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Chapter 1

Introduction.

La motivation premiere pour étudier des processus aléatoires en milieu aléatoire est de
répondre a la question naturelle : un processus dans un milieu inhomogene, mais régulier
dans un certain sens a-t-il, au moins approximativement, les mémes propriétés qu’un proces-
sus similaire dans un milieu homogene. Bien entendu cette formulation est assez imprécise,

nous allons donc tout d’abord expliciter un peu notre propos.

Par inhomogénéité, nous entendons que la configuration locale de I'environnement sera
aléatoire, et indépendante de la configuration dans des points éloignés de ’espace.

Cependant il est intéressant de supposer que cet environnement est une perturbation
aléatoire d’'un environnement régulier, pour traduire ceci nous ferons I’hypothese qu’une
certaine invariance par translation d’espace existe.

Le premier exemple d’étude de milieux aléatoires a été inspiré par la biophysique. En
effet, en 1967, dans le but d’étudier la réplication de P’ADN, A.A. Chernov [17] introduisit
un modele tres simple, appelé Marche aléatoire en milieu aléatoire sur Z (MAMA), qui peut

étre décrit de la fagon suivante:

e on considere une famille de variables aléatoires i.i.d. w;,i € N, telle que w; € [0, 1].

1 — Wo Wy 1 — Wo Wy
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e Soit X, la marche aléatoire définie par

P, Xpi1 =2+ 1|1X,, = 2] = w,,
Pw[Xn-‘rl =T — 1|Xn = 115'] =1 — Wy

Le lien entre ce processus et ’ADN n’est pas évident, donc nous allons expliquer comment
cet “environnement” intervient. L’idée de Chernov est de modéliser la réplication de ’ADN
de la facon suivante : la chaine originale est constituée de molécules A,C,G,T, et une seconde

chaine est construite selon le principe suivant:

e Au départ la chaine est vide, puis une molécule forme une paire avec la premiere

molécule de la chaine originale.

e Ensuite, a chaque étape, soit une molécule est ajoutée, soit la derniere est enlevée. Bien
sur, les “mauvaises paires” C-T ou A-G ont une plus grande chance d’étre supprimées
que les “bonnes” A-T et G-C. En effet, si a la fin de la réplication il reste une mauvaise

paire dans la chaine, alors une mutation apparait.

T A C T | T A C C |
A T G A G T A C A T G A G T A C
faible chance de suppression grande chance de suppression

Les probabilités de formation et de suppression des paires sont toutes différentes, donc
la longueur de la chaine créée suit la loi d’'une marche aléatoire en milieu aléatoire, le milieu
étant donné par la chaine originale.

Quelques années plus tard, D.E. Temkin [96], intéressé par des problemes issus de la
métallurgie, fait d’autres travaux sur le modele.

De nombreux résultats mathématiques ont été obtenus depuis, en particulier par F.
Solomon [89], Ya. G. Sinal [88] et H. Kesten, M. V. Koslov et F. Spitzer [58].

Ce processus a été récemment 'objet de beaucoup d’intérét de la part de la biologie
moléculaire. Nous pouvons citer en particulier les travaux de D.K. Lubensky et D.R. Nelson
[63] ainsi que ceux de B. Essevaz-Roulet, U. Bockelmann, et F. Heslot [31]. Ils ont inventé
une nouvelle méthode pour séquencer ’ADN en “tirant” sur les brins d’ADN. Les liaisons

entre les nucléotides n’ayant pas la méme force, les brins vont se détacher plus ou moins vite
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suivant les nucléotides présents. Ceci est relié aux marches aléatoires en milieu aléatoire,
les liaisons représentant l’environnement. Le probleme qu’ils soulevent est de déterminer
I’environnement a partir de plusieurs réalisations de la marche. Sur ce sujet nous mention-
nons également les travaux de S.Cocco, R. Monasson, et J.F. Marko [19].

Cependant, si le cas unidimensionnel est maintenant bien compris, tres peu de résultats
existent concernant les marches aléatoires en milieu aléatoire sur Z?, d > 2. Nous pouvons
citer des travaux de S.A. Kalikow [51] et A.S. Sznitman et M. Zerner [93], ainsi que, dans
le cas d’environnements de Dirichlet, les travaux de N. Enriquez et C. Sabot [28], de C.
Sabot [84] et de C. Sabot et L. Tournier [85]. Ainsi des tentatives ont été faites dans le but
d’étendre le modele initial a des espaces différents. Nous traiterons ici plus particulierement
du cas des arbres.

Une autre direction de recherche sur les milieux aléatoires est 1’extension du processus en
temps continu. Une diffusion dans un potentiel Brownien a été introduite par S. Schumacher
[87] et T. Brox [16]. Ce processus a des propriétés treés proches de celles de la marche
aléatoire en milieu aléatoire discrete, mais I’existence d’un principe d’invariance reste encore
une question ouverte.

Nous commencgons par un résumé des résultats existant dans le cas unidimensionnel.
Cependant, comme l'objectif de cette these n’est pas de faire un bilan exhaustif de la
recherche concernant la MAMA sur Z, mais plutot de décrire des extensions de ce modele,
nous prenons la liberté de ne donner que les preuves qui apportent un éclairage particulier a
notre travail. Nous renvoyons le lecteur a la bibliographie, et en particulier a [99] pour des

preuves plus completes.

1.1 Définition et notations.

Soit, comme précédent, (w;);en une famille de variables aléatoires i.i.d. a valeurs dans [0, 1].
Nous faisons ’hypothese (dite hypothese d’ellipticité) qu'il existe un € > 0 tel que, presque
strement, ¢ < w; < 1 — . On appelle marche aléatoire dans I’environnement w la chaine de
Markov X,,, P, définie par

Xo =0,

P, X1 =2+ 1|X,, = z] = w,,

Py Xpi1=x—-11X,=2]=1—w,.

Nous devons distinguer plusieurs lois de probabilité. On appellera
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e i la loi de I'environnement w,
e P, la probabilité “quenched”,
e P=,® P, la probabilité “annealed”,

(les termes “quenched” et “annealed” proviennent des applications de ce modele a la métallurgie.)
Remarque: Notons que, sous la loi annealed P, la marche X, n’est pas une chaine de
Markov. En effet, si la marche est a un certain point x au temps n, et que 1'on sait d’autre
part qu’avant 'instant n elle a fait plus de sauts de x a z+1 que de sauts de z a x —1, alors il
y a de fortes chances pour que w, soit plus proche de 1 que de 0, ainsi la marche aura plus de
chances de sauter de nouveau vers x + 1. La marche a ainsi une tendance a utiliser plusieurs
fois les mémes chemins. Pour cette raisons la MAMA est reliée a un autre modele, dit de
marches renforcées. Cela explique aussi que la MAMA aura souvent des comportements plus

lents que la marche aléatoire classique.

1.2 Récurrence et Transience.

Dans cette partie nous introduisons un premier résultat, a savoir un critere de transience/récurrence.

1—wy

Soit p, = oot les variables p,, « € Z sont i.i.d.. Nous appellerons p leur loi commune.

Théoréme 1.2.1 (Récurrence/transience; Solomon 1975) On suppose que E,[log(p)]
est bien défini, et que P,[wy € {0,1}] = 0. Alors

e Si E,llog(p)] <0, alors P-p.s, X,, — 400,
o si E,[log(p)] > 0, alors P-p.s, X,, — —o0,

o si E,[log(p)] = 0, alors P-p.s, limsup X,, = 400 et liminf X,, = —oo0.

Nous donnons une preuve de ce résultat, qui nous permet d’introduire des outils qui seront
utiles par la suite.

Preuve : pour tout x € Z, soit 7, le premier temps d’atteinte de x par X,,, et soit P la
loi de la marche partant de x. Remarquons que, sous la condition d’ellipticité, pour tout

a<xz<b, P!(1, N7, = 0c0) = 0. Nous pouvons donc définir

H(a,b,x) = P(1, < 7).
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En utilisant la propriété de Markov, nous voyons que H (a, b, z) satisfait I’équation
H(a,b,a) =1
H(a,b,b) =0
H(a,b,x) = w,H(a,b,x+ 1)+ (1 —w,)H(a,b,x — 1), sia <z <b.
Cette équation peut étre résolue, et nous obtenons la formule importante
Z?:x+1 H;;i+1 Pj
Z?:x+1 H;'_:i—i—l Pj D it H;c:z pi ‘

La loi des grands nombre entraine, u— presque sturement,

H(a,b,x) =

(1.2.1)

i—1
[T #s ~exp((i — 2 — 1)(Euflog o] +0(1)),  quand i — o
j=z+1

et

Hpj_l ~exp—((z —i+1)(E,logp] +0(1))), quandi— oo.

Ainsi, dans le cas E,[log(p)] < 0, pour tout a < z, on obtient
klim lim H(k,n,0) =0,

et
lim H(—l,n,O) < 1.

Ceci implique que, P, presque sirement, X, — oo. Le cas E,[log(p)] > 0 est direct par
symétrie.
D’autre part, si Ellog po| alors
i-1
lim sup Z log p; = 00
T =41
et .
lim supz log(p; 1) = oo,

=i

On obtient donc que pour tout k < 0
lim H(k,m,0)=1

et pour tout m > 0
lim H(k,m,0)=0.

k——o00

Ceci implique le résultat.[]
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1.3 Le comportement asymptotique.

1.3.1 Le régime ballistique

Le premier probleme qui se pose, une fois la question de la récurrence/transience résolue, est
celle de I'existence d’une loi des grands nombres, ou, autrement dit, d’une vitesse positive.
En effet, il existe de nombreux exemples de processus transients qui ont des comportements
“ballistiques”. Le lemme suivant, du a H. Kesten [56], donne un éclairage particulier sur ce

phénomene.

Lemme 1.3.1 (Kesten 1975) Soit (Y;);>1 une suite stationnaire, alors, avec probabilité

1, Uévénement {lim,_ > i, Y; = oo} implique liminf, o = >°" | Y; > 0.

Cependant dans notre cas la suite {X,, ;1 — X,,} n’est pas stationnaire, donc la transience
n’implique pas nécessairement 1’existence d’une vitesse positive. En effet, le théoreme suiv-

ant, prouvé par F. Solomon [90] fait apparaitre un régime intermédiaire.

Théoréme 1.3.1 (Solomon 1975) Sous les hypothéses précédentes,

, =)
e si E,[p] <1, alors X2 — LE{Z}, P—p.s.,
. _ —1
o si E,[p] <1, alors % %M, P—p.s.,

e sil/E,[p] <1< E,[p7'], alors 22 — 0, P — p.s..

Nous donnons une idée de la preuve de ce résultat.
Preuve :

Nous rappelons que 7 est le premier temps d’atteinte de 1 par X,,. Soit 6w I’environnement
translaté, défini par 6*w, = w(y + ).

En décomposant par rapport au premier pas, on remarque que
= L=y + (1475 + 7)) Lx,——1),

ou 7} est le premier temps d’atteinte de 0 par la marche partant de —1 et 77" est le temps
nécessaire a la marche pour atteindre 1 apres son second passage en 0. FEn utilisant la
propriété de Markov, on obtient que, sous P,, 7" a la méme loi que 7, et que la loi de 7}

sous P, coincide avec celle de 7, sous Fy-1,,. On obtient donc

Ey(m) =14 (1= wo)(Ew(n) + Ep-1u(1)),
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d’ou )
Ey(m) = — + poEg-1,(11).
Wo

En itérant cette relation, on obtient

1 ~ '—(m—l ;
Eu(ri) = _+&+M+...+ szo_ /)_1 Eg-my(71). (1.3.1)
wo Wi Wa W + sz(gn ' i

En prenant 'espérance par rapport a p, et la limite pour m — oo, on obtient

o) i—1 1
1 1 Eu(55)
E =F . | =T wor
(7-1) H ZZ:; w_; E)p J + 'LUQ] 1— Eu(,Oo)

On appelle H; := 7;—7;_1. On peut montrer que, sous P, les H; forment une suite mélangeante,
ce qui signifie que pour 7 et j suffisamment éloignés, H; et H; se comportent presque comme
des variables indépendantes. En particulier il est possible d’appliquer la loi des grands nom-
bres a 7, = > | H; et d’obtenir

lim 2 — 7EM(WL°)
n—oo N 1— E'M(po)'

Il est ensuite facile d’en déduire que % converge vers la limite indiquée.[]

Le régime intermédiaire entre transience et ballisticité a été étudié par H. Kesten, M.
V. Koslov et F. Spitzer [58]. On suppose qu'il existe un x > 0 tel que E, [(po)"] = 1,
E, [(po)“ log™ pg] < 00. On suppose également que 1 distribution de log py est non-lattice.

Théoréme 1.3.2 (Kesten Koslov Spitzer 1975) Sous les hypotheses précédentes,

e 500 <k <1 alors % converge vers une loi non-dégénérée explicite,

X, logn
n

e si k=1, alors converge vers une loi non dégénérée explicite.

Idée de la preuve : le point essentiel est d’étudier la quantité dans (1.3.1). En effet H.
Kesten [55] a montré, dans le contexte de la théorie du renouvellement pour des produits
de matrices, que, sous les hypotheses du théoreme, il existe une constante Cx telle que
P.(> =0 H?:_k Pi > T) ~poo i—f Ainsi le processus H; peut étre comparé a un processus
stable d’ordre k. Kesten, Koslov et Spitzer ont donc montré que, sous P, X4 converge vers
une loi stable completement asymétrique d’ordre s, multiplié par une conyé‘gante. On peut
en déduire facilement le résultat pour X,,. [J

Récemment N. Enriquez, C. Sabot et O. Zindy [29] ont approfondi ce résultat, en
décrivant explicitement la constante intervenant a la limite. Nous mentionnons également

une interprétation probabiliste de la constante C'kx [30].
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1.3.2 Le régime lent

Nous présentons maintenant les résultats dans le cas récurrent. Il est bien connu que, pour
la marche aléatoire classique, ce cas correspond a un équivalent en y/n. Comme nous I’avons
dit plus tot, la marche aléatoire en milieu aléatoire a tendance a avoir un comportement plus

lent. En effet, dans le cas récurrent, Ya. G. Sinai a identifié un comportement en (logn)?.

Théoréme 1.3.3 (Sinai 1982) On suppose E,[log(:=2)] = 0, § < wy < 1 — 4§, u—p.s.

wo

pour un 6 > 0 et Eu[(log(%))ﬂ < o00. Alors (log)iiz))g converge en loi vers une distribution

non dégénérée.
Idée de la preuve: La preuve du théoreme de Sinai est ’'occasion d’introduire la notion

de potentiel. On considere la fonctionnelle de 'environnement W™ définie par

O, n2
B Sgn(t) [(logn)“t]

wn(t) = > logpi.

logn <

Le principe d’invariance de Donsker entraine que, lorsque n tend vers 'infini, W"(t) converge
vers un mouvement brownien (& une constante pres). Nous appellerons W™ potentiel. Une
explication heuristique de ce terme est contenue dans la formule (1.2.1), qui indique que la
marche va visiter avec une plus grande probabilité les endroits ou W™ est petit.

On appellera vallée du potentiel W™ un triplet (a, b, c) tel que a < b < c et

Wn™(b) = argtigc W™ (t) (1.3.2)
W"(a) = max W™ (t) (1.3.3)
W"(c) = Inax W™ (t) (1.3.4)

et on désignera par profondeur de la vallée (a, b, c) la grandeur
d(a,b,c) == min(W"(a) — W"(b), W"(c) — W"(b)).
Remarquons que si d et e vérifient a < d <e < b et

Wr(e) = W™(d) = max W"(z) —w"(y),

a<z<y<b

alors (a,d,e) et (e, b, c) sont également des vallées. On dira que (a,d,e) et (e, b, c) sont des

raffinements & gauche de (a, b, ¢). On peut définir de fagon similaire des raffinements a droite.
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\a/ \/C

Figure 1.1: un raffinement a gauche

On définit une vallée (af, by, cf) par

ar = sup{t < 0; W"(t) > 1} (1.3.5)

¢y = inf{t > 0; W"(t) > 1} (1.3.6)

bt = inf{t > a?; W"(t) = inf W"(t)} (1.3.7)
ag <t<cy

En itérant le procédé de raffinement ci-dessous & la vallée (a2, b, &), on trouve la plus
petite vallée (d”,l;",é") telle que a™ < 0 < " et d(d”,i)",é") > 1. On peut montrer que
b™ converge vers la position du fond de la plus petite vallée comme ci-dessus associé au
mouvement brownien limite. La loi de cette position a été décrite par H. Kesten [57]. Nous

allons montrer que pour tout n > 0,

X
P Ly
<‘ (logn)?

On peut supposer, par exemple, que b > 0. Soit a” = a"(logn)?, b* = b"(logn)? et

> n) —noo 0.

¢ = ¢ (logn)?. On appelle
Ty = inf{t > 0,X; € {a",0"}}.

La formule (1.2.1) implique facilement que, avec une probabilité qui tend vers 1, T}, sera
égal a 7. D’autre part, en utilisant la méme méthode que dans la preuve de (1.3.1), on peut
vérifier que, avec une probabilité qui tend vers un, 7;,,, < n. Donc la marche atteint b" avant
le temps n. D’autre part, toujours en utilisant les mémes formules, il est possible de montrer
que, avec une grande probabilité, la marche va mettre longtemps a quitter la vallée, ce qui
signifie que, une fois qu’elle a atteint b", la probabilité pour que, avant le temps n elle soit
sortie de l'intervalle [b" — n(logn)?, 0" + n(logn)?| tend vers 0. Ceci implique le résultat. OJ

La marche aléatoire en milieu aléatoire est maintenant un modele bien connu, mais qui

fait encore I'objet de beaucoup d’intérét [37, 20, 21, 22]. Notre but n’est pas de décrire les
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résultats les plus récents sur ce modele, mais plutot d’étudier des extensions. Nous allons
tout d’abord donner une breve introduction a des processus reliés, avant de nous tourner

vers 1’objet principal de notre étude.

1.4 Deux extensions du modele : la MAMA sur Z¢ et
la marche renforcée.

1.4.1 La MAMA sur Z¢

La définition de la marche aléatoire en milieu aléatoire sur Z%, d > 1 est similaire & celle sur
Z.

On se donne une famille i.i.d. de vecteurs (w(z,z +¢€), e € Z%, |e| = 1),ez4 telle que,
presque surement, Z‘d:lw(x,a? + e) = 1, et on considere la chaine de Markov (X, P,)

définie par

XO = Oa
P, Xni1 =2+ €| X, =z =w(x,z +e).

Soit P la probabilité “annealed”, définie comme précédemment. Malheureusement, si la
définition est tres simple, il est tres difficile d’étendre les résultats de la dimension un au
modele multidimensionnel. Par exemple la simple question de la transience et récurrence
reste ouverte.

Le modele a été introduit par S.A. Kalikow [51], qui a également obtenu des premiers
résultats.

On suppose comme précédemment une condition d’ellipticité, a savoir qu’il existe un
€ > 0 tel que w(x,e) > € presque stirement pour tout x € Z<, |e| = 1.

Le premier résultat de Kalikow est une loi du 0-1.
Théoréme 1.4.1 (Kalikow 1981) Pour tout | € R\ {0},
P(lim X,.l € {—o0,o0}) € {0,1}.

Il est cependant tres difficile de savoir si la quantité ci-dessus vaut 0 ou 1. Cependant il existe
une condition qui implique P(lim,, .., X,.l € {—o00,00}) = 1. Cette condition est connue
comme la condition de Kalikow. Afin de I’exprimer nous devons tout d’abord introduire une

chaine de Markov auxiliaire.
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On se donne un ensemble U C Z<, et on appelle Ty le premier temps de sortie de U. Soit

(X, PY) la chaine de Markov de matrice de transition
£ [ [SE ] oo+
o[ e ]

Ainsi la probabilité que la marche auxiliaire saute de z a x + e est I'espérance du nombre

PY(z,x+e) =

de sauts de x a x+e avant sa sortie de U, divisée par ’espérance du nombre total de passages
en r.

L’intérét de cette marche auxiliaire est que c’est une chaine de Markov, tandis que,
comme nous en faisions la remarque plus tot, la marche originale, sous la loi annealed, n’est
pas markovienne, et que, d’autre part, on peut vérifier que des que PY(Ty < o0) = 1, on a
P(Ty < o0) =1 et de plus X7;, a la méme loi sous P et PY.

Nous pouvons maintenant exprimer la condition de Kalikow relative a un vecteur [.

e, Ugler ;l.ePU(x,:E +e)>e. (1.4.1)
Kalikow a montré que cette condition impliquait la transience. Cependant, la réciproque est
fausse, et, bien entendu, cette condition est tres difficile a vérifier en tout généralité, meme
si beaucoup de progres ont été fait sur ce point récemment (voir [92, 13]). En utilisant cette
méthode, Kalikow a pu montrer que, par exemple, lorsque I’environnement a la configuration
suivante, alors la marche est transiente vers la droite, ce qui semble évident, mais est en fait

tres difficile & montrer.

1/4 1/4
0.00T72770.999/2 050T7§*7TZ99/2

1/4 1/4

p =0.999 p=0.001

Nous allons maintenant évoquer la loi des grands nombres. Pour cela nous devons intro-

duire la notion de temps de régénération. Soit
7 =inf{n > 0; X;.l > X,,.l > X,,.5,Vs < n < t}.

C’est a dire que 7; est le premier instant ou la marche atteint son maximum dans la direction

[ et ne revient jamais en arriere apres. Soit D := inf{n > 0, X,,.l < X,.[}.
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Théoréme 1.4.2 (Sznitman et Zerner 1999) Sous les hypothéses précédentes, pourvu
qu’il existe un | tel que P(lim, o Xp.l = 00}) =1, et E[r|D = 0], alors
X, E[X,|D =]

lim 27 = .
oo E[r|D = o0

De plus, la condition de Kalikow relative a | implique que P(lim, o X,,.l = oco}) = 1, et
E[r|D = o0] < 0.

Une premiere version de ce résultat peut étre trouvée dans [93]. De nombreuses améliorations
de ce résultat initial ont été obtenues depuis, voir par exemple [100, 20, 59, 23].

Nous finissons cette section en mentionnant qu'un théoreme central limite a été prouvé
par A.S. Sznitman [91], sous la condition de Kalikow. Nous mentionnons aussi [60] pour des

résultats dans un environnement équilibré.

1.4.2 Marches aléatoires renforcées.

Nous avons fait la remarque au début de cette these que, dans un certain sens, la marche
aléatoire en milieu aléatoire avait une tendance a “boucler” sur les mémes trajectoires. La
marche aléatoire renforcée est un modele qui possede la méme propriété. Le premier modele
de marche renforcé a été introduit par D.Coppersmith et P. Diaconis [24]. Nous pouvons la
décrire de la facon suivante.

Soit un graphe G, et x un sommet de G. A chaque aréte e € F(G) est associé un poids

wp(e). La marche renforcée, ou marche de Diaconis partant de z est définie par

[} XO =X
e a chaque pas, on choisit une aréte e parmi toutes les arétes partant de X,,, avec prob-
abilité P(e* choisie ) = gzu(:(z), ou la somme est prise sur toutes les arétes partant

de X,,. La marche traverse alors ’aréte choisie, et au temps n + 1 le poids de I'aréte
choisie est fixé & w,41(e) = wy(e) + 1, tandis que toutes les autres arétes gardent le

meéme poids.

Nous allons maintenant supposer que G = Z%. Soit (€i)icn 2q) I'ensemble des points de Z4
de module 1.
Nous allons considérer une classe particuliere de marches aléatoires en milieu aléatoire,

a savoir les marches aléatoires dans un environnement de Dirichlet, défini comme la mesure
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sur { (1, ..w90) € (0,124 32 2, =1}

F(a1 + -+ a2d) xal_l

caka iy o d
T(a1).. D(agg) Tad G- OT2

ou (aq, ...as) sont des parametres positifs et z; = w(0, €;).
N. Enriquez et C. Sabot [27] ont montré

Théoréme 1.4.3 (Enriquez et Sabot 2002) La loi (annealed) de la marche aléatoire sur
72, partant de 0 sur un environnement de Dirichlet de parameétres (ay, . .. asq), coincide avec

la lot de la marche renforcée, dont les poids sont initialement fixés a wo(z, x + €;) = a;.

Pour comprendre les raisons de ce résultat, remarquons que les poids des arétes issues
d’un sommet = € Z? apres n passages en « suivent la loi d’une urne de Polya, contenant 2d
couleurs, et avec wy(z;x + ¢;) boules de la i—eme couleur initialement dans I'urne. II est
connu, voir par exemple [36], que la suite de couleurs choisies a la méme loi qu’une suite de
couleurs choisies indépendamment, suivant une distribution elle-méme initialement tirée au
hasard suivant la loi de Dirichlet.

De nombreux résultats sont connus sur ce processus, par exemple B. Davis [26] a montré
qu’en dimension 1, si tous les poids sont initialement égaux a un, la marche est soit récurrente,
soit ne visite qu'un nombre fini de points, et dans ce cas elle finit par ne plus visiter que deux
points. Sur un modele relié de marche renforcée par points (au lieu de renforcée par arétes),
nous citons les travaux de R. Pemantle [76], R. Pemantle et S. Volkov [77], et finalement le
récent résultat de P. Tarres [95], a savoir que la marche renforcée par points reste finalement
coincée sur cing points.

D’autre part, dans le cas multidimensionnel, N. Enriquez et C. Sabot [28] on montré une
loi des grands nombres tres explicite, avec des bornes sur la vitesse, qui améliore le résultat
de Sznitman et Zerner dans le cas d'un environnement de Dirichlet. D’autre part C. Sabot
[84] a montré que la marche de Dirichlet était transiente quelles que soient les valeurs des
parametres, des que d > 3. Nous mentionnons également le travail de C. Sabot et L. Tournier
[85], concernant la transience directionnelle .

Nous allons maintenant développer un peu plus deux autres exemples d’extensions du
modele initial de MAMA. Le premier est un modele de marche aléatoire en milieu aléatoire
sur des arbres. Ce modele est d’une certaine facon plus facile a étudier que la MAMA multi-
dimensionnelle, étant notamment réversible, mais recele néanmoins de nombreuses questions

ouvertes, en effet, un arbre peut étre vu, informellement, comme un espace de dimension
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infinie. Nous traiterons ensuite d’une extension en temps continu de la MAMA, qui a des

propriétés tres similaires, tandis que le lien entre les deux reste assez peu explicite.

1.5 La MAMA sur les arbres.

1.5.1 Introduction

Soit T" un arbre, de racine e. Deux sommets x et y seront dits connectés, noté r ~ y, si x
est soit le pere ou un des enfants de y. Pour un sommet = € T, on notera |z| la distance

0 x' ..., zl*l le plus court chemin entre la racine et z.

entre x et la racine e, et e = x

Pour chaque sommet x € T\{e} on notera son pére , et ses enfants (z, - - , TN(z)), Ol
N(z) est le nombre d’enfants de x.

Soit w = (w(z), € T\{e}) une suite de vecteurs définie par w(z) = (w(zx, y), y ~ x)
telle que w(z, y) > 0, Yy ~ z et Zyww(z, y) = 1. Plutot que de considérer w(zx, y) (pour
y~axetxeT), il est souvent plus pratique d’étudier A(z;), 1 <i < N(x) définis comme

Alwy) = D88 o N,
w(zx, )
On appellera “arbre marqué” un couple (7', A), ou A est une application aléatoire des som-
mets de T" vers R’. Nous suivons la méthode générale de J. Neveu pour construire un arbre
marqué aléatoire. Soit T I’ensemble des arbres marqués. On introduit la filtration G, sur T
définie comme
G, =0{N(z),A(z;), 1 <i<n,|z|<n,zeT}

D’apres [75], étant donnée une loi ¢ sur N @ R*N"| il existe une loi de probabilité MT sur T

telle que

e sachant G, les variables aléatoires (N (z), A(z1), A(x3), .....), pour x € T, sont indépendantes,

et de loi q.

On notera E,, P, I'espérance et la probabilité associées a ¢, et Eyr, Pyr celles associées a MT
On supposera toujours que m := E,[N(e)] > 1, ce qui implique que l'arbre est infini avec
une probabilité positive, et on fera toujours I'hypothese que (N(e), A(e1), A(ez), ...) n’est pas
constant. (T, A) sera appelé “l’environnement” et on appellera “marche aléatoire sur 77 la
chaine de Markov (X,,, Pr) définie par X, = e et

Ve,y €T, Pr(Xp1 = y| X, = 2) = w(x,y).



1.5. LA MAMA SUR LES ARBRES. 21

On appelle probabilité “annealed” la probabilité Py = MT ® Py qui prend en compte tout
l'aléa.
Exemple (Marche biaisée sur des arbres de Galton-Watson). Lorsque A(z) = A,
Vx, (ou 0 < A < oo est une constante), la marche aléatoire (X,,) est dite marche A-biaisée
sur 7. Elle a été étudiée par Lyons, Pemantle et Peres [69], [68], Peres et Zeitouni [78], et
Ben Arous et al. [3]. En particulier, si A(z) = 1, Vz, nous obtenons la marche aléatoire
simple sur 1.

Ben Arous et Hammond [4] ont considéré le cas ou A;(x) ne dépend ni de = ni de 1,
mais peut étre aléatoire. Ils ont appelé la marche obtenue marche biaisée aléatoirement sur
T, et prouvé que cette marche est plus réguliere en un certain sens que la marche aléatoire

classique .

On note, pour x € T, C, = []

’ . 7 ’ . A~ <
aléatoire X,, un réseau électrique avec une conductance C, le long de l'aréte [z, z], et un

ecrce A2) = e”V@ . On peut associer & la marche
réseau de capacités, avec une capacité C, le long de [7, z] (pour plus de précisions sur ces
correspondances nous renvoyons le lecteur aux chapitres 2 et 3 de [70]). Nous introduisons

la fonction
N

o(t) == Eq{ ZA(e,-)t} € (0,00, t>0.

1=1
En particulier, p(0) = E(N) > 1.
1.5.2 Récurrence/transience

Contrairement a la MAMA multidimensionnelle, la question de la transience/récurrence pour
la MAMA sur des arbres a été explicitement résolue par R. Lyons et R. Pemantle [66]. Le

résultat est le suivant

Théoréme 1.5.1 (Lyons et Pemantle 1992) On suppose qu’il existe 0 < o < 1 tel que p
soit finie dans un voisinage de o, p(a) = info<;<1 p(t) :=p et p'(a) = E, [Zf\i(f) A(e;)™ log(A(ei))]

est fini. On suppose également que Zi]i(f) A(e;) n’est pas identiquement égal a 1. Alors
1. sip<1la MAMA est presque surement récurrente positive,
2. st p <1 alors la MAMA est presque sturement récurrente

3. sip > 1, alors la MAMA est presque surement transience, conditionellement a [’événement
{T est infini}.



22 CHAPTER 1. INTRODUCTION.
(Par “presque surement” nous voulons dire “ pour MT presque tout T”).

Remark: Si ZiN:(f) Ale;) est égal a 1, on est dans deuxieme cas, |X,,| est une marche
aléatoire simple sans biais, et donc X,, est récurrente nulle. Cependant il existe un flot,
donné par 0(‘z,z) = C,.

Ce théoreme a été prouvé a l'origine sous I'hypothese que la loi des A(e;) ne dépend pas
de i. Cette hypothese a été supprimée dans [33]. Voir aussi Menshikov et Petritis [73] pour
une autre preuve de ce critere via la cascade de Mandelbrot.

Le Théoreme 1.5.1 ne précise pas totalement le cas p = 1, mais ce résultat peut étre

amélioré, sous des hypotheses techniques supplémentaires. Soit la condition

N(e) N(e)
(H1): Ya € [0,1], E, Ale)™ | log* [ Y Afe)* | | < 0.
0 0

Dans le cas critique nous avons le résultat suivant

Proposition 1.5.1 On suppose p =1, m > 1 et (H1). On suppose également que

N(e)

p(1) =E, Z Ae;) log(Ale;))

est bien défini et que p est finie dans un voisinage de 1. Alors,

e sip'(1) <0, alors, conditionellement a I’événement {T infini}, la marche est presque

surement récurrente nulle,
o sip/(1) =0, et pour un § > 0,
EQ[N(e)l—HS] < oo,

alors, conditionellement a [’évenement {T infini}, la marche est presque sirement

récurrente nulle,

o sip/(1) > 0, et, pour unn > 0, w(x,T) > n alors la marche est presque sirement

récurrente positive.

Nous présentons des preuves générales du Théoreme 1.5.1 et de la Proposition 1.5.1 dans

la section 3.1.
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1.5.3 Le comportement asymptotique

Le cas transient (i.e., quand inf,cp 1) 9 (t) > 0 oup > 1) arecu beaucoup d’intérét récemment.
Nous présentons ici le résultat principal, prouvé par E. Aidékon [1], sous les hypotheses que
Py(N(e) =0) = 0 et que les A(e;)1<i<n(e) sont des variables aléatoires i.i.d., independantes
de N(e).

Theorem 1.5.2 (Aidékon 2008) On suppose p > 1. Soit ¢; :== P,(N = 1), et

A = Leb {t € R, E, (A(e))") < l} ;
q1

ou Leb est la mesure de Lebesgue, alors,
e Si A > 1, la marche a une vitesse positive presque sturement
e st A <1 la marche a une vitesse nulle presque surement.

De plus, dans le second cas,
. log | X,
lim ———

= A, p.s.
n—00 logn

Nous mentionnons également un autre article d’E. Aidékon [2], concernant des larges déviations,
ainsi que le travail de G. Ben Arous, A. Fribergh, N. Gantert et A. Hammond [3], dans le
cas ou 'arbre peut avoir des feuilles.

Si infieo,1) p(t) < 1, la marche (X,,) est récurrente positive pour presque tout environ-
nement. Dans ce cas, Y. Hu et Z. Shi [42] ont montré, sous les hypotheses additionnelles
que N est déterministe et que la loi de A(e;) ne dépend pas de i, que @ maxo<p<n | Xk
converge presque sirement vers une constante explicite.

Nous allons maintenant traiter le cas critique inf,cp, 1 p(t) = 1. Nous introduisons
la fonction ¢ := logp. On remarque que I'hypothese inficp 1] p(t) = 1 se traduit par
infycp, 1)1 (t) = 0. On suppose I'existence d’'un § > 0 tel que

p(t) < oo, Vte (—6,1+9), E,(N') < 0. (1.5.1)

Il faut distinguer plusieurs cas, suivant le signe de ¢/(1) := e *WE{> Y| A, log A;}.
Nous commengons par le cas ¢'(1) > 0 (et infycpo, 11 ¢() = 0). Il est connu que la marche

est dans ce cas tres lente. En particulier, Y. Hu et Z. Shi [44]) ont montré, sous les hypotheses
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Figure 1.2: Les formes possibles pour v
que N est déterministe et que la loi de A; ne dépend pas de 7, qu’il existe des constantes
0 < ¢ < < o0 telles que

maxo<k<n | X| MaXo<p<n [ Xk

o < h}[ﬂiﬂlf (log n)? < liin_)s;jp (logn)? < ¢, p.s. (1.5.2)

Nous allons montrer qu’il y a en fait convergence sture dans (1.5.2) si ¢/(1) > 0 (et

infycp0, 1) (t) = 0). Cependant la limite dans (1.5.2), aura une nature différente suivant que

¥'(1) = 0 ou ¥'(1) > 0. Nous traitons d’abord le cas ¢/(1) = 0; dans ce cas la condition
infyep0,1) 9 (t) = 0 est équivalente a (1) = 0.

Théoréme 1.5.2 Supposons ¥(1) = ¢'(1) = 0. Sur l’événement de non-extinction,

i ReXo<k<n | X | 8
im =

00 (log n)3 - 3Ir202’

Pyr-p.s.,

o
N

0% = Eq{ 3 Afe;)(log A(ei))2}. (1.5.3)

i=1

Ce résultat, de méme que le suivant, font partie d’un travail en collaboration avec Y. Hu et
Z. Shi [35].

Nous nous tournons & présent vers le cas ¢'(1) > 0 (et infycp, 110(t) = 0). Dans ce cas,

il existe 0 < 6 < 1 tel que
Y'(0) = 0. (1.5.4)

[Le précédent cas correspond donc a 6 = 1.]
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Théoreme 1.5.3 Supposons infycp 1 9(t) = 0 et ¥'(1) > 0. Sur l’événement de non-

extinction,

1; maXxo<g<n |Xk| 260
im = ,
n—oo  (logn)3 32" (0)

0t 0 € (0, 1) est tel que dans (1.5.4) and 4" () = Eq{ SN Ae;) (log A(ei))2}.

Pyr-p.s.,

Les théoremes 1.5.2 et 1.5.3 sont prouvés dans le chapitre 4 .

Lorsque ¢'(1) < 0 (et infieo,11%(t) = 0), alors en définissant x := inf{t > 1 : 9(t) =
0} € (1, o] (avec inf) := o0) et v := 1 — m € (0, 3], lordre de grandeur de |X,|
est n”. En effet Y. Hu et Z. Shi [44] ont montré (pour A(e;) identiquement distribués et N
déterministe), que
lim log maxg<s<p | X5

n—0o0 log n

=v, Pyr — p.s..

On remarque que pour k£ > 2, la marche se comporte asymptotiquement en n'/2. Nous
allons préciser ceci par un théoreme central limite. Malheureusement nous ne sommes pas
dans la mesure de couvrir l'intégralité du régime x € (2, 00).

Nous commencons par quelques hypotheses techniques :
1
0 < g <o0; Vi, g9 < A(e;) < — 4= ps (1.5.5)
0

et

1
ANy ; N(e) < Ny, ¢ — p.s. et P,[N > 2|A(ey)] > A (1.5.6)
0

Remarque : L’hypothese (1.5.6) est en réalité plus restrictive que nécessaire, il suffit
que la formule (3.3.6) soit vérifiée, et que la fonction g de la formule (3.3.9) soit bornée
supérieurement et a I’écart de 0.

On remarque que ces deux hypotheses impliquent (H1).

Théoréme 1.5.4 On suppose N(e) > 1, ¢ — a.s.,(1.5.5), (1.5.6).
Sip=1, p'(1) <0 et k € (8 0c0], alors il existe une constante o > 0 telle que, pour MT
presque tout arbre T, le processus {| X |nt)|/Vo?n} converge en loi vers la valeur absolue d’un

mouvement brownien réel issu de 0, lorsque n tend vers l'infini.

Remarque : Ce résultat est la généralisation d’un théoreme central limite obtenu par Y.
Peres et O. Zeitouni [78] dans le cas d’'une marche biaisée sur un arbre de Galton-Watson,

ou A(zx) est une constante égale a %, et donc kK = co. Notre preuve est largement inspirée
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de leurs travaux. Le cas “annealed” est plus facile, et nous pouvons réduire ’hypothese sur

K.

Théoreme 1.5.5 (F. 2009) On suppose N(e) > 1, ¢ — a.s., (1.5.5), (1.5.6). Sip =1,
p'(1) <0 et k€ (5,o0], alors il existe une constante o > 0 telle que, sous Pyr, le processus
{1 X nt)|/Vo?n} converge en loi vers la valeur absolue d’un mouvement brownien réel issu de

0, lorsque n tend vers l’infini.

Ces deux résultats sont prouvés dans le chapitre 3.
Remarque : Comme nous le verrons dans la preuve, il est possible de prouver un TCL
“annealed” des que k € (2,00), pour une différente classe d’arbres, suivant une loi qui peut

étre décrite comme la distribution invariante pour le processus “vu par la particule”.

Nous présentons a présent une extension en temps continu de la marche aléatoire en

milieu aléatoire

1.6 Diffusion dans un potentiel aléatoire.

Soit (W (x))zer un mouvement brownien défini sur R partant de 0, et, pour k € R,

Soit (5(t))t>0 un autre mouvement brownien, indépendant de W. On appellera diffusion

dans le potentiel W, une solution de I’équation (formelle)
1

W! n’a bien entendu pas de sens, mais une définition mathématique de (1.6.1) peut étre
donnée en utilisant le générateur infinitésimal. Pour une réalisation donnée de W,, X; est

une diffusion réelle, issue de 0, de générateur

1 Wi (z) d —We(x) d
26 dx ¢ de )

Cette définition peut également étre définie au moyen d’un changement de temps :
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ou

Ada) = [ oy,

t
T.(t) = / e—2Wa(AT (B(:)) g
0

et B est un mouvement brownien standard. A, est la fonction d’échelle de ce processus, et
sa mesure de vitesse est 2e~WVr(®)dz,

Intuitivement, pour un environnement W, donné, la diffusion X; a tendance a aller vers
des endroits ou W, est plus bas, et a passer beaucoup de temps dans les “vallées” de W,. Si
I’environnement possede un “drift” k positif, le processus sera transient vers la droite, mais

4

il sera ralenti par ces “vallées” (voir figure 1.6). Ceci sera expliqué plus précisément dans la
section 5.2.
Nous renvoyons le lecteur a [83, 82, 47] pour des généralités sur les processus de diffusion.
Nous appellerons P la probabilité associée a W, Py, la probabilité “quenched” associée
a la diffusion, et P := P ® Py la probabilité “annealed”.

T. Brox a étudié le comportement asymptotic dans le cas k = 0. Il a montré que, sous P,

Xt (101)
logt?

ou U suit une loi non-dégénérée explicite.

Le cas k > 0 a été étudié d'un coté par K. Kawazu et H. Tanaka ([53]) et d’autre part
par Y. Hu, Z. Shi, M. Yor ([46]) et présente un comportement a la “Kesten-Kozlov-Spitzer”:

lorsque k > 1, la diffusion a une vitesse positive; lorsque x = 1, sous P,

X logt ) 4

Y

et, lorsque 0 < Kk < 1,
X, (loi)
= v
ou V suit la loi inverse d’une loi stable compléetement asymétrique d’indice k.

Nous allons nous intéresser aux déviations entre X; et son comportement limite, dans
le cas 0 < k < 1. Notre motivation est la suivante : comme nous ’avons vu au dessus,
le comportement asymptotique de la diffusion est similaire a celui de la MAMA standard.
Nous allons montrer que c’est également vrai pour les déviations. Le cas discret a été étudié

par A. Fribergh, N. Gantert et S. Popov [37]. Nous nous sommes inspirés de ce travail,
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drift

Valley X

Figure 1.3: Une vallée.

en particulier pour ce qui concerne la partie “quenched slowdown”. Dans les autres cas les
outils du calcul stochastique nous ont permis d’obtenir des résultats légerement plus précis.

Nous mentionnons que ces questions ont déja été étudiées dans les autres cas, nous ren-
voyons a [41] pour des estimées dans le cas K = 0, et a [94] pour des résultats de grandes

déviations dans le cas k > 1.

Notre étude peut se séparer en quatre problemes distincts, en effet le cas quenched et le cas
annealed présentent des comportements différents, et pour chacun d’eux nous devons traiter
les déviations au dessus (speedup) et en dessous (slowdown) du comportement asymptotique.

Nous commengons par le cas “annealed”. Pour u et v deux fonctions de ¢, on note u > v

Sl u/v = 00.

Théoréme 1.6.1 (Annealed speedup/slowdown) On suppose 0 < k < 1, et u — oo est
une fonction de t telle que pour un € > 0, u << t17°7¢ alors il existe deuzx constantes C et

Cy telles que
—logP (X} > t"u)
1

lim = (Y, (1.6.2)
t—o0 uT=—r
et si logu < t7,
tli
tlim ulP <Xt < —) = (). (1.6.3)
—00 u

De plus les résultats demeurent vrais st l'on remplace X; par sup,, X.

Ce résultat est en fait une conséquence facile de I’étude des temps d’atteinte d’un niveau par

la diffusion. Soit H(v) = inf{t > 0: X; = v}. Nous avons le résultat suivant
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Théoreme 1.6.2 On suppose 0 < k < 1 et e > 0. Pour u — 0o, v — oo deux fonctions

de t telles qu’il existe € > 0 tel que u < vI7"7¢, in existe deux constantes positives Cy et Cy

telles que
~1ogP [H(v) < (2)""]
lim n = (4, (1.6.4)
t—o0 ui—r
et si logu < v,
tlim uP [H(v) > (Uu)l/“} = (5. (1.6.5)

La preuve de ce résultat est basée sur une représentation de H(v) introduite dans [41].

Nous nous tournons a présent vers le cas “quenched”. Nous avons 'estimation suivante

pour 'accélération

Théoréme 1.6.3 (Quenched speedup) On suppose que 0 < Kk < 1, et que u — oo est
une fonction de t telle que pour un & > 0, u < t1=%7¢, alors il existe une constante positive

Cs telle que

—log Py (X; > t"u
lim & W (1 ! ) =C3, P—p.s..
t—o0 uT—r
De plus le résultat reste vrai si 'on remplace Xy par sup <, Xs.

Comme précédemment, la preuve se réduit a I’étude d’asymptotiques pour les temps

d’atteinte

Théoreme 1.6.4 Pour u — 00, v — 00 deux fonctions de t telles que pour un € > 0,
u << v alors

 —log Py [H(v) < (2)""]
lim - = (3, P—p.s.. (1.6.6)

t—o0 U=~

Pour le ralentissement, notre résultat est un peu moins précis

Théoréme 1.6.5 (Quenched slowdown) On suppose k > 0. Soit v € (0,1 A k), alors

log(—log Py |H (t”
t—o0 logt K k+1
log(—log Py | X, v
li 08(= 108 PvlXs < #7]) (1 . 5) AL P—ps. (1.6.8)
t—00 logt K k+1

L’ensemble des résultats de cette section est prouvé dans le chapitre 5.
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1.7 Contenu.

Cette these est divisée en trois chapitres indépendants.

Le chapitre 3 contient la preuve dans le cas général du critere de récurrence/transience
(Théoreme 1.5.1), ainsi que du critere dans le cas critique (Proposition 1.5.1). A la suite
de cette preuve nous présentons la preuve des Théoremes 1.5.4 et 1.5.5. Les preuves de ces
deux résultats sont assez ressemblantes, étant toutes les deux divisées en deux parties. Dans
la premiere, nous introduirons une nouvelle distribution d’arbres, pour laquelle il sera plus
facile de montrer le théoreme central limite (avec un “vrai” mouvement brownien au lieu du
mouvement brownien réfléchi comme processus limite). Ensuite, dans une deuxieme partie,
un argument de couplage nous permettra de déduire le résultat pour les arbres classiques.
L’ensemble de ces résultats peuvent étre retrouvés dans [33].

Le chapitre 4 contient la preuve, obtenue en collaboration avec Y. Hu et Z. Shi, des
Théoremes 1.5.2 et 1.5.3. Ces résultats reposent, entre autres, sur ’étude asymptotique de
la quantité

exp ( — min max V(y)), (1.7.1)

lz|=ny€]o,z]
dont nous verrons qu’elle est étroitement reliée a la hauteur des excursions de la marche dans
I'arbre. Ces travaux ont également présentés dans [35].
Enfin, dans le chapitre 5 nous montrons les théoremes 1.6.1, 1.6.3 et 1.6.5. Ces résultats

ont été publiés dans [34].



Chapter 2

Introduction (English).

The basic motivation for studying random processes in random environment is to answer the
natural question: does a process in an inhomogeneous, but regular in some sense, medium
have, at least asymptotically the same behavior as a similar process in an homogeneous
medium. Of course this formulation is quite unprecise, so let us first explain what we mean.

By inhomogeneous, we mean that the local configuration of the environment at some
point will be random, and independent of the configuration of the environment in remote
places of the space. However, it is interesting to suppose that our environment is a ran-
dom perturbation of some regular environment, to translate this we will assume that some

"space-shift” invariance in the distribution exists.

The first example of the study of random environment has been inspired by biophysics.
Indeed, in 1967, in order to study the replication of DNA, A.A. Chernov [17] introduced a
very simple model, called Random Walk in Random Environment on Z (RWRE), that can

be described as follows.
e We consider a family of i.i.d. random variables w;,7 € N, such that w; € [0, 1].

e We call X,, the random walk defined as
X(] =0
Py Xpi1 =2+ 11X, = 2] = w,
Py Xppi=2x—-1X,=2]=1—-w,

The link between this process and DNA is not obvious, so let us explicit a bit how this

”environment” appears. The idea of Chernov was do model replication of DNA as follows: the

31
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1 —wewo 1 — wyWwo

NN NN

5 -4 -3 -2 -1 0 1 2 3 4 5

original chain of DNA is constituted of molecules A,C,G, T, and a second chain is constructed

the following way.

e At the beginning the chain is empty, then one molecule forms a pair with the first

molecule of the original chain

e then at each step, either another molecule is added, or the last one deleted. Of course
"wrong pairs” like C-T or A-G have a greater chance to be suppressed than the ”good

pairs” A-T and G-C. Indeed if at the end there is a wrong pair in the chain, a mutation

occurs.
T A C T T A C ¢
AT G A G T A C AT G A G T A C
Low deletion rate High deletion rate

The probabilities of formation or deletion of pairs are all different, therefore the length
of the created chain is a random walk in a random environment, the environment being the
original chain.

A few years later, D.E. Temkin [96], motivated by problems issued from metallurgy, made
some additional work on the subject.

Many results have been obtained since on this topic, we mention in particular F. Solomon
[89], Ya. G. Sinai [88] and H. Kesten, M. V. Koslov and F. Spitzer [58].

On the other hand this process has also received much interest recently, from the part of
molecular biologist. We can cite D.K. Lubensky and D.R. Nelson [63] and B. Essevaz-Roulet,
U. Bockelmann, and F. Heslot [31]. They invented an interesting method for sequencing
DNA by "unzipping” DNA molecule. The links between the different pairs of nucleotides
having different strength, the speed of unzipping is quite related to Random Walk in Random
Environment, the DNA sequence being the ”environment”. The problem they raised is to
find out a way to deduce the environment from several realization of the RWRE. On this

topic we also mention the work of S.Cocco, R. Monasson, and J.F. Marko [19].
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However, while the unidimensional case is now quite well understood, very few results
exist for random walk in random environment on Z¢,d > 2. We can cite the works of S.A.
Kalikow [51] and A-S. Sznitman and M. Zerner [93] as well as the result by N. Enriquez
and C. Sabot [28], C. Sabot [84] and C. Sabot et L. Tournier [85] in the context of Dirichlet
environment. Therefore several attempts have been made to extend the initial model to
different spaces. The case of trees will be thoroughly studied in this thesis.

An other direction for research on random medias is the extension of the latter process
to continuous time. A diffusion in a Brownian potential has been introduced at first by S.
Schumacher [87] and T. Brox [16], and exhibits a behavior quite similar to the behavior of
one-dimensional random walk in random environment. However no direct link between the
discrete and continuous time settings has ever been found. The existence of an equivalent
to Donsker’s invariance principle remains an open question, at the best of our knowledge.

We start with a short sum-up of the existing results in the one-dimensional case. Note
that, as our aim is not to talk about random walk in random environment on 7Z, but rather
explain how the techniques can be used in different settings, we feel free to give only the
proofs that seem relevant to our work. We refer to the bibliography, and in particular, to

[99] for complete proofs.

2.1 Definition and notations.

Let, as explained in the introduction, (w;);ey be a family of ii.d. [0,1]— valued random
variables. We make the”ellipticity” assumption that there exists some ¢ > 0 such that,
almost surely, e < w; <1 —¢. Let X,,, P, be the Markov chain defined as

X(]:O
Py Xp1 =2+ 11X, = 2] =w,
P Xppi=2x—-1X,=2]=1—-w,

We have to consider several probabilities. We call
e 4 the distribution of the environment w,
e P, the quenched probability, and

e P =, ® P, the annealed probability.
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(the terms quenched and annealed come from the applications of RWRE to metallurgy.)

Remark: It is interesting to note that, under P, the walk X, is not a Markov chain, indeed
if, the walk is at some point x and if up to time n it has jumped more often from z to x + 1
than from x to x — 1, then it is likely that w, is close to 1 therefore the walk has a greater
probability to jump to z+1. Thus the walk as a tendency to stay in paths it has used before.
For this reason RWRE are closely related to another model, known as reinforced walks. This

will also explain that, heuristically, RWRE will be "slower” than traditional random walk.

2.2 Recurrence and Transience.

In this part we introduce, and show a first result concerning transience and recurrence. Let

Pz = 1;}:* Pz, T € Z are i.i.d. random variables. We call p their common distribution.

Theorem 2.2.1 (Recurrence/transience; Solomon 1975) We make the assumption that
E,[log(p)] is well defined, and that P,[wy € {0,1}] = 0. then

o If E,[log(p)] <0, then P-a.s, X,, — 400,
o if £,[log(p)] > 0, then P-a.s, X,, — —o0,
o if £,[log(p)] =0, then P-a.s, limsup X,, = +o0 and liminf X,, = —o0.

We give a short proof for this result, as it allows us to introduce some of the tools that will
be used in the sequence.

Proof : for every x € Z, we call 7, the first hitting time of x by X,,, and we denote by P
the law of the walk started at x. Note that the ellipticity assumption implies that for every

a<z<b, P!(1, N1, = 00) = 0. Therefore we can define
H(a,b,x) == Pi(1, < 7).
Using the Markov property, we see that H(a,b, x) satisfies
H(a,b,a) =1
H(a,b,b) =0
H(a,b,x) =w,H(a,b,x + 1)+ (1 —w,)H(a,b,z — 1), fora < x <b.
This can be easily solved, to obtain the fundamental formula
b i1
Zi:x—i—l Hj::c—i—l Pj
Z?::v+1 H;'_:i—i—l pi+ Ef:aﬂ H;E:z Pt

H(a,b,z) = (2.2.1)
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Using the law of large numbers, we get that, u— almost surely,

i—1

11 #i ~exp (i =z = 1)(Bullog o] + o(1)),

Jj=x+1
while .

[T ~ exp—(x — i+ 1)(Eu[log p] + o(1))

=i
as 7 goes to infinity. Therefore, in the case E,[log(p)] < 0, for all a < x, we get

klim lim H(k,n,0) =0,
and
lim H(—-1,n,0) < 1.

n—~o0

This implies that P, almost surely, X,, — oco. The case E,[log(p)] > 0 is direct by symmetry.
On the other hand if Eflog pg| then it is known that
i-1
lim sup Z log p; = 00

t—00 j=z+1
and

lim sup Z log(p; 1) = oo,

1——00 =i
therefore we get easily that for every £ < 0
lim H(k,m,0)=1

and for every m > 0
lim H(k,m,0) = 0.

k——o00

This implies the result.[]

2.3 The asymptotic behavior.

2.3.1 The ballistic regime

The first question one can ask about a process, once the question of recurrence solved, is
the question of the existence of a law of large number, or, said in another way, of a positive
speed. Indeed, many example of transient process exhibit ballistic behaviors. We can for

example cite the following lemma, due to H. Kesten [56].
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Lemma 2.3.1 For any real, stationnary sequence (Y;);>1, with probability 1 the event
{lim,, oo > | Vi = oo} implies liminf,, ., % Yo, Y, >0.

However in our case the sequence {X, .1 — X,,} is not stationary, and the transience does
not always imply a positive speed. Actually an intermediate behavior appears, as proved by

F. Solomon.
Theorem 2.3.2 (Solomon 1975) Under the previous assumptions,

, -E
e if E,p| <1, then X2 — LE{Z% P—a.s.,

=1
e If E,[p] <1, then 22 — 1&% P—a.s.,

e If1/E,[p] <1< EL[p7'], then X2 — 0.

We give a short idea of the proof of this result.
Proof : We recall that 7 is the first hitting time of 1 by X,,. We call 8w the environment
described as 6w, = w(y + x).
Note that
7 =Lz + (1470 +177)Lix=—1),

where 7] is the first hitting time of 0 by the walk started at —1 and 77" is the time it takes
for the walk to reach 1 after its second hitting of 0. Using Markov’s property, we get that,
under P,, 7 has the same law as 71, and that the law of 7} under P, is the same as the law

of 7 under Fj-1,,. Therefore we obtain quite easily
Ey(m) =1+ (1 = wo)(Ew(n1) + Eg-14(71)),

hence 1
Ey(1) = — + poEg-1,(11).
Wo

We can iterate this relation, and obtain

1 po . popi [1.5" o
Ew(Tl) - + L + it + e _|_ i=0 ¢ E@*mw(Tl)' (231)

Wo w1 Wa Wy + Hz—:((f)n—l) i

Taking the expectation under p, and the limit as m — oo, we get
[e'e) 1

5! ﬁp L EG)
w0 | T T Bl

i=1

E(r) = Ey
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Now if we call H; := 7, — 7,_1, under P one can show that the (H;);>; are a strongly mixing
sequence, meaning that for ¢ and j remote enough, H; and H; behave almost like independent
random variables. In particular we can apply the law of large numbers to 7,, = Y | H; and
get that
lim * = 7Eﬂ(wi°) .
n—oo n 1-E, (po)

It is then easy to check that % converges to the desired limit. [

As we said earlier, there is an intermediate case between recurrence and ballisticity, that
has been described by H. Kesten, M. V. Koslov and F. Spitzer [58]. Suppose there exists
k> 0 such that E, [(po)"] = 1, E, [(po)" log" po] < co. We also assume that the distribution

of log pg is non-lattice.
Theorem 2.3.3 (Kesten Koslov Spitzert 1975) Under the previous assumptions,

e if0 < k<1 then % converges to an explicit non-degenerate distribution,

o I[fr=1, then @ converges to an explicit non-degenerate distribution.

Outline of the proof : The proof of this result mainly relies on the study of the quan-
tity expressed in (2.3.1). Indeed H. Kesten showed [55], in the context of renewal the-
ory for product of matrices, that, under the above assumptions, for some constant C,
P.(> k0 H?:_k Pi > T) ~aoo (’;—f Therefore, the process H; can be compared to a stable
process of order x, thus Kesten, Koslov and Spitzer proved that, under P, ™4 converges in
distribution to a constant times the completely asymmetric stable law of o?fier k. Getting
the result for X, is then quite easy.[]

This result has been improved recently by N. Enriquez, C. Sabot and O. Zindy, [29]
who obtained the constant explicitly. We also mention a probabilistic interpretation of the

constant C [30].

2.3.2 The slow regime

We now study the recurrent case. In this case, for classical random walk, the typical behavior
is a y/n equivalent. As we said earlier, the random walk in random environment tends to be
slower than random walk, indeed, in the recurrent case, Ya.G. Sinai [88], found out a (logn)?

behavior.

Theorem 2.3.4 (Sinai 1982) Suppose Eu[log(%)] =0, <wy <1-6, p—a.s. for some
§ > 0 and E,[(log(1:=%0))?] < oo, then

= —Xn__ converges to some non-degenerate distribution.
wo (log(n))
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Outline of the proof : The proof of Sinai’s theorem is the opportunity to introduce

the notion of potential. We consider the functional of the environment W™ define as

Sgn(t) L(IOgn)th
W (t) = > logpi.

logn —

Donsker’s invariance principle immediately implies that, as n goes to infinity, W"(t) con-
verges to some constant times a Brownian motion. We will refer to this functional as a
potential. An heuristic explanation for this term is the formula (2.2.1), that states that the
walk will go with a greater probability to places where W™ is small.

We call a valley of the potential W™ a triple (a, b, ¢) such that a < b < ¢ and

W (b) = min W (1) (2.3.2)
W™(a) = n;l?;)% W (t) (2.3.3)
W () = bn;?;x W (t) (2.3.4)

and we call “depth” of the valley (a, b, c)
d(a,b,c) == min(W"(a) — W™(b), W"(c) — W™ (b))
Note that if d and e are such that a < d < e < b and
W(e) - W"(d) = max W(z)—uw"(y),

than (a, d, e) and (e, b, ¢) are also valleys. We say that (a, d, e) and (e, b, ¢) are a left refinement

of (a,b,c). We similarly define a right refinement.

Figure 2.1: a left refinement




2.4. TWO EXTENSION OF THE MODEL: THE RWRE ON ZP” AND REINFORCED RANDOM WALK.

We now define a valley (ag, bf, cf) by

ag = sup{t < 0; W"(t) > 1} (2.3.5)
& = inf{t > 0; W"(t) > 1} (2.3.6)
by = inf{t > ay; W"(t) = _inf WN(t)} (2.3.7)

By iterating the above refinement process to the valley (a2, b, &), we find the smallest valley
(@, b",&") such that @” < 0 < & and d(a",b", &) > 1. One can show that b" converges to
the position of the bottom of the smallest valley associated to the limiting Brownian motion.

The law of this position have been studied by H. Kesten [57]. We are going to show that,

X
P LEE—
<‘ (logn)? b

Without loss of generality, we can assume that b > 0. Recalling the definition of W", we

for any n > 0,

> 17) — oo 0.

introduce a™ = a"(logn)?, b"* = b*(logn)? and ¢* = & (logn)?. We call
Ty = inf{t > 0,X; € {a",0"}}.

It is not difficult to check, using formula (2.2.1), that, with probability going to one, T},
will be equal to 7,. On the other hand, using the same method as in the proof of (2.3.1),
one can check that, with probability going to one, T3, < n, therefore the walk will hit d"
before time n with probability going to n. On the other hand, still using the same formulae,
one can show that, with high probability, the walk will take a very long time to get off the
valley, meaning that, once it has hit 0", the probability that, by time n, it has escaped from
the interval [b™ — n(logn)?, bn + n(logn)?] goes to zero. This implies the resultC]

Random walk in random environment is now quite well known, but still receives much
interest [37, 20, 21, 22]. Our aim is not to describe the recent results on this topic, but rather
to study several extension of this model. We first give a short introduction to two related

process, before turning to our main topic.

2.4 Two extension of the model: the RWRE on Z¢ and
reinforced random walk.

2.4.1 RWRE on Z¢

The definition of RWRE on Z¢, d > 1 is similar to the definition on Z.
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We take a family of i.i.d. vectors (w(x,z +e), e € Z%, |e| = 1),z such that, almost
surely, > _; w(z, +¢) = 1, and consider the Markov chain (X, P,,) defined as

Xo =0,
{ P, Xni1 =2+ €| X, =z =w(x,z+e).

Let P denote as before the annealed probability. Unfortunately, while the definition is
quite simple, it is very difficult to extend the results in the one-dimension case to two ore
more dimensions. For example the simple question of transience and recurrence remains
open up to now.

The definition and initial work on the subject has been made by S. A. Kalikow [51]. We
suppose that some ellipticity condition holds, that is, there exists some ¢ > 0 such that
w(z,e) > € almost surely for all z € Z%, |e| = 1.

The first result of Kalikow is a 0-1 law.

Theorem 2.4.1 (Kalikow 1981) For all | € R*\{0},
P(lim X,.l € {—o0,00}) € {0,1}.

It is however rather difficult to know wether it is equal to 0 or 1. We are now going to
introduce a conditions that imply P(lim, .. X,.l € {—o00,00} = 1. This conditions is
known as Kalikow’s condition. To express it we must first introduce an auxiliary Markov
chain. We take some subset U C Z¢, and call Ty the exit time of U. Let (X,,, PY) be the

Markov chain with transition probabilities
£ 5 [£2% 1] wloa + o)
o 5]

Basically the probability that the auxiliary chain goes from x to x + e is the expected

PY(z,z+e) =

number of jumps of the original walk from x to x + e before exiting U over the expected
number of visits to x.

The interest of this auxiliary chain is that it is a Markov chain, while the original walk,
as we said earlier, is not a Markov chain under the annealed law, and furthermore, one can
show that, whenever PY(Ty < oo) = 1, we have P(Ty < oo) = 1 and furthermore X7, has
the same distribution under P and PY.

We are now able to state Kalikow’s condition relative to some vector [.

. U >
Je, U}alcler Z l.eP”(z,x+e) > e. (2.4.1)

e|=1
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Kalikow showed that this condition implied transience, however, the converse is not true,
and, of course, this condition is very difficult to check in generality, but a lot of improvement
has been done recently (see [92, 13]) Using this method, Kalikow managed to show that, for

example, if the distribution of the environment is the following, then the walk is transient

1/4 1/4
0.00T727]70.999/2 050T7§*7i199/2

1/4 1/4

p = 0.999 p=0.001

to the right, which seems quite obvious, but is actually very difficult to prove.
We are now going to present a law of large numbers. Toward this goal, we have to

introduce regeneration times. Let
7 =inf{n > 0; X;.l > X,,.1 > X,,.5,Vs < n < t}.

That is, 7 is the first instant where the walk hits its maximum in direction [ and never gets
back after. We also call D := inf{n > 0, X,,.l < X,.l}.

Theorem 2.4.2 (Sznitman Zerner 1999) Under the previous assumptions, provided that
for some 1, P(lim,, o, X,,.l = o0}) =1, and E[r|D = o], then
X, E[X,|D =]

lim — = .
nioo n E[r|D = o0

Moreover, Kalikow’s condition relative to 1 implies that P(lim, ., X,.l = oo}) = 1, and

E[m|D = o0] < 0.

A first version of this result can be found in [93]. Several improvement of this initial result
have been done since, see for example [100, 20, 59, 23].

We finish this part by mentioning that a central limit theorems have been proven under
Kalikow’s condition by A.S. Sznitman [91]. We also mention [60] for results in a balanced

environment.

2.4.2 Reinforced random walk.

We remarked earlier that, in some sense, a random walk in random environment has a

tendency to stay in the same paths. Another model that has the same property is called
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reinforced random walk. The initial model of reinforced random walk has been introduced
by D. Coppersmith and P. Diaconis [24], and can be described the following way. Let G be
a graph, and z a vertex in G. To each edge e € E(G) is associated a weight wo(e). Then

the reinforced random walk, or Diaconis random walk started at z is defined by
[} XO =X

e at each step, we chose one edge e amongst all the edges starting from X,,, with proba-

bility P(e* is chosen ) = g;}(:(z), where the sum is taken over all the edges issued from
X,,. The walker then crosses the chosen edge, and the weight at time n + 1 of the
chosen edge is defined as w,41(e) = wy,(e) + 1, while all the remaining edge keep the

same weight.

From now on we will assume that G' = Z?. We consider some ordering (ei)ie[l,gd] of the
vertices in Z with modulus 1.
We shall consider a particular class of random walks in random environment, namely

RWRE with environment following a Dirichlet distribution, defined as the measure on
{(I'l, ...Igd) - (0, 1]2d; 22210 T; = 1}

F(a1 + -+ a2d) 1 2a—1
a-1  gaa-lg, g
T(a1).. Dlagg) Tod 0T - - Alady

where (aq, . ..as;) are positive parameters and x; = w(0, ;).
N. Enriquez and C. Sabot [27] showed the following

Theorem 2.4.3 (Enriquez Sabot 2002) The (annealed) distribution of the RWRE on
72, started at 0 on a Dirichlet environment with parameters (ay, . ..as), coincides to the

distribution of the reinforced random walk with initial weights set at wo(x,x + ¢;) = a;.

To understand the reasons for this result, note that the weights of the edges issued from
any vertex r € Z% after n passages to z follow the law of a Polya’s urn, with 2d colors, and
with wo(z; x + €;) balls of the i-th color initially in the urn. It is known, see for example [36]
that the sequence of the colors picked in the urn has the same law as a sequence of colors
picked independently of each other but with the same distribution, initially randomly chose
following Dirichlet’s distribution.

A lot of results are known on this process. For example B. Davis [26] showed that, on
Z, if the initial weights are all set to 1, then the reinforced random walk is either recurrent,

or has finite range, and in this case it finally gets stuck in two points. On a similar model
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of vertex reinforced random walk, we mention the works of R. Pemantle, [76], R. Pemantle
and S. Volkov [77], and finally the recent result by P. Tarres [95], that a vertex reinforced
random finally gets stuck in five points.

On the other hand, for the multidimensional RWRE setting we mention the works by N.
Enriquez and C. Sabot [28], concerning a quite explicit law of large numbers, with bounds on
the speed, improving Sznitman and Zerner’s law of large numbers in the case of a Dirichlet
environment. On the other hand C. Sabot [84] has shown that Dirichlet’s random walk is
transient whenever d > 3. We also mention the work of C. Sabot and L. Tournier [85] on
directional transience.

We are now going to develop a bit more two other examples of extensions of the initial
model of RWRE. The first model we present is a model of RWRE on trees. This model
turns out to be slightly easier to deal with than the multidimensional RWRE, but still keeps
some unanswered questions. The second one is a time continuous extension of RWRE, which
happens to have properties very similar to the standard model, while the link between both

1s somewhat unclear.

2.5 The RWRE on trees.

2.5.1 Introduction

Let T be a tree rooted at e. Two vertices x and y are said to be connected, and denoted
by x ~ y, if x is either the parent or a child of y. For a vertex x € T, we denote by |z| the

0 2! ..., zl*l the shortest path between the

distance between x and the root e, and e = x
root and z.

For each vertex z € T\{e}, we denote its parent by z, and its children by (1, - - TN ()
where N (x) stands for the number of the children of x.

Let w = (w(x), z € T\{e}) be a sequence of vectors defined by w(z) = (w(z, y), y ~ x)
such that w(z, y) > 0, Vy ~ z and that > w(z, y) = 1. Instead of looking at w(z, y) (for

y~zand z € T), it is often more convenient to study A(z;), 1 <1i < N(z) defined by

w(z, z;)

A(z;) = 1 <i< N(x).

w(z, )

We call marked tree a couple (T, A), where A is a random application from the vertices of

T to R%. We give a quite general method to construct a random marked tree. Let T be the
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set of marked trees. We introduce the filtration G,, on T defined as
G, =0{N(z),Alx;),1 <i<n,|z| <n,zeT}.

Following [75], given a probability measure ¢ on N ®]R*+N*, there exists a probability measure
MT on T such that

e the distribution of the random variable (N (e), A(e1), A(es), ...) is g,

e given G,, the random variables (N(z), A(xy), A(xs),.....), for x € T,,, are independent

and their conditional distribution is q.

We will use the notations E,, P, for the expectation and probability associated to ¢; and
Eyr, Pyr for the expectation and probability associated to MT. We will always assume m :=
E,[N(e)] > 1, ensuring that the tree is infinite with a positive probability, and we will always
assume that (N(e), A(e1), A(ez), ...) is not a constant vector.

(T, A) will be called “the environment”, and we call “random walk on 7" the Markov
chain (X,,Pr) defined by Xy = e and

Vo,y € T, Pr(Xop1 = y| X, = ) = w(x,y).

We call “annealed probability” the probability Pyr = MT ® P taking into account the total

alea.

Example (Biased random walk on a Galton—Watson tree). When A(z) = \, Vz,
(where 0 < A < 00 is a constant), the random walk (X,,) is the A-biased random walk on 7'
studied by Lyons, Pemantle and Peres [69], [68], Peres and Zeitouni [78], and Ben Arous et
al. [3]. More particularly, if A;(x) =1, Vz, Vi, we get the simple random walk on 7.

Ben Arous and Hammond [4] considered the case where A(z) does not depend on z nor
on i, but can be random. They called the resulting walk (X,,) randomly biased walk on T,

and proved that the walk is more regular in some sense than the biased random walk. [

We set, for z € T, C, :=[]

X,, an electrical network with conductance C, along [7,z], and a capacited network with

ccaca A(2) 1= e™V@)_ We can associate to the random walk

capacity C, along [z, z] (for more precisions on this correspondence we refer to the chapters
2 and 3 of [70]). Let

p(t) = Eq{ ZA(ei)t} € (—o0, o], t>0.

In particular, p(0) = E,(N) > 1.
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2.5.2 Recurrence/transience

Unlike multidimensional RWRE, the question of transience/recurrence for RWRE on trees

was explicitly solved by R. Lyons and R. Pemantle [66]. Their result is the following

Theorem 2.5.1 We suppose that there exists 0 < o < 1 such that p is finite in a small
neighborhood of a, p(a) = info<i<1 p(t) == p and p'(a) = E, Zﬁ\i(f) A(ei)alog(A(ei))] is
finite. We assume that Zi]i(f) A(e;) is not identically equal to 1.

Then,

1. if p < 1 then the RWRE is a.s. positive recurrent, the electrical network has zero

conductance a.s., and the capacited network admits no flow a.s..

2. if p < 1 then the RWRE is a.s. recurrent, the electrical network has zero conductance

a.s. and the capacited network admits no flow a.s..

3. if p > 1, then, given non-extinction, the RWRE is a.s. transient, the electrical network

has positive conductance a.s. and the capacited network admits flow a.s..

(By “almost surely” we mean “for MT almost every T”).

Remark: In the case where Zfi(f ) A(e;) is identically equal to 1, which belongs to the second
case, | X,| is a standard unbiased random walk, therefore X, is null recurrent. However, there
do exist a flow, given by 0(‘z,z) = C,.

This theorem was originally proved under the additional condition that the distribution
of A; does not depend on i; this condition was released in Faraud [33]. See also Menshikov
and Petritis [73] for a proof of this criterion (under the additional assumptions that N > 1 is
deterministic and that the law of A; does not depend on 7) via Mandelbrot’s multiplicative
cascades.

Theorem 2.5.1 does not give a full answer in the case p = 1, but this result can be
improved, provided some technical assumptions are fullfilled. We introduce the condition

Ne N(e)

)
(H1) : Yo €[0,1], B, Ale)™ | log* [ Y Afe)* | | < o0,
0 0

In the critical case, we have the following

Proposition 2.5.2 We suppose p = 1, m > 1 and (H1). We also suppose that p'(1) =
E, ZiN:(f) A(e;) log(A(e,-))} is defined and that p is finite in a small neighborhood of 1. Then,
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e if p'(1) <0, then the walk is a.s. null recurrent, conditionally on the system’s survival,

e if p'(1) =0 and for some § > 0,
EQ[N(e)l—HS] < o,
then the walk is a.s. null recurrent, conditionally on the system’s survival,

o if p'(1) > 0, and if for some n > 0, w(z, T ) > n almost surely, then the walk is almost

surely positive recurrent.

We present in section 3.1 the proofs of Theorem 2.5.1 and Proposition 2.5.2 in the most

general case

2.5.3 The asymptotic behavior

The transient case (i.e., if infiejo,1] ¥ () > 0 or equivalently p > 1) has received much research
interest recently. We present here the main result, proved by E. Aidékon [1], under the
assumptions that P,(N(e) = 0) = 0 and that the A(e;)1<i<n(e) are i.i.d. random variables,
independent of N (e).

Theorem 2.5.3 (Aidékon 2008) Suppose p > 1 and let ¢; := Py(N = 1), and

A = Leb{t € R, E,(A(e1)") < l,
q1

where Leb stands for the Lebesques measure Then,
o If A > 1, then the walk has positive speed almost surely,
o If A <1 then the walk has zero speed almost surely.

Moreover, in the second case,
. log|X,|
lim ———

= A, a.s.
n—oo logn

We also mention on this subject another work by E. Aidékon [2], concerning large deviations
estimate, , as well as some work by G. Ben Arous, A. Fribergh, N. Gantert and A. Hammond
[3], on the case where the tree can have leaves, .

If infyepo,1) ¥(t) < 0, the walk (X)) is positive recurrent for almost all environment; in this

case, Y. Hu and Z. Shi [42] showed, under the additional assumptions that N is deterministic
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and that the law of A; does not depend on ¢ that @ maxo<p<n | Xx| converges almost surely
to an explicit constant.
We now turn to the critical case inficjo, (t) = 0. We assume that there exists some

6 > 0 such that
Y(t) < oo, Vte (=d,1+0), E,(N(e)'™) < 0. (2.5.1)

There are two different regimes in this case, depending on the sign of
(1) = e_w(l)Eq{ZiL Ale;) log Ae;) }-

We begin with the case ¢'(1) > 0 (and inf,cp 1)9(t) = 0). The walk is then extremely
slow. Indeed Y. Hu and Z. Shi [44] proved, under the additional conditions that N is
deterministic and that the law of A; does not depend on i, that there exist constants 0 <

c1 < cg < 00 such that

maxo<k<n | X| maxo<p<n | X

< ¢y, a.s. (2.5.2)

< liminf <1i
a = (logn)3 - lf@njogp (logn)3

We will actually prove that almost sure convergence holds in (2.5.2) if ¢/(1) > 0 (and
infyc, 119 (t) = 0). The limiting constant in (2.5.2), however, will have different natures
depending on whether ¢’(1) = 0 or ¢/(1) > 0. We first state our result for the case ¢'(1) = 0;
in this case, condition inf,c(o 1)9(t) = 0 is equivalent to (1) = 0.

Theorem 2.5.4 Assume (1) = ¢'(1) = 0. On the set of non-extinction,
maXo<k<n ‘Xk| . 8

li =
s (logn)3 3m20?’

]P)MT—a.S.,

where
N

0% = Eq{ > Afe)(log A(em}. (2.5.3)

ORI vy VOO oy 0
0 \ Y. O \: / 0 \/
1" t 1 t 1 t
X

Figure 2.2: The different possible shapes for ¢
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This result, as well as the following one, are part of a joint work with Y. Hu and Z. Shi.

Let us now turn to the case ¢'(1) > 0 (and inficjo,1j9(t) = 0). In this case, there exists
0 < 0 < 1 such that
') = 0. (2.5.4)

[Thus, the first case corresponds to 6 = 1.]

Theorem 2.5.5 Assume infycpo 1)1 (t) = 0 and ¢'(1) > 0. On the set of non-extinction,

iy eXozk<n [ Xl 20
im = ,
n—oo  (logn)? 3m2¢"(0)

PMT-a.S.,
where 0 € (0, 1) is as in (2.5.4) and " (0) = Eq{ SV Ae)? (log A(ei))2}.

Theorems 2.5.4 and 2.5.5 are proved in Chapter 4

When /(1) < 0 (and inf;cjo,179(t) = 0), then by defining x := inf{t > 1: 9(t) = 0} €
(1, oo] (with infe := c0) and v := 1 — m € (0, 3], the order of magnitude of |X,,| is,
loosely speaking, n”. Indeed Y. Hu and Z. Shi [44] showed (for identically distributed A(e;)
and deterministic V), that
log maxo<s<y | Xs|

lim
n—00 log n

=V, PMT — a.S..

Note that when x > 2, the walk behaves asymptotically like n'/?

. We precise this fact by
a central limit theorem. Unfortunately we are not able to cover the whole regime x € [2, 00).

We first introduce the technical assumptions

1
30 <eg<oo; Vi, e < Aley) < g as (2.5.5)
0
and .
dNy ; N(e) < Ny, ¢ — p.s. and P,[N > 2|A(ey)] > A (2.5.6)
0

Remark : The assumption (2.5.6) is in fact quite non-optimal; it suffices in fact to check
(3.3.6) and the fact that the function g in (3.3.9) is bounded above and away from 0.
Note furthermore that those conditions imply (H1).

Theorem 2.5.6 Suppose N(e) > 1, ¢ —a.s., (2.5.5), (2.5.6).
Ifp=1, p(1) <0 and k € (8,00|, then there is a deterministic constant o > 0 such
that, for MT almost every tree T, the process {|X|ny|/Vo?n} converges in law to the absolute

value of a standard brownian motion, as n goes to infinity.
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Remark : This result is a generalization of a central limit theorem proved by Y. Peres and
O. Zeitouni [78] in the case of a biased standard random walk on a Galton-Watson tree. In
this case, A(z) is a constant equal to %, therefore Kk = co. Our proof is quite inspired from
theirs.

In the annealed setting, things happen to be easier, and we can weaken the assumption

on kK.

Theorem 2.5.7 Suppose N(e) > 1, q — a.s., (2.5.5), (2.5.6). If p =1, p/(1) < 0 and
Kk € (b,00], then there is a deterministic constant o > 0 such that, under Pyr, the process
{1 X |neyl/Va?n} converges in law to the absolute value of a standard brownian motion, as n

goes to infinity.

The last two theorems are proved in chapter 3

Remark : As we will see, the annealed CLT will even be true for K € (2,00), on
a different kind of trees, following a distribution that can be described as “the invariant
distribution” for the Markov chain of the “environment seen from the particle”.

We finally introduce a last model of random process in random environment, namely a

continuous time extension.

2.6 The diffusion in a brownian potential.

Let (W(z)).er be a one-dimensional brownian motion defined on R starting from 0, and, for

k€ R,
Wy(z) == W(z) — gaz

Let (3(t))s>0 be another one-dimensional brownian motion, independent of W. We call

diffusion process with potential W, a solution to the (formal) equation
1

W has clearly no rigorous meaning, but a mathematical definition of (2.6.1) can be given
in terms of the infinitesimal generator. For a given realization of W, X; is a real-valued

diffusion started at 0 with generator
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This diffusion can also be defined by a time-change representation :

where

Ada) = [ evay,

t
To(t) = / oIS BO)) g
0

and B is a standard Brownian motion. A, is the scale function of this process, and its speed
measure is 2e~"V=(®)dy.

Intuitively, for a given environment W,,, the diffusion X; will tend to go to places where
W, is low, and to spend a lot of time in the “valleys” of W,. If the environment is drifted
(k > 0), the process will be transient to the right, but it will be slowed by those valleys (see
figure 2.6). This will be explained more precisely in section 5.2.

For general background on diffusion processes and time-change representation we refer
to [83, 82, 47].

We will call P the probability associated to W, Py, the quenched probability associated
to the diffusion, and P := P ® Py the annealed probability.

T. Brox gave a result concerning the long time behavior of the diffusion in the case k = 0.

Namely, under the probability P,
Xt (laW)

(logt)? —'Y
where U follows an explicit distribution.
The case k > 0 was studied both by K. Kawazu and H. Tanaka ([53]) and Y. Hu, Z. Shi,
M. Yor (][46]) and exhibits a “Kesten-Kozlov-Spitzer” behavior: when x > 1, the diffusion

has a positive speed; when k = 1, under P,

X logt (i) 4

Y

while, when 0 < k < 1,
% (law)
in distribution, where V follows the inverse of a completely asymmetric stable law.
We are interested in the deviations between X, and its asymptotic behavior, in the case
0 < k < 1. Our motivation is the following : as seen above, this diffusion’s asymptotic

behavior is quite similar to the behavior of standard RWRE. We are going to show that
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drift

Valley X

Figure 2.3: A “valley”.

this is also true concerning the deviations. The discrete case has been thoroughly studied
by A. Fribergh, N. Gantert and S. Popov [37]. We have been quite inspired by this work,
especially concerning the ”quenched slowdown” case. In the other cases the powerfull tools
of stochastic calculus even allow us to get more precise estimates.

We mention that these questions have already been studied in the other cases, we refer to

[41] for estimates in the case £ = 0, and to [94] for large deviation estimates in the case k > 1.

Our study will split into four different problems, indeed the quenched and annealed
settings present different behavior, and for each of them we have to consider deviations
above the asymptotic behavior (or speedup) and deviations under the asymptotic behavior
(or slowdown).

We start with the annealed results. For v and v two functions of ¢, we note u > v if

UV = O0.

Theorem 2.6.1 (Annealed speedup/slowdown) Suppose 0 < k < 1, and u — o0 is a
function of t such that for some € > 0, u < t'7"¢, then there exist two positive constants
C4 and Cy such that

—log P (X; > t"u)
1

lim = (}, (2.6.2)
t—o0 uI=-x
and if logu < t*,
tli
tlim ulP <Xt < Z) = (5. (2.6.3)

Furthermore, the results remain true if we replace X; by sup,, Xs.
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This is in fact a easy consequence of the study of the hitting time of a certain level by
the diffusion. We set H(v) = inf{t > 0: X; = v}. We have the following estimates.

Theorem 2.6.2 Suppose 0 < k <1 and e > 0. Foru — oo v — 0o two functions of t such

that for some ¢ > 0, u < v'™""¢, there exist two positive constants C; and Cy such that

~logP [H(v) < (2)""]

lim - = (], (2.6.4)
t—o0 ui—r
and if logu < v,
tlim uP [H(v) > (vu)l/“} = (5. (2.6.5)

The proof of this result involves a representation of H(v) introduced in [41].

We now turn to the quenched setting. We have the following estimates for the speedup

Theorem 2.6.3 (Quenched speedup) Suppose 0 < k < 1, and u — oo is a function of t

such that for some € > 0, u < t1757¢, then there exists a positive constants Cy such that

=(C3, P—a.s.

. —log Pw (X; > th'u)
lim -

t—o0 ui—+

Furthermore the result remains true if we replace Xy by sup <, X.
As before, the proof of this will reduce to estimates on the hitting times.

Theorem 2.6.4 For u — oo v — 00 two functions of t such that for some ¢ > 0, u K
1—-k—e¢
v , then

—log Py [H(v) < (2)""]
lim - =C5, P—a.s.. (2.6.6)

t—o00 uT—-x

For the slowdown, our result is less precise.

Theorem 2.6.5 (Quenched slowdown) Suppose k> 0. Let v € (0,1 A k), then

lim 108108 Pw [ H(#) > 1]) _ (1 - 5) AL P —as, (2.6.7)
t—00 logt K k+1
li 108(=108 Pw Xy < #7]) _ (1 . 5) AL P as. (2.6.8)
t—00 logt K k+1

These result are proved in chapter 5
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2.7 Content

This thesis will be separated in three independent chapters.

In chapter 3 we first present the proof in the general case of the recurrence/transience
criterion Theorem 2.5.1, as well as the proof of the criterion in the critical case 2.5.2. Then we
present the proof of the Central Limit Theorems 2.5.6 and 2.5.7. The proofs of these results
are rather similar, indeed both are divided in two parts, in the first part we introduce a new
distribution of random trees, for which it will be easier to show a Central Limit Theorem,
with a standard Brownian motion, instead of a reflected one, as limiting process. Then, in
a second part we will use a coupling argument to deduce the theorem in the classical tree.
These result can also be found in [33]

Chapter 4 contains the proof, obtained in collaboration with Y. Hu and Z. Shi, of Theo-
rems 1.5.2 and 1.5.3. These results are based, in particular, on the study of the asymptotic
of

exp ( — min max V(y)). (2.7.1)

lz|=nye]2,]
We will see that this quantity is related to the height of the excursions of the walk in the
tree. This work is also presented in [35].
Finally, in chapter 5 we show Theorems 2.6.1, 2.6.3 and 2.6.5. These results have been
published in [34].
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Chapter 3

The Central Limit theorem.

In this chapter we present the proof of Theorem 2.5.6. The proof will be separated into

several steps

e In section 3.1 we prove Theorem 2.5.1 and Proposition 2.5.2.

e In section 3.2 we introduce a different kind of trees, on which we are able to compute

an “invariant” distribution.

e In section 3.3 we show a central limit theorem for random walks on trees following the

“invariant” distribution.
e In section 3.4 we expose a coupling between the original law and the new one.
e In section 3.5 we show some technical lemmas.

e In section 3.6 we show Theorem 2.5.7

3.1 Proof of Theorem 2.5.1.

Let us first introduce an associated martingale, which will be of frequent use in the sequence.

Let o € R and
=3 ] Akx"=>_ce.

x€Ty e<z<zx €Ty,

Y is known as Mandelbrot’s Cascade.
o . y(e) | . . .
It it is easy to see that if p(a) < oo then ()7 1s a non-negative martingale, with a.s.
limit Y@,

25
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We have the following theorem, due to J.D. Biggins (1977) (see [9, 10]) that allows us to

know when Y@ is non trivial.

Statement 3.1.1 (Biggins) Let o« € RT. Suppose p is finite in a small neighborhood of «,

and p'(a) exists and is finite, then the following are equivalent
e given non-extinction, Y >0 a.s.,
o Pp[Y® =0] <1,
o En[Y @] =1,

o I, [(Zév(e) A(e,-)“) log™® (Zév(e) A(ei)o‘)] < 00, and
(H2):= ap'(a)/p(a) <logp(a),

() .
o % converges in L.
pla)

This martingale is related to some branching random walk, and has been intensively studied
([71, 9, 10, 61, 62, 73]). We will see that it is closely related to our problem.
Let us now prove Theorem 2.5.1. We shall use the following lemma, whose proof is similar

to the proof presented in page 129 of [66] and omitted.

Lemma 3.1.1

= max infy''F
0<y<1t>0

> Alx)

zeTy

min F
0<t<1

> Al

€T

(1) Let us begin with the subcritical case, We suppose there exists some 0 < a <
1 such that p(a) = info<<1 p(t) < 1. Then, following [54] (Prop 9-131), and standard
electrical /capacited network theory, if the conductances have finite sum, then the random
walk is positive recurrent, the electrical network has zero conductance a.s., and the capacited

network admits no flow a.s.. We have

Y Cr=) > =) pla)v.

xeT* n=0 Z'ET'rL

Since Y, is bounded (actually it converges to 0), we have

Z Cy < oo, MT — a.s..

xeT*
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This implies that a.s., for all but finitely many =, C;, < 1, and then C, < C¢, which gives
the result.

(2) As before, we have a such that p(a) = info<i<; p(f) < 1. We have to distinguish two
cases. Either p'(1) > 0, therefore it is easy to see that, for «, (H2) is not verified, so

Z Ca Y(a

ZBETn

when n goes to oo . Then for n large enough, C, < 1 for every = € T,,, whence

ZCI—>O,

xz€Ty,

then by the maz-flow min-cut theorem, the associated capacited network admits no flow a.s.,
this implies that no electrical current flows, and that the random walk is recurrent MT-a.s..

We now deal with the case where p'(1) < 0, then oo = 1. The proof is similar to [66], but,
as it is quite short, we give it for the sake of clarity. We use the fact that, if the capacited
network admits no flow from e, then the walk is recurrent.

We call F' the maximum flows from e in 7', and for x € T, |x\ = 1, we call F, the
maximum flow in the subtree T, = {y € T\, x < y}, with capacity A along the edge (7, z).
It is easy to see that F' and F) have the same distribution, and that

F=> A(x)(F, A1), (3.1.1)

|lz|=1

Taking the expectation yields
E[F| = E[F, N1] = E[F N1],
therefore esssup F' < 1. By independence, we obtain from (3.1.1) that

esssup F' = (esssup Z A(z))(esssup F).
|z|=1
This implies that F' = 0 almost surely, as (esssup »,_; A(z)) > 1, when 3, A(z) is not
identically equal to 1 .
(3) We shall use the fact that, if the water flows when C, is reduced exponentially in |z|,
then the electrical current flows, and the random walk is transient a.s. (see [64]).

We have
N(e)

nflE ZA(@) =p>1

1
a€l0,1]



o8 CHAPTER 3. THE CENTRAL LIMIT THEOREM.

(p can be infinite, in which case the proof still applies).

We introduce the measure pu,, defined as

pin(A) = E[2(A N {log Ca}acr, )],

where f denotes the cardinality.

One can easily check that

b\ i /_ " (1) = B

o0

> Cﬁ] = p(\)".

€Ty,

Let y € (0,1] be such that p = infooy" " E[}°, .5, A(2)"]. Then, using Cramer-Chernov
theorem (and the fact that the probability measure p,,/m™ has the same Laplace transform

as the sum of n independent random variables with law 1 /m), we have

—log un([n(~ log y), 00)) — log(p/y).
Now, if we set 1/y < ¢ < p/y, there exists k such that
Elt{z € Ti|C, > y*}] > ¢".
Then the end of the proof is similar to the proof in [66]. We chose a small € > 0 such that,
Elt{x € T:|C, > ¥, and Ve < z <z, A(2) > €}] > ¢".

Let T* be the tree whose vertices are {x € Ty,,n € N} such that z = % in TF iff x < y in
T and |y| = z + k. We form a random subgraph T*(w) by deleting the edges (z,y) where

H A(z) <¢"or Tz <2<y A2) <e
2<2<y
Let 'y be the connected component of the root. The tree I'g is a Galton-Watson tree, such
that the expected number of children of a vertex is ¢* > 1, hence with a positive probability
Iy is infinite and has branching number over ¢*.

Using Kolmogoroft’s 0-1 Law, conditionally to the survival there is almost surely a infi-
nite connected component, not necessarily containing the root. This connected component
has branching number at least ¢*. Then we can construct almost surely a subtree 7" of T,
with branching number over ¢, such that Vo € 7", A(x) > € and if |x| = nk,|y| = (n + 1)k
and z <y then [[,_ ., A(2) > q". This implies the result.
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We now turn to the proof of Proposition 2.5.2. Let m be an invariant measure for the
Markov chain (X, Pr) (that is a measure on 7" such that, Vo € T n(z) = >_ ., 7(y)w(y, 7)),
then one can easily check that

71'(:8): w(ie H Az

ZIZ', X ) 0<z<zx

with the convention that a product over an empty set is equal to 1.

Then almost surely there exists a constant ¢ > 0 (dependant of the tree) such that
m(z) > cC,.

Thus

Z m(x) > ¢ Z VAS

ze€T
-If p/(1) < 0, then (H2) is verified and Y > 0 a.s. conditionally to the survival of the
system, thus the invariant measure is infinite and the walk is null recurrent.
-If p'(1) = 0, we use a recent result from Y. Hu and Z. Shi. In [45] it was shown that,

under the assumptions of Theorem 2.5.2, there exists a sequence A, such that

An An
O<hrrlri)g)1fnl/2§hmsup /<oo

and )\nerl) —n—oo Y, with Y > 0 conditionally on the system’s survival. The result follows
easily.

-If /(1) > 0, there exists 0 < a < 1 such that p(a) = 1, p'(a) = 0. We set, for every
zeT, Alz) = A(z)*. We set accordingly C(z) = [Toc:<z A(z), and

ZA e))'| = plat).

Note that p(1) = 1 = info;<1 p(t) and §'(1) = 0. Note that under the ellipticity condition

w(z, ) > n, for some constant ¢ > 0

Zﬂ'(l’) < cZCx = Z(}i/a.

zeT zeT zeT

Using Theorem 1.6 of [45] with § =1/« and C, = e V@ we get that for any %a <r<a,

(ze)

— o),
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Note that as r < 1,

(; Y,w)r <300

()

whence, using Fatou’s Lemma,

EMT < 0.

This finishes the proof.

3.2 The IMT law.

We consider trees with a marked ray, which are composed of a semi infinite ray, called
Ray ={vy =e,v; = Vo, Vg = <v_l} such that to each v; is attached a tree. That way v; has
several children, one of which being v;_.

As we did for usual trees, we can “mark” these trees with {A(x)},er. Let T be the set
of such trees.

Let F,, be the sigma algebra o(N,, A,,,v, < z) and F, = o(F,,n > 0). While unspeci-
fied, “measurable” will mean “F., - measurable”.

Let ¢ be the law on N x R*" defined by

- = A €;).
Remark : For this definition to have any sense, it is fundamental that E, [Ziv(e) Al =1,
which is provided by the assumptions p'(1) < 0 and p = 1.

Following [78], let us introduce some laws on marked trees with a marked ray. Fix a
vertex vy (the root) and a semi infinite ray, called Ray emanating from it. To each vertex
v € Ray we attach independently a set of marked vertices with law ¢, except to the root e
to which we attach a set of children with law (¢ + ¢)/2. We chose one of these vertices, with
probability f f(;’(igi), and identify it with the child of v on Ray. Then we attach a tree with
law MT to the vertices not on Ray. We call IMT the law obtained.

We call 6T be the tree T “shifted” to v, that is, 6*T" has the same structure and labels

as T', but its root is moved to vertex v.
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Figure 3.1: The IMT law.

Note that as before, given a tree T in T, we can define in a unique way a family w(z,y)

such that w(x,y) = 0 unless d(z,y) =1,

Ve eT, Zw(z,y)zl,

yeT

and -
Ve eT, Aly) = 88 (3.2.1)
w(T,7)
We call random walk on 7' the Markov chain (X, Pr) on T, starting from vy and with
transition probabilities (w(z,y))s yer-
Let T, = 6X¢T denote the walk seen from the particle. T} is clearly a Markov chain on T.
We set, for any probability measure p on T, P, = 1 ® Pp the annealed law of the random

walk in a random environment on trees following the law p. We have the following

Lemma 3.2.1 IMT is a stationnary and reversible measure for the Markov process Ty, in the

sense that, for every F : T2 — R measurable,

Ene [F(To, T1)] = Eue [F(T1, To))-
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Proof : Suppose G is a F,,-measurable function, that is, G only depends on the (classical)
marked tree of the descendants of v,, to which we will refer as T~ and on the position of
v in the n — th level of T~". We shall write accordingly G(T") = G(T"™", vp)

We first show the following

Lemma 3.2.2 If G is F,, measurable, then

Y C.G(T,x) (%)] . (3.2.2)

xETn

Err [G(T)] = Eyr

Remark : These formulae seem to create a dependency on n, which is actually irrelevant,
since B [N A(e,)] = 1.

Proof : This can be seen by an induction over n, using the fact that

Ena[G(T™", v ZA () E[G(T'(i, N, A(e;)), vo)|i, N, A(e;)]

Y

where T"(z, N, A(e;)) is a tree composed of a vertex v, with N children marked with the
A(e;), and on each of this children is attached a tree with law MT, except on the i-th, where
we attach a tree whose law is the same as 7~ 1.

Iterating this argument we have

Eu|G(T™" 00)] = Bur | Y C.E[G(T"(2,T), )|z, T)

ZBETn
where the n first levels of 7" (z, T') are similar to those of T, to each y € T, = # y is attached

a tree with law MT, and to z is attached a set of children with law (¢ + ¢)/2, upon which we
attach MT trees. The result follows.

Let us go back to the proof of Lemma 3.2.1. Using the definition of the random walk, we
get

Enur[F(To, T1)] = B | Y w(ve, z)F(T,0°T)

zeT

Suppose F' is F(,,_gy X F(n—2) measurable; then T" — F(T',0°T) is at least F{,_1) measurable.
Then we can use (3.2.2) to get

Erur [F (T07 Tl = Byt

xeTy, yeT
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It is easily verified that

14+ ZA(xi)C

Ve,y € T, w(x,y) 5 -

Using this equality, we get

Banl P00 T)] = e |5 S wla)Cy (“5) (1), (1,0)

2
Lx€T), yeT

= e | 2 w6 (CEAY) pr ). )

yET 41 2
b B | ¥ Y et (FTE) p(a, ()

Using (3.2.2) and the fact that F'is F(,_o) X F(,_g)-measurable, we get

Zw(e,ei)F(éeiT, T)

7

E1ur [F(T0>T1)] = Emr [W(ea ?)F(H?T, T)] + By

This finishes the proof of (3.2.1).

3.3 The Central Limit Theorem for the RWRE on IMT
Trees.

In this section we introduce and show a central limit theorem for random walk on a tree

following the law IMT. For T' € T, let h be the horocycle distance on T (see Figure 2). h can
h(vo)
h(w)

Theorem 3.3.1 Suppose p =1, p/(1) < 0 and k € [5,00], as well as assumptions (2.5.5)
and (H2) or (2.5.6). There exists a deterministic constant o such that, for IMT — a.e. T,

the process {h(X|ni))/Vo?n} converges in distribution to a standard Brownian motion, as n

be defined recursively by

0
hz)—1,VeeT

We have the following

goes to infinity.
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The proof of this result consists in the computation of a harmonic function S, on 7. We
will show that the martingale Sy, follows an invariance principle, and then that S, stays
very close to h(z).

Let, forv e T,

W, = lim > IT A

ze€Tw<z,d(v,x=n) v<z<T
Statement 3.1.1 implies that W, > 0 a.s. and E[W,|o(A(x;), N(z),z < v)] = 1. Now, let

My =0 and if X; = v,

W, if X, =0
My — My = , :
in, if Xt+1 = V;

Given T, this is clearly a martingale with respect to the filtration associated to the walk.
We introduce the function S, defined as S, = 0 and for all x € T',

in such a way that M; = Sy,.
Let
n = Eq[WZ), (3.3.2)

which is finite due to Theorem 2.1 of [61] (the assumption needed for this to be true is x > 2).
We call

1 < .
Vi= 7 ;ET[(Mz’H - MZ)2|~7:t]

the normalized quadratic variation process associated to M;. We get

N(X;)
Eal(Mi — MiPIE] = (X TOW2, + 3 w(X, X)) W2, = G(T)),

J=1

where X;; are the children of X; and G is a L'(IMT) function on T (again due to x > 2).
Let us define o such that Fpe[G(T)] := o?n?. We have the following

Proposition 3.3.2 The process {M|nt|/\/o?n?>n} converges, for IMT almost every T, to a

standard Brownian motion, as n goes to infinity.

Proof : We need the fact that when ¢ goes to infinity,

V, = o’n’.
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This comes from Birkhof’s Theorem, using the transformation # on T , which conserves the
measure IMT. The only point is to show that this transformation is ergodic, which follows
from the fact that any invariant set must be independent of F* = o(N(z), A(x;), v, <
x,h(x) < p), for all n, p, hence is independent of Fj,.

The result follows then from the Central Limit Theorem for martingales. Our aim is now
to show that h(X;) and M,;/n stay close in some sense, then the central limit theorem for
h(X;) will follow easily.

Let
€ < 1/100,(5 S (1/2+ 1/3—'—460,1—460)

and for every t, let p; be an integer valued random variable uniformly chosen in [t, + [#°]].
It is important to note that, by choosing ¢y small enough, we can get § as close to 1 as
we need.

We are going to show the following
Proposition 3.3.3 For any 0 < € < €,
Jim Pr(|M,, /n — h(X,,)| > eVt) =0, INT — a.s.,
further,

lim Pr sup  |W(X,) — h(X,)| > t/> ¢ | =0, IMT — a.s..
t—00 r,s<t,|r—s|<td

Before proving this result, we need some notations. For any vertex v of T', let

Shay = > W,.

y on the geodesic connecting v and Ray,yZRay

We need a fundamental result on marked Galton-Watson trees. For a (classical) tree T,

Se= Y W,

e<y<z

and z in T, set

with W, as before, and

n —

A {vET,d(v,e):n,

> e}

Sy
— =1
n

We have the following
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Lemma 3.3.4 Let 2 < A\ < k — 1, then for some constant Cy depending on e,

Bur | Y G| < Cin'™ 2, (3.3.3)

TEAS

Proof : We consider the set T* of trees with a marked path from the root, that is, an
element of T* is of the form (T, vy, vy, ...), where T is in T, vy = e and v; = ;1.

We consider the filtration Fy = o(T, vy, ...vx). Given an integer n, we introduce the law
M/T\;*l on T* defined as follows : we consider a vertex e (the root), to this vertex we attach a
set of marked children with law ¢, and we chose one of those children as vy, with probability
P(z =wv) = A(x)/ > A(e;). To each child of e different from v; we attach independently a
tree with law MT, and on v; we iterate the process : we attach a set of children with law ¢,
we choose one of these children to be vy, and so on, until getting to the level n. Then we

attach a tree with law MT to v,,.

Un

Figure 3.2: the law I"I/"l"\;*1

The same calculations as in the proof of Lemma 3.2.2 allow us to see the following fact :

for f F,-measurable,

E@[f(Tu Yo, ’--7Un>] = Fur

3 fo(T,p(fv))] , (3.3.4)

(EGTTL

where p(x) is the path from e to x. Note that, by construction, under IVI/T\;*l conditionally
to F;f = (Cy,,0 < i < n), the trees T®) 0 < i < n of the descendants of v; who are not
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descendants of v;,1 are independent trees, and the law of 7 is the law of a MT tree, except
for the first level, whose law is ¢ conditioned on v;;1, A(viy1).

For a tree T in T* we have
va = Z A(‘T)Wx + A(Uk+1)va+1 = WI: + A(Uk-i-l)WUkH’
vk:?,x;ﬁvwrl

where

Wi* = nh_)rrgo Z H A(z).

z€Tw;<x,vj41Lx,d(vj,x)=n v<z<z

[terating this, we obtain

n—1 J n
Wo, =Y Wy I Aw) +Wa, T Aw).
j=k i=k+1 i=k+1

with the convention that the product over an empty space is equal to one. We shall use the
notation A; := A(v;) for a tree with a marked ray.

Finally, summing over k, we obtain

f[ A (3.3.5)

Let B; = Y7o [1- i1 Ai. We note for simplicity W, := W . Note that

E@[Wg EMT (Z C ) = EMT[M?L]

€Ty,

converges to 1 = Eyr[WZ] as n goes to infinity. Indeed, recalling that Eyr[M,] = 1, we have

r 2

Ex[(M,1 — 1) = E, ZA e;)U

N(e) N(e)

= E, Z‘“Z ; +ZA62 :

where, conditionally to the A;, U; are i.i.d. random variables, with the same law as M,,. We
get
Bu[(Myy1 — 1)*] = p(2) B [(My, — 1)%] + Cs,
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where Cj is a finite number. It is easy to see then that E[M?] is bounded, and martingale
theory implies that M, converges in L?. Using the fact that E@[va] = E@[Wo], a
“Cesaro” argument implies that EMT*[ Sy, |/n converges to n as n goes to infinity. In view of
that and (3.3.4) it is clear that, for n large enough

> G| <

TEAS

Z Cx Sz— MT* [Sz] >ne/2]

x€Ty,

S PﬁT\*|:SUn_E ['Un|F]

ne}
4

+ PMT H MT*[ vn|F;]_EM/T§[Svn]

ne

— | =P+ .
>4] 1+

Let us first bound P;. Let V~[/']?k =W - E@[W]*\F;] and A € (2,k —1). We have

EY = Eg |[S., — BglSu|E] } B
_ . A\
=0

Inequality from page 82 of [79] implies

3 o (775’141

where we have admitted the following lemma

MTX

M) < O\ B

ZBA

Lemma 3.3.5 Vu < &, there exist some constant C' such that
B (WM EX] < C. (3.3.6)
moreover, there exists some €1 > 0 such that
By (W7 7] > 1.

We postpone the proof of this lemma and finish the proof of Lemma 3.3.4. In order to bound

Eg= [B}] we need to introduce a result from [10] (lemma 4.1).
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Statement 3.3.1 (Biggins and Kyprianou) For anyn > 1 and any measurable function
G,

Y C.G(Che<y<a)| =E[G(e%1<i <),

(EGTTL

where S, is the sum of n i.i.d variables whose common distribution is determined by

N(e)

Elg(S1)] = Ey | > Aler)g(log Ales)

=1

for any positive measurable function g.

In particular, E[e*'] = B[S A(e;)»] = p(A 4 1) < 1. We are now able to compute

Eg [B)] = B | D> Ca (Z I1 A(z)) _E <i65n-sk>

x€Ty e<y<z y<z<z

Using Minkowski’s Inequality, we get

b ] < (S [e0

We can now conclude,

y\H
~_
>
AN
R
el
[l 3
(@)
>~
+
=
~_—
>
AN
0
)
w
-

EW < o2,

and by Markov’s Inequality,
P < Cg/(Mn??). (3.3.8)

Now we are going to deal with

P, = P || B[S0 Fy] - Bgs1S0.]

> ne/2] :

Lemma 3.3.5 implies that Ei [W]*\F;] is bounded above and away from zero, and a deter-

ministic function of A;;;. We shall note accordingly
Eg: WS F7] = g(Ajia). (3.3.9)

Recalling (3.3.5), we have

F71=> EmW;IF)B = > H Aig(Arir).

7=0 0<j<k<n 1=j

Eﬁf [Svn
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with the convention g(A,11) =1 and Ay = 1. We set accordingly

B[S0, | Fy] = F(Ay, ..., Ap).

Recalling that, due to Statement 3.3.1, under the law MT* the A; are i.i.d random variables
we get

[ (Al,..., Z H MT* MT* (Ak—i—l)]

0<j<k<n i=j

For m > 0 we call

m
F'[ Aty ooy A
k
E, H MT* j MT* 9(Ag+1)] E, H MT* Al H A g(Agt1)-
0<j<k<n i=j 0<j<k<n i=j i'=m+1
k<m-—1 k>m

Note that F* = F and F" = Ez[S,, ], thus we can write

Egz[S., F¥ — Egz[S,,] = FO(Ay, . Ay) — 7
== FO(Al, An) - F1<A2, An>
+ FY(Ay, .. A,) — F?(A3, . A)....
+ F"Y(A,) — F™.
We introduce the notations p := Eg=[A1] = p(2) < 1, and for a random variable X,

X =X — Eg=[X].

The last expression gives us

= §(A1) + Ai(9(A2) + Asg(As) + ... + [ [ Aig(Anir))

=2
noJj
+ pg(As) + As(1 + p) Z HAig(Aj—i-l)
j=3 i=3
+p°9(As) + As(1 + p+ p) ZHAZQ j+1)
j=4 i=4

+ 0" (A + AL+ p+p° + "),
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We deduce easily that

EA [Svn

MT:

<O7+Cg

n

> AD A+ p+p 4 (3.3.10)
k=1

F’*] - El‘ﬁ'\; [Svn]

where C7, Cs are finite constants and
n J
Dy, = Z H Aig(Ajir).
j=k+1i=k+1
To finish the proof of Lemma 3.3.4, we need to show that for every € > 0, P[> 1_; ApDy(1+

p+p2+ ..o ) > ne < nf/—(il

Recalling that A < k — 1, we can find a small v > 0 such that \(1+v) < k — 1. Then we

) 1/A(14v)

n A1+4v)
< <Z (Cgp(l + )\(1 +u))n—k+l)1/>\(1+'/)> < Cio.

have, by Minkowski’s Inequality

" A(14v)

Cy H A?\(H'H)

7
i=k+1

A(1+v
B 0] < | 22 <Eﬁ

j=k+1

j=k
(3.3.11)
Markov’s Inequality then implies
1 n
P@ |:III€1<8£{ D, > (5271,) 2(1+u):| < Cum. (3312)

On the other hand, we call for 0 < k < n,

Ne:= Y Dig(Ans)(1+p+p"+ .07,

j=n—k

It is easy to check that N is a martingale with respect to the filtration Hy = o(A;,n —k <

j < n). We can compute the quadratic variation of this martingale

k k
(Np)y=>_ Bz (N, = Ny—1)*[Hi 1] = p(3) Z(Dn—j)2~

On the other hand, the total quadratic variation of N, is equal to

[N] = (Ne = Nieea)* = > (AnjDnj)”.

i—1 j=1

<
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It is easy to check that if the event in (3.3.12) is fullfilled, then there exists some constant
(12 such that (Np) < 012n1+2(11+l’) and [Ny] < ClgnH?(liV). Therefore, using (3.3.12) and
Theorem 2.1 of [5],

. n (en)?
ZAka‘ > TLE] < Cnm + 26Xp—

Pz —
=1 2C19n 20+

(3.3.13)

Putting together (3.3.8) and (3.3.13), we obtain (3.3.3). This finishes the proof of Lemma
3.3.4. In particular, if kK > 5, we can choose A > 4, so that

EMT[ Z Cx] < n_”,
TEAS

with ¢ > 1 . The following corollary is a direct consequence of the proof.

Corollary 3.3.6 For everya >0 and2 < XA <k —1,

kl—A/2
Bgz[|Su, — kn| > a] < €

-
a

We now give the proof of Lemma 3.3.5. As we said in the introduction, for this lemma
we need either the assumption (H2) or the assumption (2.5.6). We give the proof in both
cases. Note that, by construction of MT*, as, using Theorem 2.1 of [61], for every x a child

of v;, different from v;, 1, W (z) has finite moments of order p,

i H
By (W) F] = Coba S Aw) | |E; (3.3.14)
| T =0;,2A Vi1
w
= ok > A | |A(w) (3.3.15)

‘Z“Zl,l‘#vl

Note that the upper bound is trivial under assumption (2.5.6). We suppose (H2), Let f be
a measurable test function, we have by construction

- w

Eill Do Aw@ | f(Aw)

ISCl:].“’,C#Ul

[N (e) H
= B, | Y Ale) (ZM@;-)) f(A(e:))
| i=1 i#£]j
> A <ZA’<1>> FA)

i#]

< Y Py(N(e) =n)E,
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By standard convexity property, we get that the last term is lesser or equal to

qu(N e

while, still by construction

Eq [f(A(wr))]

ZA’ i A F(A ()

i#]
§jP e) = n)nt T B, [A'(i) f(A'(1))]
AM)MM@NWM&W@WL

= b

q

N(e)
memmﬁ

n

= Y P(N(e)=n)E, [Z A(i) f(A(i

= B[N (e)] Eg[A (1) f(A'(1))).
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Therefore the result is direct. To prove the lower bound we begin with assumption (2.5.6).

Actually we will only use the second part of this assumption, which is trivially implied by

(H2), so the proof will also work for this case.

We have

‘x‘:Lx?ﬁvl

Eq[ Y Aln)fAC

v

v

vV

&
M L
i

>

0 Y EflA(e) S (Ale
0> EJA(e) f(Ale

Alea)) Loy + €oBglAler) f(Aler)) P(N(e) > 2|Afen))]

i) Lg<ney(N(e) —

N(e)
> Al S (Al

]

}E

%A () <ZA e ) 1))}

i) Lii<n(ey(N(e) —1)]

ei)] = E; [f(A(v1))],

D] + eoEg[A(er) f(A(er))(N(e) — 1)]

indeed for i > 2, the event {i < N(e)} implies N(e) — 1 > 1. This finishes the proof of

Lemma 3.3.5.
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Let us go back to IMT trees. We consider the following sets

Ray

v — . 3.1
o n‘>e} (3.3.16)

B; = {U € T,d(v,Ray) = n,

We can now prove the following

Lemma 3.3.7
lim Pp(X,, € Uy2,B;,) =0, IMT — a.s..

t—o00

Proof : we recall that a IMT tree is composed of a semi-infinite path from the root :

Ray = {vy = e,v; = ¥g...}, and that
Wi = 1i1£n Z H A(z).
z€Twj<z,vj_1Lx,d(vj,x=n) v<z<z

Recalling Lemma 3.3.5, under IMT, conditionally to {Ray, A(v;)}, W} are independent ran-
dom variables and E[W}] > eo.
Let 1/2 < v < 4. For a given tree T, we consider the event

Pt = {Hu < 2t|Xu = 'U\_t’YJ}-
We have
Ft - {Jggt Mu S SULtWJ}’
and IMT almost surely, for some €,

[t7]
Sopyy < — Z W} < —et?, for t large enough.
0

Since M, is a martingale with bounded normalized quadratic variation V;, we get that, for
IMT almost every tree T',
PT(Ft) — O

Going back to our initial problem, we have

Pr(X,, € Uy_B;) < Pp(X, €U B;,; 1Y) +Pr(Ty) (3.3.17)
1 H’”LHJ
< WIET > dxeus B | +Pr(0y), (3.3.18)
s=0
where va | is the first time the walk hits v .
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As before we call T(#) the subtree constituted of the vertices « € T such that v; < x £ .
The first part of the right hand term of (3.3.17) is equal to

1] Hopr L Ho\ )
Lta TR Er Z Z Ly euze_ Bonren | = WZET Z Lo | Niy
=0 s=0 =0 s=0

where N; is the Pr-expectation of the number of visits to U, B¢, NT") during one excursion
in 7). Lemma 3.3.4 implies that, under IMT conditioned on {Ray, A(v;)}, N; are indepen-
dent and identically distributed variables, with finite expectation, up to a bounded constant
due to the first level of those subtrees. We are now going to compute Er |>" T 1x _Ui] .

Given T', we have
HULm |

Z ]lezvi S 1 + Mia

s=0
where M; is the number of times the walk, leaving from v;, gets back to v; before hitting
< H,,].

Standard computations for random walks on Z, (see, for example, Theorem 2.1.12 of [99])

V|| M; follows a geometric law, with parameter p; = P [va |

imply that
w (Uzv U2+1)

1+ S T A

and, going back to our initial problem,

Di =

[t7) t]-1 2]

00 € C'14
Pr(X,, € U2 B) < IP’T(Ft)er; 1+ > I Awo) | N

C [t7]
< Pr(Ty) + Vi 14ZNZ,

=t k=j-—1

with V, =1+ ZWJ 1Hkﬂi L Avg).
As in the proof of Lemma 3.3.4, statement 3.3.1 implies that Emng[V,*] < C}5 for some
a > 2. Now we can choose § close to one and 7 close to 1/2; and u such that 1/a < pu < d—7
Markov’s Inequality and the Borel Cantelli Lemma imply that, IMT-almost surely, there
exists ty such that Vt > ¢y, V; < t#, and then,

C
Pr(X, € U BS) <Pr(ly) + ——- > N,
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Since 6 — pu < 7y, an application of the law of large numbers finishes the proof of Lemma 3.3.7.

We are now able to prove the first part of Proposition 3.3.3. Note that under IMT, S,,

follows the same law as S, in a T* tree under I‘ﬁ"\;, whence
Svn/n - _77
n—oo

in probability. Let @); be the first ancestor of X,, on Ray. Statement 3.3.1 and standard
RWRE theory imply that (); is transient, therefore

Sq./M@) — n,

t—o0

so that, for any positive €;, for large t,

15q./n — h(Q)] < €1 sup [M,]. (3.3.19)

s<2t

We can now compute

| My /0 — (X)) = [SX? /11— d(X,,, Ray) + Sq, /1 — h(Qs)]-
In view of (3.3.19) on the event {X,, & UsZ B¢}, we have

| M, /1 = M(Xp,)| < 261 sup [ M].

s<2t

The process V; being bounded IMT a.s., a standard martingale inequality implies

lim lim sup P%(sup | M,| > evt/(2¢;)) = 0.

a—0 ¢ 00 s<t

It follows that
tlim Pr(|M,,/n — h(X,,)| > eVt) = 0, IMT — a.s.

We are now going to prove the second part of Proposition 3.3.3. The course of the proof is

similar to [78]. We have the following lemma
Lemma 3.3.8 for any u, t > 1,

Pur(|X;i| > w for some i <t) < e~ u?/2t.
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Proof : We consider the graph 7™ obtained by truncating the tree T after the level u — 1,
and adding an extra vertex e*, connected to all vertices in T,_;. We construct a random

walk X! on 7™ as following
w(z,y)if |z <u—1or|z|=u—1,|yl=u—2
PY(Xop =yl X7 = a) = { 1= wle, T) if [1] =u—1,y = ¢
ole’,y)ifz =€ |yl =u—1

We can choose w(e*, y) arbitrarily, provided w(e*,y) = 1, so we will use this choice

y€Ty—1
to ensure the existence of an invariant measure : indeed, if 7 is an invariant measure for the

walk, one can easily check that, for any z such that |z| < u — 1, calling (") the first vertex

on the path from e to z,

m(e)w(e, z™M
m(z) = % H A(2).

W
(M <2<z

Further, we need that, for every x € T,,_1,
m(x)(1 —w(z, T)) = 7(e*)d(e*, z).

Summing over x, and using » . @(e*,y) =1, we get

we) =) Y wlea) [ amZeis)

T
€Ty 1 z(W <2<z )

< (e) Z H A(z) < 7(e)Y,.

2€Ty g() <2<z
Then, t
Pur(Ji <t, X; > u) <Pyr(3i < t, X7 =€) <) Pn(X] =€),
i=1
By the Carne-Varnopoulos Bound (see [70], Theorem 12.1),
Pr(X} = e*) < 2¢/Yye /%
Since, by Jensen’s Inequality, Er(v/Y,) <1,

Pyr(X; > u for some i < t) < ote v /2t

We have the following corollary, whose proof is omitted
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Corollary 3.3.9
Por(|h(X;)| > u for some i < t) < 4tPe™ =1/,

Proof : see [78], Corollary 2.

We can now finish the proof of the second part of Proposition 3.3.3. Under Ppyr, the

increments h(X; 1) —h(X;) are stationnary, therefore, for any € and r, s < t with |[s —r| < #,
]P)IMT(|h(X7“) - h(Xs)| Z t1/2_6) S ]P)IMT(|h(XT’—s)| 2 t1/2_5) S 4t36_t17672€,

Whence, by Markov’s Inequality, for all t large,

_tlféfs

T

Consequently;,

Pryr (IP’% ( sup |h(X;) — (X)) > t1/2_6> > 6_t156> < et 0T

r,5<t,|r—s|<td

The Borel-Cantelli Lemma completes the proof.

We are now able to finish the proof of Theorem 3.3.1. Due to Proposition 3.3.2, the pro-
cess {M|nt]/ \/m} converges, for IMT almost every T, to a standard Brownian motion,
as n goes to infinity. Further, by Theorem 14.4 of [11], {Mpn:/ \/m} converges, for IMT
almost every T, to a standard Brownian motion, as n goes to infinity. Proposition 3.3.3
implies that the sequence of processes {Y"} = {h(X,,,)/Vo?n} is tight and its finite dimen-
sional distributions converge to those of a standard Brownian motion, therefore it converges

in distribution to a standard Brownian motion, and, applying again Theorem 14.4 of [11],

so does {h(X|n/Vo?n}.

3.4 Proof of Theorem 2.5.6.

In this section we finish the proof of Theorem 2.5.6. Our argument relies on a coupling
between random walks on MT and on IMT trees, quite similar to the coupling exposed in [78].
Let us introduce some notations : for 7', S two trees, finite or infinite, we set LT the leaves
of T, that is the vertices of T that have no offspring, 7° = T'/LT and for v € T' we denote by
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T o” S the tree obtained by gluing the root of S to the vertex v of T', with vertices marked
as in their original tree (the vertex coming from both v and the root of S is marked as v).
Given a tree T' € T and a path {X;} on T we construct a family of finite trees T;, U; as
follows : let 79 = 1y = 0, and Uj the finite tree consisting of the root e of T" and its offspring,
marked as in 7. For i > 1, let

7, =min{t > n;_1 : Xy € LU;_1} (3.4.1)
n; = min{t > 7;; X; € U7, }. (3.4.2)

(2

Let T; be the tree “explored” by the walk during the excursion [7;,7;), that is to say T;
is composed of the vertices of T visited by {X;,t € [r;,m:)}, together with their offspring,
marked as in 7', and the root of 7} is X,,. Let U; = U;_, oX7i T} be the tree explored by the
walk from the beginning. We call {u?}7;""" the path in T} defined by u} = X, ;. If T'is

distributed according to MT, and X; is the path of the random walk on 7', then, the walk

being recurrent, Pyr—almost surely 1" = lim U;.

We are now going to construct 7' € T, a tree with a semi-infinite ray emanating from the
root, coupled with 7', and a path {Xt} on T, in such a way that, if T is distributed according
to MT, and X, is the path of the random walk on T, then T will be distributed according to
IMT and {X,} will follow the law of a random walk on 7.

Let U, be the tree defined as follows : we choose a vertex denoted by e, as the root of U,,
and a semi-infinite ray {e = v, v1,...}. To each vertex v; € Ray different from e we attach

independently a set of marked vertices with law ¢. To e we attach a set of children with
A(x)

5, AW

identify it with v;_;. We obtain a tree with a semi-infinite ray and a set of children for each

distribution (¢ 4+ ¢)/2 If i > 1 we chose one of those vertices, with probability and

vertex v; on Ray, one of them being v;_.

We set 79 = 7o = 0. Recalling the relation (3.2.1) between the A, and the w(zx,y), one
can easily check that for any vertex z, knowing the {w(z,y)},er is equivalent to knowing
e Rayyel, and define
a random walk X, on Uy, stopped when it gets off Ray. We set accordingly 7; = min{t >
0:X, ¢ LUO}.

{A(x;) }2; children of z- Thus, knowing U, one can compute the {w(z,y)}
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We are now going to “glue” the first excursion of {X;}. Let

Uy = Uy o™ Ty,
m =T +m— T,
v -1 _ 1
{Xt t=71 _ut—‘?l’

—

X = X,

One can easily check that {X;},<z follows the law of a random walk on U;.
We iterate the process, in the following way : for ¢ > 1, start a random walk {Xt}tZﬁi—l

on Ui_l, and define

7; =min{t > 0 : X, € LUi_l},

Ui = Uiy o™ T,
N =T + 0 — T,
{Xt ni—1 _ ui

t="7; t—T74)
%

X — Xl

Finally, set U = Uy U; and T the tree obtained by attaching independents MT trees to

each leaves of U. It is a direct consequence of the construction that

Proposition 3.4.1 If T is distributed according to MT and X, follows Pr, then T is dis-
tributed according to IMT, and X, follows Ps.

As a consequence, under proper assumptions on ¢, application of Proposition 3.3.1 implies
that for MT almost every T the process {h(X int))/ Vo?n} converges to a standard Brownian
motion, as n goes to infinity.

We introduce R, = h(X,) — min‘_, h(X;). We get immediately that
{Rni)/Vo2n} converges to a Brownian motion reflected to its minimum, which has the same
law as the absolute value of a Brownian motion.

In order to prove Theorem 2.5.6, we need to control the distance between R; and | X|.

Let I; = max{i : 7; < t} and I, = max{i : 7; < t} the number of excursions started by
{X,} and {X,} before time t. Let A, = thzl(n —ni1) and A, = thzl(ﬁ — 7)i—1), which
measure the time spent by {X,} and {X;} outside the coupled excursions before time t.

By construction, the distance between R; and |X;| comes only from the parts of the walks



82 CHAPTER 3. THE CENTRAL LIMIT THEOREM.

outside those excursion. In order to control these parts, we set for 0 < o < 1/2

It Ti—l
(6% .
At = : : : : ]}‘|X5‘§ta7

i=1 s=mn;—1

similarly,

I #-1
A? = Z Z ]ld(Xs,Ray)gta'

=1 s=n;—1

Finally, let

B; = max
0<r<s<t,X,€Ray,XsERay

(h'(Xs> - h’(Xr))u

be the maximum amount the walk {X;} moves against the drift on Ray. We have the

following

Proposition 3.4.2 Under the assumptions of Theorem 2.5.6, for some av < 1/2

tlim Pr(A; # AY) =0, MT — a.s.,

and
tlim Pr(Ay # A%) =0, IMT — a.s..
Further,
: Ay

lim sup - = 0, MT — a.s.,
and -

: Ay

lim sup - = 0, IMT — a.s..
Finally,

. B,

limsup — = 0, IMT — a.s..

Vit

(3.4.3)

(3.4.4)

(3.4.5)

(3.4.6)

(3.4.7)

Before proving this proposition, note that on the event {A; = A?}N{A, = A2}, we have

min ~ ||Xt| - RS| S 2ta + Bt'

s:|s—t|<A+Ag

Therefore we obtain that almost surely, there exists a time change 6, such that, for ¢ large

enough,
|Xt - R9t|

Vit

—t—o00 0
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and

|0 — 1|

—t—o0 0.

As we said earlier, Proposition 3.3.1 implies that { R /v o?n} converges, as n goes to infin-
ity, to the law of the absolute value of a Brownian motion. Therefore so does {R|ng,|/V0?n}.
We deduce the result for | X|.

We now turn to the proof of Lemma 3.4.2. We introduce some notations: for k > 1, let
ap = Z§:1 i, by = Z;:é n; and Jy = [ay — by + k, ap+1 — b1 + k|. Note that {Ji}r>1 is
a partition of N, such that the length of J, is equal to the time spent by the walk between
the k — th and the k + 1 — th excursion. For s € Jy, let t(s) = np + s — (ax — by + k) and
Yo =0,Y: = X;,, and Yy = Xy(s). {Ys}s>0 is the walk X, restricted off the excursions, it is
clearly not Markovian, nevertheless, it is adapted to the filtration G5 = o(Xy, k < t(s)). For
a fixed t, we set the sequence ©; of stopping times with respect to G defined by ©¢y = 0 and

0, = min{s > 6, 1 : [|Ys| = [Yo, || = [(log#)*?]}.

Similarly, we set, for k > 1, a;, = Z?:l i by, = Z?;S n; and Jy, = [dk—5k+k, g1 —l;k+1+k],
and for s € Jy, we call £(s) = 7 + s — (a — by, + k) and Yo=0,Y; = Xﬁ, and Y, = Xg(s) the
walk X, restricted off the excursions. We set G, = o(Xy, k < #(s)). For a fixed ¢, we set the
sequence of stopping times ©; with respect to G, defined by Oy = 0 and

6, = min {s >0 )d(?;, Ray) — d(Ye, ., Ray)|| = |(logt)*2 J} .

We need the following lemma, whose demonstration will be postponed.
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Lemma 3.4.3 For alle >0

t1/2+5

lim Py 2; (i —7) <t]| =0, M- as., (3.4.8)
t1/2+5

lim Py Zl (i — %) <t ] =0, INT — a.s., (3.4.9)

3¢ >0 Jim Pr (35 <6, Wy, > 04) =0, 4T — as (3.4.10)
and tlggo Py (Els <t,Wx, > t1/4_6l) =0, IMT — a.s., (3.4.11)
lim IP’T(EII{: <1;,0,.1,0; € J,|Ye,| > |Yo, ,|) =0, MT — a.s., (3.4.12)
hm IP’T( k<1,0,1,0; € Jp, d(ffé_, Ray) > d(}}@;l, Ray) =0, IMT — a.s., (3.4.13)
}L%PT(X eUl_ o (logty2A), for some s <t) =0, MT — (3.4.14)
lim Pr(X, € UL 10— (log 12 B, for some s <t) =0, IMT — a.s.. (3.4.15)

t—o0

Using this lemma, we can finish the proof of Proposition 3.4.2. We shall prove the following
statement, which implies (3.4.3) : for some o < 1/2,

lim Pp( max |Ys| > t%) =0, MT — a.s.. (3.4.16)

=00 seult gy

It is a direct consequence of (3.4.8) and (3.4.12) that, MT almost surely, with Py probability
approaching 1 as t goes to infinity,

t(@2t1/2+e) > t,
whence, using lemma 3.4.3,

tlim Pr( max Y| > t%)

seUlt ) Jy
t1/2+5
< lim sup Z Pr (35 > i:|Ye,| > t* — (logt)?, Yo, =,
t—00 i—0
Sy(_)j > (7’] — El)ta/Q, |Y@k| > O,VZ <k < j;

t1/2+€

1Sx, — | X,|| < €| X,],Vs < t) :=limsup Z Py

t—o00 i—1
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where €, €; are positive numbers that can be chosen arbitrarily small.

For a fixed 7 and a fixed t, we set MS = SX@HS’ and
K; =min{s > 1: X, =0 for some r € [s(6;11), s(0;+1)]} -
The process {N,} = {Mx, — M} is a supermartingale with respect to the filtration

G, = Gy

expectation of Sy, ., — Sy, is lesser or equal to 0, and by construction the walk can only

S

.., indeed as long as the walk does not come back to the root, the conditional

return to the root at a ©;.

Note that M, and N, depend on t, whereas this is omitted in the notation. Let A, be
the predictable process such that N, + A, is a martingale.

Note that, on the event {Wyx, < t/4=¢ Vs < t} the increments of N, are bounded
by t'/4=¢(logt)*?. One can easily see that the increments of A, are also bounded by

t1/4=<(log t)*/2. Therefore Azuma’s Inequality implies

Py <exp (—t**/t1/2 + 26+ 2(1/4 — €)).
Recalling that we can choose € arbitrarily small and a arbitrarily close to 1/2, we get the
result.

The proof of (3.4.4) is quite similar and omitted.

To prove (3.4.5) we introduce
T¢(t) = min{s : | X,| > t/>*}. (3.4.17)

By Lemma 3.3.8, we have
Pur(T.(t) < t) < te™"".

Using the Borel-Cantelli Lemma, we get that, MT almost surely
Pr(T.(t) < t) < e ™ for t > to(T). (3.4.18)

Let Cy; be the conductance between the root and the level [ of the tree. Recalling that for
w an offspring of v, the conductance associated to the edge [v, w] is C,,, Thomson’s principle

implies that

l 2
Gi=, i XYy e

f unit flow <
1=0 veT; w offspring of v
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is a unit flow from the root to 7;, so we get

ZZC W2,

=1 veT;

As one can easily check, f, ., = CWTV?“

| /\

6

As, conditionally to G;, W2 are independent and identically distributed variables, with finite

moment of order two (the assumption needed for that is k > 4), we have

(Z CaW2 = CwEMT[WE,]> < Crp(2)',

veT; veT;

for some constant C'y7, then, using Markov’s Inequality, for every v > 0 there exists a constant
(g such that

| > CulW2 — E(W2]| > ] < Ciap(2)'.

veT;

This is summable, so by the Borel-Cantelli Lemma, for some constant C'(T") dependant only

Y CWESC(T)D Co

veT; veT;

on T, we get

The last part being convergent, thus bounded, we get
Co <C(T)L. (3.4.19)
If Lo(t) denotes the number of visits to the root before time ¢, we get
Er[Lo(Te(t))] = 1+ Cg i nse;

indeed Lo(Tc(t)) — 1 follows a geometric law with parameter 1 — C; tll Jote-

Let Ni(a) = Y 4_o Ljx,/<t« On the event that T.(t) > ¢, we have, using Markov’s property,

o

Er[Ny(); To(t) > t] < Ep[Lo(T.(t) <U Tt) < Cho(T)tH/?Hete,

Thus as Pr(T.(t) < t) < C1o(T)e™™, using the monotonicity of N, («), we obtain N;(«)/t —
0, from which the result follows, as Ay < N/ and Pr(A; # AY) — 0.

Now we turn to the proof of (3.4.6). By the same calculations as in the proof of Lemma
3.3.7, for & > 5, we get that Ene[Y ", o, Lacx, Ray)<ie] < tl/2rete for any € > 0, from which



3.5. PROOF OF LEMMA 3.4.3. 87

the result follows by an application of Markov’s Inequality and the Borel-Cantelli Lemma,

using also the fact that the quantity in the expectation is non-decreasing in n.

The conductance from v, to v,_, is at most C,, thus we have the bound

k—u’

t
Pr(B, >u) <t Y IrA(v).
k=u

By Theorem 3.1.1 and Lemma 3.2.2, the IMT-expectation of the right hand side is of order
at most t?p(2)*, therefore (3.4.7) follows by standard arguments.

3.5 Proof of Lemma 3.4.3.

It is clear that (3.4.8) and (3.4.9) are equivalent. We postpone the proof of these parts to
the end of the section.
Proof of (3.4.10) : following [78], we call “fresh time” a time where the walk explore a

new vertex, we have
t
Pur (Els <t,Wx, > tl/4_5l) < ZIP’MT[WXS > t1/4_5'; s is a fresh time]
0
= ]P)MT[WO > t1/4_6/] < Ogot/tu(l/4+5l),

for p < k. If kK > 8, for € small enough, we can chose p such that this is summable. Then

the Borel-Cantelli Lemma implies the result.

Proof of (3.4.11) We are going to use the same arguments, excepted that we have to

treat separately the vertices on Ray. More precisely
Py (35 <t Wy, > t1/4—6’)
t
< Z Pryr [Wx, > t1/47¢ 5 is a fresh time and X, ¢ Ray|+
0
PMT <E|$ S t, st > t1/4_5l) .

The second term is easily bounded, and the first one is similar to the previous case.
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Proof of (3.4.12) : the event in the probability in (3.4.12) implies that, before time ¢ the
walk X, gets to some vertex u, situated at least at a distance |(logt)*?|, then back to the
ancestor a(u) of u situated at distance |(logt)*?] from u, then back again. Decomposing
on the hittings of the root, we can majorate this probability by

t

SoPr(Xo=e) > Y Pr(H, < HPY(H, <),

s<t k= L(logt)3/2J u€eTy

where H, stands for the hitting time of u. Using the fact that the conductance from 0 to u

is bounded by C,,, the probability we are considering is at most

t
n C. P (H, < 1)
DD P Al )

k= \_(]og t)3/2J u€Ty

Denoting by C(v — u) the conductance between v and u, we have easily

C(v — u) Cy
PY(H, <t t————= t—-.
W(H, <t) < ) < c.

As a direct consequence of Theorem 3.3.1, we have

Cy
2 Cu%]

uETy,
< t? (Eq [Z A exp(log(4;))

The result follows by an application of the Borel-Cantelli Lemma.

EMT Z CHP;—‘(H) (Hu < t) S Clt2EMT

u€Ty,

3/2J

[(log £)?/?]
D & < e1t2p(2) L0080

Proof of (3.4.13) : The proof is quite similar to the precedent argument, summing over
the different 7).

Proof of (3.4.14) : using x > 5, by Lemma 3.3.4 we can find an € > 0 such that IMT-
almost surely the sequence n%/?+¢7(A¢) is summable, thus bounded, so there exists a constant
C'(T) such that for each n, C._.a . < C'(T)/n%?*. Recalling from the proof of (3.4.5) the
definition of Ly(t), and T.(t) we have

Pr(X; € Al t < T(t)) < Ep[Lo(T.())]C'(T) /t3/%9) < ¢1/2+e—allte), (3.5.1)

where ¢’ can be chosen arbitrarily close to 0. By choosing « close enough to 1/2, the result

follows easily, using (3.4.18).
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Proof of (3.4.15) : we recall from (3.3.16) the definition of the sets Bf. By the same

argument as in the proof of Lemma 3.3.7, we get

Lt1/2+eJ

}E?OPT(XS € Bj. for some s <t} < H /24 Z Ul

=0

with H, = 1 + Z;;B HZ:j_lA(Uk), and U!" is the probability to get to Bf. during one
excursion in 7. By the same argument as in the proof of Lemma 3.3.4, we get that, almost

surely, there exists a constant C”(T") such that
Ht S C//(T)t1/7,

whence
Lt1/2+eJ

Jim Pr(X, € B for some s < t} < C"(T)t"/7 Z U

=0
Then, denoting Y i°, U+ := E;, the E; are i.i.d. variables (under IMT) with finite expec-
tation for € small enough and U} < #EZ Then the result follows, using the law of large
numbers.

Proof of (3.4.8) and (3.4.9): Note that, under MT, the random variables n; — 7; are i.i.d..

On the other hand, as a consequence of (2.5.5), for some constant vy > 0,
Pur[n; — 7 > x| > Pur[To > x],
Where Tj is the first return to the root. We recall from (3.4.17) that
T¢(t) = min{t : |X,| > t¥/2*<}
Then, following the proof of Lemma 10 of [78], we have,
Pr[Ty > t] > Pr[Ty > T/*()|Pr[T3(t) > t|Ty > T(t)). (3.5.2)
As a consequence of (3.4.19), for come constant depending on the tree C5(7),
Pr[Ty > T%(t)] > Ca(T)t~ /22,

On the other hand,

Pr[T</%(t) < t] /2
Pr[T%(t) < Ty > T ()] < —% < COy(T)t/#Fee
T[ ( ) < | 0> ( )] = ]P)T[TO > Te/2(t)] — 04( ) e )
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MT—almost surely, using (3.4.18) and the previous estimate. We get then that almost surely,
for ¢ large enough (the “enough” depending on T'),

Pr[T%(t) > n|Ty > T/*(t)] > 1/2.
Therefore for some positive constant Cs(T),
Pr[Ty > t] > Cs(T)t =12/,
We deduce by taking the expectation that
Pyr[Th > t] > Clypt™H/27/2,

for some positive and deterministic constant Cyy. Now

$1/2+e
Pur | > mi—m<t| <(1- uocmt—l/z—ﬁ/z)tlms < Ot
i=1
An application of the Borel-Cantelli Lemma finishes the proof of (3.4.8) and (3.4.9). This
finishes the proof of Lemma 3.4.3.
We now turn to our last part, namely the annealed central limit theorem. The proof has
many parts in common with the proof in the quenched case, so we feel free to refer to the

previous part.

3.6 Proof of Theorem 2.5.7.

We recall from section 3.2 the definition of the “environment seen from the particle T; =
0v(T). As for the quenched case, we will first show a central limit theorem on IMT trees, then

in a second part we will use the coupling to deduce the result for MT trees

3.6.1 The annealed CLT on IMT trees

We will first show the following proposition :

Proposition 3.6.1 Suppose N(e) > 1, ¢ — a.s., (2.5.5). If p =1, p/(1) < 0 and k €
(2,00|, then there is a deterministic constant o > 0 such that, under Py, the process

{h(X 1))/ Vo?n} converges in law to a standard Brownian motion, as n goes to infinity.
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Remark : This result is of great theoretical interest, as it is the only context where we
are able to cover the whole case k > 2, we could actually make the proof of Theorem 2.5.7
without this proposition, but as it has an interest in itself, we give the proof in the general
case.

Proof : Let, as in the quenched setting, 0 < 0 < 1 and p; be a random variable, independent
of the walk, uniformly chosen in [t,t + t°]. We recall from (3.3.1) the definition of S,z € T
and from (3.3.2) the definition of 7. We are going to show the following

Lemma 3.6.2 Under the assumptions of Theorem 2.5.7,

SXPt

-, (3.6.1)
h(XPt>
i probability.

We admit for the moment this lemma and finish the proof of Proposition 3.6.1. We have

h(X
Sx,, = 15x,, + [% - n} SXp,-
Xy

The first term converges to a Brownian motion with variance o, by the same arguments as

in the quenched setting, while the second one is a 0(Sx,,). The result then follows easily,

using the same arguments as in the proof of Theorem 2.5.6.

We now turn to the proof of Lemma 3.6.2. The proof is quite similar to the proof of
Proposition 3.3.3: we take some small € > 0, then we estimate the number of visits to the
points in B, during one excursion in 7", and estimate the number of such excursion before

time n. We rely on the following lemma, similar to Lemma 3.3.4

Lemma 3.6.3 Suppose that the assumptions of Theorem 2.5.7 are true. Then for 1 < \ <

k—1A2, and n > 0, there exists some constant C}| such that

EMT Z Cx < Cin_()‘_l).

TEAS,
Proof : the proof relies on the same ideas as the proof of Proposition 3.3.4. First recall

that, for n large enough,

Sun — Eiggz[Sun | F}1]

ne

TEAS

n n
+ P HE@[SWIFS] — Eg[S,]] > ﬂ — P 1P,

T}
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To bound P;, we recall that, under the law M/T\;kl,

Svn - EI‘F['\:[SU'” F’:;] = Z VT/Z*B’H
=0

where W, are centered and independent random variables with bounded moments of order
A+ 1 and

J J
[%':ZEE: II /L.

k=0 i=k+1
Using Inequality 2.6.20 from page 82 of [80], we obtain that, for some constant C

d

Then, using the same arguments as in the proof of Proposition 3.3.4, we get that E[By] is

A

S — Biggz[Su, | F]

<Cy Y E[B].
k=0

bounded independently of n and k, whence

d

Using Markov’s Inequality, there exists Cy such that

A
< C%n.

Sun — B[S, | F]

C
P < 7471—(*”. (3.6.2)

On the other hand, recalling (3.3.10),

EA [Svn

MT:

<C5‘|—

n

> ADrg(Ani) L+ p+p* + 0]
k=1

3] — Bz S

where Cj is a finite constant and

n J
D= Y I Ag(A),

j=k+1i=k+1

where g is a bounded function. We recall that

Ne:= Y ADj(1+p+p+..07"

j=n—~k
is a martingale with respect to the filtration H;, = o(A4;,n — k < j < n), whence, using

Burkholder’s Inequality,
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We recall that 1 < A < (k — 1) A 2, whence, by concavity, the last expression is bounded
above by

n

> (D)

1=0

C@Epﬁ.\; < O77’L.

Therefore, using Markov’s Inequality, we get that
P, < nl_’\.
This, together with (3.6.2), finishes the proof of Lemma 3.6.3.

We now finish the proof of Lemma 3.6.2. Let us go back to IMT trees. We recall the
definition of the sets B¢;:

B;, = {v € T,d(v,Ray) = n,

SRay
L — n‘ > e} : (3.6.3)
n

We are going to prove that

lim Pp(X,, € Uy2,Bs,) =0, IMT — a.s..

t—o0

We introduce v > 1/2, and recall the definition of the event
Iy = {Fu <2t X, = vp }
It is easy to see, using the same arguments as in the proof of Lemma 3.3.7, that
Pryr[I4] e 0.
Furthermore, we introduce the event
I ={30 <u <t dX, Ray) >n"};
then it is a direct consequence of Lemma 3.3.8 that

PIMT[FQ] — 0

t—o00

As for the quenched case, we have

Pur(X,, € Up_1BS) < Por(X,, € Un_ BTy NTY) + Por(Ty) + Prer (1)
Ho\ )

1
I Z_; Ly.eor Ben | | +0(), (3.6.4)
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where M, ,,, is the first time the walk hits v 4.
We recall that 7% the subtree constituted of the vertices € T such that v; < z,v;_1 £

x, the same computations as in the proof of Lemma 3.3.7 imply

1] Hopp)

1 .
Prer(X,, € Uy, BS,) < 57 B ZET ans_vl N, (3.6.5)

Where Nj is the Pr—expectation of the number of visits to U%_, B, N T™) during one
excursion in 7). Lemma 3.6.3, and the method of 3.3.5 imply that, under IMT conditioned
on {Ray, A(v;)}, N; are independent and identically distributed variables, with expectation
at most equal to Cf ZZO i'=* for some A > 1. By choosing 7 close enough to 0, we get
Ene[Ni|{ Ray, A(v;)}] < C4n'/>= for some & > 0. We recall that

Hop ) [ ]-1 (7]

Z ]1'Xs—v7, <C” 1+ Z H A’Uk

=0 k=j-—1

The latter expression has bounded expectation under IMT, as an easy consequence of State-
ment 3.3.1 and Lemma 3.2.2.
We deduce that
Pr (X, € UZ_,BE,) < Cynz =770,

Since v can be chosen as close to 1/2 as needed, the exponent can be taken lower than 0.

The end of the proof is then completely similar to the quenched case.

3.6.2 The annealed CLT on MT trees.

We now turn to the proof of Theorem 2.5.7. We use the coupling and the notations presented

in section 3.4. Our main proposition in this part will be the following:

Proposition 3.6.4 Under the assumptions of Theorem 2.5.7, for some o < 1/2

and

Further, under MT,
A
lim sup Tt =0, (3.6.8)
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and under IMT,
limsup — = 0.

Finally, under IMT,

lim sup =L —.

Vit

(Here limsup denotes the limit in law.)

95

(3.6.9)

(3.6.10)

Before proving the latter proposition, we introduce some technical estimates, whose proof

will be postponed.

Lemma 3.6.5 Foralle >0

$1/2+e€

tIHOHOPMT ; (m—m) <t| =0,
11/2+e

lim Prg ; (i —7) <t| =0,

lim Py (3 < 11,021, 0; € Ji, [Yo | > [Yo,_,[) =0,

lim Po(3k < I, ©i-1,0; € Jy, d(Yg,, Ray) > d(Yg, |, Ray) =0,

g2 Ag for some s <t} =0,

tli)Ig ]:PMT(XS E UZJ:tO‘—(
tlir?o Prr (X5 € Uf:ta_(logt)gBZ for some s <t)=0.
tlim Pur (WXS > 147 for some 0 < s < t) =0

tlim Pyt (WXS > tY47¢ for some 0 < s < t) =0

We now turn to the proof of (3.6.6). As a consequence of (3.6.11) and (3.6.13) that, with

Pyr probability approaching 1 as n goes to infinity,

t(®2t1/2+€> > t,
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whence, using Lemmas 3.6.5 and 3.3.8,

tlim Pyt ( max |Yy| > ta>

sEUitzl Ji
2t1/2+e

< lim sup Z Pur(3) > i : |Yo,| > t* — (logt)?, Yo, =,

t=oo oo
Sve, 2 (N —e)t*/2, [Yo,| > 0,Vi <k < ji Wy, < tYievo < s <t
2t1/2+e

[Sx, = |X| < et/*|X, ], Vs < ) = limsup Y Py

t=oo

where €, €; are positive numbers that can be chosen arbitrarily small. We recall that the
process {N;} = {S%,
non-decreasing process A, such that Ny + A, is a martingale. Furthermore, on the event
{Wx, < tY/472¥0 < s < t}, the increments of this martingale are bounded above by ¢/27¢.

Azuma’s Inequality implies the result, as in the quenched case.

ok } is a supermartingale. and that there exists a previsible and
T8 t

The proof of (3.6.7) is similar and omitted.

We recall that in the proofs of (3.4.5),(3.4.6) and (3.4.7) we only used the assumption
k > b5, therefore the proof of (3.6.8),(3.6.9) and (3.6.10) are direct consequence, by domi-

nated convergence.

We now turn to the proof of Lemma 3.6.5. The proofs of (3.6.11), (3.6.12), (3.6.13),
(3.6.14) and (3.6.15) follow directly from equations (3.4.8), (3.4.9), (3.4.12), (3.4.13) and
(3.4.14), whose proofs did not use any assumption other than £ > 5, by dominated conver-

gence.

To prove (3.6.16), note that, similarly to the proof of 3.6.2,

17 Hojpy)

PIMT(XS c U?::ta—(logt)zB; for some s S t) = EIMT ZET Z ]le:Ui NZ/ s
1=0 s=0

where N/ is the Pr—expectation of the number of visits to U';::ta_(log t)QBi N T during

one excursion in 7). Lemma 3.3.4 and the method of Lemma 3.3.5 imply that, under IMT
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conditioned on { Ray, A(v;)}, N/ are independent and identically distributed variables, up to
a bounded constant, with expection at most equal to C’(log t)*~**~1 for some A > 2. We

also recall that

Hop ) 7 ]-1 (7]
Er | Y x| <C" 1+ >0 [] Alw)
s=0 J=0 k=j-1

has bounded expectation under IMT, as an easy consequence of Statement 3.3.1 and Lemma
3.2.2. By choosing 7y close enough to 0 and « close to 1, we get the result.

The proofs of (3.6.17) and (3.6.18) are easily deduced from the proofs of (3.4.10) and
(3.4.11), the only difference being that we do not need to apply the Borel-Cantelli Lemma.
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Chapter 4

The slow regime.

In this chapter we present the proofs of theorems 2.5.4 and 2.5.5 This proof is extracted
from an article written in collaboration with Y. Hu and Z. Shi, and some notations are a bit
different from the introduction.
Let T be a supercritical Galton—-Watson tree rooted at @. Two vertices x and y are
said to be connected, and denoted by x ~ y, if z is either the parent or a child of y. For a
vertex x € T, we denote by |z| the distance between z and the root @, and @ = xg, x1, ..., Z|y|
the shortest path between the root and z. For each vertex z € T\{@}, we denote its parent
by , and its children by (z(),- .. V@) where N(z) stands for the number of children
of x. We will call P the law of the environmen, Py the quenched law and P the annealed
law.
In the following part we present an associated branching random walk, as well as a rapid

explanation for the (logn)? behavior.

4.0.3 Branching random walks and maxima along rays

The influence of the random environment on the behavior of (X,,) is best formulated in
terms of an associated potential process. To make the presentation easier, we artificially add
a special vertex, o , which is to be thought of as the parent of @. Since the values of the
transition probabilities at a finite number of vertices have no influence on any of the results
of the paper, we feel free to modify the value of w(&, e), the transition probability at &,
in such a way that (4;(z), 1 <i < N(z)), for z € T (including x = @ now), form an i.i.d.
collection of random variables. Let w(% , @) = 1.

The potential process associated with the random environment is defined by V(&) := 0

99
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and

V(z):=— ) log % z e T\{2}, (4.0.1)

where <y: is the parent of y, [@, x] the set of vertices on the shortest path connecting & to
z, and |, ] = [2, z]\{2}.

Clearly, (V(x), z € T) is a branching random walk, in the usual sense of Biggins [8]. It
can be described as follows: Initially, a single particle is located at the origin, which is the
ancestor of the system. At time 1, the ancestor dies, giving birth to a certain number of new
particles who form the first generation, and who are positioned according to the distribution
of (—=logA;(@), 1 < i < N(@)). At time 2, each of the particles in the first generation
dies, giving birth to new particles that are positioned (with respect to their birth places)
according to the same distribution of (—log A;(@), 1 < i < N(@)); these new particles form
the second generation. The system goes on according to the same mechanism. We assume
that for any n, each particle at generation n produces new particles independently of each
other and of everything up to the n-th generation. The positions of the particles in the n-th
generation are denoted by (V(x), |z| = n).

Condition infico 1)9(t) = 0 is equivalent to inficp 1 E(Z|m|:1e_tv(’”)) = 1, whereas
¢'(1) > 0 means E(3 -, _, V(x)e V@) < 0.

In the recurrent case, there is a simple relationship between the potential (V(z), x € T)
and the walk (X,,). For any k£ > 0, let

T c=1inf{j > 1: | X;| = k}, inf @ := oo.

So 79 is the first return time to the root if the walk starts from @. It turns out that there

exists 0 < c¢(w) < oo possibly depending on the environment, such that for any n > 1,

On =P {1 <10} > @ exp < — min V(a:)), (4.0.2)

|z|=n

where, for any vertex z, we write

V(z) = max V(y). (4.0.3)

y€ o, z]

Inequality (4.0.2) was proved in [44] under the additional conditions that N is determin-

istic and that the law of A; does not depend on 7. Since the proof is simple, we reproduce it
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here: For any x € T, let T'(x) := inf{i > 0 : X; = x} be the first hitting time of the walk at

vertex x. By definition, for any n > 1, 7,, = min;—, T'(x), so that
PAm. <7} > :Ifnlax PA{T(z) < 7} (4.0.4)

We fix a vertex x with |z| = n. To compute P,{T'(z) < 7o}, we define a random sequence

(0);>0 (depending on z) by gy := 0 and
o = inf{k >0 Xy € [2, x]]\{Xoj,l}}, j> 1.

If the walk (X,,) is recurrent, then (o;) is well-defined.

Let Z :== X,,, k > 0, which is the restriction of (X;) on the path [&, z]. For i <n, let
x; be the unique vertex in [&, ] with |z;| = i (in particular, xy = &, x,, = x). Then for
1 <1 <n,

Zy = Iz} = wizi Tit1) =1- Pw{Zk+1 =T

w(Ti, Tiv1) +w(xi, Ti-1)

Pw{Zk—l—l = Ti+1

Zy = xz‘},
which yields

PAT(z) <1} = w(@,x1) Pw{(Zk) hits « before hitting @ } Zy = :L’l}

B w(@,xl)ev(xl) 105
byl (4.0.5)

the second identity following from a general formula (Zeitouni [99], formula (2.1.4)) for the

exit problem of one-dimensional random walk in random environment. Going back to (4.0.4),
we immediately obtain (4.0.2) with ¢(w) := minj,—[w(2, z) @] > 0.
The probability g, is closely related to the maximal displacement of the branching random

walk. The following simple observation was implicitly stated in [44] (pp. 1993-1996):

Fact 4.0.6 Assume inficpo11¢(t) =0 and ¢'(1) > 0. Let 0 < ¢ < 0o be a constant. Almost
surely on the set of non-extinction,
(i) if 0n > e~ (cto(M)nl/? for all sufficiently large n, then
1

1
e 1
lan inf g s B Xl > 55

(ii) if 0 < e~ (€T ? for qil sufficiently large n, then

1
h;n_)sooup (logn)3 O?I?S}iz X
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As such, an upper bound for minj,—, V() yields, via inequality (4.0.2), a lower bound

for g,, which, in turn, will lead to a lower bound for the maximal displacement of the walk
(X5)-

Theorem 4.0.7 Assume inf;c)o 1) E{Z|x|:1e_tv(x)} = 1 and E{3_,_, V(z)e @} < 0.
Let 0 € (0, 1] be such that E{} ", _, V(z)e V(@) = 0. We have, on the set of non-extinction,

(37rzag>l/3

P-a.s.
5 a.s.,

) 1 —
Jim 7 min V() =

where

0p = %E{ Z V(:c)ze_ev(m)}.

|z|=1

We mention that Fang and Zeitouni [32] have independently obtained Theorem 4.0.7,
under the condition that N is non-random and A;(@), for 1 <i < N, are i.i.d.

Comparing Theorem 4.0.7 with Theorems 2.5.4 and 2.5.5, we observe that (4.0.2) is
optimal in the case ¢'(1) > 0 (or, equivalently, E{3"  _, V(z)eV@} < 0), but not in the
case ¢'(1) = 0 (or, equivalently, E{} ., V(z)e "} = 0).

The proofs of the theorems are organized as follows.

e Section 4.1: Theorem 4.0.7.

e Section 4.3: Theorem 2.5.5.

e Section 4.4: Theorem 2.5.4, upper bound.

e Section 4.5: Theorem 2.5.4, lower bound. [This is the heart of the paper.]

Section 4.2 is devoted to a probability estimate for one-dimensional random walks, which
will be exploited in the proofs of Theorems 2.5.4 and 2.5.5 later on.

Throughout the paper, we use the convention ) := 0, maxy := 0 and ming := co. The
letter ¢, with or without subscript, denotes a finite and positive constant, whose value may

vary from line to line. Furthermore, a,, ~ b,,, n — 0o, means lim,,_, ‘g—: =1.

4.1 Proof of Theorem 4.0.7

Assume ¢(1) = 0, i.e., B{}],_, e "} =1.
The condition E(N'*°) < oo in (2.5.1) guarantees that P{N(x) < oo, Vaz} = 1 (N(x)

being the number of children of x). Recall that given a vertex = € T, oy := &, xy, -+,
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Ty = « are the vertices on [@, z] with |z;| = ¢ for any 0 < i < |z|. We have, for any n > 1

and any measurable function F': R" x R" — [0, c0),

E( Y e V@RV (), N(zi), 1<i < n]) :E<F[SZ-, Vi, 1<i< n]), (4.1.1)
|z|=n
where (S; — S;_1, v;_1), for i > 1, are i.i.d. random vectors, whose common distribution is

determined by

N
E[f(S1, )] = E( 3 eV f(V(a), N(@))) :E(ZA,-f(—logAi, N)), (4.1.2)
|z|=1 i=1
for any measurable function f : R?* — [0, co). Considering only the first argument, (4.1.1)

says that for any n > 1 and any measurable function F': R" — [0, c0),

E( Y e V@R(V(a), 1<i < n)) — E[F(S;, 1 <i<n)) (4.1.3)

|z|=n

with the distribution of S; determined by

E(/(51) =E( Y e V@ (v(a)),
|lz|=1

for any measurable function f : R — [0, co). Formula (4.1.3) is well-known, and can
be proved by means of a simple argument by induction in n. See, for example, Biggins and
Kyprianou [10]. The proof of (4.1.1) follows exactly from the same argument. In Section 4.5,
we will see an extension of (4.1.1), which, in particular, gives a probabilistic interpretation
of the new random walk (5;).

[The distribution of S is well-defined upon the assumption (1) = 0. If furthermore
Y'(1) = 0, then E(S;) = 0; in words, (S,,) is a mean-zero random walk, with o2 = E(5%).]

Formula (4.1.3) naturally leads to studying the one-dimensional random walk (.S,,). How-
ever, we sometimes need to work in a slightly more general setting: For each n > 1, let Xi(n),
1 < i < n, be ii.d. real-valued variables; define S(()n) = 0 and S](-n) = g:l XZ-(") for
1 <j <n. Let (a,) be positive numbers such that a, — oo and %QL — 0, n — oo. Assume
that there exists some 1 > 0 and a constant ¢? > 0 such that, as n — oo,

B(X(") =o(=),  swpE(X{"[*) <00, Var(x]") - 0% (4.1.4)

n>1

The following estimate is essentially due to Mogulskii [74]:
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Proposition 4.1.1 (A triangular version of Mogulskii [74]) Assume (4.1.4). Let g1 <

g2 be continuous functions on [0, 1] with g1(0) < 0 < ¢2(0). Consider the measurable event

i S™ i
Fy={n(2) £ 2= < o), for1 <i<n}.
n an n
We have ) s o 4
a T°o t
lim —logP(F,) = — / . 4.1.5
S e P = =5 | - P 4.15)
Moreover, for any b > 0,
a? s w202 1 dt
lim 2 1o P{Fn, 2> g(1 —b} __ / . 41.6
o, Lo 0, = %) 3y - a (P (4.15)
If the law of Xl(n) does not depend on n (in which case we can even take n = 0),

Proposition 4.1.1 is Mogulskii [74]’s theorem. For a detailed proof of Proposition 4.1.1, see
38].
A useful consequence of Proposition 4.1.1 is as follows. Again, if the law of Xl(") does

not depend on n, we only need X 1(") to have a finite second moment in order to have (4.1.4).

Corollary 4.1.2 Assume that (4.1.4) is satisfied with a, := n'/3.
(i) Let f:]0, 1] — (0,00) be a continuous function, and let (f,) be a sequence of contin-

uous functions converging uniformly to f on [0, 1]. Then for any b > 0, when n — oo,

n _m2a? 4 o1 )pl/3 (L _dt
sup P(”Z Si( ) >u—n"?f,(-), 1 Siﬁn) — oz e o 7

1
0<u<bnl/3 n
(ii) For any b > a > 0, we have, as n — oo,

> et P (antf = S > antl < p(n — i)', W1 <0 < ) = e S kot
j=1

Proof of Corollary 4.1.2. We first prove (ii). Let e > 0. Define k := 1], ny := {|en] for
¢=0,---, k—1and ng :=n. By (4.1.5), the sum in (ii) is, for all large n and some constant
C?

k
< Ze_b(”_”‘)l/g P(an1/3 > SZ-(") > an'/? — b(n — i)l/s, V1<i< ng_1>
=1
< i —b(n-n)/? o= (BpF—e)(nt/S—(n=ng_1)/*)
< e e 2 -
=1

2 2 .
e~ min{b, 3;5 Y(1—ce)nl/3

IA
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This proves the upper bound in (ii) as € can be arbitrarily small. The lower bound is easier:
we only need to consider two terms: j = |en| and j = n, and apply again (4.1.5).

The proof of (i) goes along similar lines by cutting the interval {0 < u < bn'/3} into
smaller intervals of length of order en with small £ > 0, using monotonicity and applying
Proposition 4.1.1. The details are omitted. 0

We now proceed to the proof of Theorem 4.0.7: if infieo, 1) E{>2 1, e™@Y = 1 and
E{> .= V(z)e V@} <0, then on the set of non-extinction,

1 3m2o2\1/3
i i Ve = () s,
where o := sBE{>,_, V(z)?e @} and 6 € (0, 1] is such that E{> - V(z)e @} = 0.

Without loss of generality, we can assume # = 1. Indeed, if 0 < 6 < 1, then by considering
V(z) := 0V (z), we have infyepo, 1] E(Z|x|:1e_tv(m)) = 1land EQ3_, V(z)e V@) = 0, so
that —z minjg)—, Maxye g, 4 V(y) — (352%)1/3 Poalmost surely on the set of non-extinction,
where 5% := B{},_, V()% V®}.

So we only need to prove Theorem 4.0.7 in the case § = 1. In the rest of the section, we
assume B3, e7V®) =1 and B(},_, V(z)e”V™)) = 0, and prove that, on the set of

non-extinction,

1 2 .2 1/3
lim min V(z) = (37ra> , P-as., (4.1.7)

n—00 /3 |z]=n 2

with 0% := of = BE{},_; V(2)’e"V®}. For the sake of clarity, we prove the upper and

lower bounds in distinct parts.

Proof of (4.1.7): lower bound. We assume E(}_, _, e”V@) =1 and EQQ = V(z)e V@) =
0.
Let 0 <a< (3” 22)1/3 and b := (3“2" )3, Let n > 1. For all |z| = n, let

H, :=inf{j € [1,n] : V(z;) < an'/® —b(n — j)'/3}, inf @ := o0.

Assume there exists a vertex z with || = n such that V(z) < an1/3. Then H, < n;
writing j := H, and y := z;, we have, for all i < j, an'/3 > V(y;) > an'/3 — b(n —i)*/* and
V(y) < an'/? —b(n — j)1/3. Therefore, by writing

Uj = § 1{V(y)§an1/3—b(n—j)1/3,an1/32V(yi)>an1/3—b(n—i)1/3,Vi<j}7
lyl=7
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(a — b)n'/4

H,

Figure 4.1: H,

we obtain:
P( min V(z) < an1/3) < P(O{Uj > 1}) < iE(Uj).

|z|=n
‘]:

By (4.1.3), we have E(Uj) = E[eSj1{Sj§an1/3—b(n—j)1/3, an1/325i>an1/3—b(n—i)l/g,Vi<j}]' Hence
P( min V(x) < an1/3> < Ze“"l/g_b("_j)1/3P<anl/3 > S > an'/? — b(n — i)1/3, Vi < j).

|z|=n ”
Jj=1

Applying Corollary 4.1.2 (ii) and noting that min{b, 2°¢°} = (3720°)1/3 we get that, for any

202
0<a< (323,

1 — 3mlo?\1/3
lim sup 7 logP( min V(z) < anl/g) <a-— ( WQU ) , (4.1.8)
n

n—00 |z|=n

which implies Y, P{min,—, V(z) < an'/3} < co. The lower bound in (4.1.7) follows from

31202 \1/3 a5 possible. O

the Borel-Cantelli lemma, as a can be as close to (=5

Proof of (4.1.7): upper bound. Assume E{Y"_ e™V@} =Tand E{},_, V(z)e V®} = 0.
Let n > 1and b > a > e > 0. The key step in the proof of the upper bound in (4.1.7)
is the following estimate, which is a consequence of the Paley-Zygmund inequality (see [38]

for a proof): For any Borel sets [;,, C R, 1 <1i <mn, and any integer r,, > 1, we have

Ele”™ Liser,,., vioy<rn, vi<i<n})
Lt (=)0 by

P{3|x| —n: V(w) €Ly, V1<i< n} > (4.1.9)
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where

PR S’,,'
hjn == sup E(e sl jn—us vogign—j}>>

ueljp
and Iy, —u:={v—u: v € Ii1;,}. [We recall that (S; — S;_1, v;-1), ¢ > 1, are i.i.d.
random vectors (with Sy := 0) whose common distribution is given by (4.1.2).]
We choose 7, == "] and I, := [(a — e)n'/® — b(n — i)"/3 an'/?]. In particular,
{3zl =n: V(z;) € Ly, V1 <i < n} C {miny—, V(z) < an/3}. It follows from (4.1.9)
that

_ (a—en'P prg. e . o<t V1<i<
P( min V(x) < an1/3> > ¢ {5 € Iin 71/41/2_1n_ ¢ ='= n}
|z|=n L+en Zj:l hjn
Let X; () 1 < j <n, beiid. random variables such that X" has the same distribution
as Sy condltloned on {ry < e}, Let S(" =0 and S X(") + .. —I—X Jfor 1 < j <n.
Then

P{Sie€l,, vii<e' Vi<i<n}
= [Py < e"1/4)]"P{ max S( < an'/?, SZ-(") > (a—e)n'? —b(n —i)"3, V1 <i< n}

0<k<n
The second probability expression on the right-hand side is, according to Proposition 4.1.1
(we easily check that condition (4.1.4) is satisfied), = exp{—(1+o(1)) =L n!/3 fo E+b(1 t TR

3202
2b2

ing a constant such that lim._oc;(e) = 0. On the other hand, for sufficiently small > 0,
E[(1)"] = E(N" ., A;) < oo by Hélder’s inequality and (2.5.1); thus [P (v < S

as n — o00. Accordingly, for all sufficiently large n and some constant cy(e) satisfying

which is bounded by exp{—( — ¢1())n*/3} for all sufficiently large n, with ¢ (¢) denot—

hma_,o Co (8) = 0,

- expd{nl/3 31202 — (e
P(min V(z) < an1/3> > pina - 7 i — )]} (4.1.10)
|z|=n 14 e Zg 1 hfj,n

We now estimate > 7, h;,. By definition,

hin = sup E(es"*jl WSS Su—enl/3—bln—i—i)l/3 Vi n_-)

J O<u<ent /4 b(n—j)1/3 {u>S;i>u—e b(n—j—i)!/?, Vi<n—j}

< sup e“P(uZSZ-2u—5n1/3—b(n—j—i)1/3, Vign—j).
0<u<enl/3+4b(n—j)1/3

Let A be an integer such that A > 5. Let ng:= /(| %] for £ =0, 1, -, A—1and ny :=n.

If j € [ng, nes1] NZ (for some 0 < ¢ g A —1), then

hjn < ! PHb(n—ny)!/? sup P(u > S, >u— en'/3 — b(n —ng — i)1/3, Vi<n-— ng+1>.
0<u< (b+e)nl/3
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”1 < ¢, then we

1/3+b(n n()1/3

We now bound the supremum on the right-hand side. If ¢ is such that 1 —

simply say that the supremum is bounded by 1, so that max,,<j<n,,, ljn < €
3

If 1 — “2 > £, we bound the supremum by applying Corollary 4.1.2 (i) to f(t) := W +

b(AA(é-il) —1)/%: since f(t) < 52/3+b(1+ — )13 <234 b(1+e—1t)"/3 (using A > & for

the second inequality), we have fo f 723 3 —c3(e), with c3(e) denoting a constant satlsfymg
lim. ¢ c3(e) = 0; hence by Corollary 4.1.2 (i),

- 2_2
max by, < e/ )Y —CRE (@) n-nes)?,

ng<j<ng41

Consequently, for all sufficiently large n and a constant c¢(e) satisfying lim._q c(e) = 0,

1/3 _37'r o' +
max hj, = max max hj, <e" b )Tl
0<j<n 7’ 0<l<A—-1mp<j<mpi1

where u := max{u, 0}. In view of (4.1.10), we obtain that, for any b > a > 0,

3m2o? ) n 3202
a —

o S (4.1.11)

lim inf Y logP< min V (z) < anl/3> > —(b—

n—o0 |z|=n

We now fix a > (37r o )13 and n > 0. We can choose b > a sufficiently close to a such

that (b — 37;1)3 't —a+ 32b2 < n; accordingly, for all sufficiently large n,

P( min V (z) < anl/g) > e (4.1.12)

|z|=n

From here, it is routine (McDiarmid [72]) to obtain the upper bound in (4.1.7); w
produce the details for the sake of completeness. Let R, := inf{k : #{z : |z| = k} >

e21m'*1 For all large n,

P{R <00, max min V(z)> max V(y )+anl/3}

ke[%,n] lz|=k+Rn ly|=Rn
< Z P{Rn < oo, min V(x)> max V(y)+ anl/?’}
keEon] |z|=k+ R, ly|=Rn
> v / L2
< [P{ min V (z) > an’ 3}} :
z|=k
ke[g,n] ol

which, according to (4.1.12), is summable in n. By the Borel-Cantelli lemma, P-a.s. for all
large n, we have either R, = 00, or maXge[z,n Miljzj—ktr, V(2) < maxy—g, V(y) + an'/.
By the law of large numbers for the branching random walk (Biggins [7]), there exists

a constant ¢ € (0, oo) such that < max,—, V(y) — ¢, P-almost surely upon the system’s
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survival. In particular, upon survival, max,—, V(y) < 2cn, P-almost surely for all large
n. Consequently, upon the system’s survival, P-almost surely for all large n, we have either
R, = 00, OF MaXpe[n ) MiN|yj=p iR, V(z) < 2cR, +an'/3.

Recall that the number of particles in each generation forms a supercritical Galton—

Watson tree. In particular, conditionally on the system’s survival, W converges a.s.

nl/3
27]1 S (BN P-a.s.

(n — 00), and maxye[n ) MiNjz|=k+R, V(z) > minp—, V(x) P-almost surely for all large n.

to a (strictly) positive random variable when k — oo, which implies R,

As a consequence, upon the system’s survival, we have, P-almost surely for all large n,

D
min V(z) < T8 4 an/3,

|z|=n - log(EN)

Since a (resp. 1) can be as close to (#)1/3 (resp. 0) as possible, this yields the upper
bound in (4.1.7), and completes the proof of Theorem 4.0.7. O

Our proof of Theorem 4.0.7 gives the following deviation probability of min,—, V (z),

which may be of independent interest.

Proposition 4.1.3 Assume (1) =¢'(1) =0. For any 0 < a < (#)1/3, we have

lim —~ logP< min V(x) < anl/?’) =a-— (3W202)1/3. (4.1.13)

n—oo nl/3 lz|=n 2

Proof. Tf0 < a < (3T2)1/3, the upper and lower bounds in (4.1.13) follow from (4.1.8)

and (4.1.11), respectively, whereas if a = (?”TT”)U?’, only the lower bound in (4.1.13) needs

proved, which follows immediately from (4.1.11). O

Remark 4.1.4 Assume ¢ (1) = ¢’(1) = 0. Theorem 4.0.7 says that, on the set of non-
extinction, P-almost surely for n — oo, there exists x, with |z,| = n such that V(z,) =
(1+ 0(1))(322)1/3p1/3. One may wonder whether the vertices (z,) can be chosen to form

an infinite ray (i.e., each z, is a child of x,_1). The answer is no: Jaffuel [48] proves that

this is possible only if we enlarge the function (37.7°)1/3n!/3 to (%)1/3711/3. O

4.2 An estimate for one-dimensional random walks

We present in this section a probability estimate for one-dimensional random walks. It

will be used in the proofs of Theorems 2.5.4 and 2.5.5 in the forthcoming sections. For each
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n>1,let Xi(n), 1 <1 < n, be i.i.d. real-valued variables; let S(()n) =0 and S](-n) =37, XZ-(")
for 1 < j < n. Let (ay,) be positive numbers such that a, — oo and % — 0, n — oco. We

write §§- = max<;<; S ) for 1 <j<n.

Proposition 4.2.1 Assume (4.1.4). Let f :]0,1] — (0,00) be a continuous function. For

0 > 0, we consider the event
Gs(n) = {(1 + 05" — 5™ < q, f(%), V1<j< n}

(i) If 6 = 0, then

. a? 20?1 ds
i varfon) -2 [

Moreover, for any fired 0 < b < 1,

a2 ) ot [ _ds
Oy _ gn) < = —
Jim 22 togP{CGo(n). 5" = 51 < ban ()} = == ||
(ii) If 6 > 0, then
nlo? bods

Jim 5 tosP{Gi(} = -

2(140)* Jo f3(s)
We mention that for the centered random walk (S,,) given in (4.1.3), assumption (4.1.4)

is obviously satisfied. Hence Proposition 4.1.1 as well as Corollary 4.2.2 below, hold also for

(Sn)-

Proof of Proposition 4.2.1. (i) Let 0 < ¢ < $min{b, ming<;<; f(¢)} and let A be a large
integer. Consider a sufficiently large n such that supo<,i<1 i—s<oaa2/n |f(t) — f(5)] < €.
Let m = |5 ]. For 0 < k < Am, let 1 := k[ AaZ] and ryu, := n. Note that [AaZ] <
TAm — T Am—1 L§ 2|Aa?]. Let £ = 0,1,...,A—1and k € [lm, ({ + 1)m — 1] NZ. For all
re < J < Tpit, \f(%) — f(%)\ < e. Define

A—1(+1)m—1

E(i ﬂ m {?;n)_sj(_n)San(f(é):l:a),Vrkgj<rk+1},

=0 k=Im

Then
P(Go(n)) < P (),

P(Go(n), 50 s <ba, f(1)) > (BN () (55 -0 <ca)

0<k<Am
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Observe that for any 7y, conditionally on U{SJ(»"), 0<j<r}andon {gf:) — S = 2}, the
reflecting process (?Hm — Sl(ﬁr , 0 < < g1 — k) has the same law as (max{z, ggn)} —

SZ-("), 0 < i <rgy1 —1k). Using this observation for all k, we see that

P(EC) < ] P{ mx (55" <a (/) 49} (21)

0<i<rp41—"k

A—1 (f+1)m—1

_ —(n)
P(En {55 = 80 <ean}) H [T p{r} (4.2.2)
0<k<Am (=0 k=Im
with
(n)

T = { max (S

0<i<rp41—"k

S) <, (F() 20, 5L, S

Tk+1—Tk Tk4+1—Tk

< gap, 5" > san}.

Tk+1—Tk

Now, we prove the upper bound in (i). By (4.2.1),

n

Y log P(E(H) <
n

log P{5" 50 < a, ((5

A)+a),vogz'<ma3j}.

According to Donsker’s invariance principle,! the probability term on the right-hand side

converges, when n — 00, to

{0~ W) < 0

where W is a standard one-dimensional Brownian motion, and W (t) = sup<,<, W(s). By
Lévy’s identity, (W (t) — W (t), t > 0) is distributed as (|[W(¢)|, t > 0); thus we have

(G +9}

P{ sup (W(t) = W(1)) Suf=e 0w, (4.2.3)
0<t<1
see Chung [18]. As a consequence, for all sufficiently large A, say A > Ag = Ay(e, o, f),
— 1 4 (1—¢e)m?0?A
logP< sup (W(t) —W(t)) < —)+e) < —F——.
eP{ sup (W) = W) < =) +a)} <~
Since m ~ —', we get, for A > Ay,
limsupﬁlogP(E(H) < L Az_llogP{ sup (W(t) —W(t)) < ! (f(ﬁ) —l—&?)}
n—oo M " - A2 — 0<t<1 T oVvA T A
< 2021 — ¢ e 1

! Finite-dimensional convergence is checked by Lindeberg’s condition in the central limit theorem, whereas
tightness is proved via a standard argument as in Billingsley [11].
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Letting A — oo and then € — 0, we get the upper bound in (i):

‘ a2 — o) j , w20 [P ds
fmsp 2 g P{SY” = 57 < a0 5, 1< i <np < = [y

To prove the lower bound in (i), we go back to the events T} in (4.2.2). Observe that

coordinately for each 1 < ¢ < 7y — 1, all the three events in Y, are non-decreasing on
S — 5" By the FKG inequality,

P(Tk) > P<0<énax S — 5" < q, (f(%) - 25))
<i<rgp1—Tk
XP<§7(“Z)+1—TI¢ — Sﬁ:il_m < mn) P<§£’Z)+1—rk > 5an).

Recall that rq — 7 = [Ad?] for 0 < k < Am — 1, and [Aa?| < ram — Tam-1 < 2| Ad?].
Using Donsker’s invariance principle again, we see that there exists a constant ¢(g) > 0 such
that for all k, P(ggj)ﬂ_rk - ST(:L_W < €ay) P(?E,:il_rk > eay,) > c(e). From this, the lower
bound in (i) follows in the same way as the upper bound in (i).
(i) The proof of (ii) goes along the same lines as that of (i), except that instead of (4.2.3),
we use the following estimate: for any ¢ > 0,
P{ sup ((1+)(s) = W(s) < = ezl g (4.2.4)

0<s<1

To see why (4.2.4) holds, we denote by L(t) the local time at 0 of W up to time ¢, and
recall from Borodin and Salminen ([15], page 259, Formula 1.16.2) that, for A > 0,

/OOO e‘”P(sslg) Wi(s)| <1, L(t) < %) dt = % (1 — m> (1 _ e—%\/gcoth(\/ﬁ))‘

By analytic continuation, we get that for 0 < A < %2,

- 1 1 1 L /3
HMP(sup|W(s)| <1, L) <=)dt==(————1) (1 - o—$V/3 cotan(van) |
[ (i< 11 < 5y ar = 5 (= 1) )

This implies, by means of a Tauberian theorem (see, for example, Theorem 3.2 of [40]), that

1 2
P@mnwnguwsngwﬂma t— oo,

0<s<t

2
which, by scaling, is equivalent to P(supy<,<; [W(s)| < u, L(1) < %) = eG4 — 0.

>l

For any 0 < ¢ < 1, we have

P(sup W(s)| < (1—¢e)u, L(1) < Eu) < P(sup(|W(8)| +0L(s)) <u

s<1 ) s<1

N—

< P(sup\W(s)\ <, L(1)

s<1

IA
SRS

):
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therefore,
2
P{ sup (|[W(s)|+0L(s)) < u} = o7z (o) u— 0.

0<s<1

By Lévy’s identity, the two processes (W — W, W) and (|W|, L) have the same law; conse-
quently, this implies (4.2.4). O

The following corollary follows from Proposition 4.2.1 exactly as Corollary 4.1.2 follows

from Proposition 4.1.1.

Corollary 4.2.2 Assume that (4.1.4) is satisfied with a, = n'/3. Let a > 0 and § > 0.

Then for n — oo,

Ze—a<"—j>”3P(§§") — 8" <an—i)'B v1<i< j) = o min{e 32252}(”(’(1))"1/3,
j=1

n ' —(n —mi 31252
Ze—a(n—j)l/JP<(1 + 5)52( ) N Sl(n) < a(n i Z-)l/3’ V1 <i< ]) — ¢ min{a, 2((1:6)2“2}(1-!—0(1))”1/3‘

J=1

4.3 Proof of Theorem 2.5.5

We assume inf;co1)9(t) = 0 and 9'(1) > 0 in this section. Let § € (0, 1] be such
that ¢'(#) = 0 as in (2.5.4). By Theorem 4.0.7 and (4.0.2), we get that, on the set of
non-extinction,

liminf —logg, > —al?, P

151&1013 /3 08 On = —CQyp -a.s.,
where oy := B[V Af(log A))?] = 2ZE[Y -, V()% V@] and g, = P{7, < m} is
as in (4.0.2). In view of Fact 4.0.6, it remains only to check that if ¢'(1) > 0 (i.e., if 0 < 1),

then we have, on the set of non-extinction,

. 1
hzyrln_)s;p 7 log o0, < —Oz;/g, P-a.s. (4.3.1)

We do not assume /(1) > 0 for the moment (so 6 can be 1, and the inequality (4.3.2)
below can also be used in the proof of Theorem 2.5.4 in the next section). Let a > 0, n > 1

and 6 > 0. For any y with |y| < n, say |y| = j, we introduce the following event:

j—1

Bsy) = {1 +0)V() = V(y) = 5= ) pn {1+ 0V ) = Vi) < =),

i=1
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Vi(zi) = V() (L + 0V () — V()

Figure 4.2: inf{i; E5(z;) holds.}

where y; is the unique vertex of [@, y] that is in the i-th generation, whereas V(z) :=
max.cjg,q] V (2) as in (4.0.3).

Let as before 7,, := inf{i > 1: |X;| = n} and T'(x) := inf{k > 0 : X}, = x}. Consider
any vertex x with|z| = n. Let j = j(z) € [1,n] N Z be the smallest integer such that
(14 0)V(x;) — V(z;) > 4(n— j)"/*. Such a j exists. Moreover, we have T'(z) > T'(z;), and
Es(z;) holds. Consequently,

T, = inf T(x) > 1r<nji£1n inf{T'(y) : |y| = j and Es(y) holds},

|z|=n

so that 0, = Po{m <70} <3701 30112 Lesw) PoAT(y) < 1o} By (4.0.5), we obtain:

< Z > g w(@, y)e"VY —w(@, @) 1 e VW, (4.3.2)
J=1 ly|l=j =1 |yl=j

which is bounded by Z?:l Z\y|zj 15,(y) oV
We now assume furthermore ¢'(1) > 0, so that # < 1. We choose § € (0, 5 — 1). Since
(14+46)0 < 1, we have

(1+5 < Z Z 1,0) e—(1+5 V()

=1 lyl=j

Consider the branching random walk V(z) := 0V (z) for any z. If we define ¢(t) :=
logE[>", - le_tv )], then 9(1) = ¢/(1) = 0. We apply formula (4.1.3) to (V(x)), and
obtain a centered one-dimensional random walk (S;, 0 < i < n) with 6% := E(S ) =
10/ ) 0V (x)%e=%V(®)] such that for 1 < j < n (with S, = max,<<; Si),

R 0V (y) _ S,—(1+6)S B B
(ZI: g, ) - E<e ’ 1{(1+5)§i—§i<a(n—i)1/3,Vi<j,(1+6)§j—§j2a(n—j)1/3}>
Y=

1/3
e—aln=j)

IN

((1 1 0)S; — S < a(n — )3, Vi < j).
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It follows that

(00+99) < Ze_“(" N p ((1 +6)S; — S < a(n — )3, Vi < j).

g fa §)0
We choose a := (2‘?115; )3 = m Applying Corollary 4.2.2 (ii) to (S) we get E(QSLH_ ) ) <
e_(‘”‘)(l))"l/3 for n — oo. By Chebyshev’s inequality and the Borel-Cantelli lemma, P-

(140)0 < e—(a+o(1))n1/3 ]

almost surely for n — oo, oy, Since 0 can be arbitrarily small, this

implies (4.3.1), and completes the proof of Theorem 2.5.5. U

4.4 Proof of Theorem 2.5.4: upper bound

We prove that if ¢(1) = ¢/(1) = 0, then?

. maxo<i<n | Xkl 8
h;n_)solip (log n)? <31 P-a.s., (4.4.1)
where 0 := B{},_, V(2)?e"V®}.
Let, for any n > 1,
B = Pof{my <T3}, (4.4.2)

where 7, :=inf{i > 1: |X;| = n} is as before the first time that the walk reaches the n-th
generation, whereas T := inf{i > 0 : X; = @} is the first time that the walk hits @. There

is a simple relation between (3, and o, := P, {7, < 7o}

Lemma 4.4.1 Assume that the walk (X,,) is recurrent. We have, for alln > 1,
On

on < Bn < —.
w(o, 9)

(4.4.3)
Proof of Lemma 4.4.1. The first inequality is trivial. Let us prove the second. Let 7| éo) =0
and T3 = inf{i > TSV X = @} (for k > 1). In words, T% is the k-th return time to
the root @. [Thus T = 7o.] Since the walk is recurrent, each TP is well-defined.

Recall that (3, represents the probability that starting from the root, the walk visits
generation n before hitting 2. By considering the number of returns to & (which can be 0)

by the walk before visiting generation n, we have

B =Pu{ra <T_} = PW{TS)) <TP <o <P < 1, <TED 7, < TE}‘
k=0

20n the set of extinction, the upper bound is, in fact, trivially true.
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Applying the strong Markov property successively at Ték), S Tg), we see that the prob-
ability on the right-hand side equals [P,{7, W < (To N T 5)}]’c PArm, < T, };’} (notation:

u A v :=min{u, v}). Therefore

4 — Pir, < T} B on
" 1-PATY < (ronTy)y  1-PRAn<(mATHY
Since 1 — P {10 < (T, AT)} 21— Po{r0 < T3} = w(2, 5), this yields the lemma. O

We now turn to the proof of (4.4.1). Assume (1) = ¢'(1) = 0. We claim that it suffices
to prove that

3 2 .2 1/3
7 ) . (4.4.4)

8
Indeed, if (4.4.4) holds, then by Chebyshev’s inequality and the Borel-Cantelli lemma, for
any € > 0 and P-almost surely all sufficiently large n, 8, < exp[—(1 — 5)(3” ) 1/3p1/3],
which by Lemma 4.4.1 yields g, < exp[—(1 — 5)(3”—")1/3711/3]. In view of Fact 4.0.6, we
obtain (4.4.1).

It remains to prove (4.4.4). Let a := (%)1/3 and n > 1. By (4.3.2) and Lemma 4.4.1,

lim SUp 7 log E(3,) < — (

n—~0o0

where
Eo(y) = {V () = V(y) 2 aln = )"} 0 (V{Vw) = Vi) < aln =)},

Applying (4.1.3), this leads to (with S; := max;<;<; S; as before):

E(ﬁ") < ZE{esjl{gj_sjza("—j)l/‘%ygi—Si<a(n—i)1/3,Vi<j}e_sj}

j=1

3 R{S < <),

which, according to Corollary 4.2.2 (i), is bounded by exp[—(1 + o(1))(3%Z)"/3n'/3] for
n — oo. This yields (4.4.4). O
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4.5 Proof of Theorem 2.5.4: lower bound

We start by recalling a spinal decomposition for the branching random walk (V' (z)). This
decomposition has been used in the literature by many authors in various forms, going back
at least to Kahane and Peyriére [50]. The material in this paragraph is borrowed from Lyons,
Pemantle and Peres [67] and Lyons [65]. The starting point is to work on space of trees and
make a change of probabilities; we refer to the aforementioned references for more precision.

Assume ¢(1) =0, i.e., B{}], ;e7V®} = 1. Let

W, = Z e V@), n > 0.
|z|=n
Clearly, (W) is a martingale with respect to the filtration (.%#,), where .%, is the sigma-
algebra generated by the branching random walk in the first n generations.
By Kolmogorov’s extension theorem, there exists a probability Q on %, (the sigma-

algebra generated by the branching random walk) such that for any n,
Q|9n = WnOP‘gn. (4.5.1)

The law of the branching random walk under the new probability Q is called the law of a
size-biased branching random walk. 1t is clear that the size-biased branching random walk
survives with probability one.

There is a one-to-one correspondence between a branching random walk and a marked
tree. On the enlarged probability space formed by marked trees with distinguished rays, we
may construct a probability Q satisfying (4.5.1), an infinite ray {wy = &, wy, ..., w,, ..} such
that for any n > 1, w, = w,_1 (recalling that 7 is the parent of x) and
—V(z)

W, ’

e

Q{wn =z ’ ﬁn} = Yz =n. (4.5.2)

For any individual x # @, let

We write, for £ > 1,
I = {:c x| =k, T = w1, T # wk}. (4.5.3)

In words, . is the set of children of wy_; except wy, or equivalently, the set of the brothers

of wy, and is possibly empty. Finally, let us introduce the following sigma-field:

G, = O’{(AV([L’), x € F), V(w), wg, F, 1 <k< n} (4.5.4)
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The promised spinal decomposition is as follows (zu denoting concatenation of z and u).
Although it slightly differs from the spinal decomposition presented in Lyons [65], we feel

free to omit the proof.

Proposition 4.5.1 Assume (1) =0, and fir n > 1. Under probability Q,

(i) the random variables (AV (wy), AV (z), x € F), 1 <k <n, are i.i.d.;

(ii) conditionally on 9,, the shifted branching random walks ({V (zu) — V() }ju=k, 0 <
k <n—|z|), for x € Uy_, i, are independent, and have the same law as ({V () }jyj=k, 0 <
k <n—|z|) under P.

Figure 4.3: A Q-tree

We now proceed to (the beginning of) the proof of the lower bound in Theorem 2.5.4, of
which we recall the statement: under the assumption ¢ (1) = ¢’(1) = 0, we have, on the set

of non-extinction,

maxosks” |Xk|

lim inf

S 4 8
n—o0 (logn)?  ~ «a

= W s ]P)—a.s., (455)
where o2 = E{}",_, V(2)% V")),
Let B, = Pu{7. < T3} be as in (4.4.2), where 7, = inf{i > 1 : |X;| = n}, and

To=inf{t >0: X; = 6} We claim that it suffices to prove that

(4.5.6)

3o\ /3
)

It is indeed easy to check that (4.5.6) implies (4.5.5): Let . := {the system survives},
7, = {the system survives at least until generation n}. Clearly .¥ C ., for any n. Recall

o 1
liminf 77 log E(f,) 2 —(
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that there exists (see [45], p. 755) a constant ¢ > 0 such that for all large n,
P(W, <n¢|.%,) <n %

On the other hand, we have (see [43], p. 543, Remark; the result therein states for the regular

tree, but the same proof by convexity obviously holds in the general case)

E(e's00) <E@E ™), t>0.

Bn
Since (3, = 0 = W, on .7, it is equivalent to say that E(e 'EGw |.7,) < E(e=™"Wn|.7,).

Therefore, for any € > 0 and all sufficiently large n,

penl/3 1/3

Wn

ﬁn —enlt/3
P(g <

Yn) < el E(e_

Yn) <nle4e ™"

Since . C .7, this implies an(% < e’ P) < oo, If (4.5.6) holds, then
by the Borel-Cantelli lemma, on the set ./, P-almost surely for all sufﬁciently large n,
B, > e=""E(8,) > exp{—[2 + (3” NV3|p1/3Y . and thus o, > w(2, @) exp{—[2e +
(3m)1/3]n1/3} (Lemma 4.4.1). In view of Fact 4.0.6, we obtain (4.5.5), the lower bound in
Theorem 2.5.4.

The rest of the section is devoted to the proof of (4.5.6). Let as before g, := P {7, < 70}.
Since [, > 0, (Lemma 4.4.1), we only need to bound E(p,) from below.

For any vertex x, let P? be the (quenched) probability such that P*{X, =z} =1. We
first prove a formula for g, without the assumption (1) = ¢’(1) = 0. We mention that if

|z| = n, then under P?, 7, is the first return time to generation n.

Lemma 4.5.2 Assume that the walk (X,,) is recurrent. For any n > 1, we have
V()

— e
on = w(9, 9) —P%{7, > 10}
2 e

Proof of Lemma 4.5.2. The beginning of the proof uses a similar idea as in the proof of
Lemma 4.4.1, except that instead of considering the number of returns to @ before hitting
generation n, we consider the last site at generation n visited by the walk during an excursion.
More precisely, for any = with |z| > 1, let T =0 and TV = inf{: > THY . X = x} (for
k> 1). In words, ng is the time of the k-th visit at z.
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Recall that g, is the (quenched) probability that during an excursion away from the root
&, the walk hits generation n. By considering the last site at generation n visited by the

walk during the excursion, we have

On = Z ZPW{TSC) <7< Tﬁ“% max | X;| < n}

|z|=n k=1 T;k)<i§7—0
= E E P, {T <7, max |X;|< n}
|z|=n k=1 T;k)<i§7—0

Applying the strong Markov property at ngk), we see that the probability on the right-hand

side equals Pw{ngk) < 1o} P*{1, > 10}. Therefore,

T0—1

Z P” {Tn > To}ZP {T(k < 7'0} = Z P” {Tn > TQ}E <Z 1{X1—x})

|z|=n |z|=n

Of course, E,(31°," 1(x,=), being the expected number of visits at site z in an excursion,

is a constant multiple of 7(z), if 7 is an invariant measure for the Markov chain (X;). It is

easily checked that if we take m(x) := (; = V@ (for x # 5), then 7 is indeed an invariant

measure. Therefore, there exists 0 < ¢(w) < oo such that

T0—1 (

Ew( 1 i:-'E): —
Z )T e, )

e V@),

To determine the value of ¢(w), we take x := &, to see that ¢(w) = w(g, 5) This yields the

lemma. ]

Assume (1) = 0. We make use of the size-biased branching random walk, and work
under the new probability Q. Recall the definitions of Q and w,, from (4.5.1) and (4.5.2),
respectively. By Lemma 4.5.2,

w(a, 5)

Bon) = Fo{

W\ Wn, wn—l)

Py {1, > 7'0}}.

We observe that

P {7, > ot = [[ Podm > T(w—)} =[] V3

J=1 J=1

Obviously, Y,, = w(wy, wy_1), Yn_1 = w(wWp_1, Wy_2).
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Let j <n — 2. By the Markov property, Y; = w(w;, wj—1) + > «_  w(w;, x)Pi{7m, >
T(w;_1)}, whereas by the strong Markov property, P2{r, > T(w;_1)} = P2{r, > T(w;)}Y;

for all = such that = = w;. Accordingly,

Y. — u)(wj, wj_1> _ 1
i > G, w(wj, ©) Pr{r, > T(wy)} 1+ e, B(x)P*{7, < T(w;)}’
where -
B(z) = e Vo) _ £ )
w(z, )
So, if we write
&= >  B@PHr<Tw)}, 1<j<n-2
x: ;:wj,:c;ﬁwj+1
1
then Y; = T (1 VB 1 <j<n-2 and E(g,) = EQ{w(wn wn ") HJ Y} =

Eq{w(o, 2) [T} i}
Let 4, be the sigma-algebra generated by the first n generations of the spine (see (4.5.4)).
By Proposition 4.5.1, under Q, the random variables &1, - - -, &,_1 are conditionally indepen-

dent given ¥,,. Moreover, for any 1 < j <n — 2,

E(B.-1-5)

w(wj, wj—1)

Eq(|9)= >,  B@)E(B1 ) < (4.5.7)

-
T x=wj, TEW; 1

We now provide a lower bound for E(p,), by replacing (Y;)i1<j<n—1 by a new collec-
tion of random variables, denoted by (Z;)1<j<n,—1 and defined as follows: Z,_; =Y, =

w(Wy—1, wy_9) and for 1 < j <n —2,

1
;= . 4.5.8
T T Ba(§ 190 + (1= Zi) Bluyr) (458)
Since Z,_1, B(wy,_1), B(w,_2), -+, B(w;) are ¢,-measurable, it follows by induction on j

that each Z;, for 1 < j <n —1, is ¥,-measurable.

Lemma 4.5.3 Assume (1) = 0. For any n > 3, we have

n—1 n—1
EQ{ f %n} > H Zj, Q-a.s.
i=1 j=1
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Proof of Lemma 4.5.3. For any ¢ € [0,1] and a := (aj, -+ ,a,_1) € RY' we define
Fo (upq1) i==c,up1 € Ry, and for 1 < j <n—2,

C,a 1
FoYuj, - up_g) =

! Lty aga [l = F (g, o)

o (uj, - up_g) € RETITL

Then for 1 < j7 <n — 1, we have
Yj = Fan717B(w) (gj’ T >€n—2)’ Zj = sznihB(w)(EQ(gj |gn)> U ’EQ(gn—2 | gn))a

where B(w) := (B(wy),- -+, B(w,—1)). Note that both Y,,_; and B(w) are ¥,-measurable.

Recall that (under Q) &, - -+, &,_2 are conditionally independent given %,,. By Jensen’s
inequality, if ® : R"7"? — R is coordinate-wise convex, then Eq{®(¢1, -+, &, 0)[9,)} >
Q(EQ(9), - Eq(éi—21%.)), Q-a.s. So we only need to show that for any ¢ € [0, 1]
and a € RY, (uy, +++ ,Up_g) H;:ll F(uj, -+, up—2) as a function on R7?, is convex
in each of wu,;.

Since the product of non-negative, coordinate-wise non-increasing, coordinate-wise con-
vex functions is still (non-negative, coordinate-wise non-increasing, and) coordinate-wise
convex, we only have to check that for any j < n — 2, the function (uj, -+, uy_2) —
F9%(ug, -, up—2) is non-negative (which is obvious), coordinate-wise non-increasing, and
coordinate-wise convex. We prove it by induction on j.

By definition, F;% (t,_2) = [1 +un_o + (1 — ¢)a,_1]~", which is obviously non-increasing
and convex in U,_s.

Assume that for 1 < j <n—3, (441, -+, Up—2) — chfl (Ujt1,- -, Up—2) is coordinate-

wise non-increasing and coordinate-wise convex. Since

1

1+ Uj + aj-l—l[l - chfl(uj—l-h T 7un—2)]

ch’a(ujv e 7“”—2) =

)

ch’a is non-increasing and convex in each of w; (for j < i < n — 2): the monotonicity is

obvious, whereas the convexity follows from the fact that y — m is convex and
J J

non-decreasing on [0, 1] and that f o g is convex if f is convex and non-decreasing while ¢ is

convex. ]

Recall that E(g,) = Eq{w(9, 5) H;L:_ll Y;}. Since w(@, E) is ¢,-measurable, it follows
from Lemma 4.5.3 that

n—1

E(o,) > EQ{W(@, 9 [] Zj}. (4.5.9)

j=1
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We now give a lower bound for H;:ll Z; by means of a deterministic lemma. The proof

of the lemma is in section 4.6

Lemma 4.5.4 Letn >k > 2. Let bjs1 > 0 and r; > 0 for all 0 < j < n. Define (2;)o<j<n
by z, =0 and

1
Zi = , 0<7<n—1.
J 1+ rj + bj+1(1 - Zj+1) J
Letv(0) :=0 andv(j) := — le logb;,, 1 <j<mn. Foranymo=0<m; <..<my=n—1,
we have
n—1 2—k k
(@) o7
T exp{— (Ai+(mi—mi_1)2r eb)},
,1:[1 [Tz (mi — mia) ;
where for 1 <i < k (with y* := max{y, 0} fory € R),
r@ = max rj,
mi—1<j<m;
Ai = max (v(F) = v(my)) + (v(ms) —v(1+my))",
m;—1<Jjxmy;
i o= max  (v(j) —ov(f)).

mi—1<j<t<m,

We continue with the proof of the lower bound in Theorem 2.5.4. Recall from (4.5.9)
that E(g,) > Eq{w(2, 2) [T/ Z;}.

Let £k > 2 and mp :=0 < m; < mg < ... <my =n—1. By applying Lemma 4.5.4 to
bjt1 = B(w;+1) and r; := Eq(&;]9,), and arguing that Hle(m,- —my_q) < Hle n =nk, we

obtain:

1 _ o
E(Qn> Z _— EQ <W(®, g) e Zf:l Ai—Zle(mi—mi,1)2 r() &S5 )7 (4510>

(2n)*

where, for any 1 <i <k,

) E(G,—1_;
i max Bo(g|%) < max i)
mi—1<j<m; mi—1<j<m; w(wj, wj_l)
A = max (SJ - sz) + (SmL - Sl+mi)+7
mi—1<j<m;
Sy o= max  (S; —Sy),

m;—1<j<f<m;

with S; := V(w;), 0 < j < n. [In the inequality for r®, we used (4.5.7).]
We choose: x = 15, k = In' 5|, mo =0, my :==n— (k—i)3nX] for 1 <i<k—1,
and my :=n — 1.
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Let ¢ > 1 be a constant sufficiently large such that Q{Sy > 51, w(wy, @) > %} > % Let

n

1
E(l) = {Sj-i-l Z Sj, w(wj,wj_l) Z ) mG_l +1 S] S mk} .
C

On Ey(Ll), we have Ay, < 0, r®) < ¢, and S; = 0, whereas by definition, my — my_; =
|nX] — 1 < nX. Therefore, by (4.5.10),

2x
—Cn
e

N o= SN SR N —my )2 (D St
E(Qn) 2 W EQ <u)(®, @) e Zz:l 21_1 ( 1) 1E7(L1)>

2x
—Cn
€

= E ( 2, o —Zi-“;fAi—z?;%m@-—m@-fl)”“)esg) EW),
(2n)k — @ w(, )e Q(E,")

the last identity being a consequence of the fact (notation: w_; := 5) that under Q, (S; —
Sj_1, w(w;_1,wj_g)), for j > 1, are independent (they are i.i.d. for j > 2). By the definition
of ¢, Q(Er(Ll)) = [Q{S2 > 51, w(wy, @) > L}me=me—r > (Lyme=mi—1 — (1)[n*]=1 Hence,

—cn2X

E(on) >

S — o —Zi-“;lAi—zfj(mi_mi,l)zrmeSZ)
s e Fa(slo, - Eit 5 |

Let ¢ € (0, X). Write a, := (322)/3. By (4.4.4), there exists some constant ¢; > 0 such
that E(8;) < ¢ e~ (=) +DY? f51 a1l 4 > 1. Thus

1 e—(a* —E)(n—mi)1/3

r@ <

< . 1<i<k
MMy, <j<m w(wjv wj—l)

Consider

g

E® = {w(wj,w;_1) > e V1< j<mp}n{w(@, 2)>e ™).

On Er(?), we have, forany 1 <i < k—1,r® < cle_(“*_a)("_mi)l/SJr"E, whereas m; —m;_1 < n,

thus (m; — my_1)2r® < e~(@=20)n=m)'* (51 1] sufficiently large n). Hence

—cnX—n°

9\k ~nX|—1 - Zi':l[A¢+osf*(a*725)(n,mi)1/3} )
()t e Fo <e 1 L@ ). (4.5.11)

E(Qn) >
Let, for 1 <i< k-1,

E® .= {SZ* < (ay —2e)(n—m)"3,  max (S; — Sm,) < 1%, [S1em, — S| < na}.

ot m;—1<j<m;
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On the event E (for 1 <i < k-—1), we have A; < n® +n° = 2n°, and, of course,
S¥ — (a, — 2¢)(n —m;)'/3 <0, so that A; + Si—(aa=2e)(n—m)'/? < 9pe 4 1 < 3pe. Going back
o (4.5.11), we obtain:

E e D e A () g
(00) 2 — e Q(Ef mQEn) (4.5.12)
By independence,
k—1
Q(EPN(ED) = Qlute.?) ‘"}HQ< O min wlug wer) 2 e )
k—1

> Q(Ey(jz)7 min C()(’UJ@, w@—l) > e—ng)’

1 mi_—1<t<m;

N —

.
Il

the last inequality holding for all sufficiently large n (in view of the fact that Q{w(&, 5) >
e} — 1, n — o). By independence again, for any 1 <i <k — 1,

Q(ES’Z), min  w(wg, we_1) > e_"5>

mi—1<l<m;
= Lm; — S| <1, W(Wen,y Winy—1) > 7™ ) X
Q(|s S| <17, w( )>e™

xQ(S;k < (a, —2¢)(n—m)"3,  max (S; — Sn,) <0,

mi—1<j<m;

min  w(wg, we_1) > e_"5>

mi—1<f<m;
= Q(IS: = Sil <77, wlwy, 2) 2 e ) x Q(Fi(n), min wlwy, we) 2 ™),
where, for 1 <i <k —1,
A; = my—my,
P 5, _ _ — )3, Ga — .<€}
Fi(n) {lgﬁ)&(b’g Se) < (ax —2e)(n—m;)"°, Sa, — Sa, <nyp,

with S, 1= max;<j<¢S; as before. Again, Q{|S; — S| < nf, w(w;, &) > e ™} is greater

than for large n because it converges to 1. Therefore, for all large n,

(E(2 N ﬂ E(3> > HQ( n), mlnA w(we, we—q1) > e_"£>.

i

To bound the probability expression on the right-hand side, we use the following lemma

which is a uniform version of Proposition 4.2.1. Its proof is in Section 4.6.
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Lemma 4.5.5 Let S; — S;_1, i > 1, be i.i.d. mean-zero random variables (Sy := 0) with
0% :=E(S?) € (0, 00). For any § > 0, there exist mg > 1 and 0 < n < 1 such that for all
mo < m < n+/n, for all events AE”’, 1 <4 < n, satisfying the following two conditions:

o (S;— S, AE"’), for1<i<mn, arei.i.d.,

e P(M,AM) > 1 -2,
we have

O' n —_— 7\'20 n
T () 2= 2 < P( max (S; — S;) <m, S, =S, ﬂA§"’> < e (1795 mZ

m 1<i<n

where Sz = maxlgjgi Sj.

Since E| 15)] = E[1+ 3 A] = 1+ = 2, we have, Q{w(wy, &) < e™} =

w(&, &
P{w(@, @) < e} < 2™ (by Markov’s inequality). Therefore, for all large n and all
1<i<k—1,
Q{w(wr, @) > e o
(1 —2e7m)Ait
> (1—-2")">1-

Qi e i) 27 )

v

_ns/2

We apply Lemma 4.5.5 to A" := {w(w;, w;_1) > e ™} (with A; — 1 and (n—m;)"/3 playing
the roles of n and m, respectively; noting that A; — 1 ~ 3(k — i)?nX and (n — m;)Y3 ~
(k —4)nX/3 | so the last condition in the lemma on AE"’ is satisfied), to see that for all large
nand forall 1 <<k —1,

Q(F(n) (s wir) = ) 3 exp (= (1 42) T )
i(n), min w(w,, w e >exp | — ——n ,
10 0 ! P 8(a. — 2¢)?

which implies that

( ﬂﬂE ) —exp( (k—l)(l%—s)%nw?’).

By definition, k = [n1=/3]; hence

hmmf—lo Q( ﬂE(?’) 1+6)3W7%2
noo i3 08 8(a, — 2e)?’
This, together with (4.5.12), yields
252\1/3
lim mf log E(o0,) > — (37T80 ) :

Since f,, > o, (Lemma 4.4.1), we obtam (4.5.6), thus the lower bound in Theorem 2.5.4.
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4.6 Proofs of Lemmas 4.5.4 and 4.5.5

Proof of Lemma 4.5.4. Although the lemma is deterministic, our proof is probabilistic. Let
(m;)i>0 be a Markov chain on {0, 1,---,n} with transition probabilities
e, itk =41
P(m+1=k\mzj)= 0<j<n.
iftk=75—1.

1
145417

Define 7,(j) :=inf{i > 1 : n; = j}. Let P; be the probability such that P;{n, = j} =0, and
let E; be the expectation with respect to P;. We claim that

n—1
[1=2> HEmz <1<rn<mz D<ramay (1 4 @) 7Talmi- “) (4.6.1)
j=1 =1

and for any integers 0 < ¢ <m <n and r > 0,

- 1 .
B (141 L0y 2 gy exp { = s (00) = o)

—(v(m) —v(m +1))* — r(m — £)2emaxe<izizmlv@D=00)] }.(4.6.2)

Plainly Lemma 4.5.4 will follow from (4.6.1) and (4.6.2).
To prove (4.6.1), we consider a Markov chain (7;);>0 on {0, 1, -- - ,n}, having an absorbing
point 0, such that
bj-‘rl dj, if k :] + 1a
P =k|i=j) =14 @  ifk=j-1,  0<j<n,
ri4;, if k = 8,

with ¢; := for all 0 < j < n. Let 75(j) :=inf{i > 1 : 7, = j}. Then

b+ —|—1+7‘
Zj:Pj(Tﬁ(j—1)<Tﬁ(n)>, Vi<j<n-—1.

Indeed, 2,—1 = gn—1, and if z; = P;(75;(j — 1) < 7(n)) for j € [2, n—1]NZ, then P;_;(75(j —
2) < 7(n)) = ¢j-1+b;¢;-1P;(m5(j — 2) < 73(n)) = ¢j—1 +;¢5-12;P ;1 (75(5 — 2) < 73(n)) by

the Markov property. Hence P;_1(77(j — 2) < 75(n)) = —/ 22— = L 5 proving

1—bj,1qj',12j 1+7’j,1+bj(1—zj

that P;_1(75(j — 2) < 73(n)) = 2z;—1. As a consequence,

Pn_1<7'n( < 7(n ) Hz] (4.6.3)
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We claim that for 0 </ < m < n,
Pm <Tﬁ(€) < Tﬁ(m>) > Em<1(Tn(€)<Tn(m))(1 + T)_T"(Z)), (464)

where 7 := max,j<p, ;. Since P,,_1(7:(0) < 7:(n)) > [Ti_y P, (T5(mi_1) < 75(my)), (4.6.1)
will be a consequence of (4.6.3) and (4.6.4).

To prove (4.6.4), let €, be the set of all (finite) paths of 7 starting from m and hitting
{ before returning to m (and without being absorbed by 9). For any v € Qy ., let L7 (j) :=
> 50 Lvi=iivip=j) and Lo (j) := LE(j) + L7 (j). Then

Pm<7'ﬁ(£)<7'77(m)> = Z H bi14;) w(J )L 5 ()

YEQp m £<j<m

_ Z H ]+1 L+(j)( 1 )L?(])( 1 + bj+1 )Lw(j)
1+bj+1 1+bj+1+7’j

+0b;
'YEQZ m Z<]<m A

> Y TG b yergy L o ! )L”(j)
+ bj+1 1 —l— bj-i-l 1 —I— T

YEQ m £<j<m

= En (L romy (1+7)770),

yielding (4.6.4) and hence (4.6.1).
It remains to show (4.6.2). Recall that v(j) = — S_7_, logb; for j > 1. Then
1
P (0 < 7(m) = P (7all) < m(m)
1 ev(m)

TH bt Sty &0

m exp{ — max (v(i) —v(m)) — (v(m) — v(m + 1)1?1}5"5)

{<i<m

Under P,, and conditionally on {7,(¢) < 7,(m)}, 7,(¢) is stochastically smaller than the
hitting time of ¢ by a Markov chain with the same probability transition as n but reflecting
on m. The expectation of the later hitting time was estimated by Golosov ([39], p. 498,
(A.1)). Hence

By (7(0) | 7(0) < 74(m)) < (m = O%exp ((, max (v() = v(5))

1<i<j<m
which, by means of the elementary inequality (1 4+ r)~* > ™™ for u > 0 and Jensen’s

inequality, implies that

E, ((1 I r)—m(@) > exp ( —r(m— g)2emaxz<i§jgm(v<i>—v(a’>))‘
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This together with (4.6.5) implies (4.6.2), completing the proof of Lemma 4.5 4. O

Proof of Lemma 4.5.5. We start with the proof of the lower bound. By monotonicity in m,
we may assume that m is an integer. Let a > 2 be an integer whose value will be chosen
later on. Let n < % Let K := | 25|, and n; = iam? for 0 < i < K — 1 and ng := n. Write

S# := maxi<j<,(S; — ;). It is clear that
P(Sf <m, S, =5, ﬁAf."))
i=1

> P(V1<j<K, max (S;=8)<m, Sy — S, <om, 5 =5,[A").

n;—1<i<n; '
1=1

For any 1 < j < K, conditionally on o{S;, AE"), 1<i<njtandon{S, ,—S, _, =},
the reflecting random walk (Siyn;, , — Sitn,_,, 0 < i <
(max{z, S;} — S;, 0 <i <n; —n;_1). Accordingly,

nj — nj_1) has the same law as

P(st <m, =5, (A") = a5 b,

=1

where

2

Gnm = P(Sfm2 < (1= 8)m, Spmz — Samz < 0m, Sym2 > dm, ﬁ ,45“)),
i=1

NK—NK-1

b = P(S:f;_wl < (1= )M, S s = Snne s > om ) Af.")).
i=1
We observe that

o > P(wa < (1= 8)m, Sz — Samz < 01, Sz > 5m) + P( N A§">) 1

> (ST < (1= 0)m, Sape = Sume < 6m, Sape > 0m) = .

m
On the other hand, since the three events {Sfm2 < (1 =86)m}, {Sam> — Samz < dm} and
{S,m2 > 6m} are coordinately non-decreasing with respect to each S; — S;_; (for 1 < i < n),
it follows from the FKG inequality that

tnm = P(SE,0 < (1= )m) P(Sum = Sume < 9m) P (S > ) — L
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By Donsker’s invariance principle,

lim P (5%, < (1= 8)m) P(Sums — Sumz < 0m) P (S > o)

m—00

= P( s (70 - Wio) < 1_\‘/;) P(W(1) - W(1) < Uf/a) P(W(1) > UL\/&)

where W is a standard Brownian motion, with W (t) := SUPsepo, g W (s) for any t. Recall that

SUPyepo, 1] (W (t) — W(t)) has the same distribution as sup,co 1) |[W(t)[; so (see Chung [18])
P{sup;cj y(W(t) — W(t)) < 2} = exp{—(1 + 0(1))8”722}, for # — 0. Consequently, for all

sufficiently large a, say a > ag, we have

- 1_6 7r2<72a,
P( sup (W(t) — W(t)) < > e~ (30—
(2 (V) - W(t) < =) >

Since both W (1) — W (1) and W (1) are distributed as the absolute value of a standard
Gaussian random variable, we can even enlarge the value of ag (if necessary) such that for
all a > ag, P{W(1) > 2%} > § and P{W(1) - W(1) < ;2%2} > 5.2

Now we fix an arbitrary integer a > aq. For all large m (say m > my) such that m < n/n,

we have
G > €~ U=

The probability b, ,, can be estimated in a similar way: From the assumptions on (AE"))
and the FKG inequality, we deduce that

< 5 U
< (1 - 5)m) P(SnK—”K—l = SnK—an) P(S”K—”Kfl > 6m) -

bpm > P(SF
m

NK—NK_1
Observe that am? < ng —ng_; < 2am?. Therefore, by Donsker’s invariance principle, for all

m > mg (with an enlarged value of my if necessary), P(S7 <(1=8Mm)P(Snpnp_, >

NK—MK_1

dm) > c(a,§) for some constant c(a,d) > 0, whereas P(Sy, ny , = Snx-ngx_,) = P(S) >
o . . rc(a,d)c

0,59 >0,...., % 4—ng -1 >0)> —ei for some constant ¢ > 0. Taking n := mm{%, % ,

we get by > -=. Consequently,

P(SF <m, Sy =S [VA") > gl b > Lem 00750,
i=1 7 m

proving the lower bound in the lemma.

The upper bound is easier: with the same notation and the choice of a, we have

P(Sf<m,§n:Sn,ﬁA§")) < P(Vl <j<K-1, max (E—Si)<m>
i=1

nj_1<i<n;

< [Prst.<m]
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For all large m, P(Sfmz < m) < e =957 hence P(S¥ < m, S, = S, ﬂ?zlAE")) <
7\'20'2 n

e Um0zl yielding the upper bound (by eventually modifying the choice of 7 in terms

of a). O
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Chapter 5

A continuous time extension of
RWRE.

The article will be organized as follows :
e In Section 2 we show Theorem 2.6.1 and 2.6.2,
e In Section 3 we show Theorem 2.6.5,

e In Section 4 we show Theorem 2.6.3 and 2.6.4.

5.1 The annealed estimate.

For any nondecreasing function u(t), we will denote by u='(¢) := inf{v : u(v) > t} the inverse

function of u. We start with some preliminary statements.

5.1.1 Preliminary statements.

We first recall the Ray-Knight Theorems, they can be found in chapter XI of [82]. Let L} be
the local time at & before ¢ of a brownian motion 4, and 7, := (L°) ' (¢) the inverse function
of LY. Let o(x) be the first hitting time of x by ;.

Statement 5.1.1 (First Ray-Knight Theorem) The process {Lg(_at)}tzo is a squared Bessel

process, started at 0, of dimension 2 for 0 <t < a and of dimension 0 fort > a.

Statement 5.1.2 (Second Ray-Knight Theorem) Let u € R*, The process {L. , }i>0

s a squared Bessel process of dimension 0, starting from u.

133
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We have a useful representation of H(v), due to Y. Hu and Z. Shi (2004). Let

H(v)
91(’11) = / 1{X520}d$,
0

and
H(v)
fa(v) = / 1ix,<0pds,
0

such that H(v) = 01(v) + 65(v).

Statement 5.1.3 Let k > 0 and v > 0. Under P, we have

(01(v), O3 (v)) ' (4 /0 ) (5 — 1) ds, 16Ty, (272 s 1)) .

Where Yo _o.(x ~> y) denotes the first hitting time of y by a Bessel process of dimension
(2 — 2k) starting from x, independent of the diffusion =, which is the unique nonnegative

solution of

t - t 1 _
= (t) :/ \/1—6_:”(S)dﬂ;—|—/ (—5+ +“e—=ﬂ<8>) ds, t > 0. (5.1.1)
0 0

2 2

3 being a standard brownian motion.

We shall use the following lemma from [94](Lemma 3.1).

Statement 5.1.4 Let {R;}1>0 denote a squared Bessel process of dimension 0 started at 1.

For all v,0 > 0, we have

(1+9d)v 52
P 1 S AACTLLILUNY L §
(oséltl<pv 1> 5) = 5 TP T8 +onw

We now turn to the proof of Theorem 2.6.2.

5.1.2 Proof of Theorem 2.6.2.

Our proof will be separated in two parts : in the first part we will deal with the positive

part of H(v), 6;, then we will focus on 6.
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The positive part.
In view of statement 5.1.3, we set
Zy =™ 1,

then Z; is the unique nonnegative solution of

dZ, = \/Z(L + Z2)dB, + (1 _—

2

and )
91('[1) = 4/ tht
0
We call

Zy

f(z) = /1 (1 és)ﬁds

the scale function of Z;.
We have

t /-H—%
1(20) = /0 U2 4

VZ,

135

1
— | dt
vy )

(5.1.2)

By the Dubbins-Schwartz representation (see chapter V, Theorem (1.6) of [82]), there exists

a standard Brownian motion 7(¢) such that

sz = ([ t L2 0s) =

Zs
We introduce

-1 ! Zas
S ) Tz

(5.1.3)
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We continue with a lemma, whose proof is postponed. Let 7; be the inverse local time of

.

Lemma 5.1.1 Let € >0, ¢, := [~ h(z)dz. Let w(t) — oo, such that w(t)/t — 0. Then for

t large enough,
P <p(t) >T__ 4 ) <exp (—w),

(1—3e€)cy,
and
P (p(t) <T 4 ) < exp (—w).

(1+35)ch

Let © < v, in view of (5.1.3),

N e
) =4 |5 s = [ S s =4 [ gas 519

v

Using lemma 5.1.1, with probability at least 1 —e™",

/T<(1+3Ue)ch> g(%)ds < 91(1)) < /T((lgé)w) g(fys)ds, (516)

L=

One can easily check that g(z) ~e (k2)» 2, and ¢(z) ~_o €2*. In view of this it is clear

that the most important part of the preceding integral will come from the high values of ~,.

and some large constant A, we have

To be precise, for w € [(1+§E)Ch, (1_§€)Ch]

Tw A Alw
/ 9(78)173<Ad3 = / Q(S)Liwds aw w2/ g(sw)Lf_lds
0 _

— 00 [e.9]

—Alog(w)5/ Ajw
= w2/ g(sw)L; ds + w2/ g(sw)Li ds = Jy + Jo. (5.1.7)

0o —Alog(w)5 /w

Using statement 5.1.4, for some constant C' > 0, P(J, > wlog(w)®) < Ce ™. Recalling
that, under the assumption of theorem 2.6.2, v < (%)UH, we get that, for any § > 0, as

t — 00,

v\ /K v
P [Jg >0 (—) } < Ce (osn)'?,
u
We postpone the proof of the following

Lemma 5.1.2 for every 6 > 0, ast — oo,

v\ /K v
P [Jl >0 (—) } < Ce (osn)'?,
U
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As a consequence, for every § > 0, as t — oo,

v

u

Tw 1/k o
P [/ 9(7s) 1y, <ads > 20 ( ) } < Ce (og)'0, (5.1.8)
0

It remains to deal with foﬂ” 9(7s)14,>ads. Due to the equivalent of g, for every e > 0, for
A large enough

= ([0t ts = 1) < [ g0,
0 0
§(1+e)/ ()71, 50ds, (5.1.9)
0

where
Tw law Afw
0 0

by the same computations as above. Using statement 5.1.4, for some constant C’ > 0, with

probability at least (1 —e~¢"), LY ) is lesser than, say, 100 on [0, A/w]. Therefore

Ajw
I'< 100w1/*”~/ YY" 2dy < 1000AY < . (5.1.10)
0
By the same proof as on page 218 of [49], the process

U, — / (1) /21, odu
0

is an asymmetric k-stable subordinator, more precisely

A
E {exp —§Us} = exp (—sce A7),

2
where ¢ = g (%) . From a result of de Bruijn (see p 221 of [6]), there exists a

constant Cy such that

g 1 1/k
log P [% < (—) ] = log P
s U

Similarly, by standard estimates on stable laws, for u — oo, there exists a constant C) such
that

1\'"" .
U, < (E) ~oo —C(]um. (5111)

U, Ch
P LW > ul/“} ~oo ;0 (5.1.12)
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This, together with (5.1.6), (5.1.8), (5.1.9) and (5.1.10), implies that, for u — oo, u < v!™*

there exists positive constants C'; and C5 such that,

—logP [01(v) < (2 e
lim |: ' T ( ) } = Cl
t—o0 ui—+

and for u < ev,
lim uP [6;(v) > (vu)l/“] = (s,

t—o0
where o
- G
Cl fry 41711 1
e "
and o
Coy = 4720,
Ch,

The negative part.

To finish the proof of Theorem 2.6.2, we need to deal with #,. Note that for € > 0,

H, < (%)UR} <P [el(v) < (%)UR} , (5.1.13)

hence the lower bound in (2.6.4) is direct.
We now turn to the upper bound. We recall that © and v are two functions of ¢ such
that u < v!7*7¢. This implies in particular that u < v. Note that

P l@l(v) <(1—¢) (3>1/”,92(v) <e (3)1/“} <P [H(v) < (3>1/R} . (5.1.14)

u u u

P

Using statement 5.1.3, we obtain

P [91@) <(1-¢) (3)1/”,92@) <c (E)W}

u u
_ Z@)/2 CARA (V"
—p {THR (e 1) <e <u> 01(v) < (1—¢) <u> . (5.1.15)
By a scaling argument, we get, for a > 1
1
P(Yooon (Va~1) <a) =P (THH (1 s 7) < 1) >C > 0. (5.1.16)
a

We recall from section 5.1.2 the representation

=W — 1= " (y(p(1)))-
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Let 0 < € < £/1000, and § < £/3 we call A the event that the condition of lemma 5.1.1 is
fullfilled, that is

A= {7a+3090 < pP(V) < Toja-3c } -

Set ¢ < (er)Y*/2, we introduce the event

(%
B := sup v(s) <€é— 4.
T’u/(1+3e)ch<S<Tv/(173e)ch u

Formula 4.1.2 page 185 of [14] (and the Markov property) implies

P[B] >e "

for some positive &’. We recall from section 5.1.2 the representation

) 1 = 1 (v(p(t))),

where f~! is an increasing function such that f=!(z) ~. 2%/k. Therefore for t large enough,

on BNA,
=) < ¢ (E>l/n.
u
Recalling equation (5.1.14), (5.1.15), and Lemma 5.1.1, we get for ¢ large enough

P {H(v) < (%)”}

> P(B)P {THH (002 1) < ¢ (%)” " 0i(v) < (1—e) (%)” i \B]
> P(B)P | Tsos ( e (%)W - 1) <e (%)W,
bi(v) < (1—e) (%)W |B] — P(B)P(A°|B).

Recalling lemma 5.1.1 we get
P(B)P(A°|B) < ¢ Tsv

On the other hand, Ty o < € (%)1/"C ~ 1) is independent of B and 6;, and

P T2_2H< 5(%)1/Rw1> <5(%>1/R > (C
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by (5.1.16); therefore the upper bound in (2.6.4) will follow as soon as we show that

—logP |6, (v - VB
lim i [()<(11 RAC) |]§C’1+u(6),

t—o00 uT=r

where p(e) — 0 as ¢ — 0. We recall from equation (5.1.5) that

( (7))’
[ ( )]1-%2/1

g(x) =

where f has been defined in (5.1.2).
We now recall from equation (5.1.6) that, on A

elflv) < / (W) 9(7s)14,50ds,
0

therefore

P [91@) < (1—5)(

N—
—_

/K
|B]

P Uo(ﬁ) g(7s)ds < (1 — &) (U)W |B]

— P[A%|B).

(Y
u

Vv

Once again, P[A¢|B] is easily bounded. On the other hand, by Ito’s brownian excursion
theory (see for example chapter XII of [82]), for every | € R, v(7 + t) is a brownian motion
started at 0, independent of (y(t)),.,. Therefore

P [/OT(W) g(v)ds < (1 —¢) (%)W \B}
> P UO(H) o(u)ds < (1-22) ()" \B]

P /T(O"UM) g(vs)ds < e (%)UH |B
T((1+§}e)ch)

The event in the first probability on the right hand side is independent from B, therefore
the conditional expectation is equal to the expectation and we can apply the results of section

5.1.2 to get

v\ 1/

~logP [ [ ) s < - 20) (2) |B} < (Ch 4 m(e) + o(1))urs.
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On the other hand, using the Markov property,

P /<<>> gds << (£)" 1B

u

Tsv l/li
=P U g(vs)ds < e (E> | sup 7, <],
0 u

U 0<t<Tsy

1 1
1=36)cy)  ((1=3e)cn)
independent, fom 9~ (7s)ds and B are independent, therefore we only need to bound

Tsv 1//{
P [/ g(vs)ds < c <E> | sup s < EIE:|
0 2 U

U 0<t<Tsy
—P UO g(a)Ls, do < - (E) L = 0} .

Intuitively, it seems clear that fooo g(x)L7, dx will have better chances to be small if

where 0 = T Note that, as the positive and negative excursions are

where a = €'2.

L =0, we are going to give a rigorous proof of that.

Note that, using the second Ray-Knight theorem (Statement 5.1.2), L7 is a squared
Bessel process of dimension 0 starting from dv. On the other hand, under P[-|L = 0], LT
is a squared Bessel bridge of dimension 0 between dv and 0 over time « (we refer to section
XTI of [82] for the definition and properties of the Bessel bridge).

We are going to use Girsanov’s theorem in order to compute the equation solved by the
squared Bessel bridge of dimension 0. Let P, and P, be respectively the distributions of
the Bessel process of dimension 0 started at x and the distribution of the Bessel bridge of
dimension 0 between z and 0 over time «. Let E, and EZ; be the associated expectations.
Let X; be the canonical process and F; its canonical filtration.

Using the Markov property, we get, for every F;-measurable function F',

E.[F(Xs,s<t),X,=0]
P.[X, =0

EZolF(Xe s <t)] =

Px, [ X =0

PX, =0 | [F(X,,s < (X, t)];

where h(s,t) can be explicitly computed (see for example Corollary XI.1.4 of [82]). We get

h(X;, 1) = exp (% - %)
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Using Ito’s Formula, we can transform this expression to get

h(X, 1) = exp (- /OtﬁdijL/ot ﬁds).

Recalling that, under P,, X, is a solution to

dXy = 2+/ Xydfy,
where (3 is a Brownian motion, we get

h(X;,t) = exp (— /Ot %dﬂs + /Ot ﬁds) )

Therefore, thanks to Girsanov’s theorem (see for example Theorem VIII.1.7 of [82]), under
Pgm

t t
X

X ::I:—i—/ \/Xsdﬂs—Q/ ® _ds.

' 0 o (a—5s)

Coming back to our original problem, we obtain that, under P(-|Ly, = 0), L7 is a solution

to

t
X
Xt:51)+/ \/Xsdﬂs—2/ ® _ds.
0

o (a@—3s)

while, under P, L7 is a solution to

t
Xt = 51) "‘/ \V/ Xsdﬁs-
0

Therefore, as there is pathwise uniqueness for these equation (see for example Theorem
IX.3.5 of [82]), the comparison theorem (see [97]) allows us to construct a couple (X1, X))
such that X follows the same distribution as L7 under P, X ) follows the same distri-
bution as LZ under P(:|L% =0) and X" > X almost surely. Then one gets easily that
the distribution of [;° g(x)L% dx under P(-|L% = 0) is dominated by its distribution under
P. Then the upper bound in (2.6.4) follows easily by the results of section 5.1.2.

We now turn to the proof of (2.6.5). We have the trivial inequality

PO (v) > (vu)l/“] < P[0y (v) + 5(v) > (vu)l/“]
<P (v) > (1 —&)(vw) /"] + Pt (v) > e(vu) /"],
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therefore the lower bound is direct. To get the upper bound, note that 65(v) is increasing,

so we have to show that for every € > 0, and some s > 0,

P [Tg_% (65“(”+S)/2 ~ 1) > € (vu)l/“} =0 (1) )

u

Recalling the diffusion Z; from the last part, we need to bound

P |:T2—2n <\/m ~ 1) > € (U“)I/H}
_ / Tp Yone (VETT 1) > & (o)) ditnss(z), (5.1.17)

0

where 11,(y) is the distribution of Z,. By scaling,
P |:Pf2_2,i (\/ z4+ 1~ 1) > € (’UU)l/Ri|

=P |:'T2_2,.€ <1 ~

) > a(zzjzliﬁ} <P {T2_25 (1~0)> 5(?2211“} .

1
Vz+1
It is known (see for example [98] page 40) that Yo o, (1 ~» 0) has the same distribution as
= where T follows a distribution I'(k, 1), therefore, easy computations leads to

PR I DY WL EE A P

Recalling (5.1.17), we have, for all A >0

A K 00
P (92 > 8(1“))1/%) = /0 KF(KJ;(Z?)R (1 ZUZ) dﬂv+s<z> - /A dﬂv+s<z>

Using for example exercise VII.3.20 of [82], the diffusion Z; has speed measure dm(z) =

2
Atz)T7"

scale assumption, for any ¢ bounded and measurable,

dz, so by Theorem 54.4 of [83] and a change of variable in order to lift the natural

/ " 32 dtsa(z) — o / " (2)m(de),

with 7(dz) = m(dz) Therefore as s goes to infinity, and for some finite constant c(e),

P (0, > e(uv)'/*) < % log(1+A)+ (1+A)™".

Now, taking A such that (1 + A) > u'/* and log(1 + A) < v (this is possible due to the

assumptions on u and v), we get the upper bound in (2.6.5).
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5.1.3 Proof of Theorem 2.6.1.

In this section we use the results for the hitting times to get the results for the diffusion
itself. We begin with the proof of (2.6.2). We have the trivial inequality

P (X; > t"u) <P [H(t"u) < t];

by taking v = t*u in Theorem 2.6.2, we get the upper bound in (2.6.2). The condition
u < v!17F becomes u <K t1F,

To get the lower bound, note that, for every € > 0,

logP (X; > t"u)
> log [P[H((1+e)t"u) < t]P(X; > t"ulH((1 + e)t"u) < t)]
> —Ci((1+ e’:‘)u)ﬁ +1logP (X, > t"u|H((1 +¢&)t"u) <t). (5.1.18)

The bound in the first term coming from (2.6.4). To treat the second term, note that
P (X, < t*ulH((1+)t"u) < t) < E [Pév”eﬁ”“ [ing X, < tu” _
s>
P [inf X < —5t“u] ,
s>0

by invariance of the environment.
By [52],
. | < 32 _ 2
P [%EgXt < u} < Cax™*?exp (—(k/2)%x/2),

(note that ¢ in K. Kawazu and H. Tanaka’s article corresponds to —k/2 in our setting).

Therefore we get easily that, for ¢ large enough,
P (X <tfulH((1+e)t"u) <t) < 1/2. (5.1.19)

The lower bound in (2.6.2) then follows from equations (5.1.18) and (5.1.19).
To prove (2.6.3), we use the fact that, for every e > 0,

)

Taking v = t" /u, Theorem 2.6.2 implies the lower bound, and the upper bound follows easily

K

Xt<%
gP{H(%) >t}+P[Xt<%;H<w><t}.

u

<P

by the same argument as before.

It remains to prove Lemma 5.1.1 and Lemma 5.1.2
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5.1.4 Proof of Lemmas 5.1.1 and 5.1.2.

145

We begin with the proof of Lemma 5.1.1. It will turn out that once the tools for this Lemma

will we introduced, Lemma 5.1.2 will be quite obvious. We recall from equation (5.1.4) that

a=p(t)" = /Ot h(7s)ds,

where h is some positive, integrable function. We have

ar, = / h(z)L7 dx = tc, +/ h(z) (LE —t) da.

[e.e] —00

Our result then follows as soon as we show that, for ¢ large enough

< exp (—w).

P H/: h(z) (LE —t) dx > 3te

Let s such that s — oo and /s* > w, then

[:m@u&—ﬂdW:K?mﬁ@i_ﬂM
+ o) (25, 0y e
[ (- o)

[e.9]

= Il +IQ+[3

By a scaling argument, and using the fact that h is bounded, we have

s/t

wgcf@gﬂw?m/hﬁ_muﬂw/ v —1]dy.
-5 —s s/t

Then, for ¢ large enough,

€
P(|I;| > te) <P sup  |LY —1] > —-
yel—s/ts/1] 2Cs

<2P| sup |LY —1|>
y€[0,s/1]

&
2Cs |’
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the last bound coming from the symmetry of L¥ in y. On the other hand, using statement
5.1.2, LY is a squared Bessel process of dimension 0 started from 1, therefore using statement

5.1.4 with 0 = 55, v = s/t, we get

°t
P(|1,] > te) < C'sexp (—2—3) < exp(—w).

It is clear that, for large ¢, P(|I3] > te) < P(|l5] > te). To bound I3, we note that, for ¢ large

enough,
S LZ‘ S 1 aw t 00 Li
|[3|§2 / id$+t/ —dx 122 __|_/ L Jr :
oo X7 oo T s st T2

by the same scaling argument. The first part is negligible, and, using statement 5.1.2,

/ —5dr = / —dx,
s/t T s/t L

where 7, is a squared Bessel process of dimension 0 started at 1. The following result from

[81] allows us to compute the Laplace transform of this random variable.

Statement 5.1.5 (J. Pitman and M.Yor) Let Z; be a squared Bessel process of dimen-
sion d, starting from xz, and p a positive (Radon) measure on (0,00) such that, for all n,

1(0,n) < co. Then one has

E [exp (- / thu(t)” = du(o) " exp ($01,(0)),

where ¢, is the unique decreasing and convex solution of

56" = 6 on (0,00), 6(0) = 1.

We note n = s/t, and A; = fwﬁ

n ?

dzx. The preceding statement implies that
L,
E [exp —AA;] = exp 5(]5#(0) :
where ¢,, is the solution of:
¢(x)
§Z5//(=T) = 2)\?196277.
A decreasing solution on (7, 00) of this equation is

(3

1—IF8X
2
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The condition ¢(0) = 1 and the fact that ¢’ is constant on [0, ] implies that C' (1 — 1=vi+82 V21+8)‘> =
1, thus

1—+1+8)\ )
(1+vV1+8\n)’

As this function is analytic, for some A > 0 (not depending on t),

1—+/1-28)X )
(1+vV1=8\)n/)’

E [exp —AA;| = exp (2

E [exp AA;] = exp (2

then

1-Vi-8x Aet)
(1++v1—8)\)n ’

P(Iy > et) < exp (2

from which the result follows, as 1/n < t.
Let us now prove Lemma 5.1.2. We recall from (5.1.7) that,

— Alog(w)® /w —Alog(w)® /w 1
Jl = w2/ g(Sw)Lf_ldS S 2/ ?Lf_lds

o0 —00

Then the proof follows easily as a corollary of the proof of Lemma 5.1.1.

5.2 Quenched slowdown.

We now turn to the proof of Theorem 2.6.5. As before we first recall some useful facts.

5.2.1 Preliminary statements.
We recall the time change representation of X; (see, for example [46])

Xi = A (BT (1)),

K

where

Ay(z) = / eV W dy,
0

t
T (t) = / e~ (BOD) g
0

and B is a standard Brownian motion.
We also need a result about Sturm-Liouville equations. Let V(t) be a positive function

of t >0, and V(t) = f(f

() = —AV()z(t), t > 0, 2(0) =1, 2/(0) = 0. (5.2.1)

V (u)du. We are interested in the solution of the differential equation
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We have the following statement from [12] (corollary 3.2)
Statement 5.2.1 Let A(V') be the supremum of all X > 0 for which a solution to the problem
(5.2.1) is positive in [0,1), then

s (1= OV (0) < 5 < 4 sup (1= V()

We recall the following inequality from lemma 1.1.1 of [25]

Statement 5.2.2 Let v(t) be a one-dimensional brownian motion, then

SL’2

x t
P — >— | <c— ——
( wpJy(s2) = (s1) 2) <cexpi

0<s1<s2<t,50—s1<u

We finish with a useful lemma

Lemma 5.2.1 let a > 0, and p a Radon measure on [0,a|, and suppose there exists ¢ a

positive solution of the Sturm-Liouville equation

¢"=—op, t =20, ¢(a) =1, ¢'(a) =0. (5.2.2)

Let X; be a squared Bessel process of dimension 0, starting at , then

o[ )] s 1587)

Remark: This lemma is a extension of Statement 5.1.5, but we do not get equality in this

case.
Proof: Let F,(t) = ¢'(t)/¢(t), by the concavity of ¢ this is a right continuous and

decreasing function, thus we can apply the integration by parts formula to get
t t
F,(t)X: = FH(O)ij/ FH(S)dXS—F/ XsdF,(s).
0 0

Using (5.2.2), we can compute the last part

/XM /XM (/W

/Xd,u /XF )2ds.
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Recalling that M; = X; — 0t is a local martingale, we set

20 =ew (3 [ B~ [ xikisras),

which is a positive local martingale, hence a supermartingale. Using the previous computa-

tion, we get

Z,(t) = exp (% {F“(t)Xt 0z =3 /0 CFu(s)ds + /0 t Xsd,u(s)]) |

As Z,, is a supermartingale, F[Z,(a)] < E[Z,(0)] = 1. Therefore the result follows easily.

5.2.2 Quenched slowdown for the hitting time.

In this section we show (2.6.8). The idea of the proof is to decompose the environment in
valleys of a certain size, then to study the process of the valleys visited and the time spent
in the valleys. We first give a formal definition of what a valley is. For ¢t > 0, v > 0 and
i€ N, weset Ky=—|t], and

K1 = inf {x > K, Wo(K;) — inf We(y) > %logttj,

yE[Kivm]

Wa(2) > sup Wi(y) — 1} .

y>x

K is finite almost surely, due to the transience of the drifted brownian motion. The intervals
(K, K; 1] will be called “valleys”. An example of such valleys is given in figure 2.

We introduce the sequence defined, for £ > 0 by

80:0

Sk+1 = ll’lf{t > Sk,Xt c {Kj,j > O}}
We call Yy, = X, , [, = max{i : s; < H(v)} and
§(i) =4{7 € 0,1, Y; = Kiy1, Y1 = Ki} .

We set 49 = max{j, K; < 0} and iy = max{j, K; < v}. By convention we note K; 11 = v.
Let

i1—1

B= Z £(i) (5.2.3)
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Figure 5.1: Decomposition in Valleys

denote the number of times the "walk” Y} backtracks. Let 6(t) be the time-shift associated

to the diffusion, we set for 0 <17 < iy
next(i) =inf{t > 0: X; = K;, H(K;41) 0 0(t) < H(K;_1) o 0(t)}

and
H™ () = H(K;11) o O(next(i)) — next(i).

We have the following decomposition of H, :

H(v) = Hiniy + Hair + Hyaer + Hiepr + Hrigne,

where
H. . — H(Kio—l-l) if H(Kio—i-l) < H(KZ()) (5 9 4)
et H(K;,) + H™(ig) 0 0(H(K,)) else ’ o
is the time the diffusion takes to get to K 41,
t
Hleft = / 1Xt<K1dt7 (525)
0

is the time the diffusion spends at the left of K7,

H.igne = H(v) o O(next(iy)) — next(iy), (5.2.6)
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is the time spent to get from K;, to v

11—1

Hyp = > H™(i) (5.2.7)

i=ig+1
is the time used for the direct crossings of the valleys and

i1—1 I

Hyaer. = E E 1y ki1 V=K,

i=ig+1 j=0

X (H(K;) 0 8(s;) — s; + H™ (i) 0 0(H(K;) 0 0(s;))) (5.2.8)

is the time “lost” as a consequence of the different backtracks of Y.

We introduce D; = supg. .1k, , Wr(t) — Wik(s), to which we will refer as the “depth”

of the valley [K;, K;41], and

41

N(s,t) = {i > 1, [K;, K; + 1) [s,2) % 0}

Note that, as seen on figure 2 there are some valleys of depth 0.

We have the following lemmas, whose proof will be postponed

Lemma 5.2.2 (environment estimates) Let v =1t" and e > 0. P-almost surely, form >
my, fort large enough, W € Q where Q = Q(t,m) = At)NG(t)NG(v)NB(t,m)NK(t)NL(t)
and
A(t) = {maxi<;, (Kin1 — Ki) < (log(t))?},
G(u) = {Sup—u§r<s§u Wi(s) — Wi(r) < %(logu + 3loglog u)} ,
B(t,m) = ﬂ;n:_ll {ﬂ{z € N(—v,v) : D; > L1logv*™ + 4loglog(v)} < vl_%} ,

K(t) = {Sup—lt<t1<tzit (We(ty) — We(t)] < (logt)'/? log logt} ,
ta—t1|<
L(t) = {Sup0<r<s<v Wi(s) = Wi(r) > % logv} .

Furthermore, whenever u — oo, the event G(u) is fullfilled for u large enough.

We now turn to some quenched estimates: let [a, ¢] be an interval of R. We call

Dy = sup (max W,.(y) — min W,i(y)), (5.2.9)

z€[a,d \YET:C] y€la,x)

D_ = sup (max W,(y) — min W,i(y)), (5.2.10)

vead \velaa] ye(a,cl)
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and
D=D_ADy,.

We also introduce M := sup, ¢, g We(r) — minge(q,q Wi(z) We have

Lemma 5.2.3 (quenched estimates) Let a,c, and D be as above, and W € 0, then for

some constant C, and u > 1

max Py, [H(a) A H(c) > Cu(M V1)1V (c—a)*))e”] <e™™ (5.2.11)

z€[a,c]

We also have a bound on the number of backtracks. For f — oo, f = O(t)
Py B> f] < Cse™/. (5.2.12)
Finally, iof W € Q, for some constant v, for every 1 < i <1y, and fort large enough,

Py [H(Kip1) > uy(logt)*eP =P H (K ) < H(K;—1)] <e™, (5.2.13)

Py [H(K—) > uy(logt)* PP H (K1) < H(Kip)] < e, (5.2.14)

Py [H(K) A H(Kiy41) > uy(logt)?ePioVPio] < e, (5.2.15)

Thanks to these lemmas, we are able to finish the proof of Theorem 2.6.5.

Upper bound.

We recall v = t”. Suppose Q(t, m) is fulfilled, by the previous decomposition,
t t
PW (H(U) > t) < PW <Hm2t > g) + PW <Hdir > g)
t t t
+ PW (Hback > g) + PW <Hleft > g) + PW (Hright > g) .

We begin with H;,;. We recall from (5.2.4) that H;,; is the time the diffusion takes to get

to K +1. Using the precedent estimates, on G(v), we have, for ¢ large enough

1
D;, V D; 41 < —(logv + 3loglogv).
K
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Thus, for every € > 0,

t
Py (Him't > 5
0 tv/s Dy VDio 1
< Py ( H(Kig11) > geeTern H(Kig11) < H(K;,)
tl—u/n

P ( H(K,
+ 7Y () > g

ePioVPiort N H(K;,) < H(KM))
tl—u/n
10

_l-v/k—e

i P;VQO [H(Kio+l) > ePioVPio+1| H(K; 41) < H(Kio—l)] < 3e

Similarly, we have

t , t
B (o > £) = £ (0) > HHO) < 1K) <0

_l-v/k—e

It is also a direct consequence of lemma 5.2.3 that, on A(t), ig > m,
the definition of B in (3.3.16),

t t t
Py (Hpep > ) <Py | B> < — .
W( teft 5) - W( - 410g2t) _exp( 4log2t)

To deal with Hy;,., note that

whence, recalling

where TJ(FO) () is the first crossing of the interval [K;, K;.1]. The TJ(FO) (1) are independent

random variables, and TJ(FO)(Z') follows the same law as H(K;;1) under PVIE[ H(Ki,) <
H(K;_1)].
On the other hand, if Hg, > t/5, then the process spends an amount of time greater

than ¢/20m in the valleys of depth in

k k+1
— logv + 4loglog v, (k+1) logv 4+ 4loglogv]| .
Km Km
On Q(t,m), the number of such valleys is at most v'~, we call o(k) the time spent in those
valleys. By lemma 5.2.3, and the precedent remarks, for some constant C,
o (k)

Sl < 20 T @Y.,
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where we note A < B for “ A is stochastically dominated by B”, and I'(k, 3) is the Gamma

distribution of parameter (k, 3).
For m large enough, one can check easily that v(1—k/m) < 1—v(k+1)/m for all k < m,

whence, for ¢ large enough,

P " ¢ plr o (1—k/m) ) tl—u(k-}-l)/nm

> —| < —r/m >

o s e an s B2
- 4tu(17k/m) exp _tl—u(k—i-l)/mn

B (logt)*2

< exp (_Qtl—l/(k+2)/(f<m) + log(4)tu(1—k/m)) _
Therefore, as t — oo,
Pyw[Hayr > t/5] < mexp (—t'E2/6m)) < oxp (_tl—(l—l-%)%) '

We now deal with Hy,.

t
PW (Hback > g)

—_

t
< Py (Hback > g,15‘ € [t’f/m,t(’f“)/m]) + Py (B > t].
0

3

B
Il

By lemma 5.2.3, Py[B > t] < e™!, and
t
Py (Hback > 3,15’ € [tk/m,t<k+1>/m]) < Cexp (—t"™). (5.2.16)

On the other hand,
i1—2 §(7)

Hyer = > 79(0) +79(3),

i=1 j=1

where
. 7‘9)(@') is the j — th crossing of the interval [K; 1, K;].

. T(j)(i) is the first crossing of the interval [K;, K; 1] after the j — th crossing of the
interval [Ki—l—la Kz]
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The T+ (z) are independent variables, and Tf)(i) follows the same law as H (K1)
under Ppi[|H(K; + 1) < H(K,;_ )], and TSj)(i) follows the same law as H(K;) under
PVI&“[-|H(K,-) < H(Ki;2)], (with the convention that K; ;1 = v). Therefore, thanks to

lemma 5.2.3,

G) (;
7 (4)
— 1
Cef (logt)10 e
for some constant C' and
H= max D;.

ieN(— t(k+1) 1062 ¢ 7U)

m

Then, for W, € Q(n,m)NG (M), on the event {B € [th/m tk+D/m]}

m

Hback
C(t(k—l—l /mk Vi Ul/ﬁ)(log t)

Therefore, when 1 — 1 (v ) > £l

4 2t(k+1)/m + P(Qt(k+l)/m, 1)

P (Hius = 5.8 Wt“f“’/ml) < Coxp (—CHV)).

Putting this together with (5.2.16), we obtain

t
PW (Hback > E,B € [tk/m,t(k+1)/m])
< Cexp <—C’t(1_%(”\/7))\/%—5) )

Putting together all the estimates, we get
log(—log Py [H (") > t])

lim inf
t—00 logt
1 1 1 2
ke[-1m+1] \'m K m m m’ K
Z<1—5>/\ AN 5 , P—a.s..
k) k+1 (1AK)mM

By taking the limit as m goes to infinity, we get the upper bound for Py [H (tV) > t], namely

log(—log Pw[H (1) > t]) > (1 _ K) A i

lim inf .
K k+1

t—o00 logt

We now turn to the proof of the lower bound.
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Lower bound.

We suppose that L(t) is fullfilled, therefore there is one valley of depth greater than % log v
before v. Let b be the bottom of this valley, and ¢ such that b < ¢ and

1—
W.(c) — Wi (b) = p ‘ log v.

It is easy to see that H(v) > H(c) — H(b), whence
Pw[H(t") > t] > Py [H(c) > t].

We can suppose, without loss of generality, that b = 0. By the time change representation
from the preliminary statements, under Py, H(c) = T, (0(A.(c))), where o(z) is the first

hitting time of x by a brownian motion B. Therefore

o(Ax(e)
H(c) = / e~ We A (B g,
0

An(c)
_ / exp (—2W, (A7} (2))) LE 4, (o d

_ Ap(u)
—/ exp (=W ()L, (4, (o du-

The last equality coming from a change of variable in the integral. By a scaling argument,

we get
Hic) ™ / exp (=W (1)) Ay () LA /A% gy,

o(1)

—00

We suppose W, € K (t), so

A(c) > Weld-ogt?/? _ y1-20%
and A,(—1) > —e~1029** Hence
H(C) > t(1_36)z inf i’(l)

IG[AK(_l)/AK (0)70}

For t large enough, A,(—1)/A.(c) > —1/2. Therefore by the first Ray-Knight theorem
(Statement 5.1.1)

Pl[H(c) >t >P| inf L%, >t'"x*
wlH (c) ] > ze[l—l}/z,o] o(1)

> Pz > 2t p

sup | Zy| <t'7sF|
u€[0,1/2]
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where Z; is a squared Bessel process of dimension 0 started at 0 and Z; is a squared Bessel
process of dimension 2 started at 0. The last probability is greater than 1/2 for t large
enough, and the first one is explicitly known (see for example [14]). We obtain that, for all
e >0,

1, v
Pw[H(v) > t] > exp (—§t1_~+5) .
To obtain the other lower bound, note that, similarly to lemma 5.2.2, almost surely, there

is a valley of depth at least ijrl logt in [—t*/(#*1 0], let b’ be the bottom of such valley, and
¢ > b such that

1—c¢

/ /
|/]/ _ |)|/ >
<€) w(b) 2 k+1

logt.
We have

PulH@) > 1] = PylH®) < HE)PYHE) > 1]
Recalling the time change representation,

Ax(t")

PulH(b) < H()] = 5.

when W, € K(t), we can easily show that for every € > 0, as n goes to infinity,
Py [H(b) < H(t")] > exp —t=11.
By the same computations as for the first bound, we get
PY[H(c) > t] > exp —tws1 T,

Putting together both inequalities, we get

log(— log Pw [H (t") > t]) < (1 1/) PR

BT,

lim inf
t K

—00 logt

which finishes the proof of Theorem 2.6.5.

5.2.3 Quenched slowdown for the diffusion.

In this section we finish the proof of Theorem 2.6.5. The lower bound is trivial, since

Pw|X, <] > PwlH(t) > 1].
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To get the upper bound, let m € N, note that
PylX: <t'] < Py[H(t") > t]
+ mZ_IPW [H (t”*%) <t<H (t”%)] P () < 1]
k=0

+ Py [HEY) < t)PY [H() < 1)
(5.2.17)

Using the explicit distribution of the supremum before ¢ of a drifted brownian motion (see

page 197 of [14]) and the Borel-Cantelli lemma, we can easily see that for every k € {1,m},

the event
Uh(n) := sup W) = Wa(t) > gn*
(n+1)l’<s<t<n”+%
is fullfilled for all n large enough, therefore so does
U, = JUE(n).
k=1
Hence on Upy, there exist 1 <a <b < v+ such that
R k
Wi(a) — Wi (b) > Zt”m.
By the same computations as in part 5.2.2, we get that, on U([t]),
Bt ©
Pl[H(a) < t] < Py |es! inf . Ligy <t
ze[0,e” 8" ™)
. 2
< Py inf Z, <te 57|

+4

]

v
ue[l,l—ef'%t

where 7, is a squared Bessel process of dimension 2 started at zero. We have

Py inf Z, < te 5t
ue[l,l—ef'%ta}
< Py [Z) <2te 5" + Py sup | Zy — Zy| > te=s"

uE[l,l—efgta]



5.2. QUENCHED SLOWDOWN. 159

Using statement 5.2.2 with v = te~ 5" and the fact that \/Z,_, — Z; is the Euclidean

norm of a two dimensional Brownian motion, we get

ko

t
Py sup |Zy — Z1| > te™s < 2exp ——.
te[l,1—e 817 10

On the other hand, by the exact distribution of 7,
P(Zi<x)=1-e"? <2
Therefore we get that for some constant C
P IH(#) < f] < PY[H(a) < 8] < e O
On the other hand, the bound for the hitting time implies that
P [H (#45) <t < H (#7452 )] < exp (=005 G =50,

indeed the bound is trivial when v + k/m > k.
The same arguments apply to the other terms of (5.2.17), whence

i inf log(—log Pw[X: < t¥])

t—o0 logt
> min [<V+£)\/<(l—y+(k+1)/m)/\ i —i)]
ke[0,m] m K k+1 m

Minimizing over k and taking the limit as m go to infinity, we get the desired upper bound.

5.2.4 Proof of the lemmas.

We begin with the estimates on the environment.

Proof of lemma 5.2.2.

Note that, as an easy consequence of statement 5.2.2, almost surely for ¢ large enough i; < 2t.

Therefore
A(t) D A(Ltj) = { max |K;11 — K;| < log2(LtJ)}. (5.2.18)

i<2|t]+1
Let us show that
PIA(n)]] = O(1/n?). (5.2.19)
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We have

PlA(n)] < Y PlKi — K; > (log (n))?]. (5.2.20)

1=0

By invariance of the environment,
PIK\ — Ko > (log (n))?] = P[K, > (log (n))?],

where

K, = min {t >0:— min Wy(s) > 3 logn, W, (t) > sup W(s) — 1} :
K

s€[0,n] s>t
On the other hand, conditionally to K;, the process W, (K;+s)—W,(K;) is a drifted Brownian

motion conditionned to have its supremum lesser than 1. Therefore

PKiy1 — K; > (logn)?] = P[K, > (logn)?| sup W, < 1]

>0
< P[R’l > (logn)?]
= Plsup;so Wi < 1]

For x > 0, Plsup;>o Wi < 1] is a positive constant. It remains to bound PIK; > (logn)?,
note that if ;
W, ((log n)2) < ——logmn,
K

and 5
sup W, (t) — W, ((logn)?) < p logn,

t>(logn)?
then there exists one point x* before (logn)? such that infiep ) Wy (t) < —%logn and
Wi (2*) > sup,s,- Wi(s) — 1 (see figure 3), therefore K, < (logn)?. Taking the complemen-

tary events, we get
PIK; > (logn)?]

<P [VV,.i ((logn)?) > —glogn or sup Wy(t) — W, ((logn)?) > %logn .

t>(logn)?

By standard gaussian estimates,

P [W,i ((logn)?) > —g logn| = O(n™?%)
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—%logn— —— - oA - - - - - - —— -

—%logn ———————————————

Figure 5.2: K

and

3
Pl sup Wy(t)— W, ((logn)?) > p logn

t>(logn)?

3
=P {sup W (t) > Elogn :

>0

By formula 1.1.4(1) from page 197 of [14], the last probability is equal to n=3.

recalling equation (5.2.20), this finishes the proof of (5.2.19). Therefore, using the Borel-
Cantelli lemma and (5.2.18), A(t) is fullfilled for every ¢ large enough.

We now turn to G. We consider the process

Therefore

U= sup Wi(t) — Wi(s). (5.2.21)

—o00<s<t

Note that for n = [t],

1
{ sup U < —(logn + 310glogn)} C G(1).

—(n+1)<t<n+1

N

The process U, is called a Reflected Brownian Motion with drift. This kind of process
appears naturally in some queueing system models. It is a positive and stationnary diffusion,
with stationnary law the exponential law of parameter x. It is also reversible in time,
therefore we can reduce to proving that, as n goes to infinity, the event

1
{ sup U; < ;(logn + 310g10gn)} (5.2.22)

0<t<n+1

is fullfilled.

In [86] it is shown that the length of the excursions away from zero (or busy periods) of

1 k2

U, follows a gamma distribution I" (5, §> , and that the supremum mg over one excursion

of U; has an explicit law, given by

2™

(1 — e—r-cy)2 (/iy - (1 - e_ny))' (5’2’23>

P(mo > y) =
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Let C be some large constant. We call F'(n) the event that U; makes more than C'n excursions
between time 0 and time n + 1. We have

@> Iﬁ <n+4+1])= fy(C'n/2, (”J’;)“ ),
28 I'(Cn/2)

P(F(n)) <P (F (
where (-, ) is the incomplete gamma function. By Stirling’s formula,
P(F(n)) = O(((n+ 1)r*/8)"*(Cn/f2e)="/>71%) = o(n™")

for C' large enough. Therefore by the Borel-Cantelli lemma, almost surely there exists ng
such that F'(n) is fullfilled for all n > ny.

On the other hand, we call G(k) the event that the maximum during the k — th excursion
is lower than 1/k(log k 4+ 3loglog k). Recalling (5.2.23), for k£ > 10,

~ 1

By the Borel-Cantelli lemma, we get that there exists ko such that G(k) is fullfilled for all
k > ko. Take n > ngy V ko, and such that

1
—(logn + 3loglogn)
K

is greater than the supremum over the ko first excursions of U;. Then on F(n) N(,_,, G(k)
the event in (5.2.22) is fullfilled. This implies the result for G(¢).

Let us turn to B(t,m). Let n = [v]. We call, for 0 <a < 1

4
B(n,a) = {ﬁ {z € N[-(n+1),n+1]:D; > Elogn—i— —loglogn} < nl_“}.
K K

Recalling the definitions of the K; and U;, we note that the event that two different K;
belong to the same excursion of U; implies that the maximum during this excursion is at
least 3/klogn, therefore, by the same argument as before, when n is large enough, this
does not happen. We can also suppose that U; makes less than Cn excursions between time
—(n+1) and n + 1. Thus, on these events,

jj{i e N[-(n+1),(n+1)]: H; > %logn+4loglogn}

is stochastically dominated by a Binomial(2n + 1, p), where

n—a

p:P[thglognjLélloglogn <2 .
K log n?
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Whence, using Chebyshev’s exponential inequality,
P[B(n,a)] < exp (—n'"*) exp ((2n + 1) log(1 + p(e — 1))) < exp (4np — n' ™).

The estimate on p, together with the Borel-Cantelli lemma, implies that, almost surely for

n large enough,
m—1

ﬂ (n,k/m) C B(t,m)
1
is fullfilled.

We finally prove that L(t) is fullfilled for ¢ large enough. Recalling the notations con-
cerning Uy from (5.2.21), we call f(n) the event that U; makes more that s excursions

before time n. Using the explicit distribution of the length of the excursions of U;, we have

P(f(n)) <P (r (ﬁ %) . n) |

Recalling that a I'(k,6) distribution has expectation kf and variance k62, by Bienaymé-
Chebyshev’s inequality, for n large,
10

P(f(n)) < W-

Now the Borel-Cantelli lemma implies that f(n) is fullfilled for all n large enough.

Now suppose that f(|v]) is fullfilled, Note that U; and supy.,., Wy (t) — Wi (s) are equal
after the first 0 of U;. Call L(t) the event that there exists one excursion of height at least
=<log(n + 1) between the second and the | fiog oz |-th excursion of Uy. It is easy to see that

F(lo)) ML) € L(t).
On the other hand, by (5.2.23),

_n_
(log n)2

P (i(t)c) <P [mt < 2" Clog(n+1)

S (1 _ e—(l—e) logn+1) (1ognn)2 ]

This is summable, therefore we can apply the Borel-Cantelli lemma to get the result on f/(t),
then on L(t).

The result on K(t) is a direct consequence of statement 5.2.2.

We now turn to the quenched estimates.
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Proof of Lemma 5.2.3.

We begin with the proof of (5.2.11). Without loss of generality we can suppose x = 0 and
D = D,. We suppose |¢ — a| > 1, the proof being similar when |c¢ — a| < 1.

Recalling from the preliminary statements the time change representation of X;, we get
that, under Py, H(v) = T,.(0(Ax(v))), where

Ag(z) = / VW gy,
0

t
T (t) = / e~ WA (BOD) g
0

and o(x) is the first hitting time of x by a Brownian motion B. Therefore

24T (B) g

o(Ar(a))Na(Ax(c))
/ 5

H(a) N H(c) = i

Ar(c)
:/A “ eXp(_QWR(AIZI(x)))Lz(Aﬁ(a))/\a(A,@(c))dx‘

We are going to use the second Ray-Knight Theorem (Statement 5.1.2) : note that

Lo(ar@)rotane) < Loane)

and that L7, . is stochastically dominated by the local time at z before o(A(c)) of a

Brownian motion started at a. Therefore
Ak (c)—Ak(a)
H(a) NH(b) < / V(s)Xsds,
0

where V(z) = exp (—2W,.(A;'(A.(c) — x))), and X, is a Bessel process of dimension 2,

started at 0. We call a := A.(c) — Ax(a), and A\(V) the supremum of all A such that a

solution to

y'(t) = =AV(1y(t), t > 0y/(a) =0, yla) =1

is positive in [0,a]. A(V) is usually known as the spectral gap, or Poincaré’s constant
associated to V.

By a standard change of variable in the previous differential equation, and an application
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of Statement 5.2.1, we get

1 t 1
2 39(40(0) — A(@)? sup (1 1) / e~ 2WAE (An @) +3(An (€)= An (@)
0

A(V) 0<t<1
Ak (a)+t(Ax(c)—Agk(a)) .
= 32(Ax(c) — Ax(a)) sup (1 — t)/ e~ 2We(A T (W) 1y,

0<t<1 Ay (a)

d(t)
= 32(Ax(c) — Ax(a)) sup (1 — t)/ e W) dy,

0<t<1

where d(t) = A ' (Ax(a) + t(Ax(c) — Ax(a))). Easy computations show that

K

C

(1~ £)(Au(c) — Ay (a)) = / M) o,

d(t)

whence, recalling from (5.2.9) that

D, = sup (max Wi (y) — min Wﬁ(y)) )

z€[a,d \YE:C] y€la,x)

we get

1 X C n
—— < 32 su e_W“(”)dv/ Ve dy < 32(c — a)eP” .
s [ i < 32c-a)

From Lemma 5.2.1 we get that E[exp A(V)U] is finite, but we need an explicit bound.
Toward this goal we are going to extend the interval : let ¢ be such that (¢ —a) = 2(c — a)
and let us extend W, on [c,¢] by a constant function (equal to Wy(c)). We call V(z) =

exp (—2W, (A1 (Ax(c) — x))), for & € [A.(c)— AL (), Ax(c)— A (a)] and A(V) the supremum

of all X\ such that a solution to
y'(t) = —AV(t)y(t), t > y'(a) =0, y(a) =1 (5.2.24)

is positive in [A,(c) — Ak(¢), a].
By the same calculations as before we get

/

—— <32 sup / e_W”(”)dv/ VW dy < 32(¢ — a)eP”

— 64(c — a)eP” .

For A < A(V), let ¢ be a solution to (5.2.24) on [A.(c) — Ak(¢), ], then ¢ is a solution to
(5.2.24) on [0, @], and by concavity,

A (d) — Ag(e) e_M'

A0 2 0~ Ana) = 2
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Together with lemma 5.2.1, we get
Ewlexp(AH (a) A H(c))] < 2eM.

This, together with Markov’s inequality, finishes the proof of the first part of lemma 5.2.3.

In order to prove (5.2.12), note that, due to the time change representation, and for
W e Q,
Kit

Ki -1
PEH(Ki_) < H(Ki)] = / Wala) g < / Wele) dx)
K Ki—1

e —3/2
= Izng%f{(KZ KZ_1>6WK(Ki71)—(logt)1/2 loglogt <t ’ (5225>

using the fact, that, by definition of the K, on K (t) N G(t),
3 2 3
> 2 > N+ 2 -2 .
We(K;—1) > Ki,llgggm- We(x) + p logt > W, (K;) + - log ¢ p log log t
Then we have to distinguish two cases : either the walk Y; gets to the level v in more than
3n steps or in less than 3n steps. In the first case there are at least n steps back before H(v),

and in the second case the number of steps back is dominated by a Binomial(3n,n=3/?).
Thus

Aol o)< (5) (55) + P [Binomiatzn ) = @)

n

The result follows easily from Stirling’s formula and Chebyshev’s exponential inequality.

We now turn to the proof of (5.2.13),(5.2.14) and (5.2.15). We start with (5.2.13). First
note that

PVII? [H(Ki+1) > uy(log t)20€DHVDi

H(Ki1) < H(K; )]
_ Pyt [H(K;—1) AN H(Ki1) > uy(logt)20eli-1vPi)]
N Py [H(Ki) < H(K;1)]

Y

As a direct consequence of (5.2.25), we have, P — a.s., for n large enough,
. 1
Py [H(Ki) < H(K; 1)) > 5
We are going to use (5.2.11) in order to bound the numerator. Note that, due to the
definition of the Kj;,
sup Wi(s) — Wy(t) > D;_1 V D;.

K _1<s<t<Kit1
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On the other hand, on A(t) N K (t),
Kiyi — Ki1 < 2(logt)?,

and then

sup  Wye(z)— min  W,(x) < (logt)®.
SCE[K,L',l,KZ'+1} Z‘E[Ki,17KZ‘+1]

Therefore, the result follows easily by application of (5.2.11).
We now turn to the proof of (5.2.14). As before,

PMI? [H(K,-_l) > uy(log t)Xeli-1VPi

H(K;—1) < H(Ki1)]
_ P [H(Ki) AH(Kip) > wy(log )P VD))
= PSH(K_y) < H(Kiy1)] ’

The numerator is the same as in the proof of (5.2.13), so we only have to deal with the
denominator. We recall from (5.2.25) that

Kit1

Kit1 -1
Py [H(Kiy) < H(Ki)] = / Ve @) dy (/ €W“(x)dx> :
K;

Ki—1
On K(t) N G(t), we obtain easily
K; eWK(Ki)_Wn(Kz;ﬂ—logt
Py H(K;—1) < H(K;+1)] > .
(logt)

Note that on A(t) N K (t), W.(K;_1) — W.(K;) < (logt)3. (5.2.14) follows then easily.
The proof of (5.2.15) is similar and omitted.

5.3 Quenched speedup.

In this part we show Theorem 2.6.3. We first recall some facts.

5.3.1 Preliminary statements.

Our proof is mainly based on “Kotani’s formula”, expressed in [53],

Statement 5.3.1 (Kotani’s lemma) Let A > 0. Then fort >0

t
Ew [e‘AH(t)} = exp (—2)\/ U,\(s)d8>, P—a.s.,
0
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where Uy(t) is the unique stationnary and positive solution of the equation

11—k

dU(t) = Uy(t)dW (t) + (1 + Ux(t) — 2>\UA(t)2) dt.

(Here W (t) is the Brownian motion defined in the introduction).
We shall also use the following result from [41] (Lemma 2.4)
Statement 5.3.2

1
lim — sup (Lf(r) — r) =0, a.s.,
T zl<u

whenever u — oo and r > uloglogu.

5.3.2 Proof of Theorem 2.6.4.

We use the same time change method as in the annealed case, in order to get almost sure

T 62/s+4)\5
g(x):/ —ds.
1

s1=

estimates for U,. Let

One can easily check that ¢ is a scale function of U,. By the same arguments as in section

5.1.2, we get

/0 t Ux(s)ds = /0 " 97 (v(w) " exp (—m — 8>\g_1(7(u)))du,

where y(u) is a standard brownian motion,

) = [ U () exp (g + 83000 ).

and . A
-1 -1 —2k -1
woo(t :/g Y(s exp(—_i—SAg Y(s )ds.
(t) i (7(s)) T (7(s))
We have the following lemma, whose proof is postponed

Lemma 5.3.1 Let v € R, and

D) = [ e (ks =9 (o)) s
Then, whenever X — 0 and r > log(1/X) loglog(1/)),
I'(l—-k)

Dl_gn(’f’) = 7’(1 + O(l))W,
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and for some positive constant D,
D _5.(r) = Dr(1+0(1)).

Let us use this lemma to finish the proof of Theorem 2.6.4. We get easily that y=1(7.) =

D_5,.(r). Whence, for some constant D',

Tpr(1—o(1))t < H(t) < Tpr(14o(1))t

almost surely, as A — 0 and ¢ > log(1/A)loglog(1/)). Therefore, under the same assump-

tions, for some constant D",

I'(1—k)

(1 —k)
- [

D"(1 - o(l))tW <

/t Ux(s)ds < D"(1 + o(1))t

Thus, going back to Kotani’s lemma, for ¢ > 0, and for some constant C, we get, as A — 0,
v > log(1/)\) logloglog(1/A),

exp (—C(1 4 o(1))\*v) < Ew [e_’\H(”)} <exp (—C(1 —o(1))\"v), P —a.s.. (5.3.1)

By application of Chebyshev’s inequality, for A\ as before,

log Py {H(v) < (E)W} <) (3)1/” — (1 = o(1))uA".

u u

We call A(z) the value of lambda that minimizes Az — Cv\". It is clear that A(z) is a

decreasing function of x, such that
AMz)z = CurA(z)". (5.3.2)

Let \* = ((%)1/ F”) , we get easily the expression

ul—~x

A = (CR)T=

(5.3.3)

(%

One can easily check that A* — 0, v > log(1/A\*)logloglog(1/A\*). Therefore we can apply

the precedent estimate to get

' log Py [H(U) < (%)1/11 e
lim sup - <(k—1)CTrkKi-=.

V—00 Ul—~x
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In order to get the lower bound, we introduce a small § > 0. For the sake of clarity we
call € := (%)UK. Note that for A > 0

Bw [e"W] = By [e M1 gy <1-s)e]
+ Ew [e_A*H(U)1(1—6)5§H(v)§(1+5)6} + Ew [e_A*H(U)]-H(v)>(1+5)e]

= Jl —|—J2+J3.

We are going to show that J; + J3 < Ey [e”* (] We call F(z) = Py[H(v) < z]. By the

Cramer-Chernoff inequality, for x < e, one gets

F(z) <exp(A(x)xr — C(1 —o(1))vA(x)")
= exp (—C(1 —o(1))v(1 — K)A(2)")
= exp [—(1 — 0(1))Cﬁ(1 — /@)/@ﬁvﬁzﬁ . (5.3.4)

Recall that
K 1
E [Q_A*H(U)} — e—C(1+o(1))(Cﬁ)mum.

k—1

We deduce that for a =2(1 — k) =,
F(ag) < By [eHW]

For this «, we have

(1-9)e
Jy < Fag) + / e N UdF (x)

ag

(1-9)e

= ¢ TN P((1 = §)e) + (1 — e ) F(ag) + A\* / e N F(x)dz. (5.3.5)

Our goal is to use (5.3.4) in order to bound F in the last equation. The problem is that

the o(1) in (5.3.4) depends on z. We are going to use the monotonicity of F(x) in order to

get an uniform bound. Let n < 6/1000, n > oty Forl <k <mn, weset z, = ke /n.
Using (5.3.4), there exists vy such that, for all v > vy, and 1 < k < n,

F(xy) <exp |—(1-— n)Cﬁ(l — K)KTR0 (%)Kﬁl} :
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Note that for z,_y <& <y, x > ae, and v > v,
F(z) < Fla) < exp {—(1 — TR (1= )RR (24 g>“} |
n

By the concavity of the function 2 — 251, and the condition € > z > ae, we get easily

K
K K K

<+€)ﬁ> B LR e s (1 e
x —_— xl{* —7&'{7 K— _ K— .
n - nao(k—1) - g

We deduce that for every € > z > ae,
Flz) < exp [~(1 = n)*CT7 (1 = p)pm7o ™07 | = 60 (5.3.6)

Therefore, replacing I by ¢“ in (5.3.5), and doing the integration by parts in the other
direction, we get

(1-9)e
Jp < e—(l—é)a)\*eG((l—é)E) + (1 _ e—aa)eG(aa) + )\*/ 6_)\*9:€G(x)dl’

ag

Recalling the definition of «,
eG(aa) < E [e—)\*H(v)} ’

and the integral can be bounded by
(1-9)e L
Clut=r / gr-te N 7@ gy,
Therefore, recalling (5.3.1), and (5.3.3) for estimates on Ey [e=*"#®)]  and the expressions
of A(z) and G respectively in (5.3.2) and (5.3.6), one gets

* -1 - k2
Ji (Ew [6_’\ H(U)]) <o(l)+ Pwe[as%a_& ]exp <—Clinl-€1*wliﬂ

(1= 0)2(1 = )27 4 ko1 —e1(14+0(1))] ).

where P is some polynome in (u,v) and the terms between the brackets come respectively

from e, e=** and (EW [e"\*H(”)D_l. By a change of variable in the sup, we get

e
Ey [ H©)]

Pexp <—(C’v)ﬁ(5/§)ﬁ inf ; [(1 — )57 1(1 — K) + ks — 1 + 0(1)]) . (5.3.8)

s€la,(1-6

<o(1)+
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For n and o(1) very small,

inf [(1 — )57 1(1— k) +rs— 1+ 0(1)]
s€la,(1-9)]

is positive by concavity of the function s — s#-1 (1 — k) , therefore as an easy consequence

Jl < EW [6_)‘*1{(”)] .

We now deal with J3. As before we get

Jz < e UFON P ((1 4 §)e) + \* / e TF(z)dx
(1+8)e

for > 0,as F(z) <1

€

therefore for some (# depending on k,

R(e) := )\*/ e MU (2)dr < Ey [e_)‘*H(”)} :

£

by the same argument as for J;, we get that, for any € < x < e, for v large enough,
F(x) < %@

therefore
Be

J3 i R(€> < e—(l+6)a)\*€G((l+6)a) + >\*/ e—)\*xeG(x)dx
(1+0)e

By the same computation as we did to get to (5.3.8), we have

J3

1

Pexp <—(C’v)ﬁ(€l-ﬂ)ﬁ SG[(i{l-‘fé,ﬁ} [(1 — )57 1(1 — K) + ks — 1 + 0(1)]) . (5.3.9)

As before, we can take 7 small and get
J3 < By [eM 0]

Therefore we get that, as v — o0,

J2 > %EW [e—)\*H(U)} .
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Recall that
Jy = Ew [e N0 gecnwy<ra)] < e Py [H(v) < (1+0)e].
Note that the preceding computations remain true for v’ := (1 + 0)"u, whence

log P [H(v) < (2)""] ) o
lim inf : >(1460)T+((1 =0k —1)CTrKrT=.

v—00 uT=r

Taking the limit as 6 — 0, we get the result.
It remains to prove lemma 5.3.1, which is the purpose of the next section.
5.3.3 Proof of Lemma 5.3.1.

Let v =1 — 2k, and
b~ | " 4 (1 (s)) exp (—ﬁ - 8Ag-1<v<s>>)ds.

= [T rteren (—am - s ) s

(/ / /(a ) Y exp < g%(s) — 8)\g‘1(3)> L? ds

= [1 +Ig+[3,

where a is such that a > 1/\ and
oMha 1
Da log A
We shall use the following consequence of the law of large numbers : let f : R — R such

that [, |f(z)|dz < co, then

1
log log log %

1
lim — f )LE dx—/f (5.3.10)
r—oo T

Note that, for x < 1 and A < 1/4,

1 2/s+4)As 2/z+1
(& (&
o)l = [ s <

therefore, for some constant ¢ > 0, for all x < 0 and A < 1/4 we have

2 T
1) > log % (5.3.11)
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On the other hand

0 4
I = / g (s)" exp (—_7 — 8)\9‘1(3)) L: ds

oo 97(s)

< /_ io o1(s)" exp (-%(S)) L2 ds.

Using (5.3.11), it is not difficult to check that g='(s)” exp (—g%(s)) is integrable on (—o0, 0),
therefore an application of (5.3.10) lays

Il = O(T’)

Let us now treat I3. Note that for y > a, y\ — oo and for some constant ¢ > 0

1 Yy 64)\3 Yy 64)\3
—/ —ds < g(y) < c/ —ds
1S 1 S

Cc

Y €4>\s 1 4y e 64)‘3/
/1 Sl—nds - (4\)" /4/\ Sl_ﬁds = (1+o0(1)) (@) . (5.3.12)

As yA — 0o, we get

and

g(y) < 2ce™M .

g~ (z)

Therefore, for x > g(a), 2ce >z, 50 g~ '(z) > 15 log £. Therefore, using (5.3.10) we

get, for some constant ¢ > 0,

> -1 w0, -8 g (z) 7= / OO log(x/Qc) e —2r1zx
I3 < (g7 ()" Pe > WL dr < ¢ el x LY dx
9(a) ’ o) \ AA '

/ “2 [T log(/2¢) v —3/21x r
< d(g(a)) o\ T 7L de = o ()\VVO) :

To deal with I, note that, by the definition of a and (5.3.12),

r > g(a)loglog g(a).

Therefore we can apply statement 5.3.2 to get

L = r(1+0(1)) /Og(a) g1 (s)” exp (‘%(s) _ 8Ag_1(s))ds.

By a change of variables g7!(s) =y, as A — 0, the last integral is equal to

a —2—4)\y 4da —u
e v 1 e
/1 yl—n—u dy - <1 + 0(1)) (4)\)H+V /4)\ pl—(v+k) du
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Recalling the definition of v we have v + kK =1 — k > 0, then

I'(1— k)

I =r(1+o(1)) R

This finishes the proof of the first part of lemma 5.3.1, as 1 — xk > v V0.
To treat the case v = —2k, let b < 1 be such that b — 0 and —g(b) = o (

we separate the integral as follows

D </“b) [ /OO> ') )i
v = + + g s"exp(—_i—é% g s) 5 ds
—00 g(b) g(a) g 1(8)

=1+ Iy + I,

) . As before,

_r
loglogr

I} is similar to the precedent case, with v < 0, so we get I = o(r). We have easily

0

. 3

I < e_b/ g (s)” exp (—7 —8\g (s )Li ds.
! —00 ( ) g_l(s) ( ) "

The integral is a O(r) by the same proof as for I;, therefore

By the same proof as for I, we get

Iy =r(1+o(1))13,

a —2_ 4y 1 —2_4)y a —2—4xy
e v e v e v
1":/ 7@:/ —dy+/ ———dy.
2 b yl—i-n b y1+li 1 yl-H;

The first part converges, by dominated convergence, to

1 -2
e v

D := / dy,
0 y1+n

4a 6—8)\/u—u
(AN)" / T
A\ ul—i—n

with

and the second part is equal to

One can easily check that the integral is bounded, therefore this part goes to zero. This

finishes the proof of lemma 5.3.1.
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5.3.4 Quenched Speedup for the diffusion.

In this section we prove Theorem 2.6.3. The upper bound is a trivial consequence of Theorem
2.6.4 | since

Pw[X, > t"u] < Py [H(t"u) < 1].

To get the lower bound, let ¢ > 0. Note that
Py X, > t"u] > Py [H((1 4 £)t*u) < ] PST [H (t7u) > ).

Note that almost surely, for ¢ large enough, we can find t"u < b < ¢ < (1 + €)t"u such
that
W,.(b) — Wi(c) > %’%“u.

It is clear that
P%H“[H(t“u) > t] > Py, [H(b) > t].

By the same computations as in 5.2.2, one gets easily that
Py [H(b) >t >1/2

for t large enough. Taking the limit as € — 0, this finishes the proof of Theorem 2.6.3.
Acknowledgement : We are thankful to Yueyun Hu for pointing this subject to us
and for many helpful discussions, and to an anonymous referee for detailed and constructive
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Sur certains processus aléatoires en milieu aléatoire

Résumé : Cette these a pour objet I'étude de processus aléatoires en milieu aléatoire. Ce type
de processus a été introduit pour la premiere fois en 1965 par A.A. Chernov, et a depuis fait
I’objet de nombreuses recherches. Parallelement au modele élémentaire unidimensionnel étudié par
A.A. Chernov, de nombreuses tentatives ont été faites récemment afin d’appliquer le méme type
d’approche dans des contextes différents. Nous nous focalisons particulierement sur deux exemples.
Tout d’abord nous étudions le cas de la marche aléatoire en milieu aléatoire sur les arbres, pour
laquelle nous étendons un criteére de récurrence/transience dii & R. Lyons et R. Pemantle, avant
de présenter une étude du comportement asymptotique dans le régime critique. Nous montrons
dans un premier cas un théoreme central limite, et dans un second nous identifions un équivalent
en (logn)®. Le régime intermédiaire entre ces deux comportements a fait 'objet de travaux plus
anciens de Y. Hu et Z. Shi.

Dans une autre partie nous étudions un processus aléatoire en milieu aléatoire a temps continu,
connu sous le nom de diffusion de Brox. Nous étendons a ce processus des résultats dis a A.
Fribergh, N. Gantert et S. Popov concernant 1'accélération et le ralentissement.

On some processes in a random environment

Abstract : This thesis’s aim is to study random processes in a random environment. This kind
of processes was introduced for the first time in 1965 by A.A. Chernov, and has received much
attention since. Besides the elementary unidimensional model studied by A.A. Chernov, numerous
attempts have been made in order to apply a similar approach to different contexts. We focus in
particular on two examples. First we study the case of random walk in a random environment
on trees, for which we extend a recurrence/transience criterion due to R. Lyons and R. Pemantle,
before studying the asymptotic behavior in the critical case. In a first case we give a central limit
theorem, while in a second one we show that the walk behave like (logn)2. In the intermediate
regime between those two behaviors, we refer to previous work by Y. Hu and Z. Shi.

In a second part we study a time continuous process in a random environment, known as Brox’s
diffusion. We extend to this context some recent results due to A. Fribergh, N. Gantert and S.
Popov about speedup and slowdown.
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