p])g - V! d:vdt’ <C+ 50 Mi(s])|Vp]|* dxdt, i=1,2.
Q

T

‘QT

Finally, using the fact that the functions g; (i = 1,2.) are sublinear, we deduce
from (4.8) that

/ M (s V1|2 dadt +/ My (sD)|Vpl|? dadt + n/ VF(s7) - Vf(sT) dadt
Qr Qr Qr
< CH+ Pl llzeer) + 11 03 l22@0), (4.9)

where C' is a constant independent of 7.
From the definition of the global pressure, we have

M, (s7)
M(s))

Ms(s3)
M(s))

Vp' = Vpg + Vf(si) = Vpl - Vf(s), (4.10)

and consequently

M (s")Mg(s”)
M(s|Vp" 2dxdt+/ T2 V£ (s? dadt
/T ( 1)| p | . 7\[(871]) | f( l)|

- / My(s1)Vp! - Vil dadt + / M (s)Vpl - Vpl dadt. (4.11)
Qr Qr
On the other hand
1P 2 @n <l 27 lle2ier) + I P(sT) 2 @n < C | VP llz2@r) + 11 D(s1) ll22@r)s
due to Poincaré’s inequality, in the same way we have

102 2@ < C I VD" le2@r) + 11 5(57) [l22(@r) -

From the above estimates and (4.11), the estimate (4.13) yields

M, (s7) Ms(s3)
M(s])|Vp"|? dwdt D
J, MNP ded + [ SR

b [ V(] V() drdt < O | V0 ). (412)

|Vf(s717)|2d:pdt

The Young inequality permits to absorb the last term by the first term on the left
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hand side of (4.12) to get

2 M, (s7)My(s3) 9
/QT M(sT)[Vp"| dxdt+/ W|vf(sl)| dedt

+ [ MV O] dadt + / M (sD)Vpl - Vil daedt
T

+n/ VF(sT) - Vf(sT) dadt < C, (4.13)

where C'is a constant independent of 7. Thus, the estimates (4.3)—(4.4) are esta-
blished. The estimate (4.5) is also a consequence of (4.13) since

[ MP(sT)MZ(s3)
/Q (VB ddt = /Q s (5’172) IV £(s7)|? dudt (4.14)
< / My (s7) Ma(sD) |V f(sT)|? daedt < C. (4.15)

T

For the last estimate (4.6), let ¢; € L*(0,T; H} (Q2)) and denote the bracket
(,-) the duality product between L*(0,T'; (Ht, (Q2))') and L*(0,T; Hf, (2)), using
(4.10), one gets

(00, (pi(p})s]), i) < ‘U/Q pi(PHV f(s]) - Ve d:z:dt‘
+|f Kpu(p)) (Mi(s7) V9" + V(7)) - Vi |
+| [ KetGDM(De - Vepsdedt] + | [ st fppida

+ / pi(p!) st froi dadt|,
Qr

and from the estimates (4.2)—(4.5), we deduce

(@0 (pi(p])s?), i)l < C || s ||L2(0,T;Hll1(§2))7

which establish (4.6) and complete the proof of the lemma. O

Lemma 3.8. (Compactness result for degenerate case)
For every M, the following implicit set

Ey = {(p1(p1)s1, p2(p2)s2) € L*(Qr) x L*(Qr), such that
18(s)ll 22011 () < M,

[/ Mi(s1)VpillLzor) + Iy Ma(s2) Vel 129y < M,

||¢at(P1(p1)51)||L2 0.T3(HE () y T H¢at(,02(p2)32>||L2(0T HL (2))) <M}
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is relatively compact in L*(Qr) x L*(Qr), and v(Ey) is relatively compact in
L*(X7) x L3(X7), (v denotes the trace on Y operator).

Démonstration. The proof is inspired by the compactness lemma 4.3 ([45], p. 37)
which introduced for compressible degenerate model. We generalize this result for
our compressible degenerate model. Denote by

u=pi1(p1)si, v = pa(p2)(1 = 51).
Define the map H : R™ x R +— R* x [0, 3(1)] defined by
H(u,v) = (p, B(s1)) (4.16)
where u and v are solutions of the system
u(p, B(s1)) = pr(p — p(B~(B(51))))87 (B(51))
v(p, B(s1)) = pa(p — BB (B(s1)))) (L = B~ (B(s1)).

Note that H is well defined as a diffeomorphism, since

?)u = =67 (B(s1))B™(B(s1)) > 0
D
g; = pi(p— (B (B(s1))) =P (B (B(s1)) (B~ (B(s1))]B (B(51))

+ pulp — (B~ B(s))))B Y (B(s1)) > 0

gv = —ph(p— (B (B(s1)))(A — B (B(s1))) =0
P
22 = = BN (37 BN B (BlsnDIL = 57 (B(s1))]

— palp =P8 (B(s:1)))B " (B(s1)) <0,

and if one of the saturations is zero the other one is one, this conserves that the
jacobian determinant of the map H™! is strictly negative.

Furthermore, H™! is an Holder function, in sense that u and v are Holder functions
of order § with 0 < § < 1. For that, let (g1,07) and (go,02) in R™ x [0, 5(1)], we
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have

[u(qr, 01) — u(qe, 02)|
= [p1(qr = p(B~H(01))B7(01) = p1(ga — P(B™(52))) 57 (02)]
<|pi(qr = p(B7(01))) = pr(ge — p(B~ (02)))] + pul B~ (01) — B (a2)],

since 37! is an Holder function of order #, 0 < # < 1, and the map p; is bounded
and of class C'!, we deduce up to two cases :
The first case |¢1 — ¢2| > 1,

[u(qr, 1) — u(ge, 02)|

< |pi(qr = p(B™(01))) — (g2 — P(B™H(02))] + pue| 37 (01) = B (02)]
< pu + pul 87 (01) — B (02)]

< pular — |’ + paCslor — o),

for the other case |¢1 — ¢2| < 1 we have,

[u(q1, 01) — u(g, 09)|

<|prlgr = p(B~ (1)) = pr(gz — P8~ (o) )| + pael 37 (01) — B (02)]
< C(lqr = @l + 16(B~ (1)) = p(B~ (02)]) + parCilor — a2’

< Clgr — gl + Clp(B~ (01)) — (B~ (02))| + parClor — o’

further more one can easily show that p is a C'([0,1];IR), it follows that

lu(qr, o1) — u(gz, 02)| < Clgr — go|” + Cloy — a9’ (4.17)
In the same way, we have

v(q1,01) — v(g2, )| < crlgr — @a|” + ealor — os”. (4.18)

For 0 <7< 1,and 1 <r < o0, let us denote

wor(@) = (we (@) [, [T dedy < oc)

equipped with the norm

o) 0 )
T, T == r r d d 3
folhweriy = (Iolay + [, [, e dedy

recall d denote the space dimension. Let ¢, o be in W7™"(Q2) x W7™"(Q), then the
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Holder functions v and v belong to W97/¢(Q). In fact, we have
[u(g, )| < eilgl’ + efa’,

then u belongs to L/?(Q). Furthermore,

/Q/Q lu(q(x),o(x)) —ulq(y),o(y))|"" dedy < Cr/e/Q [ lq(x) — q(y)|" dudy

1

’x_y’d+77’ ‘x_y‘dJrTT'
alto ’Jf _ y’d-‘rT’r‘

which ensures,

(g, o) lworrroey < clllalliymri@) + llollivmr@)-
Using the continuity of the injection of H*(Q) into W™*(Q), with 7 < 1,
lu(p, B(s))lworzso) < cllplira@+I1B(s) @) < clllpllin @+ 18605 @)
integrating the above inequality over (0,7),
”u(paﬁ(sl))||L2/9(O,T;W9772/9(Q)) < chH%Q(O,T;Hl(Q)) + ||5(31)||0L2(0,T;H1(Q))

Furthermore the porosity function ¢ belongs to W1*°(Q), it follows that

[pu(p, B(s))|l 210 0,mswom200 () < C-
As © is bounded and regular, we have, for 7" < 07,

werP(@Q) c wr(Q)  (Hr, (Q))

with compact injection from W92/9(Q) into W™-2/9((Q)).
Finally, from a standard compactness argument, we get

E)y is relatively compact in L¥°(0, T; W™ %9(Q)) c L*(0,T; L*(Q)).

Secondly, the trace operator v maps continuously W™%/%(Q)) into W7 ~0/22/9(T))
as soon as 7" > 0/2. Choosing for example 7" = 319, we deduce the relative com-
pactness of y(Ey,) into L?(X7) x L*(X7).

This closes the proof of lemma 3.8. O

From the previous two lemmas, we deduce the following convergences.
Lemma 3.9. (Strong and weak convergences)
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Up to a subsequence the sequence (s;),, (p")y, (pi)y verify the following conver-

gence
pT—p weakly in L*(0,T; Hy. (), (4.19)
B(s]) — B(s1) weakly in L*(0,T; H'(9)), (4.20)
pl—p almost everywhere in Qr (4.21)
57 — 51 almost everywhere in Qr and Xp  (4.22)
st — s1 strongly in L*(Qr) and L*(3r) (4.23)
0<s(t,z) <1 almost everywhere in (t,z) € Qr,  (4.24)
pi — Dpi almost everywhere in Qr (4.25)
¢ (pi(p)s!) — ¢Ou(pi(pi)si)  weakly in L*(0, T; (Hy, (2))'). (4.26)

Démonstration. The weak convergences (4.19)—(4.20) follows from the uniform
estimates (4.2) and (4.5) of lemma 3.7.
The lemma 3.8 ensures the following strong convergences

pi(p])s! — I; in L*(Qr) and a. e. in Qr,
pi(pl)si — 1; in L*(37) and a. e. in X,

)

As the map H defined in (4.16) is continuous, we deduce

p! — pa.e. in Qr and a. e. in X,

B(s]) — [* a. e. in Qr and a. e. in 2.
The convergence (4.21) is then established and as 87! is continuous,
s — 81 = B7H(B) a. e. in Qr and a. e. in Y.

From (4.1), the estimate (4.24) holds and the Lebesgue theorem ensures the strong
convergence (4.23).

The convergence (4.25) is a consequence of (4.21)-(4.22).

At last, the weak convergence (4.26) is a consequence of the estimate (4.6), and
the identification of the limit follows from the previous convergence. O

In order to achieve the proof of Theorem 3.1, it remains to pass to the limit
as 1 goes to zero in the formulations (1.25)—(1.26), for all smooth test functions
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¢ € C1([0,T); H:, () N L*(0,T; H*(2)) such that ¢(T) =0

- /Q bpi(p})s] Opp dadt + / KM;(s{)pi(p!)Vp! - Vi dudt
= [, KMo (g - Vip ot + / pi(p))s! fpip dudt
g /pz PV~ 1) - Vedadi = [ p(ol)st Iy dadi

+ | i)l (0,2) dadt, i =1,2. (4.27)

The first term converges due to the strong convergence of p;(p})s] to p;(pi)s; in

L*(Qr).

The second term can be written, with the help of global pressure, as,

KM;(s])pi(p]) V] - Vo dadt = / KM;(s)pi(p])Vp" - Vo dxdt
Qr QT

n /Q Kpipl)VA(s]) - Vepdudt. (4.28)

The two terms on the right hand side of the equation (4.28) converge arguing in
two steps. Firstly, the Lebsgue theorem and the convergences (4.22)(4.25) esta-
blish

pi (P Mi(s7)V o — pi(pi) M;(s:) Vi strongly in (L*(Qr))?,
PV — pi(p;) Ve strongly in (L*(Qr))".

Secondly, the weak convergence on global pressure (4.19) and the weak conver-
gence (4.20) combined to the above strong convergences allow the convergence for
the terms of the right hand side of (4.28).

The fifth term can be written as,

0 [ oV (! = p8) - Vodadt = iy | pipD) (VS (s) - Vipdadt,  (4.29)

The Cauchy-Schwarz inequality and the uniform estimate (4.3) ensure the conver-
gence of this term to zero as 7 goes to zero.

The other terms converge using (4.22)(4.25) and the Lebesgue dominated conver-
gence theorem.

The weak formulations (1.12) and (1.13) are then established.

The main theorem 3.1 is then established.



CHAPITRE 4

CONVERGENCE OF A FINITE VOLUME SCHEME FOR
GAS WATER FLOW IN A MULTI-DIMENSIONAL POROUS
MEDIA

Abstract. A classical model for water-gas flows in porous media is considered.
The degenerate coupled system of equations obtained by mass conservation is
usually approximated by finite volume schemes in the oil reservoir simulations.
The convergence properties of these schemes are only known for incompressible
fluids. This chapter deals with construction and convergence analysis of a finite vo-
lume scheme for compressible and immiscible flow in porous media. In comparison
with incompressible fluid, compressible fluids requires more powerful techniques.
We present a new result of convergence in a two or three dimensional porous me-
dium and under the only modification that the density of gas depends on global
pressure.

1 Introduction

Mathematical study of a petroleum-engineering schemes takes an important place
in oil recovery engineering for production of hydrocarbons from petroleum reser-
voirs. In soil mechanics, engineers study the air-water flow in soils and they prefer
the use of a two phase flow model. More recently, due to the effects of global war-
ming on climate change, two and multi-phase flow has been receiving an increasing
attention in connection with the disposal of radioactive waste and sequestration
of COs.

It has been shown that the governing equations describing two incompressible
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(compressible) phase flow in porous media can be written in a fractional flow
formulation, i.e., in terms of global pressure and saturation and that formulation
has been studied ; For incompressible flow and from a mathematical point of view
[2, 22] and it has been used in numerical codes [23, 24, 21]|. For immiscible and
compressible two-phase flows (e.g., air, water), Ewing and al. in ([38], [27]) follow
the ideas of Chavent by considering global pressure and saturation as unknowns
of the system. This formulation leads to a global pressure equation coupled to
the water saturation equation. The authors proposed a finite element and finite
difference method to solve the saturation equation and a mixed finite element
to approximate the global pressure equation. Note that the global pressure reads
as a parabolic equation with a source term involving the evolution of the capil-
lary pressure term. This evolution term is approached by Picard iterations. This
algorithm converges numerically and suggests a continuous dependence on the
capillary terms and legitimates some approximations for small capillary pressure.
Further, it has been proven that this fractional flow approach is far more efficient
than the original two-pressure approach from the computational point of view
[26] and the references cited therein. For compressible flow and from mathema-
tical point of view, the fractional flow formulation is sufficient enough at least
for slightly compressible gas, i.e, when the density of gas depends on the global
pressure [45, 47]. More recently and under the context of theoretical study of
compressible flow in porous media, the two-pressure approach has been treated
by Z. Khalil, M. Saad [52, 54].

In this paper, we consider immiscible two-phase flows ; the gas phase is considered
to be compressible and the water one to be incompressible. The model is derived
by using the global pressure notation and is justified at least for slightly com-
pressible gas. The system represents two kinds of degeneracy. The first one is the
classical degeneracy of the diffusion operator in saturation due to the capillary
effect. The second one represents a degeneracy in the evolution term in pressure
occurring in the region where the gas saturation vanishes : A classical compactness
result on pressure is missed in the region where the gas phase is missing.

The aim of the present paper is to show that the approximate solutions obtained
with the proposed upwind finite volume scheme (3.5)-(3.6), converges as the mesh
size tends to zero, to a solution of system (2.1)-(2.2) in an appropriate sense
defined in Section 2. In Section 3 we introduce the finite volume discretization, the
numerical scheme and state the main convergence results. In Section 4, maximum
principle on saturation is attained and a priori estimates on the discrete gradient
of the capillary term and on the discrete gradient of the global pressure are derived
as the continuous case in C. Galusinski, M. Saad [47]. In Section 5, a well posed-
ness of the scheme is inspired by H. W. Alt, S. Luckhaus[3]. Section 6 is devoted to
a space-time L' compactness argument, in this section we follow B. Andreianov,
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M. Bendahmane and R. Ruiz-Baier [|. Finally, the passage to the limit on the
scheme needs a powerful techniques due to the lack of compactness result on global
pressure in the region where the saturation of gas vanishes, and this performed in
section 7.

2 The mathematical formulation

The fractional flow formulation describing the immiscible displacement of two
compressible and incompressible fluids are given by the following mass conserva-
tion of each phase [47] :

O (dp(p)s) — div(Kp(p)Mi(s)Vp) — div(Kp(p)a(s)Vs)
+div(Kp®(p) Mi(5)g) + p(p)sfp = 0, (2.1)

Oi(ps) + div(KMy(s)Vp) — div(Ka(s)Vs) + div(KpaMa(s)g) + sfp = fr — f1-
(2.2)

where ¢ and K are the porosity and absolute permeability of the porous medium ;
p, p2,p and s are respectively the densities of gas and water (density of water is
constant), the global pressure and the saturation of gas; fp, f;, M1, M5 and g are
respectively the production and injection source terms, the mobilities of gas and
water and the gravity term.

To define the capillary term «, let us denote by pi,ps to be respectively the
pressures of gas and water phases. Thus, we define the capillary pressure and the
total mobility as

p12(s(t,x)) = p1(t, ) — pa(t, x) (2.3)
M(s) = My(s) + Ma(s)
and the function s — pio(s) is non-decreasing (%2(s) > 0, for all s € [0, 1]).
In this paper, the forced displacement of fluids is modellized. It is used in many
enhanced recovery processes : a fluid, such as water, is injected into some wells in
a reservoir while the resident hydrocarbons are produced from other wells. Now

we define the capillary term

s) — M1<S)M2(S> dp12

>0
a(s) M(s) ds (s) 2
defining a function p(s) such that 2(s) = AA/?((;)) 12 (5), and setting p = pa +

named global pressure [22]. Thus, each phase velocity given by Darcy’s law can
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be written as

V= —-KM;(s)Vp —Ka(s)Vs + KM (s)p1(p)g (2.5)
Vo = —KMy(s)Vp + Ka(s)Vs + KMs(s)pag. (2.6)

Note that this system is strongly degenerate. In fact, the lack of coercivity of
the degenerate diffusion term div(Ka(s)Vs) is classical for incompressible flows.
An additional difficulty is due to the degeneracy of the time derivative term
o(z)0(p(p)s) which vanishes in the region where s = 0. Another difficulty seems
to be the degenerate diffusive pressure term div(Kp(p)M;(s)Vp) in (2.1) where
the mobility of the gas phase M; vanishes in s = 0. In fact, a pressure diffusion
term appears also in the saturation equation (2.2) with the term div(KMs(s)Vp).
An energy estimate coupling the two equations (2.1)-(2.2) lets appear a non-
degenerate dissipative pressure term (see section 4).

Consider a fixed time 7' > 0 and let  be a bounded set of R? (d > 1). We set
Qr = (0,T7)xQ, L = (0,7) x 092. To the system (2.1)-(2.2) we add the following
mixed boundary conditions and initial conditions. We consider the boundary 0€) =
', UT;, where I',, denotes the water injection boundary and I'; the impervious
one.

{ s(t,2) =0, p(t,x) =0on T, (2.7)

V1~n:V2~n200nFi,

where n is the outward normal to the boundary I';. We force a constant pressure
(shifted at zero) along the time on the region of water injection.

{ s(0,z) = so(x), in Q
p(0,z) = po(z) in ©

We are going to construct a finite volume scheme on orthogonal admissible mesh,

Initial condition :

(2.8)

we treat here the case where
K=k,

where £ is a constant positive. For clarity, we take & = 1 which equivalent to
change the scale in time. In remark 4.3 we give the scheme where k is a function
depending on space.

Next we introduce some physically relevant assumptions on the coefficients of the
system.

(H1) The porosity ¢ belongs to L>(Q2) and there exist two positive constants ¢
and ¢, such that ¢y < ¢(x) < ¢y a.e. z € (.

(H2) The functions M; and M, belong to C°([0, 1]; RT), M;(0) = 0 and M>(1) = 0.
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In addition, there is a positive constant mg such that, for all s € [0, 1],
Ml(S) + MQ(S) Z my.

(H3) The function a € C*([0, 1]; R™") satisfies a(s) > 0 for 0 < s < 1, and a(0) = 0.
We define (s) = J5 a(z)dz and assume that 87! is an Holder function of
order 0, with 0 < # <1 on [0, 5(1)]. This means that there exists a positive
c such that for all s1, s, € [0, 3(1)], one has |37 1(s1) — 871 (s1)| < cfs1 — s2/°.

(H4) (fp. f1) € (L*(@1))?, [p(t,x), fi(t,x) 2 0 ae. (t,2) € Qr

(H5) The density p is a C'(R) function, increasing, and there exist p,, > 0, pyr <
~+o00 such that
pm < p(p) < pu for all p € R.

The assumptions (H1)—(H5) are classical for porous media. Especially, a practical
sufficient condition to handle (H3) is to consider that « is an Holder function at
s = 0. This contains several relevant physical cases of two-phase flows in porous
media (see [22, chapter V).
Define

Hi (Q)={ueH(Q);u=00nT,},

this is an Hilbert space when equipped with the norm ||u||H%w @ = ||VU||(L2(Q))d.
In the next section we introduce the existence of solutions to system (2.1)-(2.2)
under the conditions (H1)—(H5).

Definition 4.1. (Weak solutions)

Let (H1)-(H5) hold. Assume pqy (defined by (2.8)) belongs to L*(Q), and s satisfies
0 < s0 <1 almost everywhere in 2. Then, the pair (s,p) is a weak solution of the
problem (2.1)-(2.2) if

0<s<1lae inQr, B(s)eL*0,T;H (Q), peL*0,T;H; (Q)),

such that for all ¢, € € D([O,T) X Q),

_/QT gbp(p)s@tcpdmdt—/ o(x)up(z)e(0, x) dx
+/ p)Mi(s)Vp - Vgpd:cdt—l—/ YVB(s) - Vpdzdt

~Jo p*(p)Mi(s)g - Vgodxdt+/ p)sfppdrdt =0, (2.9)
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- /Q 6sOjE dadt — /Q 630(x)E(0, ) dr + [ Vi(s) - Ve drdr

—/Q MQ(s)vp-vgdxdt—/Q poMa(s)g - VE ddt

+ [ sipgdudt = [ (fp— fr)edndt. (210)

3 The finite volume scheme

Now, we want to discretize the problem (2.1)-(2.2). Let 7 be a regular and ad-
missible mesh of the domain 2, constituting of open and convex polygons called
control volumes with maximum size (diameter) h.

We let Q be an open bounded polygonal connected subset of R? with boundary
0N). Let 7 be an admissible mesh of the domain €2 consisting of open and convex
polygons called control volumes with maximum size (diameter) h. For all K € T,
let by x denote the center of K, N(K) the set of the neighbors of K i.e. the set
of cells of 7 which have a common interface with K, by N, (K) the set of the
neighbors of K located in the interior of 7', by N (K) the set of edges of K on
the boundary 0.

Furthermore, for all L € N;,:(K) denote by di ;, the distance between xx and 7,
by ok 1 the interface between K and L, by 7k, 1 the unit normal vector to ox 1,
outward to K. And for all 0 € N (K), denoted by di , the distance from zx to
.

For all K € 7, we denote by | K| the measure of K. The admissibility of 7 implies
that O = Uger K, KNL =0 if KL € T and K # L, and there exist a finite
sequence of points (zx)xger and the straight line TxZy is orthogonal to the edge
ok,r- We also need some regularity on the mesh :

min 7dK’L
KeT,LeN(K) diam(K) —

for some o € R™.

We denote by Hy(2) C L*(Q) the space of functions which are piecewise constant
on each control volume K € 7. For all u;, € Hy(2) and for all K € 7, we denote
by Uk the constant value of u;, in K. For (un,vy) € (Hn(Q2))?, we define the
following inner product :

Un, V) g, = 1 9. Up—Uk)(Ve — Vk).
H
" KeT LeN(K) dx.L

In the case of homogeneous Neumann boundary condition, for example Vu -7 =



3 The finite volume scheme 119

FIGURE 4.1 — Control volumes, centers and diamonds

Vv-n=0onTI; C 00, soweimpose U, —Ux =V, — Vg =01if ox CTI;. And
in the case of homogeneous Dirichlet boundary condition v« = v =0 on I',, C 012,
so we impose Uy, =V, = 0 if o, C I'y, and dk 1 denotes the distance form x
to ok 1, more precisely,

(Un, Un) g =1 Z Z |0KL|(UL Uk)(VL—=Vi )+l Z Z o]

KET LEN; 1 (K) dr,L KET 0E€N e (K)NTy dK,o

Uk Vik.

We define a norm in Hy,(Q2) by

wnll g, ) = ((wny un) g, )2
Finally, we define L,(Q2) C L?*(Q) the space of functions which are piecewise
constant on each control volume K € 7 with the associated norm

(wn, vn) ) = 20 KUKV, lunll?, ) = > 1K Uk|?,
KeT KeT
for (up,vs) € (Lp(Q))2.
Next, we let K € 7 and L € N(K) with common vertexes (a1 )1<i<; With
I € v Next let Tk 1 (respectivley TR, for o € Ne(K)) be the open and convex
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polygon with vertexes (xg,xr) (xx respectively) and (ap k.1 )1<o<s. Observe that

0 =Uger ((ULEN(K)TK,L>U(erNexc(K)TeIzta))

The discrete gradient Vj,uy, of a constant per control volume function uy, is defined
as the constant per diamond Tk 1, R!-valued function with values

lUL UK?’]KL 1fx c TKL)

Viup(x) =
ZU° UKnKJ ifx e ngg,

Notice that :

e The [-dimensional mesure |Tk 1| of Tk 1 equals to % lok .| di L.

e The semi-norm ||uy||z, coincides with the L*(Q) norm of Vj,uy, in fact

|Up — Uk
|di L f?

Vil = 3 3 / Vi [dr =123 Y [T

KeT LeN(K KeT LeN(K)

lok,L|
=1y X UL, — Uk|* = ||Uh||12qh(ﬂ)

KeT LeN(K) g1

o Let F KL for an arbitrary IR' vector associated with the interface ok 1, satisfying
F KL = = F k- We denote by &, the set of interfaces ok . Then, a discrete field
(F K, L)JK, Le¢, 1s assimilated to the piecewise constant vector function

ﬁh: Z ﬁL,KXTK,L-

oK,LEER

The discrete divergence of the field ﬁh is defined as the discrete function w;, =
divhﬁh with the entires

1
dZUKFh |K| Z
L

EN(K)

A key point of the analysis of the two-point finite volume schemes is the following
kind of discrete duality property :

Lemma 4.1. For all discrete function wy, on € which is null on 0N, for all
discrete field F, on Q,

Z |K|de’iUKﬁh = — Z |TK,L| VK,Lwh . F_:KJJ.

KeT OK,L €&y,
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Démonstration.

> |K | wrdivg F, = >y okl wrFrr - nr
KeT KeT LeN(K)

1 —
D) o > okl (wr —wr)nkL - Fro
KeT LeN(K)

w —
=5 Z > ’UKL| dk,L l<dK)77K,L “Frr
2 ke nenim) ! K,L

= - Z |TK,L| VK,Lwh : ﬁK,L-

O'K,Legh,

Next, we approximate M;(s)Vp - nk.r, (i =1,2.) by means of the values sk, sp,
and pg,pr that are available in the neighborhood of the interface o . To do
this, let us use some function G; of (a, b, c) € IR®. The numerical convection flux
functions G;, G; € C(IR*,IR), satisfies the following properties :

(a) Gy(+, b, ¢) is non-decreasing for all b, ¢ € IR,
and G;(a, -, ¢) is non-increasing for all a,c € IR;

(b) Gi(a,a,c) = —M;(a) c and Gy(a,a,c) = Ms(a) c for all a,c € IR;

(¢) Gi(a,b,c) = —G;(b, a, —c) and there exists C' > 0 such that (3.1)
|Gi(a,b,c)| < C (\a! + ]b\)|c] for all a,b,c € IR

(d) There exists a constant mg such that

(Ga(a,b,c) — Gi(a, b, c))c > mylc|? for all a,b,c € R.
Remark 4.1. Note that the assumptions (a), (b) and (c¢) are standard and they
respectively ensure the maximum principle on saturation, the consistency of the

numerical flux, and the conservation of the numerical flux on each interface. Mo-
reover, the last assumption (d) will be used to obtain the L? estimate of discrete
gradient of the pressure p. Practical examples of numerical convective fluz func-
tions can be found in [35].

In our context, one possibility to construct the numerical flur G; satisfying (3.1)
is to split M; in the non-decreasing part M;; and the non-increasing part M;| :

My (2) = /Z(M;(s))+ ds M (z) = —/Z(M;(s))— ds.

0 0

Herein, s* = max(s,0) and s~ = max(—s,0). Then we take

Gi(a, b c) = ¢ (M”(a) M l(b)) e (M,;T(b) 0 l(a)>,
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which leads to,

{Gl(a, bic) = =M (b) " — <‘]‘>““)) ‘ (3.2)

Ga(a, by c) = My(b) ¢t — Msy(a

Note that the function s — Mi(s) is non-decreasing, and the function s — Ms(s)
is non-increasing which lead to the monotony property of the function G;. Fur-
thermore, depending on the assumption (H2) on the total mobility we have,

Gs(a,b,c) — Gia,b,c) Je = M)t + M(a)e™> > moc>. (3.3)
The next goal is to discretize the problem (2.1)-(2.2). We denote by D an ad-
missible discretization of ()7, which consists of an admissible mesh of €2, a time

step At > 0, and a positive number N chosen as the smallest integer such that
NAt > T. We set,

t" = nAt forn € {0,..., N}
dpicty = |Z§i| (pptt — pith) forne {0,...,N —1}
" 1 Py
PKJrL1 R N /n+1 p(¢) d¢ forne {0,...,N —1}
Pr Pk Pk
. 1 tn+1
jyr A /Kfp(x)dxdt forn e {0,...,N — 1}
. 1 tn+1
1}1 =X K] /K fr(x) dxdt forne {0,...,N —1}

gK.L = /K/L(g-nK,L)+ dvy () =/

. /L(g “nx)” dy(x)

A finite volume scheme for the discretization of the problem (2.1)-(2.2) is giving
by the following set of equations with unknowns P = (p%')ger,n € [0, N] and
S = (%" ker,n € [0,N], for all K € T and n € [0, N]

1 1
0 — - d 0 :7/ d 4
M= 1y Jopo@dn, =g [ so(e)d, (3.4)
and
n+1\ n+1 7\ 1
PP S — P\Pk)$S OK,L| n n n
<] o PR 2 PO 1000 ety — s

LeN(K) i1

n n n n n+1 n n n
Y RGeS dpitE) + B K et )i R =0, (3.5)
LeEN(K)
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n+l

S s% g
K] w% -y Lol g
LEN(K) “K.L

+ Y GalsisEhdpi)) + B K| (5 - DR = — KL
LEN(K)

(3.6)

where F}'}' the approximation of [ p?(p" ™) M, (s"™)g-nk 1, dy(z) by an upwind
’ oK
scheme :

e = > Flii= > (p (P My (s ek — o2 (P )My (s3 e, K)
LEN(K) LEN(K)
(3.7)

and similarly Fj')' the approximation of / paMy(s" g - k., dy(x) such that
’ oK

= Y B=3 (P2M2(SL )8, — paMa(s" )gLK> (3-8)

LEN(K) LEN(K)

Note that the numerical fluxes to approach the gravity terms Fi, Fy are nonde-
creasing with respect to sx and nonincreasing with respect sy,.

We extend the mobility functions s — M;(s) and s — My(s) outside [0, 1] by
continues constant functions as follows, The approximate solutions, psin, Ssin :
R* x Q — IR given for all K € 7 and n € [0, N] by

psen(t,r) = it and sz (t, 1) = st (3.9)
for all z € K and t € (nAt, (n + 1)At).

The main result of this paper is the following theorem.

Theorem 4.1. Assume that (H1)-(H5) hold. Let (pg,so) € L*(Q,R) x L=(Q, R)
and 0 < sg <1 a.e. in Q. Then there exists an approzimate solution (pst.n, Sstp) to
the system (3.5)-(5.6), which converges (up to a subsequence) to (p,s) as (6t,h) —
(0,0), where (p, s) is a weak solution to the system (2.1)-(2.2) in the sense of the
Definition 4.1.

4 A priori estimates

We are now concerned with a uniform estimate on the discrete gradient of 3(s),
and on the discrete gradient of the global pressure p.
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4.1 Nonnegativity

We aim to prove the following lemma which is a basis to the analysis that we are
going to perform.

~~~~~

finite volume scheme (3.4)-(3.6) remains in [0, 1].

Démonstration. Let us show by induction in n that for all K € T, s% > 0. The
claim is true for n = 0 and for all K € 7. We argue by induction that for all
K € T, the claim is true up to order n. We consider the control volume K such
that si" = min {s}™'}, ;. and we seek that s > 0.

For the above mentioned purpose, multiply the equation in (3.5) by —(s%)~, we
obtain

p(pi ) st
K
K| ok =

KL| n n n n
+ > p +1 (sT) = BT (s~
LEN(K) “K.L
Z pn—i-l 87}1{-&-1782-1-1 dpn—i-l)( n+1)
LeN(K)
n+1 n n n n
— FEV (s = K] ppi s frac(si) ™ =0, (4.10)

— p(Pk)sk (s71)~
K

Observe that 3(s7™)—pB(sk) > 0 (recall that 3 is nondecreasing). Which implies

’gK’L'(ﬁ(s’i“)—ﬁ(S’?l))(S’?l) > 0. (4.11)
LeN(Kk) YKL

7+ (see (a) in (3.1)), and

The numerical flux G is nonincreasing with respect to s
consistence (see (c) in (3.1)), we get

G (SnKnLl’S%Jrl dpn+1>< n+1> < GI(SnK+175nK+1 d n+1>( )

4.12
= dpi'p Ma(s3) (si) ™ = 0. 12

Using the identity sitt = (s%)T — (s%1)~, and the mobility M, extended by
zero on | — oo, 0], then M;(s% ) (s )~ =0 and

n+1 n n n n —
—ﬂ+% >|mm+%#pwgw

= 2 P LM (s (KT T+ K ppk) fral (s 71 2 0. (4.13)
LeN(K
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Then, we deduce from (4.10) that

n+1 n+1 2 n+1
+ S
|K|¢Kp(pz< )(s%)~ |A Pi)sic(sk )™
t
and from the nonnegativity of s7%, we obtain (s%')~ = 0. This implies that

sitt >0 and
0< syt <sitforalln€[0,N —1]and L€ T.

To prove that si'' < 1foralln € [0,N — 1Jand K € 7. We argue by in-
duction that for all K € 7, s} < 1. Let the control volume K such that
spt = max {s77'}, ;. and let us show that st < 1.

For the mentioned claim, we multiply the equation in (3.6) by (s%™ — 1)*,

n+1

Sk — Sk, n OK,L n n n
Jop e ik T R o T I
At LeEN(K) dx.L
+ Z Gal(s n+1 +1 dpn-i-l)( n+1 1)+_|_F(n+l)( ;L(-‘rl _ 1)+
LEN(K)
+ | K| (s = 1) fpr(si = 1) = = |K| fiE (si — DY (4.14)

Since 3 is nondecreasing, we get 3(s7™) — B(s%) < 0. This implies

|0_ ) | n n n
PELL(s3) — () s~ 1)F 20 (4.15)
LeN(k) “K.L

Next, we use the fact that the numerical flux GG, is nondecreasing with respect to

s and consistence (see (b) and (c) in (3.1) to deduce

G (ST}{+1 n+1, danrl)( n+l )+ > GQ( n+l n+1 dpn+1>( n+l

X P D* (4.16)
= dpl'y M2( K (KT =1 =0,

now, we rely on the extension of the mobility M, by zero on [1, 00|, thus My(s%)
(s%1 —1)T =0, to deduce

Bt 1) = 3 poMy(st g (s — )Y >0 (4.17)
LEN(K)

It is clear that the production source term in the left hand side of (4.14) is non-
negative and the injection source term on the right hand side is nonpositive.
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Using the above estimates to deduce from (4.14) that,

3?(“ — Sk n+1 + _
[ o K (s = 1) =
L (5 = D6 = 1) = (5~ DEE? — 1)) <0 (418)

Using again the identity (s% — 1) = (s — 1)T — (s — 1)7, and that
s < 1 to deduce from (4.18) that (s — 1)* = 0. Consequently, we obtain

sttt < st <1foralln € [0,N —1]andL € 7.

4.2 Discrete a priori estimates

Let us recall the following two lemmas : :

Lemma 4.3. (Discrete Poincaré inequality)[35]

Let Q be an open bounded polygonal subset of R, d = 2 or 3, T an admissible
finite volume mesh in the sense given in the section 3, and let u be a function
which is constant on each cell K € T, that is, u(x) = uk if v € K, then

HUHL2(Q) < diam(Q) Hu”Hh(Q) ;

where |||l g, ) 45 the discrete H{ norm.

Remark 4.2. (Dirichlet condition on part of the boundary) This lemma gives a
discrete Poincaré inequality for Dirichlet boundary conditions on the boundary O0f).
In the case of Dirichlet condition on part of the boundary only, it is still possible
to prove a discrete Poincaré inequality provided that the polygonal bounded open
set £ is connected.

Lemma 4.4. (Discrete integration by parts formula) Let Q be an open bounded
polygonal subset of R?, T an admissible finite volume mesh in the sense given in
the subsection 3. Let Fy,, K € T and L € N(K) be a value in IR depends on
K and L such that Fr/p, = —Fpk, and let ¢ be a function which is constant on
each cell K € T, that is, p(x) = ¢k if x € K, then

> Y Fowk=—3% ¥ Feule-e)  (419)

KeT LEN(K) KeT LeN(K)
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Consequently, if Fr/r = ax/r(br — bi), with ag/r = ar/k, then

1
S > akyn(br —bk)er = 5 S akyn(br —bk)(er — ¢x)  (4.20)
KeT LeN(K) KeT LeN(K)

Démonstration. The sum 3 xer > ren(x) can be reorganized by edge. In fact, on
each edge ok 1, between the mesh K and L, there are two contributions : from K
to L named Fg ok and from L to K named Fy, gy, then

Z Z Friror = Z(FK/LQOK + Fr/kpL) (4.21)

KeT LeN(K) OK,L

Using now the fact that Fi, 7, is antisymmetric, then we have

S>> Fxiex =Y Frulpx — 1)

KeT LeN(K) OK,L

1
=5 <FK/L(g0K — 1)+ Fr/k(eor — QOK))'

OK,L

(4.22)

Finally, reorganise the last summation on edge by mesh, we obtain exaclty (4.19).
The equality (4.20) is a direct consequence of (4.19) Fk/; = ax/r(by — bg) =
ar/L(bx —br) = —Fr k. O

We derive in the next proposition, the main uniform estimates on the discrete
gradient of the capillary term [(s) and the discrete gradient of the global pressure
.

scheme (3.5)-(3.6). Then, there exist a constant C' > 0, depending on 0, T, so,
po and a such that

> |K|sgHp) = > |K]skHpk)

KeT KeT

|0KL| X 2 (4.23)
+—ZAtZ 3 it —pit <
n=0  KeT LeN(k) YKL
and
> IK|B(sg) — > K| B(s%)
KeT KeT (4.24)
1 N—-1 9 .
PP IS 7l | gty s <
KeT LeN(k) “K.L

where B'(s) = B(s), and H(p) = g(p) + p(p)p with ¢'(p) = —p(p)-



4 A priori estimates 128

Démonstration. To prove the estimate (4.23), we multiply the gas discrete equa-
tion (3.5) and the water discrete equation (3.6) respectively by pit, g(pi!) =
H(pE) — p(pth)pe™ and adding them, then summing the resulting equation

over K and n, and this yields to,

Ei+FEy+FEs+FEy+E;=0 (4.25)
where

N-1
Er= 3 30 1K i (o )5k = o)) s + (557 = sk) 9™ ).

n=0 KeT

N-1
Bo=m XY S () - sk o+
dK ’

(A5 = BK) 9k,
By= S A0S S (GRS i) v+

Galsi™ 55 dpit ) g i) )

Ei= Y At Y (FOED okt + B o).
n=0 KeT
N—-1

Er= 3 AU || ()5 i v + (! — D3 o)+
n=0 KeT

4% g(p%“))-

To handle the first term of the equality (4.25), let us prove that : for all s > 0
and s* > 0,

(p(p)s = p(0*)s*)p + (s = ") (H(p) — p(P)P) > H(p)s — H(p")s".  (4.26)
Indeed, denote g(p) = H(p) — p(p)p then ¢'(p) = —p(p),

(p(p)s = p(*)s*)p + (s — ") (H(p) — p(p)p)
= s(H(p) — s*(p(p")p + 9(p)) = sH(p) — s"H(p") + 5" (H(p*) — p(p")p — 9(p))-

We have to show that

We expand this quantity as follows,

H(p") —p(@")p—9(p) = g®*) +p@") (" —p) —9(») = 9(p*) —9(p) —g'(P*) (p* — 1),
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as the function g is concave (g (p) = —p'(p) < 0) , we get

g(p) < g(p*) +4' ) — ")

So, (4.26) is established, and this yields to

ST IK|syH(pR) — Y. K| skH(pY) < By (4.27)

KeT KeT

Integrating by parts, see lemma 4.4, we obtain

1N1

Z At Z Z |UKL| ( z+1) . 5<S?<+1))

KeT LeEN(K) di.r
(p’}&l (L =)+ (gr™) - g(p?(“)))
Due to the correct choice of the density of the gas on each interface,

w1 (gt —g(pi™))

p
L (it — it

we succeed to obtain,
E, =0. (4.28)

The choice of the density on the interfaces is the key point to vanish the dissipative
term on saturation and obtain a uniform estimate on the discrete gradient of
pressure p.

Using the fact that the numerical fluxes G; and G5 are conservative in the sense
of (¢) in (3.1), we can apply lemma 4.4 and we obtain

1 N-1
Z INDIDY pn+1< S s dpnt)
KeT LeN(K)
. G1< n+1 +1 danrl)) (szrl p’f[l(+1>
Recall that inequality (3.3),

(Gg(a, b,c) — Gi(a,b, c))c = M(b)e? + M(a)e™? > moc?,

this with the hypothesis (H 5) allow us to deduce that,

M0 pm Z ALY Z ‘UKL| \ ol "“\ < Es. (4.29)

KeT LeN(K
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To handle the other terms of the equality (4.25), firstly let us remark that the
numerical flux satisfies Fi't', = —F{'"[ and FJ'}', = —F}'[, so we integrate

by parts and we obtain
Z At Z Z ’UKL‘< 1KL)<pK+1 —p +1)+F2( )(Q(PKH) g(pLH))a
KeT LEN(K)

use now the fact that the mobilities and densities are bounded from (H2)-(H5),
and the map ¢ is uniformly Lipschitz, we have, there exists a positive constant
independent of At and A such that

By <Oy Z ALY S okl =it

KeT LeN(K)
From the following inequality |0 1| = (|ok,L|dk, L)% IUK , and apply the Cauchy-
K,L
Schwarz inequality to obtain
|Ey| <Cy Z At Z Z lok.Lldr L
KeT LeEN(K)
mOpm |UKL| ntl n+1
Z At Z \ i
KeT LeN(K

<O\ T + mopm Z ALY Y 5.1 it =]

n=0  Ke€7T LeN(K) dr.L

The last term will be absorbed by the dissipative term on global pressure from
the estimate (4.29).

In order to estimate Ej, using again the fact that the densities are bounded and
the map g is sublinear (i.e.|g(p)| < C|p|), we have

N-1
Bs| <C1 Y At Y K| (forc+ f1EY PR
n=0 KeT
we apply Holder inequality to deduce,

N—

—_

B < (X 80 S (K e+ 12T a0 X 1w )

n=0 KeT n=0 KeT

<C(llfr + Fill o ( Z at it

(NI

L? Q))
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Now, from the discrete Poincaré inegqality lemma 4.3, leads to,

Bl a3 s, )

where C5 is a constant depends only on || fp + fil[;2(g, - Finally, under the as-
sumption (H3) on the source terms and as an application of Young’s inequality
(a-b<na®+ %.), we get

|Es5| < C3+ mopm Z ALY S “;K” it - "+1\ (4.30)
n=0  KcT LeN(K) "KL

this estimate (4.30), with (4.27), (4.28) and (4.29) achieve the proof of (4.23).
To prove the estimate (4.24), we multiply the water discrete equation in (3.6) by
B(s% 1) then summing the resulting equation over K and n, and this yields to

J1 + JQ + Jg =0 (431)
where
N—
Z K| pr (s — s) - B(sH),
=0 KeT
N—

Z ArS S Dol gy gy pesi,

KeT LeN(K dKL

J3 = Z At Z Z Go S%+175L+1 dan) 5(3?{“)

n=0  KeT LeN(K)

N—-1
+ 3 A B B(si

KeT
N-1
+ X A Y K] (G5 = DA+ 7R B,
n=0 KeT

Let B(s) = /S B(r) dr. From the convexity of B(s) (recall that 5”(s) = a(s) > 0),
0

we obtain

Z s = si)BsET)

| \/

Z
ZO ZT!K!( (5% — B(s%)) (4.32)
> IK[(B(sy) — B(s%))
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Applying lemma 4.4, we obtain

1N

YAy ¥ 9] (3531 — B(s)) - (Bl - B()

=0  KeT LeN(K dK L
-1

Z At Z Z ‘O_KL’ n—l—l ’ﬁ(S'rLH—l) 5(8}?—1)’2 )
n=0

KT LeN(K) dx.r

JQI

N |

l\D\»—l

(4.33)

The other terms in the equality (4.31) can be treated as (4.30), using Holder’s and
Young’s inequalities with the help of l[emma 4.3 and the assumptions on mobilities
(H2), source terms (H3) and densities (H5) to get,

|J3|<C+ zmz 3 "’“‘ \ﬁ )—ﬁ(s?ﬁ“)f (4.34)

KeT LeN(K)

Now, collecting (4.32), (4.33) and (4.34) we obtain,

> |K|B(sg) — > |K| B(sk)

KeT KeT

Z At Z Z |UK,L| ‘5(87[1(-&-1) . ﬁ(57£+1)‘2 < C,

KeT LeN(K deL

for some constant C' > 0. This concludes the proof of proposition 4.1. O

5 Existence of the finite volume scheme

The existence of a solution to the finite volume scheme will be obtained with the
help of the following lemma proved in [57] and [65].

Lemma 4.5. Let A be a finite dimensional Hilbert space with scalar product [-, -]
and norm ||-||, and let P be a continuous mapping from A into itself such that

[P(£),€] >0 for ||&]| =7 > 0.

Then there exists £ € A with ||€|| < r such that

P(e) = 0.

The existence for the finite volume scheme is given in
Proposition 4.2. Let D be an admissible discretization of Qr. Then the problem
(3.5)-(3.6) admits at least one solution (pf, s%) (K n)cQnx{0,..N}-
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Démonstration. At the beginning of the proof, we set the following notations

M = Card(T)
sm = {s§ Y rer € RM,

=P ker € RM

We define the map 75, : RM x RM — RM™ x RM,

Tn(smpm) = { Tk} ke, {12,k Y keT) Where,

n+1\ n+1 n n

J4VY — P\PKk)S OK.L| n n n

,]-171( — ’K|¢K ( K ) A ( K) K Z |d |pKTL1<ﬁ(3L+1) —ﬁ(SKJrl))
LeN(K) “K.L
+ > PREGH(sET ST alp"“)vLFl’”1 + K| p(pit ) sk fl
LEN(K)
(5.35)

SWKJrl — Sk oK L] n+1 n+1

7§K—|K|¢KT— Z d (5(3L )—5(31( ))
LeN(K) “K.L

+SD Gt st dpE )+ FED 4 K (s = 1) fad K
LEN(K)

(5.36)

Note that 7}, is well defined as a continues function. Also we define the following
homeomorphism F : RM x R™ — IRM x RM such that,

]:(p/vl,s/vt) = (pM,UM)

where, vy = {g(pE™) + B(sk™) et
Now let us consider the following continues mapping P, defined as

Pr(prt, vam) = T o FHpp, vm)
= ,];L<SM7pM)

Our goal now is to show that,

[Pr(prt: vad), (Pats va)] > 0, for |[(pae, vom) lgam =7 > 0, (5.37)

and for a sufficiently large r.
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We observe that

[Pr(Prts V1), (s )] At > IK| s H(piE ) Z | K| sk H (p)
KeT KET
1 Z ‘K‘B n+1 Z B
A Ker tger
+C(mo, ) [, +1/2H5 . HH .

for some constants C(mo, pm), C > 0. This implies that

Prlpa vaa). (oaa,vne)] = = 3 KT siH (R — 55 3 Blsi)
tker KeT (5.38)
+ O 00+ \lﬂs’f?“)HHh(m) - ¢,

for some constants C, C’ > 0. Finally using the fact that g is a Lipschitz function,
then there exists a constant C' > 0 such that

| (w5 e i) + B3 Y er) [igem < B, o) + ]

H }L(Q) ’

Using this to deduce from (5.38) that (5.37) holds for r large enough. Hence, we
obtain the existence of at least one solution to the scheme (3.5)-(3.6). O

6 Space and time translation estimates

In this section we derive estimates on differences of space and time translates
of the function ¢pp(pp)s,B(sy) which imply that the sequence ¢np(pr)spB(sn) is
relatively compact in L'(Qr).

We replace the study of discrete functions U" = ¢p,p(pp)snB(sy) (constant per
cylinder Q% := (t*,t"*1)] x K) by the study of functions U" = ¢np(pn)5,B(55)
piecewise continuous in t for all x, constant in x for all volume K, defined as

Z > < (t —nat)Uptt + ((n+1)At—t)U;;> Ny (t, ).

n=0 KeTy,

For a given discrete field F), := > okt F k.ol , its discrete divergence is defined
as a discrete function with entries on each control volume K;

1

diVth = |K|
L

Z K, L]:K L NKL
EN(K)
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Observe that we can write the discrete scheme (3.5)-(3.6) in the following from :

n+1\ n+1
g, PPR)sh - — PPR)SE _ 4o WE 1 et
8n+1 _ Sn : _'\n n
o1 AL L Zdlvhj‘:2 + f5 +1.
where,
- PRL PR'L
Fitim 30 (ZEE B3 - B0 = ZEE G (s s )
UKL dr.L OK,L
1
_E(P (pTIl('+1)M1(57;(+1)gK,L - P2(PE+1)M1(S7£+1)gL,K)) ‘Nr,c 7y,
- 1
At = X (B = BOR) — Gl s dit)
or,, \UK,L OK,L
1
(p2Ma(s7 ) gr,L — p2Ma(si gL, K)) Ny,
OK,L
n+1 — p(p?(—&-l) n+1fn+1
;;Lrl — _<8nK+1 - 1) n+1 |K| n+1.

We also extend U” by the constant in time value UM+ on [at(N,+1), +00); as
to Fin, Fon, frn and fop, they are extended by zero values for ¢ > at(N,+1). The
above definitions permit us to rewrite the equations (3.5)-(3.6) under the form

OrPnp(Dn)5n = divhﬁl,h + fin

S (6.3
Ocpnsn = divyFopn + fon,

where fl,h? fzm Jin and f,, are respectively the discrete functions of values
Fopt, Fadt, foit and f3t on each interval J¢, ¢7+].

These equations are satisfied in WL1(IR") in time, for a.e. z € Q.

Lemma 4.6. There exists positive a constant C' > 0 depending on 2, T, ug and
vy such that

I, 0z 4 0) = Ot dode < Clyl ]+ 20, (640

for ally € R® with Q' = {x € Q, [,z +y] C Q}, and

//QX (0,7—1)

Ut +72) = Ult,x)| dedt < C(7 + At), (6.41)
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for all T € (0,7).

Démonstration. The proof is similar to that found in, e.g, [33].
Proof of (6.40). First to simplify the notation, we write

Z instead of Z

OK,L {(KvL)ETQ»K#Lvm(UK,L)#O}

Let y € R?, v € @, and L € N(K). We set

5 1, if the line segment [x,x + y| intersects o, K and L,
e 0, otherwise.

Next, the value ¢, , is defined by ¢, , = Mk, with ¢, > 0. We observe

Y
|yl

that (see for more details [35])

/Q/ ﬁoK’L(x) dr < m(UKvL) |y’ Cok,L>
Z ﬁOK,L(x>CUK,LdK,L < |y\ + 2h.

OK,L

(6.42)

With this and an application of the Cauchy-Schwarz inequality leads to

/ /(o,T) XY

Ul(t,z +y) — Uh(t,x)‘Q da

N—1 ’ n+1 n+1‘
< Z ﬁUK,L ('Q:)CU'K,LdeL Z At Z c d o ﬁo’K,L (ZL‘) dx
OK,L n=0 OK,L ok, L WK,L
‘ n+1 n+1’
< (9] +2) z ALY [ B (o) d

OK,L CO'KLdKL

op(vp st Blsi™) = ol i Blsit)|

< ly| (Jy| + 2h) ZNZ

OK.L CaK,LdK,L
2
. (‘anrl n+1’ + ‘ﬁ n+1 ﬂ(s?;rl)‘ )
< Clyl(lyl +2h) Y- At Y y ,
n=0 OK,L Cox,L OK,L

(6.43)
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for some constant C' > 0. In addition, we have

+oo _ _ T
/ /|Uh(t,x+ dx)—U"(t, )| dadt gz// UMt o+ dz) — UM, )| dadt
0 / 0JQ

oat, / U ()| d,
N

where Uy = p(po)soB(so) and )y = {z € Q, dist (z,’) < |A|}. By (6.40), the
assumption at, — 0 as h — 0 and the boundedness of (uf?), in L*(Q}), then
the space translates of U" on € are estimated uniformly for all sequence (h;);
convergent to zero. In the sequel, we drop the subscript ¢ in the notation.

Proof of (6.41). Now we show a uniform estimate of the time translates of (U")}, :

“+oo
for all a € (0,7], / / UMt 4, 2)— UMt 2)| dedt < &(r) (6.44)
0 Q

uniformly in h. Here @ : R™ — R™ is a modulus of continuity, i.e., liII(l) w(r) =0.
T

Let us construct w(-) verifying (6.44). First fix h and fix Ao € (0, 7]. Denote by
I"(a) the left-hand side of (6.44). For t > 0, set W"(t,-) = UMt +a,-) — U(t, ).
Notice that W"(t,-) = 0 for large t.

Take a standard family (p;)s of mollifiers on R! defined as ps(x) := 6 'p(x/9),
where p is a Lipschitz continuous, nonnegative function supported in the unit ball
of R!, and f]Rl p(x) dz = 1. In particular, we have

[Vps| < S

Here and throughout the proof, C' will denote a generic constant independent
of h and 4. For all ¢ > 0, define the function ¢(t,-) : R" — IR by o(t) =
ps * (signw”(t)1g/). In order to lighten the notation, we do not stress the de-
pendence of ¢ on h and §. Discretize p(t,-) on the mesh 7, by setting pg(t) =
ﬁ [k @(t,x)dx; we denote () the corresponding discrete function. Denote
size (73,) := maxger, diam (K). By the definition of (¢, -), the discrete function

dist (z, Q') > & + size (’Z}l)}, for all ¢. Thus for all
sufficiently small A and §, the support of ¢"(t) is included in some domain ",

Q" c Q.
Note that

©"(t) is null on the set {x )

U™ = D4(p(pn)snB(sn)) = Dr(p(pn)sn) B(sn) + p(p)sndBlsn).

Now for for all x € K, we multiply equation (6.39) by |K|p(t)x, integrate in ¢ on
[s, s+ a], and make the summation over all K. Finally, we integrate the obtained
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equality in s over IR to get

/OJFOO; | K|k (s)Wik(s)ds =
/Om / - ; || px () B(sk (1)) (divK )]+ ( ff(t))K> dtds
+ /0+oo /:m ; | K| o (t)p(pr(t))se(t)B(sk(t)) (divK [Fh ()] + ( fg(t))K> dids.
(6.45)

Denote by If(a) the left-hand side of (6.45). Denote Q" = (0, (Nj, + 1)at) x Q".
Using hypothesis the definitions of discrete norms and the Fubini theorem, we get

I'(a) < Ca ( H Fh (max max [Vic 0" (8)|+

L2(Q") t>0 Oxr

VLBl + ||soh||m<@~>||fh||u<@~>)'

Now the the L2 ([0, 7] x Q) bounds on (F"),,(f")s, the bounds |¢(t,-)| < 1 and

loc

IV(t, )| < C/51, yield the estimate
IMa) < Oa(l+ 51 (6.46)

for all A and ¢ small enough, uniformly in h. Now, notice that by the definition
of pr(t),

K1 (W30 = Waclt)prc(t) ) = 1T W 2, )] = Wiet) () o

:/K<|Wh(t,x)|—Wh(t,x)gp(t,x)> da (047

therefore
sy - 1) = [ +OO/Q <|Wh(t, 2)| = Wh(t, 2)o(t, x)) ddt. (6.48)

Starting from this point, the argument of Kruzhkov Ref. [?] applies exactly as
for the “continuous” case. Set Uj := {x € ]Rl‘dist (xz,000) < 5}; notice that
Us € Q" C Q for all  small enough. Notice that without loss of restriction, the

boundary of Q' can be chosen regular enough so that to ensure that meas (Us) goes
to zero as 0 — 0. By the result of Step 1 of the lemma and the Frechet-Kolmogorov

+oo
theorem, the family < / Whit,-) |dt) is relatively compact in L}, (€2). Therefore
0 h
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400
these functions are equi-integrable on 2", so that / / (Wh(t,z)|dedt < &(6)
o Ju

uniformly in A, with lims_o©(d) = 0. Now by the definition of ¢, from formula
(6.48) we deduce that

“+o0o
|1"(a)—I'(a)] < 2/ /|Wh(t,:c)|d:cdt
0o Juj

—+00
I
0 U}

the first term in the right-hand side accounts for the action of the truncation Ilg

[Wh(t, )| — W"(t,2)(ps * sign W"(t))(z)| dzdt,

in the definition of (. Using the standard properties of ps, we infer
[1"(a) =I5 (a)] < 20(0)
+oo
[ ,p5<x—y>\|wh<t,x>| — Wh(t,z) sign W'z, y>] dyddt.
o Jonu; JIR
Now note the key inequality :

Va,b € R

la| — asignb| < 2|a — b|.

Setting o := (z—y)/J, we infer

1) =T < 200) + 2 [ [ [ psle—y) Wt 2) =W (e, 0)] dydede <

< 20(0) +2 [ 0lo) [ +OO/Q i (1) (1, 2—00)| dadt do < 25(5) + 2(0),

(6.49)

where w(-) is the modulus of continuity controlling the space translates of @” in

(Y. Indeed, by Steps 1 and 2 of the proof, one can choose w(-) independent of h.
Combining (6.46) with (6.49), we conclude that the function

o(r) = }ggc{ 7146771 4+ 20(0) + 20(0) }

upper bounds the quantity I". Because @(7) tends to 0 as 7 — 0, this proves
(6.44). O
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7 Convergence of the finite volume scheme

Proposition 4.3. There exists a subsequences, still denoted (Uy, Sp)pn, such that,

as h — 0

|U* = UM iy — 0, (7.50)
U, — U strongly in LP(Qr) and a.e. in Qr for allp > 1, (7.51)
s, — s strongly in LP(Qr) for allp > 1, (7.52)
ViB(sn) — VB(s) weakly in (L*(Qr))’, (7.53)
Vupn — Vp weakly in (L*(Qr))?, (7.54)
pn — p weakly in L*(Qr). (7.55)
(7.56)

Furthermore,
s, — s a.e. in Qp, and 0 < s <1 a.e. in Qr, (7.57)
U = ¢p(p)sB(s) a.e. in Qr (7.58)

Finally, we have,

filpn) fa(sn) — f1(p) f2(s) ae. in Qr,Yf1, fo € CJ(IR) such that f>(0) = 0.
(7.59)

Démonstration. For the first convergence (7.50) it is useful to introduce the fol-
lowing inequality, for all a,b € IR,

1 1
| 10a+ (1= 0)p1d0 > 5 (jal + o)
Applying this inequality to a = ugnﬂ) —ul, b= ul — ug"_l), from the definition
of U" we deduce

T _ T+ Aty _ _
/ / UMt 2) — UM (t, 2)| dadt < 2/ /Q U™ (t+atp, ) — U (t, )| dadt.
0 ! 0 /

Since Aty tends to zero as h — 0, estimate (6.44) in Lemma 4.6 implies that the
right-hand side of the above inequality converges to zero as h tends to zero, and
this established (7.50).

By the Riesz-Frechet-Kolmogorov compactness criterion, the relative compactness
of (UM, in L*(Qr) is a consequence of Lemma 4.6. Now, the convergence (7.51)
in L'(Qr) and a.e in Q7 becomes a consequence of (7.50). Due to the fact that
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U" is bounded, we establish the convergence in L'(Q7).

In order to prove the third convergence (7.52), we reproduce the previous lemma
4.6 for UM = s,B(sp), and as an application of the Riesz-Frechet-Kolmogorov
compactness criterion we establish (7.52).

For the weak convergence of the discrete gradient of the global pressure, let us
recall the piecewise approximation V;p, of Vpy, in Q) :

Pr—Pp

Vipn(t,z) = { . et

77KL if (t,l’) - (tn,tn+1) X TK,L,
if (t,2) € (t", ") x TR,

for all K € 7 and 0 < n < N,. It follows from proposition 4.1 that, the sequence
(Vipn)n is bounded in (L?(Qr))3, and as a consequence of the discrete Poincaré
inequality, the sequence (py);, is bounded in L*(Qr). Therefore there exist two
functions p € L?(Q7) and ¢ € (L*(Qr))? such that (7.55) holds and

Vipn — ¢ weakly in (L*(Qr))®.

It remains to identify Vp by ¢ in the sense of distributions. For that, it is enough
to show as h — 0 :

Ey = //Q Vupn - @ drdt + //Q prdivpdzdt — 0, Vo € D(Qr)’.
T T

Let h be small enough such that ¢ vanishes in TE<, for all K € 7. In view of
nk.. = —nL, K we obtain for all ¢ € (¢", ")

/ph div p(t, x) de = / prdivo(t, x) dx
Q@ KeT

=> > pK/ ) - N1 ds

KeTLeN
9 Z Z (Pk —pr / o(t,s) - nx,Lds.
KeTLeN(K) OK,L

Now, from the definition of the discrete gradient,

/ Viprep(t, ) Z > / Vipnp(t, ) dz

2 jer LEN(K
l

> Z 7w —p}?)/ o(t,z) - nx,r de
2 Ker en(xk) KL Tr,n
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Then,

Z Z ox.(p pK)(

/ o(t,s) - ni.rds
KeT LEN(K) OK,L

OK,L

1
—7 / o(t, ) nK.L d:c)
K,L YTk L

Due to the smoothness of ¢, one gets

<Ch,

1
7/ o(t,s) ng,Lds — o(t, ) - Nk, dx
JK,L

OK,L ’TK,L| Tk,L

and the Cauchy-Scharwz inequality with proposition 4.1

N-1

|En| <Ch Y At Y > lokcllpi — pil

n=0  KeT LeN(K)

< Ch Z At Z Z lok.ldk.1

KeT LeN(K)

< Ch|QIT.

Now, for the identification of the limit (7.58) :
Due to the monotonicity of the function p, we have

/Q (dnp(pn)snB(sn) — dnp(v)syB(sy)) dzdt >0, Yv € L*(Qr),
T
this with the strong convergence (7.51) and the weak convergence (7.55) lead to,

/ (U — ¢pp(v)sB(s)) dxdt >0, Yv € L*(Qr).

QT

Finally, choose v = p + dw with § €]0,1] and w € L*(Q7), then

/ (U — ¢p(p+ dw)sB(s))wdzdt > 0
T

letting § goes to zero, we establish (7.58).

To conclude the a.e. convergence (7.59),on one hand, when s, — s = 0 a.e.,
fi(pn) fo(sn) — 0 = fi(p)fa(s) a.e. (since fo(0) = 0 and f; is bounded). On the
other hand, when s, — s # 0, in light of (7.51) we have fi(pn) — fi(p1) a.c..
Then, fi1(pn)fe(sn) — fi(p)fa(s) since f1, fo are continuous and this establish
(7.59).0

Theorem 4.2. Assume (H1)-(H5) hold. Then the functions p,s defined in propo-
sition 4.3 constitute a weak solution of the system (2.1)-(2.2).
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Démonstration. Let T be a fixed positive constant and ¢ € D([0,T) x Q).

e Convergence of the discrete water equation

For the discrete water equation, we multiply the equation (3.6) by Ato(t" ™, xx)
for all K € 7 and n € {0,..., N}. This yields

ehrelteh el el ret=0

where

Z Z |K|¢K = n)w(tn+17xK>7

n= OKG’T

ZAtZ s 17l gy gt ),

KeT LeN(K dK L

N—

=T MY S G e ),
n=0  KeT LeN(K)
N-—1

¢h=> Aty (pQMQ Y / ) dy(x)
n—=0 KeT LeN K/L

~oME) 3 [ ) o)) )
LEN(K

N-—
¢ = Z At Y K] (si = DR ax)

KeT

N-1
Ch= > At > |K| it ag).

n=0 KeT

Performing integration by parts and keeping in mind that ¢(7,zx) = 0 for all
K € T, we obtain

Z > K oxsi (ot 2x) — (1", 7)) = D 1K drsip(0,2x)

n= OKGT KeT
tn+1
- Z Z/ / P sxOp(t, vi) dr dt — Z / K so(x)(0, 2k ) dx
n=0 KeT KeT
=: —(’:?71 — Q:il’z.

Let us also introduce

¢ --T ¥y [

n=0 KT
h,* h,*
= _61,1 - (’:1,2-

tn+1

| onsicduelt,a) dedt = [ nsolw)e(0,2) da
K Q

Now and due to the fact that the saturation and the porosity functions are boun-
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ded, we have

N-—1 1
¢~ = [ sl / <0t<,0(t,a:K) _ 8,590(1%,:5)) dz dt‘

n=0 KT ¢ K

N-1 tn+1
<oy X [ [ |owte) -ttt )| ot
n=0 KeT 7" K
using that the function ¢ is regular enough, we get
lim \C?,l - =0 (7.60)

Similarly

ely—els = Y [ ons(@)(p(0.zx) = p(0,2)) da
KeT

— /Q¢hso(x)(go(0,xK) — (0, 2)) dz.

By the regularity of ¢, there exists a positive constant C' such that
lp(0,2x) — (0, 2)] < C h. This implies

h h,*
‘0:1,2 - &)

<Chep Y /KSO(m) dz.

KeT

Sending h — 0 in the above inequality, we get

lim |&}, — &3] = 0. (7.61)
Combining (7.60) with (7.61), we obtain
lim e — el =0, (7.62)

but, Qﬁ’f’* can be written equivalently,
et = [ onsmidip(t x)dudt — | ons"p(0,2) da.
Qr Q

Since the bounded functions ¢, and s, converge almost everywhere respectively
to ¢ and s, and as a consequence of Lebesgue dominated convergence theorem,
we get

flLli% ¢ = fllli% ¢ = /QT ¢sOyp(t, x) dx dt /ngs (0, ) dz.
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Now, let us show that

T
lim ¢! = / / Vi(s) - Vo dadt. (7.63)
h—0 0 Q

Integrating by parts

Z Aty > Tk ﬂ(sz“) B(sE™) ot zp) — (t™ ™, )

KeT LeN(K) dK,L dK,L

=5 Z At Z Z T.n| Ve By e Vo™ 2k 1) - nic 1,

n=0 KeT LeN(K)

2

where xx , = 0rk + (1 —0)xr, 0 < 0 < 1, is some point on the segment |zx, zp].
Recall that the value of V 1 is directed by ng 1, so

VB e Vot ok ) = Vi nB(si) - Vo™ o ).

since each term corresponding to the diamond Tk ; appears twice,

T
¢; = /0 /thﬁ(sh) (Vo) dadt,

where
(v@)h‘(t"i"“]XTK,L = v@(tn—’_l» xK,L)

Observe that from the continuity of ¢ we get (Vy), — Ve in L*(Qr). Hence
the convergence (7.63) is a consequence of (7.53).
Now, we show the convergence of the flux,

T
lim €} = / / My(s)Vp - Vi dedt, (7.64)
— Q

Perform integration by parts (4.19), thanks to the consistency of the fluxes, we
obtain

1N1

SR Z MY B Gl (ol o) = ol ).

KeT LeN(K

n+1 n+1 n+1

For each couple of neighbours K, L we denote s’%'; the minimum of s~ and s}

and we introduce,

1N1

G =g X ALY Y Ma(sEdnidt (so(t”“,u) - w(t”“al’K))‘

n=0 KeT LeEN(K)
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Define 55, and s;, by

n+1 n+1} n+1 z—l—l}.

Shn gn 1)y, = max{sy Spln 4nt1)x 1y, i= min{sg

Now, @f;’* can be written under the following continues form,
h,x T
@3’ = —/0 /QMQ(@I)V}LP}L . (V(,O)h dxdt.

By the monotonicity of # and thanks to the estimate (4.24), we have

/ / 18(5n) — B(sp,)|? dedt < Z At Z Z |TKL|< B(stH) — B(s ?(Jrl))z

KeT LeN(K

< Cw? Z ALY Y (s7) = B(si™)I?

KeT LeN(K) K,

< Ch.
Since 37! is continues, we deduce up to a subsequence,
|Sn — sp| — 0 a.e. on Q. (7.65)

Moreover, we have; s;, < s <3, and s, — s a.e. on Qr. Consequently, and due
to the continuity of the mobility function M, we have M (s,) — M(s) a.e. on Qr
and in LP(Qr) for p < +oo. Using proposition 4.3 (7.54) and the strong conver-
gence of (V) to Vi, we obtain that

T
lim €2 = — / / My(s)Vp - Ve dadt.
h—0 0 Q

It remains to show that
lim ek — el =0 (7.66)

By the properties of the numerical flux function (3.1) we have

|G2( n+1 n+1 dpn—H) M2(8%+£)dpn+1
=[Gy (i, ”“ Ldp) — Ga(sity, si s dpih)|

<‘dpn+1| w<2‘8n+1 5?{+1 )
Consequently,

b — ¢l < / / (25" — SV pn - (V) dodt

Applying the Cauchy-Schwarz inequality, and thanks to the uniform bound on
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Vipr and the convergence (7.65), we establish (7.66). Now, we treat the conver-
gence of the gravity term

T
lim " = — / /Q oMy (s)g - Ve dardt. (7.67)
0

h—0

Perform integration by parts (4.19),

Z Aty > Flioet™ xx)

KeT LEN(K)
= Z tz Z F2KL (t" " xp) — (" k)
KeT LEN(K
We introduce,
, 1N 1
el = Z ALY Y M2 (s¥'1) / (g nx.L)dy(z)
KeT LeEN(K K/L

(@(th, rr) — (" 5131())

where s7f] == min{s}", s7*'}. We have

— e = zAtz )3 (FQ;}L—st’;éb [, (&) dr(a)

KeT LeN(K

(ot 1) = ()

relying on the assumption (H2), that the mobility functions are Lipschitz, and
371 is a Holder function, we deduce that

(Fit = (D) [ (8 micn) ()
= |(dnats) — M) ) [ () o)
- (M) = 2D [ ()" ()

n+1 n+1
— Sk

< Clgllok.Ll|sT

0

< Clgllox.l|B(sE™) = B(sK™)

Y
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this yields to

|Q:4 Q:Z*| < C Z At Z Z ‘O'KL|dKL‘B n+1 n+1 ‘ ‘vh%ph‘

n=0  KeT LEN(K)

Using estimate (4.24), and Cauchy Schwarz inequality, then
jeh — ¢"*| - 0 when h — 0.

For the convergence of the source terms, €2 + € can be written equivalently,

tn+1

diei=Y >

n=0 KeT

/ D) fe(t, )t 2k ) dedt

tn+1

Yy

n=0 KeT

[ At el ) dude

Now, we introduce

tn+1

e =Yy [

n=0 KeT

/ D) fp(t, ) e(t, x) dodt
il

Yy

n=0 KeT

/Kff(t,x)go(t,x) dzdt

Due to regularity of ¢ we obtain,

¢+ — e —eg”

< C(At+h)(|| fr llevom + I fr llei@n)

and this ensures,

lim ek et - et -t =0

We can write equivalently,

thl,*_i_ngh*:/Q (sp, — 1) fp(t,x)p(t, z) dedt + o fr(t, z)p(t, ) dzdt
T T

Finally, by the convergence of the saturation function we get,
li h h — i h, % h,x
hlg%(% + &) h{%(% + &)

=, (s = 1) fp(t,z)p(t, x) dedt + o fr(t, x)(t, x) dedt

e Convergence of the discrete gas equation
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Multiplying the discrete gas equation (3.5) by Atp(t"*! zx) for all K € 7 and
n € {0,..., N}. Summing the result over K and n yields

cr+ch+chych+ch=o,

where

N
-
I

K| ¢r (p(pi ) st — poh) s ) ot z k),
T

~1
S A Y S TR ) - pan el ),

n=0 KeT LeN(K) dx.1

t Z Z pn+1 S?(-H’Sz-i—l dpn-‘rl) (tn+1,l‘K),

S
I
MZ

)
w >
I

n=0 KT LeN(K)
-1

Z tZ( PENM (s S / (g nrr)* dy(@)

n=0  KeT LeN(k) ' E/L
~PEEMGE) Y / (8 mer)” dr(@) )t ),

LeN (k) T K/ T
ZN > K o) s R et ek,
KeT

Performing integration by parts and keeping in mind that ¢(T,xx) = 0 for all
K € T, we obtain

Z Yo IKokp(pi sk (et xx) — o(t", 2x))

n=0 KeT

= > K| éxp(p)ske(0, k)
KeT

-y y/

n=0 KeT
- Z / Pxp( pK SKSO(O rx) dv
KeT

_ h h
== Cl,l - C1,2-

tn+l

/gpr P 0,0(t, v ) dav dt
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Let us also introduce

d--Y % [

n=0 Ke7T ’t"
= 3 [ ool (0,2) do
KeT 'K
=: —Cﬁ’f —Cf’;.

tn+1

/K Orp(Pi) sk up(t, x) da dt

Then

Cry—Ciy =" /K<bf<p(p?<)8?<(so(0,rx) — ¢(0,2)) da.

KeT
By the regularity of ¢, there exists a positive constant C' such that
(0, 2) — (0,2)| < Ch. This implies

ct, —cis| < cnlal.

Sending h — 0 in the above inequality, we get

—0. (7.68)

. h,x
lim ‘Ch —Cy-
i ® 1,2

Now, due to the fact that the saturation function is bounded and the assumptions
(H1),(H5)on the porosity and the density, we have

N-—1 tn+1
et =i =X X owoti™sit [ (&o(t, TK) = aso(t,x)) dx dt‘
n=0 KeT K
N—-1 ¢+l
< opm Y, Y, / / '8(,0(15,:1:'1() — O0p(t,z)|dxdt
n=0 keT /t" K
using that the function ¢ is regular enough, we get
lim [Cf, — €17 | = 0. (7.69)
h—0 ’ ’
Combining (7.69) with (7.68), we obtain
lim et —cr| =0 (7.70)

but, Cil " can be written equivalently,
ch = /Q orp(pr)snopp(t, z) dx dt — /Q np(p))sh (0, ) da.
T

Since ¢pp(pr)sn and ¢pp(p}))sh converge almost everywhere respectively to ¢p(p)s
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and ¢p(p°)s’, and as a consequence of Lebesgue dominated convergence theorem,
we get

. h _ 1: hx . 0\ .0
lim €7 = lim €, = /QT ¢p(p)sdip(t, x) du dt /Q<bp(p )s70(0, x) d.
Now, let us show that

hm Ch = / / ) - Ve dadt. (7.71)

Integrating by parts

Z At Z Z |T L| n+1l (Sn+1) B ﬁ(s?(ﬂ) QO(tn—H,ﬂ?L) _ (p(tn+1,xK)

KeT LeN(K) dK,L dK,L
1 N=
Z At Y ST Tkl PV kB - Vo™ kL) - k.,
n=0 KeT LeN(K)

where zx = 0xg + (1 —0)xr, 0 < 6 < 1, is some point on the segment |z, zy|.
Recall that the value of Vg 1 is directed by ngk 1, so

VB  neVot" ™ ag ) i = Ve nBsit) - Vo™ g ).

since each term corresponding to the diamond Tk ; appears twice,

ci=| ' [ V(o) - (V) drt, (7.72)

where
(Vo)nlement1)x 1y, 7= V(" TK,L)

Define

ZAtZ 5 7Ll gy g ), (773)

KeT LeN(K) dKL

where P} = (p(Pi™) + p(Pr*) /2. We have :

(B(sp (P = BsKp(PEH))

+ BT ) PR — p(PL)) = Bl (PR — p(PR)
= (5 (Tl)p(PE“) Bk Dp(PE™))

+(B(sE™) + BOKN(p(PR) = p(PLT) /2.

(B(sT™) = BlsK )Pk,
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Then, D% can be rewritten
Dy = Dy + D}

where

=Y A S (B 0E) - A0 )

O'K,LEE

(e i) = ot 1)

N-1

Di= Y At Y meaBit (s — oo ™)) (i) — ot 1)

n=0 O'K,LGE

where B = (B(sp™) + B(sE™))/2, recall that 7, = ‘Uii‘ Follow the same

d
lines as in (7.72),

= [ [ 9alplsnBtsn)) - (Vo dad,
D= [ [ Bl Vuolon) - (Vo) dodi
Using (4.23) and (4.24), we have

Vi(p(pr)B(sn)) — V(p(s)B(s)) weakly inL*(Qr),

and using the fact that (V) converges strongly in L?(Qr), we have

_>/ /v ) - Ve dudt.

In order to handle the convergence of D} we are going to show

B(sn) — B(s) strongly in inL*(Qr),

and
Viup(pn) — Vp* weakly in inL?*(Qr).

The sequence (p(py))p is bounded then

p(pn) — p* weakly in LQ(QT).

(7.74)

(7.75)

(7.76)
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Using the fact that p/(.) is bounded, we have

N—
IV ro(n) 22 () = Z t > o)) — ek

=0 UK’LEE
—1

< Z t > Trald () p — oI
n=0 UK,LGE

and using the estimate (7.54), we deduce that V,p(ps) is bounded in L*(Qr)
and converges weakly to a function & in L*(Q2); and from (7.76) we deduce that
& = Vp* weakly.

Recall that

N-
= Z > B(si )k wgen nr) — B(s) strongly in L*(Qr).
K

=0

3

7 N-1 1
Let us show for 3(sn) = Y020 Sow er Bir L., xjem 1),

where O3 = w that
Bsw) — Blsn) — O strongly in L*(Qr)
In fact,

18(sn) — B(si)lZ2(0p)
1

_ At Z (‘TKL N KHﬁn+1 n+1’2 + ‘TKL mLHﬁn+1 2+1|2)

n=0 oK, LEE

At Terl(185 = 614, (7.77)

n=0 UK,LEE

and from estimate (4.24), there exists a positive constant C' such that
[B(sn) = B(sn)[12(q,) < CH?
which establish the desired limit. Then, the convergences (7.75), leads to
T
lim D! = / / B(s)Vp* - Vi dudt. (7.78)
h—0 0 JQ

Finally, let us show C — DI — 0. We have

ZAth (PR (BT = Bl (@t ) — o (t™H ) ),

OK,L
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where p}?“Ll = p’}(JFLl — ﬁ}?“Ll This expression can be rewritten as

O} =Dy = [ p(pn)Vulsn) - (Vo dud (7.79)
T
Let us show that j(py) — 0 strongly in L?(Qr).
We have
. . . 1 vaerl (pn—l—l) _|_p(pn+1)
pK+L1 pK+L1 pKTLl S R S /n+1 (1/)) dy — K B L )
P — Pk Pk

and from hypothesis (H5), the function p is monotone and uniformly Lipschitz,
then there exists a positive such that

p’fll(-‘rg S C|pn+1 priz(—‘,—l )
So,
N—
s = - A1 X L (7.80)
n=0 ok, LEE
N—
<C Z t> | Tenl(pi = pi '), (7.81)

UK,LGE

using (4.23), we deduce
1P 72(qqp < CH?,

which goes to zero when h goes to zero. This convergence combined with the weak
convergence (7.54) and the strong convergence of (V¢), in L*(Qr) shows that

Cl— D) — 0, when h — 0.

Remark 4.3. In the case where K(x), the permeability tensor of the porous me-
dium at a point x, considered to be

where k is a scalar bounded function of the space, k(x) > ko > 0 and Zy is
the identity matriz. The main part is the approximation of the dissipative terms
(capillary terms) on each interface oy 1, as follows :
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Denote by,

1
k::—/k dz.
AT

Now, we consider the following approximation

[ M) VBG) sy = dic i P (3(s1) — )

[ k@) M) Vp - dy = dig s (= Mis) (dpse )+ M) (dprcc))

/ k(z)p*(p) My (s)g - i dy ~ di <p2(p?<“)M1(s%“)gK,L - p2(ﬁ’£+1)M1(8’£+1)gL,K>
OK,L

where,

&y, = Frcn ki d(zg, 1), (7.82)

' d(zx,0x0)krkr +d(xr, ok n)kL i
o
dpk.r = |dK’L| (pL - pK) = (dpk.r)" = (dpr1)”,
K,L
— )t do = / npk)"d

gor = [ (& men) do= [ (g mx)” di(a)

and,

! /pr(f)df if pp — e # 0

Pr,. =\ PL — Pk ’/rk
p(px) otherwise

In (7.82), we take the harmonic average on the interfaces in order to ensure the
conservation of numerical fluzes.
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Conclusion

The progress done during the preparation of this thesis, is a contribution for some
difficult non linear degenerate strongly coupled systems. The progress contains two
major themes.

Firstly, a theoretical study of(existence of solutions) :

-Two compressible immiscible flow in porous media : The case where the density
of each fluid depends on its corresponding pressure.
-Compressible/incompressible (gas/water) flow in porous media : The case where
the density of gas depends on its corresponding pressure.

Secondly, construction and convergence analysis of finite volume schemes :
-Construction and convergence analysis of a finite volume discretization for com-
pressible/incompressible (gas/water) flow in a multi-dimensional porous media :
The case where the density depends on global pressure.

The subject still of interest and of current events from both numerical and theore-
tical themes. Under the context of the first theme (theoretical study),compressible
immiscible multi-phase flow model still an open problem. We implement the same
technics done in this thesis for the formulation under the "total differential condi-
tion" and we are not far away from obtaining an existence result for this model.
For the second theme (FV), indeed, it is possible to construct finite volume dis-
cretizations for two (and multi-) phase compressible immiscible flow model, the
construction and the convergence of such discretization is a theme of future pa-
pers.
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