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Chapitre 1

Introduction

1.1 Préliminaires

499

Une des préoccupations centrales en théorie du controle est la question de “controlabilité” sui-
vante : est-il possible d’amener un systéme d’évolution (par exemple d’origine physique, chimique
ou biologique) depuis son état initial en un état fixé au préalable. Si c’est le cas, peut-on trouver un
controle “meilleur” que les autres : moins cher, plus stable...

Plus précisément, on se donne un systeme dynamique

iuzF(u,g), u e H, (1.1)
dt

ol u est la variable d’état dans l'espace d’état H, et ¢ désigne le temps. La dynamique du sys-
teme (1.1) dépend d’un “parametre” g, appelé le contrdle, grace auquel on peut agir sur 1’évolution
de I’état. La question générale que 'on se pose est la suivante : est-il possible pour un temps 7' > 0
et deux états du systeéme ug et u; de trouver un controle g = g(t) tel que la solution u de (1.1) issue
de u(0) = ug satisfasse w(T) = uy ?

Les propriétés de controlabilité du systéme (1.1) peuvent étre trés diverses, selon la nature
du probleme étudié. On peut ainsi distinguer le controle des équations différentielles ordinaires
(ou controle en dimension finie), le controle des équations aux dérivées partielles (ou controle en
dimension infinie), le contrdle des équations linéaires, non-linéaires...

Lorsque l'espace des états H est de dimension finie, le probléme de contréle est complétement
résolu si F' est lindaire autonome (grace au critere de Kalman) et assez bien compris dans le cas
d’un systéme affine en le controle F'(u,g) = fo(u) + > g:fi(u) (grace a I'étude de 1'algebre de Lie
engendrée par les f).

Dans le cas ol espace d’état H est de dimension infinie, et en particulier lorsque le systeme (1.1)
correspond a une équation aux dérivées partielles (EDP), il n’y a pas de tel résultat général. Chaque
équation doit étre étudiée au cas par cas. Les EDP et la diversité des phénomenes qu’elles modélisent
ont, depuis les années 60, apporté de nouvelles problématiques en théorie du controle. Apres avoir
été formalisés mathématiquement, nombre de ces problemes ont été résolus dans les années 80-
90, introduisant dans la théorie du controle de nouvelles techniques et méthodes comme ’analyse
microlocale, les inégalités de Carleman, la méthode du retour...

On renvoie le lecteur aux livres de J.-L. Lions [Lio88al, de J.-M. Coron [Cor07a], et de M. Tucsnak
et G. Weiss [TW09], ainsi qu’aux articles de syntheése de D.L. Russell [Rus78] et de E. Zuazua [Zua07]
pour des présentations plus détaillées, des références historiques et des problemes actuels.

Une autre question a laquelle on s’intéressera dans cette these concerne les problemes de contro-
labilité uniforme. Dans ce cadre on se donne une famille de systemes dynamiques

d
&uf = F(e,u%,¢%), v €eH, ¢ €, (1.2)
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dépendant d’un parametre € > 0. On suppose aussi que, pour un certain temps T > 0 et deux états
du systeme ug, u;, admissibles pour tout € > 0, il est possible de trouver un contréle g° tel que la
solution u® de (1.2) issue de u®(0) = wq satisfasse u®(T") = uy. Pour chaque ¢ fixé, on sait donc
résoudre le probléme de contrélabilité défini au paragraphe précédent. A priori, le colit du controle
que lon construit, donné par une certaine norme ||g¢||, dépend du parametre . Le probleme de
contrdlabilité uniforme dans la limite € — 07 est de construire un contréle ¢° uniformément borné,
c’est-a-dire satisfaisant ||g°|| < C pour une constante C' indépendante de e. En particulier, on
obtient alors pour le systeme limite un contréle robuste vis a vis de petites perturbations € > 0.
Introduit par J.-L. Lions [Lio88b, Chapter 3], ce probléme de contrdle uniforme se pose par exemple
naturellement lorsque 1'on cherche a contréler des approximations numériques d’une EDP. Dans ce
cadre, € représente la taille de la maille et les H®, € > 0, sont des espaces d’approximations. Pour ¢
fixé, les propriétés du systeme de dimension finie obtenu sont bien comprises. Cependant, on aimerait
avoir des estimées uniformes pour le controle, de fagon & ce que le controle construit converge (en
un certain sens) vers un contréle pour PEDP limite. On pourra consulter [Zua05] par exemple en ce
qui concerne les approximations numériques de 1’équation des ondes.

Dans certains problémes que nous considérerons, la limite ¢ — 07 correspondra & une limite
singuliere (de viscosité évanescente par exemple).

Dans ce mémoire, nous nous intéressons plus particulierement & la méthode de G. Lebeau et
L. Robbiano pour la contrélabilité des équations paraboliques, & la controlabilité de systemes de
deux équations d’ondes ou de la chaleur couplées, ainsi qu’a la controlabilité uniforme des lois de
conservations scalaires en limite de viscosité évanescente.

Nous rappelons pour commencer quelques définitions et résultats centraux en théorie du controle
des équations linéaires, ainsi que certains exemples fondamentaux sur lesquels est fondée cette these.

1.1.1 Controéle de systémes linéaires autonomes : un cadre général

Nous présentons ici certains concepts et outils classiques dans ’analyse de la controlabilité des
problémes linéaires, qui concernent la plus grande partie de cette these. Cependant, 1’étude des
problémes non-linéaires nécessite elle aussi une bonne compréhension de ’équation linéaire associée
(voir par exemple le livre de J.-M. Coron [Cor07a]).

Le systéme (1.1) est ici supposé linéaire par rapport au couple (u, g), et peut donc se réécrire
sous la forme

(1.3)

4y = Au+ Bg
u(0) = up € H.

On supposera ici que 'espace d’état H est un espace de Hilbert, que A est un opérateur, en général
non borné sur H, de domaine D(A) C H. On notera ) 'espace des controles, ol g prend ses valeurs.
Pour simplifier la présentation, on supposera ici que B € £(),H). Ceci nous évite d’introduire la
notion d’opérateur de contréle admissible, pour laquelle nous renvoyons a [TW09]!. On remarque
que notre action sur 1’état du systeme est restreinte par I'opérateur de contréle B. En effet, ce dernier
réduit les possibilités pour le second membre d’agir sur ’état. Différents exemples sont donnés au
Paragraphe 1.1.2.

De nombreux problémes physiques entrent dans ce cadre abstrait de (1.3). Citons en particulier
des systemes oscillants (de type onde) et des systemes dissipatifs (de type chaleur), pour lesquels
nous rappelons les principaux résultats ci-dessous.

Dans la suite, on supposera que le probleme %u = Au est bien posé (sans quoi la signification
du probléme de contrdle (1.3) est moins claire). Plus précisément, on supposera ici que 'opérateur
A engendre sur H un semi-groupe fortement continu, que ’on notera ¢4 € €°(R,; L(H)).

1. On notera cependant que, sous cette condition supplémentaire d’admissibilité sur 'opérateur B, ’essentiel de
ce que nous présentons ici reste valable pour B € L(Y,D(A)"), oit D(A)’ désigne le dual de D(A).
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La encore, ’hypothése B € L(Y,H) permet de définir la solution de (1.3) par la formule de
Duhamel ?

t
u(t) = eug —|—/ e=)ABg(s)ds.
0

Nous mentionnons maintenant deux problématiques centrales en théorie du contréle linéaire, que
I’on retrouvera tout au long de cette theése : la controlabilité et I'observabilité.

Controlabilité. On définit tout d’abord précisément ce que ’on entend par controlabilité d’un
systeme linéaire.

Définition 1.1. On dira que le probléme (1.3) est contrdlable & zéro en temps T > 0 s’il existe une
constante Ko > 0 telle que pour toute donnée initiale uy € H, il existe un controle g € L2(0,7T;))
satisfaisant

llgllz2c0,7:3) < Korlluolln, (1.4)

tel que la solution de (1.3) associée & g satisfasse u(T) = 0.

L’hypothese (1.4) signifie de plus que I'application qui & la donnée initiale associe le controle
doit étre bornée de H dans L2?(0,T;)). Notons cependant que l’existence d’un controle & zéro
pour toute donnée initiale, implique en fait l’existence d’une telle application continue (voir par
exemple [Cor0O7a, Section 2.3.2]). La donnée de (1.4) dans la définition est donc d’une certaine
fagon redondante, mais elle nous permet de souligner cette continuité et d’introduire la constante
K¢ r. Pour cette raison, on oubliera par la suite de mentionner la continuité de cette application.
La meilleure constante K¢ p vérifiant (1.4) pour toutes données initiales (c’est-a-dire la norme de
ladite application) est appelée le coiit du controle.

A premiere vue, il peut paraitre restrictif de ne vouloir amener ’état du systéme qu’a zéro. La
linéarité de I’équation donne en fait beaucoup mieux : la controlabilité a zéro et la controlabilité
aux trajectoires sont équivalentes. Autrement dit, si on sait amener toute solution de (1.3) & 0 en
temps T, on sait aussi 'amener a ’état final de toute trajectoire libre de 1’équation sans second
membre, c’est-d-dire & tout e”Auy, u; € H. Dans le cas d’une équation réversible (par exemple si
e!A est un groupe), cette derniere est elle méme équivalente & la controlabilité exacte, c’est-a-dire, &
la possibilité d’amener uy & toute cible u; € H. Pour certaines équations dissipatives, au contraire,
leffet régularisant rend vaine la volonté d’amener ’état v a un état quelconque de H. La notion de
controle aux trajectoires (et donc de controle & zéro) est 1a encore la notion pertinente.

Cependant, en général, la contrdlabilité d’un systéme est difficile a prouver, et on doit avoir
recours a des criteres, dont le principal est I’observabilité.

Observabilité. On appelle B* € L(H,)) l'adjoint de B, et on introduit ici le systeme d’observa-
tion suivant sur (0,7),
%v = —A*v, sur (0,7),
v(T) =vr € H, (1.5)
y(t) = B*v(t), sur (0,7).

Ici, A* est Popérateur adjoint de A dans H et le probleme est bien posé de fagon rétrograde en
temps. En effet, le générateur du semi-groupe adjoint [e*4]* est A* , et la solution de (1.5) peut
sécrire v(t) = eT=DA v, on, par définition, e(T =A™ = [e(T—DA*,

Le probleme d’observabilité est le suivant : est-il possible, en n’observant que la quantité y(t),
de connaitre I’énergie du systeme (1.5) & linstant final ¢ = 0, ¢’est-a-dire ||v(0)[|3, (ce qui, sous une
hypothese d’unicité rétrograde faite ci-dessous, revient a connaitre I’énergie du systeme pour tout
temps) ? Plus précisément, on a la définition suivante.

2. Si cette hypothese n’était par satisfaite, nous aurions recours a la notion de solution de transposition pour
définir la solution de (1.3) sous une condition d’admissibilité.
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Définition 1.2. On dit que le systéme (1.5) est observable en temps T' > 0 §’il existe une constante
Ko, > 0 telle que pour tout vy € H, la solution de (1.5) satisfasse

T
le™* or||3, = [lo(0)13, < K?’),T/O 1B v (t)]13dt. (1.6)

La constante Ko 1 est appelée constante d’observabilité. Cette notion d’observabilité a un intérét
propre car elle apparait dans de nombreuses situations concretes lorsque 1’on souhaiterait connaitre
I’état d’un systeme sur lequel on ne peut faire que des mesures partielles. C’est le cas par exemple
en météorologie, en imagerie ou, plus généralement dans le domaine des problemes inverses.

Un autre intérét de 1'observabilité réside dans son lien avec la controlabilité. Pour ’établir, il
nous faut faire 'hypothése suivante d’unicité rétrograde (vérifiée par tous les systémes linéaires que
nous étudierons) : toute solution v de (1.5) qui satisfait v(0) = 0 est identiquement nulle. On a alors
le résultat suivant, montré par S. Dolecki et D.L. Russell [DR77], et J.-L. Lions [Lio88a].

Théoreme 1.3. Le systéeme (1.5) est observable en temps T avec pour constante d’observabilité
Ko si et seulement si le systéme (1.3) est contrélable a zéro en temps T avec pour codt du
contréle Kcr = Ko, r.

En pratique, Pobservabilité d’un systéme (une inégalité) est souvent plus pratique a montrer que
la controlabilité (un résultat d’existence). La partie du Théoreme 1.3 qui nous sera la plus utile
consiste en 'implication “observabilité = contrélabilité”. Nous présentons maintenant brievement
la méthode HUM (Hilbert Uniqueness Method), formalisée précisément par J.-L. Lions [Lio88a], qui
montre (entre autres) cette implication. Si on prend le produit scalaire de (1.3) avec la solution v
de (1.5), on obtient en intégrant par parties

T
/0 (9, B*0)ydt = (o, v(0))3 — (u(T), vr ). (L7)

On considére alors la forme bilinéaire
T * *
a(vr, wr) ::/ (B*e(T_t)A vy, BreT—HA wr)y dt,
0

qui, grace a l'inégalité d’observabilité, & la propriété d’unicité rétrograde et au caractere borné?3 de
B* engendre un produit scalaire sur H, et une norme associée (plus faible que la norme naturelle).
On appelle ‘H le complété de ‘H pour cette norme. On considere alors la forme linéaire

TA"

Ly, (vr) == (uo,e” " vr)w = (uo,v(0))%,

qui, grace a I'inégalité d’observabilité satisfait |L,,(vr)| < Kor ”i/JO”H[a(UT,UT)]%- Elle peut donc
étre étendue de fagon unique en une forme linéaire continue sur H. Le théoréme de représentation
de Riesz donne alors I'existence (et I'unicité) de v € H tel que

a(vi,vr) = Ly, (vr)  pour tout vy € H. (1.8)

On appelle alors © I'unique application continue de H sur L?(0,7;)) qui coincide avec B*e(T-H)A”

sur H. On pose g = O(v}), qui, d’apres le théoreme de Riesz, satisfait
* *\]%
9]l z20,;3) = la(v, v7)]? < Ko,r|luoll-

On a alors obtenu : pour tout ug € H, il existe g € L?(0,7T;)) tel que pour tout vy € H, on a

T
/ (g, B*v)ydt = (uo,v(0))n et |lgllz20.m5y) < Ko,rlluolln-
0

3. remplacé par I'inégalité d’admissibilité si ce n’est pas le cas.



1.1. Préliminaires 11

Au vu de (1.7), ceci implique (u(T),vr)x = 0 pour tout vr, de sorte que g réalise bien un contrdle
a zéro pour (1.3). Enfin, on a montré 'estimation du cout du contréle K¢ r < Ko 7.

Le contrdle g = O(v4) ainsi construit est celui de norme L?(0,7;)) minimale, et est donc d'un
intérét particulier : c’est celui qui “cotite le moins cher” (pour le critere L2(0,7;)))!

Remarquons que dans le cas o H = H (par exemple si (1.5) est conservatif, ou si H est de
dimension finie), on a g = O(vs) = B*e(T=HA ¢k, Dans ce cas la, I'identité (1.8) et la définition de
la forme bilinéaire a(-, -) donnent

T
Grvy =e"ug,  avec Gr = / eT=DABB* T4 4t € L(H).
0

L’application Gr est appelée le gramien du probleme de contrdle. Dans ce cas, la méthode HUM
associe donc a une donnée initiale ug, la “bonne” donnée v} du probléme adjoint dont la solution
de (1.5) associée v(t) nous fournit un contréle! L’inversibilité du gramien est assurée par I'inéga-
lité d’observabilité (1.6) et nous donne l’expression de cette application HUM : v = g;leTAuo.
Finalement, dans ce cas, le controle s’exprime donc “explicitement” en fonction de la donnée initiale :

g(t) _ B*e(T—t)A* Q;leTAuo.

Enfin, ce contréle, donné par HUM, minimise le cotit K¢ 7. On appelle donc colit minimal le
cout de ce meilleur controle, que I'on peut aussi écrire

KUM= | B*e MDA G T A £y 120,03 -

1.1.2 Quelques problemes classiques

Mentionnons maintenant quelques résultats classiques en théorie du controle des équations li-
néaires. Nous commencons par le théoreme de Kalman qui répond aux questions de controlabilité
et d’observabilité pour les systémes autonomes de dimension finie, et le contréle d’une équation de
transport linéaire en une dimension d’espace. Ensuite, nous donnons des résultats fondamentaux,
plus récents sur deux équations de base de la physique : I’équation des ondes et ’équation de la cha-
leur. Enfin, nous présentons un résultat de controle uniforme pour un équation de chaleur/transport
dans la limite de viscosité évanescente. On notera en particulier que les résultats de controle sont
intimement liés au “mode de propagation de I'information” de chaque équation.

La liste n’est bien entendu pas exhaustive, mais vise uniquement a présenter les principaux
résultats de référence qui nous serviront de guide et de point de départ tout au long de ce mémoire.

Systemes de dimension finie. On s’intéresse ici au cas ou tous les espaces considérés sont de
dimension finie, c’est-a-dire H = RY, et Y = RM pour deux entiers N et M. Dans ce cadre,
A € L(RY) est une matrice carrée N x N et B € L(RM RY) est une matrice N x M. Le probleme
intéressant est le cas ou M < N : on veut controler N variables d’états en n’agissant sur le systeme
qu’au moyen d’un nombre réduit M de contréles. Pour ce type de systemes, on a le critere algébrique
suivant.

Théoréme 1.4 (Critere de Kalman). Le systéme de dimension finie (1.3) est contrélable en temps
T > 0 st et seulement si la matrice

[B,AB, A’B,--- ,AN71B] € LRNM RY), (1.9)
dont les colonnes sont constituées des colonnes de B,--- , AN"'B, est de rang N.

Attribué a R.E. Kalman, ce critére extrémement simple et utile en pratique apparaissait déja
dans un article de J. LaSalle. Nous renvoyons au livre de J.-M. Coron [Cor07a, Remark 1.17] pour
I’historique de cette condition.
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La méthode de dualité rappelée ci-dessus permet de donner un critére algébrique similaire pour
Pobservabilité du systeme adjoint (1.5). Notons que dans ce cadre, observabilité et controlabilité
sont aussi équivalents a 'inversibilité de la matrice Gr

Remarquons également que le critere algébrique du Théoreme 1.4 ne dépend pas du temps. S’il
est controlable, un systeme de dimension finie I’est pour tout temps 7" > 0, ce qui contraste avec
certains problemes d’EDP (voir ci-apres). Cependant, il semble clair que le colit du contrdle va étre
une fonction décroissante du temps, qui explose lorsque 7' — 07. Une question intéressante, résolue
par T. Seidman en 1988 concerne la vitesse d’explosion du cout du controle des systemes linéaires
autonomes, lorsque le temps tend vers zéro.

Théoréme 1.5 (Seidman [Sei88]). Il existe une constante k > 0 telle que

K
KHUM
T T—0% it ]

ot k est le plus petit entier tel que le rang de [B, AB, A%B,--- , A*B] soit N.

L’explosion du cotlit est donc polynomiale lorsque le temps tend vers zéro. On verra que ce n’est
pas le cas pour des EDP controlables en tout temps. L’exemple le plus simple de systeme différentiel
linéaire, que l’on retrouvera au Paragraphe 1.3 (et, dans une moindre mesure au Paragraphe 1.2.1)

est le suivant : J
U1 . a c¢ Ul 1
i) =00 a)(n)+(0)s (10

ol uy, uz, [0,7] — R et a,b, ¢, d sont des constantes réelles. Dans ce cas, on se demande sous quelles
conditions deux équations couplées peuvent étre contrélées au moyen d’un seul controle. Le Théo-
réme 1.4 nous donne la réponse suivante : le systéme (1.10) est controlable si et seulement si le rang

de la matrice
1 a
0 b )’

est 2, autrement dit, si et seulement si b # 0. On comprend en effet qu’alors, g controle 'état uq,

et le terme bu; agit comme un controle sur I’équation en us. Enfin le Théoreme 1.5 nous donne la
. . N R 3

vitesse d’explosion du cout du contréle en temps courts : K{f UM o or KT 2.

Une équation de transport. FEtudions maintenant une EDP simple : I’équation de transport

unidimensionnelle & vitesse constante M > 0, controlée par le bord de gauche :

ug + Mu, =0 (t,z) € (0,T) x (0, L),
Ula=o = g(t)  (t,z) € (0,T) x {0}, (1.11)
u‘t:() = Ug S L2(0,L).

On remarque tout d’abord que ce probleme est bien posé car la vitesse est positive et on fixe la
condition sur le bord de gauche (en z = 0) par lequel les données “entrent”. La méthode HUM
telle qu’elle est décrite ci-dessus ne s’applique pas tout & fait & ce systéme, car Iopérateur B de
contrdle par le bord n’est pas borné 4. Mais, dans cette situation trés simple, la solution est explicite,
et nous n’utiliserons pas la méthode HUM. La solution de (1.11) est donnée par la méthode des
caractéristiques (voir la Figure 1.1) :

{ u(t,z) =uo(x — Mt) siz> Mt (1.12)

u(t,r) = g(t — 37) six < Mt
On obtient alors le résultat de controlabilité suivant.

Théoréme 1.6. Le systéme (1.11) est contrélable a zéro dans L*(0,L) en temps T si et seulement
T > L.
=™

4. Cependant, cet opérateur est admissible au sens de [TW09, Section 4.2].
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(0,0) up(x)

FIGURE 1.1 — Caractéristiques de I’équation de transport a vitesse M.
En rouge, la zone d’influence de la donnée initiale ug ; en bleu, celle du controle g.

On voit que la contrdlabilité du systéme (1.12) dépend du temps T'. Ici, I'information se propage
de gauche a droite & vitesse constante M. Pour T < ﬁ, Iinformation donnée par le controle au
temps zéro n’a pas eu le temps d’atteindre la droite de l'intervalle. Pour 7" > ﬁ au contraire, cette
information a parcouru tout 'intervalle et le systéeme est controlable.

Dans cet exemple, tres particulier, on remarque que l'on fixe le controle en fonction de la cible
uniquement, et indépendamment de la donnée initiale ug. Le méme controle fonctionnera donc pour
toutes les données initiales. Par exemple, le contréle ¢ = 0 amene toute condition initiale a zéro en
temps T = ﬁ, pour un cotit nul. Nous renvoyons & [Cor07a, Section 2.1] pour plus de détail sur cet
exemple.

Rappelons maintenant deux résultats, démontrés dans les années 80-90, qui concernent les EDP
linéaires les plus classiques : I’équation des ondes et I’équation de la chaleur. On appellera 2 un ouvert
connexe borné régulier de R™ (ou éventuellement une variété riemannienne connexe compacte avec
ou sans bord, de dimension n) et w un ouvert non vide inclus dans Q. On notera 1, la fonction
caractéristique de w. Pour ces deux exemples, nous n’énoncerons qu’un résultat de controle interne
(entrant exactement dans le cadre de la méthode HUM telle qu’elle est décrite ci-dessus). Cependant,
un résultat analogue de controle par le bord existe (avec une subtilité liée aux points diffractifs de
la zone de controle pour les ondes).

Equation des ondes. Conformément a l'intuition, les solutions de 1’équation des ondes se pro-
pagent, & haute fréquence, le long des rayons de 'optique géométrique. Plus précisément, elles se
propagent en ligne droite (ou plus généralement le long des géodésiques) a l'intérieur de €, et se
réfléchissent sur le bord en suivant les lois de Descartes (ce point peut étre délicat pour les rayons
rasants, voir par exemple [MS78] ou [H6r85, Chapter 24]).

Il est donc intuitif que, dans le cas ou la zone de contrdle ne “rencontre pas tous les rayons”,
l’équation des ondes ne pourra étre controlée exactement (ou, de fagon équivalente, observée), et
réciproquement.

Définition 1.7. On dira que le couple (w,T) satisfait la condition géométrique de controle (GCC)
si tout rayon parcouru & vitesse 1 dans 2 et suivant les lois de 'optique géométrique entre dans w
en un temps t < 7. On dit aussi que w satisfait la condition géométrique de controle s’il existe un
temps T pour lequel (w,T) satisfait cette condition.

On a alors le résultat suivant.
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Théoréeme 1.8 (Bardos-Lebeau-Rauch [BLR88, BLR92]). Supposons que le couple (w,T) satisfait
GCC. Alors, pour tout (ug,u1) € H}(Q) x L?(Q), il existe g € L?(0,T;L*(Q)) tel que l'unique
solution de

O?u—Au=1,9 dans (0,T) x Q,

uloo = 0,

(u, Osu)|1=0 = (uo,u1),

satisfasse (u, Oyu)|i=7 = (0,0).

On notera aussi que la condition géométrique de controle est nécessaire a la controlabilité des
ondes [Ral69, BLR92| (voir aussi [BG97] pour le cas d’un controle par le bord).

Bien que tres intuitif, ce résultat est tres difficile. Des méthodes d’inégalités d’énergie permettent
cependant de montrer ce théoreme assez simplement sous des conditions plus fortes sur w et T'. Ces
techniques, appelées méthodes de multiplicateurs [Lio88a,Kom94], consistent & multiplier 'équation
par une fonction bien choisie de ’état u et de la variable d’espace x, et intégrer par parties de facon
& obtenir une inégalité d’observabilité. On renvoie & l'introduction de [BLR92] pour un historique
du contréle de I’équation des ondes, ainsi qu’a [Mil02] pour une comparaison entre les différentes
conditions géométriques. Bien que robustes, les méthodes de multiplicateurs ne permettent pas de
saisir complétement la nature géométrique et propagative du probleme. C’est a cette difficulté que
répondent les méthodes d’analyse microlocale.

Parallélement, J. Rauch et M. Taylor [RT74] avaient montré un résultat semblable au Théo-
réme 1.8 (mais concernant la stabilisation) sur une variété sans bord, comme une application du
théoréme de propagation des singularités de Hormander [Hér94, Theorem 26.1.1] (voir aussi [Tay81,
Chapter 6, Theorem 2.1]). Le probléme de la propagation du front d’onde au bord, particulierement
technique, a été résolu en 1978 par R. Melrose et J. Sjostrand [MST78] (voir aussi [Hor85, Chapter
24]). C’est ce résultat qui a rendu possible la preuve du Théoréme 1.8 (voir [BLR8S]). Le probleme
du contrdle des ondes par le bord, encore plus difficile, a finalement été résolu dans [BLR92].

Depuis, des preuves plus simples utilisant les mesures de défaut microlocales de P. Gérard [Gér91]
et L. Tartar [Tar90] ont été mises au point, sur lesquelles nous reviendrons au Paragraphe 1.3.3. Ces
dernieres ont permis de donner la valeur explicite du meilleur taux de décroissance de I’équation
des ondes amorties (voir I'article [Leb96] de G. Lebeau), de réduire la régularité du bord et de la
métrique dans le Théoreme 1.8 (voir I'article [Bur97a] de N. Burq), ou de montrer que la condition
géométrique pour le contrdle par le bord est nécessaire (voir 'article [BG97] de N. Burq et P. Gérard).

Equation de la chaleur. Intéressons nous a présent au probleme de controlabilité de I’équation
de la chaleur. La propagation de l'information dans 1’équation de la chaleur se fait par diffusion
instantanée et dans toutes les directions. On s’attend donc a obtenir un résultat de contréle en tout
temps sans aucune condition géométrique sur la zone w. Connu en une dimension d’espace depuis les
travaux de et H.O. Fattorini et D.L. Russell [FR71,FR75] (ou en dimension quelconque mais avec
un controle sur tout le bord [Rus73]), ce résultat a été prouvé dans le cas général indépendamment
par G. Lebeau et L. Robbiano d’une part et par A.V. Fursikov et O.Yu. Imanuvilov d’autre part.

Théoréme 1.9 (Lebeau-Robbiano [LR95], Fursikov-Imanuvilov [FI96]). Pour tout w # 0, pour tout
temps T > 0 et tout ug € L*(Q2), il existe g € L?(0,T; L*(Q)) tel que l'unique solution de

ou—Au=1,9 dans (0,T) x §,
u|aQ = 07 (1.13)
u|t:0 = Uo,

satisfasse uli—p = 0.

Les deux démonstrations de ce résultat sont tres différentes. La premiere, présentée plus en
détail au Paragraphe 1.2, consiste a utiliser des propriétés spectrales du laplacien pour construire un
controle g, tandis que la seconde consiste & montrer une inégalité d’observabilité pour le probleme
adjoint.
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Cependant, il est remarquable qu’elles soient toutes deux fondées sur des inégalités de Car-
leman (sur lesquelles nous reviendrons au Paragraphe 1.2.2.1). Les propriétés du laplacien uti-
lisées dans [LR95] se déduisent d’inégalités de Carleman pour cet opérateur (donc elliptiques).
Dans [FI96], une inégalité d’observabilité est déduite d’une inégalité de Carleman pour l'opéra-
teur de la chaleur (donc parabolique). Tandis que la premiére se limite a priori au cas d’opérateurs
elliptiques autoadjoints, la seconde méthode a I'avantage de fonctionner aussi pour des perturba-
tions non-autoadjointes (et non autonomes) du laplacien, c’est-a-dire pour I’équation parabolique
Ou — Au~+ b(t,x) - Vu + ¢(t, z)u. De plus, elle donne une estimée supérieure du coiit du controle :
KHUM < CeT lorsque T — 0% (taux d’explosion qui est optimal dés que w # €2, au vu du résultat
de E.N. Giiichal [Giii85]). Enfin, cette méthode s’adapte aux problémes paraboliques non-linéaires
(voir par exemple [FI196, Bar00, FCZ00, DFCGBZ02]). Néanmoins, comme nous le verrons au Para-
graphe 1.2, la méthode de Lebeau-Robbiano a plusieurs avantages. En particulier, elle est fondée sur
des propriétés spectrales fines du laplacien et de la dissipation parabolique, et permet de mesurer le
cout du controle des basses fréquences. C’est aussi grace a cette méthode que 'on peut montrer des
résultats de controlabilité pour des problemes paraboliques fractionnaires (voir [Mil06b]).

Méme si les deux méthodes proposent une preuve directe de la controlabilité frontiere, remar-
quons que la contrdlabilité de la chaleur par 'intérieur implique un résultat de controlabilité par un
sous ouvert I' C 92 non vide du bord. L’idée, classique, est d’agrandir {2 au voisinage de I" en un
ouvert . On prend alors un petit ouvert w C Q \ © & partir duquel on peut controler la solution @
du probleme sur Q. La restriction de @ & Q est alors solution du probléme de contrdle par le bord
et la trace de u sur le bord I" donne le controle cherché.

Enfin, pour conclure ce paragraphe, nous mentionnons un résultat de controle uniforme pour une
équation de transport/chaleur, en limite de viscosité évanescente.

Equation de transport/chaleur en limite de viscosité évanescente. Nous présentons ici un
résultat de controlabilité uniforme, intermédiaire entre la controlabilité de 1’équation de transport
rappelée ci-dessus et celle de I’équation de la chaleur. On s’intéresse au probleme parabolique suivant

Up — EUgy + Muy, =0 (t,x) € (0,T) x (0, L),
Uzmo = g(t), ulz=rp =0 te(0,7), (1.14)
ult—0 = uo €(0,L).

Pour € > 0 fixé, le Théoréme 1.9 de controlabilité de la chaleur, valable aussi pour ’équation (1.14)
(et déja connu en une dimension depuis [FR71]) montre que I’on peut amener la solution u de (1.14) &
zéro pour tout temps T' > 0. Un changement d’échelle permet de montrer que le controle g° construit
par exemple par la méthode de Fursikov-Imanuvilov satisfait ||g°||2(0,7) < Ce%HUOHL?(O,L)- Ce
controle, adapté au caractére parabolique de I"équation (1.14) diverge naturellement dans la limite
¢ — 0%. Cependant, pour M > 0 et T > %, on sait d’apres le Théoreme 1.6 que le systeme
limite est lui aussi contrélable, avec un cotit nul. Une question naturelle, posée par J.-M. Coron et
S. Guerrero [CGO5b], est de savoir si, pour T > M, on peut construire un contréle ¢g¢ satisfaisant

l9°Il20,7) < Clluoll 20,1, unlformement par rapport a . Leur premier résultat est le suivant.

Théoréme 1.10 (Coron-Guerrero [CGO5b]). Pour tout T <
que pour tout controle & zéro g° de (1.14), on ait

M, il existe une constante C > 0 telle

C
9N 20,7y > Ce= |luollL2(0,1)-

Pour tout T > 4.3L 17, il existe une constante C > 0 et un contréle a zéro g° de (1.14), tels que on
att

_c
lg°llz20,m) < Ce™ < luollz2(0,L)-
Si le temps est trop court, on a donc explosion exponentielle de tout controle dans la limite

de viscosité évanescente. Si le temps est suffisamment long, on obtient bien le résultat de controle
uniforme escompté. Mieux, le contréle g¢ construit ici converge fortement dans L?(0,L) vers le
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controle nul pour I'équation de transport limite. Dans la situation intermédiaire, ﬁ <T< 4.3%,
la conjecture, toujours ouverte, est que la propriété de controlabilité uniforme est satisfaite.

Dans le cas d’une vitesse M < 0, la question du contréle uniforme se pose aussi car la condition
de Dirichlet homogene sur le bord droit de I'intervalle fait office de contréle a zéro pour le probleme
limite (qui n’a qu'une condition au bord, en x = L). J.-M. Coron et S. Guerrero montrent dans ce
cas un analogue du Théoreme 1.10. Ils prouvent un résultat de contréle uniforme pour 7' > 57.2%,

ainsi qu'un résultat assez surprenant d’explosion exponentielle pour tout T < 2%. Les temps
minimaux nécessaires pour controler uniformément sont améliorés par O. Glass [Glal0], et le résultat
du Théoreme 1.10 est généralisé aux dimensions d’espaces supérieures et & un champ de vitesse non
constant par S. Guerrero et G. Lebeau [GLOT7]. Nous reviendrons sur un probleme similaire au
Paragraphe 1.4.

1.1.3 Problématique de ce mémoire

Ce mémoire comprend trois parties, correspondant chacune a 'un des Paragraphes 1.2, 1.3 et
1.4 de la présente introduction.

Dans la premiere partie, nous nous intéressons a la méthode développée par G. Lebeau et L. Rob-
biano pour le controle des équations paraboliques, ainsi qu’a l'inégalité spectrale qu’elle permet de
démontrer. Nous montrons une telle inégalité spectrale pour certains opérateurs elliptiques non-
autoadjoints et généralisons la méthode dans cette situation. Dans un second temps, utilisant cette
méthode, nous montrons la contrélabilité d’un probléme parabolique contenant une interface diffu-
sive.

La deuxieme partie concerne la controlabilité de systemes paraboliques ou hyperboliques linéaires
couplés. Nous montrons tout d’abord des résultats de stabilisation pour des systemes de deux équa-
tions d’ondes localement couplées. Ensuite, nous abordons le probleme de contréle de ces systemes,
ce qui nous permet de déduire un théoreme de controlabilité de systéemes paraboliques, sous des
conditions géométriques. Enfin, dans un cas simple, nous présentons une analyse microlocale d’un
systeme d’équations d’ondes localement couplées.

Dans la troisieme et derniere partie de ce mémoire, nous étudions un probleme de controle pour
une loi de conservation non-linéaire visqueuse. Nous montrons un résultat de contrélabilité uniforme
dans la limite de viscosité évanescente.

A chaque chapitre de ce mémoire correspond un paragraphe dans cette introduction. Dans cha-
cun de ces paragraphes, nous présentons les résultats antérieurs ainsi qu’un outil essentiel a la
compréhension de nos résultats. Nous donnons ensuite nos résultats principaux et concluons par des
problémes ouverts.

Le Chapitre 2, présenté dans le Paragraphe 1.2.1 reprend ’article [Léal0Oa]. Le Chapitre 3, pré-
senté dans le Paragraphe 1.2.2 reprend l'article [LLR11], en collaboration avec Jéréme Le Rousseau
et Luc Robbiano. Le Chapitre 4, présenté dans le Paragraphe 1.3.1 reprend larticle [ABL11c], en
collaboration avec Fatiha Alabau-Boussouira. Le Chapitre 5, présenté dans le Paragraphe 1.3.2 re-
prend larticle [ABL11b] (dont les résultats ont été annoncés dans [ABL11a]), en collaboration avec
Fatiha Alabau-Boussouira. Le Chapitre 6, résumé dans le Paragraphe 1.3.3 présente un travail en
collaboration avec Belhassen Dehman et Jérome Le Rousseau. Enfin, la partie III, présentée dans le
Paragraphe 1.4 reprend 'article [Léal0b].

1.2 Autour de la méthode de Lebeau-Robbiano pour le contréle
des équations paraboliques

Dans cette partie, nous utilisons et adaptons a deux situations différentes la “méthode de Lebeau-
Robbiano” [LR95] pour le controle des équations paraboliques. Un point central de cette méthode est
I’obtention d’une inégalité spectrale portant sur les combinaisons linéaires finies de fonctions propres
du laplacien. Depuis Iarticle original [LR95], I'inégalité spectrale et la méthode de construction du
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controle ont connu une simplification importante [LZ98, JLI9] (voir aussi [Mil06b, LL09]). Dans les
paragraphes qui suivent, nous utilisons ces deux méthodes (ainsi que les deux types d’inégalités
spectrales qu’elles utilisent). Nous les présentons donc maintenant dans leur cadre d’origine : la
preuve du Théoreme 1.9.

La méthode originelle de Lebeau-Robbiano. La démarche adoptée dans [LR95] pour montrer
la controlabilité de I’équation de la chaleur trouve son origine dans les faits suivants :

— On sait depuis larticle [Rus73] de D.L. Russell que la controlabilité de 1’équation des ondes
(0?2 — A)u = 1,9 (en temps grand) entraine la contrélabilité de la chaleur (9; — A)u =
1,9 pour tout temps (et de méme pour le cas du contréle frontiere). Nous reviendrons au
Paragraphe 1.3.2.1 sur ce type de résultats et les liens entre les propriétés de controlabilité des
différentes équations linéaires.

— Cependant, les conditions géométriques nécessaires a la controlabilité des ondes ne sont pas
adaptées au mode de propagation des solutions de I’équation de la chaleur, a savoir instanta-
nément et dans toutes les directions.

— Ce mode de propagation est le méme que celui de ’équation elliptique associée.

La solution proposée est donc de controler I’équation d’évolution elliptique

(07 + Ayu =1y, (1.15)

et d’adapter la méthode de Russell dans ce cas. L’avantage principal est que, pour les équations ellip-
tiques A¢ ;u = 0, on dispose d’estimées de prolongement unique qui ne nécessitent aucune condition
géométrique (si ce n'est w # (). Ces estimées quantitatives de prolongement unique (connues loin du
bord [Cal58, Ho6r63], et montrées par G. Lebeau et L. Robbiano [LR95] jusqu’au bord) impliquent
une inégalité d’observabilité pour le systeme adjoint de (1.15), et donnent le résultat de controle
souhaité. Une difficulté subsiste, car le probleme d’évolution (1.15) est mal posée.

Pour surmonter cette difficulté, la solution trouvée par G. Lebeau et L. Robbiano est de res-
treindre le probléme d’évolution (1.15) & un espace spectral du laplacien, de dimension finie (sur
lequel (1.15) est bien posé), et d’évaluer précisément le colit du contrdle construit par la méthode
décrite précédemment en fonction de la fréquence de coupure (c’est-a-dire la plus grande valeur
propre). Ce colit du controle est la constante d’observabilité du probléme adjoint, c’est-a-dire la
constante qui intervient dans la version quantifiée du prolongement unique. C’est cette inégalité
d’observabilité en basse fréquence que I'on appellera “inégalité spectrale intégrée en temps”.

Ensuite, le controle a zéro est construit par un argument itératif combinant contréle partiel sur
des sous-espaces spectraux de plus en plus grands, et dissipation parabolique a haute fréquence avec
un taux de plus en plus élevé.

Plus précisément, on appelle (i, e;)jen les couples valeur propre fonction propre du laplacien
muni de conditions au bord de Dirichlet —Ap. On a p; > 0, et on note I, := Zﬂjga(~’€j)L2(Q)€j
le projecteur spectral sur les fonctions propres associées aux valeurs propres plus petites que a.
L’inégalité spectrale prouvée dans [LR95, (6) page 340] est la suivante. Pour tout Ty > 0 et tout
ouvert U inclus dans (0,7p) x © (pour Papplication au controle de (1.15), et donc de (1.13), on
prend U C (0,Tp) X w), il existe C > 0 tel que pour tout a > 0, on a

)< CeCVa ||otv=20 —t‘/;—ADwi‘ 2

20y’ pour tous wy,w_ € M, L*().
L2(U

(1.16)
Dans cette inégalité, on a utilisé le calcul fonctionnel standard pour e**V—2rII, sur le sous-espace
spectral I1, L?(Q) = Vect{e;, u; < a}, c’est-a-dire

w172 )+ llw- 1720 wy te

eV TADT = Z eFHI (), ej)r2(Q)€j, pour w e L(9Q).

pj <o
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Autrement dit, on a, pour toute suite (aji)jeN C C, et tout a > 0,

2

Z (|aj'|2 + |aj_|2) < CefVe Z (aj‘e\/‘Tit + aj_e—x/lTjt) ej

Hj <o Hj <o L2(U)

Cette inégalité spectrale correspond a une inégalité d’observabilité pour le probleme adjoint du
probléme de controle de dimension finie :

{ (02 + Ap)u =, 1,4,

(u, Osu)|t=0 = (uo,u1) € (HQLQ(Q»Z’ (1.17)

pour lequel on veut amener 1’état & zéro en un temps Tp. L’inégalité (1.16) donne le résultat suivant :
pour tout temps Tp > 0 et toutes données initiales (ug,u;) € (HaLz(Q))z, il existe un controle g
supporté par U C (0,7p) x w de coiit borné par C'eC'Vea qui amene ’état a zéro en temps Tp.

La deuxiéme étape correspond au passage d’un contréle pour le systéme elliptique (1.17) (de
dimension finie) au controle pour le systéeme parabolique (de dimension finie). C’est dans cette
étape qu’est utilisée 1'idée de Russell. Notons que cette méthode est fondée sur des techniques
de moments (projection du probleme de contréle sur chaque mode propre e;) et est bien adaptée
au caracteére autoadjoint du probleme. On obtient alors le résultat de controle parabolique basse
fréquence suivant : pour toute donnée initiale ug € II,L?(2) et tout temps T > 0, il existe un
controle g supporté dans w et de colit borné par CeCVatoy (pour un certain v > 0) tel que la

solution de
{ (0 — Ap)u =T, 1,9,

u\t:o = Ug € HQLQ(Q), (118)

satisfasse u(7T") = 0. Dans ce passage du probleme elliptique au probléme parabolique, on obtient
dans un premier temps un controle singulier en temps, qu’il est nécessaire de régulariser dans un
second temps (par convolution avec une fonction de Gevrey). Notons ici que le point important est
Pestimation fine du cotit du controle en fonction de la fréquence de coupure /. De fagon équivalente,
le controle g ainsi construit permet d’amener la solution de (1.13) issue de n’importe quelle donnée
initiale de L2(€) & un état u(T) € (T4 L2(R)) " = (I — o) L2(Q).

Enfin, la derniére étape consiste en une combinaison de ces controles partiels et de la décroissance
exponentielle des solutions de la chaleur, restreintes a (HQLQ(Q))J'. Le controle pour le probleme
parabolique complet (1.13) est construit par une suite de controles actifs et inactifs sur des intervalles
de temps de taille de plus en plus petite au voisinage de ¢t = T'. Sur chacun de ces intervalles, I'idée
est de controler & zéro tous les modes de II,L?(Q2), pour un coiit de 'ordre de ¢V, puis de laisser
la chaleur dissiper les modes restants d’un facteur e~““*. En itérant ce processus sur des espaces
spectraux de plus en plus grand, « croissant, on aboutit finalement & ’état nul au temps 7T'.

L’inégalité spectrale et la méthode simplifiée de Lebeau-Robbiano. Dans [LZ98,JL99],
G. Lebeau et E. Zuazua d’une part, et D. Jerison et G. Lebeau d’autre part, remarquent (avec
différentes applications en vue) que la démonstration de l'inégalité (1.16) implique aussi le résultat
suivant, plus simple car portant uniquement sur les sommes de fonctions propres du laplacien.

Théoréme 1.11 (Inégalité spectrale [LR95, LZ98, JL99]). On a, pour une constante C > 0 ne
dépendant que de w,

lwl|L2(0) < C’ec‘/anHLz(w), pour tout o > 0, et tout w € M, L*(). (1.19)
Cette inégalité spectrale, sur laquelle nous revenons au paragraphe suivant, peut, de fagon équi-

valente, se réécrire comme

2

Z |aj\2 < Cec‘/a/ Z ajej(x)| dx, pour tous (a;j)jen € cN a>o0.

w

pjSo HjSo
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En particulier, cette inégalité simplifie considérablement la méthode de construction du controle
décrite au paragraphe précédent (voir [LZ98], ainsi que [Mil06b, LL09]) : il n’est plus nécessaire de
passer par lintermédiaire d’un probléme de controle pour une équation elliptique d’évolution. La
démonstration de la controlabilité consiste alors & montrer directement ’observabilité du probleme
adjoint de (1.18) a partir de (1.19), puis, de reprendre la construction itérative du controle de la
méthode originelle.

Notons pour finir que L. Miller [Mil10] d’une part, G. Tenenbaum et M. Tucsnak [TT10] d’autre
part, ont adapté cette stratégie pour montrer I'observabilité de la chaleur a partir de l'inégalité
spectrale sans passer par 'intermédiaire de problémes de controle (c’est-a-dire en effectuant une
preuve itérative du coté de 1'observabilité).

Quelques remarques sur I’inégalité spectrale. Remarquons tout d’abord que I'inégalité spec-
trale (1.19) fournit une mesure quantitative de la perte d’orthogonalité des fonctions propres (e;) en
lorsqu’elles sont restreintes a ’ouvert w. D’une certaine fagon, cette inégalité spectrale quantifie 1'ef-
fet tunnel (sur lequel nous reviendrons au Paragraphe 1.2.2.1) en montrant que pour toute fonction
w € MaL?*(Q), |w|r2(w) ne peut pas “s’écraser” plus que Ce™“Ve||lw||12(q) sur n'importe quel
ouvert w C § (voir aussi [Mil09]). On peut montrer que, tant que w # €, la dépendance de la
constante Ce€vV® en exponentielle de la racine de la fréquence de coupure ne peut étre améliorée
(voir [JL99,LL09]). Le champ d’application de ce type d’inégalité est bien plus large que la théorie du
controle : 'inégalité (1.19) permet en particulier d’estimer la mesure de Hausdorff des ensembles de
niveau de sommes de fonctions propres (voir I'article de D. Jerison et G. Lebeau [JL99]). Notons que,
si w satisfait GCC (voir la Définition 1.7), alors (comme conséquence de I'inégalité d’observabilité
pour les ondes) l'inégalité spectrale est satisfaite avec une constante indépendante de la fréquence
si on remplace la somme de fonctions propres par une seule fonction propre.

A ma connaissance, il existe trois facons différentes de montrer cette inégalité : la méthode
originelle de [LR95], une méthode par inégalité de Carleman elliptique globale [Le 07b, BHLR10],
et une méthode utilisant des propriétés doublantes (voir [AEO8] en une dimension et [Phu07a] en
dimension quelconque). La méthode originelle de G. Lebeau et L. Robbiano [LR95] est fondée sur
des inégalités de Carleman locales, qui quantifient le prolongement unique pour les solutions de
Au = f (voir le Paragraphe 1.2.2.1). Ces dernieres impliquent des inégalités d’interpolation locales,
qui, propagées, donnent une inégalité d’interpolation globale de la forme (pour un v € (0,1) et

C € (07T0/2))7
||UHH1((C,T0—C)XQ) < C||UH}{_1?(O7TO)><Q) (Hatv|t=0||L2(w) + ||(*8t2 - A)UHLQ((O,TO)XQ))Vv (1.20)

pour toute fonction v € H2((0,Tp) x Q) satisfaisant v|;—9 = 0 et v|so = 0. On renvoie a [LZ9S8]
pour I'obtention de I'observation ||0;v|t=ol|12(.) dans le second membre. Enfin, un choix astucieux
de fonction v donne (1.19). Remarquons que la preuve de I'inégalité (1.16) repose sur la méme
inégalité d’interpolation, dans laquelle I'observation ||0;v|t=o||z2(w) est remplacée par [|v|| 2y (ol
U C (0,7p) x Q est le méme que celui apparaissant dans (1.16)) et est satisfaite par tout v €
H?((0,Tp) x Q) tel que v|spg = 0.

La méthode de Lebeau-Robbiano repose donc sur deux points principaux : d’une part sur une
construction du contrdle fondée sur les propriétés spectrales du laplacien, et d’autre part sur des
estimées de prolongement unique : les inégalités de Carleman. Dans les Paragraphes 1.2.1 et 1.2.2,
on prouve une inégalité spectrale pour différents opérateurs ellipiques, étendant dans le premier cas
la partie spectrale de la preuve, et dans le second les inégalités de Carleman.

1.2.1 Inégalités spectrales pour les opérateurs elliptiques non-autoadjoints
et applications
La question principale que ’on se pose dans cette partie est la suivante : la méthode de Lebeau-

Robbiano, décrite ci-dessus (et tous les résultats qu’elle implique) est elle fondamentalement réservée
aux opérateurs elliptiques autoadjoints du second ordre, c’est-a-dire —diveV 4+ a avec a: 2 — R?
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Ou, au contraire, peut-on ’étendre a certains opérateurs non-autoadjoints ? Pour ces derniers, le
résultat de controle est connu depuis [FI96], et on a donc espoir de faire fonctionner aussi cette
méthode pour des opérateurs du type

-A 0 a ¢
A=-A+b-V+c ou A:( 0 —A>+<b d)’ (1.21)

avec, par exemple, des conditions au bord de Dirichlet. Dans (1.21), a,b,c,d sont des fonctions
régulieres sur 2. En effet, pour ces opérateurs, les inégalité de Carleman et les inégalités d’inter-
polation sont satisfaites. Plus précisément, comme on le verra au Paragraphe 1.2.2.1, les inégalités
de Carleman sont insensibles aux termes d’ordre inférieur (qu’elles absorbent tout simplement).
Notre démarche est donc la suivante : nous partons d’une inégalité d’interpolation, et nous mon-
trons (dans un cadre englobant ces deux exemples) une inégalité spectrale et la controlabilité de
I’équation parabolique associée.

Avant de montrer une inégalité spectrale pour ce type d’opérateurs non-autoadjoints, il faut en
comprendre la théorie spectrale.

1.2.1.1 Outil principal : théorie spectrale des opérateurs autoadjoints faiblement per-
turbés

On va ici s’intéresser a des opérateurs du type A = Ag + A;, ou Ay est autoadjoint a résolvante

compact sur I'espace de Hilbert séparable H (qui, dans les applications sera L?(2) ou (LQ(Q))2)
et A; est une “petite perturbation” de Ay (voir les hypotheses de la Proposition 1.12 ci-dessous
pour plus de précision). L’étude des propriétés spectrales de ces opérateurs a depuis les années 60
connu un certain essor. Cependant, nous verrons que les résultats existants sont assez limités. Les
probléemes principaux sont les suivants :

— lopérateur A (a résolvante compacte) n’est pas diagonalisable. Plus précisément, pour chacune
de ses valeurs propres, 'opérateur A a non seulement un vecteur propre, mais aussi toute une
chaine de Jordan de “vecteurs propres généralisés” (un bloc de Jordan). En particulier, A a
une infinité de valeurs propres et le nombre de vecteurs propres généralisés associés n’est pas
borné ;

— on connailt pas précisément la position des valeurs propres de A dans le plan complexe ;

— enfin et surtout, on ne sait pas toujours estimer la résolvante en fonction de la distance au
spectre, comme c’est le cas pour les opérateurs autoadjoints (ou méme normaux).

Le point de départ de la théorie perturbative que nous allons utiliser est le théoreme de Keldysh
(voir par exemple [GK69]) qui montre la complétude des vecteurs propres généralisés d'un opérateur
compact autoadjoint faiblement perturbé (c’est-a-dire que I'espace qu’ils engendrent est dense dans
H). Cependant, cette propriété de complétude, bien qu’un point de départ, est extrémement faible
et ne permet pas de faire du calcul.

Un résultat qui répond (partiellement) & cette attente (le Théoréme 1.13 ci-dessous) a été prouvé
par A.S. Markus et D.S. Katsnel’son [Kat67]. La preuve a ensuite été simplifiée par A.S. Markus
et V.I. Matstaev et est (partiellement) présentée sous cette forme dans le livre [Mar88, Chapter 1.
Nous suivons ici la présentation qui en est faite dans Particle [Agr94] de M.S. Agranovich (et qui,
4 ma connaissance, en présente la seule preuve complete dans la littérature anglophone). On note
Ra(z2) = (z — A)~! la résolvante de l'opérateur A. Les premiéres propriétés spectrales pour de tels
opérateurs sont les suivantes.

Proposition 1.12 (Localisation du spectre et premieres estimées de résolvante). On suppose que
(a) Re(Au,u)y > Nollull%, Ao > 0, pour tout u € D(A),
(b) Ao : D(Ay) C H — H est autoadjoint positif ¢ domaine dense et & résolvante compacte,
(c) Ay : D(A1) C H — H satisfait Uhypothése suivante de g-subordination & Ay : D(Ag) C
D(Ay) et il existe q € [0,1) tel que pour tout u € D(Aém), [(Ayu,u)g| < C||A(1)/2u||§§Hu||fq_2q.
On a alors
(i) D(A) = D(Ap), et A est un opérateur & domaine dense et a résolvante compacte,

(ii) Sp(A) C Pg, = {z € C,Re(z) > 0,|Im(2)| < Ko Re(2)?}, pour un certain Ko > 0,
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(iii) [|Ra(2)|cemy < d(z,sg(Ag)) < d(ZSR+) pour z € C\ Pg. , ot d(z1,22) = |22 — 21].

On note tout d’abord que I’hypothése (a) n’est pas essentielle et nous la faisons seulement
par commodité; les autres hypotheses suffisent & montrer que A (et donc son spectre) est borné
inférieurement. Cependant, elle n’est pas restrictive du point de vue du controle ; on peut considérer
A+ X avec A suffisamment grand & la place de A, sans nuire a 'inégalité spectrale ni au résultat de
controle. L’indice ¢ apparaissant dans ’hypothese (b) est particulierement important car il mesure
la petitesse de la perturbation : pour les exemples de (1.21), on a

A():*A, A1:6V+c etq:%,

-A 0 a ¢
A0< 0 —A)’ A1<b d), etQ—O7
dans le second.

Cette proposition nous donne tout d’abord une localisation du spectre dans une “parabole
d’ordre ¢” (voir la Figure 1.2) autour de 1’axe réel positif. Le point (i) quantifie ainsi I'intuition selon
laquelle le spectre est d’autant plus proche de 1'axe réel que 'opérateur A est proche de I'opérateur
autoadjoint Ag. Et, en dehors de cette parabole, la résolvante décroit de la méme maniere que pour
un opérateur autoadjoint (point (éi7)). Le travail consiste donc maintenant & arriver & obtenir des
estimations de la résolvante sur certaines courbes qui traversent 73}1(0.

dans le premier cas, et

Im(z) 67);Zfo, -
_— : -
/
Iy
L /
] x
// % x X
x X
( X a
- |
% K a1 Qk—1 Qe Re(z)
X X
X X
S X
~ : :\ X
\\ X
—
\:

FI1GURE 1.2 — Contours complexes autour du spectre de A

C’est ce que propose le théoréme spectral qui suit, et que lon peut trouver (au moins par-
tiellement) dans les articles [Agr76, Agr94, Dzh94], et le livre [Mar88, Chapter 1], sous différentes
formes.

Théoréme 1.13 (Estimées de résolvante a Uintérieur de ’P;"(O). On appelle 0 < pp < pg < -+ <
pr < -+ le spectre de l'opérateur autoadjoint Ag. On suppose qu’il existe p > 0 tel que

limsup p;57 > 0. (1.22)

j—o0
Alors, il existe une suite strictement croissante (x)ken € le_, a — 400, telle que
|RA(2) || 2rry < ecag, pour tous k € N et z tel que Re(z) = ay, (1.23)

avec 3 =max{0,p~! — (1 —q)}.
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Notons que cette estimée de résolvante implique en particulier que les droites {Re(z) = ax}
n’intersectent pas le spectre de A. Dans nos exemples (1.21), le comportement asymptotique des
valeurs propres de Ag est donné par la formule de Weyl. On peut alors prendre p = % dans (1.22)
(on n est la dimension de 'ouvert ). Ce théoreéme est un résultat perturbatif : I'idée de la preuve
est de trouver, asymptotiquement, des trous dans le spectre de Ay et de montrer 'existence des
a ces endroits.

Ces aj nous permettent de construire des contours dans le plan complexe pour définir un calcul
fonctionnel. Pour o € R, on appelle I', le contour orienté, représenté sur la Figure 1.2, qui passe
par la parabole 0Py et par la droite {Re(2) = max{ax, ay < a}}. Ceci nous permet de définir les
projecteurs spectraux

1
I, =

= — R d
% - A(Z) 2,

qui projettent H sur les sous-espaces spectraux (propres et généralisés) de A, associés & des valeurs
propres de partie réelle inférieure & max{ay,ar < a}. De méme, on définit le calcul fonctionnel
holomorphe

F(A)IL, = f(AIL,) = ;/F F(2)Ra(2)dz € L(TTLH).

2im
Un intérét majeur du Théoreme 1.13 est qu’il permet de faire des estimations dans le calcul fonc-
tionnel ainsi défini, du type

< Cae®™’ sup |(2)].
L(H) z€ly

I f (Ao 2y = % H/Fa F(2)RA(2)dz

Du fait de la symétrie des contours I, par rapport a l’axe réel, les calculs fonctionnels de A et de A*
sont reliés naturellement. En particulier, les projecteurs spectraux II%, de A* sont bien les adjoints
dans H des projecteurs spectraux I, de A.

Notons enfin que I’on contrdle la croissance de la suite (g )ren. On peut en effet construire une
telle suite qui croit au plus géométriquement & l'infini.

Les papiers [Agr76, Agr94, Dzh94], et le livre [Mar88, Chapter 1] montrent, & partir de ces esti-
mations de résolvante, différentes propriétés de base (de Riesz, d’Abel...). Dans tout ce qui va suivre,
nous ne ferons usage d’aucune de ces propriétés.

1.2.1.2 Principaux résultats obtenus

On souhaite montrer des inégalités spectrales du type (1.16) et (1.19) pour les deux opérateurs
elliptiques définis en (1.21), en observant une “certaine quantité des fonctions propres généralisées”.
Introduisons tout d’abord le probléme de contréle que 1’on se pose. On I’écrit sous la forme générale :

(1.24)

Oyu + Au = By
u|t:0 = Uug € H,

ou le contréle g prend ses valeurs dans espace de Hilbert Y et B € L(Y, H). Pour les deux ap-
plications que l'on a en vue, on aimerait controler par un sous domaine dans le premier exemple
de (1.21), et on aimerait ne contréler qu'une équation par un sous domain dans le second exemple
de (1.21), c’est-a-dire,

Y=1%Q) e B=1, ou Y =L*Q) et B="1,,0). (1.25)

On appelle B* € L(H,Y) lopérateur adjoint de B.
L’inégalité spectrale adaptée au probleme (1.24) doit donc étre de la forme

lwller < K[| B w]| &,

pour toute somme finie w de fonctions propres généralisées de A* (et non de A), ou K est une
certaine constante a déterminer. Elle représente en effet une inégalité d’observabilité pour I’adjoint
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d’une projection basses fréquences de (1.24). Si le probleme de contréle doit étre projeté sur les
espaces II,H pour donner un probleme de dimension finie, le probleme d’observation doit lui aussi
étre projeté sur II}, H.

On peut donc maintenant écrire dans un cadre abstrait cette inégalité spectrale, en supposant
une inégalité d’interpolation du type de (1.20). Nous préciserons par la suite comment une telle
inégalité d’interpolation est obtenue pour les applications (1.21)-(1.25) qui nous intéressent. Il nous
faut définir les analogues dans ce cadre abstrait des espaces H*((0,Tp) x §2) apparaissant dans
linégalité (1.20). Pour k = 0,1,2 et ¢t € (0,75/2), on définit

Kk(t) = () HI(t, Ty — :D(A,7 ),
i<k

Théoréme 1.14. On suppose que pour un ¢ € (0,Ty/2) et un v € (0,1] on a l’inégalité suivante :
pour tout v € K2(0) tel que v(0) = 0,

vl < Cllvllici (o) (1B*e0(0)lly + [[(=0F + A*)vllxoe))” - (1.26)
1l existe alors des constantes C, D telles que pour tout o > 0, et w € II} H, on ait
lw|lz < Cele’ |B*wlly,  avec § =max{1/2,p~' — (1 — q)} = max{1/2, 3}. (1.27)

Cette inégalité spectrale est I’équivalent, pour les opérateurs non-autoadjoints que ’on considere,
de Iinégalité (1.19) pour le laplacien. Cependant, on note que 'estimation du cotit Ce” @’ en fonction
de la fréquence de coupure est en général moins bonne que celle que 'on a dans le cas autoadjoint,
donnée par CePVe, Dans les deux exemples de (1.21), on a 0 = "T_l dans le cas de I'opérateur
chaleur/transport, et §# = & — 1 dans le cas des systémes (ou dans le premier cas avec b = 0 et
c: 1 —C).

L’idée de la preuve du Théoreme 1.14 est d’appliquer I'inégalité d’interpolation (1.26) a la fonc-
tion ]

v(t) = (A") Y2 sinh(tVA*)w = L MRA* (2)wdz.
2w Jp, z

Les estimées de résolvante données par le Théoreme 1.13 permettent alors de conclure. Dans le
cadre du premier exemple de (1.21)-(1.25), I'inégalité (1.26) est satisfaite. En effet, comme pour
le laplacien, on déduit des inégalités de Carleman de [LR95] des inégalités d’interpolation locales,
qui, propagées donnent (1.26) de la méme fagon que dans [LR95,LZ98|. Le point clé ici est que
les inégalités de Carleman sont insensibles aux termes d’ordre inférieur (voir le Paragraphe 1.2.2.1
ci-apres). Par conséquent, on a montré l'inégalité spectrale (1.27) pour les sommes de fonctions
propres généralisées des opérateurs scalaires non-autoadjoints, observées par un sous domaine (cette
inégalité est rappelée en (1.31)).

Dans le deuxiéme exemple de (1.21)-(1.25), qui concerne les systémes paraboliques avec une
seule observation, on ne sait pas si 'inégalité d’interpolation (1.26) est satisfaite. Dans ce cas, et
sous la condition w N {b # 0} # 0, (sur laquelle nous reviendrons plus en détail au Paragraphe 1.3)
on montre une inégalité d’interpolation plus proche de celle utilisée originellement par G. Lebeau
et L. Robbiano [LR95] : pour tout U C (0,Tp) x (w N {b # 0}), pour tout ¢ € (0,7p/2) il existe

v € (0,1), tel que pour tout v = (vy,v2) € (HQ((O,TO) X Q)))2 satisfaisant v|pn = 0 on ait

Il e e -y < CHU||%;1/((O,TO)XQ))2 (||U1HL2(U) +[I(=07 + A*>UH(L2((O,T0)><Q))2) . (1.28)

On notera que I'observation |v1||z2(y ne porte que sur une composante, localisée dans (0,7p) x
(wn{b # 0}). L’idée est la suivante. On somme les inégalités de Carleman locales pour chacune des
variables v;, 7 = 1,2, puis on absorbe les termes d’ordre inférieur. Ceci nous fournit une inégalité de
Carleman locale pour le couple (v1, v2). De cette inégalité, on déduit comme dans [LR95] des inéga-
lités d’interpolation locales. Une fois ces inégalités propagées et recollées, on obtient une inégalité
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d’interpolation globale du type de (1.28), avec deux observations a l'intérieur de U. Enfin, on éli-
mine 'une des observations a I’aide d’une inégalité locale d’énergie dans I'ouvert U, pour finalement
obtenir (1.28).

Pour déduire de cette inégalité d’interpolation une inégalité spectrale de la forme de (1.16), puis
un résultat de controlabilité, il nous faut alors développer la méthode originelle de Lebeau-Robbiano
dans le cas non-autoadjoint. On prouve donc pour commencer une “inégalité spectrale intégrée en
temps”. On introduit une fonction ¢ = ¢(t) € €:°(0,Tp) non identiquement nulle.

Théoréme 1.15. On suppose que pour un ¢ € (0,75/2) et un v € (0,1] on a l'inégalité suivante :
pour tout v € K2(0),

ol < C'||v||;1{12'0) (leB*vll2(0,10) + (=87 + A%)vlico(0))” -

1l existe alors des constantes C, D telles que pour tout o > 0, et w € II' H, on ait

|w|| g < CePo’ . avec 0 = max{1/2,p"t — (1 —q)}. (1.29)

L2(0,T0;Y)

’goB* (61&\/?_'_67“/?) w‘

Cette inégalité est le pendant de I'inégalité (1.16) montrée dans [LR95] pour le laplacien. D’apres
(1.28), l'inégalité spectrale (1.29) est satisfaite des que w N {b # 0} # ) dans le cas des systémes
paraboliques (1.21)-(1.25) avec une seule observation.

Comme dans le cas du laplacien, la preuve de la controlabilité differe selon que I'on a pu prou-
ver (1.27) ou (1.29). Dans le premier cas, on peut suivre la méthode simplifiée (voir [LL09] pour
une exposition simple), tandis que dans le second, on doit adapter la méthode originelle de Lebeau-
Robbiano.

N

Construction du contréle a partir de 1’inégalité spectrale (1.27). Dans le cas (favorable)
ou l'inégalité spectrale (1.27) est satisfaite, on obtient (gréce a la méthode HUM) assez simplement
la controlabilité & zéro du systéme de dimension finie

{ Owu + Au = 11, Bgq, (1.30)

uli—o = up € I H,

af
par un controle g, de cott C 63? . Le systeme (1.30) est une approximation de Galerkine du systéme

parabolique (1.24) pour lequel on a construit un contréle trées particulier : ce contrdle explose lorsque
T — 07 comme T*%, ce qui, d’apres le Théoreme 1.5, est optimal pour un systeme de dimension finie.
Ceci traduit le fait qu'un controle localisé agit directement sur toutes les fréquences du probleme
(voir le critére du Théoreme 1.5). Ce controle dépend aussi de fagon acceptable de la fréquence de
coupure, puisqu’il suffit pour construire un contréle pour le systéme parabolique complet (1.24).

Notons que le controle fourni par la méthode HUM pour le systéme parabolique (1.24) & partir de
I'inégalité d’observabilité (donnée par [FI96] par exemple) ne partage pas ces propriétés. Il permet en
effet en particulier de controler (1.30) avec un cout uniformément borné par rapport a la fréquence
a (puisque c’est un controle pour le systeme toutes fréquences (1.24)). Cependant, sa dépendance en
T lorsque T' — 07 est de I'ordre de e%, et il n’est donc pas adapté au controle des basses fréquences
en temps court.

Dab
€ b
n’est
T

Finalement, le résultat obtenu ici de controle des basses fréquences par un g, de cotut C'

a priori pas une conséquence de l'inégalité d’observabilité pour le systéme parabolique (1.24) (donnée
par [FI96] par exemple). Le contrdle que 1'on construit ici réalise pour la famille de systemes (1.30)
un bon compromis explosion en temps court/explosion & haute fréquence.

Pour conclure un théoreéme de controlabilité pour le probleme parabolique (1.24), il s’agit, comme
dans le cas autoadjoint, de combiner ce résultat de controle des basses fréquences et un résultat
de décroissance exponentielle du semi-groupe e *4 lorsque 1'on le restreint au sous-espace (I —
I1,)H. Des résultats généraux sur les semi-groupes (voir par exemple les livres [EN00] et [ABHNO01])
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donnent alors une décroissance du type [[e (I —I1a) | z(r) < C(a)e™*. Mais on a besoin ici de la
dépendance précise de la constante en fonction de la fréquence a. Les estimées de résolvante ainsi
que P'expression du semi-groupe par le calcul fonctionnel

1
—tA —tz
I — Ha = — R d 5
(& ( ) % /8 i € 4(2) z

ot Ay = {z € P ,Re(z) > max{ay, s < a}} permettent de montrer qu’elle est en fait de 'ordre

de e©2”. Cette constante est donc comparable a la constante de notre inégalité spectrale.
Appliquant la méthode de construction séquentielle du controle de [LR95], on obtient finalement
le résultat suivant.

Théoreme 1.16. Si 6 < 1, alors pour tout ug € H et tout T > 0, il existe un controle g €
€>(0,T;Y) tel que la solution de (1.24) satisfasse u(T) = 0.

Notons que le controle ainsi obtenu est régulier (si Y = H et si B* préserve les domaines de A,
on peut construire de plus g € €°°(0, T; NgenD(Af))). En contrepartie, ce controle n’est pas celui
qui minimise la norme L?(0,7;Y), donné par la méthode HUM.

La restriction § < 1 provient du fait que la décroissance parabolique doit 'emporter sur la
croissance de la solution lors de la phase de contréle (elle méme mesurée par le coiit du contréle).
Dans ’application en vue (A = —A+b-V +¢), on a § <1 si et seulement si n < 2. En “grande”
dimension d’espace, cette méthode ne permet pas de conclure.

Une autre application de I'inégalité spectrale (1.27), inspirée de l’article de D. Jerison et G. Le-
beau [JL99] concerne la mesure des ensembles nodaux des sommes de fonctions propres généralisées
de Topérateur —A + b -V + ¢. On se place ici dans un cadre analytique (pour €2, b, ¢). L’inégalité
spectrale (1.27) se rééerit de la fagon suivante : pour tout o > 0, et tout w € I, L*(2) (les espace
duaux IT% L2 () ne jouent aucun réle dans cette application), on a

0 1 n-1
HU}||L2(Q) < CePe Hw||L2(w)7 szaX{Q;Q}. (1.31)
Appelant alors H,,—1 la mesure de Hausdorff de dimension (n — 1) sur €2 on obtient alors I’estimée
supérieure suivante, analogue de celle de [JL99] : pour tout a > 0 et w € I1,L?(12),

1 n—-1
Hy1({w = 0}) < C1a? + Cy , § = max {2; ”2} . (1.32)

Ici, w est une somme de fonctions propres et de fonctions propres généralisées de —A +b -V + ¢,
associées a des valeurs propres de partie réelle inférieure a a. Encore une fois, pour le laplacien,
la puissance 1/2 est optimale, car I'inégalité inverse est satisfaite par une seule fonction propre
(voir [DF88,DF90] et [JL99]).

Construction du contrdle & partir de ’inégalité spectrale (1.29). Dans le cas, moins fa-
vorable, ot 'on n’a que l'inégalité spectrale (1.29) & notre disposition, la construction du contréle
est plus complexe. Tout le travail est alors de montrer la contrélabilité du probleme basses fré-
quences (1.30), alors que ce point était quasi-immédiat dans le cas précédent. On suit pour cela la
méthode originelle de Lebeau-Robbiano comme décrite au début du Paragraphe 1.2.

L’inégalité spectrale (1.29) donne tout d’abord un résultat de contrdlabilité d’un systéme ellip-
tique d’évolution sur II,H (avec des données initiales particulieres), dont le coiit est bien estimé
en fonction de «. Il nous faut transformer ce résultat en un résultat de contrélabilité pour le pro-
bleme (1.30), avec un cott du contréle du méme ordre.

On souhaite pour cela utiliser I'idée de Russell [Rus73]. Mais on ne peut pas comme dans le cas
autoadjoint réduire cette étape a un probleme de moments, en projetant le probleme de controle
elliptique et son homologue parabolique sur une base de fonctions propres de I'opérateur. On raisonne
alors de la fagon suivante.
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Gréce & la méthode HUM décrite au Paragraphe 1.1.1, I'inégalité spectrale intégrée en temps (1.29)
implique la controlabilité a zéro en temps Ty du probleme elliptique

—0%u + Au = 11, Bh,,

avec un coiit de Pordre de CeCe’ (et pour certaines données initiales dans I, H). Cette propriété
de contrélabilité elliptique est essentiellement équivalente & : Vv, € I, H, Jh, € €2°(0,T0;Y) (de
norme bornée par CeC®’ l|vallm) tel que Vw € ITE H,

_ VAT | VA" )
(Va, W) (Bhou (e te ) w L2(0,To;H)

Le probleme de contrdle parabolique est quant a lui essentiellement équivalent & : Vv, € II,H,
390 € L*(0,T;Y) (le contréle du probléme elliptique que I'on cherche) tel que Vw € 1% H,

Vo, W)g = | B ,eftA*w) .
(Vas W)t ( Jo L2(0,T;H)

Et il s’avere que passer du probleme elliptique au probléme parabolique revient alors a mon-
trer (via le calcul fonctionnel, voir le Paragraphe 2.4 pour plus de précision) que pour tout h, €
€>°(0,To;Y) (satisfaisant certaines éstimées), il existe g, € L2(0,T;Y) tel que

T, T
/ (etﬁ + e—tﬂ) ha(t)dt = / et go (t)dt.
0 0

Si on note f (z) = fR f(t)e~=dt la transformée de Fourier-Laplace de f pour z € C, cette derniere
assertion est équivalente & montrer ’existence d’une fonction g, supportée dans (0,7) telle que

ﬁa(l\/a + iLa<_Z\/g) = Ja(i2).

La fonction ﬁa(z\/g) + ila(—Z\/g) étant entiere, de bonnes estimées permettraient, en utilisant le
théoreme de Paley-Wiener, de I'identifier a la transformée de Fourier-Laplace d'une fonction g,
a support dans (0,7). Cependant, on a seulement des estimées du type |hq(iv/2) + ho(—ivz)| <

C’ec\/@, et le théoreme de Paley-Wiener pour les ultradistributions (voir [Rod93, Th 1.6.7] ou
[Hor83, Th 15.1.5]) nous fournit un contréle g, trop singulier : une ultradistribution dans la classe
(G3)', supportée en zéro, ot G2 désigne I'espace des fonctions Gevrey d’ordre 2 & support compact
(voir [Rod93, Def 1.5.1]).

Il est donc nécessaire de régulariser ce controle en le convoluant avec une fonction e € G§,
o € (1,2), & support compact dans (0,T). La transformée de Fourier-Laplace de cette fonction de
Gevrey e doit aussi satisfaire de bonnes estimées inférieures sur tout 'intérieur de la parabole 73;1(0.
On n’arrive a construire une telle fonction que dans le cas g < %.

Ceci conclut la contrdlabilité du probleme basses fréquences (1.30) avec un coiit du contréle en
CeCO‘GJrT%, pour un certain v > 0. On remarque que ce coilit est du méme ordre en o qu’avec la
méthode simplifiée. Par contre, on a perdu ici le “bon comportement” en T2 lorsque T" — 0.
Ceci ne nous empéche pas de conclure, de la méme maniere que dans le cas précédent, combinant
controles basses fréquences et décroissance parabolique haute fréquence. On obtient alors avec cette
autre inégalité spectrale le Théoreme 1.16 avec comme hypothese supplémentaire g < % (hypothese
vérifiée dans toutes les applications envisagées plus haut (1.21)).

1.2.1.3 Problemes ouverts et perspectives

Le principal probléme ouvert ici concerne la théorie spectrale des opérateurs non-autoadjoints
a résolvante compacte. En effet, dans tout ce que l'on a présenté, la seule limitation essentielle
concerne la puissance eco‘e, 13 ott 'on s’attendrait & e€Ve. L’inégalité spectrale pour les opérateurs
elliptiques non-autoadjoints du type (1.21) est elle vraie avec § = % ? On voit ici que cette mauvaise
puissance 6 ne provient que des estimées de résolvante dont on dispose. Tout le développement
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effectué fonctionne dés que l'on sait montrer des estimées de résolvante sur certains contours (comme
ceux de la Figure 1.2). Le probléme essentiel est donc un probleme d’estimation de résolvante.

Le théoreme spectral abstrait que 'on a utilisé ici est beaucoup trop général pour obtenir des
propriétés fines des opérateurs que I’on souhaite traiter. En effet, la seule caractéristique du laplacien
qui est utilisée ici est son asymptotique de Weyl. Cette analyse est trop grossiére pour les opérateurs
différentiels que 'on a en vue.

On pourrait peut-étre commencer par étudier le cas simple ou 2 est une variété sans bord.
Dans cette situation, les opérateurs considérés ici sont des opérateurs pseudodifférentiels. L’analyse
semiclassique permet peut-étre d’obtenir des estimées de résolvante en haute fréquence. On renvoie
a [Sjo09, Sj610, Roy10] pour certaines estimées de résolvante dans la limite semiclassique.

On peut aussi se demander si I'inégalité spectrale (1.27) est valable ou non pour les systémes
du deuxiéme exemple de (1.21). Il semblerait que ce probléme soit fortement lié aux propriétés de
controle des systemes par le bord, probléme qui est assez largement ouvert (voir le Paragraphe 1.3).
La controlabilité des systémes par le bord semble elle aussi tres liée avec le cas w N {b > 0} = 0.

On peut cependant remarquer que I'inégalité spectrale (1.27) implique, pour les basses fréquences
un cout du contrdle en T_%, lorsque T — 0. Or concernant le systéeme du deuxieme exemple
de (1.21), on se trouve dans une situation intuitivement comparable & (1.10) (méme si en fait,
Popérateur 1, redistribue le contrdle), pour laquelle le coiit du controle se comporte comme T_%,
lorsque T" — 07. 1l est donc possible que I'inégalité spectrale (1.27) soit fausse en général pour les
systémes du deuxieéme exemple de (1.21) avec une seule observation.

Enfin, I'inégalité spectrale et la controlabilité pour les systémes dans le cas w N {b > 0} sont des
problemes assez ouverts. Le probleme de controlabilité dans ce cas fait ’objet du Paragraphe 1.3
ci-apres. Notons que notre analyse permet de ramener ce probléme a une estimée de polongement
unique quantitatif pour le systeme elliptique associé.

1.2.2 Analyse et controle d’un modele d’interface diffusive

Dans cette partie, nous allons développer la méthode de Lebeau-Robbiano pour un probleme
parabolique contenant une interface a travers laquelle le systéeme dissipe. On se donne ici un ouvert
Q C R™ borné régulier, une sous-variété de dimension n — 1 de €2, appelée S, et on suppose que
OQ\S = Q1UQs, ol 24 et Qs sont deux ouverts de Q. Cette situation est représentée sur la Figure 1.3.
On munit S de la métrique induite par celle de R”, et on appelle J, un champ de vecteur normal
unitaire (pour cette métrique) a S sortant de 7 et entrant dans 2s. On appelle ¢ un coefficient de
diffusion (scalaire), régulier sur Q1 et Qs, mais discontinu & travers l'interface S, tel que ¢ > 0 sur
Q. On note aussi ¢® un coefficient de diffusion (scalaire), régulier sur S tel que ¢* > 0 sur S. On
définit les opérateurs elliptiques

—A,:=—diveVsur Qi UQy et —Ag = —divic®V® sur S,

ot div® et V* sont la divergence et le gradient sur S pour la métrique induite. On notera u|s, =
(ulg; )]s pour j = 1,2 la trace d'une fonction de €; sur S.

o0

@ -

FIGURE 1.3 — Géométrie du probleme d’interface.
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On cherche a étudier les propriétés du probleme parabolique suivant :

Oru— Acu =149 dans (0,7) x Q1 U Qa,

O’ — Apsu® = % ((eOpu)|s, — (cOpu)|s,) sur (0,T) x S, (1.33)
uls, =u® = ulg, sur (0,T) x S,

ulag =0,

avec une donnée initiale dans L2(€2; U Qs) x L?(S). Notons que la premiere ligne de ce systeme
contient en fait une équation de la chaleur de chaque c6té de 'interface. Ici, § est un parametre
borné, 0 < § < §p, et la zone de controle w est un ouvert non vide de 21 U Q5. On supposera par
exemple dans ce qui suit que w C Qs. L’état du systeme est le couple (u,u®), que Pon veut amener
a zéro en temps 7.

De telles conditions de couplage du second ordre ont été considérées dans les articles [KZ06)
et [LZ10] pour le probleme hyperbolique associé. Elles peuvent étre formellement obtenues en consi-
dérant un modele a trois couches, avec des conditions de transmission naturelles aux interfaces,
lorsque ’épaisseur de la couche centrale ¢ est supposée petite (voir le Paragraphe 3.6).

Introduisons les espaces fonctionnels adaptés a I’étude de ce probleme. Tout d’abord, on note
HY = L*(Q1 U Q) x L?(S) muni du produit scalaire

(U, ﬁ)Hg = (u,ﬂ)Lz(QIUQZ) + 6 (us7ﬂ5)L2(S) , U = (u, us), U = (11,125)
On introduit de méme ’espace
My ={U = (u,u’) € H' (1 UQs) x H'(S); ulan = 0; uls, = v® = uls,},
muni du produit scalaire
(U,0) s = (U 0) g + (Y, Vi) 1 8(e VU, V)

L2(91U92) L2(S).

On peut alors réécrire le probleme (1.33) sous la forme
8,U + A;U = By, (1.34)

ot Pétat est U = (u,u®) € HY et Popérateur As s’écrit

—A.u
AsU = ( —Auf — L ((cOyu)ls, — (cOyu)ls,) ) (1.35)

de domaine D(4;) = {(u,u®) € H}; As(u,u®) € HY}. L'opérateur de controle B, borné de L?(€2; U
Q) dans HY, est donné par B : u — *(1,u,0).
Notons enfin que, lorsque 6 — 07, le systéme (1.33) converge formellement vers

Ou — Au = 1,9 dans (0,7) x Q1 U Qo,
(cOpu)|s, = (cOyu)|s,, et uls, =uls, sur (0,T) xS, (1.36)
u|ag =0.

Ce probleme asymptotique correspond a une limite singuliere pour la condition de transmission
de (1.33), et on montre que la convergence n’est pas que formelle.

Proposition 1.17. L’opérateur (As, D(As)) est un opérateur positif autoadjoint sur H3. Pour tout
§ > 0, le probléme (1.33) est bien posé pour des données initiales dans HY et un contréle dans
L?((0,T) x w).

Supposons de plus que le contréle gs pour le probléeme (1.33) satisfait gs — g dans L*((0,T) X w)
lorsque § — 0, et que la donnée initiale est (u®, u*Y) € H}. Alors, la solution us de (1.33) associée a
gs satisfait us|q, — ulg, dans L?(0,T; H?*(Q;))NH(0,T; L*(Q;)) pour j = 1,2, ot u est la solution
du probléme (1.36) associée au contréle g et a la donnée initiale u.
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D’autre part, on sait depuis les travaux de J. Le Rousseau et L. Robbiano [LR10,LR11] que le
probléme limite (1.36) est controlable.

Les deux questions que l'on se pose alors sont les suivantes. Pour § fixé, le probleme (1.33)
est-il controlable & zéro? Ce systéme est-il uniformément contrélable dans la limite § — 0% ? Pour
répondre a ces questions nous montrons une inégalité de Carleman au voisinage de l'interface S pour
lopérateur As.

1.2.2.1 Outil principal : inégalités de Carleman pour les opérateurs elliptiques

Les inégalités de Carleman sont des inégalités a poids du type
||€¢/hP’U||L2(Rn) Z C||6L‘0/hv||L2(R7z),

ou P = P(z,D,) est un opérateur différentiel, ¢ est une fonction a valeur réelle, h > 0 est un petit
parametre et v € E°(R™). Ce type d’inégalité a été utilisé pour la premiere fois par T. Carleman en
1939 [Car39] pour montrer des propriétés d’unicité pour le probléme de Cauchy associé & certains
opérateurs non-hyperboliques. L’idée de ces inégalités a poids et a parametre a été par la suite déve-
loppée par A.-P. Calderén, utilisant une factorisation pseudodifférentielle de l'opérateur P [Cal58§],
puis systématisée par L. Hormander [Hor63, Chapter VIII], en développant une version locale (voir
aussi [Hor85, Chapter 17] et [Ho6r94, Chapter 28]). Ces inégalités correspondent & une quantification
du prolongement unique et permettent de donner un analogue du théoreme de Holmgren dans un
cadre non-analytique.

On peut montrer de telles inégalités pour différents types d’opérateur. On renvoie par exemple
a [Hor94, Chapter 28] pour des opérateurs homogenes généraux, et a [FCG06,LL09] pour des opé-
rateurs paraboliques. Lorsque 'opérateur P est elliptique d’ordre deux, la théorie des inégalités de
Carleman est plus simple, et c’est dans ce cadre plus précis que nous allons les présenter et les
utiliser. On renvoie & 'article de J. Le Rousseau et G. Lebeau [LL09], qui constitue une introduction
pédagogique aux inégalités de Carleman elliptiques.

Présentons maintenant plus en détail ce qu’est une inégalité de Carleman locale pour un opérateur
elliptique d’ordre deux, dans le cas tres simple ou P = —A.

Théoreme 1.18. Soient V' un ouvert borné de R™, et p une fonction poids satisfaisant I’hypothese
de sous-ellipticité de Hormander sur V et telle que Vo ne s’annule pas sur 'V ; alors il existe hg > 0
et C' > 0 tels que pour tout v € €°(V) et 0 < h < hy,

hlle?/ )13z @ny + B2 €2/ P V0|12 gny < CRH[|€?/" P[5 gy (1.37)

L’hypothese de sous-ellipticité de Hérmander sera précisée ci-apres. On remarque que les puis-
sances de h dans cette inégalité sont sous-elliptiques : comme une dérivée correspond & une puissance
de h dans le calcul semiclassique que l'on utilise, on s’attendrait & avoir [|e?/ ul|2, + h2|e?/"Vul|2,
dans le membre de gauche (ce qui serait une meilleure estimée car h est petit). Cependant, on
peut montrer que ces puissances (ainsi que la condition de sous-ellipticité de Hormander) sont
optimales [LLO09] : I'opérateur conjugué P, défini ci-dessous n’est pas elliptique et la perte d’une
demi-dérivée se produit au voisinage de sa variété caractéristique. L’inégalité (1.37) quantifie effec-
tivement le prolongement unique “Pv = 0 et v a support compact = v = 0”. On notera aussi que
les inégalités de Carleman sont insensibles a des perturbations de 'opérateur par des termes d’ordre
un ou zéro (au sens ou seules les constantes sont affectées). En effet, si on remplace dans (1.37) P
par P+b-V + c avec b et ¢ bornés, on peut absorber, pour h suffisamment petit les perturbations
b-V + c dans le membre de gauche.

Esquissons 'idée générale d’une preuve de cette inégalité.

Soit ¢ € €°(R™; R) une fonction poids. On définit 'opérateur conjugué de P :

P, = h2e?/h pe=e/h

considéré ici comme un opérateur différentiel semiclassique, de symbole principal p, = [§ |2~ V|2 +
2i€ - Vi (ici, le symbole de %8 est £). On décompose P, en sa partie autoajointe et sa partie
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e . P,+P* P,—P} . .
antiadjointe : P, = Q2 + Q)1 avec Q2 = “’JQF £ et Q1 = —5;—%, de symboles principaux respectifs

g2 = |€]? — |Vg|? et g1 = 2¢ - V. On pose v, = /v et montrer (1.37) revient & montrer

1Povela@ny = Ch (IBVV ey + [0l Fe o)) (1.38)
On calcule donc
||P¢U¢H2L2(Rn) = ((Q% +QF +i[Q2, Q1])vy, U@)Lz(Rn) ) (1.39)
et opérateur Q3 + Q? + i[Q2, Q1] qui apparait a pour symbole principal (semiclassique)

@+ ¢34 hig, ¢}

L’hypothése de sous-ellipticité de Hérmander est la suivante : sur la variété caractéristique {(z,¢) €
R™ x R™; ga(x,&) = q1(x,§) = 0}, le crochet de Poisson satisfait {ga,q1} > 0. Cette variété étant
compacte, le théoréme de Garding semiclassique nous donne alors (1.38) pour h suffisamment petit,
ce qui permet de conclure la preuve. Pour des opérateurs elliptiques P, il n’est pas difficile de
construire des fonctions ¢ satisfaisant I’hypothese de sous-ellipticité de Hormander. 11 suffit de
prendre (par exemple) ¢ = e*¥ avec |V1)| # 0 et A suffisamment grand.

Notons que I'on rencontre souvent ces inégalités avec un grand parametre 7 = + : si 'approche
est rigoureusement équivalente, elle a pour avantage de manipuler des symboles homogenes en (7, §)
mais pour inconvénient de nécessiter 'introduction de la métrique adaptée.

=

Pour conclure ce paragraphe, nous donnons quelques unes des nombreuses applications de ces
inégalités de Carleman elliptiques en analyse (outre la contrélabilité de la chaleur [LR95]).

Le prolongement unique (voir [Cal58] et [Hor94, Chapter 28]). Le théoréme de prolongement
unique de Calderén dans le cas simple d’opérateurs elliptiques du second ordre peut s’énoncer
comme suit : soit u € H?(R™) une solution de Au = g(u) avec |g(u)| < Clu|. S’il existe un ouvert w
tel que u|, = 0, alors u = 0 sur tout R™. C’est I'application originelle des inégalités de Carleman.

L’effet tunnel (voir [EZ10, Mil09]). Soit v, une fonction propre de 'opérateur de Schrédinger
semi-classique —h?A + V(x) avec conditions de Dirichlet sur 2 C R", associée & la valeur propre
E}. Alors, pour tout h < hg, on a

[¥nllL2@w) = e/ |[¢nllL2(), pour tout w C ©

HwhHLz(w) < eti/h||'l/1h||L2(Q)7 pour tout w C Vﬁl(E,+OO), si By ]:) E.
La premiére inégalité se déduit d’une inégalité de Carleman et traduit Ueffet tunnel (i.e., pour une
particule, la probabilité de présence non-nulle dans n’importe quel w C §); la seconde provient
d’une estimée d’Agmon (assez proche d’une inégalité de Carleman) et traduit la faible probabilité
d’entrer dans la zone interdite par la mécanique classique.

La stabilisation de I’équation des ondes faiblement amorties (voir [Leb96, LR97, Bur98]). Pour
I’équation des ondes amorties sur un sous-domaine, aussi petit soit-il, I’énergie décroit au moins
logarithmiquement lorsque le temps tend vers I'infini. Nous donnons plus de détails sur cet exemple
au Paragraphe 1.3.1.1.

1.2.2.2 Résultats antérieurs

Dans le cas présent, nous voulons montrer une inégalité de Carleman pour l'opérateur ellip-
tique As qui présente a la fois un saut a travers une interface et des conditions de transmission
faisant intervenir un opérateur elliptique tangentiel d’ordre deux dans l'interface. Rappelons avant
tout les résultats connus en ce qui concerne les inégalités de Carleman pour les probléemes au bord
et les problemes d’interface.
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Le premier résultat dans ce domaine est & ma connaissance 1’article [LR95], dans lequel les auteurs
montrent une inégalité de Carleman locale (I'équivalent de (1.37)) pour un opérateur elliptique du
type —A au voisinage d’un bord de Dirichlet. Les techniques utilisées sont globalement les mémes
que celles décrites dans le paragraphe précédent. Cependant, des termes de bord apparaissent dans
lintégration par parties (1.39), faisant apparaitre une forme bilinéaire dépendant de la trace et de
la trace normale. Dans cet article, le théoreme de Garding est utilisé seulement dans les directions
tangentielles, montrant la positivité de cette forme bilinéaire (sous une condition de signe sur la
trace normale de ¢). Notons que les inégalités de Carleman globales [F196] vont elles aussi jusqu’au
bord et prennent donc en compte ces conditions aux limites.

Des conditions au bord beaucoup plus complexes ont été traitées dans [LR97], incluant en par-
ticulier des conditions de Neumann. Dans cet article, les auteurs introduisent une décomposition
microlocale du bord et combinent la méthode “traditionnelle” pour montrer des inégalités de Carle-
man avec une méthode de projecteurs de Calderén dans les zones ol la forme bilinéaire de Carleman
n’a pas de signe mais ou 'opérateur conjugué est elliptique. Nous reprendrons cette analyse.

La question de la controlabilité du probléme de transmission (1.36) (ou, de fagon équivalente de
la chaleur pour un opérateur elliptique a coefficient discontinu a travers une hypersurface) apparait
pour la premiére fois dans larticle de A. Doubova, A. Osses et J.-P. Puel [DOP02]. Dans ce papier,
les auteurs prouvent une inégalité de Carleman parabolique globale (du type de celles de [FI96]),
dans le cas ou la zone de controle est située du coté de Uinterface ou le coefficient de diffusion
c est le plus “petit”. Cette condition de monotonicité du saut de ¢, naturelle pour des équations
hyperboliques (pour lesquelles des ondes peuvent rester piégées), ne semble pas nécessaire pour les
équations paraboliques.

En effet, en une dimension d’espace, A. Benabdallah, Y. Dermenjian et J. Le Rousseau montrent
dans [BDL07a] une inégalité de Carleman pour un coefficient de diffusion ¢! par morceaux, sans
condition sur la localisation de la zone d’observation. Ce résultat est étendu par J. Le Rous-
seau [Le 07a] & un coefficient & variation bornée.

Cette condition de monotonicité du coefficient de diffusion a été relaxée en toute dimension dans
larticle [LR10], dans lequel J. Le Rousseau et L. Robbiano montrent une inégalité de Carleman
dans le cas général. L’idée de cet article est d’effectuer une analyse proche de celle de [LR97] de
chaque coté de l'interface, et de choisir la fonction poids ¢ de fagon a ce que les zones microlocales
de part et d’autre de 'interface soient classées dans un ordre précis. Cette méthode a été généralisée
par la suite dans [LR11] au cas d’opérateurs paraboliques généraux, nécessitant 'introduction de
différentes métriques sur I'espace des phases pour pallier la non-homogénéité de I'opérateur en temps
et en espace.

Dans [LL10], J. Le Rousseau et N. Lerner étendent le résultat elliptique de [LR10] au cas ot ¢ est
une matrice de diffusion générale (et non plus un scalaire). Leur preuve n’utilise pas de projecteur
de Calderén mais une factorisation microlocale de I'opérateur, et se rapproche en ce point de la
méthode de [Cal58]. Ils donnent de plus des conditions nécessaires et suffisantes sur la fonction
poids ¢ pour qu’une telle inégalité de Carleman soit satisfaite.

Enfin, un autre cas intéressant est celui ou I'interface S touche le bord de €. Dans cette situation,
S et 09 forment un “coin”, et il semble difficile de mettre en ceuvre des méthodes microlocales. Les
seuls résultats connus sont alors dans des domaines stratifiés [BDL07b, BDL11].

1.2.2.3 Principaux résultats obtenus

Le travail présenté dans ce paragraphe est effectué en collaboration avec Jérome Le Rousseau et
Luc Robbiano.

Notre objectif principal est de montrer la controlabilité du probleme (1.34). La méthode de
Lebeau-Robbiano ramene directement ce probleme a la preuve d’inégalités de Carleman locales au
voisinage de I'interface S pour l'opérateur elliptique — 92 + Ags, ott As est donné dans (1.35). Si
l’on veut de plus avoir un résultat de contrdle uniforme par rapport au parametre 6 € (0, do], il faut
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que toutes les constantes apparaissant dans cette inégalité de Carleman (en particulier kg et C') ne
dépendent que de dg et non de 4.

On rappelle qu’il nous suffit a priori de montrer une inégalité de Carleman locale au voisinage
d’un point de l'interface S. En effet, ces inégalités sont vraies loin de l'interface (ol notre probleme
est un probleéme elliptique standard) et sur le bord de 'ouvert (ou les inégalités a prouver sont
exactement celles de [LR95]).

Une inégalité de Carleman semi-globale. Dans ce paragraphe, on appelle xg la variable sup-
plémentaire, appelée t au début du Paragraphe 1.2. En effet, elle ne joue dans cette partie aucun role
particulier par rapport aux autres variables d’espace. On prend donc z € (0, Xg) C R, et la variable
courante est maintenant (zg,z) € (0, Xo)xQ C R**L. Pour un second membre F = (f, f*) = (f, %),
le probleme elliptique (— 92 , TAs)V = F se réécrit, localement au voisinage de S de la fagon suivante

—02v—Awv=f dans (0, Xo) x (21 U Qg),
—6%0115 — Apsv® = % ((Canv)|(O,Xo)><SZ — (€OpV)|(0,x0)x 51 + 95) sur (0, Xy) x S,
V](0,x0)x 1 = V° = v|(0,x0)x 52 sur (0, Xp) x S.

(1.40)

Notre résultat principal est une inégalité de Carleman “semi-globale”, au sens ou elle est globale
sur S, mais locale dans la direction z( et la direction normale & (0, X() x S. On expliquera plus loin
l'intérét de ce résultat global dans la direction de l'interface (du point de vue de I'inégalité spectrale
et du controle, une inégalité de Carleman locale suffit).

On choisit un voisinage ouvert V- C € de S dans lequel on peut se placer en coordonnées
géodésiques normales, et on appelle V,,, un voisinage ouvert dans (0, Xo) d’un point z¢ € (0, Xy).
On pose M =V, x Vet M; = MnN ((O,Xo) X Qj), 7 = 1,2. On considere aussi une fonction
¢ € €°(V) qui ne dépend que de la variable normale a (0, X() x S, et telle que { = 1 au voisinage
de (O,Xo) x S.

Notant || - || la norme L2((0, Xo) x ), et |- | la norme L?((0, X) x S), on montre alors I'inégalité
de Carleman semi-globale suivante.

Théoréme 1.19. Sous certaines hypothéses sur la fonction poids ¢ on a le résultat suivant. Pour
tout 09 > 0, il existe C > 0 et hg > 0 tels que

h)|e?/ Mo + B3[P/ o 0|2 + e M 2+ Y B3[P/, Luls, |
j=1,2

< (W1 Flaa, I + W€/ flag |2 4+ H202 G/ flagy |2 + B3P0 ), (1.41)

pour tous 0 < § < dg, 0 < h < hg, pour (v,0%, f) satisfaisant (1.40), supp(v) C M et v|pm, €
E>*(M,).

Les conditions que ¢ doit satisfaire sont essentiellement les suivantes :
¢ est continue sur M (donc a fortiori & travers 'interface)
~ V¢ ne s’annule pas sur M ;
¢ satisfait la condition de sous-ellipticité de Hérmander sur M ;
— @ est “croissante” (dans la direction normale) lorsque 1’on passe de M; & My
— le saut 9,pls, —Onpls, de la dérivée normale de ¢ & travers l'interface est suffisamment grand ;
—  est suffisamment “plate” dans les directions tangentielles.
Notons que ces mémes conditions permettent aussi de montrer 'inégalité de Carleman de [LR10]
pour Dopérateur elliptique associé au probléme de transmission limite “6 = 0”.

On remarque que le membre de droite de notre inégalité de Carleman (1.41) ne donne pas un
role symétrique aux seconds membres f|rq, et f|a,, des deux cotés de la surface. Cela provient du
fait que 'on veut observer la solution v du coté My car on a choisi w C Q.

A Tinterface, pour des raisons techniques, les puissances de h dans le terme

h?6%(|¢e™ I, (1.42)
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de notre inégalité ne sont pas les puissances usuelles pour des inégalités de Carleman elliptiques (qui
sont celles de (1.37)). On a perdu deux puissances de h. C’est précisément ce point qui ameéne de
nombreuses complications.

En effet, on remarque alors que pour § fixé, on ne peut plus absorber pour h petit une pertur-
bation d’ordre un de I'opérateur du coté €y : le terme correspondant donnerait aprés majoration
h252||Ce?/"Vv|am, ||, que Ton ne peut pas dominer par h3||e?/"Vul||?. Ces puissances de h sont
critiques vis a vis des perturbations d’ordre un de notre opérateur elliptique.

En particulier, si on veut montrer une inégalité de Carleman globale, la stratégie usuelle est
la suivante (voir par exemple [LL09] ou [LR11]). On choisit une fonction poids ¢ globale sur notre
domaine, que 'on appelle temporairement X (et qui peut étre une variété). On recouvre X d’ouverts
bornés dans lesquels on peut travailler en coordonnées locales. Puis, dans chaque ouvert, on montre
une inégalité de Carleman en coordonnées locales. Enfin, on ramene sur X ces inégalité, et, grace a
une partition de 'unité, on les recolle pour former une inégalité globale sur X. Ces deux dernieres
étapes nécessitent de pouvoir absorber des perturbations d’ordre un qui apparaissent a la fois lors
du changement de variable et lors du recollement. Ce sont précisément les puissances de h qui
permettent d’effectuer ces deux opérations.

Ici, cette stratégie générale est rendue impossible au voisinage de (0, Xo) x .S par le terme (1.42).
De telles inégalités locales ne pourraient pas étre recollées, et ce a cause de 'opérateur d’ordre deux
A.s dans D'interface. Notons que cette obstruction disparait naturellement dans la limite § — 0, et
I'inégalité (1.41) permet alors de retrouver I'inégalité de Carleman de [LR10].

Si on veut pouvoir montrer une inégalité globale, utile dans de nombreuses applications, on doit
donc procéder autrement. On montre une inégalité de Carleman (1.41) de nature semiglobale : elle
est globale dans la direction de l'interface S et locale dans la direction normale a l'interface et la
direction xy. Grace & I'introduction de la fonction de troncature ¢, le terme (1.42) avec les mauvaises
puissances de h est supporté localement dans un voisinage de I'interface. L’inégalité (1.42) peut donc
sans aucune difficulté étre recollée avec des estimées loin de (0, X) x S, pour donner une inégalité
globale. De méme, si on veut montrer cette inégalité pour un opérateur contenant des termes d’ordre
un, il faut les inclure dans I’analyse des le début, car on ne pourra pas les absorber a posteriori
dans (1.41).

La premiere étape de la preuve, comme dans le Paragraphe 1.2.2.1, consiste a définir v, = e?/hy,
v, = e?/hps et A conjuguer les opérateurs en posant

P, = th“"/h(—aio —Ae ¢ et P, = th“’/h(—ﬁio — Ags)e ?/h

se ramenant ainsi & un probléme semiclassique. Les conditions de transmission de (1.40) se réécrivent

e (1.43)

Pivg, = % ((chOnve)|(0,x0) 55 — (chOnvy)|(0,x0)x 51 + he?/m9%)  sur (0, Xo) x S,
Vol (0,X0)x 81 = Vg, V| (0,X0) x Sa sur (0, Xo) x S.

Puis, suivant I'idée de [LR97,LR10], on introduit différentes régions microlocales tangentielles, adap-
tées aux zones d’ellipticité des opérateurs Py |s,, Pyls, et P3. Ici, pour pouvoir obtenir une inégalité
globale, ces régions sont définies globalements sur le fibré cotangent 7*(R x ). Cette particula-
rité nous oblige a utiliser des opérateurs pseudodifférentiels globaux sur la variété R x S et amene
quelques complications techniques. Cependant, nous revenons souvent a leur expression en coordon-
nées locales, ce qui nous permet d’utiliser certains résultats de [LR10].

Il s’agit alors de choisir une fonction poids ¢ qui positionne de maniere favorable les zones
tangentielles de non ellipticité de Py,|g,, de Py|g, et de P7. En particulier, un point central de notre
démonstration repose sur le fait que I’ensemble caractéristique de P; est inclus les zones de basses
fréquences, a la fois de P,|s, et de P,|s,. Dans chacune des zones ainsi définies, on prouve une
inégalité de Carleman microlocale, utilisant tantot des techniques de projecteurs de Calderén dans
les zones d’ellipticité, et tantot la méthode usuelle de Carleman. On recolle finalement ces inégalités
pour obtenir une inégalité globale dans la direction de S.

Pour que cette derniére soit uniforme lorsque § — 07, il nous faut suivre la dépendance de nos
inégalités par rapport a §. En particulier, dans la zone de hautes fréquences, on introduit un calcul
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adapté sur I'espace des phases (en cartes locales) nous permettant a la fois d’utiliser l'ellipticité de
P} dans le régime ¢ 2 h et l'ellipticité de 'opérateur utilisé dans [LR10] dans le régime & < h.

Notons pour finir que la perte de la puissance §2/h? dans (1.41), par rapport & une inégalité de
Carleman traditionnelle, provient de la zone contenant la variété caractéristique de Pj, qui est la
zone de plus basses fréquences.

Dans 'inégalité (1.41) et le probleme conjugué (1.43) (ainsi que dans la preuve), il apparait
que J et h ont la méme homogénéité. Le régime intermédiaire § = h semble donc avoir un intérét
particulier. Pour ce choix de §, 'inégalité de Carleman (1.41) mesure l'effet tunnel pour le probleme
d’interface semiclassique

—hAwv=f dans Q7 U Qo,
—h2Acv® = h(cdyv)|s, — h(cOyv)|s, + 0% sur S,
vlg, =v° et wv|g, =0v° sur S,

pour lequel I’épaisseur de l'interface est de 'ordre de la constante de Planck h. Néanmoins, notre
inégalité (1.41) montre que l'effet tunnel a aussi lieu lorsque l'interface est d’épaisseur fixée § (méme
si les puissances de h sont alors critiques).

Inégalité d’interpolation, inégalité spectrale. Avec cette inégalité de Carleman uniforme,
on peut maintenant montrer une inégalité d’interpolation semi-globale au voisinage de (ag, Xo —
ag) x S (une collection d’inégalités locales au voisinage de points de (ag, Xo — ag) x S aurait suffi).
En procédant comme dans [Rob95, LR10], l'inégalité de Carleman (1.41) implique une inégalité
d’interpolation locale. Cette derniere peut étre recollée avec d’autres inégalités d’interpolation loin
de (0,Xy) x S grace a la méthode introduite dans [LR95] (voir aussi [LZ98]), pour obtenir une
inégalité d’interpolation globale. Avant de I’énoncer, on définit, pour « € [0, Xo/2) et k =0, 1,2, les
espaces
KF(a) = m H (o, Ty — a;H’g_j), H3 = D(As).
i<k

On a alors I'inégalité d’interpolation globale suivante.

Théoreme 1.20. Soit ag € (0, X(/2). Pour tout 6o > 0, il existe C > 0 et vy € (0,1) tels que pour
tout § € (0,00), on a

10llesan) < CIUTGE (||( = 8% + 40)U |, o+ l0mu(@@)lew) s (144)

K9(0)
pour tout U = (u,u®) € K2(0) satisfaisant u|zy—o = 0 dans Q1 U Q.

Par la méthode brievement décrite au Paragraphe 1.2.1, on déduit de cette inégalité d’interpola-
tion une inégalité spectrale uniforme pour 'opérateur As. On appelle &5 ; = (65’j,€§7j), 7 € N, une
base hilbertienne de HY composée de fonctions propres de A; associées aux valeurs propres positives
us; € R, j € N. Pour un ouvert w C 22, on a le résultat suivant.

Théoréme 1.21. Pour tout 69 > 0, il existe une constante C' > 0 telle que pour tout 0 < § < &g et
weERL, ona

[Ul30 < CeViul 2wy, pour tout U = (u, u®) € Vect{&s ;; tts; < i} (1.45)

Controlabilité uniforme. Suivant la méthode de Lebeau-Robbiano décrite au début du Para-
graphe 1.2, I'inégalité spectrale (1.45) ci-dessus pour 'opérateur elliptique As implique un résultat
de controlabilité du probleme parabolique (1.33) associé. Cette inégalité étant uniforme en J, on
obtient naturellement un résultat de controlabilité uniforme.
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Théoréme 1.22. Soit 69 > 0. Pour tout T > 0 et tout ouvert non vide w C € il existe C > 0 tel
que pour toute donnée initiale Uy = (ug,ui) € HY et tout 0 < & < &, il existe gs € L*((0,T) x w)
tel que la solution (u,u®) du probléme (1.33) vérifie (u(T),u*(T)) = (0,0) et de plus

1951l 22((0,7)xw) < C[Uoll2-

La borne uniforme du contréle par rapport a ¢ est un point important de ce résultat. On peut
alors extraire de la famille (gs)s>0 une sous-suite gs, qui converge faiblement dans L?((0,7T) x w).
On montre que la limite faible des contréles fournit une fonction de contrdle pour le probleme
limite (1.36) (déja traité dans [LR10]), qui est robuste vis & vis des faibles perturbations vis-
queuses dans l'interface. De ce point de vue, le controle ainsi construit est meilleur que celui utilisé
dans [LR10].

1.2.2.4 Problémes ouverts et perspectives

Une question naturelle, au vu de I'inégalité de Carleman (1.41) que nous obtenons, est de savoir
si les puissances de h sont optimales, ou si notre analyse manque a cet égard de précision. On a vu
en effet que la “mauvaise” puissance en §2/h? provenait de la zone caractéristique de P3. Une fagon
de montrer 'optimalité de cette puissance serait de concentrer des quasimodes sur cette variété,
comme cela est fait dans [LL09, LL10].

On peut se demander aussi si notre résultat reste valide dans le cas ou les opérateurs de part et
d’autre de I'interface, et sur I'interface correspondent & des métriques completement différentes. Dans
le cadre d’un probleme de transmission, cette question a été résolue par l'affirmative dans [LL10].
Cependant, pour trier les différentes zones microlocales (et notamment celles adaptées a I'opérateur
ng)7 on a ici utilisé de fagon centrale le fait qu’a 'interface, toutes les métriques sont conformes les
unes aux autres.

De méme, on peut se demander si le résultat de controle reste valable pour des versions se-
milinéaires de (1.33). Pour montrer un tel résultat, il faudrait prouver une inégalité de Carleman
parabolique globale pour l'opérateur 0; — As. Notre analyse ouvre la porte a une telle inégalité
globale. Cependant, de trés nombreuses complications techniques surgissent lorsque 'on veut mé-
langer analyse présentée ici et celle de [LR11]. En particulier, les différentes métriques introduites
dans [LR11] sont bien adaptées & un travail en cartes locales (donc dans R™), tandis que 1'on est
obligé pour le recollement de travailler globalement sur S.

Un autre probleme intéressant, plus général, concerne le cas ou interface S rencontre le bord
09. Le probléme de transmission (1.36) n’est résolu que dans des géométries particulieres [BDLO7D,
BDL11]. “L’angle” formé par S et 9 est une forte entrave aux méthodes microlocales. Dans le cas
du systeme d’interface diffusive (1.33), la question de contrdlabilité lorsque S rencontre €2 se pose
également.

Enfin, il pourrait étre intéressant de montrer que le spectre de l'opérateur Ag satisfait une asymp-
totique de Weyl. Si on avait us; ~ Cs j%, ou n est la dimension de 2, 'analyse effectuée au Pa-
ragraphe 1.2.1 permettrait d’étendre les résultats présentés ici aux perturbations non-autoadjointes
de As (d’ordre un en dimension deux, et d’ordre zéro en dimension trois). Mais dans ce cas, on ne
peut pas espérer que l'inégalité spectrale et le résultat de contrdle soient uniformes dans la limite
§ — 0T, car les estimées de résolvante sont valables pour un systéme donné. Des résultats uniformes
nécessiteraient d’obtenir des estimées de résolvante uniformes sur certains contours complexes (et
avoir entre autres une convergence du spectre de A vers celui de 'opérateur limite).

1.3 Controle de systemes d’équations hyperboliques, et ap-
plications

Introduction au contréle des systemes et motivations

Dans cette partie, on s’intéresse a la controlabilité de systémes linéaires couplés, de différentes
natures. Cette étude a tout d’abord été motivée par les propriétés des systeémes paraboliques avec
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un controle distribué, comme

Opur — Aug + auq + cug = xg dans (0,7) x Q,
Opus — Aug + buy +dus =0 dans (0,7) x Q, (1.46)
up =ug =0 sur (0,7 x 09, ’
(u1,u2)|t=0 = (uf,ul) dans Q,

ou controlés par le bord, comme
Opuy — Aug + auq + cug =0 dans (0,T) X
Opus — Aug + buy + dug =0 dans (0,T) X (1.47)
u; = Xag, uz =20 sur (0, )X(?Q '

(u1,u2)|i=0 = (uf, u) dans Q.

Ici, a, b, c,d et x sont des fonctions régulieres réelles sur Q (qui ne dépendent donc pas du temps),
Xo est une fonction réguliere réelle sur 02, et g est dans les deux cas le controle. On se demande
donc si une seule commande peut controler les deux variables d’état. L’exemple tres simple rencontré
en (1.10) montre que le coefficient de couplage important dans cette étude est le coefficient b.

De tels systemes correspondent au linéarisé de modeles provenant de la biologie ou de la chimie.
Dans ces domaines, les problemes de réaction-diffusion sont modélisés par plusieurs équations non-
linéaires couplées. Et on ne peut parfois agir que sur I'une des variables, ajoutant I'un des réactifs
ou 'une des deux especes en présence. Le modele correspondant prend la forme du systéme de deux
équations paraboliques couplées par des mécanismes de réaction Fj, j = 1,2 :

Oru; — Aug + Fi(x,uq,uz) = xg dans (0,T) x Q,

{ Opus — Aug + Fo(x,u1,uz) =0  dans (0,7) x €.
Avant de pouvoir étudier la controlabilité de tels modeles, il est utile d’avoir une bonne compré-
hension du linéarisé. Ce dernier s’exprime sous la forme d’un systéme similaire & (1.46), mais dans
lequel les coefficients a, b, ¢, d dépendent aussi de la variable temporelle. L’objet de cette partie est
d’étudier le cas ou tous ces coefficients ne dépendent que de la variable d’espace x € 2. Méme dans
cette situation, apparemment tres simple, de nombreux problemes sont actuellement sans réponse.

Notons aussi que certains problémes non-linéaires ont été abordés dans les articles [AKBDO06] de
F. Ammar-Khodja, A. Benabdallah et C. Dupaix, [GBPGO06] de M. Gonzdlez-Burgos et R. Pérez-
Garcia, et enfin [CGR10] de J.-M. Coron, S. Guerrero et L. Rosier.

Une autre motivation pour étudier la controlabilité des systémes vient du domaine du contréle
insensibilisant. Introduit par J.-L. Lions [Lio92], ce probléme consiste & trouver un contréle pour
une équation (de la chaleur par exemple), de telle sorte qu’une certaine fonctionnelle soit localement
insensible aux petites perturbations de données initiales. Ce probleme peut se mettre sous la forme
d’un systéeme de deux équations en cascade, I'une étant rétrograde en temps. Les résultats dans ce
domaine se transposent en général au controle de systemes.

Contrdle interne. Le premier résultat général concernant le systéme (1.46) a été prouvé par
L. de Teresa [dT00] dans le contexte du contréle insensibilisant et dans [AKBD06, GBPG06] dans le
contexte du controle des systemes. Il établit que si {b # 0} N{x # 0} # (), alors le systéme (1.46) est
contrdlable & zéro en tout temps. La preuve repose sur la méthode de Fursikov-Imanuvilov [FI196]
par inégalités de Carleman globales. Elle combine une inégalité de Carleman pour chaque équation,
avec une observation dans un petit ouvert U C {b # 0} N {x # 0}. Puis, I'une des observations
sur U est éliminée grace au couplage par des inégalités locales d’énergie. Cette méthode est aussi
utilisée par S. Guerrero [Gue07] pour un systéme couplé par des termes d’ordre un, dans le contexte
du controle insensibilisant.

Au Paragraphe 1.2.1, nous avons vu que la méthode de Lebeau-Robbiano [LR95] s’adapte aussi
& cette situation dans le cas olt ¢ = b (cas autoadjoint) ou si la dimension de l'espace  est inférieure
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ou égale & trois (cas non-autoadjoint). Cela permet de ramener tout le probléme de contrdlabilité &
une inégalité locale d’énergie pour un systeme elliptique, particulierement simple a montrer. Dans
le contexte des systemes en cascade, M. Gonzilez-Burgos et L. de Teresa [GBAT10] montrent la
controlabilité de plusieurs équations en cascade avec un seul controle, sous une condition similaire
d’intersection des zones de couplage et de la zone de controle. La méthode développée au Para-
graphe 1.2.1 permet aussi de traiter ce cas, si les coefficients ne dépendent pas du temps.

Cependant, O. Kavian et L. de Teresa [KdT10] on montré pour un systéme en cascade (avec
a=d,c=0,b>0sur Q) que le systeme (1.46) est approximativement contrélable méme dans le
cas {b#£ 0} N{x #0}=0.

Le probleme que nous allons tenter de résoudre est donc le suivant, laissé comme probleme ouvert
dans tous les articles précédents :

Question 1 : le systéme (1.46) est-il controlable dans le cas {b A0} N{x #0} =07

Notons pour finir que dans le cas ou tous les coefficients de couplage sont constants, le probleme de
controle est résolu pour une classe beaucoup plus large de systemes :

oU — AU + AU =1,BG,

ot I'état est U : Q — RV, le contréle est G : w — RM, et —A désigne la matrice N x N qui ne
contient que des laplaciens sur la diagonale, A; (resp. B) est une matrice N x N (resp. N x M)
a coefficients constants. Dans [AKBDGB09b], F. Ammar-Khodja, A. Benabdallah, C. Dupaix, et
M. Gonzalez-Burgos montrent que ce systeme est controlable si et seulement si la condition de
Kalman du Théoréme 1.4 est satisfaite par le couple (Aj, B). Ce résultat a ensuite été généralisé
aux systémes non-autonomes dans [AKBDGB09a].

Controle frontiere. Si la contrdlabilité interne de la chaleur implique la contrélabilité par le
bord, il n’en est pas de méme pour les systémes paraboliques. En effet, la méthode simple décrite au
Paragraphe 1.1.2, consistant a étendre le domaine au voisinage de la zone de controle, et a prendre
pour contrdle la trace de la solution ne fonctionne plus ici : les deux composantes u; et us de
la solution associée a un probleme de controle interne sur un domaine “étendu” auront une trace
non-nulle sur le bord. On récupérera alors un résultat avec un contrdle sur chaque équation !

La littérature traitant de la controlabilité frontiere de (1.47) est moins fournie. On citera le cas
de deux équations avec des coefficients de couplage constants en une dimension d’espace. Si on
appelle (1) en les valeurs propres du laplacien et Ai, Ay les valeurs propres de la matrice A, =
( Z Sl ), E. Fernandez-Cara, M. Gonzélez-Burgos et L. de Teresa [FCGBdT10] montrent que,
sous ces conditions, le systeme (1.47) est controlable si et seulement si la condition de Kalman est
satisfaite et p; + A1 # pr + A2, pour tous 5,k € N, j # k.

Obtenir une condition supplémentaire sur les valeurs propres, par rapport au résultat de controle
interne [AKBDGBO09b] est assez surprenant, bien que cette propriété soit trés instable (par rapport a
de petites perturbations des coefficients, de la longueur de U'intervalle...). En effet, pour les équations
paraboliques, il est assez inhabituel que les problemes de controle interne et de controle frontiere
aient des propriétés différentes.

Le second probleme que nous allons tenter de résoudre est donc le suivant, laissé comme probléme
ouvert dans tous les articles cités :

Question 2 : le systeéme (1.47) est-il contrdlable en dimension d’espace n > 1,
et dans le cas de coeflicients variables ?

Systemes d’équations hyperboliques. Concernant les deux questions posées ci-dessus, il sem-
blerait que la théorie des équations paraboliques et les outils utilisés se heurtent pour le moment
a de sérieuses difficultés. Or on sait, depuis I'article de D.L. Russell [Rus73| que les propriétés de
controlabilité des équations hyperboliques se transmettent aux équations paraboliques. Et, dans le
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cadre des systémes symétriques hyperboliques de contrdle interne

0?uy — Auy + auy + bug = xg dans (0,7) x Q,
D?uy — Aug + aug + bu; =0 dans (0,7) x Q, (1.48)
up =ug =0 sur (0,7) x 09, '
(u1,u2, Opur, Opun) |i=o = (ul, uy, ul,ul) dans Q,

ou de controdle frontiere
0?uy — Auy + auy + bug =0 dans (0,7) x Q,
D?uy — Aug + aug + bu; =0 dans (0,T) x Q, (1.49)
ur = xa9, uz=0 sur (0,7) x 09, '
(w1, uz, Opur, Opuz)|i—o = (u?,uY,ul,ul) dans Q,

les résultats, bien que moins nombreux, sont encourageants. En effet, F. Alabau [AB03] montre que
le systéme (1.49) avec b constant, et —A + a coercif est controlable en temps grand deés que b est
suffisamment petit et que {xs > 0} satisfait une condition géométrique de multiplicateurs. Ceci
fournit en particulier un résultat de controle frontiere en toute dimension d’espace!

Notre stratégie est donc la suivante : nous attaquer au probléeme hyperbolique pour en déduire
des résultats sur le probleme parabolique. Poursuivant 1’étude initiée dans [ABO03], nous répondons
aux questions 1 et 2 posées ci-dessus pour les systémes hyperboliques (1.48) et (1.49) sous certaines
hypotheses, notamment géométriques. Nous en déduisons ensuite une réponse partielle aux questions
1 et 2 pour les systemes (1.46) et (1.47) (avec ¢ =b et d = a).

Notre stratégie a aussi été suivie par L. Rosier et L. de Teresa [RdT11] qui répondent ainsi & la
question 1 sur le tore unidimensionnel pour des systémes en cascade (¢ = d = a = 0 dans (1.46) et
(1.47)). Avant de nous attaquer a la controlabilité des systemes hyperboliques (1.48) et (1.49) nous
commencerons par montrer des propriétés de stabilisation de systémes analogues & (1.48) et (1.49).
Ce probleme, plus facile, nous permettra de mieux appréhender le probleme de controlabilité.

Le cas de deux opérateurs elliptiques différents. Dans tous les articles cités ci-dessus, le
résultat de controlabilité est établi pour deux équations couplées contenant le méme opérateur
elliptique. On peut se demander si les résultats restent vrais si 'on remplace A dans I'une des deux
équations par yA, pour v # 1 (ou plus généralement divcV avec ¢ # Id). Dans le cas du controle
interne avec {b # 0} N {x # 0} # 0, la méthode que nous avons développée au Paragraphe 1.2.1
(ainsi que les méthodes utilisées dans [dT00, AKBD06, GBPGO06, Gue07]) permet de conclure par
Iaffirmative. Dans le contexte des questions 1 et 2, cependant, une discussion avec B. Dehman,
J. Le Rousseau, L. Rosier et L. de Teresa nous a permis d’établir la remarque suivante (détaillée
au Paragraphe 6.5). On prend Q = (0,27) et a = ¢ = d = 0, et on étudie donc les systémes (1.46),
(1.47), (1.48) et (1.49), dans lesquels

—A+a c
b -A+d )’

( _bA —SA ) (1.50)

Proposition 1.23. Pour a = ¢ = d = 0 et pour tout v > 0 tel que /vy € Q\ {1}, pour tout
0 € (0,27) et r € N, il existe b € €7(0,27), b > 0, b # 0, supp(b) C (2w — 6, 2m) tel qu’aucun des
systémes (1.46), (1.48) avec supp(x) C (0,27 —9), ni (1.47), (1.49) contrélés par le bord de gauche
ne soit approximativement controlable.

est remplacé par

11 suffit pour cela de construire un mode propre pour 'opérateur adjoint de (1.50) localisé loin de
la zone de controle (qui n’est donc pas observable). Pour les fonctions b que ’on choisit, on construit
méme une infinité de modes invisibles. Notons que 'obstruction a la controlabilité est ici liée & un
probléme de non prolongement unique pour I'opérateur elliptique lui-méme.
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La non-contrélabilité dans le cas de deux équations hyperboliques couplées, avec v # 1 est encore
plus claire. En effet, les variétés caractéristiques associées aux deux opérateurs différents données
par {(t,z,7,§) ERXx QA x Rx R"\ 0,[7]2 = |¢[*} et {(t,2,7,&) e R x Q@ x R x R"\ 0,|7]* = ~[¢]*}
sont disjointes. Les singularités des deux ondes se propagent alors sans se voir, comme indiqué par le
théoréme de propagation des singularités de Hérmander [Hor94, 26.1.1]. Ce phénomeéne est similaire
a ce qui ce passe pour le systeme de Lamé, pour lequel ondes transverses et ondes longitudinales ne
se propagent pas & la méme vitesse (et ne sont couplées qu’au bord, voir [BL01]).

1.3.1 Stabilisation indirecte de systemes d’équations d’ondes localement
couplées

On s’intéresse dans cette partie a la décroissance des solutions du systeme

02uy — Aug + auy + bug + xOuy =0 dans (0,7) x €,
02uy — Aug + aug + bug =0 dans (0,7T) x Q,
up =ug =0 sur (0,T) x 09,

(u1, Uz, Opur, Opun) =0 = (uf, uy, ul,ud) dans Q,

(1.51)

lorsque t — +o00. Ici, et dans tout ce qui suit, on supposera que 'opérateur —A + a est coercif, et
on appellera A\g la plus grande constante telle que

(A + a)u,u)Lz(Q) > /\0||u||2L2(Q)7 pour tout u € H*(Q) N HJ(Q). (1.52)

Par exemple si a = 0, la meilleure constante A\g est la plus petite valeur propre du laplacien avec
conditions aux bord de Dirichlet sur €, c’est-a-dire A\g = 1/ C’% ou Cp est la constante de Poincaré
de Q. Dans ce systeme, x et b sont des fonctions positives ou nulles. Dans le Chapitre 4, on aborde
aussi le probleme de stabilisation par le bord.

1.3.1.1 Résultats antérieurs

Avant d’étudier la stabilisation de systémes, rappelons les résultats classiques concernant la
stabilisation d’une seule équation d’onde. Ce probléme peut se formuler de la fagon suivante : étant

donnée une fonction xy € ¥°(2), x > 0 sur €, on cherche a connaitre le comportement lorsque
t — +oo de la solution u du probléeme

0?u — Au+ au+ x0u =0 dans (0,T) x €,
u=0 sur (0,7T) x 09, (1.53)
(u, Opu)|t=0 = (uo,u1) dans Q.

L’énergie de la solution est définie par

ex(u(t)) = %(ll(—AD +a)2u(t) 2 + 10cu(®)|2(0))- (1.54)

en multipliant (1.53) par d;u et en intégrant sur 2, on obtient 'identité de dissipation

d
Getu®) = = [ o

qui, comme Y est positif, donne une décroissance de ’énergie. Dés que x n’est pas identiquement nul,
la décroissance est stricte et le principe d’invariance de LaSalle ainsi que la propriété de prolongement
unique pour le laplacien impliquent sous ces conditions que e;(u(t)) — 0 lorsque ¢ — +oo. La
question est alors de savoir a quelle vitesse ’énergie tend-elle vers zéro.

Le premier cas intéressant concerne la stabilisation uniforme : sous quelles conditions existe t-il
une fonction ¢(t), ¢(t) — 0, telle que

ex1(u(t)) < o(t)er(u(0)) ? (1.55)
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La réponse, fournie par J. Rauch et M. Taylor [RT74] dans le cas ol § est une variété sans bord et
C. Bardos, G. Lebeau et J. Rauch [BLR92] dans le cas d’un ouvert est la suivante : la stabilisation
uniforme a lieu si et seulement si 'ensemble {x > 0} satisfait la condition géométrique de contréle
(GCC, voir la Définition 1.7). Et si c’est le cas, on montre que ¢(t) < Ce™"* dans (1.55), donc la
décroissance de Pénergie est exponentielle. Dans [BLR92], les auteurs prouvent un résultat similaire
(mais plus difficile) dans le cas ot ’équation est stabilisée par le bord. Finalement, G. Lebeau donne
dans [Leb96] I'expression du meilleur taux de décroissance x en fonction de 'abscisse spectrale du
générateur du semi-groupe et de la moyenne de la fonction y sur les rayons optiques. L’auteur montre
de plus I'optimalité du résultat.

Dans le cas ou la zone {x > 0} ne satisfait pas GCC, que peut-on dire alors sur la vitesse de
décroissance de ’énergie ? G. Lebeau montre dans [Leb96] que, dés que x n’est pas identiquement
nulle, ’énergie tend au moins logarithmiquement vers zéro (voir aussi [Bur98]) :

c 2 2
ar(u®) < oy (ol i@ + @) (1.56)

L’outil principal est ici une inégalité d’interpolation comme celles de [LR95], obtenue grice aux
inégalités de Carleman elliptiques (décrites au Paragraphe 1.2.2.1). On peut interpréter ce résultat
comme une manifestation de l'effet tunnel : les solutions de I’équation des ondes ne restent jamais
completement concentrées sur les rayons de l'optique, mais débordent toujours un petit peu sur
le reste du domaine, donc en particulier sur la zone {x > 0}. L’inégalité (1.56) donne aussi un

taux de décroissance d’autant meilleur (en W) que les données initiales sont régulieres (i.e.
k+1

(uo,u1) € D((—Ap) = ) x D((—AD)%)). L’auteur exhibe aussi des exemples pour lesquels 1’énergie
ne décroit pas plus vite que logarithmiquement, montrant 1'optimalité de ce taux. Ces résultats
de stabilisation sans condition géométrique sont généralisés au probleme de stabilisation par une
(petite) partie du bord dans [LR97].

On peut penser qu’il existe des situations intermédiaires entre stabilisation exponentielle, la
meilleure que 1'on puisse espérer, et stabilisation logarithmique, qui est toujours vérifiée. C’est en
effet le cas : dans certaines situations, I’énergie décroit polynomialement avec le temps. Les propriétés
de décroissance polynomiale semblent fortement liées aux propriétés dynamiques de stabilité du flot
géodésique ou du billard [LR05, BHO7, Phu07b], et ne sont pas & ce jour parfaitement comprises.
Elles interviennent par exemple si §) est un carré et 'ensemble {x > 0} est une bande horizontale.
Notons pour finir que ces situations sont étroitement liées aux situations dans lesquelles ’équation
de Schrédinger est contrdlable [Jaf90, BZ04].

Concernant enfin la stabilisation de deux équations d’ondes couplées (1.51), le premier résultat
formulé par F Alabau, P. Cannarsa et V. Komornik [ACK02] est un résultat négatif. Ces auteurs
mountrent en effet que 1’énergie du systéme (1.51), définie (pour b suffisamment petit) par

E(U(t)) = er(ui(t)) + e1(ua(t)) + (bui,uz)r2(qy, U = (u1,uz), (1.57)

(ol ey est défini par (1.54)) ne peut pas décroitre exponentiellement. En effet, le systéeme (1.51) est
une perturbation compacte du systéme découplé, obtenu & partir de (1.51) en prenant b = 0. Ce
dernier étant instable (’énergie de la deuxieéme équation est conservée), la perturbation compacte
ne peut pas étre uniformément stable. Dans ce méme article, les auteurs montrent aussi un résultat
de stabilisation polynomiale si x et b sont constants sur 2. Ce résultat de stabilisation polynomiale
est généralisé par F. Alabau [AB99, AB02] dans le cas ot u; est amorti sur une partie de la frontiere
(satisfaisant une condition géométrique de multiplicateurs).

1.3.1.2 Principaux résultats obtenus

Le travail présenté dans ce paragraphe est effectué en collaboration avec Fatiha Alabau-Boussouira.
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Comme on sait [ACKO02] que 1’énergie E(U) des solutions de (1.51) ne décroit pas exponentiel-
lement lorsque ¢ — +00, nous allons, sous différentes hypotheses, montrer des résultats de stabilisa-
tion logarithmique et polynomiale. On prendra ici x > 0 et b > 0 sur 2. De plus on supposera que
[16]| o (2) < Ao (olt Ag est donné par (1.52)), de sorte que I'opérateur

A= ( _Ab+a —Ab+a ) D(4) = (H*(Q) N H} ()", (1.58)

soit coercif. Sous cette condition, I’énergie définie par (1.57) est positive. On a 'identité de dissipation
suivante

d
L pw) = - / x| Pde.
dt Q

En particulier, dans le cas x = 0, I’énergie du systéme est conservée (et c’est pour cette raison que
l’on a choisi un opérateur symétrique).

Stabilisation logarithmique. Notre premier résultat concerne la stabilisation logarithmique de
notre systéme lorsque 'on ne suppose quune condition d’intersection entre les ensembles {b > 0}

et {x > 0}.

Proposition 1.24. Supposons que {b > 0}N{x > 0} # (). Alors, la solution U = (u1, ug, dyu1, Opus)
du probleme (1.51) satisfait, pour tout k € N, pour toute donnée initiale U° = (u,u3,ul,ud) €
kE+1

D((—Ap)+)° x D((-Ap)%)?,

k
E(U®) Cr 5 S EOU0) >0

[ R —
~ log(2+

De plus, si U° € (H&(Q))2 X (LQ(Q))Q, on a E(U(t)) — 0 lorsque t — 4o0.

La preuve de cette proposition est similaire aux preuves de [Leb96,LR97] (voir aussi [Bur9g]).
La seule difficulté est de montrer une inégalité d’interpolation pour le systéme elliptique augmenté
d’une dimension avec une seule observation. Cette inégalité est exactement I'inégalité (1.28) que nous
avons déja montrée et utilisée au Paragraphe 1.2.1 pour le controle des systemes paraboliques par la
méthode Lebeau-Robbiano. Elle implique des inégalités de résolvante, qui fournissent la décroissance
logarithmique.

Notons que ce résultat, contrairement aux suivants, peut étre formulé pour une classe de systemes
plus générale. L’hypothése b > 0 ainsi que ’égalité entre les vitesses (les métriques) des deux
équations d’ondes ne sont pas nécessaires.

Stabilisation polynomiale. Dans ce paragraphe, on présente un résultat de stabilisation poly-
nomiale sans condition sur l'intersection de {b > 0} et {x > 0}. On demande cependant & chacun
de ces ensembles de satisfaire la condition GCC. Notons que, sous sa forme originelle (voir le Cha-
pitre 4), ce résultat était formulé sous des conditions de type multiplicateurs qui ont par la suite été
relaxées (voir le paragraphe suivant et le chapitre 5).

Théoréme 1.25. Supposons que l'ensemble {x > 0} satisfait GCC. Il existe alors une constante

b, > 0, telle que pour tout b tel que {b > 0} satisfait GCC et ||b]| =) < bs, la solution U =

(u1,us, Opur, Opug) de (1.51) satisfait, pour k € N, pour toute donnée initiale U = (u,u9, ui,ud) €
k+1 2

D((-Ap)+)* x D((~Ap)?)?,

k
E(U(t) < = > E(@[U(0)) Vt>0. (1.59)

De plus, si U° € (H&(Q))2 X (LQ(Q))Q, on a E(U(t)) — 0 lorsque t — 4o0.
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En particulier, on a b, < A\g pour assurer la coercivité de Popérateur A donné par (1.58). La
preuve de ce résultat repose sur une inégalité intégrale, montrée dans un cadre abstrait pour deux
équations du second ordre en temps. On prouve une inégalité du type

/ " BU()dt < C(EU(S)) + B@OU(S)), (1.60)
S

qui implique (1.59) avec k = 1 (voir [AB04]). Un argument de récurrence donne alors (1.59) pour
tout k, pour des données initiales assez régulieres. Cette inégalité intégrale est a comparer a l'in-
égalité |, ST EU(t))dt < CE(U(S)) équivalente (grace a un lemme de Gronwall) & la décroissance
exponentielle (voir par exemple le livre de V. Komornik [Kom94]). Pour montrer I'inégalité (1.60),
les ingrédients principaux sont une estimation de couplage entre les deux équations et une inéga-
lité d’observabilité pour une seule onde, avec un second membre. Nous détaillons ces deux derniers
arguments dans le paragraphe qui suit, concernant le controle de systemes.

Les conditions géométriques couvertes par ce résultat sont relativement riches, et contiennent en
particulier des cas pour lesquels {b > 0} N {x > 0} = @ (voir la Figure 1.4).

(a) (b)

FIGURE 1.4 — Deux exemples d’ouverts (©,w, O) tels que w et O satisfont tous deux GCC dans €,
mais w N O = : dans le cas (a), Q est le tore plat (ou le carré), dans le cas (b), Q est le disque.

En particulier, tous les exemples pour lesquels {b > 0}N{x > 0} = (), n’entrent pas dans le cadre
de la Proposition 1.24. Ceci nous amene a penser que le résultat de la Proposition 1.24 doit étre vrai
sans la condition {b > 0} N {x > 0} # 0 (au moins sous les autres conditions du Théoréme 1.25), et
nous fournit un premier indice en faveur de la contrélabilité des équations paraboliques dans ce cas.

1.3.2 Controéle indirect de systémes sous des conditions géométriques

Apres cette étude du probleme de stabilisation, nous considérons maintenant le probleme de
contrdlabilité pour les systémes (1.48) et (1.49). Les méthodes utilisées ici sont celles du paragraphe
précédent. Comme annoncé plus haut, apres avoir démontré un résultat de contrélabilité pour les
systémes hyperboliques (1.48)-(1.49), nous en déduisons un analogue pour les problémes paraboliques
(1.46)-(1.47) (ainsi que pour deux équations de Schrodinger couplées).

1.3.2.1 OQutil principal : les méthodes de transmutation

On présente ici des principes assez généraux qui relient les propriétés de controlabilité de diffé-
rentes équations. Cela nous permettra de déduire un résultat de contréle des systémes paraboliques
(ou d’équations de Schrédinger couplées) d’un résultat de contrdle pour les systémes hyperboliques.



1.3. Controle de systemes d’équations hyperboliques, et applications 43

L’idée générale est que la controlabilité d’un systéme du deuxieme ordre en temps est plus forte
que la contrdlabilité du méme systéme, dans lequel 97 est remplacé par 9; ou id;. En particulier, la
controlabilité des ondes implique la controlabilité de la chaleur et de Schrodinger. A ma connaissance,
cette idée a tout d’abord été utilisée par D.L. Russell [Rus73], qui montre la contrélabilité de la
chaleur par tout le bord du domaine 92 grace a celle des ondes. La méthode est beaucoup plus
générale car elle consiste uniquement en une manipulation sur la variable de temps, pour changer
“92” en “0,”, passant d'un contrdle h pour I'équation

0%z + Az = Bh, (1.61)
ou s représente le temps des ondes, a un controle g pour I’équation
Oiu + Au = By, (1.62)

ol t est le temps de la chaleur. La méthode spectrale de Russell consiste a diagonaliser I'opérateur
A, puis & changer une famille biorthogonale (dans L?(0,7)) aux (e™*V#i% e~ ®/Hi%); .y en une famille
biorthogonale aux (e #i*);cy (ou les () en sont les valeurs propres de A), utilisant un théoréme de
Paley-Wiener. Le semi-groupe associé & I’équation du second ordre en temps (1.61) est en quelque
sorte plus riche que celui associé & une équation du premier ordre (1.62). Notons que c’est avec
cette méme méthode de moments en temps que G. Lebeau et L. Robbiano [LR95] montrent la
controlabilité de la chaleur a partir d’une équation elliptique, elle aussi du second ordre en temps.
Nous reprenons cette analyse dans le cadre non-autoadjoint au Paragraphe 1.2.1.

Le résultat de Russell a par la suite été simplifié et généralisé par L. Miller [Mil05]. En particulier,
il est aussi valable pour des opérateurs non nécessairement autoadjoints sur des espaces de Banach.

Théoréme 1.26 (D.L. Russell [Rus73], L. Miller [Mil05]). Si (1.61) est contrélable a zéro en un
certain temps Ty > 0, alors (1.62) est contrélable & zéro pour tout temps T > 0.

On retrouve la propriété de controlabilité en tout temps pour une équation du type chaleur.
L. Miller utilise cette méthode pour estimer la constante intervenant dans le cotit du controle de la
chaleur lorsque 7' — 07 en fonction de certains parameétres géométriques. L’idée de la preuve (voir
aussi l’article [Phu01]) est de construire le contréle g pour (1.62) sous la forme

g(t) = /k(s,t)h(s)ds
ol h est un contrdle & zéro pour (1.61) et k(s,t) est un noyau contrdlé satisfaisant en particulier
atki - 8?1@ =0 et k|t:T =0.

Dans cette derniére équation, les variables s et ¢ correspondent bien aux temps des équations (1.61)
et (1.62) respectivement.

D’autre part, K.-D. Phung [Phu01] et L. Miller [Mil06a] montrent aussi que le contréle des ondes
est une propriété plus forte que le controle de 1’équation de Schrodinger

i0u + Au = Bg. (1.63)

Théoréme 1.27 (K.-D. Phung [Phu01], L. Miller [Mil06a]). Si (1.61) est contrélable a zéro en un
certain temps To > 0, alors (1.63) est contrélable & zéro pour tout temps T > 0.

En particulier, ce résultat permet de retrouver le théoréme de G. Lebeau [Leb92] de controlabilité
de Schrodinger sous GCC. La encore, la méthode permet d’obtenir une estimation de la constante
intervenant dans le cotit du controle de I’équation de Schrédinger lorsque T — 07.
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1.3.2.2 Principaux résultats obtenus

Le travail présenté dans ce paragraphe est effectué en collaboration avec Fatiha Alabau-Boussouira.

Avant de nous intéresser au probléeme de contrdlabilité, nous donnons quelques propriétés de
régularité des solutions des systeémes (1.48) et (1.49). Sur Pespace (L2(Q))2, lopérateur A défini
en (1.58) est autoadjoint. Les systemes (1.48) et (1.49) sont donc conservatifs si le contrdle g est nul.
De plus, pour un controle g € L2((0,T)x ), le probléme (1.48) est bien posé au sens des semi-groupes

pour des données (uf,u3, ul,ul) € (H&(Q))2 X (LQ(Q))Z. De méme, si on prend g € L2((0,T) x 99)
le probléme de contréle frontiere (1.49) est bien posé pour des données (ud, u3, ut, ul) € (LQ(Q))2 X

(H*I(Q))27 au sens des solutions de transposition (voir [Lio88a]).

Si on prend maintenant pour le systeme (1.48) (resp. pour le systeme (1.49)) une donnée initiale
(ud, ud,ui, ud) € HF(Q) x (H2NHF()) x L2(Q) x H(Q) (resp. (uf, ud,ul,ud) € L*(Q) x H(2) x
H=1(Q) x L*(Q)), et un contrdle g € L2((0,T) x Q) (resp. g € L*((0,T) x 99)), alors on voit que
Pétat (uy, ug, Opur, Opuz) reste pour tout temps dans Uespace Hj (Q) x (HZNH(Q)) x L(2) x H} ()
(resp. L2(Q) x H}(Q) x H71(Q) x L?(2)). En effet, dans la deuxieme équation, bu; agit comme un
second membre de régularité L2(0,T; H}(Q2)) (resp. L2((0,T) x Q)).

Pour ces systemes réversibles, la controlabilité & zéro est équivalente a la contrdlabilité exacte.
Par conséquent, on voit qu’il n’est pas possible, partant d’une donnée initiale réguliére (par exemple
identiquement nulle), d’atteindre n’importe quel état dans (Hg (Q))2 X (L2(§2))2 (resp. (L2(Q))2 X
(H *1(9))2). L’ensemble des états atteignables est donc inclus dans I'espace asymétrique H} () x
(H?NHG(Q)) x L2(Q) x Hj () (resp. L2(Q) x H () x H~1 () x L*(£2)). La question de controlabilité
pour les systemes (1.48) et (1.49) devient alors : partant du repos & l'instant initial, est-il possible
d’atteindre tout élément de cet espace (en temps suffisamment long) ?

On appellera GCCjy la condition géométrique de contrdle pour le contrdle frontiere de [BLR92] :
si T C 99, on dira que (T',T) satisfait GCCjp si toute géodésique généralisée voyageant & vitesse 1
dans €2 recontre I' en un point non diffractif en un temps ¢t < T. On dira que I' satisfait GCCjy s’il
existe T > 0 tel que (I', T') satisfait GCCy. Les points diffractifs sont les points du bord par lesquels
passe un rayon optique qui frole le bord sans étre dévié (on renvoie par exemple & [BLR92] pour une
définition précise).

On supposera désormais que b, x, xo sont des fonctions positives. Cette hypothese, non nécessaire
pour ¥, X lest peut-étre pour b (voir le Paragraphe 1.3.3 ci-apres). On aura aussi besoin de supposer,
comme dans le probleme de stabilisation que ((fA + a)u,u) L2(Q) > )‘OHUH%Q(Q)’ pour un g > 0,
pour tout u € H?(Q) N H(Q). On prendra aussi des fonctions b satisfaisant ||b| 1) < Ao, pour
que Popérateur A défini en (1.58) soit coercif.

Concernant les systemes d’équations d’ondes couplées (1.48) et (1.49), notre résultat principal
de controlabilité en temps long peut étre formulé de la fagon suivante.

Théoreme 1.28. On suppose que {x > 0} satisfait GCC (resp. que {xs > 0} satisfait GCCy).
Alors il existe b, > 0, pour tout b tel que {b > 0} satisfait GCC et [|b||p~) < b, il eviste un
temps T, > 0 tel que pour toutes données initiales (uf,ud,ul,ud) € H(Q) x (H? N HY(Q)) x
L2(Q) x HY(Q) (resp. (uf,ul,ut,ud) € L2(Q) x HY(Q) x H~Y(Q) x L%(Q)), il existe un contréle
g € L2((0,T) x Q) (resp. g € L*>((0,T) x 99)) tel que la solution de (1.48) (resp. (1.49)) associée
satisfasse (u1,u2, Opur, Opus)|i=1, = 0.

Notons que b, dépend uniquement de la géométrie de et de x (resp. xo), tandis que T
dépend de tous les parametres du probleme. Autrement dit, on montre que sous les hypothéses du
Théoreme 1.28, ’ensemble atteignable aux temps T > T, en partant de la donnée initiale nulle
est exactement H{(Q) x (H? N H(Q)) x L2(Q) x H () dans le cas d'un contrdle L? interne, et
L3(Q) x H}(Q) x H71(2) x L*(Q) dans le cas d’un controle L? frontiere.
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Ce résultat généralise celui de F. Alabau-Boussouira [AB03] ot le coefficient de couplage b est
constant, et ou la condition géométrique sur {x > 0} est une condition de multiplicateurs. On
obtient ici des situations géométriques plus riches, incluant de nombreux exemples pour lesquels la
zone de couplage et la zone de controle ne s’intersectent pas (voir la Figure 1.4).

La nécessité des hypothéses faites ici est discutable. En particulier, il n’est pas naturel que le
temps minimal de contréle dépende de tous les parametres du systeme : il ne devrait dépendre que
de la géométrie des ensembles Q, {b > 0} et {x > 0}.

Pour montrer le Théoreme 1.28, on utilise la méthode HUM. On considére ainsi le systeme adjoint
de (1.48) et (1.49), qui s’écrit

02v1 — Avy + avy +bvg =0 dans (0,T%) x
020y — Avg + avy + bvy =0 dans (0,7T%) x
v =v2=0 sur (0,7y) x O (1.64)

(v1, v, 04v1, Opv2)|t=1, = (v9,09, v}, v3) dans Q.

On définit aussi un autre niveau d’énergie

1 _1
eo(u) = §(IIU(t)II%Z(Q) + [(=Ap + a) "2 du(t)|F2(0)s

qui, comme le niveau e; (défini en (1.54)), est préservé par les solutions d’une équation d’ondes
libres (c¢’est-a-dire (1.53) avec x = 0).
Le résultat du théoreme est alors équivalent a 'inégalité d’observabilité

T.
e1(v1(0)) + eg(v2(0)) < C Obs(t) dt. (1.65)
0
pour les solutions de (1.64). Dans cette inégalité d’observabilité, la quantité représentée dans le
membre de droite est

Obs(t) = [[x0v1 (1)1 72(q)

dans le cas du controle interne (1.48), et

Obs(t) = [Ixa0yv1()lI72(o0):

dans le cas du controle frontiere (1.49). Ici, n désigne la normale unitaire sortante & 9€2. Notons que
l’on observe dans I'inégalité (1.65) le niveau d’énergie e; de la premiére composante vy et seulement le
niveau eg de la seconde. Cette observation dans des espaces asymétriques est le pendant du controle
dans des espaces asymétriques. La méthode HUM, décrite au Paragraphe 1.1.1 permet alors de
déduire le Théoreme 1.28 de (1.65).

Pour établir cette inégalité d’observabilité, nous étendons la méthode a “deux niveaux d’énergie”
de [ABO3]. Nous effectuons des estimées d’énergie dans V’esprit des méthodes de multiplicateurs.
Notre démonstration repose sur trois ingrédients principaux.

Le premier ingrédient est une inégalité d’observabilité pour les solutions de 2v — Av = f. On
montre que si ({b > 0},7p) (ou, de la méme maniere ({x > 0},Tp), resp. ({xs > 0},Tp)) satisfait
GCC (resp. GCCp), alors il existe C' > 0 telle que, pour tout T > T, on ait

T T T
| eswna<e( [ ponmmd+ [ 170 @d). (1.66)

Le point clé ici est que la constante C' ne dépend pas du temps 7. Une telle inégalité peut étre
déduite de l'inégalité avec f = 0, et c’est ce qui nous permet d’obtenir ici des conditions géomé-
triques optimales de controle. On vérifie aussi dans le cas tres simple ou €2 n’a pas de bord que la
méthode originelle de [RT74, BLR88, BLR92| donne naturellement (1.66). Cette inégalité, obtenue
ici sous des conditions géométriques optimales permet aussi d’améliorer de nombreux résultats, en
particulier [AB99, AB02, AB03, ABL11c]. Dans la preuve de ces résultats, 'inégalité (1.66) était en
effet obtenue par des méthodes de multiplicateurs.
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Le deuxiéme ingrédient utilisé dans la preuve de (1.65) est I'inégalité

T T
/0 IIﬁvzlliz(Q)dtS/O Vb1 720y dt + C [eo(v2(T) + eo(v2(0))] + C [ex (v1(T)) + e (v1(0))]

traduisant l’action du couplage. On 'obtient en multipliant la premiere ligne de (1.64) par vy et la
seconde par vp, en intégrant et en prenant la différence des deux équations obtenues. Cette inégalité
nous permet de dominer I’énergie localisée de la composante non observée vs par 1’énergie de ;.
Notons que cette inégalité de couplage fait intervenir ’énergie e; de la composante vy, mais seulement
I’énergie eg de la composante vs.
Enfin, pour conclure la preuve, nous utilisons la conservation de I'énergie E((v1,v2)(t)) (définie
n (1.57)) des solutions de (1.64). En particulier, ceci implique que I'intégrale sur (0,7") de I’énergie
e1(vi(t)) + eg(va(t)) croit linéairement en fonction de T', ce qui, comme dans les approches par
multiplicateurs, permet de conclure pour T grand.

Retour aux systémes du premier ordre en temps. On déduit maintenant du Théoreme 1.28
et des résultats de transmutation présentés au Paragraphe 1.3.2.1 le théoreme de controle de systéemes
paraboliques sous contraintes géométriques.

Corollaire 1.29 (Systémes paraboliques). On suppose que {x > 0} satisfait GCC (resp. que {xo >
0} satisfait GCCy). Alors il existe b, > 0, pour tout b tel que {b > 0} satisfait GCC et ||b|| () < bx,
pour tout T > 0, toute donnée initiale (uf,ul) € L*(Q) x L*(Q), il existe un contréle g € L*((0,T) x
Q) (resp. g € L?((0,T)x99Q)) tel que la solution de (1.46) (resp. (1.47)) avec d = a et ¢ = b satisfasse
(u1,u2)|i=7 = 0.

A notre connaissance, ce corollaire fournit les premiers résultats de controlabilité interne pour
des systémes paraboliques lorsque la zone de couplage {x > 0} et la zone de contrdle {b > 0} ne
s’'intersectent pas. De plus il donne un résultat de controle frontiére en toute dimension d’espace,
avec des coefficients variables. Nous répondons ainsi partiellement aux questions 1 et 2 formulées au
début du Paragraphe 1.3.

Si les conditions géométriques du Corollaire 1.29 ne sont bien entendu pas naturelles, celui-ci
nous conforte dans l'idée que ce résultat doit étre vrai dés que les ensembles {x > 0} et {b > 0}
sont non vides (toutes autres conditions étant égales par ailleurs).

Ce résultat est une conséquence des propriétés régularisantes de la chaleur (ce qui nous permet
de le formuler dans des espaces symétriques) et des Théorémes 1.26 et 1.28.

On peut de la méme maniére déduire du Théoreme 1.28 un résultat pour des équations de
Schrédinger couplées. Nous ne présentons que le cas du controle interne par souci de brieveté mais
un résultat de controle frontiere se déduit de la méme maniere.

Corollaire 1.30 (Systemes d’équations de Schrodinger). On suppose que {x > 0} satisfait GCC.
Alors il existe by, > 0, pour tout b tel que {b > 0} satisfait GCC et ||b]| () < bx, pour tout T >0,
toute donnée initiale (ud,u3) € L?() x HY(), il existe un contréle g € L?((0,T) x Q) tel que la
solution du systeme

101 — Aug + aug + bus = xg  dans (0,T) X
i0sus — Aug + aug +bu; =0 dans (0,T) x
up =uz =0 sur (0,T) x O
(u1,uz)|=0 = (uf,u3) dans €,

satisfasse (u1,us)|t=7 = 0.

Ce résultat est une conséquence des Théoremes 1.27 et 1.28. Méme si elles ne sont pas toujours
optimales pour une seule équation de Schrodinger (voir [Jaf90, BZ04]), GCC et GCCy sont & ma
connaissance les conditions suffisantes les plus générales connues & ce jour (voir [Leb92]).
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Pour conclure, la méthode d’estimées d’énergie utilisée ici a pour principal avantage d’utiliser en
“boite noire” des inégalités d’observabilité pour une seule équation, déja existantes. Elle permet donc
de donner des résultats a priori de controlabilité, tres généraux pour une large classe de systemes du
second ordre en temps. Elle permet par exemple de traiter le cas de conditions au bord de Neumann
ou de Fourier [BLR92], ol le cas d’un ouvert et d'une métrique peu réguliers [Bur97al (pour des
conditions au bord de Dirichlet).

Cependant, certaines de nos hypotheses semblent beaucoup trop fortes. En effet, la généralité
de notre résultat et les méthodes utilisées ne permettent pas de décrire finement les propriétés
de propagation des modeles étudiés. On aimerait par exemple connaitre plus précisément le temps
minimal de contréle en fonction des différents parameétres. Pour les systemes de deux ondes couplées,
une approche plus fine reste donc a faire. C’est ce que nous proposons dans le paragraphe qui suit.

1.3.3 Analyse microlocale de la controélabilité de systemes de deux équations
d’ondes sur une variété compacte

On propose maintenant d’analyser plus précisément un modele de deux équations d’ondes cou-
plées du type (1.48) dans un cadre particulierement simple. On va supposer ici que §2 est une variété
riemannienne compacte pour éviter de considérer la propagation au bord, et simplifier ainsi le pro-
bléeme. On note A l'opérateur de Laplace-Beltrami sur €2 et on va s’intéresser au systéme en cascade
suivant :

0?u; — Auy = xg dans (0,7) x Q,
D2us — Aug +buy; =0 dans (0,7) x €, (1.67)
(u1, U2, Opur, Opun)|t=o = (uf,ud, ul,ud) dans Q.

Dans ce systeme, la fonction g controle I'état uq, qui lui méme controle 1’état us. Comme dans le
paragraphe précédent, on va supposer ici que le couplage b satisfait b > 0 sur €2. On pourrait garder
lopérateur —A +a avec a > 0, a la place de —A et tous les résultats présentés ici resteraient valides.
Nous avons vu au paragraphe précédent que le probléme de controlabilité adapté au systeme (1.67)
muni d’un contrdle g € L?((0,T) x §2) se pose dans I'espace asymétrique (u?,u3, ui,ul) € H! x
H? x L? x H'. Nos préoccupations principales sont de comprendre les propriétés de controlabilité
de (1.67) ainsi que le temps minimal nécessaire a ce controle.

1.3.3.1 Outil principal : les mesures de défaut microlocales

On sait, depuis les articles [RT74, BLR92], que les outils adaptés & 'analyse des propriétés de
controlabilité des équations de type ondes, sont des techniques d’analyse microlocale de propaga-
tion des singularités. Une approche alternative plus récente [Leb96, Bur97a, BG97] (voir aussi le
cours [BG02| pour une introduction) utilise la propagation des mesures de défaut microlocales de
P. Gérard [Gér91] et L. Tartar [Tar90]. Cette méthode, qui simplifie déja le cas scalaire, permet
aussi de traiter des systémes (voir [BLO1] pour des systémes hyperboliques couplés par le bord mais
découplés a lintérieur).

Etant donnée une suite (v*)ren qui converge faiblement dans L?(R™), les mesures de défaut
microlocales visent & caractériser le défaut de convergence forte de (v¥)gen. Plus précisément, ce
sont des mesures sur le fibré cotangent en spheres S*R"™ ~ R7 x Sg_l, ou z est le point de 'espace
et ¢ la direction d’oscillation. P. Gérard [Gér91] et L. Tartar [Tar90] montrent qu'’il existe une sous-
suite de (v*)ren (notée de la méme maniere) et une mesure positive p sur S*R”™ telles que, pour tout
opérateur pseudodifférentiel polyhomogene (voir par exemple [Hor85, Definition 18.1.5]) d’ordre zéro
et de noyau a support compact, on ait

(A’Ukavk)Lz(R”) - - UO(A)(mvg) d,lj,(.’177§),

ot 0g(A) est le symbole principal de A.
Par exemple, pour & € R™ \ {0} et ¢ € €>°(R"), la suite oscillante de terme général v¥ =
Y(x)e** % admet pour mesure p = [P)(z)*dzr @ Je—g, /e, ¢ ceci traduit le fait que la perte de
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convergence forte est due a l'oscillation dans la direction &y. Ces mesures peuvent aussi étre définies
sur des variétés (voir [Tar90] ou [Bur97b]) car elles se comportent bien vis-a-vis des changements de
variables. Dans la suite, on utilisera de telles mesures sur la variété R x €.

Si de plus les termes v* de la suite satisfont une équation, on peut en déduire des propriétés sur
la mesure limite. Par exemple, pour une suite de solutions de I’équation des ondes,

(02 — A" =0,
on montre que la mesure associée p satisfait
supp(p) C Char(97 — A), et Hyu=0.

ott Char(9? — A) = {(t,z,7,€) € T*(R x Q),72 — |n|2 = 0} est la variété caractéristique de 92 — A
(Inle désignant la norme de n € T () pour la métrique riemannienne) et H, est le champ de
vecteurs hamitonien du symbole p = 72 — |n|2. Ceci nous dit en particulier que, pour une suite
de solutions de I’équation des ondes faiblement convergente, la mesure est invariante le long des
bicaractéristiques. Ce sont les courbes intégrales de d%d) = H,¢, et leur projection sur 2 sur coincide
avec les géodésiques de €.

Dans le cas oi1 on considere deux suites (vF, v5)ren qui convergent faiblement vers zéro, P. Gé-
rard [Gér91] montre (en fait dans un cadre beaucoup plus général) que l'on peut (quitte & en extraire
une sous-suite) leur associer une matrice

_ M1 12
=1 — )
Hiz M2
composée de trois mesures p1, po et pyo. Les mesures p; et po sont les mesures positives associées
aux suites (vF)pen et (v5)ren. La mesure po satisfait

(Avy,v) p2gny — oo(A)(z,n) dpaz(z,n),
S*(RxQ)

et mesure donc le défaut d’orthogonalité des deux suites. En particulier, on montre que supp(p12) C
supp (1) N supp(u2). La mesure pq2 est a priori une mesure a valeur complexe et la matrice p est
une mesure hermitienne positive (voir [Gér91] pour plus de précision). Dans le paragraphe qui suit,
nous utilisons les équations satisfaites par ces trois mesures dans le cas ou (v¥,v%) est une suite de
solutions d’un systéeme d’ondes couplées.

1.3.3.2 Principaux résultats obtenus

Le travail présenté dans ce paragraphe est effectué en collaboration avec Belhassen Dehman et
Jérome Le Rousseau.

Ici, on appelle w = {x # 0} Pouvert de contrdle et O = {b > 0} louvert de couplage.

On remarque tout d’abord que si w ne satisfait pas GCC, la premiere équation seule n’est pas
controlable. De méme, si O ne satisfait pas GCC, la seconde équation n’est pas controlable. Une
condition nécessaire de controlabilité est donc que ces deux ouverts satisfassent GCC. Pour énoncer
notre résultat principal, nous devons au préalable introduire le temps de controle adapté.

Définition 1.31. Etant donnés deux ouverts w et O qui satisfont tous deux GCC, on appelle
T.,—o— la borne inférieure des temps T' > 0 pour lesquels la condition suivante est satisfaite :

toute géodésique de €) parcourue a vitesse 1 dans €2 entre dans w en un temps to < T, entre dans
O en un temps t1 € (tg,T) et entre de nouveau dans w en un temps to € (¢1,7).
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T
Twa@%w
2 _
t1 _
to -
t=0

O w Q

F1GURE 1.5 — Condition géométrique et temps T, _.o—. -

Autrement dit, apres le temps T, .o _..,, tout rayon de 'optique voyageant dans (2 est passé par
w, puis O, puis & nouveau w (voir la Figure 1.5). Remarquons en particulier que si w et O satisfont
GCC, alors T, .o < 00.

Pour un ouvert w C Q satisfaisant GCC, notons T,, = inf{T > 0, (w, T) satisfait GCC}. On peut
alors encadrer T, .»_.,, de la fagon suivante

maX{T(g, Tw} < Tooo-w <21, + To.

Remarquons enfin qu’en général, T,, .o, # To_.— . Notons par ailleurs qu’il existe des exemples
de variétés compactes {2 et d’ouverts w et O tels que w et O satisfont tous deux GCC sans s’inter-
secter. C’est le cas du tore ) et des deux ouverts w et O représentés sur la Figure 1.4a. C’est aussi
le cas si  est la sphere S? = {(z1,22,73) € R, 27 + 23 + 23 = 1} (munie de la métrique induite par
la métrique euclidienne de R?) et w est un voisinage dans S? du demi-équateur {z3 = 0,22 < 0}, et
O est un voisinage dans S? du demi-équateur {z; = 0,25 > 0}.

Notre résultat principal est le suivant.

Théoréme 1.32. On suppose que les ouverts w et O satisfont tous deux GCC. Alors, le systéme (1.67)
est contréolable & zéro dans lespace H' x H?> x L? x H' si T > T,,_,0_., et n'est pas contrélable &
zéro st T < T 0—w-

Rappelons que, dans ce cadre, la controlabilité & zéro et la contrélabilité exacte sont équivalentes.
La seule hypothese faite ici concerne la positivité du coefficient de couplage. La méthode HUM
permet encore une fois de ramener ce probleme de contrdlabilité a un probleme d’observabilité.
Dans ce dernier, on applique lopérateur (1 — A)% (de symbole principal |n|,) & l'une des deux
équations pour pouvoir le formuler dans des espaces symétriques. La controlabilité de (1.67) est
ainsi équivalente a l'existence d’une constante C' > 0, telle que 'inégalité

T
eo(v1(0)) + eg(v2(0)) < O/o / |xv1|?dz dt, (1.68)

soit satisfaite pour toutes solutions (v1,v2) du systéme

(82 — A)vy = —b(z) (1 — A)2vy  dans (0,
{ 0 (1.69)

(0?2 — Ayvg =0 dans (0,
On rappelle qu’ici, les énergies ej sont définies par

ex(v) = HUH%HC(Q) + Hath%—Ik—l(Q), ke Z.
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Controlabilité pour T > T, .»_,. La structure de la preuve de I'inégalité d’observabilité est
assez classique et utilise la méthode de compacité-unicité. On procede en deux temps. Dans un
premier temps, on montre une inégalité d’observabilité plus faible que (1.68), dans laquelle on ajoute
au membre de droite une énergie d’ordre inférieure (c’est-a~dire un terme compact). Dans un second
temps, on montre grace a un argument d’unicité que le terme ajouté n’est pas nécessaire. Cette
méthode permet en quelque sorte de traiter les problemes de hautes fréquences, puis de montrer que
les basses fréquences ne posent aucun probleme.

Nous montrons donc tout d’abord I'inégalité

eo(v1(0)) + eo(v2(0)) < c/o /|Xv1\2dx dt + e 1(01(0)) + e_1(va(0), (1.70)

pour les solutions de (1.69). Pour cela, nous procédons par 1'absurde, supposant Uexistence d’une
suite (v¥, v%)en de solutions de (1.69), telle que eg(vF(0)) +eg(v5(0)) = 1 et fOT L, Ixvf|?da dt — 0,
et e_1(vF(0)) + e_1(v5(0)) — 0. En particulier, cette suite converge faiblement vers zéro dans
L2((0,T) x Q) et on peut (quitte & extraire une sous-suite) lui associer une mesure de défaut micro-

locale
_( M1 M2
K ( g He2 ) '

On montre alors que cette mesure vérifie, au sens des distributions dans S*(R x ) les équations

H[))U’Q = Oa
H,I = b|n|.p2,
Hpp = 2b|n|o Im(pi12),
Re(ulg) =0.
Ce systeéme correspond & trois équations de transport (en cascade) le long du flot bicaractéristique

de 92 — A. De plus, comme v} converge fortement sur (0,7) X w, la mesure u; (et donc aussi la

mesure p2) s’annule au dessus de (0,7) x w. On veut maintenant en déduire la nullité de ces trois
mesures.

La deuxiéme équation du systéme (1.71) nous permet de conclure car c’est une équation de
transport dont le second membre est une mesure positive. Le long de chaque bicaracéristique, on
peut résoudre cette équation de transport. D’apres notre hypothese T' > T, 0—., la mesure Im(j112)
est nulle lors du premier passage de la bicaractéristique au dessus de w (pour t = tg), et elle est
toujours nulle lors de son second passage au dessus de w (pour ¢ = ¢2). Ceci implique que b|n|, 1o
est nulle le long de cette bicaractéristique pour tout ¢ € (tg,t2), donc en particulier pour le temps
t1. On a alors trouvé un point de chaque bicaractéristique sur lequel la mesure uo s’annule. Comme
elle satisfait une équation de transport libre le long du flot (la premiere équation de (1.71)), elle est
identiquement nulle. On en déduit ensuite que Im(u12) et ;1 sont elles aussi identiquement nulles,
de telle sorte que la suite (vF, v5)ren converge fortement vers zéro dans L2(£2)2. Ceci contredit enfin
I’hypothese, et permet d’établir I'inégalité affaiblie (1.70).

Finalement, suivant [BLR92], on montre que I’ensemble des données initiales, dont les solutions
(v1,v2) de (1.69) associées satisfont a la fois I'inégalité (1.70) et v1|(o,7)x. contient un vecteur propre

de lopérateur elliptique
—A b(z) (1-A)z
0 —-A '
Or, on connait précisément les valeurs propres et les vecteurs propres de cet opérateur elliptique : les
(1j,%(e;,0))jen, ot (i, e;)jen sont les couples valeur propre vecteur propre de —A. Ces fonctions
propres vérifient la propriété de prolongement unique ejl, = 0 = “(e;,0) = 0 sur tout Q. Ceci
permet de conclure que I'inégalité d’observabilité (1.68) est satisfaite.

De méme qu’au paragraphe précédent, ce résultat de controlabilité se transfere aux équations de
la chaleur ou de Schrodinger couplées.
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Non-controlabilité pour T' < T, _.»_.. L’idée consiste ici a construire une suite de solutions
de (1.69) qui contredit I'inégalité d’observabilité (1.68). Dans le cas ou toutes les bicaractéristiques
ne passent pas par O ou par w, il suffit de nier I’observabilité pour une seule équation d’ondes, ce
qui est classique.

Reste le cas ol toutes les bicaractéristiques passent a la fois par O et par w, mais il en existe une
qui ne passe pas par w puis O puis w. On appelle alors I' cette bicaractéristique. On construit une
suite (v5)xzen de solutions de I’équation des ondes libre qui converge faiblement (mais pas fortement)
vers zéro, et dont la mesure de défaut us est exactement supportée par I'. Puis, on appelle ¢y un
temps pour lequel I' rencontre (0,7") x w. Pour construire la suite (v} )ren, on résout alors ’équation
d’ondes a partir de %y, avec des données initiales nulles :

(02 — Ak = —b(z) (1 — A)zvk  dans (0,T) x Q,
(vF, 0v7) |1=¢, = (0,0) dans .

L’hypotheése T' < T,, .o, nous dit qu’il existe une seule composante connexe C de T'\ S*((0,7) x O)
qui rencontre (0,7) X w (voir la Figure 1.6). On montre alors que le support de la mesure p
associée a la suite (vF)ren, est contenu dans I' et ne rencontre pas C. Cette propriété est due
au fait que l'on a prescrit des données nulles pour vf en tq. La convergence forte en ce point
est propagée grace a ’équation de transport libre que satisfait p; sur C (la troisieme équation
de (1.71)). Finalement, ceci implique la convergence forte vers zéro de vf sur (0,7) x w, ce qui
contredit I'inégalité d’observabilité (1.68).

I
Tw—>0—>w
T |- _______ - _ ___
C
to |- - - - ____ o
t=20
@ w Q

FIGURE 1.6 — Non-controlabilité en temps T' < T, .o_.-

Problemes ouverts et perspectives

Controle de systemes d’équations d’ondes. Mentionnons tout d’abord les premiéres exten-
sions de tous les résultats obtenus dans le Paragraphe 1.3 pour des systémes de deux équations
d’ondes couplées. 1l serait dans un premier temps naturel d’étendre le dernier résultat pour un sys-
teme d’ondes en cascade sur des variétés a bord. Cette extension, bien que tres technique, ne semble
pas poser de probleme supplémentaire 1ié au couplage. En particulier, la propriété de prolongement
unique pour les systémes en cascade reste valable s’il y a un bord.

Il est vraisemblable que le résultat de controlabilité présenté au Paragraphe 1.3.3 soit faux
en général pour un coefficient de couplage b qui change de signe. Exhiber un tel exemple serait
intéressant.

Aussi, on aimerait pouvoir retrouver les résultats de contrélabilité du Paragraphe 1.3.2 grace aux
méthodes du Paragraphe 1.3.3, ce qui nous donnerait le temps minimal de controle. Si les hautes
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fréquences ne semblent pas poser de problemes, ce n’est pas le cas des propriétés de prolongement
unique.

Plus généralement, il nous semble particulierement intéressant d’étudier en général la controla-
bilité des systemes d’équations d’ondes couplées, du type

0uU — AU + A,U = BG  sur (0,T) x €, (1.72)

en utilisant les méthodes d’analyse microlocale adéquates [BLR92,Bur97a,BG97,BL01]. Dans (1.72),
U :Q — RY est le vecteur d’inconnues, A désigne la matrice N x N ne contenant que des laplaciens
sur la diagonale, A; est une matrice N x N de couplage, dont les entrées sont des opérateurs
différentiels d’ordre un sur €2, B est la matrice N x M de controle, dont les coefficients sont des
fonctions sur Q, et G : Q — RM est le controle.

La question est alors la suivante : quelles sont les conditions nécessaires et suffisantes sur les
opérateurs Aj, B, et le temps T pour que le systéme (1.72) soit controlable ?

Concernant 'observabilité des hautes fréquences pour ce probléme, on peut procéder comme au
Paragraphe 1.3.3 : associer & une suite (vf,--- ,v%)ren de solutions du systéme adjoint convergeant
faiblement vers zéro une matrice (;;)1<;,j<n de mesures de défaut et étudier les équations satisfaites
par ces mesures.

En plus des conditions géométriques, on s’attend a avoir une condition du type : chaque variable
d’état doit voir le controle a travers une chaine d’“états connectés” par la matrice de couplage A;.
C’est une sorte de condition de Kalman traduisant le fait qu’il n’y a pas de variable d’état incontrolée.
Dans le contexte des EDP couplées, une telle condition nécessaire et suffisante de controle a déja
été montrée pour des équations paraboliques couplées par une matrice A7 a coefficients constants
[AKBDGBO09b]. Traiter des coefficients dépendant de = € € localisés complique considérablement
la formulation méme d’une telle condition.

Enfin, cette étude va nécessairement se heurter au probleme de prolongement unique pour les
systemes elliptiques. Méme dans le cas d’une matrice A; de taille 2 x 2, on ne connait pas de résultat
général concernant le prolongement unique des vecteurs propres.

Le probléme du prolongement unique pour les systémes elliptiques. Au Paragraphe 1.2.1,
nous avons montré que le probleme de controlabilité de systémes paraboliques couplés pouvait se
réduire a la preuve d’estimées quantitatives de prolongement unique pour l'opérateur elliptique
sous-jacent. Au Paragraphe 1.3.1, nous avons vu que ces mémes estimées elliptiques impliquaient la
stabilisation logarithmique de systémes de deux ondes couplées. Enfin, au Paragraphe 1.3.3, nous
avons vu que ’étude de la controlabilité de systemes d’ondes couplées nécessitait de comprendre les
propriétés de prolongement unique des vecteurs propres de I'opérateur elliptique sous-jacent.

A ce jour, nous ne savons montrer de telles estimées de prolongement unique pour des systemes
elliptiques 2 x 2 que dans le cas ou la zone d’observation et la zone de couplage s’intersectent.
Cependant, aux paragraphes 1.3.1, 1.3.2 et 1.3.3, nous avons obtenu des résultats positifs dans des
cas ou ces deux zones ne s’intersectent pas. Ceci nous amene a penser que, sous certaines conditions
sur les coefficients, on doit pouvoir montrer des propriétés de prolongement unique quantitatif pour
lopérateur elliptique, méme dans des situations ou l'intersection de la zone de couplage et de la
zone de controle est vide.

L’étude du prolongement unique pour les systemes elliptiques joue un role clé dans la compréhen-
sion des propriétés de controlabilité et de stabilisation des systemes paraboliques et hyperboliques
associés. Une analyse précise de cette propriété de prolongement unique permettrait de résoudre
de nombreux problemes dans ces domaines, et peut-étre de donner une réponse plus complete aux
questions 1 et 2 formulées au début du Paragraphe 1.3.

1.4 Controle uniforme de lois de conservation scalaires dans
la limite de viscosité évanescente

Dans cette partie, on s’intéresse & un probléeme non-linéaire, que ’on veut controler uniformément
dans une limite singuliére. A la limite, le probléme que ’on contréle est une équation de transport
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quasilinéaire, au sens ou la non-linéarité apparait dans le coefficient principal de ’équation. Notre
stratégie de controle doit donc étre adaptée a la non-linéarité du probleme limite. Notons que dans
le cadre non-linéaire, il existe différentes notions de controlabilité. En particulier, contrairement aux
systemes linéaires, les questions de controlabilité locale et contrélabilité globale ne sont plus du tout
équivalentes.
On dit que le systéme

%u = F(u,g), u€H, (1.73)
est globalement exactement contrélable en temps T' > 0 si pour tous ug, u; € H, il existe un controle
g qui amene la solution de (1.73) issue de ug en u; au temps T'. Etant donnée une trajectoire (@, g) du
systeme (1.73), on dit que (1.73) est localement exactement contrélable autour de cette trajectoire
en temps 1" > 0, s’il existe un voisinage V| de gy et un voisinage V; de u; tels que pour tous ug € Vy
et uy € V7, il existe un contréle g (proche de g) qui amene la solution de (1.73) issue de ug en ug
au temps 7. On renvoie au livre de J.-M. Coron [Cor0O7a] pour plus de précision sur ces différentes
notions.

On considere ici une perturbation visqueuse d’une loi de conservation scalaire sur un intervalle
borné
us + [f(w)]z — euge =0  dans (0,7) x (0, L), (1.74)

ou L > 0 est la longueur de l'intervalle d’étude, € > 0 représente un coeflicient de viscosité, et
uw: (0,T)x (0,L) — R. On peut agir sur ce systéme par I'intermédiaire de deux contrdles sur le bord
du domaine

Ulz=0 = go(t) et uly=r =gr(t) dans (0,7T). (1.75)

Le probleme de controlabilité exacte globale est le suivant : pour une donnée initiale
Ult=o = up  dans (0, L), (1.76)

un temps T > 0 et une cible ur, est-il possible de trouver des controles go = gg et gr, = g7 tels
que la solution du systéme (1.74)-(1.75)-(1.76) associée, u atteigne ur en temps 7' 7 Ici, comme
au Paragraphe 1.2.2.3, on va s’intéresser a une telle propriété de controlabilité uniformément par
rapport & la viscosité € € (0,ep). De plus, pour des raisons qui apparaitront au Paragraphe 1.4.0.5,
on ne va chercher a atteindre que des cibles constantes ur = M € R.

Pour comprendre l'intérét d’étudier ce probléme en limite de viscosité évanescente ainsi que les
méthodes que nous utilisons, il faut rappeler quelques propriétés du probleme de Cauchy pour les
lois de conservation scalaires.

1.4.0.3 Autour du probléeme de Cauchy pour les lois de conservation scalaires

L’étude du probleme de viscosité évanescente est liée au probleme de Cauchy pour la loi de
conservation

{ w+ [fW)e =0 pour (t,7) € Ry xR, (1.77)

Ult=0 = ug dans R.

Le probléme (1.77) est une équation de transport & vitesse f/(u), dépendant de I’état. Les différentes
valeurs de u ne “voyagent donc pas a la méme vitesse”. Si le systeme est localement bien posé en temps
(dans des espaces de fonctions régulieres), on voit aussi qu’en temps grand, la solution issue d’une
donnée ug € €°°(R) développe en général des discontinuités. On ne peut donc pas espérer que le
probleme de Cauchy soit globalement bien posé dans des espaces de fonctions régulieres. Par contre,
on peut espérer l'existence globale en temps de solutions faibles contenant des discontinuités. Mais,
dans ce cadre, on perd en général 'unicité. Il s’agit alors, parmi toutes les solutions faibles, d’en
choisir une qui correspond aux phénomenes physiques que 'on veut modéliser. L’un des criteres
de sélection est de demander & la solution de satisfaire I'inégalité d’entropie suivante (voir par
exemple [Kru70], [Daf00, Chapter 6]) : pour toute fonction convexe 1 : R — R et tout flux d’entropie
associé g(u) = [“ 7/ (w)f'(w)dw, on a
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au sens des mesures.
Un autre critere de sélection est de demander & ce que la solution u de (1.77) soit la limite lorsque
¢ — 0% d’une famille de solutions u® du probleme

{ uf + [f(u®)]y —eul, =0 pour (t,z) € Ry xR,

u|i=0 = ug dans R. (1.78)

Le théoreme de Kruzkov [Kru70] (voir aussi [Daf00, Chapter 6]) montre en particulier que ces deux
définitions coincident. D’une certaine fagon, la viscosité a disparu de I’équation mais reste présente
dans la sélection des discontinuités admissibles. Pour obtenir le modele (1.77), on a en quelque
sorte négligé la viscosité tout en conservant un phénomene diffusif au niveau des discontinuités.
Appelant solution faible admissible (ou solution entropique) celle sélectionnée par 'un ou l'autre de
ces criteres, on obtient alors le résultat suivant.

Théoréme 1.33 (S.N. Kruzkov [Kru70]). Pour tout ug € L (R), le systéme (1.77) a une unique
solution faible admissible u € L°°((0,T) x Q). De plus, u € €°([0,00); Li,.(R)) et on a u® — u p.p.
lorsque ¢ — 07 .

Une propriété fondamentale que partagent les solutions de (1.78) et la solution faible admissible
de (1.77) est le principe de comparaison suivant, dont nous ferons usage.

Théoréeme 1.34 (S.N. Kruzkov [Kru70], voir aussi [Daf00], Théoremes 6.2.3 et 6.3.2). Soient
ug, Ug € L>®(R) telles que ug <y p.p. x € R. On appelle u®,u® les solutions de (1.78) associées a
wo, Uo, et u,u les solutions entropiques de (1.77) associées d ug,Ty. On a alors

u(t,x) <u(t,z), et wu(t,r) <u(t,z) pop. (t,z) e RT xR.

C’est en particulier ce principe de comparaison (ainsi qu'un choix précis de couples entropie-flux
d’entropie) qui permet de démontrer le Théoréme 1.33, et établit un lien clair entre les solutions
entropiques de (1.77) et leurs approximations visqueuses.

Pour finir ce paragraphe, introduisons des solutions particulieres qui nous seront tres utiles (avec
lesquelles nous comparerons nos solutions). On montre que le probleme visqueux (1.78) admet des
solutions (voir [Daf00, Section 8.6]) de la forme

xr — st

us(t,a:):U< ) (t,z) € Ry x R,

3

qui convergent lorsque € — 01 vers un choc entre les états constants N & gauche et P & droite. Le
profil U de ces solutions doit pour cela satisfaire I’équation différentielle ordinaire

U= fU)- f(N)-s(U—N), (1.79)
_fIN) = f(P)

§="w—p (1.80)

EETOO UE)=P, et EEr_nOO U(€) = N. (1.81)

Ces solutions particulieres sont appelées ondes progressives (ou ondes de choc visqueuses) entre N et
P, de profil U et de vitesse s. Cette vitesse est exactement la vitesse associée a 'onde de choc entre
P et N et est donnée par la condition de Rankine-Hugoniot (1.80). Dans le cas ol f est convexe,
une onde de choc visqueuse existe entre deux états donnés N et P si et seulement si P < V.

Dans le cas d’une fonction de flux f non convexe, il n’existe pas toujours de choc (ou d’onde
progressive) entre deux états constants donnés. Nous donnons ici une condition suffisante (et presque
nécessaire) pour avoir existence d’un profil de choc entre deux états. On appelle o(A, B) la vitesse
de choc entre deux états A et B, donnée par la condition de Rankine-Hugoniot, c’est-a-dire la corde
de f entre A et B :

o(A,B) = w siA#B, et (A A)=f(A).
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On dit que f satisfait la condition d’admissibilité d’Oleinik (SOC+) entre P et N si
P<N eto(P,N)<o(A,N), pourtout A€ (P,N). (SOC+)

Cela signifie que sur lintervalle (P, N), la courbe de f est dessous la corde entre P et N. On dit
que f satisfait la condition d’admissibilité d’Oleinik (SOC—) entre P et N si

N<P eto(P,N)>oc(A/N), pourtout A€ (N,P). (SOC-)

Cela signifie que sur l'intervalle (N, P), la courbe de f est dessus la corde entre P et N. Ces deux
conditions assurent l'existence pour le flux f d’un choc admissible entre les deux états P et N
(voir [Daf00, Section 8.6]). Elles nous seront utiles pour formuler le Théoréme 1.36 de controlabilité
uniforme dans le cas non convexe.

Si, par exemple la fonction f satisfait la condition (SOC+) sur (P, N) (notamment si f est
strictement convexe entre P et N), alors le profil U de ’onde progressive a les propriétés suivantes :

— U décroit de N vers P, car la condition de Rankine-Hugoniot (1.80) et le fait que P < U(§) < N

pour tout & € R impliquent que le membre de droite de (1.79) est négatif;
— limg 400 U(€) = 0, comme conséquence de (1.79)-(1.81) ;
— pour tout & € R, Ug, = U(- — &) est aussi solution (1.79)-(1.81) car (1.79) est autonome.

Finalement, on voit ici que la viscosité permet de décrire un systeme physique important pour la
compréhension du probleme limite. Par conséquent, apres avoir rappelé les propriétés de convergence
dans la limite ¢ — 0%, il parait aussi naturel d’étudier le coiit de la viscosité lorsque ’on s’intéresse
au probleme de contréle pour la loi de conservation (1.77). Les propriétés de controlabilité connues
pour le probleme hyperbolique sont elles toujours valides pour le modele avec une petite viscosité ?
Comment le cotit du controle dépend-il de la viscosité lorsque € — 01 ? Autrement dit, est-il robuste
vis & vis de petites perturbations visqueuses ?

1.4.0.4 Résultats antérieurs

Comme nous nous intéressons 3 des propriétés de controlabilité uniforme dans la limite ¢ — 0%, il
parait naturel de rappeler les résultats connus a la fois pour des problemes de limites singuliéres, pour
le probleme (1.74)-(1.75)-(1.76) visqueux (pour € > 0, fixé) et pour le probleme (1.74)-(1.75)-(1.76)
non visqueux (e = 0).

Controle uniforme en limite singuliere. Les problemes de contrélabilité de perturbations
singulieres apparaissent & ma connaissance dans le livre de J.-L. Lions [Lio88b, Chapter 3], dans
lequel sont étudiées des équations de plaques/ondes, dans la limite des plaques évanescentes.

Dans le contexte d’équations de transport/chaleur dans la limite de viscosité évanescente, cette
étude a été initiée par J.-M. Coron et S. Guerrero [CGO5b]. Leurs résultats, décrits au Para-
graphe 1.1.2 concernent la version linéaire de (1.74) (c’est-a-dire f(u) = Mwu pour un certain M €
R*). Les temps de controle obtenus dans [CG05b] ont été par la suite améliorés par O. Glass [Glal0]
grace a une méthode d’analyse complexe (completement différente de la méthode originelle de
[CGO5Db]). Les résultats de [CGO5b] ont aussi été généralisés aux dimensions supérieures d’espace et
pour un champ de vitesse non-constant par S. Guerrero et G. Lebeau dans [GL07].

De telles propriétés de controlabilité uniforme ont été étudiées par O. Glass et S. Guerrero dans le
cas d’équations de transport en limite de dispersion évanescente [GGOS8] et en limite de dispersion et
de viscosité évanescentes dans [GG09]. Tous les résultats cités ci-dessus concernent des perturbations
singulieres d’équations linéaires.

Concernant les problémes non-linéaires en limite de viscosité évanescente, le seul résultat (& ma
connaissance) a été établi par O. Glass et S. Guerrero [GGO07] pour ’équation de Burgers, c’est-a-
dire, le cas f(u) = “72 Les Théoremes 1.35 et 1.36 ci-dessous généralisent ce résultat aux cas des
fonctions de flux générales f.
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Probléme visqueux. Les propriétés de controlabilité de I’équation visqueuse (1.74) pour € > 0
fixé ont été principalement étudiées dans le cas de ’équation de Burgers. Deux types de résultats
ont été montrés. La controlabilité exacte locale aux trajectoires a été prouvée par A.V. Fursikov et
O.Yu. Imanuvilov [FI96]. Dans ce méme article, les auteurs démontrent aussi que le systéme n’est
pas localement exactement controlable si le controle agit sur un sous-intervalle de (0, L), ce qui
est équivalent a ne controler qu'une des extrémités de I'intervalle. Un résultat similaire est montré
par J.I. Diaz [Dia96]. Concernant le controle exact global pour I’équation de Burgers visqueuse,
E. Ferndndez-Cara et S. Guerrero [FCGO07] donnent une estimation précise du temps minimal de
controlabilité a zéro dans le cas d’un controle par une seule extrémité. D’autre part, S. Guerrero
et O.Yu. Imanuvilov montrent dans [GI07] que la contrdlabilité exacte globale n’est pas satisfaite
méme si le controle agit aux deux extrémités du domaine.

Cependant, J.-M. Coron [Cor07b] donne un résultat de controlabilité aux états constants &
partir de zéro. Plus précisément, il montre que pour ug = 0 et pour tout 7" > 0, on peut amener la
solution de (1.74), (1.75), (1.76) & n’importe quel état constant M si | M| est suffisamment grand par
rapport & T. Ce résultat est généralisé par O. Glass et S. Guerrero [GGO07] & toute donnée initiale
ug € L*(0, L). De plus les auteurs donnent un lien précis entre la cible M et le temps minimal de
controle.

Finalement, ajoutant un troisieme controle globalement distribué sur (0, L), mais indépendant
de z, M. Chapouly montre dans [Cha09a] un résultat de controlabilité globale pour I’équation de
Burgers visqueuse en tout temps 7" > 0. La preuve de ce résultat utilise a la fois des propriétés de
controlabilité de I’équation non-visqueuse et un résultat de controle local.

Probléme non-visqueux. Concernant la controlabilité de ’équation non-visqueuse (1.77) et dans
le contexte des solutions d’entropie, le probleme de controle a été étudié par F. Ancona et A. Mar-
son [AM98] pour des fonctions de flux strictement convexes f. Dans cet article, le probleme est posé
sur la demi-droite réelle avec une condition initiale nulle, et ’ensemble des états atteignables est
completement décrit.

Concernant le probléme sur un intervalle borné, et pour une donnée initiale générale, la contro-
labilité de I’équation de Burgers non visqueuse (f(u) = “72 dans (1.77)) a été étudiée par T. Hor-
sin [Hor98|. Dans cet article, 'auteur donne des conditions sur 1’état final pour que cet état soit
atteignable. Dans le cas non visqueux, on remarque que le probleme de controle avec un flux non
convexe ne semble pas avoir déja été étudié.

Enfin, notons qu’une motivation importante pour étudier des problémes de contrdle en limite sin-
guliere est la recherche d’un résultat de controle pour le probleme perturbé lui-méme. Cette approche
est particulierement bien illustrée par les articles [Cor96] de J.-M. Coron, [CF96] de J. M. Coron
et A.V. Fursikov et [Cha09b] de M. Chapouly, dans lesquels les auteurs s’intéressent au systéme de
Navier-Stokes incompressible avec des conditions de Navier au bord (ou sur une variété sans bord
dans [CF96]). Leur stratégie est d’utiliser un résultat de controlabilité global pour le systéme non-
visqueux associé (dans ce cas, I’équation d’Euler), et d’en déduire la controlabilité globale approchée
de Navier-Stokes.

De plus, dans [Cor96] et [Cha09b], les auteurs déduisent la contrdlabilité exacte globale du
systéme d’un résultat de contrdlabilité exact local (conséquence d’une inégalité de Carleman pour
le linéarisé).

La stratégie que nous utiliserons dans la preuve du Théoréme 1.35 ci-dessous est tres proche de
celle-ci. En conséquence, nous obtenons aussi un résultat de controle pour le probleme (1.74) pour
une viscosité fixée (voir la Proposition 1.38).

1.4.0.5 Principaux résultats obtenus

Nos deux résultats principaux sont des théoremes de controlabilité uniforme dans le cas ou la
fonction flux f est convexe et dans le cas ou elle ne I'est pas. Notre résultat est plus précis dans le
cas convexe car on obtient alors une borne sur le temps minimal de controle.
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Le cas f convexe. Notre premier résultat concerne les fonctions de flux f convexes.

Théoréme 1.35. On suppose que la fonction de fluz vérifie f € Wli’fo(]R), " >0pp., et f'(u) —
“+oo lorsque u — +oo (resp. f'(u) — —oo lorsque u — —o0). Alors, il existe ag > 1 et une constante
C > 0 tels que pour tout Ry > 0 et tout M satisfaisant f'(M) > 0 (resp. f'(M) < 0), il existe eg > 0
tel que pour tout ug € L>(0,L) avec |lug||r=(0,z) < Ro, tout T > aolf,(LiM)‘ et tout € € (0,eq), il

existe deux controles gg et g7, satisfaisant

196/ 2o 0,7y + 119L Il 0,7y < C (Ro + [M])
tels que la solution de (1.74), (1.75) et (1.76) associée a g§ et g5 satisfasse uli=p = M sur (0, L).

Ce théoréme est une généralisation de [GGO7, Theorem 1.1], out ’équation de Burgers est traitée.
La preuve du Théoreme 1.35 montre que ’on peut choisir ag = 5.3. Méme dans le cas de I’équation
de Burgers on améliore le temps minimal (g = 6.3) trouvé dans [GGO7]. Ici comme pour une
équation de transport, il est nécessaire d’avoir un temps minimal de contrélabilité uniforme. En
effet, la solution entropique du systéme limite (1.77) se propage & vitesse finie; en particulier, on
peut montrer (voir [AM98]) qu’elle ne peut pas atteindre un état ur (en partant par exemple de
ug = 0), en un temps inférieur a m Par conséquent, les états constants up tels que f/(ur) =0
ne sont pas atteignables pour ’équation limite (& moins d’avoir uy = ur). Ils ne semblent donc pas
étre uniformément atteignable lorsque ¢ — 0F. Avoir un temps minimal de contréle de la forme
QOW n’est donc pas surprenant.

Notons que, contrairement au résultat de [GG07], le coefficient g dépend ici de la donnée initiale
ug, et pas seulement de la cible M. Cette contrainte peut étre relaxée sous une hypothese technique
(mais néanmoins généralement vérifiée) sur le comportement & I'infini de f” (voir le Théoréme 7.1).
Cette hypothese est en particulier satisfaite dans le cas de ’équation de Burgers, et notre résultat
en est donc bien une généralisation.

On peut se demander l'intérét de se focaliser sur les cibles constantes up = M. Il réside dans
le fait qu’il est assez difficile de décrire ’ensemble des états atteignables uniformément dans la
limite ¢ — 0T : c’est l'intersection des trajectoires de (1.78) tres régulicres, et de celles de (1.77)
pouvant contenir des discontinuités. Cependant, si on se restreint aux états d’équilibre (qui sont
les plus intéressants du point de vue du controle), on montre que 'ensemble des états stationnaires
uniformément atteignables dans la limite ¢ — 07 est exactement I’ensemble des états constants
associés a une vitesse non nulle.

L’idée principale de la preuve du Théoréme 1.35 est, comme dans [GGOT7], de combiner des
propriétés de contrdlabilité globale approchée (avec une précision dépendant de €) reposant sur la
nature hyperbolique du probléme, et des propriétés de controlabilité exacte locale reposant sur la
nature parabolique de la perturbation.

L’un des ingrédients principaux est, sous une certaine forme, la méthode du retour de J.-M. Co-
ron, qui consiste a trouver une trajectoire particuliere du systéeme qui s’éloigne violemment de la
donnée initiale, pour revenir dans un second temps vers la cible.

Cette stratégie pour montrer des résultats de controlabilité exacte globale est trés proche de
celle utilisée avec succes dans [Cor96], [CF96] et [Cha09b] pour 1’équation de Navier-Stokes et dans
[Cha09a] pour I’équation de Burgers. Dans la situation du Théoréme 1.35, on amene tout d’abord
Pétat du systeme & un grand état constant N (tel que f/(IN) soit de méme signe que f'(M)), et on
retourne ensuite a la cible M. Supposons par exemple dans ce qui suit que f'(M) > 0.

Pour effectuer la premiere étape (atteindre un grand état N) on étend la donnée initiale ug sur
(0, L) en une donnée sur tout R, qui vaut N & gauche. On place une onde de choc visqueuse qui
tend vers N en —oo sous cette donnée initiale (voir la Figure 1.7). Par le principe de comparaison
du Théoreme 1.34, la solution associée a la donnée initiale ug ainsi prolongée sera, apres un certain
temps, “tres proche de N”. On effectue ensuite un argument de controle local proche de ceux de
[CGO5b, GGOT] : linéarisation autour de 1'état cible, preuve de l'observabilité du linéarisé grace a
une inégalité de Carleman, puis théoreme de point fixe pour conclure pour le cas non-linéaire. Le
point clé dans cette premiere étape est la suivante : la proximité entre la solution que 1’on construit
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et I’état constant N est, pour t > % de l'ordre de e_%, et contrebalance ainsi un cotit du controéle
local de l'ordre de e . Cette étape peut étre effectuée en un temps % + C’%, ou s est la vitesse

de londe de choc visqueuse. Gréace a 'hypothese |f/(N)| — +oo lorsque N — oo, on peut donc pour
tout temps T; > 0, trouver un état N (suffisamment grand) tel que «(77) = N sur (0, L).

N
Uo ess inf ug
,,,,,,,,,,,,, 5
0 IL T
N )
T >
u(t)
s
,,,,,,,,,,,,, -
0 \L T

FIGURE 1.7 — Premiere phase : onde progressive et principe de comparaison.
Donnée initiale et solution apres un temps ¢ > %

En ce qui concerne la seconde étape (revenir & M), on étend sur R la nouvelle donnée N sur

(0, L), par N a droite, et par la cible M a gauche. La solution associée est alors une onde de détente
visqueuse (voir la Figure 1.8). De méme, aprés un temps de 'ordre de W, on montre que cette
solution est exponentiellement proche de notre cible M. On conclut alors par le méme argument

local et on obtient un résultat de controle uniforme en temps aoﬁ.

U N

M

—k |0 \L T

FIGURE 1.8 — Deuxieme phase : onde de détente visqueuse.
Donnée initiale et solution apres un temps ¢ > %

Le cas f non convexe. Nous montrons un analogue du Théoréme 1.35 dans le cas d’une fonction
de flux non convexe, c’est-a-dire pour une loi de conservation générale. Dans ce cadre cependant,
nous n’avons pas d’estimation du temps de controle, et le résultat est donc moins précis.
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Théoréme 1.36. On suppose que f € €%(R) satisfait la condition

(f")~1({0}) N K a un nombre fini de composantes connezes

pour tout segment K C R, (1.82)
et que la donnée initiale ug € L*°(0, L) satisfait
[ess inf ug, ess sup ug] C I pour un intervalle ouvert I tel que (1.83)

f satisfait (SOC+) ou (SOC—) sur I.

Alors, pour tout M tel que f'(M) # 0, il existe Co > 0, Ty > 0 et g9 > 0 tels que pour tout T > Ty
et tout € € (0,ep), il existe deux contriles g§ et g5 satisfaisant

1960l o= (0,7) + l9LII L (0,7) < Co,
tels que la solution de (1.74)-(1.75)-(1.76) associée a g§ et g5 satisfasse uli=r = M sur (0,L).

La condition (1.82) que nous imposons sur le flux signifie que f” ne s’annule que sur un nombre
fini de points ou d’intervalles (fermés) sur chaque borné de R. Mis & part quelques cas pathologiques
(par exemple f(u) = u®cos (L) + u pour u # 0, f(0) = 0) cette condition est généralement satis-
faite. Plus précisément, elle est génériquement satisfaite sur €3(R). Par contre, il est surprenant de
remarquer que cette condition n’est pas générique dans l'espace ¢2(R) (voir [BG77]).

La preuve de ce théoréme se fait en deux temps. Tout d’abord, la condition (1.83) permet, grace
a Dexistence du choc visqueux qu’elle donne, d’amener la donnée initiale a un état constant My en
temps fini. Cette phase repose, comme dans la premiere partie de la preuve du Théoreme 1.35, sur
le principe de comparaison avec cette onde progressive. Dans un second temps, il s’agit de controler
I’état constant My a la cible M. On procede alors a une itération de phases de controle semblables
a celles de la démonstration du Théoréme 1.35. En effet, sous la condition (1.82), le flux f est
localement soit convexe, soit concave (au sens large) ; deux cas que nous savons maintenant traiter.
On adopte alors une stratégie de controle de proche en proche, illustrée par la Figure 1.9. Si deux
états constants sont suffisamment proches (et tous deux de vitesse non nulle), on peut amener 1'état
du systeme de I'un a 'autre grace a une détente ou un choc convexe (symbolisé par une corde de f
sur la Figure 1.9) dans le cas ou f est convexe (au sens large) entre ces deux états. Une stratégie
similaire fonctionne aussi si f est concave entre les deux états. Ainsi, en un nombre fini d’étapes
(grace a U'hypothese (1.82)), on peut atteindre la cible M.

Notons que la difficulté est ici liée a la non-monotonicité des vitesses, et est donc de nature
hyperbolique. Le probleme de viscosité évanescente est en quelque sorte traité séparément.

Remarquons enfin que la condition (1.83) est essentiellement technique et simplifie la preuve. Ce-
pendant, cette condition n’est pas essentielle et une récente discussion avec F. Ancona et K. N’Guyen
a permis de la relaxer.

Quelques corollaires. On peut déduire de ce dernier théoreme quelques “corollaires” concernant
le systéme non-visqueux ¢ = 0 ainsi que le systéme visqueux ¢ = 1.

Dans la limite ¢ — 07, la preuve du Théoréme 1.36 nous donne un résultat de controlabilité
globale pour les solutions d’entropie de (1.77) dans le cas d’un flux non convexe, qui nous semble
nouveau.

Proposition 1.37. On suppose que f € €*(R) satisfait la condition (1.82) et ug € L*°(0,L)
satisfait (1.83). Alors, pour tout M tel que f'(M) # 0, il existe Ty > 0 et une solution entropique
u e GOR,; L (R)) de

us + [f(w)] =0 dans Ry x R,

telle que
ulpmo =ug et ulg=r =M  sur (0,L),

pour tout temps T > Ty.
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FIGURE 1.9 — Stratégie globale de controle pour f non convexe
RT : “onde de détente convexe” ; R~ : “onde de détente concave” ;
T+ : “onde progressive convexe” ; T~ : “onde progressive concave”.

Cette proposition peut étre vue comme un résultat de controle frontieére sur l'intervalle (0, L).
Cependant, dans ce cas, il faut faire attention au sens que 'on donne aux conditions aux limites.
Ces dernieres ne doivent pas étre comprises au sens de Dirichlet, qui n’est pas la notion adaptée aux
lois de conservation, mais plutét au sens de [BIRN79] ou [AM98].

De méme, dans le cas d’une viscosité constante, ’analogue du Théoréeme 1.36 donne un nouveau
résultat de controlabilité en temps grand pour certaines équations de la chaleur non-linéaires.

Proposition 1.38. On suppose que f € €2(R) satisfait la condition (1.82) et ug € L>(0,L)
satisfait (1.83). Alors, pour tout M tel que f'(M) # 0, il existe Ty > 0 tel que pour tout T > Ty, il
existe deux controles go,gr, € L>=(0,T) tels que la solution de

Up — Ugg + [f(W)]z =0 dans (0,T) x (0, L),
ulz=0 = go(t) et ulz=r =gr(t) dans (0,T),
ult=0 = ug dans (0, L),

satisfasse uli—p = M dans (0, L).

La preuve de cette proposition suit en fait celle du Théoreme 1.36, en remplagant les arguments “c
petit” par “T" grand”. Notons que la non-linéarité ici peut étre tres forte. En particulier, 'hypothese
de temps grand semble naturelle pour des fortes non-linéarités car la Proposition 1.38 donne un
résultat de controle global. Méme 1’équation de Burgers visqueuse n’est en général pas globalement
controlable en tout temps (voir [GI07]). On renvoie aussi & [FCZ00] dans le contexte un peu différent
des équations paraboliques semilinéaires.

1.4.0.6 Problemes ouverts et perspectives

Dans le domaine du controle de lois de conservation en limite singuliere, la grande majorité des
probléemes est ouverte. Mentionnons tout d’abord quelques problemes proches de nos résultats.

La conjecture de Coron-Guerrero (Théoréme 1.14) sur le temps minimal nécessaire au contrdle
de I’équation de transport/chaleur dans la limite de viscosité évanescente est toujours ouverte. De

méme, dans le cas d’un flux f convexe, et pour un temps i~ < T < 5.3% on ne sait pas

[ (M)
si le systéme est uniformément controlable (on sait qu’il y a contrdlabilité pour le systéme limite

si et seulement si T > WIM)I) Remarquons que notre méthode nécessite de toute facon d’avoir
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T > 2%. Obtenir un résultat de non-contrélabilité uniforme en temps T < 2% serait assez
surprenant au vu des propriétés de controlabilité du systeme limite.

En ce qui concerne le cas des fonctions de flux non convexes, il serait aussi tres intéressant
d’estimer le temps nécessaire a notre stratégie de contréle. En particulier, ce dernier doit dépendre
a la fois de la donnée initiale ug, de la cible M et des variations de f entre ug et M. D’autre part,
on aimerait supprimer la condition (1.82) portant sur (f”)~1({0}) pour pouvoir considérer tout
flux f € €. On peut penser & utiliser la continuité des solutions des lois de conservation scalaires
(visqueuses ou non) par rapport au flux f (voir [CG05a]) ainsi que la densité dans €2 de la classe
de fonctions satisfaisant (1.82). Le passage a la limite nécessitera entre autres d’avoir, pour cette
classe de fonctions une borne uniforme (par rapport au flux) sur le temps de contréle. Il semble donc
crucial d’estimer le temps de controle donné par la stratégie décrite ici.

Plus généralement, de tres nombreux problemes sont ouverts dans le domaine du contréle uni-
forme de lois de conservation.

Controle de systemes hyperboliques de lois de conservation, dans la limite de visco-
sité évanescente. Une extension naturelle des résultats présentés ici consiste a s’intéresser aux
systemes hyperboliques en limite de viscosité évanescente, i.e. (1.74) avec u : (0,L) — RN et
f: RY — RYN. Une motivation a (trés) long terme concerne par exemple le controle uniforme de
Navier-Stokes vers Euler (compressibles). Mais, comme pour la théorie de Cauchy, le passage des
lois de conservation scalaires aux systéemes hyperboliques n’a rien de simple. Les obstructions a la
méthode utilisée ici sont nombreuses qu’il faudra surpasser.

Tout d’abord, notre stratégie repose de facon essentielle sur le principe de comparaison, qui n’est
pas vrai en général pour les systéemes. D’autre part, on utilise dans le cas d'un flux convexe de
maniere cruciale ’existence de profils de chocs visqueux entre deux états constants quelconques de
R. Il n’en est pas du tout de méme pour les systemes, pour lesquels ’existence d’un choc entre deux
états ug et uq de RN est lide & Vexistence d’une orbite hétérocline entre ug et ug pour un certain
systeme différentiel.

Enfin, la théorie de Cauchy pour les systemes est beaucoup plus compliquée que dans le cas
scalaire. Le résultat le plus général de convergence de la solution visqueuse vers celle du systeme
hyperbolique lorsque € — 07 est montré dans [BB05]. Il concerne le cas d’une viscosité diagonale et
de données initiales de petite variation totale. Il semble pour I'instant inaccessible de montrer des
résultats de controle uniforme pour des systémes si généraux, et est donc nécessaire de s’attaquer
a des systémes particuliers. Par exemple, les systémes 2 x 2 de Temple (voir par exemple [Ser96,
Chapitre 13]) semblent plus abordables, car ils se rapprochent par de nombreux aspects des lois
de conservation scalaires. En particulier, la théorie de Kruzkov se généralise partiellement a ces
systémes et les solutions des problémes visqueux convergent bien lorsque € — 07 vers la solution du
probléme non visqueux.

Problemes de dispersion évanescente. La viscosité n’est pas le seul mécanisme microsco-
pique pouvant intervenir dans la sélection des discontinuités admissibles ; la dispersion peut en effet
constituer un autre phénomene de premiére importance, notamment pour la sélection des “chocs
non classiques”, en particulier lorsque f est non convexe (voir [LeF02]). Il serait trés intéressant
d’étudier le systeme

controlé par le bord, dans les limites e — 07 et 6 — 0T, dans le cas ol u : R — R est & valeur
scalaire.

Un bon point de départ dans 1’étude du controle uniforme de (1.84) en limite de dispersion
évanescente pourrait étre ’equation de Korteweg-de Vries

Up + ULy + OUpze = 0. (1.85)

En particulier, dans ce contexte, la convergence des solutions de ’équation de Korteweg-de Vries
vers celles de I’équation de Burgers & été étudiée par P. Lax et C. Levermore [LL83]. Ces propriétés
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de convergence sont bien moins simples que dans le cas de la viscosité évanescente car on perd la
monotonie (qui, dans (1.78), était due a la diffusion) : on n’a plus ici de principe de comparaison
(sur lequel est fondée toute la partie de contrdle global approché de notre stratégie).

D’un autre coté, la partie locale de la preuve (linéarisation autour de 1’état cible puis point
fixe) est déja partiellement traitée dans [GG0O8, GG09], ou des inégalités de Carleman adaptées au
linéarisé de (1.85) et (1.84) sont prouvées.

Enfin, & (tres long) terme, il serait intéressant d’étudier (1.84) dans le cas général €,6 — 07T,
tenant compte des différents régimes de viscosité prépondérante ou de dispersion dominante (analyse
qui est effectuée dans [GGO9] pour le cas linéaire).

Note : Chacun des chapitres présentés ci-apres introduit ses propres notations et peut étre
lu indépendamment des autres. Il peut aussi arriver que la méme notation ait des significations
différentes dans différents chapitres.

Cherchant a donner une vision d’ensemble de ce manuscrit, nous avons, dans I'introduction qui
précede (le chapitre 1), essayé d’homogénéiser les notations. Par conséquent, les notations de cette
introduction ne concordent par toujours avec celles du chapitre correspondant.
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2.1 Introduction

2.1.1 Results in an abstract setting

Various methods have been developed to prove the null-controllability of parabolic equations

Oyu + Au = By
Ujt=0 = U0

65

(2.1)
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where A is of elliptic type, and B is a bounded operator (for instance a distributed control). A large
number of such results are based on the seminal papers of either G. Lebeau and L. Robbiano [LR95]
or A. Fursikov and O.Yu. Imanuvilov [FI96]. The first approach has been used for the treatment of
self-adjoint operators A. The second approach also permits to address non-selfadjoint operators and
semilinear equations. Each method has advantages. We shall focus on those of the Lebeau-Robbiano
method. First, this method only relies on elliptic Carleman estimates that are simpler to produce
than their parabolic counterparts as needed for the Fursikov-Imanuvilov approach. Second, it enlights
some fundamental properties of the elliptic operator A through a spectral inequality. This type of
spectral inequality, further investigated in [LZ98] and [JL99], has a large field of applications, like
the measurement of the level sets of sums of root functions (see [JL99] or Section 2.7). For control
issues, it yields the cost of the null-controllability of the low frequencies of the elliptic operator
A. Finally, based on this fine spectral knowledge of A, this approach gives an explicit iterative
construction of the control function, using both the partial controllability result and the natural
parabolic dissipation.

In this paper, we extend the method of [LR95] for the abstract parabolic system (2.1) to cases
in which A is a non-selfadjoint elliptic operator. More precisely, we treat the case where A is a small
perturbation of a selfadjoint operator, under certain spectral assumptions. We suppose A = Ay + Ay
where A; is a relatively compact perturbation of an elliptic selfadjoint operator Ay. We first obtain
spectral inequalities of the following type. Denoting by II, the projector on the spectral subspaces
of A associated to eigenvalues with real part less than «, we have, for some 6 > 1/2

Maw| s < CeP | B*Mawly, we H. (2.2)

Here, B* € L(H;Y') denotes a bounded observation operator and the state space H and the obser-
vation space Y are Hilbert spaces. Typically, B* = 1, is a distributed observation. This spectral
inequality yields the cost of the measurement of some finite sums of root-vectors of A through the par-
tial observation B*, in terms of the largest eigenvalue of A in the considered spectral subspace. The
difficulty here is not in the elliptic estimates since Carleman inequalities remains unchanged under
the addition of lower order terms, but in the spectral theory of the non-selfadjoint operator A. This
motivates the exposition of the spectral theory of such operators in Section 2.2, following [Agr94].

Inequalities of the type of (2.2) were first established in [LR95] for the Laplace operator under
a relatively different form. In fact, the inequality proved in [LR95] reads

2
Mawo |3 + [ Taw- |7 < CePV®

pB* (etﬂﬂaw+ + e_t‘/ZHaw_)‘

wi,w_ € H,

(2.3)
where (t) is a smooth cut-off function. Here, in the non-selfadjoint case, we prove a spectral
inequality of the form

L2(0,1;v)’

Maw|z < CeP’ we H. (2.4)

’goB* (et‘/ZHa + e*tmﬂa> w‘

L2(0,T;Y)’

We also prove that such an inequality is sufficient to deduce controllability results (in the case 6 < 1).
Spectral inequality of the form (2.2) first appeared in [LZ98] and [JL99] for the Laplace operator
with # = 1/2. Comments can be made about the two different forms of spectral inequalities, (2.2)
on the one hand, and (2.3), (2.4) on the other hand, that involves an integration with respect to an
additional variable. Both types can be proved with interpolation inequalities (like (2.12) or (2.14)
below), themselves following from local Carleman inequalities. The interpolation inequality (2.12)
used to prove (2.3) exhibits a spacialy distributed observation, whereas the interpolation inequality
(2.14), used to prove (2.2) is characterized by a boundary observation at time ¢ = 0. This latter
form is more convenient to use for control results (see Section 2.6). Yet, for systems, the derivation
of such an interpolation inequality with boundary observation at time ¢ = 0 is open (see Section
2.5).
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In Section 2.4, we deduce from the spectral inequality (2.4) the construction of a control func-
tion for the parabolic problem (2.1). Following [LR95] and an idea that goes back to the work of
D.L. Russell [Rus73], the spectral inequality yields the controllability of the parabolic system on
the related finite dimensional spectral subspace I1, H with a control cost of the form CeC?’ n the
case § < 1, we can then construct a control to the full parabolic equation (2.1). We improve the
method of [LR95] from a spectral point of view. The proof of the controllability in [LR95] relies
on the Hilbert basis property of the eigenfunctions of the Laplace operator. Here we only use some
resolvent estimate away from the spectrum. No (Hilbert or Riesz) basis property is required in the
construction.

The main results of this article can be summarized as follows

— Starting from an interpolation inequality of the Lebeau-Robbiano type (2.12) (resp. (2.14)),
the spectral inequality (2.4) (resp. (2.2)) holds (see Theorem 2.16, resp. 2.17).

— The spectral inequality (2.4) (resp. (2.2)) implies that the control cost needed to drive any
initial datum to (I — II,)H is bounded by CeCe’ (see Theorem 2.27, resp. Proposition 2.36).

— In the case 6 < 1, the non-selfadjoint parabolic system (2.1) is null-controllable in any positive
time (see Theorem 2.30).

The question of the optimality of the power 6 in these spectral inequalities remains open. For
an elliptic operator A, in the results we obtain, the power 6 increases linearly with the space di-
mension n : 6 &~ max{1/2;n/2 — cst}. In the selfadjoint case however, the spectral inequalities (2.2)
and (2.4) always hold with § = 1/2, and the controllability result always follows. The power 1/2
is known to be optimal in this case (see [JL99] or [LL09]). Moreover, thanks to global parabolic
inequalities, the controllability result of Theorem 2.30 is in general known to be true, independently
on 6 (see [FI96]). We are thus led to consider that the spectral inequalities should be true with
6 =1/2 : the power 6 we obtain does not seem to be natural but only technical.

Since 6 ~ max{1/2;n/2 — cst}, our controllability results, obtained for § < 1, are limited to
small dimensions n. This problem arises in all the applications we give. In fact, in each of them, the
power 6 is the limiting point of the theory. The origin of the dimension-depending term n/2 — cst in
# cannot be found in the elliptic estimates or in the control theory described above, but only in the
resolvent estimates we use (see Section 2.2). If one wants to improve our results, one has to improve
the resolvent estimates of [Agr94] (maybe taking into account that A is a differential operator). On
the contrary, if one wants to prove the optimality of the power 6, one needs to produce lower bounds
for the resolvent of A. In any case, it does not seem to be an easy task at all.

Remark 2.1. Note that we can replace A by A + X in (2.1) without changing the controllability
properties of the parabolic problem. More precisely, suppose that the problem

{ 0w+ (A+ Nv = Bf
V=0 = U0

is null-controllable in time 7' > 0 by a control function f. Then, the control function g = e* f drives
the solution of Problem (2.1) to zero in time 7" and has the same regularity as f. Hence, in the
sequel, we shall consider that the operator A is sufficiently positive without any loss of generality.

Remark 2.2. In the sequel, C will denote a generic constant, whose value may change from line to
line.

2.1.2 Some applications

We give several applications of such a spectral approach in Sections 2.5, 2.6 and 2.7.

This work has first been motivated by the problem of Section 2.5, i.e. the null-controllability in
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any time T > 0 of parabolic systems of the type

8tu1 + P1U1 + auy + b’UQ =0 in (O,T) X Q,
Orus + Pous + cug +dus = 1,9 in (0,7) x €,

. 2.5
Ut|t=0 = uf, Ug|t=0 = u) in Q, (2.5)
up =ugs =0 on (0,T) x 09,
where P; = —div(¢;V-),7 = 1,2, are selfadjoint elliptic operators, w is a non-empty subset of the

bounded open set 2 C R", and a, b, ¢, d are bounded functions of z € ) and the coupling factor b does
not vanish in an open subset O C ). Such parabolic systems have already been investigated. The
first result was stated in [dT00] in the context of insensitizing control (thus, one of the equations
is backward in time). In this work, a positive answer to the null-controllability problem (2.5) is
given in the case a = ¢ =d =0, b = 1p and O Nw # (. The control problem (2.5) was then
solved in [AKBDO06] and [GBPGO06] in the case O Nw # (. In all these references, the authors used
global parabolic Carleman estimates to obtain an observability estimate. They can thus treat time-
dependant coefficients and semilinear reaction-diffusion problems. To the author’s knowledge, the
null-controllability in the case @ Nw = @) remains an open problem. A recent step in this direction
has been achieved in [KdT10], proving approximate controllability by a spectral method in the case
a=c=d=0,b=1p without any condition on O Nw.

The field of coupled systems of d parabolic equations, d > 2, has also been investigated in
[AKBDGO7] where the authors prove a Kalman-type rank condition in the case where the coefficients
are constant and in [GBAT10] where the authors prove the controllability of a cascade system with
nonvanishing variable coupling coefficients by one control force.

Here, we obtain a spectral inequality of the type (2.4) with § = max{1/2;n/2 — 1} for the

operator
- P1 +a b
A= < c P, +d )

with the measurement on only one component. As opposed to the results of [AKBDO06] and [GBPGO06],
we can provide an estimation on the control cost of low modes for system (2.5). The null-controllability
of (2.5) follows from the method described above in the case n < 3 (corresponding to 6 < 1 in the
spectral inequality).

In Section 2.6, we address the fractional power controllability problem

Oyu + AYu = Bg
Upp=o = Up € H,

that has been solved in the selfadjoint case in [MZ06] and [Mil06b]. We prove the null-controllability
in any time 7" > 0 when v > 6. The case v < 6 is open. In particular when v = 1, it allows us to
give an estimation on the control cost of low modes for the following heat equation with a transport
term

ou—Au+b-Vut+cu=1,9 in (0,T) x £,

Up—p = U in €, (2.6)

u=0 on (0,T) x 99.

In the case n < 2 (corresponding to 6 < 1 in the spectral inequality), this estimate is sufficient to
recover the null-controllability of (2.6).

In Section 2.7, we are not concerned with controllability issues, but with the measurement of the
(n—1)-dimensional Hausdorff measure of the level sets of sums of root functions of A = —A+b-V+-c¢
on the n-dimensional compact manifold €. Yet, the technique and the estimates used here are the
same as in the other sections. We obtain the following estimate, for sums of root functions associated
with eigenvalues of real part lower than «, i.e., ¢ € I1,L%(2), we have

Hour({ = K}) < Cra? + Cs 9—max{;;”;1}.
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This type of inequality has already been proved in the selfadjoint case for the Laplace operator.
In [DF88] and [DF90], H. Donnelly and C. Fefferman proved, for ¢ an eigenfunction associated
with the eigenvalue «, the estimate M, _;({¢ = K}) < Ca'/?. This was generalized to sums of
eigenfunctions associated with eigenvalues lower than « in [JL99]. We generalize this last result for
operators that are lower order perturbations of the Laplace operator. Here, however, 6 is in general
strictly greater than 1/2.

2.2 Spectral theory of perturbated selfadjoint operators

To prepare the following sections, we shall first recall a theorem about the spectral theory of
some operators close to being selfadjoint. This result can be presented with numerous variations
and refinements. This subject has been a well-developed research field since the 60’s. The first step
of the theory is the Keldysh theorem on the completeness of the root vectors of a weakly perturbed
compact selfadjoint operator (see [GK69] for more precisions). The main result here, Theorem 2.7,
was first proved by A.S. Markus and by D.S. Katsnel’'son [Kat67]. A simplified proof was given
later by A.S. Markus and V.I. Matstaev with Matsaev’s method of “artificial lacuna”. This proof
is presented in the book [Mar88, Chapter 1] by A.S. Markus in the more general case of weak
perturbations of certain normal operators. For later use in the following sections, we sharpen some
of the results as given by M.S. Agranovich [Agr94], following the steps of his proof.

Let H be a separable Hilbert space, (-, -) g be the scalar product on H and ||.|| g be the associated
norm. The set of bounded linear operators on H is denoted by L£(H) and is equiped with the
subordinated norm || - || z(z). As usual, for a given operator A on H, we denote by D(A) its domain,
by p(A) its resolvent set, i.e., the subset of C where the resolvent R4(z) = (z — A)~! is defined and
bounded, and by Sp(A4) = C\ p(A) its spectrum.

Proposition 2.3. Let A = Ay + Ay be an operator on H. Assume that
(a) Re(Au,u)g > 0 for all u € D(A),
(b) Ao : D(Ap) C H — H is selfadjoint, positive, with a dense domain and compact resolvent,
(¢c) A1 : D(A1) C H — H is q-subordinate to Ay, i.e., there exist ko > 0 and q € [0,1) such that
for every u € D(A(IJ/2), [(Aru, u)g| < %||Aé/2u||i}l“u||i[_2q-
We then have,
(i) D(A) = D(Ap) C D(A1) C H and A has a dense domain and a compact resolvent,
(ii) Sp(A) C O} ={z € C,Re(z) > 0,|Im(z)| < ko|2|?}
(iii) | Ra(2)|l ey < d(z,SE(AO)) < d(z?]}h) for z € C\ O3, , where d(z,S) denotes the euclidian
distance from z to the subset S of C.

Remark 2.4. Note that the subordination assumption (b) can be found under the different forms :
— D(A{) C D(Ay), and ||Ayu|lg < C||Adul|g for u € D(A) in [Agr76];
~ D(Ag) C D(Ay), and || Arullg < C||Agul|%|jul|f @ for u € D(Ag) in [Mar88, Chapter 1] ;
— ||A1Aaq||L(H) = C < 400 in [DZh94]
Replacing assumption (b) by one of these assertions does not change the conclusions of Proposition
2.3 and Theorem 2.7.

Remark 2.5. Point (7) implies that Sp(A) contains only isolated eingenvalues, with finite mul-
tiplicity and without any accumulation point. Furthermore, for every A € Sp(A), the sequence of
iterated null-spaces Nj, = N((A — \)¥) is stationary.

For what follows, we shall need the spectrum of A to be located in a “parabolic neighborhood”
of the real positive axis. We note that there exist A\g > 0, Ky > 0 such that
Sp(A +Xg) C O +Xo C O, + Ao C P, = {2 € C,Re(z) > 0,|Im(z)| < KoRe(2)7}, (2.7)

see Fig. 2.1. We now fix Ay and K| satisfying this assumption. Referring to Remark 2.1, we shall
work with the operator A + \g, yet writing A for simplicity.
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FI1GURE 2.1 — Complex contours around the spectrum of A

Definition 2.6. Let (ag)reny C Ry be an increasing sequence, 0 < ap < a3 < -+ < qp < -+
tending to +oo, and such that «y, ¢ Re(Sp(4)), for every k € N. Then, we set I, = {z € C,Re(z) =
ag, | Im(z)| < Koot} and by 7, we denote the positively oriented contour delimited by the vertical
line segments I on the right and Ix_; on the left and by the parabola G’P?(O on the upper and the
lower side (see Fig. 2.1). We also define the associated spectral projectors
1
P, = %in Ra(z)dz.
Tk

Note that the spectral projector Py is a projector on the characteristic subspaces of A associated
with the eigenvalues that are inside 7. The projectors satisfy the identity Py P; = d,5Ps. Moreover,
thanks to Remark 2.5, the projectors Py, k € N, have finite rank.

We can now state the main spectral result, that can (at least partially) be found under different
forms in [Agr76], [Mar88, Chapter 1], [Agr94], [Dzh94].

Theorem 2.7. Let 0 < Ay < Ag < -+ < A\ < -+ be the spectrum of the selfadjoint operator Ag.
We assume the additional condition that there exists p > 0 such that limsup;_,  A;j~F > 0. Then,
setting 3 = max{0,p~! — (1 — q)}, there exists a sequence (ay)ren C Ry as in Definition 2.6 such
that for some C' >0

s
[Ra(2) ey < %, keNzel,. (2.8)

Remark 2.8. Note that Proposition 2.3 point (iii) implies that ||[Ra(z)| zn) < o7 < 77 for

qg = q
Kooy, Kooy

2 € Yk N P, . Thus the resolvent estimate (2.8), [|Ra(2)|l ) < €% holds for all z € Vi

Remark 2.9. Comments can be made about this theorem and its proof :

— The idea of the proof of Theorem 2.7 is to find uniform gaps around vertical lines Re(z) = ay,
in the spectrum of A, to be sure that the resolvent R, is well-defined in these regions. To find
such gaps, one proves the existence of sufficiently large gaps in the spectrum of Ay and places
ay, in these zones. The results presented in [Agr76], [Mar88, Chapter 1], [Agr94], [Dzh94] are
in fact a bit stronger than Theorem 2.7 since they contain not only the resolvent estimate
(2.8) but also some basis properties.

— In the case p(1 — q) > 1 one can prove a Riesz basis property for the subspaces Py H, i.e.
one can write H = @, .y PrH and there exists ¢ > 0 such that for all u € H, ¢ !|ul|3, <

Pken 1Prullf; < cllullf.
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— In the case p(1 — ¢) < 1 one can prove a weaker basis property (so-called Abel basis) for the
subspaces P, H.

For oo € R we define the spectral projector on the characteristic subspace of H associated with
the eigenvalues of real part less than max{ay;ar < a} :

1 1
aga 2im Jp, A% Ua, <o 7
where T',, is the positively oriented contour delimited by the vertical line segments Re(z) = max{ay; ar <
a} on the right and Re(z) = ap > 0 on the left and by the parabola 73}1(0 on the upper and the lower
side.

On each finite dimensional subspace Py H (or equivalently II, H) we have a holomorphic calculus
for A (e.g. see [Kat80]); given a holomorphic function f, we have

FAPe = F(AP) = oo | f()Ra(z)dz € L(PH).

Yk

In the subsequent sections, we shall consider the adjoint problem of the abstract parabolic system
(2.1), involving A* = Ag + Aj. The spectral theory of A and A* and their respective functional
calculus are connected by the following proposition (see [Kat80]).

Proposition 2.10. Let f be a holomorphic function, v a positively oriented contour in C\Sp(A). We
denote [ : z — f(2), f7(A) = % fv f(2)Ra(z)dz and 7 the positively oriented complex conjugate

contour of . Then, 7 is a contour in C\ Sp(A*) and (f7(A))" = f1(A*).

With this new notation, f7*(A) = f(A)P; = f(APy). Noting that with the choices made above,
W = Yk Fa = Fo“ we Obtain

Pu(A") = 1*(A") = (1(4))" = Py(4)" = P}

and I, (A*) = (4(A))" = II*. More generally, if f = f, we have f7(A*) = (f"™(A))* and
fra(An) = (ff=(4)".

Example 2.11. For t € R, the functions f(z) = e** or f(z) = e*V? (taking for /2 the principal
value of the square root of z € C) or f(z) = [, ¥(t)e”"*dt (1) being a real function) fulfill the

property f = f. For all these functions, we have f7x(A*) = (f7*(A))", fl«(A*) = (fle (A))* This
will be used in the following sections.

Remark 2.12. Note that || Ra-(2)| z(a) = [[RA(Z)]| z(r)- As a consequence, any sequence satisfying
(2.8) for A also satisfies (2.8) for A*.

In the course of the construction of a control function that we present below, we shall need a
precise asymptotics of the increasing sequence (g )gen, that is not given in [Agr94|. We first remark
that if (ak)ken is a sequence satisfying properties (i) — (i¢i) of Theorem 2.7, then every subsequence
of (ag)ren also satisfies these properties. We shall thus seek a minimal growth for the asymptotics
of (ak)keN-

For p € R, we set N(u) = #{k € N, A\ € Sp(Ag),\x < p}. Here, we prove the following
proposition.

Proposition 2.13. If the eigenvalues of Ag satisfy the following asymptotics : N'(u) = mo,u% +

o(u%), as p — 400, then, for all § > 1 we can choose the sequence (au,)nen such that there exists
N € N and for every n > N, we have §" ! < a,, < 6™.
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First note that the assumption we make here for the asymptotics of the eigenvalues is stronger
than that made in Theorem 2.7 for it implies Ay ~k_ oo CkP.
To prove Proposition 2.13, we briefly recall how the sequence (ay)ren is built in [Agr94]. Every «,
is in the interval [, — hpd, p, + hul], where (un)nen is a sequence increasing to infinity such that
#{k € N, \p € Sp(Ao), M\ € [ttn — hpd, py, + hpud]} < Cpll. We thus need to show the existence
of such a sequence (f)nen, having a precise asymptotics as n goes to infinity. This is the aim of
Lemma 2.14 below, replacing [Agr94, Lemma 7]. With such a result, for all fixed § > 1 we can
build (cv,)nen such that there exists N € N and for every n > N, a, satisfies 6"~ ! < a,, < 6. We
can then follow the proof of [Agr94] to finish that of Proposition 2.13, estimating the resolvent on
vertical lines Re(z) = C € [y, — hud, pn, + hpd].

Lemma 2.14. We set 7 = p~! and recall that # = max{0,r — 1 + ¢}. Assume that
N(u) =mop” + o(u") as p — +o0. (2.9)

Then, for every h >0, § > 1, there exist C' > 0 and N € N such that for every n > N, there exists
fin such that [y, — hpd, p, + hpd] C [6771, 6" and N (pn + hud) — N (pn — hud) < Cub.

Proof. We proceed by contradiction. Let h > 0, § > 0, and suppose that

VC > 0,VN € N,3ng > N + 1,Vu satisfying [p — hu?, u+ hpd] C [g70~1, 670, (2.10)
we have N (p + hud) — N (g — hpd) > CpP. '

We choose 0 < & < mg. From the asymptotics (2.9) of N, there exists Ny € N such that for every
n Z N07

(mo — €)™ < N(6") < (mg +¢)d"". (2.11)
Let us fix C > %ﬁfl(mo—i—a—i—l) and N € N such that N > Ng, and for all n > N + 1,
(mg —e)d™" — %(mo +e+1)0" > 0. Such a N exists since 3 < r+q—1 < 7. Then for these C
and N, assumption (2.10) gives the existence of ng > N +1 > Ny +1 such that for every p satisfying
[ — hpd, g+ hpd] C [§70~1 670, we have N (p + hu?) — N (u — hu?) > CuP.

We denote by |z] the floor function. In the interval [§"0~1 §70], there are at least L%J

disjoint intervals of the type [ — hud, i+ hud], each containing more than C'§("0~1D# eigenvalues of
Ap. Hence,

§no — gno—1 0—1
noy _ no—1y > (no—1)p > (no—1)8 [ 2 = sno(l—q) _ )
N(@™) — N (6 )>C6 { Shgnod J >Cé ( 513 ) 1)

Then, taking into account the lower bound on C' and the asymptotics (2.11) forn = ng—1 > N > Ny,
we obtain

N(0™) (mo + & + 1)§moB+no(l=a) _ %(mo +e+1)50=D8 4 (mg — )§" (oD

>
> (mo+e+1)5m 1m0,

since ng > N + 1. The asymptotics (2.11) for ng gives N'(6™0) < (mg +&)d™" < (mg + g)omeF+1-a)
since 3 > r — 1 4 g. This yields a contradiction and concludes the proof of the lemma. O

2.3 Spectral inequality for perturbated selfadjoint elliptic
operators

In this section, we prove in an abstract setting some spectral inequalities where the norm of a
finite sum of root vectors of A is bounded by a partial measurement of these root vectors. For the
proof, we assume that some interpolation inequality holds. This inequality will be proved in the case
of different elliptic operators in Section 2.5.
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Such interpolation inequalities were used in [LR95] and [LZ98] to achieve a spectral inequality
of the type we prove here. Note that this type of spectral inequality can however be obtained by
other means (e.g. doubling properties [Phu07a, AE08], or directly from global Carleman estimates
[Le 07b, BHLR10]).

Here, we suppose that A = Ag + A; : D(A) C H — H satisfies some of the spectral properties
of Section 2.2, i.e. (a) — (c¢) of Proposition 2.3 and the resolvent estimate (2.8) of Theorem 2.7. We
define the following Sobolev spaces based on the selfadjoint operator Ag.

Definition 2.15. For s € N and 7, < 79, we set

He (11, 72) = ﬂ H5 " (Tl,TQ;D(Ag/z)) ,

n=0
which is a Hilbert space with the natural norm

S

; 1/2 1/2
m gn/2 ~
R (D DL T i) R O DI AP I

n+m<s n=0

Note that H°(ry,72) = L?(11, 725 H).
Let Y be another Hilbert space, B* € L(H,Y') be a bounded operator. Let Tj be a positive number,
0 € €>°(0,Ty;C), ¢ # 0 and § = max{1/2,p~ — (1 — q¢)} = max{1/2, 3}.

Theorem 2.16. Suppose that there exist C' > 0, ¢ € (0,T/2) and v € (0,1] such that for every
v € H%(0,Tp)

Il ¢, m0-¢) < C'llvlzato.n) (B vllzzomvy + (=07 + A%)vllwoo,m))” - (2.12)
Then, there exist positive constants C, D such that for every positive «, for all w € II* H,

HwHH < CeDae ‘(PB* (et\/ﬁ_i_e—t\/Ai*) w‘

. 2.13
L2(0,To;Y) ( )

In other situations, we can prove another interpolation inequality with an observation at the
boundary ¢t = 0. In this case, we obtain a simpler spectral inequality, involving no time integration
in the observation term.

Theorem 2.17. Suppose that there exist C' > 0, ¢ € (0,Tp/2) and v € (0,1] such that for every
v € H?(0,Ty) satisfying v(0) = 0, we have

V]3¢ m0-0) < C'llvl3a{o 7y (1B 0:0(0)ly + (=07 + Aol 0,1))” - (2.14)
Then, there exist positive constants C, D such that for every positive o, for all w € II' H,
0
[wllm < CeP* || B wlly - (2.15)

The estimation of the constant in the inequality in terms of the maximal eigenvalue in the finite
sum is the key point in the control applications below.

Proof of Theorem 2.16 For w € II', H, we set

u(t) = (et\/P + e—tﬁ) w— 22%/ (etﬁ + e—tﬁ) R (2)wdz.
Lo

We have v € H? (0, To; H) N H' (0,To; D(A)) € H?(0,Tp) as D(A) = D(Ag). We first notice that
(=92 + A*)v = 0. Second, we have to estimate every single term of

1/2
||UH$11(0,T0) = HU”%Z(O,TO;H) + ||ath2L2(o,TO;H) + ||Ao/ UH%?(O,TO;H) :
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Pla < [[(VF e )| el
L(H)
1
‘/ (e VF) Rae ()|l
2Z7T Ta ,C(H)
< Cmeas(Ty) sup |Ra-(2)|l 2oy sup eVE 4 e VA lw|| g
zely zels
< Caec(aﬁ.t,_t\/&)HwHH

since meas (['y) < Ca, [|[Ra-(2)|cmy < e’ from estimate (2.8) of Theorem 2.7, Remark 2.12 and,

VE 4 emtVE| < getRe(VE),

with Re(v/2) < +/]z| < Cya for z € Ty,.

Thus, for some C > 0, ||v||£2(0,1;1) < CeCe’ |wl||zr. Concerning the second term in ||v||1(0,7,),

we have
||atv||L2(0,To;H) = H\/E (et\/F _ e,t\/ﬁ> w‘

L2(0,To;H)

and similar computations show that [|0;v||r2(0,1;m) < CeCo’ ||lw] z. In order to estimate the third
term in ||v||31(0,7,), We use assumption (a) of Proposition 2.3, observing that for all u € H,

1/2 * *
145" ull% = (ow )y = (Auu)y — (Aju, ),
* 0 41/2 —
< (A u)y + A Pl ull 5
1 __1
< (Auu)g+ g (qeq 145 2 ul}; + (1 — q)e™ 3 IIuH%)

for every positive € and every ¢ € (0,1), thanks to Young’s inequality. We then choose e such that
1
2qe7 < % and we obtain for every u € H,

14 ull?; < C ((A"u,w)y + ullFy) < C (|4 ulallull + JullF) -

The same estimate is obvious in the case ¢ = 0. Similar computations as those performed above
yield ||A(1)/2’UHL2(0’TO;H) < CeCe’ |lwl] z, and we have finally

6
[0ll31(0,m) < CeC |Jwllg, w €T H.

We now produce a lower bound for the left-hand side of (2.12). We first notice that the operator

(etv AT ety A*) IT%, is an isomorphism on IT* H and we compute an upper bound for its inverse :

[ s ey

1 -1
— / (etﬁ + e_t\/z) Ry (2)dz
T

L(H) a ‘

L(H)
< Cmeas (Fa)eCO/j Surp elVE 4 emtVE o
zelo
< Cael @’ +tva) sup #
sl [e2VZ 41
Then, we have
|e2VZ 41| > 2 Re(VZ) _ 1 > 2t Re(v/z) > 2t\/aq, (2.16)

since Re(y/z) > \/ag > 0 on I',. Hence, for some constant C' > 0,

< G ol rivay,

(™ rermym] ™| <5

L(H)
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Concerning the left-hand-side of (2.12), we thus have the following lower bound :

To—¢ —1)|—2
[WBocrmo = Wlcncm= [ [[(F+e™)m] | o
To—c ¢ L(H)
-
> Cem2e” 1262Vt ||w||%
s ¢ To—¢
i e
¢
7TOC\/E
> C672CQBCQGT sinh (C\/&(Tg - 2{)) H’U)”%_[

> OC(Ty - 20)e VD w||3 > Cem " |lw|?.

The interpolation inequality (2.12) then gives

v

0 0 1—v
Ce= O Jlwlly < (€ ulln)

oB* (etm+67tm)w

L2(0,To;Y) |

Dividing both side by Hw||}{”, we finally obtain the existence of positive constants C, D such that
for every positive «, for all w € II} H,

lwllsr < CeP’

‘apB* (etm—l—e_tm)w’

L2(0,To;Y)

Proof of Theorem 2.17 This proof follows the same; for w € II}, H, we take

v(t) = (A") Y2 sinh(tVA*)w = QL Smh(\;\/g) Ra-(2)wdz,
Jr, z

instead of v(t) = (et\/’T* + e‘tm) w, see [LZ98], [JL99]. It satisfies (—07 + A*)v = 0, v(0) = 0 and

w(0) = w. We also have v € H?(0,Ty) and ||v|p1(0,1) < CeCO‘BHwHH as above. Only the lower
bound for ||v]|3¢1(¢,7,—¢) has to be proved. To begin with, the operator (A*)~!/2 sinh(tv/A*)IT}, is an
isomorphism on IT} H and we compute an upper bound for its inverse :

()
_VE

sinh(t/z)

8 1
< Ca’/2eC sup —————
zely ‘etﬁ - e_tﬁ|

< 0PIV iy
= et [e#VE — 1]

H [(A*)—W sinh(t\/ﬁ)ng} B

L(H) L(H)

8
Cae®™ sup
z€ly

IN

Then, [e2!VZ —1| > e2!Re(v2) —1 and (2.16) gives a lower bound for [[v|[21 (¢ 7, —¢) = V]| z2(¢, 10— o)
as in the preceding proof. The conclusion follows as in the proof of Theorem 2.16. O

2.4 From the spectral inequality to a parabolic control
In this section we construct a control for the parabolic abstract problem (2.1). We follow the

method introduced by G. Lebeau and L. Robbiano in [LR95]. The non-selfadjoint nature of the
problem requires however modifications in their approach.
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Let H and Y be two Hilbert spaces, H standing for the state space and Y the control space.
We suppose that B € L(Y, H) is a bounded control operator and A is an unbounded operator
A :D(A) C H— H that satisfies all the spectral properties of Section 2.2, i.e. (a) — (¢) (and thus
also (i) — (i47)) of Proposition 2.3, the resolvent estimate (2.8) of Theorem 2.7, and the asymptotics
given by Proposition 2.13. In particular, the properties (a) — (¢) of Proposition 2.3 imply that —A
generates a ¢ -semigroup of contraction on H. If we take ug in H, problem (2.1) is then well-posed
in H.

Let Ty be a positive number, ¢ € €°(0,7p;C), ¢ # 0, and B* € L(H,Y') the adjoint operator
of B, i.e., such that (By,h)g = (B*h,y)y for every y € Y, h € H. We assume that the result of
Theorem 2.16, (i.e. the spectral inequality (2.13)) holds. An example will be given in Section 2.5.
We shall first interpret this spectral inequality (2.13) of Theorem 2.16 as an observability estimate
for an elliptic evolution problem.

Remark 2.18. Note that if we suppose the spectral inequality (2.15) of Theorem 2.17 instead
of (2.13), the construction of the control function follows that of [Mil06b] or [LL09] and is much
simpler. In fact, the spectral inequality (2.15) directly yields an observability inequality for the partial
problem (2.27) and implies an analogous of Theorem 2.26. This proof can be found in Section 2.6,
taking v = 1. Section 2.4.4 then ends the proof of the null-controllability. Note that in this case,
there is no restriction on the subordination number ¢ (in Proposition 2.22, we require ¢ < 3/4) since
there is no need of the regularisation with a Gevrey function.

2.4.1 Elliptic controllability on II,H with initial datum in P, H

From the spectral inequality (2.13), we deduce a controllability result for a family of (finite
dimensional) elliptic evolution problems. Let first G, be the following gramian operator

To
G — / (et\/Z n e*tﬂ) 1L, Blo(t)[2 B* (etm n e*tm) T dt.
0

Lemma 2.19. The operator G, is an isomorphism from I H onto Il,H. We denote by G, the
imverse of G, on I, H.

Then, there exists Do > 0 and for every s € N there exists Cs such that for every Ty > 0, a > 0,
k € N* satisfying oy, < «, for every vy, € P,H, the function

h(t) = OB (VA7 + VA7) g, (2.17)

satisfies

(Z) hk € cggc(o’ TO; Y) 5 0

(ii) 1107 hillzo(0.mv) < Coa2e? |Juglm ;

Hw e H, (vp,w)y = (Bh>,( AT *WP) ) .

(113) for all w *H, (vg,w)H ke e w L2 (0.itt)
Remark 2.20. Here, we could actually take the “initial datum” v in II,H and the result and its
proof remain the same. We have chosen to take v in Py H since it is the precise result we use in

Proposition 2.22, in particular to prove the estimate (iii) of Proposition 2.22, which in turn is a key
point in the proof of Theorem 2.27 below.

Proof. We first observe that the spectral inequality (2.13) implies that G, in an isomorphism from
IT;, H onto II, H.

Then, we note that point (¢¢) implies (¢), and is itself a direct consequence of expression (2.17)
where B* is bounded and [|G5 ! || zcm) < CePoo’ from the spectral inequality (2.13).
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Finally, we check that (¢i¢) holds. For w € II* H, we compute

(Bhk, (etm + eftm> w)
L2(0,To; H)

(B0 (25 57 G, (7 1) )

L2(0,To;H)
To

_ < (/ (etﬂ + e*tﬂ) 1L, Bl ()| B* (eWT* + e*tm) Hj;dt) galvk,w)
0

Ga

H

= (vk,w)H.

O

Remark 2.21. Lemma 2.19 corresponds to a null-controllability property on [0, Tp] in I, H for the
elliptic control problem with initial condition in Py H

—0?u + Au = 11, Bhy,
Ujt=0 = Oa

8tu‘t:0 =v € PH,
=7, = Ottjy—1, = 0,

whose dynamics remains in II, H for every ¢ € [0,Tp]. The adjoint problem is the following, well-
posed in II* H :

—02z+ A*z2 =0,

2=, = w € I} H,

8tz\t:T0 = O

The estimation of the “cost” of the control hy is the key point for the following parabolic partial
controllability properties.

2.4.2 Parabolic controllability on II,H with initial datum in P,H

From the elliptic controllability result of Lemma 2.19, we now deduce a corresponding parabolic
controllability result. The main tools here are the transformation introduced in [Rus73] and a Paley-
Wiener-type theorem.

Proposition 2.22. We suppose that the subordination number satisfies q < Z and we fix v >

max{ 2&13) ,1}. Then, for all T > 0 there exists D1 > 0 and for every s € N there exists Cs such
that for every 0 < T < T, o > 0, k € N* satisfying ar, < o, for every u,o € PyH, there exists a
control function Gy such that :

(i) Gk € €°(0,T5Y) ;

(i1) 10 Grll e o,rsv) < CT =% exp (D10’ + 7 + (Top) 77) = Tay ) lluroll 5

(iii) for allw € IEH, —(upo,e T4 w)g = (BGk,e_(T_t)A*w)

L2(0,T;H)"

Remark 2.23. For technical requirements, that can be found in the proof of Lemma 2.40 in Ap-
pendix 2.8.1, we have assumed that the subordination ¢ of A; to Ag is less than % here. This will
be the case in all the applications we present in Section 2.5.

Remark 2.24. The new variable 7 here is the time in which we want to control the full equation
(2.29), appearing in Section 2.4.4.
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Proof. From Lemma 2.19, we have for any positive Ty (that will be fixed equal to 1 below) : for all
v € PrH, there exists hy (that we know with precision) such that for all w € IT} H,

(g, wlg = (v, Ppw)n = (Bhk, <€NP + 6_“/’47*) szw)

To
_ (/ (etﬁH*tﬁ) Pthk(t)dt,w>
0
H

_ ( /0 b <2;r L (e + etV RA(z)dz> Bhk(t)dt,w>

= (1 Ra(2)B /OTO (et\/2 + e_t\/g) hy(t)dt dz, w>

2 -

L2(0,To;H)

H

H

We introduce the Fourier-Laplace transform of a function :
f(z) = / f(t)e~™dt, z € C.
R

If f € €>°(0,Tp;Y), then f is an entire function with values in Y. We write f € H(C;Y).
Recalling that hy € €°(0,T0;Y), we have hy, € H(C;Y) and

1 s a .

(0, W) = (2/ Ra(2)B (hk(zﬁ) +hk(—z\/z)) dz,w) : (2.18)
YTy H

From Lemma 2.19 (i), taken with s = 0, we obtain ||hg(2)|y < C()eDO"‘GeT‘)'Im(z)'”kaH. Following

[Rus73] and [LR95], we set

Qr(—i2%) = hi(i2) + hy(—iz),
and note that Qx(z) is an entire function with respect to z. We now have for every vy € P, H, the
existence of Qi € H(C;Y) such that for all w € I} H,

1 .
(g, w)g = (2”/ RA(Z)BQk(—zz)dz,w> , (2.19)
Yk H
with Q) satisfying
o
1Qk(2)lly < Coe™o ™Vl oy . (2.20)

The goal is now to see Q) as the Fourier-Laplace transform of a regular function with compact
support in (0, T). However, (a Hilbert-valued version of) the Paley-Wiener theorem [Hor83, Theorem
15.1.5] indicates that the inverse Fourier transform of Q. is only in the dual space (G*(R;Y))" of
the space of Gevrey functions of order 2. With the convolution by a function e € G, o € (1,2), i.e.
by multiplying ) by €, we can now regularize the inverse Fourier transform of Q.

We fix Ty = 1 and set 0 = 2 — % € (1,2). Since we have required that ¢ < % and v >
max{ 2351_12) ,1}, the Gevrey index o = 2 — L satisfies o > ﬁ what is equivalent to ¢ < 1 — %

Under these conditions, Lemma 2.40 of Appendix 2.8.1 gives the existence of a Gevrey function
e € G7 satisfying (the constants ¢; are positive)

supp(e) = [0,1] and 0 < e(t) <1 for all t € (0, 1),
l6(2)] < cre™21#17 if Tm(z) <0, (2.21)
|6(2)] = ese™ 117 in —iPL 1o, = —i{z € C,Re(2) > 0,|Im(2)| < Ko7' 9 Re(2)’}.

The parabola P}I(()Tl,q is chosen here so that for every k € N, for every z € v, C P}](O (defined in
q
* ) 1— . .
(2.7)), we have Tz € Py 71—, and the lower bound of (2.21) holds
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We set, for T < T,
gk(z) = é(TZ)Qk(Z) € H(C, Y),

and because of (2.20) and the first two points of (2.21), gx(z) satisfies the following estimates
19k(2)[ly < Coe™ Im(z)eDoase\mHkaH for every z € C, (2.22)

1
l9k(2)|ly < Cocre=<2IT=17 Poa” Va1l if Tm(2) < 0. (2.23)

From (2.22), (2.23) and the Paley-Wiener-type theorem given in Proposition 2.42 in Appendix
2.8.2, there exists gr € €°(0,T;Y) such that g (z) = [; gr(t)e™*'dt for every z € C. The function
gk is then given by g (t) = 5= [; 9x(7)e’""dr . From (2.23), g, satisfies the estimates

1
C;)CleDgoﬂ / ‘T|S€762\T7—|U61/|T|dT||kaH7 seN.
u R

107 gk || oo 0,757y <

The Laplace method [Erd56] applied to this integral (only dependent on s and «y) finally implies
that there exists C' > 0 and for every s € N there exists Cs > 0 such that for every T' > 0, a > 0,
k € N* such that a; < «, for every v, € P H,

0, _ons C
||6fgk||Loo(07T;y) § CseDoa T 2y eTy ||UkHH (224)

Let us now properly construct the control function that satisfies the three assertions of the
proposition. We first note that for T < 7', the operators é(—iT'A) and e~ 74 are two isomorphisms
of Py H since the holomorphic functions é(—iTz) and e~1* do not vanish in 73}1(0.

Given ugo € PrH, we set vy = f[é(fiTA)]’le’TAuk,o € Py H and g; the associated control
function given as preceding. We set G (t) = gi(T — t), which satisfies point (i) of the proposition.
From (2.24), we obtain

0, ome i _ _
105 Gill Lo 0,77y < CseP0® T2 |[[6(—iT A) " Pl 2oy le™ " Pell oy |0 - (2.25)

We can estimate

Ne(—iT A Pl oy = \

1 1
2in /% Ty a2z

1 1 L(H)
< — meas sup —— sup |[|Ra(z
= or (’Yk) 26'59 6(—’LTZ)| ZE’EC || A( )”E(H)
< Coy sup ————=— sup ||Ra(2)||z(m)

Z€Vk e(—iTz)\ ZE€EVk

< Cayp sup c
ZEVK
~ i,
< (O"efallTar|7 +a7)

= s
5leC4\Tz\ T eCoz,c

where we have used the third property of the Gevrey function e given in (2.21) and the resolvent
estimate (2.8) of Theorem 2.7 on 7. A similar estimate for |le=74 Py ||z gives

le™TA Py ooy < CayeTor-1+Ca’,

We finally obtain from (2.25) that for all 7 > 0 there exists D; > 0 and for every s € N there exists
Cs > 0 such that for every 0 < T < 7, a > 0, k € N* such that oy, < «, for every ui o € P, H,

1
||8;Gk ||L°°(0,T;Y) S CseDlasT_}yse%eDllTakl 7 e_Ta"'*l Huk,OHH' (226)

~
y-1°

Point (i4) of the proposition is thus proved recalling that % = 5 To prove (iii), we compute
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(BGy, e~ T4y with w € II H. We have

)Lz(o,T;H)’

(BG’ﬁe_(T_t)A*w)m(o,T;H) = (ngve_m*w)m(o TH) — (e_tAng’w)L2(0,T;H)

</0T (21/ e P RA(2 )ng(t)dt,w>
(;/% RA(Z)B/O et (t)dtdz,w>

H

H
As supp(gr) C (0,T), we obtain
(BGk,e—(T—t)A*w)L2(07T;H) = <2i7r [M RA(z)ng(—iz)dz,w>H
1
(‘ / RA(z)Bé(—iTz)Qk(—iz)dz,w)
.

H
RA(2)BQy(—iz)dz, w)

H

I
7N\
/Qi
J
~
=

3
S

because the holomorphic calculus gives for ¢ € H(C;C) and ¢ € H(C; H)

(55 | s0maers) (s [ Raowwiaris) = g [ omaor

2im 2w "h

From (2.19), we then have

TPy 4% 1 . o ik
(BGj, e~ (T4 w)L2(0,T;H) = <2z77 5 RA(2)BQr(—iz)dz, é(—iT A )w)H
= (vg,é(—iTA")w)y
as é(—iTA*)w € II%H. Recalling that vy, = —[é(—iTA)]"te T4uy 0, we have obtained that the

function Gy, constructed here satisfies for all w € II') H

(BGk,e_(T_t)A*w)Lz(oyT;H) = (—[e(—iTA)] e Thup 0, 6(— iTA")w)

= - (6 TAuk:707 )H )
for every uy,0 € Py H. Point (i4) is thus proved. This concludes the proof of Proposition 2.22. [0

Remark 2.25. Proposition 2.22 is a null-controllability property on [0, 7] in the finite dimensional
space I, H for the parabolic control problem :

Owu+ Au =11, BGy,
Up—g = Ug,0 € PrH,
'U/‘t:T =0.

This also means that for every initial datum wug j € PyH and T > 0, there exists Gy, € €°(0,T;Y)

such that the solution of
O:u + Au = BGy,
Up=0 = Ug,0 € PrH,

satisfies I, u(T) = 0.

2.4.3 Parabolic controllability on II,H

We shall now combine the controllability results for initial datum in P, H, o < « to obtain a
null-controllability result for an initial datum in Il H, i.e., for the problem

Owu + Au = 11,BG,,
Ujp—o = ug € o H (2.27)
'U/‘t:T =0.
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The norm of the control function G, will be estimated to prepare for the next section, where a
control for an arbitrary initial condition in H is constructed.

Theorem 2.26. For the control problem (2.27), for every positive T', for every ~ sufficiently large,
there exists a control function G, € €2°(0,T;Y) driving ug to 0 in time T with a cost given by
||GOé||L°°(O,T;Y) < Cexp (D(Oé9 + %)) [[woll -

Actually, we prove the following more precise result.

Theorem 2.27. Let g < % and v > max{%zg), 1}. For oll T > 0, there exists D > 0 and for
every s € N there exists Cs such that for every 0 <T < T, a > 0, for every ug € I, H, there exists
a control function G, such that :

(i) Go € €°(0,T;Y);

(i1) 03 Gall = 0.r0) < CT=27 exp (D(a” + 7)) ol

(iti) for all w € IIXH, —(ug,e” T4 w)y = (BGq, e~ (T4 w)L2(0 T.H)"
Proof. We write uy = Zak<a Pruy € I, H, with P,ug € PrH and Proposition 2.22 gives for every
k the existence of a control function Gy, satisfying :

{ for all w € IIX H, —(Pyuo, e TA ) g = (BGk, e_(T_t)A*w)Lz(O ToH)

_ v (2.28)
105 Gill e o.miv) < CT=27 exp (Da(0® + 7 + (Tay)57) = Tapy ) | Pycuoll

We set
Goa= Y Gr€%X(0,T;Y).
ap<a

and (7) is clear as the sum is finite. To prove (ii3), given w € II* H, we simply compute

_ _TA* _ _ —TA* _ —(T—-t)A”
(wo, e W)y = Z; (P’“uo’e w)H B z; (BG’“e w)L2(07T;H)
ap<a apsa
= (BGa e_(T_t)A*w) .
’ L2(0,T;H)

We now prove point (ii). Here, we use the asymptotic estimation for the sequence (ay)ren given in
Proposition 2.13. Let 6 > 1, there exists N € N such that 6*! < a; < §* if £ > N. We then have

10;GallL=oryy < Y 10;Grll=orv)
ap<a
0
< CST—2736D1(<19+%) Z eD1(Toc;c)2“f_1—Tak,1HPkuO”H
ap<a
-
< CST—QV(SeDl(a9+%)||uO||H Z oDi(T8%) T ek
ap<a

0 _
It remains to estimate the sum. Recalling that ﬁ < 1, the function z — eP1#*7 7" =9 *= is bounded
on R, by a constant x = x(7,d). We thus have

Z em(q&s’“)ﬁ—qﬂa’v*2 < Ne+ Z o < K(N_s_hl(a)).

- In(4)
ap<a k>N
ap<a

Finally, changing the constants Cj, we conclude that
oms 1
107Gallo) < T~ exp (D + 21 ol
O
Remark 2.28. Here, we have constructed a control in €>°(0,7;Y). In the case Y = H and for

every p € N, B* € L(D(AP)), we are able to construct with the same techniques a control function

in €2°(0, T ﬂpEN D(AP)), following [LR95].
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2.4.4 Decay property for the semigroup and construction of the final
control

We shall now conclude the proof of the main controllability theorem. We consider the full control-
lability problem : given 7 > 0, we construct a control function g such that the solution of the problem

{ Oyu + Au = Bg, (2.29)

Ult=0 = U0 S H7

satisfies u(7) = 0 in H. The proof uses both the partial control result of Theorem 2.26 and the decay
rate of the semigroup generated by —A, once restricted to (I —I1,)H. We first prove an estimate of
this decay rate. We denote by (S4(t)):cr,. the € -semigroup of contraction generated by —A.
Proposition 2.29. There exist C' > 0 and N €N such that for every k > ]V, t> L

> o
IS = o, ) cary < CeCobmton,

Proof. From [Paz83, Theorem 1.7.7] we first write the semigroup generated by —A(l —1II,, ) as an
integral over the infinite positively oriented contour 877}7(0

1
Sat)I —1Ila,) = Sag-m,,)(t) = /a e_tzRA(Ifnak)(Z) dz.
i,

" 2in
We set Ay = {z € P§ ,Re(z) > ax}, OA] = {z € O\, Re(z) > ay,Im(z) > 0} and A, = {z €
OAk, Re(z) > ag,Im(z) < 0} so that OA, = A} U I UOA; and is a positively oriented contour.

Since RA([,H%) is holomorphic in C \ Ag, we may shift the path of integration from 8’P?{0 to
OAy without changing the value of the integral. Hence,

1
t)(I —1l,,) = — —te d
Salt)(I ~T,) = 5 /Mk e R (2) d
1 —tz 1 —tz 1 —tz
= — e "Ra(z)dz+ — [ e "Ra(2)dz+ — e *Ra(z) dz,
2 BA; 2 I 2m 3/\;

where
e—tak

t )

/ e_tzRA(z) dz < / Ce ®de < C
BAZT Qg

since R4(z) is uniformly bounded on 9Ag from Proposition 2.3 point (ii¢). The same estimate holds
for the integral over OA, . Finally estimate (2.8) of Theorem 2.7 gives

Then, for some C > 0, we obtain the following estimation of the semigroup

L(H)

0
< Cafefortor,
L(H)

/ e ¥ Ra(z)dz

Iy,

—tay
1Sa(t)(I = o)l ey < C (eCai—mk + 2 . ) . t>0.

Thus, taking N € N such that for k > Z\NZ, L > e‘co‘z7 we finally obtain

ag

~ 1
1S4 ()T = Tlay )| ey < CeCo%t% | > Nt > —~.
k

and the proposition is proved. O
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For the sake of completeness, we now construct the control function for the parabolic problem
(2.29), following [LR95]. The decay rate proved in Proposition 2.29 shows that we have now to
restrict ourselves to the case § < 1, i.e. p~! 4 ¢ < 2. We recall that N is an integer such that for all
n> N, ! <a, < (see Proposition 2.13).

Theorem 2.30. Suppose that q < % and 0 < 1. Then, for every T > 0, ug € H, there exists a

control function g € €°(0,7;Y) such that the solution u of the problem (2.29) satisfies u(7T) = 0.

Proof. We first fix p and v > max{ 2:51_23) , 1} such that 0 < p < min{%, 1%00}. We set T = K697,
K being such that } 27} = 7. We divide the time interval [0, 7] = U, cyla;, aj41], with (a;)jen
such that ap = 0 and a;4+1 = a; + 27;. Hence, lim;_,ca; = 7.
For u; € I, H, we define by G, (u;,Tj) the control function given by Theorem 2.27 that drives u;
to zero in time T}, which in particular satisfies the estimate (i7) of this theorem.
We set Jy an integer such that Jy > max{N, N} (so that /7! < a; < ¢’ for j > Jy and the decay
rate of Proposition 2.29 holds) and 7; > 6~0—1 > ozj_l for every j > Jy. We now define the control
function g :

—ift <ay,, weset g =0, and u(t) = Sa(t)uo;

—if j > Jo, t € (aj,a; + Tj], we set g = Go,; (Ilo,u(a;), T;), and

t
u(t) = Sat —aj)ula;) + / Sa(t — s)Bg(s)ds;
—if j > Jo, t € (aj +Tj,a;41], we set g =0, and
u(t) = SA(t —a; — Tj)u(aj + Tj)

We recall that ||Sa(t)||z(a) < 1 because we have required A to be positive. During the first phase
0 <t < ay, we simply have ||u(az,)|lg < ||uollz. The choice of the control function during the
second phase implies for j > Jo, [ls;u(a; +T;) = 0 and

u(a; +T;)||u < Cexp (C6° + C6777%) ||u(ay)||n < exp (C'67°) |u(a;)| u,

as yp < 1.
Finally, during the third phase, the decay rate of the semigroup is given for j > Jy by Proposi-
tion 2.29 and we then have

[u(aji)llar < Cexp (C8° = T;67~1) [lu(a; + Ty) || < exp (CH(VO - K5j(1_"9)) lu(a; + T5)|l
Combining the estimations given on the three phases, we obtain for j > Jy
J
lu(aj+1)la < exp ( > Crett - Kék(l_pg)) [[uo|| -
k:Jo
Because of our choice p < 1%00, we have 1 — pf > 6, and for some ¢ > 0,

J
( Z c" ko — Kék(l”e)) < cexp (—céj(1*p9)> ,

k=Jo

and thus for every j > Jy,

lu(ajn) i < cexp (—ca?@) fug|a- (2:30)

From Theorem 2.27 point (i4) and Estimate (2.30), we have

IN

o 1
oty < sup (O ey (et + 1)) Intal
J

izJo

sup C,52%iP07s exp (D((S” + K(;jp'ye) _ C(;(j—l)(l—pe)) ||UO||H} < o0,
izJo

IN
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following the same estimations as above. Thus, g € €2°(0,7;Y). This implies in particular that the
solution u of (2.29) is continuous with values in H. Hence, from (2.30) we directly obtain

le(D) e = Jim fu(aj)llz =0,

and u(7)=0in H. O

2.5 Application to the controllability of parabolic coupled
systems

In this section, we apply the abstract results proved in the previous sections to second order
elliptic operators and to the controllability of parabolic systems. In the following, we first check that
the assumptions of Proposition 2.3 and Theorem 2.7 for these elliptic operators are fulfilled and
we prove the interpolation inequality (2.12). Sections 2.3 and 2.4 then directly yield the spectral
inequality and the controllability results.

We are concerned with the system

Oyuy + Piup +aug +bugy =0 in (O,T) x Q,

Opug + Poug + cuy + dug = 1,9 in (O,T) x €,

U _ 0 _ .0 O (2.31)
1jt=0 = U1, U2t=0 = U2 m 3¢,

up =ug =0 on (0,T) x 99,

where € is an open connected subset of R™ with n < 3 (a compact connected Riemannian manifold
with or without boundary of dimension n < 3). We suppose that 0f) is at least of class €2. The
function 1,,(z) stands for the characteristic function of the open subset w C Q and a,b, ¢, d € L™ (Q).
Here, P;, i = 1,2, denotes a positive elliptic selfadjoint operator on Q : Pu = — div,(¢;(2)Vu)
where ¢;() is a symmetric uniformly elliptic matrix, i.e. ¢; € W1°°(£2) and there exists C' > 0 such
that for every x € Q, £ € R™, £ - ¢;(2)€ > C|€|2. We set H = (L?(Q))?, D(Ao) = (H2(Q) N H())?,

and
A():(zl £2> and Al:(ig)

Referring to Remark 2.1, we shift A = Ay + A; by a A\g > 0 sufficiently large so that Eq. (2.7) is
satisfied. We carry on the analysis with the operator A+ Ay, which we write A by abuse of notation.
Then, the operator A satisfies the assumptions (a) — (¢) of Proposition 2.3 with ¢ = 0 since A; is
bounded in H. Moreover, for u € R, the number of eigenvalues of the operator P; lower than u is
given by the Weyl asymptotics N;(u) = m;u™/? + o(u™'?) as u — 4oc. Thus, for A, N is given by
N () = Ni(p) + Na(p) = (mq + ma)u™? + o(u™/?) and A satisfies the assumption of Proposition
2.13 and that of Theorem 2.7 with p = 2/n. The assumption 6 < 1 of Theorem 2.30 is satisfied if
and only if n/2 — 1< 1,ie,n <3.

We set Y = L?(2) as the control space and the operator B is given by B : g — (0, ]lwg)T, and is
bounded from L2() to (L%(£2))? and its adjoint is B* : (u1,us)” — Lyus € £ (L*())% L2 ().
Now, it remains to prove the interpolation inequality (2.12) to apply Theorem 2.16.

Proposition 2.31. Let Ty > 0, ¢ € (0,Tp/2). Suppose that there exists an open subset O C {,
ONw # 0 such that the coupling coefficient b € L () satisfies |b(x)| > by > 0 for almost every x €

O. Then, there exist C > 0, p € €2°(0,Ty) and v € (0,1) such that for everyv € (H?((0,Tp) x Q))2,
v|(0,7p)xoe = 0, we have
oll i (- <2 <

C||UH2;I§'((O’TO)XQ))2 (|\@B*U\|L2((0,To)xn) +|(-87 +A*)v||(L2((O,TO)><Q))2) - (2:32)
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Proof. We first prove (2.32) with || B*v||12((0,1,)x2) Teplaced by [[v]|z2(y) with V C(0,Tp) x ONw.
In a second step, thanks to local elliptic energy estimates, we eliminate the first component and
obtain (2.32).

Here, the time variable does not play a particular role. Thus, for the sake of clarity, we simplify
the notation, denoting by V the time-space gradient (9;,V,)T, by div the time-space divergence

. . o . 1 .
0¢ + div,, by C; the time-space diffusion matrices C; = ( 0 f ) , and by —A; the time-space
(3
elliptic operators

~A; =0} + P = —0? — div,(c; V) = — div(C;V-).
We also set
— A1 +a c
* _ _ 92 * 1
A—3t—|—A—< b —Ag—&-d)'

We also denote by (-,-) the L? scalar product on L2((0,Tp) x ) or (L?((0,Ty) x )"+, || - || the
associated norms, and by (-,);, i = 1,2, the L? scalar product defined by

(&€)i=(Ci&,€), &€ € (L*((0,Ty) x )", i=1,2,

and || - ||; the associated norm. With the assumptions made on ¢;, the norms || - ||; and || - || are
equivalent on (L2((0,Tp) x Q)"+

We first state local Carleman estimates for A*. These are direct consequences of the classical local
Carleman estimates for the elliptic operators A;. We first choose a local weight function ¢ satisfying
a subellipticity condition with respect to both A; and Ay (which can be done taking ¢ = e*¥ for A
sufficiently large and v satisfying |Ve¢| > C > 0, see [Hor63, Chapter 8], [LR95] or [LL09]). Then
there exists h; > 0 and C' > 0 such that for every w € (€>°((0,Tp) x Q))2, w = (wy,w2)T, and
0 < h < hq,

hlle® w2 + B3 ||e?/ " Vw2 < ChY e/ P Agwi||?, i =1,2

(see [LR95], or [F196] in the case ¢; € W), Adding these two estimates and absorbing the zero-
order terms for h sufficiently small, we directly obtain the same estimate for A* :

Blle?/Mwl|? + B3|/ Vw|2 < ChY e/ Arw|?,  Vw = ( v )
2

By optimizing in h (see [LR95]), these local Carleman estimates yield local interpolation estimates
of the form

1ol e a2 < CIoIGEY o, ey (”””(Hl(B(r)))Z + ||A*“||<L2<<0,To>xm)2) ’

where B(r) denote concentric balls of radium r.

Similar estimates at the boundary (0,7p) x 9 are also direct consequences of the Carleman
estimates at the boundary for a scalar elliptic operator.

Then, following [LR95], these local interpolation inequalities can be “propagated”, so that we
obtain the following global interpolation inequality, with two observations in H' norm, localized in
any nonempty open subset W of ({,To — ¢) x Q2 :

ol (¢ mo—ycanz < C”””Gﬂ(o,n)m)ﬁ <||UH<H1<W>>2 + HA*”||<L2((0,T0)XQ>>2) : (2.33)

Let us take the open subsets W, V, and U such that W c V, V Cc U, and U C (0,Tp) x O Nw.
Elliptic regularity for the operators A;, i = 1,2, shows that there exists C > 0 such that

[l wy < CUA* ] + (V]| 22(v))-
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It finally remains to eliminate one of the two observations with energy estimates. In fact, we
prove that .
[o1llz2(vy < CU[A*]| + [Jo2]lL2w))-

We write f = (f1, f2)T = %v, ie.

{ fi = =Arv + avy + cvo, (2.34)

fo = —Agvy + buy + dus.
Let x be a cut-off function such that x € €>°(U),0 < x <1l,and x =1 on V C U. We set
n=x", m=x"" m=x"1
for a real number 7 > 2, so that 7,711,712 and x7 2 are also cut-off functions of the same type. We
notice that Viy = n(7 + 1)Vx and Vi = n27Vx, where Vy is a bounded function.
We form the scalar product of the second equation of (2.34) by n?v;

(*v1,bur) = (Pv1, f2) — (o1, dva) + (01, Agvg).
The third term can be estimated as follows, using the equivalence of the norms || - |2 and || - || :

(Pv1, Dgva) = —(Vo1,nVua)2 — (v1(20Vn), Vuz)o
1 1
¢ (el Tl + ZmTual? + ealonl? + - Veal?).

IN

for every positive €1 and €5, thanks to Young’s inequality. Hence,

(Pvrbor) < C (illmVorl? + L e osll® + eallnun | + L n2Vos )

(2.35)
+l(nv1, f2)] + [(nPv1, dvs)|.

Moreover, forming the scalar product of the first equation of (2.34) by §;n?v; and the second
one by dan3vs for 01,2 > 0, we obtain

0 = d1(n7vr, Arvr) + d1(nfv, f1) — 01 (nfvr, avy) — 61 (N1, cva), (2.36)
0 = da(n3va, Agva) + da(n3v2, fa) — d2(n3v2, dva) — S2(n3ve, bur), '
with
Si(nfvr, Arvr) = =61 [niVurllF = 61(v1(2m V), Vi) (2.37)
< =Sl Vil +C (Sieslm Vol + 2o ?) '
and similarly
2 _ 2 o, 02 2
d2(m3v2, Agvz) < —da|n2Vuallz + C | dae3([n2Vvallz + - [v2 V2|2 (2.38)

for all positive 3.
Replacing (2.37) and (2.38) in (2.36), and adding (2.35) and (2.36), we obtain, for positive
constants Cy, K

(nPv1,0v1) < Gy {|(772@17f2)| + [(Pvr, dva)| + e [[m Vou |* + 2 Vs ||? + ea|nu |2
+ 2 I Va1 + 81| (nfvr, f1)] + 81l (nfvr, avr)| + 61| (nfvr, cva)|
+0o| (302, fa)| + ol (M52, dva)| + 2| (N5va, bur )| + dres|lm Vor||* + & |nv ||
+02e3]m2 Vo [|* + %\|02V772||2} — Ko {81]lmVu|? + 2|2V |},

where we used the equivalence between the norms || - ||1, || - ]2 and || - || to write everything in terms
of || - ||. Note that all the positive parameters d;, €; have not been fixed yet. Now we suppose that
b>by>0o0nU. The case b < —by < 0 follows the same. We thus have,

bo||77U1H2 < (772’017 b’Ul) < Cy {Jl + Jg} + KyJs (2.39)
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where J; contains only the terms without gradient, and

T3 = —0imVu? = &2l Ve,
Jy = emVul?+ ZlnVos|® + SlneVoo|® + d1esllm Vo ||?
+02e3]n2 Vs ||? + 22 vy Vg 2.

The term CyJo + KoJs in (2.39) is thus non-positive as soon as the conditions

0,

Co(er + d163) — Kooy
ol 0

1 1
o + z2 + 5283) — K062

INIA

are satisfied. In this case, we obtain from (2.39) b ||nv1[|? < CoJq. Let us now estimate Cp.J1, using
that a,b,c,d € L> and Young’s inequality with the parameters 1, e5 or ¢4 > 0 :

Coi <= Oy {€2H77v1||2 + 2l + Llnoall® + dullnor P + 61| f1lIP + 61 [|moel|®
+03[[n2v2 |2 + b2l fal|? + €ad2llnva |2 + X" 22|12 + %HWHZ}
< O (e2+8i+eada+ 2 ) ol + C(isey) (I 20l + 1212 + 1£2]?)

If we choose the parameters such that C; (62 + 01 + 400 + %) < % since we now have bo|lnv1|]? <

0
2
CyJ1, we then obtain

Ity < €1 es) (a2 + A2 + 1212)
lorllzery < € (allza) + 147l

Recalling that the open subset U is chosen such that U C (0,Tp) x O Nw, we take p € €>°(0, Tp; C),
with ¢ = 1 on the time support of U and we have

vzl 22wy < llpB* 0| L2((0,10)x2)-

The proof of the proposition is complete.

It only remains to note that it is possible to choose the parameters ¢;, ¢, satisfying

51(0063 — Ko) 4+ Coer < 0,
52(0063 —K0)+Co(é +%) < 0,
g2+01+ede+ 2t < 2%’1-

This can be done, fixing first 5 +4d; < 6%’1 and e3 < min{1, g—g} Second, choosing &1 < 61(15—(? —e3),
the first condition is satisfied. Third, we can fix J5 sufficiently large so that the second condition is
satisfied and finally 4 such that €465 < 6%’1 and the last condition is fulfilled. O

As a consequence of Proposition 2.31, the spectral inequality (2.13) of Theorem 2.16, the partial
controllability result of Theorem 2.27 and the null-controllability result of Theorem 2.30 hold in this
case. Under the assumptions made above, in particular those of Proposition 2.31, the coupled parabo-
lic system (2.31) is null-controllable in any positive time by a control function g € €°(0,T; L*(Q)).
Note that in this context, the spectral inequality (2.13) corresponds to the estimation of a finite
sum of root vectors of A by a localized measurement of only one component of this finite sum of
root vectors.

Remark 2.32. In the local energy estimates made in the proof, we see that the assumption ONw #
is crucial. In the case O Nw = @, the spectral inequality and the null-controllability remain open
problems to the author’s knowledge .
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Remark 2.33. In the case where the operator A is selfadjoint (i.e. b = ¢ in (2.31)), the spectral
inequality (2.13) is much easier to prove, once the interpolation inequality (2.32) holds. This spectral
inequality can take the following form. We denote by (u;)jen the eigenvalues of A = A* and
{(¢5,9j)"},en the associated eigenfunctions, that form a Hilbert basis of (L?(£2)). Then, for every
open subset U C (0,7) x O, there exist C > 0 such that for every sequence (a;,b;)jen C C and
a > 0, we have

2

Z (|Gj|2 + ‘b]‘Q) S C@C\/a Z (aje\/ﬁt + bje_\/’Tjt) ¢j
i <a Hj <o L2(U)

Following the proof of [LR95] or Section 2.4, it yields the controllability of the coupled problem
(2.31), without restriction on the dimension of .

Remark 2.34. The same proof also yields a spectral inequality, a partial controllability and a
null-controllability result for the following cascade system of d equations with one control force

8{[1,1 + P1U1 + ﬂwlUQ = 0,
8tu2 —+ P2u2 + ]le’U,g = O,

Oug—1 + Pyg—qug—1 + 1o, juqg =0,
Oiug + Paug = 1,9,
Ujii—o = uf, j€{l---d},

uj =0on (0,7) x 02, je{l---d},

where P; = —div(c¢;(z)V-) for some symmetric uniformly elliptic matrices ¢;. Note that the null-
d
controllability result is a particular case of the article [GBAT10]. We have to suppose that ﬂ w; # 0.
j=1

The spaces here are the same as above, the operator Ay is diag(P; - -- Py) and A; is

0 1o,

The above analysis directly yields the spectral inequality (2.13) of Theorem 2.16 and the partial
control result of Theorem 2.27. The null-controllability result of Theorem 2.30 in any positive time,
by only one control function g € €°(0,T; L?(©)) holds, supposing that 2 C R", n < 3.

2.6 Application to the controllability of a fractional order
parabolic equation

Following [MZ06] and [Mil06b], we give here an application of the spectral inequality (2.15)
of Theorem 2.17 to the null-controllability of the following parabolic-type problem in which the
dynamics is given by a fractional power of the non-selfadjoint operator A. We only treat the “good”
case, i.e., when the power v > 0 is sufficiently large. In this case, the selfadjoint problem is null-
controllable. We consider

{ Oyu + Ay = Bg

2.4
Ujt=0 = Ug € H. ( O)

Here, we define (D(AY), —A") as the infinitesimal generator of the strongly continuous semigroup
1

- e_tZVRA(Z) dz = SAV t),
2w 373;1(0 (
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or equivalently one of the following expressions (see [Haa06]),

1 v 1
A = lim / e Ra(z)dz = (A+ I)m—/ 2¥(z+1)""R4(2) dz
oPL, oPL,

20T t—0+ 2im

1 1
- —v d
[in /622 Ra(z) z} ,

where m € N, m > v+ 1, and ¥ = {z € C,arg(z) < arctan(Koad "), Re(z) > ag} denotes a sector
containing the spectrum of A. Here, we have to suppose that the operator A is positive, since Remark
2.1 does not hold in the case v # 1. In the case v ¢ N, we choose the principal value of the fractional
root. Hence, on each finite-dimensional subspace P, H, we can write A" in terms of the functional

1
calculus A” P, = % / 2" Ra(z) dz. Moreover, from Proposition 2.10 we have (A" P)* = (A*)" P;.
Sy

The same holds with II,, instead of P.

We now assume that the spectral inequality (2.15) of Theorem 2.17 holds for A and we obtain the
following partial controllability result for 0; + A”. It is the analogous of Theorem 2.26, supposing the
spectral inequality (2.15) instead of (2.13). Note that in this case we have no additional restriction
on the subordination number ¢ (as opposed to the statement of Theorem 2.30). The proof follows
that of [Mil06b] or [LL09]. However, when A is not selfadjoint, the operator A" is not necessarily
positive. As a consequence, we also have to treat the possibly non-positive low frequencies of A”.
This problem does not arise when A is positive selfadjoint since A is always positive.

For v > 0, we define N, = min{k € N,Re(z”) > 0,Vz € I}, such that A¥(I —II,,) (and also
A™(I — 117, )) is a positive operator if k > N,,.

Proposition 2.35. Let a > ay,. The partial control problem

{ o eTH (2.41)

Up=g = ug € [ H,
is null-controllable in any positive time T by a control function satisfying

v ]
g1l z2 (0,730 < CT /2T FC | .

Note that the additional cost e“T*~. of the control function is needed to handle the exponentially
increasing low frequencies.

Proof. The adjoint system of (2.41) is

0w+ A"w =0
wy—r = wr € I} H.

Thus w(0) € X H and w(t) = ¢! w(0). We first estimate

1 v
—/ e Ra-(2)dz

le™ A7 I, Loy = ]

L(H)

1 v v
< — / He_tz RA*(z)H dz+/ et RA*(Z)H dz | .
2m Loy, L(H) U L(H)

The second term is bounded by CeCe’ supe™! Re(z") < CeC’ since Re(z”) > 0 on each v, an, <
a < a. Concerning the first term, we have Re(z”) > —CaX for z € I'y, and thus

an, <ap<a Tk

[l e @), @ < ceomesre,
r L(H)

an,
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We thus obtain the estimate ||e A "TI* ||z < CeCT%,+02” \We then have the observability
ay IIL(H)
inequality

T v 2 v
Tl < [ (CeoTe5 7))t < CeTR A0 B wils

from (2.15) applied to w(t) € II¥ H. By duality, the proposition is proved. O

The same type of estimates as those performed in the proof of Proposition 2.29 gives the following
decay property, for k sufficiently large (k > N, ), for some constant 0 < ¢ < 1,

9 _cta? 1
”SA”(t)(I_Hak)HL(H) < Cecak ! kot > ()Tk

We finally have the analogous of Theorem 2.30, which proof follows the same (choosing Jy > N,,).

Proposition 2.36. Suppose that v > 6. For every T > 0, for every ug € H, there exists a control
function g € L?(0,7;Y) such that the solution u of the problem (2.40) satisfies u(7T) = 0.

In the case where A is a second order selfadjoint elliptic operator, the spectral inequality (2.15)
always holds for § = 1/2, and v > 1/2 is sufficient for the null-controllability (see [MZ06] and
[Mil06b]). Here, with the estimations we have proved, the case 1/2 < v < 6 is open.

Remark 2.37. Using arguments of measure theory given in [Wan08], Proposition 2.36 still holds if
we replace the control operator B in (2.40) by 1gB, for any subset of positive measure E C (0,7).
This means that the control function g given by Proposition 2.36 can be chosen so that g(t) = 0 for
t¢ E.

Example 2.38. For 2 C R™ and w a non-empty subset of Q, we take H =Y = L2(Q), D(Ap) =
H?2 N HQ), 49 = —A and A; = b-V + ¢ with b € WH®(Q;C"), ¢ € L*(Q;C) chosen so
that A is positive. Here, B* is a localized observation, i.e. B* = B = 1, € £(L*(Q)). Under
the conditions above, Proposition 2.3 is valid with ¢ = 1/2 and the assumption of Theorem 2.7
is satisfied for p = 2/n. Moreover, the interpolation inequality (2.14) is well known in this case.
In fact, it originates from Carleman inequalities [LR95], which form is invariant under changes in
the operator by lower order terms. Hence, the spectral inequality (2.15) of Theorem 2.17 holds for
0 = max{1/2, 251}. For any time 7 > 0 and E C (0,7) satisfying meas(E) > 0, Proposition 2.36
and Remark 2.37 give the null-controllability of the problem

8tu+(—A+b'v+C)UU:]lE><wg in (07T)XQ7
Ujp—g = Ug in €,
w=0 on (0,7) x 09,

for any n € N, v > max{1/2, ”771}

2.7 Application to level sets of sums of root functions

Following Jerison and Lebeau [JL99], we give here an application of the spectral inequality
(2.15) of Theorem 2.17 to the measurement of the level sets of finite sums of root functions in term
of the largest eigenvalue. The operator involved here is a non-selfadjoint perturbation of the Laplace
operator.

Let Q be a bounded open set in R™ (or a n-dimensional Riemannian compact manifold with or
without boundary). We set H =Y = L?(Q). Let —A be the Laplace operator on 2 and P(z, D) a
differential operator of order d € {0, 1}, such that A; = P(z, D) is a relatively compact perturbation
of Ag = —A, with dirichlet boundary conditions. We set A = Ay + 41 = —A+ P(z, D) and take for
B* alocalized observation, i.e. B* = B = 1,, € L(L?(Q)) for some nonempty open subset w C €.
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First note that under the conditions above, Proposition 2.3 is valid with ¢ = d/2 < 1 and
assumption (a) of Theorem 2.7 is satisfied for p = 2/n. Moreover, the interpolation inequality (2.14)
holds in this case (see Example 2.38 above). Note that a function ¢ is a sum of root functions of the
operator A associated with eigenvalues of real part lower than max{ay;ar < a} if p € T, L?().
From Theorem 2.17, we have the following spectral inequality : there exist positive constants C, D
such that for every positive a, for all ¢ € I1,L?(Q) (the dual space IT* L?(£2) does not play any role
here),

of 1 n+d
lellze ) < CeP 1ol Lo 0:max{2;2—1}. (2.42)

Assume now that Q is real-analytic, and, moreover the differential operator P(x, D) has real-
analytic coefficients. Under these conditions, the operator —9? + A is real-analytic hypoelliptic on
R x  [Tre80, Theorem 5.4], and ¢ € I1,L*(Q) implies that ¢ is real-analytic. We denote by H,,_1
the (n — 1)-dimensional Hausdorff measure on §2. We can now state the analogous of the result of
Jerison and Lebeau [JL99] for the class of non-selfadjoint elliptic operators we consider.

Theorem 2.39. For every level set K € R, there exist positive constants C1,Cy such that for all
a >0 and ¢ € 11,L*(Q),

1 d
Hn—l({WZK})SclaeJFCQ, amax{2§n;r1}- (2.43)

The proof follows exactly the same of [JL99] and uses arguments from [DF88] and [DF90].

This estimations (2.42) and (2.43) are known to be optimal for the Laplace operator, with
0 =1/2, see [JL99]. As a consequence, one cannot hope to have better estimates in the cases where
ntd _1<lien<3ifA=-A+c(z)andn<2if A=—-A+b(z) V+c(z)

However in the case 2% — 1 > 1, the results (2.42), (2.43) do not seem to be optimal.

2.8 Appendix

2.8.1 Properties of the Gevrey function e € G7, 1 <0 < 2

Here, we prove the existence of the Gevrey function e that is needed in the proof of Proposi-
tion 2.22.

Lemma 2.40. For every o > 1, By > 0 and k < 1 — %, there exists a Gevrey function e € G°
such that

(i) supp(e) = [0,1] and 0 < e(t) <1 for allt € (0,1);
1
(i6) [6()] < cre=% if Im(2) < 0
1
iii) |6(z)| > cse=41*17 in —iPy
Bog
where the constants ¢; are positive and —iPg = —i{z € C,Re(z) > 0,|Im(z)| < Bo Re(2)"}.

Proof. The function
eo(t) = exp (—tv%ll —(1- t)v%ll>
is in G and satisfies the properties (¢) and ().

We aim to prove a lower bound for [éy(z)| as 2| — oo in the parabola —iPp . To have a precise
estimation, we develop in detail the Laplace method, following [Erd56]. Let x and By two positive



92 Chapitre 2. Inégalités spectrales pour des opérateurs elliptiques non-autoadjoints

integers. For § < By, we estimate

éo(—i(s +1i0s")) = /01 exp (—to%ll —(1- t)o;—ll) exp(—(s +i8s™)t)dt

sTo
= / exp (s%(—urll — u)) exp (—(1 - 3707_111)_ﬁ - iﬁus'”%*l) s~ du
0

after the rescaling change of variable ¢t = s~ % u. We then set w = s7 the increasing parameter,
-1
h(u) = —u"-T —u and

g5(w,u) = exp <7(1 — of(‘jfl)u)fﬁ — iﬁuwH”(“*l)) ,

such that we write

o—1

éolils+iB5") = 1, 9) = [ w0 0)du

The function h(u) is negative on R, concave and h(u) < h(a) < 0 for u # a witha = (c—1)~ %7 >
0.

Following the Laplace method, we then split the integral I(w, 8) in three parts. The most important
contribution comes from the region where h reaches its maximum. We write

I(w,B) =w " DI, B) + L(w, B) + Is(w, B)), (2.44)
with o ot
L(w,B) = /0 e“’h(")gg(w,u)du , DL(w,p) = / e“h(“)gg(w,u)du
o1 e=n (2.45)

Is3(w, B) :/ e“’h(“)gg(w,u)du
a+mn
for n > 0, sufficiently small, that will be fixed below.

We first treat the main contribution I5 : Morse Lemma [GS94] implies that for 7 sufficiently small,
there exists two positive constants 14 and v and a diffeomorphism H : (a — n,a + 1) — (—v1, 1)
such that h o H=(z) = h(a) — “”—22 for x € (—v1, ). Moreover, the jacobian J(z) = | det(dH~1)|(z)
satisfies J(0)? = |n"(a)| 1.

With this change of variable, we obtain

B = [ (e H (@)@ (2

—11

Setting y = \/gar, we obtain

Ir(w,B) = \/ze‘”h(“) /R]l(wl,m (\/§y> J (\/zy> 9p (wﬂ‘l (\/zy» eV dy.

The modulus of the integrand is clearly bounded on R by C’e‘yz, independent of w and integrable.
Let us study the asymptotics of the integrand as w — +o0.

5 (wﬂi—l (\@y)) = exp <_ (1 (e (ﬂy))—%)
X exp (—z‘ﬁH—l (\/gy) w1+a<n—1>> .
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The first exponential converges when w — +o0o. In fact, setting

(W, y) = L(Zuy ) (\E@O J (\/Ey> exp | — (1 —w Tyt <\/§y>>011 ,

we have .
Plw,y) — e 1I(0) = e MW (@) F, as w — +oc.

For the second exponential in gg (the oscillating part), as H~1(0) = a, we write H™(z) =
a+ xK(z) where K € ¥°(R) and we have

exp (—iﬂHl (\/51/) wH"(”l)) = exp (—ib’wH”(”l) (a + \/gyK (\/?y>>>
w w w
. _ . 1 _ 2
= exp (fzﬁa;l*“(” l)a) exp <2\@ﬁw2+0(“ Dy K ([y)) .
w

We may thus write

2 : o(k— T
12(w7ﬂ) = \/:eWh(a) exp <_Zﬁw1+ ( 1)Cl> 12(w7ﬁ)7

Lw, ) = /Rw(w,y) exp <_Z‘\/§gwé+o(n—1)yK (\/jy)) e_yzdy.

The integrand in I5(w, 3) converges as w — oo under the condition 1+0(k—1) < 0. By summated
convergence, we have

where

hw.8) — L(8) = VI (@), if § +o(x—1) <0
and
ﬁ

e

~ 2K (0)? 1

Fy(w, 8) — L(8) = YZ 0" (a)|* exp (W) gl 1) =0

Moreover, similar arguments show that I»(w, 8) — L(8) is € (|- By, Bo]) with respect to the variable
0B. Then there exists kg such that for every w sufficiently large

(w, B)

|a(12_l’) S kO) 6 € [_BO7BO]'

op

Thus, I,—Lis uniformly Lipschitz with respect to the variable 8 and tends to zero for every fixed
B as w — +oo. Lemma 2.41 below implies that for all € > 0, there exists wp > 0 such that
|Iz(w, B) — L(B)| < € for w > wy and B € [—By, By].

We now address the terms I; and I in (2.45). As h(u) < h(a) < 0 for u # a, we can write
h(a —n) = h(a) — C_ and h(a+n) = h(a) — Cy with C4,C_ > 0, depending only on 7. Because h
increases on (0, a], decreases on [a,+00), and |gg| < 1, we have

11 (w, B)] < ae?™MWe™C | I3(w, B)] < w7 e MW,

Finally, for every fixed k <1 — %, we can write

I(w,B) = Qw3 ~7 gwh(a) (exp (—iﬁwH"(“_l)a) fg(w,ﬁ) + D(w,ﬂ))
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with |D(w, 8)] < Cw” 2e~C and I, converging to a non-zero limit uniformly in 3.

As a consequence, there exist Cy,Cy > 0 and wg > 0 such that
‘I(wvﬁ” > C(16_02“)7 w > wo, ﬁ € [_BO7B0]-

Switching back to the variable s = w?, we then have for some sg > 0

1
léo(—i(s +1iBs"))| > Cre=**" | s >sy, B € [~DBy, By

To conclude the lemma, we now set e(t) = e *°teg(t) that is also in G and satisfies property (i).
For z € C, we have é(z) = é9(z — isp) and (i7) holds. Property (7i7) follows from what precedes. [

Lemma 2.41. Let K be a compact set and I(w,x) a function defined on Ry x K, that is uniformly
Lipschitz on Ry x K with respect to the variable x € K, i.e.,

dkg > 0, |I(w7m2)—l(w,:v1)|Sk0|x2—x1|, WGR+, T1,29 € K.

If for every x € K, limy,_ 4 oo I(w,z) = 0, then limy,_ 4 o max,cx I(w,z) = 0.

2.8.2 A Paley-Wiener-type theorem

Here we prove a Paley-Wiener-type theorem adapted to the situation of Proposition 2.22

Proposition 2.42. Let Y be a separable Hilbert space and f € H(C;Y) satisfying for positive
constants Cy, C; :
1f(2)|ly < CeeflleT () e > 0,2 € C; (2.46)

If(Mlly <Cn(1+|7))",VN eN,7 €R. (2.47)
Then, there exists uw € €°(0,T;Y) such that 4(z) = f(z), z € C.
Proof. Let (e;)jen be a Hilbert basis of Y. For every j, z — (f(2),¢;)y € H(C;C). Equation (2.46)
gives |(f(2),e;)y| < CeelleT™(2) We > 0,2 € C, and the Paley-Wiener theorem [Hor83, Theo-
rem 15.1.5] then implies that there exists an analytic functional u; carried by (0,T") (see [Ho6r90,

Chapter 9] for a precise definition) such that u;(z) = (f(2),e;)y, z € C. Moreover, (2.47) yields
laj(T)| < Cn(1+|7])~N,VN € N, 7 € R and thus, u; € €>°(0,T;C).

We now set u =}y

|UHL2(]R ) = Z H%HL?(R) o ZH’&]'H%Z(R) = Z (), €5 Y||L2(R) 7T||f||2L2(R;y)~

JjEN JEN jeN

uje; and observe that u € L2(R;Y)

We note that supp(u) C (0,T) since supp(u;) C (0,T) for all j € N. Hence the Fourier-Laplace
transform of w is an entire function, satisfying, for z € C

(a(2), ex / 3 uj(t)e g dt, e / > ui(t)e ™ (e, )y dt = i (2).

jEN v jEN

Thus,

= ij(z)e; = > (f(2),e5)ve; = f(2)

jEN jEN
and f is the Fourier-Laplace of u. Finally, (2.47) yields ||a(7)|y < Cn(1+ |7[)"Y,VN e N7 € R
and thus u € €. O
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3.1 Introduction

When considering elliptic and parabolic operators in R™ with a diffusion coefficient that jumps
across an interface of codimension one, say {z, = 0}, we can interpret the associated equations as
two equations with solutions that are coupled at the interface via transmission conditions at z,, = 0,
viz. in the parabolic case,

Owy1 + VeerVeyr = f1oin {x, <0}, Oy + VecaVays = fo in {z, > 0}, (3.1)

and

Ylen=0- = Y2lz, =0+ 10z, Y1z, =0- = €20z, Y2z, =0+ - (3.2)

Here, we are interested in parabolic/elliptic models in which part of the diffusion occurs along
the interface. Then the transmission conditions are of higher order, involving differentiations in the
direction of the interface. Such a model can be viewed as an idealization of two diffusive media
separated by a thin membrane. We derive this model starting from three media and formally letting
the thickness of the intermediate layer become very small. We introduce a small parameter § > 0
that measures the thickness of this layer. Questions such as unique continuation, observation and
controllability are natural for such a model. This is the main goal of the present article.

Most of the analysis that we shall carry concerns a related elliptic operator, including an ad-
ditional variable. Our key result is the derivation of a Carleman estimate for this operator (see
Theorem 3.2 below). The general form of Carleman estimates for a second-order elliptic operator P
is (local form)

hlle? M w7z + B3|/ Vwl|z. < ChYlle?/" Pwla, (3.3)

for h sufficiently small, an appropriately chosen weight function ¢, and for smooth compactly sup-
ported functions w. We then deduce an interpolation inequality and a spectral inequality for the
original operator in the spirit of the work [LR95]. This spectral inequality then yields the null
controllability of the considered parabolic system. A important feature of the results we obtain here
is their uniformity in the thickness parameter ¢. In particular this allows us to recover the earlier
results obtained on (3.1)—(3.2) in [LR10]; this corresponds to the limit § — 0 in the model we
consider here.
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3.1.1 Setting

Let (€2, g) be a smooth compact n-dimensional (n > 2) connected Riemannian manifold (with
or without boundary), with g denoting the metric, and S a n — 1-dimensional smooth submanifold
of ) (without boundary). We assume® that 2\ S = Q; UQy with 2; N Qs = 0, so that Q; and Qy
are two smooth open subsets of (). Endowed with the metric g;7(s), S has a Riemannian structure.
We denote by 0, a non vanishing vector field defined in a neighborhood of S and normal to S (for
the Riemannian metric). We choose the vector field 9, outgoing from €y, incoming in Q5. In local
coordinates, we have

Oy =0, with p/ =X neg?®,  |nly =1,
7 -

where ¢ g;;, = 01, A> = (¢”'n;n;)~*, and n is the normal to S for the Euclidean metric in the local
coordinates, outgoing from 2, incoming in Q. In fact /\‘23 = det(g)/ det(g|p(s)) at S.
The covariant gradient and the divergence operators are given in local coordinates by

Vo= Kn,  divy= s S0 (VA
i et(g)

with similar definition for the gradient V¥ =V
S with the metric g;7(s)-

. P .
g7(sy and divergence div® = divy,,. o, on the interface

We consider a (scalar) diffusion coefficient ¢(x) with ¢, € €°°(Q;), i = 1,2, yet discontinuous
across S and satisfies ¢(x) > ¢min > 0 uniformly for z € Q; U Qy. We set

1 iy
728% (CQU V det(.g)amj)a in Q1 UQZa
det(g) iy
in local coordinates. Let us denote ¢® a smooth (scalar) diffusion coefficient on S satisfying ¢*(z) >
¢ in > 0. Similarly we define A, = div® ¢®V* as a second-order elliptic differential operator on S.

In what follows, we shall use the notation z|5, = (Z‘Qj)ls, j =1,2, for the traces of functions on

A, =divge(z)V, =

S.

Given a time T' > 0, we consider the following parabolic control problem
8tz — ACZ = ]lwu in (0, T) X Ql U QQ,
02 = Apoz® = 3 ((cOy2) s, — (c0y2)js,) in (0,T) x S,
215, = 2° = 2|, in (0,7) x S,
zj90 = 0;

(3.4)

with some initial data in L?(Q; UQs) x L2(S). Here, § denotes a bounded parameter, 0 < § < o, and
w is an open nonempty subset of 27 U Q2s. Let us suppose for instance that w C 5. The function u
is a control function and the null-controllability problem concerns the ability to drive the solution
(z,2°) to zero at the final time T'.

Such a coupling condition at the interface was considered in [KZ06] and [LZ10] for the associated
hyperbolic system. In Appendix 3.6, we briefly explain how this model can be formally derived. This
model corresponds to two diffusive media separated by a thin layer in which diffusion also occurs.
The parameter ¢ is then a measure of the thickness of this intermediate layer. In the derivation of
the model § is assumed small.

We present here some function spaces and operators and their basic properties to formulate
Problem (3.4) in a more abstract way. The reader is referred to Section 3.2 for the details. We
introduce the Hilbert space HY = L?*(Q1 U Q) x L?(S) with the inner product

(Z, Z)'Hg = (2’2)L2(91U92) +(S(ZS,§S)L2(S) y Z = (2725), Z = (2,28),

5. other geometrical situations can be dealt with because of the local nature of the estimates we prove here. See
Section 3.1.3.2 below.
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where

(2 2) L2 (uu00) = / 2Z dv, (2%, 2%) 125y = / 2575 dv®, (3.5)
QU0 S

with dv = \/det(g) dr and dv® = \/det(gr(s)) dy. We also introduce the following Hilbert space
Hy={Z=(2,2") e H'(Q UQ) x H'(S); 200 =0; 25, = 2° = zj5, }, (3.6)

with the inner product

(2.2)3 = (2:2) 39 + (V42 V42) (g 00y + (V72 V°57) Z= (5%, 7= (35

L2(s)7

Problem (3.4) can be written as

8,Z + AsZ = Bu, (3.7)
where the state is Z = (z,2°) € HY and the operator A; reads
—Acz
AsZ = . € , 3.8
J < —Ags25 — % ((cOn2)|s, — (€On2)s,) > (3.8)
with domain
D(As) = {(z,2°) € H}; As(z,2°) € HY}. (3.9)

The operator (As, D(As)) is nonnegative self-adjoint on HY. The control operator B is the bounded
operator from L2(£2; U Qy) into L?(Qy U Qs) x L%(S) given by B : u — ‘(1,u,0). We shall prove
that System (3.7), i.e. System (3.4), is well-posed for an initial condition in H.

Remark 3.1. In the limit § — 0, from System (3.4), we obtain the following system (see Sec-
tion 3.2.2 for a proof of convergence)

Oz — Az =1,u in (0,7) x Q1 UQo,
(cOyz)|s, = (cOpz)|s, and 25, = 25, in (0,T) x S, (3.10)
zjpa = 0

which corresponds to the case studied in [LR10]. We also refer to the recent works [DOP02,BDL07a,
Le 07a, BDL07b, BGLR07,LR11,LL10, BDL11] for the derivation of Carleman estimates for ellip-
tic and parabolic operators with such coefficients with applications to controllability and inverse
problems.

3.1.2 Statement of the main results
3.1.2.1 Carleman estimate

The Carleman estimate we prove concerns an augmented elliptic operator : we introduce an
additional coordinate, 2y € (0, Xo) C R, so that (zo,z) € (0, Xo)x. This variable o was introduced
in [LR95]; there it allowed to obtain the null-controllability of the heat equation. This approach
was followed in several works [LZ98,JL99, LR10]. It was also used to prove stabilization properties
of the wave equation [Leb96, LR97].

We consider the n + 1-dimensional partially determined elliptic problem

—02,w—Aw+ Vew+bw = f in (0, Xo) x (21 UQy),
—07,w* — Acsw® + Viw® 4+ b*w®

= 5 ((cOqw)|(0.x0)x 52 — (€0yw)|(0.x0)xs, +0°) in (0, X0) x S,
W|(0,X0) xSy = w® + ' and W|(0,X0)xS2 = w® + 02 in (O,XO) x S.

(3.11)

Note that we add lower-order terms to the elliptic operators here : V, (resp. V2) denotes any
smooth vector field on € U Qs (resp. S) and b (resp. b*) are some bounded functions on 3 U Qs
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(resp. S). Moreover, we include source terms 67, j = 1,2, 6* at the interface through the transmission
conditions. This system is not fully determined as we do not prescribe any boundary condition on
{0} x 2 and {Xo} x Q.

In Section 3.3, we introduce a small neighborhood V. of S in 2, where we can use coordinates
of the form (y,z,) with y € S and z,, € [—2¢,2¢]. We then set M = (0,Xy) x V. and M, =
Mn((0,Xp) x Q;), j=1,2.

For a properly chosen weight function ¢ (see Section 3.3.1), for some 0 < ag < Xo/2, and a
cut-off function ¢ = {(x,) € €>°([0,2¢)), with ( =1 on [0,¢), we shall prove the following theorem.

Theorem 3.2. For all §y > 0, there exist C > 0, and hy > 0 such that

0 TR P O N SN Y L3 DN Ao -
j=1,2 j=1,2

< C (W™ fian, I+ B4 1€/ fiaa, I + D262 1o/ fan, I3
52
+ hle?/M0N 2 4 (b + ﬁ) /7022 4 h3|e?/hV ,, 502 + B3|e?/ "V, 56023 + h3|e<r°/h95|g), (3.12)

for all 0 < 6 < 8, 0 < h < hg, for (w,0%,0% 0%, f) satisfying (3.11), wipm,; € ¢>(M;), and
w® € €((0, Xo) x S) with

supp(w) C (ag, Xg — ag) x S x (—2¢, 2¢), supp(w®) C (ag, Xo — ap) X S.

Here Vo o = (020, Vg)'s Va5 = (0ny, V*)! and ||.||o, |-Jo are L2-norms on M and (0, Xo) x S
respectively. The weight function ¢ will be chosen increasing when crossing S from M; to Maj,
which corresponds to an observation on the side (0, Xy) x §25. Observe the non symmetric form
of the r.h.s. of the estimate above. This originates from our choice of observing the solution w in
(0, Xo) X Q.

This type of Carleman estimate is well known away from the interface S (see [Hor63], and [LR95]
for an estimate at the Dirichlet boundary 092).

Remark 3.3. The additional variable x( is used here to obtain the spectral inequality of Theo-
rem 3.5 below. The same Carleman inequality holds for the operator As. The proof can be adapted
from that of Theorem 3.12. In fact, without the additional variable, the proof becomes less involved.

The Carleman estimate of Theorem 3.2 exhibits the loss of a half derivative apart from one term
in the r.h.s. (see below). Usually, one proves such Carleman estimates locally in a neighborhood
of a point, for instance using local coordinates, treating only the principal part of the operator.
Next, one includes lower order terms in the operator, exploiting that the associated contributions
can be absorbed thanks to the coefficients h® of the terms in the L.h.s. of the Carleman estimate©.
Finally, one patches these estimates together if a global estimate is needed. This can be achieved
again thanks to the precise powers of h in all the terms. For a review of these derivations see for
example [LL09].

At the interface, for technical reasons, the powers of h obtained in the following terms in the
r.h.s. of (3.12) are

52
B2 Ge?™ fian I + T-1e#/ 6?3,

For the first term this corresponds in fact to a loss of one and a half derivative. We do not know
if they are optimal or not. If we simply prove the Carleman estimate in the neighborhood of a
point, because of the powers of h in these terms such local estimates cannot be patched together.
The obstruction originates from the diffusion that occurs in the (n — 1)-dimensional submanifold S
through the operator A.s. Note that this obstruction naturally disappears in the limit § — 0.

Our strategy will thus differ from what is done classically. The estimate of Theorem 3.2 is of
semi-global nature. It is global in the direction of the submanifold S and local in the other directions

6. Note that the powers of h in estimate (3.3) are in fact optimal.
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(2o and a normal direction to S in §2) : we work in a neighborhood of the whole interface .S. Thanks
to the cut-off function ¢ that confines the term

h2621¢e?’" fiams I}

in a neighborhood of S, estimate (3.12) can in turn be patched with Carleman estimates away from
the interface to form a global estimate. Moreover for the same reasons we do not restrict our analysis
to the principal part : in proof we consider also the first-order terms of the operator ”.

Following [LR10] we shall introduce microlocal regions. Here, the regions are defined on the
whole (cotangent bundle of) S. For each region we shall derive a partial Carleman estimate. The
different estimates can then be patched together to yield (3.12). Our strategy requires us to work
on S globally; we shall thus consider (pseudo-)differential operators on S. Yet, we shall often use
their expression in local coordinates ; this will allow us to use some of the results proven in [LR10].

For the purpose of proving the null controllability of the parabolic problem (3.4), a local Carleman
estimate of the form of Theorem 3.2 in the neighborhood of any point at the interface would be
sufficient. Yet, an important property of Carleman estimates resides in the possibility of patching
them together to obtain a global estimate. Our result thus preserves this important feature.

3.1.2.2 Interpolation inequality

With the Carleman estimate of Theorem 3.2 we then prove an interpolation inequality of the
form of that introduced in [LR95]. This type of interpolation inequality for elliptic operators has
also been used in [Leb96, LR97] to address stabilization problems for the wave equation.

Let oy € [0,X0/2), we set KJ(a1) = L?*((a1,Xo — a1);HY) with also K§ = K9(0), and the
following Sobolev spaces

Ks(o1) = L*((o1, Xo — a1); Hg) N H' ((1, Xo — a1):H3), K = K;(0),
and
K3 = L*((0, Xo); D(A5)) N H((0,X0); Hs) N H((0, X0); HY).

Theorem 3.4. For all §o > 0, there exist C > 0 and vy € (0,1) such that for all § € (0,d) we have

10y < CITIG" (]| (= 02, + 45)0]

Yo
ot 02 0(0,2) 220 ) (3.13)

for allU = (u,u®) € IC§ with Ujg,—o = 0 in Q1 U Qy.

An important consequence of this interpolation inequality is the spectral inequality that we
present in the next section.

3.1.2.3 Spectral inequality and null-controllability result

From the above interpolation inequality we deduce a spectral inequality for the elliptic operator
As defined in (3.8). We consider &5; = (es;,€3,), j € N, a Hilbert basis of HJ composed of
eigenfunctions of the operator A; associated with the nonnegative eigenvalues ps; € R, j € N,
sorted in an increasing sequence (see Proposition 3.14).

Theorem 3.5. For dy > 0, there exists C > 0 such that for all 0 < 6 < §p and p € R, we have

1Zllg < CeVPlzlliay, 2 =(22") € Span{&s ;i ps; < - (3.14)

7. This technical point explains the regularity requirements we made above for V, and VJ. Yet, we can treat
bounded coefficients for the zero-order terms.
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Following [LR95], this estimation then yields a construction of the control function wus(t,x)
n (3.4), by sequentially acting on a finite yet increasing number of eigenspaces, and we hence
obtain the following §-uniform controllability theorem. The proof can adapted to those in [LR95]
or [LZ98, Section 5, Proposition 2] and the uniformity w.r.t. the parameter § > 0 comes naturally.
We refer also to [LL09] for an exposition of the method and to [Mil06b, LéalOa, Mil10, TT10] for
further developments.

Theorem 3.6. Let §o > 0. For an arbitrary time T > 0 and an arbitrary nonempty open subset
w C Q there exists C > 0 such that : for all initial conditions Zy = (20, 2§) € HY and all 0 < § < &y,
there exists us € L?((0,T) X w) such that the solution (z,2°) of (3.4) satisfies (z(T),2*(T)) = (0,0)
and moreover

[usllz2(0,1)xw) < CllZol|#0-

An important feature of this result is that the control is uniformly bounded as § — 0, so that we
can extract a subsequence us weakly convergent in L2((0,T) x w). In Corollary 3.18 we prove that
the associated solution of Problem (3.4) converges towards a controlled solution of Problem (3.10).
For this last control problem (previously treated in [LR10]), we hence construct a control function
which is robust with respect to small viscous perturbations in the interface.

It is classical to deduce a boundary null controllability result from the previous distributed
control result.

N.B. Here, for the sake of fixing the notation for the statement of the Carleman estimate above
we chose the observation in 2. This corresponds to w C €9 in the proofs of Theorems 3.4, 3.5 and
3.6. Yet, w can be chosen as any arbitrary open subset of 2.

3.1.3 Some additional results and remarks
3.1.3.1 A stabilization result.

A second important consequence of the interpolation inequality of Theorem 3.4 concerns the
stabilization properties of the hyperbolic system (studied in [KZ06,LZ10])

Onz — Acz+a(x)0z =0 in (0,7) x Q1 Uy,

Opp 2% — Aps 2° % ( |52 Canz)|sl) %n (O,T) X S, (3.15)
2|5, = 2° = 2|3, in (0,T) x S,

2190 = 0;

where a is a nonvanishing nonnegative smooth function on €y U Q5. According to [Leb96, LRI7], a
local version of (3.13) (see Lemma 3.35 below) allows one to produce resolvent estimates which in
turn give a result of the following type : for all 49 > 0 and all k& € N there exists C > 0 such that
for any 0 < § < dg, we have the energy decay estimate

C

[(9e2, 0:2°) I + [[(2,2°) 172 < [log(2 + )%

(1600l 3 165 ecol 32 ).
5

) D(A;

for all solutions of for (3.15). In particular, this decay rate is uniform w.r.t. §. See [Bur98, Theorem
3] to obtain the power k exactly. The same properties can be obtained for this hyperbolic system
with a boundary damping (see [LRIT7]).

3.1.3.2 Other geometrical situations

Above we assumed that €2 could be partitioned according to 2 = Q3 U Qs U S. More general
situations can be treated (interpolation and spectral inequalities, and null controllability result)
because of the local nature of the Carleman estimate of Theorem 3.2. If V' is a neighborhood of S,
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FIGURE 3.1 — Other geometrical situations : (a) €2 is an bounded open subset of R™; (b) and (c)
is a compact manifold with boundary.

we require V' to be of the form V; UV, U S with Vi and V5 on both sides of S. Several non intersecting
interfaces can be considered as well. For example, the geometrical situations in Figure 3.1 can be
addressed as well. If needed the derivation of a global Carleman estimate can done by combining
Theorem 3.2 and the arguments of Section 5 in [LR11].

3.1.3.3 Lack of controllability from the interface

It is important to note that the parabolic controllability result of Theorem 3.6 does not hold in
general if the control function acts on the interface S. Let w® be an open subset of S then in general
there is no u € L((0,T) x S) that brings the solution of

Oz — Az =10 in (0,7) x Q1 UQy,

O2* — Aeez® = 1 ((cOy2)1s, — (cOy2)js,) + Lwsu in (0,T) x S, (3.16)
2|5, = 2° = 2|3, in (0,7) x S,

Z‘C’)Q =0

to zero at time T'.

Let us consider the following two-dimensional example : Q = R/(27Z) x (—m,7) is the cylinder
endowed with a flat metric. For consistency with the notation of Section 3.3 we use (y,z,) as
the coordinates in €, with periodic conditions in y. We define the interface as S = {z, = 0} =
R/(277Z) x {0}, so that 1 = {z,, < 0} and Qs = {z,, > 0}.

We take the diffusion coefficient ¢ to be piecewise constant (i.e. ¢ = ¢; in Q; for j = 1,2) and
define the operator As as in (3.8) (with Dirichlet boundary conditions in the x,-variable). In this
geometrical context, we have the following result.

Proposition 3.7. If v := ,/g—f € N*, then for all ¢®* >0, § > 0, and j € Z, the function

[ €5 . [ esin(yjx,)  for x, <0,
G5 = ( 0 ) o with - es(ywn) = { e sin(jz,,) for x, > 0,

is an eigenfunction of the operator As associated with the eigenvalue coj(1 + ~?).

As a consequence, the adjoint problem of (3.16) (which is of the same form as (3.16) without
any control function) does not satisfy the unique continuation property when observed from any
subset of S. More precisely, we notice that the set of “invisible” modes is of infinite dimension. As
a consequence, System (3.16) is not approximately controllable in this case and moreover the set of
non-controllable modes is of infinite dimension.

The phenomenon exhibited in this example is due to the high level of symmetry. However, in a
general setting, if the Laplace operator has an eigenfunction which has a ¥° closed nodal curve, then
the associated problem (3.16) with ¢; = ¢a = 1 and S given by this nodal curve is not controllable
from S. We hence see that this question is connected to properties of the eigenfunctions of the
Laplace operator and of their nodal sets.
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3.1.4 Notation : semi-classical operators and geometrical setting
3.1.4.1 Semi-classical operators on R?

We shall use of the notation () := (1 + |n|?)2. For a parameter h € (0, hg] for some ho > 0,
we denote by S™(R¢ x R?), S™ for short, the space of smooth functions a(z,¢,h) that satisfy the
following property : for all o, 3 multi-indices, there exists C g > 0, such that

0202a(z,¢, h)| < Cap(Q)™ I, zeR?, CeR?, he(0,hol.

Then, for all sequences a,,—; € S™77, j € N, there exists a symbol a € S™ such that a ~ Zj b
in the sense that

a— ‘ZN ha,,_; € W™= (3.17)
1<

(see for instance [Mar02, Proposition 2.3.2] or [Hor85, Proposition 18.1.3]), with a,, as principal
symbol. We define U™ as the space of semi-classical operators A = Op(a), for a € S™, formally
defined by

Au(z) = (27h)~ / / Gt Mgl ¢ Ry ult) dt ¢, u e ' (RY).

We shall denote the principal symbol a,, by o(A). We shall use techniques of pseudo-differential
calculus in this article, such as construction of parametrices, composition formula, formula for the
symbol of the adjoint operator, etc. We refer the reader to [Tay81, Hor85, Mar02]. We provide
composition and change of variables formula.e. in the case of tangential operators in Appendix 3.7.
Those formula.e. can be adapted to the case of operators acting in the whole space R¢. In the main
text the variable z will be (zg,z) € R*™! and ¢ = (&, &) € R

We set
m>0 m>0
U= v, AUT>® = ) AT,
m>0 m>0

Note that if there exists a closed set F' such that in the asymptotic expansion (3.17) we have
supp(am—;) C F', j € N, then a representative of a modulo h>°S5~° can be chosen supported in F.

We shall also denote by 2™ the space of semi-classical differential operators, i.e., the case where
a(z,(, h) is a polynomial function of order m in (. In particular we set

D= Qa, and we have o(D) = ¢.
i

We now introduce Sobolev spaces on R? and Sobolev norms which are adapted to the scaling
1
parameter h. The natural norm on L*(R?) is written as |Jul|p2ra) = [|ullo := ([ [u(z)|* dz)2. Let
r € R; we then set

lully = llull e @ay = |Aullo,  with A" := Op((€)") and 7 (R?) := {u € &' (R?); |Jull, < oo}.

The space 7 (R?) is algebraically equal to the classical Sobolev space H"(R?). For a fixed value of
h, the norm ||| is equivalent to the classical Sobolev norm that we write ||| 7+ (ra). However, these
norms are not uniformly equivalent as h goes to 0.

3.1.4.2 Tangential semi-classical operators on R%, d > 2

We set z = (2/,24), 2 = (21,...,24-1) and ¢’ = ((1,...,C4—1) accordingly. We denote by
Sm (R x R4=1), S™ for short, the space of smooth functions b(z,(’, h), defined for h € (0, ho] for
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some hy > 0, that satisfy the following property : for all o, 3 multi-indices, there exists Cy 5 > 0,
such that

0205b(2,¢' h)| < Cap(¢)™ 1Pl 2 eRY, ¢ €RY, h e (0, ho.

As above, for any sequence b,,—; € ng_j, j € N, there exists a symbol b € S7 such that b ~
Zj h?b,,—;, in the sense that b— Zj<N hby,—; € hNSg—%N, with b,, as principal symbol. We define
U as the space of tangential semi-classical operators B = Op7(b) (observe the notation we adopt
is different from above to avoid confusion), for b € ST, formally defined by

Bu(z) = (2rh)~(@=1) //e“z (2, ¢ h) ult zg) dt’ dC!, w e S (RY).

In the main text the variable z will be (zg,2’,2,) € R*™! and ¢’ = (&, £’) € R™.

We shall also denote the principal symbol b,,, by o(B). In the case where the symbol is polynomial
in ¢’ and h, we shall denote the space of associated tangential differential operators by 2. We shall
denote by A% the tangential pseudo-differential operator whose symbol is (¢')*. We set

m>0 m>0
—00 __ —m 0Oy —O0 __ myJy—m
U= ) U7, AU = () RS
m>0 m>0

For function defined on z4 = O or restrlcted to zd = 0 followmg [LR95,LRI7], we shall denote
by (.,.), the inner product, i.e., (f,g = [[f(& . The induced norm is denoted by |[.|o,
ie, |fI3=(f,f)y Forr € R we mtroduce

|f|ser@a-1y = | flr == |AT flo- (3.18)

The composition Formula and the action of change of variables are given in Appendix 3.7.1.

Note that we shall keep the notation W77 for operators with symbols independent of z;4, acting
on {z4 = 0}. These operators are in fact in W(R?~!). A similar notation will be used in the case
of operators on a manifold.
3.1.4.3 Local charts, pullbacks, and Sobolev norms

The submanifold S is of dimension n — 1 and is furnished with a finite atlas (U;, ¢;), j € J. The
maps ¢; : U; — U; C R"™! is a smooth diffeomorphism. If U; N Uy, # () we also set

¢jk : ¢j(Uj N Uk) C Uj — ¢k(Uj N Uk) C Uk,
Yy — ¢xo g (y).

The local charts and the diffeomorphisms we introduce are illustrated in Figure 3.2.
For a diffeomorphism ¢ between two open sets, ¢ : U; — Us, the associated pullback (here stated
for continuous functions) is

¢" € (Uz) — €(Uh),

U — U0 .
For a function defined on phase-space, e.g. a symbol, the pullback is given by

o u(y,n) = u(dy), (&) "'n). yeUnneTi(Uy), ueE T Us). (3.19)

We shall use semi-classical Sobolev norms over the manifold S together with a finite atlas
(Uj,¢5)j, ¢ : U; = R™! and a partition of unity (1;); subordinated to this covering of S :

¥; € 4(S), supp(¥;) CU;, 0<¢; <1, Yo;=1
J
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Rn—l Rnfl

quk

Us

Ujk Uk,

F1GURE 3.2 — Local charts and diffeomorphisms for the submanifold S.

We then set :
ulser(s) = 22 [(67) Wil e ma-r). (3.20)
J

Note that the Lh.s. denotes a norm on the manifold and the r.h.s. is defined in (3.18). We shall need
the following elementary result.

Lemma 3.8. Let (f;); be a family of smooth functions on S with supp(f;) C U;j and 3, f; =

f=C>0inS. Weset N(u) =3, |(¢j_1)*fju|jfr(]]§n—l). Then N, is an equivalent norm to
|| ser ®n—1y, uniformly in h.

For a proof see Appendix 3.8.1. Note that the L?-norm (r = 0) defined in (3.20) is equivalent to
the natural L?-norm on the Riemannian manifold S given through the inner product in (3.5).

Norms in codimension 1. For a function u defined on (0, Xo) x R"™! we set
Xo
2 2 2
lulo = lulz2((0,x0) xRn—1)s [uli = [Da,ulg +/o |u|ff’1(R"*1) dxo.

Note that the latter norm is equivalent to |u| 1 (rxrn-1) if moreover the function u is compactly
supported in the zg variable. For a function u defined on (0, Xy) x S, we set

ule = S 1(67Y) Wule,  £=0,1, (3.21)
j
where ¢; stands for Id ®¢;.

Norms in all dimensions. For a function u defined on (0, Xy) x R"~! x R we set

Xo
lullo = ullzato.x) xrn-ixmys  lull2 = [ Doyl + / / lul%s g1y do diy + | Do, ul2

Note that the latter norm is equivalent to ||u| s1 (& xrn-1xr) if moreover the function u is compactly
support in the xg variable. For a function u defined on (0, Xg) x S x R, we set

lulle = S U(67Y) wpulles  €=0,1, (3.22)
J
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where ¢; stands for Id ®¢; @ Id.
The following lemma is a counterpart of Lemma 3.8 when working on a local chart of (0, Xg) x .S
or (0,Xp) x S xR.

Lemma 3.9. Let u be such that supp(u) C K C (0,Xo) x U; (resp. (0,Xo) x U; x R) with K
compact. Then for some constant C'x we have

Cxtlule < 1(671) ule < Cklule  (resp. CiMlulle < 11(8;1) "ulle < Crllulle),  £=0,1.

Proof. We treat the case of a function defined in (0, X) x U;. Consider a partition of unity of .S,

Yok U =1, ¢y € €((0, Xo) x Uy), such that 1®1ﬁj = 1 in a neighborhood of K. Then the induced
norms are equivalent to that given above by Lemma 3.8 and for the particular function u they are
equal to |(¢j_1)*u|g, £=0,1. O

Tangential semi-classical operators on a manifold. We can define tangential semi-classical
operators on a manifold by means of local representations. This relies on the change of variables
formula for semi-classical operators in R? presented in Appendix 3.7.1. We provide details of this
construction in Appendix 3.7.2. In particular we define the local symbol of the operator in each chart
and its principal symbol on the manifold. We also provide composition and Sobolev regularity results
for such operators. In Section 3.3.6 below we introduce a particular class of tangential operators that
will be important in the proof of the Carleman estimate as they will allow us to separate the analysis
into microlocal regions.

A trace formula. In the sections below, we shall also use of the following trace formula [LR97,
page 486] connecting the tangential and volume norms introduced above :

9]0, —o+lo < Ch72 |1, (3.23)

for 1 defined on R"*!  as well as for ¢ defined on (0, Xo) x S x [0, 2¢].

3.2 Well-posedness and asymptotic behavior

We introduce a more general operator

A7 — < —Ayz+ Vyz+ bz )

—Apez® + VE2® +b°2° — 1((cOpz)|s, — (cOn2))s,)

with domain D(As) = D(As) (see (3.9)), where V,, (resp. V) denotes a smooth vector field a(z)V,
(resp. a®(z)V*®), and b (resp. b*) is a bounded function.

We start by considering the well-posedness of the evolution problem (3.4), 0;Z + A;Z = F.
Note that the lower-order perturbations we add to As to form As do not affect the well-posedness
properties (compare with (3.8)).

3.2.1 Well-posedness

In this section we simply assume that a, a® are bounded coefficients. For Z, Z € D(As), an
integration by parts gives

((A§ + )\Id)Z7 Z)'Hg = (CVgZ, VgZ)LQ(QlLJQz) + (vaZ + (b + )\)Z, 2)L2(QIUQ2)
+ 6(csvsz3, ngs)lg(s) + 5<VZZ§ + (bs + )\)2:87 Zs)Lz(S)
= ax(Z,2). (3.24)

. .. . 2
The bilinear form ay is in fact continuous on (H%) .
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Lemma 3.10. There exists A\g > 0 sufficiently large such that the bilinear form ay is coercive,
uniformly in &, if A > Xo.

Proof. The result follows since we have

||a‘|%oc(91u92)

Cmin
A(Z.2) 2 S92 sy + (A~

2 ~ bl @unn )12l 2@00)

2 min
|CLS|%OO(S) bs s|2
Tom | \Lw(S))|Z |L2(S)-

min

+ 692 72 ) + 3(A -
O

The coercivity of a, shows that the problem (As +A1d)Z = F for F € HY is well-posed in a weak
sense ; for any continuous linear form L on H}, the Lax-Milgram theorem ensures the existence and
uniqueness of Z € H} satisfying

ax(Z,7) = L(Z) for any Z € H}. (3.25)
and [|Z||31 < CHLH(HI)/ with the constant C' uniform in 4. If we take L(Z) = (F, Z)HO for some

5 )

F € 'HY, this linear form is continuous on Hj. Then, for some constant C' > 0 uniform in § the
solution satisfies

1Z]132 < ClIF 30 (3.26)
Higher regularity can be obtained.

Proposition 3.11. Let A > \g and F € HY. The unique weak solution Z = (z,2%) € H} to (3.25)
with L(Z) = (F, Z)H0 belongs to D(As). Hence, for all F € HY there exists a unique Z € D(As)
s

such that AsZ + AZ = F and moreover for some positive constant C' uniform in § we have

i=1,2

H2(0) + 0% |2°|2(s) < C||Flyo- (3.27)

Proposition 3.12. Let A > Ao and F' = (f, f*) € H™ (21 UQs) x H™(S). The unique weak solution
Z = (2,2°) € H} to (3.25) with L(Z) = ( ’Z)HO belongs to H™2(Qy U Qy) x H™F2(S) with
)
=, 20 [l rrms2(@,) + 8212 mez(s) < O 21:2 i e (s20) + 02 |2 [ (s)) (3.28)

We refer to Appendices 3.8.2 and 3.8.3 for proofs.
A consequence of the properties we have gathered on A is the following well-posedness for the
evolution problem.

Proposition 3.13. Let a,b,a®,b% be bounded coefficients. Then, the operator (—As, D(As)) gene-
rates a €°-semigroup on HY. If moreover a = 0, a® = 0 and b,b* € R, then As is self-adjoint on
M.

Proof. Lemma 3.10 shows that As+ g Id is monotone and Proposition 3.11 shows that this operator
maps its domain D(As) onto HY. Hence As + AolId is maximal monotone. The Lumer-Phillips
theorem (see e.g. [Paz83]) then allows one to conclude that As generates a strongly continuous
semigroup on HY.

Note that if a = 0, a® = 0 and b,b® € R, with (3.24) we see that the operator As is symmetric.
It is self-adjoint as the surjectivity of As + Aol implies D(A3) = D(As) = D(As) (see e.g. [Bre83,
Proposition VII-6]). O

With the Rellich theorem we see that H} can be compactly injected in ’Hg. It follows that the
inverse (As + Ao Id) ™! that we constructed is a compact map from H? into itself. One then deduces
the following spectral result.
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Proposition 3.14. There exists a Hilbert basis of HY formed of eigenfunctions & = (es ;, e5i), J €
N, of the self-adjoint operator As associated with the eigenvalues 0 < pso < ps1 < -+ < pug; < -

Note that if  is a manifold with no boundary then 0 is an eigenfunction for As. If 0 has
a boundary, the Dirichlet boundary condition that we prescribe yield the first eigenvalue to be
positive.

Corollary 3.15. The following space of functions
T = {(z,zs) € H}; 2|0, € C>=(Q;), i = 1,2}
is dense in D(As).

Proof. From Proposition 3.12 the eigenfunctions of Ag are in .7. The results follows as they generate
a dense subset in D(As). O

3.2.2 Asymptotic behavior of the solutions as § — 0
3.2.2.1 Asymptotic behavior in the elliptic problem

Consider F5 = (fs, f§) € HY. Let Zs = (zs,2§) be the strong solution defined in the previous
section for the elliptic equation (As + A)Zs = Fs.
We also consider the weak solution z € H{ of the elliptic problem

—divy(cVyz) + Az=f in Q. (3.29)

Arguing as in the previous section such a solution exists and is unique for A > Ag (the same value of
Ao as in Lemma 3.10 can be used). In particular we have z|g, = z|g,, i.e. the solution is continuous
across the interface, and as ¢V,z has its divergence in L?(Q) we have cOyzs, = cOyz|s,. Moreover
zj0, € H?*(;) and

.21:2 1zj0: |2 (02:) < ClifllL2(0,00,)- (3.30)
i=1,

Proposition 3.16. Suppose that || Fsllyo < C' uniformly in 6 and that fs — f in L2(Q U Q9) as
6 — 0. Then, 250, — zjq, in H?(Q;) forj =1,2.

Note that the assumption [|Fs |0 < C implies that there always exists a sequence ¢, — 0 such
that f5, —f.

Proof. We set (s := z5 — z. According to (3.27), the boundedness assumption on Fy, and (3.30), we
have

> N0 llm2@) < C)
i=1,2
uniformly in §. Moreover, (s satisfies
—divg(cVgls) + A = f5 — f in Q; UQy,
(cOnCs) 35 — (cOnCs)is, = 0 (—Acsz§ + Az5 — f§) in S,
Co1s, = Co|s, in S,

<5|89 — 0

Taking the inner product of the first line of this system with (s and integrating by parts, we obtain

(€VgC5: VgCs) 120y uan) + ((€0Cs)1s, — (CanCa)\sl,Cé)LZ(S) + A (G6,66) 2,000 = (fo = .08 20, 00,) -
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In this expression, we have

| ((cdns)1s, — (CanCé)wl,Ca)Lz(S) | =62

(5%ACSZ§ YLV 5%f§,<5)L2(S)’

< (62 (5%|Z§|H2<S) + ||F6|\Hg> 1¢51 11 (9100,)
C0% 1G5l 2, 002) — O, (3.31)

according to (3.27), the trace estimate and the boundedness assumption on Fs. Moreover, since (s
is bounded in H?(2; U y), for all sequence 6, — 0, we can extract a subsequence, also called &,
such that (5, converges strongly in L2(£2; U Qy), and we have

(f5, = .66, ) L2(,00,) — 0

As a consequence, we obtain
(cVyGs,; Vggén)m(glugz) + A (G0 C(;n)LZ(QlUQQ) — 0,

ie. ¢, — 0in HY(Q,), for j = 1,2. Because the limit is the same for any subsequence of (s, , this
implies that the whole (5 converges to zero in H'(€;). Since (5o, is uniformly bounded in H?(€;),
the result follows. O

3.2.2.2 Asymptotic behavior in the parabolic problem

Here, we discuss, for some A > 0 (one can take A = 0 if 9Q # @) the convergence properties of
the solution Zs = (zs, 2§) of

Opzs — Aczs + Azs = fs in (0,7) x Q1 UQo,
Oz — Deszf + Azg = % ((08,725)|52 — (c@n25)|51) +f; in(0,T) x5S,
Zs|s, = 23 = 25|, in (0,7) x S, (3.32)
Z5|00 = 0 in (0,7),
Z5|t=0 = 20 and 2§, _o = 2§,
towards the solution z of
Oiz—Apgz+Xz=f in (0,7) x Q1 UQo,
7|5, = 7|5, and (cOyz)|s, = (c0yz)|s, in (0,T) x S, (3.33)
Zjpo =0 in (0,7,
Z|t=0 = 20 in Q.

Proposition 3.17. Suppose that ||Fs|[120,rx0) < C uniformly in 6, that fs — f in L2((0,T) x
QUQy) as 6 — 0 and that 20 € H(Q) and z5 € H'(S). Then, we have, 2510, = 2z, @
L%(0,T; H*(Q;)) N HY(0,T; L*(Q;)) and x-weak in L>(0,T; H (), and there exists C' > 0 such
that for all t € [0, T], |zs0, (D)l z1(q,) < C for j =1,2.

Proof. First, Problem (3.32) can be equivalently rewritten as 0, Zs + (As + ) Zs = Fs with Zs(0) =
(20,23). For Zs(0) € D(As) and F5 € €°([0,T); HY) the semigroup solution of this equation is in
¢°([0,T]; D(As)) N € ([0, T); HY) (see [Paz83, Corollary 2.6 Chap 4] or [Bre83, Théoreme VII.10]).
As a consequence, we can form the square of the Hy-norm of this equation and integrate on (0, 7).
This yields

T

T T T
d 1
| s+ 0 Zolg + [ 105+ NZo0 g+ [ 10,250 gt = [ 17 g



110 Chapitre 3. Analyse et contréle d’'un modéle d’interface diffusive

which, in turns gives the stability estimate for the solution of (3.32) :

T

T T
125(T) 2 + / (s + ) Zs(0) 3t + / 10:Z5 ()12t < O / IEs(t) 3t + 1250 12, ).

uniformly in 6. With a density argument, this energy estimate remains valid if Z5(0) € H} and
Fs(t) € L*(0, T Hg).
According to (3.27), this yields

T T
IIZa(T)Ilil+5|Z§(T)I?p(s>+/0 ||z5(t)||§,2dt+5/0 |25 (8) 2 (5t

T T T
+ [ o5 [0z ORg i< o [ IROBgat+1250)15y) < €.
(3.34)

uniformly in § (the volume norms are taken over €; U Qy).
In addition, the solution of (3.33) also satisfies

T T T
=T s+ [ 1B+ Neadt+ [ ozt < C( [ 160 Bade+ 20 ).

where all the norms are taken over Q1 U Qs. Using the additional regularity (3.30), this gives

T T T
e+ [ e+ [ o) e < [ IR0+ 2O). (335
Now, we set (s = z5 — z. According to (3.34)-(3.35), we have,
2 (||C§|Qj o0, (2)) + [1€s10, | 220,752 (02,)) + €510, HHl(O,T;LQ(Qj))) <C, (3.36)
J=1,

uniformly in . Moreover, (s satisfies

0G5 — A5+ MG = fs — f in (0,7) x (Q; UQy),

(€0yCs) 15, — (cOnCs) sy = 0 (D2 — Acsz§ + Az5 — f5) in (0,T) x S,

Gs1sy = Co)s, in (0,T) x S, (3.37)
Csjo0 =0 in (0,7),

Cé\t:() =0 in Q.

Forming the inner product of the first line of this system with {5 and integrating on (0,7"), we obtain

1
§||<5(T)H%2(Q) + ||\@Vg45||2L2((0,T)xQ) +)‘||<5||2L2((0,T)><Q)
+ ((cOnCo)isy — (€0nCo)i1:C6) L2 (omyxs) = (Jo = F.68) L0,y ) -

In this expression, we have

Nl

‘ ((Cancé)\sz - (CaHC(S)ISNC(S)Lz((O’T)Xs) ' =4

2((0,T)x.S)
< C8% (|65l 22 (0.1 12 (2 0022)) — O

according to (3.34) (proceeding as in (3.31)). Proceeding as in the proof of Proposition 3.16, we have

(f5 = .8) L2 (0,1 x (@a0022)) = 05

for a subsequence, and we obtain

1
SISz + 1VeVolsliz o)) + Alsl Tz 0.1y <) = 0

This, together with (3.36) concludes the proof of the proposition. O
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As a consequence, we can obtain a convergence result for the control problem under view. We
denote by ug the control function given by Theorem 3.6, that satisfies

0:Zs + AsZs = Bug
Zs|1=0 = Zo
Zé\t:T =0.

According to Theorem 3.6, us is uniformly bounded in L?((0,7) x w), so that we can extract a
subsequence (also denoted by us) weakly converging in this space towards u. We also consider the
solution Z5 = (%5, 23) of

{ QtZS + A525 = Bu (338)

Zs|t=0 = Zo-
The following result is a consequence of Proposition 3.17.

Corollary 3.18. The limit u is a null-control function for the limit system (3.10). Moreover, (Z5 —
z5)j0, — 0 in L*(0,T; H*(Q;))NH'(0,T; L*(Q;)) and x-weak in L>(0,T; H'(;)), and there exists
C > 0 such that for all t € [0,T], |z5)0,(t) — Zs10, (D)l z1(,) < C for j=1,2.

In particular, we have Zs(T) — 0 in H*(£2). This shows that the limit u is a control function
for the limit system (3.10) which is robust with respect to small viscous perturbations. Indeed, it
realizes an approximate control for System (3.38).

3.3 Local setting in a neighborhood of the interface

In a sufficiently small neighborhood of S, say V., we place ourselves in normal geodesic coordi-
nates (w.r.t. to the spatial variables x). More precisely (see [Hoér85, Appendix C.5]) for e sufficiently
small, there exists a diffeomorphism

F:S8x[-2¢e2] — V.
(Y, 0) = F(y,zn),

so that the differential operator —0? » — Ac + V, takes the form on both sides of the interface :
—02, —c(y.mn) (02, — Rao(y, xn)) + Ra(y, mn),
and the differential operator —92 — Af 4 V; takes the form on the interface
—0%, + ¢ (y)Raly, x = 0) + Ri (y),

where Ra(y, ) is a x,-family of second-order elliptic differential operators on S, i.e., a tangential
operator, with principal symbol 7(y, x,,7), n € T,/(5), that satisfies

T(yvxywn) €R, and Cl|n|§ < ’/‘(y, L, 77) < CQ“]‘Z? (339)

for some 0 < C7 < Cy < 00, and Ry (y,z,) is a z,-family of first-order operators on S x [—2¢, 2¢],
R (y) is a first-order operator on S.
By abuse of notation we shall write V in place of S x [—2¢, 2¢]. In this setting, we have

Vo =F(Sx[-26,0) =V.nQy, ViF=F(S x (0,2]) = V. Ny,

and we recall that the observation region w is in €25.
In the sequel, we shall often write

z:=(y,zn), and @ := (xo,z)= (To,y,zn) € [0, Xo] X S X [—2¢, 2¢].
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We set

1 1 1 1
P= =22 = (02, Rol@) + Rale), P* = —— 0%, + Raly,an = 0) + —Ri(y).

cs Zo

They both have smooth coefficients.
In this framework, in the neighborhood V. of S, System (3.11) becomes

Pw=F, in (0,Xo) x S x ([—2¢,0) U (0, 2¢]),
Pow® = L ((cOp, W) |z, =0+ — (¢0p,w)|s, —0- +O%) in (0,X0) xS,
Wy, —o- =w*+ 60 and wl|, o+ = w* + 62, in (0, Xp) x S,
(3.40)
with
1
F= Ef + Row, ©°=0°+Rjw®, (3.41)

where Ry and Rj are zero-order operators with bounded coefficients on S x ([—2¢,0) U (0, 2¢]) and
S respectively.

3.3.1 Properties of the weight functions

We denote by 7(x,7n,n") the symmetric bilinear form associated with the quadratic principal
symbol r(z,n). We introduce the following symmetric bilinear form

Bl €0, €, 1) = ﬁﬁoff) + 7z, 1), (3.42)

and the associated positive definite quadratic form 3(x;&p, n). We choose a positive bounded conti-
nuous function v(x) in Vz* such that

ﬁ(y7 _$n5507n> - /y(yvxn)ﬂ(y7xn7§07n) 2 C|(foﬂ7)|2 > Oa (50777) eRx T;(S)7 (343)

for z = (y,z,) € Vij

We then choose a function ¢ = ¢(x) on [0, Xo] x V. that that is smooth on both sides of the
interface and simply continuous across the interface, that moreover satisfies the following properties.

1. For a function 4 such that 0 < +'(z) < y(z) —€in VZ*, for some € > 0, we have

7’(y, xn)(aﬂcn@)2($07 Y, xn) - (aﬂﬁn‘p)Q(‘rm Y, _xn) >C >0, (3'44)

for zo € [0, Xo], and = = (y,z,) € V_'.

2. For a given value of v > 0 sufficiently small we have

0o (@) + [Vop(@)|y < vinf |0, 0|, @ = (20, 2) € [0, Xo] x V. (3.45)
Ve

3. We have |05,0|+|V*¢|g+ |0z, ¢| > 01in [0, Xo] x V. and Hérmander’s sub-ellipticity condition
is satisfied on both sides of the interface. This condition will be precisely stated below after
the introduction of the conjugated operator (see (3.56)).

Note that we have infy + |05, ¢| > C' > 0.

The first condition states the increase in the normal slope of the weight function when crossing
the interface. The value of v in the second condition will be determined below (see (3.57)-(3.58) and
the proof of Proposition 3.23). We thus ask the weight function to be relatively flat in the tangent
directions to the interface as compared to its variations in the normal direction. We explain below
how a weight function satisfying the sub-ellipticity condition can be built through a convexification
procedure (see Remark 3.21).
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Remark 3.19. Property (3.44) and |05,¢| + [V®¢|g + |0z, | > 0 can be obtained by choosing ¢
such that (0, ®)|j0,x,)xs = C > 0 and assuming that (3.44) only holds on [0, Xo] x S and then
shrinking the neighborhood V. by choosing ¢ sufficiently small.

An example of such a function will be given in the application of the Carleman estimate in
Section 3.5.

Remark 3.20. Note that the conditions we impose on the weight function are much simpler than
the conditions given in [LR10]. Such condition are proven sharp in [LL10] in the limiting case § — 0.
If (3.43) is not satisfied, i.e., the increase in the normal slope of the weight function is chosen
too small, one can then build a quasi-mode that concentrates at the interface and shows that the
Carleman estimate cannot hold.

3.3.2 A system formulation

Following [Bel03, LR10], we shall consider (3.40) as a system of two equations coupled at the
boundary z,, = 0%. Here, the coupling involves a tangential second-order elliptic operator. In [0, Xg] x
S x [—2¢,0), we make the change of variables x,, to —z,,. For a function ¢ defined in V;, we set

V" (y, xn) = P(y,zn) and "/}l(yaxn) =Yy, —z,), forxz, >0,
and similarly for symbols and operators, e.g.,

(Y, 2nyn) = vy, wayn) and 1y, xe,n) = r(y, —wa,m),  for z, 2 0.
We set VI = S x (0,2¢]. System (3.40) then takes the form

P%w% — Fr/l’ in (O,Xo) X ‘/EJF,
Powt = 5 (00,07, —or + (¢'0s, w1)], o+ +©7) in (0,Xp) x S, (3.46)
w' ‘xn=0+ =w®+ o7 in (OvXO) xS,

3.3.3 Conjugation by the weight function

We now consider the weight functions @7 built up as above from the continuous function ¢
defined on V.. We introduce the following conjugated differential operators

p;/z — h2e‘P%/hP7‘6_9"%/h, p:; — thW\S/hPSe—‘P\s/h’
With the functions
Wl = 2T gy s = gis /by,
Fl = n2ee " hph @3 = —ipesis/hes, gl = eois/hgh
with 0 < h < hg, System (3.46) can be rewritten as

Pl = F/ in (0, Xo) x Vi,
Pov® = CZ% (c"(Dg, + 10z, " )V" |4, —0+

+' (Dy,, + 10y, 0" )0 |5, —0+ + ©5) in (0, Xp) X S,
vy, —or = V5 + t‘)Zl in (0, Xo) x S,

(3.47)

Recall that D = h0/i here. We shall consider the operators P;/l and PJ as semi-classical differential
operators.
We separate the self- and anti-adjoint parts of the operators Pf, viz.,

(P + 1Y), Q= (P = (B,

DO | =

ol -
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The (semi-classical) principal symbols g; of Qj, j =1,2 are then
qQ/l (113, gOa s gn) = £721 + QQl (SC, gOa 77)7

ql/l (ZC, £0a 777 ETL) = 2£na;cn QO% + 2q1/l (-’13, 607 n)a

for (y,n) € T*(S), with

l 8;E0 )2 7 ) ™
e fom = B oie) - (P2 e ) + (0, 07?)

QI/I (213750, ) - 50# ’F% (xvnvdy(p%)

Recall that 77 (z,7n,7n") stands for the symmetric bilinear form associated with the quadratic principal
symbol 77 (2,7). The principal symbol of PS(,/L is naturally

pZ’ = /L+Zq =&+ 2i€,0,, ¢ /L+q/l+2zq/l (3.48)
For the sake of concision we have at places omitted some of the variable dependencies, e.g. writing

@’ in place of ¢/ (x).
Note also that the symbol of P7 is given by

s 52 a;po(P §
Py =L (o, - (% + (e, dypis, o))

x,=0

0 _
+ 2 (M + 7(x;m, dy<p|$”:0)> . (3.49)
C x,=0
(Recall that 7! and 7" (resp. ! and ¢") coincide at z,, = 0%.)
3.3.4 Phase-space regions
Following [LR97,LR10] we introduce the following quantity
Y 2
” q (.’E, 505 7])
[L/l($,€0, ) - Q2 ( 507 ) Qa (350)

(0:,07)°
and the following sets in the (tangential) phase space :
ElE = {(xo,y,xn;fo, n) € [0, Xo] x S x [0,2¢] x R x Ty (S); " (0, Y, Tn; &0,1M) 2 0}, (3.51)
7' = { (w0, 9, 205 0,1) € [0, Xo] x 8 x [0,2€] x R x T3 (8); " (w0, wni §0,1) = 0}, (3.52)

The analysis we carry on will make precise the behavior of the roots of pzl (viewing pﬁ as a

second-order polynomial in the variable &,, see (3.48)) as (x,&p,n) varies. In particular, we prove
that (x,&0,n) € Z7, i.e. '/ (x,&,n) = 0, if and only if there exists &, € R such that (x,&o,n,&,) €
Char(P/).

With the following symmetric bilinear forms,

~7 1 "y

B (x; 60,580 m') = 6o + (),

&% (5 80,1, 6n3 €01, €0) = B7 (580,160, ) + €nns
and the associated quadratic forms, 87 (x; &, n) and o’ (2;&,7, &), we have

~r T, Y 2
(87 (x5 €0, 15 g™t dye™))
(O, p1)?

,LLT/I (513, 503 77) = 5% (l‘, 50; 7’) + - O‘T/L (x; 890090%7(11190% ) al:n(p?l)’
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We also set the following quadratic form
- ~r " N2
B €0,m) = (B7 (€0, 0u0 0™, dyp™))"

The quadratic forms 37 are positive definite. With the function () on V2 we chose in Section 3.3.1
we have

B! (s 60,m) = Y(2)B" (2:60,m) = C|(&0,m)I* > 0. (3.53)
From the properties of the weight function listed in Section 3.3.1 we have
Y (0p, ") = (00, 0))> > C >0, 0<9/(x)<~(x)—¢€ €>0, (3.54)
and
|Oaop ™|+ |y g < vinf(|0y, &), (3.55)

with v > 0 sufficiently small. Furthermore [0y, 07| + |V 07| + |0x, 7| > 0 in [0, Xo] x V=" and the
following sub-ellipticity property is satisfied

Vo € [0, Xo] X V=7, (607, 6n) € R x T;(S) xR,
pZL (maé()?nagn) =0 = {(j;/l?qyl}(mag(h van) > 0. (356)

The sub-ellipticity property (3.56) is necessary for the derivation of the Carleman estimate and
is geometrically invariant (see e.g. [Hor63, Section 8.1, page 186], see also [LL09)]).

Remark 3.21. A weight function ¢ that satisfies the properties of Section 3.3.1, or (3.54)—(3.56)
equivalently, can be obtained in the following classical way. Choose a continuous function 1, smooth
on both sides of S, such that )7 satisfies conditions (3.54),(3.55) and |9, 07 |+ V07 |40y, 17| >
0 on [0, Xg] x V&' These conditions are then also satisfied by ¢ = e’ A > 1. For the parameter A
sufficiently large ¢ will also fulfill the sub-ellipticity condition (see e.g. Lemma 3 in [LR95, Section
3.B], Theorem 8.6.3 in [H6r63, Chapter 8], or Proposition 28.3.3 in [H6r94, Chapter 28]).

Using (3.53), (3.54) and (3.55) for v sufficiently small, we obtain
B = (@) (8" + B3/ (0:,9")%) = Cl(&o.m)]* >0, (3.57)
and

V(@) (500" dyp", D, 0") — & (23000, dy o, Oy, 01) > C > 0, (3.58)

where we have used that v >+ +¢.
The assumption we have formulated yields the following key property.

Proposition 3.22. There exists Cy > 0 such that in the neighborhood V. we have

(1 =y (@)u") (@, &0,m) = Col(&0,m)* >0, @ = (z0,2) = (0,9, 2n), (S0,1m) € R X T;(S).
In particular, E™T U Z" C EbT.

Proof. 'With the properties of the weight function of Section 3.3.1, and more precisely (3.57)—(3.58)
that follow from them, we have

pt = B (x;€0,m) — () (8" (560, m) + Bl (; €0, 1)/ (O, 7)) + BL (3 €0, 1)/ (Ou, ')

+ (@) (z;9") — ol (z;9") + y(z)p"
> C{(&,m)* + y(@)u"
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P’ P’

© Imé&, @ Imé&, ® Imé&, 'X/prﬁ
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(a) Root configuration in E™, (b) Root configuration in Z7, (c) Root configuration in E™T,
p? <. ur=0; ur>0;

FIGURE 3.3 — The root p™T crosses the real axis before the root pb~ does, as u” decreases.

Proposition 3.23. With the properties of the weight function of Section 3.3.1 we have
Char(pg,) C Char(Repj,) C (E" n{z, = 0}).

Proof. From the form of (3.49) we see that Rep, = 0 implies

[1lg + 160 < C (102007 | + |dye™g) . _o» (3.59)
and we find
1 1 1 foaz % ~ 2
l _ 2 2 I \2 [8) .
Wl = [(6 = 09) (5~ ) = Oead + e (P P amdugien)) ]|

Using (3.59) together with (3.55) in this expression gives

Wl < [ = (@0, )2 + Cvint ((02,0)7)]

:cn=0.

The result thus follows when taking v sufficiently small. O

3.3.5 Root properties

The following lemma describes the position of the roots of pzl of (3.48) viewed as a second-order
polynomial in &,,. The proof is given in Appendix 3.8.4.

Lemma 3.24. We have the following root properties.

1. In the region E7v%F, the polynomial pg defined in (3.48) has two distinct roots that satisfy
Imp’t >0 and Im p’>~ < 0. Moreover we have

p'>C>0 < Impht>C">0and Imp~ < -C' <0,

2. In the region E7v~ | the imaginary parts of the two roots have the same sign as that of —0, .
3. In the region Zt, one of the roots is real.
Moreover, there exist C' >0 and H > 0 such that |/t — pl=| > [ Tm p/ot —Im p”—| > C > 0 in
the region {uv > —H}.
Remark 3.25. Note that (z,&,n) € E7F for |§] + |n|, sufficiently large, say [&o] + ||, > R,

uniformly in € [0, Xo] x V2* and for h bounded. Note also that in the region {u” > —H}, the
roots p/-F are smooth since they do not cross.
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. uh = e z u=—2e u" =0 u = 2e
0 Char(P]) p =0 ot =26 ot == 0 o =€
—tt
VA ! ! ! AN ! v
} ;\ - !
% l F L &
_—————————— _—————————

FIGURE 3.4 — Sketch of the relative localization of the different phase-space regions. Here, (z, &y, 7)
is fixed and we plot the different zones for (x, v&y,vn) as v increases from 0 to oo. Here, v represents
the norm of the tangential frequencies. This situation can be represented under this form since for
x fixed, the sets E7~ and {p; < 0} are star-shaped with respect to 0 in the variables (§o,7) €
T&O,y)((O,Xo) x S).

For the polynomial pf,, for [§o| + [n]y small, i.e. in the region E™~, the two roots p™* and p"~
both have negative imaginary parts. As the value of u” increases, the root p"™»* moves towards the
real axis, and crosses it in the region Z”. In the region E™" we have Im p"™* > 0 and Im p™~ < 0.

For the polynomial pio, for [€o| + ||, small, i.e. in the region E"~, the two roots pb'* and ph~
both have positive imaginary parts. As the value of ;! increases, the root p!*~ moves towards the
real axis, and crosses it in the region Z'. In the region E“* we have Im pb* > 0 and Im pb~ < 0.
The “motion” of the roots of pfo and pyg, is illustrated in Figure 3.3.

We now call

M =(0,Xp) x S x[0,2¢].

We also set
M= {(20, Y, 2n, 0,m) € (0, X0) x S x [0,2¢] x R x Ty (S)} ~ T*((0,Xo) x ) x [0, 2].
With the symbols defined in Section 3.7.2 (see Definition 3.42) we obtain the following result.

Lemma 3.26. Let H be as given in Lemma 3.2{. Let X"t € S%-(M?) with support in {u’t > —H}.
Then X7 p7% € SL(M?). Let Cy > 0, there exists C > 0 such that |Im p/v%| > C(1 + |&o| + |nly)
in {u’ > Co}. It follows that for some C' > 0 we have

lp7et = plm | = [Tm(p”t = p77)| = C' (1 + [€o| + Inly), in {u” > Co}.

We refer to Appendix 3.8.5 for a proof.

3.3.6 Microlocalisation operators

We define the following open sets in (tangential) phase-space :

&= {(1'750777) € M ; €1 < :U'r(wafovn)}v

Z ={(z,&.,n) € M*; —2e1 < p"(w,&0,m) < 261},

F = {(x,&,n) € M%; e < pl(x,&,1), and p"(x,&0,n) < —e1},
g = {(5'3750,77) € MTH N’l(wvg()vn) < 262}'

(3.60)

The constants €; and €; are taken such that sup(vy)e; + €2 < Cp/2, with Cy as in Proposition 3.22.
Our analysis in the region 2 will require €; to be small (see Section 3.4.4 below). Recall that ~ is
defined in Section 3.3.1. This yields 4 N2 = (). As a consequence of Propositions 3.22 and 3.23, the
localization of the different microlocal zones can be represented as in Figure 3.4. In particular, we
have Char(pg,) C (9 \ #) N {x, = 0}.

With the open covering of M?* by &, 2, . and ¢ we introduce a "> partition of unity,

Xg+Xg+Xg+Xg:1, 0§X0§17 SuPP(Xo)C°7 .:gagvfg7g'
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The sets 2, .7 and ¥ are relatively compact which gives x #, Xz, xo € S7°°(M? ) and consequently
X& € S%(./\/li) Associated with these symbols we now define tangential pseudo-differential operators
on M+.

Given 0 < ap < X0/2, we choose a function ¢! € €>°(0, X() that satisfies (! =1 on a neighbo-
rhood of (ag, Xo — ap) and 0 < ¢! < 1. Setting

Gi(@o,ys xn) = ¢ (z0)¥;(y) (3.61)

gives a partition of unity on (ag, Xo — ag) x S x [0, 2¢]. Recall that (¢;),cs is a partition of unity
on S (see Section 3.1.4.3).
We define the following operators on M :

Be= Y Eaj, with Z.;=¢70pr(xes)(¢;') ¢ jEJT 0=6,2,7.9, (3.62)

where ¢7 denotes the pullback by the function ¢; and

Xei = Gi(051) X (3.63)

and {; denotes a function in €°((0, Xo) x U;) with {; = 1 in a neighborhood of supp(((bj_l)*gj).
Proposition 3.52 in Appendix 3.7.3 shows that the operators =, are zero-order tangential semi-
classical operators on M, with principal symbol ¢! (x¢)xe(x, 0, 7).

Remark 3.27. The role of the parameter o introduced here is to avoid considering boundary
problems on ({0} U {Xo}) x S x [0, 2¢].

3.4 Proof of the Carleman estimate in a neighborhood of the
interface

In this section, we prove Carleman estimates in the four microlocal regions described above, that
is, for functions Z4v”, with v/ € €>°((0, Xg) x S x [0,2¢)) and @ = &, Z,.Z, 9. It will be more
convenient to do this in local coordinates®, since we then can use the techniques and some of the
results of [LR10].

Our strategy in each microlocal region e (with e = &, 2, .%,9) is hence the following : we first
produce Carleman estimates in each local chart (0, Xo) x U; x [0, 2¢) for the functions

ulls = Opr(xe)v/t  and  ul; = ODr(Xaylen—ot)VS, (3.64)

where .
’Uj/’ — ((bj—l)*gjv/l and v} = ((,bj_l)*ijs,

with ¢; defined in (3.61). Then, we pull the local estimates back to the manifold and patch them
together to finally obtain a Carleman estimate for 2,07, as

= o — s/
RIS ;quu,fj. (3.65)

Note that the functions v;/’ (resp. vj) are defined in (0, Xo) x U; x [0,2¢) (vesp. (0, Xp) x Uj).
Yet, because of their compact support, we naturally extend them by zero to R x R*~! x RT (resp.
R x R"~1). In the sequel, functions with such a compact support will be extended similarly.

In what follows, we shall use the notation < for < C, with a constant C' independent of ¢ and A
(but depending on d¢ and hyg).

8. However, note that it would be interesting to obtain the results of [LR10] directly in a global setting.



3.4. Proof of the Carleman estimate in a neighborhood of the interface 119

3.4.1 Preliminary observations

In the local chart Uj, the differential operators Pg, ao=r,[ or s, are given by
1\ *
Poy= (") P55,

with principal symbol pg ; = (¢;1)*pg.
Observe that the definition of x”/t in (3.50), and of the associated microlocal regions Z7, B+
n (3.51)—(3.52), and &, &, . and ¢ in (3.60), are geometrically invariant.

In local coordinates, System (3.47) becomes

Posvy =Fo in (0, Xo) x T x [0,2e),
Py v5 =% L (5 (Da,y + 102, 0505 |0 0+ (5.66)
. +Cj (D:cn, j’ Zaﬁcn@j)vj‘zn:(ﬁ + @;j) in (0, Xo) X (ij,
Uj/l|rn:0+ = ’U; + eél’j in (07 Xo) X Uj,
where we have set
% = (¢5 1>*<ij + (651 [PS Go™,
—1\* Ly
le’j = (¢j ) Gos, (3.67)

055 = (071)05 05, =05, + % (67") [P5 Gilv*,
ol = (o) o, = (o) e, = (g71) e

with [P/, ¢;] € h2 (M) and [P35, ¢;] € hZH(M.).

We now formulate System (3.66) in terms of u, ; in preparation for the estimations in the four
different microlocal zones. First, we have

P/I o OpT(X-,])P/’ ,U/l + [P/l OpT(X.,j)] U;-/l.
—_————

®,J Uq 2J ©,3°J ®.J?
€R(TY Dy, +P L)
In particular, this gives

1Pl flo < 1P 0l o + Rllv) 1. (3.68)
Second, as a consequence of (3.66), the transmission conditions satisfied by u:/ and ug ; read
66; s s ! . 1 1 r . —~
ﬁpw‘“-,j = (¢j(Da,, +102,9;)Us ;) Lo, =0+ + (¢j(Da, +i0s,95)ug ;) lz,=0+ + G1, (3.69)
uo/fj Ta=0+ = Ug g 0./1]’

with 0", = Op7 (Xa,jle,—o+ )0/ ; and

CS
G = hij [P, ®, ijPT(Xo,j|zn_0+)] v + [Op7 (Xe,jlz,=0+), € j(D;cn + 10z, %)] U;‘|zn:(]+

ehvl €hwy

+ [OpT (Xo jlon=0+): €} (Da,, + 102, 07)] V] |50+ + OPT (X jlz,=0+))O5 ;-

ch¥%
We have the following estimate

Gilo S 610511 + Al o —o+ lo + Al |4, =0t o + 195 ;10
S 6+ h)wils + k|6 1o + kIO ;1o + O3 5o, (3.70)
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by (3.66) and (3.67). We set

uly) = ul,

®.]

p=0% gi! (u:/l]) = (Dan?fj) Tp,=0%- (3.71)

Yo(
In this local setting we also introduce

1

B=(c/)e,mor,  G1 =i, (0L ; — 00 ;)+ Thosor G1, (3.72)
k= —i(02, 0 |z,=0+ + 00, e, =0+ )- (3.73)
Transmission conditions (3.69) can be written as
25 Pz = (i) + A, — ko(u) + G,
T e J J J (TC..,)
70(“:/fj) = U 97,1]"
where the remainder G can be estimated thanks to (3.70) by
Gilo S (8+R)[v3 ]+ 103 5lo + 165,10 + 165 lo- (3.74)

We are now prepared to prove the different Carleman estimates in the four microlocal regions.

3.4.2 Estimate in the region ¢

Here, we place ourselves in the region ¢, and prove a Carleman estimate for ug ;, and conse-
quently for Zq4wv.
We introduce a microlocal cut-off function xg.z € €:°(M7), 0 < xwz < 1, satisfying

X«.# = 1 on a neighborhood of supp(x«),

X# + X = 1 on a neighborhood of supp(xg.z). (3.75)

We choose ¢? € €,°(0, Xp) such that 0 < ¢* <1, ¢* = 1 on a neighborhood of supp(¢') (with ¢*
defined in (3.61)), and such that {; = 1 on supp((cﬁj_l)*@) where Cjz(xo,y) = (*(z0)9j(y). As in
(3.63) we set )

Xg 7,5 =Cj (¢j_1) X947,
and we define the associated tangential pseudo-differential operator Z« & by

Eys = Y. Egz ;. with Sgz; =6 0pr(xes,;)(0;') ¢, jel,
jeJ
Note that the local symbol (see Proposition 3.45) of Z¢ & in each chart is equal to one in the support
of that of Zg.
We recall that the function ¢ = ((x,,) € €°([0,2¢)) satisfies ((0) =1 on [0, €).
Making use of the Calderén projector technique for P ; and of the standard Carleman techniques
for P.

;> We obtain the following partial estimate.

Proposition 3.28. Suppose that the weight function o satisfies the properties listed in Section 3.3.1.
Then, for all 69 > 0, there exist C' > 0 and hg > 0 such that, for all 0 < § < §y and 0 < h < hg,
v € €>((0,Xo) x S x [0,2¢)) and v° € €>((0, Xo) x S) satisfying (3.47), we have

10" 2 + B, =00 2 + WDz, v |0+ i < C(IPLOT IR + K200 3 + 4 Da, 07, =0 13)
(3.76)
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and

h||Zg vt |3 + h|Eg0! sne0+

en—0+ | + h|Dy, Egv!

5 T, T T T S
< C(1+ 75) (ICPTIR + B2 1B0v" I + 141D, 0" Lo 0 1§ 4+ 147 I + B0
4 C(IPL IR + 1210 + HIBLE + 263+ o3 + hie3 ). (3.77)

Proof. The function ug ;, defined in (3.64), satisfies (TC, ;), with ¢ = ¢. On the “r” side, the
root configuration described in Lemma 3.24 (and represented in Figure 3.3) allows us to apply the
Calder6n projector technique used in [LR97, LR10]. According to [LR10, Remark 2.5] and using
Egs. (2.59), (2.60), and (2.61) therein, applied with v replaced here by v}, we have

s 1 T
luty 11+ 2 o (g )1 + 2y (g )lo S 1P 05 llo + hllvf lh + B D, v Lot o, (3.78)

which is a local version of (3.76).

Let us now explain how such local estimates can be patched together to yield (3.76). Concerning
the first term on the left hand-side of (3.78), and using the definition of Sobolev norms given in
(3.20)—(3.22), we have

(SRS ZJIIU%,jllh |Egv" |z, =0+t S _ZJI%(U%,J-)Il (3.79)
JE€ je

by (3.65) and Lemma 3.53. Similarly we have D, Egv"|,, —o+ = >_; ¢;71(ug ;) since ¢7 does not
depend on the z,-variable. As a consequence, we obtain

en=0+l0 < X2 |51 (ug j)lo < D2 [vi(ug ;)los (3.80)
jer jer

|(Dy, Zgv™)

by Lemma 3.9.
Now concerning the right hand-side of (3.78), we directly have

loflle = 1(8;1)"¢Go" Il = 1€ (65) " ¢5v" I S IH(5) 0" In S ol (3.81)

by the definition of ||.||; on M, as well as
| D, 05z, =0+ [0 S [ D, 0" |2, =0+ lo- (3.82)
Finally, we compute P jvi = ((b ) PZo; ((b ) G = (¢;1)*CjP£vr + ((b;l)*[P;,Cj]vr. We have

(&5 1) "GP o = 1ISt (05 1) 3 PevTllo < 1 Pgo"llo, (3.83)

and, using Lemma 3.9,

1(e5) " [P5, 10" llo < PG, Gl lo < Allv" 1, (3.84)

since [P7,(;] € h2'(My). Finally combining all the estimates (3.79)-(3.84), together with the local
inequalities (3.78) summed over j € J, we obtain the sought global estimate (3.76) on M.

To obtain Estimate (3.77) on the “I” side we first need a more precise estimate for the “r” side. For
this, we introduce another microlocal cut-off function Y« g satisfying the same requirements (3.75)
as X¢.#, and such that x¢# = 1 on a neighborhood of supp(Y«.#). We choose (3 € €°°(0, Xy) such
that 0 < ¢? <1, ¢3 = 1 on a neighborhood of supp(¢'), and such that ¢2 = 1 on a neighborhood of
supp(¢?). As in (3.63) we set

Xe7,j =G (¢;1)*>2g97
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and we define the associated tangential pseudo-differential operator gz by
;1) ]37 CJ?’ = C3wja .7 € J7

Sz =Y. Sgzj, with Egz;=¢;0pr(Xuz;)(o

JjeJ
According to [LR10, Remark 2.5] and using (2.60) and (2.61) therein, applied with v? replaced by

C(wn)@;l)*ﬁjéggvr, we have
h* 0(OpT (x.9) (67 1) (2201 + h¥ 1 (Opr(Xer.5) (65 ) "¢ @0
SIPLC(85) GEgzv llo + hIC(67 1) GEg v | + B2 ((651) ¢GEgz0") 0. (3.85)

We notice that the right hand-side of this inequality can directly be bounded by global quantities.
(3.86)

First, we have
16(671) " GEw v |11 S 29507
wn:0+|07

Second, we estimate
I ((6;1) GEgsv") |, < (Do, Eg ")

where
(D2, Zg. 70" |z =0+ = (E95 D2, 0" |an=0+ + ([Dans Eg.z) V") a0+
EhvY (M)

(3.87)

Using Proposition 3.50 and the trace formula (3.23), we have the estimate
CIVE A S r 5
B ((651) GZa 50 )lo S h¥De, 0" Lo =0+ o + B 10" 1

Concerning the term with P ; in the right hand-side of (3.85), we can proceed as in (3.83)-(3.84)
(3.88)

to obtain
Moreover, using Proposition 3.48, we have Z¢ # (1 — Z45) € hU;>°(M,), as their local symbols

1P ¢(671) GBazv o = 1(67) Pr¢¢Egsv”llo S IIP¢Egzv" o + hl|Egzv" (|1
in every chart have disjoint supports by Proposition 3.52, because of the supports of (3 and Yu.7.
(3.89)

We then obtain with Proposition 3.50
hl|Egzv" |y S hIEg#Egs v |1 + hl|Sws (1 — Sgz)v" |1 S hIEgs0" ||+ B2(|v"]|1-
(3.90)

We also have
1P gz [lo S 1292 C P  [lo + I[P, 920" o

Arguing as above with Propositions 3.48 and 3.52, and also Corollary 3.49, we have
P E45((1 - Eyz)

,Eg5(] = [P},Eg5(| Bz +
ehoo\y—oo(M+)

Py

[

ERTL(My)
so that (3.90) now reads with Proposition 3.50
IP;¢Eg 70 llo S ICPL" o + hlISgz0" (|1 + 20" 1. (3.91)
(3.92)

The three estimates (3.88), (3.89) and (3.91) give
1P ;¢(651) " ¢GEgz0" o S ICPL" o + hlIEgzv" [l + B2 [[" |1

h% 70(Opr(x9.5) (¢;") ¢;Zg20")1 + h% 71(Opr(x2.5) (6;") ¢Bg20")o
en—otlo +R207 1. (3.93)

Combining (3.85) together with (3.86)—(3.87), (3.89) and (3.92), we finally have

S ICPL llo + hl|Eg#v" |1 + h*| Dy, 0"

Then, we need the following lemma to come back to the variable Uy ;= Opr(x«.;) (¢;1)*ijr

on the left hand-side of (3.93).
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Lemma 3.29. There exists R € h*W > (M), such that

Opz(xw,;) (8] ") e zv” = uly ; + (¢; ") Ro".
This lemma is proven in Appendix 3.8.6. As a consequence we have
1 r 1 —1\* - = r 1 —1\* r
h |yo(ugy ;)1 S P2 1v0(Opr(xe.3) (¢ ") ¢Eez0" ) + P2 lo((6; ') Ro)lo
i —1\* - = r T
< h2o(Opr(xe.;) (¢ ) ¢Ewzv") + B2|[v"[l)
with the trace formula (3.23). This, together with Estimate (3.93) give
B o (uly )l S ICPS" o + AlIZgz 0" [l + B2 [ + A% Da, v |, =0 lo- (3.94)
Lemma 3.29 also yields

h2 |y (uly o S b2y (Opr(xewg) (671) 0 Eg.70) o + hE [ ((671) Ru")lo,
1 —1\* - r T
S B2 (Opr(xe,) (85 ") ¥iZezv )]0 + 2|07 |1 + B*| D, v" |5, —o+ 0, (3.95)

Combining (3.93) together with (3.95), we finally obtain

1 —_
h2m(uy ;)lo S ISP llo + hlIEg#v" [l + h|[v" |1 + h?| Dy, 0"

wn=0+]0- (3.96)

On the “I” side, we apply the Carleman method. With the properties of the weight function of
Section 3.3.1 and in particular by (3.56), and by Lemma 2 in [LR95], we then have

ey 51+ Re (h# (uly ) + B2 (Do 5 + Loty oy —ov Ll 512 —o0v) ) S 1Pyt 513 (3.97)
for 0 < h < hq, hg sufficiently small, where L} € 2%, Ll € U9 The quadratic form %! is given by

(20055 le=0r BLY (@) (n(2) -
%l(w) _ (( o Bé) (70(11))) , (70(1/1)) 0, supp(v) C (0, Xo) x U; x [0, 2¢),

(3.98)
where B!, B € 24, with principal symbols o(B}) = o(BY) = 2(¢;1)*ql1\%=0+ and BY € 9%, with

U(Bé> = _28%902‘ (¢;1)*qé|xn:0+'
Observe that we have

|((Dutdy ; + Ll im0t Lty jlamov )| S Ialuly DB+ hotuly DB (3:99)

and
| B! (uig ;)| < Ivolugg ;)3 + I (ugg ;)5 (3.100)
Now, using (3.97), together with the estimates (3.99) and (3.100), we have,

hllug ;113 < 1Pg jutg ;115 + hlvo(ug ;)IE + v (ulg ;)15 (3.101)

It remains to estimate the traces on the “I” side by the traces on the “r” side, through the transmission
conditions (TC, ;) :

vo(ug ;) = v0(ugy ;) + 0y ; — 0y
S

C. ~
Vl(uéﬁ) = hijcl- P;,j ('70(“%,]’) - 9{2,]‘) - ﬁ’)/l(u%,j) + k%(u(rﬁ,j) -G,
J

Ug ; = 70(“%4) - 9{2,;'-
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As a consequence, Vo(uég, ;) and '71(“%7 ;) can be estimated as follows

0(uly )l < [vo(uly ;) + 10k ;10 + 105 511, (310
y1 (g )10 S 1y (uy ;)lo + 716 70(ug j)lo + | 9% ilo+ Ivo(uly o + |Gilo-

We now prove that, on the support of xg ;, the operator P; ; is of order 0. For this, let x €
€ (T*(R™)), be equal to one on a neighborhood of the supp(x#,;jls,—o+). We then have

Yo(ug ;) = OpT(X9,5)V] |2, =0+ = OPT(X) OPT(X9,j)V] |2, =0+ + OP7(1 — X) OPT(X9,5) V] |2, =0 5

E}L°°\Il;°°
which yields
P: iv0(ug ;) = (P53 Opr (X)) vo(uly ;) + P ; Opr(1 = X) Opr (X9 5) 0 | =0+ -
—,_/

evy €hooW ™

This, together with the trace formula (323) gives the estimate,

|P 0(ug j)lo < ol ~ho(uig )l + Cnor™of ], N eN.
Similarly, we have the estimate

| 9w3|0<c |9gJ\O+ON5hN|e J|0Nh\9 Slo-

The last two estimates and the second equation of (3.102) yield,

11 (uly o S 17 (uly ;)lo + (1+ )|70(Ugj)|o+ |9Tj|o+|Gl\o+CN5hNHvTH17 N eN.

Using estimates (3.94) and (3.96) to bound the traces on the “r” side, we obtain

1 5 T, T T T T
h# |y (ug ;o < (1+5) (IKPev"llo + PlIEg 50" [ +h|[v" |1 + h?|Da, 0" |4, =0+ o)

+ h?|9;,j|0 +h2|Gilo,
for 0 < h < hg, and, using (3.74) to estimate the remainder, we have

W2 (uly )lo < (1 + )(HCP’” "llo + hlIEg#v" s + A2V [l + A?|Da, v |2 =0+ o
+ RE[5]a + h16] o) + 1103 o + R 16L o, (3.103)
We observe now that the first line of (3.102) together with (3.94) yields
1 yo(uly )i S ICPpoTllo + Al Zgv” |1y + B2 [0 |y + B D, 7|, =0+ o
+h310L 1+ R3O, (3.104)
Combining (3.68), with (3.101), (3.103) and (3.104) we obtain

Blluy 512 + hbyo (g )12 + Bl g )
52 T, T T T S
S+ )(ncP I3+ B2 0 I + B2 + Bt D 0, o 3+ 1105 E)

RO 8 3 4+ RO 2 O+ P 3 2t (3.105)
This is a local version of (3.77). Patching together on M the local Carleman estimates (3.105) as

we did in (3.79)-(3.84) yields (3.77). This concludes the proof of Proposition 3.28. O
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- ® Imgn’

XPT’+ Reé&n
X

7Re§n

FIGURE 3.5 — Root configuration in the region .%.

3.4.3 Estimate in the region %

Here, we place ourselves in the region .#, and prove a Carleman estimate for ug ;, and conse-
quently for Zgv. Making use of the Calderén projector technique for both PJ ; and Pé,’ ;j» we obtain
the following partial estimate.

Proposition 3.30. Suppose that the weight function ¢ satisfies the properties listed in Section 3.3.1.
Then, for all 69 > 0, there exist C' > 0 and hg > 0 such that, for all 0 < d < dg and 0 < h < hy,
v € €>((0, X0) x S x [0,2¢)) and v* € €>((0, Xo) x S) satisfying (3.47), we have

1520713 + hEv" s, 0+ 1} + hlDe, 507, —or 3 < C(IPZ IR + R0 I + KD, 07, 04 3)

(3.106)
and
IE5! 13 + AES0'|s, =+ [} + hlDa, Ev' |, o+ 3
< CIPL I8 + B2 0! I3 + 541D, 0] ot 3 + |1 P50 I
+ B2V + B, 0" o [+ HIOL 3 + RIOL ). (3.107)

Proof. Here, the functions “271‘7 j € J satisty (TC, ;), with ¢ = .%. On both the “r” and “I” sides,
the roots configuration described in Lemma 3.24 (and represented in Figure 3.5) allows us to use
the Calderén projector technique used in [LR97,LR10]. According to [LR10, Remark 2.5] and using
Egs. (2.59), (2.60), and (2.61) therein, applied with v replaced here by vy, we have

lulz ;1 + b2 yo(ulz )l + b2 i (ulz j)lo < I1Pg 05 llo + Allvf I + h*[Da, vf]4,=0+lo-  (3.108)
This is a local version of (3.106). Patching together on M the local Carleman estimates (3.108) as
we did in (3.79)-(3.84) yields (3.106).

On the “I” side, since both roots are separated by the real axis (see Figure 3.5) we only obtain
one relation between the two traces at the interface : according to [LR10, Eq. (2.67)], we have

1 1
luls jll < 1P jv5llo + hllugll + R lyo(uls )l + k2 (ulz j)lo + h*|Da, vile, ~o+ o, (3.109)

together with the following relation between the two traces [LR10, Eq. (2.68)] :
(1-0pr(d") v(ulz ;) = Opr (W )m(ulz ;) + G5, (3.110)

where a! € S and b € S}l have for principal part respectively

1.—
_ o1
do =~ (Xu]_z> ,and b, = (Xu_z>
Pi = Pi Jla,=0+ Pj TP

)

z, =071
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where p;’i are the roots of pl@’j (i.e. pg’i = (qb;l)*pl’i with p"* described in Lemma 3.24) and
X € €(T*(R™)) is compactly supported and equal to one on a neighborhood of the support of
X#.jle, —o+- The remainder G4 (coming from the Calderén projector method) satisfies [LR10, Eq.
(2.69)] :

(Ghl1 S B2 (1P j0bllo + hllof Il + B[ Dy, v, =0+ o) - (3.111)

‘P]J

Let x € €°°(T*(R™)) satisfy the same requirements as x with x equal to one a neighborhood the
support of X. Since b' | does not vanish in a neighborhood of supp(¥), one can introduce a parametrix
for Opr (b'), say Opr(e), with e € S%, satisfying

Opz(e) Opr (V) = Opr(X) + R, R € h®U;™
Applying this parametrix to (3.110) gives the estimate

(s o S ol )l +(Ghl + O™ ([} + Da, vhla,oslo), N €N (3.112)

Here, we have used the trace formula (3.23) together with

n(u'z ;) = Opr () (ulz ;) + ((1 — Op7 (X)) OpT(m,j)lxn:m) )2 ——

Eh® W™
+ (1 = Opr()[Ds, 0P (x5 )l =0+ ) V)= (3.113)

€how7™

We now use the second equation in the transmission conditions (TC, ;), which with (3.108) yields

1 1 r 1 1
h yo(ulz )l < h?o(u% ;) +h210% ;1 + k2105 ;L

1 1
SR 05 llo + Allv |1 + h%| Da, v5|a, =0+ o + A2 0% ;11 + B2 0% ;1.

This estimate together with (3.111) and (3.112) provides an estimate for |’yl(uf%j)|0, which, summed
with (3.109) yields

! 1 ! 1 ! 1o ! !
luz ;i + k2 o(ug ;) + h2m(ug ;o S 1P ;05llo + hllojll + h2|DInvj|acn—O+|O
1
+1P5 joillo + kllvglly + B?| Dy, 05 Lot lo + 12 10% 511 + b2 (0% 511

This is a local version of (3.107). Patching together on M, such local estimates as we did in
(3.79)-(3.84) yields (3.107). This concludes the proof of Proposition 3.30. O

3.4.4 Estimate in the region Z&

Here, we place ourselves in the region 2, and prove a Carleman estimate for ug ;, and conse-
quently for =gv.

As a consequence of property (3.44) of the weight function (see also (3.54)) and the compactness
of [0, Xo] x S x [0, 2¢], we remark that in the region 2, there exists K7 > 0 such that

(00, ¢")? = 1" > min (8,,¢")" — 261 > Ky >0 (3.114)

for €; sufficiently small (the constant €; is used in the deﬁnition of the microlocal regions in (3.60)).
Making use of the Calderén projector technique for P w j» and standard techniques to prove

Carleman estimates for P} ;, we obtain the following partial estimate.
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Proposition 3.31. Suppose that the weight function ¢ satisfies the properties listed in Section 3.3.1.
Then, for all 69 > 0, there exist C' > 0 and hg > 0 such that, for all 0 < 6 < dg and 0 < h < hy,
v € €>((0,X0) x S x [0,2¢)) and v* € €>((0, Xo) x S) satisfying (3.47), we have
— T2 52 = T 2 — T 2
B2 +h(1+ 75 ) B0 lemov [ + hlDa, B2 |y, v 3

< O (IR 18 4+ K210 17 4+ B8 + B2) 0"+ 1P 4+ K210 13 + 1| D, 0 o 3
8 .
SO+ 6L + hlO [+ hIO3I3 ). (3.115)
and

IE2v'[IF + hlE2 0|, o+ |T + 7Dz, E2v' |, =0+ 13
h2

< O(NPLIR + W2 + 112, ey s B+ R + s (1B 4+ 12107 )
r h? s
+h|950|%+h|9¢|§+m|@¢|3)' (3.116)

Proof. The function ug ; satisfies (TC, ;), with ¢ = 2. On the “I” side, the roots configuration
described in Lemma 3.24 (and represented in Figure 3.3b) allows us to apply the Calderén projector
technique as in [LR97,LR10]. Since both roots are separated by the real axis we only obtain one
relation between the two traces at the interface : according to [LR10, Eq. (2.67)], we have

1 1
luly 4l S 1P jv5llo + hllvjll + R lyo(uly )1+ hZ i (uly j)lo + h%|Da, vjla,=o+lo,  (3.117)

together with the following relation between the two traces [LR10, Eq. (2.68)] :
(1—Opr(a")) vo(uly ;) = Opr (b) 71 (uly ;) + Gb, (3.118)

where a! € S and b € 5’771 have for principal part respectively

1.—
_ Py - 1
ao =~ (Xuj_z> ,and b, = (Xu_z>
Pi- =P ) lz,=0+ Pj =P

where p4*t are the roots of pr,j (i.e. péfi = (gbj_l)*pl’i with pb® described in Lemma 3.24) and

X € €°(T*(R™)) is equal to one on a neighborhood of the support of x # |, —o+ and equal to zero
in a neighborhood of

((qu_l)*ff) N{zn =0} = {(z0, ¢;(¥); &0, 'de; (¢ ())n); (z0,y,0;60,m) € 4}

The remainder G (coming from the Calderén projector method) satisfies [LR10, Eq. (2.69)] :

, (3.119)

x,=0T

_1
G511 S h72 (1P jvjllo + hllvjlls + h%| Da, 51z, =0+ |o) - (3.120)

On the “r” side, we apply the Carleman method to the operators P} ;. With the properties of
the weight function of Section 3.3.1, and in particular by (3.56), and by Lemma 2 in [LR95], we
then have

Bl 5112 + Re (" (uly. ;) + B2 ((Dutly  + Liuly o =0t Lo slea=0+)o ) S I Pty 53,
(3.121)
for h sufficiently small, where L} € 21, Ll € 9. The quadratic form %" is given by

oy (20 ilea=or BIY () (11(¢) ‘ -
# (w) - << B{/ Bg) <fy0(r¢})> ’ (’YO((/J)) 07 bupp(w - (O’XO) X UJ X [0’25)7

(3.122)
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where B, B}' € 9%, By € 92, with principal symbols o(B]) = o(B}’) = 241 jle,—o+ and o(B3) =

~205, 0705 jlu,—o+ With qf ;= (¢7") g, k=1,2.
Observe that we have

|(Dutly; + Ly e movs Lty gla,=o)o| S 11 (ulz ) + 1o ()13 (3.123)

Thanks to the transmission conditions (TC, ;) at the interface and the trace relation (3.118)
on the “/” side, we shall be able to express v1(u'y ;) from yo(u’ ;) on the “r” side. This will allow
us to turn #" into a quadratic form operating on yo(u’ ;) only. We first formulate (TC, ;) in the
following manner :

’Yo(ulff,j) = ’YO(UT%’,]') + ai%‘,j - 9%,;‘
oct ~
J S T r T T
n(uly ;) = e Peq (0w 5) = 0% 5) = B (u ;) + kro(uly ;) — G, (3.124)
J
uf@ﬂj = ’YO(UEX,j) - erff,j‘
Let x € €°(T*(R™)) satisfy the same requirements as ¥ with x equal to one a neighborhood
the support of ¥. Since the principal part b’ ; does not vanish in a neighborhood of supp(y) (see
(3.119)) one can introduce a parametrix for Opz(b'), say Opz(e), with e € Sk, satisfying

Opr(e) Opr (b)) = Opr(X) + R, R €U,

Note that the principal part of the parametrix e is given by o(e) = ¥ (p§’+ — p;’_> |, —o+- Applying
this parametrix to (3.118) gives

Opr(e) (1 = Opzr(a')) v (uly ;) = Opr(X)71(uly ;) + Ry (uly ;) + Opr(e)Gh
=7 (ui%“]) + RlenUﬂxn:oJr + ROUé‘|zn:0Jr + OpT(e)GZQa (3125)

with Ry € h°¥7> and Ry € h>®U1™, since

'71(u€“2’,j) = OPT()A()%(U%,%’,]') + (1 - Opr(x)) OPT(XSZ’,J‘) D$n”§|$n:0+

[SIk ey
+ (1 = Opr(X))[Da,,, Opr (X2 )] V5l =0+

€EhoW >

and

Ryi(u'y ;) = ROpr(X2 ;) Do, V' |4, —o+ + R[Da,,Op7 (x2,5)] V'], —0+-
—————

Choow > Ehoow ™
Using the first relation of (3.124) to replace 7o(u'y ;) by 7o(u%y ;) in (3.125), we obtain

Opr(e) (1 = Opr(a)) (vo(uly ;) + 0% ; — 0% ;)

=1 (uly ;) + R1 Dy, vh|,, o+ + Rovi|s, —o+ + Opr(e)Gh. (3.126)

Now, replacing (3.126) in the second equation of (3.124) yields the following relation between the
two traces of u%’j :

r 56; s l r 66; s qr
6’}/1(“5@”7]) = (hicl, P‘ij — OpT(e) (1 - OpT(a )) + k)’yo(u‘g&h]) - mPLpJGgJ
J J

— Opz(e) (1 —Opr(a')) (8, — 0% ;) — G1 + Opr(e)Gh
+ RiDy, )]0, =0+ + Rov}|s, =0+

Tn J
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This equation can be written under the form

Y1 (uly ;) = Xsv0(uly ;) + Gs (3.127)
where e
10 o - l
¥ = B(hz'cg P; ;= Opr(e) (1 - Opr(da)) +k), (3.128)

and with (3.74) and (3.120) the term G3 can be estimated as

|Gslo S h|9 o+ 105 511+ 167 11 + (6 + h)|vil1 + 105 ;10

+ k72 (P, jvSllo + Allog Il + h*|Da, v, =+ o) (3.129)
where we have used the trace formula (3.23) and
Poi07. = Poy OPT(X25) 05
—_—

cvy

In supp(x), from (3.119) the symbol o5 of 35 reads
a0 1+ . 1 0
o5 =07~ i—rpl = A+ B) 47, withr € 5%+ hSY. (3.130)
J

where functions are evaluated at the interface, i.e. z, = 0T.
Using (3.127) in (3.122), we can now write %" (u’ ;) as

B, ) — <<28M90§|wn=o+ B?) (Eavo(u%,j)+G3> (EWO(U%J)JF%))
Z,j BT B} Yo(u'y ;) ’ Yo(uly ;) 0

= (Zswlu )00y ), +4Re (9, @l mo Sor0(uly ). Gs ) (3.131)

+ (Binoluty, ). Gs )+ (BI'Ga,vo(uy ) +2 (00,0 G, Ga)

with

S = 25505, 9] |u, =0+ S5 + 3BT + BY'Ss + By, (3.132)

The following lemma makes use of condition (3.114) that describes the smallness of the region .
Lemma 3.32. Let 65 be the symbol of 5. We have Xh2 62 G5 € SY. Moreover, in supp(Y), for
ho > 0 sufficiently small, we have

2
m05200>07 0<h§h0

We refer to Appendix 3.8.7 for a proof.
Let x € €°(T*(R™)), be equal to one on a neighborhood of supp(x # ;
is equal to one on a neighborhood of supp(x). We then write

z,—o0+) and such that ¥

h2
h? 4 62

hZ h?
ma(; = S5+7’5, S5 = h2 T 62

With Lemma 3.32, we have s5 > Cp((£o,&’))? and observe that ss € S2. The Garding inequality
yields, for hg sufficiently small and 0 < h < hy,

X+ Col(60, )2 (1Y), 75 = (555305~ Col(€0,€))?) (1-):

N r r 52 r
S0y ;)00 Do 2 O (14 0 ) oty ) — OnhV il o (3139
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as supp(rs) Nsupp(xz ;) = 0.

We now estimate the other terms in the expression (3.131). Using the Young inequality, we have,

for all € > 0,

‘(BIVO(U%,j)vGZi)O‘ + |(BI/G3770(UC%’J))O| + 2| (3xn80§|xn:0+G3,G3)0|
2

PN h
S €<1 + ﬁ) o (uly ;)IT + (1 + m) G35

For the remaining term in (3.131), we have

4’Re O, e, =0+ LYo (W ), G3) ‘ ( P ﬂo(u%,j)|0+|70(U%,j)|1)|G3|07

according to (3.128) and (3.130). Taking x as above, we can write

Pg ivo(uy ;) = P} ; Opr(X) v0(uly ;) + P (1 = Opr (X)) Opr (X2 5) V] |0 =0+ -
_,_/
evy €hoow >
Using the Young inequality, for all € > 0, N € N we obtain

4| Re (01,2} 1, =0+ Sor0(u’z ), Gs), |

52 1
Se(1+ 73 holuly ) + <IGalf + eCnd®h™ o

2
z,=0"F |O~

(3.134)

(3.135)

(3.136)

Combining (3.133) and (3.131) together with (3.134) and (3.136) gives, for ¢ sufficiently small and

53503

52 -
(1435 holuy B S 2 (uly ;) + Gaf + CxhN 5, =0 .

Finally, turning back to the Carleman form at the boundary (3.121), and using (3.123), we obtain,

for all N € N, for hg sufficiently small and 0 < h < hy,

T 52 s T
Bty ;12 + (1 + 55 ) o(ulz, ) S 10513 + BIGs 3 + Oxh™ o, o+ 3 + B2 (u

o )6

Using (3.127), (3.128), (3.130) and (3.135) to estimate [y1(u'y ;)|o in terms of |yo(u’y ;)|1, we obtain

(o S (14 ) ot )+ Cslo + O™ o5 e, ot o

Then, replacing |G3|p by its estimate (3.129) gives, for hq sufficiently small and 0 < h < hy,

T 62 T
Bl 512 + Bl (uly )3 + R (1+ 75 ) oty )
SR I8 + A2+ A6+ W+ 1R 5+ A + 11D,

+ gIHZ;,jI% + hl%,jlf + hw;,jﬁ + h’|@;,j|(2)v

2
zp=0%F |0

(3.137)

using the trace formula (3.23). This is a local version of (3.115). Patching together on M such

local estimates as we did in (3.79)-(3.84) yields (3.115).

Let us now conclude the proof on the “1” side. The trace equation (3.125) yields

Iy (uly j)lo < |vo(uly )11 + 1Gh]1 + Cn BN (|Dg, ) | o+ o + [0
< Jyo(ule )l + 165 511 + 165 ;1 + 1G5l
+ CnhY (IDg, 0|5, —o+lo + [Vflo,—0+l0) , N €N,

z,L:0+|O) ) N ¢ Na
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after using the first relation of (3.124).

Using this last inequality, together with Estimates (3.137) on |yo(u'y ;)|1, Estimate (3.120) on
|GL|1, (3.117), and the first transmission condition in (3.124), we finally obtain, for hg sufficiently
small, and 0 < h < hg,

l[uly 11+ Rlyo(uly I + By (uly )
h2

S 1P 503llo 4 W5 3 4 11D e oo+ g (150516 + 2T IR) + A
h52 o2 o2 . 9 h3 )
+ mw@,ﬂo"‘hw%]’h +h|9<ﬂ»j|1 52 h2|6 |O'

This is a local version of (3.116). Patching together on M, such local estimates as we did in
(3.79)-(3.84) yields (3.116). O

3.4.5 Estimate in the region &

Here, we place ourselves in the region & (high frequencies), and prove a Carleman estimate for

ug,j, and consequently for Zgv. Using in this region the ellipticity of P; ; and the Calder6n projector

technique for both P} ; and Pw ;» we obtain the following partial estimate.

Proposition 3.33. Suppose that the weight function ¢ satisfies the properties listed in Section 3.3.1.
Then, for all 5o > 0, there exist C > 0 and hg > 0 such that, for all 0 < § < dy and 0 < h < hy,
v € €2°((0, Xo) x S x [0,2¢)) and v* € €>((0, Xo) x S) satisfying (3.47), we have

IEs0™ |1} + hEsv7 4, =0+ [T + k| Dz, Esv™ |, o+ [§
< C(IIPQUTH% + [T + B Da, 0" gm0+ [ + 1PV I + 20T + B*[ D, v =0+ 13
B0 3 + RO R + RO 3 + hl6LJ3). (3.138)

Proof. The function ug ; satisfies (TC, ;), with @ = &. On each side, the roots configuration
described in Lemma 3.24 (and represented in Figure 3.3c) allows us to apply the Calderén projector
technique as in [LR97,LR10]. Since both roots are separated by the real axis we only obtain one
relation between the two traces at the interface : according to [LR10, Eq. (2.37)], we have

Sl S IPL el o + Rl 1+ B2 ho(wl lx + B2 [l )lo + 72| Da, 0] e, o+ lo,  (3.139)

together with one relation between the two traces [LR10, Eq. (2.38)] :
(1= 0pr(a”)) vo(u ;) = Opr(V™m(ul ) + G- (3.140)

In this last expression, a’/t € S9 and YOS 5771 have for principal part respectively

1/ 71 ” 1

v = r_ =

o = < T+ r/lv‘) , and bL, = ( it — )
P P 2n=0+ P P

where p;’i are the roots of pfp,j (i.e. péfi = (qufl)*phi with pb® described in Lemma 3.24) and
X € €(T*(R™)) is equal to one in the neighborhood of the support of x& ;l., —o+, with support in

, (3.141)

T, =071

((Cé]l)*@@) N {zn =0} = {(z0, ¢;(¥); &0, 'de; (0 (¥))n); (x0,y,0;60,m) € E}.
The remainder G;/l satisfies

Gl S B (P20l o + Bllo) |y + B2 D, v =0+ o) - (3.142)
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The principal part of b7t satisfies

b > C((€0, €)™ in supp(X),

as pj/” and p/l’ are tangential symbol of order one such that p/“ — p;-/”f does not vanish in a

neighborhood of supp(x). Let x € € (T*(R"™)) satisfy the same requlrements as ¥ with ¥ equal to
one a neighborhood the support of . We can introduce parametrices for Opz(b7t), say Opr(e’t),
with e/t € Sk satisfying

OpT(eT/l) OpT(b%) — OpT(fC) + Rr/z7 R% c hoo\l,,;oo.

Note that the principal parts of the parametrices e/ are given by o(e’) = x (p;/“"’ — pZ“‘) |2, =0+ -
Applying these parametrices to (3.140) and arguing as in (3.113) give

Opr(e”) (1= Opr(a™) 20l ) = k) + Rl Do vl e, —ov + BY0] ot + Opr(eMGE,
(3.143)
with RO/’ , R{" € h>° W >, This yields the following estimate of v, (ué/!j), in terms of 'yo(ué’]) :

\’yl(ué/f,j)b < |’Yo(ugj)\1 + |G/l|1 + CnhY (|Dmn 0/ e, =0t o + |v],/‘ zn:0+|0) , NeN. (3.144)

On the other hand, replacing u ; in the first equation of (TC,,;) by its expression in the second
equation of (TC, ;) gives

cs N
;];PZJ (70(“2’,3') - 92,]') =h (71(Ul£,j) + ﬁ%(urg,g‘) - ]WO(UZ@,]') + Gl) .
J

Using (3.143) and the first equation of (TC, ;), this yields

o

Qsvo(ug ;) = Gs, (3.145)

with
05 = 521@ + h(k: — BOpz(e") (1 — Opz(a”)) — Opz(e') (1 — Opr(a')) ) (3.146)
and
Gs = 5213;7],9;@4 +hG — hﬂ(R; ¥ | =0t + RV o, —o+ + Opr (e )Gg)

— h(BLDs vlls, 0+ + RV |s,—or + Opr()Gh + Opr(e!) (1= Opr(a)) (0 ; — 0% ).
(3.147)

Here, we introduce a class of pseudo-differential operators adapted to the operator €25 in order to
perform uniform estimates in the singular limit § — 0". On the tangential phase-space W = T*(R"),
we define the order function

R 1= (60 € + 5 (606,

associated with the metric,

Lemma 3.34. The order function A is admissible, i.e., slowly varying and temperate.
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We refer to Appendix 3.8.8 for a proof. For a review of these notions see [Hor79] or [Hor85, Sec.
18.4-5] or the recent monograph [Ler10, def. 2.2.4 and 2.2.15]. Thanks to the previous lemma, we
can define a proper Hérmander-class calculus. We now prove that s is elliptic in this class.

We set 5
) o7 A
ws = 0= + h(k — BT - ij+).
J

We have (6 + h) " tws € ST(A?, gw). With (3.141) we see that
Qs — Op7(ws) € h6UL + h2T% C (h+ 8) U1 (hA?/{(&,E)), gw)- (3.148)

From the definition of k in (3.73) this gives

S

C. .
Im(ws) = =0—F Re(p}, ;) = h(9e, @jlr,=0+ + 502, &l =0+ + XTm(p5t + i),
J

In this expression, we have
Re(p?, ;) > C((&,¢'))” on suppy, (3.149)

by Proposition 3.23 (see also the localization of Char(P; ;) on Figure 3.4). Next, in the region where
x = 1 we have

T T 1 — B T T, —
O, @500t + B0, &fle,—0+ +Im(py ™+ Bp; ™) = S Im(py " — pf7) + 5 Im(py™ = pf7)

as amngo;/l =-1 Im(p;’Jr + péff) and with Lemma 3.26. Estimates (3.149) and (3.150) yield

jws| > C (5 + h)A?,

in the region where Y = 1. There, the symbol (§ + h)~tws is elliptic in the class S7(A?, gi). Hence,
there exists [ € S7(A~2, gw) (with principal part Xwgl) such that

Opr()(6+ k)" Opr(Qs) =Opr(X) + R, RE€RUL™,

by (3.148), for some x € €>°(T*(R™)) equal to one on a neighborhood of supp(x« |, o+ ) and such
that x is equal to one on a neighborhood of supp(y).

Applying this parametrix to Equation (3.145) gives
Yo(ul ;) + Ryo(u ;) + Rvf|,, —o+ = Opr(1)(6 + h) ' Gs, (3.151)

with R € kW7 and R = Opr(X — 1) Opr(Xé.ile,—0+ ) € AU,

We estimate

| Op7(1)(8 + h) ' Gsl1 = | Opr({(£0.€))) Opz (1)(6 + h) " Gilo,
with
Opr({(60,)) Opr (06 + 1) € ¥ ({280 aw) =¥ (g o)

We thus obtain, as Opy (75 <(€Oé,)>+h) is a Fourier multiplier,

10pr0)(3+ 1)~ Galh 5 [ Opr (57 7)o,
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With (3.147), this yields
| Opr(1)(6 + k)" G3)x

S|P 0% - 1+y0pf[( )Ga| + 1B D2, 5 2=t o + [R50t o

__h
3((0, &) +h

+ R Dy v enm0+]o + [G5l1 + |Ghl1 + 10% ;11 + |05 ;11

11
en=0+lo + [Rov;
As we have

‘Op7< |G1|o,

h .
e ERl
5<(§o,§’)>+h) - 5+h
and with (3.74), (3.142), and the trace formula (3.23), using also P ; € UZ | gives
|Opr(D)(8 + h) "Gl S hlvsly +h™2 (JIP5 ;05 [lo + hl|v} [y + A2 Da, 05 |, —o+ |o)

+h7§ (H ©,j ]||0+h||vj||1+h2|DIn ]
+ ‘0;,j|1 + |9¢7j|1 + |@%]—|0.

z,L:O+|O)

With (3.151), the transmission conditions (TC, ;), and (3.143) that gives v; (ué/!j) as a function of

'yo(ué/a’]) (thanks to the Calderén projectors), we obtain

1
h |yo(u)! )+ h? |71(Ugj)|0 S hE[vsy + 1P 05 llo + hl[vS |l + h?| Dy, 05 | —o+ o
+ 1P jv5llo + Rl[vSl11 + h? D, vh]4, o+ lo
+ 260 1+ h2 6L 1+ hE O] o,

Injecting these estimates in (3.139) we obtain a local version of (3.138). Patching together on M
such local estimates as we did in (3.79)-(3.84) yields the result. O

3.4.6 A semi-global Carleman estimate : proof of Theorem 3.2

In this section, we explain how we can patch together the four microlocal estimate of Proposi-
tions 3.28, 3.30, 3.31 and 3.33, to obtain a global Carleman estimate in a neighborhood of S, and
prove Theorem 3.2.

First, let us introduce some notation. We set
BT (w) := h‘w|zn:0+|? + h|Dwnw|mn:0+|g’
RHS" (w) := [|P/tw|§ + P*[[w][} + h*| Dawls, —o+ |5,
Ry := h|O%|3 + h|0L|7 + hl6L 3.
This allows us to formulate concisely the four microlocal estimates of Propositions 3.28, 3.30, 3.31

and 3.33.
240" |3 + BT(Egv") < RHS" (v"), (3.152)

— — 5 T, T T T
eh|[Zqv' I} + e BT(Egv') S (1+ 1) (SICPR 18 + eh*| D, 07 L, o [ + bl HQ)

+eRHS'(0) +|e(h? + 8)|Eg5v7 |} |+ \gh(h2+52)|08|1\+5R9+5 |9T|0 (3.153)

|IE#v"||2 + BT(E£v") < RHS" (v"), (3.154)
|224'? + BT(Z#v') < RHS'(v!) + RHS" (v") + Ry. (3.155)

52
eh||Zv" |3 +e BT(Egv") < ERHST(UT)+€RHSZ(7}Z)+‘ eh(h? + §2)|v* |} \+sz|9;|3+539, (3.156)
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- — s h2 ()T
2202 + BT(E20') < RHS' (v!) 4+ h3|v®|? + e RHS" (v") + Ry. (3.157)
[E2sv” |2 + BT(Eg0v”) < RHS! (v!) + RHS (v") + h3|v*|2 + Ry. (3.158)

To derive the final Carleman estimate we need to sum together these microlocal estimate and many
terms in the r.h.s. need to be “absorbed” by those in the 1.h.s.. This is a standard procedure usually
making use of the powers of the parameter h in front of these terms and by choosing h sufficiently
small. Note, however, that some powers of h are critical here so that the related terms (in frames)
in the right hand-sides cannot be “absorbed” directly. To overcome this problem, we have multiplied
the two concerned equations by a small parameter € > 0 whose value is independent of h and §.

Note that these three atypical terms are the reason for the introduction of the microlocal region
Z (compare with the microlocal regions used in [LR10]). In fact, the microlocal region .% acts as
a buffer : as % is an elliptic region for both the operators P;/’, it provides terms in the lLh.s. of
the associated microlocal estimates of better quality than those obtained in the regions ¢4 and 2
(compare the powers of & in the Lh.s. terms of these estimates).

Observe that the property x¢ + x2 + X + xo = 1 implies, see Section 3.3.6,

Egj+Z7;+Ez;+Zs; = ((z0,9)

As a consequence of the definition of the operators =,, ¢ = &, %, % ,¥, given in (3.62)-(3.63), this
yields
s +Ze +Eg +Zg = (L (zo). (3.159)
We now treat the three atypical terms and use the small parameter €.

As supp(v®) C (ag, Xo — ag) x S (see the statement of Theorem 3.2 and Section 3.3.3), with
(3.159), and using the transmission conditions (3.47), we have

v® = (1o = v’ + Zav® + Eg0° 4+ Sy’

l l

—Efg’afp—I-Egvl—Eg@f’o+5gvr—5ggr at z, =07.

_= _ =0 =
= =ZgU \_.(gvecp + =g o>

Hence, for § < §p and h < hg we can estimate the two atypical terms concerning v® in (3.153)
and (3.156) as

ehd?|v®|? < eh|Zgv'|? + eh|Zgv! |3 + eh|Zz0! |3 + eh|Zgv”|? + eRs.

When summing all the estimates (3.152)-(3.158) together and taking e sufficiently small, the four
terms eh|Zs0!|?, eh|Z22v! |2, eh|E#v!|2, eh|E4v"|? can be “absorbed” by the L.h.s. of (3.158), (3.157),
(3.155), and (3.152) respectively.

The remaining atypical term is in (3.153) :

e(h? +6%)|Zg70" |} S el|Ewav” I}

We choose a function ¢* € €>°(0, X) such that ¢* = 1 on a neighborhood of (ag, Xo — ap), ¢* =1
on a neighborhood of supp(¢*) and 0 < ¢* < 1. Since supp(v") C (ag, Xo — ag) X S x [0,2¢), we
have

Egysv" =By By +Ez)v" +Egyz(1—Zy —Ez)CM". (3.160)

From Proposition 3.52 and Proposition 3.48, the principal symbol of the operator E¢ (1 — Z¢ —
Eg)<4 is

Cxgz (1-Cxg +x7))C = Cxes(1— (xg + x2))¢" =0

since Yo + x.# = 1 on supp(xw.#) by (3.75). We thus have Z¢z(1 — Z¢ — Z)¢* € h¥;' (M), so
that (3.160) gives

e(h? +6°) 2970717 S el BT + ellEzv” | + eh? o3
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When summing all the estimates (3.152)-(3.158) together and taking e sufficiently small, the two
terms ¢||Zgv" |3, €||E#v"||7 in this expression can be absorbed by the L.h.s. of (3.152) and (3.154),
respectively. This is possible since in these two estimates are obtained in elliptic regions yielding
better powers in h.

Now, if we sum all the partial estimates (3.152)-(3.158), and handle the atypical terms as ex-
plained above, we obtain

[E4v"||7 + BT (Egv") + h||Z4v'|} + BT(Egv') + |E&0"||]] + BT(E#0") + [|Ezv!|

+BT(E#v") + h||Z220"||? + BT(E20") + |E20!||2 + BT (E2v)) + ||Eev”||? + BT(Egv7)
T s 52 T .r S T
SRHS"(v") + RHS' (v!) + (1 + ﬁ)ngpw 12 + h3|v°|3 4+ h?| Dy, v

2 52 |2
:rrn:0+|0 + Ry + F|9<p|07
(3.161)

Using supp(v”') C (ag, Xo — o) x S x [0,2¢) and (3.159), we can write
o7l < |Egvt i + [Ez0™ | + [IE20" |1 + [Esv” |1,
together with
070+t < 1B o, —o+ 11 + 12207 o, —ot |1 + [E2v" 4,0+ 1 + [E607 0, —0+ 1,
and
D00, =0+ lo < 1D, Egv” | =0+ lo+| Da, Ex 0" |y =0t 0| Do B0 ™, 0+ o+ D, B0 ™ |, =0+ lo-
These three inequalities together with (3.161) give
Rl + hlo™ |, —o+ T + 1| D, 0" |, —o+ 3
S IPLIE + B2 ([ + A Dy, v =0t 6 + (1 + %Z)HCP;WH% + 1P I3
4 B2 4 21D, 0 o BP0+ Ro+
Taking 0 < h < hg with hg sufficiently small in this expression gives
Rl 3 + hlo™ o, —o+ T + D, 07, o+ [
52 52
SIPLIR + PG |3 + (1+ 55 ICPEer I3 + Ro + 1013

Recalling the definitions of v/ = e% /l/hw%, FaZl’ HZI, O, (see Section 3.3.3 and Equation (3.41)),
and observing that we have

e "Dy o < 1D, (e 0™ Yo+ 1By M o

and similar inequalities for the norms at the interface {z,, = 07}, we can “absorb” the zero-order
terms in (3.41), which concludes the proof of Theorem 3.2. O

3.5 Interpolation and spectral inequalities

3.5.1 Interpolation inequality

Here, we prove the result of Theorem 3.4. We shall start by proving a local version of the
interpolation inequality at the interface. In fact, the inequality we prove is local in (zg,z,) but
global on S. Here, we closely follow the geometrical setting of [LR10]. As in Section 3.3 we use
local coordinates where the interface is given by {z, = 0}, in a small neighborhood [0, X] x VL.
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Zo

FIGURE 3.6 — Level sets for the weight functions v and ¢ = e*¥ in (x, z,,) coordinates. The manifold
S 3 y can be represented normal to the drawing. The Carleman estimate of Theorem 3.2 can be
applied in a region V close to {29} x S x {0} (represented with a dashed line).

We choose a point zg € (a1, Xo — a1). We also pick ag such that 0 < ag < a1 to be used for the
application of the Carleman estimate of Theorem 3.2.
We define the following anisotropic distance in R? :

1
dista (a0, an), (bo, bn)) = (afag — bo|* + |an — bs[*) %, a > 0.

We fix z, € R%. Then, for (o, zy) € [0, Xo] x R and & > 0, we set

—disto((x0, Tn), (20, 2n if z,, >0,
(0, 20) = ' (w0, 2n), (20, 2n)) .
—disto, ((zo, KTn), (20, 2n)) if z, <O0.

We shall also consider ¢ as a function on V,, x S x R. We note that v is continuous across the
interface {z, = 0} and that

81n'(/)($0,.’13n) = (Tn — Zn)(¢($07$n))_1 if T Z 07
Dp, V(20, Tn) = K(KTn — 20)(W(20,2,)) " if 2, <0,

Tn,=0" — Haxﬁ/J
D0, ) = (o — 20)(Y(x0, 7)) " (3.162)

Let us check that the associated weight function ¢ = e*¥ satisfies the properties listed in Sec-
tion 3.3.1.

According to Remark 3.21, it suffices to check that v satisfies properties (3.44) and (3.45) possibly
with different constants. In fact, we work in a sufficiently small neighborhood V' = V., x V. of
{70} x S x {0} which does not contain (z9,y, z,) for all y € S, where V,, is a neighborhood of zj
in (v, Xo — ap) and 0 < &’ < ¢, so that Vi does not vanish in V. First fixing x sufficiently small,
we see that Property (3.44) is satisfied. Second, note that |zg — zg| is bounded. Hence, from (3.162),
we can choose the parameter « sufficiently small to have |9,,1| small as compared to inf |9, |, so
that (3.45) is satisfied. Level sets for the function v are represented in Figure 3.6.

The Carleman estimate of Theorem 3.2 then follows, with the weight function .

We choose 0 < s1 < s8] and 0 < o < ¢’ such that

which yields 0, ¥

z,=0+- We also have

U = {(z0,y,Tn); |To— 20| <8}, y€S, |zp] <0’} CV.
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/
T T /
17‘2 27‘3 T3

FI1GURE 3.7 — Neighborhoods around the point of interest for the proof of the interpolation inequality.

We also set
U= {(x03y71'n); |l’0 - ZO‘ <81, Y € S7 |In| < o'} C u/'

We now choose ry < 1} <1y < 1(20,0) < 15 <73 < rj, such that
Cr ={(z0,y,2zn) ER XS XR; ¢(xg,2,) =71}
and  Cy = {(z0,y,xn) € R x S X R; ¥(z0,x,) = 14}
satisfy C1 N {z,, <0} CU, C1 N{z, > 0} NU # 0, which is equivalent to having
(2o £ 51,0) = —(as? + zi)% <ri,

and finally C4NU’ C {z,, < o}. We illustrate these choices in Figure 3.7. We set R; = €7, R = i,
j=1,2,3.
Following [LR95], we introduce

Vii={(zo,y,zn) €U'; 7 < Y(x0,7p) < T;}, ji=1,23.
and we further set

Viilg = {(‘Tanaxn) eU; 7nll < w(‘TOaxn) < T3}7 V1/—>3’ = {(IL’an,xn) S ul; r < 1/1(950,%) < ré}
Wy = V3 U (Vg \t).

The region Ws is represented shaded and stripped in Figure 3.7. With the choices we have made
above, the region Wj is contained in {z, > 0} and is finitely away from the interface R,, x S =
{zn, = 0}. For sy € (0, s1) we also choose Wa = Vo N {(z0,y,xn); |To — 20| < S0, y € S} € U. The
region W contains {zo} x S x {0} and is represented shaded in Figure 3.7.

Now that the geometrical context is set, we can state a local interpolation inequality in the
neighborhood of {29} x S x {0}.

Lemma 3.35. For all 69 > 0, there exist C > 0 and vy € (0,1) such that for all 6 € (0,d0) we have

1 _ v
lull g way + 87 [ 1wz —opy < CIUNES <Ilu|Hl<Wg> +]|(- a2+ a5)u] ,CO) (3.163)
s

for all0 <v <wvy and U = (u,u®) € K%.
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This inequality can be read as the “observation” of the local K} norm of U in the neighborhood
Wo of any strip {20} x S x {0} by the H! norm of u in a neighborhood away from the interface and
the K§ norm of ( — 82 + A;)U.

Proof. We choose x € €>°(U') independent of y € S such that x is equal to one on Vy/_,3 and
vanishes outside V| _, 5. Then V, .. x vanishes outside V/_ 5, \ Vi-_,3 which is the stripped region
in Figure 3.7.

For U = (u,u®) € K%, we set

Bu := —(8%0 + AC>U c L2((07X0) x QU QQ)
BU := —(93, + Aco)u® = 5((c0z, 1|2, =0+ — (6D, )|, 0~ ) € L*((0, Xo) x 5),

and recall that ul,, —o- = u® = ul,, —o+. Setting W = (w,w?®) with w = yu and w® = x|, —ou®, we
have

Bw = xBu+ F, inU

B*W = 1(6xB’U +©) inlUNS,

Wy, —o- =W° =w|,, o+ IMUNS,
where

F=[=(0%, + Ac) xJu
0= 6[_(820 + Aﬁ)v)dus - (C|mn:0+ - C|xn:O*)aaan|a:n:Ous-

Using the density result of Corollary 3.15, the Carleman estimate of Theorem 3.2 can be applied
to W = (w,w?®) :

Bl w||§ + W€V gy sl + hle?Mw?|§ + b eV 4 5w
< W2 (W% + 62)||e?/"x Bul|3 + B (h* + 62)|[e?/" F||2 + h36%|e?/"x B U|3 + h*|e?/"O2.  (3.164)
Note that © is supported in V; N {z,, = 0} and in this set e#/" < eRi/h Similarly, F is supported in
V{_3 \ Vir—3 and in this set e#/" < efa/". Moreover, the operators [—(92, + A.), x] and [—(92, +
Acs), x] are of order one. We thus have

e/ Fllo S /M full i sy + M ull i) S €Ml gy + €U s (3.165)

277010 S /™ (30| 11 (i w=op) + 87| 2 (Van =0 ) -
Using the trace formula together with § < § %5§ in this last inequality, we obtain
’ 1, & ’
€270y < ™/ (54 |10, x0)x8) + llirian ) S €/ [U gy, (3.166)

We also have

le#/"xBullo S e/ | Bullpaqey 5 e™/0| (- 82, + 45)U|

, 3.167
. (3.167)

and

54 [e#/ M B*Uly 5 65/ BoU 1o ga,mop) S /" (= 02, + 45)U] (3.168)

K9
Concerning the Lh.s. of (3.164), we have e?/" > e¢f2/" and y = 1 on W5, so that, using § < do,

hlle? M wllg + b eV ay ., wlIF + hle? w0 [ + B e/ Vg [

Z h3€2R2/h||U| ?’II(WQ) -+ h3§€2R2/h‘US‘%1(W2Q{ITL:0}). (3169)
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Using (3.165)-(3.169) in (3.164), we thus obtain,

3 1
w3/ ([l way + 6% [0 12 wara=o) )

< h(eRll/hHUH,c(ls efa/h(||(— 82, + A(;)UH,CS + ||uHH1(W3))). (3.170)
Fixing some R, € (R}, Ry), we have hzef2/h > ef2/M for all 0 < h < ho. Thus, (3.170) becomes

P 1
2/ (Il + 6% 1w o))

< ey + € ([[( = 02, + AU g + Nl oy ).
Finally, optimizing w.r.t. to h as in [Rob95] we obtain the sought local interpolation inequality. [

Away from the interface, the K§ norms, s = 0,1 coincide with the usual H® norm, and similar
local interpolation inequalities as (3.163) are proven in [LR95, Lemme 3 page 352]. Now that we have
obtained the interpolation inequality (3.163) at the interface, we can apply the procedure described in
[LR95, pages 353-356] (propagation of smallness) and prove the sought global interpolation inequality
(3.13). See [LZ98, Proof of Theorem 3] to obtain the term ||0z,u(0,z)||z2(. in the r.h.s. of (3.13).
This concludes the proof of Theorem 3.4. O

3.5.2 Spectral inequality

From the interpolation inequality proven in Theorem 3.4, we now deduce the uniform spectral
inequality of Theorem 3.5. Recall that &5; = (es;,e5;), j € N, denotes a Hilbert basis of HY)
composed of eigenfunctions of the operator As associated with the positive eigenvalues p5; € R, j €
N, sorted in an increasing sequence. We denote by Ils ,, the spectral projector over the eigenfunctions
associated with eigenvalues lower than p, i.e.,

LY = 3 (Yoo G0 Y €H.

pe, i <p

The proof of Theorem 3.5 is classical. Yet, we have to make sure that all the constants involved do
not depend upon the parameter 6.

First we take some Y5 = (ys,y5) € 5, HY, and apply the interpolation inequality (3.13) of
Theorem 3.4 to

Us = (us, ul) = A > sinh(zgA2)Ys,

defined with the classical functional calculus for self-adjoint operators ®.
We notice that we have (— 02 + As)Us = 0, Us(0,2) = 0 and [|0zous(0, 2) || £2(w) = 18]l 2 (w)-
Concerning the Lh.s. of the interpolation inequality (3.13), we have

X()—Oél 1 . 1
1Us %1 0y 2 1Us1R0(00) = 1511720y, x0—arsm40) = / 145 * sinh(zo AZ ) Y5 |50 do

[e5]

Xo—a o 4 —1 -2
> [ 2 sinh(xgAZ2)II } H
- s sinn(eoad s, ]

2
Y5l dzo

Xofal
> [ abdol Vil = C(Xa.an) Vsl (3.171)

1

9. Note that if As is not invertible, i.e. 0 € Sp(As) (this occurs if 2 has no boundary), the following analysis can
be done with A5 + Id in place of As. Theorem 3.2 and Theorem 3.4 remains valid for this operator. The spectral
inequality proven for As + Id implies the same inequality for As.
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since ¢~ 2 sinh(mot%) > x¢ for t > 0. Now, concerning the r.h.s. of the interpolation inequality (3.13)
we have

1 Xo 1
1Usllir = 1Uslkg + 143 Usllico + 102, Usllico Z/O (||U6H3ig + 1143 Usll30 + ||6$0U5||§—[g) dzo.
(3.172)

Let us estimate the three terms in this expression. First, we have,
o 2 Yoo -1 3 2 2
| 1sligdeo < [ 147 sinh(aoAd s g Vs gl

Xo
< [ e da| Vs
0

< X3AXVE 52,0,

since ¢~ 2 sinh(xot%) < zge®VH for 0 <t < p. Second, We have

Xo , Xo .
/0 | Az U(sHHngL‘O < /0 || sinh(zoAZ )5,

\%(Hg)H}%H?{gdﬂ«”o

Xo

< [ eyl
0

< X062X°ﬁ||Y5||§.lg7

together with

XO XO 1 Xo
/O ||az0U5\|?Hgdz0:/o Hcosh(zoAg)Y(;H?{gdxog/o X0V o ||V 50 < Xoe® OVH|[ V53,0

Using the last three estimates in (3.172), together with (3.171), the interpolation inequality (3.13)
yields

171/0
Yillg < C(Xoson) (XY Villag ) st
Finally, for d; > 0, there exists C' > 0 such that for all 0 < § < §p and p € R, we have
X, 1% s
Vsl < Ce™ 70 V¥ysllrow), Yo = (s y3) € TsuHS.

This concludes the proof of Theorem 3.5. O

3.6 Derivation of the model

Here, we (formally) derive the model (3.4) studied in the main part of this article. We use the
notation of the beginning of Section 3.3. In a small neighborhood of the interface S we use normal
geodesic coordinates

F:Sx[—2¢2e] — V.
(Y, xn) = F(y, 2n).

In such coordinates the metric reads
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FIGURE 3.8 — Local geometry of a three-layer model near the interface S = {z, = 0}. The inner
layer, Vy, shrinks to zero as § goes to zero.

and the type of elliptic operators we consider,— div, ¢V, take the form —d,, cd,, — div’ ¢V?®. The
interface S is given by {z, = 0}.
Let 6 € (0,4¢). We consider three regions in V. as represented in Figure 3.8.

Vi= {2 <, <—0/2}, Vo={-0/2<u,<5/2}, Vo=1{6/2<ux, <2}

With three coefficients ¢, ¢!, ¢ we have in mind the following parabolic problem :

02! —divy(V,2) = fI in (0,T)xVj, j=1,0,2, (3.173)
along with the natural transmission conditions at z,, = g and x, = —g, given by the continuity of
the solution and the continuity of the flux :

B s =2 sy s =2 s (3.174)
|In7 3 ‘1"7 3 |wn72 ‘1n72
and
(clﬁrnzl)l‘rn:_g = (c08rnzo)|mn:_g, (0, 2° )n —s= = (%0, 2? )‘%:%. (3.175)

We now wish to describe the present three-region model as the thickness ¢ of the inner region, Vj,
becomes asymptotically small. This implies some approximation. Resulting approximate models can
be very usefull in practice as one is in need of effective models.

We introduce the mean values of z° and f° in the normal direction z,,

5/2 §/2
/ y,xn Ydx, and [f°(y): f Yy Tp )ALy, Yy ES.
(5 5/2 5 5/2

Keeping in mind that 0 is meant to be asymptotically small, we first make the following approxi-
mation.

Assumption 3.36. The diffusion coefficient c® does not depend on the normal variable x,,. We set
cE(y) = Ay, x,).
Under this assumption, using the transmission conditions (3.175), we have
5/2 /2
/ 82520 —divy("V,z ))dmn = 0yz° — div®(c°V°2%) — / 0y, 0, 2 dx,
T 5/2 5 5/
= 0;2° — div®(¢’V?®2°) — = ((coaxnzo)‘xnzg - (coaxnzo)lxnz_g)

= 0y2° — div®(c*V*2°%) — 5 ((02[)@”22)‘%2% — (claxnzl)lxn:_g). (3.176)
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This provides a first transmission condition between z' and 22 that involves the function z°. For the
problem to be closed, we need two additional transmission conditions.

We begin with a first-order approximation of the system. Yet we show that it cannot be used for
the purpose of modeling controllability properties of the original system. We then lower the degree
of our approximations and obtain the model studied in the main part of this article.

3.6.1 A first-order model
Using the transmission conditions (3.174)—(3.175) we write

§/2
ZQ(ya 6/2) - Zl(yv _5/2) = Zo(ya 6/2) - ZO(:% _6/2) = / 8xnzo(ya xn)dxn
—35/2
3 0 §/2
= [a:n e 2 (y,a:n)} s/ + Ry

= g (aﬁcnzo(y’ 6/2) + 3;cn20(y, —6/2)) + Ry
= 57 (57200, 06/2) + (0. ~6/200, 2 (. ~5/2)) + R

with R; = f‘SgQ 2,02 2°(y, xp ) dy,.

A second set of transmission conditions is needed. With two integrations by parts we write

20 =5 [, S,

1 5/2 1 [a2 8/2 8/2 f
== [xnzo(yyxn)] ,/5/2 s |:2naxnzo(yaxn :| 52 5 /6/2 2L 82 y,%)dxn

6 5/2
(2°(y,6/2) + 2°(y, —6/2)) — g(amnzo(y,é/?)—axnzo(y, —5/2)) 5/5/ 2"82 (y, ) dy,
2

N = N =

(2*(y,6/2) + 2 (y,—6/2)) + Ra,

with

5 0 0 1 oz l','% 2
Ry =~ (00,2°(4:6/2) = 00,2°(y,~0/2) + 5 [ 182 2°(y, wn)day
8 0 52 2

We now make the following assumption on the variations of 20 with respect to z,,.

Assumption 3.37. We have | 02 2°(y, )| < C uniformly in 8, (and x,, andy € S).

We then find that R; = O(6?). Observe that we have
5/2

01, 20(0.6/2) = 0,20, ~6/2) = | 3, p.n) di = O09).
—5/2

We then find that Ry = O(6?).
At first order in § we thus obtain

{ 22(y,0/2) — 2y, —6/2) = 557 (A (y,0/2)02,2°(y,0/2) + ¢ (y, —0/2)u, 2 (y, —0/2))
2(y) = 5 (£*(4:6/2) + 2 (y,—-0/2)) .
(3.177)

As § is small we consider that 2! and 2% are defined on {z,, < 0} and {z,, > 0} respectively.
We thus write 22|, _o+ and ¢20,, 2%, —o+ in place of z%(y, /2) and (c*8,, 2%)(y,6/2) and similarly
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2, —o- and '8y, 2*|,, —o- in place of z*(y, —0/2) and (c?0,, 2%) (y, —6/2). We obtain the following
model :

Ol —divy IVl = f7 in (0,T) x Q;, j=1,2, (3.178)
and
Byz® — div* (cV°2%) = f* + %((628%2,2”%:0+ _ (Clawnzlﬂznzof)
2* = 5(Plau=0r + 2 o,=0-) (3.179)
22 z,=0t T Zl z,=0— — Qis ((Czaa:nZQ) Tp,=07T + (Clarnzl) z":0—)
n (0,7) x S.

For the study of the controllability of such a parabolic model we wish to investigate the unique
continuation properties of the associated elliptic problem :

—div, V2l =7 in(0,T)xQj, j=1,2, (3.180)
and
— divi(esVE2®) = f5 + %((023mn22)|wn:0+ _ (Claxnzl)|xn:0—)
2* = 5(lo,=o+ + 20, =0-) (3.181)
22| =0+ — 2a,—0- = 2‘25 (€02, 2*) |z =0+ + (c' 0z, 2")]s, =0~ )
n (0,7) x S.

Note that unique continuation holds for the original problem. This is an important property that
we wish to see preserved in this approximation process. Here, we show that there are instances for
which eigenfunctions of the elliptic operator in the approximate model (3.180)—(3.181) vanish on
one side of the interface. These eigenmodes are then inwvisible for the observability of the parabolic
system (3.178)—(3.179) ruining any hope of controllability. This is similar to the situation described
in Section 3.1.3.3.

Let us consider the following two-dimensional example : Q = R/(27Z) x (—m,7) is the cylinder
endowed with a flat metric. For consistency with the notation of Section 3.3 we use (y,z,) as
the coordinates in 2, with periodic conditions in y. We define the interface as S = {z, = 0} =
R/(27Z) x {0}, so that Q; = {x,, < 0} and Qo = {z,, > 0}.

Proposition 3.38. Let ¢ and c' be constant functions such that ¢* = rct with r > 1. For any
8o > 0, there exist 0 < § < &g, et € €°(Q), €* € €°°(S), A > 0 such that

1
—div, ' Vel = e in Q, —div¥(e®V®e®) + g(clamnel)\%:of =Xe® in S, (3.182)
and ) 5
e’ = §el|xn=07, ey, —0- = ﬁ(claxnel)un:of, in S, (3.183)
and e|1xn:—7r = 0. Hence (e',e*,0) is an eigenfunction of the elliptic operator in (3.180)(3.181)

associated with the eigenvalue A, for Dirichlet boundary conditions (in x,).
Proof. We choose k € N such that (r — 1)k > 1. For p € (0,1) we set
1
B 1 2 pcos(pm)
gl = (r(<r “R - u?)) sin(um)

As g vanishes for = 1/2 and lim,,_,;- g(u) = —oo0, there exists po € (1/2,1) such that g(po) = —1.
We then set

59 r 2 2
=2l —m——— ) , a=——1.
((r —1)k2 — ) sin(pio)
For any given dp we can have 0 < é < Jy by choosing k sufficiently large. We have

dpo cos( o)

=—-1. 3.184
2r sin(pom) ( )
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We now set
e*(y) = eV, et(y, z,) = asin (Mo(fn + ﬂ))es(y), —r < x, <0.

We have e|la:n:77r = 0. Hence the Dirichlet boundary condition is satisfied at z,, = —.
We have —c! (02407, )e' = Ae' with A = ¢! (k*+43). Observing that 9, e'|,, —o- = oo cos(po)e®
we find

1 2
—csajes + gcamneﬂwn:o_ = (rk2 + % cos(,uow))es =c (rk2 + WM/LOQTF) COS(MOF))es
4
=l (rk2 — 6—2)68 =c! (Tk2 — ((7” — 1)k2 - MO))GS = Ae’,

by (3.184) and the value we have assigned to 6. We have thus obtained (3.182).

We now compute, using (3.184) and the value we have assigned to «,
1
§€1|mn:0— = %sin(uoﬂ)es =e’.

Using (3.184) we also compute

4] ) 0 cos(uom)

1 1 1 s

- 01, "), —o- = arsin(ugm) (1 Jer =o.

€ lz,=0- + 90 (¢ 0z, )]s, =0~ = asin(pom)(1+ oy Ho Sin(jzom) e

We have thus obtained (3.183). O

3.6.2 A zero-order model

The lack of unique continuation of the previous (elliptic) model makes us consider a simpler
model. We make a lower-order approximation and we show how to formally obtain the model studied
in the main text of this article.

Neglecting the first-order terms in ¢ in (3.177) we find

2(y,6/2) = 2" (y,—6/2) = 2°(y).

As 671(0,,2°(y,6/2) — 8,,2°(y, —0/2)) = O(1) we cannot neglect this term in (3.176). Procee-
ding as above we thus obtain the following model

Ozl —divy V.2l = 7 in (0,T) x Qy, j = 1,2,

and

{ O 2% — div® (c°V52%) = f5 + %((028%22”%:% — ('O, 2Y) mnzof)

Z2|xn:O+ =2z = Zl|mn:O*7

in (0,7) x S.

3.7 Facts on semi-classical operators

3.7.1 Results for tangential semi-classical operators on R%, d > 2

Semi-classical operators are defined in Section 3.1.4. Here, we provide the properties that we
need in the main text.
The composition formula for tangential symbols, b € ST, b’ € S| is given by

(b#V)(z,¢) = (2rh)~ @D // e TV (2 ¢+ 7 )V (2t za, ¢ R) dEdr

—h la| ’
= Z %a?/b(zvglah) g’b/(’Z?C,vh’) + N, TN € h’NS';’ner _N7 (3185)
|a] <N :
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where

1

N 1
—i(t', 7Y /h g / /
(27Th (d 1) / //e (2, ¢+ 7', h)

0

N =

X ONV (2" + st', zq, (' h) dt'dr' ds,

and yields a tangential symbol in S?"rm/.

If s,m € R and b € ST we then have the following regularity result :

1A% Op7 (b)ullr2may < IAF ™l p2ra),  u € S (RY).

We now consider the effect of change of variables.

Theorem 3.39. Let Z' and Z!. be open subsets of R1~! and let k : Z' — Z'. be a diffeomorphism.
If b(z,(',h) € ST, and the kernel of Opr(b) has its support contained in K x R x K x R, with K
compact of Z' then the function

bn(élazd,cl,h) _ e—i(r(z'),¢") /R OpT(b>ei(r€(z/)vC’)/h if ZEI _ Ii(Z/) c Z,/{,
0 Z/ ¢ Z/

is in ST, and the kernel of Opz(bs) has its support contained in k(K) x R x k(K) x R, and

(3.186)

(k ®1d)* Opz(be)u = Opr (b)) ((k ® Id)*u), we .7 (RY). (3.187)

For b,, we have the following asymptotic expansion

bl ("), 20, ¢’ h) — Ton (0) (5(2), 24, ' h) € WN/287 N/, (3.188)
with
h)lel . N
v B)((), 20, 0o ) = 5 T b oy, (Y Wit ISR (3.189)
a<N
where p(t') = k(2') — k(t') — K' ()t = 27).
A proof is provided in Appendix 3.8.9. In particular we find that

be(k(2'), 24, ¢ h) = b(2, 20, "'5(2")' ¢, h) + b (2, 24, ', B), with r € hSy 1, (3.190)

The principal symbol thus transforms as the regular pullback of a function defined in phase-space
(see Section 3.1.4.3).

Lemma 3.40. Let a € ST be such that the kernel K, (z,t) = K, 2,(2',t') @ (24 — ta) of Opr(a) is
such that K, ., (2',t") vanishes if |2 —t'| <n for some n > 0. Then a € h*°S;>.

Proof. We write, as an oscillatory integral,

1 iz =t/ ¢V /h
Kz (1) = W/e ( ha(z,¢ hydc'.
Let x € €°°(R%!) be such that x(z') = 0if [/| <  and x(2') = 1 if || = 7. Then Kj ., (., ¥') =
x(z' =t ,(z',t"). Hence, x(z' —t')a(z,{’, h) is an amplitude for Opz(a). The asymptotic series
providing the associated symbol, which is in fact a(z,(’, h), is [GS94]

|a]
e, ¢~ 5 CO

(03

508 (x(z' —t)a(z,¢', b))

t'=z""

Because of the support of x the result follows. O
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3.7.2 Semi-classical (tangential) operators on a manifold

In the present article, we consider semi-classical operators that act on both the zg and y variables,
xo € (0,X0) and y € S.

Let X be a manifold of the form (0, Xy) x S x R. We denote by (z¢,y,z,) a typical element.
We also set X’ = (0, X) x S. By abuse of notation we shall also call ¢; the map Id ®¢; ® Id (resp.
Id®¢;) on R x U; x R (resp. R x Uj;) ; see Section 3.1.4.3 where the diffeomorphisms ¢;, j € J, are
defined.

We recall the definition of a tangential semi-classical symbol in an open set O C R?.
Definition 3.41. We say that a(z, ¢’,h) € SF(O x RI71) if, for any x € €>°(0), xa € SF(R? x
Rd_l).

We also recall the definition of tangential semi-classical symbols and operators on a manifold.

Definition 3.42. 1. Let m € R, j € J, and a € € (T*((0,Xo) x U;) x R). We say that
a € SP(T*((0,X0) x Uj) x R) if, (¢;1) " a € SP((0,X0) x U; x R x R™).
2. Leta € €°(T*(X')x R). We say that a € S7(T*(X")x R) if, for all j € J, ajp+((0,x0)xv;)x B €
S (T*((0, Xo) x Uj) x R).
Definition 3.43. An operator A : €°(X) — €°°(X) is said to be tangential semi-classical on X
of order m € R if :

1. Its kernel is of the form
Kh(mOa Y, Tn; jjOv ga jn) = ICh,xn (‘TOa Y3 jOa g) b2 5('1:TL - 'IA:TL)

2. Tts kernel is regularizing outside diag(X x X) in the semi-classical sense : for all x, x € €°(X”)
such that supp(x) Nsupp(x) = @ we have

X(CEOa y)f((‘%07 :&)K:h,a:n (:EOa Y; ‘%Oa :'Q) S %OO(X/ X X/)7

and for all N, @ € N, and for any semi-norm ¢ on €*°(X’ x X”) there exists C = Cy, 4, N,a,q > 0
such that

sup a(x(0, Y)X(£0, )0, Kn,z,, (x0, Y3 0, 9)) < ChV. (3.191)
Tn €

3. For all j € J and all A € €°((0, Xo) x U;), A € €2°((0, Xo) x Uj;), we have
LR 5 ue (¢51) (A9 1d)Ag; (A @ Id)u

in (R,
In this case, we write A € U2(X).

Note that we shall often write A and X in place of A ® Id and A ® Id respectively.
We set
h*®S7°°((0, Xo) x U; x R x R™) = ) hVSFN((0, Xo) x U; x R x R"),
NeN
hW7((0, Xo) x Uj x R) = () hMWZY((0,Xo) x Uj x R),
NeN

Remark 3.44. The first two points of Definition 3.43 in fact state that the semi-classical wave
front of the kernel of the operator is confined in the conormal bundle of the diagonal of X. As
a consequence, A maps &'(X) into 2'(X) [H6r90, Theorem 8.2.13]. We also note that the same
properties hold for the transpose (resp. adjoint) operator. If moreover A is properly supported then

A:CX(X) = C2(X), €°(X)—EFX), &X)—EX), 2(X)—2'(X), (3.192)

continuously, and the same holds for *A.
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Observe that tangential semi-classical differential operators naturally satisfy all the properties
listed above.

Proposition 3.45. If A € W(X), for all j € J, there exists a;(xo, ', x,;&0,&) € ST((0, Xo) X
U; x R x R™) such that for all A € €2°((0, Xo) x U;), A € €2°((0, Xo) x U;) we have

(671" 24033 — Opr (((071) Naz )X € bW (" x ).

Moreover, a; is uniquely defined up to h>°SZ>°((0, Xo) x ﬁj x R x R™).

We refer to Appendix 3.8.10 for a proof. We say that a; is the (representative of the) local symbol
of A (modulo h*°57*) in the chart (0,X,) x U; x R. We find that the symbol of (¢7') AAg}A
is given by (((éj_l)*)\ )aj#j\ modulo A% SZ°(R™ x R x R™), from the previous proposition. The
symbols (a;);ecs follow the natural transformations when going from one chart to another.

Proposition 3.46. If U; N Uy # 0, we introduce
Uj7k=¢j(UjﬂUk)CUj and Uk’jZQSk(UjﬂUk)CUk.

Let A € V(X)) with aj as given in Proposition 3.45, we have

N om—N/2 o
Ok |(0,X0)xUg ;xR — T¢jka(aj|(O,X0)><Uj,k><]R) €h™ Sy ((0, Xo) x Uk,; x R xR").

We refer to Appendix 3.8.11 for a proof. The notation Ty, n is defined in (3.189). The open sets

Uj,k and Uk,j are represented in Figure 3.2.
As a consequence, only considering the first term in the sum defining 75, ~(a;), we observe that

the principle part of a; defined on (0, Xy) x Uj x R x R™ transforms as a function on 7*(X’) x R
through a change of variables.

Let A € U (X) and let a;, j € J, be representatives of the local symbol (class) given in the
local chart by Proposition 3.45. We set a = ZjeJ Y;¢ja; and find

a - ¢ta; € hUZ(T*((0, Xo) x U;) x ).
This defines @ modulo hSy~H(T*(X’) x R).

Definition 3.47. We define the principal symbol of A as the class of a in S3(T*(X")xR) /RSy (T*(X") x
R) and we denote it by o(A).

Proposition 3.48. Let A € ¥ (X), B € \I/?'(X) be both properly supported. Then AB € \P?er/()()
and (a representative of) its local symbol in any chart (Uj, ¢;) is given by a;#b; with the notation
of Proposition 3.45. In particular, we have c(AB) = o(A)o(B).

We refer to Appendix 3.8.12 for a proof.

The following natural result is a consequence of what precedes.
Corollary 3.49. If A € V(X)) and B € \I/?,(X) are both properly supported then the commutator
[A,B] € h\II?“"Ll(X) and 2{c(A),o(B)} is (a representative of ) its principal symbol.

With the Sobolev norms defined in Section 3.1.4.3 we have the following result.
Proposition 3.50. Let A € U5 (X) be properly supported, ¢ =0,1. Let K be a compact set of X'.
Then there exist L, a compact of X', and C > 0 such that for all u € €°(X') with supp(u) C K
we have
0orl iffé=0,

Au)p —9) C L d |(Au)|p ol < C ith k =
supp (( U)\ n 0) and |( U)l w=0lk u|osr wl {0 =1,

We refer to Appendix 3.8.13 for a proof. The norms in the proposition are those defined in (3.21).
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3.7.3 A particular class of semi-classical operators on M

In this section, we prove that the operators =, defined in (3.62), ¢ = &,.%,%,%, are tangen-
tial semi-classical pseudo-differential operators on M. We also establish some properties of their
symbols.

Let (Y € €>°(0, Xp) that satisfies (° = 1 on a neighborhood of (ag, Xo — o) and 0 < ¢° < 1.
We set

(o, y, 2n) = o) 05 (y).
For all j € J, we choose 5]0 € €>°((0, Xo) x ﬁ]) with 5]0 = 1 in a neighborhood of supp((¢;1)*§;?).
Let p € S7(M?). We define, for some j € J, p; = fjo (¢;1)*p and Q = ¢} OpT(pj)(qS;l)*CjQ.

Lemma 3.51. We have Q € V2 (M). Moreover, denoting by qi (a representative of) the local
symbol of Q in the chart Uy, we have
1. g = p]#((qﬁ;l)*éjo) mod h*SZ*(R"x|0, 2¢]xR™) and g; can be chosen such that supp(g;) C
supp(¢?) x R™ x [0,2¢] € U; x R™ x [0, 2¢] ;
2 qu=0ifU;NUs =0;

8. qp =Ty, .~(g;) mod hN/28m=NI2 (R 5 10, 2¢] x R™) for all N € N and supp(qr) C ¢(U; N
U) x R" x R if k # j and U; N Uy # 0.

Proof. Let us first check that @ € U7*(M_.). The definition of @ first yields supp(Kqg,») C ((0, Xo)x
U; x [0,2€])°. Then, for A € 62°((0, Xo) x U;), A € 62((0, Xo) x Uj), we have

(671)"AQé3A = ((671)"A) Opr(p) ((671)°¢)) A € W (R" x [0,2¢]),

and the symbol of this operator is ((q&;l)*)\) #m#((gﬁj_l)*g‘?) A According to Proposition 3.45,

this yields ¢; = pj#<¢;1)*gj0 mod h* S (R™ x [0,2¢] x R™). The local representation g; can be
chosen with compact support in Uj since p; = @0 (qS;l)*p and Supp(@?) C Uj. As a consequence, the
first point is fulfilled.

Taking now A and X such that supp(A) N supp(¢;5\) =, we find (qb;l)*)\Q@;\ € h>®W > (R™ x
[0, 2¢]), so that the kernel of @ satisfies (3.191). Next, we take k € J, k # j and X € €2°((0, Xo) x Uy,),
A € €>((0, Xo) x Uy,) and compute (¢ ") ANQpEN.

If U; N U, = 0, this is the null operator and the second point is satisfied. If U; N Uy # 0, we take

-\ € £2°((0,X0) x (U; NUy)) such that Aj=1on supp(¢§5jo) N supp(A)

- /\5-1),)\5-2) € €°((0, Xo) x (U; NUy)) such that /\§-1) = A§-2) =1 on supp(¢}) N supp(pEN).
We have

(6:")2QaA = ((6:)) (93)" Qo) (o)X A

where

0= ((¢;1)*§\j> OPT(pj)((¢;1)* JQ/\EQ))

The kernel of the operator @ has a compact support and we can hence apply the change of variables
Theorem 3.39. According to Formula (3.188) the symbol of the operator ((b,;l)*)\Q@’;)\ is given by

(6 MET v (((¢;1)*Xj)#pj#((¢;1)* §A§2))>#((¢;1)*A§1))X

mod hN/2STN2(R x [0, 2¢] x R™)
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Combining the definition of Ty, ~, the composition formula, and the definition of ¢; we find this
symbol to be

(6 1) METsyn (pi#(07) O ) #A mod BV/285 N2 (R™ x [0,2¢] x R™)
= (67 ) ATy, N (g;)#N  mod BN/2ST NP (R™ x [0,2¢] x R™),

because of the supports of ;\j, /\5-1) and )\;2). This proves the third point. Finally, we obtain Q) €
U (M), which concludes the proof of the lemma. O

Proposition 3.52. Let P = ZjeJ oy OpT(pj)(¢;1)*§? with p; = 5]0 (q&;l)*p. Then, we have P €
U2 (M) and its principal symbol is o(P)(x, &y,1) = C°(z0)p(x, &0, n). Moreover, in each chart Uy,
there exists a (representative of the) local symbol of P supported in supp(¢°pip).

Proof. According to Lemma 3.51, in the chart Uy, the local symbol of P is
P (0p 1) L + ;@ T¢jk’N(pj#(¢;1)*g;?) mod AN/2STN2(RY « [0,2¢] x R")  (3.193)
J

for all N € N. According to the composition formula (3.185) and the definition of T, ~ (3.189),
the principal part of this local representation is

plor)' @+ 3 (6 (i(e;")¢))
= o) pil + 2 (03) G (07 2
J
= ((6e1)p) T (@2)°¢) = (o) p-

jeg

since Y, ;¢ = ¢°, defined in Section 3.3.6. Moreover, for every N € N, the expression (3.193)

is supported in the support of (qﬁ;l)*p. This property can be preserved by a representative of the
asymptotic series N — +o0o. This concludes the proof of the proposition. O

With the Sobolev norms introduced in Section 3.1.4.3 we have the following natural result.

Lemma 3.53. Let P be as in Proposition 3.52 and letv € €°° (M) and set u; = Opr(p;) (qb;l)*g“;)v.
Then we have

[Polle S 32 llujlle, [(Po)la, =0t le S 2 [4jle, =0t e, €= 0,1,
jEJ JET

Proof. We treat the case of norms in all dimensions. We have Pv = )" jes @juj. Then

[1Polle < 3 l@5uslle-
i€

We then conclude with Lemma 3.9. O

3.8 Proofs of some technical results

3.8.1 Proof of Lemma 3.8

Let (g;); be a family of smooth functions on S with supp(g;) C U; and Zj gi=9g>C>0in

S. We set M, (u) = Zj |(¢;1)*gju|%jr(Rn—1). It is sufficient to prove that |(¢;1)*fju\%vr(Rn_1) <
CM,.(u) for some constant C' > 0.
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We set §; = g;j/g which forms a partition of unity. We have
[(65) " fiulser@n—1y < S1(05) " fidnulser @1
k
Next we write

[(671)" Figwulseren—y < Ol ") Figrul ser 1y
as @ji is a €°-diffeomorphism between ¢;(U; N Uy) and ¢, (U; N Uy). Introducing g € €.°(Ux)
such that gy = 1 on supp(gx) we find
|(¢;1)*fj§ku|%r(w—l) < C|(¢§1)*fj§]k 9r/ 9 Ul me-1)
= Cl(er ") (fi9/9) (61")" (g8l er(n-r)
< C'|(0r1) (grt) | oermn-1) < C" My (u),

as v — v(qﬁ;l)* (f91/g) is continuous in #"(R"~'). The proof is complete. O

3.8.2 Proof of Proposition 3.11

First we note that in the proof it suffices to consider the operator As + A1d for A sufficiently
large, in place of As + AId. An inspection of the proof that follows also shows that a piecewise €
regularity of the coefficients ¢ and a ¢! regularity of ¢* is sufficient to prove the result.

We consider a finite open covering (O;); of  together with a subordinated partition of unity
>~;0; = 1 that satisfies moreover, if O; N S # 0,

1. we can choose local coordinates in O; such that S is given by {z, = 0}.

2. 8779“9 =0, i.e. 0; is flat at S in the normal direction to S.

The result of Proposition 3.11 is clear away from S by standard elliptic regularity theory. We
thus place ourselves in O = O, such that O; NS # 0. With § = 6; we set v = 0z and v® = 0z° and
V = (v,v®). From (3.26) we have

IVIi#z S NF 0 (3.194)
The result will be achieved if we prove

Z |U\QI

i=1,2

H2(0NQ) T 5%\115\1{2(005) < ||F||Hg7 (3.195)
uniformly in 6.
We write ¢V v = c(Vy0)z + c0(V,y2). If ¢ € H}(O) we then have
(CVgU, Vg¢)L2(O) = (C(vge)za Vg’ll))[‘z(o) + (C(ng)ﬁ, ng)Lz(O)
= — 1‘21:2 (vg(C(ng)Z)a @/J)Lz(Oin) + (chzy Vg (9¢))L2(O)
—(e(Vg2V0), %) 120 »

with an integration by parts using that 9,0;s = 0.
Similarly for ¢* € H}(O N S) we have

(V0% V2U°) 12ong) = — (VI (V0)2°), %) 12 ong) + (PV725, V2(00%)) 12 0ns)
= (*(V°2°V?®0),9°) 120ns) -
Considering the weak problem (3.25) satisfied by Z we thus obtain
Vg0, Vo) 120y + 0 (°V0°, V%) 12 ong) + A (0,8) 20y T OA (v, 0°) 12 0ns)
= (¢7¢)L2(O) +5(¢S;¢S)L2(OOS) 5 (3196)
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for U = (¢,°) € HL, where ® = (¢,¢°) € L? x L? with
o Vy(c(Vy0)z) — c(Vy2V,40) + 0 f)

Q9 = ( - 1=1,2
@° = =V*(c*(V?*0)z°) — *(V°2°V*0) + 07,

2

and by (3.26) we have
180150 S 1P e

We now make a local change of variable in O such that S becomes {z, = 0}. The weak problem
that (v, v®) satisfies takes the form

> ghl@xkvazlﬂ de 463 g;lﬁxkvsamlﬂs dx + /\/ av dz + A\§ By dx
kiJo

k1l Jons o ons
- / abldr+o | BT dr, W= (,07) € ML, (3.197)
ons
where Zkl is a sum with k,! running over {1,...,n} and >’ k1 18 a sum with &,/ running over
{1,. — 1}. The functions « and § originate from the Jacobians. The functions ¢y, are piecewise

¢t Wlth a discontinuity across the interface S and the functions ¢j ; are %'. Note that v € H L)
and v* € H(O N S) with their supports finitely away from 9O.

We now use the Nirenberg translation method. Let h be parallel to S. Define D, by Dy (p) =
(p(z + k) — p(z))/|h|. Observe that D_p(Dpv) € HE(O) and D_p(Dpv®) € HEO N S) for |A|
sufficiently small and set ¢p = D_p(Dpv) and ¥* = D_j,(Dpv®). As (Drf1f2) = fi(z + h)Dpfa +
(Dpf1) f2 this yields

S| (@ + h)Oy, Dpvdy, Dpvde + 6 Z/ (@ 4+ h)0y, Dpv® 0y, Dpv° dx
kiJo Kkl Jons

—&-A/ a(x+h)|th|2da3+/\(5/ B(x + h)|Dpv®|? d
0 ons

+ > | (Dncy )0z, v0x, Dpvde + 5§y (Dncj 1) 0n, v* O, Dpv* d
o ons

+ )\/ (Dhoz)thﬁdx + (5)\/ (Dhﬁ)’l)th@S dxr
] ons

= / Olqu,h(Dh@) dr + 46 ﬂ(bSD,h(Dh@S) dr.
[0 ons

We note that

‘ Dhc,C )02, 00y, DyTdx + 65 (Dncg 1) 02, v° 0y Dpv* dx:
ons

+>\/(Dh04)th@d£L'+5/\/
o ]

S VI DRV -

(DpB)v° Dyv® dm’
ns

If p € Hj(O) with its support finitely away from the boundary 9O then |Dy(p)|r2(0) < |Vplr2(0)
for |h| sufficiently small [Bre83, Proposition IX.3]. We thus have

‘/ @Dy (Dy0) e +8 | B6" D (Dh7*) do| S |9 DaV -
(@] ons

We thus find

|ax(Dv, Duv)| S (VI + 120 1DV 153 S @119 | DV 343
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uniformly in 6, using (3.194). The coercivity of ay gives
IDhV 32 S 1F N4

For k € {1,...,n} and ¢ € €2°(0), we choose h in the direction of the x; coordinate, [ € {1,...,n—
1}. we then have

| @, Donth) 20 | = | (D 0,) 1200y | < 100V I 1l S IF o 462

As the Lh.s. converges to | (9, v, 92,¥)12(0) | we obtain that 92 . ve L?and

TRy

107, 2 vllz2 S 1F s, (k.1 # (n,n)

Similarly for k € {1,...,n — 1} and ¢* € €>°(0 N S), we choose h in the direction of the z;
coordinate, [ € {1,...,n — 1}. We have

1 S S 1 S S S S
02 | (02, 0%, D_pyp )L2(OmS) ’ =02 | (Dp0g\,v®, ¢ )m(oms) } < ||DhV||H§||¢ 2 S ||F||Hg||¢ 22
and we obtain 92 _, v* € L?(0) and moreover

5§||8§krlvs||L2(O) S ||F||Hgv kvl € {1, cee,— 1}

From (3.197) observe now that (in a weak sense) we have in ;N O, i =1,2,

922 v= —i( S 00,C1On, v + a4 (On,, € ) O, ¥ — Aav).
(k,1)

Cnn Fnn)

It follows that 02 vjq, € L?(£;) and

102, vieullzz@) S N1Fllwe,  i=1,2,

which concludes the proof. O

3.8.3 Proof of Proposition 3.12

An inspection of the proof shows that is sufficient to assume that c is piecewise ™!, ¢
is €™ and that S is of class ¥™12. We proceed by induction. The case m = 0 is treated in
Proposition 3.11. Let mg > 0. Assume the result is true for 0 <m < mg — 1 and fio, € H™°(£;),
i=0,1, and f* € H™(S). We thus have Z = (2,2%) € H™1(Q; UQy) x H™T1(S) with

S

1 1
1210, | mo+1 () + 0212 [mmoti(sy S 20 fiullzmo i) + 62 1f°[Hmo(s) = Nimg (F).
i=1,2 i=1,2
We use the same partition of unity 6;, j = 1,..., N, as in the proof of Proposition 3.11. Since
the result is known away from S by standard elliptic regularity theory. We thus place ourselves in
O = O; such that O; NS # 0. With § = 0; we set v = 0z and v® = 0z° and V = (v,v®). With the
notation of the proof of Proposition 3.11 we obtain after a local change of variables

SS 00, 00 b d 4+ 65 & 105, 0°03, 0" da + )\/ avp dz + S\ Bu*Y” da
ki1Jo klJons o ons

_ / agdde+6 | 86°0 da, (3.198)
o ons

for U = (¢,4°) € Hj, where )7, ; is a sum with k, I running over {1,...,n} and Z,k,l is a sum

with k,[ running over {1,...,n — 1}. We have v € H™T}(O) and v* € H™ 1O N S) with their

supports finitely away from 00O and ® = (¢, ¢*) is such that

2 Idiadllamon + (6% 1o (5) S Ninmo (F).
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The functions ¢, ; are piecewise ¢! with a discontinuity across the interface S and the functions
¢y are EmTL.

For j=1,...,n—1,if ¥ is chosen such that
Y= 0,0, Y =0,9°%, with (1,9°) € (€°(0) x €°(SNO)) NH;,

as we have 8, vjq, € H'(€;) and 9,,v* € H*(S), we find

> gklﬁikxvvﬁxlgdx—k(sz/ gzlaﬁkx_vsam%dwm/ a0y, v dx + 6\ ﬂ@xjvsﬂs dx
kiJo ! klJons ! 16 ons

=/ Godets [ 60 da,
0]

ons
with
i:Zm HQg\Qi Hmo-1(Q;) T 5% \&S\Hmo*l(s) S Nono (F).
The induction assumption then yields '°
i :21,2 182, V10, L rmo+1 (0,00 + 0% [0, 0% [ rmo+1(500) S Nino (F). (3.199)

From (3.198) we have in ; N O, in a weak sense, i = 1,2,

1
Ro=-( N Onubnv+ad+ (0a,6,,)0,v — Aav).
Cnn N (k,1)#(n,n)

Yet, as vjo, € H?(€2;), this also holds in L?(£;). We thus conclude that 92, v, € H™(Q; NO) and

102 vio, | rmo @) S Nemo (F),

by (3.199). This concludes the proof. O

3.8.4 Proof of Lemma 3.24

The proof we give extends that of Lemma 3 page 480 in [LR97]. We drop the “7,” notation here
since the same argument holds for both cases. We have p, = €2 + 2i(0y, p)€n + g2 + 2iq1. We set
a € C such that a® = (9,,¢)? + g2 + 2iq:. Then the imaginary parts of the two roots of p, are
—0z, ¢ = Re(a) and have opposite signs if and only if | Re(a)| > |0,, ¢|. We note that

(Im(2%))?

2 2 _
|Re(z)] >A <&  Re(z) > A AT

z€C, (3.200)
with a similar equivalence in the case of equalities on both sides. Substituting « for z, and |9, ¢
for A, we thus obtain that the imaginary part of the roots have opposite signs if and only if u > 0,
as (= g2 + ¢3/(0z, ©)%. In the case u = 0 only one of the roots is real and the imaginary part of
the second one is of the opposite sign of 0, ¢. In the case u < 0 both imaginary parts of the roots
have the same sign equal to the opposite sign of 0, ¢.

If we have Im(p™) > Cy > 0 and Im(p~) < —Cj then |Re(a)| > |9s, ¢| + Co and by (3.200) we
obtain

@

e 0)? + g2 = Re(a?) > (10, p| + Cp)? — ——.
( 'n.sp) q2 ( ) (‘ nSO‘ 0) (|a;cn§0|+00)2

10. The induction assumption is applied to the local form of the elliptic problem here, i.e., (3.198).
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which gives

1 1
> C3 +2Co/0,,0] + 3 = )zc>o.
= Cot 2Celon A 0\, 7~ (el + o7
Conversely, let us assume that g > C7 > 0. Note that for all M > 0, there exists R > 0 such that
€| + |nlg > R = |Re(a)| > M. Actually, we have

Im(a?)?
4M?

for €| + |nlg > R = |Re(«)| sufficiently large, which yields |Re(c)| > M. Taking now M =
0z, | + C, we obtain |Im(pT)| > C.

It suffices to take |&o| + 0|y < R, o € [0, Xo], zn € [—2¢,2¢]. The variables (xg,y, Zn, 0, 7)
such that p > C} are in a compact set K. Then, ming | Im(p™)| is reached. Finally, u > C; implies
| Im(p*)| > C > 0 as Im(p™) does not vanish if > 0. This concludes the proof of the first part of

the lemma.

Re(a?) — M? + >0

We now address the last point of the lemma. Let 0 <1 < L <inf+ |02, ¢| and let H = L? — 2.
We consider the region { > —H}. In this region we have

2

1 1
S 2 2 (12 _ 2)(q a1 72 _ 202~ _ )
= (Oz,0)” > (l (O, ) ) ( + 12(8,., <,0)2> ! (02, 9)" + @ <(5a:,180)2 l2)

Since p = g2 + ¢3/(0x, ¢)? we then have qg + (0., ¢)? > 12 — ?—Qf which by (3.200) yields | Re(a)| > 1.
We conclude by observing that [p™ — p~| > |Imp™ — Im p~| = 2| Re(a)]. O

3.8.5 Proof of Lemma 3.26

We follow the notation of the proof of Lemma 3.24 above and we drop the “7,” notation here
since the same argument holds for both cases. We choose o € C such that a2 = (9, )% +q2 +2iq1 =
r(x,&0,m) — 7(x, Oy, dyp) + 2i7(, &0, 1, Ozy ¢, dys) which yields the roots to be —id,, ¢ + ia. We
set A\ = (1+ & + \77|3)% € ST (M%) and write (a/A7)? = 11 + vo with

7’(%50777)

vy =
A2

1 L
and Vo = E ( - T(.’E, 310% dysﬁ) + 227’(1’, 507 mn, amo@a dy(p)) .
To prove the first result, i.e., xp* € SA (M), it suffices to consider Az large, as we already know
that the two roots are smooth in supp( x). Note that there exists L > 0 such that 1| > 2L, and
lva] < L for Az large, say Az > Ry. In this region we have Re (a?/A%) > 11 — |Re(r2)| > L. In
particular,

Re(a/Ar) > C > 0. (3.201)

If A\ > Ry, we have thus obtained that (a/A7)? remains away from a neighborhood of the branch
R_ for the complex square root and we may thus choose a/Ar = F((a/\1)?) with F = €>°(C).
Since (a/A7)* € SF(M?), it follows from Theorem 18.1.10 in [Hor85] that a/Azr € S§(M?), for
Ar > Ry, and it yields the first conclusion.

Let Cp > 0 and let us place ourselves in a region {u > Cy}. By Lemma 3.24 we have Im(p™) >
C > 0and Im(p~) < —C. By (3.201), we obtain | Im(p™)| > CA7. Since Im(p*) —Im(p~) = 2 Re(a),
and since |Im(p*) — Im(p~)| > C, we obtain the final result with (3.201). O

3.8.6 Proof of Lemma 3.29
Using (3.62) We have

OpT(Xg,j)(%-_l)*Cjéggzvr = (Qﬁj_l)*E%’,jégﬂUT.
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We then write

*

Opr(x#.)(0; ") (Eazv” = (¢; ") By 0" — (¢; ') By (1 — Egz)v".

Note that ug ; = (¢;1)*Eg7jvr by (3.64). We have Zg ;(1 — Eg.z) € h®W;°(M,) as their local

symbols in every chart have disjoint supports by Proposition 3.52, because of the supports of (3 and
X«.7. This concludes the proof. O

3.8.7 Proof of Lemma 3.32
Here, all functions are evaluated at the interface, i.e. z,, = 07. From (3.130) we have

G5 =65 +F

with
~(0 r r N, T
a((; ) — 26%<pj|05|2 +4q1 ; Re(os) — 2(0z,,97) a3, ;

and 7 € %S% 4 052 + hSL, according to the definitions of X5 in (3.132), of o5 in (3.130), and Bj,

By’, B} in (3.122). Observe that )252@72}12&((50) € S2 and that the remainder satisfies

2

. hT

since ((§0,¢’)) < C in supp(X).
Now, let us produce a lower bound for the symbol &[(so)' Recalling the definition of p" in (3.50),

denoting p} = (¢;1)*/ﬂ' and ¥ = —i%p;j, we find
J
~(0 2 r l, 4 I, r T\, T
5" = (OGN0 = 4+ K + S Re( = gt )Ly — 200, 9)d5,
T la T T 2 I
= 20, ¢} (|(19 - Pj+ +k)/B+ %,j/a:rn@j’ - Nj)

> 20, ¢ ((1m (= 0+ o~ 1)/8)” - ).

since Oy, <p§ >C >0and q{)j is real. We hence have

S

oct _
Im(—ﬂ+p§»’+ —k)= hc]l Repy, + (Imp§’+ —Impéf )/2—1—&9%@;,
J

as (3.73) gives —Imk = axngpé- + 30z, and the properties of the roots of the polynomial pzl
given in (3.48) yield 0., <p§- = —(Im p;’+ +Im p;’f)/Q. The first point of Lemma 3.24 gives Im p§’+ -

Im pé-’_ > 0, and we thus obtain

since in the present region, Re(pfp’j) is positive elliptic by Proposition 3.23 and the form of (3.49).
Using condition (3.114), i.e., (0,, @9)2 — pf > Ky >0 we find

~ ; 62[(2
5" > 20,44 ( g K).

This, together with (3.202) concludes the proof. O
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3.8.8 Proof of Lemma 3.34
Let X = (z9,2,&0,&') € W and X = (%, 7, &, &) € W. If

V) zo. 2 — (Fa. 32 |(€07£,)_(£07£,)‘2 72
gwx (X — X) = [(wo,2") — (Zo,T)|" + GRIE <77,

then, for r sufficiently small, we have C~! < % < C for some C' > 0. As a consequence, we
AX)

obtain C~1 < 200 < C with h,0 > 0 arbitrary. Hence A is slowly varying.

Next, we have

(60, € < (&0, €)M+ (€0, &) — (0,81

so that .
AX U . -
£ (4160 ~ €. E)) S (1 + g (X — X)),
A(X)
for h,d > 0 arbitrary. Here g, denotes the dual metric on W, g3, = ((&o,&'))2|d(wo, 2")[2+]|d (&0, £)]2.
Hence, the order function A is temperate, which concludes the proof. O

3.8.9 Proof of Theorem 3.39 : change of variables for semi-classical ope-
rators

Here we consider operators on the whole space R™ of the form
a(z, Dy, 7) = u(z) = / / ez, €, T)uly)dyd e, dE = (2m)"dE, (3.203)
where a(x, &, 7) is smooth in z and £ and satisfies for some m € R,

0200, €,7)] < Capn™ VP, W2 =7 1|2, 7> 1. (3.204)

We say that a € S(u™). We shall prove a change of variables formula for this kind of operators. We
choose this form of operator to make use of parts of existing proofs. Operators of the form (3.203)
are also called semi-classical.

We recall that the semi-classical operators we consider in the main part of the article, i.e., with
a small parameter h, can be put in the form (3.203). In fact, with a(z, &, h) € S™, we write

op(a)ula) = (2e) " [ [ e M aa, ¢ nyutudds = [ [ 19 ato e yutw)dut,
and we have [020; a(z, h¢, h)| < hIPI(hg)™ 1Pl With 7 = 1/h we find

850 7™ alw, e, )| < 71 4[]yl 1AL,

Hence, the symbol h~™a(x, h&, h) satisfies (3.204).
Theorem 3.39 is the translation for semi-classical tangential operators with a small parameter h
of the following theorem.

Theorem 3.54. Let X and X, be open subsets of R™ and let k : X — X, be a diffeomorphism. If
a € S(u™) and the kernel of a(x, D,,T) has compact support in X x X then the function

e U @M (g, Dy, 7)e"R @M if y = k(x) € Xy,
0 ny ¢ Xfm

is in S(u™), the kernel of a,(x, Dy, 7) has compact support in X,; X X,;, and

an(y,n,7) = { (3.205)

(as(z,DgyT)u) 0o k = a(x, Dy, T)(uo k), ue S (R"). (3.206)
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For a,, we have the following asymptotic expansion

—i)lel ,
ax(k(x),n,7) — ;N ( ;)‘ 8?(1(1‘,%(@’77,T)age“”m(y)’m‘y:x e S(umN?, (3.207)

where p, (y) = r(y) — v(x) — &' (@) (y — o).

Note that p,(y) vanishes at second order at 2 and that the terms in the series are in S(u™~121/2).
In fact the order of each term in the asymptotic series (3.207) is explained by the following result
that we shall use below.

Lemma 3.55. We can write 85‘6i<pw(y)”7> as a linear combination of terms

H <(E —Y,Pz,j (y)77> H <ayajpz(y)7n>ei<pz(y)ﬂ7>7

JjET jeT
for some matriz-valued function psj, j € TUJ, with las| 2 2 if j € J, k = |Z] and £ = [Z] + ||
such that k < £ <|a| and £ < WT‘HC In particular, |a:(;ei<pw(y)7n)|m:y| < Culmt

Proof. We note that 0y (e“pl(y)m) can be written linear combination of terms of the form

P TT (O pu(y)im),  with 3 oyl =lal, p<lal, |aj| > 1.
1<j<p 1<j<p
Weset T={1<j<p; |aj]=1} and J = {1 <j <p; || > 2}. We have |Z| + |T| =p < |a| and
moreover |a| > |Z| + 2|7 |, which gives |Z| + |T| < (Ja| + |Z|)/2. As p.(y) vanishes at second order
at y = x we obtain (97 p,(y),n) = (x — y, px,;j(y)n) for some function p, ; if j € Z. O

Proof of Theorem 3.54 Let the kernel of a(x, D,, ) be supported in K x K, K C X, compact. In
particular a(z,§,7) = 0 if 2 ¢ K. Let ¢ € €°(X) be such that ¢ = 1 in a neighborhood of K,
and ¢ € €°(X) be such that ¢ = 1 in a neighborhood of supp(¢). Here, we follow the proof of
Theorem 18.1.17 in [Hor85], and we first obtain that for 7 fixed formula (3.206) holds for a, given
by (3.205). Moreover a,, is smooth w.r.t. z and & and we have

0u(k(2),€) = (o) [ [ e r D@D, ¢ rG()dydE. w e X. (3.208)

It thus remains to prove that a,, € S(u™) and that the asymptotic representation (3.207) holds.
For the proof we shall distinguish two regimes : 7 < |n| and 7 2 |n|. We thus introduce w €
%> (R) such that w =1 in a neighborhood of 0 and set

(@0, 7) =w(r/n)ax(k(@),n,7),  v2(z,n,7)=(1-w)(7/(n)ax(k(x),n,7).
We shall prove the following two propositions below.

Proposition 3.56. We have v1(x,n,7) € S(u™) and

—_)lel ) B
)~ (/) 5 SO0 ae, W@y e, € SN (3200
a< .

Proposition 3.57. We have vo(x,n,7) € S(u™) and

—i)lel .
atenr) = (L= w)(r/ ) £ SO ogate, w(a g0, € SV, (3210

With these two results the proof of Theorem 3.54 clearly follows as « is a diffeomorphism. [

We shall need the following result in the course of the proofs, which is the counterpart of Pro-
position 18.1.4 in [Hor85] for semi-classical symbols.
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Lemma 3.58. Let a;j(x,§,7) € S(u™), j € N, with m; — —o0 as j — oo. Let a(z,&,7) be smooth
with respect to x and & such that for all a, B for some C > 0 and v depending on o and

0207 a(x, &, 7)| < Cu’, xR, T>1. (3.211)
Assume there is a sequence vy — —oo such that

la(z,&,7) — > aj(z,&,7)] < Cpu'™, z,£€R”, 72>1, (3.212)
i<k

then a € S(u™), m = supmy, and a(z,§,7) — >, a;(2,£,7) € S(u™), with m}, = max;jsg m;.
The proof of lemma 3.58 is similar to that of Proposition 18.1.4 in [H6r85]. It is left to the reader.
Proof of Proposition 3.56. We have
’71(1'7777 ) - ’LU(T/< >)
— // U=y Ot =r@)m gz ¢ T)(y)dyd€, =€ X. (3.213)

Let Cy be such that max(|&’(y)], |&'(y) ") < Co. Setting ®(¢,n) = [ @M= G(y)dy, one
obtains through a non-stationary phase argument [Hor85, page 82]

B m)| < Cw(1+ €l +1a) ™, iFlel < L2 or €] > 2Coln (3214

Let then x(¢) € €2°(R™) be equal to 1 if (2Cy) ™! < €] < 2Cy and equal to 0 if |¢] < (4Cy) ! and
let us write v; = I1 + I> with

L, 7) = w(r/n)é(2) / / v O HEW =K@ o1 ¢ 1)d(y) (L — X)(E/ ) dyd
wr () bla)e / @8 a(, €, 1)B(E,m) (1 — ) (E/In)

and

o = w(r/@)olz) [ [ om0 s ata, € 7)o/ nl)dyd
— w(r/ola)ame SO [ [ et o, we, B dude, @ = il
With (3.214) and as 7 < || here we find
B, )] < Ol /D] [[(7 4 JE)™ (04 Ie] + o)~ 4 1mdg, - N €N,

which gives

()| < 4 CX /@)L (] + D™ (L4 ]+ )~ trmdg it m >,
VT Ol /)] S D™ (€] + )~ NEEEmIGE i m < 0.

In any case we find

, |w(T/(n)] 1
(L1 (z,m,7)] < Cy N E )N <Cyx NG NeN. (3.215)

For the term I we first write

I = w(r ) {n))b(z)wr e~ 5@ / / /D=0 g (., 7B + )X (O dyd e, w = |n].
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to apply the stationary-phase result of Theorem 7.7.7 in [Hoér90], which yields for k& > n :
Iy(z,n,7) —w(r/(n)e(x)

"0y, 06101 w@ﬂ“y)w/waw’waT><%<w+y>x<f>ry=o,g=w>n/w)\

< Co.)(”*k)/Qw(T/@?)) | ‘2<:2k S;l? ‘D ( +y)x(§a(z,wE, T))|

As 7 S w, and £ is bounded, we observe that
|w*(Dga)(z,wé)| S (T +wle)™ 1 S (7 +w)™
We also have x(€) = 1 in a neighborhood of ‘&’ (z)n/w. As ¢ = 1 and ¢ = 1 in a neighborhood of K

we thus obtain
k—n
_ i(pz(y)m
b, ) = w(r/ ) T = (00.00" (0O Va6, e vvonr)
k

< O MR fwym (/) S (r+)"E73, ze K.

We have thus obtained an asymptotic development in the form of (3.212). As each term in the series
is also a semi-classical symbol, by (3.215) we find that an estimate of the form (3.211) is achieved
when no derivation is applied to v;. Applying partial derivatives w.r.t. x and 7 to v1 (x, n, 7) results in
a sum of terms with the same form as (3.213) with additional expressions with at most polynomial
growth in 7. The analysis carried out above also yields an estimate of the form (3.211). With
Lemma 3.58 this completes the proof . O

Proof of Proposition 3.57. We have
Yoz, m,7) = (1 —w)(7/(n))ax (s
=(1-w //1wy’““yﬁwm>u57m(mwa zeX. (3.216)

This representation is to be understood in the sense of oscillatory integrals, which justifies the
manipulations we perform below.
In the support of (1 —w)(7/(n)) we have 7 = |n|. As p,(y) = k(y) — k(z) — ' (x)(y — x) we write

lrmm) = [/Zmy&HzW““”” a(e, &, 7)) dyd €
(1— // i(x—y,&)+i{pz (y),n (xvg"‘t’f’(x)ﬂﬁ)q;(y)dydf,

which by the Taylor formula gives v = 2 n + 7y with

(@) = X (1= w)(r/m)le) / / e iloe 1) €208 0, i (), 7)) dydE,

|
la|<N &

—)

and

1] _ o )N-1 , ] -
rN=N > ; % // el(ﬂc—y,£>+z<pm(y)mgaa?a(x’Ug_~_t,€/(x)77,7.)¢(y) dyd<do.

lee|=N

Observing that £*ei@=—¥:€) = z‘(”a“ H==4:€) we find

(—i)lal ‘ o
e ) = (1= w)(r/@)ete) S0 [[ @95 @0 ) ogate, @, dudt

o] <N
(_i)\al -

05 (Ay)e'P=m)| _ 02 alw, K (x)n, )

= —w)(r/n)e(x) >

|
la|l<N @

—q)ll A
= —w)r/i) ¥ S0 e (0| gea(a, (@), 7).

lal<n o
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for z € K, because of the supports of ¢ and ¢. From the properties of py(x) given in Lemma 3.55
each term in the sum is in S(u™~1%!/2). Similarly we have

z.n,7)=(1—w)(r T )N @ 17(1_0)]\,71
senn) =0/ me@NeY 25 (G) [E=7
X // eHe=u:8) (af—aé(y)) (656i(p’(y)’">)8?a($705—i—t/i’(x)n,T) dyd¢do. (3.217)

If we prove that ry < (7+ |77|)m+"+1 N/2 if N > m, we then obtain an estimate of the form (3.212).
In particular this yield |y2| < ¥ for some v € R.

Applying partial derivatives w.r.t. z and 1 to y2(z, n, 7) results in a sum of terms with the same
form as (3.216) with additional expressions with at most polynomial growth in 7. Computing 8;)‘85 Y2
we may apply a similar analysis and find |83(’9{7372| < p¥ for some v € R. We thus have an estimate
of the form (3.211). With Lemma 3.58 this will complete the proof.

With Lemma 3.55 the remainder term ry in (3.217) is a linear combination of terms of the form

i) = (1= w)r/)ota) [ (1= )N [ e 034 11 0 pu o), e

JGJ
X HI — Y, poj (YN a(x, o€ + 'K (x)n, T) dyddo,
VIS
with |a;| > 2if j € J and k = |Z| and ¢ = |Z| 4 |J| such that
18] + &

kE<¢<|B] <|al=N, ¢ <

5 (3.218)

Here the function ngS has support in K and is constant on supp(¢).
As (& =y, puj(y)me’™v0 = —i(0¢, puj(y)m)e’ ™) we obtain

ot = 50— /o) [ (1= 0% [ m0d) T pat) et 00

jeT
X HI@g,px,j(y)n)@g a(a, o€ + "' (x)n, 7) dyd€do,
JE

and we may thus write ry as a linear combination of terms of the following form

1
) = =)/ @)o(w) [ 071 =) [[ gty e
X 8?+7a(ac, & + W (x)n, T) dyd€do,

where |y| = k and p(a: y,m) is a polynomial in 7 of order £ with smooth coefficients.
We note that (€)72(1 +i(¢,9,))e!® € = ¢! *=v:8) This yields, for ¢ € N,

oo r) = (/o) [ o 1-0)"= [[ =01, 0,8 (3ot e v
X (€)7210¢ Ma(w, o0& + 'K/ (x)n, T) dyddo,
We choose |a] = N > m and ¢ = n + 1. We then have
|08 aw, o€ + 'K (2)n, 7)| < (7 + o€ + K (@)l NPT S L
We thus obtain
[ (2,0, 7)| < (1= w)(r/ ()| H7H =Nl g =Nl
asm— N —|y| <0and |n| < 7. Since £ < (N +k)/2 = (N +|v|)/2 this yields
[P, )| S 72 < (7 gy,

as claimed above. This concludes the proof. O
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3.8.10 Proof of Proposition 3.45

The proof follows some of the lines of that of Proposition 18.1.19 in [Hor85]. We fix j € J.
We take A;, I € L, a locally finite partition of unity of (0,Xy) x U;. For all k,l € L, we set
ok € ST(R™ xR xR") as

Opr(ow) = ((b;l)*)\kA(b;;\l, where A\, = qf);j\k

Note that supp(ox;) C (0, Xp) x Uj x R x R™. We define a; := E/k)l o1 where Z/ denotes the
sum over the pairs k,[ such that supp();) Nsupp(Ag) # 0. This sum is locally finite, which gives
a; € SP((0, Xo) x Uj x R x R™).

For A € €2°((0, Xo) x U;), A € €°((0, Xo) x U;) we consider

R=(67') 252~ ((671)"2) Opr(a)A
S (671) MiAdiad - ((651) ")) Opr(ay)A.

Kl

Note that the sum only involves k., such that supp(Az) N supp(A) # 0, supp(A;) N supp(A) # 0.
Hence, the sum is finite. We find

R= kzl (67 MAGIAA — ((¢;1)*A) Opr(a;)A + Ry

where Ry is a finite sum of operators in W2*(R™ x R) (and also in WZ((0, Xo) x U; x R)) with kernels
vanishing in a neighborhood of the diagonal. By Lemma 3.40, we have R; € h®W¥ > (R" x R).
Moreover, observe that

(671) Mg A = ((871)"A) Opr(ow) ).

We thus have R = R; from the definition of a;.
We now prove uniqueness. Let a; satisfy the same properties as a;. Introducing b = a; — a;, for
all A € €2°((0, Xo) x Uj), A € €2°((0, Xo) x Uj;) we have
J

((aﬁ-‘l)*x) Opr(b)A € hU7=(R™ x R).

Let K be a compact set in (0, Xp) x Tjj and we choose A, A such that (gbj_l)*)\ —lon K and A\=1
on supp((¢;1)“A). The symbol of ((qu‘l)*)\) Opr(b)X is in h*S7°(R" x R x R") and is given by

((¢;1)*A)b #X € (¢71) N+ h=S7®(R" x R x R")

by the composition formula (3.185). As a consequence, according to Definition 3.41, we have

b e h™®S7>°((0, Xo) x U; x R x R™).

3.8.11 Proof of Proposition 3.46

Let K be a compact set in (0, Xo) x (U; N Ug). Let A\, A € £2°((0, Xo) x (U; NUg)) be equal to
one on K. We set \p = ((b[l)*;\, { = j, k. We also introduce AA,S\,z = (qb[l)*/\AqbZS\g and find

A, 5, = Opr(d) mod hU;>(R" xR), witha, = ((qs;l)*A )ae#ﬁg, 0=k
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The kernel of A, 5 ; (resp. A, j ;) has a compact support in ((0, Xo) x Uj,k)2 (resp. ((0, Xo) x Uk,j)z).
Observe that we have

A,\,J\,k = (‘751‘_1@1)*‘4,\7;\,]‘@1@'

From Theorem 3.39, we have for all N € N,

d — Ty, n (@) € VST V2R x R x R™).
Set Kj, = ¢ (K) and y € €°(K}). Since A = A = 1 on K, we have

xar = xar mod h*°SL(R" x R x R™).
We also have
Xar = xTy,, n(@;) mod ANSF N*(R" x R x R")

= xTy;. n(a;) mod N ST N/Q(R” x R x R™),

because of the form of T, n in (3.189). We thus obtain
X(ar — Ty, n(a;)) € WVSE V2R x R x R?). (3.219)

As K is arbitrary, (3.219) holds for any y € € (Uy ;). This gives the conclusion according to
Definition 3.41. O

3.8.12 Proof of Proposition 3.48

Let K4 and Kp j be the kernels of A and B. We shall use the notation of Definition 3.43.

As the two operators are properly supported the composition makes sense and AB : €>°(X) —
€2°(X). We denote its distribution kernel by Kap 5. (Note that we use the Riemannian structure
here to identify function, densities, and half-densities on X). We have

Kap,n(wo,y; 2o, 9) Z/ Kan(zo,y; 2o, ¥)KB 1w (Z0, U5 T0,9) dio dy
X/

in the sense given at the end of Section 8.2 in [H6r90]. We choose x, ¥ € €>°(X’) such that supp(x)
supp(}) = 0. In addition we introduce y such that supp(x) Nsupp(x) = 0 and ¥ = 1 on supp(¥
We then write

n
)-

X (o, y)X(Z0, 1)K aB,n(xo,y; To,J)
X(Z0,9 // X (0, ¥)X(Zo, 1)K a,n(x0, y; Zo, 1) K,n(Zo, U5 To, ) dio dy

+ x(z0,y) // (&0, 9) (1 = X(Zo, 9)) K an (o, y; Zo, §)K .0 (20, §; L0, §) dio dy.
X/

We note that in the first sum x(xo,y)X (%o, %)Ka,n(T0,y; To,y) is smooth and compactly supported
because of the disjoint supports of the cut-off functions and the regularity of the kernel K4 j off
the diagonal. In the second sum {(Zo, §) (1 — X (&0, ))ICB n(Z0, 7; £o,9) is also smooth as supp(x) N
supp(1l — x) = 0 and compactly supported as K, is properly supported. Because of (3.192) both
terms then yield a smooth function in the variables xg, y, Zo, ¥ and estimating derivatives then yields
a proper estimate of the form of (3.191).

We now consider j € J and A € €2°((0, Xo) x U;), A € €°((0, Xo) x U;). We set

a=(¢;") NABg;(N).
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We then introduce x, x € €:°((0, Xo) x U;) such that both x =1 and x = 1 on supp(quS\). We
write « = 8 + R with

B=(6;1) AXKBS;(N),  R=(6;")"AA(L — xX) B} (V).

Arguing as above we find that the kernel Kr of R is a smooth function and it satisfies an estimate
of the form sup, ¢(Kg) < ChY, for any N € N and ¢ semi-norm on ¢ ((R™ x R)?). Moreover its
support is compact. Hence R € h° ¥ (R™ x R).

Next, with y = (gi)j_l)*x we write

B=(¢;") A T(d;") B (V).
By Proposition 3.45 we obtain a semi-classical tangential operator on R™ x R with symbol
5= (((67) Nas)#(R((67) Db ) #1 mod 157 (R" x B).

which belongs to ng”ml (R™ x R). The operator AB is thus in W?*m,(R" x R).
From the composition formula 3.185, because of the supports of ¥ and (q&;l) *{ we further obtain

B; = ((¢;1)*A(aj#bj))#x mod h®S7°(R" x R).
Hence by Proposition 3.45 a;#b; is a representative of the local symbol of AB in this chart. O

3.8.13 Proof of Proposition 3.50
The existence of L is only related to the proper support of the kernel of A. We have

|(Au)ja, =0l = 3 1(51) "5 (Au)ja ol

Let j € J. It suffices to prove that
|(¢j_1)*wﬂ'(‘4u)\wn=0‘k < CK‘U|1€+£.

We choose a partition of unity ), 72% = 1, subordinated to the open covering (Uy)res such that
zZAJj =1 in a neighborhood of supp(¢;). Then supp(d}k) Nsupp(¢;) = 0 for k # j. We then have

YiAu =3 b Au + ¢ Au
k#j

The terms in the sum are then associated with properly supported operators with smooth kernels
for which the operator continuity (after restriction to x,, = 0) is clear. To treat the last term we
choose A € €2°((0, Xo) x U;) such that A = 1 on LN ((0, Xo) x supp(t;)), and A € €2°((0, Xo) x U;)
such that A =1 on K N ((O,Xo) X supp ((q&;l)*wj))) We then have
(671 s Aubju = (671) M5 AGTA (07 1) byu = B(67 ") s at @ =0,
with B € U4 (R"*1) by Definition 3.43. Hence
\(éf’;l)*iﬂj(z‘liﬁju)un:oh S |(¢j_1)*7/;ju‘k+€ S lulkre

by (3.22). 0
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4.1 Introduction

4.1.1 Motivation and general context

The decay properties for the energy of a solution of the damped wave equation are well known
since the works [Lio88a], [Kom94] and definitively [BLR92] and [Leb96]. More precisely, given a
bounded open domain © C RY with boundary I' = 052, we consider either the internally damped
wave equation

v —Au+bu' =0 in (0, +00) x Q,
u=0 on (0,+o00) x I, (4.1)
(u,u')(0,7) = (u°(),u' () inQ,

167
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or the boundary damped wave equation

' —Au=0 in (0, +00) x Q,
94 |y +bu' =0 on (0,400) x I,y C T, (4.2)
u=0 on (O, +OO) X (F\Fb)a .

(u,w')(0,) = (u(-),u' (")) inQ.

Here, u = u(t, z), v’ denotes the time derivative of u and v stands for the outward unit normal to T".
In these two cases, the dissipation is due to the damping term bu’, where b = b(x) is a non-negative
function on 2 in (4.1), on T in (4.2). The dissipation of the energy

E(u(t)) = %/Q (Ju'[* +|Vul?)dz  or E(u(t)) = %/Q (|'[? + |Vul?) dz + % /Fb I(x)u?dy

is given by
B (u(t)) = - / b Pdr or  E'(u(t) = / b(a) Py

respectively in the internal and the boundary damping case. In both cases, the localization of the
damping, supp(b) must satisfy some geometric conditions (see [BLR92], [Lio88a], [Kom94]) in order
for the energy of the solutions to decay exponentially, i.e., so that there exist two constants M,k > 0
satisfying

E(u(t)) < Me "' E(u(0)), t>0,

for all initial data (u°,u!) of finite energy. In the case of internal damping (4.1), the explicit value
of the best decay rate  is moreover given in [Leb96].

Besides, when no feedback is applied to the wave equation, i.e., b =0 in Q in (4.1) or on I' in
(4.2), then the energy is conserved, E(u(t)) = E(u(0)) for every t > 0.

The question we are interested in is what are the stability properties of the following systems,
obtained by coupling an exponentially stable wave equation with a conservative one, that is

uf — Aug + dpug + buf =0 in (0, +00) x Q,
uh — Aug +pug =0 in (0, +00) x Q, (4.3)
ur=us =0 on (0,4+00) x T, '
u;(0,-) = u?(-), u(0,-) = ujl(), j=1,2 in Q,
in the case of internal damping, and
uf — Aug + dpuz =0 in (0, 4+00) x £,
uhy — Aug +pu; =0 in (0, 4+00) x £,
91 4 Juy + buf =0 on (0, +00) x Ty, Ty, C T, (4.4)
up =0 on (0,400) x (T'\ T4), '
upy =0 on (0,400) x T,

uj(o’ ) = u?() ) u;(ov ) = ujl()v J=12 inQ,
in the case of boundary damping. Here, § > 0 is a constant and p > 0 denotes the coupling coefficient.
The case of a constant coupling p has already been treated in [ACKO02] for (4.3) (internal damping)
and in [AB99, AB02] for (4.4) (boundary damping). One key assumption in these three works is
that the coupling coefficient satisfies p(z) > C' > 0 for all € 2. The main goal of this paper is to
generalize these results to cases for which the coupling p = p(z) can vanish in some part of Q. It
seems natural that we shall have to suppose some geometric conditions on the localization of the
coupling, that is, on the support of the function p(z).

The study of systems like (4.3)-(4.4) (and more generally (4.5) below) is motivated by several
physical considerations. Indirect damping of reversible systems occurs in many applications in en-
gineering and mechanics. Indeed, it arises whenever it is impossible or too expensive to damp all
the components of the state, and it is hence important to study stabilization properties of coupled
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systems with a reduced number of feedbacks. For finite dimensional systems, this problem is fully
understood thanks to the Kalman rank condition. In the case of coupled PDE’s, the situation is
much more involved. Effectiveness of indirect damping mechanisms depends in a complex way on
the assumptions on all the operators involved (i.e. on the operators A;, As, P and B in System
(4.5) below). In [Lio88a], J.-L. Lions considers the case of several different coupled wave-wave or
wave-Petrowsky systems and studies partial observability or controllability properties. In [ACKO02],
the authors give the following example of two elastic membranes subjected to an elastic force that
attracts one membrane to the other with coefficient £ > 0,

uf — Aug + Kup — Kug + fuf =0 in (0, +00) x £,
ul — Aug + Kug — kug =0 in (0,+00) x Q,
up =ug =0 on (0,400) x T,

u;(0,-) = u?(o) , ui(0,)) =ul(v),j=1,2 in Q.

Another example raised by mechanical applications is the so-called Timoshenko beams. This system
consists in two one-dimensional wave equations coupled by first order terms. One can show that po-
lynomial stability holds through indirect mechanisms (see [AB07], [AKBMnRRO03] and the references
therein) such as the ones considered in the present paper. Similar questions arise in the analysis of
indirect control of locally coupled parabolic PDE’s (see System (4.8) below). We here also point out
the works [LZ99] and [BLO1, Section 6] where the exponential and the polynomial stabilization of a
coupled hyperbolic-parabolic system of thermoelasticity are addressed with microlocal techniques.

In a more general setting, we are interested in the stability properties of systems of second order
evolution equations coupling a conservative equation and an exponentially stable one. The abstract
model that we shall refer to is the following

uf + Ajuy + 6Pus + Buj =0,
uy + Asug + P*uy =0, (4.5)
(UJ,U;)(O) = (U?—,u;), Jj=12,

where A, and A, are positive selfadjoint operators with compact resolvent on an infinite dimensional
Hilbert space H. The coupling operator P is assumed to be bounded on H and P* is its adjoint. The
stabilization operator B will be supposed to be either bounded on H (which corresponds to the case
of internal stabilization) or unbounded (which corresponds to the case of boundary stabilization).
The total energy of a solution U = (uy,uz) of (4.5) is defined by

1
B ) = 5 (Il + 143 ua [ + o1ty + 01143 w13 ) + 0(un, Pus)ss, — (46)

where (-,-)g denotes the inner product on H and || - || the associated norm. Note that we have
to consider different operators A;,j = 1,2, in order to treat the boundary damping case. In the
applications to coupled wave equations, A; and A, will be the same Laplace operator, i.e., with the
same speed of propagation, but with different boundary conditions. We have moreover to suppose
the natural assumption that ¢ and p* = ||P||z(z) = sup{||Pv||g, [[v||z = 1} are sufficiently small
so that the energy is positive.

The question is now : is the full system (4.5) stable, and if so, at which rate?

A first answer to this question is that System (4.5) cannot be exponentially stable (see [ACKO02]).
Indeed, this system is a compact perturbation of the decoupled system (obtained by taking P = 0
in (4.5)), which is unstable.

Despite this negative result, one can prove polynomial stability properties for certain classes of
operators Aj, As, P, B. More precisely, under the assumption that the operator P is coercive on H,
the authors prove in [ACKO02], [AB02] and [Bey04] that the energy decays at least polynomially at
infinity. In these papers, the coercivity assumption on P is essential. In the applications we want
to address (see (4.3), (4.4) with p(z) locally supported), this assumption clearly fails. For these
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examples, as well as in the abstract setting (4.5), one has to develop new ideas and hypotheses to
understand how the damping effect is transmitted from the first equation to the second one. We
shall instead suppose that P is only partially coercive (see Assumption (A1) below). For the PDE
systems under view (see Sections 4.1.2 and 4.4), this assumption holds under geometric conditions
of multiplier type on the support of the coupling coefficient p. Similar conditions are required on the
support of the damping coefficient b, so that we prove polynomial stabilization in several situations
in which the damping region and the coupling region have a very small intersection (see Figure 4.2
below). In particular in one space dimension, we prove such a result with an empty intersection. This
is an important feature since it shows that the information is transferred from the damping region
to the coupling region in a sufficient way to stabilize indirectly the second equation, even though
these two regions do not meet. In particular, one can notice that in the damping region, the second
equation is decoupled from the first one and is conservative in this area (see also Figure 4.2 below).
More generally, such locally coupled systems of PDE’s can be viewed as transmission problems
between areas of active/inactive dampings and couplings to areas with inactive/active dampings
and couplings.

In this paper, the main result concerning the abstract system (4.5) is a polynomial stability
Theorem under certain assumptions on the operators P and B (see Theorem 4.9 in the case B
bounded and Theorem 4.12 in the case B unbounded). This abstract result can then be applied to
a large class of second order evolution equations. In Section 4.4, we treat the case of two locally
coupled wave or plate equations, with an internal or a boundary damping. The problem that first
motivated this work is the case (4.3) of partially internally damped wave equations. We now detail
the results obtained for this problem, that sum up our study.

4.1.2 Results for two coupled wave equations

In this section, we consider problem (4.3) in a domain Q C RY with ¢’? boundary. The damping
function b and the coupling function p are two bounded real valued functions on €2, satisfying

0<b<b"and 0<p<p' on,
b>b" >0 on wp, (4.7
p>p~ >0 on wp,

for w, and w, two non-empty open subsets of 2. As usual for damped wave equations, we have
to make some geometric assumptions on the sets w; and w, so that the energy of a single wave
decays sufficiently rapidly at infinity. Here, we shall use the Piecewise Multipliers Geometric Condi-
tion (PMGC).

Definition 4.1 (PMGC). We say that w C Q satisfies the PMGC if there exist Q; C 2 having
Lipschitz boundary and z; € RV, j = 1....J such that Q;N€2; = 0 for j # i and w contains a neighbo-

rhood in €2 of the set szl v () U (Q \ szl Qj), where v;(z;) = {z € 0Q;, (x — z;) - vj(x) > 0}
and v; is the outward unit normal to 9€;.

This geometric assumption was introduced in [Liu97] and further used in [AB04, ABO05]. It is a
generalization of the usual multiplier geometric condition (or I'-condition) of [Lio88a,Zua90], saying
that w contains a neighborhood in  of the set {z € 9Q, (z — x¢) - v(z) > 0}, for some zq € RY.
However, the PMGC is of course much more restrictive than the sharp Geometric Control Condition
(GCC) introduced in [BLR92], saying that every generalized geodesic (i.e. ray of geometrical optics)
enters the region w in finite time. Let us briefly compare these three different geometric conditions
on the following simple 2-D example. We consider the case where (2 is a disk and draw on Figure 4.1
three different subsets of (2. The I'-condition is only satisfied by wg, for some x( sufficiently far on
the left of the figure. The PMGC is satisfied by wp, and by w; (which contains a neighborhood of
a diameter) for some z1 on the left and xo on the right, sufficiently far. However, wy, containing
only a neighborhood of a radius, does not satisfy the PMGC, since Q \ @5 is connected, so that the
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FIGURE 4.1 — Comparison between the different geometric conditions in the disk

PMGC is reduced in this case to the I'-condition (which is here not satisfied). Finally, the GCC is
satisfied by these three different subsets of 2.

In other geometric situations, the I'-condition and the GCC are further compared in [BLR92, pp
1030-1032]. In particular (in the context of boundary stabilization), the authors provide several
2-D examples in which the GCC is satisfied but not the I'-condition. In [Mil02, Remark 6.], the
author proves directly from a geometrical point of view that the GCC implies the PMGC (and
more generally, that the GCC implies any multiplier condition). Then, in [Mil02, Section 5.], he
describes in dimension two different situations for which GCC holds but neither the I'-condition nor
the PMGC do. To conclude this comparison, let us note that in one space dimension, the PMGC is
equivalent to the GCC, and is satisfied by every nonempty subset of the interval €.

We denote by A the smallest eigenvalue of the Laplace operator on 2, with Dirichlet boundary
conditions. We also have the identity A = 1/ C%, where C'p is the Poincaré’s constant of €. Note
that according to (4.6), the energy of a solution U of (4.3) is defined by

1
EU(t)) = B (HUIIH%Q(Q) + [ Vur |20y + dllugll72i) + 5||V“2||%2(Q)) + 6(pur, u2) L2(e),

and is positive as soon as pt < A and 0 < § < p%. Finally, for n € N, we denote by D((—Ap)?)
the domain of the Laplace operator with Dirichlet boundary conditions to the power 5. We recall
that we have for instance

D((—Ap)?) ={ve H"(Q),v =0 on 9Q} forn=1,2,
D((—Ap)2) ={ve H"(Q),v =0 and Av =00n 9Q} for n =34, etc...

[SESTE]

With this notation, we can state the stability theorem for System (4.3).

Theorem 4.2. (i) Suppose that wy and wy, satisfy the PMGC. Then there exists p. € (0, ] such
that for all 0 < p* < p, there exists 5, = d.(pT,p~) € (0, p%], such that for all 6 € (0,6,)
and all b,p € W2 (Q) satisfying (4.7), the solution U = (uy, ug, vy, ub) of (4.3) satisfies for
n € N,n < q, for some Cp, > 0,

Cn Q] 0_ (0,0, 1 1 ntly2 ny2
E(U®1)) < t—nZE(U (0)) Vt>0, U= (uf,ud,ui,u3) € D((—~Ap) 2 ) xD((—Ap)%)".
i=0

Besides, if U € (H})? x (L?)?, then E(U(t)) converges to zero as t goes to infinity.
A

(it) If moreover either wy C wy or wy C wy, then the result holds for 0. = .
This theorem is a consequence of Theorem 4.9 below. The fact that Problem (4.3) satisfies the
assumptions of Theorem 4.9 is postponed in Section 4.4.1. Note that the constants p, and J, are
explicit functions of the parameters of the problem and of the constants coming from the multiplier
method. Moreover, the constants C,, depend on 6, p™, p~, b and b~. The smoothness assumption
on the coefficients p and b comes from Lemma 4.11. If these parameters are not smooth, Theorem 4.2
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is still valid for initial data in D(A% ;) where the operator Aps is defined in (4.13) below. However,
in this case, we cannot explicit the space D( P, s) in terms of classical Sobolev spaces.

Let us draw on Figure 4.2 some geometric situations covered by Theorem 4.2 (7).

supp(b) D ws

b)

FIGURE 4.2 — Some one and two dimensional geometric situations covered by Theorem 4.2 (i)
Locally, the equations satisfied by u; and uy are

Q\ (supp(b) U supp(p))

supp(p) N supp(b)

uf —Aup =0 and uj — Aug =0 in D’((0, +00) x \ (supp(b) Usupp(p))),
uf — Aug +buf =0 and uf — Aug =0 in D’((0, +00) x sup;)(b) \ supp(p)),

uf — Auy + dpug =0 and u§ — Auy +pu; =0 in D'((0, +00)x Sup;)(p) \ supp(b)),

uf — Auy + Spus +buj =0 and u§ — Aug +pug =0 in D'((0, +00)x sup;)(p) N sup;)(b) ).

In particular, in Q \ (supp(b) U supp(p)), the states u; and us are decoupled and both satisfy a
conservative equation. Besides, the subset of ) where u; and uy are coupled and u; is damped,
i.e. supp(p) N supp(b), might be reduced to the empty set, as it is the case in the one dimensional
example.

Some comments can be made about Theorem 4.2. One particularly interesting question for this
type of coupled problem is the case wyNw;, = (). This question first arised in the field of control theory
for coupled evolution equations, and, to the authors’ knowledge, is still unsolved. More precisely,
consider the parabolic system

uj — Aug 4+ 0pug =1, f  in (0,T) x Q,
uh — Aug + pug =0 in (0,7) x Q, (4.8)
up =ug =0 on (0,T) x 99, '
u1(0,-) = ul, uz(0,-) =uy in Q,
or its hyperbolic counterpart
uf — Aug + dpus =1, f  in (0,T) x Q,
ul — Aug +puy =0 in (0,7) x Q,
up =ug =0 on (0,T) x 99, (4.9)

ul(oa ) = u(l)v u2(07 ) = Ug in Qv

uf(0,-) = ui, uh(0,-) =ud in Q,

where the function p and the subset w; are the same as in the stabilization problem. In these two
cases, the null-controllability problem under interest is the following : given a positive time 7" and
initial data, is it possible to find a control function f so that the state has been driven to zero in
time 7'? The parabolic null-controllability problem (4.8) is fully solved in the case wy Nw, # 0
(see [dT00,AKBD06, GBPG06,Léal0a]). However, this problem is still open in the case wy Nw, = 0.
Only the approximate controllability has been proved in [KdT10] in this case for § = 0. Concerning



4.1. Introduction 173

the hyperbolic null-controllability problem (4.9), only the case of constant coupling p have been
considered, to our knowledge [You09] (and [ABO03] for a boundary control).

The second reason for which the case wy, Nw, = 0 is of particular interest in the stabilization
problem (4.3) is that, in this case, we don’t even know if the strong stability property holds, i.e., if
the energy goes to zero as ¢ goes to infinity. To our knowledge, the only strong (and logarithmic)
stability result for system (4.3) is the following one (we suppose here that p and b are smooth).

Proposition 4.3. Suppose that wy,Nwy, # 0. Then, the solution U = (u1, ug, u, uy) of (4.3) satisfies
for n € N, for some C,, > 0,

Cn n .
EU(t) < log(2 + )" ;E(U( '(0)) vt>0,

for all initial data U° = (uf,ul, ut, ul) € D((—AD)"TH)2 X D((fAD)%)%

This is a direct consequence of the interpolation inequality for the associated elliptic system,
proved in [LéalOa, Proposition 5.1], together with the resolvent estimates of [Leb96, LRI7] (see
also [Bur98] to obtain the exact power n). Note that it is natural that logarithmic stability holds
without geometric control conditions on the sets w; and w,. However the interpolation inequality
for the associated elliptic problem is not known in the case wp Nw, = 0 and even the strong stability
is open.

Now, concerning the stability Theorem 4.2, it first has to be noted that, in dimension N > 2
the assumption that both w, and w, satisfy the PMGC implies that w, Nw, # @ (whereas this
is not the case if w;, and w, satisfy the optimal condition of [BLR92]). This Theorem is hence of
particular interest in dimension N = 1 (see Figure 4.2). In this case, Q = (0, L) for some L > 0, and
any non-empty open subinterval w satisfies the PMGC. As a consequence, we obtain the following
corollary of Theorem 4.2 point (7).

Corollary 4.4. Suppose that Q = (0,L). Then, for any non-empty subsets w, C Q and w, C Q
(i.e., for any non-vanishing non-negative functions p and b), there exists p, € (0, A] such that for
all 0 < pt < py there exists 6. = d.(pT,p~) € (0, p%], such that for all § € (0,0,) and all b,p
sufficiently smooth, satisfying (4.7), the polynomial stability result of Theorem 4.2 holds.

In particular, this yields in this case a strong (and logarithmic) stability result with wy, Nw, = 0,
improving Proposition 4.3. Moreover, this can be a first step to address first the hyperbolic control
problem (4.9) and then its parabolic counterpart (4.8) in the case wpNw, = 0. Similarly, Theorem 4.21
on boundary stabilization can be a first step to solve the hyperbolic coupled problem controlled from
the boundary (to our knowledge only adressed in [ABO03] in the case of constant coupling p). Then,
it could allow one to solve its parabolic counterpart, also controlled from the boundary, which seems
to be widely open in several space dimensions.

To conclude this section, let us come back to the geometric assumptions we make. The PMGC
does not seem to be necessary or optimal in these problems, but only technical. All the results we
state in these paper should hold true (and would be also very interesting in several space dimensions)
under the GCC. Replacing PGMC by GCC in all our results would be possible provided that we
are able to prove Assumptions (A2) and (A3) below with microlocal techniques, what we did not
yet manage to do.

Remark 4.5. In the sequel, C' will denote a generic constant, whose value may change from line
to line. Writing C' = C(p, 3, ...) or C = Cp ... means that this constant depends on the parameters

p,0,....
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4.2 Abstract formulation and main results

4.2.1 Abstract setting and well-posedness

Let H and Vj, j = 1,2, be infinite dimensional Hilbert spaces such that the injections V; C H
are dense and compact. We identify H with its dual space and denote by Vj’ the dual space of V},
so that the injections V; C H C V] are dense and compact. We denote by (-,-)m (vesp. (-,-)v;) the
inner product on H (resp. V), || - ||z (resp. || - [|v;) the associated norm and || - HVj’ the norm on V7.
Moreover, we write (-, '>Vj’,Vj the duality product and A; the duality mapping from V; to Vj’ defined
by

<Aj”7w>vj',vj = (v,w)y, Yv,weVj.

By abuse of notation, we also write A; the unbounded operator on H with domain
D(A]) = {’U S V}',A]’U S H} C V} C H,

defined by
AjiUED(Aj)CH—>Aj’UEH.

In this setting, each operator A; is positive selfadjoint in H and has a compact resolvent.
We shall moreover assume that the subspace Vs is continuously imbedded in V7, so that we have
the following scheme :
Vo Vi — H<—V <V, (4.10)

where the first and the last inclusions are continuous and the two central ones are dense and compact.

We denote i : Vo — V; the natural injection and IIy : V3 — V5 the natural projection from V; to
V5. We recall that for u; € Vi, Iy u; is characterized by

<A1i(HVU1)ai(¢)>v1',v1 = <A1U1ai(¢)>v{7vl V‘b € V2 , U1 € Vla
and IIyu; € Vs.

Moreover the operators i, A; and As are linked by
<A2¢7¢>v2/,v2 = (d’ﬂ/’)vg = (Z(¢)7Z(w))V1 = <A1i(¢)ai(7/1)>vlgvl V¢»w € V2 P

thanks to the definitions of A, Az, ¢ and to Assumption (4.10). Note also that under these assump-
tions, the unbounded operators A; and Ay coincide on D(A4;) N D(Az).

The coupling operator P is a bounded operator on H and P* is its adjoint, ||P|lzm) = p*.
The damping operator B will be supposed to be at least bounded from V; to V{ and symmetric
non-negative :

<Bv7w>vl/,v1 = (Bw,v)vl,y1 ) <BU’U>V{,V1 >0 Vo,we V. (4.11)

We denote by A;,j = 1,2, the largest constant satisfying
loll¥, = AillvllE Vo €V,

that is, the smallest eigenvalue of the selfadjoint positive operator A;.
Let us study now the abstract system (4.5). This linear evolution equation can be rewritten
under the form

{ U +ApsU =0 (4.12)

U()=U"€H,
where H = Vi x Vo x H?,

Uy ul 0 0 —-Id O
0
| ue o | wus3 _ 0 0 0 -Id _
U= " ,U = u% ,.Ap75 = A 5P B 0 ,'D(Apv,;) = {U S H,APV,;U € H}
V2 u% P* Ag 0 0

(4.13)



4.2. Abstract formulation and main results 175

We recall that the energy of this system is given by
EW®) =5 (lolly + lually, +dllvallf + olluallf,) + 6(ur, Puz)

4.14
(et 12 + a2+ Sllub 13, + 6lullZ, ) + 6(ur, Pus)s (4.14)

[N

and we will require this energy to be positive for any solution U(t). We have the lower bound for
the energy

BEU) > % (12 + MlluallZ + SllubllZ + Aallusll) — %(llulllif + [lua ) (415)
> %(Hu’lnif + olusllz) + %(Al = op ")l + guz =) uzllF,
Therefore, in the sequel, we shall suppose
0<pt <Ay and0<5<% (4.16)

so that (4.15) holds with positive constants, i.e., E is a positive energy that measures the whole
state U.

Ay 0P
P A
H x H endowed with the weighted inner product (u,v)s = (uy,v1)g + 6(us,v2)mg (which is the
energy space). This operator is moreover positive under the condition (4.16). In the case B = 0, the
operator Ap s is skewadjoint and thus generates a group.

Remark 4.6. Note that for any § > 0, the operator is selfadjoint on the space

Under the assumptions made above, the system (4.12) (and thus, (4.5)) is well-posed in the sense
of semigroup theory.

Proposition 4.7. For all0 < pt <)Xy and0<J < 1%, the operator Ap s is mazimal monotone on
H. As a consequence, for every U° € H, Problem (4.12) has a unique solution U € €°([0, +o00); H). If

in addition, U° € D(A}, 5), for some k € N, then, the solution U is in ﬂ?zo ¢*3([0,+00); D( 5376)).
Moreover, the energy E(U) of the solution defined by (4.14) is locally absolutely continuous, and for

strong solutions, i.e., when U® € D(Aps), we have

E/(U(1) = — (Bih, i)y y, - (4.17)

4.2.2 Main results

In all the following, we have to suppose some additional assumptions on the operators P and B,
in order to prove the stability results. Let us first precise Assumptions (A1) and (A2), related with
the operator P. We assume that P is partially coercive, i.e.,

(A1) there exists an operator IIp € L(H), [IlIp||zx) = 1, and a number p~ > 0
such that  (Pv,v)y > p~||Upv||3 VYo € H.

Note that p~ < p* = ||P||z(u) and that (Al) implies that the operators P and P* are non-
negative. We shall moreover make the following Assumption (A2) on one decoupled equation, without
damping, but with a right hand-side :

3 g, 32,72 > 0 such that for all fo € €1([0,+cc); H) and al 0 < S < T,
the solution us of
(42) uy + Agug = fo in V3,
<u2>u,2)(0) = (ugvu%) € Ve x H,
satisfies, with ea(t) = 1/2 (|Jub||; + [luzl3,) , the inequality

Jg e2(t) dt < as(ea(S) + ea(T)) + Bo [ 1 F2(D3 dt + 2 [g |TLpub(t)|3,dt.
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This corresponds to the second equation in which the coupling term is viewed as a forcing term.
This type of estimate will be proved in the applications below by means of multiplier estimates (for
a single equation with a right hand-side). Note that the operator IIp involved in the estimate of
Assumption (A2) is the operator given by Assumption (Al).

Concerning the operator B, we shall make the following “stability” assumption for a single dam-
ped equation :

J a1, B1,71 > 0 such that for all f; € €1([0,+00); H) and all 0 < S < T,
the solution u; of
A Ulll + A1u1 + Bu’1 = f1 in ‘/1/,
(43) (u,4)(0) = (u, wl) € Vi X H,
satisfies, with e1(t) = 1/2 (|Ju}[|}; + [luall3,) , the inequality
Js e1() dt < an(ex(S) +er(T) + i fg 1105 dt+ 71 fg (Bui,u)y,y dt.
Remark 4.8. Assumption (A3) implies in particular that the single damped equation is exponen-

tially stable, since for f; = 0, we deduce that e (t), which is locally absolutely continuous and
nonincreasing, satisfies the classical integral inequality (see [Har78], [Kom94]).

T
/ ex(t) dt < (201 + m)er(S) Y0< S <T.
S

The next assumption we make on the damping operator B depends on its boundedness.

4.2.2.1 The case B bounded
In the bounded case, we shall moreover suppose
(A4b) IBll ey = bt and Vo=V =V.
As a consequence, we have
A1 =A3=A4A, M=X=2A and i=Ily=1Idy.
The positivity condition (4.16) for the energy becomes

A
0<pt <A\ and 0<5<p—+. (4.18)

The main result here is

Theorem 4.9. (i) Suppose (A1), (A2),(A3), (A4db). Then there exists p. € (0, such that for
all 0 < p™ < p, there exists 6. = 6.(p*,p~) € (0, p%], such that for all § € (0,6.), the solution

U(t) = exp(—Apst)U° of (4.5) satisfies for some Cy, > 0,
BUH) < 23 BUO©) ¥i>0, U e D(AR,).
i=0

Besides, if U’ € H, then E(U(t)) converges to zero as t goes to infinity.
(i) Suppose moreover either

bt
| Pv||% < pt(Pv,v)g and (Bv,v)g < —(Pv,v)g, Yv € H, (4.19)
p
or N
there exists b~ > 0 such that (Pv,v)yg < %(B’U,’U)H, Yv e H. (4.20)

Then the result holds for 6, = %
p
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Remark 4.10. In Case (ii) of Theorem 4.9, the conclusion is much stronger than in Case (i). As
one sees in the proof below, J, is very small in Case (i), whereas in Case (ii), the result holds for
a large panel of 4, including the interval (0, 1]. More precisely, the constants p, and §, are explicit,
that is,

Cp = mm{m , )\} and 0, = 5.(p*,p~) = min { R SN _— p%} in (i)

— ps, = min {i )\} and 0, = p% in the first case of (ii);

— p, = min {ﬁ, ﬁ, )\} and 0, = p% in the second case of (7).
Note that the question whether our stability result can be extended to 6 =1 (i.e. for the symmetric
coupled system) in Case (i) remains open.

In this case, we are moreover able to give a simple characterization of the space D(A% 5), in terms

of the spaces D(A™), which is useful in the applications. More precisely, setting H,, = (D(A™z : ))? x

(D(A%))? C H, we prove the following lemma, inspired by [ACK02, Lemma 3.1].

Lemma 4.11. Suppose that for every 0 < k <n —1 (no assumption if n = 1), we have

k41 E k E k+ E
2 2 2

PD(A™*) C D(A%) , P*D(A™> ) CD(A%) and BD(A™*)C D(A?). (4.21)

Then Hj, = D(A’}yé) for every 0 < k < n.

Proof. We proceed by induction on n € N. In the case n = 1, there is no need of an additional
assumption since the operators B and P are bounded on H. Now, we assume that H,,_1 = D(A’}}l)
and prove H,, = D(A% 5). We have

D(Aps) = {UeDAL), Apsl € D(AR) )

(u1,u2,v1,v2) € (D(A%))? x (D(A™2))?,
(—v1, —v2, Aug + 6Pug + Buy, Aug + P*uy) € (D(A%))? x (D(A™% ))2} ;

when using the induction Assumption D(A;ﬁ.}l) = H,—1. Now using assumption (4.21) for k = n—1,
we see that having

U1 € D(A%) ;o Vg € D(A%),

Auy + §Pusy + Buy € D(A™T ),
AU2 + P*u; € D(AnT_l),

is equivalent to having

n— n

) : Auy e D(A

v €ED(AZ) ; wyeD(A%) ; Au; € D(A

—1
=)
)
n+1 n
2

that is exactly (u1,u2,v1,v2) € (D(A™2))? x (D(A%))* = H,. This gives D(A};) = H, and
concludes the proof of the lemma. O

4.2.2.2 The case B unbounded

Here, we replace Assumption (A4b) by the following

(Adu) (But,i(¢))y v, =0 VoeVa u €4, and
U L

38 >0, lugr —Myw |3 <8 <BU17U1>V{’V1 Yu, € V1.
Assumption (A4w) implies that B satisfies a “weak” coercivity property (since the norm on the left
hand side of the second inequality in (A4u) is the weaker H-norm) in the subspace orthogonal to
the closed subspace V5. As will be seen in Section 4.4, this property is satisfied for all the systems
under view (e.g. wave, plate...). We have the analogous of Theorem 4.9.
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Theorem 4.12. Suppose (A1), (A2),(A3), (Adu). Then there exists p. € (0, A2] such that for all
0 < pt < p, there exists 6, = 0.(pT,p~) € (0, 1%], such that for all 5§ € (0,6,), the solution
U(t) = exp(—Apst)UY of (4.5) satisfies for some Cp, > 0,

2n
EU(t)) < % S EWUY(0) V>0, U € D(ABY).
=0

Besides, if UY € H, then E(U(t)) converges to zero ast goes to infinity.

Remark 4.13. — As in Theorem 4.9, the constants p, and J, here are explicit, that is p. =
min {2%2 A2} and 6, = 0.(p*,p~) = min { BT TR 27}

— Note the difference between the conclusions of Theorem 4.9 and 4.12. For U° € D(A%%),
Theorem 4.9 gives a decay rate of the form C/t?", whereas Theorem 4.12 only gives a decay
rate of the form C/t". This comes from the unbounded nature of the operator B (in the
applications below, the boundary stabilization).

— Note also that item (i7) of Theorem 4.9 has no counterpart here since P and B are not of the
same nature.

4.3 Proof of the main results, Theorems 4.9 and 4.12

4.3.1 The stability lemma

In the sequel, to prove polynomial stability, we shall use the following lemma, which proof can
be found in [AB99], [AB02], [ACKO02].

Lemma 4.14. Let U(t) = exp(—tA)U(0) a strongly continuous semigroup generated by (A, D(A)).
Suppose that t — E(U(t)) is a nonincreasing, locally absolutely continuous function from [0, +0o0)
to [0, 400). Assume moreover that there exists k € N* and ¢; >0, i =0,...,k such that

k
/TE(U(t))dt <Y GEUY(t) Y0<S<T, VU(0) € DAY). (4.22)
S i=0

Then, for every n € N, there exists Cy, > 0 such that

kn
EU(t))dt < % Y EWUOt) Vt>0, VU(0) € D(AM).
i=0
Besides, if U(0) € H, then E(U(t)) converges to zero as t goes to infinity.

To prove the stability results Theorem 4.9 and 4.12, we only have to perform energy estimates of
the type (4.22). For this we shall use the dissipation relation (4.17), that yields, for all0 < S < T,

T
| i)y < BU(S) - BUT) < BU(S)). (4.23)

4.3.2 Proof of Theorem 4.9, the case B bounded
The link between u; and us in the following estimates is given by the following coupling relation.

Lemma 4.15. Assume (A4b) and (4.18). Then, for all U° = (u,u3,ul,ud) € H, the solution
U(t) = exp(—tAps)U° = (u1,u2,v1,v2) of (4.5) satisfies for some C = C(4,p") >0

T T T
6/3 (PUQ,UQ)HdtS/S (Pul,ul)Hdt—i—E/S (BUQ,UQ)Hdt—‘rC(l—Fi) E(U(S)) (424)

foralle >0 and 0< S <T.
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Proof. Assume first that UY € D(Aps). In this case, the solution U(t) = exp(—tAps)U° =
(u1,ug2,v1,v2) of (4.5) is in €°([0, +00); D(Aps) N € ([0, +00); H). Hence U = (uq,uz, v, vs) satis-
fies

vy =uj, vy = ub,

uf + Auy + Buj + 6Pup =0 in H,

uy + Aug + P*uy; =0 in H,

As a consequence, we have V0 < S < T,
T
/ (u) + Auy + Bu) + §Pug,us) g — (uh + Aug + P*uy,uq) gdt = 0. (4.25)
s

We first notice that (Auy,us)y — (Aug,u1)g = 0 since A is selfadjoint, and

[(uh uz) i — (uhywr) ]

T
/ ()i — () prdt]| =
S

< % > (s (e + Ny (T + g (D117 + s (TH117) -
j=1,2

From (4.15) and (4.18), each of the terms here is bounded by the energy, i.e., for j = 1,2,
i (S)Z + llui (S)7r < CEU(S)) and  [[uf (D)7 + llu; (D)7 < CEU(T)),

where C' = C(4,p™). Since the energy is decaying and T' > S, we have E(U(T)) < E(U(S)), so that

T
/ (ulf ua) gt — (ufyur) gt
S

< CEU(5)).

Now, (4.25) becomes

T T T
5/ (Puz,uQ)Hdtg/ (Puy,uy)gdt + / (Buy,ug)gdt| + CE(U(S))
S S S
T C T T
g/ (Pul,ul)Hdt—f—;/ (Bu’l,u'l)Hdt—i—a/ (Bus, up)udt + CE(U(S)), (4.26)
S S S

T
for all € > 0, since B is selfadjoint on H. From (4.23), we have / (Bu',u))gdt < CE(U(S)), and

S
(4.26) yields

T

T T
6/ (PUQ,UQ)HdtS/ (Pul,ul)Hdt—l—s/
S

(Bus, u) udt + C (1 + 1) BU(S)  (4.27)
S S €

for alle > 0 and 0 < S < T. By a density argument, we deduce that (4.27) holds for every U° € H.
O

We can now prove Theorem 4.9.

Proof of Theorem 4.9 We first prove assertion (i). Assume that U° € D(Apy), then, the solution
U of (4.5) is in €°([0, +00); D(Ap,s)) N €1 ([0, +00); H) (see Proposition 4.7). We denote by e;(t) =
1/2 (|13 + llull3), 5 = 1,2, the partial energies. The regularity of U(t) gives in particular Puy €
€*([0,+00); H) and P*uy € €1([0,+0); H), so that Assumptions (A2) and (A3) yield

T T

POl i+ [ (Bt} d (@29

T
/ e1(t) dthE(U(S))—&—&/

S S
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T

T T
/ ea(t) di < CE(U(S)) + ﬂz/ 1P uy (8) | dt + 72/ TPy (8) 7 dt, (4.29)
S S

s
since e;(t) < CE(U(t)) < CE(U(S)) for t > S. From (4.23), we have fST (Buy,uy)y, ydt <
E(U(S)), so that (4.28) yields

T

/ " ealt) dt < CEWU(S) + B2 [ lus(oly . (4:30)
S S

On the other side, Assumption (A1) and the coupling relation (4.24) of Lemma 4.15, applied to
U € €°(]0, +0); H) give, for all € > 0,

T T T T
oo [ Weusliyde <6 [ (Puyusmde <7 [ e+ eb” [ Byt + CE(U'(S)).
S

S S S
(4.31)
Replacing (4.31) in (4.29), we obtain
T T
5p-/ es(t) dthE(U(S))+525p-(p+)2/ s |3 dt
s 5

T T
tp / el |yt + enabt / lhlZdt + CLEWU'(S)). (4.32)
S S

Then, recalling that for all v € V, ||v||% < 1/A||v||},, and adding (4.30) and (4.32), we obtain, for
all e > 0,

1 r 1 s\ [T op~ T
(5-e%) [ e+ (5 - 2250 [ pualiar+ (% - cratt) [ sl
S S S

- 2 2 T
i (62; - W) /S luz¥-dt < CE(U(S)) + C-E(U'(S)).  (4.33)

We now set p, = min{i /\} >0and d, =0, (pT,p7) = min{ A Ap___ A } > 0. Then

273 2B2(pT)2p~* 281 (pF)2 pT
for all p* € (0,p.) and § € (0, 6,), one can choose 0 < & < g’% so that the following bound on the
energy holds

0(5,p+)/ (lux ONFr + lua (O dt + usOIFr + [u2(DF) dt

C@.ptp ) (EU(S)) + EU(S)), V0<S<T, YU°eD(Aps),

IA

/T E(U(t))dt
S

N

from (4.33) and the choice of p, and §,. Using now Lemma 4.14, we obtain
EU®t)) < Cn iE(U(i)(O)) vt >0, YU° e D(ALs)
- tn ’ P06/
i=0

and (i) is proved.

We now prove the first case of (i¢) and suppose (4.19). Thanks to this assumption, the coupling
relation (4.24) of Lemma 4.15, applied to U € ([0, +00); H) gives for all € > 0

T T ot (T
5/ (Pug,ug)HdtS/ (Pus )t + = [ (Pus,us) it + CE(U(S)).
S S S

This and assumption (4.19) yield for all 0 < & < pb;f

g 2 + g (»*)? ’ 2
P < P < E :
/S | Pus||fdt < p /S (Pug, ug) gdt < ey /S llur||7;dt + CeE(U(S))
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so that (4.28) gives, for all 0 < ¢ < pb;f,

T 62 +1\2 T
/ el(t)dtgfigéf/;/s Jurll3dt + C.EU(S)).

Now we set ¢ = (1 — 77)’;?(S and we obtain, for all n € (0, 1),

1 T 1 5 +\2 T
3 [ Wl (5= 2000 e < o, s)). (4.30)

Choosing p, = min {ﬁ, )\}, we have for every p* < p.,

P
2615’

since ¢ is chosen such that 0 < p™ < A/§. From (4.35), for all p* € (0,p.) and 6 € (0, \/pT), there
exists 0 < n < 1, such that M < n and (4.34) implies the existence of C' = C(4,p™"), such that

(p*)? (4.35)

/ ’ e1(t)dt < CE(U(S)). (4.36)
S

Besides, the coupling relation (4.24) of Lemma 4.15, applied to U’ € €°([0, +00); H) implies in this
case, for all € > 0,

T T T

bt
5/ (Puly,ub) prdt < / (Pu), )t + —gp_ (Puly, uh) gt + C.E(U'(S)).
s s s
Proceeding as above, we obtain for all 0 < & < p~d/bT,
_ ebt T 712 + ’ 112 /
pm(0- = IMLpug|[zdt < p [u [z dt + C-E(U'(S)). (4.37)
s s

Fixing € € (0,p~§/b") and replacing (4.37) in (4.29), we obtain for some C = C(5,b",p~,p"),

/ ex(t) dt < CE(U(S))+ fap*)? / el dt +C / |3t + CE(U'(S))
S S S

< C /T e1(t)dt + CE(U(S)) + CE(U'(9)).
S
Estimate (4.36) on e; gives
T
/S e2(t) < CE(U(S)) + CE(U'(S)),

so that the following bound on the energy holds

T
0(5,19*)/ ([ ONFr + lua (OIF-dt + lusO1Fr + luz(]F,) dt

C@.p+.p ) (BWU(S) + EU(S). V0<S<T. WU D(Apy).

IA

/ Bt
S

IA

We conclude the proof of the first part of (i7) as in Case (i) with Lemma 4.14.

To conclude the proof of (ii), suppose now assumption (4.20), i.e., there exists b~ > 0 such that
(Pv,v)g < pt /b~ (Bv,v)y, for all v € H. In this case, the coupling relation (4.24) of Lemma 4.15,
applied to U’ € €°([0, +00); H) gives

T T LT T
5p—/ anu;u%,dtgé/ (P, )t < ZL/ (Bug,u'l)Hdt+gb+/ ||t + C.E(U'(S)).
S S S

b= Js
(4.38)
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We recall that fg(Bu’l,u’l)Hdt < E(U(S)). Replacing (4.38) in (4.29), we obtain

5b 2 T 12 /
5 / ) dt < CE(U(S)) + fad(p*)? / Jually dt+ S22 [ e+ CBU'(S)), - (439)

which, summed with (4.30), yields

L L B0 [T o 6 _ebtyp) (7
- dt - = dt - — L3 dt
5 [ Ml (5= 220 [ (5-222) [ s

2/, +\2 T
+ (g — ﬁl‘sip)) /S ug|[3-dt < CE(U(S)) + C.E(U’(S)). (4.40)

Now, setting p. = min {ﬁ, ﬁ, /\}7 we have for every pt < p,

s [ A A
(") <mm{26ﬂ1’25ﬂg}’ (4.41)

since ¢ is chosen such that 0 < pt < A\/d. From (4.41), for all p* € (0,p) and 6 € (0, \/p™), one

can choose 0 < ¢ < so that the following bound on the energy holds

b+»)/ ’

A

T T
/SE(U(t))dt < C(&f)/g (s (D117 + llua (Ot + Nus ()17 + luz(b)]15) dt
< COpTpT) (BUS)+EU(S)), YO<S<T, VU®€D(Apy).

We conclude the proof of the last part of (ii) as before with Lemma 4.14. This ends the proof of
Theorem 4.9 O

4.3.3 Proof of Theorem 4.12, the case B unbounded

We first state the analogous of Lemma 4.15, that provides a coupling relation between u; and
Uus.

Lemma 4.16. Assume (Adu) and (4.16). Then, for allU° = (uf,u3, u},ud) € D(Aps), the solution
U(t) = exp(—tAps)UY = (u1, us,v1,v2) of (4.5) satisfies for some C = C(6,p*) > 0

T T T

c

5/ (PuQ,ug)HdtS/ (P*ul,Hvul)Hdt—i—s/ lualifde + S B(U'(8)) + CEWU(S)  (142)
S S S

foralle >0 and 0< S <T.

Remark 4.17. The main difference with the bounded case (Lemma 4.15) is that here, the energy
of the derivative of U is needed in the coupling relation.

Proof. Assume first that U° € D(A%ﬁ). In this case, the solution U(t) = exp(—tAps)U° =
(u1,ug,v1,v2) of (4.5) is in €°([0, +00); D(A} 5)) N € ([0,400); D(Ap,s)) N E2([0,+00); H). Hence
U = (u1,us,v1,vz) satisfies

v =uy, vy =ub,
U/1/+A1’LL1+BU/1+5PU2=O iDH,
ul + Agug + P*u; =0 in H,

As a consequence, we have V0 < S < T,

T
/ (uf + Avur + Buj + 0Pug, us) i — (ug + Agus + Py, Tlyu) et = 0,
S
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i.e., Kl + KQ + K3 = 07 with

T
Ky = / (uf,u2) g — (uy, My uq) gdt,
o
Ky, = / (Ayug + Buy,us) g — (Agus, Iy uy) gdt,
s
T
K3 = / 6(Pu2,u2)H — (P*Ul,Hvul)Hdt.
s

We first consider K;. Since U? is taken in D(A%;), ui € €2([0,400);V;) for i = 1,2. Hence,
(IIyup)” =y (uf) and

T
T
Kl = / (Ulll — Hvulll,IQ)Hdt + [(Hvull, UQ)H — (Hvul,ué)H]S .
S

As a consequence, for all € > 0,

C T T
Kl < S [ = vl [l

+ Z oy ()7 + Nl (D + [l (S + s (DF) - (4.43)

From (4.15) and (4.16), each of the terms of the sum is bounded by the energy, i.e., for j = 1,2,
i ()1 + llws (S)|7 < CEU(S)) and  [[u(T)IIE + luy(D)||F < CEU(T)) < CE(U(S)),

since the energy is decaying and T' > S. Replacing this in (4.43), and using Assumption (A4u), we
obtain, for all € > 0,

T
|K1| < —/ B{(Buf,u) V, dt+£/ |uz||Fdt + CE(U(S)).
s

On the other side, Proposition 4.7 gives E'(U(t)) = — (Bu'l,u’ﬁvl,y1 for U° € D(Apys), so that
we have E'(U'(t)) = — (Buy,u{)y, y, for U° € D(A%5). Recalling that E(U(-)) and E(U’(-)) are
nonincreasing, we obtain, for all € > 0,

gl <e [t CEs) + o)
We now consider K5. From Assumption (A4u), we have,
(Aruy + Buj, uz)m = (Arur + Buy,iuz))yy v, = (Arun,i(u2))yy v,
since UY € D(A}5) yields uy € D(Az) C Va. The definition of ITy also gives
(Arur,i(uz))yy v, = (Ari(llyun), i(uz))y, v, = (Aellvun, ug)y, v, = (Asug, Hyvu)y, g, -
Moreover, since us € D(Asg), we have (Asus, Hvu1>v2,’v2 = (Ayug, My uy) g, so that
(Ajuy + Buy,uo) g = (Aqus, Iy uy) g

and Ko = 0.
Finally, replacing in

T T
/ 6(PU2,U2)Hdt: / (P*ul,Hvul)Hdt—Kl —Kg
S S
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the estimates on |K;| and Ko, we have for all £ > 0,

T

/T(S(PUQ,UQ)HdtS/T(P*ul,Hvul)Hdt+s/ lusl|Zdt + CEWU(S)) + CEWU(S)).  (4.44)
S 13

S S

This concludes the proof of the proposition for an initial datum U° € D(Af;’ 5)- By a density argu-
ment, we deduce that (4.44) holds for every U° € D(Apy). O

We can now prove Theorem 4.12. This proof follows the same steps as in the proof of Theorem
4.9 point (i). We give it for the sake of completeness.

Proof of Theorem 4.12 Assume that U° € D(A%,V(;), then, the solution U of (4.5) is in

([0, +00); D(A%5)) N € ([0, +00); D(Ap,5)) N €2([0, +00); H)

(see Proposition 4.7). We recall the notation e;(t) = 1/2 (Hu;H%I + HujH%/]), j = 1,2. The regularity

of U(t) gives in particular Puy € €1([0,+00); H) and P*u; € €*([0,+00); H), so that Assump-
tions (A2) and (A3) yield

T

T T
/ e1(t) dthE(U(S))+51/ |6 Puz(t)|1% dt+71/5 <Bu’1,u’1>v1,y1 dt, (4.45)

S S

T

T T
/ ea(t) dthE(U(S))Jrﬁg/ | P*ui(t)||% dt+72/s ITLpub (t)||% dt. (4.46)

s S
From (4.23), we have f;?r <B“/17“/1>V1',V1 dt < E(U(S)), so that (4.45) yields

T

[ ety de < cE@E) + 518207 [ a0y ar. (447
S S

On the other side, Assumption (A1) and the coupling relation (4.42) of Lemma 4.16, applied to
U' € €°([0,+0); D(Aps)) give, for all € > 0,

N

T T
5p- / IMpuylZdt < 6 / (Pub, ) ot
S

s (4.48)

IN

T T
pt /S e |2t + ¢ /S [t + C.EQU"(S)) + CE(U'(S)).

Replacing (4.48) in (4.46), we obtain

T T
51)’/ e2(t) dt < CE(U(S)) + CE(U'(S)) +625p’(p+)2/ lur (8)17 dt
S S

T T
et / o |2t + e / st + CEWU"(S)).  (4.49)
S S

Then, recalling that for all v € Vj, [[v]|3 < 1/Ajllv[[},, j = 1,2, and adding (4.47) and (4.49), we
obtain, for all £ > 0,

1 T 1 Bab(pT)2p~ T op~ T
3=t ) [kl + L L [l (25— e) [ sl
2 S 2 Al s 2 s

- 2 (012 T
+ <5§ - 515)\(5)) /S |usz|l3,dt < CE(U(S)) + CEU'(S)) + C-E(U"(S)). (4.50)
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We now set P = min{i,AQ} > 0 and (5* = (5 ( + _) = min{2ﬁ2(p+) Aop~ A1 } > 0.

Zp= 2 281 (pT)? pt
Then for all p™ € (0,p.) and & € (0,4.), one can choose 0 < & < 3 'y , so that the following bound
on the energy holds for all 0 < S < T and U° € D(A% Ps )

N

/ EU{@))dt < 0(5729*)/5 (lax ONFr + lua (O dt + us 17 + [ua(O)]F) dt
C(6,p*,p7)(E(WU(S)) + E(U'(S) + E(U"(S))),

IA

from (4.50) and the choice of p, and d.. Using now Lemma 4.14, we obtain
C 2n ]
< T: Y EBEWUW(0) VE>0, VU e D(ARY),

and Theorem 4.12 is proved. O

4.4 Applications

We now apply the results of Theorem 4.9 and Theorem 4.12 to different second order coupled
systems. In each of the following sections, we first explain how the problem can be formulated in the
abstract setting of Section 4.2.1. All these systems are well-posed in the spaces we choose, according
to Proposition 4.7. Hence, we only have to check that Assumptions (A1) — (A4) hold in order to
apply Theorem 4.9 or Theorem 4.12 and obtain the expected stability results. This strategy shall
be followed in Section 4.4.1 to address internal stabilization of coupled wave equations, in Section
4.4.2 to address boundary stabilization of coupled wave equations, and in Section 4.4.3 to address
internal stabilization of coupled plate equations. For the sake of brevity, we do not treat the case
of boundary stabilization of coupled plate equations. However, one can prove as well that Theorem
4.12 can be applied in this case.

4.4.1 Internal stabilization of locally coupled wave equations

Here, we prove Theorem 4.2 in the context presented in the introduction. We recall that Q ¢ RY,
I = 9Q is of class 42, and consider the evolution problem (4.3). We take H = L*(Q), V =
H} () with the usual inner products and norms. We moreover take for B and P respectively the
multiplication in L? by the functions b,p € L> (), satisfying

0<b<brand 0<p<pton,
b>b" >0 on wyp,
p=>p- >0 on wp,

for wy, and w,, two open subsets of €, satisfying the PMGC. As a consequence, Assumption (A4b) is
satisfied and Assumption (A1) is fulfilled taking for IIp the multiplication by 1, . It only remains
to check Assumptions (A2) and (A3), that are consequences of the following lemma.

Lemma 4.18. Let w be a subset of Q) satisfying the PMGC. Then, there exist a,, 3,7 > 0 such that
for all f € €1(RT; L2(Q)) and all 0 < S < T, the solution u of

(€))
u' —Au=f in (0,400) x Q,
{ u = O on (0,400) x T, (4.51)
= (u’(),ul(")) € Hy(Q) x L*(Q),

satisfies, with e(t) = 1/2 ( |[u’||%. 120 T ||Vu||L2(Q)) the inequality

T
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This Lemma direcly yields (A2), since w, is supposed to satisfy the PMGC. To prove (A3), we
note that the solution u of (4.51) is €*(RT; L?(Q2)) and apply the lemma to u = u;, w = wp and
f=f1—buj € €1 (RT; L*(Q)). This yields

T T T
/S ) dt < afer(S)+er(T)+8 [ A= MO dt+ /S B ()2
T T
< aler(s) + ) +26 [ ||f1<t>||%2<m+(25+(b1)2) [ W @l

which is (A3) with 81 = 28 and 71 = (Zﬂ ¥ ﬁ)
Now applying Theorem 4.9, we have proved the following theorem.

Theorem 4.19. (i) Suppose that wy and w, satisfy the PMGC. Then there exists p, € (0, A]
such that for all 0 < p™ < p, there exists 6, = 6.(pT,p~) € (0, p%], such that for all § € (0,d,),
the solution U = (u1,uz,u},us) of (4.3) satisfies for n € N, for some C,, > 0,

U(0) < S ST EUO0) Ve> 0, U° = (ul e ud) € DIAR).

where D(A} 5) is defined in (4.13). Besides, if U € H = (H})?x(L?)?, then E(U(t)) converges
to zero as t goes to infinity.
(i) If moreover either wy, C wy or wy, C wy, then the result holds for 6, = p%.

Theorem 4.2 is now a corollary of Theorem 4.19 in the case of smooth coefficients since Lemma 4.11
allows us to explicit the spaces D(Ap ).

Proof of Lemma 4.18 We here prove the energy estimate (4.52) for the solutions of (4.51), using the
piecewise multiplier method. We proceed as in [Mar99] and [ABO05]. The subset w satisfies the PMGC.
Hence, denoting by Q; and x;, j = 1...J the sets and the points given by the PMGC, we have w D

N (U] vi(@;) U (Q\ U, Qj)) N €. In this expression, N:(O) = {z € RV, d(z,0) < e} with d(-,0)

the usual euclidian distance to the subset O of RV, and v, (xj) = {zeTlj,(x —z;) vjxz) >0},
where v; denotes the outward unit normal to I'; = 0€2;. Let €9 < €1 < e2 < € and define

Qi=N., (Umpu@\[Joy) |, i=o012
i i

Since (2, \ Q1) N Qo = 0, we can construct a function 1; € €>°(RY) which satisfies
0<¢; <1, ¢;=1onQ\Q1, t;=0o0n Qo.

For mj(z) = x — z;, we define the ¢! vector field on € :

| yi(@)my(z) iz ey,
h(x)—{oj it ey,

Multiplying (4.51) by the multiplier h - Vu and integrating on (S,T') x €;, we obtain

T
/ / h(z) - Vu(u" — Au— f)dzdt =0.
s Ja,

For the sake of concision, we will omit the dx dt in the following integrals. This gives, after integration
by parts

T
/ / (8Vjuh-Vu—|—}(h-V)(u’2 — |Vu|2> = [/ u'h - Vu
S T, 2 Q.

J

S

Oy Du 0
/ / 5 divh(u® = [Vuf?) + 30 GE S — e va). (453)
ik v
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Thanks to the choice of 95, only the boundary term on (I'; \ v;(z;)) NI is nonvanishing in the left
hand side of (4.53). But on this part of the boundary v = 0, so that " = 0 and Vu = d,uv = 9,,uv;.
Hence, the left hand side of (4.53) reduces to

1 /7
2 / / (O, u)*s(my - v;) <0
S ST\ (zz))NT
Therefore, since ¥; = 0 on @y and thanks to the above inequality used in (4.53), we deduce that
T 1 Ohy, Ou 0
/ u'h-Vu +/ / (fdivh(u’2—|Vu|2)+Z RO the vu)_o.
Q. g S Q2;\Qo 2 ik (9.’)31‘ 6.1'1 8xk

J
Using ¢; =1 on STJ — @1 and summing the resulting inequalities on j, we obtain

{/Qu’h.vu} //Q\Ql (N2 + (2 — N)|Vul?) //fh Yu

- L i) (= [uf?) 4 3 O 0w O
;/S /Qij1 2 le(’(/ijj) (’LL |vu| ) + ; 895,- 893@ 8xk

T
gc// (u? + |Vul?), (4.54)
s Jong,

where C' is a positive constant which depends only on ¢; and m;. We now use the second multiplier
u(N — 1)/2 and therefore evaluate the term

b s =0

T

N;UQWIL+N/ /\vm?—u —uf)=0. (4.55)

We set M(u) = h-Vu+ Y=L . Adding (4.55) to (4.54), we obtain

/STe(t)dth/ST/le Vu|2+c/ST/le . Ug}M(@M}}[/ﬁM@)ﬁ (4.56)

We now estimate the terms on the right hand side of (4.56) as follows. First, we have

Hence, one has

H [ ]

Second, we estimate the last term of (4.56) as follows

T T
fgi/s /Q|f|2+u/s e(t)dt VYu>0. (4.58)

The difficulty is now to estimate the first term on the right hand side of (4.56). We just follow
techniques developed in [Mar99]. We give the steps for the sake of completeness. First, we dominate
the integral of [Vu|? in (4.56) by the integral of u? and u'?, localized inside the region of observation.
Second, in (4.60) below, we bound the integral of u? in terms of the integral of /2 in the same region.
Since RN \ Q2 N Q1 = 0, there exists a function & € €>°(RY) such that

0<€<1, €=1on@Q, £=00nRY\Q,

< C(e(S) +e(T)). (4.57)
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Multiplying (4.51) by £u and integrating on [S,T] x §2, we obtain after integrations by parts

[ [avae= [ [ (ewe+jaee) - [/quuf}}/;/ﬂguf,

We thus have

Since RN \ w N Q2 = (), there exists a function 3 € €>°(RY) such that
0<B<1, B=1onQs B=0onRY\w.
Proceeding as in [CR93], we fix ¢t and consider the solution z of the following elliptic problem

{ Az =f(z)u inQ,

z=0 on .

Hence, z and 2’ satisfy the following estimates
Izllz2() < Cllullze(),  and  [|2']|72¢q) < C/Qﬁlu'lz- (4.59)

Multiplying (4.51) by z and integrating on [S,T] x €2, we obtain after integrations by parts

/ST/QW— [/Qu]:+/:/guf

Hence, using the estimates (4.59) in the above relation, we obtain for all n > 0

/ST/QmQ2 uf? < g/ST/wlulleri/:/ﬂ|f|2+n/STe+C(e(S)+e(T)), (4.60)

Combined with the estimates (4.57), (4.58) and (4.60) in (4.56), this gives for all p > 0

/STe<c<e<S>+e<T>>+0uATe+i/; e [1se].

Choosing p sufficiently small, we finally have

/STe < C(elS) + e(T)) +c/ST [/ | +/Qf|2] |

and the lemma is proved. O

4.4.2 Boundary stabilization of locally coupled wave equations

Here, we are interested in boundary stabilization. The results given generalize the ones of [AB99)
and [AB02] where the case of constant coupling has been considered. Given Q2 C RY and T' = 952 of
class € we shall use the following Boundary Multiplier Geometric Condition (BMGC).

Definition 4.20 (BMGC). Let {£1,%0} be a partition of I' such that ¥, N X = (). We say that
{31,%0} satisfies the BMGC if there exists 29 € R such that m-v < 0on Xg and m-v >m~ >0
on X1, where m(x) = x — xo.



4.4. Applications 189

The most simple situation covered by this condition is the case where () is star-shaped with
respect to zg. In this case 3o = @) and 37 = I'. Another interesting and somehow more general
situation is the case where Q = Q; \ Q, with Qs and ©; two open subset of RY, both star-shaped
with respect to zp, and such that Q, C Q. In this case, Q2 = 9Q; U 0, with a disjoint union,
Y9 = 09 and X1 = 99 satisfy the BMGC.

For Ty, C T, and Ty = I" \ [}, we consider the following coupled stabilization problem

— Aug + dpug =0 in (0,400) x Q
— Aug +pu; =0 in (0,400) x Q
8u1 +m- z/(lul —l—bul) 0 on (0 +OO) x Ty, (4 61)
u1 =0 on (0,400) x Ty, ‘
ug =0 (0 —I—OO) x T,
u;(0,-) = u?(~), u(0,-) = ujl(), j=1,2 in Q,

where [ is a non-negative function on I'y. Note that we added m - v, where m(x) =  — x¢ in the
stabilization term to avoid some technical estimates. This term can be removed, provided that we
do some more assumptions on the functions b and . Here we make the following assumptions on the
coefficients b and p
0<b<bTonT, andb>b" >0o0nTy
{ 0<p<ptonQ, andp>p >0 on wy,

Moreover we set Hf, (Q) = {u € H'(Q),u = 0 on Ty}, and we shall assume for the sake of clarity
that [ # 0 or meas(T) 75 0. We take H = LQ(Q) and V] = HF (Q) equipped respectively with the
L? inner product and the inner product (u,2)y, = [, Vu-Vz+ fF m - vluz) and the corresponding
norms. Moreover we take Vo = H}(Q) equipped with the inner product (u, 2)y, = fQ Vu - Vz and
the associated norm. We define the duality mappings A; and As as in Section 4.2.1. We also define
the continuous linear operator B from V;j to V] by

(Bu, Z>V{,V1 = m-vbuzdy,
Iy
that satisfies (4.11). As in Section 4.4.2, we take for P the multiplication in L? by the function
p € L. With these notations, system (4.61) can be rewritten under the form (4.5).

Theorem 4.21. Suppose that w, satisfies the PMGC and {T'y,To} satisfies the BMGC. Then there
exists p. € (0, \] such that for all 0 < p* < p, there ewists 5, = 6.(pT,p~) € (0, p—ﬁ], such that for
all § € (0,4.), the solution U = (uy,uz,u},uy) of (4.61) satisfies, for n > 1, for some C,, > 0,

U(t)) < % S EBEWUD0) VE>0, VU° = (uf,ud,uj,uj) € D(ARY).

Besides, if U’ € H = Hllo x H} x (L?)2, then E(U(t)) converges to zero as t goes to infinity.

We recall that the operator Ap; is defined in (4.13). As opposed to the results for internal
damping, we do not have here a simple expression of D(.Af,’fé) in terms of Sobolev spaces.

To prove this Theorem, we just need to check that the Assumptions (A1) — (A4u) are satisfied
and then apply Theorem 4.12 in a convenient setting. First, Assumption (A1) is satisfied with IIp
the multiplication by 1,,,, and Assumption (A2) is a consequence of Lemma 4.22 as in Section 4.4.1,
since the internal coupling is here the same.

We now check Assumption (A4wu) and follow the lines of [AB02]. For the sake of clarity, we
identify i(¢) with ¢ for ¢ € V, (where ¢ is the canonical injection from V5 in V7). We first remark
that the first equality in Assumption (A4u) is satisfied thanks to the definition of B and V5. We
define IIyy and As as in Section 4.2.1. Then, Iy uq is the weak solution of

—AHVu1 = —Au1 in Q,
Iy uy € Vs,
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and A, is defined by
(A2, V)4, = / Vo Vi dz, Vi, € Va.
Q

We now check the second relation in (A4w). For this, we set z = u; — Iy uq, so that z is the weak
solution of

—Az=0 inQ,

z=u1, onl.
By elliptic regularity, we deduce that there exists a constant ¢ > 0 such that [|z||z < c[|uyr, || z2(r,)-
Since we assume the BMGC, m -vb > m~b~ > 0 on I'y, there exists then 5 > 0 such that

”Z”%{ < 6 <Bu17u1>\/1/7v1 V'Uzl € Vl,

and (A4u) is satisfied.
The last assumption (A3) is a direct consequence of the following lemma. Theorem 4.21 follows
then from Theorem 4.12.

Lemma 4.22. Suppose that {T'y,To} satisfies the BMGC. Then, there exist o, 3,y > 0 such that
for all f € €1(RT; L2(Q)) and all 0 < S < T, the solution u of

' —Au=f in (0, 400) x £,
%er.y(luanu’):O on (0, +00) x Ty, (4.62)
u=0 on (0,4+00) x Iy, ’
(w,0)(0,) = (u(),u'()) € H(9) x L2(9),
satisfies, with e(t) = 1/2 (HUIH%2(Q) + I VullZz gy + Jp, m - Vlu2d7), the inequality
T T T
/ e(t) dt < a(e(S)+e(T)) + [3/ Hf(t)||2Lz(Q) dt + ’y/ m - vbu'*dxdt. (4.63)
S S s Jr,

Proof. Proceeding as in [Kom94, Theorem 8.6], we first use the multiplier Mu = m(z)-Vu+ %u

and set R = sup{|m(x)|,z € Q}. Multiplying (4.62) by Mu, we obtain after integrations by parts

/STe(t)dt:/ST/QfMu—[/Qu’Mu}Z—i-;/ST/FOm-V

r 1 1
—|—/ / m-u(u’Q—|Vu2—(lu—|—bu’)(m~Vu—|—
s Jr, 2 2

ou|?

N -1 2
5 u)—|—lu )

u/2 _ |vu|2

-1
5 7), this yields, for all n > 0,

2
N
+ R|lu + bu'||Vu| + |2 — N\l% — 't 5

Setting h =

/T e(t)dt < C(e(5)+e(T))+S/ST/Qf2+n/ST e(t)dt—I—/T m - vh. (4.64)

S s Jry,
We now estimate the term h. Since b > b~ > 0 on I',, we have for all ¢ > 0,

1
h<C (1 + E) bu'? + Clu® + eu?. (4.65)

Concerning the last term, in this equation, we have the trace inequality

T T 2
5/ m-vu? < C’e/ </ [Vul” + [ m- z/lu2> . (4.66)
S F}, S Q 2 Fb
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Hence, for € and 7 sufficiently small, using (4.66) and (4.65) in (4.64), we obtain

T T T T
/ e(t)dt < C(e(T) + e(9)) + C/ 2+ C/ m - vbu'? + C/ m-viu®  (4.67)
s Ja s Jr, s Jr,

S

It only remains to treat the last term in this inequality. For this, we use the method introduced
in [CR93]. Let z be the solution of the following elliptic problem :

Az=0 inQ,
z=1u on I'y,
z=0 on I'y.

Note that this definition yields

/\Vz|2+z <C and /Vz~Vu=/ V2|2 (4.68)
rb Q Q

We multiply (4.62) by 2z and integrate on (S,T) x Q. Integrating by parts and using (4.68) and the
boundary conditions for u, we obtain

/ST Fbm.ylzf _ /STT/Q(U’Z'—IVZ|2+fz)—[/ ] / m - bi'u
E/S /Q“ //'2 //f2+cg// (4.69)

+C(e(T) +e($)) + = /S L ”b“'z“/ /1“

for all € > 0. Now noting that

/ /z’2</ m b 22 < / m - vbz'?,
Q T, T,

T T T T
//u’2+/ /z2+//u2§c/etdt
s Ja s Ja s Jr, s

the estimate (4.69) yields, for all € > 0,

T T o (T
/ m~1/lu2§Cs/ t)dt + — / /f2+C (S))+—/ m - vbu'?.
s Jry s €Js Jry,

Finally, replacing this in (4.67) and taking ¢ sufficiently small, we obtain

/ST (t)dt < C(e(T) +C/ /f2+0/ rbm vbu'?,

and the lemma is proved. O

IN

and

4.4.3 Internal stabilization of locally coupled plate equations

In this last application, we are concerned with a system of two weakly coupled plate equations.
This generalizes the case of constant coupling investigated in [ACKO02]. Here, we assume that the
boundary I' = 9Q is at least of class 4% and we consider the following system :

u 4+ A2uy 4 Spuy + bu) =0 in (0, +00) x Q,
uly + Aug 4+ puy =0 in (0, +00) x £,
u; =0 and ue =0 on (0,+00) x T, (4.70)
%:Oand%:o on (0, 400) x T,

v v
u;(0,-) = u?(~), u;»(O, )= u]l()7 i=12 inQ
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We take H = L?(Q), and V; = Vo = HZ(Q) endowed with the inner product (Y, 2)mz0) =
/ AyAzdz. Hence, A = A? with Neumann and Dirichlet boundary conditions, D(A%) C H*" ()
Q

is the domain of A% and ) denotes its lowest eigenvalue. We moreover take for B and P respectively
the multiplication in L? by the functions b, p € L°°(Q) satisfying, as in Section 4.4.1,

0<b<brand 0<p<pton,
b>b" >0 on wy, (4.71)
p>p- >0 onwp,

for wy and w, two open subsets of 2. As for coupled waves, we have the following stability result.

Theorem 4.23. (i) Suppose that wy and w, satisfy the PMGC. Then there exists p, € (0, A]
such that for all 0 < p™ < p, there exists 6, = 0.(pT,p~) € (0, p%], such that for all § € (0,0.),
the solution U = (uq, ug, uf,uy) of (4.70) satisfies for n € N, for some C,, > 0,

S%ZEW“’(O)) V>0, U0 = (u,u, uf, up) € D(AP ).

Besides, if U? € (HZ)? x (L?)?, then E(U(t)) converges to zero as t goes to infinity.

(i) If moreover either wy, C wy or wy, C wy, then the result holds for 6, = p%

We recall that the operator Ap s is defined in (4.13). Under some smoothness assumptions on the
coefficients p and b, we can explicit the space D( P, s5) in terms of iterated domains of the bilaplacian
with Dirichlet and Neumann boundary conditions, thanks to Lemma 4.11. This gives the following
corollary.

Corollary 4.24. (1) Suppose that wy, and w, satisfy the PMGC. Then there exists p. € (0, ]
such that for all0 < p™ < p, there exists 6, = 6.(pT,p~) € (0, p%], such that for all § € (0,4,),

for all b,p € W?29:°°(Q) satisfying (4.71), the solution U = (uy,us,u},uh) of (4.70) satisfies,
forn e Nyn <gq, for some C,, >0,

EU(t) < %iE(U(“(O)) vt >0, U0 = (uf,ud,ul,ul) € D(A™T )% x D(A%)2.
=0

Besides, if U € (H2)? x (L?)?, then E(U(t)) converges to zero as t goes to infinity.

(i1) If moreover either wy, C wp or wy, C wp, then the result holds for §,. = p%,

To prove Theorem 4.23, we only have to check that Assumptions (Al) — (A4b) hold and use
Theorem 4.9. From (4.71), Assumption (A4b) is satisfied and Assumption (A1) is fulfilled, taking
for IIp the multiplication in L? by 1.,. It only remains to check Assumptions (A2) and (A3), that
are consequences of the following lemma.

Lemma 4.25. Let w be a subset of QU satisfying the PMGC. Then, there exist o, 3,y > 0 such that
for all f € €1 (RY; L?(Q)) and all 0 < S < T, the solution u of

w Ay = f in (0,+00) x Q,
u=20 and — =0 on (0,400) x T, (4.72)
( °(),ut () € HE(Q) x L*(Q),

satisfies, with e(t) = 1/2 (Hu'HLQ(Q + [|Aul|3, Q)) the inequality

/S e(t) dt < a(e(S) + e(T) +ﬂ Hf ||L2 dt+’y/ ||]1wu()||L2 o)dt. (4.73)
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This Lemma direcly yields (A2), since wy, is supposed to satisfy the PMGC. Proving (A3) is done
exactly as in Section 4.4.1, taking u = u;, w = wp, and f = f; — bu} in Lemma 4.25. Theorem 4.23
is then a consequence of Theorem 4.9.

Proof. We give here the details of the piecewise multiplier method for a plate equation, follo-
wing [ABO06], so that the proof is selfcontained. We denote by Nz (U;7y;(z;) U (2 \ U;8;)) the neigh-
borhood given by the PMGC (see Definition 4.1 in the introduction). Let 0 < g9 < €1 < €2 < € and
define for 1 = 0,1,2

Qi = Nz (U7 () U (2\ U;€))
where €, x; and v;(z;) are given by the PMGC. Recall that T'; = 0Q; and m;(z) = z — z;. Since
(Q;\ Q1) N Qo = 0, we can construct a function 1; € € (RY) Wthh satlsﬁes

0<v; <1, ¢;=10nQ;\Q1, %;=0on Q.
We define the € vector field on € :

f i(x)ymy(x) ifz €y,
h(x){ of T ey,

Proceeding as in [AB06], we multiply (4.72) by h - Vu and integrate on each (S,T) x Q;

/ / ) - Vu(u” + A%u — f)dedt = 0.

For the sake of concision, we will omit the dz dt in the following integrals. This gives, after integra-
tions by parts

T
/ / Bh~uj(|u’|2—|Au|2)+Au8(hvu)—h~VuaAu

ov ov
= l/ u'h - Vu
Q.

Ju ou
v 2 - Vhi V(— —fh-V
/ / — divh (v — |Au|®) + Ahy kAu+2 hi-V( k)Au fh u)

J

(4.74)

Thanks to the choice of 9;, only the boundary term on (I'; \ v;(z;)) N T is nonvanishing in the
left hand side of (4.74). But on this part of the boundary, we claim that 9, (h - Vu) = h - vAu (see
also [Lag89] and [Kom94]). For this, we first remark that v = 0 = d,u there. Hence, d;u = 0 for
1<i< Non (I';\v(z;)) NT, and we have

L (h - Vu) 28 Zh&‘u v; = 28 (hiOju)v; = Zh&]uyj (4.75)

Setting v = 9dju, and recalling that Vu = 0 on (T'; \ v;(z;)) N T, we have Vv = J,vv. Hence,
O = Zgﬂ Orvygy; for all 1 < i < N. Coming back to 9ju, we obtain

8iju = Z 8kju1/k1/i s (476)
k

and in particular

(9jju = Z 8kju1/k1/j . (477)
k

Using (4.76) in (4.75), we deduce that

(9l,(h/ . V’U,) = Z hiaijVkVil/j = Zhiyi Z lZ(akjuyk)Vj] .
i J k

.3,k
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Using (4.77) in this last identity, we obtain

L (h - Vu) thz@“ufh vAu,
which proves our claim. Since in addition, v’ =0 on (I'; \ v;(z;)) NT', we deduce that the left hand

side of (4.74) reduces to
1 /T
f/ / h-v|Aul? <0. (4.78)
2Js Jwpnar

Therefore, since 1; = 0 on @y and thanks to the above inequality used in (4.74), we deduce that

T
T 1
/u’h.Vu +/ / (f div h (u'? — |Aul?)
o, s Js Jonas N2
ou

ou
+ Ahkaxk Au + 2Vhy, V(axk)Au fh Vu) <0. (4.79)

Using 9; = 1 on STJ — @1 and summing the resulting inequalities on j, we obtain

[/Q u’h.Vu] / /Q\Ql (Nu? 4 (2 — N)|Vul?) / / fh-Vu
ou

ou
— =~ divh (W? = |Aul?) + Ahp— Au + 2Vhy, - V(—)A
;/S Vﬂmﬂ A u® = |Auf) + " Oy U+ 2Vhe V(axk) “

T 2 2
0“u 0“u
< /2 A 2 2 = 4.
- ¢ /S /Qle (u + | U| * ‘VU‘ + &maxk 8.%18.%]6 )7 ( 80)

where C is a positive constant which depends only on 1; and m;. We now use the second multiplier
u(N —2)/2 and evaluate the term

N-2 [T
7/ /u(u”—kAuz—f):O.
2 Js Ja

N=2 {/ uu'} +M/ / |Au|?> —u? —uf =0. (4.81)
2 o s 2 Js Ja

We set M(u) = h- Vu+ Y2 u. Adding (4.81) to (4.80), we obtain

T r u  O%u
2/ edt§C/ / {u'2+|Au2+Vu|2+ ]UM(U) ] / /M
s s Jono. 0x;0x), Ox;0xy, Q
(4.82)

We estimate the terms on the right hand side of (4.82) as follows. First, we have

]

Second, we estimate the last term of (4.82) as follows

C T T
f g—/ /|f|2+u/ edt Yu>0. (4.84)
rJs Jo s

Hence, one has

< C(e(S) + e(T)). (4.83)
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Using (4.83) and (4.84) in (4.82), we obtain for all u > 0 :

T T 0%u 0%u
9_ < 2 2 L Awl?
( M)/S edt_C/S /Qle {u IVl 1A +3$i3$k axiaxk]
o (7
+C(e(5)+e(T))+—/ /|f|2. (4.85)
wJs Ja

We now have to estimate the first term on the right hand side of (4.85), that we will denote by X :

T 2
0%y 0%u
X = 12 2 A 2
/s /9le [u +IVul”+|Au+ 8@8% 89018%

This is where the piecewise multiplier method takes its place.

Step 1 : Estimate of the terms corresponding to second derivatives in space in X :

Since RV \ Q2 N Q1 = 0, there exists a function & € €>°(RY) such that
0<€E<1, €=1onQ;, &=0o0nRYV\Q,.
We need the following result, that is proved in [AB06, Proposition 4.1].
Lemma 4.26. Let ¢ be defined as above. Then for all v € H3(S)), we have

9%¢ ov ov 1 9
/QVQ“-VUAU =~ | 3m00s 0w, 0np + §/QA§|VU\ . (4.86)
and 02 0% Ov 0
v v v
— A 2 4 ¢)Av)? 4.
0x;0x 0x;0x /Q [ 0x;0x Ox; &m + ALV 4 £ A } (4.87)
From (4.87), we deduce that
0%u
— Aul* +C Vul*. 4.88
‘/Qan 6I18Ik 8I18I1¢ / §| U| QNQ2 | U| ( )

We use now the multiplier {u in the first equation of (4.72), and consider the expression :

T
/ /(u"+A2uff)§udxdt:O.
S Q

After integrations by parts, this gives

/ST/QHAUIQ=/ST/Qﬂu/Z—QVg.VuAu—uAuAf— [quu’]:+/9T/§2§uf.

Using (4.86) in this last identity, we obtain

g T 9% Ou Ou
2 712 Ju
/S’ /§2§|AU| - /S K) |:€|U | + 285@8:5;@ 8332» 8ajk

T
+ A€|Vul? + uAuAg] — {/ fuu} /S /quf. (4.89)

On the other hand, one has /

UAUAE = / YAz |vu\2A§>. Using this identity in (4.89), we
Q

obtain

/ST/QgAuF:/ST/Q F'“/'QHaaz;ﬁ:k §;$—5A2§] - Uﬂguu'EJr/ST/quf.




196 Chapitre 4. Stabilisation indirecte de systémes d’équations d’ondes localement couplées

We estimate the second term on the right hand side of the above inequality as previously (see (4.83)).
Moreover, since £ = 1 on Q1, whereas £ = 0 on R \ Q2, we deduce that

T T
2 112 2 2 2
/S /ﬂgmm g0(6(5)+e(:r))+o/s /mQQ /2 + [Vaul? + o2 + | £]2. (4.90)

Using (4.90) in (4.88), we obtain that

/ AT S C(e(S) + e(T)) +C/T/ W' ? + [Vul? +u? + | f|? (4.91)
ong, 00z 0x;0x) — s JanQ. 7 .

and
T T
/ / Aul? < 0(6(5)+6(T))+c/ / W24 VU £+ 2 (4.92)
S QNQ, S QNQ2

Using both (4.91) and (4.92) in (4.85), we obtain for all x4 > 0
T T N /T
2 _u)/ edt < c/ / [0 + [Vul + [ul] + C(e(S) + e(T)) + C (1 + ) / / 2.
S s JanQ, 1% s Ja

Step 2 : Estimate of the terms corresponding to first derivatives in space in X :
Since RN \ Q3 N Q2 = 0, there exists a function 3 € €>°(RY) such that
0<B<1, f=1onQy, S=0o0nRN\Qs.

We fix t and consider the solution 6 of the following elliptic problem :

9:0:% onT.

{ A%0 = BAu in Q,
ov

Then, we have

/Q|A0|2:/99A29:/QUA(69):/szu(ﬁAG—FQVﬁ-VH—s—GAﬂ) <cf R (193)

QNQs3

and similarly,

/ A0 < C [u/|?. (4.94)
Q QNQ5

We now consider the multiplier 6 for (4.72) and evaluate the expression

/ST/Qt9<u”+Au2—f) —0.

This yields, after integrations by parts,

/ST/QﬁuAu—/ST/QH’u'—&-[/QHu’}:—/ST/Qszo.

Integrating by parts the first term of this expression, we obtain

[ [ome=-f [ove [ [0 o] o [
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Since f =1 on QN Q2, whereas § =0 on Q \ @3, and thanks to (4.93), we obtain for all > 0 :

T w7 1 T
[ amet ] fwes i Lo
s Jong, 2 Js Ja 2p Js Ja

+C/;/m@3 |u|2+C/ST/Q|f|2+C(e(S)+e(T)).

Using, (4.94) in this last inequality, we deduce that, for all g > 0

T T c [T
[famrsef S [0
s JanQs S HJs JanQs

+C/5T/mQ3 |u|2—|—C/ST/Q|f|2+C(e(S)+e(T)).

Finally, putting this into (4.93), we obtain for all x>0

T T 1 T
(2—Cu)/ edth’/ / |u|2+0<1+>/ / u'?
S S JanQs 2 s JanQs

+C<1+’i) /ST/Q|f|2+C(e(S)+e(T)). (4.95)

Step 3 : Estimate of the zero order terms in X :

Since RN \ w N Q3 = 0, there exists a function ¢ € €°>°(RY) such that
0<¢p<1l, ¢=1onQs ©=00nRY\w
We fix t and consider the solution z of the following elliptic problem

{ A%z =9u inQ,

z2=0=— onlT.

Then, we have

/|Az|2§0/z/}|u\2, and /|Az'|2§0/|u'|2. (4.96)
Q w Q w

We now consider the multiplier z for (4.72) and evaluate the expression

/ST/QZ<u”+Au2—f) =0.
[ o ool oo

Integrating by parts the first term of this expression, we obtain

[ o[ Lo [ o

Hence, using (4.96) to estimate the third and fourth terms on the right hand side of the above
equality, we obtain for all p >0, u > 0:

[ [or <t [ e [ [Epss [T e [0 [ 1e ot + )

This yields
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Using now the definition of the energy, together with (4.96), we deduce that

e [ [ot<u[en s [ [t [0 e o) e

As a consequence, since 1) = 1 on Q3 and choosing 7 sufficiently small, we have for all ;> 0 :

Using this last estimate in (4.95), we obtain for all © >0

(2—0u)/jedt§(]<1+i)/gTA|u'|2+O<1+;>/ST/§2f|2+C(e(S)+e(T)).

Finally, choosing now p sufficiently small, we have

/STedt < C(elS) + e(T)) +C/ST/Q |f|2+0/:/w ',

and the lemma is proved. O
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5.1 Introduction

5.1.1 Motivation

During the last decade, the controllability properties of coupled parabolic equations like

Orur — Acuy + aug + pug = bf in (0,T) x Q,
Orug — Acug + aug +pugy =0 in (0,7) x Q,
ur =uz =0 on (0,7T) x 99,
(u1,u2)|t=0 = (u,ul) in €,

199

(5.1)
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have been intensively studied. Here, the coefficients p and b are smooth non-negative functions on the
bounded domain © and —A, is a second order selfadjoint elliptic operator. The null-controllability
problem under view is the following : given a time 7" > 0 and initial data, is it possible to find a
control function f so that the state (u1,us) has been driven to zero in time 7'7 It has been proved
in [dT00, AKBD06, GBPGO06, Léal0a] with different methods that System (5.1) is null-controllable
as soon as {p > 0} N {b > 0} # 0. In these works, the case {p > 0} N {b > 0} = 0 has been left
as an open problem. However, Kavian and de Teresa [KdT10] have proved for a cascade system
(i.e. without the term pus in the first equation of (5.1)) that approximate controllability holds. The
natural question is then whether or not null-controllability (which is a stronger property) still holds
in the case {p >0} N{b>0}=0:

Question 1 : is System (5.1) null-controllable in the case {p >0} N{b>0} =07

The second Problem under interest here is the boundary controllability of systems like

Ouy — Acug +aug +pus =0 in (0,T) x Q,
Opug — Acug + aus +pu; =0 in (0,7) x Q,
uy =byf, ug =0 on (0,T) x 99,
(u1, u2)]i=0 = (uf, u3) in €,

(5.2)

where by is a smooth function on 9. The recent work [FCGBdT10] studies such systems in one
space dimension and with constant coupling coefficients. The cases of higher space dimensions and
varying coupling coefficients (and in particular when the coefficients vanish in a neighborhood of
the boundary) are to our knowledge completely open. The second question under interest is then :

Question 2 : is System (5.2) null-controllable for non-constant coupling coefficients p ? Is System
(5.2) null-controllable if the dimension of  is larger than one ?

Concerning these two open problems, it seems that the parabolic theory and associated tools
encounter for the moment some essential difficulties.

On the other hand, it is known from [Rus73] that controllability properties can be transferred
from hyperbolic equations to parabolic ones. And it seems, at least for boundary control problems,
that the theory for coupled hyperbolic equations of the type

O?uy — Acuy + auy + pug = bf in (0,T) x Q,
O2uy — Acug + aug + pu; =0 in (0,7) x Q, (5.3)
U =us =0 on (0,T) x 99, ’
(u1,uz, Opur, Opun) |i—o = (ul, uy, ul,ud) in €,

and
O2uyp — Acuy + auy + puz =0 in (0,7) x Q,
0?uy — Acusg + aug + puy =0 in (0,T) x Q, (5.4)
uy =byf, upg =0 on (0,T) x 99, ’
<u1> Uz, Oy, 815“2)|t:0 = (u(1)> u(2)7 u%’ u%) in Q,

is better understood (see [ABO03]), even less studied. In the case of varying coefficients and several
space-dimensions, the associated stabilization problem is addressed in [AB02,ABL11c]. In particular
in [ABL11c], a polynomial stability result is proved for solutions of the system

O?up — Acuy + auy + pug + 0?0 =0 in RT x Q,
O2uy — Acug + aug + pu; =0 in RT x Q, (5.5)
up =us =0 on RT x 99,

in some cases where {p > 0} N{b > 0} = (. This gives hope to prove some null-controllability results
for (5.3) in the same situations.

In the present work, we answer Questions 1 and 2 for hyperbolic problems (like (5.3) and (5.4)),
improving the results of [AB03, ABL11c]. Then, we deduce a (partial) solution to the two open
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questions raised above for parabolic systems. Indeed, we prove that Systems (5.1)-(5.3) are null-
controllable (in appropriate spaces) as soon as {p > 0} and {b > 0} both satisfy the Geometric
Control Condition (recalled below) and |[p||pe(q) satisfies a smallness assumption. This contains
several examples with {p > 0} N {b > 0} = 0, and partially answer to the first question. We prove
as well that similar controllability results hold for the boundary control problems (5.2) and (5.4),
which partially answers to the second question. Of course, the geometric conditions needed here are
essential (and even sharp) for coupled waves, but inappropriate for parabolic equation. However, this
is a first step towards a better understanding of these types of systems. In one space dimension in
particular, the geometric conditions are reduced to a non-emptiness condition and are hence optimal
for parabolic systems as well.

In the end of the present introduction, we state our main results for wave/heat/Shrodinger-type
Systems. In Section 5.2, we introduce an abstract setting adapted to second order (in time) control
problems. Then, in Section 5.3, we present the tools used in the proof of the main theorem, together
with a key lemma : an observability inequality for an equation with a right hand-side (for which
we give another proof in Appendix 5.7). Section 5.4 is devoted to the proof the observability of
hyperbolic systems in the abstract setting, and controllability is deduced in Section 5.5. Finally, in
Section 5.6, we come back to the applications to wave/heat/Shrédinger-type Systems. The results
of this paper were announced in [ABL11a].

5.1.2 Main results

Let © be a bounded domain in R™ with smooth (say ) boundary (or a smooth connected
compact Riemannian manifold with or without boundary) and A, = div(cV) a (negative) elliptic
operator (or the Laplace Beltrami operator with respect to the Riemannian metric) on €. Here, ¢
denotes a smooth (say €'°°) positive symmetric matrix i.e. in particular Cy'|¢|? < ¢(x)&-€ < Cpl€|?
for some Cy > 0, for all z € Q, £ € R". We consider the more general first order (in time) control
problem

e00;u; — Acuy + auy + pus = bf in (0,T) x Q,
eP0ug — Acug + aug +puy =0 in (0,7) x Q,
up =uz =0 on (0,T) x 09,
(u1,u2)li=0 = (uf, u3) in €2,

(5.6)

with 6 € [—n/2,7/2], including Schréodinger-type systems for § = +7/2 and diffusion-type systems
for € (—m/2,7/2). In particular we recover System (5.1) when taking (5.6) for § = 0. We also
consider System (5.3), consisting in a wave-type system, with only one control force. In these systems,
a = a(z), p = p(x) and b = b(x) are smooth real-valued functions on €2 and f is the control function,
that can act on the system.

We shall also consider the same systems controlled from the boundary through the (smooth)
real-valued function by :

e00u; — Acuy +auy +pus =0 in (0,T) x Q,
e@0ug — Acug + aug +puy =0 in (0,7) x Q,
uy =byf, us =0 on (0,T) x 99,
(w1, uz)|i=0 = (ul, ul) in Q,

(5.7)

which includes System (5.2) when 6 = 0.
We first notice that, on the space (L2 (Q))2 endowed with the natural inner product

(U, V)2@xr2) = (u1,v1)2() + (u2,v2)2(0), U = (u1,u2),V = (v1,v2),

_ *Ac“i’a p
b (T )

with domain D(4,) = (H*(Q)NH] (Q))Q, is selfadjoint. As a consequence, for f € L%((0,T)x), the
Cauchy problem (5.6), resp. (5.3), is well-posed in (L? (Q))2, resp. (H{ (Q))2 X (LQ(Q))Q, in the sense

the operator
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of semigroup theory. Then, taking f € L?((0,T) x 99Q) the initial-boundary value problem (5.7),
resp. (5.4), is well-posed in (H‘l(Q))Q, resp. (L2(Q))2
solution (see [Lio88a, TW09)]).

X (H‘l(Q))Q, in the sense of transposition

The strategy we adopt here is to prove some controllability results for the hyperbolic systems (5.3)
and (5.4), extending the two-levels energy method introduced in [AB03]. Then, using transmutation
techniques, we deduce controllability properties of (5.6) and (5.7).

An important remark to make before addressing the controllability problem for the hyperbolic
systems (5.3)-(5.4) is concerned with the regularity of solutions. If one takes for system (5.3) (resp.
(5.4)) initial data (ul, u3, ui,uj) € HS(Q) x (H2NH () x L2(Q) x Hg(Q) (resp. (ul,uy, uf,uj) €
L2(Q) x H}(2) x H71(Q) x L?(9)), and a control function f € L3((0,T) x Q) (resp. f € L?((0,T) x
99)), then the state (u1,ua, dyuy, yuz) remains in the space H} (Q) x (H2NHG(2)) x L*(Q) x H} (Q)
(resp. L2(Q) x HE () x H=1(Q) x L?*(2)) for all time. We recall that for Systems (5.3) and (5.4),
the null-controllability is equivalent to the exact controllability. As a consequence, it is not possible,
taking for instance zero as initial data to reach any target state in (H(%(Q))2 X (L2(Q))2 (resp.

(LQ(Q))2 X (H_I(Q))Q). The controllability question for (5.3)-(5.4) hence becomes : starting from
rest at time ¢ = 0, is it possible to reach all H}(Q) x (H? N Hg(2)) x L*(Q) x H(Q) (resp.
L2(Q) x HY(Q) x H71(Q) x L?(2)) in time t = T sufficiently large ?

To state our results, we recall the classical Geometric Control Conditions GCC (resp. GCCy).
We recall that GCC was introduced in [RT74] for manifolds without boundaries, in [BLR88] for
domains with boundaries and that GCCy was introduced in [BLR92]. From these works, it is known
that, making the generic assumption that 02 has no contact of infinite order with its tangents, GCC
(resp. GCCy) is a necessary and sufficient condition for the internal (resp. boundary) observability
and controllability of one wave equation (see also [BG97]).

Definition 5.1 (GCC (resp. GCCp)). Let w C Q (resp. I' C 99Q) and T > 0. We say that the
couple (w,T') satisfies GCC (resp. (I',T) satisfies GCCyp) if every generalized geodesic (i.e. ray of
geometric optics) traveling at speed one in €2 meets w (resp. meets I' on a non-diffractive point) in
a time t < T. We say that w satisfies GCC (resp. I" satisfies GCCy) if there exists T' > 0 such that
(w,T) satisfies GCC (resp. (I, T) satisfies GCCpy).

We shall make the following key assumptions.

Assumption 5.2. (i) We have ((—A; + a)u, v)
ue (H*(Q)NHi(Q)).
(i) We havep >0 onQ, {p > 0} D@, for some open subset w, C Q and we set p™ := ||p[| L= ().
(iii) We have b >0 on Q, {b > 0} D@, (resp. by > 0 on N and {by > 0} D T'}) for some open
subset wy C Q (resp. Ty C 00).

L) 2 /\0Hu||2L2(Q), for some \g > 0, for all

Note that in the case where ¢ = Id and a = 0, the best constant A\ is the smallest eigenvalue of
the Laplace operator on 2 with Dirichlet boundary conditions. We also have the identity Ao = 1/ 072,,
where C'p is the Poincaré’s constant of 2.

We shall also require that the operator A, satisfies, for some constant C' > 0,

(Ap(vla U2)7 (Ul’v2))L2(Q)XL2(Q) > C(H'Ul”?:[é(ﬂ) + ||’U2H%,5(Q))
for all (v1,v9) € D(A,). This is the case when assuming p™ < Ao.

In the case of coupled wave equations, our main result can be formulated as follows.

Theorem 5.3 (Wave-type systems). Suppose that (i) holds, that w, satisfies GCC and that wy (Tesp.
I'y) satisfies GCC (resp. GCCy). Then, for all b (resp. by) satisfying (iii), there exists a constant
p« > 0 (depending only on the geometry of Q and on b, resp. by ) such that for all p™ < p., there exists
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a time T, > 0 such that for all T > T, all p satisfying (ii), and all initial data (u,u3,ul,ud) €
H(Q) x (H>NH(Q)) x L2(Q) x Hg () (resp. (uf, uy, ui,uj) € L*(Q) x H}(Q) x H~1(Q) x L2(Q)),
there exists a control function f € L?((0,T) x Q) (resp. f € L*((0,T) x ) ) such that the solution
of (5.3) (resp. (5.4)) satisfies (u1, uz, Opu1, Opuz)|i=r = 0.

Another way to formulate this result is to say that, under the assumptions of Theorem 5.3, the
reachable set at time 7' > T\, with zero initial data is exactly Hg(€2) x (H>NH{(Q)) x L*(Q) x H} (Q)
in the case of L? internal control and L?(Q) x H}(Q) x H=1(Q) x L(£) in the case of L? boundary
control.

Some comments should be made about this result. First this is a generalization of the work [ABO03]
where the coupling coefficients considered have to satisfy p(z) > C > 0 for all x € Q. The geometric
situations covered by Theorem 5.3 are richer, and include in particular several examples of coupling
and control regions that do not intersect (see Figure 5.1). Second, we do not know if the coercivity
assumption (i) for —A, + a and the smallness assumption on p* are only technical and inherent to
the method we use here. Moreover, the control time T, we obtain depends on all the parameters of
the system, and not only the sets wy, wp and I', (as it is the case for a single wave equation). This
feature does not seem to be very natural. Finally, the fact that we consider twice the same elliptic
operator A, is a key point in our proof and it is likely that this result does not hold for waves with
different speeds (see [ABO03] for results with different speeds and different operators). Similarly, the
fact that p > 0 (see Assumption(ii)) is very important here. It is possible that Theorem 5.3 does
not work if the sign of p varies.

(a) (b)

FIGURE 5.1 — Examples of open sets (Q,w, Q) such that w and O both satisfy GCC in Q, with
wNO =10 :in the case (a), Q is the flat torus (or the square), in the case (b), 2 is the disk.

As a consequence of Theorem 5.3 and using transmutation techniques (due to [Rus73, Mil05] for
heat-type equations and to [Phu01, Mil06a] for Schrédinger-type equations), we can now state the
associated results for Systems (5.6) and (5.7).

Corollary 5.4 (Heat-type systems). Suppose that (i) holds, that w, satisfies GCC and that wy (resp.
T'y) satisfies GCC (resp. GCCy). Then, for all b (resp. by) satisfying (iii), there exists a constant
psx > 0 (depending only on the geometry of Q and on b, resp. by) such that for all p™ < p., for
all T >0, 0 € (—7/2,7/2), for all p satisfying (ii) and all initial data (u,u9) € (LQ(Q))2 (resp.
(uf, ul) € (H*I(Q))Q), there exists a control function f € L2((0,T)x Q) (resp. f € L?((0,T) x 982))
such that the solution of (5.6) (resp. (5.7)) satisfies (u1,u2)|=r = 0.

To our knowledge, this corollary gives the first controllability result for coupled parabolic equa-
tions when the coupling region w,, and the control region w;, do not intersect. Moreover, this seems to
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be also the first positive result for boundary control of parabolic systems in several space dimensions
or with variable coupling coefficients.

Note that the spaces for which the controllability result of Corollary 5.4 holds are symmetric.
This is due to the smoothing effect of parabolic equations. The proof of this result is given in
Section 5.6.2.

The geometric conditions in this theorem are not sharp for parabolic equations. This leads us
to think that the same result still holds under the only conditions w, # @ (i.e. p is not the null
function) and wy, # @ (i.e. b is not the null function). This remains an open problem. Note that our
control result holds for any 7" > 0, which is natural for parabolic equations.

Concerning coupled Schrodinger equations, we have the following result.

Corollary 5.5 (Schrédinger-type systems). Suppose that (i) holds, that w, satisfies GCC and that
wy (resp. T'y) satisfies GCC (resp. GCCy). Then, for all b (resp. by) satisfying (iii), there exists a
constant p, > 0 (depending only on the geometry of Q and on b, resp. by) such that for all p™ < py,
for all T > 0, all p satisfying (iii) and all initial data (u9,u3) € L*(Q) x HE(Q) (resp. (uf,ul) €
H=1(Q) x L?(2)), there exists a control function f € L?((0,T) x Q) (resp. f € L*((0,T) x 99Q))
such that the solution of (5.6) (resp. (5.7)) with @ = £7/2 satisfies (u1,uz)|t=r = 0.

The proof of this result is given in Section 5.6.3. Since there is no smoothing effect in this case,
we still obtain a controllability result in asymmetric spaces here : the uncontrolled variable us has
to be more regular than the other one. This shows that the attainable set from zero for a L? internal
control (resp. L? boundary control) contains L%(Q) x H}(Q) (resp. H~1(Q) x L*(Q)). Whether or
not a general target in (LQ(Q))2 (resp. (H‘l(Q))z) is reachable for (5.6) (resp. (5.7)) with § = £ /2
remains open.

Note finally that the geometric conditions GCC and GCCy are not necessary in the case of
Schrédinger equations but are not far from being optimal. The most general control result for a
single Schrédinger equation [Leb92] is that GCC (resp. GCCy) implies null-controllability in any
positive time. However, in some cases (see [Jaf90,BZ04]), these conditions are not necessary. Here, we
do not recover these properties (since our result is deduced from a controllability result for waves). It
would be interesting to prove such a result with weaker geometric conditions in particular situations
(see [RAT11] in the case of a square). Note also that our control result holds for any 7' > 0, which
is natural for Schrédinger equations [Leb92] (and which is not the case in the results of [RAT11]).

Remark 5.6. Different boundary conditions (like Neumann or Fourier boundary conditions) can
also be addressed with the same techniques since we use the observability inequality for a single wave
equation as a black box. In the work [BLR92], the authors prove this observability inequality with
all these boundary conditions (all compatible with the Melrose-Sjostrand theorem of propagation of
singularities).

Remark 5.7. Similarly, our results also hold (in the case of Dirichlet boundary conditions) for a
boundary 92 and a metric ¢ having a limited smoothness (i.e. €2 for 9Q and €2 for ¢) according
to the article [Bur97a]. Note as well that we supposed that the coefficients a, p and b are smooth.
Tt is sufficient that a and p preserve the regularity of u; and us and b (resp. bg) that of the control
function f. For instance, one can take b € L°°(Q) (resp. by € L>°(99)) and a,p € W2>°(Q).

Remark 5.8. We could also replace the operator A, in all the systems studied here, by the operator

[ —Ac+a op
Ats—( P Ac+a)7

for § > 0. This is what we did in [ABL11a]. This operator is selfadjoint on (LQ(Q))2 endowed with
the inner product (U, V)s = (u1,v1)2(q) +0(u2, v2) 2(q). The controllability results obtained in this
case (for all equations, as well as in the abstract setting) hold for all (8, pT) such that vépt < p,.
Such results in this setting seem more general since they allow to consider large p™ or large §
(provided that the other is small enough). For these choices of d, the systems obtained are “less
symmetric” than the ones for § = 1.
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However, we can pass from the system with § to the system without § with a change of variables.
Suppose that (21, 22) is the solution of the system

0221 — Aczy + azy + 6pzy = bf in (0,7) x Q,
0229 — Aezg +azg +pz1 =0 in (0,7) x Q,
21 =20=0 on (0,T) x 09,

(21722aatzlaat22)|t:0 == (297237211,221) iH Q?

then, setting u; = z; and us = V829, the new variable (u1,us) satisfies the fully symmetric system

0?uy — Acuy + aug + Vopus = bf in (0,7) x Q,
Ouy — Acug + aug + Vopu, =0 in (0,7) x Q,
up =uz =0 on (0,T) x 99,

(w1, ug, Our, Opus)|i—o = (29, \/gzg,z%, \/gz%) in Q,

to which Theorem 5.3 applies (for vpt < p.).

5.2 Abstract setting

In this section, we describe the abstract setting in which we prove Theorem 5.3 for Systems (5.3)
and (5.4), and define the appropriate spaces and operators. Let H be a Hilbert space and (A, D(A))
a selfadjoint positive operator on H with compact resolvent. We denote by (-, )y the inner product
on H and |||z the associated norm. For k € N, we set Hy, = D(A?) endowed with the inner product
(,)m, = (A2-, A%.)y and associated norm || - llm, = |A% - ||z. We define H_j, as the dual space
of Hj, with respect to the pivot space H = Hy. We write (-, .>HlmH—k, = (A%,A_%-)H the duality
product between Hy and H_j, and || - ||g_, = ||[A% - |5 is the norm on H_j. The operator A can
be extended to an isomorphism from Hj to Hy_o for any k& < 1, still denoted by A. According to
the properties of the operator A, the injection Hy, — Hy_; is dense and compact for any k € Z.

We denote by Ay > 0 the largest constant satisfying

[v]|F, = Xollv]|F; for all v € Hy, (5.8)

that is, the smallest eigenvalue of the selfadjoint positive operator A. Note that we also have, for all
a >0,
AT ey = Ao ™

In this abstract setting, we shall denote ¢’ the derivative with respect to time of a function ¢ : R —
Hy, for some k € Z. In the following, as in [AB03], we shall make use of the different energy levels

en(p(t) = %(Hw(t)llik +lle'OllE,_,), keZ

which are all preserved through time if ¢ is a solution of ¢” + Ay = 0. Moreover, the coercivity
assumption (5.8) yields, for all k € Z, v € Hy,

[vllZ, > Aollvllz,_, and ex(v) > Xoer—1(v). (5.9)

We consider that the coupling operator P is bounded on H and denote by P* is its adjoint,
"= ||Pllecay = 1P| e
Before addressing the control problem, let us introduce the adjoint system
v + Avy + Puy =0,

vy + Avg + P*vy = 0, (5.10)
(Ul,v?vvivvé)ltzo = (U?’U&U%)U%)a
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which shall stand for our observation system. This system can be recast as a first order differential
equation

V' =ApY, V(0)=)", (5.11)

where
0 Id A P
AP: ( _AP 0 )7 AP: < P* A )7 V:(U17v2)7 V:(VJV/):(U13U27’U£>U/2)‘

Note that the operator Ap is selfadjoint on the space H x H endowed with the inner product

(V.V) g = (01,81) 1 + (v2,52) . Using (5.9) with k = 1, we obtain

+
(ApV,V) by = (Avi,00) i + (Ava, 02) 1 + 2(Pva, v1) g > (1 - %) (o, + llval%,). (5.12)

As a consequence, we shall suppose that pt < \g, so that Ap is coercive. Under this assumption,

(A?DV, Af;.f/) 1« g defines an inner product on (H1)?, equivalent to the natural one. Assuming that
P, P* € L(H}) and writing
Hy = (Hp)? x HY_,, kcZ,

the operator Ap is an isomorphism from Hy to Hy—1 and is skewadjoint on Hy, equipped with the
inner product

~ o~ k k ~ k-1 k-1 o
((Ua V)7 (Uv V))’Hk = (A}%Ua A;’U)HXH + (AP2 V, Ap2 V)HXH'

Note that this is an inner product according to the coercivity assumption for Ap, which is equivalent
to the natural inner product of Hj,. Hence, Ap generates a group e*A7 on H},, and the homogeneous
problem (5.10) is well-posed in these spaces. An important feature of solutions V(t) of System (5.10)
is that all energies

B.V(1) = 12O, ke

are positive and preserved through time.

5.2.1 Main results : admissibility, observability and controllability

For System (5.10), now studied in H7, we shall observe only the state of the first component, i.e.
(u1,u}), and hence define an observation operator B* € L(Hz x H,Y'), where Y is a Hilbert space,
standing for our observation space. This definition is sufficiently general to take into account both
the boundary observation problem (taking B* € L£(H,Y’)) and the internal observation problem
(taking B* € L(H,Y)). We assume that B* is an admissible observation for one equation :

For all T' > 0 there exists a constant C' > 0,
such that all solutions ¢ of ¢” + Ap = f € L?(0,T; H) satisfy (A1)

Jy 18 (0, )3 dt < € (ex((0) + ex(p(T) + [y ex(e®)it + f; 11 fI3dt) -
Under this assumption, we have the following lemma.

Lemma 5.9 (Admissibility). The operator B* is an admissible observation for (5.10). More preci-

sely, for all p™ < % and all T > 0, there exists a constant C > 0, such that all the solutions of

(5.10) satisfy
T
/0 1B (v1, 1) (1)[[F-dt < C{er(vi(0)) + eo(v2(0)) }- (5.13)

Note that only the ey energy level of the second component vy is necessary in this admissibility
estimate. Hence, we cannot hope to observe the whole H; energy of V and the best observability we
can expect only involves eg(vz). Our aim is now to prove this inverse inequality of (5.13). For this,
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we have to suppose some additional assumptions on the operators P and B*. Let us first precise
Assumption (A2), related with the operator P :

(A2)

We have ||Pv||3; < p*(Pv,v)y and there exists an operator Ilp € L(H), |Ip| zcm) = 1,
and a number p~ > 0 such that  (Pv,v)y > p~|Upv|% Vv € H.

Note that p~ < p* = || P||z(z) and that (A2) implies that the operators P and P* are non-negative.

Next, we shall suppose that a single equation is observable both by B* and by Ilp in sufficiently
large time :

There exist T, Tp > 0 such that all solutions ¢ of ¢ + Ap = 0 satisfy
e1(p(0) < Co(T) [ |B* (0, )} forall T >Tp, (A3)
e1(9(0)) < Cp(T) [y |Up!|%dt  forall T > Tp.

In the context of Theorem 5.3, these observability assumptions are satisfied as soon as w, and wy
satisfy GCC (resp. T’y satisfies GCCy). We can now state our main result, i.e. an observability
inequality.

Theorem 5.10 (Observability). Suppose that Assumptions (A1)-(A3) hold. Then there exists a
constant p, such that for all p™ < p., there emists a time T, such that for all T > T, there exists
C > 0, such that for all V° € Hy, the solution V(t) = e"* V0 of (5.10) satisfies

ﬁ@ﬂm+%%m»§CAHW@M@@ﬁﬂ~ (5.14)

Note that the constants p, and T can be given explicitely in terms of the different parameters of
the system. In particular, T, > max{Ts,Tp}, and p, depends only on \g, on the time 7’5 and on the
observability constant Cg(T5) (given in Assumption (A3)) for some T} > Tg. See Proposition 5.23
and Lemma 5.16 below for more precision.

Applying the Hilbert Uniqueness Method (HUM) of [Lio88a], we deduce now controllability
results for the adjoint system. In this context, we have to define more precisely the observation
operator. We shall treat two cases : First, B*(vy,v]) = B*v] with B* € L(H,Y), corresponding
to internal observability (with Y = L2(Q)), and second B*(vi,v]) = B*v; with B* € L(H3,Y),
corresponding to boundary observability (with Y = L?(9Q)). In both cases, we define the control
operator B as the adjoint of B*, and the control problem reads, for a control function f taking its
values in Y,

uf + Auy + Pug = BY,

uy + Aug + P*u; =0, (5.15)

(ur,uz, uy, uy)|=o0 = (u(l)a uga u%v u%)
This is an abstract version of (5.3)-(5.4). Note that under this form, System (5.15) not only contains
(5.3)-(5.4), but also locally coupled systems of plate equations, with a distributed or a boundary
control.

First case : B*(v1,v]) = B*v| with B* € L(H,Y). In this case, B € L(Y, H) and the control
problem (5.15) is well-posed in H; for f € L?(0,T;Y). Note that, as in the concrete setting, it also
preserves the space Hy x Hy X H x Hy through time as soon as P € L£L(H;). There is thus no hope
to control in whole H;. In this setting, we first deduce from (5.14) the following other observability
estimate for solutions W of (5.10) in Hy : eg(w1(0))+e_1(w2(0)) < CfOT | B*w1 (t)||2-dt. The internal
control result of Theorem 5.3 is then a direct consequence of the HUM since Assumptions (A1)-(A3)
are satisfied in this application.
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Theorem 5.11 (Controllability). Suppose that Assumptions (Al)-(A3) hold. Then, there exists
a constant p, such that for all pt < p., there ewists a time T, such that for all T > T, and
U° € Hy x Hy x H x Hy, there exists a control function f € L?(0,T;Y) such that the solution U(t)
of (5.15) satisfies U(T) = 0.

To prove this theorem, we first have to deduce from the observability estimate (5.14) the following
other observability estimate for all W = A7 WP (solution of (5.10) in Hy) : eo(w1(0))+e_1(w2(0)) <
CfOT || B*w1 (t)||3-dt. Then, Theorem 5.11 is a direct consequence of the HUM.

Second case : B*(vy,v]) = B*v; with B* € L(H,,Y). As a consequence of the admissibility
inequality (5.13), System (5.15) is well-posed in Hy in the sense of transposition solutions. Moreover,
System (5.15) also preserves the space H x H; x H_; x H, and there is no hope to control in whole
Hp. In this setting, the boundary control result of Theorem 5.3 is a direct consequence of the HUM
and Theorem 5.10 since Assumptions (A1)-(A3) are satisfied in this application.

Theorem 5.12 (Controllability). Suppose that Assumptions (Al)-(A3) hold. Then, there exists
a constant p, such that for all pt < p., there ewists a time T, such that for all T > T, and
U € Hx Hy x H_y x H, there exists a control function f € L?(0,T;Y) such that the solution U(t)
of (5.15) satisfies U(T) = 0.

Theorem 5.3 is a consequence of Theorem 5.11 in the case of an internal control and of Theo-
rem 5.12 in the case of a boundary control since Assumptions (A1)-(A3) are satisfied in this appli-
cation. Theorem 5.11 and 5.12 are proved in Section 5.5.

5.2.2 Some remarks

Let us make some remarks about these results and their proofs.

First notice that System (5.15) is reversible in time, so that the concepts of null-controllability
and controllability from zero are equivalent.

A consequence of Lemma 5.9 and Theorem 5.10 is that we here describe exactly the attainable
set of The control system (5.15) (which was not done in [AB03]). More precisely, starting for zero
initial data, we prove that for T > T, the attainable set is H; x Hy X H x Hy in the first case and
H x Hy x H_1 x H in the second case.

Let us briefly describe the method of the proof of Theorem 5.10 which is inspidered by the “two
energy levels” method of [AB03]. Everything here is based on energy estimates, considering the H;
energy of v; and the Hy energy of vs, and comes from multiplier methods. There are three main
ingredients in our proof.

Our first ingredient is an observability inequality for a single wave-type equation with a right
hand-side (see Lemma 5.16). Such observability inequality used to be proved with multiplier tech-
niques [AB03,ABL11c|, and thus, under too strong (and not optimal) geometric conditions. Here, we
prove such inequalities as a consequence of usual observability inequalities. We also prove for wave
equations that such an observability inequality with optimal geometric conditions for an equation
with a right hand-side is very natural (see Appendix 5.7). This improvement can in fact be used
in several works using multiplier conditions, replacing them with optimal geometric conditions; in
particular, the stabilization results of [ABL11c] now hold with GCC.

Our second main ingredient is the energy estimate obtained by multiplying the first line of (5.10)
by vy and the second one by wv; and taking the difference of the two equalities. This coupling
inequality allows us to estimate the “localized” energy of the unobserved componenent vs by the
energy of the observed one v; (see Lemma 5.17 below).

Finally to conclude the proof, we use in a crucial way the conservation of the Hy-energy of the
solution V. This implies roughly that the integral on (0,7) of the energy is increasing linearly with
respect to T, for T sufficiently large.
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If the operator B is bounded, we proved in [ABL11c] (under similar assumptions) a polynomial
decay result for the F (U(t)) energy of the system

uf + Auy + Pugs + BB*u} =0,
ul + Aug + P*up =0,
(u1,u2,uj, ub)|=o =U° € Hy x Hy x H x H.

The observability estimates for a single equation with a right hand-side we prove here (Lemma 5.16)
also improve the results of [ABL1lc] in the case B bounded. Now, these results also hold under
optimal geometric conditions for waves. We have the following proposition, where —Ap denotes the
Laplace operator with Dirichlet boundary conditions.

Proposition 5.13. Suppose that Assumption 5.2 holds, and that wy and wy, satisfy GCC. Then there
exists p, > 0 such that for all 0 < pt < p., the solution U = (uy,uz, Opuy, Oyuz) of (5.5) satisfies
n+1 2

for n € N, for any initial data U° = (uy, uz, Opuy, Osuz)|i—o € D((fAD)T)2 x D((-Ap)2)”,
E (U() < O—j . E (UD(0) Vt>o0.
(AL ;
7=
Besides, if U° € (HE)? x (L?)?, then E1(U(t)) converges to zero as t goes to infinity.

The method of energy estimates we use here has several advantages and drawbacks. The main
advantage is that it furnishes a systematic method for both internal and boundary controllability
problems for a large class of second order in time equations. We only have to check if an observability
inequality is known for a single equation, and the results can directly be transferred to systems.

However, we have here to make several assumptions : symmetry of the system, coercivity of
the elliptic operator, smallness of the coupling coefficients, large control time... We do not know
precisely which assumptions are really needed and which ones are superfluous. We here provide a
general a priori analysis of such coupled models. A more precise analysis (for instance for wave
systems) remains to be done.

Finally, note that these exact controllability results for abstract second order hyperbolic equations
yield null-controllability results for heat or Schrédinger type systems in the abstract setting as well.
However, for the sake of clarity, we do not state these results in an abstract setting but only for heat
or Schrodinger systems (see Sections 5.6.2 and 5.6.3).

5.3 Two energy levels and two key lemmata

5.3.1 Two energy levels

In the following sections, when proving Lemma 5.9 and Theorem 5.10, we shall use two different
energy levels. Let us consider V a H; solution of (5.11). We regularize the state V once by setting

wh = vy,

why = Vo,

Awy + Pwy = —vf,
Awy + P*wy = —v).

W=A'Y, e (5.16)

Note that this system has a unique solution (wq,ws), since the operator Ap is coercive, that also
satisfies .
A Pwy =
{ wy + Aw; + Pws = 0, (5.17)

wh + Awg + P*wy = 0.

Now, the idea, is that, for p* /)¢ sufficiently small, the ey energy of vy is almost equivalent to
the ey energy of ws. And we shall see that the e; energy level is more practical to handle. This
is summarized in the first three identities of the following proposition. The last two identities are
technical estimates, used at some points of the proof of the observability inequality.
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Proposition 5.14. We have the following energy estimates for all V = (vy,ve,v],v5) in Hy and
W = (w1, wa, wi,wh) defined by (5.16) :

(1 - I;;) le1(v1) +e1(v2)] < E1(V) < (1 + Z:;) [e1(v1) + e (v2)], (5.18)
pt pt

<1 - )\0> le1(wr) + e1(w2)] < E1(W) < (1 + )\0) [e1(w1) + e1(w2)], (5.19)

2 2
(; -(%) > (e1n) + ex(w2)) < cofon) + eofv2) < <2+2 (%) ><e1<w1>+e1<wz>>, (5.20)

ol V20 S RPN (730 SO
o(e) <2 (14 2 x ) + 22 o), (5:21)

+12

61(1}1) Z %el(wl) — (p)\o) €1(’U)2). (5.22)

1
ﬁv
e1(wy)+e1(wy) and eg(v1)+eg(ve) are almost preserved through time for (vq, v) solutions of (5.10).

As a consequence of this lemma, assuming that % < we see that the energies eq (vy)+eq(v2),

Proof. First recall that EF; is defined by
2B, (V) = [[vi[l3r + l[oal|F + (Avi,01) a4+ (Ava, v2) i + 2(Pog, v1)m

Then, using the fact that 2|(Pva, v1)m| < % (HA%le%{ + ||A%v2||%1>, we have

+
2B00) 2 ok By + ol + (1= 5 ) (14 ou B + Lty

> 2 <1 — i) (e1(v1) + e1(v2)),

together with

+
2500 < [l + ol + (145 ) (14Bon By + 1l

<2 (1 + };\Z) (er(v1) +e1(v2)),

and (5.18) is proved. Since (5.18) holds for all V € H;, it also holds for W, which gives (5.19).
Now, applying A~2 to the last two lines of System (5.16) gives
wy = vy,
wh = vg,
Az wy + A”2 Pwy = —A’%v’l,
Azwy + A3 Py = —A_%v'z.

(5.23)

Since we have || A~ 2 Pwy||g < %HA%IUQ”H and ||A~2 P*w: || g < %HA%lem System (5.23) yields

_1 _1
2 (eo(v1) + eo(v2)) = [loallfy + llvallr + 1A™= w1l + A 20313

+ 2
1 p 1
< s+ g B+ 20t +2 (5 ) adwaly

1 2 p+ 2 1 2
+alabuly +2 (5 ) Iatuly
0

2
< <2+2 (T) > 2 (er(wr) + e1(w2)) ,

0
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together with

1, 1 pt 2 1
2 (colin) + colve) 2 s + g B+ gy = (5 ) Iadwaly

1 1 2 p+ 2 1 2
+olAzwally — (5~ ) Azwlly
2 Ao

> (; - (T)) 2 (ex(wi) + ex(w2))

and (5.20) is proved. To prove (5.21), we also use the last equation of (5.23), which gives
—Ly p+ 1 1
147203l < Sl AZwily + (| A2 wa o
0
Using the third equation of (5.23) to eliminate Azw, in this estimate, we obtain

_1 + _1 + _1 1
1A 2v'2||Hs§—0||A szQHHH;—OHA 20} | i + | A2 w1

+)2 +
< (1 + (pAQ) ) A3 wallss + S A= 3o .
0 0

Hence, with the second equation of (5.23), we have

(pt)?
A3

(p)?

_1
A B+ ot
0

2
||A_"1’U§?q+vz||fqé2(1+ ) JA w42

which concludes the proof of (5.21). To prove (5.22), we first notice that the third line of (5.23)
gives
A%l < 21 A7% Punlf + 2] A7 305 < 2252 0F)* | AR wallfy + 205 et 3

Hence, using the first line of (5.23), we obtain

9 — A% W 112 12> A llw! 112 &A% 2_(p+)2A% 2
er(vr) = | AW [ + (|01 115 2 Aollwill + S llAZ w5 " [ A% wa|5
2(pt)2
> Aoer(wr) — (Z))\ ) e1(ws),
0
which yields (5.22), and concludes the proof of the lemma. O

5.3.2 Two key lemmata

In this section, we prove Lemma 5.9 together with a key observability inequality for a classical
“wave-type” equation with a right hand-side. For both proofs, we shall use the classical well-posedness
properties of the equation ¢” + Ap = f that we recall in the following lemma.

Lemma 5.15. For any k € Z, there exists C > 0 such that for all (¢°,p') € Hy x Hx_1 and
f € LY(RT; Hy_1) the equation ¢ + Ap = f has a unique solution, satisfying for all T > 0,

er(p(T)) < C (ex(@(0) + 1o, ) - (5.24)

Note that in this energy inequality, the constant C' does not depend on the time 7.
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5.3.2.1 Proof of Lemma 5.9 : admissibility

Here, we prove that Assumption (Al) implies the amissibility inequality (5.13) for the whole
system.

Proof of Lemma 5.9 We suppose that (vq,vs) satisfies System (5.10). In particular, we have,
v + Avy = —Pus.
As a consequence of Assumption (A1), we have for all T > 0,

T

T T
/ 1B (01, 0}) |2t < O(T) <e1<v1<o>>+el<v1<:f>>+ / 1 (s (1))dt + / ||Pv2<t>||%dt>.
0 0 0

(5.25)
Then, the energy estimate (5.24) for k = 1, the Cauchy-Schwarz inequality and the boundedness of
P on H yield

e1(01(T)) < € (ex(v(0) + [1Pealfs o rm) ) < C (e11(0) + TN lEeon) » (5:26)
together with

| ertwenin < 0 (Tes(@) + 720 Pl o) - (5.27)

Now, we note that, according to (5.16), ||112||2L2(0 Ty = ||w'2||%2(O 7.0y < fOT Ey(W(t))dt. Since W

is a solution of (5.17), its energy is preserved through time, so that fOT EL(W(t))dt = TE;(W(0)).
Using inequalities (5.19) and (5.20) (i.e. the equivalence of the different energies), we obtain, for all

pt <L,
Jealran < T (145 ) lea(wn(0) + €1 wa(0)
o\ —1
<71+ T) (; - (’f) ) () +eowa(0)].  (5.28)

We recall that (5.9) yields eg(v1(0)) < Ay tei(v1(0)). Finally, combining (5.25)-(5.28), we obtain
T
/ 1B (v1, ) |[5-dt < C(T, Ao, p™) (e1(v1(0)) + eo(v2(0)))
0

with O(T, Ao, p*) = C(T){1+ C(L+T) + CpH)>TA (1 + T+ T (1 + 2-) (& — (25)*) '}, and
the admissibility of B* is proved. O
5.3.2.2 Proof of an observability inequality with a right hand-side

Here, we prove the following lemma.

Lemma 5.16. Suppose that Assumptions (A1) and (A3) hold. Then, for allTf > Tp and T} > Tp,
there exist constants Kg, Kp > 0 such that for any solution ¢ of " + Ap = f € L*(0,T; H), we
have

T T T
| ertotna < K ( |15l + [ ||f<t>||%,dt> for i T>Tg,  (529)
0 0 0

and

T T T
/ e1(p(t))dt < Kp (/ ITLpy’ || dt +/ |f(t)|?th> for all T > Tp. (5.30)
0 0 0
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Note that the important feature is that the observability constants K g, Kp here do not depend on
the time T as T' — +o0. More precisely, K only depends on Tj; and on C(T7}) for some TF; > T,
where T and Cp are defined in Assumption (A3). Such observability inequalities are proved with
multiplier techniques for the wave equation or the plate equation in [AB02, AB03, ABL11a]. It is
then often used to perform energy estimates. Here, proving (5.29) and (5.30) as a consequence of
the associated observability inequality for the free equation (Assumption (A3)) and an admissibility
assumption (A1) has several advantages. In particular, we can use as a black-box the different
observability inequalities obtained for the different equations (i.e. for instance [BLR88, BLR92] for
waves) and we hence obtain results with the optimal geometric conditions.

However, for the sake of completeness, we also prove Lemma 5.16 in a simple case for the wave
equation in a direct way in Appendix 5.7, with optimal geometric conditions. This shows that the
norms used here are the natural ones.

Proof of Lemma 5.16 We here only prove (5.29). The proof of (5.30) is simpler since the observation
operator Ilp is bounded (and we thus do not need an admissibility assumption).

To prove the first inequality of (5.29), we first split a solution of ¢’ + Ap = f into ¢ = ¢ + 1,
where ¢ and 1) satisfy

{ ¢+ Ap = f,
(¢(0),¢'(0)) = (0,0),
and
{ Y’ + Ay =0,
(1(0),4'(0)) = (¢(0), (0)).
We have

/0 1 (o (1)) dt < / 1 (6(1))dt + / 1 (b (), (5.31)

and we provide upper bounds for both integrals on the right hand-side. The energy estimate (5.24)
applied to ¢ gives, for all £ > 0,

e1 (o) < Cl s 0.6m) < CEIFNZ 200,40 (5.32)

Then, the observability Assumption (A3) can be applied to ¥, which gives, for allt > 0 and T > T},

T
e ®) =awO) <C [ 15w )Rt (5.33)
0
Integrating (5.32) and (5.33) for ¢ € (0,7, and using (5.31), we now have, for all T' > Tp,
T T T
[ etetnae<or [ s+ ot [ 15 w0 e (5:34
0 0 0

To obtain the observation on ¢ instead of ¢ in the right hand-side, we write

T T T
/ 1B* (4, ) |2t < / 1B* (o, ) 2t + / 18* (6, &")|[3dt. (5.35)
0 0 0

Then, using the admissibility Assumption (A1) for ¢, we obtain

T T T T
/ |B*<¢,¢>’>|%dt<0(e1<¢<T>>+ / 1 (6(1))dt + / IIfII%dt><C(T+T2+1) / 112,
0 0 0 0

(5.36)

after having used (5.32). Combining (5.34), (5.35) and (5.36), we finally obtain for all 7' > Tz the
existence of a constant D(T') such that

/O e1(p(t))dt < D(T) (/ 1 2de + / ||B*<so,¢>||2ydt>.
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Now, we explain how this constant can be uniformly bounded for large times. For all T > Tz, we
set D*(T') = supgy <;<7 D(t), so that the application T — D*(T') is nondecreasing on [T}, +00).
Since the equation ¢” + Ap = f is invariant under time translations, the last inequality yields, for
all T2 Z T1 + TE,

|t < o - 11) ( | Wride+ [ 2||B*<so,w'>||%dt>. (537

T T

For T > T}, there exists an integer ko such that T' € [koTF, (ko + 1)T). We have,

ko—2 (k+1)T, T
/0 V)t = Z/k ))dt+/(k01)T§ er(ip(t))dt

In cach of these integrals the time interval is larger than T so that we can apply (5.37). This yields,
for all T > 2T}

T ko—=2 (k+1)T}
/O e1(p(t))dt < D*(Tg) Z/ (A1 + 1B (e, )3 ) dt

T
+ DT = (ko — 1)T§)/( . (£ + 1B (2, T ) dt

T B
< D*(2T3) / (112 + 18 (o, )13 dt

since T' € [koT};, (ko+1)T5) and D* is nondecreasing. This inequality is also true for T < T < 2T},
and this concludes the proof of (5.29), taking Kp = D*(2T}). The proof of (5.30) follows exactly
the same. O

5.4 Proof of Theorem 5.10

In this section, we shall often use the notation A < B, meaning that there exists a universal
numerical constant C' > 0 (depending on none of the parameters of the system) such that A < CB.

5.4.1 The coupling Lemma

In this section, we give the link between v, and vy that we shall use in the following.

Lemma 5.17. Let V = (v1,v2,v],v}) € Hy be solution of (5.10) and W = (wy,wq, wi,wh) be
defined by (5.16). Then, for all T > 0, we have

T T N 2\ 2
/O (PU27U2)Hdt§/O (Pvl,vl)Hdt+2)\g <1+ (p)\g) ) [61(M2(T))+61(’U]2(0)”

L (p+)2 e1\v e1\v
+ /\é (1+2 )\(2) )[ 1(v1(T)) + e1(v1(0))], (5.38)

and
/T(ng U)g)Hdt < /T(P’U)l ’U)l)Hdt + i <1 + 2(p+)2> [el(wg(T)) + 61(11}2(0))]
0 ’ - 0 ' )\é )\g
+ 2 e (0a(T)) + ex (w1 (0)] (5.9)

Ao




5.4. Proof of Theorem 5.10 215
Proof. Since V is a solution of (5.10), we have
T
/ (v} 4+ Avy + Pvg,vo) g — (v + Avg + P*uy,v1)gdt = 0. (5.40)
0

We first notice that (Avy,ve)g — (Ava,v1)g = 0 since A is selfadjoint, and

T
[ @) = (o)) =[5 v2)a — (05,001
0

101 1
<3 |2l + el + sl + el | 6= 0)

3 [Freall 4 ot + 21, + <l ] ¢ =
S% [eo(v2(T)) + €0 (v2(0))] + £ [ex (v1(T)) + €1 (v1(0))] ,

for all e > 0 and 7" > 0. Once having isolated the term fOT(Pvg, vg)gdt in (5.40), this yields

/ (Pug,ve) gdt < / (Pvy,v1)gdt + é [eo(v2(T)) + eo(v2(0))] + € [e1 (v1(T)) + e1(v1(0))] .
0 0

Using (5.21) in this expression, we now have for all € > 0 and T > 0,

2 (1 " (p+)2> ex (wa(T)) + 22 L ey (un (1)

T T 1
/ (PU27’()2>Hdt§/ (Pvl,vl)Hdt—l—f P) 3 €p
0 0 € Ao Ao

+)2 2 +)2
42 <1+ (pA%) ) el(wg(()))m(p%) eo(v1(0))

T +3)21\ 2
< [ oo 2 (14 L) et + e wao)

2
+ (5 + 2(];\?)) ) le1(vi(T)) + e1(v1(0))],

+eler(vi(T)) + e1(v1(0))]

since eg(v1) < Ay teq(v1). We then set & = )\g% and Estimate (5.38) is proved.
Since W is a solution of (5.17), we also have
T
/ (W) + Aw;y + Pwa,we) g — (wh + Awg + P wy, wy)gdt = 0.
0

Following the same procedure, and recalling that wj = v1, we obtain,

T T T
/ (PWQ7’LU2)Hdt S / (Pwhwl)Hdt + / (w'{,wg)H — (wé’,wl)Hdt
0 0 0

< /OT(Pwl,wl)Hdt + ‘[(vl,wg)H — (w), wl)H]OT‘ . (5.41)

Next, we estimate

1 1
|(v1, w2) | + [(wh, wi)m| < Lllwzllﬂ +ellnll + ellwhllE + Ilelﬂ] ; (5.42)

3

DN | =
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and notice that System (5.16) yields w; = —A~1v] — A7 Pwsy, and hence
— _3 1
lwillm < 2V i + 7 A0 2 [ A2 wo |1
This, together with (5.42) gives

1 1 1 9 1
|(vr, w2)u] + [(wy, wi)m| < 5 | =l ATw |3 + A2 v | + ellws 3
2 E)\() )\0

2 2 2001 1 2
+ gl + =5l Abualy |

—1
Taking € = A\, ?, we obtain

: 1 2(p")?
(o1, wo) | + [(wg, wi)m| < — |1+ =5 | erlwz) + —er(v),
G 0 G
which, together with (5.41) yields Estimate (5.39), and concludes the proof of the lemma. O

5.4.2 A first series of estimates

Note that until now, we did not assume that p™ /g is small, except for the coercivity assumption
on Ap and the equivalence of the different energies in (5.19)-(5.20) (used in the proof of the Ad-
missibility Lemma 5.9). Using the coupling relation (5.38), we now prove a first series of estimates,
that will be made more precise later.

Lemma 5.18. For all T > 0, all (p:g)2 < 1 allV = (v1,v9,0],v}) € Hy solution of (5.10) and
W = (w1, we, w], wh) defined by (5.16), we have the following estimates

T L T
e1(wa(T)) +e1(w2(0)) Skalel(vl(O))ert/ el(vl(t))dt+el(wz(0))+p+A§/ s |7t (5.43)
Ag 70 0

+ T 3 T
e1(01(T)) + e2(2 (0)) < e (2 (0)) + 2 / e1 (01 (6))dt + Moer (w3(0)) + p Ad / s [, (5.44)
)\02 0 0

T

T T

1 + s

/(Pvg,vg)HdtS)\éel(vl(O))—i—p)\O/ er(va ()t + Mex(wa(0) +p o [ walyde. (5.45)
0 0 0

0

Proof. Taking the inner product of the first equation of (5.10) by v], we obtain the following
H;-dissipation relation for vy :

d
%61(01) = —(Pva,v})m

Integrated on the time interval (0,7), this yields,

T
e1(v1(T)) + e1(v1(0)) = 2e1(v1(0)) — /0 (Pug, vy) mdt

pt (T Az (T
<2e1(0r(0)+ L [ ol + 5 [ (Poasem)uat
2e)g 70 0
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after having used Assumption (A2) on P and the Young inequality. Using the coupling relation (5.38)

of Lemma 5.17 in this estimate gives

pt T €>\%p+ T
10 (D) +er(00)) < 2ea (02(0) + L [ ot B+ 9 [ s
2e)g /0 0

N
Fer (1 ; (p;; ) o2 (w2(T)) + ex (w3 (0))]

(p*)?
<1 +2, ) e (v (T)) + e (11 (0))].

N
2

()" < % and e sufficiently small,

p
25
p+ T 1 T
el(vl(T))+61(v1(0))Sel(vl(O))+Al/ IIv’lH?thJrASp*/ o[t
2 Jo 0
0

We obtain for all

+ Ao [ex (w2 (T)) + e (w2(0))] .- (5.46)

Putting this back into (5.38), we also have for all (p;)z < %,
0

/ (Pvs, va) dt < / (Por, o) ardt + M [er(wa(T)) + 1 (ws(0))] + —
: 0 A

p+ T T
22 [ igans gt [ ol
0 Jo 0

T 1
< SreaO)+ 2 [ eau)ie A (D) +ew0)]. G40
0 Jo

~

Ao
Now, we take the inner product of the second equation of System (5.17) on W by wh = va. We

obtain the following H;-dissipation relation for wsy :

d *
—e1(w2) = —(P*wy,wy) g = —(w1, Pvo) g

dt
Integrated on the time interval (0,7), this yields,
T
e1(wz(T)) + e1(w2(0)) = 2e1 (w2 (0)) — / (w1, Pvg)pdt
0

p+)\% T c T
S 261(11)2(0)) + 0 / leH%Idt —+ T/ (P’L)Q,’L}Q)Hdt,
2 Jo 222 Jo

for all € > 0, after having used Assumption (A2) on P and the Young inequality. Using (5.47) in

this last inequality, we obtain, for all € > 0,

+y3 T
e1(wz(T)) + e1(w2(0)) < e1(w2(0)) + ps/\o/o [|wn || 7, dt + )\%61(“1(0))
T
s [ extoa®)a + < feswn(1)) + ex(wa(0)].
/\8 0

Taking e sufficiently small, this yields
1 T 5 1 p+ T
e (w2(T)) + e2(wa(0))] < e (wa(0)) + p*AZ / JunlFydt + 3-ea(e2(0) + 2 / 1 (vn (6))dt.
0 Az Jo
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When using this estimate in (5.46) and (5.47), we obtain

+ T 3 T
e1(v1(T)) + e1(v1(0)) < e1(v1(0)) + ];\1/ e1(v1(t)dt + Xoer(w2(0)) + pAG / [[w: [|7dt,
2 Jo 0
0
and
T 1 ot [T i T
A (P’UQ,UQ)HdtS ;61(1}1(0)) + )\70-/0 61(’()1(t))dt'|‘)\561(’(1)2(0))‘|‘p+>\0\/0 le‘lifdt
0
These three inequalities yield the result of the lemma. O

5.4.3 A second series of estimates

Using the weak coupling relation (5.39), we now eliminate the terms with fOT |lwi||%dt in Esti-
mates (5.43)-(5.45) of the previous section.

Lemma 5.19. There exists n > 0 such that for all T > 0, all % <n, alV = (v1,ve,v],v}) € Hy
solution of (5.10) and W = (w1, we, w}, wh) defined by (5.16), we have the estimates

g 2 e pt pt
| e £ 55 [ erm®)de+ e (o0) + Zrer(wa(0)), (.49
0 0J0 )\3 )\5
and
T 1 pt [T 1
/ (Pus, it S s (0) + 5 / ex (01 (£))dt + A ex (w3 (0)). (5.49)
0 3 0

Proof.  Using Estimates (5.43) and (5.44) in relation (5.39), together with % < 1, we have

T T 2 1 2(p+)2 1 o
/ (ng,wg)Hdt 5 p+ / ||leHdt + T (1 + )\2 ) |:)\7€1(’U1 (0)) + 3 / 61(’01(75))0%
0 0 )\5 0 0 )\5 0

L7 1
+ei(ws0) +p* N [ hwnlfra] + 5 [ea(ea0)
0 2
0
+

T s T
25 [T doeswa0) + 93] [ ]
3 0 0

T T
1 + 1
5 p+ / ||’U)1H%Idt + —3 61(U1(0)) + p)\fz / (&S] (’Ul(t))dt + T (&1 (’IUQ(O)) (550)
0 )\5 0 J0 )\5‘

Now, we want to eliminate the term with fOT |lw1]|%;dt in these estimates. According to the third
line of (5.16), we have w; = —A~1v] — A~1Pwjy, so that

lwilfr < 2lAT 1 + 2 A7 Pwalf < 2252 [oilly + 206 ™ (Pwz, wa)m

after having used Assumption (A2) on the operator P. Integrating this estimate on (0,7") and using
(5.50) yields

’ 2 e 112 (p*)? T 2 pt
| ot s 55 [ 10t + 5 [ e+ e )
0 0 J0 0 0 )\02

+

T
/O ex(vr ()t + Lo (ws(0)).

5
2
)‘0

(p*)?
A

+
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Now, we suppose that % < n, with 7 sufficiently small. This yields

ST I h)? (" t
| ol s 55 [ i+ Preawo) + B [ awnar+ P ewao)
0 0 Jo A 0o Jo AS
1 [T pT pt
Sz [ eui®)dt+ rei(vi(0)) + per(w2(0)),
b Jo T it

which is exactly (5.48). Finally, using this inequality in (5.45), we obtain for all % <n,

T T )
/ (Pvg,vo)gdt < %el(vl(O)) + ]f\i / e1(v1(t))dt + Ag e1(w2(0))
0 AZ 0 Jo

I pt pt
+ - e (v —=€1(U1 —=€1(W2a
[ [ 100+ Fer(n(0) + Fper(u(0)
+ T ,
5 )\1(%61(’1}1 (0)) + % \/0 €1 (?)1 (t))dt -+ Ag €1 (”(1)2(0))

This yields (5.49), and concludes the proof of the lemma.
O

Using the two estimates of this lemma, together with the observability inequality with a right
hand-side for the operator IIp, given in Lemma 5.16, we are now able to prove the following lemma.

Lemma 5.20. There exists n > 0 such that for all Ty > Tp, there ezxists a constant Kp such
that for all T > T} and pt /Ao < m, for all V = (vi,ve,v],v4) € Hy solution of (5.10) and
W = (wy, wa, wi,wh) defined by (5.16), we have

T 1 1 p+ T %
/0 ex (ws ()t < Kp(pT 1) ()\éel(vl(O)) + 70/0 o1 (01 (£))dt 4+ A2 el(wg(O))). (5.51)

Proof. First, we Apply (5.30) to wq for some T3 > Tp, which, according to (5.17), satisfies wh +
Awy = —P*w;. We have, for all T > T},

T T T
/ e1(wa(t))dt < Kp </ (T pawh||%dt +/ ||P*w1||§1dt> .
0 0 0

Using Assumption (A2) on P together with the fact that w) = vq, this yields

T T T
/O er(wa(t))dt < Kp (pl/o (PUQ,U2)Hdt+(p+)2/O |w1||§{dt>.

Combinig this inequality with Estimates (5.48)-(5.49) of Lemma 5.19, we obtain, for all 7' > T} and
+
p /)‘0 S m,

T 1 (1 pt [T 3
/0 exwa ()it £ Kp (}\561(01(0))4—)\0/0 el(vl(t))dt+)\oel(wg(0))>

T
+ KP(P+)2 (/\12/ e1(vy(t))dt + %61(01(0)) + pim(wz(o)))
8 Jo ¥ A

S I)i? (pi_ + 1) e1(v1(0)) + Kf\’iﬁ (pi_ + 1) /OT e1(vi(t))dt

+ KpAg (% + 1)e1(w2(0))>

which concludes the proof of the lemma. O
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Lemma 5.21 (Almost conservation of the energy). For allT > 0, all % < %, allV = (v, va, v}, vh) €
Hi solution of (5.10) and W = (w1, wa, wi, wh) defined by (5.16), we have

’ T pt\ 7 pt
/ [Aalel(vl(t)) + e1(wa(t))]dt > = (1 + )\()) (1 - )\0) [e1(w1(0)) + e1(w2(0))].  (5.52)
0
Proof. First, as a consequence of (5.22) of Proposition 5.14, we have

(p;g) i )

e1(wa) > }[el(wl) + e1(ws)],

1
)\5161(1}1) —+ el(wg) > 561(’&)1) =+ <1 — B

(")
Y
together with the the conservation of the energy E7(W), we obtain

as soon as

< % Integrating this inequality on the interval (0,7), and using Identity (5.19)

T B 1 (T p+ -1 1 (T
/0 [Aolel(yl(t))+el(w2(t))]dt25/0 le1 (w1 (1)) + e1(wa(t)]dt > <1+/\0) 5/0 E1(W(t))dt

> (1 + 2;) - gEl(W(O))

T +\ ! +
> (142} (1= B fer (wi (0)) + ea (wa(0))],
2 Ao Ao
which yields (5.52), and concludes the proof of the lemma. O

Lemma 5.22 (Lower bound for fOT e1(vi(t))dt). There exists C > 0 and n > 0 such that for all

T>0, all % <n, all V = (v1, v2,v],v4) € Hy solution of (5.10) and W = (wy, we,w},wh) defined
by (5.16), we have

Tp* T
1 —+ )\l / 61(’01 (t))dt Z Tel(vl (O)) — T)\Oel (U)Q(O)) (553)
2 0
0
Proof. Taking the inner product of the first equation of (5.10) with v} gives
%61(1}1) = —(PUQ, ’Ui)H.

For 0 < ¢t < T, we integrate this identity on the interval (0,¢) and obtain, for all € > 0,

t c T 1 T
e1(v1(8)) > €1 (02(0)) — / 1Pl o s > a1 (0)) — 5 / P 3t — o / 013t
0 0 0

Using now Assumption (A2) and integrating the last inequality on the interval (0,7"), this gives, for
all e > 0,

T TEer T T T
A el(vl(t))dt Z T€1(’Ul(0)) - 9 A (PUQ,’UQ)Hdt - ;/0 el(vl(t))dt.

This, together with (5.49) yields, for some constant C' > 0 and for all € > 0,

CTep™

e
A

T
/0 €1 (Ul (t))dt Z Tel(vl(())) — 61(’1}1 (0))
+)2 T .
_ <W3?) + Z) /0 e1(vi(t))dt — CTep™ AZ e1 (ws(0)).

1

A2
Now we choose € = 3057 SO that we have

/O ex(vr (8))dt > %el(vl(o)) _ Tf; (20 + %)/0 ex (01 (8))dt — TTAOMW(O)),

and the lemma is proved. O
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5.4.4 End of the proof of Theorem 5.10

In this section, we conclude the proof of Theorem 5.10. Using the key estimates of the preceding
sections, we prove in fact the following more precise proposition.

Proposition 5.23. Suppose that Assumptions (A1)-(A3) hold. Then, there exists n,v > 0 such
that for all pT™ < p, == min{n)\o,%/?—‘;}, there exists a time T, > max{T},T5} (depending on

pt,p7, X0, Kp, Kp) such that for all T > T, there exists C > 0, such that for all V° € Hy, the
solution V(t) = et VY of (5.10) satisfies

T
e1(v1(0)) + eo(v2(0)) SC/O 1B (w1, v5) (1)][3-dt.

A numerical inspection of the proof shows that one can take for instance n = % and v = %.

Proof. First, we use the observability inequality for a single equation with a right hand-side, given
by Lemma 5.16. Since v; is a solution of v} 4+ Avy + Pvy = 0 from (5.10), Assumtions (A1) and (A3)
and Estimate (5.29) yield, for all T > T'%,

T T T
/ 1 (0r(0))dt < K (/ 1B (o1, 0|3 dt + / ||Pv2||zdt>.
0 0 0

According to Assumption (A2), this gives
T

T T
Kp / 1B*(wr, w13 > / 1 (or (£))dt — Kpp* / (Pua, vg) et
0 0 0

>e /OT (el(m(t)) + Aoel(wQ(t)))dt +(1—¢) /OT eq(vy(t))dt

T T
— € / 61(w2(t))dt — I(BlfL / (P'U27 ’Ug)Hdt,
0 0

for some € € (0,1), to be chosen later on. In this expression, we replace fOT(PUQ, v9)gdt by Esti-

mate (5.49) given in Lemma 5.19 and fOT e1(wsy(t))dt by Estimate (5.51) given in Lemma 5.20. We
obtain, for some constant Cy > 0 all T' > max{T},T}},
T

T T
KB/O 1B (01, o)) 12 25/0 (el(vl(t))+)\061(w2(t)))dt+(lfs)/0 e (vr (1))t
+

_ EAOCOKP(p—{ + 1) {/\Eel(m(o)) n % /OT e1(v1(£))dt

# A fer(12(0)} o {FE e 0n0)
0
+\2 T 1
+ Ki(\];)/o e (vi(t))dt + K3p+)\ge1(w2(0))}-

This can be rewritten under the form

Kp /OT |1B*(v1,v})||3 > E/OT (e1(v1(t)) + Aoer (wa(t)))dt + Ly () /OT eq(v1(t))dt
— La(e)e1(v1(0)) — La(e)er (w2(0)), (5.54)
with
Li(e) =1—¢e—eCoKpp™ (p% + 1) — C’o%’:)?,
Ly(e) = cCokpAd (£ +1) +Cy Kfj,

3 1
La(e) = eCoKpA (5 +1) + CoKpp™Ad.
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Taking p* such that Co%zﬂz < 1 and ¢ sufficiently small, we obtain L;(g) > 0.
In Inequality (5.54), we replace the two terms integrated on (0,7") by their estimates (5.52) given
in Lemma 5.21 (almost conservation of the energy) and (5.53) of Lemma 5.22. We obtain, for some

+ A
C1 >0, for &= <, (p7)? < &=

r * / 2 T
KB/O 1B*(v1,v1)lly > oy le1(w1(0)) + e1(w2(0))] — La(e)e1(v1(0)) — Lz(e)er (w2(0))

+ C1L4(e) (1 + 7;\17;) [Tel(vl(())) — T)\oel(wg(O))] .
This yields
T T
KB/O 1B (v, )5 > Mi(e)er(v1(0)) + Ma(e)er (w2(0)) + €>\0§€1(w1(0))7 (5.55)

with

Mi() = CoLa (e) <1 N z;pg)_ T Ly(e),

-1
Ms(e) = 8)\0% —C1L1(e)T Ao (1 + 35T%p+) — Ls(e).
)\0
Now, it remains to check that these coefficients are positive for a suitable choice of € (small) and T
(large). The coeflicients M (¢) and Ms(e) are positive if and only if we have

T{ClLl(E) - M} — Ly(e) > 0,
Ag
1 ) +
T2(5A3p7) + T{% — C1Li(g)o — %} — Ls(e) > 0.

(5.56)

The first condition of (5.56) is satisfied for large T if

1—5—500(1+C%)Kpp+(%+1) —Co(1+1)KB§’;+)2

>0,
Cq

i.e. as soon as
+\2
CO(HC%)% <1, and
12
e(1+Co(1+ &) Kppt (GE+1)) <1-Co(1+ & ) K2,

This is the case when taking p™ < min{n\g, v,/ I%} for some constant v > 0, and e sufficiently

small. Then, the second condition of (5.56) is always satisfied for large T since € > 0. Hence, for
this choice of p*, ¢ sufficiently small, and T sufficiently large, we obtain from (5.55) the existence of
a constant C' > 0 such that

T
C/ 1B (v1,v1) 3 > e1(v1(0)) + ex(w2(0)).
0

This concludes the proof of Proposition 5.23 (and hence, that of Theorem 5.10) since eg(v2(0)) can
be estimated by e;(w2(0)) and e;(v1(0)) according to (5.21). O

5.5 From observability to controllability
In this Section, we prove that the observability inequality of Theorem 5.10 (or equivalently

Proposition 5.23) implies the controllability results of Theorems 5.11 and 5.12. This is done classically
with the use of the Hilbert Uniqueness Method (see [Lio88al), that we shall follow here.
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5.5.1 First case : B*(vy,v}) = B*v] with B* € L(H,Y).

In this case, B € L(Y, H) and the control problem (5.15) is well-posed in H; for f € L?(0,T;Y).
Note that, as in the concrete setting, it also preserves the space Hy X Hy X H x Hy through time as
soon as P € L(H;). There is thus no hope to control in whole H;.

Note that a direct application of the HUM, at the H; x H x H x H_; energy level for the adjoint
variable V would yield a controlability result in H x H_; x Hy x H with a control Bf € L?(0,T; H_1)
(and we would have to suppose that B € L(Y, H_1)). Since we want the control result to hold at a
more regular level, we study an adjoint problem in a less regular space.

Lemma 5.24. For any Z7 = (2], 28,2121y e H x H_y x H_1 x H_5 the system

2y + Az + Pz =0,
2y 4+ Azg + P*z =0, (5.57)

(21722723325)“:7" = (zf,zQT,ZlT,ég)

is well-posed backward in time and the unique solution satisfies Z € €°([0,T); Hx H_1x H_1x H_3).
Moreover suppose that Assumptions (A1)-(A3) hold and that p™ < p. = min{nig, v,/ [’}—‘;} (where n

and v are given by Proposition 5.23). Then, for all T > T, (given by Proposition 5.23), the solution
Z satisfies for some constant C > 1 the estimates

T T
071/0 |B*21(1)[[F-dt < eo(21(0)) + e—1(22(0)) < C/O 1B*21(8)]3dt. (5.58)

Of course, we prove this lemma as a consequence of (5.13) and (5.14) for more regular functions.
We thus regularize Z, setting V := .AJ_DIZ , end then apply to V the results of the previous sections.

Proof. First, we know that Ap generates a group on H_1. Hence, for ZT € HxH_1 xH_{xH_5 C
H_1, System (5.58) has a unique solution in €°([0, T]; H_1), and, in particular, 2o € €°([0,7]; H_1).
Then, z is solution of the first line of (5.57) with final data in H x H_; and a right hand side —Pzy €
€°([0,T); H_1). Hence, the solution (z1, z}) (which is unique in H_; x H_5) is in ¢°([0, T]; Hx H_1),
and this concludes the first part of the lemma.
Second, we set (vi, vl o7, 03) = VT := Ap'ZT. We call V = eT=DAP YT = (v, vq, 0], 0h),
which satisfies
v + Avy; + Puy =0,
{ vy + Avg + P*vq = 0,

and we have, for all t € (0,7),
v = 21,
vh = 2,
Avy + Pvg = —21,
Avg + P*uy = —2Z).

(5.59)

Now, let us only consider the smooth solutions, i.e. Z € €°([0, T]; Ho), which yields V € €°([0,T]; H1).
For these solutions, Theorem 5.10 and Lemma 5.9 yield

c~ / | B*v} (8)||3-dt < e1(v1(0)) + eo(v2(0)) < C/ | B*v} (t)||3dt. (5.60)

We notice that B*v] = B*z1, so that in order to prove (5.58), it only remains to show the existence
of a constant C' > 1 such that

C™Her(v1(0) + Aoeo(v2(0))} < eo(21(0) + Aoe—1(22(0)) < Cler(vi(0)) + Aoeo(v2(0)}.  (5.61)
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According to (5.59), we have (skipping the time dependance)

2{eo(z1) + Moe—1(z2)} = A2 241} + [l21 3 + Mol A7 2413 + Mol A2 201
= | A% w1 + A73 P |3 + [[V1 13 + Mollvall%y + A7 P or]|% + Aol A 2 uh||%
< 2| A2y |3 + 2| A7 Pog|% + [[0} 1% + 20021
+ 20| AT P 0| f + oA E 0|3
<2 (14 ()22 2) 1A% v 3 + 043 +2 (Mo + (02051 vzl
+ Aol A720h|[3 < Cfea(vr) + Aoeo(v2)},

which proves the right inequality of (5.61). We also have

2{e1(v1) + Moeo(v2)} = [V} 13 + 1A% 011 + Mol A~ 0h]1% + Aollvz]l 3
= |lz1ll3r + [ A722] + A2 Pua ||} + Mol A% 20|} + Ao A7 Proy + A7 253,
< lzally + 20 A72 2|13 + 21 A2 Poa || + Mol A2 221
+ 20| AT P L3 + 220l A 21
< 4feq(21) + Moe—1(z2)} + 212N Hlv2 3 + 201 )220 2 lva |3
For (pt)?\;? < 1/2, the last two terms in this inequality can be absorbed in the left hand side,

yielding
61(1)1) —+ )\060(’02) S 0{60(21) + )\06_1(22)}

This proves (5.61) and concludes the proof of the lemma. O
To prove Theorem 5.11 with the HUM, we shall also make use of the following lemma.

Lemma 5.25. Let (ug,us,u},uh) be the solution of (5.15) associated with (u§,u3,ut, ul) € Hy x
Hy x H x Hy and f € L*(0,T;Y) and (21, 22, 21, ) the solution of (5.57) associated with

T T T T
(21 ,29,21,25) € Hx H_ 1 x H_1 x H_s.

Then, we have

T
[(uluzl)H —(ur, 20) gy, U 22) g g (U2, 2) g, 0 = (fs B*21)2(0,13y) (5.62)

Proof. Tt suffices to prove (5.62) for regular data. The general case can be deduced with a density
argument. We take the inner product of the first line of (5.15) with z; and the second line of (5.15)
with 2z and integrate on (0,7). Summing the two identities, we obtain

T T T
/ (Bf, Zl)Hdt = / ((u/I'+Au1 —|—Pu2),2’1)Hdt+/ ((Ug + Ausg +P*u1)722)Hdt
0 0 0

After two integrations by parts, using the selfadjointness of A together with (5.57), we have

T
/0 (f)B*Zl)Ydt = [(ullvzl)H - (ulvzi)H + (UIQVZQ)H - (UQaZé)H]gv

which direcly yields (5.62) for smooth solutions. We conclude the proof of the lemma with a density
argument. O

With Lemmata 5.24 and 5.25, we can now prove Theorem 5.11, following [Lio88a].
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Proof of Theorem 5.11 Let us fix initial data (uf,u3,ui,ud) € Hy x Hy x H x Hy. On the Hilbert
space X := H x H_1 x H_1 x H_5, we consider the bilinear form

T
a(zT,gT):/ (B*z1(t), B*2.(t))ydt,
0
and the linear form
L(Z") = (ub, 21 (0 — (8, 24(0)) .,y + (b 22(0)) | — (032500 -

where Z = (21, 22, 2, 25) (vesp. Z = (21, 22, 21’, 22")) is the the solution of (5.57) associated with the
final data 27 = (2], 23,27, 21), (resp. 27 = (217, 27, 5.7, %7)). The linear form L is continuous
on X by definition and, according to (5.58), the bilinear form a is both continuous and coercive on
X x X as soon as T > T,.. The Lax-Milgram theorem then yields for T > T, the existence (and
uniqueness) of Z7 such that

a(ZT, 2Ty =L(2T), forall 2T c X.

Now, choosing f = B*z; € L?(0,T;Y) as a control function for the initial data (u{,uy,ul,ud), we
obtain for all test function Z7 € X,

(uiv 21(0))H - <u(1)7 21(0)>H17H71 + <u%7 22(0)>H1,H71 - <Ug» Zé(O)>H27H72 = (f7 B*Zl)L2(O,T;Y)~

According to (5.62), this yields (u1 (T'), u2(T), u} (T),u5(T)) = (0,0,0,0), where (u1, ug, uj, us) is the

solution of (5.15) associated with (u,u3,u},ud) and f. This concludes the proof of Theorem 5.11.

O

5.5.2 Second case : B*(vy,v]) = B*v; with B* € L(H,,Y).

In this setting, we directly apply the HUM in the space H x H; x H_1 x H for the control problem,
and thus in H; x H x H x H_; for the observation problem. There is no need of regularizing our
observation system and observability inequality.

This means that the adjoint problem of the control problem (5.15) is directly System (5.10), for
which we proved the admissibility inequality (5.13) and the observability inequality (5.14). Recall
that in this case, the control operator B is in £(Y, H_3), which is not sufficient for (5.15) to be
well-posed in the classical sense in Hy for a control function f € L?(0,T;Y). Nevertheless, as a
consequence of the admissibility inequality (5.13), System (5.15) is well-posed in Hy in the sense of
transposition solutions (see [Lio88al]). Moreover, these solutions remain in H x Hy; x H_y x H for
all time if the initial data are in this space, and there is no hope to control in whole Hy.

In this setting, the boundary control result of Theorem 5.3 is a direct consequence of the HUM
and Theorem 5.10 since Assumptions (A1)-(A3) are satisfied in this application.

Lemma 5.26. Let (uy,ua,u},ub) be the transposition solution of (5.15) associated with (u,u3, ul,ul) €
HxHyxH_1xH and f € L*(0,T;Y) and (v1,va,v},v5) the backward solution of (5.10) associated
with (vI v 5T %) € Hy x H x H x H_;. Then, we have

T
(Wi, v) g g, — (un, v+ (U, v2) g — (U, v9) g, gy 0 (f, B*v1)L2(0,1:v) (5.63)

The proof of this lemma is exactly the same as the one of Lemma 5.25. We can now sketch the
proof of Theorem 5.12, which follows that of Theorem 5.11.

Proof of Theorem 5.12 We fix initial data (u?,ud,ul,ul) € H x Hy x H_y x H. On the Hilbert
space X := Hy x H x H x H_y, we consider the bilinear form

WV = [ (BB )yt
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and the linear form
LOVT) = (b 01 (0)) |y — (01 (0)) 1 + (b, 02(0)) 1y — (3, 05(0)) .y

where V = (v1, v2, 0], v5) (resp. ¥ = (v1,v2,v1’,v2)) is the the solution of (5.10) associated with the
final data VT = (v, 03,97, 03, (vesp. VT = (017,027, 5,7, 527 )). The linear form L is continuous
on X and, according to the admissibility inequality (5.13) and the observability inequality (5.14),
the bilinear form a is both continuous and coercive on X x X as soon as T' > T,. We conclude the
proof as the one of Theorem 5.11, using the Lax-Milgram Theorem. O

5.6 Applications

In this section, we explain how Theorem 5.3 and Corollaries 5.4 and 5.5 can be deduced from
the abstract results.

5.6.1 Control of wave systems : Proof of Theorem 5.3

Here, we prove Theorem 5.3. We only have to explain how the situation of this theorem can
be put in the abstract setting. Here, H = L?() with usual inner product. For A, we take the
operator —A. + a with domain H?(Q) N H{ (2), which, according to Assumption 5.2-(i) is coercive.
Hence Hy = Hj(Q) is endowed with the inner product (u,v)n, = (¢Vu, Vo)r2q) + (au,v)r2(q),
H_1=HYQ) and Hy = H*(Q) N H ().

For the operator P we take the multiplication in L?(Q) by the bounded function p, and the
operator ITp needed in Assumption (A2) is the multiplication in L?(2) by the characteristic func-
tion 1. According to Assumption 5.2-(i7), w, satisfies GCC, so that the observability inequality
of [BLR&8,BLR92] directly implies the second part of Assumption (A3).

First case : internal control. The observation space here is Y = L?(Q2) and the observation ope-
rator B* is the multiplication in L?(2) by the bounded (real) function b. In this case, the operator
B* is bounded and we have B = B*. Since B* is bounded, the admissibility assumption (A1) is di-
rectly satisfied. Finally, according to Assumption 5.2-(i4i), wy, satisfies GCC, so that the observability
inequality of [BLR88,BLR92] directly implies the first part of Assumption (A3).

All the assumptions of Theorem 5.11 are then satisfied, so that it implies Theorem 5.3 in the
internal control case.

Second case : boundary control. The observation space hereis Y = L?(9Q) and the observation
operator B* is defined on H2(Q2) N H}(Q) by

. v
B*v = ba an,
where n denotes the outward normal to 9. Hence, in this case B* € L(H?(Q) N H(Q); L?(99Q)).
The fact that this observation is admissible is a well-known hidden regularity result, see [Lio88a]
or [TW09, Section 7.1]. As a consequence, the admissibility assumption (A1) is satisfied. The control
operator B is defined in this case as the Dirichlet map for which we refer to [TW09, Section 10.6]. The
duality identity (5.63) shows in fact that it corresponds to a boundary control, i.e. to Problem (5.4).
Finally, according to Assumption 5.2-(iii), I', satisfies GCCy, so that the observability inequality
of [BLR92] directly implies the first part of Assumption (A3).
All the assumptions of Theorem 5.12 are then satisfied, so that it implies Theorem 5.3 in the
boundary control case.
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5.6.2 Control of diffusive systems

Here, we prove Corollary 5.4. Our control strategy consists in first regularizing the initial data
(thanks to the natural smoothing effect of the heat equation), and then apply a transmutation
argument.

First case : internal control. Let 7" > 0. On the time interval (0, %)7 we set f = 0. Hence, the
initial data (uf,u9) € (LQ(Q))2 are driven to some (u1,us)|,_z € D(4,) = (H*(Q) N H&(Q))2 C

HY(Q) x L*(Q). As a consequence of Theorem 5.3, combined with [Mil06a, Theorem 3.4] there exists
a control function f € L*((£,T) x ) such that (u,us)|i=r = 0.

Second case : boundary control. Let 7' > 0. On the time interval (0, %), we set f = 0. Hence,
the initial data (uf,u9) € (H*I(Q))2 are driven to some (uy,us)l_z € (H&(Q))2 C L*(Q) x
H~1(Q). As a consequence of Theorem 5.3, combined with [Mil06a, Theorem 3.4] there exists a
control function f € Lz((%T) x 0N) such that (uq,us)|t=r = 0.

Note that we could have taken the initial data in less regular spaces, provided that the coefficients
a,p are smooth enough.

5.6.3 Control of Schrodinger systems

The proof of Corollary 5.5 is the same as that of Corollary 5.4, except that the Schrodinger
equation does not enjoy smoothing properties. Hence, Corollary 5.5 is a direct consequence of Theo-
rem 5.3, combined with [Mil05, Theorem 3.1].

5.7 Appendix : a direct proof of Lemma 5.16 : Observability
for a wave equation with a right hand-side

In this section, we provide a direct proof of Lemma 5.16 for a wave equation in a very simple
setting. For this, we suppose that (£2,g) is a compact connected Riemannian manifold without
boundary, and we closely follow the proofs of [RT74, BLR88, BLR92]. This shows in particular
that the observability inequality for equations with a right hand-side (5.29)-(5.30) are indeed the
natural energy estimates in the spaces we consider. In the following, A denotes the (negative)
Laplace-Beltrami operator on  for the metric g, and P = P(t,x,0;,0;) = 0?2 — A + 1 denotes
the d’Alembert operator on R x €. Its principal symbol is given by p(t,z,7,n7) = —72 + |n|? for
(t,z,7,m) ERX QX R X TFQ C T*(R x Q), where 1|2 = g.(n,7n) denotes the Riemannian norm in
the cotangent space of 2 at z.

Lemma 5.27. Suppose that the couple (wy, Ty) satisfies GCC. Then, there exists a constant Cp, > 0
such that for all T > T, and v € H((0,T) x Q) solution of Pv = f € L*((0,T) x Q), we have

T T T

Proof. We first remark that it is sufficient to prove (5.64) with a time depending constant Cj, =
C(T). The time invarience property of the equation Pv = f then yields the desired result.

The proof relies on a compactness-uniqueness method. In a first step, we prove the following
weaker energy estimate

T T T T
| 10l 0ol < @) ( [ [ owPas des [ [ lolayt). 6569)
w
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in which a compact term has been added in the right hand-side. In a second step we use a uniqueness
argument to get rid of this additional term.
We define the two following vector spaces :

E=F={ve H'((0,T) x Q); Pv € L*((0,T) x Q)},

endowed with the norms

[0l % = 1011 0,y <) + IPVIIT2(0.7)x )
||U||% = ||U||2L2((0,T)xﬂ) + ||atv||%2((07T)><w) + HPUH%%(O,T)ny

We first remark that E is a Hilbert space for the norm || - ||g and that we have E C F with
I Ilr < || - ||lg- If we prove that the space F' is complete, the Banach isomorphism theorem then
yields the inverse inequality : ||- ||z < C||-||r, which implies (5.65). Let us consider a Cauchy sequence
(v*)gen of F. Since L2((0,T) x Q) and L?((0,T) x w) are complete, there exist v € L2((0,T) x Q),
we L*((0,T) xw) and f € L*((0,T) x ) such that

vP — win L3((0,T) x Q),
Ow*|, — win L2((0,T) x w),
Pv* — fin L*((0,T) x Q).

Since dyv* — v and Pv*¥ — Pv in D'((0,T) x Q), we also have 0|, = w € L*((0,T) x w)
and Pv = f € L*((0,T) x Q). The first order differential operator 9; is microlocally elliptic on
Char(P) = {p € T*(R x Q),p(p) = 0}, so that v € H'((0,T) x w). As a consequence, v satisfies
Pv=feL*(0,T) x Q),

ve  HY(0,T) x w).

Now, pick any point p = (t,z,7,m7) € T*(R x Q) \ 0 such that ¢t € (0,T). If p ¢ Char(P), then
P is elliptic of order two at p and the first equation of (5.66) yields that v € H? microlocally at
p. If p € Char(P), we denote by I' = {v(s),s € (—5_,54)} the maximal bicharacteristic curve
of P satisfying y(0) = p. Since the couple (w,T') satisfies the geometric control condition, there
exists s* € (—S_,S;) such that 7w(y(s*)) € (0,T) x w, where 7 : T*(R x Q) — R x Q denotes the
natural projection. The second line of (5.66) implies that v € H*', microlocally at v(s*). Hormander’s
theorem on propagation of singularities [Tay81, Chapter 6, Theorem 2.1] (see also [H6r94, Theorem
26.1.1]) yields that v € H' microlocally at p since v satisfies Pv € L%. Note that the L? regularity
for f is the natural one, required by the propagation theorem.

Finally we obtain v € H'((0,T)x ). Hence, the Cauchy sequence (v¥)zen of F converges towards
v € F, and F is complete. The Banach isomorphism theorem gives the existence of a constant C' > 0
(depending on T') such that || - ||[g < C|| - || p, which implies (5.65).

Now, we must get rid of the additional term Hv||22((0 T)xgy i (5.65). For this, we prove that
there exists a constant C' > 0 such that for all v € F satisfying Pv = f € L%((0,T) x w), we have

101122 0.1y <) < C 100112201y xw) + 111 20,7y x92)) - (5.67)
We suppose that this inequality is false. Then, there exists a sequence (v*)ren, such that

0¥ 20,7y x2) = 1,
k|, — 0in L2((0,T) x w),
Pv* — 0in L?((0,T) x Q).
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Hence, the energy estimate (5.65) gives HUkHHl((O’T)XQ) < C uniformly, so that we can extract a

subsequence (also denoted v*) that converges in L2((0,T) x ). Calling v € L2((0,T) x ) its limit,
we have

lvllzz(0.myx0) =1
0|y, =0o0n (0,7) X w (5.68)
Pv=01in (0,T) x

Once again, the propagation of regularity [Tay81, Chapter 6, Theorem 2.1] together with GCC
gives (for instance) z € H?((0,T) x Q). According to a uniqueness result [Rob91], the last two lines
of (5.68) yield z =0 on (0,T) x €, which contradicts the first line of (5.68). This gives (5.67), and
concludes the proof of the lemma.

O
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6.1 Introduction and main result

Let (€2, 9) be a €°° compact connected Riemannian manifold without boundary. We denote by
A the (negative) Laplace-Beltrami operator on  for the metric g, and P = P(t,z,0;,0,) = 0? — A
denotes the d’Alembert operator (or wave operator) on the manifold R x Q. We take two smooth
functions v and b on 2. We consider the controllability problem for the system of coupled wave
equations
Pup +b(x) us =0 in (0,7) x 6.1)
Pus =t*(z) f in(0,T) xQ '

Here, the state of the system is (u1, us, pur, yus) and f is our control function, localized on {b* #
0}. Taking zero initial data, together with a forcing term f € L2((0,T) x £2)), the associated solution
of (6.1) lies for any time in the space H2(2) x H'(2) x HY(2) x L*(Q) as uz € L*(0,T; H*(Q)).

231
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There is thus a gain of regularity for the uncontrolled variable u; (see also [AB03,ABL11a,ABL11b]).
The adapted control problem is then the following : can one drive the solution of (6.1) from zero to
any target (u1,us, Ouy, Opus)|mr € H*(Q) x HY () x HY(Q) x L*(Q2)?

We shall assume that the function b is non-negative on €2, and denote by w = {b* # 0} the control
set and by O = {b > 0} the coupling set (which is the indirect control set for the second equation).
A natural necessary and sufficient condition to have controllability for wave equations is to suppose
that the control set satisfies the Geometric Control Condition (GCC) defined in [RT74,BLR92]. For
w C Qand T > 0, we shall say that (w,T) satisfies the GCC if every geodesic traveling at speed one
in  meets w in a time ¢ < T. We say that w satisfies GCC if there exists 7' > 0 such that (w,T)
satisfies GCC. We also set T,, = inf{T > 0, (w, T') satisfies GCC}.

Note that in the situation of System (6.1), a necessary condition is that both sets w and O satisfy
GCC (otherwise one of the two equations is not controllable). If w does not satisfy GCC, even the
second equation of (6.1) is not controllable (see [BLR92, Bur97a] for a single wave equation). If O
does not satisfy GCC, the first equation of (6.1) is not controllable for the same reason.

Systems like (6.1) have already been addressed in [ABL1la, ABL11b,RdT11]. In the first two
papers, and in the context of symmetric systems, it is proved that controllability holds in large time
under optimal geometric conditions on the sets w and O. However, the minimal time given in these
articles depends upon all parameters of the problem (i.e. b and *). In the situation of System (6.1),
it seems natural that the control time should depend only on the geometry of the sets €2, w and O,
as it is the case for a single wave equation. In [RAT11], the authors study System (6.1) in the one
dimensional torus. They have a sharper estimate on the control time than in [ABL11a,ABL11b] (in
particular, it depends only on the sets €2, w and O). Yet, it is in general not optimal.

The purpose of this paper is to prove controllability for System (6.1) and to find an explicit
expression of the minimal control time in the simple situation where () is a compact manifold
without boundary.

To state our main result, let us to introduce the adapted control time.

Definition 6.1. Given two sets w and O both satisfying GCC, we set T, _.0_. the infimum of
times T > 0 for which the following assertion is satisfied :

every geodesic traveling at speed one in € meets w in a time tg < T, meets O in a time t; € (tg, T)
and meets w again in a time t3 € (¢1,7).

Note that in general T, .o # To—w—0, and that we have the estimate
max{To,T,} < Th—o—w < 2T, + To.
We can now state our main theorem.

Theorem 6.2. Suppose that the sets w and O both satisfy GCC. Then, System (6.1) is controllable
if T > T, .0 and is not controllable if T < T, _.o_.-

In particular this result holds without restriction on the smallness of the coefficient b as in [ABL11a,
ABL11b]. According to the Hilbert Uniqueness Method (HUM) of J.-L. Lions [Lio88a], the control-
lability property of Theorem 6.2 is equivalent to an observability inequality for the adjoint system.
More precisely, System (6.1) is exactly controllable in time 7" if and only if

T
B (01(0)) + Fo(vs(0)) < c/o /|b“’v2|2dx dt (6.2)

holds for every (v1,v2) solutions of

(6.3)

Py;=0 in (0,7T) x £,
Py = —b(xz) v1 in (0,T) x .

In the observability inequality (6.2), we have used the notation

Ey(v) = |[vllfe ) + 10wl (), kEZ
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where the space H*(Q) is endowed with the norm
k
[oll ey = 11 = A)20l[L2q), kEZ,

and associated inner product.
Work in asymmetric spaces can be awkward. We thus set w; = (1 — A)_%vl, we = vy. Having
(v1,v2) solution to (6.3) is then equivalent to having (wy,wsz) solution of
Pw, =0 in (0,T) x Q 64)

Pwy = —b(z) (1—A)zw; in (0,T) x €, '

as P and (1 — A)~2 commute. Hence, System (6.1) is exactly controllable in time T if and only if

T
Fo(w1(0)) + Eo(ws(0)) < C /O / 6w, 2dz dt (6.5)

is satisfied for all solutions of (6.4).

The outline of this article is the following. In Section 6.2, we give some notation, define the
tools used in the main part of this chapter and recall some basic well-posedness results for Sys-
tem (6.4). Then, in Section 6.3, we prove that the observability inequality (6.5) holds if T > T, 0.
Conversely, we prove in Section 6.4 that the observability inequality (6.5) does not hold in the case
T<T, 00

6.2 Preliminary remarks, definitions and notation

We define the manifold M = R x  and its restriction to (0,7) : M7 = (0,T) x Q = {(t,z) €
M such that ¢ € (0,T)}. We also write T* Mr the restriction of the cotangent bundle of M to (0,T),
ie. T*Myp = {(t,x,7,n) € T*M,t € (0,T)}. We define

S*M = {(t,x,7,m) € T*M,|7|* + gu(n,n) = 1},

the cosphere bundle of M, and similarly S* My its restriction to (0,7"). We denote by 7 : S*M — M
the natural projection, which also maps S* M onto M.

6.2.1 Measures, symbols and operators

Here, we follow [Bur97b, Section 1.1] for the notation. We write H*(X;C7) or HF (X;C7), with
j=1or2and X = Q,M, or My the usual Sobolev space for functions valued in C’, endowed
with the natural innner product and norm. In particular, the L?(X;C7) inner product is denoted
by ('7')L2(X;(CJ')- o

We define S;’flg(T*MT;CJXJ ), with j = 1 or 2 as the set of matrix valued polyhomogeneous
symbols of order m on My with compact support in Mp. We recall that symbols in the class
STt (T*R™; C7*) behave well with respect to changes of variables, up to symbols in Sgﬁgl (T*R™; CI*7)
(see [Hor85, Theorem 18.1.17]).

For any m, the restriction to the sphere

(T My ©9) — 62(8" Mrs ©%9), 0= alseary, (6.6)

is onto. This will allow us to identify an homogeneous symbol with a smooth function on the sphere.
We denote by \I/;'flg(MT; C7*3), with j = 1 or 2 the space of polyhomogeneous pseudodifferential
operators of order m on My, with a compactly supported kernel in My x M.
For A € U (Mp;C7*7), we denote by 0,,(A) € St (T*Mr;C/*7) the principal symbol of A
(see [Hor85, Chapter 18.1]). The application oy, enjoys the following properties

— O O (Mp; ©) — ST (T Mp; C7) is onto.
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— For all A e \If;’f]g(MT;CJ:XJ:), om(A) =0 if and only if A € \I'g;;l(MT;(Cij).
~ Forall A€ Uit (Mp;C777), 0, (A%) = o, (A).

— Forall Ay € Wi (Mp; ©7*7) and Ay € W12 (My; ©7%7), we have A1 A, € \I/glhlng (Mrp; CI%7)
with

Omq+mo (AlAQ) = 0Om, (Al)JWLQ (Az)

— For all Ay € UL (M7;C) and Ay € U712 (M7;C), we have [A1, As] = A1ds — A2y €

wrme =t (Myp; C) with

O 1A, Aa]) = o, (A1), 0, (42)).

Here, {a1,as} denotes the Poisson bracket, given in local charts by

{al, GQ} = 0,a10:a9 — Ora10-a0 + Z(E)&al&vlag — amal@glag).
l

~If A e Ui (Mg;C7*7), then A maps continuously H"(Mrp;C/) into H*~™(Mp;C7) (resp.

HE (Mp;C) into HE-™(Myp;C7)). In particular, for m < 0, A is compact on L*(Mp; CY).

loc
Given an operator A € ¥t (Mr;C), we define Char(A) = {p € T*M, 0,,(A)(p) = 0}.

It will also be useful to define a function A € €°>°(T*M) such that

Mtz mm) = (172 + go(n,m)® - for (t,@,7,m) € T*M, with (|7[? + g.(n,n))? >
Mt,z,7,m) > C >0 for (t,z,7,n) € T*M, with (|7|? + gu(n,m))2 < 3
This gives xA™ € Spi, (T M; C) for all m € Z and all x € €°(M).

Finally, we define M(S*Mr;R) to be the set of real valued measures on S* My, M (S*Mr) the
set of positive measures on S* Mr, and M (S* Mrp; C?*?) hte set of measures valued in non-negative
hermitian 2 x 2 matrices. For p € M(S* M7;R) (resp. p € M4 (S*Mr;C?*?)) and a € €2 (S* Mr;R)
(resp. a € €0(S* Mp; C?*2)), we shall write

s, = | , oPude), <p / » tr{a(p)u(dp)}) ,

for the duality bracket. The same notation will also be used for a € Sghg(T*MT;R) (resp. a €
Sghg(T*MT; C?*2)) according to the identification (6.6).

6.2.2 Some geometric facts

In local coordinates, we write g;; for the metric g on the tangent bundle M. As a metric on
the cotangent bundle T*M, g reads g% in local coordinates.
The principal symbol of the operator P(t,x, 0, d,) is given by

oo(P)(t,z,7,n) = p(t,z,T,n) = 724 |7)|i, for (t,z,7,n) ERXQAXRxTrQCT*M, (6.8)

where |n|2 = g.(n,n) denotes the Riemannian norm in the cotangent space of 2 at z. We denote by
H, the associated hamiltonian vector field. In local charts, we have

p=—Ir?+> g"nm; and H,=(V,up,—Viap). (6.9)
¥
Note that for a € ST} (M;C), we have Hya = {p,a}. We shall make use of the Hamiltonian flow

map ¢, i.e. the maximal solutions of

d

£¢s(p) = Hpds(p), ¢olp) =p€T"M\O0. (6.10)
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Let I" be an integral curve (6.10). First notice that p is constant along I' since H,p = 0. In particular,
the flow ¢ preserves Char(P). Moreover, as ¢ is independant of time ¢, (6.10) also gives dyp = 0.
Hence, 7 is constant along I'. As is done classically, we call bicharacteristics the integral curves for
which p = 0. Then ||2 = |7|? is also constant along bicharacteristics. Observe then that (6.10)
defines a flow on the manifold

Char(P) N S*M = {(t,x,7,£),|7|* = 1/2 and |n|2 = 1/2}.

In particular, this implies Hya € €.°(S* Mp; C) for any a € €°(S*Myp; C)

Now, we can rewrite the geometric condition given in Definition 6.1 in terms of bicharacteristics
of the operator P.

With this notation, Definition 6.1 can be reformulated more precisely as follows.

Definition 6.3. The time T,,_,»_.,, is the infimum of times T > 0 for which the following assertion
is satisfied :

for any p. = (0, Z«, 7w, %) € Char(P) N S*M, there exists 0 < ¢y < t; < to < T such that we have
Tr(d)to (p*)) € (OvT) X W, 7T(¢t1 (p*)) € (OaT) X O: 7T(¢t2 (p*)) € (OvT) X w.

6.2.3 Well-posedness of System (6.4)

We introduce
H = L*(Q)? x H Q)
endowed with the natural inner product.
Proposition 6.4. For any (w, w3, wi,wd) € # and any T > 0, System (6.4) with
(w1, wa, Opwy, Opws)|i—o = (W, w, wi, w3),
has a unique solution (wy,ws) € €°(~T,T; L*(Q)?)NE (T, T; H-*(Q)?), depending continuously

0 0 1 1 .
on (wlaw2aw17w2)7 .e.

Wb 8 {Eo(wi(t) + Eo(wa(t)} < C(T) (lwllZ2() + lwillf-1 () + lw2llZa () + lwzllf-1(0)-
e(—T,

(6.11)
System (6.4) can be written as the first-order system
W + AW =0, (6.12)
where # = (w1, wq, dyw1, dyws) and the operator & is given by
0 0 —-Id o0
o = _OA 8 8 *Old . D(«) = H'(Q)? x L*(Q)2. (6.13)

1

b(1—A)2 —A 0 0

The Lumer-Phillips Theorem [Paz83] can be applied to (6.12) for positive and negative times ¢ since
the operators Ao Id £.47 are maximal monotone for A\ sufficiently large (due to the cascade structure
of the system). Hence —47 generates a strongly continuous group that we shall denote by (e‘t” )ter-

At place, we shall also write System (6.4) as
PW =0, W= (w,ws)’,
with
B P phg

According to [See67] or [Shu0l, Theorem 11.2], we have B € \111})}1g(M;(C)7 with principal symbol

01(B) = b|n|, (which is a homogeneous symbol up to a modification on {|n|, < 3}).

P:(P ! )6\1'2 (M;C>?), and B =b(xz)(1 - A)z.
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6.3 Observability for 7' > T, _.»_,,

In this section, we prove the following theorem.

Theorem 6.5. Suppose that T > T,,_.0—.. Then, the observability inequality (6.5) holds for any
€°(0,T; L?(2)%) N €0, T; H~1(Q2)?)-solution of (6.4).

The positive controllability result of Theorem 6.2 is then a direct consequence of Theorem 6.5
and HUM.

To prove Theorem 6.5, we follow the compactness-uniqueness method of [RT74,BLR92, Bur97a,
which consists in two steps. First we prove the observability inequality (6.5) in a weaker form,
adding compact terms on the right hand-side. This allows one to handle high frequencies. Second,
we use a uniqueness argument to handle low frequencies and conclude the proof of the observability
inequality (6.5).

6.3.1 Proof of a relaxed observability inequality

Proposition 6.6. Suppose that T > T, _.o—.. Then, the observability inequality

T
Eo(w1(0)) + Eo(ws(0)) < c(/o / 0w P di + By (un (0)) + B (w(0)) ) (6.14)

holds for any €°(0,T; L*(Q)?) N €1 (0, T; H~1(Q)?)-solution of (6.4).

Proof. We proceed by contradiction and suppose that the observability inequality (6.14) is not
satisfied. Thus, there exists a sequence (w¥, w5 )ren of €°(0,T; L?(Q))N€*(0,T; H~1(£2))-solutions
of

Pwl =0 in (0,7) x Q,
k k : (6.15)
Pwi 4+ Bwi =0 in (0,T) x Q,
such that
Eo(wf(0)) + Eo(w3(0)) =1, (6.16)
/ / |bowh 2de dt — 0, k — oo, (6.17)
~1(wf(0)) + By (w5(0)) — 0,k — oo (6.18)

According to (6.16) and the continuity of the solution with respect to the initial data, the sequence

(w¥,wk) is bounded in L?(Mz;C?). According to (6.18) and the continuity of the solution with

respect to the initial data, the sequence (w¥,w5) converges to zero in H~!(Mrp;C?). It follows that

(w’f,wg) (0,0) in LZ(MT;(CQ).

As a consequence of [Gér91, Theorem 1] (See also [Tar90]), there exists a subsequence of (W¥),en =
(w¥, wh)ren (still denoted (W¥)pen = (w¥, w5)ren) and a microlocal defect measure

= ( M1 M2 ) €M+(S*MT;C2X2),
Hiz  H2

such that for any A € \I/phg(MT; C2%2) (recall that symbols are compactly supported in time ¢ here),

T (AW, T78) 0y cn) = / tr{o0(A) (p)u(dp) ). (6.19)
o S*Mr
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Testing the measure on different operators A, the limit equation (6.19) can be equivalently written
as

hmkaoo(Awlfawlf)m(MT;C) = <:u’1aO-O(A)>S*MT )
limg oo (Awh, wh) 22 ats0) = (b2 00(A)) - a1y (6.20)
limkﬂoo(Awlfu w’f)L?(MT;C) = <M12700(A)>S*MT )
for any A € \I'ghg(MT; C) .
The following lemma gives the properties of the three measures py, po and w12, and is a key

point in the proof of Proposition 6.6.

Lemma 6.7 (Properties of the measure ). 1. From (6.15) and (6.18), we have u1, o € My (S*Mry),
supp(p1) C Char(P), supp(uz) C Char(P). Moreover, we have supp(ui12) C supp(pi) N
supp(uz) C Char(P). Finally these three measures satisfy the equations

p1, Hypa)g. vy =0

e, Hy a> <Im(ﬂ12)v2b|n|xa>s*MTa
Im(,ulg) >S*MT <vab|77|ma>s*MT s
Re(p12), Hpa) g. pr, = 0,

for any a € S’phg(T*MT; C).
2. From (6.17), we also have supp(u2) N7~ 1((0,T) x w) = 0 and supp(u12) Nm~1((0,T) x w) = 0.

(
(
< (6.21)
(

The proof of this lemma is postponed to the end of this section.

We see that the measure Re(j12) is not coupled to the other ones. We shall prove below that
the first and the last equations in (6.21) yield a “free” propagation result for the measures p; and
Re(p12). In particular, since pio = 0 on 7 1((0,7) X w), and T > T, .o—, > T, this will give
Re(,ulg) =0.

The most important equation in (6.21) is the third one, which gives a transport equation on the
measure Im(p1s).

We already know that the supports of the three measures are included in Char(P) N S*Myp. Let
us pick p. = (ts, Ts, T, 7x) € Char(P) N S*Myp. According to Definition 6.3, there exist 0 < to <
t1 < tg < T such that

¢to—t* (p*) € ’/Til((O’T) X w)a ¢t1—t* (p*) € 7Tﬁl((OaT) X 0)7 ¢t2—t* (P*) € 71—71((0; T) X w)'
We take three open subsets 6y, 61,02 C S* My, satisfying

d)tj_t* (p*) S Hj for j =0,1,2, 71'(90) C (O,T) X w, 7'('(01) C (O,T) x O, 7T(02) C (O,T) X w
(6.22)
This geometrical situation is sketched on Figure 6.1.
We now choose a function e € €°(S* Mr) such that

Supp(e) - ¢t1—to (90) noi N ¢t1—t2 (92)5 e>0, and e(¢t1—t* (p*)) =1L (623)

Note that the set ¢, —+,(00) N 01 N Pt —1,(02) is open since ¢y : S* My — S* My is bicontinuous and
is nonempty since it contains ¢y, ¢, (p«), according to (6.22).

Now, we apply the third 1dent1ty of (6.21) to a = eo s € €°(S*My) (which can be extended as
a symbol A~ ta(t,x,7/\,n/)) € S ng (I Mr;R), where A is defined in (6.7)) for s € (t1 —t2,t1 —to),
as a consequence of (6.22)-(6.23). We obtain

- <Nlab‘77|z eo¢5>s*MT = <Im(N12)>Hp(eo¢S)>s*MTa



238  Chapitre 6. Controlabilité de systémes de deux équations d’ondes sur une variété compacte

TUJHO*?UJ

to — 11

to — 1

O ¢ 4(ps) w Q

FIGURE 6.1 — Geometrical situation in the case T'> T, _,o_..

Integrating this equation on the interval (t; — ta,t; — tg) gives

t1—to
- / (1, 0n]a €0 @s) gepgy ds = (Im(p12), € © Pty —t0) g ng,, — (Im(p112),€ 0 Pty —t5) e ap, -
t1—to
(6.24)
Moreover, from (6.23), we have supp(eo ¢y, —t,) C 02 and supp(eo ¢¢, —+,) C bp. Since w(0), w(02) C

(0,T) x w and m(supp(p12))N(0,7) X w = @ from Lemma 6.7, the right hand-side of (6.24) vanishes,
and we obtain

t1—to
/ </’617b|77|w eO¢S>S*]V[T ds = 0.
t

1—12
In this expression, the measure p; and the functions |n|,, b and eo¢, are non-negative on the interval
(t1 — ta,t1 — tg). We thus obtain, for any s € (t; — ta, t1 — to),
<ﬂ17 b|77|x €0 ¢S>S*MT =0,

and in particular

(11, 0] e>S*MT =0.
Our construction of the symbol e in (6.23) yields e(¢s, —¢, (p«)) = 1 and b(m (¢, —¢, (p«)) ) > 0 since
7(p,—¢. (p+)) € (0,T) x O. We hence have

Gty —t. (p«) & supp(u1). (6.25)

Once we have proved that the mesure @1 vanishes in a neighborhood of one point of the bicharacte-
ristic {¢s(p«), s € R}, we can now prove that this mesure is identically zero on this bicharacteristic.
This is a direct consequence of the first equation of (6.21) : applied to a o ¢¢ in place of a as long as
supp(a o ¢s) C S*Mrp, it yields

d d
0= <M17Hpao¢s>s*MT = <,u17 dsao¢s>5*MT = % <[1,1,a0 ¢S>S*MT'

This direclty gives

(111,00 @) gepp, = (H1,) o1y, , forallace S;hlg(T*MT;C), s such that supp(a o ¢s) C S*Mry.
(6.26)
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From the argument above, there exists a € S;hlg(T *Mr; C) with a small support in a neighborhood
of ¢y, ¢, (ps) and a(¢y,—¢, (p+)) = 1, such that (11,a) 5.5y, = 0. Taking s =1 — ¢, in (6.26) then
yields
<M17 ao ¢t17t*>S*MT )
with a o ¢4, —¢, (p«) = 1. This implies
p« & supp(p).

This holds for any p, € S*Myp, and we finally obtain ul = 0 on S*My. The third equation of (6.21)
then becomes (Im(p12), Hpa) g, =0 for all a € S ng (I Mr; C). The same analysis direcly yields
the propagation of the measure Im(guq2). This, together with supp(Im(p12)) N7~ 2((0,T) x w) = 0

gives Im(p12) = 0 on S*Mrp, as T > T,,_o—, > T,. Similarly, we obtain Re(u12) = 0 on S*Mryp
with the last equation of (6.21). Finally, the second equation of (6.21) now reads (ua, Hpa) g, =0

for all a € Sphg(T*MT;(C). This implies po = 0 on S*Mp as we already know that supp(us) N

~1((0,T) x w) = () from Lemma 6.7.

Since p = 0, we have
(wh, wh) — (0,0) strongly in L2 _(Mg;C?).

Let us take x € €°°(0,T;C), multiply the first equation of (6.15) by x(1 — A)~lwh and integrate
on (0,T) x . After an integration by parts in time, this gives

//xll— ok //atxathu— //wazl— A
= / R EN

/ / DixOpwh (1 — A)™lwh — 0 since 9, x0,(1 — A)™! € \prhg(MT,(C),

In this expression, we have

/ / xBwh(1 — A)"'wh — 0 since x(1 - A)"'Be \Ilphg(MT;(C),
and

/ /Xsz (1- ) — (pe, X>S*IVIT 0.

As a consequence, we obtain, for all x € €°(0,T;C)

T
/ / x|(1 = A)"29,uk]? — 0.
0 Q

This yields, for all 0 < g1 < eo < T,
€2
/ Eo(wh(t)) dt — 0.
€1

The same method with the first equation of (6.15) also gives [=* Eo(wf(t)) dt — 0. Hence, Eo(w§(t))+

Eo(w¥(t)) — 0 for almost every t € (e1,e9). Picking such a time, say t3, the (backward) well-
posedness result of Proposition 6.4 for the Cauchy problem (6.15) with data given at t3 gives

Eo(wi(0)) + Eo(w3(0)) < C(Eo(wh (t3)) + Eo(w (t3))).

This yields Eo(w¥(0)) + Eo(wk(0)) — 0, gives a contradiction with (6.16), and concludes the proof
of the proposition. O
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For the proof of Proposition 6.6 to be complete, it remains to prove Lemma 6.7.

Proof of Lemma 6.7 The fact that the measures p; and uo are real and non-negative is a direct
consequence of the first two equations of (6.20), tested on selfadjoint non-negative operators. Note
also that the measures p; and po are microlocal defect measures associated with the scalar sequences
(W) ren and (wh)rew respectively.

Let us prove that supp(us) C Char(P). Proving that supp(p1) C Char(P) follows the same

steps. Recalling that the symbol A € SJ, (T*M; C) is defined in (6.7), there exists A_» € ‘Ilghzg(M; C)

that satisfies o_(A_3) = A72. For x € ¢>°(Mr), the second equation of (6.15) gives
(XA 2 Pws, w5) 12 (vpic) = —(XA—2 BwY, wh) 12 (0t i)

Since xA_oB € \Ilghlg(MT; C), we have YA_sBw¥ — 0 in L?(M7;C) so that we obtain

(XA ™2 Pwy, w5) 12 (atyc) — 0.
The second equation of (6.20) then gives
0= (u2s XA7%P) g s = (12, XP) 5 pay
which is satisfied for all x € €>°(Mry) if and only if supp(uz) C Char(P).

Now, let p ¢ supp(p1). Let a € Sghg(T*MT;(C) be such that supp(a) N supp(p1) = O and

p € supp(a). We take A € \I/ghg(MT;(C) such that oo(A) = a. Then, we have

AW 17200y = (A" AwE, 0F) L2 (aspc) — (w1, 1al*) gy = O

Hence,
</1'12u a>S*MT = kli{lgo(Awlf’wlg)Lz(MT@) = 07

since (w})ren is bounded in L2(Mr;C). As a consequence, p ¢ supp(ui2). This finally yields
supp(p12) C supp(p1). Similarly, we have supp(p12) C supp(p2).

Next, we define the operator

P B
Q: ( 0 P > € \Ilrz)hg(M7(c2X2)a

where, B* denotes the adjoint of the operator B. For all

[ A Apg -1 2x2
A= < Ay Aoy ) € \I/phg(MT,C ),
we have
APWE =0,
together with
k 1k k k
(QAW 7W )L2(MT;(C2) = (AW 77DW )LQ(MT;(CQ) = 0?

since the operator A has a kernel with compact support. Hence, we have

0= ((AP — @AWk Wk) (6.27)

L2(Mp;C2)°
Note that we also have

[A11, P] + A12B — B*Ay  [A12, P] — B*Ag ) c g0

2x2
[A213 P} + A22B [AQQ, P} phg(MT7 C ) (628)

(AP — Q4) = (

As a consequence of (6.19), (6.27) and (6.28), we obtain
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0 :/ tr{( Hanr,p} +bnls(a12 — az1)  H{arz, p} — bln|sass ) ( M1 12 ) (dp)},
S* My

%{a217p} +b|n‘xa22 %{am,p} ﬁ12 U2

with aj; = o_1(4;1), j,! = 1,2. Since the application A — o_1(A4) is from \I';hlg(MT) onto
S (T*Mry;C), this is equivalent to

phg
</J/17 %{all’p}>S*MT = 07
<H27 %{azz,pws*MT + (2 Im(p12), b|77|ra22>S*MT =0, (6.29)
<M17 b|77|z(a12 - a21)>S*JV[T + <M12= %{a217P}>S*MT + <ﬁ12a %{a12ap}>S*MT =0,
for any aq1,as9,a12,a21 € S;hlg(T*MT; C). Taking successively as; = a12 and ag; = —ajs in the last

identity of (6.29) yields
1
<Re(u12), i{a12,p}> =0 and (,ul,b|77|xa12>s*MT — (Im(p12), {a127p}>S*MT =0.
S* Mt

These equations together with the first two identities of (6.29) give (6.21), which concludes the proof
of the first part of the lemma.

Moreover, (6.17) yields
: w2, k k w |2
0= Tim (|b°[Pwy, we) L2arpicy = (20 071 gy

which directly gives m(supp(p2)) N ((0,7) x w) =0 as po > 0 and {b* > 0} = w. This concludes the
proof of the second part of the lemma as supp(u12) C supp(us2). O

6.3.2 End of the proof of Theorem 6.5

With the relaxed observability inequality of Proposition 6.6, we are now able to handle the low-
frequencies and conlude the proof Theorem 6.5. The main point here is a unique continuation result
for solutions of the elliptic problem associated with System (6.4). Here we follow the expository
lectures [BG02].

We first define for any 7' > 0 the set of invisible solutions (see [BLR92]) from (0,7") X w :

N(T) ={# = (), w3, wi,wl) € H# such that the associated solution of (6.4)
satisfies wa(t,z) = 0 for all (¢,z) € (0,T) x w},

and prove the following lemma.
Lemma 6.8. For T > T, .0_., we have N(T) = {0}.
The proof of this lemma is provided below. We can now conclude the proof of Theorem 6.5.

End of the proof of Theorem 6.5 We suppose that the result of Theorem 6.5 is false. Thus, there
exists a sequence (w¥, w5 )ren of €°(0,T; L3(Q)) N€*(0,T; H~1(£2))-solutions of (6.4) such that

Eo(w}(0)) + Eo(w(0)) = 1, (6.30)
/T/ 6wk 2da dt — 0. (6.31)
0 w

Equation (6.30) and Proposition 6.4 imply that the sequence (w}, w§)ien is bounded in L2(Mp; C?).
Hence, there exists a subsequence (also denoted (w¥,w§)ien) weakly converging in L2?(Mp; C?),
towards (w1, ws) € L*(M7;C?). From (6.31), this limit satisfies, for all ¢ € (0,7), wa|, = 0 and is
moreover a solution of (6.4). Hence, we have (w1(0),w2(0), dyw1(0), dyw2(0)) € N(T). According to
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Lemma 6.8, this yields (wq,ws) = (0,0). Besides, the imbedding 5# C H~1(Q)? x H=2(Q2)? being
compact, we have

E_1(wi(0)) + E_1(w5(0)) — E_1(w1(0)) + E_1(w2(0)).
The relaxed observability inequality (6.14) hence yields
1 < C(E-1(w1(0)) + E_1(w2(0))).
This contradicts the fact that (wq,ws) = (0,0), and concludes the proof of the theorem. O
It remains to prove Lemma 6.8.

Proof of Lemma 6.8 First, Proposition 6.4 implies that A/(T') is a closed subspace of #. Second,
applying the relaxed observability inequality (6.14) to an element of N (T') gives

19| 7 = Eo(w1(0)) + Eo(w2(0)) < C(E_1(w1(0)) + E_1(w2(0))). (6.32)

Using the compact imbedding 2# C H~1(Q)? x H~%(Q)?, this implies that A/(T) has a finite
dimension, and is thus complete for any norm. Moreover, setting § = %(T —Thomoow) > 0, we
remark that (6.32) is also satisfied by all # € N(T — §). Taking # € N(T) implies that, for all
£ €(0,6), we have e~ =7 % € N(T — §). We also have

(A0+d)*1§(1d _e— Yy = é(ld—e*ﬂ)(xowrlw Aot )W i

e—0t

as (Ao+«)~'# € D(&/). As a consequence, the sequence (1 (Id —e‘ad)W)DO is a Cauchy sequence
in V(T), endowed with the norm |[(Ag +.2/)~! - || . According to (6.32), we have

|# || e < C(E_1(w1(0)) + E—_1(w2(0))) < C||(Xo + )W || e, for all W € N(T).

The sequence (£ (Id —e== )7/)5>0 is thus also a Cauchy sequence in N'(T), endowed with the norm
| - | #, which yields &/# € . Hence, we have N'(T) C D(«7). Writing # (t) the solution of

N +dW =0, Wlo=#, with# €€ (|0,T);#)N€°(0,T); D(«)),
from semigroup theory, we remark that we have
AW =W |1—o e N(T) if W e N(T).

Next, as wa(t,z) = 0 for all (t,z) € (0,T) X w, the same holds for d;ws, and consequently /N (T') C
N(T).
Since N (T) is a finite dimensional subspace of D(<7), stable by the action of the operator <7, it

hence contains an eigenfunction of <. There exist 4 € C and %}, € N(T) such that /%), = u#,,.
Writing #,, = "(w{, w3, wi,w}), this is equivalent to having

1 a0
—wy = pwy,
1 _ 00
w3 = pws,
0 _ .l
—Awf = pwy,

—Awd + b(x)(1 — A)zw? = pwl.

This system implies
{ —Auw) = —pPwy,

—Awd +b(x)(1 — A) 2w = —pPwl. (6.33)

The first equation gives u = i\/k with k € Sp(—=A) C Ry and w? is an eigenfunction of —A
associated to . Hence, taking the L2(Q)-inner product of the first line of (6.33) with (1 — A)zw],
and that of the second line of (6.33) with (1 — A)2w?, we obtain

/ b@)|(1 — A)}u?2dz = 0.
Q
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Since b > 0 and b does not vanish identically, this proves that (1—A)zw) =0 on O. As (1 —A)zw?
is an eigenfunction of the Laplace operator vanishing on O, a unique continuation result (see for
instance the classical reference [Aro57, AKS62], the book [Zui83] or the exposition article [LL09])
yields (1 — A)2w? = 0 on Q. Hence w? = 0 on €.

Moreover, # € N (T) yields w9 = 0 on w. This proves that w9 = 0 on 2, as wJ is an eigenfunction
of the Laplace operator as a consequence of (6.33). This concludes the proof of the lemma. O

Remark 6.9. Note that elliptic unique continuation properties as those used here are not known
in general for 2 x 2 elliptic systems. For these types of general systems, such a result holds if
wN O #  [LéalOa, Proposition 5.1]. However the case w N O # () remains open in general.

Here, the cascade structure of System (6.4) allows us to bypass a more involved unique conti-
nuation theorem. We use that the eigenvalues and eigenfunctions of the operator

(saan 2)

are (kj,'(0,¢;))jen, where (k;, p;)jen are the eigenvalues and eigenfunctions of —A. This is a very
particular feature of cascade systems with twice the same elliptic operator on the diagonal.

6.4 Lack of observability for T' < T, .o,

In this section, we prove the following theorem.

Theorem 6.10. Suppose that T < T,,_,o_..,. Then, there exists a bounded sequence (w¥, w§)ren of
€°(0,T; L*()?) N €10, T; H-1(Q)?)-solutions of (6.4) satisfying

liminfy_, o (Eo(w’f(())) + Eo(wg(O))) >1, (6.34)
(wf, wk) — 0 in L?(Mrp;C?), )
such that the sequence (w§)ren is pure and its microlocal defect measure o satisfies
(B2, X0 ) g = 05 (6.35)

for any x € €>(0,T).

We refer to [Gér91, Definition 1.3] for the definition of a pure sequence. As a direct consequence
of this theorem, we have the following non-observability result.

Corollary 6.11. If T < T, _,0—w, the observability inequality (6.5) does not hold.

The negative controllability result of Theorem 6.2 is then a direct consequence of Corollary 6.11
and HUM.

Proof of Corollary 6.11 Suppose that the observability inequality (6.5) holds for some constant
C > 0, for all solutions of (6.4). Then, for the sequence (w¥, w%)ren given by Theorem 6.10, we
have, for k sufficiently large,

1

T
5= Eo(w(0)) + Eg(wh(0)) < K/ / bowk 2de dt, K > 0. (6.36)
0

|
w
The sequence (wf, w5)ren being bounded in the energy space, we have in particular

/ 6wk (t,2)|?dx < Cy,  for some Cy > 0, and all k € N, ¢ € [0,T].
w
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This yields, for any ¢ € (0, %),

T—e T
/ /|bw M2da dt = / /\b“ 5dx dt+/ /|bww§|2d:c dt+/ /|bww§|2d:c dt
T—eJw
T—e
<2500+/ /|b“’ 52dx dt<2500+/ /|Xb“ 2dx dt,

with x € €°(0,T) such that x =1 on (¢, T — ¢). We fix & such that 2¢Cy = gk and obtain

T
b wk|?dx dt <z waw’“ 2dx dt.
2 2
0 w

According to (6.35), this gives
T
1
bws[*de dt < —
| [ as .

for k sufficiently large. This yields a contradiction with (6.36), and concludes the proof of the
corollary. 0

We shall use the following lemma in the proof of Theorem 6.10.

Lemma 6.12. For any bicharacteristic curve I' of the d’Alembert operator P, there exists a pure
sequence (w*)pen of €°(0,T; L*(Q)) N €0, T; H=(Q2))-solutions of Pw* = 0 such that

6.37
wk — 0 in L?(Mp;C), ( )

{nminfk%o Eo(wk(0)) > 1,
and the microlocal defect measure of (w*)ren is supported in T.

We now prove Theorem 6.10. The proof of Lemma 6.12 is postponed to the end of this section.

Proof of Theorem 6.10 Since T < T,,_,0—.,, Definition 6.3 gives the existence of p, = (0, Z., T4, Nx) €
Char(P) N S*M such that the following condition holds :

For any 0 < tg < t; <ty < T, we have

T(Pey(ps)) € (0,T) xw, or m(¢e,(ps)) ¢ (0,T) x O, or w(¢e,(ps)) & (0,T) xw
We set

(6.38)

I'= {¢S(P*), s € [O’T]}'

We now construct the sequence (w,w§)pen.

First, if 7(I') N ((0,T) x w) = @ (which only occurs if T < T,,), we take w} = 0 for all k£ € N and
(w%)ken as given by Lemma 6.12. In this case, (6.35) is clear as supp(u2) C I and 7(I)N((0, T') xw) =
() (this is a classical non-observability result for a single wave equation [BLR92, Bur97a, BG97]).

Second, if m(I') N ((0,T) x w) # 0, we choose (w})ren as given by Lemma 6.12. In par-
ticular, according to Lemma 6.12, this gives liminfy_o (Eo(w}(0)) + Eo(w5(0))) > 1 for all
€°(0,T; L?(2)) N €10, T; H-(Q))-sequence (wh)ren. We also pick some to € (0,T) such that
(1, (ps)) € (0,T) X w. The geometrical situation is sketched on Figure 6.2.

We choose w5 to be the unique (forward and backward) solution of

{ Pwk = —Buwk in (0,7) x Q,

(wlf’atwg”t:to =(0,0) on Q. (6.39)

In particular, the well-posedness of the wave equation yields w§ € €°(0,T; L?(Q))N€* (0, T; H~1(12))
and
||w§ ||L2(MT) < C||Bw’f ‘|L2(O,T;H*1(Q)) < C”w’fHLz(MT)’
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to + 2¢
] t0—2€

O w Q

FIGURE 6.2 — Geometrical situation in the case T' < T,,—.0— with 7(T') N ((0,T) x w) = 0.

as B = b(1 — A)z. Since (w¥)ren is bounded in L2(Mr;C) from Lemma 6.12, the sequence
(w¥, wh)ren is bounded in L2?(Mgp;C?). Moreover, the well-posedness of the wave equation in
€0, T; H1(Q) N€L(0,T; H2(Q)) also gives

w5l -1 vy < CIBwY |20, 750-202)) < Cllwf |l -1 (arpy — 0,

since wf — 0 in L?(Mz;C). Finally, the sequence (w¥,w})ren satisfies all the conditions (6.34).

Since (wf,w%) — 0 in L?(Mz;C?), and according to [Gér91, Theorem 1], there exists a subse-
quence (still denoted (W¥)pen = (wF, w5)ren) and a microlocal defect measure

o= ( H1o H2 ) €M+(S*MT;(C2X2),
K12 H2

such that for any A € W), (Mrp; C*>*?),

lim (AWk,Wk)LQ(MT;(C2) = <M,O’0(A)>S*MT.

k—oo

Moreover, y; is the microlocal defect measure associated with the sequence (w)xen. As this sequence

is (a subsequence of a sequence) choosen by means of Lemma 6.12, we have supp(u1) C I'. Observe
now that the sequence (W*),cn satisfies all the assumptions of the first part of Lemma 6.7, which
gives ps € M, (S*Mr), supp(u) C Char(P), and supp(pi12) C supp(p1) C T'. Finally these three
measures satisfy the equations

<,LL1, Hpa/>s*MT = 07
<:u27 HPG>S*MT == <Im(/’[’12)7 2b|n‘$a>S*MT ) (640)
<Im(,u12), Hpa>s*MT = - <,U17 b|77|a;a>s*MT s

for any a € S;hlg(T*MT; 0).

We denote by C the connected component of '\ 7=1((0,T) x O) that contains TN7~1((0,T) x w)
(indicated by a thick line in Figure 6.2). We have ¢;,(p«) € C. In the present case, Condition (6.38)
gives

()N ((0,T) x w) N ((0,T) x O) = 0. (6.41)

Moreover, Condition (6.38) yields the uniqueness of such a connected component.
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The end of the proof consists in showing that supp(ue) C T' and that C Nsupp(us) = 0. For this,
we first prove that pg vanishes identically on 7~ ((to — 2¢, o + 2¢) x Q)) for & > 0 sufficiently small.
Then, a propagation argument with (6.40) gives supp(ug) C I' and that po vanishes on C.

Let us take € > 0 with 2¢ < min(to,T —tp), to be chosen below. The well-posedness for the wave
equation (6.39) gives

||w§||L2((to—E,to+a)xﬂ) < C”Bwlf”Lz(tofs,thre;H*l(Q))
< CJI(1 = A)72b(1 = A) 2wl L2 (o< o 42 <)
< Clx(1 = A)72b(1 = A) 2wf[| 12 (22 o +26)x0) (6.42)
for some x € €>°(to — 2¢,to + 2¢) satisfying 0 < x < 1 and x = 1 on (tp — &,tp + €). In this last

expression, we have X(I—A)’%b(l —A)% € \I/ghg(MT; C), with principal symbol o (X(l —A)’%b(l —
1

A)E) = xb. As a consequence, we have

1 1
(1= A)72b(1 = A)Tw [Ty —2e. 0420 x2) = {12, X707) gy, (6.43)

Since 7=1((0,T) x w) is an open set in S* Mz, containing ¢, (p«), there exists € > 0 such that
bs(ps) € 7H((0,T) x w), for all s € (tg — 2¢,tg + 2¢). (6.44)

For this choice of ¢, we have
supp(p) Nt ((to—2e, to+2¢) x Q) C DN ((to—2¢, to+26) x Q) = {@s(ps), s € (to—2e,to+2¢)}.
According to (6.44), this last set is contained in I' N7~ ((0,7T) x w), i.e.

supp(p1) N ((to — 26, t0 +26) x Q) TN ' ((0,T) x w).

From (6.41), we then obtain supp(p1) N7~ ((to — 2¢,t0 + 2¢) x Q) N7 1((0,T) x O) = 0, which
gives

supp(p1) N~ (supp(x)) N7~ (supp(b)) = 0.
This, together with (6.43) gives

(1= A)72b(1 = A) 2wyl 2((1g—2e t0-+20)x2) — 0.

Using (6.42), we now obtain [|w5 || 12((to—c t9+c)x0) — 0, and thus

supp(p2) N7 ((to — e, t0 +¢) x Q)) = 0. (6.45)

As supp(p12) C T, the second equation of (6.40) yields
(b2, Hya) g. py,, =0 (6.46)
for any a € Sl;hlg(T* Mr; C) such that a = 0 in a neighborhood of I'. As in the proof of Proposition 6.6,

this gives the invarience of the measure uy along the flow ¢5 away from I'. Together with (6.45),
this also yields

supp(pe) C T (6.47)

The second equation of (6.40) also gives (6.46) for any a € Sghlg(T*MT; C) such that a = 0 in

a neighborhood of 7! ((0, T) x (9), as b is supported in O. Once again, this gives the invarience of

the measure yo along the flow ¢ on S* Mz \ #=1((0,T) x O). Together with Equation (6.45), this
gives, with a propagation argument,

supp(p2) NC = 0. (6.48)
Finally, Equations (6.47) and (6.48) together with the definition of C give
supp(p2) N7 ((0,T) x w) = 0.
This implies (6.35) as b* is supported in @, and concludes the proof of Theorem 6.10.
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To conclude this section, we give a proof of Lemma 6.12. For this, we construct the sequence
(") ken.

Proof of Lemma 6.12 A proof of this lemma can be found in the semiclassical setting in [Bur97a,
Section 4.2] (see also [BG97]). We can parametrize the bicharacteristic " as

rn W_l(MT) = {¢s(po),s € (0,T)},

with
Po = (0,1’0,7’0,770) el'n {t = 0}

We have 78 = |no|2. Let us assume that 7o > 0. The case 79 < 0 can be treated similarly. We set

vy = (xo, i) € S*Q
|770|a:
There exists a local chart (U, k) of © such that z¢ € U,,. We denote by (yo,&o) the coordinates of
Vo in this chart. We choose ¢ € €°(R™) such that supp(y) C x(U,), and ¢ = 1 in a neighborhood
of yo. Next we define

P = CokTe®* Wi (y),  with p(y) =y - & + i(y — yo)? and Cy > 0.

Now, we set
wh = k*k € €2(Q).
We have wf — 0 in L?(Q), limp_ [|w§]|12(0) = 1 for an appropriate choice of Cy. Moreover,

a classical computation on (v¥)gen shows that (w§)ren is pure and admits the microlocal defect
measure 1m = 0y n)—y,-

We set wf = iv/—Awf € and let w* be the solution of

Puwk =0 in (0,7) x Q,
(w", Opw*)|4=o = (wf,wt) on Q.

For the sequence (w*)xen, (6.37) is satisfied. We denote by Ly = 19, ++v/—Aand L_ = 19, —v=A,
so that P = —L; L_. Note that v/—A € ¥}, (Mr;C) by [See67] or [Shu01, Theorem 11.2]. Setting
2F = L_w", we have L 2" =0 and

1 1
2%i—0 = (Zatwk — V=AW =g = ;wlf — \/wag =0.
Therefore, zF = 0 in Rt x €, i.e. w* solves the first-order equation

k _ .
{ LwF=0 in(0,T) x 9, (6.49)

w¥|i—o = w§ on Q.

System (6.49) is well-posed, and the sequence (w*)zen is bounded in L2(Mr) (see [Hor85, Sec-
tion 23.1]), weakly converging to zero and hence admits a microlocal defect measure u (up to a
subsequence).

We prove that supp(u) C T. Since w* solves (6.49), the measure u is preserved along the bi-
characteristic flow of {_ = o1(L_) = 7 — |n|, the principal symbol of L_. Note that the bi-
characteristic of L_ originating from py coincides with I'. Hence, it suffices to prove that any
point (0,z1,71,m1) € Char(L_) N S*M different from (0, xo,70,70) is not in supp(u). Note that
Char(L_) = {r = |n|, > 0}.

Let a € Sghg(T*Q; C) be a zero-order homogeneous symbol, with compact support near z;, such
that ¢ = 1 in a conic neighborhood of (z1,71) and a = 0 in a conic neighborhood of (zg,79). Taking
A e ), (9;C) such that 6o(A) = a, we have

Awf -0 in L*(Q),
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because of the support of the measure m. We denote by ¢ the bicaracteristic flow associated with
the symbol /_, i.e. the maximal solutions of

d
230 (W) =He 0.(p), ¢g(p)=peT"M\O.

As we have 0,/_ = 0 and 0.¢_ =1, the flow ¢, can be written under the form
b5 (6,7, 2,m) = (t+ 5,7, 05 (x,1)),
where Lo (z,n) = H_p,, 5 (z,n), for (z,n) € T*Q\ 0.
Now, we define the tangential polyhomogeneous symbol 1
alt,2,m) = a(¢=,(@,m) € SL(~T,T) x T*%; C),
which satisfies

Q(va’n) = a(xvn)'
We denote by UZ((—T,T) x ©;C) the set of tangential operators of order m. We take @ €
VO ((=T,T) x ©;C) such a tangential operator satisfying 0o(Q) = ¢. The commutator [L_, Q)]
satisfies [L_,Q] € W9((=T,T) x €;C) with principal symbol +{¢_,q} = 1H, ¢ = 0. Hence, we
have [L_, Q] € W' ((—T,T) x ©;C). Now, we compute

{ H;, q=0,

L_Qu* =[L_,Qw* — 0 in L*(Mr7),
Qu*|i—o = Awf — 0 in L?(Q).

Applying then the hyperbolic energy inequality, to this first-order system, we obtain

1Qu*|| L 0,7L2(0)) < C(I[AwG |2 () + I[L—, Qw* || L1 0,752 (ar))) — O
Finally, let r € Sghg(T*M; C) be such that » = 1 in a neighborhood of (0, z1,71,11), r = 0 for ||, <
%, and r has a compact support in the time variable ¢, included in (— %, Z). Taking R € \Ilghg(M; C)
such that og(R) = r the operator RQ is in the class W9, (M;C), according to [Hor85, Theorem
18.1.35]. Moreover, RQ is elliptic at (0, x1,71,71) since (0, z1,71,11)q(0,21,7m1) = 1 and we have

|RQu"|| 12217y < CllQu"||L2(a1r) — O.

As a consequence, (0,21, 71,71) ¢ supp(p). The invariance of u along the bicharacteristic flow finally
gives supp(p) C I, which concludes the proof of Lemma 6.12. O

11. For tangential symbols S7*((—T,T) x T*; C) and associated operators W7 ((=T,T) x ©; C), we refer to [Hor85,
page 94 (bottom)|. Here, ¢ stands for the parameter upon which the symbols depend.
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6.5 Une remarque sur ’obstruction au prolongement unique
pour les systemes elliptiques

Ce paragraphe est le fruit d’une discussion avec Belhassen Dehman, Jéréome Le Rousseau, Lio-
nel Rosier et Luz de Teresa.

Let T be the one-dimensional torus, i.e. T = (0,27), with periodic boundary conditions. Given
a € L>(T), we consider on the Hilbert space (LQ(T))2 the following cascade elliptic operator

A :( a&;) A ) 9(A*) = (H*(T)).

The associated eigenvalue problem consists in finding A € C and (wy,w2) € 2(A*) \ {(0,0)}
satisfying

{ —YyAw = Ay (6.50)

—Awsy + a(z)w; = Aws.

For this problem, we prove that the unique continuation fails to hold for some v > 0 and some
coupling function a.

Theorem 6.13. For all v # 1 such that /5y € Q, for all 6 € (0,27) and r € N, there exists
a € €"(T), a >0, a # 0, supp(a) C (2m — 4,27) and an eigenvalue X € RY and associated
eigenfunction (wi,wz) # (0,0) satisfying (6.50), together with wal g 2x—s5y = 0.

For these parameters of the problem, we have the (non-unique continuation) property
B'W =0 and A*W = AW do not imply W =0,
where W = (w1, ws) and BXW = 1,ws, as soon as w C (0,27 — §).

Proof. Dividing the first equation of (6.50) by 7, we see that A/v is an eigenvalue of —A on T.
Hence, we have A/ = n? for some n € N, associated (for instance) to the eigenfunction w (x) = e"®.
System (6.50) becomes

{ ~Ogqw1 = 0w, (6.51)

—0prwsy + a(z)wy = ynws

We now solve the second equation of (6.51) and find ws. Choosing zero Cauchy data on some point
xo € (0,27 — ) we see that wy =0 on (0,27 — J). Moreover, we have

wa(z) = < / a(s)em—vDsds — 67/ a(s)emHVDsds, x e 21 — 8, 2n).
22\ﬁn 2n—§ 2Zﬁn 2m—0

It remains now to choose a so that we € Z(A*), i.e. we(27) = 0 and O, w2(27) = 0 (under this
condition, for a € €"(T), a bootstrap argument in the second equation of (6.51) shows that wy €
¢ +2(T)). This is equivalent to having

2T 2m
/ a(s)e™=VN3ds =0, and a(s)em Vs s = 0. (6.52)
2m—0 2w —§

We choose k € N* such that 27“ < ¢ and set

a(@) = 1 (graz1) oy (Sin (’? — k- 1)>>m . withm =2 7] +2, (6.53)
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which satisfies all the assumptions of the theorem since u(z) = %2 — 7(k — 1) maps linearly

2
[27(%2), 2] into [0, 7]. Let us check condition (6.52) :

27 2 m
/ a(s)emIEVNs gg — / <sin (k;s —7(k— 1))) e IEVTS g
273 2r (kL) 2

=2 [(mupren ey,
0

(6iu . efiu)mein(lzl:ﬁ)%du

2ein(1:i:\/ﬂ7)(27r%) ™
k(2i)™ /0
2em(1iﬁ)(2w%) m

= —1yom " i(m—2j)u in(liﬁ)ﬂ_td .
k(Qi)m Z( )CJ /0 € e E du

=0

We now choose the integer n so that each integral in this expression is zero, i.e.,

2

m—2j+£(1i]3) c 2z, (6.54)
q

where we have put ,/y = §7 p € Z, q € N*. Taking n = kq € N, condition (6.54) is satisfied since m

is even according to (6.53). This concludes the proof of the theorem. O

Note that we see that the conclusion of the theorem is still valid when taking any n € kgN in
(6.54). As a consequence, given v and a as in Theorem 6.13, there are infinitely many eigenvalues
(and associated eigenfunctions) that do not satisfy the unique continuation property...

Remark 6.14. This results also works with Dirichlet or Neumann boundary conditions since the
function a is real. Taking wo(x) = sin(nx) for Dirichlet boundary conditions or ws(z) = cos(nz) for
Neumann boundary conditions, the proof remains unchanged.

Corollary 6.15 (No parabolic unique continuation). For v and a as in Theorem 6.13 and w N
supp(a) = 0, there exists U € €°°(R}; €7 T%(T)) such that

QU+ AU =0 Vt>0
BXU(t) =0 vt >0 (6.55)
Ut) #0 vVt > 0.

Proof. Taking (A, W) the eigenvalue and associated eigenfunction given by Theorem 6.13, we see
that U(t) = e" MW satisfies (6.55), and the corollary is proved. O

Corollary 6.16 (No parabolic approximate controllability). For v and a as in Theorem 6.13 and
wNsupp(a) =0, the system 0;V + AV = B,g, i.e.

Btv2 — AUQ = ]lwg, (656)

{ Opv; — yAvy +a(z)vy =0
18 not approximately controllable.
The same negative properties also hold for the associated hyperbolic system.

Corollary 6.17 (No hyperbolic unique continuation). For vy and a as in Theorem 6.13 and w N
supp(a) = 0, there exists U € € (R} ; €"%(T)) such that

OouU+AU=0 VvVt>0
BxU(t) =0 vVt >0 (6.57)
U)#0 vt > 0.
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Proof. Taking (A, W) the eigenvalue and associated eigenfunction given by Theorem 6.13, we see
that U(t) = MW satisfies (6.57), and the corollary is proved. O

Corollary 6.18 (No hyperbolic approximate controllability). For v and a as in Theorem 6.13 and
wNsupp(a) =0, the system 8,V + AV = B,g, i.e.

{ Opvy — yAvy +a(x)vy =0

6.58
Oytva — Avg =1,g9, ( )

is not approximately controllable.
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Cette partie est la reprise de I'article [LéalOb], soumis pour publication.

7.1 Introduction

7.1.1 Motivation and main results
We are concerned with the controllability of the following nonlinear parabolic equation
ut + [f(w)]z — €tze =0 in (0,7) x (0, L), (7.1)

where T is a positive time, L a positive length, and € a positive viscosity coefficient. On both
endpoints of the interval, we act on the system through the boundary conditions

Uz=0 = go(t) in (0,7, Ug=r, = gr(t) in (0,7). (7.2)
The problem of exact controllability is the following : given an initial datum

Um0 =ug in (0, L), (7.3)

255
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a time T' > 0 and a prescribed state ur, is it possible to find control functions gy = ¢i and g1, = g7, so
that the associated solution u of the system (7.1), (7.2), (7.3) is steered to ur in time 7' ? The aim of
this paper is to prove such a controllability result uniformly with respect to the viscosity coefficient
¢ in a sufficiently small range. That is to say, is it possible to find such control functions gy = g5,
gr. = g5 which norms in a suitable Banach space remain bounded as e — 0 ? More precisely, we
shall only consider the uniform controllability to constant targets uyr = M € R. The relevance of
this assumption is discussed in Remark 7.5.

Uniform controllability problems for singular perturbations of partial differential equations have
already been considered in several works, beginning with [Lio88b, Chapter 3]. In the context of
transport/heat equation (i.e. f(u) = Vu for some constant V' € R) in vanishing viscosity limit, this
study was initiated by Coron and Guerrero in [CG05b], where the authors make a conjecture on the
minimal time needed to achieve uniform controllability. Then, the estimates on this minimal time
are improved in [Glal0] with a complex analytic method. The result of [CGO5b] was also generalized
in several space dimensions and for non-constant transport speed in [GLO7]. Such uniform control
properties in singular limits are also addressed for vanishing dispersion in [GG08] and for vanishing
dispersion and viscosity in [GG09]. All these articles deal with singular perturbations of linear
transport equations.

Concerning nonlinear control problems in vanishing viscosity, the only result up to our knowledge

has been stated by Glass and Guerrero [GGO7] for the Burgers equation, i.e., in the case f(u) = %
Theorems 7.1, 7.2 and 7.3 generalize this for general flux functions.
Our first result is concerned with convex flux functions f.
Theorem 7.1. Assume that the flux function satisfies f € V[/lifo(]R), f” >0 ae., and
2 1— 1
gminf A f(A) >0 ; limsupe A 6f”(A) < +oo for some vy > —5,5 >0 (A+)
—to0 A—+too
2 1— 1
(resp. Eminf A f"(A)>0 ; limsupe W éf"(A) < 400 for some v > —575 >0).
——00 A——0o
(A-)

Then, there exist ag > 1 and a constant C = C(ag) > 0 such that for all M satisfying f'(M) > 0
(resp. f'(M) < 0), there exists eg > 0 such that for any ug € L>°(0, L), any time T > aolf,(LiM)‘ and
any € € (0,eq), there exist two control functions g§ and g5 satisfying

19611 o= 0,7y + 119% Il o= 0,7y < C (lluoll L0,y + [M]) ,
such that the solution of (7.1), (7.2) and (7.3) associated to g§ and g5 satisfies u|i—r = M on (0, L).

This theorem is the direct generalization of [GG07, Theorem 1.1]. Note that we shall see that
one can take ay = 6, or, as found numerically ayg = 5.3. Even in the case of a Burgers equation,
this improves the minimal control time found in [GGO7] (which is ag = 9, or, as found numerically
ap = 6.3). Having a minimal controllability time is natural here since the inviscid system (for ¢ = 0)
has a finite propagation speed (see also Remark 7.4 below).

In this theorem, the second part of Assumptions (A+) and (A—) is due to a technical argument,
and does not seem to be necessary (see also Remarks 7.11 and 7.20 below). Under more natural
(and weaker) assumptions, we prove the following (weaker) result for convex flux functions.

Theorem 7.2. Assume that the fluz function satisfies f € W2 °(R), f” > 0 a.e. and f'(u) — +oo

loc
as u — 4oo (resp. f'(u) — —oo as u — —o0). Then, there exists ag > 1 and a constant C' =

C(ag) > 0 such that for all Ry > 0 and all M satisfying f'(M) > 0 (resp. f/(M) < 0), there exists
g0 > 0 such that for any ug € L>(0, L) with |[uol|ze(0,Ly < Ro, any time T > O‘OWLMN and any
€ € (0,e9), there exist two control functions g§ and g5 satisfying

196/l <0, 7) + l9Lll L (0,7) < C (Ro + [M]),

such that the solution of (7.1), (7.2) and (7.3) associated to g§ and g5 satisfies u|y=r = M on (0, L).
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The only difference with the result of Theorem 7.1 is that here, g also depends on the norm
of the initial datum wg. The question whether the result of Theorem 7.1 still holds only with the
assumptions of Theorem 7.2 remains open. In particular, Theorem 7.1 does not apply for flux
functions satisfying f(u) ~y— oo u? with 1 < p < %, whereas Theorem 7.2 does.

We also prove a result for non-convex flux functions, that is, for general non linear transport
equations. In this setting however, we do not estimate the time needed to control, and our result is
less precise. Before stating it, let us define o(A, B) the shock speed between two constant states A
and B, given by the Rankine-Hugoniot condition, i.e., the slope of the chord of f between A and B,

f(B) = f(4)

o(A,B) = A

if A# B, and o(A4,4)=/f(A). (7.4)
On the interval (P, N) C R, the strict Oleinik admissibility conditions for the flux function f

read
o(P,N)<o(A,N), forall Ae(P,N), (SOC+)

meaning that, on the interval (P, N), the graph of f is below the chord between P and N, or
o(P,N)>oc(A,N), forall Ae (P,N), (SOC-)

meaning that, on the interval (P, N), the graph of f is above the chord between P and N. Note
that (SOC+) (resp. (SOC—)) is equivalent to having o(A, P) < o(P,N) (resp. o(A, P) > o(P,N))
for all A € (P, N). Conditions (SOC+) or (SOC—) ensure the existence of an admissible shock wave
between P and N (see [Daf00, Section 8.6]).

We can now state the result concerning non-convex flux functions.

Theorem 7.3. Suppose that f € €*(R) and ug € L>=(0, L) satisfy the two following conditions :
(i) (f")71({0}) N K has a finite number of connected components for any compact interval K C
R,

(ii) There exists an open interval I C R such that [essinf ug,esssupug] C I and [ satisfies
(SOC+) or (SOC—) on I.
Then, for all M satisfying f'(M) # 0, there exist Cy > 0, Ty > 0 and €9 > 0 (only depending on I
and M ) such that for any time T > Ty and any € € (0,¢p), there exist two control functions g§ and
g7, satisfying
1960l L=< 0,7y + l9LII < (0,7) < Co,

such that the solution of (7.1), (7.2) and (7.3) associated to g§ and g5 satisfies u|;=r = M on (0, L).

Note that Condition (i) actually means that f” vanishes on a finite union of points and (closed)
intervals on each bounded subset of R. This is generally satisfied except for some pathological
examples (for instance f(u) = u® cos (%) +uifu##0, f(0) =0 and the target is 0). More precisely,

this condition is generically satisfied in €2(R), since for any compact K C R, the set
A= {f € E(GR), (f(x), "(2)) # (0,0) for all z € K}

is open and dense in ¢3(K;R). However, note that this genericity property does not hold in the
space €%(R) (see [BGT77]).

Condition (i¢) concerning the initial datum means that there exists an admissible shock wave
allowing to get rid of the initial condition, and is more restrictive. For instance, it is not satisfied if
f(u) = cos(u) and [ess inf ug, ess sup ug| contains kr for some k € Z. Yet, it is satisfied in a large range
of situations, including, for any ug € L>°(0, L), the case where f satisfies lim,_, oo f/(u) = o0.

Since we are interested in the properties of uniform controllability as ¢ — 0%, it seems natural
to refer to the results that are known both for the viscous problem (for € > 0, fixed) and for the
inviscid problem (e = 0).
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First, the controllability of the viscous equation (7.1) for fixed € > 0 has mainly been considered
for the Burgers equation. Two different types of control results have been proved. The local exact
controllability to trajectories for this equation has been established in [FI96]. In this work, the
authors also prove that the local exact controllability does not hold as long as one controls in a
sub-interval of (0, L), which is equivalent to controlling at one endpoint. Concerning the global
exact controllability for the viscous Burgers equation, it is proved in [GI0T7], that it does not hold
even if the control is acting on both sides of the domain. However, in [Cor07b] the author proves
a global controllability result from 0 to constant states. More precisely, he states that for ug = 0
and for any T > 0, one can drive the solution of (7.1), (7.2), (7.3) to any constant M provided that
|M| is sufficiently large with respect to T'. This result is improved (as a Corollary of the uniform
controllability result) in [GGO7], allowing any ug € L>°(0, L) and giving a precise condition on the
target M and the minimal control time. Finally, adding a third control globally distributed on (0, L),
and independent on z, the author of [Cha09a] establishes the global controllability of the viscous
Burgers equation for any 7' > 0. Note that this last result is proved by using both controllability
properties of the nonviscous equation and a local result.

Second, concerning the inviscid problem

ug + [f(u)], =0, (7.5)

and in the context of entropy solutions, controllability questions have been addressed by Ancona
and Marson for general strictly convex flux functions f in [AM98]. In this work the controllability
problem is posed in the half real line with null initial condition and the set of attainable states is
completely described. For the problem on a bounded interval and with a general initial datum, the
controllability of the non-viscous Burgers equation (f(u) = “72) was studied in [Hor98], where some
conditions are given on the final state in order to ensure this property.

We recall that for conservation laws such as (7.5), classical solutions starting out from smooth
initial data generally develop discontinuities in finite time. As a consequence, only weak solutions
may exist for large times. In the context of weak solutions however, uniqueness is lost. To overcome
the obstacle of nonuniqueness, restrictions need to be imposed to select the physically relevant weak
solution. One criterium for such a selection is to require that the admissible solution satisfies an
entropy condition, which reads as follows (see [Daf00, Chapter 6] for instance) : for any smooth
convex function 7 : R — R and associated entropy flux q(u) = [“7/(w)f’(w)dw, the following holds
in the sense of measures :

n(w)t + q(u)e <0.

Another selection principle is to require that the admissible solution is the limit of a family of
solutions of equations containing a diffusive term, such as the one considered here. One can prove
(see [Kru70] or [Daf00, Chapter 6]) that both definitions coincide, so that entropy solutions are
the ones which can be obtained by vanishing viscosity. One can summarize the situation by saying
that the viscosity has disappeared from the equation, and is only effective for the selection of
admissible discontinuities. The Cauchy problem, together with the convergence of vanishing viscosity
approximations to the entropy solutions of a general scalar conservation law were studied in the
seminal work of Kruzkov [Kru70].

It is therefore very natural, when considering control problems for conservation laws, to study
the cost of the viscosity, that is, to determine if known controllability properties for the hyperbolic
equation are still valid for the model with small viscosity, and how the size of the control evolves as
the viscosity approaches 0.

Another important motivation for studying singular limit in control problems is the seek of
controllability properties for the perturbated system itself. This is well-illustrated by the papers
[Cor96], [CF96] and [Cha09b], where the authors invesigate the Navier-Stokes system with Navier
slip boundary conditions. They use a global controllability result for the inviscid equation (in this
case, the Euler equation) to deduce global approximate controllability of the the Navier-Stokes
system. Note that in [Cor96] and [Cha09b], global exact controllability is then deduced by a local
controllability result obtained by a Carleman inequality. The strategy we use to prove Theorem 7.1
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is very close to the one of these works. We here also provide a controllability result for Equation
(7.1) for a fixed viscosity (see Proposition 7.7 below).

7.1.2 Some remarks

Here, we make some remarks concerning the set of uniformly attainable states, and state two
propositions concerning the inviscid system (¢ = 0) and the viscous system with e = 1.

Remark 7.4. In general, entropy solutions of (7.5) cannot reach a state ur (starting for instance
from ug = 0), in a time less than WL(W)I In particular, the states ur satisfying f'(ur) = 0
cannot be reached unless one has uy = up. This can be proved by considering generalized backward
characteristics (see [AM98]). Hence the minimal control time QOW in Theorem 7.1 is not surpri-
sing. Note that even in the cases of linear transport equation at speed M € R or Burgers equation,
the uniform controllability results [CGO5b], [Glal0], [GG09], [GLO7] and [GGO7] consider a time of

control of the form C’ITL”, C>1.

Remark 7.5. Here, we are looking for the set Ep of states that are controllable uniformly in the
asymptotics € — 01 at time ¢ = 7. This implies in particular that £ is contained in the reachable
set Y for the nonviscous equation (7.5) and in the reachable set £ for the viscous equation (7.1),
for any € € (0,£0) : €7 C Nyeres, €7 N EP. In general, this intersection seems difficult to describe
since the solutions of (7.1) are very regular whereas the solutions of (7.1) can have discontinuities.
We thus restrict ourselves to equilibrium points of the system, that are the most interesting states
to control. Let up(x) be a uniformly controllable stationary state as ¢ — 07. It satisfies both

f(UT)ac =0, and f(uT)z — EUT,xax = 0, on (Oa L)7
so that we have, for some constants ¢ and d,
up(z) =cx+d, and f'(cx+d)c=0, on (0,L).

As a consequence, either ¢ = 0 and ur is constant, or ¢ # 0, ur(x) = cx +d and f'(ur) = 0 on
(0, L). Referring to Remark 7.4, we see that states satisfying f’(ur) = 0 are not attainable for the
inviscid system (7.5), and necessarily ur = d is a constant. Finally, the set of uniformly attainable
stationary states for (7.1) is exactly the set of constant states with non-zero speed.

In the vanishing viscosity limit € — 0%, (the proof of) Theorem 7.3 gives a controllability result
to constant states for entropy solutions of (7.5), which is new as well.

Proposition 7.6. Suppose that f € €*(R) and ug € L>(0, L) satisfy conditions (i) and (ii) of
Theorem 7.3. Then, for all M satisfying f'(M) # 0, there exists Ty > 0 and an entropy solution
u€ C°(Ry; L (R)) of
u+ [f(w)]z =0 in Ry xR,
such that
Ulgmo =up and ulg=r =M on (0,L),

for any time T > Ty.

Even if this proposition can be viewed as a consequence of Theorem 7.3, it can also be proved
directly constructing entropy solutions. Such a proof follows the construction of Section 7.3.2, using
shock waves in place of traveling waves and rarefaction waves in place of viscous ones. This type of
direct proof of Proposition 7.6 would already contain all the ideas and the difficulties of Theorem 7.3
since the vanishing viscosity problem is addressed separately in Section 7.2.

Note that this proposition can be seen as a boundary control result for conservation laws on
the interval (0, L). However, in this case, one has to take care of the sense we give to boundary
conditions. Indeed, they must not be understood in the sense of Dirichlet, which is not the adapted
notion for conservation laws, but rather in the sense of [BIRN79] or [AM98].
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Note also that even in the case of a constant viscosity, the analogous of Theorem 7.3 provides a
new global controllability result to constant states in large time for semilinear heat equations.

Proposition 7.7. Suppose that f € €2(R) and ug € L*°(0, L) satisfy conditions (i) and (ii) of
Theorem 7.8. Then, for all M satisfying f'(M) # 0, there exists Ty > 0 such that for any time
T > Ty, there exist two control functions go, gz, € L>(0,T) such that the solution of

Up — Uy + [f(u)] =0 in (0,T) x (0, L),
Ulz=0 = go(t) and ulz=p =gr(t) in (0,T),
ult—0 = ugp in (0,L),

satisfies u|i—r = M in (0,L).

To prove this proposition, it suffices to follow the proof of Theorem 7.3 line by line and replace
the argument “c small” by “T" large”. It works since all the constants we obtain in the approximate
.1 T
controllability arguments are of the form e %< (see also Remark 7.15 below).

7.1.3 Structure of the paper, idea of the proofs

The main idea for proving Theorems 7.1, 7.2 and 7.3 is to combine global approximate controlla-
bility results relying on the hyperbolic nature of the problem and local exact controllability relying
on the parabolic perturbation term.

The proof of Theorems 7.1 and 7.2 follows the strategy of the article [GG07]. One of its main
ingredients is the use of the return method of J.-M. Coron, which consists in finding a particular
trajectory of the system which moves far away from the initial state to get back to the final state
afterwards. This strategy to prove global controllability results is for instance very close to the one
used in [Cor96], [CF96] and [Cha09b] for the Navier Stokes equations and [Cha09a] for the Burgers
equation. In the situation of Theorems 7.1 and 7.2, we steer the system to a large constant state N
(such that f’(IN) has the same sign as f'(M)), and then we get back to the constant target M. The
first step (reaching N) can be done as fast as needed, taking N sufficiently large.

The main difference between our proof of Theorems 7.1, 7.2 and the one in [GGO7] is concerned
with the global approximate controllability results (see Sections 7.2.1 and 7.2.2). The proofs given
in [GGO7] for the Burgers equation rely on the Hopf formula, which gives an explicit expression of
the solution of the viscous Burgers equation on the real line. Up to our knowledge, this formula does
not exist for general flux functions, so we have to develop different arguments. We hence have to
study the convergence rate of viscous shock waves (resp. viscous rarefaction waves) to non viscous
ones as € — 0.

Then, the proof of Theorem 7.3 relies on an iterative version of proof of Theorem 7.2. In a first
step, we use Assumption (i7) to get rid of the initial condition thanks to a viscous shock wave (see
a definition in the next paragraph). After that, under Assumption (7), there is between the initial
datum and the target a finite number of zones on which f”/ > 0 or f” < 0. In each of these intervals
we can develop the same type of arguments as in the proof of Theorem 7.2. We also have to study
how to pass from one zone to another. Note that in this proof, the difficulty does not come from
the uniformity with respect to . The problem here is to handle the non monotonicity of the speeds
(i.e. the non-convex flux function), and is hence of hyperbolic nature. The inviscid framework (for
e = 0) already contains the difficulties encountered here, and the proof still holds in this case (see
Proposition 7.6 above)

The ouline of the paper is the following : In Section 7.2, we prove three intermediate propositions
needed for the proof of Theorems 7.1, 7.2 and 7.3. Sections 7.2.1 and 7.2.2 are concerned with two
different global approximate controllability results. Then, Section 7.2.3 deals with the local exact
controllability argument, that will be used systematically after the approximate controllability results
of both Sections 7.2.1 and 7.2.2. In Section 7.3, we finally combine these arguments and conclude
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the proofs of Theorems 7.1, 7.2 and 7.3. Note that the local exact controllability result is proved
using a fixed point argument for which we need to have a small parameter (e in the three theorems)
or a large parameter (T in Proposition 7.7 or N in the first step of the proof of Theorem 7.1).

To conclude this section, let us introduce the traveling wave (or viscous shock wave) solutions of
(7.1), and recall some of their basic properties (see [Daf00, Section 8.6]). In the following, we shall
make an intensive use of these solutions. Searching a solution % of (7.1) on whole R, under the form

a(t,z) = U(

xr — st

- ), (t,$)€R+XR,

that approximates as ¢ — 07 a shock wave between N and P, leads to considering the ordinary
differential equation

U=fU)- f(N)-sU-N), (7.6)
s=o(P,N),
Jim U =P and  lim U(E) =N,

once having replaced @ by U in (7.1) and integrated. Here U denotes the derivative with respect to
& U=U()), £ € R is the wave profile and s the speed of the wave. This speed is exactly the speed
of the associated shock wave and is prescribed by the Rankine-Hugoniot condition (7.7). Under the
assumptions (SOC+) and P < N (resp. (SOC—) and P > N), System (7.6)-(7.8) admits a solution
(see [Daf00, Section 8.6]), that moreover has the following properties :

— U is decreasing (resp. increasing) from N to P, since the Rankine-Hugoniot condition (7.7)
together with the fact that P < U(§) < N (resp. N < U(§) < P) for all £ € R implies that
the vector field in the right hand-side of (7.6) is always negative (resp. positive);

— limg 400 U(f) =0, as a consequence of (7.6)-(7.8);

— for any &y € R, Ug, = U(- — &) is still a solution of (7.6)-(7.8) since (7.6) is autonomous;

~ U eW32(R) for f € Wli’COO(R) by a bootstrap argument in (7.6).

In the following, we shall say that a solution U of (7.6)-(7.8) is a traveling wave “from P to N” if the
vector field in the right hand side of (7.6) is oriented from P to N. If (SOC+) is satisfied between P
and N, U is a traveling wave “from P to N”if P < N and s > 0 or if P > N and s < 0. If (SOC-)
is satisfied between P and N, U is a traveling wave “from P to N”if P< N and s <Qorif P> N
and s > 0.

Remark 7.8. In the sequel, during proofs, C' will denote a generic positive constant, whose value
may change from line to line. Writing C' = C(p, 3, ...) means that this constant depends on the
parameters p, 3, ....

7.2 Three intermediate propositions

7.2.1 Approximate controllability using a traveling wave

Here, we prove the approximate controllability to a large state N, using a traveling wave. Given
A,B € R, let us recall that o(A4, B) is defined in (7.4) and denotes the slope of the chord of f
between A and B. It represents the speed of the potential shock wave between A and B, if it is
admissible. Since f € W2 °(R), we have o € W,'>°(R?). On the interval (P, N] C R, we shall use
the following particular version of the Oleinik condition for the flux function f, which is a sufficient
admissibility condition for a shock wave betwen P and N :

o(P,N)<co(A,N), forall Ae (P, N]. (POC)

This is the strict Oleinik condition (SOC+) with the additional assumption o(P, N) < f'(N). Note
that (POC) implies in particular the existence of a traveling wave (with speed o(P, N)) between P
and N (which is equivalent to the usual non-strict Oleinik condition, see [Daf00, Section 8.6]). Under
the aditional assumption f(N) > f(P), the speed of this traveling wave is positive. According to
the convention described at the end of Section 7.1.3, it is a traveling wave from P to .
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Proposition 7.9. Suppose that there exist constant states P and N, with P < ess inf ug < ess sup ug <
N, such that (POC) holds on (P,N], and f(N) > f(P). Then, for all € > 0, there exist control
functions go and gy, with

g0l 0,400y < max(IN[,[P[) and |grllLe(0,+00) < max(|N|,|P]), (7.9)
such that the solution u of (7.1), (7.2), (7.3) satisfies, for any k > 0, v € (0,1) and t* > (ij’js,
) £ "
Jut,9) = Nlir ) < CoZp OV = PIF

(1 o cpovy + 1" e (o | fll oo (povy) €7 5002 (7.10)
where s = 0(P,N), 0, = min{o(A, N), A € [essinfug, N|} and C is independent from t*, P, N, e.

Note that s > 0 and o, > s under Assumptions (POC) and f(N) > f(P), so that u converges
exponentially to N on the interval considered as ¢ — 07 or t* — +oo. In the case where f is convex,
we have o, = o(ess inf ug, N) since o (-, N) is nondecreasing. If we replace (POC) by (SOC+) in the
assumptions of Proposition 7.9, then o, = inf{c(A4, N), A € [essinf ug, N)}, and o, = s can occur.
Under the weaker assumption (SOC+), we thus no longer have systematically exponential decay.

Proof of Proposition 7.9 The solution u in Proposition 7.9 is obtained by taking the restriction to
(0,t*) x (0, L) of the solution defined on whole Ry x R (still denoted u) of the following problem
(see Figure 7.1)

ur + [f(w)]z — euze =0 in Ry X R, (7.11)
ult—o = o in R, '
with
N ifx <0,
to(x) =< wo ifze€(0,L), (7.12)

essinfug if z > L.

Then, the control functions gy and g; are obtained by taking the trace of u along the lines
(0,t*) x {0} and (0,t*) x {L}. The estimates on the control cost (7.9) follow directly from the
comparison principle [Daf00, Theorem 6.3.2], and hence, we only have to prove (7.10). We first
prove the following lemma, that gives a L°° estimate of the convergence rate of traveling waves
(viscous shock waves) to the associated non-viscous shock wave as ¢ — 07. Then a comparison
principle gives a L estimate of the convergence rate of u to N. This strategy is illustrated in
Figure 7.1.

Lemma 7.10. Suppose that there exist constant states P and N, with P < ess inf ug < esssup ug <
N, such that (POC) holds on (P,N], and f(N) > f(P). Then, for every ¢ > 0 and 3 € R, the
solution u of (7.11), (7.12) satisfies

IN —u(t, )| oo (—o0,8) < (N —ess infuo)e_i(”’"_s)(t_g), fort > g, (7.13)
where s = 0(P,N) and o, = min{c(A, N), A € [ess inf ug, N1}.

Proof. We introduce the family of traveling waves from P to N, given by

xr — st

I3

a(t,z)_U< ) (t,z) eRy xR

whose existence is ensured by Assumption (POC) (see [Daf00, Section 8.6]). Here, U = U(£), £ € R
is the wave profile and s = o(P, N) > 0 the speed of the wave. The ordinary differential equation
(7.6) satisfied by U can be reformulated as

d

dg(U_N) =(—s+o(UN))(U—-N),
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N
Uo ess inf ug
,,,,,,,,,,,,, 5
0 \L T
N |
T >
u(t)
s
,,,,,,,,,,,,, 5
0 \L T

FIGURE 7.1 — Comparison principle during the traveling wave.
Initial data, and solution after a time ¢ > % has gone by.

which yields, for any £,& € R

¢
(U(€) = N) = (U(&) — N) exp (/ (—8+0(U(7)»N))d7> :

o

From now on, we select the traveling wave that satisfies
Uo(0) = essinfug > P,

(which is unique since it now solves a Cauchy problem) so that

&
0<N—-Up(&) = (N —essinfug)exp (/O (—s+ U(UO(T),N))dT> . (7.14)

Note also that U(§) — P when £ — 400, and the solution Uy can also be characterized by

+o0 N-P
_ N))dr =log | ————— .
/0 ( S+O'<U0<T)a ))dT 08 (Nessinfuo>

For ¢ < 0 and 7 € [£,0], we have Uy(r) € [Up(0),Up(&)] C [Up(0), N]. On the compact interval
[Uo(0), N], the function A — o(A, N) is continuous and satisfies 0(A, N) > s, so that

—s+o(Uy(r),N) > 0m—s>0, forall{<0,7e€l[g0].
As a consequence,
§
/ —s+o(Uo(r),N)dr < &(op, —s), forall £ <0,
0
so that (7.14) now yields

0< N —Up(€) < (N —essinfug)es©n=%)  for all £ < 0.
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Coming back to the variables ¢, z, we obtain for x € (—o0, 3)

— st
r—s > < (N —essinf uo)e%(""ﬁs)(ﬁfst)7 for t > g, (7.15)

0<N—U0<
€

since Uy is decreasing. We conclude the proof by comparing the traveling wave Uy and the solution
w of (7.11), (7.12). From the choice of Uy(0), we have at time ¢ = 0,

Uy (g) <do(x) <N, forallzeR,e>0.

The comparison principle [Daf00, Theorem 6.3.2] then implies that for every (¢,z) € Ry x R,

— st
Uo<x ES ) <u(t,z) <N,

so that estimate (7.15) now yields

p

IV — u(t, )| oo (—o0,8) < (N —ess infuo)e_é(””‘_s)(t_g)7 for t > —,
S
and the lemma is proved. O

Remark 7.11. If f is convex on (P, N), the decay rate obtained does not seem to be optimal. In
this case, under the assumptions of Lemma 7.10, one can prove that for any 6 < 1, there exists
& =&o(N) > 0 and C > 0 such that

IN = u(t, )| oo (—o0p) < Cem 230 MN=0=2) 1 for ¢ > s +3508'

The convergence rate that we can expect is thus in the convex case of the form 0s(f'(N) — s).
This plays an important role when taking IV large, as in the first part of the proof of Theorem 7.1
since Os(f'(N) — s) is much larger than s(o,, — s). For the Burgers equation [GG07] for instance,
0s(f'(N)—s) ~ ON?/4 whereas s(o,, —s) ~ (ess inf ug— P)N as N — +o0. The problem for general
convex functions f is to give the asymptotic behaviour of £y(N). If £o(N)/s — 0, then Assumption
(A+) can be replaced by the more general (and somehow more natural) assumption :

_A2v+2-8

liminf A77f"(A) >0 ; limsupe

1" (A) < +oo for some v > —1,4 > 0.
A—+o00 A—+oco

Such a condition would include in particular flux functions satisfying f(u) ~y— oo v” with 1 < p <
3, for which Assumption (A+) does not hold.

We can now conclude the proof of Proposition 7.9 by a bootstrap argument.
Back to proof of Proposition 7.9. We study the evolution of (7.11), (7.12) for ¢ € (0,t*), where ¢t* is
the time at which we want to obtain Estimate (7.10). First, we set

v(t,z) = (u— N)(t,z + f'(N)t),
so that, for any g € R,
[v(t, ) oo (—00,8) = llu(ts ) = Nl oo (—co,84f/(N)1)-

Estimate (7.13) of Lemma 7.10 gives,

S

[0(t, )| e (—oo) < (N — ess inf ug) exp (—i(am - (t - W)) : (7.16)
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for t > w, ie. t < Wfi—s For some p > 1 that will be chosen later on, we fix * =

—(f'(N) — s)ut* < 0, so that estimate (7.16) holds for every ¢ € (0, ut*). Estimate (7.16) now
becomes

1
lo(t, ) Lo (—00,8+) < (IV — essinfug) exp <5(0m —8)(f'(N) = s) (ut* — t)) , fort < ut*.
(7.17)
We denote by € = (a1,b1) a bounded open interval of (—oo, 3*) and x1 € €°(21) a cut-off
function satisfying x; = 1 on some Qq, with 2y C €. The function wy (¢, z) = x1(x)v(t, z) satisfies
wip = ewrge = [f'(N) = f'(w)](wie — x10) — (X7 +2X102)  in (0,87) x
wy, =0 on 9,
w1(07x) =0 in Ql

The parabolic regularizing effect (see Lemma 7.25 for m = 0) gives for this system

t* 1 t*
: / w3yt < / IF(N) = £ )] (wi.e — Xi0) — 00 + 2% 02) [ Zos oyt (7:18)

Let us now estimate each of the terms on the right hand-side. Denoting by Cq, = [l ll (the Poincaré’s
constant of ), and defining the H~! norm on ; as in Section 7.4.1, we have for the first term

+*

o
/O L' (N) = f'(@)wr,o (t -1 0, dE < /0 L' (N) = £ @)l ) lwr,a (E -, 8
o
< [ (O By + ol ) Hoa( s
o

< / (CIRUNE I vy + 113 e oy It -+ (D)) 103wyl (7.19)
It only remains to estimate ||ug (¢, + f/(N)t)||2. (q,)- For this, we consider another bounded open
set € such that Q; = (a1,b1) C [a1,b1 + f/(N)t*] C Q1. We take Y1 € ‘56"0((21) such that y; = 1
on [a1,b1 + f/(N)t*] and set y1 (¢, ) = x1(x)u(t, z). Since y; satisfies

Yo = eYiae = —Xa[f(W)]e — e(Xiw + 2X1uz),

the parabolic regularizing effect (see Lemma 7.25 for m = 0) gives

t* t* t*
2 [ Iyt < ol + € [ 17 e+ CRUPE [ ullag .

and hence,
v U |Q |t* 2
[ alts - F NIt < = (151 + e max((PP INP) )
Coming back to (7.19) and using estimate (7.17) on v, this yields

t* Q
/O I (N) = f'(w)]w,a(t, ) |71 (0, dt < C <91||f'||2Loc(p,N) + gHf"||Loo ) | Il PN)>

X | |t (N — p)2 —2(om—s)(f'(N)=s)(u— 1)t (7.20)
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Concerning the other terms in (7.18), we simply have

o
|00 = i = eteto + 200 o d
o
< C/O f N7 vy [0 + 190 %€% + ) 0l|72 (0, dt
* —2(om—8)(f —s)(p—1)t"
< O G oe oy | P (N = P)2em = (om =) N =) (=" = (7.97)
after using estimate (7.17) on v.

Now, replacing (7.20) and (7.21) in (7.18), we obtain

[
54

(1703 oy + 1 W e 0y B o))

X t*(N — P)2e 2(om=s)(/'(N)=s)(u=1)t" (7 99)

.
2
/O w1773 (0,ydt < C

We now take x2 € €°(Q2) and set wa(t, z) = xo(z)wi(t, x) = x2(z)v(t, ), that satisfies

Wyt — EWa gy = [f'(N) — f'(u)]xow1 2 — e(xzw1 + 2Xx5w1,)  in (0,¢7) x
Wwo = 0 on an
wa(0,2) =0 in Q;

The parabolic regularizing effect (see Lemma 7.25 for m = 1) gives for this system

et Mg ) < = / IF(N) — £ ()] xowne — e(xr + 2Xbw1.2) 2y .

which directly yields

C

)
st Migiany < T Bcomy [ lnliycan it

As a consequence of (7.22), we thus have, for t* > 0,

o

1]
5
2

VE(N = P)||f |2 p,n)

* |
o (7, e @) < €=

_l _ ’ _ _ *
X (1f e ey + 17 oo o) |l oo () €7 2 7m0 T =0T (7.23)
Note that we could have proved the same type of estimate for the H? norm, but not more since
we only supposed f € T/Vli’coo. However, if f is more regular, we can prove the estimate in higher
regularity spaces.

Now, to come back to u, we choose the sets 21, 22 and the function x» such that xo = 1 on
(=f/(N)t5,0* — k) C Q3 C Q1 = (—f'(N)t* — k,0*) for some constant x > 0, and for t* > 0
satisfying 8* — k > —f/(N)t* (i.e., [us+ (1 —p)f'(N)]t* > k). Note that || = * +x+ f/(N)t* =
K+ [us+ (1 — p)f'(N)]t* depends on t* and on N. Estimate (7.23) now yields for all kK > 0 and
&>

* —L(om—s)(f —s)(p—1)t*
l|lv(t 7.)||H1(_f,(N)t*ﬂ*_H) <De L(om—s)(f (N)—s)(p—1)t 7

with
t*2
D =C,

5
€2

(N =PI 2oepovy (L Nz eny + 1L oo om) |l pvy) -
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Recalling the expression of §* and v, we obtain

D e_é(O'm—s)(f/(N)—s)(u_l)t*

||u(t*, ) - NHHI(Oﬁfﬂ(f/(N)*s)t*ﬁ»f’(N)t*,H) <
< D e tEm—9)(f (N)=s)(u-1)t" (7.24)

llw(*,-) = Nl aro,[(1=p) £ (N)+us]t* —r)

We now choose = 1+ vmn—; with v € (0,1), so that

{ (M_l):Vf/(]\S}),S >0
1= f'(N)+pus=(1-v)s>0.

Replacing this in (7.24) gives for any « > 0, v € (0,1) and t* > ﬁ,

[u(t, ) = Nl (0,0-vystr—r) < D €™ €5Tm=E

Finally, on (0, L), we obtain, for any x > 0, v € (0,1) and ¢t* > (1L—+;Ssa

Hu(t*,) _N||H1(O,L) < D 6_%s(am_s)t*7

and the proposition is proved. O

7.2.2 Approximate controllability using a rarefaction wave

We here prove the approximate controllability from a large state N to the state M, thanks to a
rarefaction wave.

Proposition 7.12. Suppose that f"” > 0 on the interval (M, N) and f'(M) > 0. Then, for all
€o >0, k>0, and t* > ff,‘(';;”), there exists a constant 6(t*) = 6(t*, k,e9, M, N) > 0 such that for
all e € (0,e9), there exist control functions go and gy, with

190l Loe (0,6=) < max([M[,|N]) and |lgr|[Lee(0,e+) < max(|M], |NY), (7.25)

such that the solution u of (7.1), (7.2) with initial condition ul—o = N satisfies,

(e, )~ Moz < 25 exp (41 (M) — L— @2) | (7.26)
€ et

As for the proof of Proposition 7.12, the solution u is obtained by taking the restriction to
(0,t*) x (0, L) of the solution defined on whole R4 x R (still denoted ) of the following problem
(see Figure 7.2)

{ g+ [f(w)]e — EUze =0 in Ry xR, (7.27)
ult=0 = ug in R,
with
=M ifzx< -k,
up(x)s =N ifz>0, (7.28)

€ €*°([—*k,0]), increasing,

for some (small) & > 0.

Then, the control functions gy and gy are obtained by taking the traces of u along the lines
(0,t*) x {0} and (0,t*) x {L}. As in Section 7.2.1, (7.25) follows directly from the comparison
principle [Daf00, Theorem 6.3.2], and we hence only have to prove (7.26).

To that purpose, we first prove the following lemma, that gives a L? estimate of the convergence
rate of a viscous rarefaction wave to the associated non-viscous one. Its proof is inspired by [Dan97,
Theorem 1.1.], where the author proves dissipation results for the Navier-Stokes equations and
associated vortex patches in the vanishing viscosity limit.
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uo N

M

—k |0 IL T

FIGURE 7.2 — Rarefaction wave.
Initial data, and solution after a time ¢t > W has gone by.

Lemma 7.13. Let u be the solution of the problem (7.27), (7.28). Then for all g > 0, k > 0, and
t* > 0, there exists v(t*) = vy(t*, k,e0, M, N) > 0 (nondecreasing with respect to t*) such that for
any € € (0,e9) and n > 0,

(e, ) = Moot prarren) + It ) = Nz pr e chomy < ()57, (7.20)
Note that the function y(t*) is relatively explicit, i.e.,
V(t*) = ||X\|L2(o,t*;L2(R))€%(Hf””LW(M’N)HUO’IHLW(R)H),
where the function X can be estimated uniformly with respect to ¢, as in (7.31).

Proof. We first consider a function w € € (R4 x R) satisfying

w(t,x) = ifo <—-k+ f (M), t>0
w(t,x) = ifx > f'(N)t, t>0
w(t,-) is increasing on [—k + f'(M)t, f'(N)t], t >0,

w|t 0 — Up in R.

We shall make estimates on v := u — w, that satisfies the problem

(7.30)

ve+ [y — ez = —wp — f(W)wy + Wy In Ry X R,
’U|t:0 =0 in R,

We set
X(t,x) = —wy — f'(wW)wy + Wy,

and notice that for all ¢ > 0, X has a compact support with respect to z, included in [—k +
f/(M)t, f'(N)t]. Hence, for t > 0, X(t,-) € L?(R) and we have the estimate

X (L2 < llwelt, ez + (N |walt, )2 + €ollwaa (t, )l 22 (7.31)

Moreover, the right hand-side of (7.31) is continuous with respect to ¢, so that X € L2 (Ry; L*(R)),
uniformly with e.
We define ¢ the flow associated with the vector field f/(u), i.e., the solution of

t
vltia) o+ [ Fw)(s, vl 0)ds, (732
0
and ¢ ~! the associated backward flow. Following [Dan97], we set, for a € R,

®(t,z) = exp (ag (v '(t,2))), (7.33)
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so that the function ® is constant along flow lines, that is 4 (®(t,%(¢,z))) = 0. Here, the function

g € Wli)’coo (R) and the constant o = «(t*) will be chosen later on. We suppose moreover that g

is equal to a constant R outside a compact set (see the definition in (7.36)). In particular, this
yields ® € €°(R,; WH(R)) and ®v € €°(Ry; H'(R)) since v € €°(R,; H'(R)) from (7.30). As a
consequence of (7.30), ®v satisfies the following equation

(D) + f/(u)(Pv)y — e(PV) gy = v(Pr + f/(u)Py) — eVPryp — 260, P, + X.

Since @ is constant along flow lines, the first term on the right hand-side vanishes. Next, taking the
inner product of this equation with ®v yields
1d
——||®v||22 +/f’(u)(@v)z@v—|—E||(<I>v)z||%2 = —5/ V2P, O — 25/ UI<I>I<I>U+/ Xov. (7.34)
2 dt R R R R
In this expression, we have, after integrations by parts,
1

[ rw@o.e0=—5 [ (@)@

and

—5/1)2(I>M<I>—2€/vmq)z@v:25/%(15(1)11—1—5/(1@3;)2—26/vz@z¢v:5/(v@z)2.
R R R R R R
Now, Equation (7.34) yields

1d
2dt

1
[®v]|3. < 5/(f'(u))w(<1>v)2 + ¢l|v®, |32 +/X<I>v. (7.35)
R R
We choose the function ¢ in (7.33) as
g(x) = min{R, d(z,[~k,0])} € WH(R) (7.36)

for some constant R > 0. Notice that we have ||g'||po®) = 1. Then, ®, = a ('), g’ 0oy ® can
be estimated thanks to the following lemma.

Lemma 7.14. Let u be the solution of (7.27), (7.28) and ¥~ the backward flow associated with
the vector field f'(u). Then we have, for anyt > 0 and £ > 0,

0 < (t,2) < o]l oo (m) (7.37)
and
(™Dt )l ooy < 1. (7.38)

Note that the estimates (7.37) and (7.38) are consequences of the fact that the solution of (7.27),
(7.28) is a rarefaction wave. The proof of this lemma is postponed to the end of this proof.
As a consequence of Lemma 7.14, we now have

(' () ll ooy < NF7 Nl zoe (ar, ) 10,2 [l oo Ry (7.39)

from (7.37) and
la (0™ e 9" 0™ lnoomy xmy < @ll(@™NallL=llg L= < @ (7.40)
from (7.38). Coming back to (7.35), estimates (7.39) and (7.40) yield

1d

1d < £\l oo (v, 3y 0,2 Lo (R
2 dt

- 2

1 1
|@v]2 2 Bul2; +a?|Bul; + 51X + 5 IBol3s.  (741)
Now, using Gronwall’s lemma in

d
%Il@v\\%g < (260® + (| F" )| oo (a3 100, || oo () + 1) [ @0]|72 + 1 X172
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yields, for any ¢t* > 0,
10(t", T2 < IX D2 (0,0ms12m)) xP [(260 + L[| Low (ar, ) 00,0l Lo ) +1) £7] (7.42)

since (®v)];—¢g = 0. We set y(t*)? = ||X||%2(O t*,LQ(R))e(“f””L“(M,N)Huo,z\lLoo(R)“)t* which does not
depend on ¢, a. It depends only on £y and k through the initial condition ug and X.

Let us now take n € (0, R). If z € ¢ (t*, (—o0, —k — 1) U (n, +00)), then ¢~ (t*,z) € (—o0, —k —
n) U (1, 400) and g oy~ L(t*,2) > n. Thus, ®(t*, z) = e*9°%¥ " (7:2) > o g0 that
[Po(E", )2 = €0 ) L2 (e . (~o0,~k—m)0(n.+00))-
This, together with (7.42) gives

* x\ ea’t*—a
[0t M L2t (— 00, k—m)U(n,+o0))) < V(E)™HT 7, (7.43)

2

* oy —
[0 M 22 ((—o0w(tr, —kmm)UCEr m). o0)) < V(E)eT T,

after having chosen a = % This inequality does not depend on R, so making R — +oo, we see

that (7.43) holds for any n > 0.
It only remains to prove that (—oo,—k —n+ f'(M)t*) U (n+ f/(N)t*, +00) C (—o0,(t*, —k —
1)) U (¥(t*,n),+00)). Actually, this is a direct consequence of

Bt m) =0+ / F ()t ()t <+ f (N,
Btk —m) = —k 1+ / P () (b (¢, —k — )t > —k — 4+ f (M),

where we have used the convexity of f and the comparison priciple [Daf00, Theorem 6.3.2] for the
solutions of viscous conservation laws. This concludes the proof of Lemma 7.13. O

We now have to prove Lemma 7.14.

Proof of Lemma 7.1 Firstly, we check that for any € > 0 and ¢ > 0, the speed f’(u) is nondecrea-
sing, i.e., (f'(u)), > 0. Since f” > 0, we only have to prove that u, is nonnegative. The function
Yy = U is solution of

Ui — Ypw + f(Wye + ' (w)y? =0 in Ry xR, (7.44)
Yli=0 = Uz|t=0 > 0 in R, :

As a consequence of the weak maximum principle for parabolic equations (see for instance [Eva98, p.
368]), we have u,(t,z) = y(t,z) > 0 in Ry x R, and

(f'(u)z(t,z) >0, (t,z) e Ry xR. (7.45)
Secondly, since f” > 0, Equation (7.44) yields

Yt — €Ype + f'(Wys <0 in Ry xR,
Ylt—o = uzlt=o € L=(R).

For this system, the same maximum principle gives u,(t, ) = y(t, ) < |[yli=ol| L~ ®) = |[tz|i=0ll Lo ®)-
Hence, we have
0 < ug(t,r) < |lugli=ollLo®), (t,2) € Ry xR,

and (7.37) is proved.
Finally, to prove (7.38), we recall that the backward flow 1~ ! is given by

GV tr) =7 — / Fw)(s, 6N s 2))ds, (tz) € Ry xR,
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which yields, derivating with respect to = and ¢,

{ SO (t8) =~ alt0) (P @)l (10), () R xR,
(¥ 1).(0,2) = 1.

t
This can be rewritten under the form (1), (t,z) = exp (—/ (f’(u))m(s,dil(s,z))ds), which,
0

thanks to (7.45), yields
0< (W alt,z) <1, (tz) €ERy xR,

and Lemma 7.14 is proved. O

As a consequence of Lemma 7.13 and using a bootstrap argument, we are now able to prove the
central result of this section.

Proof of Proposition 7.12 We study the evolution of (7.27), (7.28) for ¢t € (0,t*). First, we set
ot x) = (u— M)tz + f/(M)t),

for which estimate (7.29) of Lemma 7.13 yields, for any 1 > 0,

2
lo(t, -)HLz(,OO’,k,n) <~(t)e 2, t>0. (7.46)

As in the proof of Proposition 7.9, we denote by €; a bounded open interval of (—oo, —k — 1) and
X1 € €>(Q1) a cut-off function satisfying x1 = 1 on Qy with Qs C €. The function wy(t,z) =
x1(z)v(t, ) satisfies

Wyt — w1z = [f/(M) = f/(w)]x102 — (v +2xjve)  in (0,8%) x

w; =0 on 0

wy(0,2) =0 in 4

The parabolic regularizing effect (see Lemma 7.25 for m = 0) gives for this system

t* 1 t*
[ Moyt < 2 [ IFOD = Fhas - e0dv+ 2o (747)

Let us now estimate each of the terms on the right hand-side as in the proof of Proposition 7.9.
Here however, we see that thanks to Lemma 7.14, it is not necessary to perform a preliminary H*
estimate on u, as opposed to the proof of Proposition 7.9. The first term is

I (M) = f'(w)]xavall r-100) < C (1 Il aa,ny + 1(F (@)allL=(00)) 0llL2(n)-
As a consequence of Lemma 7.14, we have [|(f'(u)) ||z ®) < [|f” || 2o (ar,3) |10,z || Lo (r), SO that
I (M) = fr@)xavellr-1@0) < Cllvlizze,)-
Concerning the other terms, we have

el Oxiv + 2x102)lz-1(00) < €C(Ca, + Dlvllz2ay),

where the constants denoted by C' do not depend on €4 and Cq, = I%I as before. Coming back to

(7.47) and using (7.46), we now have
g 2 1 2 r 2 1 2 * *\ 2 _ 2
; w1l @, dt < C =T € ; [v][Z2(0,)dt < C =T (|7 ) Ty (t) ez, (7.48)

2
from (7.46), since Q; C (—o0o, —k — 1) the functions 7(t) and e~ 3= are non-decreasing with respect
to t.
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We now take x2 € €.°(Q2) and set wa(t, z) = x2(z)wi(t, x) = x2(z)v(t, ), that satisfies

Wop — €W zp = [f'(M) — f'(u)]xow1,e —e(X5w1 + 2X5w1 ) in (0,£) x Q4
wy =0 on 0
wQ(va) =0 in Ql

The parabolic regularizing effect (see Lemma 7.25 for m = 1) directly yields

* oo oo
[|wa (t a')“?{é(szl) < ;/0 w272, + €2 llwillF2 0, dt < Z/o le\‘?{g(szl)dt'

As a consequence of (7.48), we thus have

* 2 < c 1 0,12 * *\2 —”—2* 4
lw2 (8 Mgy < 7 | g+ 10l ) () e 2. (7.49)
Now, to come back to u, we choose the sets €21, {25, and the function y, such that yo = 1 on
(—=f(M)t*,—n —2k) C Q2 C Q1 = (—f'(M)t* —k,—n — k) C (—o0,—n — k). With this choice, we
have [Q1] = f/(M)t* —n and estimate (7.49) yields, for any ¢* > 0 and 0 < n < f'(M)t*,

* C 1 * oy —
06", = Ml o-aee paney < = (241700 = al) Vi (e,

It remains to choose n so that —n — 2k 4+ f/(M)t* = L, that is, n = f/(M)t* — L — 2k, which is

Nt LQ Ve L+2k : *
positive as soon as t* > FOM) Finally, we have for any t* > 7

Cc (1 1
t*, ) — M < — | =+ (L +2k) ) VEry(t* - "(M)t* — L — 2k)?
Jute',) = Mo < o (4 2+ 20)) Vi) exo (- L (700) ?).
and Proposition 7.12 is proved, setting k = 2k and §(t*) = CvVt*y(t*). O

Remark 7.15. This proposition and its proof need slight modifications when proving Proposi-
tion 7.7, since the right hand-side of (7.26) needs to be exponentially decreasing as t* — +o0. For
this, we first replace %||X||2L3 + %H(IJUHQLE in Estimate (7.41) by i”Xll%i + %||<I>11||2Li for all u > 0.
Choosing uo such that [|ug ||z~ ®) = £, Estimate (7.26) for ¢ = 1 now reads, for all &, > 0,

lu(t™, ) — M| g0,y < C(L+ 2k)y/ L||X||L2(0,t*;L2(R))e(%‘lf/,‘ILOQ(Al,N)+%)t**4%* (f' (M)t~ L—2k)*
I

Noting that ||X|[z2(0,¢+;22(r)) increases at most linearly in ¢* and fixing k large enough and pu
f1(v)?
1

small enough so that (%Hf”HLoo(M,N) +4) < , we obtain the sought exponential decay as

t* — +o0.

7.2.3 Local exact controllability

In this section, we perform the local controllability argument. We suppose that the initial condi-
tion wug is H'-exponentially close (in terms of €) to the constant target, say N, and we want to
reach it exactly. This will be done both after the “shock phase” and the rarefaction phase, i.e., for
an initial datum that satisfies the estimate (7.10) or (7.26). More precisely, we prove the following
proposition, where we assume that f/(N) > 0 for simplicity (the case f'(IN) < 0 follows the same
procedure).

Proposition 7.16. Assume that f'(N) > 0, and that ug € H'(0, L) satisfies

K,
luo — Nlar0,) < e
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for some Ko > 0. Then, there exist ay > 0 and g > 0 such that for all T > alﬁ and 0 < € < gg,
there exist two control functions go and gy, with

lgollze= 0,7y < 2IN| and |grllLe=(o,r) < 2|NJ,
such that the solution u of (7.1), (7.2) and (7.3) satisfies
ulg=r =N in (0,L).

The proof of Proposition 7.16 follows the steps of [GGO07]. When doing this, we shall see that
one can take oy = 5 (or, as found numerically oy = 4.3).

We first set y(t,z) = u(t,z) — N, so that y satisfies

Yt + [f(N + y)}w —€Yzz =0 in (O»T) X (07L),
Yle=0 = Yo = uo —KN in (0,L), (7.50)
llvoll s o,y < e e

)

Now, our objective is to find boundary controls y|,—o = go(t) — N and y|,—1, = ¢gr(t) — N such that
Ylt=r = 0 and
g0 = Nl[Loeo,r) < [N| and  |lgr — Nl|p(o,r) < [N].

More precisely, we prove the existence of a controlled solution y, satisfying (7.50) and y|¢=r = 0,
and then take the traces of y on (0,T) x {0} and (0,7") x {L} to obtain the controls. The existence of
such a controlled solution is proved by means of a fixed point argument. For this, let us first consider
the following linearization of System (7.50), for some z € L(0, T; W'°°(0, L))NL*((0,T) x (0, L)) :

yt_gyww+ [U(N+Z(tam)7N)y]a: =0 in (07T) X (OaL)7
y|w:0 = o, y|w:L =JL in (O’T)v (751)
Yle=0 = yo in (0, L),

where we have denoted o(N + z,N) = w, with o(N + -,N) € Wﬁ):o( ). Note that
formally, a fixed point of a map z +— y, where y is a solution of (7.51) associated to some controls
Jo, gL, is a solution of the problem (7.50). It will be convenient to extend this control problem to

(a,b) for some a < 0 and b > L, and introduce o and Z smooth extensions of yo and z, satisfying

Jo=yoon (0,L), Fola)=73o(b) =0, and  ||Follz2(apy < CEllYollm1(0,1):
zZ =

- 7.52
(O,T) (O,[/)7 and ||Z||Llwl,ocmLooLoo S OE||Z||L1W1=°°OL°°L°°~ ( )

(see for instance [Eva98, Section 5.4]). We now consider the following extended linear system

Ut — EYuz + [0(N + 2(t,2),N)gl, =0 in (0,7) x (a,b),
Ulo=a = G(t),  Fle=p =0 in (0,7), (7.53)
Jli=0 = B0 in (a,b).

To prove the null-controllability of this system, we shall prove an observability estimate for its
adjoint. We set
C(t,ﬂ?) = U(N + g(tvx)v N) - f/(N)

and
A=b—a>L. (7.54)

We have the following controllability lemma.

Lemma 7.17. There exist oy > 0 and gg > 0 such that for all ¢ € L*(0,T; W1°°(0, L))NL*>((0,T)x
(0, L)) satisfying
K,
[Callzrzoe + €l re < Cp e3¢, (7.55)
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(where Ky is introduced in Proposition 7.16 and Cg is the norm of the extension operator introduced
in (7.52)), for all T > a4 ﬁ, all e € (0,e0) and §o € Hi(a,b) satisfying 90l 3 (apy < CE e ,
there exists a control function g € L*(0,T) with ||g||r2(0,r) < e~ such that the associated solution
to (7.53) satisfies

Jlt=r =0 on (a,b).

Note that the constant a; here is the same as the one in Proposition 7.16. In the course of the
proof, we shall see that one can take a; as claimed before.

Proof. For this linear control problem (7.53), we use the classical approach, consisting in obtaining
a suitable observability inequality for the adjoint system of (7.53), which reads

—¢t = &z = (f'(N) +((t,2))p =0 in (0,7) x (a,b)
‘p‘x=a =0, @|ac=b =0 in (O7T) (7.56)
Pli=r = o1 in (a,b)

where o7 € L?(a,b) is the final condition of this backward problem. We aim to prove the following
observability inequality for the solutions of (7.56) :

lele=ollz2(a,p) < K (T, 8)llele=allz2(0,1)- (7.57)

Then, classical duality arguments give the null-controllability of System (7.53) with a control function
§ whose L? norm is bounded by

K(T,e)

- K(T,e) _xo

9ol (ap) < CE - ¢

To prove (7.57), we mostly follow [GG07] and use two of their technical estimates. More precisely,
once rescaled with respect to the parameters, the dissipation estimate and the Carleman estimate
read as follows (X is defined in (7.54)).

Dissipation result : for every t € ( N T), we have

—lI¢llLoopoe?

NMlCallprire — (F'(N) = CllLer=)t =X _ax2jep,
;c4L L - e~ Nl L1 oo H@(tv')HQL?(a,b)-
(7.58)
Note that f'(N) — ||¢||zeer= > 0 for e sufficiently small (or f'(N) sufficiently large in the proof of

Proposition 7.19 below).

100, )220y < eXp{

3 A
2 f/(N)=[I<lloe oo

b 5T/6 " T b
/ / o Pdt do < Ce™2r (/ |%(t,a)|2dt+/ |g0(0,x)|2dx>. (7.59)
a J2T/3 0 a

These two estimates are proved in [GG07, Section 4], with k = 4 or k = 2.61 as found numerically.

Carleman inequality : Assume that ¢ satisfies (7.55) and T' > . Then, we have

To obtain the observability inequality (7.57), we suppose that T > %W As a conse-
quence (7.58) holds on (%, %) C (W,T) Integrating (7.58) on (%, %)7 we hence
obtain

T N2||Cellprpoe
EHSO(Oa NEz(ap < exp {zll

5T/6 "(N) — o700 )t — A\ 2 5
></ exp{_((f( ) = I¢ll Lo p) )” —ix ||<m|L1Loo} ot 122 0 -
oT/3 2et
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Using the fact that
((f'(N) = [ISll oo Lo )t = A)?
2¢et

t—

is an increasing function as soon as t > together with (7.59), we have

I S—
S (N) =l oo Loe

T b
_ D(e. T 2.0
100, M[F2(qp) < Ce™ ™ T </0 I%(t,a)IthJr/ w(O,w)IQdaﬁ>, (7.60)

with

o=Vl 1 e 27\
D(e, T\ Q) = ———— ((f’(N) —lcllzoere) =~ A) = rA%

Now we see that for T sufficiently large, i.e. T > alﬁ, we have D(g,T, A\, {) > 0 and we can

absorb the last term in (7.60) by the left hand-side, taking €g = eo(a) sufficiently small so that it

works with T' = alﬁ. We also notice that we can take oy = 5 if Kk = 4 or oy = 4.30 if k = 2.61.
D(e,T,2,¢)

Finally, we obtain the observability inequality (7.57) with K(T,e) = Ce~— <7 . This concludes
the proof of Lemma 7.17. O

Now given this result for the linearized system, we are able to implement a fixed point strategy
to conclude the proof of Proposition 7.16.

Proof of Proposition 7.16 We first recall Kakutani’s fixed point Theorem as presented in [Sma74,
Theorem 9.2.2].

Theorem 7.18. Let Z be a Banach space, E a subset of Z and A : E — 2% o multivalued mapping.
Suppose that
(i) E is compact convex nonempty and for every z € E, A(z) C E.
(ii) For every z € E, A(2) is a compact convex nonempty subset of Z.
(iii) A is “upper semicontinuous”, i.e. if z, — z in E and y, € A(zy,) satisfies y, — y in Z,
then y € A(z).
Then A has a fixed point in E, i.e. there exists z € E such that z € A(z).

Let us now define the appropriate space Z, subset E and mapping A. We choose
Z = H%(0,T; L*(0,L)) N L*(0,T; H'(0, L)), (7.61)

for the Banach space and
Ko

fo {z e HY(0,T; L*(0, L)) N L2(0, T; H*(0, L)), |||l s p2mpzme < e—x} cz.

Given a fixed yo € H'(0, L) such that [|yo| z1(0,1) < e*@, we set
A(z) = {y € H'(0,T;L*(0,L)) N L*(0,T; H?(0, L)) satisfying conditions (7.62)-(7.65)}

with
Yt — EYze = —[0(N + 2, N)y], in (0,T) x (0, L), 7.62
7.63

7.64

y|t:0 =% in (07 L)7
Ylt=r =0 in (0, L),

Ko

Wyl pip2npeme <e 2, 7.65

AA/_\,_\
~ —

and check that Kakutani’s Theorem applies with Z, E€ and A for ¢ sufficiently small.

To prove (i), note that the compact injection of H*L? N L2H? in Z gives the compactness of ¢
in Z and the fact that it is a ball yields its convexity. Moreover E° is nonempty since it contains
the null function, and A(z) C E® if z € E¢, as a consequence of their definition.
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To prove (ii), notice first that A(z) is convex since the conditions (7.62)-(7.64) are linear and
(7.65) is convex. To prove that it is closed (and hence compact), let us consider a sequence (¥, )nen C
A(z) converging to y in Z. Since Z C €°([0,T]; L*(0, L)), conditions (7.63) and (7.64) are still valid
for the limit y. Since the right hand-side of (7.65) does not depend on n, this estimate also holds for
y. Moreover, y,, converges to y in D'((0,7) x (0, L)) and hence, the linear equation (7.62) is satisfied
by y in D’((0,T) x (0,L)). As a consequence of (7.65), y € H'L? N L?H?, so that y satisfies (7.62)
in L2L?, and A(z) is closed.

Let us now prove that A(z) is non-empty if z € E°. We denote by Z and gy extensions of z and
Yo on (a, b) satisfying (7.52). Denoting ¢ the associated solution of (7.53) (for any control §), we see

that | (o,z) solves (7.62)-(7.63). Moreover, we have |Jol| 72 (a,5) < Ce="* and

K,
2]l Liwtoo (@pynioe Loe (ap) < CllE| Liwioe0,0ynL=n(0.0) < CllzllmiL20.L)nr2m2(0,) < Ce™ 2.
Hence, denoting by ((¢,z) = o(N + 2, N) — f/(N), we have

17|z Ko
2

K ~ _ %o
€Il ooz < 2] oo poe < Ce™ 22, (7.66)

for some compact K C R containing N, and

_ Ko

ICellLrpe = lo(N + 2, N)]allLrzoe < "z ollZellLrpe < Cem 2. (7.67)

As a consequence of (7.66) and (7.67), Estimate (7.55) holds and Lemma 7.17 applies as soon as

T> (X1ﬁ (that we shall suppose in the following). In particular, for € < g, there exists a control

function g such that ||g[/z20,1r) < Ce="® and the associated solution of (7.53) satisfies §|=r = 0,
and thus ¢,z fulfills (7.64). Moreover, ¢ is defined as a transposition solution of (7.53) so that
the regularity estimate (7.84) of Lemma 7.26 gives, for some C' > 0 independent from ¢,

_ C - _
1902220y < = (191l 20,7y + 70l 2 (@) - (7.68)

We now take open intervals 2; and Q5 such that [0, L] C Qs C Q2 C Qy C Qy C (a,b) and a cut-off
function x; € €2°(€21) defined as before. The function wy = x17 satisfies

Wi — EWt g = —X1[0(N 4+ 2, N)Gle — 2eX18s —exig  in (0,T) x O,
w1 = 0, in (O,T) X 8Q1,
w1li=0 = X190 € Hj (),

so that the parabolic regularity result of Lemma 7.25, taken for m = 0, gives

C . R _ .
lwillzemyn) < (Ix2doll 2@y + Ixa[o(N + 2, N)gle + 2eX10x + exi8ll2m-1(0y)) -
The last two terms in the right hand-side can be estimated by C/||g[/z212(q,), and we have
Ix1lo(N + 2, N)glallr2m-1(0,) < Cllo(N + 2, N)jllr2r2(0,) < CllgllL2L2(a)

since o(N + -, N) € L*° and Z € L™L. As a consequence of (7.68), we now obtain
c .- _
leHH1H*1(Ql)ﬁL2H§(Ql)mL°°L2(Ql) < g (||9||L2(0,T) + ||Z/0HL2(a,b)) . (7.69)

Taking another cut-off function x3 € €°(€22) as before, the function we = x2w; = x27 satisfies

Wat — €W g = —X2[o(N + 2, N)wi]y — 2exbwi oz —exhbwr  in (0,7) x Qq,
Wy = 0, in (O,T) X 692,
Wali—o = X2w1 € Hy (),
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so that the parabolic regularity result of Lemma 7.25, taken for m = 1, gives

C
Hw2||L2(H20H3(92))mH1L2(92) < ;(”XleHHé(Qg)
+ ||X2[O'(N + 5, N)wl}x + 26)(/211)0@ + €X/2/’LU1 HLZLZ(Qz))' (770)

In this expression, we can estimate

Ix2lo(N + 2, N)wilellz202(0,) < l0(N + 2, N)wo el L2020, + [|[0(N + 2, N)]ow1 | 2222 (0,)
<|lo(N 4+ 2, N)lzere|lwillz2mp ) + [0(N + 2, N) || Lewre ||wi ][ e r2(0y)

where all the terms in the right hand-side are finite, since (N +-, N) € L, 2 € L>®L>* N L2WH>°,
and w; satisfies (7.69). Replacing this in (7.70) and using (7.69) yields

c .. -
Hw2||L2(H2mHg(92))mH1L2(Qz) < g (HQHL2(O,T) + Hy0||L2(a,b)) )
and thus

_ C _ Ko _Kg _Kg
I9l0.2)lz2m2(0,L)nm L2(0,1) < WallL2(mr2n i (Q2)nHT L2 (00) < o (26 < Fe s ) <e 2

for 0 < ¢ < go. This implies that g,z satisfies (7.65) for 0 < & < ¢ and hence all conditions
(7.62)-(7.65), and A(z) is nonempty.

To prove (iii), let us consider two sequences, z, — z in E¢ for the topology of H'L?> N L?H?,
and y, € A(z,) satisfying y, — y in Z, and check that y € A(z). The three assertions (7.63)-(7.65)
still hold for y since (7.63)-(7.65) do not depend on z,, and in particular y € H'L? N L?H?. Let us
denote R,, the right hand-side of (7.62) for z, and y,, and R its counterpart for z and y. We have

R,—R=[c(N+ 2z, N)oy+ 0N+ 2z Ny, — [0(N + 2n, N) |y — (N + 2, N)Ynz
and hence ||R,, — R| 212 < A, + By, with
An = ||[U(N+ Z?N)]ly - [U(N + ZaAN)]avyn”LQL2 + H[O'(N + ZaN)]wyn - [U(N + ZnaN)]wyn”LQLQ
<oV + 2, N)lallrer=lly — ynllrerz + [[[o(N + 2, N)]o — [0(N + 20, N)|o [ 222 [ynll o2,
and

B, = ||U(N + ZaN)y:E - U(N + Z,N)yn,z |L2L2 + ||U(N + ZaN)yn,x - U(N + Zn7N)yn,z||L2L2
SoN + 2, N)llzer<llys — Ynallrzrz + |0(N + 2, N) = o(N + 25, N)|[ Lo o< |Yn,z| L2 12

Recalling that z, — z in E° and y, — y in Z, we deduce lim,— 4 A, = 0 since y, — ¥y in
H3iL? ¢ L®L? and o(N + z,, N) — o(N + z,N) in L2W1>°. Moreover, lim,_, 1o, B,, = 0 since
yn — y in L2H' and o(N + z,, N) — o(N + 2z, N) in L®L>*. We can now write (7.62) for z, and
Yn as
Yn,t — EYn,zx = Rn (771)
where the right hand-side R, satisfies R, — R in L?L?. This, together with (7.65) implies that
when n — 400 we have,
Vi — €Ypy = R in L2L?, (7.72)

so that (7.62) holds for the limit y. Finally, y € A(z), and condition (i) is fulfilled.

Consequently, Kakutani’s Theorem applies and there exists y € A(y), that is to say, for yo
K,
satisfying ||yo ||z (0,) < e~ =, we have found a function y satisfying

Yt — EYzz + [0(N +y,N)yl, =0 in (0,7) x (0, L),
Yle=0 = Yo in (0, L),
y|t:T =0 in (07 L)7

K,
Yl et L2npeme < e” e

®
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It suffices now to take the control functions
9o(t) = yla=o(t) + N and  gr(t) == ylo=r(t) + N.

With this choice, we have go, g, € L>(0,T) since H'L> N L2H? C H3H5 and

K,
max (|| gol| Lo (0,75 192 | Lo (0,7)) < [N] + Ce™ 2 < 2|N|

for 0 < € < gg. In addition, this proof works for any time of control 7" > alﬁ, for any A > L

(but all the constants depend on A). This yields the result for any 7' > oq%, and concludes the
proof of Proposition 7.16. O

To conclude this section, we give a slight modification of Proposition 7.16, adapted to the first
phase of the proof of Theorem 7.1, which consists in reaching exactly a large state N, without
assuming ¢ small. To this aim, the strategy adopted here is the same as the one of Proposition 7.16
except that we take “INV large” instead of “e small” in the fixed point argument. To do so, we carefully
keep track of the dependence with respect to the parameter N, as N — +4o0.

Proposition 7.19. Suppose that Assumption (A+) holds. Then, there exist oy > 0 such that for
all eg > 0, there exist Ng > 0 such that for alle € (0,e0), N > No, T > alﬁ, and ug € H*(0, L)
satisfying for some P < Ny

5
luo = Nllmi(0,.y < CN = P 7o pvy (LF s oy + 177 | oo oy 1 f | oe oy ) €7 K05 m =),
(7.73)
with s = o(P,N), 0, = 0(E,N) and P < E, there exist two control functions go and gy, such that
the result of Proposition 7.16 holds.

To use this after Proposition 7.9, we take E = essinfuy > P. We now sketch the proof of this
proposition.

Proof. Here, we only replace the argument “c small” in the previous proof by “N large”. This is
possible since Assumption (A+) implies the existence of @ € R, ly,C > 0, v > —% and § > 0 such
that

F(A) 2 1AY and  f7(A) < CeATT

for all A > @. Since we have

lo

y+2
Ginary TOW

N
FN) = F(Q) + (N = Q)F'(Q) + /Q FT)N = r)dr >

we can estimate

om =2 (B Y] +0(3) 2 (8- Pty 4 0L,
and
s> (E— P)% + 0(%) > 2(7+11;)(’v+2)m+1 +0(1),
so that

2
Kgl2(E—P)

— 2v+1
e Kosom=3) < G2 2Gre2 Y

(7.74)

Since we supposed v > —%, this expression is exponentially decaying as N — +4oc0. It sufficies now

to follow the proof of Proposition 7.16, replacing the exponential decay ||uo — N||g1(0,1) < e~ as
e — 0%, by the exponential decay

5 - Om—S8
luo = Nllaro.y) < C(N - P)”fIHZOO(RN) (Hf/||L°°(P,N) + ||f”HL<>°(P,N)||f||L°°(P,N)) e~ Foslom=s)

Kol2(E—P)

2y+4+1—-6 —
NE e 26+)Z(+2)2

N2+ _ 27+1
< (Ce < e KN

)
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as N — o0, for some K; > 0, as a consequence of Assumption (A+) and (7.74). We also have
to use systematically e~ N place of e=2% and N > Ny in place of € < gy in the proof
Proposition 7.16. The analogous of Estimates (7.66) and (7.67) are performed using the fact that in

these expressions, K is the ball centered on N of radius smaller than e %1 o

O

Remark 7.20. This is the only place where we use the unnatural assumption (A+). Any other
condition on f allowing to perform the fixed point argument is sufficient for proving Theorem 7.1.
Note that if we had proved a decay rate of the form 0s(f'(N)—s), Estimate (7.74) would be replaced

by e~ Kos(F'(N)=s) < Ce’CN%H, which explains the more general condition written in Remark 7.11.

7.3 Proofs of the three theorems

With the use of Propositions 7.9, 7.12 and 7.16 (resp. 7.19), we are now able to prove Theorems
7.2, 7.3 (resp. 7.1). Before that, we combine the global approximate controllability results and the
local one to provide two different global exact controllability results using a traveling wave (see
Proposition 7.21 below) or a rarefaction wave (see Proposition 7.22 below). After that, we can
conclude the proofs of the theorems.

Proposition 7.21. Suppose that there exist constant states P and N, such that one of these condi-
tions is satisfied :

(a) P <essinfug <esssupug < N, f(N) > f(P), and (SOC+) holds on (P,N) ;
(b) N <essinfug <esssupug < P, f(N) > f(P), and (SOC+) holds on (N, P) ;
(¢) P <essinfug <esssupug < N, f(N) < f(P), and (SOC—) holds on (P,N);
(d) N <essinfug <esssupug < P, f(N) < f(P), and (SOC—) holds on (N, P).

Then, setting s = o(P,N), there exist C > 0 only depending on f and g9 > 0 such that for all
T> allf’(#l\’)l + ﬁ and 0 < € < g, there exist two control functions go and gr, with

lgollzee(o,7y < C(IN[+|P[) and |lgrllL~,r) < C(IN|+|P]),
such that the solution u of (7.1), (7.2) and (7.3) satisfies
ulg=r =N in (0,L).

Proof. Here, we only prove the proposition in the case (a). The proof of cases (b)-(d) follows the
one of (a) for a modified Proposition 7.9, since the conditions that we write are the conditions of
existence of a traveling wave from P to N or from N to P.

Since P and N satisfy the strict condition (SOC+) and f(N) > f(P), one can find P’ close to
P, and N’ close to N, such that the stronger condition (POC) is satisfied on (P’, N'), together with
P’ < essinfug < esssupug < N’ and f(N') > f(P’). As a consequence, Proposition 7.9 applies and
hence one can find control functions that drive u to a state u; which is H'-exponentially close to
N in any time T; > ﬁ After that, the assumptions of Proposition 7.16 are satisfied, and thus u;

can be steered exacly to N in any time Ty > alWLNn' Finally the result of Proposition 7.21 holds

for any time T > Ty + T5. O]

Proposition 7.22. Suppose that one of these conditions is satisfied :
(a) M <N, f” >0 on the interval (M,N) and f'(M)

(b) N <M, f" >0 on the interval (N, M) and f'(M)

(¢) M <N, f" <0 on the interval (M,N) and f'(M)

(d) N <M, f” <0 on the interval (N, M) and f'(M) > 0.

Then, there exist C > 0 only depending on f and g9 > 0 such that for all T > (a1 + 1)

0 < € < gg, there exist two control functions gy and gr, with

>0
<0;
<0

L

oy and

golloe o,y < C(IM[+[NI) and |lgrllze=o,r) < C(IM|+|N]), (7.75)
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such that the solution u of (7.1), (7.2) with initial condition u|;—o = N satisfies,
Ulg=r =M in (0,L).

Proof. Here, we only prove the proposition in the case (a). The proof of cases (b)-(d) follows the one
of (a) for a modified Proposition 7.12, since the conditions we write are the conditions of existence
of a rarefaction wave steering N to M, having a speed of non-vanishing fixed sign.

In the case (a), the assumptions of Proposition 7.12 are satisfied and hence one can find control
functions that drive ug to a state u; which is H!'-exponentially close to M in any time T} > W
After that, the assumptions of Proposition 7.16 are satisfied, and thus u; can be steered exacly to
N in a time T > alm. Finally, the result of Proposition 7.21 holds for any time T' > T7 + T5.
O

7.3.1 Proof of Theorems 7.1 and 7.2, the convex case

In this section, we suppose f”/ > 0. Let us first prove Theorem 7.2, using Propositions 7.21 and
7.22.

Proof of Theorem 7.2 We first suppose that f'(M) > 0 and choose some P < essinfug. Since
limy 4o f/(u) = +00, and setting s = o(N, P), we have limy_, 1o § = +00. As a consequence,
for any time 77 > 0 there exists N > esssupug sufficiently large so that f(N) > f(P) and 0 <
alﬁ + % < Ti. As a consequence of Proposition 7.21, one can reach N exactly, uniformly with

€ in time 7T7. Then Proposition 7.22 holds between N and M, and for any Tb > aoﬁ (with
ap = ag + 1), there exist two control functions bounded uniformly with respect to € such that
t|t=, +1, = M. Finally, the result of Theorem 7.1 holds for any time T' > Ty + T5.

In the case f'(M) < 0, exactly the same proof still holds using lim, ., f'(u) = —o0, together

with Proposition 7.21 (b) and Proposition 7.22 (b). O

In Theorem 7.1, however, we do not want £y to depend on the initial datum wug. For this, we use
the following proposition instead of Proposition 7.21.

Proposition 7.23. Suppose that condition (A+) holds. Then, for alleg > 0 and T > 0, there exists
a state Ny > 0, such that for all e € (0,e9) and N > Ny, there exist control functions go and gy,
with

190l Lo 0,7) < lluollLe(o,z) +2IN| and ||gcllre=o,r) < llwollr=(o,z) + 2N,

such that the solution u of (7.1), (7.2) and (7.3) satisfies
uli=r =N in (0,L).

The proof of this proposition combines the approximate controllability result to the large state
N of Proposition 7.9 and the local exact controllability result of Proposition 7.19. Both results hold
for any € > 0, for IV sufficiently large, for control times 7' > % and T > alﬁ, both vanishing as
N — +o0.

The proof of Theorem 7.1 then exactly follows that of Theorem 7.2, using both Proposition 7.23
to reach the large constant N and Proposition 7.22 to come back to the state M with a rarefaction
wave.

7.3.2 Proof of Theorem 7.3, the non-convex case

For the sake of brevity in the following proof, we do not mention that every control step is done
uniformly with respect to €, as a consequence of Propositions 7.21 and 7.22.
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ﬁ'

o O

L S L Ja I3 J3 Is Jy Is  Js Is Js

F1GURE 7.3 — Global control strategy for non-convex f
RT : “convex rarefaction wave” ; R~ : “concave rarefaction wave” ;
T+ : “convex traveling wave” ; T~ : “concave traveling wave”.

Proof of Theorem 7.3 The first step is to “get rid of” the initial condition wug, and that is the only
role of Assumption (é¢). This assumption, together with Proposition 7.21 gives the controllability
from ug to some constant state My with f'(My) # 0. All the proof is reduced now to a controllability
problem between two constant states (Mp and M) and is illustrated in Figure 7.3.

Let us suppose that My < M (the case My > M follows from the same arguments). From
Assumption (i), (f”)~'({0}) N [Mp, M] can be written as |J'-, I; where the union is disjoint and
ordered. Note that each I; is a segment (possibly reduced to a point) since f” is supposed to be
continuous here. Let us denote (Jk)1<k<p the connected components of (Mo, M) \ Jj~, I}, so that
(Mo, M)\ U;nzl I; =Y _, Jk, where this last union is disjoint and ordered. As a consequence, J, is
an open interval on which either f” > 0 or f” < 0.

1. Driving A to B with A, B € J,.

We first prove that, for any A € Jp and B € Jy, satisfying f'(A) # 0 and f'(B) # 0, one can steer
A to B in a finite time. We suppose that f” > 0 on Ji (the case f” < 0 follows from the same
arguments) and denote by Lj, (resp. Ry,) the left (resp. right) endpoint of Jy.

o If f/(Lg) > 0, then, as a consequence of Lemma 7.24 below, and using the fact that f is strictly
convex on (Ly, Ry), there exists Lj < Lj such that f satisfies (SOC+) on (Lj, Ri). Thus, there
exists a traveling wave from L) to Ry and, according to Proposition 7.21 (a), A can be driven to Ry,
in finite time (see the situation in J; in Figure 7.3). Then, we are in the situation of Proposition 7.22
(a) and a rarefaction wave drives Ry to B in finite time. Note that if f/(Ly) = 0, we have Ly < A
and the same strategy holds.

o If f/(Ri) <0, f has no local minimum on J;, and this case follows the same.

o If f/(Ly) < 0 and f'(Ry) > 0, there exists Cy € Jy satisfying f/(Cy) = 0. The situation
f'(A)f'(B) > 0 has already been treated, so we only have to consider the case f'(4) < 0 and
f/(B) > 0 (the case f'(A) > 0 and f'(B) < 0 follows exactly the same arguments). According to
Proposition 7.22 (b), A can be brought to A’ as close to C}, as needed, by means of a rarefaction
wave (see the situation in J3 in Figure 7.3). It suffices to take A’ so that f(A’) < f(B), and as a
consequence of Proposition 7.21 (a), we can steer A’ to B thanks to a traveling wave (f is convex
on Ji and hence satisfies (SOC+) on this interval).

2. Driving A to B with A, B € I;.
Next, we prove that, if f/ # 0 on I; for some j, then for any A, B € I}, one can steer A to B in finite
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time. Recall that f” =0on I;. If f* > 0 on I; and B < A, we are in the context of Proposition 7.22
(a) and a “convex rarefaction wave” drives A to B (see the situation in I3 in Figure 7.3). If /' > 0
on I; and A < B, Proposition 7.22 (d) applies and a “concave rarefaction wave” drives A to B (see
the situation in I; in Figure 7.3). We can do the same if f* < 0 on I; using Proposition 7.22 (b) and
(c). Note that in this case, Equation (7.1) is only a linear transport equation with constant speed,
which we control on both endpoints of the interval, and the result is also a consequence of [CGO5b].

3. Driving A to B with A € J, and B € Jxy1, when f' vanishes between Jy and Jyy1
The last case to consider is the case where J, = (Lg, L), I; = [Lj, R;], Jk41 = (Rj, Ri41), [/ =0
on Ij, A€ Jy, B € Jyy1, and we want to steer A to B. Suppose that f'(A) > 0 (the case f'(4) <0
follows the same). Then, according to Proposition 7.22 (d), a “concave rarefaction wave” can bring
A to some A’ as close as we want from L; (see the situation in Jy in Figure 7.3).

o If f/(B) < 0, we can choose A’ < L; such that f(A’) > f(B), so that Proposition 7.21 (c)
holds and we can steer A’ to B by means of a concave traveling wave.

e If f/(B) > 0, the continuity of f’ yields that we can choose A" < L; such that 0 < f'(A4") <
o(A’, B) so that (SOC+) holds on (A’, B) and, according to Proposition 7.21 (a), we can steer A’
to B by means of a “convex traveling wave” (see the situation in I5 in Figure 7.3).

Therefore, using iteratively the three arguments above, one can pass from each zone I; to the
neighboring zone Ji (case 2.) and to each Ji to the neighboring I; (case 1.) since I; N Jj # 0,
provided that f’ # 0 on I;. If f/ = 0 on I;, one can jump from Jy, before I; to Jiy1 after I; (case 3.).
Finally, from Assumption (¢), there is a finite number of I; and Jj between My and M, so that we
can steer My to M with a finite number of such iterations, i.e., in finite time. This global strategy
is illustrated in Figure 7.3. O

Note that this proof does not provide an estimate on the minimal time T, needed to control.
Moreover, the strategy developed here is clearly not optimal in time since it is mainly a local strategy.
For instance, in Figure 7.3, we see that one can steer the point I3 N J3 directly to a point in Jg
with a single traveling wave, a strategy which is much faster than the one described in the proof.
Optimizing this strategy in time seems to be an interesting open problem.

We end this section by proving a Lemma used in the Proof of Theorem 7.3.

Lemma 7.24. Suppose that f € €1 (R) satisfies (SOC+) on the interval (L, R) and that f'(L) <
o(L, R). Then, there exists py > 0 such that for all p € (0, pg), the function f satisfies (SOC+) on

Proof. First, we have

1
R-L

0
70—(“7 R)'u:L =

- (o(L, B) = £'(1)) > 0.

Hence, there exists p; > 0 such that for all p € (0,p1), (L — p, R) < o(L, R). Since (SOC+) reads
o(L,R) < o(u, R) for all u € (L, R), we now have

o(L—p,R) <o(u,R), forall pe(0,p1),ue(L,R). (7.76)

Second, the assumption f'(L) < o(L, R) together with the continuity of f” and o (-, R) gives the

existence of py > 0 such that for all p € (0, p2) and all v € (L — p, L), we have f'(v) < o(L — p, R).

Integrating this inequality with respect to v on (L — p,u), for u € (L — p,L) and dividing by
(u— (L —p)) yields o(L — p,u) < o(L — p, R). This is equivalent to having

o(L—-p,R) <o(u,R), forallpe(0,p2),uec (L—p,L). (7.77)

Finally, setting pp = min{p1, p2} and combining (7.76) and (7.77) concludes the proof of the lemma.
O
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7.4 Appendix : parabolic regularity estimates

7.4.1 Parabolic regularity estimates for classical solutions

For the sake of completeness, we recall here a classical regularity result for the heat equation,
that is used in the previous sections. However, we give a precise dependence with respect to e,
and a simple proof. Let Q be a bounded domain of R™ with smooth boundary. For m > 0, we
denote by H™ = D((—A)%) the domain of the fractional Laplace-Dirichlet operator on L2?(f2),
and H~™ = (H™)'. Here the duality is taken with respect to H® = L?(Q). For instance we have
H' = H(Q), H? = H2(Q) N HY(Q) and H™' = H™Y(Q) = (H(Q))". We have the following
regularity result.

Lemma 7.25. Let u(t,x) be a classical solution of

Ou—eAu=f in(0,t*) x Q,
u=0 on (0,t*) x 08, (7.78)

ult=0 = ug in Q.
and let m € R. Suppose that ug € H™ and f € L*(0,t*; H™1), then
u € €°0,t"; H™) N L0, t*; H™ )y n HY(0,t*; H™ 1)
and we have, for all t* > 0,
t* t* t*
E||u(7f*)||3m+€2/ IIU(L‘)H%deH/ ||Ut(t)||§1m—1df=€IIUO||31m+/ £ @)lFpn—dt. (7.79)
0 0 0
Proof. We denote by (W]2‘>¢j)j€N* the (positive) eigenvalues and associated eigenfunctions of the
Laplace-Dirichlet operator on €2, forming a Hilbert basis of L*(Q2). We have —A¢; = w?¢; and
¢jlon = 0. We here suppose that m > 1. In the case m < 1, we do the following computations
with smooth functions f and u, and conclude with a density argument. Taking the inner product of
(7.78) with ¢;, we obtain
{ uj i +ewiu; = f; in (0,1%),
Uj|t:0 = Uj,0,

m—1

where u; = (u, ¢;) 2, uj 0 = (v, ¢;)r2, and f; = (f, ¢;) 2. Multiplying the first equation by w;

and squaring it, we have

2m—2
J

|Uj7t|2 + e2wj2-m+2|uj\2 + 25w]2-mujuj7t = wzm_2|fj\2.

“ J

Integrating this equation on (0,¢*), we now obtain

*

t* t t*
W2 /0 1 P22+ A g Pt e | [2(£7) = ™ g >+ /0 \f;[2dt. (7.80)
The right hand-side is summable over j € N* since we supposed > ;. W™ uz0l? = [lug[l3m < +o0
and Yy w2 Iy 1f12dt = 1F )17 2(0,4+:0¢m-1y < +oo. Hence, the left hand-side is summable.
Since its three terms are non-negative, they are all summable. Finally, summing (7.80) over j € N*
yields (7.79) and the lemma is proved. O

7.4.2 Well-posedness of an initial-boundary value problem with low re-
gularity

We here prove the well-posedness of Problem (7.53) in some energy space and give the associated
regularity estimates used in (7.68). More precisely, we consider the problem

Up — EUgy + [W(t, 2)uly, =0 in (0,T) x (a,b),
U‘a::a = g(t)a u|z:b =0 in (OvT)v (781)
Ult=0 = ugp in (a,b),
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with W and ¢ having low regularity and show that (7.81) is well-posed in a weak sense, viz. in the
sense of transposition solutions. We have the following result.

Lemma 7.26. Suppose that W € L% (0,T; L>(a,b)) N L*(0,T;WH>(a,b)). Then for any g €
L?(0,T) and ug € L?(a,b), there exists a unique u € L?(0,T; L?(a,b)) such that

T b b T
/ / w(t, 2 F(t, 2)dx dt = / wo(2)(0, 2)da + = / 98 pu(t, a)dt (7.82)
0 a a 0

for every test function F € L?(0,T; L*(a,b)) and associated ¢ satisfying
—Pt — EPrx — W(tvﬂv)@w = F(tvx) in (05 T) X (Cl, b)a
¢le=a =0, @le=p=0 in (0,T), (7.83)
@li=r =0 in (a,b),

in the classical sense. Moreover, there exists C = C(T,||W|lLore, |[WellpiL=) > 0 independent
from € such that

C
lull L2(0,7;22(a,p)) < 7 (llgll 20,y + lluoll L2 (ap) ) - (7.84)

The solution u is called the transposition solution of (7.81). Note that u is in particular a solution
of the first equation of (7.81) in the sense of distributions.

Proof. First notice that for any W € L>°(0,T; L*(a,b))NLY (0, T; W1>°(a,b)) and F € L?(0,T; L*(a,b)),
the backward problem (7.83) is well-posed in the classical sense and a regularity estimate for its
solution ¢ € H(0,T; L%*(a,b)) N L?(0,T; H*> N Hi(a,b)) is given in Lemma 7.27 below. We now
remark that, given ug € L?(a,b) and g € L?(0,T), the mapping

T
l: Fl—>/ uo(2)p(0, dx—l—a/ g(t) s (t,a)dt,
0

is linear. Furthermore, we have, using (7.85) below,

[L(F)| luoll 22 (a,5) 190, M 2208y + €llgllL200,1) |02 (-, @)l L2 0,1)

||U0||L2(a.,b)|\<P||H1(0,T;L2(a,b)) + 5||9||L2(0,T)||%0||L2(0,T;H2(a,b))

IAIA

IN

NG ([[uoll L2(ap) + NgllL20,m)) I Fll 222

As a consequence [ is a continuous linear form on L2L2, and Riesz representation Theorem gives
the existence of a unique u € L?L? satisfying (7.82) for every F' € L?L?. In addition, we have

lullz2r2 < NG (||U0||L2 ap) + lgllz20,1)

and the lemma is proved. O

Note that refining our estimates, we could have proved that u € L?(0,T; H%*‘s(a, b)) for any 6 > 0
(which we do not need here).

Lemma 7.27. Suppose that W € L>(0,T; L*°(a,b)) N LY(0,T; W1 (a,b)), F € L?(0,T; L*(a,b))

and that o is a solution of the backward problem (7.83). Then ¢ € L*(0,T;H}) N L*(0,T; H? N

HY) N HY(0,T; L?) and we have for some C = C(T, |W||pooro, [Wallz11~), independent from e,
<€2H<P||2L<><>(0,T;Hg) + 53H¢||2L2(0,T;H20H3) + EH%HQL?(QT;L?) < C||F||2L2(O7T;L2)' (7.85)

Proof. Multiplying the first line of (7.83) by ¢ and integrating on (a,b) yields

2 b
3ot M+ el [ W (PG) ar= [P ptt )
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which, after an integration by parts, gives the estimate

1d 1 1
—5 g et Nz +ellealt, )7 < SIE T, e + 5l Wi + IWalt, = llot, )Z2.  (7.86)

Forgetting the term e[|, (t,)[|2. and applying Gronwall’s lemma backward in time yields

1 T
el tor < 3o (Wl + 5 ) P Mz, (787)

since ¢|t—r = 0. Now integrating (7.86) on (0,7") and using (7.87), we obtain
L (T |Waloomrc= T
clerlroree < |5+ (5 + DI o (W) + 2 ) 1P ey
(7.88)
Next, we write the first equation of (7.83) as

—Pt — EPzx = W‘px + F,
where the right handside is in L?(0,T; L?(a, b)) since W € L*(0,T; L*(a, b)) and ¢, € L*(0,T; L?(a,b)).

The regularity estimate (7.79) of Lemma 7.25 for the heat equation (taken backward in time) for
m = 1 directly yields Estimate (7.85) and concludes the proof of the lemma. O
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Résumé

Dans cette thése, on s’intéresse a la controlabilité de différentes équations aux dérivées partielles.

La premiere partie est consacrée a la méthode de Lebeau-Robbiano pour le controle des équa-
tions paraboliques linéaires. On étend tout d’abord cette méthode a des opérateurs elliptiques non-
autoadjoints, montrant une inégalité spectrale ainsi que la controlabilité de 1’équation parabolique
associée. On prouve ensuite ces deux propriétés pour un modele de transmission a travers une inter-
face, pour lequel la condition de transmission implique une diffusion tangentielle. La preuve repose
sur une inégalité de Carleman, uniforme par rapport au petit parametre représentant 1’épaisseur de
I'interface.

Dans la deuxieme partie, on analyse les propriétés de certains systemes d’équations aux dérivées
partielles linéaires couplées par des termes d’ordre zéro. Apres avoir étudié la stabilisation de deux
équations d’ondes, dont une seulement est amortie, on montre la controlabilité en temps grand d’un
systeme similaire au moyen d’un seul controle, sous des conditions géométriques optimales sur les
zones de controle et de couplage. Par des méthodes d’analyse microlocale, on obtient de plus la
controlabilité de systéemes d’ondes en cascade, ainsi que l’expression exacte du temps minimal de
controle. On déduit de ces résultats la controlabilité des systemes paraboliques associés, dans des
situations ou les zones de controle et de couplage sont disjointes.

Enfin, dans la troisieme partie, on étudie la controlabilité uniforme de perturbations visqueuses
de lois de conservation scalaires, dans la limite de viscosité évanescente. On montre la controlabilité
exacte globale aux états constants au moyen de controles uniformément bornés lorsque la viscosité
tend vers zéro.

Mots-clés: controlabilité, stabilisation, inégalités spectrales, équations paraboliques, équation des
ondes, systemes couplés, probleme de transmission, lois de conservation scalaires, viscosité évanes-
cente, opérateurs non-autoadjoints, opérateurs elliptiques, inégalités de Carleman, théorie spectrale,
analyse microlocale et semiclassique.



Abstract

In this work, we are concerned with the controllability of different partial differential equations.

The first part is devoted to the Lebeau-Robbiano method for the control of linear parabolic
equations. We first extend this method to some non-selfadjoint elliptic operators, proving a spectral
inequality together with the controllability of the associated parabolic equation. Then, we prove
these two properties for a transmission model across an interface, where the transmission conditions
involve a tangential diffusion. The proof relies on a Carleman estimate which is uniform with respect
to the small parameter representing the thickness of the interface.

In the second part, we analyse some linear systems of partial differential equations, coupled by
zero order terms. After having studied the stabilization of two wave equations, only one of them being
damped, we prove the controllability in large time of a similar system with one control force only,
under optimal geometric conditions on the control and the coupling regions. Using microlocal analysis
methods, we moreover obtain the controllability of cascade systems of wave equations, together with
the exact minimal time needed to control. These results imply in particular the controllability of
the associated parabolic systems, in some situations where the control and the coupling regions are
disjoint.

Finally, in a third part, we study the uniform controllability of viscous perturbations of scalar
conservation laws in the vanishing viscosity limit. We prove the exact global controllability to con-
stant states by means of controls that are uniformly bounded when the viscosity goes to zero.

Keywords: controllability, stabilization, spectral inequalities, parabolic equations, wave equation,
coupled systems, transmission problem, scalar conservation laws, vanishing viscosity, non-selfadjoint
operators, elliptic operators, Carleman estimates, spectral theory, microlocal and semiclassical anal-
ysis.
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