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Summary

The objective of this work is the characterization of unsaturated cement paste porosity
through the use of ultrasonics. The correlation between ultrasonic velocity and poros-
ity in cement paste material is studied based on both micromechanical modelling and
experiments.

Experimental measurements of ultrasonic longitudinal and transverse velocities as
a function of water to cement ratio were performed on cement paste with and without
air-entrained adjuvant. Different saturation states were considered within both mate-
rials. The longitudinal and transverse velocities showed a decrease when increasing
the W/C ratios.

In the micromechanical modeling, the porous structure was modelled by spher-
ical pores arbitrary embedded in a nonporous cementitious matrix. The effects of
saturation were modeled by approximating the porous structure as a penny shaped
ellipsoidal inclusions of aspect ratio varying with the W/C ratio. Several different mi-
cromechanical models for estimating the homogenized elastic moduli of cement paste
and air-entrained cement paste were studied. The micromechanical modelling has
shown that the longitudinal and transverse wave velocities of the dry cement paste are
lower than those of the water saturated cement paste. This effect is equally prominent
for all the cement paste W/C ratios (or porosities).

The model of Mori-Tanaka was found to give the best fit with the experimental
results for the cement paste modeling. While, the self-consistent model gave the best
estimate of the mechanical and ultrasonic air-entrained cement paste properties when
compared to the laboratory experimental results. The measured velocities on the ce-
ment paste samples as a function of porosity and saturation were found by varying the
inclusions aspect ratio.

The findings of this work should be most appropriate as a foundation for an inver-
sion process and improved cementitious material porosity determination by nonde-
structive methods.

Keywords: Cement paste, Micromechanical modelling, Ultrasound, Porosity, Satu-
ration.





Résumé

L’objectif de cette thèse est la caractérisation de la porosité de la pâte de ciment partielle-
ment saturée par des ondes ultrasonores. Les corrélations entre les vitesses ultrasonores
et la porosité ont été étudiées en se basant à la fois sur les résultats expérimentaux et la
modélisation micromécanique.

Desmesures expérimentales de vitesses ultrasonores longitudinales et transversales
en fonction du rapport eau/ciment ont été effectuées sur la pâte de ciment avec et sans
entraîneur d’air. Différents états de saturation ont été considérés pour les deux matéri-
aux. Les vitesses longitudinales et transversales ont montré une décroissance lors de
l’augmentation du rapport E/C.

En modélisation micromécanique, les effets de saturation ont été modélisés en sup-
posant que la structure poreuse est forméed’inclusions ellipsoïdales de facteur de forme
variable selon le rapport E/C. Afin d’estimer les modules homogénéisés élastique de
la pâte de ciment et de pâte de ciment à entraîneur d’air différents modèles micromé-
caniques ont été étudiés. Les résultats de la modélisation micromécanique ainsi que
les résultats expérimentaux ont montré que les vitesses des ondes longitudinales et
transversales de la pâte de ciment à l’état sec sont inférieures à ceux de l’état saturé.
Cet effet est tout aussi important pour l’ensemble des rapports E/C (ou porosités).

Le modèle de Mori-Tanaka a donné la meilleure estimation des résultats expéri-
mentaux mesurés sur la pâte de ciment. Alors que le modèle auto-cohérente a donné
la meilleure estimation des propriétés mécaniques et ultrasonores de la pâte de ciment
avec entraîneur d’air. Les vitesses mesurées sur les échantillons de pâte de ciment en
fonction de la porosité et la saturation ont été retrouvées en faisant varier le facteur de
forme des pores.

Les résultats de ce travail devraient être les plus appropriés en tant que fondement
d’un processus d’inversion et l’amélioration de la détermination de la porosité de la
pâte de ciment par les ultrasons en tant que méthodes non destructives.

Mots clés: Pâte de ciment, Modélisation micromécaniques, Ultrason, Porosité, Sat-
uration. 2
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Introduction

Context

The cement-based materials, such as cement paste, mortar and concrete, are the most
worldwide used materials in constructions. In 2007, for instance, the Lafarge group,
first cement producer in the world, has produced 136 millions of tons of cement.
Unfortunately, various factors affect the cement-based materials causing their degra-
dation, namely aging, chemical and physical damages, freezing, fire, reinforcement
corrosion [6, 39] etc. These factors are well identified and are described with some
detail in different publications [2, 189].
The degrading aggressive factors penetrate generally into the material through con-
nected pores [11, 168]. Thus, porosity is a key parameter in the degradation process.
It quantifies the resistance of the material against penetrating agents and is widely
recognized as indicator of cementitious material durability [12]. Consequently and
in order to follow up and monitor the structure degradation, current on-site tests aim
to determine thematerial hydraulic properties, in particular, porosity and permeability.

Testing and control of materials is even more important nowadays due to the
progress in the developing technologies used in such tests and the nature of mate-
rials that should be tested without any disturbance or damage. Thus, new technologies
that do not affect the material future usefulness have been developed for materials
testing, control and evaluation [129, 210]. These techniques are called non-destructive
techniques and include radiography, ultrasonic, radar, thermography etc. A summery
of the basic principles of the nondestructivemethods and practical information for their
use are given in [150, 210].

In the inspection of metals, nondestructive testing is a common practice as for
steel pipelines inspection. However, the nondestructive inspection of cement-based
material is relatively new. Hence, the application of these methods to the control and
assessment of aging structures is receiving a great attention in the last decades. In
the U.S for instance, the nondestructive methods have been considered for biennial
inspections of bridges [179]. In particular, the nondestructive method based on elastic
wave: the ultrasound, are becoming the most investigated as they are particularly
flexibility, characterized by a low cost, and are capable of yielding information about
the microscopic material structure. Indeed, the ultrasonic non-destructive testing has
been standardized by many organizations in different countries. A critical comparison
of eight standards was presented by Komloš et al. [125].



Background

The most commonly measured ultrasonic parameters are ultrasonic pulse velocities
(UPV) [100]. The latter are directly related to the elastic parameters of the porous mate-
rial they propagate into it. As elastic moduli depend on porosity [85, 212], this induces
a relationship between porosity and ultrasonic velocity. Empirical (or semi-empirical)
expressions that relate the porosity to elastic moduli were developed [81]. The use of
these expressions is limited in situ, as the assumptions considered in such models are
simplistic. On the other hand, FEM numerical computations, which are considered
to be accurate and very general, were successful in estimating the elastic moduli of
composite materials [13, 172]. However, they are expensive in terms of user’s time,
CPU time, and machine memory usage. For these reasons, general mechanical models
based on the homogenization approach, i.e. micromechanical models, were developed.
The micromechanical models make it possible to determine the overall properties of a
composite material when the mechanical properties of all the constituents are known.
Although they generally give approximations of the unknown properties, these mod-
els are easy to use, very fast, and consume low machine memory. In addition, these
models provide physical explanations to the observed macro-phenomena.

The most ancient composites were used in planes. Recently they have many appli-
cations in polymer, metal, rubber, concrete matrix composites, biomaterial (e.g. arterial
walls), etc. A composite is a combination of two materials or more that are combined
at a macroscopic level and are not soluble in each other. One component is called the
matrix (the continuous component), the others are called inclusions. Thus a composite
can be seen as a micro-heterogeneous material.
The analysis of such material is not a recent development. 150 years ago, research be-
gan on the estimation of the effective responses of a composite material under a variety
of assumptions on the internal fields within the microstructure. Works dating back at
least to Maxwell (1873) [152], he focused on determining overall macroscopic transport
phenomena. Then Voigt (1889) focused on the effective mechanical properties with a
later contribution by Reuss (1929).
Later, various methods where developed to resolve a composite homogenization prob-
lem. Twomain procedures can be distinguished according to the effective environment
for which the inclusions are subjected. The first, is the effective fields method (EFM)
[151], which consists in placing the inclusions in mechanical fields with effective strain
or stress. The second is the effective medium method (EMM), where the inclusions
are placed in a medium where the elastic properties have already been homogenized.
The most known EFM are the Dilute inclusion, the Mori-Tanaka [14, 157] and the
Kuster-Toksöz [23, 130, 131]. The EMM concerns two principal methods called the
self-consistent ([18], [19]) and differential methods([164]).

Application of the aforementioned methods to cementitious materials is still a chal-
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INTRODUCTION

lenging issue. Few works dealt with this subject. One can mention the study carried
out by Hernández et al. [98] where cement paste with only two different porosities was
considered. Hernández et al. applied [96] a two-phase micromechanical model based
on the Mori-Tanaka theory in order to relate the porosity and ultrasonic properties
of mortar. They formulated [99] and applied [97] later a three-phase micromechanical
model for ultrasonic characterization ofmortar. The authors found thatmortar porosity
can be estimated by non-destructive ultrasonic testingwith amean error of 10%. Yaman
et al. [230, 231] described active and non-active porosity in concrete by investigating
the correlations between ultrasonic measurements and the mechanical, semi-empirical
and micromechanical models. Unlike the mechanical and semi-empirical models, the
theoretical models give good estimates for the mechanical and acoustic parameters of
concrete. Zimmerman [239] focused on describing cement paste using a single model:
the Kuster-Toksöz model. He found a good compromise with experimental data when
varying porosity for a particular form of pores: spheroidal pores with radius ratio
(aspect ratio) equal to 0.31. Other studies were carried out to compare the theoretical
predictions of different micromechanical models [18, 19, 121] without experimental
validation.

A comprehensive experimental measurements were carried on our laboratory on
the cement paste material. It included namely porosity and ultrasonic measurements
on cement paste with different water to cement ratio. Aiming to enhance the under-
standing of this material’s behavior, the present study was essential. Thus, this work
intends to improve the effective cement paste elastic parameters predictions based on
micromechanical modelling. Indeed, various micromechanical models were evaluated
in this study. As on site cementitious structures can be either dry, partially or fully
saturated by two or more different fluids, a special attention was dedicated to the effect
of water saturation on the micromechanical modeling and ultrasonic testing of cement
paste material. Indeed, rare works focused on the subject [21].

Theses Objectives
The objective of this thesis is to develop a correlation between the measured macro-
scopic ultrasonic properties and the micro-structural hydraulic characteristics of se-
lected cement-based materials. This includes a comprehensive understanding of ul-
trasonic wave propagation characteristics in cement-based materials as well as a large
interpretation and application of composite multi-scale theories relating the material
micro-properties to its macro-properties.
The selected cementitiousmaterialwas the cement pastewith andwithout air-entrained
adjuvant. Indeed, this material is a critical binding material in mortar and concrete.
Thus its properties influence the structural integrity and durability of mortar and con-
crete structures. The investigation of the air-entrained cement paste aimed to study the
effect of porosity variation when fixing the water to cement ratio.
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The present study dealt with the following considerations:

• A single cement paste material was studied: the Portland cement paste;

• The water/cement ratio was varied experimentally from 0.3 to 0.7;

• Two types of adjuvant were includedwithin the studiedmaterials: the superplas-
ticizer and the air-entrained;

• Moisture state was varied: dry, partially and fully saturation states were investi-
gated;

• A single frequency of 500 kHz was fixed for the ultrasonic measurements;

• Selected multi-scale theories were developed; namely the most used microme-
chanical models: the Hashin-Shtrikman, the dilute inclusion model, the Mori-
Tanaka model, the Kuster-Toksöz model and the self-consistent model.

Dissertation structure
The conducted researchproject is described in the fourpartsof this thesis. Theflowchart
of the structure is shown in Fig.1. In the first part (chs.2-3-4), the theoretical background
of composite modeling is outlined. Comprehensive descriptions of existing research on
the modeling of a multiphase composite were reviewed in details. The most used mi-
cromechanical models investigated in the homogenization of composite are described
in chapter 4.
In the second part (chs.5-6-7-8) of this thesis, the experimental materials, techniques
and procedures are presented in detail. The prepared cement paste samples mix prop-
erties are detailed. In chapter 6, the pore structure of cement paste was detected by
water imbibition, mercury intrusion porosimetry (MIP), X-ray microtomography and
scanning electron microscopy (SEM). Ultrasonic pulse velocity (UPV) measurements
were performed on cement paste with andwithout air-entrained adjuvant as described
in chapter 8.
In the third part (chs.9-10-11), the application of the existingmicromechanical models to
the cement pastematerials were discussed. The cement paste phases properties needed
for the modeling are determined. In chapters 10 and 11, the parameters influencing
the homogenized macro-structural properties, such as pore fraction and shape, the sat-
uration degree and matrix elastic properties, are varied. The simulated homogenized
properties using different micromechanical models are compared. The applicability of
each of them to the cement paste material is investigated.
In the last part (chs.12-13-14), the simulated elastic properties and ultrasonic velocities
are compared to the experimental results. The theoretical and measured velocities be-
haviors of cement paste were examined under different porosities and saturation states.
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Part I : Linear homogenization of elastic composites 

General considerations (ch. 1) 
Bounding homogenization methods (ch. 2) 
Micromechanical models (ch. 3 & 4) 

Part III : Application of micromechanical modelling  
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Identification of matrix properties (ch. 9) 
Cement paste modelling (ch. 10 & 11) 
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Figure 1: Thesis structure flowchart
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Introduction

The study of the behavior of composite materials can be carried out either on the macro
or on the micro-scale. A better understanding of the mechanical, physical and chemi-
cal interactions within the material is achieved when focusing of the micro-scale. This
latter can be reached through the scale-transition method that was developed since
the fifties to overtake the limitations of the classical solid mechanics that was based
on experiments. The principle of this method is the transition from microscopic to
macroscopic scale using homogenization approaches.
Indeed, a homogenization approach is based on the relationships between microscopic
and macroscopic material’s properties. It characterizes the mechanical properties and
the behavior of the material at the macroscopic scale from the description of its con-
stituents at the microscopic scale [30, 159, 141].
Among the developed homogenization approaches, there is the cell and the subcell
methods [1, 62] , the FE simulations based Unit Cell method [132, 144], the asymptotic
expansion based displacement field method [114] and the mean-field based approach.
In this chapter, the latter will be investigated and detailed. Such choice is argued by
the fact that the mean-field based methods are the less expensive in terms of user’s
time, CPU time, and machine memory usage. In addition, they have proved good
results in modeling the behavior of various materials, namely polymer composites
. However, they were rarely applied to cementitious composite. Thus, this thesis
aims to focus on the possible applications of the mean-fields based homogenization
approach to cement-based materials, especially cement paste. A first attempt to ap-
ply these approaches to mortar was presented in [146] but is not presented in this work.

In this part, general considerations, assumptions and notations of elastic compos-
ites’ homogenization are first introduced. The most two used bounding methods in
homogenization are then presented. In the fourth chapter, the Eshelby inclusion’s prin-
ciple, that is considered to be in the basis of micromechanical modeling, is detailed.
Later, different micromechanical methods are explained, such as, the Mori-Tanaka, the
Kuster-Toksöz and the self-consistent.
It is necessary to note that in the following, we will proceed with basically mathemati-
cal description of the homogenization methods since the key of their development are
essentially mathematical rather than physical.





C 1

General considerations in linear
homogenization

Homogenization of composite material allows the determination of material’s macro-
properties based on the micro-properties of its constituents. The link between micro-
level and macro-level properties is established based on suitable micro-macro relation-
ships, such as averaging procedures in the case of the mean-field homogenization ap-
proach. In this chapter, the general tools used in homogenization approaches, namely,
the Representative Volume Element (RVE) and the average fields theory are presented.
The chapter includes as well the inclusions’ morphology description tools, such as
the Orientation Distribution Function (ODF) and the coordinate system transformation
tensors. Finally, the general expression that gives the homogenized elastic properties
of a composite material is formulated.

Some useful mathematical relations that will be used in the following developments
are presented here in. In the case of isotropic medium, the linear elastic behavior is
defined by the stress σ and strain ε (noted also e) fields as:

εi j = eij =
1
2(ui, j + uj,i) (1.1)

σi j = λemmδi j + 2µeij (1.2)
Where:

• λ and µ are the Lamé constants, having direct relation to the most meaningful
mechanical characteristics: the Young’s modulus, E, the shear modulus G, and
the Poisson’s ratio, ν (see Appendix A);

• ui, j is the derivative of the displacement uj with respect to xj;
• a repeated suffix is a summation over the values 1, 2 and 3.

A second order tensor fi j can be split into its symmetric and deviatoric parts such that:

fi j = f ∗i j +
1
3 fδi j (1.3)

Where: f = fmm and f ∗i j = fi j − 1
3 fδi j

Using Eq.(1.2), the previous equation writes:

σ = 3Ke , σ∗i j = 2µe
∗
i j (1.4)



Where K is the bulk modulus 1 ; K = λ + 2
3µ.

1.1 Representative Volume Element (RVE)
The concept of Representative Volume Element (RVE) was first introduced by Hill
(1963 [103], 1967[107]) to relate the macro-properties of a composite material point to
its micro-properties that correspond to those of its micro-constituents. If a composite
material formed by a matrix and multiple inclusions is considered, then a RVE can be
defined as shown on Fig.1.1.

L

b

r

b << r << L

Figure 1.1: A Representative Volume Element (RVE)

The characteristic dimensions of the composite, the RVE and the inclusions are
respectively L, r and b.
In essence, the characteristic dimension r of the RVE must be chosen in a manner to
respect the following conditions [31]:

• r << L: so that the structure can be considered as continuous medium;

• r >> b: so that the RVE is sufficiently large to consider that the cell is statistically
representative of the heterogeneous microstructure.

In addition, the chosen RVE must be subjected to the correct boundary conditions in
order to represent the macromechanical problem.
In some special caseswhere the inclusions’ distribution is periodic, the RVE is generally

1Bulk modulus (or modulus of volumetric elasticity) is defined as the ratio of hydrostatic pressure to
the relative volume change and is given by : K = V0 ∆P∆V .
Where : ∆P is the increase in pressure; ∆V is the decrease in volume and V0 is the initial volume.
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1.2 Average fields of composite medium

restrained to one cell, for instance, an hexagon for a honeycomb structured composite.
If a RVE of a composite material is consider to be formed byN+ 1 phases: a matrix and
N inclusions, then its volume and mass are given by the following summations:

V = V0 +
∑

i
Vi (1.5)

M =M0 +
∑

i

Mi (1.6)

Where:
(V0, M0) and (Vi, Mi) are, respectively, volumes and masses of the matrix and the ith
inclusion.
Then, assuming that all the phases are homogeneous, elastic and isotropic, the com-
posite density (or unit mass) ρ is determined by:

ρ =
M
V =

ρ0V0 +
∑
i(ρiVi)

V = ρ0 f0 +
∑

i

ρi fi (1.7)

where ρ0 and ρi are respectively the matrix and the ith inclusion density. fi =
Vi
V is the

volume fraction of the ith phase and verify:

N∑

i=0
fi = 1 ; f0 = 1 −

∑

i
fi (1.8)

Because the RVE is, as presented, a heterogeneous material, the stress and strain
fields inside it are expected to be non uniform. Consequently, averaging mechani-
cal fields over the RVE is needed to express macro-properties in terms of the micro-
properties.

1.2 Average fields of composite medium
The strain and stress fields in the RVE are not necessary uniform. Then average
quantities have to be considered to describe the strain and stress fields at the micro-
level.
In order the determine the average strain and stress over the RVE, two boundary
condition configurations are considered in the following.

1.2.1 The average strain
Consider that the RVE is subjected to linear boundary displacements ui corresponding
to a macroscopic strain ε̄ (see Fig.1.2).
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Figure 1.2: RVE subjected to macroscopic displacement ui

Then, the micro-displacements are related to the macro-displacement gradient G
(not necessary symmetric but constant through the RVE) by the following relation:

ui = Gijxj ; Gij =
∂ui
∂xj

(1.9)

Due to the small strain assumption, then:

εi j =
1
2(Gij +Gji) =

1
2(
∂ui
∂xj
+
∂uj
∂xi
) (1.10)

The average of the micro-strains over the RVE is then computed as follows,

〈εi j〉V =
1
V

∫

V
εi jdV (1.11)

Stokes
=

1
V
1
2

∫

∂Γ
(uinj + ujni)dΓ (1.12)

=
1
2V

∫

∂Γ
Gik︸︷︷︸

constant

nknj + Gjk
︸︷︷︸
constant

nknidΓ (1.13)

=
1
2V (Gik

∫

∂V

∂nk
∂nj
︸︷︷︸
=δkj

dV + Gjk
∫

∂V

∂nk
∂ni︸︷︷︸
=δki

dV) (1.14)

= ε̄i j (1.15)

It can be concluded that the average of the micro-strains over the RVE is equal to the
macro-strain.

〈ε〉V = ε̄ (1.16)
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1.2 Average fields of composite medium

it should be noted that the presence of finite body forces does not affect this result [241].

1.2.2 The average stress
It it is assumed that the RVE be subjected to a uniform macro-stress σ̄ corresponding
to a uniform boundary tensile strain ti = σ̄i jnj (see Fig.1.3) and that there is no body
forces in the RVE (they are assumed to act at the macro level), then static equilibrium
equations give:

divσ = 0 (1.17)

!"

RV

i ij jt n#$

jn
!"

V

Figure 1.3: RVE subjected to macroscopic boundary tensile strain ti

Considering the previous assumptions, the average stress over the RVE writes:

〈σi j〉V =
1
V

∫

V
σi jdV (1.18)

=
1
V

∫

V
( ∂
∂nk

(σiknj) −
∂σik
∂nk︸︷︷︸

=0,Eq.1.17

nj)dV (1.19)

Stokes
=

1
V

∫

Γ

σik︸︷︷︸
=σ̄ik,on the boundary surface

nknjdΓ (1.20)

=
1
V σ̄ik

∫

Γ

nknjdΓ (1.21)

= σ̄i j (1.22)
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Thereby, the average micro-stress σ over the volume of the RVE is equal to the macro-
stress, such that:

〈σ〉V = σ̄ (1.23)

It can be also observed that debonding (interface separation) does not affect this result
[241].

1.3 Inclusions’ geometry
Although in some homogenization approaches, no restrictions are imposed on the com-
posite’s phases, in general, the matrix is supposed to be continuous, while inclusions
are modeled as ellipsoids or special cases of ellipsoids having specific orientations.
In this section, basic properties related to the inclusions geometry are introduced,

mainly, the shape and the inclusions orientations’ considerations in homogenization’s
modeling.

1.3.1 Inclusions’ shape
The inclusions’ shapemodeling is an interesting issue inmicromechanicalmodels. First
reflex assumed no condition on the inclusion shape such as the bounding methods of
Hashin and Shtrikman [88, 93], and Walpole [216, 217]. Then, specific shapes were
introduced in homogenization approaches. As the latter are almost based on analytical
or FE computations, it was convenient to adopt symmetrical considerations when
modeling inclusions’ geometry. Thus, the most popular shapes in homogenization
methods are ellipsoids [65], or special cases of ellipsoids such as spheres [36], elliptical
cylinders [220], circular cylinders [26], penny or needle shaped ellipsoids, etc.
An ellipsoidal geometry is characterized by a revolution axis a3 (taken here according
to X′3). The axis according to X

′
1 and X

′
2 are permutable i.e. a1 = a2 . The ratio between

a3 and a1 is called the aspect ratio α. Accordingly, five different aspect ratios can be
distinguished:

• α = 1 spherical inclusion;

• α = a3
a1 > 1 prolate spheroid (needle shaped inclusion);

• α = a3
a1 < 1 oblate spheroid (penny shaped inclusion);

• α ' 0 flat disk;

• α ' ∞ cylinder.

The zero and infinite aspect ratios are generally used for modeling respectively cracks
and fibers in composite materials. While the first ones concerns with other possible
inclusion’s shape modeling and are illustrated in Fig.1.4.
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Figure 1.4: Ellipsoidal shape (a) Sphere α = 1 , (b) Penny α = 0.2 < 1 , (c) Needle
α = 2 > 1

1.3.2 Inclusions’ orientation

In general, the orientation of an inclusion having a local coordinate system (X′1, X
′
2, X

′
3)

is related to the global coordinate system (X1, X2, X3) by the Euler angles (θ, φ, ϕ). If
qij define the direction cosine between the ith primed (local) axis and the jth unprimed
(global) axis, it can be expressed [116] as:

[q] =




sinθ cosφ sinθ sinφ cosθ
− cosθ cosφ − sinφ sinϕ − cosθ sinφ cosϕ + cosφ sinϕ sinθ cosϕ

− cosθ cosφ sinϕ + sinφ cosϕ − cosθ sinφ sinϕ − cosφ cosϕ sinθ sinϕ




(1.24)

If now,A′ is a fourth rank tensor (relative to an ellipsoidal inclusion randomly oriented
in the composite) expressed in the local coordinates system, then, the computation of
A in the global coordinate system is given by:

Aijkl = qpiqrjqskqtlA
′
prst (1.25)

If the inclusion is of spheroïdal shape, then it can be presented in the global co-
ordinate system by a unit vector p directed along its axis of revolution as showed in
Fig.1.5.
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Figure 1.5: Coordinate system used for specifying a general state orientation of an
ellipsoidal inclusion

The Orientation Distribution Function (ODF)

The properties and anisotropy of composite materials are influenced by the orien-
tation distribution of the inclusions which is characterized by the Orientation Distribu-
tion Function (ODF) denoted by Γ(φ,θ,ψ) [117]. The ODF informs about the density
of probability for a particular orientation and must verify the following equation:

1
8π2

∫ π

θ=0

∫ 2π

φ=0

∫ 2π

ψ=0
Γ(φ,θ,ψ)sinθdφdθdψ = 1 (1.26)

In the case of transversally isotropic material (X3 is the axis of symmetry), Γ(φ,θ,ψ)
only depends on θ, then Eq.(1.26) writes:

∫ π

θ=0
Γ(θ)sinθdθ = 2 (1.27)

In the particular case of isotropic inclusions distribution, the ODF is constant.
Furthermore, an ODF can be used to describe the inclusions alignment using two
coefficients θ and d. Where d is a parameter that represents the degree of alignment:

d = 0⇒ isotropic distribution of inclusions

d→∞⇒ aligned distribution of inclusions
For instance, Vu [214] has chosen the following ODF for the determination of effective
properties of porous rocks:

Γ(θ, d) = d cosh(d cosθ) sinh d (1.28)
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1.4 Effective Elastic properties of composite
In micromechanical formulations, the expressions of the effective elastic properties are
generally obtained from the relationship between average stress and average strain in
a chosen representative volume element (RVE). Consider a linearly elastic composite
material with N + 1 phases. One phase is the matrix; the others are the inclusions. The
matrix is considered to be continuous with stiffness C0 . Inclusions were supposed to
have stiffness and volume fractions Ci and fi. Let V be the volume of a representative
volume element of the composite material (Fig.1.6). If V is subjected to a constant

Matrix 
Inclusion 

(! )!
0 0 , f C 

(! )!
i i f C , 

"!

"!

Figure 1.6: Schematic representation of a RVE of composite material

uniform overall strain field ε̄, then, the volume average of ε is defined by:

〈ε〉V
Eq.1.16
= ε̄ =

1
V

∫
εdV (1.29)

The previous integral can be decomposed into the sum of integrals over the different
volumes such that:

ε̄ =
1
V

∫

V0
ε0dV +

1
V

∑∫

Vi
εidV (1.30)

From Eq.(1.29), one can deduce that the average strain in the matrix ε0 is given by:

ε0 =
1
V0

∫

V0
ε0dV (1.31)

Multiplying Eq.(1.31) by f0 = V0
V , the first integral of Eq.(1.30) is evaluated to:

1
V

∫

V0
ε0dV = f0ε0 (1.32)

However, the second and third integrals should be computed over all possible orien-
tations because the strain field in each inclusion depends on its orientation. This can
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be solved by using the Orientation Distribution Function (ODF) Γ(φ,θ,ψ). Thus, the
volume integral over an inclusions yields:

1
V

∫

Vi
εidV = fi〈εi〉 (1.33)

Where 〈εi〉 is the orientation-dependent average strain in phase i and is defined by:

〈εi〉 =
∫ φ=2π
0

∫ θ=π
0

∫ ψ=2π
0 εiΓ(φ,θ,ψ)sinθdφdθdψ

∫ φ=2π
0

∫ θ=π
0

∫ ψ=2π
0 Γ(φ,θ,ψ)sinθdφdθdψ

(1.34)

Then, the average strain in the composite given in Eq.(1.30) writes:

ε̄ = f0ε0 +
∑

fi〈εi〉 (1.35)

Similarly, the average stress in the composite is:

σ̄ = 〈σ〉V = f0σ0 +
∑

fi〈σi〉 (1.36)

If thematrix and inclusions are assumed to be linearly elastic, then thewhole composite
can be supposed to be linearly elastic. Therefore, the average stresses in the composite,
the matrix and in the inclusions are related to the respective average strains by the
Hooke’s law:

σ̄ = Chomε̄ (1.37)

ε̄ = Shomσ̄ (1.38)

σ0 = C0ε0
〈σi〉 = Ci〈εi〉 (1.39)

ε0 = S0σ0
〈εi〉 = Si〈σi〉 (1.40)

Where (Chom, Shom), (C0, S0) and (Ci, Si) are, respectively, the stiffness and the compliance
tensors of the composite, thematrix and the inclusions . These latter verify the following
condition:

CijklSklmn =
1
2(δimδ jn + δinδ jm) (1.41)

Substituting Eq.(1.39), resp. Eq.(1.40) into Eq.(1.36), resp. Eq.(1.35), yields to the
following formulation of the macro-stress and macro-strain:

σ̄ = f0C0ε0 +
∑

i

fiCi〈εi〉 (1.42)
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ε̄ = f0S0σ0 +
∑

i
fiSi〈σi〉 (1.43)

The average strain in the matrix and each phase i is related to the average strain in the
overall composite as follows:

ε0 = Ā0ε̄
〈εi〉 = 〈Āi〉ε̄ (1.44)

Where the Ai are matrices dependent upon phases’ concentrations and moduli. They
are called strain concentration tensors and were introduced by Hill [103]. They were
defined later as dependent also upon the geometry by Laws [139] and Jeong et al.
[116]. Similarly, the stress fields in the matrix and each phase are related to the overall
composite’s stress by the stress concentration tensors Bi:

σ0 = B̄0σ̄
〈σi〉 = 〈B̄i〉σ̄ (1.45)

From Eq.(1.42) and using Eqs.(1.37)-(1.44), the homogenized stiffness tensor of the
composite material is expressed:

Chom = f0C0Ā0 +
∑

fiCi〈Āi〉 (1.46)

Substituting Eq.(1.44) into Eq.(1.35) gives:

f0Ā0 +
∑

fi〈Āi〉 = I (1.47)

Where I is the fourth-rank unit tensor defined by:

Ii jkl =
δikδ jl + δilδ jk

2 (1.48)

with δik being the Kronecker delta.
Determining Ā0 from Eq.(1.47) and substituting it in Eq.(1.46) provides the effective
stiffness tensor in the following form:

Chom = C0 +
∑

i

fi(Ci − C0)〈Āi〉 (1.49)

Following similar calculation as detailed above for Chom, the compliance composite
homogenized tensor can be drawn:

Shom = S0 +
∑

i

fi(Si − S0)〈B̄i〉 (1.50)

This procedure enables the evaluation of the overall elastic properties Chom with the
help of orientation-dependent average strain concentration tensor 〈Āi〉. This tensor
was evaluated in numerous of studies using for example Mori-Tanaka’s average field
theory [157] and Eshelby’s equivalent inclusion principle [65] which are described in
the next sections.
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C 2

Bounding homogenization methods

Although homogenization approaches aim to provide estimates of a composite’s elastic
properties values, some methods can only give bounds for these properties. Among
the various used bounds in composites’ elastic moduli assessment, there is the Hill’s
bounds and the Hashin-Shtrikman bounds. Concerning the first bounds, they corre-
spond to two separate models called Voigt and Reuss models. The latter provide low
and upper bounds for the elastic overall properties, when applied to characterize a
composite material. The second bounds are known to be rigorous bounds and are
obtained using appropriate variational principles. Both bounds are detailed in this
chapter.

2.1 Hill’s bounds

Hill’s upper and lower bounds correspond to Voigt and Reuss estimates of elastic
properties of composite material. Indeed, many homogenization approaches can be
used to express the Voigt (1889) and Reuss (1929) models. Here in, two approaches
are detailed. The first approach, was carried out by Hill [103] and computes, using
two different methods, the total deformation energy stored in a material subjected to
stress loading. The second approach uses the average stresses and strains to establish
the Voigt and Reuss models. A generalization of the Voigt and Reuss models to N
components’ composites was introduced by Watt et al. [215].
V denotes the volume of a composite material with an overall elastic moduli Chom.
Consider that the composite is formed by N phases with elastic moduli and volume
Ci and Vi, respectively, where i refers to the phase i. The volume fraction of phase i is
defined by:

fi =
Vi
V (2.1)



2.1.1 Energy approach

if thematerial is assumed to be subjected to an uniaxial and uniform compressive stress
σ̄ counted positevely, then the total deformation energyW is given by [196]:

W =
1
2

∫

V
σ̄ε̄dV (2.2)

=
1
2 σ̄ε̄V (2.3)

=
1
2 σ̄

2C−1homV (2.4)

=
1
2 ε̄

2ChomV (2.5)

Where ε̄ is the average deformation given by:

ε̄ =
dV
V = σ̄C

−1
hom (2.6)

Consider now that the material is heterogeneous with N phases and that it is subjected
to uniform stress σ̄. Two configurations can be considered: composite’s phases are
arranged in series (the Reuss model) or in parallel (Voigt model) with respect to the
loading axis.

2.1.1.1 Voigt model

In this case, it is assumed that the arrangement of phases is parallel to the loading axis
(see Fig.2.1). Thus, the strain field in each phase εi is uniform and equal to the average
strain ε̄. So, the stress field in each phase can be written in the form:

σi = Ciε̄ (2.7)

where Ci is the stiffness tensor of phase i.
The total deformation energy is:

W =
N∑

i=1

Wi =
N∑

i=1

ε̄2CiVi
2 (2.8)

Where: Vi is the volume of the ith phase.
The identification of Eq.(2.5) andEq.(2.8) implies that the homogenized elasticmodulus
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N Phases

Phase i 
(Ei, fi)

Figure 2.1: Schematic representation of Voigt model

writes:

1
2 ε̄

2ChomV =
N∑

i=1

ε̄2CiVi
2 (2.9)

Chom =
N∑

i=1

Ci
Vi
V︸︷︷︸
= fi

(2.10)

CVoigthom =
N∑

i=1

fiCi (2.11)

Where CVoigthom denotes the composite elastic tensor determined by using Voigt model.

2.1.1.2 Reuss model

Reuss model considers uniform stress field σ̄ applied in perpendicular to the arrange-
ment of phases (Fig.2.2). The total energy is written as:

W =
N∑

i=1

Wi =
N∑

i=1

σ̄2Vi
2 C−1i (2.12)
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N Phases Phase i 
(Ei, fi)

Figure 2.2: Schematic representation of Reuss model

As the composite is assumed to be a homogeneous material and the stress field is the
same in the N phases, Eqs.(2.4)-(2.12) lead to :

σ̄2V
2 C−1hom =

N∑

i=1

σ̄2Vi
2 C−1i (2.13)

C−1hom =
N∑

i=1

C−1i
Vi
V︸︷︷︸
= fi

(2.14)

(CReusshom )
−1 =

N∑

i=1
fiC−1i (2.15)

2.1.2 Averaging fields approach
The approach that uses average stress and strain to determine the Voigt and Reuss
homognized characteristics is detailed here after.
TheVoigtmodel considers that the strain is uniform in the composite. Thus, the average
strain is the same for all the phases:

〈εi〉 = ε̄ (2.16)

Then, Eq.(1.44) implies that for each phase:

〈Ai〉 = I (2.17)
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While, The Reuss model assumes that the stress is uniform in the composite and
Eq.(1.45) gives:

〈Bi〉 = I (2.18)

According to Eqs.(1.49)-(1.50), the elastic moduli estimated by Voigt and Reuss, are
respectively:

CVoigthom =
∑

i

fiCi (2.19)

(CReusshom )
−1 =

∑

i

fiC−1i (2.20)

These tensors are isotropic since Ci are so. If the overall properties of the composite are
isotropic then only two constants have to be determined, namely the bulk and shear
moduli, K andG (see Appendix B). Then, these moduli can be expressed from Eq.(2.19)
for the Voigt (KV, GV) and Reuss (KR, GR) assumptions as follows:

K∗V =
∑

i
fiKi ; G∗V =

∑

i
fiGi (2.21)

1
K∗R
=
∑

i

fi
Ki

; 1
G∗R
=
∑

i

fi
Gi

(2.22)

To the author knowledge, there is no specific composite materials that have effective
moduli equal to those predicted by Voigt or Reuss models. However, there are some
that have identical response when subjected to particular solicitations. According to
Bornert [30], a laminate multi-layer with isotropic phases subjected to a simple shear
(parallel to the plan of layers), has the same response as described by Reuss. A one-
direction composite formed by isotropic phases having identical Poisson ratios has the
same response as described by Voigt when it is solicited along its axis. But the latter
are not isotropic and then can not be described by Voigt or Reuss tensors.
Voigt and Reuss moduli form, respectively, upper and lower bounds for the overall
elastic modulus given elastic properties and volume fractions of phases [102]. These
bounds are called Hill’s bounds and are considered to be the simplest ones. They are
found to be accurate enough for polycrystals and agree fairly well with experiment,
but they have many limitations. The major one is that the range between upper and
lower bounds may grow largely for composites whose constituent phases have very
different properties: the difference is by more than a factor of two according to Hill
[103]. However, it is important to point out that Hill’s bounds are achieved for some
geometrical structures of composites such as simple laminate or fiber media [38].
Hill suggested an approximation of the elastic moduli of a composite given by either
the arithmetic (MVoigt+MReuss)/2 or geometric (MVoigtMReuss)1/2 average. MVoigt andMReuss

are the overall moduli (either bulk, shear or Young moduli) determined using Voigt

Page 27



and Reuss models, respectively. The arithmetic average is also known as the Voigt-
Reuss-Hill (VRH) average or the Hill’s estimation.
Shukla and Padial [197] proposed a harmonic mean of Voigt and Reuss models for the
determination of elastic moduli:

Mhom = 2
MVoigtMReuss

MVoigt +MReuss (2.23)

Arithmetic, harmonic, and geometric averages were compared by Böhlke and Bertram
[29] showing that for cubic crystal aggregates all of these averages depend on the same
irreducible fourth-order tensor, which represents the pure anisotropic portion of the
effective elasticity tensor.

Hirsh Model

Another expression for the elastic modulus was introduced by Hirsh in 1962. Hirsh
considered a composite material formed by two different phases (referred by 1 and 2)
in series and in parallel arrangements, that his model is a linear combination of the
series and parallel models such that:

1
E =

f1s
E1
+
f2s
E2
+
( f1p + f2p)2

f1pE1 + f2pE2
(2.24)

Where f1s and f2s are the volume fractions of phases 1 and 2, respectively, in series
arrangement, and f1p, f1p are the volume fractions of phases 1 and 2, respectively, in
parallel arrangement.
From the Hirsh model, Christensen et al. [47] have derived expression of the mechani-
cal stiffness of the Hot Mix Asphalt (HMA). Assuming that the relative proportions of
phase 1 and phase 2 are the same in the series and parallel portion of the Hirsh model,
Christensen presents the effective Young modulus such that the elastic composite mod-
ulus is:

1
E = x

1∑
i Ei fi

+ (1 − x)
∑

i

fi
Ei

(2.25)

Where x is a parameter that determine the stress transfer between inclusions and the
matrix. It is also defined as the ratio of all phases in parallel arrangement to the total
volume. An example of the Hirsch model for a mix of two phases: Ph1 and Ph2 is
presented in Fig.2.3 where two phases (Ph1 and Ph1) were considered.
Modified Hirsh models were also developed by Christensen et al. [47] for estimating
the complex modulus and phase angle of asphalt concrete in shear and compression. A
simplifiedHirsh model that involves the contact volume that represents the proportion
of parallel to total phase volume was proposed for modeling the reclaimed asphalt
pavement [240]).
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1Ph

1Ph

2Ph

2Ph

Figure 2.3: Schematic representation of Hirsh model

2.2 Hashin & Shtrikman method
Themethod is due to Hashin [88] and was formulated by Hashin and Shtrikman. They
proposed [93] more rigorous bounds (than those given by Reuss and Voigt) for the
effective shear and bulk moduli ( as a function of elastic moduli and volume fractions
of the constituents) of a multiphase composite. Their bounds are obtained using vari-
ational principles in elasticity.
The considered composite is modeled as a mixture of different isotropic and homo-
geneous phases and then will be regarded as quasi-isotropic and quasi-homogeneous
with arbitrary phase geometry and orientation distribution.

2.2.1 Hashin & Shtrikman variational principle
The authors consider, first, stress and strain fields σ◦i j and ε

◦
i j in a deformed elastic body

of volumeV and surface S. The body is characterized by the Lamé constant λ0, the shear
moduliG0 and the elastic constants tensor C

◦
i jkl that are taken to be constant throughout

the body. The case of no body forces was considered here. Then, a boundary value
problem of this body writes [141]:

σ
◦
i j, j = 0 (2.26)
σ
◦
i j = C◦i jklε

◦
kl = L0(ε

◦
i j) (2.27)

U0 =
1
2C

◦
i jklε

◦
i jε
◦
kl (2.28)

u◦i = ūi;∀x ∈ S (2.29)

where U0 is the potential energy density and ui is the surface displacement.
The operator L0 is in accordance with the Hashin-Shtrikman notation [93]. The range
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of subscripts is 1, 2, 3 and a repeated subscript denotes a summation.
Part or whole of the body is changed to material of different moduli. Thus, new body
is obtained with new stress and strain fields σi j and εi j and with new elastic constants
tensor Cijkl. A new boundary value problem is obtained:

σi j, j = 0 (2.30)
σi j = Cijklεkl = L(εi j) (2.31)

U =
1
2Cijklεi jεkl (2.32)

ui = ūi;∀x ∈ S (2.33)

The authors define also the following displacement and strain fields to relate the two
previous problems.

u′i = ui − u
◦
i (2.34)

ε
′
i j = εi j − ε

◦
i j (2.35)

where u◦i and ui are displacements in the original and new bodies, respectively; u′i is
the disturbance displacement.
Hashin and Shtrikman introduced [91] the volume integral:

Π = Π0 −
1
2

∫

V
pijH(pij) − pijε

′
i j − 2pijε

◦
i jdV (2.36)

with
pijH(pij) = −

λ − λ0
6(G −G0)(K − K0)

p2kk +
1

2(G −G0)
pijpij (2.37)

where the stress polarization tensor 1 pij is defined by:

σi j = pij + C
◦
i jklεi j (2.38)

= pij + C
◦
i jkl(ε

◦
i j + ε

′
i j) (2.39)

= pij + σ
◦
i j + C

◦
i jklε

′
i j (2.40)

and the operator H is given by:
H = (L − L0)−1

Since the boundary conditions in the two problems impose:

σi j, j = 0 ; σ
◦
i j, j = 0 (2.41)

Then, the stress polarization tensor has to verify:

pij, j + (C
◦
i jklε

′
kl), j = 0 (2.42)

1The polarization tensor of transversally isotropic material containing an ellipsoidal inclusion was
studied by Klcker et al. [123]
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That is called "subsidiary condition" in theHashin and Shtrikman variational principles
formulation.
According to the previously defined problems, Hashin and Shtrikman established [93]
the following variational statements:

1. The functional Π is stationary, i.e. δΠ = 0, if the subsidiary condition (Eq.2.42) is
satisfied;

2.
δ2Π > 0, if ∆C < 0 ⇒ Π is an Absolute Minimum
δ2Π < 0, if ∆C > 0 ⇒ Π is an Absolute Maximum

Details of these two statements are given in Appendix C.

2.2.2 Hashin & Shtrikman bounds
The variational formulation detailed above is applied in this section to a composite
consisting of N different phases. The composite is regarded as quasi-homogeneous
and quasi-isotropic with elastic moduli Khom and Ghom and is subjected to the following
displacement:

u◦i (S) = ε
◦
i jxj (2.43)

where ε◦i j is constant and xj are Cartesian coordinates. The quasi-homogeneous as-
sumption is interpreted by considering a Representative Volume Element. Hashin and
Shtrikman considered a reference cube of unit volume as an RVE. They evaluated then
the expression in Eq.(2.36) for the reference cube by choosing the following polarization
tensor:

pij = pii j, in Vi ∀ phase i (2.44)

where pii j is shown [93] to be constant throughout the volume of each phase Vi.
As the reference cube is of unit volume, then V = 1 and Eq.(2.1) implies:

fi = Vi (2.45)

Splitting all tensors into isotropic and deviatoric parts such that:

pij = pδi j + fi j (2.46)

ε
◦
i j = ε

◦
δi j + e

◦
i j (2.47)

with the properties:
tr( fi j) = 0 ; tr(eij) = 0

Eq.(2.36) gives:

Π = Π0 +
1
2(3

¯̃pε◦ + ¯̃fi je
◦
i j) (2.48)
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with
¯̃p = ε◦ 3A

1 + α0A
(2.49)

¯̃fi j = e
◦
i j

B
1 + β0B

(2.50)

Where

A =
i=N∑

i=1

fi
1

Ki−K0 − α0

B =
i=N∑

i=1

fi
1

2(Gi−G0) − β0
And

α0 = −
3

3K0 + 4G0
(2.51)

β0 = −
3(K0 + 2G0)

5G0(3K0 + 4G0)
(2.52)

The maximum andminimum conditions given by the second Hashin statement imply:

∆C > 0 , ∆C < 0

WhereC is the matrix expressed in Eq.(B.2). For a mixture whose overall properties are
isotropic, this matrix depend on only two elastic constants, namely the bulk and shear
moduli Khom and Ghom.
Then,Π is an absolute maximumwhen for every Ki andGi, themoduliK0 andG0 satisfy:

Ki < K0 , Gi < G0 (2.53)

Analogously, Π is an absolute minimum when for every Ki and Gi, the moduli K0 and
G0 satisfy:

Ki > K0 , Gi > G0 (2.54)

Since only two elastic constants have to be determined, it is not necessary to impose a
perfectly general overall strain. It is enough to consider just two independent strains,
chosen at will.
To determine, first, the bounds for the effective bulk modulus, Hashin and Shtrikman
considered the mean strain applied to the composite is in the form:

ε
◦
i j = ε

◦
δi j (2.55)

Substituting Eq.(2.55) into Eq.(2.48) and considering that Π is an absolute minimum
then an absolute maximum leads to the following inequalities:

Πhom > Π ⇒ Khom > K0 +
A

1 + α0A
(2.56)
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Πhom < Π ⇒ Khom < K0 +
A

1 + α0A
(2.57)

The first inequality Eq.(2.56) (respectively the second inequality Eq.2.57) applies for the
condition of Eq.(2.54) (respectively the condition Eq.2.53).
Similarly, if the strain is chosen to be deviatoric form such as:

ε
◦
i j = e

◦
i j , ekk = 0 (2.58)

Πhom > Π ⇒ Ghom > G0 +
1
2

B
1 + β0B

(2.59)

Πhom < Π ⇒ Ghom < G0 +
1
2

B
1 + β0B

(2.60)

The first inequality Eq.(2.59) (respectively the second inequality Eq.2.60) applies for the
condition of Eq.(2.54) ( respectively the condition Eq.2.53).
Thus, Bounds for the bulk and shear of the composite are determined by considering
the lowest and highest modulus in the composite components.
If K1 and G1 are the smallest shear and bulk moduli of the composite components and
Kn and Gn the largest ones, then the bounds’ expressions are derived such that:

• Bulk modulus
The effective bulk modulus Khom is comprised between the lower and upper
bounds K1hom and K

2
hom :

K1hom < Khom < K
2
hom (2.61)

With
K1hom = K1 +

A1
1 + α1A1

; K2hom = Kn +
An

1 + αnAn
Where

α1 = −
3

3K1 + 4G1
;αn = −

3
3Kn + 4Gn

;A1 =
r=N∑

i=2

fi
1

Ki−K1 − α1
;An =

r=N−1∑

i=1

fi
1

Ki−Kn − αn

• Shear modulus
The effective shear modulus is comprised between the lower and upper bounds
G∗1 and G

∗
2 :

G∗1 < G
∗ < G∗2 (2.62)

With:
G∗1 = G1 +

1
2

B1
1 + β1B1

; G∗2 = Gn +
1
2

Bn
1 + βnBn

Where:

β1 = −
3(K1 + 2G1)

5G1(3K1 + 4G1)
; βn = −

3(Kn + 2Gn)
5Gn(3Kn + 4Gn)

;
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B1 =
r=n∑

r=2

fr
1

2(Gr−G1) − β1
; Bn =

r=n−1∑

r=1

fr
1

2(Gr−Gn) − βn

The Hashin-Shtrikman bounding method presented above provides upper and lower
bounds on effective moduli of a composite material given its micro-structural proper-
ties. They are applicable to composite materialswith inclusion volume fraction ranging
from zero to 1. They are valid for a material composed of N elastic, homogeneous and
isotropic phases with volume fractions fi.
It is interesting to note that the ratio between the different phases’ moduli has to be
not too large. Moreover, the Hashin and Shtrikman bounds have practical signification
only if the ratio between phases’ elastic moduli is less than 10 [61]. Otherwise, when
considering porous phase, the error becomes too large. For example, in the case of
porous media, the lower bound is very close to zero.
The Hashin and Shtrikman bounds were also applied to estimate the elastic proper-
ties of periodic microstructures [124]. Hashin and Shtrikman developed more general
bounds for the overall moduli of anisotropic and non-homogeneous materials [92]. In
later developments, Hashin [89] and Hill [104] gave bounds for elastic constants when
the material is macroscopically transversely isotropic and translation invariant in the
axial direction.
Many works were carried out to take into account the nonlinearity of composites.
Among them, Ponte Castañeda [41] proposed variational method for bounding the
effective properties of nonlinear composites with isotropic phases.
Bounding procedure was also proposed by Hsieh and Tuan [111] to predict the upper
and lower bounds for the Poisson ratio of two-phase composites. Only the elastic
modulus and Poisson ratio of each component were needed in order to carry out the
prediction.
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C 3

Eshelby equivalent inclusion principle

The solution of the Eshelby inclusion’s problem, is in the basis of almost all the mi-
cromechanical models developed for estimating heterogeneous materials’ properties.
The Eshleby problemdealswith the effect of a stress free-strain of an ellipsoidal inclusion
embedded in an infinite medium.

3.1 Eshelby’s problem
Consider an infinite domain ω formed by a matrix material ω0 in which is embedded a
spheroidal inclusion ω1 made by the samematerial as the matrix. As showed in Fig.3.1,
stress and strain fields are initially zero in the two media. In the following, subscripts
0 and 1 refer, respectively, to the matrix and the inclusion.
Assume that the inclusion undergoes a uniform transformation strain eT in the absence
of the matrix. eT is called " stress-free strain " since no stress is associated to the strain
eT. The Eshelby work [65] aimed to find the constrained strain eC in the inclusion when
it transforms while it is inside the matrix. eC is also the strain set up in the matrix. This
was carried up through a set of imaginary cutting, straining andwelding operations as
is detailed in this section.

The steps considered by Eshelby are:

1. Remove the inclusion from the matrix and allow it to undergo the stress-free
strain eT without changing its elastic constants (C0 is the stiffness tensor and λ0
and µ0 are the lamé constants). See step 1 in Fig.3.1. According to the Hooke’s
law, the stress derived from eT is:

σT = C0eT (3.1)

At this stage, the stress in the inclusion and matrix are zero.

2. To the inclusion removed from the matrix, a surface traction −σTijnj is applied.The
inclusion is, then, brought to its initial form and size, see step 2 in Fig.3.1. Now,
the inclusion is putted back in the matrix and re-welded across S (the surface
separating matrix and inclusion, with outward normal ni). Thus, the surface
forces formed a layer of body force spread over S.



Figure 3.1: Schematic illustration of homogenization according to Eshelby method

3. In order to eliminate these forces, further distribution+σTijnj is applied over S. This
make the body free of external forces but self-stress ( because of the inclusion’s
transformation). See step 3 in Fig.3.1.

The strain eC in the matrix ( or in the inclusion), is determined in terms of the
displacement impressed on the material in step 3. The correspondent stress is found
using Hooke’s law:

σC = C0eC (3.2)

The inclusion had a stress −σT before step 3 so the remaining stress is the following
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Eshelby equivalent inclusion principle
3.2 Stressed inclusion problem : The equivalent inclusion

sum:
σI = σC − σT = C0(eC − eT) (3.3)

The constrained strain eC can then be written in terms of the stress free transformation
strain eT and a tensor, called the Eshelby tensor S, dependent on the inclusion geometry
and the Poisson’s ratio of the medium [65]:

eC = SeT (3.4)

Where S is the Eshelby’s tensor and has the following properties:

• S has the minor symmetry:
Si jkl = S jikl = Si jlk

• For the particular case of isotropic matrix and spheroidal inclusions, S is com-
pletely analytically defined ([65],[66]) in function of the inclusions’ geometry (
aspect ratio) and the mechanical properties of the matrix ( Poisson ratio) as given
in Appendix D;

• Other Eshelby tensors were developed for particular cases. Faivre [67] extended
the Eshelbymethod for anisotropic crystals. Sevostianov et al. [192] have derived
the Eshelby tensor for composites containing transversely isotropic phases.

Substituting Eq.(3.4) into Eq.(3.2), the total stress in the matrix is:

σC = C0SeT (3.5)

3.2 Stressed inclusion problem : The equivalent inclu-
sion

As yet no external stress has been applied, in this section an imposed uniform strain eA
is superposed to eC (see Fig.3.2). The deformation of the inclusion is then :

e = eC + eA (3.6)

However, the strain in the inclusion is:

ε1 = eC + eA − eT (3.7)

Then, the uniform stress in the inclusion is obtained by applying Hooke’s law not to
(eC + eA) but to (eC + eA − eT). Then, the stress is:

σ = C0(eC + eA − eT) (3.8)

In the following, an ellipsoid is assumed having the same shape and size of the un-
transformed inclusion but made of a different isotropic material with elastic stiffness
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Figure 3.2: Eshelby homogenization procedure for stressed inclusion

tensor C1 and lamé constants λ1, µ1.
Subject this ellipsoid to the strain given in Eq.(3.6) until it develops the stress presented
in Eq.(3.8) so it can replace the inclusion. Eshelby called the presented imaginary trans-
formation inclusion "equivalent inclusion".
The correct stress is developed by choosing suitable C1 that satisfy:

C1(eC + eA) = C0(eC + eA − eT) (3.9)

In one hand, the total strain inside the inhomogeneity e = eC + eA is expressed as
following:

e = C0(C0 −C1)−1eT (3.10)

In the other hand, Eq.(3.9) have to be solved for eT in terms of eA, C0, C1 and S after
eliminating eC using Eq.(3.10).
Thus, The strain in the single inclusion e is linked to the far-field strain eA by:

e = (I4 + S : (C0−1 : C1 − I4))−1eA (3.11)

Accordingly, the strain concentration factor is:

ĀEshelby1 = (I4 + S : (C0−1 : C1 − I4))−1 (3.12)
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Eshelby equivalent inclusion principle
3.3 Dilute inclusion model

3.3 Dilute inclusion model
A dilute inclusion homogenization model is based on the Eshelby solution. Consider
a medium in which a low fraction of inclusions is embedded as represented in Fig.3.3.
The inclusions are of different forms and orientations. We assume that all phases are
isotropic, homogeneous and elastic.

RV

Inclusions

Figure 3.3: Schematic representation of the Dilute inclusion model

The dilute inclusion model assumes very low concentrations of inclusions. The
latter are sufficiently distant and the interaction between them is neglected. Thus, each
inclusion can be considered as isolated in an infinite matrix and subjected to a macro-
scopic stress at infinity: the Eshelby model (Fig.3.3). So, the Eshelby solution can be
applied to estimate the strain concentration tensor as given in Eq.3.12.

ĀEshelby1 = (I4 + S : (C−10 : C1 − I4))−1 (3.13)

Dilute inclusion model is, then, valid only for low inclusions’ concentration because
it neglects the interaction between them. It provides good estimates if the inclusion’s
concentration doesn’t exceed 10%. This method was also used to predict mechanical
properties of short fiber composite by Withers et al. [226]. They have investigated
this model to show that the relaxation phenomena play an important role in the de-
velopment of internal stress and to understand the energetics and resultant stress
redistribution between phases.

Wu-Eshelby tensor

Following the Wu notation [228], the Wu-Eshelby tensor was defined to relate the
average strain in the host material 〈εi〉 to the average strain in the inclusion 〈εj〉:

〈ε j〉 = 〈Ti j〉〈εi〉 (3.14)
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Where the the Wu-Eshelby tensor is given by:

Ti j = (I4 + Si : (C−1i : C j − I4))−1 (3.15)

Remark that Tii = I.
It is interesting to note that, for the particular case of isotropic and homogenious
material, a simplified expression of the isotropic Pij and deviatoric Qij parts of the
Wu-Eshelby tensor can be deduced. The exact expressions as well as possible approxi-
mations are detailed in Appendix E.
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C 4

Micromechanical homogenization
models

4.1 Mori-Tanaka model

The non-interaction assumption considered in Eshelby model is not representative of
real composite. Thus, involving slight modifications in the dilute model was carried
out by Mori T. and Tanaka K. [157]. They have calculated the average internal stress
in a matrix containing inclusions with transformation strain. They used similar de-
velopment as that of the dilute inclusion model presented in chapter 3. Rather, the
Mori-Tanaka Method involved more complex manipulations of the stress and strain
fields variables with particular concepts of eigenstrain and backstress.
Benveniste [14] provided a simplified derivation of the Mori-Tanaka method. The de-
tails on the method given here will closely follow the development of Benveniste but
expressed in a different notation to be in accordance with the previous sections.
The authors consider a specimenVwithN inclusions uniformly distributed in it. Then,
they assumed that the average of inclusions’ strains can be approached to that of a sin-
gle inclusion of the same forme, having the same elastic properties and isolated in an
infinite medium but submitted at infinity to the average matrix strain 〈ε0〉 as illustrated
in Fig.4.1.
Applying the Eshelby solution (3.11) to such scheme allows the determination of the
average strain 〈ε1〉 in the inclusion in terms of the matrix average strain such that:

〈ε1〉 = (I4 + S : (C−10 : C1 − I4))−1〈ε0〉 (4.1)

The latter can also be written in the form:

〈ε1〉 = T01〈ε0〉 (4.2)

It can be noted that the matrix strain is 〈ε0〉.
Using Eq.(4.2), formulation of Eq.(1.35) for a two-phase composite with a single inclu-
sion, that corresponds to the considered scheme, of Fig.4.1, writes:

ε̄ = f0〈ε0〉 + f1〈ε1〉 (4.3)

= f0
(
T01
)−1 〈ε1〉 + f1〈ε1〉 (4.4)



N inclusions Associated Single Inclusion  

A e 
0 

"!

0 
"!

Figure 4.1: Schematic representation of homogenization according to Mori-Tanaka
method

For the previous equation follows an expression of the average strain in the inclusion
in function of the macrostrain ε̄ as:

〈ε1〉 =
[
f0
(
T01
)−1
+ f1I

]−1
ε̄ (4.5)

According toEq.(1.44) the strain concentration tensors related to theMori-Tanakamodel
Awhen two-phases composite is considered is:

ĀM−T1 =
[
f0
(
T01
)−1
+ f1I

]−1
(4.6)

ĀM−T0 =
(
T01
)−1
ĀM−T1 (4.7)

It have to be noted that the previous expressions are valid only in the case of two-
phases composite and that different formulation have to be carried out if multi-phases
composite has to be modelled.
Then, the elastic tensor of a composite material is estimated according to the Mori-
Tanaka method by:

Chom = C0 + f1(C1 −C0)〈ĀM−T1 〉 (4.8)
The Mori-Tanaka model gives good estimates for the effective properties for com-

posite with low to moderate volume fraction. If aligned inclusions are concidered, the
model is realiable up to 30 % [71]. For high volume fractions, the inclusions acts as the
matrix and vise versa as presented in the following.

4.1.1 Inverse Mori-Tanaka model
The inverse Mori-Tanaka method is used for the case of high inclusions concentration.
In such situation, the composite is represented as if inclusions of the matrix material
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4.1 Mori-Tanaka model

are embedded into a matrix of inclusions’ material (Fig.4.2). Thus, the properties of
both phases are switched and an inverse scheme is obtained.
Identifation of such problem with the Mori-Tanaka formulation leads to writting the

Mori-Tanaka model 

0 
"!

Inverse Mori-Tanaka model 

1 
"!

High inclusions  
concentration 

Matrix     (! )!
0 0 , C f 

(! )!
1 1 , C f 

Matrix  

(! )!
0 0 , C f 

(! )!
1 1 , C f 

Inversion 

Inclusion 

Inclusion 

Figure 4.2: Schematic representation of Inverse Mori-Tanaka method

Eq.(4.2) as following:

〈ε0〉 = T10〈ε1〉 (4.9)

Then, a similar developpment as the one given for Mori-Tanaka leads to the strain
concentration tensor of the "Inverse" Mori-Tanaka model:

ĀI−M−T1 =
[
f0T10 + f1I

]−1
(4.10)
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4.1.2 Interpolative model
The interpolative model is based on the double-inclusion model [162] that is detailed
later. It was introduced by Lielens [142] to predict effective properties of composite
material with intermediate concentration of inclusion. Lielens suggests:

• For low concentrations, the effective stiffness of the composite can be predicted
by Mori-Tanaka model;

• For high concentrations, the inclusion phase is taken as the continuous ohase.
Thus, the effective stiffness;

• For inermediate concentrations, Lielens proposed the use of a mixing rule as
following:

Chom =
[
(1 − ξ( f1))

(
CI−M−Thom

)−1
+ ξ( f1)

(
CM−Thom

)−1]−1
(4.11)

where CM−Thom and CI−M−Thom refer to the homogenized elastic tensor according to the
Mori-Tanaka and the inverseMori-Tanakamodels. ξ( f1) is a smooth interpolation
function which was proposed by Lielens [171]. It is expressed by:

ξ( f1) =
1
2 f1(1 + f1) (4.12)

4.2 Self-consistent model
The Self-consistent model was introduced first by Hershey [101] for crystalline aggre-
gates. The model was then reformulated by Hill [106] for material with ellipsoidal
inclusions. The self-consistent method is an approach that incorporates the interaction
between inclusions by assuming that the matrix is made of the effective medium. In-
deed, the material is formed of inclusions or inhomogeneities placed side by side to
each other. In this case, it is supposed that each inclusion is surrounded by all the other
phases and so by the average homogenized field.
In order to develop the details of the self-consistent formulation, a homogeneous
medium in which inclusions are embedded has to be considered as in Fig.4.3. The
inclusions are randomly distributed into the matrix. (C0, C1) and ( f0, f1) denote the elas-
tic constants tensors and the volume fractions of the matrix and inclusions respectively.
The displacement at infinity is assumed to correspond to an overall stain ε. Denote the
elastic tensor of the surrounding homogenized material by Chom. Thus, the obtained
configuration can be identified to a single inclusion problem. The latter is solved using
Eshelby isolated inclusion problem presented in chapter 3. The strain in the isolated
inclusion according to Eq.(3.14) is then:

〈ε1〉 = Thom1〈ε〉 (4.13)
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Figure 4.3: Schematic representation of Self-consistent method : Isolation of inclusion
and homogenization of its surrounding

Consequently, the strain concentration tensor corresponding to the self-consistent
model AS−C is:

ĀS−C1 = Thom1 (4.14)

Chom = C0 + (Ci − C0) :
∑

i

fiĀS−C1 (4.15)

Chom would be determined by solving iteratively the previous expressions .The explicit
formulas for upper Hashin-Shtrikman bounds can be used as values of the first itera-
tion.
For the case where the inclusions are of different materials, Budiansky presents [36] a
heuristic analysis for the determination of the elastic moduli of such a composite ma-
terial. The different constituents are supposed to be isotropic and elastic. The results
are intended to apply to heterogeneous materials composed of spherical grains of each
of the phases (N phases, the 1st phase is the matrix).

The given implicit formulas for effective shear and bulk moduli are, then presented
as follows:

Khom = K0 + (Ki − K0)
∑

i

fi(AS−Ci )iso (4.16)

Ghom = G0 + (Gi − G0)
∑

i

fi(AS−Ci )dev (4.17)

The previously presented micromechanical models (such as the dilute inclusion
model and the Mori-Tanaka model) are suitable for a structure formed by a continuous
matrix containing heterogeneities. However, the self-consistent scheme can be applied
in the case where no continuous phase is considered within the composite.
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4.2.1 Resolution and iteration scheme
The implicitit formulas for the sef-consistet model expressed above must be solved
simultaniously. Different possible solutions and approximations were presented in the
litterature. These solutions were performed either by static [36, 228] or dynamic [18, 19]
methods.
As the present research is closly related to wave propagation, the dynamic solution
method of the self consistent formulation is considered. The latter was introduced by
Berryman [19] who proposed an iteration scheme for estimating effective macroscopic
elastic constants for inhomogeneous materials with spherical inclusions from the self
consistent formulation. His method is based on elastic-wave scattering theory. Thus,
the implicit formulas for effectivemoduli written in the form useful for iteration scheme
are given by:

Kn+1 =
∑N
i=1 fiKiPin∑N
i=1 fiPin

(4.18)

Gn+1 =
∑N
i=1 fiGiQin∑N
i=1 fiQin

(4.19)

Where:
Pin =

Kn+ 43Gn
Ki+ 43Gn

; Qin =
Gn+Fn
Gi+Fn

; Fn = Gn
6
9Kn+8Gn
Kn+2Gn .

According to Zohdi and Wriggers [241], the self-consistent method predicts negative
effective bulk and shear moduli for voids volume fraction above 50%. For rigid inclu-
sions, this method produces infinite effective bulk modulus for any volume fraction
and infinite effective shear modulus above 40 % Then, the self consistent method can
be used safely for low volume fractions.
The self-consistent procedure has been also established for the case of elastoplastic
materials (see [105, 224, 143] ).

4.2.2 generalized self consistent method
The generalized self consistent method was formalized by Christensen and Lo and
considers a spherical inclusion embedded in a concentric spherical annulus made of
the matrix material, which is embedded in an infinite medium assumed to have the
effective properties (that are unknown). The problem is illustrated in Fig.4.4. The
solution for the effective bulk modulus of such problem is given by:

Khom = K0 +
f1(K1 − K0)

1 + (1 − f1) K1−K0K0+ 43G0

(4.20)

It should be noted that the previous solution correspends to that given by Hashin
(upper bound of Eq.2.61) and that the model does not yield a solution for the effective
shear modulus, except for the case of dilute inclusion [46].
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Figure 4.4: Schematic representation of Generalized Self-consistent model

4.3 Kuster-Toksöz approximation
Kuster and Toksöz derived [130] a multi-phase model for porous media by considering
a process of wave propagation in an inhomogeneous elastic material and equating the
displacementsfields, expanded in series, forwaves scatteredby an "effective" composite
medium and waves scattered by individual inclusions.
Consider N inclusions randomly embedded in a volume V0 in an infinite medium, as
shown in Fig.(4.5). V0 is taken spherical so that the scattered waves do not depend on
the orientation of this latter with respect to the incident wave. u◦ denotes an elastic

0x ix

u°

0V

x

Figure 4.5: Schematic representation of the Kuster-Toksöz scattering problem

incident wave from infinity. The observed displacement u(x) at point x (outside the
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volume V0) is:

u(x) = u◦(x) +
N∑

1

ui(x, xi) (4.21)

Where ui(x, xi) is the displacement observed at x due to the wave scattered by the ith
inclusion located at xi.
Assume now that the medium V0 is homogeneous with effective moduli K∗ and G∗. If
this medium is subjected to the same incident wave u◦, then the displacement field at
xwrites:

u(x) = u◦(x) + u∗(x, x0) (4.22)

Where u∗(x, x0) is the displacement observed at point x and scattering by the effective
volume centered at x0. Equating Eq.(4.21) and Eq.(4.22), the equation defining the
effective volume is obtained:

u∗(x, x0) =
N∑

1

ui(x, xi) (4.23)

Kuster and Toksöz expressed the radial and transverse displacements u and v corre-
sponding to each wave in an infinite series of spherical Bessel functions and Legendre
polynomials. The coefficients of these series expansions provide a relationship between
the elastic elastic moduli of the effectivemediumand those of thematrix and inclusions.
The detailed developpements of these expansions are not given in this report, reader
can refer to the Kuster and Toksöz article [130]. Instead, a simplified formulation of the
Kuster-Toksöz is presented based on an identified scheme associated to the problem.
This scheme reflects the Kuster-Toksöz assumptions and allows the application of the
Eshelby solution to conduct the same homogenized result given by the authers.
Consider a matrix with moduli K0 and G0 and N inclusions. To take into account the
interaction between the inclusions, the concidered scheme suppose that the each in-
clusion is embedded into the homogenized material that is seen as a second inclusions
embedded into the matrix material as ilustrated in Fig.4.6. Both of the inclusions see
the average matrix strain as the far field. Applying the Eshelby solution (Eq.3.14) to
this problem situation leads to the following equation:

〈ε̄〉 = T0hom〈ε0〉 (4.24)
〈ε1〉 = T01〈ε0〉 (4.25)

Combining the previous equations and identification to Eq.(1.44) give the strain con-
centration tensor expression according to the Kuster-Toksöz model in the form:

¯AK−T1 = T01
(
T0hom

)−1
(4.26)

Note that the Kuster and Toksöz (1974) made the assumption that the tensor T0hom is al-
ways the tensor for spherical inclusions. Accordingly, a generalization of effective bulk
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Figure 4.6: Associated schematic representation of the Kuster-Toksöz model

and shear moduli of an isotropic and homogenious composite medium, are formulated
[23] as given by the following expressions:

(K∗ − K0)
K0 + 4

3G0
K∗ + 4

3G0
=

N∑

i=1

fi(Ki − K0)α0i (4.27)

(G∗ − G0)
G0 + ζ0
G∗ + ζ0

=
N∑

i=1

fi(Gi −G0)β0i (4.28)

Where:
fi is the volume fraction of the phase i;
α0i and β0i are given in the Table E.

Kuster and Toksöz consider their approach to be a "low concentration approxima-
tion" based on a "noninteraction" assumption. This assumption is kept valid when
assuming that the aspect ratio of spheroidal inclusions doesn’t exceed the correspond-
ing volume fraction. Otherwise, inclusions are, at least partially, overlapping [130].
Zimmerman et al. showed in [239] through validations of experimental results, that
the Kuster-Toksöz model provided a very good estimation of the elastic moduli of a
composite as the concentration of sand in mortar and the porosity of the cement paste
are allowed to vary.
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4.4 Double inclusion model
The double inclusion model was first introduced by Nemat-Nasser and Hori in 1993
[108, 162]. The model takes into account the different interactions in a composite
material: the interaction between the inclusion and the matrix and the interaction In
the case of two-phase composite, the double inclusion model considers an inclusion
surrounded by a coating (second inclusion) made of the matrix material. Both are
embedded in a reference medium.
The first inclusion V1 is ellipsoïdal of stiffness C1 and is embedded into a second
inclusion V0 of similar shape and of stiffness C0. Both are contained in an infinitely
large medium V with stiffness CV as shown in Fig. 4.7.
The model assumes the following conditions:

V

0V

0C

VC

1V
1C

Figure 4.7: Schematic representation of the double inclusion model

• V0 is large enough to contain the inclusion V1;

• The volume fraction V1
V0 −V1

must be equal to the volume fraction of inclusions

f1 =
V1
V0
;

• The geometry of V0 must be similar to that of the composites inclusions. If for
example, the inclusions are spheroïds, then, V0 and V1 must be coaxial.

The material is subjected to a uniform strain ε∞ at infinity. The objective is to deter-
mine the overall elastic tensor of the homogenized medium Chom through computing
the developed strains and stresses in V1 and V0 − V1. In order to achieve this purpose,
two sub-problems were considered in a manner that when superposed they lead to
the original problem. For each problem, the strain and stress fields were expressed,
based on the Eshelby isolated inclusion solution, for the considered sub-problem and
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the corresponding homogenized medium as detailed in Appendix F.
Eq.F.36 defines the strain concentration tensor for a two-phase composite formulated
by the double inclusion model as:

ĀDI =
[
f1I + f0(TV1)−1TV0

]−1
(4.29)

As one can notice, in the Double Inclusion strain concentration tensor (Eq.4.29), CV
was left unknown. Depending on the material that one can affect to CV, different
expressions are obtained:

• The surrounding material V has the same properties as of the matrix V0 i.e.
CV = C0 . Then, Eq.(4.29) writes:

ĀDI =
[
f1I + f0(T01)−1

]−1
(4.30)

The latter is identical to the strain concentration tensor that was determined
according to Mori-Tanaka model (Eq.4.6).

• The surrounding material V has the same properties as of the inclusion V1 i.e.
CV = C1. Then, Eq.(4.29) writes:

ĀDI =
[
f1I + f0T10

]−1
(4.31)

This corresponds to the strain concentration tensor of what we introduced as
"Inverse Mori-Tanaka" (Eq.4.10).

• The surrounding material V has the same properties as of the composite i.e.
CV = Chom . Then, Eq.(4.29) writes:

ĀDI =
[
f1I + f0(Thom1)−1Thom0

]−1
(4.32)

This expression can be considered as a developed form of the self consistent
model.

The single and double inclusion models have, according to literature [99], limited
success in the porosity characterization. In few cases, the models show that the com-
posite modulus is equal to thematrix onewhich is not true. However, themodel can be
applied to model composites with coated inclusion or to model the Interface Transition
Zone.
Yang andHuang formulated models for single inclusion [232] and double inclusion

[233]. Thesemodels aims to improve the isolated inclusion problem, when considering
a slightly more complex geometry. They, were applied to predict the elastic moduli of
two-phase and three-phasematerials and using experimental results, the elastic moduli
of inclusions can be determined [232].
In the following, single and double inclusion models are presented.
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Zimmerman proposed in [238] a differential method that considers a gradual increase
of a small concentration of inclusions to an initially homogeneous matrix material (host
material, [90, 164, 165]). Themethod assumes that the inclusions are spherical and both
components are isotropic. Then, the shear and bulk moduli are given by the following
differential equations:

1
K
dK
dΓ = FK =

(3K + 4G)(K2 − K)
(3K2 + 4G)K

(4.33)

1
G
dG
dΓ = FG =

(15K + 20G)(G2 − G)
(6K + 12G)G2 + (9K + 8G)G

(4.34)

The initial conditions are: K = K1 and G = G1. The inclusions’ fraction is related to Γ
by the relation: f1 = 1 − exp(−Γ).
Different resolutions of the differential equation were proposed. Next, two resolution
methods will be presented.

4.5.1 Zimmerman resolution

Zimmerman presented in [238] numerical resolution for the case of rigid inclusions and
spherical pores.

4.5.1.1 Rigid inclusions

In the case of rigid inclusions, the elastic moduli K1 and G1 approach infinity, then the
differential equations write:

1
K
dK
dΓ = FK = 1 +

4G
3K =

3(1 − ν)
1 + ν (4.35)

1
G
dG
dΓ = FG =

15K + 20G
6K + 12G =

15(1 − ν)
2(4 − 5ν) (4.36)

The resolution of the previous equations (Eqs.4.35-4.36) gives [238]:

G
G0
=

1
(1 − f1)2




3(1 − ν0)
4(1 − 2ν0) − (1 − 5ν0)( GG0 )−0.6



1/3

(4.37)

K
G =

4
3 −

2(1 − 5ν0)
3(1 − 2ν0)

( G
G0

)−3/5
(4.38)
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4.5.1.2 Spherical dry inclusions

In the case of vacuous pores, the elastic moduli of the inclusion phase vanish (K1 =
0,G1 = 0) and the differential equations take the form:

1
K
dK
dΓ = FK = −

(
1 + 3K4G

)
(4.39)

1
G
dG
dΓ = FG = −

15K + 20G
9K + 8G (4.40)

Zimmerman gives the solution of these differential equations in the form:

G
K =

3
4 +

3(1 − 5ν0)
4(1 + ν0)

( G
G0

)3/5
(4.41)

G
G0
= (1 − f1)2



2(1 + ν0) + (1 − 5ν0)( GG0 )

3/5

3(1 − ν0)




1/3

(4.42)

Where : ν0 = 3K0−2G0
3K0+2G0 .

4.5.2 Berge resolution
Berge et al. proposed an iterative method [15] to the resolution of the differential
equations. The resolution is valid for the case of spherical pores and is given by:

K − K0 = −
M∑

m=1

m
MKm−1

Km−1 + 4
3Gm−1

4
3Gm−1

f (4.43)

G − G0 = −
M∑

m=1

m
5MGm−1

Gm−1 + Gm−1
6

9Km−1+8Gm−1
Km−1+2Gm−1

Gm−1
6

9Km−1+8Gm−1
Km−1+2Gm−1

f (4.44)

Where: M is the total number of iterations.
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Conclusion

This part is intended to introduce the specifics of the micromechanical modeling, nota-
tions and assumptions. The most commonly usedmicromechanical models, which can
be applied to N-phase composite materials, were introduced, detailed and commented.
For each model, the assumptions were clearly noted. The possible applications of each
presented micromechanical model was noted as well as references of researches con-
ducted on the application of themodel to a specified composite material as summirized
in Table 4.1.
It was noted at this stage that limited researches dealt with the application of microme-

Table 4.1: Assumptions, limitations and scopes of the different models
Model Assumptions and limitations Examples of scopes

Dilute inclusion

• No interaction between
inclusions

• Very low inclusion con-
centration

Mechanical properties deter-
mination of short fiber com-
posite

Mori-Tanaka

• Low to moderate inclu-
sion concentration

• Direct implementation

Relate porosity to ultrasonic
properties of mortar

Kuster-Toksöz

• Not realizable for all
microstructures

• Violate some of the rig-
orous bounds

• Direct implementation

Cement paste description
with penny pores

Self-consistent

• Matrix phase can be
non-continuous

• Iterative resolution

Geophysical and rock me-
chanics studies (cracks asect
ratio distribution and poros-
ity)



chanical models on cement-based materials. Aiming to enhance the micromechanical
modelling of the cement paste material, that is considered to be the binding material of
cement-based materials, the present study was developed. Thus, this work intends to
improve the effective cement paste elastic parameters predictions based on microme-
chanical modelling.
Accordingly, the following part will be devoted to the understanding of the cement
pastematerial’s microstructure, in order to define the possible applications ofmicrome-
chanical formulations at different porosities and saturation states.

Page 56



Part II

Experiments: Materials, techniques and
procedures

5 Materials 61

6 Evaluation of the cement paste internal structure 73

7 Static mechanical measurements on cement paste 95

8 Ultrasonic Pulse Velocity Measurements on Cement-based Materials 99



Page 58



Introduction

Thematerial consideredwithin the frame of this work is cement paste with andwithout
air-entrained adjuvant. In fact, cement paste represents the matrix phase of mortar and
concrete that are two of the most widely used building materials. Thus, to understand
the behavior of such complex cement-based composite material, it is essential to inves-
tigation their matrix: the cement paste.
Themain objective of this study is tofind a correlation betweenultrasonic andhydraulic
properties of the cement paste. Therefore, the experimental efforts focused basically on
ultrasonic measurement and internal cement paste microstructre investigation, as the
latter influences the hydraulic properties.
In this part, the microstructure investigation of the cement paste was carried on to
determine the required inputs for the micromechanical modeling. In particular, poros-
ity that is considered as a principal hydraulic property, was measured using different
techniques and equipments, namely water imbibition, mercury intrusion and image
processing. In addition, scanning electron microscopy was used to visualize the inter-
nal microstructure of the cement paste material. Later, the static tests as well as the
dynamic ultrasonic device and measurements were presented. All these techniques
allowed the observation and quantification of the cement paste microstructure in order
to perform its control but also to verify the assumptions consideredwithin this research.





C 5

Materials

Cementitious materials form the most used construction material in the world as it
is characterized by its relatively low cost and considerable mechanical properties. In
order to evaluate this material with the previously presentedmicromechanical models,
two materials were made in the laboratory: cement paste and air entrained cement
paste. The samples compositions and preparation are presented in this chapter.
A cement paste material is formed by different constituents. Here after its principal
constituents are described.

The Portland cement: The Portland cement is the resulting product of a thermal
treatment at 1450 ◦C of a mix of clay (20 to 30 %) and limestone [204]. Indeed,
after the calcination of the obtainedmix, it is ground to get the Clinker to which is
added a small quantity of gypsum (3 to 5 %) and possibly other constituents like
limestone fillers, silicate fume, slag furnace or fly ash depending on the desired
cement. As for the gypsum, it delays the hydration of the cement to ensure a
better workability.

Water: Thewater proportion used for the preparation of the cementitiousmaterial
is of great importance. It influences, for instance, thematerial porosity, mechanical
properties and durability. Mixing the cement to the water leads to an extremely
complex reactions. The latter are presented in the following section.

Adjuvants: Adjuvants are added to the cement-based material in a very small
quantities, generally less that 10kg/m3 [178]. In this study, two types of adju-
vants were used in the preparation of the materials: the superplasticizer and
the air-entrained adjuvants. The first allows the redaction of water proportion
when conserving the material workability and fluidity [186]. Indeed, super-
plasticizers are capable of reducing the water requirements by about 30%. The
second involves adsorption at the air-water and solid-water interfaces. Indeed
the air-entrained surfactant ions are adsorbed on the cement particles making
them hydrophobic. Thus, the bubbles generated when mixing adhere to cement.
This process stabilizes bubbles, preventing their coalescence.

In the present work, all the materials were made up of cement CPA CEM I 52.5. To
study the effect of porosity variation on the prediction of elastic and/or ultrasonic ve-
locities, different water/cement ratios were considered within each material.



On site cementitious structures can be either dry, partially or fully saturated by two
or more different fluids. The saturation condition affects the elastic properties and the
velocities of ultrasonic waves propagating into the material. In order to qualify and
quantify this dependence, a variation of the saturation degree was realized on each of
the studied material.
The fluid (here water) saturation is defined as the fraction of liquid-filled void space
Vw by the total pore volume Vpore. It is commonly expressed in percentage:

Sr = 100
Vw
Vpore

% = 100VwVp% (5.1)

where V is the total material volume and p =
Vpore
V is the porosity. Thus, the water

saturation ranges between 0 < Sr < 100.
It should be noted that the saturation degree differs from the water content (or the
moisture content). The latter refers to the quantity of water contained in a material and
is expressed as follows:

θ =
Vw
VT

(5.2)

Where Vw is the volume of water and VT is the total volume.

5.1 Cement-based mix compositions

5.1.1 Cement paste
As a first stage study, the considered material was the cement paste. The latter is an
existing, but simplified cement-based material, that consists of Portland cement and
water. The interest to the cement paste material is argued by the fact that this material
consists the bindingmatrix of all the other cement-basedmaterials (mortar, concrete...).
Thus, monitoring the elastic properties homogenization and the wave propagation
would be a key for the understanding and control of both issues in mortar and con-
crete.
In the present work, the cement paste samples were made with different water/cement
(W/C) ratios, namely 0.3, 0.4, 0.5, 0.6 and 0.7. Super-plasticizer adjuvant (structuro311
[205]) was used in a proportion of 1 % of the cement weight. This adjuvant provides a
high workability of the cement paste material. Indeed, the super-plasticizer adjuvants
correspond generally to different polymers or different conformations of these poly-
mers. The specimens were cast in a rectangular slabs of dimensions (100 ∗ 50 ∗ 10) cm3.
Table 5.1.1 gives the proportions of the seven compositions of the samples.

5.1.2 Air entrained cement paste
Aiming to perform the study carried on the cement pastematerial, air-entrained cement
paste specimens were made with varied air-entrained adjuvant. Thus porosity were
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Table 5.1: Composition and properties of the cement paste samples in (kg/m3)
Samples W/C Cement Water Super-plasticizer
CP030 0.30 400 120 4
CP040 0.40 400 160 4
CP050 0.50 400 200 4
CP060 0.60 400 240 4
CP070 0.70 400 280 4

varied for a fixed W/C ratio in order to decouple both effects on the studied ultrasonic
and hydraulic properties.
Entrained air bubbleswith adiameter of 50 to 200µm , can be introduced in cement paste
by adding small amounts of air-entraining adjuvant. They contribute in protecting the
material from damage due to frost action characterized by the expansion of freezing
water [59, 126]. Indeed, during the freezing process, the expansion of water, which
is being converted from liquid to solid, creates a pressure on the remaining liquid.
Entrained air bubbles provide space for the water to flow into. This decreases the
water pressure and prevents degradation [182].
The use of air-entrained admixture introduce a modification in the air-void system of
the material. Powers [176] reported that the voids present when an entraining agent is
not added to a concrete material are also present when the agent is used. Accordingly,
the air-entraining admixture increases the air voids having a smaller size (than those
present in the sample without air-entrained: the entrapped voids) and stabilizes them
during the mixing. The air-void system obtained with an air-entrained admixture is
then a "composite" of the entrained voids resulting from handling and placing and
entrapped voids formed during mixing [110].
In the present study, the air entrained cement paste was prepared with a fixed water,
according to cement, ratio W/C= 0.4. In order to keep water content constant and
vary porosity, different amounts of air-entrained (AE) adjuvant FOSROC Resi Air 200
were used. Super-plasticizer adjuvant (structuro311) was used in a proportion of 1% of
the cement weight. Table 5.1.2 gives the proportions of the seven compositions of the
samples. The sampleswere cast in two shapes designed for different investigations. All
the mix were prepared in both slabs of dimension 30 cm ∗30 cm ∗5 cm and cylindrical
specimens of 11cm diameter and 22cm of high. The water imbibition measurements
were performed on both shapes. However, the MIP and the X-ray microtomography
were carried out on samples casted into the slabs.
The molds of the different materials were watertight and protected from hydraulic

exchanges with the surrounding environment during 48 hours. After that, the slabs
were removed from the molds and stored in a lime water solution for 28 days at a
constant temperature of 21 ± 1C◦ .
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Table 5.2: Composition and properties of the air-entrained cement paste samples in
(kg/m3)

Samples Cement Water Super-plasticizer Air-entrained
ACPC 400 160 4 0
ACP12 400 160 4 0.48
ACP25 400 160 4 1
ACP50 400 160 4 2
ACP15 400 160 4 6
ACP45 400 160 4 18
ACP60 400 160 4 24

The influence of water on ultrasound results were studied by considering two
saturation states, dry and fully saturated with water. The samples were first saturated
and stored in a lime solution. The dried samples were obtained by submitting the
saturated ones tomoderate oven-drying at a temperature of 60±2C◦. Such temperature
is suitable to prevent micro-cracks. The oven-drying was selected for this experiments
as it is suggested to be the more rigorous procedure for complete removal of water. It
is considered as the best way of assessing the total pore space present in the structure
[158].
The drying was stopped when the weight of the sample remained constant, i.e.

when the variation between two successive weightings was less than 0.05%.

5.2 Cement properties

5.2.1 Cement chemical composition
Portland cementCPACEMI 52.5wasused for thepreparation of thepreviouslydetailed
compositions. This type is known to be among the most used in civil engineering in
France. Chemical composition of CPA CEM I 52.5 Portland cement used for this study
is given in Table 5.2.1.
In an ordinary Portland cement, it is generally assumed that four components are

the major constituents. The latter are pure minerals with the following compositions:

• Alite: C3S, or tricalcium silicate; 1;

• Belite: C2S, or dicalcium silicate;

• Aluminate phase: C3A, or tricalcium aluminate;

• Ferrite phase: C4AF, or tetracalcium aluminoferrite.
1Notation: C = CaO; S = SiO2; A = Al2O3

Page 64



Materials
5.2 Cement properties

Table 5.3: Chemical properties of Portland cement CPA CEM I 52.5 used in this study
Chemical product Content (%)

CaO 52.46
SiO2 23.40
Al2O3 3.3
(Fe)2O3 3.36
(Na)2O 0.17
K2O 0.44
MgO 2.05
MnO 0.03

The initial percentage of weight for each of these compound can be calculated based
on the Bogue calculation [204]. The latter assumes that (1) the Fe2O3 occurs as C4AF
and (2) the remaining A12O3 occurs as C3A. Then, the compound masses are:

C3S = 4.0710CaO − 7.6024SiO2 − 6.7187Al2O3 − 1.4297Fe2O3 (5.3)
C2S = −3.0710CaO + 8.6024SiO2 + 5.0683Al2O3 + 1.0785Fe2O3 (5.4)
C3A = 2.6504Al2O3 − 1.6920Fe2O3 (5.5)
C4AF = 3.0432Fe2O3 (5.6)

According to Bogue formula given above and knowing the chemical composition of
the used Portland cement (Table 5.2.1), the initial percentage of weight Wi of each
compound was computed and listed in Table 5.2.1. A summery of the aforementioned

Table 5.4: Portland cement compounds weights as determined by Bogue calculation
Reacting compound Weight ( W %)

C3S 4.62

C2S 63.61
C3A 3.06
C4AF 10.22

compounds weights for different types of cement Portland is given in [76]. Such
calculation is useful for an estimation of the considered cement hydration as will be
detailed next.

5.2.2 Cement hydration
The hydration is the chemical reaction between the clinker phases and the water. It
results in the cement paste that is formed essentially by a solid phase and a porous
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structure. The different products of the solid phase as well as the porous structure
are detailed in following. The formation of these latter in function of the hydration
time are given in Fig.5.1. The figure plots the formation of three main products during
hydration: calcium silicate hydrates (C-S-H), calcium hydroxide (C-H) and ettringite
(or trisulfate; AFt) in addition to other minor products. In fact, after the dormant stage,
C3S, that is the most active phase during the first stage of hydration reacts and leads to
the formation of the outer C − S −H (long fibers). After several days, a second type of
C-S-H can be observed (short fibers).

Figure 5.1: Evolution of hydration solid products and porosity in the cement paste
[235]

5.2.2.1 Solid hydration products

The solid phase contains five different chemical phases with a domination of two of
them: TheCalcium-Silicate-Hydrates (C-S-H) and the CalciumHydroxide (C-H). These
twoproducts constitute about 85%of the cement paste volume. They are resulting from
the hydration of the aluminates (C3A ≡ 3CaO.Al2O3) and silicates (C3S ≡ 3CaO.SiO2
and C2S ≡ 2CaO.SiO2) present in the clinker.

• The Calcium-Silicate-Hydrates (C-S-H) forms in the cement paste in different
morphological forms [57, 209] (see Fig.5.3), volume fractions [206] and elastic
properties [52]. The two dominant forms of C-S-H are characterized by two
different densities; a high-density (HD) C-S-H and a low-density (LD) C-S-H
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HD-C-S-H (inner product) 

C-H crystal 

Unhydrated cement  

LD-C-S-H (outer product) 
+ 

Porous structure 

Figure 5.2: Schematic representation of the cement paste hydration

[115] or called also inner (or TypeII) and outer (or TypeI) products, respectively.
These two C-S-H forms are resulting from two different processes of hydration
of the clinker [17]. Indeed, at the early stages of hydration, C-S-H products are
formed at the surface of the cement grains. These latter lead to the outer products.
Then, as hydration progress, a growing layer of C-S-H covers the cement grains
and newC-S-Hproducts are formed in the space between the existing C-S-H layer
and the cement grains. The new C-S-H products, called inner products, have a
higher density than the outer products. According to this hydration process, (LD)
C-S-H has more porosity than the (HD) C-S-H.

• The Calcium Hydroxide (Ca(OH)2 noted C-H), or Portlandite, are crystals that
present about 10 to 20 % of the hydration products. This product is distinguished
in the cement paste microstructure by its clear hexagonal prism geometry as can
be seen on Fig.5.3.

• The Calcium Sulfates, Aluminates, Ferrites and ettringite (tri-sulfate) are three
minor products of the clinker hydration. They present approximately 15 to 20 %
of the non-porous volume of the cement paste.

It has to be noted that it is not obvious that all the clinker phases react with the
water and that some cement grains remain unhydrated. The amount of the unhydrated
product depends on the cement particle size, the duration of hydration but mainly the
water content in the mix. It has been shown experimentally in the literature [163]
that the minimum amount of water required completely hydration corresponds to
W/C= 0.42.
More details on the different phases of the cement hydration can be found in [51]
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Figure 5.3: The plate-likeC-Hmorphology andfine bundles of Type IC-S-H, platy-Type
II C-S-H, and ettringite needles [201].

5.2.2.2 Porous structure of hydrated cement

In addition to the solid products mentioned above, the hydrated cement paste contains
a porous structure. The latter is formed of many types of pores that affect the properties
of the cement paste. Five principal pores can be distinguished: interlayer space in C-S-
H, capillary voids, entrained air voids, entrapped air voids, and fractures [153].

• Interlayer space in C-S-H: called also "gel porosity", it results from the chemical
formation of the C-S-H and have a volume fraction of 28% in the hydrated solid
paste according to Powers model. The C-S-H interlayer space is of 1.8nm. Thus,
this porosity shouldn’t affect the properties of the cement paste as such pores are
of small dimension to contribute to the transfer of degrading agents.

• Capillary voids : are the areas that was not filled with any of the hydration
products. In contrast to the gel pores, these pores are large enough to ensure
aggressive agents transfer inside the cement paste. The diameter of the capillary
pores varies from low (10 to 100nm) to high (3 to 5) water/cement ratio. Note that
these pores have no regular shape due to the process of their formation.
Anattempt to represent diagrammatically the interlayer and the capillaryporosity
was made by Feldman and Sereda [70] in Fig.5.4. The layers of C-S-H appear to
be irregular and the inter particle bonding was represented as a solid-to-solid
contact.

• Entrained air voids: are of 50 to 200 of diameter and can be introduced in cement
paste by adding small amounts of air-entraining adjuvant. They contribute to pro-
tect the material from damage due to frost action characterized by the expansion
of freezing water [59, 126].

• Entrapped air voids: are the larger pores of the cement paste porous structure.
They can reach few mm of size. They are resulting from the entrapped air when
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Figure 5.4: Model of hydrated Portland Cement by Feldman & Sedera (1968) [70]

mixing. Thus, properly mixing and vibrating the cement-water mix can reduce
them. Example of entrapped air-void observed by SEM technique on a cement
paste sample is shown in Fig.5.5.

5.2.2.3 Hydration degree and products volume fractions

The hydration degree of a cement paste material is related to the hydration degrees of
all the compound present in the Portland cement by a weighted average [229]:

α = αC3SWC3S + αC2SWC2S + αC3AWC3A + αC4AFWC4AF (5.7)

Where Wi are the initial percentage of compounds weight, that have been computed
and listed in Table 5.2.1 and αi the hydration degree of each compound. The latter are
assumed to be given by approximations based on Avrami equations of the form:

αi = 1 − exp(−ai(t − bi)ci) (5.8)

Where t is time in day and ai, bi and ci are constants empirically determined by Taylor
and are given in Table 5.2.2.3 [50, 229]. In this study, the experimental measurements
were carried out starting from 120 days of hydration. Accordingly, the hydration
degree was found to be α = 0.5548. It should be noted that such hydration degree is
unexpected andmeans that the hydration reaction was not completed at this date. This
could be due to the chemical composition of the used Portland cement that influences
the kinetics of hydration.
The Powers hydration model provides the volume fractions of unhydrated cement
particles funhyd, hydrated products (cement gel) fhyd, capillary pores fcap = 1− funhyd− fhyd,
non-evaporable water fwat and the total porosity of the paste fp in function of the water
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Entrapped air void

Capillary voids

Figure 5.5: Entrapped and capillary pores observed on a cement paste sample

Table 5.5: Coefficients ai, bi and ci
Compound ai bi ci

C3S 0.25 0.9 0.7
C2S 0.46 0 0.12
C3A 0.28 0.9 0.77
C4AF 0.26 0.9 0.55
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to cement ratio W/C and the degree of hydration α as given by the following equations
[87, 190].

funhyd =
0.32(1 − α)
w/c + 0.32 (5.9)

fhyd =
0.68α

w/c + 0.32 (5.10)

fcap =
w/c − 0.36α
w/c + 0.32 (5.11)

fwat =
w/c − 0.4175α
w/c + 0.32 (5.12)

fp =
w/c − 0.17α
w/c + 0.32 (5.13)

Themodel is widely cited andmanywork have been carried on cement paste hydration
and proved that it can be considered as a rigorous model [163, 204]. An analysis pre-
sented by Brouwers [33, 34] clarifies the Powers model, experiments and applications.
The degree of hydration reaches a maximum value αmax when water is available from
external sources. This maximum corresponds to the depletion of the unhydrated ce-
ment or the water in the capillary pores. αmax can be determined from Eq.(5.11) so
that:

αmax =

{
1 for w/c > 0.36

w/c
0.36 for w/c < 0.36 (5.14)

However, the total hydration can not be reached in general. Indeed, beyond a critical
hydration degree the kinetics of the hydration reactions are stopped because the dis-
solved ions can not diffuse through the layers of hydrates surrounding the clinker [16].

In this chapter, the cement paste compositions were presented. Five cement paste
compositions with varied water to cement ratio and seven air-entrained cement paste
mix with different amounts of air-entrained adjuvant were prepared for the study. The
used Portland cement chemical properties were mentioned. The mechanism of cement
hydration was briefly described as well. The microstructure of a hydrating cement
paste states various solid products and a porous structure. The volume fraction and
the hydration degree of a cement paste were defined and computed.
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Evaluation of the cement paste internal
structure

The motivation for this microstructural study is to gather details on the cement-based
material morphology in order to approve the micromechanical modeling assumptions
that were considered in the homogenization schemes. Indeed, different parameters
affect the cement paste microstructure and the major one is the W/C ratio. Indeed, the
variation of the W/C ratio induces changes in both the solid matrix and the capillary
voids [184].
Hence, microscopic observations and quantification are essential for the examination
of cementitious materials. Various techniques have been investigated in order to ex-
amine the cementitious microstructural details at the micrometer scale. Among these
techniques, we used in this study the Optical Microscope, the Scanning Electron Mi-
croscope (SEM), the X-ray microtomography and the Mercury Intrusion Porosimetry
(MIP) on both cement paste and air-entrained cement paste.
The cement paste samples were cast in a single mold shape (slabs). However, the
air-entrained cement paste mix were prepared in two different shape molds: slabs of
dimension 30cm × 30cm × 5cm and cylinders of 11 cm diameter and 22 cm of high.
Thus, it is important to note which test was done on which mold shape. Indeed, the
water imbibition measurements were performed on both shapes. Thus, presenting two
water porosity results on the same compositions will not be contradictory, as a scale
factor would influence such measurement. However, the MIP and the X-ray microto-
mography were carried out on samples casted into the slabs.

6.1 Water imbibition porosimetry and density

The degradation of cementitious structures is mainly caused by penetration of aggres-
sive agents, present in the surrounding water for instance, through capillary poros-
ity. Thus, capillary imbibition is an important transport phenomenon that affects the
cement-based material. Hence, the determination of the capillary porosity by water
imbibition is necessary for the present study.
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Figure 6.1: Relativemass loss of the cement pastematerialswhendrying for (a) different
W/C ratios and (b) different air-entrained contents

6.1.1 Water imbibition porosimetry

Water imbibition porosity was measured by the gravity method [3], using vacuum
saturation. This method consists in saturating the cement paste sample with distilled
water under vacuum. The vacuumwas created in a dissicator using a vacuum pump so
that water can displace air and fill the interstices. Once fully saturated, it was weighted
with centigram precision and its volume V determined by hydrostatic weighing. These
measurements were used in order to obtain good precision over the mass and volume
of the sample. Then, the sample is submitted tomoderate oven-drying at a temperature
of 60±2◦C. Such temperature is suitable to preventmicro-cracks. The drying is stopped
when the weight of the sample remains constant, which is achievedwhen the variation
between two successive weightings does not exceed 0.05%. Figure 6.1(a) shows the
mass loss in function of time for three cement paste compositions with different W/C
ratios: 0.3, 0.4 and 0.5. It is noted that the mass loss kinetic depends on the W/C ratio.
For example, for a period of seven days of drying in an oven at a temperature of 60◦C,
there was a mass loss of 7.69%, 11.87% and 16.24% for cement paste samples with W/C
equal to 0.3, 0.4 and 0.5, respectively. This kinetic is argued by the fact that the more the
material is porous with an opened porosity, the more the drying is efficient and rapid.
Figure 6.1(b) shows the mass loss in function of time for all the air-entrained cement
paste compositions with different air-entrained adjuvant. It is remarked that, the
relative mass curve for the control air-entrained cement paste sample (without air-
entrained add) is the same as for the cement paste with W/C= 0.4 plotted in Fig.6.1(a).
That confirms the reproducibility of the mass loss measurements on a same cement
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Figure 6.2: Measured capillary porosity for (a) cement paste and (b) air-entrained
cement paste

paste composition (with the sameW/C ratio). Different mass loss kinetics are observed
when varying the air-entrained added amount. However, no clear trend can be found
in function of the air-entrained adjuvant. Although, one can assume that the mass loss
kinetic is higher for increasing amount of air-entrained adjuvant, if some compositions
are excluded (AECP0.50 and AECP1.50).
The mass of dried sample is obtained after 25 days of drying. Porosity p is then
determined using the following formula:

p =
Msat −Mdry

ρwV
(6.1)

where ρw is the unit mass of water, V is the sample volume; Mdry and Msat respec-
tively denote, the weight of the dried and fully saturated sample. The measured water
porosity of cement paste is plotted in function of the W/C ratio on Fig.6.2(a) and of the
air-entrained cement paste in function of the air-entrained content on Fig.6.2(b). As
expected, porosity increases with theW/C ratio. Porosity values range from 21.13% for
the lowest W/C ratio to 47.34% for the highest one. The determined range of porosity
presented in Fig.6.2(a) is coherent with the commonly obtained porosities on the ce-
ment paste material [73, 74, 79, 127]. For instance, Krus et al. reported [127] that water
saturation porosity varies from 36% to 50% when Portland cement pastes with W/C
equal to 0.35 and 0.6 were considered. Similarly, [74] found, using the same experi-
mental water porosity determination procedure, that capillary cement paste porosity
presents the same trend with comparable values with those determined in this study.
Further comparison has been plotted on Fig.6.3 between this measured capillary poros-
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ity and the capillary porosity estimated by Powers theory (Eq.5.11)when assuming that
the hydrationdegree is computed according to Eq.(5.7). It is clear that thePowersmodel
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Figure 6.3: Comparasion between the measured and the Powers estimated capillary
porosity

based on an estimate of the hydration degree provides a good estimate of the capillary
porosity when varying the water to cement ratio. The observed scattering especially
for W/C= 0.3 is due especially to the estimation of the hydration degree as no suffi-
cient water is available for such composition to allow the maximum possible hydration
(W/C=0.3 0.36; Eq.5.14). In the next part an inverse computation will be applied in
order to determine the hydration degree of each mix based on the measured capillary
porosity and Powers theory.

6.1.2 Material density
The density of the cement paste material depends on both the porosity and the water
saturation degree. In this study the cement paste density was determined using exper-
imental measurements and theoretical formulations.
The densities of the five cement paste compositions were measured and estimated for
different saturation states.
The materials densities were also computed using Eq.(1.7) for a two phases partially
water saturated cement paste. Let Vw and Va be the total volume of water and air
present in the porous structure, respectively. Thus Eq.(1.7) writes:

ρ =
M
V =

ρ0V0 + (ρwVw + ρaVa)
V = ρ0 f0 + ρw

Vw
V + ρa

Va
V (6.2)

Knowing that:
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• Sr =
Vw
Vp (Eq.5.1)→

Vw
V = pSr

• Vw +VaV = p→ Va
V = (1 − p)Sr

• f0 = 1 − p

The homogenized density of a partially saturated material is deduced from Eq.(6.2) as:

ρ = (1 − p)ρ0 + pSrρw + (1 − p)Srρa (6.3)

In the previous equation the water and air densities were considered to be well known
in the literature [231]. However, the cement paste matrix density is a intrinsic property
of the studied cement paste. It was determined on a dry cement paste sample using a
volumenometer [68]. The material was pounded and crushed until the material grains
dimensions became less than 0.2mm. This aimed to eliminate the pores and voids
present in the material. Then, the sample was put in a recipient containing an inert
liquid (spirit of turpentine) to determine its absolute volumetric mass. Table 6.1 sum-
marizes the different values of the densities that were considered within this study.
Figure 6.4 shows both the measured and computed densities in function of cement

Table 6.1: Density values of air, water and cement paste matrix
Air Water cement paste matrix

Density (kg/m3 at 20 ◦C) 1.204 1000 2579

paste porosities for different saturation states. It is noted that the measured and com-
puted densities have almost the same linear trend with comparable values.
On the one hand, the density of the cement paste samples decreases with porosity. For
the dry cement samples for instance, the experimental density decreases by 34% when
the W/C ratio is increased from 0.3 to 0.7. While it decreases by 18% if the material
is saturated with water. This noticed difference in the decrease slope of density vs.
porosity when varying the saturation state is mechanically stated in Eq.(6.3). The latter
can be written in the following form:

ρ = ρ0 + Srρa − p(ρ0 − Sr(ρw − ρa)) (6.4)

As thewater density is higher than air density, then Eq.(6.4) proves that if the saturation
degree is increased, the slope of the overall density vs. porosity decreases.
On the other hand, the cement paste density increases with the saturation degree. As
higher is the porosity as larger is the increase of density with the saturation degree.
Indeed, the density increases by 10% for W/C=0.3 and 36% for W/C= 0.7 from dry to
saturated state. Such trend is logical if assuming Eq.(6.4) and knowing that the density
of water is higher than the density of air (see Table 6.1).
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Figure 6.4: Variation of cement paste density with porosity and saturation degree: lines
refers to the computed densities and dots to the measured ones

6.2 Mercury Intrusion Porosimetry (MIP)

The early use of Mercury Intrusion Porosimetry (MIP) method for cementitious materi-
als was reported by Winslow and Diamond (in 1970). Since then, the method has been
widely used to study the pore structure of cement-based materials as it is a simple and
fast test and investigate a large range of porosity (200µm to 2nm).

6.2.1 MIP principle

The mercury intrusion principle is based on the fact that mercury does not wet most
substances. Then it will penetrate pores only by pressure application. This technique
was used for the porosity and pore diameter distribution determination of the studied
cementitious materials. Measurements were conducted at the Ecole des Mines de
Douai, Civil Engineering Department. The equipment used was an Autopore IV 9500 .
The test involves putting a cementitiousmaterial sample previouslydried anddegassed
under vacuum in the presence of mercury. An incrementally rising mercury pressure
was applied. Thus the liquid gradually penetrates the material. For each applied
pressure corresponds a mercury intruded volume into the sample, VV. The latter is
determined by measuring the electrical capacitance in the stem of the penetrometer.
Once the maximum average pressure of mercury is reached ( about 200 MPa ), the
extrusion of mercury is processed. Thus, data of intruded and extruded volume of
mercury versus applied pressure were obtained and the pressures were converted to
pore diameter D. Indeed, the pore diameter D was determined by assimilating pores
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to cylindrical capillaries [56]. Then, according toWashburn-Laplace equation [222], the
diameter was given by Eq.(6.5).

D =
−4γcosθ

P (6.5)

Where γ(N/m) is the surface tension and is equal to 485 dynes/cm (1 dyne= 10−5N),
θ(◦) is the contact angle, which value is 130◦ and P(Pa) is the applied pressure. The
cumulative intrusion volume can, then, be plotted versus the computed pore diameter
(see Fig.6.5).
The porosity p is defined as the total volume occupied by pores (total cumulative
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Figure 6.5: Mercury intrusion results obtained on cement paste sample with W/C= 0.3

volume plotted in Fig.6.5) per unit volume of material.The particle (or Skeletal) den-
sity, ρparticle, is computed after the volume of all pores larger than those measured at
maximum intrusion pressure have been excluded from the volume presumed occupied
by the material.
The bulk density, ρbulk, is defined as the unit weight, Mdry, per unit volume of the dry
material, VT, after the volume of the largest open pores has been subtracted. In the
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present study, the typical value for the largest pore included in the bulk density was
approximated to be larger than 430 µm (which corresponds to an intrusion pressure of
about 0.1 psi). The bulk density is given by the ratio:

ρbulk =
Mdry

VT
(6.6)

Porosity can also be calculated from bulk density and particle density using:

p(%) = (1 − ρbulk
ρparticle

) ∗ 100 (6.7)

Where ρparticle and ρbulk are the particle and bulk densities, respectively.

6.2.2 MIP measurements
MIP measurements were conducted on both cement paste and air-entrained cement
paste samples. The pore size distributions as well as porosity were determined. Figure
6.6(a) shows the pore size distribution obtained byMIP on the cement paste samples for
differentW/C ratios. Figure 6.6(b) shows the pore size distribution obtained byMIP the
air-entrained cement paste samples when varying the air-entrained adjuvant amount.
The pore distribution is clearly unimodal for all the cement paste compositions as the
shape of the curves is characterized by the single dominant pore radius (critical pore
radius). Hence, except for the W/C= 0.3 composition, all the cement paste samples
present a dominant pore radius between 0.0625 and 0.0771µm. The cement paste with
W/C= 0.3 presented a five time smaller critical radius with 0.0122µm. This may be
related to the hydration phenomena that is not completed for cement paste material
with W/C under 0.38 according to Powers. Noting such small range of pore diameters
determined for the cement paste samples, this kind of porosity (capillary porosity) will
also be called by microporosity in the following.
Concerning the air-entrained cement paste MIP measurements, Fig.6.6(b) shows a sin-
gle dominant pore radius for all the composition with a value of 0.077µmwhich is the
same for the control (air-entrained free) sample. This is meaningful, as the amount of
air voids created by the air-entrained adjuvant is much small that capillary porosity.
In addition, air voids are not connected to each other, and thus will be considered as
having small pore radius because of the ink-bottle effect. This remark will be detailed
and argued later.
An single different plot is shown on Fig.6.6(b) for the special case of air-entrained ce-
ment paste with air-entrained adjuvant amount of 4.5% of the cement mass. In fact, the
pore size distribution for this composition is not unimodal and presents considerable
percentages of pores with diameter larger than 0.077µm and reaching 100µm. This
uncommon distribution may be caused by the difficulty in preparing the air-entrained
samples.
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Figure 6.6: Pore size distribution of (a) cement paste with different W/C ratios and (b)
air-entrained cement paste with different air-entrained adjuvant amount, according to
MIP test

The mercury porosity results on cement-paste and air-entrained cement paste were
plotted on Fig. 6.7. On the same figure, porosities obtained through the gravity method
were plotted in order to compare both methods.
For the case of cement paste, an increase of pore volume with the W/C ratio was ob-
served. Indeed, MIP indicates a porosity of 12%, 18% and 32% for pastes with W/C
0.3, 0.5 and 0.7, respectively. Such trend was also observed by Cook and Hover [53]
on cement paste samples with the same W/C ratios as considered in this study. How-
ever, for the mercury porosity determined on the air-entrained cement paste samples,
the increase in function of the air-entrained amount was less significant. In fact, the
increase of porosity with respect to the control sample was less than 7.5% of porosity
for all composition and 17% of porosity for the AECP4.50 sample. The results of mer-
cury porosimetry plotted on Fig.6.7 shows an underestimation of pore volume for both
materials. Mercury measured porosity are much lower than those determined by the
conventional method (water imbibition). For example, this decrease ranges between
32 to 50% for plain cement paste. This variation is due to several factors. First, the
cylindrical pore distribution model which is based on Washburn’s theory does not
describe precisely the pore structure of cement paste [56]. Second, the size and shape
differences between the samples used for the water imbibition method and the MIP
can cause a scale effect [128]. Indeed, the first are generally cylindrical samples of a
few hundred of grams while the second are usually fragments of a few grams. Third,
it should be emphasized that mercury porosimetry is a qualitative method. It cannot
be considered to be reliable for porosity quantification as the range of pore accesses
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Figure 6.7: Porosity determined by Water imbibition and MIP on cement paste and
air-entrained cement paste samples

is limited to approximately 375 mm to around 3 nm (depending on the equipment).
Thus, all porosities below and above these values are not considered. Consequently, the
mercury porosimetry gives an underestimated value of total porosity for cement-based
materials compared with water porosity. It is known that water can access too smaller
pores, up to 0.5 nm [74].

To conclude, MIP is widely used for porosity determination because it is considered
as a fast technique. However, it presents a number of problem when applied to a
complex pore structure which is the case of cementitious materials [69]. Indeed, it
cannot give an accurate measurement of the pore distribution. This is due to the
misinterpretation of the volume of large pores that are accessible by narrow throats
and so under hight pressure. This phenomena is called the ink-bottle [181]. This leads
to an overestimation of the fine pore volume and an underestimation of the large pore
volume. Besides, the pore-size distributions is influenced by both the selection of
contact angle [195] and the sample size effects [94]. In addition, the method of the
sample drying influences theses distributions [54]. Other drawbacks of this technique
are the fact that pores are assumed to have pores cylindrical geometry and that it is
basically a destructive method.
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6.3 X-ray Microtomography

The X-ray microtomography is a non-destructive technique that allows observing the
internal structure of amaterial. In the last decade, significant studies [137, 138, 193, 199]
have been made in the development of X-ray microtomography to non-destructive as-
sessment of cracks and damage in cementitious materials. Recently, this technique was
investigated in the characterization of pores structure, distribution and quantification.

6.3.1 Image acquisition

X-raymicrotomography method is a three-dimensional imagingmethod that usesmul-
tiple radiographic images to reconstruct a 3-D representation of the material. Indeed,
the considered specimens were cylindrical and were rotating around their axis. The
X-rays illuminate the specimen in a perpendicular orientation. Thus, multiple ra-
diographic discrete images were obtained at different angles. The number of these
images depends on both the equipment and the chosen resolution. Figure 6.8 shows
an example of tomographic image of an air-entrained cement paste sample and its 3-D
reconstruction. On the figure, there are voids created by the air entrained adjuvant
are clearly visible. The voids appear to be perfect spheres, randomly distributed in
the matrix and having different size. In this study, the X-ray microtomography experi-

Figure 6.8: Tomographic images of air-entrained cement paste sample. Left- A tomo-
graphic cross section. Right- A 3D-reconstruction.

ments have been carried out at the LAMIH (Laboratoire d’Automatique, deMecanique
et informativeness industrielles et Humaines de valenciennes). There a Skyscan1172
X-Ray microtomograph, having a resolution of 7µm, was used to investigate the mi-
crostructure of air-entrained cylindrical samples with a 14mm of diameter and 50mm of
high.
For each sample about 500 transverse image were taken within 1cm of thickness.
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Figure 6.9: Image processing steps on an air-entrained cement paste cross section

Analysis of the obtained images aim to the determination of the volume fraction as
well as the distribution of the air entrained pores.

6.3.2 Image processing
The images obtained from the tomographic scan and the digital camera, were grayscale
surfaces (Fig.6.9(a)) where each pixel’s intensity corresponds to the material density. In
order to obtain an accurate quantification of themacroporosity, the analysis was carried
onmany images, taken from the clearest and the most representative image section, for
statistical confidence.
The different steps that were developed on computational software for the image
processing are presented on the diagram of Fig.6.10. First, the grayscale images are
binarized, based on choice of a color threshold, to end up with a black and white
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Acquisition 

Selection of the image section 

Threshold choice 

Binarisation 

Noise removal by removing  
          isolated pixels 

Pores counting 

Classification of pores  
according to their size 

Pores surface determination 

Mean diameter determination 

Porosity, pore size  
distribution, meandiameter  
of each cross-section 

Iteration on all cross-sections 

Figure 6.10: Diagram of the image processing steps used on X-ray microtomography
obtained images
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image as illustrated in Fig.6.9(b). On these images, the black continuous zone refers
to the matrix (the cement paste with micropores), while the white zones represent the
macropores created by the air-entrained adjuvant. It should be noted that the choice
of the pore threshold is crucial for the image binarisation. The grayscale threshold
choice was left to the operator judgment. More pursued studies have focused on
performing the threshold choice. Wong et al. [227] determined the threshold from
the inflection point of the cumulative brightness histogram of the analyzed image.
Then, the obtained black-white images were subjected to a second image-processing
program in order to distinguish the different pore size categories. This was achieved
by attributing to each pore size category a different color as show on Fig.6.9(c). Thus
the pore size distribution, the number and the mean-diameter of pores were obtained
for each sample cross-section. The macroporosity was determined when considering
the ratio between the sum of the macropores-areas AMP and the total area AT using
Eq.(6.8):

A = AMPAT
(6.8)

Validation of the image processing method

In order to validate the previously presented image processing method, a bench-
mark sample was specially made. The latter is a black Bakelite surface on which holes
with different well-known diameters were created (Fig.6.11). The holes are distributed

Figure 6.11: benchmark sample for image processing validation

as indicated in Table 6.2.
The total surface of the benchmark was found to be equal to 4556.81mm2. Accordingly

Table 6.2: Pore size distribution of the benchmark
Hole diameter (mm) 7 5 4 3 2 Total
Number of holes 4 4 6 9 14 37
Hole surface (mm2) 153.93 78.53 75.39 63.61 43.98 415.47
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the benchmark porosity is:

p = 415.47
4556.81 × 100 = 9.11% (6.9)

On the other hand, the image processing method was applied to the benchmark high
resolution photograph. Figure 6.12 shows the obtained hole distribution on the bench-
mark. It is noted that all the created holes were detected. However, for a given the
determined diameter is often not of exact dimension of the created one. Aiming to com-
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Figure 6.12: Benchmark hole size distribution

pare the obtained result with those created experimentally, the computed holes with
close diameter were summed and plotted with respect to a mid-diameter. First, note
that the obtained hole distribution presented in Fig.6.12 is coherent with the data given
in Table 6.2. Secondly, the image processing program detected more than forty holes
with a diameter around 0.120mm that were not created on the benchmark. The small
diameter of these thought holes; argue the assumption that they correspond to noise.
Finally, it was remarked that the computed diameter of holes, and consequently the
determined porosity (p= 9.99%), is higher than the created ones. This over-estimation
is caused basically by the perforation quality that produces holes slightly larger than
the used driller.

6.3.3 Air entrained voids determination
The image processing technique, which investigated on the pore structure of the cement
paste, concerns especially with the macropores created by the air-entrained adjuvant.
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It was supposed that the saturation state has no effect on the size and distribution of the
macropores. For each composition, the pore size distribution curve was determined.
Indeed, for each pore size, the number of pores per cm2 was computed and the mean
diameter was determined using the previously detailed image processing numerical
program.
Figure 6.13 shows the variation of macroporosity according to increasing amount of
air-entrained in the cement paste. The macroporosity is generally increasing with the
entrained air content except for two compositions. This is caused, basically, by the mix-
ing and placement methods of the cement paste with the entrained air. This trend was
also observed by Powers, for different W/C ratios [176]. Actually, the setting of the air-
entrained adjuvant is considerably complicated and can result on such non-expected
porosity. Figure 6.13 shows that the increase in terms ofmacro-pores is important when
adding small amounts of air-entrained admixture (less that 2%). For air-entrained add
over 2% of the cement mass, the macroporosity increase is generally less significant.
Beyond 5% of air-entrained, there was no further increase in the volume of air voids,
which reached a threshold of 23%.
Figure 6.14(a) shows themacropores distribution for the different studied air-entrained
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Figure 6.13: Macroscopic pores volume fraction vs. entrained air content

cement paste samples based on image processing technique. It was noted that the pores
size ranged from 20µm to 1000µm. It can be remarked that the different compositions
present almost the same trend with respect to the pore diameter. Aiming to investigate
the influence of the air-entrained adjuvant on the porous structure of the cement paste,
a mean diameter for the macropores was determined based on the obtained distribu-
tion of all the compositions. Figure 6.14(b) shows the evolution of macropores mean
diameter with respect to the macroposity. Accordingly, the majority of macropores
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Figure 6.14: Macroporosity distribution (a) and mean diameter (b) of the different
air-entrained contents

present in the samples have a diameter between 20µm and 100µm. A slight increase
in the pore mean diameter was observed when increasing the amount of air-entrained
adjuvant. As an example the pore mean diameter increased by 22 µm when macrop-
orosity increases from 2.52% to 22%. This states that the air-entrained adjuvant creates
macropores with comparable diameter regardless of the used amount.
Figure 6.15 shows the variation ofmacro, micro and total porosity according to increas-
ing amount of air-entrained in the cement paste. The volumetric fraction ofmacropores
in the cement paste was obtained using image processing techniques. The microporos-
ity was determined based on water porosity. The total porosity was assumed to be
equal to the sum of themicro andmacro porosities. It is noted that themacroporosity is
generally increasing with the entrained air content except for two compositions. How-
ever, the microporosity is almost constant with an average value of 31.93%. This was
expected, as the W/C ratio was kept constant for all samples. Thus, the air-entrained
admixture didn’t affect the microporous connected structure (especially, the volume
fraction of micropores) of the cement paste. Consequently, the total porosity follows
the macroposity trend. It increases with the air-entrained increasing amount.

6.4 Scanning Electron Microscope (SEM)
In this section, the microstructure of the prepared cement paste samples were investi-
gated using Scanning ElectronMicroscopy (SEM) including the Backscattered Scanning
Electron (BSE) imaging and the Xray microanalysis. The measurements were carried
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Figure 6.15: Micro-, macro-, and total porosity relative to the air-entrained content.

on at the Ecole Centrale de Lille. In order to take advantage from these measurements,
the cement paste sample has to be well prepared, especially; a flat observation surface
is required. Thus, various steps of sample preparation were performed. After cutting
and grinding the considered samples were impregnated with epoxy. Then, their sur-
faceswere polished. Polishing is a common operation for observations on cementitious
material. This operation removes the imperfections of the sample surface caused by
damage created by the sawing and grinding operations. A 3µm diamond suspension
on a lap wheel covered with a polishing cloth, was used at this stage for both micro-
scope and SEM observations. The details on such procedure are resumed in [200] and
[122]. In order to observe samples with the SEM test, they were coated with gold in
order to provide a conductive surface and to prevent charging.
A single composition of dry cement paste with W/C= 0.3 will be presented here after.

6.4.1 Principle of SEM and sample preparation

The observations were achievedusing a Scanning ElectronMicroscope (SEM) equipped
with two detectors. The first detects the Secondary Electrons (SE) and gives image
where the topological contrasts of the scanned surface are emphasized. The resulting
image appears as having a three-dimension aspect with edges brighter than flat sur-
faces. The second detector is designed for the backscattered electrons (BSE) to allow
differentiating the particle chemical compositions based on their atomic number. In-
deed, as the particle atomic number is higher as it is brighter. Note that the sample in
the SEM is under low vacuum condition to improve the observation quality.
A special preparation is necessary for cementitious specimen scanning electron mi-
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(a)

 

(b)

 

Figure 6.16: Cement paste sample (a) cast into epoxy and (b) coated with gold.
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croscope observations. In fact, if the material surface is not properly prepared, then
severe artifacts can result and the microstructure will be misinterpreted [201]. Thus,
the preparation of flat-polished cement paste surface was a hard task. Various op-
eration modes were applied to cement paste samples with different procedures and
equipments aiming to obtain a satisfactory flat surface.

6.4.2 SEM image observations on cement paste
The images were obtained on the cement paste sample using both the SE and the BSE
detectors. Low acceleration voltages were chosen 〈15kV. The contrast, brightness,
magnification and focus depth were adjusted to give the best images of the observed
surface. Different phases were observed on a dry cement phase sample of W/C= 0.4.
On Fig.6.17 one can distinguish in particular:

Figure 6.17: Cement paste sample with 0.4 W/C observed with SEM

• white areas: represent the anhydrous grains;

• gray areas around white ones: High density hydrates;

• gray and blackmixed areas: Lowdensity hydrates, which seem to bemore porous
than high density hydrates (black areas being pores);

• light gray areas: Portlandite crystals;
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• black areas: pores

In this section, different techniqueswere introduced and applied to the cement paste
with andwithout air-entrained adjuvant. Water imbibitionmethodwas applied to both
cement paste and air-entrained cement paste to measure their capillary porosity and
density. The air-entrained cement paste capillary porosity was found to be independent
from the air-entrained amount. Mercury intrusion porosimetry was used to determine
the pore volume and pore size distribution. The MIP underestimated the capillary
porosity. X-ray microtomography was utilized to determine the macropores fraction,
size and distribution in the air-entrained cement paste material and scanning electron
microscopy was employed to examine the different phases of a hydrating cement paste.
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C 7

Static mechanical measurements on
cement paste

The Young modulus, the Poisson ratio and the compressive strength are the principal
three characteristics of structural materials. Their determination can be achieved in
the static or dynamic regime. In this study we are basically interested in the wave
propagation in cementitious material to determine the elastic properties of the cemen-
titious material. However, it would be interested to compare the dynamic values to the
static experiments conducted for the determination of the material elastic properties,
basically, the compression test.
Thus, in this section, the experiments as well as the preliminary results of a static
compression tests carried on the studied materials are presented.

7.1 Materials and equipment for the compression test
The compression test is performed in order to determine the behavior of materials
under crushing loads. The specimen is compressed and deformation at various loads
is recorded. The, stress and strain are measured and plotted as a stress-strain diagram
which is used to determine the elastic moduli and the compressive strength.
Inorder toperform this test, cylindrical samples for eachof the studied cementpaste and
air-entrained materials where considered. To each specimen, four strain gages where
affixed: two in one side of the lateral cylinder surface and the two other diametrically
opposed to them. In each side, one gage is affixed in lateral direction, the other in
longitudinal direction (Fig.7.1) . The compression testing machine used in the tests is
with a capacity of 20 kN on which a digital strength sensor was fitted. This sensor can
measure the stress and deduce the compression strength.

7.2 Static Elastic moduli
The elastic moduli that are commonly measured on a material are the Young modulus
and the Poisson ratio using a compression test as will be detailed in the following.
The value of the Young modulus is a material property useful for calculating the com-
pliance of a structural material that follows Hooke’s law when subjected to uniaxial
loading. The Young modulus is defined as the velocity of strain with respect to the



Figure 7.1: Affixed (L) longitudinal and (T) transverse strain gauges on a cylindrical
sample

applied stress. This corresponds to the straight portion of a stress-strain curve. Com-
monly, two Young moduli are defined: the tangent and the secant moduli. The tangent
Young modulus is the slope of the compression stress-strain curve at any specified
stress or strain. The secant Young modulus is equal to the ratio of the stress with
respect to the strain in any point. These two modulus are equal in the linear behavior
limit of the material.
In this study, only the linear part of the stress-strain experimental curve was considered
in the determination of the static Young modulus. Thus, the tangent and secant Young
modulus will not be differentiated [211].
The Poisson ratio is the ratio of transverse strain to longitudinal strain. The transverse,
respectively longitudinal, strain is perpendicular, respectively parallel, to the direction
of the load. The theoretical Poisson’s ratio of a stable, isotropic and linear elastic ma-
terial is between −1 and 0.5 due to the requirement that the elastic modulus, the shear
modulus and bulk modulus have positive values [78].

The compression test was performed on three W/C compositions of the cement
paste : 0.3, 0.4 and 0.5. For each composition four saturation states were investigated:
dry, 30%, 70% and fully saturated. Table 7.1 gives the measured Young modulus and
Poisson ratio of the cement paste tested specimens.
The variation of the obtained static moduli in function of the W/C ratio and the

saturation degree was plotted in Fig.7.2-7.3. As seen on Fig.7.2(a), an increase of W/C
ratio produces a decrease of the Young modulus for the different saturation states.
Indeed, the W/C ratio increment produces changes in the material microstructure,
in particular, it increases the porosity. This justifies the decrease observed in the
Young modulus. Figure 7.2(b) shows the variation of the cement paste static modulus
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Table 7.1: Static Youngmodulus andPoisson ratio of cement paste at different saturation
states

CP03 CP04 CP05

Dry E(MPa) 29718 20802 13257
ν 0.21 0.21 0.22

Sr=30% E(MPa) 20951 15013 9187
ν 0.20 0.25 0.22

Sr=70% E(MPa) 21438 16840 11267
ν 0.28 0.38 0.33

Saturated E(MPa) 29177 18302 14826
ν 0.25 0.26 0.28

when varying the saturation degree. It is noted that Young’s modulus decreases when
saturating the material until 30% of saturation then increases to the fully saturation
state. Actually, water in saturated and partially saturated pores limits the deformation
and enlarges the stiffness of cement paste. The static Poisson ratio behavior is almost
constant when varying the W/C ratio for the dry and saturated states. As a function
of saturation state, the Poisson ratio presents generally an increase. In fact, the water
present in pores limits the cement paste deforming into pores causing such increase.
Ito et al. [112] found that in sandstone the Poisson’s ratio undergoes a marked increase
upon the transition from the steam saturated to water-saturated state.
A comprehensive presentation and interpretation of the previously introduced static
measurements are detailed within the work of Soltani [198].
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(a) (b)

Figure 7.2: Variation of the static Young modulus of the cement paste with (a) the W/C
ratio and (b) the saturation degree

(a) (b)

Figure 7.3: Variation of the static Poisson modulus of the cement paste with (a) theW/C
ratio and (b) the saturation degree

Page 98



C 8

Ultrasonic Pulse Velocity
Measurements on Cement-based
Materials

The non-destructive methods used for cementitious materials evaluation consist gen-
erally of techniques that indicate indirectly the materials properties. Ultrasound is one
of the non-destructive on-site tests methods that have been developed recently. This
technique presents numerous advantages. Indeed, it is ease to implement, it offers
the possibility of material investigation on a single side i.e. there is no need to access
the opposite structure side and it can control different material depth depending on
the selected frequency. In addition, the ultrasonic technique is suitable for material
characterization thanks to relationships that relate the ultrasonic propagating wave to
the material properties.
The ultrasonic wave corresponds to frequencies above 20 kHz [45] to a range around
1 GHz. Above the latter, the regime is called hypersonic. Figure 8.1 shows the typical
ranges of frequency for the most interesting fields of waves application. The Surface
acoustic waves (SAW) are high-frequency versions of the surface waves discovered by
Lord Rayleigh in seismology.
The first experimental application on sound velocities goes back to 1827, when Col-

f  (Hz) 
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Guided waves Acoustic microscopy 

Acoustic sensors 

Medical imaging 
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Figure 8.1: Frequency ranges for various ultrasonic applications

ladom and Sturm found the ultrasonic velocity of the water in Lake Geneva [175].
Later, in the last century, sound velocity was adopted as a standard method for deter-
mining the adiabatic compressibility of materials as well as the ratio of specific heats



[236]. Nowadays, the ultrasonic velocity measurements are implemented in various
industrial precesses [45, 177] such as in level and concentration devices, or also for
flowmeasurement in fluids [194]. In the medical field [180], ultrasound techniques are
implemented inmanymedical apparatuses [174], for instance in the blood flow [72]. In
biology studies, the ultrasonic evaluation are investigated for measuring the internal
changes during fruit ripening [154].
Since the mid 1940’s, ultrasound have been carried for nondestructive Evaluation
(NDE) and Testing (NDT) of cement based-materials but they have achieved a limited
success. Recently, some experimental studies [173, 136] have been carried out in order
to understand the propagation of ultrasonic waves in cement-based materials. Such
studies focused understanding the effect of the microstructure on the mechanical prop-
erties and developing a non-destructive technique for in situ assessment of material
degradation.

8.1 Principle of ultrasonic pulse velocity techniques

The commonly measured ultrasonic parameters are the pulse velocity. Ultrasonic at-
tenuation (UA) is less frequently used for cementitious material characterization. It is
difficult to measure due to scattering phenomena created by the material heterogeneity
[82, 134, 207]. The pulse velocities used for materials control and characterization can
be classified under two general groups: body (or bulk) waves and surface (or guided)
waves. The first propagate through the material’s body, while the second propagate
on the surface. The body waves are of two types: longitudinal and shear waves. It is
known that the longitudinal wave propagates at a faster speed than the shear wave.
Thus, longitudinal waves are also called primary waves or P-waves and the shear
waves are called secondary waves or S-waves.
In the case of longitudinal wave, the material particles vibrate in a parallel direction to
the wave propagation. While, for transverse wave, the particles vibrate at a perpendic-
ularly to the wave propagation.
In this section, the propagation of elastic wave in homogeneous elastic material, gov-
erned by Christoffel equation, is presented. Then, the solution for the case of isotropic
material is detailed.

8.1.1 Christoffel equation

The fundamental dynamic principal for a linear elastic medium subjected to ultrasonic
wave propagation leads to:

ρ
∂ui
∂t2 =

∂σi j
∂xj

(8.1)
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where σ is the strain tensor, ρ is the material density and u is the displacement.
The solution of Eq.(8.1) is a plane wave, with an angular frequency ω and is written as:

u(r, t) = APej(ωt−kr) (8.2)

where A is the initial wave amplitude, P is the polarization unit vector [109] and k is
the wave vector; k = ωVnwhere n is a unit vector normal to the wave and V is the phase
velocity.
The attenuation can be considered in the imaginary part of the wave vector such that:

k∗ =
(ω
V − jαa

)
n (8.3)

αa is the attenuation coefficient (αa > 0).
Substituting Eq.(8.2) into Eq.(8.1) gives the Christoffel equation [9]:

Γilul − ρV2ui = 0 (8.4)

where Γil = Cijklnjnk is the Christoffel matrix. It is a second-order symmetric tensor as
the elastic tensor C is symmetric (expressed in Appendix B).

8.1.2 Christoffel equation resolution
Eq.(8.4) can be identified to an "eigenequation", with eigenvalues (ρV2)m and eigenvec-
tors um, m = 1, 2, 3. These later can be determined by solving the dispersion relation:

det(Γ − ρV2I3) = 0 (8.5)

The three solutions obtained from the previous equation when considering m = 1, 2, 3
correspond to the three body waves propagating in an unbounded homogeneous
medium [40] : the longitudinal, the horizontally transverse and the vertically trans-
verse wave.
In the case of isotropic medium, the wave solutions are the same for the all directions
of propagation and an explicit form of the Christoffel matrix can be given:

Γ =




c11 0 0
0 c44 0
0 0 c44


 (8.6)

Thus, resolution of Eq.(8.5) gives one longitudinal and one transverse velocity:

VL =
√
c11
ρ
=

√
λ + 2µ
ρ

=

√√√√
K + 43G

ρ
(8.7)
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VT =
√
c44
ρ
=

√
µ

ρ
=

√
G
ρ

(8.8)

where λ and µ are the Lamé constants, K and G = µ are the bulk and shear moduli of
the considered medium.
Theprevious equations (Eqs.8.7-8.8) express the relationbetween thevelocities ofwaves
(compressive wave VL and shear wave VT) and the dynamic modulus of elasticity (K
and G).
In the special case of anisotropic material, the phase and the group velocities have
to be distinguished. These two velocities don’t coincide as the material anisotropy
deviates part of the incident energy. The phase velocity corresponds to the wavefront
velocity and its vector is perpendicular to the wavefront. However, the group velocity
corresponds to the energy propagation velocity in the energy flow direction. The
previously defined velocities are related by:

Vphase = Vgroupcosα (8.9)

where α is the angle between the two velocities vectors. It should be noted that the
group velocity is the one measured by observations of arrival times. Thus in the
following the term ultrasonic velocity will refer to the group ultrasonic velocity.

8.2 Ultrasonic experimental measurements

8.2.1 Ultrasonic set-up
Broadband ultrasound spectroscopy [63] was used to obtain ultrasonic parameters
of the materials (longitudinal VL and transverse VT velocities). Here, this technique is
applied in pulsedmode, using a specially designed conventional through-transmission
set up (Fig.8.2) with a pair of compression (Panametrics V191) and shear (Panametrics
V151) wave contact transducers. Both the emitter and the receiver use the piezoelectric
principle. Indeed, most of the piezoelectric materials contain polarized ferroelectric
ceramics that are commonly made of lead, zirconium and titanium. Characteristics of
the used pair of compression (Panametrics V191) and shear wave contact transducers
are given in Table 8.1. A scheme of the ultrasonic measurement set up is shown on
Fig.8.3. A pulser is placed upstream the transmitter and generates a high energy. The
receiver is mounted on the other side of the sample (through-transmission mode). The
region between the transducers and the sample is filled with a coupling agent. It is
either a silicone gel (Sofranel D couplant) for longitudinal waves or a highly viscous
liquid (Sofranel SWC couplant) for transverse waves. A digital oscilloscope is used
to digitize the amplified signal. Its vertical axis represents voltage and the horizontal
axis represents time. The received analog signal is converted into a digital signal that
is then read by the acquisition system of the computer. The initially emitted ultrasonic
pulse is wideband, with a central frequency of 500 kHz. To such frequency corresponds
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a wavelength λ that is much greater than pores diameter D (λ × 103D) [8]. Thus, the
effect of dispersion in the cement paste was neglected and the measured data were the
phase velocity.
Details of the ultrasonic propagation measurements can be found in many articles, see
for example [63], [155] and [185].

 

Figure 8.2: Photo of the ultrasonic measurement set up

Table 8.1: Specifications of ultrasonic transducers
Wave type Transducer type Nominal peak Diameter Coupling
Longitudinal Panametrics V191 500 kHz 28.5 mm Panametrics

gel D
Transversal Panametrics V151 500 kHz 28.5 mm Panametrics

(T&R) viscous gel SWC

8.2.2 Signal processing
The signal processing technique is based on analyzing the signal on the frequency do-
main. An appropriate window is applied to a desired portion of the displayed signal. It
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Figure 8.3: Scheme of the ultrasonic measurement system
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should be noted that the digital sampling theory requires that a signal must be sampled
at a minimum rate of twice of its highest frequency [167].

The pulse velocity is obtained from the cross-correlation function between the first
and the second transmitted signals ( s1(t), s2(t) ) as:

VL,T =
2e
∆t (8.10)

where e is the thickness of the sample and ∆t is the time delay between signals s1(t)
and s2(t) (Fig. 8.3). Signal s1(t) corresponds to the first received signal; signal s2(t) to
the second one. The time references for estimating ∆t were the positive-slope zero-
crossings for both signals s1(t) and s2(t) (for more details see [133]).
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Conclusion

This part included a special attention to various experimental techniques that were
necessary to the micromechanical modeling of the studied materials. They were also
essential to validate the proposed correlation between the hydraulic and the ultrasonic
properties of the considered materials.
In this part, different experimental techniques and procedures were presented and
detailed. The preliminary results obtained on each conducted measurements were
included and commented. The studied material was cement paste with and without
air-entrained adjuvant.
The internal cement paste microstructre was investigated. Indeed, porosity was ob-
tained by different experimental methods depending on the material porous structure
and studied material. First, the porosity based on the gravity method, using vacuum
saturation, was determined on both cement paste and air-entrained cement paste. Such
porosity was called capillary porosity and was denoted as micro-porosity. Second, the
Mercury Intrusion Porosimetry was carried out on both materials in order to be com-
pared to the other porosity determinationmethods but in particular to construct an idea
on the pore size distribution of the material. Finally, the image processing techniques
were used for the estimation of the air voids volume fraction and distribution created
in the material by adding air-entrained cement paste. These voids were referred to as
a macro-porosity as they present a larger size than the capillary porosity.
The Scanning ElectronMicroscopy was also usedwithin this experimental part in order
to construct a comprehensive understanding of the microstructure of the cement paste
material. It was observed that the hydrated cement paste present different solid phases
with a porous structure. Unfortunately, no quantitative study was realized on these
observations.
The water content variation in the porous volume was considered. Four degree of
saturation were studied: 0% (or dry), 30%, 70% and 100% (or fully saturated). The
variation of the saturation degree was achieved by adjusting the drying time of the
fully saturated material.
Ultrasonic longitudinal and transverse velocities were measured using a couple of
transducers with large band width and a central frequency of 500 kHz. The experi-
mental obtained results show a decrease of velocity when the porosity increases and
an increase of velocity when saturation degree increases.
Thus, this part is in the basis of the following considerations and assumptions for the
micromechanical modeling of the cement paste material. Indeed, in the following part,
micromechanical modeling will be applied to the studied materials in order to un-
derstand these different trends and to explain them through mechanical development.
Later, on the one hand the experimental correlation between the ultrasonic velocities
and the porosity will be presented. On the other hand, a micromechanical correla-
tion between the same properties will be proposed and validated by the experimental



founds.
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Introduction

Acementitious material (cement paste, mortar or concrete) is a heterogeneous material.
Thus it can be considered as a composite material. This part deals with the application
of the homogenization methods descried in the first part to cementitious materials.
The aim of such application is the prediction of the overall properties of a cementitious
material when knowing the characteristics of each of its constituents. A particular
attention is paid to the modeling and simulation of cement paste and air-entrained
cement paste.
Few researchers have investigated on the modelling of the behavior of a cement-based
material. In the field of micromechanics, the modeling of mortar was investigated
mainly by Hernández et al. [99]. The authors considered that the mortar is a ma-
terial composed of a matrix of cement paste, fine aggregates (sand) and pores. Li et
al. [140] improved the Christensen and Los [46] three-phase sphere model for two-
phase composites to a four-phase sphere model to estimate the overall mechanical
properties of concrete. The Concrete material was modeled as a three-phase composite
consisting in a continuous phase (cement paste), a dispersed phase (aggregates), and
an inter-phase representing the Interface Transition Zone (ITZ) between cement paste
and aggregates. Grimaldi and Luciano [84] modeled the tensile stiffness and strength
of Fiber-Reinforced Concrete by considering that the concrete matrix is a non-tensile
material having a rigid plastic bonding between matrix and fibers.
According to Mehta and Monteiro [153], the cement-based materials structure can be
considered as a hierarchy of different levels, where each of them has a characteristic
length scale .
Under the lights of the experimental study presented in the previous chapter, a pro-
posed modeling of each of the cement-based material is presented here after. It should
be noted that in this study, only cement paste is investigated. Once, (a) the different
microstructural constituents (or phases) are identified, (b) their intrinsic constants, their
volume fractions and their morphological shape and distribution determined; as well
as the interaction considerations between the phases characteristics, a homogenization
method can be appropriately applied.

As presented in themicromechanical formulations, themechanical characteristics of
a composite material depend on its microstructure morphology. Thus, before applying
such methods to cementitious composites, it is necessary to define its microstructure.
However, the morphology of the cementitious materials is very complicated. Then,
simplified assumptions on the microstructure morphology will be considered in the
cement-based material modeling developed in this part.
For cementitious materials, phases are considered to be isotropic and inclusions are
arbitrary distributed. Thus, the composite is considered to be isotropic and the stiffness
tensor Chom only depends on two independent moduli Khom and Ghom. The following



relations can be drawn from Eq.(1.49):

Khom = K0 +
∑

i

(Ki − K0)Aisoi fi (8.11)

Ghom = G0 +
∑

i

(Gi −G0)Adevi fi (8.12)

where (K0 , Ki ) and (G0 ,Gi ) are the bulk and shear moduli of thematrix and inclusions,
respectively. Aisoi and A

dev
i are the isotropic and deviatoric parts of Ai given by:

Ai = Aisoi J +A
dev
i K (8.13)

with J = 131 ⊗ 1 and K = I − J . 1 and I are respectively the second and fourth-rank
symmetric unit tensors
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C 9

Identification of the cement-based
materials matrix properties

In order to evaluate the homogenized cementitious material properties using microme-
chanical models, elastic moduli as well as density of the material (cement paste and
air-entrained cement paste) with diminishing pores volume fraction (matrix) were
needed. These properties will be called the matrix properties in the following sections.
These properties are influenced by many factors such as the Portland cement type and
chemical composition, the hydration degree, the material preparation and the degra-
dation factors. In this study, we used the same Portland cement for all the mix and
assumed that the samples preparation was performed in comparable conditions and
procedures. Thus, two factors were kept as influencing the matrix elastic properties,
which are the hydration degree and the degradation caused by the drying. It was
assumed that these two factors affect independently the cement matrix of the cement
paste samples.
During experiments, cement paste samples were prepared with different W/C ratios
that results in different hydration degree as was experimentally proven in numerous
studies. Figure .9.1 shows an example of determined hydration degrees for cement
paste materials when varying the W/C. Accordingly, the elastic matrix properties are
influenced by the W/C ratio. On the other hand, the samples were studied at differ-
ent hydration degrees that were obtained by drying the material which created cracks
inside the matrix. Thus, the elastic properties of the matrix should be varied with the
saturation degree: as the saturation decreases as the elastic properties of the matrix
decrease.
Taking into account the previously enumerated factors, we propose here in that the elas-
tic properties of the cement paste matrix are function of both W/C ratio and saturation.
Thus, one can write:

(K0,G0) = f (W/C, Sr) (9.1)

In the following, an expression of function f will be proposed based on experimental
obtained results and previous works available in the literature.

9.1 Cement paste matrix properties
Among the indirect methods that can be used for the estimation of the matrix elastic
properties of the prepared cement paste materials, two are detailed and applied in



Figure 9.1: Increased degree of hydration of PC pastes with increasing W/C ratios [135]

this study. The two methods are based on the experimental obtained results. Indeed,
the first considers a linear regression on the experimental data to estimate the matrix
elastic properties. The second uses the experimental measured imbibition porosity
to perform a homogenization on the material matrix phases in order to determine its
elastic properties.

9.1.1 Linear regression on the experimental data

The cement paste matrix elastic properties can be determined by a linear regression
(Fig.9.2) of the experimental data describing relationships between both dry and fully
saturated bulk and shear moduli, and porosity. These data were obtained from ultra-
sonic measurements using an inversion of Eqs.(8.7)-(8.8). Figure 9.2 shows a general
decrease in the elastic moduli of the cement paste with increasing porosity for both
saturation states. It can be noted that the saturated samples have higher bulk and
shear moduli than the dry ones. Indeed, the presence of water inside the pores of the
saturated material provides additional stiffness, as water has higher stiffness than air.
The scatter between the elastic moduli measured on dry and saturated cement paste
samples is almost independent from the porosity. The values of bulk and shear moduli
for the cement paste at zero porosity resulting from the linear regression in Fig.9.2 are
given in Table 9.1.
It was expected that the elastic moduli of the cement paste at zero porosity are inde-
pendent from the saturation degree, as they are intrinsic properties of the material. The
observed relative variation of the bulk and shear moduli between saturated and dry
states are respectively 11.07% and 1.24%. In fact, such variation was already observed
on mortar samples [230]. Cracks created into the non-porous matrix when drying the
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Figure 9.2: Variation of experimental dynamic elastic moduli vs porosity for dry and
saturated states

Table 9.1: Cement paste elastic moduli at zero porosity by linear regression on experi-
mental measurements

Bulk modulus (MPa) Shear modulus (MPa)
Saturated 33919 17884
Dry 30182 17662
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sample can cause this difference in the elastic properties. It should be noted that such
development was applied to correlate the ultrasonic velocity to the porosity of cement
paste when considering three W/C ratios [148]. The obtained results were acceptable
but needed improve to end up with better correlations.
Thus, modeling the cement paste with a fixed elastic matrix properties for all the satu-
ration states will be not sensible. In order to take into account such variation, a linear
variation of the matrix elastic properties in function of the saturation was suggested.
The linear choice may seem simplistic. But, this is argued by the fact that the present
study is a first attempt of cement paste modeling and that no possible measurements
of such properties were available. According to the previously mentioned assumption,
the elastic properties of the matrix (K0 and G0) will be assumed to be given in a linear
function of the saturation degree Sr by:

K0(Sr) = Kdry0 + (K
saturated
0 − Kdry0 )Sr (9.2)

G0(Sr) = Gdry0 + (G
saturated
0 − Gdry0 )Sr (9.3)

Where Kdry0 , K
saturated
0 , Gdry0 and Gsaturated0 are the experimentally determined values listed

in Table 9.1 and Sr ∈ [0, 1]. A general linear numerical expression of the previous
equations writes:

K0(Sr) = aK + bKSr (9.4)

G0(Sr) = aG + bGSr (9.5)

Eqs.(9.4)-(9.5) present expressions for the matrix elastic properties in function of the
saturation state. However, the effect of the W/C ratio is not considered in such expres-
sion and a further development needs to be performed. In fact, it is noted on Fig.9.2
that the variation of the elastic moduli from dry to saturated state is almost indepen-
dent from the considered porosity that refers to the W/C ratio. Thus, one can suppose
that the effect of the saturation and the initially used W/C ratio are decoupled. Then,
the effect of the W/C ratio should be included in the expression of aK and aG, while
bK and bG remain those determined based on the above linearization (Table 9.1) i.e.
bK = 33919 − 30182 ' 4000MPa and bG = 17884 − 17662 ' 200MPa. Hence, the matrix
elastic properties write:

K0(Sr,W/C) = aK(W/C) + bKSr (9.6)

G0(Sr,W/C) = aG(W/C) + bGSr (9.7)

The following section will be devoted for the determination of aK(W/C) and aG(W/C).

9.1.2 Homogenization on the matrix solid phases
The elastic properties of the cement paste at zero porosity can be determined when
homogenizing the different phases of this solid phase of the cement paste. Indeed,
as it was detailed in section 5.2.2, the hydration of cement paste results in different
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products. The major hydration products are the High and Low Densities Calcium-
Silicate-Hydrates (C-S-H), the Calcium Hydroxide (C-H), the Calcium Sulfates, the
aluminates and Ferrite. In addition, part of the Portland clinker will remain as an
unhydrated product (called the Portland cement grains or Clinker grains).
Thus, if the different elastic properties of these phases are known, a possible homoge-
nization can be carried out in order to end up with the elastic properties of the cement
paste at zero porosities. Here in, the cement pastematrix will be homogenized based on
three assumptions: (1) all the hydrated products will be considered to form one phase
and represented by the elastic properties of the low density C-S-H [95], (2) the clinker
elastic properties will be assumed as the average of its four phases (C3S, C2S, C3A, and
C4AF), (3) the gel pores will be supposed to be part of the cement matrix with elastic
properties included within the hydrated phase elastic properties (low C-S-H). In more
elaborated studies, the hydrated product can be determined from homogenization on
the low and high density C-S-H phases [17, 52, 80, 190, 206].
Thus, in this study the solid phase of the cement paste (the matrix) will be considered
as a two phases material: one phase is the hydrated product, the second is the unhy-
drated product. Indeed, in such case, where a porous material is consisting of two or
more solids, i.e. micro-heterogeneous, the elastic bulk and shear modulus of the solid
phase are determined as a Hill average (Eq.2.25) of the various solid phase constituents
moduli [24]. This average is given by:

1
KHill0

=
x
KV0
+
1 − x
KR0

(9.8)

1
GHill0

=
x
GV0
+
1 − x
GR0

(9.9)

Where (KR0 , GR0 ) and (KV0 , GV0 ) are the matrix bulk and shear moduli determined based
on both the Reuss and Voigt averaging approaches (section 2.1.1.2 & 2.1.1.1) and x is a
parameter ranging from 0 to 1 . Accordingly;

1
KR0
=
fhyd/ fsolid
Khyd

+
funhyd/ fsolid
Kunhyd

; KV0 =
fhyd
fsolid

Khyd +
funhyd
fsolid

Kunhyd (9.10)

1
GR0
=
fhyd/ fsolid
Ghyd

+
funhyd/ fsolid
Gunhyd

; GV0 =
fhyd
fsolid

Ghyd +
funhyd
fsolid

Gunhyd (9.11)

(Khyd, Ghyd) and (Kunhyd, Gunhyd) are the bulk and shear moduli of the hydrated and
unhydrated products, respectively. fhyd and funhyd are the volume fractions of the
hydrated and unhydrated products. fsolid = fhyd + funhyd is the volume fraction of the
solid phase. In the following each of these parameters is defined and determined.
First, the weighting parameter x was chosen to be equal to 0.5 as no information on
the phases arrangement is available. Second the elastic moduli of the hydrated and
unhydrated matrix phases were assumed to have the indentation measured value as
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Table 9.2: Intrinsic elastic properties of hydrated and unhydrated cement paste phases

Phase Young modulusPoisson ratioBulk modulusShear modulusdensity [170]
(GPa) (GPa) (GPa) (kg/m3)

Unhydrated

C3S [52]

140 0.3 116.7 53.8 3150C2S [52]
C3A [52]
C4AF [212]

Hydrated [52] 21.7 ± 2.2 0.24 13.91 ± 1.41 8.75 ± 0.88 2073

published in the literature and summarized in Table 9.1.2.

Finally, the volume fraction fhyd and funhyd of the hydrated and unhydrated products
were assumed as defined by Powers theory. The expressions for these fractions were
detailed in section 5.2.2 and are given by Eqs. (9.12)-(9.13).

funhyd =
0.32(1 − α)
W/C + 0.32 (9.12)

fhyd =
0.68α

W/C + 0.32 (9.13)

It is noted that the volume fractions of the hydrated and unhydrated products are
function of the W/C ratio and the hydration degree α. As the hydration degree was
not measured experimentally on the cement paste studied samples, it was determined
based on the experimental water imbibition porosimetry results carried out on the
cement paste samples (section 6.1 ). This measured porosity corresponds to the volume
fraction of capillary pores expressed in Eq.(5.11).
The hydration degree αwas then computed as:

α =
(1 − fcap)wc − 0.32 fcap

0.36 (9.14)

The computed hydration degree for the fiveW/C samples as well as the bulk and shear
moduli of the cement paste matrix (Eqs.9.10-9.11) are presented in Table 9.3. These
computed hydration degrees are almost in accordance with the measurements carried
out by Cook & Hover [53]. The authors obtained at 28 days of curing, a hydration de-
gree of 0.48 and 0.66 for W/C equal to 0.3 and 0.5, respectively. It was expected that the
hydration degree reaches 1 for mix with W/C > 0.38 and thus no unhydrate products
remain in the matrix as assumed by Constantinides and Ulm [52]. This discordance is
possibly due to the chemical composition of the used Portland cement and the samples
preparation. In addition, It was found that the hydration degree almost increases with
increasing W/C ratios, as it is remarked in Table 9.3.
Based on this table, the hydrated and unhydrated products volumes fraction where
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Table 9.3: Computed hydration degree of the cement paste samples
W/C 0.3 0.4 0.5 0.6 0.7

fcap=p(%) 21.13 30.28 36.93 44.68 47.34
Hydration degree α 0.4694 0.5055 0.5477 0.5248 0.6031

determined. Their variations in function of the cement paste water to cement ratios are
plotted in Fig.9.3.
Later, the cement paste matrix elastic moduli were determined according to the Hill
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Figure 9.3: Variation of measured capillary porosity and determined hydrated and
unhydrated volume fractions

averaging model. A similar development have been adopted by Xi and Jennings [229]
to determine the elastic properties of the cement paste matrix. But, the authors con-
sidered that the unreacted grains, C-H crystals and C-S-H solids form the solid matrix
phase. Then, based on Christensen model (4.2.2) they end up to the Bulk homogenized
moduli of the matrix. This model was not considered in the present development as
it gives estimates for the shear modulus only in case of dilute inclusion. The obtained
bulk values by Xi and Jennings [229] were 25.5, 26.2 and 24.2GPawhen theW/C is fixed
to 0.3, 0.4 and 0.5, respectively. These values are slightly lower but remain coherent
with those obtained on the cement paste studied here in. Indeed, the obtained bulk and
shear moduli were plotted as function of the capillary porosity in Fig.9.4. It is noted
that the matrix elastic properties are not constant when theW/C ratio is varying (and so
the porosity). Then, aiming to propose a general correlation between the porosity and
the elastic bulk and shear moduli of the cement paste matrix, a linear fit of these latter
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was plotted in Fig.9.4. The latter shows the decrease of cement matrix elastic moduli
with the W/C ratio which refers to the hydration degree.
As already mentioned, the bulk and shear moduli are averages of the elastic moduli of
the two solid constituents of cement (hydrated and unhydrated products). This is due
to the fact that the elastic modulus of anhydrous grains is significantly larger than that
of hydrate (see Table 9.1.2). Indeed, during hydration, anhydrous grains react with
water and form hydrates. Therefore, the decrease in the matrix modulus is due to the
decrease in the quantity of anhydrous grains during the hydration.

The obtained linear equations for the matrix bulk and shear moduli are given by
Eqs.(9.15)-(9.16).

K0 = 32282 − 173.49p (9.15)
G0 = 18409 − 93.844p (9.16)

Where K0 and G0 are inMPa and porosity ranging between 0 and 100. For both equa-
tions, the coefficient of determination R2 is higher than 0.92 especially when excluding
the W/C=0.6 composition. Thus, the linear regression on the experimental determined
matrix elastic moduli with respect to porosity can be assumed as quite good.
Combining Eqs.(9.15)-(9.16) with Eqs.(9.6)-(9.7) leads to saturation and W/C ratio de-
pendent general expressions of the bulk and shear moduli of the cement paste matrix.
These expressions are given by:

K0 = 32282 − 173.49p + 4000Sr (9.17)
G0 = 18409 − 93.844p + 200Sr (9.18)

The dependence of the elastic moduli on the W/C ratio is implicitly expressed by the
a dependence of the same moduli on the porosity. In fact, porosity and the W/C are
strongly dependent one on the other as has been mentioned in section 6.
Thematrix density can also be determined according to the aforementioned homog-

enization of the material solid phases. It is given by the following expression:

ρhom =
funhyd
fsolid
ρunhyd +

fhyd
fsolid
ρhyd (9.19)

The matrix densities determined according to Eq.(9.19) are listed in Table 9.4. It should

Table 9.4: Cement pastematrix density obtained by homogenization on the solid phases
W/C 0.3 0.4 0.5 0.6 0.7

density (kg/m3) 2446.9 2412.5 2374.4 2394.8 2327.6

be noted that the matrix density is decreasing with the W/C ratio as the volume frac-
tion of the unhydrated product, that has the higher density of both matrix phases, is
decreasing. However its variation is not significant and all values can be considered to
be consistent with the experimentally determined density (ρ0 = 2579kg/m3).
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Figure 9.4: Variation of the Hill determined cement paste matrix elastic moduli as
function of material porosity

9.2 Air-entrained cement paste matrix properties
Aiming to perform the cement paste modeling and porous structure investigation,
seven air-entrained cement paste mixture were prepared at the ECLille laboratory. The
particularity of the porous structure of the air-entrained cement paste is that the cre-
ated pores are of relatively big size and are perfectly spherical shaped. On Fig.9.5, all
the compositions are presented with the corresponding added air-entrained adjuvant.
Based on these samples observations, the air-entrained cement paste material can be
considered as a two-phase composite. One phase is the matrix: cement paste with
no air-entrained admixture; the second is the inclusions, i.e. pores that are created by
air-entrained adjuvant. Thus, a reference cement paste sample with no air-entrained
admixture was considered. Its mechanical properties were taken as the matrix prop-
erties of the air-entrained cement paste composites. Accordingly, the elastic moduli of
the air-entrained matrix were obtained from ultrasonic measurements on the reference
sample. The values of bulk and shear moduli obtained for the cement paste at zero
macroporosity are given in Table 9.5.

Table 9.5: Ultrasonic and mechanical properties of cement paste without air-entrained
Reference sample VL (m/s) VT (m/s) K0 (MPa) G0 (MPa) ρ0 (kg/m3)

Dry 3801.30 2310.94 12978 9456.3 1770.7
Saturated 4037.06 2304.13 18836 10847.0 2043.1

The mechanical properties of this reference sample were noted using 0 as subscript.
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Figure 9.5: Photos of the air-entrained cement paste porous structure for different
amount of air-entrained adjuvant (as percentage of the cement mass)

As expected, the longitudinal velocity as well as the bulk modulus increased consid-
erably from dry to saturated state. However the transverse velocity and the shear
modulus were almost independent of the saturation degree as water and air have both
null shear moduli. The density ρ0 was determined experimentally.

Page 122



C 10

Cement paste modeling

In a cement paste material, the anhydrous and hydrated phases look as a continuous
phase. Thus the cement paste material can be considered as a multi-phase composite.
One phase is the matrix: cement paste with zero pores; the others are inclusions, i.e.
pores. The matrix is considered to be continuous with stiffness C0. As no restriction on
the cement paste pores was considered in this study, inclusions were supposed to be
spherical, arbitrary distributed in the matrix. The pores volume fraction corresponds
to material porosity p. This porosity only counts for the interconnected pores. Isolated
pores must affect the elastic properties of the composite, but to simplify, this porosity
is generally not considered [20]. This assumption corresponds to the porosity methods
commonly used (e.g. mercury intrusion). The matrix volume fraction is (1 − p). In the
following subscripts, 0 and 1 respectively refer to the matrix and pores.

10.1 Dry cement paste modeling
If the cement paste is considered to be dry, then pores are modeled as ellipsoids having
the same elastic properties as for air (Fig.10.1) i.e. K1 = 0 and G1 = 0. In addition,
the volume fraction of inclusions is identified to the volume fraction of pores i.e. to
porosity p. The porosity here, in the case of cement paste, refers to the microporosity.

f1 =
Vpore
Vtotal

= p (10.1)

However the continuous matrix phase properties have to be determined in function
of the used cement paste, the hydration degree and many other properties that are
often hard to control experimentally. In order to decide on the values of the cement-
paste matrix elastic properties, it is convenient to conduct a study on the effect of these
properties on the estimation of the overall elastic properties of the cement paste at
different porosities. This study is presented here after for each of the Dilute inclusion,
the Mori-Tanaka, the Kuster-Toksöz and the self-consistent formulation.
Formulation of the dry cement paste corresponds to expressing Eqs.(8.11)-(8.13) for the
case of a two-phasematerial with null inclusions shear and bulkmoduli which implies:

Khom = K0 − K0Aiso1 p (10.2)

Ghom = G0 − G0Adev1 p (10.3)



  

Matrix    (         ,        ) 1 p #!

Air filled pore (     ,        ) 1 C 

0 C 

p 

Figure 10.1: Modeling of dry cement paste

10.1.1 Dilute inclusion formulation
The dilute inclusion formulation of the dry cement paste is obtained when expressing
the coefficients of the strain concentration tensor (Aiso1 and Adev1 ) in Eqs.(10.2)-(10.3) for
the case of null inclusions shear and bulk moduli based on Eq.(3.13). Thus, for low
porosities, the bulk and shear moduli according to the dilute inclusion model write:

Khom = K0(1 − pP01) (10.4)

Ghom = G0(1 − pQ01) (10.5)

Where P01 and Q01 are given in Appendix E and are computed for null inclusion bulk
and shear moduli.
Figure 10.2 shows the variation of the estimated bulk and shear moduli of a dry cement
paste material based on the dilute inclusion model and considering spherical inclu-
sions. The elastic properties of pores were assumed to be those of air (null bulk and
shear moduli), while the elastic properties of the matrix were first taken as found by
linear regression on the experimental ultrasonic measurements (Table 9.1). Then, deter-
mination of the same properties was done when considering that the elastic properties
of the matrix vary in function of theW/C ratio, that corresponds to varying the porosity
for micromechanical modeling (Eq.9.15). Both estimates (using different input for the
matrix phase) were plotted in function of porosity ranging from 0 to 100% in Fig.10.2.
On the same figure are plotted the bulk and shear moduli measured on the cement
paste material using the previously mentioned ultrasonic set up and method. This
aimed to compare the micromechanical estimates to the experimental measurements.
Both the bulk and shear moduli determined according to the dilute inclusion model
show a decrease when increasing the porosity. Such trend was expected from the bulk
and shear expressions presented in Eqs.(10.2)-(10.3).
Bulk and shear moduli estimated by the dilute inclusion model when considering a
fixed matrix elastic properties for all the W/C almost do not fit the measured data,
except for very low porosities. The estimations of these properties when varying the
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Figure 10.2: Comparison between the measured cement paste (a) bulk and (b) shear
moduli and those determined by the dilute inclusionmodel usingmatrix elastic moduli
obtained by (I) linear regression on experimental measurements (II) homogenization
on matrix phases

matrix elastic properties present a better fit with the experimental data but still for low
porosities: less than 20%.
In general, the dilute inclusion model overestimates the material elastic moduli, espe-
cially for sampleswith high porosities. Such result was predicted as thismodel assumes
very low concentrations of inclusions and thus, low porosity. Thus in the following this
model will not be considered further for the determination of homogenized properties
of the cement paste material.

10.1.2 Self-consistent formulation
The elastic homogeneous elastic moduli of the dry cement paste according to the self-
consistent methodwere determined using the iterative scheme detailed in section 4.2.1.
If the particular case of spherical pores is assumed, non linear Eqs.(4.16)-(4.17) can be
solved numerically. From Eq.(4.16), one find:

Khom =
4(1 − p)K0Ghom
3pK0 + 4Ghom

(10.6)

Substituting Eq.(10.6) into Eq.(4.17), a quadratic equation for Ghom is found:

8(Ghom)2 +
[
3K0(3 − p) − 4G0(2 − 5p)

]
Ghom + 9K0G0(2p − 1) = 0 (10.7)

Resolution of this equation system yields the homogenized estimates of dry cement
paste bulk and shear moduli according to the self-consistent method. Figure 10.3
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Figure 10.3: Estimates of bulk and shear dry cement paste moduli based on self-
consistent model vs. porosity for different pores aspect ratio

shows the variation of the bulk and shear moduli when varying the porosity and
the aspect ratio of pores. The matrix elastic properties were fixed to K0 = 30000MPa
and G0 = 16000MPa. Pores were assumed to be spherical; penny (α = 0.1) or needle
(α = 1000) shaped having null elastic properties. It can be noted that the self-consistent
method produces negative effective bulk and shear responses for porosity over 50%
when pores are considered to be spherical. The same trend was noted when varying
the pores aspect ratio, with a negative moduli for porosity above 20% and 43% for
penny and needle shapes, respectively. This result can be explained by the fact that
the self-consistent model assumes implicitly a perfect phases disorder, while for a high
porosity, connected pores can be present in the medium. Even if rigid inclusions were
considered, the self-consistent model produces infinite effective bulk responses for any
volume fraction and infinite effective shear responses for inclusion volume fraction
above 40%. Accordingly, the self-consistent method can be used safely only for low
volume fractions (up to 40%). As the considered cement paste present relatively high
porosity (between 20 and 50 %), it is expected that the self-consistent method will not
give a satisfactory estimate of the overall elastic moduli of the material.

10.1.3 Mori-Tanaka and Kuste-Toksöz formulations for dry cement
paste

In this section, both the Mori-Tanaka and Kuste-Toksöz models are presented. Their
estimations for the homogenized bulk and shear moduli of the dry cement paste are
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computed and compared based on two-phase formulation. First, expressions of bulk
and shear moduli as given by the two models for a two phasematerial are summarized
in Table 10.1.3. Then, simplifications on these expressions for the case of dry material
are given successively.

Table 10.1: Homogenized bulk Khom and shear Ghom moduli for two-phase Mori-Tanaka
and Kuster-Toksöz micromechanical models

Model Homogenized bulk and shear moduli

Mori-Tanaka Khom = K0 +
(K1 − K0)P01p
(1 − p) + P01p

Ghom = G0 +
(G1 − G0)Q01p
(1 − p) +Q01p

Kuste-Toksöz Khom =
K0(K0 +

4
3G0) +

4
3G0(K1 − K0)P01p

K0 +
4
3G0 − (K1 − K0)P01p

Ghom =
G0(G0 + ζ0) + (G1 − G0)ζ0Q01p
G0 + ζ0 − (G1 − G0)Q01p

ζ0 =
G0
6
9K0 + 8G0
K0 + 2G0

P01 and Q01 are given in Appendix E

• Mori-Tanaka model
According to theMori-Tanakamodel, the strain concentration is given by Eq.(4.6).
Computation of the isotropic and deviatoric parts of the latter and replacing them
into Eqs.(10.2)-(10.5) for the case of dry material (null elastic moduli of pores)
writes:

Khom = K0 −
K0P01p

(1 − p) + P01p
(10.8)

Ghom = G0 −
G0Q01p

(1 − p) +Q01p
(10.9)

• Kuster-Toksöz model
This model is widely used in geophysics field but remains less known in the
mechanics field and even less in civil engineering applications. Its formulation
for the particular case of dry cement paste when it is considered as two-phases
composite implies the following bulk and shear homogenized moduli.

Khom =
K0(K0 +

4
3G0) −

4
3G0K0P01p

K0 +
4
3G0 + K0P01p

(10.10)
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Figure 10.4: Homogenized (a) bulk and (b) shear moduli of dry cement paste according
to M-T and K-T models for different aspect ratio of pores

Ghom =
G0(G0 + ζ0) − G0ζ0Q01p
G0 + ζ0 +G0Q01p

(10.11)

Aiming to compare the Kuster-Toksöz (K-T) and the Mori-Tanaka (M-T) models esti-
mates, homogenized elastic moduli of dry cement paste were determined. Figure 10.4
shows the variations of bulk and shear homogenized moduli in function of porosity.
Pores were assumed to be spheroidal with different shapes: penny (with an aspect
ratio α = 0.1), needle (α = 1000) and spherical (α = 1). The dotted lines represent
the Mori-Tanaka model, while the solid lines refer to the Kuster-Toksoz model. Both
bulk and shear moduli decrease when increasing porosity. As expected, the Kuster-
Toksöz and the Mori-Tanaka estimates coincide for spherical pores. It is noted that the
aspect ratio of pores influences the elastic moduli; the penny shaped pores affect the
overall moduli more than the needle shaped pores. For a fixed porosity, the penny
shaped pores induce a lower homogenized moduli that the spherical and needle pores.
The Kuster-Toksöz model predicts a vanishing bulk modulus at a porosity near 84%
if needle pores are assumed, and near 27% if penny pores are considered. The shear
modulus determined by the same model for dry cement paste vanishes near 87% for
needle shaped pores and near 43% for penny ones. However, the M-T model never
allows the bulk nor the shear modulus to vanish except at 100% of porosity that was
expected. According to these observations, the Mori-Tanaka model will be preferable
to be applied to the cement paste material if penny shaped pores need to be considered.
The influence of the matrix elastic properties (bulk and shear) on the estimated ho-
mogenized moduli, based on the Mori-Tanaka and Kuster-Toksöz two-phase models
for dry cement paste, is plotted in Figs.10.5-10.6 and analyzed below. The aspect ratio
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Figure 10.5: Estimated dry cement paste bulk modulus according to M-T and K-T for
spherical pores

of pores was assumed to be spherical and then the two models coincide. The bulk and
shear moduli of the matrix were varied, between (28 and 38 GPa) and (13 and 21 GPa),
respectively. The porosity was fixed to the measured two extreme values, namely 20
and 50 %.
From Fig.10.5, it can be noted that the variation of the matrix shear modulus (G0) has
less influence on the estimated homogenized bulk modulus (Khom) in comparison with
the matrix bulk one (K0). Indeed, an increase of K0 of 10 GPa produces an average
(for different matrix shear modulus) increase of 21% and 16% in the homogenized bulk
modulus, when porosity is 20% and 50% respectively. However, the homogenized
shear modulus is almost independent from the variation of the matrix bulk modulus.
It is rather influenced by the matrix shear modulus variation. Thus, the identification
of the matrix elastic moduli for application of the two micromechanical models must
be treated with care.

10.2 Saturated cement paste modeling and Biot’s theory
If the cement paste material is considered to be fully saturated with water, then it can
be seen as a composite formed of a solid phase and a fluid phase (Fig.10.7). The solid
phase is the non-porous structure and the fluid phase is the water filled porous struc-
ture. In such situation, specific phenomena appear within the material and their effect
is detailed in this section. Indeed, when a pore is saturated by water, the latter exhibits
capillary action against the force of gravity. Moreover, the fluid is in movement with
respect to the solid in the particular case of dynamic solicitation. Aiming to determine
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Figure 10.6: Estimated dry cement paste shear modulus according to M-T and K-T for
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Figure 10.7: Modelling of saturated cement paste

the homogenized properties of the saturated cement paste material when investigating
on such phenomena, the thermo-poro-elasticity of the material at the macro scale is
studied through Biot developments [25], in addition to the micromechanical modeling.
In this section, both methods are detailed for the determination of the elastic properties
of the saturated cement paste.
The motivation for presenting the Biot theory is that the studied material was sub-
jected to ultrasonic wave propagation (at a known frequency) that means a dynamic
solicitation. Thus, the behavior of the saturated cement paste should be investigated
in the dynamic case. In fact, the elastic properties of a material saturated by a com-
pressible fluid were assumed to be described at a static assumption (low frequency)
by Gassmann’s equations [75]. Later, the dynamic behavior of such material was de-
scribed by Biot’s equations of poroelasticity [28].
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Consider a fluid saturated medium with porosity p and denote the bulk and shear
moduli of the dry porous frame, the matrix and pores respectively, by (Kdry, Gdry), (K0,
G0) and (Kf ,Gf ). If an acoustic pulse is propagating through this medium, then average
values of displacement of both the frame and the pores fluid [48, 21] can be defined.
Let u be the average displacement vector in the solid frame (matrix) and u f that of the
pore’s fluid. Then the average displacement of the fluid with respect to the solid frame
is given by [28]:

w = p(u f − u) (10.12)

The frame and fluid dilatations were defined as:

e = ∇u (10.13)
e f = ∇u f (10.14)

Thus, the relative fluid dilatation was defined [28] by:

ζ = −∇w = p(e − e f ) (10.15)

If the medium is considered to be isotropic, then, the Fourier transformations of Biot’s
equations for poroelasticity with time dependence of the form eiωt write [28, 60]:

µ∇2u + (H − µ)∇e − C∇ζ +ω2(ρu + ρ fw) = 0 (10.16)
C∇e −M∇ζ + ω2(ρ fu + qw) = 0 (10.17)

Where µ is the lame constant for the dry state and ρ is the overall composite density:

ρ = pρ f + (1 − p)ρ0 (10.18)

q is given by the following expression

q = ρ f
[
χ
p +

iY(ξ)η
κω

]
(10.19)

The parameter χ represents the tortuosity. If the low frequency case is assumed (fre-
quency lower than the Biot’s characteristic frequency), then the first term into brackets
of Eq.(10.19) can be neglected . The permeability of the porous frame is denoted by κ.
η is the kinematic viscosity of pores’ fluid and Y(ξ) is the dynamic viscosity factor [27].
The coefficients H, C and M are given by:

H = Kdry +
4
3µ + σC (10.20)

C = σM (10.21)

M =
[
σ − p
K0
+
p
Kf

]−1
(10.22)
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where
σ = 1 −

Kdry
K0

(10.23)

According to Eq.(10.20), Biot theory predicts the fluid-saturated bulk modulus Ksat as:

Ksat = Kdry + σC (10.24)

Concerning the shear modulus of the saturated medium, it was considered [75] to be
the same as for the dry state:

Gsat = Gdry = µ (10.25)

For the micromechanical modeling of the saturated cement paste, the material is as-
sumed to be composed of two phases where pores can be modeled as ellipsoids having
the same elastic properties as of water. The latter are summarized in Table 10.2.
Consequently, the expressions of the homogenized bulk and shear moduli of a satu-

Table 10.2: Water properties
Bulk (MPa) Shear (MPa) density (kg/m3)
2200 0 1000

rated cement paste are given by Eqs.(8.11)-(8.13) for the case of two-phase material, as
follows:

Khom = K0 + (K1 − K0)Aisoi p (10.26)

Ghom = G0 − G0Adevi p (10.27)

where K0 and G0 denotes the bulk and shear moduli of the saturated cement paste ma-
trix. K1 denotes the bulk modulus of pores i.e. water and p the porosity. In Eq.(10.27),
the shear modulus of the porous phase was set to zero as suggested in Table 10.2.
If the elastic properties of the matrix are supposed to be independent from the satura-
tion state, comparing the homogenized expression of the shear modulus for the case
of dry (Eq.10.3) and saturated (Eq.10.27) cement paste implies that one should expect
the same shear modulus for dry and saturated cement paste. Accordingly, it can be
concluded that the shear modulus of the cement paste predicted by micromechanical
models is not affected by the presence of the fluid in pores. Such conclusion is in
agreement with the Biot theory that assumes, based on Gassmann’s equations, that the
shear modulus is not affected by the saturation state. This was proved to be a result of
Gassman equation rather than an assumption by Berryman (reader can refer to [22]).
A generalization of the Gassmann’s equations given by Ciz and Shapiro [49] aimed to
express the shear modulus of saturated porous material as dependent on frequency
and viscosity. Their model shows a difference from the Gassmann’s equation only
for the case of pores filled with height viscous fluid (higher than 1000 kg/ms). Thus,
for porous material saturated by water, the independence of shear modulus from the
saturation degree statement was maintained if the independence of the matrix elastic
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moduli from the saturation degree remains maintained.
The saturated cement paste samples considered in this study present the same range
of porosity as the dry ones investigated above. Hence, the previously developed para-
metric studies and conclusions will be considered to remain verified. In particular,
the fact that both the dilute inclusion and the self-consistent model can not be imple-
mented for the determination of the homogenized properties of the studied saturated
samples as their porosity exceed the range of low porosities (for which the mentioned
models are applicable and give acceptable results). Thus, only the Mori-Tanaka and
the Kuster-Toksöz models will be kept as potentially applicable for saturated cement
paste modeling.
Thebulkmodulusof the saturated cementpaste suggestedbybothBiot theory (Eq.10.24)
and micromechanical modeling (Eq.10.26) are compared in the following. The elastic
properties of the matrix were fixed to K0 = 30000 MPa and G0 = 16000 MPa and those
of water were assumed to be given in Table 10.2. Both the Mori-Tanaka and the Kuster-
Toksöz models were selected for the comparison. Saturated pores were considered
to be spheroidal with varyed shapes: penny (with an aspect ratio α = 0.1), needle
(α = 1000) and spherical (α = 1). For each model and pore shape, the homogenized
bulk modulus was determined for dry cement paste. The obtained value was then con-
sidered for the determination of the Biot saturated bulk modulus estimate (Eq.10.24).
The micromechanical saturated cement paste bulk modulus was computed according
to models expression given in Table 10.1.3.
Figures 10.8(a) and 10.8(a) show the comparison between the Biot theory and the
micromechanical modeling for the determination of a saturated cement paste bulk
modulus. Both the Mori-Tanaka and the Kuster-Toksöz micromechanical models were
plotted for different aspect ratios of pores. It can be noted that the Biot theory coincide
with the micromechanical computation for both models and for the three pores shapes.
Thus, the two approaches give the same result when estimating the elastic properties
of a saturated material. Indeed, it is possible to find, using this micromechanical ap-
proach, the Biot homogeneous behavior as developed in the case of thermodynamics
at the macroscale. The development of such proof was detailed in existing works,
interested readers can refer to [10].
To conclude, the previously detailed Biot model sought to improve the cement paste
mechanical modelling at saturated state. It was find that the latter coincide with the
micromechanical modelling. Indeed, this theory would be more interesting if high
frequency range is investigated. Thus, in the following, the unsaturated cement paste
will be modelled based on micromechnical models.

10.3 Partially saturated cementitious material modeling
Many cementitious structures such as dams and bridges are often located in the water.
However, theymay not be fully saturated and remain unsaturated even if stored in wa-
ter for a long time [44, 169]. Thus, it is interesting to study the partially saturated state
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(a) (b)

Figure 10.8: Saturated cement paste bulk modulus determined by Biot theory and
micromechanical models (a) Mori-Tanaka (b) Kuster-Toksöz for different aspect ratios
of pores. Lines refer to the micromechanical models and dots to the Biot formulation;
K0 = 30000MPa and G0 = 16000MPa.

of cementitious materials in order to understand their macro and micro behaviors. In
the literature, few works have quantitatively dealt with the unsaturated cement-based
material state. Indeed, few recent research investigated in the possibilities of a mi-
cromechanical modeling of a partially saturated composite [43, 221]. Accordingly, the
objective of this section is to propose a micromechanical modeling of a partially satu-
rated cement paste in order to predict its elastic moduli.
The behavior of a partially saturated cement paste can be seen as that of a two or three
phase material. The first is when considering that a matrix and a porous structure con-
stitute the material. Air and water are mixed inside the porous structure. The second
is when air and water occupies two separate porous volumes in the partially saturated
material in addition to the matrix phase.

10.3.1 Two-phase modeling of unsaturated material
When assuming that air and water are mixed into the pore volumes Fig.10.9, the
unsaturated cement paste material can be considered as a two phase composite. One
phase is the continuous matrix, the second is unsaturated pores. Thus, the elastic
moduli of pores are those of an air-water mix obtained by a homogenization of the air
and water phases. Such homogenization was obtained by applying the Reuss model
in order to estimate the elastic moduli of the fluid mix (water and air) in pores.

Page 134



Cement paste modeling
10.3 Partially saturated cementitious material modeling

Partially filled pore

Figure 10.9: Two phases modeling of partially saturated cement paste

Let Kf denotes the bulk modulus of the fluid suspension in the partially saturated
pores, then:

1
Kf
=
Sr
Kw
+
1 − Sr
Ka

(10.28)

where Kw and Ka are the bulk moduli of water and air, respectively.
Eq.(10.28) is known as Wood’s formula and is an exact result of the homogenization of
a suspension [191].
Obviously, the shear modulus of the suspension is null as the shear moduli of both
water and air are null. While the air and water bulk modulus and density values are
given in Table 10.3.

Table 10.3: Bulk and density values of air and water
Bulk (MPa) Density (kg/m3 at 20 ◦C)

Air 0.145 1.204
Water 2200 1000

Figure 10.10 shows the evolution of a Reuss homogenization (Eq.10.28) of an air-
water suspension for increased water saturation Sr in the air-pore. It is remarked that
the pore homogenized bulk modulus is constant for all the saturation degree that are
lower than 98% and is almost equal to the air bulk modulus (less that 1MPa). An
abrupt increase of the bulk modulus is observed when approaching the total water
saturation to meet the water bulk modulus of 2200MPa at Sr = 100%. This behavior
can be understood from equation 10.28. Since the bulk modulus of air is about two
thousands orders of magnitude less than that of water, any amount of air significantly
different from zero will cause the right hand side of Eq.(10.28) to be strongly influenced
by the air term.
As we are dealing with the ultrasonic propagation in partially saturated cementitious
material, it is interesting to investigate the variation of the velocity when propagating
through the air-fluid suspension. If we consider that the pores’ size are small compared
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Figure 10.10: Bulk modulus of an air-water suspension

with the wavelength, then the ultrasonic longitudinal (sound) velocity in the fluid
mixture is given exactly by the following Wood’s relation:

VL =

√
Kf
ρ f

(10.29)

where Kf is given in Eq.(10.28) and ρ f is the average density as defined in between the
air and water densities ρa and ρw, respectively.

ρ f = Srρw + (1 − Sr)ρa (10.30)

Figure 10.11 plots the variation of the sound velocity in an air-water mix according
to Wood’s formulation. For clarity reasons, in the x-axis are plotted the air saturation
degrees (100 − Sr(%)) instead of the water saturation Sr(%). The features of Fig.10.11
are of great importance to the understanding of the behavior of sound velocity in pores
when varying the saturation degree of a cement-based material. The figure highlights
the suspended air bubbles impact on the acoustic propagation inwater. First, it is noted
that a very small amount of air in the mix can have a strong effect on the reduction of
the velocity. Indeed, 9 ppm (part per million) of air in a fully saturated pore changes
the velocity by 91.8%. Second, the velocity reaches a minimum of 23.81m/s at 50% of
saturation. This minimum can be determined analytically in function of the air and
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Figure 10.11: The variation of longitudinal velocity in air-water mixture at 20 ◦C

water bulk moduli and density by deriving Eq.(10.29), to obtain the water saturation
degree corresponding to a minimum velocity:

Srmin =

1 −



−(ρwKa +

ρa
Kw − 2

ρw
Kw )

2( 1Ka −
1
Kw ) ∗ (ρa − ρw)





 ∗ 100 (10.31)

Remark that this minimum is smaller than both the air (344m/s) and water (1483.2m/s)
pure velocities. It was expected that the velocity will present a permanent increase
when moving from air to water fully saturation according to the increase of the bulk
modulus, plotted in Fig.10.10. The contradiction commented previously is argued by
the effect of density variations on velocity.

10.3.2 Three-phase modeling of unsaturated cement paste
The partially saturated cement paste can be considered as a three phase composite with
a non-porous cement paste matrix and inclusions being fully saturated or dry pores
[145]. Example of such modeling is when a saturated air-entrained cement paste is
considered. The water is occupying the micropores and cracks while the air is filling
the macropores. In this case, the saturated and dry pores are considered to have the
elastic moduli of water and air, respectively.
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Figure 10.12: Three phases modeling of partially saturated cement paste

The volume fraction of each pore category is defined as follows:

fwater
Vwater
V = Srp (10.32)

fair
Vair
V = (1 − Sr)p (10.33)

Then Eq.(1.49) writes:

Chom = C0 + (Cw − C0)AwSrp + (Ca − C0)A0(1 − Sr)p (10.34)

In Eq.(10.34) the subscripts w and a refer respectively to saturated and dry pores. The
strain concentration tensors Aw and A0 are determined by existing micromechanical
models. Here, Mori-Tanaka and Kuster-Toksöz strain tensor expressions are detailed.
TheHashinmodel is not presented since it coincideswith the twopreviouslymentioned
ones when spherical inclusions are considered.

10.3.2.1 Mori-Tanaka formulation for three phases composite

Mori and Tanaka introduced amodel based on Eshelby’s single inclusion solution. The
average strain in each inclusion was approached by considering that the latter was
subjected to the average matrix strain ε0 at infinity. Applying the Eshelby solution to
this problem can be written in the following form:

〈εw〉 = T0w〈ε0〉 (10.35)
〈εa〉 = T0a〈ε0〉 (10.36)

where Ti j is the Wu-Eshelby defined in Eq.(3.15).
Considering Eqs.(10.35)-(10.36) and using Eq.(1.35), the strain concentration factor
gives:

AMTw = T0w
[
(1 − p)I + SrpT0w + (1 − Sr)pT0a

]−1
(10.37)

AMTa = T0a
[
(1 − p)I + (1 − Sr)pT0a + SrpT0w

]−1
(10.38)
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10.3.2.2 Kuster-Toksöz formulation for three phases composite

The Kuster-Toksöz model supposes that the composite material is embedded in the
matrix, and that the inclusion is embedded in thematrix and is subjected to the average
matrix strain ε0 at infinity. Once the inclusion interactions are considered as formulated
by Benveniste, the Kuster-Toksöz strain concentration tensor gives:

AKTw = T0w
(
T0∗
)−1

(10.39)

AKTa = T0a
(
T0∗
)−1

(10.40)

where star superscript refers to the homogenized properties and T0∗ is the tensor for
spherical inclusion.

The aforementioneddevelopments ofMori-Tanaka andKuster-Toksöz formulations
for three phase unsaturated material were applied to the cement paste material. The
obtained variations of bulk and shear moduli were not satisfactory. Actually, both
moduli presented a continuously decrease versus porosity. No abrupt increase was
observed when approaching the full saturation state. Thus, three phase modeling of
partially saturated cement paste was excluded.
However, modeling a partially saturated material as a three phase material could be
applied for the case of saturated air-entrained cement paste. The capillary pores would
be assumed to be filled with water, while the entrained and entrapped voids remain
empty i.e. air filled.
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Air-entrained cement paste modeling

The modeling of the air-entrained cement paste was based on the direct, optical and
scanning electron microscopes (SEM) observations that were presented in section 6.
Indeed, based on Fig.9.5, the entrained air hardened cement paste was modeled as
a two-phase composite (Fig.11.1). One phase is the matrix: cement paste with no
air-entrained admixture; the second is the inclusions, i.e. pores that are created by
air-entrained adjuvant. These pores were considered to be of spherical shape in the
micromechanical modeling as it was clearly visible on the prepared samples. Then, the
inclusionswere supposed to be spherical, arbitrary distributed in thematrix andhaving
the same material with stiffness C1. These inclusions were considered to be filled with
air for themodeling of both dry and saturated air-entrained cement paste. Indeed, even
if the sample is water saturated, the chemical properties of the air-entrained material
implies that air bubbles are kept dry. So, the inclusion elastic properties were assumed
to be those of air in the air-entrained micromechanical modeling. The inclusions’ vol-
ume fraction corresponds to air-entrained porosity p. This porosity only counts for
the pores created by adding the air-entrained adjuvant, the macropores pmacro. It was
assumed that the air-entraining adjuvant only introduces large air voids (macropores),
and does not affect themicroporous characteristics of the structure [42]. Interconnected
porosity was considered to be included in the matrix material. The matrix volume
fraction is 1 − p. In the following subscripts, 0 and 1 respectively refer to the matrix
and pores. Chom refers to the homogenized stiffness tensor determined for the overall
air-entrained cement past. Taking into account the above assumption for the microme-
chanical modeling of the air-entrained cement paste, the bulk and shear homogenized
moduli were determined according to dilute inclusion, Mori-Tanaka, Kuster-Toksöz
and self-consistent models. As pores are spherical, then the Mori-Tanaka and the
Kuster-Toksöz estimates coincide. Only the Mori-Tanaka model will be kept in the
following as representative for both models. Table 11.1 summarizes the expressions of
the air-entrained cement paste bulk and shear moduli with details presented in [149].
p represents the macroporosity, K0 and G0 are the saturation-dependant bulk and shear
moduli of the air-entrained cement paste matrix. These parameters are given in Table
9.5. The density of the air-entrained samples were determined based on both capillary
and image processing computed porosities. The difference between the two densities
is due to the fact that microporosity was assumed not affected by the air-entrained add.
Figure 11.2 and 11.3 show the behavior of bulk and shear homogenized moduli ver-
sus macroporosity for dry and saturated air-entrained cement paste according to three
micromechanical models: Dilute inclusion, Mori-Tanaka and self-consistent. Dots on



 

Figure 11.1: Schematic representation of air-entrained cement paste as two phase com-
posite for micromechanical modeling

Table 11.1: Homogenized micromechanical bulk and shear moduli for dry two-phase
material - spherical pores

Model Homogenized bulk and shear moduli

Eshelby Khom = K0
(
1 + 3K0 + 4G04G0

p
)

Ghom = G0
(
1 + 5(3K0 + 4G0)9K0 + 8G0

p
)

Mori-Tanaka Khom = K0
1 − p

1 + 3K04G0
p

Ghom = G0
1 − p

1 + 6(K0 + 2G0)9K0 + 8G0
p

Self-consistent Khom =
1 − p
Khom

+
p

Khom − K0
=

3
3Khom + 4Ghom

Ghom =
1 − p
Ghom

+
p

Ghom − G0
=

6(Khom + 2Ghom)
5Ghom(3Khom + 4Ghom)
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Figure 11.2: Air entrained cement paste bulk modulus versus macroporosity for (a) dry
and (b) saturated states.

these figures (Fig.11.2-11.3) refer to the experimentally determined bulk and shear
moduli based on the measured longitudinal and transverse velocities.
It should be noted that, as expected, all the micromechanical models present a de-
crease in both bulk and shear moduli when increasing the macroporosity. The same
trend is observed for the dynamic measured bulk and shear properties. In addition,
themicromechanical models present close estimates of the elastic moduli between each
other. This is due to the considered relatively low inclusion concentration. Indeed, the
macroporosity of the tested air-entrained cement paste samples was lower than 25%.
The bulk modulus of saturated air-entrained cement paste plotted in Fig.11.2 was am-
ply higher than the dry one for all the macroporous fractions. This was noted for
the micromechanical models as well as the experimental results. However, the gap
between dry and saturated shear moduli (Fig.11.3) is much lower.
In fact, the difference between estimated saturated and dry elastic moduli is due to the
difference between the matrix elastic properties that were assumed as given in Table
9.5. The bulk modulus of the air-entrained matrix presented a decrease of 31.1% from
saturated to dry state. While the decrease on the shear moduli was by 12.8%. The
elastic properties of the inclusions (the macropores) were assumed to be the same for
the dry and saturated modelling. Thus, the effect of saturation was taken into account
in the modelling of the air-entrained matrix. The latter contains the microporosity that
is strongly influenced by the saturation state.
Although the Mori-Tanaka and the self-consistent models look to reproduce well the
bulk homogenized modulus when compared to the experiment results, comparison
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Figure 11.3: Air entrained cement paste shear modulus versus macroporosity for (a)
dry and (b) saturated states.

with the experimental shear modulus suggest that the self-consistent model is more
appropriate to model the air-entrained material. In order to present clearly the com-
parison between the self-consistent model and the experimentally measured bulk and
shear moduli, the latter were plotted separately on Fig.11.4 for the two extreme satura-
tion states: dry and fully saturated with water. Figure 11.4(a) argues a good fit between
the measured and the micromechanical bulk modulus. The dry and saturated states
are clearly differentiated. However, the shear modus plotted on Fig.11.4(b) are almost
overlapped. This is due to the null shear properties of both air and water. Thus, the
shear modulus was expected to be independent from the saturation state. Only the
effect of cracks, createdwhen drying the sample, that is supposed to influence the shear
modulus.
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Figure 11.4: Air entrained cement paste (a) bulk and (b) shear moduli versus macrop-
orosity for dry and saturated states.
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Conclusion

To conclude, It has to be noted that in this part different micromechanical models
were applied for the cement paste and air-entrained cement paste modeling at different
saturation states.
The dry cement paste material was seen as a two-phase composite with air-filled
inclusions. Different micromechanical models were applied for this composite in order
to determine its elastic properties. The major observations are summarized in Table
11.2. It was found that the Mori-Tanaka model would be the most convenient to

Table 11.2: Applicability of micromechanical models to the cement paste

Model Aspect ratio Porosity Observations
Dilute Inclusion All the range of aspect ratios p > 20% overestimated moduli

Self-consistent
α < 1 p > 20%
α = 1 p > 50% Negative moduli
α > 1 p > 43%

Mori-Tanaka
α < 1
α = 1 All ranges Acceptable estimation
α > 1

Kuster-Toksöz

α < 1 p > 27% Null bulk modulus
p > 43% Null shear modulus

α = 1 All ranges Coincide with the M-T model

α > 1 p > 27% Null bulk modulus
p > 87% Null shear modulus

estimate the dry cement paste elastic moduli. In addition, it was remarked that both
matrix elastic properties and the pore shape are key parameters for determining the
homogenized stiffness. Indeed, the stiffer material estimate is given by the spheroidal
pores.
As for the saturated cement paste modeling, pores were assumed to be water-filled and
the material to be a two-phase composite. Both the micromechanical modeling and the
Biot theory were investigated. It was shown that both theories gave the same estimated
macro-elastic moduli of saturated cement paste material.
The partially saturated cement paste was modeled as a two-phase composite with
pores being filled with an air-water mix. The behavior of this mix was studied by
determining its homogenized elastic moduli and the ultrasonic velocity if an ultrasonic
wave is propagating through it.
The micromechanical modeling was also applied to the air-entrained cement paste
material. The latter was assumed to be a two phases porous structure. The properties
of the non-porous phase, i.e. the matrix, were considered to be known. Indeed the



matrix of the air-entrained cement paste was assumed to correspond to a cement paste
material with the same W/C ratio. The porous phase is formed by the macropores
created by the air-entrained adjuvant. The macropores were supposed to be air-filled
for both dry and saturated material saturation states.
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Introduction

Many investigators [113, 136, 7] have recently performed experimental and theoreti-
cal studies on the ultrasonic wave propagation in cement-based materials. Such re-
searches aim to enhance the understanding of the effect of the cement-based materials’
microstructure on their mechanical and ultrasonic properties. Furthermore, they in-
tend to initiate the development of a non-destructive tool for the in situ assessment of
cementitious structure degradation,
The objective of this study is twofold: the study of ultrasonic wave propagation in
hardened cement paste and air-entrained cement paste at different saturation states
followed by an investigation on the possibility of characterizing the material’s hy-
draulic properties, in particular the porosity by means of ultrasonic measurements.
Using the experimental ultrasonic results carried out in our laboratory and the knowl-
edge built on the application of micromechanical models to the cement paste material,
it is possible to correlate both methods to characterize the relationship between the
ultrasonic velocities and the porosity. The ultrasonic measurements concern both the
transverse and longitudinal velocities.
In previous researches, two general approaches can be distinguished for modeling the
velocity behavior of saturated media. The one focused on the only effect of satura-
tion, with the pioneer works of Gassmann [22, 24]. The second was concerned with
frequency effect in addition to expand the Gassmann works [26, 27, 35, 77].





C 12

Investigation of the frequency regime

The objective of this work is to investigate the ultrasonic measurements as a nonde-
structive method for controlling the cementitious material. For this aim, an ultrasonic
set-up (presented in section 8.2.1), was designed especially for the study. The latter has
a wide band initially emitted ultrasonic pulse, with a central frequency of 500 kHz.
The acoustic waves are affected by several parameters such as the saturation degree
and the frequency. The latter is one of the most important factors. Thus, the choice of
the used frequency in an ultrasonic measurement is a key parameter. Consequently,
the understanding of the frequency effect on the ultrasonic wave propagation in the
studied cement-based material is essential for a reliable interpretation of the measured
data.
The dependence of an ultrasonic wave velocity on its frequency was quantified by
Biot who initiated the theory of elastic wave propagation in fluid-saturated porous
media [26, 27]. Biot derived equations of motion for elastic waves from a variational
principle based on the general form of the strain energy functional for an isotropic
fluid-saturated medium. He found three types of waves: two compressional waves
with different speeds (fast and slow waves) and a shear wave.
Indeed, these equations are derived from the equations system given in Eqs.(10.16)-
(10.17). The latter can be decoupled into Helmholtz equations for three modes of
propagation: the fast and slow compressional waves (+, -) and the shear wave (s). The
wavenumbers of the propagating waves are given in [21, 118, 119]. For homogeneous
viscoelastic waves, the phase velocity is given by the angular frequency divided by the
real part of the complex wavenumber. At high frequencies both waves are propaga-
tory but at low frequencies the slow wave is the solution of a diffusion equation. The
critical frequency separating the low and high frequency regimes is called the Biot’s
characteristic frequency and expressed by:

fc =
ηp

2πκρ f
(12.1)

where η is the viscosity of the pore fluid, ρ f is the density of the fluid; and p is the
porosity.
If the employed frequency is lower than the critical frequency (i.e., f/ fc < 0.15 [187]),
the fluid flow in the pore spaces is assumed to follow Poiseuille’s law, and thus the
frequency range is called low frequency. If the frequency, is greater or comparable to the
critical frequency (i.e., f/ fc > 0.15), the Poiseuille’s law can nomore be assumed for the
pores flow, and thus the frequency range is called high frequency.



Generally the water permeability of a cement paste material of a low W/C is within
the interval of [10−17, 10−22] [86, 237]. The air and water viscosity are respectively
around 1.78 10−5 and 10−3 Pa.s depending on the temperature. Computation of the
characteristic frequency when assuming the above parameters’ values ends up with a
characteristic frequency raging between:

1.5p1012

2π ≤ fc(Hz) ≤
1.5p1017

2π for dry cement paste

p1011

2π ≤ fc(Hz) ≤
p1016

2π for water saturated cement paste

Thus, one can consider that a frequency of 500kHz is within the low frequency range.
Then, the effect of high order multiple scattering in the studied cement paste can be
neglected. Indeed, in this frequency range, the viscous and thermal effects are predom-
inant on the effects of multiple scattering. The propagation and absorption are so well
described by the theory of homogenization [37].
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Cement paste

The purpose of this work is to specify the cement paste micromechanical model that
describe the best themeasuredultrasonic velocity. Once thefit is argued andproven, the
model will enhance the understanding of the cement paste microstructure. Moreover,
it will settle a mechanically assesed correlation between the ultrasonic velocity that can
be measured at the macro-scale (in situ) and the porosity, which indicates the material
degradation.

13.1 Cement paste proposed modeling
The cement paste was modeled as a two phase material for all the saturation states.
The mechanical properties of both phases were determined in the previous chapters.
One phase is the matrix that is characterized by two elastic properties: the bulk and
shear moduli. The latter are dependent on the saturation state and the W/C ratio. The
dependence on theW/Cwas replaced by a dependence on the porosity for themicrome-
chanical modeling. Indeed, porosity is chosen as a parameter because it represents the
indicator of durability. The second phase is the porous structure with properties de-
pendent on the saturation state. When dry, respectively saturated, cement paste is
considered, then pores properties correspond to the elastic properties of air, water re-
spectively. In the case of partial saturation state is considered, then pores were assumed
to contain a suspension of air and water and the modeling was carried out as detailed
in section 10.3.
A parametric study was conducted in the previous chapter on the cement paste mi-
cromechanical modeling. It was found that only the Mori-Tanaka and the Kuster-
Toksöz can be reliable in modeling the cement paste. However, it was then noted that
the Kuster-Toksöz may estimate vanishing homogenized moduli for penny shaped
inclusions. In conclusion, the Mori-Tanaka model appears to be the best-suited mi-
cromechanical model for the cement paste homogenization problem. Further, it is a
simple explicit scheme and this makes it attractive to use.
In the following, only the Mori-Tanaka will be kept for the modeling of the cement
paste. The model will be investigated for the estimation of the elastic properties of the
cement paste material knowing the elastic properties of the matrix and pores and the
volume fraction of each phase. The unknown parameter is the aspect ratio of the pores.
Although, a comprehensive study on the cement paste microstructure was performed
in section 6 using various methods, the pores exact form is still undetermined.



(a) (b)

Figure 13.1: Comparison between the measured and the Mori-Tanaka estimates of the
Cement paste (a) bulk and (b) shear modulus for spherical pores assumption.

In this section, the bulk and shear moduli of the cement paste are determined by the
Mori-Tanaka micromechanical model when varying the porosity and the saturation
state. The obtained values are then compared to the bulk and shear moduli measured
with the ultrasonic device. Indeed, the measured characteristics are the velocities, but
using an inversion of both Eqs.(8.7)-(8.8), the dynamic bulk and shear moduli were
obtained. The cement paste density was assumed to be given by Eq.(6.3).
Figures 13.1(a) and 13.1(b) show a comparison between the micromechanical and

experimental evolution of the overall cement paste elastic moduli with porosity for
the four considered saturation states: dry, 30%, 70% and fully saturated. Pores were
assumed to be spherical. As expected, both the micromechanical and experimental
elastic properties decrease when porosity increases.
Figure 13.1(a) shows that the measured and theoretical dynamic bulk modulus varies
significantly between the dry and the fully saturated states. The measured dynamic
bulk modulus of the saturated cement paste is clearly higher than the other states. For
instance, the measured bulk modulus increases by 13.3% to 36.82% between the dry
and the saturated 0.3 and 0.5 W/C samples. The Mori Tanaka model also predicts this
trend. The bulk moduli of the dry and partially saturated cement paste are closer.
However, the dynamic shear modulus (Fig.13.1(b)) presents a little increase between
the dry, partially and saturated states for both measured and theoretical values. These
results were predicted by the theoretical Mori-Tanaka micromechanical formulation
and approved by the ultrasonic measurements. On the one hand, the pores’ shear
modulus was considered to be null for all the saturation cases. So, the shear modulus
was expected to be independent from the pores saturation state. Only the matrix shear
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Cement paste
13.1 Cement paste proposed modeling

modulus changes with saturation affect the computed shear modulus, , which is not
significant. On the other hand, the dynamic shear variation in function of the saturation
degree is small and is under 20% for all the considered W/C ratio (Fig.13.2).
TheMori-Tanakamodel present a general acceptable agreementwith the experimental

Figure 13.2: Relative variation of the shear modulus vs. the saturation degree

determined bulk and shear moduli. However, it is believed that taking into account an
ellipsoidal shape of pores with a variable aspect ratio will improve the fit between the
measured and the predicted moduli. Indeed, the effects of saturation and hydration on
the cement paste microstructure is well known in cement paste [160, 231].
The porous structure of the cement paste depends on the W/C ratio used for the mate-
rial preparation. Thus, it is expected that the pores’ aspect ratio vary when varying the
W/C ratio i.e. when porosity changes. Indeed, as the material is porous as pores are
interconnected creating longer pores with smaller aspect ratio. In order to confirm this
assumption on an example, the bulk modulus of a saturated cement paste was com-
puted for penny shaped pores with different aspect ratio ranging from 0.1 to 1. Figure
13.3 plots the obtained values in function of the material porosity. It is noted that the
pores aspect ratio influences the micromechanical bulk modulus as was highlighted
in a previous section on dry cement paste (section 10.1.3). A better fit between the
estimated Mori-Tanaka moduli and the measured values is obtained when decreasing
the pores aspect ratio as porosity increases.
In addition, the saturation state influences the porous structure form and shape. Hence,
the pore system of cement paste changes when drying the material [208]. The dry ce-
ment paste is known to be more interconnected structure (mainly presented more
cracks), creating longer pore and thus smaller aspect ratio, than under saturated con-
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Figure 13.3: Variation of saturated cement paste bulk modulus vs. pores’ aspect ratio;
comparison between experiments and Mori-Tanaka model
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Cement paste
13.2 Ultrasonic measured results

ditions. Such behavior was noted by Yaman et al. [231] on concrete material. This
phenomenon should be incorporated in the micromechanical modeling by considering
that pores’ aspect ratio varies with the saturation degree.

In the following, the investigated correlation between the ultrasonic velocities and
the porosity. The next section will present first the measured ultrasonic velocities on
the cement paste prepared materials. Later, comparison between these measurement
and the estimations of the ultrasonic velocities based on the Mori-Tanaka model are
presented.

13.2 Ultrasonic measured results
In this section, the longitudinal and transverse ultrasonic velocity measurements ob-
tained on cement paste samples having different porosities at various saturation states
are presented. Figure 13.4 shows the experimental data describing relationships be-
tween both longitudinal and transverse velocities, and porosity. The obtained longi-
tudinal velocities are in accordance with recent study [234] investigating a laser based
ultrasonic technique on the samematerial: the cement paste at dry and saturated states.
Figures 13.5-13.6 show the same experimental results but when varying the saturation
degree. It can be noted that velocity is affected by both porosity and water saturation.
For a given value of water content, a significant decrease of velocity with increasing
porosity is observed for longitudinal and transverse waves. As an example, the re-
duction of longitudinal velocity, for the fully saturated material, is about 13.23% when
porosity increases from 19.65% to 37.9%.
Comparing the dry, partially and fully saturated longitudinal velocities for a given
porosity, it can be observed that the velocity of the saturated material is higher than
that of the dry material. This trend was expected as the longitudinal ultrasonic velocity
is proportional to the elastic constants (Eqs.8.7-8.8), which were shown to be higher
in saturated samples than in dry ones (Fig.9.2). The difference between the saturated
and dry longitudinal velocities varies from 1.55% to 5.11% when porosity increases
by 18.25%. The increase of ultrasonic longitudinal velocity with saturation degree has
already been shown by Rollet et al. [183] andOhdaira &Masuzawa [166]. As expected,
longitudinal wave velocity values are about two times higher than shear wave velocity
values.
The behavior of shear wave velocity regarding porosity is similar to that of longitudi-
nal ultrasonic velocity. However, the comparison between dry and saturated states on
the transverse velocities provides an opposite observation. Generally, it is noted that
transverse velocity in a saturated sample is inferior to the one in a dry sample. This
trend can be justified by the shear velocity expression given in Eqs.(8.7)-(8.8). As water
and air have null shear moduli, the cement paste shear modulus is the same for the two
saturation degrees. Then, transverse velocity is inversely proportional to the material
density. Knowing that the water density is considerably higher than the air density,
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(a)

(b)

Figure 13.4: Measured cement paste longitudinal (a) and transverse (b) velocity vs.
porosity for different saturation degrees

Page 160



Cement paste
13.2 Ultrasonic measured results
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Figure 13.5: Measured cement paste longitudinal velocity vs. saturation for different
W/C ratio
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Figure 13.6: Measured cement paste transverse velocity vs. saturation for different
W/C ratio
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the transverse velocity value in the saturated material is expected to be inferior to the
transverse velocity value in the dry material for a high range of porosity.
The partially saturated longitudinal and transverse velocities are lower than both dry
and saturated states ones. Indeed, longitudinal and transverse velocities decrease as the
degree of saturation increases until reaching a minimum at a partially saturated state
and then increases at fully saturation (to a maximum value for longitudinal velocity).
Such trend has often been observed for ultrasonic velocity measurements on various
porous materials [58, 225]. For instance, Elliot and Wiley [64] noted similar variation
for longitudinal velocity measured onOttawa sand having a porosity of approximately
30%. Arguments and explanation on the partially saturation velocity observations will
be detailed further when modeling the partial saturated cement paste in the next sec-
tions.

13.3 Correlations
Figure 13.7 shows a comparison between the experimental and computed longitudinal
and transverse velocities when varying the saturation state and fixing the W/C to 0.3.
It is noted that the general trend of the Mori-Tanaka estimated velocities follows the

Figure 13.7: Comparison between measured ultrasonic velocities (dots) and Mori-
Tanaka model (lines) estimates; W/C=0.3; α = 1

measurements. However the model generally underestimates the measured velocities.
The aspect ratio of pores was set in Fig.13.7 to 1 (spherical pores). Its variation to
penny or needle shaped pores will induce lower estimate of the velocity. Indeed, it was

Page 162



Cement paste
13.3 Correlations

shown in Figs.13.3-10.4 that a penny or needle shaped pores cause the elastic moduli
computed according to theMori-Tanakamodel to decrease. Moreover, experimental [4]
and numerical [5] investigations on the influence of inclusion shape on the longitudinal
wave velocity of mortar show that the velocity decreases when decreasing the aspect
ratio of inclusion.
Thus, the parameters that should be investigated further to obtain a better description
of the experimental measurement are the elastic moduli of the matrix phase. The latter
were determined based on a homogenization of the matrix solid phases assuming that
all the hydrated phases, including the high density C-S-H and the C-H crystals, form
one phase represented by the low density C-S-H. Knowing that the high density C-S-H
(K = 18.84GPa ; G = 11.85GPa) and the C-H (33.99 <K (GPa) < 42.11 ; 15.23<G (GPa) <
16.68 [156]) phases have stiffer elastic moduli than that of the low density C-S-H (Table
9.1.2), it was expected that the determined matrix moduli underestimate the actual
values. In order to overcome this non-considered stiffness, an increase of the bulk and
shear moduli was proposed. Simultaneously, the pores aspect ratio was varied for each
W/C ratio composition.
As no similar development exist in the literature, a linear variation of the cement paste
matrix elastic properties is proposed in this work. Eqs.(9.17)-(9.18) present a suggestion
of the matrix bulk and shear dependence on the hydration degree and the saturation
state.

K0 = 40000 − 170p + 4000Sr (13.1)
G0 = 20000 − 90p + 200Sr (13.2)

The fixed matrix elastic moduli are comparable to the direct measurements performed
by Grasley et al. [83] on cement paste with varying the W/C ratio as reported in [213].
Figures 13.8 and 13.9 show the superposition of the experimental andmircomechanical
longitudinal and transverse velocities in function of the saturation degree for the five
cement paste compositions. Dots refer to the velocities that were directly measured on
the cement paste samples as detailed previously. Vertical error bars correspond to the
standard deviation of velocity estimated from threemeasurements. Lines represent the
Mori-Tanaka model estimates of the longitudinal and transverse velocities. The latter
were computed based on the determination of a homogenized bulk and shear moduli
when considering that the cement paste is a two-phase material. The matrix was sup-
posed to be continuous with elastic properties following Eqs.(13.1)-(13.2). Pores were
assumed to be spheroidal and with aspect ratio lower than 1, i.e. penny shaped pores.
Their elastic properties were supposed to vary when varying the saturation degree as
suggested in Eq.(10.28).
The aspect ratio of pores was varied for each W/C ratio, the Mori-Tanaka estimated
velocity was then compared to the experimental measurements. Based on a minimum
distance between the measurements and the theoretical velocities that was detailed in
previous work [147], the best fit was obtained for the pores’ aspect ratio summarized
in Table 13.1.
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Figure 13.8: Comparison between measured ultrasonic longitudinal velocities (dots)
and Mori-Tanaka model (lines) estimates vs. saturation degree

Figure 13.9: Comparison between the measured ultrasonic transverse velocities (dots)
and the Mori-Tanaka model (lines) estimates when varying the saturation degree
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13.3 Correlations

It is noted from Fig.13.8 that the computed longitudinal velocity trend follows the

Table 13.1: Varied aspect ratio for different W/C ratio compositions
W/C aspect ratio α
0.3 0.5
0.4 0.4
0.5 0.3
0.6 0.26
0.7 0.2

recorded data. For each W/C ratio, the longitudinal velocity decreases to reach a min-
imum in the neighborhood of Sr = 98%, then increases to reach a maximum at fully
saturation. The maximum reached by the theoretical velocity (at Sr = 100%) is notably
less than the corresponding measured velocity.
It is remarked that the increase in the estimated velocities is abrupt compared to a
smooth increase in the experimental ones. The abrupt increase in the theoretical ve-
locity can be explained by the abrupt increase in the pore bulk modulus as modeled
earlier (Fig.10.11). A smoother increase in the longitudinal velocity would be achieved
if the gap between the pores and the matrix bulk moduli was not so large. This stands
to the possibly strong assumption of air-filled pores when the material is dry. Pores
may contain air-vapor and / or have different bulk modulus than those of air.
In general, the fit between the longitudinal velocity measurements and the theory is
largely satisfactory, especially for 0.3, 0.4 and 0.5W/C ratio. The latter are characterized
by a relatively low porosity. The 0.6 and 0.7 W/C samples present a high porosity
that may cause interaction between the inclusions. Such effect may not be considered
enough within the model.
Measured and estimated transverse velocities are plotted versus saturation degree, in
Fig.13.9. The micromechanical determined transverse velocities appear to decrease
uniformly at moderate rate from dry state to complete water saturation. This behavior
was expected since the pore fluid has null shear modulus for all the saturation states
and, consequently, the only effect of increasing the saturation degree on transverse
velocity is the increase in density.
As for computed longitudinal velocities, computed transverse ones depart increasingly
frommeasured transverse velocities with increasing water saturation and porosity. In-
deed, the measured transverse velocities show an increase when approaching fully
saturation state that is not detected in the theoretically estimated transverse velocities:
no minimum of transverse estimated velocity was observed. It should be noted that
themeasured velocity increase at fully saturated state is much smaller in the transverse
velocity than in the longitudinal velocity.
Figure 13.10 shows the relative error between the estimated and the measured lon-
gitudinal and transverse velocities for the different considered W/C ratios and when
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Figure 13.10: Relative error between (a) longitudinal and (b) transverse Mori-Tanaka
estimated velocity and measured velocity

varying the saturation degree. The relative error on both longitudinal and transverse
velocities is found to be increasing with the W/C ratio of the considered cement paste.
This is due to the effect of increasing porosity in the estimated velocities. Moreover, it
is noted that the computed curve departs appreciably from the measured values at the
higher saturation degrees (almost 100%), especially for the transverse velocities. This
discrepancy could be due to the variation of the pore shape when drying the material
and that was not included in the above simulation. Indeed, if the pores’ aspect ratio
was varied not only with respect to the W/C ratio but also to the saturation degree, a
better fit between the measured and the modeled velocities would be obtained. How-
ever, such simulations are not presented in the present report in order to minimize the
number of input parameter within the model and to allow an inverse problem to be
developed. But in general, bothmeasured and computed velocities show a pronounced
similar trends with increasing saturation with a relative error not exceeding 6.5%. Then
the agreement between the computed and themeasured velocities can be considered as
very satisfactory. Accordingly, the Mori-Tanaka model is proved to be a representative
model of the cement paste composite structure. It can provide a reliable relationship
between the cement paste porosity and the macroscopic ultrasonic velocity.
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Air-entrained cement paste

14.1 Ultrasonic measured results
The ultrasonic measurements were carried out on the air-entrained cement paste cylin-
drical cores using the previously presented device (chapter 8). In order to justify the
choice of the measured ultrasonic parameters (i.e. pulse velocities), the wavelength to
macropores diameter Dwas determined for each measurement. Figure 14.1 shows the
range of the wavelength λ to macropores’s diameter for all measured velocities. It is
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Figure 14.1: ultrasonic wave velocities versus wavelength (λ) to macropore diameter
ratio for the air-entrained cement paste.

noted that this ratio is about two times larger for the longitudinal wave than for the
transverse one. But for both velocities, it is clear that λD >> 1 . Thus, in this work, the
effect of high order multiple scattering in the air entrained cement paste was neglected
and the measured data was the phase velocity.
The effect of macroporosity on the ultrasonic longitudinal and transverse phase ve-
locities propagating into the dry and saturated samples was investigated. Figure 14.2
shows both the longitudinal and transverse ultrasonic pulse velocities versus porosity
for the two considered saturation states of the air-entrained cement paste. The ultra-
sonic velocities were directly measured on the samples as detailed previous chapter.



(a) (b)

Figure 14.2: Variation of (a) longitudinal and (b) transverse ultrasonic velocity vs.
porosity for saturated and dry air-entrained cement paste.

Vertical error bars correspond to the standard deviation of velocity estimated from three
measurements. Horizontal error bars refer to the standard deviation of macroporosity
determined by image processing over the twelve different investigated sections.
It is noted that both transverse and longitudinal experimentally determined velocities
decrease when macroporosity increases. Besides, it is remarked that the longitudinal
velocities values are almost the double of the transverse values for both dry and satu-
rated states.
Comparison between the longitudinal velocities measured at saturated and dry states
(Fig.14.2(a)) indicates a decrease in the longitudinal velocity during the drying of the
samples. This is principally due to two phenomena. First, the presence of water in
the saturated sample induces an increase of the propagated wave velocity inside the
material (the ultrasonic longitudinal velocity is higher in water than in air). Secondly,
drying a cementitious sample creates cracks even at relatively low temperature (60 ◦C),
which decreases the velocity in a dried sample.
However for the transverse velocities (Fig.14.2(b)), the dry and saturated measured
velocities trends are overlapped. This means that the saturation state doesn’t affect
the transverse velocity. Indeed, air and water that represent the filled material of the
micropores in the dry and saturated states respectively have both similar transverse
properties, namely transverse ultrasonic velocity.
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(a) (b)

Figure 14.3: Experimental and estimated velocities for saturated cement paste material
vs porosity (a) Longitudinal (b) Transverse

14.2 Correlations

It has been shown in the previous part that the self-consistent model give a very good
approximation of the homogenized elastic moduli of the air-entrained cement paste.
Here, two other models, the dilute inclusion model and the Mori-Tanaka model for
spherical pores, are plotted in addition to the self-consistent model in order to illustrate
the acceptable match.
Figures 14.3 and 14.4 show both the micromechanical and experimental evolution
of ultrasonic velocities with macroporosity for the two considered saturation states.
The longitudinal and transverse velocities of dry and fully saturated air-entrained ce-
ment paste were evaluated using the models presented above, based on two-phase
formulations and assuming spherical inclusions (dry macropores). The same ultra-
sonic properties were directly measured on the samples as detailed previously. Vertical
error bars correspond to the standard deviation of velocity estimated from three mea-
surements. Horizontal error bars refer to the standard deviation of macroporosity
determined by image processing over 12 air-entrained cement paste sections.
The micromechanical and experimental velocities decrease when macroporosity in-
creases. This trend is coherent with all the models described above, where bulk and
shear moduli were assumed to be inversely proportional to the inclusion volume frac-
tion (porosity). In addition, longitudinal and shear velocities were assumed to be
proportional to the elastic moduli and inversely proportional to density as given by
Eqs.(8.7)-(8.8).
Comparisonbetween themicromechanically estimatedvelocities in the saturated (Fig.14.3)
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Figure 14.4: Experimental and estimated velocities for dry cement paste material vs
porosity (a) Longitudinal (b) Transverse

and dry (Fig.14.4) states, shows a decrease in the longitudinal and transverse velocities
during the drying of samples. This is in accordance with the measured velocities.
According to Figs.14.3-14.4, the dilute inclusion model overestimates both transverse
and longitudinal velocities, in dry and saturated states. This result was obtained for all
macroporosities (all AE%) except for very low ones (less than 5%). This was expected
as this model assumes low inclusions fractions and no interaction between the inclu-
sions. This explains the enlarging gap between the dilute inclusion estimates and the
ultrasonic measurements as macroporosity increases.
In both dry and saturated states, Mori-Tanaka predictions (Table 11.1) plotted in
Figs.14.3-14.4 appear to fit better (than the dilute inclusion model) the experimental
results but for macroporosity not exceeding 10%. Although the Mori-Tanaka model is
considered to take into account the interactions between inclusions, its formulation is
carried out while assuming that the matrix medium is a collection of non-interacting
inhomogeneities. Thus, for volume fraction greater than 10%, the Mori-Tanaka model
is not reliable for modeling the air-entrained cement paste composite. In addition, the
estimated results were not in accordance with the measured results. The aforemen-
tioned disadvantage of the Mori-Tanaka model is particularly emphasized in the case
of dynamic excitation because of the scattering phenomena caused by inhomogeneities
present in the matrix and because of the interactions between them [161]. This problem
was not highlighted when studying the cement paste material because of inclusions
size. Indeed, the micropores, which are considered as inclusions in the cement paste
material, are small enough so that the scattering phenomena are almost vanishing.
However, the macropores assumed to be the inclusions phase of the air-entrained ce-
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ment paste are of bigger size and can cause a scattering phenomena.
In the self-consistent formulation (Table 11.1), eachparticle considers thematrixmedium
as the still unknown effective medium. In such a scheme, the interactions between the
inclusions are considered in the matrix modeling. The latter argue the good agreement
that is shown in Figs.14.3-14.4 between the estimated self-consistent velocities and the
ultrasonic measured ones. In fact, for the case of saturated air-entrained cement paste
shown in Fig.14.3(a), it is noted that the longitudinal velocities estimated by the self-
consistent models fit the measured data for all the porosities with a maximal relative
error of 5.2 %. While, in Fig.14.3(b), three of the air-entrained cement paste compo-
sitions present a relatively low transverse velocity. This is due to the difficulties to
measure transverse velocity, like the coupling between the sample and the transducer
as well as the diffusion phenomenon.
For the dry state illustrated in Fig.14.4, the self-consistent model shows similarities
with the experimental results as those observed for the saturated state. A small dis-
crepancy was noted between the estimated self-consistent longitudinal and transverse
velocities and the measured ones for the dry state. This was caused by the creation of
micro-cracks during the drying of the samples. Such cracks influence the measured
velocity by decreasing it but it was not taken into consideration in themicromechanical
modeling here developed.
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Conclusion

In this part, the frequency of 500kHz was considered to be within the low frequency
range. Thus, the ultrasonic propagation was described by the theory of homogeniza-
tion. TheMori-Tanaka and the self-consistent micromechanical models were applied to
the cement paste and the air-entrained cement paste material, respectively, to estimate
the longitudinal and transverse velocities. Different saturation states were simulated.
The obtained results were compared to the measured ultrasonic velocities.

Hence, experimental measurements showed that longitudinal and transverse ve-
locities decrease as the degree of saturation increases until reaching a minimum at a
partially saturated state and then increases at fully saturation. Similar trends were ob-
served when applying micromechanical modeling to estimate the ultrasonic velocities
propagating into the cement paste and the air-entrained cement paste.

Indeed, for the cement paste material, the Mori Tanaka model was applied when
assuming that the matrix elastic properties depend on theW/C ratio and the saturation
state. It was also assumed that pores are penny shaped spheroids with aspect ratio
decreasing when the W/C ratio increases.
The air-entrained cement paste material longitudinal and transverse velocities were
estimated based on the self-consistent model. The material was assumed to be a two-
phase composite with spherical inclusions; macropores, and a cement paste matrix.
The latter was assumed to be saturation dependent as it includes the microporous ma-
terial structure.

Assuming these considerations for both materials, the micromechanical predictions
show a fair agreement with the experimental data.





Conclusions

The cement-basedmaterials are used forwaste’s storage, historical monuments ormore
generally in structures. Thus, the monitoring and the follow-up of these structures are
of great interest for many engineering fields. In civil engineering, the degradation of
the cement-based materials is generally caused by the penetration of aggressive agents
through connected pores. Consequently, porosity has a practical importance in con-
trolling such materials. It is recognized as significant durability indicator.

Current on-site tests aim to determine the material’s hydraulic properties when
involving cost effectivemethods that would not disturb or damage it. Thus, many non-
destructive technologies have been developed, namely ultrasound. Hence, prediction
of hydraulic parameters by means of nondestructive ultrasound method was among
the major incentives for this thesis.
Indeed, the present work aimed to propose a correlation between the ultrasonic veloc-
ity and the porosity of cementitious materials. It was based on the micromechanical
modeling of cementitious material with different W/C ratios and saturation degrees.
The challenge was on the application of micromechanical models to civil engineering
materials. It should be emphasized that micromechanical modeling was developed in
close interaction with experimental work that has been undertaken in Ecole Centrale
de Lille since many years. The latter was concerned with classical and commonly used
testing methods in civil engineering, like the water imbibition or mercury intrusion
porosimetry, but also with more sophisticated methods that were carried out to inves-
tigate the microstructure of the material, such as microtomography and SEM.

In this thesis the investigated material was the cement paste. This material is a
critical binding material in mortar and concrete. The study of the air-entrained cement
paste aimed to uncouple the effects of porosity and water content on the velocity vari-
ation. This study included laboratory tests on both cement paste and air-entrained
cement paste. Five water/cement ratio were considered for this investigation: 0.3, 0.4,
0.4, 0.5, 0.6 and 0.7. For each composition, dry, fully and partially (30 and 70 %) satu-
ration states were studied. The work focused also on the effects of these parameters on
measured longitudinal (VL) and transverse (VT) ultrasonic velocities.

A study was performed on the microstructure of cement paste involving different
techniques. The water imbibition was considered as reliable measurement of the con-
nected porosity in the cement paste material. The obtained results showed an increase
of porosity from 21.13% to 47.34% when the W/C ratio increased from 0.3 to 0.7. Mer-
cury intrusion porosimetry was used for the characterization of the pore structure and
distribution in cement paste. For that test, sample preparation and data interpretation
needed great care, especially with regard to the ink-bottle effect. The investigation



on the macroporous structure of the air-entrained cement paste was performed based
on X-ray microtomgraphy. The application of the SEM image technique enhanced the
characterization of the developed phases within a hydrating cement paste. Accurate
specimen preparation was important to ensure high quality images. All these tech-
niques provided information on the different phases forming the cement paste material
and concluded that it is a composite material with a matrix and embedded inclu-
sions: pores. Hence, these observations helped in deciding about the micromechanical
modelling assumptions. They have been very useful for making the micromechanical
modelling finer and closer to the actual physics.

Accordingly, detailed literature review and synthesis of existing work on multi-
phase composite homogenizationmethodswere essential. Thenecessary tools tomodel
a porous structure was also studied.
The followed approach has been gradual and consisted first in applying different ho-
mogenization models to estimate the behavior of the cement paste material. This
required the identification of elastic parameters of the different constituents of the ce-
ment paste, namely, the matrix and pores. The behavior of cement paste matrix moduli
was suggested to vary with theW/C ratio and the saturation state. Pores were assumed
to be air-filled in the case of dry cement paste and water-filled in the case of fully
saturation. However, air voids were supposed to be air-filled for both saturation states
when modeling the air-entrained cement paste. In the case of partial saturation, an
attempt to understand the behavior of air and water present in pores was proposed.
Both fluids were supposed to form a suspension into the porous volume and a first step
homogenization was carried out based on Reuss model.
The study showed clearly the impact of the change in the phases properties and satura-
tion on the macroscopic elastic properties. Following a comparative study on different
micromechanical models, two models were selected in the thesis: theMori-Tanaka and
the self-consistent schemes. Both are considered to take into account the interaction
between inclusions. A sensitivity analysis was performed on the shape and volume
fraction of pores. The matrix was considered to be continuous. However, the porous
volume was modeled as spheroidal inclusions with an aspect ratio dependent on the
cement paste W/C ratio. Penny shaped pores were found to give good representation
of the porous volume. The aspect ratio was supposed to be the same of all pores for a
fixed W/C. Beside, it was considered to decrease gradually between 0.5 and 0.2 when
the W/C ratio increased from 0.3 to 0.7
The saturation degree of cementitious material strongly influences their dynamic prop-
erties. Indeed, the saturated cement paste material is mechanically more rigid than the
dry one. However, the partially saturated cement paste dynamic properties, mainly
longitudinal velocity, were found to be lower than both dry and fully saturated states.
The porosity, the pore geometry and the saturation degree were identified as key pa-
rameters that affect the longitudinal and transverse velocities. The proposed microme-
chanical modeling allowed considerable understanding of such effects and provided
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physical interpretations of several relations between velocity, porosity and saturation.

The main results show that the selected models give satisfactory results for both
cement paste and air-entrained cement paste. For instance, the relative error in estimat-
ing the cement paste elastic moduli was lower than 8%. Thus, these results construct
a base for upcoming development of nondestructive ultrasonic methods that may be a
viable approach for the monitoring of cementitious materials durability. The accuracy
and reliability of the on site measurement set-up is on progress.
Considering the promising correlations obtained for cement paste, further studies are
necessary to establish whether the non-destructive ultrasonic measurements may be
useful to infer durability of mortar and concrete in situ structures.
Besides, correlations that should be targeted for further studies are between the ultra-
sonic velocities when including the surface wave and permeability, since the latter is
as significant indicator of durability as the porosity.
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A B

Elastic constant tensor

Consider a body subjected to a uniform strain Uij, the elastic constants tensor is given
by the following equation [120]:

Cijkl =
d2W

dUijdUkl
(B.1)

Where: W is the energy density.
The symmetry relation given in Eq.(B.1) means that the elastic constant tensor C will
have only 45 independent components.
If the initial stress tensor σi j is symmetric, then the body torque is zero and it becomes
rotationally invariant. Thus, the following relations are obtained:

σ11 = C2121 − C1221 = C3131 − C1313
σ22 = C1212 − C1221 = C3232 − C2332
σ33 = C1313 − C1331 = C2323 − C2332

σ12 = C1112 − C1121 = C2122 − C1222 = C3132 − C1323
σ13 = C1113 − C1131 = C2123 − C1223 = C3133 − C1333
σ23 = C1213 − C1231 = C2223 − C2232 = C3233 − C2333

C1123 = C1132 ; C1233 = C2133 ; C1322 = C2231
C1223 = C1232 = C2132
C1231 = C1321 = C2131
C1323 = C1332 = C2331

This reduces the number of independent components to 27.
For orthotropic materials [223] , there would be nine independent, non-zero elastic
constants with the relations:

c11 ! c22 ! c33
c12 ! c23 ! c13
c44 ! c55 ! c66

Or in a matrix form, such that:

cij =




c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66




(B.2)
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For an isotropic material, the elastic constants are given by the relation [203]:

Cijkl = Kδi jδkl + µ(δikδ jl + δilδ jk −
2
3δi jδkl)

Thus,there are only two non-zero independent elastic constants according to the rela-
tions:

c11 = c22 = c33 = λ + 2µ
c12 = c13 = c23 = λ
c44 = c55 = c66 = µ

Where:
c11 = C1111
c22 = C2222
c33 = C3333
c12 = C1122
c13 = C1133
c23 = C2233
c44 = C1212
c55 = C1313
c66 = C2323



A C

Proof of the Hashin-Shtrikman
statements

The functional Π is given by:

Π(pij, ε
′
i j) = Π0 −

1
2

∫

V
∆C−1i jklpi jpkl − pijε

′
i j − 2pijεi jdV (C.1)

Π will reach a minimum (maximum) if δΠ = 0 and δ2Π > 0 (δ2Π < 0). In order
to determine the minimum and the maximum of this function, the first and second
variation of the function Π are computed in the sense of Gateau.
Recall of the Gateau variation
The n-th order Gateau variation is [188]:

δnGΠ(pij, ε
′
i j) =

dn
dαnΠ(pij, ε

′
i j), ∀n ≥ 1 (C.2)

such that:

∆Π = Π(pij + δpij, ε
′
i j + δε

′
i j) −Π(pij, ε

′
i j) (C.3)

= δΠ +
1
2!δ

2Π +
1
3!δ

3Π +
1
4!δ

4Π + · · · (C.4)

The Gateau variation operation defined previously follows the same rule as the differ-
entiation operation in elementary calculus.
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First, differentiate Π and show that δΠ is null.

δΠ = −12

∫

V
∆C−1i jkl(δpijpkl + pijδpkl) − δpijε

′
i j − pijδε

′
i j − 2δpijεi jdV (C.5)

= −12

∫

V
∆C−1i jklδpijpkl + ∆C−1kli j

︸︷︷︸
=∆C−1i jkl ,because C has minor symmetry

pijδpkl

−δpijε′i j − pijδε
′
i j − 2δpij (εi j − ε

′
i j)

︸!!!!︷︷!!!!︸
=εi j

dV (C.6)

= −12

∫

V
2∆C−1i jklδpijpkl + δpijε

′
i j − pijδε

′
i j − 2δpijεi jdV (C.7)

= −12

∫

V
2 (∆C−1i jklpkl − εi j)
︸!!!!!!!!!!!︷︷!!!!!!!!!!!︸

=0

δpij + δpijε
′
i j − pijδε

′
i jdV (C.8)

= −12

∫

V
δpijε

′
i j − pijδε

′
i jdV (C.9)

If the subsidiary condition (Eq.2.42) is verified, i.e

ti j, j = pij, j + (Cijklε
′
i j), j = 0 (C.10)

then, one can write:

δti j = δpij + Cijklδε
′
kl = 0 and ti j, j = 0 (C.11)

Substituting Eq.(C.11) in Eq.(C.9) leads to:

δΠ = −12

∫

V
ε
′
i j(δti j − Cijklδε

′
kl) − δε

′
i j(ti j − Cijklε

′
i j)dV (C.12)

= −12

∫

V
(ε′i jδti j − ti jδε

′
i j) −ε

′
i jCijklδε

′
kl) + δε

′
i jCijklε

′
i j

︸!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!︸
=0,because C has the minor symmetry

dV (C.13)

= −12

∫

V
( ε

′
i j

︸︷︷︸
= 12 (u

′
i, j+u

′
j,i)

δti j − ti jδ ε
′
i j

︸︷︷︸
= 12 (u

′
i, j+u

′
j,i)

)dV (C.14)

= −12[(
∫

∂V
δti jnju

′
idS −

∫

V
δti j, ju

′
idV) −

(
∫

∂V
tijnjδu

′
idS −

∫

V
tij, jδu

′
idV)] (C.15)

If the boundary condition on the displacement is verified (Eq.2.34) u′i = 0 and the
subsidiary condition (Eq.C.10) is satisfied ti j, j = 0, then the first statement is proved:

δΠ = 0 (C.16)
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As for the second statement of Hashin-Shtrikman variational principle, δ2Π is com-
puted.
From Eq.(C.3) one can write:

∆Π = Π(pij + δpij, ε
′
i j + δε

′
i j) −Π(pij, ε

′
i j) (C.17)

=
1
2

∫

V
( −∆C−1i jklpi jδpkl − ∆C−1i jklδpijpkl

︸!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︸
=−2∆C−1i jklpklδpij,because ∆C−1i jkl has the minor symmetry

+pijδε
′
i j + δpijε

′
i j + 2δpijεi j)dV

+
1
2

∫

V
(−∆C−1i jklδpijδpkl + δpijδε

′
kl)dV (C.18)

Eq.C.4
= δΠ +

1
2!δ

2Π (C.19)

Using the expression of δΠ found in Eq.(C.5) and substituting δpij = δti j − Cijklδε
′
kl

(Eq.C.11); δ2Π is given by:

δ2Π =

∫

V
(−∆C−1i jklδpijδpkl + δpijδε

′
kl)dV (C.20)

=

∫

V
(−∆C−1i jklδpijδpkl + δti jδε

′
kl)︸!!︷︷!!︸

=0

−Cijklδε
′
kl)dV (C.21)

= −
∫

V
(∆C−1i jklδpijδpkl + Cijklδε

′
kl)dV (C.22)

As ∆C is symmetric matrix, then

if ∆C−1 is definite positive =⇒ ∆C is definite positive (C.23)

So, if ∆C > 0, δ2Π < 0 , therefor, Π achieves a maximum value. For the other case,
∆C < 0, the judgement on the signe of δ2Π is not obvious.
Consider the following positive integral:

I =
∫

V
(Cijkl)

−1δpijδpkldV > 0 (C.24)

Substitute δpij = δti j − Cijklδε
′
kl into Eq.(C.24):

I =
∫

V
((Cijkl)

−1δti jδtkl − 2δti jδε′kl︸!!︷︷!!︸
=0

+Cijklδε
′
i jδε

′
kl)dV (C.25)

=

∫

V
((Cijkl)

−1δti jδtkl + Cijklδε
′
i jδε

′
kl)dV (C.26)
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Eqs.(C.24)-(C.26) imply the inequality:
∫

V
(Cijkl)

−1δpijδpkldV >
∫

V
Cijklδε

′
i jδε

′
klδε

′
kl)dV (C.27)

which leads to

δ2Π = −
∫

V
(∆C−1i jklδpijδpkl + Cijklδε

′
klδε

′
kl)dV (C.28)

≥ −
∫

V
(∆C−1i jkl + (Cijkl)

−1)δpijδpkldV (C.29)

Consider the following formulation:

∆C−1 + C−1 = ∆C−1 + C−1 : (C − C) : (C − C)−1 (C.30)
= ∆C−1 + (C−1 : C − I) : ∆C−1 (C.31)
= ∆C−1 + C−1 : C : ∆C−1 − ∆C−1 (C.32)
= C−1 : C : ∆C−1 (C.33)

Thus, Eq.(C.29) writes:

δ2Π ≥ −
∫

V
p : C−1 : C : ∆C−1 : pdV (C.34)

So, if ∆C−1 < 0, δ2Π > 0 and then Π achieves a global minimum.
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Expressions of the Eshelby’s tensor

The Eshelby tensor is a fourth rank tensor that can be expressed by a 6-by-6 matrix. It
has the minor symmetries (Si jkl = S jikl = Si jlk = S jilk) but not the major ones (Si jkl = Skli j )
and is given by [32]

Si j =




S1111 S1122 S1133
√
2S1123

√
2S1131

√
2S1112

S2211 S2222 S2233
√
2S2223

√
2S2231

√
2S2212

S3311 S3322 S3333
√
2S3323

√
2S3331

√
2S3312√

2S2311
√
2S2322

√
2S2333 2S2323 2S2331 2S2312√

2S3111
√
2S3122

√
2S3133 2S3123 2S3131 2S3112√

2S1211
√
2S1222

√
2S1233 2S1233 2S1231 2S1212




(D.1)

Note that for an isotropic, symmetric fourth rank tensor A, can be expressed as:

A = AsyJ + AdevK (D.2)

whereAsy = J :: A = 13Aiij j andA
dev =

1
5K :: A =

1
15(3Aiji j−Aiij j) Knowing that J =

1
3 i⊗ i;

K = I − J and i and I are the second and fourth rank unity tensors.

Let α be the aspect ratio of a spheroidal inclusion with x3 its revolution axis; α =
a3
a1

and a1 = a2.
The expression of the Eshelby’s tensor can then be expressed analyticaly as given in the
following.



190 Elastic constants relations

D.1 Ellipsoidal inclusion
The non-null components of the Eshelbys’ tensor are [203]:

S3333 =
1

2(1 − ν)

[
2(1 − ν)(1 − g) + g − α2 3g − 2

α2 − 1

]
(D.3)

S1111 = S2222 =
1

4(1 − ν)

[
2(1 − ν)g − 12 − (α

2 − 14)
3g − 2
α2 − 1

]
(D.4)

S3311 = S3322 =
1

4(1 − ν)

[
4ν(1 − g) − g + α2 3g − 2

α2 − 1

]
(D.5)

S1122 = S2211 =
1

4(1 − ν)

[
−(1 − 2ν)g + 12 −

1
4
3g − 2
α2 − 1

]
(D.6)

S1133 = S2233 =
1

4(1 − ν)

[
−(1 − 2ν)g + α2 3g − 2

α2 − 1

]
(D.7)

S2323 =
1

4(1 − ν)

[
(1 − ν)(2 − g) − g + α2 3g − 2

α2 − 1

]
(D.8)

S2332 = S3223 = S3232 = S3131 = S3113 = S1331 = S1313 = S2323 (D.9)

S1212 =
S1111 − S1122

2 (D.10)
S1221 = S2112 = S2121 = S1212 (D.11)

Where:

g = α
(1 − α2)3/2

[
cos−1 α − α(1 − α2)1/2

]
for 0 < α< 1 "Oblate spheroid",

(D.12)
g = α

(α2 − 1)3/2
[
α(α2 − 1)1/2 − cosh−1 α

]
for 1 < α< ∞ "Prolate spheroid".

(D.13)

D.2 Spherical inclusion
For the particular case of spherical inclusions (α = 1), previous equations become not
applicable and require a study of these functions around α = 1. This gives [232]:

S1111 = S2222 = S3333 =
7 − 5ν
15(1 − ν)

(D.14)

S1122 = S1133 = S2211 = S2233 = S3311 = S3322 =
5ν − 1
15(1 − ν) (D.15)
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S1212 =
4 − 5ν
15(1 − ν) (D.16)

S1221 = S2112 = S2121 = S2323 = S2332 = S3223 = S3232 = S3131 = S3113 = S1331 = S1313 = S1212(D.17)

D.3 Flat disk
The flat disk are used to model cracks and are carachterized by α = 0.

S3333 = 1 (D.18)
S3311 = S3322 =

ν
1 − ν (D.19)

S2323 =
1
2 (D.20)

S2332 = S3223 = S3232 = S3131 = S3113 = S1331 = S1313 = S2323. (D.21)

D.4 Cylinder
Inclusion are modeled as cylinder with a cicular cross-section generally in the case of
composite containing fibers. The aspect ratio is then assumed to α = ∞. The Eshelby
non-null components are as follows.

S1111 = S2222 =
5 − 4ν
8(1 − ν) (D.22)

S1122 = S2211 =
4ν − 1
8(1 − ν) (D.23)

S1133 = S2233 =
ν

2(1 − ν) (D.24)

S1212 = S1221 = S2112 = S2121 =
3 − 4ν
8(1 − ν) (D.25)

S2323 = S2332 = S3223 = S3232 = S3131 = S3113 = S1331 = S1313 =
1
4 (D.26)
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WU-Eshelby Tensor

The isotropic and deviatoric parts of the Wu-Eshelby tensor for an inclusion with a
given aspect ratio α are as expressed in function of the matrix and inclusion bulk and
shear moduli (Ki, Gi) and (Kj, Gj) in the following form:

Pij =
1

(
1 + (1 − 1

P0)
) (Kj
Ki
− 1
) (E.1)

Qij =
1(

1 + (1 − 1
Q0)

) (Gj
Gi
− 1
) (E.2)

where P0 and Q0 are given by [55]:

P0 = F1F2
(E.3)

Q0 = 15

[ 2
F3
+
1
F4
+
F5
F2
+
F6F7 − F8F9
F2F4

]
(E.4)

Functions F1 to F9 are expressed such that:

F1 = 1 −
3
2( f + g) + R

(3
2 f +

5
2 g −

4
3

)
(E.5)

F2 = R
[
2g − 3 f − 3g2 + 2R( f − g + 2g2)

]
(E.6)

F3 = f +
3
2g − R( f + g) (E.7)

F4 = 1 −
1
4
[
f + 3g − R( f − g)] (E.8)

F5 = f − R
(
f + g − 43

)
(E.9)

F6 = − f + R( f + g) (E.10)

F7 = 2 −
1
4
[
3 f + 9g − R(3 f + 5g)] (E.11)

F8 = −1 +
1
2 f +

3
2 g + R

(
2 − 12 f −

5
2 g
)

(E.12)

F9 = f − R( f − g) (E.13)

R is defined in function of the matrix bulk and shear moduli:

R = 3Gi
3Ki + 4Gi

(E.14)
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While

g = α
(1 − α2)3/2

[
cos−1 α − α(1 − α2)1/2

]
for 0 < α< 1 "Oblate spheroid",

(E.15)
g = α

(α2 − 1)3/2
[
α(α2 − 1)1/2 − cosh−1 α

]
for 1 < α< ∞ "Prolate spheroid".

(E.16)
And

f = α2
3g − 2
1 − α2 (E.17)

Simplified expressions of the previous Wu-Eshelby tensor dilatatin and deviatoric
parts were proposed in some researchs and are resumed in the Table E for three
spheroidal inclusion aspect ratios α.
Figures E.1-E.2 show a comparison between the exact and the approximated ex-

Table E.1: The coefficients Pij and Qij for spheoidal inclusions
inclusion shape Pij Qij
Spheres α = 1 Ki+ 43Gi

Kj+ 43Gi
Gi+ζi
Gj+ζi

Needles [218, 228] Ki+Gi+ 13Gj
Kj+Gi+ 13Gj

1
5

[
4Gi
Gi+Gj

+ 2Gi+γiGj+γi
+

Kj+ 43Gi
Kj+Gi+ 13Gj

]

Penny cracks [219] Ki+ 43Gj
Kj+ 43Gj+παβi

1
5

[
1 + 8Gi

4Gj+πα(Gi+2βi) + 2
Kj+ 23 (Gj+Gi)
Kj+ 43Gj+Παβi

]

Kj/Ki << 1 & Gj/Gi << 1
βi = Gi 3Ki+Gi3Ki+4Gi

; γi = Gi 3Ki+Gi3Ki+7Gi
; ζi = Gi

6
9Ki+8Gi
Ki+2Gi

pressions of the isotropic and deviatoric parts of the Wu-Eshelby tensor. Concerning
the isotropic part, the exact and the approximated expressions are almost exact when
varying the inclusion aspect ratio. However, the approximated deviatoric part slightly
underestimate the exact solution. Thus, using one or the other solutions would not
affect much the Wu-Eshelby tensor. Nevertheless, in this work the exac solution will
be used.
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Figure E.1: Exact and approximated isotropic part of the Wu-Eshelby tensor for a
porous two-phase composite with Ki = 45000 GPa, Gi = 18000 GPa, Kj = 0.145 GPa and
Gj = 0 GPa
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Figure E.2: Exact and approximated deviatoric part of the Wu-Eshelby tensor for a
porous two-phase composite with Ki = 45000 GPa, Gi = 18000 GPa, Kj = 0.145 GPa and
Gj = 0 GPa
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Double inclusion sub-problems

1. In the first sub-problem, V1 and V0 are considered as a single inclusion V0 with
the same stiffness C0, by subjecting both inclusions to the same eigenstrain ε∗0.
The strain and stress inside and outside V0 are then:
Inside V0 :

εinV0 = ε∞ + SV0,CV : ε∗0 (F.1)
σinV0 = C0 : (ε∞ + SV0,CV : ε∗0) (F.2)

Inside V0 in the homogenized medium:

εhomV0 = ε∞ + SV0,CV : ε∗0 − ε∗0 (F.3)
σhomV0 = CV : (ε∞ + SV0 ,CV : ε∗0 − ε∗0) (F.4)

Outside V0

εoutV0 = ε
∞ + ε

′
0 (F.5)

σoutV0 = CV(ε∞ + ε
′
0) (F.6)

where ε′0 is the perturbation strain.

2. In the second sub-problem, V0 and V are considered as a single phase V that is
free of strain. Only V1 is subjected to the eigenstrain ε∗2 = ε∗1 − ε∗0. The strain and
stress inside and outside V1 are:

Inside V1:

εinV1 = SV1 ,CV : ε
∗
2 (F.7)

σinV1 = C1 : (SV1,CV : ε∗2) (F.8)

Inside V1 in the homogenized medium:

εhomV1 = SV1 ,CV : ε∗2 − ε∗2 (F.9)
σhomV1 = CV : (SV1,CV : ε∗2 − ε∗2) (F.10)

Outside V1 :

εoutV1 = ε
′
2 (F.11)

σoutV1 = CV : ε
′
2 (F.12)

where ε′2 is the perturbation strain.
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Since we deal with linear elasticity, the two previous problems can be superposed and
the obtained strains and stresses in the three zones are:

Inside V1:

εV1 = εinV0 + ε
in
V1

= ε∞ + SV0,CV : ε∗0 + SV1 ,CV : ε∗2 (F.13)
σV1 = σinV0 + σ

in
V1

= C1 : (ε∞ + SV0 ,CV : ε∗0 + SV1,CV : ε
∗
2) (F.14)

Inside V1 in the homogenized medium:

εhom = ε∞ + SV0 ,CV : ε∗0 − ε∗0 + SV1 ,CV : ε∗2 − ε∗2 (F.15)
σhom = CV : (ε∞ + SV0,CV : ε∗0 − ε∗0 + SV1,CV : ε∗2 − ε∗2) (F.16)

Inside V0 − V1:
εV0−V1 = ε

out
V1 + ε

in
V0

= ε
′
2 + ε

∞ + SV0,CV : ε∗0 (F.17)
σV0−V1 = σ

out
V1 + σV0

in

= C0 : (ε
′
2 + ε

∞ + SV0,CV : ε∗0) (F.18)

Inside V0 − V1 in the homogenized medium:
εhomV0−V1 = ε

′
2 + ε

∞ + SV0 ,CV : ε∗0 − ε∗0 (F.19)
σhomV0−V1 = CV : (ε

′
2 + ε

∞ + SV0,CV : ε∗0 − ε∗0) (F.20)

Outside V1 :

εV = εoutV0 + ε
out
V1

= ε∞ + ε
′
0 + ε

′
2 (F.21)

σV = σoutV0 + σ
out
V1

= CV : (ε∞ + ε
′
0 + ε

′
2) (F.22)

Since it was assumed that V0 and V1 are of the same shape, then SV0,Cv = SV1,Cv .
Taking into consideration this assumption and that of ε∗2 = ε∗1 − ε∗0, simplifies the stress
and strain inside the inclusion V1 (Eq.F.13) to:

εV1 = ε∞ + SV1,CV : ε∗1 (F.23)
σV1 = C1 : (ε∞ + SV1,CV : ε∗1) (F.24)

Similarly, the stress and strain inside zoneV1 in thehomogenizedmediumare expressed
as:

εhom = ε∞ + SV1,CV : ε∗1 − ε∗1 (F.25)
σhom = CV : (ε∞ + SV1,CV : ε∗1 − ε∗1) (F.26)
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Considering now the mechanical equivalence between the heterogeneous (Eqs.F.24-
F.18) and homogenous (Eqs.F.26-F.20) problems inside V1 and V0 − V1 ends to the
following relations:
Inside V1 :

C1 : (ε∞ + SV1,CV : ε∗1) = CV : (ε
∞ + SV1,CV : ε∗1 − ε∗1) (F.27)

Inside V0 − V1 :

C0 : (ε
′
2 + ε

∞ + SV0,CV : ε∗0) = CV : (ε
′
2 + ε

∞ + SV0,CV : ε∗0 − ε∗0) (F.28)

Expressing ε∗1 in terms of ε
∞ from Eq.(F.27) and averaging Eq.(F.23) over V1 writes:

〈ε〉V1 =
[
I + SV0 ,CV : ((I −C−1V C1)−1 − SV0 ,CV)−1

]
ε∞ (F.29)

=
[
I − SV0,CV : (I − C−1V C1)

]−1
ε∞ (F.30)

= TV1ε∞ (F.31)

When expressing, know, ε∗0 in terms of ε∞ from Eq.(F.28), one remark that ε′2 remains
in the expression. To come over this, an average on V0 − V1 can be considered and the
following statement of Mori-Tanaka applied.
Tanaka and Mori have shown [202] that "when a single inclusion V with uniform
transformation strain is within an infinite homogeneous body, the volume integrals of
total strain and stress vanish if the integration is carried out in the region V′ −V, where
V′ is a domain surrounding V and is of shape similar to that of V" 1. See Fig.F.1 for
illustration.
Such consideration implies that:

V 'V

'V V

Figure F.1: The average on V′ − V vanishes when V′ and V are ellipsoids of the same
shape

〈ε′2〉V0−V1 = 0
1cited in [157]
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Accordingly, formulation of 〈ε∗0〉V0−V1 can bedetermined in termsof ε∞. Besides, average
of Eq.(F.17) writes:

〈ε〉V0−V1 =
[
I + SV0,CV : ((I − C−1V C0)−1 − SV0,CV )−1

]
ε∞ (F.32)

=
[
I − SV0,CV : (I −C−1V C0)

]−1
ε∞ (F.33)

= TV0ε∞ (F.34)

Combining Eq.(F.31) and Eq.(F.34) yields to:

〈ε〉V1 = TV1 : (TV0)−1〈ε〉V0−V1 (F.35)

The previous equation (Eq.F.35) identifies the strain concentration tensor for a two-
phase composite formulated by the double inclusion model as:

ĀDI =
[
f1I + f0(TV1)−1TV0

]−1
(F.36)
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