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▲✐❜❡rté ✐♥✜♥✐tés✐♠❛❧❡ ❡t ♠♦❞è❧❡s ♠❛tr✐❝✐❡❧s
❞é❢♦r♠és

▲❡ tr❛✈❛✐❧ ❡✛❡❝t✉é ❞❛♥s ❝❡tt❡ t❤ès❡ ❝♦♥❝❡r♥❡ ❧❡s ❞♦♠❛✐♥❡s ❞❡ ❧❛ t❤é♦r✐❡
❞❡s ♠❛tr✐❝❡s ❛❧é❛t♦✐r❡s ❡t ❞❡s ♣r♦❜❛❜✐❧✐tés ❧✐❜r❡s✱ ❞♦♥t ♦♥ ❝♦♥♥❛ît ❧❡s r✐❝❤❡s
❝♦♥♥❡①✐♦♥s ❞❡♣✉✐s ❧❡ ❞é❜✉t ❞❡s ❛♥♥é❡s ✾✵✳ ▲❡s rés✉❧t❛ts s✬♦r❣❛♥✐s❡♥t ♣r✐♥❝✐✲
♣❛❧❡♠❡♥t ❡♥ ❞❡✉① ♣❛rt✐❡s ✿ ❧❛ ♣r❡♠✐èr❡ ♣♦rt❡ s✉r ❧❛ ❧✐❜❡rté ✐♥✜♥✐tés✐♠❛❧❡✱ ❧❛
s❡❝♦♥❞❡ s✉r ❧❡s ♠❛tr✐❝❡s ❛❧é❛t♦✐r❡s ❞é❢♦r♠é❡s✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❥❡tt❡ ❧❡s ❜❛s❡s ❞✬✉♥❡ t❤é♦r✐❡ ❝♦♠❜✐♥❛t♦✐r❡ ❞❡ ❧❛
❧✐❜❡rté ✐♥✜♥✐tés✐♠❛❧❡✱ ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❞✬❛❜♦r❞✱ t❡❧❧❡ q✉❡ ré❝❡♠♠❡♥t ✐♥tr♦✲
❞✉✐t❡ ♣❛r ❇❡❧✐♥s❝❤✐ ❡t ❙❤❧②❛❦❤t❡♥❦♦✱ ♣✉✐s ❛✉① ♦r❞r❡s s✉♣ér✐❡✉rs✳ ❖♥ ❡♥ ❞♦♥♥❡
✉♥ ❝❛❞r❡ s✐♠♣❧❡ ❡t ❣é♥ér❛❧✱ ❡t ♦♥ ✐♥tr♦❞✉✐t ❞❡s ❢♦♥❝t✐♦♥♥❡❧❧❡s ❞❡ ❝✉♠✉❧❛♥ts
♥♦♥✲❝r♦✐sés✱ ❝❛r❛❝tér✐s❛♥t ❧❛ ❧✐❜❡rté ✐♥✜♥✐tés✐♠❛❧❡✳ ▲✬❛❝❝❡♥t ❡st ♠✐s s✉r ❧❛
❝♦♠❜✐♥❛t♦✐r❡ ❡t ❧❡s ✐❞é❡s ❞✬❡ss❡♥❝❡ ❞✐✛ér❡♥t✐❡❧❧❡ q✉✐ s♦✉s✲t❡♥❞❡♥t ❝❡tt❡ ♥♦✲
t✐♦♥✳

▲❛ s❡❝♦♥❞❡ ♣❛rt✐❡ ♣♦✉rs✉✐t ❧✬ét✉❞❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ♠♦❞è❧❡s ♠❛tr✐✲
❝✐❡❧s✱ q✉✐ ❛ été ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ✉♥ ❝❤❛♠♣ ❞❡ r❡❝❤❡r❝❤❡ très ❛❝t✐❢✳ ▲❡s
rés✉❧t❛ts ♣rés❡♥tés s♦♥t ♦r✐❣✐♥❛✉① ❡♥ ❝❡ q✉✬✐❧s ❝♦♥❝❡r♥❡♥t ❞❡s ♣❡rt✉r❜❛t✐♦♥s
❞ét❡r♠✐♥✐st❡s ❍❡r♠✐t✐❡♥♥❡s ❞❡ r❛♥❣ ♥♦♥ ♥é❝❡ss❛✐r❡♠❡♥t ✜♥✐ ❞❡ ♠❛tr✐❝❡s ❞❡
❲✐❣♥❡r ❡t ❞❡ ❲✐s❤❛rt✳ ❊♥ ♦✉tr❡✱ ✉♥ ❛♣♣♦rt ❞❡ ❝❡ tr❛✈❛✐❧ ❡st ❧❛ ♠✐s❡ ❡♥ ❧✉✲
♠✐èr❡ ❞✉ ❧✐❡♥ ❡♥tr❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❝❡s ♠♦❞è❧❡s ❡t
❧❡s ♣r♦❜❛❜✐❧✐tés ❧✐❜r❡s✱ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ s✉❜♦r❞✐♥❛t✐♦♥
♣♦✉r ❧❛ ❝♦♥✈♦❧✉t✐♦♥ ❧✐❜r❡✳ ❈❡ ❧✐❡♥ ❞♦♥♥❡ ✉♥❡ ✐❧❧✉str❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞❡s
✐❞é❡s ❞❡s ♣r♦❜❛❜✐❧✐tés ❧✐❜r❡s ❞❛♥s ❧❡s ♣r♦❜❧è♠❡s ❞❡ ♠❛tr✐❝❡s ❛❧é❛t♦✐r❡s✳

▼♦ts✲❝❧és ✿ Pr♦❜❛❜✐❧✐tés ❀ ▼❛tr✐❝❡s ❛❧é❛t♦✐r❡s ❀ Pr♦❜❛❜✐❧✐tés ❧✐❜r❡s ❀ Pr♦❜❛✲
❜✐❧✐tés ❧✐❜r❡s ❞❡ t②♣❡ ❇ ❀ ▲✐❜❡rté ✐♥✜♥✐tés✐♠❛❧❡ ❀ ❈✉♠✉❧❛♥ts ♥♦♥✲❝r♦✐sés ✐♥✜✲
♥✐tés✐♠❛✉① ❀ ❙②stè♠❡ ❞✉❛❧ ❞❡ ❞ér✐✈❛t✐♦♥ ❀ ❙✉❜♦r❞✐♥❛t✐♦♥ ❀ ▼♦❞è❧❡ ♠❛tr✐❝✐❡❧
❞é❢♦r♠é ❀ P❧✉s ❣r❛♥❞❡ ✈❛❧❡✉r ♣r♦♣r❡ ❀ ❱❛❧❡✉r ♣r♦♣r❡ ❡①trê♠❛❧❡ ❀ ▼❛tr✐❝❡ ❞❡
❲✐❣♥❡r ❀ ▼❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❡♠♣✐r✐q✉❡✳
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♠♦❞❡❧s

❚❤✐s t❤❡s✐s ✐s ❛❜♦✉t ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ❛♥❞ ❋r❡❡ Pr♦❜❛❜✐❧✐t② ✇❤♦s❡
str♦♥❣ r❡❧❛t✐♦♥ ✐s ❦♥♦✇♥ s✐♥❝❡ t❤❡ ❡❛r❧② ♥✐♥❡t✐❡s✳ ❚❤❡ r❡s✉❧ts ♠❛✐♥❧② ♦r❣❛♥✐③❡
✐♥ t✇♦ ♣❛rts ✿ ♦♥❡ ♦♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✱ t❤❡ ♦t❤❡r ♦♥ ❞❡❢♦r♠❡❞ ♠❛tr✐①
♠♦❞❡❧s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ t❤❡♦r② ♦❢ ✜rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✱
❛s ✐♥tr♦❞✉❝❡❞ ❜② ❇❡❧✐♥s❝❤✐ ❛♥❞ ❙❤❧②❛❦❤t❡♥❦♦✱ ✐s ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞
t♦ ❤✐❣❤❡r ♦r❞❡r✳ ❲❡ ❣✐✈❡ ❛ s✐♠♣❧❡ ❛♥❞ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s✱ ♣r♦✈✐❞✐♥❣ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✳ ❚❤❡ ❡♠♣❤❛s✐s ✐s ♣✉t ♦♥ ❝♦♠❜✐♥❛t♦r✐❝s ❛♥❞ ♦♥ t❤❡
❡ss❡♥t✐❛❧❧② ❞✐✛❡r❡♥t✐❛❧ ✐❞❡❛s ✉♥❞❡r❧②✐♥❣ t❤✐s ♥♦t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ❝❛rr✐❡s ❢✉rt❤❡r t❤❡ st✉❞② ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ♠❛tr✐① ♠♦❞✲
❡❧s✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛ ✈❡r② ❛❝t✐✈❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤ t❤❡s❡ ♣❛st ②❡❛rs✳ ❚❤❡ r❡✲
s✉❧ts ✇❡ ♣r❡s❡♥t ❛r❡ ♦r✐❣✐♥❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❡② ❞❡❛❧ ✇✐t❤ ♥♦♥✲♥❡❝❡ss❛r✐❧② ✜♥✐t❡
r❛♥❦ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❲✐❣♥❡r ❛♥❞ ❲✐s❤❛rt ♠❛tr✐✲
❝❡s✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ r❡s✉❧ts s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❡❞ ♠❛tr✐① ♠♦❞❡❧s ❛♥❞ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ♣❛rt✐❝✉❧❛r❧② t❤❡
s✉❜♦r❞✐♥❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ r❡❧❛t❡❞ t♦ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥✳ ❚❤✐s ❧✐♥❦ ❣✐✈❡s ❛♥
✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✐❞❡❛s ✐♥ r❛♥❞♦♠ ♠❛tr✐① ♣r♦❜❧❡♠s✳

❑❡②✇♦r❞s✿ Pr♦❜❛❜✐❧✐t②❀ ❘❛♥❞♦♠ ♠❛tr✐❝❡s❀ ❋r❡❡ ♣r♦❜❛❜✐❧✐t②❀ ❋r❡❡ ♣r♦❜❛✲
❜✐❧✐t② ♦❢ t②♣❡ ❇❀ ■♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss❀ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts❀
❉✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠❀ ❙✉❜♦r❞✐♥❛t✐♦♥❀ ❉❡❢♦r♠❡❞ ♠❛tr✐① ♠♦❞❡❧❀ ▲❛r❣❡st
❡✐❣❡♥✈❛❧✉❡❀ ❊①tr❡♠❡ ❡✐❣❡♥✈❛❧✉❡❀ ❲✐❣♥❡r ♠❛tr✐①❀ ❙❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳



✺

❘❡♠❡r❝✐❡♠❡♥ts

❙✐ ✈♦✉s ♣❡♥s❡③ ❝♦♠♠❡ ❆♥❞ré ●✐❞❡ q✉✬♦♥ ♥❡ ❢❛✐t ♣❛s ❞❡ ❜♦♥♥❡ ❧✐ttér❛t✉r❡
❛✈❡❝ ❞❡ ❜♦♥s s❡♥t✐♠❡♥ts✱ ❧❡s ❧✐❣♥❡s q✉✐ s✉✐✈❡♥t ✈♦♥t ✈♦✉s s❡♠❜❧❡r ❡①é❝r❛❜❧❡s✳
❈❛r ❝✬❡st ❛✈❡❝ s✐♥❝ér✐té q✉❡ ❥❡ t✐❡♥s ❞✬❛❜♦r❞ à r❡♠❡r❝✐❡r ▼✐r❡✐❧❧❡ ❈❛♣✐t❛✐♥❡✱
q✉✐ ❛ ❛❞♠✐r❛❜❧❡♠❡♥t ❞✐r✐❣é ❝❡tt❡ t❤ès❡✳ ❙♦♥ ❛rt ❞❡ ❧❛ r❡❝❤❡r❝❤❡✱ s❛ ❞✐s♣♦✲
♥✐❜✐❧✐té ❡t s♦♥ ✐♥❞é❢❡❝t✐❜❧❡ ❜♦♥♥❡ ❤✉♠❡✉r ♦♥t ❝♦♥tr✐❜✉é à ✉♥ ❡♥❝❛❞r❡♠❡♥t
❞✬✉♥❡ q✉❛❧✐té ❡①❝❡♣t✐♦♥♥❡❧❧❡ ❡t ❞✬✉♥❡ r✐❝❤❡ss❡ ❤✉♠❛✐♥❡ r❛r❡✱ q✉❡ ❥❡ s♦✉❤❛✐t❡ à
t♦✉t ❞♦❝t♦r❛♥t✳ ❯♥ ❣r❛♥❞ ♠❡r❝✐ é❣❛❧❡♠❡♥t à ▼✐❝❤❡❧ ▲❡❞♦✉① ❞♦♥t ❧❡s ♣ré❝✐❡✉①
❝♦♥s❡✐❧s ♠✬♦♥t s❡r✈✐ ❞❡ ❣✉✐❞❡ ❛✉ ✜❧ ❞❡ ❝❡s q✉❡❧q✉❡s ❛♥♥é❡s✳

P❤✐❧✐♣♣❡ ❇✐❛♥❡ ❡t ❘♦❧❛♥❞ ❙♣❡✐❝❤❡r ♠✬♦♥t ❢❛✐t ❧✬❤♦♥♥❡✉r ❞✬❛❝❝❡♣t❡r ❞✬êtr❡
r❛♣♣♦rt❡✉rs✳ ■❧s s❡ s♦♥t ❛❝q✉✐ttés ❞❡ ❝❡tt❡ tâ❝❤❡ ❛✈❡❝ ✉♥ s♦✐♥ q✉❡ ❥❡ ✈❡✉①
s❛❧✉❡r✳

❈✬❡st ❡♥s✉✐t❡ ✉♥ très ❣r❛♥❞ ♣❧❛✐s✐r ❞❡ ❝♦♠♣t❡r ♣❛r♠✐ ❧❡s ♠❡♠❜r❡s ❞✉
❥✉r② ▼✉r✐❡❧ ❈❛s❛❧✐s ❡t ❚❡♦❞♦r ❇❛♥✐❝❛✳ ■❧ ♥✬❡st ♣❛s s✐ ❢réq✉❡♥t ❞❡ ❝♦♥❝✐❧✐❡r
❝♦♠♠❡ ✈♦✉s ❧❡ ❢❛✐t❡s ❡①❝❡❧❧❡♥❝❡ s❝✐❡♥t✐✜q✉❡ ❡t ❣r❛♥❞❡s q✉❛❧✐tés ❤✉♠❛✐♥❡s ❀
✈♦✉s ❝♦t♦②❡r ♠✬❛✉r❛ été ❢♦rt ❛❣ré❛❜❧❡✳

❏❡ ✈♦✉❞r❛✐s ❛❞r❡ss❡r ✉♥ ♠❡r❝✐ t♦✉t s♣é❝✐❛❧ à ❙❡r❜❛♥ ❇❡❧✐♥s❝❤✐ ✿ ❝❡tt❡
♠❡r✈❡✐❧❧❡✉s❡ r❡♥❝♦♥tr❡ r❡st❡ ❝♦♠♠❡ ✉♥ t❡♠♣s ❢♦rt ❞❡ ❝❡tt❡ t❤ès❡✳ ▲✬❛❝❝✉❡✐❧
❝❤❛❧❡✉r❡✉① ❡t ❧❡s ❡①❝❡❧❧❡♥t❡s ❝♦♥❞✐t✐♦♥s ❞❡ tr❛✈❛✐❧ q✉❡ ❥✬❛✐ ❝♦♥♥✉s à ❙❛s❦❛t♦♦♥
r❡st❡♥t ✉♥ s♦✉✈❡♥✐r ✐♥♦✉❜❧✐❛❜❧❡✳ ❏❡ ♥❡ s❛✉r❛✐s tr♦✉✈❡r ❞❡ ♠♦ts à ❧❛ ❤❛✉t❡✉r
❞❡ ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡✳

❈❡s ❛♥♥é❡s ❞❡ t❤ès❡ q✉✐ s✬❛❝❤è✈❡♥t ♥❡ ❧❛✐ss❡r❛✐❡♥t ♣❛s ✉♥ s❡♥t✐♠❡♥t ❞✐✛✉s
❞❡ ♥♦st❛❧❣✐❡ s✬✐❧ ♥✬② ❛✈❛✐t ❡✉ ❧❡s ❜♦♥s ♠♦♠❡♥ts ♣❛ssés ❛✈❡❝ ❧❛ tr✐❜✉ ❞❡s ❞♦❝t♦✲
r❛♥ts✳ ◗✉❡ ✈♦✉s ❛②❡③ ♣❛rt❛❣é ❛✈❡❝ ♠♦✐ ✉♥ ❜✉r❡❛✉✱ ❞❡s r❡♣❛s✱ ❞❡s ♣❛✉s❡s ❝❛❢é✱
♠♦ts ❝r♦✐sés ♦✉ ✢é❝❤❡tt❡s✱ ❞❡s s♦✐ré❡s ♠é♠♦r❛❜❧❡s ♦✉ ❞❡s ❞✐s❝✉ss✐♦♥s s❛♥s
✜♥✱ ❥❡ ✈♦✉s r❡♠❡r❝✐❡ ♣♦✉r t♦✉t✳ ▼❡r❝✐ à ▼❛tt❤✐❡✉✱ ❛✈❡❝ q✉✐ ❥✬❛✐ ♣✉ ♣❛rt❛❣❡r
♠❛ ♣❛ss✐♦♥ ❞✉ ❝✐♥é♠❛✱ à ❞é❢❛✉t ❞❡ ❝❡❧❧❡ ❞❡s ♠❛t❤é♠❛t✐q✉❡s✱ à ❏❡❛♥✲P❛✉❧✱ à
▼❛①✐♠❡✱ à ▼❛t❤✐❡✉✱ ❞♦♥t ❧✬❡①♣❡rt✐s❡ ❡♥ ▲❛t❡① ♥✬❛ ❞✬é❣❛❧ q✉❡ s❛ ❣❡♥t✐❧❧❡ss❡✱
à ❋❧♦r❡♥t✱ ▼✐❝❤❡❧✱ ❊r✇❛♥✱ ❆❧✐❝❡✱ ❙❛♥❞r✐♥❡✱ ❏✉❧✐❡✱ ❆♠✐❝✱ ❇❡♥❥❛♠✐♥✱ ❏✉❧✐❡♥✱
❚✐♣❤❛✐♥❡✱ ▼❛r✐♦♥✱ ▲❛❡t✐t✐❛✱ ▲❛✉r❡♥t✱ ❆♠é❧✐❡✱ ◆♦❧✇❡♥✱ ❇r✐❝❡✱ ▲é♦✱ ❚❤✐❜❛✉❧t✱
❨♦❤❛♥♥ ❡t t♦✉s ❧❡s ❛✉tr❡s✱ s❛♥s ♦✉❜❧✐❡r ▼❛r✐❡✲▲❛✉r❡✱ ❉❡❧♣❤✐♥❡ ❡t ❧❡s ✐♥❢♦r✲
♠❛t♦❧♦❣✉❡s✳ ▼❡s ❛♥♥é❡s t♦✉❧♦✉s❛✐♥❡s ♥✬❛✉r❛✐❡♥t ♣❛s ❡✉ ❧❛ ♠ê♠❡ s❛✈❡✉r s❛♥s
❧❡s ❤❛♥❞❜❛❧❧❡✉rs✱ ♣❡t✐ts ❡t ❣r❛♥❞s✱ ❛✈❡❝ q✉✐ ❥✬❛✐ ♣r✐s ❜❡❛✉❝♦✉♣ ❞❡ ♣❧❛✐s✐r s✉r
❡t ❡♥ ❞❡❤♦rs ❞✉ t❡rr❛✐♥✳

▲❡s ✈♦②❛❣❡s s❝✐❡♥t✐✜q✉❡s✱ ❞♦♥t ❥✬❛✐ ❝♦♠♣r✐s ❧❛ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡ ❞❛♥s ❧❛
r❡❝❤❡r❝❤❡✱ ♦♥t été ❞✬❛✉t❛♥t ♣❧✉s ♣❧❛✐s❛♥ts q✉✬✐❧s ♦♥t été ❧✬♦❝❝❛s✐♦♥ ❞❡ ❝r♦✐s❡r
❞❡s ❛♠✐s ❞❡ ❧♦♥❣✉❡ ❞❛t❡✱ q✉✐ ♠✬♦♥t ♦✛❡rt ❧❡ ❣ît❡ ❧♦rsq✉❡ ❥✬❡♥ ❛✈❛✐s ❜❡s♦✐♥✱ ♦✉



✻

❞✬❡♥ r❡♥❝♦♥tr❡r ❞❡ ♥♦✉✈❡❛✉①✱ ▲❡✐❣❤✲❊❧❧❡♥✱ ❏❛s♦♥ ❡t ❧❛ ❝♦♠♠✉♥❛✉té ❢r❛♥❝♦✲
♣❤♦♥❡ ❞❡ ❙❛s❦❛t♦♦♥✱ ♠❡s ❝♦❧♦❝❛t❛✐r❡s à ◆❡✇✲❨♦r❦✳ ❈❡ s❡r❛✐t ❛✈♦✐r ❧❛ ♠é♠♦✐r❡
❝♦✉rt❡ q✉❡ ❞✬♦✉❜❧✐❡r ❞❡✉① ♣❡rs♦♥♥❡s q✉✐ ♦♥t ❡♥ ♣❛rt✐❡ ❞ét❡r♠✐♥é ♠♦♥ ♣❛r✲
❝♦✉rs ✿ ▼✳ ❱❡r❤❡❡❝❦❡ ❡t ▼✳ ❱♦❡❞ts✱ ♣r♦❢❡ss❡✉rs ❞❡ ♠❛t❤é♠❛t✐q✉❡s ❞♦♥t ❧❡
♣ré❝✐❡✉① ❡♥s❡✐❣♥❡♠❡♥t✱ ❞é❧✐✈ré ❛✈❡❝ ❝❤❛r✐s♠❡✱ ♠✬❛ été ❜é♥é✜q✉❡✳

❈✬❡st✱ ♣♦✉r ✜♥✐r ❡♥ ❜❡❛✉té✱ à ♠❛ ❢❛♠✐❧❧❡ q✉❡ ❥❡ ♣❡♥s❡✳ ▼❛ ❣r❛♥❞✲♠èr❡
❍é❧è♥❡ ❡t ♠❡s ♣❛r❡♥ts s❛✉r♦♥t ✈♦✐r ❞❛♥s ❝❡ tr❛✈❛✐❧ ❧✬♦r❞r❡ ❡t ❧❛ ♠ét❤♦❞❡ q✉❡
❥❡ ♠❡ s✉✐s ❛♣♣❧✐q✉é à ② ♠❡ttr❡✳ ▲❡✉r s♦✉t✐❡♥ ❞✐s❝r❡t ❡t ❝♦♥st❛♥t t♦✉t ❛✉ ❧♦♥❣
❞❡ ♠❡s ét✉❞❡s ❡st ✐♥❡st✐♠❛❜❧❡✳ ❈❡ ♠é♠♦✐r❡ ❧❡✉r ❡st é✈✐❞❡♠♠❡♥t ❞é❞✐é ❛✐♥s✐
q✉✬à ♠♦♥ ❢rèr❡ ❘✐❝❤❛r❞ ❡t à s♦♥ ✜❧s ❍✐♣♣♦❧②t❡✱ q✉✐ ❛ ♣❡✉ ♦✉ ♣r♦✉ ❧✬â❣❡ ❞❡s
rés✉❧t❛ts q✉✐ ② ✜❣✉r❡♥t✳



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✶✶

✶✳✶ ●❡♥❡r❛❧ ❝♦♥t❡①t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ❲✐❣♥❡r ♠❛tr✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✸ ❙❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✹ ❆❞❞✐t✐✈❡❧② ❞❡❢♦r♠❡❞ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✷✾

✷✳✶ ❋r♦♠ ♦♣❡r❛t♦r ❛❧❣❡❜r❛ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✷ ❆♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✷✳✶ ❋r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✷✳✷ ❋r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✸✳✶ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✸✳✷ ◆♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✹ ❘❡❧❛t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✺ ❋r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts ✹✾

✸✳✶ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✷ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✸ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ✳ ✳ ✳ ✳ ✺✻

✸✳✹ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛❞❞✐t✐✈❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s ✻✶

✹ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✻✸

✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✶✳✶ ❚❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❝❤❛♣t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✶✳✷ ◆♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ❢♦r (A, ϕ, ϕ′) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✶✳✸ ❯s✐♥❣ ❞❡r✐✈❛t✐♦♥s t♦ ✜♥❞ ✏s♦✉❧ ❝♦♠♣❛♥✐♦♥s✑ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✶✳✹ ❖✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✷ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✹✳✹ ❆❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✳ ✽✻

✹✳✺ ❘❡❧❛t✐♦♥s ✇✐t❤ t❤❡ ❧❛tt✐❝❡s NC(B)(n) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✼



✽ ❈❖◆❚❊◆❚❙

✹✳✻ ❉✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹
✹✳✼ ❙♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ϕ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✶✵✺

✺✳✶ ❋r❛♠❡✇♦r❦ ♦❢ ❤✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✶✳✶ ■♥✜♥✐t❡s✐♠❛❧ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✶✳✷ ❚❤❡ ❛❧❣❡❜r❛ Ck ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✺✳✶✳✸ ❙❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✺✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵
✺✳✷✳✶ Ck✲♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵
✺✳✷✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✳ ✳ ✳ ✳ ✶✶✷
✺✳✷✳✸ ❯♣❣r❛❞✐♥❣ ❢r❡❡♥❡ss t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ✶✶✹

✺✳✸ ❆❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✈❛r✐❛❜❧❡s ✳ ✶✶✻
✺✳✸✳✶ ❆❞❞✐t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✳ ✳ ✳ ✶✶✻
✺✳✸✳✷ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✶✶✼

✺✳✹ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✺✳✹✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ✜rst ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✺✳✹✳✷ ❙tr✉❝t✉r❡ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✳ ✳ ✳ ✳ ✳ ✶✷✸
✺✳✹✳✸ ❙t✉❞② ♦❢ t❤❡ ♣♦s❡t NC(k)(n) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✺✳✺ ❇♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽
✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

✻ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ✶✸✼

✻✳✶ ❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾
✻✳✷ ❆♣♣r♦①✐♠❛t❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r gN ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹
✻✳✸ ❊st✐♠❛t✐♦♥ ♦❢ gN − g̃N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵
✻✳✹ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ supp(µσ ⊞µAN

)✶✺✷
✻✳✺ ❙t✉❞② ♦❢ µσ ⊞ µAN

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼
✻✳✻ ❊①❛❝t s❡♣❛r❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶
✻✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻
✻✳✽ ❆♣♣❡♥❞✐① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾

✼ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s ✶✼✺

✼✳✶ ❇❛s✐❝ t♦♦❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻
✼✳✷ ❙✉❜♦r❞✐♥❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼
✼✳✸ ❆♣♣r♦①✐♠❛t❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r gN ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✽
✼✳✹ ❊st✐♠❛t✐♦♥ ♦❢ gN − g̃N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✷
✼✳✺ ❙t✉❞② ♦❢ π p(N)

N
,1

⊞ µAN
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹

✼✳✻ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Kν,α ✳ ✳ ✳ ✳ ✳ ✶✾✷
✼✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✺
✼✳✽ ❆♣♣❡♥❞✐① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✾

❇✐❜❧✐♦❣r❛♣❤② ✷✵✸



◆♦t❛t✐♦♥s

❚❤r♦✉❣❤♦✉t t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ✿

• R,C r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ✜❡❧❞s ♦❢ r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ♥✉♠❜❡rs✳

• ❚❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r z ∈ C ❛r❡ ❞❡♥♦t❡❞
❜② ℜz ❛♥❞ ℑz✳

• ❲❤❡♥ A ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✱ MN (A) ✐s t❤❡ s❡t
♦❢ sq✉❛r❡ ♠❛tr✐❝❡s ♦❢ s✐③❡ N ✇✐t❤ ❡♥tr✐❡s ✐♥ A✱ ❛♥❞ MN,p(A) ✐s t❤❡ s❡t
♦❢ r❡❝t❛♥❣✉❧❛r ♠❛tr✐❝❡s ✇✐t❤ N r♦✇s ❛♥❞ p ❝♦❧✉♠♥s✱ ❛♥❞ ✇✐t❤ ❡♥tr✐❡s
✐♥ A✳

• ❲❡ ✇✐❧❧ ✉s❡ Tr ❢♦r t❤❡ tr❛❝❡ ♦❢ ❛ ♠❛tr✐① ✿

∀X ∈ MN (A),Tr(X) =
N∑

i=1

Xii,

❛♥❞ tr ❢♦r t❤❡ ♥♦r♠❛❧✐③❡❞ tr❛❝❡ ✿

tr =
1

N
Tr.

• ❚❤❡ ✭r❡❛❧✮ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ❛r❡ ❡♥✉♠❡r❛t❡❞ ✐♥ t❤❡
❞❡❝r❡❛s✐♥❣ ♦r❞❡r

{λ1 ≥ . . . ≥ λN}.

• ❆ ♣r♦❜❛❜✐❧✐t② tr✐♣❧❡ (Ω,F ,P) ✐s ❣✐✈❡♥ ❜② ❛ ♥♦♥✲❡♠♣t② s❡t Ω✱ ❛ tr✐❜❡
F ♦♥ Ω ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P ♦♥ (Ω,F)✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s
❞❡♥♦t❡❞ ❜② E✳

• ❚❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R
m ✐s ❞❡♥♦t❡❞ ❜② ❞①✳

• ❚❤❡ s✉♣♣♦rt ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ✐s ❞❡♥♦t❡❞ ❜② supp(µ)✳

• [m] := {1, . . . ,m}✳

• ❋♦r ❛ ♠❛♣ f : X −→ Y ✱ ✇❤❡♥ F ✐s ❛ ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ X✱ ✇❡ ✇✐❧❧
✉s❡ t❤❡ ♥♦t❛t✐♦♥ f(F) ❢♦r t❤❡ ❢❛♠✐❧② {f(A), A ∈ F} ♦❢ s✉❜s❡ts ♦❢ Y ✳

✾
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠

▼❛tr✐① ❚❤❡♦r②

✶✳✶ ●❡♥❡r❛❧ ❝♦♥t❡①t

❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✇❛s ❜♦r♥ ✐♥ ✶✾✷✽✱ ✇❤❡♥ ❏✳ ❲✐s❤❛rt s✉❣❣❡st❡❞✱ ❢♦r
st❛t✐st✐❝❛❧ ❞❛t❛ ❛♥❛❧②s✐s✱ t♦ st✉❞② ❛ r❛♥❞♦♠ ♠❛tr✐① ♦❢ ✜①❡❞ s✐③❡ ❬❲✐s✷✽❪✳ ❚❤✐s
st✉❞② ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ❢✉rt❤❡r ❜② s❡✈❡r❛❧ st❛t✐st✐❝✐❛♥s ❬❋✐s✸✾❪✱❬❍s✉✸✾❪✱❬●✐r✸✾❪✳
❚❤❡ ✐♥t❡r❡st ✐♥ r❛♥❞♦♠ ♠❛tr✐❝❡s ✇❛s r❡♥❡✇❡❞ ✐♥ t❤❡ ✜❢t✐❡s ❜② ❛ ♥✉❝❧❡❛r ♣❤②s✐✲
❝✐st✱ ❊✳ ❲✐❣♥❡r✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✱ t❤❡ ❡♥✲
❡r❣② ❧❡✈❡❧s ♦❢ ❛ s②st❡♠ ♠❛② ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛♥ ♦♣❡r❛t♦r✱
t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❛❣✐♥❣ ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥✳ ■♥ t❤❡ ❝❛s❡
♦❢ ❛ s②st❡♠ ♦❢ ❤✐❣❤❧② ❡①❝✐t❡❞ ♥✉❝❧❡✐ ✐♥✈♦❧✈❡❞ ✐♥ ❛ s❧♦✇ r❡❛❝t✐♦♥✱ t❤❡ ❍❛♠✐❧t♦✲
♥✐❛♥ ✐s ✉♥❦♥♦✇♥✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇♦✉❧❞ ❜❡ ❛♥②✇❛② t♦♦ ❝♦♠♣❧✐❝❛t❡❞✳
❲✐❣♥❡r ♣r♦♣♦s❡❞ t♦ r❡♣❧❛❝❡ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ❜② ❛ s②♠♠❡tr✐❝ r❛♥❞♦♠ ♠❛tr✐①
♦❢ ❧❛r❣❡ s✐③❡✳ ❚❤✐s ✐❞❡❛ ✇❛s ❝♦♥✜r♠❡❞ ❜② ❛ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ❡♠♣✐r✐❝❛❧ ♠❡❛✲
s✉r❡♠❡♥ts ❛♥❞ ✐s t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ st✉❞② ♦❢ ❧❛r❣❡ r❛♥❞♦♠ ♠❛tr✐❝❡s ✭❬▼❡❤✵✹❪✮✳
❙✐♥❝❡ t❤❡♥✱ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥s ❢r❡q✉❡♥t❧② ❛♣♣❡❛r❡❞ ✐♥ t❤❡♦r❡t✐❝❛❧ ♣❤②s✐❝s✱ t♦
❡♥✉♠❡r❛t❡ ♣❧❛♥❛r ♠❛♣s ❬❩✈♦✾✼❪✱ ✐♥ ❝❤♦r❞s t❤❡♦r②✱ ✐♥ t❤❡ st✉❞② ♦❢ ❣r♦✇t❤
♠♦❞❡❧s ❬❑ö♥✵✺❪✱ ✐♥ ✐♥❢♦r♠❛t✐♦♥ t❤❡♦r②✱ ♣❛rt✐❝✉❧❛r❧② ✐♥ ✇✐r❡❧❡ss ❝♦♠♠✉♥✐❝❛✲
t✐♦♥✱ ❛♥❞ ✐♥ ❡✈❡r② s✉❜❥❡❝t ♥❡❡❞✐♥❣ t❤❡ ❛♥❛❧②s✐s ♦❢ ❛ ❣r❡❛t ❛♠♦✉♥t ♦❢ st❛t✐st✐❝❛❧
❞❛t❛✱ ❡t❝✳
❚❤❡ ♦❜❥❡❝t ♦❢ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✐s t❤❡ ♠❛tr✐① ♠♦❞❡❧✱ t❤❛t ✐s ❛ ♠❡❛✲
s✉r❛❜❧❡ ♠❛♣ ❢r♦♠ ❛ ♣r♦❜❛❜✐❧✐t② tr✐♣❧❡ (Ω,F ,P) ✐♥t♦ ❛ ♠❡❛s✉r❛❜❧❡ ♠❛tr✐①
s♣❛❝❡✳ ❲❤❡♥ t❤✐s ❧❛tt❡r s♣❛❝❡ ✐s t❤❡ s❡t ♦❢ ❍❡r♠✐t✐❛♥ ♠❛tr✐❝❡s HN ♦r s②♠✲
♠❡tr✐❝ ♠❛tr✐❝❡s SN ✱ ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛❣❡s✱ ♦♥❡ t❛❧❦s ❛❜♦✉t ❍❡r♠✐t✐❛♥ ♦r
s②♠♠❡tr✐❝ ♠❛tr✐① ♠♦❞❡❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ❞♦❡s ♥♦t
r❡❞✉❝❡ t♦ t❤❡s❡ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧s ✿ s♦♠❡ ✐♠♣♦rt❛♥t ♠❛tr✐① ♠♦❞❡❧s ❛r❡ ♥❡✐✲
t❤❡r ❍❡r♠✐t✐❛♥ ♥♦r s②♠♠❡tr✐❝✱ s✉❝❤ ❛s t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ t❤❡ ✉♥✐t❛r② ❛♥❞
♦rt❤♦❣♦♥❛❧ ❣r♦✉♣s✱ ♦r t❤❡ ●✐♥✐❜r❡ ❡♥s❡♠❜❧❡ ❬●✐♥✻✺❪ ❛♥❞ ✐ts ❣❡♥❡r❛❧✐③❛t✐♦♥s✳
❖♥❝❡ t❤❡ ♠❛tr✐① ♠♦❞❡❧ ❝❤♦s❡♥✱ ❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s t❤❡ ❛s②♠♣t♦t✐❝

✶✶



✶✷ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ ❜❡❤❛✈✐♦rs ♦❢ ✐ts s♣❡❝tr✉♠✳
❚❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ✐s t❤❡ st✉❞② ♦❢ t❤❡ ✇❤♦❧❡ s♣❡❝tr✉♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❣✐✈❡♥ ❛ ♠❛tr✐① ♠♦❞❡❧ XN ✱ ❤♦✇ s❤♦✉❧❞ t❤❡ s♣❡❝tr✉♠ ❜❡ ♥♦r♠❛❧✐③❡❞ ❢♦r t❤❡
❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡

µN :=
1

N

N∑

i=1

δλi

t♦ ❝♦♥✈❡r❣❡❄
❚❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❡✐❣❡♥✈❛❧✉❡s✳ ■❢ t❤❡
s♣❡❝tr✉♠ ✐s r❡❛❧✱ ✇❡ ✇✐❧❧ ❜❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s✳
❖♥❡ ♠❛② ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡s✱ ❝♦♠♣❧❡t✐♥❣ t❤❡ st✉❞② ♦❢
t❤❡ ❡❞❣❡ ♦❢ t❤❡ s♣❡❝tr✉♠✱ ♦r t❤❡ s♣❛❝✐♥❣s ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r✐♥❣ ❡✐❣❡♥✈❛❧✉❡s
♣✐❝❦❡❞✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐♥ t❤❡ ❜✉❧❦ ♦❢ t❤❡ s♣❡❝tr✉♠✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ s♣❛❝✲
✐♥❣s✱ ✇❤✐❝❤ ✐s ♦❢ ♣❤②s✐❝❛❧ ✐♥t❡r❡st ❬▼❡❤✵✹❪✱ ✇❛s t❤❡ ♦❜❥❡❝t ♦❢ ❛ ❝♦♥❥❡❝t✉r❡
♦❢ ❲✐❣♥❡r ✭❲✐❣♥❡r✬s s✉r♠✐s❡✮ ✇❤✐❝❤ ✇❛s ♣r♦✈❡❞ t♦ ❜❡ ✇r♦♥❣ ❬▼❡❤✻✵❪✱ ❛♥❞
t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✭❬▼❡❤✵✹❪✱ ❬❏♦❤✵✶❛❪✮ s❡❡♠ t♦ ❡st❛❜❧✐s❤ ❛♥ ❛♥❛❧♦❣② ✇✐t❤
♥✉♠❜❡r t❤❡♦r②✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ ❘✐❡♠❛♥♥ ❍②♣♦t❤❡s✐s ♦♥ t❤❡ ③❡r♦s ♦❢
t❤❡ ζ ❢✉♥❝t✐♦♥ ❬❑❙✾✾❪✳

✶✳✷ ❲✐❣♥❡r ♠❛tr✐❝❡s

▲❡t ✉s ❜❡❣✐♥ ❜② t❤❡ st✉❞② ♦❢ t❤❡ ♠❛tr✐① ♠♦❞❡❧s ✐♥tr♦❞✉❝❡❞ ❜② ❲✐❣♥❡r✱ ❢♦r
✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❇② r❡❛❧ ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛♥❞ ❛ss♦❝✐❛t❡❞ t♦ t❤❡
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✱ ✇❡ ♠❡❛♥ ❛ s②♠♠❡tr✐❝ ♠❛tr✐① ♠♦❞❡❧ WN ♦❢ s✐③❡
N s✉❝❤ t❤❛t ((WN )ii)1≤i≤N ✱ ((

√
2WN )ij)1≤i<j≤N ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠

✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ µ✳

❲❡ ❛❧s♦ ❞❡✜♥❡ ✐ts ❝♦♠♣❧❡① ❛♥❛❧♦❣✉❡ ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ❇② ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛♥❞ ❛ss♦❝✐❛t❡❞ t♦
t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✱ ✇❡ ♠❡❛♥ ❛ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ♠♦❞❡❧ WN ♦❢ s✐③❡
N s✉❝❤ t❤❛t
((WN )ii)1≤i≤N ✱

√
2ℜ((WN )ij)1≤i<j≤N ✱

√
2ℑ((WN )ij)1≤i<j≤N ❛r❡ ✐♥❞❡♣❡♥✲

❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ µ✳

❚❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ✇❛s t❤❡ ♦❜❥❡❝t ♦❢ t❤❡ ✜rst ❛s②♠♣✲
t♦t✐❝ r❡s✉❧t ✐♥ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✿ t❤❡ s❡♠✐❝✐r❝❧❡ ❧❛✇ ♦r ❲✐❣♥❡r✬s ❚❤❡✲
♦r❡♠✳

❚❤❡♦r❡♠ ✶✳✷✳✸✳ ❬❇❙✶✵❪ ▲❡t WN ❜❡ ❛ ✭r❡❛❧ ♦r ❝♦♠♣❧❡①✮ ❲✐❣♥❡r ♠❛tr✐① ♦❢
s✐③❡ N ❛♥❞ ❛ss♦❝✐❛t❡❞ t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦❢ ✜♥✐t❡ ✈❛r✐❛♥❝❡ σ2✳ ❚❤❡♥

µ 1√
N

WN

a.s.⇒
N→+∞

µσ,



✶✳✷ ❲✐❣♥❡r ♠❛tr✐❝❡s ✶✸

✇❤❡r❡

µσ(dx) =
1

2πσ2

√
4σ2 − x21I[−2σ,2σ](x)dx ✭✶✳✶✮

✐s t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛r❛♠❡t❡r σ✳

❚❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠ ✇❛s ♣r♦✈❡❞ ❜② ❲✐❣♥❡r ❤✐♠s❡❧❢ ✐♥ ✶✾✺✺
❬❲✐❣✺✺❪✳ ❍✐s r❡s✉❧t ✇❛s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡❛♥ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧
♠❡❛s✉r❡ ♦❢ ❛ r❡❛❧ ❲✐❣♥❡r ♠❛tr✐① ❛ss♦❝✐❛t❡❞ t♦ ❛ ❇❡r♥♦✉❧❧✐ ♠❡❛s✉r❡✳ ❍❡
♥♦t✐❝❡❞ ❛ ❢❡✇ ②❡❛rs ❧❛t❡r ❬❲✐❣✺✽❪ t❤❛t ❤✐s ♠❡t❤♦❞ ❝♦✉❧❞ ❛❞❛♣t t♦ ❛ ♠♦r❡
❣❡♥❡r❛❧ s②♠♠❡tr✐❝ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ❛❧❧ ♦❢ ✇❤♦s❡ ♠♦♠❡♥ts ❛r❡ ✜♥✐t❡✳
❚❤✐s ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♠❡❛♥ ❡♠♣✐r✐❝❛❧
s♣❡❝tr❛❧ ♠❡❛s✉r❡ t♦✇❛r❞s t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥✱ ✐s ❝❛❧❧❡❞
t❤❡ ♠♦♠❡♥ts ♠❡t❤♦❞✳ ❆♥ ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❡ ✐❞❡♥t✐t②✱ ❢♦r ❡❛❝❤ k ∈ N ✿

∫

R

xkdµ 1√
N

WN
(x) = tr

((WN√
N

)k)
,

❛❧❧♦✇✐♥❣ t♦ ❡①♣r❡ss t❤❡ k✲t❤ ♠♦♠❡♥t ♦❢ t❤❡ ♠❡❛♥ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡
❛s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐①✳ ❖♥❡ t❤✉s
♦❜t❛✐♥s ✿

E

[ ∫

R

xkdµ 1√
N

WN
(x)

]
=

1

N
k+2
2

N∑

i1,...,ik=1

E[(WN )i1i2 · · · (WN )iki1 ].

■❢ k ✐s ♦❞❞✱ ❡❛❝❤ t❡r♠ ✐♥ t❤✐s s✉♠ ✈❛♥✐s❤❡s✱ ❜② s②♠♠❡tr② ♦❢ µ✳ ❖t❤❡r✇✐s❡✱ ✐❢
k = 2k′ ✐s ❡✈❡♥✱ t❤❡♥✱ ❛♠♦♥❣ t❤❡ t❡r♠s ✇❤✐❝❤ ❞♦ ♥♦t ✈❛♥✐s❤ ❜② s②♠♠❡tr② ♦❢
µ✱ ♦♥❡ ✐❞❡♥t✐✜❡s t❤♦s❡ ❝♦♥tr✐❜✉t✐♥❣ ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✱ ❛♥❞ ♦♥❡ ♣r♦✈❡s
t❤❛t t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ k✲t❤ ♠♦♠❡♥t ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ µσ ✿ ∫

R

x2k′
dµσ(x) = σ2k′ 2k′!

k′!(k′ + 1)!
.

❚❤❡ q✉❛♥t✐t② Ck′ = 2k′!
k′!(k′+1)! ✐s ❦♥♦✇♥ ❛s t❤❡ k′✲t❤ ❈❛t❛❧❛♥ ♥✉♠❜❡r ❢♦r ✐ts

♥✉♠❡r♦✉s ❝♦♠❜✐♥❛t♦r✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ❬❙t❛✾✾❪✳
❖♥❡ ♠❛② ♣r♦✈❡ t❤✐s ✇❛② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧
s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❬●r❡✻✸❪✳ ❆r♥♦❧❞ ✇✐❧❧ ❝♦♥s✐❞❡r❛❜❧② ✇❡❛❦❡♥ t❤❡ ❤②♣♦t❤❡s✐s
♠❛❞❡ ♦♥ µ ❛♥❞ ✇✐❧❧ ❛❧s♦ ♣r♦✈❡ ❛♥ ❛❧♠♦st s✉r❡ r❡s✉❧t ❬❆r♥✻✼❪✱❬❆r♥✼✶❪✳ ❚❤❡
❝❛s❡ ♦❢ ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐❝❡s ✐s s✐♠✐❧❛r ❬❲❡❣✼✻❪✳
❚❤❡r❡ ❛r❡ ♦t❤❡r ♣r♦♦❢s ♦❢ ❲✐❣♥❡r✬s ❚❤❡♦r❡♠ ❀ ♦♥❡ ♦❢ t❤❡♠ ❝❤❛r❛❝t❡r✐③❡s t❤❡
❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❜② ✐ts ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✹✳ ❚❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ ❛ ✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ µ ♦♥
R ✐s t❤❡ ❢✉♥❝t✐♦♥ Gµ ❞❡✜♥❡❞ ❜② ✿

Gµ(z) =

∫

R

µ(dx)

z − x
,

❢♦r ❛♥② z ∈ C \ R✳



✶✹ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t Gµ ✐s ❛❝t✉❛❧❧② ❞❡✜♥❡❞ ❛♥❞ ❛♥❛❧②t✐❝ ♦♥ C \ supp(µ)✳
■ts ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♥❡✐❣❤❜♦♦r✐♥❣ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µ ❛❧❧♦✇s t♦ r❡tr✐❡✈❡ ❛❧❧ t❤❡
✐♥❢♦r♠❛t✐♦♥ ♦♥ µ ✿

▲❡♠♠❛ ✶✳✷✳✺✳ ▲❡t µ ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R✳

✭✶✮ ❚❤❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t x ∈ R ♦❢ (z − x)Gµ(z) ❡①✐sts ❛♥❞ ✐s ❡q✉❛❧
t♦ µ({x})✳

✭✷✮ ❚❤❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t x ∈ R ♦❢ ℑGµ(z) ❡①✐sts ❛❧♠♦st ❡✈❡r②✇❤❡r❡
❛♥❞ ✐s ❡q✉❛❧ t♦ −πf(x)✱ ✇❤❡r❡ f ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❛❜s♦❧✉t❡❧② ❝♦♥✲
t✐♥✉♦✉s ♣❛rt ♦❢ µ ✭✇✐t❤ r❡s♣❡❝t t♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮✳

❆♥♦t❤❡r ♣r♦♣❡rt② ♦❢ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ✐s ✐ts ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✿

▲❡♠♠❛ ✶✳✷✳✻✳ ▲❡t (µn)n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✳

✭✶✮ ■❢ (µn)n∈N ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✱ t❤❡♥ ♦♥❡
❤❛s t❤❡ s✐♠♣❧❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Gµn t♦✇❛r❞s Gµ ♦♥ C \ R✳

✭✷✮ ■❢ Gµn s✐♠♣❧② ❝♦♥✈❡r❣❡s ♦♥ C \ R t♦✇❛r❞s G✱ t❤❡♥ G ✐s t❤❡ ❙t✐❡❧t❥❡s
tr❛♥s❢♦r♠ ♦❢ ❛ s✉❜♣r♦❜❛❜✐❧✐t② µ✱ ❛♥❞ (µn)n∈N ✈❛❣✉❡❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞s
µ✳

❚❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ ❛ ♠❛tr✐①
♠♦❞❡❧ ✐s t❤❡ ♥♦r♠❛❧✐③❡❞ tr❛❝❡ ♦❢ ✐ts r❡s♦❧✈❡♥t ✿ ✐❢ µN ❞❡♥♦t❡s t❤❡ ❡♠♣✐r✐❝❛❧
s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ ❛ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ♠♦❞❡❧ XN ✱ t❤❡♥

∀z ∈ C \ R, GµN
(z) = tr((zIN −XN )−1).

❚❤✐s ❥✉st✐✜❡s t❤❡ ♥❛♠❡ ♦❢ r❡s♦❧✈❡♥t ♠❡t❤♦❞ ❣✐✈❡♥ t♦ t❤❡ ✉s❡ ♦❢ ❙t✐❡❧t❥❡s
tr❛♥s❢♦r♠ ✐♥ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❲✐❣♥❡r✬s ❚❤❡♦r❡♠ ❜②
t❤❡ r❡s♦❧✈❡♥t ♠❡t❤♦❞ ❛♠♦✉♥ts t♦ s❤♦✇✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❙t✐❡❧t❥❡s
tr❛♥s❢♦r♠ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ ❛ ❲✐❣♥❡r ♠❛tr✐① t♦✇❛r❞s t❤❡
❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥✱ s❛t✐s❢②✐♥❣ t❤❡ r❡♠❛r❦❛❜❧❡
❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ✿

∀z ∈ C \ R, σ2Gµσ(z)2 − zGµσ(z) + 1 = 0.

■t ✐s ✐♥t❡r❡st✐♥❣ t❤❛t t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ✐s ❜♦t❤
❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ✉♥✐✈❡rs❛❧✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤✐s ❧✐♠✐t ✐s t❤❡ s❛♠❡ ✭✉♥❞❡r
t❤❡ s❛♠❡ ♥♦r♠❛❧✐③❛t✐♦♥✮ ❢♦r ❛❧❧ t❤❡ ❲✐❣♥❡r ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s µ s❤❛r✐♥❣ t❤❡ s❛♠❡ ✜♥✐t❡ ✈❛r✐❛♥❝❡✳
❚❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✱ s✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡
❛♣♣❡❛rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✭✶✳✶✮✳ ❇❡♥ ❆r♦✉s ❛♥❞
●✉✐♦♥♥❡t st✉❞✐❡❞ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ r❡❛❧ ❲✐❣♥❡r ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ ❛
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ✇❤♦s❡ ✈❛r✐❛♥❝❡ ✐s ✐♥✜♥✐t❡ ❬❇❆●✵✽❪✳ ❙✉❝❤ ❛ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝❤♦♦s✐♥❣ ❛ s✉✣❝✐❡♥t❧② ❤❡❛✈② t❛✐❧✱ ❛s ❢♦❧❧♦✇s ✿



✶✳✷ ❲✐❣♥❡r ♠❛tr✐❝❡s ✶✺

❉❡✜♥✐t✐♦♥ ✶✳✷✳✼✳ ❬❙❡♥✼✻❪ ❆ ❢✉♥❝t✐♦♥ L : R
+ −→ R

+∗ ✐s s❛✐❞ t♦ ❜❡ s❧♦✇❧②
✈❛r②✐♥❣ ✇❤❡♥ ✿

∀t > 0,
L(tx)

L(x)
−→

x→+∞
1.

❉❡✜♥✐t✐♦♥ ✶✳✷✳✽✳ ❬❘❡s✵✼❪ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ R ✐s s❛✐❞ t♦ ❜❡ ❤❡❛✈②✲
t❛✐❧❡❞ ♦❢ ✐♥❞❡① α > 0 ✐❢

∀x ≥ 0, µ({t ∈ R | |t| > x}) =
L(x)

xα
,

✇❤❡r❡ L : R
+ −→ R

+ ✐s ❛ s❧♦✇❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥✳

❋♦r ❛ ❤❡❛✈②✲t❛✐❧❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦❢ ✐♥❞❡① α > 0✱ ♦♥❡ ❤❛s

∀k > α,

∫

R

|x|kdµ(x) = +∞.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ α ∈]0; 2[✱ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ µ ✐s ✐♥✜♥✐t❡✳
■t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❆●✵✽❪ t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ ❲✐❣♥❡r ♠❛✲
tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ ❤❡❛✈②✲t❛✐❧❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦❢ ✐♥❞❡① α ∈]0; 2[ ❝♦♥✲
✈❡r❣❡ ✉♥❞❡r ❛♥♦t❤❡r ♥♦r♠❛❧✐③❛t✐♦♥ t♦✇❛r❞s ❛ ♥❡✇ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✭❜♦t❤
❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ α✮✳
■♥ ❲✐❣♥❡r✬s ❚❤❡♦r❡♠✱ ♦♥❡ ♠❛② ❡st✐♠❛t❡ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ t♦✇❛r❞s t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣
t❤❡ ✉♥✐❢♦r♠ ❞✐st❛♥❝❡ ♦❢ t❤❡✐r r❡♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤✐s s♣❡❡❞ ✐s ❝♦♥❥❡❝t✉r❡❞
t♦ ❜❡ ♦❢ ♦r❞❡r 1

N ✭s❡❡ ❬❇❙✶✵❪✮✳
❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❡♠✐❝✐r❝❧❡ ❧❛✇ ✐s t❤❛t t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ❲✐❣♥❡r
♠❛tr✐① s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✸ ❝❛♥♥♦t ❜❡ ✇✐t❤ ♣♦s✐t✐✈❡
♣r♦❜❛❜✐❧✐t② s♠❛❧❧❡r t❤❛t t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t 2σ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❧✐♠✐t✐♥❣
❞✐str✐❜✉t✐♦♥✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ♣r♦✈❡ ✐ts ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s 2σ✱
♦♥❡ ❤❛s t♦ ❜♦✉♥❞ ✐t ❛❧♠♦st s✉r❡❧② ❜② 2σ✳ ❋♦❧❧♦✇✐♥❣ ❬❋❑✽✶❪✱ ♦♥❡ ✉s❡s t❤❡
❜♦✉♥❞

λ2kN
1 ≤ Tr((WN )2kN ), ✭✶✳✷✮

✇❤❡r❡ (kN )N∈N∗ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs ❣♦✐♥❣ s❧♦✇❧② t♦ ✐♥✜♥✐t②✱ ❛♥❞ ♦♥❡
t❤❡♥ st✉❞✐❡s t❤❡ ❧❛r❣❡ tr❛❝❡ Tr((WN )2kN ) ❜② ❛ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ❝♦♠❜✐♥❛✲
t♦r✐❝s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡♠✐❝✐r❝❧❡ ❧❛✇✳ ❚❤✐s ❛r❣✉♠❡♥t ✐s s♦♠❡t✐♠❡s
❝❛❧❧❡❞ t❤❡ ❧❛r❣❡ tr❛❝❡s ♠❡t❤♦❞✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♣r♦❣r❡ss✐✈❡❧② ❛♣♣❡❛r❡❞
t♦ ❜❡ ♠✐♥✐♠❛❧ ❢♦r ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ t♦✇❛r❞s
2σ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜♥✐t❡ ❢♦✉rt❤ ♠♦♠❡♥t ❢♦r µ ✿

❚❤❡♦r❡♠ ✶✳✷✳✾✳ ❬❇❨✽✽❪ ▲❡t WN ❜❡ ❛ r❡❛❧ ♦r ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡
N ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝❡♥t❡r❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦❢ ✈❛r✐❛♥❝❡ σ2 ❛♥❞ ✇❤♦s❡
❢♦✉rt❤ ♠♦♠❡♥t ✐s ✜♥✐t❡✳ ❚❤❡♥

λ1√
N

a.s.−→
N→+∞

2σ.



✶✻ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

❚❤❡ ♥❡❝❡ss✐t② ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✜♥✐t❡ ❢♦✉rt❤ ♠♦♠❡♥t✱ ♣r♦✈❡❞ ❜② ❇❛✐
❛♥❞ ❨✐♥ ❬❇❨✽✽❪✱ ✇❛s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ❙♦s❤♥✐❦♦✈ ✜rst ❬❙♦s✵✻❪ ❛♥❞
❆✉✣♥❣❡r✱ ❇❡♥ ❆r♦✉s ❛♥❞ Pé❝❤é ❬❆❇❆P✵✾❪ ❛❢t❡r✇❛r❞s✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞ r❡❛❧
❲✐❣♥❡r ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❤❡❛✈②✲t❛✐❧❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❞❡①
α ∈]0; 2[ ❢♦r t❤❡ ✜rst ♥❛♠❡❞✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② α ∈]0; 4[ ❢♦r t❤❡ ♦t❤❡rs✱ ❛♥❞
t❤❡② s❤♦✇ t❤❛t t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s s✉✐t❛❜❧② r❡♥♦r♠❛❧✐③❡❞ ❝♦♥✈❡r❣❡ t♦ ❛
P♦✐ss♦♥ ♣r♦❝❡ss✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s ✿

❚❤❡♦r❡♠ ✶✳✷✳✶✵✳ ▲❡t WN ❜❡ ❛ r❡❛❧ ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦
❛ ❤❡❛✈②✲t❛✐❧❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ♦❢ ✐♥❞❡① α ∈]0; 2[✱ ♦r t♦ ❛ ❝❡♥t❡r❡❞
❤❡❛✈②✲t❛✐❧❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ♦❢ ✐♥❞❡① α ∈ [2; 4[✱ ❛♥❞ s❡t

bN := inf{x > 0 | µ(] −∞,−x[∪]x; +∞[) ≤ 2

N(N + 1)
}.

❚❤❡♥

P(
λ1

bN
≤ x) −→

N→+∞
exp(−x−α).

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✾✱ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ❝♦♥✈❡r❣✲
✐♥❣ ❛❧♠♦st s✉r❡❧② t♦✇❛r❞s 2σ✱ t❤❡ q✉❡st✐♦♥ ♦❢ ✐ts ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ ✐ts ❧✐♠✐t
✐s ♥❛t✉r❛❧✳ ❚❤❡② ✇❡r❡ ✐❞❡♥t✐✜❡❞ ❜② ❚r❛❝② ❛♥❞ ❲✐❞♦♠ ❬❚❲✾✹❪✱ ❬❚❲✾✻❪ ✐♥
t❤❡ ❝❛s❡ ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥
♦❢ ✈❛r✐❛♥❝❡ σ2 ✭♦❜✈✐♦✉s❧② s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✾✮✳
❆ ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥
❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛r✐❛♥❝❡ σ2 ❜❡❧♦♥❣s t♦ t❤❡ ●❛✉ss✐❛♥ ❯♥✐t❛r② ❊♥s❡♠❜❧❡ ♦❢ ♣❛✲
r❛♠❡t❡r σ2 ✭❛❜❜r❡✈✐❛t❡❞ ●✳❯✳❊✭N, σ2✮✮✳ ■ts ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ s♣❛❝❡ HN ✱
✉♣ t♦ t❤❡ ✐❞❡♥t✐✜❛t✐♦♥ HN ≃ R

N2
✱ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

PN,σ2,2(dX) =
1

ZN,σ2,2
exp(− 1

2σ2
Tr(X2))dX,

✇❤❡r❡ ZN,σ2,2 ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t t♦ ❡♥s✉r❡ t❤❛t

∫

HN

PN,σ2,2(dX) = 1.

P❛r❛❧❧❡❧②✱ ♦♥❡ ❝❛❧❧s ●❛✉ss✐❛♥ ❖rt❤♦❣♦♥❛❧ ❊♥s❡♠❜❧❡ ♦❢ ♣❛r❛♠❡t❡r σ2 ✭❛❜❜r❡✲
✈✐❛t❡❞ ●✳❖✳❊✭N, σ2✮✮ t❤❡ r❡❛❧ ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛r✐❛♥❝❡ σ2✱ ❛♥❞ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡
s♣❛❝❡ SN ✱ ✉♣ t♦ t❤❡ ✐❞❡♥t✐✜❛t✐♦♥ SN ≃ R

N(N+1)/2✱ ✐s ✿

PN,σ2,1(dX) =
1

ZN,σ2,1
exp(− 1

4σ2
Tr(X2))dX,

✇❤❡r❡ ZN,σ2,1 ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳ ❖♥❡ ❛♥❛❧♦❣♦✉s❧② ❞❡✜♥❡s ❛ ●❛✉s✲
s✐❛♥ ❙②♠♣❧❡❝t✐❝ ❊♥s❡♠❜❧❡✳
❚❤❡ ♥❛♠❡ ●❛✉ss✐❛♥ ❯♥✐t❛r② ✭r❡s♣✳ ❖rt❤♦❣♦♥❛❧✱ ❙②♠♣❧❡❝t✐❝✮ ❊♥s❡♠❜❧❡ ❝♦♠❡s



✶✳✷ ❲✐❣♥❡r ♠❛tr✐❝❡s ✶✼

❢r♦♠ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ ✐ts ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ❝♦♥❥✉❣❛t✐♦♥ ❜② ❛ ♠❛tr✐① ❢r♦♠
t❤❡ ✉♥✐t❛r② ❣r♦✉♣ UN ✭r❡s♣✳ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣ ON ✱ s②♠♣❧❡❝t✐❝ ❣r♦✉♣ SpN ✮✳
❯s✐♥❣ t❤✐s ♣r♦♣❡rt② ❝❤❛r❛❝t❡r✐③✐♥❣ ✐♥ ❛ s❡♥s❡ t❤❡ ●❛✉ss✐❛♥ ❊♥s❡♠❜❧❡s ❛♠♦♥❣
t❤❡ ❲✐❣♥❡r ♠❛tr✐❝❡s ✭s❡❡ ❬▼❡❤✵✹❪✮✱ ❲❡②❧✬s ❢♦r♠✉❧❛ ♣r♦✈✐❞❡s ❛♥ ❡①♣❧✐❝✐t ❡①✲
♣r❡ss✐♦♥ ♦❢ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦♥ R

N ✱ t❤❛t ♦♥❡ ❝❛♥ ✜♥❞
✐♥ ❬❉❡✐✾✾❪ ✿

QN,σ2,β(dλ) =
1

Z̃N,σ2,β

∏

1≤i<j≤N

|λi − λj |β exp(− β

4σ2

N∑

i=1

λ2
i )dλ,

✇❤❡r❡ β = 2 ✭r❡s♣✳ β = 1✱ β = 4✮ ❝♦rr❡s♣♦♥❞s t♦ ●✳❯✳❊✳ ✭r❡s♣✳ ●✳❖✳❊✳✱
●✳❙✳❊✳✮✳ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t Z̃N,σ2,β ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❙❡❧✲
❜❡r❣✬s ✐♥t❡❣r❛❧ ❬❙❡❧✹✹❪✳
■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ●✳❯✳❊✳ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ β = 2✮✱ t❤❡ ♣♦✐♥t ♣r♦❝❡ss ♦❢ t❤❡
❡✐❣❡♥✈❛❧✉❡s ❤❛s ❛ ❞❡t❡r♠✐♥❛♥t❛❧ str✉❝t✉r❡ ✭❬▼❡❤✵✹❪✱ s❡❡ ❛❧s♦ ❬❙♦s✵✵❪✮ ✇❤♦s❡
❦❡r♥❡❧ ✐s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛ss♦❝✐❛t❡❞ t♦ t❤❡
✇❡✐❣❤t exp(− x2

2σ2 )✳ ❚❤❡s❡ ❛r❡ ♣r❡❝✐s❡❧② t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s✱ ❥✉st✐❢②✐♥❣
t❤❡ ♥❛♠❡ ♦❢ ❍❡r♠✐t❡ ❊♥s❡♠❜❧❡ s♦♠❡t✐♠❡s ❛ttr✐❜✉t❡❞ t♦ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡
●✳❯✳❊✳✳ ❚❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ●✳❯✳❊✳ ✐s t❤✉s ❧✐♥❦❡❞ t♦ t❤❡ ❛s②♠♣t♦t✐❝s
♦❢ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s✱ ❝❛❧❧❡❞ P❧❛♥❝❤❡r❡❧✲❘♦t❛❝❤ ❛s②♠♣t♦t✐❝s ❬P❘✷✾❪✳
❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐s ❧✐♥❦❡❞ t♦ t❤❡
❋r❡❞❤♦❧♠ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♦♣❡r❛t♦r KAi ✇❤♦s❡ ❦❡r♥❡❧ ✐s t❤❡ ❆✐r② ❦❡r♥❡❧ ✿

KAi(x, y) =
Ai(x)Ai′(y) − Ai′(x)Ai(y)

x− y
,

✇❤❡r❡ Ai ✐s t❤❡ ❆✐r② ❢✉♥❝t✐♦♥✱ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦♥ R ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲

t✐♦♥ f ′′(x) = xf(x) s❛t✐s❢②✐♥❣ f(x) ∼
x→+∞

(4π
√
x)

1
2 e−

2
3
x

3
2 ✳

❚❤❡♦r❡♠ ✶✳✷✳✶✶✳ ▲❡t XN ❜❡ ❛ ●✳❯✳❊✭N, σ2✮ ♠❛tr✐①✱ ❛♥❞ ❞❡♥♦t❡ ❜② λ1 ✐ts
❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡✳
▲❡t q : R −→ R ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

q′′(x) = xq(x) + 2q(x)3

s✉❝❤ t❤❛t q(x) ∼
x→+∞

Ai(x)✳ ❚❤❡♥

lim
N→+∞

P(N
2
3 (

λ1√
N

− 2σ) ≤ s) = F2(s),

✇❤❡r❡ F2(s) = exp(−
∫ +∞
s (x− s)q2(x)dx)✳

❚❤❡r❡ ✐s ❛ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t ♦♥ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ m ❧❛r❣❡st ❡✐❣❡♥✲
✈❛❧✉❡s ♦❢ t❤❡ ●✳❯✳❊✳ ❬❚❲✾✹❪✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ❝♦♠♣❧❡① ❝❛s❡✱ ❚r❛❝② ❡t
❲✐❞♦♠ ❬❚❲✾✻❪ ❞❡❞✉❝❡❞ t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡



✶✽ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

●✳❖✳❊✳ ❛♥❞ t❤❡ ●✳❙✳❊✳ ❛r❡ ❛t t❤❡ s❛♠❡ s❝❛❧❡ t❤❛♥ ✐♥ t❤❡ ❝♦♠♣❧❡① ❝❛s❡✱ ❜✉t
✇✐t❤ ♠♦❞✐✜❡❞ r❡♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥s

F1(s) =
√
F2(s) exp(−1

2

∫ +∞

s
q(x)dx)

❛♥❞

F4(s) =
√
F2(s)

1

2
(exp(

1

2

∫ +∞

s
q(x)dx) + exp(−1

2

∫ +∞

s
q(x)dx)).

❚❤❡ ❞✐str✐❜✉t✐♦♥s ✇❤♦s❡ r❡♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ F1, F2, F4 ❛r❡ ♥♦✇ ❦♥♦✇♥
❛s t❤❡ ❚r❛❝②✲❲✐❞♦♠ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡② ❛♣♣❡❛r ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ st✉❞②
♦❢ ♣❡r❝♦❧❛t✐♦♥ ♠♦❞❡❧s ✭❬❇❙✵✺❪✱❬❇▼✵✺❪✱❬P❙✵✵❪✮✱ ♦❢ ❣r♦✇t❤ ♠♦❞❡❧s ❬❏♦❤✵✵❪✱ ♦❢
t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ ✭❬❇❉❏✾✾❪✱❬❇❉❏✵✵❪✱❬❏♦❤✵✶❛❪✱ ❬❇❘✵✶❪✮✳ ❖♥❡ ♠❛② ❝♦♥s✉❧t
❬❑ö♥✵✺❪ ❢♦r ❛♥ ✐♥tr♦❞✉❝t✐♦♥✳
❋♦r ❛ ✇✐❞❡ ❝❧❛ss ♦❢ r❡❛❧ ✭r❡s♣✳ ❝♦♠♣❧❡①✮ ❲✐❣♥❡r ♠❛tr✐❝❡s✱ t❤❡ ✉♥✐✈❡rs❛❧✐t②
♦❢ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ❛r♦✉♥❞ t❤❡✐r ❧✐♠✐t ❛r❡ ❝♦♥❥❡❝t✉r❡❞
t♦ ❜❡ ✉♥✐✈❡rs❛❧✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡s❡ ✢✉❝t✉❛t✐♦♥s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ µ✳ ❙♦s❤♥✐❦♦✈✬s ✇♦r❦ ❬❙♦s✾✾❪ ✐s ❛ ❣r❡❛t ❛❞✈❛♥❝❡ s✐♥❝❡ ✐t
❣✐✈❡s ❛ ♣r♦♦❢ ♦❢ ✉♥✐✈❡rs❛❧✐t② ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢
r❡❛❧ ✭r❡s♣✳ ❝♦♠♣❧❡①✮ ❲✐❣♥❡r ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ s②♠♠❡tr✐❝ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s µ ✇✐t❤ t❤❡ s❛♠❡ ✈❛r✐❛♥❝❡ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ s✉❜❣❛✉ss✐❛♥ ♠♦♠❡♥ts
❝♦♥❞✐t✐♦♥ ✿

∃C > 0, ∀k ∈ N
∗,
∫

R

x2kdµ(x) ≤ (Ck)k.

■♥ t❤✐s ✇♦r❦✱ ✉♥✐✈❡rs❛❧✐t② ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ✐s r❡❞✉❝❡❞ t♦ ✉♥✐✈❡rs❛❧✐t② ♦❢ t❤❡
❛s②♠♣t♦t✐❝s ♦❢ ❧❛r❣❡ tr❛❝❡s s✐♠✐❧❛r ❛s ✐♥ ✭✶✳✷✮✱ ❜✉t ✇✐t❤ kN ❣♦✐♥❣ s✉✣❝✐❡♥t❧②

❢❛st t♦ ✐♥✜♥✐t② ✭kN ∼ N
2
3 ✮✳ ■t r❡♠❛✐♥s t❤❡♥ t♦ r❡✜♥❡ t❤❡ ❧❛r❣❡ tr❛❝❡s ♠❡t❤♦❞

♦❢ ❬❋❑✽✶❪ ❛♥❞ ❬❇❨✽✽❪ ❢♦❧❧♦✇✐♥❣ ❬❙❙✾✽❜❪✱ ❬❙❙✾✽❛❪✳ ❚❤❡ r❡s✉❧ts ♦❢ ❬❙♦s✾✾❪ ✇❡r❡
✐♠♣r♦✈❡❞ ❜② t❤❡ s❛♠❡ str❛t❡❣② ❜② ❘✉③♠❛✐❦✐♥❛ ❬❘✉③✵✻❪✱ Pé❝❤é ❛♥❞ ❙♦s❤♥✐❦♦✈
❬P❙✵✼❪✱ ❬P❙✵✽❪ ❛♥❞ ❑❤♦r✉♥③❤② ❬❑❱✵✽❪✱ ❬❑❤♦✵✾❪✱ ❬❑❤♦✶✵❪✳
◆♦t✐❝❡ ✐♥ ❬❋❙✵✽❪ ❛ ♥❡✇ ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ❧❛r❣❡ tr❛❝❡s ♠❡t❤♦❞✳ ❘❡✲
❝❡♥t❧②✱ ❚❛♦ ❛♥❞ ❱✉ ♣r♦✈❡❞ ❛ ✈❛r✐❛♥t ♦❢ ❙♦s❤♥✐❦♦✈✬s ✉♥✐✈❡rs❛❧✐t② r❡s✉❧t✱ ❜② ❛
▲✐♥❞❡❜❡r❣ ♠❡t❤♦❞✱ ✇✐t❤♦✉t ❛ss✉♠✐♥❣ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ❬❚❱✶✵❪✳
❋✐♥❛❧❧②✱ t❤❡ s♣❛❝✐♥❣s ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ ❲✐❣♥❡r ♠❛tr✐①
✇❡r❡ t❤❡ ♦❜❥❡❝t ♦❢ s❡✈❡r❛❧ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✿ ❏♦❤❛♥ss♦♥ ❬❏♦❤✵✶❜❪✱ t❤❡♥
❚❛♦ ❛♥❞ ❱✉ ❬❚❱✵✾❜❪✱ s❤♦✇❡❞ t❤❛t t❤❡ r❡s✉❧ts ❦♥♦✇♥ t♦ ❤♦❧❞ ❢♦r t❤❡ ●✳❯✳❊✳
❢♦r ✜❢t② ②❡❛rs ✭❬▼❡❤✵✹❪✮ ✇❡r❡ q✉✐t❡ ✉♥✐✈❡rs❛❧ ❀ ❇❡♥ ❆r♦✉s ❛♥❞ ❇♦✉r❣❛❞❡
st✉❞✐❡❞ t❤❡ ♠❛①✐♠❛❧ s♣❛❝✐♥❣s✳

✶✳✸ ❙❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s

❚❤❡ ✐♥t❡r❡st ♦❢ st❛t✐st✐❝✐❛♥s ✐♥ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✐s ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥
s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✱ t❤❛t ✇❡ ❞❡✜♥❡ ❛s ❢♦❧❧♦✇s ✿



✶✳✸ ❙❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✶✾

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ❆ r❡❛❧ ✭r❡s♣✳ ❝♦♠♣❧❡①✮ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❛
s②♠♠❡tr✐❝ ✭r❡s♣✳ ❍❡r♠✐t✐❛♥✮ ♠❛tr✐① ♠♦❞❡❧ ♦❢ s✐③❡ N ❛♥❞ ♦❢ t❤❡ ❢♦r♠ XN =

Σ
1
2AA∗Σ

1
2 ✱ ✇❤❡r❡ A ✐s ❛ r❡❝t❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ N r♦✇s ❛♥❞ p ❝♦❧✉♠♥s

✇❤♦s❡ ❡♥tr✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❡❛❧ ✭r❡s♣✳ ❝♦♠♣❧❡①✮
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ Σ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ s②♠♠❡tr✐❝ ✭❍❡r♠✐t✐❛♥✮ ❞❡✜♥✐t❡
♣♦s✐t✐✈❡ ♠❛tr✐① ♦❢ s✐③❡ N ✳ ❚❤❡ ♠❛tr✐① Σ ✐s ❝❛❧❧❡❞ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ p
t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ N t❤❡ s❛♠♣❧❡ s✐③❡✳

❚❤❡ ♠❛tr✐① ♠♦❞❡❧ ♦r✐❣✐♥❛❧❧② ❝♦♥s✐❞❡r❡❞ ❜② ❲✐s❤❛rt ✐♥ ❬❲✐s✷✽❪✱ ♥❛♠❡❞
❲✐s❤❛rt ♠❛tr✐①✱ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ r❡❛❧ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ✇❤❡♥
♦♥❡ ❝❤♦♦s❡s ❢♦r t❤❡ ❡♥tr✐❡s ♦❢ A ✐♥❞❡♣❡♥❞❡♥t r❡❛❧ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✈❛r✐✲
❛❜❧❡s✳
❲❡ ✜rst ❞❡❛❧ ✇✐t❤ ✇❤✐t❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✱ t❤❛t ✐s ✇❤♦s❡ tr✉❡ ❝♦✲
✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s Σ = σ2IN✳
❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ p ≥ N ✱ ❜② s✐♠♣❧② ♥♦t✐❝✐♥❣ t❤❛t t❤❡ s♣❡❝tr❛ ♦❢ AA∗

❛♥❞ A∗A ♦♥❧② ❞✐✛❡r ❜② p−N ③❡r♦s✳
❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✇❤✐t❡ ❲✐s❤❛rt ♠❛tr✐❝❡s✱ ✐♥ t❤❡ ❝❛s❡ p ≥ N ✱ ✐s ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ SN ✱ ✇✐t❤ s✉♣♣♦rt ✐♥ t❤❡
s❡t ♦❢ ♣♦s✐t✐✈❡ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✱ ❛♥❞ ❞❡♥s✐t② ❣✐✈❡♥ ❜② ✿

1

Zp,N,σ,1
(detX)

p−N−1
2 exp(− 1

2σ2
Tr(X)),

✇❤❡r❡ Zp,N,σ,1 ✐♥ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳
❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝♦♥❥✉❣❛t✐♦♥ ❜② ❛ ♠❛tr✐① ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧
❣r♦✉♣ Op ❛♥❞ ♦♥❡ ♦❜t❛✐♥s ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ✇❤♦s❡ s✉♣♣♦rt ✐s ✐♥ (R+)p ✿

1

Z̃p,N,σ2,1

∏

1≤i<j≤N

|λi − λj |
N∏

i=1

λ
p−N−1

2
i exp(− 1

2σ2

N∑

i=1

λi)dλ.

❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t Z̃p,N,σ2,1 ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣
❙❡❧❜❡r❣ ✐♥t❡❣r❛❧✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✇❡✐❣❤t

x
p−N−1

2 exp(− x

2σ2
)

❛r❡ ❡①♣❧✐❝✐t❡❧② ❦♥♦✇♥ ✿ t❤❡s❡ ❛r❡ t❤❡ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s✱ ♣r♦✈✐❞✐♥❣ ❛♥
❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ♥❛♠❡ ▲❛❣✉❡rr❡ ❖rt❤♦❣♦♥❛❧ ❊♥s❡♠❜❧❡ ✭▲✳❖✳❊✳✮ ♦❢ s✐③❡ N
✇✐t❤ p ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛❧s♦ ❛ttr✐❜✉t❡❞ t♦ t❤✐s ♠♦❞❡❧✳ ❖♥❡ ❞❡✜♥❡s ❛♥❛❧♦✲
❣♦✉s❧② t❤❡ ▲❛❣✉❡rr❡ ❯♥✐t❛r② ❊♥s❡♠❜❧❡ ✭▲✳❯✳❊✳✮ ❛♥❞ t❤❡ ▲❛❣✉❡rr❡ ❙②♠♣❧❡❝t✐❝
❊♥s❡♠❜❧❡ ✭▲✳❙✳❊✳✮✳
❆❜♦✉t t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ ✇❤✐t❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✱ ♦♥❡ ❤❛s t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿



✷✵ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

❚❤❡♦r❡♠ ✶✳✸✳✷✳ ▲❡t (p(N))N∈N∗ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t

p(N)

N
−→

N→+∞
γ ≥ 1,

❛♥❞ ❧❡t σ > 0✱ ❝♦♥s✐❞❡r t❤❡ r❡❛❧ ♦r ❝♦♠♣❧❡① s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① XN =
AA∗ ✇❤❡r❡ A ✐s ❛ r❡❝t❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ N r♦✇s ❛♥❞ p(N) ❝♦❧✉♠♥s ✇❤♦s❡
❡♥tr✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ✈❛r✐❛♥❝❡
σ2✳ ❚❤❡♥

µ 1
N

XN

a.s.⇒
N→+∞

πγ,σ,

✇❤❡r❡

πγ,σ(dx) =
1

2πσ2x

√
(b− x)(x− a)1I[a,b](x)dx, ✭✶✳✸✮

s❡tt✐♥❣ a = σ2(
√
γ − 1)2 ❛♥❞ b = σ2(

√
γ + 1)2✳

❚❤❡ ❞✐str✐❜✉t✐♦♥s πγ,σ ✇❡r❡ ✐❞❡♥t✐✜❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❜② ▼❛r❝❤❡♥❦♦ ❛♥❞
P❛st✉r ✐♥ ❬▼P✻✼❪✱ ❛♥❞ ❛r❡ ❢♦r t❤✐s r❡❛s♦♥ ❝❛❧❧❡❞ ▼❛r❝❤❡♥❦♦✲P❛st✉r ❞✐str✐❜✉✲
t✐♦♥s✳ ❚❤❡ ♦r✐❣✐♥❛❧ ♣r♦♦❢ ♦❢ ❬▼P✻✼❪ ✐♥✐t✐❛t❡❞ t❤❡ ✉s❡ ♦❢ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠
✐♥ ❘❛♥❞♦♠ ▼❛tr✐① t❤❡♦r②✳
■♥ ❚❤❡♦r❡♠ ✶✳✸✳✷✱ t❤❡ ❝♦♠♠♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ A ❛♣✲
♣❡❛rs ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✭✶✳✸✮✳ ❇❡❧✐♥s❝❤✐✱ ❉❡♠❜♦
❛♥❞ ●✉✐♦♥♥❡t st✉❞✐❡❞ ✐♥ ❬❇❉●✵✾❪ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ ✇❤✐t❡ r❡❛❧ s❛♠♣❧❡
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s AA∗ ✇❤❡♥ t❤❡ ❡♥tr✐❡s ♦❢ A ❢♦❧❧♦✇ ❛ ❤❡❛✈②✲t❛✐❧❡❞ ❞✐str✐✲
❜✉t✐♦♥ ♦❢ ✐♥❞❡① α ∈]0; 2[✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❝♦♥✈❡r❣❡s ✐♥ t❤✐s
❝❛s❡✱ ✉♥❞❡r ❛ ♥❡✇ ♥♦r♠❛❧✐③❛t✐♦♥✱ t♦✇❛r❞s ❛ ♥❡✇ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✭❜♦t❤
❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ α✮✳
❆s ✐♥ ❲✐❣♥❡r✬s ❚❤❡♦r❡♠✱ ♦♥❡ ♠❛② st✉❞② t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥
❚❤❡♦r❡♠ ✶✳✸✳✷ ✿ ✐t s❡❡♠s t❤❛t ✐t ✐s ❛❧s♦ ♦❢ ♦r❞❡r 1

N ✱ ❡✈❡♥ ✐❢ t❤✐s ❤❛s ♥♦t ❜❡❡♥
♣r♦✈❡❞ ②❡t ❢♦r ❛ ❣❡♥❡r❛❧ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❬❇❙✶✵❪✳
❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✷ ✐s t❤❛t t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ s❛♠♣❧❡ ❝♦✲
✈❛r✐❛♥❝❡ ♠❛tr✐① s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✷ ✐s ❛❧♠♦st s✉r❡❧②

❣r❡❛t❡r t❤❛♥ t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t b = σ2(1 +
√

1
γ )2 ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❧✐♠✲

✐t✐♥❣ ❞✐str✐❜✉t✐♦♥✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ A ❤❛✈❡ ❛
✜♥✐t❡ ❢♦✉rt❤ ♠♦♠❡♥t✱ ♦♥❡ ❣❡ts ❛♥ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✿

❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❬❨❇❑✽✽❪ ▲❡t (p(N))N∈N∗ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs
s✉❝❤ t❤❛t

p(N)

N
−→

N→+∞
γ ≥ 1,

❛♥❞ ❧❡t σ > 0✱ ❝♦♥s✐❞❡r ❛ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① XN = AA∗✱ ✇❤❡r❡ A
✐s ❛ r❡❝t❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ N r♦✇s ❛♥❞ p(N) ❝♦❧✉♠♥s ✇❤♦s❡ ❡♥tr✐❡s ❛r❡
✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝❡♥t❡r❡❞
❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛r✐❛♥❝❡ σ2 ❛♥❞ ❤❛✈✐♥❣ ❛ ✜♥✐t❡ ❢♦✉rt❤ ♠♦♠❡♥t✳ ❚❤❡♥

λ1

N

a.s.−→
N→+∞

σ2(
√
γ + 1)2.



✶✳✸ ❙❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✷✶

❚❤❡ ✜rst r❡s✉❧t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ s❛♠♣❧❡ ❝♦✲
✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❞✉❡ t♦ ●❡♠❛♥ ❬●❡♠✽✵❪✱ ✇❤♦ ♣r♦✈❡❞✱ ❜② t❤❡ ❧❛r❣❡ tr❛❝❡s
♠❡t❤♦❞✱ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ❝❡♥t❡r❡❞ s✉❜❣❛✉ss✐❛♥ ❡♥tr✐❡s✳ ❚❤❡
❛ss✉♠♣t✐♦♥s ✇❡r❡ ♣r♦❣r❡ss✐✈❡❧② r❡❞✉❝❡❞ t♦ t❤♦s❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❚❤❡
♥❡❝❡ss✐t② ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✜♥✐t❡ ❢♦✉rt❤ ♠♦♠❡♥t t♦ ❤❛✈❡ ❛❧♠♦st s✉r❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ✇❛s ♣r♦✈❡❞ ✐♥ ❬❇❙❨✽✽❪✳ ◆♦t❡ t❤❛t✱ t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥
♣r♦❜❛❜✐❧✐t②✱ ♦♥❡ ❦♥♦✇s ❛ ✇❡❛❦❡r ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❬❙✐❧✽✾❪✳
■♥ ❬❆❇❆P✵✾❪✱ r❡❛❧ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s AA∗✱ ✇✐t❤ ❡♥tr✐❡s ♦❢ A ❢♦❧❧♦✇✲
✐♥❣ ❛ ❝❡♥t❡r❡❞ ❤❡❛✈②✲t❛✐❧❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❞❡① α ∈]0; 4[✱ ❛r❡ st✉❞✐❡❞✳ ■t ✐s
s❤♦✇♥ t❤❡r❡ t❤❛t t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s✱ s✉✐t❛❜❧② ♥♦r♠❛❧✐③❡❞✱ ❝♦♥✈❡r❣❡ t♦ ❛
P♦✐ss♦♥ ♣r♦❝❡ss✳
❚❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ❛r♦✉♥❞ ✐ts ❧✐♠✐t ✇❡r❡ ✐❞❡♥t✐✜❡❞ ✐♥
t❤❡ ❝❛s❡s ♦❢ t❤❡ ▲✳❯✳❊ ❬❏♦❤✵✵❪ ❛♥❞ ♦❢ t❤❡ ▲✳❖✳❊✳ ❬❏♦❤✵✶❝❪✳

❚❤❡♦r❡♠ ✶✳✸✳✹✳ ❉❡♥♦t✐♥❣ ❜② λ1 t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ▲✳❯✳❊✳ ♠❛tr✐①
♦❢ s✐③❡ N ✱ ✇✐t❤ p(N) ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ s❛t✐s❢②✐♥❣

p(N)

N
−→

N→+∞
γ ≥ 1,

♦♥❡ ❤❛s

lim
N→+∞

P(
N

2
3

σ2(1 +

√
p(N)

N )(1 +
√

N
p(N))

1
3

(
λ1

N
−σ2(1+

√
p(N)

N
)2) ≤ s) = F2(s).

❚❤❡♦r❡♠ ✶✳✸✳✺✳ ❉❡♥♦t✐♥❣ ❜② λ1 t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ▲✳❖✳❊✳ ♠❛tr✐①
♦❢ s✐③❡ N ✱ ✇✐t❤ p(N) ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ s❛t✐s❢②✐♥❣

p(N)

N
−→

N→+∞
γ ≥ 1,

♦♥❡ ❤❛s

lim
N→+∞

P(
N

2
3

σ2(1 +

√
p(N)

N )(1 +
√

N
p(N))

1
3

(
λ1

N
−σ2(1+

√
p(N)

N
)2) ≤ s) = F1(s).

❆s ❢♦r ❲✐❣♥❡r ♠❛tr✐❝❡s✱ ✐t ✐s ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡
❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ❛r♦✉♥❞ t❤❡✐r ❧✐♠✐t ❛r❡ ✉♥✐✈❡rs❛❧ ❢♦r ❛ ✇✐❞❡ ❝❧❛ss ♦❢ r❡❛❧
✭r❡s♣✳ ❝♦♠♣❧❡①✮ ✇❤✐t❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ❚❤✐s ✉♥✐✈❡rs❛❧✐t② ✇❛s
♣r♦✈❡❞ ❢♦r s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ s②♠♠❡tr✐❝ ❛♥❞ s✉❜✲
❣❛✉ss✐❛♥ ✐♥ ❬❙♦s✵✷❪✱ ❬Pé❝✵✾❪✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❡♥tr✐❡s ✐♥ ❬❚❱✵✾❛❪✳

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ ♥♦♥✲✇❤✐t❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s Σ
1
2AA∗Σ

1
2 ✇❤❡r❡

Σ ✐s ♠♦r❡ ❣❡♥❡r❛❧✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛ ❞✐r❡❝t st❛t✐st✐❝❛❧ ✐♥t❡r❡st ♦❢ t❤✐s
♠♦❞❡❧✱ ✇❡ r❛t❤❡r ✈✐❡✇ ✐t ❛s ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✇❤✐t❡ ❝❛s❡ ❛♥❞ ✇❡ ❛♥❛❧②③❡
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ Σ ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♣❡❝tr✉♠✳ ❲❡ r❡str✐❝t



✷✷ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

♦✉rs❡❧✈❡s t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ s②♠♠❡tr✐❝ ✭r❡s♣✳ ❍❡r♠✐t✐❛♥✮ ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ Σ✱
❡✈❡♥ ✐❢ s♦♠❡ r❡s✉❧ts ❛❞❛♣t t♦ r❛♥❞♦♠ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✐♥❞❡♣❡♥❞❡♥t
♦❢ A✳ ❙✉❝❤ ❛ r❛♥❞♦♠ ❞✐❛❣♦♥❛❧ Σ✱ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞
❞✐❛❣♦♥❛❧ ❡♥tr✐❡s✱ ✐s ✐♥❞❡❡❞ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬▼P✻✼❪✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♠❛❦❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ Σ ✿

µΣ ⇒
N→+∞

ρ, ✭✶✳✹✮

✇❤❡r❡ ρ ✐s ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R
+✳

❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤❡♦r❡♠ ✶✳✸✳✻✳ ❬❙✐❧✾✺❪ ▲❡t (p(N))N∈N∗ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs
s✉❝❤ t❤❛t

p(N)

N
−→

N→+∞
γ ≥ 1,

❛♥❞ ❧❡t Σ ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① s❛t✐s❢②✐♥❣
❝♦♥❞✐t✐♦♥ ✭✶✳✹✮✱ ❝♦♥s✐❞❡r t❤❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① XN = Σ

1
2AA∗Σ

1
2 ✱

✇❤❡r❡ A ✐s ❛ r❡❝t❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ N r♦✇s ❛♥❞ N ❝♦❧✉♠♥s✱ ✇✐t❤ r❡❛❧ ♦r
❝♦♠♣❧❡① ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❞✐str✐❜✉t✐♦♥
♦❢ ✈❛r✐❛♥❝❡ 1✳ ❚❤❡♥

µ 1
N

XN

a.s.⇒
N→+∞

πγ,ρ,

✇❤❡r❡ πγ,ρ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✿

Gπγ,ρ(z) =

∫

R

1

z − t(1 + γzGπγ,ρ(z))
ρ(dt). ✭✶✳✺✮

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❡①❛♠✐♥❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ✢✉❝t✉❛✲
t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❋♦r ✐♥st❛♥❝❡✱
❇❛✐ ❛♥❞ ❙✐❧✈❡rst❡✐♥ ♣r♦✈❡❞✱ ✉♥❞❡r ❝❡rt❛✐♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❝♦♠♣❛r❡❞
t♦ ❚❤❡♦r❡♠ ✶✳✸✳✻✱ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢
XN = Σ

1
2AA∗Σ

1
2 t♦✇❛r❞s t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❧✐♠✐t✐♥❣

❞✐str✐❜✉t✐♦♥ πγ,ρ ❬❇❙✾✽❪✳ ❚❤❡② ♣✉t ✐♥t♦ ❡✈✐❞❡♥❝❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ♣❤❡♥♦♠❡♥♦♥✱
t❤❡ ❡①❛❝t s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ✿ t♦ ❛♥② ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ I ✐♥ t❤❡ ❝♦♠♣❧❡✲
♠❡♥t❛r② ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ Σ✱ ♦♥❡ ❛ss♦❝✐❛t❡s ❛♥ ❡①♣❧✐❝✐t ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ J
✐♥ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ XN ❢♦r N s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❛♥❞
♠♦r❡♦✈❡r t❤❡r❡ ❛r❡ ❛s ♠❛♥② ❡✐❣❡♥✈❛❧✉❡s ♦❢ XN ♦♥ t❤❡ r✐❣❤t ♦❢ J ❛s ❡✐❣❡♥✈❛❧✲
✉❡s ♦❢ Σ ♦♥ t❤❡ r✐❣❤t ♦❢ I ❬❇❙✾✾❪✳ ■♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ ❊❧ ❑❛r♦✉✐ ♣r♦✈❡❞✱ ❢♦r
♥♦♥✲✇❤✐t❡ ❲✐s❤❛rt ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❧❛r❣❡ ❝❤♦✐❝❡ ♦❢ tr✉❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐❝❡s✱ ♥♦t ♦♥❧② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ t♦✇❛r❞s t❤❡ r✐❣❤t
❡❞♣♦✐♥t ♦❢ t❤❡ ❧✐♠✐t✐♥❣ s✉♣♣♦rt✱ ❜✉t ❛❧s♦ t❤❛t ✐ts ✢✉❝t✉❛t✐♦♥s ✇❡r❡ ❣♦✈❡r♥❡❞
❜② ❚r❛❝②✲❲✐❞♦♠ ❞✐str✐❜✉t✐♦♥ ❬❊❑✵✼❪✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❝❤♦✐❝❡s ♦❢ Σ ♣❡rt✉r❜
t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡✳ ❚❤✐s ✐s s♦♠❡t✐♠❡s t❤❡ ❝❛s❡ ✇✐t❤ t❤❡
s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧✱ ✐♥tr♦❞✉❝❡❞ ❜② ❏♦❤♥st♦♥❡ ❬❏♦❤✵✶❝❪✳



✶✳✸ ❙❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✷✸

❉❡✜♥✐t✐♦♥ ✶✳✸✳✼✳ ❇② s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧ ✇❡ ♠❡❛♥ ❛ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ✇❤♦s❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢
s✐③❡ N ❛♥❞ ♦❢ t❤❡ ❢♦r♠ ✿

Σ = Diag(θ1, . . . , θr, 1, . . . , 1),

✇❤❡r❡ θ1 ≥ · · · ≥ θr✳

❇❛✐❦✱ ❇❡♥ ❆r♦✉s ❛♥❞ Pé❝❤é ❡st❛❜❧✐s❤❡❞ ✐♥ ❬❇❇❆P✵✺❪ ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥
❢♦r t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧✳

❚❤❡♦r❡♠ ✶✳✸✳✽✳ ▲❡t XN ❜❡ ❛ ●❛✉ss✐❛♥ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧ ❞❡✜♥❡❞
❛❜♦✈❡✱ ✇✐t❤ r, θ1, . . . , θr ✜①❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ N ❛♥❞

p(N)

N
−→

N→+∞
γ ≥ 1,

t❤❡♥ ✿

• ✐❢ θ1 = . . . = θk > 1 +
√
γ ❛♥❞ θk > θk+1✱

P(

√
N√

γθ2
1(1 − 1

γ(θ1−1)2
)
(
λ1

N
− σ2γθ1(1 +

1

γ(θ1 − 1)
) ≤ s) →

N→+∞
Gk(s),

✇❤❡r❡ Gk ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ●✳❯✳❊✭k, 1✮✳

• ✐❢ θ1 = . . . = θk = 1 +
√
γ ❡t θk+1 < 1 +

√
γ✱

P(
N

2
3γ

1
6

(1 +
√
γ)

4
3

(
λ1

N
− σ2(1 +

√
γ)2) ≤ s) →

N→+∞
Fk+2(s),

✇❤❡r❡ Fk+2 ✐s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❚r❛❝②✲❲✐❞♦♠ ❞✐str✐❜✉t✐♦♥✳

• ✐❢ θ1 < 1 +
√

1
γ ✱

P(
N

2
3γ

1
6

(1 +
√
γ)

4
3

(
λ1

N
− σ2(1 +

√
γ)2) ≤ s) →

N→+∞
F2(s),

✇❤❡r❡ F2 ✐s t❤❡ ❚r❛❝②✲❲✐❞♦♠ ❞✐str✐❜✉t✐♦♥✳

❚❤✐s r❡s✉❧t ✇❛s ❣❡♥❡r❛❧✐③❡❞ ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✿ t♦ r❡❛❧ s♣✐❦❡❞ ♣♦♣✲
✉❧❛t✐♦♥ ♠♦❞❡❧s ❜② P❛✉❧ ✭❛t ❧❡❛st ❢♦r t❤❡ ✜rst ♣♦✐♥t✮❬P❛✉✵✼❪✱ s✐♥❣✉❧❛r s♣✐❦❡❞
♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧s ❜② ❖♥❛ts❦✐ ❬❖♥❛✵✽❪✱ ♥♦♥✲●❛✉ss✐❛♥ ❜② ❇❛✐❦ ❛♥❞ ❙✐❧✈❡r✲
st❡✐♥ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❬❇❙✵✻❪ ❛♥❞ ❇❛✐ ❛♥❞ ❨❛♦ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❬❇❨✵✽❜❪✱
❋ér❛❧ ❛♥❞ Pé❝❤é ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❬❋P✵✼❪✱ ❢♦r t❤❡ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ❛r❣✉✲
♠❡♥ts ♦❢ ❇❛✐ ❛♥❞ ❨❛♦ ❛❧❧♦✇ t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥✲❞✐❛❣♦♥❛❧ Σ ✭❜✉t st✐❧❧ ✇✐t❤ ❛
✜①❡❞ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❞✐✛❡r❡♥t ♦❢ 1✮✳ ❆♥ ✐♠♣r♦✈❡❞ r❡s✉❧t ✇❛s r❡❝❡♥t❧②
♣r♦✈❡❞ ❜② ❇❛✐ ❛♥❞ ❨❛♦✱ ❛❜♦✉t t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❡❞ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥
♠♦❞❡❧ ✿



✷✹ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

❉❡✜♥✐t✐♦♥ ✶✳✸✳✾✳ ❇② ❣❡♥❡r❛❧✐③❡❞ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧ ✇❡ ♠❡❛♥ ❛ s❛♠✲
♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇❤♦s❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝
❍❡r♠✐t✐❛♥ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ♦❢ s✐③❡ N ✇✐t❤ r ✜①❡❞ ❡✐❣❡♥✈❛❧✉❡s θ1 >
· · · > θr ❛♥❞ N − r ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s (βi,N )1≤i≤N−r✳

❚❤❡ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤❡♦r❡♠ ✶✳✸✳✶✵✳ ▲❡t XN ❜❡ ❛ ❣❡♥❡r❛❧✐③❡❞ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧ ♦❢ s✐③❡
N ❞❡✜♥❡❞ ❛❜♦✈❡ ❀ ❛ss✉♠❡ t❤❛t r, θ1, . . . , θr ❛r❡ ✜①❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ N ✱ t❤❛t

p(N)

N
−→

N→+∞
γ ≥ 1,

µΣ ⇒
N→+∞

ρ,

max
1≤i≤N−r

dist(βi,N , supp(ρ)) −→
N→+∞

0

❛♥❞ (‖Σ‖)N∈N∗ ✐s ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣

ψ(θ) = γθ + θ

∫

R

t

θ − t
ρ(dt),

• ✐❢ θi ✐s t❤❡ mi✲t❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Σ ✭✐♥ t❤❡ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r✮ ❛♥❞ s❛t✐s✜❡s

ψ′(θi) > 0, ♦♥❡ ❤❛s ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
λmi

N t♦✇❛r❞s ψ(θi) ✇✐t❤
●❛✉ss✐❛♥ ✢✉❝t✉❛t✐♦♥s✳

• ✐❢ θi ✐s t❤❡ mi✲t❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Σ ✭✐♥ t❤❡ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r✮ ❛♥❞ s❛t✐s✜❡s
ψ′(θi) ≤ 0, t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s ✿

✕ ✐❢ t❤❡ ♠❛①✐♠❛❧ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ t❤❡ s✉♣♣♦rt ♦❢ ρ
❝♦♥t❛✐♥s ❛ s✉❜✐♥t❡r✈❛❧ I ♦♥ ✇❤✐❝❤ ψ′ ✐s ♣♦s✐t✐✈❡✱ t❤❡♥ ♦♥❡ ❤❛s ❛❧✲

♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
λmi

N t♦✇❛r❞s ψ(x) ✇❤❡r❡ x ✐s ❛♥ ❡♥❞♣♦✐♥t
♦❢ I ❀

✕ ♦t❤❡r✇✐s❡✱
λmi

N ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ρ([0;λmi
])✲q✉❛♥t✐❧❡

♦❢ πγ,ρ✳

✶✳✹ ❆❞❞✐t✐✈❡❧② ❞❡❢♦r♠❡❞ ♠♦❞❡❧

❚❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ❙❡❝t✐♦♥ ✇❛s t❤❡ st✉❞② ♦❢ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣❡rt✉r❜❛t✐♦♥ ♦♥ t❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦r ♦❢ s❛♠♣❧❡
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛♥ ❛❞❞✐t✐✈❡ ♣❡rt✉r✲
❜❛t✐♦♥ ♦♥ t❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ♠♦❞❡❧s✳
❲❡ r❡str✐❝t t♦ ✜①❡❞ ✭✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ N✮ r❛♥❦ r ♣❡rt✉r❜❛t✐♦♥s✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ♠♦❞❡❧ st✐❧❧ ❛❧♠♦st s✉r❡❧② ❝♦♥✲
✈❡r❣❡s t♦✇❛r❞s t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥ ✭✶✳✶✮✳
❋♦r ❛ ❞❡❢♦r♠❡❞ ●✳❯✳❊✳

WN√
N

+AN ,



✶✳✹ ❆❞❞✐t✐✈❡❧② ❞❡❢♦r♠❡❞ ♠♦❞❡❧ ✷✺

✇❤❡r❡ WN ✐s ❛ ●✳❯✳❊✭N, σ2✮ ♠❛tr✐① ❛♥❞ AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥
♠❛tr✐① ♦❢ r❛♥❦ r ✜①❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ N ❛♥❞ ✇❤♦s❡ r ♥♦♥③❡r♦ ❡✐❣❡♥✈❛❧✲
✉❡s ❛r❡ ✜①❡❞✱ ❏♦❤❛♥ss♦♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ♦❢ ❇ré③✐♥ ❛♥❞ ❍✐❦❛♠✐ ❬❇❍✾✻❪✱
❬❇❍✾✼❪✱ ♣r♦✈❡❞ ✐♥ ❬❏♦❤✵✶❜❪ t❤❛t t❤❡ s♣❡❝tr✉♠ st✐❧❧ ❤❛s ❛ ❞❡t❡r♠✐♥❛♥t❛❧ str✉❝✲
t✉r❡✱ ✇✐t❤ ❛ ♠♦❞✐✜❡❞ ❦❡r♥❡❧✳ ❍✐s r❡s✉❧t✱ ✇❤✐❝❤ ❛♣♣❧✐❡s t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧
❞❡❢♦r♠❡❞ ♠♦❞❡❧✱ r❡❧✐❡s ♦♥ ❍❛r✐s❤✲❈❤❛♥❞r❛✲■t③②❦s♦♥✲❩✉❜❡r ✐♥t❡❣r❛❧ ❛♥❞ ♦♥
❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♥♦♥✐♥t❡rs❡❝t✐♥❣ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✳ ■♥ ❬Pé❝✵✻❪✱
Pé❝❤é ♦❜t❛✐♥s✱ ❜② ❛ s❛❞❞❧❡ ♣♦✐♥t ❛♥❛❧②s✐s✱ t❤❡ ❧♦❝❛❧ st❛t✐st✐❝s ❛t t❤❡ ❡❞❣❡ ♦❢
t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ●✳❯✳❊✭N, σ✮ ✈✐❛ t❤❡ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ ❦❡r♥❡❧✳
❍❡r ❛♣♣r♦❛❝❤ ❛❞❛♣ts t♦ ❛ ♣❡rt✉r❜❛t✐♦♥ ✇❤♦s❡ r❛♥❦ ✐s ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞
t♦ N ✳ ❖♥❡ ♦❜s❡r✈❡s ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❛♥❛❧♦❣♦✉s t♦ ❚❤❡♦r❡♠
✶✳✸✳✽✿ ❞❡♥♦t✐♥❣ ❜② θ1 t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ AN ✱ t❤❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ ❛♥❞ t❤❡
✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ λ1 ♦❢ WN√

N
+AN ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦s✐t✐♦♥

♦❢ θ1 ✇✐t❤ r❡s♣❡❝t t♦ σ ✿

• ✐❢ θ1 < σ✱ ♦♥❡ ❤❛s ❝♦♥✈❡r❣❡♥❝❡ ♦❢ λ1 t♦✇❛r❞s 2σ ✇✐t❤ ❚r❛❝②✲❲✐❞♦♠
✢✉❝t✉❛t✐♦♥s✳

• ✐❢ θ1 = σ✱ ♦♥❡ st✐❧❧ ❤❛s ❝♦♥✈❡r❣❡♥❝❡ ♦❢ λ1 t♦✇❛r❞s 2σ ❜✉t ✇✐t❤ ♠♦❞✐✜❡❞
✢✉❝t✉❛t✐♦♥s✳

• ✐❢ θ1 > σ✱ ♦♥❡ ❤❛s ❝♦♥✈❡r❣❡♥❝❡ ♦❢ λ1 t♦✇❛r❞s ρθ1 := θ1 + σ2

θ1
> 2σ✱ ✇✐t❤

●❛✉ss✐❛♥ ✢✉❝t✉❛t✐♦♥s✳

❆s ✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝❛s❡✱ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❡①❤✐❜✐ts s♦♠❡
✉♥✐✈❡rs❛❧✐t②✳ Pé❝❤é ❛♥❞ ❋ér❛❧ ♣r♦✈❡❞ ✐♥❞❡❡❞ ✐♥ ❬❋P✵✼❪ t❤❛t t❤❡ ❝♦♥❝❧✉s✐♦♥s
❛❜♦✈❡ st✐❧❧ ❤♦❧❞ ❢♦r ❛ ❞❡❢♦r♠❡❞ ❲✐❣♥❡r ♠♦❞❡❧

WN√
N

+AN ,

✇❤❡r❡WN ✐s ❛ r❡❛❧ ♦r ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ ❛ s②♠✲
♠❡tr✐❝ s✉❜❣❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2✱ ❛♥❞ AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝
♠❛tr✐① ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ θ

N ✇❤❡r❡ θ ✐s ❛♥② ✜①❡❞ r❡❛❧ ♥✉♠❜❡r✳
❲✐t❤♦✉t ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ❜❡②♦♥❞ t❤❡
●❛✉ss✐❛♥ ❝❛s❡✱ ❋ér❛❧ ❡t Pé❝❤é✬s str❛t❡❣② ✐s t❤❡ ❧❛r❣❡ tr❛❝❡s ♠❡t❤♦❞✱ ❛s ❞❡✈❡❧✲
♦♣❡❞ ❜② ❬❙❙✾✽❜❪✱ ❬❙❙✾✽❛❪✱ ❬❙♦s✾✾❪✳ ❘❡❝❛❧❧ t❤❛t✱ ✐♥ t❤✐s ♠❡t❤♦❞✱ ♦♥❡ ❧✐♥❦s t❤❡
❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ♠❛tr✐① ♠♦❞❡❧
t♦ t❤❡ ❛s②♠♣t♦t✐❝s ♦❢ ❧❛r❣❡ tr❛❝❡s✱ ❢♦r ✇❤✐❝❤ ✐t ✐s ♣♦ss✐❜❧❡✱ ❜② ❛♥ ❛❞✲❤♦❝ ❝♦♠✲
❜✐♥❛t♦r✐❝s✱ t♦ ♣r♦✈❡ t❤❛t t❤❡② ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ θ ❛♥❞ σ✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ✐s t❤❡ s❛♠❡ ✐♥
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛s ✐♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡✳ ❚❤❡ r❡s✉❧t ♦❢ ❬❋P✵✼❪ ✐s ❝♦♠♣❧❡t❡❞
❜② t❤❡ ♦❧❞❡r r❡s✉❧t ♦❢ ❬❋❑✽✶❪ ♦♥ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s
❛ss♦❝✐❛t❡❞ t♦ ❛ ♥♦♥✲♥❡❝❡ss❛r✐❧② ❝❡♥t❡r❡❞ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ r❡s✉❧ts ♦❢ ❬❋P✵✼❪
❛r❡ ❧✐♠✐t❡❞ ❜② t❤❡ ✈❡r② ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ AN ✱ ♦❢ r❛♥❦ 1
❛♥❞ ❛❧❧ ♦❢ ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ ❡q✉❛❧✳



✷✻ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

▼♦r❡ ❣❡♥❡r❛❧ ✜♥✐t❡ r❛♥❦ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❈❛♣✐✲
t❛✐♥❡✱ ❉♦♥❛t✐✲▼❛rt✐♥ ❛♥❞ ❋ér❛❧ ✐♥ ❬❈❉▼❋✵✾❪✳ ◆♦t❡ t❤❛t t❤❡ ♠♦❞❡❧✱ ❛s ✇❡❧❧
❛s t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❜t❛✐♥❡❞✱ ❛r❡ ❛ ❜✐t ❞✐✛❡r❡♥t t❤❛♥ t❤❡
♣r❡❝❡❞✐♥❣✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♠♦❞❡❧✱ ❛✉t❤♦r✐③✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ ✜♥✐t❡ r❛♥❦
♣❡rt✉r❜❛t✐♦♥s✱ ❛❧s♦ r❡♣❧❛❝❡s t❤❡ s✉❜❣❛✉ss✐❛♥ ♠♦♠❡♥ts ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❞✐s✲
tr✐❜✉t✐♦♥ µ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❲✐❣♥❡r ♠❛tr✐①✱ ❜② ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢ P♦✐♥❝❛ré
✐♥❡q✉❛❧✐t②✱ t❤❛t ✐s ✿

❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✳ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ R s❛t✐s✜❡s ❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✲
✐t② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥ f : R → C

♦❢ ❝❧❛ss C1 ❛♥❞ s✉❝❤ t❤❛t f ❛♥❞ f ′ ❛r❡ ✐♥ L2(µ)✱

V(f) ≤ C

∫
|f ′|2dµ,

✇❤❡r❡ V(f) = E(|f − E(f)|2) ❞❡♥♦t❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ f ✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ✐♥ ❬❈❉▼❋✵✾❪ ✐s t❤❡
s❛♠❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❛s ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s✳

❚❤❡♦r❡♠ ✶✳✹✳✷✳ ❬❈❉▼❋✵✾❪ ▲❡t WN ❜❡ ❛ r❡❛❧ ♦r ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐①
♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ ❛ s②♠♠❡tr✐❝ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦❢ ✈❛r✐❛♥❝❡ σ2 ❛♥❞
s❛t✐s❢②✐♥❣ ❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ ❧❡t AN ❜❡ ❛ ✜①❡❞ r❛♥❦ r ❞❡t❡r♠✐♥✐st✐❝ s②♠✲
♠❡tr✐❝ ♦r ❍❡r♠✐t✐❛♥ ♠❛tr✐① ❤❛✈✐♥❣ ❛ ✜①❡❞ ♥✉♠❜❡r J ♦❢ r❡❛❧ ♥♦♥③❡r♦ ✜①❡❞
❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s

θ1 > · · · > θJ ,

♦❢ ♠✉❧✐♣❧✐❝✐t✐❡s ki ✭♦❢ ❝♦✉rs❡
∑J

i=1 ki = r✮✱ ❛♠♦♥❣ ✇❤✐❝❤ J+σ ✭r❡s♣✳ J−σ✮
❛r❡ ❣r❡❛t❡r t❤❛♥ σ ✭r❡s♣✳ ❧♦✇❡r t❤❛♥ −σ✮✳ ❚❤❡♥✱ ❢♦r 1 ≤ i ≤ J+σ ♦r
J − J−σ + 1 ≤ i ≤ N ✱ t❤❡ ki ❡✐❣❡♥✈❛❧✉❡s

λPi
j=1 −1kj+1, . . . , λ

Pi
j=1 kj

♦❢ 1√
N
WN +AN ✭✐♥ t❤❡ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r✮ ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧② t♦✇❛r❞s ρθi

✳

▼♦r❡♦✈❡r✱
λPJ+σ

j=1 kj+1

a.s.−→
N→+∞

2σ,

λN−
PJ

j=J−J−σ+1 kj+1

a.s.−→
N→+∞

−2σ.

❍♦✇❡✈❡r✱ ❛♥♦t❤❡r ♣r♦❣r❡ss ♦❢ ❬❈❉▼❋✵✾❪ ✐s t♦ ♣✉t ✐♥t♦ ❡✈✐❞❡♥❝❡ t❤❡ ♥♦♥✲
✉♥✐✈❡rs❛❧✐t② ♦❢ ✢✉❝t✉❛t✐♦♥s ✿ t❤❡r❡ ❛r❡ ♣❡rt✉r❜❛t✐♦♥s✱ ❛ ♠❛tr✐① ✇❤♦s❡ ♦♥❧②
♥♦♥③❡r♦ ❡♥tr② ✐s ❛t ✜rst r♦✇ ❛♥❞ ✜rst ❝♦❧✉♠♥ ❛♥❞ ✐s ❣r❡❛t❡r t❤❛♥ σ ❢♦r ✐♥✲
st❛♥❝❡✱ ✇❤✐❝❤ ❜r✐♥❣ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❲✐❣♥❡r ♠❛tr✐①✳ ❆ ♠♦r❡ ❝❛r❡❢✉❧ st✉❞② ♦❢
t❤❡s❡ ♥♦♥✲✉♥✐✈❡rs❛❧ ✢✉❝t✉❛t✐♦♥ ✐s ❝❛rr✐❡❞ ✐♥ ❬❈❉❋✵✾❪✳
❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳✷ ❢♦❧❧♦✇s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t ♦❢



✶✳✹ ❆❞❞✐t✐✈❡❧② ❞❡❢♦r♠❡❞ ♠♦❞❡❧ ✷✼

❇❛✐❦ ❛♥❞ ❙✐❧✈❡rst❡✐♥ ♦♥ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❬❇❙✵✻❪✱ ❛s s✉❣❣❡st❡❞ ❜②
❋ér❛❧ ✐♥ ❤❡r P❤❉ ❞✐ss❡rt❛t✐♦♥ ✿ t❤❡② ✜rst s❤♦✇ ❛♥ ❛❧♠♦st s✉r❡ ✐♥❝❧✉s✐♦♥✱
❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤✱ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ 1√

N
WN + AN ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢

t❤❡ s❡t ❝♦♠♣♦s❡❞ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ♦❢ t❤❡
{ρθi

}1≤i≤J ✳ ❚❤❡♥✱ t❤❡② ❡st❛❜❧✐s❤✱ ❛♥ ❡①❛❝t s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❜❡t✇❡❡♥
t❤❡ s♣❡❝tr✉♠ ♦❢ AN ❛♥❞ t❤❡ s♣❡❝tr✉♠ ♦❢ 1√

N
WN + AN ✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡

str❛t❡❣② ❞✐✛❡rs ❢r♦♠ ❬❇❙✵✻❪ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠✱
♣r❡❢❡r✐♥❣ ❛ ♠❡t❤♦❞ ✐♥✐t✐❛t❡❞ ❜② ❍❛❛❣❡r✉♣ ❛♥❞ ❚❤♦r❜❥♦r♥s❡♥ ✐♥ ❬❍❚✵✺❪✱ ❛♥❞
❞❡✈❡❧♦♣❡❞ ❢✉rt❤❡r ✐♥ ❬❙❝❤✵✺❪✱ ❬❈❉▼✵✼❪✳ ❚❤✐s ♠❡t❤♦❞ r❡❧✐❡s ♦♥ ❛ ♣r❡❝✐s❡ ❡s✲
t✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ ♠❡❛♥ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡✳
❆ s②st❡♠❛t✐❝ st✉❞② ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✲
✈❡❝t♦rs ✐s ❝❛rr✐❡❞ ❜② ❇❡♥❛②❝❤✲●❡♦r❣❡s ❛♥❞ ❘❛♦ ✐♥ ❬❇❘✵✾❪ ❢♦r ❣❡♥❡r❛❧ ✉♥✐t❛r✐❧②
✐♥✈❛r✐❛♥t ♠♦❞❡❧s ❞❡❢♦r♠❡❞ ❜② ✜♥✐t❡ r❛♥❦ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡✐r ❡❧❡❣❛♥t ♣r♦♦❢
♠✐①❡s ❛r❣✉♠❡♥ts ❢r♦♠ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❛♥❞ ❢r♦♠ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♠❡❛s✉r❡ t❤❡✲
♦r②✳



✷✽ ❈❤❛♣t❡r ✶ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②



❈❤❛♣t❡r ✷

■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

✷✳✶ ❋r♦♠ ♦♣❡r❛t♦r ❛❧❣❡❜r❛ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

❋r❡❡ ♣r♦❜❛❜✐❧✐t② ✐s r♦♦t❡❞ ✐♥ t❤❡ t❤❡♦r② ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s✱ ♠♦r❡ ♣r❡❝✐s❡❧②
✐♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ str✉❝t✉r❡s ♥❛♠❡❞ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s✱
❜❡❝❛✉s❡ t❤❡ ♠❛t❤❡♠❛t✐❝✐❛♥ ❏♦❤♥ ✈♦♥ ◆❡✉♠❛♥♥ ✐♥tr♦❞✉❝❡❞ t❤❡♠ ✐♥ t❤❡ t❤✐r✲
t✐❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ▲❡t H ❜❡ ❛ ❍✐❧❜❡rt s♣❛❝❡✱ ❛ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ✐♥ H
✐s ❛ ∗✲s✉❜❛❧❣❡❜r❛ A ♦❢ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦❢ H ❡q✉❛❧ t♦
✐ts ❜✐❝♦♠♠✉t❛♥t ✿

A = A′′.

❆♠♦♥❣ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s✱ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤♦s❡ ❜✉✐❧t ❢r♦♠ ❛ ❞✐s✲
❝r❡t❡ ❣r♦✉♣ G✳ ❖♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ l2(G)✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧
❜❛s✐s (eg)g∈G✱ ❝♦♥s✐❞❡r t❤❡ ❧❡❢t r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥ λ ♦♥ G ❞❡✜♥❡❞ ❜②
λ(h)(eg) = ehg✳ ❚❤❡♥ L(G) := λ(G)′′ ✐s ❛ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ✐♥ l2(G)✱
❝❛❧❧❡❞ t❤❡ ❣r♦✉♣ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ♦❢ G✳
❚❤❡ ❣r♦✉♣ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ♦❢ ❛ ❞✐s❝r❡t❡ ❣r♦✉♣ G ❤❛s ❛ st❛t❡✱ t❤❛t
✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✭∀x ∈ L(G), ϕ(x∗x) ≥ 0✮ ♥♦r✲
♠❛❧✐③❡❞ ✭ϕ(1) = 1✮✱ ❛♥❞ ✇✐t❤ t❤❡ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ tr❛❝✐❛❧t② ✭∀x, y ∈
L(G), ϕ(xy) = ϕ(yx)✮✱ ❛♥❞ ✉❧tr❛✇❡❛❦ ❝♦♥t✐♥✉✐t②✳
❆♥② ❝♦♠♠✉t❛t✐✈❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ❜❡✐♥❣ ✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ❛❧❣❡❜r❛ ♦❢
❡ss❡♥t✐❛❧❧② ❜♦✉♥❞❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s L∞(Ω,F ,P)✱ ✇❤✐❝❤✱ ❡q✉✐♣♣❡❞ ✇✐t❤
t❤❡ ❡①♣❡❝t❛t✐♦♥ E✱ ✐s t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ✇❡ ❛❞♦♣t t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ❲❡ ❝❛❧❧ W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ t❤❡ ♣❛✐r (A, ϕ)✱ ✇❤❡r❡ A
✐s ❛ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ✐♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ H✱ ❛♥❞ ϕ ✐s ❛ ✉❧tr❛✇❡❛❦❧②
❝♦♥t✐♥✉♦✉s st❛t❡✳

❲❡ ♦❢t❡♥ ✇♦r❦ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡r ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ str✉❝t✉r❡✱ ✇❤✐❝❤
✐s t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② ✿

✷✾



✸✵ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ❲❡ ❝❛❧❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ t❤❡ ♣❛✐r (A, ϕ)✱
✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✱ ❛♥❞ ϕ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ A
s❛t✐s❢②✐♥❣ ϕ(1A) = 1✳

■♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ)✱ A ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ s❡t
♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s L∞(Ω,F ,P) ✐♥ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞ ϕ t❤❡ r♦❧❡ ♦❢
t❤❡ ❡①♣❡❝t❛t✐♦♥ E✳ ❚❤❡ ❡❧❡♠❡♥ts a ∈ A ❛r❡ t❤❡r❡❢♦r❡ ❝❛❧❧❡❞ ♥♦♥❝♦♠♠✉t❛t✐✈❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
■❢ n 6= m ❛r❡ t✇♦ ❞✐st✐♥❝t ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❢r❡❡ ❣r♦✉♣s
Fn ❛♥❞ Fm ❛r❡ ♥♦t ✐s♦♠♦r♣❤✐❝✱ ❜✉t t❤❡ ♣r♦❜❧❡♠ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡✐r
✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s ❛r❡ ♦r ♥♦t ✐s♦♠♦r♣❤✐❝ r❡♠❛✐♥s ♦♣❡♥✳ ❚❤❡ ✐❞❡❛ ♦❢
❱♦✐❝✉❧❡s❝✉✱ ♠♦t✐✈❛t❡❞ ❜② t❤✐s ✐s♦♠♦r♣❤✐s♠ ♣r♦❜❧❡♠✱ ✇❛s t♦ tr❛♥s❧❛t❡ t❤❡
❛❧❣❡❜r❛✐❝ ❢r❡❡♥❡ss ❝♦♥❞✐t✐♦♥ ❢r♦♠ t❤❡ ❧❡✈❡❧ ♦❢ ❣r♦✉♣s t♦ t❤❡ ❧❡✈❡❧ ♦❢ ❣r♦✉♣
❛❧❣❡❜r❛s ❛♥❞ t♦ ❞❡✈❡❧♦♣ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✱ ♦♥ ❛ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✐♥ ✇❤✐❝❤ t❤✐s ♥❡✇ ♥♦t✐♦♥ ♦❢ ❢r❡❡♥❡ss ♣❧❛②s t❤❡
r♦❧❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐♥ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ❬❱♦✐✽✺❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✹✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✉♥✐t❛❧
s✉❜❛❧❣❡❜r❛s (Ai)i∈I ❛r❡ s❛✐❞ t♦ ❜❡ ❢r❡❡ ✐❢ t❤❡② s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿

■❢ i1, . . . , in ∈ I ❛r❡ s✉❝❤ t❤❛t i1 6= i2 6= . . . 6= in✱

❛♥❞ ✐❢ a1 ∈ Ai1 , . . . , an ∈ Ain ❛r❡ s✉❝❤ t❤❛t ϕ(a1) = · · · = ϕ(an) = 0✱

t❤❡♥ ϕ(a1 · · · an) = 0✳

❙✉❜s❡ts ♦❢ (A, ϕ) ❛r❡ s❛✐❞ t♦ ❜❡ ❢r❡❡ ✐❢ t❤❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s t❤❡② ❣❡♥❡r❛t❡
❛r❡ ❢r❡❡✳

❚❤❡ ♣r♦❣r❛♠ ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❢r❡❡ ✈❡rs✐♦♥
♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ♣r♦❜❛❜✐❧✐t②✳ ❖♥❡ ♠❛② ❞✐st✐♥❣✉✐s❤ t✇♦ ❛❧t❡r♥❛t✐✈❡
❛♣♣r♦❛❝❤❡s ✿ t❤❡ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤✳

✷✳✷ ❆♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤

■♥ ❛ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (L∞(Ω,F ,P),E)✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ❝♦♠✲
♣❧❡① r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µX ♦♥ C✱ ❞❡✜♥❡❞✱ ❢♦r ❡❛❝❤
❇♦r❡❧ s❡t B ♦❢ C✱ ❜②

µX(B) = P(X−1(B)).

■♥ ❛ W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ)✱ ♦♥❡ ❞❡✜♥❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ♥♦♥✲
❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ a ∈ A✱ ✉♥❞❡r t❤❡ ❡①tr❛ ❛ss✉♠♣t✐♦♥ t❤❛t ✐t ✐s
♥♦r♠❛❧✱ t❤❛t ✐s s❛t✐s❢②✐♥❣ a∗a = aa∗✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✿ ✉s✐♥❣ t❤❡ s♣❡❝tr❛❧
t❤❡♦r❡♠✱ ♦♥❡ ❛ss♦❝✐❛t❡s t♦ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧

f 7−→ ϕ(f(a)),



✷✳✷ ❆♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✸✶

❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ ♠❡❛s✉r❛❜❧❡ ♠❛♣s ♦♥ C✱ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛✲
❜✐❧✐t② ♠❡❛s✉r❡ µa ♦♥ C s❛t✐s❢②✐♥❣✱ ❢♦r ❡❛❝❤ ♠❡❛s✉r❛❜❧❡ ♠❛♣ f ✱ t❤❡ r❡❧❛t✐♦♥✿

ϕ(f(a)) =

∫

R

f(x)dµa(x).

❚❤❡ ♠❡❛s✉r❡ µa ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
a✳ ❋♦r ❛♥② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ C✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❝♦♥str✉❝t ❛ W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ❛♥❞ ❛ ♥♦r♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ a ∈ A ✇✐t❤ ❞✐str✐❜✉t✐♦♥ µ✳
■♥ t❤❡ s❛♠❡ ✇❛② ❛s✱ ✐♥ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ♦♥❡ ♠❛② r❡❛❧✐③❡ ✐♥ ❛ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ❣✐✈❡♥ ❞✐str✐❜✉t✐♦♥s✱ ♦♥❡ ♠❛② ❛❧s♦
r❡❛❧✐③❡ ✐♥ ❛W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ t✇♦ ❢r❡❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
♦❢ ❣✐✈❡♥ ❞✐str✐❜✉t✐♦♥s✱ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❢r❡❡ ♣r♦❞✉❝t ❬❱❉◆✾✷❪✳

✷✳✷✳✶ ❋r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥

■♥ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛❜♦✈❡ ❜❡t✇❡❡♥ ♥♦r♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐✲
❛❜❧❡s ❛♥❞ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ C✱ t❤❡ s❡❧❢❛❞❥♦✐♥t
✈❛r✐❛❜❧❡s✱ s❛t✐s❢②✐♥❣ a∗ = a✱ ❝♦rr❡s♣♦♥❞ t♦ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ R✳ ❯s✐♥❣ t❤❡ ❢r❡❡ ♣r♦❞✉❝t✱ ♦♥❡ ❞❡✜♥❡s ❛♥ ♦♣❡r❛t✐♦♥ ♦♥ ❝♦♠✲
♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✱ ♥❛♠❡❞ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉✲
t✐♦♥✱ ❛♥❞ ❞❡♥♦t❡❞ ❜② ⊞ ✿ ✐❢ µ ❛♥❞ ν ❛r❡ t✇♦ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ R✱ µ⊞ ν ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ a+ b✱ ✇❤❡♥ a ❛♥❞ b ❛r❡ ❢r❡❡ s❡❧❢✲
❛❞❥♦✐♥t ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ r❡s♣❡❝t✐✈❡ ❞✐str✐❜✉t✐♦♥s µ ❛♥❞
ν ❬❱♦✐✽✻❪✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ⊞ ✇❛s s✉❝❝❡ss✐✈❡❧② ❡①t❡♥❞❡❞ t♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛✲
s✉r❡s ✇✐t❤ ✜♥✐t❡ ✈❛r✐❛♥❝❡ ❬▼❛❛✾✷❪✱ t❤❡♥ t♦ ❣❡♥❡r❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥
R ❬❇❱✾✸❪✳
❚❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♠❡❛s✉r❡s ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡
❧♦❣✲❋♦✉r✐❡r tr❛♥s❢♦r♠ ❀ ✐ts ❢r❡❡ ❛♥❛❧♦❣✉❡ ✐s ❝❛❧❧❡❞ t❤❡ R✲tr❛♥s❢♦r♠ ❬❱♦✐✽✻❪✱
❬❇❱✾✸❪✳ ❋♦r ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ R✱ t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ Gµ ❤❛s ❛
r✐❣❤t ✐♥✈❡rs❡ Kµ ❞❡✜♥❡❞ ♦♥ ❛ ❞♦♠❛✐♥ ♦❢ t❤❡ ❢♦r♠

∪
α>0

{z = x+ iy : 0 < y < δα, x < αy}.

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ▲❡t µ ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R✱ ✇❡ ❝❛❧❧ R✲tr❛♥s❢♦r♠
♦❢ µ t❤❡ ❢✉♥❝t✐♦♥ Rµ ❞❡✜♥❡❞ ❜②

Rµ(z) := Kµ(z) − 1

z
.

❚❤❡♦r❡♠ ✷✳✷✳✷✳ ▲❡t µ ❛♥❞ ν ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✱ t❤❡♥ t❤❡r❡
❡①✐sts ❛ ❞♦♠❛✐♥ ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ✇❤❡r❡ Rµ⊞ν ✱ Rµ ❛♥❞ Rν ❛r❡ ❞❡✜♥❡❞
❛♥❞ r❡❧❛t❡❞ ❜② ✿

Rµ⊞ν = Rµ +Rν .



✸✷ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

❋r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ❤❛s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣✲
❡rt②✱ ❝❛❧❧❡❞ s✉❜♦r❞✐♥❛t✐♦♥ ✿

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ▲❡t µ ❛♥❞ ν ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✱ t❤❡r❡ ❡①✐sts
❛ ✉♥✐q✉❡ ❛♥❛❧②t✐❝ ♠❛♣ ωµ,ν : C

+ → C
+ s✉❝❤ t❤❛t

∀z ∈ C
+, Gµ⊞ν(z) = Gµ(ωµ,ν(z)),

∀z ∈ C
+,ℑωµ,ν(z) ≥ ℑz

❛♥❞

lim
y↑+∞

ωµ,ν(iy)

iy
= 1.

❚❤✐s ♣❤❡♥♦♠❡♥♦♥✱ ✜rst ♦❜s❡r✈❡❞ ❜② ❱♦✐❝✉❧❡s❝✉ ✉♥❞❡r ❛ ❣❡♥❡r✐❝ ❛ss✉♠♣✲
t✐♦♥ ❬❱♦✐✾✸❪✱ ✇❛s ♣r♦✈❡❞ ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t② ✐♥ ❬❇✐❛✾✽❪✳ ❆ ♥❡✇ ♣r♦♦❢ ✇❛s
❣✐✈❡♥ ❧❛t❡r✱ ✉s✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ❢♦r ❛♥❛❧②t✐❝ s❡❧❢✲♠❛♣s ♦❢ t❤❡ ✉♣♣❡r
❤❛❧❢✲♣❧❛♥❡ ❬❇❇✵✼❪✳ ❙✉❜♦r❞✐♥❛t✐♦♥ ❛❧❧♦✇❡❞ t♦ ♣r♦✈❡ s♦♠❡ r❡♠❛r❦❛❜❧❡ r❡❣✉❧❛r✲
✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s
✭❬❱♦✐✾✸❪✱❬❇❱✾✺❪✱❬❇✐❛✾✼❛❪✱❬❇❱✾✽❪✱❬❇❇✵✹❪✱❬❇❡❧✵✻❪✱❬❇❡❧✵✽❪✱❬❇❇●●✵✾❪✮ ♦r t♦ ❣✐✈❡
❛ ♥❡✇ ❞❡✜♥✐t✐♦♥ ♦❢ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ❬❈●✵✽❛❪✳
❋♦❧❧♦✇✐♥❣ t❤❡ ❛♥❛❧♦❣② ✇✐t❤ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ♦♥❡ ♣r♦✈❡s ❢r❡❡ ✈❡rs✐♦♥s ♦❢
t❤❡ ♠♦st ❢❛♠♦✉s ❧✐♠✐t t❤❡♦r❡♠s ✿ ✇❡❛❦ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❬❇P✾✻❪✱ ❝❡♥tr❛❧
❧✐♠✐t t❤❡♦r❡♠ ✭❬❱♦✐✽✻❪✱❬❇❱✾✺❪✱❬❑❛r✵✼❪✮ ♦r P♦✐ss♦♥ t❤❡♦r❡♠✳ ❲❡ st❛t❡ ❤❡r❡ ❛
✈❡rs✐♦♥ ♦❢ t❤❡ ❢r❡❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✿

❚❤❡♦r❡♠ ✷✳✷✳✹✳ ▲❡t (an)n∈N∗ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢r❡❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ✐♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ)✱ s❛t✐s❢②✐♥❣ ✿

∀n ∈ N∗, ϕ(an) = 0,

lim
n→+∞

1

n

n∑

i=1

ϕ(a2
i ) = σ2 > 0,

sup
i∈N∗

ϕ(ak
i ) <∞.

❚❤❡♥
µ 1√

n

Pn
i=1 ai

⇒
n→+∞

µσ.

■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❢r❡❡ ❝❡♥tr❛❧ ❧✐♠✐t
t❤❡♦r❡♠ ✐s t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥✱ ❡①❛❝t❧② ❛s ✐♥ ❲✐❣♥❡r✬s ❚❤❡♦r❡♠✳ ❚❤✐s
❞✐str✐❜✉t✐♦♥ ✐s t❤❡r❡❢♦r❡ t❤❡ ❢r❡❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❀ ♦♥❡
s♦♠❡t✐♠❡s ❝❛❧❧s ✐t t❤❡ ❢r❡❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❢r❡❡ P♦✐ss♦♥ ❞✐str✐❜✉✲
t✐♦♥s ❛♣♣❡❛r ❛s t❤❡ ❧✐♠✐ts ✐♥ t❤❡ ❢r❡❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢r❡❡ P♦✐ss♦♥ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✷✳✷✳✺✳ ▲❡t γ ≥ 0✱ σ > 0✱ t❤❡♥

((1 − γ

n
)δ0 +

γ

n
δσ2)⊞n ⇒

n→+∞
πγ,σ.



✷✳✷ ❆♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✸✸

❚❤❡ ❢r❡❡ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ▼❛r❝❤❡♥❦♦✲P❛st✉r ❞✐str✐✲
❜✉t✐♦♥s✳ ❋r❡❡ P♦✐ss♦♥ ❛♥❞ ❢r❡❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢
⊞✲✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s✱ ✇❤♦s❡ ❞❡✜♥✐t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✇r✐t✐♥❣
♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✻✳ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ R ✐s s❛✐❞ ⊞✲✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡
✐❢✱ ❢♦r ❡❛❝❤ n ∈ N

∗✱ t❤❡r❡ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µn ♦♥ R s✉❝❤ t❤❛t ✿

µ = µ⊞n
n .

■♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ✐♠♣♦rt❛♥t ❢♦r t✇♦ r❡❛s♦♥s ✿ ♦♥ t❤❡
♦♥❡ ❤❛♥❞✱ t❤❡② ❛r❡ t❤❡ ❞✐str✐❜✉t✐♦♥s µ ❣❡♥❡r❛t✐♥❣ ❛ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥
s❡♠✐❣r♦✉♣ (µt)t≥0 ✭s❛t✐s❢②✐♥❣ µ0 = δ0✱ µ1 = µ✱ µs ⊞ µt = µs+t,∀s, t ≥ 0 ❛♥❞
t −→ µt ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ✇❡❛❦✲∗ t♦♣♦❧♦❣②✮ ❛❧❧♦✇✐♥❣ t♦ ❞❡✜♥❡ ❛ ♣r♦❝❡ss
✇✐t❤ ❢r❡❡ ❛♥❞ st❛t✐♦♥♥❛r② ✐♥❝r❡♠❡♥ts✳ ❲❡ ❞❡♥♦t❡ t❤❡♥ µt = µ⊞t✳ ◆♦t✐❝❡
t❤❛t✱ ❝♦♥tr❛r② t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ ❢♦r ❡❛❝❤ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✱ ♦♥❡ ♠❛②
❞❡✜♥❡ ❛ ♣❛rt✐❛❧ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ s❡♠✐❣r♦✉♣ (µt)t≥1 ✭❬❇❱✾✺❪✱❬◆❙✾✻❪✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ t❤❡ ♣♦ss✐❜❧❡ ❧✐♠✐ts ✐♥
❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❧✐♠✐t t❤❡♦r❡♠s ❬❇P✵✵❪✳
❚❤❡ R✲tr❛♥s❢♦r♠ ♦❢ ❛ ❢r❡❡ ❛❞❞✐t✐✈❡ ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥ ❤❛s ❛ r❡♣✲
r❡s❡♥t❛t✐♦♥✱ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ▲é✈②✲❍✐♥❝✐♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣✲❋♦✉r✐❡r
tr❛♥s❢♦r♠ ♦❢ ❝❧❛ss✐❝❛❧ ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s ❬❇❱✾✸❪ ✿ t❤❡r❡ ✐s ❛
♥♦♥♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r β ≥ 0 ❛♥❞ ❛ ✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ σ ♦♥ R s✉❝❤
t❤❛t

∀z ∈ C
−, Rµ(z) = β +

∫

R

z + t

1 − tz
dσ(t).

❚❤❡ ❛♥❛❧♦❣② ✐s ❞❡❡♣❡r✱ s✐♥❝❡ ❇❡r❝♦✈✐❝✐ ❡t P❛t❛ ❜✉✐❧t ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥
❝❧❛ss✐❝❛❧ ❛♥❞ ❢r❡❡ ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ t❤❡ ♥✐❝❡ ♣r♦♣❡rt② t♦
❝♦♥s❡r✈❡ t❤❡ ♣❛rt✐❛❧ ❞♦♠❛✐♥s ♦❢ ❛ttr❛❝t✐♦♥ ❬❇P✾✾❪✳
❚❤❡ st✉❞② ♦❢ ❧✐♠✐t t❤❡♦r❡♠s✱ ✐♥✐t✐❛t❡❞ ❜② ❇❡r❝♦✈✐❝✐ ❛♥❞ P❛t❛✱ ✇❛s ❣❡♥❡r❛❧✲
✐③❡❞ t♦ ✐♥✜♥✐t❡s✐♠❛❧ tr✐❛♥❣✉❧❛r ❛rr❛②s ❜② ❈❤✐st②❛❦♦✈ ❛♥❞ ●öt③❡ ❬❈●✵✽❛❪ ❛♥❞
❇❡r❝♦✈✐❝✐ ❛♥❞ ❲❛♥❣ ❬❇❲✵✽❛❪✳

✷✳✷✳✷ ❋r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥

❈♦♥tr❛r② t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ ✐♥ ✇❤✐❝❤ t❤❡ exp ❢✉♥❝t✐♦♥ ❛❧❧♦✇s t♦ ❞❡❞✉❝❡
r❡s✉❧ts ♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ❢r♦♠ r❡s✉❧ts ♦♥
❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥✱ ❢r❡❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ r❡q✉✐r❡s ❛ s♣❡❝✐❛❧ st✉❞②✳
❋r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥✱ ❞❡♥♦t❡❞ ❜② ⊠✱ ✐s ❛♥ ♦♣❡r❛t✐♦♥ ❞❡✜♥❡❞ ♦♥
t✇♦ s❡ts ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✿ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ t❤❡ ✉♥✐t ❝✐r❝❧❡ T

❛♥❞ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R
+ ❬❱♦✐✽✼❪✳

Pr♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ T ❝♦rr❡s♣♦♥❞ t♦ ✉♥✐t❛r② ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ t❤❛t ✐s s❛t✐s❢②✐♥❣ a∗a = aa∗ = 1A✳ ❚❤❡ ❢r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉✲
t✐♦♥ ❛ss♦❝✐❛t❡s t♦ ❛ ♣❛✐r ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µ ❛♥❞ ν ♦♥ T t❤❡ ❞✐str✐❜✉t✐♦♥
µ⊠ν ♦❢ ab✱ ✇❤❡r❡ a ❛♥❞ b ❛r❡ ❢r❡❡ ✉♥✐t❛r② ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s



✸✹ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

♦❢ ❛ W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ✇✐t❤ r❡s♣❡❝t✐✈❡ ❞✐str✐❜✉t✐♦♥s µ ❛♥❞ ν✳
❈♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✐♥ R

+ ❝♦rr❡s♣♦♥❞ t♦ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ♦♥❡ ❝❛♥ ✇r✐t❡ ❛s x∗x✱ ❢♦r ❛♥ x ∈ A ✿ t❤❡② ❛r❡
s❛✐❞ ♣♦s✐t✐✈❡✳ ❋r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡s t♦ ❛ ♣❛✐r ♦❢ ❝♦♠✲
♣❛❝t❧② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µ ❛♥❞ ν ♦♥ R

+ t❤❡ ❞✐str✐❜✉t✐♦♥ µ⊠ ν ♦❢ a
1
2 ba

1
2 ✱

✇❤❡r❡ a ❛♥❞ b ❛r❡ ❢r❡❡ ♣♦s✐t✐✈❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ❛ W ∗✲
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥s µ ❛♥❞ ν✳ ❆s ✐♥ t❤❡ ❛❞❞✐t✐✈❡ ❝❛s❡✱ ❢r❡❡
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ✇❛s ❡①t❡♥❞❡❞ t♦ ❛♥ ♦♣❡r❛t✐♦♥ ♦♥ ❣❡♥❡r❛❧ ♣r♦❜❛❜✐❧✲
✐t② ♠❡❛s✉r❡s ♦♥ R

+ ❬❇❱✾✸❪✳ ❲❡ ❝❤♦♦s❡ t♦ ❞❡t❛✐❧ t❤❡ st✉❞② ♦❢ t❤✐s ❡①t❡♥❞❡❞
♦♣❡r❛t✐♦♥✳
❚❤❡ r♦❧❡ ♦❢ ▼❡❧❧✐♥ tr❛♥s❢♦r♠ ✐♥ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ✐s ♣❧❛②❡❞ ✐♥ ❢r❡❡ ♣r♦❜❛✲
❜✐❧✐t② ❜② t❤❡ S✲tr❛♥s❢♦r♠ ❬❱♦✐✽✼❪✱❬❇❱✾✸❪ ✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✼✳ ▲❡t µ 6= δ0 ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R
+✱ t❤❡ ❢✉♥❝t✐♦♥

ψµ(z) =

∫

C

zt

1 − zt
dµ(z)

✐s ✐♥✈❡rt✐❜❧❡ ♦♥ t❤❡ ❤❛❧❢✲♣❧❛♥❡ iC+✱ ✇✐t❤ ✐♥✈❡rs❡ χµ✳ ❲❡ ❝❛❧❧ S✲tr❛♥s❢♦r♠ ♦❢
µ t❤❡ ❢✉♥❝t✐♦♥ Sµ ❞❡✜♥❡❞ ❜② ✿

Sµ(z) =
z + 1

z
χµ(z).

❚❤❡♦r❡♠ ✷✳✷✳✽✳ ▲❡t µ 6= δ0 ❛♥❞ ν 6= δ0 ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R
+✱

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❞♦♠❛✐♥ ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ✇❤❡r❡

Sµ⊠ν = SµSν .

❚❤❡ ❞✐✣❝✉❧t✐❡s s❡t ❜② ❝❡♥t❡r❡❞ ♠❡❛s✉r❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❬❘❙✵✼❪ ❛♥❞
❬❆❊P❆✵✾❪✳ ❋r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ❛❧s♦ ♣r❡s❡♥ts ❛ s✉❜♦r❞✐♥❛t✐♦♥
♣❤❡♥♦♠❡♥♦♥ ✭❬❇✐❛✾✽❪✱❬❇❇✵✼❪✮✱ ❛❧❧♦✇✐♥❣ t♦ ❞❡❞✉❝❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ♦♥ t❤❡
❢r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♠❡❛s✉r❡s ✭❬❇❡❧✵✸❪✱❬❇❇✵✺❪✮ ✿

❚❤❡♦r❡♠ ✷✳✷✳✾✳ ▲❡t µ 6= δ0 ❛♥❞ ν 6= δ0 ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R
+✱

t❤❡r❡ ❡①✐sts ❛♥ ❛♥❛❧②t✐❝ ♠❛♣ ω : C
+ → C

+ s✉❝❤ t❤❛t

∀z ∈ C
+, ψµ⊠ν(z) = ψµ(ω(z))

❛♥❞
∀z ∈ C

+, arg(ω(z)) ≥ arg(z).

❖♥❡ ❞❡✜♥❡s ⊠✲✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s ✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✵✳ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ R
+ ✐s s❛✐❞ ⊠✲✐♥✜♥✐t❡❧② ❞✐✲

✈✐s✐❜❧❡ ✐❢✱ ❢♦r ❡❛❝❤ n ∈ N
∗✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µn ♦♥ R

+ s✉❝❤
t❤❛t ✿

µ = µ⊠n
n .



✷✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ✸✺

❆❝❝♦r❞✐♥❣ t♦ ❬❇❱✾✸❪✱ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ R
+ ✐s ⊠✲✐♥✜♥✐t❡❧② ❞✐✲

✈✐s✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ µ = δ0 ♦r t❤❡r❡ ✐s ❛ r❡❛❧ ♥✉♠❜❡r a ∈ R✱ ❛ ♥♦♥♥❡❣❛t✐✈❡
♥✉♠❜❡r b ≥ 0 ❛♥❞ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ σ ♦♥ R s✉❝❤ t❤❛t

∀z ∈ C
+, Σµ(z) := Sµ(

z

1 − z
) = exp(a− bz +

∫ +∞

0

1 + tz

z − t
dσ(t)).

❚❤❡ st✉❞② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❧✐♠✐t t❤❡♦r❡♠s✱ ✐♥✐t✐❛t❡❞ ❜② ❇❡r❝♦✈✐❝✐ ❛♥❞ P❛t❛
❬❇P✵✵❪✱ ✇❛s ❣❡♥❡r❛❧✐③❡❞ t♦ ✐♥✜♥✐t❡s✐♠❛❧ tr✐❛♥❣✉❧❛r ❛rr❛②s ❜② ❇❡r❝♦✈✐❝✐ ❛♥❞
❲❛♥❣ ❬❇❲✵✽❜❪ ❛♥❞ ❈❤✐st②❛❦♦✈ ❛♥❞ ●öt③❡ ❬❈●✵✽❜❪✳

✷✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤

❋♦r t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ❢r❛♠❡✇♦r❦ ✐s ❛ ♥♦♥✲
❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ✐♥ ✇❤✐❝❤ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ♥♦♥✲
❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ µa ♦♥ C[X]
s❛t✐s❢②✐♥❣ ✿

∀P ∈ C[X], µa(P ) := ϕ(P (a)).

❆ ❜❡♥❡✜t ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t n✲t✉♣❧❡s ♦❢ ♥♦♥❝♦♠✉t❛t✐✈❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ n✲t✉♣❧❡ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s (a1, . . . , an) ∈ An ✐s s✐♠♣❧② t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ s♣❛❝❡ ♦❢
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ n ✐♥❞❡t❡r♠✐♥❛t❡s C〈X1, . . . , Xn〉 ❞❡✜♥❡❞ ❜②✿

∀P ∈ C〈X1, . . . , Xn〉, µ(a1,...,an)(P (X1, . . . , Xn)) := ϕ(P (a1, . . . , an)).

❲❡ ❤❛✈❡ ❛♥ ❛❧❣❡❜r❛✐❝ ❢r❡❡ ♣r♦❞✉❝t ❝♦♥str✉❝t✐♦♥✱ ❛❧❧♦✇✐♥❣ t♦ ❞❡✜♥❡ ♦♣❡r✲
❛t✐♦♥s ♦❢ ❢r❡❡ ❛❞❞✐t✐✈❡ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❧✐♥❡❛r
❢✉♥❝t✐♦♥❛❧s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ n ✐♥❞❡t❡r♠✐♥❛t❡s
C〈X1, . . . , Xn〉✳

✷✳✸✳✶ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s

❚❤❡r❡ ✐s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ t♦ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ❞✉❡ t♦ ❘♦t❛✱ ✇✐t❤
❢r❛♠❡✇♦r❦ t❤❡ ❧❛tt✐❝❡s ♦❢ ♣❛rt✐t✐♦♥s ♦❢ ✜♥✐t❡ s❡ts✳
❆ ♣❛rt✐t✐♦♥ ♦❢ ❛ ✜♥✐t❡ s❡t E ✐s ❛ ❢❛♠✐❧② p = {V1, . . . , Vr} ♦❢ ♥♦♥✲❡♠♣t② ❛♥❞
❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ E s✉❝❤ t❤❛t

r∪
i=1
Vi = E.

❚❤❡ s✉❜s❡ts V1, . . . , Vr ❛r❡ ❝❛❧❧❡❞ t❤❡ ❜❧♦❝❦s ♦❢ p ❀ t❤❡ s❡t ♦❢ ❜❧♦❝❦s ♦❢ p ✐s
❞❡♥♦t❡❞ ❜② bl(p)✱ ✐ts ❝❛r❞✐♥❛❧ ❜② |p|✳
❚✇♦ ❡❧❡♠❡♥ts i, j ♦❢ E ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ ❛ ♣❛rt✐t✐♦♥ p ❛r❡ s❛✐❞
❧✐♥❦❡❞ ✐♥ p ❛♥❞ ✇❡ ❞❡♥♦t❡ t❤✐s ❜② i ∼p j✳
❖♥ t❤❡ s❡t ΠE ♦❢ ❛❧❧ ♣❛rt✐t✐♦♥s ♦❢ E✱ ♦♥❡ ❞❡✜♥❡s ❛ ♣❛rt✐❛❧ ♦r❞❡r ≤✱ t❤❡ r❡✈❡rs❡
r❡✜♥❡♠❡♥t ♦r❞❡r✱ ❜② ✿



✸✻ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

p ≤ q ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛♥② ❜❧♦❝❦ ♦❢ p ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❛ ❜❧♦❝❦ ♦❢ q✳

■♥ t❤❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t (ΠE ,≤)✱ ❛♥② ♣❛✐r (p, q) ♦❢ ♣❛rt✐t✐♦♥s ❤❛s ❛ ❧❡❛st
✉♣♣❡r ❜♦✉♥❞ p ∨ΠE

q ❛♥❞ ❛ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞ p ∧ΠE
q ✿ (ΠE ,≤) ✐s ❛

❧❛tt✐❝❡✳
❚❤❡ ❝♦♠❜✐♥❛t♦r✐❝s ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✐s ❣♦✈❡r♥❡❞ ❜② ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s✳
◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s✱ ✇❤♦s❡ st✉❞② ✇❛s ✐♥✐t✐❛t❡❞ ❜② ❑r❡✇❡r❛s ❬❑r❡✼✷❪✱ ❛r❡
♣❛rt✐t✐♦♥s ♦❢ ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t (E,≤) ✇✐t❤♦✉t ❝r♦ss✐♥❣✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❢♦r ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p ♦❢ (E,≤)✱ ✇❤❡♥❡✈❡r i < j < k < l ✇✐t❤ i ∼p k
❛♥❞ j ∼p l✱ ♦♥❡ ♥❡❝❡ss❛r✐❧② ❤❛s i ∼p j✳
❆ ❜❧♦❝❦W ♦❢ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p ♦❢ (E,≤) ✐s ❝❛❧❧❡❞ ❛♥ ✐♥t❡r✈❛❧✲❜❧♦❝❦ ✐❢
✐t ✐s ♦❢ t❤❡ ❢♦r♠ W = {x ∈ E : a ≤ x ≤ b}✱ ❢♦r a ≤ b ✐♥ E✳ ❆♥② ♥♦♥✲❝r♦ss✐♥❣
♣❛rt✐t✐♦♥ ❤❛s ❛♥ ✐♥t❡r✈❛❧✲❜❧♦❝❦✱ ❛♥❞ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❡ str♦♥❣❡r ❢♦❧❧♦✇✐♥❣
st❛t❡♠❡♥t ✿ ❧❡t p ❜❡ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ (E,≤)✱ ❧❡t V ❜❡ ❛ ❜❧♦❝❦ ♦❢ p✱
❛♥❞ ❧❡t a ❛♥❞ b ❜❡ ❝♦♥s❡❝✉t✐✈❡ ✐♥ V ✭♠❡❛♥✐♥❣ (i, j) ∩ V 6= ∅✮✳ ■❢ t❤❡ ✐♥t❡r✈❛❧
(i, j) ✐s ✐ts❡❧❢ ♥♦♥✲❡♠♣t②✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❜❧♦❝❦✲✐♥t❡r✈❛❧ W ✐♥ p s✉❝❤ t❤❛t
W ⊆ (i, j)✳
❚❤❡ s❡t (NC(A)(E),≤) ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ (E,≤) ❡q✉✐♣♣❡❞ ✇✐t❤
t❤❡ r❡✈❡rs❡ r❡✜♥❡♠❡♥t ♦r❞❡r ✐s ❛ ❧❛tt✐❝❡✳ ■ts ♠❛①✐♠❛❧ ❡❧❡♠❡♥t 1E ❤❛s E ❢♦r
♦♥❧② ❜❧♦❝❦ ❀ ✐ts ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t 0E ❤❛s ❡❛❝❤ s✐♥❣❧❡t♦♥ ♦❢ E ❛s ❛ ❜❧♦❝❦✳ ❲❤❡♥
E = [m] := {1 < . . . < m}✱ ✇❡ ✇r✐t❡ NC(A)(m) ✐♥st❡❛❞ ♦❢ NC(A)([m])✳
■t ✐s ♥✐❝❡ t♦ r❡♣r❡s❡♥t ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p ∈ NC(A)(m) ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ✇❛② ✿ r❡♣r❡s❡♥t 1, . . . ,m ❜② ❡q✉✐❞✐st❛♥ts ♣♦✐♥ts ❝❧♦❝❦✇✐s❡❧②
♦r❞❡r❡❞ ♦♥ ❛ ❝✐r❝❧❡✱ ❛♥❞ ❞r❛✇✱ ❢♦r ❡❛❝❤ ❜❧♦❝❦ ♦❢ p✱ t❤❡ ❝♦♥✈❡① ♣♦❧②❣♦♥❡ ✇❤♦s❡
✈❡rt✐❝❡s ❛r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❧♦❝❦✳ ■t ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❢♦r ❛ ♣❛r✲
t✐t✐♦♥ t♦ ❜❡ ♥♦♥✲❝r♦ss✐♥❣ t❤❛t t❤❡ ♣♦❧②❣♦♥❡s ❜✉✐❧t t❤✐s ✇❛② ❞♦ ♥♦t ✐♥t❡rs❡❝t✳
❚❤❡ ❧❛tt✐❝❡ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ❤❛s t✇♦ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt✐❡s ✿ ✐t ✐s
s❡❧❢❞✉❛❧ ❛♥❞ ✐ts ✐♥t❡r✈❛❧s ❤❛✈❡ ❛ ❝❛♥♦♥✐❝❛❧ ❢❛❝t♦r✐③❛t✐♦♥✳
❚❤❡ s❡❧❢❞✉❛❧✐t② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛♥t✐✲❛✉t♦♠♦r♣❤✐s♠
❞✐s❝♦✈❡r❡❞ ❜② ❑r❡✇❡r❛s ❬❑r❡✼✷❪✱ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♠❛♣✱ ❞❡✲
♥♦t❡❞ ❜② ❑r✱ ❛♥❞ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿ ❣✐✈❡♥ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p ♦❢ [m]✱
❑r(p) ✐s t❤❡ ❜✐❣❣❡st ♣❛rt✐t✐♦♥ ✭❢♦r t❤❡ r❡✈❡rs❡ r❡✜♥❡♠❡♥t ♦r❞❡r✮ ♦❢

[m] := {1 < . . . < m}

s✉❝❤ t❤❛t p ∪❑r(p) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢

[m] ∪ [m] = {1 < 1 < . . . < m < m}.

❚❤❡r❡ ✐s ❛♥ ❡❧❡❣❛♥t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t ♦❢ ❛
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ♦❢ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t
♦❢ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ♦❢ t❤✐s ♣❛rt✐t✐♦♥
❜② t❤❡ ❢♦r♠✉❧❛ ✿

|p| + |❑r(p)| = m+ 1, ∀p ∈ NC(A)(m). ✭✷✳✶✮



✷✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ✸✼

◆♦t✐❝❡ ❛❧s♦ t❤❛t✱ ❢♦r p ∈ NC(A)(m)✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❑r2(p) ✐s ❡❛s②
✐♥ t❤❡ ❣❡♦♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❛❜♦✈❡ ✿ ❑r2(p) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ p ❜② ❛
❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ r♦t❛t✐♦♥ ♦❢ ❛♥❣❧❡ 2π

m ✳

■♥ ❛❞❞✐t✐♦♥ t♦ s❡❧❢❞✉❛❧✐t②✱ t❤❡ ❧❛tt✐❝❡ (NC(A)(m),≤) ❤❛s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t
♣r♦♣❡rt② ✿ ✐ts ✐♥t❡r✈❛❧s✱ t❤❛t ✐s t❤❡ s❡ts ♦❢ t❤❡ ❢♦r♠

[p, q] := {π ∈ NC(A)(m) | p ≤ π ≤ q},

❤❛✈❡ ❛ ❝❛♥♦♥✐❝❛❧ ❢❛❝t♦r✐③❛t✐♦♥ ✿

❚❤❡♦r❡♠ ✷✳✸✳✶✳ ❬❙♣❡✾✹❪ ❋♦r p, q ∈ NC(A)(m) s❛t✐s❢②✐♥❣ p ≤ q✱ t❤❡r❡ ✐s ❛
s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs (k1, . . . , km) ∈ N

m s✉❝❤ t❤❛t

[p, q] ∼= NC(A)(1)k1 × · · · ×NC(A)(m)km .

❆s ❛ ✜♥✐t❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t✱ (NC(A)(m),≤) ✐s t❤❡ ❢r❛♠❡ ♦❢ ❛ ❝♦♥✈♦✲
❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ❛♥❞ ♦❢ ❛ ▼♦❡❜✐✉s ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛ ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✷✳ ❚❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥

▼ö❜(A) : {(p, q) ∈ NC(A)(m) | p ≤ q} −→ C,

s✉❝❤ t❤❛t✱ ❢♦r f, g : NC(A)(m) −→ C✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

∀p ∈ NC(A)(m), f(p) =
∑

q≤p

g(q). ✭✷✳✷✮

∀p ∈ NC(A)(m), g(p) =
∑

q≤p

f(q)▼ö❜(A)(q, p). ✭✷✳✸✮

▼ö❜(A) ✐s ❝❛❧❧❡❞ t❤❡ ▼♦❡❜✐✉s ❢✉♥❝t✐♦♥ ♦❢ NC(A)(m)✳

✷✳✸✳✷ ◆♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s

❲❡ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✿

◆♦t❛t✐♦♥ ✷✳✸✳✸✳ ▲❡t A ❜❡ ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✱ ❧❡t (a1, . . . , an) ∈ An✱
❛♥❞ ❧❡t V = {v1 < . . . < vm} ⊆ [n]✱ t❤❡♥ ✇❡ ❞❡♥♦t❡

(a1, . . . , an) | V := (av1 , . . . , avm) ∈ Am.

❋♦r ❛ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ♠❛♣s (rn : An → C)∞n=1✱ ♦♥❡ ❞❡✜♥❡s✱ ❢♦r ❡❛❝❤
n ∈ N ❛♥❞ ❡❛❝❤ π ∈ NC(A)(n)✱ t❤❡ n✲❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ rπ : An → Ck ❜②

rπ(a1, . . . , an) :=
∏

V ∈π

r|V |((a1, . . . , an) | V ).

❆ ❢✉♥❞❛♠❡♥t❛❧ ♦❜❥❡❝t ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②
✐s t❤❡ ❢❛♠✐❧② ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s✱ ❞❡✜♥❡❞ ✐♥ ❬❙♣❡✾✹❪ ❜② t❤❡
❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✿



✸✽ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

❉❡✜♥✐t✐♦♥ ✷✳✸✳✹✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ t❤❡
♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛r❡ t❤❡ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s
(κn : An → C)∞n=1✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✿ ❢♦r ❡❛❝❤ n ≥ 1 ❛♥❞ ❡❛❝❤
a1, . . . , an ∈ A✱

∑

p∈NC(A)(n)

κp(a1, . . . , an) = ϕ(a1 · · · an). ✭✷✳✹✮

❚❤❡ ❢♦r♠✉❧❛ ✭✷✳✹✮ ❤❛s ❛♥ ✐♥✈❡rs❡ ❜② ▼♦❡❜✐✉s ✐♥✈❡rs✐♦♥ ✿

κn(a1, . . . , an) =
∑

p∈NC(A)(n)

▼ö❜(A)(p, 1n)ϕp(a1, . . . , an), ✭✷✳✺✮

❣❡♥❡r❛❧✐③✐♥❣ s✐♠♣❧② ❜②

κρ =
∑

π∈NC(n), π≤ρ

▼ö❜(A)(π, ρ) · ϕ(A)
π , ∀ ρ ∈ NC(n). ✭✷✳✻✮

❚❤❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (ϕn : An → Ck)
∞
n=1 ✐♠♣❧✐❝✐t❡❧② ✉s❡❞ ✐♥ ❢♦r♠✉❧❛

✭✷✳✺✮ ❛r❡ ♦❜✈✐♦✉s❧② ❞❡✜♥❡❞ ❜②

ϕn(a1, . . . , an) = ϕ(a1 · · · an).

❚❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✺✳ ❖♥❡ ❤❛s κn(a1, . . . , an) = 0 ✇❤❡♥❡✈❡r n ≥ 2✱
a1, . . . , an ∈ A✱ ❛♥❞ t❤❡r❡ ✐s 1 ≤ i ≤ n s✉❝❤ t❤❛t ai ∈ C1A✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✻✳ ❬❑❙✵✵❪ ▲❡t x1, . . . , xs ❜❡ ✐♥ A✱ ❛♥❞ ❝♦♥s✐❞❡r ♣r♦❞✉❝ts ♦❢
t❤❡ ❢♦r♠

a1 = x1 · · ·xs1 , a2 = xs1+1 · · ·xs2 , . . . , an = xsn−1+1 · · ·xsn ,

✇❤❡r❡ 1 ≤ s1 < s2 < · · · < sn = s✳ ❚❤❡♥

κn(a1, . . . , an) =
∑

π∈NC(s) such

that π∨θ=1s

κπ(x1, . . . , xs),

✇❤❡r❡ θ ∈ NC(s) ✐s t❤❡ ♣❛rt✐t✐♦♥ ✿

θ = {{1, . . . , s1}, {s1 + 1, . . . , s2}, . . . , {sn−1 + 1, . . . , sn}}.

❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②
❝♦♠❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❞✉❡ t♦ ❙♣❡✐❝❤❡r ✿



✷✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ✸✾

❚❤❡♦r❡♠ ✷✳✸✳✼✳ ❬❙♣❡✾✹❪ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
❛♥❞ ❧❡t M1, . . . ,Mn ❜❡ s✉❜s❡ts ♦❢ A✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛✲
❧❡♥t✿
✭✶✮ M1, . . . ,Mn ❛r❡ ❢r❡❡✳
✭✷✮ ❋♦r ❡❛❝❤ m ≥ 2✱ ❡❛❝❤ i1, . . . , im ∈ {1, . . . , n} ♥♦t ❛❧❧ ❡q✉❛❧✱ ❛♥❞ ❡❛❝❤
a1 ∈ Mi1 , . . . , am ∈ Mim✱ ♦♥❡ ❤❛s κm(a1, . . . , an) = 0✳ ❖♥❡ s❛②s t❤❛t
M1, . . . ,Mn ❤❛✈❡ ✈❛♥✐s❤✐♥❣ ♠✐①❡❞ ❝✉♠✉❧❛♥ts✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ♦❢ t❤✐s r❡s✉❧t ✐s t❤❡ s✐♠♣❧❡ ❢♦r♠✉❧❛ ❞❡s❝r✐❜✐♥❣ t❤❡
❛❞❞✐t✐♦♥ ♦❢ t✇♦ ❢r❡❡ n✲t✉♣❧❡s ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✽✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
M1,M2 ❜❡ ❢r❡❡ s✉❜s❡ts ♦❢ A✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ n ≥ 1✱ ❛♥❞ ❡❛❝❤ n✲t✉♣❧❡s
(a1, . . . , an) ∈ Mn

1 , (b1, . . . , bn) ∈ Mn
2 , ♦♥❡ ❤❛s ✿

κn(a1 + b1, . . . , an + bn) = κn(a1, . . . , an) + κn(b1, . . . , bn). ✭✷✳✼✮

▼♦r❡ s✉r♣r✐s✐♥❣❧②✱ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ❞❡s❝r✐❜❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢
❢r❡❡ n✲t✉♣❧❡s ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✾✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
❧❡t M1,M2 ❜❡ ❢r❡❡ s✉❜s❡ts ♦❢ A✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ n ≥ 1 ❛♥❞ ❡❛❝❤ n✲t✉♣❧❡s
(a1, . . . , an) ∈ Mn

1 , (b1, . . . , bn) ∈ Mn
2 ✱ ♦♥❡ ❤❛s ✿

κn(a1b1, . . . , anbn) =
∑

p∈NC(A)(n)

κp(a1, . . . , an)κ❑r(p)(b1, . . . , bn). ✭✷✳✽✮

❚❤❡s❡ t✇♦ r❡s✉❧ts ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t ❢♦r♠ ❜② t❤❡ ✉s❡
♦❢ ❢♦r♠❛❧ s❡r✐❡s✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡
✈❛r✐❛❜❧❡✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✿

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✵✳ ▲❡t C ❜❡ ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✱ ✇❡ ❞❡♥♦t❡ ❜② Θ
(A)
C

t❤❡ s❡t ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡ ❢♦r♠

f(z) =

∞∑

n=1

αnz
n,

✇❤❡r❡ t❤❡ αn✬s ❛r❡ ❡❧❡♠❡♥ts ♦❢ C✳
❆♥ ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ♦❢ Θ

(A)
C ✱ ✐s t❤❡ s❡r✐❡s ✿

ζ
(A)
C (z) :=

∞∑

n=1

1Cz
n.

❆♥ ♦♣❡r❛t✐♦♥ ♦♥ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✇✐t❤ ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥ts ✐s ✐♥tr♦❞✉❝❡❞
✐♥ ❬◆❙✾✻❪✱ ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦♥ t❤❡ ❧❛tt✐❝❡s ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s✳ ❍❡r❡
✐s t❤❡ ❞❡✜♥✐t✐♦♥✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✱ ❜✉t ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛♥②
❝♦♠♠✉t❛t✐✈❡ ❝♦♠♣❧❡① ✉♥✐t❛❧ ❛❧❣❡❜r❛✳



✹✵ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✶✳ ❖♥ Θ
(A)
C ✱ ♦♥❡ ❞❡✜♥❡s ❛ ❜✐♥❛r② ❛ss♦❝✐❛t✐✈❡ ❛♥❞ ❝♦♠♠✉✲

t❛t✐✈❡ ♦♣❡r❛t✐♦♥ ⋆
(A)
C ✱ ❛s ❢♦❧❧♦✇s ✿ ✐❢

f(z) =
∞∑

n=1

αnz
n ∈ Θ

(A)
C

❛♥❞

g(z) =

∞∑

n=1

βnz
n ∈ Θ

(A)
C ,

t❤❡♥ f ⋆
(A)
C g ✐s t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

∑∞
n=1 γnz

n✱ ✇❤❡r❡

γm =
∑

p∈NC(A)(m)
p:={E1,...,Eh}

❑r(p):={F1,...,Fl}

(
h∏

i=1

α❝❛r❞(Ei)
) · (

l∏

j=1

β❝❛r❞(Fj)
).

❆ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f ∈ Θ
(A)
C ✐s ✐♥✈❡rt✐❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ⋆

(A)
C ✐❢ ❛♥❞

♦♥❧② ✐❢ ✐ts ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ 1 ✐s ✐ts❡❧❢ ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ❛❧❣❡❜r❛ C✳ ■♥

♣❛rt✐❝✉❧❛r✱ ζ
(A)
C ✐s ✐♥✈❡rt✐❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ⋆

(A)
C ✱ ❛♥❞ ✇❡ ❝❛❧❧ ✐ts ✐♥✈❡rs❡

t❤❡ ▼♦❡❜✐✉s s❡r✐❡s✱ ❞❡♥♦t❡❞ ❜② ▼ö❜
(A)
C ✳ ❚❤❡ ♣r♦♦❢s ♦❢ t❤❡s❡ st❛t❡♠❡♥ts ❛r❡

❞✐r❡❝t ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡ ♣r♦♦❢s ♦♥❡ ❝❛♥ ✜♥❞ ✐♥ ❬◆❙✾✻❪✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✷✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
❧❡t a ∈ A ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❲❡ ❝❛❧❧ ♠♦♠❡♥ts ❣❡♥❡r❛t✲
✐♥❣ s❡r✐❡s ♦❢ a t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✿

Ma(X) =

∞∑

n=1

ϕ(an)Xn ∈ Θ
(A)
C
, ✭✷✳✾✮

❛♥❞ R✲tr❛♥s❢♦r♠ ♦❢ a t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✿

Ra(X) =
∞∑

n=1

κn(a, . . . , a)Xn ∈ Θ
(A)
C
. ✭✷✳✶✵✮

❚❤❡ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✭✷✳✹✮ ❛♥❞ ✐ts ✐♥✈❡rs❡ ✭✷✳✺✮ r❡❛❞ ❛t t❤❡
❧❡✈❡❧ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✸✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
❧❡t a ∈ A ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡♥✱ ♦♥❡ ❤❛s ✿

Ma = Ra⋆
(A)
C
ζ
(A)
C

Ra = Ma⋆
(A)
C

▼ö❜
(A)
C



✷✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ✹✶

❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ⋆
(A)
C

✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡

❢❛❝t✱ ♣r♦✈❡❞ ✐♥ ❬◆❙✾✻❪✱ t❤❛t ⋆
(A)
C

❢✉r♥✐s❤❡s t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢
t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦ ❢r❡❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✐♥ t❡r♠s ♦❢
t❤❡✐r R✲tr❛♥s❢♦r♠s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✹✳ ❬◆❙✾✻❪ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✱ ❛♥❞ ❧❡t a, b ❜❡ ❢r❡❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ A✳ ❚❤❡♥✱ ♦♥❡
❤❛s

Ra+b = Ra +Rb

❛♥❞

Rab = Ra⋆
(A)
C
Rb.

❆❧t❤♦✉❣❤ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❛❜♦✈❡ ❣❡♥❡r❛❧✐③❡s ✇✐t❤♦✉t ❞✐✣❝✉❧t② t♦ ❢r❡❡ n✲
t✉♣❧❡s ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❡ s✐♥❣❧❡ ✈❛r✐❛❜❧❡ ❝❛s❡ ❤❛s
s♦♠❡ s♣❡❝✐❛❧ ❢❡❛t✉r❡s✳ ❖♥❡ ♠❛② ❢♦r ❡①❛♠♣❧❡ ❞❡✜♥❡ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❢♦r
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢✉♥❝t✐♦♥s ♦♥ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ❬◆❙✾✼❪ ✿ t❤✐s ✐s ❛ ♠❛♣
F ❛ss♦❝✐❛t✐♥❣ t♦ ❛ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s f(X) ✐♥ ♦♥❡ ✐♥❞❡t❡r♠✐♥❛t❡ ❛♥❞ ✇✐t❤
♥♦♥③❡r♦ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ 1 ✭t♦ ❡♥s✉r❡ ✐♥✈❡rt✐❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♠✲
♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✮ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s F(f)(X) := 1

X f
〈−1〉(X)✳ ❚❤❡ ♠❛♣

F ❤❛s t❤❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② t♦ tr❛♥s❢♦r♠ t❤❡ ♦♣❡r❛t✐♦♥ ⋆ ✐♥t♦ t❤❡ ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ✿ F(f ⋆(A)g) = F(f) · F(g)✳ ■❢ a ∈ (A, ϕ)
✐s ❛ ♥♦♥✲❝❡♥t❡r❡❞ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ t❤❡ s❡r✐❡s F(Ra) ✐s t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡
S✲tr❛♥s❢♦r♠✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✺✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ t❤❡
S✲tr❛♥s❢♦r♠ ♦❢ ❛ ♥♦♥✲❝❡♥t❡r❡❞ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ a ∈ A ✐s
t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s Sa ❞❡✜♥❡❞ ❜② ✿

Sa(X) :=
1

X
R〈−1〉

a (X).

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✻✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
❧❡t a, b ∈ A ❜❡ t✇♦ ♥♦♥✲❝❡♥t❡r❡❞ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❡♥ ♦♥❡
❤❛s ✿

Sab(X) = Sa(X)Sb(X).

❚❤❡ R✲ ❛♥❞ S✲tr❛♥s❢♦r♠s ♦❢ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛✲
s✉r❡ µ ❛r❡ ❛♥❛❧②t✐❝ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ 0 ❛♥❞ ♦♥❡ ♠❛② t❤✉s ✐❞❡♥t✐❢② t❤❡✐r
♣♦✇❡r s❡r✐❡s ❞❡✈❡❧♦♣♠❡♥ts t♦ t❤❡ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ❣✐✈❡♥ ❜② t❤❡ R✲ ❛♥❞ S✲
tr❛♥s❢♦r♠s ♦❢ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥ ❛ W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡
❤❛✈✐♥❣ ❞✐str✐❜✉t✐♦♥ µ✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ✐❞❡♥t✐❢②✐♥❣ ❛ ❝♦♠♣❛❝t❧② s✉♣✲
♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ♠♦♠❡♥ts ✿ t❤✐s ✐s ❛
s✐♠♣❧❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❢❛♠♦✉s ♠♦♠❡♥ts ♣r♦❜❧❡♠✳



✹✷ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

✷✳✹ ❘❡❧❛t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r②

■♥ t❤❡ ✜rst ❝❤❛♣t❡r✱ ✇❡ st✉❞✐❡❞ r❛♥❞♦♠ ♠❛tr✐❝❡s ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢
❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ❛s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ♠❛tr✐① s♣❛❝❡✱ ✐♥
❣❡♥❡r❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡✳ ❲❡ ♠❛② ❛❧s♦ t❛❦❡ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳
❲❡ ❤❛✈❡ t♦ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❛❧❣❡❜r❛ MN (L∞−) ♦❢ ♠❛tr✐① ♠♦❞❡❧s
✇❤♦s❡ ❡♥tr✐❡s ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✜♥✐t❡ ♠♦♠❡♥ts✳ ❖♥ t❤✐s ❛❧❣❡❜r❛✱
t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ tr❛❝❡

ϕ(M) = E[tr(M)]

✐s ❛ ❧✐♥❡❛r ♥♦r♠❛❧✐③❡❞ ✭❛♥❞ tr❛❝✐❛❧✮ ❢✉♥❝t✐♦♥❛❧ ✿ ✇❡ ❣❡t ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳
❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t✱ ❞✐s❝♦✈❡r❡❞ ❜② ❱♦✐❝✉❧❡s❝✉ ✐♥ ✶✾✾✶ ❬❱♦✐✾✶❪✱ ✐s t❤❛t ❢r❡❡✲
♥❡ss ❛♣♣❡❛rs ❛s t❤❡ ❛s②♠♣t♦t✐❝ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ✐♥ t❤✐s s♣❛❝❡ ♦❢ ❝❡rt❛✐♥ ✐♥❞❡✲
♣❡♥❞❡♥t ♠❛tr✐① ♠♦❞❡❧s✱ ✇❤❡♥ t❤❡✐r s✐③❡ ❣♦❡s t♦ ✐♥✜♥✐t② ✿ t❤✐s ✐s ❛s②♠♣t♦t✐❝
❢r❡❡♥❡ss✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✶✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s
(An, ϕn)n∈N✱ ❛ s❡q✉❡♥❝❡ ♦❢ ❢❛♠✐❧✐❡s ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

((a
(n)
i )i∈I)n∈N ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ µ

♦♥ C〈Xi, i ∈ I〉 s✉❝❤ t❤❛t

∀P ∈ C〈Xi, i ∈ I〉, ϕn(P ((a
(n)
i )i∈I)) −→

n→+∞
µ(P ).

❚❤❡ ❞✐str✐❜✉t✐♦♥ µ ✐s ❝❛❧❧❡❞ t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✷✳ ■♥ t❤❡ ♣r❡❝❡❞✐♥❣ ♥♦t❛t✐♦♥s✱ ✐❢

I = ∪
j∈J

Ij

✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ I✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❢❛♠✐❧✐❡s (((a
(n)
i )i∈Ij

)j∈J)n∈N ✐s ❛s②♠♣t♦t✲
✐❝❛❧❧② ❢r❡❡ ❛s n ❣♦❡s t♦ ✐♥✜♥✐t② ✐❢ ✐t ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦✇❛r❞s µ ❛♥❞
✐❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ❢❛♠✐❧✐❡s ((Xi)i∈Ij

), j ∈ J ❛r❡ ❢r❡❡ ✐♥ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (C〈Xi, i ∈ I〉, µ)✳

■♥ t❤❡ r❡s✉❧ts ♦❢ ❛s②♠♣t♦t✐❝ ❢r❡❡♥❡ss ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s ✇❡ ❛r❡ ❣♦✐♥❣
t♦ st❛t❡✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s ✐s

(MN (L∞−),E[tr(·)]).

■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ ♦♥❡ ❝❛♥ s♦♠❡t✐♠❡s ♣r♦✈❡ str♦♥❣❡r ❛s②♠♣t♦t✐❝ ❢r❡❡✲
♥❡ss r❡s✉❧ts✱ ❢♦r ✐♥st❛♥❝❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

tr(P ((X
(n)
i )i∈I)) ❤♦❧❞s ♥♦t ♦♥❧② ✐♥ ♠❡❛♥✱ ❜✉t ❛❧s♦ ✐♥ ♣r♦❜❛❜✐❧✐t② ♦r ❛❧♠♦st

s✉r❡❧②✳



✷✳✹ ❘❡❧❛t✐♦♥ t♦ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ✹✸

❆s②♠♣t♦t✐❝ ❢r❡❡♥❡ss ❢♦r ❲✐❣♥❡r ♠❛tr✐❝❡s ✇❛s ❡①❛♠✐♥❡❞ ❜② ❱♦✐❝✉❧❡s❝✉ ✭s❡❡
❬❱♦✐✾✶❪✱ ❬❱♦✐✾✽❪✮✱ ❉②❦❡♠❛ ✭❬❉②❦✾✸❪✮✱ ❈❛♣✐t❛✐♥❡ ❛♥❞ ❈❛s❛❧✐s ✭❬❈❈✵✹❪✮✱ ❚❤♦r✲
❜❥♦r♥s❡♥ ✭❬❚❤♦✵✵❪✮ ❛♥❞ ❍✐❛✐ ❛♥❞ P❡t③ ✭❬❍P✵✵❪✮✳ ❲❡ r❡❝♦r❞ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✱ st❛t✐♥❣ t❤❛t ✐♥❞❡♣❡♥❞❡♥t ❲✐❣♥❡r ♠❛tr✐❝❡s ❛♥❞ ❛ ❢❛♠✐❧② ♦❢ ❞❡t❡r✲
♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♠❛tr✐❝❡s ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ❢r❡❡✳

❚❤❡♦r❡♠ ✷✳✹✳✸✳ ▲❡t (WN (i))i∈I ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧ ♦r ❝♦♠♣❧❡①
❲✐❣♥❡r ♠❛tr✐❝❡s ♦❢ s✐③❡ N ❛♥❞ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝❡♥t❡r❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ L∞−

❛♥❞ ♦❢ ✈❛r✐❛♥❝❡ 1✱ ❛♥❞ ❧❡t (DN (j))j∈J ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥
♠❛tr✐❝❡s ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ s❛t✐s❢②✐♥❣

sup
k∈N∗

max
j∈J

sup
N∈N∗

1

N
tr(|DN (j)|k) 1

k < +∞.

❚❤❡♥✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❢❛♠✐❧✐❡s {(DN (j))j∈J}, {WN (i)√
N

}i∈I ✐s ❛s②♠♣t♦t✐❝❛❧❧②

❢r❡❡✳

❚❤✐s r❡s✉❧t ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠✉❧t✐✲♠❛tr✐❝✐❛❧ ✈❡rs✐♦♥ ♦❢ ❲✐❣♥❡r✬s
❚❤❡♦r❡♠ ✶✳✷✳✸✱ ❛♥❞ s❤❡❞s ❧✐❣❤t ♦♥ t❤❡ ✉❜✐q✉✐t② ♦❢ t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥
❛s ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ❛♥❞ ✐♥ t❤❡
❢r❡❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✳ ❆s ❛ ❝♦r♦❧❧❛r②✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ❲✐❣♥❡r ♠♦❞❡❧✳
❙✉❝❤ ❛s②♠♣t♦t✐❝ ❢r❡❡♥❡ss r❡s✉❧ts ❛r❡ ♣r♦✈❡❞ ❢♦r ♦t❤❡r ♠❛tr✐① ♠♦❞❡❧s ✿ ✐♥❞❡✲
♣❡♥❞❡♥t ❲✐s❤❛rt ♠❛tr✐❝❡s ✭❬❈❈✵✹❪✮✱ ✐♥❞❡♣❡♥❞❡♥t ❍❛❛r ✉♥✐t❛r② ♦r ♦rt❤♦❣♦♥❛❧
♠❛tr✐❝❡s ✭❬❱♦✐✾✶❪✱ ❬❱♦✐✾✽❪✱ ❬❈♦❧✵✸❪✮✱ ✐♥❞❡♣❡♥❞❡♥t ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐❝❡s✱ ❡t❝✳✳✳
❚❤❡s❡ r❡s✉❧ts ♠❛② s♦♠❡t✐♠❡s ❜❡ ♣r❡❝✐s❡❞ ❜② r❡s✉❧ts ♦❢ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ♦❢ ♦♣❡r❛t♦r ♥♦r♠s ✿

∀P ∈ C〈Xi, i ∈ I〉,
∥∥∥P ((X

(n)
i )i∈I)

∥∥∥ a.s.−→
n→+∞

‖P ((xi)i∈I)‖ ,

✇❤❡r❡ (xi)i∈I ✐s ❛ ❢❛♠✐❧② ♦❢ ❢r❡❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❞✐s✲
tr✐❜✉t✐♦♥ µ ✐♥ ❛ W ∗✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❋r♦♠ s✉❝❤ r❡s✉❧ts ✭❬❍❚✵✺❪✱ ❬❙❝❤✵✺❪✱
❬❈❉▼✵✼❪✱ ❬▼❛❧✶✵❪✮✱ ♦♥❡ ♠❛② ❞❡❞✉❝❡✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ r❛♥❞♦♠ ♠❛✲
tr✐❝❡s✱ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ♦r s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢
❞❡❢♦r♠❡❞ ♠♦❞❡❧s t♦✇❛r❞s ❛♥ ❡♥❞♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐✲
❜✉t✐♦♥✳
❚❤❡ ❞✐s❝♦✈❡r② ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❘❛♥❞♦♠ ▼❛tr✐① ❚❤❡♦r② ❛♥❞ ❢r❡❡ ♣r♦❜✲
❛❜✐❧✐t② ❣❛✈❡ ❜✐rt❤ t♦ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s✱ ❛s ♠✐❞❞❧❡ ❣r♦✉♥❞
❜❡t✇❡❡♥ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐t②✱ ✇❤♦s❡ ♦❜❥❡❝t ✐s ✐♥❞❡♣❡♥❞❡♥t s❝❛❧❛r r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ ❛♥❞ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ✇❤♦s❡ ♦❜❥❡❝t ✐s ❢r❡❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ r❡❛❧✐③❡❞ ❛s ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥✲
s✐♦♥✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ♠❛tr✐❝✐❛❧ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❇❡r❝♦✈✐❝✐✲P❛t❛ ❜✐❥❡❝✲
t✐♦♥s ✇❡r❡ ❜✉✐❧t ✐♥ ❬❇●✵✺❪ ❛♥❞ ❛ t❤❡♦r② ♦❢ ♠❛tr✐❝✐❛❧ ❝✉♠✉❧❛♥ts ✇❛s ✐♥✐t✐❛t❡❞
✐♥ ❬❈❈✵✻❪✱❬❈❈✵✼❪✳



✹✹ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

✷✳✺ ❋r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇

❚❤❡ ❧❛tt✐❝❡s ♦❢ ♣❛rt✐t✐♦♥s ♦❢ ❛ ✜♥✐t❡ s❡t ♠❛② ❜❡ r❡✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ✐♥t❡r✲
s❡❝t✐♦♥ ❧❛tt✐❝❡ ❢♦r t❤❡ ❤②♣❡r♣❧❛♥❡ ❛rr❛♥❣❡♠❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t②♣❡ ❆
r♦♦t s②st❡♠ ❬❘❡✐✾✼❪✳ ❚❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♠❛② ❜❡ s❡❡♥ ✐♥ ♣❛rt✐❝✉❧❛r
❛s ❝♦♠❜✐♥❛t♦r✐❛❧ ♦❜❥❡❝ts ♦❢ t②♣❡ ❆✱ ❥✉st✐❢②✐♥❣ t❤❡ ♥♦t❛t✐♦♥ NC(A)(E)✳
❚❤✐s ✐♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❧❛tt✐❝❡ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ✐♥ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦❜✲
❥❡❝ts ♦❢ t②♣❡ ❆ ✇❛s ❝❧❛r✐✜❡❞ ❜② ❇✐❛♥❡✱ ✇❤♦ ❣❛✈❡ ✐♥ ❬❇✐❛✾✼❜❪ ❛ ❜✐❥❡❝t✐♦♥ t
❜❡t✇❡❡♥ NC(A)(m) ❛♥❞ t❤❡ s❡t ♦❢ ♣♦✐♥ts ❧②✐♥❣ ♦♥ ❛ ❣❡♦❞❡s✐❝ ✐♥ t❤❡ ❈❛②❧❡②
❣r❛♣❤ ♦❢ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ Sm✱ ✇❤❡♥ t❤❡ s❡t ♦❢ ❣❡♥❡r❛t♦rs ✐s ❝❤♦s❡♥ t♦
❝♦♥t❛✐♥ ❛❧❧ t❤❡ tr❛♥s♣♦s✐t✐♦♥s✳ ❚❤✐s ❜✐❥❡❝t✐♦♥ ❛ss♦❝✐❛t❡s t♦ ❛ ♥♦♥✲❝r♦ss✐♥❣
♣❛rt✐t✐♦♥ p ∈ NC(A)(m) t❤❡ ♣❡r♠✉t❛t✐♦♥ t(p) ∈ Sm ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦
❡❛❝❤ ❜❧♦❝❦ V ♦❢ p ✐s t❤❡ tr❛❝❡ ♦❢ t❤❡ ❝②❝❧❡ (1, . . . ,m) ∈ Sm ♦♥ V ✳ ❲❤❡♥
a ∈ [m]✱ t(p)(a) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ a ✐♥ p✳ ●❡♦♠❡tr✐❝❛❧❧②✱ t❤✐s ✐s
t❤❡ ✜rst ♣♦✐♥t ❧✐♥❦❡❞ ✇✐t❤ a t❤❛t ♦♥❡ ♠❡❡ts ✇❤❡♥ ♦♥❡ ❝❧♦❝❦✇✐s❡❧② ❞❡s❝r✐❜❡s
t❤❡ ❝✐r❝❧❡✱ st❛rt✐♥❣ ❢r♦♠ a✳
❚❤❡r❡ ❛r❡ ♦t❤❡r t②♣❡s ♦❢ r♦♦t s②st❡♠s✱ s✉❝❤ ❛s t❤❡ t②♣❡ ❇✱ ❢♦r ✇❤✐❝❤ ❘❡✐♥❡r
❜✉✐❧t ❛ ❧❛tt✐❝❡ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ❬❘❡✐✾✼❪✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ ❧❛tt✐❝❡
NC(B)(n) ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❇✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t♦t❛❧❧② ♦r✲
❞❡r❡❞ s❡t

[±n] = {1 < 2 < . . . < n < −1 < −2 < . . . < −n}.
❖♥❡ ❞❡✜♥❡s NC(B)(n) ❛s t❤❡ s✉❜s❡t ♦❢ NC(A)([±n]) ❝♦♥s✐st✐♥❣ ♦❢ ♥♦♥✲
❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s t❤❛t ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs✐♦♥ ♠❛♣
x 7→ −x✳
■♥ s✉❝❤ ❛ ♣❛rt✐t✐♦♥ π ∈ NC(B)(n)✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ✐♥✈❡rs✐♦♥✲✐♥✈❛r✐❛♥t
❜❧♦❝❦✱ t❤❛t ✇❡ ❝❛❧❧✱ ✇❤❡♥❡✈❡r ✐t ❡①✐sts✱ t❤❡ ③❡r♦✲❜❧♦❝❦ ♦❢ π✳ ❚❤❡ ♦t❤❡r ❜❧♦❝❦s
♦❢ π ❝♦♠❡ t✇♦ ❜② t✇♦ ✿ ✐❢ F ✐s ❛ ❜❧♦❝❦ ✇❤✐❝❤ ✐s ♥♦t ✐♥✈❡rs✐♦♥✲✐♥✈❛r✐❛♥t✱ t❤❡♥
−F ✐s ❛♥♦t❤❡r ❜❧♦❝❦ ✭♦❜✈✐♦✉s❧② ♥♦t ✐♥✈❡rs✐♦♥✲✐♥✈❛r✐❛♥t✮✳ ▲❡t ✉s ❣✐✈❡ ❛ s♣❡❝✐❛❧
♥♦t❛t✐♦♥ t♦ t❤❡ s✉❜s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ❤❛✈✐♥❣ ❛ ③❡r♦✲❜❧♦❝❦ ✿

NCZ(B)(n) := {π ∈ NC(B)(n) | π ✇✐t❤ ❛ ③❡r♦✲❜❧♦❝❦}, ✭✷✳✶✶✮

■♠♠❡❞✐❛t❡❧②✱ NC(B)(n) ✐s ❛ s✉❜❧❛tt✐❝❡ ♦❢ (NC(A)([±n]),≤)✱ ✇✐t❤ t❤❡ s❛♠❡
♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧ ❡❧❡♠❡♥ts✳
▼♦r❡♦✈❡r✱ NC(B)(n) ✐s st❛❜❧❡ ❜② ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♠❛♣ ✭❝♦♥s✐❞✲
❡r❡❞ ♦♥NC(A)([±n])✮✱ ✇❤✐❝❤✱ r❡str✐❝t❡❞ ❢r♦♠NC(A)([±n]) t♦NC(B)(n)✱ ✇✐❧❧
❣✐✈❡ ❛♥ ❛♥t✐✲❛✉t♦♠♦r♣❤✐s♠ ♦❢ NC(B)(n)✱ st✐❧❧ ♥❛♠❡❞ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥✲
t❛t✐♦♥ ♠❛♣ ✭♦♥ NC(B)(n)✮ ❛♥❞ ❞❡♥♦t❡❞ ❜② ❑r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♠♣♦rt❛♥t
r❡❧❛t✐♦♥ ✭✷✳✶✮ ❜❡❝♦♠❡s

|π| + |❑r(π)| = 2n+ 1,∀π ∈ NC(B)(n).

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❢♦r♠✉❧❛✱ ❢♦r π ∈ NC(B)(n)✱ ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡ t✇♦
♣❛rt✐t✐♦♥s π ❛♥❞ ❑r(π) ❤❛s ❛ ③❡r♦✲❜❧♦❝❦✳ ▼♦r❡♦✈❡r✱ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♠❛♣ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ NCZ(B)(n) ❛♥❞ ✐ts ❝♦♠♣❧❡♠❡♥t❛r②



✷✳✺ ❋r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇ ✹✺

NC(B)(n) \NCZ(B)(n)✳
■♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t②♣❡ ❇✱ ♦♥❡ ✉s❡s t❤❡ ♠❛♣
❆❜s : [±n] −→ [n] s❡♥❞✐♥❣ ±i ♦♥ i✳ ❖♥❡ ❤❛s t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❚❤❡♦r❡♠ ✷✳✺✳✶✳ ❬❇●◆✵✸❪ ❚❤❡ ♠❛♣ π 7→ ❆❜s(π) ✐s ❛ (n + 1)✲t♦✲1 ❝♦✈❡r
❢r♦♠ NC(B)(n) ♦♥t♦ NC(A)(n)✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t②♣❡ ❇ π ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②
✐ts ✐♠❛❣❡ p ❜② t❤❡ ♠❛♣ ❆❜s✱ ✇❤✐❝❤ ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ NC(A)(n)✱
❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❧♦❝❦ ♦❢ p∪❑r(p) ✭t❤❡r❡ ❛r❡ ✐♥❞❡❡❞ n+1 ❝❤♦✐❝❡s ❢♦r t❤✐s✱
❞✉❡ t♦ r❡❧❛t✐♦♥ ✭✷✳✶✮✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✉♥✐q✉❡ ③❡r♦✲❜❧♦❝❦ ♦❢ π ∪❑r(π)✳
❚❤❡ ❧❛tt✐❝❡s NC(B)(m) ❛r❡ t❤❡ ❢r❛♠❡ ♦❢ ❛ ▼♦❡❜✐✉s ✐♥✈❡rs✐♦♥ ❀ t❤❡ ▼♦❡❜✐✉s
❢✉♥❝t✐♦♥s ♦❢ t②♣❡ ❇ ❛r❡ ❞❡♥♦t❡❞ ❜② ▼ö❜(B)✱ ❛♥❞ ❛r❡ r❡❧❛t❡❞ t♦ ▼ö❜(A) ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛② ✿
(
σ ≤ τ ✐♥ NCZ(B)(n)

)
⇒ ▼ö❜(B)(σ, τ) = ▼ö❜(A)

(
❆❜s(σ),❆❜s(τ)

)
.

✭✷✳✶✷✮
❚♦ ♣r♦✈❡ t❤✐s✱ ♦❜s❡r✈❡ t❤❛t ❆❜s ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡ts
❜❡t✇❡❡♥ t❤❡ ✐♥t❡r✈❛❧ [σ, τ ] ⊆ NC(B)(n) ❛♥❞ [❆❜s(σ),❆❜s(τ)] ⊆ NC(n)✱ ❛♥❞
✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ ▼ö❜(B)(σ, τ) ❛♥❞ ▼ö❜(A)

(
❆❜s(σ),❆❜s(τ)

)

♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧s✳
❚❤❡ ❧❛tt✐❝❡ NC(B)(m) ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❇ ♠❛② ❛❧s♦ ❜❡ ♦❜✲
t❛✐♥❡❞ ❛s t❤❡ ✐♠❛❣❡ ❜② ❇✐❛♥❡✬s ❜✐❥❡❝t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ♣♦✐♥ts ❧②✐♥❣ ♦♥ ❛
❣❡♦❞❡s✐❝ ✐♥ t❤❡ ❈❛②❧❡② ❣r❛♣❤ ♦❢ t❤❡ ❤②♣❡r♦❝t❛❡❞r❛❧ ❣r♦✉♣ Wm ❢♦r ❛ r❡❧❡✈❛♥t
❝❤♦✐❝❡ ♦❢ ❣❡♥❡r❛t✐♥❣ s❡t ❬❇●◆✵✸❪✳
❖♥❡ ♠❛② ❝♦♥str✉❝t ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ t❤❡♦r② ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇ ❜②
r❡♣❧❛❝✐♥❣ t❤❡ ♦❝❝✉r❡♥❝❡s ♦❢ t❤❡ s②♠♠❡tr✐❝s ❣r♦✉♣s ❛♥❞ ♦❢ t❤❡ ❧❛tt✐❝❡s ♦❢ ♥♦♥✲
❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❆ ❜② t❤❡✐r t②♣❡ ❇ ❛♥❛❧♦❣✉❡s✱ t❤❡ ❤②♣❡r♦❝t❛❡❞r❛❧
❣r♦✉♣s ❛♥❞ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❇ ❬❇●◆✵✸❪✳ ❆ ❝❡♥tr❛❧ r♦❧❡ ✐s

♣❧❛②❡❞ ❜② t❤❡ t②♣❡ ❇ ❛♥❛❧♦❣✉❡ ⋆(B) ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ⋆
(A)
C

✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳✷✳ ❬❇●◆✵✸❪

✶✳ ❉❡♥♦t❡ ❜② Θ(B) t❤❡ s❡t ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

f(z) =

∞∑

n=1

(α′
n, α

′′
n)zn,

✇❤❡r❡ t❤❡ α′
n✬s ❛♥❞ α

′′
n✬s ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs✳

✷✳ ▲❡t f(z) :=
∑∞

n=1(α
′
n, α

′′
n)zn ❛♥❞ g(z) =

∑∞
n=1(β

′
n, β

′′
n)zn ❜❡ ✐♥ Θ(B)✳

❋♦r ❡❛❝❤ m ≥ 1✱ ❝♦♥s✐❞❡r t❤❡ s❝❛❧❛rs γ′m ❛♥❞ γ′′m ❞❡✜♥❡❞ ❜②

γ′m =
∑

p∈NC(A)(m)
p:={E1,...,Eh}

❑r(p):={F1,...,Fl}

(

h∏

i=1

α′
❝❛r❞(Ei)

)(

l∏

j=1

β′❝❛r❞(Fj)
),



✹✻ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

γ′′m =
∑

p∈NC(B)(m) with zero−block
p:={Z,X1,−X1,...,Xh,−Xh}
❑r(p):={Y1,−Y1,...,Yl,−Yl}

(

h∏

i=1

α′
❝❛r❞(Xi)

)α′′
❝❛r❞(Z)/2

(

l∏

j=1

β′❝❛r❞(Yj)
)

+
∑

p∈NC(B)(m) without zero−block
p:={X1,−X1,...,Xh,−Xh}

❑r(p):={Z,Y1,−Y1,...,Yl,−Yl}

(

h∏

i=1

α′
❝❛r❞(Xi)

)β′′❝❛r❞(Z)/2
(

l∏

j=1

β′❝❛r❞(Yj)
).

❚❤❡♥ t❤❡ s❡r✐❡s
∑∞

n=1(γ
′
n, γ

′′
n)zn ✐s ❝❛❧❧❡❞ t❤❡ t②♣❡ ❇ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ f

❛♥❞ g✱ ❛♥❞ ❞❡♥♦t❡❞ ❜② f ⋆(B)g✳

❆s ♥♦t✐❝❡❞ ✐♥ ❬❇●◆✵✸❪✱ t❤❡ t②♣❡ ❇ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤
❛ t②♣❡ ❆ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ♦♥ ❛ ❝❡rt❛✐♥ ❛❧❣❡❜r❛ G✳

❚❤❡♦r❡♠ ✷✳✺✳✸✳ ⋆(B) =⋆
(A)
G

✱ ✇❤❡r❡ G ✐s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❛ss♠❛♥
❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ❡❧❡♠❡♥t ε s❛t✐s❢②✐♥❣ ε2 = 0✳
❚❤✉s G ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ C ❞❡✜♥❡❞ ❜②

G = {α+ εβ | α, β ∈ C}, ✭✷✳✶✸✮

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ r✉❧❡ ✿

(α1 + εβ1) · (α2 + εβ2) = α1α2 + ε(α1β2 + β1α2).

❚❤❡ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ⋆(B) ❧❡❛❞s ♥❛t✉r❛❧❧② t♦ ❞❡✜♥❡ ❛ t②♣❡ ❇
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛s ❛ s②st❡♠ (A, ϕ,V, f,Φ)✱ ✇❤❡r❡

• (A, ϕ) ✐s ❛ ✉s✉❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱

• V ✐s ❛ ❝♦♠♣❧❡① ✈❡❝t♦r s♣❛❝❡✱

• f : V −→ C ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧✱

• Φ : A× V ×A −→ V ✐s ❛♥ ❛❝t✐♦♥ ♦❢ A ♦♥ V✳

Pr❛❝t✐❝❛❧❧②✱ ♦♥❡ ✇♦r❦s ✐♥ t❤❡ ❧✐♥❦✲❛❧❣❡❜r❛ A × V✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧
✈❡❝t♦r s♣❛❝❡ str✉❝t✉r❡ ❛♥❞ ✇✐t❤ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❣✐✈❡♥ ❜② ✿

(a1, ξ1) · (a2, ξ2) := (a1a2,Φ(a1, ξ2, 1A) + Φ(1A, ξ1, a2)).

❆ t②♣❡ ❇ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❧✐♥❦✲❛❧❣❡❜r❛
(a, ξ) ∈ A× V✱ ✐ts ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ❧✐♥❡❛r ♠❛♣ ❢r♦♠ C[X] ✐♥t♦ G ✿

P −→ E(P ((a, ξ))),



✷✳✺ ❋r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇ ✹✼

✇❤❡r❡ E((a, ξ)) := ϕ(a) + εf(ξ)✳
❖♥❡ ❛❧s♦ ❞❡✜♥❡s ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ♦❢ t②♣❡ ❇ ❬❇●◆✵✸❪ ✇✐t❤
✈❛❧✉❡s ✐♥ G ❜② ✿

∑

p∈NC(A)(n)

κ(B)
p ((a1, ξ1), . . . , (an, ξn)) = E((a1, ξ1) · · · (an, ξn)). ✭✷✳✶✹✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ ❛ t②♣❡ ❇ ♥♦♥✲❝r♦ss✐♥❣
❝✉♠✉❧❛♥t ✐♥ (A, ϕ,V, f,Φ) ✐s s✐♠♣❧② ❛ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ✐♥ (A, ϕ)✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ❢r❡❡♥❡ss ♦❢ t②♣❡ ❇ ❢♦r (A1,V1), . . . , (Am,Vm) ✐♥ t❤❡ t②♣❡ ❇
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ,V, f,Φ) ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ♠♦✲
♠❡♥ts t♦ ❡♥s✉r❡ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ t②♣❡ ❇ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ✿

❉❡✜♥✐t✐♦♥ ✷✳✺✳✹✳ ❬❇●◆✵✸❪ ●✐✈❡♥ ❛ t②♣❡ ❇ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ (A, ϕ,V, f,Φ)✱ ❧❡t A1, . . . ,Am ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ❛♥❞ ❧❡t
V1, . . . ,Vm s✉❜s♣❛❝❡s ♦❢ V s✉❝❤ t❤❛t ❡❛❝❤ Vj ✐s ✐♥✈❛r✐❛♥t ❜② t❤❡ ❛❝t✐♦♥ ♦❢
Aj ✱ ❢♦r ❡❛❝❤ 1 ≤ j ≤ m✳ ❚❤❡♥✱ (A1,V1), . . . , (Am,Vm) ❛r❡ s❛✐❞ t♦ ❜❡ ❢r❡❡ ♦❢
t②♣❡ ❇ ✐❢ A1, . . . ,Am ❛r❡ ❢r❡❡ ✐♥ (A, ϕ) ❛♥❞

f(am · · · a1ξb1 · · · bn) =





ϕ(a1b1) · · ·ϕ(anbn)f(ξ),
✐❢ m = n ❛♥❞ i1 = j1, . . . , in = jn

0, ❡❧s❡✱
✭✷✳✶✺✮

✇❤❡♥❡✈❡r

• m,n ≥ 0❀

• a1 ∈ Ai1 , . . . , am ∈ Aim , b1 ∈ Aj1 , . . . , bn ∈ Ajn , ξ ∈ Vh✱ ✇❤❡r❡ t✇♦
❝♦♥s❡❝✉t✐✈❡ ✐♥❞✐❝❡s ❛♠♦♥❣ im, . . . , i1, h, j1, . . . , jn ❛r❡ ❞✐✛❡r❡♥t ❀

• ϕ(am) = · · · = ϕ(a1) = 0 ❂ ϕ(b1) = · · · = ϕ(bn)✳

❋r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ ❇✱ ❞❡♥♦t❡❞ ❜② ⊞(B)✱ ❞❡s❝r✐❜✐♥❣ t❤❡ ❞✐s✲
tr✐❜✉t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢ t✇♦ ❢r❡❡ ✭♦❢ t②♣❡ ❇✮ t②♣❡ ❇ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ ✐s ❛♥ ♦♣❡r❛t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ♣❛✐rs (µ(0), µ(1)) ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s
♦♥ C[X] s❛t✐s❢②✐♥❣ µ(0)(1) = 1 ❛♥❞ µ(1)(1) = 0✳
▲❛t❡r✱ P♦♣❛ ❡st❛❜❧✐s❤❡❞ t②♣❡ ❇ ✈❡rs✐♦♥s ♦❢ t❤❡ ❧✐♠✐t t❤❡♦r❡♠s ❛♥❞ ♦❢ t❤❡
S✲tr❛♥s❢♦r♠ ❬P♦♣✵✼❪✳
❘❡❝❡♥t❧②✱ t❤❡ ❛♥❛❧②t✐❝ ❛s♣❡❝ts ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞
❜② ❬❇❙✵✾❪ ❀ t❤❡ ❛✉t❤♦rs ✉♥❞❡r❧✐♥❡ ❛♥ ✐♥t❡r❡st✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❢r❡❡ ♣r♦❜✲
❛❜✐❧✐t② ♦❢ t②♣❡ ❇✱ ✐♥ t❡r♠s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✿

❉❡✜♥✐t✐♦♥ ✷✳✺✳✺✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❧❡t T
❜❡ ❛ s✉❜s❡t ♦❢ R ❤❛✈✐♥❣ 0 ❛s ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ ❛♥❞ ❧❡t s ❢❛♠✐❧✐❡s {av

u(t) |
1 ≤ v ≤ mu}t∈T ✱ ✐♥❞❡①❡❞ ❜② T ✱ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥



✹✽ ❈❤❛♣t❡r ✷ ✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②

(A, ϕ)✳ ❚❤❡s❡ ❢❛♠✐❧✐❡s ❛r❡ s❛✐❞ t♦ ❜❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐❢✱ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s P1, . . . , Pn✱ ♦♥❡ ❤❛s

ϕ((P1(a
v
i1(t), 1 ≤ v ≤ mi1) − ϕ(P1(a

v
i1(t), 1 ≤ v ≤ mi1))) · · ·

(Pn(av
in(t), 1 ≤ v ≤ min) − ϕ(Pn(av

in(t), 1 ≤ v ≤ min)))) =
t→0

o(t),

✇❤❡♥❡✈❡r i1 6= i2 6= . . . 6= in✳

❲❤❡♥ t❤❡ ❢❛♠✐❧② ✭✐♥❞❡①❡❞ ❜② T ✮ ♦❢ ❞✐str✐❜✉t✐♦♥s (µt)t∈T ♦❢

{av
u(t) | 1 ≤ v ≤ mu, 1 ≤ u ≤ s}t∈T

❤❛s ③❡r♦t❤ ❛♥❞ ✜rst ❞❡r✐✈❛t✐✈❡s ❛t 0✱ t❤❛t ✐s ❛ ♣❛✐r ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s
(µ(0), µ(1)) s❛t✐s❢②✐♥❣

µ(0) = lim
t→0

µt ✭✷✳✶✻✮

❛♥❞

µ(1) =
d

dt |t=0
µt = lim

t→0

1

t
(µt − µ(0)), ✭✷✳✶✼✮

t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥✲
❞✐t✐♦♥s ✿

µ(0)((P1 − µ(0)(P1)) · · · (Pn − µ(0)(Pn))) = 0 ✭✷✳✶✽✮

❛♥❞

µ(1)((P1 − µ(0)(P1)) · · · (Pn − µ(0)(Pn))) = ✭✷✳✶✾✮
n∑

j=1

µ(0)((P1 − µ(0)(P1)) · · ·µ(1)(Pj) · · · (Pn − µ(0)(Pn))). ✭✷✳✷✵✮

❚❤❡ ❧✐♥❦✱ ♣✉t ✐♥t♦ ❧✐❣❤t ❜② ❬❇❙✵✾❪✱ ❜❡t✇❡❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❛♥❞
❢r❡❡♥❡ss ♦❢ t②♣❡ ❇ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡ ✿ ❣✐✈❡♥ t✇♦ ❢❛♠✐❧✐❡s (µt)t∈T

❡t (νt)t∈T ♦❢ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ③❡r♦t❤ ❛♥❞ ✜rst ❞❡r✐✈❛t✐✈❡s ❛t 0✱ t❤❡ ③❡r♦t❤
❛♥❞ ✜rst ❞❡r✐✈❛t✐✈❡s ❛t 0 ♦❢ µt ⊞ νt ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜② ✿

(lim
t→0

(µt ⊞ νt),
d

dt |t=0
(µt ⊞ νt)) = (lim

t→0
µt,

d

dt |t=0
µt) ⊞

(B) (lim
t→0

νt,
d

dt |t=0
νt).

✭✷✳✷✶✮



❈❤❛♣t❡r ✸

Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

❲❡ ♣r❡s❡♥t t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✱ ✇❤✐❝❤ ♠❛② ❜❡ ♦r❣❛✲
♥✐③❡❞ ✐♥ t✇♦ ❞✐st✐♥❝t ♣❛rts ✿ t❤❡ ✜rst ♦♥❡ ✭❈❤❛♣t❡rs ✹ ❛♥❞ ✺✮ ❞❡✈❡❧♦♣s ❛
❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❀ t❤❡ s❡❝♦♥❞ ♦♥❡ ✭❈❤❛♣t❡rs
✻ ❛♥❞ ✼✮ ❢✉rt❤❡r st✉❞✐❡s ❝❡rt❛✐♥ ❛❞❞✐t✐✈❡❧② ❞❡❢♦r♠❡❞ ♠♦❞❡❧s✳

✸✳✶ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

■♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✺✳✺✮ ❛♣♣❡❛r❡❞ ✐♥ ❬❇❙✵✾❪ ❛s ❛♥❛❧②t✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇✳ ❆ ♣♦ss✐❜❧❡ ❢r❛♠❡ ❢♦r t❤❡ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✐s t❤✉s t❤❡ t②♣❡ ❇ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇●◆✵✸❪✳ ❲❡ ♣r♦♣♦s❡ ❛♥♦t❤❡r ❢r❛♠❡✱
❜♦t❤ s✐♠♣❧❡r ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ❇② ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✇❡
♠❡❛♥ t❤❡ str✉❝t✉r❡
{

(A, ϕ, ϕ′), ✇❤❡r❡ A ✐s ❛ ❝♦♠♣❧❡① ✉♥✐t❛❧ ❛❧❣❡❜r❛
❛♥❞ ϕ,ϕ′ : A → C ❛r❡ ❧✐♥❡❛r ✇✐t❤ ϕ(1A) = 1✱ ϕ′(1A) = 0✳

✭✸✳✶✮

❆ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐s
❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❇❙✵✾❪ ✿ t❤✐s ✐s t❤❡ ❛❧❣❡❜r❛ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦✲
♠✐❛❧s ✐♥ m ✐♥❞❡t❡r♠✐♥❛t❡s C〈X1, . . . , Xm〉✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s

ϕ = µ(0), ϕ′ = µ(1)

♦❜t❛✐♥❡❞ ❛s ③❡r♦t❤ ❛♥❞ ✜rst ❞❡r✐✈❛t✐✈❡s ❛t 0 ♦❢ ❛ ❢❛♠✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s
(µt)t∈T ✐♥❞❡①❡❞ ❜② ❛ s✉❜s❡t T ♦❢ r❡❛❧ ♥✉♠❜❡rs ❤❛✈✐♥❣ 0 ❛s ❛❝❝✉♠✉❧❛t✐♦♥
♣♦✐♥t✳ ❘❡❢♦r♠✉❧❛t❡❞ ✐♥ ♦✉r ♥❡✇ ❢r❛♠❡✱ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❢r♦♠ ❬❇❙✵✾❪
r❡❛❞s ✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛✲
❜✐❧✐t② s♣❛❝❡ ❛♥❞ ❧❡t A1, . . . ,Am ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A✳ ❚❤❡♥ A1, . . . ,Am

✹✾



✺✵ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

❛r❡ s❛✐❞ t♦ ❜❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✇✐t❤ r❡s♣❡❝t t♦ (ϕ,ϕ′) ✇❤❡♥ t❤❡② s❛t✐s❢②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✿

■❢ i1, . . . , in ∈ {1, . . . ,m} ❛r❡ s✉❝❤ t❤❛t i1 6= i2, i2 6= i3, . . . , in−1 6= in✱
❛♥❞ ✐❢ a1 ∈ Ai1 , . . . , an ∈ Ain ❛r❡ s✉❝❤ t❤❛t ϕ(a1) = · · · = ϕ(an) = 0✱

t❤❡♥ ϕ(a1 · · · an) = 0 ❛♥❞

ϕ′(a1 · · · an) =





ϕ(a1 an)ϕ(a2 an−1) · · ·ϕ(a(n−1)/2 a(n+3)/2) · ϕ′(a(n+1)/2),

✐❢ n ✐s ♦❞❞ ❛♥❞ i1 = in, i2 = in−1, . . . , in−1
2

= in+3
2
✱

0, ❡❧s❡✳
✭✸✳✷✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♦r✐❣✐♥❛❧ ❧✐♥❦ ❜❡t✇❡❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❛♥❞
❢r❡❡♥❡ss ♦❢ t②♣❡ ❇✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ str✉❝t✉r❡ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ t②♣❡ ❇✳ ●✐✈❡♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢
t②♣❡ ❇ (A, ϕ,V, f,Φ)✱ t❤❡ ❧✐♥❦✲❛❧❣❡❜r❛ (A×V, φ, φ′)✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❧✐♥✲
❡❛r ❢✉♥❝t✐♦♥❛❧s φ((a, ξ)) := ϕ(a) ❛♥❞ φ′((a, ξ)) := f(ξ)✱ ✐s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜✲
❛❜✐❧✐t② s♣❛❝❡ ✐s t❤❡r❡❢♦r❡ ❛ s✐♠♣❧❡r ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❢r❛♠❡ ❢♦r ❢r❡❡ ♣r♦❜❛❜✐❧✐t②
♦❢ t②♣❡ ❇✳
❙♦♠❡ ♣r❛❝t✐❝❛❧ ❞✐✣❝✉❧t✐❡s ♠❛② ❛r✐s❡ ✇❤❡♥ ♠❛❦✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ t❤❡
t✇♦ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ❞❡✜♥✐♥❣ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ (A, ϕ, ϕ′)✳ ❚❤❛t ✐s ✇❤② ✇❡ ✇✐❧❧ ♦❢t❡♥ ✇♦r❦ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t str✉❝t✉r❡
♦❢ s❝❛r❝❡ G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❖❛♥✵✼❪ ✿

{
(A, ϕ̃), ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛

❛♥❞ ϕ̃ : A → G ✐s C✲❧✐♥❡❛r ✇✐t❤ ϕ̃(1A) = 1✱
✭✸✳✸✮

✇❤❡r❡ G ✐s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❛ss♠❛♥ ❛❧❣❡❜r❛ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✺✳✸✮✳ ❚❤❡
❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞
s❝❛r❝❡ G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ r❡❧✐❡s ♦♥ t❤❡ s✐♠♣❧❡ ❢♦r♠✉❧❛ ✿

ϕ̃ = ϕ+ εϕ′.

◆♦t✐❝❡ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ s❝❛r❝❡ G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃) ❞✐✛❡rs ❢r♦♠
t❤❡ ❢r❛♠❡ ♦❢ G✲✈❛❧✉❡❞ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ✐♥ t❤❛t t❤❡ ♠❛♣ ϕ̃ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t
G✲❧✐♥❡❛r✳
❖♥❡ ♦❢ t❤❡ ✜rst ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝ts ♦❢ t❤❡ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② t❤❡♦r② ✐s t❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ ❛ ❢r❡❡ ♣r♦❞✉❝t✱ t❤❛t ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ ❢r❡❡ ❝♦♣✐❡s ♦❢ ❣✐✈❡♥ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s✳ ❲❡
♣r❡s❡♥t ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡ ♣r♦❞✉❝t ❝♦♥str✉❝t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸✳ ▲❡t (A1, ϕ1), . . . , (Am, ϕm) ❜❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛✲
❜✐❧✐t② s♣❛❝❡s✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡✐r ❢r❡❡ ♣r♦❞✉❝t

(A, ϕ) = (A1, ϕ1) ∗ · · · ∗ (Am, ϕm).



✸✳✶ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✺✶

❆ss✉♠❡ t❤❛t✱ ❢♦r ❡❛❝❤ 1 ≤ i ≤ m✱ ♦♥❡ ❤❛s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ′
i : Ai → C

s✉❝❤ t❤❛t ϕ′
i(1A) = 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ′ :

A → C s✉❝❤ t❤❛t ϕ′ | Ai = ϕ′
i✱ 1 ≤ i ≤ m✱ ❛♥❞ s✉❝❤ t❤❛t A1, . . . ,Am ❛r❡

✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳

❆♥ ✐♠♣♦rt❛♥t st❡♣ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡
♣r♦❜❛❜✐❧✐t② ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❙♣❡✐❝❤❡r✬s ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉✲
❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✐♥ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ)✱ ♦❢ ✐♥✜♥✐t❡s✲
✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ, ϕ′) ✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳✹✳ ❋♦r ❡❛❝❤ n ≥ 1✱ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ κ′n :
An → C ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

κ′n(a1, . . . , an) = ✭✸✳✹✮

∑

π∈NC(n)
V ∈π

[
▼ö❜(π, 1n) ϕ′

|V |( (a1, . . . , an) | V )
∏

W∈π
W 6=V

ϕ|W |( (a1, . . . , an) |W )
]
,

❢♦r a1, . . . , an ∈ A✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧s κ′n ❛r❡ ❝❛❧❧❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣
❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′)✳

❲❡ ♣r♦✈❡ t❤❛t t❤❡s❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♣❧❛② t❤❡ s❛♠❡
r♦❧❡ ❛s t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ✐♥ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✿ ❢♦r ✐♥st❛♥❝❡✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❢❛♠♦✉s r❡s✉❧t ♦❢ ❙♣❡✐❝❤❡r✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✺✳ ▲❡t A1, . . . ,Am ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A✳ ❚❤❡ ❢♦❧❧♦✇✲
✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡t ✿

✭✶✮ A1, . . . ,Am ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳
✭✷✮ ❋♦r ❡❛❝❤ n ≥ 2✱ ❡❛❝❤ i1, . . . , in ∈ {1, . . . ,m} ♥♦t ❛❧❧ ❡q✉❛❧✱ ❛♥❞ ❡❛❝❤
a1 ∈ Ai1 , . . . , an ∈ Ain✱ ♦♥❡ ❤❛s κn(a1, . . . , an) = κ′n(a1, . . . , an) = 0✳

❚❤❡s❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❢r♦♠ ❞✐❢✲
❢❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇ ✿

• ❲❤❡♥ ϕ ❛♥❞ ϕ′ ❛r❡ ♦❜t❛✐♥❡❞ ❛s ③❡r♦t❤ ❛♥❞ ✜rst ❞❡r✐✈❛t✐✈❡s ❛t 0 ♦❢ ❛
❢❛♠✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s (ϕt)t∈T ✐♥❞❡①❡❞ ❜② ❛ s✉❜s❡t T ♦❢ r❡❛❧ ♥✉♠❜❡rs
❤❛✈✐♥❣ 0 ❛s ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ t❤❡ n✲t❤ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉✲
♠✉❧❛♥t ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′) ✐s t❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛t 0 ♦❢ t❤❡ ❢❛♠✐❧②

(κ
(t)
n )t∈T ✱ ✇❤❡r❡ κ

(t)
n ✐s t❤❡ n✲t❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❛ss♦❝✐❛t❡❞ t♦

(A, ϕt)✳
❚❤✐s ❣✐✈❡s ❛ r❡❝✐♣❡ ❢♦r ♦❜t❛✐♥✐♥❣ ❢♦r♠✉❧❛ ✭✸✳✹✮ ✿ ✐t ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜②
t❛❦✐♥❣ ❛ ❢♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ ✉s✉❛❧ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛
✭✷✳✹✮✳



✺✷ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

• ●✐✈❡♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ, ϕ′)✱
♦♥❡ ♠❛② ❞❡✜♥❡✱ ✐♥ t❤❡ s❝❛r❝❡ G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛ss♦❝✐❛t❡❞ (A, ϕ̃)✱
G✲✈❛❧✉❡❞ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❜② r❡✇r✐t✐♥❣ s✐♠♣❧② t❤❡
✉s✉❛❧ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✿

κ̃n =
∑

π∈NC(n)

▼ö❜(A)(π, 1n) · ϕ̃π, n ≥ 1. ✭✸✳✺✮

❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′) ❛♣✲
♣❡❛r t❤❡♥ ❛s ε✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉♠✉❧❛♥ts κ̃n✳ ❚❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡
❜❡t✇❡❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞
t❤❡ ❛ss♦❝✐❛t❡❞ ❝✉♠✉❧❛♥ts ✐♥ t❤❡ s❝❛r❝❡ G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐♥❞✐❝❛t❡
❛ ♠❡t❤♦❞ t♦ ❡❛s✐❧② ♣r♦✈❡ ✐♥✜♥✐t❡s✐♠❛❧ ❛♥❛❧♦❣✉❡s ♦❢ ❝❧❛ss✐❝❛❧ r❡s✉❧ts
♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✿ ✐t ✐s t♦ ❝❤❡❝❦ t❤❛t t❤❡✐r G✲✈❛❧✉❡❞ ✈❡rs✐♦♥s ❤♦❧❞✱
✇❤✐❝❤ ✐s ♦❢t❡♥ str❛✐❣❤t❢♦r✇❛r❞ ❜❡❝❛✉s❡ t❤❡ ❝♦♠❜✐♥❛t♦r✐❝s ✐♥✈♦❧✈❡❞ ✐s
❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s ✐♥ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞ t♦ t❛❦❡ t❤❡ ε✲
❝♦♠♣♦♥❡♥t ♦❢ ❢♦r♠✉❧❛s ♦❜t❛✐♥❡❞ t❤✐s ✇❛②✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s ♠❡t❤♦❞
❜② t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ n✲t✉♣❧❡s✱ ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡s ♦♥ ❝♦♠♣r❡ss✐♦♥s ❜② ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ♣r♦❥❡❝t✐♦♥s ❛♥❞ ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢❛♠✐❧✐❡s ♦❢ ✈❛r✐❛❜❧❡s ❢♦❧❧♦✇✲
✐♥❣ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✳

• ❚❤❡ t②♣❡ ❇ ❡ss❡♥❝❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss r❡♠❛✐♥s ✐♥ ❝❡rt❛✐♥ ❢♦r♠✉✲
❧❛s✳ ❋♦r ✐♥st❛♥❝❡✱ ❜② r❡✐♥❞❡①✐♥❣ t❤❡ s✉♠ ✐♥ ✭✸✳✹✮ ❜② t❤❡ s❡t ♦❢ t②♣❡
❇ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ✇✐t❤ ❛ ③❡r♦✲❜❧♦❝❦✱ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣
❝✉♠✉❧❛♥ts ♠❛② ❜❡ ✈✐❡✇❡❞ ❛s t②♣❡ ❇ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts✳ ▼♦r❡
❣❡♥❡r❛❧❧②✱ t❤❡ ❢♦r♠✉❧❛s ❞❡s❝r✐❜✐♥❣ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✲
✐♠❛❧❧② ❢r❡❡ ✈❛r✐❛❜❧❡s ♠❛② ❜❡ r❡✇r✐tt❡♥ ✉s✐♥❣ t❤❡ t②♣❡ ❇ ❧❛♥❣✉❛❣❡✳

❆❢t❡r ♥♦t✐❝✐♥❣ t❤❛t ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(A, ϕ, ϕ′) ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t♦ t❤❡ ✉s✉❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ (A, ϕ) ❛♥♦t❤❡r ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ′ s❛t✐s❢②✐♥❣ ϕ′(1A) = 0✱ ❛♥❞ t❤❛t ✐♥✲
✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s A1, . . . ,Am ✇✐t❤ r❡s♣❡❝t t♦ (ϕ,ϕ′)
✐♠♣❧✐❡s t❤❡✐r ❢r❡❡♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ ϕ✱ t❤❡ ❢♦❧♦✇✐♥❣ q✉❡st✐♦♥ ✐s ♥❛t✉r❛❧✿
❣✐✈❡♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ❛♥❞ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s
A1, . . . ,Am t❤❛t ❛r❡ ❢r❡❡ ✇✐t❤ r❡s♣❡❝t t♦ ϕ✱ ❤♦✇ t♦ ❝♦♥str✉❝t ❛ ❧✐♥❡❛r ❢✉♥❝✲
t✐♦♥❛❧ ϕ′ s❛t✐s❢②✐♥❣ ϕ′(1A) = 0 ❛♥❞ s✉❝❤ t❤❛t A1, . . . ,Am ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ✇✐t❤ r❡s♣❡❝t t♦ (ϕ,ϕ′) ❄
■♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ, ϕ′)✱ t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ϕ′ ❛♥❞ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts (κ′n)n∈N∗ ♦♥ t❤❡
♦♥❡ ❤❛♥❞ ❛♥❞ ϕ ❛♥❞ t❤❡ ✉s✉❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts (κn)n∈N∗ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞ ♠❛② ❜❡ ❢♦r♠❛❧✐③❡❞ t❤❛♥❦s t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❛ s✐♠♣❧❡ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ♠❛② ❜❡ ❜✉✐❧t ❢r♦♠ ❛♥② ❞❡r✐✈❛t✐♦♥
♦❢ t❤❡ ❛❧❣❡❜r❛ A✱ ♣r♦✈✐❞✐♥❣ ❛ ♣♦ss✐❜❧❡ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥ ❛❜♦✈❡ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✻✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
❧❡t A1, . . . ,Am ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A t❤❛t ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✳ ❆ss✉♠❡



✸✳✷ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✺✸

t❤❛t D : A → A ✐s ❛ ❞❡r✐✈❛t✐♦♥ s✉❝❤ t❤❛t D(Ai) ⊆ Ai ❢♦r ❡❛❝❤ 1 ≤ i ≤ m✳
❚❤❡♥ A1, . . . ,Am ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✱ ✇❤❡r❡ ϕ′ = ϕ ◦D✳

✸✳✷ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❋♦r ❛ ❢❛♠✐❧② (µt)t∈T ♦❢ ❞✐str✐❜✉t✐♦♥s ✐♥❞❡①❡❞ ❜② ❛ s✉❜s❡t T ♦❢ R ❤❛✈✐♥❣ 0 ❛s
❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ ♦♥❡ ❤❛s ❛❧r❡❛❞② ❞❡✜♥❡❞ ✐ts ③❡r♦t❤ ❛♥❞ ✜rst ❞❡r✐✈❛t✐✈❡s ❛t
0 ❜② ❢♦r♠✉❧❛s ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❧✐♠✐ts ❝♦♥s✐❞❡r❡❞ ❡①✐st✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ r❡❝✉rs✐✈❡❧② ❤✐❣❤❡r ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ❜② ✿

∀i ≥ 2,
µ(i)

i!
:= lim

t→0

1

ti
(µt −

i−1∑

j=0

tj

j!
µ(j)).

❲❤❡♥ (µt)t∈T ❛♥❞ (νt)t∈T ❛r❡ t✇♦ s✉❝❤ ❢❛♠✐❧✐❡s ✇✐t❤ ❛s ♠❛♥② ❞❡r✐✈❛t✐✈❡s
❛t 0 ❛s ♥❡❝❡ss❛r②✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛t 0 ♦❢ t❤❡
❢❛♠✐❧② (µt ⊞ νt)t∈T ♦❢ t❤❡✐r ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥s✳ ❲❡ ❦♥♦✇ ❜② ❬❇❙✵✾❪
t❤❛t

(lim
t→0

(µt ⊞ νt),
d

dt |t=0
(µt ⊞ νt)) = (lim

t→0
µt,

d

dt |t=0
µt) ⊞

(B) (lim
t→0

νt,
d

dt |t=0
νt).

❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ t②♣❡ ❇ ❝♦♥✈♦❧✉t✐♦♥ ✐♥ t❤✐s ❢♦r♠✉❧❛ ❝♦♠❡s ❢r♦♠ t❤❡
❧✐♥❦ ❢♦✉♥❞ ❜② ❇❡❧✐♥s❝❤✐ ❛♥❞ ❙❤❧②❛❦❤t❡♥❦♦ ❜❡t✇❡❡♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡
❇ ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❞❡✜♥❡❞ ❢♦r t✐♠❡✲✐♥❞❡①❡❞ ❢❛♠✐❧✐❡s ❜② ❉❡✜♥✐t✐♦♥
✷✳✺✳✺✳ ❚♦ ❣❡t t❤❡ ❤✐❣❤❡r ♦r❞❡r ❞❡r✐✈❛t✐✈❡s✱ ♦♥❡ ❣❡♥❡r❛❧✐③❡s t❤❡ ♥♦t✐♦♥ ♦❢
✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss t♦ ❛♥② ♦r❞❡r k ∈ N ✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❧❡t T
❜❡ ❛ s✉❜s❡t ♦❢ R ❤❛✈✐♥❣ 0 ❛s ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ ❛♥❞ ❧❡t s ❢❛♠✐❧✐❡s {av

u(t) |
1 ≤ v ≤ mu}t∈T ✱ ✐♥❞❡①❡❞ ❜② T ✱ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥
(A, ϕ)✳ ❚❤❡s❡ ❢❛♠✐❧✐❡s ❛r❡ s❛✐❞ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ∈ N ✐❢✱ ❢♦r ❛♥②
❝❤♦✐❝❡ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s P1, . . . , Pn✱ ♦♥❡ ❤❛s

ϕ((P1(a
v
i1(t), 1 ≤ v ≤ mi1) − ϕ(P1(a

v
i1(t), 1 ≤ v ≤ mi1))) · · ·

(Pn(av
in(t), 1 ≤ v ≤ min) − ϕ(Pn(av

in(t), 1 ≤ v ≤ min)))) =
t→0

o(tk),

✇❤❡♥❡✈❡r i1 6= i2 6= . . . 6= in✳

❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡♥❡ss ♦❢ ♦r❞❡r k ❤❛s ❢♦r
♥❛t✉r❛❧ ❢r❛♠❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱
❜✉✐❧t ❜② ❛❞❞✐♥❣ ♥♦t ♦♥❧② ♦♥❡ ❜✉t k ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s t♦ ❛ ✉s✉❛❧ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✷✳ ❇② ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r✲
❞❡r k ✇❡ ♠❡❛♥ ❛ str✉❝t✉r❡ (A, (ϕ(i))0≤i≤k)✱ ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡①
❛❧❣❡❜r❛✱ ϕ(0) : A −→ C ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ s❛t✐s❢②✐♥❣ ϕ(0)(1A) = 1✱ ❛♥❞
ϕ(i) : A −→ C✱ 1 ≤ i ≤ k✱ ❛r❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s s✉❝❤ t❤❛t ϕ(i)(1A) = 0✳



✺✹ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ n✲t✉♣❧❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ♦❢ ♦r❞❡r k ✐s t❤❡ ❢❛♠✐❧② ♦❢ k+1 ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (µ(i))0≤i≤k ❞❡✜♥❡❞
♦♥ C〈X1, . . . , Xn〉 ❜② ✿

∀P ∈ C〈X1, . . . , Xn〉, µ(i)(P (X1, . . . , Xn)) := ϕ(i)(P (a1, . . . , an)).

❚❤❡ ♣r❛❝t✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❛r✐s✐♥❣ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ k + 1 ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s
❧❡❛❞ ✉s t♦ ✇♦r❦ ✐♥ t❤❡ str✉❝t✉r❡✱ ❡q✉✐✈❛❧❡♥t t♦ (A, (ϕ(i))0≤i≤k)✱ ✐♥ ✇❤✐❝❤ t❤❡
k+ 1 ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ϕ(i), 0 ≤ i ≤ k✱ ❛r❡ ❝♦♥s♦❧✐❞❛t❡❞ ✐♥ ♦♥❧② ♦♥❡ C✲❧✐♥❡❛r
♠❛♣ ϕ̃ = (ϕ(i))0≤i≤k ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ ❛❧❣❡❜r❛ Ck ♦❢ ❞✐♠❡♥s✐♦♥ k+1✱ ✇❤✐❝❤
❣❡♥❡r❛❧✐③❡s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❛ss♠❛♥ ❛❧❣❡❜r❛ G ✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸✳ ▲❡t Ck ❜❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♣❧❡① (k + 1)✲❞✐♠❡♥s✐♦♥❛❧
❛❧❣❡❜r❛ C

k+1✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ✉s✉❛❧ ✈❡❝t♦r s♣❛❝❡ str✉❝t✉r❡ ❛♥❞ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✿ ✐❢ α = (α(0), . . . , α(k)) ∈ Ck ❛♥❞ β = (β(0), . . . , β(k)) ∈ Ck✱
t❤❡♥

α · β = (γ(0), . . . , γ(k))

✐s ❞❡✜♥❡❞ ❜②

γ(i) :=

i∑

j=0

Cj
i α

(j)β(i−j). ✭✸✳✻✮

❚❤❡ str✉❝t✉r❡ ❞❡✜♥❡❞ t❤✐s ✇❛② ✐s ❝❛❧❧❡❞ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜✲
❛❜✐❧✐t② s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✹✳ ❇② s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✇❡ ♠❡❛♥
❛ ♣❛✐r (A, ϕ̃)✱ ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛ ❛♥❞ ϕ̃ : A → Ck ✐s ❛ C✲
❧✐♥❡❛r ♠❛♣ s❛t✐s❢②✐♥❣ ϕ̃(1A) = 1Ck

✳

❚❤❡ tr❛♥s♣♦s✐t✐♦♥ t♦ t❤✐s ❢r❛♠❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss
♦❢ ♦r❞❡r k ✐s ♥♦t ❡❛s② t♦ ❢♦r♠❛❧✐③❡✱ ❛♥❞ ✐s ♥♦t ❝❧❡❛r ❡♥♦✉❣❤ t♦ ❜❡ t❛❦❡♥
❛s ❛ ❞❡✜♥✐t✐♦♥✳ ❲❡ ❛❞♦♣t t❤❡ ✐❞❡❛ t♦ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲
❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ♦❢ ♦r❞❡r k✱ ❛♥❞ t❤❡♥ t♦ ❞❡✜♥❡ ✐♥✜♥✐t❡s✐♠❛❧
❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ❜② t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ✈❛♥✐s❤✐♥❣ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲
❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✺✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝✲

t✐♦♥❛❧s ♦❢ ♦r❞❡r k ❛r❡ ❛ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (κ
(i)
n : An → C, 0 ≤

i ≤ k)∞n=1✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✿ ❢♦r ❡❛❝❤ n ≥ 1✱ ❡❛❝❤ 0 ≤ i ≤ k ❛♥❞ ❡❛❝❤
a1, . . . , an ∈ A✱ ♦♥❡ ❤❛s

∑

p∈NC(A)(n)
p:={V1,...,Vh}

∑

λ∈Λh,i

Cλ1,...,λh

i κ(λ)
p (a1, . . . , an) = ϕ(i)(a1 · · · an), ✭✸✳✼✮

✇❤❡r❡

Λh,i := {λ = (λ1, . . . , λh) ∈ N
h |

h∑

j=1

λj = i}. ✭✸✳✽✮



✸✳✷ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✺✺

❆s ✐♥ ✜rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ♦♥❡ ♠❛② ✐♥t❡r♣r❡t t❤❡ ✐♥✲
✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ✿

• ❲❤❡♥ (ϕ(i))0≤i≤k ❛r❡ ♦❜t❛✐♥❡❞ ❛s s✉❝❝❡ss✐✈❡ ❞❡r✐✈❛t✐✈❡s ❛t 0 ♦❢ ❛ ❢❛♠✲
✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s (ϕt)t∈T ✐♥❞❡①❡❞ ❜② ❛ s✉❜s❡t T ♦❢ R ❤❛✈✐♥❣ 0 ❛s
❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ t❤❡ n✲t❤ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢
♦r❞❡r k ❛ss♦❝✐❛t❡❞ t♦ (A, (ϕ(i))0≤i≤k) ❛r❡ t❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛t 0 ♦❢
t❤❡ ❢❛♠✐❧② (κ(n,t))t∈T ✱ ✇❤❡r❡ κ(n,t) ✐s t❤❡ n✲t❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t
❛ss♦❝✐❛t❡❞ t♦ (A, ϕt)✳
❚❤✉s✱ t❤❡ ❢♦r♠✉❧❛ ✭✸✳✼✮ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ i t✐♠❡s t❤❡ ❢♦r♠❛❧
❞❡r✐✈❛t✐✈❡ ✐♥ ✉s✉❛❧ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✭✷✳✹✮✳

• ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣✐✈❡♥ (A, (ϕ(i))0≤i≤k) ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ♦♥❡ ♠❛② ❞❡✜♥❡✱ ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞
s❝❛r❝❡ Ck✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃) t❤❡ Ck✲✈❛❧✉❡❞ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉✲
❧❛♥ts ❜② s✐♠♣❧② ❝♦♣②✐♥❣ t❤❡ ✉s✉❛❧ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✿

κ̃n =
∑

π∈NC(n)

▼ö❜(A)(π, 1n) · ϕ̃π, n ≥ 1. ✭✸✳✾✮

❚❤❡ n✲t❤ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ❛ss♦❝✐❛t❡❞
t♦ (A, (ϕ(i))0≤i≤k) ❛♣♣❡❛r t❤❡♥ ❛s t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝✉♠✉❧❛♥t
❢✉♥❝t✐♦♥❛❧s κ̃n✳ ❆s ✐♥ t❤❡ ✜rst ♦r❞❡r✱ ♦♥❡ ♠❛② ✉s❡ t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡
❜❡t✇❡❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ❛♥❞ ❝✉♠✉❧❛♥ts
♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s❝❛r❝❡ Ck✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡ t♦ ✇r✐t❡ ❞✐r❡❝t ♣r♦♦❢s ♦❢
✐♥✜♥✐t❡s✐♠❛❧ ❛♥❛❧♦❣✉❡s ♦❢ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✳

• ❚❤❡ ❧❛st ♣♦ss✐❜❧❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts
♦❢ ♦r❞❡r k ✐s r❡❧❛t❡❞ t♦ t❤❡✐r ❝♦♠❜✐♥❛t♦r✐❛❧ ♥❛t✉r❡ ✿ t♦ ❞❡✈❡❧♦♣ ✐t✱ ✇❡ ❛r❡
❧❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛♥❞ st✉❞② ❛ ♥❡✇ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ❧✐❦❡❧②
t♦ ✐♥❞❡① t❤❡ s✉♠s ❞❡✜♥✐♥❣ t❤❡s❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts✳ ❚❤✐s ✐s t❤❡
s❡t NC(k)(n) ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ❣❡❡r❛❧✐③✐♥❣ t❤❡ s❡t
♦❢ t②♣❡ ❇ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣❛rt✐❝✉❧❛r
❝❛s❡ k = 1✮✳ ■t st✐❧❧ ❤❛s t❤❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② t♦ ❜❡ ❛ ❝♦✈❡r ♦❢ t❤❡ s❡t
♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❆✳

❆s ❛♥♥♦✉♥❝❡❞✱ ✇❡ ✉s❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k t♦
❞❡✜♥❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ✈✐❛ ❛ ❝♦♥❞✐t✐♦♥ ♦❢ ✈❛♥✐s❤✐♥❣ ♠✐①❡❞
❝✉♠✉❧❛♥ts ✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✻✳ ❙✉❜s❡ts M1, . . . ,Mn ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐❢ t❤❡② s❛t✐s❢②
t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ❝♦♥❞✐t✐♦♥✱ t❤❛t ✐s✱ ❢♦r ❡❛❝❤
0 ≤ i ≤ k✱

κ(i)
m (a1, . . . , am) = 0

✇❤❡♥❡✈❡r a1 ∈ Mi1 , . . . , am ∈ Mim ❛♥❞ ∃1 ≤ s < t ≤ m✱ s✉❝❤ t❤❛t is 6= it✳



✺✻ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

❉❡✜♥❡❞ t❤✐s ✇❛②✱ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ❝♦✐♥❝✐❞❡s ✇✐t❤ ❉❡✜♥✐✲
t✐♦♥ ✸✳✷✳✶✱ ♣r♦✈✐❞✐♥❣ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♠♦♠❡♥ts✳

❚❤❡♦r❡♠ ✸✳✷✳✼✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ❛♥❞ A1, . . . ,An ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A✳ ❚❤❡♥
A1, . . . ,An ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡❛❝❤ l ∈ N

∗✱
❛♥❞ ❡❛❝❤ a1 ∈ Ai1 , . . . , al ∈ Ail✱ ♦♥❡ ❤❛s

ϕt((a1 − ϕt(a1)) · · · (al − ϕt(al))) = o(tk), ✭✸✳✶✵✮

✇❤❡♥❡✈❡r i1 6= . . . 6= il✱ ✇❤❡r❡ ϕt :=
∑k

i=0
ϕ(i)

i! t
i✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✶✵✮ ✐s

❡q✉✐✈❛❧❡♥t t♦ t❤❡ k + 1 ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✿

∀i ∈ {0, . . . , k},
i∑

j=0

∑

λ∈Λl,i−j

(−1)#{m≥1,λm>0}µ(j)(µ̂(λ1)(P1) · · · µ̂(λl)(Pl)) = 0,

✭✸✳✶✶✮
✇❤❡r❡ µ̂(λ)(P ) := P − µ(0)(P ) ✐❢ λ = 0✱ ❛♥❞ µ̂(λ)(P ) := µ(λ)(P ) ❡❧s❡✳

■♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥s ⊞(k) ❛♥❞ ⊠(k)✱ ❞❡s❝r✐❜✐♥❣ t❤❡ ❞✐str✐❜✉✲
t✐♦♥s ♦❢ t❤❡ s✉♠ ❛♥❞ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ✐♥✜♥✐t❡s✲
✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✱ ♣r♦✈✐❞❡ t❤❡ k ✜rst ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥s
♦❢ t✐♠❡✲✐♥❞❡①❡❞ ❢❛♠✐❧✐❡s ♦❢ ❞✐str✐❜✉t✐♦♥s ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✽✳ ▲❡t {µt}t∈T ✭r❡s♣✳ {νt}t∈T ✮ ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❧✐♥❡❛r ❢✉♥❝✲
t✐♦♥❛❧s ♦♥ C〈Xu, 1 ≤ u ≤ m〉 ✭r❡s♣✳ C〈Yu, 1 ≤ u ≤ m〉✮ s✉❝❤ t❤❛t µ(i) =
di

dti |t=0
µt ✭r❡s♣✳ ν(i) = di

dti |t=0
νt✮ ❡①✐st ❢♦r 0 ≤ i ≤ k✳ ▲❡t ✉s s❡t

(η(i))0≤i≤k := (µ(i))0≤i≤k ⊞
(k) (ν(i))0≤i≤k,

(θ(i))0≤i≤k := (µ(i))0≤i≤k ⊠
(k) (ν(i))0≤i≤k.

❚❤❡♥ η(i) = di

dti
|t=0 µt ⊞ νt ❛♥❞ θ(i) = di

dti
|t=0 µt ⊠ νt✳

✸✳✸ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r
♠❛tr✐❝❡s

❚❤❡ r❡s✉❧ts ♦♥ ❲✐❣♥❡r ♠♦❞❡❧s ❞❡❢♦r♠❡❞ ❜② ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♠❛tr✐①
♦❢ ✜♥✐t❡ r❛♥❦✱ r❡❝❛❧❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✱ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❡r♠s ♦❢ ❢r❡❡
♣r♦❜❛❜✐❧✐t②✳
❋✐rst✱ t❤❡ ❛s②♠♣t♦t✐❝ ❢r❡❡♥❡ss r❡s✉❧t st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✹✳✸ ❣✐✈❡s ❛ ♥❡✇
♣r♦♦❢ t♦ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ❲✐❣♥❡r ♠♦❞❡❧

MN :=
WN√
N

+AN ,



✸✳✸ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ✺✼

✇❤❡r❡ WN ✐s ❛ ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝❡♥t❡r❡❞
❞✐str✐❜✉t✐♦♥ ✐♥ L∞− ❛♥❞ ♦❢ ✈❛r✐❛♥❝❡ σ2 ❛♥❞ AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ✜①❡❞
r❛♥❦ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ✿ s✐♥❝❡ t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ WN√

N
❛♥❞ AN ❝♦♥✈❡r❣❡ r❡s♣❡❝t✐✈❡❧② t♦✇❛r❞s t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥ µσ ❛♥❞
t❤❡ ❞✐str✐❜✉t✐♦♥ δ0✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ MN t♦✇❛r❞s µσ ⊞ δ0 = µσ✳
❋♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ MN ✱ ♦♥❡ ❞✐st✐♥❣✉✐s❤❡s ✐♥
❚❤❡♦r❡♠ ✶✳✹✳✷✱ ❛♥❞ ❛❝t✉❛❧❧② ✐♥ t❤❡ r❡s✉❧ts ♦❢ ❬Pé❝✵✻❪✱❬❋P✵✼❪✱❬❈❉▼❋✵✾❪✱ t✇♦
s✐t✉❛t✐♦♥s ✿ ❞❡♥♦t✐♥❣ ❜② θ1 t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ AN ❛♥❞ λ1 t❤❡ ❧❛r❣❡st
❡✐❣❡♥✈❛❧✉❡ ♦❢ MN ✱ ♦♥❡ ❤❛s ✿

• ✐❢ θ1 ≤ σ✱ λ1 ❝♦♥✈❡r❣❡s t♦✇❛r❞s 2σ✳

• s✐ θ1 > σ✱ λ1 ❝♦♥✈❡r❣❡s t♦✇❛r❞s ρθ1 := θ1 + σ2

θ1
> 2σ✳

❚❤❡ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ µσ ❜❡✐♥❣ ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡ ❢♦r ❢r❡❡ ❛❞❞✐t✐✈❡
❝♦♥✈♦❧✉t✐♦♥✱ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ µσ ⊞ ν ✇✐t❤ r❡s♣❡❝t t♦ ❛♥② ❝♦♠✲
♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ν s❛t✐s✜❡s t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ❬❇✐❛✾✼❛❪ ▲❡t µ, ν t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✱ µ ❜❡✐♥❣ ⊞✲
✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡✱ ♦♥❡ ❞❡✜♥❡s Hν,µ ♦♥ C

+ ❜② ✿

∀z ∈ C
+, Hν,µ(z) = z +Rµ(Gν(z)).

❚❤❡♥ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥ ων,µ ✐s ❛ ❝♦♥❢♦r♠❛❧ ❜✐❥❡❝t✐♦♥ ❢r♦♠ C
+ ♦♥t♦

❛ ❞♦♠❛✐♥ Ων,µ ♦❢ C
+✱ ✇❤♦s❡ ✐♥✈❡rs❡ ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ Hν,µ t♦ Ων,µ✳

■♥ ♣❛rt✐❝✉❧❛r✱

∀z ∈ C
+, Hδ0,µσ(z) = z +

σ2

z
.

❚❤❡ ❝♦♥❞✐t✐♦♥ θ > σ r❡✇r✐t❡s t❤❡♥ ✿

θ /∈ supp(δ0) = 0 , H ′
δ0,µσ

(θ) > 0.

▼♦r❡♦✈❡r✱ ✇❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡
✐s

ρθ = Hδ0,µσ(θ).

❋♦r t❤❡ ●❛✉ss✐❛♥ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✸✳✼✮✱ t❤❡ ❛s②♠♣✲
t♦t✐❝ ❢r❡❡♥❡ss r❡s✉❧t ❢♦r ❛ ❲✐s❤❛rt ♠❛tr✐① ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥
♣♦s✐t✐✈❡ ♠❛tr✐①✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ▼❛r❝❤❡♥❦♦✲P❛st✉r ❚❤❡♦r❡♠ ✶✳✸✳✷✱ ♦✛❡rs ❛
♥❡✇ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ✿ t❤❡ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡
❝♦♥✈❡r❣❡s t♦✇❛r❞s t❤❡ ❞✐str✐❜✉t✐♦♥ πγ,1 ⊠δ1 = πγ,1✳ ❚❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛✲
t✐♦♥ ♦❢ πγ,1 ⊠ δ1 ✇✐t❤ r❡s♣❡❝t t♦ δ1✱ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠✱
❣✐✈❡s ✿

∀z ∈ C
+, Gπγ,1(z) = Gδ1

( 1

1 − 1
zGπγ,1 (z)

)
.



✺✽ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

❚❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ z 7−→ 1
1− 1

zGπγ,1 (z)

✐s ψ : z 7−→ γz + z
z−1 ❛♥❞ t❤❡

❝♦♥❞✐t✐♦♥
θ /∈ supp(δ1) = 1 , ψ′(θ) > 0

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥

θ > 1 +
√
γ

❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❬❇❇❆P✵✺❪✱ ❬❖♥❛✵✽❪✱❬P❛✉✵✼❪✱❬❇❙✵✻❪✱ ❛s ♥❡❝❡ss❛r②
❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ t♦ ❝♦♥✈❡r❣❡ ♦✉ts✐❞❡ ♦❢ t❤❡
s✉♣♣♦rt ♦❢ πγ,1✳ ▼♦r❡♦✈❡r✱ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ✇❤❡♥ t❤✐s ❝♦♥✲
❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✐s ❡①❛❝t❧② ψ(θ)✳
❚❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s
❝♦♥✜r♠❡❞ ❜② t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✶✵ ♦♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♣✐❦❡❞ ♣♦♣✉✲
❧❛t✐♦♥ ♠♦❞❡❧ ✿ t❤❡ ❢✉♥❝t✐♦♥ ψ ✐♥ t❤❡ st❛t❡♠❡♥t ✐s ✐♥❞❡❡❞ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡
❢✉♥❝t✐♦♥ ✐♥✈♦❧✈❡❞ ✇❤❡♥ ♦♥❡ ✇r✐t❡s t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ πγ,1 ⊠ ρ
✇✐t❤ r❡s♣❡❝t t♦ ρ ✐♥ t❡r♠s ♦❢ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠s✳
■♥ ❈❤❛♣t❡r ✻✱ ✇❡ ✉s❡ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢
❞❡❢♦r♠❡❞ ♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② t♦ ❡st❛❜❧✐s❤ ❛ ♠♦r❡ ♣r❡❝✐s❡ r❡✲
s✉❧t ♦♥ t❤❡ ❡✐❣♥❡✈❛❧✉❡s ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ❲✐❣♥❡r ♠♦❞❡❧ MN = 1√

N
WN +AN

✇❤❡r❡

• WN ✐s ❛ ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ ❛ s②♠♠❡tr✐❝
❞✐str✐❜✉t✐♦♥ µ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2 ❛♥❞ s❛t✐s❢②✐♥❣ ❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✳

• AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦✲
✇❛r❞s ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ν✳ ❲❡ ❛❧s♦ ❛ss✉♠❡
t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜①❡❞ ✐♥t❡❣❡r r ≥ 0 ✭✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ N✮ s✉❝❤ t❤❛t
AN ❤❛s N − r ❡✐❣❡♥✈❛❧✉❡s βj,N s❛t✐s❢②✐♥❣

max
1≤j≤N−r

dist(βj(N), supp(ν)) −→
N→∞

0.

❚❤❡ ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s ❛r❡ J ✜①❡❞ r❡❛❧ ♥✉♠❜❡rs θ1 > . . . > θJ ♦✉ts✐❞❡
t❤❡ s✉♣♣♦rt ♦❢ ν s✉❝❤ t❤❛t θi ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ AN ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②
ki ✭
∑

i ki = r✮✳ ❚❤❡ θi ❛r❡ ❝❛❧❧❡❞ t❤❡ s♣✐❦❡s ♦❢ AN ✳

■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ ❝♦♥❞✐t✐♦♥

θ 6∈ supp(ν) , H ′
ν,µσ

(θ) > 0,

✐s ❡q✉✐✈❛❧❡♥t t♦
θ 6∈ Uν,µσ ,

✇❤❡r❡ Uν,µσ ✐s t❤❡ ♦♣❡♥ s❡t ✐♥tr♦❞✉❝❡❞ ❜② ❇✐❛♥❡ ✐♥ ❬❇✐❛✾✼❛❪ ✿

Uν,µσ :=

{
u ∈ R,

∫

R

dν(x)

(u− x)2
>

1

σ2

}
.



✸✳✸ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s ✺✾

❚❤❡ ♠❛✐♥ r❡s✉❧t ✇❡ ♣r♦✈❡ ❣✐✈❡s ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
❡✐❣❡♥✈❛❧✉❡s ♦❢ MN ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ θi✬s ✇✐t❤ r❡s♣❡❝t t♦ Uν,µσ

❛♥❞ t♦ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s✉♣♣♦rt ♦❢ ν ✿

❚❤❡♦r❡♠ ✸✳✸✳✷✳ ❋♦r ❡❛❝❤ s♣✐❦❡ θi✱ ❧❡t ni−1 + 1, . . . , ni−1 + ki, ❜❡ t❤❡ ❞❡✲
s❝❡♥❞✐♥❣ r❛♥❦s ♦❢ θi ❛♠♦♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ AN ✳

✶✮ ■❢ θi 6∈ Uν,µσ ✱ t❤❡ ki ❡✐❣❡♥✈❛❧✉❡s (λni−1+j(MN ), 1 ≤ j ≤ ki) ❝♦♥✈❡r❣❡
❛❧♠♦st s✉r❡❧② ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν t♦✇❛r❞s ρθi

= Hν,µσ(θi)✳

✷✮ ■❢ θi ∈ Uν,µσ ✱ t❤❡♥ ✇❡ ❞❡♥♦t❡ [sli , tli ] ✭1 ≤ li ≤ m✮ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t ♦❢ Uν,µσ ❝♦♥t❛✐♥✐♥❣ θi✳

❛✮ ■❢ θi ✐s ♦♥ t❤❡ r✐❣❤t ✭r❡s♣✳ ♦♥ t❤❡ ❧❡❢t✮ ♦❢ ❡✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦♠✲
♣♦♥❡♥t ♦❢ supp(ν) ✐♥❝❧✉❞❡❞ ✐♥ [sli , tli ]✱ t❤❡♥ t❤❡ ki ❡✐❣❡♥✈❛❧✉❡s
λni−1+j(MN )✱ 1 ≤ j ≤ ki✱ ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡ t♦✇❛r❞s t❤❡
❡♥❞♣♦✐♥t Hν,µσ(tli) ✭r❡s♣✳ Hν,µσ(sli)✮ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν✳

❜✮ ■❢ θi ✐s ❜❡t✇❡❡♥ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ supp(ν) ✐♥❝❧✉❞❡❞ ✐♥
[sli , tli ]✱ t❤❡♥ t❤❡ ki ❡✐❣❡♥✈❛❧✉❡s (λni−1+j(MN )✱ 1 ≤ j ≤ ki) ❛❧♠♦st
s✉r❡❧② ❝♦♥✈❡r❣❡ t♦✇❛r❞s t❤❡ αi✲q✉❛♥t✐❧❡ ♦❢ µσ ⊞ ν ✭✐✳❡✳ qαi

❞❡✜♥❡❞
❜② αi = (µσ ⊞ ν)(] − ∞, qαi

])✮ ✇❤❡r❡ αi = 1 − limN (ni−1/N) =
ν(] −∞, θi])✳

❆s ❛ ❜②♣r♦❞✉❝t ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐♥
t❤❡ ♥♦♥✲s♣✐❦❡❞ ❝❛s❡ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸✳ ■❢ t❤❡ ♠♦❞❡❧ MN ✐s ♥♦♥✲s♣✐❦❡❞✱ ✐✳❡✳ r = 0✱ t❤❡ ❧❛r❣❡st
✭r❡s♣✳ s♠❛❧❧❡st✮ ❡✐❣❡♥✈❛❧✉❡s λ1+k(MN ) ✭r❡s♣✳ λN−k(MN )✮ ❛❧♠♦st s✉r❡❧②
❝♦♥✈❡r❣❡ t♦✇❛r❞s t❤❡ r✐❣❤t ✭r❡s♣✳ ❧❡❢t✮ ❡♥❞♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν✳

❚❤❡ ❤❡✉r✐st✐❝ ✉♥❞❡r❧②✐♥❣ ♦✉r r❡s✉❧ts ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
♦❢ MN ❛r❡ t❤❡ ♣♦❧❡s ♦❢ GµMN

✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② Gµσ⊞µAN
✳

❚❤✐s ❧❛st ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ❤❛s ♣♦❧❡s ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❧✐♠✐t✐♥❣
❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥✱ ✉s✐♥❣ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥

Gµσ⊞µAN
= GµAN

◦ ωµAN
,µσ ,

❜② s♦♠❡ HµAN
,µσ(θi)✳

❚❤❡ ♣r♦♦❢ ♠❛✐♥❧② ❢♦❧❧♦✇s t❤❡ ♦✈❡r❛❧❧ ♣❧❛♥ ♦❢ ❬❇❙✵✻❪✱ ❛s ✐♥ ❬❈❉▼❋✵✾❪ ✿

✶✳ ✇❡ s❤♦✇✱ ❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥ ❛❧♠♦st s✉r❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠
♦❢ MN ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s❡t ❢♦r♠❡❞ ❜② t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν
❛♥❞ t❤❡ ρθi

❀

✷✳ t❤❡♥✱ ✇❡ ❡st❛❜❧✐s❤ ❛♥ ❡①❛❝t s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❜❡t✇❡❡♥ t❤❡ s♣❡❝✲
tr❛ ♦❢ MN ❛♥❞ AN ✳



✻✵ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

▼♦r❡ ♣r❡❝✐s❡❧②✱ t♦ ♦❜t❛✐♥ t❤❡ ✜rst ♣♦✐♥t✱ ✇❡ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❡st✐♠❛t✐♦♥ ♦❢
gN (z) − g̃N (z)✱ ✇❤❡r❡ gN = E(GµMN

) ❛♥❞ g̃N = Gµσ⊞µAN
✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✹✳ ❋♦r z ∈ C \ R✱

∣∣∣∣gN (z) − g̃N (z) +
EN (z)

N

∣∣∣∣ ≤
P (|ℑz|−1)

N2
✭✸✳✶✷✮

✇❤❡r❡ P ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ EN (z) ✐s ❣✐✈❡♥ ❜②

EN (z) = {σ2g̃
′
N (z) − 1} κ4

2N2

∑

i,l

[(GAN
(z − σ2gN (z)))2]ii[GAN

(z − σ2gN (z))]ii([GAN
(z − σ2gN (z))]ll)

2.

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛ ✧❛♣♣r♦①✐♠❛t❡ ♠❛tr✐❝✐❛❧ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥✧✱
t❤❛♥❦s t♦ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❧❡♠♠❛✱ ❡①❛❝t ✐♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡✱ ❛♣✲
♣r♦①✐♠❛t❡ ✐♥ ❣❡♥❡r❛❧✳
❲❡ ❞❡❞✉❝❡ t❤❡ r❡q✉✐r❡❞ ✐♥❝❧✉s✐♦♥ ✐♥ t✇♦ st❡♣s ✿ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥ ❛❞❛♣✲
t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❜② ❍❛❛❣❡r✉♣ ❛♥❞ ❚❤♦r❜❥♦r♥s❡♥ ✐♥ ❬❍❚✵✺❪✱ ❛♥❞
❞❡✈❡❧♦♣❡❞ ❢✉rt❤❡r ✐♥ ❬❙❝❤✵✺❪✱ ❬❈❉▼✵✼❪✱ ❬❈❉▼❋✵✾❪✱ ❬▼❛❧✶✵❪✱ ❧❡❛❞s t♦ t❤❡ ✐♥✲
❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢MN ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞µAN

❀
♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st✉❞② ♦❢ t❤❡ s✉♣♣♦rt ♦❢ ❛ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ❜②
❛ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ❝❛rr✐❡❞ ❜② ❇✐❛♥❡ ✐♥ ❬❇✐❛✾✼❛❪ ❛❧❧♦✇s t♦ s❤♦✇ t❤❛t✿

❚❤❡♦r❡♠ ✸✳✸✳✺✳ ❋♦r ❡❛❝❤ ǫ > 0✱

supp(µσ ⊞ µAN
) ⊂ supp(µσ ⊞ ν)

⋃{
ρθi
, θi ∈ R \ Uν,µσ

}
+ (−ǫ, ǫ),

❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤✳

❋✐♥❛❧❧②✱ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❚❤❡♦r❡♠ ✸✳✸✳✻✳ ■❢ iN s❛t✐s✜❡s

λiN+1(AN ) < ωσ,ν(a) ❛♥❞ λiN (AN ) > ωσ,ν(b), ✭✸✳✶✸✮

♦♥❡ ❤❛s

P[λiN+1(MN ) < a ❛♥❞ λiN (MN ) > b, ❢♦r ❛❧❧ ❧❛r❣❡ N ] = 1. ✭✸✳✶✹✮

▲❡t ✉s ✐♥s✐st ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❞❡❢♦r♠❡❞
♠♦❞❡❧ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ ❛ ❝❡rt❛✐♥ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢
♠❡❛s✉r❡s ❛♥❞ t❤❡ ❡①❛❝t s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❛r❡ t❤❡ ❛❞❞✐t✐✈❡ ❛♥❛❧♦❣✉❡s
♦❢ t❤♦s❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬❇❙✾✽❪✱ ❬❇❙✾✾❪ ❢♦r s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ◆♦t❡
❤♦✇❡✈❡r t❤❛t ❇❛✐ ❛♥❞ ❙✐❧✈❡rst❡✐♥ ❞♦ ♥♦t ✉s❡ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②
❛♥❞ ♦❜t❛✐♥ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ❜② ❝♦♥s✐❞❡r✐♥❣ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠s
♦❢ ♥♦t ❛✈❡r❛❣❡❞ ❡♠♣✐r✐❝❛❧ s♣❡❝tr❛❧ ♠❡❛s✉r❡s✳



✸✳✹ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛❞❞✐t✐✈❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s ✻✶

✸✳✹ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛❞❞✐t✐✈❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢
❲✐s❤❛rt ♠❛tr✐❝❡s

■♥ ❈❤❛♣t❡r ✼✱ ✇❡ ❛❞❛♣t t❤❡ s❛♠❡ ♠❡t❤♦❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✲
✈❛❧✉❡s ♦❢ t❤❡ ❛❞❞✐t✐✈❡❧② ❞❡❢♦r♠❡❞ ❲✐s❤❛rt ♠♦❞❡❧ ✿

MN (p(N)) =
1

N
XN +AN

• XN ✐s ❛ ✇❤✐t❡ ❝♦♠♣❧❡① ❲✐s❤❛rt ♠❛tr✐① ♦❢ s✐③❡ N ❛♥❞ p(N) ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠✱

• limN→+∞
p(N)

N = α > 0✱

• AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦
❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ν✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t
t❤❡r❡ ✐s ❛ ✜①❡❞ ✐♥t❡❣❡r r ≥ 0 ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ N✮ s✉❝❤ t❤❛t AN ❤❛s
N − r ❡✐❣❡♥✈❛❧✉❡s βj,N s❛t✐s❢②✐♥❣

max
1≤j≤N−r

dist(βj(N), supp(ν)) −→
N→∞

0.

❚❤❡ ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s ❛r❡ J ✜①❡❞ r❡❛❧ ♥✉♠❜❡rs θ1 > . . . > θJ ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ N ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ ν ❛♥❞ s✉❝❤ t❤❛t θi ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡
♦❢ AN ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ki ✭

∑
i ki = r✮✳ ❚❤❡ θi ❛r❡ ❝❛❧❧❡❞ t❤❡ s♣✐❦❡s ♦❢

AN ✳

❖✉r st✉❞② ❢♦❧❧♦✇s t❤❡ s❛♠❡ s❝❤❡♠❡ ❛s ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❲✐❣♥❡r ♠♦❞❡❧✿ ♦♥❡
✇r✐t❡s ❛♥ ✧❛♣♣r♦①✐♠❛t❡❞ ♠❛tr✐❝✐❛❧ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥✧ ❜② ✐♥t❡❣r❛t✐♥❣
❜② ♣❛rts✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ♣r❡❝✐s❡ ❡st✐♠❛t❡ ♦❢ gN (z) − g̃N (z)✱ ✇❤❡r❡ gN =
E(GµMN (p(N))

) ❛♥❞ g̃N = Gπα,1⊞µAN
✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✳ ∀z ∈ C
+✱

|gN (z) − g̃N (z)| ≤ (|z| +K)aP (|ℑz|−1)

N2
✭✸✳✶✺✮

✇❤❡r❡ K ❛♥❞ a ❛r❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❛♥❞ P ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡
❝♦❡✣❝✐❡♥ts✳

❖♥❡ ❞❡❞✉❝❡s t❤❡ ❛❧♠♦st s✉r❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ MN (p(N)) ✐♥
❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ πα,1 ⊞ µAN

✱ ❜② ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢
❍❛❛❣❡r✉♣ ❛♥❞ ❚❤♦r❜❥♦r♥s❡♥✱ t❤❡♥ ♦♥❡ st✉❞✐❡s t❤✐s s✉♣♣♦rt✱ t♦ ♦❜t❛✐♥ ✿

❚❤❡♦r❡♠ ✸✳✹✳✷✳ ∀ǫ > 0✱

P(❋♦r ◆ s✉✣❝✐❡♥t❧② ❧❛r❣❡,Spect(MN (p(N))) ⊂
{
x,dist(x, supp(πα,1 ⊞ ν) ∪

{
Hν,πα,1(θi), 1 ≤ i ≤ J

}
) ≤ ǫ

}
) = 1.



✻✷ ❈❤❛♣t❡r ✸ ✿ Pr❡s❡♥t❛t✐♦♥ ♦❢ r❡s✉❧ts

◆♦t✐❝❡ t❤❛t ✇❡ ❝❛♥♥♦t r❡❧②✱ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ s✉♣♣♦rt ♦❢ ❛ ❢r❡❡ ❛❞❞✐✲
t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ ▼❛r❝❤❡♥❦♦✲P❛st✉r ❞✐str✐❜✉t✐♦♥✱ ♦♥ t❤❡ ✇♦r❦ ♦❢ ❇✐❛♥❡
❬❇✐❛✾✼❛❪✱ ❧✐❦❡ ✇❡ ❞✐❞ ✐♥ t❤❡ s❡♠✐❝✐r❝✉❧❛r ❝❛s❡✱ ❜❡❝❛✉s❡ ❤✐s ✇♦r❦ ♦♥❧② ❢♦❝✉s❡s
♦♥ t❤❡ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥✳ ❆♠♦♥❣ t❤❡ ♦r✐❣✐♥❛❧ r❡s✉❧ts ♦❢ t❤❡ ❈❤❛♣t❡r
✼✱ ♦♥❡ ❣✐✈❡s ❛ ❞❡s❝r✐t♣t✐♦♥ ♦❢ supp(πα,1⊞ν)✱ ❛♥❛❧♦❣♦✉s t♦ t❤✐s ♦❢ supp(µσ⊞ν)
❛s t❤❡ ✐♠❛❣❡ ❜② ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ♦♣❡♥ s❡t Uν,µσ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✸✳ Hτ,πγ,1 ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ R\Fτ,πγ,1

♦♥t♦ R \ supp(πγ,1 ⊞ τ)✱ ✇❤❡r❡

Fτ,πγ,1 = R \ R ∩ ∂Ωτ,πγ,1 ∪ {x ∈ R; τ({x}) > γ}.

❋✐♥❛❧❧②✱ ♦♥❡ ♣r♦✈❡s ❛ ✇❡❛❦ ❡①❛❝t s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥✱ ♦♥❧② ❛❧❧♦✇✐♥❣
t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ MN (p(N)) ✿

❚❤❡♦r❡♠ ✸✳✹✳✹✳ ✭✶✮ ■❢ θ1 > maxFν,πα,1✱ t❤❡ k1 ❡✐❣❡♥✈❛❧✉❡s

(λj(MN (p(N)), 1 ≤ j ≤ k1)

❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡ ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ πα,1 ⊞ ν t♦✇❛r❞s ρθ1 =
Hν,πα,1(θ1)✳

✭✷✮ ■❢ θ1 ≤ maxFν,πα,1✱ t❤❡♥✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡ ✜rst k ❡✐❣❡♥✈❛❧✉❡s
(λj(MN (p(N))✱ 1 ≤ j ≤ k) ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡ t♦ t❤❡ r✐❣❤t ❡♥❞✲
♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ πα,1 ⊞ ν✳



❈❤❛♣t❡r ✹

❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧

❢r❡❡♥❡ss

❚❤✐s ❝❤❛♣t❡r ✐s t❤❡ t❡①t ♦❢ t❤❡ ❛rt✐❝❧❡ ✏■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts
❛♥❞ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇✑ ❬❋◆✶✵❪✱ ✇r✐tt❡♥ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❆✳ ◆✐❝❛
❛♥❞ ♣✉❜❧✐s❤❡❞ ✐♥ ❏♦✉r♥❛❧ ♦❢ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✳

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

✹✳✶✳✶ ❚❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❝❤❛♣t❡r

❚❤✐s ❝❤❛♣t❡r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❢♦r♠ ♦❢ ❢r❡❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❢♦r ♥♦♥❝♦♠♠✉t❛✲
t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❧❡❞ ✏❢r❡❡♥❡ss ♦❢ t②♣❡ ❇✑ ♦r ✏✐♥✜♥✐t❡s✲
✐♠❛❧ ❢r❡❡♥❡ss✑✱ ❛♥❞ ♦❝❝✉rs ✐♥ r❡❧❛t✐♦♥ t♦ ♦❜❥❡❝ts ♦❢ t❤❡ ❢♦r♠

{
(A, ϕ, ϕ′), ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C

❛♥❞ ϕ,ϕ′ : A → C ❛r❡ ❧✐♥❡❛r ✇✐t❤ ϕ(1A) = 1✱ ϕ′(1A) = 0✳
✭✹✳✶✮

❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥s✐❞❡r✐♥❣ ♦❜❥❡❝ts ❛s ✐♥ ✭✹✳✶✮ ✐s t❤r❡❡✲❢♦❧❞✳

✭❛✮ ❚❤✐s ❢r❛♠❡✇♦r❦ ❣❡♥❡r❛❧✐③❡s t❤❡ ❧✐♥❦✲❛❧❣❡❜r❛ ❛ss♦❝✐❛t❡❞ t♦ ❛ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ t②♣❡ ❇✱ ✐♥ t❤❡ s❡♥s❡ ✐♥tr♦❞✉❝❡❞ ❜② ❇✐❛♥❡✱
●♦♦❞♠❛♥ ❛♥❞ ◆✐❝❛ ❬❇●◆✵✸❪✳ ❖♥❡ ❝❛♥ t❤✉s t❛❦❡ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❛t ✭✹✳✶✮
♣r♦✈✐❞❡s ✉s ✇✐t❤ ❛♥ ❡♥❧❛r❣❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ❞♦✐♥❣ ✏❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡
❇✑✳ ❚❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❧❛tt✐❝❡s ♦❢ ♥♦♥✲❝r♦ss✐♥❣
♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❇ ❞♦ ✐♥❞❡❡❞ ❛♣♣❡❛r ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦♠❜✐♥❛t♦r✐❝s ✕ s❡❡
❡✳❣✳ ❚❤❡♦r❡♠ ✹✳✺✳✹ ❜❡❧♦✇✱ ❝♦♥❝❡r♥✐♥❣ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

✭❜✮ ■t t✉r♥s ♦✉t t♦ ❜❡ ❜❡♥❡✜❝✐❛❧ t♦ ❝♦♥s♦❧✐❞❛t❡ t❤❡ ❢✉♥❝t✐♦♥❛❧s ϕ,ϕ′ ❢r♦♠
✭✹✳✶✮ ✐♥t♦ ♦♥❧② ♦♥❡ ❢✉♥❝t✐♦♥❛❧

ϕ̃ : A → G, ϕ̃ := ϕ+ εϕ′, ✭✹✳✷✮

✻✸



✻✹ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✇❤❡r❡ G ❞❡♥♦t❡s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❛ss♠❛♥ ❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② ❛♥
❡❧❡♠❡♥t ε ✇❤✐❝❤ s❛t✐s✜❡s ε2 = 0✳ ❚❤✉s G ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ C ❞❡✜♥❡❞ ❛s

G = {α+ εβ | α, β ∈ C}, ✭✹✳✸✮

✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❣✐✈❡♥ ❜② (α1 +εβ1) · (α2 +εβ2) ❂ α1α2 +ε(α1β2 +β1α2)✱
❛♥❞ t❤❡ str✉❝t✉r❡ ❢r♦♠ ✭✹✳✶✮ ❝♦✉❧❞ ❡q✉✐✈❛❧❡♥t❧② ❜❡ tr❡❛t❡❞ ❛s

{
(A, ϕ̃), ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C

❛♥❞ ϕ̃ : A → G ✐s C✲❧✐♥❡❛r ✇✐t❤ ϕ̃(1A) = 1✳
✭✹✳✹✮

❚❤❡ ❢r❛♠❡✇♦r❦ ✭✹✳✹✮ ✇❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ P❤❉ ❚❤❡s✐s ♦❢ ❖❛♥❝❡❛ ❬❖❛♥✵✼❪✱
✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ ✏s❝❛r❝❡ ✶

G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡✑✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❈❤❛♣t❡r ✼ ♦❢
❬❖❛♥✵✼❪ st✉❞✐❡s ❛ ❝♦♥❝❡♣t ♦❢ G✲❢r❡❡♥❡ss ❢♦r ❛ ❢❛♠✐❧② ♦❢ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ✐♥
❛ G✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✈✐❛ ❛ ✈❛♥✐s❤✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ♠✐①❡❞
G✲✈❛❧✉❡❞ ❝✉♠✉❧❛♥ts✱ ❛♥❞ ❣❡♥❡r❛❧✐③❡s t❤❡ ❝♦♥❝❡♣t ♦❢ ❢r❡❡♥❡ss ♦❢ t②♣❡ ❇ ❢r♦♠
❬❇●◆✵✸❪✳

✭❝✮ ❚❤❡ r❡❝❡♥t ♣❛♣❡r ❬❇❙✵✾❪ ❜② ❇❡❧✐♥s❝❤✐ ❛♥❞ ❙❤❧②❛❦❤t❡♥❦♦ ❞✐s❝✉ss❡s ❛
❝♦♥❝❡♣t ♦❢ ✏✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥✑ (C〈X1, . . . , Xk〉, µ, µ′) ✇❤✐❝❤ ✐s ❡①❛❝t❧②
❛s ✐♥ ✭✹✳✶✮✱ ✇✐t❤ C〈X1, . . . , Xk〉 ❞❡♥♦t✐♥❣ t❤❡ ❛❧❣❡❜r❛ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ ♥♦♥✲
❝♦♠♠✉t✐♥❣ ✐♥❞❡t❡r♠✐♥❛t❡s X1, . . . , Xk✳ ❚❤✐s r❡♠❛r❦❛❜❧❡ ♣❛♣❡r ❜r✐♥❣s ❢♦rt❤
t❤❡ ✐❞❡❛ t❤❛t ✐♥t❡r❡st✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥s ❛r✐s❡ ✇❤❡♥ µ ✐s t❤❡ ❧✐♠✐t
❛t 0 ❛♥❞ µ′ ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ❛t 0 ❢♦r ❛ ❢❛♠✐❧② ♦❢ k✲✈❛r✐❛❜❧❡s ❞✐str✐❜✉t✐♦♥s
(µt : C〈X1, . . . , Xk〉 → C)t∈T ✱ ✇❤❡r❡ T ✐s ❛ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs ❤❛✈✐♥❣ ✵ ❛s
❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✳ ❆s ✇❡ ✇✐❧❧ s❤♦✇ ❜❡❧♦✇✱ t❤✐s t✐❡s ✐♥ r❡❛❧❧② ♥✐❝❡❧② ✇✐t❤
t❤❡ G✲✈❛❧✉❡❞ ❝✉♠✉❧❛♥t ❝♦♥s✐❞❡r❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ✐♥ ✭❜✮❀ ✐♥❞❡❡❞✱ ♦♥❡ ❝♦✉❧❞
s❛② t❤❛t ❬❇❙✵✾❪ ♣✉ts t❤❡ ε ❢r♦♠ ✭✹✳✸✮ ✐♥ ✐ts r✐❣❤t ♣❧❛❝❡ ✕ ✐t ✐s ❛ s✐❜❧✐♥❣ ♦❢ t❤❡
ε✬s ❢r♦♠ ❝❛❧❝✉❧✉s✱ ♦♥❧② t❤❛t ✐♥st❡❛❞ ♦❢ ❥✉st ❤❛✈✐♥❣ ✏ε2 ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ε✑
♦♥❡ ❣♦❡s ❢♦r t❤❡ r❛❞✐❝❛❧ r❡q✉✐r❡♠❡♥t t❤❛t ε2 = 0✳

❯♣♦♥ ❝♦♥s✐❞❡r❛t✐♦♥✱ ✐t s❡❡♠s t❤❛t ✇❤❛t ❣♦❡s ❜❡st ✇✐t❤ t❤❡ ❢r❛♠❡✇♦r❦
❢r♦♠ ✭✹✳✶✮ ✐s t❤❡ ✏✐♥✜♥✐t❡s✐♠❛❧✑ t❡r♠✐♥♦❧♦❣② ❢r♦♠ ✭❝✮✱ ✇❤✐❝❤ ✐s ✐♥ ♣❛rt✐❝✉❧❛r
❛❞♦♣t❡❞ ✐♥ t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r s♦♠❡ t❡r♠✐♥♦❧♦❣②
✐♥s♣✐r❡❞ ❢r♦♠ ✭❛✮ ❛♥❞ ✭❜✮ ✇✐❧❧ ❛❧s♦ ❜❡ ✉s❡❞✱ ✐♥ t❤❡ ♣❧❛❝❡s ✇❤❡r❡ ✐t ✐s s✉❣❣❡st✐✈❡
t♦ ❞♦ s♦ ✭❡✳❣✳ ✇❤❡♥ t❛❧❦✐♥❣ ❛❜♦✉t ✏s♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢♦r ϕ✑ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✶✳✸
❜❡❧♦✇✮✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ 1o ❆ str✉❝t✉r❡ (A, ϕ, ϕ′) ❛s ✐♥ ✭✹✳✶✮ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛♥
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✭❛❜❜r❡✈✐❛t❡❞ ❛s ✐♥❝♣s✮✳

2o ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s ❛♥❞ ❧❡t A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s
♦❢ A✳ ❲❡ ✇✐❧❧ s❛② t❤❛t A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✇✐t❤ r❡s♣❡❝t t♦
(ϕ,ϕ′) ✇❤❡♥ t❤❡② s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿

✶❚❤❡ ❛❞❥❡❝t✐✈❡ ✏s❝❛r❝❡✑ ✐s ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❞✐st✐♥❣✉✐s❤ ❢r♦♠ t❤❡ ❝♦♥❝❡♣t ♦❢ ✏G✲♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✑ ❢r♦♠ ♦♣❡r❛t♦r✲✈❛❧✉❡❞ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ✇❤❡r❡ ♦♥❡ ✇♦✉❧❞ r❡q✉✐r❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ϕ̃ t♦
❜❡ G✲❧✐♥❡❛r✳



✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✻✺

■❢ i1, . . . , in ∈ {1, . . . , k} ❛r❡ s✉❝❤ t❤❛t i1 6= i2, i2 6= i3, . . . , in−1 6= in✱
❛♥❞ ✐❢ a1 ∈ Ai1 , . . . , an ∈ Ain ❛r❡ s✉❝❤ t❤❛t ϕ(a1) = · · · = ϕ(an) = 0✱

t❤❡♥ ϕ(a1 · · · an) = 0 ❛♥❞

ϕ′(a1 · · · an) =





ϕ(a1 an)ϕ(a2 an−1) · · ·ϕ(an−1
2
an−1

2
)ϕ′(a(n+1)/2),

✐❢ n ✐s ♦❞❞ ❛♥❞ i1 = in, i2 = in−1, . . . , in−1
2

= in+3
2
✱

0, ♦t❤❡r✇✐s❡✳
✭✹✳✺✮

❘❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ❧✐t❡r❛t✉r❡ ✐t ✐s ❝✉st♦♠❛r② t♦ ✉s❡ t❤❡
♥❛♠❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❢♦r ❛ ♣❛✐r (A, ϕ) ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧
❛❧❣❡❜r❛ ♦✈❡r C ❛♥❞ ϕ : A → C ✐s ❧✐♥❡❛r ✇✐t❤ ϕ(1A) = 1✳ ❚❤✉s t❤❡ ❝♦♥❝❡♣t
♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t♦
(A, ϕ) ❛♥♦t❤❡r ❢✉♥❝t✐♦♥❛❧ ϕ′ ❛s ✐♥ ✭✹✳✶✮✳ ■t ✐s ❛❧s♦ ✐♠♠❡❞✐❛t❡ t❤❛t ❉❡✜♥✐t✐♦♥
✹✳✶✳✶✳2o ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✺✮ t♦
t❤❡ ✏✉s✉❛❧✑ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ❢r❡❡♥❡ss ♦❢ A1, . . . ,Ak ✐♥ (A, ϕ) ✭❛s ❛♣♣❡❛r✐♥❣
❡✳❣✳ ✐♥ ❬❱❉◆✾✷❪✱ ❉❡✜♥✐t✐♦♥ ✷✳✺✳✶✮✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳2o ✐s ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ✇✐t❤ t❤❡ s❛♠❡ ♥❛♠❡
❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✸ ♦❢ ❬❇❙✵✾❪✳ ❚❤❡ r❡❧❛t✐♦♥s ✇✐t❤ ❬❇❙✵✾❪✱ ❬❇●◆✵✸❪ ❛r❡ ❞✐s✲
❝✉ss❡❞ ♠♦r❡ ♣r❡❝✐s❡❧② ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ✭❝❢✳ ❘❡♠❛r❦s ✹✳✷✳✽✱ ✹✳✷✳✾✮✳ ❙❡❝t✐♦♥ ✹✳✷
❛❧s♦ ❝♦❧❧❡❝ts ❛ ❢❡✇ ♠✐s❝❡❧❧❛♥❡♦✉s ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss t❤❛t ❢♦❧✲
❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✳ ▼♦st ♥♦t❛❜❧❡ ❛♠♦♥❣ t❤❡♠ ✐s t❤❛t ♦♥❡ ❝❛♥
❡❛s✐❧② ❡①t❡♥❞ t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❛♠❡✇♦r❦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢r❡❡ ♣r♦❞✉❝t ❝♦♥✲
str✉❝t✐♦♥ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s (A1, ϕ1) ∗ · · · ∗ (Ak, ϕk)✱ ❛s
♣r❡s❡♥t❡❞ ❡✳❣✳ ✐♥ ▲❡❝t✉r❡ ✻ ♦❢ ❬◆❙✵✻❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿ ✐❢ (A1, ϕ1) ∗ · · · ∗
(Ak, ϕk) =: (A, ϕ) ❛♥❞ ✐❢ ✇❡ ❛r❡ ❣✐✈❡♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ϕ′

i : Ai → C s✉❝❤
t❤❛t ϕ′

i(1A) = 0✱ 1 ≤ i ≤ k✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧
ϕ′ : A → C s✉❝❤ t❤❛t ϕ′ | Ai = ϕ′

i✱ 1 ≤ i ≤ k✱ ❛♥❞ s✉❝❤ t❤❛t A1, . . . ,Ak ❛r❡
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳ ✭❙❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ❜❡❧♦✇✳✮ ❚❤❡ r❡s✉❧t✲
✐♥❣ ✐♥❝♣s (A, ϕ, ϕ′) ❝❛♥ t❤✉s ❜❡ t❛❦❡♥✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛s t❤❡ ❢r❡❡ ♣r♦❞✉❝t ♦❢
(A, ϕi, ϕ

′
i) ❢♦r 1 ≤ i ≤ k✳

✹✳✶✳✷ ◆♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ❢♦r (A, ϕ, ϕ′)

❆♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❝s ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✐s t❤❡ ❢❛♠✐❧②
♦❢ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κn : An → C)n≥1 ❛ss♦❝✐❛t❡❞ t♦ ❛
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ)✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥❛❧s ✇❡r❡ ✐♥tr♦❞✉❝❡❞
✐♥ ❬❙♣❡✾✹❪❀ ❢♦r ❛ ❞❡t❛✐❧❡❞ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡✐r ❜❛s✐❝ ♣r♦♣❡rt✐❡s✱ s❡❡ ▲❡❝t✉r❡
✶✶ ♦❢ ❬◆❙✵✻❪✳ ❋♦r ❡✈❡r② n ≥ 1✱ t❤❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ κn : An → C

✐s ❞❡✜♥❡❞ ✈✐❛ t❤❡ s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛ ✭✷✳✺✮ ♦✈❡r t❤❡ ❧❛tt✐❝❡ NC(n) ♦❢ ♥♦♥✲
❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ {1, . . . , n}✳ ❍❡r❡ ✇❡ ♦♥❧② ♣✐❝❦ ❛ s♣❡❝✐❛❧ ✈❛❧✉❡ ♦❢ n t❤❛t
✇❡ ✉s❡ ❢♦r ✐❧❧✉str❛t✐♦♥✱ ❡✳❣✳ n = 3✳ ■♥ t❤✐s s♣❡❝✐❛❧ ❝❛s❡ ♦♥❡ ❤❛s✱ ❢♦r ❛❧❧
a1, a2, a3 ∈ A✱

κ3(a1, a2, a3) = ϕ(a1a2a3) − ϕ(a1)ϕ(a2a3) − ϕ(a2)ϕ(a1a3)
−ϕ(a3)ϕ(a1a2) + 2ϕ(a1)ϕ(a2)ϕ(a3).

✭✹✳✻✮



✻✻ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❚❤❡ ❡①♣r❡ss✐♦♥ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✻✮ ❤❛s ✺ t❡r♠s ✭♣r❡♠✉❧t✐♣❧✐❡❞
❜② ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts ✷ s✉❝❤ ❛s 1,−1✱ ♦r 2✮✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢❛❝t t❤❛t
|NC(3)| = 5✳

▲❡t ♥♦✇ (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❚❤❡♥ ✐♥ ❛❞❞✐t✐♦♥ t♦
t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s κn : An → C ❛ss♦❝✐❛t❡❞ t♦ ϕ ✇❡ ✇✐❧❧
❞❡✜♥❡ ❛♥♦t❤❡r ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (κ′n : An → C)n≥1✱ ✇❤✐❝❤
✐♥✈♦❧✈❡ ❜♦t❤ ϕ ❛♥❞ ϕ′✳ ❋♦r ❡✈❡r② n ≥ 1✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ κ′n ✐s ♦❜t❛✐♥❡❞ ❜②
t❛❦✐♥❣ ❛ ❢♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ ❢♦r♠✉❧❛ ❢♦r κn✱ ✇❤❡r❡ ✇❡ ♣♦st✉❧❛t❡ t❤❛t
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ϕ ✐s ϕ′ ❛♥❞ ✇❡ ✐♥✈♦❦❡ ❧✐♥❡❛r✐t② ❛♥❞ t❤❡ ▲❡✐❜♥✐t③ r✉❧❡ ❢♦r
❞❡r✐✈❛t✐✈❡s✳ ❋♦r ✐♥st❛♥❝❡ ❢♦r n = 3 t❤❡ t❡r♠ ϕ(a1a2a3) ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ ✭✹✳✻✮ ✐s ❞❡r✐✈❛t❡❞ ✐♥t♦ ϕ′(a1a2a3)✱ t❤❡ t❡r♠ ϕ(a1)ϕ(a2a3) ✐s ❞❡r✐✈❛t❡❞
✐♥t♦ ϕ′(a1)ϕ(a2a3) + ϕ(a1)ϕ

′(a2a3)✱ ❡t❝✱ ②✐❡❧❞✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❢♦r κ′3 t♦ ❜❡

κ′3(a1, a2, a3) = ϕ′(a1a2a3) − ϕ′(a1)ϕ(a2a3) − ϕ(a1)ϕ
′(a2a3)

−ϕ′(a2)ϕ(a1a3) − ϕ(a2)ϕ
′(a1a3) − ϕ′(a3)ϕ(a1a2)

−ϕ(a3)ϕ
′(a1a2) + 2ϕ′(a1)ϕ(a2)ϕ(a3)

+2ϕ(a1)ϕ
′(a2)ϕ(a3) + 2ϕ(a1)ϕ(a2)ϕ

′(a3).

✭✹✳✼✮

❲❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧s κ′n ❛s ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts
❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′)✳ ❚❤❡ ♣r❡❝✐s❡ ❢♦r♠✉❧❛ ❞❡✜♥✐♥❣ t❤❡♠ ❛♣♣❡❛rs ✐♥ ❉❡❢✲
✐♥✐t✐♦♥ ✹✳✸✳✼ ❜❡❧♦✇✳ ❚❤❡ ♣❛ss❛❣❡ ❢r♦♠ t❤❡ ❢♦r♠✉❧❛ ❢♦r κn t♦ t❤❡ ♦♥❡ ❢♦r κ′n
✐s r❡❧❛t❡❞ t♦ ❛ ❝♦♥❝❡♣t ♦❢ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ♦♥ ❛ s♣❛❝❡ ♦❢ ♠✉❧t✐❧✐♥❡❛r
❢✉♥❝t✐♦♥❛❧s ♦♥ A✱ ✇❤✐❝❤ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✼ ♦❢ t❤❡ ❝❤❛♣t❡r✳

❚❤❡ r♦❧❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ✐♥ t❤❡ st✉❞② ♦❢ ✐♥✜♥✐t❡s✲
✐♠❛❧ ❢r❡❡♥❡ss ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✶✳✷✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s ❛♥❞ ❧❡t A1, . . . ,Ak ❜❡ ✉♥✐t❛❧
s✉❜❛❧❣❡❜r❛s ♦❢ A✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿
✭✶✮ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡✳
✭✷✮ ❋♦r ❡✈❡r② n ≥ 2✱ ❢♦r ❡✈❡r② i1, . . . , in ∈ {1, . . . , k} ✇❤✐❝❤ ❛r❡ ♥♦t ❛❧❧
❡q✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ ❢♦r ❡✈❡r② a1 ∈ Ai1 , . . . , an ∈ Ain✱ ♦♥❡ ❤❛s t❤❛t
κn(a1, . . . , an) = κ′n(a1, . . . , an) = 0✳

❚❤❡♦r❡♠ ✹✳✶✳✷ ♣r♦✈✐❞❡s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥ ❢♦r t❤❡ ❜❛s✐❝ r❡s✉❧t ♦❢
❙♣❡✐❝❤❡r ✭❚❤❡♦r❡♠ ✷✳✸✳✼✮ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ✉s✉❛❧ ❢r❡❡♥❡ss ♦❢ A1, . . . ,Ak

✐♥ (A, ϕ) ✐♥ t❡r♠s ♦❢ t❤❡ ❝✉♠✉❧❛♥ts κn✳
■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣♦✐♥t ♦✉t s♦♠❡ ♦t❤❡r ✐♥t❡r✲

♣r❡t❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠✉❧❛ ❞❡✜♥✐♥❣ κ′n ✭❛❧❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ♦r ❛♥♦t❤❡r ♦❢
t❤❡ ♣♦✐♥ts ♦❢ ✈✐❡✇ ✭❛✮✱ ✭❜✮✱ ✭❝✮ ❧✐st❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✶✳✶✮✳
❚❤❡ ❡❛s② ✈❡r✐✜❝❛t✐♦♥s r❡q✉✐r❡❞ ❜② t❤❡s❡ ❛❧t❡r♥❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥s ♦❢ κ′n ❛r❡
s❤♦✇♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✳✹✳

❋✐rst ♦❢ ❛❧❧ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r✱ ❛s ✐♥ ❬❇❙✵✾❪✱ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ ϕ,ϕ′ ✐♥ ✭✹✳✶✮
❛r❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❧✐♠✐t ♦❢ ❛ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥❛❧s {ϕt | t ∈ T}✳

✷❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ✐s t❤❛t t❤❡② ❛r❡ s♣❡❝✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ▼ö❜✐✉s ❢✉♥❝t✐♦♥
♦❢ NC(3)✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✷✳



✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✻✼

❍❡r❡ T ✐s ❛ s✉❜s❡t ♦❢ R ✇❤✐❝❤ ❤❛s 0 ❛s ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ ❡✈❡r② ϕt ✐s
❧✐♥❡❛r ✇✐t❤ ϕt(1A) = 1✱ ❛♥❞ ✇❡ ❤❛✈❡

ϕ(a) = lim
t→0

ϕt(a) ❛♥❞ ϕ′(a) = lim
t→0

ϕt(a) − ϕ(a)

t
, ∀ a ∈ A. ✭✹✳✽✮

✭◆♦t❡ t❤❛t s✉❝❤ ❢❛♠✐❧✐❡s {ϕt | t ∈ T} ❝❛♥ ✐♥ ❢❛❝t ❛❧✇❛②s ❜❡ ❢♦✉♥❞✱ ❡✳❣✳ ❜②
s✐♠♣❧② t❛❦✐♥❣ ϕt = ϕ + tϕ′✱ t ∈ (0,∞)✳✮ ■♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥✱ t❤❡ ❢♦r♠❛❧
❞❡r✐✈❛t✐✈❡ ✇❤✐❝❤ ❧❡❛❞s ❢r♦♠ κn t♦ κ′n t✉r♥s ♦✉t t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ❛s ❛
✏ d

dt ✑ ❞❡r✐✈❛t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❣❡t t❤❡ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛

κ′n(a1, . . . , an) =
[ d

dt
κ(t)

n (a1, . . . , an)
]

t=0 , ✭✹✳✾✮

✇❤❡r❡ κ
(t)
n ❞❡♥♦t❡s t❤❡ nt❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧ ♦❢ ϕt✳

❙❡❝♦♥❞ ♦❢ ❛❧❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ t❛❦❡ ❛ ❞✐r❡❝t ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡
❢✉♥❝t✐♦♥❛❧s κ′n✱ ❛♥❞ ✐❞❡♥t✐❢② ♣r❡❝✐s❡❧② ❛ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ✇❤✐❝❤
✐♥❞❡①❡s t❤❡ t❡r♠s ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ❞❡✜♥✐♥❣ κ′n(a1, . . . , an)✳ ❚❤✐s s❡t t✉r♥s
♦✉t t♦ ❜❡ t❤❡ s❡t NCZ(B)(n) ❞❡✜♥❡❞ ❜② ✭✷✳✶✶✮✳ ❍❡♥❝❡ ✐♥ ❛ t❡r♠✐♥♦❧♦❣②
❢♦❝✉s❡❞ ♦♥ t②♣❡s ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s✱ ♦♥❡ ❝♦✉❧❞ ❝❛❧❧ t❤❡ ❢✉♥❝t✐♦♥❛❧s
κn ❛♥❞ κ′n ✏♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ t②♣❡ ❆ ❛♥❞ ♦❢ t②♣❡ ❇✑✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ✐❞❡❛ ♣✉t ❢♦rt❤ ❤❡r❡ ✐s t❤❛t✱ ✐♥ s♦♠❡ s❡♥s❡✱ s✉♠♠❛t✐♦♥s ♦✈❡r NCZ(B)(n)
❛♣♣❡❛r ❛s ✏❞❡r✐✈❛t✐✈❡s ❢♦r s✉♠♠❛t✐♦♥ ♦✈❡r NC(n)✑✳ ❆ ♠♦r❡ r❡✜♥❡❞ ❢♦r♠✉❧❛
s✉♣♣♦rt✐♥❣ t❤✐s ✐❞❡❛ ✐s s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✻ ❜❡❧♦✇✱ ✐♥ ❝♦♥♥❡❝t✐♦♥ t♦
t❤❡ ❝♦♥❝❡♣t ♦❢ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②t❡♠✳

■♥ t❤❡ ❝❛s❡ n = 3 t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ ❢♦r ✐❧❧✉str❛t✐♦♥✱ t❤❡ ✶✵ t❡r♠s ❛♣♣❡❛r✐♥❣
♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✼✮ ❛r❡ ✐♥❞❡①❡❞ ❜② t❤❡ ✶✵ ♣❛rt✐t✐♦♥s ✇✐t❤ ③❡r♦✲
❜❧♦❝❦ ✐♥NC(B)(3)✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛ ♣❛rt✐t✐♦♥ τ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
t❡r♠ ✐s ❡❛s② t♦ ❢♦❧❧♦✇✿ t❤❡ ③❡r♦✲❜❧♦❝❦ Z ♦❢ τ ♣r♦❞✉❝❡s t❤❡ ϕ′( · · · ) ❢❛❝t♦r✱
❛♥❞ ❡✈❡r② ♣❛✐r V,−V ♦❢ ♥♦♥✲③❡r♦✲❜❧♦❝❦s ♦❢ τ ♣r♦❞✉❝❡s ❛ ϕ( · · · ) ❢❛❝t♦r✳

❋✐♥❛❧❧② ✭t❤✐r❞ ♦❢ ❛❧❧✮ ♦♥❡ ❝❛♥ ❛❧s♦ ❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ κ′n ✇❤✐❝❤ ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ ✏G✲✈❛❧✉❡❞✑ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♣♣❡❛r✐♥❣ ❛s ✭❜✮ ♦♥ t❤❡ ❧✐st ❢r♦♠
s✉❜s❡❝t✐♦♥ ✹✳✶✳✶✳ ❚❤✐s ❣♦❡s ❛s ❢♦❧❧♦✇s✳ ▲❡t ϕ̃ = ϕ + εϕ′ : A → G ❜❡ ❛s ✐♥
✭✹✳✷✮✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② ♦❢ C✲♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (κ̃n : An → G)n≥1

❞❡✜♥❡❞ ❜② t❤❡ s❛♠❡ s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛ ❛s ❢♦r t❤❡ ✉s✉❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉✲
❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κn : An → C)n≥1✱ ♦♥❧② t❤❛t ♥♦✇ ✇❡ ✉s❡ ϕ̃ ✐♥st❡❛❞ ♦❢ ϕ ✐♥
t❤❡ s✉♠♠❛t✐♦♥s✳ ❙♦✱ ❢♦r ❡①❛♠♣❧❡✱ ❢♦r n = 3 ✇❡ ❤❛✈❡✱ ❢♦r ❡❛❝❤ a1, a2, a3 ∈ A✱

κ̃3(a1, a2, a3) = ϕ̃(a1a2a3) − ϕ̃(a1)ϕ̃(a2a3) − ϕ̃(a2)ϕ̃(a1a3)
−ϕ̃(a3)ϕ̃(a1a2) + 2ϕ̃(a1)ϕ̃(a2)ϕ̃(a3) ∈ G.

✭✹✳✶✵✮

■t t❤❡♥ t✉r♥s ♦✉t t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ κ′n ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② r❡❛❞✐♥❣ t❤❡
ε✲❝♦♠♣♦♥❡♥t ♦❢ κ̃n✳

❲❡ t❛❦❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ✐♥tr♦❞✉❝❡ ❤❡r❡ ❛ ♣✐❡❝❡ ♦❢ t❡r♠✐♥♦❧♦❣② ❢r♦♠ t❤❡
❧✐t❡r❛t✉r❡ ♦♥ ●r❛ss♠❛♥ ❛❧❣❡❜r❛s ✭s❡❡ ❡✳❣✳ ❬❉❡❲✾✷❪✱ ♣♣✳ ✶✲✷✮✿ t❤❡ ❝♦♠♣❧❡①
♥✉♠❜❡rs α, β ✇❤✐❝❤ ❣✐✈❡ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ●r❛ss♠❛♥ ♥✉♠❜❡r γ =



✻✽ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

α+εβ ∈ G ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ❜♦❞② ❛♥❞ r❡s♣❡❝t✐✈❡❧② t❤❡ s♦✉❧ ♦❢ γ❀ ✐t ✇✐❧❧ ❝♦♠❡
✐♥ ❤❛♥❞② t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r t♦ ❞❡♥♦t❡ t❤❡♠ ✸ ❛s

α = ❇♦(γ), β = ❙♦(γ). ✭✹✳✶✶✮

❚❤✐s ♥♦t❛t✐♦♥ ✇✐❧❧ ❛❧s♦ ❜❡ ✉s❡❞ ✐♥ ❝♦♥♥❡❝t✐♦♥ t♦ ❛ G✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞
♦♥ s♦♠❡ s❡t S ✕ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ❇♦ f ❛♥❞ ❙♦ f ❢r♦♠ S t♦ C ❜②

(❇♦ f)(x) = ❇♦ (f(x)), (❙♦ f)(x) = ❙♦ (f(x)), ∀x ∈ S. ✭✹✳✶✷✮

❘❡t✉r♥✐♥❣ t❤❡♥ t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧s κ̃n : An → G ❢r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ♣❛r❛✲
❣r❛♣❤✱ t❤❡✐r ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ κ′n ✭❛♥❞ ❛❧s♦ t♦ t❤❡ κn✮ ❝❛♥ ❜❡ r❡❝♦r❞❡❞ ❛s

❇♦ κ̃n = κn, ❙♦ κ̃n = κ′n, ∀n ≥ 1. ✭✹✳✶✸✮

❉✉❡ t♦ ✭✹✳✶✸✮✱ κ̃n ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ s✐♠♣❧✐❢②✐♥❣ t♦♦❧ ✐♥ ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤
κ′n ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ♠❛② ❜❡ ❡❛s✐❡r t♦ r✉♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛❧❝✉❧❛t✐♦♥
✇✐t❤ κ̃n✱ ✐♥ G✱ ❛♥❞ ♦♥❧② ♣✐❝❦ s♦✉❧ ♣❛rts ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤✐s ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✇❤❡♥ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✹✳✶✳✷✱ s✐♥❝❡ t❤❡ ❝♦♥✲
❞✐t✐♦♥ κn(a1, . . . , an) ❂ κ′n(a1, . . . , an) = 0 ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶✳✷✭✷✮ ❛♠♦✉♥ts
♣r❡❝✐s❡❧② t♦ κ̃n(a1, . . . , an) = 0✳

✹✳✶✳✸ ❯s✐♥❣ ❞❡r✐✈❛t✐♦♥s t♦ ✜♥❞ ✏s♦✉❧ ❝♦♠♣❛♥✐♦♥s✑

❲❤❡♥ st✉❞②✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✐t ♠❛② ❜❡ ♦❢ ✐♥t❡r❡st t♦ ❝♦♥s✐❞❡r t❤❡
s✐t✉❛t✐♦♥ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✜①❡❞ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ❛♥❞
❛ ❢❛♠✐❧② A1, . . . ,Ak ♦❢ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✳ ■♥
t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❝❛♥ ❛s❦✿ ❤♦✇ ❞♦ ✇❡ ✜♥❞ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s
ϕ′ : A → C ✇✐t❤ ϕ′(1A) = 0 ❛♥❞ s✉❝❤ t❤❛t A1, . . . ,Ak ❜❡❝♦♠❡ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ✐♥ (A, ϕ, ϕ′)❄ ❆ ♥✐❝❡ ♥❛♠❡ ❢♦r s✉❝❤ ❢✉♥❝t✐♦♥❛❧s ϕ′ ✐s s✉❣❣❡st❡❞ ❜② t❤❡
G✲✈❛❧✉❡❞ ♣♦✐♥t ♦❢ ✈✐❡✇ ❞❡s❝r✐❜❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✶✳✶ ✿ s✐♥❝❡ ϕ ❛♥❞ ϕ′ ❛r❡
t❤❡ ❜♦❞② ♣❛rt ❛♥❞ r❡s♣❡❝t✐✈❡❧② t❤❡ s♦✉❧ ♣❛rt ♦❢ t❤❡ ❝♦♥s♦❧✐❞❛t❡❞ ❢✉♥❝t✐♦♥❛❧
ϕ̃ : A → G✱ ♦♥❡ ♠❛② s❛② t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ s✉✐t❛❜❧❡ s♦✉❧ ❝♦♠♣❛♥✐♦♥ ϕ′

❢♦r t❤❡ ❣✐✈❡♥ ✏❜♦❞② ❢✉♥❝t✐♦♥❛❧✑ ϕ ✭❛♥❞ ✐♥ r❡❢❡r❡♥❝❡ t♦ t❤❡ ❣✐✈❡♥ s✉❜❛❧❣❡❜r❛s
A1, . . . ,Ak✮✳

▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ r❡♠❛r❦ ♠❛❞❡ ❛t t❤❡ ❡♥❞ ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✶✳✶ ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s ❛ st❛t❡♠❡♥t ❛❜♦✉t s♦✉❧ ❝♦♠♣❛♥✐♦♥s✳ ■♥❞❡❡❞✱ t❤✐s r❡♠❛r❦ s❛②s
t❤❛t ✐❢ (A, ϕ) ✐s t❤❡ ❢r❡❡ ♣r♦❞✉❝t ♦❢ (A1, ϕ1), . . . , (Ak, ϕk)✱ t❤❡♥ ❛ ϕ′ ❢r♦♠
t❤❡ ❞❡s✐r❡❞ s❡t ♦❢ s♦✉❧ ❝♦♠♣❛♥✐♦♥s ✐s ♣❛r❛♠❡tr✐③❡❞ ♣r❡❝✐s❡❧② ❜② ❛ ❢❛♠✐❧② ♦❢
❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ϕ′

i : Ai → C s✉❝❤ t❤❛t ϕ′
i(1A) = 0✱ 1 ≤ i ≤ k✳

❚❤❡ ♣♦✐♥t ✇❡ ❢♦❧❧♦✇ ❤❡r❡✱ ✇✐t❤ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❬❇❙✵✾❪✱ ✐s t❤❛t s♦♠❡
✐♥t❡r❡st✐♥❣ r❡❝✐♣❡s t♦ ❝♦♥str✉❝t ✏s♦✉❧ ❝♦♠♣❛♥✐♦♥s✑ ❢♦r ❛ ❣✐✈❡♥ ϕ : A → C

✸❇❡s✐❞❡s ❜❡✐♥❣ ❛♠✉s✐♥❣✱ ✏❇♦✑ ❛♥❞ ✏❙♦✑ ❣✐✈❡ ❛ ❢❛✐t❤❢✉❧ ❛♥❛❧♦❣✉❡ ❢♦r t❤❡ ❝♦♠♠♦♥ ♥♦t❛✲
t✐♦♥s ✏❘❡✑ ❛♥❞ ✏■♠✑ ✉s❡❞ ✇❤❡♥ ♦♥❡ ✐♥tr♦❞✉❝❡s C ❛s ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❛❧❣❡❜r❛ ♦✈❡r R✳



✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✻✾

❛r✐s❡ ❢r♦♠ ✐❞❡❛s ♣❡rt❛✐♥✐♥❣ t♦ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳ ❚❤✐s ✐s ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞ t♦
t❤❡ ❢❛❝t t❤❛t κ′n ✐s ❛ ❢♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ❢♦r κn✱ ❤❡♥❝❡ t♦ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

dn(κn) = κ′n, ∀n ≥ 1,

✇❤❡r❡ (dn)n≥1 ✐s ❛ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ♦♥ A✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡ ✇❡ ❛r❡
❣✐✈❡♥ ❛ ❞❡r✐✈❛t✐♦♥ D : A → A❀ t❤❡♥ ♦♥❡ ❤❛s ❛ ♥❛t✉r❛❧ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥
s②st❡♠ ❛ss♦❝✐❛t❡❞ t♦ ✐t✱ ✇❤✐❝❤ ❛❝ts ❜②

(dnf)(a1, . . . , an) =

n∑

m=1

f
(
a1, . . . , am−1, D(am), am+1, . . . , an

)
, ✭✹✳✶✹✮

❢♦r f : An → C ♠✉❧t✐❧✐♥❡❛r ❛♥❞ a1, . . . , an ∈ A✳ ❇② ✉s✐♥❣ t❤❡ dn ❢r♦♠ ✭✹✳✶✹✮✱
✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✶✳✸✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✱ ❛♥❞ ❧❡t κn ❛♥❞ κ′n ❜❡ t❤❡ ♥♦♥✲
❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ t♦ ✐t✳ ❙✉♣♣♦s❡ D : A → A ✐s ❛
❞❡r✐✈❛t✐♦♥ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ϕ′ = ϕ ◦ D✳ ❚❤❡♥ ❢♦r ❡✈❡r② n ≥ 1 ❛♥❞
a1, . . . , an ∈ A ♦♥❡ ❤❛s

κ′n(a1, . . . , an) =

n∑

m=1

κn(a1, . . . , am−1, D(am), am+1, . . . , an). ✭✹✳✶✺✮

▼♦r❡♦✈❡r✱ ✇❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❚❤❡♦r❡♠ ✹✳✶✳✷✱ t❤❡ ❢♦r♠✉❧❛ ❢♦r ✐♥✜♥✐t❡s✲
✐♠❛❧ ❝✉♠✉❧❛♥ts ♦❜t❛✐♥❡❞ ✐♥ ✭✹✳✶✺✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡✳

❈♦r♦❧❧❛r② ✹✳✶✳✹✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞ ❧❡t
A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✳ ❙✉♣♣♦s❡ ✇❡
❢♦✉♥❞ ❛ ❞❡r✐✈❛t✐♦♥ D : A → A s✉❝❤ t❤❛t D(Ai) ⊆ Ai ❢♦r ❡✈❡r② 1 ≤ i ≤ k✳
❚❤❡♥ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✱ ✇❤❡r❡ ϕ′ = ϕ ◦D✳

❋♦r ❝♦♠♣❛r✐s♦♥✱ ❧❡t ✉s ❛❧s♦ ❧♦♦❦ ❛t t❤❡ ♣❛r❛❧❧❡❧ st❛t❡♠❡♥t ❛r✐s✐♥❣ ✐♥ ❝♦♥✲
♥❡❝t✐♦♥ t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❧✐♠✐ts✳ ❚❤✐s ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s ❘❡♠❛r❦ ✶✺
❢r♦♠ ❬❇❙✵✾❪✱ ❛♥❞ ❣♦❡s ❛s ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞
❧❡t A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✳ ❙✉♣♣♦s❡
✇❡ ❢♦✉♥❞ ❛ ❢❛♠✐❧② ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (ϕt : A → C )t∈T ✇✐t❤ ϕt(1A) = 1
❢♦r ❡✈❡r② t ∈ T ❛♥❞ s✉❝❤ t❤❛t✿

✭✐✮ A1, . . . ,Ak ❛r❡ ❢r❡❡ ✐♥ (A, ϕt) ❢♦r ❡✈❡r② t ∈ T ✳
✭✐✐✮ limt→0 ϕt(a) = ϕ(a)✱ ❢♦r ❡✈❡r② a ∈ A✳
✭✐✐✐✮ ❚❤❡ ❧✐♠✐t ϕ′(a) := limt→0(ϕt(a) − ϕ(a))/t ❡①✐sts✱ ❢♦r ❡✈❡r② a ∈ A✳

❚❤❡♥ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✱ ✇❤❡r❡ ϕ′ : A → C ✐s
❞❡✜♥❡❞ ❜② ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮✳

❆ ♥❛t✉r❛❧ ❡①❛♠♣❧❡ ❛❝❝♦♠♣❛♥②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺ ❝♦♠❡s ✐♥ ❝♦♥♥❡❝t✐♦♥
t♦ ⊞✲❝♦♥✈♦❧✉t✐♦♥ ♣♦✇❡rs ♦❢ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥s ♦❢ k✲t✉♣❧❡s ✭❝❢✳ ❊①❛♠♣❧❡ ✹✳✼✳✾
❜❡❧♦✇✮✳ ■♥ ❙❡❝t✐♦♥ ✹✳✽ ✇❡ ❛❧s♦ ❞✐s❝✉ss ❛ ❝♦✉♣❧❡ ♦❢ ♥❛t✉r❛❧ s✐t✉❛t✐♦♥s ✇❤❡♥
❈♦r♦❧❧❛r② ✹✳✶✳✹ ❛♣♣❧✐❡s ✭❝❢✳ ❊①❛♠♣❧❡ ✹✳✼✳✼✮✳



✼✵ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✹✳✶✳✹ ❖✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r

❇❡s✐❞❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❝❤❛♣t❡r ❤❛s s✐① ♦t❤❡r s❡❝t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷
✇❡ ❝♦❧❧❡❝t s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✱ ❛♥❞ ✇❡ ❞✐s❝✉ss t❤❡
r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ❛♥❞ t❤❡ ❢r❛♠❡✇♦r❦s ♦❢ ❬❇❙✵✾❪✱ ❬❇●◆✵✸❪✳ ■♥
❙❡❝t✐♦♥ ✹✳✸ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts✱ ✇❡ ✈❡r✐❢②
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡✐r ✈❛r✐♦✉s ❛❧t❡r♥❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥s✱ ❛♥❞ ✇❡ ♣r♦✈❡
❚❤❡♦r❡♠ ✹✳✶✳✷✳

❙❡❝t✐♦♥s ✹✳✹ ❛♥❞ ✹✳✺ ❛❞❞r❡ss t❤❡ t♦♣✐❝ ♦❢ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✲
✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❙❡❝t✐♦♥ ✹✳✹ ✉s❡s t❤✐s t♦♣✐❝ t♦ ✐❧❧✉str❛t❡
❛ ✏❣❡♥❡r✐❝✑ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ ✐♥✜♥✐t❡s✐♠❛❧ ❛♥❛❧♦❣✉❡s ❢♦r ❦♥♦✇♥ r❡s✉❧ts ✐♥
✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✿ ♦♥❡ r❡♣❧❛❝❡s C ❜② G ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ r❡✲
s✉❧t✱ t❤❡♥ ♦♥❡ t❛❦❡s t❤❡ s♦✉❧ ♣❛rt ✐♥ t❤❡ G✲✈❛❧✉❡❞ st❛t❡♠❡♥t t❤❛t ❝♦♠❡s ♦✉t✳
❇② ✉s✐♥❣ t❤✐s ♠❡t❤♦❞ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥s ♦❢ t✇♦ ✐♠♣♦rt❛♥t
❢❛❝ts r❡❧❛t❡❞ t♦ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts t❤❛t ✇❡r❡ ♦r✐❣✐♥❛❧❧② ❢♦✉♥❞ ✐♥ ❬◆❙✾✻❪ ✕
♦♥❡ ♦❢ t❤❡♠ ✐s ❛❜♦✉t ❝♦♠♣r❡ss✐♦♥s ❜② ❢r❡❡ ♣r♦❥❡❝t✐♦♥s✱ t❤❡ ♦t❤❡r ❝♦♥❝❡r♥s ❛
♠❡t❤♦❞ ♦❢ ❝♦♥str✉❝t✐♥❣ ❢r❡❡ ❢❛♠✐❧✐❡s ♦❢ ❢r❡❡ P♦✐ss♦♥ ❡❧❡♠❡♥ts✳ ■♥ ❙❡❝t✐♦♥ ✹✳✺
✇❡ r❡♠❡♠❜❡r t❤❛t t❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥❝♣s ❤❛s ✐ts ♦r✐❣✐♥s ✐♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s
✏♦❢ t②♣❡ ❇✑ ❢r♦♠ ❬❇●◆✵✸❪✱ ❛♥❞ ✇❡ ❧♦♦❦ ❛t ❤♦✇ t❤❡ ❡ss❡♥❝❡ ♦❢ t❤❡s❡ ❝♦♥s✐❞✲
❡r❛t✐♦♥s ♣❡rs✐sts ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ♦❢
t❤❡ s❡❝t✐♦♥ ✐s t❤❛t✱ ✇❤❡♥ t❛❦✐♥❣ t❤❡ s♦✉❧ ♣❛rt ♦❢ t❤❡ G✲✈❛❧✉❡❞ ❢♦r♠✉❧❛s ❢♦r
❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ♦♥❡ ❞♦❡s ✐♥❞❡❡❞
♦❜t❛✐♥ ♥✐❝❡ ❛♥❛❧♦❣✉❡s ♦❢ t②♣❡ ❇ ✭✇✐t❤ s✉♠♠❛t✐♦♥s ♦✈❡r NC(B)(n)✮ ❢♦r t❤❡
t②♣❡ ❆ ❢♦r♠✉❧❛s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♦✛❡rs ❛♥♦t❤❡r ❡①♣❧❛♥❛t✐♦♥ ❢♦r ✇❤② t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧ κ′n ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ✉s✐♥❣ ❛ s✉♠♠❛t✐♦♥
❢♦r♠✉❧❛ ♦✈❡r NCZ(B)(n)✳

■♥ ❙❡❝t✐♦♥ ✹✳✻ ✇❡ r❡t✉r♥ t♦ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ tr❡❛t✐♥❣ κ′n ❛s ❛ ❞❡r✐✈❛t✐✈❡
♦❢ t❤❡ ✉s✉❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧ κn✱ ❛♥❞ ✇❡ ❞✐s❝✉ss t❤❡ r❡❧❛t❡❞
❝♦♥❝❡♣t ♦❢ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ♦♥ ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ A✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✹✳✼
❡❧❛❜♦r❛t❡s ♦♥ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t s♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢r♦♠ t❤❡ ❛❜♦✈❡ s✉❜s❡❝✲
t✐♦♥ ✹✳✶✳✸✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ♣r♦✈✐❞❡❞
❜② ❛ ❞❡r✐✈❛t✐♦♥ D : A → A ❧❡❛❞s t♦ t❤❡ s❡tt✐♥❣ ❢♦r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss
❢r♦♠ ❈♦r♦❧❧❛r② ✹✳✶✳✹✳ ❙❡❝t✐♦♥ ✹✳✼ ✭❛♥❞ t❤❡ ❝❤❛♣t❡r✮ ❝♦♥❝❧✉❞❡s ✇✐t❤ ❛ ❝♦✉✲
♣❧❡ ♦❢ ❡①❛♠♣❧❡s r❡❧❛t❡❞ t♦ t❤❡ s❡tt✐♥❣s ♦❢ ❈♦r♦❧❧❛r② ✹✳✶✳✹ ❛♥❞ ♦❢ Pr♦♣♦s✐t✐♦♥
✹✳✶✳✺✳

✹✳✷ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦❧❧❡❝t s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✱ ❛♥❞
✇❡ ❞✐s❝✉ss t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ❛♥❞ t❤❡ ❢r❛♠❡✇♦r❦s ❢r♦♠
❬❇❙✵✾❪✱ ❬❇●◆✵✸❪✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ❍❡r❡ ❛r❡ s♦♠❡ st❛♥❞❛r❞ ✈❛r✐❛t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳

1o ❚❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❝❛rr✐❡s ♦✈❡r t♦ ∗✲❛❧❣❡❜r❛s✳ ▼♦r❡



✹✳✷ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✼✶

♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥❛♠❡ ∗✲✐♥❝♣s ❢♦r ❛♥ ✐♥❝♣s (A, ϕ, ϕ′) ✇❤❡r❡ A ✐s ❛
✉♥✐t❛❧ ∗✲❛❧❣❡❜r❛ ❛♥❞ ✇❤❡r❡

✭✐✮ ϕ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❛t ✐s✱ ϕ(a∗a) ≥ 0, ∀ a ∈ A❀
✭✐✐✮ ϕ′ ✐s s❡❧❢❛❞❥♦✐♥t✱ t❤❛t ✐s✱ ϕ′(a∗) = ϕ′(a), ∀ a ∈ A✳
2o ❆♥♦t❤❡r st❛♥❞❛r❞ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ✐s t❤❛t ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡✲

♥❡ss ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❛r❜✐tr❛r② s✉❜s❡ts ♦❢A ✭✇❤✐❝❤ ❞♦♥✬t ❤❛✈❡ t♦ ❜❡ s✉❜✲
❛❧❣❡❜r❛s✮✳ ❙♦ ✐❢ (A, ϕ, ϕ′) ✐s ❛♥ ✐♥❝♣s ✭r❡s♣❡❝t✐✈❡❧② ❛ ∗✲✐♥❝♣s✮ ❛♥❞ ✐❢ X1, . . . ,Xk

❛r❡ s✉❜s❡ts ♦❢ A✱ t❤❡♥ ✇❡ ✇✐❧❧ s❛② t❤❛t X1, . . . ,Xk ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✭r❡✲
s♣❡❝t✐✈❡❧② ✐♥✜♥✐t❡s✐♠❛❧❧② ∗✲❢r❡❡✮ ✇❤❡♥ t❤❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ✭r❡s♣❡❝t✐✈❡❧②
∗✲s✉❜❛❧❣❡❜r❛s✮ ❣❡♥❡r❛t❡❞ ❜② X1, . . . ,Xk ❛r❡ s♦✳

❘❡♠❛r❦ ✹✳✷✳✷✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ ❧❡t
A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✳ ■t ✐s ✈❡r②
❡❛s② t♦ s❡❡ ✭❝❢✳ ❘❡♠❛r❦ ✷✳✺✳✷ ✐♥ ❬❱❉◆✾✷❪ ♦r ❊①❛♠♣❧❡s ✺✳✶✺ ✐♥ ❬◆❙✵✻❪✮ t❤❛t
t❤❡ ✇❛② ❤♦✇ ϕ ❛❝ts ♦♥ ❆❧❣(A1 ∪ · · · ∪ Ak) ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡
r❡str✐❝t✐♦♥s ϕ | Ai✱ 1 ≤ i ≤ k✳ ❚❤❡ s✐♠♣❧❡st ✐❧❧✉str❛t✐♦♥ ❢♦r ❤♦✇ t❤✐s ✇♦r❦s
✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

ϕ(ab) = ϕ(a)ϕ(b), ∀ a ∈ Ai1 , b ∈ Ai2 , ✇✐t❤ i1 6= i2✱ ✭✹✳✶✻✮

✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② ❡①♣❛♥❞✐♥❣ t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡♥ ❝♦❧❧❡❝t✐♥❣ t❡r♠s ✐♥ t❤❡

❡q✉❛t✐♦♥ ϕ
(

(a− ϕ(a)1A) · (b− ϕ(b)1A)
)

= 0✳

❆ s✐♠✐❧❛r ♣❤❡♥♦♠❡♥♦♥ t✉r♥s ♦✉t t♦ t❛❦❡ ♣❧❛❝❡ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✐♥✲
✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✿ t❤❡ ✇❛② ❤♦✇ ϕ′ ❛❝ts ♦♥ ❆❧❣(A1 ∪ · · · ∪ Ak) ❝❛♥ ❜❡
r❡❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ r❡str✐❝t✐♦♥s ♦❢ ϕ ❛♥❞ ♦❢ ϕ′ t♦ Ai✱ 1 ≤ i ≤ k✳ ❋♦r
❡①❛♠♣❧❡✱ t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✶✻✮ s❛②s t❤❛t

ϕ′(ab) = ϕ′(a)ϕ(b) + ϕ(a)ϕ′(b), ∀ a ∈ Ai1 , b ∈ Ai2 , ✇❤❡r❡ i1 6= i2✳ ✭✹✳✶✼✮

❚❤✐s ✐s ♦❜t❛✐♥❡❞ ❜② ❡①♣❛♥❞✐♥❣ t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡♥ ❝♦❧❧❡❝t✐♥❣ t❡r♠s ✐♥ t❤❡

❡q✉❛t✐♦♥ ϕ′
(

(a− ϕ(a)1A) · (b− ϕ(b)1A)
)

= 0 ✭✇❤✐❝❤ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢

❊q✉❛t✐♦♥ ✭✹✳✺✮✮✱ ❛♥❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ϕ′(1A) = 0✳
❲❡ ❧❡❛✈❡ ✐t ❛s ❛♥ ❡❛s② ❡①❡r❝✐s❡ t♦ t❤❡ r❡❛❞❡r t♦ ✈❡r✐❢② t❤❛t t❤❡ s✐♠✐❧❛r

❝❛❧❝✉❧❛t✐♦♥ ❢♦r ❛♥ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝t ♦❢ ✸ ❢❛❝t♦rs ✭✇❤✐❝❤ ♠❛❦❡s ❛ ♠♦r❡
✐♥✈♦❧✈❡❞ ✉s❡ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✺✮✮ ❧❡❛❞s t♦ t❤❡ ❢♦r♠✉❧❛

ϕ′(a1ba2) = ϕ′(a1a2)ϕ(b) + ϕ(a1a2)ϕ
′(b), ✭✹✳✶✽✮

❢♦r a1, a2 ∈ Ai1 , b ∈ Ai2 ✱ ✇✐t❤ i1 6= i2✳

❘❡♠❛r❦ ✹✳✷✳✸✳ ✭❚r❛❝✐❛❧✐t②✳✮ ❆♥♦t❤❡r ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t ✐♥ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛✲
❜✐❧✐t② ✐s t❤❛t ✐❢ t❤❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s A1, . . . ,Ak ⊆ A ❛r❡ ❢r❡❡ ✐♥ (A, ϕ) ❛♥❞
✐❢ ϕ | Ai ✐s ❛ tr❛❝❡ ❢♦r ❡✈❡r② 1 ≤ i ≤ k✱ t❤❡♥ ϕ ✐s ❛ tr❛❝❡ ♦♥ ❆❧❣(A1∪· · ·∪Ak)✳
❚❤✐s t♦♦ ❡①t❡♥❞s t♦ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❛♠❡✇♦r❦✿ ✐❢ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✲
✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′) ❛♥❞ ✐❢ ϕ | Ai, ϕ

′ | Ai ❛r❡ tr❛❝❡s ❢♦r ❡✈❡r② 1 ≤ i ≤ k✱



✼✷ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

t❤❡♥ ϕ ❛♥❞ ϕ′ ❛r❡ tr❛❝❡s ♦♥ ❆❧❣(A1 ∪ · · · ∪ Ak)✳ ❘❛t❤❡r t❤❛♥ ✇r✐t✐♥❣ ❛♥
❛❞✲❤♦❝ ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ❜❛s❡❞ ❞✐r❡❝t❧② ♦♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✱ ✇❡ ✜♥❞ ✐t ♠♦r❡
✐♥str✉❝t✐✈❡ t♦ ❞♦ t❤✐s ❜② ✉s✐♥❣ ❝✉♠✉❧❛♥ts ✕ s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✻ ❜❡❧♦✇✳

❲❡ ♥❡①t ♠♦✈❡ t♦ ❞❡s❝r✐❜✐♥❣ t❤❡ ❢r❡❡ ♣r♦❞✉❝t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s ❛♥♥♦✉♥❝❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✹✳✶✳✶✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ▲❡t (A1, ϕ1), . . . , (Ak, ϕk) ❜❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✲
✐t② s♣❛❝❡s✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢r❡❡ ♣r♦❞✉❝t (A, ϕ) = (A1, ϕ1) ∗ · · · ∗ (Ak, ϕk)
✭❛s ❞❡s❝r✐❜❡❞ ❡✳❣✳ ✐♥ ▲❡❝t✉r❡ ✻ ♦❢ ❬◆❙✵✻❪✮✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❡✈❡r② 1 ≤ i ≤ k
✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ′

i : Ai → C s✉❝❤ t❤❛t ϕ′
i(1A) = 0✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ′ : A → C s✉❝❤ t❤❛t ϕ′ | Ai = ϕ′
i✱

1 ≤ i ≤ k✱ ❛♥❞ s✉❝❤ t❤❛t A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳

Pr♦♦❢✳ ❲❡ st❛rt ❜② r❡✈✐❡✇✐♥❣ ❛ ❢❡✇ ❜❛s✐❝ ❢❛❝ts ❛♥❞ ♥♦t❛t✐♦♥s r❡❧❛t❡❞ t♦
(A, ϕ)✳ ❊❛❝❤ ♦❢ A1, . . . ,Ak ✐s ✐❞❡♥t✐✜❡❞ ❛s ❛ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛ ♦❢ A✱ s✉❝❤
t❤❛t ϕ | Ai = ϕi✳ ❋♦r 1 ≤ i ≤ k ✇❡ ❞❡♥♦t❡ Ao

i = {a ∈ Ai | ϕ(a) = 0}✱ ❛♥❞
❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ 1 ≤ i1, . . . , in ≤ k s✉❝❤ t❤❛t i1 6= i2, . . . , in−1 6= in ✇❡
♣✉t

Wi1,...,in := s♣❛♥
{
a1 · · · an | a1 ∈ Ao

i1 , . . . , an ∈ Ao
in

}
. ✭✹✳✶✾✮

■t ✐s ❦♥♦✇♥ t❤❛t Wi1,...,in ✐s ❝❛♥♦♥✐❝❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ t❡♥s♦r ♣r♦❞✉❝t
Ao

i1
⊗ · · · ⊗ Ao

in
✱ ✈✐❛ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ a1 · · · an ≃ a1 ⊗ · · · ⊗ an✱ ❢♦r a1 ∈

Ao
i1
, . . . , an ∈ Ao

in
✳ ▼♦r❡♦✈❡r ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ s♣❛❝❡s Wi1,...,in ❞❡✜♥❡❞ ✐♥

✭✹✳✶✾✮ r❡❛❧✐③❡ ❛ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ ϕ✳ ✭❙❡❡ ❬◆❙✵✻❪✱
♣♣✳ ✽✶✲✽✹✳✮

❉✉❡ t♦ t❤❡ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ ♠❛② ❞❡✜♥❡
t❤❡ r❡q✉✐r❡❞ ❢✉♥❝t✐♦♥❛❧ ϕ′ ❜② s❡♣❛r❛t❡❧② ♣r❡s❝r✐❜✐♥❣ ✐ts ❜❡❤❛✈✐♦✉r ❛t 1A ❛♥❞
♦♥ ❡❛❝❤ ♦❢ t❤❡ s✉❜s♣❛❝❡s Wi1,...,in ✳ ❲❡ ♣✉t ϕ′(1A) := 0✳ ❲❡ ❛❧s♦ ♣r❡s❝r✐❜❡
ϕ′ t♦ ❜❡ 0 ♦♥ Wi1,...,in ✇❤❡♥❡✈❡r n ✐s ❡✈❡♥✱ ❛♥❞ ✇❤❡♥❡✈❡r n ✐s ♦❞❞ ❜✉t ✐t
✐s ♥♦t tr✉❡ t❤❛t im = in+1−m ❢♦r ❛❧❧ 1 ≤ m ≤ (n − 1)/2✳ ❙✉♣♣♦s❡ ♥❡①t
t❤❛t n = 2m − 1✱ ♦❞❞✱ ❛♥❞ t❤❛t t❤❡ ✐♥❞✐❝❡s i1, . . . , in ❛r❡ s✉❝❤ t❤❛t i1 =
i2m−1, i2 = i2m−2, . . . , im−1 = im+1✳ ❇② ✉s✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ Wi1,...,in ≃
Ao

i1
⊗ · · · ⊗ Ao

in
✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❧✐♥❡❛r ♠❛♣ ♦♥ Wi1,...,in

❜② t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t

a1 · · · a2m−1 7→ ϕi1(a1a2m−1)ϕi2(a2a2m−2) · · ·ϕim−1(am−1am+1) · ϕ′
im(am),

❢♦r ❡✈❡r② a1 ∈ Ao
i1
, . . . , an ∈ Ao

in
❀ ✇❡ t❛❦❡ t❤✐s ❛s t❤❡ ♣r❡s❝r✐♣t✐♦♥ ❢♦r ❤♦✇ ϕ′

✐s t♦ ❛❝t ♦♥ Wi1,...,in ✳
❉✐r❡❝t❧② ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t✱ ✇✐t❤ ϕ′ : A → C

❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ♣❛r❛❣r❛♣❤✱ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥
(A, ϕ, ϕ′)✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ϕ′ ✇✐t❤ t❤✐s ♣r♦♣❡rt② ✐s ❛❧s♦ ✐♠♠❡❞✐❛t❡✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✺✳ ▲❡t (A1, ϕ1, ϕ
′
1), . . . , (Ak, ϕk, ϕ

′
k) ❜❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲

❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s✳ ❲❡ ❞❡✜♥❡ t❤❡✐r ❢r❡❡ ♣r♦❞✉❝t t♦ ❜❡ (A, ϕ, ϕ′)
✇❤❡r❡ (A, ϕ) ❂ (A1, ϕ1)∗· · ·∗(Ak, ϕk) ❛♥❞ ✇❤❡r❡ ϕ

′ : A → C ✐s t❤❡ ❢✉♥❝t✐♦♥❛❧
♣r♦✈✐❞❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳



✹✳✷ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✼✸

❘❡♠❛r❦ ✹✳✷✳✻✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✱ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦❜❛✲
❜✐❧✐t② s♣❛❝❡s (A1, ϕ1), . . . , (Ak, ϕk) ❛r❡ ∗✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s✳
❚❤❡♥ s♦ ✐s t❤❡ ❢r❡❡ ♣r♦❞✉❝t (A, ϕ) ✭s❡❡ ❬◆❙✵✻❪✱ ❚❤❡♦r❡♠ ✻✳✶✸✮✳ ■❢ ♠♦r❡♦✈❡r
❡❛❝❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s ϕ′

i : Ai → C ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ✐s s❡❧❢❛❞❥♦✐♥t✱
t❤❡♥ ✐t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❢✉♥❝t✐♦♥❛❧ ϕ′ : A → C ✐s s❡❧❢❛❞✲
❥♦✐♥t t♦♦✳ ❍❡♥❝❡✱ ✐❢ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✺ ❡❛❝❤ ♦❢ (Ai, ϕi, ϕ

′
i) ✐s ❛ ∗✲✐♥❝♣s✱ t❤❡♥

t❤❡ ❢r❡❡ ♣r♦❞✉❝t (A, ϕ, ϕ′) ✐s ❛ ∗✲✐♥❝♣s ❛s ✇❡❧❧✳

❊①❛♠♣❧❡ ✹✳✷✳✼✳ ❋♦r ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡✱ ✇❡ ❧♦♦❦ ❛t ❛ s✐♠♣❧❡ ❡①❛♠✲
♣❧❡ ✇❤❡r❡ t❤❡ s♣❛❝❡s Wi1,...,in ❛r❡ ❛❧❧ ✶✲❞✐♠❡♥s✐♦♥❛❧✳ ❈♦♥s✐❞❡r t❤❡ k✲❢♦❧❞ ❢r❡❡
♣r♦❞✉❝t ❣r♦✉♣ Z2 ∗ · · · ∗ Z2 ❛♥❞ ❧❡t ϕ ❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ tr❛❝❡ ♦♥ t❤❡ ❣r♦✉♣
❛❧❣❡❜r❛ A := C[Z2 ∗ · · · ∗ Z2]✳ ❙♦ A ✐s ❛ ✉♥✐t❛❧ ∗✲❛❧❣❡❜r❛ ❢r❡❡❧② ❣❡♥❡r❛t❡❞ ❜②
k ✉♥✐t❛r✐❡s u1, . . . , uk ♦❢ ♦r❞❡r ✷✱ ❛♥❞ ❤❛s ❛ ❧✐♥❡❛r ❜❛s✐s B ❣✐✈❡♥ ❜②

B = {1A} ∪
{
ui1 · · ·uin

n ≥ 1, 1 ≤ i1, . . . , in ≤ k,
✇✐t❤ i1 6= i2, . . . , in−1 6= in

}
. ✭✹✳✷✵✮

❚❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ : A → C ❛❝ts ♦♥ t❤❡ ❜❛s✐s B ❜②

ϕ(1A) = 1, ❛♥❞ ϕ(b) = 0, ∀ b ∈ B \ {1A}.

■t ✐s ❡❛s② t♦ ✈❡r✐❢② ✭s❡❡ ❡✳❣✳ ▲❡❝t✉r❡ ✻ ✐♥ ❬◆❙✵✻❪✮ t❤❛t ✇❡ ❤❛✈❡ (A, ϕ) ❂
(A1, ϕ1) ∗ · · · ∗ (Ak, ϕk)✱ ✇❤❡r❡ ❢♦r 1 ≤ i ≤ k ✇❡ ❞❡♥♦t❡ Ai = s♣❛♥{1A, ui}
✭✷✲❞✐♠❡♥s✐♦♥❛❧ ∗✲s✉❜❛❧❣❡❜r❛ ♦❢ A✮✱ ❛♥❞ ✇❤❡r❡ ϕi := ϕ | Ai✳ ❚❤❡ ❞✐r❡❝t s✉♠
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ A ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❢r❡❡ ♣r♦❞✉❝t str✉❝t✉r❡ s✐♠♣❧② ❤❛s

Wi1,...,in = 1✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ s♣❛♥♥❡❞ ❜② ui1 · · ·uin ,

❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ ❡✈❡r② ❛❧t❡r♥❛t✐♥❣ s❡q✉❡♥❝❡ i1, . . . , in ❛s ❞❡s❝r✐❜❡❞ ✐♥
✭✹✳✷✵✮✳

◆♦✇ ❧❡t ϕ′
i : Ai → C ❜❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s s✉❝❤ t❤❛t ϕ′

i(1A) = 0✱ 1 ≤ i ≤
k✳ ❈❧❡❛r❧②✱ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s

ϕ′
1(u1) =: α′

1, . . . , ϕ
′
k(uk) =: α′

k.

❚❤❡ ❢r❡❡ ♣r♦❞✉❝t ❡①t❡♥s✐♦♥ ϕ′ : A → C t❤❡♥ ❛❝ts ❜②

ϕ′(ui1 · · ·uin) =





α′
im
, ✐❢ n ✐s ♦❞❞✱ n = 2m− 1✱

❛♥❞ i1 = i2m−1, . . . , im−1 = im+1

0, ♦t❤❡r✇✐s❡✳
✭✹✳✷✶✮

◆♦t❡ t❤❛t ❢♦r♠✉❧❛ ✭✹✳✷✶✮ ❧♦♦❦s ♣❛rt✐❝✉❧❛r❧② ♥✐❝❡ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ k = 2 ✕
✐♥❞❡❡❞✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t i1 = i2m−1, . . . , im−1 = im+1 ✐s
❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ✇❤❡♥❡✈❡r n = 2m− 1 ❛♥❞ i1, . . . , in ❛r❡ ❛s ✐♥ ✭✹✳✷✵✮✳

❘❡♠❛r❦ ✹✳✷✳✽✳ ✭❘❡❧❛t✐♦♥ t♦ ❬❇❙✵✾❪✮✳ ❉❡✜♥✐t✐♦♥ ✶✸ ♦❢ ❬❇❙✵✾❪ ✐♥tr♦❞✉❝❡s
❛ ❝♦♥❝❡♣t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❢♦r ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s A1,A2 ⊆ A ✐♥ ❛♥



✼✹ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✐♥❝♣s (A, µ, µ′)✳ ❆s ❡①♣❧❛✐♥❡❞ t❤❡r❡ ✭✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✸✮✱
❛♥❞ r❡✈✐❡✇❡❞ ✐♥ ✭✷✳✶✽✮✱ ✭✷✳✶✾✮✱ t❤✐s ❛♠♦✉♥ts t♦ t✇♦ r❡q✉✐r❡♠❡♥ts✿ t❤❛tA1,A2

❛r❡ ❢r❡❡ ✐♥ (A, µ)✱ ❛♥❞ t❤❛t t❤❡② s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥✿

µ′
( (
p1 − µ(p1)1A

)
· · ·
(
pn − µ(pn)1A

) )
= ✭✹✳✷✷✮

n∑

m=1

µ
(

(p1 − µ(p1)1A) · · ·µ′(pm) · · · (pn − µ(pn)1A)
)

❢♦r p1 ∈ Ai1 , . . . , pn ∈ Ain ✱ ✇❤❡r❡ i1 6= i2, . . . , in−1 6= in✳ ❇② ❞❡♥♦t✐♥❣
pm − µ(pm)1A =: qm ❛♥❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t µ′(qm) = µ′(pm)✱
1 ≤ m ≤ n✱ ♦♥❡ s❡❡s t❤❛t ❝♦♥❞✐t✐♦♥ ✭✹✳✷✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✐ts ♣❛rt✐❝✉❧❛r ❝❛s❡
r❡q✉❡st✐♥❣ t❤❛t

µ′(q1 · · · qn) =
n∑

m=1

µ(q1 · · · qm−1qm+1 · · · qn) · µ′(qm) ✭✹✳✷✸✮

❢♦r q1 ∈ Ai1 , . . . , qn ∈ Ain ✱ ✇❤❡r❡ i1 6= i2, . . . , in−1 6= in ❛♥❞ ✇❤❡r❡ µ(q1) =
· · · = µ(qn) = 0✳

❇✉t ♥♦✇✱ ❧❡t A1,A2 ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡ ✐♥ (A, µ)✳
❆ st❛♥❞❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ❢r♦♠ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ✭s❡❡ ❡✳❣✳ ▲❡♠♠❛ ✺✳✶✽ ♦♥
♣❛❣❡ ✼✸ ♦❢ ❬◆❙✵✻❪✮ s❛②s t❤❛t✱ ✇✐t❤ q1, . . . , qn ❛s ✐♥ ✭✹✳✷✸✮✱ ♦♥❡ ❤❛s

µ(q1 · · · qm−1qm+1 · · · qn) = 0

✉♥❧❡ss ✐t ✐s tr✉❡ t❤❛t m − 1 = n − m ❛♥❞ t❤❛t im−1 = im+1, im−2 =
im+2, . . . , i1 = in❀ ♠♦r❡♦✈❡r✱ ✐❢ t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥

µ(q1 · · · qm−1qm+1 · · · qn) = µ(qm−1qm+1)µ(qm−2qm+2) · · ·µ(q1qn).

❚❤✐s ❝❧❡❛r❧② ✐♠♣❧✐❡s t❤❛t t❤❡ s✉♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✷✸✮ ❤❛s ❛t ♠♦st
♦♥❡ t❡r♠ ✇❤✐❝❤ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ✵❀ ❛♥❞ ♠♦r❡♦✈❡r✱ ✇❤❡♥ s✉❝❤ ❛ t❡r♠ ❡①✐sts✱
✐t ✐s ❡①❛❝t❧② ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✺✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳

❍❡♥❝❡✱ ♠♦❞✉❧♦ ❛♥ ✐♠♠❡❞✐❛t❡ r❡❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧
❢r❡❡♥❡ss ❢r♦♠ ❬❇❙✵✾❪ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✉s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✭✇❤✐❝❤
❥✉st✐✜❡s t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ❝❛❧❧✐♥❣ ✐t ❜② t❤❡ s❛♠❡ ♥❛♠❡✮✳

❘❡♠❛r❦ ✹✳✷✳✾✳ ✭❘❡❧❛t✐♦♥ t♦ ❬❇●◆✵✸❪✮✳ ❆ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
♦❢ t②♣❡ ❇ ✐s ❞❡✜♥❡❞ ✐♥ ❬❇●◆✵✸❪ ✭s❡❡ ❛❧s♦ ❙❡❝t✐♦♥ ✷✳✺✮ ❛s ❛ s②st❡♠

(A, ϕ,V, f,Φ),

✇❤❡r❡ (A, ϕ) ✐s ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ V ✐s ❛ ❝♦♠♣❧❡① ✈❡❝t♦r
s♣❛❝❡✱ f : V → C ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧✱ ❛♥❞ Φ : A × V × A → V ✐s ❛ t✇♦✲
s✐❞❡❞ ❛❝t✐♦♥✳ ❲❡ ✇✐❧❧ ✇r✐t❡ ❢♦r s❤♦rt aξb ❛♥❞ r❡s♣❡❝t✐✈❡❧② aξ✱ ξb ✐♥st❡❛❞ ♦❢
Φ(a, ξ, b) ❛♥❞ r❡s♣❡❝t✐✈❡❧② Φ(a, ξ, 1A)✱ Φ(1A, ξ, b)✱ ❢♦r a, b ∈ A ❛♥❞ ξ ∈ V✳ ▲❡t



✹✳✷ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✼✺

A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ❛♥❞ ❧❡t V1, . . . ,Vk ❜❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s
♦❢ V✱ s✉❝❤ t❤❛t Vi ✐s ❝❧♦s❡❞ ✉♥❞❡r t❤❡ t✇♦✲s✐❞❡❞ ❛❝t✐♦♥ ♦❢ Ai✱ 1 ≤ i ≤ k✳
❉❡✜♥✐t✐♦♥ ✼✳✷ ♦❢ ❬❇●◆✵✸❪ ✭❉❡✜♥✐t✐♦♥ ✷✳✺✳✹✮ ✐♥tr♦❞✉❝❡s ❛ ❝♦♥❝❡♣t ♦❢ ✇❤❛t ✐t
♠❡❛♥s ❢♦r (A1,V1), . . . , (Ak,Vk) t♦ ❜❡ ❢r❡❡ ✐♥ (A, ϕ,V, f,Φ)✳ ❚❤✐s ❛♠♦✉♥ts t♦
t✇♦ r❡q✉✐r❡♠❡♥ts✿ t❤❛t A1, . . . ,Ak ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✱ ❛♥❞ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣
❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✿

f(am . . . a1ξb1 . . . bn) =





ϕ(a1b1) · · ·ϕ(anbn)f(ξ),
✐❢ m = n ❛♥❞ i1 = j1, . . . , in = jn

0, ♦t❤❡r✇✐s❡✱
✭✹✳✷✹✮

❤♦❧❞✐♥❣ ❢♦r m,n ≥ 0 ❛♥❞ a1 ∈ Ai1 , . . . , am ∈ Aim , b1 ∈ Aj1 , . . . , bn ∈
Ajn , ξ ∈ Vh✱ ✇❤❡r❡ ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥❞✐❝❡s ❛♠♦♥❣ im, . . . , i1, h, j1, . . . , jn
❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ ✇❤❡r❡ ϕ(am) = · · · = ϕ(a1) = 0 ❂
ϕ(b1) = · · · = ϕ(bn)✳

◆♦✇✱ t♦ (A, ϕ,V, f,Φ) ❛s ❛❜♦✈❡ ♦♥❡ ❛ss♦❝✐❛t❡s ❛ ❧✐♥❦✲❛❧❣❡❜r❛✱ ✇❤✐❝❤ ✐s
s✐♠♣❧② t❤❡ ❞✐r❡❝t ♣r♦❞✉❝t M = A × V ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ str✉❝t✉r❡
♦❢ ❝♦♠♣❧❡① ✈❡❝t♦r s♣❛❝❡ ❛♥❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥

(a, ξ) · (b, η) = (ab, aη + ξb), ∀ a, b ∈ A, ξ, η ∈ V. ✭✹✳✷✺✮

■❢ ✇❡ ❞❡✜♥❡ ψ,ψ′ : M → C ❜②

ψ( (a, ξ) ) := ϕ(a), ψ′( (a, ξ) ) := f(ξ), ∀ (a, ξ) ∈ M, ✭✹✳✷✻✮

t❤❡♥ (M, ψ, ψ′) ❜❡❝♦♠❡s ❛♥ ✐♥❝♣s✳ ▲❡t ❛❣❛✐♥ A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡✲
❜r❛s ♦❢ A ❛♥❞ V1, . . . ,Vk ❜❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ V s✉❝❤ t❤❛t Vi ✐s ❝❧♦s❡❞ ✉♥❞❡r
t❤❡ t✇♦✲s✐❞❡❞ ❛❝t✐♦♥ ♦❢ Ai✱ 1 ≤ i ≤ k✳ ❚❤❡♥ M1 := A1 × V1, . . . ,Mk :=
Ak × Vk ❛r❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ t❤❡ ❧✐♥❦✲❛❧❣❡❜r❛ M✱ ❛♥❞ ✇❡ ❝❧❛✐♠ t❤❛t




(A1,V1), . . . , (Ak,Vk)
❛r❡ ❢r❡❡ ✐♥ (A, ϕ,V, f,Φ)✱
✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❇●◆✵✸❪


 ⇔




M1, . . . ,Mk ❛r❡ ❢r❡❡
✐♥ (M, ψ, ψ′)✱ ✐♥ t❤❡

s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶


 .

✭✹✳✷✼✮
■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✏⇐✑ ✐♥ ✭✹✳✷✼✮✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ✇r✐t❡

f(am . . . a1ξb1 . . . bn) = ψ′( (am, 0V) · · · (a1, 0V) · (0A, ξ) · (b1, 0V) · · · (bn, 0V)
)

❛♥❞ t❤❡♥ ✐♥✈♦❦❡ ❊q✉❛t✐♦♥ ✭✹✳✺✮✳ ❋♦r t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✏⇒✑✱ ❝♦♥s✐❞❡r s♦♠❡
❡❧❡♠❡♥ts (a1, ξ1) ∈ Mi1 , . . . , (an, ξn) ∈ Min ✇❤❡r❡ i1 6= i2, . . . , in−1 6= in
❛♥❞ ✇❤❡r❡ ψ( (a1, ξ1) ) = · · · = ψ( (an, ξn) ) = 0 ✭✇❤✐❝❤ ❥✉st ♠❡❛♥s t❤❛t
ϕ(a1) = · · · = ϕ(an) = 0✮✳ ❇② ✉s✐♥❣ ❤♦✇ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ M ❛♥❞ ❤♦✇
ψ′ ❛r❡ ❞❡✜♥❡❞✱ ✇❡ s❡❡ t❤❛t

ψ′( (a1, ξ1) · · · (an, ξn)
)

=

n∑

m=1

f(a1 · · · am−1ξmam+1 · · · an). ✭✹✳✷✽✮



✼✻ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❇✉t ❜❡❝❛✉s❡ ♦❢ ✭✹✳✷✹✮✱ ❛t ♠♦st ♦♥❡ t❡r♠ ✐♥ t❤❡ s✉♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
♦❢ ✭✹✳✷✽✮ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ 0❀ ♠♦r❡♦✈❡r s✉❝❤ ❛ t❡r♠ ❝❛♥ ♦♥❧② ♦❝❝✉r ❢♦r
m = (n + 1)/2✱ ✐❢ ✭n ✐s ♦❞❞ ❛♥❞✮ i1 = i2m−1, . . . , im−1 = im+1✳ ❋✐♥❛❧❧②✱ ✐❢
t❤❡ ❧❛tt❡r ❡q✉❛❧✐t✐❡s ♦❢ ✐♥❞✐❝❡s ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥ t❤❡ ✉♥✐q✉❡ t❡r♠ ❧❡❢t ✐♥ t❤❡
s✉♠ ❢r♦♠ ✭✹✳✷✽✮ ✐s ϕ(a1a2m−1) · · ·ϕ(am−1am+1)f(ξm)✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s
❞❡✜♥✐♥❣ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ M1, . . . ,Mk ✐♥ (M, ψ, ψ′) ❢♦❧❧♦✇✳

❍❡♥❝❡✱ ❜② ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❧✐♥❦✲❛❧❣❡❜r❛✱ ♦♥❡ ❝❛♥ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❢r❡❡♥❡ss
♦❢ t②♣❡ ❇ ❢r♦♠ ❬❇●◆✵✸❪ ✐♥t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s ❝❤❛♣t❡r✳

✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts

❘❡♠❛r❦ ✹✳✸✳✶✳ ❲❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ t❤❡ ●r❛ss♠❛♥ ❛❧❣❡❜r❛ G ❢r♦♠ s✉❜s❡❝t✐♦♥
✹✳✶✳✶✱ ❛♥❞ ✇✐t❤ t❤❡ ♠❛♣s ❇♦, ❙♦ : G → C ❞❡✜♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✶✳✷✳ ■t ✐s
✐♠♠❡❞✐❛t❡ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ G ✐s ❝♦♠♠✉t❛t✐✈❡✱ ❛♥❞ t❤❛t t❤❡ ✏❜♦❞②✑
♠❛♣ ❇♦ : G → C ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ✉♥✐t❛❧ ❛❧❣❡❜r❛s✳ ❈♦♥❝❡r♥✐♥❣ ❤♦✇
t❤❡ ✏s♦✉❧✑ ♠❛♣ ❙♦ ❜❡❤❛✈❡s ✇✐t❤ r❡s♣❡❝t t♦ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ r❡❝♦r❞ t❤❡
✐♠♠❡❞✐❛t❡ ❢♦r♠✉❧❛

❙♦(γ1 · · · γn) =
n∑

i=1

(
❙♦(γi) ·

∏

1≤j≤n,

j 6=i

❇♦(γj)
)
, ∀n ≥ 1, ∀ γ1, . . . , γn ∈ G.

✭✹✳✷✾✮

◆♦t❛t✐♦♥ ✹✳✸✳✷✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✜① ❛ ♣❛✐r (A, ϕ̃) ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧
❛❧❣❡❜r❛ ♦✈❡r C ❛♥❞ ϕ̃ : A → G ✐s C✲❧✐♥❡❛r ✇✐t❤ ϕ̃(1A) = 1✳ ■♥ ❝♦♥♥❡❝t✐♦♥ t♦
t❤✐s ϕ̃ ✇❡ ✇✐❧❧ r❡♣❡❛t ❛❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥❛❧s ❞❡s❝r✐❜❡❞ ✐♥ s✉❜s❡❝✲
t✐♦♥ ✷✳✸✳✷✱ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t t❤❡ r❛♥❣❡ s♣❛❝❡ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s
✐s ♥♦✇ G✳ ❙♦ ❢♦r ❡✈❡r② n ≥ 1 ✇❡ ♣✉t

ϕ̃n(a1, . . . , an) = ϕ̃(a1 · · · an).

❚❤❡♥ ❢♦r ❡✈❡r② π ∈ NC(n) ✇❡ ❞❡✜♥❡ ϕ̃π : An → G ❜②

ϕ̃π(a1, . . . , an) :=
∏

V ∈π

ϕ̃|V |
(
(a1, . . . , an) | V

)
, a1, . . . , an ∈ A. ✭✹✳✸✵✮

❚❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜② ❞❡✜♥✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ( κ̃n : An →
G )n≥1✱ ✇❤❡r❡

κ̃n =
∑

π∈NC(n)

▼ö❜(A)(π, 1n) · ϕ̃π, n ≥ 1. ✭✹✳✸✶✮

❋✐♥❛❧❧②✱ ❢♦r ❡✈❡r② π ∈ NC(n) ✇❡ ❞❡✜♥❡ κ̃π : An → G ❜②

κ̃π(a1, . . . , an) :=
∏

V ∈π

κ̃|V |
(
(a1, . . . , an) | V

)
, a1, . . . , an ∈ A. ✭✹✳✸✷✮



✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✼✼

■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t✱ ❡①❛❝t❧② ❛s ✐♥ t❤❡ C✲✈❛❧✉❡❞ ❝❛s❡✱ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ❢✉♥❝✲
t✐♦♥❛❧s {κ̃π | π ∈ NC(n)} ❛♥❞ {ϕ̃π | π ∈ NC(n)} ❛r❡ r❡❧❛t❡❞ ❜② ♠♦♠❡♥t✲
❝✉♠✉❧❛♥t ❢♦r♠✉❧❛s ✭✐✳❡✳ ❜② s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛s ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥s ✭✷✳✹✮✱
✭✷✳✺✮✳ ❲❡ ♦♥❧② r❡❝♦r❞ ❤❡r❡ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛
✇❤✐❝❤ ❡①♣r❡ss❡s ϕ̃1n ❛s ❛ s✉♠ ♦❢ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s✱ ❛♥❞ t❤✉s s❛②s t❤❛t

ϕ̃(a1 · · · an) =
∑

π∈NC(n)

κ̃π(a1, . . . , an) ∈ G, ∀ a1, . . . , an ∈ A. ✭✹✳✸✸✮

❘❡♠❛r❦ ✹✳✸✳✸✳ ❚❤❡ ♥❡①t t❤✐♥❣ t♦ ❞♦ ❝♦♥❝❡r♥✐♥❣ (A, ϕ̃) ✐s t♦ s❡❡ ✐❢ t❤❡
❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✼ ❤♦❧❞s✳ ❇♦t❤ ❝♦♥❞✐t✐♦♥s (1) ❛♥❞ (2) ❢r♦♠ t❤❡
st❛t❡♠❡♥t ♦❢ t❤❛t t❤❡♦r❡♠ ❝❛♥ ❜❡ ❢❛✐t❤❢✉❧❧② tr❛♥s❝r✐❜❡❞ t♦ t❤❡ G✲✈❛❧✉❡❞
❢r❛♠❡✇♦r❦✱ ❜✉t ✐t t✉r♥s ♦✉t t❤❡② ❛r❡ ♥♦ ❧♦♥❣❡r ❡q✉✐✈❛❧❡♥t t♦ ❡❛❝❤ ♦t❤❡r ✕ t❤❡
✐♠♣❧✐❝❛t✐♦♥ (2) ⇒ (1) st✐❧❧ ❤♦❧❞s✱ ❜✉t ✐ts ❝♦♥✈❡rs❡ ❞♦❡s ♥♦t✳ ❚❤✐s ✐s ❞✐s❝✉ss❡❞
✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❘❡♠❛r❦ ✹✳✸✳✶✹ ❜❡❧♦✇✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣♦✐♥t ♦✉t t✇♦ ♦t❤❡r ❢❛❝ts
❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ✉s✉❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ✇❤❡r❡ ✭✉♥❧✐❦❡ ❢♦r ❚❤❡♦r❡♠
✷✳✸✳✼✮ ❜♦t❤ t❤❡ st❛t❡♠❡♥t ❛♥❞ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ tr❛♥s❝r✐❜❡❞ ✇✐t❤♦✉t ❛♥②
♣r♦❜❧❡♠s ❢r♦♠ t❤❡ C✲✈❛❧✉❡❞ t♦ t❤❡ G✲✈❛❧✉❡❞ ❢r❛♠❡✇♦r❦✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹✳ ❖♥❡ ❤❛s t❤❛t κ̃n(a1, . . . , an) = 0 ✇❤❡♥❡✈❡r n ≥ 2✱
a1, . . . , an ∈ A✱ ❛♥❞ t❤❡r❡ ❡①✐sts 1 ≤ m ≤ n s✉❝❤ t❤❛t am ∈ C1A✳

Pr♦♦❢✳ ❚❤✐s ✐s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✺ ✐♥ ❬◆❙✵✻❪✳ ■t ✐s str❛✐❣❤t❢♦r✲
✇❛r❞ ✭❧❡❢t t♦ t❤❡ r❡❛❞❡r✮ t♦ s❡❡ t❤❛t t❤❡ ♣r♦♦❢ s❤♦✇♥ ♦♥ ♣✳ ✶✽✷ ♦❢ ❬◆❙✵✻❪
❣♦❡s ✇✐t❤♦✉t ❛♥② ❝❤❛♥❣❡s t♦ t❤❡ G✲✈❛❧✉❡❞ ❢r❛♠❡✇♦r❦✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳ ▲❡t x1, . . . , xs ❜❡ ✐♥ A ❛♥❞ ❝♦♥s✐❞❡r s♦♠❡ ♣r♦❞✉❝ts ♦❢
t❤❡ ❢♦r♠

a1 = x1 · · ·xs1 , a2 = xs1+1 · · ·xs2 , . . . , an = xsn−1+1 · · ·xsn ,

✇❤❡r❡ 1 ≤ s1 < s2 < · · · < sn = s✳ ❚❤❡♥

κ̃n(a1, . . . , an) =
∑

π∈NC(s) such

that π∨θ=1s

κ̃π(x1, . . . , xs), ✭✹✳✸✹✮

✇❤❡r❡ θ ∈ NC(s) ✐s t❤❡ ♣❛rt✐t✐♦♥ ✇✐t❤ ✐♥t❡r✈❛❧ ❜❧♦❝❦s {1, . . . , s1}✱ {s1 +
1, . . . , s2}, . . . , {sn−1 + 1, . . . , sn}✳

Pr♦♦❢✳ ❚❤✐s ✐s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✷✵ ✐♥ ❬◆❙✵✻❪✱ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢
t❤✐s t❤❡♦r❡♠ ✭❛s s❤♦✇♥ ♦♥ ♣♣✳ ✶✼✽✲✶✽✵ ♦❢ ❬◆❙✵✻❪✮ ❣♦❡s ✇✐t❤♦✉t ❛♥② ❝❤❛♥❣❡s
t♦ t❤❡ G✲✈❛❧✉❡❞ ❢r❛♠❡✇♦r❦✳



✼✽ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

◆♦t❛t✐♦♥ ✹✳✸✳✻✳ ❚❤r♦✉❣❤♦✉t t❤✐s ✇❤♦❧❡ s❡❝t✐♦♥ ✇❡ ✜① ❛♥ ✐♥❝♣s (A, ϕ, ϕ′)✳
❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ✏κn✑ ❢♦r t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s
❛ss♦❝✐❛t❡❞ t♦ ϕ✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✷✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡✱
s❛♠❡ ❛s ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✿

ϕ̃ = ϕ+ εϕ′ : A → G

❛♥❞ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κ̃n :
An → G)n≥1 ✇❤✐❝❤ ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ϕ̃ ❛s ✐♥ ❢♦r♠✉❧❛ ✭✹✳✸✶✮✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✼✳ ❋♦r ❡✈❡r② n ≥ 1✱ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ κ′n :
An → C ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

κ′n(a1, . . . , an) = ✭✹✳✸✺✮

∑

π∈NC(n)
V ∈π

[
▼ö❜(π, 1n) ϕ′

|V |( (a1, . . . , an) | V )
∏

W∈π
W 6=V

ϕ|W |( (a1, . . . , an) |W )
]
,

❢♦r a1, . . . , an ∈ A✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧s κ′n ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲
❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′)✳

❆ ♠♦♠❡♥t✬s t❤♦✉❣❤t s❤♦✇s t❤❛t ❊q✉❛t✐♦♥ ✭✹✳✸✺✮ ✐s ✐♥❞❡❡❞ ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ❢♦♠✉❧❛ ✭✷✳✺✮ ❞❡✜♥✐♥❣ κn✱ ✇❤❡r❡ ♦♥❡ ✉s❡s t❤❡ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ♣r♦❝❡❞✉r❡
❛♥♥♦✉♥❝❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✶✳✷ ♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳

❲❡ ♥❡①t st❛t❡ ♣r❡❝✐s❡❧② ✭✐♥ Pr♦♣♦s✐t✐♦♥s ✹✳✸✳✽✱ ✹✳✸✳✶✵ ❛♥❞ ❘❡♠❛r❦ ✹✳✸✳✾✮
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✼ ❛♥❞ t❤❡ ♦t❤❡r ❢❛❝❡ts ♦❢ κ′n t❤❛t ✇❡r❡
♠❡♥t✐♦♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✶✳✷✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✽✳ ❙✉♣♣♦s❡ t❤❛t ϕ,ϕ′ ❛r❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❧✐♠✐t ♦❢ ❛ ❢❛♠✐❧②
{ϕt | t ∈ T}✱ ✐♥ t❤❡ s❡♥s❡ ❞❡s❝r✐❜❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✽✮✳ ▲❡t ✉s ✉s❡ t❤❡ ♥♦t❛t✐♦♥

κ
(t)
n ❢♦r t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧ ♦❢ ϕt✱ ❢♦r t ∈ T ❛♥❞ n ≥ 1✳

❚❤❡♥ ❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ ❡✈❡r② a1, . . . , an ∈ A ♦♥❡ ❤❛s t❤❛t

κn(a1, . . . , an) = lim
t→0

κ(t)
n (a1, . . . , an),

❛♥❞

κ′n(a1, . . . , an) =
[ d

dt
κ(t)

n (a1, . . . , an)
]

t=0 .

Pr♦♦❢✳ ❋✐① n ≥ 1 ❛♥❞ a1, . . . , an ∈ A✳ ❋♦r ❡✈❡r② t ∈ T ✇❡ ❤❛✈❡ t❤❛t

κ(t)
n (a1, . . . , an) =

∑

π∈NC(n)

▼ö❜(A)(π, 1n) ·
∏

V ∈π

ϕt

(
(a1, . . . , an) | V

)
. ✭✹✳✸✻✮

❋r♦♠ ✭✹✳✸✻✮ ✐t ✐s ❝❧❡❛r t❤❛t limt→0 κ
(t)
n (a1, . . . , an) = κn(a1, . . . , an)✳ ▼♦r❡✲

♦✈❡r✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ♦❢ t ❛♣♣❡❛r✐♥❣ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
♦❢ ✭✹✳✸✻✮ ❤❛s ❛ ❞❡r✐✈❛t✐✈❡ ❛t 0❀ ❛♥❞ ✉♣♦♥ ✉s✐♥❣ ❧✐♥❡❛r✐t② ❛♥❞ t❤❡ ▲❡✐❜♥✐t③
❢♦r♠✉❧❛ t♦ ❝♦♠♣✉t❡ t❤✐s ❞❡r✐✈❛t✐✈❡✱ ♦♥❡ ♦❜t❛✐♥s ♣r❡❝✐s❡❧② t❤❡ ❢♦r♠✉❧❛ ✭✹✳✸✺✮
t❤❛t ❞❡✜♥❡❞ κ′n(a1, . . . , an)✳



✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✼✾

❘❡♠❛r❦ ✹✳✸✳✾✳ ❆s ♦❜s❡r✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱ t❤❡ s❡t

{(π, V ) | π ∈ NC(n), V ∈ π}

✇❤✐❝❤ ✐♥❞❡①❡s t❤❡ s✉♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✸✺✮ ✐s t❤❡ ✐♠❛❣❡
♦❢ NCZ(B)(n) ✈✐❛ t❤❡ ❜✐❥❡❝t✐♦♥

(
τ ∈ NCZ(B)(n) ✇✐t❤ ③❡r♦✲❜❧♦❝❦ Z

)
7→ (❆❜s(τ),❆❜s(Z) ).

❲❤❡♥ τ ❛♥❞ (π, V ) ❝♦rr❡s♣♦♥❞ t♦ ❡❛❝❤ ♦t❤❡r ✈✐❛ t❤✐s ❜✐❥❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t
▼ö❜(B)(τ, 1±n) ❂ ▼ö❜(A)(π, 1n) ✭❝❢✳ ✐♠♣❧✐❝❛t✐♦♥ ✭✷✳✶✷✮✮ ❀ ♠♦r❡♦✈❡r✱ t❤❡ r❡st
♦❢ t❤❡ ♣r♦❞✉❝t ✐♥❞❡①❡❞ ❜② (π, V ) ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✸✺✮

✐s ♣r❡❝✐s❡❧② ❡q✉❛❧ t♦ ϕ
(B)
τ (a1, . . . , an)✱ ✇❤❡r❡ ✇❡ ❛♥t✐❝✐♣❛t❡ ❤❡r❡ t❤❡ ♥♦t❛t✐♦♥

ϕ
(B)
τ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✹✳✼✼✮✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❢r♦♠ (V, π)

t♦ τ ❝♦♥✈❡rts ✭✹✳✸✺✮ ✐♥t♦ ❛ s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛ ✏♦❢ t②♣❡ ❇✑✱

κ′n =
∑

τ∈NCZ(B)(n)

▼ö❜(B)(τ, 1±n) · ϕ(B)
τ . ✭✹✳✸✼✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✭✹✳✸✼✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ♣❧❛✐♥ s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛
✇❤✐❝❤ ✇r✐t❡s ϕ′(a1 · · · an) ✐♥ t❡r♠s ♦❢ ❝✉♠✉❧❛♥ts ✭❝❢✳ ❘❡♠❛r❦ ✹✳✺✳✺ ❜❡❧♦✇✱
✇❤❡r❡ ♦♥❡ ❛❧s♦ s❡❡s t❤❛t t❤❡ ❛❜s❡♥❝❡ ♦❢ t❡r♠s ✐♥❞❡①❡❞ ❜② ♣❛rt✐t✐♦♥s ❢r♦♠
NC(B)(n) \NCZ(B)(n) ✐s ❝❛✉s❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ϕ′(1A) = 0✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✵✳ ❋♦r ❡✈❡r② n ≥ 1 ♦♥❡ ❤❛s t❤❛t ❇♦ κ̃n = κn ❛♥❞ ❙♦ κ̃n =
κ′n✳

Pr♦♦❢✳ ❋♦r t❤❡ ✜rst st❛t❡♠❡♥t ✇❡ ♦♥❧② ❤❛✈❡ t♦ t❛❦❡ t❤❡ ❜♦❞② ♣❛rt ♦♥ ❜♦t❤
s✐❞❡s ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✸✶✮ ❛♥❞ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❇♦ : G → C ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠
♦❢ ✉♥✐t❛❧ ❛❧❣❡❜r❛s✳ ❋♦r t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✇❡ t❛❦❡ s♦✉❧ ♣❛rts ✐♥ ✭✹✳✸✶✮ ❛♥❞
t❤❡♥ ✉s❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢♦r♠✉❧❛ ✭✹✳✷✾✮✳

❲❡ ♥♦✇ ❣♦ t♦ ❚❤❡♦r❡♠ ✹✳✶✳✷✳ ◆♦t❡ t❤❛t✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✵✱
t❤❡ ❡q✉❛❧✐t✐❡s ✏κn(a1, . . . , an) = κ′n(a1, . . . , an) = 0✑ ❢r♦♠ ❝♦♥❞✐t✐♦♥ (2) ♦❢
❚❤❡♦r❡♠ ✹✳✶✳✷ ♠❛② ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ✏κ̃n(a1, . . . , an) = 0✑✳ ❲❡ ✇✐❧❧ ♣r♦✈❡
❚❤❡♦r❡♠ ✹✳✶✳✷ ✐♥ t❤✐s ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✱ ✇❤✐❝❤ ✐s st❛t❡❞ ❜❡❧♦✇ ❛s Pr♦♣♦s✐t✐♦♥
✹✳✸✳✶✷✳

▲❡♠♠❛ ✹✳✸✳✶✶✳ ❙✉♣♣♦s❡ t❤❛t n ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ π ✐s ❛ ♣❛rt✐t✐♦♥ ✐♥
NC(n)✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ❤♦❧❞✿
✭✐✮ ❋♦r ❡✈❡r② 1 ≤ i ≤ n − 1✱ t❤❡ ♥✉♠❜❡rs i ❛♥❞ i + 1 ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡
s❛♠❡ ❜❧♦❝❦ ♦❢ π✳
✭✐✐✮ π ❤❛s ❛t ♠♦st ♦♥❡ ❜❧♦❝❦ ♦❢ ❝❛r❞✐♥❛❧✐t② ✶✳
❚❤❡♥ n ✐s ♦❞❞✱ ❛♥❞ π ✐s t❤❡ ♣❛rt✐t✐♦♥

{
{1, n}, {2, n− 1}, . . . , {(n− 1)/2, (n+ 3)/2}, {(n+ 1)/2}

}
.



✽✵ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❛❜♦✉t ✐♥t❡r✈❛❧✲❜❧♦❝❦s ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛r✲
t✐t✐♦♥s t❤❛t ✇❛s r❡❝♦r❞❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✶✳ ❈❧❡❛r❧②✱ ❝♦♥❞✐t✐♦♥ ✭✐✮ ✐♠♣❧✐❡s
t❤❛t π ❝❛♥♥♦t ❤❛✈❡ ✐♥t❡r✈❛❧✲❜❧♦❝❦s V ✇✐t❤ |V | ≥ 2❀ ❜② ❛❧s♦ t❛❦✐♥❣ ✭✐✐✮ ✐♥t♦ ❛❝✲
❝♦✉♥t ✇❡ t❤✉s s❡❡ t❤❛t π ❤❛s ❛ ✉♥✐q✉❡ ✐♥t❡r✈❛❧✲❜❧♦❝❦ Vo✱ ♦❢ t❤❡ ❢♦r♠ Vo = {p}
❢♦r s♦♠❡ 1 ≤ p ≤ n✳

▲❡t V ❜❡ ❛ ❜❧♦❝❦ ♦❢ π✱ ❞✐st✐♥❝t ❢r♦♠ Vo✳ ❲❡ ❝❧❛✐♠ t❤❛t

| V ∩ [1, p) | ≤ 1, | V ∩ (p, n] | ≤ 1. ✭✹✳✸✽✮

■♥❞❡❡❞✱ ❛ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t ✇❡ ❤❛❞ | V ∩ [1, p) | ≥ 2✳ ❚❤❡♥ ✇❡ ❝♦✉❧❞
✜♥❞ i, j ∈ V s✉❝❤ t❤❛t i < j < p ❛♥❞ (i, j)∩V = ∅✳ ◆♦t❡ t❤❛t j 6= i+ 1✱ ❞✉❡
t♦ ❝♦♥❞✐t✐♦♥ ✭✐✮❀ ❜✉t t❤❡♥✱ ❛s ♦❜s❡r✈❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✶✱ t❤❡ ♣❛rt✐t✐♦♥ π
♠✉st ❤❛✈❡ ❛♥ ✐♥t❡r✈❛❧✲❜❧♦❝❦ W ∩ (i, j)✱ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡
✉♥✐q✉❡ ✐♥t❡r✈❛❧✲❜❧♦❝❦ ♦❢ π ✐s Vo✳

❋♦r ❡✈❡r② ❜❧♦❝❦ V 6= Vo ♦❢ π ✐t t❤❡♥ ❢♦❧❧♦✇s t❤❛t

| V ∩ [1, p) | =| V ∩ (p, n] | = 1.

■♥❞❡❡❞✱ ✐❢ ✐♥ ✭✹✳✸✽✮ ♦♥❡ ♦❢ t❤❡ s❡ts V ∩ [1, p)✱ V ∩ (p, n] ✇♦✉❧❞ ❜❡ ❡♠♣t②✱ t❤❡♥
✐t ✇♦✉❧❞ ❢♦❧❧♦✇ t❤❛t |V | = 1 ❛♥❞ ❤②♣♦t❤❡s✐s ✭✐✐✮ ✇♦✉❧❞ ❜❡ ❝♦♥tr❛❞✐❝t❡❞✳

❚❤❡ ❧✐st ♦❢ ❜❧♦❝❦s ♦❢ π ✇❤✐❝❤ ❛r❡ ❞✐st✐♥❝t ❢r♦♠ Vo ❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ✐♥
t❤❡ ❢♦r♠

{
V1 = {i1, j1}, . . . , Vm = {im, jm}, ✇❤❡r❡
i1 < p < j1, . . . , im < p < jm, ❛♥❞ i1 < i2 < · · · < im.

✭✹✳✸✾✮

❖❜s❡r✈❡ t❤❛t ✐♥ ✭✹✳✸✾✮ ✇❡ ♠✉st ❤❛✈❡ j1 > j2 > · · · > jm✳ ■♥❞❡❡❞✱ ✐❢ ✐t
✇❛s tr✉❡ t❤❛t js < jt ❢♦r s♦♠❡ 1 ≤ s < t ≤ m✱ t❤❡♥ ✐t ✇♦✉❧❞ ❢♦❧❧♦✇ t❤❛t
is < it < p < js < jt✱ ❛♥❞ t❤❡ ❜❧♦❝❦s Vs, Vt ✇♦✉❧❞ ❝r♦ss✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡
♦❜t❛✐♥❡❞ i1 < · · · < im < p < jm < · · · < j1❀ t♦❣❡t❤❡r ✇✐t❤ ✭✹✳✸✾✮✱ t❤✐s
✐♠♣❧✐❡s t❤❛t n = 2m + 1 ❛♥❞ t❤❛t π ✐s ♣r❡❝✐s❡❧② t❤❡ ♣❛rt✐t✐♦♥ ✐♥❞✐❝❛t❡❞ ✐♥
t❤❡ ❧❡♠♠❛✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✷✳ ▲❡t A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A✳ ❚❤❡ ❢♦❧✲
❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿
✭✶✮ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳
✭✷✮ ❋♦r ❡✈❡r② n ≥ 2✱ ❢♦r ❡✈❡r② i1, . . . , in ∈ {1, . . . , k} ✇❤✐❝❤ ❛r❡ ♥♦t ❛❧❧
❡q✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ ❢♦r ❡✈❡r② a1 ∈ Ai1 , . . . , an ∈ Ain✱ ♦♥❡ ❤❛s t❤❛t
κ̃n(a1, . . . , an) = 0✳

Pr♦♦❢✳ ✏(1) ⇒ (2)✑✳ ❲❡ ♣r♦✈❡ t❤❡ r❡q✉✐r❡❞ st❛t❡♠❡♥t ❛❜♦✉t ❝✉♠✉❧❛♥ts ❜②
✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❋♦r t❤❡ ❜❛s❡ ❝❛s❡ n = 2✱ ❝♦♥s✐❞❡r ❡❧❡♠❡♥ts a1 ∈ Ai1 ❛♥❞
a2 ∈ Ai2 ✱ ✇❤❡r❡ i1 6= i2✳ ❇② ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛s ✇❤✐❝❤ ❞❡✜♥❡ κ2 ❛♥❞ κ′2 ❛♥❞
❜② ✐♥✈♦❦✐♥❣ ❊q✉❛t✐♦♥s ✭✹✳✶✻✮ ❛♥❞ ✭✹✳✶✼✮ ❢r♦♠ ❘❡♠❛r❦ ✹✳✷✳✷ ✇❡ ✜♥❞ t❤❛t

{
κ2(a1, a2) = ϕ(a1a2) − ϕ(a1)ϕ(a2) = 0 ❛♥❞
κ′2(a1, a2) = ϕ′(a1a2) − ϕ′(a1)ϕ(a2) − ϕ(a1)ϕ

′(a2) = 0,



✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✽✶

❤❡♥❝❡ κ̃2(a1, a2) = κ2(a1, a2) + εκ′2(a1, a2) = 0✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣✿ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞

❝✉♠✉❧❛♥ts ✐s ❛❧r❡❛❞② ♣r♦✈❡❞ ❢♦r 1, 2, ..., n − 1✱ ✇❤❡r❡ n ≥ 3✳ ❲❡ ❝♦♥s✐❞❡r
❡❧❡♠❡♥ts a1 ∈ Ai1 , . . . , an ∈ Ain ✇❤❡r❡ ♥♦t ❛❧❧ ✐♥❞✐❝❡s i1, . . . , in ❛r❡ ❡q✉❛❧
t♦ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t κ̃n(a1, . . . , an) = 0✳ ❇② ✐♥✈♦❦✐♥❣
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹ ✇❡ ♠❛② r❡♣❧❛❝❡ ❡✈❡r② am ✇✐t❤ am −ϕ(am)1A✱ 1 ≤ m ≤ n✱
❛♥❞ t❤❡r❡❢♦r❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ϕ(a1) = · · · = ϕ(an) =
0✳ ❖❜s❡r✈❡ t❤❛t t❤✐s ✐♠♣❧✐❡s ϕ̃(ap)ϕ̃(aq) = (εϕ′(ap)) · (εϕ′(aq)) = 0✱ ❤❡♥❝❡
t❤❛t

κ̃2(ap, aq) = ϕ̃(apaq) − ϕ̃(ap)ϕ̃(aq) = ϕ̃(apaq), ∀ 1 ≤ p < q ≤ n. ✭✹✳✹✵✮

❆♥♦t❤❡r ❛ss✉♠♣t✐♦♥ t❤❛t ❝❛♥ ❜❡ ♠❛❞❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✐s t❤❛t
im 6= im+1,∀ 1 ≤ m < n✳ ■♥❞❡❡❞✱ ✐❢ t❤❡r❡ ❡①✐sts 1 ≤ m < n s✉❝❤ t❤❛t
im = im+1✱ t❤❡♥ ✇❡ ✐♥✈♦❦❡ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ✇❤✐❝❤ st❛t❡s
t❤❛t

κ̃n−1(a1, . . . , amam+1, . . . , an) = κ̃n(a1, . . . , an) ✭✹✳✹✶✮

+
∑

π∈NC(n)✇✐t❤ |π|=2
π s❡♣❛r❛t❡sm ❛♥❞m+1

κ̃π(a1, . . . , an).

❚❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❣✐✈❡s ✉s t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛♥❞ ❡✈❡r② t❡r♠
✐♥ t❤❡ s✉♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✹✶✮ ❛r❡ ❡q✉❛❧ t♦ ✵✱ ❛♥❞ ✐t
❢♦❧❧♦✇s t❤❛t κ̃n(a1, . . . , an) ♠✉st ❜❡ 0 ❛s ✇❡❧❧✳

❍❡♥❝❡ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ✐♥❞✉❝t✐♦♥ st❡♣ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t
ϕ(a1) = · · · = ϕ(an) = 0 ❛♥❞ t❤❛t i1 6= i2, . . . , in−1 6= in✳ ❚❤✐s ♠❛❦❡s
a1, . . . , an ❜❡ ❡①❛❝t❧② ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✱ s♦ ✇❡ ❣❡t t❤❛t ϕ(a1 · · · an) = 0
❛♥❞ t❤❛t ϕ′(a1 · · · an) ✐s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✺✮✳ ■♥ t❡r♠s ♦❢ t❤❡
❢✉♥❝t✐♦♥❛❧ ϕ̃✱ ✇❡ ❤❛✈❡

ϕ̃(a1 · · · an) = εϕ′(a1 · · · an) = ✭✹✳✹✷✮

=





εϕ(a1 an)ϕ(a2 an−1) · · ·ϕ(a(n−1)/2 a(n+3)/2) · ϕ′(a(n+1)/2),

✐❢ n ✐s ♦❞❞ ❛♥❞ i1 = in, i2 = in−1, . . . , i(n−1)/2 = i(n+3)/2✱

0, ♦t❤❡r✇✐s❡✳

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥ ✭✹✳✸✸✮✱ ✇r✐tt❡♥ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠

κ̃n(a1, . . . , an) = ϕ̃(a1 · · · an) −
∑

π∈NC(n),

π 6=1n

κ̃π(a1, . . . , an). ✭✹✳✹✸✮

❖❜s❡r✈❡ t❤❛t ✐❢ ❛ ♣❛rt✐t✐♦♥ π ∈ NC(n) ❤❛s t✇♦ ❞✐st✐♥❝t ❜❧♦❝❦s {p}, {q} ♦❢
❝❛r❞✐♥❛❧✐t② ♦♥❡✱ t❤❡♥ t❤❡ t❡r♠ ✐♥❞❡①❡❞ ❜② π ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✹✸✮
✈❛♥✐s❤❡s✱ ❜❡❝❛✉s❡ ✐t ❝♦♥t❛✐♥s t❤❡ s✉❜♣r♦❞✉❝t κ̃1(ap)κ̃1(aq) = ϕ̃(ap)ϕ̃(aq) =
0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ π ∈ NC(n) ❤❛s ❛ ❜❧♦❝❦ V ✇❤✐❝❤ ❝♦♥t❛✐♥s t✇♦



✽✷ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❝♦♥s❡❝✉t✐✈❡ ♥✉♠❜❡rs i ❛♥❞ i + 1✱ t❤❡♥ t❤❡ t❡r♠ ✐♥❞❡①❡❞ ❜② π ♦♥ t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✹✸✮ ✈❛♥✐s❤❡s ❛s ✇❡❧❧✱ ❞✉❡ t♦ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳ ❍❡♥❝❡
t❤❡ s✉♠ s✉❜tr❛❝t❡❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✹✸✮ ❝❛♥ ♦♥❧② ❣❡t ♥♦♥✲③❡r♦
❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ♣❛rt✐t✐♦♥s π ∈ NC(n) ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❤②♣♦t❤❡s❡s ♦❢
▲❡♠♠❛ ✹✳✸✳✶✶❀ ❢r♦♠ t❤❡ ❧❡♠♠❛ ✐t t❤❡♥ ❢♦❧❧♦✇s t❤❛t t❤❡ s✉♠ ✐♥ q✉❡st✐♦♥ ✐s 0
❢♦r n ❡✈❡♥✱ ❛♥❞ ✐s ❡q✉❛❧ t♦

κ̃2(a1, an)κ̃2(a2, an−1) · · · κ̃2(a(n−1)/2, a(n+3)/2) · κ̃1(a(n+1)/2) ✭✹✳✹✹✮

❢♦r n ♦❞❞✳
▲❡t ✉s ❢♦❝✉s ❢♦r ❛ ♠♦♠❡♥t ♦♥ t❤❡ q✉❛♥t✐t② t❤❛t ❛♣♣❡❛r❡❞ ✐♥ ✭✹✳✹✹✮✳

❚❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r ✷ ✭✇❤✐❝❤ ✐s ♣❛rt ♦❢ ♦✉r ✐♥❞✉❝✲
t✐♦♥ ❤②♣♦t❤❡s✐s✮ ✐♠♣❧✐❡s t❤❛t t❤✐s q✉❛♥t✐t② ✈❛♥✐s❤❡s ✉♥❧❡ss i1 = in✱ i2 =
in−1, . . . , i(n−1)/2 = i(n+3)/2✳ ■♥ t❤❡ ❝❛s❡ t❤❛t t❤❡ ❧❛tt❡r ❡q✉❛❧✐t✐❡s ♦❢ ✐♥❞✐❝❡s
❤♦❧❞✱ ✇❡ ❝❛♥ ❝♦♥t✐♥✉❡ ✭✹✳✹✹✮ ✇✐t❤

= ϕ̃(a1an)ϕ̃(a2an−1) · · · ϕ̃(a(n−1)/2a(n+3)/2) · ϕ̃(a(n+1)/2) ✭❞✉❡ t♦ ✭✹✳✹✵✮✮

= εϕ(a1an)ϕ(a2an−1) · · ·ϕ(a(n−1)/2a(n+3)/2) · ϕ′(a(n+1)/2). ✭✹✳✹✺✮

✭❚❤❡ ❡q✉❛❧✐t② ✭✹✳✹✺✮ ❤♦❧❞s ❜❡❝❛✉s❡ ϕ̃(a(n+1)/2) = εϕ′(a(n+1)/2)✱ ❛♥❞ ❞✉❡ t♦
❤♦✇ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ G ✇♦r❦s✳✮

❙♦ ❛❧❧ ✐♥ ❛❧❧✱ ✇❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✐s t❤❛t

κ̃n(a1, . . . , an) = ✭✹✳✹✻✮




ϕ̃(a1 · · · an) − εϕ(a1an)ϕ(a2an−1) · · ·ϕ(an−1
2
an+3

2
) · ϕ′(an+1

2
),

✐❢ n ✐s ♦❞❞ ❛♥❞ i1 = in, i2 = in−1, . . . , in−1
2

= in+3
2
✱

ϕ̃(a1 · · · an), ♦t❤❡r✇✐s❡✳

❇② ❝♦♠♣❛r✐♥❣ ❊q✉❛t✐♦♥s ✭✹✳✹✻✮ ❛♥❞ ✭✹✳✹✷✮ ✇❡ s❡❡ t❤❛t✱ ✐♥ ❛❧❧ ❝❛s❡s✱ ✇❡ ❤❛✈❡
κ̃n(a1, . . . , an) = 0✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✱ ❛♥❞ t❤❡ ♣r♦♦❢
♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ (1) ⇒ (2) ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✏(2) ⇒ (1)✑✳ ❈♦♥s✐❞❡r ✐♥❞✐❝❡s i1, . . . , in ∈ {1, . . . , k} s✉❝❤ t❤❛t

i1 6= i2, . . . , in−1 6= in

❛♥❞ ❡❧❡♠❡♥ts a1 ∈ Ai1 , . . . , an ∈ Ain s✉❝❤ t❤❛t

ϕ(a1) = · · · = ϕ(an) = 0.

❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ϕ(a1 · · · an) = 0 ❛♥❞ t❤❛t ϕ′(a1 · · · an) ✐s ❛s ❞❡s❝r✐❜❡❞
✐♥ ❢♦r♠✉❧❛ ✭✹✳✺✮ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ G✲✈❛❧✉❡❞
♠♦♠❡♥t ϕ̃(a1 · · · an) ❂ ϕ(a1 · · · an) + εϕ′(a1 · · · an)✱ ❛♥❞ ✇r✐t❡ ✐t ✐♥ t❡r♠s ♦❢
G✲✈❛❧✉❡❞ ❝✉♠✉❧❛♥ts ❛s ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥ ✿

ϕ̃(a1 · · · an) =
∑

π∈NC(n)

∏

V ∈π

κ̃|V |( (a1, . . . , an) | V ). ✭✹✳✹✼✮



✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✽✸

❆♥ ❛r❣✉♠❡♥t ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥
(1) ⇒ (2) ❛❜♦✈❡ s❤♦✇s t❤❛t t❤❡ s✉♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✹✼✮ ❝❛♥
♦♥❧② ❣❡t ♥♦♥✲③❡r♦ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ♣❛rt✐t✐♦♥s π ∈ NC(n) ✇❤✐❝❤ s❛t✐s❢②
t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ▲❡♠♠❛ ✹✳✸✳✶✶✳ ■❢ n ✐s ❡✈❡♥ t❤❡♥ t❤❡r❡ ✐s ♥♦ s✉❝❤ ♣❛rt✐t✐♦♥✱
❛♥❞ ✇❡ ♦❜t❛✐♥ ϕ̃(a1 · · · an) = 0✳ ■❢ n ✐s ♦❞❞✱ t❤❡♥ t❤❡ s✉♠ ✐♥ ✭✹✳✹✼✮ r❡❞✉❝❡s
t♦ ♦♥❧② ♦♥❡ t❡r♠ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t

ϕ̃(a1 · · · an) = κ̃2(a1, an)κ̃2(a2, an−1) · · · κ̃2(a(n−1)/2, a(n+3)/2) · κ̃1(a(n+1)/2).
✭✹✳✹✽✮

▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ n ✐s ♦❞❞✱ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ♠✐①❡❞ ❝✉♠✉✲
❧❛♥ts ✈❛♥✐s❤ ❣✐✈❡s ✉s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✹✽✮ ✐s ❡q✉❛❧ t♦ 0 ✉♥❧❡ss
✇❡ ❤❛✈❡ i1 = in, . . . , i(n−1)/2 = i(n+3)/2✳ ❆♥❞ ✜♥❛❧❧②✱ ✐❢ t❤❡ ❧❛tt❡r ❡q✉❛❧✐✲
t✐❡s ♦❢ ✐♥❞✐❝❡s ❤♦❧❞✱ t❤❡♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✹✽✮ ❣❡ts ❝♦♥✈❡rt❡❞ ✐♥t♦
εϕ(a1an)ϕ(a2an−1) · · ·ϕ(a(n−1)/2a(n+3)/2) · ϕ′(a(n+1)/2)✱ ❜② t❤❡ s❛♠❡ ❛r❣✉✲
♠❡♥t t❤❛t ❧❡❞ t♦ ✭✹✳✹✺✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ (1) ⇒ (2)✳ ❚❤❡
❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t ϕ(a1 · · · an) = 0 ✭✐♥ ❛❧❧ ❝❛s❡s✮✱ ❛♥❞ t❤❛t ϕ′(a1 · · · an) ✐s ❛s
✐♥ ❊q✉❛t✐♦♥ ✭✹✳✺✮✱ ❛s r❡q✉✐r❡❞✳

❈♦r♦❧❧❛r② ✹✳✸✳✶✸✳ ▲❡t X1, . . . ,Xk ❜❡ s✉❜s❡ts ♦❢ A✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts
❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ X1, . . . ,Xk ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳
✭✷✮ ❋♦r ❡✈❡r② n ≥ 2✱ ❢♦r ❡✈❡r② i1, . . . , in ∈ {1, . . . , k} ✇❤✐❝❤ ❛r❡ ♥♦t ❛❧❧
❡q✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ ❢♦r ❡✈❡r② x1 ∈ Xi1 , . . . , xn ∈ Xin✱ ♦♥❡ ❤❛s t❤❛t
κ̃n(x1, . . . , xn) = 0✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❢❛✐t❤❢✉❧ ❝♦♣② ♦❢ t❤❡ ♣r♦♦❢ ❣✐✈✐♥❣ t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t ♦✈❡r
C ✭❝❢✳ ❚❤❡♦r❡♠ ✶✶✳✷✵ ✐♥ ❬◆❙✵✻❪✮✳ ❋♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ r❡♣❡❛t
❤❡r❡ t❤❡ ❤✐❣❤❧✐❣❤ts ♦❢ t❤❡ ❛r❣✉♠❡♥t✳ ▲❡t Ai ❞❡♥♦t❡ t❤❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛
♦❢ A ❣❡♥❡r❛t❡❞ ❜② Xi✱ 1 ≤ i ≤ k✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ X1, . . . ,Xk

✐s ❜② ❞❡✜♥✐t✐♦♥ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❡ ♦❢ A1, . . . ,Ak✱ ❤❡♥❝❡ t♦ t❤❡ ❢❛❝t t❤❛t
❝♦♥❞✐t✐♦♥ ✭✷✮ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✷ ❤♦❧❞s✳ ❲❡ ♠✉st t❤✉s ♣r♦✈❡ t❤❛t ✏✭✷✮ ✐♥
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✷✑ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✏✭✷✮ ✐♥ ❈♦r♦❧❧❛r② ✹✳✸✳✶✸✑✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥
✏⇒✑ ✐s tr✐✈✐❛❧✳ ❋♦r ✏⇐✑ ✐t s✉✣❝❡s ✭❜② ♠✉❧t✐❧✐♥❡❛r✐t② ♦❢ κ̃n ❛♥❞ Pr♦♣♦s✐t✐♦♥
✹✳✸✳✹✮ t♦ ♣r♦✈❡ t❤❛t κ̃n(a1, . . . , an) = 0 ✇❤❡♥

a1 = x1 · · ·xs1 , a2 = xs1+1 · · ·xs2 , . . . , an = xsn−1+1 · · ·xsn ✭✹✳✹✾✮

❢♦r n ≥ 2 ❛♥❞ s1 < s2 < · · · < sn✱ ✇✐t❤ x1, . . . , xs1 ∈ Xi1 , xs1+1, . . . , xs2 ∈
Xi2 , . . . , xsn−1+1, . . . , xsn ∈ Xin ✱ ❛♥❞ ✇❤❡r❡ t❤❡ ✐♥❞✐❝❡s i1, . . . , in ❛r❡ ♥♦t ❛❧❧
❡q✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✳ ❇✉t ❢♦r a1, . . . , an ❛s ✐♥ ✭✹✳✹✾✮✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ❣✐✈❡s
✉s t❤❡ ❝✉♠✉❧❛♥t κ̃n(a1, . . . , an) ❛s ❛ s✉♠ ♦❢ ❝✉♠✉❧❛♥ts κ̃π(x1, . . . , xsn)❀ ❛♥❞ ❛
❞✐r❡❝t ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♥❛❧②s✐s ✭❡①❛❝t❧② ❛s ♦♥ ♣✳ ✶✽✻ ♦❢ ❬◆❙✵✻❪✮ s❤♦✇s t❤❛t ❛❧❧
t❤❡ ❧❛tt❡r ❝✉♠✉❧❛♥ts ✈❛♥✐s❤ ❜❡❝❛✉s❡ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✷✮ ❢♦r♠ ❈♦r♦❧❧❛r② ✹✳✸✳✶✸✳



✽✹ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❘❡♠❛r❦ ✹✳✸✳✶✹✳ ❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ϕ̃ : A → G ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❝✉♠✉✲
❧❛♥ts κ̃n ♣❧❛② s✉❝❤ ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✱ ✐t ✐s ♥❛t✉r❛❧
t♦ ❛s❦✿ ❝❛♥✬t ♦♥❡ ❛❝t✉❛❧❧② ❝❤❛r❛❝t❡r✐③❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❜② t❤❡ s❛♠❡
❦✐♥❞ ♦❢ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ ❛s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✉s✉❛❧ ❢r❡❡♥❡ss✱ ✇✐t❤ t❤❡
♦♥❧② ♠♦❞✐✜❝❛t✐♦♥ t❤❛t ♦♥❡ ♥♦✇ ✉s❡s ϕ̃ ✐♥st❡❛❞ ♦❢ ϕ❄ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❛ ❢❛♠✐❧② ♦❢ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s A1, . . . ,Ak ⊆ A
♠❛② ♦r ♠❛② ♥♦t s❛t✐s❢②✿




❋♦r ❡✈❡r② n ≥ 1 ❛♥❞ 1 ≤ i1, . . . , in ≤ k s✉❝❤ t❤❛t i1 6= i2, . . . , in−1 6= in✱
❛♥❞ ❡✈❡r② a1 ∈ Ai1 , . . . , an ∈ Ain s✉❝❤ t❤❛t ϕ̃(a1) = · · · = ϕ̃(an) = 0✱
♦♥❡ ❤❛s t❤❛t ϕ̃(a1 · · · an) = 0✳

✭✹✳✺✵✮
■s♥✬t t❤❡♥ ❝♦♥❞✐t✐♦♥ ✭✹✳✺✵✮ ❡q✉✐✈❛❧❡♥t t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss❄

❖♥ t❤❡ ♣♦s✐t✐✈❡ s✐❞❡ ✐t ✐s ✐♠♠❡❞✐❛t❡✱ ❞✐r❡❝t❧② ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✱ t❤❛t
✭✹✳✺✵✮ ✐s ✐♥❞❡❡❞ ✐♠♣❧✐❡❞ ❜② ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡rs❡
st❛t❡♠❡♥t ✐s ♥♦t tr✉❡ ✿ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t ✭✹✳✺✵✮ ✐s s❛t✐s✜❡❞ ❛♥❞ ②❡t
A1, . . . ,Ak ❛r❡ ♥♦t ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡✳ ❲❤❛t ❝❛✉s❡s t❤✐s t♦ ❤❛♣♣❡♥ ✐s t❤❛t
♦♥❡ ❝❛♥♥♦t ❣❡♥❡r❛❧❧② ✏❝❡♥t❡r✑ ❛♥ ❡❧❡♠❡♥t a ∈ A ✇✐t❤ r❡s♣❡❝t t♦ ϕ̃ ✭t❤❡ s❝❛❧❛rs
❛✈❛✐❧❛❜❧❡ ❛r❡ ❢r♦♠ C✱ ❛♥❞ t❤❡r❡ ♠❛② ❜❡ ♥♦ λ ∈ C s✉❝❤ t❤❛t ϕ̃(a−λ1A) = 0✮✳
❚❤✐s ❧✐♠✐ts t❤❡ s❝♦♣❡ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✹✳✺✵✮✱ ❛♥❞ ♠❛❦❡s ✐t ✐♥s✉✣❝✐❡♥t ❢♦r r❡❝♦♠✲
♣✉t✐♥❣ ϕ̃ ♦♥ ❆❧❣(A1 ∪ · · · ∪ Ak) ❢r♦♠ t❤❡ r❡str✐❝t✐♦♥s ϕ̃ | Ai✱ 1 ≤ i ≤ k✳

❋♦r ❛ s✐♠♣❧❡ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡ s❤♦✇✐♥❣ ❤♦✇ ✭✹✳✺✵✮ ♠❛② ❢❛✐❧ t♦ ✐♠♣❧② ✐♥✲
✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✱ s✉♣♣♦s❡ ✇❡ ❛r❡ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ❢r♦♠ ❊①❛♠♣❧❡ ✹✳✷✳✼✱ ✇✐t❤
A = C[Z2 ∗ · · · ∗ Z2] ❛♥❞ ✇❤❡r❡ A1 = s♣❛♥{1A, u1}, . . .✱ Ak = s♣❛♥{1A, uk}
❛r❡ t❤❡ k ❝♦♣✐❡s ♦❢ C[Z2] ❝❛♥♦♥✐❝❛❧❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ A✳ ❙✉♣♣♦s❡ ♠♦r❡♦✈❡r
t❤❛t t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ϕ,ϕ′ : A → C ❛r❡ s✉❝❤ t❤❛t ϕ̃ = ϕ+ εϕ′ s❛t✐s✜❡s

ϕ̃(1A) = 1, ϕ̃(u1) = · · · = ϕ̃(uk) = ε. ✭✹✳✺✶✮

❚❤❡♥✱ ♥♦ ♠❛tt❡r ❤♦✇ ϕ̃ ❛❝ts ♦♥ ✇♦r❞s ♦❢ ❧❡♥❣t❤ ≥ 2 ♠❛❞❡ ✇✐t❤ u1, . . . , uk✱
✐t ✇✐❧❧ ❜❡ tr✉❡ t❤❛t A1, . . . ,Ak s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✹✳✺✵✮ ✇✐t❤ r❡s♣❡❝t t♦ ϕ̃❀
t❤✐s ✐s ❞✉❡ t♦ t❤❡ s✐♠♣❧❡ r❡❛s♦♥ t❤❛t t❤❡ r❡str✐❝t✐♦♥s ϕ̃ | Ai ✭1 ≤ i ≤ k✮ ❛r❡
♦♥❡✲t♦✲♦♥❡✳ ❇✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❘❡♠❛r❦ ✹✳✷✳✷ t❡❧❧s ✉s t❤❛t ✐❢ A1, . . . ,Ak

❛r❡ t♦ ❜❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✱ t❤❡♥ ϕ̃ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜②
✭✹✳✺✶✮❀ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦r♠✉❧❛s ❣✐✈❡♥ ❢♦r ✐❧❧✉str❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥s ✭✹✳✶✻✮✱
✭✹✳✶✼✮ ✐♠♣❧② t❤❛t ✇❡ ♠✉st ❤❛✈❡ ϕ̃(u1u2) = ϕ̃(u1)ϕ̃(u2) = ε2 = 0✳ ❍❡♥❝❡ ❛♥②
❝❤♦✐❝❡ ♦❢ ϕ̃ ❛s ✐♥ ✭✹✳✺✶✮ ❛♥❞ ✇✐t❤ ϕ̃(u1u2) 6= 0 ♣r♦✈✐❞❡s ❛♥ ❡①❛♠♣❧❡ ❢♦r ❤♦✇
❝♦♥❞✐t✐♦♥ ✭✹✳✺✵✮ ❞♦❡s ♥♦t ✐♠♣❧② ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❢❛❝t ❛❜♦✉t tr❛❝✐❛❧✐t② t❤❛t
✇❛s ❛♥♥♦✉♥❝❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✷✳✸✳

▲❡♠♠❛ ✹✳✸✳✶✺✳ ▲❡t B ❜❡ ❛ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛ ♦❢ A✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t ϕ̃ | B
✐s ❛ tr❛❝❡✳ ❚❤❡♥

κ̃n(b1, b2, . . . , bn) = κ̃n(b2, bn, . . . , b1), ∀n ≥ 2, b1, . . . , bn ∈ B. ✭✹✳✺✷✮



✹✳✸ ■♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✽✺

Pr♦♦❢✳ ▲❡t Γ ❜❡ t❤❡ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ ♦❢ {1, . . . , n} ❞❡✜♥❡❞ ❜② Γ(1) =
2, . . . ,Γ(n − 1) = n,Γ(n) = 1✳ ■t ✐s ❡❛s② t♦ s❡❡ ✭❝❢✳ ❊①❡r❝✐s❡ ✾✳✹✶ ♦♥ ♣✳
✶✺✸ ♦❢ ❬◆❙✵✻❪✮ t❤❛t Γ ✐♥❞✉❝❡s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ❧❛tt✐❝❡ NC(n) ✇❤✐❝❤
♠❛♣s π = {V1, . . . , Vp} ∈ NC(n) t♦ Γ · π := {Γ(V1), . . . ,Γ(Vp)}✳

◆♦✇ ❧❡t s♦♠❡ b1, . . . , bn ∈ B ❜❡ ❣✐✈❡♥✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✺✷✮ ✐s
κ̃n(bΓ(1), . . . , bΓ(n))✱ ✇❤✐❝❤ ✐s ❜② ❞❡✜♥✐t✐♦♥ ❡q✉❛❧ t♦

∑

π∈NC(n)

▼ö❜(A)(π, 1n) · ϕ̃π(bΓ(1), . . . , bΓ(n)). ✭✹✳✺✸✮

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ tr❛❝✐❛❧✐t② ♦❢ ϕ̃ ♦♥ B ✐t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t
ϕ̃π(bΓ(1), . . . , bΓ(n)) ❂ ϕ̃Γ·π(b1, . . . , bn)✱ ∀π ∈ NC(n)✳ ❙✐♥❝❡ ▼ö❜(A)(Γ ·π, 1n)

❂ ▼ö❜(A)(Γ ·π,Γ ·1n) = ▼ö❜(A)(π, 1n), ∀π ∈ NC(n)✱ ✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t
t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ Γ · π =: ρ ✇✐❧❧ ❝♦♥✈❡rt t❤❡ s✉♠ ❢r♦♠ ✭✹✳✺✸✮ ✐♥t♦ t❤❡
♦♥❡ ✇❤✐❝❤ ❞❡✜♥❡s κ̃n(b1, . . . , bn)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✻✳ ▲❡t A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A t❤❛t ❛r❡
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳ ■❢ ϕ | Ai ❛♥❞ ϕ′ | Ai ❛r❡ tr❛❝❡s ❢♦r ❡✈❡r②
1 ≤ i ≤ k✱ t❤❡♥ ϕ ❛♥❞ ϕ′ ❛r❡ tr❛❝❡s ♦♥ ❆❧❣(A1 ∪ · · · ∪ Ak)✳

Pr♦♦❢✳ ❚❤❡ ❣✐✈❡♥ ❤②♣♦t❤❡s✐s ❛♥❞ t❤❡ r❡q✉✐r❡❞ ❝♦♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ r❡♣❤r❛s❡❞
❜② s❛②✐♥❣ t❤❛t ϕ̃ ✐s ❛ tr❛❝❡ ♦♥ ❡✈❡r② Ai✱ ❛♥❞ r❡s♣❡❝t✐✈❡❧② t❤❛t ϕ̃ ✐s ❛ tr❛❝❡ ♦♥
❆❧❣(A1 ∪ · · · ∪ Ak)✳ ❈❧❡❛r❧②✱ t❤❡ r❡♣❤r❛s❡❞ ❝♦♥❝❧✉s✐♦♥ ✇✐❧❧ ❢♦❧❧♦✇ ✐❢ ✇❡ ♣r♦✈❡
t❤❛t

ϕ̃(x1 · · ·xn−1xn) = ϕ̃(xnx1 · · ·xn−1) ✭✹✳✺✹✮

✇❤❡r❡ x1 ∈ Ai1 , . . . , xn ∈ Ain ✇✐t❤ n ≥ 2 ❛♥❞ 1 ≤ i1, . . . , in ≤ k✳ ▲❡t ✉s
✜① s✉❝❤ n✱ i1, . . . , in ❛♥❞ x1, . . . , xn✳ ■t ✐s ♠♦r❡♦✈❡r ❝♦♥✈❡♥✐❡♥t t♦ ❞❡♥♦t❡
y1 := xn, y2 := x1, . . . , yn := xn−1✱ s♦ t❤❛t ✭✹✳✺✹✮ t❛❦❡s t❤❡ ❢♦r♠ ϕ̃(x1 · · ·xn)
❂ ϕ̃(y1 · · · yn)✳

▲❡t πo ❜❡ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ {1, . . . , n} ❞❡✜♥❡❞ ❜② t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t ❢♦r
1 ≤ p < q ≤ n ✇❡ ❤❛✈❡

(
p, q ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ πo

)
⇔ ip = iq✳ ❚❤❡

❤②♣♦t❤❡s✐s t❤❛t A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✷
✐♠♣❧② t❤❛t

ϕ̃(x1 · · ·xn) =
∑

π∈NC(n) such

that π≤πo

κ̃π(x1, . . . , xn). ✭✹✳✺✺✮

✭◆♦t❡ t❤❛t πo ♠❛② ♥♦t ❜❡❧♦♥❣ t♦ NC(n)✱ ❜✉t t❤❡ ✐♥❡q✉❛❧✐t② π ≤ πo st✐❧❧
♠❛❦❡s s❡♥s❡✱ ✐♥ r❡✈❡rs❡ r❡✜♥❡♠❡♥t ♦r❞❡r✳✮ ◆♦✇✱ ❜② ✉s✐♥❣ ▲❡♠♠❛ ✹✳✸✳✶✺ ✐t ✐s
❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t ❢♦r ❡✈❡r② π ∈ NC(n) s✉❝❤ t❤❛t π ≤ πo ♦♥❡ ❤❛s

κ̃π(x1, . . . , xn) = κ̃Γ·π(y1, . . . , yn), ✭✹✳✺✻✮

✇❤❡r❡ ✏Γ ·π✑ ❤❛s t❤❡ s❛♠❡ s✐❣♥✐✜❝❛♥❝❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✶✺✳ ■❢ ✇❡
❝♦♠❜✐♥❡ ✭✹✳✺✺✮ ✇✐t❤ ✭✹✳✺✻✮ ❛♥❞ t❤❡♥ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ Γ · π =: ρ✱



✽✻ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✇❡ ❛rr✐✈❡ t♦

ϕ̃(x1 · · ·xn) =
∑

ρ∈NC(n) such

that ρ≤Γ·πo

κ̃ρ(y1, . . . , yn). ✭✹✳✺✼✮

❋✐♥❛❧❧②✱ ✇❡ ✐♥✈♦❦❡ ♦♥❝❡ ♠♦r❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ A1, . . . ,Ak ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✷✱ t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✺✼✮ ✐s ♣r❡❝✐s❡❧②
t❤❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❡①♣❛♥s✐♦♥ ❢♦r ϕ̃(y1 · · · yn)✳

✹✳✹ ❆❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡s

■♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✷ ✇❡ s❛✇ t❤❛t ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞
❛s ❛ ✈❛♥✐s❤✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ♠✐①❡❞ G✲✈❛❧✉❡❞ ❝✉♠✉❧❛♥ts✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s
❢❛❝t ❛♥❞ ❜❡❝❛✉s❡ G ✐s ❝♦♠♠✉t❛t✐✈❡✱ ✭✇❤✐❝❤ ♠❛❦❡s ♣r❛❝t✐❝❛❧❧② ❛❧❧ ❝❛❧❝✉❧❛✲
t✐♦♥s ✇✐t❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ❣♦ ✇✐t❤♦✉t ❛♥② ❝❤❛♥❣❡ ❢r♦♠ C✲✈❛❧✉❡❞ t♦
G✲✈❛❧✉❡❞ ❢r❛♠❡✇♦r❦✮ ✇❡ ❣❡t ❛ ✏❣❡♥❡r✐❝ ♠❡t❤♦❞✑ ❢♦r ♣r♦✈✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧
✈❡rs✐♦♥s ♦❢ ✈❛r✐♦✉s r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♠♦♥♦❣r❛♣❤ ❬◆❙✵✻❪ ✕ r❡♣❧❛❝❡ C

❜② G ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ r❡s✉❧t✱ t❤❡♥ t❛❦❡ t❤❡ s♦✉❧ ♣❛rt ♦❢ ✇❤❛t
❝♦♠❡s ♦✉t✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ r❡s✉❧ts s♦ ♦❜t❛✐♥❡❞ ❞♦ ♥♦t ❤❛✈❡ G ✐♥
t❤❡✐r st❛t❡♠❡♥t✱ ❤❡♥❝❡ ❝♦✉❧❞ ❛❧s♦ ❜❡ ❛tt❛❝❦❡❞ ❜② ✉s✐♥❣ ♦t❤❡r ❛♣♣r♦❛❝❤❡s t♦
✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✭✐♥ ✇❤✐❝❤ ❝❛s❡✱ ❤♦✇❡✈❡r✱ ♣r♦✈✐♥❣ t❤❡♠ ♠❛② ❜❡ ♠♦r❡
t❤❛♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ r♦✉t✐♥❡✮✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ❣❡♥❡r✐❝ ♠❡t❤♦❞ s✉❣❣❡st❡❞ ❛❜♦✈❡ ✇♦r❦s
✇❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ t♦♣✐❝ ♦❢ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥s ❢♦r t✇♦
✐♠♣♦rt❛♥t ❢❛❝ts r❡❧❛t❡❞ t♦ t❤✐s t♦♣✐❝✱ t❤❛t ✇❡r❡ ♦r✐❣✐♥❛❧❧② ❢♦✉♥❞ ✐♥ ❬◆❙✾✻❪ ✕
♦♥❡ ♦❢ t❤❡♠ ✐s ❛❜♦✉t ❝♦♠♣r❡ss✐♦♥s ❜② ❢r❡❡ ♣r♦❥❡❝t✐♦♥s✱ t❤❡ ♦t❤❡r ❝♦♥❝❡r♥s
❛ ♠❡t❤♦❞ ♦❢ ❝♦♥str✉❝t✐♥❣ ❢r❡❡ ❢❛♠✐❧✐❡s ♦❢ ❢r❡❡ P♦✐ss♦♥ ❡❧❡♠❡♥ts✳ ❙✐♥❝❡ t❤❡
♣r♦♦❢s ♦❢ t❤❡ G✲✈❛❧✉❡❞ ❢♦r♠✉❧❛s t❤❛t ✇❡ ♥❡❡❞ ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ♦❢ t❤❡✐r
C✲✈❛❧✉❡❞ ❝♦✉♥t❡r♣❛rts✱ ✇❡ ✇✐❧❧ ♥♦t ❣✐✈❡ t❤❡♠ ❤❡r❡✱ ❜✉t ✇❡ ✇✐❧❧ ♠❡r❡❧② ✐♥❞✐✲
❝❛t❡ ✇❤❡r❡ ✐♥ ❬◆❙✵✻❪ ❝❛♥ t❤❡ C✲✈❛❧✉❡❞ ♣r♦♦❢s ❜❡ ❡①❛❝t❧② ❢♦✉♥❞✳ ❚❤❡ st❛rt✐♥❣
♣♦✐♥t ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✱ ♦❜t❛✐♥❡❞ ❜② ❞♦✐♥❣ t❤❡ C✲t♦✲G
❝❤❛♥❣❡ ✐♥ ❚❤❡♦r❡♠ ✶✹✳✹ ♦❢ ❬◆❙✵✻❪✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s ❛♥❞ ❧❡t A1,A2 ❜❡ ✉♥✐t❛❧ s✉❜✲
❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥❛❧ ϕ̃ =
ϕ+εϕ′ : A → G ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κ̃n : An → G)n≥1✳
❘❡❝❛❧❧ t❤❛t ❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ π ∈ NC(n) ✇❡ ❛❧s♦ ❤❛✈❡ ❢✉♥❝t✐♦♥❛❧s
ϕ̃π, κ̃π : An → G✱ ❛s ❞❡✜♥❡❞ ✐♥ ◆♦t❛t✐♦♥ ✹✳✸✳✷✳



✹✳✹ ❆❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✽✼

1o ❋♦r ❡✈❡r② a1, . . . , an ∈ A1 ❛♥❞ b1, . . . , bn ∈ A2 ♦♥❡ ❤❛s t❤❛t

ϕ̃(a1b1 · · · anbn) =
∑

π∈NC(n)

κ̃π(a1, . . . , an) · ϕ̃Kr(π)(b1, . . . , bn). ✭✹✳✺✽✮

2o ❋♦r ❡✈❡r② a1, . . . , an ∈ A1 ❛♥❞ b1, . . . , bn ∈ A2 ♦♥❡ ❤❛s t❤❛t

κ̃n(a1b1, . . . , anbn) =
∑

π∈NC(n)

κ̃π(a1, . . . , an) · κ̃Kr(π)(b1, . . . , bn). ✭✹✳✺✾✮

�

❲❡ ♥♦✇ st❛rt ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❢r❡❡ ❝♦♠♣r❡ss✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✷✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✱ ❛♥❞ ❧❡t p ∈ A ❜❡ ❛♥ ✐❞❡♠♣♦t❡♥t
❡❧❡♠❡♥t s✉❝❤ t❤❛t ϕ(p) 6= 0✳ ❲❡ ❞❡♥♦t❡ ϕ(p) =: α ❛♥❞ ϕ′(p) = α′✳ ❚❤❡
❝♦♠♣r❡ss✐♦♥ ♦❢ (A, ϕ, ϕ′) ❜② p ✐s t❤❡♥ ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✐♥❝♣s (B, ψ, ψ′) ✇❤❡r❡

B := pAp = {b ∈ A | pb = b = bp} ✭✹✳✻✵✮

❛♥❞ ✇❤❡r❡ ψ,ψ′ : B → C ❛r❡ ❞❡✜♥❡❞ ❜②

ψ(b) =
1

α
ϕ(b), ψ′(b) =

1

α
ϕ′(b) − α′

α2
ϕ(b), b ∈ B. ✭✹✳✻✶✮

❘❡♠❛r❦ ✹✳✹✳✸✳ 1o ■♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❞❡✜♥✐t✐♦♥✱ ♥♦t❡ t❤❛t t❤❡ ❝♦♥s♦❧✐❞❛t❡❞
❢✉♥❝t✐♦♥❛❧ ψ̃ = ψ + εψ′ : B → G ✐s ❣✐✈❡♥ ❜② t❤❡ s✐♠♣❧❡ ❢♦r♠✉❧❛

ψ̃(b) =
1

α̃
ϕ̃(b), b ∈ B, ✭✹✳✻✷✮

✇❤❡r❡ α̃ := α+ εα′ ∈ G✳
2o ■❢ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❞❡✜♥✐t✐♦♥ (A, ϕ, ϕ′) ✐s ❛ ∗✲✐♥❝♣s ❛♥❞ p ✐s ❛ ♣r♦❥❡❝t✐♦♥✱

t❤❡♥ ❜② ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥s p = p∗ = p2 ✇❡ ✐♠♠❡❞✐❛t❡❧② ✐♥❢❡r t❤❛t 0 < α ≤ 1
❛♥❞ α′ ∈ R✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ (B, ψ, ψ′) ❞❡✜♥❡❞ t❤❡r❡ ✐s ❛ ∗✲✐♥❝♣s ❛s ✇❡❧❧✳
❚❤❡♦r❡♠ ✹✳✹✳✹✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✳ ▲❡t p ∈ A ❜❡ ❛♥ ✐❞❡♠♣♦t❡♥t
❡❧❡♠❡♥t s✉❝❤ t❤❛t ϕ(p) 6= 0✳ ❉❡♥♦t❡ ϕ(p) =: α✱ ϕ′(p) =: α′✱ ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ ❝♦♠♣r❡ss❡❞ ✐♥❝♣s (B, ψ, ψ′) ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✹✳✷✳ ❋♦r ❡✈❡r② n ≥ 1 ❧❡t
κn, κ

′
n : An → C ❛♥❞ κn, κ

′
n : Bn → C ❜❡ t❤❡ nt❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❛♥❞

✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧ ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′) ❛♥❞ t♦ (B, ψ, ψ′)✱
r❡s♣❡❝t✐✈❡❧②✳ ▲❡t X ❜❡ ❛ s✉❜s❡t ♦❢ A ✇❤✐❝❤ ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ❢r♦♠ {p}✳
❚❤❡♥ ✇❡ ❤❛✈❡

κn(px1p, . . . , pxnp) =
1

α
κn(αx1, . . . , αxn), ∀n ≥ 1, x1, . . . , xn ∈ X ✭✹✳✻✸✮

❛♥❞
{
κ′1(px1p) = κ′1(x1),∀x1 ∈ X ,
κ′n(px1p, . . . , pxnp) = (n−1)α′

α2 κ′n(αx1, . . . , αxn), n ≥ 2, x1, . . . , xn ∈ X .
✭✹✳✻✹✮



✽✽ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

Pr♦♦❢✳ ■t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t ❊q✉❛t✐♦♥s ✭✹✳✻✸✮ ❛♥❞ ✭✹✳✻✹✮ ❛r❡ t❤❡ ❜♦❞② ♣❛rt
❛♥❞ r❡s♣❡❝t✐✈❡❧② t❤❡ s♦✉❧ ♣❛rt ❢♦r t❤❡ ❢♦r♠✉❧❛

κ̃n(px1p, . . . , pxnp) = α̃n−1 · κ̃n(x1, . . . , xn) ∈ G, ∀n ≥ 1, x1, . . . , xn ∈ X ,
✭✹✳✻✺✮

✇❤❡r❡ t❤❡ ✏t✐❧❞❡✑ ♥♦t❛t✐♦♥s ❤❛✈❡ t❤❡✐r ✉s✉❛❧ ♠❡❛♥✐♥❣ ✭κ̃n = κn + ε · κ′n✱
α̃ = α + ε · α′✮✳ ❇✉t t❤❡ ❧❛tt❡r ❢♦r♠✉❧❛ ✐s ❥✉st t❤❡ G✲✈❛❧✉❡❞ ❝♦✉♥t❡r♣❛rt ❢♦r
❚❤❡♦r❡♠ ✶✹✳✶✵ ✐♥ ❬◆❙✵✻❪❀ ✐ts ♣r♦♦❢ ✐s ♦❜t❛✐♥❡❞ ❜② ❢❛✐t❤❢✉❧❧② ❞♦✐♥❣ t❤❡ C✲t♦✲G
tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❛t t❤❡♦r❡♠ ✐♥ ❬◆❙✵✻❪✱ ✇✐t❤ t❤❡ ♠✐♥♦r ❝❤❛♥❣❡
t❤❛t t❤❡ ♣♦✇❡rs ♦❢ α̃ ♠✉st ❜❡ ❦❡♣t ♦✉ts✐❞❡ t❤❡ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✭♦♥❡
❝❛♥♥♦t ✇r✐t❡ ✏κ̃n(α̃x1, . . . , α̃xn)✑✱ s✐♥❝❡ A ✐s ♦♥❧② ❛ C✲❛❧❣❡❜r❛✮✳ ◆♦t❡ t❤❛t
t❤❡ ❛r❣✉♠❡♥t ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇❛② ✐s ✐♥❞❡❡❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥
✹✳✹✳✶✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❚❤❡♦r❡♠ ✶✹✳✶✵ ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✹✳✹
✐♥ ❬◆❙✵✻❪✳

❈♦r♦❧❧❛r② ✹✳✹✳✺✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✳ ▲❡t p ∈ A ❜❡ ❛♥ ✐❞❡♠♣♦t❡♥t ❡❧✲
❡♠❡♥t ✇✐t❤ ϕ(p) 6= 0✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣r❡ss❡❞ ✐♥❝♣s (B, ψ, ψ′) ❞❡✜♥❡❞ ❛s
❛❜♦✈❡✳ ▲❡t X1, . . . ,Xk ❜❡ s✉❜s❡ts ♦❢ A s✉❝❤ t❤❛t {p},X1, . . . ,Xk ❛r❡ ✐♥✜♥✐t❡s✲
✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳ P✉t Yi = pXip ⊆ B✱ 1 ≤ i ≤ k✳ ❚❤❡♥ Y1, . . . ,Yk

❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (B, ψ, ψ′)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✹✳✸✳✶✸✱ ✇❤❡r❡ t❤❡
♥❡❡❞❡❞ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ❝✉♠✉❧❛♥ts ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦✉♥❞
✐♥ ❚❤❡♦r❡♠ ✹✳✹✳✹✳

❲❡ ♥♦✇ ❣♦ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢❛♠✐❧✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ P♦✐ss♦♥
❡❧❡♠❡♥ts✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✭❛✳❦✳❛ ✏t②♣❡ ❇✑✮ ✈❡rs✐♦♥s ♦❢ s❡♠✐❝✐r✲
❝✉❧❛r ❛♥❞ ♦❢ ❢r❡❡ P♦✐ss♦♥ ❡❧❡♠❡♥ts t❤❛t ❛♣♣❡❛r❡❞ ✐♥ ❬P♦♣✵✼❪ ✐♥ ❝♦♥♥❡❝t✐♦♥
t♦ ❧✐♠✐t t❤❡♦r❡♠s ♦❢ t②♣❡ ❇✱ ❛♥❞ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥s ✹ ❛♥❞ ✺
♦❢ ❬❇❙✵✾❪✳ ❋♦r t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r ✐t ✐s ♠♦st ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡s❡
❡❧❡♠❡♥ts ✐♥ t❡r♠s ♦❢ t❤❡✐r ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts✱ ❛s st❛t❡❞ ✐♥ ❉❡✜♥✐t✐♦♥s
✹✳✹✳✻ ❛♥❞ ✹✳✹✳✽ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✻✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛ ∗✲✐♥❝♣s✳ ❆ s❡❧❢❛❞❥♦✐♥t ❡❧❡♠❡♥t x ∈ A
✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r ✇❤❡♥ ✐t s❛t✐s✜❡s

κn(x, . . . , x) = κ′n(x, . . . , x) = 0, ∀n ≥ 3. ✭✹✳✻✻✮

■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❛t ✇❡ ❛❧s♦ ❤❛✈❡

κ1(x) = 0, κ2(x, x) = 1, ✭✹✳✻✼✮

t❤❡♥ ✇❡ ✇✐❧❧ s❛② t❤❛t x ✐s ❛ st❛♥❞❛r❞ ✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r ❡❧❡♠❡♥t✳

❘❡♠❛r❦ ✹✳✹✳✼✳ 1o ❇② ✉s✐♥❣ t❤❡ ♠✉❧t✐❧✐♥❡❛r✐t② ♦❢ κn, κ
′
n ❛♥❞ Pr♦♣♦s✐t✐♦♥

✹✳✸✳✹✱ ✐t ✐s ✐♠♠❡❞✐❛t❡❧② s❡❡♥ t❤❛t ✐❢ x ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r t❤❡♥ s♦
✐s α(x− β1A) ❢♦r ❛♥② α > 0 ❛♥❞ β ∈ R✳ ▼♦r❡♦✈❡r✱ ❧❡❛✈✐♥❣ ❛s✐❞❡ t❤❡ tr✐✈✐❛❧



✹✳✹ ❆❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✽✾

❝❛s❡ ✇❤❡♥ κ2(x, x) = 0✱ ♦♥❡ ❝❛♥ ❛❧✇❛②s ♣✐❝❦ α ❛♥❞ β s♦ t❤❛t α(x− β1A) ✐s
st❛♥❞❛r❞✳

2o ▲❡t x ❜❡ st❛♥❞❛r❞ ✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r ✐♥ (A, ϕ, ϕ′)✳ ❚❤❡♥ ❛❧❧
♠♦♠❡♥ts ϕ(xn) ❛♥❞ ϕ′(xn) ❢♦r n ≥ 1 ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❛❧
♣❛r❛♠❡t❡rs ✹ α′

1, α
′
2 ❞❡✜♥❡❞ ❜②

α′
1 := κ′1(x) = ϕ′(x), ❛♥❞ α′

2 := κ′2(x, x) = ϕ′(x2). ✭✹✳✻✽✮

■t ✐s ✐♥ ❢❛❝t ✈❡r② ❡❛s② t♦ ❝❛❧❝✉❧❛t❡ ✇❤❛t t❤❡s❡ ♠♦♠❡♥ts ❛r❡✳ ■♥❞❡❡❞✱ ♦♥❡
❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ G✲✈❛❧✉❡❞ ♠♦♠❡♥ts ϕ̃(xn) = ϕ(xn) + εϕ′(xn) ❜② ✉s✐♥❣ t❤❡
♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✭✹✳✸✸✮✱ ✇❤❡r❡ ♦♥❡ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❛t

κ̃1(x) = εα′
1, κ̃2(x, x) = 1 + εα′

2, ❛♥❞ κ̃n(x, . . . , x) = 0 ❢♦r ❛❧❧ n ≥ 3✳

❚❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ϕ̃(xn) ✐♥ t❡r♠s ♦❢ {κ̃π(x, . . . , x) | π ∈ NC(n)} ❝❛♥ ❣❡t
♥♦♥✲③❡r♦ ❝♦♥tr✐❜✉t✐♦♥s ♦♥❧② ❢r♦♠ s✉❝❤ ♣❛rt✐t✐♦♥s π ✇❤❡r❡ ❡✈❡r② ❜❧♦❝❦ V ♦❢ π
❤❛s |V | ≤ 2 ❛♥❞ ✇❤❡r❡ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❜❧♦❝❦ ♦❢ π ♦❢ ❝❛r❞✐♥❛❧✐t② ✶ ✭t❤❡
❧❛tt❡r ❝♦♥❞✐t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t (κ̃1(x))

2 = 0✮✳ ❲❡ ❞✐st✐♥❣✉✐s❤
t✇♦ ❝❛s❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r✐t② ♦❢ n✳

❈❛s❡ ✶✳ n ✐s ❡✈❡♥✱ n = 2m✳ ❲❡ ❣❡t ❛ s✉♠ ❡①t❡♥❞✐♥❣ ♦✈❡r ♥♦♥✲❝r♦ss✐♥❣
♣❛✐r✐♥❣s ✐♥ NC(n)✱ ✇❤✐❝❤ ❣✐✈❡s ✉s

ϕ̃(x2m) = Cm · (1 + εα′
2)

m = Cm · (1 + εmα′
2),

♦r ✐♥ ♦t❤❡r ✇♦r❞s

ϕ(x2m) = Cm, ϕ′(x2m) = α′
2 · (mCm), ✭✹✳✻✾✮

✇❤❡r❡ Cm st❛♥❞s ❢♦r t❤❡ mt❤ ❈❛t❛❧❛♥ ♥✉♠❜❡r✳

❈❛s❡ ✷✳ n ✐s ♦❞❞✱ n = 2m + 1✳ ❍❡r❡ ✇❡ ❣❡t ❛ s✉♠ ❡①t❡♥❞✐♥❣ ♦✈❡r t❤❡
♣❛rt✐t✐♦♥s π ∈ NC(n) ✇❤✐❝❤ ❤❛✈❡ ♦♥❡ ❜❧♦❝❦ ♦❢ ✶ ❡❧❡♠❡♥t ❛♥❞ m ❜❧♦❝❦s ♦❢ ✷
❡❧❡♠❡♥ts✳ ❚❤❡r❡ ❛r❡ (2m+ 1)Cm s✉❝❤ ♣❛rt✐t✐♦♥s❀ s♦ ✇❡ ♦❜t❛✐♥

ϕ̃(x2m+1) = (2m+ 1)Cm ·
(

(εα′
1) (1 + εα′

2)
m
)
,

❧❡❛❞✐♥❣ t♦

ϕ(x2m+1) = 0, ϕ′(x2m+1) = α′
1 ·
(
(2m+ 1)Cm

)
. ✭✹✳✼✵✮

✹❆♥② t✇♦ ♥✉♠❜❡rs α′
1, α

′
2 ∈ R ❝❛♥ ❛♣♣❡❛r ❤❡r❡✳ ■♥❞❡❡❞✱ ❊①❛♠♣❧❡ ✹✳✼✳✼ s❤♦✇s s✐t✉❛t✐♦♥s

✇❤❡r❡ ♦♥❡ ❤❛s α′
1 = 1, α′

2 = 0 ❛♥❞ r❡s♣❡❝t✐✈❡❧② α′
1 = 0, α′

2 = 2✳ ❖♥❡ ❝❛♥ r❡s❝❛❧❡ t❤❡
❢✉♥❝t✐♦♥❛❧s ϕ′ ♦❢ t❤❡s❡ t✇♦ s♣❡❝✐❛❧ ❝❛s❡s t♦ ❣❡t st❛♥❞❛r❞ ✐♥✜♥✐t❡s✐♠❛❧ s❡♠✐❝✐r❝✉❧❛rs x1, x2

❤❛✈✐♥❣ ❛♥② ♣❛✐rs ♦❢ ♣❛r❛♠❡t❡rs α′
1, 0 ❛♥❞ r❡s♣❡❝t✐✈❡❧② 0, α′

2❀ t❤❡♥ ❞✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹
♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t x1, x2 ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡✱ ❛♥❞ ❢♦r♠ t❤❡ ❛✈❡r❛❣❡ (x1 + x2)/

√
2✱

✇❤✐❝❤ ✐s st❛♥❞❛r❞ ✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r ✇✐t❤ ❣❡♥❡r✐❝ ♣❛r❛♠❡t❡rs ✐♥ ✭✹✳✻✽✮✳



✾✵ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❉❡✜♥✐t✐♦♥ ✹✳✹✳✽✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛ ∗✲✐♥❝♣s✱ ❛♥❞ ❧❡t λ, β′, γ′ ❜❡ r❡❛❧ ♣❛r❛♠✲
❡t❡rs✱ ✇❤❡r❡ λ > 0✳ ❆ s❡❧❢❛❞❥♦✐♥t ❡❧❡♠❡♥t y ∈ A ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ P♦✐ss♦♥ ♦❢ ♣❛r❛♠❡t❡r λ ❛♥❞ ✺ ✐♥✜♥✐t❡s✐♠❛❧ ♣❛r❛♠❡t❡rs β′, γ′ ✇❤❡♥ ✐t ❤❛s
♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ❣✐✈❡♥ ❜②

{
κn(y, . . . , y) = λ,
κ′n(y, . . . , y) = β′ + nγ′, ∀n ≥ 1.

✭✹✳✼✶✮

❚❤❡♦r❡♠ ✹✳✹✳✾✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛ ∗✲✐♥❝♣s✳ ▲❡t x ∈ A ❜❡ ❛ st❛♥❞❛r❞
✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r ❡❧❡♠❡♥t✱ ❛♥❞ ❧❡t S ❜❡ ❛ s✉❜s❡t ♦❢ A ✇❤✐❝❤ ✐s
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ❢r♦♠ {x}✳ ❚❤❡♥ ❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ a1, . . . , an ∈ S ✇❡
❤❛✈❡

κn(xa1x, . . . , xanx) = ϕ(a1 · · · an) ✭✹✳✼✷✮

❛♥❞

κ′n(xa1x, . . . , xanx) = ϕ′(a1 · · · an) + nϕ′(x2) · ϕ(a1 · · · an). ✭✹✳✼✸✮

Pr♦♦❢✳ ❊q✉❛t✐♦♥s ✭✹✳✼✷✮ ❛♥❞ ✭✹✳✼✸✮ ❛r❡ t❤❡ ❜♦❞② ♣❛rt ❛♥❞ r❡s♣❡❝t✐✈❡❧② t❤❡
s♦✉❧ ♣❛rt ❢♦r t❤❡ ❢♦r♠✉❧❛

κ̃n(xa1x, . . . , xanx) =
(
κ̃2(x, x)

)n · ϕ̃(a1 · · · an) ∈ G. ✭✹✳✼✹✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛tt❡r ❢♦r♠✉❧❛ ✐s ♦❜t❛✐♥❡❞ ❜② ❞♦✐♥❣ t❤❡ C✲t♦✲G tr❛♥s❝r✐♣t✐♦♥
❡✐t❤❡r ❢♦r t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✷✳✶✽ ❛♥❞ ❊①❛♠♣❧❡ ✶✷✳✶✾ ♦♥
♣♣✳ ✷✵✼✲✷✵✽ ♦❢ ❬◆❙✵✻❪✱ ♦r ❢♦r t❤❡ ❛r❣✉♠❡♥ts ✐♥ Pr♦♣♦s✐t✐♦♥s ✶✼✳✷✵ ❛♥❞ ✶✼✳✷✶
♦♥ ♣♣✳ ✷✽✸✲✷✽✹ ♦❢ ❬◆❙✵✻❪✳

❚❤❡ ❡♥s✉✐♥❣ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢❛♠✐❧✐❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ P♦✐ss♦♥ ❡❧✲
❡♠❡♥ts ✐s st❛t❡❞ ✐♥ t❤❡ ♥❡①t ❝♦r♦❧❧❛r②✳ P❛rt 2o ♦❢ t❤❡ ❝♦r♦❧❧❛r② ❤❛s ❛❧s♦
❛♣♣❡❛r❡❞ ❛s ❈♦r♦❧❧❛r② ✸✻ ♦❢ ❬❇❙✵✾❪✳

❈♦r♦❧❧❛r② ✹✳✹✳✶✵✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛ ∗✲✐♥❝♣s✱ ❛♥❞ ❧❡t x ∈ A ❜❡ ❛ st❛♥❞❛r❞
✐♥✜♥✐t❡s✐♠❛❧❧② s❡♠✐❝✐r❝✉❧❛r ❡❧❡♠❡♥t✳ ▲❡t e1, . . . , ek ∈ A ❜❡ ♣r♦❥❡❝t✐♦♥s s✉❝❤
t❤❛t ei ⊥ ej ❢♦r 1 ≤ i < j ≤ k ❛♥❞ s✉❝❤ t❤❛t {e1, . . . , ek} ✐s ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ❢r♦♠ {x}✳ ❚❤❡♥

1o ❚❤❡ ❡❧❡♠❡♥ts xe1x, . . . , xekx ❢♦r♠ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ❢❛♠✐❧② ✐♥
(A, ϕ, ϕ′)✳

2o ❋♦r ❡✈❡r② 1 ≤ i ≤ k✱ xeix ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ P♦✐ss♦♥ ✇✐t❤ ♣❛✲
r❛♠❡t❡r λi ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ ♣❛r❛♠❡t❡rs β′i, γ

′
i ❣✐✈❡♥ ❜② λi = ϕ(ei), β′i =

ϕ′(ei), γ′i = ϕ′(x2) · ϕ(ei)✳

✺❆ ♠♦r❡ ❝♦♠♣❧❡t❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts ✇♦✉❧❞ ❛❧s♦ ✉s❡ ❛ ✹t❤ ♣❛r❛♠❡t❡r r > 0✱
❛♥❞ ❤❛✈❡ ❡❛❝❤ ♦❢ λ, β′, γ′ ♠✉❧t✐♣❧✐❡❞ ❜② rn ✐♥ ❊q✉❛t✐♦♥s ✭✹✳✼✶✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱
❤❡r❡ ✇❡ ❤❛✈❡ s❡t t❤✐s ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r t♦ r = 1✳



✹✳✺ ❘❡❧❛t✐♦♥s ✇✐t❤ t❤❡ ❧❛tt✐❝❡s NC(B)(n) ✾✶

Pr♦♦❢✳ 1o ❚❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✹✳✸✳✶✸✱ ✇❤❡r❡ t❤❡
♥❡❡❞❡❞ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ❝✉♠✉❧❛♥ts ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦✉♥❞
✐♥ ❚❤❡♦r❡♠ ✹✳✹✳✾✳

2o ❇② ♣✉tt✐♥❣ a1 = · · · = an := ei ✐♥ ✭✹✳✼✷✮ ❛♥❞ ✭✹✳✼✸✮ ✇❡ s❡❡ t❤❛t t❤❡
❝✉♠✉❧❛♥ts ♦❢ xeix ❤❛✈❡ t❤❡ ❢♦r♠ r❡q✉✐r❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✹✳✽✱ ✇✐t❤ ♣❛r❛♠❡t❡rs
λi, β

′
i, γ

′
i ❛s st❛t❡❞✳

✹✳✺ ❘❡❧❛t✐♦♥s ✇✐t❤ t❤❡ ❧❛tt✐❝❡s NC(B)(n)

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡♠❡♠❜❡r t❤❛t t❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥❝♣s ❤❛s ✐ts ♦r✐❣✐♥s ✐♥ t❤❡
❝♦♥s✐❞❡r❛t✐♦♥s ✏♦❢ t②♣❡ ❇✑ ❢r♦♠ ❬❇●◆✵✸❪✱ ❛♥❞ ✇❡ ❧♦♦❦ ❛t ❤♦✇ t❤❡ ❡ss❡♥❝❡ ♦❢
t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ♣❡rs✐sts ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✳

❚❤❡ str❛t❡❣② ♦❢ ❬❇●◆✵✸❪ ✇❛s t♦ st✉❞② t❤❡ t②♣❡ ❇ ❛♥❛❧♦❣✉❡ ❢♦r t❤❡ ♦♣✲
❡r❛t✐♦♥ ♦❢ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ⋆(A) ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✶✳ ❚❤❡ ❢♦❝✉s ♦♥ ⋆(A)

✇❛s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ✐t ♣r♦✈✐❞❡s ✐♥ s♦♠❡ s❡♥s❡ ❛ ✏♠✐❞❞❧❡ ❣r♦✉♥❞✑
❜❡t✇❡❡♥ ❛❧t❡r♥❛t✐♥❣ ♣r♦❞✉❝ts ♦❢ ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢
✐♥t❡r✈❛❧s ✐♥ t❤❡ ❧❛tt✐❝❡s NC(n) ✭s❡❡ ❞✐s❝✉ss✐♦♥ ♦♥ ♣♣✳ ✷✷✽✷✲✷✷✽✸ ♦❢ ❬❇●◆✵✸❪✮✳
❚❤❡ ❦❡② ♣♦✐♥t ❞✐s❝♦✈❡r❡❞ ✐♥ ❬❇●◆✵✸❪ ✭st❛t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ⋆(B)

❂ ⋆
(A)
G

✐♥ ❚❤❡♦r❡♠ ✷✳✺✳✸✮ ✇❛s t❤❛t ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ ❇ ❝❛♥ st✐❧❧ ❜❡
❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛s ❢r♦♠ t②♣❡ ❆✱ ♣r♦✈✐❞❡❞ t❤❛t ♦♥❡ ✉s❡s s❝❛❧❛rs ❢r♦♠ G✳

❋♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦♥ ⋆(A) ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ▲❡❝t✉r❡ ✶✼ ♦❢
❬◆❙✵✻❪✳ ❲❤❛t ✐s ✐♠♣♦rt❛♥t ❢♦r ✉s ❤❡r❡ ✐s t❤❛t t❤❡ ❢♦r♠✉❧❛ ✉s❡❞ t♦ ❞❡✜♥❡ ⋆(A)

✭❝❢✳ ❊q✉❛t✐♦♥ ✭✶✼✳✶✮ ♦♥ ♣✳ ✷✼✸ ♦❢ ❬◆❙✵✻❪✮ ❤❛s ❛❧r❡❛❞② ♠❛❞❡ ❛♥ ❛♣♣❡❛r❛♥❝❡✱
✐♥ G✲✈❛❧✉❡❞ ❝♦♥t❡①t✱ ✐♥ ❊q✉❛t✐♦♥s ✭✹✳✺✽✮✱ ✭✹✳✺✾✮ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✳ ❙♦

t❤❡♥✱ t❤❡ ♣r❡s❡♥t ✐♥❝❛r♥❛t✐♦♥ ♦❢ t❤❡ ✏ ⋆(B) ❂ ⋆
(A)
G

✑ ♣r✐♥❝✐♣❧❡ ❢r♦♠ ❚❤❡♦r❡♠
✷✳✺✳✸ s❤♦✉❧❞ ❥✉st ❛♠♦✉♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t✿ ✐❢ ♦♥❡ t❛❦❡s t❤❡ s♦✉❧ ♣❛rts
♦❢ ❊q✉❛t✐♦♥s ✭✹✳✺✽✮ ❛♥❞ ✭✹✳✺✾✮✱ t❤❡♥ s✉♠♠❛t✐♦♥s ♦✈❡r NC(B)(n) ♠✉st ❛r✐s❡✳
❚❤✐s ✐s st❛t❡❞ ♣r❡❝✐s❡❧② ✐♥ ❚❤❡♦r❡♠ ✹✳✺✳✹ ❜❡❧♦✇✱ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ❛♥ ❡❛s②
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♠❛♣ ❆❜s : NC(B)(n) →
NC(n) ✐s ❛♥ (n+ 1)✲t♦✲1 ❝♦✈❡r ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✺✳✶✮✳

❲❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ♥♦t❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❚❤❡♦r❡♠

✹✳✺✳✹✱ ♥❛♠❡❧② t❤❡ t②♣❡ ❇ ❛♥❛❧♦❣✉❡s ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s ϕ
(A)
π ❛♥❞ κ

(A)
π ❢r♦♠

s✉❜s❡❝t✐♦♥ ✸✳✷✳

◆♦t❛t✐♦♥ ✹✳✺✳✶✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧✐❡s ♦❢
♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κn, κ

′
n)n≥1✳ ❋♦r ❡✈❡r② n ≥ 1 ❛♥❞ ❡✈❡r②

τ ∈ NC(B)(n)✱ ❞❡✜♥❡ ❛ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ κ
(B)
τ : An → C✱ ❛s ❢♦❧❧♦✇s✳

❈❛s❡ ✶✳ ■❢ τ ∈ NCZ(B)(n)✱ τ = {Z, V1,−V1, . . . , Vp,−Vp}✱ t❤❡♥ ✇❡ ♣✉t

κ(B)
τ (a1, . . . , an) := κ′ |Z|

2

(
(a1, . . . , an) | ❆❜s(Z)

)
·

∏p
j=1 κ|Vj |

(
(a1, . . . , an) | ❆❜s(Vj)

)
, ✭✹✳✼✺✮

❢♦r ❡✈❡r② a1, . . . , an ∈ A✳



✾✷ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❈❛s❡ ✷✳ ■❢ τ ∈ NC(B)(n)\NCZ(B)(n)✱ τ = {V1,−V1, . . . , Vp,−Vp}✱ t❤❡♥
✇❡ ♣✉t

κ(B)
τ (a1, . . . , an) :=

p∏

j=1

κ|Vj |
(
(a1, . . . , an) | ❆❜s(Vj)

)
, ✭✹✳✼✻✮

❢♦r a1, . . . , an ∈ A✳

◆♦t❛t✐♦♥ ✹✳✺✳✷✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✳ ❈♦♥s✐❞❡r t❤❡ ❢❛♠✐❧✐❡s ♦❢ ♠✉❧t✐✲
❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (ϕn, ϕ

′
n : An → C)n≥1 ❞❡✜♥❡❞ ❜②

ϕn(a1, . . . , an) = ϕ(a1 · · · an),

ϕ′
n(a1, . . . , an) = ϕ′(a1 · · · an).

❚❤❡♥ ❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ ❡✈❡r② τ ∈ NC(B)(n) ✇❡ ❞❡✜♥❡ ❛ ♠✉❧t✐❧✐♥❡❛r

❢✉♥❝t✐♦♥❛❧ ϕ
(B)
τ : An → C ❜② t❤❡ s❛♠❡ r❡❝✐♣❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✹✳✺✳✶ ✭✇✐t❤

❞✐s❝✉ss✐♦♥ s❡♣❛r❛t❡❞ ✐♥ ✷ ❝❛s❡s✮✱ ✇❤❡r❡ ❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ κm ✭r❡s♣❡❝t✐✈❡❧②
κ′m✮ ✐s r❡♣❧❛❝❡❞ ❜② ϕm ✭r❡s♣❡❝t✐✈❡❧② ϕ′

m✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❈❛s❡
✶ ✐s ❧✐❦❡ t❤✐s✿ ❢♦r n ≥ 1 ❛♥❞ ❢♦r τ = {Z, V1,−V1, . . . , Vp,−Vp} ✐♥ NCZ(B)(n)

✇❡ ❞❡✜♥❡ ϕ
(B)
τ An → C ❜② ♣✉tt✐♥❣

ϕ(B)
τ (a1, . . . , an) := ϕ′

|Z|
2

(
a1, . . . , an) | ❆❜s(Z)

)
·

∏p
j=1 ϕ|Vj |

(
(a1, . . . , an) | ❆❜s(Vj)

)
, ✭✹✳✼✼✮

❢♦r a1, . . . , an ∈ A✳

❘❡♠❛r❦ ✹✳✺✳✸✳ 1o ■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t ❢♦r τ ∈ NC(B)(n) \NCZ(B)(n) ♦♥❡
❤❛s

κ(B)
τ = κ

(A)
Abs(τ), ϕ(B)

τ = ϕ
(A)
Abs(τ). ✭✹✳✼✽✮

2o ❚❤❡ ❢✉♥❝t✐♦♥❛❧s ✐♥tr♦❞✉❝❡❞ ✐♥ ◆♦t❛t✐♦♥ ✹✳✺✳✶ ❡①t❡♥❞ ❜♦t❤ ❢❛♠✐❧✐❡s κn

❛♥❞ κ′n✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❛t κ′n = κ
(B)
1±n

❛♥❞ t❤❛t κn = κ
(A)
1n

= κ
(B)
τ ❢♦r

❡✈❡r② n ≥ 1 ❛♥❞ ❛♥② τ ∈ NC(B)(n) s✉❝❤ t❤❛t ❆❜s(τ) = 1n ✭❡✳❣✳ τ =
{ {1, . . . , n}, {−1, . . . ,−n} }✮✳ ❆ s✐♠✐❧❛r r❡♠❛r❦ ❤♦❧❞s ✐♥ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡

❢✉♥❝t✐♦♥❛❧s ϕ
(B)
τ ✕ t❤❡② ❡①t❡♥❞ ❜♦t❤ ❢❛♠✐❧✐❡s ϕn ❛♥❞ ϕ′

n✳

❚❤❡♦r❡♠ ✹✳✺✳✹✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✱ ❛♥❞ ❝♦♥s✐❞❡r ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝✲
t✐♦♥❛❧s ♦♥ A ❛s ✐♥ ◆♦t❛t✐♦♥s ✹✳✺✳✶✱ ✹✳✺✳✷✳ ▲❡t A1,A2 ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s
♦❢ A ✇❤✐❝❤ ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② a1, . . . , an ∈ A1 ❛♥❞
b1, . . . , bn ∈ A2 ♦♥❡ ❤❛s

ϕ′(a1b1 · · · anbn) =
∑

σ∈NC(B)(n)

κ(B)
σ (a1, . . . , an) · ϕ(B)

Kr(σ)(b1, . . . , bn) ✭✹✳✼✾✮

❛♥❞

κ′n(a1b1, . . . , anbn) =
∑

σ∈NC(B)(n)

κ(B)
σ (a1, . . . , an) ·κ(B)

Kr(σ)(b1, . . . , bn). ✭✹✳✽✵✮



✹✳✺ ❘❡❧❛t✐♦♥s ✇✐t❤ t❤❡ ❧❛tt✐❝❡s NC(B)(n) ✾✸

Pr♦♦❢✳ ▲❡t π ❜❡ ❛ ♣❛rt✐t✐♦♥ ✐♥ NC(n)✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❡①♣r❡ss✐♦♥

❙♦
(
κ̃π(a1, . . . , an) κ̃Kr(π)(b1, . . . , bn)

)

= ❙♦
( ∏

V ∈π

κ̃|V |
(
(a1, . . . , an) | V

)
·

∏

W∈Kr(π)

κ̃|W |
(
(b1, . . . , bn) |W

) )
.

■♥ ✈✐❡✇ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✭✹✳✷✾✮ ❞❡s❝r✐❜✐♥❣ t❤❡ s♦✉❧ ♣❛rt ♦❢ ❛ ♣r♦❞✉❝t✱ t❤❡ ❧❛tt❡r
❡①♣r❡ss✐♦♥ ✐s ❡q✉❛❧ t♦ ❛ s✉♠ ♦❢ n + 1 t❡r♠s✱ s♦♠❡ ♦❢ t❤❡♠ ✐♥❞❡①❡❞ ❜② t❤❡
❜❧♦❝❦s V ∈ π✱ ❛♥❞ t❤❡ ♦t❤❡rs ✐♥❞❡①❡❞ ❜② t❤❡ ❜❧♦❝❦s W ♦❢ ❑r(π)✳ ❲❡ ❧❡❛✈❡
✐t ❛s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①❡r❝✐s❡ t♦ t❤❡ r❡❛❞❡r t♦ ✇r✐t❡ t❤❡s❡ n + 1 t❡r♠s
❡①♣❧✐❝✐t❧②✱ ❛♥❞ ✈❡r✐❢② t❤❛t t❤❡ ♥❛t✉r❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ t❤❡ n+1 ♣❛rt✐t✐♦♥s
✐♥ {τ ∈ NC(B)(n) | ❆❜s(τ) = π} ❧❡❛❞s t♦ t❤❡ ❢♦r♠✉❧❛

❙♦
(
κ̃π(a1, . . . , an) κ̃Kr(π)(b1, . . . , bn)

)
✭✹✳✽✶✮

=
∑

τ∈NC(B)(n) such

that ❆❜s(τ)=π

κ(B)
τ (a1, . . . , an) · ϕ(B)

Kr(τ)(b1, . . . , bn).

✭◆♦t❡✿ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t ❑r(τ) ❢r♦♠ ✭✹✳✽✶✮ ✐s t❛❦❡♥ ✐♥ t❤❡ ❧❛tt✐❝❡
NC(B)(n)❀ ✇❡ ✉s❡ ❤❡r❡ t❤❡ ❢❛❝t t❤❛t ❆❜s(τ) = π ⇒ ❆❜s(❑r(τ)) = ❑r(π) ✕
❝❢✳ ▲❡♠♠❛ ✶✳✹ ✐♥ ❬❇●◆✵✸❪✳✮

❇② s✉♠♠✐♥❣ ♦✈❡r π ∈ NC(n) ♦♥ ❜♦t❤ s✐❞❡s ♦❢ ✭✹✳✽✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

❙♦
(
r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✺✽✮

)
= ✭r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✽✶✮✮.

❙✐♥❝❡ t❤❡ s♦✉❧ ♣❛rt ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✺✽✮ ✐s ϕ′(a1b1 · · · anbn)✱
t❤✐s ♣r♦✈❡s t❤❛t ✭✹✳✼✾✮ ❤♦❧❞s✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ✭✹✳✽✵✮ ✐s ❞♦♥❡ ✐♥ ❡①❛❝t❧②
t❤❡ s❛♠❡ ✇❛②✱ ❜② st❛rt✐♥❣ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✹✳✺✾✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳

❘❡♠❛r❦ ✹✳✺✳✺✳ ■❢ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ t❤❡♦r❡♠ ✇❡ ♠❛❦❡A1 = A ❛♥❞A2 = C1A✱
❛♥❞ ✐❢ ✇❡ t❛❦❡ b1 = · · · = bn = 1A✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛

ϕ′(a1 · · · an) =
∑

σ∈NCZ(B)(n)

κ(B)
σ (a1, . . . , an), ∀ a1, . . . , an ∈ A. ✭✹✳✽✷✮

❚❤❡ t❡r♠s ✐♥❞❡①❡❞ ❜② σ ∈ NC(B)(n) \ NCZ(B)(n) ❤❛✈❡ ❞✐s❛♣♣❡❛r❡❞ ✐♥
✭✹✳✽✷✮✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ϕ′(1A) = 0✳ ❚❤✐s ❢♦r♠✉❧❛ ❝♦✉❧❞ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞✱
❜② ❛ s✉✐t❛❜❧❡ ▼ö❜✐✉s ✐♥✈❡rs✐♦♥ ❛r❣✉♠❡♥t✱ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢♦r♠✉❧❛ ✭✹✳✸✺✮
❞❡✜♥✐♥❣ κ′n✳



✾✹ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✹✳✻ ❉✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠s

◆♦t❛t✐♦♥ ✹✳✻✳✶✳ ▲❡t A ❜❡ ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C✱ ❛♥❞ ❢♦r ❡✈❡r② n ≥ 1
❧❡t Mn ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ❢r♦♠ An t♦ C✳
■❢ π = {V1, . . . , Vp} ✐s ❛ ♣❛rt✐t✐♦♥ ✐♥ NC(n) ✇❤❡r❡ t❤❡ ❜❧♦❝❦s V1, . . . , Vp

❛r❡ ❧✐st❡❞ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r ♠✐♥✐♠❛❧ ❡❧❡♠❡♥ts✱ t❤❡♥ ✇❡ ❞❡✜♥❡ ❛
♠✉❧t✐❧✐♥❡❛r ♠❛♣

Jπ : M|V1| × · · · × M|Vp| ∋ (f1, . . . , fp) → f ∈ Mn, ✭✹✳✽✸✮

✇❤❡r❡

f(a1, . . . , an) :=

p∏

j=1

fj

(
(a1, . . . , an) | Vj

)
, ∀ a1, . . . , an ∈ A. ✭✹✳✽✹✮

❘❡♠❛r❦ ✹✳✻✳✷✳ 1o ❚❤❡ ❢♦r♠✉❧❛ ✭✹✳✽✹✮ ❢r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ♥♦t❛t✐♦♥ ✐s t❤❡

s❛♠❡ ❛s t❤♦s❡ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s {ϕ(A)
π | π ∈ NC(n)}

❛♥❞ {κ(A)
π | π ∈ NC(n)} ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✷✳ ❍❡♥❝❡ ✐❢ (A, ϕ) ✐s ❛ ♥♦♥✲

❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ ✐❢ (κn)n≥1 ❛r❡ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t
❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ t♦ ϕ✱ t❤❡♥ ❢♦r π = {V1, . . . , Vp} ∈ NC(n) ❛s ✐♥ ◆♦t❛✲
t✐♦♥ ✹✳✻✳✶ ✇❡ ❣❡t t❤❛t

Jπ(κ|V1|, . . . , κ|Vp| ) = κ(A)
π . ✭✹✳✽✺✮

▲✐❦❡✇✐s❡✱ ❢♦r t❤❡ s❛♠❡ (A, ϕ) ❛♥❞ π ✇❡ ❣❡t

Jπ(ϕ|V1|, . . . , ϕ|Vp| ) = ϕ(A)
π . ✭✹✳✽✻✮

2o ▲❡t π = {V1, . . . , Vp} ∈ NC(n) ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✹✳✻✳✶✱ ❛♥❞ ❧❡t 1 ≤
j ≤ p ❜❡ s✉❝❤ t❤❛t Vj ✐s ❛♥ ✐♥t❡r✈❛❧✲❜❧♦❝❦ ♦❢ π✳ ❉❡♥♦t❡ |Vj | =: m ❛♥❞

❧❡t
∨
π∈ NC(n −m) ❜❡ t❤❡ ♣❛rt✐t✐♦♥ ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ t❤❡ ❜❧♦❝❦ Vj ♦✉t

♦❢ π ❛♥❞ ❜② r❡❞❡♥♦t✐♥❣ t❤❡ ❡❧❡♠❡♥ts ♦❢ {1, . . . , n} \ Vj ❛s 1, . . . , n − m✱ ✐♥
✐♥❝r❡❛s✐♥❣ ♦r❞❡r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② γ ∈ NC(n) t❤❡
♣❛rt✐t✐♦♥ ♦❢ {1, . . . , n} ✐♥t♦ t❤❡ t✇♦ ❜❧♦❝❦s Vj ❛♥❞ {1, . . . , n} \ Vj ✳ ■t ✐s t❤❡♥
✐♠♠❡❞✐❛t❡ t❤❛t ❢♦r ❡✈❡r② f1 ∈ M|V1|, . . . , fp ∈ M|Vp| ✇❡ ❝❛♥ ✇r✐t❡

Jπ(f1, . . . , fp) = Jγ(g, fj) ✇❤❡r❡ g := J∨
π
(f1, . . . fj−1, fj+1, . . . , fp). ✭✹✳✽✼✮

❉✉❡ t♦ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❛♥❞ t♦ t❤❡ ❢❛❝t t❤❛t ❡✈❡r② ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥
❤❛s ✐♥t❡r✈❛❧✲❜❧♦❝❦s✱ ❝♦♥s✐❞❡r❛t✐♦♥s ❛❜♦✉t t❤❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥s Jπ ❢r♦♠
◆♦t❛t✐♦♥ ✹✳✻✳✶ ❝❛♥ s♦♠❡t✐♠❡s ❜❡ r❡❞✉❝❡❞ ✭✈✐❛ ❛♥ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t ♦♥ |π|✮
t♦ ❞✐s❝✉ss✐♥❣ t❤❡ ❝❛s❡ ✇❤❡♥ |π| = 2✳

❉❡✜♥✐t✐♦♥ ✹✳✻✳✸✳ ▲❡t A ❜❡ ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C ❛♥❞ ❧❡t t❤❡ s♣❛❝❡s
(Mn)n≥1 ❛♥❞ t❤❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥s {Jπ | π ∈ ∪∞

n=1NC(n)} ❜❡ ❛s ✐♥
◆♦t❛t✐♦♥ ✹✳✻✳✶✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ❛ ❢❛♠✐❧② ♦❢ ❧✐♥❡❛r ♠❛♣s



✹✳✻ ❉✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠s ✾✺

(dn : Dn → Mn)n≥1 ✇❤❡r❡✱ ❢♦r ❡✈❡r② n ≥ 1✱ Dn ✐s ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ Mn✱
❛♥❞ ✇❤❡r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳

✭✐✮ ▲❡t π = {V1, . . . , Vp} ∈ NC(n) ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✹✳✻✳✶✳ ❚❤❡♥ ❢♦r
❡✈❡r② f1 ∈ D|V1|, . . . , fp ∈ D|Vp| ♦♥❡ ❤❛s t❤❛t Jπ(f1, . . . , fp) ∈ Dn ❛♥❞ t❤❛t

dn

(
Jπ(f1, . . . , fp)

)
=

p∑

j=1

Jπ(f1, . . . , fj−1, d|Vj |(fj), fj+1, . . . , fp). ✭✹✳✽✽✮

✭✐✐✮ ❋♦r ❡✈❡r② f ∈ D1 ❛♥❞ ❡✈❡r② n ≥ 1 ♦♥❡ ❤❛s t❤❛t f ◦▼✉❧tn ∈ Dn ❛♥❞
t❤❛t

dn

(
f ◦▼✉❧tn) = (d1 f) ◦▼✉❧tn, ✭✹✳✽✾✮

✇❤❡r❡ ▼✉❧tn : An → A ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛♣✳

❘❡♠❛r❦ ✹✳✻✳✹✳ 1o ❲❤❡♥ ✈❡r✐❢②✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✐✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸✱ ✐t s✉✣❝❡s
t♦ ❝❤❡❝❦ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ |π| = 2✳ ■♥❞❡❡❞✱ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢
❊q✉❛t✐♦♥ ✭✹✳✽✽✮ ❝❛♥ t❤❡♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ |π|✱ ✇❤❡r❡ ♦♥❡ ✐♥✈♦❦❡s
t❤❡ ❛r❣✉♠❡♥t ❢r♦♠ ✭✹✳✽✼✮✳

2o ■♥ t❤❡ s❡tt✐♥❣ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸✱ ❧❡t ✉s ✉s❡ t❤❡ ♥♦t❛t✐♦♥ f × g ❢♦r t❤❡
❢✉♥❝t✐♦♥❛❧ ♦❜t❛✐♥❡❞ ❜② ✏❝♦♥❝❛t❡♥❛t✐♥❣✑ f ∈ Mm ❛♥❞ g ∈ Mn✳ ❙♦ f × g ∈
Mm+n ❛❝ts s✐♠♣❧② ❜②

(f × g)(a1, . . . , am, b1, . . . , bn) = f(a1, . . . , am)g(b1, . . . , bn),

❢♦r ❛❧❧ a1, . . . , am, b1, . . . , bn ∈ A✳
❈❧❡❛r❧② ♦♥❡ ❝❛♥ ✇r✐t❡ f ×g = Jγ(f, g) ✇❤❡r❡ γ ∈ NC(m+n) ✐s t❤❡ ♣❛rt✐t✐♦♥
✇✐t❤ t✇♦ ❜❧♦❝❦s {1, . . . ,m} ❛♥❞ {m + 1, . . . ,m + n}✳ ❇② ✉s✐♥❣ ❊q✉❛t✐♦♥
✭✹✳✽✽✮ ✇❡ t❤✉s ♦❜t❛✐♥ t❤❛t

dm+n(f × g) =
(
dm(f) × g

)
+
(
f × dn(g)

)
, ∀m,n ≥ 1, f ∈ Mm, g ∈ Mn.

✭✹✳✾✵✮
❙♦ ❛ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ❣✐✈❡s ✐♥ ♣❛rt✐❝✉❧❛r ❛ ❞❡r✐✈❛t✐♦♥ ♦♥ t❤❡ ❛❧❣❡❜r❛
str✉❝t✉r❡ ❞❡✜♥❡❞ ❜② ✉s✐♥❣ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦♥ ⊕∞

n=1Mn✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t
❊q✉❛t✐♦♥ ✭✹✳✾✵✮ ❛❧♦♥❡ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❢r♦♠ ❉❡✜♥✐t✐♦♥
✹✳✻✳✸ ✭s✐♥❝❡ ✐t ❝❛♥♥♦t ❝♦♥tr♦❧ Jπ ❢♦r ♣❛rt✐t✐♦♥s s✉❝❤ ❛s π = { {1, 3}, {2} } ∈
NC(3)✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✺✳ ▲❡t A ❜❡ ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C ❛♥❞ ❧❡t (dn : Dn →
Mn)n≥1 ❜❡ ❛ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ♦♥ A✳ ▲❡t ϕ ❜❡ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ✐♥ D1✱
❛♥❞ ❞❡♥♦t❡ d1(ϕ) =: ϕ′✳ ❈♦♥s✐❞❡r t❤❡ ✐♥❝♣s (A, ϕ, ϕ′)✱ ❛♥❞ ❧❡t (κn, κ

′
n)n≥1 ❜❡

t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞
t♦ t❤✐s ✐♥❝♣s✳ ❚❤❡♥ ❢♦r ❡✈❡r② n ≥ 1 ✇❡ ❤❛✈❡ t❤❛t

κn ∈ Dn ❛♥❞ dn(κn) = κ′n. ✭✹✳✾✶✮



✾✻ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

Pr♦♦❢✳ ❉❡♥♦t❡ ❛s ✉s✉❛❧ ϕn := ϕ ◦ ▼✉❧tn✱ ϕ
′
n := ϕ′ ◦ ▼✉❧tn✱ n ≥ 1✳ ❙✐♥❝❡

ϕ ∈ D1✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸ ✐♠♣❧✐❡s t❤❛t ϕn ∈ Dn ❛♥❞
dn(ϕn) = ϕ′

n ❢♦r ❡✈❡r② n ≥ 1✳
◆♦✇ ❧❡t π = {V1, . . . , Vp} ❜❡ ❛ ♣❛rt✐t✐♦♥ ✐♥ NC(n)✱ ✇✐t❤ V1, . . . , Vp ✇r✐t✲

t❡♥ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r ♠✐♥✐♠❛❧ ❡❧❡♠❡♥ts✳ ❇② ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✽✻✮
❢r♦♠ ❘❡♠❛r❦ ✹✳✻✳✷ ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✐✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸ ✇❡ ✜♥❞ t❤❛t

dn(ϕ(A)
π ) =

p∑

j=1

Jπ

(
ϕ|V1|, . . . , ϕ|Vj−1|, ϕ

′
|Vj |, ϕ|Vj+1|, . . . , ϕ|Vp|

)
✭✹✳✾✷✮

✭✇❤❡r❡ t❤❡ ❧❛tt❡r ❢♦r♠✉❧❛ ✐♥❝♦r♣♦r❛t❡s t❤❡ ❢❛❝t t❤❛t d|Vj |(ϕ|Vj |) = ϕ′
|Vj |✮✳

❲❡ ♥❡①t ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ✭✷✳✺✮ ✇❤✐❝❤ ❡①♣r❡ss❡s ❛ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧

κn ✐♥ t❡r♠s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s {ϕ(A)
π | π ∈ NC(n)}✳ ❋r♦♠ t❤✐s ❢♦r♠✉❧❛ ✐t

❢♦❧❧♦✇s t❤❛t κn ∈ Dn ❛♥❞ t❤❛t

dn(κn) =
∑

π∈NC(n)
π={V1,...,Vp}

▼ö❜(π, 1n)
( p∑

j=1

Jπ

(
ϕ|V1|, . . . , ϕ

′
|Vj |, . . . , ϕ|Vp|

) )
.

✭✹✳✾✸✮
■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✾✸✮ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ♣r❡✲
❝✐s❡❧② t❤❡ s✉♠ ♦✈❡r {(π, V ) | π ∈ NC(n)✱ V ❜❧♦❝❦ ♦❢ π} ✇❤✐❝❤ ✇❛s ✉s❡❞ t♦
✐♥tr♦❞✉❝❡ κ′n ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✼✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✻✳ ▲❡t (A, ϕ, ϕ′) ❜❡ ❛♥ ✐♥❝♣s✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐❧✐♥❡❛r

❢✉♥❝t✐♦♥❛❧s ϕ
(A)
π ✭π ∈ NC(n)✱ n ≥ 1✮ ✇❤✐❝❤ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥

✷✳✸✳✷✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❡✈❡r② n ≥ 1 t❤❡ s❡t {ϕ(A)
π | π ∈ NC(n)} ✐s ❧✐♥❡❛r❧②

✐♥❞❡♣❡♥❞❡♥t ✐♥ Mn❀ ❧❡t Dn ❞❡♥♦t❡ ✐ts s♣❛♥✱ ❛♥❞ ❧❡t dn : Dn → Mn ❜❡ t❤❡
❧✐♥❡❛r ♠❛♣ ❞❡✜♥❡❞ ❜② t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t

dn(ϕ(A)
π ) =

∑

τ∈NCZ(B)(n) such

that Abs(τ)=π

ϕ(B)
τ , ∀π ∈ NC(n), ✭✹✳✾✹✮

✇✐t❤ ϕ
(B)
τ ❛s ✐♥ ◆♦t❛t✐♦♥ ✹✳✺✳✷✳ ❚❤❡♥ (dn)n≥1 ✐s ❛ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠✱

❛♥❞ d1(ϕ) = ϕ′✳

Pr♦♦❢✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ✉♥✐q✉❡ ♣❛rt✐t✐♦♥ τ ∈ NCZ(B)(n) s✉❝❤ t❤❛t
❆❜s(τ) = 1n ✐s τ = 1±n✳ ❚❤✉s ✐❢ ✇❡ ♣✉t π = 1n ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✾✹✮ ✇❡ ♦❜t❛✐♥

t❤❛t dn(ϕ
(A)
1n

) = ϕ
(B)
1±n

❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s ♠❡❛♥s t❤❛t

dn(ϕ ◦▼✉❧tn) = ϕ′ ◦▼✉❧tn, ∀n ≥ 1. ✭✹✳✾✺✮

❚❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ n = 1 ♦❢ ✭✹✳✾✺✮ ❣✐✈❡s ✉s t❤❛t d1(ϕ) = ϕ′✳ ▼♦r❡♦✈❡r✱ ✐t
❜❡❝♦♠❡s ❝❧❡❛r t❤❛t

dn(f ◦▼✉❧tn) = (d1f) ◦▼✉❧tn, ∀n ≥ 1 ❛♥❞ f ∈ Cϕ;



✹✳✻ ❉✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠s ✾✼

s✐♥❝❡ ✐♥ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✇❡ ❤❛✈❡ D1 = Cϕ✱ ✇❡ t❤✉s s❡❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✐✐✮
❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸ ✐s ✈❡r✐✜❡❞✳

❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ❞❡✈♦t❡❞ t♦ ✈❡r✐❢②✐♥❣ ✭✐✮ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸✳ ❲❡
✜① ❛ ♣❛rt✐t✐♦♥ π = {V1, . . . , Vp} ∈ NC(n) ❢♦r ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❊q✉❛✲
t✐♦♥ ✭✹✳✽✽✮ ❤♦❧❞s✳ ❇♦t❤ s✐❞❡s ♦❢ ✭✹✳✽✽✮ ❜❡❤❛✈❡ ♠✉❧t✐❧✐♥❡❛r❧② ✐♥ t❤❡ ❛r❣✉♠❡♥ts
f1 ∈ D|V1|, . . . , fp ∈ D|Vp|❀ ❤❡♥❝❡✱ ❞✉❡ t♦ ❤♦✇ D|V1|, . . . ,D|Vp| ❛r❡ ❞❡✜♥❡❞✱ ✐t
s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿ ❢♦r ❡✈❡r② π1 ∈ NC(|V1|), . . . , πp ∈
NC(|Vp|) ✇❡ ❤❛✈❡ t❤❛t Jπ(ϕ

(A)
π1 , . . . , ϕ

(A)
πp ) ∈ Dn ❛♥❞ t❤❛t

dn

(
Jπ(ϕ(A)

π1
, . . . , ϕ(A)

πp
)
)

= ✭✹✳✾✻✮

p∑

j=1

Jπ(ϕ(A)
π1
, . . . , ϕ(A)

πj−1
, d|Vj |(ϕ

(A)
πj

), ϕ(A)
πj+1

, . . . , ϕ(A)
πp

).

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✜① s♦♠❡ ♣❛rt✐t✐♦♥s π1 ∈ NC(|V1|), . . . , πp ∈ NC(|Vp|)✱
❢♦r ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤✐s st❛t❡♠❡♥t ❤♦❧❞s✳

❖❜s❡r✈❡ t❤❛t✱ ✐♥ ✈✐❡✇ ♦❢ ❤♦✇ t❤❡ ♠❛♣s d|Vj | ❛r❡ ❞❡✜♥❡❞✱ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ ✭✹✳✾✻✮ ✇❡ ❤❛✈❡

p∑

j=1

∑

τ∈NCZ(B)(n) such

that Abs(τ)=πj

Jπ(ϕ(A)
π1
, . . . , ϕ(A)

πj−1
, ϕ(B)

τ , ϕ(A)
πj+1

, . . . , ϕ(A)
πp

).

❇✉t ❧❡t ✉s r❡❝❛❧❧ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✺ t❤❛t t❤❡ ♣❛rt✐t✐♦♥s ✐♥ {τ ∈ NCZ(B)(n) |
❆❜s(τ) = πj} ❛r❡ ✐♥❞❡①❡❞ ❜② t❤❡ s❡t ♦❢ ❜❧♦❝❦s ♦❢ πj ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r
❡✈❡r② 1 ≤ j ≤ p ❛♥❞ V ∈ πj ❧❡t ✉s ❞❡♥♦t❡ ❜② τ(j, V ) t❤❡ ✉♥✐q✉❡ ♣❛rt✐t✐♦♥ ✐♥
NCZ(B)(n) s✉❝❤ t❤❛t ❆❜s(τ) = πj ❛♥❞ s✉❝❤ t❤❛t t❤❡ ③❡r♦✲❜❧♦❝❦ Z ♦❢ τ ❤❛s
❆❜s(Z) = V ❀ t❤❡♥ t❤❡ ❞♦✉❜❧❡ s✉♠ ✇r✐tt❡♥ ❛❜♦✈❡ ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢
❊q✉❛t✐♦♥ ✭✹✳✾✻✮ ❜❡❝♦♠❡s

p∑

j=1

∑

V ∈πj

Jπ(ϕ(A)
π1
, . . . , ϕ(A)

πj−1
, ϕ

(B)
τ(j,V ), ϕ

(A)
πj+1

, . . . , ϕ(A)
πp

). ✭✹✳✾✼✮

◆♦✇ t♦ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✾✻✮✳ ❋♦r ❡✈❡r② 1 ≤ j ≤ p ❧❡t π̂j ❜❡
t❤❡ ♣❛rt✐t✐♦♥ ♦❢ Vj ♦❜t❛✐♥❡❞ ❜② tr❛♥s♣♦rt✐♥❣ t❤❡ ❜❧♦❝❦s ♦❢ πj ✈✐❛ t❤❡ ✉♥✐q✉❡
♦r❞❡r ♣r❡s❡r✈✐♥❣ ❜✐❥❡❝t✐♦♥ ❢r♦♠ {1, . . . , |Vj |} ♦♥t♦ Vj ✳ ❚❤❡♥ π̂1, . . . , π̂p ❢♦r♠
t♦❣❡t❤❡r ❛ ♣❛rt✐t✐♦♥ ρ ∈ NC(n) ✇❤✐❝❤ r❡✜♥❡s π✱ ❛♥❞ ✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t

Jπ(ϕ
(A)
π1 , . . . , ϕ

(A)
πp ) = ϕ

(A)
ρ ✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s s❤♦✇s ♦❢ ❝♦✉rs❡ t❤❛t

Jπ(ϕ(A)
π1
, . . . , ϕ(A)

πp
) ∈ Dn.

▼♦r❡♦✈❡r✱ ❜② ✉s✐♥❣ ❤♦✇ dn(ϕ
(A)
ρ ) ✐s ❞❡✜♥❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞

s✐❞❡ ♦❢ ✭✹✳✾✻✮ ✐s ❡q✉❛❧ t♦
∑

W∈ρ ϕ
(B)
σ(W )✱ ✇❤❡r❡ ❢♦r ❡✈❡r② W ∈ ρ ✇❡ ❞❡♥♦t❡



✾✽ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❜② σ(W ) t❤❡ ✉♥✐q✉❡ ♣❛rt✐t✐♦♥ ✐♥ NCZ(B)(n) s✉❝❤ t❤❛t ❆❜s(σ(W )) = ρ ❛♥❞
s✉❝❤ t❤❛t t❤❡ ③❡r♦✲❜❧♦❝❦ Z ♦❢ σ(W ) ❤❛s ❆❜s(Z) = W ✳

❋✐♥❛❧❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡t ♦❢ ❜❧♦❝❦s ♦❢ ρ ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡
s❡ts ♦❢ ❜❧♦❝❦s ♦❢ t❤❡ ♣❛rt✐t✐♦♥s π̂1, . . . , π̂p✱ ❛♥❞ ✐s ❤❡♥❝❡ ✐♥ ♥❛t✉r❛❧ ❜✐❥❡❝t✐♦♥
✇✐t❤ {(j, V ) | 1 ≤ j ≤ p ❛♥❞ V ∈ πj}✳ ❲❡ ❧❡❛✈❡ ✐t ❛s ❛ str❛✐❣❤t❢♦r✇❛r❞
✭t❤♦✉❣❤ s♦♠❡✇❤❛t ♥♦t❛t✐♦♥❛❧❧② t❡❞✐♦✉s✮ ❡①❡r❝✐s❡ t♦ t❤❡ r❡❛❞❡r t♦ ✈❡r✐❢② t❤❛t
✇❤❡♥W ∈ ρ ❝♦rr❡s♣♦♥❞s t♦ (j, V ) ✈✐❛ t❤✐s ❜✐❥❡❝t✐♦♥✱ t❤❡♥ t❤❡ t❡r♠ ✐♥❞❡①❡❞ ❜②

(j, V ) ✐♥ ✭✹✳✾✼✮ ✐s ♣r❡❝✐s❡❧② ❡q✉❛❧ t♦ ϕ
(B)
σ(W )✳ ❍❡♥❝❡ t❤❡ ❞♦✉❜❧❡ s✉♠ ❢r♦♠ ✭✹✳✾✼✮

✐s ✐❞❡♥t✐✜❡❞ t❡r♠ ❜② t❡r♠ t♦
∑

W∈ρ ϕ
(B)
σ(W ) ✈✐❛ t❤❡ ❜✐❥❡❝t✐♦♥ W ↔ (j, V )✱ ❛♥❞

t❤❡ r❡q✉✐r❡❞ ❢♦r♠✉❧❛ ✭✹✳✾✻✮ ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✹✳✻✳✼✳ ❚❤❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡ ❤②♣♦t❤❡s✐s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✻ ✐s
♥❡❝❡ss❛r②✱ ♦t❤❡r✇✐s❡ ✇❡ ♥❡❡❞ s♦♠❡ r❡❧❛t✐♦♥s t♦ ❜❡ s❛t✐s✜❡❞ ❜② ϕ ❛♥❞ ϕ′✳ ■♥✲
❞❡❡❞✱ s✉♣♣♦s❡ ❢♦r ❡①❛♠♣❧❡ t❤❛t t❤❡ s❡t {ϕ(A)

π | π ∈ NC(2)} ✐s ❧✐♥❡❛r❧② ❞❡♣❡♥✲
❞❡♥t ✐♥ M2✳ ■t ✐s ✐♠♠❡❞✐❛t❡❧② ✈❡r✐✜❡❞ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ϕ
✐s ❛ ❝❤❛r❛❝t❡r ♦❢ A ✭ϕ(ab) = ϕ(a)ϕ(b)✱ ∀ a, b ∈ A✮✳ ❍❡♥❝❡ κ2 = 0✱ s♦ ✐❢ Pr♦♣♦✲
s✐t✐♦♥ ✹✳✻✳✻ ✐s t♦ ✇♦r❦ t❤❡♥ ✇❡ s❤♦✉❧❞ ❤❛✈❡ κ′2 = d2(κ2) = 0 ❛s ✇❡❧❧✱ ✐♠♣❧②✐♥❣
t❤❛t ϕ′ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ϕ′(ab) = ϕ(a)ϕ′(b) + ϕ′(a)ϕ(b), ∀ a, b ∈ A✳

✹✳✼ ❙♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ϕ

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡❧❛❜♦r❛t❡ ♦♥ t❤❡ ❢❛❝ts ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✸
♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❲❡ st❛rt ❜② r❡❝♦r❞✐♥❣ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡t
♦❢ ❢✉♥❝t✐♦♥❛❧s ϕ′ ✇❤✐❝❤ ❝❛♥ ❛♣♣❡❛r ❛s s♦✉❧✲❝♦♠♣❛♥✐♦♥s ❢♦r ϕ✱ ✇❤❡♥ (A, ϕ)
❛♥❞ A1, . . . ,Ak ❛r❡ ❣✐✈❡♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✼✳✶✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞
❧❡t A1, . . . ,Ak ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡❧② ✐♥❞❡♣❡♥❞❡♥t ✐♥
(A, ϕ)✳

1o ❚❤❡ s❡t ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s

F ′ :=
{
ϕ′ : A → C

ϕ′ ❧✐♥❡❛r✱ ϕ′(1A) = 0✱ ❛♥❞ A1, . . . ,Ak

❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)

}
✭✹✳✾✽✮

✐s ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ t❤❡ ❞✉❛❧ ♦❢ A✳
2o ❙✉♣♣♦s❡ t❤❛t ❆❧❣(A1 ∪ · · · ∪ Ak) ❂ A✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠❛♣

F ′ ∋ ϕ′ 7→ (ϕ′ | A1, . . . , ϕ
′ | Ak) ∈ F ′

1 × · · · × F ′
k, ✭✹✳✾✾✮

✇❤❡r❡ F ′ ✐s ❛s ✐♥ ✭✹✳✾✽✮ ❛♥❞ ✇❤❡r❡ ❢♦r 1 ≤ i ≤ k ✇❡ ❞❡♥♦t❡ F ′
i = {ϕ′ : Ai →

C | ϕ′ ❧✐♥❡❛r✱ ϕ′(1A) = 0}✳ ❚❤❡ ♠❛♣ ❢r♦♠ ✭✹✳✾✾✮ ✐s ♦♥❡✲t♦✲♦♥❡✳

Pr♦♦❢✳ 1o ❚❤✐s ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✱ ❛♥❞ s♣❡❝✐✜❝❛❧❧② ❢r♦♠ t❤❡
❢❛❝t t❤❛t ϕ′ ♠❛❦❡s ❛ ❧✐♥❡❛r ❛♣♣❡❛r❛♥❝❡ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥
✭✹✳✺✮✳



✹✳✼ ❙♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ϕ ✾✾

2o ▲❡t ϕ′ ∈ F ′ ❜❡ s✉❝❤ t❤❛t ϕ′ | Ai = 0✱ ∀ 1 ≤ i ≤ k✳ ❚❤❡♥ ❢r♦♠ ❊q✉❛t✐♦♥
✭✹✳✺✮ ✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t ϕ′(a1 · · · an) = 0 ❢♦r ❛❧❧ ❝❤♦✐❝❡s ♦❢ a1, . . . , an ∈
A1∪· · ·∪Ak✳ ❚❤❡ ❧✐♥❡❛r s♣❛♥ ♦❢ t❤❡ ♣r♦❞✉❝ts a1 · · · an ❢♦r♠❡❞ ✐♥ t❤✐s ✇❛② ✐s
t❤❡ ❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② A1 ∪ · · · ∪Ak✱ ❤❡♥❝❡ ✐s ❛❧❧ ♦❢ A✱ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥
t❤❛t ϕ′ = 0 ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✹✳✼✳✷✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✼✳✶✱ t❤❡ ❧✐♥❡❛r ♠❛♣ ✭✹✳✾✾✮
♠❛② ♥♦t ❜❡ s✉r❥❡❝t✐✈❡✳ ❋♦r ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢✉❧❧ ❋♦❝❦ s♣❛❝❡ ♦✈❡r C

2✱

T = CΩ ⊕ C
2 ⊕ (C2 ⊗ C

2) ⊕ · · · ⊕ (C2)⊗n ⊕ · · · ,

❛♥❞ ❧❡t L1, L2 ∈ B(T ) ❜❡ t❤❡ ❧❡❢t✲❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t✇♦
✈❡❝t♦rs ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ C

2✳ ❚❤❡♥ L1, L2 ❛r❡ ✐s♦♠❡tr✐❡s
✇✐t❤ ♠✉t✉❛❧❧② ♦rt❤♦❣♦♥❛❧ r❛♥❣❡s❀ t❤✐s ✐s r❡❝♦r❞❡❞ ✐♥ ❛❧❣❡❜r❛✐❝ ❢♦r♠ ❜② t❤❡
r❡❧❛t✐♦♥s

L∗
1L1 = L∗

2L2 = 1 ✭✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦♥ T ✮✱ L∗
1L2 = 0.

❋♦r i = 1, 2 ❧❡t Ai ❞❡♥♦t❡ t❤❡ ✉♥✐t❛❧ ∗✲s✉❜❛❧❣❡❜r❛ ♦❢ B(T ) ❣❡♥❡r❛t❡❞ ❜② Li✱
❛♥❞ ❧❡t A = ❆❧❣(A1 ∪ A2)✱ t❤❡ ✉♥✐t❛❧ ∗✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② L1 ❛♥❞ L2

t♦❣❡t❤❡r✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✭s❡❡ ❡✳❣✳ ▲❡❝t✉r❡ ✼ ♦❢ ❬◆❙✵✻❪✮ t❤❛t A1 ❛♥❞ A2 ❛r❡
❢r❡❡ ✐♥ (A, ϕ) ✇❤❡r❡ ϕ ✐s t❤❡ ✈❛❝✉✉♠✲st❛t❡ ♦♥ A✳ ▲❡t ϕ′

2 : A2 → C ❜❡ ❛♥②
❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ s✉❝❤ t❤❛t ϕ′

2(1A) = 0 ❛♥❞ ϕ′
2(L2) = 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

♥♦ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ϕ′ : A → C s✉❝❤ t❤❛t ϕ′ | A2 = ϕ′
2 ❛♥❞ s✉❝❤ t❤❛t A1,A2

❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳ ■♥❞❡❡❞✱ ✐❢ s✉❝❤ ϕ′ ✇♦✉❧❞ ❡①✐st t❤❡♥ ❢r♦♠
❊q✉❛t✐♦♥ ✭✹✳✶✽✮ ♦❢ ❘❡♠❛r❦ ✹✳✷✳✷ ✐t ✇♦✉❧❞ ❢♦❧❧♦✇ t❤❛t

ϕ′(L∗
1L2L1) = ϕ(L∗

1L1)ϕ
′(L2) + ϕ′(L∗

1L1)ϕ(L2) = 1 · 1 + 0 · 0 = 1,

✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✱ s✐♥❝❡ L∗
1L2L1 = 0✳

❘❡♠❛r❦ ✹✳✼✳✸✳ ❚❤❡ ❡①❛♠♣❧❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ r❡♠❛r❦ s❤♦✇s t❤❛t ✇❡ ❝❛♥✬t
❛❧✇❛②s ❡①t❡♥❞ ❛ ❣✐✈❡♥ s②st❡♠ ♦❢ ❢✉♥❝t✐♦♥❛❧s ϕ′

i ✐♥ ♦r❞❡r t♦ ❣❡t ❛ s♦✉❧ ❝♦♠✲
♣❛♥✐♦♥ ϕ′ ❢♦r ϕ✳ ❇✉t Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ❣✐✈❡s ✉s ❛♥ ✐♠♣♦rt❛♥t ❝❛s❡ ✇❤❡♥
✇❡ ❛r❡ s✉r❡ t❤✐s ✐s ♣♦ss✐❜❧❡✱ ♥❛♠❡❧② t❤❡ ♦♥❡ ✇❤❡♥ (A, ϕ) ✐s t❤❡ ❢r❡❡ ♣r♦❞✉❝t
(A1, ϕ1) ∗ · · · ∗ (Ak, ϕk)✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ t✇♦ r❡❝✐♣❡s ❢♦r
♦❜t❛✐♥✐♥❣ ❛ s♦✉❧ ❝♦♠♣❛♥✐♦♥ t❤❛t ✇❡r❡ st❛t❡❞ ✐♥ ❈♦r♦❧❧❛r② ✹✳✶✳✹ ❛♥❞ Pr♦♣♦s✐✲
t✐♦♥ ✹✳✶✳✺✳ ❋♦r t❤❡ ✜rst ♦❢ t❤❡♠✱ ✇❡ st❛rt ❜② ✈❡r✐❢②✐♥❣ t❤❛t ❛ ❞❡r✐✈❛t✐♦♥ ♦♥ A
❞♦❡s ✐♥❞❡❡❞ ❞❡✜♥❡ ❛ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✶✹✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✼✳✹✳ ▲❡t A ❜❡ ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C ❛♥❞ ❧❡t D : A → A
❜❡ ❛ ❞❡r✐✈❛t✐♦♥✳ ❋♦r ❡✈❡r② n ≥ 1 ❧❡t Mn ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ♠✉❧t✐❧✐♥❡❛r
❢✉♥❝t✐♦♥❛❧s ❢r♦♠ An t♦ C✱ ❛♥❞ ❞❡✜♥❡ dn : Mn → Mn ❜② ♣✉tt✐♥❣

(dnf)(a1, . . . , an) :=

n∑

m=1

f
(
a1, . . . , am−1, D(am), am+1, . . . , an

)
, ✭✹✳✶✵✵✮



✶✵✵ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❢♦r f ∈ Mn ❛♥❞ a1, . . . , an ∈ A✳ ❚❤❡♥ (dn)n≥1 ✐s ❛ ❞✉❛❧ ❞❡r✐✈❛t✐♦♥ s②st❡♠
♦♥ A✳

Pr♦♦❢✳ ❲❡ ✜rst ❞♦ t❤❡ ✐♠♠❡❞✐❛t❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❢r♦♠ ❉❡✜♥✐t✐♦♥
✹✳✻✳✸✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥❛❧ ✐♥ M1✱ ❧❡t n ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ❛♥❞ ❞❡♥♦t❡
g = f ◦▼✉❧tn ∈ Mn✳ ❚❤❡♥ ❢♦r ❡✈❡r② a1, . . . , an ∈ A ✇❡ ❤❛✈❡

(dng)(a1, . . . , an) =

n∑

m=1

f
(
a1 · · · am−1 ·D(am) · am+1 · · · an

)

= f
(
D(a1 · · · an)

)

✭✇❤❡r❡ ❛t t❤❡ ✜rst ❡q✉❛❧✐t② s✐❣♥ ✇❡ ✉s❡❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ dn ❛♥❞ ♦❢ g✱ ❛♥❞
❛t t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② s✐❣♥ ✇❡ ✉s❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♣r♦♣❡rt② ♦❢ D✮✳ ❙✐♥❝❡ d1f
✐s ❥✉st f ◦D✱ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ dng = (d1f)◦Mn✱ ❛s r❡q✉✐r❡❞✳

❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ✜① π = {V1, . . . , Vp} ∈ NC(n) ❛♥❞
f1 ∈ M|V1|, . . . , fp ∈ M|Vp| ❛s ✐♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✻✳✸✱ ❛♥❞ ✇❡ ✈❡r✐❢② t❤❛t t❤❡
❢♦r♠✉❧❛ ✭✹✳✽✽✮ ❤♦❧❞s✳ ❉❡♥♦t❡ f := Jπ(f1, . . . , fp) ∈ Mn✳ ■♥ t❤❡ s✉♠♠❛t✐♦♥
✇❤✐❝❤ ❞❡✜♥❡s dnf ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✶✵✵✮ ✇❡ ❣r♦✉♣ t❤❡ t❡r♠s ❜② ✇r✐t✐♥❣

p∑

j=1

( ∑

m∈Vj

f
(
a1, . . . , am−1, D(am), am+1, . . . , an

))
. ✭✹✳✶✵✶✮

■t ✇✐❧❧ ❝❧❡❛r❧② s✉✣❝❡ t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❡✈❡r② 1 ≤ j ≤ p✱ t❤❡ t❡r♠ ✐♥❞❡①❡❞
❜② j ✐♥ t❤❡ s✉♠ ✭✹✳✶✵✶✮ ✐s ❡q✉❛❧ t♦ t❤❡ t❡r♠ ✐♥❞❡①❡❞ ❜② j ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ ✭✹✳✽✽✮✳

❙♦ t❤❡♥ ❧❡t ✉s ❛❧s♦ ✜① ❛ j✱ 1 ≤ j ≤ p✳ ❲❡ ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❜❧♦❝❦ Vj ♦❢ π
❛s {v1, . . . , vs} ✇✐t❤ v1 < · · · < vs✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ❛s Jπ(f1, . . . , fp)
✐t ✐s t❤❡♥ ✐♠♠❡❞✐❛t❡ t❤❛t ❢♦r m = vr ∈ Vj ✇❡ ❤❛✈❡

f
(
a1, . . . , am−1, D(am), am+1, . . . , an

))
= ✭✹✳✶✵✷✮

=
( ∏

1≤i≤p,
i6=j

fi

(
(a1, . . . , an) | Vi

) )
· fj

(
av1 , . . . , D(avr), . . . , avs

)
.

❲❤❡♥ s✉♠♠✐♥❣ ♦✈❡r 1 ≤ r ≤ s ✐♥ ✭✹✳✶✵✷✮✱ t❤❡ s✉♠ ♦♥❧② ❛✛❡❝ts t❤❡ ❧❛st ❢❛❝t♦r
♦❢ t❤❡ ♣r♦❞✉❝t ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❤✐❝❤ s✉♠s t♦ (dsfj)

(
av1 , . . . , avs

)
✳

❚❤❡ r❡s✉❧t ♦❢ t❤✐s s✉♠♠❛t✐♦♥ ✐s ❤❡♥❝❡ t❤❛t

∑

m∈Vj

f
(
a1, . . . , D(am), . . . , an

))
= Jπ

(
f1, . . . , d|Vj |(fj), . . . , fp

)
,

❛s r❡q✉✐r❡❞✳



✹✳✼ ❙♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ϕ ✶✵✶

❈♦r♦❧❧❛r② ✹✳✼✳✺✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❛♥❞ ❧❡t
D : A → A ❜❡ ❛ ❞❡r✐✈❛t✐♦♥✳ ❉❡✜♥❡ ϕ′ := ϕ ◦D✳ ▲❡t t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❛♥❞
t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ′)
❜❡ ❞❡♥♦t❡❞ ❜② κn ❛♥❞ r❡s♣❡❝t✐✈❡❧② ❜② κ′n✱ ✐♥ t❤❡ ✉s✉❛❧ ✇❛②✳ ❚❤❡♥ ❢♦r ❡✈❡r②
n ≥ 1 ❛♥❞ a1, . . . , an ∈ A ♦♥❡ ❤❛s

κ′n(a1, . . . , an) =
n∑

m=1

κn

(
a1, . . . , am−1, D(am), am+1, . . . , an

)
. ✭✹✳✶✵✸✮

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✻✳✺✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ s♣❡❝✐✜❝ ❞✉❛❧
❞❡r✐✈❛t✐♦♥ s②st❡♠ ♣✉t ✐♥t♦ ❡✈✐❞❡♥❝❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✼✳✹✳

❈♦r♦❧❧❛r② ✹✳✼✳✻✳ ■♥ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❈♦r♦❧❧❛r② ✹✳✼✳✺✱ ❧❡t A1, . . . ,Ak ❜❡ ✉♥✐✲
t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡❧② ✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ϕ✱ ❛♥❞ s✉❝❤
t❤❛t D(Ai) ⊆ Ai ❢♦r 1 ≤ i ≤ k✳ ❚❤❡♥ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥
(A, ϕ, ϕ′)✳

Pr♦♦❢✳ ❲❡ ✈❡r✐❢② t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✮ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶✳✷ ✐s s❛t✐s✜❡❞✳ ❚❤❡ ✈❛♥✲
✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ❝✉♠✉❧❛♥ts κn ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s t❤❛tA1, . . . ,Ak ❛r❡
❢r❡❡ ✐♥ (A, ϕ)✳ ❇✉t t❤❡♥ t❤❡ s♣❡❝✐✜❝ ❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉✲
♠✉❧❛♥ts κ′n ✐♥ ❈♦r♦❧❧❛r② ✹✳✼✳✺✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t A1, . . . ,Ak

❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r D✱ ✐♠♣❧② t❤❛t t❤❡ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts κ′n ✈❛♥✲
✐s❤ ❛s ✇❡❧❧✳

❊①❛♠♣❧❡ ✹✳✼✳✼✳ ❈♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ A ✐s t❤❡ ❛❧❣❡❜r❛ ♦❢ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ k ✐♥❞❡t❡r♠✐♥❛t❡s✱ ❞❡♥♦t❡❞ ❜② C〈X1, . . . , Xk〉✳ ❲❡
✇✐❧❧ ✈✐❡✇ A ❛s ❛ ∗✲❛❧❣❡❜r❛✱ ✇✐t❤ ∗✲♦♣❡r❛t✐♦♥ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡
r❡q✉✐r❡♠❡♥t t❤❛t ❡❛❝❤ ♦❢ X1, . . . , Xk ✐s s❡❧❢❛❞❥♦✐♥t✳ ❈♦♥s✐❞❡r t❤❡ ✉♥✐t❛❧ ∗✲
s✉❜❛❧❣❡❜r❛s A1, . . . ,Ak ⊆ A ✇❤❡r❡ Ai = s♣❛♥{Xn

i | n ≥ 0}✱ 1 ≤ i ≤ k✳ ❲❡
✇✐❧❧ ❧♦♦❦ ❛t t✇♦ ♥❛t✉r❛❧ ❞❡r✐✈❛t✐♦♥s ♦♥ A t❤❛t ❧❡❛✈❡ A1, . . . ,Ak ✐♥✈❛r✐❛♥t✱
❛♥❞ ✇❡ ✇✐❧❧ ❡①❛♠✐♥❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❣✐✈❡♥ ❜② t❤❡s❡
❞❡r✐✈❛t✐♦♥s✳

✭❛✮ ▲❡t D : A → A ❜❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜② ♣✉tt✐♥❣ D(1) = 0✱
D(Xi) = 1 ∀ 1 ≤ i ≤ k✱ ❛♥❞

D(Xi1 · · ·Xin) =

n∑

m=1

Xi1 · · ·Xim−1Xim+1 · · ·Xin , ✭✹✳✶✵✹✮

❢♦r ❛❧❧ n ≥ 2✱ ❛♥❞ ❛❧❧ 1 ≤ i1, . . . , in ≤ k✳
■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t D ✐s ❛ ❞❡r✐✈❛t✐♦♥ ♦♥ A✱ ✇❤✐❝❤ ✐s s❡❧❢❛❞❥♦✐♥t ✭✐♥ t❤❡
s❡♥s❡ t❤❛t D(P ∗) = D(P )∗✱ ∀P ∈ A✮✳ ❋♦r ❡✈❡r② 1 ≤ i ≤ k ✇❡ ❤❛✈❡ t❤❛t
D(Ai) ⊆ Ai ❛♥❞ t❤❛t D ❛❝ts ♦♥ Ai ❛s t❤❡ ✉s✉❛❧ ❞❡r✐✈❛t✐✈❡ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t
D(P (Xi) ) ❂ P ′(Xi)✱ ∀P ∈ C[X]✮✳

◆♦✇ ❧❡t µ : A → C ❜❡ ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ µ(1) = 1 ❛♥❞
s✉❝❤ t❤❛t A1, . . . ,Ak ❛r❡ ❢r❡❡ ✐♥ (A, µ)✳ ❚❤❡♥ ❈♦r♦❧❧❛r② ✹✳✼✳✻ ✐♠♣❧✐❡s t❤❛t
A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ t❤❡ ∗✲✐♥❝♣s (A, µ, µ′)✱ ✇❤❡r❡ µ′ := µ◦D✳



✶✵✷ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

◆♦t❡ t❤❛t ✐♥ t❤✐s s♣❡❝✐❛❧ ❡①❛♠♣❧❡ ✇❡ ❛❝t✉❛❧❧② ❤❛✈❡

κ′n(Xi1 , . . . , Xin) = 0, ∀n ≥ 2, ∀ 1 ≤ i1, . . . , in ≤ k; ✭✹✳✶✵✺✮

t❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t❤❡ ❢♦r♠✉❧❛ ✭✹✳✶✵✸✮✱ ❝♦♠❜✐♥❡❞ ✇✐t❤
t❤❡ ❢❛❝t t❤❛t ❛ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ✈❛♥✐s❤❡s ✇❤❡♥ ♦♥❡ ♦❢ ✐ts ❛r❣✉♠❡♥ts ✐s
❛ s❝❛❧❛r✳

❊q✉❛t✐♦♥ ✭✹✳✶✵✺✮ ❣✐✈❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t

κ′n(Xi, . . . , Xi) = 0, ∀n ≥ 2 ❛♥❞ 1 ≤ i ≤ k.

❙♦ ✐❢ µ ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t ❡✈❡r② Xi ❤❛s ❛ st❛♥❞❛r❞ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥
✐♥ (A, µ)✱ t❤❡♥ ❡✈❡r② Xi ✇✐❧❧ ❜❡❝♦♠❡ ❛ st❛♥❞❛r❞ ✐♥✜♥✐t❡s✐♠❛❧ s❡♠✐❝✐r❝✉❧❛r
❡❧❡♠❡♥t ✐♥ (A, µ, µ′)✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❘❡♠❛r❦ ✹✳✹✳✼✱ ❛♥❞ ✇❤❡r❡ ✐♥ ❊q✉❛t✐♦♥
✭✹✳✻✽✮ ✇❡ t❛❦❡ α′

1 = 1✱ α′
2 = 0✳

✭❜✮ ▲❡t D# : A → A ❜❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜② ♣✉tt✐♥❣ D#(1) = 0
❛♥❞

D#(Xi1 · · ·Xin) = nXi1 · · ·Xin , ∀n ≥ 1, ∀ 1 ≤ i1, . . . , in ≤ k. ✭✹✳✶✵✻✮

❚❤❡♥ D# ✐s ❛ s❡❧❢❛❞❥♦✐♥t ❞❡r✐✈❛t✐♦♥✱ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✏t❤❡ ♥✉♠❜❡r ♦♣❡r❛t♦r✑
♦♥ A✳ ■t ✐s ❝❧❡❛r t❤❛t D# ❧❡❛✈❡s ❡✈❡r② Ai ✐♥✈❛r✐❛♥t✱ 1 ≤ i ≤ k✳ ❍❡♥❝❡ ✐❢
µ : A → C ✐s ❛s ✐♥ ♣❛rt ✭❛✮ ❛❜♦✈❡ ✭s✉❝❤ t❤❛t A1, . . . ,Ak ❛r❡ ❢r❡❡ ✐♥ (A, µ)✮✱
t❤❡♥ ❈♦r♦❧❧❛r② ✹✳✼✳✻ ✐♠♣❧✐❡s t❤❛t A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ t❤❡
∗✲✐♥❝♣s (A, µ, µ′#)✱ ✇❤❡r❡ µ′# := µ ◦D#✳

❙✐♥❝❡ D#(Xi) = Xi ❢♦r 1 ≤ i ≤ k✱ t❤❡ ❢♦r♠✉❧❛ ✭✹✳✶✵✸✮ ❢♦r ✐♥✜♥✐t❡s✐♠❛❧
♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♥♦✇ ❣✐✈❡s

κ′n(Xi1 , . . . , Xin) = n · κn(Xi1 , . . . , Xin), ∀n ≥ 1, ∀ 1 ≤ i1, . . . , in ≤ k.
✭✹✳✶✵✼✮

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ µ ✐s s✉❝❤ t❤❛t ❡✈❡r② Xi ✐s st❛♥❞❛r❞ s❡♠✐❝✐r❝✉✲
❧❛r ✐♥ (A, µ)✱ ✐t t❤✉s ❢♦❧❧♦✇s t❤❛t ❡✈❡r② Xi ❜❡❝♦♠❡s ❛ st❛♥❞❛r❞ ✐♥✜♥✐t❡s✐♠❛❧
s❡♠✐❝✐r❝✉❧❛r ❡❧❡♠❡♥t ✐♥ (A, µ, µ′#)✱ ✇❤❡r❡ ✇❡ s❡t t❤❡ ♣❛r❛♠❡t❡rs ❢r♦♠ ❊q✉❛✲
t✐♦♥ ✭✹✳✻✽✮ t♦ ❜❡ α′

1 = 0 ❛♥❞ α′
2 = 2✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ µ ✐s ❞❡✜♥❡❞

s✉❝❤ t❤❛t ❡✈❡r② Xi ❤❛s ❛ st❛♥❞❛r❞ ❢r❡❡ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ ✐♥ (A, µ) ✭✇✐t❤
κn(Xi, . . . , Xi) = 1 ❢♦r ❛❧❧ n ≥ 1✮✱ t❤❡♥ t❤❡ Xi ✇✐❧❧ ❜❡❝♦♠❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡
P♦✐ss♦♥ ❡❧❡♠❡♥ts ✐♥ (A, µ, µ′#)✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✹✳✽ ❛♥❞ ✇❤❡r❡ ✇❡
t❛❦❡ β′ = 0✱ γ′ = 1 ✐♥ ❊q✉❛t✐♦♥ ✭✹✳✼✶✮✳

❲❡ ♥♦✇ ♠♦✈❡ t♦ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺✳ ❈❧❡❛r❧②✱
t❤✐s ✐s ❥✉st ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✽✳

❈♦r♦❧❧❛r② ✹✳✼✳✽✳ ■♥ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✽✱ s✉♣♣♦s❡ t❤❛t t❤❡
✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s A1, . . . ,Ak ♦❢ A ❛r❡ ❢r❡❡❧② ✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ϕt

❢♦r ❡✈❡r② t ∈ T ✳ ❚❤❡♥ A1, . . . ,Ak ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, ϕ, ϕ′)✳



✹✳✼ ❙♦✉❧ ❝♦♠♣❛♥✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ϕ ✶✵✸

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❡❧❡♠❡♥ts a1 ∈ Ai1 , . . . , an ∈ Ain ✇❤❡r❡ t❤❡ ✐♥❞✐❝❡s i1, . . . , in
❛r❡ ♥♦t ❛❧❧ ❡q✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡ ❢r❡❡♥❡ss ♦❢ A1, . . . ,Ak ✐♥ (A, ϕt) ✐♠♣❧✐❡s

t❤❛t κ
(t)
n (a1, . . . , an) = 0 ❢♦r ❡✈❡r② t ∈ T ✳ ❚❤❡ ❧✐♠✐t ❛♥❞ ❞❡r✐✈❛t✐✈❡ ❛t 0

♦❢ t❤❡ ❢✉♥❝t✐♦♥ t 7→ κ
(t)
n (a1, . . . , an) ♠✉st t❤❡r❡❢♦r❡ ✈❛♥✐s❤✱ ✇❤✐❝❤ ♠❡❛♥s ✭❜②

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✽✮ t❤❛t κn(a1, . . . , an) = κ′n(a1, . . . , an) = 0✳ ❍❡♥❝❡ ❝♦♥❞✐t✐♦♥
✭✷✮ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶✳✷ ✐s s❛t✐s✜❡❞✱ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❊①❛♠♣❧❡ ✹✳✼✳✾✳ ❈♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ A ✐s t❤❡ ∗✲❛❧❣❡❜r❛
C〈X1, . . . , Xk〉✱ ❛s ✐♥ ❊①❛♠♣❧❡ ✹✳✼✳✼✱ ❛♥❞ ✇❤❡r❡ µ : A → C ✐s ❛ ♣♦s✐t✐✈❡
❞❡✜♥✐t❡ ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ µ(1) = 1✳ ▲❡t (κn)n≥1 ❜❡ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t

❢✉♥❝t✐♦♥❛❧s ♦❢ µ✱ ❛♥❞ ❧❡t {κ(A)
π | π ∈ ∪∞

n=1NC(n)} ❜❡ t❤❡ ❡①t❡♥❞❡❞ ❢❛♠✐❧② ♦❢
♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s✳

❋♦r ❡✈❡r② t > 0✱ ❧❡t µt : A → C ❜❡ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥❡❞ ❜②
♣✉tt✐♥❣ µt(1) = 1 ❛♥❞

µt(Xi1 , . . . , Xin) =
∑

π∈NC(n)

(t+ 1)|π| · κπ(Xi1 , . . . , Xin), ✭✹✳✶✵✽✮

❢♦r ❛❧❧ n ≥ 1 ❛♥❞ 1 ≤ i1, . . . , in ≤ k✳ ❆s ✐s ❡❛s✐❧② s❡❡♥✱ µt ✐s ✉♥✐q✉❡❧②

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ✐ts ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κ
(t)
n )n≥1

s❛t✐s❢②

κ(t)
n (Xi1 , . . . , Xin) = (t+ 1) · κn(Xi1 , . . . , Xin), ∀n ≥ 1, 1 ≤ i1, . . . , in ≤ k.

✭✹✳✶✵✾✮
❉✉❡ t♦ t❤✐s ❢❛❝t✱ µt ✐s ❝❛❧❧❡❞ t❤❡ ✏(t + 1)✲t❤ ❝♦♥✈♦❧✉t✐♦♥ ♣♦✇❡r ♦❢ µ✑ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♦♣❡r❛t✐♦♥ ⊞ ♦❢ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ✕ s❡❡ ♣♣✳ ✷✸✶✲✷✸✸ ♦❢
❬◆❙✵✻❪ ❢♦r ❞❡t❛✐❧s✳

❋r♦♠ ✭✹✳✶✵✽✮ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢❛♠✐❧② {µt | t > 0} ❤❛s ✐♥✜♥✐t❡s✐♠❛❧ ❧✐♠✐t
(µ, µ′) ❛t t = 0✱ ✇❤❡r❡ µ ✐s t❤❡ ❢✉♥❝t✐♦♥❛❧ ✇❡ st❛rt❡❞ ✇✐t❤✱ ✇❤✐❧❡ µ′ ✐s ❞❡✜♥❡❞
❜② ♣✉tt✐♥❣ µ′(1) = 0 ❛♥❞

µ′(Xi1 · · ·Xin) =
∑

π∈NC(n)

|π| ·κπ(Xi1 , . . . , Xin), ∀n ≥ 1, 1 ≤ i1, . . . , in ≤ k.

✭✹✳✶✶✵✮
◆♦t❡ ❛❧s♦ t❤❛t ❜② ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✶✵✾✮ ❛♥❞ ❜② ✐♥✈♦❦✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✽
✇❡ ❣❡t

κ′n(Xi1 , . . . , Xin) = κn(Xi1 , . . . , Xin), ∀n ≥ 1, 1 ≤ i1, . . . , in ≤ k. ✭✹✳✶✶✶✮

◆♦✇ ❧❡t A1, . . . ,Ak ❜❡ t❤❡ ✉♥✐t❛❧ ∗✲s✉❜❛❧❣❡❜r❛s ♦❢ A t❤❛t ✇❡r❡ ❛❧s♦ ❝♦♥✲
s✐❞❡r❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✳✼✳✼✱ Ai = s♣❛♥{Xn

i | n ≥ 0} ❢♦r 1 ≤ i ≤ k✳ ❙✉♣♣♦s❡
t❤❛t A1, . . . ,Ak ❛r❡ ❢r❡❡ ✐♥ (A, µ)✳ ❚❤❡♥ t❤❡② ❛r❡ ❢r❡❡ ✐♥ (A, µt) ❢♦r ❡✈❡r②
t > 0❀ t❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❊q✉❛t✐♦♥ ✭✹✳✶✵✾✮ ❛♥❞ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❢r❡❡♥❡ss ✐♥
t❡r♠s ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ✭❝❢✳ ❚❤❡♦r❡♠ ✷✳✸✳✼✮✱ ✇❤❡r❡ ✇❡ t❛❦❡ ✐♥t♦



✶✵✹ ❈❤❛♣t❡r ✹ ✿ ❋✐rst ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❛❝❝♦✉♥t t❤❛t Ai ✐s t❤❡ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② Xi✳ ❍❡♥❝❡ t❤✐s ✐s ❛ s✐t✲
✉❛t✐♦♥ ✇❤❡r❡ ❈♦r♦❧❧❛r② ✹✳✼✳✽ ❛♣♣❧✐❡s✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t A1, . . . ,Ak ❛r❡
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ (A, µ, µ′)✳

◆♦t❡ ❛❧s♦ t❤❛t ✐❢ Xi ❤❛s ❛ st❛♥❞❛r❞ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ✐♥ (A, µ)✱
t❤❡♥ ❊q✉❛t✐♦♥ ✭✹✳✶✶✶✮ ✐♠♣❧✐❡s t❤❛t Xi ❜❡❝♦♠❡s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ s❡♠✐❝✐r❝✉❧❛r
❡❧❡♠❡♥t ✐♥ (A, µ, µ′)✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs α′

1, α
′
2 ❢r♦♠ ❘❡♠❛r❦ ✹✳✹✳✼ ❛r❡

t❛❦❡♥ t♦ ❜❡ α′
1 = 0✱ α′

2 = 1✳ ▲✐❦❡✇✐s❡✱ ✐❢ Xi ✐s ❛ st❛♥❞❛r❞ ❢r❡❡ P♦✐ss♦♥ ✐♥
(A, µ)✱ t❤❡♥ ❊q✉❛t✐♦♥ ✭✹✳✶✶✶✮ ✐♠♣❧✐❡s t❤❛t Xi ❜❡❝♦♠❡s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡
P♦✐ss♦♥ ❡❧❡♠❡♥t ✐♥ (A, µ, µ′)✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs β′, γ′ ❢r♦♠ ❉❡✜♥✐t✐♦♥
✹✳✹✳✽ ❛r❡ t❛❦❡♥ t♦ ❜❡ β′ = 1✱ γ′ = 0✳



❈❤❛♣t❡r ✺

❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧

❢r❡❡♥❡ss

❚❤✐s ❝❤❛♣t❡r ✐s t❤❡ t❡①t ♦❢ t❤❡ ♣❛♣❡r ✏❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✑
❬❋❡✈✶✵❪✱ s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥✳

✺✳✶ ❋r❛♠❡✇♦r❦ ♦❢ ❤✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡✲
♥❡ss

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ t❤❡ ✐♥t❡❣❡r k ∈ N ✐s ✜①❡❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦✲
❞✉❝❡ t❤❡ t✇♦ ❡q✉✐✈❛❧❡♥t str✉❝t✉r❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✲
✐t② s♣❛❝❡ ❛♥❞ ♦❢ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ ✇❡ ❞✐s❝✉ss
t❤❡✐r r❡❧❛t✐♦♥s t♦ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ str✉❝t✉r❡s✳

✺✳✶✳✶ ■♥✜♥✐t❡s✐♠❛❧ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k

❚❤❡ ♦❜❥❡❝t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ✐♥tr♦❞✉❝❡ t❤❡ str✉❝t✉r❡ ✇❤✐❝❤ ✐s t❤❡ ❢r❛♠❡✲
✇♦r❦ ❢♦r ♦✉r ♥♦t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k✱ ♥❛♠❡❧② t❤❡ ✐♥✜♥✐t❡s✲
✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✳ ❲❡ ❝❛❧❧ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
♦❢ ♦r❞❡r k ❛ str✉❝t✉r❡ (A, (ϕ(i))0≤i≤k) ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C✱
ϕ(0) : A −→ C ✐s ❛ ❧✐♥❡❛r ♠❛♣ ✇✐t❤ ϕ(0)(1A) = 1✱ ❛♥❞ ϕ(i) : A −→ C✱
1 ≤ i ≤ k✱ ❛r❡ ❧✐♥❡❛r ♠❛♣s ✇✐t❤ ϕ(i)(1A) = 0✳

❘❡♠❛r❦ ✺✳✶✳✷✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ♦❢ ♦r❞❡r 1 ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❚❤❡ str✉❝t✉r❡ ❞❡✜♥❡❞ ❛❜♦✈❡
✐s t❤❡r❡❢♦r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ❧❛tt❡r ♦❜❥❡❝t✱ ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❛❞❥❡❝t✐✈❡
✐♥✜♥✐t❡s✐♠❛❧ ✐s ❥✉st✐✜❡❞✳

❆♥ ❡❧❡♠❡♥t a ∈ (A, (ϕ(i))0≤i≤k) ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜✲
❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ✐s ❝❛❧❧❡❞ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠

✶✵✺



✶✵✻ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✈❛r✐❛❜❧❡ ♦❢ ♦r❞❡r k✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♦r❞❡r k ♦❢ ❛ n✲t✉♣❧❡
(a1, . . . , an) ∈ An ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♦r✲
❞❡r k ✐s t❤❡ (k + 1)✲t✉♣❧❡ (µ(i))0≤i≤k ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦♥ C〈X1, . . . , Xn〉
❞❡✜♥❡❞ ❜② ✿

µ(i)(P (X1, . . . , Xn)) := ϕ(i)(P (a1, . . . , an)).

❚❤❡ r❛♥❣❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥s ✐s t❤❡ s❡t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❧❛✇s ♦❢
♦r❞❡r k✱ ✐♥tr♦❞✉❝❡❞ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✸✳ ❆♥ ✐♥✜♥✐t❡s✐♠❛❧ ❧❛✇ ✭♦❢ ♦r❞❡r k✮ ♦♥ n ✈❛r✐❛❜❧❡s ✐s ❛ (k+1)✲
t✉♣❧❡ ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (µ(i))0≤i≤k✱ ✇❤❡r❡ µ

(i) : C〈X1, . . . , Xn〉 → C ✐s
❞❡✜♥❡❞ ♦♥ t❤❡ ❛❧❣❡❜r❛ ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ s❛t✐s✜❡s µ(i)(1) =
δ0i ✳

❋♦r s♦♠❡ ♣✉r♣♦s❡s✱ ✐t ✐s ❤❛♥❞② t♦ ❝♦♥s✐❞❡r✱ ✐♥st❡❛❞ ♦❢ k + 1 ❧✐♥❡❛r ❢✉♥❝✲
t✐♦♥❛❧s ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✱ ❛♥ ❡q✉✐✈❛❧❡♥t ✉♥✐q✉❡ ❧✐♥❡❛r ♠❛♣ ✇✐t❤ ✈❛❧✉❡s
✐♥ ❛ (k + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❛❧❣❡❜r❛✳ ❚❤❡ r❡❧❡✈❛♥t ❛❧❣❡❜r❛✱ ❞❡♥♦t❡❞ ❜② Ck✱ ✐s
❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

✺✳✶✳✷ ❚❤❡ ❛❧❣❡❜r❛ Ck

■♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✶✱ t❤❡ t✇♦ ❧✐♥❡❛r ♠❛♣s ϕ ❛♥❞ ϕ′ ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ, ϕ′) ❛r❡ ❝♦♥s♦❧✐❞❛t❡❞ ✐♥ ❛ s✐♥❣❧❡ ❧✐♥❡❛r ♠❛♣
ϕ̃ ♦♥ A ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❛ss♠❛♥ ❛❧❣❡❜r❛ G ❣❡♥❡r❛t❡❞
❜② ❛♥ ❡❧❡♠❡♥t ε ✇❤✐❝❤ s❛t✐s✜❡s ε2 = 0 ✿

G = {α+ εβ | α, β ∈ C}.

❚❤✐s ❛❧❣❡❜r❛ ❤❛s ❛ q✉✐t❡ ♥❛t✉r❛❧ (k+1)✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐♥tr♦❞✉❝❡❞
❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✹✳ ▲❡t Ck ❞❡♥♦t❡ t❤❡ (k + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ❛❧❣❡❜r❛
C

k+1 ✇✐t❤ ✉s✉❛❧ ✈❡❝t♦r s♣❛❝❡ str✉❝t✉r❡ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧✲
❧♦✇✐♥❣ r✉❧❡✿ ✐❢ α = (α(0), . . . , α(k)) ∈ Ck ❛♥❞ β = (β(0), . . . , β(k)) ∈ Ck✱ t❤❡♥

α · β = (γ(0), . . . , γ(k))

✐s ❞❡✜♥❡❞ ❜②

γ(i) :=
i∑

j=0

Cj
i α

(j)β(i−j). ✭✺✳✶✮

❚❤❡ ❛❧❣❡❜r❛ Ck ✐s ❛ ✉♥✐t❛❧ ❝♦♠♣❧❡① ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛✳ ■ts ✉♥✐t ✐s
1Ck

= (1, 0, . . . , 0)✳ ❆♥ ❡❧❡♠❡♥t ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ❛❧❣❡❜r❛ Ck ✐❢ ❛♥❞ ♦♥❧② ✐❢
✐ts ✜rst ❝♦♦r❞✐♥❛t❡ ✐s ♥♦♥✲③❡r♦✳
❚❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ❢♦r♠✉❧❛ ✭✺✳✶✮ ❞❡✜♥✐♥❣ t❤❡ ♣r♦❞✉❝t ✐♥ Ck ❛♥❞ t❤❡ ✇❡❧❧✲
❦♥♦✇♥ ▲❡✐❜♥✐③ r✉❧❡ ❣✐✈✐♥❣ t❤❡ r❡❝✐♣❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡
♣r♦❞✉❝t ♦❢ t✇♦ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♠❛❦❡s ✐t ❡❛s② t♦ ❡st❛❜❧✐s❤ t❤❡ ❢♦r♠✉❧❛



✺✳✶ ❋r❛♠❡✇♦r❦ ♦❢ ❤✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✶✵✼

❢♦r t❤❡ ♣r♦❞✉❝t β = α1 · · ·αn ♦❢ n ❡❧❡♠❡♥ts α1, . . . , αn ∈ Ck✳ Pr❡❝✐s❡❧②✱

✐❢ αj = (α
(0)
j , . . . , α

(k)
j ) ❛♥❞ β = (β(0), . . . , β(k))✱ ♦♥❡ ❤❛s ✿

β(i) =
∑

λ∈Λn,i

Cλ1,...,λn

i

n∏

j=1

α
(λj)
j ,

✇❤❡r❡

Cλ1,...,λn

i =
i!

λ1! · · ·λn!

❛♥❞

Λn,i := {λ = (λ1, . . . , λn) ∈ N
n |

n∑

j=1

λj = i}. ✭✺✳✷✮

❚❤❡r❡ ✐s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣❡❜r❛ Ck ✿ ✐t ♠❛② ❜❡ ✐❞❡♥t✐✜❡❞
✇✐t❤ t❤❡ ❛❧❣❡❜r❛ ♦❢ (k + 1)✲❜②✲(k + 1) ✉♣♣❡r tr✐❛♥❣✉❧❛r ❚♦❡♣❧✐t③ ♠❛tr✐❝❡s
✭✇✐t❤ ✉s✉❛❧ ♠❛tr✐❝✐❛❧ ♦♣❡r❛t✐♦♥s✮ ❛s ❢♦❧❧♦✇s ✿

(α(0), . . . , α(k)) ≃




α(0) α(1) . . . α(k−1)

(k−1)!
α(k)

k!

0 α(0) . . . . . . α(k−1)

(k−1)!

. . . . . . . . . . . . . . .

. . . . . . . . . α(0) α(1)

0 0 . . . . . . α(0)



.

❈♦♥s✐❞❡r

ε :=




0 1 . . . 0 0
0 0 . . . . . . 0
. . . . . . . . . . . . . . .
. . . . . . . . . 0 1
0 0 . . . . . . 0



.

■t ✐s ❡❛s② t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s ♦❢ εi ❢♦r 0 ≤ i ≤ k + 1 ❀ ✐♥ ♣❛rt✐❝✉❧❛r
εk+1 = 0Ck

❛♥❞ ❛♥② ❡❧❡♠❡♥t α = (α(0), . . . , α(k)) ∈ Ck ♠❛② ❜❡ ✉♥✐q✉❡❧②
❞❡❝♦♠♣♦s❡❞

α =

k∑

i=0

α(i) ε
i

i!
. ✭✺✳✸✮

❚❤❡ ❢❛♠✐❧② ( εi

i! , 0 ≤ i ≤ k) ✐s t❤✉s ❛ ❧✐♥❡❛r ❜❛s✐s ♦❢ Ck✱ t♦ ✇❤✐❝❤ ✇❡ ✇✐❧❧ r❡❢❡r ❛s
t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Ck✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Ck ≃ C[ε] = Ck[ε] ≃ C[X]/(Xk+1)✳
■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✉s✉❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✐❢ ♦♥❡ ❛s❦s
❢♦r t❤❡ st❛t❡ t♦ ❜❡ Ck✲✈❛❧✉❡❞✱ ♦♥❡ ♦❜t❛✐♥s ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t str✉❝t✉r❡✱ ✐♥✲
tr♦❞✉❝❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳



✶✵✽ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✺✳✶✳✸ ❙❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡

❉❡✜♥✐t✐♦♥ ✺✳✶✳✺✳ ❇② s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✇❡ ♠❡❛♥
❛ ❝♦✉♣❧❡ (A, ϕ̃)✱ ✇❤❡r❡ A ✐s ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ♦✈❡r C ❛♥❞ ϕ̃ : A → Ck ✐s ❛
C✲❧✐♥❡❛r ♠❛♣ s❛t✐s❢②✐♥❣ ϕ̃(1A) = 1Ck

✳

❘❡♠❛r❦ ✺✳✶✳✻✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ s❝❛r❝❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❖❛♥✵✼❪✱ ❜✉t ♦♥❧② ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ s❝❛r❝❡ G✲
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳

❘❡♠❛r❦ ✺✳✶✳✼✳ ❚♦ ❛♥② ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢
♦r❞❡r k✱ ❞❡♥♦t❡❞ (A, (ϕ(i))0≤i≤k)✱ ✇❡ ♠❛② ❛ss♦❝✐❛t❡ ❛ ♥❛t✉r❛❧ s❝❛r❝❡ Ck✲
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃)✱ ❜② ♣✉tt✐♥❣

ϕ̃ :=
k∑

i=0

ϕ(i) ε
i

i!
. ✭✺✳✹✮

❘❡❝✐♣r♦❝❛❧❧②✱ ❣✐✈❡♥ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃)✱ t❤❡
❧✐♥❡❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ϕ̃ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Ck ❣✐✈❡s r✐s❡ t♦ k+1 ❧✐♥❡❛r
❢✉♥❝t✐♦♥❛❧s (ϕ(i))0≤i≤k✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t♦ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ✿ (A, (ϕ(i))0≤i≤k)✳
❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
♦❢ ♦r❞❡r k ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(A, ϕ̃) ✐s ❢✉♥❞❛♠❡♥t❛❧ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ ❝♦♥t✐♥✉♦✉s❧② s✇✐t❝❤
❢r♦♠ ♦♥❡ str✉❝t✉r❡ t♦ t❤❡ ♦t❤❡r✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♥❝✐♣❧❡ t❤❛t ♦✉r ✐♥t❡r❡st
✐s ✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ str✉❝t✉r❡ ✇❤❡r❡❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❡❛s✐❡r ✐♥ t❤❡
s❝❛r❝❡ Ck str✉❝t✉r❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ♠✐♠❡t✐③❡ t❤♦s❡ ❢r♦♠ ✉s✉❛❧ ❢r❡❡
♣r♦❜❛❜✐❧✐t②✳

❆♥ ❡❧❡♠❡♥t a ♦❢ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃)
✐s ❝❛❧❧❡❞ ❛ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ s✉❝❤ ❛♥
a ∈ A t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts Ck✲✈❛❧✉❡❞ ♠♦♠❡♥ts (ϕ̃(an))n∈N∗ ✳ ❲❡ ❝❛❧❧ Ck✲✈❛❧✉❡❞
❞✐str✐❜✉t✐♦♥ ♦❢ a t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ♠♦♠❡♥ts✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡
❧✐♥❡❛r ♠❛♣ ❢r♦♠ C[X] ✐♥t♦ Ck ✇❤✐❝❤ ♠❛♣s ❛♥② ♣♦❧②♥♦♠✐❛❧ P t♦ ϕ̃(P (a))✳
❖♥❡ ♠❛② ✜♥❞ ❡❛s✐❡r t♦ ❝♦❧❧❡❝t ❛❧❧ t❤❡ Ck✲✈❛❧✉❡❞ ♠♦♠❡♥ts ✐♥ ❛ ❢♦r♠❛❧ ♣♦✇❡r
s❡r✐❡s✱ ❛s ❢♦❧❧♦✇s ✿

❉❡✜♥✐t✐♦♥ ✺✳✶✳✽✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②

s♣❛❝❡✳ ❚❤❡ Ck✲✈❛❧✉❡❞ ♠♦♠❡♥t s❡r✐❡s ♦❢ a ∈ A ✐s t❤❡ ♣♦✇❡r s❡r✐❡s M̃a ∈ Θ
(A)
Ck

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

M̃a(z) :=

∞∑

n=1

ϕ̃(an)zn.

❚❤❡ ♥♦t✐♦♥ ♦❢ Ck✲✈❛❧✉❡❞ ❞✐str✐❜✉t✐♦♥ ✐s ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ n✲t✉♣❧❡s ♦❢
✈❛r✐❛❜❧❡s ✿



✺✳✶ ❋r❛♠❡✇♦r❦ ♦❢ ❤✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✶✵✾

❉❡✜♥✐t✐♦♥ ✺✳✶✳✾✳ ❚❤❡ Ck✲✈❛❧✉❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ n✲t✉♣❧❡ (a1, . . . , an) ∈
An ♦❢ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃) ✐s t❤❡ ❧✐♥❡❛r ♠❛♣ µ̃(a1,...,an) : C〈X1, . . . , Xn〉 → Ck

❞❡✜♥❡❞ ❜②

µ̃(a1,...,an)(P (X1, . . . , Xn)) := ϕ̃(P (a1, . . . , an)).

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✷✳✾✱ s❝❛r❝❡ G✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡s ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s ♣r♦✈✐❞❡ ❛ ♥✐❝❡
❢r❛♠❡✇♦r❦ t♦ ❞♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t str✉❝t✉r❡s ❞❡✜♥❡❞
❛❜♦✈❡ ❛r❡ t❤❡r❡❢♦r❡ t❤❡ ♥❛t✉r❛❧ s❡tt✐♥❣ ❢♦r ❣❡♥❡r❛❧✐③✐♥❣ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢
t②♣❡ ❇✳ ❚❤❡r❡ ✐s ❛♥♦t❤❡r str✉❝t✉r❡ ❧✐♥❦❡❞ t♦ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇ t❤❛t
♦♥❡ ♠❛② ✜♥❞ ✐♥t❡r❡st✐♥❣ t♦ ❣❡♥❡r❛❧✐③❡ ❤❡r❡ ✿ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ♦❢ t②♣❡ ❇✱ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦ ♦♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡
❇ ❬❇●◆✵✸❪✱ ❛♥❞ r❡✈✐❡✇❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✳ ■ts ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s t❤❡
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ t②♣❡ k ✿

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✵✳ ❇② ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ t②♣❡ k ✇❡ ✉♥✲
❞❡rst❛♥❞ ❛ s②st❡♠ (V(0), f (0), . . . ,V(k), f (k), (Φi,j)0≤i,j≤k)✱ ✇❤❡r❡ (V(0), f (0))
✐s ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ t②♣❡ ❆✱ V(i)✱ 1 ≤ i ≤ k✱ ❛r❡
❝♦♠♣❧❡① ✈❡❝t♦r s♣❛❝❡s✱ f (i) : V(i) −→ C✱ 1 ≤ i ≤ k✱ ❛r❡ ❧✐♥❡❛r ♠❛♣s✱
Φi,j : V(i) × V(j) −→ V(i+j)✱0 ≤ i, j ≤ k✱ ❛r❡ ❜✐❧✐♥❡❛r ♠❛♣s s❛t✐s❢②✐♥❣

Φh+i,j(Φh,i(x, y), z) = Φh,i+j(x,Φi,j(y, z)),

∀h, i, j ∈ N,∀x ∈ V(h),∀y ∈ V(i),∀z ∈ V(j)✳

❚♦ ♠❛❦❡ t❤❡ ♣r❡❝❡❞✐♥❣ ❞❡✜♥✐t✐♦♥ ✇♦r❦✱ ✇❡ ♣✉t V(i) = {0}✱ ✇❤❡♥ i ≥
k + 1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t ♥♦t✐❝❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✷✳✾ st✐❧❧ ❤♦❧❞s ✿ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s ♦❢ t②♣❡ k ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ s❝❛r❝❡ Ck✲
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡s✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛✲
❜✐❧✐t② s♣❛❝❡ ♦❢ t②♣❡ k (V(0), f (0), . . . ,V(k), f (k), (Φi,j)0≤i,j≤k)✱ t❤❡ ❞✐r❡❝t ♣r♦❞✲

✉❝t
∏k

i=0 V(i) ❝❛♥ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡① ✉♥✐t❛❧ ❛❧❣❡❜r❛ str✉❝t✉r❡✱
✈✐❛ t❤❡ ♠❛♣s (Φi,j)0≤i,j≤k✳ ❚❤✐s ❛❧❣❡❜r❛✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❧✐♥❡❛r ♠❛♣
ϕ̃(x0, . . . , xk) := (f (0)(x0), . . . , f

(k)(xk))✱ ❢♦r♠s ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳

❚❤❡r❡ ❛r❡ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥t ♥♦t✐♦♥s ♦❢ ❢r❡❡♥❡ss ♦♥ t❤❡ str✉❝t✉r❡s ✐♥tr♦✲
❞✉❝❡❞ ❛❜♦✈❡✱ ❣❡♥❡r❛❧✐③✐♥❣ ❜♦t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶
❛♥❞ ❢r❡❡♥❡ss ♦❢ t②♣❡ ❇ ❢r♦♠ ❬❇●◆✵✸❪ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✺✳✹✮✳ ■♥ ❉❡✜♥✐t✐♦♥
✹✳✶✳✶✱ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✐♥ (A, ϕ, ϕ′) ✐s ❞❡✜♥❡❞ ❜② t✇♦ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ϕ,ϕ′ ❀ ✐ts ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛✲
t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ❞❡♥♦t❡❞ ❜② (A, (ϕ(i))0≤i≤k) ✇♦✉❧❞ r❡q✉✐r❡
k + 1 ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (ϕ(i))0≤i≤k✳ ■♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss
❜❡✐♥❣ ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉✲
❧❛♥ts ✭❝❢✳ ❚❤❡♦r❡♠ ✹✳✶✳✷✮✱ ✇❡ ❛❞♦♣t t❤✐s ❛♣♣r♦❛❝❤ ❛♥❞ ❞❡✜♥❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧



✶✶✵ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ s♦♠❡ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s✱ ❝❛❧❧❡❞
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ♦❢ ♦r❞❡r k ❛♥❞ ✐♥tr♦❞✉❝❡❞ ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥✳

✺✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k

❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ t♦t❛❧ ♦r❞❡r ♦♥ t❤❡ s❡t ♦❢ ❜❧♦❝❦s ♦❢ ❛
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ s❡q✉❡❧✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✳ ▲❡t p ∈ NC(A)(m)✱ ❛♥❞ V,W ∈ ❜❧(p)✳
1o V ✐s s❛✐❞ t♦ ❜❡ ♥❡st❡❞ ✐♥ W ✐❢ minW < minV ≤ maxV < maxW ✳
2o V ✐s s❛✐❞ t♦ ❜❡ ♦♥ t❤❡ ❧❡❢t ♦❢ W ✐❢ maxV < minW ✳
3o V ⊏ W ⇔ V ✐s ♥❡st❡❞ ✐♥ W ♦r V ✐s ♦♥ t❤❡ ❧❡❢t ♦❢ W ✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✐s tr✐✈✐❛❧ ❛♥❞ ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷✳ ⊏ ✐s ❛ t♦t❛❧ ♦r❞❡r ♦♥ ❜❧(p)✳

■❢ p ∈ NC(A)(m)✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t p∪❑r(p) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥
♦❢ [m]∪ [m] ✐♥ m+1 ❜❧♦❝❦s✳ ❚❤❡s❡ ❜❧♦❝❦s ✇✐❧❧ ❜❡ ❧✐st❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s✳
❚❤❡ ✜rst ✇❛② ✐s t♦ ❧✐st t❤❡♠ ❛❧❧ t♦❣❡t❤❡r ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ⊏ ✿ ✇❡ ✇✐❧❧
✇r✐t❡ ▼✐①(p, i) ❢♦r t❤❡ i✲t❤ ❜❧♦❝❦ ♦❢ p ∪❑r(p) ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ⊏✱ ❢♦r
1 ≤ i ≤ m+ 1✳
❋♦r s♦♠❡ ♣✉r♣♦s❡s✱ ✐t ✐s ♥✐❝❡ t♦ ❧✐st s❡♣❛r❛t❡❧② t❤❡ ❜❧♦❝❦s ♦❢ p ❛♥❞ ♦❢ ❑r(p)✱
❛♥❞ ✇❡ ✇✐❧❧ ✇r✐t❡ ❙❡♣(p, i) t♦ ❞❡♥♦t❡ t❤❡ i✲t❤ ❜❧♦❝❦ ♦❢ p ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣
♦r❞❡r ⊏ ✐❢ 1 ≤ i ≤ |p| ❛♥❞ t♦ ❞❡♥♦t❡ t❤❡ (i − |p|)✲t❤ ❜❧♦❝❦ ♦❢ ❑r(p) ✐♥ t❤❡
✐♥❝r❡❛s✐♥❣ ♦r❞❡r ⊏ ✐❢ |p| + 1 ≤ i ≤ m+ 1✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❧♦♦❦ ❛t t❤❡ ✜rst ❜❧♦❝❦s ✐♥ t❤❡ t✇♦ r❡s✉❧t✐♥❣ ❧✐sts ✿ ▼✐①(p, 1)
✐s ❛ s✐♥❣❧❡t♦♥ ✐♥ [m] ∪ [m]✱ ❙❡♣(p, 1) ✐s ❛♥ ✐♥t❡r✈❛❧ ✐♥ [m]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
❝❛♥ ❞❡❞✉❝❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t t❤❛t ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ❛❧✇❛②s ♦✇♥s
❛♥ ✐♥t❡r✈❛❧✲❜❧♦❝❦✳

✺✳✷✳✶ Ck✲♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✐♥ t❤❡ ❢r❛♠❡✲
✇♦r❦ ♦❢ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❜② t❤❡ ❢r❡❡ ♠♦♠❡♥t✲
❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ❢r♦♠ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t
t❤❡ ❝♦♠♣✉t❛t✐♦♥s t❛❦❡ ♣❧❛❝❡ ✐♥ t❤❡ ❛❧❣❡❜r❛ Ck ✐♥st❡❛❞ ♦❢ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡①
♥✉♠❜❡rs C✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✸✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✳ ❚❤❡ Ck✲♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛r❡ ❛ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r
♠❛♣s (κ̃n : An → Ck)

∞
n=1✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✿

❢♦r ❡✈❡r② n ≥ 1 ❛♥❞ ❡✈❡r② a1, . . . , an ∈ A✱
∑

p∈NC(A)(n)

κ̃p(a1, . . . , an) = ϕ̃(a1 · · · an). ✭✺✳✺✮



✺✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ✶✶✶

■♥ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ❢♦r♠✉❧❛ ❛❜♦✈❡ ✐s ❦♥♦✇♥ ❛s t❤❡ ❢r❡❡ ♠♦♠❡♥t✲
❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✭s❡❡ ✭✷✳✹✮✮✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ❝♦♠♣✉t❛t✐♦♥s ❤❡r❡
t❛❦❡ ♣❧❛❝❡ ✐♥ t❤❡ ✉♥✐t❛❧ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♣❧❡① ❛❧❣❡❜r❛ Ck ✐♥st❡❛❞ ♦❢ C✳ ❍♦✇✲
❡✈❡r✱ ❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ t❤❡ ♣r♦♦❢s ✭s❡❡ ❬◆❙✵✻❪✮ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧ts r❡♠❛✐♥ ✈❛❧✐❞ ✐♥ t❤✐s s❡tt✐♥❣✳ ❚❤❛t ✐s ✇❤② ✇❡ r❡❝♦r❞
t❤❡♠ ✇✐t❤♦✉t ♣r♦♦❢✳
❋♦r ❡✈❡r② n ≥ 1 ❛♥❞ ❡✈❡r② a1, . . . , an ∈ A ✇❡ ❤❛✈❡ t❤❛t✿

κ̃n(a1, . . . , an) =
∑

p∈NC(A)(n)

▼ö❜(A)(p, 1n)ϕ̃p(a1, . . . , an). ✭✺✳✻✮

❖❜✈✐♦✉s❧②✱ t❤❡ ♠✉❧t✐❧✐♥❡❛r ♠❛♣s (ϕ̃n : An → Ck)
∞
n=1 ✐♠♣❧✐❝✐t❡❧② ✉s❡❞ ✐♥

❢♦r♠✉❧❛ ✭✺✳✻✮ ❛r❡ ❞❡✜♥❡❞ ❜② ϕ̃n(a1, . . . , an) = ϕ̃(a1 · · · an)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹✳ ❖♥❡ ❤❛s t❤❛t κ̃n(a1, . . . , an) = 0 ✇❤❡♥❡✈❡r n ≥ 2✱
a1, . . . , an ∈ A✱ ❛♥❞ t❤❡r❡ ❡①✐sts 1 ≤ i ≤ n s✉❝❤ t❤❛t ai ∈ C1A✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺✳ ▲❡t x1, . . . , xs ❜❡ ✐♥ A ❛♥❞ ❝♦♥s✐❞❡r s♦♠❡ ♣r♦❞✉❝ts ♦❢
t❤❡ ❢♦r♠

a1 = x1 · · ·xs1 , a2 = xs1+1 · · ·xs2 , . . . , an = xsn−1+1 · · ·xsn ,

✇❤❡r❡ 1 ≤ s1 < s2 < · · · < sn = s✳ ❚❤❡♥

κ̃n(a1, . . . , an) =
∑

π∈NC(s) such

that π∨θ=1s

κ̃π(x1, . . . , xs),

✇❤❡r❡ θ ∈ NC(s) ✐s t❤❡ ♣❛rt✐t✐♦♥ ✿

θ = {{1, . . . , s1}, {s1 + 1, . . . , s2}, . . . , {sn−1 + 1, . . . , sn}}.

●✐✈❡♥ ❛ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ a ∈ (A, ϕ̃)✱ t❤❡ q✉❛♥t✐t✐❡s
κ̃n(a, . . . , a) ❛r❡ ❝❛❧❧❡❞ ✐ts Ck✲✈❛❧✉❡❞ ❝✉♠✉❧❛♥ts✱ ❛♥❞ t❤❡② ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ ❛
♣♦✇❡r s❡r✐❡s ✿

❉❡✜♥✐t✐♦♥ ✺✳✷✳✻✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②

s♣❛❝❡✳ ❚❤❡ Ck✲✈❛❧✉❡❞ ❘✲tr❛♥s❢♦r♠ ♦❢ a ∈ A ✐s t❤❡ ♣♦✇❡r s❡r✐❡s R̃a ∈ Θ
(A)
Ck

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

R̃a(z) :=

∞∑

n=1

κ̃n(a, . . . , a)zn.

❋♦❧❧♦✇✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t ♦❢ ❬❙♣❡✾✹❪ st❛t✐♥❣ r♦✉❣❤❧② t❤❛t✱ ✐♥ ❛
✉s✉❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ s✉❜s❡ts ❛r❡ ❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡②
s❛t✐s❢② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ❝✉♠✉❧❛♥ts ❝♦♥❞✐t✐♦♥ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✸✳✼✮✱ ✇❡
❣❡♥❡r❛❧✐③❡ t❤✐s ❝♦♥❞✐t✐♦♥ t♦ ♦✉r s❡tt✐♥❣ ✿



✶✶✷ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❉❡✜♥✐t✐♦♥ ✺✳✷✳✼✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ❛♥❞ M1, . . . ,Mn ❜❡ s✉❜s❡ts ♦❢ A✳ ❲❡ s❛② t❤❛t M1, . . . ,Mn ❤❛✈❡
✈❛♥✐s❤✐♥❣ ♠✐①❡❞ Ck✲❝✉♠✉❧❛♥ts ✐❢

κ̃m(a1, . . . , am) = 0

✇❤❡♥❡✈❡r a1 ∈ Mi1 , . . . , am ∈ Mim ❛♥❞ ∃1 ≤ s < t ≤ m s✉❝❤ t❤❛t is 6= it✳

❆s ❛♥♥♦✉♥❝❡❞✱ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ✐s ❞❡✜♥❡❞ ❜② t❤❡ ✈❛♥✐s❤✐♥❣
♦❢ ♠✐①❡❞ Ck✲❝✉♠✉❧❛♥ts ❝♦♥❞✐t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✿

❉❡✜♥✐t✐♦♥ ✺✳✷✳✽✳ ❲❡ ✇✐❧❧ s❛② t❤❛t s✉❜s❡ts M1, . . . ,Mn ⊆ A ♦❢ ❛ s❝❛r❝❡
Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃) ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r
k ✐❢ t❤❡② ❤❛✈❡ ✈❛♥✐s❤✐♥❣ ♠✐①❡❞ Ck✲❝✉♠✉❧❛♥ts✳

❘❡♠❛r❦ ✺✳✷✳✾✳ ❯s✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥t ✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ ♦♥❡ ❝❛♥ ♣r♦✈❡
t❤❛t✱ ✐❢ A1, . . . ,An ❛r❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ✇❤✐❝❤ ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢
♦r❞❡r k ✐♥ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃)✱ t❤❡♥ ♦♥❡
❤❛s ✿

ϕ̃(a1 · · · am) = 0

✇❤❡♥❡✈❡r a1 ∈ Ai1 , . . . , am ∈ Aim ✇✐t❤ i1 6= . . . 6= im s❛t✐s❢② ϕ̃(a1) = . . . =
ϕ̃(am) = 0✳
❚❤❡ ❝♦♥✈❡rs❡ ✐♥ ♦✉r Ck✲✈❛❧✉❡❞ s✐t✉❛t✐♦♥ ✐s ♥♦t tr✉❡✱ ❜❡❝❛✉s❡ ♦♥❡ ❝❛♥♥♦t ✉s❡
t❤❡ ♥✐❝❡ ✧❝❡♥t❡r✐♥❣ tr✐❝❦✧✱ ❛s ♥♦t✐❝❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✸✳✶✹✳

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❡ s✇✐t❝❤ t♦ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ❞❡✲
✜♥❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s✱ ✇✐t❤ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t
t❤❡② s❤♦✉❧❞ ❛♣♣❡❛r ❛s t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ Ck✲♥♦♥✲
❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Ck✳

✺✳✷✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s

■♥ t❤✐s s❤♦rt s✉❜s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜✲
❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k str✉❝t✉r❡ (A, (ϕ(i))0≤i≤k)✳ ❚❤❡ ❛✐♠ ✐s t♦ ❞❡✜♥❡
❝✉♠✉❧❛♥ts ❛♥❞ ❢r❡❡♥❡ss ✐♥ t❤✐s s❡tt✐♥❣✱ ✐♥ ❛ ❝♦♥s✐st❡♥t ✇❛② ✇✐t❤ t❤❡ ❧❛st
s✉❜s❡❝t✐♦♥✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✿

◆♦t❛t✐♦♥ ✺✳✷✳✶✵✳ ❋♦r ❛ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ♠❛♣s (r
(i)
n : An → C, 0 ≤ i ≤

k)∞n=1✱ ✇❡ ❞❡✜♥❡ ❢♦r ❛♥② n ∈ N✱ ❛♥② π = {V1 ⊏ · · · ⊏ Vh} ∈ NC(A)(n) ❛♥❞

❛♥② λ ∈ Λn,h ✭❞❡✜♥❡❞ ❜② ✭✺✳✷✮✮ t❤❡ n✲❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ r
(λ)
π : An → C ❜②

r(λ)
π (a1, . . . , an) :=

h∏

i=1

r
(λi)
|Vi| ((a1, . . . , an) | Vi).



✺✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ✶✶✸

❚❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ Ck✲♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝✲
t✐♦♥❛❧s (κ̃n : An → Ck)

∞
n=1 ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡

♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃) ✭s❡❡ ❘❡♠❛r❦ ✺✳✶✳✼✮✱ ❛♥❞ t❤❡♥ t♦ ❞❡✜♥❡ t❤❡ r❡q✉✐r❡❞
n✲t❤ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛s t❤❡ n✲❧✐♥❡❛r ❢♦r♠s
❛♣♣❡❛r✐♥❣ ❛s ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❧✐♥❡❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ κ̃n : An → Ck ✐♥ t❤❡
❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Ck✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✶✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛✲
t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t

❢✉♥❝t✐♦♥❛❧s ♦❢ ♦r❞❡r k ❛r❡ ❛ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ♠❛♣s (κ
(i)
n : An → C, 0 ≤

i ≤ k)∞n=1✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✿ ❢♦r ❡✈❡r② n ≥ 1✱
❡✈❡r② 0 ≤ i ≤ k ❛♥❞ ❡✈❡r② a1, . . . , an ∈ A ✇❡ ❤❛✈❡ t❤❛t✿

∑

p∈NC(A)(n)
p:={V1,...,Vh}

∑

λ∈Λh,i

Cλ1,...,λh

i κ(λ)
p (a1, . . . , an) = ϕ(i)(a1 · · · an). ✭✺✳✼✮

■♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ✐s ♦❜✈✐♦✉s❧② ❞❡✜♥❡❞ ❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢
♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✷✳ ❲❡ ✇✐❧❧ s❛② t❤❛t s✉❜s❡tsM1, . . . ,Mn ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r
k ✐❢ t❤❡② ❤❛✈❡ ✈❛♥✐s❤✐♥❣ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱
❢♦r ❡❛❝❤ 0 ≤ i ≤ k✱

κ(i)
m (a1, . . . , am) = 0

✇❤❡♥❡✈❡r a1 ∈ Mi1 , . . . , am ∈ Mim ❛♥❞ ∃1 ≤ s < t ≤ m s✉❝❤ t❤❛t is 6= it✳

❘❡♠❛r❦ ✺✳✷✳✶✸✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦✱ ✉s✐♥❣ ❢♦r♠✉❧❛ ✭✺✳✼✮✱ t❤❛t t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ❛r❡ ✐♥❞❡❡❞ ❧✐♥❦❡❞ t♦ t❤❡ Ck✲♥♦♥✲❝r♦ss✐♥❣
❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ❜② ✿

κ̃n =
k∑

i=0

κ(i)
n

εi

i!
. ✭✺✳✽✮

❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❢♦r♠✉❧❛s ✭✺✳✻✮ ❛♥❞ ✭✺✳✽✮ ✐s t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥✈❡rs❡ ❢♦r♠✉❧❛✿

κ(i)
n (a1, . . . , an) =

∑

p∈NC(A)(n)
p:={V1,...,Vh}

∑

λ∈Λh,i

▼ö❜(A)(p, 1n)Cλ1,...,λh

i ϕ(λ)
p (a1, . . . , an),

✭✺✳✾✮
❛♥❞ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹✳ ❖♥❡ ❤❛s t❤❛t κ
(i)
n (a1, . . . , an) = 0 ✇❤❡♥❡✈❡r 0 ≤ i ≤ k✱

n ≥ 2✱ a1, . . . , an ∈ A✱ ❛♥❞ t❤❡r❡ ❡①✐sts 1 ≤ j ≤ n s✉❝❤ t❤❛t aj ∈ C1A✳



✶✶✹ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢ r❡❧❛t✐♦♥ ✭✺✳✽✮ ✐s t❤❛t s✉❜s❡ts M1, . . . ,Mn ♦❢ ❛♥
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ♦❢ ♦r❞❡r k ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐♥ t❤❡
❛ss♦❝✐❛t❡❞ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳

❘❡♠❛r❦ ✺✳✷✳✶✺✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ❛♥❞ ❝♦♥s✐❞❡r ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉✲

♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κ
(i)
n : An → C, 0 ≤ i ≤ k)∞n=1✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡

t❤❛t t❤❡ ♠✉❧t✐❧✐♥❡❛r ♠❛♣s (κ
(0)
n : An → C)∞n=1 ❛♥❞ (κ

(1)
n : An → C)∞n=1 ❛r❡

r❡s♣❡❝t✐✈❡❧② t❤❡ ✉s✉❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ✐♥ t❤❡ ♥♦♥❝♦♠♠✉✲
t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ(0)) ❛♥❞ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t
❢✉♥❝t✐♦♥❛❧s ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✼ ✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✲
✐t② s♣❛❝❡ (A, ϕ(0), ϕ(1))✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t s✉❜s❡ts t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ♦❢ ♦r❞❡r k ❛r❡ ✐♥ ♣❛rt✐❝✉❧❛r ❢r❡❡ ✐♥ (A, ϕ(0)) ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥
(A, ϕ(0), ϕ(1)) ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳
■♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✱ ❛s ✇❡❧❧ ❛s ❢r❡❡✲
♥❡ss ♦❢ t②♣❡ ❇ ✐♥ ❬❇●◆✵✸❪✱ ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ♠♦♠❡♥ts✳ ❙❡❝t✐♦♥ ✽ ✇✐❧❧
♣r♦✈✐❞❡ s✉❝❤ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ♦❢
✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢
♦r❞❡r k ✐♥ t❡r♠s ♦❢ ♠♦♠❡♥ts✳

❆s st❛t❡❞ ✐♥ ❘❡♠❛r❦ ✺✳✷✳✶✺✱ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ♦❢ ✉♥✐t❛❧ s✉❜✲
❛❧❣❡❜r❛s A1, . . . ,An ⊆ (A, (ϕ(i))0≤i≤k) ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k ✐♠♣❧✐❡s ❢r❡❡♥❡ss ♦❢ A1, . . . ,An ✐♥ t❤❡ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ(0))✳ ❈♦♥✈❡rs❡❧②✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ✧✉♣❣r❛❞❡✧
❢r❡❡♥❡ss ♦❢ ❣✐✈❡♥ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ❄ ❚❤✐s q✉❡st✐♦♥ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥✳

✺✳✷✳✸ ❯♣❣r❛❞✐♥❣ ❢r❡❡♥❡ss t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k

●✐✈❡♥ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ) ❛♥❞ ❢r❡❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s
A1, . . . ,An ♦❢ A✱ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ t♦ ❜✉✐❧❞ ❛ ❧✐♥❡❛r ❢♦r♠ ϕ′ ♦♥ A s✉❝❤
t❤❛t A1, . . . ,An ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ, ϕ′) ✐s ❛❞r❡ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✼✳ ❆♠♦♥❣ t❤❡ ❛♥s✇❡rs
❣✐✈❡♥ t❤❡r❡✱ t❤❡r❡ ✐s t❤❡ ✐❞❡❛ t♦ ❞❡✜♥❡ ϕ′ := ϕ◦D✱ ✇❤❡r❡D ✐s ❛ ❞❡r✐✈❛t✐♦♥ ♦❢A
✭❛ ❧✐♥❡❛r ♠❛♣ D : A −→ A s❛t✐s❢②✐♥❣ ∀a, b ∈ A, D(a · b) = D(a) · b+a ·D(b)✮
s✉❝❤ t❤❛t D(Aj) ⊆ Aj ❢♦r ❡❛❝❤ 1 ≤ j ≤ n✳ ❲❡ ❡①❛♠✐♥❡ t❤❡ q✉❡st✐♦♥
♦❢ ❤♦✇ t♦ ❜✉✐❧❞ ❧✐♥❡❛r ❢♦r♠s ϕ(1), . . . , ϕ(k) ♦♥ A s✉❝❤ t❤❛t A1, . . . ,An ❛r❡
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ (A, ϕ, ϕ(1), . . . , ϕ(k))✳ ❚❤❡ ♥❛t✉r❛❧ ✐❞❡❛ ❝♦♥s✐st✐♥❣ ✐♥ ❞❡✜♥✐♥❣ ϕ(i) :=
ϕ◦Di ✇❤❡r❡ D ✐s ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ A s✉❝❤ t❤❛t D(Aj) ⊆ Aj ❢♦r ❡❛❝❤ 1 ≤ j ≤ n
✐s ❛ ♣♦ss✐❜❧❡ ❛♥s✇❡r✱ ❛s ♣r♦✈❡❞ ❜❡❧♦✇ ✿



✺✳✷ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡r k ✶✶✺

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✻✳ ▲❡t (A, ϕ) ❜❡ ❛ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞
❧❡t D : A → A ❜❡ ❛ ❞❡r✐✈❛t✐♦♥✳ ❉❡✜♥❡ ϕ(i) := ϕ ◦Di✳ ▲❡t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ t♦ (A, ϕ, ϕ(1), . . . , ϕ(k)) ❜❡ ❞❡✲

♥♦t❡❞ ❜② (κ
(i)
n : An → C, 0 ≤ i ≤ k)∞n=1✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② n ≥ 1, 0 ≤ i ≤ k

❛♥❞ a1, . . . , an ∈ A ♦♥❡ ❤❛s

κ(i)
n (a1, . . . , an) =

∑

λ∈Λn,i

Cλ1,...,λn

i κn(Dλ1(a1), . . . , D
λn(an)).

Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ ❢❛♠✐❧② ♦❢ ♠✉❧t✐❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s (η
(i)
n : An → C, 0 ≤ i ≤

k)∞n=1 ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ✿ ❢♦r ❡✈❡r② n ≥ 1, 0 ≤ i ≤ k ❛♥❞ b1, . . . , bn ∈
A

η(i)
n (b1, . . . , bn) =

∑

λ∈Λn,i

Cλ1,...,λn

i κn(Dλ1(b1), . . . , D
λn(bn)).

❖✉r ❛✐♠ ✐s t❤❡♥ t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❡✈❡r② n ≥ 1, 0 ≤ i ≤ k✱ η
(i)
n = κ

(i)
n ✳ ❲❡

✈❡r✐❢② t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧s (η
(i)
n , 0 ≤ i ≤ k)∞n=1 s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥s ✭✺✳✼✮

❞❡✜♥✐♥❣ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s✳ ❚❤❡ ❧❡❢t✲❤❛♥❞
s✐❞❡ ♦❢ t❤✐s ❢♦r♠✉❧❛ ✇r✐t❡s ✿

∑

p∈NC(A)(n)
p:={V1,...,Vh}

∑

λ∈Λh,i

Cλ1,...,λh

i η(λ)
p (a1, . . . , an). ✭✺✳✶✵✮

❊❛❝❤ η
(λj)

|Vj | ((a1, . . . , an) | Vj) ✐♥ t❤❡ ❧❛tt❡r ✐s ❛ s✉♠ ✐♥❞❡①❡❞ ❜② Λ|Vj |,λj
✱ ✐♥✈♦❧✈✲

✐♥❣ ✈❛r✐❛❜❧❡s ai, i ∈ Vj ✳ ●✐✈❡♥ p := {V1, . . . , Vh} ∈ NC(A)(n)✱ t❤❡r❡ ✐s ❛ ✈❡r②
♥❛t✉r❛❧ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ {(λ, (λ1, . . . , λh)) ∈ Λh,i ×Λn,i | λj ∈ Λ|Vj |,λj

} ❛♥❞
t❤❡ s❡t Λn,i✳ ❚❤✉s ✿

✭✺✳✶✵✮ =
∑

p∈NC(A)(n)

∑

λ∈Λn,i

Cλ1,...,λn

i κp(D
λ1(a1), . . . , D

λn(an)).

❇② ❡①❝❤❛♥❣✐♥❣ t❤❡ s✉♠♠❛t✐♦♥ s✐❣♥s✱ t❤❡ ✉s✉❛❧ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r✲
♠✉❧❛ ❛♣♣❡❛rs✱ ❛♥❞ ♦♥❡ ♦❜t❛✐♥s ✿

✭✺✳✶✵✮ =
∑

λ∈Λn,i

Cλ1,...,λn

i ϕ(Dλ1(a1) · · ·Dλn(an)). ✭✺✳✶✶✮

❯s✐♥❣ ▲❡✐❜♥✐③ r✉❧❡ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✶✶✮✱ ♦♥❡ ♠❛② ❝♦♥❝❧✉❞❡ ✿

✭✺✳✶✵✮ = ϕ(
∑

λ∈Λn,i

Cλ1,...,λn

i Dλ1(a1) · · ·Dλn(an))

= ϕ(Di(a1 · · · an))

= ϕ(i)(a1 · · · an).



✶✶✻ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❈♦r♦❧❧❛r② ✺✳✷✳✶✼✳ ■♥ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✻✱ ❧❡t A1, . . . ,An

❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A ✇❤✐❝❤ ❛r❡ ❢r❡❡ ✐♥ (A, ϕ)✱ ❛♥❞ s✉❝❤ t❤❛t D(Aj) ⊆
Aj ❢♦r 1 ≤ j ≤ n✳ ❚❤❡♥ A1, . . . ,An ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐♥
(A, ϕ, ϕ(1), . . . , ϕ(k))✳

✺✳✸ ❆❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧②
❢r❡❡ ✈❛r✐❛❜❧❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r n✲t✉♣❧❡s ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡s (a1, . . . , an), (b1, . . . , bn) ∈ An ✭✇❤❡r❡ (A, (ϕ(i))0≤i≤k) ✐s ❛♥
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✮✱ ✇✐t❤ r❡s♣❡❝t✐✈❡
✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥s (µ(i))0≤i≤k ❛♥❞ (ν(i))0≤i≤k✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡
s❡ts {a1, . . . , an} ❛♥❞ {b1, . . . , bn} ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ❛♥❞ ✇❡
❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ s✉♠ (a1, . . . , an) + (b1, . . . , bn) ❛♥❞
♦❢ t❤❡ ♣r♦❞✉❝t (a1b1, . . . , anbn)✳

✺✳✸✳✶ ❆❞❞✐t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❲❡ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞
❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ♠✉❧t✐❧✐♥❡❛r✐t② ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛♥❞
❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛✲
t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳ ❈♦♥s✐❞❡r s✉❜s❡ts M1,M2 ♦❢ A t❤❛t ❛r❡
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✳ ❚❤❡♥✱ ♦♥❡ ❤❛s✱ ❢♦r ❡❛❝❤ n ≥ 1✱ ❡❛❝❤ n✲t✉♣❧❡s
(a1, . . . , an) ∈ Mn

1 , (b1, . . . , bn) ∈ Mn
2 ❛♥❞ ❡❛❝❤ 0 ≤ i ≤ k ✿

κ(i)
n (a1 + b1, . . . , an + bn) = κ(i)

n (a1, . . . , an) + κ(i)
n (b1, . . . , bn). ✭✺✳✶✷✮

❯s✐♥❣ ❢♦r♠✉❧❛s ✭✺✳✼✮ ❛♥❞ ✭✺✳✾✮✱ ✇❡ s❡❡ t❤❛t t❤❡ q✉❛♥t✐t✐❡s

κ(i)
m (ai1 , . . . , aim), κ(i)

m (bj1 , . . . , bjm),

✇❤❡r❡ 0 ≤ i ≤ k,m ≥ 1, {i1, . . . , im}, {j1, . . . , jm} ⊆ [n]✱ ❝❛❧❧❡❞ r❡s♣❡❝✲
t✐✈❡❧② ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ♦❢ (a1, . . . , an) ❛♥❞ (b1, . . . , bn) ❝♦♠♣❧❡t❡❧② ❞❡✲
t❡r♠✐♥❡ ❛♥❞ ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢
(a1, . . . , an) ❛♥❞ (b1, . . . , bn)✳ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ t❤✉s ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧✲
❧❛r②✳

❈♦r♦❧❧❛r② ✺✳✸✳✷✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ❛♥❞ (a1, . . . , an), (b1, . . . , bn) ❜❡ n✲t✉♣❧❡s ♦❢ ❡❧❡✲
♠❡♥ts ♦❢ A ✇✐t❤ r❡s♣❡❝t✐✈❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥s (µ(i))0≤i≤k, (ν

(i))0≤i≤k✳
■❢ t❤❡ s❡ts {a1, . . . , an} ❛♥❞ {b1, . . . , bn} ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r
k✱ t❤❡♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ (a1, . . . , an) + (b1, . . . , bn) ♦♥❧② ❞❡✲
♣❡♥❞s ♦♥ (µ(i))0≤i≤k ❛♥❞ (ν(i))0≤i≤k✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡ ❛❞✲
❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♦r❞❡r k ♦❢ (µ(i))0≤i≤k ❛♥❞ (ν(i))0≤i≤k ❛♥❞ ❞❡♥♦t❡❞ ❜②
(µ(i))0≤i≤k ⊞(k) (ν(i))0≤i≤k✳



✺✳✸ ❆❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✈❛r✐❛❜❧❡s ✶✶✼

❚❤❡ ❝♦r♦❧❧❛r② ❛❜♦✈❡ ♠❡❛♥s t❤❛t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉✲
t✐♦♥ ♦❢ ♦r❞❡r k ❞❡✜♥❡s ❛♥ ♦♣❡r❛t✐♦♥ ♦♥ ✐♥✜♥✐t❡s✐♠❛❧ ❧❛✇s✳ ❚❤❡ ♣r❛❝t✐❝❛❧ ✇❛②
t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♦r❞❡r k ♦❢ t✇♦ ✐♥✲
✜♥✐t❡s✐♠❛❧ ❧❛✇s ✐s t♦ ✉s❡ ❝♦♥s❡❝✉t✐✈❡❧② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥
♦❢ t❤❡ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✭❢♦r♠✉❧❛ ✭✺✳✾✮✮✱ t❤❡ ❛❞❞✐t✐✈✐t② ♦❢ ✐♥✲
✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ✭❢♦r♠✉❧❛ ✭✺✳✶✷✮✮✱ ❛♥❞ ✜♥❛❧❧② t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥
♦❢ t❤❡ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✭❢♦r♠✉❧❛ ✭✺✳✼✮✮✳ ❖♥❡ ♠❛② ✜♥❞ ❡❛s✐❡r
t♦ ♠❛❦❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧✐♥❦ ✭✺✳✽✮ ❜❡t✇❡❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥✲
❛❧s ❛♥❞ Ck✲♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s✱ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ❛❞♠✐ts t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r✐❡s ✿

❈♦r♦❧❧❛r② ✺✳✸✳✸✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❈♦♥s✐❞❡r s✉❜✲
s❡ts M1,M2 ♦❢ A t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✳ ❚❤❡♥✱ ♦♥❡ ❤❛s✱
❢♦r ❡❛❝❤ n ≥ 1 ❛♥❞ ❡❛❝❤ n✲t✉♣❧❡s (a1, . . . , an) ∈ Mn

1 , (b1, . . . , bn) ∈ Mn
2

κ̃n(a1 + b1, . . . , an + bn) = κ̃n(a1, . . . , an) + κ̃n(b1, . . . , bn).

❈♦r♦❧❧❛r② ✺✳✸✳✹✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❈♦♥s✐❞❡r a, b ∈
A t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✱ t❤❡♥

R̃a+b = R̃a + R̃b.

❘❡♠❛r❦ ✺✳✸✳✺✳ ❯s✐♥❣ ❈♦r♦❧❧❛r② ✺✳✸✳✸✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ st❛t❡ ❛♥❞ ♣r♦✈❡ Ck✲
✈❛❧✉❡❞ ✈❡rs✐♦♥s ♦❢ s♦♠❡ ❢❛♠♦✉s ❧✐♠✐t t❤❡♦r❡♠s ♦❢ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✳ ❲❡ ❞✐s✲
❝✉ss t❤✐s ✇✐t❤♦✉t ❣♦✐♥❣ ✐♥t♦ t❤❡ ❞❡t❛✐❧s ❀ ❢♦r ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥
♦❢ ❧✐♠✐t t❤❡♦r❡♠s ✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇✱ ✇❡ r❡❢❡r t♦ ❬P♦♣✵✼❪ ❛♥❞
❬❇❙✵✾❪✳ ■♥ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ̃)✱ ❝♦♥s✐❞❡r
❛ s❡q✉❡♥❝❡ (an)n∈N ∈ AN ♦❢ ❝❡♥t❡r❡❞ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐❞❡♥t✐❝❛❧❧② ❞✐s✲
tr✐❜✉t❡❞ Ck✲✈❛❧✉❡❞ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡♥ t❤❡ ♠♦♠❡♥ts
♦❢ t❤❡ r❡s❝❛❧❡❞ s✉♠

1√
N

N∑

n=1

an

❝♦♥✈❡r❣❡ t♦ ❛ Ck✲✈❛❧✉❡❞ ❞✐str✐❜✉t✐♦♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ❛❧❧
♦❢ ✐ts ❝✉♠✉❧❛♥ts ❡①❝❡♣t t❤❡ s❡❝♦♥❞ ♦♥❡ ✿ t❤✐s ✐s t❤❡ Ck✲✈❛❧✉❡❞ ✈❡rs✐♦♥ ♦❢
t❤❡ ❢r❡❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥s t❤❛t ❛♣♣❡❛r ❛s ❧✐♠✐ts ✐♥
t❤❡ ♣r❡❝❡❞✐♥❣ r❡s✉❧t ❞❡s❡r✈❡ t♦ ❜❡ ♥❛♠❡❞ Ck✲✈❛❧✉❡❞ s❡♠✐❝✐r❝✉❧❛r ❡❧❡♠❡♥ts✳
❚❤❡✐r ♠♦♠❡♥ts ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ Ck✲✈❛❧✉❡❞ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t
❢♦r♠✉❧❛✳ P❛r❛❧❡❧❧②✱ ❛ Ck✲✈❛❧✉❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢r❡❡ P♦✐ss♦♥ t❤❡♦r❡♠ ♠❛② ❛❧s♦
❜❡ st❛t❡❞ ❛♥❞ ♣r♦✈❡❞✱ ❛♥❞ t❤✉s ❛ Ck✲✈❛❧✉❡❞ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ ♠❛② ❜❡
❞❡✜♥❡❞✳

✺✳✸✳✷ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❲❡ ♥♦✇ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ n✲t✉♣❧❡s ♦❢ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✳ ❲❡ ✜rst



✶✶✽ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❢♦❝✉s ♦♥ ❛ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❜❡❝❛✉s❡✱ t❤❡ ❝♦♠❜✐♥❛t♦r✐❝s
❜❡✐♥❣ t❤❡ s❛♠❡ ✐♥ t❤✐s s❡tt✐♥❣ ❛s ✐♥ ✉s✉❛❧ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ♣r♦♦❢s ❛♥❞
r❡s✉❧ts ✇✐❧❧ ❜❡ str❛✐❣❤t❢♦r✇❛r❞ ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡ ✉s✉❛❧ ♦♥❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬◆❙✵✻❪ ❢♦r ✐♥st❛♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✻✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✳ ❈♦♥s✐❞❡r s✉❜s❡ts M1,M2 ♦❢ A t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r✲
❞❡r k✳ ❚❤❡♥✱ ♦♥❡ ❤❛s✱ ❢♦r ❡❛❝❤ n ≥ 1 ❛♥❞ ❡❛❝❤ n✲t✉♣❧❡s (a1, . . . , an) ∈
Mn

1 , (b1, . . . , bn) ∈ Mn
2

κ̃n(a1b1, . . . , anbn) =
∑

p∈NC(A)(n)

κ̃p(a1, . . . , an)κ̃Kr(p)(b1, . . . , bn). ✭✺✳✶✸✮

Pr♦♦❢✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺✱ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✶✸✮ ✐s ❡q✉❛❧ t♦

∑

π∈NC(2n) such

that π∨θ=1s

κ̃π(a1, b1, a2, . . . , bn−1, an, bn),

✇❤❡r❡ θ ✐s t❤❡ ♣❛rt✐t✐♦♥ {{1, 2}, . . . , {2n− 1, 2n}}✳
❇② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ❝✉♠✉❧❛♥ts ❝♦♥❞✐t✐♦♥✱ t❤❡ ♦♥❧② ❝♦♥tr✐❜✉t✐♥❣ t❡r♠s
❛r❡ t❤♦s❡ ✐♥❞❡①❡❞ ❜② ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s π ✇❤✐❝❤ ❛r❡ r❡✉♥✐♦♥ ♦❢ ❛ ♥♦♥✲
❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p ♦❢ {1, 3, . . . , 2n − 1} ❛♥❞ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ q ♦❢
{2, 4, . . . , 2n}✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ π ∨ θ = 1s ❢♦r s✉❝❤ ❛ ♣❛rt✐t✐♦♥ π ♠❛② ❜❡
r❡✐♥t❡r♣r❡t❡❞ ❛s q = ❑r(p) ✭✉♣ t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s {1, 3, . . . , 2n− 1} ↔ [n]
❛♥❞ {2, 4, . . . , 2n} ↔ [n]✮✳

❙✇✐t❝❤✐♥❣ t♦ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❛♠❡✇♦r❦✱ ♦♥❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✳

❈♦r♦❧❧❛r② ✺✳✸✳✼✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ❛♥❞ (a1, . . . , an), (b1, . . . , bn) ∈ An ❜❡ n✲t✉♣❧❡s
✇✐t❤ r❡s♣❡❝t✐✈❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥s (µ(i))0≤i≤k ❛♥❞ (ν(i))0≤i≤k✳
■❢ t❤❡ s❡ts {a1, . . . , an} ❛♥❞ {b1, . . . , bn} ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r
k✱ t❤❡♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ (a1b1, . . . , anbn) ♦♥❧② ❞❡♣❡♥❞s ♦♥
(µ(i))0≤i≤k ❛♥❞ (ν(i))0≤i≤k✳ ■t ✐s ❞❡♥♦t❡❞ ❜② (µ(i))0≤i≤k ⊠(k) (ν(i))0≤i≤k ❛♥❞
❝❛❧❧❡❞ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♦r❞❡r k ♦❢ (µ(i))0≤i≤k

❛♥❞ (ν(i))0≤i≤k✳

■❢ a, b ∈ A ❛r❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐✲
♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐♥ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ t❤❡
Ck✲✈❛❧✉❡❞ ❘✲tr❛♥s❢♦r♠ ♦❢ a · b ✐s R̃a·b = R̃a⋆Ck

R̃b✱ ✇❤❡r❡ ⋆Ck
✐s t❤❡ ✈❡rs✐♦♥

♦❢ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬◆❙✾✻❪✱ ❜✉t ✇✐t❤ s❝❛❧❛rs ✐♥
Ck ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✶✮ ✿

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✽✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✳ ❈♦♥s✐❞❡r a, b ∈ A t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✱ t❤❡♥



✺✳✸ ❆❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✈❛r✐❛❜❧❡s ✶✶✾

R̃a·b = R̃a ⋆
(A)
Ck
R̃b✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✸ ❛❧s♦ ❤❛s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❛♥❛❧♦❣✉❡✱ ❛s st❛t❡❞ ✐♥ t❤❡ ♥❡①t
♣r♦♣♦s✐t✐♦♥✳ ■t ✐s ✐♥❞❡❡❞ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡
♦❢ s✐♥❣❧❡ ✈❛r✐❛❜❧❡s✱ t❤❡ ❢♦r♠✉❧❛s ✭✺✳✺✮ ❛♥❞ ✭✺✳✻✮ ♠❛② ❜❡ r❡❛❞ ❛t t❤❡ ❧❡✈❡❧ ♦❢
♣♦✇❡r s❡r✐❡s ❛s ❢♦❧❧♦✇s ✿

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✾✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ ❛♥❞ ❝♦♥s✐❞❡r ❛ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ a ∈ A✳ ❚❤❡♥
t❤❡ Ck✲✈❛❧✉❡❞ ♠♦♠❡♥t s❡r✐❡s M̃a ❛♥❞ t❤❡ Ck✲✈❛❧✉❡❞ ❘✲tr❛♥s❢♦r♠ R̃a ♦❢ a ❛r❡

r❡❧❛t❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛s ✿ M̃a = R̃a⋆
(A)
Ck
ζ
(A)
Ck

✱ R̃a = M̃a⋆
(A)
Ck

▼ö❜
(A)
Ck
.

❆s ♥♦t✐❝❡❞ ✐♥ ❬P♦♣✵✼❪✱ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦♦❢s r❡♠❛✐♥✐♥❣ ✈❛❧✐❞ ❢♦r s❡✲
r✐❡s ✇✐t❤ Ck✲✈❛❧✉❡❞ ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ ♦♥❡ ✐s ✐♥✲
✈❡rt✐❜❧❡✱ ♦♥❡ ❤❛s ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❝♦♥str✉❝t✐♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡ Ck✲✈❛❧✉❡❞
❙✲tr❛♥s❢♦r♠✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳✶✵✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✳ ❚❤❡ Ck✲✈❛❧✉❡❞ ❙✲tr❛♥s❢♦r♠ ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡ a ∈ A s✉❝❤ t❤❛t ϕ̃(a) ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ Ck ✐s t❤❡ ♣♦✇❡r s❡r✐❡s

S̃a ∈ Θ
(A)
Ck

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

S̃a(z) :=
1

z
R̃〈−1〉

a (z).

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✶✳ ▲❡t (A, ϕ̃) ❜❡ ❛ s❝❛r❝❡ Ck✲♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✳ ❈♦♥s✐❞❡r a, b ∈ A t❤❛t ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✱ ❛♥❞ s✉❝❤
t❤❛t ϕ̃(a) ❛♥❞ ϕ̃(b) ❛r❡ ✐♥✈❡rt✐❜❧❡ ✐♥ Ck✱ t❤❡♥ t❤❡ Ck✲✈❛❧✉❡❞ ❙✲tr❛♥s❢♦r♠ S̃a·b
♦❢ a · b s❛t✐s✜❡s✿

S̃a·b(z) = S̃a(z)S̃b(z).

Pr❛❝t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t
♦❢ t✇♦ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
r❡q✉✐r❡s ❛ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ Ck✲✈❛❧✉❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦①❡❞ ❝♦♥✈♦✲
❧✉t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✶✱ ✐t ✇♦✉❧❞ ❜❡ ♦❢

✐♥t❡r❡st t♦ ❤❛✈❡ ❛ ❢♦r♠✉❧❛ ❢♦r γ
(i)
m ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ α

(j)
n ✬s ❛♥❞ t❤❡ β

(j)
n ✬s✳

❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ s❝❛❧❛rs ✐♥
C0 = C ✐s ❛ ❝❧❛ss✐❝❛❧ ♦♣❡r❛t✐♦♥ ✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦①❡❞
❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ s❝❛❧❛rs ✐♥ C1 = G ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❇●◆✵✸❪✱
✇❤❡r❡ ✐t ✐s s❤♦✇♥ t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ ♥♦♥✲
❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❇✱ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇
✭s❡❡ ❚❤❡♦r❡♠ ✺✳✹✳✶✾✮✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✿ ❞♦❡s t❤❡ ♦♣❡r❛✲

t✐♦♥ ⋆
(A)
Ck

❝♦✐♥❝✐❞❡ ✇✐t❤ ❛ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ❝❡rt❛✐♥ s❡t ♦❢ s♣❡❝✐❛❧
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✹✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ t❤✐s
♣r♦❜❧❡♠✱ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k✳



✶✷✵ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✺✳✹ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ st✉❞② ♦❢ ❛ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣
♣❛rt✐t✐♦♥s✱ ♥❛♠❡❧② t❤❡ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k✱ ✇❤✐❝❤ ❤❛s t♦
❜❡ ❛ ❝♦✈❡r ♦❢ NC(A)(n) r❡❧❛t❡❞ t♦ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤
s❝❛❧❛rs ✐♥ Ck✳

✺✳✹✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ✜rst ♣r♦♣❡rt✐❡s

❉❡✜♥✐t✐♦♥ ✺✳✹✳✶✳ ▲❡t n ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡ ❝❛❧❧ r❡❞✉❝t✐♦♥ ♠♦❞ n ♠❛♣
t❤❡ ♠❛♣

❘❡❞(k)
n : [(k + 1)n] → [n]

s❡♥❞✐♥❣ ❡❛❝❤ i ∈ [(k + 1)n] t♦ ✐ts ❝♦♥❣r✉❡♥❝❡ ❝❧❛ss ♠♦❞ n✳

❘❡♠❛r❦ ✺✳✹✳✷✳ ❋♦r k = 0✱ t❤❡ ♠❛♣ ❘❡❞
(0)
n ✐s s✐♠♣❧② t❤❡ ✐❞❡♥t✐t② ♠❛♣ ♦♥

[n]✳

❋♦r k = 1✱ ✉♣ t♦ ✐❞❡♥t✐❢②✐♥❣ [2n] ✇✐t❤ [±n]✱ t❤❡ ♠❛♣ ❘❡❞
(1)
n ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤

t❤❡ ♠❛♣ ❆❜s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✳

❉❡✜♥✐t✐♦♥ ✺✳✹✳✸✳ ❆ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ♦❢ [(k+ 1)n] ✐s s❛✐❞ t♦ s❛t✐s❢②

t❤❡ ♠♦❞ n r❡❞✉❝t✐♦♥ ♣r♦♣❡rt② ✐❢ ❘❡❞
(k)
n (π) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]

❛♥❞ ✐❢ ❘❡❞
(k)
n (❑r(π)) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✳

◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ❛r❡ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t❤❡
s❡t [(k + 1)n] s❛t✐s❢②✐♥❣ t❤❡ ♠♦❞ n r❡❞✉❝t✐♦♥ ♣r♦♣❡rt②✳

❉❡✜♥✐t✐♦♥ ✺✳✹✳✹✳ ❲❡ ✇r✐t❡ NC(k)(n) ❢♦r t❤❡ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s
♦❢ t②♣❡ k✱ t❤❛t ✐s ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ [(k + 1)n] s❛t✐s❢②✐♥❣ t❤❡ ♠♦❞ n
r❡❞✉❝t✐♦♥ ♣r♦♣❡rt②✳

❘❡♠❛r❦ ✺✳✹✳✺✳ ❆❧❧ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ [n] tr✐✈✐❛❧❧② s❛t✐s❢② t❤❡ ♠♦❞

n r❡❞✉❝t✐♦♥ ♣r♦♣❡rt② ✭s✐♥❝❡ ❘❡❞
(0)
n ✐s s✐♠♣❧② t❤❡ ✐❞❡♥t✐t② ♠❛♣✮✳ ❍❡♥❝❡

NC(0)(n) = NC(A)(n)✳

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ❛r❡
❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ ❇✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✻✳ ■❢ ✇❡ ✐❞❡♥t✐❢② [±n] ✇✐t❤ [2n] ❛♥❞ Abs ✇✐t❤ Red
(1)
n ✱

t❤❡♥ NC(B)(n) = NC(1)(n)✳

Pr♦♦❢✳ ❚❤❛t π ∈ NC(B)(n) s❛t✐s✜❡s t❤❡ ♠♦❞ n r❡❞✉❝t✐♦♥ ♣r♦♣❡rt② ✐s ❛ ❝♦r♦❧✲
❧❛r② ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳✶ ❛♥❞ ▲❡♠♠❛ ✶ ✐♥ ❬❇●◆✵✸❪✳
❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❧❡t π ∈ NC(1)(n) s❛t✐s❢② t❤❡ ♠♦❞ n r❡❞✉❝t✐♦♥ ♣r♦♣❡rt②✱
❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❡❧❡♠❡♥ts x, y ∈ [±n] s✉❝❤ t❤❛t x ∼π y ✱
−x 6∼π −y✳ ❇② r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt②✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ −y ∼π x ∼π

y ∼π −x✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳



✺✳✹ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✶✷✶

❘❡♠❛r❦ ✺✳✹✳✼✳ ❚❤❡ ♣r♦♦❢ ❛❜♦✈❡ ❛♥❞ ▲❡♠♠❛ ✶ ✐♥ ❬❇●◆✵✸❪ s❤♦✇ t❤❛t✱ ❢♦r ❛
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ♦❢ [2n]✱ t❤❡ ♠♦❞ n r❡❞✉❝t✐♦♥ ♣r♦♣❡rt② ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ♦♥❧② r❡q✉✐r❡♠❡♥t t❤❛t ❘❡❞
(1)
n (π) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✳

■♥ ❉❡✜♥✐t✐♦♥ ✺✳✹✳✸✱ t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt② ❢♦r ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛r✲

t✐t✐♦♥ π ♦❢ [(k + 1)n] ❝♦♥s✐sts ♦❢ t✇♦ r❡q✉✐r❡♠❡♥ts ✿ ❘❡❞
(k)
n (π) ❤❛s t♦ ❜❡

❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n] ❛♥❞ ❘❡❞
(k)
n (❑r(π)) ❤❛s t♦ ❜❡ ❛ ♥♦♥✲❝r♦ss✐♥❣

♣❛rt✐t✐♦♥ ♦❢ [n]✳ ❆❝t✉❛❧❧②✱ t❤❡r❡ ✐s ❛ s❧✐❣❤t❧② str♦♥❣❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ st❛t❡❞
✐♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✽✳ ❆ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ♦❢ [(k + 1)n] s❛t✐s✜❡s t❤❡

r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt② ✐❢ ❛♥❞ ♦♥❧② ✐❢ Red
(k)
n (π ∪ Kr(π)) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣

♣❛rt✐t✐♦♥ ♦❢ [n] ∪ [n]✳

Pr♦♦❢✳ ■❢ ❘❡❞
(k)
n (π ∪ ❑r(π)) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n] ∪ [n]✱ s✐♥❝❡

❘❡❞
(k)
n (π) ✐s ❛ ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ [n] ❛♥❞ ❘❡❞

(k)
n (❑r(π)) ✐s ❛ ❢❛♠✐❧② ♦❢ s✉❜s❡ts

♦❢ [n]✱ t❤❡② ❤❛✈❡ t♦ ❜❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ [n] ❛♥❞ [n] r❡s♣❡❝t✐✈❡❧② ❀ ✐♥
♦t❤❡r ✇♦r❞s π ❤❛s t♦ s❛t✐s❢② t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt②✳
❲❡ ❛ss✉♠❡ ♥♦✇ t❤❛t π ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [(k+1)n] s❛t✐s❢②✐♥❣ t❤❡

r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt②✱ ❛♥❞ ❛✐♠ ❛t ♣r♦✈✐♥❣ t❤❛t ❘❡❞
(k)
n (π ∪ ❑r(π)) ✐s ❛

♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n] ∪ [n]✳

❇② t❤❡ r❡❞✉❝t✐♦♥ ♣r♦♣❡rt②✱ ❘❡❞
(k)
n (π ∪ ❑r(π)) = ❘❡❞

(k)
n (π) ∪ ❘❡❞

(k)
n (❑r(π))

✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦❢ [n] ❛♥❞ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦❢ [n]✱ ❛♥❞ ❤❡♥❝❡ ❛
♣❛rt✐t✐♦♥ ♦❢ [n] ∪ [n]✳ ❚♦ ♣r♦✈❡ t❤❛t t❤✐s ♣❛rt✐t✐♦♥ ✐s ♥♦♥✲❝r♦ss✐♥❣✱ ❝♦♥s✐❞❡r
❢♦✉r ❡❧❡♠❡♥ts a < b < c < d ♦❢ [n] ∪ [n]✱ s✉❝❤ t❤❛t a ∼

Red
(k)
n (π∪Kr(π))

c ❛♥❞

b ∼
Red

(k)
n (π∪Kr(π))

d✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t a ∼
Red

(k)
n (π∪Kr(π))

b✳

▲❡t 1 ≤ i0 ≤ (k + 1)n + 1 ❜❡ ♠✐♥✐♠❛❧ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ▼✐①(π, i0)

❝♦♥t❛✐♥s ❛♥ ❡❧❡♠❡♥t x s✉❝❤ t❤❛t ❘❡❞
(k)
n (x) ∈ {a, b, c, d}✳ ❈❤♦♦s❡ ❛❧s♦ t❤❡

s♠❛❧❧❡st s✉❝❤ x✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t ❘❡❞
(k)
n (x) = a ✭t❤❡ ♦t❤❡r ❝❛s❡s ❛r❡

s✐♠✐❧❛r✮✳ ❇② ❛ss✉♠♣t✐♦♥✱ c ∈ ❘❡❞
(k)
n (▼✐①(π, i0)) ✿ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t z ∈

▼✐①(π, i0) s✉❝❤ t❤❛t ❘❡❞
(k)
n (z) = c✳ ❖✉r ❝❤♦✐❝❡ ♦❢ x ❡♥s✉r❡s t❤❛t x < z

❛♥❞ t❤❡r❡ ✐s ♥❡❝❡ss❛r✐❧② ❛♥ ❡❧❡♠❡♥t x < y < z s✉❝❤ t❤❛t ❘❡❞
(k)
n (y) = b✳ ❇②

♠✐♥✐♠❛❧✐t② ♦❢ i0✱ y ∈ ▼✐①(π, i0)✱ ❤❡♥❝❡ b ∈ ❘❡❞
(k)
n (▼✐①(π, i0)) ✐s ❧✐♥❦❡❞ t♦ a

✐♥ ❘❡❞
(k)
n (π ∪❑r(π)) ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳

❘❡♠❛r❦ ✺✳✹✳✾✳ ❲❤❡♥ k = 0✱ t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ❜②
❛♥② ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n] ❛♥❞ ✐s ✐♥ ♣❛rt✐❝✉❧❛r ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❧②
❡♠♣t② r❡q✉✐r❡♠❡♥t ✿ π ∈ NC(A)(n) s❛t✐s✜❡s t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt②

✐❢ ❛♥❞ ♦♥❧② ✐❢ ❘❡❞
(0)
n (π) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✳

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❘❡♠❛r❦ ✺✳✹✳✼✱ t❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ✇❤❡♥ k = 1 ✿ π ∈
NC(A)(2n) s❛t✐s✜❡s t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❘❡❞

(1)
n (π) ✐s

❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✳



✶✷✷ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

❆ss✉♠❡ ♥♦✇ t❤❛t k ≥ 2 ❀ t❤❡ s✐t✉❛t✐♦♥ t❤❡♥ ✐s ❞✐✛❡r❡♥t✳
❆s ❛♥ ❡①❛♠♣❧❡✱ ❢♦r k = 2 ❛♥❞ n = 2✱ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥

π := {{1, 2, 3}, {4, 5, 6}} ∈ NC(A)(6).

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t ❘❡❞
(2)
2 (π) = {1, 2} ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛r✲

t✐t✐♦♥ ♦❢ [2]✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ❡❛s② ❝♦♠♣✉t❛t✐♦♥

❑r(π) = {{1}, {2}, {4}, {5}, {3, 6}},

✇❡ ❞❡❞✉❝❡ t❤❛t ❘❡❞
(2)
2 (❑r(π)) ✐s ♥♦t ❛ ♣❛rt✐t✐♦♥ ♦❢ [6] ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❛t

π ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ 2 ♣r♦♣❡rt②✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♠❛♣
♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ♦r❞❡r✲r❡✈❡rs✐♥❣ ❜✐❥❡❝t✐♦♥ ♦❢ NC(k)(n)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✵✳ ❚❤❡ r❡str✐❝t✐♦♥s ❢r♦♠ NC(A)((k + 1)n) t♦ NC(k)(n)
♦❢ Kr ✐s ❛♥ ♦r❞❡r✲r❡✈❡rs✐♥❣ ❜✐❥❡❝t✐♦♥ ♦❢ NC(k)(n)✳

❚❤❡ ♥❛♠❡ ♦❢ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♠❛♣ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ ❑r ✇✐❧❧
❜❡ ❝♦♥s❡r✈❡❞ ❛s t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ❛❜♦✉t t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❑r(π) ✇❤❡t❤❡r
π ✐s ✈✐❡✇❡❞ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ NC(k)(n) ♦r ♦❢ NC(A)((k + 1)n)✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r❧② s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ❑r(π)
♦❢ [(k + 1)n] s❛t✐s✜❡s t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt② ✇❤❡♥❡✈❡r π ❞♦❡s✳ ❆s✲
s✉♠❡ t❤❛t t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ♦❢ [(k + 1)n] s❛t✐s✜❡s t❤❡ r❡❞✉❝t✐♦♥

♠♦❞ n ♣r♦♣❡rt②✳ ❇② ❛ss✉♠♣t✐♦♥✱ ❘❡❞
(k)
n (❑r(π)) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥

♦❢ [n]✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ❘❡❞
(k)
n (❑r2(π)) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢

[n]✳
❋r♦♠ t❤❡ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❑r2(π) ❣✐✈❡♥ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✶✱ ✇❡ ❞❡✲

❞✉❝❡ t❤❛t ❘❡❞
(k)
n (❑r2(π)) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❘❡❞

(k)
n (π) ❜② ❛ r♦t❛t✐♦♥✳ ❇②

r❡❞✉❝t✐♦♥ ♠♦❞ n ♣r♦♣❡rt②✱ ❘❡❞
(k)
n (π) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✱ s♦

❘❡❞
(k)
n (❑r2(π)) ✐s ✐ts❡❧❢ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✳ ❚❤✉s t❤❡ ♣r♦♦❢ ✐s

❝♦♠♣❧❡t❡✳

●✐✈❡♥ π ∈ NC(k)(n)✱ ❑r(❘❡❞
(k)
n (π)) ❛♥❞ ❘❡❞

(k)
n (❑r(π)) ❛r❡ t❤✉s t✇♦

♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ [n]✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ❣❡♥❡r❛❧✐③✐♥❣ ▲❡♠♠❛ ✶
♦❢ ❬❇●◆✵✸❪✱ st❛t❡s t❤❛t t❤❡s❡ t✇♦ ♣❛rt✐t✐♦♥s ❝♦✐♥❝✐❞❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✶✳ ∀π ∈ NC(k)(n),Kr(Red
(k)
n (π)) = Red

(k)
n (Kr(π))✳

Pr♦♦❢✳ ▲❡t π ❜❡ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t②♣❡ k✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✽✱

❘❡❞
(k)
n (π)∪❘❡❞

(k)
n (❑r(π)) = ❘❡❞

(k)
n (π∪❑r(π)) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢

[n]∪ [n]✳ ❙✐♥❝❡ ❑r(❘❡❞
(k)
n (π)) ✐s ♠❛①✐♠❛❧ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ❘❡❞

(k)
n (π)∪

❑r(❘❡❞
(k)
n (π)) ✐s ♥♦♥✲❝r♦ss✐♥❣✱ ✐t ❢♦❧❧♦✇s t❤❛t

❘❡❞(k)
n (❑r(π)) ≤ ❑r(❘❡❞(k)

n (π)).



✺✳✹ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✶✷✸

❚❤❡r❡ ✐s ❡q✉❛❧✐t② ✐❢✱ ❢♦r ❛♥② x ❤❛✈✐♥❣ ❛ ♥❡✐❣❤❜♦✉r y > x ✐♥ ❑r(❘❡❞
(k)
n (π))✱

y ✐s ❧✐♥❦❡❞ t♦ x ✐♥ ❘❡❞
(k)
n (❑r(π))✳ ❋♦r s✉❝❤ ❡❧❡♠❡♥ts x, y ∈ [n]✱ ✇❡ ❝❛❧❧

V t❤❡ ❜❧♦❝❦ ♦❢ π ❝♦♥t❛✐♥✐♥❣ x + 1✳ ❚❤❡ r❡❞✉❝t✐♦♥ ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❛t

❘❡❞
(k)
n (V ) ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❘❡❞

(k)
n (π)✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❑r❡✇✲

❡r❛s ❝♦♠♣❧❡♠❡♥t✱ x + 1 ✐s t❤❡ s♠❛❧❧❡st ❡❧❡♠❡♥t ♦❢ ❜♦t❤ V ❛♥❞ ❘❡❞
(k)
n (V )✱

❛♥❞ y ✐s t❤❡ ❣r❡❛t❡st ❡❧❡♠❡♥t ♦❢ ❘❡❞
(k)
n (V )✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❣r❡❛t❡st ❡❧✲

❡♠❡♥t z ♦❢ V ✳ ◆♦t✐❝❡ t❤❛t x + 1 ≤ ❘❡❞
(k)
n (z) ≤ y✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢

t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t ❛❣❛✐♥✱ x ✐s ❧✐♥❦❡❞ t♦ z ✐♥ ❑r(π)✱ t❤❡♥ x ✐s ❧✐♥❦❡❞

t♦ ❘❡❞
(k)
n (z) = ❘❡❞

(k)
n (z) ✐♥ ❘❡❞

(k)
n (❑r(π)) ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ ❑r(❘❡❞

(k)
n (π))✳

❚❤✐s ♠❡❛♥s t❤❛t✱ ✐❢ ❘❡❞
(k)
n (z) < y✱ y ✇♦✉❧❞ ♥♦t ❜❡ t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ x ✐♥

❑r(❘❡❞
(k)
n (π))✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙♦ ❘❡❞

(k)
n (z) = y ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱

x ✐s ❧✐♥❦❡❞ t♦ y ✐♥ ❘❡❞
(k)
n (❑r(π))✳

❆ ❞❡❡♣❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✐s ❣✐✈❡♥ ✐♥ t❤❡
♥❡①t s✉❜s❡❝t✐♦♥✳

✺✳✹✳✷ ❙tr✉❝t✉r❡ ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ♥♦♥✲❝r♦ss✐♥❣
♣❛rt✐t✐♦♥ ♦❢ t②♣❡ k✳ ■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✱ t ❞❡♥♦t❡s t❤❡ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ❛♥❞ ♣❡r♠✉t❛t✐♦♥s ❧②✐♥❣ ♦♥ ❛ ❣❡♦❞❡s✐❝ ✐♥ t❤❡ ❈❛②❧❡②
❣r❛♣❤ ♦❢ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣✱ ✐♥tr♦❞✉❝❡❞ ❜② ❇✐❛♥❡ ✐♥ ❬❇✐❛✾✼❜❪✱ ❛♥❞ ❞❡✲
s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✳ ❲❡ ✇❛r♥ t❤❡ r❡❛❞❡r t❤❛t ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ t❤❡ s❛♠❡
♥♦t❛t✐♦♥ t ❢♦r t❤✐s ❜✐❥❡❝t✐♦♥✱ ❞❡✜♥❡❞ ❡✐t❤❡r ♦♥ NC(n) ♦r NC((k + 1)n)✳ ❲❡
❤♦♣❡ t❤❛t t❤✐s ❝❤♦✐❝❡✱ ♠❛❞❡ ✐♥ t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇✐❧❧ ♥♦t ❜❡ ❛ s♦✉r❝❡ ♦❢
❝♦♥❢✉s✐♦♥ ✐♥ t❤❡ r❡❛❞❡r✬s ♠✐♥❞✳ ❚❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s✱ r♦✉❣❤❧②
s♣❡❛❦✐♥❣✱ t❤❛t ❛ t②♣❡ k ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ t✇♦

r❡q✉✐r❡♠❡♥ts ✿ ❘❡❞
(k)
n (π) ✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ NC(A)(n) ❛♥❞ t❤❡ ❡❧✲

❡♠❡♥ts ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❜❧♦❝❦s ♦❢ π ❝♦♠❡ ✐♥ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡✐r ❝♦♥❣r✉❡♥❝❡

❝❧❛ss❡s ✐♥ ✐ts r❡❞✉❝t✐♦♥ ❘❡❞
(k)
n (π)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✷✳ ❋♦r π ∈ NC(A)((k + 1)n) s✉❝❤ t❤❛t Red
(k)
n (π) ∈

NC(A)(n)✱ π ∈ NC(k)(n) ✐❢ ❛♥❞ ♦♥❧② ✐❢

∀x ∈ [(k + 1)n],Red(k)
n (t(π)(x)) = t(Red(k)

n (π))(Red(k)
n (x)). ✭✺✳✶✹✮

Pr♦♦❢✳ ❆ss✉♠❡ ✜rst t❤❛t π ∈ NC(k)(n) ❛♥❞ ✜① x ∈ [(k + 1)n]✳ ❙❡t y :=
t(π)(x)✳

❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t✱ y ✐s t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ x ✐♥ π ❛♥❞ t(❘❡❞
(k)
n (π))(❘❡❞

(k)
n (x))

✐s t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ ❘❡❞
(k)
n (x) ✐♥ ❘❡❞

(k)
n (π)✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❑r❡✇❡r❛s

❝♦♠♣❧❡♠❡♥t✱ x ✐s t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ y − 1 ✐♥ ❑r(π)✱ ❛♥❞ ❘❡❞
(k)
n (x) ✐s t❤❡

♥❡✐❣❤❜♦✉r ♦❢ t(❘❡❞
(k)
n (π))(❘❡❞

(k)
n (x)) − 1 ✐♥ ❑r(❘❡❞

(k)
n (π)) = ❘❡❞

(k)
n (❑r(π))



✶✷✹ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

✭t❤❡ ❧❛tt❡r ❡q✉❛❧✐t② ❤♦❧❞s ❜❡❝❛✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✶✮✳ ❇② r❡❞✉❝t✐♦♥ ♣r♦♣✲

❡rt②✱ ❘❡❞
(k)
n (y − 1) ✐s ❧✐♥❦❡❞ t♦ ❘❡❞

(k)
n (x)✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♥❡✐❣❤❜♦✉r ♦❢

❘❡❞
(k)
n (x) ✐♥ ❘❡❞

(k)
n (π)✱ t(❘❡❞

(k)
n (π))(❘❡❞

(k)
n (x))✱ ✐s t❤❡ ✜rst ♣♦✐♥t ❝♦♠✐♥❣ ❛❢✲

t❡r ❘❡❞
(k)
n (y − 1) ❧✐♥❦❡❞ t♦ ❘❡❞

(k)
n (x) ✿ ✐t ✐s ❘❡❞

(k)
n (y) ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳ ❋♦r

t❤❡ ❝♦♥✈❡rs❡✱ ❧❡t π ∈ NC(A)((k + 1)n) ❜❡ s✉❝❤ t❤❛t ❘❡❞
(k)
n (π) ∈ NC(A)(n)

❛♥❞ ❛ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✺✳✶✹✮ ❤♦❧❞s✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❘❡❞
(k)
n (❑r(π))

✐s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ [n]✳ ▲❡t x ∈ [(k + 1)n]✱ ✐ts ♥❡✐❣❤❜♦✉r ✐♥ ❑r(π)
✐s t(π)−1(x+ 1)✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t✳ ■t ❢♦❧❧♦✇s ♦❢

❝♦♥❞✐t✐♦♥ ✭✺✳✶✹✮ t❤❛t ❘❡❞
(k)
n (t(π)−1(x+1)) = t(❘❡❞

(k)
n (π))−1(❘❡❞

(k)
n (x+1))✳

❍❡♥❝❡ t❤❡ ❝♦♥❣r✉❡♥❝❡ ❝❧❛ss ♦❢ t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ x ✐♥ ❑r(π) ♦♥❧② ❞❡♣❡♥❞s ♦♥

t❤❡ ❝♦♥❣r✉❡♥❝❡ ❝❧❛ss ♦❢ x✱ ❛♥❞ ♠♦r❡♦✈❡r ❘❡❞
(k)
n (❑r(π)) = ❑r(❘❡❞

(k)
n (π)) ❛♥❞

✇❡ ❛r❡ ❞♦♥❡✳

❚❤❡ ♣r❡❝❡❞✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤❛s s♦♠❡ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡s✳

❈♦r♦❧❧❛r② ✺✳✹✳✶✸✳ ▲❡t π ∈ NC(A)((k+1)n) ❛♥❞ V ❜❡ ❛ ❜❧♦❝❦ ♦❢ π∪Kr(π)✳

❚❤❡ ❝❛r❞✐♥❛❧ ♦❢ Red
(k)
n (V ) ❞✐✈✐❞❡s t❤❡ ❝❛r❞✐♥❛❧ ♦❢ V ✳ ❲❡ ❝❛❧❧ ♠✉❧t✐♣❧✐❝✐t② ♦❢

V t❤❡ q✉♦t✐❡♥t

multπ∪Kr(π)(V ) :=
card(V )

card(Red
(k)
n (V ))

.

❚❤✐s ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❧♦✇❡r ♦r ❡q✉❛❧ t❤❛♥ k+1✳ ❚❤❡ ❜❧♦❝❦s ♦❢ ♠✉❧t✐♣❧✐❝✐t②
1 ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s✐♠♣❧❡✳

Pr♦♦❢✳ ❋♦r x ∈ V ✱ t❤❡ ❝❛r❞✐♥❛❧ ♦❢ V ✐s t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ i ✈❡r✐❢②✐♥❣

(t(π))i(x) = x.

❆ r❡♣❡❛t❡❞ ✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✷ ❣✐✈❡s t❤❛t✱ ❢♦r s✉❝❤ ❛♥ i✱

(t(❘❡❞(k)
n (π)))i(❘❡❞(k)

n (x)) = ❘❡❞(k)
n (x). ✭✺✳✶✺✮

❚❤✉s i ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ❝❛r❞✐♥❛❧ ♦❢ ❘❡❞
(k)
n (V )✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡❞

❜② t❤❡ ❢❛❝t t❤❛t ✐t ✐s t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ i ✈❡r✐②✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✺✳✶✺✮✳

■t ✐s ♥♦t s♦ ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t✱ ✐❢ t❤❡r❡ ✐s ❛ ❜❧♦❝❦ ♦❢ ♠✉❧t✐♣❧✐❝✐t② k+ 1 ✐♥
π ∪❑r(π)✱ ❢♦r π ∈ NC(A)((k+ 1)n)✱ t❤❡ ♦t❤❡r ❜❧♦❝❦s ❛r❡ ♥❡❝❡ss❛r✐❧② s✐♠♣❧❡✱
❜❡❝❛✉s❡ ♦♥❡ ❝❛♥♥♦t ❧✐♥❦ t✇♦ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ ❝♦♥❣r✉❡♥❝❡ ❝❧❛ss ✇✐t❤♦✉t
❝r♦ss✐♥❣ t❤❡ ❜❧♦❝❦ ♦❢ ♠✉❧t✐♣❧✐❝✐t② k + 1✳ ❚❤✐s ✐s ✐♥ ❢❛❝t ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❈♦r♦❧❧❛r② ✺✳✹✳✶✹✳ ❋♦r π ∈ NC(k)(n)✱

∑

V ∈bl(π∪Kr(π))

(multπ∪Kr(π)(V ) − 1) = k.



✺✳✹ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✶✷✺

Pr♦♦❢✳ ❚❤✐s ✐s ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✳ ❋✐rst ♥♦t✐❝❡ t❤❛t
∑

V ∈❜❧(π∪Kr(π))

(multπ∪Kr(π)(V ) − 1) =

∑

V ∈❜❧(π∪Kr(π))

multπ∪Kr(π)(V ) − |π ∪❑r(π)|. ✭✺✳✶✻✮

❚❤❡ ✜rst t❡r♠ ✐♥ ✭✺✳✶✻✮ ✐s
∑

W∈❜❧(Red
(k)
n (π∪Kr(π)))

∑

V ∈❜❧(π∪Kr(π)):Red
(k)
n (V )=W

multπ∪Kr(π)(V ).

❇✉t ❢♦r ❛♥② ❜❧♦❝❦ W ♦❢ ❘❡❞
(k)
n (π ∪❑r(π))✱ ♦♥❡ ❤❛s

∑

V ∈❜❧(π∪Kr(π)):Red
(k)
n (V )=W

multπ∪Kr(π)(V ) = k + 1.

❆♣♣❧②✐♥❣ t✇✐❝❡ ❢♦r♠✉❧❛ ✭✷✳✶✮✱ ✇❡ ❣❡t
∑

V ∈❜❧(π∪Kr(π))

(multπ∪Kr(π)(V ) − 1) =(k + 1)(n+ 1) − |π ∪❑r(π)|

= (k + 1)(n+ 1) − ((k + 1)n+ 1)

= k.

❋♦r ❛ ♣❛rt✐t✐♦♥ π ∈ NC(k)(n)✱ ♦♥❡ ♠❛② ❞❡✜♥❡ ❛ ✈❡❝t♦r λπ ✇✐t❤ ✐♥t❡❣❡r
❝♦♦r❞✐♥❛t❡s ❛s ❢♦❧❧♦✇s ✿

(λπ)i =
∑

V ∈❜❧(π∪Kr(π)):Red
(k)
n (V )=Mix(Red

(k)
n (π∪Kr(π)),i)

(multπ∪Kr(π)(V ) − 1).

❚❤❡ ✈❡❝t♦r λπ ∈ Λn+1,k ✐s ❝❛❧❧❡❞ t❤❡ s❤❛♣❡ ♦❢ π✳

❘❡♠❛r❦ ✺✳✹✳✶✺✳ ❆ t②♣❡ ❇ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐ts
❛❜s♦❧✉t❡ ✈❛❧✉❡ p := ❆❜s(π) ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❧♦❝❦ Z ∈ ❜❧(p ∪ ❑r(p))✱
✇❤✐❝❤ ❤❛s t♦ ❜❡ ❧✐❢t❡❞ t♦ t❤❡ ③❡r♦✲❜❧♦❝❦ ♦❢ π✳ ❚❤✐s ❧❛tt❡r ❝❤♦✐❝❡ ✐s ❡♥❝♦❞❡❞
✐♥ t❤❡ s❤❛♣❡ λπ ♦❢ π✳ ■♥❞❡❡❞✱ t②♣❡ ❇ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ k = 1 ♦❢
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ s❤❛♣❡ λπ ❜❡❧♦♥❣s t♦ t❤❡
s❡t Λn+1,1 ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ n + 1 ✈❡❝t♦rs ei = (δj

i )1≤j≤n+1, 1 ≤ i ≤ n + 1✳
❚❤❛t λπ = ei ♠❡❛♥s ❡①❛❝t❧② t❤❛t ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ t❤❡ ❜❧♦❝❦ Mix(p, i)
❛s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ③❡r♦✲❜❧♦❝❦✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t ❛ t②♣❡ ❇
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥✱ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t②♣❡ 1✱ ✐s
❞❡t❡r♠✐♥❡❞ ❜② ✐ts r❡❞✉❝t✐♦♥ ✭♦r ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥ t❤❡ t②♣❡ ❇ ❧❛♥❣✉❛❣❡✮ ❛♥❞
✐ts s❤❛♣❡✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✇❤❡♥ k ≥ 2✳ ■t ✐s ✐♥t❡r❡st✐♥❣
t♦ ❛s❦ ❤♦✇ t♦ ❞❡t❡r♠✐♥❡ ❛ ❣❡♥❡r❛❧ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t②♣❡ k✳ ❚❤✐s
q✉❡st✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✳



✶✷✻ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✻✳ ▲❡t λ ∈ Λn+1,k✳ ❚❤❡ ♥✉♠❜❡r ♦❢ π ∈ NC(k)(n) ❤❛✈✐♥❣
s❤❛♣❡ λ ❛♥❞ r❡❞✉❝t✐♦♥ ❛ ✜①❡❞ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p ∈ NC(A)(n) ✐s t❤❡
s❛♠❡ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ p ∈ NC(A)(n)✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ t❤✐s q✉❛♥t✐t② ❜② r(λ)✳

Pr♦♦❢✳ ❆s ❛♥♥♦✉♥❝❡❞✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t♦ ❞❡t❡r♠✐♥❡ ❛ t②♣❡ k ♥♦♥✲❝r♦ss✐♥❣
♣❛rt✐t✐♦♥ π ∈ NC(k)(n)✱ ♦♥❝❡ ✐ts r❡❞✉❝t✐♦♥ p ∈ NC(A)(n) ❛♥❞ ✐ts s❤❛♣❡
λ ∈ Λn+1,k ❛r❡ ❣✐✈❡♥✳ ❲❡ ❦♥♦✇ t❤❛t ▼✐①(p, 1) ✐s ❛ s✐♥❣❧❡t♦♥ ♦❢ [n] ∪ [n]✳
❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ✐t ✐s ❛ s✐♥❣❧❡t♦♥ {i} ♦❢ [n]✳ ❲❡ ♥❡❡❞ t♦ ❦♥♦✇
❤♦✇ t♦ ❢♦r♠ t❤❡ ❜❧♦❝❦s ♦❢ π r❡❞✉❝✐♥❣ t♦ {i}✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❛❞♠✐ss✐❜❧❡
✇❛②s t♦ ❢♦r♠ t❤❡s❡ ❜❧♦❝❦s ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ λ1 ❜✉t ♦❢ ❝♦✉rs❡ ♥♦t
♦♥ p✱ ❜❡❝❛✉s❡ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ♦❢ i ❞♦❡s ♥♦t ❝♦♠❡ ✐♥t♦ t❤❡ ❣❛♠❡✳ ❆ss✉♠❡
t❤❛t t❤❡s❡ ❜❧♦❝❦s ❛r❡ ❢♦r♠❡❞❀ t❤✐s ❣✐✈❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ [(k + 1)n] \
{x | ❘❡❞(k)

n (x) = i} ∪ [(k + 1)n] ✐♥t♦ λ1 + 1 s❡ts✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❝❡ss ✿ ❧❡t ✉s ❞❡♥♦t❡ ❜② {i + l1n, . . . , i + lmn} t❤❡ s♠❛❧❧❡st ✭✇✐t❤ r❡s♣❡❝t
t♦ ⊏✮ ♦❢ t❤❡ ❜❧♦❝❦s ✇❡ ❤❛✈❡ ❥✉st ❢♦r♠❡❞ t❤❛t ✐s ♥♦t s✐♠♣❧❡ ✭✐❢ t❤❡r❡ ✐s ♥♦
s✉❝❤ ❜❧♦❝❦✱ ✐✳❡✳ ✇❤❡♥ λ1 = 0✱ ♦✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s tr✐✈✐❛❧✮ ❀ ❡❛❝❤ ♦❢ t❤❡
{i+ ljn, . . . , i− 1 + lj+1n} ❜❡❝♦♠❡s ❛ s❡t ✐♥ ♦✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❢t❡r ❡r❛s✐♥❣
t❤❡ i+ ln, lj ≤ l ≤ lj+1✱ ❢♦r ❡❛❝❤ 1 ≤ j ≤ m− 1✳ ❚❤❡♥ r❡♠♦✈❡ ❛❧❧ ❡❧❡♠❡♥ts x
s✉❝❤ t❤❛t i+l1n ≤ x ≤ i+lmn ❛♥❞ r❡♣❡❛t t❤❡ ♣r♦❝❡ss ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥❡✇
s♠❛❧❧❡st ❜❧♦❝❦ ✇✐t❤ r❡s♣❡❝t t♦ ⊏ ❛♠♦♥❣ t❤❡ r❡♠❛✐♥✐♥❣ ❜❧♦❝❦s t❤❛t ❛r❡ ♥♦t
s✐♠♣❧❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ s❡ts ♦❜t❛✐♥❡❞ t❤✐s ✇❛② ♠❛② ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ s❡ts ♦❢
t❤❡ ❢♦r♠ [l(n− 1)]∪ [l(n− 1)]✱ ❢♦r s♦♠❡ l ≤ k+ 1✱ ✉♣ t♦ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ✜rst
❛♥❞ ❧❛st ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡ts✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡✱ ❜❡❝❛✉s❡ t❤❡s❡ ❡❧❡♠❡♥ts ❛r❡
♥❡❝❡ss❛r✐❧② ❧✐♥❦❡❞ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t✳ ❖♥ ❡❛❝❤ ♦❢
t❤❡s❡ s❡ts✱ π ✐♥❞✉❝❡s ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ t❤❛t ❜❡❧♦♥❣s t♦ NC(l)(n− 1)✳
❆❧❧ s✉❝❤ ✐♥❞✉❝❡❞ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ❤❛✈❡ t❤❡ s❛♠❡ r❡❞✉❝t✐♦♥ p̃ ♦❜t❛✐♥❡❞
❜② ❡r❛s✐♥❣ ✐♥ p∪❑r(p) t❤❡ ❡❧❡♠❡♥t i ❛♥❞ ❜② ✐❞❡♥t✐❢②✐♥❣ i− 1 ✇✐t❤ i ✭✇❤✐❝❤ ❛r❡
❛❧s♦ ♥❡❝❡ss❛r✐❧② ❧✐♥❦❡❞ ✐♥ ❑r(p)✮✳ ❚❤❡ s❤❛♣❡s ♦❢ t❤❡ ✐♥❞✉❝❡❞ ♣❛rt✐t✐♦♥s s✉♠
t♦ t❤❡ s❤❛♣❡ λ ♦❢ π✳ ❍❡♥❝❡ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ t②♣❡ k ✐s ❞❡t❡r♠✐♥❡❞
❜② ✐ts r❡❞✉❝t✐♦♥ p✱ ✐ts s❤❛♣❡ λ✱ ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❛② t♦ ❢♦r♠ t❤❡ ❜❧♦❝❦s r❡❞✉❝✐♥❣
t♦ ▼✐①(p, 1)✱ ❛♥ ❛❞♠✐ss✐❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ λ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥❞✉❝❡❞
♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ✐♥ s❡ts NC(l)(n − 1)✱ ❤❛✈✐♥❣ r❡❞✉❝t✐♦♥ p̃ ❛♥❞ s❤❛♣❡
t❤❡ s✉♠♠❛♥❞s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ λ✳
❖✉r ❛r❣✉♠❡♥t ❣♦❡s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❋♦r n = 1 ❛♥❞ ❛♥② k✱ t❤❡r❡ ✐s ♦♥❧②
♦♥❡ ♣♦ss✐❜❧❡ r❡❞✉❝t✐♦♥✱ ❜❡❝❛✉s❡ card(NC(A)(1)) = 1 ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡r❡
✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡ ✐♥ t❤❛t ❝❛s❡✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r ❛♥② l✱ t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐t✐♦♥s ✐♥ NC(l)(n− 1) ✇✐t❤ ❣✐✈❡♥ s❤❛♣❡ ❛♥❞ r❡❞✉❝t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞
♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❞✉❝t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ✜rst ♣❛rt
♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐t✐♦♥s π ∈ NC(k)(n) ✇✐t❤ ❣✐✈❡♥ s❤❛♣❡ λ
❛♥❞ r❡❞✉❝t✐♦♥ p ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❞✉❝t✐♦♥✱ ❜❡❝❛✉s❡ ✇❡
♥♦t✐❝❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛❞♠✐ss✐❜❧❡ ✇❛②s t♦ ❢♦r♠ t❤❡ ❜❧♦❝❦s r❡❞✉❝✐♥❣ t♦
▼✐①(p, 1) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ p✱ t❤❡ s❤❛♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❞❡♣❡♥❞ ♦♥❧② ♦♥ λ
❛♥❞ t❤❡ ✇❛② t❤❡ ❧❛tt❡r ❜❧♦❝❦s ❛r❡ ❢♦r♠❡❞✱ ❛♥❞ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡ ♥✉♠❜❡rs ♦❢
❝❤♦✐❝❡s ❢♦r t❤❡ ✐♥❞✉❝❡❞ ♣❛rt✐t✐♦♥s ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡✐r s❤❛♣❡s✳



✺✳✹ ◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✶✷✼

❘❡♠❛r❦ ✺✳✹✳✶✼✳ ❋♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ k✱ ♦♥❡ ♠❛② ❡❛s✐❧② ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s
♦❢ r(λ) ❢♦r ❡❛❝❤ λ ∈ Λn+1,k✳
■♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ k = 0✱

Λn+1,0 = {(0, . . . , 0)},

r((0, . . . , 0)) = 1.

❋♦r k = 1✱
Λn+1,1 = {ei}i=1,...,n+1,

❛♥❞ ♦♥❡ ❤❛s
∀1 ≤ i ≤ n+ 1, r(ei) = 1.

❋♦r k = 2✱
Λn+1,2 = {ei + ej}i,j=1,...,n+1.

❚❤❡ ✈❛❧✉❡ ♦❢ r(ei + ej) ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r i = j ♦r ♥♦t✿

∀1 ≤ i ≤ n+ 1, r(2ei) = 1.

∀1 ≤ i < j ≤ n+ 1, r(ei + ej) = 3.

❲❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡t NC(k)(n)✳

✺✳✹✳✸ ❙t✉❞② ♦❢ t❤❡ ♣♦s❡t NC(k)(n)

❚❤❡ s❡t NC(k)(n)✱ ❜❡✐♥❣ ❛ s✉❜s❡t ♦❢ (NC(A)((k + 1)n),≤)✱ ✐♥❤❡r✐ts ✐ts ♣❛r✲
t✐❛❧❧② ♦r❞❡r❡❞ s❡t ✭❛❜❜r❡✈✐❛t❡❞ ♣♦s❡t✮ str✉❝t✉r❡✳ ❈♦♥tr❛r② t♦ NC(B)(n)✱
✇❤✐❝❤ ✐s ❛ s✉❜❧❛tt✐❝❡ ♦❢ (NC(A)(2n),≤) ✭✉♣ t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ [±n] = [2n]✮✱
(NC(k)(n),≤) ✐s ✉♥❢♦rt✉♥❛t❡❧② ♥♦t ❛ s✉❜❧❛tt✐❝❡ ♦❢ (NC(A)((k + 1)n),≤)✱
✇❤❡♥ k ≥ 2✳

❘❡♠❛r❦ ✺✳✹✳✶✽✳ ❲❤❡♥ k = 2 ❛♥❞ n = 2✱ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥s

π := {{2, 3, 4, 5}, {1, 6}} ∈ NC(2)(2)

❛♥❞
ρ := {{1, 2}, {3, 4, 5, 6}} ∈ NC(2)(2).

■t ✐s ❛♥ ❡❛s② ❡①❡r❝✐s❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❡❡t ♦❢ t❤❡s❡ t✇♦ ♣❛rt✐t✐♦♥s ✐♥ t❤❡
❧❛tt✐❝❡ (NC(A)(6),≤)✿

π ∧NC(A)(6) ρ = {{1}, {2}, {3, 4, 5}, {6}}.

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t π ∧NC(A)(6) ρ ✐s ♥♦t ❛♥ ❡❧❡♠❡♥t ♦❢ NC(2)(2) ✇❤✐❝❤ ✐s

❝♦♥s❡q✉❡♥t❧② ♥♦t ❛ s✉❜❧❛tt✐❝❡ ♦❢ (NC(A)(6),≤) ❀ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ❛r❣✉♠❡♥t
✇♦✉❧❞ ♣r♦✈❡ t❤❛t NC(k)(n) ✐s ♥❡✈❡r ❛ s✉❜❧❛tt✐❝❡ ♦❢ (NC(A)((k+ 1)n),≤)✱ ❛s
s♦♦♥ ❛s k ≥ 2✳



✶✷✽ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

■t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ✇❤❡t❤❡r NC(k)(n) ✐s ♦r ♥♦t ❛ ❧❛tt✐❝❡ ✐♥ ✐ts ♦✇♥ r✐❣❤t
❢♦r t❤❡ r❡✈❡rs❡ r❡✜♥❡♠❡♥t ♦r❞❡r ≤✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ❛♥s✇❡r t♦ t❤✐s
q✉❡st✐♦♥✳

❲❡ ♥♦✇ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✹✳✶✾✳ π 7→ Red
(k)
n (π) ✐s ❛ 1

(k+1)n+1C
k+1
(n+1)(k+1)✲t♦✲1 ♠❛♣ ❢r♦♠

NC(k)(n) ♦♥t♦ NC(A)(n)✳

Pr♦♦❢✳ ❲❡ ✜① p ∈ NC(A)(n)✳ ❚❤❡ s❤❛♣❡ λπ ♦❢ ❛ π ∈ NC(k)(n) s❛t✐s❢②✐♥❣

❘❡❞
(k)
n (π) = p ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t Λn+1,k✱ ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ Λn+1,k✱ t❤❡r❡

❛r❡ ❡①❛❝t❧② r(λ) ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✇✐t❤ r❡❞✉❝t✐♦♥ p ❛♥❞ s❤❛♣❡
λ✳ ❍❡♥❝❡ t❤❡r❡ ❛r❡

∑
λ∈Λn+1,k

r(λ) ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✇✐t❤ r❡✲
❞✉❝t✐♦♥ p✱ ❛♥❞ ✇❡ ❦♥♦✇ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✻ t❤❛t t❤✐s ♥✉♠❜❡r ❞♦❡s ♥♦t ❞❡✲
♣❡♥❞ ♦♥ p✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t

∑
λ∈Λn+1,k

r(λ) = 1
(k+1)n+1C

k+1
(n+1)(k+1)✱

❜② ❝♦✉♥t✐♥❣ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ✇✐t❤ r❡❞✉❝t✐♦♥ 1[n]✳ ❚❤❡ s❡t
❢♦r♠❡❞ ❜② t❤❡s❡ ♣❛rt✐t✐♦♥s ✐s ♣r❡❝✐s❡❧② t❤❡ s❡t NCn(k) ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐✲
t✐♦♥s ♦❢ [(k+1)n] ❤❛✈✐♥❣ ❜❧♦❝❦s ♦❢ s✐③❡ ❞✐✈✐s✐❜❧❡ ❜② n✳ ❚❤❡ ❧❛tt❡r s❡t ❛♣♣❡❛rs
✐♥ ❬❇❇❈❈✵✼❪✱ ✇❤❡r❡ ✐t ✐s ♣r♦✈❡❞ t❤❛t ✐ts ❝❛r❞✐♥❛❧ ✐s 1

(k+1)n+1C
k+1
(n+1)(k+1)✳

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ❜② ❞❡✜♥✐♥❣ ❛ s✉❜s❡t ♦❢ NC(k)(n) t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞
✐♥ ❙❡❝t✐♦♥ ✺✳✺✳

❉❡✜♥✐t✐♦♥ ✺✳✹✳✷✵✳ ❲❡ ✇r✐t❡ NC
(k)
∗ (n) ❢♦r t❤❡ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s

♦❢ t②♣❡ k ✇✐t❤♦✉t ♥♦♥✲s✐♠♣❧❡ ❜❧♦❝❦s ✐♥ t❤❡✐r ❑r❡✇❡r❛s ❝♦♠♣❧❡♠❡♥t✳

❘❡♠❛r❦ ✺✳✹✳✷✶✳ ■♥ t❤❡ s❤❛♣❡ ♦❢ ❛ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ π ∈ NC
(k)
∗ (n)✱ t❤❡

❝♦♦r❞✐♥❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❜❧♦❝❦s ♦❢ ❑r(π) ❛r❡ ③❡r♦ ❀ t❤❡r❡ ✐s t❤❡r❡❢♦r❡ ❛
str❛✐❣❤t❢♦r✇❛r❞ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ s❤❛♣❡s ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s

π ∈ NC
(k)
∗ (n) s❛t✐s❢②✐♥❣ ❘❡❞k

n(π) = p ❛♥❞ t❤❡ s❡t Λ|p|,k✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t✱

❣✐✈❡♥ p ∈ NC(A)(n) ❛♥❞ λ ∈ Λ|p|,k✱ t❤❡r❡ ❛r❡ ❡①❛❝t❧② r(λ) ♥♦♥✲❝r♦ss✐♥❣ ♣❛r✲

t✐t✐♦♥s π ∈ NC
(k)
∗ (n) ✇✐t❤ r❡❞✉❝t✐♦♥ p ❛♥❞✱ ✇✐t❤ ❛ s♠❛❧❧ ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱

s❤❛♣❡ λ✳

◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ❣✐✈❡ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ s❝❛❧❛rs ✐♥ Ck✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✳

✺✳✺ ❇♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ k

❆s ❢♦r t②♣❡ ❆ ❛♥❞ ❇✱ t❤❡r❡ ✐s ❛ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦
t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k✳ ■t ✐s ❞❡✜♥❡❞ ♦♥ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s
✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ C

k+1✱ ❛s ❢♦❧❧♦✇s✳



✺✳✺ ❇♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ k ✶✷✾

❉❡✜♥✐t✐♦♥ ✺✳✺✳✶✳ ✶✳ ❲❡ ❞❡♥♦t❡ ❜② Θ(k) t❤❡ s❡t ♦❢ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡
❢♦r♠

f(z) =
∞∑

n=1

(α(0)
n , . . . , α(k)

n )zn,

✇❤❡r❡✱ ❢♦r ❡❛❝❤ n ≥ 1 ❛♥❞ 0 ≤ i ≤ k✱ α
(i)
n ✐s ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r✳

✷✳ ▲❡t f(z) =
∑∞

n=1(α
(0)
n , . . . , α

(k)
n )zn ❛♥❞ g(z) =

∑∞
n=1(β

(0)
n , . . . , β

(k)
n )zn

❜❡ ✐♥ Θ(k)✳ ❋♦r ❡✈❡r② m ≥ 1 ❛♥❞ ❡✈❡r② 0 ≤ i ≤ k✱ ❝♦♥s✐❞❡r t❤❡ ♥✉♠❜❡rs

γ
(i)
m ❞❡✜♥❡❞ ❜②

γ(i)
m =

∑

π∈NC(i)(m)

C
(λπ)1,...,(λπ)m+1

i

r(λπ)

|Red
(i)
m (π)|∏

j=1

α
((λπ)j)

card(Sep(Red
(i)
m (π),j))

·

m+1∏

j=|Red
(i)
m (π)|+1

β
((λπ)j)

card(Sep(Red
(i)
m (π)),j)

.

❚❤❡♥ t❤❡ s❡r✐❡s
∑∞

n=1(γ
(0)
n , . . . , γ

(k)
n )zn ✐s ❝❛❧❧❡❞ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥

♦❢ t②♣❡ k ♦❢ f ❛♥❞ g✱ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② f ⋆(k)g✳

■t t✉r♥s ♦✉t t❤❛t✱ ✉♣ t♦ ✐❞❡♥t✐❢②✐♥❣ t❤❡ t✇♦ s❡ts Θ(k) ❛♥❞ Θ
(A)
Ck

✱ t❤❡ t✇♦

♦♣❡r❛t✐♦♥s ⋆(k) ❛♥❞ ⋆
(A)
Ck

❛r❡ ❛❝t✉❛❧❧② t❤❡ s❛♠❡✱ ❛s st❛t❡❞ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✺✳✷✳ ⋆(k) =⋆
(A)
Ck

Pr♦♦❢✳ ▲❡t

f(z) =

∞∑

n=1

(α(0)
n , . . . , α(k)

n )zn ∈ Θ(k)

❛♥❞

g(z) =
∞∑

n=1

(β(0)
n , . . . , β(k)

n )zn ∈ Θ(k).

❲r✐t❡

f ⋆(k)g =
∑∞

n=1(γ
(0)
n , . . . , γ

(k)
n )zn

❛♥❞

f ⋆
(A)
Ck
g =

∑∞
n=1(δ

(0)
n , . . . , δ

(k)
n )zn.

❲❡ ✜① ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n✱ ❢♦r ✇❤✐❝❤ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

(γ(0)
n , . . . , γ(k)

n ) = (δ(0)n , . . . , δ(k)
n ).



✶✸✵ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

▲❡t ✉s ❧♦♦❦ ❛t γ
(i)
n ✳ ❋✐rst✱ ✇❡ ❤❛✈❡

γ(i)
n =

∑

π∈NC(i)(n)

C
(λπ)1,...,(λπ)n+1

i

r(λπ)

|Red
(i)
m (π)|∏

j=1

α
((λπ)j)

card(Sep(Red
(i)
m (π),j))

·

n+1∏

j=|Red
(i)
m (π)|+1

β
((λπ)j)

card(Sep(Red
(i)
m (π)),j)

.

❋♦r ❡✈❡r② π ∈ NC(i)(n)✱ 1 ≤ j ≤ n+ 1 ❛♥❞ 0 ≤ λ ≤ k✱ ✇❡ ♣✉t p = ❘❡❞
(i)
n (π)

❛♥❞

θ(λ)(p, j) :=

{
α

(λ)
card(Sep(p,j)) if j ≤ |p|,
β

(λ)
card(Sep(p,j)) if j > |p|,

❚❤❡ s✉♠♠❛t✐♦♥ ♦✈❡r NC(i)(n) ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ♦♥❡ ♦✈❡r NC(A)(n)✱ ❜②

✉s✐♥❣ t❤❡ ❝♦✈❡r ❘❡❞
(i)
n : NC(i)(n) → NC(A)(n)✳ ❲❤❡♥ ❞♦✐♥❣ s♦✱ ❛♥❞ t❛❦✐♥❣

✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ (❘❡❞
(i)
n )−1(p), p ∈ NC(A)(n) ♣r♦✈✐❞❡❞

❜② t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✹✳✶✾✱ ♦♥❡ ❣❡ts

γ(i)
n =

∑

p∈NC(A)(n)

∑

λ∈Λn+1,i

C
λ1,...,λn+1

i

n+1∏

j=1

θ(λj)(p, j).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ⋆
(A)
Ck

✱ ✇❡ s❡❡

t❤❛t δ
(i)
n ❡q✉❛❧s

∑

p∈NC(A)(n)

∑

λ∈Λn+1,i

C
λ1,...,λn+1

i

n+1∏

j=1

θ(λj)(p, j).

❇② ❝♦♠♣❛r✐♥❣✱ ✇❡ ♦❜t❛✐♥ (γ
(0)
n , . . . , γ

(k)
n ) = (δ

(0)
n , . . . , δ

(k)
n )✱ ❛s ❞❡s✐r❡❞✳

❈♦r♦❧❧❛r② ✺✳✺✳✸✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ⋆(k) ✐s ❛ss♦❝✐❛t✐✈❡✱ ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ t❤❡

s❡r✐❡s ∆(k)(z) = ∆
(A)
Ck

(z) ✐s ✐ts ✉♥✐t ❡❧❡♠❡♥t✳ ❆ s❡r✐❡s f ∈ Θ(k) ✐s ✐♥✈❡rt✐❜❧❡

✇✐t❤ r❡s♣❡❝t t♦ ⋆(k) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ ♦♥❡ ❤❛s ❛ ♥♦♥✲③❡r♦
✜rst ❝♦♠♣♦♥❡♥t✳

❘❡♠❛r❦ ✺✳✺✳✹✳ ❚❤❡♦r❡♠ ✺✳✺✳✷ t❡❧❧s ✉s t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ ⋆(k) ✐s ❛ ❜♦①❡❞
❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ ❆✱ ❢♦r ✇❤✐❝❤ ♦♥❡ ♠❛② ❞❡✜♥❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ♣♦✇❡r
s❡r✐❡s ✐♥ s❡✈❡r❛❧ ♥♦♥❝♦♠♠✉t✐♥❣ ✐♥❞❡t❡r♠✐♥❛t❡s✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts
❛♥ ♦♣❡r❛t✐♦♥ ⋆(k) ♦♥ ♣♦✇❡r s❡r✐❡s ✐♥ s❡✈❡r❛❧ ♥♦♥❝♦♠♠✉t✐♥❣ ✐♥❞❡t❡r♠✐♥❛t❡s✳
❲❡ ❞♦ ♥♦t ✜♥❞ ✐♥t❡r❡st✐♥❣ t♦ r❡❝♦r❞ ❤❡r❡ t❤❡ ❢♦r♠✉❧❛s ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ♦♣❡r✲
❛t✐♦♥✳



✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ✶✸✶

◆♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s ♦❢ t②♣❡ k ❛r❡ t❤✉s t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦❜❥❡❝ts ❞❡✲
s❝r✐❜✐♥❣ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦①❡❞ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t②♣❡ ❆ ✇✐t❤ s❝❛❧❛rs ✐♥ t❤❡
❛❧❣❡❜r❛ Ck✳

■t ✐s ♥♦✇ ❡❛s② t♦ r❡✇r✐t❡ t❤❡ ♠❛✐♥ ❢♦r♠✉❧❛s ✐♥✈♦❧✈✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲
❝r♦ss✐♥❣ ❝✉♠✉❧❛♥ts ✇✐t❤ s✉♠s ✐♥❞❡①❡❞ ❜② t❤❡ s❡t ♦❢ ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥s
♦❢ t②♣❡ k✳ ❚❤✐s ✐s t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✺✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝✲
t✐♦♥❛❧s s❛t✐s❢②✱ ❢♦r ❡✈❡r② n ≥ 1✱ ❡✈❡r② 0 ≤ i ≤ k ❛♥❞ ❡✈❡r② a1, . . . , an ∈ A✱

ϕ(i)(a1 · · · an) =
∑

π∈NC
(i)
∗ (n)

C
(λπ)1,...,(λπ)|π|
i

r(λπ)
κ

(λπ)

Red
(i)
n (π)

(a1, . . . , an).

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✻✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛✲
t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳ ❈♦♥s✐❞❡r s✉❜s❡ts M1,M2 ♦❢ A t❤❛t ❛r❡
✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k✳ ❚❤❡♥✱ ♦♥❡ ❤❛s✱ ❢♦r ❡❛❝❤ n ≥ 1✱ ❡❛❝❤ n✲t✉♣❧❡s
(a1, . . . , an) ∈ Mn

1 , (b1, . . . , bn) ∈ Mn
2 ❛♥❞ ❡❛❝❤ 0 ≤ i ≤ k ✿

κ(i)
n (a1b1, . . . , anbn) =

∑

π∈NC(i)(n)

C
(λπ)1,...,(λπ)n+1

i

r(λπ)
κ

(λπ)

Red
(i)
n (π∪Kr(π))

(a1, b1, . . . , an, bn).

❲❡ ♠♦✈❡ t♦ t❤❡ ♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✳

✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉✲
t✐♦♥

■♥ t❤✐s ✜♥❛❧ s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r
k✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ❛❧r❡❛❞② ❡①❛♠✐♥❡❞ ✐♥ ❬❇❙✵✾❪ ✿ ❧❡t {av

u(t) | 1 ≤
v ≤ mu}t∈T ❜❡ s ❢❛♠✐❧✐❡s ♦❢ ♥♦♥❝♦♠♠✉t❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ ❛ ✭✉s✉❛❧✮
♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (A, ϕ)✳ ❚❤❡s❡ ❢❛♠✐❧✐❡s ❛r❡ ✐♥❞❡①❡❞ ❜② ❛
s✉❜s❡t T ♦❢ R ❤❛✈✐♥❣ ③❡r♦ ❛s ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ ❛♥❞ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ µt ♦❢ {av

u(t) | 1 ≤ v ≤ mu, 1 ≤ u ≤ s} ✇❤❡♥ t ✐s
❣♦✐♥❣ t♦ 0✱ ✐♥ ♦t❤❡r ✇♦r❞s ❢♦r ✐♥✜♥✐t❡s✐♠❛❧ ✈❛❧✉❡s ♦❢ t✳ ❘❡❝❛❧❧ t❤❛t µt ✐s t❤❡
❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ C〈Xv

u, 1 ≤ v ≤ mu, 1 ≤ u ≤ s〉 ❞❡✜♥❡❞ ❜② ✿

µt(P ((Xv
u)1≤v≤mu,1≤u≤s)) = ϕ(P ((av

u(t))1≤v≤mu,1≤u≤s)).

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② {µt}t∈T ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦♥
C〈Xv

u, 1 ≤ v ≤ mu, 1 ≤ u ≤ s〉 ✇✐t❤♦✉t ❛♥② ❢✉rt❤❡r r❡❢❡r❡♥❝❡ t♦ t❤❡ ✈❛r✐❛❜❧❡s
{av

u(t) | 1 ≤ v ≤ mu, 1 ≤ u ≤ s}t∈T ✳ ❋♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ t ∈ T ✱ ♦♥❡ ♠❛② ♦❜✈✐✲
♦✉s❧② ❞❡✜♥❡ t❤❡ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ((κt)n : (C〈Xv

u, 1 ≤ v ≤



✶✸✷ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

mu, 1 ≤ u ≤ s〉)n → C)∞n=1 ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ (C〈Xv

u, 1 ≤ v ≤ mu, 1 ≤ u ≤ s〉, µt)✳ ❆ ✇❛② t♦ ❝❛♣t✉r❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢
µt ❢♦r ✐♥✜♥✐t❡s✐♠❛❧ ✈❛❧✉❡s ♦❢ t ✐s t♦ ✐♥tr♦❞✉❝❡ r❡❝✉rs✐✈❡❧② ✐ts ❞❡r✐✈❛t✐✈❡s ❛t 0
❜② ✿

µ(0) := lim
t→0

µt, ✭✺✳✶✼✮

µ(i)

i!
:= lim

t→0

1

ti
(µt −

i−1∑

j=0

tj

j!
µ(j)), 1 ≤ i ≤ k. ✭✺✳✶✽✮

❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ❧✐♠✐ts ✐♥ ❢♦r♠✉❧❛s ✭✺✳✶✼✮ ❛♥❞ ✭✺✳✶✽✮ ❡①✐st ❛♥❞ ✉s❡

t❤❡ ♥♦t❛t✐♦♥ µ(i) = di

dti |t=0
µt✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ❬❇❙✵✾❪✱ ♦♥❧② µ(0) ❛♥❞ µ(1) ✇❡r❡

st✉❞✐❡❞✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛s ✭✺✳✶✼✮ ❛♥❞ ✭✺✳✶✽✮ t❤❛t

µt =

k∑

i=0

µ(i)

i!
ti + o(tk).

◆♦t✐❝❡ t❤❛t (µ(i))0≤i≤k ✐s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❧❛✇ ✭♦❢ ♦r❞❡r k✮ ♦♥
∑s

u=1mu ✈❛r✐✲
❛❜❧❡s ❛♥❞ t❤❡r❡❢♦r❡ (C〈Xv

u, 1 ≤ v ≤ mu, 1 ≤ u ≤ s〉, (µ(i))0≤i≤k) ✐s ❛♥
✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✳ ❆ss♦❝✐❛t❡❞ t♦
t❤✐s ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ✇❡ ❤❛✈❡ ✐♥✲

✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s (κ
(i)
n : An → C, 0 ≤ i ≤ k)∞n=1✱

❛s ❞❡✜♥❡❞ ❜② ❢♦r♠✉❧❛ ✭✺✳✼✮✳ ❚❤❡s❡ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧s ❛r❡
❧✐♥❦❡❞ t♦ ((κt)n)∞n=1 ❛s ❢♦❧❧♦✇s ✿

Pr♦♣♦s✐t✐♦♥ ✺✳✻✳✶✳ ❋♦r ❡✈❡r② n ≥ 1 ❛♥❞ 0 ≤ i ≤ k✱

κ(i)
n =

di

dti |t=0
(κt)n.

Pr♦♦❢✳ ❇② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛✱ ♦♥❡ ❤❛s

∀t ∈ K, (κt)n =
∑

p∈NC(A)(n)

▼ö❜(A)(p, 1n)(µt)p. ✭✺✳✶✾✮

❇② t❤❡ ❛ss✉♠♣t✐♦♥ ♠❛❞❡ ❛❜♦✈❡✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❢♦r♠✉❧❛ ✭✺✳✶✾✮ ❤❛s

k ❞❡r✐✈❛t✐✈❡s ❛t 0✱ ❤❡♥❝❡ di

dti |t=0
(κt)n ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞✱ ✉s✐♥❣ ❧✐♥❡❛r✐t② ♦❢

❞❡r✐✈❛t✐♦♥ ❛♥❞ ▲❡✐❜♥✐③ r✉❧❡✱ ♦♥❡ ♦❜t❛✐♥s ✿

di

dti |t=0
(κt)n =

∑

p∈NC(A)(n)
p:={V1,...,Vh}

∑

λ∈Λh,i

▼ö❜(A)(p, 1n)Cλ1,...,λh

i µ(λ)
p .

❖♥❡ r❡❝♦❣♥✐③❡s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛❜♦✈❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❢♦r♠✉❧❛
✭✺✳✾✮✱ ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳



✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ✶✸✸

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥ t♦♦❧ t♦ ❝❤❛r❛❝t❡r✐③❡ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡✲
♥❡ss ♦❢ ♦r❞❡r k ✐♥ t❡r♠s ♦❢ ♠♦♠❡♥ts ✐♥ ❚❤❡♦r❡♠ ✺✳✻✳✸✳ ❲❡ ✜rst ❣✐✈❡ ❛ r❡❝✐♣❡
t♦ ❞❡❞✉❝❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t✇♦ ❢❛♠✐❧✐❡s
♦❢ ❞✐str✐❜✉t✐♦♥s ❢r♦♠ t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ ✐♥✜♥✐t❡s✐♠❛❧ ❜❡❤❛✈✐♦✉rs✳

Pr♦♣♦s✐t✐♦♥ ✺✳✻✳✷✳ ▲❡t {µt}t∈K ✭r❡s♣✳ {νt}t∈K✮ ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❧✐♥❡❛r ❢✉♥❝✲
t✐♦♥❛❧s ♦♥ C〈Xu, 1 ≤ u ≤ m〉 ✭r❡s♣ C〈Yu, 1 ≤ u ≤ m〉✮ s✉❝❤ t❤❛t µ(i) =
di

dti |t=0
µt ✭r❡s♣✳ ν(i) = di

dti |t=0
νt✮ ❡①✐st ❢♦r 0 ≤ i ≤ k✳ ❙❡t ✿

(η(i))0≤i≤k := (µ(i))0≤i≤k ⊞
(k) (ν(i))0≤i≤k,

(θ(i))0≤i≤k := (µ(i))0≤i≤k ⊠
(k) (ν(i))0≤i≤k.

❚❤❡♥ η(i) = di

dti
|t=0 µt ⊞ νt ❛♥❞ θ(i) = di

dti
|t=0 µt ⊠ νt✳

Pr♦♦❢✳ ❋♦r ❡❛❝❤ t ∈ K✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢r❡❡ ♣r♦❞✉❝t

(C〈Xu, Yu, 1 ≤ u ≤ m〉, µt ⋆ νt).

❙✐♥❝❡ di

dti |t=0
µt ❛♥❞

di

dti |t=0
νt ❡①✐st ❜② ❛ss✉♠♣t✐♦♥ ❢♦r ❡❛❝❤ 0 ≤ i ≤ k✱ ✇❡ ♦❜✲

t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ di

dti |t=0
(µt ⋆ νt) ❢♦r ❡❛❝❤ 0 ≤ i ≤ k ❛♥❞ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s

❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ µ(i)✬s ❛♥❞ t❤❡ ν(i)✬s✳ ■♥ t❤❡ ✐♥✜♥✐t❡s✐✲
♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (C〈Xu, Yu, 1 ≤ u ≤ m〉, ( di

dti |t=0
(µt ⋆

νt))0≤i≤k)✱ t❤❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s A1 = C〈Xu, 1 ≤ u ≤ m〉 ❛♥❞ A2 =
C〈Yu, 1 ≤ u ≤ m〉 ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✿ ✐♥❞❡❡❞✱ ✐❢ n ≥ 1, 0 ≤
i ≤ k ❛♥❞ P1 ∈ Ai1 , . . . , Pn ∈ Ain ❛r❡ s✉❝❤ t❤❛t i1, . . . , in ❛r❡ ♥♦t ❛❧❧ ❡q✉❛❧✱
t❤❡♥

κ(i)
n (P1, . . . , Pl) =

di

dti |t=0
(κt)n(P1, . . . , Pl),

✇❤❡r❡ (κt)n ✐s t❤❡ n✲t❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t ❢✉♥❝t✐♦♥❛❧ ✐♥ t❤❡ ♥♦♥❝♦♠✲
♠✉t❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (C〈Xu, Yu, 1 ≤ u ≤ m〉, µt ⋆ νt)✱ ❜② Pr♦♣♦s✐✲
t✐♦♥ ✺✳✻✳✶✳ ❇✉t ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♣r♦❞✉❝t t❤❛t

(κt)n(P1, . . . , Pl) = 0 ❢♦r ❡❛❝❤ t ∈ K✳ ■♥ ♣❛rt✐❝✉❧❛r κ
(i)
n (P1, . . . , Pl) = 0✳

❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ m✲t✉♣❧❡ (X1 + Y1, . . . , Xm + Ym) ✭r❡s♣✳

(X1 · Y1, . . . , Xm · Ym)✮ ✐s✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ( di

dti |t=0
(µt ⊞ νt))0≤i≤k ✭r❡s♣✳

( di

dti |t=0
(µt ⊠νt))0≤i≤k✮ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♣r♦❞✉❝t ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ (η(i))0≤i≤k ✭r❡s♣✳ (θ(i))0≤i≤k✮ ❜② t❤❡ ❛r❣✉♠❡♥t ❛❜♦✈❡✳

❲❡ ❝♦♥❝❧✉❞❡ ❜② ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss ♦❢ ♦r❞❡r k ✐♥
t❡r♠s ♦❢ ♠♦♠❡♥ts✳ ■ts ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♣r♦♦❢ r❡❧② ♦♥ t❤❡ Pr♦♣♦s✐t✐♦♥ ✺✳✻✳✶✳

❚❤❡♦r❡♠ ✺✳✻✳✸✳ ▲❡t (A, (ϕ(i))0≤i≤k) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♥♦♥❝♦♠♠✉t❛t✐✈❡
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦❢ ♦r❞❡r k✱ ❛♥❞ A1, . . . ,An ❜❡ ✉♥✐t❛❧ s✉❜❛❧❣❡❜r❛s ♦❢ A✳ ❚❤❡♥



✶✸✹ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss

A1, . . . ,An ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② ❢r❡❡ ♦❢ ♦r❞❡r k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛♥② ♣♦s✐t✐✈❡
✐♥t❡❣❡r l ∈ N

∗✱ ❛♥❞ ❛♥② a1 ∈ Ai1 , . . . , al ∈ Ail✱ ♦♥❡ ❤❛s

ϕt((a1 − ϕt(a1)) · · · (al − ϕt(al))) = o(tk), ✭✺✳✷✵✮

✇❤❡♥❡✈❡r i1 6= . . . 6= il✱ ✇❤❡r❡ ϕt :=
∑k

i=0
ϕ(i)

i! t
i✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✺✳✷✵✮

tr❛♥s❧❛t❡s ✐♥t♦ k + 1 r❡q✉✐r❡♠❡♥ts ✿

∀i ∈ {0, . . . , k},
i∑

j=0

∑

λ∈Λl,i−j

(−1)#{m≥1,λm>0}µ(j)(µ̂(λ1)(P1) · · · µ̂(λl)(Pl)) = 0,

✭✺✳✷✶✮
✇❤❡r❡ µ̂(λ)(P ) := P − µ(0)(P ) ✐❢ λ = 0✱ ❛♥❞ µ̂(λ)(P ) := µ(λ)(P ) ❡❧s❡✳

Pr♦♦❢✳ ❲❡ ❛ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✺✳✷✵✮ ❤♦❧❞s ❛♥❞ ♣r♦✈❡ t❤❛t A1, . . . ,An s❛t✲
✐s❢② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉❧❛♥ts ❝♦♥❞✐t✐♦♥✳ ❯s✐♥❣ Pr♦♣♦✲
s✐t✐♦♥ ✺✳✻✳✶✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈❡ t❤❛t ❢♦r l ≥ 2✱ ❛♥❞ a1 ∈ Ai1 , . . . , al ∈ Ail

(κt)l(a1, . . . , al) = o(tk) ✭✺✳✷✷✮

✇❤❡♥❡✈❡r ∃r 6= s, ir 6= is✱ ✇❤❡r❡ (κt)l ✐s t❤❡ l✲t❤ ♥♦♥✲❝r♦ss✐♥❣ ❝✉♠✉❧❛♥t
❢✉♥❝t✐♦♥❛❧ ✐♥ (A, ϕt)✳
❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ l ≥ 2✳
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t

(κt)2(a1, a2) = ϕt((a1 − ϕt(a1))((a2 − ϕt(a2)). ✭✺✳✷✸✮

■❢ a1 ∈ Ai1 , a2 ∈ Ai2 ✇✐t❤ i1 6= i2✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✷✸✮ ✐s o(tk)
❜② ❛ss✉♠♣t✐♦♥✳ ❲❡ ❛ss✉♠❡ t❤❡♥ t❤❛t t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧
❝✉♠✉❧❛♥ts ✐s ♣r♦✈❡❞ ❢♦r 2, 3, . . . , l−1 ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❝♦♥s✐❞❡r (κt)l(a1, . . . , al)
✇✐t❤ a1 ∈ Ai1 , . . . , al ∈ Ail s✉❝❤ t❤❛t ∃r 6= s, ir 6= is✳ ❇② Pr♦♣♦s✐t✐♦♥s ✺✳✷✳✹✱
✺✳✷✳✺ ❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ϕt(a1) = . . . =
ϕt(al) = 0 ❛♥❞ i1 6= . . . 6= il✳ ❲r✐t❡ t❤❡♥ t❤❡ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛✿

∀t ∈ K,ϕt(a1 · · · al) −
∑

p∈NC(A)(l)
p6=1l

(κt)p(a1, . . . , al) = (κt)l(a1, . . . , al).

❇② ❛ss✉♠♣t✐♦♥✱ (ϕt)(a1 · · · al) = o(tk)✳ ❆♥② ♥♦♥✲❝r♦ss✐♥❣ ♣❛rt✐t✐♦♥ p 6= 1l

♦✇♥s ❛♥ ✐♥t❡r✈❛❧✲❜❧♦❝❦ V0✱ ❛s ♥♦t✐❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ■❢ V0 ✐s ❛ s✐♥❣❧❡t♦♥✱

(κt)p(a1, . . . , al) = (ϕt)|V0|((a1, . . . , al) | V0)
∏

V 6=V0

(κt)|V |((a1, . . . , al) | V )

= 0.

❖t❤❡r✇✐s❡✱ V0 ❝♦♥t❛✐♥s t✇♦ ❢♦❧❧♦✇✐♥❣✱ ❤❡♥❝❡ ❞✐st✐♥❝t✱ ✐♥❞✐❝❡s✱ ❛♥❞✱ ❜② ✐♥❞✉❝✲
t✐♦♥ ❤②♣♦t❤❡s✐s✱

(κt)|V0|((a1, . . . , al) | V0) = o(tk).



✺✳✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ✶✸✺

❙✐♥❝❡✱ ❢♦r ❡❛❝❤ V ∈ ❜❧(p)✱ (κt)|V |((a1, . . . , al) | V ) ✐s ❜♦✉♥❞❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦r✲
❤♦♦❞ ♦❢ 0✱ ♦♥❡ ♠❛② ❛✣r♠ t❤❛t

(κt)p(a1, . . . , al) = o(tk).

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t
(κt)l(a1, . . . , al) = o(tk),

❛s r❡q✉✐r❡❞✳
❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ♠✐①❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❝✉♠✉✲
❧❛♥ts ✐s s❛t✐s✜❡❞✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❛t ❡q✉❛t✐♦♥ ✭✺✳✷✷✮ ❤♦❧❞s✳ ❲❡ ✇r✐t❡ t❤❡♥
t❤❡ ❢r❡❡ ♠♦♠❡♥t✲❝✉♠✉❧❛♥t ❢♦r♠✉❧❛ ✿

∀t ∈ K, (ϕt)(a1 − ϕt(a1) · · · al − ϕt(al)) = ✭✺✳✷✹✮∑

p∈NC(A)(l)

(κt)p(a1 − ϕt(a1), . . . , al − ϕt(al)). ✭✺✳✷✺✮

■❢ a1 ∈ Ai1 , . . . , al ∈ Ail ✇✐t❤ i1 6= . . . 6= in✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡
❣✐✈❡s t❤❛t ✭✺✳✷✺✮ ✐s o(tk)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳



✶✸✻ ❈❤❛♣t❡r ✺ ✿ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss



❈❤❛♣t❡r ✻

❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞

❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r

♠❛tr✐❝❡s

❚❤✐s ❝❤❛♣t❡r ✐s t❤❡ t❡①t ♦❢ t❤❡ ♣❛♣❡r ✏❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❛ s❡♠✐✲❝✐r❝✉❧❛r
❞✐str✐❜✉t✐♦♥ ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s✑✱
✇r✐tt❡♥ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ▼✳ ❈❛♣✐t❛✐♥❡✱ ❈✳ ❉♦♥❛t✐✲▼❛rt✐♥ ❛♥❞ ❉é❧♣❤✐♥❡
❋ér❛❧ ❬❈❉❋❋✶✵❪✱ ❛♥❞ s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❞❡❢♦r♠❡❞ ❲✐❣♥❡r ♠♦❞❡❧
MN = 1√

N
WN +AN s✉❝❤ t❤❛t ✿

• WN ✐s ❛ ❝♦♠♣❧❡① ❲✐❣♥❡r ♠❛tr✐① ♦❢ s✐③❡ N ❛ss♦❝✐❛t❡❞ t♦ ❛ s②♠♠❡t✲
r✐❝ ❞✐str✐❜✉t✐♦♥ µ ♦❢ ✈❛r✐❛♥❝❡ σ2 s❛t✐s❢②✐♥❣ ❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✭s❡❡
❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✮✳

• AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ✇❤♦s❡ ❡✐❣❡♥✈❛❧✉❡s γ
(N)
i ✱ ❞❡✲

♥♦t❡❞ ❢♦r s✐♠♣❧✐❝✐t② ❜② γi✱ ❛r❡ s✉❝❤ t❤❛t t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ µAN
:=

1
N

∑N
i=1 δγi

❝♦♥✈❡r❣❡s t♦ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ν ✇✐t❤ ❝♦♠♣❛❝t s✉♣✲
♣♦rt✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜①❡❞ ✐♥t❡❣❡r r ≥ 0 ✭✐♥❞❡♣❡♥❞❡♥t
❢r♦♠ N✮ s✉❝❤ t❤❛t AN ❤❛s N − r ❡✐❣❡♥✈❛❧✉❡s βj(N) s❛t✐s❢②✐♥❣

max
1≤j≤N−r

dist(βj(N), supp(ν)) →
N→∞

0,

✇❤❡r❡ supp(ν) ❞❡♥♦t❡s t❤❡ s✉♣♣♦rt ♦❢ ν✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡r❡
❛r❡ J ✜①❡❞ r❡❛❧ ♥✉♠❜❡rs θ1 > . . . > θJ ✐♥❞❡♣❡♥❞❡♥t ♦❢ N ✇❤✐❝❤ ❛r❡
♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ ν ❛♥❞ s✉❝❤ t❤❛t ❡❛❝❤ θj ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ AN

✇✐t❤ ❛ ✜①❡❞ ♠✉❧t✐♣❧✐❝✐t② kj ✭✇✐t❤
∑J

j=1 kj = r✮✳ ❚❤❡ θj ✬s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞
t❤❡ s♣✐❦❡s ♦r t❤❡ s♣✐❦❡❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ AN ✳

✶✸✼



✶✸✽ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳

✲ GN ❞❡♥♦t❡s t❤❡ r❡s♦❧✈❡♥t ♦❢ MN

✲ gN ❞❡♥♦t❡s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡
♦❢ MN ✱ t❤❛t ✐s

gN (z) = E(trGN (z)), z ∈ C \ R

✲ µσ ❞❡♥♦t❡s t❤❡ s❡♠✐❝✐r❝❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛r❛♠❡t❡r σ ❞❡✜♥❡❞ ❜② ✭✶✳✶✮✳

✲ g̃N ❞❡♥♦t❡s t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µσ⊞µAN
✳

✲ ❲❤❡♥ ✇❡ st❛t❡ t❤❛t s♦♠❡ q✉❛♥t✐t② ∆N (z)✱ z ∈ C \ R✱ ✐s O( 1
Np )✱ t❤✐s

♠❡❛♥s ♣r❡❝✐s❡❧② t❤❛t✿

|∆N (z)| ≤ (|z| +K)aP (|ℑz|−1)

Np

❢♦r s♦♠❡ K ≥ 0✱ a > 0 ❛♥❞ s♦♠❡ ♣♦❧②♥♦♠✐❛❧ P ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡
❝♦❡✣❝✐❡♥ts✳

✲ ❋♦r ❛♥② s❡t S ✐♥ R✱ ✇❡ ❞❡♥♦t❡ t❤❡ s❡t {x ∈ R, ❞✐st(x, S) ≤ ε} ✭r❡s♣✳
{x ∈ R, ❞✐st(x, S) < ε}✮ ❜② S + [−ε,+ε] ✭r❡s♣✳ S + (−ε,+ε)✮✳

❲❡ r❡❝❛❧❧ s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♦❧✈❡♥t ✭s❡❡ ❬❑❑P✾✻❪✱ ❬❈❉▼✵✼❪✮✳

▲❡♠♠❛ ✻✳✵✳✹✳ ❋♦r ❛ N × N ❍❡r♠✐t✐❛♥ ♦r s②♠♠❡tr✐❝ ♠❛tr✐① M ✱ ❢♦r ❛♥②
z ∈ C \ Spect(M)✱ ✇❡ ❞❡♥♦t❡ ❜② G(z) := (zIN −M)−1 t❤❡ r❡s♦❧✈❡♥t ♦❢ M ✳
▲❡t z ∈ C \ R✱

✭✐✮ ‖G(z)‖ ≤ |ℑz|−1 ✇❤❡r❡ ‖.‖ ❞❡♥♦t❡s t❤❡ ♦♣❡r❛t♦r ♥♦r♠✳

✭✐✐✮ |G(z)ij | ≤ |ℑz|−1 ❢♦r ❛❧❧ i, j = 1, . . . , N ✳

✭✐✐✐✮ ❋♦r p ≥ 2✱

1

N

N∑

i,j=1

|G(z)ij |p ≤ (|ℑz|−1)p. ✭✻✳✶✮

✭✐✈✮ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ M ♦❢ t❤❡ r❡s♦❧✈❡♥t G(z) s❛t✐s✜❡s✿

G′
M (z).B = G(z)BG(z) ❢♦r ❛♥② ♠❛tr✐① B.

✭✈✮ ▲❡t z ∈ C s✉❝❤ t❤❛t |z| > ‖M‖❀ ✇❡ ❤❛✈❡

‖G(z)‖ ≤ 1

|z| − ‖M‖ .



✻✳✶ ❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ✶✸✾

✻✳✶ ❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥

■♥ ❬❇✐❛✾✼❛❪✱ P✳ ❇✐❛♥❡ ♣r♦✈✐❞❡s ❛ ❞❡❡♣ st✉❞② ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛
s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥✳ ❲❡ ✜rst r❡❝❛❧❧ ❤❡r❡ s♦♠❡ ♦❢ ❤✐s r❡s✉❧ts t❤❛t ✇✐❧❧ ❜❡
✉s❡❢✉❧ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✳
▲❡t ν ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R✳ P✳ ❇✐❛♥❡ ❬❇✐❛✾✼❛❪ ✐♥tr♦❞✉❝❡s t❤❡ s❡t

Ωσ,ν := {u+ iv ∈ C
+, v > vσ,ν(u)},

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ vσ,ν : R → R
+ ✐s ❞❡✜♥❡❞ ❜②

vσ,ν(u) = inf

{
v ≥ 0,

∫

R

dν(x)

(u− x)2 + v2
≤ 1

σ2

}

❛♥❞ ♣r♦✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✶✳ ❬❇✐❛✾✼❛❪ ❚❤❡ ♠❛♣

Hσ,ν : z 7−→ z + σ2Gν(z)

✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ Ωσ,ν t♦ C
+∪R ✇❤✐❝❤ ✐s ❝♦♥❢♦r♠❛❧ ❢r♦♠ Ωσ,ν ♦♥t♦

C
+✳ ▲❡t Fσ,ν : C

+ ∪ R → Ωσ,ν ❜❡ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ♦❢ Hσ,ν ✳ ❖♥❡ ❤❛s✱

∀z ∈ C
+, Gµσ⊞ν(z) = Gν(Fσ,ν(z))

❛♥❞ t❤❡♥
Fσ,ν(z) = z − σ2Gµσ⊞ν(z). ✭✻✳✷✮

◆♦t❡ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ g̃N ♦❢ µσ ⊞ µAN
s❛t✐s✜❡s

∀z ∈ C
+, g̃N (z) = GµAN

(z − σ2g̃N (z)). ✭✻✳✸✮

❈♦♥s✐❞❡r✐♥❣ Hσ,ν ❛s ❛♥ ❛♥❛❧②t✐❝ ♠❛♣ ❞❡✜♥❡❞ ✐♥ t❤❡ ✇❤♦❧❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡
C

+✱ P✳ ❇✐❛♥❡ ✐❞❡♥t✐✜❡s Ωσ,ν ❛s t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s❡t H−1
σ,ν(C

+)
✇❤✐❝❤ ❝♦♥t❛✐♥s iy ❢♦r ❧❛r❣❡ y✳ ■♥ ❢❛❝t✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❇✵✺❪ t❤❛t Ωσ,ν =
H−1

σ,ν(C
+)✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t H−1

σ,ν(C
+) ✐s ❝♦♥♥❡❝t❡❞✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛♥✲

♦t❤❡r ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛
s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✷✳

Ωσ,ν = H−1
σ,ν(C

+).

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✷✿ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡ t❤❛t Ωσ,ν

✐s ✐♥❝❧✉❞❡❞ ✐♥ H−1
σ,ν(C

+)✳
❋✐① u+ iv ∈ H−1

σ,ν(C
+) ❀ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t v > vσ,ν(u)✳

❙✐♥❝❡ u+ iv ∈ H−1
σ,ν(C

+)✱ ✇❡ ❤❛✈❡✿

ℑHσ,ν(u+ iv) = v(1 − σ2

∫

R

dν(x)

(u− x)2 + v2
) > 0.



✶✹✵ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ v > 0✱ ✐♠♣❧✐❡s

∫

R

dν(x)

(u− x)2 + v2
<

1

σ2

❛♥❞ ❝♦♥s❡q✉❡♥t❧② v ≥ vσ,ν(u)✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t v = vσ,ν(u)✱ t❤❡♥ vσ,ν(u) >
0 ❛♥❞ ✜♥❛❧❧② ∫

R

dν(x)

(u− x)2 + v2
=

1

σ2

❜② ▲❡♠♠❛ ✷ ✐♥ ❬❇✐❛✾✼❛❪✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✿ ♥❡❝❡ss❛r✐❧② v > vσ,ν(u) ♦r✱
✐♥ ♦t❤❡r ✇♦r❞s✱ u+ iv ∈ Ωσ,ν ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳ �

❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ♦❢ P✳ ❇✐❛♥❡ ❛❧❧♦✇ ❤✐♠ t♦ ❝♦♥❝❧✉❞❡ t❤❛t µσ ⊞ ν ✐s ❛❜s♦✲
❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ t♦ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s✉♣♣♦rt✳

❚❤❡♦r❡♠ ✻✳✶✳✸✳ ❬❇✐❛✾✼❛❪ ❉❡✜♥❡ Ψσ,ν : R → R ❜②✿

Ψσ,ν(u) = Hσ,ν(u+ ivσ,ν(u)) = u+ σ2

∫

R

(u− x)dν(x)

(u− x)2 + vσ(u)2
.

Ψσ,ν ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❛♥❞✱ ❛t t❤❡ ♣♦✐♥t Ψσ,ν(u)✱ t❤❡ ♠❡❛s✉r❡ µσ ⊞ ν ❤❛s
❛ ❞❡♥s✐t② ❣✐✈❡♥ ❜②

pσ,ν(Ψσ,ν(u)) =
vσ,ν(u)

πσ2
.

❉❡✜♥❡ t❤❡ s❡t

Uσ,ν :=

{
u ∈ R,

∫

R

dν(x)

(u− x)2
>

1

σ2

}
= {u ∈ R, vσ,ν(u) > 0} .

❚❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♠❡❛s✉r❡ µσ ⊞ν ✐s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ♦♣❡♥ s❡t
Uσ,ν ❜② t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ Ψσ,ν ✳ Ψσ,ν ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ Uσ,ν ✳

❍❡♥❝❡✱

R \ supp(µσ ⊞ ν) = Ψσ,ν(R \ Uσ,ν).

❖♥❡ ❤❛s Ψσ,ν = Hσ,ν ♦♥ R \ Uσ,ν ❛♥❞ Ψ−1
σ,ν = Fσ,ν ♦♥ R \ supp(µσ ⊞ ν)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡
s✉♣♣♦rt✿

R \ supp(µσ ⊞ ν) = Hσ,ν(R \ Uσ,ν). ✭✻✳✹✮

▲❡t ν ❜❡ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦
❡st❛❜❧✐s❤ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν
✐♥✈♦❧✈✐♥❣ t❤❡ s✉♣♣♦rt ♦❢ ν ❛♥❞ Hσ,ν ✳ ❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❧✐♠✐♥❛r②
❧❡♠♠❛✳

▲❡♠♠❛ ✻✳✶✳✹✳ ❚❤❡ s✉♣♣♦rt ♦❢ ν ✐s ✐♥❝❧✉❞❡❞ ✐♥ Uσ,ν ✳



✻✳✶ ❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ✶✹✶

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✶✳✹✿ ▲❡t x0 ❜❡ ✐♥ R \ Uσ,ν ✳ ❚❤❡♥✱ t❤❡r❡ ✐s s♦♠❡ ε > 0
s✉❝❤ t❤❛t [x0 − ε, x0 + ε] ⊂ R \ Uσ,ν ✳ ❋♦r ❛♥② ✐♥t❡❣❡r n ≥ 1✱ ✇❡ ❞❡✜♥❡
αk = x0 − ε + 2kε/n ❢♦r ❛❧❧ 0 ≤ k ≤ n✳ ❚❤❡♥✱ ❛s t❤❡ s❡ts [αk, αk+1] ❛r❡
tr✐✈✐❛❧❧② ❝♦♥t❛✐♥❡❞ ✐♥ R \ Uσ,ν ✱ ♦♥❡ ❤❛s t❤❛t✿

∀u ∈ [αk, αk+1],
1

σ2
≥
∫ αk+1

αk

dν(x)

(u− x)2
≥ ν([αk, αk+1])

(αk+1 − αk)2
.

❚❤✐s r❡❛❞✐❧② ✐♠♣❧✐❡s t❤❛t

ν([x0 − ε, x0 + ε]) ≤
n−1∑

k=0

ν([αk, αk+1]) ≤
(2ε)2

σ2n
.

▲❡tt✐♥❣ n → ∞✱ ✇❡ ❣❡t t❤❛t ν([x0 − ε, x0 + ε]) = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
x0 ∈ R \ supp(ν)✳ �

❋r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ str✐❝t ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ u 7→
∫

R

dν(x)
(u−x)2

♦♥ R \ supp(ν)✱ ✐t ❢♦❧❧♦✇s t❤❛t

Uσ,ν = supp(ν) ∪ {u ∈ R \ supp(ν),

∫

R

dν(x)

(u− x)2
≥ 1

σ2
} ✭✻✳✺✮

❛♥❞

R \ Uσ,ν = {u ∈ R \ supp(ν),

∫

R

dν(x)

(u− x)2
<

1

σ2
}.

◆♦✇✱ ❛sHσ,ν ✐s ❛♥❛❧②t✐❝ ♦♥ R\supp(ν)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ r❡❛❞✐❧②
❢♦❧❧♦✇s✿

R \ Uσ,ν = {u ∈ R \ supp(ν), H ′
σ,ν(u) > 0}.

❛♥❞ t❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✻✳✹✮✱ ✇❡ ❣❡t

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✺✳

x ∈ R\supp(µσ⊞ν) ⇔ ∃u ∈ R\supp(ν) such that x = Hσ,ν(u), H
′
σ,ν(u) > 0.

❘❡♠❛r❦ ✻✳✶✳✻✳ ◆♦t❡ t❤❛t Hσ,ν ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ R \ Uσ,ν s✐♥❝❡✱ ✐❢
a < b ❛r❡ ✐♥ R \ supp(ν)✱ ♦♥❡ ❤❛s✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ t❤❛t

Hσ,ν(b) −Hσ,ν(a) = (b− a)

[
1 − σ2

∫

R

dν(x)

(a− x)(b− x)

]

≥ (b− a)

[
1 − σ2

√
(−g′ν(a))(−g′ν(b))

]
.

✇❤✐❝❤ ✐s ♥♦♥♥❡❣❛t✐✈❡ ✐❢ a ❛♥❞ b ❜❡❧♦♥❣ t♦ R \ Uσ,ν ✳

❘❡♠❛r❦ ✻✳✶✳✼✳ ❊❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Uσ,ν ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ supp(ν)✳
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■♥❞❡❡❞✱ ❧❡t [sl, tl] ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Uσ,ν ✳ ■❢ sl ♦r tl ✐s ✐♥
supp(ν)✱ [sl, tl] ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ supp(ν) s✐♥❝❡
supp(ν) ✐s ✐♥❝❧✉❞❡❞ ✐♥ Uσ,ν ✳ ◆♦✇✱ ✐❢ ♥❡✐t❤❡r sl ♥♦r tl ✐s ✐♥ supp(ν)✱ ❛❝❝♦r❞✐♥❣
t♦ ✭✻✳✺✮✱ ✇❡ ❤❛✈❡

∫

R

dν(x)

(sl − x)2
=

∫

R

dν(x)

(tl − x)2
=

1

σ2
.

❆ss✉♠❡ t❤❛t [sl, tl] ⊂ R \ supp(ν)✱ t❤❡♥✱ ❜② str✐❝t ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥

u 7−→
∫

R

dν(x)
(u−x)2

♦♥ R \ supp(ν)✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t✱ ❢♦r ❛♥② u ∈]sl, tl[✱

∫

R

dν(x)

(u− x)2
<

1

σ2
,

✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ �

❘❡♠❛r❦ ✻✳✶✳✽✳ ❖♥❡ ❝❛♥ r❡❛❞✐❧② s❡❡ t❤❛t

Uσ,ν ⊂ {u, dist(u, supp(ν)) ≤ σ}

❛♥❞ ❞❡❞✉❝❡✱ s✐♥❝❡ supp(ν) ✐s ❝♦♠♣❛❝t✱ t❤❛t Uσ,ν ✐s ❛ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ♦♣❡♥
s❡t✳ ❍❡♥❝❡✱ Uσ,ν ❤❛s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛♥❞ ♠❛② ❜❡
✇r✐tt❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐t❡ ❞✐s❥♦✐♥t ✉♥✐♦♥

Uσ,ν =
1⋃

l=m

[
sl, tl

]
✇✐t❤ sm < tm < . . . < s1 < t1. ✭✻✳✻✮

❲❡ ❝❧♦s❡ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ ♣r♦♣♦s✐t✐♦♥ ♣♦✐♥t✐♥❣ ♦✉t ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡✲
t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ ν ❛♥❞ µσ ⊞ ν✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✾✳ ▲❡t [sl, tl] ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Uσ,ν ✱ t❤❡♥

(µσ ⊞ ν)([Ψσ,ν(sl),Ψσ,ν(tl)]) = ν([sl, tl]).

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✾✿ ▲❡t ]a, b[ ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Uσ,ν ✳
❙✐♥❝❡ a ❛♥❞ b ❛r❡ ♥♦t ❛t♦♠s ♦❢ ν ❛♥❞ µσ ⊞ ν ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✱ ✐t ✐s
❡♥♦✉❣❤ t♦ s❤♦✇

(µσ ⊞ ν)([Ψσ,ν(a),Ψσ,ν(b)]) = ν([a, b]).

❋r♦♠ ❈❛✉❝❤②✬s ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛✱ µσ ⊞ ν ❤❛s ❛ ❞❡♥s✐t② ❣✐✈❡♥ ❜② pσ(x) =
− 1

πℑ(Gν(Fν,σ(x)) ❛♥❞

(µσ ⊞ ν)([Ψσ,ν(a),Ψσ,ν(b)]) = − 1

π
ℑ
(∫ Ψσ,ν(b)

Ψσ,ν(a)
Gν(Fν,σ(x))dx

)
.



✻✳✶ ❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ❜② ❛ s❡♠✐❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ✶✹✸

❲❡ s❡t z = Fσ,ν(x)✱ t❤❡♥ x = Hσ,ν(z) ❛♥❞ z = u + ivσ,ν(u)✳ ◆♦t❡ t❤❛t
vσ,ν(u) > 0 ❢♦r u ∈]a, b[ ❛♥❞ vσ,ν(a) = vσ,ν(b) = 0 ✭s❡❡ ❬❇✐❛✾✼❛❪✮✳ ❚❤❡♥✱

(µσ ⊞ ν)([Ψσ,ν(a),Ψσ,ν(b)])

= − 1

π
ℑ
(∫ b

a
Gν(u+ ivσ,ν(u))H

′
σ,ν(u+ ivσ,ν(u))(1 + iv′σ,ν(u))du

)

= − 1

π
ℑ
(∫ b

a
Gν(u+ ivσ,ν(u))(1 + σ2G′

ν(u+ ivσ,ν(u)))(1 + iv′σ,ν(u))du

)

= − 1

π
ℑ
(∫ b

a
Gν(u+ ivσ,ν(u))(1 + iv′σ,ν(u))du+

σ2

2
[G2

ν(u+ ivσ,ν(u))]
b
a

)

= − 1

π
ℑ
∫ b

a
Gν(u+ ivσ,ν(u))(1 + iv′σ,ν(u))du = − 1

π
ℑ
∫

γ
Gν(z)dz,

✇❤❡r❡

γ = {z = u+ ivσ,ν(u), u ∈ [a, b]}.
◆♦✇✱ ✇❡ r❡❝❛❧❧ t❤❛t✱ s✐♥❝❡ a ❛♥❞ b ❛r❡ ♣♦✐♥ts ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❞✐str✐✲

❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ν✱

ν([a, b]) = lim
ε→0

− 1

π
ℑ
(∫ b

a
Gν(u+ iε)du

)
= lim

ε→0
− 1

π
ℑ
(∫

γε

Gν(z)dz

)
,

✇❤❡r❡ γε = {z = u+ iε, u ∈ [a, b]}✳ ❚❤✉s✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t✿

lim
ε→0

(
ℑ
(∫

γ
Gν(z)dz

)
−ℑ

(∫

γε

Gν(z)dz

))
= 0. ✭✻✳✼✮

▲❡t ε > 0 s✉❝❤ t❤❛t ε < sup[a,b] vσ,ν(u)✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥t♦✉r

γ̂ε = {z = u+ i(vσ,ν(u) ∧ ε), u ∈ [a, b]}.

❋r♦♠ t❤❡ ❛♥❛❧②t✐❝✐t② ♦❢ Gν ♦♥ C
+✱ ✇❡ ❤❛✈❡

∫

γ
Gν(z)dz =

∫

γ̂ε

Gν(z)dz.

▲❡t Iε = {u ∈ [a, b], vσ,ν(u) < ε} = ∪Ci(ε)✱ ✇❤❡r❡ Ci(ε) ❛r❡ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ♦❢ Iε✳ ❚❤❡♥✱ Iε ↓ε→0 {a, b}✳ ❋♦r u ∈ Iε✱

|ℑGν(u+ iε)| = ε

∫
dν(x)

(u− x)2 + ε2
≤ ε

∫
dν(x)

(u− x)2 + v2
σ,ν(u)

≤ ε

σ2

❛♥❞ ∫

Iε

|ℑGν(u+ iε)|du ≤ ε

σ2
(b− a).



✶✹✹ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r u ∈ Iε✱

|ℑGν(u+ ivσ,ν(u))| = vσ,ν(u)

∫
dν(x)

(u− x)2 + vσ,ν(u)2
≤ ε

σ2
.

▼♦r❡♦✈❡r✱

ℜGν(u+ ivσ,ν(u))v
′
σ,ν(u) =

Ψσ,ν(u) − u

σ2
v′σ,ν(u)

❛♥❞
∫

Iε

ℜGν(u+ ivσ,ν(u))v
′
σ,ν(u)du =

∫

Iε

Ψσ,ν(u) − u

σ2
v′σ,ν(u)du

=
1

σ2

∑

i

[(Ψσ,ν(u) − u)vσ,ν(u)]Ci(ε)

− 1

σ2

∫

Iε

(Ψ′
σ,ν(u) − 1)vσ,ν(u)du,

❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳ ◆♦✇ ✭s❡❡ ❬❇✐❛✾✼❛❪ ♦r ❚❤❡♦r❡♠ ✻✳✶✳✸✮✱

∫

Iε

Ψ′
σ,ν(u)vσ,ν(u)du = πσ2(µσ ⊞ ν)(Ψσ,ν(Iε)) →

ε→0
0.

∫

Iε

vσ,ν(u)du ≤ ε(b− a).

❙✐♥❝❡ Ψσ,ν ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [a, b]✱

∑

i

[Ψσ,ν(u)vσ,ν(u)]Ci(ε) ≤ ε(Ψσ,ν(b) − Ψσ,ν(a))

❛♥❞ ∑

i

[uvσ,ν(u)]Ci(ε) ≤ ε(b− a).

❚❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ✐♠♣❧② ✭✻✳✼✮✳ �

✻✳✷ ❆♣♣r♦①✐♠❛t❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r gN

❲❡ ❧♦♦❦ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t✐✈❡ ❡q✉❛t✐♦♥ ❢♦r gN (z) ♦❢ t❤❡ ❢♦r♠ ✭✻✳✸✮✳ ❚♦ ❡s✲
t✐♠❛t❡ gN (z)✱ ✇❡ ✜rst ❤❛♥❞❧❡ t❤❡ s✐♠♣❧❡st ❝❛s❡ ✇❤❡r❡ WN ✐s ❛ ●❯❊ ♠❛tr✐①
❛♥❞ t❤❡♥ s❡❡ ❤♦✇ t❤❡ ❡q✉❛t✐♦♥ ✐s ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❲✐❣♥❡r ❝❛s❡✳ ❲❡
s❤❛❧❧ r❡❧② ♦♥ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛✳ ❚❤❡ ✜rst ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts
❢♦r♠✉❧❛ ❝♦♥❝❡r♥s t❤❡ ●❛✉ss✐❛♥ ❝❛s❡❀ t❤❡ ❞✐str✐❜✉t✐♦♥ µ ❛ss♦❝✐❛t❡❞ t♦ WN ✐s
❛ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2 ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❞✐str✐❜✉✲
t✐♦♥ ♦❢ XN = WN/

√
N ✐s ❞❡♥♦t❡❞ ❜② ●❯❊✭N, σ2/N✮✳ ❚❤❡♥✱ t❤❡ ✐♥t❡❣r❛t✐♦♥

❜② ♣❛rts ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ♠❛tr✐❝✐❛❧ ❢♦r♠✳
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▲❡♠♠❛ ✻✳✷✳✶✳ ▲❡t Φ ❜❡ ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ C1 ❢✉♥❝t✐♦♥ ♦♥ (MN (C)sa) ❛♥❞

XN ∼ ●❯❊✭N, σ2

N ✮✳ ❚❤❡♥✱

E[Φ′(XN ).H] =
N

σ2
E[Φ(XN )Tr(XNH)], ✭✻✳✽✮

❢♦r ❛♥② ❍❡r♠✐t✐❛♥ ♠❛tr✐① H✱ ♦r ❜② ❧✐♥❡❛r✐t② ❢♦r H = Ejk✱ 1 ≤ j, k ≤ N ✱
✇❤❡r❡ (Ejk)1≤j,k≤N ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ t❤❡ ❝♦♠♣❧❡① s♣❛❝❡ ♦❢ N × N
♠❛tr✐❝❡s✳

❋♦r ❛ ❣❡♥❡r❛❧ ❞✐str✐❜✉t✐♦♥ µ✱ ✇❡ s❤❛❧❧ ✉s❡ ❛♥ ✏❛♣♣r♦①✐♠❛t✐✈❡✧ ✐♥t❡❣r❛t✐♦♥
❜② ♣❛rts ❢♦r♠✉❧❛✱ ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❛r✐❛❜❧❡ ξ =

√
2ℜ((XN )kl) ♦r

√
2ℑ((XN )kl)✱

k < l✱ ♦r (XN )kk✳ ◆♦t❡ t❤❛t ❢♦r k < l t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ Φ(XN ) ✇✐t❤ r❡s♣❡❝t t♦√
2ℜ((XN )kl) ✭r❡s♣✳

√
2ℑ((XN )kl)✮ ✐s Φ′(XN ).ekl ✭r❡s♣✳ Φ′(XN ).fkl✮✱ ✇❤❡r❡

ekl = 1√
2
(Ekl +Elk) ✭r❡s♣✳ fkl = i√

2
(Ekl−Elk)✮ ❛♥❞ ❢♦r ❛♥② k✱ t❤❡ ❞❡r✐✈❛t✐✈❡

♦❢ Φ(XN ) ✇✐t❤ r❡s♣❡❝t t♦ (XN )kk ✐s Φ′(XN ).Ekk✳

▲❡♠♠❛ ✻✳✷✳✷✳ ▲❡t ξ ❜❡ ❛ r❡❛❧✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s✉❝❤ t❤❛t E(|ξ|p+2) <
∞✳ ▲❡t φ ❜❡ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ R t♦ C s✉❝❤ t❤❛t t❤❡ ✜rst p+ 1 ❞❡r✐✈❛t✐✈❡s ❛r❡
❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✳ ❚❤❡♥✱

E(ξφ(ξ)) =

p∑

a=0

κa+1

a!
E(φ(a)(ξ)) + ε, ✭✻✳✾✮

✇❤❡r❡ κa ❛r❡ t❤❡ ❝✉♠✉❧❛♥ts ♦❢ ξ✱ |ε| ≤ C supt |φ(p+1)(t)|E(|ξ|p+2)✱ C ♦♥❧②
❞❡♣❡♥❞s ♦♥ p✳

▲❡t U ❜❡ ❛ ✉♥✐t❛r② ♠❛tr✐① s✉❝❤ t❤❛t

AN = U∗diag(γ1, . . . , γN )U

❛♥❞ ❧❡t G st❛♥❞ ❢♦r GN (z)✳ ❈♦♥s✐❞❡r G̃ = UGU∗✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ❛♣♣r♦❛❝❤
✐♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡ ❛♥❞ ♣r❡s❡♥t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ✐♥ t❤❡ ❣❡♥❡r❛❧
❲✐❣♥❡r ❝❛s❡ ❜✉t ❞❡t❛✐❧ s♦♠❡ t❡❝❤♥✐❝❛❧ ♣r♦♦❢s ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❛✮ ●❛✉ss✐❛♥ ❝❛s❡✿ ❲❡ ❛♣♣❧② ✭✻✳✽✮ t♦ Φ(XN ) = Gjl ✱ H = Eil✱ 1 ≤
i, j, l ≤ N ✱ ❛♥❞ t❤❡♥ t❛❦❡ 1

N

∑
l t♦ ♦❜t❛✐♥✱ ✉s✐♥❣ t❤❡ r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥

GXN = −I + zG−GAN ✭s❡❡ ❬❈❉▼❋✵✾❪✮✱

Zji := σ2
E[Gjitr(G)] + δij − zE(Gji) + E[(GAN )ji] = 0.

◆♦✇✱ ❧❡t 1 ≤ k, p ≤ N ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s✉♠
∑

i,j U
∗
ikUpjZji✳ ❲❡ ♦❜t❛✐♥ ❢r♦♠

t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥

σ2
E[G̃pktr(G)] + δpk − zE(G̃pk) + γkE[G̃pk] = 0. ✭✻✳✶✵✮

❍❡♥❝❡✱ ✉s✐♥❣ ▲❡♠♠❛ ✻✳✽✳✷ ✐♥ t❤❡ ❆♣♣❡♥❞✐① st❛t✐♥❣ t❤❛t

|E[G̃pktr(G)] − E[G̃pk]E[tr(G)]| = O(
1

N2
),



✶✹✻ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

✇❡ ✜♥❛❧❧② ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥

E(G̃pk) =
δpk

(z − σ2gN (z) − γk)
+O(

1

N2
), ✭✻✳✶✶✮

✇❤❡r❡ ✇❡ ✉s❡ t❤❛t | 1
z−σ2gN (z)−γi

| ≤ |ℑz|−1✱ ❛♥❞ t❤❡♥

gN (z) =
1

N

N∑

k=1

E[G̃kk] =
1

N

N∑

i=1

1

z − σ2gN (z) − γk
+O(

1

N2
)

=

∫

R

1

z − σ2gN (z) − x
dµAN

(x) +O(
1

N2
)

= GµAN
(z − σ2gN (z)) +O(

1

N2
).

■♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤✉s ♣r♦✈❡❞✿

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✸✳ ❋♦r z ∈ C
+✱ gN (z) s❛t✐s✜❡s✿

gN (z) = GµAN
(z − σ2gN (z)) +

P (|ℑz|−1)

N2
. ✭✻✳✶✷✮

❜✮ ◆♦♥✲●❛✉ss✐❛♥ ❝❛s❡✿ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛
❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✭✻✳✶✶✮✿

▲❡♠♠❛ ✻✳✷✳✹✳

E(G̃pk) =
δpk

(z − σ2gN (z) − γk)
+

κ4

2N2

E[Ã(p, k)]

(z − σ2gN (z) − γk)
+O(

1

N2
), ✭✻✳✶✸✮

✇❤❡r❡

Ã(p, k) =
∑

i,j

U∗
ikUpj

{
∑

l

GjlG
3
il +

∑

l

GjiGilGliGll ✭✻✳✶✹✮

+
∑

l

GjlGiiGliGll +
∑

l

GjiGiiG
2
ll

}

❛♥❞ 1
N2 Ã(p, k) ≤ C |ℑz|−4

N ✳

Pr♦♦❢ ▲❡♠♠❛ ✻✳✷✳✹ r❡❛❞✐❧② ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✼✷✮✱ ▲❡♠♠❛ ✻✳✽✳✷ ❛♥❞ ✭✻✳✼✶✮
❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ �

❚❤✉s✱

gN (z) =
1

N

N∑

k=1

E[G̃kk] =
1

N

N∑

k=1

1

z − σ2gN (z) − γk

+
κ4

2N3

N∑

k=1

E[Ã(k, k)]

z − σ2gN (z) − γk
+O(

1

N2
).
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▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ✜rst t❤r❡❡ t❡r♠s ✐♥ 1
N

∑
k E[Ã(k, k)]/(z−σ2gN (z)−γk)

❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✻✳✶✹✮ ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ t❤✉s ❣✐✈❡ ❛ O( 1
N2 )

❝♦♥tr✐❜✉t✐♦♥ ✐♥ gN (z)✳ ❲❡ ❞❡♥♦t❡ ❜② GD t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ k✲t❤
❞✐❛❣♦♥❛❧ ❡♥tr② ❡q✉❛❧ t♦ 1

z−σ2gN (z)−γk
✳

∣∣∣∣∣∣

∑

i,j,k

U∗
ikUkj

1

z − σ2gN (z) − γk
E[
∑

l

GjlG
3
il]

∣∣∣∣∣∣
=

∣∣∣∣∣∣
E[
∑

i,l

(U∗GDUG)ilG
3
il]

∣∣∣∣∣∣

≤ |ℑz|−2
E[
∑

i,l

|G3
il|]

≤ |ℑz|−5N,

✉s✐♥❣ ▲❡♠♠❛ ✻✳✵✳✹✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ♦❢ t❤❡ s❛♠❡ ❦✐♥❞✳ ❋♦r t❤❡ t❤✐r❞
t❡r♠✱ ✇❡ ♦❜t❛✐♥

|
∑

i

(U∗GDUG
2G(d))iiGii| ≤ |ℑz|−5N

✇❤❡r❡ G(d) ✐s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ l✲t❤ ❞✐❛❣♦♥❛❧ ❡♥tr② ❡q✉❛❧ t♦ Gll✳
■t ❢♦❧❧♦✇s t❤❛t

gN (z) = GµAN
(z − σ2gN (z)) +

1

N
L̂N (z) +O(

1

N2
),

✇❤❡r❡

L̂N (z) =
κ4

2N2

∑

i,j,k,l

U∗
ikUkj

1

z − σ2gN (z) − γk
E[GjiGiiG

2
ll]. ✭✻✳✶✺✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t L̂N (z) ✐s ❜♦✉♥❞❡❞ ❜② C|ℑz|−5✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✺✳ L̂N ❞❡✜♥❡❞ ❜② ✭✻✳✶✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

L̂N (z) = LN (z) +O(
1

N
)✱ ✇❤❡r❡ LN (z) =

κ4

2N2

∑

i,l

[(GAN
(z−σ2gN (z)))2]ii[GAN

(z−σ2gN (z))]ii([GAN
(z−σ2gN (z))]ll)

2.

✭✻✳✶✻✮

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✺✿

❙t❡♣ ✶✿ ❲❡ ✜rst s❤♦✇ t❤❛t ❢♦r 1 ≤ a, b ≤ N ✱

E[Gab] = [GAN
(z − σ2gN (z))]ab +O(

1

N
). ✭✻✳✶✼✮

❋r♦♠ ▲❡♠♠❛ ✻✳✷✳✹✱ ❢♦r ❛♥② 1 ≤ p, k ≤ N ✱

E[G̃pk] =
δpk

(z − σ2gN (z) − γk)
+

κ4

2N2

E[Ã(p, k)]

(z − σ2gN (z) − γk)
+O(

1

N2
).
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▲❡t 1 ≤ a, b ≤ N ✱

E[Gab] =
∑

p,k

U∗
apE[G̃pk]Ukb

=
∑

k

U∗
ak

1

(z − σ2gN (z) − γk)
Ukb

+
κ4

2N2

∑

p,k

U∗
ap

E[Ã(p, k)]

(z − σ2gN (z) − γk)
Ukb

+ O(
1

N
),

s✐♥❝❡
∑

p,k |U∗
apUkb| ≤ N ✳ ❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡

❡q✉❛t✐♦♥ ✐s ❡q✉❛❧ t♦ [GAN
(z−σ2gN (z))]ab✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡ t❡r♠

✐♥✈♦❧✈✐♥❣ E[Ã(p, k)] ✐s ♦❢ ♦r❞❡r 1
N ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✏✇♦rst t❡r♠✧ ✐♥ t❤❡

❞❡❝♦♠♣♦s✐t✐♦♥ ✭✻✳✶✹✮ ♦❢ Ã(p, k)✱ ♥❛♠❡❧② t❤❡ ❧❛st ♦♥❡✳

1

2N2

∑

p,k,i,j,l

U∗
ap

1

(z − σ2gN (z) − γk)
UkbU

∗
ikUpjE[GjiGiiG

2
ll]

=
1

2N2
E[
∑

k,i,l

1

(z − σ2gN (z) − γk)
UkbU

∗
ikGaiGiiG

2
ll]

=
1

2N2
E[
∑

i,l

(U∗GDU)ibGaiGiiG
2
ll]

=
1

2N2
E[
∑

l

(GG(d)U∗GDU)abG
2
ll] ≤

1

2N
|ℑz|−5.

❙t❡♣ ✷✿ L̂N ❞❡✜♥❡❞ ❜② ✭✻✳✶✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

κ4

2N2

∑

i,l

E[(U∗GDUG)iiGiiG
2
ll].

❋✐rst ♥♦t✐❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ✭s❡❡ ❆♣♣❡♥❞✐①✮

E[(U∗GDUG)iiGiiG
2
ll] − E[(U∗GDUG)ii]E[Gii]E[Gll]

2 = O(
1

N
). ✭✻✳✶✽✮

❚❤✉s✱

L̂N (z) =
κ4

2N2

∑

i,l

E[(U∗GDUG)ii]E[Gii]E[Gll]
2 +O(

1

N
).

◆♦✇✱ ♥♦t❡ t❤❛t E[(U∗GDUG)ii] = E[(U∗GDG̃U)ii] ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛
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✻✳✷✳✹✱

E[(U∗GDG̃U)ii] =
∑

p,k

(U∗GD)ipE[G̃pk]Uki

= (U∗G2
DU)ii +

κ4

2N2

∑

p,k

(U∗GD)ipE[Ã(p, k)](GDU)ki

+
∑

p,k

(U∗GD)ipOpk(
1

N2
)Uki.

❚❤✉s
κ4

2N2

∑
i,l E[(U∗GDUG)ii]E[Gii]E[Gll]

2

=
κ4

2N2

∑

i,l

[(GAN
(z − σ2gN (z)))2]iiE[Gii]E[Gll]

2 ✭✻✳✶✾✮

+
κ2

4

4N4

∑

i,l,p,k

(U∗GD)ipE[Ã(p, k)](GDU)kiE[Gii]E[Gll]
2 ✭✻✳✷✵✮

+
1

N2

∑

i,l,p,k

(U∗GD)ipOpk(
1

N2
)UkiE[Gii]E[Gll]

2. ✭✻✳✷✶✮

❚❤❡ ❧❛st t❡r♠ ✭✻✳✷✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

1

N2

∑

l,p,k

(UE[G(d)]U∗GD)kpOpk(
1

N2
)E[Gll]

2,

s♦ t❤❛t ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t ✐t ✐s ❛ O( 1
N )✳

❚❤❡ s❡❝♦♥❞ t❡r♠ ✭✻✳✷✵✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
κ2
4

4N4

∑
t,l,s E[Gll]

2

×
{

[U∗GDUE[G(d)]U∗GDUG]ts[G
3
ts +GttGstGss]

+[U∗GDUE[G(d)]U∗GDUG]tt[GtsGstGss +GttG
2
ss]
}
,

✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ❛ O( 1
N )✳

❍❡♥❝❡✱ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✺ ❢♦❧❧♦✇s ❜② r❡✇r✐t✐♥❣ t❤❡ ✜rst t❡r♠ ✭✻✳✶✾✮ ✉s✐♥❣
✭✻✳✶✼✮✳ �

❋r♦♠ t❤❡ ❛❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✻✳ ❋♦r z ∈ C
+✱ gN (z) s❛t✐s✜❡s✿

gN (z) = GµAN
(z − σ2gN (z)) +

1

N
LN (z) +

P (|ℑz|−1)

N2
✭✻✳✷✷✮

✇❤❡r❡ LN (z) ✐s ❣✐✈❡♥ ❜② ✭✻✳✶✻✮✳



✶✺✵ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

✻✳✸ ❊st✐♠❛t✐♦♥ ♦❢ gN − g̃N

Pr♦♣♦s✐t✐♦♥ ✻✳✸✳✶✳ ❋♦r z ∈ C
+✱

gN (z) − g̃N (z) +
ẼN (z)

N
= O(

1

N2
), ✭✻✳✷✸✮

✇❤❡r❡ ẼN (z) ✐s ❣✐✈❡♥ ❜②

ẼN (z) = {σ2g̃′N (z) − 1}L̃N (z) ✭✻✳✷✹✮

✇✐t❤ L̃N (z) =

κ4

2N2

∑

i,l

[(GAN
(z−σ2g̃N (z)))2]ii[GAN

(z−σ2g̃N (z))]ii([GAN
(z−σ2g̃N (z))]ll)

2.

✭✻✳✷✺✮

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✻✳✸✳✶✿ ❋✐rst✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t ❢♦r z ∈ C
+✱

gN (z) − g̃N (z) +
EN (z)

N
= O(

1

N2
), ✭✻✳✷✻✮

✇❤❡r❡ EN (z) ✐s ❣✐✈❡♥ ❜②

EN (z) = {σ2g̃′N (z) − 1}LN (z). ✭✻✳✷✼✮

❋♦r ❛ ✜①❡❞ z ∈ C
+✱ ♦♥❡ ♠❛② ✇r✐t❡ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✻✳✸✮ ✿

g̃N (z) = GµAN
(Fσ,µAN

(z)) = GµAN
(z − σ2g̃N (z)),

❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐✈❡ ♠❛tr✐❝✐❛❧ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✻✳✷✷✮ ✿

gN (z) = GµAN
(z − σ2gN (z)) +

1

N
LN (z) +

P (|ℑz|−1)

N2
.

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ s✐♠♣❧✐❢② t❤❡ ❞✐✛❡r❡♥❝❡ gN (z) − g̃N (z) ❜② ✐♥tr♦❞✉❝✐♥❣ ❛
❝♦♠♣❧❡① ♥✉♠❜❡r z′ ❧✐❦❡❧② t♦ s❛t✐s❢②

Fσ,µAN
(z′) = z − σ2gN (z). ✭✻✳✷✽✮

❲❡ ❦♥♦✇ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✶ t❤❛t Fσ,µAN
✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ C

+

t♦ Ωσ,µAN
✇❤♦s❡ ✐♥✈❡rs❡ Hσ,µAN

❤❛s ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t♦ t❤❡ ✇❤♦❧❡

✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡ C
+✳ ❙✐♥❝❡ z − σ2gN (z) ∈ C

+✱ z′ ∈ C ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❜② t❤❡
❢♦r♠✉❧❛ ✿

z′ := Hσ,µAN
(z − σ2gN (z)).

❖♥❡ ❤❛s

z′ − z = −σ2(gN (z) −GµAN
(z − σ2gN (z)))

= −σ2LN (z)

N
+O(

1

N2
)

= O(
1

N
)



✻✳✸ ❊st✐♠❛t✐♦♥ ♦❢ gN − g̃N ✶✺✶

❚❤❡r❡ ❡①✐sts t❤✉s ❛ ♣♦❧②♥♦♠✐❛❧ P ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t

|z′ − z| ≤ P (|ℑz|−1)

N
.

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢
P (|ℑz|−1)

N
≥ |ℑz|

2
,

♦r ❡q✉✐✈❛❧❡♥t❧②

1 ≤ 2|ℑz|−1P (|ℑz|−1)

N
, ✭✻✳✷✾✮

✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t

gN (z) − g̃N (z) +
EN (z)

N
= O(1). ✭✻✳✸✵✮

■♥❞❡❡❞✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ✭✻✳✷✾✮ ❛♥❞ ✭✻✳✸✵✮ ❤♦❧❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦✲
♠✐❛❧ Q ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t

|gN (z) − g̃N (z) +
EN (z)

N
| ≤ Q(|ℑz|−1)

≤ Q(|ℑz|−1)
2|ℑz|−1P (|ℑz|−1)

N

≤ Q(|ℑz|−1)(
2|ℑz|−1P (|ℑz|−1)

N
)2.

❍❡♥❝❡✱

gN (z) − g̃N (z) +
EN (z)

N
= O(

1

N2
).

❚♦ ♣r♦✈❡ ✭✻✳✸✵✮✱ ♦♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ❜♦t❤ gN (z) ❛♥❞ g̃N (z) ❛r❡ ❜♦✉♥❞❡❞ ❜②
1

|ℑz| ✱ ❛♥❞ t❤❛t

|EN (z)| ≤
{

σ2

|ℑz|2 + 1

}
|LN (z)|,

✇❤❡r❡ LN (z) = O(1)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

P (|ℑz|−1)

N
≤ |ℑz|

2
,

♦♥❡ ❤❛s ✿

|ℑz′ −ℑz| ≤ |z′ − z| ≤ |ℑz|
2

✇❤✐❝❤ ✐♠♣❧✐❡s ℑz′ ≥ ℑz
2 ❛♥❞ t❤❡r❡❢♦r❡ z′ ∈ C

+✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✻✳✶✳✷✱ z − σ2gN (z) ∈ Ωσ,µAN

❛♥❞ ✭✻✳✷✽✮ ✐s s❛t✐s✜❡❞✳ ❚❤✉s✱

|gN (z) − g̃N (z′) − LN (z)

N
| ≤ P (|ℑz|−1)

N2
,



✶✺✷ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱

gN (z) − g̃N (z′) − LN (z)

N
= O(

1

N2
). ✭✻✳✸✶✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

g̃N (z′) − g̃N (z) = (z − z′)
∫

R

d(µσ ⊞ µAN
)(x)

(z′ − x)(z − x)

= (z − z′)
∫

R

d(µσ ⊞ µAN
)(x)

(z − x)2

+(z − z′)2
∫

R

d(µσ ⊞ µAN
)(x)

(z′ − x)(z − x)2
.

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ z′ − z ❛❜♦✈❡✱ ♦♥❡ ❤❛s ✿

(z − z′)
∫

R

d(µσ ⊞ µAN
)(x)

(z − x)2
= −σ2g̃′N (z)

LN (z)

N
+O(

1

N2
)

❛♥❞

(z − z′)2
∫

R

d(µσ ⊞ µAN
)(x)

(z′ − x)(z − x)2
= O(

1

N2
).

❍❡♥❝❡

g̃N (z′) − g̃N (z) + σ2g̃′N (z)
LN (z)

N
= O(

1

N2
). ✭✻✳✸✷✮

✭✻✳✷✻✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✸✶✮ ❛♥❞ ✭✻✳✸✷✮ s✐♥❝❡

|gN (z) − g̃N (z) +
EN (z)

N
| ≤ |gN (z) − g̃N (z′) − LN (z)

N |

+|g̃N (z′) − g̃N (z) + σ2g̃′N (z)LN (z)
N |.

◆♦✇✱ s✐♥❝❡ EN (z) = O(1)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✻✳✷✻✮ t❤❛t gN (z)− g̃N (z) =
O( 1

N ) ❛♥❞ t❤❡♥ t❤❛t EN (z) − ẼN (z) = O( 1
N )✳ ✭✻✳✷✸✮ r❡❛❞✐❧② ❢♦❧❧♦✇s✳ �

❘❡♠❛r❦ ✻✳✸✳✷✳ ❇② ❝♦♠❜✐♥✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦✈❡❞ ❛❜♦✈❡ ❢♦r t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ gN ❛♥❞ t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ µσ ⊞ µAN

✇✐t❤ s♦♠❡ ❝❧❛ss✐❝❛❧
❛r❣✉♠❡♥ts ❞❡✈❡❧♦♣❡❞ ✐♥ ❬P▲✵✸❪✱ ♦♥❡ ❝❛♥ r❡❝♦✈❡r t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ s♣❡❝tr❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ MN t♦ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ µσ ⊞ ν✳

✻✳✹ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢
supp(µσ ⊞ µAN

)

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✻✳✹✳✶✳

❚❤❡♦r❡♠ ✻✳✹✳✶✳ ∀ε > 0✱

P( ❋♦r ❛❧❧ ❧❛r❣❡ ◆ ,Spect(MN ) ⊂ {x,dist(x, supp(µσ ⊞ µAN
)) ≤ ε}) = 1.



✻✳✹ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ supp(µσ ⊞ µAN
) ✶✺✸

❚❤❡ ♣r♦♦❢ st✐❧❧ ✉s❡s t❤❡ ✐❞❡❛s ♦❢ ❬❍❚✵✺❪ ❛♥❞ ❬❙❝❤✵✺❪ ❜✉t✱ s✐♥❝❡ µσ ⊞ µAN
❞❡✲

♣❡♥❞s ♦♥ N ✱ ✇❡ ♥❡❡❞ ❤❡r❡ t♦ ❛♣♣❧② t❤❡ ✐♥✈❡rs❡ ❙t✐❡❧t❥❡s tr❛♥❢♦r♠ t♦ ❢✉♥❝t✐♦♥s
❞❡♣❡♥❞✐♥❣ ♦♥ N ✳ ❚❤❡r❡❢♦r❡ ✇❡ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ t♦ ❝♦♥✈✐♥❝❡ t❤❡
r❡❛❞❡r t❤❛t t❤❡ ❛♣♣r♦❛❝❤ st✐❧❧ ❤♦❧❞s✳

▲❡♠♠❛ ✻✳✹✳✷✳ ❋♦r ❛♥② ✜①❡❞ ❧❛r❣❡ N ✱ ẼN ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✸✳✶ ✐s
t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❞✐str✐❜✉t✐♦♥ ΛN ♦♥ R ✇❤♦s❡
s✉♣♣♦rt ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ µAN

✳

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛❧r❡❛❞② ✉s❡❞ ✐♥ ❬❙❝❤✵✺❪✳

❚❤❡♦r❡♠ ✻✳✹✳✸✳ ❬❚✐❧✺✸❪

• ▲❡t Λ ❜❡ ❛ ❞✐str✐❜✉t✐♦♥ ♦♥ R ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✳ ❉❡✜♥❡ t❤❡ ❙t✐❡❧t❥❡s
tr❛♥s❢♦r♠ ♦❢ Λ✱ l : C \ R → C ❜②

l(z) = Λ

(
1

z − x

)
.

❚❤❡♥ l ✐s ❛♥❛❧②t✐❝ ♦♥ C \ R ❛♥❞ ❤❛s ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t♦ C \
supp(Λ)✳ ▼♦r❡♦✈❡r

✭c1✮ l(z) → 0 ❛s |z| → ∞,

✭c2✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0✱ ❛♥ ✐♥t❡❣❡r n ∈ N ❛♥❞ ❛ ❝♦♠♣❛❝t
s❡t K ⊂ R ❝♦♥t❛✐♥✐♥❣ supp(Λ)✱ s✉❝❤ t❤❛t ❢♦r ❛♥② z ∈ C \ R✱

|l(z)| ≤ Cmax{dist(z,K)−n, 1},

✭c3✮ ❢♦r ❛♥② φ ∈ C∞(R,R) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt

Λ(φ) = − 1

π
lim

y→0+
ℑ
∫

R

φ(x)l(x+ iy)dx.

• ❈♦♥✈❡rs❡❧②✱ ✐❢ K ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R ❛♥❞ ✐❢ l : C \K → C ✐s ❛♥
❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ✭c1✮ ❛♥❞ ✭c2✮ ❛❜♦✈❡✱ t❤❡♥ l ✐s t❤❡ ❙t✐❡❧t❥❡s
tr❛♥s❢♦r♠ ♦❢ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❞✐str✐❜✉t✐♦♥ Λ ♦♥ R✳ ▼♦r❡♦✈❡r✱
supp(Λ) ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ l ✐♥ K✳

❲❡ ✉s❡ ❤❡r❡ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✻✳✶✳ ■❢ u ∈ R ✐s ♥♦t ✐♥ t❤❡
s✉♣♣♦rt ♦❢ µσ ⊞µAN

✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✻✳✹✮✱ u−σ2g̃N (u) = Fσ,µAN
(u) ❜❡❧♦♥❣s t♦

R\Uσ,µAN
❛♥❞ t❤❡♥ ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ Spect(AN ) s✐♥❝❡ Spect(AN ) ⊂ Uσ,µAN

✳

❍❡♥❝❡ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ ẼN ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ µAN
✳

◆♦✇✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② ✜①❡❞ ❧❛r❣❡ N ✱ ẼN s❛t✐s✜❡s ✭c1✮ ❛♥❞
✭c2✮ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✳✸✳ ▲❡t C > 0 ❜❡ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ s✉♣♣(µσ ⊞

µAN
) ⊂ [−C;C] ❛♥❞ s✉♣♣(µAN

) ⊂ [−C;C].
▲❡t α > C + σ✳ ❋♦r ❛♥② z ∈ C s✉❝❤ t❤❛t |z| > α✱

|σ2g̃N (z)| ≤ σ2

|z| − C
≤ σ2

α− C
<

(α− C)2

α− C
= α− C



✶✺✹ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❛♥❞
|z − σ2g̃N (z)| ≥

∣∣∣|z| − |σ2g̃N (z)|
∣∣∣ > |z| − (α− C) > C.

❚❤✉s ✇❡ ❣❡t t❤❛t ❢♦r ❛♥② z ∈ C s✉❝❤ t❤❛t |z| > α✱

‖GAN
(z − σ2g̃N (z))‖ ≤ 1

|z − σ2g̃N (z)| − C

<
1

|z| − (α− C) − C

<
1

|z| − α
.

❲❡ ❣❡t r❡❛❞✐❧② t❤❛t✱ ❢♦r |z| > α✱

|ẼN (z)| ≤ κ4

2

1

(|z| − α)5

(
σ2

(|z| − C)2
+ 1

)
.

❚❤❡♥✱ ✐t ✐s ❝❧❡❛r t❤❛♥ |ẼN (z)| → 0 ✇❤❡♥ |z| → +∞ ❛♥❞ ✭c1✮ ✐s s❛t✐s✜❡❞✳
◆♦✇ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ ✭c2✮ ✉s✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬❙❝❤✵✺❪✭▲❡♠♠❛ ✺✳✺✮✳
❉❡♥♦t❡ ❜② EN t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ µAN

❛♥❞ ❞❡✜♥❡

KN := {x ∈ R; dist(x, EN ) ≤ 1}

❛♥❞
DN = {z ∈ C; 0 < dist(z,KN ) ≤ 1} .

• ▲❡t z ∈ DN∩(C\R) ✇✐t❤ ℜ(z) ∈ KN ✳ ❲❡ ❤❛✈❡ dist(z,KN ) = |ℑz| ≤ 1✳
❲❡ ❤❛✈❡

|ẼN (z)| ≤ κ4

2

(
σ2 1

|ℑz|2 + 1

)
1

|ℑz|5 .

◆♦t✐❝✐♥❣ t❤❛t 1 ≤ 1
|ℑz|2 ✱ ✇❡ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥✲

st❛♥t C0 s✉❝❤ t❤❛t ❢♦r ❛♥② z ∈ DN ∩ C \ R ✇✐t❤ ℜ(z) ∈ KN ✱

|ẼN (z)| ≤ C0|ℑz|−7

≤ C0dist(z,KN )−7

≤ C0 max(dist(z,KN )−7; 1).

• ▲❡t z ∈ DN ∩(C\R) ✇✐t❤ ℜ(z) /∈ KN ✳ ❚❤❡♥ dist(z, supp(µσ ⊞µAN
)) ≥

1✳ ❙✐♥❝❡ ẼN ✐s ❜♦✉♥❞❡❞ ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ C \ supp(µσ ⊞ µAN
)✱

✇❡ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥t C1(N) s✉❝❤ t❤❛t ❢♦r
❛♥② z ∈ DN ✇✐t❤ ℜ(z) /∈ KN ✱

|ẼN (z)| ≤ C1(N) ≤ C1(N) max(dist(z,KN )−7; 1).

• ❙✐♥❝❡ |ẼN (z)| → 0 ✇❤❡♥ |z| → +∞✱ ẼN ✐s ❜♦✉♥❞❡❞ ♦♥ C \DN ✳ ❚❤✉s✱
t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥t C2(N) s✉❝❤ t❤❛t ❢♦r ❛♥② z ∈ C \DN ✱

|ẼN (z)| ≤ C2(N) = C2(N) max(dist(z,KN )−7; 1).



✻✳✹ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ supp(µσ ⊞ µAN
) ✶✺✺

❍❡♥❝❡ ✭c2✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ C(N) = max(C0, C1(N), C2(N)) ❛♥❞ n = 7 ❛♥❞
▲❡♠♠❛ ✻✳✹✳✷ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✹✳✸✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✳✶✿ ❯s✐♥❣ t❤❡ ✐♥✈❡rs❡ ❙t✐❡❧t❥❡s tr❛♥❢♦r♠✱ ✇❡ ❣❡t
r❡s♣❡❝t✐✈❡❧② t❤❛t✱ ❢♦r ❛♥② ϕN ✐♥ C∞(R,R) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✱

E[tr(ϕN (MN ))] −
∫

R

ϕNd(µσ ⊞ µAN
) − ΛN (ϕN )

N

=
1

π
lim

y→0+
ℑ
∫

R

ϕN (x)rN (x+ iy)dx,

✇❤❡r❡ rN (z) = g̃N (z) − gN (z) + 1
N ẼN (z) s❛t✐s✜❡s✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥

✻✳✸✳✶✱ ❢♦r ❛♥② z ∈ C \ R✱

|rN (z)| ≤ 1

N2
P (|ℑz|−1)

❢♦r s♦♠❡ ✐♥t❡❣❡r k✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ❆♣♣❡♥❞✐① ♦❢ ❬❈❉▼✵✼❪ ✇❤❡r❡
✐t ✐s ♣r♦✈❡❞ ✉s✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❬❍❚✵✺❪ t❤❛t

lim sup
y→0+

|
∫

R

ϕN (x)h(x+ iy)dx|

≤
∫

R

∫ +∞

0
|(1 +D)k+1ϕN (x)|(|x| +

√
2t+K)αQ(t) exp(−t)dtdx,

✇❤❡♥ h ✐s ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ♦♥ C \ R ✇❤✐❝❤ s❛t✐s✜❡s

|h(z)| ≤ (|z| +K)αP (|ℑz|−1).

❍❡♥❝❡✱ ✐❢ t❤❡r❡ ❡①✐sts K > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ t❤❡ s✉♣♣♦rt ♦❢ ϕN

✐s ✐♥❝❧✉❞❡❞ ✐♥ [−K,K] ❛♥❞ supN supx∈[−K,K] |DpϕN (x)| = Cp < ∞ ❢♦r ❛♥②

p ≤ k + 1✱ ❞❡❛❧✐♥❣ ✇✐t❤ h(z) = N2rN (z)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

lim sup
y→0+

|
∫

R

ϕN (x)rN (x+ iy)dx| ≤ C

N2

❛♥❞ t❤❡♥

E[tr(ϕN (MN ))] −
∫

R

ϕNd(µσ ⊞ µAN
) − ΛN (ϕN )

N
= O(

1

N2
). ✭✻✳✸✸✮

▲❡t ρ ≥ 0 ❜❡ ✐♥ C∞(R,R) s✉❝❤ t❤❛t ✐ts s✉♣♣♦rt ✐s ✐♥❝❧✉❞❡❞ ✐♥ {|x| ≤ 1} ❛♥❞∫
ρ(x)dx = 1✳ ▲❡t 0 < ε < 1✳ ❉❡✜♥❡

ρ ε
2
(x) =

2

ε
ρ(

2x

ε
),

KN (ε) = {x,dist(x, supp(µσ ⊞ µAN
)) ≤ ε}



✶✺✻ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❛♥❞

fN (ε)(x) =

∫

R

1IKN (ε)(y)ρ ε
2
(x− y)dy.

t❤❡ ❢✉♥❝t✐♦♥ fN (ε) ✐s ✐♥ C∞(R,R)✱ fN (ε) ≡ 1 ♦♥ KN ( ε
2)❀ ✐ts s✉♣♣♦rt ✐s

✐♥❝❧✉❞❡❞ ✐♥ KN (2ε)✳ ❙✐♥❝❡ t❤❡r❡ ❡①✐sts K s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ t❤❡
s✉♣♣♦rt ♦❢ µσ ⊞ µAN

✐s ✐♥❝❧✉❞❡❞ ✐♥ [−K;K]✱ ❢♦r ❛❧❧ ❧❛r❣❡ N t❤❡ s✉♣♣♦rt ♦❢
fN (ε) ✐s ✐♥❝❧✉❞❡❞ ✐♥ [−K − 2;K + 2] ❛♥❞ ❢♦r ❛♥② p > 0✱

sup
x∈[−K−2;K+2]

|DpfN (ε)(x)| ≤ sup
x∈[−K−2;K+2]

∫ K+1

−K−1
|Dpρ ε

2
(x− y)|dy ≤ Cp(ε).

❚❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✻✳✸✸✮✱

E[tr(fN (ε)(MN ))] −
∫

R

fN (ε)d(µσ ⊞ µAN
) − ΛN (fN (ε))

N
= Oε(

1

N2
) ✭✻✳✸✹✮

❛♥❞

E[tr((f ′N (ε))2(MN ))] −
∫

R

(f ′N (ε))2d(µσ ⊞ µAN
) − ΛN ((f ′N (ε))2)

N
= Oε(

1

N2
).

✭✻✳✸✺✮
▼♦r❡♦✈❡r✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✻ ✐♥ ❬❙❝❤✵✺❪✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t
ΛN (1) = 0✳ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ ψN (ε) ≡ 1 − fN (ε) ❛❧s♦ s❛t✐s✜❡s

E[tr(ψN (ε)(MN ))]−
∫

R

ψN (ε)d(µσ ⊞µAN
)− ΛN (ψN (ε))

N
= Oε(

1

N2
). ✭✻✳✸✻✮

▼♦r❡♦✈❡r✱ s✐♥❝❡ ψ′
N (ε) = −f ′N (ε)✱ ✐t ❝♦♠❡s r❡❛❞✐❧② ❢r♦♠ ✭✻✳✸✺✮ t❤❛t

E[tr((ψ′
N (ε))2(MN ))]−

∫

R

(ψ′
N (ε))2d(µσ ⊞µAN

)− ΛN ((ψ′
N (ε))2)

N
= Oε(

1

N2
).

◆♦✇✱ s✐♥❝❡ ψN (ε) ≡ 0 ♦♥ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ µAN
✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E[tr(ψN (ε)(MN ))] = Oε(
1

N2
) ✭✻✳✸✼✮

❛♥❞

E[tr((ψ′
N (ε))2(MN ))] = Oε(

1

N2
). ✭✻✳✸✽✮

❇② ▲❡♠♠❛ ✻✳✽✳✶ ✭st✐❝❦✐♥❣ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✼ ✐♥ ❬❍❚✵✺❪✮✱ ✇❡ ❤❛✈❡

V[tr(ψN (ε)(MN ))] ≤ Cε

N2
E
[
tr{(ψ′

N (ε)(MN ))2}
]
.

❍❡♥❝❡✱ ✉s✐♥❣ ✭✻✳✸✽✮✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

V[tr(ψN (ε)(MN ))] = Oε(
1

N4
) ✭✻✳✸✾✮



✻✳✺ ❙t✉❞② ♦❢ µσ ⊞ µAN
✶✺✼

❙❡t
ZN,ε := tr(ψN (ε)(MN ))

❛♥❞
ΩN,ε = {ZN,ε > N− 4

3 }
❋r♦♠ ✭✻✳✸✼✮ ❛♥❞ ✭✻✳✸✾✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E{|ZN,ε|2} = Oε(
1

N4
).

❍❡♥❝❡

P (ΩN,ε) ≤ N
8
3 E{|ZN,ε|2} = Oε(

1

N
4
3

).

❇② ❇♦r❡❧✲❈❛♥t❡❧❧✐ ❧❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❛❧♠♦st s✉r❡❧② ❢♦r ❛❧❧ ❧❛r❣❡ N ✱
ZN,ε ≤ N− 4

3 ✳ ❙✐♥❝❡ ZN,ε ≥ 1IR\KN (2ε)✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❛❧♠♦st s✉r❡❧② ❢♦r ❛❧❧
❧❛r❣❡ N ✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ MN ✇❤✐❝❤ ❛r❡ ✐♥ R \KN (2ε) ✐s ❧♦✇❡r

t❤❛♥ N− 1
3 ❛♥❞ t❤✉s ♦❜✈✐♦✉s❧② ❤❛s t♦ ❜❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠

✻✳✹✳✶ ✐s ❝♦♠♣❧❡t❡✳�

✻✳✺ ❙t✉❞② ♦❢ µσ ⊞ µAN

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s✉♣♣♦rt ♦❢
µσ ⊞ µAN

✭s❡❡ ❚❤❡♦r❡♠ ✻✳✺✳✶ ❜❡❧♦✇✮✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s
❛♥❞ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✻✳✶✳ ❲❡ ❞❡✜♥❡

Θ = {θj , 1 ≤ j ≤ J} ❛♥❞ Θσ,ν = Θ ∩ (R \ Uσ,ν). ✭✻✳✹✵✮

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛❧❧ θj ∈ Θσ,ν ✱ ✇❡ s❡t

ρθj
:= Hσ,ν(θj) = θj + σ2Gν(θj) ✭✻✳✹✶✮

✇❤✐❝❤ ✐s ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν ❛❝❝♦r❞✐♥❣ t♦ ✭✻✳✹✮✱ ❛♥❞ ✇❡ ❞❡✜♥❡

Kσ,ν(θ1, . . . , θJ) := supp(µσ ⊞ ν)
⋃{

ρθj
, θj ∈ Θσ,ν

}
. ✭✻✳✹✷✮

❚❤❡♦r❡♠ ✻✳✺✳✶✳ ❋♦r ❛♥② ε > 0✱

supp(µσ ⊞ µAN
) ⊂ Kσ,ν(θ1, . . . , θJ) + (−ε, ε),

✇❤❡♥ N ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳

▲❡t ✉s ❞❡❝♦♠♣♦s❡ µAN
❛s

µAN
= µ̂β,N + µ̂Θ,N ,

✇❤❡r❡ µ̂β,N =
1

N

N−r∑

j=1

δβj(N) ❛♥❞ µ̂Θ,N =
1

N

J∑

j=1

kjδθj
.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② D(x, δ) t❤❡ ♦♣❡♥ ❞✐s❦ ❝❡♥t❡r❡❞ ♦♥ x ❛♥❞
✇✐t❤ r❛❞✐✉s δ✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ tr✐✈✐❛❧ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✇❡ ✇✐❧❧ ♥❡❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳



✶✺✽ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

▲❡♠♠❛ ✻✳✺✳✷✳ ▲❡t K ❜❡ ❛ ❝♦♠♣❛❝t s❡t ✐♥❝❧✉❞❡❞ ✐♥ R\ supp(ν)✳ ❚❤❡♥ G′
µ̂β,N

✭✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ K ❢♦r ❧❛r❣❡ N✮ ❝♦♥✈❡r❣❡s t♦ G′
ν ✉♥✐❢♦r♠❧② ♦♥ K✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✺✳✷✿ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ u ∈ K✱

−G′
µ̂β,N

(u) =
1

N

N−r∑

j=1

1

(u− βj)2
→

N→+∞

∫
dν(x)

(u− x)2
= −G′

ν(u). ✭✻✳✹✸✮

▲❡t ε > 0 ❜❡ s✉❝❤ t❤❛t dist(K, supp(ν)) ≥ ε✳ ❋♦r ❛❧❧ u ∈ K✱ ❧❡t hu ❜❡
❛ ❜♦✉♥❞❡❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ R ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ fu(x) =
1/(u−x)2 ♦♥ supp(ν)+[− ε

2 ,
ε
2 ]✳ ❆s max1≤j≤N−r dist(βj(N), supp(ν)) t❡♥❞s

t♦ ③❡r♦ ❛s N → ∞✱ ♦♥❡ ❝❛♥ ✜♥❞ N0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ N ≥ N0✱ βj(N) ∈
supp(ν) + [− ε

2 ,
ε
2 ] ❢♦r ❛❧❧ 1 ≤ j ≤ N − r✳ ❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠❡❛s✉r❡s

µ̂β,N ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ ν✱ ✭✻✳✹✸✮ ❢♦❧❧♦✇s✱ ♦❜s❡r✈✐♥❣ t❤❛t −G′
µ̂β,N

(u) =∫
hu(x) dµ̂β,N (x) ❛♥❞ −G′

ν(u) =
∫
hu(x)dν(x)✳

❚❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ❢♦❧❧♦✇s ❢r♦♠ ▼♦♥t❡❧✬s t❤❡♦r❡♠✱ s✐♥❝❡ G′
µ̂β,N

❛♥❞ G′
ν

❛r❡ ❛♥❛❧②t✐❝ ♦♥ D = {z ∈ C,dist(z, supp(ν)) > ε
2} ❛♥❞ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞

♦♥ D ❜② 4
ε2 ❢♦r N ≥ N0✳ �

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✺✳✶✳ ❲❡ r❡❝❛❧❧ t❤❛t✱
❢r♦♠ ✭✻✳✹✮✱

R \ supp(µσ ⊞ µAN
) = Hσ,µAN

(R \ Uσ,µAN
). ✭✻✳✹✹✮

■♥ t❤❡ ♣r♦♦❢s✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ❢♦r s✐♠♣❧✐❝✐t② UN ✱ HN ❛♥❞ FN ✐♥st❡❛❞ ♦❢ Uσ,µAN
✱

Hσ,µAN
❛♥❞ Fσ,µAN

r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♠❛✐♥ st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ♦❜s❡r✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥ ♦❢
t❤❡ ♦♣❡♥ s❡t Uσ,µAN

✳

▲❡♠♠❛ ✻✳✺✳✸✳ ❋♦r ❛♥② ε′ > 0✱

Uσ,µAN
⊂ {u, dist(u, Uσ,ν) < ε′} ∪ {u, dist(u,Θσ,ν) < ε′}, ✭✻✳✹✺✮

❢♦r ❛❧❧ ❧❛r❣❡ N ✭s✐♥❝❡ t❤❡ ❝♦♠♣❛❝t s❡ts Uσ,ν ❛♥❞ Θσ,ν ❛r❡ ❞✐s❥♦✐♥t✱ t❤❡ ♣r❡✈✐♦✉s
✉♥✐♦♥ ✐s ❞✐s❥♦✐♥t ♦♥❝❡ ε′ ✐s s♠❛❧❧ ❡♥♦✉❣❤✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✺✳✸✿ ❉❡✜♥❡

Fε′ = {u, dist(u, Uσ,ν) ≥ ε′} ∩ {u, dist(u,Θσ,ν) ≥ ε′}.

❲❡ s❤❛❧❧ s❤♦✇ t❤❛t ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ Fε′ ⊂ R \ UN ✳
❙✐♥❝❡ max1≤j≤N−r dist(βj(N), supp(ν)) →

N→∞
0✱ t❤❡r❡ ❡①✐sts N0 s✉❝❤ t❤❛t

❢♦r ❛❧❧ N ≥ N0✱ t❤❡ βj(N)✬s ❛r❡ ✐♥ supp(ν)+(−ε′, ε′)✳ ❙✐♥❝❡ supp(ν) ⊂ Uσ,ν ✱
✐t ✐s ❝❧❡❛r t❤❛t ❢♦r ❛❧❧ N ≥ N0✱ Fε′ ✐s ✐♥❝❧✉❞❡❞ ✐♥ R \ SpectAN ✳ ▼♦r❡♦✈❡r✱
♦♥❡ ❝❛♥ r❡❛❞✐❧② ♦❜s❡r✈❡ t❤❛t ✐❢ u s❛t✐s✜❡s

dist(u, supp(ν) + (−ε′, ε′)) ≥ σ



✻✳✺ ❙t✉❞② ♦❢ µσ ⊞ µAN
✶✺✾

❛♥❞
dist(u,Θ) ≥ σ

t❤❡♥✱ ❢♦r ❛❧❧ N ≥ N0✱ −G′
µAN

(u) ≤ 1
σ2 ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛❧❧ N ≥ N0✱

t❤❡ ♦♣❡♥ s❡t UN ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦♠♣❛❝t s❡t

F ′
ε′ = {u, dist(u, supp(ν) + (−ε′, ε′)) ≤ σ} ∪ {u, dist(u,Θ) ≤ σ}.

❍❡♥❝❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❝♦♠♣❛❝t s❡t
Kε′ := Fε′ ∩ F ′

ε′ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ R \ UN ✳
❆s ν ✐s ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞✱ t❤❡ ❢✉♥❝t✐♦♥ u 7→ −G′

ν(u) =
∫

R
dν(x)/(u−x)2

✐s ❝♦♥t✐♥✉♦✉s ♦♥ R \ supp(ν)✳ ❍❡♥❝❡ ✐t r❡❛❝❤❡s ✐ts ❜♦✉♥❞s ♦♥ t❤❡ ❝♦♠♣❛❝t
s❡t Kε′ ✭✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ✐♥❝❧✉❞❡❞ ✐♥ R \ Uσ,ν✮ s♦ t❤❛t t❤❡r❡ ❡①✐sts α > 0
s✉❝❤ t❤❛t −G′

ν(u) ≤ 1
σ2 − 2α ❢♦r ❛♥② u ✐♥ Kε′ ✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✻✳✺✳✷✱ t❤❡r❡ ❡①✐sts N0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ≥ N0 ❛♥❞ ❢♦r
❛❧❧ u ✐♥ Kε′ ✱

|G′
µ̂β,N

(u) −G′
ν(u)| ≤

3α

4
. ✭✻✳✹✻✮

❆t ❧❛st✱ ♦♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t N0 ♠❛② ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t

∀N ≥ N0, −G′
µ̂Θ,N

(u) =
1

N

J∑

j=1

kj

(u− θj)2
≤ α

4
. ✭✻✳✹✼✮

❚❤✐s ✐s ❥✉st ❜❡❝❛✉s❡ ❢♦r ❛❧❧ u ∈ Fε′ ✱ ♦♥❡ ❤❛s t❤❛t✿ −G′
µ̂Θ,N

(u) ≤ r
Nε′2 ✇❤✐❝❤

❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ K′
ε′ t♦ ✵ ❛s N ❣♦❡s t♦ ✐♥✜♥✐t②✳

❈♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡ ♣r❡❝❡❞✐♥❣ ❣✐✈❡s t❤❛t✱ ♦♥ Kε′ ✱ t❤❡ ❢✉♥❝t✐♦♥ −G′
µAN

✐s

❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② 1
σ2 −α✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t Kε′ ✐s ✐♥❝❧✉❞❡❞ ✐♥ R\Uσ,µAN

✇❤✐❝❤ ✐s ✇❤❛t ✇❡ ✇❛♥t❡❞ t♦ s❤♦✇✳ �

◆♦✇ ✇❡ s❤❛❧❧ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥✳

▲❡♠♠❛ ✻✳✺✳✹✳ ❋♦r ❛❧❧ ε > 0✱ ❢♦r ❛❧❧ ε′ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱

R \ (Kσ(θ1, . . . , θJ) + [−ε, ε]) ⊂ HN

(
{u, dist(u,Θσ,ν ∪ Uσ,ν) > ε′}

)
,✭✻✳✹✽✮

✇❤❡♥ N ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳

❈♦♠❜✐♥❡❞ ✇✐t❤ ▲❡♠♠❛ ✻✳✺✳✸✱ t❤✐s r❡s✉❧t ❧❡❛❞s t♦ ❚❤❡♦r❡♠ ✻✳✺✳✶✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✺✳✹✿ ❆❝❝♦r❞✐♥❣ t♦ ✭✻✳✹✮✱ ✭✻✳✻✮ ❛♥❞ ❘❡♠❛r❦ ✻✳✶✳✻✱ ✇❡
❤❛✈❡ t❤❛t

R \ supp(µσ ⊞ ν) =

]
−∞, Hσ,ν(sm)

[ ⋃ ( 2⋃

l=m

]
Hσ,ν(tl), Hσ,ν(sl−1)

[) ⋃]
Hσ,ν(t1),+∞

[



✶✻✵ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

✐✳❡✳

supp(µσ ⊞ ν) =

1⋃

l=m

[
Hσ,ν(sl), Hσ,ν(tl)

]
. ✭✻✳✹✾✮

◆♦t❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ✜♥✐t❡ ✐♥t❡❣❡r q s✉❝❤ t❤❛t✱ ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✱
R \ (Kσ(θ1, . . . , θJ) + [−ε, ε]) ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ✐♥t❡r✈❛❧s

] −∞, h0[
⋃

i=1,...,q

]ki, hi[∪]kq+1,+∞[,

✇❤❡r❡ hi = Hσ,ν(spi
) − ε ❛♥❞ ki+1 = Hσ,ν(tpi

) + ε ❢♦r s♦♠❡ pi ♦r hi =
Hσ,ν(θji

) − ε ❛♥❞ ki+1 = Hσ,ν(θji
) + ε ❢♦r s♦♠❡ θji

✐♥ Θσ,ν ✳
❋♦r s✉❝❤ ❛♥ ε > 0✱ s✐♥❝❡ Hσ,ν ❝♦✐♥❝✐❞❡s ♦♥ R\Uσ,ν ✇✐t❤ t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠
Ψσ,ν ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✻✳✶✳✸✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t Hσ,ν ✐s r✐❣❤t✲
❝♦♥t✐♥✉♦✉s ✭r❡s♣✳ ❧❡❢t✲❝♦♥t✐♥✉♦✉s✮ ❛t ❡❛❝❤ tl ✭r❡s♣✳ sl✮ ❢♦r 1 ≤ l ≤ m✱ ❛♥❞
Hσ,ν ✐s ❝♦♥t✐♥✉♦✉s ❛t ❡❛❝❤ θi ✐♥ Θσ,ν ✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ε′ > 0 s✉❝❤ t❤❛t✿
❢♦r ❛❧❧ 1 ≤ l ≤ m✱

Hσ,ν(sl − ε′) ≥ Hσ,ν(sl) −
ε

2
❛♥❞ Hσ,ν(tl + ε′) ≤ Hσ,ν(tl) +

ε

2
✭✻✳✺✵✮

❛♥❞ ❢♦r ❛❧❧ θj ✐♥ Θσ,ν ✱

Hσ,ν(θj − ε′) ≥ Hσ,ν(θj) −
ε

2
❛♥❞ Hσ,ν(θj + ε′) ≤ Hσ,ν(θj) +

ε

2
. ✭✻✳✺✶✮

◆♦✇ HN ❜❡✐♥❣ ✐♥❝r❡❛s✐♥❣ ♦♥ R \ UN ✱ ❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ✐♠❛❣❡ ❜② HN

♦❢
{u, d(u,Θσ,ν) > ε′} ∩ {u, d(u, Uσ,ν) > ε′} ⊆ R \ UN

✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ✐♥t❡r✈❛❧s

] −∞, h0(N)[
⋃

i=1,...,q

]ki(N), hi(N)[∪]kq+1(N),+∞[,

✇❤❡r❡ hi(N) = HN (spi
−ε′) ❛♥❞ ki+1(N) = HN (tpi

+ε′) ♦r hi(N) = HN (θji
−

ε′) ❛♥❞ ki+1(N) = HN (θji
+ ε′)✳

❖♥❡ ❝❛♥ s❡❡ t❤❛t ✐t ♦♥❧② r❡♠❛✐♥s t♦ st❛t❡ t❤❛t ❢♦r ❛❧❧ ❧❛r❣❡ N ✿ ∀1 ≤ l ≤ m✱

HN (sl − ε′) ≥ Hσ,ν(sl) − ε ❛♥❞ HN (tl + ε′) ≤ Hσ,ν(tl) + ε. ✭✻✳✺✷✮

HN (θi − ε′) ≥ Hσ,ν(θi) − ε ❛♥❞ HN (θi + ε′) ≤ Hσ,ν(θi) + ε. ✭✻✳✺✸✮

▼♦r❡♦✈❡r✱ ❛s µAN
✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ ν✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t ❢♦r ❛❧❧

1 ≤ l ≤ m✱ ❛♥❞ ❛❧❧ θi ✐♥ Θσ,ν ✱ HN (sl − ε′)✱ HN (tl + ε′)✱ HN (θi − ε′) ❛♥❞
HN (θi + ε′) ❝♦♥✈❡r❣❡ ❛s N → ∞ t♦ Hσ,ν(sl − ε′)✱ Hσ,ν(tl + ε′)✱ Hσ,ν(θi − ε′)
❛♥❞ Hσ,ν(θi + ε′) r❡s♣❡❝t✐✈❡❧②✳ ❙♦✱ t❤❡r❡ ❡①✐sts N0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ≥ N0✿
HN (sl − ε′) ≥ Hσ,ν(sl − ε′) − ε

2 ❛♥❞ HN (tl + ε′) ≤ Hσ,ν(tl + ε′) + ε
2 ❛s ✇❡❧❧

❛s HN (θi − ε′) ≥ Hσ,ν(θi − ε′) − ε
2 ❛♥❞ HN (θi + ε′) ≤ Hσ,ν(θi + ε′) + ε

2 ✳ ❲❡
❝❛♥ t❤❡♥ ❞❡❞✉❝❡ ✭✻✳✺✷✮ ❛♥❞ ✭✻✳✺✸✮ ❢r♦♠ ✭✻✳✺✵✮ ❛♥❞ ✭✻✳✺✶✮✳ �



✻✳✻ ❊①❛❝t s❡♣❛r❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✶✻✶

✻✳✻ ❊①❛❝t s❡♣❛r❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s

❇❡❢♦r❡ st❛t✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡①❛❝t s❡♣❛r❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❜❡t✇❡❡♥ t❤❡
s♣❡❝tr✉♠ ♦❢MN ❛♥❞ t❤❡ s♣❡❝tr✉♠ ♦❢ AN ✱ ✇❡ ♥❡❡❞ ❛ ♣r❡❧✐♠✐♥❛r② ❧❡♠♠❛ ✭s❡❡
▲❡♠♠❛ ✻✳✻✳✸ ❜❡❧♦✇✮✳
❋r♦♠ ❙❡❝t✐♦♥ ✻✳✶✱ ✇❡ r❡❛❞✐❧② ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✻✳✻✳✶✳

R \Kσ,ν(θ1, . . . , θJ) = {x ∈ R, Fσ,ν(x) ∈ R \
{
Uσ,ν ∪ Θ

}
}

❛♥❞ Fσ,ν ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ R \Kσ,ν(θ1, . . . , θJ) ♦♥t♦ R \
{
Uσ,ν ∪ Θ

}

✇✐t❤ ✐♥✈❡rs❡ Hσ,ν ✳

❘❡♠❛r❦ ✻✳✻✳✷✳ ✿ ❋♦r ❛❧❧ σ̂ < σ✱ R \ Uσ,ν ⊂ R \ Uσ̂,ν s♦ t❤❛t ✐t ♠❛❦❡s s❡♥s❡
t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❤♦♠❡♦♠♦r♣❤✐s♠

Hσ̂,ν ◦ Fσ,ν : R \Kσ,ν(θ1, . . . , θJ) → R \Kσ̂,ν(θ1, . . . , θJ),

✇❤✐❝❤ ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ R \Kσ,ν(θ1, . . . , θJ)✳

▲❡♠♠❛ ✻✳✻✳✸✳ ▲❡t [a, b] ❜❡ ❛ ❝♦♠♣❛❝t s❡t ❝♦♥t❛✐♥❡❞ ✐♥ R \Kσ,ν(θ1, . . . , θJ)✳
❚❤❡♥✱

✭✐✮ ❋♦r ❛❧❧ ❧❛r❣❡ N ✱ [Fσ,ν(a), Fσ,ν(b)] ⊂ R \ Spect(AN )✳

✭✐✐✮ ❋♦r ❛❧❧ 0 < σ̂ < σ✱ t❤❡ ✐♥t❡r✈❛❧ [Hσ̂,ν(Fσ,ν(a)), Hσ̂,ν(Fσ,ν(b))] ✐s ❝♦♥✲
t❛✐♥❡❞ ✐♥ R\Kσ̂,ν(θ1, . . . , θJ) ❛♥❞ Hσ̂,ν(Fσ,ν(b))−Hσ̂,ν(Fσ,ν(a)) ≥ b−a✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✻✳✸✿ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡✜♥❡ Kε
σ,J = Kσ(θ1, . . . , θJ) +

[−ε, ε]✳ ❆s [a, b] ✐s ❛ ❝♦♠♣❛❝t s❡t✱ t❤❡r❡ ❡①✐st ε > 0 ❛♥❞ α > 0 s✉❝❤ t❤❛t

[a− α, b+ α] ⊂ R \Kε
σ,J ❛♥❞ dist([a− α, b+ α];Kε

σ,J) ≥ α.

❆s ❜❡❢♦r❡✱ ✇❡ ❧❡t µ̃N = µσ ⊞ µAN
✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✻✳✺✳✶✱ t❤❡r❡ ❡①✐sts

s♦♠❡ N0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ≥ N0✱ supp(µ̃N ) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Kε
σ,J ✳ ❚❤✉s✱

✉s✐♥❣ ✭✻✳✹✮ ❛♥❞ s✐♥❝❡ FN ✐s ❝♦♥t✐♥✉♦✉s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [a − α, b + α]✱
✇❡ ❤❛✈❡

∀N ≥ N0, [FN (a− α), FN (b+ α)] ⊂ R \ UN ⊂ R \ Spect(AN ). ✭✻✳✺✹✮

❆s Fσ,ν ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t [a−α, b+α] ✭supp(µσ ⊞ ν) ⊂
Kε

σ,J✮✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r δ > 0 s✉❝❤ t❤❛t

Fσ,ν(a− α) ≤ Fσ,ν(a) − δ ❛♥❞ Fσ,ν(b+ α) ≥ Fσ,ν(b) + δ. ✭✻✳✺✺✮

◆♦✇✱ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µ̃N t♦ µσ⊞ν ✇✐❧❧ ❧❡❛❞
t♦ t❤❡ r❡s✉❧t✱ r❡❝❛❧❧✐♥❣ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥s t❤❛t
❢♦r ❛❧❧ x ∈ [a−α, b+α]✿ Fσ,ν(x) = x−σ2Gµσ⊞ν(x) ❛♥❞ FN (x) = x−σ2Gµ̃N

(x)



✶✻✷ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

✭❛t ❧❡❛st ❢♦r ❛❧❧N ≥ N0✮✳ ■♥❞❡❡❞✱ ♦❜s❡r✈✐♥❣ t❤❛t ❢♦r ❛♥② x ✐♥ [a−α, b+α]✱ t❤❡
♠❛♣ h : t 7→ 1

x−t ✐s ❜♦✉♥❞❡❞ ♦♥Kε
σ,J ✱ ♦♥❡ r❡❛❞✐❧② ❣❡ts t❤❡ s✐♠♣❧❡ ❝♦♥✈❡r❣❡♥❝❡

♦❢ Gµ̃N
t♦ Gµσ⊞ν ❛s ✇❡❧❧ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜♦r❞✐♥❛t✐♦♥

❢✉♥❝t✐♦♥s✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❜♦✉♥❞❡❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s
✇✐t❤ h ♦♥ Kε

σ,J ✳ ❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts N ′
0 ≥ N0 s✉❝❤ t❤❛t✱ ❢♦r

❛❧❧ N ≥ N ′
0✱

FN (a− α) ≤ Fσ,ν(a− α) + δ ❛♥❞ FN (b+ α) ≥ Fσ,ν(b+ α) − δ. ✭✻✳✺✻✮

❈♦♠❜✐♥✐♥❣ ✭✻✳✺✹✮✱ ✭✻✳✺✺✮ ❛♥❞ ✭✻✳✺✻✮ ♣r♦✈❡s t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♣♦✐♥t ✭✐✮
❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ N ≥ N ′

0✳

❚❤❡ ✜rst ♣❛rt ♦❢ ✭✐✐✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ ❘❡♠❛r❦ ✻✳✻✳✷✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt
♠❛✐♥❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t Fσ,ν ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ R\supp(µσ⊞ν)✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ✇❡ s❡t a′ = Hσ̂,ν(Fσ,ν(a)) ❛♥❞ b

′ = Hσ̂,ν(Fσ,ν(b))✱ t❤❡♥

b′ − a′ = Fσ,ν(b) − Fσ,ν(a) + σ̂2
(
Gν(Fσ,ν(b)) −Gν(Fσ,ν(a))

)

≥ Fσ,ν(b) − Fσ,ν(a) + σ2
(
Gν(Fσ,ν(b)) −Gν(Fσ,ν(a))

)

≥ Hσ,ν(Fσ,ν(b)) −Hσ,ν(Fσ,ν(a)) = b− a

s✐♥❝❡ Fσ,ν(a) < Fσ,ν(b) ❛♥❞ t❤❡♥ Gν(Fσ,ν(b)) −Gν(Fσ,ν(a)) < 0✳ �

❚❤❡ ❡①❛❝t s❡♣❛r❛t✐♦♥ r❡s✉❧t ✐♥✈♦❧✈✐♥❣ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥ r❡❧❛t❡❞
t♦ t❤❡ ❢r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ µσ ❛♥❞ ν ❝❛♥ ♥♦✇ ❜❡ st❛t❡❞✳ ▲❡t [a, b] ❜❡ ❛ ❝♦♠♣❛❝t
✐♥t❡r✈❛❧ ❝♦♥t❛✐♥❡❞ ✐♥ R\Kσ(θ1, . . . , θJ)✳ ❇② ❚❤❡♦r❡♠s ✻✳✹✳✶ ❛♥❞ ✻✳✺✳✶✱ ❛❧♠♦st
s✉r❡❧② ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ [a, b] ✐s ♦✉ts✐❞❡ t❤❡ s♣❡❝tr✉♠ ♦❢ MN ✳ ▼♦r❡♦✈❡r✱ ❢r♦♠
▲❡♠♠❛ ✻✳✻✳✸ (i)✱ ✐t ❝♦rr❡s♣♦♥❞s ❛♥ ✐♥t❡r✈❛❧ I = [a′, b′] ♦✉ts✐❞❡ t❤❡ s♣❡❝tr✉♠
♦❢ AN ❢♦r ❛❧❧ ❧❛r❣❡ N ✐✳❡✳✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t λ0(MN ) = λ0(AN ) = +∞
❛♥❞ λN+1(MN ) = λN+1(AN ) = −∞✱ t❤❡r❡ ✐s iN ∈ {0, . . . , N} s✉❝❤ t❤❛t

λiN+1(AN ) < Fσ,ν(a) := a′ ❛♥❞ λiN (AN ) > Fσ,ν(b) := b′. ✭✻✳✺✼✮

❚❤❡ ♥✉♠❜❡rs a ❛♥❞ a′ ✭r❡s♣✳ b ❛♥❞ b′✮ ❛r❡ ❧✐♥❦❡❞ ❛s ❢♦❧❧♦✇s✿

a = ρa′ := Hσ,ν(a
′) = a′ + σ2Gν(a

′),

b = ρb′ := Hσ,ν(b
′) = b′ + σ2Gν(b

′).

❲❡ ❝❧❛✐♠ t❤❛t [a, b] s♣❧✐ts t❤❡ s♣❡❝tr✉♠ ♦❢ MN ❡①❛❝t❧② ❛s I s♣❧✐ts t❤❡ s♣❡❝✲
tr✉♠ ♦❢ AN ✳ ■♥ ♦t❤❡r ✇♦r❞s✱

❚❤❡♦r❡♠ ✻✳✻✳✹✳ ❲✐t❤ iN s❛t✐s❢②✐♥❣ ✭✻✳✺✼✮✱ ♦♥❡ ❤❛s

P[λiN+1(MN ) < a ❛♥❞ λiN (MN ) > b, ❢♦r ❛❧❧ ❧❛r❣❡ N ] = 1. ✭✻✳✺✽✮

❚❤❡ ♣r♦♦❢ ❝❧♦s❡❧② ❢♦❧❧♦✇s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺ ✐♥ ❬❈❉▼❋✵✾❪ ❜② ✐♥✲
tr♦❞✉❝✐♥❣ ✐♥ ❛ ✜t ✇❛② t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦r t❤❡✐r ✐♥✈❡rs❡s✳ ❋♦r



✻✳✻ ❊①❛❝t s❡♣❛r❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✶✻✸

t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ r❡✇r✐t❡ t❤❡ ✇❤♦❧❡ ♣r♦♦❢✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦

✐♥tr♦❞✉❝❡ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♠❛tr✐❝❡s M
(k)
N ✐♥t❡r♣♦❧❛t✐♥❣ ❢r♦♠ MN t♦ AN ✿

M
(k)
N :=

σk

σ

WN√
N

+AN ,

✇❤❡r❡

σ2
k = σ2(

1

1 + kCa,b
),

❛♥❞ Ca,b ❜❡✐♥❣ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ❤❛s t♦ ❜❡ ❝❤♦s❡♥ s♠❛❧❧ ❡♥♦✉❣❤ t♦

❡♥s✉r❡ t❤❛t t❤❡ ♠❛tr✐❝❡s M
(k)
N ❛♥❞ M

(k+1)
N ❛r❡ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ❡❛❝❤ ♦t❤❡r✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ Ca,b ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t

max
(
σ2Ca,b|Gµσ⊞ν(a)|;σ2Ca,b|Gµσ⊞ν(b)|; 3σCa,b

)
<
b− a

4
. ✭✻✳✺✾✮

■♥ ♣❛rt✐❝✉❧❛r✱ σ0 = σ ❛♥❞ σk → 0 ✇❤❡♥ k ❣♦❡s t♦ ✐♥✜♥✐t②✳
❲❡ ✜rst ♣r♦✈❡ t❤❛t t❤❡ ✐♥t❡r✈❛❧s [Hσk,ν(Fσ,ν(a)), Hσk,ν(Fσ,ν(b))] s♣❧✐t r❡s♣❡❝✲

t✐✈❡❧② t❤❡ s♣❡❝tr✉♠ ♦❢ M
(k)
N ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛②✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦

♣r♦✈❡ t❤❛t ❢♦r k ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ✐♥t❡r✈❛❧ [Hσk,ν(Fσ,ν(a)), Hσk,ν(Fσ,ν(b))]

s♣❧✐ts t❤❡ s♣❡❝tr✉♠ ♦❢ M
(k)
N ❛s [Fσ,ν(a), Fσ,ν(b)] s♣❧✐ts t❤❡ s♣❡❝tr✉♠ ♦❢ AN ✱

t❤✐s ♠❡❛♥s r♦✉❣❤❧② t❤❛t ✇❡ ❡①t❡♥❞ t❤❡ ✜rst st❛t❡♠❡♥t t♦ k = ∞ ❛♥❞ t❤❡
r❡s✉❧t ❢♦❧❧♦✇s✳

❆s ✐♥ ❬❈❉▼❋✵✾❪✱ t❤✐s ♣r♦♦❢ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ❬❇❙✾✾❪ ❛♥❞ ♠❛✐♥❧②
r❡❧✐❡s ♦♥ r❡s✉❧ts ♦♥ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ r❡s❝❛❧❡❞ ❲✐❣♥❡r ♠❛tr✐① XN ❝♦♠❜✐♥❡❞
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✭❞✉❡ t♦ ❲❡②❧✮✳

▲❡♠♠❛ ✻✳✻✳✺✳ ✭❝❢✳ ❚❤❡♦r❡♠ ✹✳✸✳✼ ♦❢ ❬❍❏✾✵❪✮ ▲❡t ❇ ❛♥❞ ❈ ❜❡ t✇♦ N × N
❍❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ✐♥t❡❣❡rs j, k s✉❝❤ t❤❛t 1 ≤ j, k ≤ N ❛♥❞
j + k ≤ N + 1✱ ✇❡ ❤❛✈❡

λj+k−1(B + C) ≤ λj(B) + λk(C).

❋♦r ❛♥② ♣❛✐r ♦❢ ✐♥t❡❣❡rs j, k s✉❝❤ t❤❛t 1 ≤ j, k ≤ N ❛♥❞ j + k ≥ N + 1✱ ✇❡
❤❛✈❡

λj(B) + λk(C) ≤ λj+k−N (B + C).

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✻✳✹✿ ●✐✈❡♥ k ≥ 0✱ ❞❡✜♥❡

ak = Hσk
(Fσ,ν(a)) ❛♥❞ bk = Hσk

(Fσ,ν(b)).

❘❡♠❛r❦ ✻✳✻✳✻✳ ◆♦t❡ t❤❛t ✐♥ ❬❈❉▼❋✵✾❪ ✇❤❡r❡ ν = δ0✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ak =
zσk

(gσ(a)) ✇❤❡r❡ gσ ❞❡♥♦t❡❞ t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ µσ ❛♥❞ zσk
t❤❡ ✐♥✈❡rs❡

♦❢ gσk
✳ ❆❝t✉❛❧❧②✱ ✇❤❡♥ ν = δ0✱ t❤❡♥ Hσk,ν(z) = z + σ2

k/z = zσk
(1/z) ❛♥❞

Fσ,ν = 1/gσ s♦ t❤❛t zσk
(gσ) = Hσk,ν(Fσ,ν)✳ ❚❤✐s ✈❡r② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡

❝♦♠♣♦s✐t✐♦♥ zσk
◦ gσ ✐♥ t❡r♠s ♦❢ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❡①t❡♥❞

t❤❡ r❡s✉❧t ♦❢ ❡①❛❝t s❡♣❛r❛t✐♦♥ t♦ ♥♦♥✲✜♥✐t❡ r❛♥❦ ♣❡rt✉r❜❛t✐♦♥s✳



✶✻✹ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❚❤❡ ❧❛st ♣♦✐♥t ♦❢ (ii) ✐♥ ▲❡♠♠❛ ✻✳✻✳✸ ②✐❡❧❞s bk − ak ≥ b− a✳ ▼♦r❡♦✈❡r

ak+1 − ak = (σ2
k+1 − σ2

k)Gµσ⊞ν(a)

= −Ca,b
σ2

(1 + kCa,b)(1 + (k + 1)Ca,b)
Gµσ⊞ν(a),

s♦ t❤❛t |ak+1−ak| ≤ σ2Ca,b|Gµσ⊞ν(a)|. ❖♥❡ ❣❡ts s✐♠✐❧❛r❧② t❤❛t |bk+1− bk| ≤
σ2Ca,b|Gµσ⊞ν(b)|. ❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✻✳✺✾✮ t❤❛t

|ak+1 − ak| <
b− a

4
❛♥❞ |bk+1 − bk| <

b− a

4
. ✭✻✳✻✵✮

◆♦✇✱ ✇❡ s❤❛❧❧ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1✱ ❢♦r ❧❛r❣❡

N ✱ t❤❡ M
(k)
N ❤❛✈❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ❡✐❣❡♥✈❛❧✉❡s t♦ t❤❡ ❧❡❢t

s✐❞❡s ♦❢ t❤❡ ✐♥t❡r✈❛❧ [ak, bk]✳ ❋♦r ❛❧❧ k ≥ 0✱ s❡t

Ek = {♥♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M
(k)
N ✐♥ [ak, bk]✱ ❢♦r ❛❧❧ ❧❛r❣❡ N}.

❇② ▲❡♠♠❛ ✻✳✻✳✸ (ii) ❛♥❞ ❚❤❡♦r❡♠s ✻✳✹✳✶ ❛♥❞ ✻✳✺✳✶✱ ✇❡ ❦♥♦✇ t❤❛t P(Ek) = 1
❢♦r ❛❧❧ k✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s ❢♦r ❛❧❧ ω ∈ E0 ❛♥❞ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

∃jN (ω) ∈ {0, . . . , N} s✉❝❤ t❤❛t λjN (ω)+1(MN ) < a ❛♥❞ λjN (ω)(MN ) > b.
✭✻✳✻✶✮

❊①t❡♥❞✐♥❣ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ jN ✱ ❜② s❡tt✐♥❣ ❢♦r ✐♥st❛♥❝❡ jN := −1 ♦♥ t❤❡
❝♦♠♣❧❡♠❡♥t❛r② ♦❢ E0✱ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ k✱

P[λjN+1(M
(k)
N ) < ak ❛♥❞ λjN

(M
(k)
N ) > bk, ❢♦r ❛❧❧ ❧❛r❣❡ N ] = 1. ✭✻✳✻✷✮

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥✳ ❇② ✭✻✳✻✶✮✱ t❤✐s ✐s tr✉❡ ❢♦r k = 0✳ ◆♦✇✱ ❧❡t ✉s
❛ss✉♠❡ t❤❛t ✭✻✳✻✷✮ ❤♦❧❞s tr✉❡✳ ❙✐♥❝❡

M
(k+1)
N = M

(k)
N + (

1√
1 + (k + 1)Ca,b

− 1√
1 + kCa,b

)XN ,

✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✻✳✻✳✺ t❤❛t

λjN+1(M
(k+1)
N ) ≤ λjN+1(M

(k)
N ) + (−λN (XN ))Ca,b.

❙✐♥❝❡✱ ❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤✱ 0 < −λN (XN ) ≤ 3σ ❛❧♠♦st s✉r❡❧②✱ ✐t ❢♦❧❧♦✇s
✉s✐♥❣ ✭✻✳✺✾✮ t❤❛t

λjN+1(M
(k+1)
N ) < ak +

b− a

4
:= âk ❛✳s✳.

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

λjN
(M

(k+1)
N ) > bk − b− a

4
:= b̂k ❛✳s✳.



✻✳✻ ❊①❛❝t s❡♣❛r❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✶✻✺

■♥❡q✉❛❧✐t✐❡s ✭✻✳✻✵✮ ❡♥s✉r❡ t❤❛t

[âk, b̂k] ⊂ [ak+1, bk+1].

❆s P(Ek+1) = 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1✱

λjN+1(M
(k+1)
N ) < ak+1 ❛♥❞ λjN

(M
(k+1)
N ) > bk+1, ❢♦r ❛❧❧ ❧❛r❣❡ N.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ❜② ✐♥❞✉❝t✐♦♥ ♦❢ ✭✻✳✻✷✮✳
◆♦✇✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts K ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t✱ ❢♦r

❛❧❧ k ≥ K✱ t❤❡r❡ ✐s ❡①❛❝t s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐❝❡s AN

❛♥❞ M
(k)
N ✐✳❡✳

P
[
λiN+1(M

(k)
N ) < ak ❛♥❞ λiN (M

(k)
N ) > bk, ❢♦r ❛❧❧ ❧❛r❣❡ N

]
= 1. ✭✻✳✻✸✮

❚❤❡r❡ ❡①✐sts α > 0 s✉❝❤ t❤❛t [a − α; b + α] ⊂ R \ Kσ,ν(θ1, . . . , θJ)✳ ❚❤✉s
❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✻✳✻✳✸ ✭✐✮ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

[Fσ,ν(a− α);Fσ,ν(b+ α)] ⊂ R \ Spect(AN ).

◆♦✇✱ t❤❡r❡ ❡①✐sts ε′ > 0 s✉❝❤ t❤❛t Fσ,ν(a−α) < Fσ,ν(a)−ε′ ❛♥❞ Fσ,ν(b+α) >
Fσ,ν(b) + ε′✳ ■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

λiN+1(AN ) < Fσ,ν(a) − ε′ ❛♥❞ λiN (AN ) > Fσ,ν(b) + ε′. ✭✻✳✻✹✮

❯s✐♥❣ ▲❡♠♠❛ ✻✳✻✳✺✱ ✭✻✳✻✹✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

0 < max(−λN (XN ), λ1(XN )) < 3σ,

✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✳
■❢ iN < N ✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

λiN+1(M
(k)
N ) ≤ λiN+1(AN ) +

σk

σ
λ1(XN )

< Fσ,ν(a) − ε′ +
σk

σ
λ1(XN )

= ak − σ2
kGµσ⊞ν(a) +

σk

σ
λ1(XN ) − ε′

< ak − σ2
kGµσ⊞ν(a) + 3σk − ε′.

■❢ iN > 0✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

λiN (M
(k)
N ) ≥ λiN (AN ) +

σk

σ
λN (XN )

> Fσ,ν(b) + ε′ +
σk

σ
λN (XN )

= bk − σ2
kGµσ⊞ν(b) +

σk

σ
λN (XN ) + ε′

> bk − σ2
kGµσ⊞ν(b) − 3σk + ε′.



✶✻✻ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❆s σk → 0 ✇❤❡♥ k → +∞✱ t❤❡r❡ ✐s K ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ❢♦r ❛❧❧ k ≥ K✱

max(| − σ2
kGµσ⊞ν(a) + 3σk|, | − σ2

kGµσ⊞ν(b) − 3σk|) < ε′

❛♥❞ t❤❡♥✱ ❛❧♠♦st s✉r❡❧②✱ ❢♦r ❛❧❧ N ❧❛r❣❡ ❡♥♦✉❣❤

λiN+1(M
(k)
N ) < ak ✐❢ iN < N, ✭✻✳✻✺✮

❛♥❞ λiN (M
(k)
N ) > bk ✐❢ iN > 0. ✭✻✳✻✻✮

❙✐♥❝❡ λN+1(M
(k)
N ) = −λ0(M

(k)
N ) = −∞✱ ✭✻✳✻✺✮ ✭r❡s♣✳ ✭✻✳✻✻✮✮ ✐s ♦❜✈✐♦✉s❧②

s❛t✐s✜❡❞ ✐❢ iN = N ✭r❡s♣✳ iN = 0✮✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❛t ❢♦r ❛♥②
iN ∈ {0, . . . , N} s❛t✐s❢②✐♥❣ ✭✻✳✺✼✮✱ ✭✻✳✻✸✮ ❤♦❧❞s ❢♦r ❛❧❧ k ≥ K ✇❤❡♥ K ✐s ❧❛r❣❡
❡♥♦✉❣❤✳ ❈♦♠♣❛r✐♥❣ t❤✐s ✇✐t❤ ✭✻✳✻✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t jN = iN ❛❧♠♦t s✉r❡❧②
❛♥❞

P
[
λiN+1(MN ) < a ❛♥❞ λiN (MN ) > b, ❢♦r ❛❧❧ ❧❛r❣❡ N

]
= 1.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✻✳✹✳ �

❲❡ r❡❛❞✐❧② ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❈♦r♦❧❧❛r② ✻✳✻✳✼✳ ▲❡t ε > 0✳ ▲❡t ✉s ✜① u ✐♥ Θσ,ν ∪ {tl, l = 1, . . . ,m} ✭r❡s♣✳
✐♥ Θσ,ν ∪ {sl, l = 1, . . . ,m}✮✳ ▲❡t ✉s ❝❤♦♦s❡ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t ❢♦r
❧❛r❣❡ N ✱ [u + δ;u + 2δ] ✭r❡s♣✳ [u − 2δ;u − δ]✮ ✐s ✐♥❝❧✉❞❡❞ ✐♥ (R \ Uσ,ν) ∩
(R \ Spect(AN )) ❛♥❞ ❢♦r ❛♥② 0 ≤ δ′ ≤ 2δ✱ Hσ,ν(u+ δ′) −Hσ,ν(u) < ε ✭r❡s♣✳
Hσ,ν(u) −Hσ,ν(u− δ′) < ε✮✳ ▲❡t iN = iN (u) ❜❡ s✉❝❤ t❤❛t

λiN+1(AN ) < u+ δ ❛♥❞ λiN (AN ) > u+ 2δ

✭r❡s♣✳ λiN+1(AN ) < u− 2δ ❛♥❞ λiN (AN ) > u− δ✮✳ ❚❤❡♥

P
[
λiN+1(MN ) < Hσ,ν(u)+ε ❛♥❞ λiN (MN ) > Hσ,ν(u), ❢♦r ❛❧❧ ❧❛r❣❡ N

]
= 1.

✭r❡s♣✳ P
[
λiN+1(MN ) < Hσ,ν(u) ❛♥❞ λiN (MN ) > Hσ,ν(u)−ε ❢♦r ❧❛r❣❡ N

]
=

1.✮

✻✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s

■♥ t❤❡ ♥♦♥✲s♣✐❦❡❞ ❝❛s❡ Θ = ∅ ✐✳❡✳ r = 0✱ t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠s ✻✳✺✳✶ ❛♥❞
✻✳✹✳✶ r❡❛❞ ❛s✿ ∀ε > 0✱

P[Spect(MN ) ⊂ supp(µσ ⊞ ν) + (−ε, ε), ❢♦r ❛❧❧ N ❧❛r❣❡] = 1. ✭✻✳✻✼✮

❚❤✐s r❡❛❞✐❧② ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ r❡s✉❧t ❢♦r t❤❡ ❡①tr❡♠❛❧ ❡✐❣❡♥✲
✈❛❧✉❡s✳



✻✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✶✻✼

Pr♦♣♦s✐t✐♦♥ ✻✳✼✳✶✳ ❆ss✉♠❡ t❤❛t t❤❡ ❞❡❢♦r♠❡❞ ♠♦❞❡❧ MN ✐s ✇✐t❤♦✉t s♣✐❦❡
✐✳❡✳ r = 0✳ ▲❡t k ≥ 0 ❜❡ ❛ ✜①❡❞ ✐♥t❡❣❡r✳
❚❤❡ ❧❛r❣❡st ✭r❡s♣✳ s♠❛❧❧❡st✮ ❡✐❣❡♥✈❛❧✉❡s λ1+k(MN ) ✭r❡s♣✳ λN−k(MN )✮ ❝♦♥✲
✈❡r❣❡ ❛❧♠♦st s✉r❡❧② t♦ t❤❡ r✐❣❤t ✭r❡s♣✳ ❧❡❢t✮ ❡♥❞♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ν✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✼✳✶✿ ❲❡ ❤❡r❡ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
t❤❡ ✜rst ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s s✐♥❝❡ t❤❡ ♦t❤❡r ❝❛s❡ ✐s s✐♠✐❧❛r✳ ❘❡❝❛❧❧✐♥❣ t❤❛t
supp(µσ ⊞ ν) = ∪1

l=m[Hσ,ν(sl), Hσ,ν(tl)]✱ ❢r♦♠ ✭✻✳✻✼✮✱ ♦♥❡ ❤❛s t❤❛t✱ ❢♦r ❛❧❧
ε > 0✱

P[lim sup
N

λ1(MN ) ≤ Hσ,ν(t1) + ε] = 1.

❇✉t ❛s Hσ,ν(t1) ✐s ❛ ❜♦✉♥❞❛r② ♣♦✐♥t ♦❢ supp(µσ ⊞ ν)✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✲
✈❛❧✉❡s ♦❢ MN ❢❛❧❧✐♥❣ ✐♥t♦ [Hσ,ν(t1) − ε,Hσ,ν(t1) + ε] t❡♥❞s ❛❧♠♦st s✉r❡❧② t♦
✐♥✜♥✐t② ❛s N → ∞✳ ❚❤✉s✱ ❛❧♠♦st s✉r❡❧②✱

lim inf
N

λ1+k(MN ) ≥ Hσ,ν(t1) − ε.

❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❜② ❧❡tt✐♥❣ ε→ 0✳ �

■♥ t❤❡ s♣✐❦❡❞ ❝❛s❡ ✇❤❡r❡ r ≥ 1 ✭Θ 6= ∅✮✱ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ µMN
st✐❧❧

❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ µσ ⊞ ν✳ ❲❡ s❤❛❧❧ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣✐❦❡❞
❡✐❣❡♥✈❛❧✉❡s θi✬s ♦♥ t❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦r ♦❢ s♦♠❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ MN ✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t ♦♥❝❡ t❤❡ ❧❛r❣❡st s♣✐❦❡ θ1 ✐s s✉✣❝✐❡♥t❧② ❜✐❣✱
t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ MN ❥✉♠♣s ❛❧♠♦st s✉r❡❧② ❛❜♦✈❡ t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t
Hσ,ν(t1)✳ ❖♥❝❡ m ≥ 2✱ t❤❛t ✐s ✇❤❡♥ supp(µσ ⊞ν) ❤❛s ❛t ❧❡❛st t✇♦ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ♠❛② ❛❧s♦ ❡①✐st s♦♠❡ ❥✉♠♣s ✐♥t♦ t❤❡ ❣❛♣✭s✮
♦❢ t❤✐s s✉♣♣♦rt✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ❤♦❧❞s ❢♦r ❛♥② θj ∈ Θσ,ν ✳
❋♦r θj 6∈ Θσ,ν ✱ t❤❛t ✐s ✐❢ θj ∈ Uσ,ν ✱ t✇♦ s✐t✉❛t✐♦♥s ♠❛② ♦❝❝✉r✳ ❚♦ ❡①♣❧❛✐♥ t❤✐s✱
❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t [slj , tlj ] ♦❢ Uσ,ν ✇❤✐❝❤ ❝♦♥t❛✐♥s θj ✳ ■❢
supp(ν)∩ [θj , tlj ] = ∅ ✭r❡s♣✳ supp(ν)∩ [slj , θj ] = ∅✮ t❤❡♥ t❤❡ kj ❝♦rr❡s♣♦♥❞✐♥❣
❡✐❣❡♥✈❛❧✉❡s ♦❢ MN ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧② t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r②
♣♦✐♥t Hσ,ν(tlj ) ✭r❡s♣✳ Hσ,ν(slj )✮ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ν✳ ❖t❤❡r✇✐s❡✱ ♥❛♠❡❧②
✇❤❡♥ θj ✐s ❜❡t✇❡❡♥ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ supp(ν) ✐♥❝❧✉❞❡❞ ✐♥ [slj , tlj ]✱
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❝❝✉rs t♦✇❛r❞s ❛ ♣♦✐♥t ✐♥s✐❞❡ t❤❡ ✭✐♥t❡r✐♦r✮ ♦❢ supp(µσ ⊞ ν)✳
❍❡r❡ ✐s t❤❡ ♣r❡❝✐s❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♦✉r r❡s✉❧t✳ ❚❤✐s ✐s t❤❡ ❛❞❞✐t✐✈❡ ❛♥❛❧♦❣✉❡ ♦❢
t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❬❇❨✵✽❛❪ ♦♥ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
❣❡♥❡r❛t❡❞ ❜② t❤❡ s♣✐❦❡s ✐♥ ❛ ❣❡♥❡r❛❧✐③❡❞ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧✳

❚❤❡♦r❡♠ ✻✳✼✳✷✳ ❋♦r ❡❛❝❤ s♣✐❦❡❞ ❡✐❣❡♥✈❛❧✉❡ θj✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❞❡s❝❡♥❞✐♥❣
r❛♥❦s ♦❢ θj ❛♠♦♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ AN ❜② nj−1 + 1, . . . , nj−1 + kj✳

✶✮ ■❢ θj ∈ R \ Uσ,ν ✭✐✳❡✳ ∈ Θσ,ν✮✱ t❤❡ kj ❡✐❣❡♥✈❛❧✉❡s (λnj−1+i(MN ), 1 ≤
i ≤ kj) ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧② ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞ ν t♦✇❛r❞s
ρθj

= Hσ,ν(θj)✳



✶✻✽ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

✷✮ ■❢ θj ∈ Uσ,ν t❤❡♥ ✇❡ ❧❡t [slj , tlj ] ✭✇✐t❤ 1 ≤ lj ≤ m✮ ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥t ♦❢ Uσ,ν ✇❤✐❝❤ ❝♦♥t❛✐♥s θj✳

❛✮ ■❢ θj ✐s ♦♥ t❤❡ r✐❣❤t ✭r❡s♣✳ ♦♥ t❤❡ ❧❡❢t✮ ♦❢ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
♦❢ supp(ν) ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ [slj , tlj ] t❤❡♥ t❤❡ kj ❡✐❣❡♥✈❛❧✉❡s
(λnj−1+i(MN )✱ 1 ≤ i ≤ kj) ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧② t♦ Hσ,ν(tlj )
✭r❡s♣✳ Hσ,ν(slj )✮ ✇❤✐❝❤ ✐s ❛ ❜♦✉♥❞❛r② ♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ µσ ⊞

ν✳

❜✮ ■❢ θj ✐s ❜❡t✇❡❡♥ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ supp(ν) ✇❤✐❝❤ ❛r❡
✐♥❝❧✉❞❡❞ ✐♥ [slj , tlj ] t❤❡♥ t❤❡ kj ❡✐❣❡♥✈❛❧✉❡s (λnj−1+i(MN )✱ 1 ≤
i ≤ kj) ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧② t♦ t❤❡ αj✲t❤ q✉❛♥t✐❧❡ ♦❢ µσ ⊞ ν
✭t❤❛t ✐s t♦ qαj

❞❡✜♥❡❞ ❜② αj = (µσ ⊞ ν)(] −∞, qαj
])✮ ✇❤❡r❡ αj ✐s

s✉❝❤ t❤❛t αj = 1 − limN
nj−1

N = ν(] −∞, θj ])✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✼✳✷✿ ✶✮ ❈❤♦♦s✐♥❣ u = θj ✐♥ ❈♦r♦❧❧❛r② ✻✳✻✳✼ ❣✐✈❡s✱ ❢♦r
❛♥② ε > 0✱

ρθj
− ε ≤ λnj−1+kj

(MN ) ≤ · · · ≤ λnj−1+1(MN ) ≤ ρθj
+ ε, ❢♦r ❧❛r❣❡ N✭✻✳✻✽✮

❤♦❧❞s ❛❧♠♦st s✉r❡❧②✳ ❍❡♥❝❡

∀1 ≤ i ≤ kj , λnj−1+i(MN )
a.s.−→ ρθj

.

✷✮ ❛✮ ❲❡ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ θj ✐s ♦♥ t❤❡ r✐❣❤t ♦❢ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠✲
♣♦♥❡♥t ♦❢ supp(ν) ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ [slj , tlj ] s✐♥❝❡ t❤❡ ♦t❤❡r ❝❛s❡ ♠❛② ❜❡
❝♦♥s✐❞❡r❡❞ ✇✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡t {θj0 > . . . > θjp}
♦❢ ❛❧❧ t❤❡ θi✬s ❜❡✐♥❣ ✐♥ [slj , tlj ] ❛♥❞ ♦♥ t❤❡ r✐❣❤t ♦❢ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
♦❢ supp(ν) ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ [slj , tlj ]✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱
❢♦r ❛♥② 0 ≤ h ≤ p✱

njh−1 + kjh
= njh

❛♥❞ θj0 ✐s t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ AN ✇❤✐❝❤ ✐s ❧♦✇❡r t❤❛♥ tlj ✳ ▲❡t ε > 0✳
❆♣♣❧②✐♥❣ ❈♦r♦❧❧❛r② ✻✳✻✳✼ ✇✐t❤ u = tlj ✱ ✇❡ ❣❡t t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱

λnj0−1+1(MN ) < Hσ,ν(tlj ) + ε ❛♥❞ λnj0−1(MN ) > Hσ,ν(tlj ) ❢♦r ❛❧❧ ❧❛r❣❡ N ✳

◆♦✇✱ ❛❧♠♦st s✉r❡❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ MN ❜❡✐♥❣ ✐♥ t❤❡ ✐♥t❡r✈❛❧
]Hσ,ν(tlj )−ε,Hσ,ν(tlj )] s❤♦✉❧❞ t❡♥❞ t♦ ✐♥✜♥✐t② ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❙✐♥❝❡
❛❧♠♦st s✉r❡❧② ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ λnj0−1(MN ) > Hσ,ν(tlj ) ❛♥❞ λnj0−1+1(MN ) <
Hσ,ν(tlj ) + ε✱ ✇❡ s❤♦✉❧❞ ❤❛✈❡

Hσ,ν(tlj ) − ε ≤ λnjp−1+kjp
(MN ) ≤ . . . ≤ λnj0−1+1(MN ) < Hσ,ν(tlj ) + ε.

❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✿ ∀0 ≤ l ≤ p ❛♥❞ ∀1 ≤ i ≤ kjp ✱ λnjp−1+i(MN )
a.s.−→

Hσ,ν(tlj ). ❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s s✐♥❝❡ j ∈ {j0, . . . , jp}✳
❜✮ ▲❡t αj = 1 − limN

nj−1

N = ν(] − ∞, θj ])✳ ❉❡♥♦t❡ ❜② Q ✭r❡s♣✳ QN ✮ t❤❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ µσ ⊞ ν ✭r❡s♣✳ ♦❢ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ MN ✮✳ ❙✐♥❝❡
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µσ ⊞ ν ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✱ Q ✐s ❝♦♥t✐♥✉♦✉s ♦♥ R ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣
♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧ [Ψσ,ν(sl),Ψσ,ν(tl)], 1 ≤ l ≤ m✳
❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳✾ ❛♥❞ t❤❡ ❤②♣♦t❤❡s✐s ♠❛❞❡ ♦♥ θj ✱ ♦♥❡ ❤❛s t❤❛t αj ∈
]Q(Ψσ,ν(slj )), Q(Ψσ,ν(tlj ))[ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ qj ∈]Ψσ,ν(slj ),Ψσ,ν(tlj )[
s✉❝❤ t❤❛t Q(qj) = αj ✳ ▼♦r❡♦✈❡r✱ Q ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ qi✳
▲❡t ε > 0✳ ❋r♦♠ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ µMN

t♦ µσ ⊞ ν✱ ✇❡ ❞❡❞✉❝❡

QN (qj + ε) →
N→∞

Q(qj + ε) > αj , ❛✳s✳.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ αj ✱ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❧❛r❣❡ N ✱ N,N − 1, . . . , nj−1 +
kj , . . . , nj−1 + 1 ❜❡❧♦♥❣ t♦ t❤❡ s❡t {k, λk(Mn) ≤ qj + ε} ❛♥❞ t❤✉s✱

lim sup
N→∞

λnj−1+1(MN ) ≤ qj + ε.

■♥ t❤❡ s❛♠❡ ✇❛②✱ s✐♥❝❡ QN (qj − ε) →
N→∞

Q(qj − ε) < αj ✱

lim inf
N→∞

λnj−1+kj
(MN ) ≥ qj − ε.

❚❤✉s✱ t❤❡ kj ❡✐❣❡♥✈❛❧✉❡s (λnj−1+i(MN )✱ 1 ≤ i ≤ kj) ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧②
t♦ qj ✳ �
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❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ❛♣♣❡♥❞✐① t❤❡ ❞✐✛❡r❡♥t ❡st✐♠❛t❡s ♦♥ t❤❡ ✈❛r✐❛♥❝❡ ✉s❡❞
t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳ ❚❤❡② r❡❧② ♦♥ t❤❡ P♦✐♥❝❛ré ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❞✐str✐✲
❜✉t✐♦♥ µ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❲✐❣♥❡r ♠❛tr✐①WN ✳ ❲❡ ❛ss✉♠❡ t❤❛t µ s❛t✐s✜❡s
❛ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ t❤❛t ✐s t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r
❛♥② C∞ ❢✉♥❝t✐♦♥ f : R → C s✉❝❤ t❤❛t f ❛♥❞ f ′ ❛r❡ ✐♥ L2(µ)✱

V(f) ≤ C

∫
|f ′|2dµ,

✇✐t❤ V(f) = E(|f − E(f)|2)✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬❇●✾✾❪ ❢♦r ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ s✉❝❤ ♠❡❛s✉r❡s ♦♥ R✳
❚❤✐s ✐♥❡q✉❛❧✐t② tr❛♥s❧❛t❡s ✐♥ t❤❡ ♠❛tr✐❝✐❛❧ ❝❛s❡ ❛s ❢♦❧❧♦✇s✿
❋♦r ❛♥② ♠❛tr✐① M ✱ ❞❡✜♥❡ ||M ||2 = (Tr(M∗M))

1
2 t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠✳

▲❡t Ψ : (MN (C)sa) → R
N2

✭r❡s♣✳ Ψ : (MN (R)s) → R
N(N+1)/2✮ ❜❡ t❤❡

❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ✇❤✐❝❤ ♠❛♣s ❛ ❍❡r♠✐t✐❛♥ ✭r❡s♣✳ s②♠♠❡tr✐❝✮ ♠❛tr✐①
M t♦ t❤❡ r❡❛❧ ♣❛rts ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ✐ts ❡♥tr✐❡s ✭r❡s♣✳ t♦ t❤❡
❡♥tr✐❡s✮ Mij , i ≤ j✳

▲❡♠♠❛ ✻✳✽✳✶✳ ▲❡t MN ❜❡ t❤❡ ❝♦♠♣❧❡① ✭r❡s♣✳ r❡❛❧✮ ❲✐❣♥❡r ❉❡❢♦r♠❡❞ ♠❛✲
tr✐① ✐♥tr♦❞✉❝❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❤❛♣t❡r✳ ❋♦r ❛♥② C∞ ❢✉♥❝t✐♦♥ f :



✶✼✵ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

R
N2

(resp. R
N(N+1)/2) → C s✉❝❤ t❤❛t f ❛♥❞ ✐ts ❣r❛❞✐❡♥t ∇(f) ❛r❡ ❜♦t❤ ♣♦❧②✲

♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞✱

V[f ◦ Ψ(MN )] ≤ C

N
E{‖∇ [f ◦ Ψ(MN )] ‖2

2}. ✭✻✳✻✾✮

❋r♦♠ t❤✐s ▲❡♠♠❛ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♦❧✈❡♥t G ✭s❡❡ ▲❡♠♠❛
✻✳✵✳✹✮✱ ✇❡ ♦❜t❛✐♥✿

• V((GN (z))ij) ≤ C
NP (|ℑz|−1)

• V((GN (z))2ii) ≤ C
NP (|ℑz|−1)

• ▲❡t H ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡r♠✐t✐❛♥ ♠❛tr✐① ✇✐t❤ ♥♦r♠ ‖H‖✱ t❤❡♥✱

V((HGN (z))ii) ≤
C

N
‖H‖2P (|ℑz|−1)

• V(tr(GN (z))) ≤ C
N2P (|ℑz|−1)

✇❤❡r❡ P ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳ ■t ❢♦❧❧♦✇s t❤❛t✿

E[(U∗GDUG)iiGiiG
2
ll] = E[(U∗GDUG)ii]E[Gii]E[Gll]

2 +
1

N
P (|ℑz|−1),

♣r♦✈✐♥❣ ✭✻✳✶✽✮✳
❲❡ ♥♦✇ ♣r♦✈❡

▲❡♠♠❛ ✻✳✽✳✷✳ ▲❡t z ∈ C \ R✳ ❚❤❡♥✱

|E[G̃pktr(G)] − E[G̃pk]E[tr(G)]| ≤ P (|ℑz|−1)

N2
.

Pr♦♦❢✿ ❚❤❡ ❝✉♠✉❧❛♥t ❡①♣❛♥s✐♦♥ ❣✐✈❡s

zE(Gji) = σ2
E(tr(G)Gji) + δij + E[(GAN )ji] +

κ4

2N2
E[T (i, j)] +Oji(

1

N2
),

✇❤❡r❡

T (i, j) =
1

3

{
1√
2

∑

l<i

(
G

(3)
jl .(eli, eli, eli) +

√
−1G

(3)
jl .(fli, fli, fli)

)

+
1√
2

∑

l>i

(
G

(3)
jl .(eil, eil, eil) −

√
−1G

(3)
jl .(fil, fil, fil)

)

+G
(3)
jl .(Eii, Eii, Eii)

}
.

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥s ❣✐✈❡ t❤❛t

T (i, j) =
∑

lGjlG
3
li +

∑
lGjiGilGliGll

+
∑

lGjlGiiGliGll +
∑

lGjiGiiG
2
ll − 2G3

iiGji.
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❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ s✉♠
∑
U∗

ikUpj . . . t♦ ♦❜t❛✐♥✿

(z − γk)E[G̃pk] = σ2
E[tr(G)G̃pk] + δpk + κ4

2N2 E[Ã(p, k)]

− κ4
N2

∑
i,j U

∗
ikUpjE[G3

iiGji] +
∑

i,j U
∗
ikUpjOji(

1
N2 ),✭✻✳✼✵✮

✇❤❡r❡

Ã(p, k) =
∑

i,j

U∗
ikUpjA(i, j)

❛♥❞

A(i, j) =
∑

lGjlG
3
li +

∑
lGjiGilGliGll

+
∑

lGjlGiiGliGll +
∑

lGjiGiiG
2
ll.

❙✐♥❝❡ κ4
N2

∑
i,j U

∗
ikUpjG

3
iiGji = κ4

N2 (UG(G(d))3U∗)pk✱ t❤✐s t❡r♠ ✐s ♦❜✈✐♦✉s❧② ❛

O( 1
N2 )✳

▲❡t ✉s ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r Ã✿

| 1

N2
Ã(p, k)| ≤ C

|ℑz|−4

N
. ✭✻✳✼✶✮

❙✉❝❤ ❛ ❜♦✉♥❞ ❢♦r t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ A ❝❛♥ ❜❡ r❡❛❞✐❧②
❞❡❞✉❝❡❞ ❢r♦♠ ✭✻✳✶✮✳ ❲❡ ✇r✐t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ ❢♦✉rt❤ t❡r♠ ✐♥ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ A✱ t❤❡ ♦t❤❡r t✇♦ t❡r♠s ❛r❡ s✐♠✐❧❛r✿

1

N2

∑

i,j,l

U∗
ikUpjGjiGiiG

2
ll

=
1

N2

∑

l

(UGG(d)U∗)pkG
2
ll = O(

1

N
).

❲❡ ♣r♦✈❡ ♥♦✇ t❤❛t t❤❡ ❧❛st t❡r♠ ✐♥ ✭✻✳✼✵✮ ✐s ♦❢ ♦r❞❡r O( 1
N2 )✳ ❚❤✐s t❡r♠ ✐s ❛

❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠✿

κ6

N3

∑

i,j,l

U∗
ikUpjE[G

(5)
jl .(v1, . . . , v5)],

✇❤❡r❡ vu = Emn ✇✐t❤ (m,n) = (i, l) ♦r (m,n) = (l, i)✳ ❚❤❡ ✜❢t❤ ❞❡r✐✈❛t✐✈❡ ✐s
❛ ♣r♦❞✉❝t ♦❢ s✐① G✳ ■❢ t❤❡r❡ ❛r❡ G2

il ♦r GilGli ✐♥ t❤❡ ♣r♦❞✉❝t✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡
t❤❛♥❦s t♦ ▲❡♠♠❛ ✻✳✵✳✹✳ ❚❤❡ ♦♥❧② t❡r♠ ✇✐t❤♦✉t ❛♥② Gil ✐s

GjiGllGiiGllGiiGll

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥

1

N3

∑

l

(UG(G(d))2U∗)pkG
3
ll = O(

1

N2
).



✶✼✷ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s

❚❤❡ t❡r♠ ✇✐t❤ ♦♥❡ Gil ✭♦r Gli✮ ✇✐❧❧ ❛❧s♦ ❣✐✈❡ ❛ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ 1
N2 ✳ ❍❡♥❝❡

(z − γk)E[G̃pk] = σ2
E[tr(G)G̃pk] + δpk +

κ4

2N2
E[Ã(p, k)] +O(

1

N2
). ✭✻✳✼✷✮

❲❡ ♥♦✇ ❛♣♣❧② ✭✻✳✽✮ ✭♦r ✐ts ❡①t❡♥s✐♦♥ ✭✻✳✾✮✮ t♦ Φ(XN ) = GjlGqq ❛♥❞ H = Eil

❛♥❞ t❛❦❡ t❤❡ s✉♠ ✐♥ l✳ ❲❡ ♦❜t❛✐♥

zE(GjiGqq) = σ2
E(tr(G)GjiGqq) + σ2

N E[Gqi(G
2)jq] + E[Gqqδij ]

+E[(GAN )jiGqq] + κ4
2N2 E[T (i, j)Gqq]

+ κ4
2N2 E[B(i, j, q)] +Oj,i(

1
N2 ),

✇❤❡r❡ B(i, j, q) st❛♥❞s ❢♦r ❛❧❧ t❤❡ t❡r♠s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ t❤✐r❞ ❞❡r✐✈❛t✐✈❡ ♦❢

t❤❡ ♣r♦❞✉❝t (GjlGqq) ❡①❝❡♣t GqqG
(3)
jl ✳ ◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r 1

N

∑
q ♦❢ t❤❡ ❛❜♦✈❡

❡q✉❛❧✐t✐❡s t♦ ♦❜t❛✐♥✿

zE(Gjitr(G)) = σ2
E(tr(G)2Gji) + σ2

N2 E[(G3)ji] + E[tr(G)δij ]

+E[(GAN )jitr(G)] + κ4
2N2 E[T (i, j)tr(G)]

+ κ4
2N2

1
N

∑
q E[B(i, j, q)] +Oj,i(

1
N2 ).

❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ s✉♠
∑
U∗

ikUpj . . . ❛♥❞ ♦❜t❛✐♥

(z − γk)E(G̃pktr(G)) = σ2
E(tr(G)2G̃pk) + σ2

N2 E[(UG3U∗)pk]

+E[tr(G)δpk] + κ4
2N2 E[Ã(p, k)tr(G)]

+ κ4
2N2

1
N

∑
q E[B̃(p, k, q)] +O( 1

N2 ),

✇❤❡r❡
B̃(p, k, q) =

∑
U∗

ikUpjB(i, j, q)

❛♥❞ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ t❡r♠s κ4
2N2

∑
U∗

ikUpjE[(T (i, j) − A(i, j))tr(G)] ❛♥❞∑
U∗

ikUpjOj,i(
1

N2 ) r❡♠❛✐♥ ❛ O( 1
N2 ) ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ t♦ ❤❛♥❞❧❡

t❤❡ ❛♥❛❧♦❣✉❡ t❡r♠s ✐♥ ✭✻✳✼✵✮✳
◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❞ gN (z)×✭✻✳✼✵✮✿

(z − γk)E[(G̃pk(tr(G) − E[tr(G)])] =

σ2

N2
E[(UG3U∗)pk] + σ2

E[tr(G)(tr(G) − E[tr(G)])G̃pk]

+
κ4

2N2
E[Ã(p, k)(tr(G) − E[tr(G)])]

+
κ4

2N2

1

N

∑

q

E[B̃(p, k, q)] +O(
1

N2
)

❛♥❞
(z − γk − σ2gN (z))E[G̃pk(tr(G) − E[tr(G)])] =



✻✳✽ ❆♣♣❡♥❞✐① ✶✼✸

σ2
E[(tr(G) − E[tr(G)])2G̃pk] +

σ2

N2
E[(UG3U∗)pk]

+
κ4

2N2
E[Ã(p, k)(tr(G) − E[tr(G)])]

+
κ4

2N2

1

N

∑

q

E[B̃(p, k, q)] +O(
1

N2
).

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐s ♦❢ ♦r❞❡r 1
N2 ✳

❚❤✐s ✐s ♦❜✈✐♦✉s ❢♦r t❤❡ s❡❝♦♥❞ ❛♥❞ ✜rst t❡r♠ ✭s✐♥❝❡ V(tr(GN (z))) = O( 1
N2 )✮✳

◆♦✇✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t

1

N2
Ã(p, k) ≤ C|ℑz|−4

N
.

❇② ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

1

N2
E[Ã(p, k)(tr(G) − E[tr(G)])] = O(

1

N2
).

■t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❧❛st t❡r♠

1

N3

∑

q

E[B̃(p, k, q)] =
1

N3

∑

i,j,q

U∗
ikUpjE[B(i, j, q)].

❚❤✐s t❡r♠ ❝♦♥t❛✐♥s ❞❡r✐✈❛t✐✈❡s ♦❢ Gqq ♦❢ ♦r❞❡r a ✇✐t❤ a str✐❝t❧② ♣♦s✐t✐✈❡ ✭a =
1, 2, 3✮ ❛♣♣❧✐❡❞ t♦ ❛ 3✲t✉♣❧❡ (v1, v2, v3) ✇❤❡r❡ vu = Eil ♦r Eli ✭✇✐t❤ ❛ ♣r♦❞✉❝t
♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ♦r❞❡r 3−a ♦❢ Gjl✮✳ ❚❤✉s✱ t❤❡ ✐♥❞❡① q ❛♣♣❡❛rs ✐♥ B̃(p, k, q)
✉♥❞❡r t❤❡ ❢♦r♠ ♦❢ ❛ ♣r♦❞✉❝t GqmGnq ✇✐t❤ m,n ∈ {i, l}✳ ❚❤✉s✱ t❤❡ s✉♠ ✐♥
q ✇✐❧❧ ❣✐✈❡ G2

nm✳ ▼♦r❡♦✈❡r✱ t❤❡ t❡r♠ ✐♥ j ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛♣♣❡❛rs ❛s Gjm

✇✐t❤ m ∈ {i, l} ❛♥❞ ✇❡ ❝❛♥ ❞♦ t❤❡ s✉♠ ✐♥ j t♦ ♦❜t❛✐♥ (UG)pm✳ ❚❤✉s✱
1

N3

∑
q B̃(p, k, q) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 1

N3

∑
i,l ♦❢ t❡r♠s ♦❢ t❤❡ ❢♦r♠

U∗
ik(G

2)i1j1(UG)pj2Gi3j3Gi4j4 ,

✇❤❡r❡ ir, jr ∈ {i, l} ❛♥❞ j2 = l ❢♦r a = 3 ✭♥♦ ❞❡r✐✈❛t✐✈❡ ✐♥ Gjl✮✱ j4 = l ❢♦r
a < 3✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥s✱ ❡✐t❤❡r t❤❡ ♣r♦❞✉❝t G2

il ✭♦r GilGli✮
❛♣♣❡❛rs ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✻✳✵✳✹ ✭t❤❡ ♦t❤❡rs t❡r♠s ❛r❡ ❜♦✉♥❞❡❞✮✳
■♥ t❤❡ ♦t❤❡r ❝❛s❡s✱ ✇❡ ❝❛♥ ❛❧✇❛②s ♣❡r❢♦r♠ ♦♥❡ s✉♠ ✐♥ i ✭♦r l✮ ❛♥❞ ♦❜t❛✐♥
1

N3

∑
l( ♦r i) ♦❢ ❜♦✉♥❞❡❞ t❡r♠s✳ ▲❡t ✉s ❥✉st ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ t❡r♠s ✇❤✐❝❤

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✭❢♦r a = 1✮✿

U∗
ik(G

2)li(UG)plGiiGll.

❚❤❡♥✱

1

N3

∑

i,l

U∗
ik(G

2)li(UG)plGiiGll =
1

N3

∑

i

U∗
ik(UGG

(d)G2)piGii.

❚❤❡r❡❢♦r❡✱ 1
N3

∑
q E[B̃(p, k, q)] ✐s ♦❢ ♦r❞❡r 1

N2 ✳ ❚❤✐s ♣r♦✈❡s ▲❡♠♠❛ ✻✳✽✳✷ s✐♥❝❡

| 1
z−γk−σ2gN (z)

| ≤ |ℑz|−1✳ �



✶✼✹ ❈❤❛♣t❡r ✻ ✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s



❈❤❛♣t❡r ✼

▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢

❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt

♠❛tr✐❝❡s

❚❤✐s ❝❤❛♣t❡r ✐s ❛ ❥♦✐♥t ✇♦r❦ ✐♥ ♣r♦❣r❡ss ✇✐t❤ ▼✳ ❈❛♣✐t❛✐♥❡✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ✿

MN (p(N)) =
1

N
XN +AN

• XN ✐s ❛ ✇❤✐t❡ ❝♦♠♣❧❡① ❲✐s❤❛rt ♠❛tr✐① ♦❢ s✐③❡ N ✇✐t❤ p(N) ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠✳

• limN→+∞
p(N)

N = α > 0.

• AN ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞✐❛❣♦♥❛❧ ❍❡r♠✐t✐❛♥ ♠❛tr✐①✳ ❚♦ s✐♠♣❧✐❢②✱ ✇❡ ❞❡✲

♥♦t❡ ✐ts ❡✐❣❡♥✈❛❧✉❡s γ
(N)
i ❜② γi✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡

♦❢ AN ❞❡✜♥❡❞ ❜② µAN
:= 1

N

∑N
i=1 δγi

❝♦♥✈❡r❣❡s t♦ s♦♠❡ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ ν ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞ supN supi=1,...N |γ(N)
i | ≤ M ❢♦r

s♦♠❡ ❝♦♥st❛♥t M ✳ ❲❡ ❛ss✉♠❡ t❤❛t AN ❤❛s ❛ ♥✉♠❜❡r J ♦❢ ✜①❡❞ ❡✐❣❡♥✲
✈❛❧✉❡s θ1 > . . . > θJ ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ N ✱ ❡❛❝❤ θj ❤❛✈✐♥❣ ❛
✜①❡❞ ♠✉❧t✐♣❧✐❝✐t② kj ✱

∑
j kj = r ❛♥❞ AN ❤❛s N − r ❡✐❣❡♥✈❛❧✉❡s βi(N)

s✉❝❤ t❤❛t
N−r
max
i=1

dist(βi(N), suppν) −→
N→+∞

0

✇❤❡♥ ◆ ❣♦❡s t♦ ✐♥✜♥✐t②✳

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

✲ GN ❞❡♥♦t❡s t❤❡ r❡s♦❧✈❡♥t ♦❢ MN (p(N))

✶✼✺



✶✼✻ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

✲ gN t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢
MN (p(N))✱ t❤❛t ✐s

gN (z) = E(trGN (z)), z ∈ C \ R.

✲ πγ,σ ❞❡♥♦t❡s t❤❡ ▼❛r❝❤❡♥❦♦✲P❛st✉r ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs (γ, σ)
❞❡✜♥❡❞ ❜② ✭✶✳✸✮✳

✲ g̃N ❞❡♥♦t❡s t❤❡ ❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ π p(N)
N

,1
⊞

µAN
✳

✲ ❲❤❡♥ ✇❡ st❛t❡ t❤❛t s♦♠❡ q✉❛♥t✐t② ∆N (z)✱ z ∈ C \ R✱ ✐s O( 1
Np )✱ t❤✐s

♠❡❛♥s ♣r❡❝✐s❡❧② t❤❛t✿

|∆N (z)| ≤ (|z| +K)aP (|ℑz|−1)

Np

❢♦r s♦♠❡ K ≥ 0✱ a > 0 ❛♥❞ s♦♠❡ ♣♦❧②♥♦♠✐❛❧ P ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡
❝♦❡✣❝✐❡♥ts✳

✲ ❋♦r ❛♥② s❡t S ✐♥ R✱ ✇❡ ❞❡♥♦t❡ t❤❡ s❡t {x ∈ R, ❞✐st(x, S) ≤ ε} ✭r❡s♣✳
{x ∈ R, ❞✐st(x, S) < ε}✮ ❜② S + [−ε,+ε] ✭r❡s♣✳ S + (−ε,+ε)✮✳

✼✳✶ ❇❛s✐❝ t♦♦❧s

❲❡ r❡❝❛❧❧ s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♦❧✈❡♥t ✭s❡❡ ❬❑❑P✾✻❪✱ ❬❈❉▼✵✼❪✮✳

▲❡♠♠❛ ✼✳✶✳✶✳ ❋♦r ❛ N × N ❍❡r♠✐t✐❛♥ ♦r s②♠♠❡tr✐❝ ♠❛tr✐① M ✱ ❢♦r ❛♥②
z ∈ C \ Spect(M)✱ ✇❡ ❞❡♥♦t❡ ❜② G(z) := (zIN −M)−1 t❤❡ r❡s♦❧✈❡♥t ♦❢ M ✳
▲❡t z ∈ C \ R✱

✭✐✮ ‖G(z)‖ ≤ |ℑz|−1 ✇❤❡r❡ ‖.‖ ❞❡♥♦t❡s t❤❡ ♦♣❡r❛t♦r ♥♦r♠✳

✭✐✐✮ |G(z)ij | ≤ |ℑz|−1 ❢♦r ❛❧❧ i, j = 1, . . . N ✳

✭✐✐✐✮ ❋♦r p ≥ 2✱

1

N

N∑

i,j=1

|G(z)ij |p ≤ (|ℑz|−1)p. ✭✼✳✶✮

✭✐✈✮ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ M ♦❢ t❤❡ r❡s♦❧✈❡♥t G(z) s❛t✐s✜❡s✿

G′
M (z).B = G(z)BG(z) ❢♦r ❛♥② ♠❛tr✐① B.

✭✈✮ ▲❡t z ∈ C s✉❝❤ t❤❛t |z| > ‖M‖❀ ✇❡ ❤❛✈❡

‖G(z)‖ ≤ 1

|z| − ‖M‖ .



✼✳✷ ❙✉❜♦r❞✐♥❛t✐♦♥ ✶✼✼

✼✳✷ ❙✉❜♦r❞✐♥❛t✐♦♥

❚❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❢♦r t❤❡ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♣r♦❜❛✲
❜✐❧✐t② ♠❡❛s✉r❡s ♠❛② ❜❡ ♣r❡❝✐s❡❞ ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ ♠❡❛s✉r❡s ✐s ❢r❡❡❧② ✐♥✜♥✐t❡❧②
❞✐✈✐s✐❜❧❡✳ ■♥❞❡❡❞✱ ✉♥❞❡r t❤✐s ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥✱ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ♠❛♣
✐s ♦♥❡✲t♦✲♦♥❡ ✿

❚❤❡♦r❡♠ ✼✳✷✳✶✳ ❬❇✐❛✾✼❛❪ ▲❡t µ ❛♥❞ ν ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✱ µ
❜❡✐♥❣ ❢r❡❡❧② ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡✱ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ♠❛♣ ♦❢ µ ⊞ ν ✇✐t❤ r❡s♣❡❝t
t♦ ν ✐s

ων,µ(z) = z −Rµ(Gµ⊞ν(z)),∀z ∈ C
+,

❛♥❞ ✐s ❛ ❝♦♥❢♦r♠❛❧ ❜✐❥❡❝t✐♦♥ ❢r♦♠ C
+ ♦♥t♦ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ Ων,µ ⊆

C
+✳

▼♦r❡♦✈❡r✱ t❤❡ ✐♥✈❡rs❡ ♠❛♣ ♦❢ ων,µ ✐s t❤❡ r❡str✐❝t✐♦♥ t♦ Ων,µ ♦❢ t❤❡ ❛♥❛❧②t✐❝
♠❛♣ Hν,µ : C

+ −→ C ❞❡✜♥❡❞ ❜② ✿

∀z ∈ C
+, Hν,µ(z) := z +Rµ(Gν(z)).

❙✐♥❝❡ ℑHν,µ(z) ≤ ℑz ❢♦r z ∈ C
+ ❛♥❞

Hν,µ(iy)
iy −→

y→+∞
1✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❇✵✺❪

t❤❛t
Ων,µ = H−1

ν,µ(C+).

❚❤❡ ♣❛♣❡r ❬❇❇✵✺❪ ❛❧s♦ ♣r♦✈✐❞❡s t❤❡ st✉❞② ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s✉❜♦r❞✐♥❛✲
t✐♦♥ ♠❛♣ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡ ✿

❚❤❡♦r❡♠ ✼✳✷✳✷✳ ❬❇❇✵✺❪ ▲❡t µ ❛♥❞ ν ❜❡ t✇♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ R✱
µ ❜❡✐♥❣ ❢r❡❡❧② ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡✱ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ♠❛♣ ων,µ ♦❢ µ ⊞ ν ✇✐t❤
r❡s♣❡❝t t♦ ν ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ t♦ R ✇❤✐❝❤ ②✐❡❧❞s ❛ ❜✐❥❡❝t✐♦♥ ❢r♦♠
C

+ ∪ R ♦♥t♦ Ων,µ ⊆ C
+ ∪ R✳ ▼♦r❡♦✈❡r✱

• ❆ ♣♦✐♥t z ∈ C
+ ❜❡❧♦♥❣s t♦ ∂Ων,µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Hν,µ(z) ∈ R✳

• ❆ ♣♦✐♥t x ∈ R ❜❡❧♦♥❣s t♦ ∂Ων,µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❧✐♠✐t

Hν,µ(x) := lim
y↓0

Hν,µ(x+ iy)

❡①✐sts ✐♥ R ❛♥❞

H ′
ν,µ(x) := lim

y↓0
Hν,µ(x+ iy) −Hν,µ(x)

iy
∈ [0; 1[.

❲❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❛r❝❤❡♥❦♦✲P❛st✉r
❞✐str✐❜✉t✐♦♥ πγ,1 ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ τ ✱ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ♠❛♣ ♦❢
πγ,1 ⊞ τ ✇✐t❤ r❡s♣❡❝t t♦ τ ✇r✐t❡s ✿

ωτ,γ(z) = z − γ

1 −Gπγ,1⊞τ (z)
.



✶✼✽ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

❍❡♥❝❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ✿

∀z ∈ C
+, Gπγ,1⊞τ (z) = Gτ

(
z − γ

1 −Gπγ,1⊞τ (z)

)
. ✭✼✳✷✮

■♥ ♣❛rt✐❝✉❧❛r✱

∀z ∈ C
+, g̃N (z) = GµAN

(
z − p(N)

N

1

1 − g̃N (z)

)
. ✭✼✳✸✮

▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Ωτ,γ t❤❡ r❛♥❣❡ ♦❢ ωτ,γ ❛♥❞ ❜②

Hτ,γ(z) := z +
γ

1 −Gτ (z)

t❤❡ ✐♥✈❡rs❡ ♦❢ ωτ,γ ✳

✼✳✸ ❆♣♣r♦①✐♠❛t❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r gN

❲❡ ❧♦♦❦ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t❡ ❡q✉❛t✐♦♥ ❢♦r gN (z) ♦❢ t❤❡ ❢♦r♠ ✭✼✳✸✮✳ ❲❡ s❤❛❧❧
r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛ ❡st❛❜❧✐s❤❡❞ ✐♥ ❬❑♦♥✵✾❪✳

❚❤❡♦r❡♠ ✼✳✸✳✶✳ ▲❡t B ❜❡ ❛ p×N ❝♦♠♣❧❡① ●❛✉ss✐❛♥ r❛♥❞♦♠ ♠❛tr✐①

B = (bij)i=1...p,j=1...N

✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s ♦❢ ✈❛r✐❛♥❝❡ 1✱ t❤❛t ✐s s✉❝❤ t❤❛t t❤❡ r❡❛❧ r❛♥❞♦♠ ✈❛r✐✲
❛❜❧❡s ℜ(bij),ℑ(bij), 1 ≤ i ≤ p, 1 ≤ j ≤ N ❢♦r♠ ❛ ❢❛♠✐❧② ♦❢ 2pN ✐♥❞❡♣❡♥❞❡♥t
N (0, 1

2) r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
❆ss✉♠❡ t❤❛t Φ := Φ(B∗B) = (Φi,j)i,j=1,...,N ✐s ❛ N × N ❝♦♠♣❧❡① r❛♥✲
❞♦♠ ♠❛tr✐① s✉❝❤ t❤❛t ❡❛❝❤ Φij ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ B t❤r♦✉❣❤
XN = B∗B ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r i1, i2, i3, i4 = 1, . . . , N ✱
j1, j2 = 1, . . . , p ✿

E
{
|b2j1i1Φi2i3 |

}
<∞,

E

{
|bj1i1

∂Φi2i3

∂bj2i4

|
}
<∞.

❚❤❡♥✱

E [Tr(XNΦ)] = pE [TrΦ] + E
[
Tr(BT∇BΦT )

]
, ✭✼✳✹✮

✇❤❡r❡

∇B =

(
∂

∂bij

)
=

(
1

2

∂

∂(ℜbij)
−

√
−1

2

∂

∂(ℑbij)

)

i=1,...,p,j=1,...,N

.



✼✳✸ ❆♣♣r♦①✐♠❛t❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r gN ✶✼✾

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s ❤❡r❡✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② G ✭✐♥st❡❛❞ ♦❢ GN ✮ t❤❡
r❡s♦❧✈❡♥t ♦❢ MN (p(N))✿

G(z) := (zIN −MN (p(N)))−1

= (zIN −XN −AN )−1

= (zIN − 1

N
B∗B −AN )−1.

❉❡♥♦t❡ ❜② eij ✭r❡s♣✳ Eij✮ t❤❡ p×N ♠❛tr✐① ✭r❡s♣✳ N ×N ♠❛tr✐①✮ s✉❝❤ t❤❛t
(eij)lq ✭r❡s♣✳ (Eij)lq✮= δilδjq✳ ◆♦t❡ t❤❛t

∂Gql

∂bik
=

1

2N

{
G

(
B∗ ∂B

∂(ℜbik)
+

∂B∗

∂(ℜbik)
B

)
G

}

ql

−
√
−1

2N

{
G

(
B∗ ∂B

∂(ℑbik)
+

∂B∗

∂(ℑbik)
B

)
G

}

ql

=
1

2N
{G (B∗eik + e∗ikB)G}ql

−
√
−1

2N

{
G
(
B∗√−1eik −

√
−1e∗ikB

)
G
}

ql

=
1

N
{GB∗eikG}ql .

❍❡♥❝❡ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✼✳✸✳✶ ✇✐t❤ Φ = GEkk ♦♥❡ ❝❛♥ r❡❛❞✐❧② ❣❡t t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❢♦r♠✉❧❛

E((XNG)kk) = E(Gkktr(GXN )) +
p(N)

N
E(Gkk). ✭✼✳✺✮

◆♦✇ s✐♥❝❡ G s❛t✐s✜❡s XNG = −I −ANG+ zG✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✼✳✺✮ t❤❛t

E(Gkk)

{
p(N)

N
− z + γk + E(tr(GXN ))

}
= −1 − ∆k, ✭✼✳✻✮

✇❤❡r❡
∆k = E [tr(GXN )(Gkk − E(Gkk))] .

◆♦✇✱ t❛❦✐♥❣ t❤❡ s✉♠ ✐♥ k ✐♥ ✭✼✳✺✮ ✇❡ ❣❡t

E(tr(GXN )trG) − E(tr(GXN )) +
p(N)

N
gN (z) = 0. ✭✼✳✼✮

❙✐♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✽✳✹✱

E(tr(GXN )trG) = E(tr(GXN ))gN (z) +O(
1

N2
),

✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✼✮ t❤❛t

E(tr(GXN ))(1 − gN (z)) =
p(N)

N
gN (z) +O(

1

N2
)



✶✽✵ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

❛♥❞ t❤❡♥✱ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✽✳✸✱ t❤❛t

E(tr(GXN )) =
p(N)

N

gN (z)

1 − gN (z)
+O(

1

N2
). ✭✼✳✽✮

P❧✉❣❣✐♥❣ ✭✼✳✽✮ ✐♥t♦ ✭✼✳✻✮✱ ✇❡ ❣❡t

E(Gkk)

{
p(N)

N
− z + γk +

p(N)

N

gN (z)

1 − gN (z)

}
= (−1 − ∆k) +O(

1

N2
) ✭✼✳✾✮

❛♥❞ t❤❡♥

E(Gkk)

{
z − γk − p(N)

N

1

1 − gN (z)

}
= (1 + ∆k) +O(

1

N2
).

◆♦✇✱ ❢♦r ❛♥② z ∈ C
+✱ ℑ 1

1−gN (z) < 0 s♦ t❤❛t

ℑ
{
z − γk − p(N)

N

1

1 − gN (z)

}
> ℑz > 0.

❍❡♥❝❡

E(Gkk) = (1 + ∆k)
1

z − γk − p(N)
N

1
1−gN (z)

+O(
1

N2
).

❙✉♠♠✐♥❣ ♦♥ k ❛♥❞ ❞✐✈✐❞✐♥❣ ❜② N ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

gN (z) = GµAN

(
z − p(N)

N

1

1 − gN (z)

)
+ ΓN +O(

1

N2
),

✇❤❡r❡

ΓN =
1

N

N∑

k=1

∆k

z − γk − p(N)
N

1
1−gN (z)

.

▲❡♠♠❛ ✼✳✸✳✷✳

ΓN = O(
1

N2
).

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✸✳✷ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✼✳✸✳✶ ✇✐t❤ Φ = GGkk ✇❡ r❡❛❞✐❧②
❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

E (tr(XNG)Gkk) = E (tr(XNG)tr(G)Gkk)

+
p(N)

N
E (tr(G)Gkk)

+
1

N2
E
(
(GXNG

2)kk

)
. ✭✼✳✶✵✮



✼✳✸ ❆♣♣r♦①✐♠❛t❡ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r gN ✶✽✶

◆♦✇ ✭✼✳✶✵✮ ✲ E(Gkk)× ✭✼✳✼✮ ❣✐✈❡s

E (tr(XNG) (Gkk − E(Gkk))) = E (tr(XNG)tr(G) (Gkk − E(Gkk)))

+
p(N)

N
E (tr(G) (Gkk − E(Gkk)))

+
1

N2
E
(
(GXNG

2)kk

)
.

❚❤✉s✱
E (tr(XNG) (Gkk − E(Gkk))) =

E (tr(XNG) (tr(G) − E(tr(G))) (Gkk − E(Gkk)))

+
p(N)

N
E ((tr(G) − E(tr(G))) (Gkk − E(Gkk)))

+gN (z)E (tr(XNG) (Gkk − E(Gkk)))

+
1

N2
E
(
(GXNG

2)kk

)

❛♥❞
(1 − gN (z))E [tr(XNG) (Gkk − E(Gkk))] =

E [(tr(XNG) − E(tr(XNG))) (tr(G) − E(tr(G))) (Gkk − E(Gkk))]

p(N)

N
E [(tr(G) − E(tr(G))) (Gkk − E(Gkk))]

E[tr(XNG)]E ([(tr(G) − E(tr(G))) (Gkk − E(Gkk))]

1

N2
E
[
(GXNG

2)kk

)
].

◆♦✇ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✶✳✶ ✭✐✐✮ ❛♥❞ t❤❡♥ ❈❛✉❝❤② ❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ▲❡♠♠❛
✼✳✽✳✹ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t

E [(tr(XNG) − E(tr(XNG))) (tr(G) − E(tr(G))) (Gkk − E(Gkk))] =

O(
1

N2
).

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✼✳✽✮ ❛♥❞ ▲❡♠♠❛ ✼✳✶✳✶✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t

E[tr(XNG)]E [(tr(G) − E(tr(G))) (Gkk − E(Gkk))]

=
p(N)

N

1

1 − gN (z)
E [(tr(G) − E(tr(G))) (Gkk − E(Gkk))] +O(

1

N2
).

❋✐♥❛❧❧②✱ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✶✳✶✱

1

N2
E
[
(GXG2)kk

)
] ≤ 1

N2

1

|ℑz|3 E [λ1(MN ))]

≤ 1

N2

1

|ℑz|3 {E [λ1(XN ))] + ‖AN‖}



✶✽✷ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✽✳✶✱ E[λ1(XN )] ✐s ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢N ✳ ‖AN‖
✐s ❛❧s♦ ♦❜✈✐♦✉s❧② ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ N ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s
♦♥ AN ✳ ❚❤✉s

1

N2
E
[
(GXNG

2)kk

)
] = O(

1

N2
).

■t ❢♦❧❧♦✇s t❤❛t

∆k =
p(N)

N

1

(1 − gN (z))2
E [(tr(G) − E(tr(G))) (Gkk − E(Gkk))] +O(

1

N2
).

✭✼✳✶✶✮
▲❡t ✉s s❡t DN = diag(d1, . . . , dN ), ✇❤❡r❡ dk = 1

z−γk− p(N)
N

1
1−gN (z)

✳

❲❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✼✳✶✶✮ t❤❛t ΓN ✐s ❡q✉❛❧ t♦

p(N)

N(1 − gN (z))2
E [(tr(G) − E(tr(G))) (tr(DNG) − E(tr(DNG)))]

+O(
1

N2
).

■t ❢♦❧❧♦✇s t❤❛t ΓN = O( 1
N2 ) ✉s✐♥❣ ▲❡♠♠❛ ✼✳✽✳✹ ❛♥❞ ▲❡♠♠❛ ✼✳✽✳✸✳ �

❚❤✉s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✼✳✸✳✸✳ ❋♦r z ∈ C
+✱ gN (z) s❛t✐s✜❡s✿

gN (z) = GµAN

(
z − p(N)

N

1

1 − gN (z)

)
+O(

1

N2
). ✭✼✳✶✷✮

✼✳✹ ❊st✐♠❛t✐♦♥ ♦❢ gN − g̃N

Pr♦♣♦s✐t✐♦♥ ✼✳✹✳✶✳ ∀z ∈ C
+✱

gN (z) − g̃N (z) = O(
1

N2
). ✭✼✳✶✸✮

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✼✳✹✳✶✿ ❋♦r ❛ ✜①❡❞ z ∈ C
+✱ ♦♥❡ ♠❛② ✇r✐t❡ t❤❡

s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✼✳✸✮ ✿

g̃N (z) = GµAN

(
z − p(N)

N

1

1 − g̃N (z)

)
,

❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐✈❡ ♠❛tr✐❝✐❛❧ s✉❜♦r❞✐♥❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✼✳✶✷✮ ✿

gN (z) = GµAN

(
z − p(N)

N

1

1 − gN (z)

)
+O(

1

N2
).

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ s✐♠♣❧✐❢② t❤❡ ❞✐✛❡r❡♥❝❡ gN (z) − g̃N (z) ❜② ✐♥tr♦❞✉❝✐♥❣ ❛
❝♦♠♣❧❡① ♥✉♠❜❡r z′ ❧✐❦❡❧② t♦ s❛t✐s❢②

ω
µAN

,
p(N)

N

(z′) = z′ − p(N)

N

1

1 − g̃N (z′)
= z − p(N)

N

1

1 − gN (z)
. ✭✼✳✶✹✮



✼✳✹ ❊st✐♠❛t✐♦♥ ♦❢ gN − g̃N ✶✽✸

❲❡ ❦♥♦✇ ❜② ❚❤❡♦r❡♠ ✼✳✷✳✶ t❤❛t ω
µAN

,
p(N)

N

✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ C
+

♦♥t♦ Ω
µAN

,
p(N)

N

✇❤♦s❡ ✐♥✈❡rs❡ H
µAN

,
p(N)

N

❤❛s ❛♥ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ t♦ t❤❡

✇❤♦❧❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡ C
+✳

❙✐♥❝❡ z − p(N)
N

1
1−gN (z) ∈ C

+✱ z′ ∈ C ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ✿

z′ := H
µAN

,
p(N)

N

(z − p(N)

N

1

1 − gN (z)
).

❖♥❡ ❤❛s

z′ − z =
p(N)

N

1

1 −GµAN
(z − p(N)

N
1

1−gN (z))
− p(N)

N

1

1 − gN (z)

= −p(N)

N

gN (z) −GµAN

(
z − p(N)

N
1

1−gN (z)

)

(1 −GµAN
(z − p(N)

N
1

1−gN (z)))(1 − gN (z))

❇② ✭✼✳✶✷✮✱ ▲❡♠♠❛ ✼✳✽✳✷ ❛♥❞ ▲❡♠♠❛ ✼✳✽✳✸✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ P ✇✐t❤
♥♦♥ ♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t

|z′ − z| ≤ (|z| +K1)
a1
P (|ℑz|−1)

N2
.

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢

|z′ − z| ≥ |ℑz|
2
,

♦♥❡ ♦❜t❛✐♥s ✿

1 ≤ 2|ℑz|−1(|z| +K1)
a1P (|ℑz|−1)

N2
. ✭✼✳✶✺✮

■t ✐s t❤❡♥ ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t

gN (z) − g̃N (z) = O(1). ✭✼✳✶✻✮

■♥❞❡❡❞✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ✭✼✳✶✺✮ ❛♥❞ ✭✼✳✶✻✮ ❤♦❧❞✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦✲
♠✐❛❧ Q ✇✐t❤ ♥♦♥ ♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts s✉❝❤ t❤❛t

|gN (z) − g̃N (z)| ≤ (|z| +K2)
a2(|z| +K)aQ(|ℑz|−1)

≤ (|z| +K2)
a2Q(|ℑz|−1)

2|ℑz|−1(|z| +K1)
a1P (|ℑz|−1)

N2

❍❡♥❝❡✱

gN (z) − g̃N (z) = O(
1

N2
).

❚♦ ♣r♦✈❡ ✭✼✳✶✻✮✱ ♦♥❡ ♠❛② ❝❧❛✐♠ t❤❛t ❜♦t❤ gN (z) ❛♥❞ g̃N (z) ❛r❡ ❜♦✉♥❞❡❞ ❜②
1

|ℑz| ✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

|z′ − z| ≤ |ℑz|
2
,



✶✽✹ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

♦♥❡ ❤❛s ✿

|ℑz′ −ℑz| ≤ |z′ − z| ≤ |ℑz|
2

✇❤✐❝❤ ✐♠♣❧✐❡s ℑz′ ≥ ℑz
2 ❛♥❞ t❤❡r❡❢♦r❡ z′ ∈ C

+✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t

z − p(N)

N

1

1 − gN (z)
∈ H−1

µAN
,
p(N)

N

(C+) = Ω
µAN

,
p(N)

N

❛♥❞ t❤❡r❡❢♦r❡ ✭✼✳✶✹✮ ✐s s❛t✐s✜❡❞✳ ❚❤✉s✱

gN (z) − g̃N (z′) = O(
1

N2
). ✭✼✳✶✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

g̃N (z′) − g̃N (z) = (z − z′)
∫

R

d(π p(N)
N

,1
⊞ µAN

)(x)

(z′ − x)(z − x)
✭✼✳✶✽✮

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ z′ − z ❛❜♦✈❡✱ ♦♥❡ ❤❛s ✿

(z − z′)
∫

R

d(π p(N)
N

,1
⊞ µAN

)(x)

(z′ − x)(z − x)
= O(

1

N2
).

❍❡♥❝❡

g̃N (z′) − g̃N (z) = O(
1

N2
). ✭✼✳✶✾✮

❈♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✶✼✮ ❛♥❞ ✭✼✳✶✾✮ s✐♥❝❡

|gN (z) − g̃N (z)| ≤ |gN (z) − g̃N (z′)| + |g̃N (z′) − g̃N (z)|. � ✭✼✳✷✵✮

✼✳✺ ❙t✉❞② ♦❢ πp(N)
N

,1
⊞ µAN

■♥ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✼✳✷✱ ✇❡ ❞❡✜♥❡

Fτ,γ := R \ (R ∩ ∂Ωτ,γ) ∪ {x ∈ R|τ({x}) > γ}.

❘❡♠❛r❦ ✼✳✺✳✶✳ ❚❤❡ s❡t Fτ,γ ✐s ❝❧❡❛r❧② ❝❧♦s❡❞✳ ❆❝t✉❛❧❧②✱ ✐t ✐s ❛ ❝♦♠♣❛❝t
s✉❜s❡t ♦❢ R ❜❡❝❛✉s❡ ✐t ✐s ✐♥❝❧✉❞❡❞ ✐♥ {x ∈ R|dist(x, supp(τ)) ≤ √

γ + 2}✳
■♥❞❡❡❞✱ ❝♦♥s✐❞❡r x ∈ R s✉❝❤ t❤❛t dist(x, supp(τ)) >

√
γ + 2✳

❚❤❡♥✱ Gτ ✐s ❛♥❛❧②t✐❝ ❛t x 6∈ supp(τ) ❛♥❞ Gτ (x) ∈ [−1
2 ; 1

2 ] s✐♥❝❡

dist(x, supp(τ)) > 2.

■t ❢♦❧❧♦✇s t❤❛t Hτ,γ ✐s ❛♥❛❧②t✐❝ ❛♥❞ r❡❛❧✲✈❛❧✉❡❞ ❛t x✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧✐♠✐ts

lim
y↓0

Hτ,γ(x+ iy) = Hτ,γ(x),



✼✳✺ ❙t✉❞② ♦❢ π p(N)
N

,1
⊞ µAN

✶✽✺

lim
y↓0

Hτ,γ(x+ iy) −Hτ,γ(x)

iy
= H ′

τ,γ(x)

❡①✐st r❡s♣❡❝t✐✈❡❧② ✐♥ R ❛♥❞ C✳ ▼♦r❡♦✈❡r✱

H ′
τ,γ(x) = 1 +

γG′
τ (x)

(1 −Gτ (x))2
∈ R.

❙✐♥❝❡ dist(x, supp(τ)) >
√
γ + 1✱ ✇❡ ❤❛✈❡

− 1

(
√
γ + 1)2

≤ G′
τ (x) < 0

❛♥❞

0 <
1

(1 −Gτ (x))2
≤ 1

(1 − 1√
γ+1)2

,

✇❤✐❝❤ ✐♠♣❧✐❡s H ′
τ,γ(x) ∈ [0; 1[ ❛♥❞ s❤♦✇s t❤❛t x ∈ R ∩ ∂Ωτ,γ ✳

❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

▲❡♠♠❛ ✼✳✺✳✷✳

supp(τ) ⊆ Fτ,γ .

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✺✳✷✿ ❲❡ s❤♦✇ s✉❝❝❡ss✐✈❡❧② t❤❛t supp(τ sc), supp(τac)
❛♥❞ {❛t♦♠s ♦❢ τ} ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ Fτ,γ ✱ ✇❤❡r❡ τ

sc ✭r❡s♣❡❝t✐✈❡❧② τac✮ ❞❡♥♦t❡s
t❤❡ s✐♥❣✉❧❛r ❝♦♥t✐♥✉♦✉s ✭r❡s♣✳ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✮ ♣❛rt ♦❢ τ ✳
❆ss✉♠❡ t❤❛t τ sc(R \ Fτ,γ) > 0✱ ✐t ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛♥ ✉♥❝♦✉♥t❛❜❧❡ s❡t ♦❢
x ∈ R\Fτ,γ s❛t✐s❢②✐♥❣ τ({x}) = 0 ❛♥❞ limy→0+ |Gτ (x+ iy)| = +∞✳ ❋♦r s✉❝❤
x✱

Hτ,γ(x) = x

❛♥❞

lim
y→0+

|Hτ,γ(x+ iy) −Hτ,γ(x)

iy
| = +∞,

✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t x ∈ R \ Fτ,γ ✳
❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ❇♦r❡❧ s❡t O s✉❝❤ t❤❛t R\O ✐s ♥❡❣❧✐❣✐❜❧❡
❛♥❞ τac s❛t✐s✜❡s ✿

∀x ∈ O ∩ (R \ Fτ,γ),
dτac

dx
(x) = 0.

❉❡✜♥❡

O1 := {x ∈ R | Gτ ❤❛s ❛ ✜♥✐t❡ ♥♦♥t❛♥❣❡♥t✐❛❧ ❧✐♠✐t ❛t x},

O2 := {x ∈ R | lim
y→0+

ℑGτ (x+ iy) = −πdτ
ac

dx
(x)}

❛♥❞
O = O1 ∩O2,
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✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t❛r② ✐s ✐♥❞❡❡❞ ♥❡❣❧✐❣✐❜❧❡✳
❚❛❦❡ x ∈ O ∩ (R \ Fτ,γ)✳ ❚❤❡♥

lim
y→0+

Hτ,γ(x+ iy) ∈ R \ {x},

❛♥❞ ❝♦♥s❡q✉❡♥t❧② limy→0+ ℑGτ (x+ iy) = 0✳
▲❡t x ❜❡ ❛♥ ❛t♦♠ ♦❢ τ s✉❝❤ t❤❛t τ({x}) < γ✳ ❚❤❡♥

Hτ,γ(x+ iy) −→
y→0+

x,

❛♥❞
Hτ,γ(x+ iy) − x

iy
−→

y→0+
1 − γ

τ({x}) < 0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t x 6∈ R ∩ ∂Ωτ,γ ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ x ∈ Fτ,γ ✳
❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t

supp(τ̃) ⊆ Fτ,γ ,

✇❤❡r❡ τ̃ = τ −∑x∈R;τ({x})=γ γδx✳ ▲❡t x 6∈ supp(τ̃) s❛t✐s❢②✐♥❣ τ({x}) = γ✱

♦♥❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ (xn)n∈N ∈ (R \ supp(τ))N s✉❝❤ t❤❛t xn −→
n→+∞

x✳

❙✐♥❝❡ Gτ (xn) ∈ R ❛♥❞ |Gτ (xn)| −→
n→+∞

+∞✱ ❢♦r n s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ✇❡ ❤❛✈❡

Hτ,γ(xn) ∈ R✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡

Gτ (xn) =
γ

xn − x
+Gτ−γδx(x) + (xn − x)G′

τ−γδx
(x) + o(xn − x)

❛♥❞

G′
τ (xn) = − γ

(xn − x)2
+G′

τ−γδx
(x) + o(1).

❚❤✐s ✐♠♣❧✐❡s t❤❛t

(1 −Gτ (xn))2 + γG′
τ (xn) = 2γ

Gτ−γδx(x) − 1

xn − x

+(1 −Gτ−γδx(x))2 + 3γG′
τ−γδx

(x) + o(1).

■❢ Gτ−γδx(x) − 1 > 0 ✭r❡s♣✳ < 0✮✱ ✇❡ ❝❤♦♦s❡ (xn)n∈N ∈ (R \ supp(τ))N s♦
t❤❛t xn −→

n→+∞
x− ✭r❡s♣✳ x+✮ ❛♥❞

H ′
τ,γ(xn) ∼

2γ
Gτ−γδx (x)−1

xn−x

γ2

(xn−x)2

∼ 2(Gτ−γδx(x) − 1)

γ
(xn − x).
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■❢ Gτ−γδx(x) − 1 = 0✱

H ′
τ,γ(xn) ∼

3γG′
τ−γδx

(x)

γ2

(xn−x)2

∼
3G′

τ−γδx
(x)

γ
(xn − x)2.

■♥ ❡❛❝❤ ❝❛s❡✱ ❢♦r n s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ xn ∈ R \ R ∩ ∂Ωτ,γ ✱ ❛♥❞ ✜♥❛❧❧② x ∈
R \ R ∩ ∂Ωτ,γ ⊆ Fτ,γ ✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✸✳ Hτ,γ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ C1✲❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ R \ Fτ,γ

♦♥t♦ R \ supp(πγ,1 ⊞ τ)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✸✿ ❙✐♥❝❡ πγ,1 ✐s ❢r❡❡❧② ✐♥✜♥✐t❡❧② ❞✐✈✐s✐❜❧❡✱ ❜②
❚❤❡♦r❡♠ ✼✳✷✳✷✱ Hτ,γ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ r❡❛❧✲✈❛❧✉❡❞ ♦♥ R \Fτ,γ ⊆ R∩ ∂Ωτ,γ ✳
◆♦t✐❝❡ ❛❧s♦ t❤❛t 1 − Gτ ❞♦❡s ♥♦t ✈❛♥✐s❤ ♦♥ R \ Fτ,γ ✱ ♦t❤❡r✇✐s❡ Hτ,γ ✇♦✉❧❞
❡①♣❧♦❞❡✳
❙✐♥❝❡ R\Fτ,γ ⊆ R\supp(τ)✱ 1−Gτ ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ R\Fτ,γ ✱
❛♥❞ s♦ ✐s Hτ,γ ✳ ▼♦r❡♦✈❡r✱

∀x ∈ R \ Fτ,γ , H
′
τ,γ(x) = 1 − γ

(1 −Gτ (x))2

∫

R

dτ(t)

(x− t)2
≥ 0.

❚❛❦❡ x, y ∈ R \ Fτ,γ ✱ ❛♥❞ ❛ss✉♠❡ x < y✳ ❚❤❡♥

Hτ,γ(y) −Hτ,γ(x)

y − x
= 1 − γ

(1 −Gτ (x))(1 −Gτ (y))

∫

R

dτ(t)

(x− t)(y − t)
.

❆♣♣❧② ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② t♦ ❣❡t

| γ

(1 −Gτ (x))(1 −Gτ (y))

∫

R

dτ(t)

(x− t)(y − t)
|≤

( γ

(1 −Gτ (x))2

∫

R

dτ(t)

(x− t)2

) 1
2
( γ

(1 −Gτ (y))2

∫

R

dτ(t)

(y − t)2

) 1
2
,

❛♥❞ ♦❜t❛✐♥ t❤❛t Hτ,γ ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ R \ Fτ,γ ✳
❋♦r x ∈ R \ Fτ,γ ⊆ R∩ ∂Ωτ,γ ✱ x+ iy ∈ Ωτ,γ ❢♦r ❛♥② y > 0✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

∀y > 0, ωτ,γ(Hτ,γ(x+ iy)) = x+ iy.

▲❡t y t❡♥❞ t♦ 0+ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡✱ ❛♥❞ ❣❡t✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ ωτ,γ ✱

ωτ,γ(Hτ,γ(x)) = x.

❚❤✐s ❤❛s ❢♦r ❝♦♥s❡q✉❡♥❝❡ t❤❛t Hτ,γ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❢r♦♠ R \ Fτ,γ ♦♥t♦ ✐ts
✐♠❛❣❡ Hτ,γ(R \ Fτ,γ)✱ ✇❤♦s❡ ✐♥✈❡rs❡ ✐s ♣r❡❝✐s❡❧② t❤❡ r❡str✐❝t✐♦♥ ♦❢ ωτ,γ t♦
Hτ,γ(R \ Fτ,γ)✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t

Hτ,γ(R \ Fτ,γ) = R \ supp(πγ,1 ⊞ τ).
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❲❡ ✜rst s❤♦✇ t❤❡ ✐♥❝❧✉s✐♦♥

R \ supp(πγ,1 ⊞ τ) ⊆ Hτ,γ(R \ Fτ,γ).

❲❡ ❦♥♦✇ t❤❛t ωτ,γ ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❢r♦♠ R\supp(πγ,1⊞τ) ♦♥t♦ ✐ts ✐♠❛❣❡✱
✇❤✐❝❤ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ R ∩ ∂Ωτ,γ ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ωτ,γ ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠

R \ supp(πγ,1 ⊞ τ) ✐♥t♦ R \ R \ (R ∩ ∂Ωτ,γ)✳
❚❤❡ ❛t♦♠s x ♦❢ τ s❛t✐s❢②✐♥❣ τ({x}) > γ✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❛t♦♠s ♦❢ πγ,1 ⊞ τ
s❛t✐s❢②✐♥❣ ωτ,γ(x) = x✱ ❛r❡ ♥♦t ✐♥ ωτ,γ(R \ supp(πγ,1 ⊞ τ)✱ ❞✉❡ t♦ ✉♥✐✈❛❧❡♥❝❡
♦❢ ωτ,γ ♦♥ C

+ ∪ R✳ ❚❤✐s ❤❛s ❢♦r ❝♦♥s❡q✉❡♥❝❡ t❤❛t ωτ,γ ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠
R \ supp(πγ,1 ⊞ τ) ✐♥t♦ R \ Fτ,γ ✳
❙✐♥❝❡ ✐♥ ❛❞❞✐t✐♦♥ Hτ,γ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ R \ Fτ,γ ✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② x ∈ R \
supp(πγ,1 ⊞ τ)✱

x = lim
y→0+

x+ iy = lim
y→0+

Hτ,γ(ωτ,γ(x+ iy)) = Hτ,γ(ωτ,γ(x)) ∈ Hτ,γ(R \ Fτ,γ).

❚♦ ♣r♦✈❡ t❤❡ ♦t❤❡r ✐♥❝❧✉s✐♦♥

Hτ,γ(R \ Fτ,γ) ⊆ R \ supp(πγ,1 ⊞ τ),

✇❡ r❡❝❛❧❧ t❤❛t ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❡❧✵✽❪ t❤❛t t❤❡ s✐♥❣✉❧❛r ♣❛rt ♦❢ πγ,1 ⊞ τ ✐s
♣✉r❡❧② ❛t♦♠✐❝ ❛♥❞ ❤❛s s✉♣♣♦rt ❡q✉❛❧ t♦ {x ∈ R|τ({x}) > γ}✳ ■t ✐s t❤❡r❡❢♦r❡
s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❛❧ ❇♦r❡❧ s❡t O s✉❝❤ t❤❛t R \ O ✐s
♥❡❣❧✐❣✐❜❧❡ ❛♥❞

∀x ∈ O ∩Hτ,γ(R \ Fτ,γ),
d(πγ,1 ⊞ τ)ac

dx
(x) = 0.

❈♦♥s✐❞❡r

O := {x ∈ R | lim
y→0+

ℑGπγ,1⊞τ (x+ iy) = −πd(πγ,1 ⊞ τ)ac

dx
(x)},

✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t❛r② ✐s ✐♥❞❡❡❞ ♥❡❣❧✐❣✐❜❧❡✳
❋♦r x ∈ R \ Fτ,γ s✉❝❤ t❤❛t Hτ,γ(x) ∈ O✱ ❛♥❞ ❢♦r y > 0✱ ✇❡ ❞❡✜♥❡

z := ωτ,γ(Hτ,γ(x) + iy) ∈ Ωτ,γ

❚❤❡♥

Gπγ,1⊞τ (Hτ,γ(x) + iy) = Gπγ,1⊞τ (Hτ,γ(z)) = Gτ (z).

❲❤❡♥ y t❡♥❞s t♦ 0+✱ z ❣♦❡s t♦ ωτ,γ(Hτ,γ(x)) = x✳ ❲❡ ❦♥♦✇ t❤❛t Gτ ✐s
❝♦♥t✐♥✉♦✉s ❛♥❞ r❡❛❧✲✈❛❧✉❡❞ ❛t x ∈ R \Fτ,γ ⊆ R \ supp(τ)✳ ❲❡ ♠❛② t❤❡r❡❢♦r❡
❝♦♥❝❧✉❞❡ t❤❛t limy→0+ ℑGπγ,1⊞τ (Hτ,γ(x) + iy) = 0 ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳ �

❲❡ ❛❧s♦ ❞❡✜♥❡

Θ = {θi, 1 ≤ i ≤ J} ❛♥❞ Θν,πα,1 = Θ ∩ (R \ Fν,α). ✭✼✳✷✶✮
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❋✉rt❤❡r♠♦r❡ ❢♦r ❛❧❧ θi ∈ Θν,πα,1 ✱ ✇❡ ❧❡t

ρ
(α)
θi

= Hν,α(θi) = θi +
α

1 −Gν(θi)
✭✼✳✷✷✮

✇❤✐❝❤ ✐s ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ πα,1 ⊞ ν ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✸ ❛♥❞
✇❡ ❧❡t

Kν,α(θ1, . . . , θJ) := supp(πα,1 ⊞ ν)
⋃{

ρ
(α)
θi
, θi ∈ Θν,πα,1

}
. ✭✼✳✷✸✮

❚❤❡♦r❡♠ ✼✳✺✳✹✳ ❋♦r ❛♥② ε > 0✱

supp(π p(N)
N

,1
⊞ µAN

) ⊂ Kν,α(θ1, . . . , θJ) + (−ε, ε),

✇❤❡♥ N ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✺✳✹✿ ❋♦r ❛ ✜①❡❞ ε > 0✱ ✇❡ r❛t❤❡r ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛ N0 ∈ N s✉❝❤ t❤❛t✱ ❢♦r N ≥ N0✱ ✇❡ ❤❛✈❡ ✿

R \ (Kν,α(θ1, . . . , θJ) + (−ε, ε)) ⊆ R \ supp(π p(N)
N

,1
⊞ µAN

).

❲❡ ❜r❡❛❦ t❤❡ ❛r❣✉♠❡♥t ✐♥ t✇♦ ❧❡♠♠❛s✳

▲❡♠♠❛ ✼✳✺✳✺✳ ∀η > 0,∃N1 ∈ N,∀N ≥ N1✱

{u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η} ⊆ R \ F
µAN

,
p(N)

N

.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✺✳✺ ✿ ❋✐① η > 0✱ ❛♥❞ ❝❤♦♦s❡ N ′
1 ∈ N s✉❝❤ t❤❛t ✿

∀N ≥ N ′
1, max

1≤i≤N−r
dist(βi(N), supp(ν)) <

η

2
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r N ≥ N ′
1✱

{u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η} ⊆ R \ supp(µAN
)

⊆ R \ {x ∈ R|µAN
({x}) > p(N)

N
}.

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r N s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

{u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η} ⊆ ∂Ω
µAN

,
p(N)

N

,

♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❛t t❤❡r❡ ❡①✐sts N1 ≥ N ′
1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ≥ N1✱ ❛♥❞

❡❛❝❤ u ∈ R s❛t✐s❢②✐♥❣ dist(u, Fν,α ∪ Θν,πα,1) > η}✱ t❤❡ ❧✐♠✐t

H
µAN

,
p(N)

N

(u) := lim
v↓0

H
µAN

,
p(N)

N

(u+ iv)



✶✾✵ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

❡①✐sts ✐♥ R ❛♥❞

H ′
µAN

,
p(N)

N

(u) := lim
v↓0

H
µAN

,
p(N)

N

(u+ iv) −H
µAN

,
p(N)

N

(u)

iv
∈ [0; 1[.

❲❤❡♥ N ≥ N ′
1✱

{u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η} ⊆ R \ supp(µAN
),

❤❡♥❝❡ GµAN
t❛❦❡s r❡❛❧ ✈❛❧✉❡s ♦♥ {u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η}✳ ❚♦

❝♦♥❝❧✉❞❡ t❤❛t H
µAN

,
p(N)

N

(u) ∈ R✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r N s✉✣❝✐❡♥t❧②

❧❛r❣❡✱ GµAN
st❛②s ❛✇❛② ❢r♦♠ 1 ♦♥ t❤✐s s❡t✳ ❲❡ ❦♥♦✇ t❤❛t |1−Gν | ✐s ❝♦♥t✐♥✲

✉♦✉s ♣♦s✐t✐✈❡ ♦♥ R \ Fν,α✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t

K :=
{
u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) ≥ η,

dist(u, (supp(ν) ∪ Θ) + (−η
2 ; η

2 )) ≤ 2
}
.

❉❡♥♦t❡ t❤❡♥ ❜② m t❤❡ ♣♦s✐t✐✈❡ q✉❛♥t✐t② m := infK |1 − Gν | > 0✳ ❚❤❡♥✱ ❜②
✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (GµAN

)N≥N ′
1
t♦✇❛r❞ Gν ♦♥ K✱

∃N ′′
1 ≥ N ′

1,∀N ≥ N ′′
1 ,∀u ∈ K, |1 −GµAN

(u)| ≥ 1

2
m.

■❢ u ∈ {u ∈ R | dist(u, Fν,α∪Θν,πα,1) > η}\K✱ ✇❡ ♥♦t✐❝❡ t❤❛t |1−GµAN
(u)| ≥

1
2 ✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳
❖♥ R \ Fν,α✱ ✇❡ ❦♥♦✇ t❤❛t H ′

ν,πα,1
✐s ♥♦♥♥❡❣❛t✐✈❡ ❀ ✐t ✐s ❛❝t✉❛❧❧② ♣♦s✐t✐✈❡✱

s✐♥❝❡✱ ❜② t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ✭♣♦ss✐❜❧❡ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✸✮ ✐♥ t❤❡ r❡❧❛t✐♦♥

∀x ∈ R \ Fν,α, ων,α(Hν,α(x)) = x,

♦♥❡ ❣❡ts
∀x ∈ R \ Fν,α, H

′
ν,α(x)ω′

ν,α(Hν,α(x)) = 1

✇❤✐❝❤ s❤♦✇s t❤❛t H ′
ν,α ❝❛♥♥♦t ✈❛♥✐s❤ ♦♥ R \ Fν,α✳ ❇② ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡

♦❢ (H ′
µAN

,
p(N)

N

)N≥N ′
1
t♦✇❛r❞ H ′

ν,α ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t K ′ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡

♥✉♠❜❡rs u ∈ R s❛t✐s❢②✐♥❣

dist(u, Fν,α ∪ Θν,πα,1) ≥ η

❛♥❞

dist(u, (supp(ν) ∪ Θ) + (−η
2
;
η

2
)) ≤

√
sup
N∈N

p(N)

N
+ 1,

✇❡ ❣❡t ✿

∃N1 ≥ N ′′
1 ,∀N ≥ N1,∀u ∈ K ′, H ′

µAN
,
p(N)

N

(u) ∈ [0; 1[.

◆♦t✐❝❡ t❤❛t✱ ✐❢ u ∈ {u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η} \ K ′✱ ♦♥❡ ❤❛s
H ′

µAN
,
p(N)

N

(u) ∈ [0; 1[. �



✼✳✺ ❙t✉❞② ♦❢ π p(N)
N

,1
⊞ µAN

✶✾✶

▲❡♠♠❛ ✼✳✺✳✻✳ ∃η > 0,∃N2 ∈ N,∀N ≥ N2✱

R \ (Kν,α(θ1, . . . , θJ) + (−ε, ε)) ⊆

H
µAN

,
p(N)

N

({u ∈ R | dist(u, Fν,α ∪ Θν,πα,1) > η}).

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✺✳✻ ✿ ❲❡ ✇r✐t❡ t❤❡ ❝♦♠♣❛❝t s❡t Fν,α ❛s t❤❡ ✉♥✐♦♥ ♦❢
✐ts ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✿

Fν,α = ∪
1≤l≤L

[sl; tl].

❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✻✳✹✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ s❡t R \ supp(πα,1 ⊞ ν) ✐s ❡q✉❛❧ t♦

] −∞;Hν,α(s−1 )[∪ ∪
1≤l≤L−1

]Hν,α(t+l );Hν,α(s−l+1)[∪]Hν,α(t+L ); +∞[.

❚❤❡♥ t❤❡ s❡t
R \ (Kν,α(θ1, . . . , θJ) + (−ε, ε))

✐s ♦❢ t❤❡ ❢♦r♠

] −∞;h1[∪ ∪
1≤m≤L̃−1

]km;hm+1[∪]kL̃; +∞[,

✇❤❡r❡ ❡✐t❤❡r
(hm, km) = (Hν,α(s−lm) − ε,Hν,α(t+lm) + ε),

♦r
(hm, km) = (Hν,α(θim) − ε,Hν,α(θim) + ε).

❇② ❝♦♥t✐♥✉✐t② ✭♦r ❞❡✜♥✐t✐♦♥ ♦❢ ❧❡❢t✴r✐❣❤t ❧✐♠✐t✮ ♦❢ Hν,α✱ t❤❡r❡ ❡①✐sts ❛♥ η > 0
s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ 1 ≤ m ≤ L̃✱

Hν,α(slm − η) ≥ Hν,α(s−lm) − ε

2
,

Hν,α(tlm + η) ≤ Hν,α(t+lm) +
ε

2
,

Hν,α(θim − η) ≥ Hν,α(θim) − ε

2
,

Hν,α(θim + η) ≤ Hν,α(θim) +
ε

2
.

❋✐♥❛❧❧②✱ t❤❡r❡ ❡①✐sts ❛♥ N2 ∈ N s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ N ≥ N2✱

H
µAN

,
p(N)

N

(slm − η) ≥ Hν,α(slm − η) − ε

2
,

H
µAN

,
p(N)

N

(tlm + η) ≤ Hν,α(tlm + η) +
ε

2
,

H
µAN

,
p(N)

N

(θim − η) ≥ Hν,α(θim − η) − ε

2
,



✶✾✷ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

H
µAN

,
p(N)

N

(θim + η) ≤ Hν,α(θim + η) +
ε

2
.

❲❡ ❤❛✈❡ t❤✉s ♣r♦✈❡❞✱ ❢♦r N ≥ N2✱ t❤❡ r❡q✉✐r❡❞ ✐♥❝❧✉s✐♦♥✳ �

❊♥❞ ♦❢ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✺✳✹✿ ▲❡t ε > 0 ❜❡ ✜①❡❞✱ ❛♥❞ ❧❡t η > 0, N2 ∈ N

❜❡ ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✼✳✺✳✻✳ ❆♣♣❧② t❤❡♥ ▲❡♠♠❛ ✼✳✺✳✺ t♦ t❤✐s η ❛♥❞ ❧❡t N1 ∈ N

❜❡ ❣✐✈❡♥ ❜② t❤✐s ❧❡♠♠❛✳ ❙✐♥❝❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✸✱

H
µAN

,
p(N)

N

(R \ F
µAN

,
p(N)

N

) = R \ supp(π p(N)
N

,1
⊞ µAN

),

t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✼✳✺✳✹ ❤♦❧❞s ❢♦r N0 = max(N1, N2)✳ �

✼✳✻ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛♥ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ Kν,α

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❚❤❡♦r❡♠ ✼✳✻✳✶✳ ∀ε > 0✱

P(❋♦r ❧❛r❣❡ ◆,Spect(MN (p(N))) ⊂ {x,dist(x,Kν,α(θ1, . . . , θJ)) ≤ ε}) = 1.

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✻✳✶ ❚❤❡ ♣r♦♦❢ st✐❧❧ ✉s❡s t❤❡ ✐❞❡❛s ♦❢ ❬❍❚✵✺❪✳ ❯s✐♥❣ t❤❡
✐♥✈❡rs❡ ❙t✐❡❧t❥❡s tr❛♥❢♦r♠✱ ✇❡ ❣❡t r❡s♣❡❝t✐✈❡❧② t❤❛t✱ ❢♦r ❛♥② ϕ ✐♥ C∞(R,R)
✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✱

E[tr(ϕ(MN (p(N))))] −
∫

R

ϕ(x)d(µAN
⊞ π p

N
,1)(x) =

− 1

π
lim

y→0+
ℑ
∫

R

ϕ(x)rN (x+ iy)dx,

✇❤❡r❡ rN = g̃N − gN s❛t✐s✜❡s✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✼✳✹✳✶✱ ❢♦r ❛♥② z ∈
C \ R✱

|rN (z)| ≤ 1

N2
(|z| +K)αP (|ℑ(z)−1|),

❢♦r s♦♠❡ ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡rs α ❛♥❞ K ❛♥❞ s♦♠❡ ♣♦❧②♥♦♠✐❛❧ P ✳ ❲❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ t❤❡ ❆♣♣❡♥❞✐① ♦❢ ❬❈❉▼✵✼❪ ✇❤❡r❡ ✐t ✐s ♣r♦✈❡❞ ✉s✐♥❣ t❤❡ ✐❞❡❛s ♦❢
❬❍❚✵✺❪ t❤❛t

lim sup
y→0+

|
∫

R

ϕ(x)h(x+ iy)dx| ≤ C < +∞

✇❤❡♥ h ✐s ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ♦♥ C \ R ✇❤✐❝❤ s❛t✐s✜❡s

|h(z)| ≤ (|z| +K)αPk(|ℑ(z)−1|).

❍❡♥❝❡✱ ❞❡❛❧✐♥❣ ✇✐t❤ h(z) = N2rN (z)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ ❧❛r❣❡ N ✱

lim sup
y→0+

|
∫

R

ϕ(x)rN (x+ iy)dx| ≤ C

N2



✼✳✻ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐♥ ❛♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Kν,α ✶✾✸

❛♥❞ t❤❡♥

E[tr(ϕ(MN (p(N))))] −
∫
ϕ(x)d(π p(N)

N
,1

⊞ µAN
)(x) = O(

1

N2
). ✭✼✳✷✹✮

❚❤❡ ❢✉♥❝t✐♦♥ ρ ❞❡✜♥❡❞ ❜②

ρ(x) = exp{ 1

x2 − 1
} ✐❢ |x| < 1

= 0 ✐❢ |x| ≥ 1;

✐s ✐♥ C∞(R,R)✱ ✐ts s✉♣♣♦rt ✐s ✐♥❝❧✉❞❡❞ ✐♥ {|x| ≤ 1} ❛♥❞
∫

R
ρ(x)dx = 1✳

▲❡t 0 < ε < 1 ❜❡ s✉❝❤ t❤❛t 4ε ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Kν,α(θ1, . . . , θJ)✳ ❉❡✜♥❡

ρ ε
2
(x) =

2

ε
ρ(

2x

ε
),

K(ε) = {x,dist(x,Kν,α(θ1, . . . , θJ)) ≤ ε}
❛♥❞

f(ε)(x) =

∫
1IK(ε)(y)ρ ε

2
(x− y)dy.

❚❤❡ ❢✉♥❝t✐♦♥ f(ε) ✐s ✐♥ C∞(R,R)✱ f(ε) ≡ 1 ♦♥ K( ε
2)❀ ✐ts s✉♣♣♦rt ✐s ✐♥❝❧✉❞❡❞

✐♥ t❤❡ ❝♦♠♣❛❝t s❡t K(2ε)✳ ❚❤✉s✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✼✳✷✹✮✱

E[tr(f(ε)(MN (p(N))))]−
∫

R

f(ε)(x)d(π p(N)
N

,1
⊞µAN

)(x) = Oε(
1

N2
). ✭✼✳✷✺✮

❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ ψ(ε) ≡ 1 − f(ε) ❛❧s♦ s❛t✐s✜❡s

E[tr(ψ(ε)(MN (p(N))))]−
∫

R

ψ(ε)(x)d(π p(N)
N

,1
⊞µAN

)(x) = Oε(
1

N2
). ✭✼✳✷✻✮

◆♦✇✱ s✐♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✳✺✳✹✱ ❢♦r ❛❧❧ ❧❛r❣❡ N ✱ t❤❡ s✉♣♣♦rt ♦❢
π p(N)

N
,1

⊞ µAN
✐s ✐♥❝❧✉❞❡❞ ✐♥ K( ε

2) ❛♥❞ ψ(ε) ≡ 0 ♦♥ K( ε
2)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E[tr(ψ(ε)(MN (p(N))))] = Oε(
1

N2
). ✭✼✳✷✼✮

❯s✐♥❣ ●❛✉ss✐❛♥ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✭✼✳✹✷✮ ❛♥❞ ▲❡♠♠❛ ✹✳✻ ✐♥ ❬❍❚✵✺❪✱ ✇❡
❤❛✈❡

V[tr(ψ(ε)(MN (p(N))))] ≤

C

N2
E




sup
V ∈ Mp×N (C)
TrV V ∗ = 1

|tr{ψ′
(ε)(MN (p(N)))(B∗V + V ∗B)}|2



≤



✶✾✹ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

2C

N2
E

[
λ1(

BB∗

N
)tr
(
ψ

′
(ε)2(MN (p))

)]
,

t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s

|tr{ψ′
(ε)(MN (p(N)))(B∗V )}| ≤

[
tr
(
ψ

′
(ε)2(MN (p(N)))

)] 1
2
[tr{(B∗V V ∗B)]

1
2 ≤

[
tr
(
ψ

′
(ε)2(MN (p(N)))

)] 1
2 ‖BB

∗

N
‖ 1

2 [Tr{(V V ∗)]
1
2 ≤

[
tr
(
ψ

′
(ε)2(MN (p(N)))

)] 1
2

[
λ1(

BB∗

N
)

] 1
2

.

◆♦✇✱ ❜② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱

V[tr(ψ(ε)(MN (p(N))))] ≤

2C

N2
E

[
λ1(

BB∗

N
)3
] 1

3

E

[(
tr{ψ′

(ε)2(MN (p(N)))}
) 3

2

] 2
3

≤

2C

N2
E

[
λ1(

BB∗

N
)3
] 1

3

E

[
tr{|ψ′

(ε)|3(MN (p(N)))}
] 2

3
.

❙✐♥❝❡ ✇❤❡♥ ψ
′
(ε) ✈❛♥✐s❤❡s t❤❡♥ ψ(k+1)(ε) ✈❛♥✐s❤❡s t♦♦ ❢♦r ❛♥② k ≥ 0✱ |ψ′

(ε)|
✐s st✐❧❧ ❛ C∞ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt s✉❝❤ t❤❛t ψ

′
(ε) ≡ 0 ♦♥ t❤❡

s✉♣♣♦rt ♦❢ µAN
⊞ π p(N)

N
,1
✳ ❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✼✳✷✹✮ t❤❛t

E

[
tr{|ψ′

(ε)|3(MN (p(N)))}
]

= Oε(
1

N2
).

❙✐♥❝❡ ♠♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✽✳✶✱ E
[
λ1(

BB∗
N )3

]
✐s ❜♦✉♥❞❡❞ ✐♥❞❡✲

♣❡♥❞❡♥t❧② ♦❢ N ✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

V[tr(ψ(ε)(MN (p(N))))] = Oε(
1

N
10
3

). ✭✼✳✷✽✮

◆♦✇✱ s❡t

ZN,ε := tr(ψ(ε)(MN (p(N))))

❛♥❞

ΩN,ε = {ZN,ε > N−13/12}.
❋r♦♠ ✭✼✳✷✼✮ ❛♥❞ ✭✼✳✷✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E{|ZN,ε|2} = Oε(
1

N10/3
).



✼✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ✶✾✺

❍❡♥❝❡

P(ΩN,ε) ≤ N
26
12 E{|ZN,ε|2} = Oε(

1

N
14
12

).

❇② ❇♦r❡❧✲❈❛♥t❡❧❧✐ ❧❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❛❧♠♦st s✉r❡❧② ❢♦r ❛❧❧ ❧❛r❣❡ N ✱
ZN,ε ≤ N−13/12✳ ❙✐♥❝❡ ZN,ε ≥ 1IR\K(2ε)✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛❧♠♦st s✉r❡❧② ❢♦r
❛❧❧ ❧❛r❣❡ N ✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ MN (p(N)) ✇❤✐❝❤ ❛r❡ ✐♥ R \K(2ε)
✐s ❧♦✇❡r t❤❛♥ N−1/12 ❛♥❞ t❤✉s ♦❜✈✐♦✉s❧② ❤❛s t♦ ❜❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✼✳✻✳✶ ✐s ❝♦♠♣❧❡t❡✳ �

✼✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s

❘❡♠❛r❦ ✼✳✼✳✶✳ ▲❡t α ❛♥❞ α̂ ❜❡ s✉❝❤ t❤❛t α̂ < α✳ ▲❡t z ❜❡ ✐♥ C
+✳

ℑ (Hν,α̂(z) −Hν,α(z)) =
α̂− α

|1 −Gν(z)|2
ℑGν(z) > 0.

❍❡♥❝❡✱ ✐❢ Hν,α(z) ❜❡❧♦♥❣s t♦ C
+✱ s♦ ❞♦❡s Hν,α̂(z) ❛♥❞ t❤❡r❡❢♦r❡ Ων,α ⊂ Ων,α̂✳

❚❤✉s R \ Fν,α ⊂ R \ Fν,α̂ s♦ t❤❛t ✐t ♠❛❦❡s s❡♥s❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♠♣♦s✐t✐♦♥ ♦❢ ❤♦♠❡♦♠♦r♣❤✐s♠s ✿

Hν,α̂ ◦ ων,α̂ : R \Kν,α(θ1, . . . , θJ) → Hν,α̂(R \ (Fν,α ∪ Θ))

✇❤✐❝❤ ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ R\Kν,α(θ1, . . . , θJ) ❛♥❞
✇✐t❤ ✈❛❧✉❡s ✐♥ R \Kν,α(θ1, . . . , θJ)✳

▲❡♠♠❛ ✼✳✼✳✷✳ ▲❡t [a, b] ❜❡ ❛ ❝♦♠♣❛❝t s❡t ❝♦♥t❛✐♥❡❞ ✐♥ R \Kν,α(θ1, . . . , θJ)✳
❚❤❡♥✱

✭✐✮ ❋♦r ❛❧❧ ❧❛r❣❡ N ✱ [ων,α(a), ων,α(b)] ⊂ R \ Spect(AN )✳

✭✐✐✮ ❋♦r ❛❧❧ 0 < α̂ < α✱ t❤❡ ✐♥t❡r✈❛❧ [Hν,α̂(ων,α(a)), Hν,α̂(ων,α(b))] ✐s ❝♦♥✲
t❛✐♥❡❞ ✐♥ R \Kν,α̂(θ1, . . . , θJ) ❛♥❞

Hν,α̂(ων,α(b)) −Hν,α̂(ων,α(a)) ≥ b− a.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✼✳✷✿ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡✜♥❡Kε
α,J = Kν,α(θ1, . . . , θJ)+

[−ε, ε]✱ ωN = ω
µAN

,
p(N)

N

✱ FN = F
µAN

,
p(N)

N

❛♥❞ µ̃N = π p(N)
N

,1
⊞ µAN

✳ ❆s [a, b]

✐s ❛ ❝♦♠♣❛❝t s❡t✱ t❤❡r❡ ❡①✐st ε > 0 ❛♥❞ δ > 0 s✉❝❤ t❤❛t

[a− δ, b+ δ] ⊂ R \Kε
α,J ❛♥❞ d([a− δ, b+ δ];Kε

α,J) ≥ δ.

❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✳✺✳✹✱ t❤❡r❡ ❡①✐sts s♦♠❡ N0 ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧
N ≥ N0✱ supp(µ̃N ) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Kε

α,J ✳ ❚❤✉s✱ ✉s✐♥❣ ✭✻✳✹✮ ❛♥❞ s✐♥❝❡ ωN ✐s
str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [a− δ, b+ δ] ✱ ✇❡ ❤❛✈❡

∀N ≥ N0, [ωN (a− δ), ωN (b+ δ)] ⊂ R \ FN ⊂ R \ Spect(AN ). ✭✼✳✷✾✮



✶✾✻ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

❆s ων,α ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t [a−δ, b+δ] ✭s✐♥❝❡ supp(πα,1⊞

ν) ⊂ Kε
σ,J✮✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r η > 0 s✉❝❤ t❤❛t

ων,α(a− δ) ≤ ων,α(a) − η ❛♥❞ ων,α(b+ δ) ≥ ων,α(b) + η. ✭✼✳✸✵✮

◆♦✇✱ ♦♥❡ ❝❛♥ r❡❛❞✐❧② ♥♦t✐❝❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µ̃N ✇❡❛❦❧② ❝♦♥✲
✈❡r❣❡ t♦ πα,1 ⊞ ν✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ t♦ t❤❡ r❡s✉❧t r❡❝❛❧❧✐♥❣ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥s t❤❛t ❢♦r ❛❧❧ x ∈ [a − δ, b + δ]✱ ων,α(x) =

x− α
1−Gπα,1⊞ν(x) ❛♥❞ ωN (x) = x− p(N)

N
1

1−Gµ̃N
(x) ✭❛t ❧❡❛st ❢♦r ❛❧❧ N ≥ N0✮✳

■♥❞❡❡❞✱ ♦❜s❡r✈✐♥❣ t❤❛t ❢♦r ❛♥② x ✐♥ [a− δ, b+ δ]✱ t❤❡ ♠❛♣ h : t 7→ 1/(x− t) ✐s
❜♦✉♥❞❡❞ ♦♥ Kε

σ,J ♦♥❡ r❡❛❞✐❧② ❣❡t t❤❡ s✐♠♣❧❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Gµ̃N
t♦ Gπα,1⊞ν

❛s ✇❡❧❧ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜♦r❞✐♥❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❜② ❝♦♥s✐❞❡r✲
✐♥❣ ❛ ❜♦✉♥❞❡❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡ ✇✐t❤ h ♦♥ Kε

σ,J ✳ ❲❡ t❤❡♥
❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts N ′

0 ≥ N0 s✉❝❤ t❤❛t✱ ❢♦r N ≥ N ′
0✱

ωN (a− δ) ≤ ων,α(a− δ) + η ❛♥❞ ✭✼✳✸✶✮

ωN (b+ δ) ≥ ων,α(b+ δ) − η. ✭✼✳✸✷✮

❈♦♠❜✐♥✐♥❣ ✭✼✳✷✾✮✱ ✭✼✳✸✵✮ ❛♥❞ ✭✼✳✸✶✮ ♣r♦✈❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♣♦✐♥t ✭✐✮
❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ N ≥ N ′

0✳
❚❤❡ ✜rst ♣❛rt ♦❢ ✭✐✐✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ ❘❡♠❛r❦ ✼✳✼✳✶✳ ◆♦✇ s❡t a′ =

Hν,α̂(ων,α(a)) ❛♥❞ b′ = Hν,α̂(ων,α(b)) t❤❡♥

b′ − a′ = ων,α(b) − ων,α(a) + α̂
Gπα,1⊞ν(b) −Gπα,1⊞ν(a)

(1 −Gπα,1⊞ν(a))(1 −Gπα,1⊞ν(b))

≥ Hν,α(ων,α(b)) −Hν,α(ων,α(a)) = b− a,

s✐♥❝❡ Gπα,1⊞ν(b)−Gπα,1⊞ν(a) < 0 ❛♥❞ (1−Gπα,1⊞ν(a))(1−Gπα,1⊞ν(b)) > 0✳
�

▲❡t [a, b] ❜❡ ✐♥ R\Kν,α(θ1, . . . , θJ)✳ ❋r♦♠ ▲❡♠♠❛ ✼✳✼✳✷ (i)✱ ✐t ❝♦rr❡s♣♦♥❞s ❛♥
✐♥t❡r✈❛❧ I = [a′, b′] ♦✉ts✐❞❡ t❤❡ s♣❡❝tr✉♠ ♦❢ AN ✐✳❡✳ t❤❡r❡ ✐s iN ∈ {0, . . . , N}
s✉❝❤ t❤❛t

λiN+1(AN ) < ων,α(a) := a′ ❛♥❞ λiN (AN ) > ων,α(b) := b′. ✭✼✳✸✸✮

❚❤❡♦r❡♠ ✼✳✼✳✸✳ ❲✐t❤ iN s❛t✐s❢②✐♥❣ ✭✼✳✸✸✮✱ ♦♥❡ ❤❛s

P[λiN (MN ) > b, ❢♦r ❛❧❧ ❧❛r❣❡ N ] = 1. ✭✼✳✸✹✮

❚❤❡ ♣r♦♦❢ ❝❧♦s❡❧② ❢♦❧❧♦✇s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺ ✐♥ ❬❈❉❋❋✶✵❪ ❜② ✐♥✲
tr♦❞✉❝✐♥❣ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♠❛tr✐❝❡s ✐♥t❡r♣♦❧❛t✐♥❣ ❢r♦♠ MN t♦ AN ✳ ▲❡t δ ❜❡
s✉❝❤ t❤❛t

0 < δ ≤ b− a

4α
|1 −Gπα,1⊞ν(b)|. ✭✼✳✸✺✮

❙❡t ❢♦r ❛♥② k ≥ 0✱

αk =

(
1 − 1

1 + δk

)
α



✼✳✼ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ✶✾✼

❛♥❞

pk = [αkN ].

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s

M
(0)
N = AN ,

∀k ≥ 1, M
(pk)
N :=

1

N

pk∑

i=1

YiY
∗
i +AN .

❋♦r ❛❧❧ k ≥ 0✱ ❞❡✜♥❡

ak = Hν,αk
(ων,α(a)) ❛♥❞ bk = Hν,αk

(ων,α(b))

❛♥❞ s❡t

Ek = {♥♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M
(pk)
N ✐♥ [ak, bk]✱ ❢♦r ❛❧❧ ❧❛r❣❡ N}.

❇② ▲❡♠♠❛ ✼✳✼✳✷ (ii) ❛♥❞ ❚❤❡♦r❡♠ ✼✳✻✳✶✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛❧❧ k

P(Ek) = 1. ✭✼✳✸✻✮

◆♦✇✱ ✇❡ s❤❛❧❧ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t ✇✐t❤ iN s❛t✐s❢②✐♥❣ ✭✼✳✸✸✮✱ ♦♥❡ ❤❛s

P[λiN (M
(pk)
N ) > bk, ❢♦r ❛❧❧ ❧❛r❣❡ N ] = 1. ✭✼✳✸✼✮

❚❤❡ ♣r♦♦❢ ♠❛✐♥❧② r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✭❞✉❡ t♦ ❲❡②❧✮✳

▲❡♠♠❛ ✼✳✼✳✹✳ ✭❝❢✳ ❚❤❡♦r❡♠ ✹✳✸✳✼ ♦❢ ❬❍❏✾✵❪✮ ▲❡t ❇ ❛♥❞ ❈ ❜❡ t✇♦ N × N
❍❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ✐♥t❡❣❡rs j, k s✉❝❤ t❤❛t 1 ≤ j, k ≤ N ❛♥❞
j + k ≤ N + 1✱ ✇❡ ❤❛✈❡

λj+k−1(B + C) ≤ λj(B) + λk(C).

❋♦r ❛♥② ♣❛✐r ♦❢ ✐♥t❡❣❡rs j, k s✉❝❤ t❤❛t 1 ≤ j, k ≤ N ❛♥❞ j + k ≥ N + 1✱ ✇❡
❤❛✈❡

λj(B) + λk(C) ≤ λj+k−N (B + C).

✭✼✳✸✼✮ ✐s ♦❜✈✐♦✉s❧② tr✉❡ ❢♦r k = 0 s✐♥❝❡ M
(p0)
N = M

(0)
N = AN ❛♥❞ b0 =

Fν,α✳ ◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✭✼✳✸✼✮ ❤♦❧❞s tr✉❡ ❢♦r k✳ ❙✐♥❝❡

M
(pk+1)
N = M

(pk)
N +M

(pk+1−pk)
N ,

✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✼✳✼✳✹ t❤❛t✱

λiN (M
(pk+1)
N ) ≥ λiN (M

(pk)
N ) + λN (M

(pk+1−pk)
N )

> bk



✶✾✽ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

s✐♥❝❡ λN (M
(pk+1−pk)
N ) ≥ 0✳

■❢ bk ≥ bk+1✱ ✇❡ ❛r❡ ❞♦♥❡✳
◆♦✇✱ ✐❢ bk < bk+1✱ ✇❡ ❤❛✈❡ ak+1 ≤ bk s✐♥❝❡ ✉s✐♥❣ ✭✼✳✸✺✮✱ ✇❡ ❤❛✈❡ |bk−bk+1| ≤
b−a
4 ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✭✼✳✼✳✷✮✭✐✐✮ ✇❡ ❤❛✈❡ bk+1 − ak+1 ≥ b− a✳ ❚❤✉s

λiN (M
(pk+1)
N ) > ak+1✳ ❙✐♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✼✳✸✻✮✱ t❤❡r❡ ✐s ♥♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢

M
(pk+1)
N ✐♥ [ak+1, bk+1] ❢♦r N ❧❛r❣❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t λiN (M

(pk+1)
N ) > bk+1✳

❚❤✐s ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ✭✼✳✸✼✮ ❜② ✐♥❞✉❝t✐♦♥✳

◆♦✇✱ ❧❡t ✉s ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✼✳✸✳ ❙✐♥❝❡

M
(p(N))
N = M

(pk)
N +M

(p(N)−pk)
N ,

✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✼✳✼✳✹ ❛♥❞ ✭✼✳✸✼✮ t❤❛t✱

λiN (M
(p(N))
N ) ≥ λiN (M

(pk)
N ) + λN (M

(p−pk)
N )

> bk

s✐♥❝❡ λN (M
(p(N)−pk)
N ) ≥ 0✳

■❢ bk ≥ b✱ ✇❡ ❛r❡ ❞♦♥❡✳
❲❡ ❤❛✈❡

|bk − b| ≤ α− αk

|1 −Gπα,1⊞ν(b)|
=

α

(1 + δk)|1 −Gπα,1⊞ν(b)|

≤ b− a

4

❢♦r k ≥ k0✳ ❚❤✉s✱ ✐❢ bk < b✱ ✇❡ ❤❛✈❡ a ≤ bk✳ ❚❤✉s λiN (M
(p(N))
N ) > a✳ ❙✐♥❝❡

❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✳✻✳✶✱ t❤❡r❡ ✐s ♥♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M
(pk+1)
N ✐♥ [a, b] ❢♦r N

❧❛r❣❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t λiN (M
(p(N))
N ) > b✳�

❲❡ r❡❛❞✐❧② ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❈♦r♦❧❧❛r② ✼✳✼✳✺✳ ▲❡t ε > 0✳ ▲❡t ✉s ✜① u ✐♥ {Θσ,ν}✳ ▲❡t ✉s ❝❤♦♦s❡ δ > 0
s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ❢♦r ❧❛r❣❡ N ✱ [u− 2δ;u− δ] ✐s ✐♥❝❧✉❞❡❞ ✐♥ R \ Fν,α ∩
R \ Spect(AN ) ❛♥❞ |Hν,α(u − 2δ) − Hν,α(u)| < ε✳ ▲❡t iN = iN (u) ❜❡ s✉❝❤
t❤❛t

λiN (AN ) > u− δ ❛♥❞ λiN+1(AN ) < u− 2δ.

❚❤❡♥

P
[
λiN (MN ) > Hν,α(u) − ε ❢♦r ❛❧❧ ❧❛r❣❡ N

]
= 1.

❚❤❡♦r❡♠ ✼✳✼✳✻✳ ✶✮ ■❢ θ1 > tL✱ t❤❡ k1 ❡✐❣❡♥✈❛❧✉❡s (λj(MN ), 1 ≤ j ≤ k1)
❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧② ♦✉ts✐❞❡ t❤❡ s✉♣♣♦rt ♦❢ πα,1 ⊞ ν t♦✇❛r❞s ρθ1 =
Hν,α(θ1)✳



✼✳✽ ❆♣♣❡♥❞✐① ✶✾✾

✷✮ ❊❧s❡✱ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s (λj(MN )✱ 1 ≤ j ≤ k) ❝♦♥✈❡r❣❡ ❛❧♠♦st
s✉r❡❧② t♦ Hν,α(tL) ✇❤✐❝❤ ✐s t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ πα,1⊞ν✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✼✳✻✿ ✶✮ ❈♦r♦❧❧❛r② ✼✳✼✳✺ ✭❝❤♦♦s✐♥❣ u = θ1✮ ❛♥❞ ❚❤❡♦✲
r❡♠ ✼✳✻✳✶ r❡❛❞✐❧② ❣✐✈❡ ❢♦r ❛♥② ε > 0

P[ρθ1 − ε ≤ λk1(MN ) ≤ · · · ≤ λ1(MN ) ≤ ρθ1 + ε✱ ❢♦r N ❧❛r❣❡] = 1. ✭✼✳✸✽✮

❍❡♥❝❡
∀1 ≤ j ≤ k1, λj(MN )

a.s.−→
N→+∞

ρθ1 .

✷✮ ▲❡t ε > 0✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✳✻✳✶✱

P
[
λ1(MN ) < Hν,α(tL) + ε ❢♦r ❛❧❧ ❧❛r❣❡ N

]
= 1.

◆♦✇✱ ❛❧♠♦st s✉r❡❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ MN ❜❡✐♥❣ ✐♥ ]Hν,α(tL) −
ε,Hν,α(tL)] s❤♦✉❧❞ t❡♥❞ t♦ ✐♥✜♥✐t② ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❍❡♥❝❡ ✇❡ s❤♦✉❧❞
❤❛✈❡

Hν,α(tL) − ε ≤ λk1(MN ).

❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ 1 ≤ j ≤ k1✱ λj(MN )
a.s.−→

N→+∞
Hν,α(tL). �✳

✼✳✽ ❆♣♣❡♥❞✐①

▲❡♠♠❛ ✼✳✽✳✶✳ ∃K > 0✱ ∀N ✱ E

([
λ1(

B∗B
N )

]3)
< K✳

Pr♦♦❢ ■t ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛s ✐♥ ▲❡♠♠❛ ✺✳✶ ♦❢ ❬❍❚✵✺❪✱ ✉s✐♥❣ ♣r❡✈✐♦✉s r❡s✉❧ts
✐♥ ❬❍❚✵✸❪✳

▲❡♠♠❛ ✼✳✽✳✷✳ ∀z ∈ C
+✱

1

1 −µAN
(z − p

N
1

1−gN (z))
= O(1). ✭✼✳✸✾✮

1

1 − g̃N (z)
= O(1). ✭✼✳✹✵✮

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✽✳✷✿ ❲❡ ✇✐❧❧ ♦♥❧② ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ✭✼✳✸✾✮✳ ❚❤❡ ♣r♦♦❢
♦❢ ✭✼✳✹✵✮ ✐s s✐♠✐❧❛r✳
▲❡t z ∈ C

+✳
❇② ❛ss✉♠♣t✐♦♥✱

∪
N∈N∗

sp(AN) ⊆ [−M; M].

■❢ dist(z − p
N

1
1−gN (z) , [−M ;M ]) > 2✱ t❤❡♥

|GµAN
(z − p

N

1

1 − gN (z)
)| ≤ 1

2
.



✷✵✵ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

■t ❢♦❧❧♦✇s t❤❛t

| 1

1 −GµAN
(z − p

N
1

1−gN (z))
| ≤ 2.

❖t❤❡r✇✐s❡✱ ✐❢ dist(z − p
N

1
1−gN (z) , [−M ;M ]) ≤ 2✱

−ℑGµAN
(z − p

N

1

1 − gN (z)
) =

1

N

N∑

i=1

ℑ(z − p
N

1
1−gN (z))

|z − p
N

1
1−gN (z) − γi|2

≥ ℑz
(2M + 2)2

.

❙✐♥❝❡

| 1

1 −GµAN
(z − p

N
1

1−gN (z))
| ≤ 1

|ℑGµAN
(z − p

N
1

1−gN (z))|
,

✇❡ ❛r❡ ❞♦♥❡✳ �

▲❡♠♠❛ ✼✳✽✳✸✳ ∀z ∈ C
+✱

1

1 − gN (z)
= O(1). ✭✼✳✹✶✮

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✽✳✸✿ ▲❡t z ∈ C
+✱ ❛♥❞ ♥♦t✐❝❡ t❤❛t

|1 − gN (z)| ≥ |ℑ(gN (z))| = |ℑz|E
[∫

R

dµMN
(x)

|z − x|2
]
.

❖❜s❡r✈❡ t❤❛t✱ ❢♦r ❛♥② x ∈ Spect(MN )✱ ♦♥❡ ❤❛s

|z − x| ≤ |z| + ||MN || ≤ |z| + ||SN

N
|| + ||AN ||.

■t ❢♦❧❧♦✇s

|z − x|2 ≤ 3(|z|2 + ||SN

N
||2 + ||AN ||2)

❛♥❞ t❤❡♥

E

[∫

R

dµMN
(x)

|z − x|2
]

≥ E

[
1

3(|z|2 + ||SN

N ||2 + ||AN ||2)

]

≥ 1

3(|z|2 + E

[
||SN

N ||2
]

+ ||AN ||2)
.

❲❡ ❦♥♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡s E

[
||SN

N ||2
]
❛♥❞ ||AN ||2 ❛r❡ ❜♦✉♥❞❡❞✳ ❚❤❡r❡

❡①✐sts t❤✉s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K s✉❝❤ t❤❛t

E

[∫

R

dµMN
(x)

|z − x|2
]
≥ 1

3(|z| +K)2
.



✼✳✽ ❆♣♣❡♥❞✐① ✷✵✶

❋✐♥❛❧❧②✱
1

|1 − gN (z)| ≤ (|z| +K)2
3

|ℑz| ,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❲❡ ♣r❡s❡♥t ♥♦✇ t❤❡ ❞✐✛❡r❡♥t ❡st✐♠❛t❡s ♦♥ t❤❡ ✈❛r✐❛♥❝❡ ✉s❡❞ t❤r♦✉❣❤♦✉t
t❤❡ ♣❛♣❡r✳ ❚❤❡② r❡❧② ♦♥ t❤❡ ●❛✉ss✐❛♥ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✳ ▲❡t Z1, . . . , Zq

❜❡ q ✐♥❞❡♣❡♥❞❡♥t ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛r✐❛♥❝❡ σ2✳ ❋♦r ❛♥② C1

❢✉♥❝t✐♦♥ f : R
q → C s✉❝❤ t❤❛t f ❛♥❞ gradf ❛r❡ ✐♥ L2(N (0, σ2Iq))✱ ✇❡ ❤❛✈❡

V {f(Z1, . . . , Zq)} ≤ σ2
E‖(gradf)(Z1, . . . , Zq)‖2, ✭✼✳✹✷✮

❞❡♥♦t✐♥❣ ❢♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ a ❜② V(a) ✐ts ✈❛r✐❛♥❝❡ E(|a− E(a)|2)✳
▲❡♠♠❛ ✼✳✽✳✹✳

E
(
|trG− E(trG)|2

)
= O(

1

N2
).

E
(
|tr(XNG) − E(tr(XNG))|2

)
= O(

1

N2
).

▲❡t DN = diag(d1, . . . , dN ) ✇❤❡r❡ dk = 1

z−γk− p(N)
N

1
1−gN (z)

✳

E
(
|tr(DNG) − E(tr(DNG))|2

)
= O(

1

N2
).

Pr♦♦❢ ▲❡t ✉s ❞❡✜♥❡ Ψ : R
2(p×N) → Mp×N (C) ❜②

Ψ : {xij , yij , i = 1, . . . , p, j = 1, . . . , N} →
∑

i=1,...,p

∑

j=1,...,N

(
xij +

√
−1yij

)
eij .

▲❡t F ❜❡ ❛ s♠♦♦t❤ ❝♦♠♣❧❡① ❢✉♥❝t✐♦♥ ♦♥ Mp×N (C) ❛♥❞ ❞❡✜♥❡ t❤❡ ❝♦♠♣❧❡①
❢✉♥❝t✐♦♥ f ♦♥ R

2(p×N) ❜② s❡tt✐♥❣ f = F ◦ Ψ✳ ❚❤❡♥✱

‖gradf(u)‖ = sup
V ∈Mp×N (C),T rV V ∗=1

| d
dt
F (Ψ(u) + tV )|t=0|.

◆♦✇✱ B = Ψ(ℜ(bij),ℑ(bij), 1 ≤ i ≤ p, 1 ≤ j ≤ N) ✇❤❡r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
{ℜ(bij),ℑ(bij), 1 ≤ i ≤ p, 1 ≤ j ≤ N} ✐s N (0, I2pN )✳
❍❡♥❝❡ ❝♦♥s✐❞❡r F : H → tr(zIN − H∗H

N −AN )−1✳
▲❡t V ∈ Mp×N (C) s✉❝❤ t❤❛t TrV V ∗ = 1✳

d

dt
F (B + tV )|t=0 =

1

N
{tr(GV ∗BG) + tr(GB∗V G)}

▼♦r❡♦✈❡r

|tr(GV ∗BG)| ≤ 1

N
1
2

(TrV V ∗)
1
2
[
tr(B∗BG2(G∗)2)

] 1
2

≤ 1

|ℑz|2
[
λ1(

1

N
B∗B)

] 1
2

.



✷✵✷ ❈❤❛♣t❡r ✼ ✿ ▲❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐s❤❛rt ♠❛tr✐❝❡s

❲❡ ❣❡t ♦❜✈✐♦✉s❧② t❤❡ s❛♠❡ ❜♦✉♥❞ ❢♦r |tr(GB∗V G)|✳ ❚❤✉s✱

E
(
‖gradf‖2

)
≤ 4

N2
E

[
λ1(

1

N
B∗B)

]
.

❙✐♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✽✳✶✱ E
[
λ1(

1
NB

∗B)
]
✐s ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②

♦❢ N ✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜② ✭✼✳✹✷✮ t❤❛t

V(trG) = O(1/N2).

❙✐♥❝❡ DN ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ✐ts ♥♦r♠ ✐s ♦❜✈✐♦✉s❧② ❜♦✉♥❞❡❞ ❜② 1
|ℑz| ✐t ✐s

❝❧❡❛r t❤❛t ♦♥❡ ❝❛♥ ❣❡t ✐♥ t❤❡ s❛♠❡ ✇❛②

V(tr(DNG)) = O(1/N2).

◆♦✇✱ ❝♦♥s✐❞❡r F : H → tr
[

H∗H
N (zIN − H∗H

N −AN )−1
]
✳

▲❡t V ∈ Mp×N (C) ❜❡ s✉❝❤ t❤❛t TrV V ∗ = 1✳

d

dt
F (B + tV )|t=0 =

1

N
tr(V ∗BG) +

1

N
tr(B∗V G)

+
1

N
tr [B∗BG(V ∗B +B∗V )G]

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s |tr(V ∗BG)| ❛♥❞ |tr(B∗V G)| ❛r❡ ❜♦✉♥❞❡❞ ❜②
1

|ℑz|
[
λ1(

1
NB

∗B)
] 1

2 . ▼♦r❡♦✈❡r✱

| 1

N
trB∗BGV ∗BG| ≤ 1

N

1√
N

[trBGB∗BGG∗B∗BG∗B∗]
1
2

≤ 1

|ℑz|2
[
λ1(

1

N
B∗B)

] 3
2

❛♥❞ t❤❡ s❛♠❡ ❜♦✉♥❞ ♦❜✈✐♦✉s❧② ❤♦❧❞s ❢♦r | 1
N trB∗BGB∗V G|✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✽✳✶✱ E[
{
λ1(

1
NB

∗B)
}3

] ✐s ❜♦✉♥❞❡❞✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢
N ✳ ❍❡♥❝❡ t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ❛❧❧♦✇s t♦ ❝♦♥❝❧✉❞❡ t❤❛t

V(tr(XNG)) = O(1/N2). �
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❬❇❱✾✸❪ ❍❛r✐ ❇❡r❝♦✈✐❝✐ ❛♥❞ ❉❛♥ ❱♦✐❝✉❧❡s❝✉✳ ❋r❡❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ♠❡❛s✉r❡s
✇✐t❤ ✉♥❜♦✉♥❞❡❞ s✉♣♣♦rt✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳✱ ✹✷✭✸✮✿✼✸✸✕✼✼✸✱
✶✾✾✸✳

❬❇❱✾✺❪ ❍✳ ❇❡r❝♦✈✐❝✐ ❛♥❞ ❉✳ ❱♦✐❝✉❧❡s❝✉✳ ❙✉♣❡r❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❝❡♥tr❛❧
❧✐♠✐t ❛♥❞ ❢❛✐❧✉r❡ ♦❢ t❤❡ ❈r❛♠ér t❤❡♦r❡♠ ❢♦r ❢r❡❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t❡❞ ❋✐❡❧❞s✱ ✶✵✸✭✷✮✿✷✶✺✕✷✷✷✱ ✶✾✾✺✳

❬❇❱✾✽❪ ❍❛r✐ ❇❡r❝♦✈✐❝✐ ❛♥❞ ❉❛♥ ❱♦✐❝✉❧❡s❝✉✳ ❘❡❣✉❧❛r✐t② q✉❡st✐♦♥s ❢♦r ❢r❡❡
❝♦♥✈♦❧✉t✐♦♥✳ ■♥ ◆♦♥s❡❧❢❛❞❥♦✐♥t ♦♣❡r❛t♦r ❛❧❣❡❜r❛s✱ ♦♣❡r❛t♦r t❤❡♦r②✱
❛♥❞ r❡❧❛t❡❞ t♦♣✐❝s✱ ✈♦❧✉♠❡ ✶✵✹ ♦❢ ❖♣❡r✳ ❚❤❡♦r② ❆❞✈✳ ❆♣♣❧✳✱ ♣❛❣❡s
✸✼✕✹✼✳ ❇✐r❦❤ä✉s❡r✱ ❇❛s❡❧✱ ✶✾✾✽✳

❬❇❲✵✽❛❪ ❍❛r✐ ❇❡r❝♦✈✐❝✐ ❛♥❞ ❏✐✉♥✲❈❤❛✉ ❲❛♥❣✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r
♦❢ ❢r❡❡ ❛❞❞✐t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥✳ ❖♣❡r✳ ▼❛tr✐❝❡s✱ ✷✭✶✮✿✶✶✺✕✶✷✹✱ ✷✵✵✽✳

❬❇❲✵✽❜❪ ❍❛r✐ ❇❡r❝♦✈✐❝✐ ❛♥❞ ❏✐✉♥✲❈❤❛✉ ❲❛♥❣✳ ▲✐♠✐t t❤❡♦r❡♠s ❢♦r
❢r❡❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥✈♦❧✉t✐♦♥s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱
✸✻✵✭✶✶✮✿✻✵✽✾✕✻✶✵✷✱ ✷✵✵✽✳

❬❇❨✽✽❪ ❩✳ ❉✳ ❇❛✐ ❛♥❞ ❨✳ ◗✳ ❨✐♥✳ ◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s
❢♦r ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ❲✐❣♥❡r
♠❛tr✐①✳ ❆♥♥✳ Pr♦❜❛❜✳✱ ✶✻✭✹✮✿✶✼✷✾✕✶✼✹✶✱ ✶✾✽✽✳

❬❇❨✵✽❛❪ ❩✳ ❇❛✐ ❛♥❞ ❏✳✲❋✳ ❨❛♦✳ ▲✐♠✐t t❤❡♦r❡♠s ❢♦r s❛♠♣❧❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥ ❛
❣❡♥❡r❛❧✐③❡❞ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱ ❏✉♥❡ ✷✵✵✽✳

❬❇❨✵✽❜❪ ❩❤✐❞♦♥❣ ❇❛✐ ❛♥❞ ❏✐❛♥✲❢❡♥❣ ❨❛♦✳ ❈❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠s ❢♦r ❡✐❣❡♥✲
✈❛❧✉❡s ✐♥ ❛ s♣✐❦❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧✳ ❆♥♥✳ ■♥st✳ ❍❡♥r✐ P♦✐♥❝❛ré
Pr♦❜❛❜✳ ❙t❛t✳✱ ✹✹✭✸✮✿✹✹✼✕✹✼✹✱ ✷✵✵✽✳

❬❈❈✵✹❪ ▼✳ ❈❛♣✐t❛✐♥❡ ❛♥❞ ▼✳ ❈❛s❛❧✐s✳ ❆s②♠♣t♦t✐❝ ❢r❡❡♥❡ss ❜② ❣❡♥❡r❛❧✐③❡❞
♠♦♠❡♥ts ❢♦r ●❛✉ss✐❛♥ ❛♥❞ ❲✐s❤❛rt ♠❛tr✐❝❡s✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❜❡t❛
r❛♥❞♦♠ ♠❛tr✐❝❡s✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳✱ ✺✸✭✷✮✿✸✾✼✕✹✸✶✱ ✷✵✵✹✳
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❬❈❈✵✻❪ ▼✳ ❈❛♣✐t❛✐♥❡ ❛♥❞ ▼✳ ❈❛s❛❧✐s✳ ❈✉♠✉❧❛♥ts ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s
❛s ❝♦♥✈♦❧✉t✐♦♥s ♦♥ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣✳ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t❡❞
❋✐❡❧❞s✱ ✶✸✻✭✶✮✿✶✾✕✸✻✱ ✷✵✵✻✳

❬❈❈✵✼❪ ▼✳ ❈❛♣✐t❛✐♥❡ ❛♥❞ ▼✳ ❈❛s❛❧✐s✳ ❈✉♠✉❧❛♥ts ❢♦r r❛♥❞♦♠ ♠❛tr✐❝❡s
❛s ❝♦♥✈♦❧✉t✐♦♥s ♦♥ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣✳ ■■✳ ❏✳ ❚❤❡♦r❡t✳ Pr♦❜❛❜✳✱
✷✵✭✸✮✿✺✵✺✕✺✸✸✱ ✷✵✵✼✳

❬❈❉❋✵✾❪ ▼✳ ❈❛♣✐t❛✐♥❡✱ ❈✳ ❉♦♥❛t✐✲▼❛rt✐♥✱ ❛♥❞ ❉✳ ❋ér❛❧✳ ❈❡♥tr❛❧ ❧✐♠✐t t❤❡✲
♦r❡♠s ❢♦r ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s✳ ❆r❳✐✈
❡✲♣r✐♥ts✱ ▼❛r❝❤ ✷✵✵✾✳

❬❈❉❋❋✶✵❪ ▼✳ ❈❛♣✐t❛✐♥❡✱ ❈✳ ❉♦♥❛t✐✲▼❛rt✐♥✱ ❉✳ ❋ér❛❧✱ ❛♥❞ ▼✳ ❋é✈r✐❡r✳ ❋r❡❡
❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❛ s❡♠✐✲❝✐r❝✉❧❛r ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢
s♣✐❦❡❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❲✐❣♥❡r ♠❛tr✐❝❡s✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱ ❏✉♥❡
✷✵✶✵✳

❬❈❉▼✵✼❪ ▼✳ ❈❛♣✐t❛✐♥❡ ❛♥❞ ❈✳ ❉♦♥❛t✐✲▼❛rt✐♥✳ ❙tr♦♥❣ ❛s②♠♣t♦t✐❝ ❢r❡❡✲
♥❡ss ❢♦r ❲✐❣♥❡r ❛♥❞ ❲✐s❤❛rt ♠❛tr✐❝❡s✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳✱
✺✻✭✷✮✿✼✻✼✕✽✵✸✱ ✷✵✵✼✳

❬❈❉▼❋✵✾❪ ▼✳ ❈❛♣✐t❛✐♥❡✱ ❈✳ ❉♦♥❛t✐✲▼❛rt✐♥✱ ❛♥❞ ❉✳ ❋ér❛❧✳ ❚❤❡ ❧❛r❣❡st ❡✐❣❡♥✲
✈❛❧✉❡s ♦❢ ✜♥✐t❡ r❛♥❦ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❧❛r❣❡ ❲✐❣♥❡r ♠❛tr✐❝❡s✿ ❝♦♥✲
✈❡r❣❡♥❝❡ ❛♥❞ ♥♦♥✉♥✐✈❡rs❛❧✐t② ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s✳ ❆♥♥✳ Pr♦❜❛❜✳✱
✸✼✭✶✮✿✶✕✹✼✱ ✷✵✵✾✳

❬❈●✵✽❛❪ ●✳ P✳ ❈❤✐st②❛❦♦✈ ❛♥❞ ❋✳ ●öt③❡✳ ▲✐♠✐t t❤❡♦r❡♠s ✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t②
t❤❡♦r②✳ ■✳ ❆♥♥✳ Pr♦❜❛❜✳✱ ✸✻✭✶✮✿✺✹✕✾✵✱ ✷✵✵✽✳

❬❈●✵✽❜❪ ●❡♥♥❛❞✐✐ P✳ ❈❤✐st②❛❦♦✈ ❛♥❞ ❋r✐❡❞r✐❝❤ ●öt③❡✳ ▲✐♠✐t t❤❡♦r❡♠s
✐♥ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✳ ■■✳ ❈❡♥t✳ ❊✉r✳ ❏✳ ▼❛t❤✳✱ ✻✭✶✮✿✽✼✕✶✶✼✱
✷✵✵✽✳

❬❈♦❧✵✸❪ ❇❡♥♦ît ❈♦❧❧✐♥s✳ ▼♦♠❡♥ts ❛♥❞ ❝✉♠✉❧❛♥ts ♦❢ ♣♦❧②♥♦♠✐❛❧ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ♦♥ ✉♥✐t❛r② ❣r♦✉♣s✱ t❤❡ ■t③②❦s♦♥✲❩✉❜❡r ✐♥t❡❣r❛❧✱ ❛♥❞ ❢r❡❡
♣r♦❜❛❜✐❧✐t②✳ ■♥t✳ ▼❛t❤✳ ❘❡s✳ ◆♦t✳✱ ✭✶✼✮✿✾✺✸✕✾✽✷✱ ✷✵✵✸✳

❬❉❡✐✾✾❪ P✳ ❆✳ ❉❡✐❢t✳ ❖rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ r❛♥❞♦♠ ♠❛tr✐❝❡s✿ ❛
❘✐❡♠❛♥♥✲❍✐❧❜❡rt ❛♣♣r♦❛❝❤✱ ✈♦❧✉♠❡ ✸ ♦❢ ❈♦✉r❛♥t ▲❡❝t✉r❡ ◆♦t❡s ✐♥
▼❛t❤❡♠❛t✐❝s✳ ◆❡✇ ❨♦r❦ ❯♥✐✈❡rs✐t② ❈♦✉r❛♥t ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡✲
♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✾✳

❬❉❡❲✾✷❪ ❇r②❝❡ ❉❡❲✐tt✳ ❙✉♣❡r♠❛♥✐❢♦❧❞s✳ ❈❛♠❜r✐❞❣❡ ▼♦♥♦❣r❛♣❤s ♦♥
▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱
s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✶✾✾✷✳

❬❉②❦✾✸❪ ❑❡♥ ❉②❦❡♠❛✳ ❖♥ ❝❡rt❛✐♥ ❢r❡❡ ♣r♦❞✉❝t ❢❛❝t♦rs ✈✐❛ ❛♥ ❡①t❡♥❞❡❞
♠❛tr✐① ♠♦❞❡❧✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳✱ ✶✶✷✭✶✮✿✸✶✕✻✵✱ ✶✾✾✸✳
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❬❊❑✵✼❪ ◆♦✉r❡❞❞✐♥❡ ❊❧ ❑❛r♦✉✐✳ ❚r❛❝②✲❲✐❞♦♠ ❧✐♠✐t ❢♦r t❤❡ ❧❛r❣❡st ❡✐❣❡♥✲
✈❛❧✉❡ ♦❢ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❝♦♠♣❧❡① s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳
❆♥♥✳ Pr♦❜❛❜✳✱ ✸✺✭✷✮✿✻✻✸✕✼✶✹✱ ✷✵✵✼✳

❬❋❡✈✶✵❪ ▼✳ ❋❡✈r✐❡r✳ ❍✐❣❤❡r ♦r❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❢r❡❡♥❡ss✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱
❙❡♣t❡♠❜❡r ✷✵✶✵✳

❬❋✐s✸✾❪ ❘✳ ❆✳ ❋✐s❤❡r✳ ❚❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ s♦♠❡ st❛t✐st✐❝s ♦❜✲
t❛✐♥❡❞ ❢r♦♠ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s✳ ❆♥♥✳ ❊✉❣❡♥✐❝s✱ ✾✿✷✸✽✕✷✹✾✱
✶✾✸✾✳

❬❋❑✽✶❪ ❩✳ ❋ür❡❞✐ ❛♥❞ ❏✳ ❑♦♠❧ós✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ r❛♥❞♦♠ s②♠♠❡tr✐❝
♠❛tr✐❝❡s✳ ❈♦♠❜✐♥❛t♦r✐❝❛✱ ✶✭✸✮✿✷✸✸✕✷✹✶✱ ✶✾✽✶✳

❬❋◆✶✵❪ ▼❛①✐♠❡ ❋é✈r✐❡r ❛♥❞ ❆❧❡①❛♥❞r✉ ◆✐❝❛✳ ■♥✜♥✐t❡s✐♠❛❧ ♥♦♥✲❝r♦ss✐♥❣
❝✉♠✉❧❛♥ts ❛♥❞ ❢r❡❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t②♣❡ ❇✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳✱
✷✺✽✭✾✮✿✷✾✽✸✕✸✵✷✸✱ ✷✵✶✵✳

❬❋P✵✼❪ ❉❡❧♣❤✐♥❡ ❋ér❛❧ ❛♥❞ ❙❛♥❞r✐♥❡ Pé❝❤é✳ ❚❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢
r❛♥❦ ♦♥❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❧❛r❣❡ ❲✐❣♥❡r ♠❛tr✐❝❡s✳ ❈♦♠♠✳ ▼❛t❤✳
P❤②s✳✱ ✷✼✷✭✶✮✿✶✽✺✕✷✷✽✱ ✷✵✵✼✳

❬❋❙✵✽❪ ❖✳ ◆✳ ❋❡❧❞❤❡✐♠ ❛♥❞ ❙✳ ❙♦❞✐♥✳ ❆ ✉♥✐✈❡rs❛❧✐t② r❡s✉❧t ❢♦r t❤❡ s♠❛❧❧✲
❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❝❡rt❛✐♥ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ❆r❳✐✈ ❡✲
♣r✐♥ts✱ ❉❡❝❡♠❜❡r ✷✵✵✽✳

❬●❡♠✽✵❪ ❙t✉❛rt ●❡♠❛♥✳ ❆ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r t❤❡ ♥♦r♠ ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s✳
❆♥♥✳ Pr♦❜❛❜✳✱ ✽✭✷✮✿✷✺✷✕✷✻✶✱ ✶✾✽✵✳

❬●✐♥✻✺❪ ❏❡❛♥ ●✐♥✐❜r❡✳ ❙t❛t✐st✐❝❛❧ ❡♥s❡♠❜❧❡s ♦❢ ❝♦♠♣❧❡①✱ q✉❛t❡r♥✐♦♥✱ ❛♥❞
r❡❛❧ ♠❛tr✐❝❡s✳ ❏✳ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✳✱ ✻✿✹✹✵✕✹✹✾✱ ✶✾✻✺✳

❬●✐r✸✾❪ ▼✳ ❆✳ ●✐rs❤✐❝❦✳ ❖♥ t❤❡ s❛♠♣❧✐♥❣ t❤❡♦r② ♦❢ r♦♦ts ♦❢ ❞❡t❡r♠✐♥❛♥t❛❧
❡q✉❛t✐♦♥s✳ ❆♥♥✳ ▼❛t❤✳ ❙t❛t✐st✐❝s✱ ✶✵✿✷✵✸✕✷✷✹✱ ✶✾✸✾✳

❬●r❡✻✸❪ ❯❧❢ ●r❡♥❛♥❞❡r✳ Pr♦❜❛❜✐❧✐t✐❡s ♦♥ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡s✳ ❏♦❤♥ ❲✐❧❡②
✫ ❙♦♥s ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✸✳

❬❍❏✾✵❪ ❘♦❣❡r ❆✳ ❍♦r♥ ❛♥❞ ❈❤❛r❧❡s ❘✳ ❏♦❤♥s♦♥✳ ▼❛tr✐① ❛♥❛❧②s✐s✳ ❈❛♠✲
❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✵✳ ❈♦rr❡❝t❡❞ r❡♣r✐♥t ♦❢
t❤❡ ✶✾✽✺ ♦r✐❣✐♥❛❧✳

❬❍P✵✵❪ ❋✉♠✐♦ ❍✐❛✐ ❛♥❞ ❉é♥❡s P❡t③✳ ❚❤❡ s❡♠✐❝✐r❝❧❡ ❧❛✇✱ ❢r❡❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ❛♥❞ ❡♥tr♦♣②✱ ✈♦❧✉♠❡ ✼✼ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙✉r✈❡②s ❛♥❞
▼♦♥♦❣r❛♣❤s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱
✷✵✵✵✳

❬❍s✉✸✾❪ P✳ ▲✳ ❍s✉✳ ❖♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r♦♦ts ♦❢ ❝❡rt❛✐♥ ❞❡t❡r♠✐♥❛♥t❛❧
❡q✉❛t✐♦♥s✳ ❆♥♥✳ ❊✉❣❡♥✐❝s✱ ✾✿✷✺✵✕✷✺✽✱ ✶✾✸✾✳



❇✐❜❧✐♦❣r❛♣❤② ✷✵✾

❬❍❚✵✸❪ ❯✛❡ ❍❛❛❣❡r✉♣ ❛♥❞ ❙t❡❡♥ ❚❤♦r❜❥ør♥s❡♥✳ ❘❛♥❞♦♠ ♠❛tr✐❝❡s ✇✐t❤
❝♦♠♣❧❡① ●❛✉ss✐❛♥ ❡♥tr✐❡s✳ ❊①♣♦✳ ▼❛t❤✳✱ ✷✶✭✹✮✿✷✾✸✕✸✸✼✱ ✷✵✵✸✳

❬❍❚✵✺❪ ❯✛❡ ❍❛❛❣❡r✉♣ ❛♥❞ ❙t❡❡♥ ❚❤♦r❜❥ør♥s❡♥✳ ❆ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
r❛♥❞♦♠ ♠❛tr✐❝❡s✿ Ext(C∗

red(F2)) ✐s ♥♦t ❛ ❣r♦✉♣✳ ❆♥♥✳ ♦❢ ▼❛t❤✳
✭✷✮✱ ✶✻✷✭✷✮✿✼✶✶✕✼✼✺✱ ✷✵✵✺✳

❬❏♦❤✵✵❪ ❑✉rt ❏♦❤❛♥ss♦♥✳ ❙❤❛♣❡ ✢✉❝t✉❛t✐♦♥s ❛♥❞ r❛♥❞♦♠ ♠❛tr✐❝❡s✳
❈♦♠♠✳ ▼❛t❤✳ P❤②s✳✱ ✷✵✾✭✷✮✿✹✸✼✕✹✼✻✱ ✷✵✵✵✳

❬❏♦❤✵✶❛❪ ❑✉rt ❏♦❤❛♥ss♦♥✳ ❉✐s❝r❡t❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ❡♥s❡♠❜❧❡s ❛♥❞
t❤❡ P❧❛♥❝❤❡r❡❧ ♠❡❛s✉r❡✳ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✭✷✮✱ ✶✺✸✭✶✮✿✷✺✾✕✷✾✻✱
✷✵✵✶✳

❬❏♦❤✵✶❜❪ ❑✉rt ❏♦❤❛♥ss♦♥✳ ❯♥✐✈❡rs❛❧✐t② ♦❢ t❤❡ ❧♦❝❛❧ s♣❛❝✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥
❝❡rt❛✐♥ ❡♥s❡♠❜❧❡s ♦❢ ❍❡r♠✐t✐❛♥ ❲✐❣♥❡r ♠❛tr✐❝❡s✳ ❈♦♠♠✳ ▼❛t❤✳
P❤②s✳✱ ✷✶✺✭✸✮✿✻✽✸✕✼✵✺✱ ✷✵✵✶✳

❬❏♦❤✵✶❝❪ ■❛✐♥ ▼✳ ❏♦❤♥st♦♥❡✳ ❖♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡
✐♥ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❛❧②s✐s✳ ❆♥♥✳ ❙t❛t✐st✳✱ ✷✾✭✷✮✿✷✾✺✕✸✷✼✱
✷✵✵✶✳

❬❑❛r✵✼❪ ❱❧❛❞✐s❧❛✈ ❑❛r❣✐♥✳ ❆ ♣r♦♦❢ ♦❢ ❛ ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ❝❡♥tr❛❧ ❧✐♠✐t
t❤❡♦r❡♠ ❜② t❤❡ ▲✐♥❞❡❜❡r❣ ♠❡t❤♦❞✳ ❊❧❡❝tr♦♥✳ ❈♦♠♠✳ Pr♦❜❛❜✳✱
✶✷✿✸✻✕✺✵ ✭❡❧❡❝tr♦♥✐❝✮✱ ✷✵✵✼✳

❬❑❤♦✵✾❪ ❖✳ ❑❤♦r✉♥③❤✐②✳ ❍✐❣❤ ▼♦♠❡♥ts ♦❢ ▲❛r❣❡ ❲✐❣♥❡r ❘❛♥❞♦♠ ▼❛✲
tr✐❝❡s ❛♥❞ ❆s②♠♣t♦t✐❝ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❙♣❡❝tr❛❧ ◆♦r♠✳ ❆r❳✐✈
❡✲♣r✐♥ts✱ ❏✉❧② ✷✵✵✾✳

❬❑❤♦✶✵❪ ❖✳ ❑❤♦r✉♥③❤✐②✳ ❆ ❝❧❛ss ♦❢ ❡✈❡♥ ✇❛❧❦s ❛♥❞ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❤✐❣❤
♠♦♠❡♥ts ♦❢ ❧❛r❣❡ ❲✐❣♥❡r r❛♥❞♦♠ ♠❛tr✐❝❡s✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱ ▼❛②
✷✵✶✵✳

❬❑❑P✾✻❪ ❆❧❡①❡✐ ▼✳ ❑❤♦r✉♥③❤②✱ ❇♦r✐s ❆✳ ❑❤♦r✉③❤❡♥❦♦✱ ❛♥❞ ▲❡♦♥✐❞ ❆✳
P❛st✉r✳ ❆s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❧❛r❣❡ r❛♥❞♦♠ ♠❛tr✐❝❡s ✇✐t❤
✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s✳ ❏✳ ▼❛t❤✳ P❤②s✳✱ ✸✼✭✶✵✮✿✺✵✸✸✕✺✵✻✵✱ ✶✾✾✻✳

❬❑ö♥✵✺❪ ❲♦❧❢❣❛♥❣ ❑ö♥✐❣✳ ❖rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ❡♥s❡♠❜❧❡s ✐♥ ♣r♦❜❛❜✐❧✲
✐t② t❤❡♦r②✳ Pr♦❜❛❜✳ ❙✉r✈✳✱ ✷✿✸✽✺✕✹✹✼ ✭❡❧❡❝tr♦♥✐❝✮✱ ✷✵✵✺✳

❬❑♦♥✵✾❪ ❨♦s❤✐❤✐❦♦ ❑♦♥♥♦✳ ❙❤r✐♥❦❛❣❡ ❡st✐♠❛t♦rs ❢♦r ❧❛r❣❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐❝❡s ✐♥ ♠✉❧t✐✈❛r✐❛t❡ r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ♥♦r♠❛❧ ❞✐str✐❜✉✲
t✐♦♥s ✉♥❞❡r ❛♥ ✐♥✈❛r✐❛♥t q✉❛❞r❛t✐❝ ❧♦ss✳ ❏✳ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧✳✱
✶✵✵✭✶✵✮✿✷✷✸✼✕✷✷✺✸✱ ✷✵✵✾✳

❬❑r❡✼✷❪ ●✳ ❑r❡✇❡r❛s✳ ❙✉r ❧❡s ♣❛rt✐t✐♦♥s ♥♦♥ ❝r♦✐sé❡s ❞✬✉♥ ❝②❝❧❡✳ ❉✐s❝r❡t❡
▼❛t❤✳✱ ✶✭✹✮✿✸✸✸✕✸✺✵✱ ✶✾✼✷✳
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❬❑❙✾✾❪ ◆✐❝❤♦❧❛s ▼✳ ❑❛t③ ❛♥❞ P❡t❡r ❙❛r♥❛❦✳ ❘❛♥❞♦♠ ♠❛tr✐❝❡s✱ ❋r♦❜❡♥✐✉s
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