N

N
N

HAL

open science

Temps local et diffusion en environnement aléatoire
Roland Diel

» To cite this version:

Roland Diel. Temps local et diffusion en environnement aléatoire.

[math.GM]. Université d’Orléans, 2010. Frangais. NNT: 20100RLE2036 . tel-00590440

HAL Id: tel-00590440
https://theses.hal.science/tel-00590440

Submitted on 3 May 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Mathématiques générales


https://theses.hal.science/tel-00590440
https://hal.archives-ouvertes.fr

>
V ” ’ n m
PiU.E‘VlL UNIVERSITE D’ORLEANS ..nII“h#

Pdle Universités UNIVERSITE D'ORLEANS

Centre Val de Loire

ECOLE DOCTORALE SCIENCES ET TECHNOLOGIES

Laboratoire de Mathématiques et Applications, Physique
Mathématique d'Orléans

TH ESE présentée par :
Roland DIEL

soutenue le : 03 Décembre 2010

pour obtenir le grade de : Docteur de l'université d’Orléans
Discipline : Mathématiques

TEMPS LOCAL ET DIFFUSION EN
ENVIRONNEMENT ALEATOIRE

THESE dirigée par :

M. Romain ABRAHAM Professeur, Université d'Orléans
RAPPORTEURS :
Mme Nina GANTERT Professeur, Westfalische Wilhelms-Universitat
M. Zhan SHI Professeur, Université Paris VI
JURY : i
M. Dominique LEPINGLE Professeur, Université d'Orléans, Président du jury
M. Romain ABRAHAM Professeur, Université d'Orléans
M. Pierre ANDREOLETTI Maitre de conférence, Université d'Orléans
M. Francis COMETS Professeur, Université Paris VII
M. Nathanael ENRIQUEZ Professeur, Université Paris X
M. Yueyun HU Professeur, Université Paris XII|






TEMPS LOCAL ET DIFFUSION EN
ENVIRONNEMENT ALEATOIRE

Thése présentée par

Roland DIEL

Sous la direction de

Romain ABRAHAM

Co-encadrée par

Pierre ANDREOLETTI

Université d’Orléans - Laboratoire MAPMO
3 décembre 2010






Remerciements

Je tiens tout d’abord & remercier Romain Abraham et Pierre Andreoletti
pour m’avoir proposé ce sujet et m’avoir encadré pendant ces trois années.
Leurs connaissances et leur disponibilité m’ont été précieuses

Je remercie Nina Gantert et Zhan Shi d’avoir accepté de rapporter cette
these bien qu’ils ne puissent malheureusement étre présents aujourd’hui. Je
suis également trés reconnaissant a Francis Comets, Nathanaél Enriquez et
Yueyun Hu d’avoir accepté de faire parti de mon jury.

Je voudrais saluer les membres du laboratoire qui m’ont fourni un cadre
de travail agréable et motivant pendant ces trois années de thése. Je pense
particuliecrement aux autres doctorants. Un grand merci aux secrétaires et
aux informaticiens du laboratoire pour leur efficacité et leur gentillesse.

Je tiens aussi a remercier ma famille, notamment mes parents, pour
m’avoir toujours soutenu dans mes études.

Finalement, merci a Claire.



Table des matiéres

Introduction

1.1 Marche aléatoire en milieu aléatoire . . . . . . .. . ... ...
1.2 Diffusion en milieu aléatoire . . . . . . . ... ... ... ...
1.3 Processus des temps locaux . . . . .. ...
1.4 Construction du modéle en temps continu . . . . . ... ...
1.5 Description des résultats obtenus . . . . . . . ... ... ...

Limite en loi du temps local en milieu brownien

2.1 Introduction . . . . . . .. ...
2.1.1 Themodel . . . . . ... ... .. ... ... .. ...
2.1.2  Preliminary definitions and results . . . .. . .. ...
2.1.3 Basic facts for diffusion with potential . . . . . . . ..

2.2 Asymptotics for the local time Ly, and its inverse oy,
2.2.1 Asymptotic behavior of Ly, at time ox, (e*"® m) . .
2.2.2  Asymptotic behavior of ox, (e m) . . ... ...

2.3 Proof of the main results . . . . ... .. ... ... .....
2.3.1 Proof of Theorem 2.1.3 . . . . . ... ... .. .. ..
2.3.2 Proof of Theorems 2.1.1 and 2.1.2 . . . . ... . ...

Temps local en milieu Lévy stable
3.1 Introduction. . . . . . .. ... ...
3.2 Standard valley of a Lévy process. . . . . . . . . .. ... ...
3.21 Lévyprocesson R. . . .. ... ... ... ...
3.2.2  Valley of the Lévy processon R,. . . . ... ... ...
3.2.3 Stable Lévy process . . . . . . .. ...
3.3 Diffusion in a random environment . . . . . . . ... ... ..
3.3.1 Asymptotic behavior of a diffusion in a stable environ-
ment . . ... oL
3.3.2 Limit law of the renormalized local time . . . . . . ..



4 Comportement asymptotique presque stire du temps local en

milieu brownien 77
4.1 Introduction . . . . . . . ... ... 7
4.2 Three useful theorems and some technical estimates . . . . . . 80
4.3 Estimates on the environment . . . . . .. ... .. ... ... 85
4.4  Asymptotic behavior of L at particular times . . . . . . . . .. 89
4.5 Asymptotics of local time in deterministic time . . . . . . .. 96
4.6 Proof of Theorems 4.1.1 and 4.1.2 . . . . . . ... .. .. ... 99
4.6.1 Maximum and minimum speed . . . .. .. ... ... 100
4.6.2 End of the proof of Theorem 4.1.1. . . . . . . .. ... 106
4.6.3 End of the proof of Theorem 4.1.2 . . . . . . . .. ... 107
5 Une application au décodage de ’ADN 109
5.1 Introduction . . . . . . .. ... . 109
5.1.1 The physical approach . . . . .. ... ... ... ... 109
5.1.2 Themodel . . . . . . ... .. .. ... ... ... ... 110
5.1.3 Some results obtained by the physicists . . . . . . . .. 113
5.1.4 A mathematical point of view . . . . . . ... ... .. 113

5.2 Bayes estimator, asymptotics in R and typical number of nee-
ded unzipping R. . . . . . . . . . ... 115
5.2.1 Prediction site by site . . . . .. ... 115
5.2.2 Inferring the whole molecule . . . . .. .. ... ... 119

5.2.3 Control of the quality of the estimation for the conti-
nuous time case . . . . . . ... ... 123
5.3 Possible improvements of the method . . . . . . ... ... .. 126
5.3.1  Forces depending on the site we are interested in . . . 126

5.3.2  The energy point of view: forces depending on the
values of the environment . . . ... ... ... .... 127



Chapitre 1

Introduction

1.1 Marche aléatoire en milieu aléatoire

Pour que le modéle d’un systéme physique réel soit utilisable en pratique,
il doit étre suffisamment simple pour pouvoir étre étudié¢ mathématiquement.
Cela nécessite de négliger l'effet des irrégularités de l’environnement dans
lequel le systéme évolue. Cependant les simplifications effectuées peuvent en-
trainer de grandes différences entre I’évolution du systéme modélisé et I’évolu-
tion du systéme réel. Une maniére de remédier a cela et de prendre en compte
cette irrégularité est d’introduire la notion d’environnement non homogeéne.

Une maniére classique de représenter un environnement non homogene est
de le considérer comme le résultat d’une expérience aléatoire. On peut alors
étudier I’évolution d’une particule dans de tels milieux. L’aléatoire apparait
donc sous deux formes dans le modéle : premiérement, dans la construction
du milieu, puis, pour un environnement donné, I’évolution de la particule
dans ce milieu est une seconde source d’aléa.

Historiquement, les premiers modeéles mathématiques de milieux aléa-
toires a avoir été introduits sont des modéles discrets car plus simples a
définir. Etant donnée une suite p = (p;)icz €]0, 1[Z, on appelle marche aléa-
toire en milieu p, la marche au plus proche voisin (S,),en sur Z vérifiant
S() =0et

Pp(Sn.:,_l =1+ 1|Sn = 'l) =1- Pp(Sn-‘rl =1- 1|Sn = Z) = Pi-

On peut rendre les p; aléatoires en munissant 1’ensemble |0, 1[Z d’une loi de
probabilité P. On appelle alors marche aléatoire en milieu aléatoire de loi P
tout processus (S, n € N) de loi P = [P(dp)P,.

Ce modéle fut introduit par Chernov [21] en 1967 pour modéliser la ré-
plication de I’ADN puis repris par Temkin [90] en 1972 pour des modéles en



FIGURE 1.1 — Probabilités de transition
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génétique et en métallurgie. Ce dernier domaine a influencé la terminologie
des milieux aléatoires : la loi IP est ainsi appelée loi annealed, «recuite», et la
loi & milieu fixé P,, loi quenched, «trempée».

Pour étudier le comportement des marches en milieu aléatoire, il est
intéressant d’introduire la notion de potentiel : pour tout ¢ € Z, on pose
wi = log(%). On définit alors le potentiel V' = (V;,i € Z) a valeurs dans R
par

( %:07

T

Vi=) w sioi>1,
7=1
0

Vi= > —w; osi i< -1

\ j=i+1

La marche peut alors étre vue comme une particule se déplacant dans le
potentiel V|

Vvifl e—wi/2

Py(Snt1 =1+ 1[S, =1) = Vil + eV e—wil? 4 ewil?

et de nombreux résultats sur le comportement asymptotique de la marche
peuvent s’exprimer simplement en fonction du potentiel et des w;. Remar-
quons que l'on peut retrouver les variables p; a partir de V. Ainsi il est
équivalent pour le cas unidimensionnel de se donner un potentiel ou la suite
des probabilités ; ceci n’est plus vrai lorsque la dimension est plus grande que
1.

On suppose & partir de maintenant que sous P les variables p; sont indé-
pendantes, identiquement distribuées et de méme loi. C’est ce type de milieu
qui a été le plus étudié, on peut néanmoins citer Alili [3], Zeitouni [94] ou
Mayer-Wolf, Roitershtein, Zeitouni [57] pour des résultats dans des milieux
plus généraux. Dans le cas i.i.d., Solomon [77] montre en 1974 que la marche
(Sp, n € N) est récurrente si et seulement si E[wy] = 0. Dans le méme ar-
ticle, il étudie la vitesse limite dans le cas transient : il existe un v € [—1, 1]



dépendant uniquement de la loi de I'environnement tel que P-p.s.

. Sn
lim — =w.
n—oo 1
Contrairement aux marches aléatoires usuelles, les marches aléatoires en mi-
lieu aléatoire peuvent étre transientes de vitesse nulle. Kesten, Kozlov et
Spitzer [53| donnent un théoréme de type central limite qui montre qu’il
existe des régimes différents fonction de 'unique solution x de I’équation

E(l—p0>’€:1. (1.1)

Do

Dans le cas récurrent, Sinai montre en 1982 que sous des hypothéses
relativement générales sur le milieu, la marche en milieu aléatoire est consi-
dérablement plus lente que la marche aléatoire simple sur Z et qu’elle se
localise au voisinage de certains points. Plus précisément, si les trois condi-
tions suivantes soient vérifiées,

E[WQ] 0,
0®:=E [wj] >0, (1.3)
30 >0,P(6 <pyp<1—0)=1

alors il existe une variable aléatoire non dégénérée my, telle que

%S, c

Togn)? —— Moo, (1.5)

L’hypothése (1.4), appelée condition d’ellipticité, est une hypothése tech-
nique qui peut étre relaxée (voir par exemple Zeitouni [94] ou Andreoletti
[4]), 'hypothése (1.3) évite le cas de la marche aléatoire simple. On appelle
marche de Sinai une marche aléatoire en milieu aléatoire vérifiant ces trois
hypothéses. La loi de la variable m, a été explicitée indépendamment par
Golosov [36] et Kesten [52]. La lenteur relative des marches de Sinal par
rapport a la marche simple sur Z s’explique par la présence de puits dans
le potentiel. En effet, la marche ayant tendance a se déplacer vers la gauche
quand la pente du potentiel est positive et vers la droite lorsqu’elle est néga-
tive, la particule se retrouve piégée au fond des vallées.

Il y a également une abondante littérature sur les modéles de marches
en milieu aléatoire défini sur des domaines plus complexes que 'axe Z. Nous
ne les décrirons pas en détail ici, citons néanmoins pour 1’étude de milieu

défini sur Z?, d > 2 Kalikow [47], Zerner [95], Zerner et Merkl [96] Sznitman
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FIGURE 1.2 — Trajectoire d’une marche de Sinai (en bleu, le temps est en

horizontal) et d’un potentiel (en vertical en noir) avec py LU ([0.1,0.9])
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[81, 78, 79, 80, 82|, Rassoul-Agha [63, 62, 64|, Comets et Zeitouni |23, 24|
ou encore Enriquez et Sabot [32]. Pour les modéles ot 'environnement est
défini sur un arbre, environnement plus riche qu’un potentiel sur Z tout en
restant plus simple que les modéles multi-dimensionnels car il y a toujours un
unique plus court chemin reliant deux points de I'arbre, on peut citer Lyons
et Pemantle [54] qui ont donné un critére de récurrence/transience et Hu et
Shi [43, 44] qui ont étudié le comportement asymptotique de la marche en
milieu récurrent.

1.2 Diffusion en milieu aléatoire

Le potentiel décrit a la section précédente est, dans le cas de la marche
de Sinai, une marche aléatoire simple centrée de variance finie. Le théoréme
de Donsker nous dit donc que, correctement renormalisé, il converge vers un
mouvement brownien. Il est donc naturel de vouloir construire un analogue
continu de la marche de Sinai comme une diffusion dans un environnement
brownien. L’idée est donc de prendre maintenant pour environnement un
mouvement brownien réel (W (x) , x € R) et de définir la diffusion en milieu



W comme un mouvement brownien drifté par la pente de W, ie comme la
solution de I’équation différentielle stochastique suivante

{ dX(t) = dp(t) — sW'(X(t))dt,
X(0) = 0.

ou 3 est un mouvement brownien indépendant de WW. Comme W est presque
stirement non dérivable, cette équation est purement formelle. On doit donc
pour étre correct (mais malheureusement moins explicite!) définir X comme
un processus qui, conditionnellement a I’environnement W, a pour générateur
infinitésimal,
Lwew d w4

2 dx dx
Il est alors facile de généraliser cette définition en prenant pour le milieu non
plus un mouvement brownien mais par exemple un processus cad-lag (i.e.
continu & droite et admettant une limite & gauche en tout point) localement
borné quelconque que l'on choisit nul en zéro par convention. On note, dans
I'introduction, Py pour la loi de la diffusion & milieu W fixé et P la mesure
de probabilité totale.

Il existe un lien étroit entre diffusions et marches en milieu aléatoire, ainsi
Schumacher [69] a construit une marche de Sinal & partir d’une diffusion
dans un environnement bien choisi. Pour cela, on prolonge sur R le potentiel
V' associée a une marche en milieu aléatoire, en posant pour tout réel =z,
V(x) := V};) o [z] désigne la partie enticére de z. On note X la diffusion dans
ce potentiel et on définit les temps d’arrét suivants : pg := 0 et

Vn € N, g1 = 1nf{t > p,, |X(t) — X(u,)| = 1},

alors
Py (X (ptng1) = i+ 1X(pn) = i) = p

ou Py est la mesure de probabilité conditionnellement au milieu V. Ce qui
signifie que (X(un), n e N) est une marche en milieu p. De plus, asympto-
tiquement g, ~ n; cette construction permet ainsi de ramener 1’étude des
marches en environnement aléatoire a un probléme de calcul stochastique.

Revenons maintenant a la diffusion en milieu brownien standard, le com-
portement de ce processus présente de nombreuses similitudes avec celui de
la marche de Sinai. Ainsi, il est récurrent et, de plus, Brox [17] a montré que
la diffusion a le méme comportement asymptotique que la marche :

X(t) C
(log t)2 t—o0

[e.e]
Oll M est la méme variable que dans I’équation (1.5).

9



Hu et Shi [40] ont montré quant & eux que les comportements asymp-
totiques extrémes de la diffusion et de la marche sont les mémes : presque
stirement,

I X(t) ’ %S, 8
imsup —————— = limsup ——————— = —
P (logt)2logyt P (logn)?logsn 72’

log, 1
lim inf - 223" max | X (s)| = liminf 9851 hax o028, =1

t—oo (logt)? 0<s<t n—oo (logm)? 0<k<n

ou log, = log et log,,; = log; olog pour tout entier i > 1.

On peut alors se demander si il existe un équivalent du théoréme de Dons-
ker pour les milieux aléatoire : est-ce qu’une marche de Sinai correctement
renormalisée en temps et en espace converge vers un processus de Brox au
sens de Skorohod ? On pourrait penser que le processus

45
(logn)? "~ —

convient ; malheureusement (1.5) implique que pour tout ¢ > 0,

0'25[”15} L}
(logn)? neo >
Néanmoins, Seignourel [70] a montré que si on s’autorise a modifier 'envi-
ronnement a chaque itération, il peut y avoir convergence. Précisément, il
existe un famille de processus {S” , n € N, m € N*} telle que pour tout
m € N*, fixé, {SI , n € N} soit une marche de Sinai et (025[’}1%}/71 , > O)
converge en loi pour la topologie de Skorohod vers le processus de Brox.

Nous avons remarqué que les puits du potentiel ralentissaient fortement
les processus en milieu aléatoire. Il est ainsi particuliérement intéressant no-
tamment dans le cas ou le potentiel est un mouvement brownien standard
d’étudier la structure de ces puits. Pour cela nous allons définir la notion
de vallée introduite par Brox [17]. Soit h un réel strictement positif. On
appelle h-mazimum de W un réel x tel qu’il existe a < x < b vérifiant
Wi(a)VvW(b) < W(z)—h et pour tout y € [a,b], W(y) < W(z). De maniére
analogue, on dit qu'un réel z est un h-minimum de W si x est un h-maximum
de —W. Si W est un mouvement brownien, presque stirement, les hA-maxima,
les h-minima alternent, I’ensemble &, des h-extrema n’admet pas de point
d’accumulation et 0 n’est pas un extremum local. Ainsi, presque stirement,
il existe un unique triplet (py, my, q) de h-extremas successifs tels que

— pp et qp soient des h-maxima,

— my, soit un h-minimum,

10



FIGURE 1.3 — Trajectoire (en bleu) d’une diffusion dans un milieu brownien
standard (en noir)
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On appelle ce triplet, la vallée standard de hauteur h du milieu W.

FIGURE 1.4 — Exemple de vallée standard
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Brox [17] a montré que la diffusion met un temps de 1’ordre de ¢ pour sortir
de la vallée de hauteur logt. Plus précisément, a 'instant ¢, le processus se
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trouve prés du fond de cette vallée,

1 P
(logt)2 |X(t) — mlogt| z 0. (]_6)

Par la suite, Tanaka [87] et Hu [39] ont affiné la localisation de la diffusion. La
convergence précédente est particulierement importante car elle montre clai-
rement qu’asymptotiquement, on peut ramener 1’étude des propriétés asymp-
totique de la diffusion a I’étude de quantités dépendant uniquement du milieu.
Ici, par exemple, comme Mg/ (logt)? a méme loi que my, on voit immédia-
tement que X (t)/(logt)? converge en loi vers m;.

Le cas ot le milieu est un mouvement brownien drifté :

We(x) :=W(zx) — 57

a également été beaucoup étudié. Citons les travaux de Kawazu et Tanaka [50,
51] puis de Hu, Shi et Yor [45] montrant qu'il existe trois régimes différents
selon la valeur de & : si k €]0, 1], la vitesse est nulle, si k > 1, la vitesse limite
est non nulle et pour le cas critique k = 1, le temps d’atteinte de r par X est
asymptotiquement de l'ordre de rlogr. On a la encore ’analogie avec le cas
des marches en milieu aléatoire. Les potentiels plus généraux ont été moins
étudiés, il y a malgré tout des résultats lorsque le potentiel est un processus
de Lévy, voir Carmona [18], Cheliotis [19] et Singh |75, 76].

Une autre généralisation intéressante est d’étudier les diffusions dans des
milieux aléatoires en dimension strictement plus grande que 1. Le milieu
étant alors un champ aléatoire. Cela reste pour l'instant assez peu étudié.
Tanaka [86] a malgré tout montré que la diffusion dans un milieu brownien
multidimensionnel est récurrente et Mathieu [55, 56| que la variation typique
de la diffusion restait de l'ordre de (logt)?.

1.3 Processus des temps locaux

Nous avons vu que les processus en milieu aléatoire présentaient d’im-
portants phénomeénes de localisation que ce soit dans le cas continu ou dans
le cas discret. Le processus qui intervient naturellement dans 1’étude de ce
phénomeéne est le temps local qui «mesure» le temps passé en un point par
le processus. Dans le cas de la marche, il se définit simplement : pour tout
entier n € N et tout entier x € Z, on pose

E(n,x) = Z lg,—p =card{0 <k <n, Sy =z}

0<k<n

12



Ainsi, £(n, x) représente le nombre de fois ot la marche est passé au point
x avant l'instant n. Pour les diffusions en milieu aléatoire, le temps local est
défini comme la densité de la mesure d’occupation. La mesure d’occupation
représente le temps passé par la diffusion dans un ensemble : pour tout ¢ > 0
et tout borélien A,

Vy(A) = /0 14(X(s))ds. (1.7)

Le temps local associée a la diffusion est la version presque stirement cad-lag
(continue si le milieu est continu) de la densité de v, par rapport a la mesure
de Lebesgue (on montrera par la suite qu’une telle quantité est bien définie) :

n(A) = /_OO 1a(x)Lx(x,t)dx.

e}

FIGURE 1.5 — Temps local en n = 100000 associé a la marche de Sinai de la
figure 1.2
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Etudier ces processus permet de mieux comprendre ot la marche et la
diffusion passent la plus grande partie de leur temps. Dans le cas récurrent :
la marche de Sinai et la diffusion en milieu brownien non drifté, Révész
|65, 66] puis Hu et Shi [41] ont montré que le temps local en un point z fixé

13



FIGURE 1.6 — Temps local en ¢t = 25000 associé a la diffusion en milieu
brownien de la figure 1.3

280

200 —

150

400

50—

u] T T T T ol T

T T
-250 -200 -150 -100 50 5] falu] 00 460 200 250

peut prendre des valeurs beaucoup plus grandes mais également beaucoup
plus faibles que dans le cas de la marche simple ou du mouvement brownien
standard. Cela met une fois encore en évidence le phénoméne de localisation
évoqué précédemment. Comme ’évolution du temps local dépend grande-
ment de I’endroit considéré, le processus passant beaucoup de temps au fond
des vallées et trés peu aux sommets, on s’intéresse non pas au temps local en
un point fixé, mais au maximum du temps local & un instant donné :

YVt >0, Ly (t) :==max Lx(t,z) et Vn € N, £*(n) := max&(n,x).
zeR TEZ
L’étude de ces processus met en avant plusieurs faits surprenants. D’abord,
la concentration extrémement forte autour des points le plus visités, Révész
[65] puis Shi [71] ont montré qu'il existe une constante ¢ €]0; 00| telle que
presque stirement
*(n
lim sup5 (n)

n—oo n

=c. (1.8)

La valeur de la constante a par la suite été calculé dans le cas d’un milieu
sur N (avec une frontiére réfléchissante en zéro : py = 1) par Gantert, Peres et

14



Shi [34]. Ainsi, infiniment souvent la marche passe une fraction strictement
positive de son temps en un seul point. Cette limite décrit le temps maximal
que peut passer la marche au point favori. Il est également intéressant de
regarder le temps minimal passé en ce point. Dembo, Gantert, Peres et Shi
[25] ont montré que dans le cas ou le milieu est pris uniquement sur N, on
a le comportement asymptotique suivant : il existe une constante ¢ €]0, oo[

telle que
logsn
lim inf ig*(n) =c. (1.9)
n—oo n
C’est-a-dire que méme dans le cas le moins favorable, la marche de Sinai
passe beaucoup plus de temps au point favori que la marche simple. Quant
au cas continu, Shi [71] a montré que le maximum du temps local peut aller
encore plus vite : presque stirement,
L% (t) 1
lim sup —2——~ > —. 1.10
tqoop tlogst = 32 (1.10)

Cette relation montre, outre le phénoméne de localisation que les temps lo-
caux dans le cas continu et discret n’ont pas exactement le méme compor-
tement. Un résultat directement lié concerne la localisation du point favori.
Il semble naturel comme le processus se retrouve pris au piége dans la vallée
standard de hauteur logt que le point le plus visité

m*(t) :=min{z € R, Lx(t,x) = Lx(¢)}

se situe au voisinage du fond de cette vallée. Cheliotis [20] a montré que c’est
en effet le cas,

m*(e") —my 0. (1.11)
t—o0
Ce résultat a son pendant presque stir : pour tout ¢ > 6, il existe une fonction
strictement croissante A de Rt dans R* telle que presque siirement

li )

* (A1)
m——- =1 et limsup [ (™) — =
t—oo t—00 (log t)c

Le supremum du temps local a également été étudié dans le cas transient :
Gantert et Shi [35] ont montré que pour une marche transiente a vitesse
nulle la convergence (1.8) reste vraie. Par contre, pour une marche & vitesse
strictement positive

*(n
lim sup£ (n)

n—o0o n

=0.
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et ils caractérisent dans ce cas les classes de Lévy au sens de la lim sup : pour
toute suite strictement positive croissante (a,),

1 < +00 . &) [0
;FM { — oo — h;n_)solij =\ 4o P-a.s.

ou k est I'unique solution de ’équation (1.1).

Le temps local de la diffusion en milieu brownien drifté W, a été étudié
par Devulder [27]. Si 0 < k < 1, comme dans le cas récurrent, on observe un
comportement différent de celui des modéles discrets :

Ly (t)

lim sup =+o0 P-ps.

t—o0
Par contre si la dérive est suffisamment forte, les processus, discrets et conti-
nus se comporte de la méme maniére : si k > 1, pour toute fonction stricte-
ment positive croissante a(-),

=1 < 400 . Ly(t) [0
Zna(n) { — 100 <:>h£nj)1.}p (Ga())/r — | +oo P-a.s.

n=1

1.4 Construction du modéle en temps continu

La définition de la diffusion en milieu aléatoire a partir de son générateur
est difficilement manipulable. C’est pourquoi il est utile d’en chercher une
expression plus simple. Si V' est un processus cad-lag localement borné, on
peut en effet représenter la diffusion X en milieu V' comme un mouvement
brownien changé en temps et en espace (voir [17]). Plus précisement, il existe
un mouvement brownien B indépendant de V' tel que en notant

Sy (x) ::/ VWdy , reR (1.12)
0

et
t
Ty p(t) := / e V(S BENds |t >0 (1.13)
0
le processus X puisse se réécrire
X =S8,'oBoTyp. (1.14)

Pour simplifier les notations, on écrira S et T' pour respectivement Sy et
Ty, g. Remarquons que cette expression n’est valable que dans le cas d'une
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diffusion unidimensionnelle, c¢’est une des raisons pour laquelle I'étude des
diffusions en milieu aléatoire multidimensionnelle est plus complexe.

L’équation (1.14) permet de montrer que le processus des temps locaux de
X est bien défini et donne une expression en fonction du processus des temps
locaux L du mouvement brownien B. En effet, en utilisant successivement le
changement de variable v = T~!(s), la formule des temps d’occupation pour
le mouvement brownien et le changement de variable x = S(y), on obtient
pour tout ¢ > 0 et tout ensemble borélien A,

t t
/ 14(X(s))ds = / 14(5~ 0 Bo T (s))ds
0 0
T1(t)
- / 14(S 0 B(s))e—2V (S BN gy,
0

= [ s e S O L 0,

[e.e]

_ / T L) MO LT (1), S(y))dy.

[e.e]

Ainsi le temps local de la diffusion X vérifie I’égalité suivante :

Ly(t,z) = e V@L(T ), S(x)) , z €R, t >0. (1.15)

1.5 Description des résultats obtenus

Le but principal de la thése est d’étudier le comportement asymptotique
du temps local d’une diffusion en milieu aléatoire récurrent.

Le chapitre 2 est un travail réalisé en collaboration avec Pierre Andreoletti
accepté pour publication dans la revue Journal of Theoretical Probability.
On y étudie la loi limite du temps local. Comme pour 1'équation (1.6), on
commence par se ramener a une quantité ne dépendant que du milieu. Pour
présenter le résultat plus simplement, commengons par une définition : on
dit que le processus (Y (¢,z) , t > 0,z € R) converge uniformément sur tout
compact en probabilité vers le processus (Yoo (x) , € R) si pour tout K > 0,
SUp,e(—r k) |Y (t, ) =Yoo ()| converge vers 0 en probabilité quand ¢ tends vers
I'infini. On note alors .

Y(t,-) — Y.

t—o00
Si Y(t,z) est presque sirement strictement positif, on dit que Y'(t,-) est

ucp-équivalent a Y (¢, -) et on note Y (¢, -) ur? Y(t,-) si

?(t, ') ucp

— 1.
Y(t7 ) t—oo
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Dans le chapitre 2, on considére la diffusion X en milieu brownien standard
W. Nous montrons que le temps local de X recentré au fond de la vallée
de hauteur logt est ucp-équivalent & une variable dépendant uniquement du
milieu. Plus précisement, on définit le milieu recentré au fond de la vallée par

Wmlogt(') = V( + mlogt) - W(mlogt)
et on note alors pour r €]0, 1] fixé,

Ay = SUP {z <0, Wn
by :=inf {z >0, W,

g (T) = rlogt} et
(z) > rlogt}.

log t
Le théoréme 2.1.3 du chapitre 2 nous dit alors que

L wep € Vst ()
x (t, mMiogt + ) reR| (1.16)
t ) t L/‘b'rt e_Wmlogt

art

L’étude de la loi du mouvement brownien au voisinage du fond de la vallée
faite par Tanaka [85] et le résultat précédent nous permettent d’obtenir la
loi limite du processus des temps locaux quand ¢ tend vers 'infini. On pose
pour € R, R(z) := Ri(x)1 >0y + Ro(—2)1 (z<0}, o0 Ry et Ry sont deux
processus de Bessel de dimension 3 issus de 0 indépendants, alors

—R(z)
(LX(t,mlogt+x) 7 xeR) c (fioo _, xER)- (1.17)
—

t t—00
—0o0
Le résultat (1.16) est encore vrai pour des milieux plus généraux, en fait
il suffit que le milieu soit un processus cad-lag localement borné V' vérifiant
presque slirement :

1. V est stable : il existe a > 0 tel que pour tout ¢ > 0, les processus V'
et ¢V (¢*) aient méme loi.

2. liminf, 1 V(z) = —c0 et limsup,_, . V(z) = +o0

3. V est continu en ses extremas locaux et les valeurs prises par V' en ces
points sont deux a deux distinctes.

C’est par exemple le cas lorsque le milieu est un processus de Lévy stable
d’indice o € [1,2] qui n’est pas un drift pur. L’étude du temps local de la
diffusion dans ce type de milieu est 'objet du chapitre 3. C’est un travail
réalisé en collaboration avec Guillaume Voisin accepté pour publication dans
la revue Stochastics : An International Journal of Probability and Stochastic
Processes. Encore une fois, on peut utiliser la relation (1.16) pour obtenir la
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loi asymptotique du temps local et généraliser le résultat du chapitre précé-
dent. En effet, un processus de Bessel de dimension 3 peut étre vu comme un
mouvement brownien conditionné a rester positif (voir Doob [30] et McKean
[58]). Et cette notion s’é¢tend aux processus de Lévy : & tout processus de
Lévy V, on peut associer un processus V! appelé processus de Lévy condi-
tionné a rester positif (voir par exemple Doney [28]). On considére alors un
processus de Lévy V défini sur R, stable d’indice o € [1,2] qui n’est pas
un drift pur et on se donne les deux processus indépendants V1 et (=V)T,
VT ayant méme loi que (V(z), * € R) conditionné a rester positif et (—V)!
ayant méme loi que (—=V'(z), x € R) conditionné a rester positif. On définit
le processus B
V(z) = V(2)lso + (=V)(—2)1,0.

Nous montrons dans le chapitre 3 la convergence faible pour la topologie de

Skorohod :
I —V(z)
( X(t,mlogt+x)’ xER) £ (f c , xGR) ) (1.18)

t n—o0 fo e—V(y)dy

Cette convergence ainsi que (1.17) montre qu’asymptotiquement la diffusion
se comporte comme si elle se trouvait piégée dans une vallée de hauteur infinie
du milieu. Dans ce méme chapitre, nous étendons par ailleurs le résultat de
Cheliotis (1.11) sur le positionnement de point favori au cas d’un milieu Lévy
stable d’indice av € [1,2] qui n’est pas un drift pur. Ces deux résultats nous
permettent d’obtenir la convergence en loi de L% (1) :

L} (t) r 1

+oo _y
t t—o0 f_oo e \%

Finalement, dans le chapitre 4, on se restreint de nouveau au cas ou le
milieu est un mouvement brownien standard. Il s’agit la encore d’un article
soumis pour publication. Nous nous intéressons maintenant au comportement
presque str du temps local. Cela nécessite d’effectuer des estimées plus fines
que dans le chapitre 2.

Nous voulons ici vérifier & quel point la concentration du temps local peut
étre forte, c’est-a-dire que nous cherchons a savoir si L% (¢) peut croitre plus
vite que tlogst ( voir équation (1.10)). La réponse est non : il existe une
constante ¢ > 0 telle que presque stirement,

lim sup M <
t—oo t 1Og3 (t)

La question associée qui arrive alors naturellement est de savoir si la localisa-
tion peut étre beaucoup plus faible, pour cela on s’intéresse au comportement
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de la liminf. Nous montrons, au chapitre 4 également, que dans ce cas, la
renormalisation correcte est la méme que pour la marche discréte : presque
stirement,

.. logs(t
0 < liminf gs(t)

t—o00

L% (t) < oo.

Les différences entre le cas continu et le cas discret (cf (1.8) et (1.9))
peuvent s’interpréter de la fagon suivante : dans les deux cas, L (t)/t se com-
porte approximativement au mieux, comme l'inverse de l'intégrale de 'expo-
nentielle de 'environnement «le plus pentu» et au pire, comme l'inverse de
I'intégrale de ’exponentielle de I’environnement «le plus plat». Néanmoins si
dans le cas de la marche, il y a réellement un environnement le plus pentu car
la loi de py est & support compact dans |0, 1], dans le cas continu, I'environ-
nement peut étre aussi pentu qu’on le souhaite. Ceci explique la différence
pour la limsup. Par contre, dans les deux cas, ’environnement peut-étre
aussi plat que nécessaire. Pour calculer explicitement ces taux, il est néces-
saire d’étudier a quel point les vallées peuvent étre encaissées et surtout on
doit s’intéresser a l’endroit ou la diffusion passe la plus grande partie de son
temps. En effet, comme nous 'avons déja fait remarquer, pour des temps ¢
suffisamment larges, le processus X se retrouve au voisinage du fond mj,e+ de
la vallée standard de hauteur logt. Cet événement se produit avec une pro-
babilité qui tend vers 1 lorsque ¢ tend vers I'infini, malheureusement, elle ne
croit pas assez vite pour qu’on puisse en déduire des résultats presque sirs.
Infiniment souvent, le potentiel possede plusieurs vallées de hauteur proche
et la particule peut se retrouver piégée au voisinage d'un autre point que
Miogt ; c€ phénomeéne a déja été mis en évidence par Shi et Zindy 73] dans le
cas de la marche. Nous relaxons donc I’hypothése de localisation en étudiant
le voisinage non plus d’un unique point mais de quatre. En effet, la particule
peut partir du mauvais coté, c’est-a-dire partir a gauche de 0 alors que le
fond de la vallée est a droite ou inversement. On considére donc les fonds des
vallées a droite

¢ =inf{z >0, W(z) —minW = r},

[0,2]
md = inf{z >0, W(zr) = [Hllgl] W}
0,74

et a gauche

79 :=sup{zx <0, W(x)— I[IliOI]IW =r},

m? :=sup{z <0, W(z) = [mln] Wh.
77,0
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Mais méme ainsi, on ne peut étre siir que pour des temps ¢ grands, la diffusion
aura atteint I'un des deux fonds de la vallée de hauteur logt, ni qu’elle ne
sera pas sortie de cette vallée. On doit donc considérer les fonds des vallées
de hauteur un peu plus petite que logt :

d

1. 2._ 9 A
my = mlogt—q logy t et my = mlogt—cl logy t7 € > 0 fixe

pour que la diffusion ait atteint I'un ou l'autre de ces points et les fonds des
vallées de hauteur un peu plus grande que logt :

3 d

- 4 ._ 9 A
my = mlogt—i—cg logy t et my .= mlogt—l—cz logy t? Cy > 0 fixé

pour que le processus n’ait pas quitté la vallée.

FIGURE 1.7 — Les points m/

Dans le chapitre 4, on montre alors que pour € > 0 fixé et en définissant
correctement ¢y et co & partir d’une constante ¢y > 0 quelconque, si ’on note

4
I = U[mft — (logy 1), mj + (logy )],

i=1

alors presque stirement

Q0% (1) =0

lim

t—o0

ol v; est la mesure d’occupation définie en (1.7). C’est-a-dire que presque

stirement, pour des temps suffisamment grands, la diffusion a passé la plus

grande partie de son existence au voisinage d’au plus quatre points. Des

résultats sur la concentration de la mesure d’occupation ont déja été obtenu
dans le cas de la marche de Sinai par Andreoletti [5].

Le dernier chapitre de la thése est consacré a une application des mi-

lieux aléatoires dans un cas pratique. Le but est d’identifier une séquence
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d’ADN. Commencons par quelques rappels de biologie. L’acide désoxyribo-
nucléique (ADN) est une molécule, présente dans toutes les cellules vivantes,
qui renferme ’ensemble des informations nécessaires au développement et au
fonctionnement d’un organisme. Elle est composée de séquences de nucléo-
tides; on parle de polyméres de nucléotides ou encore de polynucléotides.
Chaque nucléotide est constitué de trois éléments liés entre eux : un groupe
phosphate li¢ & un sucre, le désoxyribose, lui-méme li¢ a une base azotée.

Il existe quatre bases azotées diffé-

7 ) rentes : 'adénine (notée A), la thy-
FIGURE 1.8 — Structure d’une molécule ine (notée T), la cytosine (notée

d’ADN (source Wikipedia) C) et la guanine (notée G). Une

Colonne molécule d’ADN est composé de

sucre-phosphate deux brins se faisant face, et for-
mant une double hélice. Ceci est
possible car les nucléotides trouvés

Base azotée dans un brin possédent des nucléo-
tides complémentaires avec lesquels
ils peuvent interagir par des liaisons
hydrogénes (liaisons faibles). Il y a
deux liaisons hydrogénes entre A et
T et trois entre C et G. En face
d’une adénine, il y a toujours une
thymine; en face d’une cytosine, il
y a toujours une guanine.

On cherche a identifier la séquence de nucléotides composant un brin (la
séquence du second brin s’en déduit), c’est-a-dire qu’on cherche & obtenir
une suite d’éléments de I’alphabet {A,T,C,G} correspondant aux quatre nu-
cléotides formant I’enchainement de ’ADN. Pour cela, on exerce une force
mécanique f constante sur chacun des brins qui entraine le dégraphage pro-
gressif des deux brins en cassant les liaisons hydrogénes. Comme les liaisons
A-T sont plus faibles que les C-G, le dégraphage des secondes liaisons met
plus de temps et si la force f n’est pas trop forte, certaines liaisons peuvent
méme se reformer. L’idée de Baldazzi, Cocco, Marinari et Monasson ([8], [9])
et Cocco et Monasson [22] est de modéliser ce phénomeéne par un processus en
milieu aléatoire. On note b = (b;, 1 < i < M) la suite des acides aminés, i.e.
chaque b; est un élément de l'alphabet {A, T, C,G}. Onnote Y = (V;, t > 0)
le nombre de liaisons dégraphées au temps . On modélise le dégraphage de
la maniére suivante : conditionnellement a b, Y est un processus de Markov a
valeurs dans {1,---, M}. Lorsqu’il est en i saute en i + 1 au taux e~#9®ibir1)
et en i — 1 au taux e #9U) sij € {2,..., M — 1}, si Y est en 1, il saute en
2 au taux e P90102) et si YV est en M, il saute en M — 1 au taux e 9.

Paire de bases

Adenine

Thymine

Guanine

Cytosine
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Dans le dernier chapitre, on explique comment estimer la séquence d’ADN a
partir d'une (ou plusieurs) trajectoire(s) de Y et on étudie le comportement
de 'estimateur de maximum de vraisemblance.
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Chapitre 2

Limite en loi du temps local en
milieu brownien

2.1 Introduction

2.1.1 The model

Let (W (x),x € R) be a cadlag real-valued stochastic process with W (0) =
0. A diffusion process in the environment W is a process (X (t),t € RT) whose
conditional generator, given W, is

2 dx \° dx )~
Notice that for almost surely differentiable W, (X (t),t € R") is the solution
of the following stochastic differential equation

{ AX (1) = da(t) — SW/(X (1)),
X(0) = 0.

where (3 is a standard one-dimensional Brownian motion independent of W.
Of course when W is not differentiable, the previous equation has no rigorous
sense.

The study of such a process starts with a choice for W, a classic one, orig-
inally introduced by S. Schumacher [69] and T. Brox [17], is to take for W
a Lévy process. In fact only a few papers deal with the discontinuous case,
see for example P. Carmona [18] or A. Singh [76], and most of the results
concern continuous W, i.e. (W(z) := B, — kx/2,z € R), with k € RT and
B a two sided Brownian motion independent of j3.

The case k > 0 was first studied by K. Kawazu and H. Tanaka [50|, then
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by H. Tanaka [87] and Y. Hu, Z. Shi and M. Yor [45]|, more recently by for
example M. Taleb [83], and A. Devulder |27, 26]. The universal characteristic
of this X is the transience, however a wide range of limit behavior appears,
depending on the value of x see [45].

In this paper we choose k = 0, X is then recurrent and [17] shows that it is
sub-diffusive with asymptotic behavior in (log?)?, moreover X has the prop-
erty, for a given instant ¢, to be localized in the neighborhood of a random
point mjeg¢ depending only on ¢ and W. The limit law of my.e,/(logt)? and
therefore of X (¢)/(logt)? were made explicit independently by H. Kesten [52]
and A. O. Golosov [37].

In fact, the aim of H. Kesten and A. O. Golosov was to determine the limit
law of the discrete time and space analogous of Brox’s model introduced by
F. Solomon [77] and then studied by Ya. G. Sinai [74]. This random walk
in random environment, usually called Sinai’s walk, (S,,n € N) has actually
the same limit distribution as Brox’s one.

Turning back to Brox’s diffusion, notice that H. Tanaka [87, 85| obtained
a deeper localization and later Y. Hu and Z. Shi [40] get the almost sure
rates of convergence. It appears that these rates of convergence are exactly
the same as the rate of convergence for Sinai’s walk. The question of an
invariance principle, that could exist between these two processes rises and
remains open (see Z. Shi [72| for a survey). In fact a first attempt to link
these two processes appears for the first time in the articles of S. Schumacher
[69] and K. Kawazu, Y. Tamura and H. Tanaka [48].

This work is devoted to the limit distribution of the local time of X.
Indeed to the diffusion X corresponds a local time process (Lx(f,%));50 ,cr
defined by the occupation time formula : Lx is the unique P-a.s. jointly
continuous process such that for any bounded Borel function f and for any
t>0,

/0 tf(X (s))ds = /R f(x)Lx(t, x)dz.

The first results on the behavior of Ly can be found in [71] and [41]. In
particular in [41] it is proven that, for any x € R

log(Lx(t,z))

L: A
t 2.1
Tog — UAU, t — 40 (2.1)

where U and U are independent variables uniformly distributed in (0,1), £,

is the convergence in law and z A y = min(x,y). Notice that in the same
paper Y. Hu and Z. Shi also prove that this behavior is the same for Sinai’s
walk: if we denote by £(n,z) := > ., 1g,—, the local time of S in x € Z at
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time n then
og(EM ) £ o
logn ’ '

For previous works on the local time for Sinai’s diffusion we refer to the book
of P. Révész 66].

In this article we show that the normalized local time process (L(t,z +
Miogt)/t, * € R) behaves asymptotically as a process which only depends
on the environment . We also make explicit the limit law of this process
when ¢ goes to infinity, it involves some 3-dimensional Bessel processes. The
supremum of the local time process of X is given by

Vt >0, L%(t):=supLx(t,x),
r€R
as a consequence of our results we show that L% (¢)/t converges weakly and
determine its limit law. We also find interesting to compare the discrete
Theorems of [34] with ours, pointing out the analogies and the differences.

2.1.2 Preliminary definitions and results

First let us describe the probability space where X is defined. It is com-
posed of two Wiener’s spaces, one for the environment and the other one for
the diffusion itself. Let VW be the space of continuous functions W : R — R
satisfying W (0) = 0 and A the o-field generated by the topology of uniform
convergence on compact sets on W. We equip (W, A) with Wiener measure
P i.e the coordinate process is a "two-sided" Brownian motion. We call en-
vironment an element of W.

We also define the set ©Q := C([0; +00),R), the o-field F on Q generated
by the topology of uniform convergence on compact sets and the probability
measure P such that the coordinate process on (2 is a standard Brownian
motion.

We denote by P the probability product P @ P on W x . We indifferently
denote by W an undetermined element of VW and the first coordinate process
on W x Q (i.e a “two-sided“ Brownian motion under P or P) similarly B is

indifferently an element of {2 and the second coordinate process on W x (2.

Finally 2 neans "equality in law" under P that is under a fixed environ-

ment W, and = (respectively i>) for an equality (resp. a convergence) in
law under P. We can now state our first result:

Theorem 2.1.1. We have

L3 1
) e, 1 (2.2)
t = e R dy

—0o0
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where for any © € R, R(x) := Ri(2)1{z>0) + Ro(—2)1{z<0y, R and Ry are
two independent 3-dimensional Bessel processes starting at 0.

First notice that ffooo e W dy < 400 a.s.. Now we would like to state

the equivalent of this theorem for Sinai’s walk recently found by [34],

g*in) £, ilelgﬂ'(l’) (2.3)

where

r(z) = exp(—Z,;) + exp(—Z;_1)
QZyeZ exp(—Zy) ’

and Z is a sum of i.i.d random variables (with mean zero, strictly positive
variance and bounded) null at zero and conditioned to stay positive (see be-
low Theorem 1.1 and Section 4 of [34] for the exact definition).

The analogy between the local time for X and the local time for S takes
place in the fact that both R and S can be obtained from classical diffusion
conditioned to stay positive, R and Ry are Brownian motions conditioned to
stay positive (see [92]) and Z a simple symmetric random walk conditioned
to stay positive (see [36] and [11]). Note also that A. O. Golosov also proved
that >, exp(—Z,) < +oo0.

However Z and R have not the same nature, one is discrete the other one
continuous, notice also that the increments of Z are supposed to be bounded
(see hypothesis 1.2 in [34]), and it is not the case for R. Finally the numer-
ator of 7(x) is not as simple as the numerator of our result, but this comes
essentially from the difference of nature of the two processes discrete for one
and continuous for the other.

Theorem 2.1.1 is an easy consequence of an interesting intermediate result
(Theorem 2.1.2 below). Before introducing that result we need some extra
definitions on the environment, these basic notions have been introduced by
[17] see also [60]. Let h > 0, we say that W € W admits a h-minimum at x
if there exists £ and ¢ such that £ < xy < ¢ and for any z € [¢, (],

- Wi(z) = Wi(xo),

W) > W) + b,

- W(¢) = W(xo) + h.

Similarly we say that W admits a h-maximum at xo if —W admits a h-
minimum at xy. We denote by M, (W) the set of h-extrema of W. It is easy
to establish that P-a.s. M) has no accumulation point and that the points
of h-maximum and of h-minimum alternate. Hence there exists exactly one
triplet Ay = (pn, M, qn) of successive elements in M), such that

x € 4, (2.4)
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— my, and 0 lay in [py, qn),
— pp and ¢, are h-maxima,
— my, 1s a h-minimum.
We call this triplet the standard h-valley of W (see Figure 2.1). We can now

Figure 2.1: Example of standard valley
A

/ Pn ag : b’ |0
|
|
|
|
|

state our second result:

Theorem 2.1.2.

<LX (t, Miggs + x))meR £ (R(z)) with

t z€eR
e—R(w)
T ey

and R is the same as in Theorem 2.1.1.

This result is the analogue of Theorem 1.2 of [34], we recall their result:

(g(n, by, + )

n

ze Z) £ (r(@))ecz (2.5)

where m(x) is given by (2.4) and b,, plays the same role for S as my,y; plays
for X. Notice that Theorem 2.1.1 can be deduced directly from Theorem
2.1.2, in the same way that (2.3) can be deduced from (2.5).

There is a second remark we can make here, H. Tanaka [88| shows that the
limit when ¢ goes to infinity of the distribution of the process (X (t) — muogt)
converges to a distribution with a density (with respect to Lebesgue measure)
given by R. There is a natural explanation to understand, at least intuitively,
why R appears in both limits. For that we need first to present another result,
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indeed Theorems 2.1.1 and 2.1.2 are consequences of a result, in probability,
on the asymptotic behavior of the local time in a neighborhood of Mg+
(Theorem 2.1.3 below) together with results on the random environment
(see Sections 3.2 and 3.3). Before stating our third result, we need a new
notation, let (W, z € R) be the shifted difference of potential,

Ve e R, W, () :=W(z+-)—W(x). (2.6)

ga):1

by = bg(Wp,) :=inf {z > 0/W,, (x) > 0},

Theorem 2.1.3.
Let r € (0,1), then for all 6 > 0,

bQT p—
Ly (%, mo + ) fyur €Wy )
e e—WMa (z) -

lim P sup
a—+00 aar <z<bar

where for any 6 > 0,

see also Figure 2.1.

We are ready to give an idea of the reason why R appears in the paper of
H. Tanaka [88] and the present one. The important term in the last result,
which appears when we study the inverse of the local time in m,, (see section
2.2.2), is the following

6_Wma ({E)

R(a,x) = .
( ) fabm e—Wma (1) dy

First, we will show in Section 2.3.2 that the process (R(a,x),z € R) con-
verges weakly when a goes to infinity to (R(z),z € R), so Theorem 2.1.3
leads to Theorem 2.1.2. We therefore focus on R(a, z).

Note that (R(a, ), € (dar,bar)) can be seen as a local (in time) invari-
ant probability measure for the process X. Indeed until the instant e®,
(X(s) = X(W,s), s < e) spends, with a high probability, most of its time
between the two points (@qr, bar). So X can be approached, in some sense,
by a simpler process (X(s) = X(aW,s), s < e*) with the same generator
as X but reflected at fixed barriers, @ and b (see [17] or [88] page 159). This
new process obviously possesses an invariant probability measure given by
fio(dz) = R(a,z)dz = e~ Wm@dg/ f; e=*Wmi And R(a,z) is naturally
involved in the limit behavior of the normalized local time L ¢ (e®, my +-)/e®
and also in the limit distribution of X (e*) — m;. To turn back to R a self
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similarity argument of the environment can be used. To finish with this dis-
cussion, it is interesting to notice that for the discrete time model the result
in law plays an important role to get the almost sure asymptotic of the limit
sup of £*. Indeed (2.3) (together with Lemmata 3.1 and 3.2 in [34]) leads to

£ (n)

lim sup

= const €0, +o0[,P.a.s.

and the const is known explicitly. For Brox’s model, L% (¢) is possibly larger
than ¢ and, in fact, if we use a similar argument than [34], then the limit in
law (Theorem 2.1.2) only implies

Lx(®)

lim sup = +o00, P.a.s.

t

So the limit in law implies a weaker result for the limsup than the already

known result of Z. Shi (|[71]) who proved lim sup, % > const, P.a.s..

2.1.3 Basic facts for diffusion with potential

In this section we recall basic definitions and tools traditionally used to
study diffusion in random environment. For all W € W, define

Vo e R, Sy(z) = / VW dy (2.7)
0

and .
vt >0, Tw(t) := / e 2W (S (BleD) g, (2.8)
0

As Brox points out in [17], the standard diffusion theory implies that the
process
X:WxQ — Q
(W,B) +— SptoBoTyt

is under P a diffusion in Brownian environment. To simplify notations, we
write when there is no possible mistake S and T for respectively Sy, and Ty .
Using Formula (2.9), we easily obtain that for any x € R and ¢ > 0,

(2.9)

Lx(t,z) = e V@ Ly(T71(41), S(x)) (2.10)

where Lp is the local time process of the Brownian motion B.
T. Brox ([17]) noticed also that it is more convenient to study the asymp-
totic behavior of the process

Xo(W, ) i= X(aW,-)
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and the one of its local time process Ly, instead of X and L.
For all x € R, we denote

Wo(z) = éW(an).

For each o > 0, we have a link between X, and X given by:

Lemma 2.1.4. For each W € W and o > 0,

(XalW )y = (X (@TV™, 1))y 2 ( Lo, a4t>) |

o? >0
C 1 4 2
(LXa(W&,-)(tax))tZO,xeR = <ELX(W7)(Q t’a I)) >0,zeR .
t>0,x€

We do not give any detail of the proof of this Lemma, the first relation can
be found in Brox (see [17], Lemma 1.3) and the second is a straightforward
consequence of the first one.

Formulas (2.7), (2.8) and (2.9) for X, are given by

Vt >0, X, (t) = SN BT 1)) (2.11)
where N
Wz € R, S(z) = Sa(z) = / RULORY (2.12)
0
and .
Vit >0, Ta(t) := Taw (t) = / e 20W (S (B(s)) 4 g, (2.13)
0

also for the local time we have,
Vt > 0,Vz € R, Ly, (t,2) = e W@ L(T71(t), Sa(z)). (2.14)

The rest of the paper is organized as follows: in the first part of Section 2.2
we get the asymptotic of the local time within a random amount of time,
which is the inverse of the local time at mjog¢, in Section 2.2.2 the asymptotic
of the inverse of the local time itself is studied. Note that Sections 2.2.1 and
2.2.2 can be read independently.

Propositions 2.2.1 and 2.2.5 of Sections 2.2 are the key results to get Theorem
2.1.3 proved at the beginning of Section 2.3. In the second and third sub-
section of Section 2.3, Theorems 2.1.1 and 2.1.2 are proved. Note that these
Theorems come from Theorem 2.1.3 together with the study of a functional
of the random environment.
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2.2 Asymptotics for the local time Ly, and its
inverse oy,

We begin with some definitions that will be used all along the paper.
For any process M we define the following stopping times with the usual
convention inf () = +oo0,

Ve € R, 7y () :=inf{t > 0/M(t) = x}, (2.15)
Vo e R,Vr > 0,00 (r,x) :=inf{t > 0/Ly(t,z) > r}. (2.16)

We define for any W € W and for all z,y € R,

_ _ ) suppy W ity > x,
Wizy): { sup, W ify <z

and
il’lf[x7y} W if Yy >,

E(:)ﬁ,y) = { il’lf[y@} W ify < x,

they represent respectively the maximum and the minimum of W between x
and y. Finally we introduce the process starting in x € R,

(Xa (W, t))tzo = (2 + Xo(Ws, t))tZO = (z + X (aW,, t))tzo

where W, is the shifted difference of potential (see (2.6)). Notice that we
have the equivalent of (2.11):

Vt >0, X5(t) = 2+ (S3) " (B((T2) "' (1)) (2.17)

where S¥ := S,w, and T := T,, and it is easy to establish that for a fixed
W e W, X? is a strong Markov process.

2.2.1 Asymptotic behavior of Lx_at time ox (e m)

In this first sub-section we study the asymptotic behavior of the local time
at the inverse of the local time in m := my, recall that m; is the coordinate
of the bottom of the basic valley defined page 5.

Proposition 2.2.1.
Letr € (0,1), W € W. Let h be a function such that lim h(a)=1. Then,

a——+00
for all 6 > 0,

ah(a)

lim P( sup ech(a)—aWn (z)

a—+00 ar <z<by

Lx. (ox, (e , M), m ~+ ) _1‘ <5) _

where a, and b, are defined in Theorem 2.1.3 page 29..
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Proof. For simplicity, we assume that m = my(W) > 0. The proof is based
on the decomposition of the local time into two terms, the first one is the
contribution of the local time in x, before 7x_(m) (the first time X, hits m)
and the second one is the contribution of the local time between 7x, (m) and
ox. (e°M®) m) (the inverse of the local time in m):

LXa (aXa (eah(a)’ m)7m + x) = LX& (TXQ (m)7 m + x)

+ (LXa (aXa(eah(o‘), m),m+ z) — Lx_(7x,(m),m+ x)) )
We treat these two terms in the Lemmata 2.2.2 and 2.2.3 below. Lemma
2.2.2 states that, asymptotically, the local time in a point x until the process

reaches m is negligible compared to e®™®=eWn(®) — Thanks to the strong
Markov property for X, it remains to study the asymptotic behavior of

(Lxg (oxp (e, m),m + x)) ar<z<b,

when « goes to infinity, this is what is done in Lemma 2.2.3 which says that
the local time in z of X™ within the interval of time [0, ox, (e*"®) m)] is of
the order of e®M@)—aWm(z), O

Let us state and prove

Lemma 2.2.2. Let W € W. For any § > 0,

lim P( sup Lxa(mxa(m), m + 2) < 5) = 1.

a—400 ar<x<by, 6ah(o¢)—an ()

Proof. First, as we have assumed that m > 0, for all z > 0, Ly, (7x,(m), m+
x) = 0 so we only have to consider non positive . Moreover, denote a =
(m+a,) V0, for all z € [a,,0], Lx,(7x,(a),m + x) = 0, therefore thanks to
the strong Markov property for X,, we only need to prove that

lim P( qup Lxa(mxa(m),m+2) 5) ~ 1. (2.18)

a— 400 ar<z<0 eah(a)_an(w)

It follows from (2.17) with = = a that
Txa(m) = Tx,(wa) (lar| Am) = T3(r5(S5(ar| A m))),
so according to (2.14), we have for all z € R,
Lxa(txa(m),m+z) =

e~ oWallarlAm+a) 1o (75(S%(Ja,| Am)), S2(|ar| Am + x)).
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The classic scaling property of the local time of the Brownian motion given
by:

VA>0,Vy1 >0, (ALp(T8(¥1):Y)) er 2 (Lp(rs(Mn), AY))yer s (2.19)

yields that the processes (L xa (Txg (m), m+ x)) and
zeR

(S5 lar] A el Ly (5 (1) ol At ) )
re
are equal in law, where s,(2) := S%(2)/S%(|a.| A m).

We claim that for all = € [a,, 0]

S (Jar| A m)eeWallar ) [ (1), s (Jay| A+ 7))

(W n(=larlnm0)=Wn(@) gy [ (75(1), y).
y<1

< me
Indeed o
S(|ay| Am) = / e Wa®) qy < meWalarlnm)
0
for all = € [a,, 0]

and s, (|a.| Am+z) < 1.
Assembling the above estimates, we get for any § > 0,

P( Lxz(7xg(m), m + x) gé)

sup
ar<2<0 ech(a)—aWm (z)

2 P (meoch(_ar-/\m,O)—ah(Oé) Sup LB(TB(l)? y) S 5) .
y<1

As W (=la.| Am,0) <r, liril h(a) = 1 and supLp(75(1),y) < oo P-a.s.,
the right hand side of the last inequality tends to 1 as a goes to infinity.

(2.18) is proved together with the Lemma. O
We continue with the proof of the second Lemma

Lemma 2.2.3. Let W € W. For any § > 0,

Lxm (axgm(eah(o‘), m), m+ x)
ech(a)—aWm(z) -1 = o)=L

lim P( sup

a—+00 ar<z<by
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Proof. For simplicity we denote for any process M, oy (r) := op(r,0), we
will also assume without loss of generality that m = 0, Lemma 2.2.3 can
therefore be rewritten in the following way:

Lx.(0x, ("), z) _
e 1 <d) =1 (2.20)

lim P( sup

a—+00 ar<z<b,

Like for 7 in Lemma 2.2.2, we easily get that ox_ (t) = T,(op(t)), thus
formula (2.14), together with the scale invariance for the local time of the
Brownian motion

¥r > 0,9\ > 0, ALp(05(r),9)),er = (Lp(05(Ar), AY)),cr (2.21)

yields

(an (UXa(eah(a)>’ x»mR Lw (eah(a)_aw(x)LB(UB(l)aga(x»)xeR 7

where 5, (z) := S, (z)e*™M) Therefore for any § > 0,

L ah(a)
P( Sup Xa(UXa(e ),l’) _ 1’ S 5)
ar<z<by

eah(a)—aW (z)
= <~ ( )SUP [Lp(op(1),y) =1 < 5) :

<y<8a(br)
Moreover,
Salar)| V $a(by) < (las| V br)e_ah(a)+ara
thus lir}ra Sala,) = hrf Sa(br) = 0. As y — Lg(op(1),y) is continuous at
0, (2.20) and therefore, the lemma, are proved. O

ah(a)

2.2.2 Asymptotic behavior of ox (e , 1)

Before stating the main Proposition of this section, we need a preliminary
result on the random environment which gives precisions on the standard h-
valley Ap(W) = (pn, mn, qn) defined Section 2.1.2. We denote

W#(x,y) := max (W(z)—W(x,2))

[zAy,zVY]

where zVy = max(z,y). Notice that the function W# represents the largest
barrier of potential we have to cross in the path from = to y. We call depth
of the valley A, (W) the quantity

D(AL(W)) = (W (pn) — W(mp)) A (W(gn) — W (mp))
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and inner directed ascent the quantity
A(ALW)) := W (pn, mp) V W (qu, mp).

Note that the above notions have already been introduced by Sinai [74], Brox
[17], and Tanaka [87|. According to Brox, we have the following lemma.

Lemma 2.2.4. There exists a subset w of W of P-measure 1 such that for
any W € W, the standard 1-valley Ay (W) := (p1,m1, q1) satisfies

A(A(W)) <1 < D(A(W)).
Throughout this Section we write p, m, ¢, D and A for respectively m4 (W),
(W), (W), D(A(W)) and A(A(W)).

Figure 2.2: Example of 1-standard valley with its depth and its inner directed
ascent.

We can now state the main result of this section:

Proposition 2.2.5.
Let W e W, r € (0,1) and h be a function such that lim h(a) = 1, then

a——+00
for all 6 > 0,
lim P(
a——+00

g):l

where a, and b, are defined in Theorem 2.1.3 page 29.

ox., (eah(a) ’ m)

; —1
eah(a) far e—Wm(z) dr

To lighten notations, in the rest of the paper we denote,

br
g(a) ::/ e~ WnWdy > 0.
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Proof. We assume that m > 0, we get the other case by reflection, note that
we work at fixed W which belongs to W. We follow the same steps of the
proof of Proposition 2.2.1: we decompose o, (¢ m) into two terms,

ah(o) ah(a)

ox. (e ,m) =T7x,(m) + (ox, (e ,m) — 7x,(m)) .

The first one 7x_ (m) is treated in Lemma 2.2.6, we show that its contribution
is negligible comparing to g(a)e®®. Then thanks to the strong Markov
property, it is enough to prove that ox, (e, m)/g(a)e® converge to 1
in P probability, this is what Lemma 2.2.7 tells. O

Let us state and prove the first Lemma

Lemma 2.2.6. Let W € W. For any 6 > 0,

o P e 5 2
a——+00 g(a)eah(a)

Proof. This proof has the same outline of the proof of point (i) of Lemma
3.1 in [17], however because of some slight differences and for completeness
we give some details.

By definition of the local time together with (2.14) and (2.19), the hitting
time of m can be written

)= [ L (e, ), )

— o0

— /m e_OlW(z)LB(TB(Sa(m))’Sa(z))dz’

— o0

@) [ TOLy 1)) (222

[e.e]

where §,(z) := S4(2)/Sa(m). Let n := argmax W we denote
[0,m]

Loy = Sa(m) / W L (r (1), 8ul(2))dz,

Las = Sa(m) / W L (rp(1), 5u(2))dz,
and formula (2.22) can be rewritten

T, (m) 2 Loy + Laa. (2.23)

The rest of the proof consists essentially in finding an upper bound for
[a,l and [a,2-
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We begin with 1, ;, first we prove that, with a probability which tends to 1
when « goes to infinity, the process X, does not visit coordinates smaller
than p, where p is the left vertex of the standard 1-valley defined page 27.
Thanks to this, the lower bound in the integral of I, ; will be p and not —oo,
the upper bound for I, ; follows almost immediately.

Let us define

[ :=inf{z <0/Lp(rp(1),x) > 0}, (2.24)
we claim that,
P.a.s, Jag such that Vo > ag, 8, (1) > p. (2.25)
Indeed
[9 oW @y

p

5’;1(1) >p<=12>5,(p) = —Fm——,
Jy eV @dx

moreover Laplace’s method gives
1 0 _
lim —log/ W@ dg = W(p,0) = W(p), and
a——+00 (¥ p

1 m —
lim — log/ e @ de = W(0,m) = W(n),
0

a——+0o0 (¥

Sa(p) = —exp (a(W(p) = W(n)) + o(a)),

finally according to the definition of the standard valley W(p) > W(n),
therefore

lim $a(p) = —

and (2.25) is true.
On the event {3;'(l) > p}, we have

Ty = Sa(m) / T WO L (r(1), 8a(2))dz,
< Sa(m) (TIL) — p)e*En Tilgfi Lp(mp(1), ),
moreover
Sa(m) <me*W O < (g — p)e ™,
and we get the upper bound

Loy < (g —p)*e™ max Lp(7p(1), 7) (2.26)
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where A is the inner direct ascent of the valley defined at the beginning of
this section.

We continue with 1,2, the main ingredient to get an upper bound in this
case is to use the First Ray-Knight theorem which leads to the study of an
integral involving a two-dimensional squared Bessel process: first we rewrite
I, 5 in the following way

Lz = Salm) [ W OL(ra(1),1 - 5(2))d2 (2.27)
where 1 "
= 1 _ & _ aW (x)
S5a(2) =1 = 584(2) Sa(m)/z e dz.

Let R be a two-dimensional squared Bessel process starting from the origin,
according to the First Ray-Knight theorem

(Ls(r5(1),1 = 5a(2)))zciom 2 (R(5a(2))).ciom

together with the scale invariance (£*R1)ser, w (Ri)ier, we get
t

/m €_aW(Z)R(§a(2))dZ C:W /m {e—aW(Z)ga(Z)} §a(Z)R( — 1

5a(2)

We are now able to get a preliminary upper bound for I, o:

S, (m) /n eV Os, (2)) 5a(2) R( tz

< max {e‘aw(z)/ e“W(I)dx] Sa(2)R(

)dz.  (2.28)

)dz,

~—

n<z<m

n<z<m

< (q—ppet 1 / " sa(9)R(

m-—-n

< (q¢—p)exp {a max [—W(z) + W(z,m)] } /nm 5a(2)R( ! )dz,

'

Ja

and the last inequality comes from the relation

max [-W(2) + W(z,m)] = W#(n,m) < A.

According to Jensen’s inequality and Fubini’s theorem the expectation of
(J,)? satisfies




End of the proof of the Lemma: using (2.23), we obtain for all o > 0

TX (m) ]a 1 -+ Ia 2
p- 2 5 p(lel T a2
(g(a)eah(a) — 6) <g(a)6ah(a) — 6) ’
I, o I.- )
>P| — <= > Pl———< -] -1
> P (o <5570 20) + P (it <)

For the first term in the above expression, (2.26) yields

I, 5
— < — > >
r <g(a)€“"( ) =27 o ()2 p) -

P (e Lara(1).2) < Gla)  551() 2 ) 231)
where 5a(e)
glo alh(a)—A
G(a) = T eohle)=A),
@) 2(q — p)?
By Laplace’s method we know that hrf % =0, so g(a) = €@ there-
fore as lirJIrl h(a) =1 > A, G(«) tends to infinity when a does. Using that

y — Lp(tg(1),y) is P-a.s. finite and (2.25) we get that (2.31) tends to 1
when « goes to infinity.
For the second term we collect (2.27), (2.28) and (2.29), we get

I,o )
Pl—7=>5) <P ;
(g(a)eo‘h(a) > 2) < P (J, > G(a))
then by Tchebytchev’s inequality and (2.30)

Bl _ 8
(G@)? ~ (Gl

P(J,>G(a) <

by using once again that G(«) tends to infinity we get the Lemma. O
Next step is to prove

Lemma 2.2.7. Let W € W. For any 6 > 0,

fm p(|ZEEm) s C
a—+o0 g(a)eah(a)

ah(a)

40



Proof. Just like for the proof of Lemma 2.2.3 we assume without loss of
generality that m = 0, as a consequence oym (e, m) = oy (e*"®) and
we simply have to establish that :

ah(a)
lim P(Mq)ga) = 1. (2.32)

glajea )
In the same way we get (2.22), one can prove that

—+o0
o, (7)) &Y can(e) / e~ W@ [ (05(1), 5a(z))dz, (2.33)

—00

recall that 5,(y) = Sa(y)e ™). The rest of the proof is devoted to estimate
the integral and the main difficulty is to get the upper bound.
We begin with the lower bound, we easily get that

~+o00 br
/ W L(op(1), Fa(r))da > / e Ly(op(1), Fulz))do,

> inf Lgp(op(1), a),
= ye[Fa(ar) Fa(br) z(o5(1),y)g(e)

where a, and b, are defined at the end of Theorem 2.1.3, therefore

ah(a)
P (M > 1_5) >

glajesrt@) =

P (ye[%(inf Ly(os(1),y) >1— 5) . (2.34)

ar),8a(br)]

Also we recall that » € (0,1) therefore we can prove easily by using the
Laplace method that lim, .o So(a,) = limy 100 So(b.) = 0. We conclude

by noticing that P — a.s., lirJIrl infyeis,(a) 5.6 LB(op(1),y) = 1, thanks to

the continuity of the function y — Lg(op(1),y) at 0.

We continue with the upper bound. First we use the same idea of the proof
of Lemma 2.2.6 when we had to deal with I,;: we establish that with a
probability which tends to 1 as « goes to infinity, X, does not exit from the
standard valley (p,m,q). Define

L:=inf{zx <0/Lg(op(l),x) >0},U :=sup{x > 0/Lg(op(l),z) >0},
we claim that,

P —a.s. Jag, Ya > ag,p <35, (L) <0 <35, (U) <q. (2.35)
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Indeed, we have

0
§;1(L) Z p < L Z ga(p) — _6—06h(a) / 6aW(x)de’
p

and by Laplace’s method we get 5,(p) = —e®WE)=h(@)+ola) Tt follows from
the fact that W € W and 1iri1 ha) =1 < D < W(p) that lim,—, 1« Sa(p) =

—00, P-a.s.. In a similar way we obtain lim, .. S,(¢) = +00, P-a.s. and
(2.35) is satisfied.
On the event {p < 5;(L) <0 < 5,%(U) < q}, we can write

67

/_+°°e_aW ) L(op(1), / WO L (05(1), 5a(z))da

o0

+

br
/ e W= LB (o(1),Sa(x))dx
+/b e OCW(I)LB(O'B(l),ga(ZL'))dZL'.

We only have to found an upper bound for these integrals, first we have

/ar e‘aW(x)LB(UB(l),ga(x))dzv + /bq e_O‘W(I)LB(UB(l), So(x))dz

< (¢ —p)exp(—a min W(z)) sup Lp(op(1),y)

where I, := [p, a,] U [b,, ¢], and moreover

by by
/€_aW(m)LB(UB(1)>§a(fL"))dJ?S sup LB(UB(l)ay)/ e W@ dy,

y€lSalar),5a(br)]

=g(@) sup  Lp(op(l)y).

y€lsalar),5q(br)]

Therefore, assembling the last two inequalities and the equality in law (2.33)

ah(a)
p(M_1§5> >

g(a)eh®

Pl s Lplos()y) =1+ P emamni W g 1 (0p(1), ) < 6
yElFa(ar)3a(br)] g(a) JER

p<3(L)<0<35Y(U) < q). (2.36)
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By hypothesis » < 1, so liIP Sala,) = liIP Sa(br) = 0, moreover y —

Lp(op(1),y) is P-a.s. continuous at 0, it follows

lim sup Lp(op(1l),y) =1 P-as.
a—+o0 y€[§a (ar)7§a (br)]

We also know that lim % = 0, moreover according to the definition of

a——+00

W, mlan(x) > 0, and finally sup,cg Lp(op(1),y) is P-a.s. finite, so
rely

. (9—P) —amin, w
lim e" M Wosup Lg(og(l),y) =0 P-as..
ararioiy g(Oé) yeg B( B( ) y)

Putting the last two assertions together with (2.36) we get the upper bound
and finally the Lemma. O

2.3 Proof of the main results

One of the key result of this paper is Theorem 2.1.3, the other results
can be deduced from that theorem together with estimates on the random
environment, so we naturally start with the

2.3.1 Proof of Theorem 2.1.3

We begin with the asymptotic behavior of Ly, within a deterministic
interval of time :

Proposition 2.3.1.
Letr € (0,1), W € W and h a real function such that lim h(a) = 1. For all

g):l.

Proof. Let 6 > 0, and f: R™ — RT such that lim f(«) =1, define

a——+00

6 > 0, we have

br g
L (e, m + ) fo, e W dy

eah(a) e—aWm(z) -1

Q=400 ar<z<br

lim P( sup

eoef(a) —aWp, (z)

L af(a)
Aa s ::{ sup Xa (00 (€ ’m)’m+x)—1’§5}

ar<z<b,

Ba’f = {

and

af(e)
ga)eat
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where, as in the previous section, g(a) = ffr e~ *WnWdy. We also define two

functions

h* (@) = h(a) — o~ log (g(a)(1 - 9)),
h™ (@) == h(a) — a”log (g(a)(1+4)).

On B, »+ the following inequality holds:
aht(a)

(1= 8)g(a)e™ ),

eah(a)

ox, (e ,m)

AV,

Y

moreover in its first coordinate the local time is an increasing function, there-
fore on A, p+ N By p+, Vo € [a, by,
Lx. (™ m +2) < Ly, (ox. (€™ @ m), m + z),
< eath(a)—an(x)(l + 5)7
6ah(a)—an(m) 14+6
g(a) 1—-46

IN

In the same way, on A, - N B, - we obtain
eah(a)—an(x) 1—4§

g(a) 1+6°

Lx, (eah(o‘), m+z) >

By Laplace’s method, liIP % =0, so h" and h~ tend to 1 when «

goes to infinity and we can apply Propositions 2.2.1 and 2.2.5, finally

lim P (Agp+ N Bapt N Agp- N Bap-) =1

a——+00

and the proposition is proved. O

We turn back to the proof of the Theorem, notice that the difference between
Theorem 2.1.3 and Proposition 2.3.1 above is the process itself: one deals with
X whereas the other deals with X,. To finish the proof we need to show that
thanks to Lemma 2.1.4 we can get the theorem from the proposition.

Let a > 0, recall that Wo(.) := a~'W(a?:). First, remark that for all
Wew,

mi(We) = a*mu, (W),
aT(Wr?;l(Wa)) = a_2aar(Wma(W))>
b ( ﬁl(wa)) = a_zbar(Wma(W)>v
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and for any = € R,

o 1
I/Vm1 (W) (ZL’) = ana (W) (Oé2l’) .

(87

Now replacing t by a~*e® in the second part of Lemma 2.1.4 page 31, we

obtain for all W € W,

z€R

1
(LX(aWa7.)(Oz_4ea, mi (W) + oz_zsc))meR fw ( Lxw, (e, ma(W) + x))
Therefore, for any a« >0, d >0 and W € W,

a?
P( sup <5> =
aar <z<bar

a?by  _aWe (a2
LX(aWa7~)(OK_4€a7m1(Wa) + ) foc2a7n oW ( y)dy s
—aWg, ()

ba’r —
LX(Ww)(eaama(W) + ) f e Wma(y)dy

Aar o 1
e e—WMa (z)

Pl sup —
ar<z<b, a “e e

Moreover, for all a > 0, P is invariant under the transformation W — W,

we get that
P < sup < 5) =
aor<x<bor
b,
Lxawn(a e, my(W) +z) [, e ®Wm®d
IP’( sup X (i (W) ) Jos Y <9
ar <z<br

a—4ec ; e—Wm, (z) -1
and we recall that P =P ® P. To finish the proof we notice that P(W) = 1,
—4 o

ate® = ¢2(1-318¢) and  lim (1 - éloga) = 1, so applying Proposition

a——+00

2.3.1 we get Theorem 2.1.3. [J

As we said at the beginning of the section, once Theorem 2.1.3 is proved,
we get the other results by studying in details some properties of the random
environment.

Lxw,)(e”, ma(W) + ) f;ar e~ Wma W) dy
T o 1
e e Wna @)

2.3.2 Proof of Theorems 2.1.1 and 2.1.2

Denote m*(t) := min{x € R, Lx(z,t) = L% (t)} the (first) favorite point
of the diffusion at time ¢. D. Cheliotis has shown in [20] that

m*(e%) — myq .

t—o0
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Then, for any r € (0,1) as limg_ {00 Mo — Gor = liMg_ 400 bar — M = 00, the
processes L (e®)/e® and supy,, ;. ;Lx(e®, )/e* have the same limit in law
and Theorem 2.1.1 is a straight forward consequence of Theorem 2.1.2. So
we are left to prove Theorem 2.1.2. The main ingredients to get this theorem
are Theorem 2.1.3 and Lemmata 2.3.2 and 2.3.3 below. We begin with the
proof of the first Lemma:

Lemma 2.3.2. For allr € (0,1), P-almost surely for all a, <a <0 <b<

b., we get
by b
/ e_O‘W'”l(y)dy ,\jr / e—awml(y)dy

Proof. For any W € W,

by b a by
/ e_anl (v) dy _ / e_anl (v) dy — / e_aWWn (v) dy + / e_anl (y)dy
ar a ar b

< (br . ar)e—aminl Wiy
where I := [a,, a] U [b, b,]. Moreover, by Laplace’s method,

1 br
lim —log/ e~ Wm Wy = — min (W,,,, ).

a—+00 (¥ [ar ,b'r}

As a, < 0 < b,, this minimum is equal to 0, thus f;: e~ Wmi W) dy = €2 and
S0,
J"b'r- e—aW'rnl (y) dy _ fb e—aqu (y)dy

Qr
fbr —anl y

And for any W € W ming Wy, >0, then letting o go to infinity we obtain

the equivalence for any W € W. As P(W) = 1, this implies the result of the
lemma. O

< (br o CL7«>€_aminI Wml—l—o(a)'

Now, the proof of the theorem will be finished once we will have shown

Lemma 2.3.3. For any positive constant K and for any bounded continuous
functional F' on C(R,R) such that F(f) depends only on the values of the

function f on [—K, K],
o—Wrma R

a Fl-—s——-+—11|. 2.37

<J:f(w e_Wma(y) dy) <f—oo 6_R(y) dy)] ( )

We recall that

Ve € R, R(z) := Ri(2)1{z0) + Ra(—2) a0},

lim E

a——+00

=K

Ry and Ry being two independent 3-dimensional Bessel processes.
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Proof. According to the scaling property of Brownian Motion,

P | [ _eme
fabm e WmaW)dy N a2 f;r e=aWmi (W) dy .

So, thanks to Lemma 2.3.2, denoting

E

=N a v ifmy >0 by A0 ifmy <0’

e—R
F ﬁ .
f_oo e~ (y)dy

This can be done using exactly the same arguments as in the proof of Lemma
3.2 in Tanaka [87]. Therefore we will not present a proof here. O

N {ar 1fm1<OandBr::{br if mi >0

it is enough to prove that

e—anl(a’Z-)
lim E | F =K

=00 2 b g—aWa, (v)
a? ["e 1W)dy
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Chapitre 3

Temps local en milieu Lévy stable

3.1 Introduction.

Let (V(z),z € R) be a real-valued cad-lag stochastic process such that
V(0) = 0. A diffusion in the environment V is a process (X (V,t),t > 0) (or
(X(t),t > 0) if there is no ambiguity on the environment) whose generator

given V is
1 V(x) d V() d
2 dr \© dr )’

Remark that if V' is almost surely differentiable and V’ is bounded, then
(X(t),t > 0) is the solution of the following SDE:

{ AX (1) = dB(r) — V(X (1),
X(0)=0

where (3 is a standard Brownian motion independent of V. Historically,
this model has been introduced by Schumacher [69]. It was mainly studied
when the environment V' is a Brownian motion (Brox [17] and Kawazu and
Tanaka [49] ), a drifted Brownian motion (Kawazu and Tanaka [50], Hu,
Shi and Yor [45], Devulder [26] and Talet [84] ) or a process which has the
same asymptotic behavior as a Brownian motion(Hu and Shi [41, 40]), this
last case allows to study the discrete analogue of the diffusion in a Brownian
environment, the so-called Sinai’s random walk. More recently, general Lévy
environments have been studied by Carmona [18], Tanaka [89], Cheliotis [19]
and Singh [76].

The local time process (Lx(t,z),t > 0,z € R) is defined by the occupa-
tion time formula, i.e., it is the unique process, almost surely continuous in
the variable t, such that for all bounded Borel function f and for all £ > 0,

/Of(Xs)ds:/Rf(x)LX(t,x)dx. (3.1)
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The existence of such a process can be easily proved, see e.g. Shi [71]. In
the Brownian case, the local time process was largely studied see e.g. Hu
and Shi [41, 42|, Shi [71], Devulder [27] and Andreoletti and Diel [7]. In
this paper, we generalize the result of [7|] to the Lévy environment case.
However several difficulties arise: contrary to the Brownian motion, the law
of a Lévy process is not stable by time inversion; moreover the processes
(V(z) —infocy<. V(y), 2 > 0), (supg<y<, V(y) — V(z),2 > 0) and |V| do not
have the same law.

In what follows, we focus on the local time of the diffusion when the
environment V' is an a-stable Lévy process on R. We say that V' is a-stable
if there exists a > 0, such that for all ¢ > 0

I~

(c"'V(c*z),z € R) = (V(x),x € R)
where £ is the equality in law. And V is an a-stable Lévy process if on top
of that it is a Lévy process on R.

One of the main results of this paper is the convergence in law of the
supremum of the local time

Vt >0, L%(t)=supLx(t, x)
r€R

which measures the time passed by the diffusion in the most visited point.

We next recall the notion of valley introduced in the Brownian case by
Brox [17] (see also [60]). Denote by V the space of cad-lag functions w : R —
R, endowed with the Skorohod topology (the space V is then Polish). Let
¢ >0, w €V has a c-munimum in the point z if there exists ¢ and ( such
that £ < 2y < ¢ and

— w(&) = (w(zo) Aw(xo—)) + ¢,

- w((—) > (w(zog) Nw(xp—)) +¢ and

— for all z € (&,(), © # xp, w(z) ANw(r—) > w(xo) Aw(To—).
Analogously, w has a c-mazimum in xq if —w has a c-minimum in zy. Denote
by M.(w) the set of c-extrema of w. If w takes pairwise distinct values in
its local extrema and is continuous at these points, then we can check that
M. (w) has no accumulation points and that the c-maxima and the ¢-minima
alternate . These assumptions are verified for a-stable Lévy processes with

€ [1,2]. Thus there exists a triplet A, = A.(w) = (p., M., q.) of successive

elements of M, such that

— m, and 0 belongs to [p, ./,

— p. and ¢, are c-maxima,

— m, is a c-minimum.
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This triplet is called the standard valley with height ¢ of w. The stability of
the environment V' allows us to reduce the study of a valley with height ¢ to
a valley with height 1.

In the following, we denote

(wH(z), 2 >0) = (w(z),z >0) , (w (z),2>0)=(w((-2z)-),z>0).
(3.2)
Our main result gives the limit law of the local time process recentered
on the minimum of the standard valley with height logt.

Theorem 3.1.1. Let V be an a-stable Lévy process with o € [1,2] which is

not a pure drift.

LX (ta mlogt + l’)
t

As t — oo, the process < T € R) converges weakly in the

~V(x) .
Skorohod topology to the process <f’°e—\7(y)d’x € ]R). The law of V s
0 € Y

P and under I@’(dw), wT and w™ are independent, and distributed respectively

as P! and IAP)T,Awhere P' is the law of the Lévy process V' conditioned to stay
positive, and P! is the law of the dual process V= conditioned to stay positive.

Moreover, we obtain the localization of the favorite point m*(¢) of the
diffusion X.

Theorem 3.1.2. With the same assumptions as in previous theorem, for
any 0 > 0,
lim P (|m*(t) — myege| <9) =1

t—-4o00
where m*(t) = inf {z € R, Ly(t,z) =sup{Lx(t,y),y € R}}.
The previous theorems imply the following corollary.

Corollary 3.1.3. With the same assumptions as before, we get

Lx(t) ¢ 1
t t—o00 ffooo e_‘N/(y) dy

=~ : : c
where V' is the same process as in the previous theorem and — denotes the
convergence in law.

Proof. Recall that a Lévy process is continuous in probability. Thus, for any
x>0,
P(V(z) =V(z—) and V(—z) = V((-z)-)) = 1.
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Fix 0 > 0. Theorem 3.1.2 shows that it is sufficient to study the supremum
of the process x — Lx (¢, Mgt + x) on the compact set [—4,0]. Proposition
VI.2.4 of [46] tells us that the function F' +— sup|_;5 F' defined on V is
continuous for the Skorohod topology for F' such that F(£d) = F((+6)—).
From Theorem 3.1.1 the result follows. O

The proof of Theorems 3.1.1 and 3.1.2 is based on the study of the law of
the environment. Indeed, for large times the diffusion is located in a valley
whose right slope looks like the Lévy process VT conditioned to stay positive
and the left slope like V'~ conditioned to stay positive (see Proposition 3.2.2
for a rigorous statement). And, for large ¢ its local time process, normalized
and centered at myoy, behaves like e " ™ost / i e~ ™ozt where Vinoge 18 the
environment recentered at my,g; (see Theorem 3.3.6 for more details).

The law of the valley has already been obtained by Tanaka [85] in the spe-
cial case of a Brownian environment; in this case, the right and left slopes are
both 3-dimensional Bessel processes. In [89], Tanaka proved similar results
in the Lévy environment case.

This paper is organized as follows. In Section 3.2, we define the envi-
ronment V' and we give the asymptotic law of the standard valley V on R,
(Proposition 3.2.7) and in Section 3.3, we prove the convergence of the local
time: Theorem 2.1.2 is a consequence of Theorem 2.1.3 and Proposition 3.3.8
and we also show the localization of the favorite point: Theorem 3.1.2 is the
last statement of Theorem 2.1.3.

3.2 Standard valley of a Lévy process.

3.2.1 Lévy process on R.

A V-valued random process V' is a Lévy process on R if its increments
are independent and stationary (see [18]) i.e.

1. V(0) =0,

2. if xg < 1 < --- < x, are real numbers, then the random variables
(V(xig1) — V(2),0 < i <n—1) are independent,

3. for all z and y, the law of V(z + y) — V() only depends on y.
Denote by P the law of the Lévy process V.
Remark 1. An equivalent definition of a Lévy process indexed by R is given

by Cheliotis in [19]: let (VT (t),t > 0) be an R-valued Lévy process starting
from 0 and (V~(t),t > 0) a process independent of V't and with the same
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law as =V, we define (V (t),t > 0) by
vVt € R, V(t) = 1t20V+(t) + 1t§()V_((—t)—). (33)

This process has cad-lag paths and satisfies the three assumptions of the pre-
wous definition. Conversely, if the three assumptions hold for a process, then
it can be decomposed in two Lévy processes as in Formula (3.3).

Define V' the infimum process of VV* and V" the supremum process: for
any t > 0, V7(t) = infoeye, VH(s) and V' (£) = supge,e, V¥ (s). Let N be
the excursion measure of the process V* — V' away from 0. We denote by
L alocal time of V¥ — V¥ in 0 and L7Y(¢) = inf{s > 0; L(s) > t} its right
continuous inverse.

Denote by V' the set of cad-lag functions w : R, — R endowed with the
Skorohod topology. For ¢ > 0 fixed, we define the first passage time above a
level ¢ of w and the last previous time in which w reaches 0: for all w € VT,
T.(w) = inf{t > 0;w(t) > ¢} and n.(w) = sup{t < 7.(w);w(t) =0 or w(t—) =
0}. We then denote
Th =1, (V+ — KJ’) ,m = n. (V+ — KJ’) and

C

T = (VHmE) +¢) vV (m)).

Similarly, we define analogue variables 7, m_ and J_ using the process V™.

Figure 3.1: Standard valley with height ¢

Remark 2. We show that the minimum of the standard valley with height
¢ defined in the introduction satisfies m. = mt if J& < J. and m, = —m_
otherwise (see [52] for a proof in the Brownian case which is also true in our
case). Thus to study the process V' in a neighborhood of m., it is sufficient

to study V™ in a neighborhood of m} and V'~ in a neighborhood of m_ .
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Therefore, in this section we study the Lévy process VT defined on R
However, we still denote P its law and until the end of this section, all the
probability measures are measures on V*. In order to simplify notations, we
write V', m, and 7, for V* m} and 7.

3.2.2 Valley of the Lévy process on R,.

We say that (V(t),0 <t < 1,) is the standard valley with height ¢ of the
Lévy process on R, .

Furthermore, we say that 0 is regular for (0, +o00) (resp. for (—o0,0)) if
P(inf{t > 0;V(t) > 0} = 0) = 1 (resp. P(inf{t > 0; V() < 0} = 0) = 1).
We will only work with Lévy process for which 0 is regular for (—oo,0)
and (0,+00). Thereby we recall some properties of such processes stated
in [19], which give us the existence of the triplet (p., m.,q.) defined in the
introduction.

For w € V7, the point z; is called a left local maximum (resp. minimum)
if there exists € > 0 such that w(z) < w(xy—) (resp. w(z) > w(zo—)) for all
x € (xg — €, ). Similarly, we define a right local maximum and minimum.

Lemma 3.2.1. (/19], Lemma 3)
Let V' be a Lévy process such that 0 is reqular for (—oo,0) and (0,+00), then
P-a.s.:

1. 'V is continuous at its left local extrema and at its right local extrema,

2. In no two local extrema V' has the same value.

The point (2) of the previous Lemma gives us the uniqueness of the
minimum m, such that V(m,) = infjo; ; V. Moreover, m, is a local minimum,
thus according to point (1) the process V is continuous in m,, that means

Vim.) =V (me.—).

Remark 3. Ifw € VT is cad-lag on a bounded interval I, then there exists
x,y € I such that sup;w = w(x) Vw(z—) and inf;w = w(y) Aw(y—). So if
w 18 continuous at its local extrema, we get:

Jrv €I, s.t. supw =w(z) and Jy € I, s.t. irllfw = w(y).
I

The pre-infimum and post-infimum processes.

We now define the pre-infimum and post-infimum processes (V;,,(t),0 <
t <m) and (V,,(t),0 <t <1,—m.) by

Vine(t) = V((me —t)=) = V(me) and Vi, (t) = V(me + 1) = V(me).

53



When there is no possible mistake, we write V instead of V and V instead
of V . We also denote respectively IP’ and IP’ the laws of the processes V
stopped at time m, and V stopped at time TC(V).

We now study the law of these two processes. Therefore, we need the
notion of Lévy process conditioned to stay positive.

Lévy process conditioned to stay positive.

We present here Bertoin’s construction by concatenation of the excursions
of the Lévy process above 0 (see Section 3, [12]).

The process V' is a semi-martingale, its local continuous martingale part
is null or proportional to a standard Brownian motion. Denote by ¢ the local
time in a semi-martingale sense of V' at 0, see for example [61] and consider
the time passed by V' in (0, 00) and its right continuous inverse,

t
Af = / dsly(sy»o and a; = inf{s > 0; AT > ¢}.
0

We define the process V1 by

{ V(O&j) + %gazr + 20<s§a:r(0 N V(S_))]‘V(S)SO - (O A V(S—))lv(s)>0 ift < A:ov

+00 otherwise.

We denote by P! the law of the process V! and P! the law of the dual process
V = —V conditioned to stay positive.

Remark 4. We will mainly use this expression to prove that when the process
V is stable, V' is stable too.

We state some properties of the Lévy process conditioned to stay positive
(see [12]):

— P-a.s. for all t >0, V1(t) > 0,

— in the case where V' has no Brownian part, £ = 0,

— the process V' tends to +o00 as t goes to +o0.

For every process Y which is lower bounded, we define the future infimum:
for all £ > 0, Y (t) = infy>, Y'(s). For ¢ > 0, we introduce the time

] = (V1 = ).

We write P1¢ (resp. P¢) for the law of the process V! (resp. V1) stopped
at time 7.(VT1) (resp. m/).
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Valley with height c.

Unlike the Brownian case where the law of the post-infimum process is
equal to the law of a 3 dimensional Bessel process, in the Lévy case, this
law is only absolutely continuous with respect to the law of a Lévy process
conditioned to stay positive. In order to have the law of the standard valley,
we use Proposition 4.7 of Duquesne [31] and therefore we have to introduce
some notations.

For t > 0, define U(t) = —V(L7(t)) if L(cc) > t and U(t) = +o0
otherwise (recall that L is the local time of V —V in 0). The process (L™, U)
is called the ladder process, it is a subordinator. We then define the potential
measure U/ associated with U: for all measurable positive function F,

/R U(dz)F(z) = E /0 e dF(U(v))

For the excursion measure A/ and for all measurable non-negative function
fon )V, we write

N(f) = / F(0)N (dv).

Proposition 3.2.2. We consider a Lévy process V', which does not go to
+oo neither to —oo and such that 0 is regular for (0, +o00) and for (—oo,0).
Then the pre-infimum and post-infimum processes (V (t),0 <t < m,) and

(V(t),0 <t <71.(V)) are independent. Moreover

1. The law P¢ of the pre-infimum process (V(t),0 <t < m.) is equal to
the law P of the process (V1(t),0 < t < ml).
2. The law P of the post-infimum process (V (t),0 <t < 7.(V)) is abso-

lutely continuous with respect to the law PT¢ of the process (V1(t),0 <
t < 1.(V1).

More precisely, P¢(dw) = f. (w(r.(w))) PT¢(dw)

where for all x € R, ﬁ =U([0,2)) N(1.(v) < 0).
Remark 5.

1. When V is a Lévy process with no positive jumps, w(7.(w)) = ¢, PT¢ —
a.s. Thus, w — fo(w(7.(w))) is constant and equal to 1 and the post-
infimum process is equal in law to the process V1 conditioned to stay
positive.
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2. P-a.s., V is continuous in its local extrema (see Lemma 3.2.1), then if

¢ tends to +oo, using point (1) of Proposition 8.2.2, V1 and V' are
continuous at their local extrema too.

Proof of the Proposition 3.2.2. (1) We begin with the proof of the first part
of Proposition 3.2.2 and the independence of the two processes for ¢ = 1. To
simplify the notations, we will not write the index 1.

We want to express the pre-infimum process V' in terms of the excursions

of V' above its minimum and of the associated jump of V. We consider the
couple of processes (V —V, —V') and we give an expression using excursions.
We use the proof of Lemma 4 of [10], remark that the result is still true for
every Lévy process that does not converge to —oo, see Theorem 27 of [28].

In order to use excursion theory, we denote by V the set of the cad-lag
paths v : [0, 00) — Ry such that

(i) v(t) >0 for 0 <t < o(v) =inf{s > 0,v(s) =0},

(i) v(0) =wv(t) =0 for t > o(v).

We consider the excursion process of V' — V above 0 defined by:

_ [ r= (V=) + )l -r-re—y () i L)
pl(t)—{ i (0.L=1()~L " (t-) L)

and the jumps process of V defined by:
pa(t) = V(L7 (t=)) = V(L7H(1)).

Thus the process p(-) = (pi(-),p2(+)) is a ¥V x R -valued Poisson point
process (see for example [38]). Remark that p; (L(7)) is the excursion starting
from m, that is to say that L(7) is the first time ¢ where the excursion p;(t)
has a height bigger than 1. Thus, the processes (p(¢);0 < ¢t < L(z)) and
(p(t);t > L(r)) are independent. The pre-infimum process depends only on
the first and the post-infimum process depends only on the second, then these
two processes are independent too.

In order to obtain the process V', we first invert the excursions of V' — V.

A

then we invert the time in each of these excursions.

Denote by p; = (pi(L(T) — t)1icr(r) + Pi(t) Lis1(r) ;T > 0) the process p;
where the order of the excursions before L(7) is changed for i = 1 and i = 2.
The law of the Poisson point process p is stable by inversion of the order of
its excursions before L(7), we deduce the equality in law of the two processes

(P1(t), P2(t)) and (p1(t), pa(t)). B
Consider now the time inversion in the excursions defined for v € V by

ol(s) = {v((o—(v) —s)—) for0<s<o(v)

0 for s > o(v).
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Using this transformation in the previous law, we show that the processes
([p1(8)], p2(t) 5t > 0) and ([p1(t)], p2(t) ;t > 0) have same law. With the first
one we get the process V. Indeed, ([p1(t)];t > 0) is the excursion process

of V above its future infimum and (ps(t) ;¢ > 0) represents the jumps of the
future infimum of V. We now use the couple ([p1(t)], p2(t);t > 0) to get a

Lévy process conditioned to stay positive.

We recall the notations of [10], for t > 0, we use g(t) = sup{s < t;V (s) =
V(s)} and d(t) = inf{s > t; V(s) = V(s)}, the left and right extremities of
the excursion interval of V' — V away from 0 that contains ¢ and

(V =V)(d@t) +9(t) —t)—) if g(t) < d(?)

0 otherwise.

Ry-vy(t) = {

See Figure 3.2 and 3.3.

The process L is also a local time in 0 for the process Ry_y. So the
excursion process of Ry _y above 0, parametrized by L, is the Poisson point
process ([p1(t)],t > 0) and, similarly, the excursion process of

(V =Y)((m = t)=)Locrem + Ry—v(t)1zm, t > 0)

above 0 is the Poisson point process ([p;(t)],t > 0). We have an analogue
equality for the jumps associated with every excursion. Then we get the
equality in law of the processes

(V. =V)((m = t)=)Loctem + Rv-v(t)lizm,
V((m —1)=) = V(m))Logtam — V(d(t))Lizm 5 t = 0)

and (Ry_v(t), =V (d(t);t > 0)). Adding the two parts for t < m, we get:
(V(t); 0<t< m) £ (Ry_y(t) = V(d(1);0 <t <m),

See Figure 3.3 and 3.4.
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Figure 3.2: The Lévy process (V(t);¢t > 0)

4
/NS 3 g N |
o L// /\:/\/ ;

We now use Theorem 28 of [28] : the law of (Ry_y(t) — V.
under P, is P,

(d(t),t = 0)

Now we express the final time m in terms of (Ry_y(t) — V.(d(t)),t > 0).
Recall that 7 = inf{t > 0;V(¢) — V(¢) > 1} and that m = sup{t <
7;V(t) — V(t) = 0}. We define the variable 7/ = 7(Ry_y) = inf{t >
0; Ry—_y > 1}. Notice that 7 and 7’ belong to the same excursion interval of
V — V. The variable m remains stable by time inversion in every excursions
of V' —V and by the inversion of the excursions before m, then m = sup{t <

7' Ry_v(t) = 0}. We write

Y(t) = Ry-y(t) — V(d(1)).

We prove that
Ry_y(t) = ¥ (1) - Y1)

it is enough to prove that, for a fixed £ > 0, the post-infimum process Y (t) =

infs>; Y(s) is equal to =V (d(t)).

On the interval [t,d(t)), the process (V(d(s)),t < s < d(t)) is constant
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Figure 3.4: The pre-infimum process

and
inf RV V( ) RV_V(d(t)—) =0

t<s<d(t) -

then inf,<,q¢) Y (s) = =V (d(t)). The process Ry _y is non-negative and van-
ishes at times {d(t)—,t > 0} (see Corollary 1, [68]), and the process —V (d(.))
increases by jumps at times {d(t),t > 0}, then Y (¢) = inf;<scq¢) Y (s) and
so Y (t) = =V (d(t)). We deduce that a

m = sup{t < 7Y (1) — Y1) = 0}.
Finally, under P, the law of the process (Ry_v(t) — V(d()))<;<,, 15 the

law of the process Vi stopped at time /! and the point (1) is proved.

(2) Now we consider the post-infimum process. Let F' be a bounded
measurable function on V*. We can write

E°[F ()] = N (F (v(- A7) [re(v) < 00).
We use Proposition 4.7 of [31]: for all bounded measurable function G on
v+,
E[Gw)] =N (G (v(- A7) U ([0,0(7))) I7e < 00) N (7e(v) < o0)

- (S ) < o)

where we recall that for all v € Ry, 7 [0,2)) N(7.(v) < 00). Using

U
the function G(v(-A7.)) = F (v(- A Tc)) ( ( <)), we obtain the second point
of the proposition.

O
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3.2.3 Stable Lévy process

Definition 3.2.3. (/13/, Section VIII)
The Lévy process V is stable with index o € (0,2] if, for all ¢ >0

(W (1), t > 0) £ (V(1),t>0).

For a € (0,1) U (1,2), the Fourier transform of an a- stable Lévy process
Vis: forallt >0 and forall A\ € R, E [ei)‘v(t)] = e W with

PO = KA (1= 18 sgn(\) tan(5H))
where k> 0 and § € [-1,1].
The Lévy measure of the process V' is absolutely continuous with respect to
the Lebesgue measure, it can be written as follows:

m(dr) = ¢ M odr + ¢ 27 M, ode

where ¢ and ¢~ are positive numbers non equal to 0 together and such that
In the quadratic case (o = 2), V' is a Brownian motion and its character-
istic exponent can be written ¢(\) = kA? where k is a positive number. The
Lévy measure is then trivial.
In the case @ = 1, V is a Cauchy process and ¥(\) = k|A| + id\ with
k > 0 and d € R. The Lévy measure is then proportional to z~2dz.

Remark 6. If the process V is «a-stable, then the pre-infimum processes
( _1V e, t > 0) and Vi, (stopped at correct times) have the same law.

This also holds for the post-infimum processes (c_lec(cat),t > O) and Vi, .

Lemma 3.2.4. Let V' be an «-stable Lévy process which is not a pure drift.
Then V' 1s recurrent if and only if o > 1.

Proof. We use a condition of recurrence given in [13], Theorem L.17: V is

recurrent if and only if |7 R [ ] d\ = +o00 where R|z] is the real part of

P(A)
the complex number z.

Fora=1, [ kzi‘;' AQ d\ = +o00 because k # 0.

For a # 1, f_r NG (1+ﬁ2tan2(% d)\ < 400 if and only if o < 1. O

Then we use a stable Lévy process with index o € [1, 2] and which is not
a pure drift. We need others properties for V', mainly to use the results of
Section 3.2.2.

60



Lemma 3.2.5. Let V' be a stable Lévy process with index o € [1,2] and which
is not a pure drift. Then,

— 0 is regular for (0,+00) and for (—o0,0),

- P-a.s., litmfupV(t) = 400 and l}LnJrigofV(t) = —00.
Proof.

e Rogorzin criterion (see Prop. VI.11 of [13]) gives a necessary and suffi-
cient condition to have the regularity in 0:

1
0 is regular for (0, +00) (resp. for (—o0,0)) if and only if/ tP(V(t) >
0
1
0)dt = +oo (resp. / B (V () < 0)dt = +00).

Remark, using t(l)rle stability property of V', that P(V(¢) > 0) does not
depend on ¢t. Moreover this probability is positive if V' is not a pure drift,
see [13], VIII.1.

With the previous criterion, 0 is regular for (0, +o00) and for (—oo,0).

e We have [Tt 'P(V () > 0)dt = [“t'P(V(t) < 0)dt = +o0, this
implies that P-a.s., limsupV(t) = 400 and liminfV(t) = —oo, see [13],

t——+o00 t—+o0
Theo. VI.12.
O

Lemma 3.2.6. We consider a stable Lévy process V' with index o € (0, 2].
Then the process V1 is an a-stable process.

Proof. In the case where o = 2, the stable Lévy process V is a standard
Brownian motion, VT is a 3-dimensional Bessel process (see [59]) and then is
stable with index 2.

If o € (0,2), the stable Lévy process has no Brownian part. Recall that
af is the right continuous inverse of Af = [ 1y(s=ods. These two processes
are stable with index 1. We use the definition given in Section 3.2.2:

VI =Vieh) + > (0VV(s—)) Lygo — (0 A V(s—)) Lys)so.

0<s<a

We deduce that the process V! is stable with index a.
O

Proposition 3.2.7. We consider a stable Lévy process with index o € [1, 2]
and which is not a pure drift. When ¢ converges to +00:

1. the law P¢ converges weakly (in the Skorohod sense) to the law P'.

2. the law P° converges weakly (in the Skorohod sense) to the law PT.
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To prove the second point, we need the following lemma.
Lemma 3.2.8. We fix ¢ > 0 and we define
o.=0.(V)=inf {t >0/VI(t) = V'(t) =0 and Is < t,V'(s) = VI(s) > £} .
Then the process (V| (t),t > 0) = (V(o.+1t) —V1(0.),t > 0) is indepen-
dent of the process (VT(t), 0<t< 06) and its law is given by PT.

Proof. Thanks to Theorem 28 of [28], the law of the process Ry,_,, + V (d(-))
is P! (where R and d are defined like page 57 but using the process V — V).
It is enough to prove the result in the case where V! = Ry, +V(d(+)). But
in this case, 0. can be written as

o. =inf {t > 0/V(t) = V(t) =0and 3s < t,V(s) — V(s) > ¢}

then o, is a stopping time for V.

Thus the process (V. (t),t > 0) = (V(o.+t) —V(o.),t >0) is a Lévy
process with law P independent of (V(¢),0 <t <o.). We can check that
V5L(t) =Ry, v, (t) + V,.(d(t)), this proves the Lemma. O

Proof of Proposition 3.2.7. (1) Thanks to Proposition 3.2.2, the laws of (IEC
and P1¢ are equal. When ¢ — oo, Pl-a.s., /! tends to infinity, then (IEC = Pre
converges to P,
(2) Now we prove that for a continuous bounded function F' in the Skorohod
topology such that F(w) = F(wli—g k]), we have

lim E° [F(w)] = E! [F(w)].

C—00 —

As P-a.s., lim, o Te(Vin.) = 00, so lim, o, P(K < 7.(w)) = 1 and thus

Cllrgo @C [F(w)] = Cllrgo @C [F(w), K < 7.(w)].
We first use the stability of V. Thanks to Remark 6,
I_E)C [F(w), K < 71.(w)] = I_E)l [F (cw(c™™)), K < *ni(w)],
=E' [F (cw(c™™)) fi (w(n)), K < 71 (w)]

where we use the result (2) of Proposition 3.2.2, for the second equality.

We now prove the asymptotic independence of F' (cw(c™*)) and f; (w(7))
under P'. Then we express these two terms with respect to the processes
(w(t),0 <t <o.) and (w(t),o. <t) where, for € > 0, we recall that:

0. = 0.(w) =inf {t > 0/w(t) —w(t) = 0 and Is < t,w(s) —w(s) >} .
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Figure 3.5: The process V'

Fix € > 0, remark that

CliljrnOOIP’T (K <c%my) = cliljrnooIP’T (K < %) =1.
Then K < ¢®7 can be replaced by K < ¢“o..

Moreover, P'-a.s., lim._,o 0. = 0. Indeed, if there exists 6 > 0 such that for
alle > 0, 0. > ¢, then the excursion of w—w containing time ¢ is the first one.
And this is PT-a.s. impossible because 0 is regular for the process V. Thus
lim, o P! (6. < 71) = 1. By conditioning with respect to (w(t),0 <t < o.)
and using that {o. < 7/} = {Vt < 0., V;| < 1} is measurable with respect to
(w(t),0 <t<o.), we get:

E' [F (cw(c™™)) fi (w(r)),c K < 0. < 71 (3.4)
= E' [F (cw(c™™) Leekzoen B [fi (@(m) | @(®),0 <t <0)]].

We compute the limit of the conditional expectation when e converges to
0. When 0. < 7, we can write w(71) = w(0:) + Wo. (T1—w(o.)) Where w,, is
the path starting from o, : (w,.(t),t > 0) = (w(o: +t) —w(0o:),t > 0), see
Figure 3.5. Thanks to Lemma 3.2.8,

B[ (o) 00,0 < £ < )] = (o)

where x(z) = E'[f; (v + w(71_,))] . Remark that P'-a.s, lim. qw(o.) = 0.
We now prove that Pl-a.s., lim, .;_ w(7,) = w(m): Pl-a.s., w is continuous at
its local extrema (see (2) of Remark 5). Thus, thanks to Remark 3, Pl-a.s.,
SUpy ) w is attained in a point o € [0, 71] and w(zo) < 1.

If xyp = 7, then w(r) = 1 and lim, ;- 1 — w(7,) < lim, -1 —y = 0.
And if yp < 7, then w(xy) < 1 and then, for 1 — y small enough, 7 = 7,
thereby lim, .;_ w(7,) = w(m).

63



Moreover, in the case where V' is a stable process with index « € [1,2),
an explicit expression of U is given in Example 7 of [29]:

ap
U(|0,2)) = ——— where p =P(V(t) > 0) does not depend on ¢.
(0.2)) = Fay gy Where p = B(V(1) 2 0) b
Thus using the expression of f. given in Proposition 3.2.2, we get:

B F(ap+1)
hilz) = PN (11 (w) < 00)’
then f; is continuous on R* and
B! [f: (w(n)) | (1,0 <t < 02)] = lim x(w(02)) = B [fy (w(r))]
=1,Plas., (3.6)

(3.5)

because fi (w(71)) is the density of P! with respect to P!

Using the stability of the process V1 given in Lemma 3.2.6, we get that
for all ¢ > 0,

E' [F (cw(c™™))] =E'[F (w)]=E[F (V].
So to prove the proposition, it is enough to show that

lim lim [E" [F (cw(c™)) Leag<o X (W(02)) Lo.cr, | — BN [F (cw(c™))]| = 0.

e—0c—o0

We introduce E! [F (cw(c™®")) 1e-ak<,.], and we get the following upper
bound :
‘ET [F (cw(c_o‘-)) 1ok <o X (w(0e)) 105<TJ —E' [F (cw(c_o‘~))] } <

E' [|F (cw(c™™)) Le-aicso, (x (0(02)) Lncn = D[] +

ET HF (C(U(C_a')) (1C*O‘K§UE — 1)H .

For ¢ fixed, we have lim._, ;o P! (¢"®K < 0.) = 1. Then for the second part,
we get :

lim E' [|F (cw(e)) (Lewien — D] < [Fll Im E [[Logzq, — 1] =0

C— 00

and for the first part, we have :
TE' [|F (cw(e™)) Levnzn (1~ x ((02) Lo.cn)]]
<P E 1 = x (w(02) Lo<n ]

Let ¢ tends to 0, we have Pl-a.s, lim. o0, = 0 and we use (3.6) to get
the convergence :

lim lim E' [|F (cw(c™®)) lemag<o. (1= x (w(0.)) Lo.cr)|] = 0.

e—0c—o00

This completes the proof. O
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3.3 Diffusion in a random environment

3.3.1 Asymptotic behavior of a diffusion in a stable en-
vironment

We suppose that the diffusion X in the random environment V' is defined
on a probability space (2, F,P) and we write, as previously, P the law of V.
But we take a general case for the environment: n all this section, we only
suppose that V' is an a-stable cad-lag process on R (o > 0) and not necessary
a Lévy process. We will prove that the asymptotic behavior of Ly, the local
time of the diffusion, depends only on the environment.

We first give some properties of X. We can prove (see for example [72])
that there exists a Brownian motion B independent of V' such that P-a.s.,

Vi >0, X(V,t) =S, (B(T,'(t))) (3.7)

where

Ve e R, Sy(z) ::/ eVWdy
0

and t
W0, Ty(t) = / VB g
0

In order to simplify the notations, we write S and 7" respectively for Sy and
Ty, when there is no confusion. From Formula (3.7) and the occupation time
Formula (3.1), we deduce an expression of the local time process of X using
the local time process Lp of the Brownian motion B. For all z € R and all
t >0,

Lx(t,z) = e V@ Lg(T71), S(z)). (3.8)

To study the asymptotic behavior of the diffusion, we first work in a
quenched environment.

As Brox in the Brownian environment case (see [17]), we introduce the
process X.(V,t) := X(cV,t). For all z € R, we write V¢(z) := ¢ 'V (c*z).
There is a direct link between the law of X, and the law of X:

Lemma 3.3.1. For every fized ¢ , conditionally on the environment V', the
processes (¢ X(V,c**t);t > 0) and (X.(V°,t);t > 0) have the same law.

Proof. We can easily check the result with Formula (3.7). O

With the definition of the local time (Formula (3.1)), we get an analogous
relation for the local time processes:
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Corollary 3.3.2. For every fixed c, conditionally on V', the local time pro-
cesses (LXC(VC,.)(t,x);t >0,x € R) and (c_aLX(Vv.)(czo‘t, cr);t >0,z € R)
have the same law.

We will first give a convergence result for the process Ly, and then we will
deduce a convergence result for the process Ly. The asymptotic behavior of
Ly, with a quenched environment can be only described with respect to the
environment if this one is a "good" environment in the sense of the following
definition:

Definition 3.3.3. We call a good environment every path w € V that checks

1. limiinfw(:c) = —o00 and limsupw(z) = 400,
T—L00 r—+00

2. w 1s continuous at its local extrema and the values of w in these points
are pairwise distinct.

Denote by V the set of good environments.

Remark that if the paths of V are in V, then the minimum m.(V) of the
standard valley with height ¢ (see page 49) is well defined.
Then we can define, for every ¢ > 0 and every r > 0,

Aoy = Qer(Vin,) == sup{z < 0/Vy.(z) > cr} and
ber = ber(Vin,) :=inf {x > 0/ Vi (z) > cr}

where for € R, (V,(y),y € R) is the recentered environment in z: for all
y € R,
Valy) = V(z+y) = V(x).

Now we can give the result in a quenched environment. We denote by Py
the probability measure P(:|V).

Proposition 3.3.4.
We fix a real number r € (0,1) and we choose an R-valued function h such
that lim h(c) = 1. If V is a good environment, then for all § > 0,

br e
LXC(ech(c)’ml +x> far e le(y)dy

ckinoo P (ariligbr echlc) e~V (2) e 5) -
and
R ch(c)
lim Py sup Ly, (e my 1) < . ev =1
¢—Foo z€R\[ar,br] ar e~V (¥) dy
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Proof. Ideas of the proof are essentially the same as in Sections 2.2.1 and
2.2.2 of the previous chapter. For the first one, we proceed as in Proposition
2.2.1. The proof of the second formula is the same as the one of Proposition
2.2.5 but instead of computing with the integral of the local time, we use the
supremum on R\ [a,, b, of the same local time.

In both cases, same arguments as the ones of Proposition 2.3.1 allow to
write the formula with a deterministic time instead of a random time. O

Denote by m?(t) the favorite point of X,

my(t) = inf {x €R, Lx,(t,x) =sup LXC(t,y)} )

yeR

The previous proposition implies that this point is localized in the neighbor-
hood of m;:

Proposition 3.3.5. If V is a good environment P-a.s. then for any 6 > 0
such that

lim lim sup P

inf Vi < =0 3.9
E0 oo <[ar,—5/c}¥r]lu[5/ca,br]c ™= 8) (3.9)

we have
lim P (}mﬁ(eCh(C)) —my| <6/c*) =1

c——+00

Proof. Let ¢ € (0,1/2), for any ¢ > 1, we define two events:

b e
{ Ly, (e my +z) [, e”"mWdy
A= sup
ar<x<b,

ech(c) 6—ch1 (z)

—1

<]

, 6ech(c)
B, = sup Ly, (e° © my + r) < — )
2€R\[ar,br] " e~ Ve (W) dy

ar

and

On A. N B,, we have the following inequality

) echl@)
LXC (ech(c)’ m:(ech(c))) > LXC (ech(c)’ ml) > (1 €>€

Thereby m(e")) € (a,,b,) and so

(1 + €>€ch(0) 6_Cvn‘1(m:(ech(c)))‘
fbr- e—chl(y)dy

ar

LXC (ech(c) ’ mz (ech(c))) S
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Necessarily,

1
Vi, (M (e9)) < log e
1—¢
Denote )
55:{\/617, inf Vi, > log “}.
[ar,—8/co]U[5/c by] 1—¢

If vV e&, then on A.N B,
‘mj(eCh(c)) —my| <6/
Thus,
P (Ime(e™?) —m| > 8/e%) < P(Ae) + P(Be) + PIE)
and therefore

lim sup P (‘m:(eCh(c)) —my| >0/c") < lirr(l) limsup P(E¢) = 0

C— 00 C— 00

according to Hypothesis (3.9). O

Now we can come back to the process Lx and prove the following theorem,
main result of this section:

Theorem 3.3.6. Fiz a real number r € (0,1). If the environment V is a
good environment P-a.s. and there exists o > 0 such that V' is a-stable then

for all § > 0,
§5> =1.

5 c
lim P( sup  Lx(e,me+ 1) < —— ¢ ) =

ber
Lx(et,me+z) [, e "Wy
cTr _ 1
ec e~ Vi (2)

lim P sup
c—+00 achbecr'

and

c—+0o0 2€R\ [acr,ber) e Vme W) dy

Qcr

Recall the definition of m* of Theorem 3.1.2:
m*(t) = inf {:E €R, Lx(t,z)=sup LX(t,y)} .
yeR

If for any 6 > 0, we have

lim lim sup P ( inf Vi < 5) =0 (3.10)

e—0 c—00 [acm_é]u[éybcr]
then

lim P (|m*(ef) —m, <) =1.

c——+00
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Remark 7. We deal in this article with stable Lévy processes and we will see
later that they verify Hypothesis (3.10). Moreover, the previous theorem also
applies when the environment V is a fractional Brownian motion.

Proof. We fix ¢ > 0 and we recall that V(-) := ¢!V (¢*). By the stability
of V, the processes V' and V¢ have same law. We first remark that, as the
paths of V' are in V, P-a.s., the standard valley is well defined and therefore

ml(vc) C_amc(v)a
ar( ncll(Vc)> = C_aacr(VmC(V)),
bT(VnCu(VC)) = C_abcr(vmc(v)),
and for all z € R,

C 1 (e}
le(VC)(x> = ;Vmc(\/)(c ). (3.11)

Thus, using the substitution z = c¢*y, we get that

by ber
/ e_cv‘“l(y)dy:c_o‘/ eVme?) gz

Now we replace t by ¢=2%¢¢ and x by my(V¢)+c %z in Corollary 3.3.2, then
we get that, conditionally on V, (LXC(VC7_)(C_2°‘eC,m1(VC) +c %), x € ]R)
and (c™Lxv,)(e®, m.(V) + z),z € R) are equal in law. Moreover the pro-
cesses V and V* having the same law, (Lx,v,.)(c72*¢, my (V) + ¢~ “z),z € R)
and (¢™*Lx(v,)(e%, m(V) + ),z € R) have the same law without condition-
ing. Thus for all ¢ > 0, K >0, r € (0,1) and § > 0,
< 5) =

P < sup

acr'Sbecr

P < sup < 5) .
ar <z<by

To finish, it is enough to remark that ¢2¢¢ = 1= 18¢) apd lirgl (1 -
C—T00

bC’f’ —
Ly (e, me(V) 4 2) [, e VmeWdy

ec e—VmC(m) —1

b e
Ly, vy (¥, my (V) + x) far. e~ VmWdy

-1
c—2aec e~ Vi, (z)

27‘“ logc) = 1. Then, using Proposition 3.3.4, we obtain the first convergence
of Theorem 3.3.6. The other ones are proved in the same way. O

3.3.2 Limit law of the renormalized local time

Now we suppose again that our environment is an «-stable Lévy process
with o € [1,2] and is not a pure drift.

69



Lemma 3.3.7. Hypothesis (3.10) is true for such a Lévy process:

lim lim sup P ( inf Vine < 5) =0.

=0 oo lacr,—d]U[d,ber]

Then, the second part of Theorem 2.1.3 gives the convergence in probability
of m*(e?) —m, to 0.

Proof. Recall that m, = m} or m, = m_. As the proof is similar in the
both cases, we only study the first one: (if 5 < « then we use the convention
[, B] = 0 and inf(, g Vin, = +00)

P ( inf Vi < €,m, = mj) <
[aer,—me] U= me, —6]U[8,ber]

IP’( inf Vmcga,mczmj)—i-P( inf V+§5)+P<[inf ijga)

cr,—Me [—mz-r7—5] e d,ber]

Using the stability of V', m,, a.. and b, (see (3.11) above), we get for any
e >0:

P <[ inf Vg <em,= mj) =P ([ inf Vi, <ec',m = mf)

acry_mc] a‘T7_m1]

—>IP’<[ inf Vi, < o,mlsz)

CcC— 00 ar,—Mmy

By uniqueness of the minima (Lemma 3.2.1), this last probability is equal
to 0. Moreover, P-a.s. infjs 1) V! > 0, then Point (1) of Proposition 3.2.2
gives

lim lim supIP’( inf V 4+ < 5) = 0.

e=0 cmoo [-mt,—5

Using now the stability of V' and then Point (2) of Proposition 3.2.2, we
obtain:

P ( inf V + < 8) =P ( inf V 4 < 60_1)
[Gber] ™ [c=b,b] ™
— 1
a /1{mf[ca6,mwn“’§501}€ (dw)
_ 11
[ Uty e R B ()

< MP inf V7 <e
N(1 < 00) \[grer (V1)
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where the last inequality comes from the expression of f; given by (3.5).
Finally,

r 1
limlimsupP | inf V + <e ) < MP inf Vi=0)=0.
;S c N(r < o00) \Jse0)

7bCT'

This concludes the proof. O

According to Theorem 3.3.6, to obtain the weak convergence of the local
time process, we only have to study the convergence of e~ Vme/ f;” e Vine |
what we do now. -

For w € V, recall the definition of w™ and w™ given in (3.2) and notations
of the first part:
r=inf{t > 0;VF(t) -V (t) > ¢},

—C

mT =sup{t <75 V*T(t) - V" (t) = 0} and

C

JE=V*Tm)+e)v V' (m})

C

and similar variables defined using V=, 7., m_ and J_;. As said before,
we can prove that the minimum of the standard valley m. is equal to m] if

JI < J7 and —m_ otherwise.

Proposition 3.3.8. Let V be a stable Lévy process with index o € [1,2]
which is not a pure drift. We fiz r € (0,1).
e~ Vime

brc e—Vmc(y) dy

arc

where the law of V is P and, under P(dw),

When ¢ — oo, the process converges weakly (in the Sko-

6_V

fj_;o e—f/(y) dy
wt and w™ are independent, and distributed respectively as P, the law of

the Lévy process V' conditioned to stay positive, and P! the law of the dual
process V'~ conditioned to stay positive.

rohod sense) to

In order to prove Proposition 3.3.8, we need the following Lemmas. In
the first one, we prove that the integral f_Jr;o e~ VWdy is finite.

Lemma 3.3.9.

—+00

We have P-a.s. / e_f/(y)dy < 00.

—00

Proof. 1t is enough to prove the integrability on R for the process V1 whose
law is PI. Fix ¢t > 0 and recall that U(t) = —V(L7'(¢)). We prove the
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integrability of e=Yt. The process U is a subordinator, then it is characterized
by its Laplace exponent 1y (see Section IIL.1, [13]): for all A > 0,

E [ VO] = ¢t

For all ¢ > 0, U(t) > 0 then vy(1) > 0, we obtain that E [e"V®] =
e~v() is integrable on R,. We recall the notation of the Proposition 3.2.2,

we get
U(t) = -V(d(t)) < Ry-v(t) — V(d(1)).
v (t) = V(d(t));t = 0) is

Thanks to this Proposition, the process (Ry
equal in law to the process V. Thus, E [ -V ()} is also integrable on R,

we deduce that e~V is Pl-a.s. integrable.
O

Lemma 3.3.10. Let w be a non-negative cad-lag function with w(0) = 0
which is continuous in its extrema and such that 0 is the unique point of
maintmum of w. Then for alla < a <0< 3 <b, we get

b B
/ ey~ / Wy,
Proof.

b 3 o b
/ e gy — / e=eo ) gy — / oWy 4 / o) gy
a o a 6

S |a — a‘e_CinfyG(a,a) w(y) _'_ ‘b — /B‘e_Cinny(ﬁ,b) w(y)

As w is positive on R\ {0} and continuous at its extrema, for all x # 0,
inf(, 0w > 0 and inf(gp w > 0 (see Remark 3), then lim, 4 f; e~ W dy —
ff e~ W dy = 0.

By the Laplace method,

1 b
lim —log/ e~ W dy = sup(—w).

c—+0o0 C (a,b)
—w) = b o—cw(®) gy = e0©)
As a <0 < b then sup, ) (—w) =0, thus [ e dy = e°©).

fab e ) dy — ff e~ ) dy

Lim - < lim e—cinf(a,a)w—cinf(/g,b)w—o(c) —0.
— 4 — T c—+
c—+00 fa e cw(y)dy c—+00
This implies the equivalence. O
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Proof of Proposition 3.3.8. We follow the same idea as in the proof of Propo-
sition 3.2.7.

It is enough to prove that for a bounded continuous function F' in the
Skorohod topology and such that F(w) = F(wl|_g k),

e Vine e—f/
F b F _"_OO—,. .
[P e=Vime W) dy [T e Vwdy

Using Formula (3.11) and the fact that m; € {—m],m] },

—VmC 6—ch1(c’a-)
Fl— =E|F . ,my =mf
oy o I ey

e—chl(c"’“)
F ,my = —ml_ .
Caf Cle
We will compute the two terms of the sum by the same method, thus we
only study the first one. Thanks to Lemma 3.3.10, it suffices to take the inte-
gral from —m, V a, to b,.. By definition, the law of the process (V(t),t > O)

lim E =E

c——400

E

+

E

is PT and the law of the process (f/((—t)—),t > O) is P!, moreover they are

independent. Then we write them respectively V1 and v Using the fact
that my = m{ if and only if J;" < J; and the result of Proposition 3.2.2, we
get that

—cVinq (c7%) K
F b€ mlsz,—agml/\ﬁ(‘/)
Caf r —Cle d,y C —

—miVar

E

e—cV(c™™) , - K i .
EF b - fl(v (T1>)7J1 Sjlu_gml/\Tl(v>
c f—b:h eV W dy c

(3.12)

where a,, b,, Ji and J; are defined similarly as a,, b,, J; and J; but using
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the process V :

Gy =1l Vinf {:c >0/V1(z) > 7“} :
b, == inf {z > 0/Vi(z) > r},

it o= (1= V) v (s 7= V00

(0,112])

and jl_ = <1 — WT(mD> V ( sup W' — WT(mI))

(0,m])

where W is a process with law P! independent of V. To simplify the nota-
efc\_/(ciaj
o ‘[‘Egr efcf/(y)dy :
As in the proof of Proposition 3.2.7, we fix ¢ > 0 and we separate the sev-
eral terms of the expectation with respect to (V(¢),t < —al), (V(t),—0! <

t <o?)and (V(t),02 < t), where:

tion, we write F, ; for F
VT

ol = o (V1) = inf {t > 0/V1(t) = V1(£) = 0 and 3s < £, VI(s) — VI(s) > g} ,

ol =o. (V) =inf{¢t>0/VI(t) = VI (t) =0and Is < t,VI(s) = VI(s) > e},

to obtain the asymptotic independence of F ; , of V() and of Ji.

Figure 3.6: The process V.

~ |- T T - - - === == T - - == ﬂ*\/\/——r

R BV M AN
N I
N |

v

We need now to study the set {J;* < J;}. Denote

M, = sup VI = V() and M. = sup VI — V().
(Ovml) (07‘7;)
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~

U<l sup(()’mI)VT =

For ¢ small enough, M, < M, in this case: o;
SUD (1 5, V and V1(ml) = Vi(al) + VT (] — o). Moreover, for ¢ small

enough, 02 < r(V1), thus Ji = ¢. (VT( 6)) with

de(x) = (1 - — ‘A/jé (m{ — 081)) (( sup VT V (m — 01)> )

ol m1)

We follow the idea of the proof of Proposition 3.2.7 with Lemma 3.2.8.
We use Lemma 3.3.10 for the integral in the function F' and we remark that

c——+00 c——+00 C

lim IP’(K m{/\ﬁ(vT)) = lim IP’(EQ SO’;/\O’S) = 1.

Recall (3.12), we obtain

c——400

lim E{R brfl( (T )) J <J,

e—0c—+o0

~ K
lim lim E [Fag,ag X2 (VT(UEQ)) X1 (VT(O';)> = < U; A a < m{,a < Tl(VT)

where

Moreover, lim._ox; (V(c )) = P(J; < J7) = P(my > 0) and thanks to
(3.6), lim._o x2 (VT(Ug)) = 1. Then we obtain:

lim lim ’E [F&T,BT (P(ml >0) —x1 (VT(U;)> X2 (VT(US)))} ‘ = 0.

e—0c—+o0
We use the stability of V! and of V' (see Lemma 3.2.6). Moreover, for

all € (0, 1), 1iigr11 Ger = —00 and  lim b, = +00 a.s., then e™V/ fbrc -V

c—+00 dre

converges to e‘v/ fj;o e~V in the Skorohod topology on [— K, K|. Thus
—cVin, (e79) -V
F ¢ : ,mp = mii_ F %
o 7 e e
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c——+00

—F P(m; > 0).




The same study for the case where my = —mj gives

T T B Y Y R
A o e )T T T ey || Fme= 0
And this concludes the proof. O

Using Theorem 3.3.6 and Proposition 3.3.8, we deduce Theorem 3.1.1
given in the introduction.
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Chapitre 4

Comportement asymptotique
presque siure du temps local en
milieu brownien

4.1 Introduction

Let (W(z) , x € R) be a two-sided one-dimensional Brownian motion on
R with W(0) = 0. We call diffusion process in the environment W a process
(X(t),t € RT) whose infinitesimal generator given W is

Lway d ([ —wed
26 dx € dr )’

Notice that if we take W differentiable, (X(¢),t € R™) would be solution of
the following stochastic differential equation

{ AX (1) = dB(t) — AW (X(1))dr,
X(0) =0

in which (3 is a standard one-dimensional Brownian motion independent of W'.
Of course as we choose for W a Brownian motion, the previous equation does
not have any rigorous sense but it explains the denomination environment
for W.

This process was first introduced by Schumacher [69] and Brox [17]|. The
diffusion X is recurrent and sub-diffusive with asymptotic behavior in (log t)2.
Moreover Brox showed in [17] that X has the property to be localized in the
neighborhood of a point my.; only depending on ¢ and W. Later, Tanaka
|87, 85] and Hu [39] obtained deeper localization results. The limit law of
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miogt/(logt)? and therefore of X (¢)/(logt)? is independently made explicit
by Kesten [52] and Golosov [37].

Kesten and Golosov’s aim was actually to determine the limit law of a
random walk in random environment, introduced by Solomon [77], which is
often considered as the discrete analogue of Brox’s model. Sinai [74]| proved
that this random walk (S,,,n € N), now called Sinai’s walk, has the same
limit distribution as Brox’s. Hu and Shi [40] got the almost sure rates of
convergence of the limsup and liminf of X and S. It appears that these
rates are the same.

In the present paper, we are interested in the local time of the diffusion X.
This process, denoted (L(¢,x),t > 0,2 € R), is the density of the occupation
measure of X: L is the unique a.s. jointly continuous process such that for
each Borel set A and for any ¢t > 0,

n(A) = /Ot 14(X,)ds = /RlA(a:)L(t,x)dx. (4.1)

We shall see later that such a process exists. The first results on the behavior
of L can be found in [71] and [41]. In particular Hu and Shi proved in [41]
that for any = € R,

log(L(t, z))

ELUANT, t— 400
logt

where U and U are independent variables uniformly distributed in (0,1) and

£, is the convergence in law. Note that in the same paper it is also proved
that Sinai’s walk local time ¢ has the same behavior. The process € is the time
spent by S at = before time n for n € N and = € Z: &(n,z) :== >} _; lg,—-
This result shows that the local time in a fixed point can vary a lot. So to
study localization, a good quantity to look at is the maximum of the local
time of X,
L*(t) := sup L(¢, x).
z€R

Shi was the first one to be interested in this process; in |71] he gave a lower
bound on the lim sup behavior,

. L*(¢) S 1
im su .
where for any ¢ € N*, log;,; = logolog; and log; = log. In the same

paper, he computed the similar rate in the discrete case: define for n € N,
£*(n) := sup,ey £(n, x), there is constant ¢ € (0, 00) such that

lim sup &)

n—oo n

= C.
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Thereby he highlighted a different behavior for the discrete model and for
the continuous one. The limit law of L*(¢) was then determined in [7]:

L*(¢t
(®) £, 1~ , t— +00
t [ e Wde

—00

where W has the same law as the environment conditioned to stay positive.
But unlike the discrete case (see [34]), this result does not allow to obtain an
upper bound on the almost sure behavior.

Here we prove that the quantity logs(¢) is the correct renormalization for
the limsup and an analog result for the lim inf:

Theorem 4.1.1. Almost surely,

1 L*(¢

— < limsupi) <e?/2 and
32 t—o0o tlogg(t)

9 , 2.2

Jo < liminf log, (t)L*(t) < e’r ‘
64 t—o00 t 4

where jo is the smallest strictly positive root of Bessel function Jy.

We can compare these results to the ones in the discrete case, see [71]
(and [34] for the value of the constant) for the lim sup and [25| for the lim inf:
there exists two constants ¢, € (0, 00) such that almost surely,

§"(n)

limsup>———= =c¢ and limin

f 10g3 (n>£* (n) /

=cC.

As Shi noted it, the lim sup in the continuous case and in the discrete case
have a different normalization, but we see with Theorem 4.1.1 that the nor-
malization is the same for the liminf.

There is the following heuristic interpretation: in the discrete case like
in the continuous one, L*(t)/t behaves approximately in the best case like
the inverse of the integral of the exponential of the "steepest" environment
and in the worst case like the inverse of the integral of the exponential of the
"Hattest" one. However if in discrete case there is a steepest environment, in
the continuous case it is possible to be as steep as we want, and in the two
cases, the environment can be as flat as we want. This explains the difference
for the limsup. To compute these rates, we need to study carefully both the
behavior of the "steepest" and "flattest" environment and the place where
the diffusion spent the most of its time. Indeed, as we said, for large ¢ the
process X is in the neighborhood of a point mje¢. This event happens with
a probability which tends to 1 when ¢ goes to infinity, however it does not
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grow fast enough with t to derive almost sure results. So here we relax the
localization of the particle to the neighborhood of four points instead of one.
Then we obtain the following theorem:

Theorem 4.1.2. Fiz ¢ > 0 and ¢y > 0. There are four processes m;, m2,
m3 and m} only depending on the environment W such that if we denote

4
Iy = U[m; — (logy ), mj + (logy )],

i=1

then, almost surely,
. (logt)e
lim

t—o00

v (R\ I,) = 0.

That is to say, for large t the diffusion has spent much of its time in the
neighborhood of at most four points.

The rest of the paper is organized as follows: in Section 4.2, we present
some technical tools used in the article, in Section 4.3, we show that envi-
ronment W has “good” properties with a large enough probability, Section
4.4 is centered on the study of the local time of the process X at properly
chosen random times, then in Section 4.5, we look at the behavior of these
random times to deduce results in deterministic time and finally in Section
4.6, precise almost sure asymptotic result on the environment are given to
finish the proofs of Theorems 4.1.1 and 4.1.2.

4.2 Three useful theorems and some technical
estimates

We begin with a useful representation of X we use throughout the article.
The martingale representation theorem says that, given the environment W,
X is a Brownian motion rescaled in time and space. Precisely, there is a
Brownian motion B started at 0, independent of W such that if we define
the scale function

Wz € R, Sy (z) = / VW) gy
0
and the random time change
t
Vt >0, Tw,p(t) == / e~V (Sw (B g5,
0

then
X = S5, o Bo Tyl (4.2)
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To simplify notations, we write S and 7" for respectively Sy and Ty, . Using
(4.2), we easily obtain that a continuous function L verifies (4.1) only if

Ve €R, ¥Vt >0, L(t,z) = e VO L(T(t), S(x)) (4.3)

where L is the local time process of the Brownian motion B. And so the
local time of X is defined correctly. Here are presented some results used
throughout the article. We begin the section with some notations :

Vx >0, 7(x) :=inf{t > 0/X(t) = z},

Vx >0, 7(z) :=inf{t > 0/B(t) = =},
Ve > 0,Vr >0, ox,(r,z) :=inf{t > 0/L(t,z) > r} and
) = (t,z) >r}.

)
Vx> 0,Yr >0, o(r, inf{t > 0/L(t, )

More generally, the quantities related to X are written in bold font and the
ones related to B in normal font. Furthermore, in the rest of the paper,
letter K stands for a universal constant whose value can change from one
line to another and for any process M, 7y;(z) will denote the hitting time of
height = by M. We also denote by P the total probability and by PV the
probability given the environment W.

As said before, the study of the process X is reduced by a change in time
and space to the study of a Brownian motion. We therefore use in our proofs
the following two theorems (see [67]) that describe the law of the local time
of a Brownian motion stopped at some properly chosen random times:

Theorem 4.2.1 (Ray-Knight). Let a be a positive real number.

The process (L(7(a),a —vy), y € [0,a]) is a square of a 2-dimensional Bessel
process started at 0. And conditionally on L(7(a),0), (L(7(a), —y), y > 0) is
a square of a 0-dimensional Bessel process started at L(T(a),0) independent

of (L(7(a),y), y = 0).

Theorem 4.2.2 (Ray-Knight). Let r be a positive real number.
The processes (L(o(r,0),y), y € RT) and (L(o(r,0), —y), v € RT) are two
independent squares of 0-dimensional Bessel processes started at r.

In the rest of the article, we denote by Z a square of a 0-dimensional
Bessel process started at 1 and by ) a square of a 2-dimensional Bessel
process started at 0. To use the previous theorems, we have to estimate the
behavior of these two processes.

Lemma 4.2.3. For all v,0, M > 0, we have
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i) B (s 1200112 5) <1 o (- ),

(i) B (swp 200> M) =

t>0
(iii) P ( sup Q(t) > M) < de 2,
0<t<v

(iv) There is a constant K > 0 such that for any 0 < a < b,

1 M
P( sup =Q(t) > M | < Ke™ 2m:t/a)

a<t<b

Proof. (i) and (ii) are proved in [84] Lemma 3.1 (the results are stated for a
Bessel process but they are actually true for a squared Bessel process).

(4ii) Denote by B and B two independent Brownian motions. The processes
Q and B? 4 B? have the same law, so

P <Os§gng(t) > M) <P ((025@ IBI(t))2 + (0250 Iff?l(lt))2 > M)

2 2
§4P<<sup B(t)) + <sup B(t)) 2M>
0<t<v 0<t<v
where the second inequality comes from the reflection principle. For a

fixed v, supg< <, B(s) = |B(v)], then

M

P ( sup Q(t) > M) <AP(Q(v) > M) =4de 2v.
0<t<v

as (v) has exponential distribution of mean 2v.

(7v) Thanks to the scaling property of @,

a<t<b a/b<t<1 t

<os<lzl<)1 \/ tlog 8/1L \/ log 8b/a )

We then conclude with Lemma 6.1 in [40] which says that there exist
a constant K > 0 such that for all x > 0,

P | sup ﬂzx §K6_§.
o<t<1 |\ tlog(8/t)

P(sup 1@()>M) IP( sup 1@@ >M>
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We also need to study the behavior of the environment W. We start with
a notation for the minimum of W on an interval

)

) minep W(z) ifx <y
W(z,y) = { +00 if not

another one for the maximum

— ) max,epy W(z) ifx<y
Wia,y) = { —00 if not

and a last one for the environment reversed in time
(/W(a;), = ]R) = (W(~z), z €R).
Define now

H,:=inf{x >0; W(z) —W(0,z) > v},
my = inf{z > 0; W(z) =W (0, H,)}

and H, and 7, the corresponding points for W. Brox showed in [17] that at

time e”, with high probability, the process X has spent much of its time in

the neighborhood of m, or of m,. For our study, we need to know the law

of the environment in the neighborhood of these points; it is given by the

following theorem due to Tanaka (Lemma 3.1 in [87], see also the proposition
page 164 in [85]).

Theorem 4.2.4. Let R be a Bessel process of dimension 3 started at 0 and
define

Tr(v) == inf{x > 0/R(z) > v},
Cr(v) :==inf{x > 0/R(x) — ;gg R(y) > v} and

pr(v) = sup{z < Cp(v)/R(z) — Inf R(y) = 0}.

Under P, the process (W (—z + m,) — W(m,), x € [0,m,]) and the process
(W(x +my) — W(m,), x € [0, H, —my,]) are independent and the following
equalities in law hold:

(W (=2 +m,) —W(m,), = €[0,m,)) £ (R(z), = € [0, pr(v)))
and

(W(x +my) —W(m,), = €[0,H, —m,)) = (R(z), « € [0, a(v)]).
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Therefore, to use this theorem it is necessary to have informations on the
behavior of Bessel processes of dimension 3.

Lemma 4.2.5. Let R be a 3-dimensional Bessel process started in 0. There
is a positive real number K such that for every a,x >0 ,

] L —a2/2x< < i @ —a?/2x
(i) \/Ee <P|supR>a| <K ﬁ+ e )

[0,2] a

[0,2]

1
(ii) P (supR < a) > ?6_”2:”/(2“2)

[e.9]

(iii) P (/ e B@dr > ) < Ke 893 where jy is the smallest strictly pos-
itwwe root of Bessel function Jy.

Proof. (i) According to the reflection principle for Brownian motion, one
can find a K > 0 such that

[0,2]

P (supR > a) < KP(R(z) > a).

Moreover, P (supy ) R > a) > P (R(z) > a). So Item (i) of the lemma
is a consequence of usual estimates for 3-dimensional Bessel processes.

(7i) Recall the Bessel function of the first kind (see [1| chapter 9)

[ 2 .
Jij2(x) = —sing,

its smallest positive root is 7. Then, according to Theorem 2 of [93],
there is a positive number K such that

1
P (Tr(1) > z) ~ ?e-”%/?.

Then, (the value of K can change) P (Tr(1) > z) > K~'e™™*/2 and

1
P (supR > a) =P (Tg(a) >x) =P (TR(I) > :L"/a2) > Ee_wzx/(%z).
[0,z]

(iii) Le Gall’'s Ray-Knight theorem (Proposition 1.1 of [33]) shows that
1/4 [° e7R®dz has the same law as Tg(1), the hitting time of height 1
by a squared Bessel process of dimension 2 started at 0. Then according
to Theorem 2 of [93], as in the proof of the previous item,

P (/ e—R(-’E)dx' > a) :]P (TQ(l) > %) S Ke_jga/8.
0
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4.3 Estimates on the environment

The process W has the same law as W, this allows to restrict the study
to W on RT and to get similar results on R~ by symmetry.

We study the environment on [0, H,|, the valley of height v and particu-
larly in the neighborhood of m, as it is the place where the diffusion spends
most of its time. Unfortunately, the probability that at time e¥, the process
has reached the bottom m, and has not left the valley is not growing fast
enough to derive almost sure results. So we rather study the valley of height
v—cy logv, where ¢; is a positive real number whose value will be determined
later, so that, with high probability, at time e”, the process has reached the
bottom of this valley and the valley of height v + c3logv so that the process
is still inside at time e”. We therefore fix three constants ¢y, co, c3 > 0 with
¢1 2> ¢z and define recursively for any v > 1, b, 5 := 0 and

VieN, b, =inf{z > b,

m, oy = inf{z > b,

vi s W) =W(b,;,r) > v—c loguv},
vz7 W(ZL’) E(bvz? vz—‘,—l)}

’l)’l’

Denote also for any i € N*,

a,; =sup{r <m,,; ; W(x)—=W(m,,) >v—cylogv} Vb, i,
cf =inf{z >0; W(x)—W(0,z) > v+ czlogv},
m) = inf{z >0; W(z)=W(0,c¢")},

bt :==inf{z >m} ; W(z) — W(m}) >v —c;logv} and

al =sup{z <m} ; W(z)—W(m}) >v—cylogv}VO0.

Figure 4.1: A sample path of W

Obviously, there is a ¢ € N* such that m; = . We want to prove that,
with a probability large enough, m; € {m,, ; m, 2} and moreover that, in
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the valley [0, ¢;f], the points after b are higher than W (m;) + (¢1 +¢3) log v.
This can be expressed formally as follows:

—{c+<b;3, W (b, ch) = W(m}) > (c1 + c3)logv} .

We also need many more technical conditions to ensure that the environment
does not stray too far from its average behavior:

I2={b,, <o°; W(m, >

v,

N
ﬂ mv,l_av,l—ﬁ7mv,2_av,2—ﬁ
Mt —mt 205 Wie) = W(ef — loga) v i, ef) < 2logo)

ﬂ{W —logv) Vayy,myy) — W(my,) < 2logv}
ﬂ{W —logv) Va,,,my,) — W(m,,) < 2logu}.

) = =vP s Wmg,) — W(by,) > —v*}

We would also wish sometimes that m;” = m,; (which of course is ob-
tained with a probability lower than the previous one). For that we use the
event:

={er S by Wb, ) —W(my) = (c1 +c3) log v} .
Define similarly I'!, T2 and T3 from W.
We will therefore work on

I, =T'Nr2NCNI? (4.4)

or on L

I =T*Nr2nrinr:. (4.5)
The first step, as stated before, is to show that these _events occur with a
high enough probability. We denote for every event A, A :=Q\ A.

Proposition 4.3.1. There exists a constant K > 0 such that for v large
enough,

log v Klogwv

v—cilogv’

P(T,) < K ( )2 and P(T7,) <

v — ¢ logv
Proof. Start with the upper bound for P(Ti). Define
Wy = (W(b,, +x) —W(b,,)
Wy = (W(b, o + 1) = W(b,,)

)xE[O,b;Q—bal] and

)xE[O,b;’g—b;z]‘
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The event {c¢] > b, 3} is included in

{ sup Wi <(ci+ez)logv; sup Wy < (¢ +c3) logv} .
[0,b, 2=, 1] (0,6, 5=, 2]

The processes W; et W, are independent and are distributed like
(W(z), z€[0,b,4]).

Therefore,

2
P(cf >b,5) < (IP’ ( sup W < (¢ +03)logv>>
[

0,b,, 1]

— (P (W hits — v + (2¢; 4 ¢3) logv before (¢; 4 ¢3) logv))?
[ (c1+c3)logv 2
~\ v—clogv ’

For the second part of le), according to Theorem 4.2.4, if we denote by R
a Bessel process of dimension 3 started at v — ¢; logv, then

P(MI# ) = W(mt) < (crtes) logv)

v Y v

=P (R(0, 7r(v + c3logv)) < (¢1 + ¢3) logv)
([ (e1+c3)logw 2
\v—clogu
For the last equality, see for example Property 2.2.2 of part II, chap 5 in [16].
We obtain in the same way

— 1
pr) < Lt )logv
v—clogv
Continue with an upper bound for P(fi). As W — W has the same law
as [W],
v° v®

= 2P(7yw(v — c1logv) > %)
6 K
< 2P(ry (v) > %) < o
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Moreover, —W (m,, ;) and W (b, ,) — W(m,,) are exponentially distributed
with mean v — ¢ilogv (see for example the first lemma of [60]) and are
independent. Thus

P (W(b,,) — W(m,,) < —v*) =P (W(m,,) < —v°)
<P (W(m,,) < —(v—cilogv)?)

c1,—v

=ve

Thanks to Theorem 4.2.4, still denoting by R a Bessel process of dimen-
sion 3 but now started at 0, as Qi 2 b

v,0—1

1 1
Plm,,—a, <= |<P\lm, 6 —a, < ——m
’ ’ v? ’ ’ (v —c1logv)?

1
sp(nﬂv—@*%”)<@7faigzﬁ)

1
P(m,, — by, .
+ (mv,z v,i—1 < (U — 1Ogv>2)

Yet, according to the scaling property of Brownian motion and a lemma
proved by Cheliotis in [20] (claim at the end of the proof of Lemma 13),
there is a constant K > 0, such that

1 1
Plm,,—b, ,<—-— | =P <
(mm <v—cllogv>2) (ml <v—cllogv>4)
K

~ (v —rcilogv)?
Moreover, Item (i) of Lemma 4.2.5 gives

1

P -l SEE——
(TR(U c1logv) < (0o logv)?

) < K(v— ¢ logv)2e(vmerloan)?/2,

We also obtain the following upper bound:
P (¢t —m} <v) =P (1r(v + cslogv) < v)
<P (1r(v) <)
< K\/Ee_”ﬂ.
It remains to control P(W(c¢) — W ((¢h — logv) V. m},cf) > 2logwv). Let

B = v+ c3logv. Using one more time Theorem 4.2.4, we see that

W(ehH) — W ((c] —logv) vm, cl)

v v Y

:w%ﬂ—wwﬂ—( min rww>w—wwﬂ)

v v
te[0,log vA (e —mi)]
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has the same law as

B — min R(tr(B) — t) = ma (6— R(tr(B) —1)).

te[0,log vATR(B)] te[0,log U/\TR(,B)}

And according to Proposition 4.8, Chapter VII of [67], the processes
(8 = R(7r(8) — 1), t € [0,7r(B)]) and (R(t), t € [0, 7r(0)])

have the same law. Therefore,

IP’(W(C+) — W((¢) —logv) Vm}c) > 2logv)

(2

=P ( [ max R(t) > 2logv)

te[0,log vATR(B)]

and Item (7) of Lemma 4.2.5 implies

IP( max R(t) > 2logv

te[0,log v]

) < K\/logv.

02
Finally, we just have to obtain an upper bound for

PW ((m, —

logv) V Uyt m;l) — W(m;l) > 2logv)
to prove the proposition. It can be obtained as the previous one. O

We now come back to the local time of the diffusion X.

4.4 Asymptotic behavior of L at particular times

Let r be a positive real number. As for the numbers ¢;, its value will be
fixed later. Define o, := o(re’,m, ;) the inverse of local time in m,; and
in the same way o, ,, 7,,, ,, and a/. At these times, it is possible to
estimate the local time of X in the neighborhood of the corresponding point.
We first give an estimate at a fixed environment in Proposition 4.4.1, then in
Proposition 4.4.4, the estimate is independent of the environment provided
that this one belongs to I',,.

Proposition 4.4.1. Define for i € {1,2},

A=y b Loy, 2) 1| <6

v (S [ Ay UZ] ev_W(w)"‘W(m;i) - = )
B! —{Vxe i1 Gy)s Loy, )<57’e}
Cp:={Vz € b}, /], L(o},z) < dre’} and

D, :={Vz > ¢! Lo}, z) =0}
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and in the same way :4\2}, I/S’Z, C, and 1/):, from W. There is a constant K > 0
such that for any v > 2, for any 0 <6 <1 and any r > 0,

— K |m,.; 52 ruc2
w i) < 22 v,% B
P (A”> — 0\ roe exp ( Km‘-)7

0,1

orvct 2

+
- S(my ) =S(by ;1) Juei—cs’
i = by og (S0

PY (B_f)> < Kexp | —

it ot +
e W (by e )+W(my ) and

PV (C,) <

Sl

v+ W (m)

PP (P S a5t = stmayy

Similar estimates hold for PW(;G)), PW(BZ), PY(C,) and PW(Z/)\U).

Proof. We estimate the probabilities of the events relative to W, the ones
relative to W follow by symmetry. To simplify notations, all along the proof,
we shall not mark the index v for variables and events. Begin with the events
A' and B! (A? and B? can be studied in the same way).

The local time can be decomposed in two terms. The first one represents
the contribution of the local time before 7(m;) (the first time where X
reaches m ) and is negligible compared to the second one which represents
the contribution of the local time between 7(my) and o] = o(re’, m;):

L(oy,z) =L(T(my),x) + (L(al_,x) — L(1(my), SL’)) ) (4.6)

The following lemma describes the behavior of the first term.

Lemma 4.4.2. For any v,d,r > 0,

P)X@ = pW < sup Lr(mi),7) > 6)

relarme] TE0 W@ W (mD)

c2
< Kexp (_57“21_)’

2m;

Pg{l =PV ( sup L(r(my),x) > 57“6”)

x€[by ,a; )

orv

§KeXp - — ,>

- S(my)—S(
2(mi = by o (3505505
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To highlight the fact that the computations are identical for B! and for
B? we make the quantity b, appears, although it is zero.

Proof. Thanks to (4.2), it is easy to verify that =(m7) = T(7(S(m7)). So
using (4.3), for any = > 0,

L(r(my),z) = eV L(7(S(my)), S(x)).
Then,
Py, =P" < sup L(7(S(m7)), S(z)) > (57’6”+W(m1)> :
z€lay ,m7 |
According to the first Ray-Knight theorem, Theorem 4.2.1,
(L(r(S(m1)), S(my) =), y € 0,5(my)])

is distributed as a square of a Bessel process of dimension 2 started at 0.
Therefore, with Item (iii) of Lemma 4.2.3,

5rev+W(m; ) )

Fila < Kew (_2<s<m;> —S(an)

and by definition of ay,

my I
S(mr) = S(ar) = [ M < e )

1
v—cz logv+W(m7 )

<mqe .
Hence the first upper bound of the lemma is obtained.
Continue with the second one: using a similar argument and denoting by
@ a squared Bessel process of dimension 2 started at 0, we get

ng,l =pY ( sup e VY@Q(S(m7) — S(x)) > 5re”>

xz€[by ,a; )

sup

o e WE(S(m) — S(a)
xz€[by ,a; ) S(ml_) —S(ZIZ’)

Q(S(my) — S(x)) > 57’6”) .

By definition of m7, for any z € [by,ay),

e S(mi) = () < (mi by )T,
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As by is the first positive number x such that W(x) =W (by,z) > v—c logv,
(ml_ . ba>€—W(m)+W(gE,m;) < (ml_ . ba)ev—cl logv.
Thus, coming back to the probability ng 1» we obtain
1 orve
Pg{,l <pPv < sup ~Q(u) > _7‘71)[)_) .
ue[S(my)=S(ay),S(m; )-S(by)) M=%

According to Item (iv) of Lemma 4.2.3, we finally have

orv

_ _ S(m7 )—S(by
2(my — by) log (8%)

ng,l < K exp

This concludes the proof of the lemma. O
Now, we study the second term of (4.6).
Lemma 4.4.3. For any v,d0,r > 0,

(W(z)=W(m7))

PE{Q =PV < sup

xz€lay ,by]

- 2,.,,C2
< 8 [(L+d)my exp [ — d*rv )
J rUe2 8(1+ d)m;]

re'—

Py, = PY < sup L(oy,z)—L(r(my),x) > 57’6”)

z€[by a1 )
1
< .
T dvarer
Proof. 1t is easy to verify that the inverse of local time o satisfies the follow-
ing equality for every r > 0 and y € R,
o(r,y) =T(o(re" ¥, S(y))). (4.7)
Thus, thanks to (4.3), for any » > 0 and y € R,

Loy, z) = e V@O L(g(reV ™)t S(m7)), S(x)).

And so the following expression for the local time holds,
L(o-l_v LE‘) - L(T(ml_)v LE‘)
= V) (L(o(re™ I S(m7)), S(2)) — L(7(S(my)), S(2)))

£ e W@pWmDv L (5(1,0), s(z))
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where

e—W(m;)—v

s(x) == (5(x) = S(my))

Denote by Z the square of a Bessel process of dimension 0 started at 1.
According to the second Ray-Knight theorem (Theorem 4.2.2), we have

Py, < PV ( sup | Z(y)— 1] > 6)

0<y<|s(ay )|

+PW< sup  |Z(y) — 1| >5>.

0<y<s(by)

Therefore, using Item (i) of Lemma 4.2.3,

W 4 1 >
PA1,2 < 3 (1 + 5)|$(a1 )| exp (_8(1 + 5)‘3(@1_)‘)

4 - i
04 8)s0) exp (—W) |

Moreover, the definition of a; implies that

—W(m7)—v my — _
Is(ar)| = L/ L@ g < T W)W )—e < T
r o T Ve2

<

1
We get likewise |s(by )| < by /(rv). As ¢; > ¢, these last two inequalities
lead to the first point of the lemma. We now prove the second inequality of
the lemma. If by = aj, we have obviously Py, = 0 else, reasoning in the
same way as before, we obtain 7

z€lby ,ai )

Py, =P" < sup e V@IV (5(1,0),5(z)) > 5) :

One more time, thanks to the second Ray-Knight theorem and denoting by
7 a squared Bessel process of dimension 0 started at 1, we obtain

ngg <p% (e_w(bo"ll”w(ml) sup Z(u) > 5)
u>0

_ L weganewiny)

4]

The second line is a consequence of Item (i7) of Lemma 4.2.3. Denote by n'
the unique real number in [by, aj] such that W(n') = W(by,a;) then

W(mp) = W(n') =W(n',ay) = W(n') — (W(n',ar) = W(my))

<wv—cilogv— (v—cologv) = (ca — 1) logw.
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Therefore,

1
w
P8172 S 6U01—02

and the lemma is proved. O

Combining the results of Lemmas 4.4.2 and 4.4.3 yields to the upper
bounds of P (A?) and P (B') of Proposition 4.4.1.

We continue with the estimate of P"(C). Reducing once again the local
time of X to the local time of a Brownian motion by a time and space change,
we obtain

PY(C)=P% ( sup e W@V 1(5(1,0), s(z)) > 5)

z€[bt,ct]

where s(z) is the same as before but mj is replaced by m*. As before, Z
denotes a squared 0-dimensional Bessel process starting at 1 and the second
Ray-Knight theorem gives:

PY(C) < P” (e—w*vcmw(m*) sup Z(u) > 5) :

u>0

So Item (ii) of Lemma 4.2.3 yields to the upper bound of Proposition 4.4.1.

Finally, we show that with a high probability diffusion X does not hit ¢*
before time o} . Le. we find an upper bound for P" (D). The scale change
in time and space of X and the usual properties of Brownian motion give
(see e.g. [16] Formula 4.1.2 page 185)

PV (D) =pP" (T(C+) <o (re’,m") )

= p% (T(S(c+)) <o (re”*w(mﬂ, 5(m+)>)

) T€U+W(m+) ,r,ev+W(m+)
=1- — < .
PP\ 2080 = Sm) )~ 2(S(eF) = S(m7)
This completes the proof of the proposition. O

We now give upper bounds independent of the environment provided that
it is in the set I, defined in (4.4).

Proposition 4.4.4. We use the same notations as in the previous proposi-
tion. There is a constant K > 0 such that for any v > 2, any 0 < § < 1,
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and anyr >0, if W €T, fori e {1,2},

2,.,,c2—6
P () <o (T ),
P a9) i (-7 4
PV () S5 and
S r
PY (DU) Svc3—2 log v

Once again similar estimates hold for PW(.ZE), PW(I/S’Z), PY(C,), PW(Z/);).

Proof. We only have to control the values of the upper bounds of Proposition

4.4.1 when W € T',. For PV (E), it is enough to notice that m,; < 6;2

6

and that, on I',, the variable b, , is smaller than v°. Then, we also obtain

the upper bound m,;, — b, ; | < b, 5 < v®. To estimate P (B_f)), it remains

to study o
S(myi) = S(byii) < (m,; — b;i—l)ew(b;'“l’m;'i)
S(m;i) - S(a;i> N (m;Z — a;i)ew(m;i)
First remark that W (b, ;_,,m, ;) — W(b,;,_;) < v —cilogv < v. Then it is
easy to see that, on I',, the following inequality holds:
S(myi) = Sluica) _ s vse2

S(my;) = Sa,,)

This implies the second upper bound of the proposition. As on I',, we have
W (bt cf) = W(mt) > (1 + ¢3) log v, the third estimate is obtained imme-

diately. It remains the upper bound of PV (E) Remark that

e
S(ch) —S(m)) 2/ V@ dy
(

v
e —log v)\/mf,r

> (logv A (¢f —m})) W(ef ~logv)vmif cf)

And on I', we have ¢ —m} > v and W((c} —logv) Vvm*t, cf) > W(c)) —
2logwv, then

2
pw (D,) < PO oW (md)-w(eh)
“logwv

As W(ct) — W(m) = v+ c3logw, this concludes the proof. O

v v
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4.5 Asymptotics of local time in deterministic
time
We fix now the constants ¢;: take a real number ¢ > 0, then ¢, ¢y and c3

are chosen as follows ¢; := 2¢+ 8, ¢ := ¢+ 6 and ¢3 := ¢+ 2. Thanks to
Proposition 4.4.4, we can now study the process L at the time

Oy =0, NO, g NO, 1 NO, 5.

Define for v large enough and i € {1, 2},
by s
o

and define similarly fm from W. Consider finally
Jv = /;,1 A fv,2 NIy Nys et Jy, = Av,l + fv,2 + L1+ 1o

Roughly speaking, Proposition 4.5.1 shows that the process o, /re’ stays
between j, and J,. Moreover, the occupation measure is concentrated in
the neighborhood of m, ;, m,,, m,; and m,,. More precisely, for v large
enough and ¢ € {1,2}, define the last time the environment is less than
W(m, ;) +1log1/6 between m,; and b, ;,

d,;=sup{m,, <x <b,,, W(x)—-W(m,,) <logl/d}

and the first time the environment is less than log 1/6 between a,; and m,;,

e,; =inf{a,; <z <m,,;, W(z)—-W(m,,;) <logl/j}.

v,1 v,2 )

Consider then the interval U ; := [e, ;,d, ,]. Define the analogous variables

0,87 U
for W. The next proposition shows that at time o, the diffusion has spent
much of its time in the set

and L* is approximately re”.

Proposition 4.5.1. Define the event

E, = {VGU(ZU) < A4rv%e’s ; re’ <L*(o,) <re’(149) ;

Oy

.]v(l - 5) <

<J,+ zvﬁé}.

rev —
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There is a constant K > 0 such that for any 0 < 6 < 1 and any r > 0, if
wWerl,,

— 1 §2roc Sroc 1 r
w < - _ _
P (é‘v)_K<5Wexp< I )—i—eXp( K)+5UC+UC).

Proof. We prove that on the intersection of all the events of Proposition
4.4.4, the event

{re” <L*(o,) <7re’(1+9); ju(1—0) < % <J, +2v65}
T

is realized. As o, is the first time the diffusion has "spent a time" re in one
of the four points m, ; or m, ;, we already have re” < L*(a,). Moreover, the
local time process is non- decreasing, so for every xz € R,

L(UU,SL’):L(AUD )AL( 1)27 )/\L( vl’ )/\L( v27 )

On Iy, the time o} is equal to o, or to o, , and the time ox,_, to &, or
to &,,, then Proposition 4.4.4 gives L*(o,) < re’(1 +6).
Continue with the estimate of o,: by definition of the local time,

+o0o
o, :/ L(o,, x)dz, P-as.

e}

Using Proposition 4.4.4 one more time, we easily obtain:

+o00 a;l b;,l
/ L(o,,z)dx < / L(o,,z)dx +/ L(o,,,z)dz
0 0 a

v,1
+

a;,2 b;,Z Cy
_'_/ L( v27 )dl’-'-/ L( v27 )dl‘—l—/ L(U:,I)d.ﬁ(}
b Ay o b

S (Iv,l + Iv,2 + 50:)7’6

The integral fi)oo L(o,,z)dr has a similar upper bound. As ¢ + ¢ < 20°
on I, the upper bound of the proposition follows immediately.
If o, = 0,;, we have

by 1
o, 2/ L(oy . a)de > Ly (1 — d)re
a;l
The same computation when o, takes one of the three other possible
values yields the lower bound stated in the proposition.

Finally, as
Vo (A,) = / 15 L(oy, 2)dz,
we can obtain the bound proceeding in the same way as before. O
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As the behavior of o, is controlled, same kind of results in deterministic
time can be obtained.

Proposition 4.5.2. For any 0 < § < 1/2, for v large enough, if W € T,

v 1+96)
PV <) < (
<Jv+21)65_ (e") jv(l—d))
6

S 1K 1 52ve + dve6 + 1 . 1
— X — X — .
= N oXP K P K ove  ved

Proof. We use the real number r which appears in all propositions since the
beginning. Define

1 1
p(U) = m and T(U) = m

We write o/ for the time o, associated with p and o7, for the one associated
with r. Consider the events

p
Q0 ::{ﬁ < Jv+2v65} ={ol <e€"},

o = {L(at) < re+0) -0 < 2
— (LA (o) S r0)e (14 8) s ¢ < o).

The maximum of local time is a non decreasing function, then on Q",
L' (") < L*(07) < r(v)e’(1+9)

and on 7,
pv)e” < L (0h) < T (e”).

Therefore it is enough to find a lower bound for P(Q2" N Q). According to
the previous proposition, we only have to estimate r» and p. First, on I',, the
following inequality holds

Jo < Jo < 0f 465 < 20°.
Moreover m,, —a,, > v~ and
W((m;l —logv) Va,,m,,) — W(m,,) < 2logv,

thus

I s / 0,1 e_W(m)+W(m;1)dx > i
7 ( log v)V vt
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5~)

The lower bounds for 1, o, 1,1 and ]i,; are found in the same way. Finally,

Sl

< p(v) < r(v) < 20!

and the estimate of the proposition follows easily. O

Using similar arguments, we can also obtain a result in deterministic time
for the occupation measure.

Proposition 4.5.3. For any 0 < < 1/2, for v large enough, if W € T',,

PV (l/ev (4,) < 81}106”5)

1K 1 6200 N due0 N 1 N 1
= = A ' A T

Fix now ¢y > 10 and recall that ¢; = 2¢ 4+ 8. Proposition 4.5.3 used with
d =v~%/8 and ¢ > 6 + 2¢y and the upper bound for P(T",) of Proposition
4.3.1 yield

log v

2
P(veo(4,) <e’fo* %) >1-K ( ) for v large enough. (4.8)

v—clogv

Proposition 4.5.2 with § = v=" and ¢ > 20 and the upper bound for (T',)
of Proposition 4.3.1 yield for v large enough to

P <67 <LH(e) < M) >1-K (bi)z. (4.9)

Jy + 201 Jo(1—v77) v — ¢ logv
and if we use the event I') instead of I, we obtain
v v -7
P = <Ly < —CUTD) ), Klosv
Ini+ 11+ 2071t LiAL(1—v77) v — ¢y logv
(4.10)

4.6 Proof of Theorems 4.1.1 and 4.1.2

As shown by Proposition 4.5.2; the asymptotic behavior of L* has a direct
link with the ones of j,, J,. Therefore, the proof of Theorem 4.1.1 requires
to study the integrals I,; and I, ;.
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4.6.1 Maximum and minimum speed

Begin with a lower bound for the maximum speed:

Lemma 4.6.1. Let v, = exp(n). P-a.s.,

. Ly, 1 A j\vn 1 4
lim sup — = > =
n—o0 1Og2 Un, e‘m

Proof. First, define for n large enough, the sequence of events

Puna - 41
e {m;hl > My, 115 / e WEHWim, ) dy > Ogn} :

- e2m?
vn,1

Denote by (G,) the filtration generated by (W(z), 0 < = < b, ). The
process W, == (W(x +1b, ) —W(b, 1), > 0)is a Brownian motion
independent of G,_;. The event E, can be expressed in term of W,: E, =
En,l N En,g where

E,1 ={W, hits —v,_1 + ¢ log v, before v, —v,_1 — 1} and

b;n, (Wn) B
En,Q = {/ 1 €_Wn(x)+wn(m“"’1)dx Z 410&}

2.2
o (W) e

Therefore, E, is independent of G,,_; and G,-measurable. Moreover, thanks
to Theorem 4.2.4, F, ; and E,  are also independent from each other and

P(W,, hits —v,,_1 + ¢1 log v,,_1 before v,, — v,,_1 — ¢1)
Up — Up_1 — C _ Y
= L > (l—et—ce™
v, — ¢1 logu,

and

_ 2.2
mun,l(Wn) e

Tr(2)
21@(/ e R@ qz > 41§g”) >P (TR(2) > 41°g”) .
0

by, 1 (Wn) ~

e?m? 2
Then, according to Item (ii) of Lemma 4.2.5,

1—e !l —cie™
P(E,) >
(En) > Kn
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We now define the similar event for ﬁ/\:

~ bon1 - 4logn
E, = {ﬁz;ml > ﬁfa;%lJ : / e W@HWlm,, )y > 2logn )
m

_ e272

vn,1

The events E,,, En are independent, thus

~ ~ (1—et—cre™)?
(B0 E,) = P(E)P(E,) -
The second Borel-Cantelli lemma yields the conclusion. O

We are not interested in an upper bound of the minimum speed because
this would lead, except for the value of the constant, to the result obtained
by Shi in [71]. We now look for almost sure bounds of the integral. To this
end, we study the successive values p, the process (m,, v > 2) can take.
These are precisely defined as follows: define v = 0, hy = 2 and recursively
for any n € N,

6n+1 Ill’lf{l‘ Z Yn (LU w(yn,x) = hn}v
w

) —
Mn+1 :lIlf{[L’ > Yn s (l’) = (’7n>ﬁn+l)}>
Yn+1 :ll’lf{l’ Z ﬂn—l—l ; (SL’) = W(:un+1)}7
Mn+1 :lIlf{[L’ > ﬁn—i—l ) ( ) = W(ﬁn-ﬁ-la’)/n-i-l)}a

Pt ::W(Mn—i-l) - W(IUN-H) and
Fnt1 =0 (W(SL’), 0<z< 7n+1) .

Figure 4.2: The variables for a sample path of W

)
|
i N
K1 L V1 2
: —
| o
| o
i |

B1 My
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Lemma 4.6.2. There is a positive number K such that for any n € N* and
any A > 0,

My,
P (/ e~ WE@AWn) go > )\) §Ke_jg%6 and

Tn—1

/87L
P (/ e W@HWin) g < A) <K <2/(e\/X) + e\/X/2) e,
I

n

where jo is the smallest strictly positive root of the Bessel function Jy.

Proof. The process (W (v,—1 +x) — W(ys—1), © > 0) is a Brownian motion
independent of F,,_;. Therefore given h,,_; = h, Theorem 4.2.4 gives the law
of the process

(W + ) = Wtn)s —pin + Yn1 < < By — pin) -

Moreover, according to Proposition 3.13 Chapter 6 of [67|, given h, 1 = h
and W (M,) = M,

is a 3-dimensional Bessel process started at h and killed when it hits M +
h, thus (W (u, +x) — W(pn),0 < x < M, — u,). is a 3-dimensional Bessel
process started at 0 and killed when it hits M + h. So if we denote by R and
R two independent Bessel processes of dimension 3 started at 0, then

My o] o] ~
P ( / e W@HWn) g > )\) <P ( / e B dy + / e F@dy > )\) .
Yn—1 0 0

Le Gall’s Ray-Knight Theorem (Proposition 1.1 [33]) shows that [;~ e #®)dx
has the same law as 4 - Tip(1) where T(1) is the hitting time of height 1 by
a square of a 2-dimensional Bessel process started at 0. Thus we denote by
To(1) an independent copy of Tip(1) and the previous inequality gives

My, ~
P (/ e W@FWln)qg > )\) <P (TQ(l) +Tp(1) > 2)

Tn—1
A
<P (TQ(1) > g) .

Moreover according to Theorem 2 of [93], as in the proof of the previous
lemma,

My, ~
P (/ e W@ W) g > )\) <P (TQ(l) + To(1) > %)

Tn—1
2 A
<Ke 7076,
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For the second bound, we denote Tx(2) := inf{z > 0, R(z) > 2} and, thanks
to Theorem 4.2.4,

ﬁn TR(2)
P ( / e W@HWn) q < )\) <P / e B@dy < A\
Hn
<P (Tg
<K (

0
(2) < e’N)
2/(ev/X) + ev/A/2) e 2,
This concludes the proof. O
We also need the following lemma:
Lemma 4.6.3. Let a < exp(l) < b. P-a.s., for n large enough,
a" < hy < b, a" < W(pn) — W(tne1) < 0" and a®* < 7, < b

Proof. Begin with the law of the sequence (h,). For any h > 1, any n € N
and any r > 2,

P <h}’:1 < hlh, = x) =P (h"%n_h" < h—1|h, = x)
1

=P (rw((h—1)x) > mw(—2x)) =1— 7

Thus the variables r,, := h,11/h, are independent and logr,, is exponentially
distributed with mean 1. Therefore, log h,,—log hg = > log r} has the gamma
distribution I'(n, 1): for any 1 < a < exp(1) and n large enough,

nloga n—1 n
0 (n—1)! a(n —1)!

as the function x — x" e ®

[0,nlogal if n is larger than (1 — loga)

(2)"V2mn give
(nloga)® n (eloga\"”
a™(n—1)! 21 a

As for any a €]1,¢[, 0 < 9%¢ < 1, the series 3. P (h, < a") converges. Then
the first lower bound is a direct consequence of the Borel-Cantelli lemma.
The upper bound is proved in the same way.

For the second result, note that, given h, 1 = z, W(u,—1) — W(p,) has
the same law as W (m,). Therefore,

is non decreasing on [0,n — 1] and so on
~1. The Stirling Formula n! ~

P (W (ptn-1) — W(ttn) < Blhpq =2)=1—e"* < %
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Take 1 < d < a < exp(1),

P(W(Nn—l) - Wipn) < dn_l)
<P (W(/Ln_l) — W(,un) < dn_l ; hn—l > &n_l) +P (hn—l < a"_l)
d

n—1
< (—) +P (A < a7

a

The previous proof implies that the sum of
P (W (1) = W) < d"™)
converges and the Borel-Cantelli lemma shows that for large n,
W (1) = W () > d"1

The other bound can be obtained in the same way.
The last inequality with -, uses same kind of arguments: as before, we
can show that for any d > 0,

P(%h—%ﬁn >d) SP(%?(;SZ >d) — P (rw(1) > d)

and

P(%M) SP(MM) <P(rw(1) > d).

n n—1

Then,

Yn — Vn—
P (Tl > d) <2P(tw(l) > d/2) <

Now, let € > 0 and 9 = 0, we have for any n > 1,
In Tk — ’Yk 1
IP’<h2 (1+¢)? )<IP><Z > (14¢) )

n . 3/2
P (% 2%—1 - (1 +€)*" ) < Kn .
- h3 n (1+¢)n

K
T

<

Therefore Borel-Cantelli lemma implies that P-a.s., for n large enough, =, <
(14 ¢€)?"h2. It is then easy to deduce the upper bound for v,. And the lower
bound can be obtain easily using same techniques. O

It is now possible to control the asymptotic behavior of the integral.

104



Proposition 4.6.4. P-almost surely,
liminf I, ; logy v >2/¢* and

limsup I, ; (log, v) ™! <16/77.
Proof. Begin with the lower bound. Fix d > €%/2. According to Lemma
4.6.2, for any n € N*,

B
P / oW @HW (tn) 1p < IS KM_
o “dlog(n—1)) = (n—1)2/¢

So the first Borel-Cantelli lemma implies that P-a.s. for n large enough,

1

B
“W@)+W k) 4 > )
/ ‘ * 7 dlogln — 1)

Mn

For v large enough, P-a.s. there is a unique n € N* such that h,_; <
v —cilogv < hy,. Thus m, | =y, and b, ; > 0, and

b, . 6
/ LW @AW ) g > / W@ W) gy > L
m iin dlog(n —1)

According to Lemma 4.6.3, if n is large enough, h,,_; > 2"~!. Thereby P-a.s.,
for v large enough,

bv,l _ ]_
—W(x)+W(mv,1)d > .
/m ¢ - d(logy, v — log, 2)

v,1

When d tends to e?/2, we obtain the result of the proposition.
For the upper bound, fix d > 16/j2. One more time, thanks to Lemma
4.6.2 and Borel-Cantelli lemma, P-a.s. for n large enough,

M,
/ e W@IWn)dg < dlog(n —1).

Yn—1

For v large enough, P-a.s., there is a unique n € N* such that h,_; <
v — ¢y logv < h,,. Therefore My 1 = fin and b;l < M,, and so

b, M,
/ 1 e_W(x)—l—W(m;vl)d:L' < / e—W(x)-i—W(un)dx
a 0

v,1

Mn
S,yn_le—W(Unl)'f‘W(ﬂn)_l_/ e—W(Z‘)—i—W(un)dx
Yn—1
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As 2 < exp(1) < 3, if n is large enough, according to Lemma 4.6.3,
Ve W=+ Wln) < gne=2" 54

M
/ e W@HWn)de < dlog(n — 1) < d(log, v — log, 2).
Tn—1

Thus,

by
lim sup / e W@FWm, ) qz < d.

v,1

When d tends to 16/;2, this gives the upper bound. O

log, v

We can now come back to the local time process.

4.6.2 End of the proof of Theorem 4.1.1

The previous results allow to know the asymptotic behavior of L*. Using
(4.9) with v, = n*? and Borel-Cantelli lemma, we obtain that, P-almost
surely for n large enough,

evr e (1+uv,7)
< TLH(e)y < —— " )
Thereby Proposition 4.6.4 gives the following inequalities,
L*(evn 1
lim sup (e™) <
nooo €nlogyv, — liminf 3, log,v,

1 g2 Un ,]_(]
Jo,, 64
Denote by [z] the integer part of x, as L* is non decreasing, we get
[v3/2]2/3

3/2]2/3

< €?/2 and

10g2 Un

liminf —=—L"(e"") > liminf

n—oo e n n—0o0

1
L7 (™) < liminf —22017(e?)

V—00 V—00 (&

éo < hmmfl &2

L*(e”) <e*/2.

and similarly lim sup o =
V—00 08y v

For the last inequality of Theorem 4.1.1, (4.10) with v, = €™ and Borel-
Cantelli lemma imply that, P-almost surely for n large enough,

Un Un —n
° <L(em) < —rdEe™
Ivn,l + ]vn,l + 2e" Iyml VAN [Un,l(l — 6_7n)
Then Lemma 4.6.1 yields directly
1 o272
lim inf ML*( v < er.
V—00 ev 4

And the proof of the theorem is completed.
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4.6.3 End of the proof of Theorem 4.1.2

Fix ¢y > 10. According to (4.8) used with v, = n and Borel-Cantelli
lemma, P-almost surely for n large enough,

Ven(A,) < " /n®10,

As t — 1;(A) is a nondecreasing function for every Borel set A, P-almost
surely for t large enough,

_ t
I/t(A[logt}Jrl) < SW

To obtain the theorem, we need to find a bound for the width of Ajogy41.
Therefore, we only have to estimate the behavior of the processes d,; and
e, ;- Introduce the following sequences

Vn =1, 0y :=sup{u, <z < fn, W(z) = W(k,) < ncolog3 + log8},
ni= {1 € @ < jin, W(w) = W (1) < o log 3 + log 8}.
Lemma 4.6.5. Let € > 0. Then P-a.s., for n large enough,
On — i < ((n —1)10g 2)*™ and p, — €, < ((n — 1) log2)**<.
Proof. Notice that for any u > 0, n € N*,
P(6, — pn > ulhp_1 = 7)
=P (W (ptn, + 1, Bn) — W(pn) < ncglog 3 +log8|h,_1 = x).

As the law of the environment near p, is the one of a Bessel process R of
dimension 3 started at 0 (Theorem 4.2.4), we have

u<y<TR(x)

P65, — pn > ulhp1=2) =P ( min  R(y) < ncglog3 + log 8)

<P ( min R(y) < ncglog3 + log8) .
u<y<oo

The left member of the inequality does not depend on z, so it is also an upper
bound for P(d,, — p, < u). According to Proposition 3.5, Chap VI in [67],
min,<y<oo R(y) has the same law as the supremum of a Brownian motion,
therefore with u = ((n — 1) log 2)**¢,

K
4+e€
B3 — i > (1= 1)log2)™™) < .

So Borel-Cantelli lemma gives the first result and the second one can be
obtained in a similar way:. O
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For v large enough, there is a unique integer n > 1 such that h,_; <
v —cilogv < h, and so p, = m, . Moreover, according to Lemma 4.6.3,
271 < 9 < 3", then ¢glogv < conlog3 and

dyy — My < 0p — pin < (log 2" h4e < (logv)*te.

We have the same upper bound for m, ; — e, ; and thereby Theorem 4.1.2 is
proven.
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Chapitre 5

Une application au décodage de
I’ADN

5.1 Introduction

5.1.1 The physical approach

In this introduction we first summarize some ideas and results of the
works of V. Baldazzi, S. Cocco, E. Marinari and R. Monasson ([8], [9]), and
S. Cocco and R. Monasson [22] who are interested in a method for the se-
quencing of DNA molecules. They study a mechanical way, described below,
instead of traditional bio-chemical or gel electrophoresis technics. These ex-
periments for mechanical unzipping were first realized by Bockelmann, Helsot
and coworkers [15] and [14]. The principle is based on the fact that the force
which links the two bases of a given pair depends on whether it is a C'— G or
a A =T (see Figure 5.1). Indeed the links A = T" is weaker for biochemical
reasons than the link between C' — GG. Moreover there is also some stacking
effects between adjacent bases, that is to say, the force needed to break, for
example, the link C'— G is different if the C' is following by a A, or a T". This
last factor is not negligible (see the table below) and therefore must be taken
into account if we want the model to be as sharp as possible.

We now give a brief description of the experiment (for more details see
[8]), the extremities of the DNA molecule are stretched apart under a force
f. The force f is chosen in such way that it is large enough so the molecule
can be totally unzipped. However f is also not too strong so that naturally
the molecule rebuild itself. Though there is back and force movement of the
number of open pair bases, this back and force movement generates a signal
which can be measured by biologists. This signal can be modelised by a birth
and death process with random probabilities of transition.
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Figure 5.1: X =5, by

IC—G,bQIT:A

wlA [T |C |G
A [ 1.78 [ 1.55 | 2.52 | 2.22
T | 1.06 | 1.78 | 2.28 | 2.54
C [ 254|222 3.14 | 3.8
G [ 2.28 [ 252 | 3.90 | 3.14

Figure 5.2: Binding free energies (units of kgT")

5.1.2 The model

We denote by M the length of the DNA chain and by (b, by, -+, ba)
the sequence of bases of one of the strand of the molecule. So b; is the "
base which can be either a A, a T, a C or a G and the corresponding base
of the other strand can be deduced. We will consider both a discrete and
continuous time-sequence of the number of open base pairs, the first one is
denoted X, the second one Y. We now make the link between X (and Y)
and b. For this, we need some physical notions: the free energy excess g
when the first x base pairs of the molecule are open is

g(x) = Zgo(bi>bi+l) —xg1(f).

There are two different parts: first, go(b;, b;41) is the binding energy of the
pair 7. Notice that stacking effects are taken into account: gy depends on the
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base content b; and on the next pair b;;;. The second contribution g;(f) is
the work to stretch under a force f the open part of the two strands when
one more base pair is opened, especially g; increases when f does. Note that
g1 is known, whereas Zle 9o(b;, bi11) is random as we are looking for the
b;’s. A typical trajectory of g is given in [9] page 7, it looks like Figure 5.3.

q(i), 0<i<M

_20 L.

_40 L.

-601

_80 L.

-1001

4% ! ! ! ! ! ! ! ! !
0 50 100 150 200 250 300 350 400 450 500

Figure 5.3: A typical trajectory of g, M = 500

The number of opened base pairs evolves randomly with a probability
directly connected to the difference of free energy g between two consecutive
base pairs. Therefore it can be represented by a random walk in random
environment:

The discrete case is defined as follows, assume that the random sequence
9o := (go(byg,bzr1),1 <o < M—1) is fixed, then the probabilities of transition
of the number of open pairs, are given by, for all 2 <x < M — 1

1
~ Tt exp (Bg(x) — gl — 1))’

where 3 is a constant parameter which is proportional to the inverse of the
temperature, also we assume p; = 1. Note that this definition is such that
the larger is f the greater is the probability to open a new pair. We easily
get a simple expression for this probability which is

1

S e A vIOS ) M

P =P(X i1 =24+ 1X =1,9): (5.1)

where we denote

Ag(bz, bet1) = go(be, boy1) — 91(f). (5.3)
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Formula (5.2) shows that we only need to have local information on the
sequence b to get the probability of transition at site x + 1. Though in the
discrete case X can only move forward with probability p, or backward with
probability 1 — p,. We will discuss about some results on this well known
model in the next section. A typical trajectory of X looks like Figure 5.4.

Figure 5.4: A typical trajectory of the number of unzipping pairs, M = 500.

For the continuous time model, the physicists also take into account the time
it takes X to go from a site to another. Thus we introduce a second time
continuous model Y. Given the go, when Y is at the site z, it jumps in
x + 1 with rate re=P9%0abe+1) and in o — 1 with rate re %) where r is a
constant which value depends on biological parameters. That is, given the
DNA sequence b, Y is a Markov process with finite state space {1,..., M}
killed when it hits M whose transition rates are for x > 1,

re—B90(bz,by+1) ify=ao+1,
B re—B9(f) ity=a—1,
p(r,y) = _T(e—ﬁgo(bz,berl) + eﬁgl(f)) if y = =,
0 otherwise.

and for z = 1,
re—P90(b1,02) if y =2,
p(lyy) = —rePolbub) if y =1,
0 otherwise.

The process Y can be represented as the couple (X,T) where X is the se-
quence of the discrete jumps and has the same law as in (5.1) and 7" is the
sequence of the successive times spent in each site between two jumps.

We describe now briefly same results obtained by the physicists with the
continuous time case
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5.1.3 Some results obtained by the physicists

In their paper [8], |9], [22], they assume first that the model is without
stacking effect, considering that gq is only a function of b, and that (go(b.), x)
is a sequence of independent and identically distributed random variables. In
this case they compute the maximum likelihood estimator for b,.. For a better
accuracy they consider several total unzipping instead of a single one, that
is to say they look at a sequence of R independent trajectories (Y] < R).
In a second step they study the decreasing of the probability that this esti-
mator gives a wrong sequence, and they show that this probability decreases

exponentially: R
Vi < M, P(b; # b;) < exp(—R/R.(i)).

The constant R, is also estimated numerically. For the general case (with
stacking effects) they use Viterbi algorithm [91] to compute the maximum of
likelihood. Then they estimate the probability to be wrong with both analyt-
ics and numerical methods, they get a similar result than for the independent
case.

After some discussions with S. Cocco and R. Monasson some questions
rise. Is it possible to get a general and rigorous method which can be applied
to all these cases 7 How the choice of the force can be used in order to improve
the results 7 What is the difference between the discrete and continuous time
model 7 We study all those questions in the present paper.

5.1.4 A mathematical point of view

First we would like to recall some basic facts for the discrete time model.
If we forget, for the moment, that the state space is finite, (X3, £ € N) is a
random walk on a random environment on Z as Solomon defined it in [77].
We know, for example that if the go(by, b.11) = go(b:) are i.i.d with mean
zero and g; = 0, then X is almost surely recurrent and transient on the other
case. For the recurrent case, X is a Sinai’s walk [74], for the transient one,
the first study is due to H. Kesten, M.V. Kozlov, F. Spitzer [53]. Here we are
interested on what a trajectory of the walk can say about the environment,
this aspect has not been studied a lot, there is a paper of O. Adelman, N.
Enriquez [2] and for the special case of Sinai’s walk a paper of P. Andreoletti
[6]. More precisely [6] shows that the g(x) can be estimated from a single
trajectory of the walk by studying the asymptotic (in time) of the local
time which is the amount of time the walk spends in one site. However this
approach can not be used to give informations on a particular site, typically
on go(z) for a given x.
To move from Solomon walks to the problem asked by the physicists we have
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to make a sacrifice, more especially we are no longer interested in asymptotic
in time. Indeed if the time goes to infinity that means that either we have to
wait a very long time to reach the end of the molecule, or that if it is reached
it can move back to the beginning. This last case is not possible because
when the end of the molecule is reached then the two separate strands will
not be able to reform the molecule properly. In compensation, we only have
to study the process X or Y until it reaches M, that is until time

So we are interested in the discrete time process (Xj, k < 7)) and the
continuous one Y = (X, Tk, k < 7p7). Note also that M is the length of the
DNA molecule, in term of the number of pairs, which can be big but finite.
The other good news is the fact that the DNA molecule can be unzipped
a large number of times, we have called, this number R, and we will be
looking at asymptotic in this variable. So we are looklng at R independent
trajectories denoted (Zt(l , 1 <1<R, O <t < T Y of random walks on

a same unknown environment b with TM the first time the walk [ hits M
(Z is either X or Y = (X,T)). We state most of our results without any
assumptions on the distribution of the sequence b. However to simplify the
expressions we assume sometimes that all molecules are equiprobable.

The method is based on the fact that, given the trajectory of a random
walk (or R random walks) on an environment b, the probability that a given
estimator b gives a good sequence (typically IP’(b b)) depends only on
elementary functions of the trajectory of this random walk.

For the discrete time, the important quantities are the number of times X
goes from z to z + 1 or to = — 1:

1 1
+ (1) . § : (1) E
LSE = 1X£”=Z‘ X(lJ)rl:x+17 L 1X}E;l)_x X('lll:x_l,
R R
+7R o— +7(l) _7R — _7(l)
L= g LY and L7 := g L%,
=1 =1

For the continuous time, we have also to consider the total time spent in each
site until the instant 7'](\14) (which is as in the discrete case the hitting time of

M for the processes X®): for any x € [1, M],

(1)
™

S:El) = ZTagl)lX_(l): and SR Z S
i=0 '
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We will denote by X7 (Y2 in the continuous case) the o-field generated by

the trajectories of the R independent random walks killed when they hit the
coordinate M. P denotes the probability distribution of the whole system,
whereas P is the probability distribution for a given sequence of nucleotides
a. Also E® (resp. Var® for the variance) is the expectation associated to
Pe.
In Section 5.2, we start by the estimation base by base, we define the informa-
tion at site x for both cases and show that the expression of the probability
to get a given base at a site x conditionally on the trajectories are a simple
function of the information. Then we study the asymptotic (in R) of the
probability that the maximum likelihood estimator gives a wrong base, we
define and study a typical number of unzipping R. which measures the qual-
ity of our prediction. In a second time we are interested in the estimation of
the whole molecule, we start with a general expression of the probability to
get a specific sequence given the trajectories of R random walks. We show
that the maximum likelihood estimator converges, then we study the prob-
ability to make at least h mistakes by considering this estimator, and study
the decreasing of the probability to be wrong. We focus on the continuous
case, and just quote the differences with the discrete case.

In Section 5.3, we focus on some possible improvements. The first one
consists on modifying locally the force in order to trap the system in a specific
region. It has a direct effect on the time spent in this region and therefore
on the quality of the prediction. The second one consists also in modifying
the force, but this time it is function of the binding energies.

5.2 Bayes estimator, asymptotics in R and typ-
ical number of needed unzipping R,

In this section we will always assume that f is constant. We start with
the estimation site by site:

5.2.1 Prediction site by site

We start with a general proposition true both for continuous and discrete
time cases, then we discuss the differences between the two cases. First
we define the following function 7., it is called local information at site x
of the system, it differs for the two cases. Let z € {2,--- M — 1} and
g1,y 0 € {A, T, C,G}3.
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For the discrete case, the information is defined by

Z.SL‘(O‘SL‘—M Ay, O%(,‘—i-l) =
L;_vR log(l _I_ eﬁAg(Qx,azﬁ»l) _I_ L;,R log(l + e—ﬁAg(Oéx7Oéz+1))
—}—LI’_}% log(l + eﬁAg(az—Laz)) + Lx_:? lOg(l + e—ﬁAg(azﬂ,ax)).

and for the continuous case,

iw(aw—lu Ay, aw+1) = 690(0%7 O‘m—l—l)L:’R + Sfu,re—ﬁgo(az,aﬁﬂ

+ Bgo(az-1, O‘m)L:c_ﬁ + S:?—lre_ﬁgo(a%l’%)'
We are now ready to state the

Proposition 5.2.1. For allxz € {2,--- M — 1}, and for o, € {A,T,C, G},

denoting bt = (bl, bg, s 7bx—17 bx,—l—lu s 7bM—1); we have
exp(—1I.(ay, b))

Zax eXp(_Ix(dxa b))

P (b, = o, |Z", ") = (5.5)

where
L(u,b) = L(u,b)(Z%) :=iy(by_1, U, byy1) — log P(b, = u|b®),

and Z® is either X for the discrete case or Y for the continuous one. The
maximum likelthood estimator b, for b, is given by:

(A)m = Z Oé;pl{lx(ax,b):min@ L(ab)}- (56)
Qg G{A,T,C,G}

and we have for all R large enough
P (i)x £ b, 2", b“"’) — exp (—R/Ru(2) + e(R)) (5.7)

where R.(x) is called the typical number of random walks at site z, it is
defined by

_logP (i)x ] bx|ZR,b=””>
1/R.(z) := }%EIolo I .

(5.8)

Moreover, e,(R) < (2Rloglog R)V2((Var®LE™)2 4 (Vart Ly ")2) in the
discrete case and e;(R) < (2Rloglog R)V2(Var LI "V2 4 (VartSM)1/2)
in the continuous one. We denote a < b if there exists a strictly positive
constant r such that a < rb.
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We will give the proof of a more general result in Section 5.2.2 so we do not
give any details here.

Notice that 1/R.(x) is no more and no less the rate function in the large
deviation theory. The above proposition is general and gives only few infor-
mations on the decreasing of the probability to be wrong, so we now separate
the two cases, and discuss about R..

The discrete case. First define the function G, : R — R,

1+ efn 1+ e Pu
Go(u) == log (1 n Zf‘“) + e log <7e) :

1+ e b
Recall that Ag is defined in (5.3). Thanks to the law of large numbers,

1 1
——AG (by—1) + —AGT(by),

r—1 2

1/Rc(x) =

AG™ (by—1) = min (Gp . 5. (Ag(bs—1, az)),

azyél;z
AG+(bm+1) = m;g (GAg(lA)z,bx+1)(Ag(am bx+1))'
S MZ exp (8 (g(k) — g(x))) + 1 ! (5.9)
— = = X — = .
Pr Da(b) Pt P I Pyy(me < Tar)

Note that we want AG™(b,—1) and AG"(b,41) as large as possible, both of
them measure the difference between the correct information which involves
b;, and the others informations. Unfortunately they are possibly very small:

B (u—a)®
GG(U) = m + O(U — (1)2, (510)
thus,
AG™ (by1) = B min (Ag(by_1, ap) — Ag(by_1,bs))?

2(e=P + 1) o, b,

when this difference is small. Moreover even if this difference is not small,
AGT and AG~ can however be small: indeed, assume u < 0 and a < 0, then
for large (3,

Ga(u) = exp(fa)(exp(f(u —a)) — 1 — B(u — a)). (5.11)
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This situation may appear when f is large and the binding energy at site x
of the molecule is weak. We will see in Section 5.3 a method to avoid this
kind of situation. We also have the following inequality:

L > exp(B( max (9(1) — g(x)))) = exp (BM) (5.12)

Da e<I<M

with M, := max,<<y {ZLZZEH 9o(bg, bry1) — (1 — x)gl(f)} As expected,
the convergence is better if there are obstacles in the path from x to M.
Finally, we have

1/R.(x) > exp (BM,_1) AG™ + exp (BM,) AG™, (5.13)

with
AG™ == min{AG (v),y € {A,T,C,G}}

and
AGT :=min{AG"(v),y € {A,T,C,G}}.

A few words about €,(R) which comes from the iterated logarithm law: typ-
ically (Var®(LF))V? as well as (Var®(L;))"? behaves like 1/, (see Lemma
5.2.2). Then €,(R) is always negligible comparing to the main term.

Formula useful for the estimation. As we have seen above, R.(x) character-
izes locally the environment. However, what is really important to control
the quality of the estimation at a point x is not the number of walks R but
the total number of passages at this point, L. That is why we define the
typical number of visits at site x, L.(x) by

—logP (sz £ b, 2", bx)
ida) = i

(5.14)

One more time, we have 1/L.(x) > AGT AN AG™.

Total amount of time to reach M. An other important factor is the time
required to unzip totally R times the DNA molecule. It should not be too
large. This time is given by:

R
mr= =y (L + L0~ 1),
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sSo we have

M—2
1 1

Rexp(Bmax M,) < E [rfl] =R (_ +___1)
p(3 € ) [ M] Z ot P

SRM exp(f max M,,).

r=1

Here is a problem with 3: indeed as we have seen in the previous paragraph
(see (5.12)), large ( can lead to a better prediction, however it slows down
the system. Of course it is worse if there is an obstacle between x and M
because in this case M, is large too.

The continuous time case.
Like for the discrete case we first define a function F': R — R, by

F(u) =€’ —1— Bu and
AF~ =min (F(go(a,u) — go(a,v)), a,u,v € {S, W}, u#v),
AFT =min (F(go(u, @) — go(v,a)), a,u,v € {S, W} u#v),

then a similar analysis than for the discrete case leads to

AFT  AF~
— +

1/Rc(z) > —
[Bel) D Dr—1

and 1/L.(z) > AFT ANAF".

Note that the bad case observed for the discrete case (see equation (5.11))
does not appear here, however when u — a is small, F/(u — a) is as G,(u) of
the order of a — u but the constant is better.

In the next section we look at the entire molecule, we define global in-
formation and study the decreasing of the probability to make a mistake by
using the maximum likelihood estimator.

5.2.2 Inferring the whole molecule

First we present the joint distribution of Li’(l), LW = Lii(ll ) 1, in fact

it is not more difficult to get the joint distribution of (L;’(l), 1<x<M-1)
and as we have not found it in the literature, we first prove the following
lemma for one random walk and a constant force f:
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Lemma 5.2.2. If we denote k = (k; , i € {1,..., M —2}), then the distri-
bution of LT := LW s

M-2
_ ki+ ki1 —2 . o
PP (LY = k) =pp—a(1 — pagg)™271 H ( k. _11 )pfl(l —p)
i=2 i

M-1

kit ki — 2\ 4 L
=11 ( L )pfl(l —p)
o T

1=

with ky—1 = 1. In particular, for v € {2,--- M — 1},
PY(Lf =ky Ly =ky1) = PP (L) = ke, LT | = kyq 4+ 1)

_ (kr *]‘ffw_—ll_ 1) (1= p)™ " (Do (1 = Pu)) o (Da), (5.15)

where p, s given by (5.9). Moreover

BAG(be,bot1) Bgo (be ,bz+1)
B (L}) = 1 o (L) = e nd B (51) = e
Pz Pz TPx
2890 (b bz+1)
Vart (L) = i (i — 1) and Var® (Sg(cl)) = u

Proof. The equality (5.15) of the lemma can easily be obtained by using the
Markov property of X given b, the mean and the variance of L} and i

are direct consequences. Therefore we just prove the expression of the joint
distribution of L. Define now for n > 1, A, := ﬂ;\i;l{l);r = k;} where
kpr—1 =1 ( there is always only one jump from M — 1 to M),
P’ (LY =k) = P"(4) = P* (L] = k1|As) P’ (A,)
= P"(L{ = ky|L = k») P (Ay)
where the second equality comes from the Markov property of the walk X
given b. Equation (5.15) implies for any =z € {2,--- ;M — 1},

Pt (L:c__1 = kx_l}L;‘ - kx) _ (k‘x +kp1 — 2) (1— px)kz,l—lpiy

k, —1
Thus,
ko 4k —2 _
PP(LY =)= (7 T TR (- )T P (Ay)
ky—1
and we get the result of Lemma 5.2.2 recursively. O
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We now define the global information I of the whole molecule. Let a €
{A,T,C,G}M.

For the discrete case X%,

I(a) := —logP(b = )+
M-1
Z LR log(1 4 efAslenaai)y 4 [ R]gg(] 4 ¢ A9z 0wr1)y
=1

and for the continuous case Y& = (X% TE),

M—-1
I() = —logP(b= ) + Y Bgo(ap, Ctgyr) LT 4 rePoolom e G (5.16)

r=1
We now give a general result and its proof:
Theorem 5.2.3. For any o € {A,T,C,G}¥, we have:
e—[(a)

et

The mazimum likelihood estimator is the element b of {A,T,C,G}¥M which
manimizes the function I. If the function

P(b=a|lz") = (5.17)

GO = (gO(amvam+1)7 HS {17 te 7M - 1})

15 injective, then the maximum likelihood estimator converges almost surely
to the DNA chain b.

Proof. We only give the proof for the continuous case, the discrete one is
simpler and uses the same ideas. For a realization of Y = (X M. X@E)
TW, ..., TW), Bayes Lemma gives :

Pb=alYf=y)=P (b_a

R
N{x ) T = t<z>}>

e oo
P(mf;l (X0 =20, TO :tu)})

(We still use P to denote a probability density.) When XZ-(l) = xl(-l), and
the environment « are given, Ti(l) is an exponential variable independent
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from the other X, T®), of parameter r (¢=P%0(oen) 4 =00} if ) €
{2’ oo M — 1} or re—Poolaraz) if QEEZ) = 1. Thus,

#(N

lontun

X0 =0 70 = } ‘b = a)

0 _y

R R Ty —
P mX(l) — 20Oy = a) H H P(Ti(l) — 752('l)|b = a, Xi(l) — ;plﬁl))

R
P [ x© =20

b= a) (re~Pn(araa)yIf —sfire” 0l o)

=1
-1
x H 590(%70@“) _|_e—ﬁ91(f)))l e 5 Bp(e=Po0lez0zi1) o=Bo1(f))
r=2
R 7'1\/ -1 J(JI) 1
where [* = Z Z 1 20— and st Z Z Tm(l)]_ 0_
=1 k=1 I=1 k=1
Moreover
R
P < X =g0p = a)
=1

-1 o—B90(cs041) Lb B (P LA
s e—ﬁgo(awvax+1) -+ e—ﬁgl(f) e—ﬁgo(awvax+l) -+ e—ﬁgl(f)
Hl —l+ Rﬁgo(az,ax+1) ( —1)Bg1(f)

r=2

S

e—Bgo(az,azt1) 1 e—ﬁgl(f))lg”2

where

R Ty

+R _
li - Z Z 192;!)—@ m(l) 1:i+1'

I=1 k=1
Then we have the following equality

R
P <ﬂ (X0 = 20, 70 = 40 'b _ a)

=1
= H 1B =S Ryp(emAg0(aasagt1) 4 o=Ba1(H)— 1 Rﬁgo(amaﬁl) ( )ﬁgl(f)
% T’ll e~ re*ﬁgo(al,az)—lf’Rﬁgo(al,ag).
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It is now easy to obtain the expression of P(b = a|Y %) of the theorem.

We now prove the convergence of the maximum likelihood estimator.
According to Lemma 5.2.2, for any = € {1,---, M — 1}, the strong law of
large number and the central limit theorem give

Reﬁgo (baf 7b1+1)
Pz(D) 7D ()

Then for any a € {A,T,C, G}, P-a.s. the information I(«) is equivalent to

Lt = + e, (R) and S¥ =

+ e:(R)

M—-1
I(a) =R (Bgo(owa, apy1) + 6_6(90(O‘f70‘1+1)—90(bz7bz+1)))

r=1

]55(;—(6) + O(R)

This quantity is minimal if and only if for each x € {1,--- , M — 1},

gO(amv am+1) = gO(bma bw—l—l)-

So if the function Gy is injective, then, almost surely, for R large enough,
I(a) is minimal iff v = b. O

5.2.3 Control of the quality of the estimation for the
continuous time case
In this part, we suppose that the function G defined in the previous

theorem is injective. Fix an x € {1,--- , M — 1}. The probability to make a
mistake at site  when you know the environment around the point z is

6—iz (bx717l;127b1'+1)

_7 R jpx\ _
]P)(b:c - bx|Y ) b ) - Za' e—im(bzfl,a;ﬂ,bz+1)

As lA)m_l and lA)mH converges to b,_1 and b, according to Theorem 5.2.3, it is
possible to estimate this probability by substituting the couple of variables
(bz—1,bz11) by (Z;x_l,i)x_i_l). However this estimate is good only if b,_; and
B:c+1 are themselves good estimates of b,_; and b,,;. It is also possible to
obtain simpler asymptotic estimates which does not depend on b. As said

before, for any z € {1,--- , M — 1},

R R
+R _ Y rR_ v
L= 7 +¢6,(R) and S = Do) + €2(R)
R
—— 4 e(R)

redo (bx 7bz+1)
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where
ez(R) < (2Rloglog R)1/2((VarbL:’(1))l/2 + (Varng(Cl))l/z)
= o((Rloglog R)'/?).

Then for any o, € {A,T,C, G}, ix(by_1, iy, byy1) is asymptotically equiv-
alent to

'éx(bx—la Ay, b:c-i-l) = (/690(04:0’ b:c-i-l) + e_ﬁ(gO(az’bx+1)_g0(b17bx+1)))L;7R
+ (ﬂgo(bm_l’ am) + e_ﬁ(go(bxfl,az)_go(bxfl,b:v)))L;—i}f _'_ E;E(R)
This quantity is minimal if and only if o, = b, then

E ¢l (bo—1,02,b0+1) :e—(ﬁgo(bx,bzﬂ)*‘l)L;{R (Bgo(bo—1,bs)+1) L 1+ea(R)

As P-almost surely, for R large enough,

~

bx—l = b:c—la B:c = b:c and B:c—i—l = bx-{—la

we obtain the following asymptotic estimate for the probability to make a
wrong prediction at site x:

—logP(b, # b,|Y", b*) >
F(go(be,bysr) — go(ut, bpyr)) LR+
F(go(bx 1, b2) = golboo1,u x))L+R+ex(R)

where

;—_ argmln{u 7& bx> F( (gxai)x-i-l) gO(u b:c-i—l))}a
u, —argmm{u#bx, F( (bx 1, by ) — go(bp—1,u )}

Therefore this estimate is still true when b* is not given:

—1log P(by # ba|Y™) 2F (go(ba, bagr) — go(u, bayr)) LI+
F(go(bs—1,bs) — go(bor,uy)) LI + €,(R)

Same kind of arguments give the probability to be wrong on a chain of
length h + 1 starting at z.
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Corollary 5.2.4. Let n, be the number of errors done by estimating the
DNA chain. Almost surely for R large enough,

—logP (ne > h [YH) > KM + o(R)
> KhR 4+ o(R).

where

Mi:min(ZL;—’R/]hC{l,...,M—l}, ‘]h‘:h)

zely

Proof. We begin with the definition of the information for the sites = to x+ h:
for Qg—1," " 5 Qgyht1 € {A7 T7 Ca G}h+37

im,m—l—h(ax—lu o 7am+h+1) = - log ]P)(bx =Qg,..., bm—l—h = aw+h>
z+h
+ Z ﬂgO(ayao‘y+1)L;7R + Te_ﬁQO(ay’aerl)Sf.
y=z—1

We can now express the probability we are looking for. Denote by b***" the
vector (by, -+ ,by_1,bprnt1, -, b)), then

P (bx #* l;x, vy byyn # [A)x+h|yR’ bx""v“h)

e_icv,cmkh(bxflyaz:"' WOt hyboght1)

Z Z_ ~ e tz,ath(bz—1,0a, Qg nbutni1)
Qs 3Oyt h

Olac?ébxy---vax+h7ébx+h

Reasoning in the same way as in the previous proof, we obtain
E e_iz,zﬁ»h(bxfl JQgye 7C_“z+h7bz+h+1) :6_ 232271(ﬁgo(by,by+1)+1)L;'R+0(R)
C_‘lz7~~~7c_“z+h

and then

—10gP (b # b ben # bosnVR) >

F(QO(i)x—la by) — go(i?x—l,vx—l))L:ffﬂL
z+h—1

Z F(QO(Bya By+1) - go(uy’ Uy))L;R

y=a

+ F(g0(8x+h, B:c—i—h-i—l) — go(Ugth, Z\)Z‘+h+1))L:—;-}fL + o(R)
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where

(uy, vy) = argmin{u # Z;y, v #£ Eyﬂ, F(ﬁgo(éy, I;yH) — 6go(u,v))}.

We can have as before a lower bound which does not depend from the esti-
mator:

z+h
“logP (bx Ly, oy # 5x+h|YR> >K Y L7+ o(R)
y=z—1

> K(h+2)R+ o(R).
which now leads easily to the corollary. O

Corollary 5.2.4 shows in particular that the probability to make at least
h mistakes decreases exponentially with A.

The discrete time case leads to very similar results, in fact the main
difference is that AFT and AF~ are replaced by AGT and AG™.

5.3 Possible improvements of the method

In this paragraph, we use the results of the previous sections to propose
two simple extensions which can be used to improve the predictions. The
idea of both of them is based on the fact that the force f can be modified
and adapted to the context.

5.3.1 Forces depending on the site we are interested in

In this section, we will discuss about ﬁi, which appears in the lower-

bounds of 1/R.(z). Like we have seen before, 17%« can be large, depending on
the sequence gy and the force at site x, we recall that

,i = z_: exp (ﬂ{ Z 9o(br, brgr) — (I — x)Ql(f)})

Pz l=z+1 k=x+1

For example when the force f is not too large, typically when ¢;(f) <<
max(go(ag, az41)), then valleys, that is to say portions of the sequences b
such that ZLZIH Go(b, b1) —(l—x)g1(f) >> 1, can appear. So the quality
of our prediction is good (the decreasing of the probability to be wrong is in
e‘conStReﬁMw) only in some specific regions of the molecule.

When the above conditions do not appear, the force can be modified in
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order to slow down locally the system!. Assume that we are interested in

a specific region centered on the point y, [y — A,y + A], A > 0 where the
(Live + Lyio, v € [—A, A]) or the (Syi., = € [-A, A]) are small. Then we

y+z
can take for = € [—A, A],
gl(fy—i-x) = C(A - [L’), (518)
and we get:
1 o c
—— > exp (ﬂ{ > golbr,brr) — o (A—z)(A—z — 1)})
py—i—x 2
k=y+z+1

especially for z = 0,

,i > exp (ﬂ { Z 9o (i, by1) — %A(A - 1)})

Py k=y+1

Then if E(go(by, bp11)) = (A — 1) and A is large enough, ﬁi will be quite
large too. Once again this will work if the region we are lookying at is quite
far from the end of the molecule, that is to say, A is large. On the other case
what could be a good idea is to unzip the molecule from the other end.

We now move to another possible improvement.

5.3.2 The energy point of view: forces depending on
the values of the environment

In this paragraph we do not try to find directly the sequence of bases
but the associated binding energies. We denote go(z) for go(b,, byr1)and we
assume that they are K distinct values for go(z), typically for the DNA they
are given by Table 5.2. The random variables (go(z), x) are not independent,
for the DNA molecule the dependence is also given by Table 5.2. For example,
the energy 1.06 can only be followed by 1.78, 1.55, 2.52 or 2.22. We also
assume that the whole sequences gy are equiprobable.

First let us introduce some new notations. We will denote puq, pio, - - -, pix,
the possible values of go(.), they are ordered in such a way that p; > p;11
for all i. We also assume that the force f can take K + 1 different values
{fi, fo, +, frx—1, fx, fx+1 = 0}, and then, that g;(.) takes equally K + 1
distinct values denoted {ry,rs, -+ ,rx_1,7x,7k+1 = 0}. We also suppose

1. According to the physicists, it is possible.
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that ri >ryg > -+ > TK-1, and

,ul—T1<O, /Jq-’f’g>0, Vi>1,ui—r2<0,
fo — 19 <0, o —ry >0, Vi >2 pu; —rs <0,

pr —rr <0, pg —rgg = pr >0, .
Let us define
g, = (14 eflm=riy=1 (5.19)

which is the probability to go on the right if the force f; is applied and if the
value of the environment is equal to u,,. Notice that if f; is applied then for
all v < M,

P = (L+exp(Blgo(e) — 1)~ = ¢ > 1/2,

and we denote I'} := {# < M,p, = ¢i}. Then if f, is applied, for all
i S M, i ¢ Fl,

Pe > G, (5.20)

in the same way as before we denote I'y the sites such the equality in (5.20)
is satisfied. We get a partition {I';,T's,--+ ,I'x} of {1,---, M}. Finally we
can look at a certain number of random walks for each values taken by the
force. We denote by R; the number of random walks we consider for the
force with value f;.

From now on we will only focus on the discrete time case because it is the
one where the gain is the most important, however what we suggest can be
applied to the continuous time model as well. We introduce the information
at site z, if the force f; is applied then

i5,(m) = L7 log qj, + L™ log(1 — q},), (5.21)
and the relative information at site x
il (m, 1) := i (m) — i (I). (5.22)
We define the function H, : R — R,

H,(u) :=log(1 4 exp(Bu)) + exp(Ba)log(1 + exp(—Fu)).
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Proposition 5.3.1. Assume that the forces fi, and then f..1 are applied
(everywhere) then, for all z, all sequence g% and all estimator go(z),

P (go(l’) = Mk, go(l') = :uk|XRk7XRk+17 gg)

= (1 + Z exp( (m k) — k+1(m7 /f))) Lgo@)=pe-

m=1,m#k

Let us define the following estimator:

R ‘ L;’Rk L, Ryt
go(I) =inf< k> O, L;’Rk < 1, W > 1 (523)
then
1 . 1 R x
Ri@) e OB (P (go(x) = px, go(x) = | X, g5) — 1)
H &) H (k+1)
- ﬁk pk—l—l )
where
H® = e o (= i) = Hymr (e = 1)
H*D = le{km%%m Hyy (10 = Te1) = Hygmrp (10 = Trey1), with
1
— Z exp ( Z o(y) — rl> + 1 (5.24)
px x z=x+1 y=z+1

go s (er for bx) the sequence (90(1)790(2)7 s 790(35 - 1)790(36’ + 1)7 Tty
QO(M))-

Here we avoid a bad situation seen in the first section (see (5.11)), indeed,
the worst case under the force fiy1, leads to: for a = pux — rpe; > 0,u =
pre1 — Tp+1 >0,

Ho(u) — Ha(a) Z (exp(B(a —u)) =1 = B(a —u)), (5.25)

which increases with 3. However we have to be careful with this method,
indeed in order to catch the small values of the energies, fi should be small
and slows down the system, indeed recall that

Eb[w]—RZ(x a”)*RZ(; )

> Rexp(Bmax MF),
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with MPF := max, <<y {Z;:x—i-l go(by, byq) — rk} large if k is large.

An alternative approach is first to apply a large force fi, from 0 to z — 1
in order to reach rapidly the region we are interested in, then apply all the
forces in x and then, after x + 1 apply a small force (for example fx) in
order to slow down the system and stay focus on x. For each value of the
force (f;,i < K) at site x, R random walks are used. More precisely f is, as
before, function of the energy and now of the sites:

fl(z) = fl]-lSzS:c—l + fz]-z:x + fK]-ZZSH-l (526)
we get
1 o1 . . .
R~ Aim - log (P (go(x) # go(x)| X7, g5, fil.),i < K))

Lo e
> —(H"+H")
A= max oin (Hyor (= 1) = Hyeon (e = 7))

H™ = max {k@32+1}(Hul-rk(uz —7hy1) = Hypor o (e — Th11))-

The main interest in the above result comparing to the preceding one is the
fact that % is large but the time to reach x is small. Of course this also
increases the amount of time to reach the end of the molecule, but it can be
stopped. The proof to get these results are very close to the one of Section
5.2 so we do not give any details.

In the above proposition we assume that g is known which can be restric-
tive, indeed we do not know anything on the molecule, we can remove this
assumption and get the following result. First we need to introduce another
function of information i: for fixed z, m and j

() = L log(1 — Pl (p7,)) + R(log (7). (p17,)) — log (1 — P (417,)))-

recall that p’ is given by (5.24), it is a function of (compatible) energies
go(.) form x + 1 to M, moreover pnZ, is the sequence (from = + 1 to M) of
(compatible) energies compatible with the energy ., at site x.

Proposition 5.3.2. For all x, all estimator go(z), assume that each of the
forces (fi(.),i < K) are applied to respectively (R;,i < K) random walks,
then
P (go(x) = gol)| LI, L), fi(.), i < K)
—1
K _ _ in (1)
-1+ (S i o) 2 €
S, D)
m=1,ttm #Go(x) Ha
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where the sum over the u*, is the sum over all the compatible energies (from
x + 1 to the M) with w, of site x. ug is the same, but the compatibility is
with go(z) instead of fi,. i.(m) is given by (5.21), and for i.(0) we replace
i i iL(m) by Go().

Moreover if we take for the estimator at site x defined in (5.23) and we
assume that all the R; are equal we get as before

1
R.(x) :_I%EEOIOg_( (go(x) # go(a)|LP™, LT, i < K))
o
Zﬁ(H +H")

Proof. Thanks to Lemma 5.2.2, we easily get the first part of the proposition,

b L) = <pg; (1%,) - 1) log(1 — F(12,)) + log(F(12,))

R—~4o00 R z

Also we have that H(x) := (1/a — 1) log(1 — x) + log = reaches its maximum
Eyp, e )
0 €8 08

1/R.(x). O

in a, we deduce from that < 1, so we get the lower bound for

We finish with a discussion about the link between the energies and the
sequences of bases. First let us recall the table of the binding free energies
for DNA at room temperature:

go | A T C G

A | 1.78 | 1.55 | 2.52 | 2.22
T | 1.06 | 1.78 | 2.28 | 2.54
C 254222314 3.85
G 228252390 3.14

We notice that the largest free energies which correspond to the most stable
links are on the bottom right end corner of the table, in fact the largest
binding energy is obtained when a G is followed by a C. Notice also that
90(G, G) = go(C, C) so we can not distinguish this two different links by look-
ing only at the free energy. In the same way the lowest free energy are made
with bases with a 7" and A followed by the same letters, again go(A, A) =
go(T, T). For the rest of the table we have the equality go(W,S) = go(S, W),
where S is either a C or a G and W a A or a T, S the complementary of S,
and the same for WW.

Moreover it is possible to reconstruct the DNA molecule from the com-
patible binding energies only if there is only one sequence of base pairs which
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corresponds to the sequence of energies (see Theorem 5.2.3). This is not
always the case, for example when the molecule repeats the same scheme

which is undetermined: the energy of C'—C' —---— C'is equal to the energy
of G—G—---—(@G, in the same way A —C —A—C —---— A— C has the
same energy than G — T — G —T — --- — G —T. Notice that if this kind of

sequence is broken only once in the molecule then we turn to a determined
case.
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Roland DIEL

Temps local d’une diffusion en environnement aléatoire. Applications

On appelle diffusion en milieu aléatoire la solution de I'équation différentielle stochastique
suivante :

AX(f) = dB(#) — %W’(X(t))dt

ol B est un mouvement brownien standard et W, le milieu, est un processus cad-lag qui n'est
pas nécessairement dérivable (I'EDS précédente n'a alors qu'un sens formel). Schumacher [69]
et Brox [17] ont montré que dans le cas ou W est un mouvement brownien, la diffusion X a
un comportement sous-diffusif et se localise au voisinage de certains points du milieu.

Cette thése est principalement consacrée a I'étude du comportement asymptotique du proces-
sus des temps locaux de X. Ce processus L (t,x) représente le temps passé par X au point
avant le temps ¢. C'est donc un outil bien adapté pour étudier la localisation de la diffusion. On
décrit ici la loi limite du temps local lorsque le milieu est un mouvement brownien standard ou
plus généralement un processus de Lévy stable. On s'intéresse également au temps passé par
la diffusion au voisinage des points les plus visités et au comportement asymptotique presque
stir du maximum du temps local.

Dans la derniére partie de la thése, on utilise le temps local d'une version discréte du modéle,

pour obtenir des informations sur le milieu. Le but étant d'appliquer ce modéle au séquencage
de I'’ADN.

Mots clés : Processus en milieu aléatoire, temps local, mouvement brownien, processus de
Lévy.

Local time of a diffusion in random environment. Applications

A diffusion in random environment is the solution of the following stochastic differential equa-
tion: 1

dX(t) = dB(t) — §W’(X(t))dt
where B is a standard Brownian motion and W a cad-lag process which is not necessarily
differentiable (the previous SDE has then only a formal sense). Schumacher [69] and Brox
[17] have shown that the diffusion X has a sub-diffusive behavior when T is also a standard
Brownian motion. Moreover they point out a localization phenomena for X.
This thesis is principally devoted to the description of the asymptotic behavior of the local
time process of X. The local time Lx(t, ) represents the time spent by X before ¢ at point
x. This is thereby a useful tool to study the localization of the diffusion. Here is described
the limit law of the local time when the environment is a Brownian motion or more generally
a stable Lévy process. We are also interested in the time spent by X in the neighborhood of
the most visited points and in the almost sure asymptotic behavior of the maximum of the
local time.
In the last chapter of the thesis the notion of local time is used in a discrete version of the
model to obtain informations on the environment. The goal is to apply this model to DNA
sequencing.

Keywords: Processes in random environment, local time, Brownian motion, Lévy process.
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