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Chapitre 1

Introduction

De nombreux phénoménes physiques sont modélisés & I'aide d’un systéme différentiel dé-
pendant d’un petit paramétre €. Ce petit paramétre peut représenter une fréquence, une
distance, etc. qui est petite par rapport aux autres données du probléme. Pour simplifier le
modéle (diminuer le nombre de variables du sytéme comme dans [3]) ou rendre compte de
phénomeénes moyens, il est naturel de déterminer un comportement asymptotique de la solu-
tion lorsque e tend vers 0, sa limite par exemple, voire dans les meilleurs des cas justifier un
développement asymptotique complet.

Pour étudier ces systémes, de nombreuses techniques ont été développées suivant le type
et la nature des équations (linéaire, non linéaire, etc.). On peut par exemple citer le calcul
pseudo-différentiel ou I'étude des mesures semi-classiques introduites par Wigner puis déve-
loppées par P. Gérard [22, 23] ou P.-L. Lions [29] qui ont été utilisées notamment dans I’étude
de croisements de modes [17, 18] . Nous pouvons aussi mentionner loptique géométrique
non linéaire. Ce type d’analyse s’est fortement développé ces derniéres années notamment
pour son succés a étudier des solutions hautes fréquences pour des équations hyperboliques
non linéaires, ou décrire certains phénomeénes non linéaires comme 1’étude des caustiques par
exemple.

Dans cette thése, nous nous intéressons a l’'utilisation ou a la mise en ceuvre de méthodes
pour obtenir des informations asymptotiques sur deux systémes de nature différente. L’un
est linéaire : équation de Helmholtz avec source. L’autre est non linéaire : équation de type
Navier-Stokes forcée par une source polarisée. Dans les deux cas la source se concentre ou
oscille fortement lorsque € tend vers 0. Elle impose un régime particulier aux systémes.

Pour la premiére équation, nous étudions le probléme de la convergence de la solution
de I'équation de Helmholtz. On voit notamment que les caractéristiques géométriques des
données du systéme influencent la limite.

Dans un second temps nous étudions la stabilité d’une famille de solutions particuliéres de
I'équation de Navier-Stokes notée {h.}.. Nous produisons un développement asymptotique
complet de la solution prés de la famille {h.}. (lorsque € tend vers 0) et justifions ensuite la
stabilité.
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Ces deux problémes ne sont pas de méme nature, et les techniques utilisées et développées
pour les traiter sont différentes.

1 Autour d’une équation de Helmholtz

Le chapitre II est dédié a ’étude de ’équation de Helmholtz.

1.1 Contexte

La propagation, en régime harmonique en temps, d’une onde haute fréquence dans un mi-
lieu d’indice variable n?(z)/e? (¢ > 0) peut étre modélisée & I’aide de 1’équation de Helmholtz
dite haute fréquence :

2 x
ieazue(x) + £ ﬁxus(x) + n?(z)ue(x) = gd%s <g> , (L.1)

ol = désigne la variable d’espace parcourant R?, et la dimension d est supposée supérieure
a 3 dans ce contexte.

o Le coefficient de réfraction du milieu n? est supposé régulier. De plus il converge & l'infini
vers n2, : limy, ;o n*(x) = n,. On supposera que n?(0) est strictement positif.

o Le coefficient d’absorption du milieu «. est strictement positif. On suppose de plus qu’il
tend vers 0 lorsque € tend vers 0 : lim,_ ;o oz = 0.

Le terme Ed%S (%) modélise une source (qui émet un signal) qui se concentre en 0 lorsque
€ > 0 tend vers 0. Le méme paramétre € mesure la longueur d’onde typique des ondes qui
peuvent se propager dans le milieu d’indice n?/2. Un phénoméne d’interactions résonnantes
se produit entre les oscillations hautes fréquences de la source et la vitesse de propagation des
ondes imposée par l'indice du milieu.

Ce phénomeéne étudié initialement par J.-D. Benamou, F. Castella, B. Perthame, T. Kat-
saounis et O. Ruborg [4, 8] a donné lieu & une série de travaux de E. Fouassier dans le cas de
deux sources [19], ou dans le cas d’un milieu d’indice discontinu [20]. Citons aussi les travaux de
X.P. Wang et P. Zhang [41], qui utilisent une tout autre méthode pour étudier le systéme (I.1).

Enfin F. Castella [7], pour montrer la convergence de la solution de (I.1), a introduit une
approche dite dépendante du temps. Elle a donné lieu aux travaux de J.-F. Bony [5] sur I’étude
de la mesure de Wigner associée a (I.1) et de J. Royer lorsque le coefficient d’absorption a.
dépend de la variable d’espace [37]. Nous présentons plus en détail cette approche dans la
section 1.2.

Dans [4] I’étude de la mesure de Wigner associée a I’équation de Helmholtz (I.1) s’appuie
sur une étude précise de la solution prés des lieux ol peuvent se produire des interférences
résonnantes constructibles, ici x = 0. Pour ce faire, une remise a ’échelle de la solution de
P’équation de Helmholtz est utilisée en posant w, () := %?u, (ex). Une démarche analogue est
d’ailleurs envisagée dans [8] lorsque la source se concentre prés d’une variété I' (le changement
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de variable adéquat est alors de la forme wj, := %2y (y + ex) pour y € I'). Cela revient en

quelque sorte & mesurer comment se concentre ou oscille la solution u, prés des points ot se
concentre la source.
A Dinstar de [7] nous étudions par la suite I’équation satisfaite par w, :

ieawe () + %we(:n) +n?(ex)w.(z) = S(z), zeRY d>3. (1.2)

L’un des problémes dans 'étude de (1.2) vient du fait que I’équation

A

meg(m) + n?(ex)w.(z) = S(x), ze€R?,

n’admet pas une unique solution. Le terme ica w. () assure 'existence et I'unicité de la solu-
tion de I’équation (I.2) et sélectionne en somme la solution dite sortante de I’équation 1.2. Il
s’agit en réalité d’une condition de radiation a 'infini qui impose, pour I’essentiel, & la solution
we un certain régime oscillant & I'infini.

Lorsque € tend vers 0, il est facile de montrer que la solution w. de (I.2) converge au sens
des distributions vers wy,; solution de :

A

waout(az) + n%(0)wous (z) = S(x), xR, (L.3)
Pour les mémes raisons, I’équation (I.3) ne détermine pas wey: (probléme d’unicité). Cepen-
dant le choix particulier du terme ica.w.(z) dans (1.2) laisse a penser que la solution limite
est la solution dite sortante donnée par

A _1

Ve RY,  wou(x) : = Jlim+ <i5 + 71 + n2(0)> S(z). (L.4)
—0

Cette solution est aussi caractérisée comme 'unique solution de I’équation (I.3) vérifiant la

condition de radiation de Sommerfeld a I'infini (voir par exemple [14] pour le cas d’un potentiel

constant ou |27, 38| dans le cas de potentiel & longue portée ou encore [32]) :

T 1
—— Vo Woue(t) + n(0)wous (x :O<>, | — +o00. 15
\/i]x\ T out( ) ( ) out( ) ‘x‘Q | ’ ( )
La convergence de w, vers wy,: n’est pas claire a priori. En effet comme lim|x‘%+oo n? (ex) = ngo,

la solution en dimension 3 de (I.2) devrait se comporter comme exp(i2~/?ny|z|)/|z| pour

|z| grand. D’autre part, si on considére que la solution limite suit la condition de Sommerfeld
a l'infini, weys devrait asymptotiquement étre de I'ordre de exp(i2~1/?n(0)|z|)/|z| lorsque |z|
est grand. En toute généralité, nyo est différent de n(0). Ceci est contradictoire et rend les
démonstrations de convergence de we vers wy,; trés délicates.

Le premier résultat de convergence de w, dans le cas d’un indice non constant (voir |7])
requiert une hypothése géométrique sur le potentiel n? : ’hypothése d’absence de refocalisation
des rayons (1.8). Cette hypothése prévient de trop fortes interactions entre la source oscillante
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et Vopérateur % + n?(ex). Sous cette hypothése, w. converge vers we,; solution de 'équa-
tion (I.3) vérifiant la condition (I.5).

Le travail proposé ici se place dans la continuité de |7]. Nous nous appuyons trés fortement
sur les résultats démontrés dans cet article. Nous construisons explicitement un potentiel qui
ne vérifie plus la condition de non-refocalisation des rayons (11.10). Nous démontrons alors que
la solution w. converge tout de méme, mais vers une perturbation de wy,:. Cette perturbation
caractérise les interactions résonnantes et peut étre calculée explicitement.

En particulier, la condition d’absence de focalisation des rayons est nécessaire pour obtenir
la convergence de we vers wyyt.

1.2 Reésumeé des résultats

L’approche introduite par F. Castella dans [7], dite approche dépendante du temps, consiste
a voir w, solution de (I.2) comme l'intégrale du propagateur classique associé a l'opérateur
icae + €2 /2A, + n?(x). La solution s’écrit alors :

+o0 2 Ag 2
VzeRY,  w.(z)=i / eoeteit (5 (= 2) g (1) dt. (16)
0
De méme, la solution sortante wy,: peut étre écrite :
+oo | 5
Ve e RY,  wou(z) : = z/ eit( S tn (0))S(fv)dt.
0

Ainsi pour montrer le résultat de convergence de w. vers wyy ([7]) l'idée est de passer a la
limite dans l’expression (I.6).

En pratique, pour étudier la convergence de w. au sens des distributions on se raméne a
I’étude de ue par un changement de variable,

Vo € SRY),  (w.,d) = (ue, e Y2p(a/e)).

Trouver la limite au sens des distributions de w, revient alors & déterminer la limite au sens
des distributions de u. vu a l’échelle semi-classique. De plus, le second membre de (I.1),
e=428(x/¢) se concentre a la méme échelle en z = 0.

Notons h(x,€&) = £2/2 — n%(z) le symbole semi-classique associé¢ au hamiltonien —e2A, /2
—n?(z). Alors la contribution principale de I'intégrale est portée par le niveau d’énergie 0O
défini par Hy := {(m,f) € R, tels que h(z,§) = 0}.

La difficulté majeure vient de 1’étude des interactions résonnantes prés du point z = 0.
Du fait de la structure de I’équation, 1’énergie transportée sur Hy le long des trajectoires
hamiltoniennes :

o) - = =
{ X (t,z,8) =Z=(t,z,9), X(0,z,8) =z, avec (z,€) € Hy, (1.7)

95(t,2,8) = Vun2(X (t,2,€)), =(0,z,8) =&,
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peut s’accumuler en 0, et c’est ce phénomeéne qui peut empécher la convergence de w, vers wyys.
Dans un premier temps, afin d’éviter ces accumulations d’énergie en grand temps, nous suppo-
sons que les courbes hamiltoniennes sur le niveau d’énergie 0 sont non captives (voir définition
page 27). Dans un second temps, afin de prévenir une refocalisation des rayons & un méme
instant ¢ < +oo (et donc une accumulation d’énergie), une hypothése de non-refocalisation
des rayons est introduite (voir [7]).

Définition. On dit qu’un potentiel n? satisfait I’hypothése de refocalisation des rayons si
l’ensemble

2
M = {(t,p, n) G]O,+oo[><]R2d tels que % = n2(0), X(t,0,p) =0, Z(t,0,p) = 77} (L.8)

est une sous-variété de ]R2d><]0, +oo| de dimension strictement plus petite que d — 1.

Cette hypothése revient a supposer que les interactions entre le hamiltonien semi-classique
de symbole h et les ondes de longueur d’onde & émises par la source sont faibles. Plus récem-
ment, J.-F. Bony [5] a aussi introduit une hypothése dite de viriel du méme type que (I1.8)
pour montrer la convergence de la mesure de Wigner associée a (1.1) :

mesq_1 {§ e/2n2(0)0S Y 3t>0 X(t0,6) = 0} =0, (1.9)

oit mesg_1 désigne la mesure de surface euclidienne sur la sphére de rayon /2n2(0) et S
est la sphére de rayon 1. Inspiré par [7], il montre que cette condition est nécessaire pour
prouver 'unicité de la mesure limite.

Ici nous construisons un potentiel n? non captif défini en (I1.12) qui ne vérifie pas la
condition de refocalisation. Si la source irradie dans la direction des rayons refocalisants définis
en coordonnées hypersphériques par

Iy = {p:=(pl.0,. - 0a-1), 01 €] = 00,00, Oi€]l—mml, ¥i=2 |pl=v202(0)},

on montre la convergence de w. vers une perturbation de wyy:. On notera dA la mesure
euclidienne de surface de Ig,. Le résultat principal de cette partie est le suivant.

Théoréme 1.1. Soit n? le potentiel défini au niveau de (I1.12) . Alors :
i) n? est un potentiel non captif sur le niveau d’énergie 0, Hy.

it) M est une variété a bord. Sa dimension est d — 1.

ii) Soit une source S € S(RY) vérifiant ’hypothése de radiation

-~

supp(S) C {t.n tels que n € Iy,, t > 0}.

Alors,
Vo eSRY), [(we —wout, §) — Le(9)| = O(VE),
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Soit la vitesse initiale pg := (1/2n%(0),0,...,0), on note Tg le temps tel que X (Tr,0,po) =0
(on justifie plus loin lexistence de ce temps de retour), L. s’écrit :

{ Tr 5(3707])0)2 2 )
- — s +n (X(Saovp())) ds - -
Le(¢) = OTR,d€<€ /0 < . > S(p)¢* (—p)dA(p)

Iy,

ot Cry,.q est une constante non nulle (définie page 54) et ¢* est la conjugaison complexe de
Uapplication ¢.

Le terme L.(¢) est le fruit des interférences constructibles. Il est le produit de l'action
associée au hamiltonien h avec une distribution tempérée T d’ordre O :

VoeSRY, (T.o)= [ Sp)é (—p)dA(p).

Iy,

Cette distribution traduit la facon dont la source radie vers le potentiel. En particulier si le
support de S n’est pas dans le cone {t.n tels que n € Iy,, t > 0} (donc que la source n’envoie
aucun signal vers le potentiel miroir), cette distribution est nulle.

Dans un premier temps (cf. section 2) nous montrons i) et iz). L’obtention de i) se fait en
calculant explicitement ’ensemble M. L’assertion i) se montre (cf section 3) en étudiant les
contributions des différentes échelles de temps de l'intégrale (1.6). La contribution aux temps
petits 0 <t < T} converge vers Wy, pour 1y assez grand.

Pour des temps trés grands, la contribution de 'intégrale est négligeable. En effet, sous
I’hypothése de non-capture des rayons, le propagateur et la source n’interagissent plus.

Finalement, la contribution en temps moyen € Ty < t < T3 doit étre étudiée avec précision.
Un des apports de [7] est U'interprétation de l'intégrale (1.6) comme une intégrale oscillante
de la forme de (/7.15). On effectue alors une méthode de phase stationnaire. Elle permet de
calculer explicitement les interactions résonnantes au travers du terme L.. Une des difficultés
est de justifier que I'on peut appliquer la méthode de la phase stationnaire.

2 Autour d’une équation de Navier-Stokes

Dans le chapitre 111, nous étudions une équation de type Navier-Stokes. Nous nous intéres-
sons aux interactions d’oscillations dans un fluide et analysons les phénomeénes macroscopiques
qui en découlent.

2.1 Introduction du probléme

On considére un probléme bi-dimensionnel. Nous supposons que le fluide satisfait [’approzi-
mation des milieur continus. On imprime au systéme un régime oscillant en I'agitant a ['aide
d’une force fortement oscillante et polarisée.

En notant t € R, la variable de temps et = := (x1,22) € R? la variable d’espace alors
p € Ry la densité et ui, us les deux composantes de la vitesse du fluide u := *(u1,u2) € R2
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satisfont une équation bi-dimensionnelle de type Navier-Stokes, a l'instar de [6, 28|, forcée par
une source F :

Op + div(pu) =0, WU = <U1U1 U1U2>
Bilpu) + div(pu @ u) + Vo7 = p(Per,u— F) T\ wup)”

ou € €]0,1] est un petit paramétre tendant vers 0. Ici, on modélise la viscosité P. ), et la
force F. de la maniére suivante :

- La dissipation P ). est définie par
Poyu=" (7761’/\811,77627&11) = pe? Agu+ A €2 Vdiv u,

ou pu € RY est fixé alors que A € R* tend vers 0 lorsque € tend vers 0.

- Etant donnée une fonction C* et périodique h de moyenne nulle
h:T—R, T:=R/Z, h € C*(T;R), /Th(ﬁ) dd =0,
on considére la famille oscillante, polarisée suivant la deuxiéme composante
Fu(z) = {0, F2)(z) 1= e2 t(o,ﬂaggh (523:1)) . eelo].

Les oscillations dans la direction z; sont ainsi forcées a I’échelle £2.

Classiquement (voir par exemple [30]), on introduit les variables d’état p := gpc avec

C .= 77_1 pour obtenir un systéme quasi linéaire symétrique :

{&gp—i-u-Vp—i-deivu:O, (1.10)

Ou+u-Vu+CpVp =P,y u—F;.

La description des interactions d’oscillations pour le systéme général (1.10) est difficile. Nous
nous intéressons & un probléme plus simple. En remarquant que

Pep.(0,he) = Fe =0,  he(z):=h(c?z1), Veel0,1],
la famille oscillante *(0, 0, h.) satisfait le systéeme (1.10) et ce pour tout € €]0,1]. On étudie

alors la stabilité de la famille de solutions {*(0,0,hc)}.cj0,1] lorsqu’on la perturbe a linstant
initial (¢ = 0). Plus précisément, on considére des données initiales de la forme :

(p,ut,u?)(0,2) = (0, 0, h) (5_2:161) + (5” Q. eM v&a, eM 0875)(2’5_21'1,6_1 x9), (L11)
ott (v, M) € N? avec v assez grand et M > 7/2 (on a aussi v > M), et :

(qo,g,vé’e,vae)(e,y) € H™(T x R;R?’) , y:=¢c tzg eR.
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FiG. I.1 — Modéle des oscillations considérées

Un des effets de cette perturbation est lintroduction d’une dépendance en la seconde
variable 2o € R (ou y € R). Bien que €” (ou peut-étre aussi €M) soit petit, lorsque 1'on
résout (1.10)-(I.11), on doit comprendre les interactions qui peuvent survenir entre de fortes
oscillations dans la direction z; (de longueur d’onde €?) et des variations rapides dans la
direction transversale x2 (de longueur d’onde ¢) (c.f. Figures 1.1 et 1.2). On est confronté a
des problémes de turbulence dans le méme esprit que les modéles proposés dans |9, 10, 12].

La structure sous-jacente se précise lorsqu’on réécrit (1.10) en les variables (0,y) € T x R.
On est confronté & un systéme hyperbolique-parabolique contenant une partie quasi linéaire
symétrique et singuliére (en € €]0,1]) :

Oput + 72 (u! Gpu' +eu? Oyu') + Ce2p Opp = Pl u, (L.12)

€
8tu2 +ée

op +e? (utdpp+eu?dyp) +Ce?p (Opu' +edyu?) =0,
92 ~
-2 (ul Opu? + e u? 3yu2) +Celpoyp= ﬁf,)\su — F2,
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. 1.2 — Projection des oscillations considérées suivant ’axe des abscisses et des ordonnées.
Fic. 1.2 - P t d llat d t1 d b t d d

et un terme visqueux dégénéré pour la densité 733, ., qui explose lorsque ¢ tend vers O :

’ﬁ — 7?:&17/\5 _ i 7! (aggul + 623yyu1) + A (699u1 + 689yu2)
SAe P€2,>\g €2 \ 11 (Ogou® + £20yyu?) + A (e0pyut + £20yyu?) )

A ¢ fixé I'existence d’une solution au probléme (I1.10)-(1.11) est classique. Montrer que le pro-
bleme de Cauchy oscillant (1.10)-(1.11) est localement bien posé en temps est plus délicat. La
difficulté est de gérer les termes singuliers qui peuvent apparaitre dans I’équation (I.12).

On montre (proposition I11.4) que (pour v assez grand et M > 7/2) lexistence d’un temps
T € R* indépendant de £ €]0, 1] tel que (pe, ul, u?) = (¥ e, €M v}, he+eM v2) soient solutions
de (1.10)-(I.11) sur lintervalle [0,7]. Dans le méme temps, on démontre (propositions I1I.1

et I11.2) I'existence d’un développement asymptotique pour (qc, v}, v?) lorsque ¢ tend vers 0.

Plus précisément, on prouve (dans un sens a préciser) que ¢- =~ ¢¢ et v. := (v;, vg) ~pd =
(v v22) avec
N+1 N+1
@ty 0) = > e apty,0),  L(ty,0) =Y & (v;(t, y,0) + vl (72, y,e)). (1.13)
k=0

k=0

Ces développements montrent 'existence d’une couche limite au temps ¢ = 0 (du fait du
terme v}: (7, -) cherché décroissant exponentiellement vers 0 lorsque 7 tend vers l'infini), conjoin-
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tement avec un comportement d’évolution moyen (décrit par ’UZ) Un des aspects a souligner
est la production d’une dissipation sur I’équation satisfaite par v} :

o0 [ vit0.d0— (n+ [ @ w20)a8) 0y, [ oi(t.0) = St (110

ou 9, L} est 'unique primitive de k de moyenne nulle et S, est un terme source qui ne dépend
que des v] pour j € {0,...,k —1}. Cela confirme et justifie que les interactions d’oscillations
peuvent étre décrites au niveau macroscopique par 'introduction d’une wiscosité turbulente
(comme prévu dans d’autres modeles [31] dits de type k — ).

2.2 Plan et présentation des méthodes
2.2.1 Construction d’une solution approchée

Dans la premiére partie du chapitre III, nous construisons une solution approchée du
systéme différentiel (I1.10)-(I.11). En écrivant les équations vérifiées par les composantes v et
v2 de la vitesse,

Li(e,qe,ve) = Ol +e P h Ol + M2 (vl Opvl +ev2 9y0])
+Ce? M 2q 9yg. — Py v-=0, (L15)
Lo(e,qe,ve) = 0?2 + e 1 h 9y + 72 gh vl + M7 (v} 0g? + £ 02 Oyv2)

+Ce? Mg 9yq. — P2y v =0, (116)
on remarque que la pression n’intervient qu’au travers du terme Ce?*~M=2 ¢.t(9p, €0y)qe. Pour
v > M > 7/2, on peut dans un certain sens (justifié dans la partie I1I) négliger la pression.
En particulier, les variables de pression et de vitesse se découplent. Pour construire la vitesse
approchée, on étudie plutot le systéme (indépendant de la pression) suivant :

€ - (1.17)

8tv§ +eth ayv; 4 eM=2 (vg 891); + evg 8yv;) — 517)\51;6 =0,
OpvZ + ™" h OyvZ + €72 gh vl + M2 (v} Ogv2 +evZ ByZ) — P2y v =0,

Afin de dégager la hiérarchisation en puissance de € dans (1.17) on écrit le systéme comme
suit :

1 1
Opve + z T v+ = Qu. + LL(E)ve + M2 NL(e,v:) =0 (1.18)
avec
—/Lagg 0 ) (h 8y — )\8@9 0 >
= ) T := )
Q < Doh — g 0 ho,
[~ udyy — Aoy (vl opv} + evZ oy}
£Lee) = <—)\30y —(p+eX)0yy )’ NL(eyve) == v OgvZ +evZOyvZ)

Le systéme est non linéaire, vectoriel et singulier en €. On peut interpréter le systéme comme
une perturbation non autoadjointe de I'opérateur Qg := —0ygglo, ol I» est la matrice identité
en dimension 2. Cette perturbation est de deux types :
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— On perturbe Qqy a l'ordre 1 par lopérateur 7. La structure et I'asymptotique de la
solution de

A G .
Opve + gTUs + ?QO’UE =0, (I.19)

ont été abondamment étudiées dans le cas scalaire et linéaire. Suivant le choix de Qg
(qui peut étre différent de notre sélection), on considére alors une équation de transport
d’électrons 2], de Focker-Planck [16] ou de Boltzmann [15, 33].
— On perturbe Qg a 'ordre 0 par 'opérateur <80h 8) Cette perturbation rend 1’opéra-
0
teur @ non autoadjoint.
La difficulté ici est triple.

Dans un premier temps, on généralise 'existence d’'un développement a deux échelles ¢
et t/e? sous la forme de (I.13) pour le probléme vectoriel (1.19). Celui-ci est loin d’étre évident
méme dans le cas scalaire.

Hors du noyau de Qp, le comportement de la solution est dicté par 'opérateur e ~2Qq dont
I’échelle d’évolution naturelle semble étre t/e2, ce qui justifie la recherche d’un développement
sous la forme de (I.13). Dans le noyau, la contribution principale dans (I.18) est alors 'opéra-
teur e 17 qui devrait évoluer a I’échelle intermédiaire ¢/e. On explique dans la section (2.1.1)
que ce phénomeéne ne peut se produire. L’hypothése A de moyenne nulle joue un réle crucial
dans I’élimination des possibles échelles intermédiaires.

Bien que non présentes dans I'ansatz (I.13), les interactions a 1'échelle intermédiaire =1t
se traduisent par une augmentation de diffusion dans ’équation satisfaite par la limite de v,
lorsque € tend vers 0 (c.f. équation (I.14)). Les mécanismes mis en jeu dans la création de ce
terme diffusif sont du méme type que les mécanismes de dérive-diffusion (ou drift-diffusion
en anglais c.f. [15, 33]). Dans 'exemple simplifié (I.19) comme les opérateurs 7 et Qp sont
diagonaux, la discussion devient en réalité scalaire.

Dans un second temps en ajoutant la perturbation non autoajointe d’ordre 0, i.e. Ogh, il
faut justifier qu’on peut encore obtenir un développement sous la forme de (I.13). La présence
de ce terme nécessite une discussion alors vectorielle.

La recherche de profils v}: (7,-) exponentiellement décroissants en la variable 7 ne peut
plus étre justifiée & ’aide d’une étude spectrale de I'opérateur Q. Plutét que de considérer
I'opérateur @ qui n’est ni borné ni auto-adjoint (dans L? par exemple), on utilise de facon
capitale la structure triangulaire de 'opérateur Q : on résout la premiére équation safistaite
par v} puis on injecte la solution obtenue dans la seconde pour trouver v2. On utilise de facon
cruciale les propriétés spectrales de 'opérateur —udgy (auto-adjoint de domaine dense H?)
pour obtenir la décroissance exponentielle.

Un point important de la construction est de justifier que les reports possibles de la premiére
composante de la vitesse dans I’équation sur la deuxiéme composante, dus a dyh dans Q, ne
perturbent pas le mécanisme de production du terme diffusif.

La présence du transport dans 'opérateur 7, nécessaire dans la production de diffusion,
se fait conjointement avec la perturbation & 'ordre 0 de 'opérateur Q.

Enfin, on doit aussi examiner les interactions qui peuvent avoir lieu lorsqu’on compléte
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le probléme avec les opérateurs £L et N'L. D’une part ces opérateurs renforcent le couplage
entre les variables vsl et fug. D’autre part, N'L fait apparaitre des phénoménes non linéaires
qui sont délicats & traiter. Dans un premier temps on suppose que M est assez grand pour
s’en affranchir. Puis nous diminuons M afin de faire apparaitre ces phénoménes. On doit dans
le cas critique M = 2 mettre en avant des phénoménes de transparences pour conclure.

On étudie simultanément les différents aspects vectoriel, non linéaire et non autoadjoint
de Q, dans la section 2.1, pour justifier la construction d’une vitesse approchée v¢ (voir pro-
position II1.1).

Enfin, pour obtenir le développement sur la pression, on injecte vZ, obtenue précédemment,
au niveau de ’équation de transport satisfaite par la pression ¢. :

Lo(e, e, v2) = Dpge + e 1 h Oyge + M7 (01 Opge + v Oyq.)
+C Mg (Opvi® +0,02) =0. (1.20)

Afin de ne pas avoir a discuter les différentes échelles de temps présentes pour la pression
(t7 é, 6%, .. ) et leurs interactions, on résout explicitement le sytéme (1.20) pour obtenir la
pression approchée gZ.

Bien entendu un tel procédé ne fournit qu'une solution approchée du systéme (I.17). On
conclut, en contrdlant le terme Ce2v—M—2 qgt(ﬁg,a(?y)qe lorsque v est grand, que la solution

(g%, v?) ainsi construite approche (en un sens a préciser) aussi le systéme (1.12).

2.2.2 Probléme de stabilité

Dans une seconde partie (Section 3), nous démontrons la stabilité de la solution appro-
chée (g%, v?). Par la suite on note (p¢,us) := (¥ ¢¢,eMvle h 4+ eM v2¢) la solution exacte du

systéeme (1.11)-(1.12).

Soit R un entier naturel. On rappelle que la solution est définie sur 'intervalle [0, 7] ou T~
peut tendre vers 0 lorsque € tend vers 0. Nous montrons que le temps d’existence T est borné
inférieurement par un temps critique 7,. Pour ce faire on pose les nouvelles variables ¢ et
vl deéfinies par

(qgﬂ]g) = (qg7vg) +5R (Q§7U§)'
Au lieu de travailler sur la variable (g€, v¢) on préfére par la suite travailler sur le reste (g%, vL).
De plus, I'obtention d’un controle sur le reste (¢, v?) justifie la convergence de la solution
approchée (g%, v?) vers la solution exacte jusqu’a 'ordre R.

Le reste (g, vf) est la solution du linéarisé de opérateur £ := *(Lg, L1, L2) au point
(g%, v%) corrigée d’un terme non linéaire petit. On peut aussi traduire le probléme en terme

des variables initales p et u. Alors :
(P, ) = (0,0,h) + (e"q2, eMl") + ef (g, eMolf) .

La solution (g”¢f, e™vF) peut s’interpréter de nouveau comme la solution du linéarisé du

systéme (1.10) au point (0,0, h) + (£q%, eMvM) (toujours corrigé d'un terme non-linéaire pe-
tit). Pour pointer les difficultés et les solutions que nous mettons en ceuvre dans la section 3
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on simplifie la discussion ici en étudiant la solution du linéarisé de (I.10) au point (0,0, h).

Notons (pL,ul) la solution sur l'intervalle [0,7}] du systéme linéarisé en *(0,0, h) :

(1.21)

Otpé +e1p aypé - 52’17
Al + e hdul +|1(0,e 2 ghull) | — P (ul) =1(S', 52,

0.

ot SL = t(52h 53t 52 est un terme source dans L ([0, TY, H®(TxR)) et (p!, ul)(0,-)

e On essaye une approche purement hyperbolique en supposant dans un premier temps que
i = Ae = 0. La dissipation P . est alors nulle. Une méthode d’énergie classique sur le
systéme (I.21) aboutit a

< e sup |‘Sé(ta')||L2(’]T><R)>

l Il
vt e [0,T¢], H (H;a“f) (t, ')‘ LA(TxR) ~  tejo,ry

ou la constante C; vérifie :

Ce < C (14¢&72|0ph| ) - (1.22)

La croissance de C: en &2 est liée au terme singulier encadré dans le systéme (I1.21). Elle in-
dique que la solution peut croitre exponentiellement avec ¢t & moins de considérer des temps ¢
de l'ordre de £2. La difficulté, pointée sur 'exemple du linéarisé en (0,0, k), de pousser le
développement jusqu’a 'ordre 1 se répercute lorsqu’on étudie le systéme satisfait par (qf, vf).

¢ On utilise alors de facon cruciale la structure de la dissipation P ), et donc de la parabolicité
de T’équation. On casse la structure singuliére de 1’équation & 'aide d’un changement de
variables (singulier). On étudie alors la nouvelle dissipation afin de récupérer un peu de
parabolicité (si A\. tend assez vite vers 0).

La justification des estimations jusqu’a l'ordre 1 est un équilibre (ou une compétition) entre
les aspects hyperboliques singuliers (le terme £~29ph encadré dans (I1.21)) et la parabolicité
de I'équation (la dissipation ﬁ&)\e). L’aspect parabolique de I’équation a deux conséquences
(classiques) pour la vitesse :

- Phénomeéne d’absorption : la viscosité absorbe les termes singuliers en régularité (les

termes H!) mais aussi singuliers par rapport a e.

- Phénoméne de régularisation : en plus d’obtenir des estimations L;/X’Lg,y on obtient un

controle de la vitesse dans L?H, gl’y.

Le contréle de la pression est plus problématique. En effet, la pression linéarisée est solution
de :

t
dL(t,0,y) = /0 SO (5,0, — e h(0)(t — ) ds

La famille {¢'}. n’est pas bornée dans H'. La famille {Jpq.}. explose comme e~ dans
L?*(TxR). On construit alors des espaces anisotropes en & pour contrdler la famille de solutions.

La différence de structure (due a la viscosité dégénérée suivant la pression) entre la pression
et la vitesse nous ameéne en particulier & étudier séparément ces deux variables : on obtient
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dans un premier temps des estimations sur la vitesse qu’on injecte ensuite dans I’équation
satisfaite par la pression.

En suivant ce processus, nous montrons d’une part le caractére localement bien posé du sys-
téme (1.10)- (I.11) et d’autre part que la solution approchée (g%, v¢) est une bonne description

asymptotique de la solution exacte (¢S, v¢) (c.f. proposition I11.4).



Chapitre 11

Optimalité de ’hypothése de
refocalisation des rayons pour la
convergence de la solution de
I’équation de Helmholtz haute
fréquence

Abstract : We consider the high frequency Helmholtz equation with a given source and
a small absorption parameter o, > 0. The semi-classical parameter is €. . goes to 0 as
€ goes to 0. We construct a potential n? such that the zero-energy level is non trapping
for the underlying classical flow.This potential is such that it does not satisfy the refocusing
condition: the classical trajectory starting from 0 can accumulate energy near the origin.

In that case we prove that wu., solution of the high frequency Helmholtz equation, rescaled
at scale € near z = 0 converges towards a perturbation of the out-going Helmholtz equation
(with coefficient frozen in zero). This perturbation is explicitely computed. It is the product of
the action associated to the semiclassical hamiltonian with a distribution. This distribution
characterizes the contribution of the rays, radiated from the source, which go back to the
origin.

23
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1 Introduction

In this article, we study the convergence as ¢ approaches 0 of w® solution of the following
rescaled Helmholtz equation:

icaswe(x) + %wg(x) +n?(ex)we(z) = S(x), ze€RY d>3. (IL.1)
2

Here o, is an absorption parameter, n° is an index of refraction and S is a smooth source
term. In the sequel, we assume the following:

- . is supposed to be a positive constant which converges to 0 as € approaches 0:
a. — 0T, e —0.

- n? is supposed to be a non-negative and smooth function: n? > 0, n? € C®(R?).

Furthermore it satisfies the asymptotic behaviour
|02 (n® () —nZ)| < Calz) ™%, Vae N?  VzeRY (I1.2)

with p > 0 and n%, > 0. In other words, n? can be either a short or a long range
potential. We assume that n?(0) is a positive constant.

Our approach is motivated by the study of the solution of the high frequency Helmholtz equa-
tion u. () := e~ 2w, (/) solution of (IL.8).

One problem when dealing with (II.1) is that considering the following equation:

%wg(aﬂ) + n?(ex)ie(z) = S(x), VaeR?, (IL.3)

the solution is not unique. The addition of the term icacw. in Equation (II.3) ensures the
uniqueness of the solution and almost selects the out-going solution e o associated to (I11.3):

-1
W out = lim (2'5 + % + n2(8x)> S(x). (I1.4)

—0t

In the same way letting e approach 0 in (II.1), the limit solution we,; satisfies in a weak-sense

(distribution) that

A,
— Wout + n2(0)wous = S. (IL5)

Again the limit solution we,; is not well determined by Equation (II.5). The particular choice
of iea . may select when e appoaches 0 the corresponding out-going solution to (I1.4) defined
as

A, !
Ve e RY,  wou(z) : = lim <i5 + ==+ n2(0)> S(x).
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This solution can also be determined as the solution of (I1.5) satisfying the Sommerfeld
radiation condition at infinity (see [14, 27, 38, 32| ),

ue() & in(0) iy () = O <‘;|> L e — 4o (IL6)

x

N -V
A priori the convergence of w. to weyyt is not as easy as explained above. First since
lim;| 4o n?(ex) = nZ, the solution (in dimension 3) of (I1.1) should behave like
exp(i2=2nq|x|) /|z| for |x| large enough. Secondly consider wyy,; solution of (I1.6). wey is
equivalent to exp(i2~1/2n(0)|x|)/|z| for |z| large. If no # n(0), this is absurd. This is one of
the phenomena which make the proof of convergence of w,. to wey difficult.

In 2005, one result ([7]) confirms the convergence of w. to wey. It requires a geometri-
cal assumption on the potential n?: assumption of non-refocalisation of the rays defined
in (I1.10). This assumption prevents too strong interaction between the source S and the
operator A /2 + n?(ex).

The goal of this article is to explicitely construct a potential n? which does not satisfy the
hypothesis of non-refocalisation of the rays. We prove that w, still converges. However the
limit is a perturbation of wey:. The perturbation (explicitely computed) traduces resonant
phenomena which can appear (we detail it further). Furthermore, it proves the optimality of
the assumption introduced in [7] to obtain the convergence to the out-going solution.

1.1 Description - Focusing condition

The study of (/7.1) is done by transforming the problem into a time-dependant problem. This
approach introduced in [7]| has been used since by J.-F.Bony ([5]) to study the Wigner measure
associated to (I1.8) or by J. Royer ([36]) when the coefficient of absorption a. depends on
the space variable x. It consists in writing the solution as the integral over the whole time of
the propagator associated to icae + Ay /2 + n?(e x):

+0o0 ; Ag 2
Va € RY, we(x) = z/ e~oeteit(G (”))S(x)dt. (I1.7)
0
In the same way the out-going solution can be written as
+t0 AL
Ve RY,  wou(x) : = z/ e’t(%+"2(0))5(x)dt,
0

so the result of the convergence of w. to wyy,s consists in passing to the limit in the integral

in (I1.7). In practice, it turns out that the limit is dictated by u.(z) := e~%2w,(z/¢) solution

of the high frequency Helmholtz equation
2N, .

ieacu® () + —5 U (z) + n?(x)us ()

1

=58 (g) , VzeRd (11.8)

since we have:

Ve SRY),  (w.,¢) = (u., e ¥?¢(z/e)).
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In other words, determining the limit of w. in the tempered distribution is equivalent to
determine the limit of u. in the tempered distribution computed at the semiclassical scale ¢.
Looking at (I1.8), the source concentrates or oscillates at the scale € > 0. The same param-
eter ¢ measures the typical wavelength of waves propagating in a medium of index n?/e2.
Resonance interferences appear. As we shall see, the place where this phenomena can occur
is the region where the source concentrates. In our case it is the region near the origin = 0.

As standard in semiclassical analysis we define the semiclassical symbol h(zx,§) = % —n?(z)
(associated to the semiclassical Schrodinger operator —52% —n?(z)). The energy concentrates
in phase-space (semiclassically) on the zero-energy level Hy := {(z,¢) € R*, s.t. h(z,€) = 0}.
The energy propagates on Hy along the Hamiltonian trajectories, solutions of the Hamilton
equation

with (x,&) € Hp. (I1.9)

[1]

%X(t,l‘,f) = E(t,l’,f), X(07:U7€) =,
95(t,2,6) = Von(X (t,2,€)), E(0,z,8) =&,

As mentioned above, the energy transported along the rays can accumulate dangerously near
the origin. In [7], two assumptions are done to prevent it.

- Let z(t) be an Hamiltonian trajectory on the zero-energy level. The trajectory can pass
an infinite number of times near x = 0. Classically, Hamiltonian trajectories on the
zero-energy level are assumed to be non-trapping. In other words let (x,£) € Hp and
(X (t,x,&),=E(t,x,£)) be the associated Hamilonian trajectory. Then,

lim |X (¢, &) = +oo.
|t|—+o00

It prevents one Hamiltonian trajectory to accumulate energy near the origin.

- An other issue is that many Hamiltonian trajectories can refocus (almost) at the same
time in 0. To prevent such phenomena a non-refocusing condition has to be made. Such
an hypothesis has been introduced in [7].

Definition. We say that n? satisfies the non-refocusing condition if the set

2
M = {(t,p, n) €]0, +0o[xR* s.t. % =n2(0), X(¢,0,p) =0, E(t,0,p) = 77} (I1.10)

is a submanifold of R??x]0, +-o00[ which satisfies dim M < d — 1.

More recently, J.F. Bony ([5]) shows the convergence of the Wigner measure associated
to (I1.8). He requires a geometrical assumption on the index of refraction in particular a
Viriel condition:

meas,_1 {g e \V2n2(0)sT Y 3t>0 X(1,0,6) = 0} —0, (IL.11)

where meas,,_; is the euclidian surface measure on 1/2n2(0)S?~! and S¢~! denotes the unit
sphere in dimension d.
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Furthermore, inspirated by [7], he constructs a potential which is non-trapping but does not
verify the Viriel condition. In this case he proves the non-uniqueness of the limit of the Wigner
measure.

Conditions (I1.10) and (II.11) just mean that the set of Hamiltonian trajectories on the zero-
energy level issued from 0 which go back to 0 is small. Under the Viriel condition (I1.11) the
way to measure the size of this set is in the sense of the measures whereas in the refocusing
condition (I11.10) it leads to write a condition on the dimension of this set. Of course, the
refocusing condition (I11.10) implies the Viriel condition (II.11).

We construct a potential in the limiting case, i.e. dimM = d — 1. We can still prove a
convergence result in this case.

1.2 Construction of the potential - Main result

The idea behind the refocusing condition is the size of the Hamiltonian trajectories which
refocus in 0.

Let us examine the case of the dimension d = 2. The idea is the following. Let Mg be a
circular mirror centered in 0. Any ray issued from 0 goes back to 0. However such rays are
trapped in the mirror. The mirror has to be cut to let the rays escape (Cf figure 17.1).

Ms
Mst
R

R1

Complete spherical mirror Cut-off spherical mirror

Figure I1.1: Spherical mirror in dimension 2

Nevertheless, n? has to be relatively smooth (which is not the case for the mirror). We have to
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regularize it. We introduce the hyperspherical coordinates (7,01, ...,604—1) in dimension d > 2:
x1 = rcos(by),
xg = rsin(fy)cos(ds),
x3 = rsin(fy)sin(fy) cos(6s),
Tg—1 = rsin(f)...sin(0z_2)cos(fq_1),
xqg = rsin(fy)...sin(04_2)sin(04-1),

with 0; € [, 7], §; € [0,2n] for j # 1.

Remark. In dimension d = 2, the hyperspherical coordinates are almost the polar coordinates:

{ x1 = rsin(6),

x9 = rcos(fr).
In dimension d = 3, the hyperspherical coordinates are just the spherical coordinates.

First of all, we need to build an approximated spherical mirror. We define a smooth cut-off
funtion x on R such that

x(t)=1, V|t <1, x(t) =0, VIt|>2, x(t) >0, VteR.
Let R > 0. We define the spherical mirror of radius R as the function
f(@):=x@2(r—R)), Ya=(rb...,04 1) € Ry x [-m, 7] x [0,27]%"2
Then we cut it. Let 6y € [0, 7/4[; we define

g(x) == x (zl) , Yao=(r0,...,04_1) € Ry x [-m, 7] x [0,27]%72.
0

Finally, let n2, and u be two positive constants such that n, < u'. We set (see figure I7.2):

n?(x) = —pf(x)g(x) +n2 |, Vz eR. (I1.12)

Let (e1,...,eq) be the canonical basis of R?. Let M4(R) be the space of the square matrices
of dimension d. We denote by OQ4(R) the space of orthogonal matrices:

0q4(R) := {A € My(R), st. (Az, Ay) = (z,y), Vz,y € Rd}.

The potential n? is invariant under the action of Qg (R):
@d71(R) = {A S @d(R), s.t. Aep = 61} .

We introduce a particular set of speeds. It characterizes some specific directions which intu-
itively correspond to the directions which point at the mirror from the point 0 and which go
back to the origin z = 0.

What can be underlined is that the potential is not non-negative. However, the region of potential where
it is negative does not bring difficulties. The study performed in [7] can be done in this context.
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0.025
0oz .
0.015
0.01 .

0.005

Figure 11.2: —n?(x) + n?, in dimension d = 2

Definition. We denote by Iy, the set of speeds which point towards the potential and go back
to the origin:

190 :{p = (’phglv"'ved*l)a th 6]—90,90[,
0, €] —mal, Vi>2, |pl= 2n2(0)}. (IL13)

In the sequel, we denote by dA the Euclidian surface measure of Ip,. We can state the main
result:

Theorem II.1. Let n? be such a potential and d > 2. Provided that (R, 0y) satisfies
R(1 — cos(26p)) —1/2 <0, (I1.14)

then

i) n? is a non-trapping potential on the zero-energy level Hy.

it) M is a submanifold with boundary. Its dimension is d — 1.

iii) We assume that d > 3. Let S € S(RY) be a source term satisfying the radiation condition

~

supp(S) C {tm s.t. n € Iy,, t > 0}.

Then
Vo€ SMRY), |(we — wout, p) — Le(9)| = O(Vz).
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Let py := (/2n2(0),0,...,0), we denote by Tr the time such that X(Tgr,0,p9) = 0 (its
existence is proved further), Le can be written as:

i (TR (2(s,0,p0)2 )
- ———— +n*(X(s,0,p0)) | ds L
Le(¢) = Cry ae <8 /0 ( 2 > S(p)¢*(—p)dA(p)

Iy,

with Cry, 4 o constant different from 0 (defined page 54) and where ¢* denotes the complex
conjugate of ¢.

Up to a constant, L. is the product of the action associated to h(z,§) = % —n2?(x) by T, a
distribution of order 0 which registers the rays (send by the source) which go back to 0:

VoeSRY), (T,¢):= [ Sp)e (—p)dr(p).

Iy,

In other words if the source radiates towards the mirror, w. converges but no longer to the
out-going solution wyy. If not, this contribution vanishes. The specific direction (and then
the support of S) are chosen so that the rays do not select the boundary of Ip,, i.e. the
direction |0;]| = 6p. This is a technical assumption. It prevents us further from performing a
stationary phase theorem on the submanifold with an edge M.

The condition (II.14) is a technical assumption. The result should still be true if we do not
assume it.

1.3 Sketch of the proof

The proof of 4ii) in Proposition I1.1 follows the steps of the result of convergence [7]. As we
use most of the results we recall how it works. For more details, we refer the reader to the
corresponding paper.

Let f be a function. In the following for any function f we use the short-hand notation:
fe(x) = Ed%f (%) Let ¢ be a function in the Schwartz-space. We have

(We, @) = (ue, Pe) -

In order to use a time dependant approach, u. is computed in terms of the semiclassical
resolvent (ica. + €2/2A, + n?(z))~!. It is the integral over the whole time [0, +-00[ of the
Schrédinger propagator. It can be written for all 2 € RY,

ue() = <iso<5 + 622Ax + n2(x)> @) =i /0 " e (it <isa5 + 822Ax + nQ(x)>> S.(2)dt.

Let us define the semiclassical propagator:

U.(£) = exp <zz <E22Ax + nQ(x))> = exp (—ziH) :
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where H. is the semiclassical Schrodinger operator H, := —%Am —n?(x). Finally,

+00
(we, @) /0 e (U(t)Se, ¢e) dt.

To pass to the limit, the contribution of the various time scales is analysed in the corresponding
integral. They are three main regions:

0<t<Tpe, Tpe<t<Ty, Ty <t<4o0.

7
9

The contribution on the interval [Tpe,T1] is the most complicated. We represent this contri-
bution as an oscillatory integral with a complex valued phase:

/ / . et X) g (¢, X)dtdX.
T()&‘ R

Indeed, if we assume (for instance) that v is of the form v (¢,&) = t%, the asymptotic is way
different for small ¢ and large ¢. We introduce a last cut-off parameter 6 €]Tpe, T1].

Finally, the main contribution (at large and moderate times) of the integral comes from the
zero-energy level which is excited. Setting the self-adjoint operator xs(H:) := x (%) , the
integral on each scale of time and energy can be studied.

1.3.1 Steps of the proof of convergence in [7]

e Contribution at small times o

. 2Toe

L (g ) e s oo ae

e Jo Toe € e Pe .
This is the main contribution provided Ty is large enough. The proof uses the weak conver-
gence of the propagator on S. The result is the following.

Proposition I1.2. Let n%(z) be bounded and continuous. If S and ¢ belong to S(R?) then:
1. For all time Ty > 0,

. 2Toe 2Ty
é/o X <é) e (UL(1)Se, 9.) dt — 2/0 X (Tio) <exp (it (% + n2(0))> S,¢> dt.

2. There exists Cy > 0 which only depends on the dimension such that:

7

2Toe
2 / X (7{) <exp(it(Am/2 + nz(O)))S, ¢> dt — <wout, ¢> < C,dTO_d/2+1 .
0 0

13 To—00

e Contribution at large and moderate times away from the zero-energy level o
i [T t
[T et () (0= WSz o)t
€ JTye Toe

Away from the zero-energy level, the oscillations of the propagator regularize the contribution.

A non-stationary phase argument in time allows to state:

Proposition I1.3. Let n? be a long-range potential. Let S and ¢ be in L*(R?). Then there
exists a constant Cs > 0, which only depends on 9, such that for alle <1 and Ty > 0,

e (5 ) (0= xslHD U0 60 at| < € 1+ ).

€ T0€
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e Contribution at large times near the zero-energy level o

; +o00
! / e (s (HU-(1)Se, 62 dt.

ETI

This contribution is of order o(¢), for all N € N. The support of xs(H.)U-(t)S- and ¢. are
examined. For 77 large enough, the supports of the two functions are disconnected. ¢, is sup-
ported near 0 whereas using an Egorov’s theorem in large time y5(H:)U:(t)S: is microlocally
supported near the bicharacteristics. The non-trapping behaviour of n? allows to conclude.

Proposition I1.4. Let n? be a long-range potential which is non-trapping and satisfies (11.2).
Let S and ¢ be in S(RY). Then there exist 5o > 0 and Ti(0g) > O such that for all time
Ty > T1(dp), there exists a constant Cs such that asymptotically,

+oo
L[ a0 (;ﬁl)ea€t<x§<Ha>UE<t>sE,¢e>dt < e

€T1

e Contribution at moderate times near the zero-energy levele

o ety (TZ) (U (£) s (HL)S-. 62) di.

€ T()E

The main difficulty comes from this term. Unlike the previous case, the support of U.(t)xs(He)S=
and ¢. may intersect. A dangerous accumulation of energy could appear . We summarize
this step ; yet since it is the key point of our study we give more details in Section 3.

A wave packet approach introduced by Combescure and Robert ([13]) is performed. This
allows to compute explicitely U.S: in terms of the linearized flow of £2/2 — n?(z).
Thus, an integral representation with a complex valued phase function is obtained:

1 I i
_— glﬁ(t,X)
~(5d+2)/2 /TOE /RMB an(t,X)dtDX, (IL.15)

with X = (¢,p,x,y,&,m). The amplitude ay is defined page 50 and v the complex phase is
explicitely computed page 50.

As mentionned above, we decompose this integral in two pieces selecting a constant 6 in the
interval [eTp,T1]. On [Toe, 0], a change of variables and a stationary phase argument (with
semiclassical parameters ﬁ) allow to prove the following proposition.

Proposition II.5. Let n? be long-range potential which is non-trapping. For 0 small enough,
there exists Cy > 0 such that for all € <1 we have

6
1/ X <2> (1 R <ng>) e (U (t)xs (He) Se, 6c) dt < CpTy 71— 0. (11.16)

€ JTpe To—00
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1.3.2 Contents

The study on [#,T}] is similar to [7]. Yet the contribution is no longer vanishing. We use
a stationary phase approach for the oscillatory integral. We prove that the stationary set
associated with 1 (defined as {(¢,X), Vix9(t,X) = 0}) is the following

Definition.

MX = {(th) E]O’+OO[XR6d s.t.x = y=4a9= 07 fzp}

ﬂ{(t,X) €0, +oo[xR% s.t. (t,p,n) eM}. (IL.17)

If this set is a submanifold, we can apply the stationary phase theorem to Mx. Neverthe-
less a condition of non-degeneracy is required for ¥. We denote by (Hz) the transversality
condition (I1.18):

Ker D*y =Tn,Mx, Vme My. (I1.18)

The condition on the support of S is such that the boundary of My does not interfere in
the oscillatory integral. This is purely technical. The stationary phase theorem with an edge
required some non-degeneracy of D¥1) for some k > 3 that we have not proved.

Thus, Section 2 is dedicated to the proof of properties on the potential n?.

First of all we check that the potential is non-trapping on the zero-energy level (see Subsec-
tion 2.1).

Then in Subsection 2.2, we compute the stationary set Mx. In particular we prove that it is a
submanifold of ]0, +0o[xR of dimension d — 1 with boundary (part i) in Proposition II.1).
Finally we prove that the transversality condition is satisfied.

In Section 3 we recall how to obtain the oscillatory integral 77.15 (Subsection 3.2). Then we
compute the contribution of (I1.15) on [, T1] applying a stationary phase argument (Subsec-
tion 3.3).

2 Properties of the potential

2.1 Non-trapping behaviour

The goal of this subsection is to prove that the potential n?(z) = —uf(r)g(61) + n2, is
non-trapping on the zero-energy level Hy where

Hy: = {(x,g) e R¥, st. 522 = ’I’LQ(I‘)} ,

2
= {(xaf) € R2d7 st.x = (T‘, 017 o 70d71)7 % = ngo - :u'f(r)g(el)} .
Definition. We denote by By, the gap of potential, the set

By := {x eR?, st n?(z) < 0} ={x=(r01,....00-1), s.t. nZ < puf(r)g(61)}.
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Denoting by II, Hy the projection of Hy on the space variable x. We clearly have
I, Hy = R\ By.
In other words this set is never reached by any trajectory on the zero-energy level.

The study of the Hamiltonian trajectory is interesting in the region of space where the po-
tential is not constant (see Figure I7.4):

Definition. We defined the set, called bump of potential,

B,:= {x e R%, s.t. n?(z) —nZ < O},
:{m:: (T,Ql,,...,ad_l), S.t.R—lg’FSR—Fl, —200§91§290}.

Figure 11.3: Bump of potential and gap of potential

Indeed out of B, the trajectories are just straight-lines. In the sequel, we denote the usual
Euclidean scalar product and the usual Euclidean norm by (.,.) and ||.|| respectively. We
prove that:

Lemma I1.6. Assume condition (I11.14) is satisfied. Let x(t) be an Hamiltonian trajectory
on the zero-energy level and xo := (R, ...,0). There exist a a positive constant, 3 and y real
numbers such that

VieR, |lz(t)—zol2 > at?+ 3t +7.
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Proof of Lemma //.6.

e Step one o We compute the second derivative of ||z(t) — 1:0||§ and get

2

2 2 -
3. 10) = 2013 = ( G20 —20) + | 0]
2
= (VR (a(t)),a(t) — wo) + | 1)
= (VnP(x(t)), x(t) — m0) + n”(x(1))- (IL.19)

Since the Hamiltonian trajectory x belongs to Hy, it justifies the last equality. We develop
the first term. Let © = r @, and 29 = (R,0,...,0) in Cartesian coordinates. Then

(Vn?(z),z — T0) = <—Mf/(r)9(91)ﬁr - Mfgja)

= FT(T7 91) + Fg(?", 91)7

g/(el)ﬁela,’nﬁr - R€1> 9

with
F(r.00) = —f ()g(00) (r — Reos(8r)), Fylr 1) = ' f(r)sin(6)g/ ().

so that: )
1d
5 g2 120 = woll3 = Fo(r.61) + Fy(r, 1) + n*(x(1)).

We notice that n? and Fy are clearly non-negative function on II,Hy. There remains to
estimate F.

e Step two: non-negativity of F, e First, on the complementary of B),, Fg is zero so
it is non-negative. In the same way on the set {R —1/2 < r < R+ 1/2}, f/ = 0. Thus,
F,=0>0on{R—-1/2<r<R+1/2}.

There remains to study two cases on B,. We start with the non-negativity of F'gr on the set
{(r,01,...,04-1), st. R—1<r<R-—1/2,-20y < 6; <260p}. We have

r— Rcos(f1) <R — % — Rcos(01) < R(1 — cos(26p)) — % <0,
Furthermore, since f* >0 on {(r,61,...,04-1), st. R—1<r < R—1/2}, we get
F. >0, on {(r,01,...,04-1), st. R—1<r<R—-1/2,—-20y) <6 <20}.
A similar computation proves that
F.>0, on {(r,61,...,04-1), st. R+1/2<r < R+1,-20y<6; <20y}.

And so F; is a non-negative function.
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e Step three: Decomposition e We have just proved that (II.19) is non-negative, nev-
ertheless we wish to obtain a lower (positive) bound. The potential n?
zero on the boundary of By:

is non-negative. It is

0By := {(T‘, 01,...,0a-1), f(r)g(el) = ngo//’t}

In the same time, the gradient of the potential is zero near the complementary of B,. It is
positive near 0By. That is why we introduce the set (a piece of ring)

Cap = {& = (1,01, ,0a-1) € [0, +00[x] = m,7[x[0, 27[*"2,
st. R—a<r<R+a, —0<60; <p}.
There exist 7, €]0, 1[ and 6, €]6y, 20y[ such that: By C C,, g C Bp.

p79p
By construction, there exists ¢,2 a positive constant such that: Vz € C';fp 6, n?(x) > cp2 > 0.

e Step four: minoration on C;, 5, ¢ Now we minorate <Vn2(x), T — x0> on the set C;. g, .
To this end, we introduce a set of the form C, g which lies in By. Let n €]0,1[ such that

(1—mn)? e]%, 1[. There exists a unique 0 €]0, 1] such that

x(1+6) = (1= 7).

With this choice of §, the set C’HTlﬂo(Hé) lies in By. Indeed let (r,601,...,04-1) € C’s%ﬂo(l%):

2~ nf(r)g(01) < — uf(R+ 22 )g(bo(1+ 9))
<nZo — px(1+0)x(1+6) <nZ, — pu(l —n)* <0,

It is sufficient to study the problem on the set C;. g, \ Cs11 Bo(1-46)" We decompose the study
2

on Crp,gp depending on the action of the potential (see Figure I1.5): Crmgp = Z} UZE LJZQ1 UZ92
with

Z

- {xeRd, st.R—rp<r<R—(6+1)/2, —f(1+0) <6, geo(1+5)}m35,

72— {xeRd, st R+(1406)/2<r<R+ry, —0o(1+08) <0 <6 geo(1+5)}mBg,,

2
and
Zh = {:c R st R—ry <r<R+r1y —20, <0 < —0(1 +5)} N B,

723 :={z € R s.t. R—1, < < Rty 6o(1+0) < 01 <20, 1B,

On Z!. We use the structural hypothesis (I.14) to get
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Figure I1.4: Choice of §

Fy = —uf' (r)g(6:)(r — Reos(6)))
> uf (g(B:) (R~ T+~ Reos(260)) = ™ f/(r)g(0y).  (11.20)

On [R —rp, R — (6 +1)/2], f is an increasing function. Since [R —1p, R — (§ +1)/2] is a
compact set, there exists ¢y 71 a positive constant such that

Vr e R—rp, R—(6+1)/2], f’(r)chz}.
By construction of the function x we get that there exists ¢, 71 such that
Vo1 €] —0o(1+0),00(1+ )], g(61)=cyz.

Finally putting those estimates in minoration (I1.20), we obtain
0
Y (r,61,...,04_1) € Z, F.> %Cf,zgcgz} = cg.
On Z? the proof is the same. There exists a positive constant czz such that

V(r,01,....00-1) € Z2, Fr>cgp.

On Z}. We now expect Fy to dictate the behaviour. First on [R —rp, R+ 1], f is a positive
function. There exists a positive constant ¢ 7} such that

Vr e [R—rp, R+, f(r)> Cf,z1-
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Figure I1.5: Zone of study

On [—26,, —6y(1+6)], the function g is increasing. There exists a positive constant ¢y} such
that
Vo1 € [=20p, —00(1+0)], g'(61) = ¢y 73

Finally, we get

R R
1 . .
Y (r,01,...,04-1) € Zy, Fp> —,u,?f(r)g/(ﬁl) sin(6y) > IUR—-l‘].Cf’Z;Cg’Z; sin(fp) = Czy-
In the same spirit, there exists a positive constant Cz2 such that:
Y (r,01,...,04-1) € Zg, Fy > Cz2-
Conclusion : There exists a positive constant Cy := min(Cy1, Cyz, CZ;,C’Zg) such that:

Va € Bprep \C%,Oo(l-l-é)’ <Vn2(:):),x — :1:0> > cy.
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e Step five: end of the proof e Putting all the information together, we obtain:
Vo ell,Hy, (Vn*(z),z—z0)+n*(z)>min(c,,cy)=:a > 0.

Thus,
VteR i ()| >
—Q= || .
) dtQ -

Integrating twice proves the result. |

Corollary II.7. Assuming condition (11.14) is satisfied, then n? is a non-trapping potential
on the zero-enerqy level.

Proof of corollary I1.7 We apply the preceeding lemma and we let ¢ approaches +00. B

2.2 Stationary Set

In this subsection, we explicitely compute the stationary set defined page 34 for the potential

n? constructed. To do so we compute the set M of trajectories issued from 0 which go back

to 0.

Lemma II.8. Let n? be the potential defined in (11.12) satisfying the structural hypothesis
(I1.14). In this case the set of trajectories which go back to 0 defined at the level of (11.10) is

M = {(TRJ?’??)a s.1. n=-—-pr= (Tv 91)" . 79d—1)7 =1 2n2(0)7 |01| < 90}7

where Ty is a positive constant characterized by X (Tg, 0, (1/2n2(0),0...,0)) = 0.

Proof of Lemma /7.8, We consider z(¢) a Hamiltonian trajectory issued from 0 (z(0) = 0)
on the zero-energy level (2/(0) = p = (r,01,...,04—1) in hyperspherical coordinates).

If 26y < |6,1], the trajectory is a straight line which never enters B),. It never goes back to 0.

We have to understand what happens when the trajectory reaches B,. There are two cases.
If it reaches {(r,01,...,04), R—1<r < R+1, |0;] < 6}, since there is no contribution
of the force in the orthoradial direction, it has to go back to 0. On the contrary, if it reaches
{(r01,...,04), R—1<r <R+1, 0y <|61] < 20y} the action of the orthoradial force
prevents the trajectory to go back to 0.

e The trajectory reaches {(r,0;,...,0;), R—1<r < R+1, |61] <6y} e We consider
the trajectory y(t) defined in hyperspherical coordinates:

y(t) = (r(t),01,...,04-1),

with 7(¢) solution of the following ordinary equation r”” = —puf’(r) with initial datas:

r(0) =0, 7(0) = 1/2n2(0).
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Then y is solution of the Hamilton equation (II.9) and safisfies y(0) = z(0), 2/(0) = /(0).
Thus x = y, the trajectory is radial. The radial trajectory t +— r(t) reaches the radial bump
{R—1<r < R+1} at time t¢:

te = inf {t > 0,2(t) € By},

According to Corollary 1.7, the trajectory has to go out of the radial bump {R —1 < r <
R + 1}. Either it leaves the bump at r = R—1 or at r = R+ 1. The case r = R+ 1
is forbidden. Indeed by continuity, there would exist a time ¢, such that r(t.) = R and so
x(t.) € Bp. This is absurd. There exits a time ts > t. such that the trajectory leaves the
bump B, (r(ts) = R—1).
By conservation of energy on the zero-energy level and due to the fact that the trajectory is
radial we deduce that the trajectory has to go back to 0 with a speed 7 satisfying n = —p.
We denote by Tk > 0 the time when the trajectory goes back to 0. It only depends on the
characteristics of the potential, not on 61,...,04_1.

e The trajectory reaches {(r,61,...,04), R—1<r<R+1, 6y < |01 <20y} e We first
assume that d = 2. Using some symmetries of the system we can generalise the result to d > 3.

o In dimension d = 2 Hamilton equations (I1.9) can be written in hyperspherical coordinates:

" —r(07)% = —pf'(r)g(61),
27"/9/ + 7n@// _ f(T)g (61).

Examining the second equation: (r26})" = 2rr'0] + 120 = —puf(r)g(61), we get when r # 0,

(1) =~y || F0(Dd Or(s))ds, (11.21)

where ¢, characterizes the time when the trajectory enters B, (defined in the preceding case).

By assumption, 6(t.) > 6y, and since the Hamiltonian trajectories are continuous, there exists
€ > 0 such that for any time ¢ € [t.,t. + €] we have 0(t) > 6.

We recall that the function f is non-negative and that for all 8 > 6y we have ¢’() > 0 by
construction. In particular it implies that for all time ¢ > ¢, () > 6y. If not, it means that
there exists t. such that 6(t.) = 0y and forall time t € [t¢,t.[, O(t) > 0y. Thus there exists
tq €]0, tc[ such that 0] (t.) <0, i.e.:

te
f(r(s))g'(61(s))ds > 0.
le
On [t.,t.], the function ¢t — f(r(¢))g’(61(t)) is non-positive. That is absurd. Thus for all
t € [te,+o0[, 6(t) > Bp. One consequence is that on [t., +oo[ the application ¢t — 6(t) is
increasing (see (I1.21)). Furthermore for all ¢ € [t., +00[ we have 6(t) > 0(t.) > 6.
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To prove that the trajectory never goes back to 0 we proceed by contradiction. We assume
that there exists tg > 0 such that x(t9) = 0. We denote by ¢, the last time when the trajectory
is in B, (we recall from Corollary I1.7 that it exists):

ts :=sup{t > t., x(t) € Bp}.

For all time ¢, € [t.,ts], we have r(t,) # 0. If not, since the trajectory is a straight line outside
B,, it means that for all time t > ¢, either x(t) ¢ B, or for all time t < ¢, z(t) ¢ B, which is
absurd by construction of ;.

For the same reason (straight line trajectory) the trajectory goes back to 0 in ¢ if and only
if 6'(ts) = 0:

ts
i
01(ts) = =57~ [ f(r(s)g'(61(s))ds = 0.
r2(ts) Js,
Since for all time ¢ € [t.,ts], O(t) > 6y, we deduce that t — f(r(t))g'(61(¢)) has a constant
sign on [te, ts]. It comes that for all time ¢ € [t,ts] f(r(s)) =0 or ¢’(6(s)) = 0. In particular
the time t. + ¢ satisfies

fr(te +¢))g'(0(te +€)) = 0.

That is absurd. Finally 6'(¢s) # 0 and the trajectory never goes back to 0.

o When the dimension d is larger than 3 we use the invariance of n? under the action of Qg1 (R).
Let p = (r,01,...,04_1). There exists A € Qg 1(R) such that Ap = (1/2n?(0),61,0,...,0).

We denote by (r(t),01(t)) the solution (in hyperspherical coordinates) of the Hamilton equa-
tion (I1.9) with initial data (1/2n2(0),61) in dimension 2.

We set y(t) = A71(r(¢),01(¢),0...,0). Then y is solution of Hamilton equation (II.9) with
initial data y(0) = 0, ¥'(0) = p. By uniqueness, x = y. We just prove that for all time ¢ > 0,
r(t) # 0. The trajectory can not go back to 0. |

2.3 Transversality condition: H,

In this subsection, we assume that the condition (I1.14) is satisfied. We prove that the
transversality condition Hs (defined page 34) is satisfied for the potential n? constructed
by (II.12). To that end, we explicitely compute the tangent plane T, Mx (defined in (II.17))
and the kernel Ker D2¢|m where Ker D21/1‘m is defined page 50. In particular, it requires to
compute the B and D components of the linear flow.

We start by computing them for a particular point mg € M x:

mo := (0,0, po, —po,0,p0, Tr), where po:= (1/2n%(0),0,...,0).

o

We use particular symmetries of the potential to extend property Ho to any m € M x.
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2.3.1 Computation for mg
The computation of T;,, My is rather easy:

Lemma 11.9. The tangent plane at Mx in mg 1s:

TooMx = {(X,Y,Z,H,Q,P,T), s.. X=Y =Q=T=0, =P =—H, Ppy=0}.

Proof of Lemma /7.9. We recall that Mx is defined thanks to the submanifold M (II.17).
We have already computed M at the level of Lemma I1.8. A mere computation leads to the
result. |

To determine Ker D2¢‘m0 the first step it to compute the matrice B and D componants of
the linearized flow defined at the level of (I1.25).

Lemma I1.10. Let n? be the potential constructed according to (11.12). We have:

= 0X b 0
D(TR,O,])O) = 875(,1—)%07])0) = _Id7 B(TR,O,p[}) = 875(1}%07])0) == < (1]1 Od—l ) 9
(11.22)

where 14 is the identity matriz, b1y € R and Og_1 is a square matrix of dimension d — 1 equal
to 0.

Proof of Lemma /7.10. We consider z¢(t,0,p) = (z}(t,0,p),...,2d(t,0,p)) the solution
of (I1.9) with initial data x¢(0,0,p) = 0 and z((0,0,p) = p.

We recall that the potentiel n? is invariant under the action of Q4 (R4). Thus we first compute
the component of D and B invariant under Q41 (R?) that is to say their first column. Then
we consider the orthogonal of e;. Those components are more difficult to compute. We use
the symmetries again and a perturbation argument to determine the last columns of D and B.

e Computation of (TR, 0,po) and %(TR, 0,po) ® We start Wlth (TR, 0,pp) for j > 2.

oF T \/2 2 T \/2 2
g.f (Tr,0,p0) = hm w0 n*(0) +e,0. w0 n*(0),0.
(3

Nevertheless since the trajectory is radial we deduce that
=, (TR,O,( 2n2(0)+5,0...,0)> -y (TR,O,( 2n2(0),0...,0)) —0, Vj>2
Finally, gizj(TR,() po) =0,V j > 2. A similar argument provides %(TR, 0,po) =0,V j5>2.

There remains to determine the first coefficient of D : 8“1 (TR, 0,po). Since the trajectory is
radial and by conservation of the energy we have for € small enough:

21 (Tr,0.V207(0) +2) = = (V202(0) +2)  and Z; (T, 0,/202(0) ) = —v/202(0).

Thus,

= (TR,O, 212(0) +g) _= <TR,0, 2n2(0)>
di1 := lim

e—0t €

=1
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e Computation of %@0’7’0) and %&;O’PO)

assume j = 2. The other components are determined with exactly the same argument. We
perturb the initial speed of € along the direction ey (see Figure I1.6).

(j > 2)e Considering the symmetries, we

e2

v
v

Figure I1.6: Perturbation of the initial speed

Let X, be the solution of the perturbed problem:
{xr=vi(x,), X.0=0 X(0)=ptee.

We expand X, with respect to € and obtain X, () = X¢(t)+eX1(t)+. ... With these notations

we have X (t) = D—g(t) and X1 (t) = DDZ (t). To obtain the expansion in ¢, we try to go back

to the previous case (j = 1) by making some change of variables. For ¢ small enough, the
trajectory is radial along the direction X7(0). Let (ei,...,€eq) be a new basis defined by

ej := O.ej, with

cos(f:) —sin(f:) 0 ... O
sin(f.) cos(@:) O ... O
O, = 0 0 cos(b;) = Po sin(6;) = <
. : ’ pg+ e’ pg+¢e?
: : I; 5
0 0

Let X. be the coordinates of X, in (é7,...,6y). Since O-'Vn?(X.) = Vn2(X.), we clearly
have

—~ —~

{X(t) = vn2(X(1), X(0)=0. X.(0) = (V1 p2.0.....0) = po + O().

Then, it is clear that X.(£) = Xo(t) + O(c2). We determine Xo and X; thanks to Xo and X;:

Xo(t) + eX1(t) = O, (Xo(t) n 0(52)) = (Ig+ 2B + O(2)(Xo(t) + O(2)),



2. PROPERTIES OF THE POTENTIAL 45

with .
(1) ~ 0 0
m 0 O 0
E = 0 0
Ig—2
0 0

In other words:
VieR,  Xo(t)=Xo(t) and  Xi(t) = EXo(t).

Since the Hamiltonian trajectory goes back to 0 at time Tr, we deduce

0X ~
@(TR, 0,p0) = X1(Tr) = EXo(Tr,0,p0) = E x 0= 0.
In the same way,
0= —~ 2Zp(Tr) x5 (TR)
%(TRv OapO) = X{ (TR) = EXo (TR) ="' (_ % ) % 1xij(TR)7 s 733665R(TR) )
2 Po Pbo
=1%0,1,0,...,0).

Now the columns of B and D (for j > 3) are determined by defining a smooth transformation
again. It finally leads to (I1.22). |

At this stage, we can identify the kernel of D%, computed in (II.31), with the tangent plane.
Corollary II.11. KerD21/1‘m0 = Ty Mx.
Proof of Corollary I7.11. According to (/7.31) below, we have:

Ker(D2w|m) ={(X,Y,E,H,Q,P,T),X =Y =Q =0,
E=Pn"H=0,Bp,P+Tn=0,—H + D, P+ TVn®(0) = 0} .

Since n = —po, H has to satisfies H = (0, Ha, ..., Hy) (in Cartesian coordinates). Since
Vn?(0) = 0, we deduce that Dy, P = H. According to Lemma I7.10, we deduce that
H = —P. Finally, Br,P =0soT = 0. Thus,

KerD21/J‘m0 ={(X,Y,5,H,Q,P,T),X=Y=Q=T=0, P===—-H, Ppy=0}.

From Lemma II1.9, we get Ker D2w|7n0 = TnoMx. This completes the proof. [ |

2.3.2 Generalisation
(o]
In this subsection, we generalize Corollary I1.11 to any point m € M x.

Lemma I1.12. Vm € Mx, T,,Mx = KerD2w|m.

Proof of Lemma [/7.12. The idea is to use a family of transformations which let M x and

n? invariant (in a sense we define later). Then we transport (thanks to those transformations)
o

the equality Ker D2¢‘m0 =Ty, Mx toany m € Mx.
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Family of transformations. Let m € Mx. We write m = (0,0,p, —p,0,p, Tr) for some
p € /2n2(0) S9!, Thus, there exists R, € O(RY) such that R,(p) = pp. We define the map
R,, : RO+, ROd+1 gych that

R (,9,6,m,¢,p, ) = (Rp(2), Rp(y), Bp(E), Rp(n), Bp(q), RBp(p),t) |

By construction R, (m) = my.

Action on the tangent place. The set

My = {(z,y,&,m,¢,p,t) ERO M stz =y=qg=0, E=p=—n, t =Tg, |p| = +/2n2(0)}

is invariant under the action of R,,. In other words it safisties: Vn € M%, Rpn € M.
~ o
Thus, as Ry, is continuous, there exists U a neighboorhood of m in M x (perhaps very small)

such that Up := RnU C M x. The application R,, defines a linear map from U to Uy such
that Ry, (m) = mo. Thus, Ry, (15, Mx) = T Mx.

Action on the kernel. We hope the action of R,, on Ker Dzw‘m to be the same. Thus we
compute the set Em(Ker(DQ@mm)):

Ry (Ker(D*Yy,)) = {(Ry X,R, Y, R,=, R, H,R, Q, R, P,T), st. X =Y =Q =0,
p-H =0, Bry(p)P+Tp=0, Dry(m)P = H},
={(X,Y,E,H,Q,P,T), st. X =Y =Q =0,
p.Ry'H =0, Br,(p)R,'P+Tp=0, Dr,(p)R,'P=R,"H}.
= {(X,Y,E,H,Q,P,T), st. X =Y =Q =0,

po.-H =0, RyBr,(p)R,'P+Tpo =0, RyDr,(p)R, P =H}.

Furthermore using the symmetries we have:

RPBTR (p)R;I = BTR (pO)v RPDTR(p)R;1 = BTR(pO)' (11'23)

Indeed since the potential is radial on II,U (the projection on the space variable z of U), we
have n?(Rpz) = n%(z). We deduce,

D?n? . D?n?
Rp W(x) Rpl = sz (Rp x)
Applying this at = X (t,0,p) leads to
D?n? . D?n? D*n?
pW(X(RO,P))Rp = W(RpX(EO,P)) = W(X(taoazm))'

Thus the variables R,B; (p)R;l and R,Dr, (;zo)R;1 satisfy:

O RpBi(p)R, " = RyDi(p)R;, ",
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and

Ry Dy(p)R, " = R,D*n*(X(t,0,p)) R, ' RyBy(p) R, = D*n®(X (t,0,p0))RpBi(p)R;,

together with the initial data: RpBo(p)R;1 = 0 and Rth(p)R;I = I;. By uniqueness
of the linearized flow we obtain that R,Bi(p)R," = Bi(po) and R,Di(p)R,"' = By(po).
Particularizing ¢ = Tg, it proves (11.23).

Finally, R,, (Ker(D2¢|m)) = KerDzw\mo. .

3 Proof of the convergence

This section is dedicated to the computation of the contribution of

o= 1 /9 " <1 —x (2)) et (U () s (H)S-, 62) dt.

3

Here we consider n? constructed in (I1.12) such that (I1.14) is satisfied.

The first step is to write J. as an oscillatory integral in order to apply a stationary phase
argument. We briefly recall how to obtain it with the help of the wave packet theorem due
to M. Combescure and D. Robert (see [13]). Nevertheless since it is detailed in [13], we skip
some estimates.

In a second part, we apply the stationary phase theorem to prove assertion 4ii) in the main
Theorem I1.1

3.1 Notations - Around the linearized flow

In this section we introduce the definition of the linearized flow. We also give some notations.

Let o(t,z,§) = (X (t,z,£),E(t, z,£)) denote the flow. The linearized flow, written F, is

_ Do(t,z,8)  [(A(t,z,&) B(t,xz,8)
Flbz8) = D(z,&) (O(t,x,é) D(t,x,£)> ’
where A(t), B(t), C(t), D(t) are by definition
DX DX
A(tv z, 5) = gjrxv 5)7 B(tv z, 5) = (Dtvng 5)7
D= D=
O(t,z,€) = %;'5) D(t,z,€) = %g@

The linearisation of (/1.9) leads to write:

el _ _
Ec(ta .7},5) = W(X(t¢$>£)>f4(t7x7€)7 C(O,l‘,f) =0,
and
{ s B(t2,€) = D(t, z,€), B(0,,€) = Id, (11.25)
GD(t,2,6) = Bl (X(t,2,8))B(t,x,€), D(0,,) =0. ‘
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Finally, we introduce the matrix I'(¢, g, p):
L(t,q,p) = (C(t,q,p) +iD(t, q,p))(A(t, ¢, p) +iB(t, q,p)) "

3.2 A wave packet approach

In this subsection, we recall how to obtain an oscillatory integral thanks to a wave packet
approach. In the sequel we use the shorthand notation (g;, p;) as the Hamiltonian trajectory
(I1.9) with the initial data (g, p):

(g pt) == (X(t, ¢, ), E(t, ¢, p))-
Lemma I1.13. Select an integer N € N and a time Ty € R.. J. can be written as:

1 T i
— 2Y(t,X) N
Je = ~(5d+2)/2 /0 /Rb‘d e an(t, X)dtdX + O, 5(e”),

with X = (q,p,x,y,&,m). The amplitude ay is defined in (11.28) and the complex phase v is
specified in (11.29). The amplitude an depends on two truncations xo and x1 such that:
- X0 € C§°(R??) fulfils
supp Xo(q,p) C {lq| <26} U {|p*/2 —n*(q)| < 26} ,
xo =1 on {|q| <3/20} U{|p*/2 — n*(q)| < 3/20},
- x1 € CP(R?1) | x1 =1 close to (0,0).

Steps of the proof of Lemma I1.13. Writing Y;5(¢) := e *<'(1 — x) (¢/0), the integral J.
is reduced to

Ty
= ife /6 To(t) (o (Ho) S, Un(—)62) .

To obtain estimations, we need to understand the way U.(—t) acts on ¢. . To this end, we
define the Gaussian wave packet:

Pap(@:8) = (Wal)dM exp <zp, (x _ g)) exp (_(x;Eq)?> |

The computation of the action on the wave packet is easier than on an unspecified function.
Furthermore, the family {¢f ,}, per forms an overcomplete basis of L?(R??). For that reason,
we write
1
(X6(H:)Se, Us(—t)pe) = o Nd / <X5(Hs)S€7 ¢Z,p> <§Oé,pa Ue(_t)¢a> dqdp,
(27'('8) R2d

1
= W /]RQd <X5(H€)S€7 80(51717> <Ug(t)¢27p’ ¢€> dq dp )

Using some functional calculus of Helffer and Robert for pseudo-differential operators |25]
together with some Wigner transforms, we can replace the term ys(H:) by some truncation
function xq (satisfying the assumptions of the Lemma) up to a term of order Os 1, (€*):

i i _ . _ N
Je = W/@ /de Xo(£)x0(a,p) (Se, ¢5 ) (Ue(t)5 , 0 ) dgdpdt + Osy ().

Then, the action of Uz on ¢ , is computed according to the following theorem (see [13, 34, 35]):
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Theorem I1.14. Let n?(x) a long-range potential. There exists a family of functions
{pr;(t, q,p,x)}(k,j)eNz that are polynomials of degree at most k in the variable x € R%, with
coefficients depending on t, q, p, such that for any € < 1, the following estimate holds:

for any T4, for any integer N, there exists Cn 1, such that for any t € [0,T1]:

1
Uty — con  L6(t.0) ) T

On(t,a,p, W) M(F(t, ) (xVeap(~2?/2))| , < Cxme®, (11.26)

L2(R4)
where .
On(t,g,pw) =1+ D €2 Ipi t,q,p ),
(kj)ElN (I1.27)
IN={1<j<2N-1,1<k-2j<2N-1,K > 3j},
and

e A, is a dilatation operator:

(@) == (7).

o T.(qi,pt) is the translation in phase-space operator (or Weyl-Heisenberg operator) :

(L)) = exp (e (5= ) ) e - a0

e §(t,q,p) is defined as:

t 2 _
i(t,q,p) = / <p; + n2(qs)> ds — 7%%2 Pa
0

e M(F(t,q,p)) is the metapleptic operator associated with the sympleptic matriz F(t,q,p). It
acts on the Gaussian as:

2

M) (o0 (=5 ) ) = dett A 0.0) + B0 ) P exp (LEEDET).

where the square root det(A(t,q,p) + z’B(t,q,p))cfl/2 is defined by continuity following the
argument of the complex number det(A(t,q,p) + iB(t,q,p)) starting from its value 1 at time
t =0. Finally T'(t,q,p) is defined as:

U(t,q,p) = (C(t,q,p) +iD(t,q,p))(A(t,q.p) +iB(t, q,p)) "
m

At the end of the proof, we apply the above theorem and we transform J. accordingly.
At first, in order to prepare a stationary phase argument, we need some compactness on the
variables of integration. To do so, we use the Parseval formula:

~

1 i 1 [PRPN
_ 1zl _ 1x.l 00
(Se, pqp) = cd/2 /R%g =" 5(8)pqp(x)drds = 2d/2 /R2df X(2)e="*5(8)¢q p(x)drdE + 0(e™),
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for some truncation function x equal to 1 close to the origin. The use of the Fourier transform
seems technical. However to understand how the source radiates, we have to make the Fourier
transform of S appear.

Secondly, we replace U¢; , according to (I1.26). We use the short-hand notation

1 . _
PN(t7Q>p7m) = mdet(A(ta Q7p) + ZB(tv qvp))c 1/QQN(I(:a Q7pa$)'

We use again a Parseval formula in the variable y (and still introduce some truncation function
X = 1 near the origin) to finally obtain:

1 Ty i
—_ 29(t,X) X X N

with the amplitude ay defined as

an(t, X) = SO (o, p)xa (2. 9) Py (t, 0p. yk‘”) , (1I1.28)

and

P(t, X) = /Ot (pf + n2(qs)> ds —p.(z —q) + pe-(y — @)

(z—q)? 1
+x.l—yn+ 1(2(]) + §Ft($ —q¢).(xr —q). (IL.29)
For more information, the user can read [7]. This ends the proof of Lemma II.13. |

3.3 A stationary phase argument - Proof of iii)

In this subsection, we perform a stationary phase method on the oscillating integral obtained
in Subsection I1.13. We recall that the stationary set Mx associated with ¢ is the set of
points

Mx = {(t,X) €]0, +00[xR%, s.t. Imvp =0 and Vi = O} .
We can explicitely compute it as well as Ker D21/J‘m for any m € Mx.

Lemma I1.15. Consider n? a non-trapping potential:
o My := {(t,X) €0, +oo[xR% s.t. z =y =q=0, E=p, (p,n,t) € M} (I1.30)
o Ker(D*yy,) = {(T, X,Y,Z2,H,Q,P) €]0,+00[xR% X =Y =Q =0,
E=P n'H=0,BP+Tn=0, —H+ D:P+TVn?(0) =0}, (IL31)
where Ay By, etc. is a short-hand notation to mean A(t), B(t), etc. the linearized flow.

Proof of Lemma /7.15. A mere computation of Im ¢ and V ¢ allows to write (/7.30). Then
differentiating V ¢/ once allows to write (//.31). For more details, the reader can check [7]. W

In the case of the potential n? constructed (according to (I1.12)), we have already specified
those two sets according to Lemma I1.8 for the computation of Mx and Lemma I1.12 for the
computation of the kernel. We can now perform a stationary phase method.
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Lemma 11.16. Let nZA be the potential constructed according to I1.12. Select a source S €
S(R?) such that supp(S) C {t.n s.t.n € Iy, t > 0}. Then,

Vo e SRY), |J.— L(¢)| = O(Ve).

L. can be written as:

{ Tr E(Sv 07p0)2 2 )
- ———— 4+ n*(X(s,0,pp)) | ds o
Le(p) = Cryae (E /0 < 2 ) S(p)o*(—p)dA(p).

Ig,
with Crp, 4 a constant different from 0 (defined page 54).

Proof of Lemma I1.16. Out of the stationary set, the oscillatory integral is of order O ()
so J. = Og,(eV) (for some integer N chosen later). On the stationary set and near the
support of ay (denoted suppay) the stationary set associated with ¢ is a submanifold of
codimension k = 6d + 1 — (d — 1) = 5d + 2. Indeed, thanks to the hypothesis on the support
of S, we have suppay NOMyx = (.

Writing p = (r, 61, ...,04_1) in hyper spherical coordinates, we define the application:

o Rﬁd-l—l N supp a — RGCH—I
(tvxvyagan7Q7p) L (t*Tvaaya§7p7n+p)q7T* \/2n2(0)7917'-"9d—1)
;a ::ﬁ

The map ~ is a C°°-diffeomorphism from supp ay into its range. Furthermore,
(t,X) € Mx Nsupp ay < a = 0.

In some way those new coordinates are more suited for the stationary set Mx associated with
1. Making the change of variables (¢, X) = v~ !(a, 3) in the integral defining J. we have:

1 i 1 ~ o~ .
J. = / es¥or (@f) <S(.)¢*(.)PN ( o )) oy Ha, B)x3(e, B) da dfs
g(3d+2)/2 y(supp an) Ve

+ 051, (M),

where 3 is some truncation function. Since for all point m € Mx N suppay we have
Ker(D%)y, ) = T,,Mx (Lemma I1.12), the function D?3 is non-degenerate in the normal
direction of Mx. It means that

D2 o —1
det (fjaj(o,ﬁ)) £ 0.

Furthermore, the projection of y(supp an) onto the space variable 3 is the set IIylp, defined
as
HQI@O = {(91,...,9d_1), 91 6]—90,90[, 92' 6]—71‘,7['[, VZZQ} .
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We can apply the stationary phase theorem. Remember that the codimension of the sta-
tionary set Mx associated with ¢ is k = 5d 4+ 2. For any integer L there exists a sequence

77777

J. = /H o <iw071(0,ﬂ)> <(Qo<.>§<.>?f>?<->PN (\@)) oleS) (0, 8)dg
o f e (foorom) l_ilelczma) (805 0Py (n=2) ) or ) 00005

+0 [t sup
E<2L+d+3

) (5(.)&(.)1% < ﬁ> 07—1X3> H) + 051, (€Y). (11.32)

We compute the several contritubions.

e Contribution of the last terme We look at the last term in the variable (¢, X) instead
of the variable («, ). What can be dangerous in the last term is the presence of terms of
the form Py (t,q,p,(y — qt)/\/€) or its derivative. Those terms bring negative powers of e.
We need to estimate the worst contribution. Since Py is polynomial in the last variables, it
suffices to study the degree of Py. We recall that

Py (t,q,p, x) = 7~ ¥*det(A(t, q,p) + iB(t, q,p)). /*Qn(t, ¢, p, T),

where Q is given by (I1.27):

E_.
QN(tvqapa$) =1+ Z €2 jpk,j(tvq’p, l’)

The py ; are polynomials in x of degree at most k. Evalutating py ; at (¢,q,p, (y — @:)/Ve).
it brings an e-contribution of order at worst e %/2 (see (I1.27)). Multiplying by £*/277 leads
to a contribution of order at worse ¢~/ in the summation. Furthermore (k, j) € Iy, so we get

the bounds 1 < j < 2N — 1. So, the worst contribution of Py is of order g=(2N-1).

On(tap, (y—a)/VE) =1+ > &3 I t,a.p, (y — a)/VE)),

(kvj)EIN
= Y oEri = Y 0@ =0 ENY),
(kvj)EIN (khj)EIN

We now compensate this loss of precision with the eZ+!

L — 2N + 2 > 1; the contribution of the whole term is

term. Select an integer L such that

O sup
k>2L+d+3

O (SOTOPY (w2 1a) H) = 0(s12¥42) = 0(e),

e Contribution of the sume We still interpret the problem in the (¢, X') variables (instead
of (o, 3)). We have to be more careful with the second integral in (I1.32). If we consider
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the same arguments, since eLF1 is no longer here, this term should explode. Here, the key

argument is that we evaluate Py on the stationary set, i.e. * =y = qr, = 0. In particular
since Py is polynomial in z, the only contribution which remains is the coefficient of degree
0 of Py (or the coefficient of degree 0 of its derivatives).
If the operator of derivation Q9;(0) acts only on the last variable of Py, the only contribution
is the coefficient of order 0 of Q9;(9)Py which is a sum:

(E'Qu(@)Px (VO (TR, 0.p,0) = > £279Qu(0)pr.;(Th, 0, p,0)

Since (k, j) € Iy, we have 1/2 < £ — j. Thus, the above sum is of order /¢ and we deduce
that

/Hg% exp (21/1 ° 71(0,6))
lZL;lem(a) <<§<.>$<.>pN ( ) \@» OV1X3> (0. 5)d8 = O(VE).

e Conclusione We just prove that J. = L. + Os 1, (1/€) with:

b= [ e (e 09) ((@OS0FOPY (00 2 ) ) 0770 09

Writing this integral in terms of the hyper spherical cooordinates 61,...,04_1, we have

(27T)keizsgn<DD 2 (001, 1))
[
Helg, det ( D’i;’” (0,61, ... 70d71)>

det(A(Tg,0,p) + iB(Tr,0,p)): /> S(p) ¢* (—p) db; . .. dfg_1,

7
eXp( <€¢(07 pr, —D, Oa b, TR))

The phase ¥ evaluated on the set Mx is :

Tr pQ 9
¢(0’ Ovpa —D; O7p7 TR) = /0 (28 +n (qs)) ds.

2 is radial on the cone

We use the symmetries to simplify. Since n
{t.x, st. t >0and z € I, Mx},

we deduce that (0,0, p, —p,0,Tr) = (0,0, po, —po,0,Tr) for any p € Ip,. The same holds
for

iT sgn(D wow(091, 04— 1))

dt(

and  det(A(Tg,0,p) +iB(Tk,0,p))s "2

°1(0, 91,...,9d_1))
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Finally, L. can be written:

[ (o))
2 s ~ o~
Le = Cryae\* 70 S(p)¢*(—p)db ...d04—1 |, (11.33)
Ig,
with
2 )5d+2 Z%Sgﬂ(%(0,0@07*100707?0,7112))
T e . -
Crypd = ey det(A(Txg, 0, po) +iB(Tg, 0, po))s /2.

det (DQQ (O> ; ngO, —Po, Oap07 TR))

This ends the proof. -

(Z /TR <p§+n2(qs)> ds) )
Remark. ¢ \° /0 is the action associated to h(x,&) = % —n?(z).

Finally we can prove assertion ii) of Theorem /7.1.

Proof of Theorem /I.1. The proof is exactly the same as the proof performed in [7].
According to Proposition /7.2 we have:

g /0 T (;ﬂ)) (exp(it(As/2 +n%(0))), 8) dt = (wour, &) + O Ty /**) + Or, (°).
Then out of the zero-energy level according to 11.3,

L[ 00 (7 ) (0 U052, dt = 0 (1) + O )

€ JTpe Toe To
For very large times, using I7.4:

400
i/Tl (1-— X)(;l)east (xs(H:)U:(t)Se, ¢e) dt = Os., (50) .

Using (I1.16),

: /T :Ex (;0) <1 y (Tf)» e (UL (t)x(H)Se, 60) dt = 05 (T3 1)

Finally unlike /7.3, the contribution of

L " <z{0> (1 . (ng» e (UL (8) 5 (H.) e 62) dt

is not vanishing. We have explicitely computed its contribution assuming S radiates towards
the bump of potential:

L " (7:) (1=x (g52) ) COma()Sc0 0 de = L+ OB

Choosing conveniently the parameters §, Ty and T, the proposition is proved. |
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Remark. The hypothesis on the support of S is a technical hypothesis. It allows us not to
deal with the edge of the stationary set.

Nevertheless, the contribution on the edge can be taken into account if more information is
known on the linearized flow of order k. If the linearized flow of order k is not vanishing
on the orthonormal direction of T,,M at time Tgr, then we can apply the stationary phase
theorem (with an edge). In that case the oscillating integral can still be computed. The limit
1s the same as described in this case.

4 Appendix

In this section M is supposed to be a submanifold.

In this paper we have constructed a potential such that the stationary set has an edge. In this
appendix we discuss the topology of the stationary set when it is a submanifold. It confirms
that the way we look at the potential n? has to lead a stationary set with an edge. Then we
give some hints to construct a potential such that the set M is a submanifold of dimension
d—1.

Proposition I1.17. Let n? be a non-trapping potential. Then
i) M is a compact submanifold of R??x]0, +o0],
it) M has a finite number of connex components.

Proof of proposition /7.17 We only prove assertion 7). Assertion i) is a direct consequence
of 7). Since the dimension is finite we just prove that M is closed and bounded.

o M is a closed set as the pull-back of a closed set by a smooth function.

o M is bounded in the directions £ and 7. There remains to check that M is bounded in the
2 is a non-trapping potential. Any trajectory issued from 0 goes back to 0 a
finite number of times. This number depends (a priori) on the initial speed £ € Sé-1.
Nevertheless, the solution of Hamilton equation is continuous relatively to the initial data.
Thus an argument of compacity allows to conclude that any trajectory issued from 0 goes
back to 0 a finite number of times. This number is bounded independently of &. ]

direction t. n

Remark. When the potential is not non-trapping, everything can happen.
Let us examine what can happen in the limiting case i.e. dimM =d —1 :

Proposition I1.18. Suppose M to be a submanifold of dimension d — 1. Consider the finite
family {Uj}je{l,...,N} of the connex component of M. The projection on space time variable
of U;, denoted by I1;U;, is an interval with a non-empty interior.

Proof of Proposition //.18. We proceed by contradiction. We assume that for any j €
{1,..., N}, the projection II,U; is reduced to a point ¢;. We denote by IIcU; and II,U; the
projections of U; on the space variables £ and 7 respectively.

o We prove that U; is diffeomorphic to a submanifold of S%1. To do so we exhib the diffeo-
morphism. For all j € {0,..., N}, consider the application F; defined by :

Fj : Uj — Hng - Sd_l,
(55”7%) — g
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F} is invertible. Indeed, consider g; the application g; : I[IcU; — 1I,,U; which associates to £
the value g(§) := E(t;,0,£). We construct the inverse of F}
Fj : Hng cSs+l — Uj,

F; and G are smooth, thus U; can be seen as a compact submanifold of S%=1 of dimension

d—1.

o In other words for any j € {1,..., N}, U; is homeomorphic to S9!, It means that any
trajectory with initial data (0,&) € Hp goes back to 0 in a finite time ¢;. First it implies that
tj = t;. Then the trajectories are periodic of period ¢;. This is absurd because the trajectories
are assumed not to be trapped. |

M1

R2

Figure I1.7: Trajectories are not trapped with two parabolic mirrors.

Due to the difficulty of the computation we did not exhibit a counterexample such that I1,U;
is an interval with a non-empty interior.

Let us give some clues to build such a potential. Consider two parabolic mirrors with the
same focal axis and focal point (F). Furthermore we suppose that the focal distances are
different. The trajectories issued from 0 go back to 0 in a different time. The potential is not
non-trapping. It suffices to perforate the smallest mirror at the level of the focal axis.
Depending on the angle two cases can occur :

o the trajectory leaves by passing up or down the mirrors M2. (see rays R1 and R2 on
Figure I1.7),

o the trajectory tends to be closer to the focal axis. Then, the trajectory leaves by the hole
in the mirror M2 (see the ray R3 on Figure 11.7).



Chapitre III

Production d’une dissipation par
interactions d’ondes oscillantes dans
une équation de Navier-Stokes forcée

Abstract : We consider a bidimensionnal Navier-Stokes type equation. Typical wavelength
of the oscillations considered here is 1/e. We force one variable to oscillate like 1/¢2 thanks
to a polarized source term. We study the interactions between those oscillations.

To be more accurate, we consider a family of exact solutions that we perturb at initial time
t = 0. We prove that the oscillating Cauchy problem associated with this new initial data is
well-posed. To do so we exhibit a complete expansion of the solution as € goes to 0. This
expansion reveals a boundary layer in time for the velocity. A noticeable aspect is the creation
of some dissipation on the mean term of the velocity due to some drift-diffusion mecanism.

o7
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1 Introduction

In Section 1, we introduce the underlying equations and the functional framework. Then, we
state our main result.

1.1 The equations

The time and space variables are ¢ € Ry and x := (v1,72) € R% The state variables
are the density p € R4 and the two components u; and wug of the velocity of the fluid
u = Y(ug,uz) € R?. Given a function u : R?> — R2, note as usual:

divu := O1u1 + Oqus o1 := i , Oy:= i .
81’1 8332

In what follows, € €]0, 1] is a parameter approaching zero. Introduce the dissipation:
Poau=" (P;jkgu,va/\gu) = pe? Agu+ A €2 Vdiv u

where p € R is fixed whereas A. € R’ goes to 0 as € goes to 0. Let h be some smooth
periodic function with mean zero:

h:T-—R, T:i=R/Z, heC®T;R), / h(8) 6 = 0.
T
Consider the following oscillation which is polarized on the second component:
F.(z) =%0,F)(z) := ¢ t(O,,uaggh (5_2:171)) : e€]0,1].

Our starting point is the study of a model based on two-dimensional compressible isentropic
equations of the Navier-Stokes type, as can be found in [6, 28], forced by the source term F; :

Op +div(pu) =0, WU = <u1u1 U1U2>
Or(pu) +div(ipu @ u) + Vp¥ = p(Pep.u— F;) , ©o\urug ugug)

To obtain a quasilinear system having a symmetric form, it is classical [30] to introduce the
state variable p := gpo with C := 774 Then, we have to deal with:

{@p—l—u-Vp—i—dewu-O, (TIL.1)

Ou+u-Vu+CpVp =P\ u—F;.
Observe that:
Xz
Pert(0,he) — F- =0,  he(z) = h<8—;) . Yeelo1].

It follows that, for all ¢ €]0, 1], the oscillation (0,0, h.) satisfies Equation (I71.1). Our aim
is to consider the problem of the stability of such families of solutions. To this end, at the
initial time ¢ = 0, we modify (0,0, h.) by adding some perturbation. More precisely, we start
with:

(p, ul, u2)(0, x) = (0, 0, h) (%) + (51’ Qe M U[%,s , M 1)(2)’8 ) <%7 %) (HI.Q)
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where (v, M) € N? with v large enough and M > 7/2 (retain that v > M), whereas:

T2

(q0.e, 00, v5.)(0,y) € H™(T x R; R%) y:=-—=€cR.

€

One effect of the above perturbation is to introduce a dependence on z3 € R (or y € R).
Despite the smallness of £/ (and maybe M), when solving (I11.1)-(I11.2), we have to under-
stand the interactions that occur between the very fast oscillations in the direction x; (with
wavelength £2) and the fast variations in the transversal direction x5 (with wavelength €). On
this way, we are faced with questions about turbulence, in the spirit of models proposed in
[9, 10, 12].

Another insight on the subject can be obtained by looking at (III1.1) in the variables (6,y) €

T x R. Then, we are faced with a hyperbolic-parabolic system implying some singular (in
¢ €]0,1]) symmetric quasilinear part:

op +e % (W' dgp+eutdyp) +Ce2p (Gpu' +cdyu?) =0,
Oput +e72 (ul Gpul + e u dyu') + Ce 2 p dgp = PL, u, (I11.3)
Ou? + 72 (ul Opu? + € u? 8yu2) +Celpdyp= 7552,)\511 - F2,

and some viscosity which is degenerated on the density and becomes large when ¢ — 0:

Poy. = 7’):517& _ L fm (Dpou’ + e20yyu') + Az (Opou' + £dpyu?) ‘
Eile 7337/\5 g2 \u (899u2 + 628yyu2) + A (689yu1 + 528yyu2)

In this chapter, we show that (for v large enough and M > 7/2) the oscillating Cauchy problem
(III.1)-(II1.2) is locally well posed in time. We prove (Theorem III.4) the existence of a time

T € R* independent of ¢ €]0,1] with solutions (p.,ul,u?) = (¢ qe,eM v}, he + M 0?2) of

(II1.1)-(II1.2) on the interval [0,7]. We also exhibit (Propositions III.1 and III.2) a complete

expansion as € approaches 0 for the expression (g.,v},v2). We find (in a sense to be precised

later) that ¢ ~ ¢% and v. := (v}, v?) ~ v? := (v, v2?) with:

er Ve g 17Ye
NA+1 N+1 ;

@(t0.y) =Y Fat o), L0y =Y (v 0.y +ol(5.0.)) . (1L4)
k=0 k=0

These expansions reveal some time boundary layer at time ¢ = 0 (recorded at the level of
the contribution v,{ (7,-) which is exponentially decreasing with respect to the variable )
together with some mean evolution behaviour (described by ). A noticeable aspect is the
production of some dissipation when looking at the transport equation (II1.9) on v;. The
present approach is not in the continuation of usual k& — ¢ models [31]. But, in the same
spirit, it confirms (and justifies) that the interaction of oscillations can indeed be described

at a macroscopic level by the introduction of some turbulent viscosity.
1.2 The functional framework

1.2.1 Sobolev spaces

Here K denotes R, T x R or R?. Let a = (a1, a2) € N2, The length of a is |a] := a1 + as.
The notation 9% is for the differential operator 85‘185‘2.
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- Given m € NU {+o0} and p € N* U {400}, recall that W™P is:
wmr={feLP(K); 0°f € L’(K), |o| <m},  H™:=W"?,

When m € N, the space WP can be equipped with the following semi-norm and norm:

vpeN ULtk g, = D0 10l Wl =3 I

Wm.p
aeN2, |al=m k=0

For s € R4 \ N, we can still define spaces W*P and H® by interpolation theory.

- Let (m,n) € N? with n < m. Define the functional spaces:

wit = {15 £ € CI(0, T W™ 3), Vi {0, n}},
H" ::{f; feci(o,T); Hm), VjG{O,...,n}}, T eR. U {400},

which can be seen as Banach spaces when provided with the norms:

n n
1y s= sup > N0 F(tMlwmseo s flpgn = sup > 0 f(t) g

tE[O,T] 7=0 t€[07T} 7=0

- In order to deal with functions f(t,-) defined on Ry x K, which are exponentially decreasing
in the time ¢ € Ry, and which take their values in the Sobolev space H®, define:

& ={f: sw (It Mauo) <+oof,  dERL.
te[0,+o0[
- Finally, introduce £5° := ﬂ &l V;O’O = ﬂ V%O and Vp© 1= m V%j where V € {H, W}.
JEN JEN JEN

1.2.2 Families of functions

In this paragraph, we fix some ¢o €]0, 1] and look at families of the type {f:}cc)o,c)-

- Assume that f. € W™P(K) for all € €]0,e0]. To control the size of f., we can use the
following weighted anisotropic semi-norm and norm:

m
VpeNU{+ooh,  felle,, = D 1MLl s fellwre =D IFl
' k=0

o
k,p
(Le) a€EN?, |ajl=m W,

(1,9)

We will say that {f:}- is bounded in W(nf ’Ep) when:

hwgs = sup | fllyms < +o0.
’ €€]0,e0) ’
- Assume that f. € V" for all € €]0,e0] where V =W or V = ‘H. To control the size of f;,
we can use the following norms:
2 me
[ fe vy = sup S NP Lt Ml W fellymn = Sup > lle¥ a fet, .)||V(T;j -

T,(1,
€T = (1,8) T =0 )
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We will say that {f.}. is bounded in V77" or in V! (71" o) When we have respectively:

. o= n < . no = ; < .
1My up 1 fellyrn < oos M Fllvgn | up 1 fellygn < +o0

Classical embedding : for s > 1 we have H*(T x R) «— W%(T x R) = L>®(T x R). When
taking into account the dependence on e €]0, 1], there is a loss of powers in €. Retain here
that:

ICERs | fellpery < Ce 2 | fella

(1,5)(

TxRr), V& €]0,&0]. (II1.5)

1.2.3 Decomposition of a periodic function

Any function u € L?(T;R) can be decomposed as:
() = () +u'(8), (WeR, ucI}T:R), (u) =TI ::/u(«9) b
T

According to this decomposition, we clearly have that Ilu* =
When the function u depends on extra variables than 6, like (¢,y), we can still perform the
preceding operations. For instance:

u(t.0.) = (0) (L) + 0 (00.9). Talt.y)i= [ ult6.9) do.
T
The derivative 9 acts in the sense of distributions on the space L?(T;R). We find:
K:=kerdp ={u=c;ceR}, K+ = (kerdp)* = {u € L*(T;R); ITu = 0} .
The action 9y has a (right) inverse 9, * : K+ — K+ N H'(T;R) which is given by:

9, 'u(0) ::/Oeu(s) ds—AAGu(s) dsdf, VOcT.

Given a functional space V C L?(T;R), we adopt the convention V+ =V n K+

1.3 Main statements

Since we impose v 3> M > 7/2, the equations on the components u' and u? can be considered
as being partially decoupled from the equation on p. Up to some extent, we can first deal
with:
L1(g,qe,ve) = Ot +e 1 h Oyl + eM—2 (v; Dpvt + e v? (9yv;) + O M2 yq. — 75617/\51)5 ,
Lo(2,qe,ve) = 02 +e P h 02 + e 20ph vl + M2 (vl 9pv? + e v? 9yv?)

+C e M g 9yq. — P2y v
and then look at the remaining part as a transport equation on ¢, :
Lo(e,qeve) = Opge + & h Oyge + M2 (v} Ogge +ev20yq:) + C M2 . (9gvl +e0y0?) .
In what follows, the results will be expressed in terms of the quantities ¢. and v.. Of course,

the expression (p.,ul,u?) = (" ¢z, eM v}, h + M v?) is a solution of (II1.3) if and only if:

gr e 13

Li(e,qe,v:) = 0, Vje{0,1,2}. (IIL.6)
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1.3.1 Construction of approximated solutions

We start by constructing approximated solutions for the system (II1.6). The first step is to
look at the two last equations of (I11.6), where the O(e2¥~~2) <« 1 contributions (implying
qe) are neglected. Thus, we start by considering the system:

g,

L(e,ve) := Ot + e h Ok 4+ M2 (vl Opvl 4+ v Oyvl) — P! AL Ve s N
L4(c,v:) = 02 +e  h Ok 42 gh vl + M2 (vl Ggv2 + e v? Op0?) — 77527/\61)‘E :

Proposition III.1. Assume A. = Ae. Fix an integer M € N with M > 2. Choose any
integer N € N and any decay rate 6 €0, p[. Select any functions 1)2 € H™(T x R; R?) indexed
by k € {0,...,N +1}. There are functions

vie (| H¥, vle&®,  ke{o,... N+1}
TeR?,

such that the family {v®}. defined as indicated in (II1.}) satisfies the following conditions:

i) At the initial time t = 0, the trace v2(0,-) is prescribed in the following way:

N+1

2(0,6,y) Z £ (I11.7)

i) For all time T € R%, for all m € N, the family {5 NE“ } with j =1 orj =2 is

bounded in H?f in the sense that:

sup sup max H N[,“(e v H < 400. (I11.8)

e€]0,1]  t€[0,T] je{1,2} H™(TxR)

Furthermore, the expression 1lv}, is determined through an equation of the form:
s l —17\2 s __
O — (pu+ . I ((0,'h)?) ) OyyIlvy = Sy, (I11.9)

where the source term Sy depends only on the vj with j <k —1.

To complete v into some approximated solution (g%, v?) of the complete system (II1.3), there
remains to identify the pressure component ¢Z. To this end, we are satisfied to solve directly
the transport equation Lo(e, g%, v?) = 0 where v¢ is adjusted as in Proposition III.1. Since
the expression v¢ is a function of the scales of time ¢ and 8%, that goes for ¢%(t,y,0) too. In
what follows, we will not need to precise the way by which ¢¢ depends on the different time

scales (t, z, %, )

Proposition II1.2. The context is as in Proposition I11.1. Note {v®}. the family issued from
the Proposition I11.1. Select functions ¢\ € H®(T x R;R3) indexed by k € {0,...,N + 1}.
There are functions q; with:

{Gitoe () HY?,  ke{0,....N+1}, £€]0,1]
TeR?,
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such that the expressions q¢ defined as indicated in (111.4) are solutions of the Cauchy problem:

N+1
Lo(e,q2v8) =0,  ¢2(0,6,y) = > " q)(6,y). (I1L.10)
k=0

Moreover, for all time T' € RY., for allm € N and for all k € {0,..., N +1}, the family {q; }-
s bounded in H?’a ) in the sense that:

sup  sup gi(t ) ) < o0 (IL11)
c€l0,1]  tefo,T] (1,€)

Coming back to £1 and Lg, we can now make the following statement.

Proposition II1.3. Select m, M, N, v € N satisfying:
M>2, m > 2 and 2v—M~—-5/2—(m+1)—N >0. (IT1.12)

Note {v2}e and {q?}e the families obtained with Propositions I11.1 and I11.2. Then, for all
Jj €{1,2}, we have:

sup sup HE*N Ej(e,qg,vg)HHm(TxR) < 400.
e€]0,1]  te[0,T)

1.3.2 Existence and stability result

The parameter ¢ € ]0, 1] being fixed, the local in time well-posedness of the Cauchy problem
(I11.1)-(I11.2) is standard, with corresponding solutions (pg,u) = (¥ ¢¢,e™ vel, h + M ve2).
It means that, for all € €]0, 1], there is a time 7. € R (eventually shrinking to zero when &
goes to zero) such that (¢¢,v¢) with v¢ := (vEl, v¢?) is a solution of (II1.6) on the time interval

[0, T.] with initial data as indicated at the level of (II1.7) and (IIL.10).

Fix any R € N. We can always define on the strip [0, 7;], two functions qf and vf through
the identity (¢¢,v¢) = (¢%,v?) + &t (¢, vE). Two questions are solved below: the existence
of exact solutions of (III.1)-(III.2) on a time interval [0,7¢] with 7. € R* independent of
e €]0,1] and the production of controls on (¢*, vf) showing that (¢2,v2) gives indeed some
good asymptotic description of (¢, v<) on [0, T].

Theorem III.4. Assume \; := Ae with A\ < 4u. Let m, v, M, N, R € N satisfying M > 7/2
and
Wy, c=min(2v — M —5/2—-(m+3)— R,N—-R) >0. (II1.13)

Then the following statements hold.
i) There ezist T, > 0 and eerip > 0 such that
Ve €]0,ecrit], Te > Te. (I11.14)

ii) The family {q®}. is bounded in H?jﬁ’gc):

sup  sup qu(t, ~)HHm+3 < +o0. (IIL.15)
e€]0,e.] t€[0,T¢] (1,8)
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i) The family {vf}. is bounded in H:,"?cf:’os

Sup Sup HUgR(t7 ) HH77L+3 < +OO (11116)
e€]0,e.] t€[0,T¢]

i) The family {ev2%}. is bounded in H%‘z’o;

sup  sup HEU?R(t,~)HHm+3 < +o0. (II1.17)
e€]0,e.] t€[0,T¢]

1.4 The context
1.4.1 Historical comments

Let N € N*. Consider the following scalar equation of evolution:
1 1
atfa+g h(V)vxfg—i-? Qf€ = S(t,l’,V), f&(tvxav)eR (11118)

where h : RV — RY is some smooth function, Q is some linear operator acting on L2,
and S(t,x,v) is some function depending on the variables (t,z,v) € Ry x RV x RV, The
unknown is the function f.(¢,z,v). Depending on the choice of Q, the equation (III.18)
can be the neutron equation [2], the Focker-Planck equation [16] or the Boltzmann transport
equation [33]. In this context, it is well-known that the family { f:}.cj0,1) has a weak limit , say
fo as € goes to 0. In general, the expression fj satisfies an equation implying a drift-diffusion
term of the form — div;(D V, ) where D is some squared matrice depending on the data.
The proofs of the related statements rely strongly on the structure of the collision operator Q
which is either a bounded operator or a self-adjoint operator on some weighted version of L?.

When the operator is less regular or when there is a lack of symmetries [15], the convergence
concerns only the mean value p. with respect to v, called the density. For some function gg
satisfying adequate restrictions, we have:

0e(t,x) == fe(t,z,v) dv. — pgp(t,x) . (I11.19)
RN

When looking at the structure of £% := ¢(L$, £%), there is some analogy with (II1.18). Indeed,
the expression £%(g,v.) can be decomposed into:

1 1
LY e, ve) := Qe + - T ve + 2 Qu. + LL(E)ve + M2 NL(e,v.) (I11.20)
with:
. —,uagg 0 L hay — )\8.99 0
o= ( gh —uaee)’ T= < 0 hoy) "
(= pdyy — Aoy (vl ogul +ev? ot
LL(g) := (—Aaey (it eNdy,) NL(e,v.) := ol 90 + 202 a2 ) (I11.21)

There are many analogies between (II1.18) and (I11.20). In both cases, the hierarchy with
respect to the negative powers of £ (namely 72, e~! and ) is the same, with in factor
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operators sharing analogous structures. Also, the mean value operation (v.) is when consid-
ering (I11.20) what replaces the integration with respect to v at the level of (I11.19). However,
there are two important differences when comparing (I11.18) and (I11.20):

- The equation (II1.20) is a system (v. € R?). When dealing only with the singular part
e~ M7 + ¢72Q, this problem can be circumvented by first solving the equation on v} and
then by plugging the result into the equation on v2. However, once the influences of the
contributions £L£ or N'L are incorporated, such strong decoupling is no more available. When
dealing with the full system (II1.20), the discussion must necessarily take into account vectorial

aspects.

- The operator Q of (II1.20) is neither selfadjoint nor bounded (on L?). Up to some extent,
it can be viewed as a non selfadjoint perturbation of the selfadjoint action —udgg I. Still, we
can compute the point spectrum op(Q) of Q : L*(T;R?) — H~2(T;RR?). We find that:

op(Q) := {6 €C; Q—041I is not injective } = {un2; neN}.

From the point of view of central variety theorems, the presence of a (point) spectral gap be-
tween the eigenvalue 0 and the other (positive) eigenvalues indicates that there is a separation
between two types of behaviours in time, a slow one and a fast decaying one, for instance in
the spirit of [24, 33]. Of course, such a separation is due to the presence of —udgg I inside Q.
Again, the influence of this dissipation term is what relates (II1.18) and (III1.20).

In other respects, singular systems like (III1.20) have been studied in a purely hyperbolic
context, that is when y = A, = 0. Then, the discussion is based on tools coming from
supercritical nonlinear geometric optics [1, 9, 11].

The asymptotic analysis of (II1.20) under the assumptions retained here is clearly at the
interface of what is done in [2, 15, 33| and [1, 9, 11]. Nevertheless, it needs to develop a
specific approach which is the matter of the current contribution. In the next paragraph, we
give a few indications of our strategy.

1.4.2 Heuristical description on the expansion

Our analysis of £* is based on a discrete Fourier decomposition with respect to 8 € T. We

can expand h as well as v =! (v!,v?) into Fourier Series:

h:theike, ’Uj:Zvieike, je{1,2}.
keZ* keZ

Introduce the following linear map:

I : L2(T;R?) — L2(T;R2)
v="0vv?) — t(v(l),vg — 1 Z hy ot BT 0 eikg).
keZ*

The application Il is clearly a projector onto the kernel of Q. Retain that:

Moll=1II, TL?*=kerQ, dim (kerQ)=2.
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e a o To understand the action of the several operators in £% defined in (II1.20), a first
approach is to consider the simplified equation:

O +e2Q0. =0,  5.(0,0) =Y 5(0) ™. (111.22)
kEZ
The corresponding solution . = (9}, 92) involves components & which can be put in the
form ; ;
wt) =) ﬁ;(t,?) ekt = 5. Je{L2}
keZ

For k = 0, we find that 3} (¢,7) = 94(0) and:

- - . 11 - . 11 —up?r
va(t,7) = 03(0) — i Z hpp pt 0L (0) + i Z hpy tpt 0L, (0) e T
PEL* pEL*

The second (constant) term in 93(¢,7) is in general non zero and it comes from contributions
inside 9.(0, ) which are polarized according to (I — II) L2. Thus, even if §.(0,-) presses only
on the positive point spectrum, the corresponding solution 7. is not necessarily exponentially
decreasing in time. We can see here a first effect of the nonselfadjoint part inside Q.

For k € Z*, noting N := {p € Z*;p # k,p # 2k}, we have 9,(t,7) = 0,(0) e~ HK*T and:
02t 7) = —ihp kT 1~1(0)—2mh2k B k(O) e—Hk*T
15

+1 Z hy ™ (p— 2k) ™ p(()) e Hk=p*T _ Z hp ™t (p—2k) 7 o »(0) e kAT
pER pER

+ [02(0) + i hp kL BA(0)] e PR
By bringing together all constant terms (in 7) inside an expression v (t,6) which here does
not depend on ¢, these formulas fit with a decomposition like (I11.4).
e b e Next, consider the more elaborated model:
O +e ' T+ 2Qu=0,  0:(0,9,0) =Y 0(0,y) *’. (I11.23)
keZ

One can expect that the intermediate singular term e ! 7 (introduced page 65) produces the
scaling t/e. However, such an effect does not appear here. On the one hand, the contributions
polarized according to (I — ﬁ) L? are mainly handled as in paragraph a. On the other hand,
the II L2 parts disappear by a combination of two arguments:

- Due to the relation [; hh'df = 0, we can use the following algebraic identity:
o7 oIl =0. (I11.24)

- We can absorb the extra term (I — fI)T 11 through some ellipticity inside Q. Indeed, in
what follows, we seek 0. as an expansion of the form 0. = vy + €01 + O(£?). Assuming
that 99 = IIvy € ker O, we can observe that:

(I-M) (e 1T +e2Q) (o+em) = et [(I-MTHao+ (I -)QUI — ) 5] +0(1).

Now, the idea is to adjust ¥ conveniently in order to remove the O(¢~!) contribution.
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In practice, the implementation of these arguments must be done with care because the
different terms which come into play are more tangled than what is indicated above.

Note that a normal form approach (in the spirit of [11]: meaning to change v into (I +eM)o
for some well adjusted operator M), can be tried to get rid of 7. However, such a method
seems not to succeed. There are always remaining O(¢~!) terms and, all things considered,
to deal with the actual diagonal form of 7 appears to be more suitable.

e c ¢ Finally, consider the full system (I11.20). Our aim is to describe the asymptotic behaviour
of the family {v.}. on a time scale of the order ¢ ~ 1. To this end, we have to understand
the O(1) contributions brought by the singularity e='7 + ¢72 Q. This singular term is a
perturbation of the self adjoint operator Qg := e 2udpel. This perturbation is of two types.

- The interactions (at order one) between Qg and =17 turns out to be the source of some
creation of diffusion. The mechanism is similar to the one met in the drift-diffusion
phenomena. Moreover, Qy + ¢ '7 is a diagonal operator. The components of the
velocity are decoupled and the discussion deals more with scalar arguments than with
vectorial arguments.

0 0
_ -1 )
We perturb Qg +e¢77 by e <89h 0

is not selfadjoint. It also induces some strong coupling at order 0 between the two
components of the velocity. One aspect of the construction is to prove that this strong
coupling do not disrupt the production of dissipation. The discussion has to take into
account vectorial aspects and one issue is to match the initial data between the slow
profile v and the fast profile vg .

) at order 0. The main operator is now Q which

Moreover, we have to determine the effects of ££ and N £ which are of two types. First, the
presence of £LL£ and NL reinforces the coupling. Secondly, it induces nonlinear interactions
which are delicate to deal with. In particular, in the critical case M = 2, it becomes necessary
to exhibit transparency phenomena in order to achieve the analysis.

In this article, we propose (Proposition I11.3) and we justify (Proposition I11.4) a complete
expansion for the family {v.}.. It is the occasion to analyze precisely the linear features and
the non linear aspects alluded above.

1.4.3 Heuristical arguments for the energy estimates

In a second part, we justify that the approximated solution (¢¢,v?) converges to the true

solution (gf, vS) and estimates the speed of convergence (see Theorem II1.4). Since
(g¢,v2) = (g¢,ve) +€" (¢l vl),

we prove accurate estimates of the growth in time over the velocity vZ (Proposition I11.21)
and the pressure ¢ (Proposition I11.30). It has two goal:

- First to evaluate the speed of convergence (see Inequalities (II1.15)-(II11.17)).
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- The second and non trivial aspect is to prove estimates on a strip independant of e
(Inequality (II1.14)). Arguing by contradiction allows us to pass from the estimates of
the growth in time (over (ql,vl) ) to the existence of an independant time of existence
(see Lemma II1.37).

The key estimates are performed on the equations satisfied by (g%, vf) (see System (I11.111)).
Those variables can be interprated as the solution of the linearized operator £ at (g%, v?) per-
turbated by some non-linear terms. To underline the difficulties to obtain estimates on a strip
independant of € and emphasize the method we propose to solve the problem, we consider, in
this introduction, the same question for a simpler problem. There exists a connection between
the variable (p,u) and (gq,v) (see page 62). So we can wonder how to obtain estimates for
the (p,u) variables. Here (pL,ul) can be interpretated as the solution of the linearized system
(I11.3) at £(0, 0, h(6))+ (¥ q2, eMv?) perturbated by some non-linear terms. We consider, here,
the solution (pL,ul)) of the linearized system (I11.3) at point (0,0, h(8)):

8tpl€ +5_1h 8ypé = SO y
ol +e thoyull _73817)%“16 =5, (111.25)
O +ethoyu + e 20phul’ —P2, ul =S,

for some sources S := ¥(Sy, S1,92) in H*®(T x R; R3). It is a parabolic-hyperbolic system
singular in e.

ePurely hyperbolic approache We first consider that \. = u = 0 so that the dissipation
vanishes. We perform classical L?-estimates on Equation (I11.25):

2
dphullu? dody

2 1 2 2
+ = |IS||72 + ¢
22 L TxR

L

1 3
S|k ad)|| < 5 b

L2

IN

1 _ NIE 1 2
5B+ 0okl ) ||k ub)|[ |, + 5 IS -

So to say, applying the Gronwall lemma we obtain a L? control over the solution:

| (st (t,9)

<e% !t sup S|z, with C. < C(1+e 2|0ph ).
’ t€[0,71]

Yet, it indicates that we can only control the solution for time of order e=2. In particular for
bounded time the solution can exponentially increase with t.
An other issue is the control over (¢f, vf) in the H'-norm. Indeed, if we consider the singular
transport equation:
{ O + eh(0)dyv = 0,
Vly=o = Y0,
the solution is explicit v = vo(f,y — e~ th(f)). In particular each time we derivate with

respect to 6, we loss a power of €. To compensate it, we have to introduce anisotropic Sobolev
spaces (defined page 62) for both the velocity and the pressure.

eParabolic-hyperbolic approache To go further in time, we have to consider the dissipa-
tion. Of course, P ). is a positive operator. Here one can prove some coercive estimates.
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There exists a positive constant ¢ such that for any function f € H'(T x R),

Veelo,1], - <755,A5f,f> > ¢ (Hé‘_laeinz(mR) v ||ayf||§2(TxR)) = ®.(V, f). (IIL.26)

It has two consequences:

- At fixed €, we should obtain a regularization of the solution. The velocity ulE isin L2H 91 y
(see Inequality (II1.123)). This is the regularization phenomena.

- Considering the dependency in €, this new estimate brings a better control. The family
{ul}c is bounded LZ?H} ,- The dissipation should also absorb some singular term in e:

Eil

e[ aphlt o dedy' S (bl ot 72 + Nl D002 )
TxR

Thus the worst term seems to be singular of order one (in ) instead of being singular
of order two (in ).

What can be underlined here is that the pressure is still estimated in anisotropic Sobolev
spaces whereas we hope to obtain estimates over the velocity in the classical Sobolev spaces
(thanks to the dissipation which control singular terms). It indicates that the estimate over
the velocity and the pressure have to be done separately.

Thus in Subsection 3.1 we first estimate the velocity. Then we plug the estimates obtain for
the velocity into the equationof the pressure to deal with the case of the pressure in Subsection
3.2. Of course when dealing with the complete System (III.111) this computation does not
seem obvious. Some arguments must be added. We detail again the method in the general
case at the beginning of Section 3.

Here, the addition of the parabolic aspect in the discussion still does not allow us to obtain

a control over (p!,ul) for time of order one. Some technics have to be developped.

e Singular change of unknowse To keep on desingularizing the term e 29gh u;l we consider
the change of unknows:

i =q, ul=ull, w.=cu?.
The system (II1.25) becomes:
8&318 +e71h 8y]3:l5 = 5o,
gl +e~'hoyull —Ql, il =9, (I11.27)

O +ethdyu +etophull Q2 ul =eS,.
where the operator Q. »_ is defined in Equation (3). It has two consequences:

- The singular term e~ 29phul! is turn into e *9ph ul! (what is desired).
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- However, the dissipation is turns into the operator Q... It can no longer satisfies
Inequality (IT1.26). Assuming A. goes to 0 fast enough, it is still true (c.f. Lemma I11.25).
Indeed performing the same estimates for system (I11.27) as the one done in the previous

case should lead to a control over (pf,uf) in L?-norm for time of order one (¢ ~ 1).

In Section 3, we justify that those heuristical arguments work for the complete System (III1.111).
Some technical arguments must be added to deal with the complete System (III.111). Indeed,
it is obviously nonlinear and coupled. Nonlinar terms has to be studied carefully. The problem
with the coupling between the velocity and the pressure appears at the level of the estimate

over the term
CEQVfoRfQ

— s "(%.20,) (¢ +<"al)’,
in Equation (II1.111). v has to be large enough so that the pressure does not interfere too
much with the velocity. Of course an other issue is that the pressure is only estimated in
the anisotropic Sobolev spaces. We can go back to the classical Sobolev spaces using the
equivalence of norms (II1.106). It has a cost in power of € for each derivatives to estimate. It
explains why we lose (m + 3) precision in the definition of w,, (see Equation (III.13)).

1.4.4 Contents
What follows is divided in two main parts: Section 2 and Section 3.

The Section 2 is devoted to the construction of the approximated solutions (¢, v?). The first
step is to show the Proposition III.1.

- In this purpose, the paragraphs 2.1.1, 2.1.2 and 2.1.3 deal with the velocity field vZ,
that is with the equation £%(,v?) = O(e"). In the part 2.1.1, we first neglect all
non linear effects by assuming that M is large enough with respect to N (namely that
M —2 > N+1). The goal is to make clear, already in a linear context, how the singular
terms can be managed.

- In the paragraph 2.1.2, we only assume that M > 2. The analysis goes along the same
lines with however modifications to do when computing the source terms. Also, the
limit case M = 2 is special because in this situation the non linear terms can interfer at
leading order.

- In the paragraph 2.1.3, we are able to exhibit the control (III.8).

The pressure component ¢ is incorporated at the level of subsection 2.2. Then, the complete

construction of (¢Z,v?) can be achieved in the form of Proposition IIL.3.

The Section 3 is concerned with energy estimates. In the subsection 3.1, we look at the
equations £1 and Lo. To this end, we crucially need the properties brought by the dissipation.
In the subsection 3.2, we inject the informations which have been obtained at the level of Ly.
By this way, we can deduce controls concerning the pressure component. Finally, in the
subsection 3.3, we prove all the estimates which are stated in the Proposition III.4.
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2 Construction of approximated solutions

We make here the assumption A\; := e with A > 0. We simply write 75‘E in place of 7557 Ao
This section is dedicated to the proof of Propositions I11.1, IT1.2 and III.3.

2.1 Appproximated solutions for £* - Proof of Proposition ///.1

In the paragraph 2.1.1, we first consider the case M —2 > N + 1. This simplifying assumption
amounts to forget all nonlinear terms, that is to concentrate on the linear aspects of the
analysis. Nonlinear influences are incorporated at the level of Subsection 2.1.2 where we only
suppose that M > 2. Finally, in paragraph 2.1.3, we derive various estimates concerning
approximated solutions, especially the crucial control (I11.8).

2.1.1 The case M — 2> N +1.

As indicated in the title, we fix two integers M and NN such that M —2 > N +1. It follows that
it is not necessary to take into account the O(¢"~2) nonlinear contributions inside £%(g, v.)
in order to recover (II1.8). Nonlinear terms do not interfer in this paragraph 2.1.1.

Since the equation £ is linear at the O(¢V) precision under study, we can adopt the following
strategy. We construct independently expansions

N+1 ¢ N+1 ¢
US(ta Y, 9) = Z gk Uli(ta 970)7 ’Ug(gayﬁ) - Z U}{(Eﬁayve) (HI28)
k=0 k=0

which satisfy the condition (//.8) on any time interval [0,7]. The sum v¢ = v + vl is of

course a solution of £L%(g,v%) = O(e"). The difficulty is mainly to show that all initial data
prescribed in (I11.7) can indeed be obtained by this way.

By convention, we define vj = 0 and vg =0fork=-3,k=—-2,and k = —1. We plug v}
and v{ as indicated in (I11.28) inside L%, -) to get two different cascades of equations. The
one corresponding to the time scale ¢ can be put in the form, for k£ € [0, N + 3]:

Oy g — MOy} ko = —h Oyv] k1 + A0pgvy j_1 + ADgyv3 o + [109p07 i 5 (I11.29a)
3t“§,k—2 - Mayyvg,k—2 =—h ay’Ué,k—1 — Oph Uik + NaGGUS,k
+ Aagy’lfik_Q + Aayy’l);k_g . (IIIng)

The other (corresponding to the time scale 7) can be written for k € [0, N + 1]:
87-1}{7,€ - ,uaggvik =—h ('“)yvik_l + )\3‘99@{7]{:_1 + uayyvik_z + Aa@yvik—z , (I11.30a)

a‘fvg,k - Na%“g,k =—h ay”£,k—1 - 89h”{,k + Nayyvg,k—Q
+ Mgy 0] oy + Ayl - (IT1.30b)

In view of (II1.7), we have also to impose:

vi(0,0,9) +0f(0,0,9) = 0Q(0,y),  Vke[0,N+1]. (IT1.31)
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Proposition IT1.5 (Solving the systems I11.29 and I11.30 together with I11.31). Fiz any time
T € R*, any number § €]0, u[ and, for k € {0,--- ,N + 1}, any functions v} € H>® (R x T).
Then, the set of conditions (I11.29%), (II1.530x) and (I11.31) has a unique solution satisfying:

(3, v]) e HPE x E°,  Vke{0,--- ,N+1}. (111.32)
Moreover, the component v, can be identified through the homogenized equation (111.9).

The proof of Proposition I11.5 is given at the end of this paragraph 2.1.1. It is obtained by
induction on the size of N. Thus, mark the hypothesis:

H(N) : " The Proposition 111.5 is verified up to the integer N . (I11.33)

To go from N up to N + 1, we will need a succession of lemmas which are produced below.
In what follows, given a symbol V € {Wm’p ,H?®, Wznf ' HE, 5;;’}, we will manipulate functions
f(0,y) € V(T x R). We will often decompose f as indicated in paragraph 1.2.3 into its mean
and oscillating parts according to

y) = (fCy) V=TT xR),  fH6,y) = f(0,y) € V= (I -TV(T x R).

(I11.34)
To signal that we consider functions f(6,y) which do not depend on § € T (ILf = f) or whose
mean value is zero (IIf = 0), we will use respectively (as obove) the marks / and L. By
extension, when dealing with some operator P, we will note

p/.=p1, PL=pPI-1I). (I11.35)
Be careful, in the case of operators, the composition by II and I — II is put on the right.

e A consequence of the (point) spectral gap e The system (II1.30) is made of two
evolution equations of parabolic type, based on 0, — udgg. This falls under the following
framework.

Lemma III.6 (Fast decreasing under a polarization condition). Let m € N and 6 €0, .
Select wg € H™ (T x R) and Sy € (5(?1+2)L(T x R), that is such that ILSy = 0. Consider
the wnitral value problem:

{ Orw — puOggw = Sy, W[, _y = W (I11.36)

For all T € Ry, there is a unique solution w € C’l([O,T]; H™(T x R)) to the Cauchy prob-
lem (II1.36). Moreover, if the initial data is well prepared in the sense that Ilwg = 0, then
Mw =0 for allt € [0,T] and w € E*(T x R).

The proof of this Lemma II1.6 is very easy. It will not be detailed.

e Interpretation of the system (II11.29) e The Lemma below is intended to look at the
system (II1.29) otherwise. Indeed, there is a difficulty when dealing with (II1.29) since the
knowledge of vj_, seems to require the determination of vj_; and v, that is the identification
of terms v; with indices j greater than k —2. An important remark is that such a dependence
disappear when the projector II is applied. This fact can be formulated in the following way.
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Lemma III.7 (Linear homogenization). Assume that the expressions vi with k € [0, N + 3]
are solutions of the system (I11.29). Then, for all k € {0,...,N + 1}, the part Ilv; =
Y1 ., vs ) is a solution of

s — s l s
Ollvs ) — (1 + LI((95 'h)?) ) Byyllvg ), = Sl{/k + P - v}y,
s — s l s
Ollvg ), — (p+ il’[((@e 'h)?) Oyy T3 ), = 52{/19 + Py (I - vy, (I1.37)
+Py TIos , + Q5H(1 — Mws,,

where the definitions of the operators P}t PQM, Pgl// and leL inwolve only h, whereas the
source terms Si//k and Sé//k depend only on the vi with j <k —1, see (I11.38)-+ - -(I11.45).

remains

{ OIIvg = pdyyllog ), = ~I1(h ay”ikﬂ) )
8tHU§,k — uayyﬂvik = —H(h 3yv§7k+1) — H(@gh vik+2) + Af)yyl_[v;’k_l .

The matter now is to transform H(h 6yvf’k+1), H(h 8yv§’k+1) and H(Ggh vik+2). To this end,
we will use many integrations by parts and permutations of the derivatives Jp and 9,.

o Study of H(h 8yvf,k,+1). Note first that:

IT (R 0yv§ 1) = 11 (55 (R) OyOoov5 1) -

Using (I11.29a) to extract 9pov] f41- This yields:

S ]' — S S S
1 (h ayU1,k+1) = ; H(aGGQ(h) ay(atvl,k—l - Nayy”l,k—1 - Aa@y”zk—l))
1 _ s A _ s
+ ; H(h 8092(h)ayy'1)17k) — ; H((9992(h) 899(%([ - H)Ul,k) .
Then,

(70,5 (h) Oyyvi ) = TI(h0u () Dy 1) + 11 (R 0y (h) Dyy (I — T )
= —IL((95 'h)?) ByyIlvf j + L (h 0" () Byy (I — M) 1) -

Finally,
(0,0 0) = = 0 ((05 1)) Dy Tlof = 1, = PIH(T =Tt
with:
Si,k = _; 8;92(h) 9y (3tvf,k—1 — Oyt g — )‘aﬁyvg,k—l) , (111.38)

A
Plf = ; I1(9,,°(h) Opgy f) — iH (h 9,5 (R) Oyy f) - (I11.39)



CONSTRUCTION OF APPROXIMATED SOLUTIONS 75

2.

o Let us compute II(hdyv3 ) = H(@Hf(h) %8@91};7“1). Using the Equation (/17.29b) and
after two integration by parts with respect to 6 in the second line below, we can deduce:

S 1 — S S S S
(h Oyv3 jyq) = ;H (0557 (R) Oy (0rv5 41 — 1Oyyv5 51 — Mgy} 1 — ADyyvs 1 _5))

1 B . 1 B \
+ ;H (h Oy (h) Dyyvs 1) + ;H (0ph 07 (h) Dyv§ 111 -

Furthermore,
TL(h 84" (h) yyvs 1,) = —IL (9 h)?) Oyylvs j, + T1 (h 9’ (h) Dyy (1 — T3 )

and

I (9gh 9y () Oy} py) = 1L (0ph 057 (h) Oy1105 1.1 1) + T (9ph Oy (h) Dy (I — T 14 1)

= 0+ T1(9ph 0y (h) Oy(I — D)5 1y y) -
Using Equation (/77.29a), we obtain:
— S 1 — — S S S
I1 (Oph Oy’ (h) B3 4y1) = ;H (8ph 047 (R) Dy 0" (I — T0) (Dpv§ 1 — pOyyv§ 1 — ADpyvs 4, 1))

1 — — S S
+;H (9ph 07 (h) Dy (I — T0) (R Oyv§ ), — ADpa(I — 105 1)) -

We finally write

s 1 _ s 11
(R Oyv3 j1q) = *EH (95 'h)?) Oyyllvs ;. — 52,14/
gt (I - H)”;,lw

- P2l1l (I — H)Uik - lel// HUf,k — Wy

with
11 1 -2 s s s s
S2,k == — 0y (h) 0y (8t7)2,k—1 - Nayy%,k—1 - Aa@yvl,k—l - Aayy”z,k—z)
1 — — S S S
— — Oph 0y’ (h) 0y 0y (1 — 1) (0} oy — 1Oy} oy — ANDpyv3 1), (I11.40)
1 _ _

Plf:=-1 <u2 Oph 0y’ (h) By (I — T0) (hOy f — Aagef)> : (1I1.41)
(I1.42)

1 _
5f=- m 11 (h 94" (h) Byy f) -
o It remains to compute II(dphv{ ., ,). We start with observing that
(Dgh v 41g) = 110y ' (h) Doov§ jois) -
Then, using the Equation (I77.29a), we can write:
1

[1(0ph Uik+2) = ;H (89_1(h) (3tUiS,k - Nayyvik - Aa@y(l - H)Ug,k))

1 — S S
- —II(9, l(h)<_hayvl,k+1 + A0govy 41))-

7
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As TI(h 8, 'h) = 0, we deduce

1 - S S S
IL(Oph v jy2) = ;H (39 l(h)(at%,k — pOyyv7 i — Mgy (I — H)“Q,k))

- in(aﬂh)(h By + A0p0) (I — TS 1)),

Finally, applying again (II1.29a), we obtain

T(Oph v} y0) = — Syt — PR (I =i, — P/ T, — Q1 (1~ Tyws

with
S22, :::2 05 (h) (—h0y + M) (I — T (045 4y — iy 1 — Aoyl p_y))  (11143)
P = T35 () (<10, + Noun) 03 (T =T1) (b3, = A )
-0 ()01 — D) (11144
Q ::2 11 (0, (1) (Bay f)) - (IT1.45)

Briefly, for all £ € N, we have (I11.37) with

Sy = Shp + 5P F A Ilus .y, Poi=P PP Qb= QY +QF.
|

e Analysis of the system (II1.37) e The system (II1.37) is clearly an evolution equation
of parabolic type. As such, it can be completed by initial datas. But to solve it, we also
need to identify the extra terms (I — IT)v$, with x € {1,2}. To this end, it suffices again to

exploit (I11.29). Recall that V € {Wm’p, H* Wi° HE,, Eg} and define the linear continuous
isomorphism

D:V(TxR) x V(T xR) — V.= VT x R) x V/(R) x VH(T x R) x V/(R)
(f1,f2) +— (=10 f1,00f1, (I —T0) fo, T1fo) .

By construction, the expression V;7 := ‘P v}, must be solution of the system

w0 0 0 i Vi
avem | BT R0 0 A . (IT1.46)
B N Gl T |
7P2 7P2 7Q2 Py 2//,k‘ 7);’/2

where T and P, are the operators defined by

Tf = (=M @hf), Pfi=of—(n+ in (05 1)2)) Dy f



2. CONSTRUCTION OF APPROXIMATED SOLUTIONS 77

and where the components f, can be viewed as source terms (since they depend only on

the v§ with j < k). More precisely, we find fj/{k = S]//,k for j € {1,2} and

ka =1 —1I) (8t’Uik—2 — 0yy V7 o — ADoy V3 o + R Oyv j_y — Aa@m)ik—l) , (I1.47)
fop =T =005 g — 1Oyyvs o — ADgy¥5 g + hOyV3 51 — ADyyvs 4 _3) - (I11.48)

To simplify, we present below the result in a smooth setting.

Lemma IIL.8 (Solving the system I11.46). Select a function VO// = t(VOI//,V02//) € H*®(R)?
and a source term F = {(F' FUY 2L F2) ¢ (HP)!. Then, for all T € R% , the problem

[AV=F, v=tv vy vy vy vy =ty vely (11149

has a unique solution V in (H3)™ .

- First line. Since the operator pdpg : (HF ) — (H5°)* is invertible, we can define without
ambiguity (and with no choice)

Vi = o P € (HR)E . (I11.50)

- Second line. Observe that Pt : HFY — (H%O)l. The next component V'/ must be a
solution of the heat equation (in ¢ and y)

{PVY =FY PV e ), (v, =Vl e (). (ITL.51)

Obviously, there is a unique solution on [0, 7] of this initial value problem. It does not depend
on 0. In other words, it is such that V (t,-) € (H5°)/ for all t € [0,T].

- Third line. Since Ty : HF — (H%O)J‘ the component V2% can be obtained through the
formula

VH = 719 (FH + TV + VY € (HF)* . (I11.52)

- Fourth line. We can use the same argument as in the second line. It suffices to check that
by definition P} : HS® — (HS® )+ and Q) : HP — (HP )%, Then, it remains to solve

{BVY =FY + PV 4 BV vt e (i), (v, = Vol e (1)

[t=0

Note that the triangular structure of A is crucial in this procedure. ]

e Analysis of the system (II1.30) e In this paragraph, we consider the linear parabolic
system (I11.30) which can be associated with some smooth initial data v!(0,-) € H>(T x R).
Classical statements (see for instance [26]) say that the corresponding Cauchy problem has
a unique global solution U]J; such that v{(t,-) € H(T x R) for all 7 € R,. The difficulty is
the following. The variable 7 is aimed to be replaced by e~ 2t with t fixed and ¢ — 0 and,
since the original equation (III1.3) contains nonlinearities, we cannot allow any (uncontrolled)
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growth with respect to 7. To get round this problem, we will instead require a rapid decay
when 7 — 400 but this necessitates v (0,-) to be selected conveniently.

To see how to adjust vf(O, -), we can interpret (II1.30) in the form

fL
PO 0 0 921} o
0 6. 0 0 v
BV = T Ll vl = te@l)= | Lk I11.53
k Ts Ts P9 0 glzjjg k ( k) U%UI; ( )
Ty 0 0 9) \J ol

where Ty and Py are the operators defined by

Trf :=M(0ph f),  Pof:=0:f—posof

and where gfc = t(gll s gé ;) can be viewed as a source term (since it depends only on the v]f

with j < k). More precisely, we find that

{ gll,k = (=h (%U{’kfl + )\6990{7;6,1) + (:uayyv{,kfl + Aaeyvg,k*Q) ’ (111 54)

| f f f f
Go 5 = —hOyvy, 4+ (Aa@y”1,k—2 + Mayy%,k—2> + Ayyvy j,_5 -
In order to guarantee the fast decaying criterion in 7, we can proceed as described below.

Lemma ITI.9 (Solving I11.53 in the case of a fast decay when 7 tends to +00). Select functions
‘/OJ_ :t(‘/olJ_"/OZJ_) EHOO(TXR)27 G:t(G1L7G1/’G2L’G2//) c (gé)o)tot ’ (SE]O,,U,[

There is a unique expression Vo// = t(Vol//, VOQ//) € (H)/(T x R; R)? which can be determined
in function of G through formulas (I11.56) and (111.57) such that the Cauchy problem

{ BV — G7 V — t(VlJ_7 ‘/'1//7 V2J_7 V2//) ’ ‘/‘T:O — t(‘/'olj_’ ‘/01//7 ‘/02J_7 ‘/02//) (11155)

has a global solution V' belonging to the space (E2°)*".

- First line. Just apply the end of Lemma III.6.

- Second line. It suffices to take
1 oo
Vo () = —/ G (s,.) ds e (H®)/ (I11.56)
0
in order to recover after integration that V/ € (£2°)/ with

T +oo
VY () =v () + / G (s,.) ds = — / G'(s,.) ds.
0 T

- Third line. For all m € N, the operator Ty : H™ — (H™)* is continuous. It follows
that T sends the functional space £5° into (5§o)¢_ Concerning V24, the argument is again
Lemma I11.6 applied this time with the source term G** — T,V — T,V € (£2°)*.
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- Fourth line. For all m € N, the operator Ty : H™ — (H™)/ is continuous. Therefore, we
know that T : £5° — (£8°)/. With this in mind, it suffices to select

VO = [ G 16 ds e () (1mL.57)
n

e Proof of Proposition //7.5 ¢ The matter here is to show by induction on K € {0,..., N + 1}
the property H(N) given at the level of line (II1.33).

o The condition H(0) is true. Noting Vg := '®v§ and Vof =P vg, this preliminary step
amounts to the same thing as showing the existence of Vi € (H3°)"" and Vof € (£8°)"" such
that

AV =0,  BV{=0, (VF+V)0,)="e)(). (IT1.58)

The above initial condition can be decomposed into

FVEM V) (0,) + LV VPN 0,) = (T - T (), (I11.59)
t(Vgsl//7 ‘/()82//)(07 ) + t(VOfl//, VOfQ//)(O, ) _ va(-) ) (IH.GO)

In view of (I11.56) and (ITL57), we must have V' (0,-) = Vi*/(0,-) = 0 whatever V{*(0,-)
is. It follows that we can identify VOSU/(O, -) and VDSQ//(O, -) through (II1.60). Now, knowing
what is VOSU/(O, ), formulas (I11.50) and (I11.52) give access to Vg14(0,) and Vg2H(0,-). Tt
remains to use the condition (II1.59) in order to further extract Vofu‘(O, -) and VOf2l (0,-).

We apply Lemma II1.8 and Lemma II1.9 in the case of the initial datas Vbs//(O, -) and VofL (0,-)
which have just been computed. Note that, due to the preceding construction, there is no
contradiction between the expressions Vg (0, -) and Vof / (0, -) thus obtained and the compat-
ibility conditions required at the level of (II1.59) and (II1.60). By this way, we can recover
functions V§ € (H)™" and Vof € (&°)!". Then, to conclude, it suffices to come back to
vy € HE and U(J; € £° through the action of ®~1.

o Assume that the condition H(K) is true for some K € {0,--- , N}. What must be done here
is a repetition of what has been made when K = 0, except that we must take source terms
into account. Again, we have to combine informations obtained in the proofs of Lemma III.8
and Lemma II1.9 together with compatibility conditions on the initial datas. For the sake of
completeness, we produce all details below.

Defining V%, = '"®vj, and VIJ;_H = 1P ’U{{_H, the starting point is the interpretation
of (I11.29) and (II1.30) for the indice K + 1 into (II1.46) and (III.53) and some compatibility
restriction issued from (II1.31). We have to deal with

AVEL =Fgi,  BVE =Gra, (Vi +VE)0,) =t () (IIL61)

As already noted, the source terms Fxy1 and G4 are functions of the Vjs and ij with
j < K. Due to the induction hypothesis H(K), these expressions are wellknown. Moreover,
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they satisfy Fry1 € (H59)™ and Gri1 € (£8°)"". The initial condition of (IT1.61) can be
decomposed into

FVES, VEES)(0, ) + SVESL VD0, = (I = Theyy (), (I11.62)
sl s2 1 2
YV vl 0, + LVEM  VED )0, ) = o () - (I11.63)

In view of (II1.56) and (II.57), as clearly indicated in the statement of Lemma III.9, the
expression VIM_I(O, -) depends only on Gg 1. We can determine V;/{H(O, -) through (I11.63).
Knowing what is V;/il(o, -), formulas (I11.50) and (I11.52) give access to vﬁl(o, -). It remains
to use the condition (II1.62) in order to deduce V}];fi((), -) and V[}(c%(o, -).  Remark that

the initial datas Vi (0,-) and VIJ;_H(O, -) thus obtained inherit the expected H*°(T x R)
smoothness.

Again, we apply Lemmas I11.8 and IT1.9 in the case of the initial datas Vl?/{&-l (0,-) and Vit (0,-)

K+1
which have just been computed. As before, the preceding choices concerning V;;{_l(o, -) and

Vi 1(0, ) are sufficiant to guarantee (I11.63) and (II1.62). We find that Vi, € (H5°)"" and

Vl](tﬂ € (£5°)'t. To conclude, it suffices to come back to Vi1 € HY and ’U{(+1 € &5° through
o1

The induction is finished. m

As a by-product of the preceding analysis, look at (II1.50) and (III.51) in the context of the
indice k, we can also retain the following statement.

Corollary II1.10 (Linear homogenization). For all k € {0,--- , N + 1}, the expression Ilv;
can be determined through the following parabolic equation

1
OIlvs — <M + ;H ((89‘1h)2)> Dy Tvg = St (I11.64)

where the source term S,lC = t(S’i i Sé i) depends on the indices j with j < k. This fact may
be formulated by writing t(Si,lw Sé,k) = t(ﬁ,kv fik)(v(s), e Vp_q)-

2.1.2 The case M > 2

In Subsection 2.1.2, we only assume that M > 2. It follows that non linear effects are present.
In particular, we can no longer seek two approximated solutions v? and vg of £% and sum
them into v + vsf in order to obtain an expansion satisfying (II1.8). We are forced to work
with the two time scales t and =2 ¢ together. By pluging the expression v + vg into L% with
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the form indicated at the level of (II1.4), we can obtain:
Ovi(t,.) +e L hoyui(t,.) + M2 (vl (t, ) Opui(t,.) + Ev25(t, )OyE(t, )
+ 721 (0,0ph v (8, ) — Pvi(t,.)
+e 200l (t/e%, ) + e thawl(t)e2, ) + M2l (t/)€2,.) Bpv! (t/e )
+ M2 ()€, ) Oyvl (/€2 )
2t (o dph vl (t/2, .)) —Pof (/)

(v D0pv! (t/€2,.) + v (t, .)D,v] (/€2 ))
+ M2 1f(t/€ ) Bgui(t,.)
+ M2 (t/e2, ) 9 ui(t, ) . (I11.65)
Fix any time T' € RY . Define
L%(g,vf) = dpvitet hoyvi+eM 2 (v} 0pve + cv2*0,vE) +e =21 (0, 0ph v’?) —P.v . (IIL66)
Recall that vg € £5° is assumed to be exponentially decreasing with respect to 7 € Ry. Since
e = 0((€2/H)™) = 0(eN),  V(,N)€]0,T] x N,

when looking at the Equation (III.65) for times ¢ €]0,7] with in view a precision of the
size O(e™V), all terms involving vl can be neglected. Now, the idea is simply to extend this
(relaxed) smallness requirement on the whole interval [0, 7). Briefly, we seek v? so that

L¥%(e,0f) = OEN),  te[0,T]. (I11.67)
The Equation (II1.67) can be completed with some initial data
N+1
v2(0,0,y) = v(0,y) = Z e v (0.y). (I1.68)

Clearly, it suffices to specify v2° to determine what is v ( -) for t € [0,T], by solving the
Cauchy problem (II1.67)-(I11.68). Now, in order to select v’ conveniently, we have to take into
account what happens for small times, in a boundary layer of size €2 near t = 0. To understand
why, just come back to the study of (II1.65) for ¢t ~ €2 or 7 ~ 1. Then, the contributions
brought by v{ can no more be neglected. Considering (IT1.65) with the information (I11.67)
in mind, it seems natural to impose

LY (e, vl %) = 0EY),  T€0,1] (I11.69)
where we have introduced
Eaf(e, vg, vl) = 5_2&rvg(7’, )+ e~ 1h ayvg”(r, )= ﬁgvg(T, )
M2 (W (7, )00 (7,) + 202 (7, )0l (7)) + 72 (0,00h 0 (7))
+ M2 (vgs(ezT, .)Ogvg(r, )+ 5U38(62T, .)8yvg(7', )
+ M2 (0 (7, )i (e?T, ) + 0 (7, ) Oy, )

N——" ——

(I11.70)
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Assume that the data v0 is known. The Cauchy problem (I11.67)-(I11.68) furnishes v?(¢, -) for
t € [0,T]. In particular, it gives access to all derivatives (9,)'v?*(0,.) with [ € N. Therefore,

13
we can go further in the analysis by replacing in £%7 (e, vf ,v2) all the expressions v**(27,.)

by their corresponding Taylor expansions (say up to the order N — 1) near ¢t = 0. As long as
7 € R is fixed, this operation is justified. From now on, we look at

LY, vy = 0@EN),  TeRy (I11.71)
where the definition of £/ is

LYY ] = 5—25’7@5( ) +e thdyue(r,.) — Pove(r,.)
+ M (vel( )Ogve (T, .) + ev3(T ,.)8y2}5(7',.)) +e2t (O,@ghv;(ﬂ.))

ez (N €D o N ED 2
+ M D0 (0000, )8pve(7,) 2 Y S (00" (0, )0y (7 )
=0 =0
N— 1 N— 1
+e < . 8t )02 (0,.) + e v2(r,.) )La,v: (0, ))
1=0 ' 1=0 '
(IIL.72)
To be coherent with (II1.4), we have to impose

0l(0,) = ol%C) = (02 —02)(0,), (IL.73)

where v2(0,-) and vZ(0,-) are prescribed as indicated in lines (II1.7) and (II1.68). Now, we
can recover some vl (7, ) for 7 € Ry by solving the Cauchy problem (II1.71)-(II1.73).

The difficulty comes from the condition v! € &5°. Nothing guarantees that the criterion

vg € &§° can be verified for some well-chosen v29. To show the existence and the uniqueness

of such a data v¥ is in fact what matters. The extraction of an adequate function v is
clarified in the construction described below.
For the sake of brevity, for £k > M, introduce the following notations:

={(i,5) €{0,...,N+1}?*; i+j=k— M}, (I11.74)

{zy, €{0,....,N+1}*x {0,....,N—1}; i+j+2=k—-M}. (IL75)

For k < M, we set J (M, k) =0 and Z(M, k) = (. We also adopt the conventions vj = v}: =0
for k= -3, k= —2 and k = —1. Let us now go into the details of the BKW calculus.

The first step is to inject some expansion v? like in (IT1.28) into the Equation (II1.67). By this
way, we can obtain a cascade of equations concerning the unknowns v§ = *(vf ,, v ,). More
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precisely, for k € [0, N + 3], we have to consider

Oy oo + h Oy 1 + Z vy ;001 ; + Z 3 ;007
(1,5)€T (M,k) (1,5)€T (M+1,k)

= 10pgv1 j + 1OyyvT o + ADgou] 1 + ADpyv3 j,_3 (II1.76a)

vy 2 + 1 Oyvs 1 + Z v1,:00v3,5 + Z v3,i0yv3,; + Ogh vy )
(4.9)€T (M k) (4,) €T (M+1,k)
= (10pov3 j, + Oy V3 o + ADpy V7 o + ADyyv3 3. (II1.76b)

The next step is to plug some expansion vf like in (IT1.28) into the Equation (IH.71) By this

way, we can obtain a cascade of equations concerning the unknowns U]J: = t(v{ i Vs k:) More
precisely, for k € [0, N + 1], we have to consider

f f f f
(971117,€ + havak_l + Z UH 189”1 Gt Z v27i8yv17j
(4,9)€T (M,k) (4,9)€T (M+1,k)

Y (o @) @i )0 + @) (1))

(4,9,1)EZ(M, k)

7

1

7_l
> (v @) @ )0 + @) (13,)00] ;) T

|
(4,4,1) EL(M+1,k) i

= pdpov] . + 1Oy v] o + Apov] 1 + Adgyvd . (IILT7a)

afvg,k: + hvg,k:—l + 80h”{,k; + Z vy 1307)2 i Z V3 1867)2 j
(4,7)€T (M,k) (4,)€T (M,k+1)
l
s T
0> (o @) @003,)0) + @) (05 ) (0) 00 ) T

!
(3,5,1)€Z(M k)
Y (@) 0O + @) 3 )00,) T
(4,9,0)ET(M+1,k)

= uaggvg’k + ,u(?yyvg’k_Q + /\891/”{,/%—2 -+ Aayyvg’k_?) . (IIL77b)

7l

Al

We can associate (II11.76) and (II1.77) with initial data v{® and v}:O satisfying the restriction
(I11.31).

Proposition ITI.11 (Solving (I11.76) and (II1.77) together with (II1.31) and the condition
v,{ € &£5°). Fiz a time T € RY, a number § €10, u[ and, for all k € {0,...,N + 1}, functions
v) € H(TxR). Then, the conditions (1I1.76x), (II1.77%) and (II1.51) have a unique solution
such that

(i, v]) e HPE xE°,  Vke{0,--- ,N+1}. (111.78)

Moreover, the component v}, can be identified through the homogenized equation (111.9).
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The strategy to show the Proposition II1.11 is essentially the same as in the linear case. The
proof relies on some induction on the size of N, based on the following hypothesis of induction:

HN(N) : " The Proposition II1.11 is verified up to the integer N . (I11.79)

To go from N to N +1, we repeat the steps of the subsection 2.1.1. Again, we use a succession
of Lemmas which are adaptations of the preceding ones. But now, along the way, we have to
take into account the influence of the non linear terms. Before going into the details of the
analysis, we give below a brief description of what happens.

- When M > 3, the construction can be obtained by slightly modifying the linear case.

- When M = 2, the non linearity becomes critical and a few arguments must be added.
For instance, if we write the equation (II1.76a) for £k = 2, we can notice a Burgers’ term

&tv‘io +h 83/”?,1 + Uio 89?)‘1970 =L 8991)‘1972 + u ayy?)io + /\8991)?71 + A@gyvjo (IH.SO)

and also two contributions dpgvi o and Jpevy | to be calculated in function of vf ;, with
apparently a non linear dependence with respect to vf .

- When M = 2 again, another effect of the non linear interactions is the apparition at the
level of what replaces the homogenized Equation (I11.37), see (II1.82) below together

with (II1.86), of a new source term SZZ// which can depend on vj.

- However, there are transparency phenomena at work which come from the initialization
procedure. Indeed, knowing that vi = 0 for k € {—3, -2, —1}, the Equation (II1.76) in
the case K = 0 and M > 2 reduces to 11 0pevi = 0. In other words, we have to impose

vig = (I-Mvj, = 0. (I11.81)

It follows that vf,0pvi, = 0. In the same way, all other apparent non linear contri-
butions will disappear. Therefore, the remaining term Ilvf, can be determined apart
without seeing any non linear effect.

e Interpretation of the system (II1.76) e The first step (Lemma II1.12 below) extends to
the framework of system (II1.76) what has been done in the proof of Lemma III.7. The new

thing is the production of additional source terms S,:,Ll// with explicit formulas. The further
step in this paragraph (Lemma I11.13) describes precisely how the SZZ// depend on the vjsf. For
this occasion, the two cases M > 3 and M = 2 must be distinguished.

Lemma III.12 (Non-linear homogenization). Assume that the functions vi with k € {0,..., N + 3}
are solutions of the system (I111.76). Then, for all k € {0,...,N + 1}, the part Ilv} =
F(IIw§ ., IIvs ) is a solution of

s — S l nl S
Olv; ) — (1 T((95 'h)?) ) By Mlvs ), = 51{/1@ + Sl,k// + P{H(I =g,

Ollus y, — (p+ LT85 h)?) ) Dy Tvs , = Sy, + Sy + PE-(1 — s, (I11.82)
+ PY/TIvs , + Q5H(T — s, .
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In the above system (I11.82), the four operators Plu-, PQM, P2l// and lel, as well as the source
term S,i// = t(Si//k,Sé//k), are those defined along lines (I11.38)-----(I11.]5). On the other

hand, the new contribution SZU/ = t(Silk//, Sglk//) is given by (I11.83)-(111.84).

Proof of lemma [/7.12. The matter is to identify the contributions brought by the non
linear terms. Let us project (I11.76) according to V/. Since J(M +1,k+2) = J (M, k+1),
this yields

8tHvik + 11 (h 8y”f,k+1) +1I Z v‘ii 891)‘194
(4,7) €T (M, k+2)
+1I Z US,i (%vij =p 8yyH”f,k )
(4,§) €T (M, k+1)
3tHv§’7k, +1II (h ayu§7k+1) +1II Z vy 3gvg7j
(,)€T (M, k+2)
+1I > w3040, | +T(06h v g 40) = 10y TTvs ) + A0y, TIvs ;.
(4,5)€T (M,k+1)

In what follows, we will use the system (III.76) and many integrations by parts in order to
interpret II(h %Uikﬂ), II (h 6yu§’k+1) and II <8gh ’Uik+2>. The goal is to show that these

quantities can be expressed in terms of the U3 with j € {0,...,k}.
o Study of II(h dyv] ;). Exploiting (II1.76a) with k + 1 in place of k, we can deduce
(A 0y} k1) = TL( g () Dy Dpoy 1)
1 — S S S
= ; H(&e(f(h) ay(atvl,kq - Mayy’Uqu - )‘a9yv2,k71))
1 - S S S S
+ m IT | 95 (h) Oy 2 v, Ogut ;5 + Z U3, Oyl

(4,5)€T (M, k+1) (4,9)€T (M,k)

1 B . A B .
+ " I1(h 9y (h) Oyyvs 1) — p I1(95 (h) Oyovs 1) -

Recalling (I11.34) and (II1.35) together with the conventions (II1.38) and (II1.39), we have to
deal with

s 1 _ s l s
II(h OyvT joy1) = — m il ((‘99 1h)2) Oyyllvg y, — Sl{/k: — P (I~ vy,

1 — S S S S
+ — II 80 2(h) 8y Z Ulvi a@ULj + Z 'U277; 8y'l)17j
K (i,j)ET (M k+1) (i,j)eT (M)
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o Study of II(h 0yv§’k+1). Exploiting (IT1.76b) with k + 1 in place of k, we can derive

II (h ayv;,k—i—l) = H(aer?(h) 8ya@9v§,k+l)
1 — S S S S
= I1 (897 (h) By (0005 j,—y — 1Oyyv5 j 1 — ADgy¥5 1 — ADyyv3 o))

1 - S S S S
+ ; II 8062(h) (9y Z Ul,i (99?)27]- + Z '0271' ayvlj
(i,5)€T (M,k+1) (4,5)€T (M,k)
1 - S S
t (055" (h) 0y (hOyvs 1, + Oph v 411)) -

We come back to the equation (III.76a) in order to change the last term in this sum. This
yields

1 B s 1 _ s
B I1(9p5 (h) 0y (Oph v 4 11)) = ;H (Oph 047 (h) Dy(I — TI)v5 141)
1 — — S S S
= 2 II (89h6992(h) 8y8992(1 —1I) (atvl,k:—l — 1Oy V1 1 — )‘aﬁyvzk—l))
1 _ _ s s
T2 IT (9gh 9y’ (h) 0y 0y (I — 1) (R Oy, — A 1))
1 —_ — S S S S
+ 72 H a@h 8992(h) 8y6002(l - H) Z Ul,i 891)173- + Z '1)2’1; 8:,/'1)1’]'
K (i,J)ET (M k+1) (ij)ET (M)

Using notations (II1.40), (II1.41) and (II1.42), this amounts to the same thing as

1 — s
I(h ayvg,k—i—l) = —; II ((59 Qh)Q) ayynvz,k

11 s 11 s s
- 52,11/ - leu (I - H)’ULk — b, / vy, — 12u (I - H)’Uz,k

1

+ p IT [ 0,7 (h) 0, Z vy ; Ogvy ; + Z v OyvY
(4,§) €T (M, k+1) (4,5)€T (M k)
1 - — S S S S
+ ) 11 39h 89(92(h) 8y8992 (I — H) Z vl,i 891)10‘ + Z /U2,i 8@/7}1,3‘
K (i,))eT (M k+1) (i,j)eT (M)

o It remains to compute II(Jph v, ,). This is again (II1.76a) with this time & + 2 in place
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of k.
I (9ph v3 o) = I1(957 (1) Doy s y2)

1 — S S S

= ; II (89 H(h) (at%,k — pOyy v — Agy(I — H)”Q,k))
1 _ s s

- m TL(8 ' (B) (hOyv3 oy — Aoe7 i)
1 — S S S S

+ m I | 9, L(n) Z vy ; Ogut ; + Z vy, Oyv1

(,9)€T (M k+2) (4,9) €T (M,k+1)
We want to remove the presence of vy, ;. The relation II(h a;lh) = 0 allows to write
(95 ! (h) (h0yvf i1 — ADpgvf 1)) = T (h) (h By — Ngo) g’ (I — 11 Dgovi 1)) -

The part dggvy ;| can be extracted from the equation (IT1.76a) with k + 1 in place of k. We
find

1 — s S S
II (89h ’Uik+2) == ; 11 (80 1(h) (8751)17,9 - /,Layy'ULk - Aagy(_[ - H)/UQ,]C))

1 — — S S S
+ p II (89 l(h) (h 0y — )\890)8992([ —1I) (atv1,k—1 - Mayy’ul,k—l - Aa@yUZk—l))

1
+ 2 I1 (9, (h) (h 0y — ADpg) Dy (I — II) (h Oy 1, — ADggv§ 1))

1
+ 2 II (691(h)(h Oy — o) 0y (I — T ( Z v Ogvi ; + Z v ; ayvjj) )

(4,) €T (M, k+1) (4,5)€T (M,k)
1 — S S S S
+—T11| 9, (h) Z vy ; Opvy j + Z v Oy
p (4,5)€T (M,k+2) (4,§) €T (M,k+1)

With the notations (II1.43)-(I11.44)-(I11.45), this is
II ((%h Uik+2) = _Sé?lé/ - PP (I - Mgy, — sz// v — 5 - w3 .

1 — — S S S S
+ 5 I ( 8, (h) (R 8y — ADgp) Dy (I — 1) S w0+ > vl 00
H (1,))€T (M k+1) (1,)€T (M)
1 - S S S S
+ M IT | 9, (h) Z vy ; Oguy ; + Z v Oy

(4,5) €T (M,k+2) (4,§) €T (M,k+1)

o Conclusion. Combining all informations together, we finally obtain (I11.82) with

! 1 _
Sil = - 1| %) 0y DO LU PR D DI A
(4,5)€T (M k+1) (4,5)€T (M, k)
—1I S whioei i+ Y w05, (111.83)

(4,5) €T (M, k+2) (4,J)€T (M,k+1)
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and
nl 1 — s s s s
S2k// T II 8002(h) Oy Z vy ; Oguy ; + Z V3 ; Oyt
(4,5)€T (M, k+1) (4,9)€T (M, k)

1 — — S S S S

- ? IL { Oph 8992(h) ayat962(l —1I) Z Vi 39”1,j + Z Vo ay”Lj
(4,7)€T (M,k+1) (4,5)€T (M,k)

1 _ _

-2 I | 9, (h) (h Oy — AOpg) Dy (I — T0) vl ol > v, 0
(6,)€T (M k+1) (,)€T (M,k)

1 - S S S S

o I | 9, L(n) Z v]; Opvy ; + Z vy, Oyvy 5
(4,9)€T (M ,k+2) (4,)) €T (M, k+1)
—1I S w0+ Y w055 | (I11.84)
(4,)) €T (M, k+2) (4,5) €T (M, k+1)

|
The definition of SZZ// involves the sets J (M, k), J(M,k + 1) and J(M, k + 2). Note that
(M >3, ke{kk+1k+2}, (i,j) € J(M,k)] = i<k-landj<k—1. (IIL85)

Thus, the presence of v} inside S,Zl// is not allowed as long as M > 3. On the contrary, when
M = 2, it becomes effective. This remark can be formalized through the following statement.

Lemma III.13 (Refined description of the source term of (I11.82) in the non linear case).
i) When M > 3, the expressions S,i// and S,Zl// only depend on the Uj with j € {0,...,k—1}.
More precisely, we can retain that

l l s s nl nl s s

// f//(UOr"vvk—l)a = fq //(U[)?-"avk—l)
where f,i// = t(f{//k,fl//) and fgnl// = t(fle//,fgzl//) are respectively homogeneous linear and
quadratic functions of their arguments.
it) When M = 2, the expressions S,?l// only depend on the 1);? with 7 € {0,...,k}. The

influence of vj can be precised through a decomposition of the form

nl nl s s s\ s nl nl nl
S = (g, o) + SPa v, F = (g gl

Again fgnl// is a quadratic function of its arguments whereas SP(vg) :=*(SPi(v§), SPa(v§))
1s the linear differential operator defined according to
SPi(vy) vy, = — L (0]}, Opvi o + v] o OpvT ) ,
1 _
SPy(vp) vi, := —TI(v] o Ogv3 . + 0] 1, Dz ) — e (951 (h) (05 9 DS 1, + 03 Bt o)) -
(I11.86)
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nlj — fli//+fgnl//

From now on, we note simply f;

Proof of lemma ///.13. As already mentioned, the statement i) is a direct consequence

of (I11.85). The linear aspect of f,l/ is a consequence of the formulas obtained in the Sub-
flgnl//

section 2.1.1. On the other hand, the quadratic aspect of is obvious in view of (II1.83)

and (I11.84).

It remains to consider the situation i7) where M = 2. Note that J(2,k +2) = J(0,k). In
view of (II1.85), we have to concentrate on the contribution

—II Z vy ; Ogy
(1.3)€T (0,k)

1 - S S S S
— ; 11 69 l(h) Z UL,L' 801]173' —1I Z ULi 69U27j
(4,9)€T(0,k) (4,9)€T(0,k)

In the sums above, only the extremal indices (7, j) = (k,0) and (i,j) = (0, k) give a contribu-
tion to include in SP(v§), leading to (II1.86). -

e Analysis of the system (II1.76) e Introduce f,?u = ,lf + f,?nu where f,lj is defined

at the level of (I11.47)-(II1.48) whereas fg"u =Y fzu, 2q7]~2u) is given by

f = (1) STl Y. w0, |, pe{1,2). (1IL8T)
(4,9)€T (M,k) (4,)€T (M+1,k)

Lemma II1.14 (Description of f,’;u). The functions f,lj- and fg”u only depend on the v3
with j € {0,...,k—1}. They are respectively homogeneous linear and homogeneous quadratic
functions of their arguments (vg,...,vi_q).

Proof of lemma /77.14. Just look at (II1.47)-(I11.48)-(II1.87) together with (III.85). -

The guiding principle to study the system (II1.76) is the same as in the subsection 2.1.1. Still,
to go further, we have to distinguish the general case M > 3 from the critical case M = 2.

o When M > 3, the expression V7 := ‘P v}, turns to be a solution of
s n n nl n nl
AVE = St =t i pi 1D (IIL88)

According to the Lemmas I11.7 and II1.14, the above right hand term f,:}l can be viewed as a
source term. The discussion when solving (II1.88) is clearly as in Lemma IIL.8.

o The case M = 2. Recall that we can exploit the condition (II1.81). This information is
essential. It induces many simplifications when computing SP(vj). We find that SP;(v5) =0
whereas SP,(vj) can be reduced to the following linear (non differential) operator

1 B
SPy(v§) vi = — TI(v}% v o) + p v T (hvih). (111.89)
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At first sight, the expression SP(v§) v§ depends in a non linear way on vj. However, we can
again exploit the condition (II1.81) (which says that UiJ(‘) = 0) and then apply (IT1.89) with
k = 0 in order to obtain further cancellations. It remains

SP(vy) vy = 0. (I11.90)
From now on, since there is no more ambiguity, we can omit to signal that SP(v§) depends on

v§, and in fact only on Ui//o- We will most often note SP(v) = SP('I}S//> =SP =1SP,SP,).
Since SP, # 0, the formulation (III.46) must be changed. This time, we have to deal with

1178 n nl n nl s s
AV =Y l,échfl,k//’ Z,IkL’fQ,k//)’ Ve =100} (I11.91)
where
10g0 0 0 0
~ — P+ P, 0 0
A= T T, b 0 (I11.92)

Pt —-sp, Pt QY P,

The similarities between A and A are obvious. These two matrix valued operators have
both a triangular structure. The difference, when passing from A to A, concerns only the
perturbation in the bottom-left position (4,1). This particularity plays a crucial part in the
discussion below.

Lemma III.15 (Solving the system (II1.91) that is the system (III.82) in the case M = 2).
We assume that M = 2 and that the condition (II1.81) is verified. Select a function Vb// =
t(Vol//,V}JQ//) € H*®(R)? and a source term F = {(F FU F2L F2/) € (H®)!. Then, for
all T € R* | the problem

[AV=F, v=tvi vy v vy, v =t vy nes)

has a unique solution V in (H3)™".

Proof of lemma /77.15. As in Lemma II1.8, the successive components of V' can be deter-
mined by arguing line after line. The only change is at the level of the fourth line where the
supplementary source term SP; V* must be incorporated. -

e Analysis of the system (II1.77) e Introduce ka =19 v,{. From (II1.77), we can extract

that ka must be a solution of

l l l
BV =gt ot it asly . git=gh gl (ITL.94)

The definitions of B and g, are the same as in (I11.53) and (II1.54). On the other hand, we



2. CONSTRUCTION OF APPROXIMATED SOLUTIONS 91

find that the extra source term ggnl = lt(g(ﬁl, gg%) is given by
U f f f f
gfj}c = Z v agvm + Z Va4 8yv17j
(Z,])GJ(M,I{?) (l,])GJ(M,k—l)

Y (e 00 @i )0 + 00! ()0 a],) T

(4,9,1)EZ(M, k)

S S T
Y (@) @) + @) w5)0) L) T
(4,5, ET(M,k—1) ’

93,75 = Z ”{,ia‘)“g,ﬂr Z “5,139”5,3'
(1,])EJ(M,]€) (Z,])GJ(M,k*l)
l
S S T
0> (o @) @03 )0 + @) 5 )(0) D) T
(i:3,))€Z(M k) '

7

Y (@ @0+ @) (500 00d,) T

(4,9,0)€T(M,k—1)

Lemma II1.16. Assume that M > 2. The functions gfg and gznl depend only on the U{ and
the agvj((), -) where j € {0,...,k—1} andl € {0, . LgJ } They are respectively homogeneous
linear and homogeneous quadratic functions of their arguments.

Proof of lemma [/7.16. It suffices to examine the various terms appearing in the sums
involved by the definition of ggnl.

- The sums based on the symbol J can be dealt by observing that

(M >2, ke{k-1k}, (i,j) e J(M,k)] = i<k-1landj<k—1. (IIL95)

- The sums involving the symbol Z are of the form Z(M, k) or Z(M, k —1). Coming back
to the definition (II1.75), we can easily infer that

(M >2, ke{k-1k}, (i,5,1) €I(M,k)] = i<k-1landj<k—1 (IIL96)

as well as [ < L%J
|

Due to Lemma I11.16, the expression gl’jl can be viewed as a source term. Thus, the discussion
about (I11.94) can be done in the same context as in Lemma II1.9.

e Proof of Proposition //7.11 e The matter is to show by induction on K € {0,..., N + 1}
that the property given at the level of line (II1.124) is verified. The induction has already
been initiated. We have seen that the analysis of (III.76) in the case k = 0 yields directly
(II1.81). Now, knowing that the condition (III.81) is verified, we can interpret all equations
as indicated just before. It means that the discussion is very similar to what has been done
in subsection 2.1.1, and we can be satisfied with only giving indications of proof .
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o Verification of HN(0). By convention, we start with v; = 0 and U£ = 0 for k €
{-3,-2,—1}. Applying Lemmas II1.13, II1.14 and II1.16 with k 0 and exploiting the
given (linear or quadratic) homogeneity properties, we find that f =0 and g"l = 0.

Recall that Vi := ‘@ v§ and VOf =P v(]; . The matter here is to show the existence of functions
Vi € (H59)™ and Vi € (£5°)™ such that:
- For M > 3:

AVE =0,  BVf=0, (Vg +V)0,)="25(). (I11.97)
- For M = 2: B

AVg =0,  BVf=0,  (Vg+V)0,)="25(). (I11.98)
By construction, the two first lines of (I11.97) and (I11.98) amount to the same thing as

/La@g’l)fi‘) = 0. We recover here (IT1.81). From (IT1.90), we can deduce that JZV&)S = AVy.
Therefore, the discussion concerning (II11.98) is the same as the one related to (II1.97).

Now, it suffices to observe that the two problems (II1.97) and (III.58) are similar. Therefore,
the existence and uniqueness of a solution to (II1.97) can be obtained by repeating the step
K =0 in the proof of Proposition III.5.

o Assume that the condition HN (K) is true for some K € {0,---,N}. Since the criterion
(II1.81) is satisfied, the problem can be interpreted as before. The matter is to find two
functions V%, :=*® v} € (HF)"" and VK+1 =1® vk € (£8°)"" such that:

- For M > 3:

AV =tof,  BVL ='ogl (Vi +VE)0,) =00 ().
- For M =2:
AV =, BVL, =gl (Vi +VE )0, =10 ().

The induction hypothesis applied with the indice K together with Lemmas II1.13, I11.14 and
I11.16 say that the functions ‘® f,:‘l and ‘® ggl are known source terms with the expected
(H3)™" and (£5°)"" regularities. When M > 3, we recognize (II1.61) and we can argue as in
the proof of Proposition II1.5. When M = 2, the same types of argument prevail except that,
whenever it is necessary, Lemma II1.8 must be replaced by Lemma II1.15. |

From the preceding construction, we can also deduce the following information.

Corollary II1.17 (Nonlinear homogenization). For all k € {0,--- N + 1}, the expression
ITv; can be determined through the following parabolic equation,

OITw;, — <u + in ((aelh)Q)) Dy vy = S| (I11.99)

where the source term S" : (51 k,S ) depends on the index j with j < k. This fact may
be formulated by writing (S1 e S ) t(fnl o [ ,lk)(”S? e UR)-
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2.1.3 Approximated solutions

In this subsection, we prove estimate (II1.8). To this end, we explicitely compute the action
of the operator £ on the approximated solution v¢ built in Subsection 2.1.2 and estimate the
remainder R := L%(e,v2) in H™-norm (for m > 2). Since m > 2, H™(R?) is an algebra (we
can easily estimate the product of functions), the first step is to decompose the action of £*
into

LYe, vl (t, ) = L(e,025(t, ) + L7 (2,025 (¢, ), 02 (t/2, ), (II1.100)
where the operators £%° and £%f are defined in (I11.66) and (II1.70).

On the one hand, v%* is constructed according to the cascade of equations (II1.76). We justify
further that it is a good approximation for the operator £%°.

On the other hand, v?f is constructed so that it approximates the operator £/t defined at
the level of (IT1.72) instead of £%/. One aspect of the following discussion is to justify that v !
is again an approximated solution for the operator £4/. We recall that to pass from operator
£ to £3/t a Taylor formula is applied (to decouple the various time scales). Hence, they
only differ from a remainder (which is an integral given by the Taylor formula) that we have
to control. To that purpose, we state the following lemma.

Lemma III.18. Let m > 2 be an integer and 6 €]0, u[. Let f € EF(TxR), g € H?’O(T X R).
On the strip [0,T], consider the functzon hewp(t,:) == f (e7%,) f(f uNg(u,-)du. Then the
family {e=N+Dng, p}. i bounded in Hip" T x R), i

(N+1) e
sup sup H )h )H < 4o00.
€€]0,1] t€[0,T] exp H™(TxR)

Proof of Lemma /77.18. We study the competition between the fast decreasing behaviour of
the function f and the growth in time of the function g(¢,-) := fg uNg(u,-)du. The product

is estimated in homogeneous Sobolev spaces H? (j € {0,...,m}) thanks to a Gagliardo-
Niremberg estimate (see Proposition I11.19). It requires some L* control on f and g. Let j
be an integer such that j < m.
o Since f € £*(T x R), we get:
-2 -5t
vVt e [0, +ool, Hf (e, .)HI(-)I’"(’]I‘XR) <e ez,
From the embedding H™(T x R) < L*(T x R) (m > 2), we also obtain

Hf (5*2@ ')HLO@(TX]R) S e %z ) Vit e [0,+o00].

o From the assumption on g: Vu € [0, T}, [|g(u, )| poc (rxr) S [|9(t; )| grm (r5r) < K. We use
the polynomial structure of the integrand to get a control in L°°-norm:

t t
1508, ) oo ey < /O W Nlg(at, ) ooy e < K /0 WNdu < CyytN L,
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with Cy v := K/(N + 1). The control over g in L?>-norm (with o € N? satisfying |a| = j)
is obtained through

t 2
Haaﬁ(tw)lliz(wmﬁ/ </ uN@ag(u,G,y)dU> df dy
TxR 0

t
St/ u2N/ (0%g(u,0,y))? db dy du
0 TxR
t

<t /0 W2V g, ) oyt < L (2N 4 1PV < CF 2N,

with C3 y := K*/(2N +1).
o Finally applying Gagliardo-Niremberg’s inequality leads to for all time ¢ € [0, 7],

I (=7%4) (e, )l

HI(TxR) ™~ <Hf 7275 HH]TRHQ( )HLOO(TXR)

+ Hf (5_2tv ‘)HLoo(TxR) Hg(t"wﬁj(mﬂ@)) ’

t
5 tN—l—le—zzE—2

The function . : t — t¥N+1e=et/=* is continous on [0, 7] and can be uniformly bounded by:
Vie0e], [ <M and  Vie[eT], |yo(t)] < TN Tem e

From the fast decreasing behaviour (to 0) of e/, we finally deduce that the family {1} is
bounded on the strip [0, T]: V¢ € [0, T] |¢(t)] < eV FL.
|

eProof of property ///.8e We estimate R..

o We start by evaluating the first component of R.: L£%(e,v?®). We write v?® as the sum
p2s = S NHL ks and we obtain:

N-1
L% (e,0%) = Z Opvi + Oy + Z v ;0pv} + Z v3 ;05
k=-2 (,5)€T (M, k+2) (1,5)€T (M ,k+1)

Ogov? Oy V% A Oy A Oy vs
+ 40, Bph v} 4 p) — (N 00V 2 T 1 Oyt ) + A0oUy j g + 0y”2,k>> + RS,

10905 gy o F 11 Oyyv3 1 + XDy v | + AOyyvs g
(I11.101)
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where the remainder R; is defined as

N+1
R =Y ow; +Noyuiy,
k=N
2(N+1)+(M~2) 2(N+1)+(M~1)
+ Z e Z vy ; Ogvj + e Z v3 ;05
k=N (i.5) €T (M k+2) k=N (i,5)€T (M k+1)
N+1 N+1
1 ekaggvik + A ENﬁggviNH + A Z 5]“893/1)‘29,,C
Ny N+1 N2 . (I1.102)
w Z ak(?ggvjk + A Z 5k89yvik + A Z €k8yyv§7k71.

k=N k=N k=N

By construction, the family {v}}refo,.. . n+1} is solution of the cascade of equations (IIL.76).
The consequence is that the first term of £%° in (II1.101) vanishes and £ (e, vf) = RE.
Moreover for all k € {0,...,N + 1}, vi € HY® and we can factorize by eV in the expression
RZ. We get for all interger m > 2

sup 5_N sup} ||R§(t, ')HH’"(’H‘XR) < Fo0.

€€]0,1] tel0,T

It justifies that v? is an approximated solution for the operators £ (up to order N).
o We construct vg so that it approximates the operator £4* instead of £%f. Performing a
Taylor formula (with respect to the time variable ¢ up to order N — 1) we have:

LY (e,vf v8) = LY (e,v)) + R

with a remainder which is defined as:
t N
Rﬁay(t, )= gM—2 </ ﬁ(ﬁt)N_lvals(u, ) du (%Ug(t/sQ, )+
0 .
Lul N-1,2s f 2
e/ (007 v (u, ) du Dy (¢/€7, )
t N
#2720/ [ @Y oz
0 .
t N N
ol [ 500 o ).

These terms are of the form of hg,, defined at the level of Lemma III.18. According to

Proposition I1I.1, the hypothesis of Lemma II1.18 are satisfied, for all integer m > 2 we have:

sup sup e v HRé‘W(t, -)HHm(TxR) < 4o00.
€€]0,1] t€[0,T7

o Finally, there remains to understand the last contribution £%(e, vl ). Plugging v = fo:ﬁ)l ekv?
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and vf ZQ”BI € vk into £ leads to:

N-1
Lol vl)(t/e?) = Y <871)£+2(t/62, )+ ROyl (H/22,) + 10,00k v] ) 5(t/%, 1))
k=—2
D DR ¥ (T A (Tt E S SR #1(J S XA (T
(4,5) €T (M,k+2) (4,J) €T (M,k+1)
tt s
+ Z Wﬁlv“( )391) (t/e*,-) + Z %ai 5i(0,°) Oyv; (/e )
(3,5,0)€T(M,k+2) (4,5,0)€T(M,k+1)
tl l 5
+ > i T (t/€%, 0195030, ) + > i vf (t/€%,)010,v3(0, .)>
(4,5,0)ET(M,k+2) (4,5,0)ET(M,k+1)
N+1 N+l
W Z ekaggv{’f(t/z-,‘?, )+ AsNaggvaH(t/aQ, )+ A Z ekagyv{k(t/ag, )
. k=N k=N + Rf
N+1 N+1 N+2 =
L Z skaggvg’k(t/az, J+A Z Ekagyvik(t/&j, J+A Z skayyvik_l(t/EQ, )
k=N k=N k=N

(I11.103)

where Rg the remainder can be decomposed as Rg = R;f + Rgf with Rif defined by

2(N+1)+(M—-2)
RY =eVoul /et )+ Y YT ] /e ) apul (/%)
k=N (4,7)€T (M,k+2)
2(N+1)4+(M-1)

D D= R (YR R (T

k=N (1,5) €T (M+1,k+2)
N+1 N+1
i Z 6k8991]1 k(t/E )+ Ae 8991)1 N+1<t/€ )+ A Z zskagy1)£k(t/527 )
k=N k=N
N+1 N+1 N+2 ,

,u Z Ekaggvik(t/g, J+A Z €k89y'0{’k(t/€2, )+ A Z sk(‘)yyvik_l(t/g, )
k=N

k=N k=N
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whereas Rgf consists of the terms corresponding to the Taylor formula:

AN+(M—2)

o,
R?f D= Z ek Z %agvu((), ) aevjf(t/&j’ )
k=N (irj,) ET(M k+2)
t .
DD L HUESPLLICD
(4,5,1) €T (M, k+2)
AN+(M-1) y

" Ek %aﬁvg,z(oa ) 8yvf(t/€2, )

k=N (G DET(ME+1)

t .
SRD DR L MUESPELTHOD
(i,5,)) ET(M k+1)

First of all, since {v,{ }reeo,N+1] satisfies the cascade of equation (II1.77), some contributions
vanish in (II1.103):
Lo e,v])(t/e*) = RY + RY.

-We start by estimating R, By construction (see Proposition II1.1), the profiles {Ug}ke{o,...,NH}

lie in £5°. Furthermore, we can factorize RY by V. We can write, for all integer m > 2:

—N || p1f
sup sup € HR (t, )H < +00.
€€]0,1] t€[0,T] ‘ H™(TxR)

-There remains the term Rgf . A priori it can be dangerous because it contains some polyno-
mials in the variable ¢/e2. Nevertheless we use the fast decreasing behaviours of the profile
v!. Indeed if f € £5° then for all I € N the function 7! f is also fastly decreasing: 7! f € &
for some 0 < ¢’ < §. Furthermore, noticing than we can factorize by " in R* , we obtain for
all integer m > 2:

~N || p2f
sup sup € HR (¢, )H < +00.
£€]0,1] t€[0,T] : H™(TxR)

2.2 The case of the pressure - Consequence

In this subsection we still assume that A, = Ae and M > 2. First of all we quickly prove
Proposition /71.2. Then we take advantage of the control obtained on {¢¢}. to prove that the
approximated solution v? is a good approximation for operator (£!, £2?) assuming v is large
enough (Proposition II1.3).

2.2.1 Approximated pressure - Proof of Proposition /7.2

In Subsection 2.2.1, we prove Proposition III.2. Consider the approximated velocity v¢
built according to Proposition III.1. The existence and uniqueness of a pressure g2 solution
of (II1.10) with a control over the family (II1.11) in H*® is classical. The obtention of (III.11)
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follows.

Since the operator Lg is linear with respect to the pressure variable, we build the profile gj,
as the solution of

Lo(e, g5, ve) = Owqf, + e 'h Oyqi
+ M2 (v Oy, + £ v20yq5) + C M2 (Ogvl! + e0yv2*) =0 (I11.104)

with initial data satisfying ¢5(0,-) = ¢2(-). We recover the approximated solution ¢ by sum-
ming over all multi-indices k € [0, N + 1]: ¢¢ := Zi\gbl ekgs.

At fixed e, the system (II1.104) can be written under the form:

QG+ fVi+gq=0,

for some f and g lying in H7® and for all 7" € R?.. This is a transport equation with coeffi-
cients lying in Wg°. For all time T' € R there exists an unique solution in ‘H$ satisfying the
initial data ¢(0,-) = ¢2(-). Thus (II1.10) is satisfied.

There remains to bound the family of functions {¢*}.. Consider the simplified equation:
Orde + et hay‘ja =0, qv(07 ) = qg() : (111'105)

The solution is explicit ¢(t,6,y) = ¢2(0,y — e 'h(0)t). The family {g.}. is bounded in L?.
The family {0p¢:}- is not bounded whereas the family {€dyq. }- is. To get ride of this loss of
regularity when derivating with respect to dy we introduce anisotropic Sobolev spaces H (”11 5

Let a be a multi-index of length m. Derivating (I11.104) with respect to e*0%, multiplying by
£“0%q;, and integrating (that is perfoming classical hyperbolic estimates in a weighted version
of L?) we obtain for all time T" € R* that there exists a positive constant C' (independent
of €) such that:

veelo,l], veel0,T),  llai(t, )y S e lladllam.

(1,e) ©

That is to say Inequality (I11.11) is satisfied. |

2.2.2 Approximated solutions for operator £
One consequence of the control obtained on the family {¢?}. is that {(¢%,v?)}. is an approx-

imated solution for the operator L, i.e. Proposition II1.3 is satisfied.

Consider (¢¢, vZ) built in Subsections 2.1 and 2.2. By construction, it satisfies Lo(¢e, ¢, v¢) =0
and:

YLy, L2) (5, ¢, v2) = L%e,v2) + Ce* M2 1 (q29pq%, € ¢*0yq") .

The quantity £%(e,v?) can be estimated thanks to (II1.8). Then we estimate

2v—M-—2 t(

£ q20pql, e q20yql)
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thanks to the Gagliardo-Niremberg’s estimate. Let a € N2, |a| < m, then

0% (420002l 2 = |

fel a\2 a a
00 (62| , < 2Cy a2l Il -

Yet, we only get a control of the pressure in the anisotropic version of the Sobolev spaces.
First we use (II1.5) to bound the L* norm. Then, we apply the following equivalence of
norms:

[l ggm <™ HHH@LE) : (1I1.106)
Thus we obtain that:

10 (20062 | 2 < 2Cge™ /2™ g2 e

Finally the non-linear term involving the pressure can be estimated as follows:

_ _M— _M—5/9— _ 2 _M—5/9— _
e N H82V M 2t(q€aaququgang)HHm S E21/ M-5/2—(m+1)—N ”ngH(”f"g)l 5 821/ M-5/2—(m+1)—N )
Assuming (I11.12), it completes the proof. |

3 Energy estimates

In this section we prove the result of existence and stability (Theorem I11.4). We fix m, v and
M three integers satisfying:

M>7/2 and 20—M-—5/2— (m+3)>0. (111.107)

Here, we still assume that A. := eA. All the estimates are still true for general A, providing
that we can build an approximated solution.

Let (¢%,v2) an approximated solution of order N constructed on the interval [0, 1] according
to Proposition I11.1 and Proposition III.2. The family {(¢%, v¢)}. lies in H?zi’? X HTHS’O and
satisfies Inequalities (II1.8) and (III.11). We denote by C,, Cra and C, positive constants
such that:

sup  sup |[vZ(t, )| gm+s < Cas sup  sup |lg2(t,-)|| gm+s < Ca, (II1.108)
e€l0,1]  tefo,1] e€]0,1]  te0,1] (1.e)
and
sup sup Hs_N Ca(s,vg)HHm%(TxR) < Cra, (I11.109)
€€]0,1] t€[0,1]
sup sup Hs_N Eo(s,qg,vg)HHers(TxR) <Cr. (I11.110)
£€10,1] t€[0,1] (1,e)

Since £ is symmetrisable, we recall that for any e €]0,1] there exists 7. € R such that
(g5, ve) is solution in H™ (m > 2) of (II1.6) with initial data satisfying (II1.7) and (III1.10)

e

(see for instance [39, 40]). Let R € N, we define on the strip [0, min(1,7})] the functions
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qft and v through the identity (q¢,v¢) := (q%,v%) + e®(¢f, vf). Instead of working on the
system (II1.1)-(II1.2) to prove the existence of a time T (mdependent of €) such that:

Ve €]0,1], min(1,7.) > T,

we prefer studying the new variable (¢ff, v®). We justify an accurate control over the growth
in time of the solution for the norm H(T e X H™ (see Proposition II1.20). To this end we

perform an energy method on the singular system (with respect to ) satisfied by (g7, vl):
gl +e7h ayqf + M2 (01 9gl + 202 0,q%) + CeM 2 (Opvl® + e 0yv2)
+ M2 (0 9pg? + ev20,q2) + CM 22 (a le +e0yv2) = SN (I1.111a)
Ol + e th oyl 4+ M2 (01 9gul + e v2 9puft) + M (le Ogvl + e v o07)
+ 140,672 gh vy | = Py (vF) = SBN | (1IL111b)

with initial data (¢f(0,-),v#(0,-)) = 0. The term (S&N BNy can be computed as a

R€> .

nonlinear function of (¢, v%):

SS’R’N = —5N_R(€_N£0(6, q2,vd)) — ghtM=2 (leagqf + 5U2R8yqf)
_ M2 R (69v1R~|—58 UQR)
SEN . — _N=B (=N pa(e p2)) — lHM=2 (U;R(%UE + evERayvg )

C€2V_M_R_2

-9 t(aoafay) (qg + ER(]f)Q

In addition, the control obtained on (gt vf) justifies that (¢¢,v?) is a good approximation

of (g5, v<) (in well chosen norms) up to order R.

oA pure hyperbolic approache We first assume g = A = 0, so the dissipation 755,)\5
vanishes. Let (¢!, v!) be solution of the linearized equation L(e, g, v.) = 0 in (¢%,v2):

Ohgt + e thaygl + M2 (vg Opqt + e v? 6yqé> + CeM72gL (9gv? + £ 900)
+ 5M72 (/U;l 89(]? + 5U§l ang> + CEM 2 a (a ’Ull + 58 U2l) — _50(57 qg7vg)7 (1111123,)

vl + e th ol 4 M2 (Uala dpvl + v 8yvé) 4 M2 (v;l vl + ev? @,v?)

+ t(Ov 5_289hv;l) = _C€2V_2 (qg t(al% 5ay)Q£: + qé t(al% 58@/)(1?) - t(£17 ‘62)(6’ Ug) )
(II1.112b)

with initial data (g1(0,.),vL(0,.)) = 0. At fixed ¢ the system has a unique solution on [0, 77].
We perform a classical energy method (for symmetrizable and hyperbolic systems) on (II1.112x).
First, we multiply (II1.112a)-(II11.112b) by *(€2*~M¢g,v!) to eliminate terms such as

CeM=240 (8 vl +66y1)2l> and  Ce® 22 '(0p,£0y)d.
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Then we integrate with respect to # and y and apply Gronwall’s lemma to obtain

vt e [0,T], H(s”’_Mqé,vé) (t, ')‘

L2(TxR)
< %t sup H(62”_M£0(6,qg,vg),Ea(s,vg))HH(TxR), (I11.113)
t€[0,1]
with
C. < C (1+e2||0ph| 1) (I11.114)

Inequality (IT1.114) indicates that the weighted (in €) L?-norm of the linearized solution can
increase exponentially with ¢. It seems to remain bounded for time Tel of order €2. This issue
has already been pointed out in several works dealing with turbulence [11, 12, 21|. They
underline the difficulty to describe the solution in a classical way in long time (¢ &~ 1). In [12],
to deal with the singular term e72||0ph| L= (in Inequality (II1.114)), a change of unknown
is considered to absorb the boxed term e 29yph v} in Equation (I11.112b). However, such a
change is not compatible with the defition of the viscosity term ﬁ& A

Here, with no more information, a pure hyperbolic method only provides a control of the
solution up to a time of order £.

eRole of the dissipatione To go further, we need to take into account the parabolic be-
haviours of Equation (III.111b). We add the dissipation —P; )_ in the linear system (III1.112x):

Ougl + =7 h Dyl + M2 (02 gl + 02 0yaL) + C=M 2L (9o + o)
— M2 (v;l Opq’ + ev? 8ng) — M2y (6911;1 + 5%1}?) = —Lo(e,q¢,v2), (III.115a)
vl 4+ e th oyl + M2 (vgla Apv’ + ev?® %vé) 4 eM—2 (vE” Dpv? + ev? 8yv§)

S Cer? I,
+]1(0,e20ph 1) | = Po s ol = - (a2 *(D.20,)d + aL (99, 0,)d2 ) — L7(=,02).

2
(I11.115b)

The viscosity —755, ). s a non-negative operator. Furthermore there exists ¢ a positive constant
such that for any function f € HY(T x R),

~ _ 2
veelo 1l = (Penfof) = e (67 00f | Fagramy + 1001 2ncmy ) == @<(V, £). (ITL116)
Taking this new estimate into account in the energy inequality has two consequences.

e Absorption phenomenae First at fixed ¢, it allows to absorb terms such as dpvlt
and 8yv§ in L?-norm. Thereby, we do not have to multiply the pressure by 2~ to
eliminate terms such as

CeM—240 (c%vgl + 58yvfl> and  Ce®72¢% 1(9y,£0,)q.
by an argument of symmetry. Thus we obtain L? estimates for the velocity instead of

weighted (in €) L? estimates.

Furthermore, taking the dependence in ¢ into account, the presence of the singular term
e~ 10pv] indicates that we can expect some absorption of the singular term e ~29ph v} %,
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e Regularization phenomenae A second aspect is that in addition to having esti-
mates L{°L3 y(']I‘x]R) we expect some regularization of the velocity. It should belong to
LH;  (TxR).

Having the absorption phenomena in mind we can hope for a more accurate estimate for Ck.
Indeed the boxed term e~29ph vl can be estimated as

6_1

[ oo anay| < < (W0 LI + e Ouek ).
X

This estimates indicates that the term e~29phv! is thereby singular of order e~! rather than
being singular of order e 2. Then, we can hope for a control for time of order .

e A singular change of unknownse Finally to get rid of this singular term (of order 1) we
consider a family (in €) of singular changes of variables . We naively consider the changes of
variables:

=gty M=ol = 2R
In some way, it strengthens the influence of v2f in the system (or diminishes the influence of
ng). Injecting 173 = E’U2R in the second Equation (II1.115b) brings a negative power of ¢ in

front of the derivative in time d;. We eliminate it by multiplying by €. System (III1.111) can
be written:

gt +eh ayaf + M2 (02 9yl + ev2 0, ) + C M 2GE (gl + £ Oy
+ M2 (TR gl + 02F 0,yq?) + C eM2¢2 (9puL " + 9,021 = SORN - (111.117a)
8@5 +e7h aﬁg +11 (0,871 Oph 5;1%) +eM- (U;a 89578 + 51)3@8 U, )

+ M2 (19, + 280,) H(01%, £ v2%) — Q. \. (BF) = SBN, (111.117D)

together with the initial data (¢2(0,-),v2(0,-)) = 0. The new sources are:

£

gg,R,N — _ENfR(ngEO(qugjvg)) . ER+M72 ( 1R8 b + ’Z)2R8 )
—Ce R+M-—-2 R(a UlR+8 ’UQR)
gf"N = —eVTR (N (LY, v,), L5 (e, v.))) — eBFM2 (ng(%vs + ngﬁyvg )
0621/7M7R72

R\ 2
A S k (89,52831) ((J? + 5RQ§)
The first (desired) effect is that the boxed term is desingularized into ¢ (0, e 10ph 5;R). Nev-
ertheless, the desingularization of this hyperbolic singular part is at a cost on the parabolic
part of the operator. The dissipation is transformed into

0 37 = (ZT) 2 L (11 (D005 + €200 8) + A (00" + Dy02")
e, e Ve QE )\E~R (899 (%= +528y O )+62)\ (89y’U _|_ay ) s

Yet the new dissipation Q. ). obtained might no longer satisfy (II1.116). We prove, assuming
Ae is small enough, that it does (see Lemma II1.25). Thus, the control for bounded time is



3. ENERGY ESTIMATES 103

a balance between the singular term and the dissipation. The parabolic approach described
in the previous paragraph for the linearized equation can be considered again. It provides a
L%bound for the (g¢,v!) for time T! up to order 1 (see Proposition I11.20).

In what follows we consider system (II11.117x) for (gZ%, ) instead of system (II1.111x). We
perform energy estimates for (II1.117x). This approach has a cost since when we go back to
the initial variables (¢, v), we only get a bound for the family {ev2%}..

eNon-linear termse There remains to check that non-linear terms such as
R+M-2 (~1R ~R ~2R ~R R+M—-2 ~R ~1R ~2R
—eftt (027 Opgs’ + 02" 0y qt) — C et a2t (00 + 0,02")

and
C€2V—M—R—2

" (00.5%0,) (a2 + <"at)’

M2 (GRgR 4 320 TR
contained in (§S’R’N,§§’N) do not prevent the control in L? norm for time of order 1. A
priori, if R and v are large enough, their contribution is weak. They will not interfere too
much in the discussion.

Another aspect of the parabolic effect is the regularization of the term

C€2V7M7R72

~R\ 2
5 “(0p,e* 0y) (¢* +e"gt)”. (I11.118)

Indeed if we multiply by the velocity and integrate, the derivative ¢ (89, 528y) can be passed
to the velocity by an integration by parts. If v is large enough, it decouples the equation
on the pressure and the velocity. Similarly to the construction of the approximated solution
(g%, v?), we first look for estimates for the velocity by performing some non-symmetric energy
method on Equation (III.117b), then we plug it into (II1.117a) to deduce a control over the
pressure.

The way to deal successively with the velocity and the pressure is reinforced by the fact that
we only expect estimates for the pressure in anisotropic Sobolev spaces H (”f e whereas the
velocity is estimated in classical Sobolev spaces. On the one hand, Equation (II1.117a) is a
hyperbolic equation with a singular transport e 'h 0y. We lose a power of € each time we
derivate with respect to §. On the other hand, the same should occur for Equation (II1.117b).
However the viscosity absorbs the singular transport.

Nevertheless they are still coupled. The presence of the pressure in Equation (III1.117Db)
through (II1.118) is traduced on wy, (defined by Equation (II1.13)) by a loss of precision with
respect to the regularity m (see (I11.13)) .

We justify further those heuristical arguments by performing estimates for non-linear terms
thanks to the Gagliardo-Niremberg’s inequality

Proposition IT1.19 (Gagliardo-Niremberg’s inequality). Consider an integer m € N and
a multi-index o of length m (o] = m). There exists a positive constant Cy which only
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depends on m such that for any multi-index 3 such that 0 < G < «, for any functions
frge H™(T xR) N L>®(T x R) we have

|

The drawback of this inequality is that it requires that the function are bounded in L° which
is a priori not the case.

021 %[, < Cy (IF115 gl e + 171 gl ) -

eNotations and resultse To overcome the difficulty of L°°-estimates, we introduce the
following characterized time T > 0:

T} := min (1, sup {Vt € [0.T0, 1GE ) s ey < 20 105 @ rmss puy < 2}) :
T€[0,Tx] (1,e)

Thanks to Inequality (II1.5), it provides L>-estimates on the strip [0, 7], for all € €]0, 1]

vt e [0,T7], Hﬁaf(t,-)uwﬁ;,w(m{)§2, [TE ) 1,00 gy <20 (IIL119)

The main result of this section is an accurate control of (g%, 5%) on the strip [0,77] in the
m-+3 « Hm+3

(Le) ‘

Proposition I11.20. Select v, M and m integers satisfying the condition (I11.107). There

exist qrip and K two positive constants such that:

following norm H

* ~ 2 w.
Ve €]0,eqi), Vit [0,T7], |2 ¢, ')\\Hg+§(qer) < e¥m K t, (I11.120)

yE

|55, ')Hifmmrxm < e2m Kt (111.121)

where wy, is defined in Equation (I11.13).

The proof of Proposition I11.20 is done in two steps. First in Subsection 3.1, we prove the
estimates for the velocity (II11.120) taking profit of the dissipation. Then in Subsection 3.2 we
inject the estimates obtained to deduce the control over the pressure (I11.121).

Those estimates allow us to extend the solution further than the time 777 on a time independent
of . We deduce the minoration for the lifespan of time 7 in Subsection 3.3.

To clarify the notations we drop the ~ in Sections 3.1 and 3.2.

3.1 Energy estimates for the velocity

In Section 3.1 we prove estimate (II1.120) for the velocity in Proposition II1.20. We crucially
use that Equation (II1.117b) is a parabolic type equation to prove an L?([0,T], H™*4) es-
timate for v®. This gain of regularity is important in order to get a control in L? over the
pressure.
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Proposition I11.21. Let vl be a solution of (II1.117b) on [0,TF]. There exist a positive
constant .t and two positive constants K}, and K2, (independent of €) such that

Ve €0, cmul, VEe[0,T7],  |vf( e2wm g1 (ernt—1). (I11.122)

HHm+%TxR)

Furthermore, select a multi-index o € N? of length || smaller than m + 4; then

2
Ve €]0, eert], Vi € [0,T7] / H ~8a1.0)gayR (g ,-)‘ ds < KL e20mg  (I11.123)

L2(TxR)

where §; ; denotes the Kronecker symbol (of two integers): §;; =0 if i # j and §;; = 1. We
recall that wy, satisfies Equation (111.13).

We prove Proposition I11.21 by induction on the size of m settings:
P(m) : " Proposition I11.21 holds up to the integer m". (T11.124)

To go from m to m + 1, the proof is based on an energy method for Equation (III.117b) in

[¢]
the homogeneous Sobolev space H™.

Lemma II1.22. There exist ¢4 and ¢1 two positive constants such that for any J € [0,m + 3]
the following holds.
i) If J =0, there exist two positive constants C, and C¢ such that for all € €)0,e4), and for
all time t € [0,T7],

1

iat H’Uf(t

+ 1P (V,vE)(t) < C} va(t + Cp ¥, (I11.125)

2 2
’.)HL2(T><R) ’.>HL2(']T><R)

i) If J € [1,m + 3], there exist four positive constants Cp, C}, C?, and C§ such that for all
e €]0,eq4], and for all time t € [0,T%],

R 1]],,R 2 2wm
S AR PR 3 2V, £ O IoF 6 My + 7+ DG
al=J
2 |,,R 2 3 R R 2
+ O ) sy + €3 3 (|00l
la|=J
First, we decompose Equation (/77.117b) into
Ol + ol + AvE + Buf + Colt — Q. v =SB, (I11.126)
where the operators H, A, B and C are defined as follows:
Holl .= e hol, Avl = M2 ( vIRoy + USRﬁy) (vl ev?),
Colft :=t (0,67 '9phvlft), Boft := M2 (v199p0f + ev?*Op0f) .

We derivate (111.126) with respect to 9%, multiply by 0%vl and integrate:

1
50070 |72 = (9°(Qen. 0l 0°0F) = (97PN, 07lF) — (9” (AvE), 0°F)
— (0™ (Bvlt), 0%0f) — (0™ (Cvl), 0%0f) — (0™ (Hvl), 0]y . (I1L.127)
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In Subection 3.1.1 we prove several lemmas in which we estimate each contribution in the
above sum (II1.127). We divide the study depending on the singularity (with respect to €) of
the different terms. We end Subsection 3.1.1 by proving Lemma II1.22. Then in Subsection
3.1.2 we prove Proposition II1.21.

3.1.1 Inequality of energy

First, we start by studying the two non-singular operators A and B. Their study is rather
classical. We recall in both cases how we manage to exhibit an L?-estimate.

Then we move to the singular (with respect to €) operators
Hf =e *hd,f and Cf=e1%0,00h f).

They are also both singular with respect to the number of derivatives. This is not clear for
operator C. Nonetheless we perform an integration by parts to control it, making appear the
derivative 1 9y as in (I11.105). Such derivatives are controlled thanks to the dissipation Q. . .
Thus, we first prove estimate (I11.116) for the dissipation and get a consequence for operator C.

To deal with H, the mechanism is more simple. Note that (Hf, f) = 0, so that the singularity
vanishes. Nonetheless as soon as we derivate operators H and C with respect to dy, other sin-
gular contributions appear. Then, we deal with those extra terms (Lemmas I11.27 and 111.28).

Before proving Lemma II1.22 at the end of Subsection 3.1.1 (and before Subsection 3.1.2) we
estimate the term Sf” N One outcome on the proof performed is that the contribution of the
pressure throug the term (II1.118) is small on [0,7)] (Ve €]0,1]) when v is assumed to be
large enough.

eNon-singular Contributionse In this paragraph, we estimate the contribution of operators
A and B in (II1.127).

Lemma II1.23. Select a multi-index o € N? of length smaller than m + 3. Then,
i) if la| = 0, there exists C'y a positive constant such that for all € €]0,1] and for all time
te0,T7]:

(AP, oBY | (1) < 4 [0 (0 )2y (I11.128)

i) if |a| > 1 there exist 0}4 and C’i two positive constants such that for all € €]0,1] and for
all time t € [0,T7]:

(0% (Av) . 08) | (1) < ooy T+ CANOECE oty

Proof of Lemma //7.23. Select a multi-index « such that |o| < m + 3. We only deal with
the case |a| > 1. The proof in the case |a| = 0 is the same. Applying the Cauchy-Schwarz
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inequality:

‘<6°‘ (Avf),aavfﬂ :5M72‘<8a ((v 1R89+U2R8) (vl ev? “)),0% R> ,
< 2 (19° (™ 8y +22%0,) 02, 202) 72 + l0F )

e’ a a fel a a 2 1 fel 2
< [0 (v 8 (l, e 2) I + 110 (627 9, (ol e u2) [ + 5 |0 e

o We start by estimating H@O‘ ( LR 9 t(v)e e v? )H 72- We apply the Leibniz formula (for the
derivative of a product). There exists {C’a’g}g a family of positive constants such that:

0% (02001, ev2") = D Cap 0* Wl 0909y (01% e 02%).
0<f<a

Apply the Minkovski inequality, then use (II1.108) together with the classical embedding
Hm+6 I Wm+4,oo:

[0% (027 05 (v e v2)) || 12 < D Capll@* Pl 9%05 " (01,6 02%) || 12,
0<p<a
< Z Ca,ﬂca”aﬁvfuLQ’

0<f<a

Sorting the term contingent on the number of derivatives acting on U , there exists a positive
constant C, > 0 such that for all € €]0, 1] and for all time ¢ € |0, TE*],
2
) ﬁna|) :

,£v2%). Sorting all the terms we obtain,

0% (v27 8t (v, e 02) ||} () < Ca (va(t, Mo + [|0E (@

o We can perform a duplicate study for U2R8 t(pla

for all € €]0, 1], for all time ¢ € [0,T/],

o o 2 1 2
(07 (AR) , 070 (1) <2 Co ot ) [P sy + <2ca + 2) CEOST .
This terminates the proof. |

The main difference between B and A is that B contains some derivatives of order one acting
B such as v;“(‘)gvf. We can apply the same study for operators B. However, terms of the

on v;
form appear in the final estimate. As we expect the dissipation (). ). to absorb

Hlal+1
it, the final estimations (II1.125)-(I11.126) still work. However in concern of being accurate,

we actually prove that it only depends on vaquaM not on the term Hv a1’ To do so
we notice that integrating by parts,
1
O dpvlt vty = — 89U§“§|v§|2d9 dy . (I11.129)
TxR

We can pass the derivative 0y on the approximated solution. We prove:
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Lemma II1.24. Select a multi-index o € N? of length smaller that m + 3. Then,
i) if la| = 0, there exists C; a positive constant such that for all € €]0,1], for all time
re o1y
R R 1,,R 2 .
(0% (Bus') ,0%v.1)| (1) < C [|vz'(t, ')HL2(Tx1R<) ’
i) if |a| > 1, there exist Cfy and Cg two positive constants such that for all € €]0,1], for all
time t € [0,TY],

|<8a (vi) 78&U§>| (t) < C113 va(t’ ‘)H?){Ia\(']rx[[g) + Cl23 va(t, ‘)HZW\*l(TXR) ’

Proof of Lemma II1.24. Choose a multi-index « such that |a] < m+ 3. We only make the
proof in the case |a| > 1. The proof in the case |a] = 0 is essentially done using the above
remark (I11.129). First

(0™ (Buft) 00y = M2 (0™ (v} 0gvE + e v2*0y0l) , 0°0F)

= M2 (9™ (v190pvE) , 0°vE) + M2 (0% (e 2O E) , 0™ ] ) .

o We start by estimating (9% (v1dgvlt) , 0*vf'). We make the structure found above (I11.129)
appear. Applying the Leibniz formula, there exists {C, g} a family of positive constants such
that:

0% (01 0gvl) = > Capd* Pl 0%0p0f = Y Copd* Pl 0P0u] + vl 9900 F.
0<B<a 0<B<a

Multiplying by 8%}5 and integrating we obtain:

1
(0" (v} 0gul) ,0°vE) = Y Cap <a“*ﬁv;“aﬁaevf,a%§>+ / vz 5 0p(0°0 L") ?d0 dy,

0<fB<a TxR
= Y Cup <aa*ﬁv;aaﬂagv§, aau£> [ gpvla (9020 dy.
0<fg<a TxR

First we have:

|<aa*%;“ aﬂagvf,aav§>) < % <‘

§o—fyla 8589’05“i2 + Haafo;) :

Then apply the Minkovski inequality together with (II1.108) and the injection H™*6 <
Wmtdhoo to get

CL oa— a
(o (02 oot o) < 3 52 ([Jor ke oot

0<B<a

2 o 9

ot ot )

+ / |0gv1?||0%v. |26 dy
TxR

y CosCot ] (Haﬁaevf

0<B<«

2
e Ha%f\@) G 0%
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In the sum the derivatives are of order at most |a|. Then sorting the terms out depending on
the number of derivatives acting on vf, there exists a positive constant C, > 0 such that for
all e €10,1], for all t € [0,T7],

(0% a (64 2 2
(0% (02 Opuft) ,0%vE') (1) < Ca (va(t’ ')HH\Q\—I(TxR) + va(t’ ')Hﬁ\a\(mﬂg)) :

o We can perform the same study for (9% (e v2*0,v%) ,0%v2). Sorting all the terms out we
obtain for all € €]0, 1], for all ¢ € [0, T],

(5 (Bur), 0] (1) <20 [0, 2oy + 20 e, )|

2
(TxR) Hlal(TxR)

for some C,, > 0. This completes the proof. |

eEstimate for the dissipation - Consequencee We now estimate the term involving the
dissipation Q¢ ..

Lemma II1.25. Let § > 0. Select a constant A which satisfies
A<4dpu. (I11.130)

Then there exists €q €]0,1], such that for all € €]0,e4], Qz . satisfies Inequality (111.116).
Thas is to say there exists co > 0 (independent of €) such that for any function f € H'(T x
R, R?):

Ve E]O’Ed]a _<Qa,)\gf7f> ZCO (I)a(vyf)-

Proof of Lemma [71.25. Let f € H'(T x R,R?). We decompose f in Fourier series (in 6)
into:

FO,9) =" fuly)e™.

kEZ

Applying a discrete Fourier transform in the variable 6 and a Fourier transform in the variable
y, we interprete (Q x_f, f) as a quadratic form in the variables f,i and ﬁg By the Parseval
equality, up to a constant (that we forget here),

Q) =Y [ RO@a b O R(€)de,
kez 'R
where Q). ). is defined as:

g+AJ§+{2 2 (1+ L) ke

. keZ, €cR.
¥+ 2 ke b+ (u+Aa>£2>

Qun (. €) = <(

In this way, to prove Inequality (III.116) we show that there exist ¢4 and ¢y two positive
constants such that for all g € H'(R, R?):

VkeZ, VEER,  GE)Qen (k,E)F(E) > co (e 2k +€%) (31(6) +53(¢)) . (IIL131)
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At fixed (k, &) € ZxR, Q. . (k, &) is a real symmetric matrix, it is diagonalisable. We compute
its eigenvalues:

ph€) 1= IR (2 +.€2) + 25\ (IR 4 €) + (e R + o2 (ke
R0, 6) = PER (2 4 ) = 2+ ) + (1R + o2 (R

In the end of the proof, we show that for any (k,¢) € Z x R we have

p2(k, &) > co (2K +€%) (&) +33(9)) -

Since p! > p2, we clearly obtain Inequality (I11.131).

o We define the function p. : R> — R by:

2+ A A
pel,) = TR 4P = T (@) + ey)? e (ay)?

Then there exist €4 and ¢y (independent of ¢) such that
V(z,y) €R?, pe(w,y) > co(z® +47). (IT1.132)

-First of all the function p. is homogeneous of order 2 in the sense that it satisfies for all
aeR:

V(z,y) ERXR,  pe(aw,ay)=a’u(z,y).
Thus, we prove (I11.132) on the restricted set (z,y) € S! the sphere of center 0 and radius 1.
-We expand p. as € goes to 07:

A
pe(w,y) = (% + %) = - lellyl + O(e),
where O(g) is uniform in (z,y) € S'. Let us recall that we have:
V(z,y) € R?, (2% +9?) — c|z|jy| > 0 = c < 2.

That is the case if and only if A < 4y, i.e. assumption (III.130) is satisfied. We get an
uniform bound in ¢ of p. (in €). Finally, there exists €4 and ¢y two positive constants such
that Inequality (IT1.132) is satisfied.

o Pluging © = e 'k and y = ¢ in Inequality (I11.132), we obtain for all ¢ €]0,&4]:

Yk eZxR,  pi(k,€)>co((e'k)* + 7).

We deduce that R R R
Fe(©)Qen. (k) [r(&) = co (e k)* + I Fu (I

Summing over k € Z and integrating with respect to &, we have:

Qe f )z @Y /R (e '8)? + €)1 Fu(©)|dE = e 0o, ).

keZ
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Remark. The hypothesis A: := A& is not necessary to get Inequality (I11.116). What is
important is that A\e decreases fast enough to 0. For instance that \: satisfies

limsupe '\ < 4p. (I11.133)

e—0

If A\e £ 4Ape, Inequality (111.132) is no longer satisfied. Choosing (z,y) = (1,1):

A 1
pe(1,1) = (2 + Ac) — 5 \/?2 +e+ ok

For & small enough it becomes negative. Nonetheless, it does not mean that p2(1,1) < 0
for € small. We can hope for Inequality (II1.116) assuming a less restrictive assumption
than (111.130).

Having Inequality (II1.116) in mind, we absorb some singular contribution of operator C.

Corollary III1.26 (Absorption of C). Select a positive constant ¢ and a multi-indexr o € N?
of length less than m + 3. Then for all € €]0,1] for all time t € [0,T]:

e |[hl oo 17l o T)
ey (V0 (1)) + (O, ), 008 (1) <m0 ) e
Proof of Corollary /77.26. We prove the result in the particular case a = (0,0). We select
c1 a positive constant. The idea is to integrate by parts with respect to the variable 6 to make
the weighted derivative e =10y appear as performed in (I11.105).

|(Coft, o) =

)

e? / dph v v2Ral dy

= ‘ / he L pulttv?an dy + / holf e 19gv2 a0 dy|

1
< Wl (T WL + T 022 + e [ 00l 2 + [ 0022,
1

2 C
<o Wlzee o217 + 5 Ml 2e(V, o).

Replacing vf by 8“1}5, this proves the result. |

eSingular Contributionse Presently, we study the singular operators H and C. We decom-
pose their action into

(0“ (Hol') ,0%vf) = (H (0*vE), vF) + ([0%, H]vE, 0] |

(07 (Col) 0 F) = (C (%), oF) + (07, CluR, 3
by making some commutators appear. Since <’H okt vf> = 0 and we deal with <C o0kt 8O‘U§>
thanks to Lemma I11.26, there remains to study those two commutators. Each time we assume
|| > 1 so that the commutators do not vanish.
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Lemma II1.27. Select a multi-index o € N2 with length satisfying 1 < |a| < m + 3. There
exist C}{, C%[ and C% three positive constants such that for all e €]0,1], for all time t € [0, T],

410, 7102, 00 (0) < Ok o8Iy gmy + 2 s
2

13

+ 03, Hs*l*éw)aaw(t, .)‘

L2(TxR)

Proof of Lemma I/7.27. Select a multi-index a € N2 such that 1 < |a| < m + 3.

o First, assume o = 0. Then the result is obvious because 9% and ‘H commute : [0, H] = 0.
o We assume a; > 0. H is singular with respect to €. Since we expect to control the weighted
derivative ey, we deal with the singularity putting e=' and 9%v[t together.

1
([0, H] ol 000l | = ([0, e o e 0™ )| < 5 ([I10° k0, v s + (|~ 0032 )
The operator [0%, h 0] is no longer singular and is of order |,

116%, h0,) 0|32 < Cn |02 e -

for some C}, € R%. Finally decomposing the Sobolev norm as H-||§{|a‘ = H-sz,l + 13,

Hlel
we obtain for all £ € [0, 1] and for all time ¢ € [0, T/],

1
(0% H 0,070 (0) < 200 o) s o

2

1
+ 5(jh va(t, ')Hl‘}m\(TXR)

1 3 2
+ 5 €700 () | 2y -

Eventually the contribution of the commutator between C and 0% is estimated in like manner:

Lemma II1.28. Choose a multi-index o € N? with length satisfying 1 < |a| < m + 3. There
exist C’é, Cg and Cg’ three positive constants such that for all € €]0,1], for all time t € [0,T/],

‘<[8aac] vfb?aavfﬂ (t) < Cé va(tv ')H?{'O“(TXR) + Cg va(t’ ')Hif\a\*l(’ﬂ‘xﬂ%)

2
+ 03 He_(l_‘s%o)@avf(t, )

L2(TxR)

eEstimate of the source Sf’No There remains to get a control over the term SE’N. It isin
some way the most difficult contribution to deal with. It contains the non-linear contribution
of v - Vv, together with ¢Vq.

The contribution of the term of the form v - Vv can not be dealt with an integration by parts
to decrease the number of derivatives as performed in (II1.105). However, we can absorb it
thanks to the dissipation.
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The term ¢Vq is more problematic. Indeed, performing a L2-estimate for this contribution,
it brings terms of the form ||g|[z:1. We need an H'-estimate on the pressure. This is not
possible. We still overcome this difficulty by an integration by parts:

1
/ oquldody = — [ apuliigla0 dy.
TxR R 2

Tx

In other words, we prefer the derivative to act on the velocity instead of the pressure. We can
state the following lemma.

Lemma II1.29. [Control over Sf’N/ Select a multi-index o € N? with length smaller than m+ 3
and a positive constant Cs. There exist C}q, C), two positive constants such that for any e € )0, 1],
for any time t € [0,T/],

fe% fe 2 2 Wi
[(@SEY, 0] (1) S O [ sy + O Iy + o 2

Proof of Lemma //1.29. Consider o € N? satisfying |a| < m+3. We decompose the source
into

(0°SEN, 0°v) = =N (9% (7N L% (e,08)) , 0%0EF)
— MHM=2 (92 (0l Opolt + e 027 9017, 00 )
= Ol TMR2 (1), 20,07 (g2 + R ) 0% )
We estimate each term.
o The first term: contribution of the approrimated solution. v? is an approximated solution

for the operator £%. According to Proposition III.1, it satisfies Inequality (II1.8). That is to
say, Inequatity (I11.109) holds. Plugging (I11.109) into the first term, we obtain

NI (L) o) < 5 (FO o (NI 4 1)
1
=3 (Cﬁ“ 2N vaHfﬁM) : (I11.134)

o The second term is the contribution of the non linear part "u - Vu". Select a positive
constant ¢;. Further, we choose it so that the contribution of Vot in H™-norm is small with
respect to the dissipation. Then, we use the Gagliardo-Niremberg inequality to deal with
non-linear terms.

ghti=2 ’<3a(vglR89vf +e vt o), 8%§>}
< % <Cl€2(R+M2) 0% (v2F0p0f + v2Ro,0R) |12, + cll Haa”in?) )

< a2 ([ (0200 2+ 0% (2008 [22) + o 0022 (110135)

We start by estimating the non-linear term 9%(v}f9yvf). Applying Lemma II1.19 together
with (II1.119), there exists a positive constant Cy which only depends on m such that for all
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e €0, 1] and for all time ¢ € [0, T/]:

2
[ (2R )17 < 3 (o™ e NwoL, | + 2™ N0 )
2 2 2
<4C ([lf | s + 1081 o) < 8CE (of s + 081 ) -

In the same way we obtain for all € €]0, 1] and for all time ¢ € [0, T ]:

2 2 2
o (2" 0,017 < 8C5 (o e + 08 10) -

Finally, injecting the two previous majorations into Inequality (I11.135) we get for all € €]0, 1]
and for all time ¢ € [0, 7]

=2 (90 (0l 9golt + e 02" 9 0lF), 00 )|

2

<16¢1C; vauﬁmm

+(16¢, C2 + 2};1) [of%,., - (I1L136)
o The last term. It characterized the coupling between the velocity and the pressure through
the term ¢ Vq. At fixed € it requires more regularity on the pressure. By an integration by
parts we make this extra-derivative act on the velocity. Besides, the pressure is only expected
to be controlled in the anisotropic Sobolev spaces H (T,E)' At a cost in a power of € we can go
back to the H™-norm thanks to the equivalence of norms (II1.106).

]—c 9~ 1g2v-M-R-2 <t(ag, £0,)0 (¢° + <" ¢F)?, a%f>

‘cz-lsQV—M—R—2 (07 (¢2 + R g)” 07 t(@g,eﬁy)v§>‘ .

We select a positive constant co, then

-1 _2v—M—-R— o (a 2 qa
]—02 1g2v=M-R-2 <t(ag,aay)a (¢ +eRq8)% 0 u§>
(22(2v—R—M-2)
< |
- 8co

2
o (a2 + ")’

L+ %2 0% (99,2 0, )0E |7, . (IT1.137)

We apply the Gagliardo-Niremberg inequality together with the equivalence of norms (I11.106)

0 (af + P07 <2yl + Rl o + <ol

i

Hlel
< 20,1 g2 + %qf|| 1 [|a2 + £7F

o le

(1,¢)
With regards to the construction of the timeT}", we have (I11.108) and (II1.119) i.e.

veelo,1], Vte[0,T7],  |l¢f(t )

o la| < 2> ||qg(t7 ')Ho\a\ < Oa7
H1,e) Hi,e

and it results in:

Ve 6]07 1]7 Vi e [OaT;L H\/gch%(tv .)HL"O(’H‘XR) <2 H\/gqg(ta ')HLoo(TXR) < Ca-
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Finally plugging the above estimate (I11.138) in (II1.137), we deduce:

We obtain

0% (q¢ + 5RQ§)2HL2 < 2C, e Y2 lel(C, +2)% (I11.138)

—C 2T TMIRE (1 2 9,)0" (f + M) 000l

202 2(2v—R—M—-5/2—|cl)
9° (Ca+2)* + 2 ||oF %

(111.139)

2¢o Hlal+1

o To finish, we put estimates (I11.134), (II1.136) and (II1.139) together. Let ¢; and ca be two
positive constants for all ¢ €]0, 1] and for all time ¢t € [0, T/]:

Hla\

|<80‘SRN 0%v R>‘ ( +16¢; 02> Hv o\a|+1 + <; + 16 ¢ 02 + ) H’URH

2 2
¢ Cg (Ca + 2)4 62(2V—R—M—5/2—|O¢|)
262 ’

—|— <C£a 82(N_R) +
< (24160 C2) o8, + ( F160,C2 4 ) .

c?cC?
+ <C£a + g (Ca + 2)4> e¥
202

Select C's a positive constant, there exist ¢; and ¢y two positive constants such that Clg :=
. . cc?
% +16¢c C’g. Then, it requires C& = 5 + 16 ¢ Cg2 + ﬁ and Cp = Cra + 52 (Ca + 24 =

eProof of Lemma III.22e We now move to the proof of Lemma II1.22. We perform L?-
estimates for Equation (I11.126). We prove the result by studying the competition between
the dissipation and the singular terms (with respect to € or the number of derivatives). We
decompose the proof between the case J = 0 and the case J € {1,...,m + 3}. The proof is
essentially the same in both cases. In concern of accuracy, we produce both.

o The case J = 0. We multiply Equation (177.126) by v and integrate. Applying Lemma I117.25,
there exists €4 > 0 such that for all € €]0, 4] and for all time ¢ € [0, T/],

1
§3t H/U?HiZ - <Qe,/\gvf,1}§> = <S£’N > <.Av€ , Uz > <Bv€ , Uz > <Cv6 , Uz >
> 2 L 1[0wE| 2, + code (V,0F) .

-We start by absorbing the contribution of operator C. Select ¢; a posititive constant to be
determined further. According to Corollary /71.26 we obtain for all € €]0, 4] and for all time
te[0,77],

1 Rl 7 oo
ol + (= 5= ) @ (9,009

< (SN )+ (A o)+ (BoF o)+ VL o
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We choose ¢1 so that ¢y := ¢g — % > 0. Then for all € €]0, 4] and for all time t € [0, T/
1 - Rl 1o
30U+ 2 @ (9,089 < [(SEY 08| [(Autt o) + Bt o)+ L o

-There remains to deal with the degenerate terms contained in SEN - Select Cgs a positive
constant to be chosen later. According to Lemma I11.29, there exist C’é and C), such that for
all € €]0, 4] and for all time ¢ € [0, T/,

2
o <
Hl —

h|| ;o
ol o]+ B o)+ (08 + L) ot +

We choose Cgs such that ¢; := ¢p — Cs > 0. In that case for all ¢ €]0,e4] and for all
time ¢ € [0, T7]:

1 -
Solof |[2a + @ (V.0 = Cs ||oF(t

2

c1 P, (Vv )<co<1> (V,vf)—CSva(t ) e

-According to Lemma I77.23 and Lemma [71.24, there exist C'}4 and C}S two positive constants
such that for all € €]0, e4] and for all time ¢ € [0, T},

(Al o) < Chllof (e )l (B, oF)] < O ||of e, )]s -

-Finally, putting everything together we get that for all ¢ €]0, ¢4] and for all time ¢ € [0, T7],
1 R 2 ~ R 1 1 1, IRllpe R 2 2w
Lo+ 7 (9,08 < (b Clor o ) o 2, e

O

o The case J € {1,...,m+3}. Choose a multi-index a € N? such that 1 < |a| < m+3. The
beginning of the proof is the same as the case J = 0. Notwithstanding, we need to absorb
the H/*1-norm of the velocity thanks to ®.. That is no longer possible. Indeed, ®.(V,9%v%)
only contains the derivatives 9“0y and 0*9,. All other derivatives of order J + 1 are missing
in order to absorb the homogeneous semi-norm || - HI?IJH' We make those missing derivatives

appear considering the new quadratic form:

> a(V, 0. (I11.140)
lo|=J+1

-First we derivate « times Equation (/77.126). Then we multiply by 80‘05 and integrate,
1 2
S0 0708 12— (Qn. 070, 00F) = (0 SEN, o)

— (0% (AvE) 0™y — (0™ (BuE) , 0°vE)
+(([0*,c]vf) 0%l + (([0%, H] vE) 00y — (H 0%0F, 0*vE) — (C 0%vE, 0*v]) .
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Applying Lemma [11.25, there exists €4 > 0 such that for all € €]0,¢4] and for all time
t e [0,T]
co @ (V, 3“1}5‘) < - <Q57,\68°‘v§, 8av§> .

-Select ¢ a positive constant to be chosen (small) later. Applying Lemma 777.26, the opera-
tor C can be absorbed thanks to ®., for all € €]0,e4] and for all time ¢ € [0, T/]:

2
F[(0r (Aof) 0| + (0 (Buf) orolt)|
10 c1oB) 0% + [{ (07 1)) 0o

cillpllpoo
2

%815 HaafoiQ + <CO — CthHLOo) (I)a (vjaavf) ‘<8QSRN 9% R>{ + HhHLOC ”aafo%Z

We choose ¢q such that ¢y := cg— > 0 so the above inequality becomes for all € €]0, 4]

and for all time ¢ € [0, T7]:

300070 E L+ @ (9,008 < (@Y ol + e o
+ [0 (Av?) , %) + |(0° (BUE),aa )l
+ |{([0*,C] vf) ,8°‘v§>| + ([0, H] vl ,8av§>| . (I11.141)

-The second step is to deal with SN Tt is controlled thanks to the H/*!-norm of vR. We
make it small enough so that the dissipation absorbs it. We select Cg a positive constant and
from Lemma II1.29, there exist two positive constants C& and C), such that

(82SRN 9ouBY| (2, ) < Cs |[ul(t + O [uft + e

2
’ HHI(T xR)

It can be injected in Equation (III.141) and for all € €]0, g4] and for all time ¢ € [0, T/]:

2
) Hﬁr(fﬂ(ier)

1 o 2 o 2

§8t Ha Uﬁ(t’ ')HLQ + co Pe (V,a vf) Cs HU ) HHJ+1(TXR)

_ Il
261

lo°vE(t, 172 + Cs [[ofi(¢ + Gy

' ')HﬁJ(TxR)
+ (0% (AuL) , 0% l)[ + [(0% (Buf) , 0%ul7))|
+[(([07.cluf) 0%l + ([0, H] vf) , 0% E)] -

We sum over all @ € N2 of length J so that the quadratic form (II1.140) becomes apparent.
For all € €]0,¢4] and for all time ¢ € [0, 7], we have

1 2 ~ o 2
5815 va(t ) ﬁIJ + |z|: co D. (V,& Uf) - (J + 1>CS va(ta ')HﬁJﬂ(TXR)
al=J
hll ;e 2 w
< Pl 12+ (T DCH R0y + (T4 1) Gy

+ 2: (07 (AvZT) , 0%u")| + ; (07 (BuZ') , 0%ul)

+ > [0y ooy + 3 (107 1wl 0%l

la|=J |oo|=J
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Let Cg be a positive constant such that ¢ := ¢y — (m +4)Cg > 0. In that case:

3 @@ (V,0%8) — (J +1)Cs [[off(t, )| >a Y 0. (V,0%F)

HJ+1(TxR)
la|=J le|=J

Finally we obtain for all € €]0, 4] and for all time ¢ € [0, T/]:

1
SOl @), +a D @ (v.07F)
o=
1]l o w
< T;\\vf(t, ')H% + (J+1)C4 ||vl, ||HJ(WR) +(J+1)Cpe?
+ Z ‘(8‘“ (Avf),aavfﬂ + Z ’ (0° Bve),(?avf>’
la|l=J la|=J
+ 2 K07, eoll) o) + D0 (0%, 1 vsh) , 0%
o= o=

-There remains to majorate the contribution of .4, B and the commutators [0%, H] and [0%, C].
They no longer bring terms with derivatives of order J41. From Lemma II1.23, Lemma I11.24,
Lemma II1.27 and Lemma II1.28 there exist constants 0}4, C’El and C’ll;, C’%, and 071_[, 072_[, C'%,
and C}, CZ, C2 all positive such that for all e €]0,¢,4] and for all time ¢ € [0, T/]:

(0 (Avst) , 0%0f) | < Chllost 5 |+ Callvzt s,

(9% (Buf) ,0°0EF)] <CBHURH2 +CBIIURHHJ .
([0, HoE, 0°u)] < Ch 0B | + O ol + O [e=0=ber0r0m 0 T
[([0%, Clof, %0 fF)| < Ce ||UR||2 |+ CE lofF 501 + CE H A L2(TxR)

Putting everything together, we finally deduce that for all € €]0, £4] and for all time ¢ € [0, T]:

,at‘

o 1Al 700
HJ+C1|ZJ (V. 6%01) _(25+(J+1)(c§+c;\+cg+cé+c}i) oI,

+(J+1)(Ch+ Ci+C2+CF) IIvRH?{J :

+(Ch+Cl) Y [ ttagf
o=

+ (J +1)Cpe®m.

L2(TxR)

3.1.2 Control over the velocity

This subsection is dedicated to the proof of Proposition II1.21. We prove by induction that
property P(J), defined at the level of (II1.124), is satisfied for J € {0,...,m + 3}.
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o Condition P(0) is true. We apply Lemma I77.22 in the case J = 0. There exist ¢4 and ¢;
two positive constants, there exist C& and C}, two positive constants such that for all € €0, g4]
and for all time ¢ € [0, T]:

1
50 02 () [army 1 (V0N (1) < CF [0 (0 )[fapmy + Coe™™

-The quadratic form ®. is positive. First neglecting its contribution we get that for all
e €]0,e4] and for all time t € [0, T7]:

1 2 2 w
§8t va<t7')HL2(1er) < Gj [lo(t, ')HL2(TxR) +Cpe™r.

We apply the Gronwall lemma to obtain:
t
Ve 6]075d]7 Vi e [O7Ta*]7 va(t, .)Hiﬁ('ﬂ‘xR) < /0 e(t—s)C’ng €2wmd3.

Finally, there exist K} and K2 such that for all € €]0,¢4] and for all time ¢ € [0, T]:
[of(t, )] < e2om K (ngt — 1) : (I11.142)

- To obtain the regularity L?([0, 7], H') (over the velocity), we go back to Equation (I11.125).

> 0 we get for all € €]0,¢4] and for

Integrating with respect to t and since va(t, ')H;(TxR)

all time t € [0, TY]:

t t
2 w
01/0 . (V, vl (s)ds < 03/0 va(s, -)HLZ(TX]R) ds +t Cpe*m .
From Equation (I71.142), there exists K3 > 0 such that
t
Ve €l0,ed, Vte 0,1, / B.(V, 01 (s)ds < 2 K3+,
0

g

o We assume that P(J) is true for J € {0,...,m + 2}. We start following the same step as
the previous case J = 0. We apply Lemma I77.22 in the case J + 1 (> 1). There exist ¢4
and c; two positive constants, there exist C’} e C?] 1 C’§ 41 and C), four positive constants
such that for all € €]0,¢4] and for all time ¢t € [0,7/]:

2
o
HI+1(TxR)

fo YD 8V 0
|o|=J+1

1
Soulofe, |

< C}]Jrl va(t’ ')HZJ(TX]R) + 03+1 va(t? ')HEJJA(TXR)

2
LS TED D Ca R A

+(J+2)C,e?vm. (111.143
e L(TxE) ( ) Cp ( )
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The main difference with the previous case J = 0 is the appearance of the degerate term

3 He*“*éam)a%f(t, .)]

|oe|=J+1

2

L2(TxR)

Yet according to the assumption of induction P(J) we can interprete it as a source term. We
precise it further.

-We first look for the H”*!-estimate. We neglect Plal=s+1 2(V, 0“vF) since it is positive
as a sum of positive quadratic forms. Hence, for all € €]0, 4] and for all time ¢t € [0, T/]:

2 1 R 2 2 R 2
L0 1oy < o I ey + Coat [
2
3 —(1=6ay.0) A, R(y ‘ 2w
+Ci, Y He W0l )|| ) T H2) G
|a|l=J+1
We set for all € €]0, e4] and for all time ¢ € [0, T}]:
2
SJ-‘rl(t) = C}]—&-l H’Uf(t? ')HHJ(’]I‘X]R)
2
3 —(1—6ay,0) oo, R . 2Wm
FO0 Y [0, 2 G

|o|=J+1

According to Inequality (I11.122), i.e. the first part of assumption P(J), the function ¢t —
o2 (¢, ) 2 lies in LY([0,T7]). In addition there exists CL! a positive constant such that for
all € €]0,¢4] and for all time ¢ € [0, T7]:

C’,%ll g2wm,

[0t )| <

Similarly according to (II1.123), the second part of assumption P(.J), the function

= 5 [

la|=J+1

2

L2(TxR)

is in L1([0,T7]). Moreover there exists C'}? a positive constant such that for all ¢ €]0, 4] and
for all time ¢ € [0, T7]:

ClZ me

% et

W L2(TxR) —

Thus, the function ¢ —— Sy4q(¢) is in LY([0,T7]). There exists M} := Cll + C? + C, a
positive constant such that for all € €]0, 4] and for all time ¢ € [0, T/]:
Ch o ||, )7
T e ( v‘)HHJ(TxR)

+C5q Z Hsf(lf‘yal’o)aavf(t,)‘
la|=J+1

2 2 1.2
+ Cpe™™ < Mje™m.
L2(TxR)
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We can apply the Gronwall’s lemma, for all € €]0, ¢4] and for all time ¢ € [0, T7],

t
va(t")lﬁ%JJfl(TXR) = /0 et (C}H va(s, ')HZ"(WR)

—i—CjQ}H Z “5_(1_5(11’0)80‘1)5(3,-)’2

+ (J+2)C, %) (s)ds
laj=J+1 LA (TxR) ( e Y

t 1
< M}EQ“”"/ 20711 (t=9) gg < ijJ £2Wm < 202 1t _ 1)_
0 QCJH

Finally there exists Kj,, := M}/(2C3,,) and K3, := 2C3,, two positive constants such
that for all € €]0,e4] and for all time ¢ € [0, 7],

2

H’Ue t, .)HHJH(TXR) £2wm Kl (€K3+1t . 1) .

-There remains to get the estimation L2([0, )], H’/*2). We go back to Equation (I11.143) and
integrate it with respect to the time ¢,

/ S (w0 )ds<CJ+1/ [, ds+/ Sy (s)ds.

la|=J+1
is in L1([0, T]).
Furthermore from the first part of the proof, there exists Cfﬁ_l such that for all € €]0,¢4] and
for all time ¢ € [0, TY]:

. . . . . R 2
According to the previous discussion, the function ¢ —— H’UE (t,-) F

< Cﬁ}i- 2om < C'J+15

va(t’ ')H?}JH —

We already prove that Syi1 € L'([0,77]) and Syi1(t) < M}e?wm on [0,T7]. Finally there
exists K3, | > 0 such that for all € €]0,&4] and for all time ¢ € [0, T/]:

/ Z (V,0%08) (s)ds < e K3 t.

lo|=J+1
This ends the proof. [ |

Remark. In the above discussion, we only use the assumption M > 2 whereas we as-
sume M > T/2. It becomes crucial when we estimate the pressure.

3.2 Control over the pressure

In Subsection 3.2 we prove estimate (II1.121) (for the pressure). The main difference with the
velocity case is that Equation (I11.117a) is a pure hyperbolic type equation. We do not expect
an absorption phenomena neither a regularization phenomena induced by the dissipation. It
has two direct consequences.
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- At fixed e, Equation (II1.117a) contains derivatives of order one of the pressure 9, q
or 9pq. To deal with those singular terms (with respect to the regularity) we integrate
by parts (again) when necessary to pass the extra-derivatives on the velocity. If we
perform L? estimates, it requires H' estimates on the velocity. The regularization of
the viscosity (I11.123) plays a crucial role in this process.

- We can not control the singular transport e~'h 0y in classical Sobolev spaces. We
introduce the anisotropic Sobolev spaces H(”f o) The choice of those spaces for the
pressure produce an other issue. Consider {f.}. a family of function bounded in H (”1‘78).
Then, the family {9pf.}- is singular in L2. Thus, we can nott control terms such as
eM=2plagyqlt or eM =29y Eyq in Equation (I11.117a). We absorb those new singularities
(due to the choice of spaces) thanks to M assuming M > 3 (at least).

Here we prove the following control in time over the pressure.

Proposition II1.30. Let ¢® be a solution of Equation (II1.117a) on [0,TY]. There exist a
positive constant €.y and a positive constant K}, (independent of ) such that

Ve €l0,coul, VEE[0,T7],  [|aft,)|[5mes

g2om KLt
(1,8)

(TxR) <
Again, we prove the result by induction on the size m setting Q(m):
Q(m) : " The Proposition 111.30 is satisfied up to the integer m". (I11.144)

To go from m to m + 1, the proof is once more based on an energy method for Equa-

tion (II1.117a) in anisotropic Sobolev spaces H(?s).

Lemma II1.31. There exits a positive constant €4 > 0 such that for any J € {0,...,m+ 3},
the following assertions hold.

i) If J = 0, there exist two positive constants C} and C§ such that for all € €)0,e4) and for
all time t € [0,T7]:

1 9 , )
Eﬁt H‘Ié{(t, -)HL2(T><R) <C (1 + va(t, ')HHWH(TxR)) qu(t, .)HLZ(TXR)
B (0 ey + 2P . 118

i) If J > 1, there emist three positive constants C}, Cg and C§ such that for all € €]0,e4] and
for all time t € [0,T%]:

1 2 2 ‘
50 [|a (2, ')H;{{LE)(WR) <Cj (1 + s ')HHm+4(1er)> laz' (¢, ')Hﬁr{m)(mu{)
+ 3 (1 o8t ms ) 10 ')HiI(Jl_El)(’]I‘XR)

* C‘% (HUf(t’ ')Hiimﬂ(?rxﬂ%) + 52(N_R)> . (I11.146)
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As mentionned above, as we perform a priori H™-estimates it requires the velocity to be
in L*° ([O,TE],H m+A(T x ]R)) This is not the case. However it has more meaning, if we
integrate Inequalities (I11.145) and (II1.146) with respect to t. It just requires the velocity to
lie in L? ([0, T7], H™ (T x R)).

We decompose Equation (III.117a) into
Bl + Mgl + Byl + Dyt = SOBN — Folt, (I11.147)
where operators ‘H, B, D and F are defined as

qu = 5_1h(9yqf, .7-'11 eM—2 ( 1R@gqE + €U2R8 ) +CeM242 (69111R +ed ’UQR) ,
qu = M2 (v;a que + evga 0yq: ) , DqE = M2 R (891)1“ +ed 112“) .

The energy method in H{Y ) consists in derivating Equation (II1.126) by €*90%. Then we
multiply it by e*19%¢® and integrate (with respect to the space variables (6,%)),

L0, e 0m g2, + (e 07 (g 0 )
+ <€0‘18a(8qf), aalaaq§> + <€°‘18Q(va), aalaaq§>

= (M 9*SIN ca192gRy — (e219%(Folt), e 0%y . (I11.148)

122

In Subsection 3.2.1, we estimate each of these contributions to prove Lemma I11.31 (at the end
of Subsection 3.2.1). Then in Subsection 3.2.2, we prove by induction that Proposition I11.30
is satisfied.

3.2.1 Inequality of energy for the pressure

To prove Lemma II1.31, we state several lemmas where we estimate each terms in Equa-
tion (II1.148) depending on their structure.

eEstimates for operators acting on the pressuree First we exhibit a control over the
contribution of operator H in anisotropic spaces H T,E where it is no longer degenerate. The
control was partially obtained in Lemma II1.27. Yet, we quickly recover the estimate in H (”ie).
Then we deal with the case of operators B and D.

Lemma III.32. Select a multi-index o« € N? of length smaller than m + 3. The following
holds,
i) if an = 0, then for all € €]0,1] and for all time t € [0,T/]:

[(0%(e T hdyqt), 0% ¢f)| (t) = 0;

it) if an > 1, there exist two positive constants C}, and C3, such that for all € €]0,1] and for
all time t € [0,T7]:

(0 (= h0yal) 0] ) SO NNy sy + C . 0,y
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Proof of Lemma [17.32. The first case i) is obvious. We consider a € N? such that oy > 1.

(0% (7 h0yaf) e 0%f)| = [(e* [07, 7 ROy ] off, e 0%LT)]
< % (Hgal [aauz’f—lhay] qui2 4 H€a18aqé‘%Hi2> . (111.149)

There remains to estimate the commutator. As d, and h commute, the only contribution
comes from the derivatives with respect to 6, derivating term by term,

e [0% 7 h oy ] o] o = [l [0 &7 RO a2 1o

a1—1

k

<D Ca
k=0

—1qa1—k k +1 R
M0y T Th 090, q:

2’

a;—1 9
< | hllypmisce Y Ch (e 050g> gl L
k=0
a1 —2
S HhHWm+3,00 Z Cil HqEHHW‘*l + ||h’||Wm+3v°0 qu 2 lal
k=0 (9 Hao
Elevating to the power two we obtain,
2 i ’ 2 2
e [0%, e ha,] ¢F||,. < 2 <Hh\|Wm+3,w > C§1> el + 2 WAl quuﬁlg\ -
k=0 ’ o

Plugging it into Equation (II1.149) we deduce that for all € €]0, 1] and for all time ¢t € [0, 7],

et [0, 67 ha,] || (1) < O ||t )

2 2
IO{l(?,‘E) + 0721 Hqg(tv )HH(‘?,L_)I ’

a1 —2 2
with Cl == 1/2 4 2 ||h[|fymss.ce and C3, =2 (Hh|wm+3,m > 0§1> : |
k=0
We now estimate the contribution of B and D in Equation (III.148). The proof is exactly the
same as the one performed for Lemma [I1.24. Nevertheless, as we use anisotropic Sobolev

spaces instead of Sobolev spaces, we recall steps of the proof. In particular, we underline the
fact that it needs M > 3.

Lemma I11.33. Assume M > 3. Select a multi-index o € N? with length smaller than m + 3
the following holds,

i) if |a| = 0, there exists a positive constant C} such that for all € €]0,1] and for all time
t€[0,77],

(Bl af)| (1) < Cylldl(t, ')HiQ('H‘xR) ;

i) if || > 1, there exist two positive constants Cjy and C% such that for all € €]0,1] and for
all time t € [0, T7],

[(e*10™ (Bql) ,e™0%¢f)| (t) < Cx ¢k (¢, ')Hjﬁ}\(ﬁ (TxR) + Cg |laf (2, ')Hif(lf‘g—)l(qer) :
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Proof of Lemma 777.33. We skip the case i) i.e. || = 0. The proof is obvious integrating
by parts. To prove 7i) we consider a multi-index o € N2 such that |a| > 1. We have:

(119" (Bgft) e 0%¢f) = M2 (6210 (v2! 9pqlt) , e 0%¢L)
+ M2 (219 (02 9,qf) , e 0 .

o We start by studying the term ¢ —2 <z—:°‘180‘ (vgl Ggqf),salaaq§)>. Applying the Leibniz
formula, there exists a family {C, g} of positive constants such that,

M2 (M0 (v2! Dpglt) e 0%l

=eM2Y " Cop / e219° P (0fh) 0 (0ql") 0%qL db dy
B<a TxR

+ eM=2) / g2 421 929y (¢ 0%t db dy
TxR

= M-2 Z Ca,g/ €2a18a7ﬁv?1 oP (89(15”) 3aq§d9 dy
B<a TxR

—eM=22 [ 9t (e 0%¢f)? b dy . (I11.150)

TxR
-The last term in Equation (III.150) is rather easy to estimate, for all ¢ €0, 1] and for all time

te[0,T7]:

‘—€(M2)/2 Dpolt(t, ) (e 8% (1, -))? d9dy‘ < o2t iwre /2 a0
TxR Hae

2
< Caf2llg=(t )1,
(1,9)

-There remains to compute the sum in Equation (III.150). This is one of the problematic
term. Indeed, it appears the family {9p¢}. which is not bounded in L2. We make appear
the e-derivative € Jy paying a loss of precision on M. For all € €]0, 1] and for all time ¢ € [0, T/,

EMQ/ g2 9Pl (t, ) 0 0pql(t,-) 0gl(t,)db dy'
TxR

9 [ et g ) 0%0ugl e, ) 9%l e) do dy
TxR

< Hll)gl(ta‘)HWm+4,oo (
- 2

Ca
< G (lafe Mo+ 2l

)

2
€a1+laﬁabq§<t.>HL24_H€a1aaq§(t.)HiQ> ,

2
flal -
(1e)

Thus if M > 3, there exist A=} 5 CqpCe/2 > 0and B := (3 5_,Cap+1/2)Cq >0
such that for all € €]0, 1] and for all time ¢ € [0,T/],

2
W . (IIL151)
Hp

o

M2 (210 (v2! Dpgl?) , e 0%¢T)| (t) < A\ (2, ')HZQ?L‘)I + Bll¢f(t, )
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o Of course we can perform the same estimate for e —2 <50‘18°‘ (6 v9? quf, salaaqf)>. How-
ever it only requires M > 2 (It appears the derivative 0, instead of 9p). There exist two
positive constants C' and D such that for all € €]0, 1] and for all time ¢ € [0, T7]:

o

M2 (0% (02" 0yal') € 0%alh)| (1) < C al' (1, [ yor- + D Jal* (8, -)

2

o - (III.152
i, - ()
o Putting Inequality (II1.151) and (III.152) together it leads that for all € €]0, 1] and for all
time t € [0, T%]:

2
Slal -
(1,0)

[(0°(Bl"), 0%l < (A+O)|al* b [ yor-1 + (B + D) |a'(2,)

The same estimates work for the contribution of D.

Lemma II1.34. Assume M > 3. Select a multi-index o € N? with length smaller than m +3.
The followings hold.

i) If |a| = 0, there exists a positive constant Ca, such that for all € €]0,1] and for all
time t € [0,T7]:

(DE, )] (1) < Ob af(t )22y -

i) If || > 1, there exist two positive constants C1, and C% such that for all € €]0,1] and for
all time t € [0,T7]:

(0 (Daf) 0 )] () % O e M 1y + CBIEE i o,

1,e)

eEstimate for operator F e We now estimate the operator F. The main difference with
the three previous operators is that JF is an operator which acts on the velocity vt. It is
hoped to be rather small recalling that the velocity v/ does satisfy (I11.122) and (I11.123).
Nonetheless, we have to be prudent. Terms of the form

0% (g2 (Dpv" + 8,02"))

are singular (with respect to the number of derivatives) in L2-norm. Thus it requires a control
of the velocity in H™4.

Lemma II11.35. Assume M > 7/2. Select a multi-index o € N? with length smaller than
m + 3. There exist two positive constants CJ}E and Sg such that for all € €]0,1] and for all
time t € [0,T7]:

2

(e (FoR) 20| (1) < S o2 0 pmesconty + O N0 M s
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Proof of Lemma //1.35. Select a multi-index o € N? satisfying |a| < m+3. We decompose
F as follows:

(919 (Fqlt),e® 0%l = (M 2*19* (v} Bpq?) ,e*1 0%q)
+ (M2 9% (e 2R 9, q) , e 0%¢)

+(C M2 (¢2 891)81R) ,5a18“q5> +(C M2 (¢¢ eayng) ,50‘180‘qf> . (IT1.153)

o We start to estimate the contribution of (e™~2c%19 (v}F 9yq2) ,e*10%¢E):
(e (o ) <9 aE) < 3 (M0 (b onet) [ + e )

To control HEM —2ga1 9 (v;R 69qf:‘) H we could apply the Gagliardo-Niremberg inequality. We

would have to control term of the form Hsal(‘?gqg||;[|a‘. Using the equivalence of norms be-
tween the anisotropic Sobolev Space and the Sobolev space (II1.106) we may lose power

of € up to order |a|. Here a simple computation is more accurate. Indeed, using the
Leibniz formula there exists a family of positive constant {C, g} such that 0%(v:F dpq?) =
Y o< g<a Ca,p 0Pyl 989pq2. Then apply the Minkovski inequality

4210 (w2 gt |2 < M2 D7 Cas [0 Pl 100t

2’
0<pB<a
<MY Cag | %00 | ||on 0l
0<f<a

< gM=3 Z Co,p Hqgnw(’;lg‘@o vaHHm+3 )
0<B<a '

<[] S Cop g 08 s -

0<B<a

In the above inequality, we use the following imbeddings ||¢2(t, -) HW(ll,oEc) <e3 llg2(t, )||H(\(11|+)1

As we assume M > 7/2 we get,
[eM 26210 (017 0pg2) || 12 < Ca D Cap [0t )| jrmas -
0<B<«a
Finally for all € €]0,1] and for all time ¢t € [0, 7],

[(M=2c19% (017 8yq2) 41 0°¢T)| (1)
2

O Y Cas| 0B [hprs + 0% )2 | - (11L150)
0<B<a

1
< =
-2

o Performing the same estimate, we can deal with the term (2219 (e v2% 9,¢2) ,e*19*¢[?),
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i.e. for all £ €]0,1] and for all time ¢ € [0, 7],

| (eM72210% (e 2 0,q2) ,e*10%¢1) |(t)
2

2 S Cus) 08 pis + [m0raR e | - (LIS)
0<pB<a

1

<
-2

o We now move to the estimate of <C eM—2ga g (qg 891)23) ,5“180‘q§>. First, apply the
Cauchy-Schwarz inequality together with the Young inequality:
(CM-2am e (g2 apR) evoog] < 3 ([loeM-2emor (g aput®) 2+ e o).

To get rid with the contribution of the nonlinear term HCEM_Qsalaa (g% OpvTt) HL2 we start
with a Leibniz formula, then we apply the Minkovski inequality:

|CM 26109 (g2 BpulE) ||, < CM2 Z CaﬁHeala‘;‘_ﬁ@engﬁ'gqﬁ L

)

0<B<a
< O eM-2 Z Ca,ﬁ ’ €a1aﬁqg . ‘ 804*5601)511%‘ a2
0<p<a
S C€M72 Z COl,ﬁ ”ngW\a\m HU;%HH'vaAL )
0<f<a e
< O[] 3 Caslaagss 102 s
0<p<a ’
< CCa Y Capllof] s -
0<B<a
So for all € €]0, 1] and for all time ¢ € [0, 7] we have,
](CsM_2sa18a (q¢ BQUSIR) ,50‘18aq§>|
2
L 2 2 R||2 1y ri2
< 50 Ca Z Ca,ﬁ Hvs HHm+4 + 5 HQe Hﬁ-la\ : (111156)
0<f<a e
o The same calculation leads to for all € €]0, 1] and for all time ¢ € [0, T]:
‘<C€M*2€°‘180‘ (qted, vt ,salaaqfﬂ
2
< loree pe [0 3 s + ! [Pl (IL.157)
= 9 a a,f e || gm+4 9 € Hl(?,‘s) . .

0<pB<a

Plugging (I11.154), (I11.155), (I11.156) and (I11.157) into (II1.153), it proves Lemma I11.35. W

eEstimate of the source term Sg FN g The term Sg AN ontains all difficulties ever met.
First, there are non-linear terms involving derivatives of the pressure ¢*. We again perform
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an integration by parts to deal with those contributions. Secondly, we control the singular
term (with respect to €) dpgf in L®-norm to a cost on the the integer M and then on the
precision wy,.

Lemma II1.36. Assume M > 7/2. Let a multi-index o € N? with length smaller than m + 3.
It holds

i) if |a| =0, there exist two positive constants C& and Ss such that for all € €]0,1] and for
all time t € [0,T%]:

2
‘<S£7R7N7qe >‘ < Cé (1 + HU HHm+4 TxR ) Hq€ ')HLQ(TXR)

N (S ¥

i) if || > 1, there exist three positive constants C&, C% and Sg such that for all € €]0,1] and
for all time t € [0,T%]:

(e S0 RN, e0°68) | (8) < CF (14 [[WF ([ oy ) la ~>H§,g| (xm

) 2
+ Cgv (1 + va(t, ')HH"L+4(’JI‘><R)> Hqg(tv ')HHI(TL;l(TXR)
+ Ss <va(ta ')H?—Im+4(’[r><R) + 62(N_R)> '

Proof of Lemma //7.36. We only prove the result for |a] > 1. The case |a| = 0 can be
dealt performing the same proof. The first step is to decompose s? AN depending on the
structure of the terms :

(119> SPRN e01goghy = (e419%eNH (67N Ly(e, g%, v2)) ,e*1 0%gT)
+ <€R+M—2€O¢18a (’U;R 89(]5) 7[_:Oq 8aq£> + <€R+M—2€a1 % (’U?R ayqf) 750&1 8aq£>
+ <C€R+M—2€a1aa (qf 89145”%) 7€a18aq5> + <C€R+M—2€a1aa (qf 8yv§R) 7€a1aaq§> )
In what follows we study each of these contributions.

o Contribution of the First term. Performing a Cauchy-Schwarz estimate together with the
Young inequality, for all ¢ €]0, 1] and for all time ¢ € [0, T/]:

‘<€a18a5N7R( N£0(5 Q57 s ) 011804 >| (t)
1
<1 ( 2N || =N £ (e, g2, 00)|

1
5 (20 mez + ok,

; )
° la]
Hio) '

w +[Ja )
(1,6)

W)
H)

o Contribution of the second term. We now estimate the contribution of

IN

<ER+M*2€QI(‘3Q (ng 89(]5”) ,ealaaq§> .

We expand it thanks to the Leibniz formula. There exists a family of positive constant {C,, g}
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such that
}<ER+ﬂ4725alaa(v;Ré%q§)7Ealaaq§>‘

— RtM-2 Z Caﬂ/ g2 80‘_511;1% 898ﬁq§ ﬁo‘qfdG dy ,
0<f<a TxR

= 5R+M_2/ g2 9oyt 9pqlt 0%qdo dy
TxR
+ ghttM—2 Z C’aﬁ/ g2 Ba_ﬁv;R Ggaﬁqf 8aqfd9 dy
0<B<a TxR
_ 39U1R 2
— M 2/ g2 2= (9%¢) dfdy. (I11.158)
TxR 2

-First, we deal with —efTM=2 [ g2 %00 aev (0°g! ) df dy. By bounding, for all ¢ €]0,1]
and for all time ¢ € [0, 7],

cRHM—2 / £201 89“ (8aqf )2 do dy’
TxR 2

1 2
< 5 l100vst| e fle™ 00712 < [l

2
Olal - (111159)
Hie

-Then, we deal with the second term e®+M=2 [ g2 goplR gyqlt g2 df dy. This term
is more problematic as it contains the derivative Jy of the pressure. As ever mentionned, we
have to introduce a power of € (thanks to M) to get rid of the derivative with respect to 6,

0.

M2 (2 9%l (t, ) Dpal(t,-), 0%l (2, )]

< ftM-2 H(?eqf(t, W oo [(210%02 (2, ), e 0% ()]

8R+ 9

< S el (o s+ ey )
€R+ﬂ4f 9 9

< T HQa HW(lloo) (va(t’ ')HHm+3 + Hqg(tf)}lﬁ&ls)) )
cRAM=17/2 ;

< S g, (10 s + 0 )

< <Hv5(t, Wis + [l t:) jg[\al > : (I11.160)

(1,e)

Here we crucially use the assumption M > 7/2.
-There remains to estimate terms which appear in the sum (II1.158). First we have,

EAT+R72’< 2a18a 8 lRé@aﬁq€7aaq§>)

<1 <E2(R+M3) ‘

a o— 2 a1 Ho 2
<3 Loty ,BU{_}RaeaﬁquL2+ [e210 q§|yL2>. (I11.161)
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Then we notice that since 0 < 3 < «, we have |a — 3| < m + 2. Thus 9*~? can be bounded
in L>°. For all € €]0, 1] and for all time ¢ € [0, T/,

S2(R+M—3) ‘

EO“—Haa_ﬂU;R(t, ) 808/3(]5(75’ )‘

2 2 2
2 S (=S R pr 7 3 ')HHl{f,‘s) '

-Finally plugging estimates (II1.159), (II1.160) and (II1.161) into (III.158) we get for all ¢ €
]0,1] and for all time ¢ € [0, 7],

’<€R+M—2€a1 9% (U;R 86(15) ,E-:al aaq§>‘ (t)

C 3
< | 2 5 (et e 1) 3 | ol g, + s
0<fB<a ’E

o Contribution of the third term. Of course using the duplicate proof we can deal with the
third term, for all € €]0,1] and for all time ¢ € [0, T/]:

(260 (028 Byqf) e 0% )| ()
Ca

3
< | 32 552 (et Ml + 1) + 5 | Nt Mt + e e
B<a |

o Contribution of the fourth term. To estimate (CeftM—2e019% (¢ gyvlF) e*19%¢lt), we
first apply the Cauchy-Schwarz inequality,

1
|<C€R+M—2€a18a (qf aeng) ’80118aq€R>H < 5 <HC€R+M—2€alaa (qf (%USR)H; i H%RH?}\&I )> '

We still do not apply the Gagliardo-Niremberg inequality to majorate the nonlinear term
CelfitM=2.1pa (qfé Ogng). Applying the Leibniz formula and the Minkovski inequality, we
obtain

»

Here, we cut the sum in two parts depending on the length of 3. When |3 is small enough,
9%¢f is bounded in L™ whereas when |3] is large it is 9* P9y} f which is bounded in L.
Therefore we decompose the sum into

|CefM =201 0 (gF gyulR) I < COR+M—2 Z Cos ’ e §FgR 9B gyylR

0<p<a

HC&RJFM_%O”@O‘ (qéPL 891);1%) < CefttM=2 Z Cop |l 0P¢f 02 Pogultt

0<B<a,0<|B|<1
‘LQ

+ C€R+M72 Z Ca,ﬁ ‘
0<B<a,2<|8]< |

HL2 L2

£ 9PgR 9P opultt
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We begin estimating the first sum,

CR+M—2 Z Cos Hgalaﬁqf Bo‘_ﬁaevgm‘
0<B<a,0<|8I<1

L2

< CeRM-2 Z Cos ‘ galaﬁqERH ) ‘ aa*ﬁaevc}R’ .
0<B<a,0<||<1 L L
< oty CaﬂHQwagfoo) [ P
0<A<a,0<|B|<1 N
< ceMME N Capllalllp i g s
0<f<a0<|5|<1 (4o
T Y Coplllan . (116D

0<B<a,0<|BI<1

Presently, we majorate the second term by

C€R+M72 Z Ca,ﬁ ‘

0<B<a,2<|B|< o

e 9P o =P pultt

L2

IN

CERJerZ Z Coz,,@

0<p<a,2<|BI<]al

< CeRM-2 Z Cas 18| 1ot |02 symsznoe
0<B<a,2<|8I<]o] (o)

aafﬁaw;RH

198 qf“

L2 Lee

<ceM2 N Cap[of| o |6 ]| e - (1T1.163)
0<B<,2<|B|< o (1e)

Joining the two estimates (I11.162) and (I11.163) together we deduce that for all € €]0, 1] and
for all time ¢ € [0, T/
2

|CeRtM e (g apol™) |, < 40 > Cap| [eFllime
0<<a,0<|6/<1
2

+0° > Cag| [oFllmes HfHZggL)
0<B<a,2<|6I<] o :

Finally putting everything together we obtain that for all € €]0, 1] and for all time ¢ € [0, T7]:

2

[(CefttM 20192 (qF goullt) [ e®102¢f)| < 2C? > Cos HU;RHimH
0<8<a,0<|8I<1
2
]. 2 R 2 R 2
+ 3 C Z Ca,p HUE HHm+4 +1 Hqs HH(“i'E) .

0<B<a,2<|BI<]e
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o Contribution of the fivth term. The computation of the fifth term can be dealt copying the
above proof. We do not give any details since it is the same. Finally joining all the estimate
together we deduce the lemma. |

eProof of Lemma III.31e We have just estimated all the contributions. We can put it
together to prove Lemma II1.31. Let J an integer in {0, ..., m+3}. We distinguish the proof
between the particular case J = 0 and the case J € {1,...,m + 3}.

o The case J = 0. Multiplying Equation (I17.147) by ¢ and integrating with respect to the
space variables (6,y) we get:

1
iat quHiQ - <Hq€ e > <qu Qe > <an ) Qe > <fU§aQ§> - <SS’R’N3(]€ >
—(Bqf,qf') — (Dl gy — (Ful, qff) — (2N ¢fF) . (111.164)

For the particular case J = 0 the contribution of H vanishes. For the other contribution we
apply Lemmas [171.33, 111.34, I11.35 and I11.36. There exist C'}),, C’%), C’Jl_-, Sr, C’é and Sg
positive constants such that for all e €]0, 1] and for all time ¢ € [0, T/]:

[(Baf, )| (t) < C [|af (¢, ')H2L2('JI‘><R) ; [(Dgf, q)| (1) < Cp || ¢, ')HiQ('H‘XR) ,
(Pl )] (1) < O [t ) oy + S 120 s
[(SORN )] (8) < C& (14 [0F ()[Gs8 2y

+ 8 (ot ) s + 2R

Injecting those inequalities in Equation (II1.164) we get for all £ €]0,1] and for all time
t€0,T7],

1 2 2 2
§at qu(t7 ')HL2(1er) < C(% (1 + va(tv ')HHWH(TxR)) qu(t’ ')HL2(TxR)

+C8 (H”E(t7 ')H12qm+4(’]1‘><R) +€2(N_R)> )

with C} = C};—FC’%%—C’%—FC} whereas C3 := Sz + Ss. O
o We now deal with the case J € {1,...,m + 3}. We start again with Equation (III.148):

%at [e410%qE )7, = — (210 Hg, e 07y — (2107 Byl e 9%
— (e 9*Duf, e 9%¢l) + (219 SON e219%g1) — (e 9> Fult e*10%gf).

The contribution of H is no longer vanishing. We apply Lemmas [11.32, I11.33, 111.34,
I111.35 and I11.36. There exist 071{, C’%( and C’é, C’?g, and Cll), C’% and C}, Sr and Cé,
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C%, Sg positive constants such that for all € €]0,1] and for all time ¢ € [0, 7],

2

\<qu,qf>\ (t) < Oy qu , HH(I ) (TXR) + Oy HqR HH(Jl S (TxR)

[(Ba',af')| (t) < Cg [|ali(t,-) 13‘(]1 o (TxR) +Ci |la(t, HH(J1 2 (TxR)
2

‘<,DQ.5 » e >| ( ) < CD HqE ’ HHE] a)(TXR) + C% an HH(J1 1)(’IF><]R) )

+ S [0l e -

2
‘<.7-"v‘E y s >‘ (t) < C} qu?(t,' }|ﬁI(JLE>('ﬂ*xR)
2

|(SPHN g (1) < C§ (1 + [Jof(e, -)HZmH) g (¢, -)H;,(Jl (axm
iy (va(t, ‘>H2m+4 n Ez(mR))

+ C‘% (1 + H'Uf(ta ')Hi]mJHl) an H]-[‘(]1 1)(T><R) :

Plugging those estimates into Equation (II1.148), we obtain:

Lo anqa 2
001106 () | 2oy

< (Cé (1 + va(t, _)HZmH(TX]R)) +C} +Cx+Ch + C}) qu(t, ')H}]Efl’s)(’ﬂ‘x]}%)

2 2
+ <C72.[ + C,24 + 0123 + C?G (1 + H’Uf(t? ‘)HHM+4)) qu(t, -)HH{l;l)(TxR)
+ (SS + S.'F) va(tv ')Hifer‘l(’]l‘xR) + SS 62(N_R)'

On the left hand side to make the anisotropic homogeneous norm appear, we sum over all
multi-index « of length J:

1 2
§8tHQE HHJ (TxR) = C ( +Hv HH’"+4 ’H‘XR)HqE ! Hﬁ[{ygﬂ’]l‘xR)

(1,e)
2
05 (14 80 ) o0,

+Cj (va t,.) HHm+4(TxR) +52(N_R)> ’

(TxR)

where constants C'}, C% and C’3 are defined as follows C} := (J+1)(CL{+Ci+CH+Cr+C4),
C3:=(J+1)(C} +CA+CB+CS) and C3 := (J + )(Sf+Sg). [ |

3.2.2 Control over the pressure in anisotropic Sobolev norms

In this subsection we prove Proposition I771.20. We prove, by induction on the size J that
property Q(J) defined page 122 is satisfied for J € {0,...,m+ 3}. One aspect of the proof is
to give meaning to the a priori Inequalities (II11.145) and (II1.146). The usual method is to
to integrate those inequalities with respect to the time ¢ and use a Gronwall lemma.



3. ENERGY ESTIMATES 135

o Property Q(0) is true. First of all we apply Lemma [17.31 for J = 0, there exist two positive
constants C¢ and C§ such that for all € €]0,1] and for all time ¢ € [0, T/],

t
Hqu(tv )HiZ < /(; wg(s) HQE(& )HiQ ds + Spg(t)a (111165)

. 0 1 R 2 0 ! 3 R 2 2(N—R)
with  92(t) i= 203 (1+ [[of(t, ) [fprs ) £2() 1= /0 Ca ([[08 (5, ) [ fpes + 2= s

According to Proposition I11.21, there exist €5 and C,,, two positive constants such that:
¢ 2
Ve €]0,eq4], Vtel0,T], / [vE (s, W zpmsa ds < Cne®mt. (II1.166)
0

So for all € €]0, g4], the function ¢? is in C°([0,T%]) whereas ¥ is in L*([0,T]). To be more
precise, the family {e72“m 0} o .,1 is bounded in C? and safisfies for all € €]0,¢,4] and for
all time t € [0, T7]:

Q) < CF Cppe?mt 4 C3 2N=Ry < O3 (O, + 1) ¥t = Kie®mt

whereas the family {10} is bounded in L' and it satisfies:
t
Ve €]0,eq4], Vte[0,TH], / YO(s)ds <2C (1 +Cp)t<2C(1+CL) = K2.
0

Thus, we can apply the Gronwall lemma for all £ €]0, 4] and for all time ¢ € [0, T/]:

2 t w
lafi(t, )|} < s%p](wg(S))eXP (/0 ¢§(s)ds> < K} te?vs o5
se|0,t

O

oWe assume Q(J) is true, for some J € {0,...,m+ 2}. Apply Lemma /].31, there exist
three positive constants C}H, C3+1 and C§+1 such that for all ¢ €]0,1] and for all time
te[0,T]:

1 2 2 2
5@ qu(t, ')HH‘JIH('H‘XR) < Cji (1 + va(tv ')HHm+4(TxR)) qu(tv ')HI‘}L(I;;I)(MR)

(1,e)
+ C%Jrl (1 + va(t, ‘)Hifm—z;) Hqu(ta )Hi{(Jl o (TXR)

3 R 2 2(N—R
+CJ+1 (HUE (t’.)HHm-HL(TX]R) +e ( )) .
We integrate it with respect to the time ¢ to write,

2
qu(t, ) f[{“) ds + ‘PEJH(t) )
1l,e

t
2 J R
i < O )
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with for all € €]0,1] and for all time ¢ € [0, T/]:
2
P = Ol (14 o8 ) e )

o710 i= [ (G (1 ol e ) el s

(1,e)
+ O ([P0, s + 2052 ) s

First by the assumption of induction, there exist e4 and M such that:

Ve €]0,eq), Vte[0,T7], |t \\H(Jl)<52meJt.

From Inequality (II1.166) and assumption of induction, we deduce that for all € €]0,e4], the
function p/*! is continuous on the inverval [0, 7] and ¥ *! lies in L!([0,T]). Furthermore
on the one hand the family {7 2¥mp/*1}, is bounded in C?, for all € €]0,e,4] and for all time
te[0,77):

t
o210 = [ (G (14 100 g 5l
0 (1,e)
+ 03-1-1 (HU?(S, ')HHWH +52(N_R))) ds,
t 2
Coa [ 0 (1 ol ) sl
t
+ C'JH/ H’U ')HiI""+4 ds+C§+1/ €2(N_R)ds,
0

(CHit My (14 Cp) + CFiy (C + 1)) 2t = Kyt

IN

IN

On the other hand the family {t//*'}. is bounded in L'. It satisfies:

t
v&‘ G]O,Sd], Vt € [07T€*]7 / QzZ)J—i—l dS - CJ—‘,—I/ (1 + HU?(S, ')Hi]m-‘ré&) d87
0
< Cri(1+Cn) = Kj

Finally apply the Gronwall lemma, for all € €]0,¢4] and for all time ¢ € [0, T/]:

2
[aZf ()| o sen < sup (027 (5)) exp (/ It (s) ) < Ky te?on e
H
(o) s€[0,t]
It proves the induction. |

Of course an immediate corollary is Proposition 111.20. We now use the ~ notation. From
Subsection 3.1 and 3.2 we deduce that there exist e4 a positive constant, C},, C2, and C,,
positive constants such that, for all € €]0, 4] and for all time ¢ € [0, T;]:

q ~ 2
[0 sy < 2 Gt [T sy < 20O (54— 1)

Then since we have (eC?nt — 1) <C? e ¢ for all time t € [0, 1], it ends the proof.



3. ENERGY ESTIMATES 137

3.3 Bounded life span - Comments

In this subsection we end the proof of Proposition /17.4. In particular we prove that there
exists a positive time 7, smaller than T for any £ (small enough). Then we comment the
precision condition on the constant w,, (see Equation (III.13)). Here, we use the - notation
to make things clear.

¢ Bounded Life-spane We start to prove the existence of a bounded life span for the variable
(g%, 9F). Then, we easily go back to the original variable (¢, vf) with the adequate change

of variables.

Lemma II1.37. Consider integers m, v, M, N and R satisfying M > 7/2 and the condi-
tion (I11.13). Then, there exist two positive constants €. and T, (independent of €), and a
positive constant cerr > 0 such that,

Vte[0,T.], Ve €l0,e], |2 ¢, < Copr

< Cerrs HU

HH””;”(TxR) HHm+3(T><R)

Proof of Lemma //7.37. We argue by contradiction:

V (g, T) €]0,1] x [0,1], 3Fe€]0,¢], T < T.

oWe recall that there exist 4 and C), positive constants such that, for all € €]0, 4] and for
all time t € [0, T/]:

g ( HHT”*S(TxR) Zme 2 H:J ||Hm+3(1er) 2me 2

(1,¢)
We choose for instance 7' = min(2 o ,2) and € = ¢4 < 1. In particular, 7" < 1. From
assumption, there exists g9 €]0,e4] such that 77 < T. Furthermore, since w, > 0 from
condition (III.13) we get:

1
< - <2

. 1 _
Vit e [O7Tso]7 HqEO HH"“r3 <5 <2 HUE HHS+3(T><]R) =9

)(TXR) -9
o Now consider the applications

€ [0, T2 [— [|gZ (¢t and t € (0,77 [— |[of(t

")HHHIS’)(TXR) =‘)HHm+3(1er) )

They are continuous. ng‘] (respectively ’175‘)) can be extended in time as long as the quan-

tity HqEO HH’”“ ( respectively Hﬁf (t, ')HHm+3) remains bounded.
0)
It follows that we can find 7" €]T7 , T, [ such that for all time ¢ € [0, 7] ano HHm+3 <2
(respectively Hﬂgj (t, ')HHM+3 < 2). This is in contradiction with the definition of Te*()' [
e Conclusion e Returning to the initial unknow g% = ¢ff, 51% = v!® and 2% = cv2f, we
obtain for all time ¢ € [0, 7] and for all € €]0,¢.],
1R 2R
an HH’”+3(’]I‘><R) < Cerr, |ue(t, ')HHm+3(TxR) < cerr, [|e02(t, ')HHm+3(TxR) < Cerr-

(L,e)
(111.167)
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In other words, we prove the existence of two positive constants €, and T, such that:
Ve €]0,ec], T.>T..
Moreover from the assumption (II1.167), we obtain the announced bounds:

sup  sup qu(t,-)HHm+3 < +o0,
e€]0,e.] t€[0,T¢] (1,¢)
wup sup [0l Yo < 100, sup D 020, e < +o0.
e€]0,e.] t€[0,T¢] e€)0,e.] t€[0,T¢]

We prove of Proposition I11.4.

eRemarks on conditions M > 7/2 and (II1.13)e Most of the remarks on those two
conditions have ever been made. We summarize them here.

o The first condition M > 7/2 is a technical assumption. We have seen in Subsection 3.2 that
we need to control derivatives of the pressure such as dyq. This derivative is not bounded in
the anisotropic Sobolev spaces H, qu’s). We overcame this difficulty passing a power of ¢ from
eM=2 to terms such as 9pq. Thus, tt requires M > 3.

However, the lost of /¢ seems technical. It appears when we use the embeddings W(ll’f:;

H("f 5 The result should still be true for M > 3.

—

o The condition on the parameter w,, can be divided in two:

- The first condition is R < N. It just means that the approximated solution can not be
more accurate the approximation of the equation £ = 0 obtained.

- The second condition 2v — M — 5/2 — (m + 3) — R > is more delicate to discuss. First
of all we can notice that it requires less precision than the condition (II1.12). Indeed it
requires m + 3 derivatives for wy, instead of m + 4 for (II1.12). It is due to the regu-
larization phenomena of the viscosity. Indeed we passed one derivative of ¢V¢q onto the
velocity by integration by parts.

The loss of precision —(m + 3) is due to the choice of different norms for the pressure
(anisotropic norms) and the viscosity (classical Sobolev norms). It implies some diffi-
culty when dealing with interactions of the pressure and the velocity. The interactions
are traduced in Equation (III.111b) through the term ¢Vgq. We still control it thanks
to the equivalence of norms (II1.106) to a cost of order m + 3.

Choosing the anisotropic spaces H, ("f 0 for both variables, this condition is transformed
into
2v—M —-5/2> R.

If v is large enough we obtain a control up to integer R. For instance if N = R this
inequality becomes:
2v—M-5/2> N.
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Thus, it justifies our approach to obtain an approximated solution, if the nonlinear term
£2V ¢V q is weak enough with respect to eV (i.e. v is large with respect to N). Since
we construct the approximated solution not taking into account €2 ¢ V ¢ we can’t hope
to obtain a good approximation if N is too large and interfere with this nonlinear term.
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Chapter IV

Perspectives

1 Sur I’équation de Helmholtz haute-fréquence

1.1. Afin d’éviter de traiter les difficultés induites par le bord de la variété stationnaire M
(définie page 27), on a recours a ’hypothése technique :

~

supp(S) C {t.n s.t.n€ Iy, t>0}. (IV.1)

Une extension naturelle serait d’éliminer cette contrainte de radiation (IV.1). On aurait alors
une convergence au sens des distributions tempérées de w. vers wy,; pour toute source.

1.2. Dans [7], on suppose deux conditions pour montrer le résultat de convergence : ’hypo-
thése de non-refocalisation des rayons (11.10) et ’hypothése de tranversalité des rayons (11.18).
Nous avons uniquement discuté dans cette thése de ’hypothése de non-refocalisation des
rayons. L’optimalité de 'hypothése de transversalité des rayons reste & démontrer.

1.3. Une extension du résultat |7] serait de rajouter une dépendance en la variable d’es-
pace z pour le coefficient d’absorption a. voire d’autoriser une dégénérescence (annulation de
la fonction) sur des sous-ensembles de R?. Son réle dans I’équation est trés important puis-
qu’il sélectionne la solution sortante de I’équation d’Helmholtz. Si o, reste positif, on s’attend
encore a ce que we (c.f. (1.2)) converge toujours vers weyy; solution de ’équation (I.4). Mais
cela n’a pas été démontré.

2 Sur I’équation de Navier-Stokes forcée

2.1. La condition technique M > 7/2 requise au niveau de la Proposition (III.4) pour le
résultat de stabilité s’améliore sans doute jusqu’a M > 3. Par contre, le passage de M > 3 &
M > 2 devrait étre moins évident. Ce décalage fait que la gestion de la partie hyperbolique
singuliére des équations (en particulier la gestion des normes anisotropes) tout en exploitant
les informations apportées par la dissipation semble remise en cause.

2.2. Les oscillations forcées dans la direction x1 imposent une étude du probléme sur T x R
en espace). D’autres modéles (peut-étre Shallow-water) pourraient amener a une étude du
P p p
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probléme sur un domaine borné €2 en espace. En ce cas, I'existence d’'une couche limite en
temps exponentiellement décroissante (liée au trou spectral dans le spectre de —udygy) peut
alors étre remise en cause. Dans ce contexte, la construction d’une solution approchée devrait
nécessiter d’autres arguments.

2.3. Les interactions entre la pression et la viscosité ont été négligées en supposant une
trés faible pression (v trés grand). Ces interactions pourraient étre seraient renforcées par une
diminution du paramétre v. La décomposition en deux couches limites pour la vitesse serait
alors beaucoup moins évidente. Par ailleurs, il semblerait que 1’échelle de temps t/¢ introduite
par la pression joue un role dans ces interactions.

2.4. Les mécanismes d’interactions d’ondes ont été mis en avant pour un probléme de
stabilité prés d’une solution exacte qui ne dépend que de la variable d’espace 6. Le probléme
de stabilité pourrait étre étudié pour une solution stationnaire de I’équation de Navier-Stokes
forcée, voire prés d’une solution exacte.
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METHODES ASYMPTOTIQUES POUR LES EQUATIONS DE TYPE
HELMHOLTZ OU NAVIER-STOKES

Résumé

Dans cette thése, nous étudions deux problémes différentiels dépendant d’'un paramétre € et étu-
dions "asymptotique des solutions lorsque ce paramétre tend vers 0.

Le premier probléme est 1lié¢ a ’équation de Helmholtz haute-fréquence. On construit un potentiel
non captif ne satisfaisant pas 'hypothése de refocalisation des rayons introduite par F. Castella. On
montre que l'ensemble des trajectoires hamiltoniennes (associées au potentiel construit) issues de
lorigine et qui reviennent en 0 forme une sous-variété de dimension d — 1, ot d est la dimension de
Pespace.

On montre alors que la solution de I’équation de Helmholtz converge vers une perturbation de la
solution de Helmholtz avec condition de radiation a Iinfini et coefficients figés en 0.

Dans un second temps, nous étudions une équation de Navier-Stokes forcée par une source po-
larisée fortement oscillante. On exhibe une famille de solutions exactes. On étudie alors la stabilité
de cette famille lorsqu’on la perturbe & l'instant initial. On construit une solution approchée du pro-
bléme a l'aide d’une couche limite & Uinstant initial (t=0). Ce développement montre en particulier
que des interactions d’ondes, se propageant & des échelles différentes, peuvent se traduire au niveau
macroscopique par une augmentation de la viscosité.

Enfin, on justifie la convergence de la solution approchée vers la solution exacte a I’aide de méthodes
d’énergie.

ASYMPTOTICAL METHODS FOR HELMHOLTZ OR NAVIER-STOKES
TYPE EQUATIONS

Abstract

In this thesis, we study two differential problems which depend on a small parameter £. We study
the asymptotic of the solutions when e tends to 0.

The first problem deals with the high-frequency Helmholtz equation. We construct a non-trapping
potential which does not satisfy the refocusing condition introduced by F. Castella. We prove that
the Hamiltonian trajectories (associated with this potential) issued from 0 which go back to the origin
form a submanifold of dimension d — 1, where d denotes the space dimension.

We show that the solution converges to a perturbation of the out-going solution with coefficients
frozen at 0.

Then we study a Navier-Stokes type equation forced by a polarised and oscillating source. We
exhibit a family of exact solutions to the problem. We study the stability of this solution when we
perturb it at the initial time. We construct an approximated solution of this problem thanks to a
boundary layer in time in ¢ = 0. In particular, it shows that interactions of oscillating waves, which
propagate at different scales, can be modelised at macroscopic scales by some creation of dissipation.

Finally, we justify the convergence of the approximated solution towards the exact solution by
performing some energy methods.
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