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Abstract

This thesis is made of two parts, dealing respectively with semi-linear Klein-
Gordon equations and linear Schrodinger equations.

In recent years, a number of results have been obtained on the question of long-
time existence for solutions of semi-linear evolution equations (like Schrodinger
or Klein-Gordon) on compact manifolds, with small smooth Cauchy data. Unlike
in the case of the euclidean space, one cannot exploit dispersion to prove lower
bounds for the time of existence of solutions in function of the size ¢ — 0 of the
data. Instead, one uses normal form methods. These methods are effective, in
most previous works, only when the spectrum of the Laplace-Beltrami operator
on the compact manifolds at hand satisfies a very special condition of “increasing
gap’ between successive eigenvalues.

The first chapter of this thesis examines similar problems for models for which
such an “ increasing gap assumption ” is not valid. We first consider a non-
linear Klein-Gordon equation whose linear part is given in terms of the harmonic
oscillator —A+|z|? on R%. The spectrum of this operator is discrete (which reflects
that, as in the case of compact manifolds, the solution of the corresponding linear
Klein-Gordon equation does not disperse when time goes to infinity). The gap
between successive eigenvalues is no longer increasing, but constant. Nevertheless,
we are able to implement a normal form method that allows us to show that, for
almost all masses, solutions of the evolution equation with small data exist for a
larger time than the one which is given by local existence theory.

7

We apply next the same kind of ideas to the non-linear Klein-Gordon equation
on the torus, for which we have also non increasing gaps between eigenvalues. We
obtain a lower bound for the time of existence of small solutions, for almost every
value of the mass, that provides an improvement of the results of Delort [I4] in
higher dimensions.

The second chapter of the thesis deals with linear Schréodinger equations on the
torus with time dependent potential V' (z,t). It had been proved by Bourgain [§]
that when V' is smooth and bounded, as well as all its derivatives, the Sobolev
norm of the solutions of that operator enjoy O(|t|°)-bounds when [t| — +oo, for
any € > 0. Wei-Min Wang showed, in one dimension, and for analytic potential,
that one may prove logarithmic bounds O(|log#|**), ¢ — +oc for the H*-norm.
In the last paper of thesis, we adapt the method of Delort [I5] to obtain such
logarithmic estimates on tori of any dimension, under Gevrey regularity assump-
tions on the potential. We are able to express the exponent ( in terms of the
Gevrey index.
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Chapter 0 Introduction

Let —A + |z|? be the harmonic oscillator on R?. The first section of Chapter
1 is devoted to the proof of lower bounds for the existence time of solutions of
non-linear Klein-Gordon equations of type

(af — A+ |:zc|2 + mg)v = pitl (1)

on R? x R with small Cauchy data in some Sobolev space.

Let us recall some known results for a similar equation
(0 — A +m*)v = F(v,0w, 0,v) (2)

on RY x R (i.e., there is no quadratic potential in equation and the nonlinear-
ity is more general) when Cauchy data are smooth, rapidly decaying and of size
e < 1. It has been proved independently by Klainermann [3I] and Shatal [41]
that the equation (in fact, an equation which contains more general nonlineari-
ties) has a global solution when the dimension d > 3. Their proofs rely on the use
of dispersive properties of the linear Klein-Gordon equation. In these dimensions,
the nonlinearity can be considered as a short range perturbation, if it is at least
of order 2 at the origin, since the solution of the linear equation decays at an
integrable rate =% when ¢ goes to infinity. On the other hand, when d = 2 and
the nonlinearity is quadratic, the decay rate 7% is no longer integrable. So the
perturbation is long range and the situation is more delicate. However, global
existence was proved by Georgiev et al. [26] and Kosecki [33] for special nonlin-
earities and later by Ozawa et al. [40] for general nonlinearities (see also Simon et
al. [42] and Delort et al. [17]). A key point was to use, in combination with dis-
persive properties of the equation, the normal form method introduced initially
by Shatah [41] in higher dimensions. The idea is to find a quadratic perturbation
such that the action of the Klein-Gordon operator 9?2 — A +m? on it cancels out
the quadratic part of the nonlinearity up to a remainder of higher order. Thus
the problem is reduced to the cubic nonlinearity case, which was already treated.
In one space dimension, it was first conjectured by Hormander [28], [29] that the
time of existence of the solution had an exponential lower bound €< for some
positive constant c¢. Later, a proof was given by Moriyama et al. [38]. The op-
timality of this result follows by an example constructed in Keel et al. [30], but
global existence was proved in Delort [I3] when the nonlinearity satisfies a special
condition (a “null condition" in the terminology introduced by Klainerman in the
case of the wave equation in three space dimensions [32]). Let us also mention that
in the case of nonlinearities which are not smooth functions of their arguments,
lower bounds for the time of existence have been obtained by Lindbland et al. [37].

In most of the preceding works, a fairly rapid decay of Cauchy data at infinity
is assumed. This assumption plays an essential role in the proofs. A natural
question is to examine what we may get when the data just decay weakly as H*®



INTRODUCTION

function. This question was first addressed in Delort [12], where periodic Cauchy
data were studied. One gets therein a lower bound of the time of existence, of
magnitude ce~? as well as examples showing the optimality of that result. For the
equation (2) on RY xR, when d = 1 and the initial data are only assumed to be in
H*(R) x H*7'(R) and of size € < 1 with s a large integer, it has been showed in
Delort [11], that the solution exists on an interval of length ce *|loge|~%. Later,
the same kind results were extended to d > 2 in Delort et al. [I6]. The authors
showed that the solution exists on an interval of time of length exp [ce™#] with
p=2/3ifd=2 u=1ifd > 3.

Once some results for a single equation are obtained, one may expect to see
what happens when a system is considered. For positive numbers m;, j = 1,2,
we recall some known results for the following system:

83113- — AUJ' + m?Uj = Fj(v7 at‘/a amv)a .] = 17 27 (3)

on R? x R, with given smooth, compact supported Cauchy data of size ¢ < 1,
where V' = (vy,v2), and where nonlinearities F; are at least of order 2 at the
origin. In high dimensions, say, d > 3, the methods of Klainermann [3I] and
Shatah [41] are available for the system, so one gets global existence in these
dimensions. The cases of d = 2 and d = 1 are more delicate as there is a similar
difficulty as in the case of a single equation. Nevertheless, the authors in [I7] are
able to deal with the case d = 2. They obtained a global solution under the as-
sumption that either the system is non resonant (i.e., m; # 2my and mg # 2m;)
or it is resonant (i.e., m; = 2my) and nonlinearities satisfy some structure condi-
tion (see also [43] for the non resonance case). When d = 1, the global existence
was proved by Sunagawa [43] under the non resonance assumption (when d = 1,
non resonance condition reads (3my —ms)(m; —ms)(my —3ms) # 0). Some other
sufficient conditions for the global existence of the system in dimension one were
obtained in [22] 48| 47]. For the equation with weakly decaying Cauchy data, the
results in [I1} 16] still hold. One may also refer to [20] 21], [34] for some results
of a system of Klein-Gordon equations with different speed.

Note that in most works we mentioned above, the dispersive property of the
linear equation was used. So the following question appears naturally: what can
one get when there is no dispersion for the linear equation? The equation on
M x R with M a compact Riemannian manifold provides such a framework. In
fact, if A2 is an eigenvalue of the Laplace-Beltrami operator —A on the compact
Riemannian manifold (M, g) and ¢(x) is an eigenfunction associated to A%, then
v(z,t) = eV (7)) is a solution of the corresponding linear equation. We see
that v(x,t) displays no dispersion but it is periodic instead. Though the linear
equation displays no dispersion, it has been shown by Bourgain [6], Bambusi [1],
Bambusi et al. [5] that when M = S!, the solution exists almost globally: for any
natural number N, if the data are in H**1(S) x H*(S') for some s depending on
N, if m stays outside an exceptional subset of zero measure, the solution exists at
least on an interval of length Ciye=". It has also been showed by Delort et al. [18]
that the equation (2)) on the sphere S¥~! (d > 2) with smooth Cauchy data of size
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€ < 1, has a solution defined on an interval of time of length ce® with &’ > &,
for almost every m > 0. This is a better lower bound of lifespan of the solution
than the one given by local existence theory. The key point in the proof is that
the spectrum of the operator v/—A on the sphere is made of multiple eigenvalues
asymptotically close—up to a fixed translation —to the integers, which means
that the gap between two successive eigenvalues is bounded from below by a fixed
constant. Similar results have been obtained in the case of any Zoll manifold (i.e.
any compact Riemannian manifold all of whose geodesics are periodic with the
same period) by Delort et al. [I9] and later improved by Bambusi et al. [4], where
the authors showed almost global existence.

The gap condition plays an essential role in works we mentioned in the above
paragraph. A natural question is to examine which lower bounds on the time
of existence of solutions might be obtained when the eigenvalues of the operator
do not satisfy such a gap condition. The problem has been addressed for the
equation (0?2 — A +m?)v = v"*! on the torus T¢ when d > 2 by Delort [14]. It
has been proved that for almost every m > 0, the solution of such an equation
exists over an interval of time of length bounded from below by ce *(1t2/4) up to
a logarithm and has Sobolev norms of high index bounded on such an interval.
Note that two successive eigenvalues A, N of v/—A on T might be separated by
an interval of length as small as ¢/, which means that the gap shrinks to zero
as eigenvalues tend to infinity.

Now let us look at the Cauchy problem on the whole space R?. The
situation is dramatically different from the case when there is no quadratic po-
tential. Since the harmonic oscillator on R% has pure point spectrum (see [44]),
there is no dispersion effect for the corresponding linear equation. Because of
that, the question of long-time existence for Klein-Gordon equations associated
to the harmonic oscillator is similar to the corresponding problem on compact
manifolds. Moreover, the spectrum of the harmonic oscillator on R? has a similar
gap condition as in the case of v/—A on T%, namely, two successive eigenvalues
M\, N of /—A + |z]2 on R? might be separated by an interval of length as small
as ¢/\. An interesting question is what we may get for the model related to the
harmonic oscillator. In this thesis, we exploit this gap condition to get for the
corresponding equation a lower bounded of the time of existence of order ce=*+/3
when d > 2 ( and a slightly better bound if d = 1). Note that the estimate
we get for the time of existence is explicit (given by the exponent —4x/3) and
independent of the dimension d. This is contrast with the case of the torus (see
Delort [14]), where the gain 2/d on the exponent brought by the method goes to
zero as d — 4o00. The point is that when the dimension increases, the multi-
plicity of the eigenvalues of —A + |z|* grows, while the spacing between different
eigenvalues remains essentially the same. We also mention that very recently,
Grébert et al. [25] have studied the non-linear Schrédinger equation associated
to the harmonic oscillator. They have obtained almost global existence of small
solutions for this equation.

We have just said that the problem related to the harmonic oscillator on the

3
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whole space is similar to the one on the torus, and the gain on the exponent in the
former case is independent of the dimension d. A natural question appears: could
we get a lower bound of the lifespan of solutions of order ce™*+%) with o > 0
independent of d in the latter case? The second section Chapter 1 is devoted to
study this question. Indeed, we shall prove that « can be taken to be a constant
as close to 1/2 as we want. When dimension d > 4, this result is better than that
of Delort [14].

We use the same method to study the problem of long-time existence of
and that of (07 — A + m?)v = v"! on the torus. It is based on normal form
methods. Such an idea has been first introduced in the study of non-linear Klein-
Gordon equation on R? by Shatah [41] and is at the root of the results obtained
on SY,S% T4 in |6l 1, 5, 4 [14]. In particular, we do not need to use any KAM
results, unlike in the study of periodic or quasi-periodic solutions of semi-linear
wave or Klein-Gordon equations. For such a line of studies, we refer to the books
of Kuksin [35, [36] and Craig [10] in the case of the equation on S', to Berti et
al. [3] for recent results on the sphere, and to Bourgain [9] and Elliasson et al. [24]
in the case of the torus.

Let us explain the idea briefly on the model (07 — A + m?)v = v**! on the
torus T¢. The goal is to control the Sobolev energy computing

d
1)

Using the equation, we may write this quantity as a multilinear expression in
v, Oyv homogeneous of degree k + 2. We then perturb the Sobolev energy by
an expression homogeneous of degree x + 2 so that its time derivative cancels
out the main contribution in , up to a remainder of higher order. Moreover,
we require that the perturbation we construct can be controlled by powers of
|o(, t) || zrs+1 4+ ||Opv (-, )] s, with the same s as in (4). Using an expansion of
elements of H* on a basis of L? made of eigenfunctions of v/—A, we are reduce
to study expressions of type

ton + [1000(, 1)1 )- (4)

Z FmO‘ﬂov T ’/\nn+1)_1 /11‘«1 (HMOUU) T (HA%H u'ﬁ-l)(/\no"f" ’ '+)‘nn+1>2sd5€’

N1y, Ng4+1EN
(5)

where {\,}nen is the spectrum of v/—A on T? II, is the spectral projector
associated to the eigenvalue A and F,, is given by

Kk+1

Fm(éD;"'vfn-ﬁ-l) :Zej \/m2+ ]2'7 €j € {_171} (6)
=0

The problem is to bound |F, (A, - - -, An,.,, )| from below, for those A, for which
(6) is non zero, in such a way that (5]) can be bounded from above by C [T ||u;]| g
for s large enough. It has been proved that if for almost every m > 0, there are

¢ >0, Ny € N such that

|F(Angs - - s Ansr )| > (1 + the third largest among {Ang, ..., Aoy }) 0 (7)
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holds for all those A, ..., A, ., for which F,, (A, ..., Ay,,,) is non zero, then
(5) can be bounded from above by C'[] ||u;||gs (see for instance [18]). This is
true in the case of spheres, but it does not holds generally in the case of tori. In

fact, in the case of tori we will have the following two cases: the first case is that
the two largest elements of {e;,/m?+ A2 ; 0 < j < £+ 1} have same sign. In

this case, one may obtain that for almost every m > 0, there are ¢ > 0, Ny € N
such that

| E Mg+« s M) = (14 g -+ 5 A oA g -+ 5 A 1)
x(1+ the third largest among {A\ng, ..., Anpiy }) 0

(8)

holds for those A, ..., A, ., for which F,(Ang, ..., An.,,) # 0, where
{Anos -+ s Aoy ' stands for the i-th largest element among {A,, ..., An.,y ), 0 =
1,2. Plugging into , we see that the loss is given by a large power of small
frequencies (indeed we gain one power of the largest frequency), which allows us

to control by CT1; [lujl|gs for large enough s. The second case is that the
two largest elements of {e;,/m? + )\%j; 0 < j < Kk + 1} have opposite signs. In

this case, we are only able to show, using harmonic analysis on T¢, that for any
p > 0, for almost every m > 0, there are ¢ > 0, Ny € N such that

’Fm()\n07 Tt Anl{«‘rl)| Z C(l —"_ {An07 Tty A”N«Fl}l + {)‘RO’ R Anl@+1}2)_3_p
x(1+ the third largest among { Ay, ..., Ay }) 0

(9)

holds for those A, ..., Ay, ., for which F,(Ang, ..., An.,,) # 0. When plugging
@ into , we see that there is a loss of 34 p derivatives of high frequencies, be-
sides a loss of a power of low frequencies which is harmless. However, solving the
equation makes gain one derivative since the nonlinearity involves no derivative of
v and we may gain one more derivative through commutators. This allows us to
recover the loss and get an upper bound of (5)) by an expression of type [ ||u;]| s
through partition of frequencies between zones {\,, < e i =1,...,k+1}
and {\,, > ¢ for at least one j € {1,...,x + 1}}, where § is a constant. On
the other hand, by the Hamiltonian structure and commutator, we may gain two
derivatives for the remainder part of the nonlinearity which we do not use a nor-
mal form to cancel out. Thus we can show that the Sobolev energy is bounded
on some interval of time and the solution exists on this interval.

Let us give some indication about the proof of @D For the convenience of
expression, we assume Ang, Ap,_, > A\py + - - + A.. We first notice that one only
needs to show that, for any compact interval I C (0, +00), the measure of the set

{me L|Fn(Ang, - Ann)| <7}

where r is the right hand side of @ with ¢ replaced by «, goes to zero as «
tends to zero. Using tools of subanalytic geometry, the interval I may be written
for any fixed ng, ..., nx11 as the union of a uniform number of intervals on which
|OF},,/Om| can be bounded from below by a large negative power of small frequen-
cies (14+ Ay, +- -+ Ay, ), and of a remaining set. On each of these intervals, since

5
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we have |0F,,/0m| > C(1+ \p, + -+ A\ )™M, we then take F,, as a coordinate
so that we can estimate the measure of this interval by Cr(1+ A, +- -+ A, ).
Taking the expression of r into account, we get an upper bound of the sum of
these quantities in ng,...,n.11 by a constant which goes to zero as « tends to
zero. Also using tools of subanalytic geometry we can show that the measure of
the remaining set, on which we have |0F,,/0m| = O(1 + X\, + -+ + \,,.) "M, is
small and goes to zero as a tends to zero. This shows that @D holds true for
those (no,...,ny11) € NP2 for which F,,(Ayy, -+, An.,,) # 0 when m is outside

Y Nk+1
a subset of zero measure in /.

Here are some natural open questions that remain unsolved. There is no rea-
son to believe that our results obtained in the first chapter are optimal, so the
questions are: we get a lower bound of the time of existence for the Hamilto-
nian nonlinearities in the thesis; could they be improved? What could we get for
nonlinearities involving derivatives of the unknown function deriving or not from
a Hamiltonian structure? Note that we used the Hamiltonian structure of the
equation to gain one derivative.

In the second chapter of this thesis, we consider the time dependent linear
Schrédinger equations:

0 — Au+ V(z,t)u =0 (10)

on T¢ x R. We want to find a upper bound for the Sobolev norm of the solution.
The problem of finding optimal bounds for ||u(t,-)||ys has been addressed by
Nenciu [39] and Barbaroux and Joye [2], in the abstract framework of an operator
P (instead of —A) and a perturbation V' (¢) acting on elements of a Hilbert space,
when the spectrum of P is discrete and has increasing gaps. This condition is
satisfied by the Laplacian on the circle. It follows from the results of [39, 2], that

solutions of verify

[lu(t,-)|

when ¢ goes to infinity, for any € > 0. Later, Bourgain [§] proved that a similar
bound holds for solutions of on the torus T¢. The increasing gap condition
of Nenciu and Barbaroux-Joye is no longer satisfied, and has to be replaced by
a convenient decomposition of Z¢ in well separated clusters. Delort [15] recently
published a simpler proof of the results of Bourgain (included for other examples
of compact manifolds than the torus), which is close to the one of Nenciu and
Barbaroux-Joye. If one further assumes that V' is analytic, and quasi-periodic in
t, then it was showed by Bourgain [7] that holds with (1 + |¢])€ replaced by
some power of log? when ¢t > 2. When the dimension d = 1, for any real analytic
potential, whose holomorphic extension to §2; is bounded, where, for some p > 0,

we < Celt][u(0, )]

. (11)

Q={(z,t) eCxC: |Imz|<p, | Imt]<p}

Wang [45] showed that one may still obtain such a logarithmic bound, using the
method of [§]. In this paper, we improve the method of Delort [15] to provide a

6
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new proof of the result of Wang [45] and extend it to any dimension d > 1 and to
Gevrey regularity. Our result is the following: if V(x,¢) is a real smooth function
on T? x T and it is a Gevrey-u function in time ¢ and Gevrey-v in every space
variable, then there is ¢ > 0 independent of x and v such that for any s > 0,
there is a constant Cs, 4 > 0 such that

i < Cya[10g(2 + [E)] < |u(0)]

[|u(?)] He (12)

where u(t) is the solution to (10 with the initial condition u(0) € H*(T%).

There are also some results about uniformly bounded Sobolev norms. Eliasson
and Kuksin [23] have shown that if the potential VV on T¢ x R is analytic in space,
quasi-periodic in time, and small enough, then for most values of the parameter
of quasi-periodicity, the equation reduces to an autonomous one. Consequently,
the Sobolev norm of the solution is uniformly bounded. A similar result for the
harmonic oscillator has been obtained by Grébert and Thomann [27]| recently.
For Schrédinger equations on the circle with a small time periodic potential,
Wang [46] showed that the solutions of the corresponding equation have bounded
Sobolev norms.

Now let us give a picture of the proof of our result. For any given N € N*, one
first finds for every fixed time ¢ an operator QV (-, ), which extends as a bounded
linear operator from HY(T?) to H™(T¢) such that

I+ QY1) (10, — A+ V)T + QN (1)) =i0, — A+ V(1) + Ry(,t) (13)

with self-adjoint operator V3, exactly commuting to the modified Laplacian A
(see Chapter 2 for its precise definition) and R/ a remainder operator which is
essentially a bounded linear map from L*(T¢) to HY(T¢). Moreover, we also
require that the adjoint of @V in the usual L? paring (denoted by Q™ (-,¢)*)
extends as a bounded linear operator from HY(T?) to H" (T?). In order to obtain
the estimate for the solution u of , one needs to ‘invert’ the operator I + QY
that is, to find an operator PV, which extends as a bounded linear operator not
only from HY(T%) to HY(T?), but also from L?(T?) to L?(T?) , such that

(I+QN(,t))(I+PN(-t)) =1+ Rn(-1t) (14)

where Ry is a remainder operator such that [id, — A + V, Ry] sends L?*(T%) to
HN(T?). Now by setting

v=(I+ P, (15)
we deduce from , and
(10, — A+ Vi )v = (I +QN)*[i0; — A+ V, RyJu — R)yv. (16)

Remarking that the modified Laplacian has the property that

CVI(1 = A) 2l 2 < [[(1 = A)Z )|z < CV|(1 - A)Zul| 2



holds for any v € HY(T¢) and for some uniform constant C, then we let the
operator (1 —A)% act on both sides of and deduce from the energy inequality

lo@®)[ay < Cnl[v(0)]|r~

t
+ CN/ 17+ Q") [i0 — A+ V., RvJu(t) ||~ + || Ryv(t)] v,
0

which together with , the conservation law of the L?-norm of and the
properties of those operators we have constructed, implies

o)y < Cnl(O0)][g~ + Cn[t|][u(0)]] 2 (17)

We then use , and the properties of the operators to deduce

()l < o (110}l + 2+ ) [u(0)]]z2)- (18)

Remark that the above constants C'y may be different in different lines and they
depend on the norms of operators which appear in the above process. Since (|18])
holds for any N € N* if we have good estimates for Cy (we shall finally see
that Cy can be controlled by CV times a power of the factorial of N), then the
theorem will follow by interpolation between with N = 0 and some N much
larger than s. There are two difficulties. The first one is that we have to carefully
choose those operators Q¥ so that the above process can go on. The second is to
obtain proper estimates for Cy, which means that we have to estimate the norms
of operators and remainders for every N € N* in the above process. The proof
of such estimates is the main difficulty of the paper. We follow the construction
method above, keeping track at each step of the constants, and exploiting the
assumptions of Gevrey-regularity in space and time made on the potential.

Remark The notation systems are independent in each section.
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We prove that small smooth solutions of semi-linear Klein—-Gordon equations with
quadratic potential exist over a longer interval than the one given by local existence
theory, for almost every value of mass. We use normal form for the Sobolev energy.
The difficulty in comparison with some similar results on the sphere comes from

the fact that two successive eigenvalues 1, ' of \/—A + |x|?> may be separated by a

distance as small as %
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Introduction

Let —A + |x|* be the harmonic oscillator on IR¢. This paper is devoted to the proof
of lower bounds for the existence time of solutions of non-linear Klein—-Gordon
equations of type

(2 — A+ |x* + mP)v = v
V|0 = €V,

atvlt:O = €V,

where m € R* (we denote (0, +00) by R’ throughout the paper), x*0%v; € L> when
le| +|f| <s+1—j(j=0,1) for a large enough integer s, and where € > 0 is small
enough.

The similar equation without the quadratic potential |x|?, and with data small,
smooth and compactly supported, has almost global solutions when d =1 (see
Moriyama et al. [22]), and has global solutions when d > 2 (see Klainerman [18]
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and Shatah [24] for dimensions d > 3, Ozawa et al. [23] and Delort et al. [10] when
d = 2). The situation is drastically different when we replace —A by —A + |x|?,
since the latter operator has pure point spectrum. This prevents any time decay for
solutions of the linear equation. Because of that, the question of long time existence
for Klein—-Gordon equations associated to the harmonic oscillator is similar to
the corresponding problem on compact manifolds. One may refer to [12] for the
corresponding problem on Zoll manifolds.

For the equation (0? — A + m*)v = v**! on the circle S', it has been proved by
Bourgain [6] and Bambusi [1], that for almost every m > 0, the above equation has
solutions defined on intervals of length cye™ for any N € N, if the data are smooth
and small enough (see also the lectures of Grébert [14]). These results have been
extended to the sphere S¢ instead of S! by Bambusi et al. [2]. A key property in the
proofs is the structure of the spectrum of +~/—A on S§¢. It is made of the integers,
up to a small perturbation, so that the gap between two successive eigenvalues is
bounded from below by a fixed constant.

A natural question is to examine which lower bounds on the time of existence of
solutions might be obtained when the eigenvalues of the operator do not satisfy such
a gap condition. The problem has been addressed for (6? — A + m*)v = v**! on the
torus T¢ when d > 2 by Delort [9]. It has been proved that for almost every m > 0,
the solution of such an equation exists over an interval of time of length bounded
from below by ce*(1+2/9) (up to a logarithm) and has Sobolev norms of high index
bounded on such an interval. Note that two successive eigenvalues A, 2’ of v/—A on
T might be separated by an interval of length as small as ¢/A. One may naturally
ask what may happen in the case of the harmonic oscillator since the eigenvalues
of /—A + |x]?> on RY share the similar gap condition as in the case of the torus.
Our goal is to exploit this fact to get for the corresponding Klein—-Gordon equation
a lower bound of the time of existence of order ce */*> when d > 2 (and a slightly
better bound if d = 1).

Note that the estimate we get for the time of existence is explicit (given by the
exponent —4x/3) and independent of the dimension d. This is in contrast with the
case of the torus, where the gain 2/d on the exponent brought by the method goes to
zero as d — +o0. The point is that when the dimension increases, the multiplicity of
the eigenvalues of —A + |x|> grows, while the spacing between different eigenvalues
remains essentially the same.

The method we use is based, as for similar problems on the sphere and the
torus, on normal form methods. Such an idea has been introduced in the study of
non-linear Klein-Gordon equations on IR¢ by Shatah [24], and is at the root of the
results obtained on S!, §¢, T¢ in [1-3, 6, 9]. In particular, we do not need to use any
KAM results, unlike in the study of periodic or quasi-periodic solutions of semi-
linear wave or Klein—-Gordon equations. For such a line of studies, we refer to the
books of Kuksin [20, 21] and Craig [8] in the case of the equation on S!, to Berti
and Bolle [4] for recent results on the sphere, and to Bourgain [7] and Elliasson and
Kuksin [13] in the case of the torus.

Finally let us mention that very recently Grébert et al. [15] have studied the
non-linear Schrodinger equation associated to the harmonic oscillator. They have
obtained almost global existence of small solutions for this equation.
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1. The Semi-Linear Klein—-Gordon Equation
1.1. Sobolev Spaces

We introduce in this subsection Sobolev spaces we will work with. From now on,
we denote by P = ,/—A + |x|2, x € RY, d > 1. The operator P> = —A + |x|* is called
the harmonic oscillator on IRY. The eigenvalues of P? are given by A2, where

Ay, =~2n+d, neN. (1.1.1)

Let II, be the orthogonal projector to the eigenspace associated to A2. There are
several ways to characterize these spaces. Of course we will show they are equivalent
after giving definitions.

Definition 1.1.1. Let s € R. We define #{(R?) to be the set of all functions
ue L?(RY) such that (4||IL,ull;2),cn € €%, equipped with the norm defined by

lulls = Xpen A2 ITL,ull7-.

The space #;(IR) is the domain of the operator g(P) on L?*(IRY), which is
defined using functional calculus and where

g =0+, rekR. (1.1.2)
Because of (1.1.1), we have

lg(P)ullz2 ~ luell;- (1.1.3)

Definition 1.1.2. Let s € N. We define #5(R¢) to be the set of all functions
u € L*(IRY) such that x*d’u € L*(R?), Y|a| + | B| < s, equipped with the norm defined
by ||”||2755 = Z|fx\+|ﬁ|§s ||x15ﬁ”||iz-

We shall give another definition of the space in the view point of pseudo-
differential theory. Let us first list some results from [16].

Definition 1.1.3. We denote by I'*(R¢), where s € R, the set of all functions
a e C*(RY) such that: Va € NY, 3 C,, s.t. Vz € RY, we have [0%a(z)| < C,(z)* ™,
where (z) = (1 + |z]?)?.

Definition 1.1.4. Assume a; € I' (R%) (j € N*) and that s; 18 a decreasing sequence
tending to —oo. We say a function a € C*(IR?) satisfies:

a~3) a
j=1
if: Vr>2,relN, a— Z;;} a; € s (IRY).

We now would like to consider operators of the form
Au(x) = (1)~ / / O (x, Eyuly)dy dé (1.1.4)

18
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where a(x, &) € I'*(IR??). We can also consider a more general formula for the action
of the operator

Au(x) = (2m)~¢ f / e (x, y, Euly)dy dé (1.1.5)

where the function a(x, y, &) is called the amplitude. We will describe the class of
amplitudes as the following:

Definition 1.1.5. Let s € R and Q*(IR3?) denote the set of functions a(x,y, &) €
C>*(R3?), which for some s’ € R satisfy

|6‘§8§6“’y'a(x, y, &)| < Coz[}“! <Z>s—(|1|+|/3|+|v\)<x _ y>s’+lzl+lﬁ|+|>’\,
where z = (x, y, £) € R¥,
The following proposition is a special case of Proposition 1.1.4 in [16].

Proposition 1.1.6. If b € I*(IR*), then a(x,y, &) = b(x, &) and a(x,y, &) = b(y, &)
belong to Q°(R3).

Let y(x,y, &) € CP(R*), 7(0,0,0) = 1. It is shown by Lemma 1.2.1 in [16]
that (1.1.5) makes sense in the following way:

Au(x) = lim (2m)~¢ / f 0y (ox, ey, e8)alx, v, Eu(y)dy dé (1.1.6)
e—>+0

if a(x,y, &) € Q*(R3*) for some s. It is also shown in the same section of it the
operator A is continuous from ¥(R?) to #(R?) and it can be uniquely extended to
an operator from &¥'(IR?) to &¥'(IR9).

Definition 1.1.7. The class of pseudo-differential operators A of the form (1.1.5)
with amplitudes a € Q°(IR*?) will be denoted by G*(IR¢).

We set G™°(R?) = N,.g G*(RY).

Example 1.1.8. For se€ N, the constant coefficient differential operator
Y ip<s Cpx 0" is in the class G*(R?).

The class G°(R“) has some properties which are just Theorems 1.3.1, 1.4.7, 1.4.8
in [16].

Theorem 1.1.9. Let s,,5, e R and A€ G"(RY), A € G*(RY). Then AoA €
Gt (IRd)

Theorem 1.1.10. The operator A € G°(IRY) can be extended to a bounded operator on
L*(RY).

Theorem 1.1.11. The operator A € G*(RY) for s < 0 can be extended to a compact
operator on L*(IR?).
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We shall give a subclass of that of pseudo-differential operators.

Definition 1.1.12. We say a €I, (R?) if aeI*(RY) and a has asymptotic
expansion:

ar~ Z asfj

jeN
with a, ; € C*(R?) satisfying for 0 > 1, |x| 4 [¢] > 1
a0, 00) = 077, (x, &),

Definition 1.1.13. Let A be a pseudo-differential operator with amplitude
a €T¥,(R?). We then call a, defined above the principle symbol of A.

Definition 1.1.14. We say a pseudo-differential operator A € GS,(RY) if its
amplitude a € T'%(IR*).

By Proposition 1.1.6, Definition 1.1.14 is meaningful.
Definition 1.1.15. We say that A € G%,(IRY) is globally elliptic if we have: 3R > 0,
3C > 0 such that V(x, ¢) € IR?* satisfying |x| + |¢| > R, we have |a,(x, &)| > C(|x| +
|€])*, where a, denotes the principle symbol of A.

We can invert the operator A € G¥,(R?) up to a regularizing operator, which is
just Theorem 1.5.7 in [16].

Theorem 1.1.16. Let A € GS,(R?) be a globally elliptic operator. Then there is an
operator B € G_*(R?) such that

BoA=I+R,, AoB=I+R,, (1.1.7)
where R, R, are regularizing, i.e., R, R, € G"°(RY).
Definition 1.1.17. Let s € IR and A a pseudo-differential operator whose symbol is
(&, x)* modulo T'5;'. We define #5(R?) to be the set of all functions u € &¥'(IR9)
such that Au € L*(IR¢), equipped with the norm defined by ||u||§@ = [|Aull?, + [ull3..

Remark 1.1.1. The pseudo-differential operator A defined above is globally elliptic.
Thus by Theorem 1.1.16 if Au € L*(IR¢), we must have u € L*>(RY).

Remark 1.1.2. #3(R?) does not depend on the choice of A according to
Corollary 1.6.5 in [16].

Corollary 1.1.18. When s € N, Definitions 1.1.1, 1.1.2 and 1.1.17 characterize the
same space. Moreover #3(RY) = 7#;(R?) for any s € R.

Proof. First let s € N. Since A in Definition 1.1.17 is globally elliptic, by Theorem
1.1.16 there is B € G_(R?) such that

BoA=I+R,, AoB=I+R, (1.1.8)
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where R, R, are regularizing. Thus for any o, with |¢|+|f| <s, by the
example after Definition 1.1.12 and Theorems 1.1.9-1.1.11, we have ||x*0%ul|,. <
0" BAu|| > + [|x*0" Ryull > < C(|Aull> + |lull2), which implies ||ullzs < Clluflys.
The inverse inequality follows from the proof of Proposition 1.6.6 in [16]. Let us
now prove that Definition 1.1.1 is equivalent to Definition 1.1.17 for any s € IR.

By Theorem 1.11.2 in [16] the operator g(P) defined in (1.1.2) is an essentially
self-adjoint globally elliptic operator in the class G*(R?). We have again by
Theorem 1.1.16 that there is Q € G_*(IR?) such that

g(P)oQ=I1+4+R];, Qog(P)=I1+R, (1.1.9)

where R}, R, are regularizing. We compute using (1.1.3), (1.1.8), (1.1.9) together with
Theorems 1.1.9 and 1.1.10

l[ull ey ~ lg(Pull2 < [I(g(P) o Bo Ayull2 + [|(g(P) o Ry )ul| 2
< C([[Aull 2 + Nlull2) = Cllully

and
lully; = C(I(A 0 Qo g(P))ull2 + [[(A o Ry)ull2 + [lull.2)
< C(llg(Pyull 2 + llull2) = Cllully.
where the last inequality follows from the fact 4, > 1. O

We denote #°(RY) = #;(RY) = #;(IR?) when s € R. When s € N, this space
coincides with #3(IR¢). Let us present some properties of the spaces we shall use.

Proposition 1.1.19. If s, < s,, then #*(IR¢) — #*1(IR9).
Proposition 1.1.20. If s > d/2, then #°(R?) — L*(IRY).

Proposition 1.1.21. Let f € C*(R), f(0) =0,u € #*(RY),s € N, s > d. Then we
have f(u) € #°(RY). Moreover if f vanishes at order p+ 1 at 0, where p € N, then
1)l < Cllullf

— HS

Proof. Propositions 1.1.19 and 1.1.20 follow respectively from the definition and
Sobolev embedding. By the chain rule, for |«| + || < s, x*0” f(u) may be written as
the sum of terms of following form:

2 fOu) (@) - - (0% u),

where k < s, || + X, |Bil < s, |B:] >0,i=1,...,k Let j, be the index such that

|B,| 1s the largest among |B,], ..., |B;|. Thus we must have [B,| < 3, i # j,. By the
assumption on s and Proposition 1.1.20, ¢’u € L*(IRY) if |y| < %’. We then estimate

the factor x*¢%u of the above quantities in L2-norm and others in L*-norm. Thus
we have f(u) € #°(R?) by Proposition 1.1.20. When f vanishes at 0 at order p + 1,
by Taylor formula there is a smooth function 4 such that f(u) = u”*'h(u). Then we
argue as above to get an upper bound of || f(u)|s. by Cllu||% ||ullss. This concludes
the proof. O
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Remark 1.1.3. Proposition 1.1.21 actually holds true for s > d/2 if we argue as the
proof of Corollary 6.4.4 in [17]. Since we will consider only in #*(IR?) for large s,
the lower bound of s is not important.

1.2. Statement of Main Theorem

Let d be an integer, d > 1 and F: R — IR a real valued smooth function vanishing
at order kx + 1 at 0, k € N* (we denote IN\{0} by IN* throughout the paper). Let
m € R*. we consider the solution v of the following Cauchy problem:

(= A+ |x]>+m?)v=F(v) on[-T,T] x R?
v(0, x) = €ev, (1.2.1)
0,v(0, x) = ev,,

where v, € #*'(RY), v, € #*(RY), and € >0 is a small parameter. By local
existence theory one knows that if s is large enough and € € (0, 1), equation (1.2.1)
admits for any (v, v;) in the unit ball of #**'(R?) x #*(IRY) a unique smooth
solution defined on the interval |¢| < ce™*, for some uniform positive constant c.
Moreover, |[v(t, )||4s+1 + ||0,v(t, -) ||+ may be controlled by Ce, for another uniform
constant C > 0, on the interval of existence. The goal would be to obtain existence
over an interval of longer length under convenient condition by controlling the
Sobolev energy. Our main result is the following:

Theorem 1.2.1. For any p > 0, there is a zero measure subset N of R’ and for
every m € R — N, there are €, > 0,c > 0,5y € N such that for any s > sy, s€N,
€ € (0, €), any pair (vy, v;) of real valued functions belonging to the unit ball of
HH(RY) x #5(RY), problem (1.2.1) has a unique solution

ve C'(~T., T.), #** (RY)) N C'((~T., T.), #*(R%)), (1.2.2)

where T, has a lower bound T, > ce3(1=p) ifd>2and T. > ceTR(-p)x if d=1.
Moreover, the solution is uniformly bounded in #*'(R?) on (=T.,T.) and 0,v is
uniformly bounded in #*(IR?) on the same interval.

1.3. A Property of Spectral Projectors on IR?

As we have pointed out P has eigenvalues given by A, = +/2n + d, n € N. Remark
that II, is the orthogonal projector of L*(IR) onto the eigenspace associated to 2.
Let us first introduce some notations. For &y, &, ..., él, +1 P+ 2 nonnegative real
numbers, let ¢; , ¢, , ¢;, be respectively the largest, the second largest and the third
largest elements among them and ¢ the largest element among &, ..., ép, that is,

f,-o = max{, ..., fp+1}, fz‘, = max({¢, ..., fp+1} - {éio})’
&, =max({¢y, ..., &} —{G €D, & =max{{y, ..., ¢, ) (1.3.1)

Denote

W G = (14 /8) (14 /€. (13.2)
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Set also

S(os - &) = 1&, = & I+ u(&os -0 &) (1.3.3)

The main result of this subsection is the following one:

Theorem 1.3.1. There is a v € R, depending only on p (p € IN*) and dimension d,
and for any N € N, there is a Cy >0 such that for any ny,...,n,. € N, any
Ugs ... s U,y € L2(RY),

uny, .. ,,H)N

<cN(1+\/—) S 1‘[||u o (13.4)

|/Hnou0'” Nyl p+ldx

Furthermore if d = 1, we may find for any s € (0, 1)

(1 + A/ ni2)V ‘Ll(no, ey p+l)N [ii[l ”I/t ” .
(1 4+ i) 809 S(ngs s mp)Y - L
(1.3.5)

<CN

‘ /. Hl’louo cee an+ll/lp+1dx

Proof. By the symmetries we may assume ny, > n; > --- > n,,,. Then recalling
the definition of 4, in (1.1.1), we only need to show under the condition of
Theorem 1.3.1

v (//Lnl/ll’Q)N p+l
[ M1, uydx| < Cy N Py vyl | Ml (136
and when d =1
YAl (j. )N p+1
ny n"ny
’/Hnouo...l‘[npﬂupﬂdx < CN)L%(I_g) (Mﬁo — j% |+)°n1/1nz)N ]_[ llu;ll 2 (1.3.7)
)

for any s € (0, 1). We follow the proof of Proposition 3.6 in [15]. Let A be a linear
operator which maps D(P?) into itself. We define a sequence of operators

Ay =[P Ay A, =A. (1.3.8)
Then using integration by parts we have
(iﬁo - /lil)N<AHn1”1, Hn0“o> = <ANHn1ul’ Hn0”0>~ (1.3.9)
Now we set A to be the multiplication operator generated by the function
a(x) = (s -~ (I, ).
Then an induction argument shows

Ay = » Cp (07a) X" (1.3.10)

[BI+IPI<N, Jal+Bl+]71<2N
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for constants C,4 . Therefore we compute for some v/ > %
|()j0 — iﬁl)Nf(Hno”o) c (I, uyy)dx]
<C > 1(0% @) "L, uy[| 2 1T, .2
IBI+7I<N, ol +Bl+IvI<2N
<C Z [l @l 7ev-+1 ||Hnl Uy || 111 ||Hn0”0||L2a (1.3.11)

IBI+I7I=N, o+ Bl1+IvI<2N

where in the last estimate we used Definition 1.1.2 and Proposition 1.1.20. Remark
that by Definition 1.1.1, one has for any s > 0

||1_[nu||76"Y S C}°;||Hnu||L2' (1312)

This estimate together with the proof of Proposition 1.1.21 gives for
Ny Z Ny = - Z Ny

p+1

lallzpa < CHFTT I, w2 (1.3.13)
j=2

n
for some v > 0 depending only on p and dimension d. Thus we have
‘(}yﬁo — 22N / (ML, ug) -+ (L, u,,;)dx

ny
IBI+I7ISN, Jol+]Bl+[71<2N

p+1
<C > Lot P2 TN, a2
j=0

p+1

=C Z ’IZjZNilaul‘fll ]_[ ”Hn/-uj”LZ

lo|<N Jj=0

! N p+1
v+2N n
S C/ln;r (/1 l> l_!)”l_‘[njl't]”L2
j:

n
p+1
< Cay (i 2)™ TT ML, )2 (1.3.14)
j=0

Now if 1, 1< Mzo — /lﬁl|, then the last estimate implies (1.3.6), while if A, A, >

*ny ny n ny’*ny

22 — 72|, then ——3-"2—— > 1 and thus (1.3.6) is trivially true.
0 1

M%O _;“%1 |+)‘n] 2/12
On the other hand, we use the property of the eigenfunctions (see [19]), which
in dimension d = 1 says that if ¢, is the eigenfunction associated to A2, then one

1
has [|¢, |~ < CA,°. Therefore we have

_1
T, ull e < C ® | TL,u]] 2 (1.3.15)
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since in this case the eigenvalues are simple. This estimate gives us

1 p+l
‘/ Hnouo .t 'an+lup+1dx S Cln06 1_[ ||Hnju]||L2' (1.3.16)

Jj=0

Combining (1.3.16) with (1.3.6) one gets (1.3.7) for all N > 1 and some v > 0 in the
case d = 1. This concludes the proof. O

2. Long Time Existence

2.1. Definition and Properties of Multilinear Operators

Denote by € the algebraic direct sum of the ranges of the II's,n € N. With
notations (1.3.1)—(1.3.3) we give the following definition.

Definition 2.1.1. Let ve R ,r € R, p e N*. We denote by /,;, the space of

+
all p + 1-linear operators (uy, ..., u,, ) = M(uy,...,u,,), defined on € x --- x €
with values in L?>(IR¢) such that
e Forevery (ng,...,n,, ) € N**2 uy, ... u, €€
I, [M(IL, uy, ... TL, u, )] =0, 2.1.1)
. 1 /def
if [ng —n, | > 5(ng+mn,,) or ' = max{n,...,n,} >n,,.
e For any N €N, there is a C> 0 such that for every (n,,...,n,,) €
NP2y, ..., u,., € €, one has
1L, [M(XL, s oo XL, )] 22
f N p+l1
T viulng, ..., 1
< c(l + g+ /—n,,+1) (1 +ﬁ) (o p+1)N [T lwlle. (21.2)
S(ng, .o np )V

The best constant in the preceding inequality will be denoted by || M| AT

We may extend the operators in /%;1 to Sobolev spaces.

Proposition 2.1.2. Let ve R, 1€ R,pe N*,s € N,s> v+ 3. Then any element
M € )7, extends as a bounded operator from #*(R?) x --- x #*(R’) to #*~'(R?).

Moreover, for any s, € (v + 3, s|, there is C > 0 such that for any M € %;’frl, and any
Uy, ..., U,y € #°(RY),
pt+1
MGty s = UM, 3 [l Tl |- 2213
j=1 kj

Proof. The proof is a modification of Proposition 4.4 in [11]. There is one derivative
lost compared to that case. We give it for the convenience of the reader. Using
Definition 1.1.1 we write

1My suy)]

<cy
no

2
gps——1

(1+ \/n_o)zs_%_2 2.1.4)

2
L2

> Y, M0, uy, T, )

ny Nyt
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Because of (2.1.1) and using the symmetries we may assume

ng~n,; and n; <---<n,<n,  <Cn (2.1.5)

p

when estimating the above quantity. Consequently, we have

w(ng, ....n,q) ~ (14 \/n_p)(l + /1)

S(ngs - snypy) ~ |ng —n, |+ u(ng, ..., n,0).

(2.1.6)

By (2.1.2) the square root of the general term over n, sum in (2.1.4) is smaller than

w1 (Lt /) ulng, .. omy )Y 24
c Y (1+ym) pl 0 N"“ 1‘[ ITL, ]2 (2.1.7)
n<---<n S(”O’ te np+l)
1= =0p+1
We have by (2.1.5) and (2.1.6)
u(no,...,an) 1+ . /n, (2.18)

S(ngs ... smyp1) | /1o — /7 erl|+1—|—\/_

The following fact will be useful in this section: For ¢ € N, A > 1 and N > 1, there
is a C > 0 independent of ¢ and A such that

1 - 1_’_\/6
%ZN(I\/_—\@HA)N =C—va (2.1.9)

Let 1 > 2 be a constant as close to 2 as wanted. Using (2.1.8) and (2.1.9) we deduce

ZgEZz,:.., npi1)' < c(l + /—p+1)(1+\/—)2

)
(2.1.10)
Z /;EZO’..., p+1; < C(1+\/—)(1+\/—)2

We estimate the sum over n; <--- < n,, in (2.1.7) by

o ¥ “Wﬂ”mmwﬁm

m S Snyy

2N—t 14 1/2
X ( Z (1 + \/_)2T 2(1 + \/ )‘ SQN ] 1_[ ”Hn_/-uj”Lz||Hnl,+1up+l||i2> . (2111)

nlf"'S"erl i—=1
Using (2.1.10) to handle n, 41 Sum, we bound the first factor in (2.1.11) from

above by C(l + f) H 1 llu; ||(7€v0 if s, > v+ 3 using Definition 1.1.1. Incorporating
(14 /ng )2 into the second factor, we have to bound the quantity

(2N 172
(X v e T el ) 22112
j=1

N = Shpy
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By (2.1.5) and u < S we have

2N

(14 )™~ (g) oo+ S (g) (2.1.13)

if N> 1. Plugging in (2.1.12), (2.1.11) and then (2.1.4) we bound from above the n,
sum in (2.1.4) by

p
o ) A7 PR SR ( /s
1

ny §~~~§n,,+1§Cn0

Lp

v U
(i) () THIL o 21.14)

j=1

Changing the order of sums for n, and n,,,, we then use (2.1.10) to handle n, sum
and get a control of (2.1.14) by C ]_[f:1 ||uj||§(,r0 I, ]I3: according to Definition 1.1.1
if s > v+ 3. This concludes the proof. O

Let us define convenient subspaces of the spaces of Definition 2.1.1.
Definition 2.1.3. Let velR,, teR, peN w:{0,....p+1}—{-1,1}
be given.

o If z;?jg o(j) # 0, we set i () = M7

p+1 p+1°
o If z;’;} w(j) = 0, we denote by ., (w) the closed subspace of ., given
by those M € L7, such that

I, M(IL, uy, ..., H"p+1 U) =0 (2.1.15)
for any (n, ..., an) € IN?*2 such that there is a bijection ¢ from {j; 0 < j <
p+1,0() =—1}to{j;0<j<p+1,w(j) =1} so that for any j in the first

We shall have to use also classes of remainder operators. If n;,...,n,,; € N
and j, € {1,..., p+ 1} is such that n; = max{n,, ..., n,,,}, we denote

m;tx(ﬁ,..., /n,) = 1—|—max{\/n—j; l<j<p+1,j#j} (2.1.16)

Definition 2.1.4. Let veR ,t€R, peN*" We denote by X%, the

p+1
space of C(p+ 1)-linear maps from € x---x € — L*(RY), (uy,...,u,,,) —
R(uy,...,u,. ) such that for any N € N, there is a C >0 such that for any
(ngs....n, ) €ENPY2 any uy, ..., u,,, €€,

“IInOI?(IInlulﬂ" "IInp+1up+1)“L2

max,(/ny, ... /i1 )VHN
1 - N I1 [l 2 (2.1.17)
I+ ng+--+ ym, )" i

< C(1 + /ny)*

The elements in 9/%;’;; also extend as bounded operators on Sobolev spaces.
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Proposition 2.1.5. Letve R, ,t € R, p e N* be given. There is s, € N such that for
any s > sy, any R € Q{HI, (g, ... uy ) = R(uy, ..., u,,,) extends as a bounded map
from #*(RY) x - -« x #*(RY) — #*~1(R?). Moreover one has

IRGuys sy M lgzer <C 0 )0 [Iluhllmlluhll%s [T Il

1<ji<jp=p+l1 k#j1,k#j>

%,] (2.1.18)

Proof. We may assume t=0. By Definition 1.1.I we have to bound
|ITT, %R(ul,...,up+1)||Lz from above by (14 ./ng) >, for a sequence (c,,),,
in ¢-. To do that we decompose u; as an Hnj u; and use (2.1.17). By symmetry we
limit ourselves to summation over

nlf...<n

(2.1.19)

p+1»

from which we deduce

max (ﬁ,...,ﬂ) =1+ /n, (2.1.20)

Therefore we are done if we can bound from above

(L4 g™ SO |
C’11<-~Z<:np+1 (1+\/n_0+ —}—m)N H(1+\/—) (1+\/_) (1—|—\/?)

(2.1.21)

by (1+ /mg) "¢, for sy, s large enough with s > sy since [T, u;]|,> < C(1 +
V1)’ llujll 5. Using (2.1.19) we get an upper bound of (2.1.21) by

(1 +«/—)V+N72S p—1
[1a . 2.1.22
Cnliéjnp+l (I + /g + SN 1( +/1)” ( )

Using the fact 3, .n 7= + T = -+ for N> 2and A > 1, we take the sum over n,,
to get an upper bound of (2.1.21) by

(1+\/n—p)v+N—2s p—1 s
CSZS N ]1:[1(1+\/n_j) (2.1.23)

if N> 2. Now take N =2s —v — % and sum over n,, ..., n,. This gives the upper
bound we want and thus concludes the proof. O

Definition 2.1.6. Let veR,, 7eR, peN* w:{0,...,p+1} - {-1,1} be
given.

o If Z" o(j) # 0, we set Q{HI((U) INTY

o If ZP o(j) =0, we denote by % 7, (w) the closed subspace of %7, given

by those R € %}, such that

HnOR(Hnlul, ey anﬂupﬂ) = O (2.1.24)
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for any (n, ..., an) € IN?*2 such that there is a bijection ¢ from {j; 0 < j <
p+1,o()=—1}to{j;0<j<p+1,w(j) =1} so that for any j in the first
Set ng(j) = nJ

2.2. Rewriting of the Equation and the Energy

In this subsection we will write the time derivative of the energy in terms of
multilinear operators defined in the previous subsection. To do that, we shall need
to analyze the nonlinearity. Decompose

R — - 2KZ—:1 a{))-HF(O)

> D) v+ G(v) (2.2.1)

where G(v) vanishes at order 2x + 1 at v = 0. (Here we decompose the nonlinearity
up to order 2x for simplicity and it should be enough to decompose it up to order
of [4x/3] + 1). One has

crtl=cd ... > (I, v)--- (1L, . v)

n Npi1

for a real constant c. One may also write this as A,(v) - v where A, (v) is an operator
of form

A(v)-w=Y) - B(n,....n, )AL, v)--- (L, v)L,  w), (2.2.2)

nj Nyl
where B(n;,...,n,.,;) is a real valued bounded function supported on
max{n;,...,n,} <n,. and B is constant valued on the domain max{n,,...,n,} <

n,.,. For instance, when p = 2, one may write
{(n, ny, ny); n; € N} = {max{n,, n,} < n;3}U{n, > n, and n, > n;}
U{n, < n, and n, > n,y}

and

Z Z Z(Hnl U) (an U) (Hn3 U) = Z l{max{nl Jny}<ns} (Hnl U) (Hn2 U) (Hn3 l))

np np n3

+ Z 1{n3zn2 and n3>n1}(Hn1 U)(an v)(Hn3 U)
+ Z 1{n3>n2 and n3>n1}(Hn1 v)(Hn2 'U) (Hn3 U)

using the symmetries, so that in this case

B(nl’ n,, n3) = c(l{max{nl,n2}§n3} + 1{n32n2 and n3>ny} + 1{n3>n2 and n3>n1})'

So if we make a change of unknown u = (D, + A,,)v with

D, =—id,, A, =+/—A+|x|>+m?,
29



Ul. Uo 2U oSeptenper culiu

vownl oaded By. [ Zngejlang university] Al.

644 Zhang

we may write using (2.2.1)

(D, — A,)u = —2’21 AP<A,;1(” er E‘))A;}(” er E’) + G(A;}(” er ”)) (2.2.3)

Denote C(u, it) = —1 321 A (A1 (“52))A;,! so that
(D, — A,)u = C(u, i)u + Clu, )it + G(A,;1 (” er u )) (2.2.4)
We have to estimate for the solution u of (2.2.3)
O, (u(t,-)) = —(A u(t,-), A u(t,-)). (2.2.5)

Now comes the main result of this subsection:

Proposition 2.2.1. There are v e R and large enough s, such that for any natural
number s > s, there are:

o Multilinear operators M, € /l;i’l “(wy), kK<p=<2k-—1 0<¢<p with o,
defined by w,(j) = —1, j—O A, o()=1,j=¢+1,....,p+1landa=2
ifa’z2anda———§f0rany96(0 1)ifd=1;

e Multilinear operators Mp € /%‘ 2 1(a)e) K<p<2k—1 0<{<p with o,
deﬁnedbyd)((j)z—l,j—~0 Apt+Lo()=1j=L+1,...,p;

e Multilinear operators R € Q{;ﬁ (a)() R” € %;isl (0,), k<p<2k—10<e<p;

e A map u — T(u) defined on #*(R?) with values in R, satisfying when |ul|,s <1,

|T(u)| < Cllull3:*

such that
d 2k—1 p
E®S(u(t’ D)) = ;{ E)Rei<Mp(z_4, e U U, ..., u), u>
p+1—¢
2k—1 p
+ZZR€< (u, .,u,ﬁ),u>
p=K £=0
-
2k—1 p
—I—ZZRei<R (u, .,u),u>
p=xr £=0 A/_J
p+1—¢
2k—1 p "y
+ZZRei<R< S, U, ) u>—|—T(u) (2.2.6)
p—r (=0 %,_/ f

Proof. We compute according to (2.2.4)

d
E®S(u(t’ -)) = Rei{A} D,u, A’ u)

= Rei(A) C(u, u)u, A u) + Rei(A; C(u, u)u, A} u)

+ Re i<AfnG<A,‘nl (” er ”)) Afnu>. (2.2.7)

30



Ul. Uo 2U oSeptenper culiu

vownl oaded By. [ Zngejlang university] Al.

Long-Time Existence 645

The last term in the right hand side of (2.2.7) contributes to the last term in (2.2.6)
by Proposition 1.1.21. Let us treat the other two terms in the right hand side
of (2.2.7). O

Lemma 2.2.2. There are Mpe/%},ﬂ “(wy), R”eg{;ﬁ(we}, K<p<2k-—1,
0 < ¢ <p with o, defined by w,(j) =—1, j=0,...,¢, w,())=1,j=L+1,...,p+

1andazZideZanda:%—gforany;e((),l)ifdzl,suchthat

2k—1 p
Rei{A) C(u, w)u, ASuy = > > Re 1<Mp( i, u, u> u>
(=0 T T{T

2k—1 p

+ ReilR\u,...,u,u,...,ul,u). 2.2.8

> 2 l<z<u >> (2.2.8)
¢

—_——
=Kk {=0
p=r p+1-¢

Proof of Lemma 2.2.2. Let y be a cut-off function near 0 with small support and 4,
defined in (1.1.1). We may decompose the operator A,(v) defined in (2.2.2) as

1 2 3
A,(v) = A,(v) +A,(v) + A (v), (2.2.9)
where Aé(v) (j =1, 2, 3) are operators of form

AW w= Y Y B(ng, ...y I (AL, 0) -+ (IL, 0)(IL,  w)]..

ny Nyt
Ay)-w =37 By(ng, .,y I, [T, 0) - (I, 0)(AT, | w)],
ny Npi
A;(v) cw=) -y By(ny,...,n, I, [(IT, v)--- (IL, v)IL,  w)], (2.2.10)
n Npil
with
2 _ 2 N
B,(ng, ..., ”p+1) = B(ny, ... p+1)X(W>l{max{nl,...,np}<5np+1}’

2 = 2
Bz(no, ey np+l) == B(nl, ey np+1)<1 ()2—,‘2pl)>1{max{nl ,,,,, np}<(3np+1}’ (2'211)

p+1

B3(n1""’np+1) = B(nl""’np—i-l)l{max{nl ,,,,, n,}>

with some small ¢ > 0. Therefore for the operator C(u, u) defined above (2.2.4),
we have

Clu, i) = ——izilAJ< (”;E‘DA;. (2.2.12)

j=1 p=kK

So the left hand side of (2.2.8) may be written as

| 3 21 b (u+ti 1 3 w1
——Zl > Rel<AmSAé<A;l ( 5 ))A;l u, u> = Zl > I (2.2.13)
J p=K j=1 p=k
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Let us treat these quantities term by term.

(i) The term I!.
Note that —4/; equals to

Re i< [AfjA}, (A,;l <u er u))A,;l _ (A,l, (A,;l (u ;L u))A;l) Aﬁf]u, u>, (2.2.14)
which may be written as
el (5o
ool (5 (4o () o)

=1+ 11 (2.2.15)

We expand the first term in (2.2.15) using (2.2.10) to get

I_—Rei< > nlﬂno[(HnIAl<u ”))(H A1<“+“>)<Hn Alu)}u>
m 2 p T m 2 p+1-Tm
neNpr+2

)4
:Rei< > anﬂno[(ﬂnlAmlﬁ)...(HwAmlﬁ)(HwHAmlu)...(anHAmlu)],u>

nelNr+2 £=0

P
=Rei ¥ S'm, / (IL, &)L, A,'@) - - (L, A, @) (IL, | A, ) - (T, | A u)dx,

nelNpr+2 £=0

(2.2.16)
where we have used notations
n=(ng,..., np+1),
m =B (ng,....n, )(m* + 7, ) — (m* + zﬁpﬂ)S], (2.2.17)
5=~ (P) B (n no )mE+ 2 ) — (m2 472 Y]
2 — 21) Y L\ o ee s Toptd “ng Ny :
Let w, be defined in the statement of the lemma and set
Sy ={(ng,....n,,,) € NP there exists a bijection ¢ from
{(p0=j=p+lLo()=-1lto{;0=j<p+1 () =1}
such that for each j in the first set n; = n,, }. (2.2.18)

Now we look at the integral in the last line of (2.2.16). If n € S, with S| # ¢, there
is a bijection ¢ from {0, ..., ¢} to {¢,..., p+ 1} such that n; =n,,,j=0,..., ¢
So we may couple Hnjﬁ,j: 0,...,¢ with Hng(j)u,j: 0,...,¢ Since 7, is real,
we get zero if we take the sum over n € Sf; when computing the right hand side
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of (2.2.16). Therefore we may assume n ¢ Sf; when computing /. Now we define

Mé”l(ul,...,u,,ﬂ):— > moIL, [(L, Ay ) - (0L, A, )] (2.2.19)

ngES@

It follows from the second equality in (2.2.16) that

= —4ZRe Z<MP1< il u u) u>. (2.2.20)
=0 ¢ +l—t
p

Let us turn to the term /7 in (2.2.15). Note that A},(v)* is an operator of form

A;,(v)* cw= Y Bi(n,.n,....n, no)IL, [(IL, v) - - - (anv)(l_[npﬂw)]. (2.2.21)

neNpr+2

Thus we may compute using (2.2.10)

II:Rei< > Zn3n [(IL, A, a) - - (1L, A a) (I, A ) -

neNr+2 £=0

(11, A )1, A2, )

—Rei Y Zn3/(l_[nou)(l_[ AGlE) - (T, A ) (T, Ayl u) -

nelNpr+2 £=0
X (anA,_n u)(anHAfnsu)dx, (2.2.22)
where
I (p \ _1
Ty = AV [Bl(no, Rpsonns Ny, np+1)(m +An +1) 2

1
By(n,, 1,150, 0, ny)(m* + )Lio) 2]. (2.2.23)
With the same reasoning as in the paragraph above (2.2.19) we get zero if we take

the sum over n € SI‘; when computing the right hand side of (2.2.22). So we may
assume n ¢ S; and define

Mé”z(ul,...,up+l>=—— > L, [(I0, AL ) - (T, A (T, A2, )],
n§ZS[

(2.2.24)

It follows from (2.2.22) that

p
Il =—4) Re i<M§”2(i¢, U, ... ), u>. (2.2.25)
——

£=0
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Let us check that Mf’l, Mf’z € %;’ﬁ_“(we) for some v > 0, where a =2 if d >2
and a = 1—63 — s for any s € (0, 1) if d = 1. Since the function B(n, ..., nan) is
supported on domain n' = max{n,,...,n,} <dn,,, and n, ~n,,, (this is because
of the cut-off function and (1.1.1)), we see that (2.1.1) holds true if supp y and ¢ are
small. Let us use Theorem 1.3.1 to show that (2.1.2) holds true with t = 25 — a for

M!"" and M”*. Remark that we have
| < C(1+ |y — J/m o) (1 + g+ Jn) ™ (2.2.26)
13 < C(1+ V) (1+ g — ) (1 + g + /) . (2227)

Indeed, (2.2.26) follows from the fact

2 2 \s 2 12 K 1 2s5—1
(0 + 22 = (0% 22 | < Oy = A DO Dy + 2 )
If n" < ony and n’ < on,,, for small 6 > 0, then
B](no, n], e eey np, np+1) == B](np+1, n], ceey l’lp, no)
since B(n,,...,n,,;) is constant valued on the domain n" <n,, ;. Thus (2.2.27)

follows from the fact

>+ 22) 72 = o + 22 )| = Cly = 2y DA+ Ay + 4 )7

Mp+1

Otherwise, assume n’' > dn, or n' > on, . Then we must have n' > Cn, and
n' > Cn,,, if B, is non zero, since n, ~ n,,, which is because of the cut-off function.
In this case, (2.2.27) holds true trivially.
N/ .
Moreover, on the support of II, M;"(IL, u,, ..., Hﬂ,,+1up+1)(l =1,2), ie,
ny~n,, and n,,; > max{n,...,n,} =n’, we have

Ly ~ L+, u(ng, . onyy) ~ (1+ Jn,0) (1 + V),
S(ngs . .osnyy) ~ng —n, |+ (1 + /an)(l + \/W), (2.2.28)
from which we deduce

u(no,...,an)N 1+ Vn
S(ng, - onpn) g — S|+ 1+

(2.2.29)

Thus

(11 1y — ) o o) oy ),

S(ngs . .ornpy) ~
Then we use Theorem 1.3.1 (with dimension d > 2) to get for [ = 1,2
”HnOMé)’l(Hnluh e an_H up+1)||L2

< C(1 g + i)™ (L V)™ (1 /g = /)
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w(ng, . .. p+1)N s
S(ny +1)N l_[ ||u o
el
252 v .U(” s e )N Lot
C(1+ g+ /n,00)" (1++vn) +3S(n° ”“)N =TT gl (2:2.30)
0%« > p+1 j= 1

So M}’ ! € My 2=2 for some other v > 0 in dimension d > 2. The case of dimension
one 1s s1m11ar (2.1.15) with w = w, is satisfied by definition. Thus M} ! , M} e
M'3~(w,) and we have proved

p+1
ZRel<Mpl< LU, U, u) u>
14 p+1-¢

+ZRez<M”2( TR u> u> (2.2.31)

%,—/%,—/
=0
14 p+1-¢

(i) The term 7.
Using (2.2.10) we get

P
-2 = Rez< > > m AN, (AL, A i) - (I, A ) (IL,, A w) -

neNp+2 £=0
x (IT, A, "w), >
=Rei Y Zn4 / (IL, AZ&)(IL, A'@) - - (11, A, &) (1L, A ) -
nelNp+2 £=0
x (I, A tu)dx (2.2.32)

where

1 (p
7I4 = 5 (ﬁ) Bz(no, “ ooy anrl).

We may rule out the sum over n € Sf, in the above computation with the same
reasoning as in the paragraph above (2.2.19). Thus if we define

1 , _ _
R?’l(ula cees ”p+1) =75 Z TC4A3nSHn0[(Hn1Am1u1) (I, A 1up+1)]’ (2.2.33)

p+l- T m

ngSk
we have

ZRe 1<Rp1< , i, u, u) u> (2.2.34)

=0 — ———

L p+1—¢

From the support property of function B,(ng,...,n,,;) we know that
H,IORpl(H,,lul,...,H,,Mupﬂ) is supported on max{n,,...,n,} <odn,,; and
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|ng —n,1| = c(ng +mn,,,) for some small ¢ > 0. Therefore, on its support, if
ny > Cn,,, for a large C, we have

Wty = (1 i) (V) < (L ) (1 4+ i),
S(”O’ R np+1) = |I’l0 - np-i—ll + (1 + M)(l + ﬁ) ~ (1 + \/n_O)2

and if n, < Cn,,;, we have

p+1»
w(ng, ..o, y) < (1 + V)1 + Vpi1)s
S(ngs ... n,py) = c(lng —npy|) = clng +n,p) ~(1+ \/”p+1)2-

In both cases we have

u(no,...,np+1)<c 1+ /0 _Cmaxz(ﬁ,...,m)
S(ng, ooonp) 1+ g+ A L+ g+ + /m00

where max,(\/ny, ..., /n,;) 1s defined above Definition 2.1.4. Thus Theorem 1.3.1
allows us to get (2.1.17) with T = 25 and some v > 0. (2.1.24) with w = w, is satisfied

by the definition of R"'. So R € 97%;};} (w,)-

, (2.2.35)

(iii) The term I,.
The treatment of IS is similar to that of Iﬁ. The only difference is that we have
different support for B, and B;. So we define

1
R?z(ul LI up+1) = _E Z nSAiano[(HnlA;zlul) o (an+1Ailup+l)] (2236)

m
n¢S£

with 75 given by

1 (p
"= <£) Byny. o my) (2237)
and we get
3 i 2
I’ =) Re i<R5’ (1_4, e U U, ..., u), u> (2.2.38)
14 p+1—¢
From the support property of B; we know that H,,OR’g’Z(Hmul, v I u,y) IS
supported on domain dn,,; < max{n,,...,n,} =n' <n,, . So on this domain we
have

wWng, ..., n,.) < (1 + /np+1)(1 + ﬁ),
S(”O’ R np+1) ~ (1 + \/n_() + vV np+l)2’
from which we deduce

N(”Oa-'-’”p+1)<c 14+ /n'
S(I’lo,...,np+1)_ 1+m+...+m

(2.2.39)
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Thus we have by Theorem 1.3.1, for any N € N, there exists Cy > 0, such
that (2.1.17) holds true with © = 25 and some v > 0. On the other hand, (2.1.24) with

w = w, is satisfied by the definition. So R?* € @;ﬂ ().

Taking M; to be the sum of MP" and M!? ~, and Ry the sum of R}’ "and R)?,
we get (2.2.8) with M} € /%v 2 “(a)g) and R’ € gi‘ 2 (a)e) This concludes the proof
of the lemma. 0

We have to treat the second term in the right hand side of (2.2.7).

Lemma 2.2.3. There are multilinear operators M! € /%V e 1(we) R € ;ﬁ (o),
K<p<2k-—1, 0<¢<p with ®, defined by 504(]) , J=0,...,¢, p+1,
o,(H)=1,j=¢+1,...,p, such that

2k—1 p
Rei{A C(u, w)u, ASuy = > > Re 1<Mp( LU, ., U, 12), u>

p=K £=0

E (s )] e

p=K £=0
Proof of Lemma 2.2.3. Let @, be defined in the statement of the lemma. We set

§f; = {(ny, ..., n,,,) € N’**; there exists bijection ¢ from

{p0=j=p+lLao()=-1}to{;;0=j=<p+1, 0,0)=1}
such that for each j in the first set n; = n,, }. (2.2.41)

Taking the expression of C(u, u) defined above (2.2.4) into account, we compute
using notation (2.2.2)

1 2k—1 -
Rei(A2C(u, ii)it, u) = Re l<—§ 3 AZA (A;l(”;”»A;la, u>
p=K

2Kk—1
—Rel<z > Zn6A2YH [(IL, A, a) - (0, A, i)

P=K peNpr+2 £=0
X (T, Agla) - (T, Al) (T, AL @), >
2x—1

=ReiY ¥ Zn6/(ﬂ AZR)(IL, A'@) - - (T1, A;'&)

P=K peNpr+2 {=0

x (I, Atu) - - (I, AL tu)(TL, A @)dx, (2.2.42)

where 7, is given by

1 (p
To = =5 (E) B(ny,...,n,.). (2.2.43)
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With the same reasoning as in the paragraph above (2.2.19) we may assume n ¢ gl‘;
in the computation of (2.2.42). Let y € C;°(R), y = 1 near zero, and supp y small
enough. According to (2.2.42), we define

2 92 |
M (uy, .. uy) = X(#)%Aﬁﬂno[(ﬂnl/\mlul) (I, A, )],
ngSt 1o Mp+1
~P | /’30 - /1'}21,,_*_1 | 2 —1 -1
Ry(uy, ..., up+1) = Z(l - X(W)TCGA,;HHO[(H,“A,” uy)--- (an+lAm up+1)].
ngst Mp+1

It follows that (2.2.40) holds true.

Now we are left to check that M € /%‘ 21(@,) and R’ € ‘ﬁ ().

Because of cut-off function and the support property of function B in the
definition of M” we know that (2.1.1) holds true for M” and we may assume
ny~n,,, when estimating L? norm of l'InOM‘”(l'Inl TP | u,,1). Since there is a
A ! following each orthogonal projector IT,, j=1,..., p+ 1, we see that (1.3.4)
implies (2.1.2) with 7 =2s — 1 and some v ) Moreover, (2.1.15) with o = @, is
satisfied by the definition of M?. So M! € /%‘ 27 (@,).

Assume  IL, [R(IT, uy, ..., 1O, p+1)] does not vanish. Then we have
|ng—n,| > c(ng+n,.,) for some small ¢ >0 because of the cut-off function
and n,,; > max{n,,...,n,} =n’ because of the support property of function B.

Therefore if n, > n’, we have

w(ng, ..o n,) = (1+~n) (1 +min{/ng, /n,.}),
S(ngs -y m,1) = g — npp| + (1 4+ /) (1 +min{/ng, /n,.1}),
and thus

u(no,...,np+1)<c 1+ /n' <Cmaxz(ﬁ,..., /Myi1)
S(no, ..ompn) T g+ Jg A L T L g+

if n, < n’, we have

2 /
w(ng, ..., n, ) < (l-l—x/;) . S(ng,..oony) =n"—n, |+ u(ng, ....,n,.),

and thus

w(ng, ..o n,yp) - 1 +/n <Crnaxz('/n,..., /i, 1)
S(ng, -y nppy) — \/W—I—./npﬂ-l—l—l-ﬁ_ I+ /ng+-+ /m,0

Now using Theorem 1.3.1 we see that (2.1.17) holds true with T = 2s and some v > 0.
But (2.1.24) with w = @, is satisfied according to the definition. So R” € 9%; fl (@,).
This concludes the proof of lemma. O

Summarizing the above analysis gives an end to the proof of the
Proposition 2.2.1. O
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In order to control the energy, let us first turn to some useful estimates in the
following subsection.

2.3. Geometric Bounds

This subsection is a modification of Section 2.1 in [9]. We give it for the
convenience of the reader. Consider the function on R”*? depending on the
parameter m € (0, +o00), defined for £ =0,...,p+ 1 by

14 p+1
Fo(&o &) =2y m+ &= 3 Jm*+ & (2.3.1)
Jj=0 j=t+1

The main result of this subsection is the following theorem:

Theorem 2.3.1. For any p > 0, there is a zero measure subset N of R’ such that for
any integers 0 < £ < p+ 1, any m € R — N, there are constants ¢ > 0, N, € N such
that the lower bound

Epy Gy Ay D] 2 (U g )™ (L g = ] + V)™
(2.3.2)

holds true for any (ng,...,n,. )€ NPt — S[f. Here 1, are given by (1.1.1),
n'=max{ny,...,n,}, and S; is defined in (2.2.18), in which we have set w,(j) =
—1,j=0,...,Lo,()=1,j=¢+1,...,p+ 1.

The proof of the theorem will rely on some geometric estimates that we shall
deduce from results of [11]. Let us show that under the condition of Theorem 2.3.1
we have

[ U S | § I SV Sy el O B T T
x (14 /iy + -+ /n,) ™. (2.3.3)

Let I C (0, +00) be some compact interval and define for 0 < £ < p + 1 functions

f,:[0,1]x[0,17? x I — R (20 Xgs oo os X 1n Y) = fu(2 X o X000 Y)
g [0, 1] x[0,1]" x I — R (z,x1,...,%,,¥) = gz, x1,...,x,,y) (2.34)

by
¢ p+l1
fz(Z’xoa---apo’Y):Z\/Zz-l-yzx?— Z ‘/Z2+y2x?
J=0 j=t+1

when z > 0,

L P
4 4
ge(Zaxl,---,x,)’)ZZ[Z—_ Z—]
’ =22 y2G = 22 G
80, xy,...,x,,y) =0. (2.3.5)
39



Ul. Uo 2U oSeptenper culiu

vownl oaded By. [ Zngejlang university] Al.

654 Zhang

Then the graphs of f,, g, are subanalytic subsets of [0, 1]7** x I and [0, 1] x I
respectively, so that f,, g, are continuous subanalytic functions (refer to Bierstone
and Milman [5] for an introduction to subanalytic sets and functions). Let us
consider the set I' of points (z, x) € [0, 1]7"3(resp. (z, x) € [0, 1]7*!) such that
y— fi(z, x,y) (resp. y — g,(z, x, y)) vanishes identically. If (z,x) € I' and z # 0,
we have

Ezg and ijz."— ij.h‘zo, Vi € N*

Jj=<t j=e+1

where the sum is taken respectively for 0 < j < p+ 1 in the case of f, and 1 <j<p
for g,. This implies that there is a bijection ¢ : {0, ..., ¢} - {€+1,..., p+ 1} (resp.
{L,....¢y > {£+1,...,p}) such that x,, =x; for any j=0,...,¢ (resp. j=
1,..., {)—see for instance the proof of Lemma 5.6 in [11]. When p is even, denote
by S, the set of all bijections respectively from {0, ..., 5} to {{ +1,..., p+1} and
from {1,..., 2} to {&,..., p}. Define for0 < ¢ <p+1

polz.x) =2 ife;eg,

pe(z.x) =z [] |: Y (g — xf)z] if £ = g, (2.3.6)

oe§, L j<p/2

where the sum in the above formula is taken for j > 0 (resp. j > 1) when we study f,
(resp. g,). Then the set {p, = 0} contains those points (z, x) such that y — f,(z, x, y)
(resp. y — g,(z, x, y)) vanishes identically. The following proposition is the same as
Proposition 2.1.2 in [9].

Proposition 2.3.2.

(1) There are N ¢ N, o, >0,0>0,C>0, such that for any 0 <€ <p+1, any
v € (0,0), any (z,x) € [0, 11773 (resp. (z, x) € [0, 11P*1) with p,(z, x) # 0, any
N > N the sets

H(z,x,0) = {y € L | fu(z, x, y)| < op,(z, 0)")
Iz, x,0) = {y € I [g,(z, x, y)| < ap,(z, x)"} (2.3.7)

have Lebesgue measure bounded from above by Colp,(z, x)™.
(i) For any N > N, there is K € N such that for any o € (0, o), any (z, x) € [0, 1]7*!,
the set I} (z, x, o) may be written as the union of at most K open disjoint subintervals

of I.

We shall deduce (2.3.3) from several lemmas. Let us first introduce some
notations. When p is odd or p is even and £ # £, we set N = (). When p is even

and ¢ = g, we define

Ny = {in = (ny,...,n,) € N”; there is a bijection
o:{l,....¢} > {€+1,...,p} such that n,;, =n;, j=1,...,£}. (2.3.8)
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We set also
NI = {(ng, ..., n,,) € N**% 7t e N/ and ny = n,,,}. (2.3.9)
Of course, ]for2 = if pis odd or p is even and £ # £.
We remark first that it is enough to prove (2.3.3) for those (nl, s, n )
which do not belong to IN/: actually if p is even, £ = £and (ny,...,n,) € ]Ne’

we have |Fy (4o dy ) = |\/m2 + 22 —\/mz-i-/lﬁw‘ which is bounded from
below, when m stays in some compact 1nterva1 by

2|nO - np+1| - c
\/mz +2 + \/mz +2 T At
since from (ng,...,n,.) € INPF2 — Sf,, we have ny #n,,,. Consequently (2.3.3)

holds true trivially. From now on, we shall always consider p-tuple n which do not
belong to Y.

Let us define for £ =1, ..., p another function on IR” given by
(ST f)—Z\/m2 +E— Z Jm+E. (2.3.10)
Jj=t+1

Let J C (0, +00) be a given compact interval. For « >0, N,e N,0<{¢<p+1,
n=(ng,...,n,,;) € N"** define

Ej(n,a, Ny) = {m € J; |F,f;(/1n0, o A I < o1+ 4, + /Inp+l)_3_/’
x (1+ |4, — /1,,])+1|)_N°(1 + A, ot )unp)_Nf’}. (2.3.11)

We set also for f> 0, N, e N, i = (n;,...,n,) € N° = N7
Ge

E’f(fa,ﬁ,Nl):{meJ; 8 oo da)| < B Dy e, )Nl}. (23.12)
m P P

We define for 7 > 8 a subset of N”*? by

S(B, 7, N)) = {(no, o) € NP NP < —ﬁ(l gy e 2, )Y

or , ., < _ﬁ(l + Ay A,,p)”l } (2.3.13)

Lemma 2.3.3. Ler N, 3, oy be the constants defined in the statement of
Proposition 2.3.2. There are constants C, > 0, M € IN* such that for any f € (0, o),
any N, € N with N, > MN and N, > ”—M, one has

meas[ U E}‘(ﬁ,ﬁ,Nl)]gclﬁ‘s. (2.3.14)

ieNP—N
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Proof. Sety= % and

» -1
z:<1+z/1nj) , xj:/lnjz, j=1,...,p.
j=1

Denote by X the set of points (z, x) € [0, 1]7*! of the preceding form for (n, ..., n,)
describing N”. When p is even and ¢ = p/2, let X/ be the imagine of N} defined
by (2.3.8) under the map n — (z, x). Using Definition 2.3.6, we see that there are
constants M > 0, C > 0, depending only on p, such that for0 < ¢ <p—+1

Y(z,x) e X — X/, ™ <p,(z,x) < Cz (2.3.15)

V4
since, when ¢ = £ apd (ny,....n,) ¢ N’f , Z]?:l(/liam — )pij)z > 1, by the definition of
/lni. Remark that with the above notations

0G*¢ ¢ m P m 1

m(;"nl’ }‘np):Z—_ Z

3 el - —:—ge(z,xl,...,xp,y).
m =Ly mr A e fm? AL
J J

Then if I = {m~'; m € J}, we see that m € E/*(i1, §, N;) for n ¢ N7 if and only if
y = + satisfies

180(2, X1, -+ s X, Y)| < B2V < Bpy(z, x)mMiFD (2.3.16)

using (2.3.15). Applying Proposition 2.3.2(i), we see that for any fixed value of
(z, x) € X — X/, the measure of those y such that (2.3.16) holds true is bounded
from above by

Nt 5

CPp,(z, x)NlTH‘S < Cpoz i ?

if we assume N, > MN and p € (0, a,). Consequently, we get with a constant C’
depending only on J,

N+l

meas(E} (n', B, Ny)) < C'B (14 2y +---+ 2, ) 07 °
< CR(4n +-4n) 5o,

Inequality (2.3.14) follows from this estimate and the assumption on N,. O

Lemma 2.3.4. Let N,&, oy be the constants defined in the statement of

Proposition 2.3.2. There are constants M € N*,0 > 1,C, >0 such that for any

Ny, N; € N* satisfying N, > NMN, and N,6 > 2(p +2)MN,, any 0 < f <7y with
L}

% > 0, any o > 0 satisfying a(%)i’vil < 0, one has

_l’:’T(l)(;
meas[ U ESn, a NO)] < Czocé(z%> . (2.3.17)

neS(p,7,Ny)
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Proof. We first remark that if 4, +4, > Z(1+4, +---+4,)" and ne
S(p, 7, N,), then either

/L ny = ﬁ(l +}‘l’l1 + . +;an)N1 or }u g = %(1 +)u . +)"np)N1’

which implies that

) Y ) )
|Frﬁ(/un0, cee /1,1p+1)| > CB(I + A, 4+ .o 4 /an)Nl
for some constant ¢ > 0 depending only on p and J, if }'—3’> 0 large enough.
Consequently, if o < o, small enough relatively to ¢, we see that we have in this
case Ef(n, o, Ny) = ¥ when n € S(B, y, N;). We may therefore consider only indices
n such that

) Y
neSP,y,Ny) and 4, + )vnpﬂ < E(l D+ /lnp)Nl.

Consequently, for m € Ef(n, o, Ny) and n € S(f8, y, N;), we have

F g g < (U 2y e 2, )7

> Mg =

N

py A 3
< a(z—y A+, -+ 4,,) M. (2.3.18)
Define for n € IN+2
p+1 -1
z=<1—|—2/1nj> , xj:injz, j=0,....,p+1 (2.3.19)
j=0

Denote by X C [0, 1]7*? the set of points (z, x) of the preceding form, and let
X7 be the imagine of the set ]Nfr2 defined by (2.3.9) under the map n — (z, x).
By (2.3.6) we have again

V(z.x) e X— X7, M <p,(z,x) < Cz
for some large enough M, depending only on p. Moreover
Filags ey ) = = Fo(a T Xy 3)

and (2.3.18) implies that if n € S(f, 7, N;) and m € E%(n, o, N,), then y satisfies

_M
Ny N
oo )| < C(%) e

_M
N N
< C(zﬁ ) ' polz, ) PO (2.3.20)
b4
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We assume that o, N,, N, satisfy the conditions of the statement of the lemma. Then
by (i) of Proposition 2.3.2 we get that the measure of those y € J satisfying (2.3.20)
is bounded from above by

No

AN
C - M N,
[a<2y ©

for some constant C, independent of N,, N, a, 5, 7. Consequently the measure of
EY(n, o, Ny) is bounded from above when n € S(f, 7, N;) by

N

B\ s — 50+
() (remrran)

No

/ B\ P — B (1432

for another constant C’ depending on J. The conclusion of the lemma follows by
summation, using that (1 + %(1’) > 2(p+2). O

Proof of Theorem 2.3.1. We fix N,, N, satisfying the conditions stated in
Lemmas 2.3.3 and 2.3.4, and such that N, > 2p + N,. We write when n € S(p, y, N,),
0<t<p+],

Ej(n, o, Ny) C [Ej(n, o, No) N Ef (72, B, N)]U[E](n, o, No) N Ef (2, B, Ny)°]

and estimate, using that we reduced ourselves to those n ¢ ]N’f

meas|: U Ejn,a, No)] < meas|: U ESn, a No)i| + meas|: U Ef . B, Nl)i|

n;ig Ny neS(B,y,Ny) agNy

+ meas[ U Ef(n, o, Ny) N Ef (7, B, Nl)c].
neS(B,y, No)e—NI+2
v (2.3.21)

Let us bound the measure of ES(n, o, Ny) N E/' (71, B, N,)° for n € S(B, 7, Ny)* — NI,
If m belongs to that set, the inequality in (2.3.11) holds true. Remark that we
may assume £ < p:if L=p+1, |Fy (4, ... A ) = eI+ 4, + 4, ) for some
¢ >0, which is not compatible with (2.3.11) for o < a, small enough. Let us
write (2.3.11) as

M”O o /1"17+1 + Gm(}vﬂo’ Tt )b"/r+1)|
<o(l+4, + A,,pﬂ)”*fj(l F 1y = P DT A Ly e+ 2, )T (23.22)

with, using notation (2.3.10)

Gl v don ) = GO oo Ay )+ Ryl 2 )

Ry 7)) = ( fm? 4 32, — Ano) . ( fm> 422~ ;LHM). (2.3.23)
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Since n € S(f, y, Ny)¢, we have by (2.3.13)

hy = (L 2y 4o A ) 2y 2 (U oot 2, )Y (2324)

LY el = 38
Consequently there is a constant C > 0, depending only on J, such that
p

< C;(l N

R, ,
‘%( \'}10’ /anﬂ)

If 7 is large enough and m € E’f (i, B, N,)¢, we deduce from (2.3.12) that

b
2

'a(’fm

am (/L‘I’LO p+l)

=

(L4 2+ 2, )7 (2.3.25)

By (ii) of Proposition 2.3.2, we know that there is K € N, independent of «, f3,
such that the set J — Ef(7, f, N;) is the union of at most K disjoint intervals
Jj(ﬁ, p, N;),1 < j < K. Consequently, we have

Ef(n, o, Ny) N (E} (7, B, N)))° C LKJ{m € J,(n, B, Ny); (2.3.22) holds true}, (2.3.26)

j=1

and on each interval J;(n', B, N;), (2.3.25) holds true. We may on each such
interval perform in the characteristic function of (2.3.22) the change of variable of
integration given by m — G,,(4,,, - - - ). Because of (2.3.25) this allows us to
estimate the measure of (2.3.26) by

A
(RS |

2
Kﬁoc(l + A, + lnpﬂ)—?»—p(l 1Ay = 2, NN+ 2, + o+ ,1”,7)—N0+N1
2 -
< CKEoc(l g+ 1,0) 2 (14 | g — S ) (L e ny) 2NN

Summing in ny, ..., n,,, we see that since N, > 2p + Ny, the last term in (2.3.21) is
bounded from above by C3% with C; independent of «, 8, y. By Lemmas 2.3.3 and
2.3.4, we may thus bound (2.3.21) by

_ Mg

. ﬁ Ny X o
C,o’| = C,p + Cy—
z“(zy + C1p° + 3[3

if «, p are small enough, 7 is large enough and a(f—j)_ﬁ? is small enough. If we take
p=0a’, y=0a°with ¢ > 0 small enough, and « < 1, we finally get for some ¢’ > 0,

meas|: U Ejn,a, NO)] <C -0 ifa— 0",
n;ﬁﬁ]N/lp

This implies that in this case the set of those m € J for which (2.3.3) does not hold
true for any ¢ > 0 is of zero measure. This concludes the proof. O

We will need a consequence of Theorem 2.3.1:
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Proposition 2.3.5. For any p > 0, there is a zero measure subset N of IR such that
for any integers 0 < £ < p+1, any m € R} — N, there are constants ¢ > 0, Ny € N
such that the lower bound

Y] e 7\ —2N, M(I’lo, et np+1)2N0
|Fm(/1ﬂ()""’}”ﬂp+1)| = C(l +\/n0+\/ nP-i-l) /’(1 +\/;) OS(”O’--"np—i-l)ZNO
(2.3.27)
holds true for any (ng,...,n,,|) € INPH2 — Sﬁ with ny ~n,, and n, , > n'. Here 1,

n, Sf; are the same as those in Theorem 2.3.1.

Proof. By Theorem 2.3.1 we know (2.3.2) holds true under the conditions of the
proposition. Since we assume n, ~ n,,; and n,,, > n’, we have by (1.3.2) and (1.3.3)

u(ng, ...,n, )~ (I+ /n, ) (1+ \/W),
S(ngs - npyy) ~ g — gl + (14 /n, ) (1 + \/W)
~ 1L+ /) (1 + [Vig — /| + V). (2.3.28)

Therefore we deduce from (2.3.2)

L, (4 ymy)e
L A R N e e
0

fo np+1)2NO
ny, ..., N 2N
> c(1 + /g + /1,00) (1L + /) lr "“)M.
S(ngs . ..s )N
This concludes the proof of the proposition. O

In the following subsection, we shall also use a simpler version of
Theorem 2.3.1. Let us introduce some notations. For me RY, {, € R, j=
0,....p+1,e=(e, ..., ep+1) € {—1, 1}P*2, define

p+1

FOGo o) = e+ €. (2329
j=0

When p is even and #{j;e; =1} =541, denote by N the set of all
(ng, ..., n,,) € NP*2 such that there is a bijection ¢ from {j;0 < j <p+1,¢;, =1}
to {j;0 < j<p+1,e; = —1} so that for any j in the first set n; = n,;. In the other
cases, set N = @.

a(j

Proposition 2.3.6. There is a zero measure subset N' of R% and for any m € R’ —
N, there are constants ¢ > 0, N, € N such that for any (n,, ..., an) e NP2 — N©
one has

_NO

IFX)(}V,,O, e ;“npﬂ)l > c(l + g+ + /an) (2.3.30)
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Moreover, if eye, | = 1, one has the inequality

|F151e>(;bn0, oAy I = e+ g+ /n, )+ /np+ -+ \/n—p)—zvo, (2.3.31)

Proof. With the reasoning as in the proof of Proposition 2.1.5 in [9], we get just by
replacing (ng, ..., n,.,) with (4, ..., 4,,)

F (s - D M= (Ut Dy Aot 2, )T

v
Mp+1

and
JaSIV. Dy M = (U Dy A2 V(U 2y o 2, )70

when eje,,, = 1. This concludes the proof of the proposition by noting (1.1.1). O

2.4. Energy Control and the Proof of the Main Theorem

We shall use the results of Subsection 2.3 to control the energy. When
M(u,, ..., up+1) is a p + 1-linear form, let us define for 0 < ¢ < p+1,

Ly (M), ) = =AMy, - tye)

¢
=Y M(uy, .. Ay, ug,y)
=1

p+1

+ > M(uy, ... Auy, ., ) (2.4.1)

j=t+1

and
L;(M)(ul y o ”p+1)

¢
=AMy, ... u,) =Y Muy, oo Aug, . u,,y)
j=1

p
+ Z M(uy, .o Ay, oo uy) = M(uy, oo uy, Ayu, ). (2.4.2)

Jj=t+1

We shall need the following lemma:

Lemma 2.4.1. For any p > 0, let N be the zero measure subset of R, defined by taking
the union of the zero measure subsets defined in Propositions 2.3.5 and 2.3.6, and fix
m e R* — N. Let w,, @, be defined in the statement of Proposition 2.2.1. There is a
v € N such that the following statements hold true for any large enough integer s, any
integer p with k < p < 2K — 1, any integer £ with 0 < £ < p:

o Let €,k be parameters in (1.2.1) and 0 € (0, 1) a constant to be chosen later.
Let M} € /%;’i‘;_a(a)e) with a=2if d >2 and a = % —s for any s € (0, 1) if
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d=1and M’ € "> " (&,). Define

p+1

MY (uyyeyuy) =D l{erm«_oK}HnoMf(ul, oty IL ).

ny Npty
(2.4.3)
Then there are MY € /%;jrvl >N w,) and M? € /%;i“l (®,) satisfying
LE_(MZG)(MI’ ] up-i—l) = Mé)’é(ul’ ] up-i—l)’ (2 4 4)
Ly (M) (uy, ..., Upy1) = My (uy, ..o typ)
with the estimate for all N > v,
||Mgf||/%\+\ 21 < Cem N MP|| v,
) Ly (2.4.5)
1M1 ey < CUMEL g2y
where || - || A is defined in the statement of Definition 2.1.1.
o Let R] € RV e '(w,), R € R;ﬁ(wz) Then there are R} € E%i”‘ "> (w,) and R} €
::i 2S(a)l) such that

LZ(EZ)(”M cees ”p+1) = R?(”l’ cees ”p+1),

o ~, (2.4.6)
Ly (R (s oosuppy) = Ry(uy, oy yy).

Proof. (i) We substitute in (2.4.4) I1, u; to u;,j=1,...,p+ 1, and compose on
the left with II, . According to (2.4.1), equahtles in (2.4. 4) may be written

—Fpy (g + o5 2oy Ly MY (W g o TL, ) = T, MO C(T, g, o T, ),
(2.4.7)
FO g oo by I MYy, TE, ) = 10, MP (T, g, T, ),
(2.4.8)
where F! is defined by (2.3.1) and F© is defined by (2.3.29) with ¢y =--- = ¢, =
e, =—l,ey=--=e¢,=1

When considering (2.4.7), we may assume ny~n,., n,,>n and
(g, ...om, ) & Sﬁ if the right hand side of (2.4.7) is non-zero since we have (2.1.1)
and (2.1.15) for M)“. Here Sﬁ is the same as that in Proposition 2.3.5. Thus the
assumptions concerning (n, ..., n,,;) in Proposition 2.3.5 hold true. We deduce
from (2.3.27) and the condition /ny + ,/n, | < € that

|F (4

-1
eI )

)2N0

S(ng, ...
< Ol i+ ) o(1 4 e S

wng, ..., p+1)

)2N0

S(ng, ...
< Ce—(4—a+p)9k(1+\/n—0+\/m>a—l(1+ﬁ)2% ( 0 Mp+1

u(ng, ..., p+l)2NO

(2.4.9)
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for any p > 0. Therefore if we define

M?’E(ul,...,up_,’_l) = — Z F}fl()" e }u )71Hn0M£’E(Hn1M1’""anﬂup—kl)’

ny? > T
¢
ngs,

!/
no~np 415Nyt >n

(2.4.10)

we obtain according to (2.4.9) and (2.1.2) that M) /%;flzs "(w,) with the first
estimate in (2.4.5) with v = 2N,,.

When considering (2.4.8), we may assume (ng,...,n,,,) ¢ N© defined after
(2.3.29). Actually, because of (2.1.15), we cannot find a bijection ¢ from
{0,....¢,p+1}to{€+1,...,p}such that n; = n,;, j=0,..., ¢ p+ 1if the right
hand side of (2.4.8) is non zero. Consequently, we may use lower bound (2.3.31).
If we define M” dividing in (2.4.8) by F} (e) we thus see that we get an element of
M} e /%‘+‘ 2=2(@,) for some ¥. This completes the proof of (2.4.4) and (2.4.5).

(i) We deduce again from (2.4.6)

_Fi(}mo’ e A +1)H Rf(l_[nlul, e an+1”p+1) =1I, Rp(H Uiy, an+1”p+1)’
(2.4.11)

Fy (s w5 2og DL REAL, o T, ) = T, RY(L, gy T, ),
(2.4.12)

where F¢ and F© are the same as in (2.4.7) and (2.4.8). Since R’ € R‘ 2 (w,) and
thus (2. 1 24) 1mp11es the right hand side of (2.4.11) vanishes if (no, ces M) € Sp,
where S} is defined in (2.2.18), we may assume (n,...,n,,,) € S,. Consequently,
the condition of Theorem 2.3.1 is satisfied and we have by (2.3.2)

Fp s oo gy DTS CA A g + /0y 44, )0

We then get an element of R} € Q{‘” *(w,) dividing in (2.4.11) by —F¢ with ¥ =
2N, + 4. Since R € R">(®,), we see that the right hand side of (2.4.12) vanishes

p+1 .
if (ng,...,n,.1) €S, where S{ is defined in (2.2.41). This implies that we may
assume (ng, ..., n,.;) € N which is defined after (2.3.29) with ¢y =---=¢, =
e,.1 =—1, e, =---=¢,=1. Thus the condition of Proposition 2.3.6 is satisfied

and we have
S s o 2 ITH < COL+ g+ 4 )™,

This allows us to get an element R € gﬁ‘*‘ " (&,) for some ¥ by dividing by F! F@©
in (2.4.12). This concludes the proof. O

Proposition 2.4.2. Let p > 0 be any positive number and N the zero measure subset of
R* defined in Lemma 2.4.1, and fix m € RY — N. Let O, be defined in (2.2.5). There
are for any large enough integer s, a map 0!, sending 7#°(IR?) x ( , 2) to IR, and maps
02, O}, @ sending #°(R?) to R such that there is a constant C, > 0 and for any u €
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7*(RY) with ||ul|,,s <1 and for €, «, 0 the same as in Lemma 2.4.1 with € € (0, 1),
one has

10 (u, €) < Coe” @ lu 582,
13
<a=2 ifd=>?2 andazz—cforany se(0,1) ifd:l),
10 ()], 187w, 18¢ ()| < C,llull: (2.4.13)

and such that

R(u) < %[@s(u(h ) = O (u(t, ), €) — O7 (u(t, -)) — O (u(t, -)) — O (u(r, )]
(2.4.14)
satisfies
[R)| < Coe 0 2572 4 e a5 + €, 572, (24.15)
Proof. Considering the right hand side of (2.2.6), we decompose
My (uy, ooy g) = MP (g, o, ) + V0 (g, o, ), (2.4.16)

where the first term is given by (2.4.3) and the second one by

le’e(ul, e ey up+1) == Z Z 1{\/%+ np+lze—9x}Hn0sz(ul, ceey l/lp, an+1up+1). (2.4.17)

no Npyi
By Definition 2.1.1, we get fora =2 if d > 2 and a = % —sifd=1

IVE s sty ) s

1 ) u(ng, ... n, )Y
SCNZ”'Z(I'F\/”TO"'M)%_G( +;/(;ZM(0 p )

no Mpt1 e nP'H)N
p+1
X I{M—F\/mze*"",mo—npﬂ\<%(n0+np+l),n’§np+1}(1 + LY nO)_S l_[ ”I—Injuj”L2 (2418)
j=1

Following the proof of Proposition 2.1.2, we know that the gain of a powers

of \/ny+ /n, in the first term in the right hand side, coming from the fact
that M, € %;’f‘i_“, together with the condition /ng + /7,7 > e’ allows us to
estimate, for N large enough and s, large enough with respect to v, (2.4.18) by

Ce " VOTI_ [lu;ll 0 [l |- Consequently, the quantity

2k—1 p

SO> Rei{V) (u,...,u,u,...,u),u) (2.4.19)

p=K =0

is bounded form above by the second term of the right hand side of (2.4.15). In
the rest of the proof, we may therefore replace in the right hand side of (2.2.6) M/
by M.
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Apply Lemma 2.4.1 to M€, M?, R?, R?. This gives M”, M”, R”, R”. We set

2k—1 p

Ol (u(t,), €)= DY Re(MV (i, ... 0 u,...,u),u),

p=k =0

2k—1 p

O (u(t, ) = SO> ReMy(u, ..., 0, u,...,u,i),u,

p=kK {=0

2k—1 p

O3 (u(t, ) = > Re(RY(, ... 0, u,...,u),u),

p=kK £=0

2k—1 p

Ot (u(t,)) = > > Re(RF (it ..., u, ... u, i), u). (2.4.20)
p=kK =0
The general term in ®!(u(z, -), €) has modulus bounded from above by

IME (@, sty )yl < CE M a5

for u in the unit ball of #*(R?), using Proposition 2.1.2 with t=2s—1 and
Proposition 1.1.19 and (2.4.5). This gives the first inequality of (2.4.13). To obtain
the other estimates in (2.4.13), we apply Proposition 2.1.2 to M}, remarking that
if in (2.1.3) T =25 — 1 and s is large enough, the left hand side of (2.1.3) controls
the #~ norm of MY (u, ..., i, u, ..., u, u). We also apply Proposition 2.1.5 with t =
25 in (2.1.18) to RY, RY. Then if s, is large enough, the left hand side of (2.1.18)
controls #~* norm of R)(u,...,u,u,...,u) and R'(u,...,u,u,...,u,ir). These
give us the other inequalities in (2.4.13). Consequently we are left with proving
(2.4.15). Remarking that we may also write the equation as

(D, — A u = —F(A (”;”)) (2.4.21)

we compute using notation (2.4.1)

d 2k—1 p

E@},(u, €)=Y Y Rei(L,(My)(u,...,u,u,...,u),u)
p=xr £=0
2k—1 p
+ ZZZRE’Z(MPE(M F,... i u,...,u),u)
p=xk (=0 j=1

2k—1 p p+l

— >3 > ReilMy(uy....0,u,...,F, ..., u),u)

p=Kk {=0 j=(+1

2k—1 p

+ > > ReilMy(u,...,u,u,...,u),F). (2.4.22)

p=kK £=0

By assumption on F, we have by Propositions 1.1.19 and 1.1.21 that ||F(v)],s <
Cllull%s|lulls if s is large enough and |u||,. < 1. Since M} € ﬂ;:‘lzv "(,), we may
apply Proposition 2.1.2 with 1 = 2s — 1 and (2.4.5) to see that the last three terms

in (2.4.22) have modulus bounded from above by the first term in the right hand
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side of (2.4.15). When computing 7 @ .(u), noting that we have replaced M by M)"<,
the first term in the right hand 51de of (2.2.6) is the first term in the right hand side
of (2.4.22) because of (2.4.4). Consequently, these contributions will cancel out each
other in the expression %[@S(u) — O!(u, €)]. We compute

d 2k—1 p

EQZ(H) =Y Y Rei(L{(M))(@,...,u,u,...,u,u),u)

p=K £=0

2k—1 p

+ZZZR€I<MP(M F,...,iu,u,...,u,i),u)

p=k (=0 j=1

2xk—1 p

—ZZZRel(Mp(u o F o u i), u)

p=K {=0 j=t+1

2k—1 p

+ Y S Rei{M{(u,... 4, u,...,u,F), u)

p=K £=0

2k—1 p

+ > Y ReilM{(u,...,u,u,...,uu),F). (2.4.23)

p=kK =0

Since M7 € %;ﬂ,zﬁz(@), we have by Proposition 2.1.2 with 7=2s—1,
Proposition 1.1.19 and (2.4.5) that the last three terms are estimated by the last
term in the right hand side of (2.4.15) if s is large enough. The first one, according
to Lemma 2.4.1, cancels the contribution of Mé’ in (2.2.6) when computing R(u).
We may treat @f(u) and O%(u) in the same way using Proposition 2.1.5 with 7 = 2s,
and this will lead to the third term in the right hand side of (2.4.15). Finally, the
last term in (2.2.6) contributes to the last term in the right hand side of (2.4.15).
This concludes the proof of the proposition. O

Proof of Theorem 2.1.1. We deduce from (2.4.13) and (2.4.15)
0,(u(t,-)) < O,(u(0, -)) — O;(u(0, ), €) — O (u(0, -)) — O (u(0, -)) — O (u(0, -))
+ 0 (u(t, ), €) + O (u(t, ) + O] (u(t, ) + O (u(t, -))

+ € [l I (e, e
4 G [l I ' I
€ [, VBN ' (24.24)

where a =2 if d >2 and a = { — s for any s € (0, 1) if d = 1. Take 0 = 51> and
B > 1 a constant such that for any (v,, v,) in the unit ball of #**!(IR¢) x %S(]Rd)
u(0, ) = e(—iv; + A,,v,) satisfies ||u(0, )|, < Be. Let K > B be another constant
to be chosen, and assume that for 7" in some interval [0, 7] we have ||u(7, )|, <
Ke < 1. If d > 2, using (2.4.13) with a = 2 we deduce from (2.4.24) and that there
is a constant C > 0, independent of B, K, €, such that as long as ¢ € [0, 7]

||u(t, )”;fr < C[BZ + EﬁKKKJrZ + IG%K(KZ"” + KK+2) + teZch2K+2]62
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If we assume that 7 < ce_g%“', where p > 0 is arbitrary, for a small enough ¢ > 0,
and that e is small enough, we get |u(z, -)||2, < C(2B*)e*. If K has been chosen
initially so that 2CB?> < K?, we get by a standagd continuity argument that the
priori bound ||u(z, -)||;s < Ke holds true on [0, ce‘ﬁ"], in other words, the solution
extends to such an interval |t] < ce~30-P% with another arbitrary p > 0. If d = 1,
we may use (2.4.13) with a = £ — s to get

25+6(p—s)

lu(t, )% < C[B® + €6 K2 4 te” v “(K2F2 4 K*2) 4 1 K> €.

With the same reasoning we may get in this case that the solution extends to an
interval of |t| < ce~RU-P% for some small ¢ > 0 and any p > 0. This concludes the
proof of the theorem. d
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where (t,x) € Ry x T, m e R%, (vo, v1) € HST1(T?) x H5(T9) for a large enough s and where € > 0
is small enough.

This problem has been studied in dimension 1 by Bourgain [4], Bambusi [1], Bambusi and
Grébert [3]. They showed that one has almost global existence: for any N, if the data are in H5*! x H®
for some s depending on N, if m stays outside an exceptional subset of zero measure, the solution
exists at least on an interval of length Cye~N. For the problem in dimension at least 2, Delort and
Szeftel [6] proved that the solution is defined on an interval of length at least ce 2, if the nonlinear-
ities vanish at the origin at order ¥ + 1 = 2. Recently, it was shown in Delort [5] that, for dimension
d > 2 and for nonlinearities vanishing at the origin at order x + 1 with any « € N*, the solutions ex-
tend at least over an interval of length ce "(1+2/d) up to a logarithm. Note that the gain of the power
o =2/d, in comparison with the result given by local theory, depends on dimension d and becomes
smaller and smaller as dimension d goes to infinity. A natural question is: Is it possible to obtain
for such a Cauchy problem a solution defined on ce *+® with o > 0 explicit and independent of
dimension d? This paper gives a positive answer to this question. In fact, we prove that o can be
taken to be a constant as close to 1/2 as wanted. This is better than the result of Delort [5] when
dimension d is larger than 4.

The method we use is based on normal form methods. Such an idea has been introduced in the
study of nonlinear Klein-Gordon equations on R? by Shatah [9] and is at the root of the results
obtained on S!, S, T¢ in [4,1,3,2,5]. We also refer to Delort and Szeftel [6,7] for an application of
this idea when one studies long-time existence of the same Cauchy problem on spheres and Zoll
manifolds. And in Zhang [10], the author used such an idea to obtain a lower bound for the lifespan
of solutions to (8t2 — A+ x> + m?)v = v¥t1 in RY with small smooth Cauchy data. The proof there
implies that the multiplicity of eigenvalues of \/—A + |x|2 on RY does not play any role and the gain
on the exponent is independent of dimension d. Enlightened by that, we solve the problem we have
just posed.

For the convenience of the reader, let us explain the idea more clearly with model (1.1) though it
is similar to that of [5]. The goal is to control the Sobolev energy computing

d
Ve [ + [aeve ] (1.2)

Using the equation, we may write this quantity as a multilinear expression in v, 9;v homogeneous of
degree « + 2. We then perturb the Sobolev energy by an expression homogeneous of degree k + 2
so that its time derivative cancel out the contribution in (1.2), up to reminders of higher order.
The difficulty is to construct the perturbation in such a way that it can be controlled by powers
of [[v(t, )|lys+1 + |8 v(L, ) ||us, with the same s in (1.2). Using expansion of elements of H*® on a basis
of L? made of eigenfunctions of /—A, we are reduced to study the expression of type

Z Fm()"nov ---9)"1”[,(+1)_] /(HAHOUO)"’(H)»nK+1 uK-I—l)()“TlQ +"'+)‘HK+1)25 (13)
Td

where 4, are eigenvalues of /—A on T9, [T, is the spectral projector associated to the eigenvalue A,
and Fy, is given by

K+1
Fmn(€o. ... &cs1) =Y _ej/m> +&2, eje{-1,1}. (14)

j=0
The problem is to bound [Fp(Ang, ..., An,,)| from below, for those A,; for which (1.3) is nonzero,
in such a way that (1.3) can be bounded from above by C[]|lu;lps for s large enough. We assume
for simplification that « is odd and that Ap,, An, , are the largest two among Ap,..., A, ,. We
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divide it into two cases according to the estimate of Fr,. The first case is ege,+1 = 1. We have (see
Proposition 7.2), in this case, for almost all m > 0, there are ¢ > 0 and Ny € N with

|Fin(hngs -+ s Angiq)| = €1+ Ang + Angyy)

_NO

x (1 + the third largest among(Ang, . . ., An,,,)) (1.5)

for any ng,...,nc+1 € N. Plugging (1.5) into (1.3), we see that the loss is given by a large power of
a small frequency, which allow us to estimate (1.3) by C ]—[j lujllgs for s> No. This case corresponds

to terms M7 in Section 6 when [Any — An, ;| < 3 (ing + An,,), and to terms R when [Any — An,,,| >

%(Ano + An,.,). The second case is ege,1 = —1. We shall show (see Proposition 7.1) for any p > 0,
for almost m > 0, there are ¢ > 0 and Ng € N such that

_q_ —N
|FnAngs + -+ Angi)| = €14 Ang + Ana) > X (Ihng — Ang |+ Ang + -4 An, )

(1.6)
for any ng, ..., n+1 € N. Note that this inequality is independent of the dimension d and better than
the corresponding one of [5] when the dimension d > 4. This is the key point for us to improve the
results of [5]. Plugging (1.6) into (1.3), we then see that when dividing by F,, there is not only a
loss of a power of low frequencies which is harmless, but also a loss of 3 + p derivatives of high
frequencies. However, solving the linear equation makes gain one derivative since the nonlinearity
involves no derivative of v and we may gain one more derivative through commutators. This allows
us to recover the loss and get an upper bound by C[]|lu;|lgs of (1.3) through partition of frequencies
between zones {An; <€ ¢, j=1,...,k + 1} and {in; > € ¥? for at least one j € {1,....x + 1}},
where 6 is a constant to be chosen.

In comparison with the method of [5], we have to overcome several difficulties in the above pro-
cess. The first one is to find out a way so that one can get a dimension-independent estimate of small
divisors, that is (1.6). In fact, we can use the projectors on the eigenspaces associated to different
eigenvalues of v/—A on T¢, instead of the projectors on the space spanned by each eigenfunction
which were exclusively used in [5]. From this point of view, the multiplicity of the eigenvalues does
not play any role while it does in [5]. This implies that the estimates we want may be independent
of the dimension. However, when one tries to extend multilinear operators to Sobolev spaces, a loss
of one derivative is inevitable in this framework (see Proposition 5.2) because of the bad behavior
of the eigenvalues of v/—A on T¢. So another difficulty is to find a technique to avoid such a loss
for the high frequency part of the nonlinearity to which we shall not use normal forms. But above
all, one has to prove (1.6) which is independent of the dimension. This can be done by noting that
the eigenvalues of the harmonic oscillator \/—A + |x|2 on R? and those of +/—A on T¢ share similar
properties and we have already had an estimate of that type in the case of the harmonic oscillator.
The point is that when the dimension increases, the multiplicity of the eigenvalues of +/—A on T¢
grows, while the spacing between different eigenvalues remains essentially the same.

We state our main result in Section 2 and after introducing some notations we obtain some prop-
erties of eigenvalues and spectral projections in Section 4. Then we define some multilinear operator
spaces so that we may rewrite Sobolev energy in terms of elements in these spaces. This is done in
Section 5 and 6. The last two sections are devoted to prove boundedness of Sobolev energy, which
implies the main theorem.

2. Statement of the main theorem

Let d > 2 and set T¢ = (R/27Z)¢ for the standard torus. Denote by O = 83 — A the D’Alembertian
on R x T9 Let F:T¢ — R, v — F(v) be a real valued smooth function. We shall assume

3F0)=0 forj=0,... .k (2.1)
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for some x € N*. Let m € R”;. We consider the solution v of the Klein-Gordon equation

(O+m?)v=F(),
Vlt=0 = € Vo,

0t V]t=0 = €V1 (2.2)
where vg € HST1(T4, R), vq € H5(T9,R), and € > 0 is small enough. From Delort [5], we know that
if s is large enough and € € (0, 1) small enough, Eq. (2.2) admits for any (vg, v1) in the unit ball of
HSt1 x HS a unique smooth solution defined on the interval (=T, T¢) with Te > ce ¥ (1+2/d|joge|~A
for some uniform constant ¢ > 0 and any A > 1. Moreover, ||v(t, )| ys+1 + |0V (t,-)||ys may be con-
trolled by Ce, for another uniform constant C > 0, on the interval of existence. The goal of this paper

is to show that under convenient assumptions, we may obtain a solution on an interval of length
larger than ce “(1+1/2=P) for some constant ¢ > 0 and for any p > 0. Let us state the main result.

Theorem 2.1. For any p > 0, there is a zero measure subset N of R* such that for every m € R% — N, there
are €g > 0, ¢ > 0, sg > 0 such that for any s > sg, any € € (0, €g), any pair (vg, v1) of real valued functions
belonging to the unit ball of HST1(T%) x HS(T%), problem (2.2) has a unique solution

Ve CO((—TE, TE)v HS—I—] (Td)) N Cl ((_TG, TG)’ HS(Td))

with Te > ce “BG/2=P)Moreover, the solution v is uniformly bounded in HST1(T¢) for |t| < ce %3/2=P) and
d;v is uniformly bounded in H*(T9) on the same interval.

3. Notations

For k € Z9 we set

1

_ ikx

Pk

so that (¢)iez¢ is a Hilbertian basis of L2(T9, C). Let ﬁk be the orthogonal projection on the span
of ¢r. We have for u € L2(T¢%, C)

T = (1, @) @ (3.2)
Denote by S the spectrum of «/—A on T, that is,
S ={Ikl; kez). (3.3)
Let (An)nen be the sequence consisting of distinct elements of S defined by induction as follows:
Ans1 = inf{k|; k € 7% and |k| > An}; X0 =0. (3.4)

For n € N, we also denote by IT, the orthogonal projection on the eigenspace associated to A, that
is, for u € L2(T9, C)

Iu= Z (U, ©k)Pk. (3.5)
keZd, |k|=nn
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For ng,...,np41 p + 2 natural numbers, we shall also use the following notions throughout the
paper
n= (no, .. .,Tlp+1) S NP+2,
n=(nq,...,np) € NP,
A =An; + -+ Any, (3.6)

where Ap;’s are defined in (3.4).
Finally, let £ denote the space of trigonometric polynomials.

4. Properties of eigenvalues and spectral projectors on T*
For the sequence of eigenvalues defined in (3.4), we have the following properties.

Lemma 4.1. Let (Ay)nen be defined by (3.4) and S by (3.3). Then:

i) (An)neN is a nonnegative strictly increasing sequence;
(ii) A2, — A2l > 1, foranyn e N;
(iil) [An+1 — Anl 2 1/(2An41) foranyn e N;
(iv) Let N > 2 and A > 1. Then there exists C > 0 such that for any £ € N

-N _(N— —(N—
D (hn =2l +A) 7 < C(ANDap+ A2, (4.1)
neN
In particular, we have
o+ AN<caAT®2, (4.2)
neN

Proof. (i) is an immediate result of the construction of (A,)n. From the definition we know that there
are k € 74, k € ¢ such that Anyq = |k|, An = |k|. Since Anyq1 > An, k # k. Therefore, (ii) holds true.
From (i) and (ii) we know that (iii) holds true. We are left to prove (iv). Compute

Z(Mn — A +A)_N =AN4 Z Z(Mn — Al + A)_N1{2J—1g|xn_,\g|<2f}

neN neN,n#¢ jeZ
A N‘l‘CZ 2]+A Z 1{2] 1<|)¥n )\Z|<2J} (43)
JEZ neN, n#¢

Let us estimate the number of A,'s satisfying 2/=1 < |Aq — A¢| < 24. For such Ap's, An € (Ap — 27,
*¢ +27). From (iii) we know that the distance between two successive A,’s staying in such an interval
may be bounded from below by c/(r¢ +27) for some ¢ > 0. Consequently, the number of such A,’s is
not bigger than C2/x; if A, > €2/, and than C22J if A, < C2J. Therefore by (4.3) we have

S (= nel +A) N <AN 403 (@200 +22) (20 + A) "
neN JjeZ
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<A N 4O+ AN 1Y @0 +22) (20 + A) "
jeN

<C(AIN=Dy, 4 A-(N=2), (4.4)

This concludes the proof. O

Lemma 4.2. Let v € H5(T%), s > [d/2] + 1 and assume that F € C°°(R) vanishes at the origin at order p,
p € N*. Then we have F(v) € H5(T¢). Moreover, || F(v)| s < C5||v||ZS for some Cs > 0.

Proof. Since T is a compact manifold, using the finite cover theorem and partitions of unity, we may
reduce ourselves to working in local coordinate. Now the lemma follows from Corollary 6.4.5 in [8]
and Sobolev inequality. O

We shall need the following lemmas.

Lemma 4.3. For any y > d, there is a constant C such that for any A > 1

> (ki+4) " <card, (4.5)

kezd

Proof. This follows from the facts that for any N > 1, Y ,,(n| + AN < CA=N=D and that
Sokezd (Kl +A)Y <CYp ez (kal 4+ kgl +A)7V. O

By definition, we have

Lemma 4.4. Forany n € N, any k € Z¢,
||Hn||£(L2,L2) <1, ||HI<||£(L2,L2) <1 (4.6)

It is known that the product of two eigenfunctions of «/—A on the torus is another eigenfunction.
This fact together with Lemma 4.4 and Sobolev embedding theorem gives

Lemma 4.5. Let p € N*. For any ko, kp11 € 74, anynop, ...,npy1 €N,any uy, ..., upsq € Lz(’]I‘d, ©),

(i) if lko — kp4+1| > Ay with Ay defined by (3.6), then

[T [ (I, u1) -+ Ty up) (T, ups1) ] = O;
(il) if [Ang — Anpyq | > Ap, then
Iy, [(Hm up)--- (an up)(nnp+1up+l)] =0;
(iii) one has forany v > d/2,
p+1
ano[(HmUI) - (I, up)(nlcp+1 up—i—l)] HLZ <A+ Ap)” 1_[ lujllp2, (4.7)
j=1
p+1
” Iy, [(Hm ui)--- (anup)(nnpﬂ up+1)] HLZ <A+ Aap) 1_[ llujll2. (4.8)
j=1
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5. Definitions and properties of multilinear operators
In this section we give some definitions of various spaces of multilinear operators we shall use. We

also deduce some properties of operators in such spaces. Keep notations &, (Ap)neny and A,y defined
in Section 3 in mind.

Definition 5.1. Let ve R, T € R, § € (0,1), p € N*. We denote by M""". . the space of all p + 1-

p+1,6
linear operators (u1,...,upy1) = M(uq,...,Up41), defined on £ x --- x £ with values in L%(T%) such
that:
(i) For any uq,...,up4q € &, one has
Mo [M(ITp uy, ..., My Upy1) ] =0 (5.1)
if (ng,...,npy1) € NP+2 satisfies one of the following conditions:

(a) |)"n0 - )\an | 2 1/2()\'710 + )anH )v
(b) [Ang = Anyiy | > Anrs
(C) Ay 2 (Sknpﬂ-

(ii) There exists C > 0 such that for any (ng,...,npy1) € NP*2 any uy, ..., Ups1 €&, one has
p+1
Hnrlo [M(Hn1u17 ceey an+1 up+1)] HLZ < C(l + )“no + )an_;,_l)r(] + )\n’)v 1_[ ||uj||L2' (52)
j=1

The best constant in the preceding inequality will be denoted by ||M]|| MET
p+1,

v, T

We may extend the operators in /\/lp ‘1

5 to Sobolev spaces.

Proposition 5.2. letv e R, T € R, 5 € (0, 1), p € N*, s > v + 2. Then any element M € M;il s extends as

a bounded operator from HS(T9) x --- x H5(T9) to H~T~1(T¢). Moreover, for any sg € (v + 2, s], there is
C > 0 such that for any M € M;il,& andany uq,...,Upy1 € HS(’]I‘d),

p

[M@r. ) | ooy < CUMIpgve, T T Illso lupallas. (53)
j=1

Proof. We write

2
”M(U1, cee up—l—l)” Hs—t-1
2
2 \s—7-1

=Y 1D Mg Mgy, .. Iy upi) | (1422) . (5.4)

nop ni Np41 L2
Because of (i) of Definition 5.1, using the symmetries, we may assume (g, ...,Np41) € NP+2 is such

that
|)"Tl0 - )"Tlp+1 | < 1/2()“T10 + )\‘Tlp+] )’
)Mnl SEEEEN knp < 5)an+1,

|Ang — Anpis | < A (5.5)
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when estimating the general term in the right-hand side of (5.4). From (5.5) we deduce

)\no ~ )anﬂ , An ™~ )hnp-

Therefore, we see from (5.2) that the square root of the general term in the ng sum in (5.4) is smaller
than a constant times

p+1
> Ay )T A+ Ay gy [ 1015l 2. (5.6)
n < <Npa i=1

where

l{nO 77777 Npy1} = 1{|)\n0 _)\np+1 |<C)"nps Ang NK”p—H ) )»np gs}”";H—l )

Now Hélder inequality allows us to bound (5.6) from above by a constant times the product of I
and II, where I and II stand respectively for

P 1/2
=< > Aty ..., np+1}]_[||nnjuj||p) :

<o j=1

1/2
p
11:( D Aty )F A+ dy) g npﬂ}l_[||Hn,.u,-||Lz||anHup+l||§2> .

< SNp j=1

By (iv) of Lemma 4.1 we have

3
Zi <C Z o Anp) I{Anp SOy}
{no,...np1} X . 3
(|)‘n0 )anH | + 1 + )an)

< C 4 Ay )1+ Ay,

5 iy €€ T e
0. Mp41} = (IAno = Anpoy | + 14 An,)3

S C( 4 Ang) (1 + Anp). (5.7)

Thus using (5.7) to deal with np;q sum we get

1/2
p
1< c{ Yo A+m)" A+ [] ||Hnjuj||L2i|

n < <np j=1

p
1/2
<+ Ang) 2 T lhujl o

j=1

if we take so > v+ 2 using (4.2). We incorporate the factor (1+An,)!/? coming from the term I into II
and then compute

63



D. Fang, Q. Zhang / ]. Differential Equations 249 (2010) 151-179 159

(1+xn0)1/211<{ > A+ ) g

N < KNp

P 1/2

25—1 2

(1 ) ] ] gl 2 1Ty s ||L2} :
j=1

By the above analysis, we get

M@, ... upsn) st <C o At an) Ty ) (1 Ay >

p p
2
s [ T Tayuill 2 1Ty upea 22 T T Il aso
1 25—1
<C D A4 )" T A+ Ay DA+ Ay, )™
(N1,....npt1)eNPH
b p
2
[ [ gz | Ty upa 122 T ] utjllgso
p
2 2
< C T M jliso Nup-sa s, (58)
j=1

where we have used (5.7) in the second inequality to handle ng sum and we have also taken s > v+ 2.
The constant ||[M|| MYT is implicit in the constant C when we get the inequality (5.6). This concludes
p+1,

the proof. O
Let us define convenient subspaces of the spaces of Definition 5.1.
Definition 5.3. let ve R, 7 €R,8€(0,1), pe N*, w:{0,...,p+ 1} = {—1, 1} be given.

o If Z;’:& w(j) #0, we set /\7;;:]’5(60) = ;’L’S;
o If Z?:(} w(j) =0, we denote by M, ;(w) the closed subspace of MZ’I given by those M ¢

+1,8 +1.8
ML o such that

p+1
HnOM(Hnlu],...,an+]up_|_])EO (5.9)
for any (ng,...,np41) € Y, where
$9={(no.....np11) € NP*2; there is a bijection:

o:{0<j<p+1, w()=-1}=>{j; 0<j<p+1, w(j)=1}

with ng (jy = n;j for any j in the first set}. (5.10)

We shall need another subspace whose elements have better properties than those in M;il 5
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Definition 5.4. Let ve R, T € R, § € (0, 1), p € N*. We denote by G~ 5 the space of all p + 1-linear

p+1
operators (u1,...,Up+1) = M(u1,...,Up41), defined on £ x --- x £ with values in L%(T%) such that:
(i) For any uq,...,up41 €&, one has
MM [MT,us, ... Toyup, I upg1)] =0 (5.11)
if ko, kp41 € Z4, (nq,..., np) € NP satisfy one of the following conditions:

(@) |ko —kp+1] = 1/2(Iko| + lkp+11);
(b) Iko — kp41l > Ans
(€) A = 8lkpr1l.
(ii) There is C > 0 such that for any (n1,...,np) € NP+2 any ko, kp+1 € Z4, any u, ..., Upt1 €&, one
has

[ g [M (T, g, Ty ups)] | 2

p+1
< C(1+Ikol + lkp411) " (1 + 2" TT lujll 2 (512)
j=1

The best constant in the preceding inequality will be denoted by ||M||gv.+r] .
p+1,

Let us show that the space defined in Definition 5.4 is a subspace of that of Definition 5.1.

Proposition 5.5. Let v e R, T € R, § € (0, 1), p € N*. Then we have
V,T v+d, T
Ipr1.s CMpits

Proof. Let M € g;i:1,s- For any (no, ...,np+1) € NP*2 and any uq,...,up41 €&,

HnOM(Hn]U], ey anuP, an+1uP+])

— > MMM, ux, ..., oy up, i, Upi1). (5.13)

ko.kpi1€Z*
[kol=Ang [kp+1 |=)»np+1

For the indices, which appear in (5.13), the conditions listed in (i) of Definition 5.1 imply the corre-
sponding ones in (i) of Definition 5.4. Thus item (i) of Definition 5.1 is satisfied for M. Now let us
establish (5.2). According to (5.13) the square of the quantity in the left-hand side of (5.2) equals

2
> H > MUy, Hoyup, i upsn)| (5.14)
koezd ' kpypiezd L
lko|=An, Ikp-+11=An, 4
The square root of the general term over kg sum in (5.14) is not larger than
Z | koM (I us, ..., oytip, I, upgn) |2 (5.15)

kp+] EZd
lkp-+1 |=)»np+1
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which, according to (5.12) and |ko| = Ap,, may be bounded from above by a constant times
p ~
D A g+ Ay )T+ An) Ykgiepan i<y | [ 152 17Ty psa 2. (5.16)
kp1€Z4 j=1

|kp+1 |:)\np+1

Therefore, applying Holder inequality to the sum over kp1 in (5.16), we get an upper bound of (5.16)
by a constant times

b
(14 Ang + Ay )T+ A0) " [ Tl 2

j=1
1/2 ~ 1/2
X( > 1{|k0—k,,+1|<)\n,}> ( > 1{|k0—kp+1|<)\n,}||17/<p+1up+1IIfz) . (517)
kaeZd kaeZd
lkp+11=2n) 1 lkp+11=2n, 1

By Lemma 4.3, we have

1+ )\n/)d—l—l
2

<CA+a)? (518
(Iko —kpy1|+ 14 Ay )4+ ( ) ( )

Z Liko—kpiql<ng S C

kpi1€Z4 kpi1e
lkp+1 |=)\np+] lkp+1 |=)\np+1

Thus, by the above analysis and (5.18), we finally obtain
2
HHHOM(HTH u, ..., H"p+1up+1)HL2

p
<O+ Ang + Ay )*T A+ 2 T il
j=1

— 2
X Z Vo —kp 1<} H Tk o Up 411172
kkap-&-l GZd
lkol=Ang . lkp+1 |=)~np+1

p
2 2v+2d 2 — 2
SCA+Ang + 2y )T A+ 2?2 Tujl2, D My upiall?
j=1 kp1€Z4
|kp+l |=)\np+1

p
= C(1 + Ang + Anys )27 (14 A) 20+ ]_[ w112 | Ty U p 1112
j=1

p+1
<O+ Ang + Ay )27 A+ 2™ 2T ujll2,. (5.19)
j=1
Thus, (5.2) holds true with v replaced with v + d. This concludes the proof. O
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We have seen in Proposition 5.2 that any element in M} 5 maps HS(T9) x --- x H5(T%) to

p+1
HS—=1(T9). But the elements in its subspace g; ﬁ’ s have a better property. As a matter of fact, if
we mimic the proof of Proposition 5.2 but using (5.12) and Lemma 4.3 instead of using (5.2) and

Lemma 4.1, then we get

v

Proposition 5.6. Letve R,, T €R,8 €(0,1), p e N*, s > v+d+ 1. Then any element M € gpfw extends
as a bounded operator from HS(T%) x - -- x HS(T%) to HS~7 (T9). Moreover, for any sg € (v +d + 1, s], there

is C > 0 such that for any M € g;flva and any uy, ..., upi1 € HS(TY),
p
[M@i e | gsr < CIMIGee Tl lntp s (5.20)
j=1
We shall also need classes of remainder operators. If nq,...,np41 e Nand if joe{l,...,p+1}is
an index such that )‘”io = max{in,, ..., An,,,}, Where An;, j=1,...,p +1, are defined by (3.4), we
denote
maxy(Any, -« Anpyy) =1+ max{in; 1<j<p+1, j#jo} (5.21)
Definition 5.7. Let v e Ry, 7 € R, p € N*. We denote by R;fl the space of (p + 1)-linear maps from
Ex - x & to L2TY, (uq, ..., Upy1) = R(uq,...,upqq) such that for any N € Ry, there is Cy > 0
such that for any (ng,...,np41) € NP+2, any uq,...,Up41 €€,
maxy(Any , - ., Anyyp) N pHl

| Mg Ry, My up 1) || 2 SON(L+ Agg)T

lujllz.  (5.22)
(hng + -+ Anpyy + DN ]1:[1

The elements in RZ’L also extend as bounded operators on Sobolev spaces.

Proposition 5.8. et v € Ry, T € R, p € N* be given. Then for any s,sg € R with s > sg > 2, any

Re R;’j], (U1,...,Upt1) = R(ui, ..., upi1) extends as a bounded map from HS(T%) x --- x HS(T%) —

HZ=v=7=7(T4). Moreover we have

|R@1. oo stp) | yaever <C D [nuhnmnubum I1 ||uk||Hso]. (5.23)

1Sji<ja<p+1 ke j1. k#j2

Remark 5.9. In fact, any R € R;il, (U1,...,Upp1) = R(uq, ..., ups1) extends as a bounded map from

HS(T9) x --- x HS(T%) — HZ~v-7-9(T9) for any a > 6 and we also have a counterpart of (5.23). We
take a =7 for the convenience of expression and this will be enough for the use.

Proof. We may assume 7 = 0. We need to bound |IT;,R(u1,...,ups1)ll;2 from above by (1 +

Ang) "2tV H ¢, for an €2-sequence cp,. To do that we decompose u; as > n, MTnjuj and use (5.22).
By the symmetries we limit ourselves to summation over

ny < <Npyq, (5.24)
which according to (i) of Lemma 4.1 is equivalent to

)\.nl <"'<)\.np+1. (5.25)
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From this we get

MaxXz oy« s yyy) = 14 Ay - (5.26)

Therefore we are done if we can bound from above

(14 p)" N B 1 o fr s .
¢ Z (T4 Ang+ -+ 2o +1)N 1_[( +)‘“j) ( +)‘”p) ( +)‘np+1) (5.27)
p ]—]

N < <KNpp

by (14 Ang) ™2+ ¢y, for s> 0, since |[[Tyujll;2 < (14 An))~”|luj[ge holds true with any p > 0.
Using (5.25) we bound (5.27) from above by

_ -1
(1 + An )v+N 2s P
C b (14 2p,) 5. (5.28)
Z (‘1 + )"Tlo + Anp+1 )N l_[ J

< KMp j

j=1

Applying (iv) of Lemma 4.1 to np41 sum, we see that (5.28) is not larger than

p—1
C Y At "™ A+ N2 TTA+ 107
< <np j=1

Also because of (iv) of Lemma 4.1, this can be bounded from above by (1 + )Lno)‘z”"”cn0 with
(Cng)neN an ¢2-sequence if we take N =2s — v —5/2, so > 2 and thus concludes the proof. 0O

Definition 5.10. Let ve Ry, 7 €R, pe N*, w:{0,...,p+ 1} > {—1, 1} be given.

o If Zf:(} w(j) #0, we set ﬁ;fl (W) =R

P’
o If Z?:g w(j) =0, we denote by ﬁ;fl (w) the closed subspace of R;fl given by those R € R;’Jf]
such that
HnOR(Hn.lu],...,an+1up+])50 (5.29)
for any (ng,...,np41) € S‘I‘;, where SZ) is defined by (5.10).

6. Rewriting of the energy

We shall finally control the energy. But in this section let us compute its time derivative. We shall
write it in terms of several types of multilinear operators introduced in the previous section according
to the estimate of the function of type (1.4). One difficulty is to make appear a commutator so that
we can gain one derivative to obtain longer lifespan than the one given by local existence theory.
There is another thing we should take care of. In order to recover the loss of derivatives coming
from dividing small divisors, we shall use normal forms only to eliminate the low frequency part of
one type of multilinear operators (in fact these are Mf ) and we have to properly estimate the high
frequency part. Since by Proposition 5.2 there is one derivative loss when we extend the operators in

M;fl s to Sobolev spaces, we have to exploit a better property of the high frequency part in order
v,2s—2

to not lose derivatives. This is realized by showing M? € QPH 5 -
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We begin by analyzing the nonlinearity. Using Taylor’s formula we have

2k—1

aPTE0
—FW=-Y_ (Tl()') VP L G(v) (6.1)
p=K

where G(v) vanishes at order 2« + 1 at v = 0. (Here we only decompose the nonlinearity up to
order 2« because it is enough for us to get a lifespan of length ce—3/2.) By making a change of
unknown

1 _
u=(D;+ Am)V, V:EA,;l(u-i—u) (6.2)
with

Dt=—i8t, Am =+ —A+m2, (63)

we write Cauchy problem (2.2) as

oo (3(59)

Ult—o = €Up (6.4)

with ug = —ivy + Apvg € HS(’]I‘d, C). The energy to be estimated is

Os(u(t, ) = (Asu(t D), Ajut, ). (6.5)

Proposition 6.1. There are v € R, § € (0, 1) and large enough sg such that for any s > so, there are:
e Multilinear operators M} € ngls_sz N M;ﬁjs_z(wg), k <p <2k —1,0< < p with wy defined by
we(j)=—1for j=0,....,0,and we(j)=1for j=£L+1,...,p+1;

e Multilinear operators M} € M‘;,fi 5] (@), kK < p <2k —1,0< £ < p with @, defined by @ (j) = —

forj=0,...,Z,p+1,anda)g(1)—1forj=€+1,...,p,

e Multilinear operators R} € ﬁ;ﬁ (@), RY € ﬁ;fi (@), k <p<2k—1,0<L<p;

e Amap u — T(u) defined on HS(T%) with values in R, satisfying when |Ju||gs <1, |T(u)| < C||u||2"+2

such that
d 2k—1 p
S Os(ut, ) = ZZRelMp(u o), u)
p=K £=0 T o
2k—1 p
+ Z ZRelMp(u u,...,u,),u)
p=k (=0 "
p—~¢
2k—1 p
+ Z ZR@IRP(U L), u)
b=k £=0 ¢ p+1-¢
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2k—1 p
+ Rei(RP (@, ... U, u,...,u,i),
Z Z (R} (@ i, u u, i), u)
p=K (=0 ) ey
+ T(u). (6.6)

Remark 6.2. Let us explain the meaning of the proposition. In the right-hand side of (6.6), we have
two main contributions: the Mf terms will be expressed in the proof below from commutators. This
will make gain one derivative, and explains why these terms are of order 2s — 2, and not just 2s — 1.
On the other hand, the Mf terms are of order 2s — 1 because their expression will not involve any
commutator.

In the rest of the paper, we shall modify ©;s in the left-hand side of (6.6) in order to cancel out
the Mf , Mf terms in the right-hand side. The fact that we gained two derivatives on Mf will allow
us to loose one derivative when constructing the corrector used to eliminate this term. On the other
hand, we shall see that I\~/I§7 is a “noncharacteristic” term, which can be eliminated without loosing
derivatives (actually we shall even gain one derivative): see Lemma 8.1. This explains why the fact
that Mf is only of order 2s — 1 is unimportant.

Proof. We compute according to (6.1) and (6.4)

; _
~05(u(t, ) = Rei{ 4%, Deu, Aju) = Rei<—Aan<A,;1 (” U )) Afnu>
2k—1

y p
=> c(p)Rei<Afn(A,;ll<u ;”)) An;la,A;u>

p=K

2k—1

SN\ P
+ Z c(p)Rei<Afn(A;1(u—;u>> A;lu,Afnu>

p=«

+Rei<A;G(A;1<”;ﬁ)>,Afnu>, (6.7)

where c(p) is a real constant. The last term in the right-hand side of (6.7) contributes to the last term
T(u) in (6.6) by Lemma 4.2 if s is large. We then have to compute I and II with

. fu+u\\
1:c(p)Rez<A;1(Am1< > )) Am]u,ASmu>,
. afu+a\\?
11=c(p)Rez<Asm(Am1< > )) Am1u,A,Snu>. (6.8)

This is the content of the next several lemmas.

Lemma 6.3. There are v € Ry and small enough § such that there are multilinear operators I\~ﬂf €
ﬂ;fi}l (@¢), R € ﬁ;ﬁi(@) with Kk < p <2k —1,0< ¢ < p and @&, defined by @,(j) = —1 for
j=0,....0 w¢(jy=1forj=¢+1,...,pand we(p + 1) = —1 such that

p p
I= ZRei(Mf(ﬂ,...,ﬂ,u,...,u,ﬁ),u)+ZRei(Rf(ﬁ,...,ﬁ,u,...,g, i), u). (6.9)

=0 ¢ p—t £=0 ¢ p—t
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Proof. Let @, be defined as in the statement of the lemma and Sg)e defined by (5.10) with w replaced
by @y. Let 0 < 8 <« 1. We shall use notation (3.6) in the following. We decompose

I=c(p) Rei{A, (@, u)i, u)+ c(p) Rei(A (i, u)i, u), (6.10)

where Ai,, i=1, 2, are operators defined as follows:

p -
1,5 2 -1 u+u -1
A= > 1{An,<MHPH}Anf]_[(Am nn].( S ))Am M., (6.11)
ni,..., np+1€N j=1
4 u-+u
A% (U, u) = Z I{An,%kan}A,z,fH(A;lHnj( > ))A,;lnnpﬂ. (6.12)
ni,..., np+1€N j=1
We denote
a, (7 _ P (P 4= ASTT 6.13
g(n,u1,...,up)_2—p . (A Mnyur) -+ (A Ty up) (6.13)
and define
M?(UL---,U;}H): Z 1{,\n,<sxnp+1}/\ﬁf17noae(ﬁ;u1,---,up)A,?llﬂanUerl,
fie(5%)C

ﬁf(uh...,upﬂ): Z I{An,>5)mp+1}AT2nSHnO ag(ﬁ;ul,...,up)A,jl]anHupH. (6.14)

fie(5%)e
Then we claim that

Rei(IN\/If(ﬂ,...,ﬁ,u,...,u,ﬁ),u)
—— —

0 p—~¢

equals the quantity obtained replacing I\~/Iﬁ7 by the expression given by the first equality in (6.14) but

with a sum taken for all ng, ...,np41. In fact, if (no,...,np41) € Sf,"l with Sg’z # (3, then by definition
there exists a bijection o mapping {0,...,¢,p+ 1} to {£+1,..., p} with nj =n,j) for j in the first
set. Therefore if we denote by I\N/If  the multilinear operators obtained by the expression given by the
first equality in (6.14) but with a sum for 71 € S‘g’, by coupling ITy;u, j=0,...,¢, p+1, respectively
with Hna(j)u, j=0,...,¢,p+ 1, we deduce that

e _ .
(MP“@,....u,u, ... u,0),u),
—_—— ——

l p—¢

is real and thus contributes for nothing to the computation of I. With the same reasoning, if ﬁf .
denote the multilinear operators obtained by the expression given by the second equality in (6.14)
but with a sum for i € Sg’, we see that

(ﬁf’c(ﬂ, RS TI TR TR T) I T) N
—_—
l p—~
71



D. Fang, Q. Zhang / ]. Differential Equations 249 (2010) 151-179 167

is real and thus also contributes for nothing to the computation of I. Therefore, (6.9) follows from the

binomial expansion and the symmetries on ny, ..., np.
We are left to sho~w that M} ¢ M;ﬁ_gl (@¢) and R? € RZfi (@y).
Assume that [Ty, Mf (ITn,u1, ..., Iy, Up+1) is nonzero. Then by (ii) of Lemma 4.5 and the defini-
tion we have
|)¥n0 - )\‘anr] | < )Ln’, (6-15)

which, together with the cut-off function in the definition, implies

1
)\.n/ < SAnIH-] B |)\n0 - )\np+1| < E()\,no + )\'np—Fl) (6.16)

if 6 is small enough. From (6.15) and (6.16) we see that 1\75 satisfies item (i) of Definition 5.1. When

we establish (5.2) for MP?, we assume that the left-hand side of (5.2) with M replaced by Mé’ does not
vanish. Then since we have (6.15) and (6.16), we deduce that Ay, and A,, , are comparable to each
other. Therefore, we obtain by (iii) of Lemma 4.5 that (5.2) holds true for any large enough v € Ry
and for 7 = 2s — 1, since there is A% before ITn, and Ap' before Iy, ,, in the definition of M?. Thus

Mf € M;ﬁ_sl On the other hand, (5.9) holds true for (ng, ...,np41) € Sp* since in the definition we
,25—1

have ruled out the sum over the indices in that set. So we have I’\V/IéJ € ﬂ; s ().

To prove ﬁg € ﬁ;ﬁ (wp), we assume that the left-hand side of (5.22) with R replaced by Tiﬁ’ is

nonzero. Then we have by Lemma 4.5 and the definition of ﬁ’g
|)¥n0 - )\an | < Ay (6-17)
and also obtain
A 2 8y, g, (6.18)
which is due to the cut-off function in the definition. From (6.17) and (6.18) we deduce
At 2 Chng. (6.19)
Therefore we get
T+ Ap) ~ Ang+---+ knpﬂ +1). (6.20)

Thus (5.22) with R replaced by ﬁf and t = 2s follows from (iii) of Lemma 4.5, (6.20) and the fact
that

(1 + )\,n/) g CmaXZ()\.nl 9 e ey )\-Tlp+1)'

On the other hand, (5.29) holds trivially for (ng,...,np41) € Sg" by the definition. Thus we have

D SV,28 o~
R? € Rp+l (w¢). O
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v,25—2
pris [
M;i‘lj’gs_z(wg), RY € R;ﬁ (we) with k < p <2k —1,0< ¢ < p, and w, defined by w;(j) = —1 for j =
0,....0and we(j)=1for j=£+1,...,p+ 1, such that

Lemma 6.4. There are v € R and small enough § such that there are multilinear operators Mf eg

p p
H=> ReilMP@,...,u,u,....,u),u)+ > ReilRP@,...,u,u,...,u),u) 6.21
=0 ¢ p+1—¢ =0 ¢ p+1-¢

Proof. By the adjointness of the operator A, and (6.8)

— p - p
(o) - (3 )

Let 5 > 0 be small. We then define B}, B to be the operators

p —
_ c(p) _ u+u
B (i, u) = - Z 1{,\n,>5,\np+]}17no(H(Amlﬂnj( 5 )))anﬂ’ (6.23)

neNP+2 j=1

D -
2 - c(p) -1 u-+u
By (i u) = == > 1{An/<axnp+1}17no<]_[(/1m nnj( > )))anﬂ. (6.24)

rieNp+2 j=1
Remark that by the symmetries on ny,...,n, and with notation (6.13), they may also be written
1 p
By (ii,u) = > Z 21{An,>5knp+l}nnoag(n; TR TIRTRRRRNRT)Y ) A (6.25)
neNp+2 £=0 ¢ p—2
-l p
B2 (ii,u) = 5 Yo D Voy<ora, Mo G, Gt W) Ty (6.26)
neNpP+2 (=0 ¢ p—2

Then we have by (6.22)

I = Rei((A7 (B (@, u) + By (i, ) Ay, — Ay (B, (@, u) + B (@, u)) Ax)u, u)
= Rei(A,znsB})(ﬂ, A u, u)— Rei(A;lB},(ﬁ, u)AZu, u)

+([A5. B5 (@, )] Ay u, u) — Rei([ Ay, B (@, u) | AR u, u)

=1+ IV +V + VL (6.27)

Let w, be defined by w¢(j) =—1 for j=0,...,¢, and we(j)=1for j=¢+1,...,p+ 1. Let SZ)‘ be
defined by (5.10) with w replaced by wy.

(i) The term III.

With notations (3.6) and (6.13) we set

1
1 ~ -
RE (. stpr) =2 Y Tpgzsn,, ) An e un, o up) Ayt Ty upys (6.28)

fe(Syte
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so that

IH—ZRGI Rp1 LU, U, ..., u), ). (6.29)
u‘/_u —_——
¢ pH1—¢

Note that we have ruled out the indices (no,...,np4+1) € SZ" in the definition with the same rea-
soning as in the proof of Lemma 6.3. Therefore, (5.29) with R replaced with Rf’l holds trivially for

(g, ...,Npy1) € 5‘5’“. We now assume that the left-hand side of (5.22) with R replaced by R?’l is
nonzero. Then by Lemma 4.5 and the definition we must have

)\n/ = 5)\np+1 s |)\n0 )anﬂ | )\n’ (6-30)
which implies
A = Chny, (14 dn) ~ g + -+ 4 Any iy + D). (6.31)
On the other hand, we always have
1+ Ay <Cmaxa(Ap,, ..., Anp+1). (6.32)
Thus, by Lemma 4.5 and the above inequalities we see that (5.22) holds with T = 2s and R replaced
by R’Z’l. So we get R e RY2 (wyp).

p+1
(ii) The term IV.
By (6.23) and using the fact IT,;w = IT,;w we easily deduce

p —
- +
B}?(u, u)* C(p) E 1 ( />6)‘-n0 Hno < | | <A11_11Hn] (u > u>)>nnp+l y (6.33)

neNpP+2 j=1
which, using the symmetries on (ny,...,np), may also be written
By (i, u)* = Z D V020 Ta@e (sl B U, W) Ty (6.34)
Z 0 neNp+2 E p—t
Set
2 1 . _
RE (ulv --"up-i-l) = 5 Z 1{kn/>8kn0}A%{§Hnoa€(n;u1’ ---,up)Amlnnp+1up+1 (6'35)
fe(Spt)e
so that
V= Rel(Asz (@, w)* A u, u) ZR@IRPZ el U ), Ul (6.36)
\,_./ ———
1 pH1—¢
provided we rule out the sum over the indices (ng,...,np41) € S;f)‘f, which may be shown with the

same reasoning as in the proof of Lemma 6.3. Now if we assume that the left-hand side of (5.22)
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with R replaced by Rf’z is nonzero, we also have (6.30)-(6.32). Thus by Lemma 4.5 we see that

(5.22) with R replaced by R?"* holds. Therefore RP"* e R;ﬁ Since (5.29) with R replaced by R?? is

.. [0) D,2 SV,28
trivial for (ng,...,np11) € S, Ry “ € Ry (@e).

(iii) The term V.
First we claim that if § is small, we have

2 /= _ ~ 2/ ~
By = > N ki< kol tkpar ) T Bp @ DT (6.37)

k(],kp+1 GZd

Indeed, we only need to show that Ef, (u, u) defined by

S o
BR@w = D gy kol kb o Bp @ 0 T (6.38)
/(O,kp+]€Zd

is a zero operator. By (6.26) we decompose

p
~ 1
2 ——
By, u) =2 > 2 Zl{xn«axnw,|ko—kp+1|>%<|ko|+|kp+1|>}

ko,kpy1€Zd RENP+2 £=0

X Mo g (5 8y - B, Uy oo W) Ty T (6.39)

0 p—~¢

From the facts that ﬁkjﬂnj = Hnjﬁkj, j=0,p+1 and that f[kjﬂnj # 0 if and only if |k;| = Ap; for
j=0,p+1 and Lemma 4.5, we see that ﬁkonnoag(ﬁ; u,...,u,u,..., u)anHﬁka is supported on
N — —

¢ p—t
[ko| = Ang, Kp+1l=An,,qs lko —kp1] < Ay, |Ang — Anpyq | < A, (6.40)

which is not compatible with
Ay < 8k, s lko — kp41| = %(|k0| + lkp+1l). (6.41)

if § < 1/2. Thus B2 (i, u) =0.
By (6.26) and (6.39) we set

-2 X X
M (U, tpyn) = oy <8 1 Iko—kp11< 3 (kol+kp1 D)
ko.kp+1€Z fie(Sy*)e

x ((m* + |’<o|2)s — (m? + lkp-1 Iz)s)

X ﬁkonno a((ﬁ, Hnl U1, ceey anup)Aalnnp_'_] ﬁkp+1 uPJ,_] (6.42)

so that we have

p

v=Y ReilMP'@, ... . d.u.....u).u) 6.43
> Rei{My( ), u) (6.43)
=0 ¢ p1—¢
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where as before we have ruled out the indices 71 € Sz)[ in definition (6.42), so that (5.9) holds auto-

matically with M replace by Mf ‘1 and for any il e SZ)‘.
It follows by Lemma 4.5 and the cut-off function in the definition that item (i) of Definition 5.4
is satisfied for MEJ. To establish (5.12) for Mg’l, we may assume that the left-hand side of (5.12)

with M replaced by Mf’l is nonzero. Thus we have for some ng,np1 € N

lko — kp+1] < %(’<0| + lkp11l).
lko — kp+1] < A,
Ay < 8)‘np+1’
kol = Ang,
Kp+1] = An, 1 (6.44)

from which we also deduce |ko| ~ |kp4+1]| and

|(m2 + kol?)” — (m? + kps11?)°| < C(1 + ko — kpyal) (1 + kol + kpsa])**"

)25—1

< C(1+ An)(1+ kol + [kpt1] (6.45)

Then it follows by (iii) of Lemma 4.5 and Lemma 4.4 that (5.12) holds with M replaced by Mf ‘1 and
for T =25 —2 and for some v € R;. So we have Mf’l € ggff;z. Since we have already seen that (5.9)

holds, we then get by Proposition 5.5 that Mg’l € Q;fls:sz N /\7;1‘11”?_2 (wp).
(iv) The term VL
The analysis of the term VI is almost the same as that of V. We define

2 X ¥
Mgy, .. upyr) = ) I{An/<8xnp+1, ko—kp11<3 (kol+Ikp+1D)}
ko.kp+1€Z fie(Sy*)e

—-1/2 —1/2
x ((m? + k1 ?) ™2 = (m? + ko))
X Iy Mng@e (s My un, ..., Moy up) A Ty [T upy1 (6.46)

so that we have

p
V= ReilMP?(@,... i u, ... u),u). (6.47)
———— N —
t=0 ¢ p+1—¢

We assume that the left-hand side of (5.12) with M replaced by Mf 2 s nonzero, and we then
have (6.44) and

-1/2

|(m? + kpgal?) ™% = (m? + [kol2) ™| < CA+am) (1 + kol + lkpa) 2. (6.48)

v,25—2 A v+d,2s—2
Dl ﬂ/\/lerw (wy¢) for some v € Ry and small 6.

Define MY, RY to be the operators

And again we get Mf’z eg

.1 ,2
MP(uy, ... ups1) =MD (U1, ... up1) + MY (ur, .. upgr),

76



172 D. Fang, Q. Zhang / ]. Differential Equations 249 (2010) 151-179
)1 ,2
RV (ur, ... upp1) =RV (ur, ..., ups1) + RY“(ur, ..., uptr).
This concludes the proof. O
Summarizing the above lemmas gives an end to the proof of Proposition 6.1. O

Remark 6.5. We will gain one derivative on the terms used to eliminate 1\715 which is of order 2s — 1,
but no derivative on the terms used to eliminate Mf .

7. Geometric bounds

Consider the function on RP*2? depending on the parameter m € (0, +o0), defined for ¢ =
0,....,.p+1by

L p+1
Fro. ... .&pp1) = Jm2+&2— Y Jm2+&2. (7.1)
j=0 j=t+1

The following result will play an important role in inverting the multilinear operators defined in
Section 5.

Proposition 7.1. For any p > 0, there is a zero measure subset N of R% such that for any integers 0 < £ <
p+1,anym e RY — N, there are constants ¢ > 0, No € N such that the lower bound

_3_ —N
|Fh g s Ay )| = €1t Rng + Ay ) 7P (Ihng — Anyay | + 14+ An) 0 (7.2)

holds true for any (no, ... ,np41) € NP2 — S where (An)nen is given by (3.4), Ay by (3.6), and S}"
by (5.10) with w¢(j)=—1for j=0,...,¢,and w,(j)=1for j=¢+1,...,p+ 1.

This proposition is an analogue of Theorem 2.3.1 in [10]. Let us assume that Any, An, ., >
Anys---,An, and briefly explain the way of the proof of (7.2). The reader may refer to [10] for more
details. We first notice that one only needs to show that, for any compact interval I C (0, +00), the
measure of the set

{mer;

Ff(hngs - dnpo)| <7}

where r is the right-hand side of (7.2) with c replaced by «, goes to zero as « tends to zero. Using
tools of subanalytic geometry, the interval I may be written for any fixed nog,...,np41 as the union
of a uniform number of intervals on which |8F§1/3m| can be bounded from below by a large negative
power of small frequencies (1 + An, + -+ + Ap,), and of a remaining set. On each of these intervals,

since we have |3Ff,/om| > C(1 + An, + -+ + Ag,) ™1, we then take F{, as a coordinate so that we

can estimate the measure of this interval by Cr(1 + Ay, +--- + Anp)Nl. Taking the expression of r
into account, we get an upper bound of the sum of these quantities in ng,...,np41 by a constant
which goes to zero as o tends to zero. Also using tools of subanalytic geometry we can show that the
measure of the remaining set, on which we have [9F%/0m| = O (1 + An, 4 -+ + An,) N1, is small and
goes to zero as « tends to zero. This shows that (7.2) holds true for all (ng,...,np41) € NP+2 — S({,)‘“’
when m is outside a subset of zero measure in I.

For the difference between the estimate of type (7.2) in [5] and ours, one has to take into account
the multiplicity of the eigenvalues of v/—A on T¢ in the framework of [5], while in our framework,
the multiplicity of the eigenvalues does not play any role. Simply speaking, with the same reasoning
as above, after getting an upper bound of the measure of the intervals on which |dF/am| > C(1 +

7
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Ang oo )»np)_N1 and that of the remaining set, one has to take the sum over ng,...,np41 € Z% in
the framework of [5], while in our method we only need to sum over ng,...,np4+1 € N. This makes
the estimate different.

We shall need another proposition which is nothing but Proposition 2.1.5 in [5]. Before stating it,

let us introduce some notations. For m € R”jr, £jeR, j=0,....,p+1,e=(eg,...,epy1) €{—1, 1}p+2,
define
p+1
Fiy o, - Epr1) = )_ej /m? +&2. (73)
j=0

When p is even and #{j; ej =1} =p/2 + 1, denote by N© the set of all (n,...,np+1) € NP2 such
that there is a bijection o from {j; 0<j<p+1, ej=1}to {j; 0<j<p+1, ej=—1} so that for
any j in the first set nj =nyj). In the other cases, set N© = ¢.

Proposition 7.2. There is a zero measure subset N of R%_and for any m € R — N/, there are constants ¢ > 0,
No € N such that for any (no, ..., np11) € NPT2 — N© we have

I O+ 2y )| = €1t Dy -+ + Ay )N (7.4)

Moreover, if epe 11 = 1, we have the inequality

S g - Anpan)| = €1+ Aing + Anyy ) (4 A+ Ay + -+ Ay )N, (7.5)
8. Energy control and the proof of the main theorem

We shall show in this section that the H® energy is finite on an interval so that the solution
does not blow up on it. As we have pointed out in the introduction, we shall perturb the Sobolev
energy in such a way that the time derivative of perturbations will cancel out the main contribution
to that of the Sobolev energy, up to remainders of higher order. Moreover, the perturbations should
be controlled properly. We first introduce some notations. When M(uy,...,up41) is a p + 1-linear
form, let us define for 0 <£<p+1,

L
Ly (M)(ui, ... upy1) = —AnMUui. ... upy1) — Y M1, ..., Aplij, ... Upy1)

j=1
p+1
+ Y M@ui,.... Aplj, ... ups1) (8.1)
j=t+1
and
LZ_(M)(U], ey up—H) = _AmM(ul, RN up—H) - M(ula ey up’ Amup-H)

L
—ZM(U],...,AmUj,...,uP+1)
j=1

p
+ > M@ui..... Aplij, ... Upy). (8.2)
j=t+1
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Let x :R — R be a cut-off function supported with small support.
We shall need the following lemma:

Lemma 8.1. For any p > 0, let N be the zero measure subset of R% defined by taking the union of the zero
measure subsets defined in Propositions 7.1 and 7.2, and fix m € R} — N. Let wy, @y be defined as in the
statement of Proposition 6.1. Then there is a v € N such that the following statements hold true for any large
enough s, for any integer p with k < p < 2k — 1, for any integer £ with 0 < £ < p:

(i) Let 6 € (0, 1), MP € GV 22N MY TL5"2(wy) and MP € MY:ZE 71 (@,). Define

p+1,8 p+1,8 p+1,5

MYy, .o uprn) = MY (X (€¥9 Am)un, ..., x (67 Am)up1). (8.3)
Then there are M?© € /\7;]:';:55_1 (w¢) and MY € ﬂ;ﬂ:;kz (@e) satisfying
Ly (My©)(ur. ... up1) = M{ (ur, ... up),

Lf (M7)(u1, ... ups1) =My, ..., tpi) (8.4)

with the estimate,

H ME’E ||Mv+\7,2571 < CG_(2+p)0K HM?

H v,25—2,
p+1,8 M

p+1.8

| a7 ||M;ﬂ;§s—2 <C|| My HMgfgj;’ (8.5)

where || - ”M;fl 5 is defined in the statement of Definition 5.1.

(i) Let R} € ﬁ;ﬁ (@), R € ﬁ;ﬁ (@y). Then there are RY € ﬁ;i‘;”zs(a)g) and RV € 7%;:[‘1_”23(5)@) such
that
L, (RY)(ur, ..., upp1) =RV (u1, ..., ups1),

L (RY)(ur, ... upr1) =R (ua, ... upya). (8.6)

Proof. (i) First we have M}€ e /\7;1‘]1’(235_2(605) by assumption. We then substitute in (8.4) IT,,u;

foruj, j=1,...,p+1, and compose on the left with IT,,. According to (8.1), equalities in (8.4) may
be written as
1/ p.€
—Fp(Angs - -+, )hnp_H)HnoMg (I uq, ..., H”p-H Upt1)
= HHOME’E(HTH Uy, ..., an+1 up—i—l),
FI’(;)()"H()» ceey )anﬂ)nnoMg(nnl ug, ..., an+1up+l)

= Ty, M} (ITnyu1, ..., Iy, Upt),s (8.7)

where F,fl is defined by (7.1) and 75,(;) is defined by (7.3) with
602---:€g=€p+1=—1, €g+1=--~=€p=1.

When considering the first equality of (8.7), we assume its right-hand side does not vanish. By the
definition this implies
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Ang — Anpo | <A (Mo, Mpy1) ¢ Sp" (8.8)

with S;f)‘ the same as that in Proposition 7.1. Therefore the assumptions of Proposition 7.1 are satisfied.
Thus for any p > 0, there is a zero measure subset A/ of R, such that we have by (7.2), (8.8) and the
condition Any + An,,, <€ %%

-1 N,
|Ff g s 2y )| < CA+ Ang + Ay )P (Ing = Anpay | + 1+ An) ™
< Ce™ PR 4 dng + Ay ) (1 + 2)O (8.9)

for some Ny > 0. Consequently, if we set

M?ye(ula s Uppl) =— Z Ff;».()»no, cees )»np+1)7lnnoMg’€(Hn1u1’ s H"p+1up+1)’ (8.10)
¢Sy

we obtain according to (8.9) and (5.2) that M}€ e ﬂ;i‘ljﬁs—l(a)g) with the first estimate in (8.5)
with b = Ng +d.

When considering the second equality of (8.7), we also assume its right-hand side does not
vanish. Therefore, we know from (5.9) with M replaced by Mf that there is no bijection o from
{0,....¢,p+1} to {£+1,...,p} such that nj =ns;, j=0,...,£, p+ 1. Consequently, the condition

of Proposition 7.2 is satisfied and we may use (7.5). We d1v1cle in both sides by F, F© and add up all
these nonzero components as in (8.10) to get an element Mz- which is easily seen to be in the class

M;Hfs 2(&,) for some v. This completes the proof (i) of Lemma 8.1.

(ii) We deduce again from (8.6)

_Ff;,l()\,no, . )\,np+1)HnOBg(Hn1u], ey an+] uP+]) = HnORE(Hnlu], ey an+] up+]), (8.11)
Féqe)()»no, cees )»np+1)17noE§(nn1ul, ) H”p+1up+1) = Hnoﬁg(ﬂn1u1, T H”p+1ul’+1)’ (8.12)

where F,ﬁ and F,S? are the same as in (8.7). Since Rf € ﬁ;fi (wy¢), we have (ng, ..., Np41) ¢ S;f" if the

right-hand side of (8.11) does not vanish. This allows us to use Proposition 7.1 to get for some Ny > 0
-1
|FE s -+ Ange)| <O+ Ang + Any 4+ Any )N H4

Dividing (8.11) by —Ff,, we define as in (8.10) an element RY in RVTV25(4,) with D = Ng + 4. With

p+1
the same reasoning we may use the inequality (7.4) in Proposition 7.2 with eg =---=e; =ep11 = —1,
er1=---=e, =1 and get from (8.12) an element R} ¢ R;ff %5 (&) for some . This concludes the

proof. O

Proposition 8.2. For any p > 0, let N be the zero measure subset of R*_ defined in Lemma 8.1, and fix m €

— M. Let O be defined in (6.5). Then there are for any large enough s, amap ©}, sending H*(T%) x (0, 1/2)
to R, and maps ©2, ©2, ©% sending H*(T¢) to R such that there is a constant Cs > 0 and for any u € H*(T9)
with ||u|lgs < 1 and any € € (0, 1/2), we have

1011, €)] < Cee= @Iyt |0l w)| < CillulF?, j=2,3,4, (8.13)

and such that

R < ¢ o [0s(ut, ) =5 (utt, ), €) — 07 (u(t, ) — 67 (u(t, ) = O (u(t, )] (814)
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satisfies

[R@W)| < Coe™ PP u 252 + Coe® Jullg + Collu 352, (8.15)
Proof. Considering the right-hand side of (6.6), we decompose

M1, upe) = MPS(ur, oo up) + VS, upt), (8.16)

where the first term in the right-hand side is given by (8.3) and the second one is the sum of terms
like

My (1 (€C Am)ur, ..., xp41 (€0 Am)up 1), (8.17)

where yj=x or1—x, j=1,...,p+1, and where there is at least one jo € {1,..., p+ 1} such that
Xio=1—X.

We claim that the H* norm of V}*“(u1,...,up41) is controlled by Ce?<? ]_[5.’:3 lujlips for large
enough s. To see this, we first note that

U1, ..., ups1) > MY (xa1 (eKeAm)uL...,XpH (e"eAm)upH)
defines an element of g;jff;z since M} e ggffj. Then if jo € {1,..., p} is such that xj, =1— x,

without loss of generality, we take jo =1, i.e.,, x1 =1 — x. Then by Proposition 5.6 with s replaced
by s —2 and t =2s — 2 we bound the H™® norm of (8.17) from above by a constant times

p
|1 =0 (% Am)ur | oo [ T 1utjlpso l1upa lpgs-—2- (8.18)
j=2

But
|1 =0 (Y Am)ur | yso < C€CST% Jluy |1y < Ce* Jluy s

if s> sg -+ 2. Then we get an upper bound of H~S norm of (8.17) by Ce2<? ]_[f;l llujlips. Now if
jo=p-+1issuch that xj,=1— x, ie, xp+1 =1— x. Again, by Proposition 5.6 with s replaced by
s—2and T =2s — 2, the H™® norm of (8.17) is bounded from above by a constant times

p
[T 1wl | (1= 30 (€ Am)ttpsa | 1oz
j=1

which turns out to be controlled by Ce?<? ]_[?:]1 l|uj |l ps. This proves our claim.
Consequently, the quantity

2k—1 p

> Rei(VPC@, ..., u, ... u),u) (8.19)

p=K £=0

is bounded form above by the second term of the right-hand side of (8.15) if ||u|lys < 1. In the rest
of the proof, we may therefore replace in the right-hand side of (6.6) MY by M}“.
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Applying Lemma 8.1 to M}*¢, MP, R, RY gives MD'€, My, RY, R} . We set

-1 p
d(utt, ), €) = ZZ e(MYe(@,....u,u,...,u),u),

p=k ¢=0

2k—1 p
OF(u(t,)) =Y > Re(Mj(i,.... 0 u,... u i) u)

p=k ¢=0

p

63 (u(t, -) =ZZ (RP@@, ...t u,...,u),u),

N
.—L

Mn

K—

O (u(t, ) = Re(R} (@, ... U, u, ... u,i),u). (8.20)

=
I
=

~
Il

o

The general term in (~)S1 (u(t, -), €) has modulus bounded from above by
IMP€@, ... i, w)| sl s < Cem FPo yjit?

for u in the unit ball of HS(T%), using Proposition 5.2 with 7 =2s—1 and (8.5) in Lemma 8.1. This
gives the first inequality in (8.13). We apply Proposition 5.2 to Mg, remarking that if in (5.3) T =2s—1

and s is large enough, the left-hand side of (5.3) controls the H~ norm of Mf u,...,u,u,...,u,u.
We also apply Proposition 5.8 with T = 2s in (5.23) to R?, Ef. Then if sg is large enough, the left-
hand side of (5.23) controls H~5 norm of Bf(ﬁ,...,ﬁ,u,...,u} and Ef(ﬁ,...,ﬁ,u,...,u,ﬁ). These

give us the other inequalities in (8.13). Consequently we are left with proving (8.15). Remarking that
we may also write the equation as

(Dt—Am)uz—F<A;1<”;ﬂ>>, (8.21)

we compute using notation (8.1)

2k—1 p

%@;(u,e):ZZRel MV Y@, ....0,u, ... u),u)
p=K (=0
2k—1 p
+ZZZRe1Mp€(u LF o tu, . ), u)
p=K =0 j=1

2k—1 p p+1

= >3 > Rei(MP“@.....u.u,....F, ... u),u)

p=Kk (=0 j=(+1

2k—1 p

+ > > ReilMPC(, ... i,u, ... u), F). (8.22)

p=Kk {=0

By assumption on F, we have by Lemma 4.2 ||F(v)|pgs < C||u||"+] if s is large enough and

lullgs < 1. Since M€ € /\/l”" 25=1(wy), we may apply Proposition 5.2 with T = 2s — 1 and (8.5)
to see that the last three terms in (8.22) have modulus bounded from above by the first term in
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the right-hand side of (8.15). When computing & ©(u), noting that we have replaced MY by MP*“,
the first term in the right-hand side of (6.6) is the first term in the right-hand side of (8.22)
because of (8.4). Consequently, these contributions will cancel out each other in the expression
410(u) — O] (u, €)]. We compute

2k—1 p

—() (u) = Z X:RezL“L MK U,...,u,i),u)

p=Kk (=0
2k—1 p ¢

+ Z ZZRei(Mf(ﬂ,...,F‘,...,ﬁ,u,...,u,ﬁ),u)

p=k (=0 j=1

2k—1 p

_ZZZR“ME(” Y R TRTYNT)

p=Kk (=0 j=(+1
2k—1 p
+ 3> ReilM{ (@, ....du,....u, F),u
p=Kk =0
2k—1 p

+ > Y ReilMy (@, ... 4, u,... u,0)),F) (8.23)

p=K (=0
Since M ¢ M;i‘l) 25-2(%,), we have by Proposition 5.2 with 7 = 2s — 1 and (8.5) that the last four
terms in the right-hand side of (8.23) are estimated by the last term in the right-hand side of (8.15)
if s is large enough. The first one, according to Lemma 8.1, cancels the contribution of Mf in (6.6)

when computing R(u). We may treat @53 (u) and @;‘ (u) in the same way using Proposition 5.8 with
T = 2s, and this will lead to the third term in the right-hand side of (8.15). Finally, the last term
in (6.6) contributes to the last term in the right-hand side of (8.15). This concludes the proof of the
proposition. O

Proof of Theorem 2.1. We deduce from (8.14) and (8.15)
Os(u(t, ) < Os(u(0, ) — O} (u(0, ), €) — O (u(0, ) — O (u(0, -)) — O (u(0, ))

+ Ol u(t, ), €) + O (u(t, ) + O (u(t, ) + O (u(t, )

t

+CS€_(2+;0)9K-/‘H ( )H2K+2dt +C5629K/Hu HK+2
0
t
4G [ ute )5 e (8:24)
0

Take 6 =1/(4+ p) and B > 1 a constant such that for any (vg, vi) in the unit ball of HSt1(T¢) x
HS(T9), u(0,-) = €(—ivi + AmVvo) satisfies |u(0,)||ys < Be. Let K > B be another constant to be
chosen, and assume that for 7/ in some interval [0, T] we have |u(t’, )||gs < Ke < 1. From (8.13)
and (8.24) we deduce that there is a constant C > 0, independent of B, K, €, such that as long as
te[0,T]

Jue, |5 < C[B> + €T KA 1 te %"(KZK+2 + K¥T2) + te K212 ]e2.
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_ 640 . . .
If we assume that T < ce 4, where p > 0 is arbitrary and fixed in advance, for a small enough

¢ >0, and that € is small enough, we get [u(t,-)[%; < C(2B%)€2. If K has been chosen initially so
that 2CB2 < K2, we get by a standard continuity argument that the priori bound |u(t, )||ps < Ke

_6+p _b+p . . .
holds true on [—ce %2, ce #r"], in other words, the solution at least extends to such an interval

_64p, _6hp, 3 e e .
[t| < ce 0 . Note that ce #+" > ce~3/2=P) if ¢ is small and p > 0. This concludes the proof of
the theorem. O
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On growth of Sobolev norms in linear Schrodinger
equations with time dependent Gevrey potential

Daoyuan Fang * Qidi Zhang *

Abstract

We improve Delort’s method to show that solutions of linear Schrédinger equations
with a time dependent Gevrey potential on the torus, have at most logarithmically growing
Sobolev norms. In particular, it contains the result of Wang [7], which deals with analytic
potentials in dimension 1.

Keywords: Sobolev norms ; Time dependent Schrodinger equation ; Gevrey potential

1 Introduction and statement of the theorem

The main goal of this paper is to obtain logarithmic growth of Sobolev norms of solutions of
linear Schrédinger equations with a time dependent Gevrey potential on the torus, using the
method of Delort [4]. Let N* = N \ {0} and let T¢ denote the standard torus, where d € N*. We
consider the time dependent linear Schrodinger equations:

iou—Au+V(x,tHu =0 (1.1)

on T¢ x R. We assume that the potential V is a real smooth function on T¢ x R. Let u, 1 €
[1, +00). We further assume that V is a Gevrey-u function in time ¢ and Gevrey-A in every space
variable, i.e., V(x, t) satisfies estimates

sup sup |0¥ 07V (x, 1) < CFH (k1 (at)? (1.2)

teR xeTd

for any k € N, for any @ € N? and for some constant C independent of k and a.

We prove the following result:

Theorem 1. There exists { > 0 independent of u and A such that for any s > 0, there is a
constant Cy 4 > 0 such that

lu(®lls < Csp.al 10g(2 + [IDIH ()5, (1.3)

where u(t) is the solution to (1.1) with the initial condition u =4 u(0) € H*(TY).
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Remark 1.1. Wang [7] obtained (1.3) with the exponent ‘{ulds’ replaced by ‘s’ and Cs 4
replaced by C under the assumption that the dimension d = 1 and that the potential V(x,t) is
bounded and analytic in space and time on Q (p > 0 is a constant) when 'V is identified with
a periodic function on R¢ x R, where

Q= {(x,) €CXC : |Imx| <p, |Imt|<p}.

When d = 1, the assumption we made here on the potential V is weaker than the assumption
that V is analytic both in space and time on the strip Qj, since the latter implies that V is a
function of Gevrey-1 in time and Gevrey-1 in space. Moreover, our result concerns the case of
any dimension d € N* instead of just d = 1.

Remark 1.2. One may assume that V(x,t) is a Gevrey-u function in time and Gevrey-A; in
space variable x; for 1 < i < d with u, A; € [1,+00). However, this leads to (1.2) if we take
A=max{4A; : 1 <i<d}, and thus we may obtain the same result.

The problem of finding optimal bounds for ||u(t, -)||zs has been addressed by Nenciu [6]
and Barbaroux et al. [1], in the abstract framework of an operator P (instead of —A) and a
perturbation V/(f) acting on elements of a Hilbert space, when the spectrum of P is discrete and
has increasing gaps. This condition is satisfied by the Laplacian on the circle. It follows from
the results of [6, 1], that solutions of (1.1) verify

llu(t, s < CeltlNlu(0, Hllps (1.4)

when ¢ goes to infinity, for any € > 0. Later, Bourgain [3] proved that a similar bound holds for
solutions of (1.1) on the torus T¢. The increasing gap condition of Nenciu [6] and Barbaroux
et al. [1] is no longer satisfied, and has to be replaced by a convenient decomposition of Z¢ in
well separated clusters. Delort [4] recently published a simpler proof of the results of Bourgain
(included for other examples of compact manifolds than the torus), which is close to the one of
Nenciu and Barbaroux-Joye. If one further assumes that V is analytic, and quasi-periodic in ¢,
then it was showed by Bourgain [2] that (1.4) holds with (1 + [¢])€ replaced by some power of
logt when ¢t > 2. When the dimension d = 1, for any real analytic potential, whose holomor-
phic extension to Q; is bounded, Wang [7] showed that one may still obtain such a logarithmic
bound, using the method of [3]. In this paper, we improve the method of Delort [4] to provide
a new proof of the result of Wang [7] and extend it to any dimension d > 1 and to Gevrey
regularity.

There are also some results about uniformly bounded Sobolev norms. Eliasson et al. [5]
have shown that if the potential V on T¢ x R is analytic in space, quasi-periodic in time, and
small enough, then for most values of the parameter of quasi-periodicity, the equation reduces
to an autonomous one. Consequently, the Sobolev norm of the solution is uniformly bounded.
A similar result for the harmonic oscillator has been obtained by Grébert and Thomann re-
cently. For Schrodinger equations on the circle with a small time periodic potential, Wang [8]
showed that the solutions of the corresponding equation have bounded Sobolev norms.

Now let us give a picture of the proof of Theorem 1. For any given N € N*, one first finds
for every fixed time ¢ an operator Q" (-, ), which extends as a bounded linear operator from
HN(T%) to HY(T9) such that

I+ QY1) (0, — A+ V)T + OV (-, 1) = i0; — A+ Vi (-, ) + Ry (-, 1) (1.5)

with self-adjoint operator Vy, exactly commuting to the modified Laplacian A (see (2.4) for
its precise definition) and R}, a remainder operator which is essentially a bounded linear map
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from L2(T9) to HY(T¢). Moreover, we also require that the adjoint of 0" in the usual L2 paring
(denoted by QM (-, 1)*) extends as a bounded linear operator from HV (T%) to HY(T%). In order
to obtain the estimate for the solution u of (1.1), one needs to ‘invert’ the operator I + QV, that
is, to find an operator PV, which extends as a bounded linear operator not only from H™(T¢)
to HY(T9), but also from L*(T¢) to L2(T%) , such that

I+ OV, 0)I + PN(,0) =T+ Ry(-, 1) (1.6)

where Ry is a remainder operator such that [id, — A + V, Ry] sends L*(T?) to HV(T¢). Now by
setting
v=~+P"u, (1.7)

we deduce from (1.5), (1.6) and (1.1)
@0, —A+Vyyv=>U+ OV)*[id; — A+ V,Ry]u — Ryv. (1.8)
Remarking that the modified Laplacian has the property that
CMIA =Ml < =B Full2 < VI - M) Ful2

holds for any u € H(T%) and for some uniform constant C, then we let the operator (1 — A)%
act on both sides of (1.8) and deduce from the energy inequality

t
Iv@llgy < CNlIVO) v + CN](; I+ Q)*[i6; = A+ V, RyJu(®llgn + IR\l dt,

which together with (1.7), the conservation law of the L>-norm of (1.1) and the properties of
those operators we have constructed, implies

IVOllgy < CNIVO)lgy + Cnlelllu(O)l| 2. (1.9)
We then use (1.6), (1.7) and the properties of the operators to deduce
@l < Ca(lle(O)llzn + 2 + DI(O)l2). (1.10)

Remark that the above constants Cy may be different in different lines and they depend on the
norms of operators which appear in the above process. Since (1.10) holds for any N € N*, if we
have good estimates for Cy (we shall finally see that Cy can be controlled by C" times a power
of the factorial of N), then the theorem will follow by interpolation just as we shall do in the
last section. There are two difficulties. The first one is that we have to carefully choose those
operators Q" so that the above process can go on. The second is to obtain proper estimates
for Cy, which means that we have to estimate the norms of operators and remainders for every
N € N* in the above process.

The paper is organized as follows. In Section 2, we introduce the spaces and give their

properties we shall use. Then we construct the operator in these spaces to conjugate the original
equation in Section 3. The last section is dedicated to the proof of the main theorem.

2 Definitions of operator spaces and their properties

Let us introduce some notation.
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Notation 1. We denote by I1,, the spectral projector on L*(T?) defined by

einx einx
it = s g "€ e
ForaeRandb € R, we set
a, = max{a, 0}, (by = (1 + p|»)'/2, (2.2)

By A < B we mean that there is an absolute constant C > 0 such that A < CB. For s € R,
denote by H*(T¢) the Sobolev space consisting of u € L*(T%) with its norm

il = (D > LuR,) " < +eo. (23)

nezd

Using the following proposition which is just Lemma 3.2 in [4], we shall give an equivalent
characterization of the Sobolev space H*(T¢) when s > 0.

Proposition 2.1 (Bourgain). Let o € (0,1/10). Then there are 7y € (0,0), ¥ > 0 and a
partition (Ag)aen Of 74 such that

o Yo e A VneAy, Yn' €Ay In—n'|+|nf =0 <y +max(|nl, |n'|);
o Va,BeN a# B Vne Ay, V' €Ag In—n'|+nf - |n'*| > max (|nl, |n'|)™.

M, = ZH,,.

neA,

Notation 2. We denote for a € A

For any a € A, we choose n(@) € A, and define

Ru=="n(@) T (2.4)
aeA
By definition we know that
[A,A]=0, [id,,A]=0. (2.5)
For s € R, let H* (T%) be the space consisting of those elements u € L2(T%) with its norm
lllgzs = ( (@) Ipul},)"/? < +oo. (26)
aeA

By the first condition in Prgposition 2.1, we deduce that there is a constant Cy > 0 such
that for any s > 0, for any u € H*(T%)

Co’llullg, < llullms < Collullg- (2.7)
We introduce some operator spaces which will be used in the next section.

Definition 2.1. Let M > 0, p > 0, 1 € [1,+00), 7 € (0,1], 6 € {0, 1} and j € N. We denote by
L(M,p, A,6) the space of smooth families in time of linear operators Q(-, t) from C*(T%) to
2'(T%) such that there is a constant C > 0 independent of M and p, for which one has

. 2’
||Hn6fQ(~,t)Hn/||L(L2) < CMIHFo-1: [(k +(j+06- 1)+)!]max( )

- B 2.8)
x e Pl n’)‘(‘”z)(l + max (|n], |n'|)) "1

’
(1= <

for any k € N, any n,n’ € Z%. The best constant C will be denoted by ||Q||%’p A0 This defines
a seminorm of.E;j(M,p, A,0).
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The notation ||Q||§."§P’“)

no confusion.

will be abbreviated to [|Q||;, s when M, p, A, T are fixed and there is

Remark 2.1. In comparison with the space introduced in Delort [4], we have added a cut-off
in the definition, which depends on the size of j. This ensures that the composition of two
elements in the space is essentially in the same space and the seminorm can be controlled by
an absolute constant times the product of those of the original two operators. This will be
described precisely in Proposition 2.7 and it is important to obtain the logarithmic growth of
Sobolev norms.

Remark 2.2. As we shall see in Proposition 3.2, we chose the quantity
MFHGH=D [k +(+06— D™ @1 4o ensure that all the operators which will be used to
conjugate the equation (1.1) are in the same type of space, i.e., L' (M, p, A,6).

Definition 2.2. Let M > 0, p > 0, 4 € [1l,+00), T € (0,1], 6 € {0,1} and j € N. We

denote by L J (M, p, A,0) the subspace of L; i (M, p, A, 9) consisting of those elements Q(-,t) €

- (M, p, A,0) such that (2.8) holds with the cut- oﬁl I max (k') replaced byl ne
T0(1+/)

max (|nl.Jn’]) }.
T102+))

-n’|<

We also denote by ZT_j(M p,4,0) the set of those Q(-,t) € Z_j(M,p,/l,é) such that (2.8)
holds with the cut-off 1 | s D replaced by 1 where T

| 10(1+j)
is given by Proposition 2.1.

n|< S

max (|n,|n"])
/| <D 2 21> -+ O Y

We shall also define some other convenient subspaces of Z; J (M, p, A,06) and ZT_](M, P, 4,0).

Deﬁmtlon23 Let M > 0, p > 0, 2 € [l,400), 7 € (0,1], 6 € {0,1} and j € N. We
denote by .[:TD(M p,4,0) (resp. .[:T ND(M p,A4,0)) the subspace of.E ](M 0, 4,0) given by

those operators Q(:,1) € L ](M p,4,0) such that for any o, € A with a # B (resp. any
a € A)I1,Qllg =0 (resp. I QHQ = 0). We also set

Lop(M.p,2,0) = L, (M.p,4.6) 0 L, },(M, p, 4.6,

ZTT[éD(M’p’ /l? 6) = ZT_](Ma P, /L 6) m Z‘I_',;VD(M’ pa A, 6)

Proposition 2.2. It follows by definition that if Q is an element of .Z;Z(M, p,4,0) or ZTjg(M, 0,4,0),
then we have [A, 0] =0.

Notation 3. Let M >0, p > 0, 1 € [1, +00), TE (0,1], 6 € {0, 1} and j € N. If Q is an element
of L' (M, p, A,6) (resp. Z;](M,p, A,0), ZT_J(M,p, A,8)), we denote

Op =) M,0M,, QOnp= ) T,Olp. (2.9)
aeA a,BeA
a#f

By definition we immediately have

1Opllj,s < 1Qllj5.  11OnDIljs < 11Ol s
Op € L) (M.p, 4,6) (resp. L5 (M.p,4,8), L, p(M,p,1,6)), (2.10)
Onp € L;3p(M, p, 4,6) (resp. L 3p(M,p, 1,8), Loyp(M,p,4,6)).

Proposition 2.3. Let M > 0, p > 0, 1 € [1,+0), T € (0,79], 6 € {0,1} and j € N*. Here 1
is given by Proposition 2.1. Assume S € ZT_jf,jD_l)(M 0, 4,0). Then the equation [Q,A] = =S
defines an element Q € L, ’(M 0, ,0) with ||Qlljo < IIS1lj=1,5. If S is self-adjoint, then Q* =
—Q, where Q* denote the adjoint of Q (at fixed time, for the usual L>-pairing).
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Proof. The equation [Q, A] = —S may be written
(' = In)1, O,y = T, ST, 2.11)

To define Q € .E;j (M, p, 4,0), we only need to estimate ||[L, QI || z;2) when it is non zero. So

— —(j-1
we may assume both sides of (2.11) are non zero. Since § € £ ,f,jD )(M, P, 4,0), we then have

max (|n, ')

1
2 72 II\NTO
b > b
10(1 ]) ””l |” | | 1(|”| |” |)

’
|n—n'| <

which, together with (2.11) and the fact T < 7, allows us to deduce

. . max (2, i)
L, QL 22y < IS Wj-1.aM* =D (ke + (G = 1).)1]

) By
x eI G — 'y (1 + max (Jnl, 1)) g

ma: )y -
(In-r|< lgg\lﬂl In |)}

)
This means Q € L;j(M,p, 4,0) and [|Qll;0 < lIS1lj=1,5. If S is self-adjoint, then by (2.11) we
see that O* = —Q. This concludes the proof. O

We shall also need the following remainder operators which raise the order of regularity as
much as we want.

Definition 2.4. Let M > 0, 7 € (0, 1] and j € N. We denote by 7€j_.°°(M, T) the space of smooth

SJamilies in time of linear operators R(-,t) from C (T4 to 9'(T?) such that there is a constant
C > 0 independent of M, for which one has

ITL ARG, Oy || g2y < CMNFTH((G + )™ BN

. (2.12
X (= 'y D1+ max (D) )

forany k € {0,1}, any N € N, any n,n’ € Z . The best constant C will be denoted by |R|§.M’T).
This defines a seminorm of RJ_."O(M, 7).

Similarly as before, the notation |R
there is no confusion.
By definition, we immediately have the following proposition.

|§M’T) will be abbreviated to |R|; when M, T are fixed and

Proposition 2.4. Let M > 1,p >0, 1 €[l,+0), 7€ (0,1]and je N*. IfQ € L;j(M,p, 4,0),
then .
[0, Q] = i0,0 € L' (M,p,2,1) and ||[idy, Qlll;1 < IQll;0- (2.13)

The elements defined in the above definitions may be extended as bounded linear operators
acting on Sobolev spaces.

Proposition 2.5. Let M > 0, p > 0, 1 € [1,400), 7 € (0,1], 6 € {0,1} and j € N. Let
Q € LM, p,A,6). Then for any k € N, Gf Q extends as a bounded linear operator from
H5(TY) to H*17(T¢) for any s € R. Moreover, its operator norm, denoted by ||(9]le| L(HS HiTy

satisfies
max (2, 1)
b

165 Oll zrrs w17y < CYNQIsMMHHO D (K + (j + 6 = 1),)1)

where C1 > 1 is an absolute constant. Recall that by A < B we mean that there is a constant C
independent of any other quantities such that A < CB.

(2.14)
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Proof. Assume u € H*(T?). Since |n — n’| < %’W implies Cl‘l(n’) < (n) < Ci{{n’) for

some absolute constant C;, we compute using (2.8)

16 Qully.ye = > (> VNI, 0 Quil?,

nezd
. 2
< (D) I, Gf Oy ully2)
nezd nezd
< D (D0 TN M I (ko (46 = D
nezd nezd

; 2
—(d+2 —
X (n = n'y" D1+ max (Il 1 D)L i [Tl 2)
ln=n'IS o

< C%ISIHQ”i6M2(k+(j+6—l)+)[(k + (] +6— 1)+)!]2max(2,,u)
I\ — ’ 2
x (D =y Rl
nezd nezd
2| i+0— . 2 2,
< CPMQIG sM* ST (ke + ( + 6 = D)™™ Pl 7.,

where in the last step we used Young inequality. The conclusion follows by taking the square
root of both sides. O

Proposition 2.6. Let M > 0, 7 € (0,1] and j € N. Let R € RJ_.‘X’(M, 7). Then operators R(-, 1),

AR and [A, R] may be extended as bounded linear operators from H=5(T?) to H=5*"(T¢) for
any s, s’ > 0 and any m € N. Moreover, for any k € {0, 1}

s+ 1

D,

T
(2.15)
s+2])!’

T

sty . 2,
1 RI g5 -5 +omy S IRM™ TG )™ 20 o 4 [

s+2 .
[I[A, R]Hl(H*S,H*S'“m) < |R|jM’n+[T]+](j!)max(2,/1)(m +[

where [-] means the integer part of a real number.

Proof. Let s > 0, s > 0,m € N, u € H™5(T9). For k € {0, 1}, we have by (2.12) with
N =m+[H]

ORI, e = D )72 L, Ru |1

H-s +mm
nezd

’ sty j +1
< SIS R M k)™ G 4 ).
nezd wezd T
- s+l 2
X (n = n'y" (1 + max (Jnl, ')Vl 2
s+1
T

< IREMPO TR (ot 1) ™ G [+ [ 2= 1]

2
x | D=y D) 2 |
nezd nezd
s+ . +1
< IREMP IR k1™ O D! Pllaly -
T
where in the last step we used Young inequality. The first inequality of (2.15) follows by taking

the square root of both sides. The second inequality follows by a similar argument and by
noting that [|n|* — [n'[| < (n —n’)(1 + max (n|, |n])) and taking N = m + [££2] in (2.12). O

When one conjugates the original equation, one needs to compute the composition of two
elements in £,’(M, p, A, 6) and the commutator [id;, Q] for Q € L.'(M, p, A, 0). First of all let
us introduce some notation before we give a precise description of that.
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Notation 4. Recall that Q* denote the adjoint of Q € L;j (M, p, A,9) (6 € {0, 1}, at fixed time,
for the usual Lz—pairing). IfQi€ L7 (M,p,A,6)), ji €N, 8; € {0,1}, i = 1,2, we then denote

M(Q1,0) = Y T(Qr 0 Oyl i

102+ +72)
n,n’ezd (2.16)
R(Q1,00) = D (010 Oy, . i
n’n’ezd 102+j1+Jjp )
We shall also denote
M (Q1,Q2) = M(Q1,02) + [A(Q1, 0], 2.17)

Z'(Q1, 02) = Z(Q1, 02) + [Z(01, Q)]".

The operator .#(Q1, Q,) is the main part of the operator obtained by composing Q; and
0,. As we shall see, it essentially falls into the same operator class as the original ones.
The remainder part, i.e., Z(Q1, Q) is a regularizing operator. Moreover, .Z’(Q1, Q>) and
Z'(Q1, Q) are obviously self-adjoint. Remark that for p > 0, 2 € [1, +00), T € (0, 1], denoting

. 2 1 o)
QO(P,/LT) - mln(601/(2/l)( 100) (p ) (30\/5)1//1)5 (218)
we have that
exp{ - 5 ) 1+ 0 Cgp O < expl— oo, A0+ D) (219)
holds for any x > 1, any ¢ > 0. Denote
01(p,7) = 1+ max [0 (p, 1 0] (2.20)
>

Proposition 2.7. Let p > 0, 4 € [1,+0), 7 € (0,1] and j1, j» € N. Let M > 6(p, 1) and
j=ji + jo. Assume Q1 € L' (M, p, 2,0) and Q> € L7(M, p, A,0). Then one has

Q10 0y =M (Q1,02) + Z(Q1,02) (2.21)
with

M(Q1, ) € L (M, p, 4,0), 1. (Q1, O2)llj0 < 11Q1llj,.0l1Q2ll)5.0,

- 1 (2.22)
Z(Q1, Q) € R;¥(M, ﬁ), |Z(Q1, Q2)I; < 101l 0l1Q211,.0-
Proof. We only need to check (2.22). For k € N, we have by (2.8)
T, 0F A (Q1, O ll gz2)
ki k
< > (k ) 2, 107 Q1TTel g2 10 QT a2y s,
ki+ky=k tezd
k . kA Gi= D4 G-,
< Z Z(kl)||Q1”]1,0“Q2”]2a0M 1{|n-nf|<m=;xogg¢_';">}
ki+ka=k tczd
(2.23)

]max 2, 1) ]max 2, )

x [(ki + (Gr = D) |2+ (2 = 1))

X e—p|l’l—n'|% (l’l _ {)—(d+2)<€ _ n/)—(d+2)

x (1 + max (nl, |5|))_j17(1 + max (|(], WD)_M

x 1 i, 1 ey, 1
(=1 S5 A< - <

93



94

Growth of Sobolev Norms 9

where we have use the following inequality:
n— €7+ —n'[" > [n—n'|* whend> 1.

We need to estimate the following two terms:

1Y Z (151) [(kl + (1 - 1)+)!]mu(2’#)[(k2 + (2 - 1)+)!]maX(2’#),
ki tha=k

% the last two lines of (2.23).

To obtain an estimate for I, let us first estimate

r=>3 (,fl ) (i +Gir = D! [k + G2 = D

k1+k2:k

If neither of (j; — 1); and (j — 1)+ is larger than O, then

I = Z klky Yo < 3(k)2.
ki+kr=k

If only one of (j; — 1)+ and (j — 1) is larger than 0, for instance, (j» — 1)1 > 0, then

I'= Z (’fl) [kt P [ + 2 = DI
ki +ha=k

<+ j-DIFP+ > Kkl +jp—1+k-1)...Q+k -1

ki+ko=k
ki>1,kr>1

X(k2+j2—1+k1)...(k2+1+k1)
<3[(k+j - DI,

while if both of (j; — 1)+ and (j, — 1), are larger than O, then
y k . .
r= ) (,q) (G + ji = D!P Gk + 2 = DIP
ki+kr=k

= > Kk +ji= D+ jo—1)!
k1+k2:k

Xki+ji—D...tki+ Do+ jo—1...(kr+ 1)
< Z Kki+j1—1+k+jpp—1D...(0 +ky+ jo — Dk + jo — 1)!
ky+ko=k
Xki+j1—1+ky+jpp—-1)...(k1+1+k+jjr—-1)
Xky+jo—1+k)...(ko+1+ky)
<[(k+j-1T~

Thus we always have
I <3[(k+ (- D) (2.24)

Since :I(;172)+ [ ](,172)

[tk + G- D2 Tk G- D

we have by (2.24)

(ky + (jo = Dy)!

I<3[(k+ (- D)™ @0, (2.25)
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We first assume |n’| > |n| when estimating II. From the cut-offs we deduce |n’| < 2|n| so
that

, o max(al,|n’) || |n|
n—n'| < — = — < —.
102 + )) 102+ j) = 5(1+))
Therefore
-hT r\—JaT
I <(1+In)™ "1+ 1 |"—”’|<5(‘1"+'.,~>}
]T —-n | ]IT
< (l + |l’l |) (1 + | | ) {In—-n |<5(‘1+|])}
<1+ + JT
< (147 5(1+>)

<3(1+ )77
We may get an analogue when |n| > |n’| and thus we obtain
I < 3(1 + max (Jnl, |') " (2.26)
Plugging (2.25), (2.26) into (2.23) and using the fact that

Z (n— €>—(d+2)<€ _ n/>_(d+2) <(n- n/)—(d+2)’ (2.27)
tezd

we obtain

L% (Q1, Ol 12y < NQ1Nj1.0llQ2lljo. oMU~V [(k + (j = 1), )™ )

| .
x e G — (1 + max (il ')

max(\nl In’]) }

{ln—n"1< 505 5

which implies the claims in the first line of (2.22).

We are left with estimating the remainder operator. We have for k € {0, 1}

L5 (Q1, Ol (12

< > Z( )||Hna,klanenw)unga,kzannwu(u)l“n o max

ki +ka=k ¢ezd e

. . k+(j1—D++(j2—1)
< > Z(kl)||Q1||J],0||Q2||]2,0M DD s g,

1022
ki+ko=k tez4 @+

max (2, ) (2.28)

. max (2, u) .
x [tk + Gr= Dtk + G2 = D)
% e—pln—n'ﬁ <l’l _ €>—(d+2)<€ _ nl)—(d+2)
x (1 -+ max (al, 1) """ (1 + max (21, D)~

x 1 max (alie) , 1 max (') 1 max (') | -
{ln_€|< |0(]+_/'1)} {ln/_€|<4|0(1+j2)} {ln_n,|> 10(2+)) }

We only deal with the case |n’| > |n|. The other will be the same. Thus we assume
max (|n|, [n[) = [n’]. (2.29)

We denote by III the last two lines of (2.28). We may assume that III is non-zero when
estimating it. Thus by the cut-offs we deduce

81
_g =
In| > ||_100||

95



96

Growth of Sobolev Norms 11

so that

I < (1 + n)~'"(1 + |0’ D~2"1 <1+ )" ”( )“T

81
{105 17" |<Inl}

Thus by the assumption (2.29), (2.19), (2.20) and the assumption on M, we have

1 1
—pln—n’|2 —pln—n’|2 T J1T
PR | W max(w,m'w}HI < e Pl (I+n'])” i ( ) 1 (> L)

{ln—n'I> 5255 10(2+)
p(10(2+j)) (1 +| |) 17(100)
< P AN+ (2.30)
< (YN (1 + max (hal, I )~
=) :

N Ay ’ _%
< MVN!(1 + max (n), |n'])) " 21.

Plugging (2.30), (2.27), (2.25) into (2.28), we obtain for k € {0, 1} and for any N € N

T84 2(Q1, O ll 12y < Q1111 0llQalljy oMY+ ((j + )Y 1N

X (n = 'y (1 4 max (nl, )5,
which gives the claims in the second line of (2.22) and concludes the proof. O

We also have the following proposition.

Proposition 2.8. Letp > 0, 4 € [1,+00), 7 € (0,1] and ji, jo € N*. Let M > 61(p,7) and
j=j1+ jo. Assume Q1 € L7'(M,p, 1,0)and Q> € L*(M,p, A, 1). Then one has

Q10 Qr = M(Q1,02) +Z(Q1, 02),

(2.31)
020 Q1 = M (Q2,01) +Z(Q2, 01),

with
AM(Q1,02), M (02, 01) € L (M, p, ,0),
1
<%(Ql’ QZ)’%(Q% Ql) ER] (M’ ﬁ)s (232)

1.7 (Q1, Q)lljo + 1.2 (Q1, O)llj0 < QI 0l1Q2l15,15
|Z2(01, Q)| + | 2(Q2, QDI < 10111),.0l1Q2l 5.1

Proof. The proof is the same as that of Proposition 2.7 except that instead of estimating I, we
have to estimate

ey (,f ) (R R (CRAT) R
o=k V!

which is less or equals 3[(k + (j — D)™ ®# if ji, j, € N*. Note that MF*+(1-Ds+i2 <
M**U=D+ fails when j; = 0 and j, € N*. However, we shall only need to use the result for
JisJj2 € N O

The following two corollaries are immediate consequences of Proposition 2.7 and 2.8.
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Corollary 2.1. Under the hypotheses of Proposition 2.7, one has

Q1002+ (Q10 Q)" =.4'(Q1,02) + Z"(Q1,Q2). (2.33)
Moreover, #’'(Q1, Q2), Z'(Q1, Q») are self-adjoint and we have
~ 1
M (01, 02) € LT (M,p,2,0),  Z'(01,02) € R7¥(M, ﬁ),
12" (Q1, @)llj0 < (I1Q111j,0l1Q2lljn0 + 1511 01Q311,.0): (234)

12" (Q1, 02); < (I1Qillj, 011 Qall .0 + 103117, 0l1 Q511 5.0).
Corollary 2.2. Under the hypotheses of Proposition 2.8, one has

Q1002+ (Q100)" =.4(Q1,02) + %' (Q1,02),
02001 +(Q2001)" = M(Q2,01) + %' (02, 01).

Moreover, #'(Q1, Q2), Z'(Q1, Q») are self-adjoint and (2.34) holds. .#'(Q», Q1), Z'(Q2, Q1)
respectively have the same properties as that of #'(Q1, Q2), Z’ (01, Q).

(2.35)

Proposition 2.9. Let p > 0, 1 € [1,+), 7 € (0,1], M > 61(p,7) and j € N*. Let Q €
L (M, p, A, 1). Then one may decompose
0=0+R (2.36)
with
Qe L/M.p. 2.1, Qi1 <1101,
-~ 1 — (2.37)
ReR;“(M, 7). IRi; <110l

Moreover, if we further assume that Q is a self-adjoint operator (for fixed t, Q extends as a
bounded linear operator on L*(T?) by Proposition 2.5), so are Q and R.

Proof. Defining

Z Z . OM L, w|< Dy
R= Z ZH Ol Ly mgaen

we see that (2.36) holds and that the claims in the first line of (2.37) hold true. For k € {0, 1},
any N € N, we have by (2.19) and (2.20)

|ITL, 8¢ RIT,, ll 222y
i . 2, IN—
< QN MH((k + PP — ' y=@+2

« e Pln= nlﬂ(l + max (|n|, |n’ D)~ s max(\nlln’\)

max (|nlln’]) }
10Q2+))

10(1+,)

<|n—n’|<
< QI MF(k + Y™ @0 — 'y @2 CRERDE (1 4 tmax (i, )"
< 0N MM ((k + ™ — n’>—<d+2>e—9o(p’ﬂﬁ>(1+max<|n|,|n'|)m

< QI MY (e + )™ PN = 'y @1+ max (Jal, In') 3

This gives the claims in the second line of (2.37). The last claim in the proposition follows by
the construction of Q and R. This concludes the proof. O

97



98

Growth of Sobolev Norms 13

We shall also need to compute the composition of three elements in L;j (M, p, 4,0). To
do that, we first have to compute the composition of one element in £, (M, p, 2,0) and one in
‘Rj_.""(M, 7).

Proposition 2.10. Let p > 0, 1 € [1,+), 7,7" € (0,1] and ji,j» € N. Let M > 1 and
Jj=Jj1+ jo. Assume Q € .E;,JI(M,p, A,0)andR € RJ_.Z‘X’(M, 7). Then
QoRe R;‘”(ZM, 7), RoQE€ R;W(ZM, 7),

(2.38)
10 0 RIF™T + 1R 0 QP < 10, oIRI),.

Recall the notation |R|5.M’T) in Definition 2.4.

Proof. We need to estimate |[T1,8(Q o R)ILy|| z(;2) and [|T1,8% (R © Q)1 || z;2) for k € {0, 1} and
for any n,n’ € Z¢. By definition, the estimate for I, (2.27), for either k = O or k = 1

ITL,8;(Q o Ryl 12y

k k k
< >y (kl) ITL,05" QTTell ) 1T RTL 2

ki+ko=k ¢c74
k . .
= Z Z (kl) 10llj, olRIj, MM, (ky + (ji — 1),)1]max -0
e 1 (2.39)
% [(kz + jz)!]max(Z,#) N! e—plf—nli (n- 5)—(d+2)<€ B n,>_(d+2)
x (1 + max (jnl, 1€)) '™ (1 + max (1] mw»*ﬁnm%%
< 1101 olR @MYV (ke + T HN!

x (n—n'y" (1 + max (Jul, In')) "N
holds for any N € N, any n,n’ € Z%, where in the last step we have used

(1 + max (|£], |n’|))_TN1{ mas () < 2M(1 + max (|nl, In'l))_TN.
+J1

|—n|< S D

With the same reasoning, we see that the quantity after the last sign of inequality in (2.39)
is also an upper bound of ||Hn6f(R o DIy |l gz2)- Thus (2.38) holds and this concludes the
proof. O

Combining Proposition 2.7 and Proposition 2.10 and remarking that RJ‘.°°(M, T) C RJ‘.°°(2M ,T),
we obtain:

Proposition 2.11. Letp > 0, A € [1,+00), 7 € (0, 1] and M > 6,(p, T) with 6, defined by (2.20).
Let ji, j2, j3 € Nand j = ji + jo + j3. Assume Q; € L)' (M, p, 4,0), i = 1,2,3. Then one may
decompose

Qro0Qro03=0+R (2.40)
with
Qe L£/(M,p,,0), 1Oll.0 < 11Q1llj,.0l1Q211j.011Q511 3.0,

1 M, 5) (2.41)

ReR;™(2M, 57 IRl < 11Q1ll1.0l1 Q211501931 3.0,

. MY L L . ..
where the notation |R|§. 20) is indicated in Definition 2.4.
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By (2.40), its adjoint equation and (2.41) we have the following corollary which is an
analogue of Corollary 2.1.

Corollary 2.3. Under the hypotheses of Proposition 2.11, one may find self-adjoint operators
Q € L/ (M,p, 2,0), R € R;™(2M, 33) such that

Q1002003+ (01002003 =0+R (2.42)

with

nwm<[P@mm{T@m
( M, ) :
g I]HQJMQ*‘T]HQﬂMﬁ)
i=1 i=1

(2.43)

3 Conjugating the equation

The goal of this section is to obtain the following: Roughly speaking, for any given N € N*, we
want to conjugate the operator id; — A + V into id; — A + V, + R}, with V, exactly commuting
with the modified Laplacian A and R), essentially being a bounded linear operator from L>(T%)
to HV(T9). The process is essentially an induction. Before giving the precise description of the
statement, we first present the following proposition.

Proposition 3.1. Let V(x,t) be the potential in the equation (1.1) so that it satisfies (1.2).
Let T € (0,1] and p € (0, 3]C] where the constant C is the same as in (1.2). Then one may
find M > 0 such that for any M > M, the multiplication operator generated by V(x,1) may
be written as Qv + Ry with self-adjoint operators Qy € LO(M p,4,0), Ry € Ry™(M, /l)
Moreover,

IQvlloo < h(2, d), IRvlo < h(a, d), 3.1
where 6CA(d+ 2
Ad+2
h(/l, d) — C2/ld+d+2(¥> @+ ) (32)
e
Proof. By (1.2), we know that
‘ f noV (x, e dx | < 2m)? CHHA (k1 y (at)?
Td
holds for any n = (ny,...,ny) € 74, any @ = (a1,...,ay) € N¢, any k € N, any t € R. From
this inequality we deduce
1 Lo dmh3 o nal\5 k
a—l'a—d'(7) ( - ) T84V (x, z)||Lm < CT (kN7 (3.3)
Multiplying 2~(@1*+@) in both sides and then taking a sum over a1, . .., ay € N, using the fact

1 1 1 1 . . .
|n1]2 + - +nglt = (ng|+-- - +|ng))2 > |n|7 for A > 1, we obtain after some simple calculation

1
L0 V(x, )l < 24CH (et empoDInt (34

where 1
po() = A12CH)™".
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Since po(A) — 3% > z¢ if 1> 1 and

’

1 6CA(d + 2)\Ad+2
sup (r)**? eXp{—@r}T} < 2d+2(¥) (@+2)
r>1 o

we have |
C2M exp (=po(Dlnl ) < hd.d) exp (=5 zInl 1) (m)~ 2,

where h(4, d) is given by (3.2). Thus by (3.4),

1
L5V (x, Dl < h(A, d)CH (k! e 3™ ()y~d+),
Therefore if p € (0, %], then

1
L VIl 12y < e @V, Dl < A, dYCEKIY e PV (g — )y ~d+2),
We define
ov=> > VI Ly, ) ms g

nezd n’ezd

Ry=> > VI, s
nezd n’ez4
By the above formulas, for any M > C, we have Qy € ZQ( M, p, 2,0) with
10vllo.o < h(4, d). For k € {0, 1}, we know that
1
”HnafRVHn’”L(LZ) < h(4, d)Cke_% In=nIT 3y — n’>—(d+2)1{

P ’
|n—n’|> max (z\;l)H" D }

~=

< h(A, d)CK(120C)YYNYn = n'y“*2(1 + max (n], In']))

holds for any N € N, where we have used

max (jnl, )1,

1
max (|n|,ln’ > = ! .
| i)y = 2(1 + max (|nl, ')

IfM>M =4 120C, then Ry € R;*(M, %) and [Rylo < h(4, d). This concludes the proof. O

Remark 3.1. Let o € (0, 11—0) and 7y € (0,0) be given by Proposition 2.1. From now on, we
fix T = min (%, %) = 2 and fix p € (0, %]. We also fix M > max (M, 26,(p, 7)) > % so that
all the conclusions in Section 2 and Proposition 3.1 hold, where 0, (p, T) is given by (2.20). We
choose those M, T because they will be used in the argument of the following proposition. Note
that M depends on A, but this dependence does not matter in the sequel.

The main result of this section is the following:

Proposition 3.2. Let m € N* and denote Py = i0; — A. Let K be a large constant. There are
sequences (Q})1<jem (@ <jen satisfying

’ i 13 ’ ’ K]_% j
QJ € LTJ(M’p7 /17 0)’ Qj = _Q] ) ||QJ”j,O < _zh(ﬂa d)Je (35)
J

/ ~G-1) , K :

[Q] ) A] € -ET (M7pa /L 0), ”[Q] ’A]Hj—l,o S J_Zh(/l’ d)]’ (36)
7" —(j+1) 15 7 ’” Kﬂ% J+l

0f € LIV 10. 0 =0 WOl S omh(Ld)™s B
[07.Al€ L/ (M.p,2.0),  [I[Q].Allljo < h(2,d)’*! (3.8)

(+D?
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such that if we set Q; = Q;. + Q;.’, Q" =3",0;

(I+Q™") (P + V) + Q™)

2m+1 2m+1

1 1
=i0 — A+ V"5 3T (SiPo+PoS)+5 Y (RiPo+ PoR))
2 . 2 4
Jj=m+1 j=1 (3.9)
2m+3 2m+3 m
+Sm+1+ Z S + ZR +ZR

Jj=m+1

where the terms in the right hand side of (3.9) satisfy the following conditions:

The notation |R|]

V" S, R, §] , §] I_€j , ﬁj are self-adjoint;

(v, Al =

S; € LM, p, 4,00, IS lljrr0 € EFhQdy*!, m+1<j<om+1;
A8 € L7 Mp. 1.0, MAS oS EbhL )™, m+1<j<2m+]

Rj e R1(M, 1), Rjljs1 < KSh(4,dyi*!, 1< j<2m+1;

(/+1)2
— — — el

Sm+l € L;m(Mapa /la 1)’ ”Sm+1 ||l’l’l,1 S (I<rn+—]§2h(/l’ d)my

_ — . _ 3 )

Sje LM, 4,00, IS llj-10 s EFhA Y, m+1<j<om+3;

R; € R (4M, ), |R|‘4M”<K’ hA,dyl, 2<j<2m+3

) —00 - j*3 . .
Rj € Ri%5(M, 1), Rilj-1 s b a), 1< j<m.

M) g explained in Definition 2.4 and by A < B we mean that there is an

absolute constant C such that A < CB.

Let us first compute the left hand side of (3.9).

Lemma 3.1. Let Q}, Q;.’ be given operators satisfying (3.5)— (3.8) for 1 < j < m. Denote

Q/m —

;n: 1 Q;, Q' = ;f’: 1 Q;.’. Then one may find
Elements (S j)1<j<om+1, (R)1<j<om+1 Satisfying

(1) ;€ LIVM,p, 4,00, IS)lljr10 KA, ), 1< j<om+1;

(2) [A,8;1 € L/ (M, p, 2,0), 1l[A S;lllj0 < (’il;h(a 1< j<om+ 1

(3) Rj € R (M, 7), IRjljs1 S (]H)zh(/l At 1<j<2m+1;

(4) Sj, Rj are self-adjoint and depend only on Q), 1 < € < min(j,m), @/, 1 < € <
mln(] m+1);

o Elements (Sj)a<j<m+1, (Sj)2<j<om+3, (Rj)2<j<om+3 satisfying

— _ — i3 .
(5) S;e L VMp 4D, IS -1 s EFhQa, 2< j<mt 1
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_ — . _ 3 .
(6) S;€ L,V (M, p,2,0), ||Sj||,~_1o<’<"2hu A, 2<j<2m+3;

(7) Rje RiS@4M, 1), R < K’ EXn@,ay, 2<j<2m+3;
(8) §] , EJ , I_3j are self-adjoint and depend only on 0, Q/,1 < <min(j,m+ 1),
such that
I+ Q") (Po+V)U + Q")
=id,— A+ V+[Q",Al+ Q""Py+ PyQ'""

2m+1 2m+1

Z (SjPo + PoS;) + ;Z(RijPoRj) (3.10)

J=1

m+1 . 2m+3 _ 2m+3 _
+ZSj+ Z S+ ZRj.
j:2 j:2 j:2
Proof of Lemma 3.1: Using that (Q"")* = —=Q'", (Q""™)* = Q"'™, we write
I+ 0" Py+WVYUI+Q™ =i, — A+ V

+[Q™, Al -[Q™,id,] + Q""" Py + PyQ"™ 3.11)
+ 3"y 0"Py + Py 0") (3.12)
+ %((Q’")*[iat, Q"1+ (@™, 010" (3.13)
+ %((Q’”)*[—A, Q"1 +1(Q"", ~AIQ") (3.14)
+( @MV + VO +(QMVO™. 3.15)

Let us show how the right hand side contributes to that of (3.10). We deal with it term by
term.
We write by Corollary 2.1 and Notation 4

2m 1
Q" Q’”—2 Z > Q)+ R Q) Q)

J=1 jitja=j+1
1<j1,2sm

2m
D Q)+ Q) )
J=2 J1+ja=]
1<ji,ja<m (3.16)
2m+1
D DI A/ ARt ey

J=3 jitja=j-1
1<j1,j2<m

2m—1 2m+1
M), oD @, p@ 3, B
_Z(S +R! )+Z(S +R! )+Z(Sj +RY)

J=3

for self-adjoint operators S(’) € L (]”)(M p,4,0), R(’) € R%Y +1(M, %) - R;’i](M, 7,i=1,2,3,
j=1,....2m+ 1. We make the following conventlon we set the terms that do not appear

to be zero. For instance, here we set
SW=RV=0, j=2m2m+1,
SP=RY=0, j=12m+1

sP=rY=0, j=12
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We shall use such a convention throughout the proof of Lemma 3.1. Using (2.34), (3.5), (3.7)
and the fact that

1 1 1 1 1 1 1
LI 1.1, LI ENERT)
2T ) 2 2 (i+12

Z 1 Z 22 Z T j3 G+1

Ji+ja=j+1 J 72 Ji+ja=j J J Ji+ja=j-1 J
1<j1,jo<m 1<j1,jo<m 1<j1,jo<m
we obtain
3 - -
IS Pller0 + 1RV 1j41) $ ——=h(Ldy*!, 1<j<2m+1
;( Jj Jj Y ) G+ 1)2
Defining
3 3
Si=> 8V, d<j<om+l; Rj=Y RV, 1<j<om+1,
i=1 i=1

we know by the construction that S;, R; satisfy (1), (3) and (4). Moreover, by expressions
(2.16) and (2.17), we get

3
[A,8;1= ) [A,8]
i=1

- Z [#(A, 071, Q) + #(Q, 1A, QD]
Jitja=j+1
1<j1.j25m

+ > [#(A 07,07 + (0516, Q7))
Jitja=]
1<j1,j2sm

+ M (A, Q1 Q) + . 4(QF7, 1A, Q)]
+ D Laaa, o, QQ+JﬂQW A QL.

Jitj2=j-1
1<j1,ja<m

so we know from (3.5)—(3.8), Proposition 2.7 and (3.17) that [A,S ;] € Z_j(M p,4,0) and
ITA, S 1l j0 < G +1)2 h(/l d)’*'. Therefore, (3.12) contributes to the third line of (3.10).
By Proposition 2.4, Proposition 2.9, one may decompose
~[Q).i0] =S +R;, 2<j<m+1 (3.18)
with
j_i
(J-17?

RGR‘X’I(M )cRJ—.f;(M,T), IR <

S;e LV VM, p, 4, 1), NISiljos € —=h(Ad) T 2< j<m+ 1

(3.19)

K
(-2

"~ hLdy, 2<j<m+l.

Since —[Q;._1 ,10,] is self-adjoint, so are §j and R ;. Thus this determines the first term in the
fourth line of (3.10) and R j contributes to R e
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According to Proposition 2.4, Corollary 2.2 and Notation 4, we may write

2m+1
(3.13) = - Z Z %/(Q/* [id;, O 12 )+% (le, [io;, Q;z])a

J=3 itja=j-1
1<j1,j2sm

2m+2
300 D Q0.0+ # Q. 0,

=4 itjp=j-2
1<j1.2<m

l\)l'—*

Z (Lo, Q) + R (5 Lidr, Q) (3.20)
j=4

Jitj=j-2
1<j1,jo<m

1 m
—Z S Qo QL)) + BN i QL))

2
J=5 ji+j2=j-3
1<j1,ja<m
2
& (1) (1) 2 =@ (3) (3)
:Z Z(S +Rj)+Z(S
=3

for self-adjoint operators EE-D € .Z;(j_l)(M,p,/l 0), R(l) € R‘X’ >, (M, 2/1) C R (M, 1), 1 <i<3,
3 < j £ 2m+ 3. Here we have used the convention made on page 17. By the inequalities which
are contained in the statement of Corollary 2.2, (2.13), (3.5), (3.7) and (3.17), we obtain

3 -2

Ki )
(5 N0+ R 1121) s — A 3<j<om+3. 3.21)
i=1

Now we turn to the term (3.14). Using Notation 4, Corollary 2.1, (3.5)—(3.8), we write

(3.14) = Z S QA + R (LA Q)

J=2 jitja=j
1<j1,ja<m

2m+1
Z D QA QL) + B Q) [-A Q)

J=3 jitja=j-1
1<j1,ja<m

2m+1
P30 D M A G R 1A 2L

J=3 jitja=j-1
1<j1,2sm

2m+2
D, Q=M QL) + R Q) [-A 0D

J4jl+]2 Jj-2

1< <
2, —<4> o s =y e =6
Z; ‘ Z;,(Sj +Rj)+Z;(Sj +R;)

for self-adjoint operators §5~i) € Z;('i_l)(M,p, A,0), I_Qy) € R;‘il(M, ﬁ) C R]_f‘]‘ (M,1),4 <i<6,
2 < j < 2m + 2, using the convention made on page 17. By (2.34), (3.5)— (3.8) and (3.17) we

have
6

:
<

S (8 110 + R 1j1) € —oh(ddy, 2< j<2m+2.

— Jj?

i=4
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Let us now analyze (3.15). By Proposition 3.1, Corollary 2.1 and Proposition 2.10, we
write

m+1
(@")'V+VQ" = > [0} 1(Qv +Ry) +(Qv + RVQ) ]

j=2

m+2
+ 3 1(Q7) Qv +Rv) + (Qv + Rv)Q,]

=3

m+1 — — m+2 —®) —@®

= ) (5 +R)+ ) (S +R))
J=2 j=3

for self-adjoint operators S} € £,/ (M. p, 1,0, R} € RY @M, ) c R-5(2M.1),7 < i <
8,2 < j < m+ 2. In this case the convention reads that

<O _5D _<® _5O®
Smi2 =Rpp2 =83 =Ry =0.

Moreover, by (2.34), (3.1), (3.5), (3.7) and (3.17)

8 i—3
—(0) —(@) K72 ; :
(IS 10+ IRIFTD) < T hAd) 2<j<me2 (3.22)
i=7

Similarly, by Proposition 3.1, Proposition 2.10, Corollary 2.3, we also have

1 2m+1
@)VQ" =3 > >, QiQv+RQ, + 00y + RV,

J=3 jitja=j-1
1<j1,jasm

2m+2
£ OQv+RNQ), + Q5 (Qv + RVQ),

J=4 jitja=j-2
1<j1,jo<m

1 2m+3 .
v3 0, D QNQv RO + 0 (Qv + RIS,

J=5 jitja=j-3

1<)1,j2sm
2m+1 —©9) —©) 2m+2 —10)  —(10) 2m+3 —an  —an
= 2, (57 +&; )*Z;(Sj +R; )+Z;(S,~ +R; )
J= J= J=

for self-adjoint operators S} € £;/"(M.p, 1,0, R} € R (4M, ) € Ro=5(4M.1),9 < i <
11,3 < j < 2m + 3 and by (2.43), (2.38), (3.5), (3.7) and (3.17)

o () =00 K= :
> (I8 10+ RIUED) £ =—5-h(A,d), 3<j<2m+3. (3.23)
i=9 J

Using the convention made on page 17, we set
j b

| 1
§j: §(,‘), Rj:Rj+ZR(’) 2<j<2m+3.
i i=1

Since R} (M, 1) € R;%(4M, ), we see from (3.19) to (3.23) that (S))asj<ome3s (Rj)asj<oms3
satisfy the conditions listed in the lemma and contribute respectively to the second and last
terms in the last line of (3.10). This concludes the proof. m|
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Proof of Proposition 3.2: We shall recursively construct Q', QY, ..., Qy,, O, with the required
estimates so that the left hand side of (3.9) may be written forr = 1,...,m + 1

i0)— A+ V™' + Y [0, A+ ) (Q)Po+ PoQ))

Jj=r j=r
2m+1 2m+1
+ 3 Z (SjPo + PoSj) + 3 Z (RjPy + PoR)) (3.24)
= =1
m+1 _ 2m+3_ 2m+3_ r—1 _
+ZS]'+ Z Sj+ Z Rj+sz’
Jj=r j=r Jj=1 j=1

where V0 = 0, (V/)* = V/ and [A,V/] = 0 for j > 1, S1=0,5, = Oy, R, = Ry. Here
Oy, Ry are defined in Proposition 3.1. Remark that without regard to all the estimates, (3.24)
with r = 1 is the conclusion of Lemma 3.1 and (3.24) with » = m + 1 is the conclusion we
want to reach. Assume that (3.24) has been obtained at rank r and we have already had the
estimates (3.5)—(3.8) for Q’l,..., ;_1, ’1’,..., Q;’_l. By Lemma 3.1, we have determined
Se, Ry 1<€<r—1,5,5¢,Re, 1 <€<rand they also satisfy the estimates listed in Lemma
3.1. Using Notation 3, we set V" = vl 4 (§r)D + (Er)D and denote

— _
SoNp= D, ILu(S Dy Lo L iyroy
n,n’€z4

. _
SNo = D TG INDLw L ot uispiyoy-

n,n’ez4

(3.25)

with 7 given by Proposition 2.1. We now deduce from (2.10) and Proposition 2.2 that [A, V'] =
~ — -1 — — (-1
0.5, € Zowp (M,p, A1) and )Y, € Z, v (M, p, 4,0). We let Q0 satisfy

[0}, Al = =S )My = (SN (3.26)

Since 79 > 7 by Remark 3.1, according to Proposition 2.3 this equation defines an element
Q) € L77(M, p, 1,0) with

r—2 r—1

/ T T K™ r K> r
107110 % IS INpllr-1.1 + IS INplir-1,0 $ —5=h(dd) < —5=h(1,d)', (3.27)

if K is larger than the implicit constant and since (§,)%’ D (§,)1A\;’ p are self-adjoint, Q7 = —Q).
(3.6) with j = r follows from (3.26), (5) and (6) with j = r if K is larger t}lgn the square of the
implicit constant. Thus Q. satisfies (3.5) and (3.6). We then claim that (S,)yp — (S ,)%D and

(S np — (S )M contribute to R,. But

(S wp = S INpIwr = S Inp Il L pie ooy (3.28)
and since (§r)ND € Z;E\r,;)(M, 0,4, 1), this expression is non zero only when »n and n’ belong
to A, and Ag with @ # B, where A, and Ag are defined in Proposition 2.1. So the second
condition in Proposition 2.1, together with the cut-off in (3.28), implies that [n — n’| > %(1 +
max (|n|, [n’[))™. Then it follows by (2.8) and the assumption M > % stated in Remark 3.1 that

ITL05((S vp = (S M)l 2
SIS ANl s MY (e + 7 = DM GHONY (3.29)

0N

x (n—n'y"“*D(1 + max (n|, [n’[))” 1



Growth of Sobolev Norms 22

for any k € {0, 1}, _any N eiNT, any n,n’ € 74, With the same reasoning we can get a similar
estimate for |[IT,((S ,)yp — (S ,)ANID)HH/HL(Lz). We then set

R, =S )vp —S)HM + S wp - S )Y,

and deduce from (3.29), a similar estimate to (3.29) for ||H,,((§r)ND - (§r)%D)an | £c22)» (2.10),

(5) and (6) with j = r and the fact T = % that Er satisfies the required properties in Proposition
3.2.

We also have to find Q7 satisfying (3.7) and (3.8) such that

77 ’’ 1
0, Py + PyQ, = _E[SrPO + PyS 1.
Since by Lemma 3.1, S, depends only on Q7,..., 0, ’1’, e, Q;’_ , Which have been already
determined, we may define Q! = —%Sr. We see by Lemma 3.1 that Q) obeys (3.7) and (3.8)
if K is chosen to be much larger than the square of the implicit constant. Therefore we obtain
(3.24) at rank r + 1 with terms satisfying the corresponding estimates. This concludes the
proof. O

4 Proof of the main theorem

For any given N € N*, once one has conjugated the operator id, — A+ V into id; = A+ V}, + R,
with V}; exactly commuting with the modified Laplacian A and R}, essentially being a bounded
linear operator from L*(T%) to HY(T%), which has already been done in the previous section
when m is taken to be so large that mr > N, we need to invert the transformation in order to
get an estimate for the solution of the original Cauchy problem. Moreover, we have to compute
the norms of the operators in order to obtain logarithmic growth of Sobolev norms from the
energy inequality. To realize this, we begin with the following lemma.

Lemma 4.1. Let m € N* and assume éj € L;j(M,p, 1,0), j = 1,2,...,m. Then there
are sequences P; € L;](M,p,/l,O), 1 <j<mT;e L;’(M,p,/l,O), m+1 < j < 2m,
R € Ri®(M, 57), 2 < j < 2m such that

2m 2m
U+Qp+-+ Q)+ P+ 4Py =1+ > Tj+ > R 4.1)
j=m+1 =2

with

J
(-1 ") .
IPilo< ), D, CNQlo0-- 1IN0 1<j<m,

(=1 jit+-+je=j
1<j1senjesm

J
ITA0< > > CNQljo- QM0 m+1<j<2m, 42)

(=2 jit+etje=j
1<j1,e.jesm

J
-1 ) .
Rili< > > CEN@lo-- 1Qllo, 2<j<2m,
(=2 jirje=
1<j15eesje<m

where Cy is an absolute constant.
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Proof. Let Qy, ... ,@m be given. We set Py = —Q, and by Proposition 2.7 we may recursively
determine P; € L7 (M, p,2,0) and R;. € RJ‘.‘X’(M, %) for j =2,...,m such that

-0; - Z O,Pi = P;+R, 4.3)
i+k=j
1<i,k<m

with

IPilio Qo+ D> NQliolPillco, 2 <j<m,

i+k=j
1<i k<
o s . (4.4)
IR}; < 1Q)lljo + Z IQilliollPellko, 2 < j<m.
i+k=j
1<i,k<m
Consequently, we have
(I+Qi + -+ Q) + P+ + Py)
_ m _ _ 2m _
:I+P1+Q1+Z(Pj+Qj+ Z Qipk)+z Z QiPk
j=2 i+k=j j=m+1  i+k=j
1<i, km 1<i, k<m 4.5)

2m _ m
=1+ Z Z QiPk+ZR;-.
=2

Jj=m+l  itk=j
1<i,k<m
Moreover by induction we obtain from (4.4) the required inequalities for P; , 1 < j < m and
the third inequality in (4.2) holds when 2 < j < m, if C; is chosen to be larger than the implicit
constant. Since Py, ..., Py, have already been determined, by Proposition 2.7, we may also find
Tje L (M, p, 4,0), R;. € RJ’.""(M, i), m+ 1 < j < 2m, such that

> QP=Tj+R;, m+1<j<2m, (4.6)
i+k=j
1<i,k<m

with

ITjlios Y. IQMollPilico. m+1<j<2m,
i+k=j
1<i,k<m

Rljs > IQlliolPdlco, m+1<j<2m.
i+k=j
1<i,k<m

4.7)

Thus (4.1) follows by (4.5) and (4.6). The required estimates for T , R’/. ,m+1<j<2m,
follow by (4.7) and the estimates of P;, 1 < j < m, which we have already obtained. This
concludes the proof. O

Proof of the main theorem: Recall that 7 = %0 < %l, where 7¢ is given by Proposition 2.1 and

A given by (1.2). For any N € N*, let m be an integer such that

N+3<(m+2)r<N+4, 4.8)
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which implies

m>§, mt > N. 4.9)
T

Let the operators Q’. Q’.’ 1 < j < m be given by Proposition 3.2. Applying Lemma 4.1 to
0,=0), 0= Q.+07 .2<j<m, Oups1 = Q7. we may find

Pie LI/ (M,p,2,0), 1<j<m+]1,
Te L7/(M,p,4,0), m+2<j<2m+2,

) e ooy L ,
Ry e R;™(M. 57, 2<j<2m+2

such that if we set P"+! = Zm+1 P;,Q"= ZmH Q;

2m+2 2m+2

(I+0™IT+P™Y =1+ Z T, + ZR (4.10)

Jj=m+2

Moreover, (4.2) with m replaced by m + 1 are satisfied by those operators. Since by (3.5), (3.7)

1

_ 2KI—3 .
NQ;lljo < MA,dy, 1<j<m+1, 4.11)
we get by (4.2)
-3 2KJe—2
||P||,o<Z > ¢ PRt )
(=1 ji+—+je=] -]t’
<QKYhA,dY, 1<j<m+1, 4.12)

ITllj0 < QKYh(A,dY, m+2<j<2m+2,
IR)l; < QKYh(L,d)/, 2<j<2m+2
if K > (2C,)? and it is large enough so that Proposition 3.2 holds. For the solution u of (1.1),

we set
v=>+P" . (4.13)

Then by Proposition 2.5, (4.12), for any o € R,

m+1
V@l < (1+CT 1P oM G = D™ S (@)l

= (4.14)

< CO KM, d)™ ()™ @9 |lu(t)|| e

Similarly, by Proposition 2.5, (4.12), for any o € R,

18v(0)ll e

m+1 m+1
< N0l + Dy, Pl + Y POl (4.15)

= j=1

< C7KMRA, &))" ((m + D)™ ®P)|u() || g
+ CN K MA(A, d))" 2 ()™ 018, e,
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and by (4.10), (4.13), (4.9), Proposition 2.5, Proposition 2.6, (4.11), (4.12)

el v
2m+2 2m+2
<I+ Q" WOl + Y Ty u@ o + 3 IR @)l (4.16)
Jj=m+2 Jj=2

< (CLEM)™ T (A, dY™ ! (m!)™ @ [u(0)| v
+ QKMhQA, )™ [2m + 2) ™ CO )2

By (3.9), (4.10) and (1.1)

(0, -~ A+ V™V =f+g, 4.17)
where
1 2m+1 1 2m+1
f=-I3 D7 (SiPo+ PoSj)v + 3 D7 (RjPo+ PoR;)v
j=m+1 Jj=1
_ 2m+3 _ 2m+3_ m.
+ (Sps1 + Z S+ Z Rj+ZRj)v], (4.18)
Jj=m+1 j=2 =1
2m+2 2m+2
g =(I+ Q"o —A+V, Z Tj+ » R|u (4.19)
Jj=m+2 Jj=2

Therefore by (2.5) and the property of V"', we have
(0, — A+ V™)1 = A)7v = w,
where by Lemma 4.2 below
IWllzz < (4CoC1K MR, )™ *[2m + )™ gl 2,

if K is in addition larger than the implicit constants of (4.24) and (4.25). Since V™ is self-
adjoint, this implies the energy inequality

!
Iv@)llgv < IOy + f (4CoCLKMh(A, d))>™*O[(2m + 3> ™™ ||| 2dr 420)
0 .

< [VO)ll7w + IACoCLE MR, d))"0[2m + 3)11* ™ @) .

Now using (4.16), (2.7), (4.20), (4.14), the conservation law of the L>-norm of (1.1) and (4.9),
we deduce for some constant C, 4 independent of m and N

5
lu(@llzn < CYg[@m + 312" EEQ 4 (e lugll g, 4.21)

if we use
(m!)max(Z,,u) < [(2m)!]%max(2,p)‘

Since by (4.8), 2m + 3 < ([%] + 1)N, we deduce from (4.21)
N 10 3 max (2, )
lu@llgy < CM[(([7] + DN)!]? (2 + [#Dlluollg - (4.22)

By Stirling’s approximation N! ~ V22N (%)N for any N € N, there is a constant p, depend on

7 and thus A such that (([%] + )N)! < pf(N!)[Q]“, which, together with the fact that 7 = 2,
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allows us to rewrite (4.22) for some constant C 1.4 independent of m, N, £ and for some constant
{ independent of m, N, u and A as

lu@ligy < CY J(NDHA2 + [eDlluoll - (4.23)

Since (4.23) holds for any N € N*, we deduce, for any s > 0, from the conservation law of the
L?-norm and interpolation

lu@llgs < CEUNHF2 + 1) luoll s

where 6 satisfies s = 6N, 0 € [0, 1]. Assuming ||ug||zs # 0, we obtain for any N € N and for
some other constant C; , 4 independent of N

( 1 (llu(t)IIHs

LN 1
)T < NYQR + |ty @
Cs,/l,d ) )

lluol s

This gives immediately for some other constant C; 4 4
le@llzz= < Copal 1og(2 + IDIF uollse,
thus concludes the proof of the main theorem. O
Lemma 4.2. Let f, g be the quantities defined respectively by (4.18) and (4.19). Then
A lle < (ACoKMR(A, )" [(2m + 3™ P jugl 2, (4.24)
lgllz < (2CoCLKMR(L, )™ *[@m + 3™ P llugll 2, (4.25)
where Cy and Cy are constants respectively defined by (2.7) and (2.14).

Proof. We have by (2.7), (4.8), the properties of S; listed in Proposition 3.2, Proposition 2.4,
Proposition 2.5, (4.15), (4.14), (1.1) and the conservation law of the L*-norm of (1.1)

2m+1

I (SPo+ Po SOl
Jj=m+1
2m+1
S C(])V Z (HS} atv(l‘)||H—2+<m+2)r + ”S] AV(f)llH—2+(m+2)T
Jj=m+1
+ |[id;, STVl ggns2 + IIA, SiIv)l| H(,,,H),)
< C(I)V 1 zh(/L d)]+1M](j!)In€lX( ,/1)(||Btv(t)||H_z + ||AV(l‘)||H-2)
U+ D
2m+1 Kj o
+CN —h /Ldj+1Mj+] i+ 1 !max M ¢
O G MG D

< CY (KM [(2m + D™ @Hh(A, d)*™+
x (KM, d)Y"™2((m + D)™ 2 u(o)| 2
+ QKMA(L, d)"(m)™™ C2||0,u(z)]| -2
+ CN(KMR(A, d)*"™2[2m + 2)!]|™ @R QK MR, d)" 2 (m!)™™ 0 |lu(@)|| 2
< 2CoKMh(A, d)y*"[(2m + 2)1P™* G )jug 2.
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Using, in addition, (4.9) and Proposition 2.6, we similarly have

2m+1
1" (RiPo+ PoR VDl S 2CoKMh(A, d)y™*[(2m + 3)!T"™ ® g 2.
=

By Proposition 2.5, Proposition 2.6 and Proposition 3.2, we easily deduce that the other terms
in the the expression of f can be controlled by the right hand side of (4.24). We only need to
point out that since R € R 1 (4M, 1), when we use (2.15), M should be replaced by 4M and that
is why in the right hand s1de of (4.24) the quantity ‘4CoKMh(A, d)’ instead of ‘2CoKMh(A, d)’
appears.

Next we want to show (4.25). First notice that by Proposition 2.5, (4.11), (4.9)

m+1

: 1

. 2K1 2

I+ Q™Y g vy S €Y Y ==
j=1

G = oy e

4 (4.26)
< (ClKM)m_F%h(/l, d)m+l (m!)max (2,;4).

On the other hand, by (2.7), (4.9), Proposition 2.5, Proposition 2.6, (4.12), the conservation
law of the L?-norm of (1.1),

2m+2 2m+2

Ilid, D T+ Z R 1u(®) 7
Jj=m+2
2m+2 2m+2
<CY Wiy, T @l + CY > iy, R (o)l
Jj=m+2 j=2
2m+2 o 4.27)
<€ > @R )Y MIGH™ Pl
Jj=m+2
2m+2 ' '
+Cy > QKR d)Y MPE (4 1) B0 m) o)l
Jj=2

< 2CoKMh(A, d))*"4[2m + 3)1™ @O 12,

and
2m+2 2m+2
=2, > Ti+ > Ru®lgy < QCoKMA(A, d))™[@m + 21" G0 gl . (4.28)
j=m+2 j=2
Since the quantity [|[V, Zf;”rﬁz T;+ 22’”2 R’ Ju(®)|| g~ s also less than a constant times the last
line of (4.27), by (4.26)-(4.28) we see that (4 25) holds true. O
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Résumé. Au cours des années récentes, plusieurs auteurs ont prouvé des résultats
d’existence en temps grand pour des solutions d’équations de Klein-Gordon non-linéaires
sur certaines variétés compactes, telles les sphéres, lorsque les données initiales sont assez
réguliéres et assez petites, et qu'un certain parameétre de masse évite un sous-ensemble
de mesure nulle de la droite réelle. L’une des hypothéses fondamentales dans ces travaux
est une propriété de séparation des valeurs propres du laplacien sur les variétés consid-
érées. L’objet des deux premiers articles constituant cette thése est d’examiner quels
résultats peuvent étre obtenus lorsqu’une telle hypothése de séparation n’est plus vérifiée.
Nous étudions le cas d’un opérateur de Klein-Gordon associé a l'oscillateur harmonique
sur I'espace euclidien, et celui de I'opérateur de Klein-Gordon usuel sur le tore. Nous
obtenons, par des méthodes de formes normales, des solutions existant sur des intervalles
plus longs que ceux fournis par la théorie locale.

Le dernier article de cette thése s’intéresse au probléme de ’estimation en temps grand des
normes Sobolev de solutions d’une équation de Schrédinger linéaire sur le tore, a potentiel
dépendant du temps. Nous prouvons des bornes logarithmiques, lorsque le potentiel est
Gevrey, généralisant des résultats antérieurs de Bourgain et Wang.

Mots clefs : Equation de Klein-Gordon non-linéaire ; Oscillateur harmonique ; Existence
en temps grand ; Formes normales ; Equation de Schrodinger dépendant du temps ;
Potentiel Gevrey ; Croissance des normes Sobolev.

Long-time existence and growth of Sobolev norms for solutions of semi-linear
Klein-Gordon equations and linear Schrédinger equations on some manifolds

Abstract. In recent years, several authors proved long time existence results for solu-
tions of non-linear Klein-Gordon equation on some compact manifolds, like spheres, when
the initial data are smooth and small enough, and when some mass parameter avoids a
subset of zero measure of the real line. One of the fundamental assumptions in these
works is a separation property of the eigenvalues of the laplacian on the manifolds under
consideration. The goal of the first two papers of this thesis is to examine which results
may be obtained when such a separation assumption does not hold. We study two cases:
a Klein-Gordon operator associated to the harmonic oscillator on the Euclidean space,
and the usual Klein-Gordon operator on the torus. We get, using normal forms methods,
solutions existing over longer time intervals than the ones given by the local theory.

The last paper of the thesis concerns long time estimates for Sobolev norms of solutions of
a linear Schrodinger equation on the torus, with time dependent potential. We prove log-
arithmic bounds, when the potential is in the Gevrey class, extending results of Bourgain
and Wang.

Keywords: Non-linear Klein-Gordon equation; Harmonic oscillator; Longtime existence;
Normal form; Time dependent Schrodinger equation; Gevrey potential; Growth of Sobolev
norms.
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