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Introdu
tion
L'origine de 
e travail de thèse est une a�aire de 
ouloir traversé dans un senspuis dans l'autre. Le bureau de Pierre Simonnet et le mien se font fa
e au pre-mier étage d'un bâtiment de la fa
ulté des s
ien
es, séparés par un simple 
ouloir.Métaphoriquement, 
e 
ouloir peut se voir 
omme une frontière qui sépare i
i les ma-thématiques de l'informatique et de la physique tant du point de vue de la re
her
heque de 
elui de l'enseignement. C'est Pierre qui le premier fran
hi le Rubi
on, venantdans mon bureau ave
 des objets que je ne 
onnaissais pas en
ore - langages de mots�nis, de mots in�nis, automates �nis - et deux ou trois problèmes te
hniques qued'assez sommaires outils d'arithmétique sur Z, de théorie des groupes ou d'algèbrelinéaire permirent de résoudre.C'est ensuite moi qui l'ai rejoint de l'autre 
oté du 
ouloir en m'investissantdans l'enseignement des mathématiques pour l'informatique pour les �lières NTIC.A 
ette o

asion j'ai pu apprendre et enseigner di�érents aspe
ts du théorème deKleene, la déterminisation des automates, la minimisation des automates, l'algo-rithme de Berry-Sethi et aussi appréhender d'autres domaines où mathématiqueset informatique restent intimement liées 
omme la 
ryptographie ou les 
odes dé-te
teurs et 
orre
teurs d'erreurs. Cette aventure d'enseignement nous a permis dejeter les bases de 
e que serait 
e travail, résolument transversal et ne perdant pasle lien ave
 l'enseignement. A
tuellement à l'université de Corse un étudiant de pre-mière année n'entend pas parler de relations sur les ensembles sans graphes et ense
onde année les exemples 
lassiques des fon
tions de Lebesgue-S
he�er-Sierpinskiet de Péano sont vus et implémentés dans le langage de progammation de 
al
ul for-mel Maple au moyen de transdu
teurs en utilisant la représentation des réels dansdiverses bases.Dans 
e mémoire nous avons voulu étudier les notions de 
ontinuité, fon
tionspremière 
lasse (limites simples de suites fon
tions 
ontinues), fon
tions de deuxième
lasse (limites simples de suites de fon
tions de première 
lasse) 
hères au mathéma-ti
ien dans le 
adre des fon
tions dé�nissables par automates qui devrait intéresserl'informati
ien. 4



0.1. Langages rationnels0.1 Langages rationnelsSur les langages rationnels, que dit le théorème de Kleene?Un langage est rationnel si et seulement si il est re
onnu par un automate �ni.Exemple 1. Soit L le langage ne pas avoir deux b 
onsé
utifs et �nir par b surl'alphabet {a,b}. Une expression rationnelle de L est (a+ ba)∗b et L est re
onnu parl'automate (minimal) de la �gure 0.1.
1 2

a

b

aFig. 0.1 � Automate re
onnaissant le langage (a+ ba)∗bNous 
onnaissons plusieurs algorithmes permettant de passer de l'automate A aulangage L ⊂ A∗ et inversement. Deux parmi eux nous intéressent parti
ulièrement.Le premier, l'algorithme de Ma
 Naughton Yamada permet de passer de l'auto-mate à l'expression rationnelle en 
onsidérant les X(k)
p,q , l'ensemble des mots de A∗qui permettent de passer de l'état p à l'état q en ne transitant que par des états ≤ k.Dans P(A∗) l'ensemble des parties de A∗ muni d'une stru
ture de semi-anneau ave
le ou (+) et la 
on
aténation (.) on a la relation de ré
urren
e suivante :

X(k+1)
p,q = X(k)

p,q +X
(k)
p,k+1.

(

X
(k)
k+1,k+1

)∗
.X

(k)
k+1,qLe langage re
onnu par l'automate étant L =

∑

i∈I,f∈F X
(n)
i,f où I est l'ensembledes états initiaux, F l'ensemble des états �naux et n le nombre d'états de l'automate.Cet algorithme fait partie de la même famille que 
eux de Roy Warshall ou 
eluide Floyd Warshall. En fait 
'est le même algorithme, il su�t de 
hanger de semianneau !L'algorithme de Roy Warshall permet de 
al
uler la 
l�ture transitive d'une re-lation binaire R sur un ensemble E en se plaçant dans le semi-anneau des matri
esBooléennes. On 
onsidère les matri
es S(k) d'adja
en
e des relations : i est en rela-tion ave
 j si il existe un 
hemin dans le graphe de R liant i à j en ne transitant5



0.1. Langages rationnelsque par des sommets ≤ k. On a la ré
urren
e suivante :
S

(k+1)
i,j = S

(k)
i,j + S

(k)
i,k+1.S

(k)
k+1,jSi n est le 
ardinal de E, la matri
e S(n) est alors la matri
e d'adja
en
e de la
l�ture transitive de R.L'algorithme de Floyd Warshall s'intéresse lui au problème du plus 
ourt 
hemin(ou de 
oût minimal) dans un graphe. On se pla
e i
i dans le semi-anneau desmatri
es à 
oe�
ients dans N = N ∪∞ muni des lois min et +. S(k) est la matri
edont les 
oe�
ients S(k)

i,j représentent le 
oût minimal d'un 
hemin allant de i à j enne transitant que par des sommets ≤ k. On a la ré
urren
e suivante :
S

(k+1)
i,j = min

(

S
(k)
i,j ,S

(k)
i,k+1 + S

(k)
k+1,j

)Et la matri
e S(n) où n est le nombre de sommet du graphe est la matri
e desplus 
ourts 
hemins.Intéressons nous maintenant à une méthode qui permet de passer du langageà l'automate. Considérons un langage rationnel L ⊂ A∗, l'ensemble des quotientsà gau
he {u−1L|u ∈ A∗} est un ensemble �ni ave
 u−1L = {v ∈ A∗|uv ∈ L}.La relation (uv)−1L = v−1(u−1L) permet de déterminer aisément les u−1L et de
onstruire un automate qui re
onnaît L et dont les états ne sont autres que les
u−1L : 
et automate est l'automate minimal qui re
onnaît L. Nous verrons bient�tque 
ette stratégie peut être employée dans le 
adre d'un alphabet à une lettre eten 
hangeant juste de semi-anneau pour passer de la série rationnelle à la fra
tionrationnelle.Remarque 1. Si 
ette méthode s'avère e�
a
e et élégante sur des exemples simples,elle n'est pas du tout opérationnelle dans le 
as général puisque l'on a besoin de sa-voir si deux expressions rationnelles dé�nissent le même langage. Et 
'est justementgrâ
e à l'automate minimal que l'on sait répondre à 
ette question ! Or 
e passagede l'expression rationnelle à un automate qui la re
onnaît est très intéressant pourle programmeur système. La 
ommande awk du système UNIX permet de �ltrer leslignes d'un �
hier à l'aide d'une expression rationnelle. L'algorithme de Berry-Sethi
onstitue une bonne méthode, e�
a
e et opérationnelle permettant de passer de l'ex-pression rationnelle à l'automate (non déterministe) qui re
onnaît le langage.Ces digressions voulaient montrer que dans les deux sens le théorème de Kleenea un 
ontenu algorithmique fort et utile pour l'informati
ien. Mais aussi que si6



0.2. Séries rationnellesl'on regarde un graphe par le biais de sa matri
e d'adja
en
e tout 
e
i n'est quede l'algèbre linéaire ave
 des matri
es à 
oe�
ients dans des semi-anneaux et 
elapourrait bien intéresser l'enseignant de mathématiques.0.2 Séries rationnellesLe théorème de S
hützenberger étend le résultat de Kleene aux séries ration-nelles :Une série est K rationnelle si et seulement si elle est K re
onnaissable.Ce théorème dit en substan
e que 
e qui a été prouvé par Kleene dans le semi-anneaude Boole reste vrai dans n'importe quel semi-anneau K.A�n d'illustrer notre propos dans le 
as d'un alphabet à une lettre A = {z}, dusemi-anneau qui sera un 
orps (R) et dans un ré�exe pavlovien, regardons le 
as dela série suivante :
S(z) =

+∞∑

n=0

Fnz
noù Fn désigne le nième terme de la suite de Fibona

i ave
 F0 = 0 et F1 = 1.0.2.1 De la série à la fra
tionRegardons les quotient à gau
he de S :

S(z) =
∑+∞

n=0 Fnz
n

z−1S(z) =
∑+∞

n=0 Fn+1z
n = S(z)−F0

z

(z2)−1S(z) =
∑+∞

n=0 Fn+2z
n = S(z)−(F0+F1z)

z2Comme Fn+2 − Fn+1 − Fn = 0, on en déduit :
(z2)−1S(z)− z−1S(z)− S(z) = 0Et par suite : S(z) =
z

1− z − z2
= (z + z2)∗z.Comme la relation de ré
urren
e linéaire que nous avons utilisée pour dé
rire larationalité de S est la plus 
ourte, le polyn�me 
ara
téristique de la matri
e asso
iéà 
ette représentation linéaire est égal au polyn�me minimal, i
i Pm(z) = z2− z−1.La fra
tion obtenue est normalisée (irrédu
tible) et le quotient Q(z) = 1− z− z2 de
elle 
i est le polyn�me ré
iproque de Pm : Q(z) = z2Pm

(
1
z

).7



0.2. Séries rationnellesRemarque 2. Il est amusant de 
onstater que si sur les langages rationnels l'étudedes quotients à gau
he nous avait permis de passer de l'expression rationnelle àl'automate, i
i on passe de la relation de ré
urren
e (matri
e, automate à poids) àla fra
tion rationnelle (expression rationnelle).Remarque 3. I
i 
'est le point de départ qui pose problème. Nous ne sommes passimplement partis d'une série re
onnaissable. Nous sommes partis d'une série re-
onnaissable en 
onnaissant déjà la relation de ré
urren
e linéaire qui lie ses 
oef-�
ients ou 
e qui est équivalent en 
onnaissant une représentation linéaire de 
ettesérie. Etant donné une série formelle, 
omment savoir si elle est re
onnaissable et
omment trouver une représentation linéaire de 
elle-
i? On sait qu'une série for-melle sur K, S ∈ K〈〈A〉〉 est K re
onnaissable si et seulement si il existe un Ksous-module gau
he M de K〈〈A〉〉 de type �ni, stable par les opérations de quotientà gau
he qui 
ontienne S. A partir de 
e sous module, on sait 
onstruire une repré-sentation linéaire de la série. Un moyen de 
onstruire M est d'étudier les quotientsà gau
he z−1S, z ∈ A∗ et de 
onsidérer le sous module engendré par 
es quotients.Savoir si 
e sous-module est de type �ni nous ramène exa
tement sur le problèmeévoqué à la remarque 1 dans le 
as du semi-anneau de Boole.0.2.2 De la fra
tion à la sérieRegardons toujours sur 
et exemple un moyen retrouver la relation de ré
urren
eet de retrouver ainsi la série rationnelle et un automate à poids qui la re
onnaît.On 
her
he don
 la ré
urren
e linéaire qui lie les 
oe�
ients de la série S(z) =
∑+∞

n=0 anz
n de telle sorte que :

S(z) =
z

1− z − z2De 
ette équation, on déduit immédiatement :
a0 + (a1 − a0)z +

+∞∑

n=2

(an − an−1 − an−2)z
n = 0D'où 





a0 = 0
a1 = 1
an = an−1 + an−2 ∀n ≥ 2Il s'en suit pour tout n que an =

(
1 0

)
(

1 1
1 0

)n (
1
0

). Ce qui permet de 
onstruire8



0.3. Fon
tions rationnellesl'automate à poids de la �gure 0.2. I
i, la matri
e étant à 
oe�
ients dans {0,1},tous les poids valent 1.
1 2

1, x

1, x

1, xFig. 0.2 � Suite de �bona

iRemarque 4. Les graphes des automates des �gures 0.2 et 0.1 sont identiques. Dansle premier on l'intéresse à un problème de re
onnaissan
e et dans le se
ond au nombrede 
hemins : on est passé de la série ∑

w∈A∗ IL(w) w à la série ∑

n≥0Card(L
⋂
An) zn.Cet exemple est générique, pour tout langage rationnel L la série ∑

n≥0Card(L
⋂
An) znest N-rationnelle et peut don
 s'é
rire sous forme de fra
tion rationnelle. C'est pour
ette raison et à la suite de Mar
el Paul S
hützenberger que l'é
ole française de théo-rie des automates a adopté la terminologie de langages rationnels plut�t que 
elleutilisée par les anglo-saxons de langages réguliers.0.3 Fon
tions rationnellesUne fon
tion F : A∗ → B∗ est dite rationnelle si son graphe est une partie ra-tionnelle de A∗ × B∗. La fon
tionnalité est une propriété dé
idable sur les relationsrationnelles de A∗ × B∗.Pour poursuivre l'introdu
tion des notions qui seront développées plus tard, nous
ontinuons à illustrer notre propos ave
 un exemple qui utilise la suite de Fibona

i.Exemple 2. Considérons l'appli
ation suivante :

νF : {0,1}+ → N

u 7→
n∑

i=0

ui Fn−i ave
 n la longueur du mot uOù (Fn)n∈N est la suite de Fibona

i ave
 F0 = 1 et F1 = 2.Rappelons que νF est surje
tive et non inje
tive : tout entier possède une repré-sentation en base de Fibona

i qui peut ne pas être unique en raison de la relation9



0.3. Fon
tions rationnellesde ré
urren
e Fn+2 = Fn+1 + Fn.
νf(1011) = νf (1100) = νf (10000) = 8Soit Ln = {u ∈ {0,1}+| u0 = 1 et νF (u) = n}. Pour tout n de N, Ln est unsous ensemble �ni de {0,1}+ qui possède un maximum pour l'ordre lexi
ographique.Le transdu
teur dû à Mar
el Paul S
hützenberger dé�ni sur 0{0,1}∗ de la �gure 0.3réalise la fon
tion dite de normalisation qui fournit 
e maximum lexi
ographique.L'image de 
ette fon
tion est évidemment (0 + 10)∗(1 + ǫ) (l'ensemble des mots quin'ont pas deux 1 
onsé
utifs). Sur l'entrée, l'automate est non déterministe et nonambigu.

1 2

3 4

0/0

1/1

0/0

0/1
1/0

1/0

0/0,1/1Fig. 0.3 � Normalisation en base de �bona

iUne idée assez naturelle est de vouloir étendre de telles fon
tions aux mots in�nis,i
i de passer de la représentation des entiers en base de Fibona

i à la représenta-tion des réel en base du nombre d'or. Si on fait opérer le transdu
teur de la �gure0.3 sur les mots in�nis de 0{0,1}ω ave
 une 
ondition de Bü
hi, il reste non am-bigu sur l'entrée mais jusqu'où doit on lire le mot α avant de pouvoir 
onnaître lespremière lettres de son image? Assez loin et même plus si l'on 
onsidère les suites
((01)n10ω)n∈N ou ((01)n1ω)n∈N, une retenue pouvant se propager depuis l'in�ni. Cettefon
tion a en
ore pour image l'ensemble des mots qui n'ont pas deux 1 
onsé
utifs,pour autant il ne s'agit plus d'une fon
tion de normalisation : il su�t de 
onsidérerles mots (01)ω et 10ω, invariants par la fon
tion et qui représentent le même réel ( 1

ϕ
)si l'on interprète 
eux-
i en base du nombre d'or ϕ.10



0.4. Fon
tions ω-rationnellesToute fon
tion rationnelle sur les mots �nis peut se dé
omposer en une appli-
ation sous-séquentielle gau
he suivie d'une sous-séquentielle droite. D'un point devue topologique étendre aux mots in�nis une appli
ation sous-séquentielle gau
hefournit une appli
ation lips
hitzienne alors que la même intention sur une appli
a-tion sous-séquentielle droite suggère la dis
ontinuité. C'est 
e qui se passe i
i ave

ette retenue qui peut se propager depuis l'in�ni. On trouvera de nombreuses infor-mations sur les relations rationnelles et les fon
tions rationnelles dans les livres deJean Berstel et de Ja
ques Sakarovit
h.L'objet prin
ipal de 
e travail de thèse a été d'étudier la 
omplexité topologiquede telles fon
tions, d'établir des résultats de dé
idabilité sur 
elle-
i et éventuellementd'étendre 
es résultats à 
ertaines fon
tions d'une variable réelles en utilisant lareprésentation de 
eux-
i en base Pisot.0.4 Fon
tions ω-rationnellesL'ensemble Aω muni de la topologie produit de 
elle de A (topologie dis
rète)est un espa
e métrisable. La distan
e usuelle utilisée d est la suivante :
d(α,β) = 1/2n ave
 n = min{i ∈ ω | α(i) 6= β(i)} si α 6= β
d(α,β) = 0 si α = βLa famille (uAω)u∈A∗ 
onstitue une base d'ouverts fermés pour 
ette topologie.L'espa
e (Aω,d) est un espa
e polonais 
e qui permet d'utiliser des résultats d'ana-lyse 
lassique tels le théorème de Baire.Une relation R ⊂ Aω × Bω est ω-rationnelle si elle est re
onnaissable par unautomate de Bü
hi asyn
hrone, 
'est à dire dont les transitions sont étiquetées pardes 
ouples de mots. La 
omplexité topologique de 
es relations a été étudiée parOlivier Finkel. Il montre qu'il existe des relations ω-rationnelles qui sont analytiques
omplètes. Il en dé
oule des résultats d'indé
idabilités tels : on ne peut dé
ider si unerelation ω-rationnelle est Borel, ouverte, Σ0

2... Toutefois, 
omme l'a montré FrançoiseGire, la fon
tionnalité est dé
idable. Dans le 
as syn
hrone 
'est à dire quand la re-lation est re
onnue par un automate de Bü
hi dont les transitions sont étiquetéespar des 
ouples de lettres, les relations restent boréliennes (
ombinaisons booléennesde Σ
0
2). 11



0.4. Fon
tions ω-rationnellesSi on s'intéresse à la 
omplexité topologique des fon
tions ω-rationnelles, le 
adreest 
elui de la hiérar
hie des boréliens et des 
lasses de Baire. On remarque toutd'abord que 
es fon
tions sont au plus de 
lasse 2 (lemme 2.15). Christophe Prieura montré que le problème de la 
ontinuité est dé
idable : il s'agit d'une 
onséquen
edu théorème du graphe fermé et du fait que l'on peut 
al
uler de manière e�e
tivel'adhéren
e topologique d'une relation ω-rationnelle. Il reste don
 à savoir si êtrede 
lasse 1 est dé
idable ou non. Nous avons pu répondre par l'a�rmative (théo-rème 1.18) dans le 
as syn
hrone en utilisant un résultat de Sierpinski sur les suret sous-graphes dont nous donnons une démonstration dans notre 
ontexte (propo-sition 1.17). Nous avons voulu illustrer notre propos en étendant aux mot in�nis letransdu
teur sous-séquentiel droit implémentant l'algorithme de Booth qui minimisele nombre de 1 dans la représentation des entiers en base d'Avizienis. La te
hniquede Booth est bien 
onnu de la 
ommunauté de l'arithmétique des ordinateurs.L'ensemble des points de 
ontinuité d'une fon
tion est toujours Π
0
2. Dans le 
assyn
hrone 
et ensemble re
onnaissable par un automate de Bü
hi déterministe (pro-position 1.15). Si de plus la fon
tion est de 
lasse 1 
et ensemble est un Π

0
2 dense(théorème 1.10). Une fon
tion de 
lasse 2 peut n'avoir au
un point de 
ontinuité(penser à la fon
tion 
ara
téristique de Q). Un résultat de Baire dit qu'une fon
tion

f n'est pas de 
lasse 1 si et seulement si il existe un fermé F non vide tel que larestri
tion de f à F n'ait au
un point de 
ontinuité. Nous prouvons une versionautomate de 
e théorème (
orollaire 2.33) :Une fon
tion ω rationnelle n'est pas de 
lasse 1 si et seulement si il existe unfermé F non vide re
onnaissable par un automate de Bü
hi tel que la restri
tion de
f à F n'ait au
un point de 
ontinuité.La démonstration de 
e dernier résultat repose sur la dérivation de Hausdor�qui s'arrête au bout d'un nombre �ni d'étapes sur les langages ω-rationnels. Il seraitplaisant que le vieux théorème de Baire 
ara
térisant les fon
tions de première 
lassepuisse avoir une appli
ation 
on
rète en arithmétique des ordinateurs.Ré
emment Olivier Carton et Olivier Finkel ont montré que la nulle part 
onti-nuité était indé
idable pour les fon
tions ω-rationnelles. Ce
i suggère que le problèmede savoir si une fon
tion ω-rationnelle est de première 
lasse est aussi indé
idable.12



0.5. Représentation des réels en base θ
En�n nous nous sommes intéressés aux orbites périodiques des fon
tions dé�nis-sables en base Pisot par des transdu
teurs syn
hrones au travers du théorème de Sar-kovski (théorème 3.7). Contrairement aux 
as pré
édents 
e résultat sur les fon
tionsréelles ne s'étend pas dire
tement aux 
as des fon
tions ω-rationnelles : l'existen
ed'un point périodique d'ordre m n'implique pas né
essairement l'existen
e de pointspériodiques d'ordre inférieurs dans l'ordre de Sarkovski 
omme l'illustre l'exemple3. La raison est que le théorème de Sarkovski est un résultat de 
onnexité alors que

(Aω,d) n'est pas 
onnexe. Ce théorème nous permet toutefois d'obtenir un résultatde dé
idabilité dans le 
adre de fon
tions réelles que l'on peut dé�nir à partir defon
tions ω rationnelles syn
hrones et qui font l'objet de la se
tion suivante.Exemple 3. La fon
tion dé�nie sur 3ω gra
e au transdu
teur de la �gure 0.4 n'aque des points périodique de période 3 et au
un d'autre période alors que 3 est lemaximum dans l'ordre de Sarkovski.
0

0/1, 1/2, 2/0

Fig. 0.4 � Tout point est périodique de période 30.5 Représentation des réels en base θNous avons voulu étendre les résultat de dé
idabilité obtenus à 
ertaines fon
tionsréelles. Pour 
ela on utilise la représentation des réels en base θ. Soit θ un réel >1,un alphabet symétrique ∆ = {k̄, . . . ,0, . . . ,k} et µθ la fon
tion 
ontinue surje
tivedé�nie par :
µθ : ∆ω → [µθ(k̄

ω),µθ(k
ω)]

α 7→ Σn≥0
α(n)
θn+1La fon
tion µθ étant 
ontinue, pour tout mot α l'ensemble µ−1

θ (µθ({α})) est ferméet l'on peut 
onstruire une fon
tion de séle
tion (de normalisation) qui à tout α as-so
ie le maximum lexi
ographique de µ−1
θ (µθ({α})). Cette fon
tion est de première
lasse. 13



0.5. Représentation des réels en base θChristiane Frougny a démontré que 
ette fon
tion de normalisation est dé�nis-sable dans S1S dans le 
as où θ est un nombre de Pisot tel le nombre d'or.On 
onsidère alors des fon
tions f ω-rationnelles syn
hrones telles que le dia-gramme suivant 
ommute :
∆ω f

−−−→ ∆ω

µθ



y



yµθ

[µθ(k̄
ω),µθ(k

ω)]
F
−−−→ [µθ(k̄

ω),µθ(k
ω)]Nous appuyant sur les travaux de Christiane Frougny nous avons pu obtenirquelques résultats de dé
idabilité sur la fon
tion F .Tout d'abord en utilisant une fon
tion de normalisation on obtient une versiondé
idable du théorème de Sarkovski (proposition 3.8). Puis gra
e à des arguments de
ompa
ité on obtient aussi des résultats de dé
idabilité pour la 
ontinuité (proposi-tion 1.24), résultat d'abord prouvé de façon 
ombinatoire par Christian Cho�rut etêtre de 
lasse 1 (proposition 1.25).Remarque 5. Ce dernier résultat n'est pas dénué d'intérêt pédagogique puisque lespremiers exemples de "vraies" fon
tions de 
lasse 1 (limites simples et non uniformesde suites de fon
tions 
ontinues) que l'on expose à nos étudiants sont souvent a�airesde bosses glissantes et rentrent 
omplètement dans 
e 
adre. Considérons pour nousen 
onvain
re la suite (Fn)n∈N dé�nie sur [0,1] par :

Fn(x) =

{
2nx ∀x ≤ 1/2n

1 ∀x > 1/2nPour tout n, Fn peut être réalisée en base 2 gra
e à la fon
tion ω-rationnelle fnet présentée dans la �gure 0.5

14



0.5. Représentation des réels en base θ

0

-1

1 2 n-1 n

0/1, 1/1

0/0, 1/1

0/ǫ 0/ǫ 0/ǫ

1/1
1/1

1/1
1/1

Fig. 0.5 � La fon
tion fn en base 2Pour 
on
lure 
ette présentation des résultats obtenus, nous pouvons évoquer lesinterrogations qui subsistent dans le 
as asyn
hrone (la dé
idabilité d'être de 
lasse1), des questions relatives à la dérivabilité dans le 
as syn
hrone (l'ensemble despoints de dérivabilité est-il re
onnaissable dans le 
adre des fon
tions dé�nissablespar automate en base Pisot?) et en�n la 
onstru
tion d'un projet pédagogique ave
l'espoir d'une 
ohéren
e plus grande entre l'enseignement des mathématiques et del'informatique dans un 
ursus de li
en
e s
ienti�que.Pour �nir, puisque nous avons parlé du théorème de Kleene-S
hützenberger relatifaux séries K-re
onnaissables, voi
i une question de Pierre Simonnet :Quelle est la 
omplexité topologique des supports de séries R-rationnelles?Une série formelle S ∈ K〈〈A〉〉 est dite K-re
onnaissable s'il existe un entier
n ≥ 1, un morphisme de monoïdes µ : A∗ → Kn×n et deux ve
teurs λ ∈ K1×n et
λ ∈ Kn×1 tels que pour tout mot w :

(S,w) = λµ(w)νLe triplet (λ,µ,ν) est alors appelé une représentation linéaire de S et n sa dimension.Le support d'une série S est l'ensemble des mots w tels que (S,w) 6= 0. Il estassez fa
ile de voir que l'ensemble des parties de A∗ qui sont support de séries
R-rationnelles est un ensemble analytique. Notons que si 
et ensemble était un ana-lytique non borélien 
ela fournirait une réponse positive mais non 
onstru
tive au15



0.5. Représentation des réels en base θproblème suivant :Existe-t-il un langage qui soit le support d'une série R-rationnelle sans être lesupport d'une série Q-rationnelle? (Salomaa et Soittola, 1978)
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Chapitre 1Automata, Borel fun
tions and realnumbers in Pisot base
Benoit Cagnard, Pierre Simonnet.Theoreti
al Informati
s and Appli
ation 41 1 (2007) 27-44.Abstra
tThis note is about fun
tions f : Aω → Bω whose graph is re
ognized by a Bü
hi�nite automaton on the produ
t alphabet A×B. These fun
tions are Baire 
lass 2 inthe Baire hierar
hy of Borel fun
tions and it is de
idable whether su
h fun
tion are
ontinuous or not. In 1920 W. Sierpinski showed that a fun
tion f : R→ R is Baire
lass 1 if and only if both the overgraph and the undergraph of f are Fσ. We showthat su
h 
hara
terization is also true for fun
tions on in�nite words if we repla
ethe real ordering by the lexi
ographi
al ordering on Bω. From this we dedu
e that itis de
idable whether su
h fun
tion are of Baire 
lass 1 or not. We extend this resultto real fun
tions de�nable by automata in Pisot base.key words : Borel set, Borel fun
tion, automata, sequential ma
hine.
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1.1. Introdu
tion1.1 Introdu
tionUsually, numbers are represented in a positional number system, with a real base
θ > 1 and digits from the alphabet A = Z

⋂
[0,θ]. So real numbers are 
onsideredas in�nite words on A with the most signi�
ant digit on the left. Then, very of-ten in 
omputer arithmeti
 a 
arry propagates from right to left. In [6, 17℄ on-linealgorithms are proposed to 
ompute arithmeti
 expressions from left to right. Ingeneral, on-the-�y algorithms pro
ess data in a serial manner from the most signi-�
ant to the least signi�
ant digit. These algorithms however use several registers,ea
h of them representing a 
orre
t pre�x of the result, 
orresponding to an assumedvalue of the 
arry. In [6, 17℄ is presented a theoreti
al framework whi
h allows toeasily obtain on the �y algorithms whenever it is possible. C. Frougny [12℄ showsthat a fun
tion is on the �y 
omputable if and only if it is 
omputable by a rightsubsequential �nite state ma
hine. The idea to read from left to right in a rightsubsequential �nite state ma
hine suggests non-determinism. Moreover, working onin�nite words rather than �nite words suggests dis
ontinuity. A natural hierar
hyexists on dis
ontinuous Borel fun
tions, the Baire 
lasses of fun
tions. A fun
tion

f belongs to 
lass 0 if it is 
ontinuous. A fun
tion f belongs to 
lass 1 if it is thepointwiselimit of a sequen
e of fun
tions of 
lass 0. A fun
tion f belongs to 
lass 2 ifit is the pointwiselimit of a sequen
e of fun
tions of 
lass 1, and so on. The presentwork studies from a topologi
al point of view fun
tions f : Aω → Bω whose graph isre
ognized by a Bü
hi �nite automaton on the produ
t alphabet A × B. Topologyand automata on in�nite words have been heavily studied. It is easy to see thatour fun
tions are of Baire 
lass 2, we prove that we 
an de
ide if they are of Baire
lass 1. We also prove this same result when numbers are represented with a Pisotbase. A Pisot number is an algebrai
 integer θ a whi
h is real and stri
tly ex
eeds1, but su
h that its 
onjugate elements are all stri
tly less than 1 in absolute value.For example, The natural integers greater than 2 and the golden ratio are Pisotnumbers. This extend the appli
ability of our result to the domain of real numbers.Our proof uses an old result of Sierpinski on Baire 
lass 1 fun
tions and de
idabilityresults of Landweber. The set of points of 
ontinuity of a fun
tion f on an in�niteword is always a 
ountable interse
tion of open sets whi
h is dense whenever f isof Baire 
lass 1. We expe
t that our approa
h will shed new light on the dis
ussionin the �eld of on-the-�y algorithms. For this reason we present a detailled study ofthe Booth 
anoni
al re
oding on in�nite words. This fun
tion is an example of adis
ontinuous �rst 
lass fun
tion. 18



1.2. In�nite words on a �nite alphabetThe paper is organized as follows. First in se
tions 2, 3, 4 we present somene
essary de�nitions and properties from automata theory and des
riptive set theory.In se
tion 5 we prove our de
idability result on in�nite words. In se
tion 6 we studythe Booth 
anoni
al re
oding. In se
tion 7 we prove our de
idability result in the
ase where our fun
tions de�ne fun
tions on real numbers represented with a Pisotbase. In the 
on
lusion we advan
e our impressions on the asyn
hronous 
ase, that isto say the 
ase of fun
tions whose graph is re
ognized by a Bü
hi automaton whi
htransitions are labeled by 
ouples of words (u,v) ∈ A∗ × B∗ instead of 
ouples ofletters (a,b) ∈ A× B.1.2 In�nite words on a �nite alphabetWe note ω the set of natural numbers. Let A be a �nite alphabet and < a linearorder on A. All alphabets that we 
onsider will have at least two letters. We denote
a the smallest element (�rst letter) of A and z the greatest element. A �nite word uon the alphabet A is a �nite sequen
e of elements of A, u = u(0)u(1) · · ·u(n) whereall the u(i)'s are in A. The set of �nite words on A will be denoted A∗. The length(number of letters) of a word u will be noted |u|. A parti
ular word is the emptyword ǫ, |ǫ| = 0. The set A+ is A∗ − {ǫ}. With 
on
atenation, A∗ is a monoid withunit element ǫ. There is a natural order on A∗ : the lexi
ographi
al ordering, stilldenoted by <.Lemma 1.1. Let n be in ω, we note An the set of words u ∈ A∗ with |u| = n.(i) For all n ∈ ω − {0}, every word u ∈ An di�erent of an have an immediateprede
essor in An noted u, for the lexi
ographi
al ordering.(ii) For all n ∈ ω − {0}, every word u ∈ An di�erent of zn have an immediatesu

essor in An noted u for the lexi
ographi
al ordering.Proof: By indu
tion on n the length of u. If u = vl with v ∈ An−1 and l ∈ A then :if l 6= a or z : u = v(l − 1) and u = v(l + 1),if l = a : u = vz and u = v(a+ 1),if l = z : u = v(z − 1) and u = va. �An in�nite word α on the alphabet A is an in�nite sequen
e of elements of A,
α = α(0)α(1) · · ·α(n) · · · . The set of in�nite words on the alphabet A will be noted
Aω. We note α[n] the �nite word formed with the n �rst letters of the in�nite word
α, α[0] = ǫ, α[1] = α(0). The set Aω, viewed as a produ
t of in�nitely many 
opiesof A with the dis
rete topology, is a metrizable spa
e. It is equipped with the usual19



1.3. Automata on in�nite wordsdistan
e d de�ned as follows. Let α,β ∈ Aω,
d(α,β) = 1/2n with n = min{i ∈ ω | α(i) 6= β(i)} if α 6= β
d(α,β) = 0 if α = βThe 
olle
tion (uAω)u∈A∗ is a basis of 
lopen sets for this topology. Re
all that (Aω,d)is a 
ompa
t metri
 spa
e. The set Aω is ordered by the lexi
ographi
al ordering <.1.3 Automata on in�nite wordsFor all this se
tion, see [20℄.De�nition 1.2. A Bü
hi (nondeterministi
) automaton A is a 5-tuple : A =<

A,Q,I,T,F >, where A is a �nite alphabet, Q is a �nite set of states, I ⊂ Q isthe set of initial states, T ⊂ Q× A×Q is the set of transitions and F ⊂ Q the setof �nal states.A path c of label α in A is an in�nite word c = c(0)c(1) · · · c(n) · · · ∈ (Q×A×Q)ωso that ∀n ∈ ω, c(n) is of the form (β(n),α(n),β(n+1)) with β(0) ∈ I and c(n) ∈ T .
c = β0

α0−→ β1
α1−→ β2

α2−→ . . .Let us note Infinity(c) the set of states whi
h appears in�nitely many times in c.An a

epting path c is a path so that Infinity(c) ⋂
T 6= ∅. An a

epted word α isa word su
h that exists an a

epting path c of label α. We say that the word α isre
ognized by A for the Bü
hi 
ondition.The set of words re
ognized by a Bü
hi automaton A is noted Lω(A).Let us denote by P(Q) the power set of Q. Noti
e that T 
an be viewed as apartial fun
tion δ : Q×A→ P(Q) where δ(p,a) = {q ∈ Q | (p,a,q) ∈ T}. By de�ning

δ(p,ub) =
⋃

q∈δ(p,u) δ(q,b) and δ(p,ǫ) = {p}, δ 
an be extended to a partial fun
tion
δ : Q×A∗ → P(Q).Example 1. Let A be the Bü
hi automaton on alphabet A = {0,1}×{0,1}, with states
Q = {1,2,3,4,5}, initial states I = {1,3,4}, �nal states F = {1,3,5} and transitions
T = {(1,(0,0),1),(1,(1,1),2),(2,(0,0),1),(2,(1,1),2),

(3,(1,1),3),(4,(0,0),4),(4,(1,1),4),(4,(0,1),5),(5,(1,0),5)}The graphi
al representation of A is given in Figure 3.4, the initial (resp. �-nal) states are represented using an ingoing (resp. outgoing) unlabeled arrow. This20



1.3. Automata on in�nite wordsautomaton re
ognizes the graph of the fun
tion S : {0,1}ω → {0,1}ω de�ned by
S(α) = α if α has an in�nite number of zeroes, S(1ω) = 1ω and for all u ∈ {0,1}∗,
S(u01ω) = u10ω. Let µ2 : {0,1}ω −→ [0,1] de�ned by µ2(α) =

∑∞
i=0

α(i)
2i+1 . One 
aneasily verify that for all α ∈ {0,1}ω, S(α) is the maximum lexi
ographi
 of the binaryrepresentations of µ2(α). S is known as normalization in base 2.

1 2

0/0 1/1

1/1

0/0

3

1/1

4

1/1

0/0

5
0/1

1/0

Fig. 1.1 � Normalization in base 2De�nition 1.3. A Muller automaton A is a 5-tuple : A =< A,Q,I,T,F >, where
A is a �nite alphabet, Q is a �nite set of states, I ⊂ Q is the set of initial states,
T ⊂ Q × A × Q is the set of transitions and F ⊂ P(Q). The di�eren
e betweenBü
hi automata and Muller automata is the a

eptan
e 
ondition.An in�nite word α ∈ Aω is re
ognized by A if there is an in�nite path c of label αso that Infinity(c) ∈ F .An automaton is 
alled deterministi
 if it has an unique initial state and for ea
hstate p and ea
h letter a there exists at most one transition (p,a,q) ∈ T . In this 
asethe partial transition fun
tion δ 
an be 
an be viewed as δ : Q × A → Q. For allin�nite word α there exist, then, at most one path c of label α.Consider the following logi
al language : the set V of the variables, its elementsnoted by x, y, z... , a 
onstant symbol 0 and a unary fun
tion s (as su

essor). Wede�ne the set of the terms T by :i) A variable is a term. 21



1.4. Borel hierar
hyii) 0 is a term.iii) if t ∈ T then s(t) ∈ T .Let P (as parts) another set of variables, this variables are noted X , Y , Z...and two binary predi
ates =, ∈. The atomi
 formulae are of the form t = t′ with
(t,t′) ∈ T 2 or t ∈ X with t ∈ T and X ∈ P.De�nition 1.4. A formula of S1S is de�ned as following :i) An atomi
 formula is in S1S.ii) If φ ∈ S1S then ¬φ, ∀xφ, ∃xφ, ∀Xφ, ∃Xφ are in S1S, with x ∈ V, X ∈ Piii) If φ and ψ are in S1S then φ ∧ ψ, φ ∨ ψ, φ⇒ ψ, φ⇔ ψ are in S1S.The interpretation of these formulae is the following : the variables of V areinterpreted as natural numbers, the symbol 0 as 0 ∈ ω, the symbol s as the su

essorfun
tion in ω, the variables of P as subsets of ω and the predi
ates symbols as =and ∈ in ω. If ea
h integer is assimilated to a singleton and ea
h subset of ω toan in�nite word on the {0,1} alphabet, then a S1S formula φ(X1,X2,...,Xn), with
X1,X2,...,Xn free variables de�nes the ω-language Lφ ⊂ 2N × . . . 2N

︸ ︷︷ ︸

n

of the n-tuple of
hara
teristi
 words satisfying φ.An ω-language L is said de�nable in S1S if there exists a formula φ in S1S so that
L = Lφ.Re
all the following result :Theorem 1.5. for all ω-language L, the following assertions are equivalent :i) L =

⋃

1≤i≤nAiB
ω
i with Ai, Bi rational sets of �nite words.ii) L = Lω(A) with A nondeterministi
 Bü
hi automaton.iii) L = Lω(A) with A deterministi
 Muller automaton.iv) L is de�nable in S1S.We 
all Rec(Aω) the family of su
h languages.1.4 Borel hierar
hyFor all this se
tion, see [16, 20℄. Borel sets of a topologi
al spa
e X are the setsobtained from open sets using 
omplementation and 
ountable unions. When X ismetrizable we 
an de�ne the hierar
hy of Borel sets of �nite rank, using the 
lassi
alnotation of Addison [16℄ :De�nition 1.6. Let X be a metrizable spa
e, for n ∈ ω−{0}, we de�ne by indu
tionthe 
lasses Σ

0
n(X), Π

0
n(X) and ∆

0
n(X) :22



1.4. Borel hierar
hy
Σ

0
1(X) = G(X) the 
lass of open sets of X

Π
0
n(X) = {A∨ | A ∈ Σ

0
n(X)}, where A∨ refers to the 
omplement of A.

Σ
0
n+1(X) = {∪mAm | Am ∈ Π

0
n(X),m ∈ ω}

∆
0
n(X) = Σ

0
n(X) ∩Π

0
n(X)We must have a metrizable spa
e sin
e in a metrizable spa
e the 
losed sets are

Π
0
2.In parti
ular, we have :

Π
0
1 is the 
lass of 
losed sets.

Σ
0
2 = Fσ is the 
lass of 
ountable unions of 
losed sets.

Π
0
2 = Gδ is the 
lass of 
ountable interse
tions of open sets.One 
an prove that : Σ

0
n ∪Π

0
n ⊂∆

0
n+1.This gives us the following pi
ture where any 
lass is 
ontained in every 
lass tothe right of it :

Σ
0
1 Σ

0
2 Σ

0
3 Σ

0
n

∆
0
1 ∆

0
2 ∆

0
3 . . . ∆n . . .

Π
0
1 Π

0
2 Π

0
3 Π

0
nThe Borel hierar
hy is also de�ned for trans�nite levels [16℄, but we shall notneed them in the present study.For all n ∈ ω the 
lasses Σ

0
n(X), Π

0
n(X), ∆

0
n(X) are 
losed by �nite union andinterse
tion, moreover Σ

0
n(X) is 
losed by 
ountable union, Π

0
n(X) is 
losed by
ountable interse
tion and ∆

0
n(X) is 
losed by 
omplement.When X is an un
ountable metri
 
omplete spa
e, the Borel hierar
hy is stri
t.In what follows X will be Aω or [a,b] with a and b real numbers.De�nition 1.7. The de�nition of Baire 
lasses for fun
tions is re
ursive.Let X, Y be metrizable spa
es and a fun
tion f : X → Y .i) f is Baire 
lass 0 if f is 
ontinuous.ii) ∀n ∈ ω, f is Baire 
lass (n+1) if f is the pointwise limit of a sequen
e of Baire
lass n fun
tions.The Lebesgue, Hausdor�, Bana
h Theorem makes the 
onnexion with the Borelhierar
hy, see [16℄ :Theorem 1.8. Let X, Y be metrizable spa
es with Y separable. Then for all n ≥ 2,

f : X → Y is Baire 
lass n i� for all open V ∈ Y , f−1(V ) ∈ Σ
0
n+1(X).Remark 1. Note that this result hold for n = 1 if in addition X is separable andeither X = Aω or else Y = R. 23



1.5. We 
an de
ide if a fun
tion de�nable in S1S is Baire 
lass 1Denote cont(f) the set of points of 
ontinuity of f . We have the 
lassi
al followingProposition, see [16℄ :Proposition 1.9. Let X, Y , be metrizable spa
es and f : X → Y , then cont(f) is
Π

0
2.The following result due to Baire shows that Baire 
lass 1 fun
tions have many
ontinuity points, see [16℄ :Theorem 1.10. Let X, Y , be metrizable spa
es with Y separable and f : X → Ybe Baire 
lass 1. Then cont(f) is a dense Π

0
2 set.It is well known that the graph of a 
ontinuous fun
tions is 
losed. The followingresult is 
lassi
al, see [9℄ for example.Lemma 1.11. Let X, Y , be metrizable spa
es with Y 
ompa
t and f : X → Y . fis 
ontinuous i� its graph is 
losed.Lemma 1.12. Let X, Y , be metrizable spa
es with Y separable and f : X → Y . If

f is Baire 
lass n then its graph is Π
0
n+1(X).Proof:We give the proof in the 
ase X = Aω, Y = Bω. First noti
e that if f(α) = βthen ∀u ∈ B∗, (β ∈ uBω ⇒ f(α) ∈ uBω) and if f(α) 6= β then ∃u ∈ B∗ su
h that

β ∈ uBω and f(α) /∈ uBω. Thus :
(α,β) ∈ graph(f)⇔ f(α) = β ⇔ [∀u ∈ Y ∗(β ∈ uBω ⇒ f(α) ∈ uBω)]As f is Baire 
lass n, {α ∈ Aω|f(α) ∈ uBω} is in ∆

0
n+1(A

ω) and
{β ∈ Bω|β ∈ uBω} is in ∆

0
1(B

ω). Thus for all �xed u ∈ B∗,
{(α,β) ∈ Aω × Bω | (β ∈ uBω ⇒ f(α) ∈ uBω)} is in ∆

0
n+1(A

ω ×Bω) and
{(α,β) ∈ Aω × Bω | ∀u ∈ B∗(β ∈ uBω ⇒ f(α) ∈ uBω)} is in Π

0
n+1(A

ω × Bω). �1.5 We 
an de
ide if a fun
tion de�nable in S1S isBaire 
lass 1De�nition 1.13. Let A, B be �nite alphabets, a fun
tion f : Aω → Bω is de�nablein S1S if its graph is de�ned by a formula in S1S.Thanks to Theorem 1.5 f : Aω → Bω is de�nable in S1S if its graph is re
ognizedby a Bü
hi automaton on the produ
t alphabet A× B.Re
all that f is Baire 
lass n if f−1(U) ∈ Σ
0
n+1 for every open set U ∈ Bω. As

(uBω)u∈B∗ is a basis of 
lopen sets, this 
ondition is equivalent to :
∀u ∈ B∗, f−1(uBω) ∈∆

0
n+1 (1)24



1.5. We 
an de
ide if a fun
tion de�nable in S1S is Baire 
lass 1It is easy to see that sets re
ognizable by Muller automata are ∆
0
3, in fa
t theyare boolean 
ombination of Σ

0
2.Proposition 1.14. Let A, B be �nite alphabets and f : Aω → Bω be a fun
tionde�nable in S1S. Then f is Baire 
lass 2.Proof: We need only to remark that if U is re
ognizable by a Muller automatonthen f−1(U) is re
ognizable. �At last, let us re
all a result of Landweber [15℄ :Proposition 1.15. If L ∈ Rec(Aω) and Π

0
2 then L is re
ognizable by a deterministi
Bü
hi automaton.Moreover one 
an de
ide for L ∈ Rec(Aω) if it is Σ

0
i (resp. Π

0
i ) for i = 1, 2.Let f be de�nable in S1S, it is easy to see that cont(f) is still de�nable in S1S.So by Proposition 1.9 and Proposition 1.15 cont(f) is re
ognizable by a deterministi
Bü
hi automaton. Moreover if it is Baire 
lass 1 then by Lemma 1.12 its graph isre
ognizable by a deterministi
 Bü
hi automaton.De�nition 1.16. Let f : Aω → Bω be a fun
tion where Bω is lexi
ographi
allyordered. The overgraph and the undergraph of f are respe
tively :

G ↑ (f) = {(α,β) ∈ Aω × Bω | f(α) < β} (2)
G ↓ (f) = {(α,β) ∈ Aω × Bω | f(α) > β} (3)W. Sierpinski [25℄ has shown that a fun
tion f : R→ R is Baire 
lass 1 if and onlyif the overgraph and the undergraph of f are Σ

0
2. We show that this 
hara
terizationis also true for fun
tions on in�nite words if we repla
e the real ordering by thelexi
ographi
al ordering on Bω.Proposition 1.17. Let A and B be two �nite alphabets, then f : Aω → Bω is Baire
lass 1 i� the overgraph and the undergraph of f are in Σ

0
2(A×B).Proof:

(⇒)Let (α,β) ∈ Aω ×Bω. The word f(α) is lexi
ographi
ally less than β i� there exists
n ∈ ω su
h that f(α)[n] = β[n], i.e., they have the same pre�x of length n, and
f(α)(n) < β(n). Let u = f(α)[n+ 1] ∈ B+, then f(α) ∈ uBω. So :

G ↑ (f) =
⋃

u∈B+

(f−1(uBω)×
⋃

v>u,|v|=|u|
vBω)As Σ

0
2(X) is 
losed by 
ountable unions then the overgraph of f is Σ

0
2.25



1.6. An example of non-
ontinuous Baire 
lass 1 fun
tion : the 
anoni
al Boothfun
tion
(⇐)Let u ∈ B+, we denote by a the minimum and z the maximum of B.We �rst 
onsider the 
ase where u is not of the form an or zn . We have :

β ∈ uBω ⇔ β > uzω and β < uaω

α ∈ f−1(uBω)⇔ f(α) > uzω and f(α) < uaωThen f−1(uBω) = {α ∈ Bω | f(α) > uzω}
⋂
{α ∈ Bω | f(α) < uaω}But {α ∈ Bω; f(α) > uzω} (respe
tively {α ∈ Bω | f(α) < uaω}) is Σ

0
2 as se
tion ofthe undergraph (respe
tively overgraph ) of f and this proves the result.In the 
ase where u = an, the proof is the same with f−1(uBω) = {α ∈ Bω | f(α) <

uaω}. And for u = zn, f−1(uBω) = {α ∈ Bω | f(α) > uzω} �Remark 2. Note that the notion of Baire 
lass 1 is purely topologi
al so it is in-dependant of the order on B. So to be Σ
0
2 for the overgraph and the undergraph isindependent of the 
hoi
e of the order on B.Theorem 1.18. We 
an de
ide if a fun
tion f : Aω → Bω so that

Graph(f) = {(α,β) ∈ Aω × Bω | f(α) = β} is de�nable in S1S is Baire 
lass 1.Proof: Fix an order on B. The lexi
ographi
al ordering on Bω is de�nable in S1S.We have:
(α,β) ∈ G ↓ (f)⇔ ∃γ ∈ Bω ((α,γ) ∈ Graph(f) ∧ β < γ)Then the overgraph and the undergraph of f are de�nable in S1S. Using Proposition1.15, we 
an de
ide if f is Baire 
lass 1. �1.6 An example of non-
ontinuous Baire 
lass 1 fun
-tion : the 
anoni
al Booth fun
tionIn [12℄, C. Frougny shows that a fun
tion 
an be on-the-�y 
omputed i� it isa right subsequential fun
tion. She gives as example the Booth 
anoni
al re
oding,see also [19℄ for appli
ations to multipli
ation. In this se
tion, we extend the Booth
anoni
al re
oding on in�nite words, prove that it is a non-
ontinuous Baire 
lass 1fun
tion and give its set of 
ontinuity points.We re
all the de�nition of a right subsequential fun
tion.De�nition 1.19. A right subsequential ma
hine with input alphabet A and outputalphabet B,M = (Q,A×B∗,T,i,s) is a dire
ted graph labeled by elements of A×B∗26



1.6. An example of non-
ontinuous Baire 
lass 1 fun
tion : the 
anoni
al Boothfun
tionwhere Q is the set of states, i ∈ Q is the initial state, T ∈ Q × (A × B∗) × Q isthe set of labeled transitions and s : Q→ B∗ is the terminal fun
tion. The ma
hinemust satisfy the following property : it is input deterministi
, i.e., if p a/u
−−→ q and

p
a/v
−−→ r, then q = r and u = v. A word u = a0 · · ·an ∈ A

∗ has v ∈ B∗ for image by
M if there exists a path inM starting in the initial state i

i
an/vn

−−−→ q1
an−1/vn−1

−−−−−−→ . . . qn
a0/v0

−−−→ qn+1with vi ∈ B
∗ and su
h that v = s(qn+1)v0 · · · vn.A fun
tion f : A∗ → B∗ is right subsequential if there exists a right subsequentialma
hineM su
h that if u ∈ A∗ and v ∈ B∗, v = f(u) i� v is the image of u byM.On �nite words, the Booth 
anoni
al re
oding is the fun
tion that maps anybinary representation onto an equivalent Avizienis [1℄ one with the minimum numberof non-zero digits : ϕ : {0,1}∗ → A∗ with A = {1,0,1} where 1 means −1, see [19℄.It 
an be obtained by a least signi�
ant digit �rst (LSDF) algorithm by repla
ingea
h blo
k of the form 01n, with n ≥ 2, by 10n−11. The following right subsequentialma
hine realizes the Booth 
anoni
al re
oding [12℄.

012

0/01/0

1/ǫ

0/01

1/01

0/ǫ /ǫ/1/1Fig. 1.2 � Right subsequential Booth 
anoni
al re
odingWe will now extend the Booth 
anoni
al re
oding on in�nite words α whi
hsatisfy α(0) = 0 by ϕ : 0{0,1}ω → Aω. First note that on �nite words, the pattern00 in the input blo
ks a possible 
arry. So for α ∈ 0{0,1}ω if α 
ontains an in�nity ofblo
ks 00 it is natural to extend Booth 
anoni
al re
oding on α using the algorithmon ea
h �nite 
onse
utive word of α starting by 00.Example 2. An in�nite number of 00.
ϕ(01100101100010100011100 · · ·) = ϕ(011) ϕ(001011) ϕ(000111) · · ·

= 101 010101 001001 · · ·
ϕ(0101(01010011011)ω) = ϕ(0101) (ϕ(0101) ϕ(0011011))ω

= 0101 (0101 0100101)ωIf the number of 00 in α is �nite we must be 
areful be
ause a 
arry 
an 
ome fromthe in�nity. This 
ase depends of the number of 11 
ontained in α. If this number is�nite : let n be the greatest integer su
h that α(n−2)α(n−1) = 11 (n = 0 if no blo
k27



1.6. An example of non-
ontinuous Baire 
lass 1 fun
tion : the 
anoni
al Boothfun
tion11 appears in α) then we 
an extend ϕ on α by ϕ(α) = ϕ(α[n])α(n)α(n+ 1) · · ·Example 3. A �nite number of 00 and �nite number of 11.
ϕ((01)ω) = (01)ω

ϕ(01001011(0101001)ω) = 01010101(0101001)ωAt last, if in α the number of 00 is �nite and the number of 11 is in�nite thena 
arry 
ome from the in�nity and propagate up to the last 00. Let then n be thegreatest integer su
h that α(n−1)α(n) = 00 (n = 0 if no 00 hold in α). Therefore we
an extend ϕ on α by ϕ(α) = ϕ(α[n])1ψ(α(n+1)α(n+2) · · · ) with ψ : {0,1}ω → Aωthe sequential fun
tion de�ned by ψ(0) = 1 and ψ(1) = 0.Example 4. A �nite number of 00 and in�nite number of 11.
ϕ(01ω) = 10ω

ϕ(01100(101011)ω) = 10101(010100)ωWith this 
onstru
tion, we obtain a fun
tion ϕ : 0{0,1}ω → Aω whi
h still mapsany binary representation onto an equivalent Avizienis one.The graph of ϕ is realized by the Bü
hi automaton A of �gure 1.3.
0

1 2

0/0

0/0

1/1

0/0

3 4

0/1

0/1

1/0

0/1

1/1

5
1/0

1/1

0/1

1/0

Fig. 1.3 � Booth Bü
hi automataThe essential di�eren
e with the �nite 
ase is that the 
arry 
an 
ome from thein�nity and this suggests dis
ontinuity. A blo
k of the form 11 laun
hs or propagatesthe 
arry and a blo
k the form 00 stops the 
arry. So have a �nite or an in�nite28



1.6. An example of non-
ontinuous Baire 
lass 1 fun
tion : the 
anoni
al Boothfun
tionnumber of su
h blo
ks will be important in the study of the regularity of ϕ.Proposition 1.20. The fun
tion ϕ : 0{0,1}ω → Aω is a non 
ontinuous Baire 
lass1 fun
tion.Proof: It is easy to see ϕ as the pointwise limit of a sequen
e of 
ontinuous fun
tionbut it is more interesting to determine the topologi
al 
omplexity of ϕ−1(V ) for
V ∈ {vAω|v ∈ A∗} basis of 
lopen sets of Aω.1. Let α ∈ ϕ−1(v1Aω) with |v| = n. It means that δ(0,(α[n],v)) 6= ∅ and

⋃

q∈δ(0,(α[n],v)) δ(q,(α(n),1)) 6= ∅. So there is two possibilities for α(n) : α(n)is a 0 whi
h propagates a 
arry (transition from state 4 to 3 or 5 to 3) or
α(n) is a 1 whi
h releases a 
arry (transition from state 4 to 2 or 5 to 2). Let
I = {u ∈ {0,1}∗| |u| = n, δ(0,(u,v)) ⋂

{4,5} 6= ∅}, I is �nite, and :
ϕ−1(v1Aω) =

⋃

u∈I

( u0(10)∗11{0,1}ω
⋃

u1(01)∗00{0,1}ω
⋃

u1(01)ω )So ϕ−1(v1Aω) is a non open ∆
0
2({0,1}

ω). Then ϕ is not 
ontinuous.2. Let α ∈ ϕ−1(v0Aω) with |v| = n. The two possibilities for α(n) are : α(n)is a 0 whi
h does not propagate a 
arry (transition from state 1 to 1 or 2to 1) or α(n) is a 1 whi
h propagate a 
arry (transition from state 3 to 4,4 to 5 or 5 to 5). Let J = {u ∈ {0,1}∗| |u| = n, δ(0,(u,v)) ⋂
{1,2} 6= ∅},

K = {u ∈ {0,1}∗| |u| = n, δ(0,(u,v)) ⋂
{3,4,5} 6= ∅}, J and K are �nite, and :

ϕ−1(v0Aω) =
⋃

u∈J

( u0(10)∗0{0,1}ω
⋃

u0(10)ω )
⋃

u∈K

u1(01)∗1{0,1}ωSo ϕ−1(v0Aω) is a non open ∆
0
2({0,1}

ω).3. Let α ∈ ϕ−1(v1Aω) with |v| = n. The two possibilities for α(n) are : α(n) is a 0whi
h stops a 
arry (transition from state 1 to 3) or α(n) is a 1 whi
h does notpropagate a 
arry (transition from state 1 to 2). Let L = {u ∈ {0,1}∗| |u| = n,
δ(0,(u,v)) = {1}}, I is �nite, and :

ϕ−1(v1Aω) =
⋃

u∈L

( u0(10)∗11{0,1}ω
⋃

u1(01)∗00{0,1}ω
⋃

u1(01)ω )So ϕ−1(v1Aω) is a non open ∆
0
2({0,1}

ω).Then for all open set V ∈ Aω, ϕ−1(V ) is Σ
0
2 and ϕ is Baire 
lass 1. �Consider now the 
ontinuity points of ϕ. It is easy to see that ϕ is not 
ontinuousin (01)ω : ϕ((01)ω) = (01)ω, (01)n1ω 
onverges to (01)ω and ϕ((01)n1ω) = 1(01)n−10ω.Proposition 1.21. The set of points of non 
ontinuity of ϕ is {u(01)ω| u ∈ 0{0,1}∗}.29



1.7. The 
ase of the real numbersProof: The fun
tion ϕ is not 
ontinuous in α i� there exist an open set V ∈ Aωso that α ∈ ϕ−1(V )\Int(ϕ−1(V )). In the proof of the previous result, we have the
omplete des
ription of ϕ−1(V ) for a basis of open sets and su
h α are the words ofthe form u(01)ω. �Remark 3. Note that cont(ϕ) is quite a dense Gδ set.Another example of fun
tion de�nable in S1S, Baire 
lass 1 but not 
ontinuous,is given by the normalization (example 23) in Pisot numeration systems [13℄.1.7 The 
ase of the real numbersIn this se
tion we 
onsider a numeration system for real numbers with Pisotbase. A real θ is a Pisot number if it is an algebrai
 integer stri
tly ex
eeds 1, butsu
h that its 
onjugate elements are all stri
tly less than 1 in absolute value. Forexample, The natural integers greater than 2 and the golden ratio 1+
√

5
2

are Pisotnumbers. Real numbers are represented in Pisot base with alphabet A ⊂ Z
⋂

[0,θ].Then de�ne an evaluation fun
tion µθ :
µθ : Aω → [0,1]

α 7→ Σn≥0
α(n)
θn+1Let us re
all that µθ is a 
ontinuous surje
tion on [0,1].C. Frougny proved that M = {(α,β) ∈ Aω ×Aω|µθ(α) = µθ(β)} and

N = {(α,β) ∈ Aω × Aω|µθ(α) < µθ(β)} are de�nable in S1S [11℄ see also [3℄.A Fun
tion f : Aω → Bω is 
onsistent with µθ1
and µθ2

(where θ1 and θ2 are twoPisot numbers) if there exists F su
h that the following diagram 
ommutes :
Aω f

−−−→ Bω

µθ1



y



yµθ2

[0,1]
F
−−−→ [0,1]From now on, we 
onsider fun
tions f : Aω → Aω de�nable in S1S whi
h are
onsistent with µθ.In the 
ase that the base θ is a natural integer, one 
an �nd histori
al examplesof su
h 
ontinuous F in Chapter XIII of S.Eilenberg [5℄. In 1890 Giuseppe Peanopublished an example of a 
ontinuous fun
tion

H : [0,1] −→ [0,1]× [0,1]30



1.7. The 
ase of the real numberswhi
h is surje
tive, the so-
alled square-�lling 
urve. We have H = (F,G) with
F : [0,1] −→ [0,1], G : [0,1] −→ [0,1]. The fun
tion F (resp G) 
an be de�ned by a
onsistent fun
tion f : 9ω −→ 3ω from base 9 to base 3. The fun
tion f is realizedby a left sequential letter to letter transdu
er, hen
e f is de�nable in S1S. Otherexamples in the same spirit 
an be �nd in the works of Wa
law Sierpinski, BernardBolzano, Ludwig S
hee�er, Georg Cantor. The reader interested in history shouldsee the book of A. Edgar [4℄ and the beautiful arti
le of B. Maurey and J.P. Ta

hi[18℄ about the Devil's stair
ase of Ludwig S
hee�er presented in Figures 1.4, 1.5.

11 20/0
2/1

0/0 1/02/0
1/1

Fig. 1.4 � Automaton of the Devil stair
ase

0

0.2

0.4

0.6

0.8

0.2 0.4 0.6 0.8 1

xFig. 1.5 � Graphi
al approximation of the Devil stair
aseIn the following example, we give an example of a non 
ontinuous fun
tion Fde�nable in S1S and Pisot Basis. One 
an see examples of some histori
al fun
tionsof the analysis like jumps fun
tion that we have seen in [18℄.Example 5. Here we present a simple example of a jump fun
tion F de�nable in
S1S. The graph of F is obtained in the following way. First we take the symetri
31



1.7. The 
ase of the real numbersof the graph of the Devil stair
ase about the line y = x. This is not the graph ofa fun
tion, so we 
hoose for ea
h x the greatest y su
h that (x,y) belongs to thisrelation. As the Devil stair
ase has 
onstant values equal to u/2n with n ∈ ω∗, u ∈ ωand 0 < u < 2n outside the Cantor set, our fun
tion F is dis
ontinuous in u/2n with
n ∈ ω∗, u ∈ ω, 0 < u < 2n and jump by steps of 1/3n with n ∈ ω∗. We 
hoose for
F (u/2n) the upper bound of the interval : for example with x = 1/2, F (x) ∈ [1/3,2/3]and we 
hoose F (1/2) = 2/3. So the fun
tion F is right 
ontinuous on [0,1].The fun
tion f : {0,1}ω → {0,1,2}ω given by the non deterministi
 automaton ofFigure 1.6 is 
onsistent with µ2 and µ3. Note that dis
ontinuity is given by nondeterminism. Here the set of dis
ontinuity is (0 + 1)∗01ω. It is easy to see that f isBaire 
lass 1.Then the fun
tion F : [0,1] → [0,1] obtained in the following 
ommutative diagramis the expe
ted one, see Figure 1.7.

{0,1}ω
f

−−−→ {0,1,2}ω

µ2



y



yµ3

[0,1]
F
−−−→ [0,1]

3

4 5

1 2

1/2

0/0

0/1

1/2

0/0

1/2

1/2

0/0 1/2

Fig. 1.6 � Automaton of a jump fun
tionFor simplify we suppose that for the input and the output, numbers are represen-ted in the same base. Note that if f is de�nable in S1S, and if θ is a Pisot number32
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al approximation of the jump fun
tion Fthen one 
an de
ide if f is 
onsistent. This 
an be expressed by a 
losed S1S formulaand S1S is de
idable [2℄. For more details, we refer the reader to [3℄.As f is Baire 
lass 2, the topologi
al 
omplexity of su
h F is Baire 
lass 2. Tosee this we 
an use the following Theorem of Saint Raymond [16, 23℄.Theorem 1.22. Let X, Y be 
ompa
t metrizable spa
es, Z a separable metrizablespa
e, a 
ontinuous surje
tion g : X → Y and a Baire 
lass n fun
tion f : X → Zwith n ∈ ω, then there exists a Baire 
lass 1 fun
tion s : Y → X so that g ◦ s = IdYand f ◦ s is Baire 
lass n.Corollary 1.23. For f and F de�ned in the previous diagram, if f is Baire 
lasse
n then F is Baire 
lass n too.Proof: Take X = Aω, Y = [0,1] and Z = Aω. By Theorem ?? there exists a sele
tor
s : [0,1]→ Aω so that f ◦ s is Baire 
lass n. Then F = µθ ◦ f ◦ s is Baire 
lass n too.
� Our aim is to extend the results of de
idability to the fun
tion F .C. Cho�rut, H. Pelibossian and P. Simonnet [3℄ have shown that the 
ontinuityof the fun
tion F is de
idable with an algorithmi
 proof. We give a topologi
al proofof this result and then show that we 
an also de
ide if F is Baire 
lass 1.Proposition 1.24. Let F : [0,1]→ [0,1] in a base θ with θ a Pisot number so thatthere exist a fun
tion f : Aω → Aω whi
h veri�es :1. Graph(f) is de�nable in S1S.2. ∀α ∈ Aω : µθ(f(α)) = F (µθ(α)).Then we 
an de
ide if F is 
ontinuous. 33



1.7. The 
ase of the real numbersProof: The fun
tion F is 
ontinuous i� its graph is 
losed. So let us prove that we
an de
ide if Graph(F ) is 
losed. Let µ be de�ned by :
µ : Aω × Aω → [0,1]× [0,1]

(α,β) 7→ (µθ(α),µθ(β))Note H = µ
−1(Graph(F )) = {(α,β) ∈ Aω×Aω | F (µθ(α)) = µθ(β)} = {(α,β) ∈

Aω × Aω | µθ(f(α)) = µθ(β)}. As θ is a Pisot number and f de�nable in S1S, H isde�nable in S1S.If Graph(F ) is 
losed, as µ is 
ontinuous, H is 
losed too. Conversely, if H is 
losed,as Aω is 
ompa
t and µ is 
ontinuous and surje
tive,Graph(F ) = µ(µ−1(Graph(F ))) =

µ(H) is 
ompa
t. Then F is 
ontinuous i� H is 
losed. The set H is re
ognizableby automaton so by Proposition 1.15 we 
an de
ide if F is 
ontinuous. �Proposition 1.25. Let F : [0,1]→ [0,1] su
h that there exists a fun
tion f : Aω →

Aω whi
h veri�es :1. Graph(f) is de�nable in S1S.2. ∀α ∈ Aω : µθ(f(α)) = F (µθ((α)).Then we 
an de
ide if F is Baire 
lass one.Proof: For the proof we use an old result of W. Sierpinski :a fun
tion F : R −→ R is Baire 
lass 1 i� its overgraph and its undergraph are Σ
0
2[25℄.Let H = µ

−1(G ↑ (F )) = {(α,β) ∈ Aω × Aω | F (µθ(α)) < µθ(β)} we have
H = {(α,β) ∈ Aω×Aω | µθ(f(α)) < µθ(β)}. As θ is a Pisot number and f de�nablein S1S, H is de�nable in S1S.By the same argument as in Proposition 1.24, it is easy to verify that G ↑ (F ) is Σ

0
2i� H is Σ

0
2. To see this, note that as µ is surje
tive

G ↑ (F ) = µ(µ−1(G ↑ (F ))) = µ(H)As µ is 
ontinuous if G ↑ (F ) is Σ
0
2 then H is Σ

0
2. Conversely if H is Σ

0
2, as Aω×Aωis 
ompa
t, then H is Kσ (
ountable union of 
ompa
t sets) and G ↑ (F ) = µ(H)is Kσ as a 
ontinuous image of a Kσ set.As H is re
ognizable by automaton, by Proposition 1.15 we 
an de
ide if F isBaire 
lass 1. �
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1.8. Con
lusion1.8 Con
lusionLet us talk about the asyn
hronuous 
ase. An ω-rational relation is a relationwhose graph is re
ognized by a Bü
hi automaton, and for whi
h transitions arelabeled by 
ouples of words (u,v) ∈ A∗×B∗ instead of 
ouples of letters (a,b) ∈ A×B.They were �rst studied by F. Gire and M. Nivat, see [10, 7, 8℄. Françoise Gire hasshown that the problem of fun
tionality is de
idable for an ω-rational relation. Re
allthat a set is analyti
 (Σ1
1 in the notation of Addison see [16℄) if it is the 
ontinuousimage of a Borel set. It is well known that Borel sets are analyti
s sets but thatthere exist analyti
s sets whi
h are not Borel [16℄. It is easy to see that ω-rationalrelations are analyti
 sets. Re
ently O. Finkel has shown that there exist an ω-rational relation whi
h is not Borel [7℄. From this he dedu
es many unde
idabilityresults [8℄. It is easy to see that an ω-rational fun
tion is of Baire 
lass 2. Re
ently,C. Prieur [21, 22℄ has generalized the de
idability of 
ontinuity to the ω-rationalfun
tions. Moreover the overgraph (resp. undergraph) of an ω-rational fun
tion isan ω-rational relation. Unfortunately O. Finkel has shown the following Theorem :the problem of knowing if an ω-rational relation is Σ

0
i (resp. Π

0
i ) for i = 1 and 2is unde
idable [8℄. In addition, from O. Carton (personal 
ommuni
ation) we havethe following result : the problem of knowing if an ω-rational fun
tion is totallydis
ontinuous is unde
idable. So we think that Baire 
lass 1 is unde
idable for the

ω-rational fun
tions.For ending we 
onsider �nite words. The following Theorem of Elgot Mezei, see[24℄ is well known: a rational relation whi
h is a graph of a fun
tion f with f(ǫ) = ǫis the 
omposition of a left sequential fun
tion and a right sequential fun
tion. Aleft sequential ma
hine gives 
ontinuous fun
tion when we read in�nite words. Buta right sequential ma
hine 
an give a fun
tion of Baire 
lass 2. We think that thereexists a right subsequential fun
tion su
h that its on-the-�y extension on in�nitewords is not Baire 
lass 1. Can we interpret points of 
ontinuity, as points that needonly one register in an on the �y algorithm? Finally note that the Booth 
anoni
alre
oding is an ω-rational relation with bounded delay, and all ω-rational relationswith bounded delay 
an be syn
hronized [10℄, this is what we have done.The authors would like to thank Serge Grigorie� for very hepful 
omments ona preliminary version of this paper. We thank also Pierre Del�ni and Alain Hert-zog for histori
al remarks. We would like to thank also the anonymous referees forsuggestions whi
h greatly improved the manus
ript.35
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Chapitre 2Baire and automata
Pierre Simonnet, Benoit Cagnard.Dis
rete Mathemati
s and Theoreti
al Computer S
ien
e vol. 9:2 (2007) 255-296.Abstra
tIn his thesis Baire de�ned fun
tions of Baire 
lass 1. A fun
tion f is of Baire
lass 1 if it is the pointwise limit of a sequen
e of 
ontinuous fun
tions. Baire provesthe following theorem. A fun
tion f is not of 
lass 1 if and only if there exists a
losed nonempty set F su
h that the restri
tion of f to F has no point of 
ontinuity.We prove the automaton version of this theorem. An ω-rational fun
tion is not of
lass 1 if and only if there exists a 
losed nonempty set F re
ognized by a Bü
hiautomaton su
h that the restri
tion of f to F has no point of 
ontinuity. This gives usthe opportunity for a dis
ussion on Hausdor�'s analysis of ∆

0
2, ordinals, trans�niteindu
tion and some appli
ations of 
omputer s
ien
e.key words : Automata, Borel fun
tions, ω-regular sets, 
oanalyti
 sets
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2.1. Introdu
tion2.1 Introdu
tionWe would like to dedi
ate this work to the memory of Pierre Duga
, who was agreat historian of Mathemati
s, and the Fren
h spe
ialist of Baire's work.In his thesis Baire introdu
ed the hierar
hy of Baire 
lasses of fun
tions. A fun
-tion f belongs to 
lass 0 if it is 
ontinuous. A fun
tion f belongs to 
lass 1 if it isthe pointwise limit of a sequen
e of fun
tions of 
lass 0. A fun
tion f belongs to
lass 2 if it is the pointwise limit of a sequen
e of fun
tions of 
lass 1, and so on.The present work 
on
erns fun
tions f : Aω → Bω whi
h are ω-rational (Aω and Bωsets of in�nite words on �nite alphabets A and B). We study these obje
ts from atopologi
al point of view. Let us des
ribe the work done on ω-rational relations.A

eptan
e of in�nite words by �nite automata was �rst 
onsidered in the sixtiesby Bü
hi in order to study de
idability of the monadi
 se
ond order of one su

essorover the integers [14℄. Sin
e this paper the ω-regular languages have been intensivelystudied espe
ially be
ause the topologi
al spa
e of in�nite words with the usualpre�x distan
e has very interesting properties [69, 95, 92℄.Rational relations on �nite words are relations 
omputable by �nite automatawith two tapes. They were �rst studied by Rabin and S
ott [74℄. A number of theirproperties were established by Elgot and Mezei [30℄. The De
omposition Theorem
hara
terizing fun
tional rational transdu
tions is one of them. A sequential fun
tionis a fun
tion whose graph is a rational relation with a 
ondition of determinism on theinput. A right (resp. left) sequential fun
tion reads words from right to left (resp. leftto right). A fun
tional rational transdu
tion f satisfying f(ε) = ε is a 
omposition ofa left sequential fun
tion and of a right sequential fun
tion [29, 12, 78℄. The extensionof rational relations to in�nite words, 
alled ω-rational relations, were �rst studiedin [7, 56, 13, 40℄. ω-rational relations are relations 
omputable by a �nite automatonwith two tapes with a Bü
hi a

eptan
e 
ondition (and a 
ondition to avoid A∗×B∗,
Aω × B∗ and A∗ × Bω). In [41℄ Gire shows that fun
tionality is de
idable for a ω-rational relation. In [37℄ Sakarovit
h and Frougny show that ω-rational relations of
Aω × Bω with bounded delay are exa
tly the ω-regular languages on the produ
talphabet A × B. In addition, they prove some unde
idability results on ω-rationalrelations whi
h 
an be dedu
ed from 
orresponding unde
idability results on rationalrelations over �nite words. The reader should also see [55, 24℄ for other propertiesand referen
es.It is only in [31, 32℄ that the topologi
al 
omplexity of ω-rational relations isreally investigated. Links between des
riptive set theory and automata theory are39



2.1. Introdu
tionnot new. They go ba
k to Bü
hi and Landweber's work [54, 18, 100℄. Bü
hi talksvery early about analyti
 set and games [16℄. In [107℄ Wagner and Staiger showsthat a subset of Aω (A �nite) is re
ognize by a nondeterministi
 turing ma
hinewith Müller 
onditions if and only if it is an e�e
tive analyti
 set, that is to say a Σ1
1set (see Rogers [75℄ and Mos
hovakis [65℄ for a de�nition of the 
lass Σ1

1). In Staigerpapers [88, 89, 90, 91, 92℄ one 
an have a good overview of the subje
t. We give herea short a

ount of Finkel's re
ent work.Des
riptive set theory is the study of de�nable sets in Polish spa
es. A Polishspa
e is a topologi
al spa
e P whi
h is separable (it has a 
ountable dense subset)and have a 
ompatible metri
 d su
h that (P,d) is 
omplete. Compa
t metri
 spa
esare Polish(2ω the Cantor spa
e, [0,1]). Complete separable metri
 spa
es are Polish(R, C, C[0,1]). The most important Polish spa
e is the Baire spa
e ωω, that is thespa
e of in�nite sequen
e of integers. The family of Borel sets, of a polish spa
e P ,is the smallest family of subsets of P whi
h 
ontains open sets and is 
losed under
omplements and 
ountable unions. A set E of a polish spa
e P is an analyti
 setif it is a 
ontinuous image of the Baire spa
e ωω. Another equivalent de�nition saythat E is an analyti
 set if it is the proje
tion of a Borel set F ⊂ ωω ×P on P . It iseasy to 
onstru
t analyti
 sets. Let L ⊂ A∗, and let L∗ be the monoid generated by
L. Repla
e star operation ∗ by ω operation, then Lω is an analyti
 set. If L is �nite
Lω is 
ompa
t. If L is not �nite L is 
ountable, so we 
an enumerate elements of
L = {u0,u1, . . . ,un, . . .}. De�ne an appli
ation φ : ω −→ A∗ by φ(n) = un. Extend
φ in monoid morphism φ : ω∗ −→ A∗. Next extend φ in 
ontinuous appli
ation
φ : ωω −→ Aω. Sin
e the graph of φ is 
losed, then Lω is analyti
 as proje
tionof a 
losed set. In 1988 Louveau showed that there exists an L su
h that Lω isnot Borel. Unfortunately, he only proved the existen
e of a su
h L, he didn't givee�e
tively su
h a L. His work remains unpublished. An analyti
 
omplete set is ananalyti
 set so that any other analyti
 set 
an be obtained by 
ontinuous inverseimage of it. In 2000, Finkel showed that a very simple 
ontext free language L issu
h that Lω is analyti
 
omplete [33℄. Finally in 2001, Finkel showed that one 
ande�ne an ω-rational relation R su
h that R is analyti
 
omplete (in parti
ular Ris not Borel) [31℄. From this, and using the Post 
orrespondan
e problem, Finkeldis
overed new unde
idability results about ω-rational relations and gave anotherproof of the unde
idability results of Sakarovit
h and Frougny [32℄.In this paper an ω-rational fun
tion is an (everywhere de�ned) appli
ation f :

Aω → Bω whose graph is an ω-rational relation. The ω-rational fun
tions are of40



2.1. Introdu
tionBaire 
lass 2. Baire proves the following theorem.Theorem 2.1. A fun
tion f is not of 
lass 1 if and only if there exists a 
losednonempty set F su
h that the restri
tion of f to F has no point of 
ontinuity.We prove the automaton version of this theorem.Theorem 2.2. An ω-rational fun
tion is not of 
lass 1 if and only if there exists a
losed nonempty set F re
ognized by a Bü
hi automaton su
h that the restri
tion of
f to F has no point of 
ontinuity.The original proof of Baire uses trans�nite indu
tion [5, 25℄. The proof presentedin [53, 47℄ is Hausdor�'s proof ; we will give a detailed proof of it. The 
hara
teriza-tion theorem of Baire appears as a 
orollary of the analysis of ∆0

2 sets in an un
oun-table 
omplete separable metri
 spa
e. A ∆
0
2 set is a set whi
h is both Fσ(
ountableunion of 
losed sets) and Gδ (
ountable interse
tion of open sets). The analysis of

∆
0
2 sets uses a trans�nite derivation over 
losed sets whi
h is of the same kind ofCantor's derivation. Re
all that Cantor dis
overed 
ountable ordinals iterating in atrans�nite way the operation of elimination of the isolated points of a 
losed set ofreals (see Ke
hris Louveau [48℄).In fa
t our theorem is just a remark : when we restri
t Hausdor�'s derivationto ω-regular sets, it stops the derivation at an integer (a greatest �xpoint). Thiswas remarked by the �rst author in 1986, who, in addition, showed a 
onne
tionbetween an old separation theorem and work of Arnold and Nivat [4℄ about theoryof parallelism.Hausdor�'s result is a �rst step in the study of Wadge's 
lasses of Borel sets[105℄. Wadge's degrees of Borel sets are essentially well ordered and the type orderof the hierar
hy is an old un
ountable ordinal studied �rst by Veblen [102℄. It isusual to present Wadge's degrees with games [103℄. The restri
tion of the Wadge'shierar
hy to ω-regular sets gives Wagner's hierar
hy [106℄. This is easily seen withBü
hi Landweber's result on games su
h that the winning set is an ω-regular set[18, 100℄. The type order of Wagner's hierar
hy is the 
ountable ordinal ωω. Ourproof is of the same type of 
ombinatorial proofs appearing in Wagner's paper [106℄.This separation result 
an be extended to all Wagner 
lasses [83, 84℄, this is easyusing well known things from des
riptive set theory and Bü
hi Landweber's resulton game [18℄. On this subje
t one 
an also study the work of Barua [6℄. These resultsare also automata analogue of e�e
tive results of Louveau [60℄ whi
h give 
lassi
alresults in the plane [76, 62℄.For more on Wagner's hierar
hy, we refer the reader to the works of Kaminski41



2.1. Introdu
tion[46℄, Carton and Perrin [22℄, Wagner [106℄, Selivanov [79℄, Staiger [92, 93℄. It turnsout that the topologi
al invariants for Wagner's 
lasses 
an be des
ribed with thealgebra of �nite monoïds, see Carton and Perrin [22℄, Wilke [109℄ and Perrin andPin [69℄. For more on Wadge's hierar
hy we refer the reader to the papers of Wadge[103, 105℄, the book of Ke
hris[47℄, and works from Louveau [60℄, Saint Raymond[77℄,Dupar
 [27℄ , Finkel [35℄ , Ressayre [26℄.For re
ent problems in theory of parallelism one 
an see [11℄.Now we return to Elgot Mezei's de
omposition theorem. A left sequential ma
hinewhi
h reads in�nite words is a 
ontinuous fun
tion. The idea to read from left toright in a right sequential �nite state ma
hine suggests non determinism. Moreover,if we work on in�nite words rather than �nite words, this suggests dis
ontinuity andthe Baire hierar
hy. If an ω-rational fun
tion is not of Baire 
lass 1, one 
an �nd arational tree (tree with a �nite number of subtrees) whose set of in�nite bran
hes isa Perfe
t set P (
losed set without isolated points [53℄) and the restri
tion of f to
P has no point of 
ontinuity. This may be interesting, even for �nite words.If the graph of f : Aω → Bω is re
ognized by a Bü
hi automaton on the produ
talphabet A × B we say that f is a syn
hronous fun
tion. Re
ently we have shownthat one 
an de
ide if a syn
hronous fun
tion is Baire 
lass 1 [20℄. Our proof istopologi
al and it is an easy 
orollary of Sierpinski [81℄ and Landweber [54℄. In thepresent paper we would like to obtain some missing links with works by Beal, Carton,Cho�rut, Frougny, Mi
hel, Prieur, Sakarovit
h. They have given more algorithmi
proofs [23, 24, 9, 38, 39, 70, 71, 8, 21℄. Talks with Finkel and Carton have given us theimpression that for an ω-rational fun
tion, being of Baire 
lass 1 is an unde
idableproperty. We hope that our presentation will be useful for 
omputer s
ientists. Forexample, it may help to understand re
ent results of Dupar
 [28℄ and Le
omte [57℄.This paper is organized as follows. In se
tions 2, 3, 4, 5 we present some de�ni-tions and properties from automata theory and des
riptive set theory. In se
tion 6we present an example whi
h may be useful to understand the result of Baire. Inse
tion 7, we present the di�eren
e hierar
hy and we give a detailed proof of Haus-dor�'s result in se
tion 8. In se
tion 9, we give the proof of Baire's result. In se
tion10, we prove the automaton version of Baire's result. In se
tion 11, we present brie-�y the Wadge's game and separation games; we think that this sheds light aboutresults of se
tions 8 and 10. Finally, we start the dis
ussion about relations betweenHausdor�'s analysis of ∆

0
2 sets, ordinals, trans�nite indu
tion and appli
ations of
omputer s
ien
e. 42



2.2. Automata on in�nite words2.2 Automata on in�nite words2.2.1 in�nite wordsFor the 
on
epts introdu
ed in this se
tion we refer the reader to [7, 29, 69, 92, 95℄.Let ω be the set of natural numbers (the �rst in�nite ordinal). Complement of a set
E will be noted Ě. Let A be a �nite alphabet or 
ountable alphabet (A = ω). Allalphabets that we 
onsider will have at least two letters. A �nite word u over thealphabet A is a �nite sequen
e of elements of A. The set of �nite words on A will be
alled A∗. The length (number of letters) of a word u will be noted |u|. A parti
ularword is the empty word ǫ, |ǫ| = 0. As usual A+ = A∗−{ǫ}. With 
on
atenation, A∗is a monoïd with unit element ǫ.An in�nite word α over alphabet A is an in�nite sequen
e of elements of A :

α = α(0)α(1)...α(n).... The set of in�nite words on the alphabet A will be noted
Aω. We note α[n] the �nite word formed with the n �rst letters of the in�nite word
α, α[0] = ǫ, α[1] = α(0). The set Aω, viewed as a produ
t of in�nitely many 
opiesof A with the dis
rete topology, is a metrizable spa
e:

d(α,β) =

{

1/2n with n = min{i ∈ ω | α(i) 6= β(i)} if α 6= β

0 if α = βThe 
olle
tion (uAω)u∈A∗ is a 
ountable basis of 
lopen sets for this topology.Re
all that if A is �nite then (Aω,d) is a 
ompa
t metri
 spa
e. If A = ω, then
(ωω,d) is a 
omplete metri
 spa
e, known as the Baire spa
e, whi
h is not 
ompa
t.The pre�x ordering is 
alled <. A �nite word u ∈ A∗ is a pre�x of the �nite word
v ∈ A∗ (resp in�nite word α ∈ Aω) if there exists a �nite word w ∈ A∗ (resp in�niteword β ∈ Aω) so that v = u.w (resp α = u.β).2.2.2 Automata on in�nite wordsDe�nition 2.3. A Bü
hi automaton A is a 5-tuple : A = 〈A,Q,I,T,F 〉, where Ais a �nite alphabet, Q is a �nite set of states, I ⊂ Q is the set of initial states,
T ⊂ Q×A×Q is the set of transitions and F ⊂ Q the set of �nal states.An in�nite word α ∈ Aω is re
ognized by A if there is β ∈ Qω su
h that :
β(0) ∈ I, ∀ n ∈ ω, (β(n),α(n),β(n+ 1)) ∈ T and β(n) ∈ F for in�nitely many n.The set of words re
ognized by a Bü
hi automaton A is noted Lω(A).Remark 4. Instead of Bü
hi automaton one 
an say automaton with Bü
hi's a

ep-tation.

T 
an be viewed as a partial fun
tion δ : Q × A → P(Q) where δ(p,a) =43



2.2. Automata on in�nite words
{q ∈ Q | (p,a,q) ∈ T}. Fun
tion δ 
an be extended to δ : Q × A∗ → P(Q) by
δ(p,ua) = δ(δ(p,u),a) where u is a �nite word and a a letter and δ(p,ǫ) = p.An in�nite path c inA is an in�nite word c = c(0)c(1)...c(n)... ∈ (Q×A×Q)ω su
hthat ∀n ∈ ω, c(n) ∈ T . For ea
h n, c(n) is of the form c(n) = (β(n),α(n),β(n+ 1)).This will be denoted by the following graphi
al notation of path.

c = β(0)
α(0)
−−→ β(1)

α(1)
−−→ β(2)

α(2)
−−→ . . .The in�nite word α ∈ Aω, α = α(0)α(1) . . . α(n) . . ., is the label of the path c.Let us note Infinity(c) as the set of states whi
h appears in�nitely many times in c.A path c is said to be su

essful if β(0) ∈ I and Infinity(c)

⋂
F 6= ∅. Note that anin�nite word α is re
ognized by A if there is a su

essful path c in A of label α.An automaton is 
alled deterministi
 if it has a unique initial state and for ea
hstate p and ea
h letter a there exists at most one transition (p,a,q) ∈ T . Consequentlythe transition partial fun
tion δ 
an be 
an be viewed as δ : Q× A→ Q. Fun
tion

δ 
an be extended to δ : Q × A∗ → Q by δ(p,ua) = δ(δ(p,u),a), where u is a �niteword and a a letter and δ(p,ǫ) = p. Then for all in�nite word α there exists at mostone path c of label α.Example 6. Let A be the deterministi
 Bü
hi's automaton on alphabet A = {0,1},with states Q = {0,1}, initial states I = {0}, �nal states F = {1} and transitions
T = {(0,0,0),(0,1,1),(1,0,1),(1,1,1)}Figure 2.1 gives the representation of A. This automaton re
ognizes the set

O = {α ∈ 2ω| ∃m α(m) = 1}.If we takes F = {0} then this automaton re
ognizes the 
omplement of O:
Ǒ = {α ∈ 2ω| ∀m α(m) = 0}.

0 1
1

0 0,1

Fig. 2.1 � The open setExample 7. Let B be the deterministi
 Bü
hi automaton on alphabet A = {0,1},with states Q = {0,1}, initial states I = {0}, �nal states F = {1} and transitions
T = {(0,0,0),(0,1,1),(1,0,0),(1,1,1)}Figure 2.2 gives the representation of B. Let Q = {α ∈ 2ω| ∃m ∀n ≥ m α(n) =

0}. This automaton re
ognizes the 
omplement of Q :44



2.2. Automata on in�nite words
Q̌ = {α ∈ 2ω| ∀m ∃n > m α(n) = 1}.

0 1

1

0

0 1

Fig. 2.2 � The set reset automaton, a deterministi
 Bü
hi automaton whi
h re
o-gnizes the Gδ set homeomorphi
 to Baire spa
e ωωExample 8. Let C be the non deterministi
 Bü
hi's automaton on alphabet A =

{0,1}, with states Q = {0,1,2}, initial states I = {0,1}, �nal states F = {0,2} andtransitions T = {(0,0,0),(1,0,1),(1,1,1),(1,1,2),(2,0,2)}Figure 2.3 gives the representation of C. Let Q = {α ∈ 2ω| ∃m ∀n ≥ m α(n) = 0},
Q is a 
ountable dense subset of 2ω The automaton C re
ognizes Q.

0

1 2
1

0

0,1 0

Fig. 2.3 � A non deterministi
 automaton whi
h re
ognizes the 
ountable dense set
Q = {α ∈ 2ω| ∃m ∀n ≥ m α(n) = 0}De�nition 2.4. A Muller automaton A is a 5-tuple : A = 〈A,Q,I,T,F〉, where Ais a �nite alphabet, Q is a �nite set of states, I ⊂ Q is the set of initial states,
T ⊂ Q×A×Q is the set of transitions and F ⊂ P(Q).An in�nite word α ∈ Aω is re
ognized by A if there is an in�nite path c of label αso that Infinity(c) ∈ F .Example 9. Let again B be the deterministi
 automaton of example 7 and take F =

{{0}}. Then this automaton re
ognizes Q.If we take F = {{1},{0,1}} then this automaton re
ognizes Q̌.45



2.2. Automata on in�nite words2.2.3 S1S: the monadi
 se
ond order theory of one su

essorWe now de�ne the terms, atomi
 formulas, and formulas of S1S the monadi
theory of one su

essor. Let V be a set of variables, its elements noted by x, y, z... ,the 
onstant symbol 0 and a unary fun
tion symbol s (as su

essor). We de�ne theset of the terms T by :i) A variable is a term.ii) 0 is a term.iii) if t ∈ T then s(t) ∈ T .Let P be another set of variables. Its variables are noted X , Y , Z... and twopredi
ate symbols =, ∈. Atomi
 formulas are of the form t = t′ or t ∈ X where
(t,t′) ∈ T 2 and X ∈ P.De�nition 2.5. A formula of S1S is de�ned as follows :i) An atomi
 formula is in S1S.ii) If φ ∈ S1S then ¬φ, ∀xφ, ∃xφ and ∀Xφ, ∃Xφ are in S1S, where x ∈ V, X ∈ P.iii) If φ and ψ are in S1S, then φ ∧ ψ, φ ∨ ψ, φ⇒ ψ and φ⇔ ψ are in S1S.The interpretation of these formulas is the following : the variables of V areinterpreted as natural numbers, symbol 0 as 0 ∈ ω, symbol s as the su

essorfun
tion in ω, the variables of P as subsets of ω and the predi
ate symbols asequality relation and membership relation in ω. If ea
h integer is assimilated toa singleton and ea
h subset of ω to an in�nite word over alphabet {0,1}, then a
S1S formula φ(X1,X2,...,Xn), with X1,X2,...,Xn free variables de�nes an ω-language
Lφ ⊂ 2N × . . . 2N

︸ ︷︷ ︸

n

.An ω-language L is said de�nable in S1S if there exists a formula φ in S1S su
hthat L = Lφ.2.2.4 ω-regular setsRe
all the following result [14, 69, 100℄:Theorem 2.6. for all ω-language L, the following assertions are equivalent :i) L =
⋃

1≤i≤nAiB
ω
i where Ai, Bi are regular sets and n ∈ ω − {0}.ii) L = Lω(A), where A is a non deterministi
 Bü
hi automaton.iii) L = Lω(A), where A is a deterministi
 Muller automaton.iv) L is de�nable in S1S. 46



2.3. ω-rational relationsThe family of languages whi
h verify the equivalent 
onditions of the pre
edingtheorem are usually 
all the ω-regular sets. We denote by Rec(Aω) the 
lass of ω-regular sets on alphabet A. Following Louveau 1987, we denote by Auto the familyof ω-regular sets. ω-regular sets are denoted by ω-regular expression [69℄.Example 10.
α ∈ O⇔ ∃m α(m) = 1An ω-regular expression for O is 0∗1(0 + 1)ω

α ∈ Ǒ⇔ ∀m α(m) = 0An ω-regular expression for Ǒ is 0ω

α ∈ Q⇔ ∃m ∀n ≥ m α(n) = 0An ω-regular expression for Q is (0 + 1)∗0ω

α ∈ Q̌⇔ ∀m ∃n > m α(n) = 1An ω-regular expression for Q̌ is (0∗1)ω2.3 ω-rational relationsIn this se
tion, we introdu
e ω-rational relations whi
h extend the notion of
ω-langages (see [37, 40, 41, 56℄).De�nition 2.7. A Bü
hi transdu
er T is a 6-tuple : T = 〈A,B,Q,I,T,F 〉, where Aand B are �nite alphabets, Q is a �nite set of states, I ⊂ Q is the set of initialstates, T ⊂ Q × A∗ × B∗ × Q is the �nite set of transitions and F ⊂ Q the set of�nal states.An (in�nite) path c in T is an in�nite word c = c(0)c(1)...c(n)... ∈ (Q × A∗ ×

B∗ ×Q)ω su
h that ∀n ∈ ω c(n) ∈ T .So for ea
h n, c(n) is of the form c(n) = (qn,un,vn,qn+1), with un ∈ A∗ and
vn ∈ B

∗ This will be denoted by the following graphi
al notation of path:
c = q0

u0,v0

−−−→ q1
u1,v1

−−−→ q2
u2,v2

−−−→ . . .Let α = u0u1 . . . un . . . and β = v0v1 . . . vn . . ., (α,β) is the label of the path c. Apath c is said to be su

essful if q0 ∈ I and Infinity(c)
⋂
F 6= ∅, where Infinity(c) isstill the set of states whi
h appears in�nitely many times in c. Let α ∈ A∗ ∪Aω and47



2.4. Borel sets in Polish spa
es
β ∈ B∗ ∪ Bω, (α,β) is re
ognized by T if there is a su

essful path c in T of label
(α,β).Remark 5. A path c of label (α,β) is 
alled admissible if α and β are both in�nitewords. In [37℄ it is shown that for every �nite Bü
hi transdu
er T , it is possible to
onstru
t another one T ′ so that every su

essful path in T ′ is admissible and thepaths that are both su

essful and admissible are the same in T and T ′. In the sequelof this paper all the labels (α,β) will be in Aω ×Bω.An ω-rational relation is a subset of Aω ×Bω whi
h is re
ognizable by a Bü
hi'stransdu
er. An ω-rational fun
tion f : Aω → Bω is a fun
tion whose graph is an ω-rational relation. Re
all that a left sequential fun
tion f : A∗ → B∗ is a fun
tion that
an be realized by a deterministi
 automaton with output (sequential transdu
er).A left sequential fun
tion 
an be extended immediately to f : Aω → Bω ∪ B∗. Ifthe image of f is in Bω then this is an example of 
ontinuous ω-rational fun
tion.This is the 
ase when the deterministi
 automaton with output realizing f outputone letter when he read a letter. We 
all 1-sequential fun
tions these fun
tions andthese fun
tions will be used as strategy for player 2 later.Example 11. Let T be the Bü
hi transdu
er with A = B = {0,1}, states Q =

{1,2,3,4,5}, initial states I = {1,3,4}, �nal states F = {1,3,5} and transitions
T = {(1,(0,0),1),(1,(1,1),2),(2,(0,0),1),(2,(1,1),2),

(3,(1,1),3),(4,(0,0),4),(4,(1,1),4),(4,(0,1),5),(5,(1,0),5)}Figure 3.4 gives the representation of T . This automaton re
ognizes the graph offun
tion S : 2ω → 2ω de�ned by S(α) = α if α has in�nitely many 0's, S(1ω) = 1ωand S(u01ω) = u10ω for all u ∈ 2∗. Let µ2 : 2ω −→ [0,1] de�ned by µ2(α) =
∑∞

i=0
α(i)
2i+1 . One 
an easily 
he
k that S(α) is the lexi
ographi
 maximum of the binaryrepresentations of µ2(α) for all α ∈ 2ω. S is known as normalization in base 2. Infa
t for any Pisot number θ, normalisation in base θ is an ω-rationnal fun
tion( seeFrougny [39℄).2.4 Borel sets in Polish spa
esFor all of the topologi
al 
on
epts introdu
ed in this se
tion we refer the readerto [53, 47, 69, 87℄.
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es
1 2

0/0 1/1

1/1

0/0

3

1/1

4

1/1

0/0

5
0/1

1/0

Fig. 2.4 � Normalization in base 22.4.1 OrdinalsFor a short and 
omprehensive presentation of ordinals we refer the reader toSrivastava [87℄. We say that two sets E and F have the same 
ardinal if there is abije
tion from E to F . We say that two well-ordered sets E and F have the sameordinal if there is an order-preserving bije
tion from E to F . To ea
h well-ordered set
W we 
an asso
iate a parti
ular well-ordered set t(W ) 
alled the type of W whi
h isthe ordinal asso
iate to W . Results in the theory of ordinals use the axiom of 
hoi
eand axiom of rempla
ement.It is 
ommon in set theory to identify an ordinal with the set of its prede
essors,i.e., α = {β | β < α} and to identify the �nite ordinals with the natural numbers.Here are the �rst ordinals 0, 1 = {0}, 2 = {0,1}, 3 = {0,1,2} . . . n = {0,1, . . . ,n− 1}The su

essor of an ordinal α is the least ordinal > α. An ordinal is su

essor if itis the su

essor of some ordinal, and it is limit if it is not 0 or su

essor.The �rst in�nite ordinal is ω = {0,1,2, . . . ,n,n + 1, . . .}, it is a limit ordinal, itssu

essor is ω + 1 = {0,1,2, . . . ,n,n + 1, . . . ,ω}.Next we have ω + 2,. . ., ω + n,. . . , ω + ω = ω.2,. . ., ω.3,. . ., ω.n,. . ., ω.ω = ω2,
. . ., ωn, . . ., ωω.An ordinal is 
ountable if its 
ardinal is 
ountable. All ordinals we have seenare small 
ountable ordinals. Let ω1 be the set of 
ountable ordinals, one 
an show49



2.4. Borel sets in Polish spa
esthat ω1 is an un
ountable well-ordered set and that its 
ardinality is lower or equalto 2N. The Continuum hypothesis says that the 
ardinality of ω1 is equal to 2N.2.4.2 The Borel hierar
hyBorel subsets of a topologi
al spa
e X are obtained from open sets using 
omple-mentation and 
ountable unions. When X is metrizable we 
an de�ne the hierar
hyof Borel sets of �nite rank :De�nition 2.8. Let X be a metrizable spa
e, for n ∈ ω−{0}, we de�ne by indu
tion
lasses Σ
0
n(X), Π

0
n(X) and ∆

0
n(X) :

Σ
0
1(X) = G(X) the 
lass of open sets of X

Π
0
n(X) = {Ǎ | A ∈ Σ

0
n(X)}, where Ǎ is the 
omplement of A.

Σ
0
n+1(X) = {∪mAm | Am ∈ Π

0
n(X),m ∈ ω}

∆
0
n(X) = Σ

0
n(X) ∩Π

0
n(X)In parti
ular, we have :

Π
0
1 is the 
lass of 
losed sets.

Σ
0
2 = Fσ is the 
lass of 
ountable unions of 
losed sets.

Π
0
2 = Gδ is the 
lass of 
ountable interse
tions of open sets.One 
an prove that : Σ

0
n ∪Π

0
n ⊂∆

0
n+1This gives us the following pi
ture where any 
lass is 
ontained in every 
lass tothe right of it :

Σ
0
1 Σ

0
2 Σ

0
3 Σ

0
n

∆
0
1 ∆

0
2 ∆

0
3 . . . ∆n . . .

Π
0
1 Π

0
2 Π

0
3 Π

0
nThe Borel hierar
hy is also de�ned for trans�nite levels ξ < ω1, but we shall notneed them in the present study.For all n ∈ ω the 
lasses Σ

0
n(X), Π0

n(X), ∆0
n(X) are 
losed under �nite unions andinterse
tions, moreover Σ

0
n(X) is 
losed under 
ountable unions, Π0

n(X) 
losed under
ountable interse
tions and ∆
0
n(X) 
losed under 
omplement. All these 
lasses are
losed by inverse image by 
ontinuous fun
tions.Example 12. The set O is open but is not 
losed, i.e., O ∈ Σ

0
1 and O /∈ Π

0
1.We will see that the set Q is Fσ but is not Gδ, i.e., Q ∈ Σ

0
2 and Q /∈ Π

0
2.Sets whi
h are re
ognized by deterministi
 Bü
hi automaton are Gδ. One 
an seethis easily as a deterministi
 automaton gives a 
ontinuous fun
tion f : Aω → Qω.50



2.4. Borel sets in Polish spa
esRepla
e q /∈ F by 0 and q ∈ F by 1. The set re
ognized by a deterministi
 Bü
hiautomaton is the inverse image of Q̌ by a 
ontinuous fun
tion.Sets whi
h are re
ognized by deterministi
 Müller automaton are boolean 
ombi-nations of sets whi
h are re
ognized by deterministi
 Bü
hi automaton, so they areboolean 
ombinations of Π
0
2 sets hen
e ∆

0
3.2.4.3 Polish spa
esA Polish spa
e P is a separable topologi
al spa
e whi
h admits a 
ompatiblemetri
 d su
h as (P,d) is 
omplete. A 
losed subset of a Polish spa
e is Polish. Anopen subset of a Polish spa
e is Polish. A Gδ subset of a Polish spa
e is Polish. Thisis not true for Fσ. Re
all the Baire theorem :Theorem 2.9. Let X be a 
omplete spa
e, the interse
tion of 
ountably many denseopen sets in X is dense.This is equivalent to say that in a 
omplete spa
e X, the union of 
ountablymany 
losed sets of empty interior has empty interior.Lemma 2.10. The set Q with the relative topology indu
ed by the one of R is notPolish.Proof: (Saint Raymond) We have :

Q =
⋃

n∈ω

{qn}a 
ountable union of 
losed sets. Suppose Q was Polish then by the pre
eding theoremthere must be an n su
h that {qn} has an nonempty interior, otherwise Q wouldhave an empty interior, hen
e will be empty. But every {qn} has an empty interiorbe
ause Q is dense in itself. Hen
e Q 
an't be Polish. �In fa
t by Baire's theorem, every 
ountable dense subset of a Polish spa
e is notPolish. As a Gδ subset of a Polish spa
e is Polish, every 
ountable dense subset of aPolish spa
e is not Gδ.Remark 6. It is well known (for a des
riptive set theorist) that every Polish spa
e ishomeomorphi
 to a Gδ set in a 
ompa
t metri
 spa
e. For example the Baire spa
e
ωω is homeomorphi
 to Q̌ = {α ∈ 2ω | ∀m,∃n > m, α(n) = 1}. To see this, de�nean appli
ation ϕ : ω −→ 2∗ by ϕ(n) = 0n1. Noti
e that ϕ(ω) = 0∗1 is a regularpre�x 
ode. Extend ϕ in monoïd morphism ϕ : ω∗ −→ 2∗, ϕ(ω∗) = (0∗1)∗. Nextextend ϕ in 
ontinuous one to one appli
ation 
alled again ϕ : ωω −→ 2ω. We have
ϕ(ωω) = (0∗1)ω = Q̌. The set of in�nite subsets of ω is homeomorphi
 to Baire spa
e
ωω. 51



2.4. Borel sets in Polish spa
esWhen P is an un
ountable Polish spa
e, Borel hierar
hy is stri
t. In the sequel
P will be Aω or Aω ×Bω or [a,b] with a and b reals.2.4.4 Analyti
 sets and 
oanalyti
 setsThere exists another hierar
hy beyond the Borel one, 
alled the proje
tive hie-rar
hy, whi
h is obtained from the Borel hierar
hy by su

essive appli
ations ofoperations of proje
tion and 
omplementation. We need just the �rst level of thishierar
hy. Let B ⊆ P ×ωω , we will 
all projP (B) the proje
tion of B onto P , thatis, projP (B) = {α ∈ P/∃β ∈ ωω (α,β) ∈ B}.A set C ⊆ P is 
alled analyti
 if there is a Borel set B ⊆ P × ωω su
h that
C = projP (B). A set C ⊆ P is 
oanalyti
 if its 
omplement is analyti
. The 
lassof analyti
 sets in P (resp. 
oanalyti
) is 
alled Σ

1

1
(P ) (resp. Π1

1
(P )). Borel sets areanalyti
 and 
oanalyti
 sets. The famous theorem of Suslin says that in Polish spa
e

P , if B ⊆ P is analyti
 and 
oanalyti
 then B is Borel.Existen
e of analyti
 sets whi
h are not Borel is a kind of myth for des
riptiveset theorists. In 1905 Lebesgue said that the proje
tion of Borel set in the plane wasa Borel set. This was false as Suslin dis
overed in 1917. He 
alled a proje
tion ofBorel set an analyti
 set. Here is the Fren
h eviden
e of Sierpinski [82℄: �Par hasardj'étais présent au moment où Mi
hel Suslin 
ommuniqua à M. Lusin sa remarque etlui donna le manus
rit de son premier travail�. Bü
hi 
ommented the equivalen
e oftheorem 2.6 :�What looks like an analyti
 set (set re
ognized by a nondeterministi
Bü
hi automaton) is in fa
t Borel set (a set re
ognized by a deterministi
 Müllerautomaton is a ∆
0
3 set)� [16℄. An ω-rational relation is an analyti
 set of Aω ×Bω.2.4.5 Complete setsRe
all the notion of 
ompleteness with regard to redu
tion by 
ontinuous fun
-tions. Let Γ be a 
lass of sets in P Polish We 
all C ⊆ P Γ-
omplete if C ∈ Γ and forany B ∈ Γ there exists a 
ontinuous fun
tion f : P −→ P , su
h that B = f−1(C).Finding some simple examples of 
omplete sets is an old tradition in des
riptiveset theory whi
h goes ba
k to Hurewi
z [45℄ (see Louveau and Saint Raymond [62℄,Ke
hris [47℄). It turns out that some simple 
ombinatorial examples of 
omplete setsare re
ognized by automata.Example 13. We will see that O = {α ∈ 2ω | ∃m α(m) = 1} is Σ

0

1
-
omplete, hen
e

Ǒ = {α ∈ 2ω | ∀m α(m) = 0} is Π
0
1-
omplete.52



2.4. Borel sets in Polish spa
esWe will see that the set Q = {α ∈ 2ω | ∃m ∀n ≥ m α(n) = 0} is Σ
0
2-
omplete,hen
e Q̌ = {α ∈ 2ω | ∀m ∃n > m α(n) = 1} is Π

0
2-
omplete. In fa
t a 
ountabledense subset of [0,1] is Σ

0
2-
omplete Hurewi
z [45℄, and this true in all un
ountablePolish spa
e.Here is some well known examples of 
oanalyti
-
omplete sets:The set WO, as Well Order, that is the set of E ⊂ ω × ω su
h that E is thegraph of Well ordered linear order, is Π

1
1-
omplete, Lusin Sierpinski (1923).The set K(Q) of 
ompa
t sets of [0,1] whi
h are in
luded in Q ⊂ R , is Π

1
1-
omplete, Hurewi
z [45℄.The set DIFF of di�erentiable fun
tions in C[0,1] is Π

1
1-
omplete, Mazurkie-vi
z(1933).The set WF of well founded trees, that is trees on ω whi
h have no in�nitebran
hes is Π

1
1-
omplete.The set NDIFF of 
ontinuous fun
tions on [0,1] whi
h are nowhere di�erentiablefun
tions in C[0,1] is Π

1
1-
omplete, Mauldin(1979).Finkel showed in [31℄ that there exists an ω-rational relation whi
h is Σ

1
1-
omplete.Wadge has proved 1 2 :For any n, C ⊆ ωω is Σ

0

n
-
omplete (resp. Π

0

n
-
omplete) set i� C ∈ Σ

0

n
\Π0

n
(resp.

C ∈ Π
0

n
\Σ0

n
).De�nition 2.11. Let L ⊂ A∗ we de�ne Lim(L) = {α ∈ Aω | ∀n ∈ ω, ∃m ≥

n su
h that α[m] ∈ L}.The following lemma is 
lassi
al(see [54℄, [56℄, [90℄).Lemma 2.12. Let M ⊂ Aω then M is Π
0
2 if and only if there exists L ⊂ A∗ so that

M = Lim(L).Example 14. Q̌ = {α ∈ 2ω | ∀m ∃n > m α(n) = 1} is Π
0
2 be
ause Q̌ = Lim(L) with

L a regular set denoted by the regular expression (0 + 1)∗1.
Q is not equal to Lim(L) be
ause Q is not Gδ.This lemma is equivalent to the following. The set Q̌ = {α ∈ 2ω | ∀m,∃n >

m, α(n) = 1} is a Π
0
2 
omplete set [83℄, [93℄. In fa
t we have more : this set isstrategi
ally 
omplete [62℄. We will see it in the game se
tion.1. Jean Saint Raymond has proved, that this valid for any un
ountable Polish spa
e.2. See [47℄ page 205 for a dis
ussion of the statement:Let C ⊆ ωω, if C ∈ Π

1

1
\Σ1

1
then C is Π

1

1
-
omplete.
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2.5. Baire's 
lasses2.5 Baire's 
lassesDe�nition 2.13. De�nition of Baire's 
lasses for fun
tions is re
ursive.Let X, Y be metrizable spa
es and f : X → Y be a fun
tion.i) f is of Baire 
lass 0 if f is 
ontinuous.ii) f is of Baire 
lass (n+1) if f is the pointwise limit of a sequen
e of Baire 
lass
n fun
tions for ea
h integer n ≥ 0.The Lebesgue, Hausdor�, Bana
h theorem makes the 
onnexion with the Borelhierar
hy :Theorem 2.14. Let X, Y be metrizable spa
es with Y separable. Then for all n ≥ 2,

f : X → Y is of Baire 
lass n i� for all open V in
lude in Y , f−1(V ) is in Σ
0
n+1(X).Remark 7. Note that this result holds for n = 1 if in addition X is separable andeither X = Aω or Y = R.Remark 8. If Y = Bω, as {uBω|u ∈ B∗} is a 
ountable basis of 
lopen sets, it isequivalent to prove that f : X → Y is of Baire 
lass n i� for all �nite word u,

f−1(uBω) is in ∆
0
n+1(X).Lemma 2.15. An ω-rational fun
tion is of Baire 
lass 2.Proof: We have to shows that for all �nite word u, f−1(uBω) is in ∆

0
3. But

f−1(uBω) = projAω(graph(f) ∩ (Aω × uBω))We see that Aω × uBω is in Rec((A × B)ω). The family of ω-rational relation of
Aω×Bω is 
losed by interse
tion with an ω-regular set of (A×B)ω and ifR ⊂ Aω×Bωis an ω-rational relation then projAω(R) is an ω-regular set of Aω. We have seen thatan ω-regular set is a boolean 
ombination of Π

0
2 sets, hen
e is a ∆

0
3 set. �Example 15. The 
hara
teristi
 fun
tion of Q ⊂ R, 1Q is a 
lassi
al example ofBaire 
lass two fun
tion whi
h is not of Baire 
lass one [5, 25℄. The fun
tion 1Qis the pointwise limit of the sequen
e (fm)m∈N where fm(x) = limn→∞ cos2m(n!πx).So 1Q is of Baire 
lass two. If 1Q was a Baire 
lass one fun
tion, then the inverseimage of an open set by 1Q will be a Σ

0
2(R) set, hen
e the inverse image of a 
losedset by 1Q will be a Π

0
2(R) set. But as 1−1

Q ({1}) = Q is not Π
0
2(R), be
ause Q is a
ountable dense subset, so 1Q is not of Baire 
lass one.Let X and Y be metrizable spa
es with Y 
ompa
t, and f : X → Y , it is wellknown that f is 
ontinuous if and only if its graph is 
losed.Proposition 2.16. Let f : Aω → Bω be a fun
tion of Baire 
lass n, then its graphis Π

0
n+1(A

ω ×Bω). 54



2.5. Baire's 
lassesProof: First noti
e that if f(α) = β then ∀u ∈ B∗, (β ∈ uBω ⇒ f(α) ∈ uBω) andif f(α) 6= β then ∃u ∈ B∗ su
h that β ∈ uBω and f(α) /∈ uBω. Thus :
(α,β) ∈ graph(f)⇔ f(α) = β ⇔ [∀u ∈ Y ∗(β ∈ uBω ⇒ f(α) ∈ uBω)]As f is of Baire 
lass n, for any word u in B∗, {α ∈ Aω|f(α) ∈ uBω} is in ∆

0
n+1(A

ω)and {β ∈ Bω|β ∈ uBω} is in ∆
0
1(B

ω). Thus for all �xed u ∈ B∗, {(α,β) ∈ Aω ×

Bω | (β ∈ uBω ⇒ f(α) ∈ uBω)} is in ∆
0
n+1(A

ω ×Bω) and {(α,β) ∈ Aω ×Bω | ∀u ∈

B∗(β ∈ uBω ⇒ f(α) ∈ uBω)} is in Π
0
n+1(A

ω × Bω). �When A and B are �nite alphabets we have :Proposition 2.17. Let f be a fun
tion f : Aω → Bω.If graph(f) ∈∆
0
2(A

ω × Bω) then f is of Baire 
lass 1.Proof: If graph(f) ∈ ∆
0
2(A

ω × Bω) then for all open U ⊂ Bω, graph(f) ∩ (Aω ×

U) ∈ ∆
0
2(A

ω × Bω). As Aω and Bω are 
ompa
t spa
es, graph(f) ∩ (Aω × U) is
Kσ (
ountable unions of 
ompa
t sets) and then f−1(U) is Kσ as the 
ontinuousproje
tion of graph(f) ∩ (Aω × U) on Aω. �Let 
ont(f) denote the set of points of 
ontinuity of a fun
tion f .Proposition 2.18. Let X and Y be separable metri
 spa
es and f : X → Y . Then
cont(f) is Π

0
2(X).Proof: We de�ne the os
illation of f at α by :os
f(α) = inf{diam(f(U))|U open 
ontaining α}where diam(E) is diameter of a set E.It is easy to see that os
f(α) = 0 i� f is 
ontinuous at α.Let Xε = {α ∈ X | os
f(α) < ε} we show that it is an open set.Let α be in Xǫ.

(os
f(α) < ε)⇒ (∃U open 
ontaining α so that diam(f(U)) < ε).Then
∀β ∈ U os
f(β) ≤ diam(f(U)) < ε.And Xǫ is open.So 
ont(f) = {α ∈ Xω | os
f (α) = 0} = ∩n>0X1/n is Π

0
2(X). �
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2.6. An example2.6 An exampleIn this se
tion we give an example of a fun
tion f su
h that graph(f) is de�nablein S1S hen
e is of Baire 
lass 2. One 
an easily see that graph(f) ∈ Π
0
2 and theset of points of 
ontinuity of f is a dense open set (hen
e dense Π

0
2). However, f isnot of Baire 
lass 1. This example was 
onstru
ted in 1996 by Tison and the �rstauthor and was unpublished. The idea of A. Louveau (1996), is the following : takethe 
hara
teristi
 fun
tion of the Cantor set on the interval [0,1]. The fun
tion is
ontinuous on the 
omplement of the triadi
 Cantor set, whi
h is a dense open set.Sin
e the graph of f is ∆

0
2 set, it follows from proposition 2.17 that f is of Baire
lass 1. So we have to modify our fun
tion on the Cantor set to su

eed. Now wewill work on spa
e 3ω = {0,1,2}ω. The Cantor set is (0 + 2)ω

α ∈ (0 + 2)ω ↔ ∀n(α(n) = 0 ∨ α(n) = 2)and its 
omplement is the dense open set (0 + 2)∗1(0 + 1 + 2)ω

α ∈ (0 + 2)∗1(0 + 1 + 2)ω ↔ ∃n α(n) = 1First de�ne g : {0,1}ω −→ {0,1}ω by :
g(α) = α, if α ∈ (0∗1)ω (α has in�nitely many 1's).If α ∈ (0 + 1)∗10ω (α has a non zero �nite number of 1's) repla
e ea
h letter of αby 0 ex
ept the last 1 whi
h remains the same, this gives g(0k010k1 . . . 10kp10ω) =

0k0+k1+...+kp+p10ω.Finally if α = 0ω, g(0ω) = 1ω.Figure 2.5 shows a deterministi
 Bü
hi automaton whi
h re
ognizes graph(g). Thisimplies that graph(g) ∈ Π
0
2. We will see that g has no point of 
ontinuity and is notof Baire 
lass 1.
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2.6. An example

0 1 0/0
2

0/00/1
0/1

60/0 + 1/01/0 1/0
71/10/0

30/01/1 1/1
41/1 1/1 50/01/10/0

Fig. 2.5 � a totally dis
ontinuous syn
hronous fun
tionLet's see that g has no point of 
ontinuity.If α has in�nitely many 1's, α = 0k010k110k21 . . . 10kp . . ., where for ea
h p , kp ≥ 0,sequen
e αn = 0k010k110k21 . . . 10kn10ω tends to α.But g(0k010k110k21 . . . 10kn10ω) = 0k0+k1+...+kn+n10ω and sequen
e g(αn) 
onvergesto 0ω.Suppose now that α has a non zero �nite number of 1's, α = 0k010k1 . . . 10kp10ωwith p ≥ 0. Sequen
e αn = 0k010k1 . . . 10kp10n10ω tends to α. We have g(α) =

0k0+k1+...+kp+p10ω, g(0k010k1 . . . 10kp10n10ω) = 0k0+k1+...+kp+p+n+110ω and sequen
e
g(αn) 
onverges to 0ω.If α = 0ω, α is limit of the sequen
e αn = 0n10ω. g(0ω) = 1ω, g(0n10ω) = 0n10ω andthe sequen
e g(αn) 
onverges to 0ω.One 
an also see that g−1(011(0 + 1)ω) = 011(0∗1)ω, whi
h is Π

0
2 but not Σ

0
2. So gis not of Baire 
lass one. 57



2.6. An exampleNow we 
an de�ne our fun
tion f : {0,1,2}ω −→ {0,2}ω by :
f(α) = 0ω if α ∈ (0 + 2)∗1(0 + 1 + 2)ω( α has at least one 1)
f(α) = α if α ∈ (0∗2)ω (α has no 1 and in�nitely many 2's)
f(α) = 0n20ω if α ∈ (0 + 2)∗20ω (α has no 1 and a non zero �nite number of 2's)and satis�es, α ∈ (0 + 2)n20ω

f(α) = 2ω if α = 0ω.One 
an see in �gure 2.6 that graph(f) is re
ognized by a deterministi
 Bü
hiautomaton. This implies that graph(g) ∈ Π
0
2.

0 1 0/0

2

0/00/2

0/2

6

0/0, 2/0

2/0

2/0

7

2/2

0/0

3

0/0

2/2 2/2

4

2/2

2/2

8

1/0

1/0

1/0

0/0,1/0,2/0

5

0/0

2/2

0/0

Fig. 2.6 � a dense open set of points of 
ontinuityNoti
e that f is not of Baire 
lass 1 be
ause f−1(022 (0 + 2)ω) = 022(0∗2)ω whi
h is
Π

0
2 but not Σ

0
2. Moreover f is 
ontinuous on a dense open set be
ause it is 
onstanton the dense open set (0 + 2)∗1(0 + 1 + 2)ω. It is easy to see that f has no pointof 
ontinuity on (0 + 2)ω. The proof is similar to that 
on
erning g, we just have torepla
e 1 by 2.In his thesis (1899) Baire has proved that a fun
tion is of Baire 
lass 1 if and onlyif for every non empty 
losed set F the restri
tion of this fun
tion to F has a point58



2.7. Di�eren
es hierar
hyof 
ontinuity. Our example is ω-rational fun
tion whi
h is not of Baire 
lass 1 and wehave found an ω-regular 
losed set F = (0 + 2)ω su
h that restri
tion of f to F hasno point of 
ontinuity. We will see that our example is generi
. If f is an ω-rationalfun
tion whi
h is not Baire 
lass 1, then there exists a 
losed F , re
ognized by aBü
hi automaton, su
h that restri
tion of f to F has no point of 
ontinuity.The next se
tions will be devoted to the 
lassi
al proof of Baire's result.2.7 Di�eren
es hierar
hyIn this se
tion, we introdu
e the 
lass of di�eren
es. Let ξ be an ordinal. Any ξ
an be written in a unique way ξ = λ + n with λ a limit ordinal or 0 and n ∈ ω.Parity of ξ is by de�nition that of n.De�nition 2.19. Let X be a set, ξ an ordinal and < Bη : η < ξ > an in
reasingsequen
e of subsets of X:
Dξ(< Bη : η < ξ >) = {x ∈ X|∃η < ξ, x ∈ Bη and if η0 = inf({η|x ∈ Bη})the parity of ξ and of η0 are di�erents }Then :

D1(< B0 >) =B0

D2(< B0,B1 >) =B1\B0

D3(< B0,B1,B2 >) =(B2\B1) ∪ B0

. . .

Dω(< Bn : n ∈ ω >) = ∪n∈ω (B2n+1\B2n)

Dω+1(< Bn : n ≤ ω >) =(Bω\ ∪n∈ω Bn) ∪ (∪n∈ω(B2n+2\B2n+1)) ∪B0Let Γ be a family of subsets of X, Dξ(Γ) will be the family of all Dξ(< Bη : η <

ξ >) where < Bη : η < ξ > is an in
reasing sequen
e of length ξ of elements of Γ.In the sequel we will be parti
ularly interested in the 
lasses Dξ(Σ
0
1) and their dual
lasses Ďξ(Σ

0
1) = {B | B̌ ∈ Dξ(Σ

0
1)}, where ξ is a 
ountable ordinal.Example 16. Let Ok = {α ∈ 2ω | ∃n1,∃n2, . . .∃nk,n1 < n2 < . . . < nk,α(n1) =

α(n2) = . . . = α(nk) = 1} with k > 0, Ok is an ω-regular open set. We havean in
reasing sequen
e of dense open sets On ⊂ On−1 ⊂ On−2 . . . O2 ⊂ O1 and
Dn(< On, . . . ,O1 >) is a Dn(Σ0

1) whi
h in fa
t is a Dn(Σ
0
1)-
omplete set. Figure 2.7gives a deterministi
 Bü
hi automaton whi
h re
ognizes (O1\O2) ∪ O3.59



2.7. Di�eren
es hierar
hy
00 11 0 21 0 31 0,1

Fig. 2.7 � A deterministi
 Bü
hi automaton whi
h re
ognizes a D3(Σ
0
1)-
ompleteset.Example 17. Let Gn be the following sequen
e of de
reasing dense Gδ sets :

G1 = ((0 + 1)∗1)ω = (0∗1)ω α ∈ G1 ⇔ α has an in�nite numbers of 1.
G2 = ((0 + 1)∗11)ω α ∈ G2 ⇔ α has an in�nite numbers of 11.
G3 = ((0 + 1)∗111)ω α ∈ G3 ⇔ α has an in�nite numbers of 111.
. . .

Gn = ((0 + 1)∗1n)ω α ∈ Gn ⇔ α has an in�nite numbers of 1nTaking the 
omplement of these sets we obtain an in
reasing sequen
e
F1 ⊂ F2 ⊂ . . . Fn−1 ⊂ Fnof meager Fσ sets, Dn(< F1, . . . ,Fn >) is a Dn(Σ0

2) whi
h in fa
t is a Dn(Σ0
2)-
omplete set. Figure 2.8 gives a deterministi
 Müller automaton whi
h re
ognizes

(F3\F2) ∪ F1, with F = {{0},{0,1,2}}.The loops a

essible from the initial state are
L = {{0},{0,1},{0,1,2},{0,1,2,3},{3}}, these are essential loops of the automaton[106℄. Classify these essential loops in
L+ = {{0},{0,1,2}} and L− = {{0,1},{0,1,2,3},{3}}. We have the in
lusion
{0} ⊂ {0,1} ⊂ {0,1,2} ⊂ {0,1,2,3}, that is to say {+} ⊂ {−} ⊂ {+} ⊂ {−}.But we have not some {−} ⊂ {+} ⊂ {−} ⊂ {+} in
lusion. These are the + 
hainand − 
hain of Wagner.It is well known that in an un
ountable Polish spa
e hierar
hy of Dξ(Σ

0
η), ξ < ω1,

η < ω1 is stri
t (see [47℄ ).Lemma 2.20. In
lusion Dξ(Σ
0
1) ⊂∆

0
2 holds, for all 
ountable ordinal ξ.Proof: First note that Ďξ(Σ

0
1) ⊂ Dξ+1(Σ

0
1). So, we have only to prove thatDξ(Σ

0
1) ⊂

Σ
0
2. This is 
lear sin
e di�eren
es B1\B0 of open sets are Σ

0
2 and Σ

0
2 is 
losed under
ountable unions. �60



2.8. Haussdor�'s derivation
00 110 210 31 1

0Fig. 2.8 � A deterministi
 Müller automaton whi
h re
ognizes a D3(Σ
0
2)-
ompleteset.2.8 Haussdor�'s derivationRe
all that Aω has a 
ountable basis for the topology. Thus we 
an extra
t
ountable 
overing from ea
h open 
overing. As a 
onsequen
e, if ω1 is the �rstnon 
ountable ordinal, and if (Fξ)ξ<ω1

is a de
reasing sequen
e of 
losed sets, it isstationary from a 
ertain rank on, i.e., ∃η < ω1 su
h that Fξ = Fη, ∀ξ ≥ η. For moredetails we refer to [47℄.We now de�ne Hausdor�'s derivation (see [53℄).De�nition 2.21. LetM and N be two subsets of Aω. Sequen
e of 
losed sets (Fξ)ξ<ω1is de�ned by trans�nite indu
tion.
F0 = Aω

Fξ+1 = Fξ ∩M ∩ Fξ ∩N

Fλ = ∩ξ<λFξ, if λ is a limit ordinalThe sequen
e (Fξ)ξ<ω1
is a de
reasing sequen
e of 
losed sets, so we know thatthere exists a smaller η < ω1 su
h that Fη = Fη ∩M ∩ Fη ∩N .Lemma 2.22. Let F be a 
losed set. Then F = F ∩M ∩ F ∩N if and only if

F = F ∩M = F ∩N .Proof: Indeed, if F = F ∩M ∩F ∩N then F ⊂ F ∩M . Moreover F ∩M ⊂ F and
F ∩M ⊂ F sin
e F is 
losed. �Lemma 2.23. Fη is the largest 
losed set su
h that F = F ∩M ∩ F ∩N .Proof: Let F be a 
losed set su
h that F = F ∩M ∩ F ∩N . We will show that
F ⊂ Fη by trans�nite indu
tion.We have F ⊂ F0.If F ⊂ Fξ then F ∩M ⊂ Fξ ∩M , so F = F ∩M ⊂ Fξ ∩M .Similarly F = F ∩N ⊂ Fξ ∩N thus F ⊂ Fξ ∩M ∩ Fξ ∩N = Fξ+1.If λ is a limit ordinal, and if ∀ξ < λ, F ⊂ Fξ ∀ξ < λ then F ⊂ ∩ξ<λFξ = Fλ. �61



2.8. Haussdor�'s derivationWe de�ne the following sequen
es (Mξ)ξ<ω1
and (Nξ)ξ<ω1

:
M0 = M N0 = N
Mξ+1 = Mξ ∩Nξ Nξ+1 = Nξ ∩Mξ

Mλ = ∩ξ<λMξ Nλ = ∩ξ<λNξ if λ is a limit ordinal.Lemma 2.24. ∀ξ < ω1, Mξ = M ∩ Fξ and Nξ = N ∩ Fξ. In parti
ular, if η isthe smallest 
ountable ordinal su
h that Fη = Fη ∩M = Fη ∩N , then η is also thesmallest 
ountable ordinal su
h that Mη = Nη.Proof: We argue again by a trans�nite indu
tion.For η = 0 we have M0 = M = M ∩ Aω = M ∩ F0, and also N0 = N ∩ F0.If Mξ = M ∩ Fξ and Nξ = N ∩ Fξ, then
Mξ+1 = Mξ ∩Nξ = M ∩ Fξ ∩N ∩ Fξ = M ∩ Fξ ∩M ∩ Fξ ∩N ∩ Fξ.So

Mξ+1 = M ∩ Fξ ∩ Fξ+1 = M ∩ Fξ+1.For λ limit, if Mξ = M ∩ Fξ for ξ < λ, then :
Mλ = ∩ξ<λMξ = ∩ξ<λ(M ∩ Fξ) = M ∩ (∩ξ<λFξ) = M ∩ Fλ.

�Lemma 2.25. Let M and N be two Π
0
2 subsets of Aω and Fη the largest 
losed setsu
h that

Fη = Fη ∩M ∩ Fη ∩NThen Fη 6= ∅ ⇒M ∩N 6= ∅. In parti
ular Fη = ∅ if M and N are two disjoint Π
0
2.Proof: Sets Mη = M ∩Fη, Nη = N ∩Fη are Π

0
2 sets. So, by lemma 2.12, there exists

U ⊂ A∗ et V ⊂ A∗ so that : Lim(U) = Mη and Lim(V ) = Nη.If Fη 6= ∅, as Fη = Mη = Nη, we 
an �nd α1 ∈ Mη and u1 ∈ U su
h that u1 is apre�x of α1. Sin
e every open ball 
ontaining α1 meets Nη, we 
an �nd β1 ∈ Nη sothat u1 is a pre�x of β1. But Nη = Lim(V ), thus we 
an �nd v1 ∈ V su
h that v1is a pre�x of β1 and u1 is a stri
t pre�x of v1. Finally sin
e every ball 
ontaining β1meet Mη we 
an �nd α2 ∈ Mη so that v1 is a pre�x of α2, and sin
e Mη = Lim(U)we 
an �nd u2 ∈ U pre�x of α2 so that v1 is a stri
t pre�x of u2. Then u1 < v1 < u2.Iterating this pro
ess, we 
onstru
t two sequen
es (ui), (vi) su
h that
u1 < v1 < u2 < v2 < . . . < ui < vi < ui+1 < vi+1 < . . .62



2.8. Haussdor�'s derivationNote α = lim(ui) = lim(vi), α ∈ Lim(U) = Mη ⊂ M and α ∈ Lim(V ) = Nη ⊂ N .
�Theorem 2.26. (Hausdor�) Let M and N be two disjoint Π

0
2 subsets of Aω. Then :(i) There exists ζ < ω1 and a set in Dζ(Σ

0
1) whi
h separates M from N .(ii) In parti
ular, ∆

0
2 = ∪ξ<ω1

Dξ(Σ
0
1).Proof: Let Pξ = Fξ\M ∩ Fξ, Rξ = Fξ\N ∩ Fξ. We have :

Fξ\Fξ+1 = Fξ\(M ∩ Fξ ∩N ∩ Fξ) = (Fξ\M ∩ Fξ) ∪ (Fξ\N ∩ Fξ) = Pξ ∪ Rξ.Let η be the smallest ordinal su
h that Fη = Fη+1. We have :
Aω = (∪ξ<η(Fξ\Fξ+1)) ∪ Fη.By lemma 2.25, as M and N are two disjoint Π

0
2, Fη = ∅, thus

Aω = (∪ξ<ηPξ) ∪ ((∪ξ<ηRξ).Moreover, ∀ξ < ω1, Pξ = Fξ\M ∩ Fξ ⊂ Fξ\(M ∩ Fξ) = Fξ\M ⊂ Aω\M .So as ∪ξ<η Pξ ⊂ Aω\M we have M ⊂ Aω\(∪ξ<η Pξ) hen
e M ⊂ ∪ξ<ηRξ.Also (∪ξ<η Rξ) ⊂ Aω\N, i.e., (∪ξ<η Rξ) ∩N = ∅.So ∪ξ<η Rξ separates M from N . As it is a 
ountable union of disjoint D2(Π
0
1) setsit is easy to see that ∪ξ<ηRξ is in Dζ(Σ

0
1) for some ζ < ω1.IfM is in ∆

0
2, set N = M̌ .M and N are disjoint Π

0
2 sets and there exists ζ < ω1 anda set in Dζ(Σ

0
1) whi
h separatesM from N . ThusM is in Dζ(Σ

0
1). So we have provedthat ∆

0
2 ⊂ ∪ξ<ω1

Dξ(Σ
0
1) and the opposite in
lusion has been proved in lemma 2.20.

�Corollary 2.27. Let M and N be two subsets of Aω and let Fη be the biggest 
losedset so that Fη = Fη ∩M = Fη ∩N . Then M and N 
an be separated by a ∆
0
2 set i�

Fη = ∅.Proof: In the proof of theorem 2.26 we showed that if Hausdor�'s derivation stopsto the empty set then M and N are separated by a ∆
0
2. Conversely, if M and Nare separated by a Dζ(Σ

0
1) set C for some ζ < ω1, we 
an operate the Hausdor�derivation on C and Č. As C and Č are disjoint Π

0
2 sets this derivation goes on tothe empty set, as the derivation on M and N . �Our proof is dire
tly extra
ted from Kuratowski [53℄ and do
uments of Louveau.The result is true in un
ountable Polish spa
es. Our originality 
omes from lemma2.25; this is in su
h a form that the �rst author dis
overed this problem [4℄. One 
an63



2.9. Baire's theoremsee how automata 
an be used to analyse problems of parallelism in [11℄. Instead oflemma 2.25, a des
riptive set theorist would use there Baire's theorem : a 
ountableinterse
tion of dense open set is dense. If M and N are two disjoints Π
0
2 and if Fis a non empty 
losed set su
h that F = F ∩M ∩ F ∩N , then F is 
omplete as a
losed set in 
omplete spa
e Aω. Sets F ∩M and F ∩N are Gδ in F , so they 
annotbe both dense sin
e they are disjoint.2.9 Baire's theoremDe�nition 2.28. A set E is 
alled nowhere dense if its 
losure E has an emptyinterior. A set E is 
alled meager if it is in
luded in a 
ountable union of nowheredense sets.Baire's theorem asserts that in a polish spa
e [69℄ a 
ountable interse
tion ofdense open sets is still dense or equivalently that a 
ountable union of nowheredense 
losed sets has empty interior. We have seen that for any fun
tion f , the setof dis
ontinuity points of f is in Σ

0
2(X) set. In the 
ase of a Baire 
lass 1 fun
tion,we have more.Proposition 2.29. Let X and Y be two separable metri
 spa
es and f : X → Y aBaire 
lass 1 fun
tion. The set of dis
ontinuity points of f is a meager set in Σ

0
2(X).Proof: Let (V X

n ) (resp (V Y
n )) be a 
ountable basis of X (resp Y ). A point α ∈ X isa dis
ontinuity point of f if there exists n su
h that f(α) ∈ V Y

n and f(V X
m ) * V Y

nfor ea
h m, i.e. α ∈ f−1(V Y
n ) but not in its interior int(f−1(V Y

n )). Thus the set ofdis
ontinuity points of f is ∪n∈ωf
−1(V Y

n )\int(f−1(V Y
n )). As f is Baire 
lass 1, allthese sets are Σ

0
2(X) and have empty interior : they are all meager and a 
ountableunion of meager sets is still meager. �Theorem 2.30. Let P be a Polish spa
e, Y a separable metri
 spa
e and f : P → Y .The following statements are equivalent :(i) f is Baire 
lass 1.(ii) For all nonempty 
losed set F ⊂ P , the restri
tion f|F of f to F has a pointof 
ontinuity.Proof: (i)⇒ (ii)Set F is a 
losed set of a Polish spa
e so F is Polish too. Sin
e f is Baire 
lass 1, sois f|F , thus, by proposition 2.29, its dis
ontinuity points form a meager subset of F ,hen
e by Baire 
ategory theorem, 
annot be equal to F .

(ii)⇒ (i) 64



2.10. Appli
ation to automata theorySuppose that f is not Baire 
lass 1. There exists an open subset U of Y su
h that
f−1(U) /∈ Σ

0
2(X). As Y is a metri
 spa
e, U 
an be writen as a 
ountable union of
losed sets U = ∪n≥0Hn. Let H be the 
omplement of U in Y . Suppose that for ea
h

n there exists An ∈∆
0
2 whi
h separates f−1(Hn) from f−1(H). Then :
f−1(U) = ∪n≥0f

−1(Hn) = ∪n≥0Anand f−1(U) will be Σ
0
2.So there exists an n su
h that f−1(Hn) and f−1(H) 
an't be separated by a ∆

0
2 set.We now apply Hausdor�'s derivation on f−1(Hn) and f−1(H). Let F be the biggest
losed set su
h that F = F ∩ f−1(Hn) = F ∩ f−1(H). By 
orollary 2.27, F is notempty and we will show that f has no point of 
ontinuity in F .Let α ∈ 
ont(f|F ). If f(α) /∈ H , as H is 
losed we 
an �nd an open set Bα in F
ontaining α su
h that f(Bα)∩H = ∅. This 
ontradi
ts density of f−1(H) in F thus

f(α) ∈ H . By the same argument f(α) ∈ Hn, but H ∩Hn = ∅. So f|F has no pointof 
ontinuity. �Example 18. We have seen that the 
hara
teristi
 fun
tion of Q ⊂ R, 1Q is of Baire
lass two. Using the previous theorem we 
an see that 1Q is not Baire 
lass one sin
eit's nowhere 
ontinuous.2.10 Appli
ation to automata theoryLemma 2.31. Let M and N be two languages in Rec(Aω). Then Hausdor�'s deri-vation on M and N stops in a �nite number of steps, i.e.
∃n ∈ ω su
h that Fn = Fn ∩M = Fn ∩N.Proof: Let A (Resp. B) be a deterministi
 Müller automaton whi
h re
ognizes

M (Resp. N). Constru
t the 
artesian produ
t A × B, this is also a deterministi
automaton. Compute the essential loops of the produ
t and 
lassify them in LA, LB,where LA (Resp. LB) is the set of essential loops su
h that proje
tion on states of
A (Resp. B) is a positive essential loop of A (Resp. B), see example 17. Note that
LA, LB are disjoint if and only if M and N are disjoint. Let α in M , then thereexists a essential loop F whi
h re
ognizes α, and one 
an see that α in M is in the
losure of N if and only if a loop of LB is a

essible from the loop F in LA. Pro
essas follows: eliminate from LA (Resp. LB) loops from whi
h every loop in LB (Resp.
LA) is ina

essible, and iterate the work. As there is a �nite number of loops, the65



2.11. Gamespro
ess will stop in a �nite number of steps. At the end, if LA and LB are not empty,then from every loop in LA (Resp. LB) you 
an a

ess to some loop in LB (Resp.
LA). �Example 19. Let Q0 the subset of 2ω of in�nite words with �nite even number of 1and Q1 the subset of 2ω of in�nite words with �nite odd number of 1. This two setsare dense, Σ

0
2-
omplete sets. The Hausdor�'s derivation stops after one iteration as

F0 = 2ω and F1 = Q0

⋂
2ω = Q1

⋂
2ω = 2ω = F0.Corollary 2.32. One 
an de
ide if two langages in Rec(Aω) are separated by a ∆

0
2set. Moreover if they are separated by a ∆

0
2 set, they are separated by an ω-regular

∆
0
2 set, i.e., a �nite di�eren
e of ω-regular open sets.Proof: Let M and N two languages in Rec(Aω). Using 
orollary 2.27, M and Nare separated by a ∆

0
2 set i� Hausdor�'s derivation stop to the empty set, and bylemma 2.31 it 
omes in a �nite number of steps.By 
losure property of ω-regular sets, the Fn whi
h appear in Hausdor�'s derivationare ω-regular and emptyness problem is de
idable for ω-regular sets. �Corollary 2.33. Let f : Aω → Bω be an ω-rational fun
tion. If f is not Baire
lass 1 then there exists a nonempty 
losed set F whi
h is re
ognizable by a Bü
hiautomaton su
h that f restri
ted to F has no point of 
ontinuity.Proof: If f is not Baire 
lass 1 then there exists u ∈ B∗ su
h that f−1(uBω) /∈

∆
0
2(X). So there exists v ∈ B∗ with |u| = |v| su
h that f−1(uBω) and f−1(vBω)
annot be separated by a ∆

0
2(X) set. Thus, as in the proof of theorem 2.30, theHausdor� derivation on f−1(uBω) and f−1(vBω) produ
es, in �nite time, a 
losedset F su
h that f|F has no point of 
ontinuity. As f−1(uBω) and f−1(vBω) are re
o-gnizable by a Bü
hi automaton so is F by 
losure properties of the family Rec(Aω).

�2.11 GamesFor this se
tion we refer the reader to Hurewi
z [45℄, Lusin [64℄, Sierpinski [82℄,Bü
hi [18℄, Landweber [54℄, Trakhtenbrot Barzdin [100℄, Wadge [103, 104, 105℄, SaintRaymond [76, 77℄, Lindner Staiger [56℄, Wagner [106℄, Mos
hovakis [65℄, Louveau [58,59, 60℄, Ke
hris Louveau [48℄, Ke
hris Louveau Woodin [50℄, Louveau Saint Raymond[62℄, Staiger [90℄, Barua [6℄, Weirau
h [108℄, Staiger Weirau
h [93℄, Simonnet [83, 84℄,Hertling Weirau
h [44℄, Ke
hris [47℄, Selivanov [79℄, Srivastava [87℄, Carton Perrin[22℄, Dupar
 [27℄, Dupar
 Finkel Ressayre [26℄, Perrin Pin [69℄.66



2.11. Games2.11.1 Bü
hi, Landweber and MartinGames are useful in des
riptive set theory. They allow to give alternative proofsof some theorems like Cantor Bendixon theorem and Wadge theorem :For any n , C ⊆ ωω is Σ
0

n
-
omplete (resp. Π

0

n
-
omplete) set i� C ∈ Σ

0

n
\Π0

n
(resp.

C ∈ Π
0

n
\Σ0

n
).De�nition 2.34. A game in Aω × Bω between two players I and II 
an be de�nedas follows:Player I plays α(0) ∈ A, then player II plays β(0) ∈ B, I plays α(1) ∈ A, andso on. The result of the game is the 
ouple of in�nite words (α,β) of Aω × Bω.Let G be a subset of Aω × Bω. Player II wins the game if (α,β) is in G.De�nition 2.35. We have :� A strategy for player I is an appli
ation φ : B∗ → A. Intuitively I playsfollowing φ :

α(0) = φ(ǫ), α(1) = φ(β(0)), α(2) = φ(β(0)β(1)), et
.The appli
ation φ 
an be extended on in�nite words in a 
ontinuous appli
ation(1-lips
hitz) ψ : Aω → Bω by
φ(β) = φ(ǫ)φ(β(0))φ(β(0)β(1)) . . . φ(β(0)β(1) . . . β(n)) . . .� A strategy for player II is an appli
ation ψ : A+ → B. Intuitively II playsfollowing ψ :

β(0) = ψ(α(0)), β(1) = ψ(α(0)α(1)), β(2) = ψ(α(0)α(1)α(2)), et
.The appli
ation ψ 
an be extended on in�nite words in a 
ontinuous appli
ation(1-lips
hitz) ψ : Aω → Bω by :
ψ(α) = ψ(α(0))ψ(α(0)α(1)) . . . ψ(α(0)α(1) . . . α(n)) . . .A strategy φ for player I is a winning strategy if for any β in Bω (φ(β),β) is notin G. A strategy ψ for player II is a winning strategy if for any α in Aω (α,ψ(α)) isin G.De�nition 2.36. A game is 
alled determined if one of the two players has a winningstrategy.It is well known that Borel's games are determined : Martin theorem [47℄. Some-times the proofs using games 
an be adapted to automata theory thanks to Bü
hiLandweber's theorem [7, 69, 84, 85℄Theorem 2.37. (Bü
hi Landweber 1969) If the set G is an ω − regular subset of

Aω ×Bω, one of the players have a winning automaton strategy : either player I has67



2.11. Gamesa winning strategy φ su
h that the tree φ is a rational tree, or either player II hasa winning strategy ψ whi
h is a 1-sequential fun
tion. There is an algorithm whi
h,given an ω−regular set G, (1) determines whi
h player has a winning strategy, and(2) 
onstru
ts a winning automaton strategy. In parti
ular if one of the players hasa winning strategy, he also has a winning automaton strategy [100, 18℄.2.11.2 Wadge GameLet X ⊂ Aω, Y ⊂ Aω, in the Wadge game G(X,Y ) player II wins i� (α ∈
X ⇔ β ∈ Y ), that is to say the winning set for II is G = (X × Y )

⋃
(X̌ × Y̌ ). Awinning strategy for II gives a 
ontinuous fun
tion (a Lips
hitz map) ϕ su
h that

ϕ−1(Y ) = X. A winning strategy for I gives a 
ontinuous fun
tion (a Lips
hitz map)
ψ su
h that ψ−1(X̌) = Y . If X and Y are Borel, Wadge game is determined so wehave the di
hotomy : either there exists ϕ 
ontinuous su
h that ϕ−1(Y ) = X eitherthere exists ψ 
ontinuous su
h that ψ−1(X̌) = Y .2.11.3 Wadge's hierar
hy, Wagner's Hierar
hy, Louveau's hie-rar
hyLet X ⊂ Aω, Wadge has de�ned the 
lass of Wadge of X by :

[X]W = {Y ⊂ Aω | ∃ϕ : Aω −→ Aω continuous Y = ϕ−1(X)}The notation W on the right gives in Fren
h: W A Droite. WADge has given a
omplete des
ription of all Wadge 
lasses of Borel set. We have [O]W = Σ
0
1,[Q]W =

Σ
0
2. Let Γ be a 
lass of Wadge then Γ̌ = {X̌ | X ∈ Γ} is the 
lass dual to Γ, and

∆(Γ) = Γ∩ Γ̌, if Γ = Γ̌ then Γ is a selfdual 
lass and if Γ 6= Γ̌ then Γ is a nonselfdual
lass. The 
lasses Σ
0
ξ, Π

0
ξ, Dη(Σ

0
ξ), ξ < ω1, η < ω1 are examples of nonselfdualWadge 
lasses of Borel sets.Let X ⊂ Rec(Aω), Wagner has de�ned the 
lass of Wagner of X by :

W [X] = {Y ⊂ Aω | ∃ϕ : Aω −→ Aω sequential Y = ϕ−1(X)}The notation W on the left gives in Fren
h: W A Gau
he. WAGner has given a
omplete des
ription of all Wagner 
lasses of Rec(Aω). One 
an also de�ned selfdualand non selfdual Wagner 
lasses. Wagner proves (in fa
t maybe he didn't knowWadge at this time) that Wagde's hierar
hy restri
ted to ω-regular set is Wagner'shierar
hy: ΓW ∩ Auto =W Γ. The �rst normal form's theorems of this type for
ω-regular sets are from Landweber [54℄ : 68



2.11. GamesAn ω-regular set X whi
h is open is the inverse image of O by a 1-sequentialfun
tion. An ω-regular set X whi
h is 
losed is the inverse image of Ǒ by a 1-sequential fun
tion or equivalently X is the set of in�nite bran
hes of a rationaltree of A∗. From this one 
an dedu
e that syn
hronous 
ontinuous fun
tions areexa
tly the sequential fun
tions with bounded delay, Trakhtenbrot [99, 100℄. If an
ω-rational fun
tion is not of Baire 
lass 1, one 
an �nd a rational tree (tree with a�nite number of subtrees) whose set of in�nite bran
hes is a Perfe
t set P (
losed setwithout isolated points [53℄) and the restri
tion of f to P has no point of 
ontinuity.An ω-regular set whi
h is Fσ is the inverse image of Q by a 1-sequential fun
tion.An ω-regular set X whi
h is Gδ is the inverse image of Q̌ by a 1-sequential fun
tion,or equivalently X is re
ognized by a deterministi
 Bü
hi automaton, X = Lim(L)with L a regular set. If f is syn
hronous then Cont(f) is de�nable in S1S so one
an't 
onstru
ts a deterministi
 Bü
hi automaton whi
h re
ognizes Cont(f).In February 1987 Louveau used the following formalism to denote Landweber'stheorems. Call

Σ
0
1(Auto) = {X ⊂ Aω | X = ϕ−1(O),ϕ : Aω −→ 2ω 1− sequential}

Σ
0
2(Auto) = {X ⊂ Aω | X = ϕ−1(Q),ϕ : Aω −→ 2ω 1− sequential}we have

Σ
0
1 ∩Auto = Σ0

1(Auto)

Σ
0
2 ∩Auto = Σ0

2(Auto)If an ω-rational fun
tion is not of Baire 
lass 1, one 
an �nd a Perfe
t set Pwhi
h is Π0
1(Auto) su
h that the restri
tion of f to P has no point of 
ontinuity. If

f is syn
hronous then Cont(f) is Π0
2(Auto).Louveau was working in e�e
tive set theory (see Mos
hovakis [65℄). He has de�neda hierar
hy of e�e
tive Borel sets of ωω, the ∆1

1 sets of ωω. Louveau proves thatWagde's hierar
hy restri
ted to ∆1
1 sets is Louveau's hierar
hy. His theorem givesfor example [59, 60℄:

Σ
0
1 ∩∆1

1 = Σ0
1(∆

1
1)

Σ
0
2 ∩∆1

1 = Σ0
2(∆

1
1)

Σ
0
n ∩∆1

1 = Σ0
n(∆1

1)where one of the equivalent de�nitions of Σ0
1(∆

1
1), Σ0

2(∆
1
1) is

Σ0
1(∆

1
1) = {X ⊂ ωω | X = ϕ−1(O),ϕ : ωω −→ 2ω ϕ strategy ∆1

1}69



2.11. Games
Σ0

2(∆
1
1) = {X ⊂ ωω | X = ϕ−1(Q),ϕ : ωω −→ 2ω ϕ strategy ∆1

1}And the same de�nition for Σ0
n(∆1

1) with a very simple set in 2ωn re
ognized by a�nite automaton whi
h reads words of length ωn (see Bü
hi [15℄, Shelah [80℄, Bedon[10℄, Cho�rut Grigoriev [24℄ for �nite automata reading trans�nite words). From thise�e
tive results Louveau dedu
es 
lassi
al results in the plane : If X ⊂ ωω × ωω is aBorel set with Σ
0
n+1 se
tions then X is a 
ountable union of Borel sets in ωω × ωωwith Π

0
n se
tions. The �rst example of this kind of results is the 
ase of Borel sets inthe plane with 
ountable se
tions studied by Lusin [64℄. This result was extended byNovikov, Arsenin and Kunugui to the 
ase of Borel sets in the plane with 
ompa
tse
tions or Kσ se
tions (see Sierpinski [82℄, Saint Raymond [77℄, Louveau SaintRaymond [62℄, Ke
hris [47℄, Srivastava [87℄).2.11.4 O and QFor all Wadge 
lasses of Borel sets Γ, Wadge gives an example of a Γ-
ompleteset in ωω. As remarked by Professor Jean Saint Raymond �il su�t de le faire pourles ouverts.� We will do it for open sets and Fσ sets.Let T be a tree of A∗, we denote by [T ] the set of the in�nite bran
hes of T :

[T ] = {α ∈ Aω, ∀n ∈ ω α[n] ∈ T}.Proposition 2.38. Let F be a subset of Aω. The set F is 
losed i� there exists atree T of A∗ so that F = [T ].Proof: (⇒) If F is 
losed, we de�ne T = {u ∈ A∗,∃α ∈ F ∃n ∈ ω α[n] = u}. Then
[T ] = F = F .
(⇐) It is 
lear that [T ] is always a 
losed set. �De�nition 2.39. A set C of Σ

0
n is 
alled Σ

0
n(Aω)-strategi
ally 
omplete if for anyset X of Σ

0
n(Aω), player II has a winning strategy in the game G(X,C) : II wins i�(α ∈ X ⇔ β ∈ C) (G = (X × C)

⋃
(X̌ × Č)).Proposition 2.40. The set O = {α ∈ 2ω | ∃m α(m) = 1} is Σ

0
1(A

ω)-strategi
ally
omplete.Proof: Let U be in Σ
0
1(A

ω). The 
omplement of U is 
losed, so by proposition 2.38,there exists a tree T so that T = Ǔ . The winning strategy φ : A+ → {0,1} for II isthe following :
φ(u) =

{

0 if u ∈ T

1 if u /∈ T70



2.11. Games
�In fa
t using Martin theorem and Wadge game every open non 
losed set is

Σ
0
1(A

ω)-strategi
ally 
omplete. And using Bü
hi Landweber theorem we have Σ
0
1 ∩

Auto = Σ0
1(Auto).Proposition 2.41. The set Q = {α ∈ 2ω | ∃m ∀n > m α(n) = 0} is Σ

0
2(A

ω)-strategi
ally 
omplete.Proof: Let U be in Σ
0
2(A

ω). Then there exists a family (Fn)n∈ω of 
losed sets so that
U =

⋃

n∈ω Fn. By proposition 2.38, for any integer n, there exists a tree Tn so that
Fn = [Tn]. The winning strategy φ : A+ → {0,1} for II is given by the followingindu
tion :

n ← 0

φ(u) =

{

0 if u ∈ Tn

1 if u /∈ Tn and n← n+ 1Let (α,φ(α)) be a result of the game.� If α is in U , there exists n so that α is in Fn = [Tn]. Then for all m in ω, α[m]is in Tn. So there exists m0 so that for all m ≥ m0, φ(α[m]) = 0 and φ(α) isin Q : II wins.� If α is not in U then for all n and m in ω, there exists m̃ ≥ m so that α[m̃]is not in Tn i.e. the sequen
e of �nite words (α[m])m∈ω leaves any tree Tn in�nite time. Then φ(α) has an in�nite number of 1, so φ(α) is not in Q and IIwins.
�In fa
t using Martin theorem and Wadge game every Fσ set whi
h is not a Gδset is Σ

0
2(A

ω)-strategi
ally 
omplete. And using Bü
hi Landweber theorem we have
Σ

0
2 ∩Auto = Σ0

2(Auto).2.11.5 Separation gamesIn O
tober 1984 Louveau was presenting joint work of his and Saint Raymondin the seminary of theory of e�e
tive borel sets. The title of the talk was �Jeux deMistigri (Mistigri Games)�. This was a sort of Wadge game, a separation game. Let
Y and Z be two analyti
 disjoint subsets of ωω.In a �rst Game Player II wins the game i� (α ∈ O⇒ β ∈ Y and α ∈ Ǒ⇒ β ∈ Z).A winning strategy for II gives a 
ontinuous fun
tion (a Lips
hitz map) ϕ su
h that
ϕ−1(Y ) = O. A winning strategy for I gives a 
ontinuous fun
tion (a Lips
hitz map)71



2.11. Games
ψ su
h that: ψ(Y ) ⊂ Ǒ, ψ(Z) ⊂ O. That is to say ψ−1(Ǒ) separate Y from Z. It iseasy to see that there is a 
losed set whi
h separates Y from Z if and only if player Ihas a winning strategy in the �rst separation game. If Y and Z are ω-regular sets one
an dedu
e from Bü
hi Landweber's theorem that one 
an de
ide if two ω-regulardisjoint sets are separated by a 
losed set. Moreover if they are separated by a 
losedset, they are separated by a Π0

1(Auto).In a se
ond game, Player II wins the game i� (α ∈ Q⇒ β ∈ Y and α ∈ Q̌⇒ β ∈

Z). A winning strategy for II gives a 
ontinuous fun
tion (a Lips
hitz map) ϕ su
hthat ϕ−1(Y ) = Q. A winning strategy for I gives a 
ontinuous fun
tion (a Lips
hitzmap) ψ su
h that: ψ(Y ) ⊂ Q̌, ψ(Z) ⊂ Q. That is to say ψ−1(Q̌) separate Y from
Z. It is easy to see that there is a Π

0
2 set whi
h separates Y from Z if and only ifplayer I has a winning strategy in the �rst separation game. If Y and Z are ω-regularsets, one 
an dedu
e from Bü
hi Landweber's theorem that one 
an de
ide if two

ω-regular disjoint sets are separated by a Π
0
2 set. Moreover if they are separated bya Π

0
2 set, they are separated by a Π0

2(Auto), that is to say, they are separated by aset re
ognized by deterministi
 Bü
hi automaton.Note that these theorems hold for all 
lasses of Wagner's hierar
hy whi
h is oftype order the ordinal of ωω. These results where presented to Louveau in 1987and appear in [84, 85℄. R. Barua solves the 
ase of the Dn(Σ0
2) 
lasses with a proofwithout games [6℄.Separation games appear in Van Wesep [101℄. The game where Player II winsif (α ∈ Q ⇒ β ∈ Y and α ∈ Q̌ ⇒ β ∈ Z) is used in Ke
hris Louveau Woodin[50, 48, 47℄ to give new proof of the old Hurewi
z's theorem [45℄:Any Π

1
1 set X in a 
ompa
t metrizable spa
e E whi
h is not Π

0
2 
ontains a 
losedsubset homeomorphi
 to Q. In fa
t, one 
an also 
onstru
t a homeomorphi
 
opy Fof 2ω inside E su
h that F ∩X is (through the homemorphism) identi�ed with Q.The set Q is a Hurewi
z-witness for non Π

0
2-ness, Q is a Hurewi
z-test. And we havethe ω-regular 
ase. If an ω-regular set X is not Π

0
2 then every deterministi
 Mullerautomaton whi
h re
ognizes X 
ontains a 
hain {+} ⊂ {−}. This was generalizedto all Wagner 
lasses by Wagner [106℄.E�e
tive results of Louveau were �rst proved in [59℄. Let Σ1

1 (resp. Π1
1) be the
lass of e�e
tive analyti
 sets (resp. 
oanalyti
 sets) and ∆1

1 = Π1
1 ∩ Σ1

1 be the 
lasse�e
tive Borel sets (boldfa
e=
lassi
al, ligthfa
e=e�e
tive see Mos
hovakis [65℄). Let
Y and Z be two disjoint Σ1

1 subsets of ωω. Louveau has shown that if there is a Σ
0
n72



2.11. Gameswhi
h separates Y from Z then there is a Σ0
n(∆1

1) whi
h separates Y from Z. Fromthis he dedu
ed Σ
0
n∩∆1

1 = Σ0
n(∆1

1) and by relativisation the theorem on Borel sets ofthe plane with Σ
0
n se
tions. He used the good properties of the Gandy Harrington'stopology of ωω, the topology generated by the Σ1

1 subsets of ωω. Then in [60℄ Louveauhas extended this separation theorem to all e�e
tive Wadge 
lasses. In [62℄ Louveauand Saint Raymond use separation games to give another proof of these results [62℄.They use the basi
 strategi
 theorem : if G ⊂ ωω × ωω, the winning set for II, is a
Σ0

1 set then if player II has a strategy then he have a ∆1
1 strategy. They also give anHurewi
z's theorems for all Wadge 
lasses.2.11.6 Steel's game and separation by ∆

0
2 setsLet Q0, the subset of 2ω of in�nite words with �nite even number of 1 and Q1the subset of 2ω of in�nite words with �nite odd number of 1. We have seen that Q0and Q1 are not separate by a ∆

0
2 set.Let X and Y be disjoint sets. In the Steel's game, player II wins the game i�((α ∈ Y ⇒ β ∈ Q0) and (α ∈ Z ⇒ β ∈ Q1) and (β ∈ Q0

⋃
Q1)).Proposition 2.42. If the sets Y and Z are borel sets, then player II has a winningstrategy i� there is a ∆

0
2 set whi
h separates Y from Z.Proof: A winning strategy for II gives a 
ontinuous fun
tion (a Lips
hitz map) ϕ :

Aω → Q0

⋃
Q1 su
h that ϕ(Y ) ⊂ Q0 and ϕ(Z) ⊂ Q1. This implies that ϕ−1(Q0) =

ϕ−1(Q̌1) is a ∆
0
2 set whi
h separates Y from Z.A winning strategy for I gives a 
ontinuous fun
tion (a Lips
hitz map) ψ : 2ω →

Aω su
h that: ψ(Q0) ⊂ Z, ψ(Q1) ⊂ Y . If C is a ∆
0
2 set whi
h separates Y from Zthen ψ−1(C) is a ∆

0
2 set whi
h separates Q0 from Q1 and this is not possible.So if C is a ∆

0
2 set whi
h separates Y from Z, by Borel determina
y II has a winningstrategy. �Corollary 2.43. One 
an de
ide if two languages in Rec(Aω) are separated by a ∆

0
2set. Moreover if they are separated by a ∆

0
2 set, they are separated by an ω-regular

∆
0
2 set, i.e., a �nite di�eren
e of ω-regular open sets.Proof: If Y and Z are ω-regular sets then the Steel's game is ω-regular. So bythe Bü
hi Landweber's theorem, we 
an de
ide if player II has a winning strategy.Moreover if player II has a winning strategy he has a sequential letter to letterstrategy ϕ. This implies that ϕ(Q0) = ϕ(Q̌1) is an ω-regular ∆

0
2 set whi
h separates

Y from Z. �73



2.11. Games2.11.7 Mistigri ColorVan Wesep and Steel Games [101, 94℄ were used to study stru
tural propertiesof Wadge 
lasses of Borel sets like separation property. A Wadge 
lass Γ has theseparation property if for any pair X, Y of disjoints sets in Γ there exists Z in
∆(Γ) whi
h separate X from Y . In fa
t for ea
h pair of nonselfdual Γ,Γ̌ Wadge
lassof Borel sets then exa
tly one of the 
lasses has the separation property. And if
Γ doesn't have the separation property then one 
an �nd a simple pair X, Y ofdisjoints sets in Γ su
h that X 
an't be separated from Y by a set in ∆(Γ). Anothervery interesting property is the norm property, in [63℄ Louveau and Saint Raymondstudy norm property of Borel Wadge 
lasses. The 
lasses Σ

0
ξ,Dη(Σ

0
ξ), ξ < ω1, η < ω1,and Π

1
1 have the norm property, and the Dn(Σ0

1(Auto)), Dn(Σ0
2(Auto)) have thenorm property [83℄. If a 
lass Γ has a norm property then Γ has the redu
tionproperty [63℄ that is to say for all X, Y in Γ one 
an �nd X ′, Y ′ in Γ su
h that

X∪Y = X ′∪Y ′ andX ′∩Y ′ = ∅. Moreover if Γ has the redu
tion property then Γ̌ hasthe separation property. For example we have seen that the 
lasses Π
0
2, Π0

2(Auto)have the separation property; in fa
t this is true be
ause the 
lasses Σ
0
2, Σ0

2(Auto)have the redu
tion property. The redu
tion property of 
lasses Σ
0
ξ is used to provethe Lebesgue, Hausdor�, Bana
h's theorem :Theorem 2.44. Let X, Y be metrizable spa
es with Y separable. Then for all ξ ≥ 2,

f : X → Y is of Baire 
lass ξ i� for all open V in
lude in Y , f−1(V ) is in Σ
0
1+ξ(X).Remark 9. Note another time that this result holds for n = 1 if in addition X isseparable and either X = Aω or Y = R.The proof use �nite valued Borel fun
tions, �nite Borel partition. We know fourdes
riptions of Borel Wadge 
lasses:The one of Wadge(Des
riptive Set Theorist) [104℄ is useful for a Computer S
ientist(DST: Hello this set is Γ-
omplete and we give you a proof of that. Do you know
ountable 
hoi
e and fundamental sequen
es? CS: Thank you, I will try to �nd somedevi
e to re
ognize this Γ-
omplete set. Is this the simplest one? What is 
ountable
hoi
e? Do I use it? Do you think I 
an re
ognize this Γ-
omplete set with a Mullertree automaton? DST: what is a Muller tree automaton?).The one of Louveau [60℄ is useful to study stru
tural properties of 
lasses, Selivanov[79℄ uses this des
ription and des
ribes the topologi
al invariants of Wagner 
lassesby �nite trees.The one of Saint Raymond [77℄ uses Borel fun
tions of 
lass ξ (ξ < ω1). This des-
ription has the advantage to extend immediately to the 
ase of �nite Borel 
oloring74



2.11. Gamesof Aω (Wadge 
ase is Bla
k and White, X ⊂ Aω, X0 = X̌, X1 = X, Aω = X0 ∪X1).The one of Dupar
 [27℄ follows the Cantor normal form of ordinals. This des
riptionhas been used by Finkel [33, 35℄ to study the order type of the Wadge hierar
hyrestri
ted to ω-
ontext-free languages.In [77℄ it is quoted that games used by VanWesep, Steel, Louveau Saint Raymondare parti
ular 
ase of elementary games with winning set G = ∪n
i=0Xi × Yi, wherethe Xi, Yi are Borel subsets of Aω. Let (X0, . . . ,Xn) and (Y0, . . . ,Yn) be two Borelpartitions of Aω. De�ne the game G(X0, . . . ,Xn;Y0, . . . ,Yn) where I plays α, II plays

β and where II wins the game if ∀i, α ∈ Xi ⇒ Yi. This game enable us to 
ompare�nite Borel partitions. This gives for all n the Wadge n + 1 
olors hierar
hy. If the
Xi, Yi are Auto this gives for all n the Wagner n+1 
olors hierar
hy. Then you 
anuse Bü
hi Landweber and this 
ertainly has to do with the algebra of �nite monoïds(see Carton Mi
hel [21℄, Carton Perrin [22℄, Perrin Pin [69℄, Wilk [109℄).In [44℄ Hertling and Weihrau
h study dis
ontinuity of �nite valued Borel fun
-tions, for understanding degenera
y in 
omputational geometry. Here is their abs-tra
t: �We introdu
e levels of dis
ontinuity and prove that they 
orrespond to thenumber of tests in "
ontinuous 
omputation trees". We illustrate the 
on
ept of levelby various simple examples from 
omputational geometry. For a �ner 
omparisonof kinds of dis
ontinuity we introdu
e a 
ontinuous redu
ibility relation for �nitevalued fun
tions. We show that ea
h of the resulting degrees (of �nite level) 
an be
hara
terized by a �nite set of �nite trees whi
h des
ribes the type of dis
ontinuity ofits fun
tions. The ordering of the degrees is de
idable in the tree sets and ea
h level
onsists only of �nitely many degrees�. The des
ription of Saint Raymond may havevery interesting appli
ations in 
omputational geometry. We 
on
lude this se
tionwith an example of Hertling Weirau
h [44℄. Let f : {0,1}ω −→ {2,3,7} de�ned by

f(α) =







7 if α = 0ω

3 if α ∈ 0∗1ω

2 elseThis is a Baire 
lass 1 fun
tion.
75



2.12. Con
lusion2.12 Con
lusion2.12.1 Π
1
1 sets and ω1, the boundedness theorem of LusinThere is a lot of to say about the story of trans�nite. For example Borel didnot believe in ω1 (�
ette totalité illégitime�), Lusin seems to refuse the Third Middleex
luded for proje
tive sets. It is well known that Baire, Borel, Lebesgue, did notbelieve in the axiom of 
hoi
e. Zermelo has proven with the axiom of 
hoi
e thatyou 
an put a well order on every set. Sierpinski believed in the axiom 
hoi
e, buthas shown whi
h theorems need the axiom of 
hoi
e. In general, there is no need ofaxiom of 
hoi
e when you dispose of a well order. Do you believe in ω1? Do we need
ountable ordinals in 
omputer s
ien
e? It is an old result of Lusin and Sierpinskithat WO (as Well Order), the 
ode of 
ountable ordinals, is The Example of a 
oa-nalyti
 set. It is a 
oanalyti
 
omplete set. The �rst examples of 
oanalyti
-
ompletesets in analysis are due to Hurewi
z [45, 47, 83℄. These are the set K(Q) of 
ompa
tssubsets of the rationals of the interval [0,1] and the set Kω of 
ountable 
ompa
tssubsets of the interval [0,1]. Consider the stupid game in 2ω×2ω where Player I winsthe game if α ∈ Q and β ∈ 2ω. Player I has a simple automaton strategy : alwaysplay 0. Call, by analogy with K(Q), KQ the set of winning strategies of player I,this set is Π

1
1 and extending ϕ : ω∗ −→ 2∗ of remark 6 in ϕ : 2ω∗

−→ 22∗ one hasthat ϕ−1(KQ) = WF, hen
e KQ is a Π
1
1-
omplete set. This was �rst observed byNiwinski in 1986 [67℄. This set is re
ognized by a deterministi
 Muller in�nite treeautomaton. In fa
t a set is re
ognized by deterministi
 Muller in�nite tree automa-ton if and only if it is the set of winning strategies of player I in an ω-regular game,and a set is re
ognized by a nondeterministi
 Muller in�nite tree automaton if it isthe proje
tion of a set re
ognized by a deterministi
 Muller in�nite tree automaton.In�nite tree automaton where used by Rabin [72℄ to show the de
idability of the mo-nadi
 se
ond order theory of the tree 2∗, S2S. Rabin shows that a set is re
ognizedby a nondeterministi
 Muller in�nite tree automaton if and only if it is de�nable in

S2S. Note that it is quite 
lear when you read the �rst pages of Rabin that the set
K(Q) of 
ompa
ts subsets of Q = {α ∈ 2ω| ∃m ∀n ≥ m α(n) = 0} is de�nable in
S2S and we know sin
e Hurewi
z that this set is Π

1
1-
omplete (see [45, 48, 50, 47℄).Rabin shows by trans�nite indu
tion on 
ountable ordinals that if a set is re
ognizedby a nondeterministi
 Muller in�nite tree automaton then its 
omplements is alsore
ognized by a nondeterministi
 Muller in�nite tree automaton. The 
omplementof KQ is re
ognized by a nondeterministi
 Bü
hi in�nite tree automaton but KQ76



2.12. Con
lusionis not re
ognized by a nondeterministi
 Bü
hi in�nite tree automaton (otherwise
KQ will be Borel, see also Rabin [73℄ for a 
ombinatorial proof of that, the paperof Rabin [73℄ is a kind of Suslin Kleene Automata theorem [83℄). Finkel 
odes the
omplement of KQ to obtain an ω-
ontext free set whi
h is analyti
 
omplete. Thisled to unde
idability results :The problem of knowing whether an ω-
ontext free languages is Borel is un-de
idable, the problem of knowing whether an ω-
ontext free languages is Σ

0
ξ isunde
idable. ω-
ontext free languages are Σ1

1. And one 
an play separation gameswhere Player II wins the game i� (α ∈ O ⇒ β ∈ Y and α ∈ Ǒ ⇒ β ∈ Z) (Resp.Player II wins the game i� (α ∈ Q ⇒ β ∈ Y and α ∈ Q̌ ⇒ β ∈ Z)) with Y and Z
ω-
ontext free languages. Probably these games are unde
idable, probably one 
an'tde
ide if two ω-
ontext free languages are separated by a Σ

0
ξ set. But Louveau'stheorem is true if they are separated by a Σ

0
ξ set ( ξ < ω1), then they are separatedby a Σ0

ξ(∆
1
1) set.Later on, Finkel, with the same kind of 
oding, obtained an ω-rational relationwhi
h is analyti
 
omplete. This gave other unde
idability results: The problemof knowing whether an ω-rational relation is Borel is unde
idable, the problem ofknowing whether an ω-rational relation is Σ

0
ξ is unde
idable. Finally we 
an remarkthat simple models of asyn
hronous parallelism on in�nite words gives analyti
 
om-plete sets [36℄. Note that Kuratowski shows how to eliminate trans�nite numbersin mathemati
al proofs [52℄. He takes as examples the Cantor Bendixon theoremand the derivation of Hausdor�. For example, in games, ordinals are hidden in the
onstru
tion of strategies. One 
an say : don't hide 
ountable ordinals and you willsee some true 
oanalyti
 sets. This has to do with the boundedness theorem of Lusin[64, 65, 47℄. If a set X is a 
oanalyti
 set then for all α ∈ X one 
an asso
iate a
ountable ordinal ϕ(α). And X is borel if and only if there exists ξ < ω1 su
h thatfor all α ∈ X, ϕ(α) < ξ. Note that Lusin don't think that su
h a pro
edure 
anbe e�e
tive to de
ide if a Π

1
1 set is a true (not Borel) Π

1
1 set, and the unde
idabi-lity results of Finkel shows that he was right. We think that 
ountable ordinals areinherently hidden in models of parallelism, veri�
ation and XML.2.12.2 Hausdor� and automataWe have seen Hausdor�'s theorem

∆
0
2 = ∪ξ<ω1

Dξ(Σ
0
1)77



2.12. Con
lusionand we have seen that in the ω-regular 
ase we have [106℄
∆

0
2 ∩Auto = ∪n<ωDn(Σ0

1(Auto))in the 
ase of e�e
tive Borel sets we have [60℄
∆

0
2 ∩∆1

1 = ∪ξ<ωCK
1
Dξ(Σ

0
1(∆

1
1))where ωCK

1 is the Chur
h Kleene ordinal, the least nonre
ursive ordinal. Let us giveanother example of the utility of Hausdor�'s derivation. In [57℄ Le
omte studies froma des
riptive set theory point of view Lω, the ω-power of L ⊂ A∗. Le
omte answers toquestions ask by Staiger in [92℄. Among the very interesting results of Le
omte, thereis a surprising fa
t whi
h links 
ombinatori
s on words and the Hausdor� derivation.Let G2 := {L ⊂ A∗ | ∃u ∈ A∗,∃v ∈ A∗, Lω = {u,v}ω}. Set G2 is the set of languagessu
h that their ω-powers are generated by two words. The set of languages 2A∗ is a
ompa
t metri
 spa
e, and one 
an ask the question of the topologi
al 
omplexityof G2. Le
omte's result is the followingTheorem 2.45. G2 is a Ďω(Σ0
1) whi
h is not Dω(Σ0

1).This is an example of a 
on
rete Ďω(Σ0
1) 
oming from the real world. In his proofLe
omte uses Hausdor�'s derivation and the default theorem (see Bruyère [19℄). Inthe same 
ontext, another result of Dupar
 [28℄ is relevant. The order type of thedi�eren
e hierar
hy of open set restri
ted to deterministi
 ω-
ontext free languagesis ωω. The order type of di�eren
e hierar
hy of open set restri
ted to one 
ounterlanguage is at least ωω [33℄. It seems that Finkel shows in [35℄ that the order type ofdi�eren
e hierar
hy of open set restri
ted to ω-
ontext free languages is at least ωCK

1and that the Wadge hierar
hy of Borel sets restri
ted to ω-
ontext free languageshas the same order type that Louveau's hierar
hy. In a paper of the sixties [86℄,Skur
zynski �nds examples of sets of trees in 22∗ whi
h are Σ
0
n 
omplete and heremarks that they are re
ognized by Muller tree automata. An examination of theseexamples and a 
areful reading of the 
onstru
tion of Dξ(Σ

0
1)-strategi
ally 
om-plete in [62℄ shows that you 
an de�ne with tree automata a set whi
h is Dωn(Σ0

1)
omplete for all n ∈ ω [83℄. The same 
onstru
tion gives sets re
ognized by non-deterministi
 Muller in�nite tree automaton whi
h are Dωn(Σ0
n) 
omplete and setsre
ognized by nondeterministi
 Muller tree automaton whi
h are Dωn(Π1

1) 
omplete[83℄. In parti
ular the family of sets re
ognized by nondeterministi
 Muller in�nitetree automaton is not the boolean algebra generated by the family of sets re
ogni-zed by nondeterministi
 Bü
hi tree automaton. This last statement was �rst proved78



2.12. Con
lusionby Hafer [43℄. Finite automata read also trans�nite words (see Bü
hi [15℄, Shelah[80℄, Bedon [10℄, Cho�rut Grigoriev [24℄), what are the degrees of the di�eren
ehierar
hy of open set restri
ted to sets of words of length ωn re
ognized by �niteautomata? What are the degrees of the di�eren
e hierar
hy of open set restri
tedto sets de�nable in S2S ?2.12.3 Game quanti�er and tree automataDes
riptive set theory is the study of de�nable sets in Polish spa
es and will webe very happy to know the exa
t topologi
al 
omplexity of sets de�nable in S2S.Does the good hierar
hies of sets de�nable in S2S are the restri
tions of the good oldhierar
hies of des
riptive set theory? Let Y ∈ ωω×ωω×ωω, Yα = {(β,γ) | (α,β,γ) ∈

Y }, and let Γ be a 
lass of Wadge Borel sets in ωω × ωω × ωω, de�ne the 
lass aΓas follows: In the game Yα player I 
onstru
ts β and player II 
onstru
ts γ. I winsthe game if (α,β,γ) ∈ Y .A set X ⊂ ωω is in aΓ if there exists Y ∈ Γ su
h that α ∈ X ↔ I has winningstrategy in the game Yα.
a(Γ) = {(X ⊂ ωω | ∃Y ∈ Γ, Y ∈ ωω × ωω × ωω, α ∈ X ↔ ∃ϕ : ω∗ −→

ω, ∀γ (α,ϕ(γ),γ) ∈ Y }These 
lasses are very interesting be
ause if Γ has the norm property then a(Γ)has the norm property (see Mos
hovakis [65℄). Determination of the games in Γimplies that ˇ(a(Γ)) = a(Γ̌). For example :The proje
tion of an open set is open, so if Z ⊂ ωω × ωω is Π
0
1 (Resp. Π0

1), then
∀β, Z is Π

0
1 (Resp. Π0

1). By the Tarski Kuratowski algorithm we have a(Π0
1) = Σ

1
1so, by determination of 
losed games in ωω × ωω, a(Σ0

1) = Π
1
1. Another way to seethis is to use the basis strategi
 theorem (see Ke
hris [47℄, Mos
hovakis [65℄) : Ifthe winning set for I, is a Σ0

1 set then if player I has a strategy then he have a ∆1
1strategy, if Y is open then if player I has a strategy in the game Yα then he havea ∆1

1(α) strategy, that is I 
an 
hoose ϕ in a borel way from α ∈ X, ϕ is borel in
α and the 
lass Π

1
1 is 
losed by substitution by Borel fun
tion. The 
lass a(Σ0

2) isa quite 
ompli
ate obje
t linked to indu
tive de�nitions (see Mos
hovakis [65℄ ). Iteasy to see that sets de�nable in S2S are in the 
lasses a(Dn(Σ
0
2)) (see Gurevit
hHarrington [42℄). But we are working in 
ompa
ts spa
es and the 
ontinuous imageof a 
ompa
t spa
e is 
ompa
t. The proje
tion of a Kσ is a Kσ set so if Z ⊂ 2ω×2ω is

Π
0
2 (Resp. Π0

2), then ∀β, Z is Π
0
2 (Resp. Π0

2). Let a(Γ)(2ω) = {(X ⊂ 2ω × 2ω | ∃Y ∈

Γ, Y ∈ 2ω × 2ω × 2ω, α ∈ X ↔ ∃ϕ : 2∗ −→ 2, ∀γ (α,ϕ(γ),γ) ∈ Y }, by the Tarski79



2.12. Con
lusionKuratowski algorithm we have a(Π0
2)(2

ω) = Σ
1
1(2

ω) so, by determination of 
losedgames in 2ω× 2ω, a(Σ0
2)(2

ω) = Π
1
1(2

ω). From the existen
e of Π0
1 set of ωω whi
h donot 
ontain a ∆1

1 point, one 
an dedu
e that there exists Π0
1 game in ωω su
h thatthe 
losed Player wins the game but have no ∆1

1 strategy (see Mos
hovakis [65℄).And from the existen
e of Π0
2 set of 2ω whi
h do not 
ontain a ∆1

1 point, one 
andedu
e that there exists Π0
2 game in 2ω su
h that the Π0

2 Player wins the game buthave no ∆1
1 strategy (see [97℄). A dire
t 
omputation of the 
omplexity of a(Σ0

2)(2
ω)by the Tarski Kuratowski algorithm gives a Σ

1
2 set, that is to say a proje
tion of a
oanalyti
 set. In a Σ0

2(2
ω × 2ω) game, if the Σ0

2 player has a winning strategy doeshe has a ∆1
1 strategy? If Y ⊂ 2ω × 2ω × 2ω is Σ

0
2 and if α ∈ X ↔ I has winningstrategy in the game Yα, does I 
an 
hoose ϕ in a borel way from α ∈ X ? Thereexists another old hierar
hy in ∆

1
2 the hierar
hy of C of Selivanowski starting from

Σ
1
1 sets we alternate 
omplement and Suslin s
heme (see Kuratowski [52℄), it turnsout that the hierar
hy of Selivanowski is the hierar
hy of the a(Dξ(Σ

0
1)) for ξ < ω1(see Mos
hovakis [65℄, Louveau [61℄).Does there is a a di�eren
e between the 
lasses a(D2(Σ

0
2))(ω

ω) and a(D2(Σ
0
2))(2

ω)?Does the hierar
hies of game quanti�er has to do with set de�nable in S2S. One 
ansee presentation of Niwinski [68℄ to have an a

ount of re
ent work and problems in
S2S.2.12.4 Baire 
lass 1 fun
tionsIn 
on
lusion, let us say that other properties of ω-rational fun
tion whi
h areBaire 
lass 1 
an be derived from work by Ke
hris and Louveau [49℄. One 
an �nd
on
rete examples of ω-rational Baire 
lass 1 fun
tions in [38, 39, 51, 66℄ and one
an even de�ne Baire 
lass 1 fun
tions on real numbers by using representation ofreal numbers in Pisot Basis [20℄.Finally we remark that Baire has introdu
ed semi 
ontinuity, os
illation and thespa
e ωω.The bibliography is big but still in
omplete. We have 
ertainly forgotten somework, espe
ially work of S
hupp on alternating automata and work on �xed pointtheory of Arnold, Niwinski, Kozen, Brad�eld, Walukiewi
z, Wilke.2.12.5 A
knowledgementsA
knowledgements of the �rst author :80



2.12. Con
lusionI began to learn automata theory in the DEA of Mauri
e Nivat (my adviser)in the year 1983-1984 at LITP. In parti
ular I learned �rst Bü
hi's theory withDominique Perrin, and ω-
ontext free languages with Françoise Gire. In 1984 myfriend Vin
ent S
hoen brought up to me a 
ourse from Saint Raymond. In thebeginning of this 
ourse was presented ordinals and Cantor's derivation and it lookedlike a problem on pro
ess in [4℄. Then I saw on the program of Louveau's seminarya title : �Mistigri Games�. Before this seminary, there was another seminary about
σ-ideal of 
ompa
t sets. There was the 
ompa
t of a set re
ognized by automata,then Mistigry seminary and a game played against a set re
ognized by automata.Then I began to learn 
lassi
al des
riptive theory and e�e
tive des
riptive set theoryin Louveau's do
uments. I thank Professor Jean Saint Raymond who re
ognizedHausdor�'s theorem in a theoreti
al 
omputer s
ien
e problem in 1986. I also thankAlain Louveau for his help. Alain Louveau re
ognized Wadge's hierar
hy in Wagner'shierar
hy in 1987 and he invited me in his seminary to give a talk on Wagner in1987 and on KQ in 1988. He introdu
ed old results of Hurewi
z [45℄ and e�e
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Chapitre 3Sarkovski and automata
Benoit Cagnard, Christian Morelli, Pierre Simonnet.Journées Montoises d'Informatique Théorique 2006.Abstra
tThe Sarkovski theorem is about 
ardinality of orbits of 
ontinuous fun
tions f :

R → R. There exists an order , ⊲, on non zero integers, the Sarkovski order sothat if a 
ontinuous fun
tions f : R → R has a periodi
 orbit of 
ardinality n and
n⊲m then f has a periodi
 orbit of 
ardinality m. First we note that the Sarkovskiorder is 
omputable by �nite automaton on �nite words if we represent the integersin base 2. Then we make the 
onne
tion with fun
tions whi
h graph is 
omputableby syn
hronous �nite automaton on in�nite words. When the numeration systemis in Pisot base, we know that for su
h fun
tions one 
an de
ide if they represent
ontinuous fun
tions on reals. In this 
ase, one 
an de
ide if they have periodi
 orbitsof 
ardinality n for all n. In parti
ular, one 
an de
ide if they have orbits of every
ardinality n ∈ N∗. Furthermore, with this fun
tions one 
an 
onstru
t example offun
tions with periodi
 orbit of a �xed 
ardinality m and none periodi
 orbit of
ardinality m with n⊲m in the Sarkovski order.key words : Automata, Sarkovski theorem, periodi
 orbit, Pisot number.
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3.1. Introdu
tion3.1 Introdu
tionIn the 90's, lots of physi
ians books about 
haos were published , see for example[1℄, [8℄, [15℄. A mutual parti
ularity of this books is to introdu
e symboli
 dynami
espe
ially with automata as graphs. This arti
le 
an be read as a 
omplement of thisbooks where we introdu
e the notions of Bü
hi automata, de
idability, and fun
tionsde�nable by �nite automata.3.2 automata on in�nite wordsIn this se
tion, we re
all few de�nitions and 
lassi
al results on automata onin�nite words. For more details, see [2℄, [9℄, [16℄.We note ω the set of natural numbers, A a �nite alphabet with more than towletters. A �nite word u on the alphabet A is a �nite sequen
e of elements of A. Wenote A∗ the set of �nite words on A. The length (number of letters) of the word uis denoted |u|. A parti
ular word is the empty word ǫ, |ǫ| = 0. With 
on
atenation,
A∗ is a monoid with unit element ǫ.An in�nite word α on alphabet A is an in�nite sequen
e of elements of A :
α = α(0)α(1)...α(n).... The set of in�nite words on A will be noted Aω. We note
α[n] the �nite word formed with the n �rst letters of the in�nite word α, α[0] = ǫ,
α[1] = α(0).De�nition 3.1. A Bü
hi (nondeterministi
) automaton A is a 5-tuple : A =<

A,Q,I,T,F >, where A is a �nite alphabet, Q is a �nite set of states, I ⊂ Q isthe set of initial states, T ⊂ Q× A×Q is the set of transitions and F ⊂ Q the setof �nal states.A path c of label α in A is an in�nite word c = c(0)c(1) · · · c(n) · · · ∈ (Q×A×Q)ωso that ∀n ∈ ω, c(n) is of the form (β(n),α(n),β(n+1)) with β(0) ∈ I and c(n) ∈ T .
c = β0

α0−→ β1
α1−→ β2

α2−→ . . .Let us note Infinity(c) the set of states whi
h appears in�nitely many times in c.An a

epting path c is a path so that Infinity(c) ⋂
T 6= ∅. An a

epted word α isa word su
h that exists an a

epting path c of label α. We say that the word α isre
ognized by A for the Bü
hi 
ondition.The set of words re
ognized by a Bü
hi automaton A is noted Lω(A).90



3.2. automata on in�nite wordsDe�nition 3.2. A Muller automaton A is a 5-tuple : A =< A,Q,I,T,F >, where
A is a �nite alphabet, Q is a �nite set of states, I ⊂ Q is the set of initial states,
T ⊂ Q × A × Q is the set of transitions and F ⊂ P(Q). The di�eren
e betweenBü
hi automata and Muller automata is the a

eptan
e 
ondition.An in�nite word α ∈ Aω is re
ognized by A if there is an in�nite path c of label αso that Infinity(c) ∈ F .An automaton is 
alled deterministi
 if it has an unique initial state and for ea
hstate p and ea
h letter a there exists at most one transition (p,a,q) ∈ T . In this 
ase,for all word α there exists at most one path c of label α.Now, we de�ne the terms, atomi
 formula and formula of S1S the �rst of ordermonadi
 logi
 of one su

essor. Let V a set of variables, its elements noted by x, y,
z... , a 
onstant symbol 0 and a unary fun
tion s (as su

essor). We de�ne the setof the terms T by :i) A variable is a term.ii) 0 is a term.iii) if t ∈ T then s(t) ∈ T .Let P (as parts) another set of variables, this variables are noted X , Y , Z...and two binary predi
ates =, ∈. The atomi
 formulae are of the form t = t′ with
(t,t′) ∈ T 2 or t ∈ X with t ∈ T and X ∈ P.De�nition 3.3. A formula of S1S is de�ned as following :i) An atomi
 formula is in S1S.ii) If φ ∈ S1S then ¬φ, ∀xφ, ∃xφ, ∀Xφ, ∃Xφ are in S1S, with x ∈ V, X ∈ Piii) If φ and ψ are in S1S then φ ∧ ψ, φ ∨ ψ, φ⇒ ψ, φ⇔ ψ are in S1S.The interpretation of these formulae is the following : the variables of V areinterpreted as natural numbers, the symbol 0 as 0 ∈ ω, the symbol s as the su

essorfun
tion in ω, the variables of P as subsets of ω and the predi
ates symbols as =and ∈ in ω. If ea
h integer is assimilated to a singleton and ea
h subset of ω toan in�nite word on the {0,1} alphabet, then a S1S formula φ(X1,X2,...,Xn), with
X1,X2,...,Xn free variables de�nes the ω-language Lφ ⊂ 2N × . . . 2N

︸ ︷︷ ︸

n

of the n-tuple of
hara
teristi
 words satisfying φ.An ω-language L is said de�nable in S1S if there exists a formula φ in S1S so that
L = Lφ. 91



3.3. ω-rational relationsRe
all the following result :Theorem 3.4. for all ω-language L, the following assertions are equivalent :i) L =
⋃

1≤i≤nAiB
ω
i with Ai, Bi rational sets of �nite words.ii) L = Lω(A) with A nondeterministi
 Bü
hi automaton.iii) L = Lω(A) with A deterministi
 Muller automaton.iv) L is de�nable in S1S.We 
all Rec(Aω) the family of su
h languages.It is easy to dedu
e from the pre
edent theorem the de
idability of S1S. Thisresult has been shown by Bü
hi in 1962 [4℄.3.3 ω-rational relationsIn this se
tion, we brie�y introdu
e ω-rational relations (see [11℄).De�nition 3.5. A Bü
hi transdu
er T is a 6-tuple : T =< A,B,Q,I,T,F >, where

A and B are �nite alphabets, Q is a �nite set of states, I ⊂ Q is the set of initialstates, T ⊂ Q× A∗ × B∗ ×Q is the set of transitions and F ⊂ Q is the set of �nalstates.A path c of label (α,β) ∈ (A∗ ∪ Aω) × (B∗ ∪ Bω) is an in�nite word c =

c(0)c(1)...c(n)... ∈ (Q × A∗ × B∗ × Q)ω so that ∀n ∈ ω, c(n) is of the form
(qn,un,vn,qn+1) with q0 ∈ I and c(n) ∈ T .

c = q0
u0,v0

−−−→ q1
u1,v1

−−−→ q2
u2,v2

−−−→ . . .with qi ∈ Q, (ui,vi) ∈ A
∗ × B∗ et α = u0u1u2 . . ., β = v0v1v2 . . .

Infinity(c) is ever the set of states whi
h appears in�nitely many times in c. A path
c of label (α,β) is an a

epting path if (α,β) is re
ognized by T , that means that
Infinity(c)

⋂
F 6= ∅.Remark 10. A path c of label (α,β) is allowable if α and β are booth in�nite words.In [11℄ it is shown that for any Bü
hi transdu
er T it is possible to 
onstru
t anotherone T ′ so that every path in T ′ is allowable and the a

epting paths in T and T ′ arethe same. I the sequel all 
ouples (α,β) will be in Aω ×Bω.An ω-rational is a subset of Aω × Bω re
ognizable by a Bü
hi transdu
er. An

ω-rational fun
tion f : Aω → Bω is a fun
tion whi
h graph is an ω-rational relation.
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3.4. The Sarkovski theoremAn ω-rational fun
tion f : Aω → Bω is de�nable in S1S if there exists a syn
hronousBü
hi transdu
er (letter to letter) whi
h re
ognize its graph.Remark 11. We sometimes use non-syn
hronous transdu
ers. In fa
t this transdu
ersare bounded delay and one 
an syn
hronize them [11℄.3.4 The Sarkovski theoremIn this se
tion, we are interest in �xed points of iterations of a fun
tion f : E →

E. If x is a point of E we 
all orbit of x the set Ox =
⋃

n∈N{f
n(x)}.De�nition 3.6. Let f : E → E be a fun
tion, a point x ∈ E is periodi
 with period

n ∈ N∗ if fn(x) = x and ∀i = 1, · · · ,n− 1, f i(x) 6= x.In this 
ase Ox = {x,f(x),f 2(x), · · · ,fn(x)} has exa
tly 
ardinality n.A point x ∈ E is eventually periodi
 with period n if there exists p ∈ N∗ so that
f p(x) is periodi
 of period n for f .Remark 12. : A point x is eventually periodi
 i� its orbit is �nite.The Sarkovski order is de�ned as follows :

3 ⊲ 5 ⊲ 7 ⊲ · · ·⊲ 2n+ 1 ⊲ 2n+ 3 ⊲ · · ·
· · ·⊲ 2.3 ⊲ 2.5 ⊲ 2.7 ⊲ · · ·⊲ 2(2n+ 1) ⊲ 2(2n+ 3) ⊲ · · ·
· · ·⊲ 22.3 ⊲ 22.5 ⊲ 22.7 ⊲ · · ·⊲ 22(2n+ 1) ⊲ 22(2n+ 3) ⊲ · · ·
· · ·⊲ 23.3 ⊲ 23.5 ⊲ 23.7 ⊲ · · ·⊲ 23(2n+ 1) ⊲ 23(2n+ 3) ⊲ · · ·...
· · ·⊲ 2n+1 ⊲ 2n ⊲ · · · ⊲ 23 ⊲ 22 ⊲ 2 ⊲ 1.First there are the even integers di�erent of 1 in in
reasing order, then 2 timesthe even integers di�erent of in in
reasing order1, then 22 times the even integersdi�erent of 1 in in
reasing order and so on. And at least there are the powers of 2in de
reasing order.
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3.4. The Sarkovski theorem

0 =

1 -

2 +

3 +

4 -

5 =

6 + 7 -

8 - 9 +

10 =

(0,0)

(0,0) (0,1)

(0,0) (0,1) (1,0) (1,1)

(0,0) (1,0)

(0,0) (0,1) (1,0) (1,1)

(0,0)

(0,0) (1,0) (0,0) (1,0) (1,1)

(0,0) (0,1) (0,0) (0,1) (1,1)

(0,0) (1,1)
(1,0)

(0,1)

(1,1)

(1,0) (1,1)

(0,1) (1,1)

(1,0)

(0,1)

(1,1)

(1,1)

(0,1)
(0,1)

(1,1)

(1,0)
(1,0)

(1,0)

(0,1)

Fig. 3.1 � Sarkovski order in base 2This order is 
omputable by the automaton of �nite words on �gure 3.8 whereinteger are represented in base 2. This right-left automaton read 
ouple of words withsame length in {0,1}∗. If (u,v) is the 
ouple of words whi
h represent the 
ouple ofintegers (m,n) to 
ompare, ending a le
ture in the automaton in a "+" state (2, 3,6 et 9) means that m ⊲ n, in a "-" state (1, 4, 7 et 8) means that n ⊲ m and in a"=" state (0, 5 et 10) means that m = n.Example 20. If (m,n) = (8,5), on a 8 =< 1000 >2 et 5 =< 101 >2=< 0101 >2. As
8 is represented by a 4 letters word, we 
hoose to represent 5 the 4 letters word 0101.Then we read the 
ouple (1000,0101) in the automaton. We begin by weak weight94



3.5. The 
ase of ω-rational fun
tionsbits :
0

0,1
−→ 3

0,0
−→ 3

0,1
−→ 4

1,0
−→ 4The state 4 is a "-" state, that means 5 ⊲ 8 in the Sarkovski order.Theorem 3.7. Sarkovski Let be f : R → R a 
ontinuous fun
tion. If f has aperiodi
 point of period n, then for all k ∈ N∗ so that n ⊲ k, f has at least oneperiodi
 point of period k.3.5 The 
ase of ω-rational fun
tionsConsider a numeration system in Pisot base, i.e θ is a Pisot number, A ⊂

Z
⋂

[−k,k] where k is a �xed integer and the fun
tion µθ de�ned by :
µθ : Aω → [ −k

θ−1
, k
θ−1

]

α → Σn≥0
α(n)
θn+1Re
all that µθ is a 
ontinuous surje
tion on [ −k

θ−1
, k
θ−1

].In the examples, we use sometimes non-symmetri
 alphabets A = {0, · · · ,k}.For now on, we 
onsider fun
tions f : Aω → Aω whi
h graph is de�nable in S1S
onsistent with µθ, i.e. fun
tions with graph de�nable in S1S so that the followingdiagram 
ommutes :
Aω f

−−−→ Aω

µθ



y



yµθ

[ −k
θ−1

, k
θ−1

]
F
−−−→ [ −k

θ−1
, k
θ−1

]It is evident that if α is a periodi
 point of f with period n, then x = µθ(α) is aperiodi
 point of F with period k and k divide n. See example 21 as illustration.On the over hand, if x is a periodi
 point of F , all α ∈ Aω so taht x = µθ(α) is notne
essary periodi
 : if µ−1
θ ({x}) is �nite, su
h α is eventually periodi
 for f and if

µ−1
θ ({x}) is in�nite the orbit of α 
an be in�nite (example 22).Example 21. Consider the fun
tion f de�ned on 2ω represented by the Bü
hi trans-du
er on �gure 3.2. We obtain the following 
ommutative diagram.

2ω f
−−−→ 2ω

µ2



y



yµ2

[0,1]
F
−−−→ [0,1]

x −−−→ 1− x95



3.5. The 
ase of ω-rational fun
tionsThe point 10ω is a periodi
 point of f with period 2 and µ2(10ω) = 1
2
is the single�xed point of F , i.e. a periodi
 point F with period 1.

0

0/1, 1/0

Fig. 3.2 � Inversion in base 2Example 22. In this example, we represent reals in the Aviezinis base A = {1,0,1}.Consider the fun
tion f de�ned on Aω represented by the Bü
hi transdu
er on�gure 3.3. We obtain the following 
ommutative diagram.
Aω f

−−−→ Aω

µ2



y



yµ2

[−1,1]
Id
−−−→ [−1,1]

x −−−→ xWe have :
f((10)ω) = 11(10)ω,f 2((10)ω) = (11)2(10)ω, · · · ,fn((10)ω) = (11)n(10)ω, · · ·The point (10)ω is not periodi
 for f and µ2((10)ω) = 1

2
is evidently a �xed point of

Id.We have the same 
on
lusion for all words of the form u(10)ω or u(10)ω with u ∈ A∗.Then we obtain a set of non periodi
 point of f , dense in Aω su
h that all imagesby µ2 are periodi
.
0 1 2

1/1

1/1

0/0

1/1

1/1

0/ǫ

0/00

1/11

1/11Fig. 3.3 �This di�eren
e between periodi
 point of f and periodi
 point of F 
an be explainby the multipli
ity of the representations of some real numbers in base θ. To twistthis problem, one 
an normalize the fun
tion f . We 
ompose f with a normalization96



3.5. The 
ase of ω-rational fun
tionsfun
tion S. Indeeed, C. Frougny proved that E = {(α,β) ∈ Aω×Aω|µθ(α) = µθ(β)}is de�nable in S1S [12℄, furthermore see [7℄. And we know how to 
onstru
t a ω-rational fun
tion, de�nable in S1S, S whi
h realize this normalization. For all word
α, S(α) is maximum lexi
ographi
 of {β ∈ Aω | µθ(α) = µθ(β)}. The 
ase of thebase 2 is presented in the following example :Example 23. In �gure 3.4 we give the representation of a fun
tion S : 2ω → 2ωde�ned by S(α) = α if α has in�nite number of 0, S(1ω) = 1ω and S(u01ω) = u10ωfor all u ∈ 2∗. We obtain the following 
ommutative diagram :

2ω S
−−−→ 2ω

µ2



y



yµ2

[0,1]
Id
−−−→ [0,1]

x −−−→ xIt is easy to see that S(α) is the maximum lexi
ographique de la représentationbinaire de µ2(α) for all α ∈ 2ω. S est appelée la normalisation en base 2.By 
omposition of the fun
tion f of the example 21 with S then we have :
2ω S◦f
−−−→ 2ω

µ2



y



yµ2

[0,1]
F
−−−→ [0,1]

x −−−→ 1− xSo :
f(01ω) = 10ω,f 2(01ω) = 01ω,f 2(01ω) = 10ω,, · · ·

S ◦ f(01ω) = 10ω,(S ◦ f)2(01ω) = 10ω,(S ◦ f)3(01ω) = 10ω, · · ·The point 01ω is eventually periodi
 for S ◦ f with 1. We �nd again the same periodas the period of 1
2

= µ2(01ω) for F .There is no problem to generalize the result of this example. Then, if x = µθ(α)is a periodi
 point of F with period n, α is a periodi
 or eventually periodi
 pointof S ◦ f with period n.Every period of F 
an be �nd with S ◦ f . We dedu
e the following result :
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3.5. The 
ase of ω-rational fun
tions
1 2

0/0 1/1

1/1

0/0

3

1/1

4

1/1

0/0

5
0/1

1/0

Fig. 3.4 � Normalization in base 2Proposition 3.8. Let F : [ −k
θ−1

, k
θ−1

]→ [ −k
θ−1

, k
θ−1

] be a fun
tion so that there exists afun
tion f : Aω → Aω whi
h verify :1. The graph of f is de�nable in S1S.2. ∀α ∈ Aω : µθ(f(α)) = F (µθ(α)).For all n in N∗ one 
an de
ide if F has periodi
 point with period n.Indeed, write the existen
e of an orbite with 
ardinality n for F is a 
losedformula of S1S whi
h is dé
idable.Then one 
an de
ide if a su
h fun
tion F has a periodi
 point with period 3. Usingthe Sarkovski theorem one 
an de
ide if F has orbits with any 
ardinality n ∈ N∗.We also know that period 3 implies 
haos [13℄.
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3.5. The 
ase of ω-rational fun
tions

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1Fig. 3.5 � Example of fun
tion de�ned on [0,1] with a 5-periodi
 point and none3-periodi
 point

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1Fig. 3.6 � Example of fun
tion de�ned on [0,1] with a 7-periodi
 point and none5-periodi
 point 99



3.5. The 
ase of ω-rational fun
tions

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1Fig. 3.7 � Example of fun
tion de�ned on [0,1] with a 10-periodi
 point and none6-periodi
 pointThe Sarkovski order indu
e a stri
t hierar
hy on 
ontinuous fun
tions on R, forall n there exists a 
ontinuous fun
tion F : R→ R with a n-periodi
 point and none
m-periodi
 point for all m⊲ n. In [8℄ R. Devaney give some examples of su
h fun
-tions and an algorithm to 
onstru
t it. This fun
tions de�ned on [0,1] are pie
ewisea�ne with rational slopes on intervals with rational extremities. We present some
ases in �gures 3.5, 3.6, 3.7.As multipli
ation by integers in integer base is de�nable in S1S (right subsequen-tial) [12℄, we must note that all this fun
tions 
an also be represented by fun
tionsde�nable in S1S with a 
ommutative diagram.
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RésuméL'objet de 
ette thèse est l'étude de la 
omplexité topologique de fon
tions omega-rationnelles : fon
tions de mots in�nis dont le graphe est re
onnaissable par automate �ni.Le 
adre de notre étude est 
elui de la hiérar
hie des boréliens et des 
lasses de Baire.On remarque tout d'abord que 
es fon
tions sont au plus de 
lasse 2. Christophe Prieur amontré que le problème de la 
ontinuité est dé
idable. Nous avons montré qu'être de 
lasse1 est aussi dé
idable dans le 
as syn
hrone en adaptant un résultat de Sierpinski portantsur les sur et sous-graphes à notre 
ontexte.Notre attention s'est ensuite portée aux points de 
ontinuité de telles fon
tions. Unrésultat de Baire dit qu'une fon
tion n'est pas de 
lasse 1 si et seulement si il existe unfermé non vide sur lequel la fon
tion n'admet au
un point de 
ontinuité. Nous prouvonsune version automate de 
e théorème : Une fon
tion omega-rationnelle n'est pas de 
lasse1 si et seulement si il existe un fermé non vide re
onnaissable par un automate de Bü
hitel que la restri
tion de la fon
tion à 
e fermé n'ait au
un point de 
ontinuité. Ce résultatest prouvé en utilisant la dérivation de Hausdor� qui s'arrête au bout d'un nombre �nid'étapes sur les langages omega-rationnelsCe travail s'est 
on
lu par l'étude des orbites des fon
tions réelles dé�nissables en basePisot par des transdu
teurs syn
hrones. L'ordre de Sarkovski permet de 
lassi�er les ordresdes orbites périodiques des fon
tion réelles 
ontinues. Le résultat prin
ipal obtenu est ladé
idabilité pour tout entier n de l'existen
e d'orbites périodiques de 
ardinalité n et parsuite de toute 
ardinalité inférieure dans l'ordre de Sarkovski.Mots-Clefs : Automates, relations omega-rationnelles,.ensembles boréliens, ensemblesanalytiques, fon
tions boréliennes, théorème de Baire, théorème de Sarkovski, nombres dePisot. Abstra
tThis work is about the topologi
al 
omplexity of omega rational fun
tions : fun
tions ofin�nite words whi
h graph is re
ognizable by �nite automaton. The natural environmentof our study is the borelian hierar
hy and the Baire 
lasses. First note that omega rationalfun
tions are Baire 
lass 2. Christophe Prieur shows that 
ontinuity is de
idable. We provethat being Baire 
lass 1 is de
idable in the syn
hronous 
ase. For this we use and adapt aresult of Sierpinski about over and under graph.Then we study the set of 
ontinuity points of su
h fun
tions. A result of Baire 
laim thata fun
tion is not Baire 
lass one if and only if there exists a non empty 
losed set su
h thatthe restri
tion of the fun
tion on this set has no 
ontinuity point. We prove an automatonversion of this result : an omega fun
tion is not Baire 
lass one if and only if one 
an �nda non empty 
losed set re
ognizable by Bü
hi automaton su
h that the restri
tion of thefun
tion on this set has no 
ontinuity point. For this we use the Haussdor�'s derivationwhi
h stops in �nite time on omega rational languages.This work is 
losed by the study of orbits of real fun
tions de�nable is Pisot base bysyn
hronous transdu
tors. Using the Sarkovski's order, one 
an 
lassify the order of periodi
orbits of 
ontinuous fun
tions. The prin
ipal result is to be de
idable for all integer n tohave periodi
 orbits of 
ardinality equal to n and then any less 
ardinality in the Sarkovski'sorder.Key words : Automata, omega-rational fun
tions, borel set, analyti
 sets, borel fun
-tions, Baire's theorem, Sarkovski's theorem, Pisot numbers.


