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Résumé

Dans cette thése de Doctorat, on étudie dans un premier temps les processus
d’Ornstein-Uhlenbeck & valeurs complexes (Z; = X; +iY;,t >0), on
(Xy,t > 0) et (Yi,t > 0) sont ses coordonnées cartésiennes. En prenant
le paramétre du processus d’Ornstein-Uhlenbeck égal a 0, on discute, en
particulier, le cas du mouvement brownien plan. Plus précisément, on étudie
la distribution de certains temps d’atteinte associés aux nombres de tours
autour d’un point fixé. Pour obtenir des résultats analytiques, on utilise et
on étend l'identité de Bougerol. Cette identité dit que, pour un mouvement
brownien réel (5;,t > 0), pour tout u > 0 fixé,

. (loi) A
smh(ﬂu) = 6(f0“dsexp(255))’

ol (ﬁt,t > 0) est un mouvement brownien, indépendant de (3.

Nous développons quelques identités en loi concernant les processus
d’Ornstein-Uhlenbeck & valeurs complexes, qui sont équivalentes a l'identité
de Bougerol. Ces identités nous permettent de caractériser les lois de temps
d’atteinte T? = inf{t : ; = ¢}, (c > 0) du processus continu des nombres
de tours associé au processus d’Ornstein-Uhlenbeck & valeurs complexes Z,
défini par 6; = Im( Ot dZZ: ),t > 0. De plus, on étudie la distribution du temps
aléatoire T°, =inf{t: 0, ¢ (—d,c)}, (c,d>0) et particulicrement de
T, .=inf{t:0, ¢ (—c,c)}, (c>0).

Une étude approfondie de 'identité de Bougerol montre que 1/A4,(/3), ot
Au(B) = fou ds exp(20,), considéré sous une mesure appropriée, changée a
partir de la mesure de Wiener, est infiniment divisible.

En utilisant les résultats précédents, on estime le temps de rotation
moyen, noté TRM. Ce dernier est la moyenne du premier temps pour qu'un
polymeére plan modélisé comme une collection de n cordes paramétrées par
un angle brownien fasse un tour autour d’un autre point (winding). On est




i

ainsi conduit a étudier une somme d’exponentielles i.i.d. avec un mouvement
brownien réél en argument. On montre que la position finale satisfait a une
nouvelle équation stochastique, avec un drift non-linéaire. Finalement, on
obtient une formule asymptotique pour le TRM. Le terme dominant dépend
de /n et, notablement, il dépend aussi faiblement de la configuration ini-
tiale moyenne. Nos résultats analytiques sont confirmés par des simulations
browniennes.



Abstract

In this PhD thesis, we first study the (planar) complex valued Ornstein-
Uhlenbeck processes (Z; = X, + 1Y;,t > 0), where (X;,t > 0) and (Y}, ¢ > 0)
denote its cartesian coordinates. Taking the Ornstein-Uhlenbeck parameter
equal to 0 allows to discuss in particular the planar Brownian motion case.
More precisely, we study the distribution of several first hitting times related
to the winding process around a fixed point. To obtain analytical results,
we use and extend Bougerol’s identity. This identity says that for a linear
Brownian motion (3;,t > 0), for any fixed u > 0,

(law

. ) A
sinh(Bu) =" B(f ds exp(28.))

with (/@t,t > () a Brownian motion, independent of 3.

We develop some identities in law in terms of (planar) complex valued
Ornstein-Uhlenbeck processes, which are equivalent to Bougerol’s identity.
This allows wus to characterize the laws of the hitting times

T =inf{t: 0, =c}, (¢>0) of the continuous winding processes
0, = Im( g dZZ:),t > 0 associated with our complex Ornstein-Uhlenbeck

process. Moreover, we investigate the distribution of the random

T, . =inf{t: 0, ¢ (—d,c)}, (c,d>0) and, more specifically of
T, .=inf{t:0, ¢ (—c,c)}, (c>0).

We investigate further Bougerol’s identity, and we show that 1/A,(3),
where A, () = [, dsexp(2f,), considered after a suitable measure change
from Wiener measure, is infinitely divisible.

Using the previous results, we estimate the mean rotation time (MRT)
which is the mean of the first time for a planar polymer, modeled as a collec-
tion of n rods parameterized by a Brownian angle, to wind around a point.
We are led to study the sum of i.i.d. exponentials with a one dimensional

Brownian motion in the argument. We find that the free end of the polymer

11
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satisfies a novel stochastic equation with a nonlinear time function. Finally,
we obtain an asymptotic formula for the MRT, and the leading order term de-
pends on /n and, interestingly, it also depends weakly upon the mean initial
configuration. Our analytical results are confirmed by Brownian simulations.
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Abbreviations

as(r) = argsinh(z) = log(z + V1 + 22), z € R
a.(y) = argcosh(y) = log(y + /y> — 1), y > 1
a.s.: almost sure

B.C.: boundary condition

BDG: Burkholder-Davis-Gundy inequality
BM: Brownian motion

DDS: Dambis-Dubins-Schwarz

GGC: Generalized Gamma Convolution
GOUP: generalized Ornstein-Uhlenbeck process
[.C.: initial condition

ii.d.: independent and identically distributed

L? . . . .
~: approximation in mean square (in the sense of the L?-norm)

(law)

—: convergence in law

law . . . . . . .
Uaw), equality in law (or equality in distribution)

1X



LHS: left hand side

MRT: Mean Rotation Time

MFPT: Mean First Passage Time
MMRT: Minimum Mean Rotation Time
OU: Ornstein-Uhlenbeck

OUP: Ornstein-Uhlenbeck process

ﬂ: convergence in Probability

RHS: right hand side

TRM: temps de la premiére rotation en moyenne
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Chapter 1

Introduction

1.1 Some history on Brownian motion and new
results

The conformal invariance of planar Brownian motion' has deep consequences
as to the structure of its trajectories [LeG90|. What distinguishes dimension
two from higher dimensions is that the planar BM is neighborhood recurrent,
which means that for any open domain S in the plane, in large time scales
(t — 00), the time that it spends in S tends to co. Moreover, what distin-
guishes dimension two from dimension one is that the planar BM Z does not
hit points almost surely (a.s.), for each point z in the plane (different from
the initial position Z),

P (Z = 2t > 0) = 0.

This means that if Zy # 0, Z does not visit a.s. the point 0; however, it keeps
winding around 0 infinitely often. Thus, we can define its continuous winding
process 0, = Im( (f dZZ: ),t > 0. In particular, a number of articles have been
devoted to the study of this continuous winding process (6;,t > 0): [Spi58,
Wil74, Dur82, MeY82, PiY86, LeGY87, BeW94, Yor97, PaY00, BPYO03].
More precisely, Spitzer in (1958) [Spi58| showed that 6; normalized by lngt,
converges in law, as t — oo, to a standard Cauchy variable C;, which is

When we simply write: Brownian motion, we always mean real-valued Brownian mo-
tion, starting from 0. For 2-dimensional Brownian motion, we indicate planar or complex
BM.
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called Spitzer’s law/theorem:

with:

1
P(Ciedr) /Jdv = ———, —oco<uz<o00.
(C1 )/ m(1+ 22)
Williams [Wil74], gave a non-computational proof of Spitzer’s law, based on
his "pinching method". Following this method, in order to prove Spitzer’s
law, one needs only prove the - by far - easier result that

1 aw
— O o) i,
log r t—00

where T'(r) = inf{t > 0 : |Z;] > r} [Wil74, MeY82]. Another proof of
Spitzer’s theorem was given by Durrett [Dur82]. In this article, the author
proposes a proof based on Lévy’s result on the conformal invariance of BM.
The study of the asymptotic behavior of planar BM continued with the new
idea of decomposing the continuous winding process of planar BM into a
process of big windings and a process of small windings [MeY82]. Following
[PiY86], let D, (the big domain) and D_ (the small domain) be the open
sets inside and outside the unit circle. The sign + and - indicates big and
small respectively. We define:

o= [ " 1(Z(s) € D) db,.

where 1(A) stands for the indicator of A.

The process 6, is the process of big windings and 6_ is the process of
small windings. Because the Lebesgue measure of the time spent by Z on
the unit circle is a.s. 0, there is the identity:

9204_—'_‘9_.

This decomposition describes the winding process 6 as alternating between
long stretches of time, when Z is far away from the origin in D, and 6 changes
very slowly (but significantly) with respect to 6, and small stretches of time,
when Z is in D_ approaching 0 and # changes very rapidly with respect to 6_.
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It turns out that only the very big windings and very small windings count
for the asymptotic behavior (as t — 00) of the total winding and moreover,
the windings for a very large class of two-dimensional random walks, behave
rather more like 6, than 6 [BeW94, Shi98|.

The study of two dimensional random walks and of planar BM, based
on Spitzer’s law, has been continued by several researchers [Spi64, Wie84,
Bel86, Bel89, BeF91]. Another idea used by several authors [RuH87, RuHS88,
CDMO93, Sal94] etc., was to consider the -so called- self-avoiding random walk
(a random walk that does not visit the points that it has already visited, thus
an "excluded" volume is considered in a neighborhood around the origin).
Windings of more general planar Gaussian processes remain a subject of
research [LDEHO09].

Most of the studies made up to now, concern the asymptotic behavior
of the continuous winding process of planar BM. However, there is not so
much literature concerning the first time of a winding of given amplitude
(an aspect which has many applications, for instance in Biology and more
specifically in polymers). Based on this kind of questions, this PhD thesis
is devoted to the study of several such hitting times. Finally, we give some
applications concerning planar polymers.

In Biology, the idea of modeling an ion, a molecule or a protein moving
into a compartment or a cell as a Brownian particle moving into a bounded
domain has been widely used during the last years. The narrow escape
problem (also known as "small hole theory") introduced by Schuss-Singer-
Holcman [SSHO7| gave a new direction of research in Biology and motivated
also the use of Brownian motion in the approach that we propose. More pre-
cisely, the authors study a Brownian particle moving into a bounded domain
searching a small hole (in dimensions two and three) and they give some
asymptotic formulas for the mean escape time (Mean First Passage Time
- MFPT) which represents the mean time it takes for a molecule to hit a
binding site.

In this research, we take up again the study of the first hitting times:

de’c =inf{t: 0, ¢ (—d,c)}, (¢,d > 0),

this time in relation with Bougerol’s well-known identity [Bou83, ADY97,
Yor01]: for fixed u > 0,

law

. (law) 5
sinh(B,) = ﬁ('foudsexp@ﬁs))’
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where (Bt,t > 0) is a BM, independent of 5*. In particular, it turns out that:
for fixed ¢ > 0:

(law)
QTCB = a(c)s (*)

where 3 is a BM independent of (6,,u > 0), T = inf{t : 3, = ¢}, (C}, ¢t > 0)
is a standard Cauchy process and a(c) = argsinh(c) = log (¢ + V1 + ¢2),
¢ € R. From this identity in law, we obtain a "pseudo"-Laplace transform,
an idea which was initially used in [Yor01].

The identity (%) yields yet another proof of the celebrated Spitzer theo-
rem:

2 aw
2 9, "
logt = t—oo

with the help of Williams’ "pinching method" [Wil74, MeY82].

Moreover, we study the distributions of 7 foo’c and T fc’c. In particular,
we give an explicit formula for the density function of T’ fc’c and for the first
moment of In (ch,c).

Going a little further, we develop similar results when planar Brownian
motion is replaced by a complex valued Ornstein-Uhlenbeck process. We note
that in [BeW94| there are already some discussions of windings for planar
Brownian motion using arguments related to Ornstein-Uhlenbeck processes.
Firstly, we obtain some analogue of (x) when T is replaced by TV = T =
inf{¢ : |07| = c}, the corresponding time for an Ornstein-Uhlenbeck process
7 with parameter \. Secondly, we exhibit the distribution of 7Y, More
specifically, we derive the asymptotics of £ [Tc()‘)] for A large and for A\ small.

Finally, always in relation to Bougerol’s identity, we show that 1/A.(5)
(where Ay(3) = fg dsexp(20;) is the time scale of the BM in Bougerol’s

identity), considered after a suitable measure change from Wiener measure,

1/2
P, = (W) -W, where W is Wiener measure, is infinitely divisible. More

specifically, we show that 1/A;(3) is decomposed as the sum of N? (with N
denoting a standard reduced Gaussian variable), and a subordinator which
is an increasing Lévy process (i.e. a process Y = (Y;, ¢t > 0) with Yy = 0 a.s.,
with stationary and independent increments and which is almost surely right
continuous with left limits).

*Note that, clearly, the two processes are not identical in law, as the RHS is a martin-
gale, whereas the LHS is not.
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Figure 1.1: Pinned polymer in 3D. We are interested in the first time the
polymer makes one single loop around the filament.

1.2 Elements of Biology and connection with
Stochastic Processes

Because a polymer can change its motion when it loops around a filament
(from 3 dimensions to 1 dimension), we aim to characterize the mean time
for a rotation to be completed for the first time and in particular, how it
depends on various parameters such as the polymer length, the diffusion co-
efficient or the distance from a pinned polymer end. We named this time,
the mean rotation time (MRT) and we present here some asymptotic com-
putations when the rotation occurs around a fixed filament. In dimension
two, we restrict our analysis to the planar polymer rotation around a point.
The MRT provides a quantification for the transition from a free three or two
dimensional Brownian motion to a restricted one dimensional motion, after a
rotation is completed (see Figure 1.1). In Figure 1.2 we see a simplified pic-
ture of a polymer making a loop around a filament. The 3D to 1D transition
does not require any physical binding or molecular interaction: the polymer
is simply trapped by this winding loop. This idea can be used to characterize
the transition motion of a DNA molecule or a plasmid moving inside the cell
cytoplasm. To characterize this phenomena, we propose to use a simplified
model of a polymer made by a collection of two dimensional connected rods
with random angle (Figure 1.3). We shall fix one extreme part of the poly-
mer and we propose to estimate the mean rotation time (MRT) of the rest
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Filament

Figure 1.2: A single loop of a pinned polymer in 3D. The polymer
makes one loop around the filament.

of the polymer around the origin. We shall examine how the MRT depends
on various parameters such as the diffusion constant, the number of rods
or their length. Related to this issue, another characterization is obtained
by the mean time for a polymer to loop [WiF74, PZS96]. Moreover, some
studies concerning the winding of directed polymers around each other or
around a rod have already been done [DrK96|.

Various models are available to study polymers: the Rouse model con-
sists of a collection of beads connected by springs, while more sophisti-
cated models account for bending, torsion and specific mechanical properties
[Roub3, SSS80, DoE94|. We shall consider here a very crude approximation
where a planar polymer is modeled as a collection of n rigid rods, with equal
fixed lengths [y of coordinates of their extreme points (Xg, X1, Xo,..., X,,)
(Figure 1.3) in a framework with an origin 0. We shall fix one of the polymer
end Xy = (L,0) (where L > 0) on the x-axis. The dynamics of the i-th rod is
characterized by its angle 0;(¢) with respect to the x-axis. The overall polymer
dynamics is thus characterized by the angles (01(t),05(t),...,0,(t),t > 0).
Due to the thermal collisions in the medium, each angle follows a Brownian
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X o
& X2, X,
R, ©On lo 91X 1 X, b

0 Xo 0 /\\// Xo
|

Figure 1.3: Schematic representation of a planar polymer winding
around the origin. (a)A random configuration, (b)MRT when n-th bead
reaches 2.

motion. Thus,
(d6,(t) = 2D dBy(t)
d92 (t) =V 2D dB2 (t)

k;ien(t) = V2D dB,(t),

where D is the rotational diffusion constant and (Bj(t),..., B,(t),t > 0) is
an n-dimensional Brownian motion (BM). The position of each rod can now
be obtained as

(X1(t) = L + loei®®

Xo(t) = Xy (1) + lpet®=®
2(1) 1(t) o€ (1.1>

X (t) = Xp_1(t) + Loen®,
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In particular, the moving end is given by
Xo(t) = Ll (e 4Dy =Ltlyy e
k=1

= L+l y eV2PB) (1.2)
k=1

which can be written as
X, (t) = Ry (t)e®), (1.3)

and thus ¢, (t) defines the rotation of the polymer with respect to the origin
0 and R, is the associated distance.

Thus to compute the MRT, we shall study a sum of exponentials of
Brownian motions, which usually leads to surprising computations [Yor01].
Moreover, the imaginary exponentials of Brownian motion, remains a subject
of research [GDL11].

First, we scale the space and time variables as follows:

~ L ~ t
Equation (1.2) becomes:
Xa(t) =1+ B0, (1.5)

where (Bl (),...,Bu(t), t > 0) is an n-dimensional Brownian motion (BM),
and for k = 1, ..., n, using the scaling property of Brownian motion, we have:
~ 1 (law) t ~
By(t) = ——=DB(t) =" By | —= | = Bx(t).
(0 {0 B (55 ) = Bl

Before describing our approach, we shall now discuss the initial configu-
ration of the polymer. The mean initial polymer configuration is given by

ch=F <Z ew’“(o)> : (1.6)
k=1
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where the initial angles 0;(0) are such that the polymer has not already
made a loop. In order to study the MRT, it turns out that we have to ad-
dress the same questions for an Ornstein-Uhlenbeck process and for a planar
BM (which is the subject of the first part of this PhD thesis).

The following text consists of three more chapters and an Appendix, as
follows:

e The second chapter is devoted to Stochastic processes and more pre-
cisely to the study of planar Brownian motion and of complex valued
Ornstein-Uhlenbeck processes. It reproduces more or less the follow-
ing article: "On hitting times of the winding processes of pla-
nar Brownian motion and of Ornstein-Uhlenbeck processes,
via Bougerol’s identity", S. Vakeroudis (2010), Submitted to
SIAM TVP Journal. Here, we develop some identities in law in
terms of planar complex valued Ornstein-Uhlenbeck processes (Z; =
X; + 1Y}, t > 0) including planar Brownian motion, which are equiv-
alent to the well known Bougerol identity for linear Brownian motion
(B, t > 0): for any fixed u > 0,

law

. (law) A
smh(ﬁu) = ﬂ(foudsoxp@ﬁs))’

with (ﬁAt,t > 0) a Brownian motion, independent of 3.

These identities in law for 2-dimensional processes allow us to study
the distribution of hitting times T/ = inf{t : 6, = ¢}, (¢ > 0),
T%,. = inf{t : 6, ¢ (=d,c)}, (¢c,d > 0) and more specifically of

T,. = inf{t : 6, ¢ (—c,c)}, (¢ > 0) of the continuous winding
processes 6, = Im( JCZS),t > 0 associated to complex Ornstein-

Uhlenbeck processes (Z;, s > 0).

Moreover, we show that the inverse of the new time scale of the Brown-

ian motion in Bougerol’s identity 1/A, () (with A,(5) = fot ds exp(20s)),
considered after a suitable measure change from Wiener measure, is

infinitely divisible. This is revisited in the article "On some infi-

nite divisibility properties related with Bougerol’s identity",

S. Vakeroudis (2011), In Preparation.
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e The third chapter is devoted to the biological problem of the rotation
(winding) of a planar polymer. This chapter reproduces the following
article: "The Mean First Rotation Time of a planar polymer",
S. Vakeroudis, M. Yor and D. Holcman (2010), Accepted to
Journal of Statistical Physics. First, we explain the way that we
model its 2-dimensional movement. We prove a Central Limit Theorem
and we use the results so as to prove that finally, its movement may be
approximated by an Ornstein-Uhlenbeck process with nonlinear time
function (drift). Thus, we use the results of the second chapter and
we derive an asymptotic formula for the MRT E [7,,] when the polymer
is made of n rods of equal lengths [, with the first end fixed at a
distance L from the origin and the Brownian motion is characterized
by the diffusion constant D the rotational diffusion constant. The MRT
depends on y/n and, logarithmically on the mean initial configuration
and for nly >> L and n > 3, the leading order term is given by:

1.

Vvn Cn n
Eln)l~=-——=2In|{— 08— ,
7] D |21 T +00802+Q
where ¢, = F (ZZ:1 eﬁek(o)» (0,(0),1 < k < n) is the sequence
of the initial angles and ) = 9.54,
2. for a stretched initial configuration

Bln)~ 20

n

(In(n) +@Q),

3. and for an average over uniformly distributed initial angles

B~ Y0,

where @ = 9.62.

Finally, we confirm our analytical results with Brownian simulations.

e The fourth chapter gives some perspectives for further research and ex-
tensions that we may obtain in both areas of Mathematics and Biology.
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e Finally, in the Appendix, we give a table with Bougerol’s identity and
other equivalent expressions, we show (by explicit calculations) that
log(v/z++/1+ x) and (log(v/T++/1 + z))? are Bernstein functions, we
give the proof of Theorem 3.2.1 and, by supposing that 6, is a reflected
Brownian motion in [0, 27|, we calculate and use its probability density
function to provide a more accurate estimation of the MRT.

We note that the chapters of this PhD thesis are more or less independent
of each other.
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Chapter 2

On hitting times of the winding
processes of planar Brownian
motion and of
Ornstein-Uhlenbeck processes, via
Bougerol’s identity.

2.1 The Brownian motion case

2.1.1 A reminder on planar Brownian motion

Let (Z; = X;+iY;,t > 0) denote a standard planar Brownian motion, starting
from xy + i0, 29 > 0, where (X;,t > 0) and (Y}, ¢t > 0) are two independent
linear Brownian motions, starting respectively from zy and 0.

As is well known [[tMKG65]|, since zg # 0, (Z;,t > 0) does not visit a.s.
the point 0 but keeps winding around 0 infinitely often. In particular, the
continuous winding process 6, = Im( Ot dZZ:),t > 0 is well defined.
Furthermore, there is the skew product representation:

. b dZ, .
log | Z;| + 0, = / 7 = (Bu + ivu)
0 S

(2.1)

_ t ds )
£7J0 2,2

u=

where (8, + iy, u > 0) is another planar Brownian motion starting from
log zp + i0 (for further study of the Bessel clock H, see [Yor80]).

13
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(a) Y; ) (b) Yy

Figure 2.1: Exit times for a planar BM. This Figure presents the Exit
times (a) T/ (t; doesn’t count because the angle is negative) and (b) 177,
for a planar BM starting from zq + 0.

Rewriting (2.1) as:

IOg ‘Zt‘ = /6Ht; et = VH;> (22)

we easily obtain that the two o-fields o{|Z;|,t > 0} and o{f,,u > 0} are
identical, whereas (7,,u > 0) is independent from (|Z;|,t > 0).

A number of studies of the properties of the first hitting time (see Figure
2.1(b))

chhc =inf{t: 0, ¢ (—d,c)}, (¢,d>0),

have been developed [Spi58].
In particular, it is well known [Spi58, Bur77| and [ReY99| (Ex. 2.21/page
196), that:

E[(T?;.)] <oo ifandonlyif p< et d) (2.3)
Moreover, once again,Spitzer’s asymptotic theorem [Spi58| states that:
29t (law) (law)
logt o 1 T (24)

where (' is a standard Cauchy variable.
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2.1.2 On the Laplace transform of the distribution of
the hitting time 7% = T

—00,¢
Now, we use the representation (2.2) to access the distribution of TY (see
Figure 2.1(a)). We define T} = inf{t : v ¢ (—o00,¢)} the hitting time
associated to the Brownian motion (v, ¢ > 0). Note that:

from (2.2), Hye = T2, hence T? = H* ‘ , where
¢ u=Ty

H ' =inf{t: H >u} = /Ou dsexp(20;) == Au(B). (2.5)

From now on, we shall use A instead of A(f3).Thus, we have obtained:
T? = Ap, (2.6)

where (A,,u > 0) and T are independent, since 3 and ~ are independent.
We can write: (3, = (logxg) + B9 with (ﬁgo),s > 0) a standard one-
dimensional Brownian motion starting from 0. Then, we deduce from (2.6)

that:
T
T = 22 </ ds exp(2ﬂ§0))> . (2.7)
0

From now on, for simplicity, we shall take xz, = 1, but this is really no
restriction, as the dependency in xy, which is exhibited in (2.7), is very
simple.

We shall also make use of Bougerol’s identity [Bou83, ADY97| and [Yor01]
(p. 200), which is very useful to study the distribution of A, (e.g. [MaY98,
MaYO05]). For any fixed u > 0,

(law

sinh(3,) ) Ba, = ﬁ(fo" ds exp(285)) 5 (2.8)

where on the right hand side, (Bmﬁ > 0) is a Brownian motion, independent
of A, = [ dsexp(25,).

Thus, from (2.8) and (2.6), and as is well known [ReY99], the law of (7 is
the Cauchy law with parameter ¢, i.e., with density:

he(y)

B c
(e 4y’

we deduce that:
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Proposition 2.1.1 For fized ¢ > 0, there is the following identity in law:

sinh(C,) "2 B, (2.9)

where, on the left hand side, (Ce,c > 0) denotes a standard Cauchy process
and on the right hand side, ((,,u > 0) is a one-dimensional BM, independent
from T?.

We may now identify the densities of the variables found on both sides of
(2.9), i.e
on the left hand side: ﬁhc(arg sinhz) = \/ﬁhc(a(x)) ;

[N

on the right hand side: £ {\/;W—Tg exp (—2?5)]7

where a(z) = argsinh(z).
Thus, we have obtained the following:

Proposition 2.1.2 The distribution of T is characterized by:

1 c >0

b VItz (2 +log*(yr +V1I+1x)) v

1 oxo [ — T
/21 T? P\ ary
(2.10)

The proof of Proposition 2.1.2 follows from: a(y) = argsinh(y) = log(y +
\/1+y?) and by making the change of variable y*> = z. Let us now define

the probability:
T
=,/=—c-P.
Qe ’/2Tf c

The fact that Q. is a probability follows from (2.10) by taking x = 0. Thus
we obtain that ¢ E[\/7/2T%] = 1, and we may write:

x 1 1
E _ )| = Yo >0, (2,11
oo (om)| - TR e

which yields the Laplace transform of 1/T¢ under Q..
Let us now take a look at what happens if we make ¢ — oco. If we denote
by T = inf{t : 3, = 1} the first hitting time of level 1 for a standard BM
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(3 and by N a standard Gaussian variable A/(0,1), from equation (2.11), we
obtain:

lim Eq, [e‘x/QTcB] =F (e_xNQ/Q) =F (e‘x/QTlﬁ) , (2.12)

(law)

which means that : T? — Tﬁ (At this point, one may wonder whether

there is some kind of convergence in law involving (6,,u > 0), under Q., as
¢ — 00, but, we shall not touch this point).

From Proposition 2.1.2 we deduce the following:

Corollary 2.1.3 Let ¢(x) denote the Laplace transform of Proposition 2.1.2
i.e. the expression on the right hand side of (2.10), which is the Laplace
transform of 1/2TY under Q.. Then, the Laplace transform of 1/2T° under

P is:
E¢wp<—£é)wzém j@xwwg (2.13)

Proof of Corollary 2.1.3 From Fubini’s theorem, we deduce from (2.11)

that:
x < dy 1 T+y
E — _ Y g _rTy
{exp( 2T£)] ' \f /27 exp( 2T£’)

= ‘/ ——ww+w

= f/ a1+ 1)

which is formula (2.13).
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2.1.3 Some related identities in law

This subsection is strongly related to [DuY11].

A slightly different look at the combination of Bougerol’s identity (2.8) and
the skew-product representation (2.1) leads to the following striking identities
in law:

Proposition 2.1.4 Let (0,,u > 0) be a 1-dimensional Brownian motion
independent of the planar Brownian motion (Z,,u > 0), starting from 1.
Then, for any b > 0, the following identities in law hold:

(law) (law)

: . ooy 7 Ua
() Hyg =" Toyy ()05 =" Cay  (iid) 5 =" |Cay,

where Cy is a Cauchy variable with parameter A and 6, = SUP<y, Os-

Remark 2.1.5 All the expressions which are equivalent to Bougerol’s iden-
tity and are used and proved in this PhD thesis are given in a table in the
Appendiz A.1.

Proof of Proposition 2.1.4 From the symmetry principle ([And87| for the
original Note and [Gal08] for a detailed discussion), Bougerol’s identity may
be equivalently stated as:

. = law) <=
sinh(3,) ‘2 54,5 (2.14)

Consequently, the laws of the first hitting times of a fixed level b by the
processes on each side of (2.14) are identical, that is:

g (law)
Tawy = M
which is (i).
(ii) follows from (i) since:
law
Hu ( = ) VHy»
with (s, s > 0) a Brownian motion independent of (H,,u > 0) and (C,, u >

0) may be represented as (s, u > 0).
(iii) follows from (ii), again with the help of the symmetry principle.
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Remark 2.1.6 (It may be skipped by the reader)

Proposition 2.1.2 may be derived from (iii) in Proposition 2.1.4. Indeed, for
¢ > 0, we have: on the LHS of (i) (let N ~ N(0,1) with N independent
from T?):

P(bg<c) = P(L<T)) = P(b<dp)
— P(b< T3|N|)
= P b <|N|>
T?
- \/2E / dye_yQ/zl, (2.15)
™ [T

and on the RHS of (iii):

© ab)dy  y=a@yn 2 /C/“@ dh
P(|c, =2 — 22 R Z .
(| ol < C) /0 m(a?(b) + y?) T Jo 1+ h?

Taking derivatives in (2.15) and (2.16) with respect to b and changing the
variables b = /x, we obtain Proposition 2.1.2.

(2.16)

2.1.4 Recovering Spitzer’s theorem

The identity (ii) in Proposition 2.1.4 is reminiscent of Williams’ remark
[Wil74, MeY82|, that:

Hyr (law) T8

(2.17)
where here R starts from 1 and § starts from 0 (in fact, this is a consequence
of (2.2) ). For a number of variants of (2.17) [Yor85, MaY08|. This was
D. Williams’ starting point for a non-computational proof of Spitzer’s result
(2.4). We note that in (ii), 7 is independent of the process (6,,u > 0)
while in (2.17) % depends on (6,,u > 0). Actually, we can mimic Williams’
"pinching method" to derive Spitzer’s theorem (2.4) from (ii) in Proposition
2.1.4.
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Proposition 2.1.7 (A new proof of Spitzer’s theorem)
Ast — o0, eTff — 6, converges in law, which implies that:
t

1 (P)

which, in turn, implies Spitzer’s theorem (see formula (2.4) ):

2 aw
9, " ¢,
logt = t—oo

Proof of Proposition 2.1.7 From equation (ii) of Proposition 2.1.4 we
note:

1, taw) Cop) (aw) o
logh logb b—oo

So, taking b = v/t we have:

2 aw
) (law)

Togt U7 i 1

On the other hand, following Williams’ "pinching method" idea, we note
that:

1 aw
L <9Ta _ et) Uow) .
lOgt Vit t—o00

since Z, = xg + ZISO) and also, as we change variables u = tv, we use the
scaling property to obtain:

T T 77(0)
t dZu aw L dZv
HT‘S —etEIm /\/_ ulm / — ] -
Vit ¢ Zu t—o0 1 Z1()0)

Here, the limit variable is -in our opinion- of no other interest than its exis-
tence which implies (2.18), hence (2.4).
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2.1.5 On the distributions of T/ =77, and T,
Proposition 2.1.8 Asymptotically, for t — oo, we have:
(logt) P(T? > t) = (4¢) /7 . (2.19)

As a consequence, forn > 0, E[(logT?)1] < oo if and only if n < 1 (where
(1)1 denotes the positive part).

Proof of Proposition 2.1.8 We shall rely upon the asymptotic distribution
of H, = [! %, which is given by [ReY99]:

01z

4H, (law) .
o ;)2 — TP = inf{t: 8, = 1}, (2.20)

or equivalently:
logt (taw)
2/ H; t—o0

where N is a standard Gaussian variable N(0, 1).
We note that, from representation (2.2) of 6, the result (2.20) is equivalent
to Spitzer’s theorem [Spi58]:

IN], (2.21)

291& (law) (law)
Bt o, e, (2.22)

where (] is a standard Cauchy variable.
We shall now use this, in order to deduce Proposition 2.1.8. We denote
S¢ = sup,., 0, = S}, and we note that (from scaling):

P(T{ > t) = P(S};, < ) = P(VH,S] <o), (2.23)
since v and H are independent. Thus, we have (since S} () |N| and by
making the change of variable x = \/CIZ_,S)

92 ¢/VHt .2
P(T’>t) = /=E / dr e =
T 0
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Thus, we now deduce from (2.21) that:

logt

—oo |2 2
P(T? > 1) =5 \/j cE[[N]|==c (2.25)
2 T T

which is precisely (2.19).
It is now elementary to deduce from (2.25) that: for n > 0:

El(logT/)1] <0 < 0<n<1,
since (2.25) is equivalent to:
0 U—00 4c
u P(logT! >u) — | — ). (2.26)
m

Consequently, Fubini’s theorem yields:
E [(logT!)1] = /OO dunu™' P(logT? > u),
0
and from (2.26) this is finite if and only if:
/wduu”_2 <oo &<l

So, E[(logT?)1] <00 & 0<n<1.
|

Now we give several examples of random times 7' : C'(R,R) — R, which
may be studied quite similarly to T?.
For such times 7', it will always be true that: Hppy = T'(7) is equivalent
to T(0) = Ap(y, defined with respect to the law of Z, issued from x¢ # 0.
Using Bougerol’s identity, we obtain:

(law

. ) 5 5
Slnh(ﬂT(w)) = ﬁAT('y) :ﬁ(T(g)). (2.27)

where (Bu, u > 0) is a 1-dimensional Brownian motion independent of (/3,~)
(or equivalently, of Z). Consequently, denoting by hr the density of fr(,),
we deduce from (2.27) that:

1 x? 1

o P | = i tleste + VIR, 229
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or equivalently, changing = in /x, we obtain:

1 T 1
2T 0 (—grgy) | = g Mrlea(vet VIta). (2.29)

In a number of cases, hr is known explicitly, for example:

(1)
Tjd,c
T(y)=T1",, & T0) = / ds exp (205) = devc'
0
So:

1 T _ 1

————exp(———) | =
J2nTe b 2de,¢) Vit

where h_g. is the density of the variable ﬁTjdc. The law of ﬁTij may be

E h_ac(log(vz +v1+ 1)), (2.30)

obtained from its characteristic function which is given by [ReY99|, page 73:

)\2
E [eXp(MﬁTjdyc)] = F {GXP(—?TLLC)]

cosh(3(c — d))
cosh($(c+d))

In particular, for ¢ = d, we recover the very classical formula:

. 1
FE [eXp(ZAﬁTZC’C)] = m
It is well known that [BiY87, Lev80]:
: 1 1
E [exp(zwﬂc,c)} = cosh(Ae)  cosh(mAL)

= [Tl L g
/_006 2 cosh(3) ’

y:_% * iy 1 %
— e __c g
/_ 27 cosh (&) Y

o0

1 1
= W —_dy. 2.31
/ ‘ 2c cosh(4%) Y (2:31)

— 00
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So, the density of O is:

1 1 1 1
h—cc =\ = | —F =\ | ==
(@) <20) cosh(F) <c> ez +e 2
and

1 1
e (08T 4 V) = (‘) VE+VITa) + (Vat+vITa) <

where ¢ = 7. However using:

c*

Ve +V1+2)=(1+z— Vo), (2.32)
we obtain:
h (1og(\/5+ Vit x)) - (1) !
¢) WEVITaf + VIt oL
(2.33)
So we deduce that (for ¢ = d):
1 x
. \/ 27T, exp(_m)
1 1 1
- (E) (\/1 + :)3) (VT +V1I+2)+(V1+x— /1) (2:34)
O

(ii) As a second example of a random time 7', let us consider the time in-
troduced in [Val92|, [ChY 03], exercise 6.2, p. 178 (we use a slightly different
notation). Let (G;,t > 0) be a real valued Brownian motion and define, for
c>0:

T) = Tf = inf {t : suply — irgﬁs = c} :

s<t

=
2
I

T = inf {t D supys — iI<1£’}/S = c} .

s<t
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Thus, from the skew-product representation (2.1), 6, = vg,, by replacing
u =T’ we obtain:

T’Y
HTG—TV:>T9 /0 ds exp (206;) = Aps.
So:
1 T 1

eXpl——— =
/27TT€ p( 2T€) \/1 +z

where h, is the density of the variable ﬂT” The law of ﬂT” may be obtained
from its characteristic function which is given by [BiY87, ChYOB]

E

ho(log(vz +V1+x)),  (2.35)

2

E [exp(i)\ﬂTg)} = F [exp(—%T;’

1 1

)} - (cosh(A$))? (cosh(w)\i))2

_ [Tl T
/_006 ’ 27rsinh(§)dx

e oo 2my
v=5 / phv e 2T,
i c

o 2msinh(%¥)
2Ty
= wy dy. 2.
/_006 c? sinh(%) Y (2:36)

So, the density of 6Tj is:

2my 1 47 Y
he(y) = ( ) : B R—

¢ ) sinh(%) e —¢
and
log(v/z + V1 + )
e (a4 V) = e e 1
where CA = Z. Thus:
1 T
L \/ﬁexp(—ﬁ)
_Am 1 log(v/z +V1+x)

FVITsaritef-(re—vap 0
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We note that this study may be related to [PiY03|; and more precisely ﬁT;’
and T correspond to the variables Cy and Cy respectively (see e.g. Table 6
in p. 312).

O

Let us now return to the case of 7%, (example (i)). More specifically, we

shall obtain its density function f(t).

[

Proposition 2.1.9 The density function f of ch’c s given by:
1 & C(vg) 1 _ 1 1
t) = — —1)k —e M, (=), 2.38

where My (+) is the Whittaker function with parameters a,b. Equivalently:

VA, el a1V S T(ytn) 1 (1Y
0= 230G (5) D ()

2t

n=0

(2.39)
where vy = 1-(2k + 1).

Proof of Proposition 2.1.9 The following calculation relies upon a private
note by A. Comtet [Com06|. We denote:

oile) = (VE+ VTR + (VITT - VA
Noting:
Vit = cosh% <= y = 2argcosh(v1 + ), (2.40)

we get:

oc(zr) = (sinh % + cosh %)C + (cosh% — sinh %)C

y¢
= 2cosh =—=.
cosh =
So, from (2.34), we have:

1 T 1 1 1

II=F|—— - V== -
/277-ch70 exp( QTEM) ¢ cosh § cosh 37 ’

(2.41)
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where ¢ = 2¢. However, expanding cosh 57 1/1’ we get:

NG

y [e%e)
] ™ =
cosh 57 1+ v —

k

and from (2.41), we deduce that:

2 7 2k+1)y
I = Za %
i 4(=1)F sihy _,,
k=0 ¥v/2y/2sinh Z cosh Z | cosh %
B Sy e
. O@D\/_\/m

where vy, = 7-(2k + 1).
From (2.40), we have 1 + 2 = cosh® £ <= 2 = sinh® £, thus

5 1/2 1/4
(tanhg)l/2 — smh% — ( vz ) / = ( * ) / )
2 cosh 2 V1+zx 1+

Moreover, we know that ([AbSt70], equation 8.6.10, or [Leb63])

s
—I/ Y

where {Qf ()} is the family of Legendre functions and coshy = 2x 4+ 1. So

we deduce:
(2.42)

1/4
k x 1/2
—]_ (H——x) ka_1/2(2x + ].)

> 4(—i
=3

By using formula 7.621.9, page 864 [GrR65]

» 1/2
dw  2I'(1+2u) e i (g — 1
= i Lk—1/2<25)7 (2.43)

_Sle/

1
S+§
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with: [ =1, =52k +1),s=x+ 1 and M..() denoting the Whittaker
function, Wthh is defined as:

o0

! 2b—|—1 ZF +b—a—|—n)_
I'(2b+14n) n!’

we have:

T(1 4 21y) z \* 1/2 o dw
_2 2 1 — SU)M iy
! I'(1+ ) <1 +x) @ym1p(2r+ 1) /0 € 12, (W) "
(2.44)

From (2.42) and by changing the variable w = o, we deduce:

F(Vk +1) [*dw 1
kz% @b\/_ T(2v + 1) /0 w &P (‘“’(5‘7 + 5)) M /., (w)

B F(l/k +1) 1 =z 1
- 3[R e () )
(2.45)

I =

By using the equations (2.41) and (2.45), we conclude:

1 T
Fl—
\/2nT? exp( Qchc)
L [odt 2 (v +1) 1 =z 1
= R G, | S 2\ M. (=
Z/O twﬁ( )F(2Vk—|—1)eXp< 4t Qt) blgp)

k=0

_ N2k +1)+1) 1 =z 1
- Z/ n z/)f ( T2kt 1)+ 1) T (_E - Z) My 2 onn (55):
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Thus, the density function f of T’ fc’c is given by:

f) = 57) (2.47)

1
(2k+1)(2t) (2.48)

l\'}\b—‘
)Jk‘:‘

V2 & D(-(2k+1)+1) 1 1
- Z(_l)kr Z2k+ 1)+ 1) Vi

), (2.49)

where the Whittaker function M %Wk(%) is:

1
M, 1(2k+1)(2_t)

274c

T (9k 1 oo T n
_ (l)%(z +1)+26_4t ((2k+1)+1) Z N(E(2k+1)+n) 1 <i)
I(

2t N(H2k+1) = T(52k+1) +1+n)n! \ 2t

B i ”k+;6 2Vk+1 i I/k—i-’n, 1 l "

o2t — I'(2vp +1+n) n! \ 2t
1\t 2 o0 1/1\"

_ (= e k) Z ”’“ ) L1y (2.50)
2t — (2ug + n)T'(2uy + n) n! \ 2t

Thus, from (2.49) and (2.50), we deduce (2.39).

O

Next, we present the graphs of different approximations fx () of f(t),
n (2.39), where fx n denotes the sum in the series in (2.39) of the terms for
k< K,andn < N.

Remark 2.1.10 o Figure 2.2 represents the approximation of the den-

sity function f with respect to the time t (for K and N < 9), with

= 2m, whereas Figure 2.3 represents the approximation of f with
respect to the time t for several values of K and N, with ¢ = 2.

o From Figure 2.3, we may remark that the approximation K and N <9
is sufficiently good (comparing to the one for K and N < 100).
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Figure 2.2: Graph of fy4(t), with ¢ = 2.
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Figure 2.3: Graph of fx n(t) for several values of K and N, with
c=2m.
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o Forthe case K and N <9 it seems that locally, in a small area around
0, f(t) < 0 which is not right. This is due to the first negative (k =
1) term of the sum and due to the fact that we have omitted many
terms. However, this is not a problem because it appears only locally.
Stmilar irreqularities have already been observed in previous articles

[Ish05] p.275.
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2.1.6 On the first moment of In (ch,c)
This subsection is related to a result in [CMY98].

Proposition 2.1.11 The first moment of In (quc) has the following integral

representation:
~ d
E[n(T,)] = 2/ ~ % (sinh (¢z)) +1n (2) + cpg, (2.51)
’ o cosh (%Z)
where cp = —1"(1) is the Euler-Mascheroni constant (also called Euler’s
constant).

Proof of Proposition 2.1.11 Let us return to equations (2.2) and (2.6).
So, for t = TY ., we have:

—c,c)

HTQ == ryHTG <:/> HT9 i == Tzqc <:> TG

—c,c —G6C

= Apr . (2.52)

—c,c

Thus, for £ > 0:

BT =E|(ar. )]

Consider (d;,¢ > 0) a Brownian motion, independent of A;. Then, Bougerol’s
identity and the scaling property yield (G, denotes a gamma variable with

law

parameter a, and N? () 2G1/2):
E[|sinh (By) [*] = E[|6a,*] = E [(A]) |6:1]*]
= E[4]] E[(2612)°]
~ g e Ltd

because

A ) L —x T l+
E[(g1/2)] = /0 $€+§_16 dr = (2 E).

Thus, for t =77, ., we have:

c,co

E [\ sinh (Bﬂw) |ﬂ = E[ T,] () - (2.53)
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Recall that [BiY87, Lev80|:
B [exp(iABro_ )| = B [exp(~217, )| = ——
*PNADTL )| = AT e | T cosh(Ac)’
and the density of By s

1 1 1 1
h—cc =\ Vv~ =—\| | Yz —— —u=-
() (20) cosh(%%) <c) ez +e 3

Thus, on the left hand side of (2.53), we have:
E [| sinh (BTZCC) |2€] - / W _ 1 b (y) =

w2 cosh(52)

o0 1
= / dy_ L (sinh y)*
0

c cosh(3Y)

]_ . 2
_ -
/0 dz cosh(Z2 (sinh(cz))™,

)
where we have made the change of variable z = ¥. So, from (2.53), by
writing:

E[ ‘., } _FE [(Te )a} _z [65 ln(chyc)} ’

we deduce:
I (3 >
(2 —1i_€) E |:6€ ln(TEc,c)] — l/ dz (Sinh(cz))%,
INEY 2¢ Jo cosh(%)
and by removing 1 from both sides, we obtain:
T 1 o) . h 2e
(3 ‘1“8) E [65 1n(TfC,c)} 1= / dz (sinh(e2))™ ) @se
INEY o cosh(%) 2¢
On the left hand side, we apply the trivial identity ab—1=a(b—1)+a—1
iye
with a = F(zj ) andb=FE [65 ln(ch,c)} , we divide by € and we take the limit

r(3)
for ¢ — 0. Thus:

-1 _ T+ Bl
€ n r(1) £
6_—>0) E [hl (ch,c)} ’
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and:

agl : §< l)—l)mi)(”%“l‘”%))

(3
r
(% = L VR) (en +2ln2) = — (cp + 21n2).

On the right hand side of (2.54), we have:

é [((Sinh;cz)) ) B 1] :é [exp (6 I ((sinhécz)) >> B 1] ’

hence:
l/oo dz (sinh(cz))* _
e Jo cosh(%) 2¢
oo : 2
=0 / dz In (sinh(cz))
o cosh(%) 2

< dz ,
= 2/0 cosh (%) (In (sinh(cz))) —In(2),

which finishes the proof.
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2.2 The Ornstein-Uhlenbeck case

2.2.1 An identity in law for Ornstein-Uhlenbeck processes,
which is connected to Bougerol’s identity

Consider the complex valued Ornstein-Uhlenbeck (OU) process:
t
Zy=z0+ Zy — )\/ Zsds, (2.55)
0

where Z, is a complex valued Brownian motion (BM), z, € C and A >
0 and TV = sz = inf{t >0: }th} = c} (67 is the continuous winding
process associated to Z) denoting the first hitting time of the symmetric
conic boundary of angle ¢ for Z. It is well known that [ReY99]:

t
Z, = e M (zo+/ eASdZS)
0

= ¢ M(B,,), (2.56)

where, in the second equation, with the help of Dambis-Dubins-Schwarz The-
orem, (B;,t > 0) is a complex valued Brownian motion starting from z, and

t €2>\t -1
oy :/0 e*ds = 2

We are interested in the study of the continuous winding process 7 =

Im( (f dZZ: ),t > 0. By applying 1t6’s formula to (2.56), we have:

dZ, = e (=\)Bg.ds + e d (B,,) .
We divide by Z, and we obtain:

dZ, dB.,
ZS = (—)\)ds + B—as,
and so:
dz, dB,,
Im(ZS):Im(]Ba:)u

which means that:

Thus, the following holds:
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Proposition 2.2.1 Using the notation which we introduced before, we have:

07 = 6° (2.57)

ag?

and:

1
Y = =n (1 v 2AT2§C) , (2.58)

where Tf]zc is the exit time from a cone of angle ¢ for the complex valued BM

B.

Proof of Proposition 2.2.1 We define

™™ = sz =inf{t >0: ‘th‘ =c}
inf {t >0:6,| =c}. (2.59)
Thus, we deduce that o) = T = T°,.. However, T’ . (the exit time

from a cone for the BM) Thas already been studied in the previous chapter
and we know the explicit formula of its density function (Proposition 2.1.9).

So:

7O = 1 (TfB) —a 1 (17,), (2.60)
where a7 (¢) = 55 In (1 + 2X¢t). Consequently:

2

=1y (1+2277. ),

© T 2)
and
E[TY] = %E [In (142X77, )], (2.61)

which finishes the proof.

|

From now on, for simplicity, we shall take zy = 1 (but this is really no restric-
tion, as the dependency in 2y, which is exhibited in (2.7), is very simple).
The following Proposition may be considered as an extension of the identity
in law (ii) in Proposition 2.1.4, which results from Bougerol’s identity.
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Proposition 2.2.2 Consider (Z},t > 0) and (U}t > 0) two indepen-
dent Ornstein-Uhlenbeck processes, the first one complex valued and the sec-
ond one real valued, both starting from a point different from 0, and call
Tb()‘)(UA) = inf {t > 0:eMU} =b}, for any b > 0. Then, an Ornstein-
Uhlenbeck extension of identity in law (i1) in Proposition 2.1.4 is the fol-
lowing:

(law)

A

where a(x) = argsinh(x).

Proof of Proposition 2.2.2 Let us consider a second Ornstein-Uhlenbeck
process (U, t > 0) independent of the first one. Then, taking equation (2.56)
for U}, we have:

MU} = O (2.63)

)7

where (d;,¢ > 0) is a complex valued Brownian motion starting from zy = 1.

So:

1
TN U = oy o (1+ 2NTY) . (2.64)
Equation (2.57) for ¢ = 2 In (1 + 2ATY), equivalently: a(t) = 77 becomes
(we suppose that zy = 1):

GZA — HZA

_ g (law)
™ () A n(142077) 0 =" Cag).

—_7d
u=T,

2.2.2 On the distribution of 7% for an Ornstein-Uhlenbeck

—c,c

process

Now we turn to the study of the density function of

T(’\)ET‘QZEinf{tZO:}th}:c},

Cc Cc

and its first moment.
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Proposition 2.2.3 Asymptotically for \ large, for zo = 1, we have:
2AE [TM] —In (20) =% E [In (7°,.)], (2.65)

and:

E [In (quc” =2 /OOO msﬁﬁ In (sinh (¢2)) 4+ In (2) + ¢, (2.66)

where cg is Euler’s constant.

For ¢ < g, we have the asymptotic equivalence:
1 W1 _ g [ls 2\ A0 gy 1
X E[TV] - E ||sinh (B ) | ) — 3E |sinh ( By ) || . (2.67)

Equivalently:

d 1 1

a N — i | L W] _ g iroN ] — _Lp[ AT

4| B[] = tim [A (B 1] — B [T })} — 1 [jsinn (B, ) 11].
(2.68)

Moreover:

E [\ sinh (BT3M> \4} - /O N mgﬁ (sinh (c2))*. (2.69)

More precisely, for c < g:

E [| sinh (BTZM) |4] h % <cos14c) a 4008120) * 3) ’ (2.70)

and asymptotically:

E[|sinh (BTXC,C) |4] ~ 5ct, (2.71)

Proof of Proposition 2.2.3
A large
Let us return to equation (2.61). For A — oo, we have:

E[TY] = 2iE [In (1+2X7°, )]

1 , 1
- Lefu(a (i 2)

B 1 s 1
= o +2)\E [ln(T_qc—l—”\)}.
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Thus:

C

2\ E [TV] —In (20) =% E [In (77,.)],

which is precisely (2.65). Moreover, by the integral representation (2.51) for
E[In(7°,.)], we deduce (2.66).

A small

We shall now study the case A — 0. We have that:

1
N _ 0
T —2>\1n(1+2>\T_cvc).

For ¢ < %, from Spitzer (2.3), (at least) the first two positive moments of

7Y, . are finite: F [(quc)p} < o0, (p = 1,2). We make the elementary

—c,c

computation:
L(md+2Az) A\ _ 1 i/”md_y_
Y 2\ )T a\an y

2\z T
y=1+a 1 1 a=2\b bdb A—0 2
Lo - — 1) da "2 -2 A8 a2
222 J, (1+a ) ¢ /0 1+ 2)b ’

we have:

L /Tem b db
o 1+2X

We may now use the dominated convergence theorem [Bil78], since the (db)
integral is majorized by (T?,,)?, which is integrable. Thus:

Consequently, by replacing z = T

c,c)

(E[TV] -E[Tl.])=F

1
A

(E[I) - BT, ]) =2 —B [T, )]

Y c —c,c —c,c

Following the proof of Proposition 2.1.11, Bougerol’s identity and the scaling
property yield:

E[(sinh (By)*] = E[(04,)%] = E[(A) (6:1)°] = B[A)] E [(61)7]
= E[A)].

Thus, for t =17

—c,c)

E|Ap | =B |lsin (B )]

we have:
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Similarly:

E[(sinh (B)'] = E[(64)'] = E[(A)?*(0)'] = E[(4)%] E[(6:1)"]
= 3E[(A)Y].

Thus, for t =T

—c,c)

B|(4r,.)"| = 32 [lsin (B )11

So, because Apr = T?, ., we deduce (2.67). In order to prove (2.68), it
suffices to remark that:

we have:

E[TO) =BT, ] =E|An | = Ejson (B )P

On the one hand, by using the density of By :

. 4 o - - . 4
E [\ sinh (BTL,C) | ] = /_OO 2¢ cosh(Z) | sinh (y) |
= _ h
/0 c cosh(3?) (sinhy)

z=Y o0 1
= / dz ———— (sinh(c2))*,
0 h

cosh(%)

which is finite if and only if ¢ < $. In order to prove this, it suffices to use

ef—e™ "

the standard expressions: sinh(z) = == and cosh(z) = <£==. On the
other hand (note T = T”..), we remark that — By (faw) Br and |[ReY99),

—c,c

ex.3.10, E [¢"Pr] = B [e%T] — 1 for0< k< (2¢)", thus:

cos(kc)?
E[lsinh (Br) ] = SiB [ — )]
_ iE [64BT _ 4633T—BT + 662BT_2BT _ 46BT—3BT + 6_4BT}
24
= % (2E [e*PT] — 8E [*P7] +6)

1 1 1
= — —4 3
23 <cos(4c) cos(2¢) i ) ’



2.2. THE ORNSTEIN-UHLENBECK CASE 41

which is precisely (2.70) and this is finite if and only if ¢ < §. Moreover,
asymptotically for ¢ — 0, by using the scaling property, we have:

B[ (87, ) 1] = B |(sun (8, )) | 2 | ()]
= 3B |(17,,)"] = 5¢t
L)

5/3

where F [(T:’Ll)z} = 5/3 |[PiY03] (by using the notation of this paper, Table

3: B[X?] = t(zf’t) for X, = C; and t = 1). This asymptotics may also be
obtained by (2.70) by developing cos(4c¢) and cos(2c¢) into series up to the
second order term and keeping the terms of the order c*.

O

Remark 2.2.4 [f we slightly modify the above study for the Ornstein- Uhlenbeck
process by inserting a diffusion coefficient D:

t
Zy = 20+ V2D Z; — A/ Zyds |
0

we obtain:
t
Zt = 6_>\t <20+ V2D/ EASdZS)
0
= ¢ M (B,,), (2.72)

where in the second equation we used Dambis-Dubins-Schwarz Theorem with
20t 1

A

e

t
oy = 2D/ eds =D
0

1 A
—1 .
= = —2)\1:(1 (1+—Dt).
So:

2AE [T™] —In (%) X B (1°,,)], (2.73)

—c,c
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because:
E[TY] = i}\E [ln(l—l— chc”
= o (5 (1% %))
- el D))
Moreover:

Eln(72,)] = 2n(x)+F [ (17)]
< dz )
= 2In(z) +/0 M In (sinh (¢z)) 4+ In (2) + ¢,
(2.74)

where T? denotes the first hitting time of the symmetric conic boundary of

—C,C

angle ¢ for a Brownian motion Z starting from 1.

2
For X\ small, we replace 2ch7c by %OTE in the proof of Proposition 2.2.3 (A
small case) and we have:

1
T = —In(1+227° ).
¢ 2>\n<+D‘“

By repeating the previous calculation, we make the elementary computation:

<23>2bdb 5
- 2
\D) PP amg (_o) 2

1+ A2p 2D

c,c

€T =

2\ D 2

22
A 0

We replace x="T°
c < g, we obtain:

(5= e [l (50, ) 1) = -3 (E) Bl

_ L[ 2 ’ . 4
I <2D> B |Jsinh (Br-,.) 1]
where E [| sinh (BTZCC> |4} is given by (2.69), (2.70) and asymptotically, for
c— 0 by (2.71).

and by the dominated convergence theorem [Bil78], for

—c,c’
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2.3 On some infinite divisibility properties re-
lated with Bougerol’s identity

2.3.1 Introduction
a) We take up again Bougerol’s celebrated identity in law [Bou83|:

(law

for fixed t > 0, sinh(B;) ) Baup) (2.75)

where(By,t > 0) is 1-dimensional Brownian motion, A;(B) = fot ds exp(2Bsy),
and (f,,u > 0) is a BM, independent from B. which has recently been the

subject of a number of studies and variants (e.g. the previous chapter of this
PhD thesis, [Vak10] or [DuY11]).

b) Throughout this section, the inverse functions (as(z), z € R), and (a.(y),y > 1),
denoting

{as(gj) = argsinh(z) = log(z + V1 +22), z € R (2.76)

ac(y) = argcosh(y) = log(y + y* = 1), y = 1,

shall play important roles.
In particular, these two functions satisfy the identity:

T

ae (1+ ) = 2a, ( 5) . (2.77)

c) A stochastic process X = (X;,t > 0) is called Lévy process if Xy = 0
a.s., it has stationary and independent increments and it is almost surely
right continuous with left limits. A Lévy process which is increasing is called
subordinator.

d) Following e.g. [ReY99|, a probability measure g on R (resp. a real-
valued random variable X with law p) is said to be infinitely divisible if,

for any n > 1, there is a probability measure p, such that pu = p*" (resp. if
Xq,..., X, are n random variables i.i.d., X (fav) Xi1+...+X,). For instance,

Gaussian, Poisson and Cauchy variables are infinitely divisible.
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It is proved that (e.g.[ReY99]), p is infinitely divisible if and only if, its
Fourier transform fi is equal to exp(v), with

Y(u) = ibu — 02;2 +/ (ei“w —1- fu ) v(dx),

1+ 22

where b € R, 0 > 0 and v is a Radon measure on R — 0 such that

/ i v(dz) < oco.

1+ 22

This formula is known as the Lévy-Khintchine formula and the measure v as
the Lévy measure.

e) Following [Bon92| (p.29) and [JRYO08|, a positive random variable I' is
a generalized Gamma convolution (GGC) if there exists a positive Radon
measure £ on |0, oo[ such that:

EleM] = exp (— /OOO (1—e‘”)d—x/000 e‘”,u(dz)) (2.78)

T

~ exp <— /OOO log (1 + g) u(dz)) , (2.79)

/]01} |log x|p(dz) and / p(dr) < 0. (2.80)

[Loo[ ¥

with:

The measure p is called Thorin’s measure associated with IT'.

f) In this section, we shall show that 1/A;(B), considered after a suitable
measure change from Wiener measure, is infinitely divisible.

2.3.2 Subordinators and an infinite divisibility property
The following statement is taken from, e.g. [JRYO0S|:

Theorem 2.3.1 (i) There exist two subordinators <\7u(0),u20> and

(lCQ(LO), u > O) with respective Bernstein functions:

i(2) = a,(1+2) and k(z) = %(ac(1+x))2,
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that is:

(11) The corresponding Lévy measures v (dy) and viw (dy) are given by:
—y -y

e e
Vo (y) = dy ]0(?/)7; Vo (y) = dy KO(y)T’ (2.81)

where Iy and Ky denote the classical modified Bessel functions, with
parameter 0 [Leb72].

(iii) The laws of T and K, for any u, are generalized Gamma convo-
lutions (GGC) [Bon90] since the functions Iy(y) e ¥ and Ko(y) e™Y
found in (2.81) are Laplace transforms of the (Thorin) measures (i r)
and pyeoy [Tho77], i.e.:

/ \/7—15
and

_y_

=
In other terms, we may write:
Io(y) e™” = Elexp (=2y g)]

Koly) e = F {exp (~24/9) %] ,

where g denotes an arcsin variable, i.e.:

Remark 2.3.2 In [JRY0S], we find more results concerning the GGC' vari-
ables, coming e.g. from [D-MMY02, MNY02, BFRY06],etc.
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We now come back to Bougerol’s identity, which may be written in an equiv-
alent manner to (2.75) as follows:

E

1 (as(@))?
A e exp( 2 ) ’
(2.82)

or, again equivalently:

B oo (g1 )] = b e (D) o

1/2
where E; denotes expectation with respect to ( Ath)) - W, and W is the

Wiener measure.
Now, using (2.77), we may also write:

oo (i) - i e ()

11+ o <_%<a<z—t+$)>2) (2.84)

[

NI

Recalling (from Theorem 2.3.1) that k(z) = 3 (a. (1 + ))?, we then obtain
easily, from (2.84), that:

1 (law) N2
TA,(5) (under P,) "= - + lq%t, (2.85)

where, on the right hand side of (2.85), the two random objects are indepen-
dent, with N denoting a standard reduced Gaussian variable.
It was also shown [JRY08] that?:

1
(o) () , 2.86

where by = (bs(v),v < s) denotes the Brownian bridge of duration s.
Plugging (2.86) to (2.85), we note the remarkable identity:

1 (law) N? 1
P = _
44,(B) (under £) +

(2.87)

SIf (f(u),u < T) is a given function, we denote A(f) = fOT du exp (2f(u)).



2.3. INFINITE DIVISIBILITY PROPERTIES 47

Remark 2.3.3 In the Appendix A.2, we proceed to some analytic calcula-
tions where we show that (L(x) = log(v/z + V1 + z) = a,(v/x), © > 0) and
(®(z) = (log(vx + V1+2))* = (a,(v/2))?, © >0) are Bernstein functions.

Remark 2.3.4 One can ask whether we can find an infinite divisibility prop-
erty of 1/Ai(B) under the Wiener measure W. A possible approach may be
through the Laplace transforms given in Corollary 2.1.3.
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Chapter 3

The Mean First Rotation Time of
a planar polymer

3.1 Stochastic Modeling of a planar polymer

As we have already announced in the introduction, we consider here an ap-
proximation where we model a polymer in the plane as a collection of n
rigid rods, with equal fixed lengths [y of coordinates of their extreme points
(Xo, X1, X, ..., X,) (see Figure 1.3) in a framework with the origin 0. We
shall fix one of the extreme ends Xy = (L,0) (where L > 0) on the x-axis.
We repeat that the dynamics of the i-th rod is characterized by its an-
gle 6;(t) with respect to the x-axis. The overall polymer dynamics is thus
characterized by (61(t), 62(t), ..., 0,(t),t > 0). We shall consider that due to
collisions in the medium, each angle follows a Brownian motion. Thus,

(d6,(t) = V2D dB (t)

6:(1),i <n) "@ V2D (Bi(t),i < n) < A0a(t) = V2D B (1) (3.1)

\él@n(t) — V2D dB,(t),

where D is the rotational diffusion constant and (Bj(t),..., B,(t),t > 0) is
an n-dimensional Brownian motion (BM). The position of each rod can now

49
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be obtained as

p

Xl(t) =L+ loeiel(t)

Xg(t) = Xl (t) + l06i€2(t)

(3.2)
| X (t) = Xooa () + Loe .
In particular, the moving end is given by
Xo(t) =L+1o (MO + . +e0) = Ly 1) 0, (3.3)
k=1
which can be written as
X, (t) = Ry (t)e), (3.4)

and thus ¢, (t) defines the rotation of the polymer with respect to the origin
0 and R, is the associated distance. Thus to compute the MRT, we shall
study a sum of exponentials of Brownian motions, which usually leads to
surprising computations [Yor01|. First, we scale the space and time variables
as follows:

~ L -t
Equation (3.3) becomes:
Xu(t) =143 B0, (3.6)

k=1

where (Bl (t),...,Bu(t),t > O) is an n-dimensional Brownian motion (BM)

and for £ = 1,...,n, using the scaling property of Brownian motion, we have:

Bi(t) = \/%Bk(t) () g (%) = Bi(D).

From now on, we shall use B instead of B and t instead of .
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Before describing our approach, we shall now discuss the mean initial
configuration of the polymer. It is given by

¢, =F <Z eiek(0)> , (3.7)
k=1

where the initial angles ;(0) are such that the polymer has not already made
a loop. After scaling, the mean initial configuration becomes

cp=F <i e’ ék(o)) : (3.8)
with
0(0) = By(0). (3.9)

From now on, we shall use 6 instead of 6. Any segment in the interior of
the polymer can hit the angle 27 around the origin, but we will not consider
this as a winding event, although we could and in that case, the MRT would
be different ([AKH11] for some examples). Rather, we shall only consider
that given an initial configuration c,, the MRT is defined as

MRT = E{rn,|c,} = E 1], (3.10)
where
T, = inf{t > 0, p,(t) = 27 or — 27}. (3.11)
Thus, an initial configuration is not winding when
lon(0)| < 2. (3.12)

Thus, we can define the winding event using only a one dimensional variable.
In general, winding is a rare event and we expect that the MRT will depend
crucially on the length of the polymer which will be quite long. Interestingly,
the rotation is accomplished when the angle ¢, (t) reaches 2w or —27, but
the distance of the free end point to the origin is not fixed, leading to a one
dimensional free parameter space. This undefined position is in favor of a
winding time that is not too large compared to any narrow escape problem
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where a Brownian particle has to find a small target in a confined domain
[WaK93, HoS04, SSHE06, SSHO7, BKH07, PWPSK09].

In this study, we will consider not only that the initial condition satisfies
|, (0)] < 2, but we shall impose that ¢,,(0) is located far enough from 27,
to avoid studying any boundary layer effect, which would lead to a different
MRT law. Indeed, starting inside the boundary layer for a narrow escape
type problem leads to specific escape laws [SSHE06|. Given a small € > 0 we
shall consider the space of configurations 2. such that |¢,(0)| < 27 —e. We
shall mainly focus on the stretched polymer

(01(0),62(0),...,60,(0)) = (0,0,...,0) (3.13)

and thus ¢, = n > 0 (in this case, ¢,(0) = 0). Finally, it is quite obvious
that winding occurs only when the condition

is satisfied, which we assume all along.

The outline of our method is: first we show that the sum X, (¢) converges
(eq. (3.3)) and we obtain a Central Limit Theorem. Using It6 calculus, we
study the sequence

1 1

=

[Xn(t) = E(Xa(1))] - (3.15)
and prove that X, (t), for n large, converges to a stochastic process which
is a generalization of an Ornstein-Uhlenbeck process (GOUP), containing a
time dependent deterministic drift ¢,e™*. This GOUP is driven by a (local)

martingale (Mt(n),t > 0) that we further characterize. Interestingly, the two

cartesian coordinates of (Mt("), t> 0) converge to two independent Brownian

motions with two different time scale functions. To obtain an asymptotic
formula for the MRT, we show that in the long time asymptotic, where
winding occurs, the GOUP can be approximated by a standard Ornstein-
Uhlenbeck process (OUP). Using some properties of the GOUP [Vak10|, we
finally derive the MRT for the polymer which is the mean time that ¢, (t) =
21 or —2.
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3.2 Properties of the free polymer end X,(t)
using a Central Limit Theorem

In this section we study some properties of the free polymer end X, (¢). In
particular, using a Central Limit Theorem, we show that the limit process
satisfies a stochastic equation of a new type. To study the random part of
X,(t), we shall remove from it its first moment and we shall now consider
the asymptotic behavior of the drift-less sequence

1 — 1
=7

We start by computing the first moment F (X, (t)). Because in relation
(3.3), (6:(t),t > 0) are n independent identically distributed (iid) Brownian
motions with variance 2D, after rescaling, we obtain that

l~+ i ein(t)]
k=1
- |+ <zn:E [ei(Bk(t)_Bk(O))} E |:6i(Bk(0))}>

(X, (t) — E(X,(1))]. (3.16)

E(Xa(t) = E

k=1
= [+cpe s, (3.17)
where ¢, is defined by (3.8) and we have used that
E [¢/BO=BeO)] = =5 (3.18)

We study the sequence (3.16) as follows:

1 — 1 - i By (t . iBy(
v = %LZ}Q@ (Z “)]

_ % i Fu(t), (3.19)

where Fi(t) = e'Pr) — E (e'B+®) . Applying Ito’s formula to

ZMm = % i Fy(t) (3.20)
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with Z\"™ = 0, we obtain that

n i ! 7 s 1 : By (s : s
7m %/0 ZeBk()dB’f(s)_ﬁ/O Z::(eBk(>_E(eBk(>))ds:

k=1 k=1
1 t
= Mf”)—§/0 Z™M ds, (3.21)
where
(n) 1 ‘v By(s)
M"——i/ e dBy(s
t \/ﬁ 0 p k( )
1 [t
= —= [ > (icos(B(s)) — sin(By(s))) dBx(s)
vn Jo =
= S 4ic™. (3.22)

We shall now study the asymptotic limit of the local martingale Mt(") and
summarize our result in the following theorem.

Theorem 3.2.1 The sequence (Mt("),t > 0) converges in law to a 2-dimensional
Brownian motion, viewed at a nonlinear function of time. We obtain a con-
vergence in law associated with the topology of the uniform convergence on
compact sets of the functions in C (R, R?). More precisely,

(law) , = ~
) n—00 (ﬁ(% Jo ds (1_6725)) ’ ﬁ(% Jo ds (1+6725)) = O)’ (323)

where (Bu, B, u > 0) are two independent Brownian motions.

Remark 3.2.2 The convergence in law (3.23) is a new result and it shows
that the sum of the complex exponentials of i.i.d. Brownian motions can be
approzimated by a two dimensional Brownian motion, with a different time
scale for each coordinate.

Proof of Theorem 3.2.1 See Appendix A.3.
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We conclude that the sequence (Mt(n),t > 0) converges in law as

n (law) , % e
(Mt( ),t 2 O) r:o (ﬁ(%_1764—2t) + 2/6(%+172*2t)>t 2 O)a (324)

and we define (Zt("),t > 0), which generalizes a classical Ornstein-Uhlenbeck
process. It is driven by (Mt("),t > 0) and is solution of

1 t
Z"M = MM - / ZM ds
t t s i
= 6_5/ e2dM™. (3.25)
0

Corollary 3.2.3 a) The sequence (Zt(n),t > 0) converges in law,
7 1) 70 ity

n—oo

N+

Zt(oo) =e

/t V/sinh(s) do, +i ez /t \/cosh(s) do,, (3.26)

where (5t,5~t,t > 0) are two independent 1-dimensional Brownian motions.

b) Zt(oo) ila—wz % <N+iN>, where N and N are two centered and reduced

Gaussian variables.

Proof of Corollary 3.2.3
a) From (3.22), (3.23) and (3.25) we deduce

t
zM = ez / ez dM™ (3.27)
0
aw ¢ s 1—e2s ¢ s 1 —2s
o) e_%/ e2 ¢ d5s—|—ie_%/ e2 re désEZt(OO).
n—oo 0 2 0 2

(3.28)
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b) From (3.28), we change the variables u =t — s and we obtain

o 1_ —2s 1 —2s
Zt( ) ¢ dos +z/ e +e
0

vt %\/ d5u+z/ e
0
329

tl‘; f/ e~5ds, +z\/_/ (3.30)

where the two variables on the RHS of (3.30) are centered Gaussian with
variance 1/2 and the convergence in law for ¢ — 0o may be proved by using
the dominated convergence theorem.

NI:

d5

O

Remark 3.2.4 We should mention that a similar study concerning the limit
process Zy(p) = lim Zt(")(gp) has already been done [It683] for the class of

functions @ which are C* of compact support. So, this work could be regarded
as a variant for the function () = €, X\ > 0. More precisely, K. Ito in
this article studies the limit process X; = lim X,,(t) with:

n—oo

Xa(t) = Xau(t, ) fz ©(By(t)) — Elp(Bi(t))]), (3.31)

where (Bg(t),k = 1,2,3,...) is a sequence of independent 1-dimensional Brown-
wan motions with a common initial distribution p and ¢ are C*° of compact
support. He proves that X; exists and moreover it satisfies a Stochastic Dif-
ferential Equation.

1
dX; = (0o /pg)db; + —82Xtdt : (3.32)

where {b;} is a standard Wiener [J; process [It683] paragraph 4, j; = p* g
(9¢: the Gauss density with mean 0 and variance t), \/p (€ C*(R)) is a
multiplication operator in D', 0 is the differentiation in D' and O o \/ji; is
the composition of these operators.

Moreover, this study could be connected to some more results [Ochi85]. In
this article, a limit theorem is proved (by using some methods similar to the
one used in this PhD thesis) concerning the semimartingale X = (X;(+))e>o0
and more precisely concerning X* = (A2 X (+)) 0.
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On the one hand, from the identities (3.16), (3.17), (3.19) and (3.20), we
obtain the following expansion

Xau(t) = Xu(t) + E[Xa(t)]
= VnZ™ ez +1

~ ~ t

= X, (1) = Xo(t)—l=vnZ™ +cpe e, (3.33)

with n the number of rods/beads, Z™ a GOUP driven by M\™ which is
given by (3.24), ¢, = E (Z" L €00 )) a constant depending on the mean

initial configuration and [ = l— the rescaled distance of the fixed end from
the origin 0 ([ is the fixed length of the rods).
On the other hand, with Corollary 3.2.3(a), we deduce that:

Zt(n) =

3.3 Asymptotic expression for the MRT

Estimation of the MRT

We shall now study more precisely the different time scales of the two Brown-
ian motions in (3.24) and (3.34). We shall estimate Z ) for t large, the

regime for which the rotation will be accomplished.
2

L
We introduce here the following notation: ~ denotes an approximation in
the L?—norm: For two stochastic processes (W, ", ¢ > 0) and (W®,¢ > 0),

2 2
the notation VVt(l) ~ VVt( means that hmE “V[/t Wt(z)’ } = 0.

We shall show that, with (]B%t = + zét,t > O) a 2-dimensional Brownian
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motion starting from 1:

t t
7P = ez / \/sinh(s) dé, +i ez / v/ cosh(s) dd
0 0

2 ¢ t 3 ~
X et / %(dés+z’d53). (3.35)
’ dB

For this, it suffices to use the expression (3.30) and the following Proposition,
2

which reinforces the & result in (3.35).

Proposition 3.3.1 Ast — oo, the processes

t t s/2
(/ \/sinh(s) dos —/ ‘ dos, t > O) ,
0 0 V2
and
t 5 tes/2 _
</ v/ cosh(s) dos — / dos,t > O)
0 0o V2

converge a.s. and in L?. The limit variables are Gaussian with variances
=3 and —1 4 2v2 — 2a,(1) ~ 0,033, where a,(z) = argsinh(z) = log(z +

V1+2?), x € R, respectively.

Thus, by multiplying both processes by ez, we obtain (3.35).

Proof of Proposition 3.3.1 The process fot (N/sinh(s) — 6\7;) dds is a

Gaussian martingale with increasing process

/;( sinh(s)—es\//;)Z ds:/ot%s<\/1—76—28—1)2 ds |

which converges as ¢ — co. The limit variable [;° ( sinh(s) — e;g) dés is

2s

Gaussian, and its variance is given by (we change the variables u = e~** and
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B(a,b) denotes the Beta function with arguments a and b**):

0o s 1
/ ds ¢ (m_1)2:1/ duu=? (VT —a - 1)°
0o 2 1 Jo
1

= 3 [/Olduu_s/z((l—u)—2m+l)]

D Y SR BEPYCY (EE A BEPY Guit
4 2 292 2

To be rigorous, the integral fol du u™® (\/ 1—u-— 1)2, which is well defined for
0 < a < 1, can be extended analytically for any complex o with Re(a) < 3.
For the convergence of the second process, it suffices to replace sinh(s) by

cosh(s) = (1 +¢72). The limit variable [;* (x/cosh(s) - e\//;) db, is also

Gaussian, and, by repeating the previous calculation, we easily compute its
variance.

Asymptotic expression for the MRT

For t large, we derive an asymptotic value for the MRT. First, from (3.33),
(3.34) and (3.35) we have:

Xa(t) ~ vy, (3.36)
where (we denote Y; for Y;(")), by the scaling property of Brownian motion

t
Y,=¢ 2 <6n +/ eSdBS/Q) : (3.37)
0
and the sequence ¢, is

Cp,
Ch = —=, 3.38
@ T (3.38)

where n is the number of rods/beads, and ¢, = E (3_;_, €%(©)) is a constant
depending on the mean initial configuration.

**We recall that if T'(d) denotes the Gamma function with argument d, then B(a,b) =
L(a)T(b)
I'(a+b) *
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Changing time and expression of the MRT
We shall now apply successive changes of time to express the MRT. By

changing the variables u = 3 in (3.37) we have

t t/2
Yi=e2|¢, +/ e"dB, | .
0

¢
Yo = et <5n +/ e“d]B%u) ) (3.39)
0

Following section 2.2 for A = 1 and zg = ¢,, by Dambis-Dubins-Schwarz
Theorem we have that:

Thus:

Yo "2 et (By,) (3.40)
where
t 2t
1
o = eds = ¢
0 2
1
= a l(t) = 5 (1+2t). (3.41)

By applying It6’s formula to (3.40), we obtain
dYss = —e°B,. ds + e °d (B,,) .

We divide by Y5 and we obtain:

Y5, dB,
— _ds 4 e
Vs ST B,

Im dYas =Im —dBaS
Yés B ]Bas ’

which means that for

Thus:

bz,
07 = Im(/ ),t >0, (3.42)
0
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denoting the continuous winding process associated to a stochastic process
Z, we have

03, = Hi.
Thus, the first hitting times of the symmetric conic boundary of angle ¢
TN =inf{t>0:6)| =c}, (3.43)
and
T, ,=inf{t>0:|67| =c}, (3.44)

for the Ornstein-Uhlenbeck process Y with parameter A > 0 (here, A = 1)
and for a Brownian motion B respectively, with relation (3.41), satisfy

27N = %m (1+277,)). (3.45)
Finally,
E[2TY] = %E [In (1+277°, )] (3.46)
= 1%2 + %E {m (quc + %)] : (3.47)
and equivalently:
E[T™] = lnTQ + i E [111 (quc + %)] : (3.48)

By using the simple inequality log(1 + z) < x, we shall now estimate the
second term:

E {m (ch,c + %)] —E[(1°.,)] = E {m (1 + ﬁ)} (3.49)

—c,c

< %E [Tj } | (3.50)

—c,c

We shall estimate the first moment of 1/T?, . Let (Z;, = ZW +iz? t > 0)
be a standard planar Brownian motion, starting from ¢, + i0, ¢, > 0, where
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(Zt(l),t > 0) and (Zt(z),t > () are two independent linear Brownian motions,
starting respectively from ¢, and 0. From the skew product representation
(equations (2.2) and (2.6)) [ReY99, Vak10| there is another planar Brownian
motion (¢, + iy, w > 0) starting from log ¢, + 0, such as:

= (Cu + i) Lo (3.51)

w=Hi=lo 7,2

‘4z
log | Z4| + i6 E/ :
t t 0 ZS

and equivalently
log|Zi| = Cry; 0: = vm,- (3.52)
Thus, with 77, = inf{t > 0: || =c} and T?,,

because Qch,c = YH,0

—c,c

inf {t > 0:6;] = ¢},

T;yc,c = HTf )
hence T, . = H;! , where
’ u:ch,c
H'=inf{t: H >u} = / ds exp(2(;) = Ay, (3.53)
0
and for u = T”, ., we have:
T, = Ap . (3.54)

—c,c

Concerning the moments of 77, ., we have the following (some discussions
have already been made, e.g. [MaYO05]):

Theorem 3.3.2 For every ¢ > 0, TY
properties:

enjoys the following integrability

c,c

(i) forp >0, E [(quc)p} < oo, if and only if p < L.
(ii) for any p <0, E[(T?,.)"] < occ.
Corollary 3.3.3 For 0 < c < d, the random times

de,c =inf{t: 0, ¢ (—d,c)} and Tf =inf{t: 0, ¢ (—o0,¢)},
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satisfy the inequality:

Thus, for p > 0, their negative moments satisfy:
1 1 1
E {—] <E|l——| < < 00. (3.56)
T2y ()" (T2..)

Proof of Theorem 3.3.2
(i) The proof is given by Spitzer [Spi58| and others [Bur77], [ReY99] Ex.
2.21 /page 196.

(ii) We use the representation 7' fc’c = Ao together with a recurrence
formula for the negative moments of A; [Duf00], Theorem 4.2, p. 417 (in
fact, Dufresne also considers A fo dsexp(2¢; + Q,us) but we only need

to take u = 0 for our purpose, and we note A; = At )

E[(24)7"] = /0 o(p,t,y) coth(y)dy, p=1,2,...,

B ye—y2/2t
1 ¥

As a consequence of (3.57), we easily obtain that F [ﬁ] may be majorized

by a linear combination with positive coefficients, of powers of ¢, either pos-
itive or negative. As an example, we give details for p = 1:
with K a positive constant,

E { 1] g [Ty h(y) d
— = cot
A, ; onl3 Yy) ay

y=zvi f/ —e‘z /2coth< \/_> dz

= f/ Z\/_ e %12 coth (zﬁ) dz

= K(Wt)
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because zv/t coth (zx/z_f) < K(1+4 z2v1).
Coming back to the general case, by replacing ¢ = 77, it suffices to show
that:

E[(T2..)"] < o,

—c,c

for any ¢ € R.
For ¢ > 0, this is clear, i.e. we may invoke Burkholder-Davis-Gundy inequal-
ity (BDG) [KaSh88, ReY99|.

For ¢ < 0, we use:
I (aw) 1 sup || 2
T'y - 02 SSII) ’}/S )

—c,c

a well-known consequence of the scaling property of Brownian motion [ReY99],
Prop. 3.10, p.108.
Now, (sup,<; |73\)2 admits even some exponential moments.

O

Moreover, the first negative moment of A; has the following integral repre-
sentation for any ¢ > 0 (|[D-MMYO00], p.49, Prop. 7, formula (15)):

1 o 2 s
E|—| = V2 coth (= . .
AJ /0 ye cot <2y> dy (3.58)

With (s = log(¢,) + CS(O), where (CS(O),S > () is another one-dimensional
Brownian motion starting from 0, we obtain:

T’Y

—c,c

., = HYT7..) E/ ds exp (2(s)
0

= (&)? (/0 T ds exp (2(8(0)))

= (¢,)21") (3.59)

—c,c )

where 79" = inf {t >0: }th} = c} is the first hitting time of the sym-

metric CZ)IiiC boundary of angle ¢ of a Brownian motion Z starting from
1. Hence, from (3.54), (3.58) and by using the Laplace transform for the
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hitting time 77, . for a Brownian motion [ReY99| (Chapter II, Prop. 3.7) or
[PiY03](p.298):

[l P ! (3.60)
e —c,c = .
cosh(yc)’
we get:
1 * 2 T
W = /(; yE |i6 2 T'YC’C:| coth <§y> dy
th(Zy) dy. 61
/0 cosh(yc) OH\gY) W (3:61)
For ¢ = 27, we obtain the numerical result:
E T] ~ 0.167. (3.62)
—27,27
Thus, with (3.59),
Eln(10,)] = 2m@)+E [n(1T7))], (3.63)

and from (3.50), we have:

1

1 : 1
E [m (szwr + 5)} <2In(é,) + E [m (Tf;;%)} + 5=

6(1)
T—27r,27r

(3.64)

In order to estimate the first moment of In <T9(1)> for an angle ¢, we follow

—c,c |

section 2.1. From Prop. 2.1.11, we have the integral representation (2.51):
E [m (Tffﬁcﬂ = 2F(c) + In (2) + ¢, (3.65)

where

o0 dz .
Fle) = /0 o () 0 () (3.66)
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0 2 3m/2 2n

m
Angle ¢

Figure 3.1: F' as a function of the angle c.

and cg = 0.577 denotes the Euler’s constant.

For ¢ = 27, we have F'(27) ~ 3.8. In Figure 3.1 we plot F' with respect to
the angle c.

In summary, from (3.48), (3.62), (3.64) and (3.65) we can approximate (ac-

) , (3.67)

Q =2F(27) +2In2 + ¢ (3.68)

tually, this is an upper bound of E [Tz(;‘)} ):

1

9(1)
T—27r,27r

1 i 1
E [T;ﬁ’] ~ <2 In(C) +Q + 5 F

where

is a constant with F'(27) ~ 3.8, ¢ ~ 0.577, and FE [ﬁ} ~ 0.167, thus
—27,27

Q ~ 9.54. (3.69)

Thus, by taking ¢ = 2m, for n large, the mean time FE [7,,] that X, (t) rotates
around 0, is

)
4 cz

E[f] =~ vn (2 In(z,) + 228 4 Q) . (3.70)

and with
(3.71)

o
s
Il

Si®
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the MRT of X, (t) is given by the formula

E[f)] ~ [ [21 <\/ﬁ) +0.08 +Q} (3.72)

For a long enough polymer, such that nly >> L = n >> [, thus | = % is

negligible with respect to X, (t) and from (3.33) X,(t) ~ X, (t). For a mean
initial configuration ¢, = E (ZZ=1 ewk(o)), we obtain that the MRT of the
polymer is given by the formula:

Er] ~ v [2 In (E (Zies ewkm))> + 0.08n + Q] :

4 v (B (Ciy e®O))’
(3.73)
Finally, using the unscaled variables (3.5), we obtain:
n —A_0;.(0

NG E (Zkzl eVt )) 0.08n
Elm]~-=12n + 5 +Q

8D vn (E (ZZ 6@9"(0)»

(3.74)

Expressions (3.73) and (3.74) show that the leading order term of the MRT
depends on the initial configuration, however this dependance is weak.
We consider now that the polymer is initially stretched, hence ¢, = n.
Thus, from (3.74), the MRT is approximately:
En] ~ 8—\/5 In (n) + 0.08% +Q. (3.75)
In order to check the range of validity of formula (3.75), we ran some
Brownian simulations. In Figure 3.2, we simulated the MRT with a time
step dt = 0.01 for n = 50 to 300 rods in steps of 5, and for each n, we
took 300 samples and averaged over all of them. The parameters we chose
are D = 10 the diffusion coefficient, L = 0.3 the distance from the origin 0
and [y = 0.25 the length of each rod and we chose for the initial condition a
stretched polymer located on the half line Ox 0,(0) =0,Vk =(1,....,n)
(hence ¢, = L+ nlp), and then we computed the MRT FE [7,,]. In Figure 3.3,
we plot both the results from Brownian simulations and the formula (3.75).
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35

n

Figure 3.2: MRT of the free polymer end as a function of the number
of beads n (Brownian simulations).

We considered values from n =50 to 300 rods in steps of 10, D = 10,
L = 0.3, lp = 0.25, thus the condition \/n ly >> L is satisfied. For each nu-
merical computation, we performed 300 runs with a time step dt = 0.01. By
comparing the numerical simulations (Fig. 3.3), with the analytical formula
for the MRT, we see an overshoot.

The straight initial configuration is no restriction to the generality of our
study: we have that ¢, < n and the upper bound is achieved for a straight
initial configuration. In Figure 3.4, we simulate the MRT FE'[r,] for both a
random and an initially straight configuration (Brownian simulations with a
time step dt = 0.01 for n = 50 to 300 rods in steps of 5, and for each n, we
took 300 samples and averaged over all of them; the parameters we chose are
D = 10 the diffusion coefficient, L = 0.3 the distance from the origin 0 and

Uniformly distributed initial angles

When the initial angles (0;(0), 62(0), ..., 6,(0)) are uniformly distributed over
[0, 27], by averaging over all the possible initial configurations, from (3.8) and
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Figure 3.3: Comparing the Analytical Formula and the Brownian
simulations of the MRT. The MRT of the polymer end is depicted with
respect to the number of beads n.

35

— Straight IC
— Random IC
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n

Figure 3.4: MRT of the free polymer end as a function of the number
of beads n for the straight and for a random initial configuration
(Brownian simulations).
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(3.9), we obtain:

cn=E|Y "0 =F (cos(8(0)) + i sin(é’k(O)))] =0, (3.76)
k=1 k=1
hence, from (3.17),
EX, 0] = B [[+c| =1 (3.77)
We define:
Xo(t) = S (Xn(t) - Z) +1=1+2". (3.78)
\/ﬁ

We know that, for n large, the mean time £ [7:'”] that X, (t) rotates around
0, is given by

Finally, for a long enough polymer, such that nly >> L = n >> [ and
S €% ® S>> /i thus | = £ and y/n are negligible with respect to X,,(t)

lo
and from (3.78) X, (t) ~ X,(t). By using the unscaled variables (3.5), with
Q ~ 9.62, the MRT is given by

pla] i

Em]~E M ~ X520, (3.79)

Remark 3.3.4 Formula (3.74) (or formulas (3.75) and (3.79)) provides the
asymptotic expansion for the MRT when 6, € R,. In reality 6, is a reflected
Brownian motion in [0,27], thus a better characterization is to estimate the
MRT by using the probability density function for 81 in the one dimensional
torus [0,27]. In Appendiz A.4, we derive this probability density function
and by repeating the previous calculations, we show that, e.g. formula (3.79),
remains valid.

3.3.1 The Minimum Mean First Rotation Time

The Minimum Mean Rotation Time (MMRT) is the first time that any of
the segments of the polymer loops around the origin,

MMRT = I%in E{nlcn} = E [Tl s (3.80)
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Figure 3.5: Brownian simulation of the MMRT as a function of the
number of beads n — 2 for D = 10.

where F, is the ensemble of rods such that can travel up to the origin. The
MMRT is now a decreasing function of n. In Figure 3.5, we present some
simulations for the MMRT as a function of n (100 simulations per time step
dt = 0.01 with n = 4 to 15 rods and the diffusion constant D = 10, L = 0.3
the distance from the origin 0 and [y = 0.25 the length of each rod). The
initial configuration is such that |¢,(0)] < 27 — e, e.g. the straight initial
configuration: 6;(0) =0, Vk = (1,...,n).

In Figure 3.6, we present some Brownian simulations for the MMRT as a
function of D and of L (Figure 3.6(a) and Figure 3.6(b) respectively). L and
ly satisfy the rotation compatibility condition nly > L. E [T, decreases
with D and increases with the distance from the origin L.

Initial configuration in the boundary layer

When the polymer is almost making a loop, we expect the MRT to have a
different behavior. We look at thus numerically, and we start with an initial
polymer configuration in the boundary layer :

21 — e < |pn(0)] < 2.

where ¢, is defined in 3.4. The rotation of the polymer will be completed very
fast and using Brownian simulations (100 runs per point with n = 10 rods
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Figure 3.6: Brownian simulation of the MMRT as a function of the
number of beads n — 2. (a) For several values of D with L = 0.3, (b) for
several values of L with D = 10.

and the diffusion constant D = 1, L = 0.1 the distance from the origin 0 and
lo = 0.2 the length of each rod), we plotted in Figure 3.7 the results showing
that when the initial total angle ¢,(0) tends to 2w, the MRT tends to zero,
the precise asymptotic remains to be completed. Numerically, we postulate
that there is threshold for an initial total angle [¢,(0)] = 7. Before this
value, the MRT seems independent from this angle, whereas for |, (0)] > 7,

the MRT decreases to zero. However, this needs further investigation.
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Figure 3.7: Brownian simulations of the MRT as a function of the
initial total angle ¢,(0), where ¢, is defined in (3.4).
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Chapter 4

Conclusion and perspectives

Windings of stochastic processes and more specifically windings of Brownian
motion has been a subject of study for many years [Spi58, PiY86] etc. In
this PhD thesis, we investigate further the continuous winding process and
we apply the results to study the polymer movement inside a cell.

In the third chapter of this PhD thesis, we are interested in the mean
first time a polymer makes a loop around a fixed point. This is the first time
that such problem is systematically investigated. To that purpose, we had to
use and develop some tools coming from Probability theory and Stochastic
Calculus. In the second chapter, we start studying the continuous winding
process of the planar Brownian motion. Later on, we generalize our approach
to complex valued Ornstein-Uhlenbeck processes. More specifically, we study
the first hitting times defined by

T .=inf{t: 6, ¢ (—d,c)}, (c,d>0),

To estimate T fdﬁ, we shall use Bougerol’s identity which says that,
if (B,,u > 0) is a linear Brownian motion, for fixed u > 0,

(law

. ) A
sinh(Bu) "=" B(f2 ds exp(28.))

where (ﬁt,t > 0) is a Brownian motion, independent of 3.
We find that
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where (3 is a Brownian motion independent of the process (Oy,u>0), Tf =
inf{t > 0: B, =c}, (C,t > 0) is a standard Cauchy process and

a(c) = argsinh(c) = log (c +V1+ 02> , c€R.

Our method allows to give in Proposition 2.1.7 a new non-computational
proof of Spitzer’s theorem [Spi58|, which gives -for the Brownian motion- the
asymptotic behavior of the winding number around the origin:

g
logt = t—oo
where (] is a standard Cauchy variable.
Moreover, we investigate further the planar Brownian motion by using
Bougerol’s identity and we study the distributions of the first hitting times
T . and T, .. In particular, we give an explicit formula for the density

function of the variable T¢,, and for the first moment of In (ch,c). We

give some analogues for a complex valued Ornstein-Uhlenbeck process with
parameter \, we exhibit the distribution of 7.V = T? = inf{t : |#?| = ¢} and

we derive the asymptotics of F [Tc()‘)} for A\ large and for A small. Finally,
taking up again Bougerol’s identity, with

A(B) = / ds exp(2B,).

where (B, t > 0) is 1-dimensional Brownian motion, we show that 1/A4;(B),
considered after a suitable measure change from Wiener measure, is infinitely

/2
divisible. More specifically, under a new measure P, = (ﬁ) - W, where

W is the Wiener measure, 1/A;(B) is decomposed as the sum of N? and
a subordinator Y = (Y;,t > 0) with Y, = 0 a.s., i.e. an increasing Lévy
process, with N denoting a standard reduced Gaussian variable. Here, one
can ask whether we can find an infinite divisibility property of 1/A4;(B) under
the Wiener measure W. A possible approach may be through the Laplace
transforms given in Corollary 2.1.3.

In conclusion, Bougerol’s identity, which has been the main tool in this
PhD thesis, calls for further investigation. The approach of this identity by
using Laplace transforms (see e.g. Proposition 2.1.2 and equation (2.82) )
that we proposed here, may give a new direction to research concerning some



7

generalizations in higher dimensions. It is not clear how to extend Bougerol’s
identity to other processes than Brownian motion. We deal here only with
an extension related to Ornstein-Uhlenbeck processes.

In the third chapter, we studied the MRT for a planar polymer consist-
ing of n rods of length ly. The first end is fixed at a distance L from the
origin, while the other end moves by Brownian motion. Interestingly, we
have shown here that the motion of the free polymer end satisfies a new sto-
chastic equation (3.33), containing a nonlinear time-dependent deterministic
drift. When n is large, the limit stochastic equation is an Ornstein-Uhlenbeck
process, with different time scales for each of the two coordinates.

We found that the MRT E [7,] actually depends on the mean initial con-
figuration of the polymer. This result is in contrast with the small hole theory
[WaK93, WHK93, HoS04, SSHE06, SSH06a, SSHO6b, SSHO7, SSHO8| which
shows that the leading order term of the MFPT for a Brownian particle to
reach a small hole does not depend on the initial configuration. There are
several reasons for such a difference. First, the position of the free moving
end is a sum of i.i.d. variables and is not Markovian, which leads to a process
with memory. Second, we may not be exactly in the context of a small hole,
because the polymer completes a rotation when the free end reaches any
point of the positive x-axis. In summary, for nly >> L and n > 3, the
leading order term of the MRT is given by

1.

_/n Cn n
Bl gp |2 (o5 ) +0085 + Q|
where ¢, = E (ZZ:1 e\/%e’“(o)» (0r(0),1 < k < n) is the sequence of
the initial angles and ) = 9.54,

2. for a stretched initial configuration

Bl = Y0 ((n) + Q).

3. and for an average over uniformly distributed initial angles

B~ Y0 G
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where Q = 9.62.

As we have shown, these formulas are in very good agreement with Brownian
simulations (Fig. 3.3).

The mean time F [7,,;,] when a loop is produced for the first time for the
n rods also needs further investigation in order to provide an explicit formula.
However, the simulations showed that F [7,,;,] decreases with the polymer
length nly, it also decreases with the diffusion constant D and increases with
the distance from the origin L.

Finally, in order to get a better accuracy of the MRT, we consider that
each angle 0 between the rods is a reflected Brownian motion in the one-
dimensional torus [0, 27| (Appendix A.4).

Concerning further research in the future, one can ask, instead of taking
the two limits of Z{™, given in (3.25) separately (first for n — oo and after for
t — 00, see e.g. Corollary 3.2.3), what is its asymptotic behavior when n,t —
oo simultaneously? Moreover, it would also be interesting to use the series
expansion of log(1 + x) in (3.49) in order to provide more accurate results.
For this purpose, we should take into account all the negative moments of

0., = A (B) = Jy~dsexp(2B,).

Moreover, extension of this work should answer the following questions:
Given that the polymer has already made one loop, what is the probability
to make a second loop before unwrapping? What is the MRT in the case
that a polymer moves in three dimensions? One can ask how long a polymer
takes to wind around a one-dimensional filament, which can be used to study
the motion of plasmid moving inside the cell cytoplasm. In a first approach,
one can project the 3d motion into the following plane: we fix an end X, of
the polymer and we define the &ne which is perpendicular to the filament
in the direction of the vector 0Xy. Then, we can extend the 2d analysis
developed here to study the projection. For example, in the 2-d projection
the lengths of the different rods are not any more constant, but will vary
with time. However, if we consider the angle of each rod with respect to the
plane that we project as Brownian, we know that the mean length of each
rod remains constant. Another possible starting point to study the 3d case
may be via the three dimensional Brownian motion and its windings around
a finite number of straight lines [LeGY87].

Finally, another possible direction would be to use a more sophisticated
model for the polymer, e.g. the Rouse model or models that additionally in-
clude bending, torsion or other mechanical properties [Roub3, SSS80, DoE94|.
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Appendix

The Appendix consists of four parts.

In the first part A.1, we give a table with Bougerol’s identity and several
equivalent expressions.

In the second part A.2, we proceed to some explicit calculations in order
to show that

<L(m) = log(vz + VIt 2) = as(v/z), = > o)
and

(2(2) = og(va + VI+2))* = (a,(V2))%, @2 0)

are Bernstein functions.

In the third one A.3, we give the proof of Theorem 3.2.1. We use some
arguments coming from Probability theory and we prove the convergence
of the sequence (Mt("),t > 0) to a Brownian motion in dimension 2, with
different time scale functions.

In the fourth part A.4, we first calculate the probability density func-
tion of the reflected Brownian angle ¢, in the one-dimensional torus [0, 27].
Second, we use this probability density function and we repeat the same
arguments as in section 3.3 to provide a more accurate estimation of the

MRT.

79
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A.1 Table of Bougerol’s Identity and other equiv-
alent expressions

Bougerol’s Identity and equivalent expressions (u > 0 fixed)

1) sinh(g,) = BA (B)=[" dsexp(26,)) _ (Bougerol’s Identity)
2) sinh(Bu) = ﬂA @), Bu=sup,, By

3) sinh(C, )(lﬁv B(Te c>0

1) Hp, ZITh L a(e) = argsinh(z), b>0

5) GT;? e Ca)

6) 05" |Cupl. 0. = sup,c,, 0,

b

x>0

1 T o 1 ¢
0 E | o P <_W> = Vite M@ (E VI

c

1 T _ (1 1 1
8) B epma ) _(5)<¢1+_r) (VI V/a + (Ve

r>0,0= g

1 x _ 1 1 (a(v/))?
9) E VA B) P <_2Au(ﬁ)) = Vamu Vitz P (‘ 2u )v x>0

10) GJZ“(AA)(U/\) (fw) Caw)  (OU version)

Notations:
(Z; = Xy +1iY;,t > 0): is a standard planar Brownian motion, starting from
1410,
(G, By, t > 0) are two independent Brownian motions,
Ht = Im( f, [l dZ:) t > 0 is the continuous winding process,
t ds
fo \Zdl
(Ct,t > 0): denotes a standard Cauchy process,
TP =inf{t: B, ¢ (—o0,c)},
=inf{t: 0, ¢ (—o0,c)},
T°, .= inf{t: 0, ¢ (—c,c)},
(Z},t > 0): is a complex valued OU process with parameter A > 0, starting
from a point different from 0,
(U}t > 0): is a real valued OU process with parameter A > 0, independent
from Z*, starting from a point different from 0, and

Tb()‘)(U’\) =inf {t > 0: MU} = b}.
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A.2 Two Bernstein functions

(L(z) = log(v/z + V1 + ) = a,(y/z), © > 0) as a Bernstein

function.

We look for p(da), a Lévy measure on R, such that:
L(z) =log(v/z +V1+ 1) = / p(da) (1—e ). (A.1)
0

Taking derivatives on both sides, we get:

ﬁ+1¢1+—x{2\1/5+2\/11+—x}ENﬁZ/ju(da)ae‘m

We then write:

L ([ ([t )
z(1+ ) ™ \Jo Vit 0o Vs
u=t+s l /OO E =S /OO du e~ TU
- T 0 S s VU — S
00 1
sZhu l/ du e ™" / dh —hu (a)
™ Jo 0 h(l — h)

so that, finally, we have identified p(da) in (A.1) as:

wu(da) = _aE [e=] , (b)
where g is arcsin distributed on [0, 1].
We note that p(da) is the Lévy measure of a GGC variable, which has
been the subject of studies [BFRY06|, followed by a more general discus-
sion [JRY08]. We recall that:

= 1 = eX — X
VIte Vo= s = o (CL()

is the Laplace transform of de — ge, Where:

dy =inf{s >t: B, =0}, ¢ =sup{s<t:B;=0}
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for a BM (Bs,s > 0), and e is a standard exponential variable independent
of B. An extension to Bessel processes with dimension d < 2 is given in
[IBFRY06]. Moreover, relying upon a private note by F. Hirsch [Hir10], we can
obtain the Thorin measure [Tho77, JRYO08| of L(x). Indeed, if we consider
L(z) the GGC of Thorin measure i\/ﬁl(o,l)(t), a simple calculation and

2m
the change of variables t = 1121}2 yield:
~ 1 1 1 1 0o
@) = & dt:—/ L
2 Jo (v +t)\/t(l —t) TJo v+ (x+1w
1 1
2 /x(1+x) (@) (42)

Thus, L(z) = L(z) is GGC with Thorin measure %\/ﬁl(o,l)(t)-

(®(z) = (log(vz + V1 +2))? = (as(v/x))% = >0) as a Bern-

stein function.

We look for v(da), a Lévy measure on R, such that:

2 [e.e]
2(x) = (log(V + VIt 1)) = / v(da) (1— ). (A.3)
0
Taking derivatives on both sides, we get:

2log(vz+V1+x

1 > —xa
L(x)\/ﬁ = /0 v(da)ae ™ .

(A.4)

1
) 2y/z(1+ )
With the help of both (a) and (b), we can write the LHS of (A.4) as:

' (z) = L(x)\/ﬁ = /0 OL—UE [e™] (1 —e™™) /0 dv e ™ E [e™"]

Similarly to the previous paragraph, relying upon a private note by F. Hirsch
[Hir10], we can obtain the Thorin measure of ®(x), which also means that
®(z) is a Bernstein function. Indeed, if we consider ®(z) the GGC of Thorin
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1——L—1(1,0)(t), a simple calculation and the change of variables

measure
2/te-1)
€T

t = yield:

z—(z+1) tanh? v

~ 1 [ 1
Q' (z) = —/ dt = argtanh,/i.
21 (x+0)Vtt-1) V(1 +2) r+1

y

However, by using the explicit expression: argtanhy = 1 5 log 1 14 we deduce:

~ 1
@ —

(1) = 5—=——=log(vVa + V1 +2) = ¥(2). (A.5)
2 (1 + )
Thus, ®(z) = ®(z) is GGC with Thorin measure L(1,00)(t), thus ®(x)

2./t (t D

is a Bernstein function.

A.3 Proof of Theorem 3.2.1

To prove the theorem, we study each sequence St(") and C’t(") separately. The
change of time comes from Dambis-Dubins-Schwarz Theorem and the scaling
property of the Brownian motion [ReY99|. For a fixed time ¢ > 0, we have

o = in /thos(Bk(s))dBk(s)

and

S = ——/ Zsm (Bi(s)) dBy(s)

0

L gm
Vi (J Siey sin?(Bi(s) ds)

(n) R
(£ 5 Xy sin®(By(s)) ds) (A.7)

|
Qu

where (3,, ﬁu, @u, ﬁ:, u > 0) are four Brownian motions. To study the limit of
(SQ(L"), ci u > 0) and prove convergence in law, we shall show [Bil68, Bil78|
or [ReY99] (Chapter XIII):
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1. The convergence of the finite dimensional distributions and

2. the tightness of the sequence (Mt("),t > 0), where by definition, a
sequence (M, () ,t > 0) of random variable is tight if, for all € > 0, there
exists a compact subset K such that P(M € K)>1—cforalln>1.

1. We consider two bounded functions f, g of compact support and we study
the characteristic function of the processes (S&"), C’&"),u > 0), (VA ueR)
(A and p could be omitted (A = p = 1) as they don’t play any role in the
proof. However, it seems better to use them so as to have the general form
of the characteristic function as known).

We shall use the notation < - > for the quadratic variation: for a real-valued
stochastic process IV; and for a sequence {A,,} of subdivisions of an interval
[0, 1], for every t, the quadratic variation is

n

< N,N >=< N >= |A1}LH_1>0kZ:; (Ntk — Ntk,1)2 .

More generally, the quadratic covariation of two real-valued stochastic processes
Nt(l) and Nt(z), when it exists, is defined by
(2) @)
) (N ~N® 1) .

In our computation below, N and N® are two continuous martingales, for
which the above limit exists.
We study now

< NON® 5= fim Y (N(l) ~ NO

tr [
|An‘_’0 Py k k—1

B { i(M 5 F@)dsS 4 57 g dc(”))} _ & { i(A 5 F)dSE b f57 gwdc) |
o 3O TS [ ()ACE ) =5 (N F()a88 +a f ()0l >w} (A8)

We know that since we have an exponential martingale [ReY99|

<A [ s [ g<s>dc§">>u -

Moreover:
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= 2 [T peats), v i aen),
+2A\u / ' f(s)g(s) d(S™, C™) . (A.10)

Using the Law of Large Numbers,

(50, C(n)>u = % /u Z sin(By(s)) cos(Bk(s)) ds

0 k=1
GO A
@), / Esin(Bi(s)) cos(By(s))] ds
n—oo 0
= 0. (A.11)
Indeed, by the symmetry property of the Brownian motion B (faw) — By,

thus: E [sin(Bi(s)) cos(Bi(s))] = E [sin(—Bi(s)) cos(—Bi(s))] which yields:
E [sin(By(s)) cos(Bi(s))] = 0. Similarly, the Law of Large Numbers yields:

<S(”)>u = %/Oquinz(Bk(s))ds

k=1

@) /0 "B [sin?(By(s))] ds. (A.12)

and

n

<C’(")>u = %/Ochosz(Bk(s)) ds

k=1
(P)
—

/ E [cos®(By(s))] ds. (A.13)

However
E [(cos(Bi(s)) —l—isin(Bl(s)))z} = E [cos*(Bi(s)) — sin*(Bi(s))] ,

as, once more by symmetry, F [sin(Bi(s))cos(Bi(s))] = 0, and (recall that
2
VA, E[PE)] = e¥):

E [(cos(Bi(s)) +z'sin(Bl(s)))2} =F [eQiBl(s)} =%,
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Hence:
E [cos?(By(s))] — E [sin®(Bi(s))] = e,
and
E [cos®(Bi(s))] + E [sin®(By(s))] = 1.
We deduce:
E [cos®(By(s))] = 1+2€_ i (A.14)
E [sin®(B,(s))] = 1_26_ - (A.15)
Thus:
s = sin?(By(s
(9 = g [ S
), /0 E [sin(By(s))] ds
= %/Ou (1—e) ds, (A.16)
and
<C(")>u = /0 Zcos (Bk(s)) ds
7%0 /OUE [cos*(Ba(s))] ds
= %/u (14 e7*) ds. (A.17)

Hence, from (A.8):

o [ei(x 22 fu)dSS 4 22 g(u)dc§”>)]

% exp —)\—2/OC>J”2(1L)1 (1—e) du——/ 1 (1+e?) du
2 J, 2 W3 (



A.3. PROOF OF THEOREM 3.2.1 87

_E [ero"" f(U)dSu} B [ i J5 9 dcu} : (A.18)

which shows the convergence of the finite distributions.

2. In order to prove tightness, we shall use Kolmogorov’s criterion:
(Mt(n),t > 0) is tight if, for every n, there exist positive constants a, 3 and
¢y such as:

B
E UMf"’ — M™ ] <ot — s/t (A.19)

3
1)

(A.20)

Indeed, Cauchy-Schwarz inequality yields

EUMf"’—M§"> BFE[ i
o {(er-sof ) (o

By using Burkholder-Davis-Gundy inequality (BDG) [KaSh88, ReY99], there
exists a constant 0 < ¢y < 0o such that:

S 4ic™ — 8t — ot

S — 5 o — o

s

E [ 5 _ g ﬂ < B [((s7), = (s))]. (A.21)

We have that:
Sty = / (Bi(w)) du <t —s. A22
< > < 8 ;sm % ( u < S ( )

Thus,

1/2
D a2t —s|”?. (A.23)

20
(el

Similar computations for C™ | lead to a constant 0 < c3 < oo such that:

1/2
QBD 2| — o2 (A.24)
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From (A.20), (A.23) and (A.24) we deduce (A.19) for e.g. =1, § =4 and
0= 23(03/2 + céﬂ). So, we proved that (Mt("),t > 0) is tight.
Summarizing our results 1 and 2, we deduce that the sequences (SQ(L") and

C&n), u > 0) are asymptotically independent and finally,

(n) (v(n) (law) 3 3
(8", G u 2 0) == (B(1 o as 1e-22))» (3 it s (1e-207) 0 2 0).

A.4 The density of 6,

We should also take into account the fact that #; is a reflected Brownian
motion in [0,27]. This means that the equations (A.14) and (A.15) change
as the density function p(6,t) of 6; is different from the density function of
the Brownian motion. In order to find the density function p(6,t) of 6;, we
have to solve the following system |Gar64, Kni81|. It is the heat (diffusion)
equation with some boundary conditions (BC) due to the periodicity as 6; €
0, 27]:

Ip(0,t) = DLop(6, t)
p(0,t) = p(2m, t) (A.25)
%(0,t) = %5(2m,1t),

and the initial condition (IC) p(#,0) = 5= (thus, from (3.7) ¢, = 0). The
solution of this equation is given by the form:

p(0,t) = Z Ae=PAnt [an cos(v/Anb) + by, sin(\/YHH)] , (A.26)

where VA, = ng- = A\, = "72 and A, a,, and b,, are constants which are going
to be defined by the (BC) and the (IC). Hence:

> n?t ne ne
0,t) =AY e 7T |aycos(—-) + bysin(—) | . A.27
p0.0)= 435 [ancon(F) +busin() (A27)
Following section 3.1, we scale f = 55 and [ = l£ (we use t for ¢). From the
0

(BC), we have:

{an cos(nm) + b, sin(nw) = a, (A.28)

—ap, sin(nm) + by, cos(nm) = b,
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ap(cos(nm) —1) =0
- {bn(cos(mr) —1)=o. (4.29)

This system has a solution not identically 0, i.e. (a,,b,) = (0,0), if and only
if:

cos(nm) =1=n:even = n =2k, k7. (A.30)
Thus, A\, = %2 — k? and by replacing @, = Aa, and b, = Ab,, (A.27)

becomes:

(o]
2

pO,1) =3 e [an cos(nd) + by sm(ne)] . (A.31)

n=0

For t = 0, by using the (IC) of the heat equation (A.25), we have:

p(0,0) = i [an cos(nf) + by, sm(n@)} (A.32)

n=0
Hence, ay = % and @, = b, = 0, for every n > 1. Thus:

p(0.1) = % (A.33)

and from (A.31), because all the terms in the sum are equal to 0 except for

the one for n = 0:
E [Sin2(91)} = F [71 — 0028(291)}

1 (% (1 - cos(2 1

_ 1 (M) 6= = (A.34)
27 Jo 2 2

By repeating the same calculation, we have:

E[cos?(0))] = E [H#S(%)]

1 [?™ (14 cos(20) 1
= 5/ (7) a0 = 5. (A.35)

Equation (3.17) yields:
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and we take up again our study, starting from equations (3.19) and (3.21).
Using the Law of Large Numbers, the equations (A.16) and (A.17) change
to:

<S(")>u = l/quinQ(Qk(s))als

“1 U
and
<C’(")>u = %/ ZCOSQ(Hk(S)) ds
0 k=1

“1 U

Following subsection 3.3, with (7,7, u > 0) two independent Brownian
motions:

t
Zm = e_%/ e2dM™ (A.38)
0

t e%
— dvs = 7).
A \/§ v t

(law) _
R — 6

/te;d +ie”
— dys + i€
n—0o0 0\/§

N+
SIS

(A.39)

Hence, by using the scaling property of Brownian motion:

t
Zt(OO) =e 2 / 6% (d73/2 +1 dﬁ/s/2)>
0 NS ~ g

d@s/Z

where (]ﬁ%t =Y+ 1Y,t > 0) is a 2-dimensional Brownian motion starting

from 1. Consequently, by repeating the same arguments as in subsection 3.3,
formula (3.79) remains valid.
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