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Résumé

Problémes d’Inclusions Couplées : Eclatement, Algorithmes et Applications

Cette thése est consacrée a la résolution de problémes d’analyse non linéaire multivoque dans
lesquels plusieurs variables interagissent. Le probléme générique est modélisé par une inclusion
vis-a-vis d'une somme d’opérateurs monotones sur un espace hilbertien produit. Notre objectif
est de concevoir des nouveaux algorithmes pour résoudre ce probleme sous divers jeux d’hy-
pothéses sur les opérateurs impliqués et d’étudier le comportement asymptotique des méthodes
élaborées. Une propriété commune aux algorithmes est le fait qu’ils procedent par éclatement en
ceci que les opérateurs monotones et, le cas échéant, les opérateurs linéaires constitutifs du mo-
dele agissent indépendamment au sein de chaque itération. Nous abordons en particulier le cas
ol les opérateurs monotones sont des sous-différentiels de fonctions convexes, ce qui débouche
sur de nouveaux algorithmes de minimisation. Les méthodes proposées unifient et dépassent lar-
gement I’état de l'art. Elles sont appliquées aux inclusions monotones composites en dualité, aux
probléemes d’équilibre, au traitement du signal et de I'image, a la théorie des jeux, a la théorie du
trafic, aux équations d’évolution, aux problémes de meilleure approximation et a la décomposi-
tion de domaine dans les équations aux dérivées partielles.

Mots-clés : analyse convexe, décomposition d’images, décomposition de domaine, équilibre de
Nash, inclusions d’évolution, inclusions monotones en dualité, opérateur maximalement mo-
notone, probleme d’équilibre, probleme de point fixe, reconstruction d’images, restauration
d’images, théorie du signal, théorie du trafic.

Resumen

Problemas de Inclusiones Acopladas : Separacidn, Algoritmos y Aplicaciones

Esta tesis esta dedicada a la resolucién de problemas de andlisis no lineal multievaluado en los
cuales varias variables interactdan. El problema general es modelado a través de una inclusion
que involucra una suma de operadores mondtonos en un espacio de Hilbert producto. Nuestro
objetivo es concebir nuevos algoritmos para resolver este problema bajo diversos conjuntos de
hipétesis sobre los operadores implicados y estudiar el comportamiento asintético de los métodos
elaborados. Una propiedad comun a los algoritmos es que actuan por separacion en el hecho que
los operadores monotonos y, si los hay, los operadores lineales constituyentes del modelo actian
independientemente en cada iteracion. En particular abordamos el caso donde los operadores
monotonos son subdiferenciales de funciones convexas, lo que da lugar a nuevos algoritmos de
minimizacién. Los métodos propuestos unifican y superan ampliamente el estado del arte. Estos
son aplicados a inclusiones monoétonas en dualidad, a problemas de equilibrio, al tratamiento de
sefiales e imdgenes, a la teoria de juegos, a la teoria de tréfico, a las ecuaciones de evolucion, a
problemas de mejor aproximacion y a la decomposicién de dominio en ecuaciones de derivadas
parciales.

Palabras clave : analisis convexo, descomposicién de iméagenes, descomposicion de dominio,
equilibrio de Nash, inclusiones de evolucion, inclusiones mondétonas en dualidad, operador maxi-
malmente monotono, problemas de equilibrio, problema de punto fijo, reconstruccién de ima-
genes, restauracion de imagenes, teoria de sefiales, teoria de tréfico.
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Abstract

Coupled Inclusions Problems : Splitting, Algorithms, and Applications

This thesis is devoted to solving problems in set-valued nonlinear analysis in which several va-
riables interact. The generic problem is modeled by an inclusion involving a sum of monotone
operators in a product Hilbert space. Our objective is to design new algorithms for solving this
problem under various sets of hypotheses on the underlying operators, and to study the asymp-
totic behavior of the resulting methods. A common property of the algorithms is the fact that
they proceed by splitting in that the monotone operators and, if any, the linear operators present
in the model act independently at each iteration. In particular, we address the case when the
monotone operators are subdifferentials of convex functions, which leads to new minimization
algorithms. The proposed methods unify and significantly extend the state-of-the art. They are
applied to monotone inclusions in duality, to equilibrium problems, to signal and image pro-
cessing, to game theory, to traffic theory, to evolution inclusions, to best approximation, and to
domain decomposition in partial differential equations.

Key words : composite fixed point problems, convex analysis, domain decomposition, equili-
brium problems, evolution inclusions, image decomposition, image reconstruction, image resto-
ration, maximally monotone operators, monotone inclusions in duality, Nash equilibrium, signal
theory, traffic theory.
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Notations et Glossaire

Les notations suivantes seront utilisées dans toute la thése. De plus, nous rappelons
certaines définitions de base en analyse convexe.

Notations générales

o M, Hi,...,Hmn,G,Gi1,...,G, : Espaces de Hilbert réels.
(- | ) : Produit scalaire des espaces H, Hi,... H, et G,Gi,...,G,.

e 2% : Ensemble des parties de H.

H=H,D - D H,, : Somme hilbertienne directe.

(-] ) (wi)1<i<m, (Yi)1<i<m) — Z;Zl (x; | y;) : Produit scalaire de 'espace H.

I'g(H) : Famille de fonctions convexes, propres et semi-continues inférieurement
de H dans |—o0, +0o0].

B (H,G) : Espace d’opérateurs linéaires et bornés de H dans G.
L* : Adjoint de 'opérateur L € B (H, G).

e — : Convergence forte.

— : Convergence faible.
e limz,, : Limite supérieure de la suite (z,),cn de H.

e lim x, : Limite inférieure de la suite (x,, ),y de H.

Soit C' un sous-ensemble non vide de H.

0 sizeC; .. .
o x> ] > . Fonction indicatrice de C.
+oo, sixgC

e do: x— inf e ||z — y|| : Fonction distance a C associée a la norme || - || = /(- | -).

® 0c: ¥ — sup,.c (z | y) : Fonction d’appui de C.

e Pc : Projecteur sur le sous-ensemble convexe fermé non vide C de H.

. {ueH | (VyeC) (u|ly—2z)<0} sizel
6]

e No:x .
sinon

: Opérateur cone nor-

mal a C.
e (' : Orthogonal d’une partie C' de H.



Notations et définitions relatives a un opérateur multivoque A: H — 27

e domA={zeH | Az # &} : Domaine de A.

e grA={(z,u) € H* | u€ Az} : Graphe de A.

e AT H 2" u— {z €M | ue Az} : Inverse de A.

e FixA={z €M | z € Az} : Points fixes de A.

e zer A={z €H | 0€ Az} : Zéros de A.

e ranA={ueH | 3z €H) ue Az} : Image de A.

o Jy = (Id+A)~!: Résolvante de A.

e R, =2J, —Id : Opérateur de réflexion de A.

o "A = (Id—J,4)/v : Approximation de Yosida de A d’indice ~ € ]0, +oo].
A est monotone :

(V(z,u) € gr A)(V(y,v) € grA) (r—y|u—v)>0.

A est maximalement monotone :

(V(z,u) e HDOH) ((x,u) cgrAs (V(y,v)egrd) (r—ylu—v) 20).

A est demirégulier en z € dom A :

(V((2, tn))nen € (gr AN)(Vu € Ax) {Z" :ux = 1, >

Quelques définitions relatives a un opérateur univoque 7: ‘H — H

e L’'ensemble des points fixes de T :

FixT={zeM | Tz =z}

T est lipschitzien de constante x € |0, +oo[ (ou T est x-lipschitzien) :
(V(z,y) € H?) || Tz — Tyl < xllz —yl|.

T est une contraction stricte : T est y-lipschitzien avec y € |0, 1].

T est une contraction : T est x-lipschitzien avec x € |0, 1].

e T est une contraction a—moyennée, avec « € |0, 1] : 7' vérifie 'une des conditions
équivalentes suivantes :

@ (V(z.y) €H?) T —Tyl* + (1 -20)|z —y|* < 2(1 — o) (z —y | Tz — Ty)
1 —
b) (V(w.y) e H) | Te=Ty|* < o —y[* - — (14 =T)z — (1 =T)y|%.

T est une contraction ferme : 7" est une contraction 1/2-moyennée.

T est —cocoercif, ou § € ]0, 400 : BT est une contraction ferme.
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Notations relatives a une fonction ¢ € I'y(H)

e Domaine de ¢
domy = {z € H | p(x) < +o0}.

e Ensemble des minimiseurs de ¢
Argmin ¢.
e Le minimiseur de ¢ en cas d’unicité

argmin (H) ou argmin ¢(y).
yeEH

e Conjuguée de ¢

o*: un—>2161£(<3: | w) —@(x)).

e Enveloppe de Moreau d’indice y € ]0, +oo[ de ¢
s s ind (oy) + oz — ol1?).
yeH 2’)/
e Le sous-différentiel de p en z € dom

Op(x) ={ueM | (VyeH) {y—z|u)+e() <e@)}

e L'opérateur proximal de ¢

_ 1
prox,: H — H: x + argmin (cp(y) + §||$ - ?/||2)
yeEH

e La section inférieure de ¢ hauteur n € R

leve, o ={z €M | p(z) <n}.
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Chapitre 1

Introduction

1.1 Présentation générale et objectifs

Cette these est consacrée au probleme d’analyse non linéaire multivoque suivant.

Probleme 1.1 Soient m et ¢ des entiers strictement positifs. Soient (H;)1<i<., des es-
paces de Hilbert réels et, pour tout j € {1,...,q},soit A;: Hi®- - -®&H,, — 2H1®PHm yn
opérateur maximalement monotone. Le probleme est de trouver un zérode A;+- - -+ A,
ie.,

trouver 1z, € Hy,...,z, € H,, tels que (O,...,O)GZAj(xl,...,xm). (1.1)

Comme nous le verrons, la formulation ci-dessus permet de modéliser une vaste
classe de problemes en analyse non-linéaire ot plusieurs variables interagissent. En par-
ticulier, entrent dans ce cadre des problemes de traitement du signal [6, 7, 8, 9, 23,
30, 31, 40, 48, 77, 781, de la théorie du trafic [18, 19, 39, 59, 60, 66, 68], d’économie
[32, 33,37, 47,571, de la théorie des jeux [2, 4, 55, 60, 76], d’admissibilité [12, 25, 28],
de point selle [63], de meilleure approximation [10, 11, 16, 23, 34], de décomposition
de domaine dans les équations aux dérivées partielles [62, 70, 74], d’équations aux
dérivées partielles [38, 41, 51, 79] et d’inclusions d’évolution [5, 42, 69].

Plusieurs algorithmes pour résoudre le Probléeme 1.1 existent dans la littérature
dans le cas ou m = 1; ils seront décrits dans la Section 1.2. Cependant, pour le cas
m > 2, seulement des cas tres particuliers du Probleme 1.1 peuvent étre résolus. Le
cadre plus général étudié dans la littérature est le casoum = 2, H; = Ho = H, g = 2,
Aj: (71,29) = Ay X Ayzy, oul Ap et A, sont des opérateurs maximalement monotones

1



dans H, et As: (1, x9) — (21 — x9, 29 — 7). Dans ce cas, le Probléme 1.1 s’écrit

trouver 1 € H et x5 € H tels que 0€ iz + 21— (1.2)
0e AQ.TQ + X9 — 7.
Ce probleme a été résolu dans [17] a l'aide d’'une méthode inspirée de l'algorithme
des projections alternées [58] et de certains développements ultérieurs [1, 24, 34]. La
méthode alterne le calcul des résolvantes de A; et A,, et ne semble pas extensible au cas
de plus de deux composantes qui appartiennent aux espaces hilbertiens différents ou de
plus de deux opérateurs.

La principale motivation de cette thése est de fournir des méthodes de résolution
du Probléme 1.1 sous divers jeux d’hypotheéses et de les appliquer a certains problemes
concrets d’analyse non-linéaire. Les méthodes que nous proposons procedent par éclate-
ment en ceci que chaque opérateur présent dans le modele est utilisé individuellement
a chaque itération de l'algorithme. Historiquement, les méthodes d’éclatement d’opéra-
teurs trouvent leurs racines dans certaines méthodes de résolution de problémes non
linéaires, par exemple [52, 53, 61].

Nous ne nous proposons pas d’examiner les questions d’existence ou d’unicité des
solutions du Probleme 1.1 puisque ces questions sont déja amplement traitées dans la
littérature [5, 15, 64, 65, 79].

Dans le Probleme 1.1, nous étudierons avec attention le cas ou ¢ = 2, i.e.,

trouver x; € Hq,...,x, € H,, tels que
(0,. . 70) c Al(lCl,. .. ,.Z’m) -+ AQ(I‘l, .. .7.’L‘m). (1.3)

En particulier, nous examinerons le cas ou A; est séparable, c’est-a-dire,
All (xi)lgiﬁm —> All‘l X o+ X Aml‘m, (14)

ou (4;)1<i<m sont des opérateurs maximalement monotones et A, est univoque. Nous
nous pencherons notamment sur le cas ou, pour tout i € {1,...,m}, A; est le sous-
différentiel d’'une fonction dans I'g(#;) et A, est le gradient d'une fonction dans
Lo(H1@---®H,m), ce que nous permettra d’étudier certains problémes de minimisation.
D’autres méthodes seront proposées lorsque A; n’est pas séparable et A, est multivoque
et nous étudierons attentivement des cas particuliers pour résoudre des problémes de
minimisation liés a ce cadre. Des algorithmes seront proposées pour le cas général ou
q > 2 opérateurs interviennent et nous illustrerons la flexibilité de toutes ces méthodes
a travers des applications a la théorie des jeux, au traitement d’images, a la décompo-
sition de domaine dans les équations aux dérivées partielles, a la théorie du trafic, aux
inclusions d’évolution couplées et d’autres problemes.

De plus, nous nous pencherons sur une application du probleme (1.3) aux inclusions
primale

trouver x € H telque z¢€ Ax+ L*(B(Lz —r)) (1.5)
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et duale
trouver vE€G telque —r e —L(A (2~ L")+ B '(v), (1.6)

ol H et G sont des espaces hilbertiens, z € H,r € G, A: H — 2" et B: G — 29 sont des
opérateurs maximalement monotones, et L. € B (H, G). Nous proposerons une méthode
pour trouver simultanément des solutions de (1.5) et (1.6) a partir d'un algorithme qui
résout le probleme (1.3) dans le cas m = 2 pour un choix approprié des opérateurs A,
et AQ.

Par ailleurs, nous développerons une méthode pour résoudre des problémes de
point fixe composites sous contraintes. La méthode, avec un choix approprié des opé-
rateurs concernés, généralisera en particulier 'approche étudiée dans [75] pour la réso-
lution de certaines inclusions monotones.

1.2 Algorithmes d’éclatement d’opérateurs existants

La plupart des méthodes proposées dans la theése sont basées sur des formulations
originales dans des espaces produits adéquats d’algorithmes d’éclatement d’opérateurs
existants. Dans cette section, nous passons en revue ces algorithmes, qui permettent de
résoudre le Probleme 1.1 en présence d’une seule composante (m = 1).

1.2.1 Méthode explicite-implicite
Cet algorithme permet de résoudre le probleme suivant.

Probleme 1.2 Soit 5 € ]0, +o00], soit A: H — 2% un opérateur maximalement monotone
et soit B: H — H un opérateur S—cocoercif. Le probléme est de

trouver € ‘H tel que 0 € Ax + Bux. (1.7)

Notons que le Probléme 1.2 correspond au cas particulier du Probleme 1.1 oum = 1,
qg=2,A;, = Aet Ay = B, avec I'hypothése additionnelle de cocoercivité sur As,.

Dans la suite nous énoncons une version de la méthode explicite-implicite dévelop-
pée dans [26] pour résoudre le Probleme 1.2 (voir [3, 26] et leurs bibliographies pour
I'historique).

Algorithme 1.3 Soient (a,,),en et (b, )nen des suites dans H. On génére une suite (z,),en
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comme suit.

Initialisation
e € ]0,min{1, 8}]
L x0657{
Pour n =0,1,...
Tn € [g,20 — €]
An € [, 1]
Zn = Xy — (BT, + by) (1.8)
Yn = Jﬁ/nAZn + a,
| Tntl = Tp + )\n(yn - xn)

Proposition 1.4 ([26, Corollary 6.5]) On suppose que zer(A + B) # & et que

D lanll < 400 et Y ball < +oo. (1.9)

neN neN

Alors la suite (x,,)nen engendrée par UAlgorithme 1.3 converge faiblement vers un zéro de
A+ B.

1.2.2 Meéthode explicite-implicite-explicite

Cette méthode permet de résoudre un probleme plus général que le Probleme 1.2
en permettant que 'opérateur B soit lipschitzien au lieu d’étre cocoercif.

Probleme 1.5 Soit 8 € ]0,+ool, soient A: H — 2% et B: H — H deux opérateurs
maximalement monotones et supposons que B soit 3~ !-lipschitzien. Le probléme est de

trouver x € H tel que 0 € Az + Bux. (1.10)

Notons que le Probleme 1.5 correspond au cas particulier du Probléeme 1.1 oum = 1,
q:2,A1:AetA2:B.

L’algorithme proposé dans [75] résout un probleme plus général que le Pro-
bleme 1.5 en considérant de plus une contrainte dans (1.10) et un opérateur B dont
le domaine n’est pas nécessairement tout ’espace.

La méthode explicite-implicite-explicite trouve ses racines dans des méthodes de
résolution d’inéquations variationnelles [43, 45, 46, 49, 50]. Nous présentons ici le cas
sans contrainte de I'algorithme proposé dans [75] pour résoudre le Probleme 1.5. Nous
reviendrons au cas général au Chapitre 8.



Algorithme 1.6 On génere une suite (x,,),cy cCOmMme suit.

Initialisation
e€]0,8/2]

| To eH

Pour n =0,1,...

Tn < [&B - 8]

qn = Pn — 7ann
Tnt+1 = Tp — YUn + G-

Le résultat suivant est une conséquence de [75, Theorem 3.4(b)].

Proposition 1.7 On suppose que zer(A + B) # @. Alors la suite (x,,),cn engendrée par
U’Algorithme 1.6 converge faiblement vers un zéro de A + B.

1.2.3 Méthode de Douglas-Rachford

On ici considere un probleme plus général que le Probleme 1.5, en supposant sim-
plement que B soit multivoque et maximalement monotone.

Probleme 1.8 Soient A: H — 2" et B: H — 2% deux opérateurs maximalement mono-
tones. Le probléme est de

trouver = € H tel que 0 € Ax + Bu. (1.12)

Notons que le Probléme 1.8 correspond au cas particulier du Probléme 1.1 oum = 1,
q:2,A1:AetA2:B.

Cette méthode a été proposée initialement dans [54] (voir aussi [26, 27, 36] et leur
bibliographies). Nous énoncons a présent la version de I'algorithme de Douglas-Rachford
donnée dans [27].

Algorithme 1.9 Soient (a,).,en et (b,)nen des suites dans H. On génere des suites
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(Zn)nen €t (Yn)nen cOMme suit.

Initialisation
7 €10, +o0]
L To € H
Pour n=0,1,...
An €10,2]
Zn = 'yA(Qyn - xn) + an, ( ) )
| Tnt+1 = Tn + )‘n(zn - yn)

Proposition 1.10 ([27, Theorem 2.1]) Soient (x,)nen €t (Yn)nen les suites engendrées
par UAlgorithme 1.9. Supposons que zer(A + B) # &, et que

Y Aalllanll +16all) < +o0 et Y A2 = An) = oo, (1.14)

neN neN
Alors nous avons les résultats suivants.
(1) z, =~ ze€Het J,pr € zer(A+ B).

(ii) Supposons que J.,p soit faiblement séquentiellement continu et que b, — 0. Alors la
suite (Y, )nen converge faiblement vers un zéro de A + B.

(iii) Supposons que A = Np, ou D est un sous-espace affine fermé de H. Alors la suite
(JyaZn)nen converge faiblement vers un zéro de A + B.

(iv) Supposons que A = Np, ot D est un sous-espace vectoriel fermé de H. Alors la suite
(JyAYn)nen converge faiblement vers un zéro de A + B.

Remarque 1.11 Dans [73] il a été trés récemment montré que la suite (y,),en engen-
drée par ’Algorithme 1.9 converge faiblement vers un zéro de A + B avec un processus
d’erreurs (b, ),y moins général et pour le cas ou A\, = 1 (voir aussi [15, Theorem 25.6]
pour le cas correspondant a (1.14) sans erreurs).

1.2.4 Meéthode parallele basée sur Douglas-Rachford

Nous décrivons ici une méthode pour trouver un zéro de la somme de ¢ > 2 opéra-
teurs maximalement monotones.

Probleme 1.12 Soit ¢ > 2 un entier, soient (w,)i<j<, des nombres réels dans |0, 1] tels
que )7, w; = 1 et soient (A;),<;<, des opérateurs maximalement monotones de # vers
2%, Le probléme est de

q
trouver v € H tel que 0 € ijij. (1.15)

J=1



Notons que le Probléme 1.12 correspond au cas particulier du Probleme 1.1 ou
m = 1et, pour tout j € {1,...,q}, A; = w;A;.

Dans la suite nous énoncons une méthode développée dans [27] pour résoudre
le Probleme 1.12. La méthode est basée sur 'algorithme de Douglas-Rachford appliqué
dans un espace produit et tolere des erreurs dans le calcul des résolvantes des opérateurs
(A;)1<j<, (voir [27] pour le lien avec I'algorithme parallele proposé dans [72], qui est
basé sur la méthode des inverses partiels).

Algorithme 1.13 Pour tout j € {1,...,q}, soit (a;,)n,en une suite dans #. On génere
une suite (p, )neny COMmMe suit.

Initialisation
v €10, +00]
Pour j=1,...,¢q
| [zjoEeH
Pour n =0,1,...
Pn =D o WiTjn
Pour j=1,...,q
| Yjn = Joa;Tjn + @
Zn = D5 Willjn (1.16)
A €10,2]
Pour j=1,...,¢q
| L xj,nJrl = xj,n + )\n<2zn — DPn — yj,n)-

Proposition 1.14 ([27, Theorem 2.5]) Supposons que zer()_i_, w;A;) # 9, et que

lrgjagq%)\nﬂamﬂ < +4oo et %An@ —\,) = +00. (1.17)

Alors la suite (p,,)nen engendrée par UAlgorithme 1.13 converge faiblement vers un zéro de

q A
imiwiAj.

1.2.5 Méthode parallele de type Dykstra

Cette méthode résout le probléeme fortement monotone suivant.

Probleme 1.15 Soit ¢ > 2 un entier, soit z € #, soient (A;);<;<,—1 des opérateurs
maximalement monotones de H vers 2%, et soient (w;)1<j<,—1 des nombres réels dans
10, 1] tels que ij w; = 1. Le probleme est de

q—1
trouver x € H tel que z € = + ijij. (1.18)

J=1



Notons que le Probléme 1.15 correspond au cas particulier du Probleme 1.1 ou
m=1,pourtoutj € {1,...,¢—1}, A; = w;A; et A;: v — = — z. Deés que I'opérateur A,
est fortement monotone, nous pouvons assurer ’existence et I'unicité de la solution du
Probléme 1.15 : la solution unique est v = Jpz, ou B = } I~ Y.

Dans la suite nous énonc¢ons la méthode proposée dans [27] qui tolére des erreurs
dans le calcul des résolvantes des opérateurs (A;);<;<,—1. La méthode généralise la mé-
thode de Dykstra parallele pour trouver un point dans I'intersection de convexes [20, 35]
(voir [13, 27] et leur références pour l'historique).

Algorithme 1.16 Pourtoutj € {1,...,¢—1}, soit (a;,)nen une suite dans #. On génere
une suite (z,),cny cOMme suit.
Initialisation
Ty =%
Pour j=1,...,9q—1
| L zj0 =10
Pour n =0,1,...
Pour j=1,...,9q—1
L Yjm = JA Zjn Tt Qin

Toy1 = ijym (1.19)

Pour]—l,...,q—l
B L Zjn+l = Tnt1 + Zin = Yin-

Proposition 1.17 ([27 Theorem 3.3]) On suppose que z € ran(Id + Zj Lw;A;j) et que,
pour tout j € {1,...,q— 1}, > yllajall < +oc. Alors la suite (T )nen engendrée par
U’Algorithme 1.16 converge fortement vers Jgz, ou B = 1" i1 wJA

1.3 Organisation de la these

Au Chapitre 2 nous étudions le cas particulier du Probleme 1.1 ou ¢ = 2,
Ay (mi)1<icm — X A, (A;)i1<i<m sont des opérateurs maximalement monotones et
Ao () 1<i<m — (Bi(21, ..., Tm))1<i<m €st cocoercif. Dans ce cas, le Probleme 1.1 donne

0e Alxl —+ Bl<$1, Ce 7.Tm)

trouver x; € Hy,...,x,, € H,, telsque : (1.20)

0€ Apzpm + Bz, ..., 20)

et nous proposons de le résoudre avec une méthode basée sur I'algorithme d’éclatement
explicite-implicite décrit dans la Section 1.2.1. Cet algorithme est appliqué ensuite a la
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résolution d’inclusions d’évolution couplées et de problemes de minimisation. Parmi ces
derniers, nous examinons des problemes de meilleure approximation et des problémes
de la théorie du trafic.

Au Chapitre 3 nous étudions plus en détail le probleme de minimisation traité
dans (1.20), qui est obtenu en supposant que, pour tout i € {1,...,m}, A; est le sous-
différentiel d'une fonction f; € T'o(H;) et (z;)1<i<m — (Bi(x1,...,Tm))1<i<m €St le gra-
dient d’'une fonction convexe g € I'o(H; & --- & H.,). Dans ce cas nous obtenons le
probleme

minimiser Z filz) +g(xy, ..., Tm). (1.21)
i=1

T1€EH1, -, TmEHm

Nous étudions des structures particulieres de g qui fournissent la cocoercivité de
Vg. Plus précisément, nous supposons que

P m
g: (lﬁz)lgigm — Z Pk < Z Lkzxz’) ) (1.22)
k=1 i=1

ou, pour tout k € {1,...,p}, or € I'0(Gx) est une fonction différentiable avec gradient
lipschitzien et, pour tout i € {1,...,m}, Ly; € B (H;, Gx). Dans ce cas, nous utilisons un
résultat de convergence d’un algorithme proposé au Chapitre 2 pour le cas de problémes
de minimisation. Ensuite, cet algorithme est perfectionné pour le cas ou les fonctions
(pr)1<k<p sont quadratiques et, en particulier, pour le cas ou, pour tout k¥ € {1,...,p}
eti € {1,...,m}, Ly, = &,;1d. Nous utilisons ces algorithmes pour résoudre divers
problemes de traitement du signal (décomposition, synthese, représentation).

Au Chapitre 4 nous proposons différentes méthodes issues des algorithmes d’écla-
tement décrits dans la Section 1.2 pour résoudre le Probleme 1.1 dans chacun des cas
suivants.

(i) ¢ =2 et A, est cocoercif.
(i) ¢ = 2 et A, est lipschitzien.
(iii) ¢ = 2.
(iv) ¢>3et A, =1d—z, avec z € H.
V) ¢ = 3.

Contrairement a I'algorithme proposé au Chapitre 2, la méthode pour résoudre le
cas (i) permet de considérer un opérateur A; non séparable. Dans la Section 4.3 nous
appliquons les algorithmes pour résoudre (i)-(v) aux cas de problemes de minimisation.
De cette maniere nous résolvons le Probleme 1.1 dans chacun des cas suivants.

(vi) ¢ =2, f, dans I'o(H), f,: H — R convexe différentiable avec gradient lipschit-
zien, A1 =0f, et Ay, =V f,.



(vii) g =2, f, et fydans ['o(H), A; = 0f, et Ay = Of,.

(viii) ¢ > 3, pour tout j € {1,...,q— 1}, f, dans ['o(#H), A; = Of, et A, = Id —z, avec
zeH.

(ix) ¢ > 3et,pourtout j € {1,...,q}, f; dans I'o(H) et A; = Of ;.

Contrairement au Chapitre 3, la méthode pour résoudre le cas (vi) du Probleme 1.1
permet de considérer une fonction f, non séparable, c’est-a-dire, qui n’est pas de la
forme (z;)1<i<m — Do, fi(x;) (voir (1.21)). Vu que tous les algorithmes utilisent des
opérateurs proximaux, une partie de la Section 4.3 est consacrée au calcul explicite
des opérateurs proximaux de certaines fonctions utiles. Le chapitre se conclut avec des
expériences numériques visant a évaluer les algorithmes sur des problémes de traitement
d’images.

Au Chapitre 5 nous nous intéressons a la résolution simultanée des inclusions pri-
male (1.5) et duale (1.6). Dans la littérature, plusieurs méthodes résolvent (1.5), mais
dans des conditions trés restrictives. En particulier, si B est univoque et cocoercif, alors
L*(B(L - —r)) est cocoercif et la méthode explicite-implicite résout (1.5). Par ailleurs,
si B est lipschitzien, alors L*(B(L - —r)) est lipschitzien et (1.5) peut étre résolu par
la méthode explicite-implicite-explicite (voir Section 1.2). Cependant, le cas général de
(1.5) ot B est multivoque et monotone ne peut étre résolu par aucune des méthodes
présentées dans la Section 1.2, sauf sous des hypotheses fortes imposées a L [15, Theo-
rem 23.23]. Notre stratégie est de résoudre simultanément (1.5) et (1.6) via l'inclusion

trouver (x,v) € Hx G telque (0,0) € M(z,v)+ S(z,v), (1.23)

ou M: (z,v) = (—2+ Azx) X (r + B~') et S: (z,v) — (L*v, —Lz). Nous montrons que,
pour toute solution (z,v) € H x G de (1.23), = est solution de (1.5) et v est solution
de (1.6). Vu que M et S sont maximalement monotones, I'inclusion (1.23) correspond
au cas particulier du Probleme 1.1, oum = 2,q =2, Hi = H, Hy = G, A1 = M et
A, = S. De plus, le caractere lipschitzien de S nous suggere I'emploi de la méthode
explicite-implicite-explicite de la Section 1.2.2 pour résoudre le probleme (1.23), ce qui
permet de trouver une solution primale-duale de (1.5)-(1.6). Ce nouveau formalisme
de décomposition monotone-+anti-adjoint fournit un outil puissant de modélisation, que
nous appliquons ensuite aux problémes de minimisation.

Le Chapitre 6 est consacré aux problemes de décomposition de domaine dans les
équations aux dérivées partielles. Un des objectifs principaux de ce probleme est la ré-
solution d’équations aux dérivées partielles et des problemes de frontiére associés par la
décomposition du domaine original en des sous-domaines simples, dans le cas ot ils ne
se chevauchent pas (voir [23, 25]). Le probleme général est modélisé par un probléme
de minimisation ou les variables sont les solutions restreintes a chaque sous-domaine.
La fonction objectif prend en compte des potentiels d’énergie associés aux équations
aux dérivées partielles définies dans chaque sous-domaine et des fonctions convexes et
semi-continues inférieurement qui modélisent les contraintes sur les sauts aux interfaces.
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Puisque nous permettons a ces derniéres de prendre la valeur +o0o, nous pouvons modé-
liser des contraintes dures sur les sauts aux interfaces, en particulier, des conditions de
continuité ou de transmission unilatérale. Ce probleme de minimisation multi-variable
est résolu par la méthode primale-duale proposée au Chapitre 5 appliquée dans un es-
pace produit, ce qui débouche sur une méthode parallele qui converge vers une solution
primale-duale du probléme. La solution du probléme dual représente les tensions aux
interfaces.

Le Chapitre 7 est dédié a la construction d’équilibres de Nash de jeux sans potentiel
a m joueurs. Nous supposons que I'espace de stratégies de chaque joueur: € {1,...,m}
est un espace hilbertien réel H; et que la fonction de pénalité peut s’exprimer comme
la somme d’une fonction convexe qui est commune a tous les joueurs et d’'une fonction
individuelle qui est différentiable. Le probleme est de

trouver z, € Hy,..., T, € H,, tels que
x1 €Argmin f(x,x9,...,2n) + g,(z, 29, ..., Tp)
TEH1
(1.24)
Ty € Argmin f(xy, ..., Tpm1,2)+ g,, (71, ..., Tm_1,T),
c€EHm

ouf: Hi® - -@®H,, — |]—00,+0o0] est une fonction propre, semi-continue inférieurement
et convexe et, pour tout i € {1,...,m}, g,: H1®---®H,, — |—00, +0o0] est une fonction
différentiable par rapport a la i-éme variable. Vu que la fonction f peut prendre la
valeur +oo, cette formulation permet de modéliser des contraintes communes a tous les
joueurs.

Dans le cas particulier ou g; = g, ou g est convexe et différentiable avec gradient
lipschitzien, (1.24) revient a trouver des équilibres de Nash d’un jeu de potentiel [55].
Plusieurs techniques sont disponibles pour résoudre de tels problemes [15, Chapter 27].
Nous nous intéressons au cadre sans potentiel, ot les fonctions (g;)1<;<» peuvent étre
différentes. Notre stratégie est de résoudre I'inclusion monotone

trouver 1z € Hy,..., o, € H,y telsque (0,...,0) € Of (z1,...,20)+B(x1,...,Tn),

(1.25)
ol B: (z;)1<i<cm — (Vig;(21, ..., Tm))1<i<m €t, pour tout ¢ € {1,...,m}, V; estla déri-
vée partielle par rapport a la i-éme composante. Nous montrons que toute solution de
(1.25) est une solution du probleme (1.24), et ensuite nous appliquons des méthodes
de résolution d’inclusions monotones au probleme (1.25). Enfin, nous appliquons les

algorithmes obtenus aux jeux a somme nulle, aux équilibres de Nash généralisés et aux
problemes de proximation cyclique.

Au Chapitre 8 nous nous intéressons au probleme de point fixe composite

trouver z €S telque (VvneN) T,R,x =z, (1.26)
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ou, pour tout n € N, T,,: H — H est une contraction ferme, R,: domR, C H — H
est une pseudo contraction telle que (Id —R,,) est un opérateur lipschitzien de constante
dans |0, 1], et S est un sous-ensemble fermé et convexe de I'espace hilbertien 7. Dans
la littérature il existe des méthodes qui résolvent (1.26) dans certains scénarios res-
treints. Si S = H et R, = Id, des méthodes peuvent étre trouvées dans [21, 26].
Par ailleurs, si S = H, T,, = Id, et R, = R, ou R est une pseudo contraction lip-
schitzienne d’'un ensemble convexe dans lui méme, des algorithmes sont proposés dans
[22, 44, 67, 80]. Vu que 'opérateur obtenu de la composition d’une contraction ferme
avec une pseudo contraction lipschitzienne n’est pas une pseudo contraction en général,
le probleme (1.26) ne peut pas étre résolu par les méthodes précédentes. Nous propo-
sons une méthode qui, a chaque itération n € N, considére des calculs explicites des
opérateurs R, T), et R,, suivis d'une approximation extérieure de la contrainte S. Cette
approximation est obtenue par la projection sur un demi-espace affine qui contient S. La
méthode tolére des erreurs de calcul dans I'évaluation des opérateurs (7}, )nen €t ( Ry, )nen-

Ensuite, nous appliquons la méthode a deux cas particuliers : les inclusions mono-
tones avec contraintes convexes et les problemes d’équilibre avec contraintes convexes.
L’application aux inclusions monotones permet de généraliser la méthode proposée dans
[75] en considérant un nombre fini de contraintes et des erreurs dans le calcul des opé-
rateurs impliqués. De plus, la méthode proposée évite le calcul de la projection sur I'en-
semble des contraintes en projetant sur un demi-espace qui les contient, ce qui simplifie
le calcul en général. D’autre part, 'application aux problemes d’équilibre fournit une
méthode qui généralise les approches dans [29, 56].

Nous présentons dans le Chapitre 9 notre bilan et les questions que nous envisa-
geons d’aborder dans nos travaux futurs.

1.4 Contributions principales

Les contributions principales de cette theése sont les suivantes.

e La conception et I'étude asymptotique d’'une grande classe de méthodes pour ré-
soudre des problemes multicomposantes issus du Probleme 1.1. Nous avons vu
dans la Section 1.1 que la littérature permet de résoudre des cas tres particuliers
du Probléme 1.1, qui sont restreints au cas m = 2 et H; = H,. Nous proposons
des méthodes paralleles qui résolvent le cas m > 2 avec, de surcroit, des espaces
hilbertiens (H;)1<i<m différents. Des algorithmes pour résoudre des cas particu-
liers du Probleme 1.1 sont présentés dans les Chapitres 2, 3, 4 et 5.

e La conception et 'étude asymptotique d’'une méthode pour résoudre simultané-
ment le probleme primal (1.5) et le probleme dual (1.6). Nous avons vu dans

la Section 1.3 que dans la littérature il existe certaines méthodes pour résoudre
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(1.5) sous des hypotheses tres restrictives. Dans le Chapitre 5 nous proposons un
nouveau formalisme de décomposition monotone+anti-adjoint pour résoudre un
probléeme formulé sur I'espace produit primal-dual dont les solutions sont celles
de (1.5)-(1.6).

L’étude des conditions suffisantes pour obtenir la convergence forte a partir de la
notion de demiregularité que nous introduisons dans le Chapitre 2. Cette notion
est appliquée dans les Chapitres 2 et 5.

La conception et 'étude asymptotique d’'une méthode pour résoudre des pro-
blémes de point fixe de type (1.26) dans le Chapitre 8. Dans la Section 1.3 nous
avons vu que dans la littérature il n’existe des méthodes de résolution de (1.26)
que dans certains cas tres particuliers. Nous généralisons en particulier les mé-
thodes de [29, 56, 75].

Le développement de nouvelles méthodes pour résoudre des problemes du traite-
ment d’'image et de signal. Le Chapitre 3 est consacré a des techniques variation-
nelles pour résoudre problémes de décomposition, reconstruction et restauration
de signaux multicomposantes. En particulier, nous avons résolu des problemes
de décomposition de signal en m > 2 composantes, de synthese de signal et
de représentation multitrame des signaux. Contrairement aux problemes de mi-
nimisation considérés au Chapitre 3, dans la Section 4.3 nous considérons des
fonctions convexes qui ne sont pas nécessairement lisses. Cette section est dédiée
aux images multicomposantes ou nous examinons en particulier des problémes
de restauration stéréoscopique, de débruitage d’images multispectrales et de dé-
composition d’images en composantes texture et structure.

La conception d’'une méthode primale-duale pour résoudre des problemes de dé-
composition de domaine dans les équations aux dérivées partielles, en considé-
rant m > 2 sous-domaines disjoints et des contraintes dures aux interfaces (Cha-
pitre 6). La convergence de cette méthode est établie sous des hypotheses tres
faibles en comparaison avec les méthodes existantes.

La premiere utilisation systématique des méthodes d’éclatement d’opérateurs
pour la construction d’équilibres de Nash dans le cas de jeux sans potentiel (Cha-

pitre 7).

Le développement de nouvelles méthodes de résolution de problémes de théorie
du trafic, d’inclusions d’évolution et de meilleure approximation (Chapitre 2).
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Chapitre 2

Résolution d’inclusions monotones
couplées par un opérateur cocoercif

2.1 Description et résultats principaux

Dans ce chapitre nous nous intéressons au probléme suivant.

Probléme 2.1 Pour touti € {1,...,m}, soit A;: H; — 2" un opérateur maximalement
monotone et soit B;: Hi & - - - & H,, — H,;. Supposons qu’il existe 3 € |0, +oo| tel que

(v<.’171, )EHlXXHm)<v<y177ym)€H1XXHm)

Z yl|B xl,---,xm)_Bi(yla---7ym)>

=1

i=1

Le probleme est de

0e All‘l + Bl(l‘l, e ,l‘m)
trouver x1 € Hq, ...,z € H,, tels que : (2.2)
0€ Apxy + Bu(z1,...,xm).

Ce probleme correspond au cas particulier du Probléeme 1.1 our = 2, A; = A; X

- X A et Aot (25)1<i<m = (Bi(z1, ..., Zm) ) 1<i<m. Nous remarquons que la condition

(2.1) est équivalente a la propriété de [-cocoercivité de A,, ce qui implique qu’il est
maximalement monotone.

Dans (2.2), pour tout ¢ € {1,...,m}, I'opérateur A; modélise des propriétés inhé-
rentes de la variable z;, tandis que les opérateurs (B;);<;<,» modélisent les interactions
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entre ces variables. Cette structure du Probléeme 2.1 permet la modélisation d’une grande
classe de problemes, incluant en autres des problémes de théorie des jeux [3, 4, 37], de
théorie du trafic [14, 37], de meilleure approximation [8, 11, 18, 29], d’inclusions d’évo-
lution [5, 30, 42].

Pour résoudre le Probléme 2.1 nous proposons I'algorithme suivant.

Algorithme 2.2 On génere des suites (1, )nens- - -»(Tmn)neny COMMe suit.

Initialisation
e €10, min{1, B}
Pour i =1,...,m
i | zi0 € H;
Pour n =0,1,...
Tn € [g,20 — €]
A € 10,1 —¢]
Pour i =1,...,m
>\i,n € [07 1[ (23)
Zin = Tin — In (Bi,n(xl,na cee 7xm,n) + bz,n)
Yin = Jﬁ/nAiynzi,n + a1n
Tint1 = NinZin + (L — Nin)Yins

ou, pour tout ¢ € {1,...,m}, les conditions suivantes sont satisfaites.
(D) (A;.)nen sont des opérateurs maximalement monotones de H; vers 2% tels que
(Vp €]0,400)) Y sup [[Jya,,4 — Jp.ayll < +oo. (2.4)
neN lvl<e

(ii) (Bin)nen sont des opérateurs de H; x - - - X H,, vers H, tels que

(a) les opérateurs (B;,, — B;)nen sont lipschitziens avec des constantes respectives
(Kimn)nen dans ]0, +oo[ qui satisfont D, kipn < +00;
(b) il existe z € H; x --- X H,,, qui ne dépend pas de i, tel que (Vn € N) B, ,z =
BZ'Z.
(iil) (ain)nen €t (i, )nen sont des suites dans H; qui satisfont ) _|la;n| < +o0 et
D nen bin |l < +oo.
(iv) (Ain)nen est une suite dans [0, 1] telle que Y [Ain — M| < +o00.

Pour tout i € {1,...,m} et n € N, Algorithme 2.2 toléere des opérateurs pertur-
bés A;, et B;, qui doivent étre proches, au sens des conditions (i) et (ii), de A; et
B;, respectivement. De plus, cette méthode tolere aussi des erreurs dans le calcul des
opérateurs impliqués et une relaxation a chaque étape, sous les conditions (iii) et (iv),
respectivement. Nous montrons le résultat de convergence suivant.
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Théoreme 2.3 Soient (x1,)neNs- - »(Tmn)nen les suites générées par UAlgorithme 2.2 et
supposons que le Probléeme 2.1 admette au moins une solution. Alors, pour tout i €
{1,...,m}, il existe z; € H; tel que z;,, — ;. De plus, (z;)1<i<m est une solution du
Probléme 2.1.

De plus, nous montrons que la convergence forte dans le Théoreme 2.3 est assu-
rée lorsque, pour tout i € {1,...,m}, A; est demirégulier dans H;, ou (B;)i1<;<m est
demirégulier dans H; & - - - & H.,,, ou 'ensemble des solutions a un intérieur non vide.

Ensuite, nous illustrons des applications de (2.2) aux équations d’évolution cou-
plées et aux problemes de minimisation. Cette derniere permet de résoudre certains
problémes liés a la théorie du trafic et aux problémes de meilleure approximation. En ce
qui concerne les équations d’évolution, nous considérons le cas particulier de (2.2) ou,
pour tout 7 € {1,...,m}, H; est un espace hilbertien réel, H; = L*([0,T],H;) et

Ai: Hz — 2Hi
. {u € H; | u(t) € 2/(t) + of;(z(t)) p.p.sur ]O,T[}, si x € W;; (2.5)
g, sinon.
On note
W, = {z € €([0,T]; H;) nW"2([0, T]; H;) | =(T) = =(0)}, (2.6)

ou C([0,T]; H;) est la famille des fonctions continues de [0, T vers H; et W2([0, T]; H;)
est la famille des fonctions de [0, 7] vers H; de carré intégrable, dont la dérivée faible est

une fonction de carré intégrable. De plus, si nous considérons, pour tout i € {1,...,m}
et (x1,...,om) € Hy X -+« X Hp,
Bi(wt, -y wm): [0,T] = H: £ Bilan(£), ..., 2(8)), @2.7)

ou B;: Hy x --- x H,, — H; est un opérateur tel que les (B;),<;<,, satisfont (2.1) dans
Hy x -+ x H,, avec § € |0, +o0|, le Probléme 2.1 donne le systeme d’inclusions suivant.

Probleme 2.4

Trouver z; € Wi, ..., x,, € W,, telles que, pour tout i € {1,...,m},
0 € 2}(t) + Ofi(xi(t)) + Bi(z1(t), ..., xm(t)) p.p-sur |0, T[. (2.8)

Dans ce probleme nous résolvons m inclusions d’évolution du type 0 € x(t) +
of;(z;(t)), avec i € {1,...,m}, en considérant des interactions entre les fonctions
(x:)1<i<m représentées par les opérateurs (B;);<;<m-

D’autre part, pour I'application aux problémes de minimisation du Probleme 2.1,

nous considérons que, pour touti € {1,...,m},
p m
Ai = afz et Bz : (xi)lgigm — Z L;;zv@k < Z L]q]?j) s (29)
k=1 j=1
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ou f; € I'y(H;) et, pour tout k € {1,...,p}, Gr est un espace hilbertien réel, L;; €
B (Hi, Gr), i € ]0,+00[ et ¢ € T(Gy) est différentiable avec gradient 7;-lipschitzien.
Dans ce cas, (2.2) se réduit au probleme de minimisation suivant.

Probléme 2.5

m p m
. e Loz ). 2.1
e, >t + Yoo 3 b (210

.....

Le premier terme de la fonction objectif dans (2.10) permet de représenter des
caractéristiques individuelles de chaque variable x;, alors que le deuxiéme terme repré-
sente les interactions qui existent parmi les variables.

En appliquant ’Algorithme 2.2 a ces cas particuliers nous tirons des algorithmes qui
résolvent le Problémes 2.4 et 2.5.

Enfin, nous présentons certaines applications du Probleme 2.5 a la théorie du trafic
et aux probléemes de meilleure approximation.

2.2 Article en anglais

A PARALLEL SPLITTING METHOD FOR COUPLED MONOTONE
INCLUSIONS!

Abstract : A parallel splitting method is proposed for solving systems of coupled mono-
tone inclusions in Hilbert spaces and its convergence is established under the assump-
tion that solutions exist. Unlike existing alternating algorithms, which are limited to two
variables and linear coupling, our parallel method can handle an arbitrary number of
variables as well as nonlinear coupling schemes. The breadth and flexibility of the pro-
posed framework is illustrated through applications in the areas of evolution inclusions,
variational problems, best approximation, and network flows.

2.2.1 Problem statement

This paper is concerned with the numerical solution of systems of coupled monotone
inclusions in Hilbert spaces. A simple instance of this problem is to

find x1 € H, zo € H such that {0 € A +a — (2.11D)

€ AQZCQ — T+ T,

1. H. Attouch, L. M. Bricefio-Arias, and P. L. Combettes, A parallel splitting method for coupled
monotone inclusions, SIAM Journal on Control and Optimization, vol. 48, pp. 3246-3270, 2010.

22



where (H, || - ||) is a real Hilbert space, and where A; and A, are maximal monotone
operators acting on #. This formulation arises in various areas of nonlinear analysis
[12]. For example, if A; = 0f, and A, = 0f, are the subdifferentials of proper lower
semicontinuous convex functions f; and f; from H to |—oo, +0oc], (2.11) is equivalent to

L 1
minimize fi(zy) + faxa) + 5“:1:1 — 1|2 (2.12)
This joint minimization problem, which was first investigated in [1], models problems
in disciplines such as the cognitive sciences [4], image processing [26], and signal pro-
cessing [28] (see also the references therein for further applications in mechanics, filter
design, and dynamical games). In particular, if f; and f, are the indicator functions of

closed convex subsets C; and C, of H, (2.12) reduces to the classical best approximation
pair problem [8, 11, 18, 29]

minimize ||z — 2. (2.13)
21€C1,22€Cs

On the numerical side, a simple algorithm is available to solve (2.11), namely,

Top = (Id +A2)71{E17n

(2.14)
Tinyl = (Id +A1)71{E27n.

T10 € H and (VTL € N) {

This alternating resolvent method produces sequences (z;,)neny and (Zon)nen that
converge weakly to points z; and 9, respectively, such that (z, z,) solves (2.11) if so-
lutions exist [12, Theorem 3.3]. In [3], the variational formulation (2.12) was extended
to

. 1
Jnipimize fi@) + fo(w2) + 5l Lam — Loms||2, (2.15)
where H;, H», and G are Hilbert spaces, f;: H; — |—00, +oc] and fo: Hy — |—00, +0]
are proper lower semicontinuous convex functions, and L,: H; — G and L,: Hy —
G are linear and bounded. This problem was solved in [3] via an inertial alternating
minimization procedure first proposed in [4] for (2.12).

The above problems and their solution algorithms are limited to two variables
which, in addition, must be linearly coupled. These are serious restrictions since models
featuring more than two variables and/or nonlinear coupling schemes arise naturally in
applications. The purpose of this paper is to address simultaneously these restrictions by
proposing a parallel algorithm for solving systems of monotone inclusions involving an
arbitrary number of variables and nonlinear coupling. The breadth and flexibility of this
framework will be illustrated through applications in the areas of evolution inclusions,
variational problems, best approximation, and network flows.

We now state our problem formulation and our standing assumptions.
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Problem 2.6 Let (#;)1<;<m be real Hilbert spaces, where m > 2. For every i €
{1,...,m}, let A;: H; — 27 be maximal monotone and let B;: H; X -+ X H,, — H;. It
is assumed that there exists 3 € ]0, +oo] such that

(\V/(.I’l, ) € 7-[1 XX %m)(v(yh .- 7ym) € Hl XX %m)

m

Z yZ|B xl)"'axn’L)_Bi(y17""ym)>

=1

2

>3 ||Biwrs s tm) = Bilys, - ym)|| (2.16)
i=1

The problem is to

0e All‘l + Bl(ZL'l, c. ,ZL‘m)
find z, € H1,...,2,, € H,, such that : (2.17)
0e Amxm+Bm('rlu---7xm>7

under the assumption that such points exist.

In abstract terms, the system of inclusions in (2.17) models an equilibrium involving
m variables in different Hilbert spaces. The ith inclusion in this system is a perturbation
of the basic inclusion 0 € A;z; by addition of the coupling term B;(z1,...,x,,). Our
analysis captures various linear and nonlinear coupling schemes. If

(Vie{l,....m}) H;=H and (VxeH) Biz,...,x)=0, (2.18)

then Problem 2.6 is a relaxation of the standard problem [20, 33] of finding a common
zero of the operators (A;)i<i<m, i.e., of solving the inclusion 0 € (", A;x. In particular,
ifm=2,H, =Hy=H, By = —By: (x1,22) = 11 — 29, and § = 1/2, then Problem 2.6
reverts to (2.11). On the other hand, if m = 2, Ay = 0f1, Ay = 0fs, By: (v1,22) —
LT(lel — LQ[L‘Q), BQZ (l‘l,ZL‘Q) — —L;(Lll‘l — LQ[L‘Q), and 6 = (||L1||2 + ||L2||2)71, then
Problem 2.6 reverts to (2.15). Generally speaking, (2.17) covers coupled problems in-
volving minimizations, variational inequalities, saddle points, or evolution inclusions,
depending on the type of the maximal monotone operators (A;)i<i<m.-

The paper is organized as follows. In Section 2.2.2, we present our algorithm for
solving Problem 2.6 and prove its convergence. Applications to systems of evolution
inclusions are treated in Section 2.2.3. Finally, Section 2.2.4 is devoted to variational
formulations deriving from Problem 2.6 and features applications to best approximation
and network flows.

Notation. Throughout, H and (#;)i<;< are real Hilbert spaces. For convenience,
their scalar products are all denoted by (- | -) and the associated norms by || - ||. The
symbols — and — denote, respectively, weak and strong convergence, Id denotes the
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identity operator, and L* denotes the adjoint of a bounded linear operator L. The indi-
cator function of a subset C' of H is

Lot T 0 %f zel; (2.19)
+oo, if z ¢ C,

and the distance from = € H to C' is d¢(x) = infyec ||z —y]| ; if C' is nonempty closed and
convex, the projection of x onto C' is the unique point Pox in C such that ||z — Pozx|| =
de(x). We denote by I'y(H) the class of lower semicontinuous convex functions f: H —
]—o0, +-00] which are proper in the sense that dom f = {z € H | f(z) < 400} # @. The
subdifferential of f € I'((#) is the maximal monotone operator

Of H—=2" o {ueH | (VWeH) y—z|u+ flx) < fy)}. (2.20)
We denote by grA = {(z,u) € H xH | ue€ Az} the graph of a set-valued operator
A:H — 2", by domA = {z € H | Az # @} its domain, and by J, = (Id+A4)7" its
resolvent. If A is monotone, then .J, is single-valued and nonexpansive and, furthermore,

if A is maximal monotone, then dom J4 = H. For complements and further background
on convex analysis and monotone operator theory, see [5, 15, 44, 46, 48].

2.2.2 Algorithm
Let us start with a characterization of the solutions to Problem 2.6.

Proposition 2.7 Let (xi>1§i§m € H1X' . 'XHm, let (Ai)lgigm € [0, 1[m, and let’}/ € ]0, +OO[
Then (z;)1<i<m Solves Problem 2.6 if and only if

Proof. Let i € {1,...,m}. Then, since B; is single-valued,

0€ Aix; +Bi(r1,...,2) & o3 —YBi(z1,...,7m) € 7, + YA
= T, = A/Ai(.ri—’}/Bi(l’l,...,SL’m))

and we obtain (2.21). 0

The above characterization suggests the following algorithm, which constructs m
sequences ((z;,)nen)1<i<m- Recall that § is the constant appearing in (2.16).
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Algorithm 2.8 Fix ¢ € |0,min{1, 5}, (Yn)nen in [€,25 — €], (An)nen in [0,1 — €], and
(%i0)1<i<m € Hi X -+ X H,,. Set, for every n € N,

T1n+1 :Al,nxl,n + (1 - Al,n) (J'ynAl’n (xl,n_’}/n(Bl,n(xl,na cee 7xm,n)+b1,n)) +a'1,n>

xm,n—i—l: Am,nxm,n+ (]- _)\m,n) (J%LAm,n (xm,n _’Yn(Bm,n (xl,na ey xm,n) +bm,n)) +a'm,n> )

(2.23)
where, for every i € {1,...,m}, the following hold.
(i) (A;n)nen are maximal monotone operators from #; to 2% such that
(Vp €10, +00)) > sup |1y, 4.,y — Tyl < 400, (2.24)

neN vli<e

(ii) (Bin)nen are operators from H, x - - - x H,, to H,; such that

(a) the operators (B;,,— B;)»en are Lipschitz-continuous with respective constants
(Kin)nen in 0, +-00] satisfying > ki < +00; and

(b) there exists z € H; x --- x H,,, independent of i, such that (Vn € N) B, ,z =
BZ‘Z.

(iii) (a@;n)neny and (b;,)neny are sequences in H; such that )
> nen [binll < +o0.

(iv) (Xin)nen is a sequence in [0, 1[ such that ) |Xin — An| < 400.

neNHai,nH < 400 and

Conditions (i) and (ii) describe the types of approximations to the original operators
(Ai)1<i<m and (B;)1<i<,» Which can be utilized. Condition (iii) quantifies the tolerance
which is allowed in the implementation of these approximations (see [25, 31, 32] for
specific examples), while (iv) quantifies that allowed in the departure from the global
relaxation scheme. The parallel nature of Algorithm 2.8 stems from the fact that the m
evaluations of the resolvent operators in (2.23) can be performed independently and,
therefore, simultaneously on concurrent processors.

Our asymptotic analysis of Algorithm 2.8 will be based on Theorem 2.14 below
on the convergence of the forward-backward algorithm. First, we need to introduce
the notion of demiregularity. This notion captures various properties typically used to
establish the strong convergence of dynamical systems, e.g., compactness [18], bounded
compactness [8, 21, 22], uniform monotonicity [22, 24, 48], uniform convexity [26, 29,
34, 46], compactness of resolvents [30], and demicompactness [38, 47]. In the case of
at most single-valued operators, demiregularity captures standard regularity properties
used in nonlinear analysis [48, Definition 27.1].
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Définition 2.9 An operator A: H — 27 is demiregular at y € dom A if, for every se-
quence ((yn, vs))nen in gr A and every v € Ay, we have

{yn 4 = Y =Y. (2.25)
Uy — U

Proposition 2.10 Let A: H — 2%, let y € dom A, and let M be the class of nondecreasing
functions from [0, +oo] to [0, +oc] that vanish only at 0. Suppose that one of the following
holds.

(i) A is uniformly monotone at vy, i.e., there exists ¢ € M such that
(Vo € Ay)(V(w,u) € gr A) (w—y|u—v) = o]z - yl). (2.26)

(i) A is uniformly monotone, i.e., there exists ¢ € M such that (2.26) holds for every
y € dom A.

(iii) A is strongly monotone, i.e., there exists p € |0, +o00| such that A — p1d is monotone.

(iv) A = 0f, where f € T'q(H) is uniformly convex at y [46, Section 3.4], i.e., there exists
¢ € M such that

(Vo €10, 1])(Vz € dom f)
Flaz+ (1 - a)y) +a(1 - a)é(lz — yl) < af@) + (- a)f(y). @27

(v) A = 0f, where f € T'g(H) is uniformly convex, i.e., there exists ¢ € M such that
(2.27) holds for every y € dom f.

(vi) A = 0f, where f € T'o(H) is strongly convex, i.e., there exists p € |0, +oo[ such that
f—=rll - ?/2 is convex.

(vii)) A = 0f, where f € I'y(#H) and the lower level sets of f are boundedly compact.
(viii) J, is compact, i.e., for every bounded set C' C H, the closure of J4(C) is compact.

(ix) dom A is boundedly relatively compact, i.e., the intersection of its closure with every
closed ball is compact.

(x) H is finite-dimensional.
(xi) A:H — H is single-valued with a single-valued continuous inverse.

(xii) A is single-valued on dom A and Id —A demicompact [38], [47, Section 10.4], i.e.,
for every bounded sequence (x,,)nen in dom A such that (Az,),en converges strongly,
(Tn ) nen admits a strong cluster point.

Then A is demiregular at y.

Proof. Let ((yn, vn))nen be a sequence in gr A and let v € Ay be such that y, — y and
v, — v. We must show that y,, — v.
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(i) : By (2.26), there exists ¢ € M such that (Vn € N) (y,, — v | v, — v) > ¢(||lyn—v]|)-
However, since y,, — y and v, — v, we have (y,, — v | v, — v) — 0. Therefore, appealing
to the properties of ¢, we conclude that ||y, — y|| — 0.

(i))=(1) : Clear.

(iii)=>(ii) : Indeed, A is uniformly monotone with ¢: t — pt2.
(iv)=-(i) : See [46, Section 3.4].

(v)=(iv) : Clear.

(vi)=(v) : Indeed, f is uniformly convex with ¢: t — pt?/2.

(vii) : Since (y, — y | v,) — 0, there exists p € ]0, +oo[ such that

sup (Y, —y | vn) < p. (2.28)

neN

Hence, since y € dom df C dom f, (2.20) yields

(Vn€N)  f(ya) < fW)+ Wn—y | vn) < fly) +p < o0, (2.29)

which shows that (y,).cn lies in a lower level set of f. Since (y,,).en is bounded, it the-
refore lies in a compact set. However, since weak convergence and strong convergence
coincide for sequences in compact sets, we conclude that y,, — y.

(viii) : We have (Vn € N) (y,, ) € gt A = (v +Yn) — Yn € AYp = Yn = Ja(Vn +Yn).
Since (v, +yn)nen converge weakly, it lies in a bounded set C. Thus, (y,,)nen lies in J4(C),
which has compact closure. Hence y, — vy = y, — v.

(ix)=(viii) : Let C' C H be bounded. Then J4(C) C J4(H) = dom A and, by nonex-
pansivity of .J4, J4(C) is bounded. Altogether, J,(C') has compact closure.

(x)=(ix) : Clear.
(xi) : Since Ay, = v, — v = Ay, we have y, = A 'v,, - A v = y.

(xii) : Since (y,)nen converges weakly, it is bounded. In addition, (Ay,)nen = (Vn)nen
converges strongly. Hence, by demicompactness of Id —A, (y,).en has a strong cluster
point x and, since y, — ¥y, we must have = = y. Now suppose that y,, /4 y. Then, there
exist € € |0, +o0o[ and a subsequence (y, )nen Such that

(VneN) |lye, —y| > e (2.30)

However, since vy, — vy and (Ayy, ).en converges strongly, arguing as above, we can
extract a further subsequence (y;, )nen such that y;, — y, which contradicts (2.30).
Therefore, y,, — y. U

Next, we recall the notion of cocoercivity.
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Définition 2.11 Let y € |0, +oc[. An operator B: H — H is x-cocoercive if y B is firmly
nonexpansive, i.e.,

(Vo € H)(Vy € H) (z—y| Bz — By) > x||Bx — By|*. (2.31)

Firmly nonexpansive operators include resolvents of maximal monotone operators,
proximity operators, and projectors onto nonempty closed convex sets. In addition, the
Yosida approximation of a maximal monotone operator of index x is x-cocoercive [2]
(further examples of cocoercive operators can be found in [49]). It is clear from (2.31)
that, if B is y-cocoercive, then it is y~!-Lipschitz continuous. The next lemma, which
provides a converse implication, supplies us with another important instance of cocoer-
cive operator (see also [27]).

Lemma 2.12 [7, Corollaire 10] Let ¢: H — R be a differentiable convex function and let
7 € |0, +oo|. Suppose that V is T-Lipschitz continuous. Then YV is 7~ '-cocoercive.

We shall also use the following fact.

Lemma 2.13 [22, Lemma 2.3] Let x € |0, +oc], let B: H — H be a x-cocoercive operator,
and let v € ]0,2x[. Then Id — B is nonexpansive.

We are now ready to record some convergence properties of the forward-backward
algorithm, which are of interest in their own right. The forward-backward algorithm
finds its roots in the projected gradient method [34] and certain methods for solving
variational inequalities [6, 16, 35, 43] (see also the bibliography of [22] for more recent
developments).

Theorem 2.14 Let (H,]|| - |||) be a real Hilbert space, let x € |0, +oc], let A: H — 2% be
a maximal monotone operator, and let B: H — ? be a x-cocoercive operator such that

Z=(A+B)0) # 2. (2.32)

Fix ¢ € ]0,min{1, x}[, let (V,)nen be a sequence in [e,2x — €], let (\,)nen be a sequence
in [0,1 — ¢, and let (@, )nen and (b, )nen be sequences in # such that )"\ |||a,]|| < +o0
and ), . |||bnl|] < +oo. Finally, fix xy € H and, for every n € N, set

Then the following hold for some x € Z.
i) =, — =
(ii) Bz, — Bux.
(iii) x,, — J,, a(x, — 7 Bx,) — 0.
(iv) Suppose that one of the following is satisfied.
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(a) A is demiregular at x (see Proposition 2.10 for special cases).
(b) B is demiregular at x (see Proposition 2.10 for special cases).
(c) int Z # @.

Then x,, — x.
Proof. For every n € N, set

Tl,n = J’ynAa T2,n =1d - ’YHBa
2
€1.n = Qp, €2y = _fannu Mn = 1-— )\n7 Bl,n = 27 and 62,11 = _X (234)

n

Then Y . nlllein]|] < 400, > cntinlllezn||| < 400, and, by [22, Equation (6.5)],
Z = (,en Fix T, T5,. Moreover, as seen in [22, Section 6], (1 — f1,)Id + 3,,T1, and
(1 — Bo.n)Id + B2, T2, are nonexpansive, and (2.33) can be rewritten as

Tpi1 = Ty + Uy (Tl,n (T2,nwn + eZ,n) + €1n — wn)u (235)

which is precisely the iteration governing [22, Algorithm 1.2], where m = 2.
(i) : [22, Corollary 6.5].

(i) &(iii) : We derive from (2.35), [22, Remark 3.4], and our assumptions on (A, ),en
and (v, )nen that (Id—T5,,)x,,—(Id—T',,)x — 0 and, in turn, that Bx,, — Bx. Likewise,
[22, Remark 3.4] yields ,,—T'; ,, T ,x,, — 0 and, therefore, x,,—J,, a(x,—7,Bz,) — 0.

(iv)(a) : Set v = —Bx and

(¥neN)y JIn=7ma (@0 = mBwn) (2.36)
Un =Yy (wn - yn) — Bx,.

On the one hand, we have v = —Bx € Ax and (Vn € N) (y,,,v,) € gr A. On the other
hand, we derive from (i) and (iii) that y,, — . Furthermore, since

n

(vn € N) |||vn—v|||sMHHB%—Bmm, 2.37)

it follows from (ii), (iii), and the condition inf,cy~, > 0 that v,, — w. It then results
from Definition 2.9 that y,, — « and, in turn, from (iii) that x,, — =.

(iv)(b) : Set v = Bz and (Vn € N) v,, = Ba,. Then (i) yields =, — « and (ii)
yields v,, — v. It thus follows from Definition 2.9 that x,, — .

(iv) (c) : This follows from (i) and [22, Theorem 3.3(i) & Lemma 2.8(iv)].
The main results of this section are the following theorems. Let us start with weak
convergence.
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Theorem 2.15 Let ((x;,)nen)1<i<m De sequences generated by Algorithm 2.8. Then, for
every i € {1,...,m}, (z;n)nen converges weakly to a point x; € H;, and (x;)1<i<m 1S @
solution to Problem 2.6.

Proof. Throughout the proof, a generic element «x in the Cartesian product H; x - - - X H,,
will be expressed in terms of its components as = (x;)1<i<m. We shall show that our
algorithmic setting reduces to the situation described in Theorem 2.14(i) in the Hilbert
direct sum H = H, & - - & H,, obtained by endowing H; x --- x H,, with the scalar
product

m

(1N (@)= Y (i y), (2.38)
=1
with associated norm
[IRITRERE N (2.39)
=1

To this end, we shall show that the iterations (2.23) can be cast in the form of (2.33).
First, define

A:H 2" 2 XAz, and (VneN) A, H 2" 2z XA; pxi. (2.40)

i=1 i=1

It follows from the maximal monotonicity of the operators (A4;);<;<m, condition (i) in
Algorithm 2.8, (2.38), and (2.40) that

A and (A,),ey are maximal monotone, (2.41)
with resolvents
JA H—>H:x— (JAixi>1§i§m and (Vn € N) JAn H—>H: x> (JAi’nxi)lgiSma (242)

respectively. Moreover, for every p € |0, +oo[, we derive from (2.39), (2.42), and condi-
tion (i) in Algorithm 2.8 that

m

Yo osw [l ay = Jaylll =Y sup | a8 — Jayill?

lliwlli<e Sllwlli<e \ =

< Z sup Z |y Ain Wi = Ty asbill

Sllli<e S

< ZZ sup ||y, 4., Y — Jynaill

i=1 neN lyill<p

< +o0. (2.43)
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Now define

BH—H x— (Biw)lgigm and (Vn € N) B, H—>H: x— (Bi,nw)lgigm.

Then (2.17) is equivalent to
findx € Z = (A + B) '(0).
Moreover, in the light of (2.38), (2.39), and (2.44), (2.16) becomes
(Vz € H)(Vy € H) ((x—y| Bz — By)) > B||| Bz — Byl||*.
In other words, B is -cocoercive. Next, let n € N and set
¢, = (tin)i<icm and  d, = (bin)i<i<m-
We deduce from (2.39) and condition (iii) in Algorithm 2.8 that

STllerlll <37 D T Hlanwl2 < D7 lassll < +o00

keN keN i=1 i=1 keN

and, likewise, that

> Ml < +oe.

keN
Now set

Tn = (Tin)i<icm and A, H — H: x— (NnZi)i<i<m-
It follows from (2.39) and condition (iv) in Algorithm 2.8 that

1ALl = max Ain <1 and [[|Id — Au||| = 1 — min Ay, < 1.
1<i<m 1<i<m

Hence,

Al + [T = Ap[[| = 14 max (A = Ap) = min (A = An) <147,

1<i<m
where

=2 max |Ain — Anl-
1<i<m

We observe that, by virtue of condition (iv) in Algorithm 2.8,
ZTk—Q max |)\zk_)\k|§222|>\z,k_>‘k|<+oo
keN i=1 keN
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Moreover, in view of (2.42), (2.44), (2.47), and (2.50), the iterations (2.23) are equiva-
lent to

Tpi1 = Ay, + (Id — Ay) (4, (0 — Y (Brz, +dy)) +¢,). (2.55)
Now define
D, =B, - B. (2.56)

It follows from condition (ii) (a) in Algorithm 2.8, (2.39), and (2.44) that D,, is Lipschitz
continuous with constant «,, = />, #7,, and that

D= D A D RS DD H < Hoo. 2.57)
keN keN \ i=1 i=1 keN

Furthermore, set
b,=D,x, +d, (2.58)

and let x € Z. Then

1Ball] < [[[Dn,|[| + [ldall]
< [[|Dnzn, = Dy||| + [[[Dnz — Dy z||| + [||dy|]]
< fn(ll|2n — || + ([l = 2[|]) + [[ld]]], (2.59)

where z is provided by assumption (ii) (b) in Algorithm 2.8. We now set
T,=1d-~,B and e,=J,4,(T,x)—x. (2.60)
On the one hand, the inequality sup;.y 7 < 2/ yields
1Tzl < p. where p=|llall|+28]||Ba]l! (2.61)

On the other hand, since x is a solution to Problem 2.6, Proposition 2.7, (2.42), and
(2.44) supply

x=J,A(T,x). (2.62)

Therefore, (2.60), (2.61), and (2.43) imply that

S llealll = Y e Tea) 2l = 3 (11, (Tha) — Ty a(Tu)|| < +o0. (2.63)

keN keN keN

In addition, (2.56), (2.58), and (2.60) yield
o A, (mn — Yu(Bpx, + dn)) —x=J,4, (Tn:cn — %bn) — Jypoa, (Thx) +e,. (2.64)
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Since J,, 4 and, by Lemma 2.13, T',, are nonexpansive, we derive from (2.64) and (2.59)
that

11Tt (20 = W(Bazn + dn)) — /]| < (|15, 4, (T —10bn) = Iy, 4, (To)|||+]] €]
S [ Tnaen — Ynbn — Tol[| + [[len]|]
< len = @[l] + Yl l[ball] + [lenl]]
< |l — (Il + 26|l + [|ex]]
< (14 288n) [ |20 — ||| + 2854|[|2 — 2]]]
+ 261 |dal[[ + [lleall]- (2.65)

Thus, it results from (2.55), (2.65), (2.52), and (2.51) that

s =[] = [ An(@n — ) + (1d = Ay) (T, (20— 3a(Boa + d)) — 3+ )|
< 181 2o — ]| + [T ~ A} llea
111d = Al 115, 4, (@ = Y Buo + b)) — |
< 181 2o — ]| + [T — A1 llea
118 — Al (1 + 265 [[2 — ]| + 265 | — 2|
+ 28|l | + el
< (A=Al 1) [l — [+ 11— Aul] (llell|+285, [, ]l
+ 2812 — 2I|[ + 26/l + |lleal I
< (U4 Tl — 2+ lllealll + 28mall|, — 2]l
+ 285l — 21| + 261 ekl | + el
< (14 ap)|||#n — || + 6, (2.66)

where
ap =T, + 20k, and 9§, = ||le.||| + 2880l — 2||| + 28|||d.||]| + ||]en]]|-  (2.67)

In turn, it follows from (2.54), (2.57), (2.48), (2.49), and (2.63) that ), ar < +00
and ), 0r < +00. Thus, (2.66) and [39, Lemma 2.2.2] yield

sup |||xx — ||| < +o0 (2.68)
keN

and, using (2.57) and (2.49), we derive from (2.59) that

> HIBell] < +oo. (2.69)

keN

In view of (2.58), (2.56), and (2.60), (2.55) is equivalent to

Toi1 = A, + (Id — A) (Jy a(Ton — aby) + hay), (2.70)
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where
h,=J, a,(Tyx, —b,) — Jy, a(Trx,, — Tby) + . (2.71)

Now set j1 = sup,ey |||k — ||| + p + 26 supgey |||bx|||- Then it follows from (2.68) and
(2.69) that u < +oo. Moreover, we deduce from the nonexpansivity of T',, and (2.61)
that

Tz, — yubull| < | Twan — Tozl|| + [ Tn|| + 251 |6y
< |ln — ]| + p + 28]/[b,|[]
<. (2.72)

Hence, appealing to (2.43) and (2.48), we infer from (2.71) that

> llhwll] < 4oc. 2.73)
keN

Note that, upon introducing

a, = h, +

T (A — N Id) (e, — Ty, a(Th, — Yiby) — hy) (2.74)

and using (2.60), we can rewrite (2.70) in the form of (2.33), namely,
On the other hand, using (2.62) and the nonexpansivity of J,, 4 and T',, we get

@0 = Ty, a(Tnten — Ybn) = hnl| < [[|l2n — ||| +]][]5,4(Tnw) = Jy, a(Tn@n — 1nbn)ll|
+ [l
< 2l[|ln — ||| + 261[[bnl || + [[[nl]]- (2.76)

Therefore, we derive from (2.68), (2.69), and (2.73) that

v= iup |z — Jya(Thxr — Yibi) — hyl|] < o0, (2.77)
€N

and hence, from (2.74), (2.50) and the inequality \, < 1 — ¢, that

1
el < [1alll + 5= 111An = AZdl] [l = Ty, a(Ton = Yubi) = hal|
< 1Rl + 2 max [Ain — Aul. (2.78)
g 1<i<m

Thus, using (2.73) and arguing as in (2.54), we get

> llaxll] < +oo. (2.79)

keN
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However, Theorem 2.14(i) asserts that, with properties (2.41), (2.46), (2.69), (2.79),
and under the hypotheses on (7, ),en and (A, ),en stated in Algorithm 2.8, the sequence
(x,)nen generated by (2.75) converges weakly to a point in Z. Since (2.75) is equivalent
to (2.23) and (2.45) is equivalent to (2.17), the proof is complete. []

We conclude this section with the following theorem, in which we describe instances
of strong convergence derived from Theorem 2.14.

Theorem 2.16 Let ((x;,)nen)i<i<m and (z;)i1<i<m be as in Theorem 2.15. Then the follo-
wing hold.

(i) Suppose that, for some i € {1,...,m}, A; is demiregular at z; (see Proposition 2.10
for special cases). Then z; ,, — ;.
(i) Suppose that the operator (y;)i<j<m > (Bi(yj)i<j<m) e, 15 demiregular at
(xi)1<i<m (see Proposition 2.10 for special cases). Then, for every i € {1,...,m},
Tin — T
(iii) Suppose that the set of solutions to Problem 2.6 has a nonempty interior. Then, for
everyi e {l,...,m}, x;, = ;.

Proof. We use the same product space setting and notation as in the proof of Theo-
rem 2.15. In particular, we set x = (z1,...,z,,) and H = H; @ - - - ® H.,,, and we define

1=1

As seen in the proof of Theorem 2.15, the convergence properties of (x,),en =
((%in)1<i<m)nen follow from those listed in Theorem 2.14 and applied to the operators
defined in (2.80) ; moreover, the set of solutions to Problem 2.6 is Z = (A + B)~1(0).

(1) : Set v, = —BZ'(.CUl, e ,.Tm) and

zn:J \Lin — nBz ny- s bmmn
(vn e N) Y, anAz (ZU ) g ('TL Lm, )) (2.81)
Vin = Tn (xz',n - yz,n) - Bz (xl,na ce. 7xm,n)-

We first derive from (2.17) that
v =—Bi(x1,...,T,) € Aix;. (2.82)
Moreover, it follows from Theorem 2.14(i) that
Tin — T, (2.83)
from Theorem 2.14(ii) that
| Bi(z1ms -+ s Tinm) — Bi(z1, ... xm) || = || Bixn, — Biz|| < |||Bz, — Bx||| — 0, (2.84)
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and from Theorem 2.14(iii) and (2.42) that

[2in = Yinll < [ll2n = S5, (@0 — mBz,)||| = 0. (2.85)
Combining (2.83) and (2.85), we obtain

Yin — ;. (2.86)
Next, we derive from (2.81) that

(Vn €N)  (Yin,vin) € gra; (2.87)
and that

|Zin — Yinll

n

(Vn € N) ||vi — vl < B @1y - s Tn) — Byl1s ). (2.88)

Hence, it follows from (2.85), the condition inf,cy 7, > 0, and (2.84), that
Vin — Uj. (289)

Altogether, (2.82), (2.86), (2.87), (2.89), and Definition 2.9 yield y;,, — ;. In turn,
appealing to (2.85), we conclude that z; ,, — x;.

(ii) : This follows Theorem 2.14(iv)(b).
(iii) : This follows Theorem 2.14(iv)(c). O

2.2.3 Coupling evolution inclusions

Evolution inclusions arise in various fields of applied mathematics [30, 42]. In this
section, we address the problem of solving systems of coupled evolution inclusions with
periodicity conditions.

Let us recall some standard notation [15, 48]. Fix T" € |0, +oo[ and p € [1, +oo[. Then
D(]0,T7]) is the set of infinitely differentiable functions from ]0,7'[ to R with compact
support in |0, 7[. Given a real Hilbert space H, C([0,T];H) is the space of continuous
functions from [0,7] to H and L?([0,7];H) is the space of classes of equivalences of
Borel measurable functions z: [0,7] — H such that fOT |z (t)||hdt < +oo. L*([0,T]; H) is
a Hilbert space with scalar product (z,y) — fOT (x(t) | y(t))y dt. Now take = and y in
L'([0,T]; H). Then y is the weak derivative of = if [ ¢(t)y(t)dt = — [/ (do(t)/dt)z(t)dt
for every ¢ € D(]0,T]), in which case we use the notation y = z’. Moreover,

WU2([0,T);H) = {z € L*([0,T};H) | 2" € L*([0,T]; H)}, (2.90)

equipped with the scalar product (z,y) — fOT (x(t) | y(t)), dt + fOT (2 (t) | ¥'(t)) dt, is a
Hilbert space.
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Problem 2.17 Let (H;)i<i< be real Hilbert spaces and let T € 0, 4oc[. For every i €
{1,...,m}, set

W; = {z € €([0,T); H;) nW"*([0, T}; H;) | =(T) =z(0)}, (2.91)
letf; € T'y(H;), and let B;: H; x --- x H,, — H;. It is assumed that there exists § € |0, +o0]

such that

(V(xl,...,xm)GHlx---me)(‘V’(yl,...,ym)GHl><---><Hm)

m

Z <Xz’ —Yi | Bi<xl7 cee 7Xm) - Bi<y17 s 7ym>>H¢

i=1

> B |IBilxt - Xm) = Bilys, - ym) [, (292)
=1

The problem is to

find z; e Wy, ..., z,, € W,, such that
(Vi e {1,...,m}) 0¢€xi(t)+ of;(z;(t)) + Bs(z1(t),...,zn(t)) a.e.on ]0, T,
(2.93)

under the assumption that such functions exist.

Algorithm 2.18 Fix ¢ € ]0,min{1, 8}, (Yn)nen in [¢,28 — €], and (A, )pen in [0,1 — ¢].
Let, for every n € N and every ¢ € {1,...,m}, v;, be the unique solution in W, to the
inclusion

Lin (t) - yi,n(t)
Tn

— (Bi(@1,n(t), ., T (1)) + bin(t))

€ Yin(t) + Ofi(yin(t)) + ein(t) a.e.on J0,T[ (2.94)
and set
Tint1 = NinZin + (L= Xin)VYin (2.95)

where, for every i € {1,...,m}, the following hold.
@ zp € Wh2([0, T); Hy).
(i) (bin)nen and (e;,)nen are sequences in L2([0, T); H;) such that

T T
Z\// 1630 (t) ||, dt < +00  and Z\// lein(t)||Z,dt < +00.  (2.96)
0 0

neN

(iii) (Ain)nen is a sequence in [0, 1] such that ) |\ — Ay| < +00.
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In (2.94), b;,(t) models the error tolerated in computing B;(z1,,(t), ..., Zmn(t)),
while e, ,,(t) models the error tolerated in solving the inclusion with respect to of; (y; »(t)).

We now examine the weak convergence properties of Algorithm 2.18 (strong
convergence conditions can be derived from Theorem 2.16).

Theorem 2.19 Let ((2;,)nen)1<i<m be sequences generated by Algorithm 2.18. Then, for

every i € {1,...,m}, (Zin)nen converges weakly in W'2([0, T]; H;) to a point z; € W,, and
(x;)1<i<m 1S a solution to Problem 2.17.

Proof. For every i € {1,...,m}, set H; = L*([0, T]; H;) and

Ai: Hz — 2Hi
N {u € H; | u(t) € 2/(t) + Of;(z(t)) a.e.in |0,T] }, if zew,; (2.97)
x
a, otherwise.

Let us first show that the operators (A;);<i<., are maximal monotone. For this purpose,
leti e {1,...,m}, and take (x,u) € gr A; and (y,v) € gr A;. It follows from (2.97) that,
almost everywhere on |0, T'[, u(t) —2/(t) € Of;(x(t)) and v(t) —y/(t) € Of;(y(t)). Therefore,
by monotonicity of 0f;, we have

/0 () = y(@) | (u(t) = 2'(t) = (v(t) = /' (t)) )y, dt > 0. (2.98)

Hence,
@y lu=o)= [ (@)= v(t) | ut) = (e,

- / ((t) — y(t) | (ult) — (1) — (v(t) — /(1)) dt
" / ((t) — y(t) | /(t) — ' (1)), dt

LT dll=(®) —y@lli,
= 5/0 dt «
_ %(me — ()|, — [2(0) — y(0)|%.)
. (2.99)

Thus, A; is monotone. To prove maximality, set g; = (1/2)|-[|f;, +f;. Then g; € I'y(H;) and
0g; = Id +0f;. Moreover, since f; € I'y(H;), it follows from the Fenchel-Moreau theorem
that it is minorized by a continuous affine functional, say f; > (- | v), + n for some
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v € H; and n € R. Now, let y € domf; = dom g; and take (x,u) € grdg;. Then (2.20) and
Cauchy-Schwarz imply the coercivity property

oy fuh, i) —eily)
X[l (Xl
o, fil(x) — g
_ Xl fiG) — &iy)
2 ||x
%[,
> : 4 —
= T,
— +oo as ||x|ln, = +o0. (2.100)

H;

n—gi(y)

— v

Therefore, [15, Corollaire 3.4] asserts that for every w € H; there exists z € W, such
that

w(t) € 2 (1) + dgi(=(t)) = 2/(t) + 2(t) + Ofi(=(t)) a.e.on |0, T, (2.101)

i.e., by (2.97), such that w — z € A;z. This shows that the range of I1d +A; is H; and
hence, by Minty’s theorem [5, Theorem 3.5.8], that A; is maximal monotone.

Next, for everyi € {1,...,m} and every (zy,...,z,;,) € Hi X - X H,,, define almost
everywhere

Now let (z1,...,2,) € Hi X -+ X H,, and set (Vi € {1,...,m}) b; = B;(0,...,0). Then it
follows from (2.92) and Cauchy-Schwarz that, almost everywhere on [0, 77,

<Y ()1, 1B (@1 (8), -, (1)) — bl

j=1
< \l Z %(t)aj\l Z 1Bj(z1(t), .. -, 2m(t) —bsIf,
s j=1
(2.103)
Therefore, for every i € {1,...,m},
IBi(r, .y zm) (), < 2(1Ibillf, + [ Bi(z, - 2n)(t) = bill§,)
<2 (I, + S 1B = 1,
j=1
1 m
< 2<||bi ot e Z ||xj(t)||ﬁ|j) a.e.on |0, 7T, (2.104)
j=1
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which yields

T 2 m
/0 IBi(21, .. ) (B[}, ; +@Z||a:j||2, (2.105)
j=1

so that we can now claim that B;: H; x -+ x H,, — L*([0,T];H;) = H,;. In addition,
upon integrating, we derive from (2.92) and (2.102) that, for every (y1,...,ym) € Hi X
LeX Hm’

Z yz|B xla"'axm)_Bi(y17""ym)>

i=1

> 8 ||Bi(ar, .. o) = Bilys, . yw) || (2.106)
=1

We have thus established (2.16).

Let us now make the connection between Algorithm 2.18 and Algorithm 2.8. For
every n € N and every i € {1,...,m}, it follows from (2.94), (2.97), (2.102), and the
maximal monotonicity of A; that y; ,, is uniquely defined and can be expressed as

Yin = Iy A, (xm — Yn (Bi(xl,n, ey T F b,n)> +aipn, (2.107)
where
Uim = J%AZ( — YnCin + Tin — Yo (Bi(@10, - - -, Tin) + bm))
—Joa (a; v = A (Bi@1ms s Tonm) + bi,n)). (2.108)
We therefore deduce from (2.95) that
Timit = Ainin+(1 —)\@n)(J%A (xn Yo (Bi(@ 1, -+ T +bi,n)) +ai,n>. (2.109)

Thus, (2.109) derives from (2.23) with A4;,, = A; and B;,, = B,. On the other hand,

for every i € {1,..., m}, by nonexpansivity of the operators (.J,, 4,)nen, we deduce from
(2.108) and (2.96) that
D laiall < malleinll <28 lleinll < +oo. (2.110)
neN neN neN

As a result, all the hypotheses of Algorithm 2.8 are satisfied and hence Theorem 2.15
asserts that, for every i € {1,...,m}, (x;,)nen converges weakly in H; = L*([0,7]; H;) to
a point x;, and (x;)1<;<,, satisfies

(\V/'L € {]_, e ,m}) 0e AZZL‘Z + Bi(l'l, e ,ZL‘m). (2111)
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Accordingly,

o = max sup ||z;,|| < +oo (2.112)
1<i<m peN
and (Vi € {1,...,m}) z; € dom A; C W,. Moreover since, in view of (2.97) and (2.102),
(2.111) reduces to (2.93), (x;)1<i<m is a solution to Problem 2.17.

To complete the proof, let i € {1,...,m}. To show that (z;,),en converges weakly
to x; in W"2([0,T]; H;), it remains to show that (z],).en converges weakly to zj in
L*([0,T); H;). We first observe that (z;,).en lies in W12(]0, T); H;). Indeed, it follows
from (2.97) that

(Vn € N)(Vz € Hi)  Jya,2 € dom(y,4;) C Wi € WEH([0,T]; Hy). (2.113)

As a result, we deduce from (2.108) that (a;.,)nen lies in W2([0,T]; H;). On the other
hand, by construction, (y; ,)nen lies in W, € WH2(]0, T]; H;). In view of (2.95) and (i) in
Algorithm 2.18, (2;n)nen is therefore in W2([0, T]; H;). Next, let us show that (2], )nen
is bounded in L*([0, T]; H;). To this end, let n € N and set

xi,n(t) —Yin (t)
Tn

w; (1) = —Bi(10(t), ... Tmn(t)) — bin(t)
— Yin(t) —ein(t) a.e.on J0,T[. (2.114)
Then we derive from (2.94) that
w;n(t) € Ofi(yin(t)) a.e.on 0, 7. (2.115)

Hence, since w;,, € H,, it follows from [15, Lemme 3.3] that

d(fi o yin)(t)
dt

On the other hand, since y;,, € W;, we have v, ,,(T") = y;,(0). Therefore

[ a0 130, 0),, e = [ L)l

= fi(yi,n(T)) — fi(yi,n(o))
0 (2.117)

= (w;n(t) | ygvn(t)>Hi a.e.on |0, 7. (2.116)

and, furthermore,

2

T LT dlgn®IR,
i) | Yo (), dt = = [ — Mgy
| o) Vi) e =5 [ =2

_ (DG, = lyin O3,
2
— 0. (2.118)
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We deduce from (2.117), (2.114), and (2.118) that

o- | <# y;,n<t>>Hidt— / CBwn®) s () | (1)),

T T
[ a0 1ot = [ O~ [ () a0,

(2.119)
Thus, using Cauchy-Schwarz, the inequality 7,, > ¢, and (2.102), we obtain
1
Wl < (guwr 1B s 2|+ [l + Hemu) "l (2.120)
In turn, it follows from (2.95) that
”xz n+1” < )\Z n”xz n”
. >( il + 1Birms- s o) + il + ||ei,n||). (2.121)
On the other hand, arguing as in (2.105), we derive from (2.112) that
1B:(T1ms - s )| < \/ o (2.122)

Hence, using (ii) in Algorithm 2.18, we derive by induction from (2.121) that

2T

o
20| < max {Hﬂfon H - V2m o+ sup (112l + Hez-,kH)}- (2.123)
eN

This shows the boundedness of (2 ,,)nen in L?([0, T]; H;). Now let z be the weak limit in
L*([0,T]; H;) of an arbitrary Weakly convergent subsequence of (2}, )nen. Since (x; ,)nen
converges weakly in L?([0, T]; H;) to :p,, it therefore follows from [48 Proposition 23.19]
that z = zj. In turn, this shows that (2], ),cn converges weakly in L*([0,T]; H;) to zj. [

2.2.4 The variational case
We study a special case of Problem 2.6 which yields a variational formulation that
extends (2.15).

Recall that, for every f € T'o(H) and every x € H, the functiony — f(y)+||z—yl/?/2
admits a unique minimizer, which is denoted by prox, z. The proximity operator thus
defined can be expressed as prox; = Ja; [36].
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Problem 2.20 Let (H;)i<i<m and (Gx)i<k<, be real Hilbert spaces. For every i &
{1,...,m},let f; € To(H;) and, for every k € {1,...,p}, let 7, € |0, +oo[, let pr: Gx — R
be a differentiable convex function with a 7,-Lipschitz-continuous gradient, and let
Lyi: Hi — G be linear and bounded. It is assumed that minj<x<, > 1o, [[Lk:i]|> > 0.
The problem is to

m p m
minimize (x; Lo 5 124
T1EHL, oy TmEHm Zfl< z) +Z§0k<z ki z), ( )
=1 k=1 i=1
under the assumption that solutions exist.

Algorithm 2.21 Set

5= 1 (2.125)

— :
p max Tkz | L ||?
i=1

1<k<p

Fixe € ]O, min{la 6}[: (7n)n€N in [57 26 - 5], (An)neN in [07 1- 5]: and (IL‘LO)lgigm < Hl X
-+ X Hp. Set, for every n € N,

)
Tip1 = MpTin +

p m
(1—XAn) <prox%fl’" <:E17n — Yn (ZL,’;1Vg0k < Z ijxj,n) +bl7n)) +a1,n) )
k=1

J=1

Tmn+l = )\m,nxm,n +

p m
(1 - )\m,n) (prOX%fm’n (xm,n —Tn <ZLzmv¢k (Z Lk:jxj,n) +bm,n))+am,n) 9

L k=1 j=1
(2.126)
where, for every i € {1,...,m}, the following hold.
(1) (fin)nen are functions in I'y(#;) such that
(Vp €10, 400]) Z sup || prox, ; Yy —prox, ,y|l < +oo. (2.127)

neN wli<e

(i) (ajn)nen and (b;n)nen are sequences in H; such that ) . |lai,|| < +oo and
2 nen [[bin]| < +o0.
(iii) (Ain)nen is a sequence in [0, 1] such that ) |Xin — Ay| < +00.

We now turn our attention to the asymptotic behavior of Algorithm 2.21 (strong
convergence conditions can be derived from Theorem 2.16).
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Theorem 2.22 Let ((z;,)nen)1<i<m be sequences generated by Algorithm 2.21. Then, for
every i € {1,...,m}, (z;n)nen converges weakly to a point x; € H;, and (x;)1<i<m 1S @
solution to Problem 2.20.

Proof. Problem 2.20 is a special case of Problem 2.6 where, for everyi € {1,...,m},
p m
Ai = afz and Bz <$j)1§j§m — ZLZZVSO]?<ZL]€]$]) (2128)
k=1 j=1

Indeed, define H as in the proof of Theorem 2.15 and set

f:H — ]—00,400] 1 (2i)i<i<m Zfz(xz) (2.129)
i=1
and
P m
g:H =R (2)i<i<m — Z @k(z Lmﬂ?z) (2.130)
k=1 i=1

Then f and g are in I'((H) and it follows from Fermat’s rule and elementary subdiffe-
rential calculus that, for every (z1,...,z,) € H,

(x1,...,Ty) solves (2.124) < (0,...,0) € I(f +g)(z1,...,Tm)
< (0,...,0) € 0f(x1,...,2m) + Vg(x1,...,2)

k=1

j=1

s Vie{l,...,m}) 0€ Ax; + Bi(z1,...,2,). (2.131)

Next, let us show that the family (B;)1<;<, in (2.128) satisfies (2.16) with 5 as in
(2.125). First, Lemma 2.12 asserts that, for every k € {1,...,p}, Vi is 7, '-cocoercive.
Hence, for every (z1,...,x,) € H and every (yi,...,yn) € H, it follows from (2.128),
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(2.125), and the convexity of || - ||? that

m D m m

= ZZ<% Yi | Ly (Vﬂpk(ZLkﬂJ) _vwk<ZLk3yJ))>
i=1 k=1 j=1 J=1
m D m m

= ZZ <Lki(5€z Yi) v%"’c(ZLkﬂJ) - VW@(ZL’“%)>
i=1 k=1 j=1 j=1
p m m m i

= Z <Z Lyx; — ZLkzyz v@k(ZLkﬂJ) - V¢’“<ZL’€J%)>
k=1 Vi=1 i=1 j=1 j=1

wk<ZLk]x]) V@k(Z%%)
p m
=2 o3 T -H2Z”L’“ 2 W’“(ZL’”%’) ‘W’“(ZL’“’%)
k i=1 ki : j=1 j=1
m 2
>pﬁzz [l V%(ZLRJ%) - VW(ZLW%)

2

k=1 i=1 j=1
m 2
> 5217 Ly (V%(ZLM%) - V@k(Zijyj)>
- } P = m 2
> 3 Z Z L:Vor ( Z ijxj) Y L Ve < Z ijyj)
T . "~ (2.132)
This shows that (2.16) holds. Furthermore, upon setting
(Vie{l,...,m})(VneN) A, =08f,, and B, =B, (2.133)

we deduce from (2.127) that Algorithm 2.21 is a particular case of Algorithm 2.8. Alto-
gether, Theorem 2.22 follows from Theorem 2.15. [

Here are a couple of applications of Problem 2.20.

Example 2.23 (network flows) Consider a network with M links indexed by j; €
{1,...,M} and N paths indexed by | € {1,...,N}, linking a subset of () origin-
destination node pairs indexed by k € {1,...,Q}. There are m types of users indexed by
i € {1,...,m} transiting on the network. For everyi € {1,...,m}and [ € {1,..., N}, let
¢i1 € R be the flux of user i on path [ and let z; = (&;)1<;<n be the flow associated with
user i. A standard problem in traffic theory is to find a Wardrop equilibrium [45] of the
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network, i.e., flows (z;);<;<m, such that the costs in all paths actually used are equal and
less than those a single user would face on any unused path. Such an equilibrium can
be obtained by solving the variational problem [13, 37, 41]

e, S [T o 2139
where ¢;: R — [0, 4+o00] is a strictly increasing 7-Lipschitz continuous function modeling
the cost of transiting on link j and h;(z4, ..., z,,) is the total flow through link j, which
can be expressed as h;(x1,...,zm) = >, (Lz;) " e;, where e, is the jth canonical basis
vector of RM and L is an M x N binary matrix with jlth entry equal to 1 or 0, according
as link j belongs to path [ or not. Furthermore, each closed and convex constraint set C;
in (2.134) is defined as C; = {(m)1<i<n € [0, +00[" | (Vk € {1,...,Q}) Sien, m = ix},
where @ # N, C {1,..., N} is the set of paths linking the pair k¥ and d;;, € [0, +o0] is
the flow of user i that must transit from the origin to the destination of pair k£ (for more
details on network flows, see [40, 41]). Upon setting

My,
©1: RM — R: (Vj)lgng — Z/ gbj(h)dh, (2135)
j=1"0
problem (2.134) can be written as
inimi (z; Lz; |. 2.136
| ninimize ; vey () + @1 ( ; x ) ( )

Since ¢, is strictly convex and differentiable with a 7-Lipschitz-continuous gradient,
(2.136) is a particular instance of Problem 2.20 with p = 1, G, = RM and (Vi €
{1,....m}) H; = RY, f;, = 1c,, and L;; = L. Accordingly, Theorem 2.22 asserts
that (2.136) can be solved by Algorithm 2.21 which, with the choice of parameters
Yo =7€10,2/7[, N =0, N\, =0, a;,, =0, and b;,, = 0, yields

Vie{l,....,m}) @inn = Po, (g;n — AL ($1(prn), - - - ¢M(pM7n))), (2.137)

where (p1,, ..., p0n) = Z;.”:l Lz;,. In the special case when m = 1 the algorithm
described in (2.137) is proposed in [14]. Let us note that, as an alternative to (2.135),
we can consider the function

M
©1: RM — R: (Vj)lgng — Z I/jgbj(l/j), (2138)

J=1

under suitable assumptions on (¢,)i<;<um. In this case, (2.136) reduces to the problem
of finding the social optimum in the network [41], that is

minimize Z hi(xy, .. xm) i (hi(z, ..o 2m)), (2.139)

r1€CY,..., TmE€Chm,

which can also be solved with Algorithm 2.21.
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Example 2.24 (best approximation) The convex feasibility problem is to find a point
in the intersection of closed convex subsets (C;),<;<., of a real Hilbert space # [10, 21].
This problem arises in many applications in engineering and the physical sciences [17,
19]. In many instances, the intersection of the sets (C;)1<;<,, may turn out to be empty
and a relaxation of this problem in the presence of a hard constraint represented by
is to [23]

A
minimize égwida(m), (2.140)

z1€C

where (w;)2<i<m are strictly positive weights such that maxs<;<,, w; = 1. We assume
that this problem admits at least one solution, as is the case when one of the sets in
(Cy)1<i<m is bounded [23, Proposition 4]. Since, for every i € {2,...,m} and every
z1 € Cy, dg, (x1) = ming, e, |71 — 2;]]%, (2.140) can be reformulated as

m—1

L 1
e, 5 2 wwnller = ol 2141
This is a special instance of Problem 2.20 with p = m — 1 and, for every i € {1,...,m},
fi = tc, and
Id, if i=1;
VEe{l,....m—1}) ¢p= wk;l |-? and Ly =< —1Id, if i =k+1; (2.142)
0, otherwise.

We can derive from Algorithm 2.21 an algorithm which, by Theorem 2.22, generates
orbits that are guaranteed to converge weakly to a solution to (2.141). Indeed, in this
case, (2.125) yields 5 = 1/(2(m —1)). For example, upon setting v,, = v € ]0,1/(m — 1)],
M=0,0,=0,0,=0,0b,=0,and f;, = i, for simplicity, Algorithm 2.21 becomes

T1ns1 = Po ((1 -7 E:iz wi)T1n + EZ? wlxm)
. (2.143)
(Vi€ {2,....,m}) Zinp1 = Po,(ywitin + (1 — Yw;)Ti0).

In the particular case when m = 2 and v = 1/2, then wy = 1, (2.141) is equivalent to
finding a best approximation pair relative to (C;, Csy) [9, 11], and (2.143) reduces to

{ﬂfl,nﬂ = Pg ((xln + £U2,n)/2)

(2.144)
Ton+1 = PC’2 ((xlm + l’27n)/2)
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Chapitre 3

Meéthodes variationnelles pour la
décomposition, la reconstruction et la
restauration de signaux
multicomposantes avec couplage lisse

3.1 Description et résultats principaux

Dans ce chapitre nous nous intéressons a la résolution de problemes de traitement
de signaux multicomposantes sur des espaces hilbertiens, plus précisément a la restaura-
tion et la décomposition de signaux. Dans les problémes de restauration, nous cherchons
un signal original x € H a partir d’'un signal dégradé = € G, ou H et G sont des espaces
hilbertiens réels. Nous supposons que z résulte de la dégradation de x par un opérateur
linéaire borné L: H — G (par exemple un flou) et d'un bruit additif w € G, c’est-a-
dire z = Lx + w. Des formulations variationnelles ont été proposées dans [32, 44] pour
résoudre ce probléeme en dimension finie. Par ailleurs, dans les problemes de décompo-
sition nous cherchons un nombre fini des composantes z1, ..., z,, dun signal original
x € H a partir d'une observation bruitée » € ‘H. Nous supposons que © = 1 + - -+ + Ty,
et que le bruit w € H est additif, c’est-a-dire z = z1 + - - - + x,, +w. Dans le cas ou m = 2,
des formulations variationnelles et des méthodes convergentes ont été présentées dans
[5, 23] (voir aussi [3]), dans [6] une méthode avec propriétés modestes de convergence
a été proposée pour résoudre le cas o m = 3 et dans [15] une méthode sans résultat de
convergence est proposée pour résoudre le cas ot m = 4.

Nous nous intéressons a une formulation générale qui permet de traiter les deux
problémes simultanément. Dans ce but, supposons que p > 2 signaux (zj,...,z,) €
g1 x --- X G, soient observés, ou, pour tout k¥ € {1,...,p}, G, est un espace hilbertien
et z;, est une observation bruitée qui provient d'un signal original y; € G;. De plus, nous
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supposons que y; est un mélange linéaire des composantes z1, . .., x,,, lesquelles appar-
tiennent a des espaces de Hilbert réels 1, ..., H,,, respectivement. Plus précisément,

(VEe{l,....p}) 2k =vyr+wi = L1+ - + LT + wy, 3.1

ol, pour tout i € {1,...,m}, Ly; € B(H;,Gr) et wy € Gy représente le bruit. De plus,
supposons que, pour tout i € {1,...,m}, la fonction f; € I'q(#;) modélise des caractéris-
tiques intrinseques de la composante x;. Les composantes xy, ..., z,, peuvent alors étre
obtenues comme solution du probleme d’optimisation

m
2k — E Lz
i=1

P 2

" 1
minimiser  fi(z;) + 5
T1E€EHL, ooy TmEHm 4 1 2 ]
i— _

(3.2)

D’'une maniere générale, si I'on considere que le bruit n’est pas additif, les compo-
santes peuvent étre obtenues comme solution du probléme suivant.

Probleme 3.1 Pour tout i € {1,...,m}, soit f; € T'q(H;) et pour tout k € {1,...,p}
soit Ly; € B (H;,Gr), soit 7, € |0, +00|, et soit ¢x: G — R une fonction convexe et
différentiable avec un gradient 7,-lipschitzien. Le probléme est de

m P m
i 2500 + YY) @

Dans le Probleme 3.1, les fonctions (¢)i1<x<, peuvent agir comme des fonctions
de pénalisation reflétant les propriétés connues sur le bruit. Par exemple, si pour tout
ke {l,...,p}, or = |lzx — -||?/2, (3.3) donne (3.2).

Notons que, en utilisant des outils basiques d’analyse convexe, cette formulation est
un cas particulier du Probleme 1.1 avec ¢ = 2 et

Alzaflx---xafm

A2 . (xi)lgigm —> (Z LZZVka ( Z Lkixi>> . .
k=1 i=1

1<i<m

Le Probléme 3.1 a été résolu par l'algorithme que nous avons proposé dans le Cha-
pitre 2, qui nous rappelons ci-dessous.

Algorithme 3.2 On pose

B — ! 3.5)

m )
p max Tkz | L)
i=1

1<k<p
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pour tout ¢ € {1,...,m}, soient (a;,)nen €t (bin)nen des suites dans H; telles que
Y onen l@in|l < Fooet Yy llbin|l < +o0. On génere des suites (21,)nen, -+ -5 (Tmn)nen
comme suit.

Initialisation
€€ ]0, min{l, 51}[
Pour :=1,...,m

i L Ti0 € HZ

Pour n =0,1,...
Tn € [57261 _5]

An € [e,1]
Pour :=1,...,m
p m
Yin = 3 LV ( 3 ijxj,n) + bi (3.6)
k=1 j=1

Zin = prOXynfi(xi,n - 7nyi,n) + Qj
Tint+1 = Tin + )\n(zi,n - xi,n)-

Le résultat de convergence démontré dans le Chapitre 2 est le suivant.

Théoreme 3.3 [4, Theorem 4.3] Soient (x1,)nen, -5 (Tmn)nen les suites générées par
UAlgorithme 3.2 et supposons que le Probléeme 3.1 admette au moins une solution. Alors,
pour touti € {1,...,m}, x;,, — x; € H; et (z;)1<i<m est une solution du Probléme 3.1.

Ce chapitre est consacré a la résolution de certains cas particuliers importants du
Probleme 3.1 d'une maniere efficace en modifiant 'Algorithme 3.2. En particulier, si
nous considérons que, pour tout k € {1,...,p}, or = ||z — -||?/2, lAlgorithme 3.2 peut
étre décrit par (on prend ), = 1 par simplicité)

p m
Tint1 = PIOX, (l’m + Yn <ZLZZ <Zk — Z ijﬂfj,n) + bzn)) + i, 3.7)
=1

= j=1

et les suites ainsi générées convergent vers une solution de (3.2) si (7,)nen est dans
10,25 [. De plus, nous montrons que ce résultat reste vrai si la suite (v, ),en est dans
10, 28,[, avec

Bo = L ) (3.8)

D m
| L I

k=1 =1

Vu que f» > f3;, on peut donc élargir l'intervalle dans lequel se trouve la suite (7, ),en-
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D’autre part, si nous considérons le cas particulier de (3.2) ou, pour tout k£ €
{1,...,p}etie{l,...,m}, Ly, = & 1d avec &, € R, (3.2) se réduit a

m
2 — E Ekili
i1

p 2

- 1
minimiser  fi(z;) + 5
z1€EH,..., TmEHm < T 2 o1
iz —

3.9)

et (3.7) donne
p m
Tin1 = PIOX, 4, <£17zn + ’Yankz’ <Zk — Z fijj,n)) + Q- (3.10)
k=1 j=1

Nous montrons que le méme résultat de convergence reste vrai en prenant la suite
(fYTL)nEN dans ]07 263 [’ ou

1
- 3.11
Bs . (3.11)
et Amax st la plus grande valeur propre de la matrice Z'Z avec = = [§,;] € RP*™,

Puisque (33 > f35, ceci permet d’élargir encore plus l'intervalle dans lequel se trouve la
suite (7, )nen-

Les algorithmes proposés sont appliqués aux problemes de décomposition du signal,
de synthese du signal, de représentation du signal multitrame et aux problemes de mini-
misation avec des contraintes pénalisées. Notons dans (3.6), (3.7) et (3.10) que le calcul
d’opérateurs proximaux est un élément-clé dans la mise en ceuvre des algorithmes. Pour
cette raison nous fournissons plusieurs calculs explicites d’opérateurs proximaux que
nous utilisons dans les applications mentionnées.

3.2 Article en anglais

CONVEX VARIATIONAL FORMULATION WITH SMOOTH COUPLING
FOR MULTICOMPONENT SIGNAL DECOMPOSITION AND
RECOVERY'

Abstract : A convex variational formulation is proposed to solve multicomponent signal
processing problems in Hilbert spaces. The cost function consists of a separable term, in
which each component is modeled through its own potential, and of a coupling term,
in which constraints on linear transformations of the components are penalized with
smooth functionals. An algorithm with guaranteed weak convergence to a solution to
the problem is provided. Various multicomponent signal decomposition and recovery
applications are discussed.

1. L. M. Bricefio-Arias and P. L. Combettes, Convex variational formulation with smooth coupling
for multicomponent signal decomposition and recovery, Numerical Mathematics : Theory, Methods, and
Applications, vol. 2, pp. 485-508, 2009.
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3.2.1 Problem statement

The processing of multicomponent signals has become increasingly important due,
on the one hand, to the development of new imaging modalities and sensing devices,
and, on the other hand, to the introduction of sophisticated mathematical models to
represent complex signals. It is for instance required in applications dealing with the
recovery of multichannel signals [8, 33, 34, 40], which arise in particular in color ima-
ging and in the multi- and hyperspectral imaging techniques used in astronomy and in
satellite imaging. Another important instance of multicomponent processing is found
in signal decomposition problems, e.g., [2, 5, 6, 7, 15, 43, 44]. In such problems, the
ideal signal is viewed as a mixture of elementary components that need to be identified
individually.

Mathematically, a multicomponent signal can be viewed as an m-tuple (z;)1<i<m,
where each component z; lies in a real Hilbert space H;. A generic convex variational
formulation for solving multicomponent signal recovery or decomposition problems is

minimize  ®(zy,...,7,), (3.12)

T1€EH1 ooy TmEHm

where ®: H,®- - -®H,, — ]—00, +00] is a convex cost function. At this level of generality,
however, no algorithm exists to solve (3.12) reliably in the sense that it produces m
sequences (1, )nens - - - » (Tmn)neny converging (weakly or strongly) to points xy, ..., p,
respectively, such that (z;);<;<, minimizes ®. Let us recall that, even in the elementary
case when m = 2 and H; = H, = R, the basic Gauss-Seidel alternating minimization
algorithm does not possess this property [28]. In this paper, we consider the following,
more structured version of (3.12).

Problem 3.4 Letm > 2and p > 1 be integers, let (H;)1<i<m and (Gi)1<x<, be real Hilbert
spaces, and let (7;)1<k<, be in |0, 4+o00|. For every i € {1,...,m}, let f;: H; — |—00, +0]
be a proper lower semicontinuous convex function and, for every k£ € {1,...,p}, let
vr: G — R be convex and differentiable with a 7,—Lipschitz continuous gradient, and
let Ly;: H; — Gy, be linear and bounded. It is assumed that min <x<, Y 1o, || Lil|*> > 0.
The problem is to

m P m
inimi i(2 Lyix; |, 3.13
mimize, > 1)+ 3 on( 3 b ©19

=1

under the assumption that solutions exist.

Let us note that (3.13) is a particular case of (3.12), in which ® is decomposed in
two terms, namely

m P m
(a1, am) = > filw) + ) o ( > ka) . (3.14)
=1 k=1 =1

J/

TV
separable term coupling term
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Each function f; in the separable term promotes an intrinsic property of the ith com-
ponent z; of the signal. On the other hand, the coupling term models p interactions
between the m components (z;)1<;<. An elementary interaction is associated with a po-
tential ¢y, acting on a linear transformation ) )" | Ly,x; of the components. The coupling
is smooth in the sense that the function ¢, is differentiable with a Lipschitz gradient. As
will be seen in subsequent sections, Problem 3.4 not only captures existing formulations
for which reliable solution methods are not available, but it also allows us to investigate
a wide range of new problems. In addition, it can be solved reliably by the following
proximal algorithm recently developed in [4] (the definition of the proximity operator
prox, of a convex function f;: H; — |—00, +o0] is given in Section 3.2.2.2).

Algorithm 3.5 Set

By — ! (3.15)

m )
p max 7 Y || La”
=1

1<k<p

and ﬁX € in ]O,min{l,ﬁl}[, ()‘n>n€N in [87 1]: (’yn)neN in [87261 - E]: and (xi,O)lgiSm in
Hi X -+ X Hy,. Foreveryi € {1,...,m} set, for every n € N,

p m
Tint1 = Tin+Ap ( prox,, (l’m —Yn (ZLZZ‘V@k ( Z ijl’j,n) + bz’,n) ) + Qi — SUzn) )
k=1

j=1
(3.16)
where (a; ,)neny and (b; ,)nen are sequences in H; such that
D laiall < +0o and Y byl < +oo. (3.17)
neN neN
Algorithm 3.5 generates m sequences (1, )neN, -5 (Tmn)nen in parallel. It also

tolerates errors a; , and b;,, in the implementation of the proximity operator and of the
gradients, respectively. Its convergence to a solution to Problem 3.4 is guaranteed by
the following theorem. Let us stress that, although some algorithms are available for
specific instances of Problem 3.4 with m = 2 (see [1], [3], [10], and [23, Section 4.4]),
no method with such convergence properties seems to be available in the literature in
the general setting we consider here.

Theorem 3.6 [4, Theorem 4.3] Let (Z1n)nen, ---» (Tmon)nen be sequences generated by

Algorithm 3.5. Then, for everyi € {1,...,m}, (z;n)nen converges weakly to a point x; € H,,
and (x;)1<i;<m 1S a solution to Problem 3.4.

The paper is organized as follows. In Section 3.2.2, we introduce our notation
and recall some important definitions and properties from convex analysis, and discuss
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proximity operators. In Section 3.2.3, we study the particular case when the coupling
functions are Moreau envelopes and address specific cases. Section 3.2.4 is devoted to
problems in which the coupling functions are quadratic. In Section 3.2.5, the focus is
placed on coupling terms involving linear combinations of the components. Finally, Sec-
tion 3.2.6 is devoted to an application to multiframe signal representation.

3.2.2 Notation and background

Throughout the paper, % and (#;)i<i<m are real Hilbert spaces. Their scalar pro-
ducts are denoted by (- | -) and the associated norms by || - ||. Moreover, Id denotes the
identity operator and B(x; p) the closed ball of center + € H and radius p € |0, +oc[. In
this section, we recall some useful definitions and facts from convex analysis [31, 36, 46]
and provide background and new results on proximity operators.

3.2.2.1 Convex analysis

We denote by I'y(?) the class of lower semicontinuous convex functions ¢: ‘H —
]—o0, +-00] which are proper in the sense that dom ¢ = {z € H | p(z) < +o0} # @.

Let ¢ € T'o(H). The set of minimizers of ¢ is denoted by Argmin ¢ and, if ¢ has a
unique minimizer, this minimizer is denoted by argmin, ., ¢(z). The conjugate of ¢ is
the function ¢* € I'y(H) defined by

0" H — ]—00,4+00] 1 u s sup (x| u) — p(x) (3.18)
TzEH

and the subdifferential of ¢ is the set-valued operator
Op: H — 2"z {u eH ‘ VyeH) (y—x|u)+p(x) < @(y)}. (3.19)

The Fenchel-Moreau theorem states that
O = . (3.20)

In addition,

. o)+ 0) 2 (o |0
ROt {MW(U):@M & u e dp(a) -

The next lemma follows directly from [17, Corollary 3.5].
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Lemma 3.7 Let g: H — [0, +oc| be a continuous convex function and let ¢ € T'o(R).
Suppose that ¢ is increasing on [0, +oo[ and that there exists a point z € H such that
g(z) € int dom ¢. Then, for every © € H,

d(pog)(x) = U vag(x). (3.22)

v€dP(g(x))N[0,400]

Now, let C' be a nonempty closed convex subset of 7{. The indicator function of C'is

0 if reC:
rs ! 3.23
osd {+oo, if ¢ C, (3.23)

the normal cone operator of C'is

— < if .
chaLC:x'_){{ueH|(‘v’yEC) (y — x| u) <0}, lfL‘ECj7 (3.24)
g, otherwise,
the support function of C' is
oc =ty H — |—00, 400 : u— sup (x| u), (3.25)

zeC

and the distance from z € #H to C'is d¢(z) = infycc||z — y||. For every x € H, there exists
a unique point Pox € C such that do(z) = ||x — Pox||; Pox is called the projection of z
onto C and it is characterized by

(VpeH) p=Pcx < x—p€ Nep. (3.26)
We have
xz — Pox .
f ze C;
(Vx e H) 0de(x) = { de(z) }’ it zeH\C; (3.27)

Nex N B(0;1), if zeCd.

Lemma 3.8 Let C' be a nonempty convex closed subset of H, let ¢: R — |—o00, +00| be
increasing on [0, +oc[ and even, and set ¢ = ¢ o dc. Then p* = oc + ¢* o - ||.

Proof. Set, for every n € [0,+00[, D, = {z € H | ||z| =n}. For every z € H, since
infycc||lz — y|| = ||z — Pex|| and since ¢ is increasing on [0, +-o00[, we have

(vzeC) info(lz —yll) < ¢(llz — Pell) = ¢(££Hx - yH) < o(llz — =), (3.28)
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which implies that inf jecé(||lz — y||) = ¢(inf yec||z — yl|). Hence, since H = |, (o 100 Dn
and since ¢ is even, we have

(VueH) ¢(u)=sup (@] u) - o(inf |~y )

z€eEH
= sup (x| u) — ilelgcb(ﬂx -yl
= sup sup (z | u) — ¢(||z — yl|)
yeC zeH
=sup (y | u) +sup (z | u) — o(||])
yeC z€H
=sup (y |u)+ sup sup (z|u) —d(n)
yeC n€[0,+oo[ 2E€Dy
=sup (y |u) + sup 7 lull —o(n)
yeC n€[0,+o00[
= sup (y | u) +supn|jul| — ¢(n)
yeC neR
= o (u) + ¢ (|lull), (3.29)

which completes the proof. U

Lemma 3.9 Let ¢ € T'o(R) be such that 0 € int dom ¢, let & € ]0, +oo[ N dom d¢, and let
v € 0¢(§). Then

max d¢(0) < v. (3.30)

Proof. Since 0 € intdom ¢, 0¢(0) is a nonempty compact set [36, p. 215 and Theo-
rem 23.4]. Moreover, (3.19) yields

(€= 0)u+6(0) <
(0—=8r+o(§) <

Adding these inequalities results in

(Vi€ 09(0))  p& < 08, (3.32)
from which we deduce (3.30). 0

(3.31)

(V1 € 96(0)) { Z“)

(0).

3.2.2.2 Proximity operators

For a detailed account of the theory of proximity operators, see [31, 23] and the
classical paper [35].

Let ¢ € T'y(H) and let v € ]0, +oo[. The Moreau envelope of index v of ¢ is the
continuous convex function

1
YA - . i — — 2
p: H—R:z— ylgfl o(y) + 27||a: yl*. (3.33)
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For every r € H, the infimum in (3.33) is achieved at a unique point denoted by prox. , z,
which is characterized by the inclusion

(VpeH) p=prox,,z < x—p€y9p(p). (3.34)

The proximity operator of ¢ is defined as
1
prox,: H — H: x > argmin, .y p(y) + 5”1’ — g% (3.35)
The Moreau envelope 7y satisfies
% < ¢ and Argmin "p = Argmin . (3.36)

Moreover, it is Fréchet differentiable and

1
V7% = —(Id — prox,,) = prox,.,(-/7v) is 1/y-Lipschitz continuous. (3.37)
Y

w* /v

Lemma 3.10 [19, Proposition 11] Let G be a real Hilbert space, let 1) € T'y(G), let L: H —
G be linear and bounded, and set ¢ = 1) o L. Suppose that L o L* = r1d, for some k €
10, +oc[. Then ¢ € Ty(H) and

1 *
prox,, = Id +EL o (prox,,, —Id) o L. (3.38)

If C' is a nonempty closed and convex subset C' of H, we have
prox., . = Fec. (3.39)

Closed-form expressions for the proximity operators of various functions can be found
in [16, 19, 20, 21, 23, 35]. We now derive new examples, some of which will be used in
Section 3.2.3.3.

Proposition 3.11 Let C' be a nonempty closed convex subset of H, let ¢ € I'y(R) be even,
and set ¢ = ¢ o dc. Then ¢ € I'o(H). Moreover, prox, = Fc if ¢ = 10y + 1 for somen € R
and, otherwise, for every x € H,

prox . do ()

x4+ ———(Pex —x), if do(z) > maxdp(0);
B de(x) (3.40)
prox, r = j if v¢ Cand de(x) <max0de(0);
z, if veC.

Proof. If ¢ = (o} + 1 for some n € R, then ¢ = ¢ + 7, which implies that ¢ € I'y(#) and
that prox, = Pc. Now assume that ¢ # to) + n with € R. Since ¢ is even, convex, and
proper, we have 0 € int dom ¢ and it follows that

(Vz e C) de(z) =0 € intdom ¢. (3.41)
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Thus, @ # C C dom ¢, which shows that ¢ is proper. Next, since d is continuous and
¢ is lower semicontinuous, ¢ is lower semicontinuous. Moreover, since ¢ is convex and
even, it is increasing on [0, +o0o[ and, by convexity of d¢, we deduce that ¢ is convex.
Altogether ¢ € T'o(H).

Now, let » € H and set p = prox,, z. We derive from (3.34) that
r—ped(pode)(p). (3.42)

Therefore, in view of (3.41), taking g = d¢ in Lemma 3.7 yields

T—pe U v dde(p). (3.43)

vedp(de (p))N[0,+o00]

We examine two alternatives.
(a) p € C:Inthis case, dc(p) = 0 and, from (3.27), dd¢(p) = Nepn B(0; 1). Hence,
(3.43) asserts that there exists v € 9¢(0) N [0, +oo| such that

x—p€ Nepn B(0;v). (3.44)
Using (3.26), we first deduce that

p = Pox. (3.45)
In addition,

do(x) = ||z — Pow|| = ||z — pll < v < maxd6(0). (3.46)

(b) p ¢ C : In this case, dc(p) > 0 and (3.27) yields dd¢(p) = {(p — Pep)/dc(p)}-
Hence, (3.43) implies that there exists v € d¢(dc(p)) N [0, 400 such that

p— Pep
rT—p=v : (3.47)
de(p)
which can be written equivalently as
v +dc(p)
x— Pop=——F%(p— Pcp). (3.48)
P =0 (p — Fep)

Since (3.26) asserts that p — Pop € No(Pop), (3.48) yields © — Pop € No(Pep)
and, therefore,

Consequently, (3.48) is equivalent to

V+ dc(p)

— Pop). 3.50

r— Poxr =
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In turn, upon applying the norm, we obtain
de(z) = v+ do(p). (3.51)

Since v € d¢(dc(p)), we deduce from (3.51) that

do(x) — de(p) € 9¢(do(p)), (3.52)
which yields dc(p) = prox,dc(z) by (3.34). Thus, it follows from (3.51) and
(3.37) that

v = proxX,.(dc(z)). (3.53)

On the other hand, it follows from (3.50) and (3.51) that

p—FPop v—Pex x— FPow

- = ) 3.54
o)~ vrde®)  dol) (.54
Hence, using (3.53) and (3.54), we deduce from (3.47) that
B prox . (de(z)) B
p=z+ ~ac@) (Pox — ). (3.55)
In view of (3.45) and (3.55), it remains to show that
peC <& de(zr) <max0de(0). (3.56)

To this end, we first observe that (3.46) yields p € C = do(z) < maxd¢(0). For the
reverse implication, suppose that d¢(x) < maxd¢(0) and that p ¢ C. Then, we deduce
from Lemma 3.9 and (3.51) that

max 0¢(0) + do(p) < v +de(p) = do(z) < max d¢(0), (3.57)

which implies that do(p) = 0 and therefore that p € C' = C, which contradicts our
assumption. []

Proposition 3.12 Let C' be a nonempty closed convex subset of H, let ¢ € ['o(R) be even

and nonconstant, and set ¢ = o¢c + ¢ o || - ||. Then ¢ € To(H) and, for every x € H,
prox, de () ) .
W(l’ — Pox), if de(x) > max Argmin ¢;
C
prOXgox — T — ch’ I:f T ¢ C and dc(:L’) S maXArgmin(b; (3.58)
07 lf xr € C
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Proof. Set ) = ¢* o dc. Since ¢ is an even function in I'o(R), ¢* is likewise. Hence, it
follows from Proposition 3.11 that ¢ € I'((#). Using the facts that 0¢*(0) = Argmin ¢,
that ¢* is not of the form ¢{; +7 with € R, and that, by (3.20), ¢** = ¢, we also derive
from Proposition 3.11 that, for every = € H,

d
W(P@c —x), if do(z) > max Argmin ¢;
c\T
e if ¢ C and de(z) < maxArgmin ¢; (3.59
x, if xeC.
On the other hand, Lemma 3.8 yields ¢* = o¢ 4+ ¢** o|| - || = oc + ¢ o || - || = ¢. Hence,

it follows from (3.37) (with v = 1) that prox,, = prox,. = Id — prox,,. In view of (3.59),
we thus obtain (3.58). 0

Proposition 3.13 Let C' be a nonempty closed convex subset of a real Hilbert space G and
let z € G. Let ¢ € I'g(R) be even and not of the form ¢ = vjoy +nwithn e R, let L: H — G
be a bounded linear operator such that L o L* = k1d for some k € ]0, +oc[, and set
p: H — =00, 400 : x = ¢(de(Lx — 2)). (3.60)
Then ¢ € I'y(H) and, for every z € H,
Prox, 4)+ do(Lx — 2)
kdo(Lx — z)
if do(Lx — z) > kmax0¢(0);

x+ L*(Po(Lx — z) + z — La),

(3.61)

= 1
Prox, & v+ —L*(Pe(Lx — 2) 4+ 2 — Lx),
K

if Lt —2¢ C and do(Lz — z) < kmaxd¢(0);

x, if Lv —zeC.

Proof. Set g = ¢ o d¢. It follows from Proposition 3.11 that g € I'y(G) and that, for every
yegy,

Prox .+ do(y
y+ (o) do(y)

PIOX,q Y = dc (y)
Py, if de(y) < kmax0¢(0).

(Pey —y), if de(y) > kmax dp(0); (3.62)

We also observe that, since ¢ = go (L - —z) and L is linear and continuous, ¢ € T'g(H).
Now take x € H and set p = prox,, . Using (3.34), the identity L o L* = kId, and
elementary subdifferential calculus, we obtain

p=prox,r & x—p € dp(p) = L*0g(Lp — z)
& (r—rk'L2)—(p—r'L*2) € L*Og(L(p — v 'L*2))
& (r—r'L*2)—(p—r'L*2) € O(go L)(p—r"L*z)
& p—k Lz = ProX .7 (7 — KIL2). (3.63)
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Hence, by Lemma 3.10,

p=r"L'z+ (x -k 'L*2) + k' L*(prox,,(L(z — k' L*2)) — L(x — k™ 'L*z))
=ux+ I{_lL*(pl"OXHg(LZE —2) 42— Lx). (3.64)

Upon combining (3.64) and (3.62) we obtain (3.61). 0

3.2.3 Coupling with Moreau envelopes

In this section we interpret Problem 3.4 as a relaxation of a problem with a non-
smooth coupling term.

3.2.3.1 Problem formulation

As seen in (3.37), the Moreau envelope of index p;, € ]0,+o0[ of a function g, €
I'0(G) is a convex function which is 1/p,-Lipschitz differentiable everywhere. We can
therefore set

(VEe{l,....p}) ¢©r="tq (3.65)

in Problem 3.4 to obtain the following formulation.

Problem 3.14 Let (H;)1<;<m» and (Gx)1<k<, be real Hilbert spaces, and let (p;)1<x<, be
in |0, 4o00[. For every i € {1,...,m} and k € {1,...,p}, let f; € T'o(H,), let g, € To(Gx),
and let L;;: H; — G be linear and bounded. It is assumed that

m

. 112
1%2]7;”%” > 0. (3.66)

The problem is to

m p m
minimize (s Pr Lo, 3.67
s, 316003 (S ) s
=1 k=1 i=1
under the assumption that solutions exist.

The functions ( ”*g;)1<k<, are approximations to the functions (g )1<x<, in the sense
of (3.36). Thus, (3.67) can be regarded as a relaxation of the problem

m P m
m1er%}(ilninmlize(atm Zzl filz;) + ; Gk ( Zzl L;mxl) (3.68)

.....
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Since this problem involves not necessarily smooth coupling functions (gy)i<x<p, it will
in general be harder to solve than (3.67) and, in some cases, it may not possess any
solution while (3.67) does (see [18] for an illustration of the latter situation).

In view of (3.65) and (3.37), the specialization of Algorithm 3.5 to Problem 3.14
assumes the following form.

Algorithm 3.15 Set

I Pk
T BSST Il (369

and fix ¢ in |0, min{1, S}, (An)nen in [g,1], (Yn)nen In [6,251 — €], and (zi0)1<i<m in
Hy X -+ X Hp,. Foreveryi € {1,...,m} set, for every n € N,

p m
, (prox, . —Id
Tinm+1 = Tip + An(DYOXWfi (xm + T < E Ly, <_ LRI ) ( E ijllfj,n)
k=1 j=1

Pk
+ bz,n)> + Qi pn — .Ti,n) s (370)
where (a;,)neny and (b; ,,)nen are sequences in H; such that

D lainll < +oo and Y Ibial < +oo. (3.71)

neN neN

We obtain the weak convergence of this algorithm as a direct application of Theo-
rem 3.6.

Corollary 3.16 Let (Z1n)nen, ---> (Tmn)nen be sequences generated by Algorithm 3.15.
Then, forevery i € {1,...,m}, (x;,)nen converges weakly to a point x; € H;, and (x;)1<i<m
is a solution to Problem 3.14.

Remark 3.17 In the particular case of m = 1 variable, Problem 3.14 reduces to [23,
Problem 4.1], which was itself shown in [23, Section 4] to cover several signal decom-
position and recovery problems.

3.2.3.2 Relaxation of problems with hard coupling

As a first application of the results of Section 3.2.3.1, we consider problems in which
hard constraints on p linear mixtures of the signals are available. More precisely, the
constraints are of the form

(Vke{l,...,p}) ZLkﬂi € Dy, (3.72)

i=1
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where each D, is a nonempty closed convex subset of G, and, for every i € {1,...,m},
Ly; is a bounded linear operator from H; to G,. In our setting, this leads to the hard-
coupled problem

m

minimize g fi(x:), (3.73)
1€H1, s Tm EHm -
S L1ixi€D,., Yoy Lyixi €Dy =1

which amounts to setting

(VEe{l,....p}) gr=1tD, (3.74)

in (3.68). Let us note that, due to inaccuracies in the definition of the sets (Dj)1<k<,
[18, 291, (3.73) may be infeasible in the sense that ();_, D, = &. On the other hand,
the approximate problem (3.67), which becomes

e e . 2
i, > A+ 3t (3 1) 3.75)

-----

will admit solutions under mild assumptions [23, Proposition 3.1(i)]. Moreover, using
(3.39), the iteration (3.70) in Algorithm 3.15 reduces to (we set a;,, = 0, b;,, = 0, and
A = 1 for simplicity)

Tin+1 = prOX <xz n T fYnZL <PDk ) (Z Lk]x] n)) (376)

As an illustration of the construction of the sets (Dy);<x<,, let us consider the pro-
blem of finding m sources (x;)1<;<. from the noisy observation of p mixtures

i=1

where w; € G represents the noise corrupting the kth measurement. As discussed in
[22, 39], a wide range of probabilistic a priori information on the kth noise process can
be translated into constraints of the form z, — >_\" | Ly,z; € Ej, where Ej is a closed
convex subset of G,. This corresponds to (3.72), where D, = z, — E). For instance,
if a statistical bound 7, is available on the energy of the kth noise process, we obtain

3.2.3.3 Relaxation of problems with hard constraints and hard coupling

We place ourselves in the same setting as in Section 3.2.3.2 and make the additional
assumption that hard constraints are available for each signal, namely
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where each C; is a nonempty closed convex subset of ;. In this context, (3.73) coincides
with the feasibility problem

Find z; € Ci,...,x,, € Cp, such that Z Lyx; € Dy, ..., ZLPZI‘Z € Dp. (3.79)

i=1

Let us relax the p constraints > ;" Lyx; € Dy as in (3.75) and the m constraints in
(3.78) by penalizing the distances to the sets via functions

(Vie{l,...,m}) fi=¢;odc,, (3.80)

where (¢;)1<;<m are nonzero even functions in I',(R) \ {40} } such that ¢;(0) = 0. Thus,
(3.75) becomes

i(de, (z; —d2 Liiw; |, 3.81
, Iinimize - Zgb (i) +Z <; kZE) (3.81)

.....

which is our relaxation of (3.79). Corollary 3.16 asserts that this problem can be solved
via Algorithm 3.15 where, by virtue of Proposition 3.11, (3.70) reduces to (we set a;,, =
0, bi, =0, and A, = 1 for simplicity)

;

P,
Yin = Tin +7nZL]“( Dr ) (Zijx] n)
k=1
( PrOX(,, ¢)+ dc; (Yin)
i,n + —— P, wn — Yin)y
Yi, dc, (yi,n> (Poyy , Yi, ) (3.82)
B if de,(Yin) > o max 0¢;(0);

Tint1 = ’

PCiyi,na if Yin ¢ Cz and dCi (yl,n) < Yn Max 8¢Z<0)7

(Yin, if v, € C.

3.2.4 Quadratic coupling

In this section, we study Problem 3.4 when the coupling functions (¢x)1<x<, are of
the form

1
(Vke{l,....,p}) or= §sz — ||, where 2z € G. (3.83)

3.2.4.1 Problem formulation
We first restate Problem 3.4 under assumption (3.83).

69



Problem 3.18 Let (H;)i<i<m and (Gx)i<k<, be real Hilbert spaces. For every i &
{1,...,m}, let f; € I'y(#,;) and, for every k € {1,...,p}, let z € G, and let Ly;: H; — Gi
be linear and bounded. It is assumed that min;<x<, ;- || Lxi||* > 0. The problem is to

m 1 p m 2
inimi i\Ti) T 5 - Lyizi| 3.84
jpnimize D fin) 430 o= 2 B (384
under the assumption that solutions exist.
Here is a variant of Algorithm 3.5 for solving Problem 3.18.
Algorithm 3.19 Set
1
Bo = —— ; (3.85)
> 2 ll?
k=1 =1

and fix € in ]0, min{l, BQ}[, (An)nEN in [E, 1] (fYn)nGN in [E, Qﬁg — E], and (l’@o)lgigm in Hl X
-+ X Hp,. Foreveryi € {1,...,m} set, for every n € N,

p m

Tint1 = Tipn+ Ay ( prox,, <$Uzn +Vn <ZLZZ (Zk - Z ijﬂfj,n) + bz’,n) ) +a; ., — ZUzn) )
k=1 j=1

(3.86)

where (a; ,)nen and (b; ,)nen are sequences in H; such that

D lainll < +o0 and Y[yl < +oo. (3.87)

neN neN

Remark 3.20 The Lipschitz constant of each Vi, is 7, = 1. Hence, the bound f; of
(3.15) is B = 1/(pmaxi<y<p Yooy || Lil|?). If we used this bound in (3.85), we could
derive at once the convergence of Algorithm 3.19 from Theorem 3.6. However, we use
the bound 3, of (3.85), which is better than the general bound 3, since

m -1 P m —1
b= (rmas SIn?) < (X L inal) - (3.88
- i=1 k=1 i=1

Theorem 3.21 Let (21 ,)nen, ---5 (Tmn)nen be sequences generated by Algorithm 3.19.
Then, for every i € {1,...,m}, (x;,)nen converges weakly to a point x; € H;, and (x;)1<i<m
is a solution to Problem 3.18.

Proof. Weset H = H1,® - - - & H,,, i.e., H is the real Hilbert space obtained by endowing
Hi X -+ X H,, with the scalar product ((- | -)): (x,y) — >_.*, (x; | v;), with associated
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norm ||| - |||: & — /> -, ||z:]|?, where & = (z;)1<;<n denotes a generic element in .
We also introduce

2

1 p
g.’H—)R.wH§; (3.89)

m
Zk — E ijl‘j
j=1

and, for every i € {1,...,m}, we let B; be the gradient of g with respect to the ith
variable. Thus, Vg = (B;)1<i<m, Where

P m
Bi: H — H;: mHZLZi(Zijxj—Zk). (3.90)
k=1 j=1

Now take x and y in . Since, in view of (3.83), (3.86) is a special case of (3.16),
proceeding as in the proof of [4, Theorem 4.3], to reach the announced conclusion it is
enough to show that

> (B (W) |2~ 9) > f2 ) | Bilw) — Bi(y)|” (3.91)

=1

or, equivalently, that ((Vg(z) — Vg(y) | € —y)) > 5|||[Vg(x) — Vg(y)|||*. Since g is
convesy, it follows from the Baillon-Haddad theorem [9, Corollary 10] that this inequality
is equivalent to |[[Vg(x) — Vg(y)l[| < |||z — yl[|/ 5>, ie., to

S |Bix) - Biw)|” < lll= — yllI*/62. (3.92)
=1

For every i € {1,...,m}, (3.90) and the Cauchy-Schwarz inequality imply that

ZZ%% vj)
=1 k=1

SO a1 e yjn)
7=1 k=1

L Z 1Ll — yju)

(
(X
(Z eru?) > (Sl - ul)
<(2
-(2

2

|Bi(2) -

=
,_.

i ||Lm||2) 3 (Z 121 1?) (Z o = )

k=1

=

> ||Lm||2)|||m —yllP/Be (3.93)
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Hence,

m

> _lBiw) - Bity)|" < (Z ||Lki||2)|||m—y|||2/ﬂg = llle —yllIP/55,  (3.949)

i=1 k=1

hS]

which yields (3.92). 0

3.2.4.2 Split feasibility problems

Suppose that m = p + 1. For every k € {1,...,p}, set z, = 0, G, = Hy+1, and, for
everyi € {2,...,m},

—1 if 7= 1;
L= M o=kl (3.95)
0, otherwise.

Then (3.84) becomes

m 1 m—1
minimize E fz(ZL‘Z) + = ||Lk1{L‘1 — l‘k+1||2. (396)
21€EH1, ., Tm EHm Y 2 —1

Setting errors to zero and )\, = 1 for simplicity, the updating rule (3.86) in Algo-
rithm 3.19 reduces to

m—1

Tint+1 = ProX, « <$1,n — Tn L,’;l (Lk1$1,n - $k+1,n))>
i ; (3.97)

Tin41 = Prox, g ((]_ — ’Yn)xz,n + ’YnLi—l,lxl,n)a for 2 <1< m.

In particular, if each f; in (3.96) is the indicator function of a nonempty closed
convex set C; C H,, we obtain

21€CT,...;tmE€CH

m—1
o 1
minimize - ; | Ly — g ||, (3.98)
which can be regarded as a relaxation of the split feasibility problem

find r, € O such that Lz, € CQ, Loz, € Cg, cee Lm—lel € Cm. (399)

For m = 2, this type of problem was introduced in [13] and further studied in [11, 14,
23].

In [42] a problem similar to (3.96) is investigated in the case when m = 2, in which
the linear operator depends on the partial derivatives of one component.
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3.2.5 Strong coupling
An important instance of Problem 3.18 occurs when the linear mixtures describing

the interactions between the components in (3.84) reduce to linear combinations. Such
a coupling is referred to as strong.

3.2.5.1 Problem formulation

Problem 3.22 For every i € {1,...,m}, let f; € T'o(H) and, for every k € {1,...,p}, let
i € R and let 2, € H. It is assumed that minj <<, > .-, || > 0. The problem is to

m
2k — E szl’z
i=1

under the assumption that solutions exist.

2

5 (3.100)

P

" 1
minimize Z () + = Z
T1€EH,...,tmEH Y fl( Z> 2 P

To solve this problem, we propose the following variant of Algorithm 3.19, which
features a better bound than (3.85).

Algorithm 3.23 Set = = [¢,] € RP™*™, A = Z'= = [§;], and
1
B3 = ; (3.101)

)\max

where A\« is the largest eigenvalue of A. Fix ¢ in |0, min{1, 53}[, (An)nen in [g, 1], (75)nen
in [e,2083 —¢], and (z;0)1<i<m In H™. For every i € {1,...,m} set, for every n € N,

p m
Tintl = Tin+ Ay ( prox,, r, <$zn + %kai (Zk - Z fkﬂj,n) ) +ain— szn) , (3.102)
k=1 j=1

where (a;,)nen is @ sequence in H such that > ||ain| < +oc.

Remark 3.24 Using standard matrix norm inequalities, we obtain

p m m
< 12 < |2 .
Amax < ; z; |Eil” < plrélggpz; |Ekil %, (3.103)
which yields

1 1 1
B3 = \ > By = > m > B = m . (3.104)

max 2 ) 2

> L] pmax > [l
k=1 i=1 i=1

In other words, in the problem under consideration, the bound of (3.101) is better than
that of (3.85), which is itself better than that of (3.15).

73



Theorem 3.25 Let (21 ,)nen, ---5 (Tmn)nen be sequences generated by Algorithm 3.23.
Then, for every i € {1,...,m}, (x;,)nen converges weakly to a point z; € H, and (x;)1<i<m
is a solution to Problem 3.22.

Proof. Define ‘H as in the proof of Theorem 3.21 (with H; = H), set

1 p m 2
g:’H—)R:wHQ; zk—;g,ﬂ-xi , (3.105)
and introduce the bounded linear operator
P m
B:H—H x— (Z ngigmx]—) . (3.106)
1<i<m

As in the proof of Theorem 3.21, it is sufficient to prove that Vg is 3; '~Lipschitz conti-
nuous.

Since A is a real m x m symmetric matrix, there exists an orthogonal matrix II =
[mi;] € R™™ such that A = ITAIl", where A is the diagonal matrix the diagonal entries
of which are the eigenvalues (\;)i<i<, of A. Nowset D: H — H: x — (\a;) and

1<i<m
U:-H—H oz (Y myr) . Then U is unitary and

1<i<m

I|BIII> = IUDU||P = IID||* = sup > Afllz]* = A;

2 e (3.107)
[[l]]|<1 i=1

Hence, for every « and y in ‘H, we have

1IVg(z) = Vg(y)ll* = |[|Bx — Byl||* < X\l — I, (3.108)
which implies that Vg is 3; '~Lipschitz continuous and completes the proof. [I
3.2.5.2 Signal decomposition

Suppose that an ideal signal 7 € ‘H can be decomposed as
T = Zfi, where (Vie{l,...,m}) 7, € H. (3.109)
i=1

A common problem is to recover the components (7;);<;<,, from some measurement z of
7 and some prior information. Assuming that the prior information on each component
7; is promoted by a potential f; € I'y(#) and using a least-squares data fitting term leads
to the variational problem

(3.110)




Instances of this problem have been considered in [5, 7, 23, 41, 42] for m = 2, in [6, 27]
for m = 3, and in [15] for m = 4.

We observe that (3.110) is a special case of (3.100), where p = 1, z; = z, and, for
everyi € {1,...,m},&; = 1.Thus,Z = [1---1] € R"™™ and 3 = 1/m in Algorithm 3.23.
Moreover, the updating rule (3.102) now assumes the form

Tips1 = Tin + )\n<pT0X%fi <$zn + T <Z — Z %n)) + i — szn) : (3.111)

j=1

The weak convergence of the m sequences so generated to a solution to (3.110) is
guaranteed by Theorem 3.25. For m = 2, an alternative weakly convergent method
is proposed in [23, Section 4.4], which subsumes that of [5] (see also the alternative
method of [3]). However, for m > 2, no weakly convergent algorithm seems to be
available in the literature. Thus, in [15], a model of the form (3.110) with m = 4
component is investigated but no convergence proof is furnished for the proposed cyclic
minimization algorithm; in [6], a model with m = 3 components is investigated in
H = RY and a coordinate descent algorithm with modest convergence properties is
utilized.

For the sake of illustration, consider the case when m = 3. Then (3.101) yields
f = 1/3. Taking for simplicity v, = 1/2, A\, = 1, and, for every i € {1,2,3}, a;,, = 0,
(3.111) leads to the simple parallel scheme

Tin+1 = prOXfl/Q ((Z + Tin — Ton — x3,n)/2)
Tony1 = PIOXy, /o ((z — Ty + Top — l’g,n)/Q) (3.112)

T3n+1 = PIOXy, /o ((z — X1y — Ton + $3,n)/2).

On the other hand, if m = 2, (3.110) becomes

e 1
mll’llle’S fl(xl) + fg(l‘g) -+ 5”2’ — T — I‘QHQ. (3113)

T1EH,x2€

This problem is studied in [23], where an alternating algorithm is proposed which
converges weakly to a solution to (3.113). In particular, if we take f; to be the indi-
cator function of a nonempty closed convex set C; C H and f, = o, to be the support
function of a nonempty closed convex set Cy; C H, (3.113) becomes

o 1 2
minimize og, (w2) + 5”2’ —x1 — 22" (3.114)

This problem is studied in [5].

The role of each potential f; in (3.110) is to promote certain known properties of
the component 7;. For instance, if some properties of the coefficients ((Z; | e ))ren Of
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the decomposition of 7; in an orthonormal basis (e )ren of H are available, we can take
(see [16, 20, 25] for specific choices of the potentials (¢ )ren)

fii M — =00, +00] s @i = Y du((wi | ew)), (3.115)

keN

where, for every k € N, ¢y € ['o(R) satisfies ¢ > ¢:(0) = 0. If we adopt this model for
each component in (3.110), we obtain

m

-

minimize ZZm i | ea) (3.116)

i=1 keN

In addition, we derive from (3.115) and [23, Example 2.19] that (3.111) reduces to (we
set A, = 1 and a;,, = 0 for simplicity)

Tin+1 = Zproxyn@k <<xz,n | eik) + 7n< z | ezk Z x]n ‘ €ik ))ezk (3117)

keN Jj=1

3.2.5.3 Signal synthesis

Let p = m(m — 1)/2 be the cardinality of the set K = {(z,j) € {1,...,m}?* | j > i}.
For every k = (k1, ks) € K set z; = 0 and

Ski = 4 —1, if 0= ky; (3.118)
0, otherwise.

With this scenario, Problem 3.22 features pairwise quadratic couplings, which yields
o )
e eyl 3.11
mipinizg, 32t +532 3 el (3119)

For instance, when m = 2 and f; and f; are the indicator functions of nonempty closed
convex sets (' and (', in H, we obtain the classical problem

minimize ||z — 2,|%, (3.120)
z1€C1,x2€C

which has been studied in [29, 45]. Another instance of (3.119) with m = 2, is that
obtained by taking fo: z — ||y — Lz||*/2, where L is a bounded linear operator from H
to a real Hilbert space G and y € G. In this case (3.119) becomes

1 1
minimize f(z;) + §Hy — Lao||* + 5“1:1 — x| (3.121)

r1EH,x2€H
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This formulation arises in the image restoration problems of [32, 44] for specific choices
of f; in finite dimensional spaces.

Since the matrix A = "= = mId —1- 1T has largest eigenvalue \,., = m, we have

f3 = 1/m in Algorithm 3.23. In addition, (3.102) becomes

Tipi1 = Tip + An(proxyn fi ((1 — MYp)Tin + Vo Z :cj,n) + aip — :cn) (3.122)

J=1

In particular, upon setting v, = 1/m, A\, = 1, and a;,, = 0, we obtain the paralle]l method

1 m
7j=1

(

(3.123)

1o
Tmn+1 = PIOX¢ /m (E Z xjm) .
=1

\

3.2.6 Application to multiframe signal representation

This section is devoted to an application to multiframe signal processing in a real
Hilbert space G. Recall that a sequence (e )ren in G is a frame if there exist constants p
and v in ]0, +o0o[ such that [24, 30, 38]

(yed) ulyl* <> |[wled| < vyl (3.124)
keN

The associated frame operator is the injective bounded linear operator
F:G—=0CN):y— ({y]ex) )keN, (3.125)

and its adjoint is the surjective bounded linear operator

keN

Frames extend the notion of orthonormal bases and they have been used in a number of
variational signal processing problems due to their ability to efficiently capture a wide
range signal features, e.g., [16, 12, 26]. We consider a variational formulation which
exploits information on the frame representation of each signal component. In the case
of m = 1 component, a similar setting is considered in [16].
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Problem 3.26 Set H = ¢*(R) and let p € T'y(G) be a 7-Lipschitz differentiable function,
for some 7 € |0, +00|. For every i € {1,...,m}, let (e;)ren be a frame of G with associa-
ted frame operator F; and, for every k € N, let ¢;;, € T'o(R) be such that ¢;; > ¢;(0) = 0.
The problem is to

minimize Z Z Gik(Mik) + ¢ < Z Z mkeik) , (3.127)

(m)ren€M, o (mmr)ren€M = =X =1 keN
under the assumption that solutions exist.

Algorithm 3.27 Set H = (*(R) and
1

N TY i Vi

where, for every i € {1,...,m}, v; € |0, +o0] is the upper frame constant of (e;)ren (S€€

(3.124)). Fix € in |0, min{1, B4}, (An)nen in [€, 1], (Yn)nen in [, 264 — €], and let (114,0) ken,
-« » (Mmr0)ken be sequences in H. For every i € {1,...,m} set, for every n € N,
6ik>

(Ve €N) Nk g1 = Nk + An ( PTOX, 4., <77ik,n —Tn <<V<P < Z Z ﬁjk,nejk)
+ sz,n)) + ign — 772k,n) ) (3129)

Ba (3.128)

j=1 keN

where (k) kn)en2 and (Bikn) xn)ene are real sequences such that

ST D leikal? < 400 and Y D [Bial? < +oc. (3.130)

neN |\l keN neN || keN

Remark 3.28 In some cases, it may be possible to obtain a sharper bound than (3.128) ;
see [16, Remark 5.3].

Corollary 3.29 Let ((nlkvn)kEN)neN’ e s ((Mmien)ken) .<n De sequences generated by Algo-
rithm 3.27. Then, for every i € {1,...,m} and k € N, (9y.n)nen converges to a point
ik € R, and ((nix)ken), ., is a solution to Problem 3.26.

Proof. Problem 3.26 is a particular case of Problem 3.4 in which p = 1, ¢; = ¢, and for
everyi € {17 : "7m}: Hz =H = EQ(R), fz H — ]_OO7+OO] : (nk)keN = EkeN ¢ik(nk):
and Ly; = F;. In addition, we derive from (3.128), (3.15), and (3.124) that 5, < f;.
Finally, using [23, Example 2.19], we deduce that Algorithm 3.27 is a particular case of
Algorithm 3.5. The result therefore follows from Theorem 3.6.

We conclude with a specific instance of Problem 3.26.
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Example 3.30 Let K be a real Hilbert space, let z € K, and let L: G — K be linear and

bounded. Set ¢ = ||z — L-||*/2 and, for every: € {1,...,m} and k € N, set ¢y, = wz|- |,
where p; € [1,2] and wy, € |0, 4+o00[. Then (3.127) becomes
m 1 m 2
minimize wik|nikP + =z — L i1 Ci (3.131)
(M) ken€Hye o (Mmk ) kenEH ZZlkeZN k|77k| 9 <121,€€ZN7716 k)

This problem is studied in [37].
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Chapitre 4

Résolution d’inclusions monotones
multicomposantes

4.1 Introduction

Ce chapitre est consacré a la résolution du Probleme 1.1 sous des hypotheses plus
générales que celles utilisées dans le Chapitre 2. Nous fournissons aussi certaines mé-
thodes pour résoudre de probléemes de minimisation sous des conditions moins contrai-
gnantes que celles utilisées dans le Chapitre 3. Nous rappelons en premier lieu le Pro-
bléme 1.1.

Probleme 4.1 Soient m et g des entiers strictement positifs et, pour tout j € {1,...,q},
soit A;: Hi®- - -@H,, — 2M% EHn yn opérateur maximalement monotone. Le probleme
est de

q
trouver z, € Hy,...,z,, € H,, telsque (O,...,O)EZAj(xl,...,xm). 4.1)
j=1

Nous avons vu dans la Section 1.2 du Chapitre 1 qu'’il existe des méthodes pour
résoudre le Probleme 4.1 dans le cas monocomposante (m = 1). D’autre part, dans
le Chapitre 2 nous avons proposé une méthode pour résoudre le Probleme 4.1 avec
q=2, Ay: (2;)1<icm — A1y X -+ X Ay, OU, pour tout i € {1,...,m}, A;: H; — 2%
est un opérateur maximalement monotone, et A, est cocoercif. Dans ce chapitre nous
concevons des méthodes pour résoudre le Probléme 4.1 sous d’autres hypotheses sur les
opérateurs (A;);<j<,. Ces algorithmes sont des applications des méthodes énoncées au
Chapitre 1 sur la somme hilbertienne directe H = H, D -+ - ® H,,-

Dans la Section 4.2 nous traitons tout d’abord le cas ou (A;);<,<, sont des opéra-
teurs maximalement monotones. Dans la Section 4.3 nous étudions plus en détail le cas
de problemes de minimisation, qui entrent dans le cadre ou les opérateurs (A;)i<j<,
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sont des sous-différentiels des fonctions convexes. Finalement, nous illustrons la flexibi-
lité des algorithmes par des applications au traitement d’images.

4.2 Algorithmes d’éclatement multicomposantes

Nous présentons plusieurs méthodes pour résoudre le Probléeme 4.1 sous divers
jeux d’hypotheses sur les opérateurs (A,);<;<,. Nous présentons tout d’abord trois al-
gorithmes qui résolvent des cas particuliers du Probleme 4.1 lorsque ¢ = 2. Ensuite,
deux algorithmes seront étudiés pour traiter le cas général.

4.2.1 Meéthode explicite-implicite

Prenons ¢ = 2 et supposons que A, est univoque et cocoercif. Dans ce cas le Pro-
bléme 4.1 se réduit au probleme suivant.

Probléeme 4.2 Soit A;: H — 2% un opérateur maximalement monotone et soit
As: H — H un opérateur S—cocoercif avec § € |0, +00[. Le probléme est de

trouver 1 € Hy,...,z, € H,, tels que
(O,. . ,0) S Al(l'l,. .. ,IL‘m) + AQ(I‘l, .. .,l‘m). (42)

Le cas ou A, est séparable, c’est-a-dire, A;: (z;)1<i<m — A121 X -+ X Ay, OU,
pour tout i € {1,...,m}, A;: H; — 2" est un opérateur maximalement monotone, a
été étudié dans le Chapitre 2. Dans la proposition suivante un algorithme est décrit pour
résoudre le cas général.

Proposition 4.3 Pour tout i € {1,...,m}, soient (a;,)nen et (b;n)nen des suites dans H;
telles que ) ||ain| < 400 et Y |binll < +oo. On génére des suites (21p)nen »-- - »
(m.n)nen cOMMme suit.

Initialisation
£ € ]0,min{L, 8}
Pour :=1,...,m
L Tio € ,HZ

4.3)
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Pour n =0,1,...

(yLn, Ce ,ymm) = AQ(SUL”, e ,l’mm) —+ (bl,n7 e ey bmm)
T € [€,20 — €]
(Zl,na ceey Zm,n) - J'ynAl (xl,n — Tn¥Yiny -5 Tmn — ’Ynym,n) + (al,na ceey am,n)
An € [g,1]
Pour i1 =1,...,m
| L Tin4+1 = Tin + )\n(zi,n - xi,n)-

De plus, on suppose que zer(A,+ Ay) # @. Alors, pour tout i € {1,...,m}, x;,, — x; € H;
et (z1,...,x,) € zer(A; + Ay).

Démonstration. 11 suffit d’appliquer la Proposition 1.4 du Chapitre 1 dans H. ]

Remarque 4.4 La convergence forte peut étre assurée sous certaines conditions présen-
tées dans [17, Remark 6.6].

4.2.2 Méthode explicite-implicite-explicite

Prenons ¢ = 2 dans le Probléeme 4.1, mais, contrairement au Probleme 4.2, sup-
posons que l'opérateur A, soit lipschitzien au lieu d’étre cocoercif. Dans ce cas nous
obtenons le probléme suivant.

Probleme 4.5 Soit A;: H — 2% et Ay: H — H deux opérateurs maximalement mo-
notones tels que A; + A, soit maximalement monotone. Soit 3 € ]0, +oo[ et supposons
que A, est S~ !-lipschitzien. Le probléme est de

trouver 1wz, € Hy,...,z, € H,, telsque
(0, .. ,O) € A1<LU1, .. .7.’Em) —+ A2<.§U1,. .. ,l’m). (44)

Proposition 4.6 On génére des suites (21 ,)neN 5- - -» (T n)nen COMMe suit.

Initialisation

e€]0,8/2]

Pour :=1,...,m

i in70 € H,;

Pour n =0,1,...

Tn € [576 - 5]

(yl,na cee aym,n) - (xl,na cee 7xm,n) - 7nA2(y1,n7 cee 7ym,n)
(pl,n7 LI 7pm,n) = J’ynA(yl,nu s 7ym,n> (45)
(Q1,n7 s 7Qm,n) = (pl,na s 7pm,n> - ’VnAQ(pl,na s 7pm,n>
Pour :=1,...,m

| | Tint1 = Tim — Yin + Qi
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De plus, on suppose que zer(A; + Ay) # @. Alors, pour tout i € {1,...,m}, x;,, — x; € H;
et (x1,...,%m) € zer(Ay + Ay).

Démonstration. 11 suffit d’appliquer la Proposition 1.7 du Chapitre 1 dans H. [

Remarque 4.7 Des conditions suffisantes pour que la somme de deux opérateurs maxi-
malement monotones soit maximalement monotone peuvent étre trouvées dans [9, Co-
rollary 24.4].

4.2.3 Méthode de Douglas-Rachford

Nous relaxons ici les hypotheses sur A, afin de considérer des opérateurs multi-
voques monotones quelconques. Nous supposons que la résolvante .J,, est calculable a
une erreur sommable pres. En prenant ¢ = 2 dans le Probléme 4.1 on obtient le probleme
suivant.

Probléme 4.8 Soient A;: H — 2% et Ay: H — 2% deux opérateurs maximalement
monotones. Le probléme est de

trouver =1 € Hq,...,z, € H,, tels que
(O, ceey 0) S Al(ZL‘l, cee ,IL‘m) + AQ(I‘l, NN ,l‘m). (46)
Proposition 4.9 Pour tout i € {1,...,m}, soient (a;,)nen et (b;n)nen des suites dans H;

telles que ) |lain|| < +ooet Y |binll < 400. On génére des suites (z1)nen - - -5
(Tm.n)nen cOMMme suit.

Initialisation
e €]0,1[, v €]0,+o0]
Pour ¢t =1,...,m
i Ll‘ip € ,HZ

Pour n =0,1,...

Y1y - s YUmm) = Iyas (T ooy Tin) + (b1 oo, D)

(ZLTH ceey zm,n) = nyAl (2y1,n —T1iny .-, 2ym,n - xm,n) + (al,na cee 7am,n)
An € 6,2 — €]
Pour t:=1,...,m

| L Tin4+1 = Tin + An(zz,n - yz,n)

De plus, on suppose que zer(A; + Ay) # @. Alors, pour tout i € {1,...,m}, x;,, — x; € H;
et Jya,(x1,...,xy) € zer(A; + Aj).

Démonstration. 11 suffit d’appliquer la Proposition 1.10 du Chapitre 1 dans H. [

Remarque 4.10 Des résultats de convergence plus détaillés peuvent étre tirés de la Pro-
position 1.10 du Chapitre 1.
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4.2.4 Méthode parallele basée sur Douglas-Rachford

Nous présentons ici un algorithme qui résout le Probléeme 4.1 en supposant seule-
ment qu’il existe une solution. Le colit de mise en ceuvre dépend du calcul des résol-
vantes des opérateurs (A;)i<;<,-

Proposition 4.11 Pour touti € {1,...,m}etj € {1,...,q}, soit (a; j,)nen Une suite dans
H; telle que Y ||aijnll < +oo. On génére des suites (T1,n)nen »- - -5 (Tm,n)nen cOMMe suit.

Initialisation

e €]0,1[, v €]0,+o0]
q

(wii<j<g €10, 1] et Y w; =1
=1

Pour :=1,...,m
Pour j=1,...,¢q
| Yijo € M
q

Ti0 = E W;Yi,5,0
L Jj=1

Pour n =0,1,...
Pour j=1,...,q

L (Zl,j,na ) Zm,j,n) = J’ij/UJj (yl,j,na cee aym,j,n) + (al,j,na ) a'm,j,n)
Pour :=1,...,m

q
Sin = E :szz‘,j,n
j=1

An € [€,2 — €]

Pour j=1,...,q

| Yijn+1 = Yijm + M(28in — Tin — Zijn)
Tin4+1 = Tin + )\n(si,n - xi,n)~

De plus, on suppose que zer(y 7_ A;) # @. Alors, pour tout i € {1,...,m}, (Tin)nen

converge faiblement vers un point x; € H; et (v1,...,7n,) € zer(d ]_ Aj).

Démonstration. 11 suffit d’appliquer la Proposition 1.14 dans # lorsque, pour tout j €
{]_, .. .,q}, Aj = Aj/wj. a

4.2.5 Méthode parallele de type Dykstra
Nous proposons ici une méthode alternative a I'algorithme proposé dans la Proposi-

tion 4.11 pour résoudre le Probleme 4.1 dans le cas particulierou ¢ > 2et A, =1Id — z
avec z € H.
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Probleme 4.12 Soit ¢ > 2 un entier, soient (A;)<;<,—1 des opérateurs maximalement
monotones dans H et soit z = (z;)1<;<m € H. Le probleme est de

trouver =1 € Hq,...,x,, € H,, telsque
q—1
(z1, -y 2m) € (T1,. .., Tm) +ZAj(a:1,...,xm). 4.7)
j=1

Notons que l'opérateur A, = Id — z est fortement monotone. Ceci implique que
le Probléeme 4.12 admet une solution unique (;)i<i<, qui satisfait (zy,...,x,) =
N —1 -
JB(z1,. ., 2m), 00 B =3 "1 Aj.

Proposition 4.13 Pour touti € {1,...,m}etj € {1,...,q}, soit (a; n)nen Une suite dans
H; telle que Y ||aijnl| < +0o. On génére des suites (T1,,)nen - - -5 (Tmn)nen COMMe suit.

Initialisation
q—1
(wii<j<g-1 C10,1] et Y " w; =1
j=1
Pour ¢t =1,...,m
Ti0 = Zi

Pour j=1,...,9q—1
B LZi,j,o = Z;0
Pour n=0,1,...

Pour j=1,...,q—1

L (yl,j,ﬂJ e 7ym7j7n) = JAJ/wJ (z17j7n7 et zmijn) + (a17j7n7 et am7j7n>
Pour:=1,...,m
-1
S (4.8)
Tiny1 = ijyz‘,j,n
=1

Pour j=1,...,9q—1
| Zijmt1 = Tint1 + Zijn — Yijn-

De plus, on suppose que (z1, ..., zy) € ran(Id + 3: A;). Alors, pour tout i € {1,...,m},
Tipn — Ti € H; et (l‘l, C ,IL‘m) = JB(Zl, .. .,Zm), oiu B = Z?;} Aj.

Démonstration. 1l suffit d’appliquer la Proposition 1.17 du Chapitre 1 dans H lorsque,
pourtout j € {1,...,q}, A; = A;/w;.0
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4.3 Application a la restauration et reconstruction va-
riationnelle d’images multicomposantes

Dans cette section, nous étudions en détail des méthodes pour résoudre des pro-
blémes de minimisation issues des méthodes multicomposantes énoncées dans la Sec-
tion 4.2. Nous examinons aussi des applications au traitement d’images. Plus précisé-
ment, nous réalisons des expériences numériques sur la restauration d’images stéréosco-
piques, le débruitage d’images multispectrales et la décomposition d’'images en compo-
santes structure—texture.

4.3.1 Description et résultats principaux

L’article qui suit est consacré au probléme suivant.

Probleme 4.14 Soit ¢ > 2 un entier et soient (f,)i<;<, des fonctions dans I'o(#). Le
probléme est de

q
minimiser Z Fi(xe, .o o). (4.9)
j=1

T1€H1 ooy TmEHm

Notons que une solution du Probléme 4.14 peut étre trouvée en résolvant le Pro-
bléeme 1.1 avec A; = Jf,,..., A,, = 0f,,. Sous certaines conditions de qualification
(voir [9, Theorem 16.37]) ces problemes sont équivalents.

Le Probleme 4.14 modélise des problemes de restauration et reconstruction
d’images et de signaux ou la solution idéale est représentée par m composantes i,
..., Z,, qui appartiennent aux espaces hilbertiens H;, ..., H.,,, respectivement.

Dans le cas monocomposante (m = 1), le Probleme 4.14 a été étudié dans [19, 21,
23], ot plusieurs méthodes proximales ont été proposées (des applications peuvent étre
trouvées dans [22] et sa bibliographie). Sim > 2, ¢ = 2, f: (zi)1<i<m = Y1y 0i(T1),
ol (;)1<i<m sont des fonctions convexes, propres et semi-continues inférieurement, et
f o est différentiable avec gradient lipschitzien, le Probléeme 4.14 a été résolu dans le
Chapitre 3 et plusieurs applications au traitement d’images peuvent étre trouvées dans
[5, 6, 7, 23, 28, 29, 43, 44, 48].

Nous étudions cas multicomposante général et nous proposons plusieurs algo-
rithmes sous divers jeux d’hypotheses sur les fonctions impliquées dans le Probleme 4.14.
Nous traitons les problemes suivants.

Probléme 4.15 Soit f, € I'((H) et soit f,: H — R une fonction convexe différentiable
telle que son gradient est 3~ '-lipschitzien avec 3 € ]0, +oc[. Le probléme est de
minimiser  f(z1,...,%n) + folx1, ..., 2m). (4.10)

T1€H1 ooy TmEHm
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Probléeme 4.16 Soient f, et f, deux fonctions dans I'y(H) telles que
(0,...,0) € sri(dom f; — dom f,). (4.11)
Le probleme est de

p inimiser — fy(@1,..., 2m) + Fr(@1,- - Tm). (4.12)

Probléme 4.17 Soit ¢ > 2 un entier et soient (f,)i<;<, des fonctions dans I'y(H) telles
que

(0,...,0) € sri(D —dom f; x -+ x dom f,), (4.13)

ot D = {(xz,...,x) | * € H}. Le probleme est de
q
sy, 2 Filen o) (414

Probleme 4.18 Soit ¢ > 2 un entier et soient (f)1<;<,—1 des fonctions dans I'y(H) telles
que

-1
h dom f; # & (4.15)
j=1
et soit z = (2;)1<i<m € H. Le probleme est de
C . qg—1 - 9
,, inimiser jzl Fi(zy, o am) + N Zzl |z — zi||* (4.16)

Tous les problemes décrits ci-dessus sont résolus par des méthodes classiques ap-
pliquées sur I'espace produit H. Ainsi, sur I'espace produit #, I'algorithme explicite-
implicite dans [23] résout le Probleme 4.15, I'algorithme de Douglas-Rachford dans
[19] résout le Probleme 4.16, l'algorithme d’éclatement parallele dans [21] résout le
Probleme 4.17 et un algorithme de Dykstra dans [18] résout le Probleme 4.18. Contrai-
rement aux algorithmes concus dans [4, 11], la méthode que nous proposons ici pour
résoudre le Probleme 4.15 permet de considérer une fonction f, qui ne soit pas sépa-
rable, c’est-a-dire, qui ne soit pas de la forme (x;)i<i<m — Y., fi(z;). Nous énongons
ci-dessous les théorémes principaux, pour lesquels la notation suivante sera utile : pour
deux suites (&, )nen €t (y,,)nen dans H,

[(Vn EN) x, ~y, ] & @yl < +oo. (4.17)

neN
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Théoreme 4.19 On génére des suites (21 ,)nens - - -5 (Tmn)neny COMMe Suit.

Initialisation
e €]0,min{1, 8}
Pour :=1,...,m

| @i €H,

Pour n =0,1,...

(yi,n)lgz‘gm ~ VfQ(xi,n)lﬁiSm

Tn S [87 26 - 8]

(Zi,n)lgz‘gm ~ pl"OX%fl(l’i,n - ’Ynyi,n)lgigm
An € [e,1]

Pour :=1,...,m

| L Tin4+1 = Tin + )\n<zi,n - xi,n)

De plus, on suppose que le Probléme 4.15 admet au moins une solution. Alors, pour tout
ie{l,....m}, x;p — x; € H; et (;)1<i<m est une solution du Probléme 4.15.

Théoreme 4.20 On génére des suites (21,,)nens - - -5 (Tmn)nen COMMe SuUit.

Initialisation
e €10,1[, 7 €]0,+o0|
Pour :=1,...,m
i LSL’Z"Q € H,;

Pour n =0,1,...

Yin)1<i<m =~ Prox Tin)i<i<m
(Yin) R Prox, g, (Tin)
Zin)1<i<m /2 Prox Yim — Tin)i<i<m
(2in) R prox, g, (2 )
A € [6,2 — €]
Pour :=1,...,m
| L Tin+1l = Tin + )\n(zz,n - yz,n)

De plus, on suppose que le Probléme 4.16 admet au moins une solution. Alors, pour tout
ie{l,...,m}, x;, — x; € H; et (x;)1<i<m est une solution du Probléme 4.16.
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Théoreme 4.21 On génére des suites (1) nens - - -» (Tmn)nen COMMe SUit.

Initialisation

e€]0,1[, v €]0,4+00]
q

{wihsjcg 10, 1] et Y w; =1
=1

Pour i =1,...,m
Pour j=1,...,¢q
| Yijo € Hi

q

Li0 = § :wjyi,j,o
i j=1

Pour n =0,1,...

Pour j=1,...,q

{ (Zi,j,n>1§i§m ~ PTOX £ /w; (yz‘,j,n)lgz‘gm

Pour :=1,...,m
q
Si;n = § :%‘Zi,j,n
7j=1
An € 6,2 — €]

Pour j=1,...,¢q

| Yignt1 = Yign + Aa(28in — Tin — Zijn)

|| i1 = Tin T An(Sin — Tin)

De plus, on suppose que le Probléeme 4.17 admet au moins une solution. Alors, pour tout
ie{l,....m}, x;n — x; € H; et (v;)1<i<m est une solution du Probléme 4.17.

Théoreme 4.22 On génére des suites (21, )nens - - -» (Tmn)nen COMMe SUit.

Initialisation
Pouri=1,....,m
Tio = %4

Pour j=1,...,9q—1

| I Yi,5,0 = 4,0

Pour n =0,1,...

Pour j=1,...,9q—1

{ (Zijn)1<icm = pTOij(yi,j,n)lgigm

Pour i=1,...,m

q—1
1
Tint+1 = —1 E Zijn
q =1

Pour j=1,...,q—1
| Yijn+1 = Tins1 + Yijn = Zijm-

(4.18)
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Alors, pour tout i € {1,...,m}, z;,, — x; € H; et (x;)1<i<m est une solution du Pro-
bleme 4.18.

De surcroit, une partie de cet article est destinée au calcul des opérateurs proximaux
multicomposantes, ce qui enrichit la diversité des applications qui peuvent étre traitées
avec ces techniques. Les résultats principaux sont les suivants.

Proposition 4.23 Supposons que les espaces (H;)1<i<m aient la méme dimension et que,

pour touti € {1,...,m}, (e;x)kek Soit une base orthonormale de H,. De plus, soient (¢;,)kek

des fonctions dans I'o(R™) et supposons que l'une des conditions suivantes soit satisfaite.
(i) Pour tout i € {1,...,m}, la dimension de H; est infinie et, pour tout k € K, ¢, >

¢k(0) = 0.

(ii) Pour touti € {1,...,m}, la dimension de H; est finie.
Posons
f:H —]—00,+0]: ¢ Zq’)k( (1 | et s (Tm | €mp) )- (4.19)
kek

Alors f € To(H) et

(Vz e H) prox;x = (Z T €L ks - - -5 Z 7Tm7k€m7k> , (4.20)

kek keK
ou
(VE € K) (Tig,-- ) Tmg) = Prox, ( (Tr ] erg) s oy (Tm | €mp) ) 4.21)

Proposition 4.24 Pour tout j € {1,..., M}, soit G; un espace hilbertien réel, soit p; €
I'o(G,) et, pour tout i € {1,...,m}, soit L;; € B (H,;,G;). Posons

M m
fiH — -0, +oo] : x Z%(ZLﬁxi) (4.22)
j=1 i=1
et supposons que, pour tout j € {1,..., M}, il existe a; € ]0, +oo] tel que
- a; 1d, si j=k;
VEe{l,....M LjoLi, =< 77 ’ 4.23
( { 2 ; ok {0, autrement. (4.23)
Alors f € To(H) et
(Ve € H) proxsx = (p1,...,Pm) (4.24)
ot, pour tout i € {1,...,m},

M m M m
pi = x; + Z a;lL;i ProXg . <Z ijxk> — Z a;lL;i ( Z ijxk) . (4.25)
=1 k=1 j=1 k=1
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Proposition 4.25 Supposons que la dimension de G soit K < -oo, soient (¢r)1<k<i
des fonctions dans T'o(R), et soit (er)i<x<x une base orthonormale de G. Pour tout
i€ {l,...,m}, soit L, € B(H;,G) et supposons qu’il existe {a}1<k<rx C |0, +00] tels
que

(Vy € G) ZLL*y—Zak (y | ex)e (4.26)

ek>) (4.28)

Alors f € T'o(H) et, pour tout © € H, prox; & = (pi)i<i<m OU

Posons

K m
f:H —]—o00,+o0]: @ — Z¢k<<Zijj
k=1 j=1

et

1
Vke{l...,K}) m= a—proxamk (<ZL T,

(Vie{l,...,m}) =x;+ L; Z( k——Z(ijj|ek>)ek. (4.29)

7=1

Enfin, la derniére section de I'article est consacrée aux applications numériques au
traitement de I'image. En particulier, a 'aide des Propositions 4.23, 4.24 et 4.25, nous
adaptons les algorithmes proposés pour résoudre les Problemes 4.15, 4.16, 4.17 et 4.18
a la restauration d’images stéréoscopiques, le débruitage d’images multispectrales et la
décomposition d’images en composantes structure-texture.

4.3.2 Article en anglais

PROXIMAL ALGORITHMS FOR MULTICOMPONENT IMAGE
RECOVERY PROBLEMS''

Abstract : In recent years, proximal splitting algorithms have been applied to various
monocomponent signal and image recovery problems. In this paper, we address the
case of multicomponent problems. We first provide closed form expressions for several
important multicomponent proximity operators and then derive extensions of existing
proximal algorithms to the multicomponent setting. These results are applied to ste-
reoscopic image recovery, multispectral image denoising, and image decomposition into
texture and geometry components.

1. L. M. Bricefio-Arias, P. L. Combettes, J.-C. Pesquet, and N. Pustelnik, Proximal algorithms for multi-
component image recovery problems, Journal of Mathematical Imaging and Vision, DOI : 10.1007/s10851-
010-0243-1, 2011.
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4.3.2.1 Problem statement

In this paper, we consider signal and image recovery problems in which the ideal
solution is represented by m components z1, ..., x,, lying, respectively, in real Hilbert
spaces Hi, ..., H,,. Such problems arise in many areas ranging from color and hyper-
spectral imaging to multichannel signal processing and geometry/texture image decom-
position [2, 5, 6, 7, 8, 13, 25, 27, 31, 32, 42, 45, 48]. Oftentimes, multicomponent
signal/image processing tasks can be formulated as variational problems of the form

minimize O(xy,....x 4.30
T1€EH1,..., TmEHm ( b ’ m)7 ( )

where @ is a convex function modeling the available information on the m components,
their interactions, and, possibly, the data acquisition process.

The abstract convex minimization problem (4.30) is usually too generic to be sol-
ved directly and it must be formulated in a more structured fashion to be amenable to
efficient numerical solution. To this end, ® can be decomposed as a sum of p functions
that can be handled individually more easily. This leads to the following model, which
will be the focus of the paper.

Problem 4.26 Let (;):1<;< be real Hilbert spaces, and let (f);<x<, be proper lower
semicontinuous convex functions from the direct Hilbert sum #;®- - -®&H,, to |—oo, +00].
The problem is to

p
minimize Z fr(xr, .o zm), (4.31)
k=1

T1EH1,. .y TmEHm
under the assumption that solutions exist.

In the case of univariate (m = 1) signal processing problems, proximal methods
have been successfully used to solve (4.31) ; see [19, 21, 23] for basic work, and [22]
and the references therein for a variety of applications. It is therefore natural to ask
whether these methods can be extended to the multivariate case. Initial work in this
direction was carried out in [11] in the special instance when m = 2, f; is a separable
sum (i.e., fi: (@;)1<i<m — Yoy wi(x;)), and f, is differentiable on H; & - - - & H,, with
a Lipschitz continuous gradient (this setting also covers formulations found in [5, 6, 7,
23, 28, 29, 43, 44, 48]). The objective of our paper is to address the general case and
to present several proximal algorithms with guaranteed convergence to a solution to
Problem 4.26 under suitable assumptions.

The paper is organized as follows. In section 4.3.2.2, the main notation used in the
paper is introduced. Proximity operators will be an essential ingredient in the multicom-
ponent algorithms proposed in the paper. They are briefly reviewed in section 4.3.2.3,
where we also provide new results concerning multicomponent proximity operators. In
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section 4.3.2.4, we describe proximal splitting algorithms which are pertinent for solving
Problem 4.26. Finally, in section 4.3.2.5, we illustrate the effectiveness of the proposed
algorithms in three multicomponent imaging examples.

4.3.2.2 Notation

Throughout, #, G, and (#,;):1<;<m are real Hilbert spaces. For convenience, their
scalar products are all denoted by (- | -), the associated norms by || - ||, and their identity
operators are all denoted by Id. It will be convenient to denote by x = (z;)1<i<m @
generic element in H; X --- X H,,, and by ‘H the direct Hilbert sum H; & - -- & H,,, i.e.,
the product space H; x - - - x ‘H,,, equipped with the usual vector space structure and the
scalar product

m

(@) = > (wi | ys)- (4.32)

i=1

The space of bounded linear operators from # to G is denoted by B (H,G). Moreover,
I'o(H) denotes the class of lower semicontinuous convex functions ¢: H — |—00, +]
which are proper in the sense that

domp ={z e N | p(z) < +o0} # 2. (4.33)

Let C' and D be nonempty convex subsets of 4. The indicator function of C' is

0 if ©veC;
: — ’ ’ 434
et {+oo, if ¢ C. ( )

If C'is closed, for every x € H, there exists a unique point Pox € C such that ||z — Pox|| =
inf,cc ||z — y|| ; Pox is called the projection of  onto C'. We say that 0 lies in the strong
relative interior of C, in symbol, 0 € sriC, if | J,.,AC = spanC. In particular, if we set
C—-D={z—y | (z,y) € C x D}, the inclusion 0 € sri(C' — D) holds in each of the
following cases :

e C' — D is a closed vector subspace.

e 0 cint(C — D).

e C'Nint D # @.

e 7 is finite dimensional and (riC) N (ri D) # @, where ri C' denotes the relative

interior of C, i.e., its interior relative to its affine hull.

General background on convex analysis will be found in [9, 49].

4.3.2.3 Proximity operators

4.3.2.3.1 Definition and properties For a detailed account of the theory of proxi-
mity operators, see [9] and the classical paper [35].
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Let ¢ € T'y(H). For every x € H, the function

v o) + 5l — ol (4.35)
has a unique minimizer, which is denoted by prox, = and characterized by the variational
inequality

(VpeHM) p=prox,z & (WyeH) (y—ple—p)+elp) <ely). (436
The proximity operator prox,, of ¢ thus defined is nonexpansive, i.e.,

(Vo € H)(Vy € H) || prox,z —prox, y|| < [z — y|. (4.37)
Example 4.27 Let C be a nonempty closed convex subset of . Then prox, , = Fc.

Other closed-form expressions for the proximity operators can be found in [3, 11,
15, 19, 20, 23, 35].

Lemma 4.28 [19, Proposition 11] Let i) € T'4(G), let L € B (H,G), and set p = 1) o L.
Suppose that L o L* = a1d, for some « € |0, +oco[. Then ¢ € To(H) and

1 *
prox,, = Id +EL o (prox,, —Id) o L. (4.38)

4.3.2.3.2 Multicomponent proximity operators The computation of proximity ope-
rators in the Hilbert direct sum H will play a fundamental role in the next sections.
Below, we provide some important situations in which this computation is explicit.

Proposition 4.29 Suppose that, for every i € {1,...,m}, (e;x)rex is an orthonormal basis
of H;. Furthermore, let (¢y) ek be functions in I'g(R™) and suppose that one of the following
holds.

(i) For every i € {1,...,m}, H; is infinite dimensional and, for every k € K, ¢ >
¢1(0) = 0.
(ii) Foreveryi € {1,...,m}, H, is finite dimensional.
Set

f:H—]—00,+00]: T Z¢k(<$1 le1 ), oy (T | em7k>). (4.39)

kek

Then f € T'o(H) and, for every x € H,

ProxX; & = (Z T R€L ks - - - Z 7Tm7k6m7k> , (4.40)

kek keK

where

(Vk€K) (7ih - Tmik) = PIOXy, ( (Tr ] e1g) s oy (Tm | €mp) ) 4.41)
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Proof. Let us set, for every k € K,
U H — ]—00,400] : & — gbk( (1] erk)s -y (Tm | €mp) ) (4.42)

Then our assumptions imply that the functions (¢y)rex are in I['o(H). Under as-
sumption (i), assuming without loss of generality that K = N, we can write f =
SUD ek Ef:o Y. Since lower semicontinuity and convexity are preserved under finite
sums and taking suprema, it follows that f is lower semicontinuous and convex. In ad-
dition, since f(0) = 0, we obtain f € ['y(H). On the other hand, under assumption (ii),
the sum in (4.39) is finite and our assumptions imply at once that f € I'y(H).

Now let € ‘H and denote the Euclidean norm on R™ by | - |. Set
(Vie{l,....mp)(Vk € K) &r= (2 |eir). (4.43)

Moreover, for every i € {1,...,m}, let y; € H; and set (9, x)rex = ((¥i | €ik))kex. We
derive from (4.41) and (4.36) that, for every k € K,

m

Z(m,k — k) (i — Tik) + Or(Tiges ooy M) < O(Mgs -« s Mink)- (4.44)

i=1
Let us first assume that (i) holds. For every k£ € K observe that, since 0 is a minimizer

of ¢, (4.36) yields prox, 0 = 0. Hence, using (4.41), (4.43), (4.37), and Parseval’s
identity, we obtain

m
Z Z |7Ti,k‘|2 = Z |(7T1,k;7 ey ﬂ-m,k)|2

keK i=1 kekK

= Z ‘ prox,, (gl,ku s 7£m,k)‘2

kek

= Iprox, (Eus -+, &ma) — prox,, 0f
keK

<Y ks Emp) — O

keK

= Z |(§17k, ce 75m,k)|2

kek

=3 [l

keK i=1
= llill*. (4.45)
i=1
Therefore, (Vi € {1,...,m}) >, cx |mix|* < +oo. Consequently, we can define

Vie{l,...,m}) z= Zﬂ'z‘,kei,ka (4.46)

kek
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which is equally well defined under assumption (ii) as K is then finite. It remains to
show that (2;)1<i<m = prox;(zi, ..., zy,). Summing over k in (4.44) yields

Z Z(mk — k) (& — Tig) + Z Ok jes o ) < Z Sk(Mks - M) (4.47)
ek i=1 keK keK
and, therefore,
D owi—zlzi—z) 49z zm) <9 Ym): (4.48)
=1

In view of (4.36), the proof is complete. [I

Proposition 4.30 For every j € {1,...,q}, let G; be a real Hilbert space, let ¢; € I'¢(G,),
and, for every i € {1,...,m}, let L;; € B (H;,G;). Set

q m
fiH — |—o0,+0]: @ — Z(‘Oj<ZLj’ixi) (4.49)
j=1 i=1

and suppose that, for every j € {1,...,q}, there exists a;; € |0, +-o0[ such that

m a;1d, if j =k
Vke{l,..., LijoLl, =477 ’ 4.50
( { ab) ZZ1 342 Sk, {0, otherwise. ( )
Then f € T'y(H) and, for every « € H,
proxX; € = (p1, .- -, Pm) (4.51)

where, for every i € {1,...,m},
=z; + Z o 1L*Z ProX, . ( Z Lj,kxk) Z oflL* Z L yxy. (4.52)
k=1 k=1

Proof. Let us denote by G the product space G, x - - - x G, equipped with the usual vector
space structure and the scalar product

) = Z o ;| z5) (4.53)
We can write f = g o L, where

q
g: G — |—o00,4+00] 1y — Zgoj(yj) (4.54)

J=1
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and L € B (H,G) is defined by

L:H — G x <ZL1xZqu> (4.55)
i=1 =1

It follows from (4.53) that, for every (z,y) € H x G,

(Lz | y) ZO‘ <ZL“:CZ > Za Z@'L”y] f;<

1L*Zy_]>

(4.56)
from which we deduce that the adjoint of L is
LG—H y— (Za 'Ly Za 1L*myj>. (4.57)
j=1

We then get from (4.50) that L o L* = Id. Hence, Lemma 4.28 implies that f = go L €
I'o(#H) and that

prox,.;, = Id +L" o (prox, —Id) o L. (4.58)
In addition, it follows from (4.54) and (4.53) that, for every y € G,

Prox, y = (ProX,,,, Y1, - - -, ProXe o Yq)- (4.59)
Altogether, (4.55), (4.57), (4.58), and (4.59) yield (4.51)-(4.52).0

Corollary 4.31 Let p € I'¢(G) and, for every i € {1,...,m}, let L; € B (H;,G). Set
f:H — ]—o00,+0]: @ — cp(Zm:Lixi) (4.60)
i=1
and suppose that there exists o € |0, 4o00[ such that
Zm: LioL: =ald. (4.61)

Then f € T'o(H) and, for every x € H, prox;x = (p1,...,Pm) Where, for every i €

{1,...,m},

pi = T; + oz—lL;‘ prox,,, (Z Lk:pk) — oflL;‘ Z Lixy.. (4.62)
k=1 k=1
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Proof. Set ¢ = 1 in Proposition 4.30. [

Proposition 4.32 Suppose that G has finite dimension K, let (¢x)1<k<x be functions in
[y(R), and let (er)1<k<x be an orthonormal basis of G. For every i € {1,...,m}, let L; €
B (H;, G) and suppose that there exists {ay }1<r<x C |0, +oo[ such that

(Vy € G) ZLL*y—Zak len)e (4.63)

and, for every k € {1..., K},

1 m
Tk = Ol_k PIOXy, 4, <<Z ijj 6k>) : (4.65)
=1

Then f € T'o(H) and, for every x € ‘H, prox; & = (p;)1<i<m Where, foreveryi € {1,...,m},

Set

K m
f:H — ]—00,+00]: @ — Z¢k<<Zijj
k=1 j=1

pi=xi+ L] i (wk _ 1 zm: (Ljxj | ex) )ek. (4.66)
k=1 R
Proof. For every j € {1,..., K}, set G; =R, ¢; = ¢;, and
(Vie{l,....m}) Lj;:H; = Gj:x—= (Lix | e;), (4.67)
hence
L3: Gy — Hit § = & Lie;. (4.68)

Thus, for every j and k£ in {1,..., K} and every ¢ € R, we derive from (4.63) that
Z Lj,iLZ,zf = Z Lj,z‘f L}kek
i=1

§

&t

Il
—_

((LiL})er | €;)

2

{(;

3

M)~

)

oy (ex | er) (er | &) - (4.69)

67 <€k ‘ €l> €]

1

[M] =

=1

Therefore, for every j € {1,..., K}, (4.50) is satisfied. In turn, Proposition 4.30 with
q = K guarantees that f € I'o(#), and (4.52) reduces to (4.66). [
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4.3.2.4 Multicomponent proximal algorithms

We present several algorithms for solving Problem 4.26 under various assumptions
on the functions involved. Most of these algorithms are tolerant to errors in the computa-
tion of proximal points and gradients. To quantify the amount of error which is tolerated,
it will be convenient to use the following notation : given two sequences (x, ),y and

(yn)nGN in %’

[(\m eEN) z, ~y, ] & S @, -y, < +oo. (4.70)

neN

4.3.2.4.1 Forward-backward splitting

Problem 4.33 In Problem 4.26, suppose that p = 2 and that f, is differentiable on H
with a f-Lipschitz continuous gradient for some 3 € |0, +oo[. Hence, the problem is to

minimize  fi(x1,...,Tn) + fo(T1, ..., Tm), (4.71)

T1EHL, .., TmEHm

under the assumption that solutions exist.

The particular case when f; is a separable sum and f, involves a linear mixture
of the variables was investigated in [11]. The following result addresses the general
case ; it implicitly assumes that the proximity operator of f; can be computed to within
a quantifiable error.

Theorem 4.34 Let (1 )nen, -- -5 (Tm.n)nen be sequences generated by the following rou-
tine.

Initialization
e €10, min{1,1/5}[
Fori=1,....m
i | zi0 € H;
Forn=0,1,...

(?/i,n)lgigm ~ Vf2($i,n)1§i§m
Tn € [€,(2/B) — €]
(ui,n>1§i§m /A Prox,, (llfzn - ’Ynyz‘,n)lgz'gm
An € [g,1]
Fori=1,....m
| L Tin+1 = Tin + An(uz,n - xi,n)

Then, for every i € {1,...,m}, (%;,)nen converges weakly to a point x; € H;. Moreover,
(x;)1<i<m 1S a solution to Problem 4.33.
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Proof. Apply [23, Theorem 3.4(i)] in ‘H and use (4.32).0

Remark 4.35

(i) Multicomponent version of variants of the above forward-backward algorithm such
as the Nesterov-like first-order methods [10, 36, 47] can be obtained by simi-
lar reformulations in ‘H. However, for these methods, convergence of the iterates
((@in)1<i<m)nen to a solution to Problem 4.33 is not guaranteed, even in a finite-
dimensional setting.

(i) Strong convergence conditions in Theorem 4.34 can be derived from [23, Theo-
rem 3.4(iv)].

4.3.2.4.2 Douglas-Rachford splitting In this section, we relax the assumption of
smoothness on f, and assume that its proximity operator is implementable to within a
quantifiable error.

Problem 4.36 In Problem 4.26, suppose that p = 2 and that
0 € sri(dom f; — dom f5). (4.72)
Hence, the problem is to

minimize  fi(z1, ..., Tn) + fo(21, .. 2m), (4.73)

T1€EH1,. .., TmEHm

under the assumption that solutions exist.

Theorem 4.37 Let (Z1n)nen, - - -5 (Tmn)nen be sequences generated by the following rou-
tine.

Initialization
e€l0,1[, €0, +oof
Fori=1,...,m
i in70 c ,HZ
Forn=0,1,...

(yi,n)lgz‘gm ~ proxyfg(xi,n)lgiﬁm
(Ui,n)lgigm /A Prox, s (2y¢,n - SL’i,n)lgz‘gm
An € [6,2 — €]

Fori=1,...,m

L Tin+1l = Tin + )\n(uz,n - yz,n)

Then, for every i € {1,...,m}, (%i,)nen converges weakly to a point x; € H,;. Moreover;
prox. s, (1, ..., ¥,) is a solution to Problem 4.36 and ((n)1<i<m )nen converges weakly to
prox. r, (T1, .., Tpm)-
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Proof. For the first two claims, apply [19, Theorem 20] in ‘H and use (4.32). For the
weak convergence claim, combine the results of [9, Corollary 27.4] and [41]. O

Remark 4.38

(i) Strong convergence conditions in Theorem 4.37 can be derived from [18, Theo-
rem 2.1(ii)].

(i) If H is finite dimensional, the qualification condition (4.72) reduces to

(ridom f1) N (ridom fy) # @. (4.74)

4.3.2.4.3 Parallel proximal algorithm (PPXA) The algorithm presented in this sec-
tion aims at solving Problem 4.26 under minimal technical assumptions. Its cost of
implementation depends on the ease of (approximate) computation of the individual
proximity operators.

Problem 4.39 In Problem 4.26, suppose that
0 € sri(D — dom f; x -+ x dom f,) (4.75)
where D = {(z,...,x) | * € H}. The problem is to

minimize Z fr(xe, .. Tm), (4.76)

r1€EH1,. ., TmEHm

under the assumption that solutions exist.

In [1], a particular instance of Problem 4.39 in finite dimensional spaces is conside-
red. It is approached via the alternating direction method of multipliers. The algorithm
used below is an application of the PPXA algorithm proposed in [21] that allows us to
address the general case.

Theorem 4.40 Let (1, )nen, -- -5 (Tm.n)nen be sequences generated by the following rou-
tine.

Initialization
e €]0,1[, v €]0,+o0]
p
{wi}1<k<p € ]0,1] and Z wp =1
k=1

Fori=1,...,m
Fork=1,...)p
| Yiko € H;
p

Ti0 = E WEYi k,0
k=1
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Forn=0,1,...

Fork=1,...)p

L (Uz‘,k,n)lgz‘gm ~ PIOX. £, fuy (yi,k,n)lgigm
Fori=1,...,m

p
Siin = E WrUikn
k=1

An € [5,_2 — €]

Fork=1,...)p

L Yikn+1 = Yikn + )\n<25i,n — Tin — ui,k,n)
Tin4+1 = Tin + )\n<3i,n - xi,n)

Then, for every i € {1,...,m}, (%;,)nen converges weakly to a point x; € H,;. Moreover;
(1,...,2y) is a solution to Problem 4.39.

Proof. Apply [21, Theorem 3.4] in ‘H and use (4.32). 0

Remark 4.41 Suppose that H is finite dimensional and that

p

ﬂ ridom f # . 4.77)

k=1

Then it follows from [21, Proposition 3.6(vi)] that the qualification condition (4.75) is
satisfied.

4.3.2.4.4 Dykstra-like splitting We consider instances of Problem 4.26 in which f,
is a simple quadratic function.

Problem 4.42 In Problem 4.26, suppose that p > 3, that
p—1
n dom f, # @, (4.78)
k=1

and that f,: @ — (p— 1) >_1", ||lz; — 2i||*/2, where z € H. Hence, the problem is to

p—1 m
—1
minimize g fr(ze, .. z) + pT g [E (4.79)
k=1 i=1

r1€EH1,..., TmEHm

Set f = 3P_1 f/(p — 1). Then it follows from (4.78) that f € T'o(#). Hence, in view of
(4.32), Problem 4.42 admits a unique solution, namely prox, z.
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Theorem 4.43 Let (21 ,)nen, -- -5 (Tmn)nen be sequences generated by the following rou-
tine.

Initialization
Fori=1,...,m
Ti0 = Zi
Fork=1,...,p—1
L Yi ko = Ti0
Forn=0,1,...
Fork=1,...,p—1
L (Ui,k,n)lgigm = PTOXy, (yi,k,n)lgigm

Fori=1,...,m

1 2 (4.80)
Tin+l = — Zuzkn
p—1 k=1

Fork=1,...,p—1
UL L Yikont1 = Ting1 + Yikn — Wikon-

Then, for every i € {1,...,m}, (x;,)nen converges strongly to a point x; € H,. Moreover,
(x1,...,%y) is a solution to Problem 4.42.

Proof. Apply [18, Theorem 4.2] in ‘H and use (4.32). [

Remark 4.44 Suppose that (4.78) is replaced by the stronger condition (4.75) (applied
to the functions (f;)1<x<,—1). Then it follows from [18, Theorem 3.3] that the conclu-
sion of the above theorem remains valid if the proximity operators are implemented
approximately in (4.80).

4.3.2.5 Applications to image decomposition and recovery

In this section, we apply the algorithms proposed in Section 4.3.2.4 to stereoscopic
image restoration, multispectral imaging, and image decomposition.

4.3.2.5.1 Stereoscopic image restoration

Problem formulation. We consider the problem of restoring a pair of N-pixel ste-
reoscopic images 7; € RY and 7, € R, which correspond to the left and the right views
of the same scene. For a given value of the disparity field, the disparity compensation
process between the two images is modeled as

T, = DTy + v, (4.81)
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Degraded left z; Degraded right z
SNR = 12.9 dB - SSIM = 0.39 SNR = 18.0 dB - SSIM = 0.56

Restored left x; with ¢ = 0 Restored right x5 with ¢ =0
SNR = 15.5 dB - SSIM = 0.58 SNR = 19.3 dB - SSIM = 0.73

SNR = 17.8 dB - SSIM = 0.79 SNR = 19.7 dB - SSIM = 0.83

FIGURE 4.1 — Stereoscopic image restoration.
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where the matrix D is in RV*¥ [40] and where v stands for modeling errors. The obser-
vations consist of degraded versions

21 = Llfl =+ wy and 29 = LQEQ =+ Wy (482)

of 7, and 7», respectively, where the matrices L; € R¥*" and L, € R¥*" model the
data acquisition process, and where w; and w, are mutually independent Gaussian noise
vectors with independent components which are A(0,0%?)— and N (0, 03)-distributed,
respectively. In addition, it is assumed that the decompositions of Z; and 7, in or-
thonormal bases (e;x)i1<r<ny and (esx)i1<k<n, respectively, of RY are sparse. For every
ke {l,...,N}, functions ¢, ; € I'((R) and ¢, € I'((R) are used to promote the sparsity
of the decompositions [20, 24]. The following variational formulation is consistent with
the above hypotheses and models.

Problem 4.45 Let 9 € [0, +oo[. The objective is to

N N
minimize Zgblk((xl | e1)) + Z@k((!@ | ear))
k=1 k=1

z1ERN  zo€RN

1 2 1 o, U 2
+ ﬁ”lzﬂl — 2|+ 2T‘gnlzﬂh — 2|* + §||!E1 — Dxs|*. (4.83)

We can formulate Problem 4.45 as an instance of Problem 4.26 with H; = H, = RY
and m = 2 functions, namely

N N
fro(z1,22) = Z¢1,k(<$1 | e1r)) + Z¢2,k(<$2 | e2k)) (4.84)
k=1 k=1
and
for (@1, 22) > —llLaws — 21|+ g | Las — 22 + 2 lar — Das? (4.85)
2 - 1542 20_% 141 1 20_% 249 2 2 1 2 . .

Proposition 4.46 Let x; and x, be arbitrary vectors in R™. Then f, is differentiable at
(.Tl, 1’2) and

1 1
Vfg(l‘l, 1‘2) = (;LI (Lll'l —21)+19($1—DZL‘2), ?L; (L25E2—22)+Q9DT(DZL‘2—ZE1)) . (486)

1 2

Moreover, V f, is 5-Lipschitz continuous, with

B =max{o;*||L|*, 03 *|| La|[*} + O(1 + | D]]?). (4.87)
Proof. The expression (4.86) follows from straightforward calculus. Now set

L= [“Ef L) =i [l *89)
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Then, using matrix notation, we can write

—1
Vs {"”1} =(L'L+ M M) {‘”1} — L7 {“1_121] . (4.89)
X9 To O9 22
Hence, a Lipschitz constant of V f, is |L' L + M " M]||, where || - || denotes the spectral

norm. To obtain a tractable bound, we observe that

ILTL+ M M| <|L'L|+|M"M|
= ||L|]* + | M|]?
= ||L|]> + 9(1 + | D|*). (4.90)

Now set & = [z; ] " Then

| L || = 07 ?|| Lz ||” + 05 || Lazo]|?
< o 2| La|Plw )P + 032 La |22

< max{oy*|| L%, o3 || Lo||*}H] [ (4.91)

Hence, ||L||> < max{oy?||Li||?, 05 %||L2|*} and (4.90) yields ||[L'L + M " M| < 5.0

In view of Proposition 4.46, Problem 4.45 can be solved by the forward-backward
algorithm (see Theorem 4.34).

Numerical experiments. Experimental results are displayed in Figure 4.1 for ste-
reoscopic images of size 256 x 256 (N = 2562). In this example, L, and L, are perio-
dic convolution operators with motion kernel blur of sizes 7 x 7 and 3 x 3, respecti-
vely. This kind of blur was considered in a related context in [38]. A white Gaussian
noise is added corresponding to a blurred signal-to-noise-ratio (BSNR) of 21.6 dB for
z and 21.8 dB for z, (the BSNR is defined as 10logy, (||L;z]|*/(No?))). In addition,
(e1x)1<k<n and (ezx)i1<k<ny are symmlet wavelet orthonormal bases (length 6) over 2
resolution levels. For every k € {1,..., N}, ¢1x = pr x| - [P** and ¢o . = po x| - [P+, where
{11, p2nt €10, +oof and {pyk, p2x} C [1, +o0l.

The operators (pI’OX(ﬁLk)lSkS ~ and (prOX¢2’k)1§k§ ~ can be calculated explicitly [15,
Examples 4.2 and 4.4]. The proximity operator of f; can thus be deduced from Propo-
sition 4.29, the separability of this function, and [23, Lemma 2.8 and 2.9]. For every
k € {1,...,N}, the values of i, pox, p1x, and poy are chosen using a maximum li-
kelihood approach in a subband-adaptive manner with p; , and py in {1,4/3,3/2,2}.
The value of ) is selected so as to maximize the signal-to-noise-ratio (SNR). The SNR
between an image y and the original image ¥ is defined as 20 log,,(||7]|/|ly — ¥||). In our
experiments we also propose to compare the restored images in terms of structural si-
milarity (SSIM) [46]. The SSIM takes on values from -1 to 1. The value 1 is achieved
for two identical images. The disparity map has been estimated by using the method
described in [34]. Note that the existence of a solution to Problem 4.45 is secured by
the fact that f; + f, is a coercive function in I'o(RY @& R¥) [23, Propositions 3.1(i) and
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5.15(i)]. Thus, Problem 4.45 is a special case of Problem 4.33. In this context, setting
A = 1, the forward-backward algorithm assumes the following form.

Initialization

01 = 09 = 12

9=0 or ¥9=1.6x10"3

v =1.9/(max{oy*||L1||% 05 || L2 ||} +9(1 +[| D||?))

T10 = 21
| T2,0 = <2
Forn=0,1,...

yl,n = O';QLI (lel,n — Zl) + 19(3717” — D.TQJL)
y2,n = O';QLS— (LQ.TQm — 22) — ﬁDT(SL’Ln — D.TQJL)

N
Tip+1= Z ( pl"OXka@?l,n— YY1n | €1k) )el,k
k;l
Tony1= Z ( prOX7¢2’k<$2,n— YY2,n | 62,16) )€2=k
| k=1

When ¢ = 0, there is no coupling between the left and right views (images in the
third row of Figure 4.1). As can be observed in Figure 4.1, the coupling term leads to
a significant improvement of the restoration, especially for the most degraded image
(bottom-left image).

Using ¢ = 1.6 x 1073, we compare the forward-backward algorithm of Theorem 4.34
(implemented with A\, = 1 and ~,, = 1.99/5) to a multicomponent version of the Beck-
Teboulle algorithm [10] and a multicomponent version of the Nesterov algorithm [37].
Although, contrary to the forward-backward algorithm, the Beck-Teboulle and Nesterov
algorithms do not insure convergence of the iterates, they are known to provide a theo-
retically optimal convergence rate for the objective function. However, in this example,
their performance appear to be quite comparable on that score (see Figure 4.2).

4.3.2.5.2 Multispectral image denoising
Problem formulation. A common multispectral image processing problem is to
denoise m images (¥;)1<i<m in RY from noisy observations (z;);<;<m given by

where (w;)1<i<m are realizations of mutually independent zero-mean white Gaussian
noise processes with respective variances (¢?);<;<,. Early methods for multispectral
image recovery are described in [30]. A tutorial on wavelet-based multispectral denoi-
sing can be found in [14].
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FIGURE 4.2 — Convergence of the objective function in Problem 4.45 for the forward-backward
algorithm (solid line), the Nesterov algorithm (dotted line), and the Beck-Teboulle algorithm
(dashed line) versus iteration number.

To solve this denoising problem, we assume that, for everyi € {1,...,m}, y, satisfies
some constraint represented by a nonempty closed convex set C; C RY, and that it
admits a sparse decomposition in an orthonormal basis (e, ;,)1<x<y of RY. In addition,
similarities between the images are promoted by penalizing a distance between their
components in some orthonormal basis (b;);<.<n of RY. These considerations lead to
the variational problem

m m N
> 0 Ll = w2+ S0 S ikl (i | s |
" erggngl;zee Gy 2 Yi — % ikl \Yi | ik

1=1 k=1

m—1

m N
+ Z 19@712\ —y; | bk)| (4.93)

i=1 j=i+1 k=1

where, for every i € {1,...,m}, {fixh<k<n C ]0,+oo[ and {¥U;,}is1<j<m C ]0,400].
After appropriate rescaling of the variables, this problem can be reformulated as follows.

Problem 4.47 For every i € {1,...,m}, let {y; 1 1<r<n C ]0,4+00[ and {¥; ; }iy1<j<m C
10, +00]. The objective is to

m m N
mpimize, PSS ol 30 e o)
i=1 =1 k=1
m—1 m N m
YN 0> o — oy [ b [+ e, (oim). (4.94)
i=1 j=i+1 k=1 i=1
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To cast this problem in the format of Problem 4.26, let us define
J={({,j))eN*[1<i<m-1,i+1<j<m} (4.95)
and
i J = {1,...om(m—1)/2}: (i,j) = m@—1)—i(t+1)/2+ j. (4.96)

Moreover, let us set p = m(m — 1)/2 + 3 and

4 N
V(i 5) €T) fiay: (@1, mm) = 005 | (o — oja; | by) |
m N =t
fo—2t (T4, ... Tm) = ZZMz’,kUi| (i | ei) |
i;l k=1 (4'97)

foo1: (1,0 ) ZLCZ.(UZ'SL’Z')
i=1

p—1 _
fp3 (1‘1,...,1Em) = TZH% — 0y 1Zi||2'
i=1

\

Note that, for every k € {1,...,p — 2}, dom f, = (R¥)™ and dom f, | = 07'C} x - X
o, 1C,,. Hence, since the sets (C;)<;<,, are nonempty, (4.78) holds and Problem 4.47
can be solved by the Dykstra-like algorithm presented in Theorem 4.43, with H; = --- =
H., = RY. An explicit form of the proximity operators of the functions ( fx)1<k<m(m—1)/2
can be deduced from Proposition 4.32. Indeed, for every (i,j) € .J, we can set in this
proposition #; = --- = H,, = G = RY, (Vk € {1,...,N}) and ¢, = 9;;| - |, and define
the matrices (Ly)1<¢<, in RV as

ol if ¢ =1;
WVee{l,....m}) Ly=< —o,1, if ¢ =7; (4.98)
0 otherwise.

Finally, the proximity operator of f,_, can be derived from Proposition 4.29 combined
with the separability of this function, [23, Lemma 2.8 and 2.9], and [15, Example 4.2].
The proximity operator of f,_; is provided in Example 4.27.

Numerical experiments. Figure 4.3 shows the results obtained on a multispectral
image of size 256 x 256 (N = 256%) with 3 channels (m = 3) and pixel values in the
range [0, 255]. These images are corrupted by white Gaussian noises with standard de-
viations o; = 11, 05 = 12, and o3 = 13 (the corresponding SNR values are indicated in
Figure 4.3). On the other hand, (bx),<x<x is the Haar orthonormal wavelet basis on 3
resolution levels and, for every i € {1,...,m}, (e;x)1<k<ny are symmlet orthonormal wa-
velet bases (length 6) on 3 resolution levels. The values of the regularization parameters
((pi)1<i<s)1<k<n (chosen subband-adaptive by a maximum likelihood approach), and
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Original image 7, Original image 7,

Degraded image z; Restored y; without coupling term Restored y; with coupling term
SNR = 16.2dB - SSIM = 0.47 SNR = 22.3dB-SSIM = 0.78 SNR = 24.2 dB - SSIM = 0.87

Degraded image 25 Restored y» without coupling term Restored y» with coupling term
SNR = 8.28 dB - SSIM = 0.38 SNR = 17.4dB-SSIM = 0.85 SNR = 19.3dB - SSIM = 0.91

Degraded image z3 Restored y3 without coupling term Restored y; with coupling term
SNR = 7.08 dB - SSIM = 0.45 SNR = 13.2dB-SSIM = 0.75 SNR = 14.7 dB — SSIM = 0.82

FIGURE 4.3 — Multispectral restoration.
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of the coupling parameters v, , 91 3, and ¥, 3 are selected so as to maximize the SNR. For
every i € {1,...,m}, C; = [0,255/" models the constraint on the range of pixel values.
The resulting Dykstra-like algorithm is described below.

Initialization
or=11; 0,=12; 03 =13
Y1,1,0 = ---=Y150 = T1,0 = <1
Y2,1,0 = --- = Y250 = T20 = 22
Y310 =---=7Y350 = T30 = <3

12 :0%+a§
041,320'%4—0'32)
| 042,320'%—'—0'32)
Forn=0,1,...

Utin = Y1,in + Oéféo’l Zivzl (pTOXm,gﬁl,g\-\ (0111 — 02Y2,1n | bk)
+ {1110 — T2Y2,1,0 | bk) >bk
U210 = Y210 — Oél_éCTQ Z]kvzl (pTOXaLM’Q\.\ (T1Y1,10 — O2Y2,1.0 | bk)
+{(o1Y110 — O2Y2,1.0 | Dk) )bk
U3, 1,n = Ysin
U120 = Y12m T+ &iéo’l Ziv:l (prOXal’g’ﬁl,gH (O1Y1.20 — O3Y3,2:m | bR)
+(01Y1.2.0 — 3Y3.2. | bi) >bk
U22n = Y2.2.n
U32n = Y32n — 0é1_,?1,03 Zszl (pTOXamgm\.\ (01Y1.2.0 — O3Y32.0 | bi)
+ (o112 — O3Y3.2.n | bk) )bk
U130 = Y1,3n
U230 = Y2,3n T+ (157;,02 fo:l (pTOXag,gﬁQ,g\-\ (022,30 — O3Y3,3m | bk)
+(02y2,3n — O3Y3,3.n | Dk) >bk
U33n = Y33n — 06,?1,03 Zszl (pTOXa27319273\.\ (022,30 — O3Y3.3.0 | bi)

+ (09Y23.n — O3Y33.m | br) )bk
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Ul dn = Zg:1 (pmxmykgl|.| <yl,4,n | 61,k> )617k
U2.4n = E?Vzl (pl"OXu2,k02|-| (y2,4,n \ 62,k> )62,k
U3 dn = Zkzl (pTOX,LS,k03|.| <y3,4,n | 63,k> )63,k

Ul,5n = P, (01 y1,5,n)
U2 5n = P02(<72 y2,5,n)
ugsn = Py (03 Yss.n)

Tint1 = (U1 + U290 + Ut 30 + Ut an + U1 5)/D
Tont1 = (U1, + U2 + Uz 3n + U2 an + U5 ) /D
T3nt1 = (U1, + Us2pn + Us3n + Usan + Ussn)/D

Forj=1,...,5
Y1,jn+1 = Tintl T Y1 jn — Uljn
Y2,in+1 = T2nt+1 T Y250 — U250
Y3, jn+l = T3n+1 T Y3jn — U3 jn

It can be observed from the images displayed on the second and third columns of
Figure 4.3 that the introduction of the coupling term has a significant influence on de-
noising performance. Moreover, in our experiments, we observed that better results were
obtained when different bases (by)1<k<n, (€1,£)1<k<N> - - -» (ém.k)1<k<n Were employed.

It turns out that, in this particular problem, an alternative solution method is PPXA
(see Theorem 4.40) applied to the minimization of the sum of the m(m —1)/2 + 2
functions fi, fs, ..., fp—2, and f,—1 + f, defined in (4.97). The proximity operator
of the latter is given by [23, Lemma 2.6(i)]. Indeed, the qualification condition (see

(4.77)) is satisfied since dom f; = --- = dom f, o = (RY)™ and, (Vi € {1,...,m})
int C; = |0, 255] # &. The choice of the PPXA parameters has been optimized empirically
for speed of convergence andsetto A, =1.3,y=1,andw; =---=w,_; =1/(p—1).In

Figure 4.4, ||x, — To||/||xo — || is plotted as a function of computation time, where
(Tp)nen = ((:cl,n,xzn,:cg,n))neN is the sequence generated by an algorithm and x, is
the unique solution to Problem 4.47. In our experiments, 500 iterations were used to
produce this solution.

4.3.2.5.3 Structure-texture image decomposition An important problem in image
processing is to decompose an image into elementary structures. In the context of denoi-
sing, this decomposition was investigated in [39] with a total variation potential. In [33],
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0.9 q

0.8 q

30 35 40

FIGURE 4.4 — Problem 4.47 : Convergence profiles of the Dykstra-like algorithm (solid line) and
of PPXA (dashed line) versus computation time in seconds.

a different potential was used to better penalize strongly oscillating components. The re-
sulting variational problem is not straightforward. Numerical methods were proposed in
[5, 43] and experiments were performed for image denoising and analysis problems
based on a geometry-texture decomposition. Another challenging problem is to extract
meaningful components from a blurred and noise-corrupted image. In the presence of
additive Gaussian noise, a decomposition into geometry and texture components is pro-
posed in [2, 25]. The method developed in the present paper, will make it possible to
consider general (not necessarily additive and Gaussian) noise models and arbitrary li-
near degradation operators. We consider a simple geometry-texture decomposition from
a degraded observation.

Problem formulation. In this experiment, the observed image » € R" is obtained
by multiplying the original image 7 € R with a matrix 7' € RY*"  which models a blur,
and corrupting 7z by a Poisson noise with scaling parameter «. It is assumed that

T has its entries in [0, +oo[ and each of its rows is nonzero. (4.99)

The inverse problem we address is to obtain the decomposition of = into the sum of a
geometry and a texture component, say

T = R1<f1) + R2(§2>7 (4100)

where R;: RM +— RY and R,: R™ s RY are known operators. The vectors 7, € RM
and T, € R™ to be estimated parameterize, respectively, the geometry and the texture
components.

We consider a simple instance of (4.100) involving a linear mixture : N; = N,
Ry:z; — x1, and Ry: 79 — F 'z, where F'T € RV*K g a linear tight frame synthesis
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operator. In other words, the information regarding the texture component pertains to
the coefficients 7, of its decomposition in the frame. The tightness condition implies that

FTF =vId, for some v € )0, 4+-o0]. (4.101)

Thus, the original image is decomposed as T = 7; + F''T,. It is known a priori that
T € C; N Cy, where

C, = (0,255 (4.102)

models the constraint on the range of pixel values, and

CQI{.TERN

T = (mheren, Y Iml* < 5}, (4.103)

kel

for some § € |0, +oo[, models an energy constraint on the 2-D DFT 7 of the original image
in some low frequency band I C {1,..., N}. In addition, to limit the total variation [12]
of the geometrical component, the potential = — tv(Hzx, V) is used, with

N

tv: ((m)rshens Gohsran) = x D VIm? +1GI2, (4.104)

k=1

where H € RN and V € R¥*¥ are matrix representations of the horizontal and verti-
cal discrete differentiation operators, respectively, and where x € ]0, +o00|. Furthermore,
to promote sparsity in the frame of the texture component of the image, the potential

K

he (M) 1<k<i — ZTk|77k| (4.105)

k=1

is introduced, where {74 }1<x<x C |0, +oo|. Finally, as a data fidelity term well adapted
to Poisson noise, we employ the generalized Kullback-Leibler divergence with a scaling
parameter « € |0, +o0o[. Upon setting z = ((x)1<k<n, this leads to the function

N
g: (E)ishen = Y dr(ér), (4.106)
k=1

where, for every k € {1,..., K},

or: R = |—o0, +0]
—CIn(§) +af, if (x> 0and§ > 0;
E— <0, if £=0; (4.107)
+00, otherwise.
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Altogether, the variational problem is to

minimize tv(Hxy, V) + h(zs) + g(Txq + TFT:EQ). (4.108)
z1ERN, zo€RK
21+ F T 2o€Ciz1+F T22€Cs

This problem is a particular case of (4.31) with m =2, p = 4, and

f1 : (1’1, .I‘Q) — tV(HSL’l, Vﬂfl) + h(.ﬁlfz),

fzi (1’1, .I‘Q) — g(T.Tl -+ TFT.I‘Q),

fa: (21, 22) = 1o, (21 + FTay),
fa: (21, 22) = 1oy (21 + FTay).

However, since the operators (prox;,);<;<4 are not easily implementable, we cannot ap-

ply directly Theorems 4.34, 4.37, or 4.40. To circumvent this difficulty, a strategy is to
decompose (4.108) into an equivalent problem by introducing auxiliary variables.

(4.109)

A first equivalent problem to (4.108) is
minimize  tv(zs,z6) + h(r2) + 9(24), (4.110)

Z1,22,L3,T4,T5,L
x3 =:B1+FT{L'2
zr3€C1NC>2
x4=Tx3
rs=Hx1, xt6=Vx1

where we have introduced the auxiliary variables (3, z4, 5, 76) € RY @ RY @ RY ¢ RV,
Problem (4.110) is a particular case of (4.31) with m =6, p = 3, and

fi: (x1,...,26) = h(xz2) + 1o, (3) + g(x4) + tv(zs, 26),

for (x1,...,26) = Loy (T3),

fa: (21,0 26) = oy (@1 + Flag — x3) + oy (Tws — x4)+
vioy(Hry — z5) + vjoy (Vg — ).

(4.111)

In this formulation, the rdle of f; is to impose the constraints z; + F 'zy = x5, Txg = @4,
Hz, = x5, and Vx; = x4. As seen in Example 4.27, prox,, = P¢, and prox, 0 = Pe,.
On the other hand, the proximity operators of tv, h, and g can be obtained from [21,
Proposition 2.8(i)], [23, Example 2.16], and [19, Example 30], respectively. In turn,
since f; is separable, its proximity operator follows straightforwardly componentwise.
Now set

LFT 1 0 [0 [0

o T =1
Pl oo -1 @

Vool o [0 o -

It follows from (4.111) and (4.112) that f3 = t(xerr,, Where ker Ly = {ac EH |
L,z = 0}. Hence, by Example 4.27 and [26, Chapter 8],

prox;, = P, =1 —L] (L L)) 'Ly, (4.113)
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Under the assumption that the matrices 7', H, and V' are block-circulant with circulant
blocks, they are diagonalized by the 2-D DFT. Hence, combining (4.113), (4.112), and
(4.101) we deduce that prox,, is computable explicitly. On the other hand, it follows
from (4.111), (4.105), (4.102), (4.106), (4.104), (4.103), and (4.112) that

ridom fi = RN x RX x int ¢} x ]0, +oo[" x RN x RN
ridom f, =RY xRE xintCy x RY x RY x RV “4.119)
ridom f3 = ker Ly.

Hence, qualification condition (4.77) reduces to

z3 € int C; Nint Cy
N (4.115)
x4 €10, +00]

Y

(3 (x1,...,x¢) € ker Ly) {

which is equivalent to

(A(zy,...,26) € RY x RF x RY x RY x RY x RY)
x|+ FTI‘Q = x3 € int CiNint CQ,
Txy = 0 N
73 = 4 €0, +o0] (4.116)
H.Tl =I5
Vi, = xs.
This condition is satisfied if
T(int(Cy N Cy)) N]0, +00[™ # 2. (4.117)

Indeed, let y € T(int(C; N Cy)) N0, +oc[". Then there exists z € int(C; N Cy) such
that Tz = y € ]0,+oo[N. Hence, for every z, € RX, if we set 23 = z, 24, = vy = T3,
¥y = x3 — F 'y, x5 = Hxy, and Va; = x4, (4.116) is seen to hold. Since (4.102) and
(4.103) yield int(Cy N Cs) # @, we deduce from (4.99) that (4.117) (and hence (4.77))
is satisfied. Thus, (4.110) can be solved by PPXA (see Theorem 4.40 and Remark 4.41).

Another equivalent formulation of (4.108) is

minimize  tv(xs, xg) + h(x2) + g(24), (4.118)

T1,22,L3,L4,L5,L6,L7
z3=z1+F " 12
ra=Tx3
rs=Hz1, xe=Vx1
T7=I3
z3€C1, x7€C2
where the additional auxiliary variable z; € RY has been introduced. Problem (4.118)

is a particular case of (4.31) withm =7, p = 2, and

fi:(x1,. ., 27) = h(xs) + o, (x3) + g(x4) + tv(25, 6) + L0y (T7)
fQZ (ZL‘l, R ,ZL‘7) — L{O}(ZL‘l + FTZL‘Q — l‘g) + L{Q}(Tl‘g — IL‘4) + L{O}(HZL‘l — {L‘5) (4119)
+iioy(Vay — x6) + g0y (w3 — 27).
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As previously observed, since the proximity operators of tv, h, g, tc,, and ¢¢, are easily
computable, so is prox,, . Furthermore, if we set

I FT =1 [o] [0] [o] [0]
0] [0] —L 0] [0] [0]
Ly= |H [0] [0] [o] —TI [0} o], (4.120)
Vo [op [of [o] o] —T [0]
of [0 T [o] [o] [0] —I

it can be deduced from (4.119) that the proximity operator of f, = iy, r, can be com-

puted like that of i, 1,. We derive from (4.119), (4.105), (4.102), (4.106), (4.104),

(4.103), and (4.120) that

ridom f; =RN xRX xint C; x ]0,+OO[N x RY x RN x int Cy

: (4.121)
ridom fy = ker L.

Hence, arguing as above, (4.74) reduces to (4.117), which is seen to be satisfied. This
shows that (4.118) can be solved by the Douglas-Rachford algorithm (see Theorem 4.37
and Remark 4.38(ii)).

Numerical experiments. Figure 4.5 shows the results of the decomposition into
geometry and texture components of an electron microscopy image of size 512 x 512
(N = 512%) degraded by a Gaussian blur of size 5 x 5 and Poisson noise with scaling
parameter o = 0.5. The parameter x of (4.104) and the parameters (73 )1<x<x of (4.105)
are selected so as to maximize the SNR. The matrix F is a tight frame version of the dual-
tree transform proposed in [16] using symmlet of length 6 applied over 3 resolution
levels (v = 2 and K = 2N). The same discrete gradient matrices / and V as in [5]
are used. We aim at comparing the PPXA and Douglas-Rachford algorithms in the image
decomposition problem under consideration. In both algorithms we set A\, = 1.

In this context, setting w; = wy = w3 = 1/3, PPXA assumes the following form.

Initialization
v = 100
(Y1105 - > Y6.1.0) = (2, F 12,2, 2, 2, 2)
(Y1205 - > Y6.20) = (2, F 12,2, 2,2, 2)
(Y1305 --»Y6,30) = (2, F 2,2, 2,2, 2)
Fori=1,...,6
|| zio = Win0 + Yizo + Yiz0)/3
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Degraded image z
SNR = 14.2 dB - SSIM = 0.74

SNR = 17.7 dB — SSIM = 0.86

Geometry component x; Texture component F' 'z,

FIGURE 4.5 — Decomposition and restoration results.

Forn =0,1,...

Ui1,n = Y110

U21,n = PTOX3~yh(ZJ2,1,n)

Uz in = PC'l (y371,n>

Ug1n = prOX3’yg(y4,1,n)

(U5,1,m, U, 1,n) = ProXs, (Y5,1,m Y6,1n)
(U1,2,n7 U2,2,n) = (y1,2,na y2,2,n>

U3z on = Pe, (y3,2,n)

(U4,2,n, U5.2.n) Uﬁ,z,n) = (y4,2,n, Ys,2,m, y6,2,n)

(Ul,s,n, e ,U6,3,n) = PkerL1 (91,37n, cee y6,3,n)
Fori=1,...,6

3
sim=(1/3)>  tipn
k=1

Yilntl = Yiln + 28im — Tip — Ui1n
Yiontl = Yi2n + 28im — Tip — Uion
Yisdntl = Yizn T 28in — Tin — Ui3n
Tint1 = Tin T+ Sin — Tin

)
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On the other hand, the Douglas-Rachford algorithm reduces to the following.

Initialization
v =100
i (1,05 --.,270) = (2, FT2,2,2,2,2,2)

Forn=0,1,...

Yin = T1n

Yon = prOX»yh(xQ,n)

Ysn = PC'1 (x?),n)

Yan = prOX»yg(l’zl,n)

<y5,n7 yG,n) = pI‘OXvw (x5,n7 x6,n)

Yrn = PCQ (:E'T,n)

(ul,n7 o 7u7,n> = PkerLg (2<y1,n7 v 7y7,n) - (xl,na o 73;7,11))
Fori=1,...,7

| | Tint1 = Tin + Uin — Yin

In Figure 4.6, the value of ||y, — y..||/llyo — Y|l for the sequence (y,)nen =
((rns -+ Y7n)),en Of Theorem 4.37 and ||z, — @u|l/ll0 — 2| for the sequence
(@p)nen = ((@1--- ’x67”))neN of Theorem 4.40 (where y__ and x. denote the res-
pective limits) are plotted as a function of the computation time in seconds. In our
experiments, 1000 iterations were used to produce a solution.

1
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0 50 100 150 200 250 300 350 400 450 500

FIGURE 4.6 — Convergence profiles of the Douglas-Rachford algorithm (solid line) and PPXA
(dashed line) versus computation time in seconds.

122



4.3.2.6 Conclusion

In this paper, the proximal formalism has been applied to multicomponent si-

gnal/image processing. Expressions of new proximity operators in product spaces have
been derived. The proposed multicomponent framework has been illustrated through
three different applications : stereocospy, multispectral imagery, and decomposition into
geometry and texture components. Another field of application in which these tech-
niques could be useful is the processing of color images. The proposed proximal forma-
lism can also be used to derive algorithms for complex signal and image processing by
regarding a complex signal as a signal with m = 2 real components, namely its real and
imaginary parts.
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Chapitre 5

Résolution d’inclusions monotones
composites en dualité

5.1 Description et résultats principaux

Dans ce chapitre on présente un nouveau formalisme de décomposition monotone
+anti-adjoint pour résoudre des inclusions monotones composites en dualité. On s’inté-
resse au probléme suivant.

Probléme 5.1 Soient H et G deux espaces hilbertiens réels, soient A: H — 27 et
B: G — 29 deux opérateurs maximalement monotones, soit L € B (H,G), soit z € H et
soit € G. Le probléme est de résoudre I'inclusion primale

trouver x € H telque =z € Ax+ L*(B(Lx —r)) (5.1)
avec l'inclusion duale

trouver v € G telque —7r¢€ —L(A™ (2 — L*v))+ B v (5.2)
Nous appelons P I'ensemble de solutions de (5.1) et D 'ensemble de solutions de (5.2).

Dans la littérature, plusieurs méthodes résolvent (5.1), mais dans des conditions
tres restrictives. En particulier, si B est univoque et cocoercif, alors L*(B(L - —r)) est
cocoercif et la méthode explicite-implicite résout (5.1). Par ailleurs, si B est lipschitzien,
alors L*(B(L - —r)) est lipschitzien et (5.1) peut étre résolu par la méthode explicite-
implicite-explicite (voir Section 1.2). Cependant, le cas général de (5.1) ou B est mul-
tivoque et monotone ne peut étre résolu par aucune des méthodes présentées dans la
Section 1.2, sauf sous des hypothéses fortes imposées a L [6, Proposition 23.23]. Notre
stratégie est de résoudre simultanément (5.1) et (5.2) via l'inclusion auxiliaire suivante.
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Probléme 5.2 Sous les hypothéses du Probléme 5.1, posons IC = H @ G et

M: K — 2% (z,0) = (—2+Ax)x (r+B ) et S:K — K: (z,v)— (L*v, —Lzx).
(5.3)

Le probleme est de

trouver x € IC telque 0€ Mx + Sx. (5.49)

Notons que le Probleme 5.2 correspond au cas particulier du Probléeme 1.1 oum = 2,
Al =M et A2 =S.

Nous montrons dans l'article de la Section 5.2.2 que zer(M + S) est un sous-
ensemble fermé et convexe de P x D, que M est maximalement monotone et que
S € B (K) est anti-adjoint (voir la Proposition 5.19 (i) et la Proposition 5.18). Alors, vu
que toute solution du Probleme 5.2 résout le Probleme 5.1, la méthode primale-duale
introduite dans cet article pour résoudre le Probleme 5.1 découle d'une méthode pour
résoudre le Probleme 5.2. Ce nouveau formalisme de décomposition monotone+anti-
adjoint fournit un outil puissant de modélisation.

Le Probleme 5.2 est résolu par l'algorithme décrit dans le Théoreme 5.3 ci-dessous.
Il est inspiré par la méthode explicite-implicite-explicite présentée dans la Section 1.2.2
mais qui tolere des erreurs de calcul a chaque évaluation des opérateurs concernés. Nous
démontrons la convergence faible de cette méthode vers un zéro de la somme de deux
opérateurs maximalement monotones, ou 'un est univoque et lipschitzien.

Théoréme 5.3 Soit H un espace hilbertien réel, soit A: H — 2% un opérateur maximale-
ment monotone et soit B : H — . un opérateur monotone. Supposons que zer(A+B) # &
et que B soit [3-lipschitzien avec /3 € |0, +oc|. Soient (a,)nen, (bn)nen €t (€n)nen des suites
dans H telles que Y\ |lan|| < +00, D, o [|bn]] < +ooet D yllen] < 400, soit xy € H,
soit € € |0,1/(B8+ 1)] et soit (V,)nen une suite dans [, (1 — €)/3]. Des suites (x,)nen,
(Y, nens (Pn)nen et (q,,)nen SONt générées comme suit.

Y, = Tp — Yn(Bx, + a,)

Vn € N " et Im 5.5

Tnil = Tn — Yp T qp-
Alors pour quelque T € zer(A + B) nous avons ce qui suit.
: 2 2
(1) ZnGN Hwn - pn” < +ooet EnGN ”yn - qn” < +00.
() =, — Tetp, — =
(iii) Supposons que l'une des conditions suivantes soit satisfaite.

(a) A + B est demirégulier en .
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(b) A ou B est uniformément monotone en .
(c) intzer(A + B) # @.

Alors x, — T et p,, — .

En appliquant la routine (5.5) au Probleme 5.2 nous obtenons du Théoreme 5.3 le
résultat de convergence suivant.

Théoréme 5.4 Dans le Probléme 5.1, supposons que L # 0 et que
z€ran(A+ L oBo (L-—r)). (5.6)

Soient (a1,)nen, (b1n)nen €t (C1.)nen des suites absolument sommables dans H, et soient
(@2.n)nens (b2,n)nen et (cz,n)nen des suites absolument sommables dans G. De plus, soit z, €
H, soit vy € G, soit € € |0,1/(||L|| + 1)[ et soit (v, )nen une suite dans [e, (1 —€)/||L]| |. Des
suites (T )nen, (Vn)nens (P1n)nen €t (P2.n)nen SONt générées comme suit.

Yin = Tp — 7n<L*Un + al,n)
Ya.n = Un + 7n<an + a2,n)
Pin = J'ynA(yl,n + fYnz) + bl,n
Pon = nynB_l (yZ,n - ’an) + b2,n
(vn € N> qi,n = Pin — ’Yn(L*pQ,n + Cl,n) (57)
q2.n = P2.n + ’Yn(Lpl,n + CQ,n)
Tn+1 = Tp — Yin + q1,n
Un4+1 = Un — Y2n + q2.n-

Alors pour quelque solution T de (5.1) et quelque solution v de (5.2) telles que z— L*v € AT
et v € B(LT — r), nous avons ce qui suit.
1) z, —p1, — 0etv, —pa, — 0.
() z, = 7, p1n — T, vy, — Vetps, — T
(iii) Supposons que A soit uniformément monotone en . Alors x,, — T et p; , — Z.

(iv) Supposons que B~! soit uniformément monotone en v. Alors v,, — U et py,, — D.

Cette méthode a des avantages numériques par rapport a la méthode de Douglas-
Rachford appliquée au Probleme 5.2, ou il faut calculer (Id +LL*)~! et (Id+L*L)~!, ce
qui est souvent une tache difficile.

Dans le cas particulier o A est fortement monotone et B est cocoercif, le Théo-
réme 5.4 garantit les convergences fortes des suites primale et duale, mais de plus, nous
pouvons aussi obtenir la convergence linéaire dans le cas ou les erreurs sont nulles.
En effet, vu que 'opérateur M défini dans (5.3) est fortement monotone et que l'al-
gorithme dans (5.7) est un cas particulier de la méthode dans [40] lorsque les erreurs
sont nulles, la convergence linéaire est assurée dans [40, Theorem 3.4(c)]. Cependant,
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puisque 'opérateur B est cocoercif, L*(B(L-—r)) 'est aussi et alors I'algorithme explicite-
implicite décrit dans la Section 1.2.1 peut résoudre I'inclusion primale (5.1) sans avoir
besoin d’une derniere étape explicite comme dans (5.3). De plus, vu que A est fortement
monotone, la convergence forte est aussi garantie.

Les deux résultats suivants sont des conséquences directes du Théoréme 5.4 dans le
casou L =Id, A=A, B=A;,,r=0etz=0,etdanslecasou A=0,r=0etz =0,
respectivement.

Corollaire 5.5 Soient A;: H — 2" et Ay: H — 2" des opérateurs maximalement mo-
notones tels que zer(A; + As) # @. Soient (by,)nen et (ban)nen des suites absolument
sommables dans H, soit xq et vy dans H, soit ¢ € |0,1/2[ et soit (v,)nen Une suite dans
[e, 1 — g]. Des suites (x,,)nen €t (v,)nen SONt générées comme suit.

Pin = J’YnAl (l’n - "}/nvn) + bLn
P2 =y az1(Vn + Ynn) + b
Tpy1 = P1n + Vn(vn - p27n)
Unt1 = Pan + Yn(D1n — n).

(Vn € N) (5.8)

Alors pour quelque T € zer(A; + A,) et quelque v € zer(—A;! o (—1d) + A1) tels que
—v € AT et v € Ay, nous avons ce qui suit.

() z, — Tetv, — .

(ii) Supposons que A; soit uniformément monotone en T. Alors x,, — 7.

(iii) Supposons que A,* soit uniformément monotone en v. Alors v, — 0.

Corollaire 5.6 Dans le Probléme 5.1, supposons que L # 0 et que zer(L*BL) # @. Soient
(@1, )nen et (C1.,)nen des suites absolument sommables dans H, et soient (as,)nen, (bn)nen
et (can)nen des suites absolument sommables dans G. Soit zy € H, soit vy € G, soit ¢ €
10, 1/(||L|| + 1)[ et soit (v, )nen une suite dans [e, (1 —e)/||L|| |- Des suites (2, )nen €t (Vn)nen
sont générées comme suit.

Spn = 7n<L*Un + al,n)
Yn = Un + 7n<an + a2,n)
(\V/TL € N) Pn = J’ynB—lyn + bn (59)
Tpt1 = Tn — ’Yn(L*pn + Cl,n)
Unt+1 = Pn — Vn(LSn + CQ,n)'
Alors pour quelque T € zer(L*BL) et quelque v € (ran L)* N B(LT) nous avons ce qui suit.
() z, — Tetv, — .
(ii) Supposons que B! soit uniformément monotone en v. Alors v,, — 7.
Le Corollaire 5.5 fournit une alternative a la méthode de Douglas-Rachford pour

résoudre 0 € A;x + A,x. Le nouveau algorithme utilise aussi des évaluations des ré-
solvantes des deux opérateurs. Par ailleurs, le Corollaire 5.6 apporte une méthode
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qui surmonte certains désavantages de I'algorithme proposé dans [30] pour résoudre
0 € L*(B(Lz)), notamment le calcul de la inverse généralisée a chaque itération et
I’hypothése que ran L soit fermé.

Dans le théoreme suivant, nous proposons une méthode pour résoudre le cas ou m
opérateurs monotones composites interviennent.

Théoréme 5.7 Soit z € H et soient (w;)i<i<, des nombres réels dans ]0,1] tels que
Sl w; = 1. Pour tout i € {1,...,m}, soit (G| - |lg;) un espace hilbertien réel, soit
r, € G, soit B;: G; — 29 un opérateur maximalement monotone et supposons que
0+# L; € B(H,G;). De plus, assumons que

z € ranZwiL’; o Bjo (L;-—r;). (5.10)

=1

Considérons le probléeme

trouver x € H tel que =z € ZwiL;‘Bi(Lix — 1), (5.1D

i=1

et le probléme

trouver vy € Gy,...,v, € G, tels que
" v1 € By(Lyx — 1)
ZwiL;‘vi =zet (Jr e H) : (5.12)
=1 Um € By (Lix — 1p).
Pour tout i € {1,...,m}, soient (a;,)nen €t (C1,in)nen des suites absolument sommables

dans H, soient (as;n)nen> (Din)nen €t (C2.in)nen des suites absolument sommables dans G,
soit x; o € H et soit v; o € G;. De plus, posons [ = maxi<i<m ||Lil|, soit € € ]0,1/(8 + 1)] et
s0it (n)nen une suite dans [e, (1 — €)/(]. Des suites (V1 n)nen, - - - s (Vmn)nen €t (Tn)nen SONt
générées comme suit.

Tp = ZZI Wilin
Pour tout i1 =1,...,m
Yin = Tin — fyTL(L:(,UZ,n + a17i7n)
Y2,im = Vip + Yn(Li%in + a2,in)
Pin = E:ll WilY1,in + Tn?
(Vn € N) (5.13)

Pour tout i =1,...,m
P2in = Jy gt (Y2,in — YuTi) + bin
Qrin = Pin — Tn(LiP2in + C1in)
@2,im = D2,in + Vn(LiP1n + C2,im)
Tin+1 = Tin — Ylin + Qlin
Vin+1 = Vin — Y2,in + @2in-
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Alors pour quelque solution T de (5.11) et quelque solution (v;)1<i<m de (5.80) telles que,
pour touti € {1,...,m}, v; € B;(L;T — r;), nous avons ce qui suit.

(i) z, — Tet, pour touti € {1,...,m}, v;, — T

(i) Supposons que, pour tout i € {1,...,m}, B; ' soit fortement monotone en v;. Alors,
pour touti € {1,...,m}, v, = T;.

Finalement, nous concluons l'article en étudiant le cas de problemes de minimi-
sation. Les résultats suivants sont des conséquences des résultats développés ci-dessus
lorsque les opérateurs monotones sont les sous-différentiels de fonctions convexes.

Proposition 5.8 Soit f € T'y(H), soit g € T'4(G), soit L € B(H,G), soit = € H et soit
r € G. Supposons que L # 0 et que

z€ran (Of + L* 0 (dg) o (L - —7)). (5.14)
Considérons le probléme primal

minigl{iser fl@)+g(Lx—r)— (x| 2), (5.15)

et le probléme dual

minirrgliser ffz=Lv)+g*(v)+ (v |r). (5.16)
ve

Soient (a1n)nen, (b1n)nen et (C1n)nen des suites absolument sommables dans H, et soient
(a2.n)nens (b2.)nen €t (ca.n)nen des suites absolument sommables dans G. De plus, soit z, €
H, soit vy € G, soit € € |0,1/(||L|| + 1)[ et soit (v,)nen une suite dans [e, (1 —e)/||L||]. On
géneére des suites (T,)nen, (Yn)nens (Pn)nen et (Gn)nen cOmme suit.

Yin = Tn — V(L 0, + a1p)
Yon = Up + Vn(an + a2,n)
Pin pTOX%f(yl,n + Tnz) + bin
P2 = PrOX., o (Y20 — Yu?) + bon
(Vn € N) Gin = Din — (L Pan 4 c10) (5.17)
G20 = P2+ Yn(Lp1n + C2.0)
T4l =T — Y10+ q1n
Unt1 = Un — Y20 + G2.n-

Alors pour quelque solution T de (5.15) et quelque solution v de (5.16) telles que z — L*v €
Of(z) et v € dg(LT — r), nous avons ce qui suit.

@ z, —p1n — Oetv, —pa,, — 0.
) z, =7, p1n =T, v, = Vetpy, — T

(iii) Supposons que f soit uniformément convexe en 7. Alors x,, — T et p; ,, — T.
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(iv) Supposons que g* soit uniformément convexe en v. Alors v,, — T et py,, — V.

Proposition 5.9 Soit z € H et soient (w;)i1<;<, des nombres réels dans |0, 1] tels que
Yo w; = L Pour tout i € {1,...,m}, soit (G;,|| - |lg;) un espace hilbertien réel, soit
r; € G, soit g; € I'g(G;) et supposons que 0 # L; € B (H,G;). De plus, assumons que

A ranZwiL’; @) (3gl) 9] (Lz . —T’Z'). (518)
=1

Considérons le probleme

inimi i 9i( Ly —1i) — ; 5.1
minimiser ;wg( x—r;) —{(x]2) (5.19)

et le probléme

m
= sz (g7 (v3) + (v; | 7). .20
Z:'ilwi[f;vi:z i=1

Pour tout i € {1,...,m}, soient (aj;n)nen €t (C1in)nen des suites absolument sommables
dans H, soient (as;n)nen, (Din)nen €t (C2.in)nen des suites absolument sommables dans G,
soit x; o € H et soit v; o € G;. De plus, posons [ = maxj<;<m ||Li||, soit ¢ € ]0,1/(5 + 1)] et
soit (n)nen une suite dans [e, (1 — €)/(]. Des suites (V1 n)nen, - - - s (Vmn)nen €t (Tn)nen SONt
générées comme suit.

Ty = D ey WiTin

Pour tout i =1,...,m

{ Yrin = Tim — YnlLivip + a1in)
Y2,in = Vi + Yn(LiTin + G2,in)

Pin = ) ey WillLin + Yn?

(Vn € N) Pour tout i =1,...,m (5.21)

D2,in = ProX,, g« (Y2,im — YnTi) + bin

Qin = Pin — Vn(LiP2im + C1im)

@2, = P2im + Yn(LiD1n + C25in)

Tin+1 = Tim — Y1in + Qin

Vint+1 = Vin — Y2,in + Q2,in-

Alors pour quelque solution T de (5.19) et quelque solution (v;)1<i<m de (5.20) telles que,

pour touti € {1,...,m}, v; € 0g;(L;T — r;), nous avons ce qui suit.
(i) z, — Tet, pourtouti € {1,...,m}, v;,, — V.
(ii) Supposons que, pour tout i € {1,...,m}, g’ soit fortement convexe en v;. Alors, pour
tout 1 € {]_, C ,m}, Vin —7 V.
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5.2 Article en anglais

A MONOTONE+SKEW SPLITTING MODEL FOR COMPOSITE
MONOTONE INCLUSIONS IN DUALITY

Abstract : The principle underlying this paper is the basic observation that the pro-
blem of simultaneously solving a large class of composite monotone inclusions and their
duals can be reduced to that of finding a zero of the sum of a maximally monotone
operator and a linear skew-adjoint operator. An algorithmic framework is developed for
solving this generic problem in a Hilbert space setting. New primal-dual splitting algo-
rithms are derived from this framework for inclusions involving composite monotone
operators, and convergence results are established. These algorithms draw their sim-
plicity and efficacy from the fact that they operate in a fully decomposed fashion in
the sense that the monotone operators and the linear transformations involved are ac-
tivated separately at each iteration. Comparisons with existing methods are made and
applications to composite variational problems are demonstrated.

5.2.1 Introduction

A wide range of problems in areas such as optimization, variational inequalities, par-
tial differential equations, mechanics, economics, signal and image processing, or traffic
theory can be reduced to solving inclusions involving monotone set-valued operators in
a Hilbert space #, say

find x € H suchthat ze Muz, (5.22)

where M : H — 2" is monotone and z € H, e.g., [13, 14, 19, 20, 23, 26, 34, 38, 39, 42].
In many formulations of this type, the operator M can be expressed as the sum of two
monotone operators, one of which is the composition of a monotone operator with a
linear transformation and its adjoint. In such situations, it is often desirable to also solve
an associated dual inclusion [1, 3, 4, 16, 22, 27, 28, 29, 31, 32, 33]. The present paper is
concerned with the numerical solution of such composite inclusion problems in duality.
More formally, the basic problem we consider is the following.

Problem 5.10 Let H and G be two real Hilbert spaces, let A: # — 2" and B: G — 29
be maximally monotone, let L.: # — G be linear and bounded, let z € H, and let r € G.
The problem is to solve the primal inclusion

find x € H suchthat ze€ Az + L*"B(Lz — ) (5.23)

1. L. M. Bricefio-Arias and P. L. Combettes, A monotone+skew splitting model for composite mono-
tone inclusions in duality, SIAM Journal on Optimization, a paraitre.
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together with the dual inclusion
find ve G suchthat —re€ —LA ' (2 — L*v)+ B 'o. (5.24)

The set of solutions to (5.23) is denoted by P and the set of solutions to (5.24) by D.

A classical instance of the duality scheme described in Problem 5.10 is the Fenchel-
Rockafellar framework [33] which, under a suitable constraint qualification, corres-
ponds to letting A and B be subdifferentials of proper lower semicontinuous convex
functions f: H — |]—o0,+oc] and g: G — |—o0, +00], respectively. In this scenario, the
problems in duality are

miniegr{lize f@)+g(Lx —r)— (x| 2) (5.25)

and

miniergize ff(z— L) +g"(v)+ (v |r). (5.26)

Extensions of the Fenchel-Rockafellar framework to variational inequalities were consi-
dered in [1, 18, 22, 28], while extensions to saddle function problems were proposed in
[25]. On the other hand, general monotone operators were investigated in [3, 4, 7, 27]
in the case when ¢ = H and L = Id. The general duality setting described in Pro-
blem 5.10 appears in [16, 29, 31].

Our objective is to devise an algorithm which solves (5.23) and (5.24) simulta-
neously, and which uses the operators A, B, and L separately. In the literature, several
splitting algorithms are available for solving the primal problem (5.23), but they are
restricted by stringent hypotheses. Let us set

Ay H —=2" 0 —2+ Ar and Ay H — 2o L*B(Ly — 1), (5.27)

and observe that solving (5.23) is equivalent to finding a zero of A; + A,. If B is single-
valued and cocoercive (its inverse is strongly monotone), then so is A,, and (5.23) can
be solved by the forward-backward algorithm [10, 26, 39]. If B is merely Lipschitzian, or
even just continuous, so is A,, and (5.23) can then be solved via the algorithm proposed
in [40]. These algorithms employ the resolvent of A;, which is easily derived from that of
A, and explicit applications of A,, i.e., of B and L. They are however limited in scope by
the fact that B must be single-valued and smooth. The main splitting algorithm to find
a zero of A; + A, when both operators are set-valued is the Douglas-Rachford algorithm
[11, 15, 24, 37]. This algorithm requires that both operators be maximally monotone
and that their resolvents be computable to within some quantifiable error. Unfortunately,
these conditions are seldom met in the present setting since A, may not be maximally
monotone [29, 31] and, more importantly, since there is no convenient rule to compute
the resolvent of A, in terms of L and the resolvent of B unless stringent conditions are
imposed on L (see [6, Proposition 23.23] and [20]).
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Our approach is motivated by the classical Kuhn-Tucker theory [36], which asserts
that points 7 € H and v € G satisfying the conditions

(0,0) € (—z+0f(T) + L'D, r + 9" (v) — LT) (5.28)

are solutions to (5.25) and (5.26), respectively. By analogy, it is natural to consider the
following problem in conjunction with Problem 5.10.

Problem 5.11 In the setting of Problem 5.10, let I = ‘H & G and set

M: K= 2% (z,0) = (—2+A2)x(r+B ") and S:K — K: (z,v) — (L*v, —Lz).
(5.29)

The problem is to

find £ € K suchthat 0€ Mx + Sx. (5.30)

The investigation of this companion problem may have various purposes [1, 16, 29,
31]. Ours is to exploit its simple structure to derive a new splitting algorithm to solve
efficiently Problem 5.10. The crux of our approach is the simple observation that (5.30)
reduces the original primal- dual problem (5.23)-(5.24) to that of finding a zero of the
sum of a maximally monotone operator M and a bounded linear skew-adjoint transfor-
mation S. In Section 5.2.2 we establish the convergence of an inexact splitting algorithm
proposed in its original form in [40]. Each iteration of this forward-backward-forward
scheme performs successively an explicit step on .S, an implicit step on M, and another
explicit step on S. We then review the tight connections existing between Problem 5.10
and Problem 5.11 and, in particular, the fact that solving the latter provides a solution to
the former. In Section 5.2.3, we apply the forward-backward-forward algorithm to the
monotone+skew Problem 5.11 and obtain a new type of splitting algorithm for solving
(5.23) and (5.24) simultaneously. The main feature of this scheme, that distinguishes it
from existing techniques, is that at each iteration it employs the operators A, B, and L
separately without requiring any additional assumption to those stated above except, na-
turally, existence of solutions. Using a product space technique, we then obtain a parallel
splitting method for solving the m-term inclusion

find v € suchthat z€>» L:Bi(Lix—ri), (5.31)

=1
where each maximally monotone operator B; acts on a Hilbert space G;, r; € G;, and
L;: H — G, is linear and bounded. Applications to variational problems are discussed in

Section 5.2.4, where we provide a proximal splitting scheme for solving the primal dual
problem (5.25)—(5.26), as well as one for minimizing the sum of m composite functions.

Notation. We denote the scalar products of # and G by (- | -) and the associa-
ted norms by | - ||. B (#H,G) is the space of bounded linear operators from # to G,
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B(H) = B(H,H), and the symbols — and — denote respectively weak and strong
convergence. Moreover, H & G denotes the Hilbert direct sum of H and G. The projec-
tor onto a nonempty closed convex set C C H is denoted by P., and its normal cone
operator by Ng, i.e.,

_ < if .
NC:H_>2H:x|_>{{u€H\(Vy€C) (y — x| u) <0}, 1:56(/7, (5.32)
, otherwise.
Let M: H — 2" be a set-valued operator. We denote by ran M = {ue”H |

(32 € H) u € Mz} the range of M, by domM = {z € H | Mz # @} its domain, by
zet M = {x € H | 0 € Mz} its set of zeros, by gr M = {(z,u) e H x H | u € Mz} its
graph, and by M~ its inverse, i.e., the operator with graph {(u,z) € H x H | u € Mz}.
The resolvent of M is Jy; = (Id +M)~'. Moreover, M is monotone if

(V(z,y) € Hx H)(V(u,v) € Mx x My) (z—y|u—uv)>0, (5.33)

and maximally so if there exists no monotone operator M: H — 2" such that grM C
gr M # gr M. In this case, Jj; is a nonexpansive operator defined everywhere in #. For
background on convex analysis and monotone operator theory, the reader is referred to
[6, 41].

5.2.2 Preliminary results
5.2.2.1 Technical facts

The following lemmas will be needed subsequently (see for instance [9, Lemma 3.1]
and [9, Theorem 3.8], respectively).

Lemma 5.12 Let (o,)nen be a sequence in [0, +oo], let (/3,)nen be a sequence in [0, 4o00],
and let (¢,,),en be a summable sequence in [0, +o0o] such that (Vn € N) a1 < @ — B+
Then (a,)nen converges and (3, )nen is summable.

Lemma 5.13 Let C be a nonempty subset of H and let (x,,),cn be a sequence in H. Suppose
that, for every x € C, there exists a summable sequence (&, ),en in [0, +oo[ such that

(vn €N) ||zp1 — z||® < |2, — 2||* + &4, (5.34)

and that every sequential weak cluster point of (x,)nen is in C. Then (x,),en converges
weakly to a point in C.

We shall also require the following definition.

Définition 5.14 [2, Definition 2.3] An operator M: H — 27 is demiregular at x €
dom M if, for every sequence ((x,, u,))nen in gr M and every u € Mz such that z,, — =
and u,, — u, we have z,, — .
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Lemma 5.15 [2, Proposition 2.4] Let M : H — 2™ and let x € dom M. Then M is demi-
regular at x in each of the following cases.

(i) M is uniformly monotone at x, i.e., there exists an increasing function ¢: [0, +oo[ —
[0, +00] that vanishes only at 0 such that

(Vu e Ma)(V(y,v) € gr M) (z —y[u—v)=¢(|z—yl)

(ii) M is a-strongly monotone, i.e., M — « 1d is monotone for some « € |0, +o0|.

(iii) Jys is compact, i.e., for every bounded set C' C H, the closure of Jy;(C) is compact. In
particular, dom M is boundedly relatively compact, i.e., the intersection of its closure
with every closed ball is compact.

(iv) M:H — H is single-valued with a single-valued continuous inverse.

(v) M is single-valued on dom M and Id —M is demicompact, i.e., for every bounded
sequence (,)nen in dom M such that (Mz,,),cn converges strongly, (x,,),en admits a
strong cluster point.

5.2.2.2 An inexact forward-backward-forward algorithm

Our algorithmic framework will hinge on the following splitting algorithm, which
was proposed in the error-free case in [40]. We provide an analysis of the asymptotic
behavior of an inexact version of this method which is of interest in its own right.

Theorem 5.16 Let H be a real Hilbert space, let A: H — 2™ be maximally monotone, and
let B: H — H be monotone. Suppose that zer(A + B) # @ and that B is [-Lipschitzian
for some 3 € |0, +o0o[. Let (ay,)nen, (bn)nen, and (¢,)nen be sequences in H such that

D llanll < 400, > |lball < 400, and Y |len]| < +oo, (5.35)

neN neN neN

let &g € H, let £ €]0,1/(8+ 1)], let (7,)nen be a sequence in [e, (1 — ) /5], and set

Y, = Tp — Yn(Bx, + a,)

Vn €N " et Im 5.36

Tnil = Tn — Yp T qp-
Then the following hold for some T € zer(A + B).
@) Ypen @0 — ol < +oc and T,y 1y, — 4,12 < +o0.
(i) x, — Tand p, — =.
(iii) Suppose that one of the following is satisfied.
(a) A+ B is demiregular at .
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(b) A or B is uniformly monotone at .
(c) intzer(A + B) # @.

Then x,, — @ and p,, — .
Proof. Let us set

Y, = T, — nBx,
(WneN) $p,=Jy,a9,
and

Then

(5.37)

(5.38)

(5.39)

Now let # € zer(A + B) and let n € N. We first note that (x,—v,Bx) €
grv,A. On the other hand, (5.39) yields (p,,vy,, — P,) € grv,A. Hence, by mo-
notonicity of v,A, (p, —«|p, — U, —wmBx) < 0. However, by monotonicity of
B, (p, — x| v.Bx —v,Bp,) < 0. Upon adding these two inequalities, we obtain

(P, — x| D, — Y, — "uBp,,) <0.In turn, we derive from (5.37) that

2v, (P, — x| Bz, — Bp,) =2(p, — = | P, — Y, — 1.Bp,)
+2(p, — x| WwBxn +9Y, — D)
<2(p, — x| wBx, + Y, —P,)
=2(p, — x|z, —P,)
= |lz, — 2| — B, — |” — [lzn — P, I*

and, therefore, using the Lipschitz continuity of B, that

e = 9, + @, — z|* = [|(P, — @) + Wm(Ba, — Bp,)|I*

(5.40)

< |l®n — 2|* = [lzn — P, ]I* + 70ll Bz — Bp,|*
< ln — ) = (1 = 928" |20 — BI*
< ln —2|” = 2 — Bl

We also derive from (5.36) and (5.37) the following inequalities. First,
19, — ¥l = wllanll < laall/B.
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Hence, since J,, 4 is nonexpansive,

1P = Pull = V2049, = Jy,ay, — bal
< ya ¥, = Jyoaynll + [lbnll
< [Un = ynll + [[0al
< [lanll/5 + [|bn]]. (5.43)

In turn, we get

19, — q,|l = [P, — W BP, — P, + Tu(Bp, + ¢l
<[P, = Pull + Wl Bp, — Bp,| + el
< (1 +7B)Pn — Pull + Vallenll
< 2([lanl[/B + [[ball) + [leall/ 8- (5.44)

Combining (5.38), (5.42), and (5.44) yields ||e,| < |y, — ¥, + 1@, — @,.|| < 3lla.l|l/6+
2||bu|| + |lenll/ B and, in view of (5.35), it follows that

> llexll < +oo. (5.45)

keN

Furthermore, (5.36), (5.38), and (5.41) imply that
|zn1—zl| = -y, + g, — || < 20—y, +q,—z[+]e.| <z, —z|+]el. (5.46)

Thus, it follows from (5.45) and Lemma 5.12 that (x;)xen is bounded, and we deduce
from (5.37) that, since the operators B and (J., 4)ren are Lipschitzian, (y,)ken, (Pg)rens
and (g, )ren are bounded. Consequently, = sup,cy ||€r — Y, + g, — || < +00 and, using
(5.36), (5.38), and (5.41), we obtain

€01 — 2)* = |20 — y, + q, — x|’
= |zn -y, +a, — w"‘en”2
=[l®) =G, +q, —x[? +2(x0 — Y, + G, — | e,) +[len]?
< lzn —2|* = ¥[|en — P,l* + 0, Where e, = 2u]le, + [|en|*.

(5.47)
(1) : It follows from (5.45), (5.47), and Lemma 5.12 that
> s = PlI* < +oo. (5.48)
neN
On the other hand, since (5.35) and (5.43) imply that
> 1B, — Pl < +oo, (5.49)

neN

140



we have > [P, — p,||> < +oo. We therefore infer that ) _ [z, — p,|* < +oo.
Furthermore, since (5.38) and (5.37) yield

= ||&, — P, — W(Bx, — Bp,) + e,
<3(llzn = Pull* + 7287 ln — )1 + llenll”)
< 6[|&, — P, [I* + 3llenl|, (5.50)
we derive from (5.48) and (5.45) that }_,  |ly, — @,.||* < +oc.
(ii) : Set
(vneN) wu, =7, (z, —p,) + Bp, — Bx,. (5.51)
Using (5.37) and (5.39), we get
(vneN) wu,=n~,(y, —p,) + Bp, € Ap, + Bp,, (5.52)
On the other hand, using (5.48), the Lipschitz continuity of B, and (5.51) we obtain
Bp, — Bz, -0 and wu, — 0. (5.53)

Now, let w be a weak sequential cluster point of (x,).cn, say xx, — w. It follows from
(5.52) that (p,, , U, Jnen lies in gr(A + B), and from (5.48) and (5.53) that

pp, — w and wu;, — 0. (5.54)

Since B: H — % is monotone and continuous, it is maximally monotone [6, Corol-
lary 20.25]. Furthermore, since dom B = H, A + B is maximally monotone [6, Corol-
lary 24.4(i)] and its graph is therefore sequentially closed in H"“* x H™"¢ [6, Propo-
sition 20.33(ii)]. Therefore, (w, 0) € gr(A + B). Using (5.47), (5.45), and Lemma 5.13,
we conclude that there exists T € zer(A + B) such that x,, — Z. Finally, in view of (i),
p, — .

(iii) (a) : As shown in (ii), p,, — Z. Hence (5.49) yields p,, — ®. Moreover, (5.53)
yields w,, — 0 and (5.52) yields (Vn € N) (p,,u,) € gr(A + B). Altogether, Defini-
tion 5.14 implies that p, — T and, therefore, using (5.49), that p,, — . Finally, it
results from (i) that z,, — =.

(iii) (b)=-(iii) (a) : The assumptions imply that A + B is uniformly monotone at .
Hence, the result follows from Lemma 5.15(i).

(iii) (c) : It follows from (5.47), (5.45), (ii), and [9, Proposition 3.10] that x,, — .
In turn, (i) yields p,, — .0

Remark 5.17 The sequence (a,,),en, (bn)nen, and (¢, )nen in (5.36) model errors in the
evaluation of the operators. In the error-free setting, the weak convergence of (x,,),cn
to a zero of A + B in Theorem 5.16(ii) follows from [40, Theorem 3.4(b)].
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5.2.2.3 The monotone+skew model

Let us start with some elementary facts about the operators M and S appearing in
Problem 5.11.

Proposition 5.18 Consider the setting of Problem 5.10 and Problem 5.11. Then the follo-
wing hold.

(i) M is maximally monotone.
(i) SeB(K), S*=-S,and ||S|| = ||L|-
(iii) M + S is maximally monotone.
(iv) (Vy €]0,400])(Vz € H)(Vo € G) Jynr(w,v) = (Jya(z +v2), Jyp-1(v — 7).
V) (Vy €10, 4+o00])(Vz € H)(Vv € G)

Jys(z,v) = (Id+~°L L) (z — yL*v), Id+~°LL*) " (v + vLx)).

Proof. (i) : Since A and B are maximally monotone, it follows from [6, Proposi-
tions 20.22 and 20.23] that M is likewise.

(ii) : The first two assertions are clear. Now let (z,v) € K. Then ||S(z,v)||*> =
I(L*0, =La)[|* = || L*0]|* + || La||* < [|LIP([fol1*+[]%) = [ L]l (z, v)[|*. Thus, ||S]| < [|L]].
Conversely, [[z]| <1 = [|(z,0)[| <1 = |[|Lz]| = [[S(x,0)|| < ||S]|. Hence [|L]| < [|S]|.

(iii) : By (i), M is maximally monotone. On the other hand, it follows from (ii) that
S is monotone and continuous, hence maximally monotone [6, Example 20.29]. Alto-

gether, since dom S = K, it follows from [6, Corollary 24.4(i)] that M + S is maximally
monotone.

(iv) : This follows from [6, Propositions 23.15(ii) and 23.16].

(v) : Let (z,v) € K and set (p,q) = J,s(z,v). Then (z,v) = (p,q) + vS(p,q) and
hence x = p+~yL*qand v = ¢ — yLp. Hence, Lx = Lp+ ~vLL*q and L*v = L*q — yL* Lp.
Thus, x = p + yL*v + v2L*Lp and therefore p = (Id +~2?L*L)"'(x — yL*v). Likewise,
v =q— vLz +~?LL*q, and therefore ¢ = (Id +y*LL*)"*(v + vLx). O

The next proposition makes the tight interplay between Problem 5.10 and Pro-
blem 5.11 explicit. An alternate proof of the equivalence (iii)< (iv)<(v) can be found
in [29] (see also [3, 16, 27, 31] for partial results) ; we provide a direct argument for
completeness.

Proposition 5.19 Consider the setting of Problem 5.10 and Problem 5.11. Then
(1) zer(M + S) is a closed convex subset of P x D.
Furthermore, the following are equivalent.
(i) z€ran(A+ L*oBo (L-—r)).
(iii) P # @.

142



(iv) zer(M + S) # @.
(v) D +# 2.
(vi) —r €ran(—Lo A Yo (2 — L*) + B™).

Proof. The equivalences (ii)< (iii) and (v)<(vi) are clear. Now let (z,v) € K.

(i) : We derive from from (5.29) that (z,v) € zer(M + S) < (0 € —z + Az + L*v
and0er+Bv—ILr) e (:—Lv e Arvand L —r € B ) & (z — L*v € Ar and
ve B(Lx—r)) = (z—L've Arvand L*'v € L*(B(Lx—r))) = z € Ax+ L*(B(Lz—1)) &
x € P. Similarly, (z — L*v € Arand Lv —r € B"') & (x € A~ (2 — L*v) and r — Lz €
—B W)= (Lr € L(A7'(2—L*v))andr— Lz € =B~ ') =r € L(A™'(2—L*v))-B v &
v € D. Finally, since M + S is maximally monotone by Proposition 5.18(iii), zer(M +.5)
is closed and convex [6, Proposition 23.39].

(ii)=(iv) : In view of (5.29), 2 € P& 2z € Az + L*(B(Lz —r)) & Qw € G) (2 —
L'weAvandw € B(Lz —r)) & (Bwe§) z€ Az + L'wand —r € B™'w — Lz) &
(Fw € G) (x,w) € zer(M + S).

(iv)=-(iii) and (iv)=-(v) : These follow from (i).

M=) :veD e relAlz—Lw)—Bw & FyeH (ye A (z -
Lv)yandr € Ly —-B ) & (Jy e H) (0 € —z+ Ay+ L*vand 0 € r + B™'v — Ly) &
(JyeH) (y,v) € zer(M + S).0

Remark 5.20 Suppose that z € ran(A+ L*B(L-—r)). Then Proposition 5.19 asserts that
solutions to (5.23) and (5.24) can be found as zeros of M + S. In principle, this can be
achieved via the Douglas-Rachford algorithm applied to (5.30) : let (a,,)neny and (b,)nen
be sequences in IC, let (A, ),en be a sequence in |0, 2[ such that b, — 0, > A\u(||a@,| +
1b,]]) < +o00,and Y-, .y An(2 — \y) = +o0, let y, € IC, let v € ]0, +00], and set

Ty = 'ySyn+bn

(5.55)
Ynt1 = Yp + )\n(J'yM<2wn -y, +a,— :I:n)

(Vn € N) L
Then it follows from Proposition 5.18(i)-(iii) and [11, Theorem 2.1(i)(c)] that (x,),en
converges weakly to a point in zer(M + S). Now set (Vn € N) x, = (z,,v,), Y, =
(Y1.nsY2.n)> @n = (1, 02,), and b, = (b1, ba,). Then, using Proposition 5.18(iv)&(v),
(5.55) becomes

Tp = (Id + VQL*L>_1<y1,n - fYL*yZn) + bl,n

Up = (Id + VQLL*)_1<y2,n + fYLyl,n> + bQ,n

Yin+1 = Yin + >\n J’yA(ZZL‘n —Uin + ’YZ) + ayn — xn)
Yoni1 = Yon + Ma(Jy5-1 (200 — Yo — Y7) + G20 — V).

(¥n € N) (5.56)

Moreover, (z, ),y converges weakly towards a solution 7 to (5.23) and (v, ),ey towards
a solution v to (5.24) such that z — L*v € A7 and v € B(LZ — r). However, a practical
limitation of (5.56) is that it necessitates the inversion of two operators at each iteration,
which may be quite demanding numerically.
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Remark 5.21 It follows from (5.46) that the error-free version of the forward-
backward-forward algorithm (5.36) is Fejér-monotone with respect to zer(A + B), i.e.,
for every n € N and every « € zer(A+ B), ||@,:1 — || < ||z, — x||. Now let n € N. Then
it follows from [5, Section 2] that there exist A\, € [0,2] and a closed affine halfspace
H, C H containing zer(A + B) such that

Tpr1 = Ty + AP, @, — T,). (5.57)

In the setting of Problem 5.11, H,, and ), can be determined easily. To see this, consi-
der Theorem 5.16 with H = K, A = M, and B = S. Let © € zer(M + S) and
suppose that g, # vy, (otherwise, we trivially have H, = K). In view of (5.36),
Y, — P, € "nMp, and —,ST € ~,M=z. Hence, using the monotonicity of ~, M
and Proposition 5.18(ii), we get 0 < (p, — T |y, — P, + WST) = (P, | Y, — D) —
(@ |y —Pn) + W (8P, | ®) = (P, | Y, —P,) — (T | y,, — P, +7.5p,). Therefore, we
deduce from (5.36) that (z | y,, — q,,) < (P, | ¥y, — P,,) = (P, | ¥, — q,,)- Now set

S(p, — )|
H,={zeK | (z|y,~q,) <(p,|y,—4q,} and A":H%%H Hi(opn—wwu)J'

(5.58)

Then zer(M + S) C H,, and )\, < 1++2||S||? < 2. Altogether, it follows from (5.36) and
the skew-adjointness of S that

— I n _ 9n

:wn—l—)\n< n n L Y, —4q,
[@n —po F S —an? )Y
Iz — p |2 )
[en —pl? + 2 S(p, —am2 ) @~ ¥
=X, — Y, +q, = Tnii- (5.59)

Thus, the updating rule of algorithm of Theorem 5.16 applied to M and S is given
by (5.57)-(5.58). In turn, using results from [5], this iteration process can easily be
modified to become strongly convergent.

5.2.3 Main results

The main result of the paper can now be presented. It consists of an application
of Theorem 5.16 to find solutions to Problem 5.11, and thus obtain solutions to Pro-
blem 5.10. The resulting algorithm employs the operators A, B, and L separately. Mo-
reover, the operators A and B can be activated in parallel and all the steps involving L
are explicit.
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Theorem 5.22 In Problem 5.10, suppose that L # 0 and that z € ran (A + L* o Bo (L -
—r)). Let (a1,)nens (b1,n)nen, and (ci1,,)nen be absolutely summable sequences in ‘H, and let
(@2.n)nens (b2.n)nen, and (¢, )nen be absolutely summable sequences in G. Furthermore, let
o € H, let vy € G, let € € |10,1/(||L|| + 1), let (Vn)nen be a sequence in [, (1 —¢)/|| L] ],
and set

Yim = Tp — ’Yn(L*Un + al,n)
Yon = Un + ’Yn(an + a2,n)
Pin = Jwﬁl(@/é,n + fYnz) ‘i)_ bl,n
Pon = nynB—l Yon — InT + b2,n
(vn < N) Q1,n = pl,n - fYn(L*pZn + Cl,n) (560)
q2.n = P2.n + ’Yn(Lpl,n + CQ,n)
Tn4+1 = Tp — Yin + din
Un4+1 = Un — Y2n + Q2.n-

Then the following hold for some solution T to (5.23) and some solution v to (5.24) such
that z — L't € AT and v € B(LT —r).

i) z, —p1,n = 0and v, — pa,, — 0.
(i) z, = T, p1p — T v, — U, and pa,, — 7.
(iii) Suppose that A is uniformly monotone at z. Then z,, — = and p; ,, — 7.

(iv) Suppose that B~ is uniformly monotone at v. Then v,, — v and py,, — .

Proof. Consider the setting of Problem 5.11. As seen in Proposition 5.18, M is maximally
monotone, and S € B (K) is monotone and Lipschitzian with constant ||L||. Moreover,
Proposition 5.19 yields

@ # zer(M + S) C P xD. (5.61)
Now set

a, = (al,na a2,n)

and bn = (bl,na b2,n) (562)

Cp, = (Cl,na CQ,n)-

T, = (T, v)

Yy = (Y1, Y2,0)
p, =
q, =

(Vn € N)
pl,n>p2,n)

q1,n7 q2,n)
Then, using (5.29) and Proposition 5.18(iv), (5.60) can be written in /C as
Yo = Tn — Tu(STH + a,)
Py, = Jym Y, + by
Vn € N no At g (5.63)
Tp+1 = Ln — Y, + q,,
which is precisely the form of (5.36). Moreover, our assumptions imply that (5.35) is
satisfied. These observations allow us to establish the following.
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(i) &(ii) : These follow from Theorem 5.16(i)&(ii) applied to M and S in K.
(iii) : As in (5.37), define
(Vn € N)  (Pin, Pon) = Pp = Jyurt (T — 10STn). (5.64)
Then, arguing as in (5.49), we obtain
Pin—Pin— 0 and po, — Do, — 0. (5.65)
On the other hand, (5.64) yields
(vneN) ~. Y=z, —p,) — Sz, € Mp,, (5.66)
i.e., via (5.29),

ot n_~n_L*nEA~n_
(YneN) ¢ l(x Pin) = Lo P s (5.67)
Yo (U — Do) + L, € B 'y, + 1.
Since 7 solves (5.23), there exist u € H and v € G such that
ue Az, ve B(Lzx—r), and z=u+ L*. (5.68)

Now let n € N. We derive from (5.67) that
Yo (Tn = P1m) — L*vn+ 2 € Aprn and  po, € B(v, ' (Un — Pon) + L — 7). (5.69)
Now set
Qp = |’$n_ﬁ1,n"(571”51,11_5""‘”[/” ”Un_v”) and 3, = 571”Un_ﬁ2,nH ”52,11_1]”- (5.70)
It follows from (5.68), (5.69), and the uniform monotonicity of A that there exists an
increasing function ¢: [0, +o00[ — [0, +oc] that vanishes only at 0 such that
an+{x, —T | L'v — L*v,)

> E_1”51,71 — 7| [|on — ﬁl,nH + (ﬁl,n — @y | L'v — L*vy) + (v, — 7 | L'v — L*vy,)

= gil”ﬁl,n - f” Hxn - ﬁl,n” + <ﬁl,n - ‘ L*U - L*Un>

> (P1n — T | 7, (20 — P1n) — L¥vy + L*0)

= <ﬁ1,n - | /7;1(3711 - ﬁl,n) - L*'Un +z— u>

> ¢([1P1n — ) 5.7
5.7

On the other hand, since B is monotone, (5.70), (5.68), and (5.69) yield
Bn + <:L‘n -7 | L*ﬁQ,n - L*'U> Z <77:1(vn - ﬁZ,n) + L(xn - E) | ﬁ?,n - 'U>

= <('7;1(vn _ﬁ2,n) + Lx, — T) - (LE - T) | ﬁZ,n - U>
>0, (5.72)
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Upon adding these two inequalities, we obtain

n + B+ | zn = Z[ (| L] |P2 = vnll = an+ B+ (w0 =T | L (P2 — vn)) = ¢([IP10 —Z]))-
(5.73)

Hence, since (ii), (i), and (5.65) imply that the sequences (z,)nen, (Vn)nens> (P1.n)nen, and
(P2,n)nen are bounded, it follows from (5.70), (5.65), and (i) that ¢(||p1,,—Z||) — 0, from
which we infer that p; ,, — 7 and, by (5.65), that p, ,, — 7. In turn, (i) yields z,, — =.

(iv) : Proceed as in (iii), using the dual objects.

Remark 5.23 Using a well-known resolvent identity, the computation of p,, in (5.60)
can be performed in terms of the resolvent of B via the identity J, p-1y = y —

Ynd 15 (00 )

Remark 5.24 Set Z = {(z,v) e PxD | z—L*v € Az and v € B(Lz —r)}. Since
Theorem 5.22 is an application of Theorem 5.16 in K, we deduce from Remark 5.21
that, in the error-free case, the updating process for (z,,v,) in (5.60) results from a
relaxed projection onto a closed affine halfspace H, containing Z, namely

(anrla Un+1) = (SL’n, Un) + )\n (PHn (.T}n, Un) - (xna Un))a (574)

where

Hn: {(SL’,’U) € ]C ‘ <.§L" yl,n_ (11,n>+<U‘ y2,n_ q2,n> S <p1,n| yl,n_ q1,n>+<p2,n‘ y2,n_ q2,n>}
P = Ta)|* + 11" (P2 — va)*
P10 = @all® + P20 — val[?

and M\, =1+ 7,3”“ (5.75)

In the special case when G = H and L = Id, an analysis of such outer projection methods
is provided in [17].

Corollary 5.25 Let A,: H — 2" and A,: H — 2 be maximally monotone operators such
that zer(A; + Ay) # @. Let (b1 n)nen and (by ,, )nen be absolutely summable sequences in H,
let xy and vy be in H, let € € ]0,1/2], let (v, )nen be a sequence in [e, 1 — ], and set

Pin = J’ynAl ('Tn - fYnUn) + bl,”
Do = J%Agl(vn + Vo) + Doy
Tpt1 = P1n + ’Yn(vn - p2,n)
Upt1 = P2n + ’Yn(pl,n - ZL‘n)

(Vn € N) (5.76)

Then the following hold for some T € zer(A; + Ay) and some v € zer(—A; o (—1d) + Ay 1)
such that —v € A;T and v € A,T.

i z, - zTandv, — V.

(i) Suppose that A, is uniformly monotone at z. Then x,, — 7.
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(iii) Suppose that Ay is uniformly monotone at v. Then v,, — 7.
Proof. Apply Theorem 5.22 with G =H, L =1d, A= A;, B= As,r=0,and z = 0. [

Remark 5.26 The most popular algorithm to find a zero of the sum of two maximally
monotone operators is the Douglas-Rachford algorithm [11, 15, 24, 37] (see (5.55)).
Corollary 5.25 provides an alternative scheme which is also based on evaluations of the
resolvents of the two operators.

Corollary 5.27 In Problem 5.10, suppose that L. # 0 and that zer(L*BL) # @. Let
(a1,n)nen and (c1,)nen be absolutely summable sequences in H, and let (asp)nen, (bn)nens
and (can)nen be absolutely summable sequences in G. Let ©p € H, let vy € G, let
e €0, 1/(||L|| + 1)[, let (7n)nen be a sequence in [e, (1 —¢)/|| L] ], and set

$n = Yn(L*vn + a1n)
Yn = Un + Yn(Lry + azyp)
(Vn € N) Pn = JyB-1Yn + by, (5.77)
Tpt+1 = Tn — ’Yn(L*pn + Cl,n)
Un+1 = Pn — Vn(LSn + CQ,n)'

Then the following hold for some T € zer(L*BL) and some v € (ran L)* N B(LZ).
(i) z, — Tzand v, — 7.

(ii) Suppose that B~! is uniformly monotone at v. Then v,, — .

Proof. Apply Theorem 5.22 with A =0, r =0, and z = 0.0

Remark 5.28 In connection with Corollary 5.27, a weakly convergent splitting method
was proposed in [30] for finding a zero of L*BL. This method requires the additional
assumption that ran L be closed. In addition, unlike the algorithm described in (5.77),
it requires the exact implementation of the generalized inverse of L at each iteration,
which is a challenging task.

Next, we extend (5.23) to the problem of solving an inclusion involving the sum
of m composite monotone operators. We obtain an algorithm in which the operators
(Bi)1<i<m can be activated in parallel, and independently from the transformations

(Li)lgigm-

Theorem 5.29 Let z € H and let (w;)1<i<, be real numbers in |0, 1] such that >")" | w; = 1.
Foreveryi € {1,...,m}, let (G, - |l¢,) be a real Hilbert space, let r; € G, let B;: G; — 29
be maximally monotone, and suppose that 0 # L; € B (H,G;). Moreover, assume that

z € ranZwiLf o Bjo (L;-—r;). (5.78)

i=1
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Consider the problem

find x €M suchthat =€ wL;B(Lix —r;), (5.79)
=1
and the problem

find v € Gy,...,v, €G,, such that
" v1 € Bi(Lix — 1)
ZwiL;kvi =z and (Jzx € H) : (5.80)
= VUm € B (L@ — 1)

Now, for every i € {1,...,m}, let (a1n)nen and (c1,n,)nen be absolutely summable se-
quences in H, let (az;n)nen, (bin)nen, and (cz2,in)nen be absolutely summable sequences in
Gi, let ;0 € H, and let v; o € G,. Furthermore, set 5 = max<;<, || Li|, lete € ]0,1/(5 + 1)],
let (V,)nen be a sequence in [, (1 — €)/3], and set

m
Tp = Zi:l Wilin
Fori=1,....,m

_ *
Y1in = Tin — Yn(LivVin + a1i0)
Y2,im = Vip + Yn(Li%in + a2,in)

Pin = D oy Willin + Vn?
(Vn € N) (5.81)

Fori=1,...,m

D2,in = J%Bi—l (Y2,im — VnTi) + bin
Qin = P1n — Mn(LiD2in + C1,in)
@2,im = D2,in + Yn(LiP1n + C2,im)
Tin+1 = Tin — Ylin + Qlin

Vin+1 = Vi — Y2,in + @2in-

Then the following hold for some solution T to (5.79) and some solution (v;)1<;<m to (5.80)
such that, for every i € {1,...,m}, v; € B;(L;T — r).

(i) z, — Tand, foreveryiec {l,...,m}, v;, — U
(i) Suppose that, for every i € {1,...,m}, B; ' is strongly monotone at v;. Then, for
everyi € {1,...,m}, v;,, = ;.

Proof. Let ‘H be the real Hilbert space obtained by endowing the Cartesian product
H™ with the scalar product (- |-),, : (z,y) — >.°, w; (@ | i), where & = (2;)1<i<m
and y = (y;)1<i<m denote generic elements in . The associated norm is || - ||3:  —
VYo willzi]]?. Likewise, let G denote the real Hilbert space obtained by endowing
Gy x --- x G, with the scalar product and the associated norm respectively defined by

(Vg (y2) = Y wilyilz)g, and |- llg:y = | D willuillg. (5.82)
i=1 i=1
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Define
V=A{(z,...,0)eH |zeH} and j:H->V:zr (z,...,2). (5.83)

In view of (5.32), the normal cone operator of V is

1 mo ; :
NVZH—>2HZZIH—>{V ={ueH | X vy =0} if xeV; (5.84)

a, otherwise.

Now set

A= Nv, B:G— 2g3 Yy — XBzyu LH—->G: x— (Lixi)lgiﬁma and r = (Ti)lﬁigm-
=1

(5.85)

It is easily checked that A and B are maximally monotone with resolvents

(Vy €]0,400]) Jya:x+— Pyx = J(Zwm) and J gy (J’YBi_lyi)lgigm'

(5.86)
Moreover, L € B (H,G) and
L':G—H: v (Ljv), . . (5.87)
Now, set
P={xecH|jz)e Az +L'B(Lz—r)} (5.88)
D={veG | -re—-LA'(j(z) — L'v) + B 'v}. '
Then, for every x € H,
x solves (5.79) & z¢€ ZML? (Bi(Liz — 1))
i=1
= <E| (vi)1<i<m € XB Lix —r ) z= ZWZL*UZ
~ <E| (Uz)1<z<m c XB ) sz L*’UZ> =0
& (GveB(Lj(z)—7r) j(z)— vEVl:Aj(a:)
& j(2) € Aj(x) + L'B(Lj(z) — )
& jx)eP CV. (5.89)
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Moreover, for every v € G,

v solves (580) = Zwi(z — L;k’UZ> =0 and (El.r € H) (Ui)lgigm € XBZ(LZ.T — T’i)

i=1 i=1

& Bz eH) jlr)—LveV*t=Ajx) and v e B(Lj(x) — )
& (GzeM) jx)e A7 (j(z) — L'v) and Lj(z)—re B v

& (JzeV=domA) x€ A" (j(z) —L*v) and Lz —r € B v
& —re—-LA'(j(z) - Lv)+ B v

& veD. (5.90)

Altogether, solving the inclusion (5.79) in H is equivalent to solving the inclusion j(z) €
Ax + L*B(Lx — r) in # and solving (5.80) in G is equivalent to solving —r € B™'v —
LA™'(j(z) — L*v) in G. Next, let us show that the algorithm described in (5.81) is
a particular case of the algorithm described in (5.60) in Theorem 5.22. To this end
define, for every n € N, @, = (¥in)1<i<ms Vn = (Vin)i<i<ms Y10 = Y1in)1<i<ms Yoo =
(Y2,i,n)1<i<ms Prn = J(P10)s Poy = (P2im)1<i<ms Qi = (Qin)i<i<ms dapn = (@2i0)1<i<ms
a;, = (al,i,n>1§i§m’ as, = (a2,i,n)1§i§m’ b2,n = (bi,n)lgz’gm, Cin = (Cl,z‘,n)lgz‘gm, and Con =
(€2.4n)1<i<m. Then we deduce from (5.85), (5.86), and (5.87) that, in terms of these new
variables, (5.81) can be rewritten as

Yin = Tn — V(L vy + @1 p)
Yo = Un + Yn(Lxy + agy)
Pin= ‘]’YnA(y(Ln + Yn2) Vb
Pon = Jy,B-1 (Yo, — Wnr) + b2y
(vn € N) Sl S ’Vn(L*pzn + i) (>-91)
Q2. = P2y + n(LPy, + Con)
Tnt1 = Tp — Y1, T q1p
Unt1 = Up — Yo T Go -

Moreover, || L|| < maxi<;<m ||L:|| = 3, and our assumptions imply that the sequences
(@1.1)nens (€1.0)nens (@2n)nen, (b2,5)nen, and (€2, )nen are absolutely summable. Further-
more, (5.78) and (5.89) assert that j(z) € ran(A + L* o Bo (L - —r)).

(i) : It follows from Theorem 5.22(ii) that there exists € € P and (7;)1<ij<m =0 € D
such that j(z) — L'v € Az, v € B(Lx — r), , — ¥, and v,, — v. Hence j(z,) =
Pyx, — Pyx = x. Since (5.89) asserts that there exists a solution 7 to (5.79) such
that = j(T), we obtain that z,, = j ' (Pyx,) — j (&) = 7. Altogether, by (5.90), for
everyi € {1,...,m}, v;,, — U;, where (7;)1<i<, solves (5.80).

(i) : Let (wy,y,) and (w,,y,) in gr B~'. We derive from (5.85) that (Vi €
{1,....,m}) y1;, € B;'wy,; and y,; € B;'wy;. Hence, since the operators
(B; ') 1<i<m are strongly monotone, there exist constants (p;)i<i<n, in ]0, +oo[ such that

7

(Y1 — Yo | w1 —wa)g = D0 wi (Y — Yo | wie — wau)g > Do wipillwis — wallg, >
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pllwy — ws||Z, where p = minj<;<, pi € ]0,+00[. Therefore, B~ is strongly monotone
and hence uniformly monotone. Thus, the result follows from Theorem 5.22(iv). I

5.2.4 Variational problems

We apply the results of the previous sections to minimization problems. Let us first
recall some standard notation and results [6, 41]. We denote by I'o(#) the class of
lower semicontinuous convex functions f: H — |—o0, +oc] such that dom f = {z € H |
f(x) < +oo} # @. Now let f € I'y(#). The conjugate of f is the function f* € T'o(H)
defined by f*: u — sup,cy((x | u) — f(z)). Moreover, for every z € H, f + ||z — -||*/2
possesses a unique minimizer, which is denoted by prox, z. Alternatively,

prox; = (Id+0f) " = Joy, (5.92)

where 0f : H = 2"z {ue M | (VyeH) (y—a|u)+ f(z) < f(y)} is the subdiffe-
rential of f, which is a maximally monotone operator. Finally, let C be a convex subset
of H. The indicator function of C' is denoted by ¢, its support function by o¢, and its
strong relative interior (the set of points in = € C' such that the cone generated by —x+C
is a closed vector subspace of H) by sri C. The following facts will also be required.

Proposition 5.30 Let f € I'o(H), let g € ['o(G), let L € B (H,G), let z € H, and let r € G.
Then the following hold.

(i) zer(—z+0f + L* o (0g) o (L-—r)) C Argmin(f — (- | 2) +go (L-—r)).
(ii) zer(r — (Lo (0f*)o (2 — L*-)) + 0g*) C Argmin(f*(z — L*) +g* 4+ (r | -)).
(iii) Suppose that one of the following is satisfied.
(@) Argmin(f +go(L-—1)—{(-|2)) # @ and r € sri(L(dom f) — dom g).

(b) Argmin(f+go(L-—7)—{(-|2)) C Argmin(f — (- | z))NArgmingo (L-—7) # &
and r € sri(ran L — dom g).

() f=t1cand g =1p, z =0, where C and D are closed convex subset of H and G,
respectively, such that C N L™ (r + D) # @ and r € sri(ran L — D).

Then z € ran(0f + L* o (0g) o (L - —r)).

Proof. (i)&(ii) : By [6, Proposition 16.5(ii) and Theorem 16.2], zer(—z + df + L* o (0g) o
(L-—r)) Czer(O(f — (| 2)+go(L-—r))) = Argmin(f — (- | 2) + go (L-—r)). We obtain
(ii) similarly.

(iii)(a) : By [6, Theorem 16.2 and Theorem 16.37(i)], we have
@ # Argmin(f +go(L-—r)—(-|2)) =zerd(f +go (L-—r)— (| 2))

=zer(—z+ 0f + L* o (dg) o (L - —r)).
(5.93)
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(iii)(b) : Since r € sri(ran L — dom g), using (i) and standard convex analysis, we
obtain

Argmin(f — (- | 2)) NArgmin(go (L - —r)) = zer(—z + df) Nzerd(g o (L - —r))
=zer(—z + df) Nzer(L* o (0g) o (L - —r))
Czer(—z+0f + L* o (dg) o (L-—r))

C Argmin(f +go (L-—r)— (-] 2)).
(5.94)

Therefore, the hypotheses yield zer(—z+0f + L*o(9g) o (L-—r)) = Argmin(f — (- | 2))N
Argmin(go (L-—r)) # @.

(iii) (¢) : Since dom (¢ + tp(L-—7)) = C N L~ (r + D),
Argmin(tc +vp o (L - —r)) = Argmin tcnr-1¢4p)
=CNL Y (r+D)
= Argmintc N Argmin(tp o (L - —r)) # @. (5.95)
In view of (ii) applied to f = ¢, g = tp, and z = 0, the proof is complete. [

Our first result is a new splitting method for the Fenchel-Rockafellar duality frame-
work (5.25)-(5.26).

Proposition 5.31 Let f € I'o(H), let g € ['y(G), let L € B (H,G), let z € H, and let r € G.
Suppose that L # 0 and that

z€ran (0f + L* o (9g) o (L - —7)). (5.96)

Consider the primal problem

minh?rilize flx)+g(Le —7r)— (x| 2), (5.97)
re
and the dual problem
minirélize ffz=Lv)+g*(v)+ (v |r). (5.98)
ve

Let (a1n)nens (b1n)nen, and (ci,)nen be absolutely summable sequences in H, and let
(a2.n)nens (b2n)nen, and (ca,)nen be absolutely summable sequences in G. Furthermore,
let xg € H, let vy € G, let £ €10, 1/(||L|| + 1)|, let (7,)nen be a sequence in [e, (1 —¢)/||L]| ],
and set

Yin = Tp — ’Yn(L*Un + aLn)
Yoo = Up + Yn(Lxy + agy)
Pin = PTOX%f(yLn + ’VnZ) + bl,n
P2 = PrOX, (Y20 — VaT) + b2
<vn € N> Qin = P1n — ’Yn(L*pQ,n + Cl,n) (599)
q2,n = D2,n + 7n<Lp1,n + CQ,H)
Tp+l = Tn — Y10 + qin
Unt1 = Un — Y20 + Q2n-
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Then the following hold for some solution T to (5.97) and some solution v to (5.98) such
that z — L*v € 0f(Z) and v € Og(LT — 7).

@ z, —p1n — 0and v, — pa, — 0.

) z, =~ 7, p1n =~ T, v, — U, and pa,, — 7.
(iii) Suppose that f is uniformly convex at . Then x,, — T and p; , — 7.

(iv) Suppose that g* is uniformly convex at v. Then v,, — v and py,, — 7.

Proof. Suppose that A = df and B = Jg in Problem 5.10. Then, since A~! = 9f* and
B~! = dg*, we derive from Proposition 5.30(i)&(ii) that the solutions to (5.23) and
(5.24) are solutions to (5.97) and (5.98), respectively. Moreover, (5.92) implies that
(5.99) is a special case of (5.60). Finally, the uniform convexity of a function ¢ € I'o(H)
at a point of the domain of 0y implies the uniform monotonicity of dy at that point [41,
Section 3.4]. Altogether, the results follow from Theorem 5.22. [

Remark 5.32 Here are some comments on Proposition 5.31.
(i) Sufficient conditions for (5.96) to hold are provided in Proposition 5.30.

(i) As in Remark 5.23, if the proximity operator of g is simpler to implement than
that of g%, py, in (5.99) can be computed via the identity prox, .y = y —
Yo PrOX 1, (75, 1Y)

(iii) In the special case when # and G are Euclidean spaces, an alternative primal-dual
algorithm is proposed in [8], which also uses the proximity operators of f and g,
and the operator L in separate steps. This method is derived there in the spirit of
the proximal [35] and alternating direction (see [21] and the references therein)
methods of multipliers.

(iv) Condition (iii) is satisfied when f is strongly convex, i.e., when h = f — «f| - ||?/2
is convex for some « € |0, +ocl. In this case, after rescaling, problem (5.96) can be
written as

1
minigr{lize h(z) 4+ g(Lx — 1) + §||x —z||% (5.100)
Te

An alternative primal-dual splitting method for solving this strongly convex pro-
blem is proposed in [12].

We now turn our attention to problems involving the sum of m composite functions.

Proposition 5.33 Let z € H and let (w;)1<i<m be reals in |0, 1] such that > | w; = 1. For
everyi € {1,...,m}, let (G, | - |lg,) be a real Hilbert space, let r; € G,, let g; € I'y(G;), and
suppose that 0 # L; € B (H, ;). Moreover, assume that

z € ranZwiLf o (0g;) o (L; - —r;). (5.101)

i=1
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Consider the problem

minimize Zwi gi(Lix —r;) — (x| 2), (5.102)

TEH -
i=1

and the problem

L (g5 (05) 4 (o [ 1) ). 5.103
G, 2 e nh) o
iz wiljvi=z 7

For every i € {1,...,m}, let (a1in)neny and (c1in)nen be absolutely summable sequences
in H, let (a2n)nens (Din)nen, and (cain)nen be absolutely summable sequences in G;, let
To € H, and let v;y € G;. Furthermore, set 5 = maxi<;<n, || L;|, let ¢ € ]0,1/(5+ 1), let
(Vn)nen be a sequence in [e, (1 — ) /3], and set

Tn = D o) WiTin

Fori=1,....,m

{ Yiin = Tip — Yn(LiVip + a1,0)
Y2im = Vi + Yn(LiTip + a2, 0)

Pin = 221 Wil1,in + TnZ

(Vn € N) Fori=1,....m (5.104)

D2,i;n = PIrOX, g« (Y2,im — YnTi) + bin

Qin = P — Yn(LiP2im + C1in)

@2,in = P2im + V(LD + C2n)

Tintl = Tin — Ylin + Qin

Vint+1 = Vin — Y2,in + Q2,in-

Then the following hold for some solution T to (5.102) and some solution (7;)i1<i<m to
(5.103) such that, for every i € {1,...,m}, v; € 0g;(L;T — r;).
(1) z, — Tand, foreveryiec {l,...,m}, v;, — U;.
(i) Suppose that, for every i € {1,...,m}, g} is strongly convex at v;. Then, for every
1€ {1,...,m}, Vin — V.

Proof. Define H, G, L, V,r,and j: H — V as in the proof of Theorem 5.29. Moreover,
set f =ty and g: G — |—o0,+oc] 1 y = Y wigi(yi). Then, f € To(H), g € To(G),
[ =tyr,and g*: v — Y " w; g (v;). Therefore, (5.101) is equivalent to

3(2) € ran (0f + L* o (Og) o (L - —7)). (5.105)
Furthermore, (5.102) and (5.103) are equivalent to

minimize f(x)+g(Lx —7) — (x| j(2))y (5.106)

xreH
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and

mininglize F(J(z) = L'v) + g*(v) + (r | v)g, (5.107)
ve

respectively. On the other hand since, for every v € ]0, +00ol, prox,;: ® +— j (Eml wlazz)
and prox, . = (prox «)1<i<m, (5.104) is a particular case of (5.99). Finally, in (ii), g*
is strongly, hence umformly, convex at w. Altogether, the results follow from Proposi-
tion 5.31. [

Remark 5.34 Suppose that (5.102) has a solution and that

(ri,...,rm) € sri{(le—yl,...,me—ym) | 2 € H,y1 €domygy,..., ym € domgm}.
(5.108)

Then, with the notation of the proof of Proposition 5.33, (5.108) is equivalent to r €
sri(L(V) — domg) = sri(L(dom f) — dom g). Thus, Proposition 5.30(iii) (a) asserts that
(5.101) holds.
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Chapitre 6

Décomposition de domaine dans les
équations aux dérivées partielles

6.1 Description et résultats principaux

Ce chapitre est consacré aux problemes de décomposition de domaine dans les
équations aux dérivées partielles. Un de ces objectifs principaux est la résolution d’équa-
tions aux dérivées partielles et des problémes de frontiere associés par la décomposition
du domaine original en des sous-domaines simples (voir [11, 17, 23, 25]).

FIGURE 6.1 — Décomposition de domaine 2.

Notre méthode repose sur un probleme de minimisation. Le domaine original 2 est
divisé en m sous-domaines (£2;);<;<, (voir Figure 6.1) et nous cherchons une solution
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(Uz‘)lgz‘gm de

minimiser ngz (u;) +Z Z Vi (Tiju; — Tjuy). (6.1)

ULEH T yeeey Um EHm,
=1 ]EJ(@-{—

Dans cette formulation, chaque fonction u;: €2; — R appartient a un espace de
Sobolev hilbertien H; approprié. De plus, ¢;: H; — |]—00, +oc] est une fonction semi-
continue inférieurement et convexe, .J(i+) est 'ensemble d’indices j > ¢ des interfaces
actives Y,; de , T;;: H; — L*(Y,;) est lopérateur de trace relatif a l'interface Y;; et
Vi L*(Ty;) = ]—o0, +0c] est une fonction semi-continue inférieurement et convexe. La
composante découplée (u;)i1<i<m — Y .-y ¢i(u;) dans (6.1) peut étre non lisse et peut
prendre la valeur +oo. Dans certaines applications que nous examinerons ultérieure-
ment, les fonctions (¢;)1<;<,» sont des potentiels d’énergie associées a des équations aux
dérivées partielles définies sur les sous-domaines. Notre formulation peut incorporer des
potentiels non quadratiques et, en particulier, elle peut modéliser des problémes avec
I'opérateur p-Laplacien. Par surcroit, vu que les potentiels (y;)1<;<,, ne doivent pas étre
toujours finis, c’est possible d’inclure des contraintes sur chaque ;. Par ailleurs, le poten-
tiel de couplage (u;)1<i<m — Y1y EJEJ i) Y;(T;juw; — Tj;u;) modélise des conditions
de transmission a travers des 1nterfaces En particulier, en prenant ((¢;);cs(+))1<i<m
comme les fonctions indicatrices de {0}, le terme de couplage prend la valeur zéro si
les sauts a travers des interfaces des fonctions (u;)1<;<m, sont nuls et il prend la valeur
+oo ailleurs, d’ou découle la propriété de continuité a travers les interfaces. Une grande
avantage de cette approche est sa flexibilité : on peut traiter d’'une maniére unifiée des
conditions de transmission non linéaires et/ou unilatérales, et divers potentiels d’énergie
dans les sous-domaines.

Nous appliquons I'algorithme d’éclatement décrit dans la Proposition 5.8 a la réso-
lution de (6.1), en 'adaptant a un cadre multicomposante sur des espaces de Sobolev
hilbertiens. I’algorithme obtenu résout (6.1) d'une maniere completement décomposée :
chaque pas élémentaire met en scene les constituants du probleme (principalement wu;,
©i, Yij, et T;;) séparément. De plus, la méthode résout aussi le probleme dual associé a
(6.1), C’est-a-dire

?élfnjlemfzsf)r Z% Z 133950 — Z T3i9ij +Z Z ¥ii(9i3); (6.2)

9i;€L2(T4)) =1 jeJ(i—) JEJ(i+) =1 jeJ(i+)

ou Tj; est 'opérateur adjoint de l'opérateur de trace Tj;, et ¢} et ¢; sont les conjugués
de Legendre-Fenchel de ¢; et 1;;, respectivement. Dans ce probleme dual la variable g;;

modélise la tension a travers l'interface Y;.

Avant présenter en détail notre probleme et I'algorithme pour le résoudre, nous
présentons ci-dessous la notation utilisée dans ce chapitre et les hypotheses générales
du probléeme.
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Notation. Soit R I'espace euclidien de dimension N et notons par | - | sa norme,
ou N > 2. Soit © un sous-ensemble de R" non vide, borné et ouvert avec frontiére lip-
schitzienne bdry Q. L'espace H'(Q) = {u € L*(Q) | Du € (L*(Q))V}, ol D représente
le gradient faible, est un espace hilbertien muni du produit scalaire (- | -) y1q) : (v, v) =

Jquv + [o(Du)"Dv. On note par S la mesure de surface définie sur bdry Q [22, Sec-
tion 1.1.3]. De plus, soit T un sous-ensemble non vide et ouvert de bdry Q2 et soit L*(T)
I'espace de fonctions définies sur T dont le carré est S-intégrable. Muni du produit sca-
laire

1) oy ¢ (g0 h) / ghds, 6.3)

L*(T) est un espace hilbertien. L’'opérateur de trace associé a (2 est I'unique opérateur
T e B(HY(Q), L*(bdry Q)) tel que (Vu € C1(Q)) Tu = u|pary 0. Muni du produit scalaire

1 (o) o / (Du)" Do, 6.4)

lespace Hj.(Q) = {ueHY Q) | Tu=0surT} est un espace hilbertien [27,
Section 25.10]. Finalement, pour S-presque partout w € bdry(), il existe un vec-
teur normal unitaire orienté vers l'extérieur v(w). Pour détails et compléments, voir
[1, 13, 16, 22, 27].

Hypothése 6.1 Soit m > 2 un entier et soit [ = {1,...,m}.
(A1) Q est un sous-ensemble ouvert borné de R" avec frontiére lipschitzienne bdry €.

(A2) (€2;)cr sont des sous-ensembles disjoints ouverts de Q (voir Fig. 6.1) tels que les
frontiéres (bdry €;);c; sont lipschitziennes, Q = [J*, ©; et

(V’l c [) T“ = mtbdryg(bdry Qz N bdry Q) # @, (65)

ol intpary o est intérieur relatif a bdry €.
(A3) Pour tout: € I, soit

(Vj € {’l + 1, e ,m}) Tij = le' = intbdrygi (bdry Qz N bdry Q]) (66)
L’ensemble d’indices d’interfaces actives de €;
Ji)={jeI~{i}| Ty +#2} (6.7)

est non vide.

(A4) Pourtouti e I, J(i—) = J()N{l,...,i—1}et J(i+) = J(i)N{i+1,...,m}, en
considérant la convention J(1—) = J(m+) = @.

(A5) Pour touti € I, T;: H*(;) — L?(bdry Q;) est Popérateur de trace,

et, pour tout j € J(i), Ty;: Hy — L*(Ti5): u— (Tiu)|x,,-
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(A6) Pour touti € I,

= D r*(ryy) (6.9)

JeJ(7)

v;i(w) est le vecteur normale unitaire orienté vers 'extérieur sur w € bdry €, et Q;
est 'opérateur qui associe, pour tout (f, (g;);es(;)) dans L*(€2;) x G; I'unique solution
faible dans H; du probleme Dirichlet-Neumann

—Au=f dans €,

=0 Tiiu
u sur | | 6.10)
v Du=g; surY,;, pourtout j € J(i+),

v Du= —g; surT,;, pourtout j € J(i—).

Notons que, puisque bdry ; = T—“UUjeJ(i+) Ti;UU;c i) Yij» existence et unicité
de la solution de (6.10) sont assurées par [27, Theorem 25.1], d’ou nous déduisons
que Q; est linéaire.

Probléeme 6.2 Supposons que 'Hypotheése 6.1 soit satisfaite, pour tout i € I, soit ; €

To(H;) et, pour tout j € J(i+), soit 1;; € ['o(L*(T;;)). Assumons que, pour tout i € I, il
existe u; € H, et, pour tout j € J(i+), il existe g;; € L*(T;;) telles que

. ~Qi(0, (9i3)jesi+): (9ji) jein)) € Opilus)
Viel (6.11)
el {(Vj € J(i+)) gij € Oy (Tyyui — Tjiuy).

Le probleme primal est

minimiser ngz (u;) + Z Z Vi (Tiju; — Tjuy), (6.12)
u1€H1,..., UmEHm i=1 jeJ(i4)
et le probleme dual est
m—1
ml[nlII}lSGl" sz gm)]EJ(lJr) (gji)jGJ(if))) +Z Z 1/%*](9@]) (613)
1€ ]E (i+) i=1 jeJ(i+)
gZ]GL (T45)

Algorithme 6.3 On suppose que I'Hypothese 6.1 soit satisfaite et, pour tout i € I,
soit w;o € H;, soient (ai;n)nen, (D1in)nen €t (Ciin)nen des suites absolument som-
mables dans H,;, pour tout j € J(i+), soit g;jo € L*(Ty;), soient (azijn)nens (b2ij.n)nen
et (Cijn)nen des su1tes absolument sommables dans LQ(TZj), et soit 3;; € 10, | Tl
Posons f = (3.7 deJ(er 2)H2, soit e € ]0,1/(8+ 1)[ et soit (yn)nen une suite
dans [, (1 —¢)/5]. On génere des suites (U1, )nens - - -5 (Umon)nen € (((gijn)nen) jet(it))ict
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comme suit.

Forn=1,2,...
Pour tout 7 € [

Vin = Uin — In (Qi (0, (gijm)jeJ(iJr)a (gji,n)jeJ(if)) + (lu,n)

1
Pin = <argmin ’Yn(pZ(U}) -+ 5 / ’D’w — Dvi’n’2) + bli,n
Q;

weH,;
Pour tout j € J(i+)
Zijn = Gijn + ’yn(TUum — le-ujm + a’?ij,n)
) 1 1
qij7n = Zij7n - 771( argiin —QZ}U (w) + 5 /
n T

wel?(Ti;)

Zijn

2
ds ) + baijn
Tn

ij

Pour tout 7 € 1

Tin = Pin — Tn (Qi (0, (Qij,n)jEJ(iJr)a (jS,n)jeJ(if)) + Cli,n)
Uint1 = Uip — Vi T Tin

Pour tout j € J(i+)

L Sijm = Qijn + Tn (Tijpi,n — Tjipjm + C2z’j,n)

| L Gijnt1 = Gijn — Zijn t Sijn-

(6.14)

Dans la suite nous présentons le comportement asymptotique de I’Algorithme 6.3,
ce qui est le résultat principal de ce chapitre. Nous présentons d’abord la definition
suivante qui sera utile par la suite.

Définition 6.4 Une fonction ®: H — |—o0, +00] satisfait la propriété Kadec’-Klee si, pour
toute suite (u, ),y dans dom ® et pour tout u € H, nous avons

Up — U
" = n ) 6.15
{lim D (u,) < P(u) tn (6.15)

Théoréme 6.5 Soient (uin)nen, - - (Umn)nen €t (((Gijn)nen)jesir))icr les suites géné-
rées par UAlgorithme 6.15. Alors nous avons les résultats suivants pour quelque solution
(Ui, ...,u,) de (6.65) et quelque solution ((gij)jeJ(H))ie[ de (6.66) telles que (6.64) est
satisfait.

(i) Pour touti € I et j € J(i+), Win — Pin — 0 €t Gijn — Gijn — O.
(i) Pourtouti € et j € J(it), Uin — Ui, Pin — Ui> Jijm — Tijp €€ Qijm — Jij-
(iii) Supposons que la fonction
H — |00, +o0] 1 (ui)ier — Z%(Uz) (6.16)
el

satisfasse la propriété Kadec’-Klee sur H. Alors, pour tout i € I, w;,, — U; et p; , — U;.
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(iv) Supposons que la fonction

g — ]_OO7+OO] : ((91] JEJ(i+) ZGI — Z Z 1/12] gz] (617)

i€l jeJ(i+)

satisfasse la propriété Kadec’-Klee sur H. Alors, pour tout i € I et j € J(i+), Gijn —
9ij €t Qijm — Gjj-

Enfin, nous appliquons I'Algorithme 6.3 aux problémes de décomposition de do-
maine avec des conditions de continuité aux interfaces pour deux équations aux dérivées
partielles classiques. La premiere application est consacrée au probleme de Poisson avec
des conditions de Dirichlet a la frontiére

{—Au = f, dans Q;

(6.18)
u =0, sur bdry €2,

dont la solution faible est la solution unique du probleme de minimisation (voir [14,
Chapter IV.2.1] et [27, Chapter 25.9])

m1n1m1ser — / | Dul? — / fu. (6.19)
ueHL(Q

Nous résolvons le probleme suivant, qui est obtenu lorsque le domaine €2 est décomposé

en m sous-domaines €y, ..., Q,,.

Probléme 6.6 Soit f € L*(f2). Supposons que 'Hypothese 6.1 soit satisfaite et que, pour
touti € I et j € J(i+), Y;; et bdry Q soient de classe C?. Le probleme est de

minimiser / | D, |? / fu,. (6.20)

u1€H1,..., UmEHm
(ViEI)(VjEJ(’i+)) Tijuzf jily

Nous montrons que le Probleme 6.6 a une solution unique qui permet de construire
la solution du probléme (6.19), et nous appliquons I'Algorithme 6.3 au Probleme 6.6
pour trouver cette solution. La convergence forte des itérés générés par ’Algorithme 6.3
est garantie.

La seconde application est consacrée au probleme de p-Laplacien avec des condi-
tions de Dirichlet a la frontiere

—div (|Du[P~2Du) = f, dans Q; (6.21)
u=0, sur bdry €2,

dont la solution faible est la solution unique du probleme de minimisation (voir [14,
Section 1V.2.2])

m1n1m1ser —/ | Du|P — /fu (6.22)

uer P
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Nous résolvons le probleme suivant, qui est obtenu lorsque le domaine ) est dé-
composé en m sous-domaines 2y, ..., .

Probléme 6.7 Soit p € |1, +oo[ et soit f € L>(Q2). Supposons que 'Hypothese 6.1 soit
satisfaite et que bdry 2 et (1;;); jer soient de classe C*. De plus, posons

(Viel) Ef={ueW"(Q) | Tiu=0 sur Ty} (6.23)
Le probleme est de
1
minimiser Z —/ | Du; |P — / fu,. (6.24)
w EEY,..,um€EED, = PJo, Q;

(Viel)(VieJ(i+)) Tijui=Tj5u;

Nous montrons que le Probleme 6.7 a une solution unique qui permet de construire
la solution du probléme (6.21), et nous appliquons I’Algorithme 6.3 au Probleme 6.7
pour trouver cette solution. La convergence forte dans W'r(Q;) x --- x WhP(Q,,) des
itérés générés par 'Algorithme 6.3 est garantie sur certaines conditions de régularité de
la solution.

6.2 Article en anglais

DOMAIN DECOMPOSITION FOR PARTIAL DIFFERENTIAL
EQUATIONS VIA MONOTONE OPERATOR SPLITTING METHODS''

Abstract : We propose a primal-dual parallel proximal splitting method for domain
decomposition of linear and nonlinear partial differential equations. It is obtained as an
adaptation of a general splitting framework recently proposed for structured monotone
inclusion problems. A key feature of our approach is that the continuity of the solution
across the interfaces of the subdomains is enforced by modeling it as a constraint in
the variational formulation. Weak convergence is obtained under mild regularity condi-
tions, and sufficient conditions are provided for strong convergence. Our method can
handle a wide range of linear and nonlinear problems, including unilateral transmission
conditions through the interfaces (semipermeable membrane, fissured material), and
p-Laplacian operators.

6.2.1 Introduction

Domain decomposition is an active, interdisciplinary research area concerned with
the analysis, and implementation of coupling and decoupling strategies in mathemati-
cal and computational models of natural and engineered systems. One of the primary

1. H. Attouch, L. M. Bricefio-Arias, and P. L. Combettes, Domain decomposition for partial differential
equations via monotone operator splitting methods, prépublication.
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objectives of domain decomposition is to solve partial differential equations and the
associated boundary value problems on complex geometries, by partitioning the origi-
nal domain in smaller, simpler subdomains. Among the rich literature which has been
devoted to the subject, let us mention [11, 17, 23, 25]. In this paper we consider the
case of non-overlapping domain decomposition, in which subdomains intersect only on
their interfaces. This scenario allows for the design of approximation methods built from
different discretizations in the different subdomains.

Tll
T22 E Tm’m

FIGURE 6.2 — Decomposition of the domain €.

Our method relies on a variational approach. The original domain (2 is partitioned
into m subdomains (£2;)1<;<, (see Figure 6.2), and we look for a solution (;)1<;<, of
the minimization problem

m m—1
i=1 )

ULEHT oy Um EHm - ) -
=1 jeJ(i+

In this formulation, each function %;: ; — R is the restriction to €2; of the solution
to the original problem in 2, and it lies in a suitable Hilbert Sobolev space ;. Mo-
reover, ¢;: H; — |—00,+00] is a lower semicontinuous convex function, J(i+) is the
set of indices j > i of the active interfaces Y;; of Q;, T,;: H, — L*(T;;) denotes the
trace operator relative to the interface Y;;, and v;;: L*(Y;;) — |—o0,+00] is lower se-
micontinuous and convex. The decoupled component (u;)1<;j<m — Y vy @i(u;) in (6.25)
need be not smooth and may take on the value +oc. In the applications presented in
Section 6.2.5, (¢;)1<i<m are energy functionals associated to some partial differential
equations on the subdomains. Our formulation can deal with non quadratic functionals,
and thereby captures for instance p-Laplacian problems or minimal surface problems.
Furthermore, it is possible to impose hard constraints on (u;)i<;<,, Since the poten-
tials (y;)1<i<m Need not be everywhere finite. On the other hand, the coupling function
(ui)1<i<m — Z;’:ll ZjeJ(H) ¥ (T;;u; — T u;) models transmission conditions through
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the interfaces. In particular, by taking ((v;;);es(+))1<i<m to be indicator functions of {0},
the coupling term takes the value zero if the jumps of the functions (u;);<;<., across the
interfaces are equal to zero and +oc elsewhere, whence the continuity property through
the interfaces. A major advantage of this approch is its flexibility : one can treat in a
unified fashion unilateral and/or nonlinear transmission conditions, and surface energy
functionals.

To solve (6.25) we bring into play a proximal splitting method recently developed
in [10] for solving convex minimization problems. This method will be adapted to solve
the multicomponent variational problem (6.25) in a fully decomposed fashion, in that
each elementary step of the algorithm involves the constituents of the problem (namely
wi, i, ¥ij, and T;;) separately. In addition, it also solves the dual problem associated
with (6.25), that is

m—1
g}l}gylﬁe} Z%( > Thgi— Y szgu> +) 0> erle), (6.26)

gZ]GL (Ti;) =1 JjEJ(i—) JeEJ(i+) =1 jeJ(i+)

where T7; denotes the adjoint of the trace operator T;;, and ; and ¢;; denote for the
conjugates of ¢; and 1);;, respectively. In this dual problem the Varlables g;; model ten-
sions at the interfaces 1.

The paper is organized as follows. In Section 6.2.2 we present the notation and
the algorithm which is the basis of our method. In addition, we examine some condi-
tions for obtaining strong convergence. In Section 6.2.3 we formally state the domain
decomposition problem and its assumptions. The algorithm for solving (6.25)—(6.26) is
proposed and analyzed in Section 6.2.4, where we propose our algorithm and we study
its asymptotic behavior. Finally, in Section 6.2.5, we present some applications to the
domain decomposition in the Poisson problem, and the p-Laplacian problem.

6.2.2 Notation and preliminaries

Throughout the paper the following notation is adopted. We denote by RY the usual
N-dimensional Euclidean space and by | - | its norm, where N > 2. Weak and strong
convergence are denoted by — and —, respectively. Let {2 be a nonempty open bounded
subset of R with Lipschitz boundary bdry 2. We denote by z a generic element of €,
and by dz the restriction to 2 of the Lebesgue measure on RY. For every p € |1, +oc|,
the space W'?(Q2) = {v € LP(Q) | Dv € (L*(Q2))"}, where D denotes the weak gradient
(derivatives in the distribution’s sense), is a Banach space. In particular, we denote by
H'(Q) = W'?(Q), which is a Hilbert space with scalar product (- | )1 : (u,v) =
fQ uv + fQ(Du)TDv. We denote by S the surface measure on bdry 2 [22, Section 1.1.3].
Now let T be a nonempty open set in bdry Q2 and let L?(T) be the space of square
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S-integrable functions on T. Endowed with the scalar product
(- | .)LQ(T) s (v, w) = / vw dS, (6.27)
T

L?(T) is a Hilbert space. The Sobolev trace operator T: W'P(Q) — L*(hdry ) is the
unique linear bounded operator such that (Vo € €}(Q)) Tv = v|pary 0. Endowed with the
scalar product

1) () o / (Du) D, (6.28)

the space Hj () = {u € H'(Q) | Tu=0 on 7T} is a Hilbert space [27, Section 25.10].
Finally, for S-almost every w € bdry (2, there exists a unit outward normal vector v(w).
For details and complements, see [1, 13, 16, 22, 26, 27].

Let 1 be a real Hilbert space and denote by I'y(#) the set of lower semicon-
tinuous convex functions ¢: H — |—o00,+o0co] which are proper in the sense that
domp = {u € H | ¢(u) < +oo} is nonempty. Now let ¢ € I'o(H). The subdifferential of
 is the maximally monotone operator

dp: " —=2"u—s {uw et | (VWweH) pu)+ (v—ulu) <)} (6.29)
and the conjugate of ¢ is the function in I'g(#) defined by

" ut e sup ((u ] w') — p(u)). (6.30)
ucH

For background on convex analysis and monotone operators the reader is referred to
[7].
A key tool in our approach is the proximity operator [7, 21].

Définition 6.8 Let ¢ € I'y(H). The proximity operator of ¢ is

1
prox,: H — H: u > argmin p(v) + §||u — ]2 (6.31)
veH
We have
(Vue H)(VpeH) p=prox,u < u—p€dp(p). (6.32)

Définition 6.9 Let H be a real Hilbert space. A function ®: H — |—o00, +0o0c]| satisfies the
Kadec’-Klee property if, for every sequence (u,,),en in dom ¢ and every u € H, we have

Up — U
" = U, . 6.33
{lim D (uy,) < P(u) 4 (6.33)
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Lemma 6.10 Let & € I'y(H) be uniformly convex, i.e., there exists an increasing function
¢: [0, +00[ — [0, 400] vanishing only at 0 such that

(V(z,y) € dom ® x dom @) (Ve € 10, 1])
oz + (1 —a)y) +a(l —a)é(|z —yl)) < a®(z) + (1 - a)@(y). (6.34)

Then ® satisfies the Kadec’-Klee property.

Proof. Fix a € 0, 1]. Let (uy,)nen be a sequence in dom ® and let u € H be such that
u, — uand lim ®(u,) < ®(u). Since ® is lower semicontinuous and convex, it is weakly
lower semicontinuous and therefore ®(u) < lim ®(u, ). Hence, ®(u,) — ®(u) and, since
au, + (1 — a)u — u, we deduce from (6.34) that

(1 — o) lim ¢(|ju, — ul|) < Im (a®(u,) + (1 — a)®(u) — ®(au, + (1 — a)u))
< lim (@®(u,) + (1 — a)®(u)) — lim ®(au, + (1 — a)u)
= alim ®(u,) + (1 — )®(u) — lim ®(au, + (1 — a)u)
< ®(u) — P(u)
=0. (6.35)

Therefore, ¢(||u, —u||) — 0 and we conclude that u,, — .

Our method hinges on the algorithm presented below, which derives from [10, Pro-
position 4.2].

Theorem 6.11 Let ‘H and G be real Hilbert spaces, let ® € T'o(H), let ¥ € T'y(G), and let
A: H — G be a linear bounded operator. Suppose that A # 0 and that

zer (0P + A* o (0®¥) o A) # 2. (6.36)
Consider the primal problem

minimize ®(u)+ ¥Y(Au) (6.37)

ueH

and the dual problem

minimize ®*(—A"g) + ¥*(g). (6.38)

geg

Let (a1n)nen, (bin)nen, and (ci1,)nen be absolutely summable sequences in H, and let
(@2.1)nens (b2.1)nen, and (ca)nen be absolutely summable sequences in G. Furthermore, let
Py € H, let g, € G, let ¢ € ]0,1/(||A|| + 1)[, let (7,)nen be a sequence in [, (1 — e)/||All ],
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and set

v, =P, — Wm(A'g, +ain)
U, = prox, g(v,) + by,
Zn = 4q, + fVVL(Apn + a’27n)
g, = Prox, g-(zn) + by
Vn e N " Tn X ’ 6.39
( " ) r, =Uy — Vn(A g, + Clm) ( )
Dyi1 =Dy, — Up +ry
Sp =g, + 7n<Aun + c2,n)
qn+1 - qn - zn _'_ Sn-

Then the following hold for some solution w to (6.37) and some solution g to (6.38) such
that —A*g € 0®(u) and g € 0¥ (Aw).

(i uw,—p, —>0andg, —q, — 0.

) v, -~ w,p, ~u, g, — g, andq, — G.
(iii) Suppose that ® satisfies the Kadec—Klee property. Then w,, — u and p,, — .
(iv) Suppose that W* satisfies the Kadec'—Klee property. Then g, — g and q,, — @.

Proof. (i)-(ii) : The results follow from [10, Proposition 4.2].

(iii)—(iv) : Let n € N. Since w and g satisfy —A*g € 0®(u) and Au € 0P*(g), it
follows from (6.29) that

D) + (1, — br) — W | ~AG) < Bu, —br) (6.40)
U*(g) + (g, — b2n) — g | Au) < (g, — by,).
On the other hand, we deduce from (6.39) and (6.32) that
(vn — U, + bl,n)/’Yn S 8@511,” - bl,n) (641)
(Zn —g,+ b27n)/7n € ov (gn - b2,n)a
and hence it follows from (6.29) that
U (g, —bop) + (G — gy +bon | 20 — g, + bo) /7 < T (G). '
Combining (6.40) and (6.42) we obtain
<ﬁ — Uy + bl,n | ('Un — U, + bl,n)) /’771 S <un —u— bl,n | A*§> (643)
and
(=90 +bon | (20— gn+b20)) /7 < (G — g, + b2y | AT). (6.44)

170



We derive from (6.43) and (6.39) that

<H _un+b1,n | ’vn_un+b1,n> /’Yn

= ( (U—up+b1, | (V—Dp,)) +{W—U+by, | P —Un+b1 ) )/%A
=(u,—u—by, | A"q,+a1,) Hu—u,+bi, | P, —U,+b1,) /7
=(u,—u—b1, | A'g,)+ (u,—u—b1, | A*(q, — g,) +ai,)
+ (@—up+biy | P —Un+bi,) [Tn
=(u,—u—b1, | A*(g, —9))+ (w,—u—by, | A'g)
+ (upn—u—b1,, | A*(g, — g,) +a1)
+ (@ =y +biy | P~ t+b1,) [0
=(u,—u| A*(g, —9))— (bin | A"(9,, — 9))
+{u, =T —by, | AG) + (u,—U—by, | A*(q, — g,,) +arn)
+(@—up+bi, | P, —Un+bi) [0 (6.45)

Analogously, we derive from (6.44) that

(G—9g, tbonl|2zn—g,+b2n) /v =—(9, G| AMu, —)) +(g — g, + bz, | Au)
<b27n | Alu, —u))

—(9, — 9 — ban | AP, — upn) + azy)

+(g— g, +bon | @, — g+ b2n) /70 (6.46)

+

We deduce from (6.43) and (6.45) that

0 Z <ﬁ_un+b1,n | (% _un+b1,n>/’7n_ <un _H_bl,n | A*§>
= (u, —u | A(g, —9)) — (bin | A(g, — 7))
+ (Up —u = b1, | A*(q, — g,) + a1n) + (W — Uy + b1y | P, — Un + b1s) [T,
(6.47)

which yields

(u, —u | A*(g, —9)) < <b1,n | A*(g, —9)) — (up, —u — b1 | A*(q, —g,) + alm)
—(@—u,+by, | P, — U, +bin) /Y0 (6.48)

Analogously, we deduce from (6.46) and (6.44) that

(90 —g| Alun — 1)) 2 (boy | Alun — 1)) — (g, = — boy | A(p, — un) + a2n)

Note that, in view of (i) and (ii),

u, —~u, g, g, p. —ur — 0, and g, — g, — 0. (6.50)
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Hence, since b, , — 0 and b, ;, — 0, we have
U — U — bl,k — 0 and g — g, + b2,k — 0. (651)
Moreover, since a; ;, — 0 and ay; — 0, we have A(p, — uy) + @z, — 0, A*(q;, — g;,) +

ai; — 0, A(uy, —uw) — 0,and A*(g, —g) — 0. Altogether, since infycy 7y, > 0, taking
the limsup in (6.48) and the liminf in (6.49) we obtain

i (g, — g | Aluy — @) = Tn (we — @ | A"(g, —§)) <0 < lim (g, —g | Alwy — ),

(6.52)

which yields

(9, — 9 | AMux —u)) = (A*(gy, —9) [ ur — ) = 0. (6.53)
Hence, it follows from (6.45) and (6.46) that

(ot A
and therefore we conclude from (6.42) that

lm ®(uy, — by ;) < (@) and Lm P (g, — byy) < T (g). (6.55)
In turn,

u,—byy ~uw and g,—byy — g (6.56)

Therefore, it follows from (6.33), (6.56), and (6.55) that u;,—b, , — wand g,—bs, — g.
Hence, u;, — w and g, — g. Finally, we deduce from (i) that p, — w and q;,, — g.[

6.2.3 Problem statement

Our standing assumptions will be the following.

Assumption 6.12 Let m > 2 be an integer and set [ = {1,...,m}.
(A1) Q is a nonempty open bounded subset of R with Lipschitz boundary bdry €.

(A2) (€),er are disjoint open subsets of (2 (see Fig. 6.2) with Lipschitz boundaries
(bdry €;)icr, 0= U:il Q,, and

(VZ € ]) T“ = 1ntbdryg(bdry Qz N de‘y Q) 7£ @, (657)
where intyq,y o denotes the interior relative to bdry €.
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(A3) Foreveryi € I, set

Vje{i+1,....,m}) 7T, =7, =intpayq,(bdry ; N bdry Q;). (6.58)
The set
Ji)={jeI~{i}| Ty +#2} (6.59)

of indices of active interfaces of (2; is nonempty.

(A4) Foreveryi € I, J(i—) = J(i)N{l,...,i—1} and J(i+) = J@@i)N{i+1,...,m},
with the convention J(1-) = J(m+) = 2.

(A5) Foreveryi e I, T;: HY(;) — L?(bdry ;) is the trace operator,
and, for every j € J(i), Ti;: Hi = L*(Tyj): u— (Tiu)ly,,.
(A6) Foreveryi € I,

G = P (13, (6.61)
)

jed(i
v;(w) is the unit outward normal vector at w € bdry §2;, and
Qi: L2(Qi) X G — H,; (6.62)

is the operator that maps every (f, (g;);es()) in L*(€;) x G; into a weak solution in
H; of the Dirichlet-Neumann boundary problem

—Au=f on €,

=0 Tii7
‘- on - (6.63)
v Du=g; on7Y,;, forevery je J(i+),

v Du= —g; onT,, forevery je J(i—).

Remark 6.13 Since bdry Qi = Tii U U,c (1) Tij U Ujesq ) Tij» the existence and uni-
queness of the solution to (6.63) is guaranteed by [27, Theorem 25.I], from which we
deduce that Q); is linear.

Problem 6.14 Suppose that Assumption 6.12 holds and, for every i € I, let ¢; € T'o(H;)

and, for every j € J(i+), let ¢;; € T'o(L*(T;;)). Assume that, for every : € I and j €
J(i+), there exist u; € H; and g,; € L*(Ty;) such that

. —Q; (07 (9, ')jeJ(i+)v (g 'i)jGJ(i*)) € Ovpi(u;)
Viel , T J (6.64)
el) {(VJ € J(i+)) Gy € 0vy(Tyu; — Ty ).
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The primal problem is to

(1, i (Tosug — T 6.65
N Zso ED S SR LA (6:69

i=1 jeJ(i+)

and the dual problem is to

m—1
minimize § o5 ( 0, (9ij)jes6+): (95i)jesiy) ) + E E ¥i;(gi)- (6.66)
iel,jed(i+) 1 . ;
9i5€L*(Ti5) = @+

As seen in the Introduction this is a flexible model in which we can incorporate
constraints on the solutions as well as on the jumps across the interfaces. In addition,
the associated dual problem represents the potential energy related to the dual variables
gi;, which are interpreted as tensions on the interfaces.

Assumption (6.64) will be seen to imply the existence of a solution (%;);c; to the
primal Problem 6.65, and a solution ((g,;);cJ(i+))ics to the dual Problem 6.66. The as-
sumption that each dual variable g,; lie in L*(Y;;) is interpreted as a regularity property
of the solution to the primal Problem 6.65. As will be seen in Section 6.2.5, several
common problems satisfy these assumptions.

6.2.4 Algorithm and convergence

Our method for solving the primal-dual Problem 6.14 is an adaptation of Theo-
rem 6.11. It results in a parallel decomposition method which uses separate implicit
steps for minimizing the functions (y;)ic; and ((¢;)jecsq+))icr and explicit steps in which
the variables are coupled via linear mappings involving the traces operators and their
adjoints.

Algorithm 6.15 Suppose that Assumption 6.12 holds. For every i € I, let p, , € H;, and
let (a1;n)nens (b1in)nen, and (ci;,)nen be absolutely summable sequences in #;, for every
J € J(i+), let g;;0 € L*(Ti;), and let (azijn)nen, (b2ijn)nen, and (cay;, n)neN be absolutely
summable sequences in L2(T ), and let §;; € 10, || T;[|[. Set = (>°1, deJ(er 2y

J
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lete €]0,1/(8+ 1), and let (7,)nen be a sequence in [e, (1 — )/ ]. Iterate

Forn=20,1,...
For every i € [

Vim = Pin — Vn (Qi (0 (i, n)jEJ(i-i—) (@jin)jerii- )) + ay; n)

Uiy = (argmm Tnpi(w / ‘Dw Dvm‘ ) + biim

weH,;
For every j € J(i+)

Zijon = Qijn + 7n(T2]pz,n - T]zp] n+ 245, n)
1
Yijn = Zijm = n ( argmin %( w)+ 5 /
T

weLl?(Yy;) Tn

Zijn

2
ds ) + baijn
Tn

For every i € ]
Tin = Uin — Tn (Qi (07 (Gijn)jeaiits (gji,n)jeJ(z’f)) + Cli,n)
Pin+1 = Dijn — Vi + Tin
For every j € J(i+)

Sijm = Gijm + I (Tijthin — T jitljn + C2ijn)

Qijn+1 = Qijn — Zijn T Sijn-

(6.67)

The following theorem is the central result of this paper. It establishes the conver-
gence of the sequences generated by Algorithm 6.15 to primal and dual solutions to
Problem 6.14. It will be convenient to introduce the Hilbert direct sums

m—1
H=H & - OH, and G=EP P L*(Ty). (6.68)

i=1 jeJ(i+)

Recall that these Hilbert spaces are respectively equipped with the scalar products

((-])):HXH—=R:( >—>Zul|v,
i1 (6.69)
(])g:GxG—=R:(g,h) Z Z (Gij | hij) L2015

=1 jeJ(i

where u = (u;)ic;r and v = (v;);¢; are generic elements of H, and g = ((g45)jecr(i+) )icr
and h = ((hi;)jesq+) )icr are generic elements of G.

Theorem 6.16 Let (w1 )nen; - - - 5 (Umn)nen and ((gijn)jcai+))icr be the sequences genera-
ted by Algorithm 6.15. Then the following hold for some solution (uy, ..., u,) to (6.65)
and some solution ((g;;)jes(i+))icr to (6.66) such that (6.64) holds.

(i) Foreveryic I and j € J(i+), uipn — piyn — 0 and gijn — ¢ijn — 0.
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(ii) Foreveryi€ I and j € J(it+), Uin — Ui Din — Ui Gijin — Gijp AN Gijn — Gij-
(iii) Suppose that the function
H — |—00, +00] & (ui)ier = Z%(Uz) (6.70)
iel

satisfies the Kadec-Klee property on ‘H. Then, for every i € I, u;,, — u,; and p; , — ;.
(iv) Suppose that the function

g— ]—OO,+OO] : ((gw jeJ( H—) iel =7 Z Z 1/12] g2j (6.71)

i€l jeJ(i+)

satisfies the Kadec'-Klee property. Then, for every i € I and j € J(i+), gijn — Gy
and Qijn — yij'

Proof. For every i € I, the embedding H; — H'();) is continuous [27, p. 1033] and

therefore, for every j € J(i), T;: H'(Q;) — H' () and T;;: H; — L*(Y;;) are linear
bounded operators. Now define

ArH—G: (ui)ief — ((Tmuz — Tjiuj)jeJ(i+))i€I' (6.72)

Since the operators ((T;;);cs())icr are linear and bounded, A is linear and bounded and,
foreveryu € Hand g € G,

m—1
{{(Au | g)) Z Z Tijui — Tjivs | gij) p20v,,)

i=1 jeJ(i+)
m—1

= <Uz | T gzy> <uj | T;zgw>)
=1 jeJ(i+)
m—1

- < gz]> Z Z <u] | szgZJ>
i=1 jeJ(i+) J=2ieJ(j—)

- Z Wi wgij - Z nggﬂ> (6.73)
i=1 JGJ(H jEI(i-)

Thus,

A ((9)5e061) 10y = ( > Thgi— Y. szg],> : (6.74)
i€l

JEJ(i+) JEJ(i—)
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In addition, for every i € I, it follows from (6.28), (6.63), [27, Definition 25.31], and
(6.27) that, for every u € H; and g = (g;),ci) € Gi

(1] Q:0.8) = | (D DQi0.)
_ / (T,w) (v DQi(0,g)) dS
bdry ©;

= Z/ u)g; dS — Z/ u)g; dS

jeJ(i+) JeJ(i-)
= Z <TUU | gj>L2(TZ.j) - Z <Tz]u | gj)LQ(Tij)
jeJ(i+) JEJ(i-)
- < Z TZJ 9i — Z T 9]> (6.75)
JEJ(i+) JEJ(i—)

Hence, from (6.74) we have

(Vg € G) (Qi (0, (9ij)jesi+)s (gji)jEJ(if))), =A'g. (6.76)

el
Now set

b:H — ]—OO, +OO] . (Uz‘)iel —> Z()OZ(UZ)
(6.77)
v g — ]—OO,+OO] : ((gw ]EJ Z+ iel = Z Z @Z)zg gzg

=1 jeJ(i+)
Then, ® € T'y(H), ¥ € ['y(G), (6.64) yields (6.36), (6.65) is equ1va1ent to (6.37), and,

since ®: (ui)ier — Yooy 5 (wi) and W ((gi5)jes60))ier = Yoy Yjesa Ui(9i)s it
follows from (6.76) that (6.66) is equivalent to (6.38). Now let n E N and set

(’Um = (ug)ics (gn = ((gij n)jeJ(i-ﬁ-))ZE[\{m}
V= (Vim)ier = (i) sera) )ZGI\{m}
D, = (Din)icr = ((gijn)jes+) )ze[\{m}
Tn = (Tin)icr and = ((Swn JEJ(i+) )ze[\{m} (6.78)
= (a1in)icr ( A24jn) je I (i+) )zel\{m}
= (byin)ier ( b2ijn)jc(it) )ZGI\{m}
(Cln = (Clim)ier \CQ,n = ((CQU,H)JEJ(H))Z'eI\{m}'

We derive from (6.67), (6.72), and (6.76) that

=Py — Mn(A°Q, + a1,0)

=q, + Wm(Ap, + az,) (6.79)
rn = Uy, — Yn(A"g, +c1,)
=g, + %(Aun +con)-
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In addition, we deduce from (6.67), (6.31), (6.27), and (6.28) that

(Vi € I)(¥) € J(i+)) 4 Un = PO (tin) + i (6.80)
Gijn = Zijm — Yn PrOXy, 1 (Zijn/Vn) + baijn-

Hence it follows from [12, Lemma 2.9] and [7, Theorem 14.3] that

U, = Prox, (v,) + b1y (6.81)
g, = Prox, g- (zn) + bgm.

Therefore, (6.67) and (6.78) yield

Ppi1 =Pn = Unt Ty (6.82)
qn+1 = qn - zn _'_ Sn

and it follows from (6.81), (6.79), and (6.78), that (6.67) is equivalent to (6.39).
(1)—(ii) : These follow from Theorem 6.11 (1) &(ii).
(iii)—(iv) : These follow from (6.77) and Theorem 6.11 (iii) &(iv). O

6.2.5 Special cases

In this section we study applications of Algorithm 6.15 to domain decomposition
in some particular partial differential equations as the Poisson problem with Dirichlet
conditions, p-Laplacian, obstacle problem.

For ease of presentation, we state our results without incorporating errors in the
computations of the traces and of the subproblems (6.63). However, as seen in Theo-
rem 6.16, the algorithms tolerate errors.

The following result will be useful.

Proposition 6.17 Suppose that Assumption 6.12 holds, let v € ]0, +oc|, let f € L*(), let
1 € 1, let C; C 'H; be a nonempty closed convex set, and let

it Hi = ]—00,+00] : u— 1o, (u) + %/ | Du|? — / fu. (6.83)

Then the following hold.

1 gl
s Id (£,0,....0)). 6.8
Prox.,, CZ<1+7 +1+7Q(f0 O)) (6.84)
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(i) Suppose that C; = H; Then ¢; is Gdteaux—differentiable on H; Vi, =
Id—Q;(f,0,...,0), and

prox.,

e e +—Q (£,0,...,0). (6.85)

Proof. First note that the function
¢i:Hi—>R:un—>/ fu (6.86)
Q;

is linear. Moreover, it follows from Cauchy-Schwarz, Poincaré’s inequality [27, Appen-
dix (53¢)], and (6.28), that

(35 €10, +oo])(Vu € Hy)  [6i(w)] < | fllzzcaylullizay < 31 fllzzapllull. — (6.87)

Hence, the Riesz-Fréchet representation theorem asserts that there exists a unique v; €
‘H, such that

Vu e H;) ¢i(u) = /Q fu= /Q Dv;Du = (v; | u) . (6.88)

Thus it follows from [27, Proposition 25.28] and (6.63) that v; = Q;(f,0,...,0). Using
(6.28), we can therefore write (6.83) as

Oitu %Hu”2 —(Qi(f,0,...,0) | u) + tc; (u). (6.89)

(i) : We deduce from standard subdifferential calculus [7, Section 16.4] that
which yields, for every « and p in H,,

p=Dprox,, u < u—p€y0pi(p)

1 g
& 1+7u+1+ Qi(f,0,...,0) € p+ Neg,p
1 gl
& P + J(f,0,...,0) . 6.91
p=Fo (Tt Q000 691

(ii) : Since N¢, = {0} and P, = Id, the result follows from (i). [
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6.2.5.1 Poisson problem

Let f € L*(Q2) and consider the Poisson problem with Dirichlet conditions

{—Au: f, on (6.92)

u =0, on bdry €.

This problem admits a unique weak solution u € H}(€2), which can be obtained by sol-
ving the strongly convex minimization problem (see [14, Chapter IV.2.1] or [27, Chap-
ter 25.9])

minimize 1/ |Du|2—/fu. (6.93)
Q Q

uweHI(Q) 2

We are interested in solving this problem by decomposing the domain €2 in subdomains
satisfying Assumption 6.12 and imposing continuity conditions on the interfaces.

Problem 6.18 Let f € L*(9). Suppose that Assumption 6.12 holds and that, for every
i€ Iand j € J(i+), T;; and bdry 2 are of class C?. The problem is to

1
ini i - D ) 2 - g 6- 4
o Ginimize Zzl 2 /Q, | D \/S;z Ju (6.94)

(VieI) (Vi€ (i+)) Tijui=Tjiu;

First we show the equivalence between Problem 6.18 and (6.93).

Proposition 6.19 Problem 6.18 has a unique solution (u;);c;. Moreover;

ui(x), if Jiel) =€

(Taw)(x), if (Jiel) x€bdry (6.95)

H:Q—>R:xl—>{

is the unique solution to (6.93).

Proof. First note that it follows from Assumption 6.12(A2) that u defined in (6.95) is
well defined. Now since the objective function in (6.94) is strongly convex in H, there
exists a unique solution (%;);c; to Problem 6.18. Now, for every u € L*(f2), we deduce
from [2, Lemma 6.4.1] that

we H(Q) o (VieDVjeJi+) ulo, € H(Q)andT;(ulo,) = Tii(ulo,). (6.96)

The characterization (6.96) expresses the fact that the jumps of every u € H'(f2) across
the interfaces ((Yy;);jcs(i+))icr are zero. Correspondingly, by taking into account the Di-
richlet boundary condition [14, Section 2.1], we deduce from (6.96) that

weH(Q) o (VieD\VjeJi+) ulo, €H;and Ty(ulg,) = Tji(ulg,). (6.97)
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Now from (6.95) we obtain, for every i € I, ulg, = u; € H;, and, for every j € J(i+),
Ti(ulo,) = Tiyju; = Tu; = Tji(ula,). Hence, (6.97) yields u € H}(Q) and, for every
u € Hj(Q), the additive property of the integral yields (the sets (;);c; are disjoint, and
the Lebesgue measure of the interfaces is equal to zero)

s = [0 [ o= [
< Zf;%/ﬂ |D(u|Qi)I2—/Qif(U|Qi)

:%/ |Du|2—/fu, (6.98)
Q Q

which finishes the result. [

Now we propose our algorithm to solve Problem 6.18, which is a particular instance
of Algorithm 6.15 without considering errors.

Algorithm 6.20 For everyi € I, let pio € Hi, for every j € J(i+), let ¢;;0 € L*(Y4;), and

let f;; € 10, | Tyll[- Set 5 = (275" 32 5c iy 55)% let € €10,1/(8 + )], and let (7,)nen
be a sequence in [, (1 —¢)/5]. Iterate

Forn=0,1,...
For every i € [
Vi = Din — Tn (Qz’ (0, (gijm)jestis)s (jSm)jeJ(i—)))
For every j € J(i+)
| Gijn = Gijn + n(TiPim — TjiDjm)
For every i € I (6.99)
Tin = Win — Tn (Qi (0, (gz’j,n>j€J(i+)7 (gjz',n)jeJ(ze))>
Dint1 = Pin — Vin T Tipn
For every j € J(i+)

Sijmn = Jijmn T Tn (Tz’jui,n - Tjiuj,n)

Qijn+1 = Qijon — Gijn T Sijn-

Proposition 6.21 Let (u1,)nen,---, (Umn)nen be the sequences generated by Algo-
rithm 6.20. Then, for every i € I, u;,, = u; € H; and (u;);e; is the solution of Problem 6.18.

Proof. Upon setting

, O U > = / | Dug|* — / fu;
(Viel) (6.100)
(\V/j € J Z+)) 1/%; = o},
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Problem 6.18 appears as a particular case of Problem 6.14. Indeed, for every i € I,
i H; — R is a continuous convex function and hence ¢; € ['((H;) while, for every
J € J(i+), iy = oy € To(L2 (L))

Let us verify that condition (6.64) holds. Let (u;);c; € H be the solution to Pro-
blem 6.18 guaranteed by Proposition 6.19 and let w € H}(Q2) be as in (6.95). Since
¥ij = L0y, we have 9¢;;(0) = L*(Y;;), and hence the second condition in (6.64) is au-
tomatically verified. Since bdry Q and ((T;);e(+))icr are of class €* we have from [16,
Theorem 2.2.2.3] that u € H*(Q2) and, for every i € I and j € J(i) we deduce from [16,
Theorem 1.5.1.2] that the normal derivatives v;' Du; and v Du; belong to L*(T;;). Thus
the Euler equation associated with (6.94) yields [2, Theorem 6.4.1]

_Aﬂl = f7 on QZ)
u; =0, Tii;

ien {497 - on o (6.101)
Tij U; = Tjiuj, on Tij) for every j € J(l),

v, Du; = —vj Du;, on Ty, forevery j € J(i),
which yields from (6.63) that, for every i € I,
u; = Qi(f, (—v] D) jesiv), (v DUj)jesiio))- (6.102)

Let us stress that, because of the regularity u € H?((Q2), the transmission conditions
satisfied by u can be expressed as equalities in the spaces L?(Y;;), which fits in our
abstract framework (indeed for all j € J(i) the normal derivative v, Du; belongs to the
fractional space H'/ 2(T;)). Now let us show that the first condition in (6.64) holds with

(Vi € I)(Vj € J(i+)) §;; =v, Du; € L*(Ty). (6.103)
Since, for every i € [ and j € J(i+), v, Du; = —I/TDEj, we have

Ui = Qz (f, (_V;Dﬂj)jeJ(H) (V Du])]EJ ) Qz(f ( gij)je](iJr)u <_§jz’)jeJ(z‘—)) (6.104)
and hence, from Lemma 6.17(ii) and the linearity of ();, we obtain

Vi(u;) = u; — Qi(f,0,...,0)
= Qi(fa (_gij)jEJ(iJr)’ <_§ji>j€J(i*)) - Qi(fa 0,..., 0)
= Qi (O (_gij>j6J(i+) (_g“)jeJ(‘ ))
= _Qz’( (gz])jEJ i+)s (gjz>]€J ) (6.105)
which is the first condition in (6.64).

On the other hand, it follows from (6.67) and (6.100) that, for every i € [ and
Jj € J(i+), ¢ijn = Zijn in Algorithm 6.15. Hence, we deduce from Lemma 6.17(ii) that
Algorithm 6.20 is a particular case of Algorithm 6.15 when (¢;)icr and ((¥5)je(it))ier
are defined by (6.100), and errors are zero. On the other hand, since the functions
(¢i)ier defined in (6.100) are strongly convex, so is (z;)ic;r — Y _,;c; wi(w;). Hence, it
is uniformly convex and it follows from Lemma 6.10 that it satisfies the Kadec’—Klee
property. Altogether, the result follows from Theorem 6.16(iii). [
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Remark 6.22

(i) The requirement that the dual variables g,; = v/ Du; belong to L*(T;;) can be
interpreted as a regularity property for the solution u of the primal Problem 6.65.
This property is satisfied if uw € H?*({2), which, by classical regularity results for
elliptic equations, is verified if bdry 2 and T;; are C? regular.

(ii) The preceding analysis can be conducted similarly in the case of the linear elasticity
system. One needs to use Korn’s inequality (instead of Poincaré’s inequality). A key
ingredient (and possible limitation) of our approach is the H? regularity property
of the solution of the problem in the case of the linear elasticity system (see [5]
and references therein).

(iii) Note that the ADMM is more complicated than our algorithm. Indeed in ADMM it
is necessary to solve a linear system which involves several solutions of EDP’s.

6.2.5.2 p-Laplacian

Since long it has been noticed that using convex real-extended lower semiconti-
nuous functionals on Hilbert spaces, and the corresponding subdifferential calculus, al-
lows us to study semi-linear or quasi-linear monotone problems [3, 9, 26]. We will follow
a similar approach in applying our variational decomposition method to the p-Laplacian
operator A,.

Letp € |1, +oo, let f € L>(Q2), and consider the partial differential equation gover-
ned by the p-Laplacian operator with Dirichlet boundary conditions

T p—2 — .
{ div (|Du[P=2Du) = f, on (6.106)

u =0, on bdry ().

Note that, when p = 2 (6.106) reduces to (6.92).

This problem admits a unique weak solution @ € W,”(£2), which can be obtained
by solving the strictly convex minimization problem [14, Section IV.2.2]

1
minimize —/ |Du|p—/fu. (6.107)
Q Q

ueWyP(Q) P

We are interested to solve this problem by decomposing the domain 2 in subdo-
mains satisfying Assumption 6.12 and considering continuity conditions on the inter-
faces. More precisely, we are interested in the following problem.

Problem 6.23 Let p € |1, 4o00] and let f € L>(2). Suppose that Assumption 6.12 holds
and that bdry Q and (Y;); jes are of class C2. Moreover, denote by

(Viel) Ef={ueW"() | Tiu=0onY;}. (6.108)
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The problem is to

1
minimize Z; \Dui|p—/ fu. (6.109)

wi€EY . um€EY,

Before the presentation of our algorithm, we first show the equivalence between
Problem 6.23 and (6.107).

Proposition 6.24 Problem 6.23 has a unique solution (u;);c;. Moreover, the function u
defined in (6.95) is the unique solution to (6.107).

Proof. Since the objective function in (6.109) is strictly convex and coercive in E? x - - - x
EP , there exists a unique solution (%, );c; to Problem 6.23. Now arguing similarly to [2,
Lemma 6.4.1], we deduce that, for every u € L?(Q),

ue WH(Q) &  (Vie)(Vje J(it)) ulg, € W'P() and Ty (ulg,) = Tji(ulg,),
(6.110)
and by taking into account the Dirichlet boundary condition [14, Section 2.1] we deduce

The proof is hence analogous to the proof of Proposition 6.19. [J

Now we propose our algorithm to solve Problem 6.106, which is a particular ins-
tance of Algorithm 6.15 without considering errors.

Algorithm 6.25 For every i € I, let p;o € H,;, for every j € J(i+), let ¢;;0 € L*(Ty;), and
let 5;; € 10, Tyll[- Set 5 = (7" 3o je sy B7)'% let € €10,1/(8 + 1)], and let (7,)nen
be a sequence in [, (1 — ¢)//3]. Iterate

Forn=0,1,...
For every i € [

Vin = Pin — Tn (Qz (07 (Qij,n)jEJ(i+)7 (qji,n)jEJ(i—)))

1 1
Uy = argminw € H; N Ef7n<—/ |Dw|P — / fw) + —/ ‘Dw — Dv; 2
For every j € J(i+)
L Gijn = Qijn + Y (Tijpin — Tjiljn)
For every ¢ € 1
Tin = Win — Tn (Qi (07 (gij,n)jGJ(iJr)a (gjz‘,n)jeJ(ze)))
Pin+1 = Pin — Vin + Tin
For every j € J(i+)
Sijmn = Gijyn T Tn (Tijui,n - Tjiuj,n)
Qijn+1 = Qijon — Gijn T Sijn-

(6.112)
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Proposition 6.26 Let (u1,)nen,---, (Umn)nen be the sequences generated by Algo-
rithm 6.25. Then, for every i € I, u;,, — w; in W'P(;) and (u;);e; is the solution to
Problem 6.23.

Proof. We consider two cases.

(a) p > 2 : Since Q is bounded, we have W'?(Q) c H'(Q) and hence it follows
from (6.108) that E? C H;. Thus, let us note that Problem 6.23 is a particular case of
Problem 6.14 when

1

—/ |Duz~|p—/ fu;, if u; € EY;
vie I it H; = |—00,+00] : u;— < D Jo, O
(Viel) +o0, otherwise

(Vi € J(i+)) iy = t{0y-
(6.113)

It is clear that the functions ((v;)jcsi+))ic are proper, lower semicontinuous, and
convex. Since the convexity of functions (i;);c; is clear, let us show that they are lower
semicontinuous. Indeed, fix i € I, take A € R, and let (u,),cn be a sequence in #,; such
that, for every n € N, ¢;(u,) < A and such that u,, — u € H,;, where the convergence is
in H;. From [2, Theorem 5.4.3] we deduce that the norm in W'?(;) and

1/p
" (/ |Du|p) — IDull e 6.114)
Q;

are equivalent in E?, which yields the coercivity of ¢; in E?. Therefore, (u,,),cn is boun-
ded in E? and hence weakly converges to u in E?. Moreover, the functional ¢; is convex
and continuous on E?, and hence weakly lower semicontinuous, which yields

@;(u) < lm ;(u,) < A (6.115)

Let us show that condition (6.64) holds. Let (u;);c; € # be the solution to Pro-
blem 6.23, and letw € H;j(2) be as in (6.95). Since v;; = ¢{0}, we have 9v;;(0) = L*(T;;),
and hence the second condition in (6.64) is automatically verified. We now invoke the
regularity properties for the solution to the p-Laplacian equation (see [8, 18, 24] for
a recent account). Note that, by contrast with the case p = 2, the degeneracy of the
elliptic operator —A,, for p > 2 makes the regularity study more involved. In [8] the
global H?(Q2) regularity is obtained for the regularized operator —eA — A, (e > 0). As
a general property, for smooth data, the local regularity C>*(Q) holds (o > 0). In order
to avoid entering into too technical developments, we assume that the global regula-
rity u € CH*(Q2) holds, so that we can consider the normal derivative v;"| Dw,|P~2Du;
belonging to L*(T;;) for alli,j € I.
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Thus the Euler equation associated with Problem 6.23 yields

—div (|Dﬂz|p_2DﬂZ) = f, on QZ,
u; =0, Tii;

(ien) {00 o N
ng U; = Tﬂu], on ng; for every ) € J('l),
| Du;|P~?v; Du; = —|Du,|P~*v] Du;, on Yy, for every j e J(i).

(6.116)

Now, for every i € I, let us compute an element v; € dy;(u;). By a classical direc-
tional derivation argument (see [2, Theorem 6.6.1] for a detailed demonstration) we
obtain

(Vu € H;) / (|Dw;|P~2Dw; — Dv;) " Du = / fu, (6.117)

from which we deduce that v; satisfies the boundary value problem

—AUZ' = —f —div (|Dﬂl|p72Dﬂz) , on QZ,
v = O, on T”, (6118)
VZ-TD’Ui = V;|Dﬂi‘p_2DﬂZ’7 on ng; for every j € J(’l)

Owing to (6.116), we thus have

AUZ‘ =0, on sz
v, = O, on T“, (6119)
VZ-TD’Ui = V;|Dﬂi‘p_2DﬂZ’7 on Tz_]; for every j € J(’l)

Let us now use the regularity property of v," | Du;|P~2Du; € L*(Y;;), and take precisely
v = (v;)1<i<m defined by (6.119). We have v; € dy;(u;) and

—Qi (0, (gij)jesi+) (gi)iesiny) € Oi(Twy), (6.120)
where g;; = v;' | Du;[P~2Du; on T,;. Hence condition (6.64) holds.

On the other hand, it follows from (6.67) and (6.113) that, for every i € I and
J € J(i+), ¢ijn = zijn in Algorithm 6.15. Hence, since H; N EY = E?, we deduce from
Lemma 6.17(ii) that Algorithm 6.25 is a particular case of Algorithm 6.15 when (¢;);cs
and ((vij)jesi+))icr are defined by (6.113), and errors are zero. Therefore, it follows
from Theorem 6.16(i) that, for some solution (%;);c; to Problem 6.23 and for every
i €1, u;, — u in H,;. Hence, since, for every i € I, the operator u fQ fu is linear
and bounded, we obtain

(Viel) /fuz;n—>/ [t (6.121)
Q; Q;
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Since, for every i € I, the norm of W?((;) is equivalent to the norm defined in (6.114)
in E?, we deduce from (6.55), (6.113), and (6.121) that

Z”uzn”wlp - Z”ulelp(Q) (6.122)

Thus, since, for every i € I, the sequence (u; ),y is bounded in W'?(€;) and u;,, — ;
in H;, we have that a subsequence of (u;,),en converges weakly to u; in W'?(€);), and
hence, by proceeding similarly, we obtain u;,, — u; in W?(£2;). Therefore, we deduce
from (6.122) and [2, Proposition 2.4.10] that, for every i € I, u;,, — u; in W'?(Q;).

(b) 1 < p < 2 : In this case, for every i € I, H; C W1?(Q;), with continuous embed-
ding. Let us assume that the solution u of problem (6.107) belongs to H}(f2) (indeed we
shall further state regularity properties of @ which make this property satisfied). Com-
bining this property with the density of H}(€) in W,"*(Q2) (for the norm topology of
W, (Q)), the variational problem (6.107) equivalently writes

mlnlmlze — / | Dul|P — / fu. (6.123)
weHL(Q
By the same argument used in Proposition 6.19, this is equivalent to solve
o »
e, 30 [ our = [ . (6129
(Viel)(VieJ(i+)) Tijui=T jiu;

Thus we are led to set
1
Viel) @i Hi — R:u;— —/ | Du|P —/ fus, (6.125)
P Jq, Q;

which is continuous on #,.

The proof is identical to the case p > 2. Just notice that when p < 2, the p-Laplacian
becomes a singular elliptic operator. The global regularity of the solution @ to problem
(6.107), with a globally continuous gradient, is a well established property [8, 19]. [
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Chapitre 7

Construction d’équilibres de Nash de
jeux sans potentiel

7.1 Description et résultats principaux

Nous considérons un jeu a m > 2 joueurs indexés par i € {1,...,m}. La stratégie
x; du joueur i appartient a I'espace hilbertien #; et le probléme est de trouver z; €
Hi, ..., Tm € H,y tels que, pour tout i € {1,...,m},

x; € Argmin f(xq,. .., T 1,2, i1, Tm) + G (T1, -, i1, Ty Tig1y e oy Ty), (7.1)
TEH,;
ou, pour tout ¢ € {1,...,m}, g, représente la pénalité individuelle du joueur i, qui

dépend des stratégies de tous les joueurs, et f est une pénalité convexe qui est commune
A tous les joueurs et modele le malaise collectif du groupe. A ce niveau de généralité,
auncune méthode fiable existe pour résoudre (7.1) et alors certaines hypotheses sont
nécessaires. Dans ce chapitre nous abordons le probléme suivant.

Probleme 7.1 Soit m > 2 un entier et soit f: H; @ -+ O H,, — |—00, +00| une fonction

propre, semi-continue inférieurement et convexe. Pour tout: € {1,...,m}, soitg,: H, ®
<o ® Hpy — |—o00, +00] telle que, pour tout (zq,...,2,) € Hi & --- B H,,, la fonction
x = g,(x1,..., T 1,%,Tiy1,-..,Ty) est convexe et différentiable sur #,;, et notons par
Vig;(x1,...,x,) sa dérivée en z;. De plus, supposons que

(V(xl,...,xm)67—[1@---@7{m)(‘v’(y1,...,ym)G'Hl@---@'Hm)

Y (Vigiwr, o wm) = Vigi(yn, - ym) [z — i) > 0. (7.2)

i=1
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Le probleme est de trouver z; € Hy,. ..,z € H,, tels que

x1€Argmin f(x,zo,...,2n0) +gy(T, 2o, . .., Ty)

TEH1
(7.3)
Tm €Argmin f(z1,...,Zm1,2)+ g, (21, .., i1, T).
:EEHm
Dans le cas particulier ou, pour tout i € {1,...,m}, g, = g, ou g est convexe, (7.3)

se réduit a trouver des équilibres de Nash d’un jeu de potentiel, i.e., un jeu ou la pénalité
de chaque joueur peut étre représentée par une fonction de potentiel commune f + g
[13]. Alors, un équilibre de Nash peut étre trouvé par la résolution du probléme

minimiser  f(x1,...,Tn) + gz, ..., ). (7.4)

Par conséquence, le probléme est réduit a la minimisation de la somme de deux fonctions
convexes sur I'espace hilbertien H; @ --- @ H,, et plusieurs méthodes sont disponibles
pour I'aborder sous certaines hypotheses (voir [5, Chapter 27]). Dans ce chapitre nous
nous consacrons au probleme sans potentiel, ou les fonctions (g, )1<;<,», ne sont pas iden-
tiques ni convexes, mais elles doivent satisfaire la condition (7.2). Notons que, pour tout
i€{l,...,m}, (7.2) implique la convexité de g, par rapport a la i-€éme variable.

Notre approche consiste a résoudre I'inclusion monotone

trouver w1 € Hy,...,z, € H,, tels que
(0,...,0) € A(xy,...,2m) + B(xy,...,2y), (7.5)

ou
A= 8]" and B: (xi)lgigm — (VZ gi(ﬂfl, ... 7xm))1§i§m- (76)

Notons que, la monotonie de A est une conséquence de f € I'o(H; @ --- ® H,,) et la
monotonie de B est obtenue de (7.2). Nous montrons que toute solution de (7.5) est
une solution du Probléme 7.1, et ensuite nous appliquons deux méthodes pour résoudre
(7.5) sous diverses hypotheses sur B. Les résultats de convergence sont les suivants.

Théoreme 7.2 Dans le Probléme 7.1, supposons qu’il existe (21, ..., z,) € H tel que

—(Vig1(z1, - Zm)s - Vi G (21, 2m) € 0F (21,5 2m) (7.7)

et x €10, +oo[ tel que
(V(ZL’l, s 7xm) € %)(\V/(yl, s 7ym) S %)

S IVigias, - xm) = Vigi(un -y P <X s — will®. (7.8)
i=1

i=1
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De plus, soit € € ]0,1/(x+ 1)[, soit (7V,)nen une suite dans [e,(1 —¢)/x], pour tout
ie{l,...,m}, soit x;o € H; et soit (a;n)nen, (Din)nen et (Cin)nen des suites absolument
sommables dans H,;. Des suites (1 ,)nens - - - (Tmn)nen € (P1n)neNs - - -5 (Pmn)nen SONt gé-
nérées comme suit.

Pour :+=1,...,m
Lyi,n =Tin — ’Yn(vz gi(xl,na s 7xm,n) + ai,n)
(pl,na cee 7pm,n) - prOXfynf(yl,na cee 7ym,n) + (bl,na ) bm,n)
(¥n €N) Pour i=1,...,m (7.9

Qi,n = pi,n - 7n(vz gi<p1,n7 s 7pm,n) + Ci,n)
Tint1 = Tim — Yin T Qin-

Alors nous avons les résultats suivants pour quelque solution (%1, . .., T,,) du Probléme 7.1.

(D) Pourtoutie {1,....,m}, 3 cn |Tin — pinll® < +o0 et 3, 1Uin — @inll* < +o0.

(ii) Pour touti € {1,...,m}, x;,, — T; et p;,, — T;.
Théoréme 7.3 Dans le Probléme 7.1, supposons qu'il existe (z1, ..., zy) € H tel que
—(Vig1(21, - Zm)s - Vi Gm(21, - 2m)) € 0F (21, 2m) (7.10)

et x €0, +o0 tel que

(V(z1,. .y om) € H)(Y(Y1, - Ym) € H)

Z vyz fL‘l,...,[L‘m) _Vlgz(ylaaym) | xl_yl>
=1
ZHV gz, x) = Vigi(ys, -y | (7.11)
=1

De plus, soit ¢ € ]0,2/(x + 1)[, soit (Vn)nen Une suite dans [e, (2 — €)/x], pour tout i €
{1,...,m}, soit z; o € H;, s0it (a;,)nen €t (bin)nen des suites absolument sommables dans
H,;, et soit (x,)nen la suite générée comme suit.

Pour :+=1,...,m
(vn € N) Lyz,n =Tin — ’Yn(vz gi(xl,na cee 7xm,n) + ai,n)
(T1mt1s -+ Trgngt) = PrOX, ¢ (Yrms - - s Ymn) + (Oins - - -, Do)
(7.12)
Alors nous avons les résultats suivants pour quelque solution (%1, . .., T,,) du Probléme 7.1.
(i) Pour touti € {1,...,m}, x;, — T
(ii) Pourtouti € {1,....,m}, Vig;,(@1n, ... Tmn) = Vig;(@T1,....Tp).
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Notons que les conditions (7.8) et (7.11) sont équivalentes au caractere Y-
lipschizian et la y~!-cocercivité de B, respectivement. Vu que tout opérateur cocoer-
cif est monotone et lipschitzien, le Théoréme 7.2 permet de résoudre une classe plus
grande des problemes que le Théoreme 7.3. Par contre, a chaque itération la méthode
(7.9) calcule une étape explicite supplémentaire par rapport a (7.12) et la suite (7, )nen
est restreinte a l'intervalle |0, 1/x[ C ]0,2/x].

Ensuite, nous appliquons les algorithmes précédents aux fonctions selles et jeux
a somme nulle, aux équilibres de Nash généralisés et aux problémes de proximation
cyclique. Nous présentons ci-dessous les formulations des problemes, les algorithmes et
les résultats de convergence principaux.

Example 7.4 Fixons x € ]0,+oo[. Soit f € I'y(H, & Hs) et soit L: H; & Hs — R une
fonction différentiable avec un gradient y-lipschitzian telle que, pour tout z; € H,
L(z,-) est concave et, pour tout o € Ho, L(-,x2) est convexe. Le probleme est de
trouver x; € H; et x5 € H, tels que

x1 € Argmin f(z,z5) + L(x, x2)

veH (7.13)
xo € Argmin f(z1,2) — L(xy, x).
T€EH2

Proposition 7.5 Dans UExample 7.4, supposons qu’il existe (z1, zo) € H1 @ H, tel que
(—Vl E(Zl,ZQ),VQ £(21,22)) c 8f(21,22). (714)

De plus, soit ¢ € |0,1/(x + 1)], soit (z10,220) € Hi B Ha, soient (a1 ,)nen, (b1.n)nen et
(¢1.m)nen des suites absolument sommables dans H,, soient (as.n)nen, (D21 )nen €t (C2n)nen
des suites absolument sommables dans H,, soit (V,)nen une suite dans [e, (1 —¢)/x], et
soient (1, )nens (T2.1)nens (P1,n)nen €t (Pan)nen des suites générées comme suit.

Y1 = T1n — Yo(V1 L(21,0, Ton) + 1)

Yo = Tam + YoV L(T10, T2n) + a2.1)

(pl,napZ,n) = prox%f(ym, y27n) + (bLm bln)

(Vn € N) G =D1n — YoV L(P10s DP2n) + C10) (7.15)
Qo = D2 + Tn(Vo L(D1,, P2n) + Con)

Tintl = Tipn — Yin T G

Tont1 = Lo — Yon + Q2

Alors nous avons les résultats suivants pour une solution (T, T,) de UExample 7.4.

(i) ZnEN ||x17n - p17n||2 < +OO, ZTZEN ||(E27n _ p27n||2 < +OO, ZneN ||y17n . q17n||2 < +OO
et ZnEN | y2,n — qlnHQ < +o00.

(1) 21, — Z1, T2, — T2, P1n — T1, €L P2, — To.
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Example 7.6 Soit C C ‘H un ensemble non vide, fermé et convexe et, pour tout i €
{1,...,m}, soit g,: H — ]—o0,+oc| une fonction différentiable par rapport a I'i-éme
variable. Supposons que

(V(z1, ... zm) € H)(V(y1,- . ym) € H)

S (Vigi@r ) = Vg, s y) |7 —y) 2 0 (7.16)
i=1
et posons
Qi (z2,...,xp) ={z €M | (x,20,...,2) € C}
(\V/(l‘i)lgigm € H) (7.17)
Q. (w1, Tpm) = {37 €Hp | (21,...,2p_1,7) € C}-
Le probleme est de trouver z; € Hy, ...,z € H,, tels que
r1 € Argmin g (z,z2,..., %)
336(21(1'2 7777 :Bm)
(7.18)
T € Argmin G (1, Tp1, ).
Z‘EQm($1 ..... xmfl)
Proposition 7.7 Dans UExample 7.6, supposons qu’il existe (z1, ..., zy) € H tel que
—(V1 9121, Zm)s s Vi @ (21, - - - zm)) € No(z1,- -+, Zm) (7.19)
et x €0, +o0 tel que
V@1, am) € H)(V(y1s - ym) € H)
D IVigi@s, o wm) = Vigi(yn, ) I < X2 Nl — will*. (7.20)
i=1 i=1

De plus, soit € € ]0,1/(x + 1)[, pour tout i € {1,...,m}, soit x;o € H,;, soient (a;)nen
(bin)nen et (Cin)nen des suites absolument sommables dans H,;, soit (V,)nen Une suite dans

[e, (1 —¢)/x] et soient (z1.,)nen, - - - » (Tmn)nen € (D1.n)neNs - - - s (Dmn)nen des suites générées
comme suit.
Pour 1 =1,...,m
Lyi,n =Tin — fYn(vl gi('rl,na cee 7xm,n> + ai,n)
(pl,na s 7pm,n) - PC(yl,na cee aym,n) + (bl,na R bm,n)
(€N | pour i—1,....m (7.21)
Qin = Din — 7n(vz gz'<p1,n7 cee 7pm,n) + Ci,n)
Tint1l = Tin — Yin + Qin-

Alors nous avons les résultats suivants pour quelque solution (z, . .., T,,) de UExample 7.6.
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() Pourtouti e {1,...,m}, > yllZin— Pinll* < oo et Y nen | ¥in — Ginl|? < +o0.
(ii) Pour touti € {1,...,m}, x;p, — T; et Py — Ty

Example 7.8 Soit G un espace hilbertien réel, soit f € I'((H) et, pour tout i €
{1,...,m}, soit L;: H; — G un opérateur linéaire et borné. Le probléme est de trou-
ver r1 € Hi,...,x, € H,, tels que

( 1
T € Argmin f(xwr% s 7xm) + §HL1'I - L2x2H2

€M1
1
Ty € Argmin f(zy,7,...,2,) + = ||Lox — Laas|?
2€H> 2 (7.22)
: 1 2
Ty € Argmin f(xy,..., Tpmo1,2) + = || Lz — Lizq||”.
\ zEHm 2
Proposition 7.9 Dans UExample 7.8, supposons qu’il existe (z1, ..., z,) € H tel que
(Li(Laze — Li21), ..., L (Liz1 — Lipzm)) € 0F (21, .-, 2m). (7.23)
Posons x = 2maxi<i<m ||Lil|% soit e € 10,2/(x+ 1), soit (yn)nen une suite dans

[e,(2 — €)/x], pour tout i € {1,...,m}, soit x;g € H,;, soient (a;,)nen €t (bin)nen des
suites absolument sommables dans H,;, et soit (x,,),en Une suite générée comme suit.

Pour :1=1,...,m
(Vn € N) | Yim = Tin — Yol Li (Li%iy — Lis1ZTiz1,0) + Qi)
(T1nt1s - s Tmnt1) = PPOX, ¢ (Y1, Ymon) + By - brn)

(7.24)

Alors nous avons les résultats suivants pour quelque solution (1, . .., Z,,) de UExample 7.8.
(1) Pour touti e {1,...,m}, z;, — T;.
(11) Pour tout 1 € {1, e ,m}, L;k (Lz<xz,n — Ez) — LZ'Jrl(SL’Z'Jan — TiJrl)) — 0.
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7.2 Article en anglais

MONOTONE OPERATOR METHODS FOR NASH EQUILIBRIA IN
NON-POTENTIAL GAMES'

Abstract : We observe that a significant class of Nash equilibrium problems in non-
potential games can be associated with monotone inclusion problems. We propose split-
ting techniques to solve such problems and establish their convergence. Applications
to generalized Nash equilibria, zero-sum games, and cyclic proximation problems are
demonstrated.

7.2.1 Problem statement

Consider a game with m > 2 players indexed by i € {1,..., m}. The strategy z; of
the ith player lies in a real Hilbert space H; and the problem is to find =y € H1,..., 2, €
‘H,, such that

(Vie{1,...,m})
x; € Argmin f(x1, ..., T 1,2, Tix1, - Tm) + G (T1, -0, Tl 1, T T, - oy Tn),
TEH,;

(7.25)

where (g;)1<i<m represents the individual penalty of player i depending on the strategies
of all players and f is a convex penalty which is common to all players and models the
collective discomfort of the group. At this level of generality, no reliable method exists
for solving (7.25) and some hypotheses are required. In this paper we focus on the
following setting.

Problem 7.10 Let m > 2 be an integer and let f: H; & --- & H,, — |—00,+00] be a

proper lower semicontinuous convex function. For every i € {1,...,m}, let g,: H; ®
- ®H,, = |—00,+00] be such that, for every (z1,...,2,,) € H1P---®H,,, the function
r v~ g;(T1,...,21,T,Tiy1,...,%,) is convex and differentiable on H;, and denote by
Vig,(x1,...,x,) its derivative at x;. Moreover,

(V(azl,...,xm)€H1€B~-~€BHm)(V(y1,...,ym)€H1€B~-~€BHm)

(2

(Vigi(x1,. .., 2m) = Vig:(y1s - Ym) | i —ys) > 0. (7.26)
-1

1. L. M. Bricefio-Arias and P. L. Combettes, Monotone operator methods for Nash equilibria in non-
potential games, Computational and Analytical Mathematics, soumis.
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The problem is to find x; € H4,...,x,, € H,, such that

1 € Argmin  f(x, 29, ..., 2mn) + g,(z, 29, ..., T)

TEH1
(7.27)
Ty € Argmin f(zq,..., Ty 1,2) + g, (T1, .., Tppo1, T).
TEHm
In the special case when, for every i € {1,...,m}, g, = g, Problem 7.10 amounts

to finding a Nash equilibrium of a potential game, i.e., a game in which the penalty of
player i can be represented by a common potential f + g [13]. Hence, Nash equilibria
can be found by solving

minimize  f(z1,...,2n) + g(x1, ..., Tpm). (7.28)

21€EHL, ., Tm EHm

Thus, the problem reduces to the minimization of the sum of two convex functions on
the Hilbert space H; @ --- & H,, and various methods are available to tackle it under
suitable assumptions (see for instance [5, Chapter 27]). In this paper we address the
more challenging non-potential setting, in which the functions (g,)1<i<,» need not be
identical nor convex, but they must satisfy (7.26). Let us note that (7.26) actually implies
the convexity of g, with respect to its ith variable.

Our methodology consists in using monotone operator splitting techniques for sol-
ving an auxiliary monotone inclusion, the solutions of which are Nash equilibria of Pro-
blem 7.10. In Section 7.2.2 we review the notation and background material needed
subsequently. In Section 7.2.3 we introduce the auxiliary monotone inclusion problem
and provide conditions ensuring the existence of solutions to the auxiliary problem. We
also propose two methods for solving Problem 7.10 and establish their convergence.
Finally, in Section 7.2.4 the proposed methods are applied to the construction of gene-
ralized Nash equilibria, to zero-sum games, and to cyclic proximation problems.

7.2.2 Notation and background

Throughout this paper, H, G, and (;)1<i<., are real Hilbert spaces. For convenience,
their scalar products are all denoted by (- | -) and the associated norms by || - ||. Let
A: H — 2™ be a set-valued operator. The domain of A is dom A = {;1: EH | Az # O },
the set of zeros of A is zerA = {z €M | 0€ Az}, the graph of A is grd4 =
{(z,u) e HxH | u€ Az}, the range of AisranA = {ueH | (3z € H)u € Ax},
the inverse of A is the set-valued operator A™': H — 2": u+— {x € H | u € Az}, and
the resolvent of A is J4 = (Id +A)~!. In addition, A is monotone if

(V(z,y) € H x H)(V(u,v) € Ax x Ay) {(x—y|u—v) >0 (7.29)
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and it is maximally monotone if, furthermore, every monotone operator B: H — 27
such that gr A C gr B coincides with A.

We denote by I'y(?) the class of lower semicontinuous convex functions ¢: ‘H —
]—o0, 4+00] which are proper in the sense that dom ¢ = {z € H | ¢p(z) < +oo} # @. Let
¢ € T'o(H). The proximity operator of ¢ is

) 1
prox,: H — H: z — arygergl{m o(y) + §||x — 2 (7.30)

and the subdifferential of ¢ is the maximally monotone operator

dp:H =2z {ueH | (VyeH) (y—a|u)+o(x) <oy} (7.31)
We have
Argmin ¢(r) =zerdp and prox, = Ja,. (7.32)
€M

Let 8 € |0, +oc[. An operator T: H — H is $-cocoercive (or ST is firmly nonexpansive)
if

Ve e H)(Vy e H) (zv—y|Tx—Ty) > B|Tx — Tyl? (7.33)

which implies that it is monotone and 3~!-Lipschitzian. Let C' be a nonempty convex
subset of H. The indicator function of C' is

0 if xeC;
:H — ]—o0, cx ) ’ 7.34
e o0, ool - {+oo, if v¢C ( )
and 0vc = N¢ is the normal cone operator of (), i.e.,
— < ; .
No H o 2% s {{ueH [ (WyeC) (y—wlu) <0}, ifreC; 7.35)
a, otherwise.

If C'is closed, for every x € H, there exists a unique point Poz € C such that ||z— Pox|| =
infyco ||v — y||; Pox is called the projection of x onto C' and we have Fc = prox, . In
addition, the symbols — and — denote respectively weak and strong convergence. For
a detailed account of the tools described above, see [5].

7.2.3 Model, algorithms, and convergence

We investigate an auxiliary monotone inclusion problem the solutions of which are
Nash equilibria of Problem 7.10 and propose two splitting methods to solve it. Both
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involve the proximity operator prox;, which can be computed explicitly in several ins-
tances [5, 7]. We henceforth denote by # the direct sum of the Hilbert spaces (#;)1<i<m.,
i.e., the product space H; x --- x H,, equipped with the scalar product

(G0 ((@i)i<icm, Wi<icm) — Z (w5 | vi) - (7.36)

=1

We denote the associated norm by ||| - |||, a generic element of H by « = (z;)1<i<m, and
the identity operator on A by Id.

7.2.3.1 A monotone inclusion model

With the notation and hypotheses of Problem 7.10, let us set
A=0f and B:H > H:xz— (Vigi(x),...,Ving,()). (7.37)
We consider the inclusion problem
find « € zer(A + B). (7.38)

Since f € I'o(H), A is maximally monotone. On the other hand, it follows from (7.26)
that B is monotone. The following result establishes a connection between the mono-
tone inclusion problem (7.38) and Problem 7.10.

Proposition 7.11 Using the notation and hypotheses of Problem 7.10, let A and B be as
in (7.37). Then every point in zer(A + B) is a solution to Problem 7.10.

Proof. Suppose that zer(A+ B) # @ and let (x4, ..., x,,) € H. Then [5, Proposition 16.6]
asserts that

Azy, .o xm) CO(F (2o, m)) (@) X - x O(F(21, . T, ) (@), (7.39)

Hence, since dom g, (-, za,...,2pn) = Hi, ..., domg, (T1,...,Tm_1,*) = Hmnm, We derive
from (7.37), (7.32), and [5, Corollary 16.38(iii)] that

(x1,...,2p) €Ezer(A+B) < —B(xy,...,0,) € A(T1,..., %)
—V1 gy (21, .. xm) € O(F (20, ... 2)) (71)

Vi G (@1, 2m) € O(F(@1, ..o, o1, ) ()
< (xq,...,7,) solves Problem 7.10, (7.40)

which yields the result. [
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Proposition 7.11 asserts that we can solve Problem 7.10 by solving (7.38), provided
the latter has solutions. The following result provides instances in which this property is
satisfied. First, we need the following definitions (see [5, Chapters 21-24]).

Let A: H — 2" be monotone. Then A is 3* monotone if dom A x ran A C dom F,
where

Fa: HXH—]—00,4+00]: (z,u) = (x|u)— inf (x—y|u—0v). (7.41)
(y,v)€gr A

On the other hand, A is uniformly monotone if there exists an increasing function
¢: [0, +00[ — [0,400c] vanishing only at 0 such that

(V(z,y) € H x H)(V(u,v) € Az x Ay) (z—y|u—v)>o(|z—y|). (7.42)

A function ¢ € I'g(H) is uniformly convex if there exists an increasing function
¢: [0, +00[ — [0,400] vanishing only at 0 such that

(V(z,y) € dom ¢ x dom ¢)(Va € ]0,1[)
plar + (1 —a)y) +a(l —a)o([|z — yl)) < ap(z) + (1 — a)p(y). (7.43)
The function ¢ in (7.42) and (7.43) is called the modulus of uniform monotonicity and

of uniform convexity, respectively, and it is said to be supercoercive if lim; , ., ¢(t)/t =
+00.

Proposition 7.12 With the notation and hypotheses of Problem 7.10, let B be as in (7.37).
Suppose that B is maximally monotone and that one of the following holds.

(D) limyjjg)jj— 400 inf [||0f (z) + Ba||| = +o0.
(ii)) Of + B is uniformly monotone with a supercoercive modulus.

(iii) (dom df) N dom B is bounded.

(iv) f = tc, where C' is a nonempty closed convex bounded subset of H.
(v) f is uniformly convex with a supercoercive modulus.

(vi) B is 3* monotone, and Of or B is surjective.

(vii) B is uniformly monotone with a supercoercive modulus.

(viii) B is linear and bounded, there exists 5 € ]0,+oo| such that B is [f—cocoercive, and
Of or B is surjective.

Then zer(0f + B) # @. In addition, if (ii), (v), or (vii) holds, zer(Of + B) is a singleton.

Proof. First note that, for every x = (z;)1<i<m € H, domV; g (-, 22, ..., Tpm) = Hi,. ..,
domV,, g,,(z1,...,2m_1, ) = H,. Hence, it follows from (7.37) that dom B = # and,
therefore, from [5, Corollary 24.4(i)] that 9 f + B is maximally monotone. In addition,
it follows from [5, Example 24.9] that 0f is 3* monotone.
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(i) : This follows from [5, Corollary 21.20]. (ii) : This follows from [5, Corol-
lary 23.37(i)]. (iii) : Since dom(0f + B) = (dom df) N dom B, the result follows from
[5, Proposition 23.36(iii)]. (iv)=-(iii) : f = 1c € T((H) and domdf = C is boun-
ded. (v)=-(ii) : It follows from (7.37) and [5, Example 22.3(iii)] that 0f is uniformly
monotone. Hence, 0f + B is uniformly monotone. (vi) : This follows from [5, Corol-
lary 24.22(ii)]. (vii)=-(ii) : Clear. (viii)=-(vi) : This follows from [5, Proposition 24.12].
a

7.2.3.2 Forward-backward-forward algorithm

Our first method for solving Problem 7.10 derives from an algorithm proposed in
[6], which is itself a variant of a method proposed in [15].

Theorem 7.13 In Problem 7.10, suppose that there exist (zy,. .., z,) € H such that

—(V1 9121, zm)s o Vi G (21, - .,zm)) €f(z1,. .., 2m) (7.44)
and x € ]0, +oo| such that

V(x1, . yxm) € H)NV(y1, -+ Ym) € H)

S OIVigi@r, o xm) = Vigy(un, ) P < X2 Nl — will®. (7.45)
=1

=1

Let £ €10,1/(x + 1)[ and let (7,,)nen be a sequence in [, (1 — €)/x]. Moreover, for every i €
{1,...,m}, let ;o € H;, and let (a;,)nen, (bin)nen, and (¢;,)nen be absolutely summable
sequences in H,;. Now consider the following routine.
Fort:=1,...,m
Lyi,n = Tin — ’Yn(vl gi(an) cee 7xm,n) + a'i,n)
(vn c N) (pl,n7 cee 7pm,n) = pTOX%f(?/l,m cee 7ym,n) + (bl,na ey bm,n) (746)

Fort=1,...,m

Qin = Pin — ’Yn(vz gi(pl,ru o 7pm,n) + Ci,n)

L | Tint1 = Tin — Yin + Qin-

Then there exists a solution (T, . . ., Z,,) to Problem 7.10 such that, foreveryi € {1,...,m},
Tip — Ty and pi, — T

Proof. Let A and B be defined as (7.37). Then (7.44) yields zer(A + B) # @ and, for
every v € ]0, +ool, (7.32) yields J, 4 = prox. ;. In addition, we deduce from (7.26) and
(7.45) that B is monotone and y-Lipschitzian. Now set

Ty = (xl,nu cee 7xm,n)
. ( ) a, = (al,n7 cee 7am,n)
(VneN) {YnT Win-olmn and  { b, = (bip,....bpn) (7.47)
P, = (Pl,m cee 7pm,n)
Cn = (Cl,na SRR Cm,n)-
q, = (Ch,m ceey qm,n)
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Then (7.46) is equivalent to

Y, = Tn — (B, + a,)
Vn e N nomaen (7.48)
Tpt1 =Tpn — Y, T4,

Therefore, the result follows from [6, Theorem 2.5(ii)] and Proposition 7.11.

Note that two (forward) gradient steps involving the individual penalties (g,)i<i<m
and one (backward) proximal step involving the common penalty f are required at each
iteration of (7.46).

7.2.3.3 Forward-backward algorithm

Our second method for solving Problem 7.10 is somewhat simpler than (7.46) but
requires stronger hypotheses on (g,)1<;<». This method is an application of the forward-
backward splitting algorithm (see [3, 8] and the references therein for background).

Theorem 7.14 In Problem 7.10, suppose that there exist (z1,. .., z,) € H such that

_(Vlgl(zl, e Zm)s s Vin G (21, - - .,zm)) €of(z1,---,2m) (7.49)

and x € )0, +oo such that
(V(1, o wm) € H)(V(yr, - ym) € H)

i=1

1 m
> X S IVigi(ar, - xm) = Vigi(yr, - ) |I”. (7.50)
=1

Let £ €]0,2/(x + 1)[ and let (,)nen be a sequence in [e, (2 — €)/x|. Moreover, for every i €
{1,...,m}, let x;o € H;, and let (a;,)nen and (b;,)nen be absolutely summable sequences
in H;. Now consider the following routine.

For i=1,....m
(\V/n S N) Lyi,n = Tin — 7n<vi gi(xl,nv o 7xm,n) + ai,n)
(T1m41s s Tmnt1) = PPOXy, ¢ (Yims -+ Ymn) + (Brns - bin)-
(7.51)

Then there exists a solution (1, . . ., Z,,) to Problem 7.10 such that, for every i € {1,...,m},
Tip — Z; and VZ gi(l‘lm, . 7xm,n) — VZ gi(fl, R 7§m)-
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Proof. If we define A and B as in (7.37), (7.49) is equivalent to zer(A + B) # &, and it
follows from (7.50) that B is y~'—cocoercive. Moreover, (7.51) can be recast as

Y, = Tn — Yn(Bx, + a,)

7.52
Lnt1 = J’ynAyn + b, ( )

(Vn € N) L

The result hence follows from Proposition 7.11 and [3, Theorem 2.8(i)&(ii)]. U

Theorem 7.14 imposes more restrictions on (g, )1<;<m,. However, unlike the forward-
backward-forward algorithm used in Section 7.2.3.2, it employs only one forward step
at each iteration. In addition, this method allows for larger gradient steps since the
sequence (7, )nen lies in ]0,2/x[, as opposed to ]0,1/x[ in Theorem 7.13.

7.2.4 Applications

The previous results can be used to solve a wide variety of instances of Problem 7.10.
We discuss three examples.

7.2.4.1 Saddle functions and zero-sum games

We consider an instance of Problem 7.10 with m = 2 players whose individual
penalties g, and g, are saddle functions.

Example 7.15 Let x € ]0,+oc[, let f € To(H1 ® Hs), and let L: H; & Hy — R be
a differentiable function with a y-Lipschitzian gradient such that, for every z; € H;,
L(z4,-) is concave and, for every zo € Hy, L(-,22) is convex. The problem is to find
r1 € H; and x5 € H, such that

x1 € Argmin f(z,z5) + L(x, x2)

xeH

1 7.53

xe € Argmin f(z1,z) — L(x1, x). (7.53)
z€Ho2

Proposition 7.16 In Example 7.15, suppose that there exists (z1, zo) € H1 ® Ha such that

(—Vl E(Zl,ZQ),VQ £(21,22)) c 8f(21,22). (754)
Let ¢ € 0,1/(x+ 1) and let (v,)nen be a sequence in [e, (1 —e)/x]|. Moreover, let
(10, T20) € H1 @ Ha, let (a1n)nen, (b1.n)nen, and (ci,)nen be absolutely summable se-

quences in H,, and let (as,)nen, (b2.n)nen, and (can)nen be absolutely summable sequences
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in Ho. Now consider the following routine.

Yin = T1n — Yn(V1 L(21 0, T2n) + 1)

Yo = Tan + Yu(Vo L(T10, Tan) + a2n)

(anvaJJ ::proxynf(yLnayZn)‘F(banbZn)

(¥n € N) Qi = Pin — Yn(Vi £(P1n, P2n) + C1n) (7.55)
Qn = D2 + Yn(Va2 L(D11, D2,0) + Con)

Tintl = Tin — Yin T Ain

Tont1 = Tom — Yon + Qopn-

Then there exists a solution (T,,7;) to Example 7.15 such that x,, — Ti, 1, — T,
Ty, — To, and py, — To.

Proof. Example 7.15 corresponds to the particular instance of Problem 7.10 in which
m=2,g, =L, and g, = —L. Indeed, it follows from [14, Theorem 1] that the operator

(1’1,372) — (V1 E(l’l,l’z),—VQ E($1,.’L‘2)) (7.56)

is monotone in H; ® H, and hence (7.26) holds. In addition, (7.54) implies (7.44) and,
since VL is y-Lipschitzian, (7.45) holds. Altogether, since (7.46) reduces to (7.55), the
result follows from Theorem 7.13. 0

Next, we examine an application of Proposition 7.16 to 2-player finite zero-sum
games.

Example 7.17 We consider a 2-player finite zero-sum game (for complements and back-
ground on finite games, see [16]). Let S; be the finite set of pure strategies of player 1,
with cardinality N;, and let

C) = {(Sj)lstNl € [0,1]™

N1
Z § = 1} (7.57)
j=1

be his set of mixed strategies (S3, N, and C, are defined likewise). Moreover, let L be
an N; x N, real cost matrix such that

(3 21 € Cl)(EI 29 € CQ) — LZQ € Nclzl and LT,Zl € NCQZQ- (758)
The problem is to

21 € Argmin 2" Lz,

find z; e R™ and z, € R™ such that =€t - (7.59)
T9 € Argmax z, Lx.
zcCso

Since the penalty function of player 1 is (z1,25) — x| Lx, and the penalty function
of player 2 is (zy,72) + —x{ Lzy, (7.59) is a zero-sum game. It corresponds to the
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particular instance of Example 7.15 in which H; = RM, H, = R, f: (21, 25) —
ey (1) + ey (z2), and L: (2, 23) — ] Lxo. Indeed, since C; and C, are nonempty clo-
sed convex sets, f € I'o(H; @ Hs). Moreover, x; — L(x1,x2) and zo — —L(x1, 22)
are convex, and VL: (zy,z3) + (Lxy, L™ x,) is linear and bounded, with ||[VL| = ||L]|.
In addition, for every v € 0, +oc[, prox. s = (Fc,, Pc,) [5, Proposition 23.30]. Hence,
(7.55) reduces to (we set the error terms to zero for simplicity)

Yimn = T1in — fyanQ,n

Yan = Ton + ’VnLTﬂan

Pin = Pclyl,n

(vneN)y | P = Lot (7.60)
Qin = Pin — ’YnLPZ,n
q2.,n = P2.n + fYnLTpl,n
Tintl = Tin — Y1+ A

L T2,n+1 = T2n — Y21 + q2,n,

where (7, )nen 1S @ sequence in [e, (1 — €)/||L||] for some arbitrary e € ]0,1/(|| L] + 1)].
Since Of : (x1,23) — Ne,x1 X Neyxa, (7.58) yields (7.54). Altogether, Proposition 7.16
asserts that the sequences (21, )neny and (z2,)nen generated by (7.60) converge to T, €
RM and 7, € R™2, respectively, such that (7,,T,) is a solution to (7.59).

7.2.4.2 Generalized Nash equilibria

We consider the particular case of Problem 7.10 in which f is the indicator function
of a closed convex subsetof H =H; ® -+ - D H,,.

Example 7.18 Let C C “H be a nonempty closed convex set and, for every i €
{1,...,m}, let g,: H — ]—o00,+0o0] be a function which is differentiable with respect
to its ¢th variable. Suppose that

V(@1 .. zm) € H)(Y(yr, - ym) € H)

> (Vigiwr, ) = Vigi(yr - Ym) [T —yi) >0 (7.61)

i=1
and set
Qi (x2,...,xp) ={zeH | (x,20,...,20) € C}

(V(x1,. .., 2m) €H)

Qm(xla' . -axm—l) = {l’ € Hm | (xla' . 7xm—17x) € C}
(7.62)
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The problem is to find z; € H4,..., z,, € H,, such that
x1 € Argmin  gy(x,z9,...,Tp)

(7.63)

T € Argmin G (1, 1, ).
TEQ,, (1, Tm—1)

The solutions to Example 7.18 are called generalized Nash equilibria [10], social
equilibria [9], or equilibria of abstract economies [1], and their existence has been
studied in [1, 9]. We deduce from Proposition 7.11 that we can find a solution to
Example 7.18 by solving a variational inequality in ‘H, provided the latter has solutions.
This observation is also made in [10], which investigates a Euclidean setting in which
additional smoothness properties are imposed on (g,)1<;<m- An alternative approach for
solving Example 7.18 in Euclidean spaces is also proposed in [12] with stronger diffe-
rentiability properties on (g,)1<i<» and a monotonicity assumption of the form (7.61).
However, the convergence of the method is not guaranteed. Below we derive from Sec-
tion 7.2.3.2 a weakly convergent method for solving Example 7.18.

Proposition 7.19 In Example 7.18, suppose that there exist (z1, ..., zy,) € H such that
—(V1 9121, Zm)y s Vi @ (21, - - - zm)) € No(z1,- -+, Zm) (7.64)

and x € |0, +o0] such that

M(x1, .oy xm) € H)V(y1, - Ym) € H)

m

S IVigi@s, o xm) = Vigi(yn, ) I < X2 Nl — will*. (7.65)
=1 =1

Lete €1]0,1/(x + 1)[ and let (7,)nen be a sequence in [e, (1 — €)/x|. Moreover, for every i €
{1,...,m}, let x;y € H;, and let (a;n)nen, (bin)nen, and (¢, )nen be absolutely summable
sequences in H;. Now consider the following routine.

Fort=1,...,m
Lyi,n = Tin — fYn(vl gi('rl,na cee 7xm,n> + ai,n)
(pl,na s 7pm,n) == PC(@/l,m s 7ym,n> + (bl,na R bm,n)
(vn €N) For i=1,....m (7.66)

Giin = Pin — ’Yn(vl gi(pl,na v 7pm,n) + Ci,n)
Tint1 = Tim — Yin + Qin-

Then there exists a solution (Zi,...,T,) to Example 7.18 such that, for every i €
{]_, C ,m}, Tin — T; and Pin — T

Proof. Example 7.18 corresponds to the particular instance of Problem 7.10 in which
f = 1c. Hence, since Pc = proxg, the result follows from Theorem 7.13. 0
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7.2.4.3 Cyclic proximation problem

We consider the following problem in H = H; & --- & H,,-

Example 7.20 Let G be a real Hilbert space, let f € I'y(H), and, for everyi € {1,...,m},
let L;: H; — G be a bounded linear operator. The problem is to find x; € H,,...,x,, €
‘H,, such that

( 1
xry € Argmin f(z,29,..., %) + §||L1x — Lymy)?

x€H1

1
Ty € Argmin f(xla Zy... 7xm) + §HL2'T - L3.§U3”2

TEH2 (767)
: 1 2
T € Argmin f(z1, ..., 25 1,2) + =||Lmx — Li21]|%
\ TEHm 2
Foreveryi € {1,..., m}, the individual penalty function of player i models his desire

to keep some linear transformation L; of his strategy close to some linear transformation
of that of the next player i + 1. In the particular case when f: (z;)1<i<m — Doy fi(2i),
a similar formulation is studied in [2, Section 3.1], where an algorithm is proposed for
solving (7.67). However, each step of the algorithm involves the proximity operator of
a sum of convex functions, which is extremely difficult to implement numerically. The
method described below circumvents this difficulty.

Proposition 7.21 In Example 7.20, suppose that there exists (z1, ..., zy) € H such that
(LT(LQZQ — lel), ey L:,L(lel - Lmzm)) S 8f(21, ey Zm) (768)

Set x = 2maxi<;<m ||Li||% let € € ]0,2/(x + 1)[ and let (7,)nen be a sequence in [e, (2 —
)/x|. For every i € {1,...,m}, let x;o € H;, and let (a;,)nen and (b; ,)nen be absolutely
summable sequences in H,. Now set L,,.1 = Ly, for every n € N, set 11, = 14, and
consider the following routine.

For i=1,....m
(Vn € N) | Yin = Tin — Tn (Lf(Lﬂi,n — Lip1%ig1n) + a'i,n)

(T1 1y - Tmgng1) = PrOXy, ¢ (Yims - - > Ymm) T (D10 - - D)
nf

(7.69)

Then there exists a solution (Zi,...,%,) to Example 7.20 such that, for every i €
{1,...,m}, ;, = T;and L (Lz(l’zn —T;) = Lig1(Tig1n — fz’ﬂ)) — 0.

Proof. Note that Example 7.20 corresponds to the particular instance of Problem 7.10
in which, for every i € {1,...,m}, g,: (zi)1<i<m — ||Lizi — Liy12:41|| /2, where we set
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Tmy1 = r1. Indeed, since

V1 gl<l’1, e ,.ﬁl}m) = LT(Lll‘l — LQSL’Q)
(V(z1,...,zm) EH) : (7.70)
Vi (@15 oy T) = LY (L, — Lyy),

the operator (z;)1<i<m — (Vi g;(21, ..., Zm))1<i<m i linear and bounded. Thus, for every
(.ﬁlﬂ'l, - ) c H,

Z (Vigi(x1,...,xm) | x;) =

i=1

(Li(Liw; — Ligaiqq) | @)

M-

.
Il
—_

[
NE

<Lz‘9€z‘ - Lz‘+19€z‘+1 | Lz‘$i>
1

-
Il

m

| L[ — Z (Liv1wir | Lizi)

i=1

[
NE

[ Lii||* + Z Lz |® = Z( i+1Tit1 | Liw;)

I
D= g
[

@
Il
-

HLiﬂfz‘ - Lz’+1$i+1H2

I
Do | —

.
Il
—

AR HM”%,LW - Li+1$z+1H2

Il
||M3

3

> XY | Li(Liw; — Lisimi) ||
1

1=

3

=X Vi gi(z1, .y zm) % (7.71)
1

1=

and hence (7.50) and (7.26) hold. In addition, (7.68) yields (7.49). Altogether, since
(7.51) reduces to (7.69), the result follows from Theorem 7.14.0

We present below an application of Proposition 7.21 to cyclic proximation problems
and, in particular, to cyclic projection problems.

Example 7.22 We apply Example 7.20 to cyclic evaluations of proximity operators. For
every i € {1,...,m}, let H, = H, let f; € To(H), let L, = Id, and set f: (z;)1<i<m —
Yo, fi(z;). In view of (7.30), Example 7.20 reduces to finding =, € X, ..., z,, € H such
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that

Ir = pI‘OXf1 i)

Ty = ProxXy, T3

(7.72)
Ty, = ProXy, 1.

It is assumed that (7.72) has at least one solution. Since prox;: (z;)icicm +
(proxfi T;)1<i<m [5, Proposition 23.30], (7.69) becomes (we set errors to zero for simpli-

city)

For:=1,....m

(7.73)
| Tint1 = prOX%fi((l — V) Tin + YnTitin),

(Vn € N) L

where (2;0)1<i<m € H™ and (7,)nen iS @ sequence in [e, 1 — ¢] for some arbitrary ¢ €
10, 1/2[. Proposition 7.21 asserts that the sequences (1, )nens - - - , (Tmn)nen generated by
(7.73) converge weakly to points 7, € H, ..., T,, € H, respectively, such that (zy,...,T,,)
is a solution to (7.72).

In the particular case when, for every i € {1,...,m}, fi = ¢¢,, a solution of (7.72)
represents a cycle of points in (1, ..., C,,. It can be interpreted as a Nash equilibrium of
the game in which, for every i € {1,...,m}, the strategies of player i, belong to C; and
its penalty function is (z;)i<i<m + ||T; — x;41||%, that is, player : wants to have strategies
as close as possible to the strategies of player i+ 1. Such schemes go back at least to [11].
It has recently been proved [4] that, in this case, if m > 2, the cycles are not minimizers
of any potential, from which we infer that this problem cannot be reduced to a potential
game. Note that (7.73) becomes

For:=1,....m

7.74
| Zin+1 = Po,(1 — ¥0)Tin + MnTit1.n) ( )

(Vn € N) {
and the sequences thus generated (. )nens - - - (Tmn)neny converge weakly to points
T, € H,...,T, € H, respectively, such that (7,...,7,,) is a cycle. The existence of
cycles has been proved in [11] when one of the sets C1, ..., C,, is bounded. Thus, (7.74)
is an alternative parallel algorithm to the method of successive projections [11].
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Chapitre 8

Résolution de problemes de point fixe
composites

8.1 Description et résultats principaux

Dans ce chapitre nous nous intéressons au probléme de point fixe suivant.

Probléme 8.1 Fixons ¢ € |0, 1] et soit (/3,,),en une suite dans |0, 1 — ¢]. Pour tout n € N,
soit T},: ‘H — H une contraction ferme, soit R,,: dom R,, C H — H une pseudo contrac-
tion telle que (Id —R,) est un opérateur [,—lipschitzien et soit S C ‘H un ensemble non
vide, fermé et convexe. Le probleme est de

trouver r € Z=5N ﬂ FixT,R,. (8.1)

neN

Dans la littérature il existe des algorithmes pour résoudre le probleme ci-dessus
dans quelques cas particuliers. En effet, si S = H, R, = Id et Z7 # & des méthodes
peuvent étre trouvées dans [3, 1] etsi S = H, T, = Id et R, = R, ou R est une pseudo
contraction lipschitzienne d'un ensemble convexe C' C H dans lui méme, des méthodes
sont dans [4, 5, 6, 7]. Cependant, vu que la composition d'une contraction ferme avec
une pseudo contraction lipschitzienne n’est pas une pseudo contraction en général, le
Probleme 8.1 ne peut pas étre résolu par ces méthodes.

Nous proposons I'algorithme suivant qui, dans chaque itération n € N, effectue sé-
quentiellement des calculs explicites des opérateurs R, T), et R,, suivis d’'une approxima-
tion extérieure de la contrainte S. Cette approximation est faite a partir d’'une projection
sur un demi-espace affine et fermé qui contient S. La méthode tolére des erreurs dans
I’évaluation de chaque opérateur impliqué.

Algorithme 8.2 Soient (7,,),en, (Ry)nen €t S définis comme dans le Probléme 8.1. Pour
tout n € N, on note par @),,: H — H l'opérateur de projection sur un demi-espace affine
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fermé contenant S, et soient (a,)nen, (bn)nen €t (¢n)nen des suites dans H telles que
Y onen llanll < +00, Y0 enllbn]] < oo et Y- llen]| < 4o00. De plus, soit € € |0, 1], soit
(An)nen une suite dans [g, 1] et soit g € dom Ry. On géneére des suites (x,,)nen €t (2 )nen
comme suit.

Yn = Rnxn + ay

Si g, ¢ dom R, s’arréter.

Sinon

(Vn € N) Tn = Ruqn + cp (8.2)
Zn =Tpn — Y+ T
Tptl = Tp + )\n(ann - xn)

Si z,41 ¢ dom R, S'arréter.

Sinon n =n + 1.

Le résultat principal est le suivant.

Théoreme 8.3 Supposons que Z # & dans le Probléme 8.1 et que U’Algorithme 8.13 en-
gendre des orbites infinies (x,)nen €t (2n)nen telles que

Tk, — X
VeeH) ¢ v - szeZ (8.3)
Zpn — Tp — 0

Zn — Qnzpn — 0
Alors (x,,)nen converge faiblement vers une solution du Probléme 8.1.

Nous étudions deux applications de ’'Algorithme 8.2. La premiere est une applica-
tion au probleme d’inclusions monotones suivant.

Probléme 8.4 Soient A: H — 2" et B: dom B C ‘H — H deux opérateurs maximale-
ment monotones tels que dom A C dom B et supposons que A + B soit maximalement
monotone. Pour tout i € {1,...,m}, soit f;: H — R une fonction semi-continue infé-
rieurement et convexe, notons par S = lev< f1 N ---Nlev< f,, # & et supposons que
S C dom B et que B soit x-lipschitzien sur S Udom A avec 3 € ]0, +00]. Le probléme est
de

0¢c Az + Bx

fi(z) <0

trouver = € H tel que (8.4)

fm(z) <0.
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Des conditions suffisantes pour que la somme de deux opérateurs maximale-
ment monotones soit maximalement monotone peuvent étre trouvées dans [9, Corol-
lary 24.4].

Dans le cas particulier ou m = 1, f; = dg, un algorithme pour résoudre ce probleme
est proposé dans [8]. Cet algorithme ne tolere pas des erreurs de calcul et il ne peut étre
mis en ceuvre que lorsque l'opérateur Pg est calculable. Cependant, vu que I'opérateur
Ps n’est pas toujours calculable facilement, la méthode ne peut pas étre utilisée pour ré-
soudre le Probleme 8.4. Nous proposons un nouveau algorithme qui résout ce probléme
et qui étend la méthode dans [8]. Cet algorithme procede en activant indépendamment
les contraintes f; <0, ..., f,, < 0 qui sont linéarisées. De plus, des erreurs dans le calcul
des opérateurs impliqués sont tolérées. Pour la mise en ceuvre de cette méthode nous
utilisons le projecteur sous-différentiel par rapport a la fonction f € I'y(#), qui est défini
par

f () ,
— u, sif(x) > 0;
G:as |2 f(x) (8.5)
T, sinon,
ouu € df(x), etlafonctioni: N — {1,...,m}: n— 1 +rem(n — 1,m), ou rem(-,m) est
le reste de la division par m.
Algorithme 8.5 Pour tout ¢ € {1,...,m}, on note par G;: H — H le projecteur sous-

différentiel par rapport a f;. Soient (e ,)nen, (€2.n)nen €t (€3, )nen des suites dans H telles
que )y llein| <400, oy lleanll < +ooetd llesnl < +oo.Soite €]0,1/(x +1)],
soit (v, )nen une suite dans |e, (1 — €) /x| et soit x5 € dom B. On génére une suite (x,,)nen
comme suit.

Yn = Tn — Yn(BTy + €1,)

an = J’YnA(yn + 62,n)

(VR eN) | ra=qn — 1(Ban +e3,) (8.6)
Zn =Tp = Yn T Tn

Tnt1l = G1(n) Zn-

Dans 'Algorithme 8.5, les suites (€1, )nen €t (€3, )nen représentent des erreurs dans
le calcul de 'opérateur B. De plus, nous supposons que les résolvantes (.., 4)nen peuvent
étre calculées approximativement, pour tout n € N, en résolvant I'inclusion perturbée

trouver ¢ € H telque y, —q-+ e, € 7,Ag. (8.7)

Nous obtenons le résultat de convergence suivant.

Proposition 8.6 Supposons que

m

Uran G; CdomB etque SNzer(A+ B) # @. (8.8)

i=1
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Alors UAlgorithme 8.5 engendre une orbite infinie (z,,),en QUi converge faiblement vers une
solution du Probléme 8.4.

La deuxiéme application est consacrée aux problémes d’équilibre du type
trouver z € C telque (Yye(C) F(x,y)>0, (8.9

ou F et C satisfont 'hypothese suivante.

Hypotheése 8.7 C' est un sous-ensemble fermé convexe et non vide de H et F: C* — R
satisfait les conditions suivantes.

i) (VzxeC) F(z,z)=0.

(i) (V(z,y) € C?) F(z,y)+ F(y,z) <0.
(iii) Pour tout x dans C, F'(z,-): C'— R est semi-continue inférieurement et convexe.
(iv) (V(z,y,2) € C?) 61_'>I—I£l+ F(1—¢e)x+ez,y) < F(x,y).

Le probleme que nous étudions est plus général que (8.9) et il sera présenté apres
les préliminaires suivantes.

La résolvante de F': C? — R est l'opérateur multivoque
Jp:H =29 {zeC | (WeC) Flz,y)+(z—a|y—2z) >0} (8.10)
et, pour tout § € |0, +oo], la 6—résolvante de F': C? — R est Popérateur multivoque
JpH—=2% 2 {zeC | (Wel) Flzy)+{(z—a|y—=z)>—6}. (8.11)
Nous aussi démontrons le lemme suivant.

Lemme 8.8 Supposons que F: C* — R satisfasse UHypothése 8.7. Alors les propriétés
suivantes sont satisfaites.

() dom Jr = H.
(ii) Jr est une contraction ferme.
(iii) (Vo € H)(V0 € ]0,+o0[) Jpx € Jox.
(iv) (Vo € H)(V0 €]0,+oc]) Jox C B(Jpw;V0).
Probleme 8.9 Supposons que F' et C satisfassent 'Hypothése 8.7. Soit (.5;);c; une fa-
mille dénombrable (finie or infinie dénombrable) de sous-ensembles convexes, fermés

et non vides de H tels que S = N;¢;S; # @. Soit B: dom B C H — H un opérateur
monotone et y-lipschitzien avec x € ]0, 400 tel que C' C dom B et supposons que

|JSi € intdom B. (8.12)
el
Le probleme est de

trouver z €S telque (YyeC) F(x,y)+ (y—x|Bx)>0. (8.13)
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Le Probleme 8.9 modélise un large éventail de problemes, incluant des problémes
de complémentarité, d’optimisation, d’admissibilité, de point fixe, de la théorie des jeux,
des inéquations variationnelles, entre autres [10, 2, 22, 23, 24, 25].

Dans la littérature il existe des algorithmes pour résoudre le probleme d’équilibre
trouver x € C telque (YyeC) Fi(z,y)+ Fy(x,y) >0, (8.14)

ou F) et F; satisfont 'Hypothese 8.7. Ces méthodes exploitent des propriétés inhérentes
de Fi et F, séparément. Par exemple, des méthodes qui utilisent les résolvantes Jp, et
Jr, sont proposées dans [26] avec seulement un résultat de convergence ergodique.
Cependant, si I} = F et Fy: (z,y) — (y—z | Bx) comme dans (8.13), nous avons
Jp, = (Id+B)~! [2, Lemma 2.15(i)], ce qui est souvent difficile a calculer, méme dans
le cas ou B est linéaire. De plus, les méthodes ergodiques présentées dans [26] incluent
des parametres évanescents qui génerent des instabilités numériques, ce qui fait que ces
méthodes ne soient pas tres utiles en pratique. Dans [2, 27] une approche non ergo-
dique est développée pour surmonter ces problémes dans le cas ou B est cocoercif. Dans
ces méthodes 'opérateur B est calculé explicitement et la convergence vers une solution
de (8.13) est établie dans le cas ou S = C. Nous proposons un approche non ergo-
dique qui considere un opérateur B monotone et lipschitzien et des contraintes dans la
formulation du probléme. L’algorithme est le suivant.

Algorithme 8.10 Soit (/,,),cy une suite de sous-ensembles finis de /, soient (e; ,,),en €t
(€2,n)nen des suites dans H telles que > [le1n]| < oo et Y llean|| < 400, et soit
(6n)nen une suite dans |0, +-oo| telle que Y, v/, < +00. De plus, soite € |0,1/(x + 1)],
soit (7, )nen Une suite dans [e, (1 — ¢)/x], soit Upen{win}icr, C [¢,1] tel que, pour tout
neN,> . 1, Win = 1, et soit 7y € dom B. On génere une suit (z,),cny cOMme suit.

Yn = Tn — Yn(BTy + €1.,)

Gn € I3 5

(VneN) | 7 = ¢n — Vu(Ban + €2,) (8.15)
Zn =Tp = Yn T Tn

Tntr1l = Zie[n wi,nPSizn.

Dans I’Algorithme 8.10, les suites (€1 ,,)nen €t (€2, )nen représentent des erreurs dans
le calcul de l'opérateur B. De plus, nous déduisons de (8.15) et (8.11) que, pour tout
n € N, ¢, est une solution de

trouver ¢ C telque (VyeC) Flq,y)+{y—yn|ly—q) > —0,. (8.16)
Alors nous tirons de (8.10) que ¢,, peut étre interprété comme un calcul approché de la

résolvante J,, py,.
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Proposition 8.11 Supposons qu’il existe des entiers strictement positifs (M;);c; et N tels
que

n+M;—1

(V@n)eIxN) ie |J) I e 1<cardl, <N (8.17)
k=n

et que le Probléme 8.9 admette au moins une solution. Alors U'Algorithme 8.10 génére une
orbite infinie (x,),en qui converge faiblement vers une solution du Probléme 8.9.

8.2 Article en anglais

OUTER APPROXIMATION METHOD FOR CONSTRAINED
COMPOSITE FIXED POINT PROBLEMS INVOLVING LIPSCHITZ
PSEUDO CONTRACTIVE OPERATORS '

Abstract : We propose a method for solving constrained fixed point problems invol-
ving compositions of Lipschitz pseudo contractive and firmly nonexpansive operators in
Hilbert spaces. Each iteration of the method uses separate evaluations of these operators
and an outer approximation given by the projection onto a closed half-space containing
the constraint set. Its convergence is established and applications to monotone inclusion
splitting and constrained equilibrium problems are demonstrated.

8.2.1 Introduction

The problem under consideration in this paper is the following.

Problem 8.12 Let H be a real Hilbert space, fix ¢ € ]0, 1], and let (5, ).en be a sequence
in ]0,1 —¢]. For every n € N, let 7,,: H — H be a firmly nonexpansive operator, let
R,: dom R, C H — H be a pseudo contraction such that (Id —R,) is 8,-Lipschitzian,
and let S be a closed convex subset of . The problem is to

find z€ S suchthat (VneN) T,R,x=z. (8.18)

The set of solutions to (8.18) is denoted by Z.
As will be seen subsequently, this formulation models a broad range of problems in
numerical analysis, including monotone inclusions, variational inequalities, and equili-

brium problems (see [1, 2] and the references therein). Methods can be found in the li-
terature to solve Problem 8.12 in special cases. Thus, when S = H, R, = 1d, and Z # &,

1. L. M. Bricefio-Arias, Outer approximation method for constrained composite fixed point problems
involving Lipschitz pseudo contractive operators, Numerical Functional Analysis and Optimization, a pa-
raitre, 2011.
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algorithms can be found in [1, 3], and when S = H, T,, = Id, and R, = R, where R is
a Lipschitzian pseudo contraction from a convex set C' into itself, methods can be found
in [4, 5, 6, 7]. Since the composition between a firmly nonexpansive operator and a Lip-
schitzian pseudo contraction is not a pseudo contraction in general, Problem 8.12 can
not be solved by the methods mentioned above. The purpose of the present paper is to
provide an algorithm for solving Problem 8.12. It involves four elementary steps at each
iteration n : the first three steps are successive computations of operators R,,, T;,, and
R,, and the last step is an outer approximation of the constraint. The latter is given by
the projection onto a half-space containing S. In Section 8.2.2 we propose our algorithm
and we prove its weak convergence to a solution to Problem 8.12. In Section 8.2.3 we
study an application to monotone inclusions under convex constraints, and obtain an ex-
tension of a result of [8]. Finally, in Section 8.2.4, we study an application to equilibrium
problems with convex constraints.

Notation. Throughout this paper # denotes a real Hilbert space, (- |-) denotes
its scalar product, and || - | denotes the associated norm. For a single-valued opera-
tor R: domR C H — H, the set of fixed points is Fix R = {:c EH | z= R:c}, R is
x-Lipschitzian for some x € |0, +oc], if it satisfies

(Vz € dom R)(Vy € dom R) ||Rz — Ry|| < x|z — |, (8.19)
R is pseudo contractive if it satisfies
(Vz € dom R)(Vy € domR) ||Rz—Ry|]*> < |lz—y|*+|Id —R)z— (Id —R)y|*, (8.20)
R is firmly nonexpansive if it satisfies
(Vo € dom R)(Vy € dom R) ||Rz— Ry|* < |[lz—y|*—||(Id —R)z — (Id —R)y||?, (8.21)
or equivalently,
(Vx € dom R)(Vy € dom R) (x —y | Rt — Ry) > ||Rx — Ry||?, (8.22)

and R is y—cocoercive (or y-inverse-strongly-monotone) if xR is firmly nonexpansive.

8.2.2 Algorithm and convergence

At each iteration n € N, our method for solving Problem 8.12 involves an outer
approximation to S and separate computations of the operators 7,, and R,,. Each ap-
proximation is computed by the projection onto a closed affine half-space containing S,
and errors on the computation of the operators are modeled by the sequences (a,).en,

(bn)nGNa and (Cn)nGN-

Algorithm 8.13 Let (7},)nen, (Rn)nen, and S be as in Problem 8.12. For every n € N,
let Q,: H — H be the projector operator onto a closed affine half-space containing
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S, let (an)nen, (bn)nen, and (c,)nen be sequences in H such that ) [la.| < +oo,
Y onen 0]l < +oo, and > |len]l] < +o0. Moreover, let € € ]0,1], let (X\,),en be a
sequence in g, 1], let x5 € dom Ry, and consider the following routine.

Yn = Rnxn + ay

If ¢, ¢ dom R, stop.
Else
(Vn € N) rn = R,q, + cp (8.23)

Zn = Tp — Yn + T
Tp+l = Tp + )\n (ann - xn)
If x,,11 ¢ dom R, stop.
| Elsen =n+1.

Our main result is the following.

Theorem 8.14 Suppose that 7 # @ in Problem 8.12 and that Algorithm 8.13 generates
infinite orbits (x,,)neny and (2, )nen Such that

Tk, — T
veeH) ° In = zeZ (8.24)
Zn — Tp — 0

Zn — Qnzp — 0

Then (x,,),en converges weakly to a solution to Problem 8.12.

Proof. Set
(VneN) vy,=R.rn, ¢u=Twy, and 7, = R,q,, (8.25)
fix z € Z, and let n € N. Note that, since z € S, we have
2=Psz=Quz=T,R,z=Ry,z+ (Id—R,,) T, R,z (8.26)

In addition, it follows from [9, Theorem 1] that (Id —R,) is monotone, which yields
(Id =R,)gn — (Id—=R,)z | ¢ — z) > 0. Therefore, we deduce from (8.26), (8.25), and
the firm nonexpansivity of 7, that

2 @Vn_z ‘ (Id _Rn)xn_ad _Rn)an> = -2 <an -z | (Id _Rn>an_<1d _Rn)z»
+2(qn—2 | xn—2) — 2{(Gn—2 | Ryxn—Rp2)

< 2{Gn—2 | xn—2)—=2(T,yn—ThRpnz | Yn— Rpn2)
= (2(Gn — 2 | 20 — 2) = 1Gn — 2I”) = 1Gn — 2|
<y = 21 = G0 — 2l = |G — 2] (8.27)
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Hence, since sup,.y 37 < (1 —¢)? < 1 — ¢, it follows from (8.25) and the §,~Lipschitz
property of (Id —R,,) that
|20 — Yn + 7T — z”Q =G0 — 2+ (T — Yn) — (Gn — ?n)”Q

= [|@n — 2 + (Id =Ry )2, — (1d = Ry)gu®
= [1@n = 2l + 1(1d = Ru)zy, — (Id = Ry) G

+2(q, — 2z | (Id=R,)z,, — Id —R,,)qn)
< 1@ = 2I* + Billan — zal®

+2(q, — 2z | (Id =R,)z, — (Id —R,,)qn)
<l = 201" = (1 = B 1@ — zal®

< lzn = 21* = ellgn — zall*, (8.28)

which yields
[0 = T + T — 2| < [l — 2], (8.29)
We also derive from (8.23) and (8.25) the following inequalities. First, ||y, — || = ||axll,

and since 7, is nonexpansive, we obtain
lan = @nll = [ Toyn + b = Totinll < 1190 = yall + [1ball = llan]l + [16n] (8.30)
In turn, it follows from the g,-Lipschitz property of (Id —R,,) that

[rn =7l = | Rngn + cn — Rugall
< |(Ad =Rp)gn — (Ad =Rp)gnll 4 llgn — @ull + [lcall
< (L4 Ba)llgn = Gull + llenll
< 2(llanll + [16all) + lleall- (8.31)

Altogether, if we set

€n = Yn = Yn+Tn — Tn, (8.32)
we have

lenll = [1gn = yn + 70 = Pull < llyn = Ynll + lrn — Toll < 3llanll + 2/[bnll + llea]], (8.33)

and therefore ), _ |lex|| < +o0. Hence, from (8.23), (8.26), the nonexpansivity of @),,,
and (8.29) we get

[2ns1 = 2l = [(1 = An)(@n = 2) + An(@nzn — Qn2)|
< (1 - An)Hxn - Z” =+ )‘n”ann - an”

< (1= A)l|zn — 2] + Anllzn — 2]
< (L= X)llzn = 2l + A (l2n = Tn + 70 — 2l + llenl])
< lzn — 2[| + [lenll, (8.34)
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and we conclude from [10, Lemma 3.1] that

& =sup ||zx — 2| < +o0. (8.35)
keN

Thus, from the convexity of || - ||, the firm nonexpansivity of @Q,,, (8.26), (8.23), (8.32),
(8.28), and (8.29) we have

lnsr = 21" < (1= M)l = 2lI* + Aal| Qnzn — Quz®
(1= Aa)llzn = 21 + An(llzn = 2I* = 120 — Quzall*)
(1= Aa)llzn = 21 + Anll2n = o+ T = 2l* + lenl?
+ 2|2 — o+ T = 2l lenll = llzn — Quaall®)
< (L= A)llwn = 217 + A llzn — 21I° = ellgn — zal®
+llenll” + 2|z — 2l lleall = [120 — Quzall®)
< llon = 2lI* = 1@ — zall* — € 120 — Quzall® + 11, (8.36)

IA AN

where 7, = ||e,||? + 2¢||e, || satisfies >, mx < +oo. Hence, from [10, Lemma 3.1] we
deduce that

S T Ryre — x> =) g — 2l < 400 and Y 2 — Quall* < +oo, (8.37)
keN keN keN

and therefore T,,R,z, — ©,, = ¢, — ¥, — 0 and z, — Q,z, — 0. Thus, it follows from
(8.23) and the nonexpansivity of 7,, that

Izn = 2]l = llrn = wall
= [T — Un + x|
< ||Tn§n - Tnxn” + HenH
< l@n = @l + [lenll
— 0. (8.38)

Altogether, since (8.24) asserts that all the weak limits of the sequence (zy)en are in Z,
the result follows from [10, Theorem 3.8]. 0
8.2.3 Monotone inclusions with convex constraints

We consider the problem
find z€S suchthat 0¢€ Az + Bux, (8.39)

where A: H — 2" and B: dom B C ‘H — H are maximally monotone, and S C H is no-
nempty, closed, and convex. When B is cocoercive, dom B = H, and S = H, (8.39)
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models wide variety of problems in nonlinear analysis, and it can be solved by the
forward-backward splitting method [11, 12, 13, 14, 15, 16]. However, in several ap-
plications these assumptions are very restrictive. If the cocoercivity of B is relaxed to a
Lipschitz property, (8.39) can be solved by the modified forward-backward splitting in
[8]. We propose an extension of this method for solving (8.39) with a finite number of
convex constraints. In addition, our method allows for errors in the computations of the
operators involved.

Notation. For a set-valued operator A: H — 2%, dom A = {z € H | Az # &} is the
domain of A, zer A = {z € H | 0 € Az} is its set of zeros, and gr A = {(z,u) € H x H |
u € Az} is its graph. The operator A is monotone if it satisfies, for every (z,v) and (y,v)
ingrA, (z—y|u—v) > 0, and it is maximally monotone if its graph is not properly
contained in the graph of any other monotone operator acting on H. In this case, the
resolvent of A, J4 = (Id+A)~!, is well defined, single-valued, dom J, = #, and it is
firmly nonexpansive. For every o € R, the lower level set at height o of a function
f:H — ]—o0,+oc] is the closed convex set lev, f = {z €H | f(z) <a} and the
subdifferential of f is the operator

of Ho2"os{ueH | (WweH) (y—z|u+ flz) < fly)} (8.40)

Now let C be a nonempty subset of H. Then int C' is the interior of C and if C is no-
nempty, convex, and closed, then Py denotes the projector operator onto C, which, for
every x € H satisfies ||z — Pox|| = mingec ||z —y|| = do(x), where de denotes the distance
function of C. For further background in monotone operator theory and convex analysis
see [17].

Problem 8.15 Let A: H — 2" and B: dom B C H — H be two maximally monotone
operators such that dom A C dom B and suppose that A+ B is maximally monotone (see
[17, Corollary 24.4] for some sufficient conditions). For every i € {1,...,m},let f;: H —
R be lower semicontinuous and convex, denote by S = lev<, f1N---Nlev<g f,, # &, and
assume that S C dom B and that B is y-Lipschitzian on SUdom A, for some x € ]0, +o0|.
The problem is to

x € zer(A+ B)

fi(z) <0

find z € H such that (8.41)

fm(z) <0.

Problem 8.15 models various applications to economics, traffic theory, Nash equili-
brium problems, and network equilibrium problems among others (see [18, 19, 20] and
the references therein).

In the particular case when m = 1, f; = d¢, and C' C H is a nonempty closed convex
set, an algorithm for solving Problem 8.15 is proposed in [8], without considering errors
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in the computations and assuming that Pg is easily computable (see also [21] for an
approach using enlargements of maximally monotone operators). However, since P is
not computable in general, Problem 8.15 can not be solved by this method. We propose
an algorithm for solving Problem 8.15 in which the constraints f; < 0,..., f,, < 0 are
activated independently and linearized, and where errors in the computation of the
operators involved are permitted. For the implementation of this method we use the
subgradient projector with respect to f € I'y(#), which is defined by

f(x) ,
— f > 0;
GHoHao LTt @0 (8.42)
x, otherwise,
where u € 0f(x), and the functioni: N — {1,...,m}: n — 1 4 rem(n — 1, m), where

rem(-,m) is the remainder function of division by m.

Algorithm 8.16 For everyi € {1,...,m}, denote by G;: H — H the subgradient projec-
tor with respect to f;. Let (e;,,)nen, (€2.n)nen, and (es,)nen be sequences in ‘H such that
Y omen lletnll < 400, Y enlleanl] < oo, and D, llesn|l < +oo. Lete € ]0,1/(x +1)],
let (v,)nen be asequencein [e, (1 —¢)/x], let zg € dom B, and let (z,,),en be the sequence
generated by the following routine.

Yn = Tn — Vn(an + 61,n)

dn = vnA(yn + 62,n)

(vn € N) Tn = qn — 7n(Bqn + 63,n) (843)
Zn = Tp — Yn + T

T+l = Gl(n) Zn-

Remark 8.17 In Algorithm 8.16, the sequences (e;,)neny and (es,),en represent er-
rors in the computation of the operator B. In addition, we suppose that the resolvents
(J,,4)nen can be computed approximatively by solving, for every n € N, the perturbed
inclusion

find ¢geH suchthat y, —q+e2, € 1A (8.44)

Proposition 8.18 Suppose that

m

Uran G; CdomB and SnNzer(A+ B) # @. (8.45)

=1

Then Algorithm 8.16 generates an infinite orbit (x,,),en Which converges weakly to a solu-
tion to Problem 8.15.

Proof. Set

(VneN) B,=9vx, Tn=Jy,4, and R,=1d—,B. (8.46)

224



Note that (5,).en i @ sequence in |0, 1 — ¢] and, for every n € N, T, is firmly nonex-
pansive and Id —R,, = ~,,B is (3,—Lipschitzian and monotone. Hence, it follows from [9,
Theorem 1] that the operators (R, ).cn are pseudo contractive. In addition, note that
re€zer(A+B) & (VneN) z—v,Br € x+v,Ar < (Vn € N) z e FixT,R,.
Altogether, we deduce that Problem 8.15 is a particular case of Problem 8.12 and

Z =S8N0 (FixT,R, = SNzer(A+ B) # @. (8.47)

neN

Now let us prove that Algorithm 8.16 is a particular case of Algorithm 8.13. Set

ap = —Yn€in
’ Ap=1
(W eN) {by=J, a(yn+ o) — Jooaya  and (8.48)
Cp = _7n€3,n

Then, since sup,.y7. < X', we have > lla.| < 400 and }°, lea| < +oo. Mo-
reover, from the nonexpansivity of (J,, 4)nen, We deduce that ) |/b,|| < +oo, and,
for every x € H and n € N, @,z is the projection onto the closed affine half-space
{y EH | (z—y|w > fim (x)}, for some u € 0fix,)(x), which contains lev<g fi,) O S.
On the other hand, zy € dom B and since, for every i € {1,...,m}, ranG; C dom B,
it follows from (8.43) that, for every n € N\ {0}, z,, € dom B. In addition, ¢, =
Jyoa(Yn + €2,,) € dom A C dom B. Altogether, from (8.46) and (8.48), we deduce that
Algorithm 8.16 is a particular case of Algorithm 8.13 and that it generates an infinite
orbit (z,,)nen-

Let us prove that condition (8.24) holds. Suppose that z,, — =, =, — T,,R,z, — 0,
2n — Xy — 0, 2, — Qnz, — 0, and, for every n € N, denote by p, = T,,R,x,. Hence,
pr, — x and from (8.46) we obtain, for every n € N,

1

1
& 7—(3:” — pn) + Bp, — Bz, € (A+ B)p,. (8.49)

Now, since A + B is maximally monotone, from [17, Proposition 20.33], its graph is
sequentially weak-strong closed. Therefore, since xy, —py, — 0, || Bpy, —Bxy, || < x||zk, —
el = 0, v, > e > 0, pr, — x, we conclude from (8.49) that = € zer(A + B).
Now let us prove that, for every i € {1,...,m}, fi(z) < 0. Fixi € {1,...,m} and, for
every n € N, let j, € N such that £, < j, < k, + m and i(j,,) = i. We deduce from
zn — x, — 0 and z, — Q,z, — 0 that, for every n € N, ||z,,11 — .|| = [|Qnzn — x| <
|@Qnzn — 2nl| + ||2n — zn|| = 0. Therefore,

jn—1
- < — x| < — 5
(Vn e N) o, — 2, | < ;; lrers —zell <m,  max [z —xef] =0 (8.50)
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and hence it follows from z;, — x;, — 0 and z;, — =z that z;, — z. Note that, from
(8.48) and (8.42) we have, for some u;, € 0f;(2,),

_fi('?jn)u‘
n?

(VneN) Q2. — 2, =13 |l
0, otherwise,

if fi(z;,) > 0; (8.51)

and, since ||Q);, z;, — z;.|| = 0, we deduce that max{0, f;(z;,)} — 0. Thus, it follows from
z;, — x that f;(z) < lim f;(2;,) < lim max{0, fi(z;,)} = 0, and hence z € lev, f;. We
conclude that = € Z and the result follows from Theorem 8.14. [

Remark 8.19 Let us consider the particular case of Theorem 8.18 obtained when ¢, ,, =
ean = €3, =0, m =1, and fi = d¢, where C C H is a nonempty closed convex set.
Then, since G; = Pg, Algorithm 8.16 reduces to the method proposed in [8]. Moreover,
since S = C, note that the assumption ran G; C dom B is equivalent to S C dom B,
which was already assumed in Problem 8.15.

8.2.4 Equilibrium problems with convex constraints

We consider the problem
find ze€C suchthat (VyeC) F(z,y) >0, (8.52)

where C' and F satisfy the following assumption.

Assumption 8.20 C is a nonempty closed convex subset of H and F': C? — R satisfies
the following.

i (Vzxel) F(z,z)=0.

(i) (V(z,y) € C?) F(x,y)+ F(y,z) <O0.
(iii) For every z in C, F'(z,-): C'— R is lower semicontinuous and convex.
(iv) (V(z,y,2) € C?) 6@ F(1—¢e)x+ez,y) < F(x,y).

We are interested in solving a more general problem than (8.52), which involves a fi-
nite or a countable infinite number of convex constraints. It will be presented after the
following preliminaries.

Notation. The resolvent of F': C? — R is the set valued operator
JriM—2% a2 {zeC | (VWel) Flzy)+{y—=z|z—z)>0} (8.53)
and, for every § € |0, +-o00l, the j-resolvent of F': C? — R is the set valued operator

JpH—=2% a2 {zeC| (WelC) Fley)+{y—2|z—2)>-0}.  (8.54)
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Lemma 8.21 Suppose that F: C? — R satisfies Assumption 8.20. Then the following hold.
(i) dom Jr = H.
(i) Jp is single-valued and firmly nonexpansive.
(iil) (Vo € H)(V6 €]0,+oc) Jpx € Joa.
(iv) (Vo € H)(V6 €]0,+oc) Jox C B(Jpz; Vo).

Proof. (1)&(ii) : [2, Lemma 2.12]. (iii) : This follows from (ii), (8.53), and (8.54). (iv) :
Fix v+ € H and § € |0, +oof, and let w € Jiz. We deduce from (8.53) and (8.54)
that F(Jpz,w) + (w — Jpx | Jpx —2) > 0 and F(w, Jpz) + (Jpx —w | w —z) > =4,
respectively. Adding both inequalities we obtain F(w, Jrx) + F(Jpx,w) — || Jpx — w|* >
—4. Hence, it follows from Assumption (ii) that ||Jrz — w||* < d, which yields the result.
O

Problem 8.22 Let I and C be such that Assumption 8.20 holds. Let (.5;);c; be a coun-
table (finite or countable infinite) family of closed convex subsets of # such that
S = NierS; # . Let B: domB C H — H be a monotone and y-Lipschitzian ope-
rator for some x € |0, 400 such that C' C dom B, and suppose that

USZ' C int dom B. (8.55)

el
The problem is to

find ze€S suchthat (VyeC) F(zr,y)+ (y—x|Bz)>0. (8.56)

Problem 8.22 models a wide variety of problems including complementarity pro-
blems, optimization problems, feasibility problems, Nash equilibrium problems, varia-
tional inequalities, and fixed point problems [10, 2, 22, 23, 24, 25].

In the literature, there exist some splitting algorithms for solving the equilibrium
problem

find ze€C suchthat (VyeC) Fi(z,y)+ Fa(z,y) >0, (8.57)

where F| and F; satisfy Assumption 8.20. These methods take advantage of the pro-
perties of F} and F; separately. For instance, sequential and parallel splitting algorithms
are proposed in [26], where the resolvents Jr, and Jg, are used. The ergodic conver-
gence to a solution to (8.57) is established without additional assumptions. However,
when Fy = F and F;: (z,y) — (y—ax| Bx) we have Js, = Jg = (Id+B)™! [2,
Lemma 2.15(i)], which is often difficult to compute, even in the linear case. Moreo-
ver, the ergodic method proposed in [26] involves vanishing parameters that leads to
numerical instabilities, which make it of limited use in applications. In [2, 27] a dif-
ferent approach is developed to overcome this disadvantage when B is cocoercive. In
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their methods, the operator B is computed explicitly and the weakly convergence to a
solution to (8.56) when S = C' is demonstrated.

In this section we propose the following non-ergodic algorithm for solving the gene-
ral case considered in Problem 8.22. This approach can deal with errors in the compu-
tations of the operators involved. The convergence of the proposed method is a conse-
quence of Theorem 8.14.

Algorithm 8.23 Let (/,),cn be a sequence of finite subsets of 7, let (1 ,)nen and (e2.,)nen
be sequences in H such that ) | _[le1,n|| < +ooand Y _ |lean|l < +oo, and let (d,,)pen
be a sequence in ]0, +-co[ such that 3~ /0, < +oo. Lete € |0,1/(x +1)[, let (7,)nen
be a sequence in [¢, (1 —¢)/x], let Upen{win}ier, C [e,1] be such that, for every n €
N, > ic; Win = 1, let 7y € dom B, and let (x,),en be the sequence generated by the
following routine.

Yn = Tpn — Vn(an + 6Ln)
In € ny;:Fyn
(VTL S N) T'n = d4n — ’Vn(BQn + eQ,n) (858)
Zn = Tp — Yn + Th
Tpg1 = Zieln WinPs; 2.

Remark 8.24 In Algorithm 8.23, the sequences (e, )nen and (es,),en Tepresent errors
in the computation of the operator B. On the other hand, it follows from (8.58) and
(8.54) that, for every n € N, ¢, is a solution to

find geC suchthat (VyeC) F(q,y)+{y—yn|y—q) > —0n. (8.59)

Thus, we obtain from (8.53) that ¢, can be interpreted as an approximate computation
of the resolvent J,, ry,,.

Proposition 8.25 Suppose that there exist strictly positive integers (M;);c; and N such
that

TZ+M1'—1
(V(@in)eIxN) ie |J) I and 1<cardl, <N, (8.60)
k=n

and that Problem 8.22 admits at least one solution. Then Algorithm 8.23 generates an
infinite orbit (x,),en Which converges weakly to a solution to Problem 8.22.

Proof. First, let us prove that Problem 8.22 is a particular case of Problem 8.12. Set

(VneN) B,=vx, Tn=J,,r, and R, =1d—,B. (8.61)

Note that (/3,,),cn is a sequence in |0, 1 — ¢] and, for every n € N, T,, is firmly nonex-
pansive [2, Lemma 2.12] and Id — R, = ~,, B is ,-Lipschitzian and monotone. Hence,
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it follows from [9, Theorem 1] that the operators (R,),cn are pseudo contractive. In
addition, we deduce from (8.53) and (8.61) that (Vvn € N) z € FixT,R, < (Vn €
N)(Vy € C) vF(z,y) +{(y—z|x—Ryx) >0 < (Vy € C) F(a,y) + (y —x | Bx) > 0.
Altogether, we deduce that Problem 8.22 is a particular case of Problem 8.12 and

Z =SN(FixT,R, = Sn{x € C | (Vy€C) Fla,y)+ (y — x| Bz) >0} # @. (8.62)

neN

Now let us show that Algorithm 8.23 is deduced from Algorithm 8.13. Set

Ap = —Yn€in A =1
(Vn € N) bn = Gn — o FUn and { e (8.63)
Cn = —Yn€2n Q ZZEIn Wit 5.

Then, since sup,,cy ¥, < X', we have > lla,| < +oo and >°, |ea|| < 4+o00. Moreo-
ver, it follows from (8.58) and Lemma (iv) that ) [|b.|| < 400, and, for every z € H
and n € N, Q,z is the projection onto the closed affine half-space H,(z) = {z € H |
(z — Quz | v — Q,x) < 0}, which satisfies S C Nier,S; = FixQ, C H,(x) [10, Proposi-
tion 2.4]. On the other hand, we have z, € dom B and it follows from (8.55) and the
convexity of int dom B [28, Theorem 27.1] that

(Vn € N) ran (Zwi,nPSi> C conv ( U SZ-> C conv (USZ> C intdom B. (8.64)

1€y 1€l el

Hence, we conclude from (8.58) that, for every n € N\ {0}, z,, € int dom B. Moreover,
for every n € N, ¢, € C' C dom B. Altogether, from (8.61) and (8.63), we deduce that
Algorithm 8.23 is a particular case of Algorithm 8.13, which generates an infinite orbit
(xn)neN-

Finally, let us show that (8.24) holds. Suppose that xz;,, — =z, z, — T, R,x, — 0,
Zn — Xy — 0, 2, — Qnz, — 0, and, for every n € N, denote by p, = T,,R,x,. Hence,
pr, — « and it follows from (8.61) and (8.53) that, for every n € N,

1
pn=ThRux, <& (V2€C) F(pn,2)+— (z—=0n | Pn—xn) +{(z —pn | Bxp) >0

n

& (V2 €C) Flpu2)t= (== po | pn— )
+<Z—pn | By — Bpn) + (2 = pn | Bpn) 20
& (Vzel) G(pn,z)+7—1n (z = Dn | Pn — Tn)
+(z —p, | Bx, — Bp,) >0, (8.65)
where

G:C? - R: (v,y) — F(z,y) + (y — x| Bx) (8.66)
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satisfies the Assumption 8.20 [2, Lemma 2.15(i)]. Moreover, since inf, ey Y%, > 0, Tk, —
Pk, — 0, and (pg, )nen is bounded, we have (Vz € C) (z — p, | Pk, — Tk,.) /7, — 0, and
from the Lipschitzian property of B we obtain (Vz € C) (z — py, | Bxy, — Bpk,) — 0.
Hence, we deduce from p;, — x, Assumption 8.20(iii), Assumption 8.20(ii), and (8.65)
that

(VzeC) G(z,z) <limG(z,p,)
<
. 1
<l 7— (2 = Prn | PR — Tkn) + (2 — i, | BTk, — Bpr,)

=0. (8.67)

Now let ¢ € ]0,1] and y € C. By convexity of C' we have x. = (1 — ¢)x + ey € C. Thus,
Assumption 8.20(i), Assumption 8.20(iii), and (8.67) with z = . yield

0=G(z.,z:) < (1 —¢)G(2.,2) + Gz, y) < eG(xe,y), (8.68)

w_hence G(ze,y) > 0. In view of Assumption 8.20(iv), we conclude that G(z,y) >
lim, o+ G(z.,y) > 0, which yields

(VyeC) G(x,y)=F(z,y)+ (y— x| Bx) >0. (8.69)
Now, let us prove that x € S. Since z, — x, — 0 and z, — Q,z, — 0, (8.63) yields
(Vn € N)  ||zns1 — ol = |@nzn — ol < ||Qnzn — 20l + |20 — 20|l — 0. (8.70)

Now, fix i € I. In view of (8.60), there exists a sequence (j,).en in N such that, for every
neN,k, <j,<k,+ M, —1 and i € [;,. For every n € N, it follows from (8.70) that

kn+M;—2
@, = @, || < ;}; lrery — zell < (M = 1) max - [lzen —zf| = 0. (8.71)
—FRn

Thus, we deduce from z;,, — z and z;, — z;, — 0 that z;, — z. On the other hand, let
z € S'and n € N. Since, for every ¢ € [;,, Ps,z = z, and Id — P, is firmly nonexpansive,
from (8.58) and (8.63) we have

n

1Ps,zj, — 2, |I> < max 1 Ps, 25, — 25|17

n

1
<2 > wiullPs,zi = 25l

ZEIJ'n

1

ZEIJ'n
1
= E<Z - Zjn Z Wg,jnPSlen — Zjn>
fefjn
1
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Hence, since (z;,)n,en is @ bounded sequence and @);,z;, — z;, — 0, we deduce that
Pg,z; — z;, — 0. The maximally monotonicity of Id —Ps, yields that its graph is se-
quentially weakly-strongly closed, and since z;, — =, we conclude that z = Pg,z € S,.
Altogether, from (8.69) and (8.62) we deduce that x € Z, and the result follows from
Theorem 8.14. [
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8.3 Problemes de point fixe avec des pseudo contrac-
tions lipschitziennes

Dans les Sections 8.1 et 8.2 nous avons proposé I’Algorithme 8.2 pour résoudre le
Probléme 8.1. Dans le cas particulier ou 7}, = Id, (8.1) se réduit a

trouver z € SN (| Fix Ry, (8.73)

neN

ou, pour tout n € N, R,, est une pseudo contraction et Id —R,, est une contraction stricte,
ce qui implique que les opérateurs (R, ),en sont 2-lipschitziens. Cette section est consa-
crée au cas ou les opérateurs impliqués sont des pseudo contractions lipschitziens avec
des constantes de Lipschitz strictement positives quelconques. Plus précisément dans
cette section on s’'intéresse au probléme suivant.

Probleme 8.26 Soit S un sous-ensemble fermé, convexe et non vide de H, pour tout
n € N, soit (3,)neny une suite dans |0, +oo] telle que 1 = sup,,cy 5 < +00, soit U,,: H —
‘H une pseudo contraction (3,-lipschitzienne. Le probleme est de

trouver z€ 272 =5nN ﬂ Fix U,,. (8.74)

neN

Dans le cas ou S = H et U, = U, ou U est une pseudo contraction lipschitzienne de
un sous-ensemble fermé et convexe de H dans lui méme, des méthodes pour résoudre
le Probleme 8.26 sont dans [4, 5, 6, 7]. Dans la suite nous présentons un algorithme qui
résout le cas général. Le lemme suivant sera utile dans la suite.

Lemme 8.27 Soit § € |0, +ool, soit U: H — H une pseudo contraction [-lipschitzienne,

soit o € 10,1/(1+ )] et posons R = (1 — «) Id+a U. Alors les conditions suivantes sont
satisfaites.
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(i) R est une pseudo contraction.
(ii) Id —R est une contraction stricte de constante o(1 + 3) € ]0, 1].
(iii) Fix R = Fix U.
Proof. (i) Vu que Id —R = a(Id —U), la monotonie de Id —U est équivalente a la mono-

tonie de Id —R. Le résultat est donc une conséquence de [9, Theorem 1]. (ii) Soient x
et y dans ‘H. Vu que Id —R = «o(Id —U), le caractere lipschitzien de U implique

[(Id =R)z — (Id = R)y[| = af/(Id =U)z — (Id =U)y||
< allz =yl + Uz = Uyl)
< ol + B[l —yl. (8.75)

(iii) Soit x € H. Nous avons
reFixU & 0=Uzx—2 & zxz=z+allUr—1z) & xcPFixR, (8.76)
ce qui conclut la démonstration. [

Algorithme 8.28 Soient (e;,,)nen €t (€2, )nen des suites dans H telles que D, [[e1n]| <
+00 et 3.y llean| < +oc. De plus, soit e € ]0,(2+7)~'[, soit (ay,)nen Une suite dans
e, (1 —¢)/(1+n)], soit (\,)nen une suite dans [e, 1] et soit 27 € H. On géneére une suite
(% )nen cOmMme suit.

Yn = (1 - O‘n>xn + &n<Unxn + el,n)
(vn c N) T'n = (1 - an)yn =+ an<Unyn + 62,n) (8.77)

Zn =Tp+ Ty — Yn
Tpa1 = Ty + An(Psz, — xp).

Proposition 8.29 On suppose que 7 + & et que

Ty, — X .
" = € Fix U, 8.78
z, — Uz, — 0 v n B ( )

(Vz € H) {

neN

Alors la suite (x,),en engendrée par UAlgorithme 8.28 converge faiblement vers un point
dans Z.

Proof. Soient
(VneN) B.=04+na, T,=I1d et R,=(1-a,)ld+a,U,. (8.79)
Notons que (fx)ren est une suite dans |0,1 —¢] et que, pour tout n € N, T, est

une contraction ferme et que R, est une pseudo contraction telle que Id —R,, est (3,,—
lipschitzienne (Lemme 8.27 (i)&(ii)). De plus, le Lemme 8.27 (iii) garantit que, pour
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tout n € N, FixU,, = Fix R,,, d'ou FixU, = Fix T, R,,. Par conséquence, nous avons que
le Probleme 8.26 est un cas particulier du Probleme 8.1, ou

Z =S8N ()FixU, =8N (| FixT,R, # @. (8.80)

neN neN

Ensuite nous montrons que 'Algorithme 8.28 est un cas particulier de 'Algorithme 8.2.
Posons

(VneN) a,=ane1n, b,=0, ¢, =ane2, et Q,=Ps. (8.81)

Nous avons ),y llar]| < 400, D pcn llbrll < 400, D penllexll < +oo, et, pour tout
n € Netz € H, Quu est la projection sur le demi-espace affine fermé {y e H |
(y — Psx | x — Psx) < 0}, qui contient S. Alors de (8.79) et (8.81) nous déduisons que
I’Algorithme 8.28 est un cas particulier de ’Algorithme 8.2.

Enfin, nous montrons que la condition (8.3) est satisfaite. Supposons que, pour
quelque = € H, z, — =, z, — T, Rz, — 0, 2, —x, — 0 et z, — Q,z, — 0. On
déduit de (8.79) et (8.81) que x, — TRz, = a,(x, — Upz,) — 0 et z, — Psz, — 0.
Vu que inf, ¢y o, > € > 0 nous avons z,, — U,x,, — 0. Alors la condition (8.78) implique
que r € Npey FixU,. Dautre part, vu que z,, — z, — 0 nous avons que z;, — .
Puisque Ps est une contraction, Id —Pg est maximalement monotone, et alors, de [17,
Proposition 20.33] nous avons que son graphe est séquentiellement faible-forte fermé,
ce qui implique x € Fix Ps = S. Par conséquence, y € Z et alors le résultat découle du
Théoreme 8.3. [

Remarque 8.30 En particulier, la condition (8.78) est satisfaite si U,, = U, ou U est une
pseudo contraction lipschitzienne. En effet, le Lemme (i) implique que Id —U est continu
et monotone, et donc maximalement monotone. Par suite, puisque N,y Fix U,, = Fix U,
la condition (8.78) est une conséquence de [17, Proposition 20.33].
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Chapitre 9

Bilan et perspectives

9.1 Bilan

Cette thése a été consacrée a la conception et I'analyse de nouvelles méthodes
d’éclatement pour résoudre des problemes d’analyse non linéaire multivoque dans les-
quels plusieurs variables interagissent. Le probleme générique a été modélisé par une
inclusion vis-a-vis d’'une somme de m > 2 opérateurs monotones sur un espace hilber-
tien produit. Plusieurs méthodes ont été proposés dans les Chapitres 2—-4 pour résoudre
ce probleme sous divers jeux d’hypotheses sur les opérateurs monotones impliqués. Elles
sont appliquées au traitement du signal et de I'image, a la théorie des jeux, a la théorie
du trafic, aux équations d’évolution, aux problemes de meilleure approximation et a la
décomposition de domaine dans les équations aux dérivées partielles.

Le Chapitre 5 a présenté un nouveau formalisme de décomposition monotone+anti-
adjoint pour résoudre des inclusions monotones composites en dualité. La formulation
présentée permet de traiter une ample variété de problémes et fournit un outil puissant
de modélisation en I'analyse non linéaire.

Le Chapitre 6 a proposé une approche générale primale-duale pour résoudre des
problemes de décomposition de domaine dans les équations aux dérivées partielles en
considérant m > 2 sous-domaines disjoints et des contraintes dures aux interfaces. En
particulier, la méthode permet de considérer conditions de continuité et/ou de trans-
mission sur les interfaces aussi bien que divers problemes dans chaque sous-domaine.
De plus, la méthode proposée résout simultanément le probleme dual associé, dont les
solutions représentent les tensions aux interfaces.

Le Chapitre 7 a présenté la premiere utilisation systématique de méthodes d’écla-
tement d’opérateurs pour la construction d’équilibres de Nash. Certains cas particuliers
de jeux sans potentiel a m joueurs ont été étudiés et les méthodes obtenues ont été ap-
pliquées aux jeux a somme nulle, aux problemes d’équilibres de Nash généralisés et aux
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problémes de proximations cycliques.

Le Chapitre 8 a traité les problémes de point fixe avec contraintes ot deux opéra-
teurs sont impliqués : une contraction ferme et une pseudo contraction lipschitzienne.
Une méthode pour résoudre ce probléme a été proposée et appliquée aux inclusions
monotones et aux problemes d’équilibre.

9.2 Perspectives

Cette these ouvre des perspectives nouvelles sur diverses questions : inclusions
d’évolution couplées, problemes de la théorie du trafic, décomposition de domaine
dans les équations aux dérivées partielles, inclusions monotones multicomposantes, pro-
blemes d’équilibre et d’autres problémes de ’'analyse non linéaire.

Au Chapitre 2 nous avons proposé des méthodes pour résoudre des inclusions d’évo-
lution couplées et des problémes de théorie du trafic. Ces problémes ont été réduits a
une inclusion vis-a-vis d'une somme de deux opérateurs, dont I'un est séparable et 'autre
est cocoercif. Il serait intéressant de relaxer ces hypotheses et d’appliquer certaines mé-
thodes proposées dans les Chapitres 4 et 5 a ces problemes. D’'une part, la méthode
proposée dans la Section 4.2.2 permettrait de remplacer I’hypothése de cocoercivité par
la monotonie plus le caractere lipschitzien et, d’autre part, 'hypothése de monotonie
suffirait pour utiliser la méthode décrite dans la Section 4.2.3. Par ailleurs, 'application
de la méthode primale-duale proposée dans le Chapitre 5 aux inclusions d’évolution et
a la théorie du trafic résoudrait de plus le probleme dual associé, ce qui a des inter-
prétations importantes dans chaque domaine. Ainsi, dans le cas de la théorie du trafic,
cette application fournirait une maniere de trouver les multiplicateurs de Lagrange as-
sociés aux contraintes de capacité du réseau, qui sont interprétés comme les retards a
I’équilibre [3].

En ce qui concerne le probleme de décomposition de domaine dans les équations
aux dérivées partielles au Chapitre 6, nous avons étudié le cas ou les sous-domaines ne
se chevauchent pas en considérant une condition Dirichlet sur la frontiere du domaine. Il
serait intéressant d’étudier le cas du chevauchement et de permettre d’autres conditions
sur la frontiére. Une approche possible dans les problemes avec chevauchement est de
les réduire au cas sans chevauchement en considérant chaque intersection comme un
nouveau sous-domaine. Dans le cas de m = 2 sous-domaines, un approche similaire a
été étudiée dans [4]. D’autres conditions sur la frontiére pourraient étre modélisées en
considérant des espaces de Sobolev différents.

En ce qui concerne les inclusions monotones multicomposantes, il serait intéres-
sant d’appliquer la méthode développée au Chapitre 8 a la somme hilbertienne directe.
Ceci permettrait de résoudre des inclusions monotones multicomposantes ou plusieurs
contraintes dans I'espace produit interviennent. Contrairement a la méthode proposée
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dans la Section 4.2.2, la méthode obtenue tolérerait des erreurs dans le calcul des opé-
rateurs concernés et approcherait les contraintes par des projections sur certains demi-
espaces définis sur ’espace produit.

D’autre part, nous avons étudié dans le Chapitre 8 une application aux problemes
d’équilibre. Contrairement aux approches utilisées dans [5, 7], la méthode proposée
permet de résoudre le Probléme 8.9 lorsque 'opérateur B est monotone et lipschitzien.
Il serait intéressant de concevoir une nouvelle méthode d’éclatement pour résoudre un
probleme d’équilibre sous des hypotheses plus générales (voir (8.14)).

Une autre direction de recherche a poursuivre est la conception des méthodes pour
la résolution de problémes d’inclusions lorsque les opérateurs impliqués ne sont plus
monotones. En particulier, il serait intéressant de concevoir des méthodes d’éclatement
d’opérateurs co-hypomonotones, ceux qui apparaissent souvent dans plusieurs applica-
tions [6, 8] (voir aussi [1]).

Une autre probleme intéressant a étudier est de trouver, s’ils existent, les avantages
de la méthode proposée dans [9] par rapport a I'algorithme explicite-implicite décrit
dans la Section 1.2 pour les problemes de minimisation. Dans ce cas, 'opérateur uni-
voque impliqué est le gradient d’une fonction convexe qui est supposé lipschitzien. Si le
domaine du gradient est tout I'espace, il est bien connu que ces hypothéses sont équi-
valentes a la cocoercivité du gradient [2]. Cependant, on ne sait pas si une fonction
convexe différentiable peut avoir un gradient lipschitzien mais pas cocoercif lorsque son
domaine n’est pas tout I'espace.

Enfin, vu que dans tous les algorithmes proposés il est nécessaire de calculer des
résolvantes d’opérateurs monotones, il serait intéressant de développer le calcul explicite
de résolvantes dans la somme hilbertienne directe. Certains progres dans cette direction
ont été faits dans la Section 4.3 mais il reste beaucoup a faire.
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