
HAL Id: tel-00610216
https://theses.hal.science/tel-00610216v1
Submitted on 21 Jul 2011 (v1), last revised 13 Apr 2012 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Modèles effectifs de nouvelle physique au Large Hadron
Collider

Jérémie Llodra-Perez

To cite this version:
Jérémie Llodra-Perez. Modèles effectifs de nouvelle physique au Large Hadron Collider. Physique
[physics]. Université Claude Bernard - Lyon I, 2011. Français. �NNT : �. �tel-00610216v1�

https://theses.hal.science/tel-00610216v1
https://hal.archives-ouvertes.fr


 

 
No d’ordre 127-2011 

LYCEN – T 2011-08 

 

  
 

 

 
 

Thèse 
 

présentée devant 
 

l’Université Claude Bernard Lyon-I 
 

École Doctorale de Physique et d’Astrophysique 
 

pour l’obtention du 
 

DIPLÔME de DOCTORAT 
Spécialité : Physique des Particules / Physique Théorique 

 
(arrêté du 7 août 2006) 

 
 

par 
 

Jérémie LLODRA-PEREZ 
 
 
 

Modèles effectifs de nouvelle physique  
au Large Hadron Collider 

Soutenue le 1er juillet 2011 
devant la Commission d’Examen 

 
 
 Jury : M. A. Deandrea Directeur de thèse    
  M. G. Cacciapaglia Directeur de thèse 

M. D. Tsimpis Président du jury   
Mme  G. Servant Rapporteur 

 M. E. Dudas  Rapporteur  
M. G. Moreau Examinateur 

  
   

  



N̊ d’ordre: 127-2011 Année 2011

THÈSE DE DOCTORAT DE L’UNIVERSITÉ DE LYON

délivrée par L’UNIVERSITÉ CLAUDE BERNARD LYON 1

ÉCOLE DOCTORALE DE PHYSIQUE ET
D’ASTROPHYSIQUE DE LYON

DIPLÔME DE DOCTORAT

(arrêté du 7 août 2006)

Spécialité

Physique théorique / Physique des particules

Présentée par

M. Jérémie LLODRA-PEREZ

Modèles effectifs de nouvelle physique
au Large Hadron Collider

Soutenue publiquement le 01 Juillet 2011 devant la commission d’examen formée de:

M. D. Tsimpis Président du jury - IPN Lyon
M. E. Dudas Rapporteur - CPHT Palaisau
Mme. G. Servant Rapporteur - CERN Genève
M. G. Moreau Examinateur - LPT Orsay
M. G. Cacciapaglia Directeur de thèse - IPN Lyon
M. A. Deandrea Directeur de thèse - IPN Lyon



N̊ d’ordre: 127-2011 Year 2011

PHD THESIS of the UNIVERSITY of LYON

Delivered by the UNIVERSITY CLAUDE BERNARD LYON 1

Subject:

Theoritical Physics / Particles Physics

submitted by

Mr. Jérémie LLODRA-PEREZ

for the degree of

DOCTOR OF PHILOSOPHY

Effective Models of new physics
at the Large Hadron Collider

defended July 1st, 2011 in front of the following Examining Committee:

Mr. D. Tsimpis President - IPN Lyon
Mr. E. Dudas Reviewer - CPHT Palaiseau
Mrs. G. Servant Reviewer - CERN Geneva
Mr. G. Moreau Examiner - LPT Orsay
Mr. G. Cacciapaglia Supervisor - IPN Lyon
Mr. A. Deandrea Supervisor - IPN Lyon



ii



Résumé

Grâce à l’exploitation du Large Hadron Collider, débutée en 2010, le monde de la physique
des particules espère enfin avoir une compréhension plus précise du mécanisme de brisure de la
symétrie électrofaible et résoudre certaines questions expérimentales et théoriques que soulèvent
encore le modèle standard. S’inscrivant dans cette effervescence scientifique, nous allons présen-
ter dans ce manuscrit une paramétrisation largement indépendante des modèles afin de car-
actériser les effets d’une éventuelle nouvelle physique sur les mécanismes de production et de
désintégration du boson de Higgs. Ce nouvel outil pourra aisément être utilisé dans les analy-
ses des grandes expériences généralistes comme CMS et ATLAS afin de valider ou d’exclure de
manière significative certaines théories au delà du modèle standard.

Ensuite, dans une approche différente, fondée sur la construction de modèles, nous avons
considéré un scenario où les champs du modèle standard peuvent se propager dans un espace
plat possédant six dimensions. Les nouvelles directions spatiales supplémentaires sont compacti-
fiées sur un Plan Projectif Réel. Cet orbifold original est l’unique géométrie à six dimensions qui
présente des fermions chiraux et un candidat de matière noire dit naturel. Le photon scalaire,
particule la plus légère du premier mode de Kaluza-Klein, est en effet stabilisé par une symétrie
résiduelle de l’invariance de Lorentz à six dimensions. En utilisant les contraintes actuelles
fournies par les observations cosmologiques, nous avons déterminé l’ordre de grandeur de la
masse de cette particule aux alentours d’une centaine de GeV. De ce fait les nouveaux états
présents dans cette théorie sont suffisamment légers pour produire des signatures claires et ob-
servables au Large Hadron Collider. Avec une étude plus poussée du spectre de masses et des
couplages du modèle, incluant les corrections radiatives à une boucle, nous avons pu ainsi don-
ner les premières prédictions et contraintes sur la phénoménologie attendue au Large Hadron
Collider.

Mots-clés :

Large Hadron Collider, Phénoménologie, Boson de Higgs, Dimensions supplémentaires, Com-
pactification, Corrections radiatives, Matière noire.
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Abstract

With the start of the Large Hadron Collider runs, in 2010, particle physicists will be soon
able to have a better understanding of the electroweak symmetry breaking. They might also
answer to many experimental and theoretical open questions raised by the Standard Model.
Surfing on this really favorable situation, we will first present in this thesis a highly model-
independent parametrization in order to characterize the new physics effects on mechanisms of
production and decay of the Higgs boson. This original tool will be easily and directly usable in
data analysis of CMS and ATLAS, the huge generalist experiments of LHC. It will help indeed
to exclude or validate significantly some new theories beyond the Standard Model.

In another approach, based on model-building, we considered a scenario of new physics,
where the Standard Model fields can propagate in a flat six-dimensional space. The new spatial
extra-dimensions will be compactified on a Real Projective Plane. This orbifold is the unique
six-dimensional geometry which possesses chiral fermions and a natural Dark Matter candidate.
The scalar photon, which is the lightest particle of the first Kaluza-Klein tier, is stabilized by
a symmetry relic of the six dimension Lorentz invariance. Using the current constraints from
cosmological observations and our first analytical calculation, we derived a characteristic mass-
range around few hundred GeV for the Kaluza-Klein scalar photon. Therefore the new states of
our Universal Extra-Dimension model are light enough to be produced through clear signatures
at the Large Hadron Collider. So we used a more sophisticated analysis of particle mass spec-
trum and couplings, including radiative corrections at one-loop, in order to establish our first
predictions and constraints on the expected LHC phenomenology.

Keywords:

Large Hadron Collider, Phenomenology, Higgs boson, Extra-dimensions, Compactification,
Radiatives corrections, Dark matter.
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Introduction

Above the attometer scale (10−18m), descriptions of matter and of its interactions are ex-
tremely well realized by the Standard Model of particle physics. Since the middle of the 20th
Century, experimentalists have been measuring the parameters of this effective theory with great
accuracy and no significant deviation from predictions has been observed yet. However some
experimental and theoretical puzzles remain and tend to open a new path toward physics beyond
the Standard Model.

In order to study the limits of this theory, new experiments in high energy physics and in
observational cosmology have been developed in the last decade. The Large Hadron Collider
(LHC), which is a proton-proton collider located at CERN, is one of these promising appara-
tus, built to understand a crucial question raised by the Standard Model: how is generated the
electroweak symmetry breaking? Moreover with current collisions at 7 TeV energy in the center
of mass, the LHC generalist experiments, ATLAS and CMS, will explore a totally new energy
scale where new physics can arise.

However, because of the complicated chromodynamical background, experimentalists using
proton-proton collider, will need to be guided by phenomenologists in order to look at the data
yielded by the detectors. A huge effort is actually made by the theorist community to produce
predictions as precise as possible for the Standard Model observables and to suggest what could
be the nature of new physics, soon visible at LHC. As a part of this contribution, this thesis will
give new directions and new ideas that can be studied within next years at the LHC.

Using effective models, we followed two main axes to investigate phenomenological effects
of physics beyond the Standard Model. At the beginning of this doctorate, we worked on
Higgs boson phenomenology. The decay of this scalar boson into two high-energetic photons
is a crucial process for light Higgs detection at the LHC, because it leads to a clear signature
in the CMS and ATLAS calorimeters. For theorists, this decay presents also a nice property:
generated by radiative corrections, it is very sensitive to new heavy particles which could cou-
ple to the Higgs bosons. In our study, we develop a new model-independent parametrization
of these new physics effects which can help experimentalists to discriminate between different
scenarios of physics beyond the Standard Model. We apply this formalism to various effective
models present in the literature in 4 and 5 dimensions to emphasize the potential of this new tool.

At a later time, we focused on extra-dimensional effective theories. We built a new model
where fields can propagate in a six-dimensional space with two flat extra-dimensions compacti-
fied on a Real Projective Plane. The geometry of this 6D orbifold is the only one reproducing
the Standard Model chiral fermions and possessing a natural dark matter candidate. In this
framework, because of the compactification, 6D field momenta along the extra-dimensions will
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INTRODUCTION

be quantized. Therefore fundamental objects of the theory will be “infinite” towers of four-
dimensional fields labelled by their integer momenta k and l along the two new dimensions. In
this case, the tree level masses of (k, l) tier will be given by: m2 = k2/R2

5 + l2/R2
6 where R5 and

R6 are the radii of the extra-dimensions. Then radiative corrections and electroweak symmetry
breaking effects will break the mass degeneracy of the different particles within a same tier. The
stabilization of the lightest particle of the first Kaluza-Klein tier (1,0) (or (0,1)) is actually gen-
erated by a discrete symmetry, called KK-parity, relic of the 6D Lorentz invariance. Using data
from cosmological observations, we will contrain the mass-range of this scalar photon around few
hundred GeV. This has important consequences on the phenomenology of the new heavy states:
their pretty “low” masses will make them detectable at the LHC. Therefore we investigated
the phenomenology of the (2,0) (or (0,2)) level which is even under the KK-parity and which
would produce clear signatures at proton-proton colliders. Combining LHC and cosmological
observations, we predict that this Universal Extra-dimensional model can be confirmed or ruled
out within next year.

In order to present all these results, we divided this thesis in five parts:

• Chapter 1 will present the current context of this work and will introduce the reader
to the main concepts necessary to understand the following sections. We will present
a general review of the Standard Model of particle physics and of cosmology. We will
also develop the general idea of effective models and show how powerful they can be to
extend physics beyond the Standard Model. In particular, we will focus on the physics of
extra-dimensional models which will be the main topic of our study.

• Chapter 2 will be mainly dedicated to the model building of the Universal Extra-Dimension
in 6D on the Real Projective Plane. We will describe the space topology and its conse-
quences on field propagation. Then we will detail the techniques we developed to compute
radiative corrections in this framework and we will present the mass spectrum of the first
Kaluza-Klein tier. Finally we will show how this one-loop spectrum has been used to per-
form our analytical calculation of the Dark Matter relic abundance and how we deduced
constraints on the size of the extra-dimension radii.

• In chapter 3 and 4, we will carry on the work based the one-loop renormalization of the
model. In particular, we will emphasize how crucial it is to understand the interactions
generated on the singular points of the orbifold in order to predict the structure of the
effective vertices allowed on the Real Projective Plane. Then we will use this study of
couplings and masses on the Real Projective Plane to investigate LHC phenomenology.
After we present the rich potential signatures of this model, we will focus on the specific
level (2,0) (or (0,2)). Using FEYNRULES and CALCHEP codes, we have implemented our 6D
model and performed first cross-section calculations for the LHC. Considering the mass-
range preferred by the constraints on Dark Matter relic density, we observed that processes
involving dilepton production, lepton + missing transverse energy, top pair and 4-tops can
be tested soon at LHC.

• In chapter 5, we will present our JHEP publication concerning the original parametrization
of new physics effects on Higgs decay into photons. We choose to keep this first PhD work
as “synthetic” as possible although this project can turn out to be very useful tool for
experimentalists.

Chapter 1 and 5 are independent from the three central chapters. Finally some appendices will
help the reader to find details on technical calculations performed in the main chapters.
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Chapter 1

General context and overview
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CHAPTER 1. GENERAL CONTEXT AND OVERVIEW

1.1 The Standard Model and beyond

1.1.1 Introduction to Effective Field Theories

What is an Effective Field Theory?

Physics, as an experimental science, is highly based on measurements. When an experiment
is carried out, possibilities of measurements are limited by the resolution of the apparatus,
therefore below a scale predefined by experiment, no observation of physical behaviors can be
realized and no physical information can be extracted anymore. In this context, as we will see,
in order to describe physical phenomena, we have to introduce effective theories based on the
statement that low energy dynamics (also called long-distances or infrared) does not depend on
the details of high energy dynamics (also called short distances or ultraviolet). This approach
is used in numerous fields of physics from atomic physics to astrophysics. For instance, let us
quote the multipole expansion in electromagnetism, the neglected planet size effects on study of
solar system motion and the use of Newtonian mechanics to describe dynamics of bodies whose
speed is much smaller that the speed of light. Similarly, we can compute the energy levels of the
hydrogen atoms with a “good” accuracy by considering only charges and masses of the proton
and of the electron. Nevertheless, in current experiments which can probe atoms hyperfine
structure, their 1/2-spin and their magnetic momentum need to be taken into account. From a
numerical point of view, we can do a rough estimate of the experimental precision needed to see
hyperfine effects: ∆Ehyperfine/Ebound ∼ 10−6. If we continue to increase experimental precision
more details of the structure of the proton will be required for a more accurate prediction.

This approach can also be used in the context of field theory where high energy EH effects
are suppressed at low energy (EL) by powers of EL/EH and this is the general idea we will
follow during all this thesis to describe the eventual new physics that could be expected at the
TeV scale. However, in effective field theory, notice that the decoupling between scales may be
more subtle because radiative corrections involve all scales through integration over momenta
running into loops.

Interesting properties of Effective Field Theory

Effective Field Theory (EFT) can be a very useful tool to describe physics at low scale
(1). In the case of known perturbative UV-theory, it will help to simplify calculations. For an
unknown or non-perturbative theory it will permit to estimate the magnitude of the interac-
tions, to classify and parametrize them; the UV-physics being taken into account indirectly in
the coupling with light degrees of freedom. Nevertheless, we have to notice that EFT describe
the IR-physics which can be quite far from the fundamental underlying theory. Let us mention
quantum chromodynamics for instance and its description in term of chiral theories with mesons
and baryons. This is not problematic when the high energy physics is already known, even if
the matching between the two theories can be really challenging. However often in particle
physics, the short-distance physics is still hidden so it will be really difficult, only knowing the
IR-behaviors, to figure out what could be the characteristic UV-scale and what would be the
physics at short distances.

In this section, for the purpose of this thesis, we will only focus on weakly coupled effective
field theories. Here new degrees of freedom will be relevant when the energy scale will be high
enough for the particles to be produced on-shell. From this point of view, for instance, the
Standard Model can be seen as an EFT since we do not know its content from TeV scale to
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1.1. THE STANDARD MODEL AND BEYOND

Planck scales. Technically this means that the Lagrangian of EFT can be expanded in a finite
sum of operators with dimension four or less and an infinite set of higher dimensional operators.

Leff = Ld≤4 +
∑
i

Oi
Λdim(Oi)−4

(1.1)

where Λ is an energy scale related to the physical scale where the EFT is not valid anymore
(new on-shell contributions) and dim(Oi) is the dimension of the operator Oi. As we are working
with weakly coupled theory, the dimension of the operator can be deduced by using the usual
power counting. In practice, in formula 1.1, only a subset of operators with low dimensions
is relevant to describe the experimental results. This pragmatic approach can be very useful
to put model independent constraints on new phenomena coming from specific sectors of the
theory at higher energy as we will see in chapter 5. On the other hand, instead of using the
most general operator structures which are allowed by the low energy theory, we could prefer to
add assumptions on the UV-theory and work with EFT which include new degrees of freedom
and parts of the underlying UV-symmetries. This will be indeed the approach we will follow
throughout the thesis when working with extra-dimensional model for instance.

Finally let us mention the non-trivial question of the EFT renormalization and renormaliz-
ability. In general, since Leff contains operators with dimension higher than 4, these theories
are not renormalizable. Nevertheless the EFT still has a predictive power as far as we want
results with finite accuracy but also as long as we have an idea of what the scale Λ is. In high
energy physics, we do not know at all the scale where the theory will break down but we can still
estimate it and also constrain the contributions coming from the higher dimensional operators.

Simple example of tree level matching in EFT

A well-known example of EFT is the Fermi theory of electroweak interactions. Historically,
in the 1930s, Fermi proposed to explain the decay of n→ p+e−+ ν̄e by introducing in the QED
Lagrangian, a 4-fermion interaction operator:

LFermi ⊃ −
4GF√

2
(n̄γµp)(ν̄eγµeL) (1.2)

where GF ∼ 10−5GeV−2 is the dimensionful Fermi constant. Here the index L refers to the fact
that only the left-handed part of the electron couples to the neutrino through the weak inter-
action. This point will be develop more in detail in section 1.1.2. From the previous discussion,
we can see that this description, efficient at low energy, will break down when the proton energy
will be close to Λ ∼ 1√

GF
∼ 100 GeV. Nowadays this result is not surprising because we know

that this effective description has to be replaced at high energy by the electroweak theory. In
this model, we introduce new massive degrees of freedom, W and Z with a mass mW and mZ .
To remove the complication of the QCD effects due to the presence of hadrons, we will illustrate
the tree level matching of this two theories using the muon µ decay into electron e and neutrinos
νµ and νe. First let us give the two interactions which are parts of the Lagrangian of the IR-
and UV-theory:

LFermi ⊃ −
4GF√

2
(µ̄Lγανµ)(ν̄eγαeL)

Lelectroweak ⊃ −
gw√

2
(ēLγανe + µ̄Lγ

ανµ)W−
α (1.3)
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CHAPTER 1. GENERAL CONTEXT AND OVERVIEW

To perform the matching, we have actually to extract from the UV-theory, the value of the
IR-theory coupling as a function of the high energy parameters. This coupling can be derived
from the calculation of the Feynman diagram with W-exchange in the t-channel (Figure 1.1).

After calculation, we obtain the matrix element in both theories for the 4-fermion interaction:

iMFermi = −i4GF√
2

(µ̄Lγανµ)(ν̄eγαeL) (1.4)

iMelectroweak =
(
igw
2

)2

(ν̄eγαeL)
−igαβ

(p1 − p3)2 −m2
W

(µ̄Lγβνµ)

= −i
(

gw
2mW

)2

(ν̄eγαeL)(µ̄Lγανµ) +O

(
(p1 − p3)2

m2
W

)
(1.5)

p1 and p3 are respectively the incoming momentum of the muon and outcoming momentum of
muonic neutrino (Figure 1.1). For the muon decay, we consider that the muon is almost at rest
which means that |pi| � mW . The ratio (p1−p3)2

m2
W

is the expansion parameter of the UV-theory.
At the zeroth-order, the W-field is integrated out and we can match the two theories:

GF√
2

=
g2
w

8m2
W

(1.6)

Renormalization group running

In the previous section, we have shown that the effective coupling GF does not depend on the
energy scale of the process at tree level but we will soon understand that the matching has been
performed at the mW scale so that: GF√

2
(µ = mW ) = g2w

8m2
W

. The last point we need to mention
about EFT is how to renormalize them. This will be a crucial discussion for the chapter 3
of this thesis when we will consider the renormalization of couplings in our extra-dimensional
model. To illustrate it, we will present a toy model based on the previous idea and detailed
in reference (2). The tree level Lagrangian (1.7) represents a simple effective theory where we
integrated out a massive vector field with a mass M . The remaining degrees of freedom are
only one fermionic degree of freedom ψ, one extra light scalar φ with a mass m�M and their
coupling through a Yukawa interaction.

Ltree = iψγµ∂
µψ +

cV
2
ψγµψψγ

µψ +
1
2
(∂µφ)2 − m2

2
φ2 − ηψψφ (1.7)

Figure 1.1: Left: 4-fermions amplitude from the Fermi theory. Right: t-channel amplitude with W-boson
exchange.
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1.1. THE STANDARD MODEL AND BEYOND

This Lagrangian has been obtained after a matching has been done at the typical high-energy
scale M . Notice that we can show after a quick power-counting that ψγµψψγµψ is a dimension 6
operator. Then, if we compute the 4-fermion scattering amplitude at the low scale characterized
by m, we need to take into account radiative corrections. These corrections will affect masses
and couplings and the amplitude will be enhanced by large contributions in log(M/m), as we
will see in the following. This logarithmic term can be taken into account by means of the
Renormalization Group Equations (RGE) of parameters. For the low-energy scattering study,
we will focus only on the evolution of the 4-fermions coupling cV . To obtain the RGE, first we
have to compute the 1-loop correction to the self-energy of the fermion and then the scattering
amplitude corrections. Without going into all the details of computation, using dimensional
regularization1, we obtain for the self energy:

iΣ(p) =
iη2/p

2(4π)2
1
ε

+ finite (1.8)

where p is the momentum of the fermion line and d = 4− 2ε where d is the dimension of space.
Only the pole in 1/ε will enter in the RGE. For the correction to the 4-fermions vertex, the
calculation is more subtle. For the contribution of the φ exchange (Figure 1.2), the diagram
(a) will give divergent contribution to the ψγµψψγµψ operator but (b) and (c) will introduce
contributions which are proportional to a new tensorial operator : ψσµνψψσµνψ where σµν =
i
2 [γµ, γν ]. This situation is due to the fact that these two operators have the same dimension,
the same particles and respect the same allowed symmetries of the problem. So loop effects will
mix these two operators. To be more accurate, the tree level Lagrangian should be written as:

1This regularization technique consists in integrating over a Minkowski space with dimension d = 4 − 2ε
instead of d = 4. The main advantage of this method is to preserve the Lorentz and gauge symmetries of the
space contrary to the regularization by cut-off on the momenta.

Figure 1.2: Top: Self energy diagram for fermions. Bottom: Topologies of one-loop corrections to 4-fermions
scattering. Dashed line represents φ scalar exchange.
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Ltree = iψγµ∂
µψ +

cV
2
ψγµψψγ

µψ +
cT
2
ψσµνψψσ

µνψ +
1
2
(∂µφ)2 − m2

2
φ2 − ηψψφ (1.9)

with cV (µ = M) 6= 0 and cT (µ = M) = 0. At low energy these coefficients will be both non-zero.
The one-loop calculations will then give for the amplitude:

iM =
iη2

(4π)2
1
ε
(−cV + 6cT )u(p3)γµu(p1)u(p4)γµu(p2)

+
iη2

(4π)2
1
ε
(cV )u(p3)σµνu(p1)u(p4)σµνu(p2) (1.10)

Now we can rewrite the Lagrangian of the theory in terms of bare (with zero index) and of
renormalized fields and couplings at the one-loop.

L = iψoγµ∂
µψo +

cV,o
2
ψoγµψψoγ

µψo +
cT,o
2
ψoσµνψψoσ

µνψo + ...

= iZψ ψγµ∂
µψ +

cV
2
ZV Z

2
ψµ

2ε ψγµψψγ
µψ +

cT
2
ZTZ

2
ψµ

2ε ψσµνψψσ
µνψ + ...

= iψγµ∂
µψ +

cV
2
µ2ε ψγµψψγ

µψ +
cT
2
µ2ε ψσµνψψσ

µνψ + i(Zψ − 1) ψγµ∂µψ

+
cV
2
µ2ε(ZV Z2

ψ − 1) ψγµψψγµψ +
cT
2
µ2ε(ZTZ2

ψ − 1) ψσµνψψσµνψ + ...

where ψo =
√
Zψψ defines the renormalized field and ci,o = Ziµ

2εci, the renormalized couplings.
µ2ε is a scale factor which ensures homogeneity of the Lagrangian as in dimensional regularization
the space-time dimension is d = 4− 2ε. From here we can impose that the introduced counter-
terms remove the divergences calculated previously. In such case we get:

cV (ZV Z2
ψ − 1) =

iη2

(4π)2
1
ε
(−cV + 6cT )

cT (ZTZ2
ψ − 1) =

iη2

(4π)2
1
ε
(cV ) (1.11)

which can be related to the evolution of the coupling with the scale (2):

µ
d

dµ

(
cV
cT

)
=

2η2

(4π)2

(
0 6
1 1

)(
cV
cT

)
with

{
cV (µ = M) 6= 0
cT (µ = M) = 0

(1.12)

As we can see, µ-dependence of the coupling η is needed to solve the differential equation. This
can be obtained in a similar way, by considering the correction to Yukawa vertex. In this case
we get:

µ
dη

dµ
=

5η3

(4π2)
=⇒ dµ

µ
=

5
(4π)2

dη

η3

=⇒ 1
η(m)2

− 1
η(M)2

=
10

(4π)2
log
(
M

m

)
(1.13)
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1.1. THE STANDARD MODEL AND BEYOND

After changing variables in equation (1.11), diagonalizing and expanding for large logarithms,
we can solve the RGE and extract the scale dependence of the cV and cT operators:

cV (m) = cV (M) +O(log (M/m)2)

cT (m) = −cV (M)
10

(4π)2
log
(
M

m

)
(1.14)

Notice that, here, at the end of the calculation, the contribution in log
(
M
m

)
cancels for the cou-

pling cV . However this is not the case in general as we can see for the other coupling cT which
is only generated by this log-contribution. So it is now apparent that radiative corrections will
generate at low scale all the terms allowed by symmetries even if some tree level couplings are
vanishing.

To conclude this discussion on the EFT, we have to keep in mind that we still have benefits
from constructing such theories. Despite their lack of renormalizability, we can always give an
estimate of coefficients for the theory and therefore keep a certain predictivity. This will be
crucial to understand the motivation and the prediction we will have in chapter 2 and 3 with the
extra-dimensional model we built. Relying on our review of EFT, we can now go a step further
and start presenting the Standard Model of particle physics and its possible extensions.

1.1.2 The Standard Model of particle physics

Description of the model

The Standard Model (SM) of particles physics is a renormalizable quantum field theory de-
scribing the “elementary” particles of matter and their fundamental interactions. Introduced by
Glashow, Salam and Weinberg (3; 4; 5) in the early 1970’s in order to explain the electroweak
interactions, this model has been widely accepted after the discovery of the particles mediating
neutral and charged currents, Z and W, at the beginning of the 1980’s. In parallel, the theory
of strong interaction has also been developed and validate by experiments along the end of the
century and up to the TeV scale2. This Yang-Mills theory is based on a non-abelian gauge
symmetry group GSM = SU(3)C × SU(2)W × U(1)Y . SU(3)C group is the quantum chromo-
dynamics (QCD) gauge group. These non-abelian interactions will lead to the strongly coupled
sector of the theory and will be mediated by the gluon fields g. Then the SU(2)×U(1)Y is here
to describe the weakly coupled sector known as the electroweak sector. The associated gauge
fields are respectively W 1,2,3 and B. This gauge symmetry will be broken into U(1)EM at the
hundred GeV scale by the Higgs-Brout-Englert mechanism (6; 7), introducing masses for three
new mass-eigenstates: W± and Z. One eigenstate will remain massless; the photon γ (or A
for convenience)3. The matter fields will carry charges under this gauge symmetry group GSM ,
which will determine their interactions. In the table 1.1, we give the SM field content and their
charges under the three different gauge groups and their electric charges.

For convenience, the Standard Model Lagrangian can be split into different parts. In order
to introduce the notations used in this thesis, the gauge sector LG, the Higgs sector LH , the
fermion sector LF and the Yukawa sector Ly will be detailed in the following.

LSM = LG + LH + LF + Ly (1.15)
2In this sense, as we mentioned, the Standard Model is also an EFT because its content and its interactions

at energy from TeV to Planck scales are still unknown.
3The diagonalization of W 1,2,3 and B will be detailed in Higgs sector section.
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Field Notation SU(3)C SU(2)W U(1)Y U(1)EM

Quarks (s=1/2) QL =
(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
3 2 1/6

(
2/3
−1/3

)
uR, cR, tR 3 1 2/3 2/3
dR, sR, bR 3 1 −1/3 −1/3

Leptons (s=1/2) LL =
(
νe
eL

)
,

(
νµ
µL

)
,

(
ντ
τL

)
1 2 −1/2

(
0
−1

)
eR, µR, τR 1 1 −1 −1

Gauge (s=1) g 8 1 0 0
W 3, W± 1 3 0 0, ±1

B 1 1 0 0

Higgs (s=0) Φ =

(
φ+

φ0 = 1√
2
(v + h+ iϕ0)

)
1 2 1/2

(
1
0

)

Table 1.1: The SM fields with their representations under SU(3)C and SU(2)W and their charges under U(1)Y

and U(1)EM . Here, the electric charge is given by Q = T3 + Y ans s, the spin of the field.

Gauge sector

The first term is the kinetic term of the gauge fields:

LG = −1
4
BµνBµν −

1
4

3∑
a=1

W a,µνWa,µν −
1
4

8∑
A=1

GA,µνGA,µν (1.16)

where Bµν , W a,µν and GA,µν are the field strength of the associated gauge fields given by:

Bµν = ∂µBν − ∂νBµ

W a,µν = ∂µW a,ν − ∂νW a,µ + gw εabc W b,µW c,ν (1.17)

GA,µν = ∂µGA,ν − ∂νGA,µ + gs f
ABC GB,µGC,ν

gs, gw and g1 are the coupling constants associated to SU(3)C , SU(2)W and U(1)Y . εabc and
fABC are the structure constants of SU(2) and SU(3). They are defined by the commutation
relation between the generators ta for SU(2) or TA for SU(3) 4, where a = 1..3 and A = 1..8.

[ta, tb] = iεabctc and [TA, TB] = ifABCTC (1.18)

In this section, we will not detail the gauge-fixing term neither the ghost term. When they
will be needed in the thesis, they will be given for a generic SU(N) non-abelian theory.

4ta = σa/2 with a = 1..3 for the fundamental representation of SU(2). Here σa are the Pauli matrices.
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Fermion sector

The gauge interaction of fermions can be derived from the covariant derivative, once the
various charges of the fields are known. The peculiarity of the SM is that the left-handed part
of a fermion has a different coupling compared to the right-handed one. For instance, only
left-handed fields couple to W bosons. In this case, the notation in terms of Weyl spinors is
more appropriate for the chiral fermions of the Standard Model5.

LF =Q†Liiσ̄µD
µQLi + u†RiiσµD

µuRi + d†RiiσµD
µdRi

+ L†Liiσ̄µD
µLLi + e†RiiσµD

µeRi (1.19)

The index i = 1..3 is a flavor index which takes into account the three families of quarks and
leptons, σµ = (1, σi) and σ̄µ = (1,−σi) (8). The color indices have been removed for more
readability and the covariant derivative is given by:

Dµ = ∂µ − igsθSG
µ,ATA − igwθWW

µ,ata − ig1Y B
µ (1.20)

θS = 0, 1 for singlets or triplets of SU(3)C , θW = 0,+1 for singlets or for doublets of SU(2)W
and Y is the charge under U(1)Y .

Higgs sector

This part of the Lagrangian will generate the spontaneous symmetry breaking of SU(2)W ×
U(1)Y into U(1)EM by giving masses to three bosons of the weak interactions, as it has been
experimentally confirmed. We may think of adding directly a mass term by hand for the gauge
boson. This would break explicitly the gauge symmetry. While it can be accepted experimen-
tally, it leads to inconsistencies in the theory as we will discuss in section 1.1.3. In the Standard
Model, this problem is solved by introducing a new scalar field Φ whose Lagrangian will respect
all the symmetry of the SM but whose vacuum expectation value will not:

〈Φ〉 =
1√
2

(
0
v

)
(1.21)

If we consider the complete gauge transformation Φ → eiα
ataeiβ/2Φ, only a transformation with

α1 = α2 = 0 and β = α3 leaves 〈Φ〉 invariant. This direction in the SU(2)W ×U(1)Y space will
be directly related to the massless gauge boson by the gauge transformation. The Lagrangian
of the Higgs field is thereby built:

LH = (DµΦ)†(DµΦ)− µ2Φ†Φ + λ(Φ†Φ)2 (1.22)

where Dµ = ∂µ − igwW
µ,ata − ig1YhB

µ. This expression of the potential is the easiest renor-
malizable possibility. For µ2 < 0 and λ > 0 we can show that it will generate the vacuum

expectation value (vev) for the Higgs field v =
√

µ2

λ .

5The Dirac notation with 4 component fields could have also been used, two of the component would have

been equal to zero. ΨR = PRΨ =

„
0

η̄ = ψR

«
and ΨL = PLΨ =

„
χ = ψL

0

«
, where PR/L = 1±γ5

2
, and in this

case, Pauli’s matrices are replaced by Dirac’s ones in the Lagrangian.
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Then we can write the Higgs field as:

Φ =

(
φ+

φ0 = 1√
2
(v + h+ iϕ0)

)
(1.23)

By expanding the kinetic term of the Lagrangian, we will generate mass terms for the gauge
bosons:

LH,bilinear =
1
8

∣∣∣∣( gwW
3
µ + g1Bµ gw

√
2W+

µ

gw
√

2W−
µ −gwW 3

µ + g1Bµ

)(
0
v

)∣∣∣∣2 (1.24)

=
g2
wv

2

4
W+
µ W

µ− +
v2

8
(W 3

µ Bµ)
(

g2
w −gwg1

−gwg1 g2
1

)(
W 3,µ

Bµ

)
(1.25)

=
g2
wv

2

4
W+
µ W

µ− +
v2

8
(Zµ Aµ)

(
g2
w + g2

1 0
0 0

)(
Zµ

Aµ

)
(1.26)

where W±
µ = 1√

2
(W 1

µ ∓ iW 2
µ). The diagonalization of the mass matrix of the gauge fields gives

the eigenstates Zµ and Aµ of the theory:

(
Zµ
Aµ

)
=
(

cos θW − sin θW
sin θW cos θW

)(
W 3
µ

Bµ

)
(1.27)

where θW is the Weinberg angle given by:

cos θW =
gw√
g2
w + g2

1

and sin θW =
g1√

g2
w + g2

1

(1.28)

The eigenvalues, which are the masses of bosons, are noted mW , mZ and mA. We can then
extract the electromagnetic coupling e by identification with the photon coupling:

mW =
gwv

2
, mZ =

√
g2
w + g2

1v

2
mA = 0 and e =

gwg1√
g2
w + g2

1

(1.29)

Finally, only the Higgs boson h remains physical. The other fields ϕ0, φ
± are Goldstone bosons

associated with the symmetry breaking. They will be “eaten”, in unitary gauge, by the Z, W±

to create the longitudinal polarization of the heavy gauge bosons.

Yukawa sector

The Yukawa sector is responsible for generating fermionic field masses by using the Higgs field
interactions. It will also introduce the mixing between different families. Actually to preserve
gauge invariance, we have to use the Higgs doublet in order to write down a mass term which
connects right-handed and left-handed components which are respectively singlets and doublets
of SU(2)W .

LY = −
3∑
i=1

Y u
ijQ

†
Li(iσ2H

∗)uRj −
3∑
i=1

Y d
ijQ

†
LiHdRj −

3∑
i=1

Y e
ijL

†
LiHeRj + h.c. (1.30)

Then by expanding the Higgs field around its vacuum expectation value in the Lagrangian, we
will generate mass terms for the fermions. The Yukawa matrices are 3×3 complex matrices. To

12



1.1. THE STANDARD MODEL AND BEYOND

diagonalize them and define the real mass eigenstates, we introduce six unitary matrices such
that:

Y e
diag = V e

LY
eV e†
R , Y u

diag = V u
L Y

uV u†
R , Y d

diag = V d
LY

dV d†
R (1.31)

In the leptonic sector, when considering the LF part of the Lagrangian, this rotation is
reabsorbed in the redefinition of fields and does not affect the interactions. In this original
version of the SM, there was no right-handed neutrino and the left-handed one was massless.
This consideration has changed after the observation of neutrino oscillations as we will discuss
in section 1.1.3.

But in the quark sector, uL transforms differently from dL, and this affects the interactions
containing both quark types with W±. The interaction term is modified and becomes:

LF ⊃ gwu
†
LiVij σ̄

µdLiW
+
µ + h.c. (1.32)

where V = V u
L V

d†
L is a unitary matrix called the Cabibbo-Kobayashi-Maskawa mixing matrix

(CKM). We can show that this non diagonal term is the only term in SM which ensures couplings
between different generations of quarks.

CKM matrix definition contains only one physical phase. This can be seen in the following
parametrization:

V =

 1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
iδ

0 1 0
−s13eiδ 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

 (1.33)

where cij = cos θij and sij = sin θij . Experimentally s13 � s23 � s12. The phase δ is the source
of CP-violation in the quark sector of the Standard Model. The magnitude of the CKM matrix
elements have been measured with an extreme precision thanks to experiments studying mesons
mixings like BELLE (9) and BABAR (10) for B-mesons.

Standard Model renormalizability and electroweak tests.

The success of the Standard Model Lagrangian lies in the accuracy of its description of
physics from atomic scales down to scales around 10−18 m. The predictions of the SM have been
probed by LEP and TEVATRON up to the scales of the order of few hundred GeV.

From a dimensional analysis of the standard Lagrangian, we can see that all the introduced
terms are renormalizable. We will not develop the renormalization procedure in this section
and we advice the reader to refer to the appendix B for more details. Nevertheless we have to
emphasize that it is renormalizability that ensures the impressive predictivity of the model. In
order to compare theoretical predictions of the Standard Model with the experimental data only
three different input parameters are needed 6: which are the Z-mass determined by LEP1, the
fine structure constant α, extracted from measurement of the anomalous magnetic moment of
the electron, and the Fermi constant extracted from the muon lifetime:

6This is without counting the Higgs mass mh and the fermions masses and mixings.
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mZ = 91.1876± 0.0021 GeV

α =
1

137.035999084(51)
GF = 1.166364(5)× 10−5 GeV−2

All the other observables of the electroweak sector can be predicted with a high precision from
these three inputs by including quantum correction effects and can be now observed with high
accuracy in the colliders. The main advance in this domain was produced by the LEP, an e+e−

collider, in the 1990’s and it has already permitted to give bounds on the top and Higgs masses
using fits of these so-called electroweak precision observables. The TEVATRON, a pp̄ collider,
has confirmed the presence of the top and has improved the precision of the top and W mass
measurements (11). As top and Higgs masses are also inputs for the fits of electroweak precision
data, these combined data from LEP and TEVATRON are used to give a preferred range of
mass for the SM Higgs around 100−200 GeV ( see figure 1.3 ) , which is still compatible with no
direct-observation limits from LEP and TEVATRON (12; 13). In the figure (1.4), we show how
the precision of these measurements allows deviation which are often under the percent level.
Therefore they can also be used to constrain eventual deviations from the Standard Model.

The radiative effects on all the electroweak observables are not independent and are mainly
dominated by the radiative corrections to the gauge bosons self-energies7. This is due to the fact

7There exists also non-oblique corrections which are more specifics like the vertex correction to Z → bb̄ due to
top and large bottom mass effects .

Figure 1.3: This plot presents the ∆χ2 of the Standard Model fit of the electroweak precision observables as
a function of the Higgs mass. The minimum of this curve, at 89 GeV, is the mass of the Higgs bosons which is
preferred by EWPT with an experimental uncertainty of +35 and -26 GeV (at 68 percent confidence level). This
has been taken from (14).
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1.1. THE STANDARD MODEL AND BEYOND

Figure 1.4: This table is extracted from PDG review (11) on electroweak precision test. The Pull column give
the deviation considering the Higgs mass as a free parameter and the Dev column is given for mh = 117GeV.
Γ’s represent the partial and total width of the Z and Rx = Γhad/Γx, AFB the forward-backward asymmetry
in the distribution of ff̄ production which originates from interferences between the vector and the axial-vector
couplings.

that all species of fermions in the Standard Model couple to weak gauge fields. From a theoretical
point of view, it means that these, so called “oblique corrections”, are parametrized by a limited
set of variables which characterize the properties of electroweak symmetry breaking and which
can be used to constrain the physics beyond the Standard Model. We can quote for instance
the STU-parametrization (15) which introduces the S and T-parameters where T measures the
difference between the new physics contributions of neutral and charged current processes at low
energies (it is sensitive to the custodial isospin violation) and S (and U) describe new physics
contributions to neutral (charged) current processes at different energy scales. Setting STU
equal to zero in the SM case, present limits on these parameters are given by (11):

S = 0.01± 0.10
T = 0.03± 0.11
U = 0.06± 0.10

where mh = 117 GeV

STU-variables still depend on the Higgs mass but they give quite stringent bounds on some
exotic SM extension by constraining masses and couplings of extra-particles that can be added
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CHAPTER 1. GENERAL CONTEXT AND OVERVIEW

to the theories. Let us mention the simple example is a heavy degenerate family of fermions. In
this case we have S = 0.21 which leads to a 6σ deviation and thereby to an exclusion of such
extension.

1.1.3 Beyond the Standard Model

Behind its success, some curiosities remain

In the experimental data from low energy experiments, some 2-3 standard deviations dis-
crepancies exist between electroweak data and SM predictions. We can quote for instance the
anomalous momentum of the muon, the forward backward asymmetries in hadronic and leptonic
decays of the top (16) and Bs-mesons oscillations. However, such effects can also be due to
some experimental or theoretical artifacts or just to statistical fluctuations.

Other hints of beyond the Standard Model physics can be found in cosmology. In order
to explain the asymmetry between matter and antimatter, cosmological theories require a CP-
violation which is much stronger than the Standard Model one. This can be explained by new
sources of CP-violation at higher energies. Another hint from cosmology is given by the evidences
of Dark Matter that we will discuss in section 1.2. Dark Matter abundance can be explained
by a new stable and Weakly Interacting Massive Particle (WIMP). Although such new particles
has not been yet detected directly, this hypothesis seems to be the most promising one. There
exists also other alternatives to the presence of new massive stable particles in the Universe,
such as MOdified Newtonian Gravity models (MOND) (17) or MAssive Compact Halo Objects
(MACHOs) (18) but they are not satisfactory to describe the current cosmological observations.

Finally, the undeniable evidence of neutrino oscillations shows that we need new states which
are not included yet in the Standard Model. The Standard Model requires actually massless and
left-handed neutrinos (due to maximal parity violation of electroweak interaction). However, by
now, many experiments with solar, atmospheric, reactor and accelerator neutrinos have collected
a lot of data showing the oscillation of the three flavors of neutrinos νe, νµ, ντ , caused by non zero
masses and neutrinos mixing. For quarks we have used the CKM matrix to describe this mixing.
Here we introduce a new matrix: the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix:

U =

 1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
iδ

0 1 0
−s13eiδ 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

 eiα1 0 0
0 eiα2 0
0 0 0


(1.34)

Then, the new mass eigenstates ν1, ν2, ν3 will be related to the flavor eigenstates as follows:

 |ν1〉
|ν2〉
|ν3〉

 = U

 |νe〉
|νµ〉
|ντ 〉

 (1.35)

where cij = cos θij and sij = sin θij , δ is the CP-violating phase. αi are non-zero if the neutrinos
are Majorana particles. The generation of such masses and phases remains an open question. By
including right-handed neutrinos into the Standard Model, it is possible to explain the neutrino
masses with SM Higgs mechanism only. However the Yukawa couplings of neutrinos will be
very small. In this context, theorists develop already some models, like the see-saw model (19),
which address the smallness of the neutrino masses by giving large masses to right-handed
neutrinos that will couple with left-handed neutrinos through Yukawa couplings. Moreover
many properties of the PMNS matrix, like unitarity or majorana phases, need to be understood.
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1.1. THE STANDARD MODEL AND BEYOND

Theoretical puzzles

In addition to all these experimental hints, we have to stress that some theoretical questions
remain unsolved (20).

First, the Standard Model does explain neither the gravitational interactions, nor the choice
of the gauge groups. Moreover, the existence of three different gauge couplings, the anomaly
cancellation occurring in the SM and the quantized charges tend to lead physicists towards
theories with unification of all forces. This idea of interaction unification at high energy scale
has already been developed successfully in physics with electromagnetism or electroweak theories
and it is reinforced by the fact that if we consider the running of coupling constants at a scale
around 1014 − 1016GeV, the three constants seem to converge roughly close to same value.

Secondly, in the QCD sector, a coupling proportional to εµνρσGAµνGAρσ for gluon fields, allowed
by SM symmetries, could be written but this CP-violating term is not present. This absence has
been measured with a extremely good precision and gives rise the so-called CP-strong problem.

Another puzzle is the large mass hierarchy in the matter sector of Standard Model: there
exits a difference of 5 orders of magnitude between the electron mass which is less than the
0.51 MeV and the top mass which is around 172 GeV, and this is without considering neutrinos.
Therefore, the generation of masses by the Yukawa couplings introduce a lot of free parameters
in the Standard Model theory.

Finally, another issue arises with the quantum corrections to the Higgs mass from its self-
couplings and the couplings to W±, Z and top quark (figure 1.5). Such corrections are quadrat-
ically divergent and therefore very sensitive to the UV physics: from the renormalization pro-
cedure, we get the correction to the Higgs mass:

∆m2
h ∼

1
32π2

((
1
4
(3g2

w + g2
1) + 6λ− 6y2

t )Λ
2 +O(log Λ)) (1.36)

This means that if the Standard Model were valid up to the Planck scale (MP = 1.22 × 1019

GeV), radiative corrections would be important because of the quadratic dependence in the cut-
off scale in equation (1.36). As the physical mass is obtained by adding the bare mass and the
one-loop correction, this would imply a “fine-tuning” with a precision of 10−32 between the bare
mass and ∆m2

h to cancel this quadratic effect and to get a mass for the Higgs around 100 GeV.
This problem is known as the “naturalness” problem. In the end, as the Higgs has not been
yet observed, we have to think of both possibilities: either there is a Higgs or not but in any
case, we have to understand the unitarization of the WW −→ WW scattering. The absence

Figure 1.5: Radiative corrections to Higgs mass in SM from W, Z, top and Higgs self-interaction.
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of new weakly coupled particles (as the Higgs boson) would actually lead the growth of this
cross-section. The theory would not be perturbative anymore at around 1.2 TeV and new strong
dynamics should arise to soften the UV divergences.

How to go beyond?

We can use different approaches to work on the physics beyond the Standard Model. The
EFT is interesting because the number of operators we can write down and which respect Stan-
dard Model symmetries is limited. All new physics effects at low energy will be parametrized
by these new operators. The problem is that the trace of the underlying and more fundamen-
tal symmetries that could have been presnet in the “full” UV-theory, is lost in the EFT approach.

Therefore, we can try to elaborate new theories valid at higher energies which will introduce
new heavy degrees of freedom at around the TeV scale. So we can hope to see their effects in
experiments like the Large Hadron Collider. On the other hand, these theories generate effects
which have to be compatible with the low energy observables. For new scenarios beyond the
Standard Model, we need then to work out the matching between the ultraviolet and infrared
theory and to check it against the experimental data. Once we have presented this procedure, we
can start looking at the various classes of models beyond the SM. Most of these theories (except
for the minimal supersymmetric model which is renormalizable) are based on EFT which will
break down at higher scales around few tens of TeV.

The tremendous list of possible extensions of the SM will be bounded by the creativity of
model builders. However, in order to introduce the models used in the chapter 5, we will give a
brief overview of the main axes of researches for new physics8.

Supersymmetry

The appealing supersymmetric models, introduced in the 1970s, have been used in the 1980s
to extend the SM and to try to address the fine-tuning “problem” of the Higgs mass.

To illustrate the principle of these models, let us consider for instance the top correction to
Higgs in equation (1.37):

8Lee-Wick models, based on peculiar modifications of field propagator will be discussed in chapter 5.

Figure 1.6: Radiative corrections to Higgs mass in SM from the top quark and new cancelling contribution from
the two top partners: t̃1, t̃2.
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∆m2
h ∼ −

y2
t

16π2
(2Λ2 + 6m2

t log
(

Λ
mt

)
+ ...) (1.37)

Here Λ is the cut-off scale of the Standard Model which is expected to be around the Planck
mass MP . Then we can think of adding two new scalars to the SM, with the same quantum
number as the top quark; one superpartner for each top’s chirality as it is shown in the figure 1.6.
We denote λS their couplings with the Higgs and mS , their masses. They will give corrections
to the Higgs mass:

∆m2
h ∼ 2×

(
λS

16π2
(Λ2 + 2m2

t̃
log
(

Λ
mt̃

)
+ ...)

)
(1.38)

If λS = y2
t , there is a compensation between the two loops and the divergence is now

logarithmic.
As we just see with this naive example, such models are based on a new symmetry between

fermionic and bosonic degrees of freedom. From a technical point of view, this can be formu-
lated in the following way: the new generators of this transformation will extend the Poincaré
algebra into a superalgebra. This is allowed by Coleman-Mandula theorem only by adding also
anticommuting generators. In the minimal extension, we add to the translation generator Pµ

and Lorentz transformation generator Mµν , one new fermionic generator Q =
(
Qα, Q̄

α̇
)T which

transforms like a spin-1/2 (21) 9. The new superalgebra becomes:

[Pµ, Pν ] = 0, [Mµν , Pρ] = i(gµρPν − gνρPµ),
[Mµν ,Mρσ] = i(Mµσgνρ +Mνσgµρ −Mµρgνσ −Mνσgµρ)

[Mµν , Qα] = (σµν)βαQβ, and [Pµ, Qα] = 0
{Qα, Qβ} = 0, and {Qα, Q̄β̇} = 2σµ

αβ̇
Pµ (1.39)

where gµν is Minkowski’s metric, the α, β, α̇, β̇ indices take the values 1 or 2. σµ = (1, σi) are
Pauli’s matrices and σµν = 1

4 [σµ, σν ].
In this minimal supersymmetric model (MSSM), which is a renormalizable theory, the con-

tent of particles is at least twice the Standard Model one. If supersymmetry is not broken,
the SM particles and their partners have the same mass. Therefore the phenomenology of such
model should be rich but none of these superpartners have yet been observed at colliders, like
LEP or TEVATRON. Moreover the precision measurements done at low energy through rare
decays like b → sγ, µ → eγ, neutral meson mixings, anomalous magnetic moment of the muon
have already excluded some models or at least part of their parameter space.

This means that supersymmetry, if it exists, is broken at a scale MSUSY few times higher
than the electroweak scale implying that the Higgs boson receives corrections in the following
form:

∆m2
h ∼M2

SUSY

(
λ

16π2
log
(

Λ
mSUSY

)
+ ...

)
(1.40)

A lot of possible scenarios can explain this supersymmetry breaking mechanism, for instance
gravity-, anomaly- or gauge- mediation, but the number of new free parameters is huge in

9Let us stress that adding such new symmetry of the space-time can be actually seen as adding a new Grass-
mannian extra-dimension.
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those models making them difficult to constrain. Nevertheless a quite general prediction of
supersymmetric models is the presence of a light Higgs boson with a mass below 150 GeV that
can potentially be observed at the LHC. Another appealing feature in supersymmetric models
is the “R-parity”. This parity is introduced to avoid the proton decay through new, allowed,
baryon number violating vertices. We can show that PR = +1 for SM fields and PR = −1 for
supersymmetric partners. If this parity is exact it will also prevent the decays of “s-particles”
into SM ones. As we will see in section 1.2, the lightest supersymmetric particle (LSP) could
thereby become a viable Dark Matter candidate.

Little Higgs Model

Another alternative to supersymmetric scenarios are the Little Higgs (LH) models. They
were proposed originally by Arkani-Hamed, Cohen and Georgi (22) and they protect the Higgs
mass from quadratic divergences at one loop thanks to a spontaneously broken global symmetry.
These effective field theories introduce a Higgs boson which is a pseudo-Nambu-Goldstone Boson
(NGB). The symmetry breaking is realized in a subtle way called “collective symmetry break-
ing”, which means that the symmetry of the Lagrangian is broken only if at least two couplings
are not vanishing. Technically, this implies that the mass term for the Higgs can arise only if
we consider two different NGB. Without entering into the details of such model buildings, the
interesting phenomenological features of Little Higgs models are their new degrees of freedom.
To each SM field will be associated a “heavy” field with the same spin and with a mass of the
order of the breaking scale f . Their couplings with the Higgs will be such as they will soften
the divergences of the Higgs mass (Figure 1.7). This is enough to solve the hierarchy problem,

Figure 1.7: Radiative corrections to Higgs mass in SM and new contributions from Little Higgs model. WH , is
the heavy partner of the SM WL,χL and χR are two vector like quarks which are introduced in the top sector,
and φ is a pseudo-goldstone partner of the Higgs field.
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because the scale of new physics required beyond the Little Higgs mechanism is pushed above
10 TeV.

This bound can be lowered once we introduce a new parity called T-parity (23) which avoids
tree level contribution of new partners to electroweak observables. This symmetry will also
prevent the decay of heavy partners and force them to be pair-produced which could have an
interesting implication in cosmology (see section 1.2). This class of models has also interesting
signatures for collider because of the rich number of new charged particles. Even if the pair
production is needed, the couplings of heavy partners with SM particles are sizable (24). Typical
bounds for such models, set around the TeV scale, leave open the possibility to observe it at the
LHC collider.

Strongly coupled theories

Strongly coupled theories have also been thought of as extensions of Standard Model. One
of the most discussed are the technicolor (TC) and the extended technicolor (ETC) (25). Pro-
posed in the 1980s, those models give a dynamical approach to electroweak and flavor symmetry
breaking effects. The underlying idea is that all the fundamental mass scales present in a theory
have to be generated dynamically. In such models, the electroweak scale associated to the Higgs
boson vacuum expectation value v = 246 GeV would arise from a new strong interaction, like in
QCD, where the pion decay constant fπ = 93 MeV is linked to ΛQCD ∼ 200 MeV. In this case,
a new non-abelian gauge structure and new “technifermions” are added to the SM particle con-
tent but we do not need new elementary scalar fields. Like in QCD, the chiral symmetry will be
broken, a technifermion condensate will arise and Goldstone bosons will appear. The so-called
“technipions” will be eaten by the W± and Z to become their longitudinal polarizations. The
characteristic scale ΛTC will be related to the decay constant of the “technipion” and so to the
masses of W± and Z. From a phenomenological point of view, the interest is based on the po-
tential observation of spin-zero technipions or of spin-one isovector technirhos. Nevertheless in
TC and ETC, a lot of challenging problems such as flavor-changing neutral current effects, large
mass of the top and compatibility with the electroweak precision tests are still present. For more
information on technicolor models, we invite the reader to refer to the review of K.Lane (25).

In the same spirit, we find more recent developments on more model-independent approaches
(26) which tend to describe theories with a light Higgs boson associated with a strong dynamics
at higher scales. In this reference (26), the author describes for instance how these effective
theories with composite Higgs can be related to some existing scenarios like Little Higgs Models.
In all cases, we have to stress that the main technical issue with these strongly coupled theories,
like in Chromodynamics, is the difficulty of extracting prediction from them. Computations in
this framework are very challenging even if new techniques like ADS/CFT correspondence (27)
and lattice calculations, as proposed in (28), start to give some promising results.

Extradimensional models

Another class of models that can be explored to extend the physics beyond the Standard
Model will based on the modification of the properties of the usual 4-dimensional Minkowski
space-time. As we will see later in section 1.3, it is possible to add new compact spatial dimen-
sions to the 4D Minkowski metric. In this case, the propagation of the fields will be affected;
the characteristic size of those new dimensions will determine the typical energy scale where
new phenomenology will arise. Playing with the topology, the curvature and the boundaries of
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the extra-space, we will see that effective field theories written in these new frameworks can be
used to address numerous and various problems of the Standard Model.

1.2 Cosmological constraints on Dark Matter

1.2.1 The Standard Model of cosmology

At the beginning of the 20th century, Einstein developed a mathematical formulation of
General Relativity expressing the gravitational interactions as a consequence of the space-time
geometry. Then, few years later Friedmann, Lemaître, Robertson and Walker proposed a so-
lution of Einstein equations describing the dynamics of our universe. This FLRW model is
based on an universe background which is homogeneous, isotropic and non-stationnary. These
assumptions, which are pretty well observed at scales larger than the hundred megaparsecs, will
lead to a solution known as the Robertson-Walker’s metric:

ds2 = dt2 − a(t)2
[

dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
(1.41)

where t is the time, r is the co-moving distance and k is the spatial curvature. Without loss of
generality we can show that k = −1, 0,+1, which corresponds to open, flat or closed universe.
The scale factor a(t) will describe the curvature of the space-time and will make the link between
physical distances at a given time and co-moving ones: dl = a(t)dr. We can introduce the Hubble
paramater H which characterizes the rate of universe expansion at given time:

H(t) =
ȧ(t)
a(t)

(1.42)

Actually we find that in the limit of low redshifts and low distances, the separation velocity v
between two objects is linked to their relative distance r by the linear relation: v = Hr. This
observation was made originally by Hubble and was a hint about such non-static universe.

In the FLRW model, the universe is filled by different perfect fluids with pressure p and
density ρ which follow an equation of state of the form: p = wρ. For relativistic gases: w = 1/3,
for non-relativistic matter: w ' 0 and for dark energy, which is characterized by the cosmological
constant Λ (ρΛ = Λ

8πG), w = −1. After solving the Einstein equations, we show that:

H2 =
8πG

3
ρR +

8πG
3

ρM +
8πG

3
ρΛ −

k

a2
with ρ ∝ a−3(w+1) (1.43)

where G is Newton’s gravitation constant. After introducing the critical density, ρc = 3H2

8πG , and
the ratio Ωi = ρi

ρc
, this “budget” equation (1.43) becomes for our flat universe:

1 = Ωtot = ΩR + ΩM + ΩΛ with k = 0 (1.44)

The experimental determination of the five parameters {ΩR,ΩM ,ΩΛ,H0, k} will be sufficient
to describe the evolution of the FLRW universe and this is the reason why precise measurements
of these parameters have been performed in observational cosmology for the last 30 years.
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Moreover, from the observations of the last decades, it is possible also to propose a scenario
for the history of the universe which is quite robust: the Hot Big Bang model. It is based
on the fact that the universe was denser and hotter at early time. At this epoch, all particles
were produced at thermal equilibrium. Then, progressively, the universe expansion cooled down
this primordial plasma, unstable particles decayed but stopped being produced. On the other
hand, stable particles stopped interacting with the rest of plasma and started evolving freely:
this situation is known as decoupling. As an example, we can quote the last decoupling of the
photons. At T ∼ 4000K, the recombination of electrons and nucleons formed bound stable
neutral states which stop interacting with photons. Since this time, the black body distribution
of those thermal photons has been frozen and their “temperature” has just dropped because of
expansion. Firstly observed by Penzias and Wilson (29), the temperature distribution of those
photons has been extremely well measured at 2.725K by experiment of Cosmical Microwave
Background (CMB) detection. As we will see, the CMB is a probe of the early universe structure
and will contain information of the content of matter and radiation in the earlier universe (figure
1.9).

1.2.2 Evidences of Dark Matter

In this section, we will focus on the observations which suggest the presence of Dark Matter
in our description of the universe. This new matter constituent has been introduced to explain
gravitational effects at various scales, which were not understandable with the observed amount
of baryonic matter in the universe (at least in the FLRW paradigm): ΩM = Ωnb + Ωb. We will
present briefly some of those effects from astrophysical to cosmological scale:

At galaxy scale

The first evidences of Dark Matter come from the observations of galaxies. We expect that
the orbits of the stars in such structures follow Kepler’s laws. If we consider a mass M(R) inside
a sphere of radius R, the equilibrium between kinetic and gravitational energies can be written
as:

v2

R
=
GM(R)
R2

⇒ v =

√
GM(R)

R
(1.45)

whereG is the gravitational constant and v the velocity of the stars. As it can be seen in figure 1.8
on the so-called “disk” profile, we know that v decreases as 1/

√
R when we go away from the

galaxy center for large distances (R ∼> RG = 5kpc) if all the mass of the galaxy is included in
the sphere of radius RG. On the other hand, measurements of the speed distribution in spiral
galaxies can be performed by spectroscopy of Doppler effects in hydrogen clouds. Thus, the
rotation curves of galaxies (figure 1.8) obtained with this technique of radioastronomy (30), have
shown a flat velocity profile at large distances from the center of galaxy. The discrepancy between
the expected “Keplerian” behavior and the observations can be explained by the existence of a
halo of non-visible matter which will play a gravitational role.

At the scale of galaxies and galaxy clusters

Historically the idea of “Dark Matter” in galaxy clusters comes from Zwicky, in 1933. By
studying the speed distribution of galaxies in the Coma cluster, he estimated with the Virial
theorem, the gravitational mass of the cluster. He compared it with the mass which could be
extracted from observations of the luminosity of thousand of nebulae in the cluster. With this
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Figure 1.8: Left: Rotation curve for the spiral galaxy NGC6530, extracted from (30). Right: Direct evidence
for Dark Matter in the “bullet cluster”(1E0657-56). In this plot reproduced from (31): the visible matter (red
and yellow), observed in X-rays by the CHANDRA satellite, only contributes little to the total mass of the two
colliding clusters (density contours in green). This total mass has been measured by gravitational lensing with
VLT and Hubble satellites.

technique, he found that only 2% of the mass of the cluster came from “visible” matter, the rest
was non-luminous matter. Now we know that roughly 10% of the cluster is made of invisible
gases but the problem still remains.

The techniques of mass determination has evolved; not only the velocity distribution is
used but also the gravitational lensing, based on General Relativity effects. By observing the
deformation of galaxies located beyond the cluster, we can extract information on the mass of
the cluster in the foreground which has modified the path of light. These observations show also
the existence of large amount of Dark Matter in the clusters (32). Finally the last famous hint
of Dark Matter evidence at this scale comes from the observation of the “Bullet cluster” (31).
In figure (1.8), we see the collision of two galaxy clusters: in red and yellow, the famous bullet
shape represents the X-rays emissions coming from the heating of interacting baryonic matter.
On the other hand, the green contours show the distribution of mass which is quite isotropic
and seems not affected by the collisions. This observation is difficult to explain with modified
gravity while it can be understood by the presence of massive and weakly interacting kind of
“invisible” matter.

At cosmological scale

The observations of the Cosmic Microwave Background (figure 1.9) show that the temper-
ature of the universe at the time of photon decoupling, was homogeneous and isotropic up to
perturbation smaller than 10−5. Then we start seeing some anisotropies and fluctuations of
the background that we can use to estimate the parameter set of cosmology introduced in sec-
tion 1.2.3. The density fluctuations in the primordial plasma can lead to measurements of the
baryonic matter density Ωb which is very different from the one obtained for ΩM (33).

Ωbh
2 = 0.02260± 0.00053 and ΩMh

2 = 0.13334+0.0056
−0.0055 (1.46)
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where h = H0/100 km.s−1.Mpc−1 = 0.704. The accuracy of WMAP (Wilkinson Microwave
Anisotropy Probe) measurements (34) has already allowed to constrain strongly the sum ΩM+ΩΛ

and forces us also to introduce a new non-baryonic matter-like component to our description of
the universe. We can try to explain such effects with relic density of neutrinos which are also
weakly interacting but WMAP estimates their relic abundance at Ωνh

2 ≤ 0.014510 which is not
sufficient.

Other studies on cosmological scale will help to improve our understanding of the Standard
Model of cosmology also called Lambda-Cold Dark Matter (ΛCDM) paradigm. For instance,
the Sloan Digital Sky Surveys has created a map of the sky with more than 900,000 galaxies,
120,000 quasars and 400,000 stars (36). The purpose of such maps is to look at the signatures of
density perturbations which were in the primordial plasma (Baryonic Acoustic Oscillation) (37).
The small fluctuations at early time have actually generated, through gravitational non-linear
effects, the large scale structures observed nowadays. So, by measuring these structures, we
can infer the power spectrum of those initial fluctuations. This leads to an estimate of matter
abundance of ΩM = 0.286 ± 0.018. Finally Supernovae of type Ia studies (33) can also be

10Note that this value is the WMAP measurement only, in table 1.2 we give the combined result.

Figure 1.9: Left: 68.3%, 95.4% and 99.7% confidence level contours on ΩΛ and ΩM obtained from Cosmic
Microwave Background, Baryonic Acoustic Oscillations and the SuperNovae Surveys as well as their combinations
(assuming w = −1 for the dark energy), extracted from (33). Right: Cosmic Microwave Backgroup anisotropy
measurements from COBE and WMAP-7 years with 30 times higher resolution (34). Those official plots are
extracted from the WMAP collaboration website (35).
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used. Luminosity curves of these standard candles are well understood and will allow accurate
measurements of their distance luminosity as a function of their redshift. With these data, we
can then estimate the deviations from Hubble law and constrain the Hubble parameter and
ΩM − ΩΛ.

All these experiments will constrain the minimal set of parameters defining the ΛCDM
model, as it is presented in table 1.2. In this table, the total density is Ωtot = 1 which means
that we assume that the universe is flat (k = 0). We can relax this assumption and the fits of Ωtot

will still be in good agreement with the value Ωtot = 1. Then we remark that the dark energy
component is quite important and “starts” dominating the dynamics of our present universe.
The physical origin of such term is still a mystery which lies in the understanding of gravity
and of early universe dynamics. Finally we can stress that the amount of baryonic matter is
very small compared to the total matter density. As we already mentioned, a solution can
be brought by particle physics by considering a Weakly Interacting Massive Particle (WIMP),
whose abundance remains unchanged after decoupling from the primordial plasma.

Ωγ Ων Ωb Ωdm ΩΛ H0(km/s/Mpc)

4.6+0.5
−0.5 × 10−5 < 0.0125 0.0456+0.0016

−0.0016 0.227+0.014
−0.014 0.728+0.015

−0.016 70.4+1.3
−1.4

Table 1.2: Constraints on ΛCDM model obtained combination of Cosmic Microwave Background, Baryonic
Acoustic Oscillations and the SuperNovae Surveys assuming Ωtot = 1 (38).

1.2.3 Cold WIMP relic density calculation

In the previous section, we have presented the current model used to describe our universe and
we have emphasized the fact that a Dark Matter component has to be added to our description.
In the following we will present how Standard Model extensions can solve this problem and how
Dark Matter can contribute to the total matter budget of the universe.

Solving the Boltzmann equation

In this part, we will review the standard calculation of the relic abundance of a particle
species Z which can explain the observed matter density. We will explain how, because of
the universe expansion, this massive stable particle went out of the thermal equilibrium and
decoupled. The relic abundance of Z can be found by solving the Boltzmann equation11 (39;
40):

dn

dt
= −3Hn− 〈σv〉(n2 − neq2) (1.47)

where n is the density of the relic particle and neq is the density at the thermal equilibrium.
v is the relative velocity of the two Z and 〈σv〉 = 〈σ(ZZ → SM)v〉 is the thermally averaged
total annihilation cross-section. The first term corresponds to a dilution term of the relic Z, the
second one is the annihilation term and the third one is the production term from SM particles
in the thermal bath. As we are interested in a cold Dark Matter, we have to look at two different
regimes: at high temperature (T � m), Z is still relativistic and its equilibrium density is given
by neq ∼ T 3. At low temperature (T � m), neq is given by the non-relativistic limit:

11Here we suppose that the particle is stable or long-lived so that in the Boltzmann equation only the annihilation
term is relevant.
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neq = g

(
mT

2π

)3/2

e−m/T (1.48)

Here m is the mass of the relic particle Z, T is the temperature and g is the number of internal
degrees of freedom such as spin, color, and so on. As it can be seen from the numerical solution
in figure 1.10, at early time, Z annihilated (was created) with its own anti-particle into (from)
Standard Model states. Then, because of the expansion, the temperature will drop (a(t) ∼ 1/T )
and the annihilation rate Γ = n〈σv〉 will be smaller than the Hubble parameter. In this case,
the particles cannot annihilate anymore by default of reagents and their density will remain
fixed. This decoupling of the stable particles from the thermal bath of the primordial plasma
is called freeze-out and will occur at temperature denoted TF which corresponds roughly to the
time where Γ ∼ H.

〈σv〉 is often approximated by its non-relativistic expansion:

〈σv〉 = a+ b〈v2〉+O(〈v4〉) ≈ a+
6b
x

+O(1/x2) where x =
m

T
(1.49)

Then by solving the Boltzmann equation analytically with appropriate approximations, we ob-

Figure 1.10: Numerical simulation for the evolution of the co-mobile relic density taken from (41). This co-
mobile density Y ∝ nT−3 includes the dilution effect coming from the expansion of the universe. The solid line
represents the equilibrium density and the dashed one the current density .
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tain the relic density ΩZ :

ΩZh2 ≈ 1.04× 109

MP

xF√
g∗(xF )

1
a+ 3b/xF

(1.50)

where MP = 1.22×1019 GeV is the Planck mass and g∗ is the total number of effectively massless
degrees of freedom and is given in first approximation by:

g∗(x) =
∑

i=bosons

gi +
7
8

∑
j=fermions

gi (1.51)

In g∗, the coefficient 7/8 comes from the Fermi-Dirac statistics and the dependence on temper-
ature is due to the fact that the thermal bath will quickly lose a lot of massive species as the
temperature will drop below their masses. The freeze-out “temperature”, xF , is found from the
self-consistent equation:

xF = ln

(
c(c+ 2)

√
45
8

g

2π3

mMP (a+ 6b/xF )√
g∗(xF )xF

)
(1.52)

where the value of the constant c can be found after numerical computation. Usually we use
c = 1/2 because of the weak dependence of xF on its value. Finally, subleading effects can be
taken into account (40; 42) like, for instance, relativistic corrections by the simple replacement
b→ b− 1

4a.

Coannihilation effects

In the previous section, we have considered only one single particle in the calculation of
the relic abundance, but in extension of the Standard Model, we can have a richer spectrum
of the new heavy states; in particular, other unstable particles are nearly degenerate with the
lightest stable one. In this case, the new particles are almost as abundant as the relic Z.
If their masses is close to the freeze-out temperature, they will be accessible thermally and
coannihilation processes involving those heavier particles will modify the prediction for the relic
abundance. For this reason, we will consider the previous calculation including new heavier
particles: Zi, i = 1..N of masses mi, with Z1 ≡ Z and where we have mi < mj for i < j.
Since the heavier particles which will not annihilate, will automatically decay into Z1, it will
be relevant to consider the total density n =

∑N
i=1 ni to solve the Boltzmann equations. After

some approximations described in (39; 40), we obtain the following expression:

dn

dt
= −3Hn− 〈σeffv〉(n2 − neq2) (1.53)

where

σeff (x) =
N∑
ij

σij
gigj
g2
eff

(1 + ∆i)3/2(1 + ∆j)3/2e−x(∆i+∆j)

and geff =
N∑
i=1

gi(1 + ∆i)3/2e−x∆i where ∆i =
mi −m1

m1
(1.54)

Here we have σij = σ(ZiZj → SM) and gi is the number of internal degrees of freedom of the
particle Zi.
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Similarly to the previous section, the freeze-out “temperature”, xF , is found from the self-
consistent equation:

xF = ln

(
c(c+ 2)

√
45
8

g

2π3

mMP (aeff (xF ) + 6beff (xF )/xF )√
g∗(xF )xF

)
(1.55)

Here aeff and beff are the first terms in the velocity expansion of σeff :

〈σeffv〉(x) = aeff (x) + beffv
2 +O(v4)

=⇒

 aeff (x) =
∑N

ij aij
gigj

g2eff
(1 + ∆i)3/2(1 + ∆j)3/2e−x(∆i+∆j)

beff (x) =
∑N

ij bij
gigj

g2eff
(1 + ∆i)3/2(1 + ∆j)3/2e−x(∆i+∆j)

(1.56)

where aij and bij are obtained after expansion of σijv = aij + bijv
2 + O(v4). After solving the

Boltzmann equations, as we did previously, we get for the relic abundance:

ΩZh2 ≈ 1.04× 109

MP

xF√
g∗(xF )

1
Ia + 3Ib/xF

(1.57)

with

Ia = xF

∫ ∞

xF

aeff (x)x−2dx

Ib = 2x2
F

∫ ∞

xF

beff (x)x−3dx (1.58)

This calculation can be performed for all models which predict a stable Dark Matter can-
didate and as an example, in the context of this thesis, we can quote the work done in extra-
dimensional models like in the section 1.3.6 (39; 43) and in chapter 2. Those calculations can be
refined by using numerical resolution of Boltzmann equations including for instance resonance
effects (44).

To conclude this section on Dark Matter, let us perform a rough numerical estimate of relic
density and annihilation cross section, we find:

ΩZh2 ∼ 10−10 GeV−2

〈σv〉
∼ 0.1 and 〈σv〉 ∼ α2

m2
W

∼ 10−9 GeV−2 (1.59)

where α = 1/137 is the fine structure constant and mW ∼ 100 GeV is the electroweak scale. So
historically, it has been a puzzling coincidence that the annihilation cross-section of a massive
particle with electroweak strength was compatible with relic density observations. This situation
has indeed led to the commun idea of Weakly Interacting Massive Particles used to link beyond
the Standard Model of particle physics and the ΛCDM Standard Model of cosmology.

1.3 Quantum field theory in extra-dimensional models

Finally, in the last review needed for our following discussions, we will present the main
motivation for extra-dimensional models. We will show that extra-dimensions turn out to be an
interesting tool for model building of new effective field theories and that they can bring new
solutions to cure some of the Standard Model problems. Then we will introduce the reader to
the basics of the field theory in this framework, which are essential for the understanding of this
thesis.
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1.3.1 Motivations

In the 1920s, Kaluza (1919) (45) and Klein (1926) (46) had the idea to add a fifth dimension
to the usual four-dimensional space-time. Relying on the discovery of General Relativity, they
proposed to unify the only two forces known at this time: electromagnetism and gravity. This
can be realized by using a 5D Einstein’s theory with one extra-dimension compactified on a circle.
The U(1) symmetry of the circle will correspond to the U(1) symmetry of electromagnetism and
the quadri-potential vector will be generated by the extra parts of the metric g5µ. Nevertheless
this geometrical construction suffers of some phenomenological problems such as the prediction
of light fermions.

Later in the 1970’s and 1980’s, the birth of supergravity and superstring theories renewed
the interest in extra-dimensional models. However these dimensions are expected to be very
small, at the order of M−1

P ∼ 10−35m and will not be probed before a long time by experiments.
Then, at the beginning of the 1990’s, new ideas started to emerge from theorist minds. For

example, what will happen if these new extra-dimensions were larger that the Plank length? For
instance, Antoniadis (47) proposed TeV−1 large extra-dimensions to explain the supersymmetry
breaking. In string theory and M-theory, extra-dimensions can lead also to new features inter-
esting for phenomenology at lower scales. But for our own concern, it is at the end of the 1990’s
that new phenomenological ideas arrived to address the hierarchy problem. We can actually
wonder why the electroweak scale is so small compared to the gravity one: MP � mW . Unlike
the point of view we have adopted in section 1.1.3, where we have looked for a stabilization of
the Higgs mass, here we ask for a lowering of the EFT cut-off from the MP ≈ 1019 GeV Planck
scale down to TeV scale. In this case, gravitational effects will be observable at lower scales.

Large extra-dimension approach

Introduced by Arkani-Hamed, Dimopoulos and Dvali (ADD) (48), the large extra-dimensional
models will consist in compactifing n flat extra-dimensions (with the same radius R for simplic-
ity) on a torus. The volume of the extraspace is Vn = (2π)nRn and the metric of the space will
be:

ds2 = gµνdx
µdxν −R2dΩ2

(n) (1.60)

where R2dΩ2
(n) is the metric element associated to the n-dimensional toroidal coordinates. Then

the Standard Model is embedded on a 3-brane and gravity is present in the bulk space-time.
After writing the Einstein-Hilbert action for 4+n dimensional gravity and integrating out over
the extra-dimensions, we can find the matching with the 4-d gravity description:

M2
P = Mn+2

? Vn (1.61)

where M? is now the fundamental scale of quantum gravity. For instance, to solve the hierarchy
problem we can take M? = 1 TeV and in this case R ∼ 2.10−1910

32
n m. This underlying substruc-

ture of the space will affect gravitation, modifying for instance the Newton law. The dilution of
gravitation at scale larger than R will not occur at smaller ones. For instance, if n = 1, effects
will appear for R ∼ 108 km which is bigger then the size of solar system. If n = 2, we have
R ∼> 0.1 mm and in this case precision measurements of Newton’s law by Cavendish-type exper-
iment can rule out such models. However, this possibility was still valid when the model was
proposed. For n > 2, we have R ∼< 10−8m, this is not yet reachable by those experiments. This
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is due to the technical difficulty to measure such small gravitational effects. Nevertheless, as we
will see in next section, propagation of gravity in this extra-dimension will produce excitation
of the graviton field. So a tower of spin-2 particle will be produced at masses proportional to
m ∼ 1/R. Limits from collider are given by TEVATRON around the TeV scale and are already
improved with LHC (49).

Randall-Sundrum approach

The ADD approach is not the only possibility we can use to dilute the gravity interaction and
solve hierarchy problem. Another class of models, alternative to ADD, has been introduced by
Randall and Sundrum (50) with only one extra-dimension. The new dimension is compactified
on a finite interval 0 ≤ y ≤ L. The endpoints of the interval are the so-called “3-branes”. The
brane at y = 0 is called UV-brane or Planck-brane, the brane at y = L, where the SM fields are
localized is called the IR brane or TeV brane. Solution of Einstein’s equations, the RS metric
of the space between the 2 branes, so-called “bulk”, is that of Anti-de-Sitter (ADS) in 5D and
is given by:

ds2 = e−2kygµνdx
µdxν − dy2 (1.62)

k is the curvature of the space. Without going into the details of solving Einstein’s equation,
we have to mention that the bulk and brane cosmological constants are compensating each
other to stabilize the 4D theory with vanishing 4D cosmological constant. Similarly to the ADD
matching, we can now identify at low energy the effective Plank mass MP with the fundamental
scale of gravity M?:

M2
P =

M3
?

k
(1− e−2kL) ∼ M3

?

k
for kL ∼ O(10) (1.63)

The Planck scale here does not depend strongly of the size of the extra-dimension; gravitational
effects are principally localized close to the UV-brane but it depends only on the new scale
k ∼< MP , the curvature of the space. It is different for SM fields, which are localized on the TeV
brane. In this case, the local cut-off will be not be MP but will be suppressed by:

ΛL ∼M?e
−kL (1.64)

Mstar is of the order of the Planck scale but the effective cut-off scale ΛL for the SM is now
at the order of the TeV, as it is required by the hierarchy problem. Notice that to avoid to
translate the hierarchy problem, we assume kL ∼ O(10) and the suppression on TeV remains
sizeable without any important fine-tuning.

Like in ADD models, as gravity is propagating in the bulk, excitations of the 5D graviton
field will be generated. The first massless one, so-called “zero-mode” is localized at the Planck
brane and its coupling to SM fields will be suppressed by 1/M2

P . For the massive excitations,
physics is different, the coupling with TeV brane fields is more important and in this case, the
so-called KK-gravitons could be produced at collider through Drell-Yan process for instance.
LHC experiments already constrain the mass of such particle around the TeV scale (51).

Finally, let us mention an interesting theoretical feature of the Anti-de-Sitter background
which leads to a new field of research based on Anti-de Sitter / Conformal Field Theory corre-
spondence, noticed by Maldacena (27) in the context of string theory. We could have actually
defined the metric by using “conformal” coordinates z = e−2ky

k . In this case the interval becomes
[R,R′] where R ∼ 1/k the radius of ADS space and the metric is given by:
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ds2 =
(
R

z

)2

(gµνdxµdxν − dz2) (1.65)

This metric has an additional rescaling invariance: z → αz, xµ → αxµ. A rescaling in 4D
space-time of the field theory will lead to an inverted rescaling in energy. So moving along the
extra-dimension will change the energy scale of the conformal theory. As a starting point, this
property can be used to construct 5D weakly coupled theory which can help to describe 4D
conformal theory which can be strongly coupled like QCD.

To conclude, we have seen that these models can pull down the scale of gravity to TeV scale
which becomes the natural cut-off scale for the Standard Model. The main problem is that
quantum gravity violates in general global symmetry, while we know that the Standard Model
contains a lot of global symmetries preventing for instance proton decay, flavor changing neutral
currents, excesses of CP violation and so on. Experimental limits on these phenomena rise the
cut-off scale well above the TeV scale. So ADD and RS in their original version are incomplete
to explain the smallness of those mechanisms. Generally to go further in the understanding
of those phenomena, we need to open “Pandora’s box” and allow some Standard Model fields
propagate in the bulk of the dimension.

In more recent approaches, gravity is often left apart and we focus more on the possibilities
that field theory in extra-dimensional background can bring from a phenomenological point of
view. A lot of well-motivated models are considered to address various problems of the Standard
Model and we will just concentrate on the ones needed for the understanding of this thesis. For
more information, we invite the reader to look at the reviews (52; 53; 54; 55).

1.3.2 Scalar fields in flat extra-dimensions

In this section, we will go through the basic concept of extra-dimension field theory (52).
We will consider for this purpose, the usual flat Minkowski space extended by only one compact
and flat extra-dimension. The coordinates of a point in this space-time are given by:

xM ≡ (xµ, y) = (xµ, x5) ∈M4 × [0, πR] (1.66)

The metric will be gMN = (+1,−1,−1,−1,−1) where M = 0, 1, 2, 3, 5. Greek letters µ, ν will
denote the usual four dimensions. For a scalar field Φ, its bulk action will be given by:

Sbulk =
∫
d4x

∫ πR

0

(
1
2
∂MΦ∂MΦ− V (Φ)

)
dy (1.67)

We can now apply the variational principle to this action and we get:

δSbulk =
∫
d4x

∫ πR

0

(
∂MΦ∂MδΦ−

∂V (Φ)
∂Φ

δΦ
)
dy (1.68)

For simplicity we neglect localized actions in this section and postpone their introduction for
the next paragraph.
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Equation of motion and boundary conditions

We can then integrate by part the formula (1.68) along the four usual dimensions, by assum-
ing the field vanishing at large distances. However, for the integral along the fifth dimension, we
have to be careful because there is no physical reason for the field to vanish on the boundaries.

δSbulk =
∫
d4x

∫ πR

0

(
−∂M∂MΦ− ∂V (Φ)

∂Φ

)
δΦ dy −

[∫
d4x ∂5ΦδΦ

]πR
0

(1.69)

Then to satisfy the variational principle, we have to impose δS = 0 which leads to conditions
on the bulk and boundary terms. First, the bulk equation of motion has to be satisfied by the
5D field:

∂M∂MΦ +
∂V (Φ)
∂Φ

= 0 (1.70)

Second, on the boundaries, two possibilities exist to satisfy δS = 0:

• ∂5Φ|y=(0,πR) = 0 which is called Neumann condition (+).

• Φ|y=(0,πR) = 0 which is called Dirichlet condition (−).

Neumann or Dirichlet conditions can be satisfied simultaneously on both ends but we can
also have Neumann condition on one side and Dirichlet on the other.

Localized interactions

In the action, we considered only bulk contributions, but it is also possible to introduce
the so-called localized terms on the boundary of the extra-dimension. In this section, we for-
get the potential in the bulk action, so the equation of motion of the 5D field is given by:
∂2
MΦ = (∂2

µ − ∂2
5)Φ = 0.

The first term, we can introduce, is a mass term:

S = Sbulk −
1
2

∫
d4x

∫ πR

0
dy
(
M2

1 Φ2δ(y − 0) +M2
2 Φ2δ(y − πR)

)
(1.71)

We obtain thereby the new boundary conditions:

δSboundary = −
∫
d4xδΦ(∂5Φ +M2

2 Φ)|y=πR +
∫
d4xδΦ(∂5Φ−M2

1 Φ)|y=0

=⇒
{

Φ = 0 or ∂5Φ +M2
2 Φ = 0 at y = πR

Φ = 0 or ∂5Φ−M2
1 Φ = 0 at y = 0

(1.72)

The reader will remark that these boundary conditions mix between Neumann and Dirichlet
conditions. Moreover it is easy to see that we can have a continuous path between the two
kinds of boundaries by sending the localized mass from zero to infinity. In this case, Dirichlet
conditions can be interpreted as Neumann conditions with an infinitely heavy mass coupling on
the branes.
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Another possibility to extend the bulk action is to add a kinetic term on the boundaries.
For simplicity, we will add only one term on the y = 0 brane, so that the action becomes:

S = Sbulk −
1

2M

∫
d4x

∫ πR

0
dy ∂µΦ∂µΦ δ(y − 0) (1.73)

The arbitrary parameter M is taken positive to avoid that tachionic states appear. We
obtain the new boundary terms:

δSboundary = −
∫
d4xδΦ(∂5Φ−

1
M
∂2
µΦ)|y=0

=⇒ ∂5Φ−
1
M
∂2
µΦ

bulk EOM= ∂5Φ−
1
M
∂2

5Φ = 0 (1.74)

This condition12 is quite peculiar and requires some care because it involves second deriva-
tives of the field. The main modification is coming from the scalar product of the theory. With
this localized kinetic term, the scalar product of the theory has to be extended to preserve to
hermiticity of the second derivative operator < f, g′′ >=< f ′′, g >:

< f, g >=
∫ πR

0
f(y)g(y) =⇒ < f, g >=

∫ πR

0
f(y)g(y) +

1
M
f(0)g(0) (1.75)

Orbifolding the space

The description of a compact extra-dimension as an interval is not the only possibility (52).
Traditionally we prefer to use an orbifold description of the space. This method makes the
underlying symmetry of the space more visible and consists in considering a manifold plus a set
of identifications to reduce the fundamental domain of the extra-space. In 5D, the most general
orbifolding is the quotient of the circle S1 by the Z2 group. The circle compactification will
identify points such as y → y + 2πRn with n ∈ Z. Then the Z2 reflexion will identify y → −y.
By this procedure it is easy to see that the obtained compact space is a line segment between
0 and πR. So fields are living in this interval [0, πR] and we can show that they can be odd or
even under the Z2 parity:

even Φ(+) : Φ(+)(−y) = Φ(+)(y)

⇒ ∂5Φ(+)(0) = ∂5Φ(+)(πR) = 0 ⇔ Neumann’s BC

odd Φ(−) : Φ(−)(−y) = −Φ(−)(y)

⇒ Φ(−)(0) = Φ(−)(πR) = 0 ⇔ Dirichlet’s BC (1.76)

This last equation shows the equivalence between the two approaches: interval and orbifold.
We notice already that the boundary conditions are the same at both end points. Nevertheless
the orbifold picture is not a restriction of the interval description because we can add localized

12The final form of this condition can be obtained by using KK expansion (section 1.3.2). If mn is the mass of
the nth KK-mode φ(n), it becomes ∂5φ

(n)− m2
n

M
φ(n) = 0 and the scalar product between wavefunctions is modifiedP

n fn(x)fn(y) = δ(x − y) − 1
M
δ(x)

P
n fn(0)fn(y). Then we have to be careful when considering orthogonality

and completeness relations.
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interactions on the orbifold fixed points (y = 0) and (y = πR) and as we have seen in the
previous section, this prescription can help to obtain more complicated boundary conditions.

From now on, we will prefer for simplicity the interval notation to perform the integrations
but we will always use the language of orbifolds to describe the properties of parity for the
different fields. Boundary conditions will be deduced from the previous discussion.

Kaluza-Klein expansion

To describe physics of stationnary waves in linear physics (acoustic, electromagnetism, me-
chanics and so on), it is practical to use Fourier series expansion. In a similar way, to study the
dynamics of 5D fields in a compact extra-dimension, it is convenient to introduce the so-called
Kaluza-Klein expansion in order to get rid of the dependence on the fifth space coordinate:

Φ(xµ, y) =
∞∑
n=0

φ(n)
µ (xµ)fn(y) (1.77)

φ(n)(xµ) is a 4D field called Kaluza-Klein mode and fn(y) is the associated wavefunction which
will describe the profile of the n-mode along the new extra-dimension and indicate how this mode
is spread along the extra-dimension. Similarly to the potential well in quantum mechanics, we
obtain here a tower of resonances. The mass of each resonance is determined by the equation
of motion and by the boundary conditions defined for the 5D field. For instance, by considering
a scalar field Φ with a 5D mass m0 propagating in a S1/Z2 orbifold, we get:

∂M∂MΦ +m2
0Φ = 0 =⇒ fn′′ − p2

(n)f
n +m0f

n = 0 (1.78)

p(n) is the usual fourmomentum of the φ(n) 4D resonance which is defined by Fourier analysis
as:

−∂µ∂µφ(n)(x) = p2
(n)φ

(n)(x) = m2
nφ

(n)(x) (1.79)

As we already mentioned, the S1 compactification forces the form of the solution to be periodic:

Φ(x, y + 2πR) = Φ(x, y) =⇒ fn(y) = An cos
ny

R
+Bn sin

ny

R
(1.80)

with n ∈ N . An and Bn are coefficients which are chosen to satisfy canonical normalization
condition for φ(n) and boundary conditions. From the equation (1.80), we find the dispersion
relation for the masses of KK-resonances:

m2
n = m2

0 +
n2

R2
(1.81)

Moreover, the 5D field Φ can be odd (−) or even (+) under the Z2 parity, in this case, wave-
functions are the ones given in table (1.3).

Notice that a scalar field which is even under the Z2 parity has a non-vanishing mode without
momentum running along the extra-dimension. This zero-mode with a flat wavefunction becomes
massless in the case of m0 = 0. The properties of this mode will actually play a crucial role by
defining 4D Standard Model fields in the extra-dimensional framework.
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fn(+) fn(−)

n = 0 1√
2πR

0

n > 0
√

1
πR cos nyR

√
1
πR sin ny

R

Table 1.3: Wavefunctions for a scalar field Φ propagating in the orbifold S1/Z2.

1.3.3 Yang-Mills theory in extra-dimensions

The next step is now to consider pure gauge field in extra-dimensions. In this framework,
a field AM is a vector boson which contains 5 components. To the usual 4D gauge field Aµ
is added a new polarization A5 along the fifth dimension, which is a scalar field in 4D. After
KK-expansion, Aµ vector gives a whole tower of massive states but we will see that A5 does not
lead to a tower of physical states. These KK-modes will be eaten (except for a possible zero
mode) by the massive gauge fields to generate their longitudinal polarization, in a similar way
to Goldstone bosons which are eaten in the Higgs mechanism by W± and Z gauge bosons.

Gauge fixing term and boundary conditions

The 5D bulk action for non-abelian gauge field is given on the orbifold S1/Z2 or, in an
equivalent way, on the interval [0, πR], by:

SYM =
∫
d4x

∫ πR

0
dy

{
−1

4
F aµνF

µνa − 1
2
F aµ5F

µ5a

}
(1.82)

where F aMN = ∂MA
a
N − ∂NAaM + g5f

abcAbMA
c
N and g5 is the 5D gauge coupling13. For antisym-

metry reason, the F 55 tensor is naturally vanishing. For the completeness of the description,
the gauge fixing term has to be added to SYM . To determine it, we consider first the quadratic
part of the mixing term between scalar and vector gauge fields:

∫
d4x

∫ πR

0
dy − 1

2
F aµ5F

µ5a = −
∫
d4x

∫ πR

0
dy

1
2
(∂µAa5∂

µA5a + ∂5A
a
µ∂

5Aµa − 2∂5A
a
µ∂

µA5a)

(1.83)

The gauge fixing term is chosen in such a way that it describes the usual 4D Lorentz gauge fixing
term applies for the A5-independent part and that it cancels moreover the term in ∂5A

a
µ∂

µA5a

in the Yang-Mill Lagrangian. Therefore this allows to avoid the mixing between A5 and Aµ
KK-fields. The gauge fixing terms can be written as:

SGF =
∫
d4x

∫ πR

0
dy − 1

2ξ
(
∂µA

µa − ξ∂5A
5a
)2 (1.84)

And finally after integration by part, the bulk action for gauge fields becomes:

Sgauge =
∫
d4x

∫ πR

0
dy

{
Aµ[(∂2

α − ∂2
5)gµν − (1− 1

ξ
)∂µ∂ν ]Aν −A5[∂2

α − ξ∂2
5 ]A5

}
(1.85)

13 By dimensional analysis, we can notice that g5 has a mass dimension of −1/2 which confirms the non-
renormalizability nature of these extra-dimensional theories.
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Wavefunctions and spectrum

From the bulk action (1.85), we deduce the equation of motion for Aµ and A5:

{
−∂Fµν − 1

ξ∂
µ∂νAµ + ∂2

5Aν = 0
−∂2

µA5 + ξ∂2
5A5 = 0

(1.86)

We will now expand the 5D fields in KK-modes (1.85):

Aµ =
∞∑
n=0

A(n)
µ (x)fn(y) and A5 =

∞∑
n=0

A
(n)
5 (x)gn(y) (1.87)

Thanks to the choice of gauge-fixing term, we have avoided the mixing between various
polarizations of the 5D fields, which simplifies the description of the KK-tower. Then to extract
the boundary conditions of the wavefunctions, let us consider the properties of the orbifold
S1/Z2.

AM (xµ, y + 2πR) = AM (xµ, y) and AM (xµ,−y) =
{
±Aµ(xµ, y)
∓A5(xµ, y)

(1.88)

From the equations of motion of the 4D n-mode, we extract the wavefunction equations:

−∂F (n)
µν −

1
ξ
∂µ∂νA(n)

µ = p2
(n)Aµ = m2

nAµ =⇒ fn′′ +m2
nf

n = 0

−∂2
µA

(n)
5 = p2

(n)A
(n)
5 = m2

nA
(n)
5 =⇒ gn′′ + ξm2

ng
n = 0 (1.89)

The equations (1.88) and (1.89) ensure that the wavefunctions are combinations of sines and
cosines where p2

(n) = m2
n = n2

R2 with n ∈ N. The relation (1.88) sets also that the parity of fn
and gn which is opposite under y → −y.

Finally, we summarize in table (1.4), the wavefunctions of vector and scalar fields depending
on their parities under Z2.

In table (1.4) or in relation (1.89), we see that depending on the parity assigned to the
gauge vector (equivalently BC conditions), the scalar part A5 gets a physical zero mode or
not. Moreover, in the Unitary gauge (ξ → ∞), the massive modes of the fifth component A5

are removed and they become the longitudinal polarization of the massive KK vectors. This
possibility has led to new ideas of symmetry breaking of gauge group using boundary conditions.
For instance we can mention GUT symmetry breaking models (56), Higgsless models (57; 58)
or Gauge Higgs Unification models (59). Such models are introduced to solve the “hierarchy
problem” by using the fifth polarization of gauge fields as a Higgs field. The “Higgs” mass is
protected from quadratic divergences by the gauge invariance. These models will be discussed
more in detail in chapter 5 and in appendix E.1.

fn(+) gn(−) fn(−) gn(+)

n = 0 1√
2πR

0 0 1√
2πR

n > 0
√

1
πR cos nyR

√
1
πR sin ny

R

√
1
πR sin ny

R

√
1
πR cos nyR

Table 1.4: Wavefunctions for a 5D gauge field AM propagating in the orbifold S1/Z2 in Feynman gauge ξ = 1.
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1.3.4 Fermions in extra-dimensions

5D Clifford algebra

In 4D flat Minkowski space, the action for Dirac spinor Ψ is given by:

Sfermion =
∫
d4xΨ(iγµ∂µ −m)Ψ (1.90)

where m is the mass of the fermion and γµ is a 4× 4 matrix satisfying the Clifford algebra:

{γµ, γν} = 2gµν (1.91)

Ψ Dirac spinor is a reducible spin-1/2 representation of Lorentz group. We can actually rewrite
this spinor in terms of two Weyl spinors Ψ = ΨR + ΨL where:

ΨL = PLΨ =
1− γ5

2
Ψ =

(
χ
0

)
and ΨR = PRΨ =

1 + γ5

2
Ψ =

(
0
η̄

)
(1.92)

where γ5 = iγ0γ1γ2γ3. PL and PR are two projectors, and ΨL and ΨR, so-called left-handed
and right-handed spinors, are both irreducible spin-1/2 representations of the Lorentz group in
4D. The γ5 matrix satisfies:

{γµ, γ5} = 0 and γ2
5 = 1 (1.93)

In this thesis, we will usually use the chiral representation for γ matrices:

γµ =
(

0 σµ

σµ 0

)
and γ5 =

(
−1 0
0 1

)
(1.94)

where σµ = (1, σi) and σµ = (1,−σi) (8). In 5D, the action becomes:

Sfermions =
∫
d4x

∫ πR

0
dy

[
i

2
(
ΨΓM∂MΨ− ∂MΨΓMΨ

)]
(1.95)

To follow Csaki’s notation (52), Γ0 = −γ0 and Γi = γi are the same 4× 4 matrices as in 4D.
Nevertheless the algebra needs to be extended with the fifth matrix Γ5 = −iγ5:

{ΓM ,ΓN} = 2gMN (1.96)

The main consequence is that now γ5 is a part of the algebra and will mix the different
chiralities. In 5D, the irreducible spin-1/2 representation of the Lorentz group is the 4-component

Dirac representation Ψ =
(
χ
η̄

)
. We could think that we cannot have chiral fermions anymore

in 5D however we will see that after KK-expansion it is possible to mod out one of two chiralities
for the zero mode.
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Wavefunctions and mass spectrum

The action (1.95) of the Dirac fermion Ψ can be expressed in term of the Weyl spinors:

Sfermion =
∫
d4x

∫ πR

0
−i χ̄ σ̄µ∂µχ− i ησµ∂µη̄ −

1
2
(χ̄∂5η̄ − η∂5χ+ h.c.) (1.97)

Then we can derive from (1.97), the equation of motion for 5D-fermions:

{
−iσ̄µ∂µχ− ∂5η̄ = 0
−iσµ∂µη̄ + ∂5χ = 0

(1.98)

The next step consists in using the KK decomposition of the 5D spinors to extract the
evolution along the fifth dimension. The components χ and ψ are defined by:

χ(x, y) =
∑
n

gn(y)χ(n)(x) and η̄(x, y) =
∑
n

fn(y)η̄(n)(x) , (1.99)

where χ(n)(x) and η̄(n)(x) are the two 4D-components of the Dirac field with the mass mn and
satisfying the usual 4D Dirac equations:{

−iσ̄µ∂µχ(n) +mnη̄
(n) = 0

−iσµ∂µη̄(n) +mnχ
(n) = 0

(1.100)

The wavefunctions therefore will satisfy the following equations:{
g′n −mnfn = 0
f ′n +mngn = 0

=⇒
{
g′′n +m2

ngn = 0
f ′′n +m2

nfn = 0
(1.101)

Similarly to gauge bosons and scalars, the S1 compactification and the equations of motion
force the form of the solutions to be:

Ψ(x, y + 2πR) = Ψ(x, y) =⇒
{
gn(y) = An cos nyR +Bn sin ny

R
fn(y) = Bn cos nyR −An sin ny

R

(1.102)

An and Bn are coefficients, chosen to satisfy canonical normalization conditions for χ(n) and η(n)

and boundary conditions. Moreover we have the spectrum for the fermions which is mn = nπ
R .

Concerning the Z2 parity: y → −y, the upper part of the spinor χ can be odd or even under this
parity. Then the sign of the parity for η is fixed by the invariance of the kinetic term under Z2

parity. The term η∂5χ in the action forces a flip of sign between the two components. Finally
we can achieve to have chiral fermions by taking boundary conditions for the Dirac fields which
allow light chiral zero modes, for instance:

“even” :
{
χ(−y) = χ(y)
η(−y) = −η(y) ⇔ left-handed zero mode

“odd” :
{
χ(−y) = −χ(y)
η(−y) = η(y)

⇔ right-handed zero mode

(1.103)

We summarized in table (1.5), the wavefunctions of fermions depending on their parities
under Z2.
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right-handed left-handed
zero-mode zero-mode

fn(+) gn(−) fn(−) gn(+)

n = 0 1√
2πR

0 0 1√
2πR

n > 0
√

1
πR cos nyR

√
1
πR sin ny

R

√
1
πR sin ny

R

√
1
πR cos nyR

Table 1.5: Wavefunctions for a 5D fermion field Ψ propagating in the orbifold S1/Z2.

Fermion masses and equations of motion

In the previous section, we did not consider any mass term in the bulk action for the fermions.
There are different ways of writing such mass term in 5D. In this section, we will focus on two
ways which will be interesting for the understanding of this thesis.

Odd bulk mass

Smass = −
∫
d4x

∫ πR

0
dy M̃ΨΨ = −

∫
d4x

∫ πR

0
dy M̃(χ̄ η̄ + χη) (1.104)

M̃ is called “odd” bulk mass of the 5D fermion. We see actually that this mass needs to be odd
under the Z2 symmetry to ensure the term Mχη to be invariant. This means that this peculiar
mass term will undergo a discrete jump at the orbifold fixed points. With this mass term, the
equations of motion are modified and the wavefunctions become:

{
g′n + M̃gn −mnfn = 0
f ′n − M̃fn +mngn = 0

(1.105)

The solutions of those equations will be combinations of sin(
√
m2
n − M̃2y) and cos(

√
m2
n − M̃2y)

(which become hyperbolic for the massless/light mode). The spectrum is thereby given by: mn =
nπ
R + M̃ , however as the zero mode is still chiral, its mass will be vanishing. The wavefunction

of the zero mode of even field will be:

g0 =

√
2M̃

1− e−2M̃y
(1.106)

This exponential dependence will be used to localize the field in the extra-dimension. By
tuning the parameter M̃ we can control the overlapping between wavefunctions and thereby
control the strength of the coupling between 4D modes. This technique can be used to generate
a hierarchy for fermion masses in a “natural way” as we will see later in the chapter 5. But it
is obvious that if we need to give a mass to zero mode, we have to consider other mechanisms.

Mass from Yukawa terms

Another solution to generate masses is through the usual Yukawa coupling. In this case,
we consider a scalar field Φ, in the bulk or localized on the fixed points, which is doublet of
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SU(2)W . This field will pick up a non vanishing vacuum expectation value v. We need then
to introduce for a same flavor, 2 Dirac fermions with opposite parities under Z2. The one with
left-handed zero mode ΨD will be a part of a doublet of SU(2)W and the one with right-handed
zero mode ΨS will be a singlet of SU(2)W . For our purposes, we will assume that the Higgs
field is propagating in the bulk but for localized Higgs the procedure is quite similar.

Sfermion =
∫
d4x

∫ πR

0

i

2
Ψ̄S/Dγ

M∂MΨS/D −
yΨv√

2
ΨDΨS + h.c. (1.107)

If we expand the action (1.107) in KK modes, we get a mass term mΨ = yΨv√
2

for the
zero modes which are chiral. This feature can be needed in phenomenology to reproduce SM
spectrum. Thus the tree level mass spectrum for the singlet and the doublet is simply given by:

m2
n =

n2

R2
+m2

Ψ (1.108)

1.3.5 Fields in warped extra-dimensions

In the introduction to extra-dimensional models, we mentioned models where fields can evolve
in a bulk ADS space. As we will present Higgs phenomenology in such model in chapter 5, let
us give the basic elements, useful for our discussion. We will work on an interval y ∈ [1/Λ, R′]
where Λ is associated to Planck scale and R′−1 to TeV one and where the metric is:

ds2 =
(
R

y

)2

(gµνdxµdxν − dy2) (1.109)

To obtain the action in such framework, we have to use field theory in curved space and
redefine the covariant derivative. The connexions are indeed modified by the local space geom-
etry (52).

Gauge fields

The action of a pure gauge theory in one extra-dimension, after fixing the Rξ gauge, is given
by:

S =
∫
d4x

∫ R′

1/Λ
dy

R

y

{
−1

4
F aµνF

µνa − 1
2
F aµ5F

µ5a − 1
2ξ

[
∂µA

µa − ξ
y

R
∂5

(
R

y
Aa5

)]2
}

(1.110)

From this action, one can extract the equation of motion for the gauge fields in warped space:

fn′′ − 1
y
fn′ +m2

nf
n = 0 =⇒ fn(y) = y(AnJ1(mny) +BnY1(mny)) (1.111)

The solutions of those equations in the warped case are a combination J1(mny) and Y1(mny)
which are Bessel functions of first and second kind of order 1. The masses mn are determined
by the zeros of the Bessel functions. Finally, the zero mode has a flat wavefunction since the
Bessel function can expended for low masses in yJ1(mny) ∼ mny2

2 which is negligible for low
masses and in yY1(mny) ∼ − 2

mn
which does not depend on y anymore.
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Fermions

Here we are considering the minimal 5D bulk action for a fermionic field Ψ in ADS space:

S =
∫
d4x

∫ R′

1/Λ
dy

(
R

y

)4 [ i
2
(
ΨΓM∂MΨ− ∂MΨΓMΨ

)
− R

y
M̃ΨΨ

]
(1.112)

M̃ is the odd bulk mass of the 5D fermion. Then we can derive the equation of motion and find
the wavefunctions of the KK-fermions:

 −iσ̄µ∂µχ− ∂5η̄ +
(
R
y M̃ + 2

y

)
η̄ = 0

−iσµ∂µη̄ + ∂5χ+
(
R
y M̃ − 2

y

)
χ = 0

=⇒

{
f ′n − c+2

y fn +mngn = 0
g′n + c−2

y gn −mnfn = 0
(1.113)

where c = M̃R controls the localization of fermions along the extra-dimensions. The solutions
of those equations in the warped case are a combination of Bessel functions J1/2±c(mny) and
J−1/2±c(mny) (60). Similarly to gauge bosons, masses mn are determined by the zeros of the
Bessel functions and zero mode has the following wavefunction:

f0 ∼
( y
R

)c+2
or g0 ∼

( y
R

)2−c
(1.114)

Other details of field theory in warped case will be given in chapter 5 but now we will focus on
a peculiar model of flat extra-dimension.

1.3.6 Universal Extra Dimensional model

In this last section, we will give some details on the easiest model we can construct with extra-
dimension and which is called Universal Extra Dimension (UED). We will present its interesting
features and introduce some limitations which motivated the work presented in chapters 2 and 3.
UED models are effective field theories in which we allow to propagate all the Standard Model
fields in the bulk of the extra-dimension. In these scenarios, we do not address either gravity
questions or hierarchy problem. Nevertheless since the KK-modes will interact with SM gauge
group, those models will have a very rich phenomenology. The simplest extension we can think
of, is to add only one compactified flat extra-dimension but we can extend this discussion to
six dimensional models (61; 62; 63). Here the chosen orbifolding will be S1/Z2. We showed in
the previous discussion that it is mandatory to have zero modes for the SM fields. For gauge
bosons, we just need to impose even parity under Z2 to have a zero mode. For fermions, only
the zero mode is chiral, so in order to reproduce SM phenomenology we need obviously two
Dirac 5D-fermions for each SM fields in order to be able to write the SM Yukawa mass term.
Therefore, the content of 5D fields is:

• The SM gauge bosons: GA, B, W a

• The Higgs field: H

• The SM fermions 14: 2 Dirac spinors, Q ≡
(
uD
dD

)
and L ≡

(
νL
lL

)
, doublets under

SU(2)W and 3 Dirac spinors U ≡ uS , D ≡ dS and E ≡ eR, singlets under SU(2)W .

where Q and L will be “even” under the Z2 parity and U , D and E will be “odd”.
14The notation of the field in this thesis will be consistent with the notation in the program that we will use to

study our own model.
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KK-parity and interactions between fields

For models in S1/Z2, the orbifolding will break the Lorentz invariance along the extra-
dimension because of the orbifold fixed points. The conservation of the quantized momentum
(KK number) along the extra-dimension will not be satisfied anymore, however a sub group
of the symmetry group will remain unbroken. This so-called KK-parity, pKK , is defined as
y → y + πR and corresponds to a reflexion with respect to the center of the interval. We can
see easily that this transformation induces a shift of (−1)n in the phase of the wavefunctions fn
(or gn) of the KK-modes. This allows us to classify the KK-modes from their parity under pKK
which will constrain the possible interactions between KK-modes.

As an example, we take the case of the gauge coupling between a vector gauge bosons Aµ
and a fermion Ψ both even under Z2. At tree level, the bulk Lagrangian contains interactions
coming from the covariant derivative of the kinetic term:

L ⊃ g5

∫ πR

0
dyΨ̄AµΓµΨ ⊃ g5

∑
i,j,k

∫ πR

0
dy gi(y)gj(y)fk(y) χ̄(i)σ̄µχ(j)A(k)

µ (1.115)

We can then check easily that the integral along the y-direction is not vanishing if i± j± k = 0.
This condition implies that the KK-parity of the coupling is (−1)i+j+k = +1.

The localized terms will have the following form:

Lbound ⊃c0
∑
i,j,k

∫ πR

0
dy δ(y) gi(y)gj(y)fk(y) χ̄(i)σ̄µχ(j)A(k)

µ

+ cπ
∑
i,j,k

∫ πR

0
dy δ(y − πR) gi(y)gj(y)fk(y) χ̄(i)σ̄µχ(j)A(k)

µ (1.116)

where ci is a coupling constant defined on a boundary. Here, if c0 = cπ, it is also necessary to
consider couplings between modes such that (−1)i+j+k = +1, in order to have a non-vanishing
contribution.

For the first levels, we deduce for instance that:

• (0, 0, 0) coupling is allowed and this is mandatory to reproduce SM phenomenology!

• (1, 0, 0)− (0, 1, 0)− (0, 0, 1) couplings are not allowed and no single production and decays
into SM particles of the first tier particles is possible.

• (1, 1, 0) − (1, 0, 1) − (0, 1, 1) couplings are allowed also so that only pair production is
possible.

• (2, 0, 0)− (0, 2, 0)− (0, 0, 2) couplings are not there in the bulk Lagrangian but can appear
on the boundaries. Moreover even if we assume that the coupling on the boundaries is
vanishing, those terms will reappear at loop levels (see section 1.1.1).

This pair production of odd states will prevent the first tier to decay and the lightest particle
from this tier could play the role of Dark Matter. The only “problem” with this construction is
that KK-parity is a bulk symmetry but not necessarily a symmetry of the boundaries so that
imposes for the boundary terms to be equal (for instance c0 = cπ). This last condition will
depend then on the UV-completion of the theory.

43



CHAPTER 1. GENERAL CONTEXT AND OVERVIEW

Mass spectrum in UED: Dark Matter and phenomenology

At tree level, all the particles of the first tier are degenerated. However, radiative corrections
and electroweak symmetry breaking will split the masses of the level one, as it can be seen in
figure (1.11) and in the following formula (64):

m2
n =

k2

R2
+m2

0 + δ1−loop (1.117)

where mn is the mass of the n-mode, m0 is the contribution generated by the bulk Higgs
mechanism and δ1−loop is the radiative correction to the self energy of the particles. The technical
aspect of such mass spectrum calculation will be discussed more precisely in chapter 2 in our
own framework.

We can show, in the case of the S1/Z2 orbifold, if the KK-parity is preserved on the bound-
aries, that the vector photon B(1) is the lightest stable particle. Then using calculation of relic
density (39; 43; 65; 66), it is possible to extract a bound on the radius of such extra-dimension
which is around the TeV scale.

After this “short” introduction to Standard Model particle physics and to its extensions, after
this presentation of the Standard Model of cosmology and of the calculation of relic density, the
reader should be ready to start diving into the description of the work which has been realized
during these three years.
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Figure 1.11: Spectrum for the first KK-level at tree level (a) and at one-loop (b) for 1/R = 500 GeV in UED
model in 5D. The cut-off scale Λ is chosen as ΛR = 20, m2

h = 120 GeV and the boundary terms are vanishing at
the cut-off scale. Image reproduced from (64).
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Chapter 2

A “natural” Dark Matter candidate
from 6D Lorentz invariance
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CHAPTER 2. A “NATURAL” DARK MATTER CANDIDATE FROM 6D LORENTZ
INVARIANCE

In the previous section 1.2, we have seen that cosmological observations tend to show that
the universe is filled by a large amount of a non-baryonic kind of matter. The nature of this
component can be explained with particle physics, by introducing a new kind of Weakly Inter-
acting Massive Particle into the Standard Model. We have already discussed in section 1.3.6
that we can use flat extra-dimensions on an orbifold to address the Dark Matter problem. In
those models, the stable particle is prevented to decay thanks to residual parities remaining after
the breaking of Lorentz invariance by the orbifolding of the extra-dimension. In this sense, the
Kaluza-Klein parity is well motivated from a theoretical point of view and can lead to a viable
Dark Matter candidate. Nevertheless, in the model considered in (64), the S1/Z2 compactifi-
cation will generate two fixed points in the space. On these 4D branes, the KK-parity will not
necessarily be conserved and in order to ensure the stability of the Dark Matter candidate, we
will have to impose by hand the identification of the 4D-localized counter-terms. This assump-
tion on the UV-completion can be seen as unsatisfactory and motivates the study we performed.

The presence of the localized terms is important from a model building point of view; we need
to produce 4D-chiral fermions for instance and we have seen that it forces us to have a rotation
symmetry which will automatically generate such fixed points. We can also need to localize
fields in the extra-dimension to suppress some couplings for instance. Therefore we decided to
investigate extra-dimensional models where KK-parity could be preserved in the bulk and also
on the singular points. This will allow the presence of a “natural” Dark Matter candidate and
also will increase the predictivity of the theory by limiting the UV sensitivity of our Effective
Field Theory. In the following chapter, we will focus on work published in (63) where we studied
the model building of such theory and presented our solution to address this problem.

2.1 Physics on the Real Projective Plane: definitions and mo-
tivations

2.1.1 Orbifolding the R2 extra-space

This section is highly based on the work presented in (67), where the reader will find a useful
tool for model building in extra-dimensions.

In many models of extra-dimensions, the compactification of the space is realized by an
orbifolding of the space. Orbifolds are quotient spaces of a manifold modulo a discrete group.
Those discrete groups cannot be arbitrary but are restricted to so-called n−dimensional space
groups, which are defined as cocompact groups of isometries of Rn 1. In crystallography, the
classification of such discrete groups is well-known; it exists in 1D, two possible orbifolds: the
circle S1 which is the quotient of R/Z and the interval S1/Z2. We already discuss these two
orbifolds, the first one will not have fixed point but will not allow 4D-chiral fermions and the
second will have two fixed points.

To go any further, we need to add to the 4D Minkowski space, two extra-dimensions. In this
case, the possible isometries of the plane are given by:

• translations (t)

1In mathematics, the action of a group G on a topological space X is cocompact, if the quotient of the space
X/G is compact.
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• reflexions

• rotation (r) of 2π/n with n=2, 3, 4, 6

• glide-reflexions (g) which are combinations of translations and mirror reflexions.

In two dimensions, there are only 17 fundamental discrete groups which are called the wall-
paper groups and only three of them are free from fixed points and fixed lines. The mapping of
the entire R2 can be then obtained by acting with the generators of the group. Let us focus on
this three possibilities which are:

• the Torus R/p1 in figure 2.1

  

2 π R6

2 π R5 π  R5

 π  R6

 0

Figure 2.1: Torus: T 2 = R2/p1 = R2/Z2. Fonda-
mental domain of the torus (green). Generators of
the 2D space group: translation (solid red arrow).
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2 π R5 π  R5

 π  R6

 0

Figure 2.2: Klein Bottle: R2/pg. Fondamental
domain of the orbifold (green) and the torus (light
green). Generators of the 2D space group: transla-
tion (solid red arrow) and glide (dashed red arrow).
The arrows on the edges indicate how they are iden-
tified by the orbifolds.
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 0

Figure 2.3: Real Proj. Plane: R2/pgg. Fonda-
mental domain of the orbifold (green) and the torus
(light green). Generators of the 2D space group: π-
rotation (red circle) and glide (dashed red arrow).
The arrows on the edges indicate how they are iden-
tified by the orbifolds.
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Figure 2.4: Chiral Square: T 2/Z4. Fondamen-
tal domain of the orbifold (green) and the torus
(light green). Generators of the 2D space group:
π/2-rotation (red square) and translations (solid
red arrow). The black dots are fixed points of the
orbifold.
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• the Klein Bottle R/pg in figure 2.2

• the Real Projective Plane (RPP) R/pgg in figure 2.3.

Here the discrete group p1, pg and pgg2 can be described in a purely algebraic way:

p1 ' Z2 = 〈t1〉 × 〈t2〉
pg = 〈t2, g|[g2, t2] = 0, t2gt2g−1 = 1〉 ⊇ Z2

pgg = 〈r, g|r2 = (g2r)2 = 1〉 ⊇ Z2,Z2 (2.1)

However, on the Torus and on the Klein Bottle, we cannot write down 4D-chiral fermions
because there is no rotation in their discrete group definitions. Therefore, in the following,
we will only focus on the Real Projective Plane and show how to generate chirality in such
framework. We could have continued this study with more extra-dimensions but the number of
orbifolds without fixed point increases strongly and the cut-off of the effective theory would be
considerably low so that its range of validity would be too small.

As it is described in equation 2.1, the Real Projective Plane is defined by the transformations
of the discrete group which are a π−rotation (r) and a glide (g). For studying field theory in
this framework, it will be then very useful to characterize these transformations by their action
on the extra-coordinates of the space:

r :
{
x5 ∼ −x5

x6 ∼ −x6
and g :

{
x5 ∼ x5 + πR5

x6 ∼ −x6 + πR6
(2.2)

We see here that the RPP is not defined by translations unlike the Torus or the Klein Bottle,
nevertheless they appear as combinations of the fundamental isometries of the Real Projective
Plane:

t5 = g2 :
{
x5 ∼ x5 + 2πR5

x6 ∼ x6
and t6 = (gr)2 :

{
x5 ∼ x5

x6 ∼ x6 + 2πR6
(2.3)

In this geometry, we can also define another glide (g’) which is a combination of the discrete
group generators:

g′ = gr :
{
x5 ∼ −x5 + πR5

x6 ∼ x6 + πR6
(2.4)

Note here that the two radii R5 and R6 can be different: nevertheless for simplicity we will
assume that R5 = R6 = R, and use R = 1 in formulas, except if we need to discuss the phe-
nomenology of the model. In this case, the size of the radius will be reintroduced and will
determine the overall mass scale for the KK modes, mKK = 1/R.

In this framework, fields will also transform under the discrete group pgg. To illustrate this
effect, we will consider the simple case of a 6D scalar field ϕ transforming under (r) and (g):

ϕ(g(x5, x6)) = pgϕ(x5, x6)
ϕ(r(x5, x6)) = prϕ(x5, x6)

2The notation of these discrete groups is the one used in (67).
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From equation 2.1, we get directly the relation p2
r = p2

g = 1 and that implies:

pr = ±1 and pg = ±1 (2.5)

For the other glide g′ = rg, we have also pg′ = prpg = ±1. Let us stress that, as the translation
is deduced from the fundamental rotation and glide symmetry, we cannot write Scherk-Schwarz
phases for the fields, so that all fields are periodic3.

Finally let us mention a last possible orbifold with fixed points but on which we can also
define and force a KK-parity: the Chiral Square T 2/Z4. The study of this other 6D framework,
presented in figure 2.4 has been performed by the authors of (62; 68).

2.1.2 Chiral fermions on the Real Projective Plane

For the model building in extra-dimensions, the most stringent constraint often comes from
the description of fermionic fields. Therefore we will focus here on the properties of fermions on
the Real Projective Plane (RPP).

6D Diracology

In 4D and 5D we have seen that the minimal dimension for the representation of fermions
is 4 but here in 6D we have to consider an 8 dimension field Ψ (69). This constraint is imposed
by the construction of the Clifford algebra in 6D. We need actually six 8× 8 Gamma matrices:
Γ0 . . .Γ3, Γ5 and Γ6 which satisfy:

{ΓM ,ΓN} = 2gMN (2.6)

In the following, we decided to choose the following representation for the Gamma matrices (69):

Γµ =
(
γµ 0
0 γµ

)
, Γ5 =

(
0 iγ5

iγ5 0

)
, Γ6 =

(
0 γ5

−γ5 0

)
(2.7)

where

γµ =
(

0 σµ

σµ 0

)
and γ5 =

(
−1 0
0 1

)
(2.8)

with σµ = (1, σi) and σµ = (1,−σi) using Peskin notations (8). The square of those matrices is
given by:

ΓµΓµ = 4× 18×8, (Γ5)2 = (Γ6)2 = −18×8 and ΓMΓM = 6× 18×8 (2.9)

Similarly to the 4D field theory, in 6D, we can define a new matrix Γ7 as a product of all
the Gamma matrices of the algebra:

Γ7 = Γ0Γ1Γ2Γ3Γ5Γ6 (2.10)
3Scherk-Schwarz phases are not allowed here because pt5 = p2

g = +1 and pt6 = p2
gp

2
r = +1. This is not the

case for instance on the circle S1: ϕ(t(x5)) = exp[i2πρ]ϕ(x5) with ρ ∈ [0, 1) ⊂ Q.
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This new matrix allows to define two 6D chiralities through the projectors:

P± =
1
2
(
1± Γ7

)
(2.11)

Therefore the minimal spin-1/2 representation of the Lorentz group are 4-component chiral
fermions: Ψ = P+Ψ + P−Ψ = Ψ+ + Ψ−. If we use the previous representation of Gamma
matrices this can be written as:

Γ7 =
(
−γ5 0
0 γ5

)
, and P± =

(
1
2

(
1∓ γ5

)
0

0 1
2

(
1± γ5

) ) =
(
PL/R 0

0 PR/L

)
(2.12)

where PL and PR are the projectors on the 4D chiralities. We notice here that the 6D-chiral
fields contain two 4D-Weyl fermions of opposite chiralities.

In this basis, the 6D chiral fermions can be written in terms of 4D Weyl representation:

Ψ+ =
(
ψL+

ψR+

)
, Ψ− =

(
ψR−
ψL−

)
(2.13)

with

ψL± =
(
χ±
0

)
, ψR± =

(
0
η̄±

)
(2.14)

where ψ are Dirac spinors, χ and η are Weyl spinors.
We can also write this expression for the reducible 6D Dirac representation:

Ψ =


χ+

η̄−
χ−
η̄+

 (2.15)

As we established the Clifford algebra in this framework, we can then derive the action for a
massless 6D-chiral fermion:

S± =
∫∫

dx5 dx6
i

2

{
Ψ̄±Γα∂αΨ± −

(
∂αΨ̄±

)
ΓαΨ±

}
=

=
∫∫

dx5 dx6

{
iψ̄L±γ

µ∂µψL± + iψ̄R±γ
µ∂µψR±+

+
1
2
[
ψ̄L±γ5(∂5 ∓ i∂6)ψR± + ψ̄R±γ5(∂5 ± i∂6)ψL± + h.c.

]}
=

∫∫
dx5dx6 iχ̄±σ̄

µ∂µχ± + iη±σ
µ∂µη̄± + χ̄±(∂5 ∓ i∂6)η̄± − η±(∂5 ± i∂6)χ± (2.16)

The only difference between the two chiralities is the sign in front of x6 derivative; this feature
will lead to interesting properties of fermions on the RPP. We can also have a mass term for
those fermion fields:

Smass =
∫∫

dx5 dx6 M
{

Ψ̄+Ψ− + Ψ̄−Ψ+

}
=

∫∫
dx5 dx6 M

{
ψ̄L+ψR− + ψ̄R+ψL− + h.c.

}
=

∫∫
dx5 dx6 M

{
χ̄±η̄∓ + η±χ∓

}
. (2.17)
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4D chirality for zero modes

To be viable, our model needs to possess a parity which provides at least chiral zero-modes
for fermions.
Let us consider the glide parity (g). It transforms the x6 coordinate by changing its sign. This
implies that the two 6D-chirality are exchanged under (g) (up to a sign) to ensure the invariance
of the Lagrangian:

Ψ(g(x)) = pg


χ−
η̄+

χ+

η̄−

 = pg

 0 1

1 0




χ+

η̄−
χ−
η̄+



=⇒ Ψ(g(x)) = pgΓgΨ(x) with Γg = Γ6Γ7 (2.18)

Therefore the presence of the glide forces us to start with a non chiral 6D-theory and for
both parities under the glide a non-chiral 4D massless mode is allowed. This is for instance, the
reason why we cannot write down 4D chiral fermions on the Klein Bottle which is only defined
by the glide.

For the rotation, the situation is slightly different. In fact, both coordinates change signs,
so that the Lagrangian is invariant only if the two 4D chiralities have opposite sign under the
rotation. The direct consequence is that one of the 4D chirality will possess a non-vanishing
zero-mode. For a generic transformation, we have:

Ψ(r(x)) = pr


χ+

−η̄−
χ−
−η̄+

 = pr

 −γ5 0

0 −γ5




χ+

η̄−
χ−
η̄+



=⇒ Ψ(r(x)) = prΓrΨ(x) , Γr = iΓ5Γ6Γ7 (2.19)

Here we choose pr = +1 corresponding to a left-handed zero-mode and pr = −1 to a right-handed
one. Therefore, as for each fermion there is a massless chiral zero-mode, the Real Projective
Plane is the unique (non-orientable) orbifold in 6D with chiral fermions and without fixed points!
We stress also that like in 5D, the bulk mass term is odd under this rotation symmetry. To be
complete let us mention also how fermions transform under the glide (g’):

Ψ(g′(x)) = prpgΓgrΨ(x) , Γgr = iΓ5 (2.20)

2.1.3 Kaluza-Klein parity and singularities

Now, it is clear that chiral fermions can be built on the RPP, but a question remains: is it
possible to have a “natural” Dark Matter candidate in this framework? On the Real Projective
Plane, there is no boundary but it exists two conical singularities, where all the curvature of
this space is concentrated. Therefore, it is possible on these peculiar points to add localized
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counter-terms. However, the special topology of the RPP will still allow a preserved KK-parity.
As we discussed previously, this orbifold is defined by the rotation and the glide symmetries.
Under rotation, there are 4 fixed points, mentioned on figure 2.5 by circles and stars, and there
are not equivalent:

A : (0, 0) r−→ (0, 0), B : (0, π) r−→ (0, π)

C : (π, 0) r−→ (π, 0), D : (π, π) r−→ (π, π) (2.21)

But the glide symmetry will ensure an identification between those points:

A : (0, 0)
g−→ D : (π, π)

B : (0, π)
g−→ C : (π, 0) (2.22)

Therefore, from the orbifold point of view, no point stays invariant under the discrete group.
This has an important consequence on localized interactions: they have to be identified by pairs
and this global symmetry does not depend on the UV-completion of the model. For instance
this is not the case on the Chiral Square where only two points are identified by pairs and one
is left fixed (62).

This identification will extend a symmetry of the bulk and generate a KK-parity pKK which
will be always left unbroken by this framework: it can be seen from a geometrical point of view
as a π/2-rotation with respect to the center of the fundamental domain (π/2, π/2)4:

pKK :
{
x5 ∼ x5 + πR5

x6 ∼ x6 + πR6
(2.23)

This transformation ensures A ↔ D and B ↔ C and generates a phase (−1)k,l, for KK-modes
with quantized momenta (k, l) along the coordinates x5 and x6. As in models like supersymme-
try or little higgs, this creates a distinction between odd and even KK-modes and constrains the
possible decays between different tiers. For instance, the tiers with (1, 0) or (0, 1) momenta are
odd under this KK-parity, they do not decay and play the role of Dark Matter candidate. On
the other hand, modes like (1, 1) or (2, 0) are even and can decay into Standard Model particles.

Finally, let us mention a second bulk KK-parity p′KK which is also a relic of Lorentz invari-
ance:

p′KK :
{
x5 ∼ x5 + πR5

x6 ∼ x6
(2.24)

The main difference with pKK is that this parity could be broken by the UV-completion on
the boundaries and, in general, during our studies, as p′KK is not a fundamental symmetry of
the orbifold, we will not consider it and assume that it is broken. Nevertheless if p′KK remains
unbroken, the two tiers (1, 0) and (0, 1) would also pick different parity, and therefore contain
two independent Dark Matter candidates and (1, 1) states would be odd and stable under this
parity. Moreover the fact that p′KK is a symmetry of the bulk has also an important consequence
on quantum corrections of the theory. As the vertices appearing in the loops are generated by
the bulk interactions, both KK-parities cannot be broken by radiative corrections. So the decay
of (1, 1) states, for example, can only be generated by localized interactions introduced explicitly
in the theory while (2, 0) decays will be already driven by loops.

4Notice that it corresponds to the same KK-parity as in (62).
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Figure 2.5: Residual parities and singular points on the Real Projective Plane. The parity with respect to the
cross is the unbroken KK-parity pKK . The dashed line represents the broken KK-parity p′KK which is restored if
we identify the four singular points.

2.2 The Standard Model on the Real Projective Plane

2.2.1 Scalar fields

The action for a scalar field Φ is (omitting the integral along the un-compact 4 dimensions
and assuming R6 = R5 = 1):

Sscalar =
∫ 2π

0
dx5 dx6

{
DMφ

†DMφ−m2
φφ

†φ
}
, (2.25)

where the index M = (µ, 5, 6) and where DM = ∂M − igAaM t
a
r . This leads to the equation of

motion (EOM) for the free field:(
∂2

5 + ∂2
6 + p2 −m2

φ

)
φ = 0 , (2.26)

where p2 = −∂µ∂µ. After Fourier transforming along the two extra coordinates, the field can be
expanded in a sum of KK modes:

φ(p2, x5, x6) =
∑
k,l

fk,l(x5, x6) φ(k,l)(p2) (2.27)

The wavefunctions fk,l(x5, x6) satisfy the previous equation with p2 replaced by the mass squared
of the (k, l)-mode m2

k,l which comes from the EOM of the 4D field φ(k,l).

p2φ(k,l) = m2
k,lφ

(k,l) (2.28)

The solutions of this equation are usual combinations of sines and cosines (with frequencies
determined by the 2π-periodicity):

fk,l(x5, x6) = Ak,l cos kx5 cos lx6 +Bk,l sin kx5 sin lx6

+ Ck,l sin kx5 cos lx6 +Dk,l cos kx5 sin lx6 (2.29)
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The coefficients Ak,l, Bk,l, Ck,l, Dk,l will be chosen to satisfy the canonical normalization of
fields and the boundary conditions of φ(k,l). The wavefunctions can be labeled then with the
parities under the rotation and glide:

f (k,l) pr pg spectrum
cos kx5 cos lx6 + (−1)k+l k, l ≥ 0
sin kx5 sin lx6 + (−1)k+l+1 k, l > 0
sin kx5 cos lx6 − (−1)k+l k > 0 , l ≥ 0
cos kx5 sin lx6 − (−1)k+l+1 k ≥ 0 , l > 0

The masses are given by the formula:

m2
k,l = m2

φ + k2 + l2 (2.30)

and the mass eigenstates can be labeled by their parity assignment (pr, pg) and KK number (k, l).
In table 2.1, we show the full classification of the modes (with normalized wave functions).

2.2.2 Gauge fields

For an SU(N) gauge group, the 6D Lagrangian can be written as:

Lgauge =
∫ 2π

0
dx5 dx6

{
− 1

4
FMNF

MN − 1
2ξ

(∂µAµ − ξ(∂5A5 + ∂6A6))
2
}

(2.31)

where FMN = ∂MAN −∂NAM + gfabcAbMA
c
N , and the ξ-gauge fixing term is added to eliminate

the mixing between Aµ and the extra polarizations A5 and A6 similarly to what we explain
in section 1.3.3. If we consider a free propagating field, the equation of motion for the vector
component is given by:

− ∂µFµν −
1
ξ
∂ν∂

µAµ + (∂2
5 + ∂2

6)Aν = (p2 + ∂2
5 + ∂2

6)Aν = 0 (2.32)

which is the same as for a scalar field after assuming that each KK-mode satisfies the usual 4D
equation in ξ-gauge:

− ∂µFµν −
1
ξ
∂ν∂

µAµ = p2Aµ (2.33)

(k, l) pKK (++) (+−) (−+) (−−)
(0, 0) + 1

2π

(0, 2l) + 1√
2π

cos 2lx6
1√
2π

sin 2lx6

(0, 2l − 1) − 1√
2π

cos(2l − 1)x6
1√
2π

sin(2l − 1)x6

(2k, 0) + 1√
2π

cos 2kx5
1√
2π

sin 2kx5

(2k − 1, 0) − 1√
2π

cos(2k − 1)x5
1√
2π

sin(2k − 1)x5

(k, l)k+l even + 1
π cos kx5 cos lx6

1
π sin kx5 sin lx6

1
π sin kx5 cos lx6

1
π cos kx5 sin lx6

(k, l)k+l odd − 1
π sin kx5 sin lx6

1
π cos kx5 cos lx6

1
π cos kx5 sin lx6

1
π sin kx5 cos lx6

Table 2.1: Normalized wavefunctions and parities for a scalar bulk field, where (pr, pg) = (±,±)
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Once the parities are assigned, the spectrum and wavefunctions will be the same as for the scalar
field (with mφ = 0):

m2
k,l = k2 + l2 (2.34)

The A5–A6 scalar sector is more complicated: like in 5D, the massive vector modes acquire
their longitudinal polarization by eating a tower of scalar components provided by a combination
of A5 and A6, but in 6D a new feature appears: another combination will give rise to a single
tower of physical scalar states. In ξ-gauge, this means that the bilinear kinetic term between
A5 and A6 will mix and force to redefine new mass eigenstates:

LA5,A6 =
∫ 2π

0
dx5 dx6

1
2
(A5, A6)·

(
−∂2

µ + ∂2
6 + ξ∂2

5 (ξ − 1)∂5∂6

(ξ − 1)∂5∂6 −∂2
µ + ∂2

5 + ξ∂2
6

)
·
(
A5

A6

)
(2.35)

and in generic ξ-gauge, the EOMs given by:

− ∂2
µA5 + ξ∂5(∂5A5 + ∂6A6) + ∂6(∂6A5 − ∂5A6) = 0 (2.36)

−∂2
µA6 + ξ∂6(∂5A5 + ∂6A6) + ∂5(∂5A6 − ∂6A5) = 0 (2.37)

First we will focus on two gauge choices: the Unitary gauge, where all non-physical degrees
of freedom are removed, and the Feynman-’t Hooft gauge, which is more useful for 6D-loop
calculations.

Feynman-’t Hooft gauge

In the Feynman-’t Hooft gauge ξ = 1, the equations of motion for A5 and A6 decouple:

(∂2
5 + ∂2

6 − ∂2
µ)A5,6 = 0 (2.38)

therefore the two components can be treated as two independent scalar fields with proper par-
ities. The wavefunctions and masses are the same as in the scalar case presented in detail in
Section 2.2.1.

Unitary gauge

In the unitary gauge ξ →∞, the combination

∂5A5 + ∂6A6 = 0 . (2.39)

The two fields are not independent, and we can therefore expand both fields on the same tower
of 4D scalars A(k,l)

ϕ :

A5 =
∑

f5(x5, x6)A(k,l)
ϕ , A6 =

∑
f6(x5, x6)A(k,l)

ϕ (2.40)

with ∂5φ5 + ∂6φ6 = 0. Using the latter relation in equations (2.36–2.37), the two wavefunctions
respect the usual EOM of a scalar field:

(p2 + ∂2
5 + ∂2

6)f5/6 = 0 (2.41)

spectra and wavefunctions are again the same as in the scalar case, with the additional con-
straint from equation 2.39.
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Parities

Moreover, the parities of the scalar components are determined by the fact that they are
parts of a 6D vector:

AM (p2, pr(x5, x6)) =


prAµ(xµ, y)
−prA5(xµ, y)
−prA6(xµ, y)

and AM (p2, pg(x5, x6)) =


pgAµ(xµ, y)
pgA5(xµ, y)

−pgA6(xµ, y)
(2.42)

therefore if the vector component Aµ has parities (pr, pg), the parities of A5 and A6 components
are respectively (−pr, pg) and (−pr,−pg). In the following tables, we list in detail the masses
and normalized wave functions for the 4 possible parity assignments: in the (++) case, the
gauge symmetry is unbroken (table 2.2); in table 2.3 the gauge symmetry is broken by the glide,
case (+−) and there is no zero mode in the spectrum; then in table 2.4 the gauge symmetry is
broken by the rotation (and the glide g′), then there is a zero mode living in the A5 component,
then in table 2.5 the gauge symmetry can be broken by both rotation and glide g; in this case
the zero modes resides in A6.

Generic ξ-gauge

Finally, for the calculation performed in chapter 3, we will have to consider the case of a
generic ξ-gauge. In this case, we will have to diagonalize the bilinear term 2.35 and the only
possibility to obtain the mass eigenstates, is to Fourier expand A5 and A6 fields and diagonalize

(k, l) pKK A
(++)
µ A

(−+)
5 A

(−−)
6

(0, 0) + 1
2π

(0, 2l) + 1√
2π

cos 2lx6

(0, 2l − 1) − 1√
2π

sin(2l − 1)x6

(2k, 0) + 1√
2π

cos 2kx5

(2k − 1, 0) − 1√
2π

sin(2k − 1)x5

(k, l)k+l even + 1
π cos kx5 cos lx6

l
π
√
k2+l2

sin kx5 cos lx6 - k
π
√
k2+l2

cos kx5 sin lx6

(k, l)k+l odd − 1
π sin kx5 sin lx6

l
π
√
k2+l2

cos kx5 sin lx6 - k
π
√
k2+l2

sin kx5 cos lx6

Table 2.2: Normalized wavefunctions for a (+,+) gauge boson in unitary gauge.

(k, l) pKK A
(+−)
µ A

(−−)
5 A

(−+)
6

(0, 0) +
(0, 2l) + 1√

2π
sin 2lx6

(0, 2l − 1) − 1√
2π

cos(2l − 1)x6

(2k, 0) + 1√
2π

sin 2kx5

(2k − 1, 0) − 1√
2π

cos(2k − 1)x5

(k, l)k+l even + 1
π sin kx5 sin lx6

l
π
√
k2+l2

cos kx5 sin lx6 - k
π
√
k2+l2

sin kx5 cos lx6

(k, l)k+l odd − 1
π cos kx5 cos lx6

l
π
√
k2+l2

sin kx5 cos lx6 - k
π
√
k2+l2

cos kx5 sin lx6

Table 2.3: Normalized wavefunctions for a (+,−) gauge boson in unitary gauge.
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(k, l) pKK A
(−+)
µ A

(++)
5 A

(+−)
6

(0, 0) + 1
2π

(0, 2l) + 1√
2π

cos 2lx6

(0, 2l − 1) − 1√
2π

sin(2l − 1)x6

(2k, 0) + 1√
2π

sin 2kx5

(2k − 1, 0) − 1√
2π

cos(2k − 1)x5

(k, l)k+l even + 1
π sin kx5 cos lx6

l
π
√
k2+l2

cos kx5 cos lx6
k

π
√
k2+l2

sin kx5 sin lx6

(k, l)k+l odd − 1
π cos kx5 sin lx6

l
π
√
k2+l2

sin kx5 sin lx6
k

π
√
k2+l2

cos kx5 cos lx6

Table 2.4: Normalized wavefunctions for a (−,+) gauge boson in unitary gauge.

(k, l) pKK A
(−−)
µ A

(+−)
5 A

(++)
6

(0, 0) + 1
2π

(0, 2l) + 1√
2π

sin 2lx6

(0, 2l − 1) − 1√
2π

cos(2l − 1)x6

(2k, 0) + 1√
2π

cos 2kx5

(2k − 1, 0) − 1√
2π

sin(2k − 1)x5

(k, l)k+l even + 1
π cos kx5 sin lx6

l
π
√
k2+l2

sin kx5 sin lx6
k

π
√
k2+l2

cos kx5 cos lx6

(k, l)k+l odd − 1
π sin kx5 cos lx6

l
π
√
k2+l2

cos kx5 cos lx6
k

π
√
k2+l2

sin kx5 sin lx6

Table 2.5: Normalized wavefunctions for a (−,−) gauge boson in unitary gauge.

the mass matrix mode by mode. We will then get the mass eigenstate A(k,l)
π with a ξ-dependent

mass corresponding to the Goldstone boson eaten in the unitary-gauge by the massive gauge
boson. The other field A(k,l)

ϕ will be the physical new degree of freedom. For (k, l) mode, it can
be shown by considering for instance a (++) gauge field that the bilinear term (2.35) gives:

LA5,A6 ⊃
1
2
(A(k,l)

5 , A
(k,l)
6 )·

(
−∂2

µ − ξk2 − l2 −(ξ − 1)kl
−(ξ − 1)kl −∂2

µ − k2 − ξl2

)
·

(
A

(k,l)
5

A
(k,l)
6

)

⊃ 1
2
(A(k,l)

π , A(k,l)
ϕ )·

(
−∂2

µ − ξ(k2 + l2) 0
0 −∂2

µ − (k2 + l2)

)
·

(
A

(k,l)
π

A
(k,l)
ϕ

)
(2.43)

This implies that those both fields are present and are related to A5 and A6 by:

A
(k,l)
5 =

l

mk,l
A(k,l)
ϕ +

k

mk,l
A(k,l)
π , (2.44)

A
(k,l)
6 = − k

mk,l
A(k,l)
ϕ +

l

mk,l
A(k,l)
π . (2.45)

For (k, 0) or (0, l) modes, the physical scalar is only present for k odd if we consider a (++)
gauge boson and no vector state is allowed. While for k even, the goldstone is present with the
vector field. Note that this last effect cannot be seen in table 2.2 because it gives wavefunctions
in unitary gauge. For the zero mode then, only the massless vector part will be allowed.

59



CHAPTER 2. A “NATURAL” DARK MATTER CANDIDATE FROM 6D LORENTZ
INVARIANCE

Ghost

Concerning the ghost part of the Lagrangian, we obtain:

Lghost =
∫ 2π

0
dx5 dx6 c̄

a {(−∂µ(Dµ)ac + ξ∂5(D5)ac + ξ∂6(D6)ac)} cc , (2.46)

where (DM )ac = ∂Mδ
ac − ig(tbG)ac = ∂Mδ

ac + gfabcAbM . After KK expansion, we see that the
ghost behaves like a scalar field with the same parity as the vector component and with a mass
proportional to ξ.

2.2.3 Fermions

The action for a 6D Dirac fermion Ψ in Section 2.1.2 leads to the following EOMs for the 4
components:

iσ̄µ∂µχ± + (∂5 ∓ i∂6)η̄± = 0 , (2.47)
iσµ∂µη̄± − (∂5 ± i∂6)χ± = 0 ; (2.48)

Then we expand each component in a tower of 4D Dirac fermions (χ, η̄) satisfying the usual
Dirac EOMs:

Ψ(p2, x5, x6) =


χ+

η̄−
χ−
η̄+

 =⇒


χ+(p2, x5, x6) =

∑
k,l f

k,l
1 (x5, x6)χ(k,l)(p2)

χ−(p2, x5, x6) =
∑

k,l f
k,l
2 (x5, x6)χ(k,l)(p2)

η̄+(p2, x5, x6) =
∑

k,l f
k,l
3 (x5, x6)η̄(k,l)(p2)

η̄−(p2, x5, x6) =
∑

k,l f
k,l
4 (x5, x6)η̄(k,l)(p2)

(2.49)

Those first order equations can be decoupled (60), and each component satisfies the same
quadratic equation as scalar fields of the previous section. The solutions are usual combinations
of sines and cosines, and the first order EOMs relate the coefficients of the two 4D components.
Then to determine the form of the solutions we need to assign the parity of the fields. The
rotation gives a different parity to the two 4D-chiralities, and a fermion with pr = + (pr = −)
will have a left-handed (right-handed) zero mode. On the other hand, the glide will relate the
two 6D chiralities, so that the four wavefunctions are not independent: the value of the parity
under the glide does not play any role on the zero mode spectrum and, as we will see, the only
requirement is that the SM doublets and singlets have the same glide parity in order to allow
Yukawa couplings with the bulk Higgs.

For a left-handed fermion, case (+, pg), the KK modes are given by:

(k, l) f1 f2 f3 f4

(0, 0) 1
2
√

2π
pg

1
2
√

2π
0 0

(0, l) 1
2π cos lx6 pg(−1)l 1

2π cos lx6 − i
2π sin lx6 pg(−1)l i2π sin lx6

(k, 0) 1
2π cos kx5 pg(−1)k 1

2π cos kx5 − 1
2π sin kx5 −pg(−1)k 1

2π sin kx5

An important feature, we have to emphasize, is the case where both k, l 6= 0. Two degenerate
orthogonal solutions are present for each level. We write for convenience Ψ(+,pg) =

∑
k,l Ψ

(+,pg)
k,l

the KK-expanded 6D spinors and the solutions for the (k, l) mode can be parametrized as:

Ψ(+,pg)
k,l =


(a cos kx5 cos lx6 + b sin kx5 sin lx6)χ(k,l)

pg(−1)k+l (c sin kx5 cos lx6 − d cos kx5 sin lx6) η̄(k,l)

pg(−1)k+l (a cos kx5 cos lx6 − b sin kx5 sin lx6)χ(k,l)

(c sin kx5 cos lx6 + d cos kx5 sin lx6) η̄(k,l)

 , (2.50)
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where we can use the EOMs and normalization condition to fix the coefficients:

a = cosα√
2π

b = sinα√
2π

c = −k cosα−il sinα√
2π
√
k2+l2

d = k sinα−il cosα√
2π
√
k2+l2

(2.51)

The two orthogonal states can be obtained by choosing α = θ and α = π/2 + θ, where θ is an
arbitrary mixing angle. We can keep it free in loop or cross-section calculations and use it as a
check because physical observables do not depend on θ. Nevertheless for simplicity, here we take
θ = 0 and denote the 4D fields defined with α = 0 by the index a and its orthogonal partner
with the index b. In this case, the field wavefunction becomes:

Ψ(+pg)
a =

1√
2π


(cos kx5 cos lx6)χ

k,l
a

pg(−1)k+l
(
− k√

k2+l2
sin kx5 cos lx6 + il√

k2+l2
cos kx5 sin lx6

)
η̄k,la

pg(−1)k+l (cos kx5 cos lx6)χ
k,l
a(

− k√
k2+l2

sin kx5 cos lx6 − il√
k2+l2

cos kx5 sin lx6

)
η̄k,la

 (2.52)

and

Ψ(+pg)
b =

1√
2π


(sin kx5 sin lx6)χ

k,l
b

pg(−1)k+l
(

il√
k2+l2

sin kx5 cos lx6 − k√
k2+l2

cos kx5 sin lx6

)
η̄k,lb

pg(−1)k+l (− sin kx5 sin lx6)χ
k,l
b(

il√
k2+l2

sin kx5 cos lx6 + k√
k2+l2

cos kx5 sin lx6

)
η̄k,lb

 (2.53)

For a right-handed fermion corresponding to the case (−, pg), the situation is quite similar:

(k, l) f1 f2 f3 f4

(0, 0) 0 0 1
2
√

2π
pg

1
2
√

2π

(0, l) − i
2π sin lx6 pg(−1)l i2π sin lx6

1
2π cos lx6 pg(−1)l 1

2π cos lx6

(k, 0) 1
2π sin kx5 pg(−1)k 1

2π sin kx5
1
2π cos kx5 pg(−1)k 1

2π cos kx5

and, for k, l 6= 0:

Ψ(−g) =


(a sin kx5 cos lx6 + b cos kx5 sin lx6) fl

pg(−1)k+l (c cos kx5 cos lx6 − d sin kx5 sin lx6) f̄r
pg(−1)k+l (a sin kx5 cos lx6 − b cos kx5 sin lx6) fl

(c cos kx5 cos lx6 + d sin kx5 sin lx6) f̄r

 (2.54)

with

c = cosα√
2π

d = sinα√
2π

a = k cosα+il sinα√
2π
√
k2+l2

b = −k sinα+il cosα√
2π
√
k2+l2

(2.55)

A last important remark is the fact that we have fixed the normalization of the wavefunctions
in such a way that the mass of each (k, l) KK level is real, i.e. m(k,l) =

√
k2 + l2.
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2.2.4 Tree level spectrum and possible extensions

By now we described the field theory in this peculiar RPP framework. To study phe-
nomenology in this orbifold, we will start with the minimal extension in flat dimensions, which
is Universal Extra Dimension (UED). As in 5D, the Standard Model particles will propagate
in the bulk. The gauge symmetry will be the usual GSM = SU(3) × SU(2) × U(1) and will
be broken by the Higgs mechanism. To each chiral fermions will correspond a 6D fermion: two
doublet Q and L and three singlets U, D and E (and eventually a right handed neutrino N). For
(k, l) KK-modes, the tree level mass spectrum (without taking into account the Higgs vev and
the loop induced splittings) is degenerate for all particles and is given by:

m2
k,l =

k2

R2
5

+
l2

R2
6

(2.56)

As a summary and a reference, in the table 2.6, we present explicitly for the first tiers, the
content of particles of the model focusing on spin and KK-parity of the fields.

This model is obviously the easiest option we have as a model-builder. New work will be
done afterwards to see if extension can be built in this framework like Gauge-Higgs Unification
which can address more puzzles of the Standard Model in addition to Dark Matter. We can
also think of using a non-flat metric in this framework and see how warping can generate new
interesting features. In all these studies, we will use the advantage of having possible counter-
terms on singular points without breaking KK-parity.

Finally let us mention a new interesting idea which appears recently (70). In our case, we
considered a flat space to construct the Real Projective Plane and describe field theory. In this
case, all the curvature is concentrated on the singular points of the space. However, it exists
another possibility to construct a Real Projective Plane which is based on an orbifolding of the
sphere S2 where the two antipodal points are identified. Then the metric is not flat anymore,
the curvature is diluted in the whole space and no singularity seem present. But the price to
pay is expensive; the spherical metric will probably make all the discussion we are having more
and more challenging.

(k, l) pKK masses gauge vector Aµ gauge scalar A5,6 fermions higgs
(0, 0) + 0 F − F chiral F

(0, 1)− (1, 0) − 1 − F F −
(1, 1) +

√
2 F F F× 2 F

(2, 0)− (0, 2) + 2 F − F F
(2, 1)− (1, 2) −

√
5 F F F× 2 F

(k, l) (−1)k+l
√
k2 + l2 F F F× 2 F

Table 2.6: Field content on the RPP in UED model for the first KK-levels. Masses are given for the degenerate
case R5 = R6 = 1 in unit of mKK .
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2.3 Different approaches for the calculation of radiative correc-
tions in 6D.

In the beginning of the chapter, we focused on the tree-level spectrum of the Standard Model
on the Real Projective Plane, and we have seen that the masses of all the fields of a given tier
(k, l) are degenerate. Nevertheless this degeneracy will be removed at loop level and we need
in this case to develop an efficient tool box to compute the self-energies of the different fields
in this six dimensional framework. In this section, we will present three methods to perform
the calculation of the loop corrections to the masses. First, we can use the expansion of the
6D propagator in winding modes (71): in this way it is straightforward to renormalize the 6D
kinetic terms, which corresponds to removing the contribution of the zero winding modes (64).
However, as we will see, the calculation is challenging in general due to the presence of Bessel
functions in the expansion. The second way uses the usual KK expansion (64): in this case a
more sophisticated technique is required to renormalize the kinetic term. A third possibility
is to expand in KK modes along one direction, and use the resummed 5D propagator (72)
along the other: the advantage is clear when computing corrections to (n, 0) modes, where
conservation of momentum along the second extra direction simplifies the sum over the KK
number in the propagators. Notice that all these three techniques are initially equivalent but as
we will see, small differences will appear in the result of divergent loops because of the choice
of the regularization schemes.

To illustrate these three techniques, we will detail the explicit calculation of the loop in
figure 2.6 for the A6 ≡ Aϕ scalar modes (n, 0) with n odd. This loop will be one of the
contributions to the self-energy of A6. In order to extract the contribution to the mass correction
of the gauge scalar, we will consider the external fields on-shell (8). This implies that:

δm2 = m2
n − n2 = Π(p2 = m2

n) ≈ Π(p2 = n2) (2.57)

where p is the external momentum of the gauge scalar, mn is the “one-loop” mass of the mode
and n, its tree level mass. When we will consider in next section the full set of loop correc-
tions, we will just sum all these self-energy contributions. The results from the other loops in
section 2.4 have been calculated using at least two of those techniques.

2.3.1 6D winding mode method

A 6D scalar field propagating in an infinite space satisfies the following equation of motion :(
−∂µ∂µ + ∂2

5 + ∂2
6

)
φ = 0 (2.58)

Figure 2.6: One-loop radiative corrections to the gauge scalar self-energy from a scalar field
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It is convenient to calculate the propagator in a mixed momentum representation along the un-
compactified 4D space and position space along the extra-directions. The propagator is therefore
the Green function of the following operator:(

p2 + ∂2
5 + ∂2

6

)
G6Dopen
S (p, x5 − x′5, x6 − x′6) = iδ(x5 − x′5)δ(x6 − x′6) (2.59)

The solution to this equation (71), defining p =
√
p2 and −→y = (x5, x6), is then:

G6Dopen
S (p,−→y −−→y ′) =

1
4
H

(1)
0 (p |−→y −−→y ′|) (2.60)

where H
(1)
0 is the zero order Hankel function of first kind. Then we need to translate into

the propagator properties, the restriction of the extra-space from R2 to a compact space. It
will be done by using the identification of the orbifold. In a 6D flat geometry, we will have
two translations t5 and t6 which define periodicity and reduce the open space to a torus. This
implies that:

|−→y −−→y ′| ∼ |−→y −−→y ′ +
−→
Ω | (2.61)

where
−→
Ω = (2πn1, 2πn2) with (n1, n2) ∈ Z2 which are so-called winding modes. The propagator

is then given by:

G6D
S (p,−→y −−→y ′) =

∑
−→
Ω

1
4
H

(1)
0 (p |−→y −−→y ′ +

−→
Ω |) (2.62)

Then we will add the whole set of identifications coming from glide and rotation and similarly
we get the propagator on the Real Projective Plane (73):

GorbS (p,−→y ,−→y ′) =
1
4

∑
−→
Ω

[
G6D
S (p,−→y −−→y ′ +

−→
Ω) + pg G

6D
S (p,−→y − g(−→y ′) +

−→
Ω)

+prG6D
S (p,−→y − r(−→y ′) +

−→
Ω) + pr pg G

6D
S (p,−→y − r · g(−→y ′) +

−→
Ω)
]

(2.63)

where pr and pg are the parities of the scalar field under rotation and glide and f(−→y ′) are the
transformed of the point y′ under the transformation f . The coefficient 1/4 is here to take into
account the fact that the RPP space is smaller that the full torus. Moreover we notice that the
propagator will depend on (x5 +x′5) and (x6 +x′6) which breaks the translation invariance along
the two extra-dimensions.

The loop correction to the A6 propagator is given by:

iΠ66 = 2ig2
6C(rs)g66

∫
d4k

(2π)4

∫
d−→y GorbS (k,−→y ,−→y )f (n,0)

A6
(q,−→y )f (n,0)

A6
(q,−→y )

= iN (2π)2
∫
d4k

∫
d−→y GorbS (k,−→y ,−→y )f (n,0)

A6
(q,−→y )f (n,0)

A6
(q,−→y ) (2.64)

where f (n,0)
A6

(q,−→y ) = 1√
2π

sinnx5 is the wavefunction of the external field, g66 = −1 is a metric
factor and g2

6 = (2π)2g2 is the 6D gauge coupling. In the following, in order to simplify the
notation, we will always omit the normalization factor N = 2g2C(rs)g66

16π4 . The correction Π66 can
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be split into four terms whose signs depend on the parity of the scalar field under the symmetries
of the space:

Π66 = ΠT + pg ΠG + pr ΠR + pgpr ΠG′ (2.65)

ΠT is the contribution we would obtain on a torus of same radii and it is finite after the kinetic
term renormalization, the other three terms are generated by the symmetries of the orbifold and
we do expect a log divergence arising in ΠR due to the fixed points of the rotation.

Torus

The torus contribution is given by the first term in 2.63 plugged in 2.64:

ΠT =
N

4
4π2

∫
d4k

∑
−→
Ω

1
4
H

(1)
0 (k |

−→
Ω |)

=
N

4
4π3

∫ ∞

0
dkE

∑
(n1,n2)∈Z2

k3
E K0(2πkE

√
n2

1 + n2
2) (2.66)

where K0 is the K-Bessel function of zero order. Here, we have performed the Wick rotation to
write the last integral in Euclidean space.

In the UV-limit p|
−→
Ω | � 1, the propagator is exponentially damped:

K0(p|
−→
Ω |) ∼ e−p|

−→
Ω |
√

π

2p|
−→
Ω |

(2.67)

The zero winding mode (n1, n2) = (0, 0) contribution is UV divergent, however such divergence
is the same we would get in the limit of un-compactified space. Therefore this bulk divergence
can be absorbed by a wavefunction renormalization of the 6D field. Removing the (0, 0) mode
from the sum and integrating in k∫ ∞

0
dkE k3

E K0(kEa) =
4
a4

(2.68)

we obtain:

ΠT =
N

4
T6 with T6 =

1
π

∑
(n1,n2) 6=(0,0)

1
(n2

1 + n2
2)2

∼ 1.92 (2.69)

Glides

From the second term in the propagator 2.63, we get:

ΠG =
N

4
4π2

∫
d4k

∫
d−→y

∑
−→
Ω

1
4
H

(1)
0 (k |−→y − g(−→y ) +

−→
Ω |)sin

2 nx5

2π2
(2.70)

As the glide does not change sign to the x5 component, the Hankel function does not depend
on x5 and the integral along this extra-dimension is just given by the normalization of wave
functions. After Wick rotating and integrating in k as before we obtain

ΠG =
N

4π2

∑
(n1,n2)∈Z2

∫ 2π

0
dx6

1
((n1 − 1/2)2 + (x6/π + n2 − 1/2)2)2

(2.71)
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where we numerically checked that

N

π2

∑
(n1,n2)∈Z2

∫ π

0
dx5

1
((n1 − 1/2)2 + (x6/π + n2 − 1/2)2)2

= 7ζ(3) (2.72)

We obtain a similar expression for the other glide ΠG′ , now x6 can be easily integrated out
and we are left with:

ΠG′ =
N

4 π2

∑
(n1,n2)∈Z2

∫ 2π

0
dx5

1− cos 2nx5

((x5/π + n1 − 1/2)2 + (n2 − 1/2)2)2
(2.73)

=
N

4
(7ζ(3) +B1(n))

where we again numerically checked that the n-dependent term corresponds to the function in
appendix A.

Rotation

The last contribution is coming from the rotation part: after the Wick rotation

ΠR =
N

4
2π

∫ ∞

0
dk

∫
d−→y

∑
−→
Ω

k3 K0(k |2−→y +
−→
Ω |) sin2 nx5 (2.74)

To extract the divergent part, we cut-off the 4D momentum k at a scale Λ, and numerically
integrated over the compact space and summed. We can therefore show that the integral is
equal to

ΠR =
N

4
n2π2 log

Λ2 + n2

n2
(2.75)

From the integral form, we can see that the divergences appear when |2−→y +
−→
Ω | = 0: those points

are indeed the fixed points of the rotation, i.e. the corners of the fundamental square. In this
notation, their geometrical origin is clear. Note that this divergence depends on the quantum
number of the considered mode, so it cannot be reabsorbed in the renormalization of the bulk
6D fields. These log-divergences will be regularized then by adding localized counter-terms on
the singular points as we will discuss in the following of this thesis.

Using this method, the tadpole calculation seems straightforward and the properties of the
orbifold appear clearly. Nevertheless, the mathematical complexity will jump significantly when
considering loops with two propagators inside. The integrals of Bessel function products will be
the most important limitation to perform such calculations.

2.3.2 6D Kaluza-Klein expansion method

This method, the most commonly used one, is based on the 4D KK-mode decomposition,
therefore we need to compute loops with usual 4D propagators and then sum over the KK-
momenta of the towers. However, the technical difficulties here arise from the computing of all
the necessary couplings between modes, and in addition a Fourier transform that goes back to
winding modes is necessary for the renormalization of the torus contribution. Nevertheless, this
method can be easily applied to any loop structure.
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Here we will again focus on our concrete example. The contribution of a scalar field with
parities (pr, pg) can be still be written as:

Πpg pr = ΠT + pgΠG + pgprΠG′ + prΠR (2.76)

Therefore if we calculated the contribution of all 4 parity possibilities, we would be able to
extract each term:

ΠT =
1
4

(Π++ + Π+− + Π−+ + Π−−) (2.77)

ΠG =
1
4

(Π++ −Π+− + Π−+ −Π−−) (2.78)

ΠG′ =
1
4

(Π++ −Π+− −Π−+ + Π−−) (2.79)

ΠR =
1
4

(Π++ + Π+− −Π−+ −Π−−) (2.80)

The couplings that enter the loop, A6
(n,0)A

6
(n,0)φ

†
(m,l)φ(m,l) are proportional to ig2g66 with a

coefficient that depends on the wave function integrals. We listed such coefficients in the table
2.7 (here m, l 6= 0 are intended). For example, using the previous table, the corrections coming
from φ++, φ+−, φ+− and φ−− running into the loop are:

iΠ++ = N
( ∑

(m,l)≥1

2G(m, l) +
∑
l≥1

((−1)lG(n, l) + 2G(0, 2l))

+
∑

m≥1,m6=n
2G(2m, 0) + 2G(0, 0)

)
(2.81)

iΠ+− = N
( ∑

(m,l)≥1

2G(m, l) +
∑
l≥1

(−(−1)lG(n, l) + 2G(0, 2l − 1))

+
∑

m≥1,m6=n
2G(2m− 1, 0) +G(n, 0)

)
(2.82)

(pr pg) (++) (+−) (−+) (−−)
(0, 0) 2 - - -
(m, 0) m even 2 - 2 -

(m, 0)
m 6= n
m odd - 2 - 2

(n, 0) - 1 - 3
(0, l) l even 2 - - 2
(0, l) l odd - 2 2 -
(m, l) m 6= n 2 2 2 2
(n, l) l even 3 1 1 3
(n, l) l odd 1 3 3 1

Table 2.7: Quadrilinear coupling: A6
(n,0)A

6
(n,0)φ

†
(m,l)φ(m,l). The coefficients in this table are multiplied by

ig2
6g66.
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iΠ−+ = N
( ∑

(m,l)≥1

2G(m, l) +
∑
l≥1

(−(−1)lG(n, l) + 2G(0, 2l − 1))

+
∑

m≥1,m6=n
2G(2m, 0)

)
(2.83)

iΠ−− = N
( ∑

(m,l)≥1

2G(m, l) +
∑
l≥1

((−1)lG(n, l) + 2G(0, 2l))

+
∑

m≥1,m6=n
2G(2m− 1, 0) + 3G(n, 0)

)
(2.84)

where

G(m, l) =
∫ ∞

0
dkE

k3
E

k2
E +m2 + l2

(2.85)

is the integral appearing in the 4D loop.

Torus

For the torus contribution, we reconstruct a sum over all the KK modes on a torus compact-
ification. Then following the usual Fourier expansion in the double sum and removing the zero
winding mode contribution, we get:

ΠT = N
1
2

∑
(m,l)∈Z2

G(m, l) =
N

4
T6 (2.86)

Glides

Following the same procedure, the glide contribution can be written as:

ΠG =
N

4
2
∑
m∈Z

(−1)mG(m, 0) =
N

4
7ζ(3) (2.87)

while for the second glide

ΠG′ =
N

4
2
∑
l∈Z

(−1)l(G(n, l) +G(0, l)) =
N

4
(7ζ(3) +B1(n)) (2.88)

We find in this case, the same result as the one obtained in section 2.3.1.

Rotation

For the rotation contribution, we will follow the same regularization procedure as in the
previous section. After cutting-off the 4D momentum at the scale Λ, the loop calculation gives:

ΠR =
N

4
2 (G(0, 0)−G(n, 0)) =

N

4

∫ Λ

0
dkE

(
kE −

k3
E

k2
E + n2

)
=
N

4
n2π2 log

Λ2 + n2

n2
(2.89)
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2.3.3 6D mixed propagator method

Using the full 6D propagator is complicated because it imposes to deal with Bessel functions
and re-sum a double sum. On the other end using directly the double sum from the KK-
expansion is challenging from the point of view of coupling calculation. Another original idea is
to use a mixed method: 5D propagators can be easily handled, in fact a generic scalar propagator
takes the simple form on a S1 orbifold:

G5D
S (χm, y − y′) =

i cosχm(π − |y − y′|)
2 χm sinχmπ

where χm =
√
k2 −m2 (2.90)

and m is the 5D mass of the scalar field. Then we can think of taking advantage of this compact
form by expanding in KK modes along one of the extra-dimensions, say x6, and write the 6D
propagator in terms of resummed 5D propagators:

G6D
S (k,−→y −−→y ′) =

∞∑
l=−∞

G5D
S (χl, x5 − x′5) f∗l (x6)fl(x′6) (2.91)

where

fl(x6) =
1√
2π
eix6l and χl =

√
k2 − l2 (2.92)

The fl’s are the wavefunctions on a circle and l the KK masses for the 5D modes. This method
is extremely powerful, especially to calculate corrections for modes like the (n, 0): the fact that
the external fields do not carry any momentum along x6, together with the orthonormality of
the wavefunctions fl, allows to easily replace the integral in the coordinate x6 with a sum. The
orbifold propagator and the scalar loop we are considering here are given by the equations (2.63)
and (2.64):

GorbS (p,−→y ,−→y ′) =
1
4

∞∑
l=−∞

[
G5D
S (χl, x5 − x′5) f∗l (x6)fl(x′6)

+ pg G
5D
S (χl, x5 − g(x′5)) f∗l (x6)fl(g(x′6)) + prG

5D
S (χl, x5 − r(x′5)) f∗l (x6)fl(r(x′6))

+pr pg G5D
S (χl, x5 − rg(x′5)) f∗l (x6)fl(rg(x′6))

]
(2.93)

Contrary to the winding mode method, this one can be extended in a straightforward way
to all the other loop diagrams. Finally a last technical and important remark: the orbifolding
transformations reduce the fundamental to a subspace of the torus. When we integrate the
propagators running in the loop, we have to care that the integration domain is an interval
[0, 2π) × [0, 2π), so the transformed points under glides and rotations have also to be in this
domain. For instance, we will be careful that:

{
0 < x5 < π : g(x5) = x5 + π
π < x5 < 2π : g(x5) = x5 − π

,

{
0 < x5 < π : rg(x5) = −x5 + π
π < x5 < 2π : rg(x5) = −x5 + 3π

and 0 < x5 < 2π : rg(x5) = −x5 + 2π (2.94)
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Torus

After integrating over x5 and x6, the torus contribution can be written as:

ΠT =
N

4

∫
d4k

1
2π

∞∑
l=−∞

i cotχlπ
2 χl

(2.95)

To remove the UV divergence, we decided to renormalized it by regularizing each 5D KK-
propagators similarly to (72), so that:

ΠT =
N

4

∫
d4k

1
2π

∞∑
l=−∞

i cotχlπ − i

2 χl
(2.96)

After Wick rotation, separating the l = 0 contribution, we get:

ΠT =
N

4

ζ(3) + 4π3
∞∑
l=1

∫ ∞

0
dkE

k3
E

(
coth

[
π
√
k2
E + l2

]
− 1
)

2
√
k2
E + l2


=

N

4
∆′ with ∆′ ' 1.22 (2.97)

Because of the improper regularization scheme, the finite part is different from the previous
correct result. However, the structure is the same, thus providing a powerful way to check the
results obtained with the other methods.

Glides

The contribution of the glides is finite, therefore we do not have the same issue with the
renormalization which arose for the torus one. Under the glide, x6 changes sign and therefore:

fl(g(x6)) = fl(−x6 + π) = (−1)lf−l(x6) (2.98)

Due to the orthonormality, the contribution of the l 6= 0 modes vanishes, and we are left with

ΠG =
N

4

∫
d4k

∫ 2π

0
dx5

i cosχ0(π − |x5 − g(x5)|)
2 χ0 sinχ0π

sin2(nx5)
2π2

(2.99)

After Wick rotation, and integrating in x5, we obtain:

ΠG =
N

4
2π3

∫ ∞

0
dkE

k3
E

kE sinhπkE
=
N

4
7ζ(3) (2.100)

That agrees with the result obtained using the winding modes.
Under the second glide

fl(gr(x6)) = fl(x6 + π) = (−1)lfl(x6) (2.101)
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therefore all modes contribute, and a (−1)l factor appears in the sum:

ΠG′ =
N

4

∫
d4k

∫ 2π

0
dx5

∞∑
l=−∞

(−1)l
i cosχl(π − |x5 − gr(x5)|)

2 χl sinχlπ
sin2(nx5)

2π2

=
N

4

∫ ∞

0
dkE 2π2k3

E

∞∑
l=−∞

(−1)l
2(k2

E + l2) + n2

(k2
E + l2) (k2

E + l2 + n2)

=
N

4

∫ ∞

0
dkE π3

 2k2
E

sinhπkE
+

2k3
E√

n2 + k2
E sinh

(
π
√
n2 + k2

E

)


=
N

4
[7ζ(3) +B1(n)] (2.102)

where

B1(n) = 2π3

∫ ∞

0
dp

p3√
n2 + p2 sinh

(
π
√
n2 + p2

) (2.103)

Rotation

Similarly to the glide, for the rotation, only the zero mode contributes:

ΠR =
N

4

∫
d4k

∫ 2π

0
dx5

i cosχ0(π − |x5 − r(x5)|)
2 χ0 sinχ0π

sin2(nx5)
2π2

=
N

4

∫
d4k

in2

k2 (n2 − k2)
. (2.104)

After Wick rotation, we regularize the integral by cut off as before:

ΠR =
N

4

∫ Λ

0
dkE 2π2kE

n2

(n2 + k2
E)

=
N

4
n2π2 log

Λ2 + n2

n2
. (2.105)

2.4 One-loop mass spectrum of (0, 1) and (1, 0) tiers on the RPP.

2.4.1 Introduction

The degeneracy of each KK level is removed at loop level and in this chapter, we will focus
on the modes (n, 0) and (0, n) with n odd, because this case covers the lightest tiers, and we will
therefore need the mass spectrum of this level to determine the relic density of Dark Matter.
As we explain previously and as it will be also detailed in appendix A, the loop contributions
(that we generically label Π) can be divided in 4 pieces:

Π = ΠT + ΠG + ΠG′ + ΠR : (2.106)

As we already mentioned, the first term ΠT is the contribution we would get from the
same fields on a torus and, after renormalization of the bulk kinetic terms, it leaves a finite
contribution. The other three terms correspond to the two glides and rotation, in the sense that
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their sign depends on the parities (pr, pg) of the fields running in the loop. The contribution
of the two glides is finite because the glide symmetries do not have any fixed points where a
counter-term could be localized. On the other hand, the rotation does generate divergences
which can be cut-off by counter-terms localized on the four points left fixed by the rotation,
i.e. the two singular points of the orbifold. The singularities will be equally spread on the two
points, because of the extended global symmetries of the bulk interactions. In sections 2.4.4
and in chapter 3, we will discuss the generic structure of the counter-terms: for now we will
limit ourselves to cutting off the momentum integral in the loop and compute the coefficient on
the log divergent term. The estimate of this cut-off scale Λ can be done using a conservative
approach which consists in an identification with the lowest scale where the theory starts losing
its perturbativity. In extra-dimensional model, this can be done by using a naive dimensional
analysis and in model with six extra-dimensions, the cut-off scale of the associated effective field
theory is pretty low. As a reference, we have chosen to take in this thesis ΛR ∼ O(10) (74).
Finally we have to notice also that bulk interactions respect both KK-parities: pKK and p′KK ,
therefore there will be no mixing between the states (n, 0) and (0, n): in the following we will
compute the diagonal corrections, as the off diagonal ones do generate sub-leading corrections to
the spectrum. Mixing between the two states will only be possible through localized interactions
if we suppose that p′KK is broken by the UV-completion.

2.4.2 Self-energy of gauge bosons for (0, n) and (n, 0) modes with n odd

The tiers (0, n) and (n, 0) with n odd contain gauge-scalars which correspond to SM gauge
bosons. As we explained in equation 2.57, for a generic SU(N) gauge group, this gauge scalars
will receive corrections to their mass from the loop diagrams listed in figure 2.7 and expressed
in appendix A. The computation of those radiative corrections has be performed using the
new method we presented in the previous section and consisting in expanding in KK modes
only along one direction and using the re-summed 5D propagator in the sum. The obtained
results have been checked in general by using the expansion in 6D KK modes. The winding
mode technique could only be used actually for the tadpole computations. The result of the
calculation is summarized in table 2.8. The contributions in this table must be multiplied by a
normalization factor 1

4
g2C(r)
16π4R2 , where g = g6

2πR is the effective 4D gauge coupling. This relation
between g and g6 is obtained by computing the wavefunction overlapping between two zero-mode

Figure 2.7: One-loop radiative corrections to the gauge scalar self-energy: gauge (a–c), ghost (d), fermion (e)
and scalar (f–g) loops.
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δm2 gauge scalars ΠT ΠG ΠG′ ΠR

a 5T6 5 · 7ζ(3) 3 · (7ζ(3) +B1(n)) 3n2π2L
b 0 0 −12B2(n) 0
c −T6 −3 · 7ζ(3) −(7ζ(3) +B3(n)) 5n2π2L
d 0 0 +2B2(n) 0
e −8T6 0 0 0
f T6 7ζ(3) (7ζ(3) +B1(n)) n2π2L
g 0 0 −4B2(n) 0

Table 2.8: Contribution of gauge, scalar and fermions loops in figure 2.7 to the mass of the gauge scalars in
level (1, 0)-(0, 1).

fermions and one zero-mode gauge boson field. C(r) is a gauge group factor and it is defined as
Tr(tartbr) = C(r)δa,b for a field in the representation r of a non-abelian group running in the loop.
For an abelian U(1)Y , we just replace C(r) by the hypercharge squared Y 2. In the formula, T6

is the typical sum appearing in the torus compactification (64), we have see in section 2.3.1.

T6 =
1
π

∑
(k,l) 6=(0,0)

1
(k2 + l2)2

∼ 1.92 (2.107)

L = log
Λ2R2 + n2

n2
(2.108)

L is the log divergence associated with the rotation, and the n-dependent contributions B1,2,3

are small corrections listed in the appendix A and coming from heavier modes running in the
loop. In this table, we have set to zero the negligible finite contribution coming from the rotation
loops and considered only the divergent part.

Summing over the SM fields, the corrections5 are:

δm2
B =

g′2

64π4R2

[
−79T6 + 14ζ(3) + π2n2L+B1 − 4B2

]
, (2.109)

δm2
W =

g2

64π4R2

[
−39T6 + 70ζ(3) + 17π2n2L+ 7B1 − 24B2 − 2B3

]
, (2.110)

δm2
G =

gs
2

64π4R2

[
−36T6 + 84ζ(3) + 24π2n2L+ 9B1 − 30B2 − 3B3

]
. (2.111)

Numerically, for n=1, the corrections to the mass δm = 1
2
δm2

m are:

δmBR = (−1.4 + 0.1L) · 10−3 = −0.00094 , (2.112)
δmWR = (−0.4 + 5.8L) · 10−3 = 0.026 , (2.113)
δmGR = (+0.2 + 28L) · 10−3 = 0.13 ; (2.114)

where we use αs(MZ) = 0.118, α(MZ) = 1/127, sin2 θW = 0.23 and ΛR = 10 (L = 4.6).

5For instance, the mass correction to U(1) gauge scalar is given by: Π = Nf (2.Y 2
L + Y 2

E + Nc(2.Y
2

Q + Y 2
U +

Y 2
D)).(e) + 4.Y 2

h ((f) + (g)), where Nf = 3 is the number of families and Nc = 3 the number of color. (e),(f) and
(g) are the loop contributions extracted from the table 2.8.
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2.4.3 Self-energy of fermions for (0, n) and (n, 0) modes with n odd

The corrections to the fermionic Lagrangian, described in figure 2.8 for a generic KK-mode
can be written in general as:

δL = aLψ̄γ
µpµPLψ + aRψ̄γ

µpµPRψ − bψ̄ψ . (2.115)

The wavefunction renormalization (in general different for the left-handed and the right-handed
components) can be re-absorbed by a field renormalization, so that the shift in the mass (at
leading order in the corrections) is:

δmF = b−mn
aL + aR

2
. (2.116)

In table 2.9, we will list the contribution of the gauge and scalar (Higgs) loops to the three
terms. The values in this table have to be multiplied by the loop factor 1

4
g2C2(r)
16π4R

for the gauge
loops (where C2(r) = (N2 − 1)/2N for a fundamental of SU(N), and the charge squared for a
U(1) ) and 1

4
y2F

16π4R
for the Higgs (where yF is the effective Yukawa coupling).

The n-dependent terms are listed in appendix A and similarly to the gauge boson case, we
have set to zero the negligible finite contribution coming from the rotation loops and considered
only the divergent part. For a generic fermion in the fundamental representation of SU(2) weak
and SU(3) color and with hypercharge YF :

δmF =
1

64π4Rn

{(
21ζ(3) + 4n2π2L− F1 − 6F2

)(
Y 2
F g

′2 +
3
4
g2 +

4
3
g2
s

)
+

+
1
2
(
21ζ(3) + n2π2L− F1 − 2F2

)
y2
F

}
. (2.117)

Figure 2.8: One-loop radiative corrections to the fermion self-energy.

fermions ΠT ΠG ΠG′ ΠR

n2 aL gauge 0 2 · 7ζ(3) 2 · (−7ζ(3) + F1(n)− F2(n)) 0
n2 aR gauge 0 2 · 7ζ(3) −2F2(n) 0
n2 b gauge 0 4n · 7ζ(3) −6nF2(n) 4n3π2L

n2 aL scalar 0 7ζ(3) −7ζ(3) + F1(n)− F2(n) n2π2L
n2 aR scalar 0 7ζ(3) −F2(n) 0
n2 b scalar 0 2n · 7ζ(3) −nF2(n) n3π2L

Table 2.9: Contributions of gauge and scalar loops to the mass and kinetic renormalization of SM fermions in
level (1, 0)-(0, 1).
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Numerical values of the mass splittings, at level n = 1, for each SM fermion are summarized in
table 2.10.

δmFR Q U D L E (N)
light gen.s 0.075 0.067 0.065 0.012 0.004 (0)
third gen 0.081 0.072 0.065 0.012 0.004 (0)

Table 2.10: Mass corrections for SM fermions in level (1, 0)-(0, 1). Here we used the same numerical inputs as
for the bosons, and ytop = 1.

2.4.4 Localized operators

In this section, we will describe another source of mass that can be added to the tree level
mass of KK-modes. We have seen that because of the rotation symmetry of the Real Projective
Plane, loop corrections to the masses are log-divergent. In this case, to regularize them we need
to introduce new counter-terms and they can be written on the singular points of the orbifold.
Due to the symmetries of the bulk interactions, we just need that the counter-terms are equal
on all the singular points. However, here we will give a more general approach, and add different
terms on the two singularities. In this case, one of the residual KK-parity can be broken and we
will obtain the most general contribution from localized operators on the Real Projective Plane.
In order to keep the glide-invariant form of the Lagrangian, we will introduce two operators:

δ0 =
1
2

(δ(x5)δ(x6) + δ(x5 − π)δ(x6 − π)) (2.118)

δπ =
1
2

(δ(x5)δ(x6 − π) + δ(x5 − π)δ(x6)) (2.119)

and label the two singular points with a subscript 0 for the point (0, 0) ∼ (π, π), and π for
(0, π) ∼ (π, 0).

In general the localized interactions must respect only the 4D Lorentz invariance. For a
scalar field like the Higgs many terms can be added including a mass term: here we will neglect
this case because of the many free parameters and the low phenomenological interest of the
Higgs resonances in this model but for few more details about localized interactions for scalar
fields, we invite the reader to look at chapter 3.

Concerning gauge fields, the situation is a bit simpler even if the Lagrangian on the singular
points does not need to respect the gauge invariance in 6D. However, for our current study of
mass corrections of the physical fields, we can choose an arbitrary gauge. Masses of fields being
by definition gauge invariant observables every contribution will gather and give gauge invariant
results. Therefore we choose the ξ = −3 gauge which has the particularity to lead to a gauge
invariant form of the counter-terms Lagrangian (68) as we will discuss in chapter 3:

Li =
δi
Λ2

(
−r1i

4
F 2
µν −

r2i
2
F 2

56 +
r5i
2
F 2

5µ +
r6i
2
F 2

6µ +
r56i
2
F5µF

µ
6

)
(2.120)

where i = 0, π, and the cut-off suppression compensates for the dimension of the 6D fields (2
for a boson and 5/2 for a spinor). For a Standard Model gauge boson, with parities (+,+),
notice that both A5,6 and ∂5,6Aµ vanish on the singular points, therefore F5µ = F6µ = 0 and
F56 = ∂5A6 − ∂6A5:
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Li =
δi
Λ2

(
−r1i

4
F 2
µν −

r2i
2

(∂5A6 − ∂6A5)2
)
. (2.121)

The first term is a correction to the kinetic term of the vector bosons, and it also introduces
mixing between modes with different (k, l). This will play a crucial role in phenomenology
allowing new couplings between levels. Here we will assume those terms to be small, of the same
order as the 1-loop corrections: this is a reasonable assumptions because they are in fact counter-
terms required by divergences at 1-loop and their coefficient is suppressed by the cut-off of the
model. Therefore, most off-diagonal terms will give higher order corrections to the masses: this
is not the case, however, for tiers that are degenerate like (k, l) and (l, k). In fact, exchanging
the two extra directions is a good symmetry of the Real Projective Plane if we consider the case
where the radii R5 = R6 are degenerate at tree level). When expanding the localized terms in
KK modes, the 2 × 2 blocks will have equal entries, while the loop contributions will be such
that the diagonal entries are equal: from this, we see that the block can be diagonalized by the
sum and difference of the two states 6. Therefore, we define

(k, l)± =
(k, l)± (l, k)√

2
, with l > k , l, k = 0, 1, . . .∞ (2.122)

and parametrize the correction to the kinetic term as:

Zij = δij +
zij

4π2Λ2
(2.123)

The values of the correction from localized terms to gauge vector are given in table 2.11.
Some modes like (0, 2l)−, (2k, 2l)−, (2k−1, 2l−1)−, (2k, 2l−1)± and (2k−1, 2l)± (with l > k)

are not affected by those localized counter-terms. Therefore they could have phenomenological
interest because of the predictivity of masses and couplings due to finite quantum corrections
at one-loop level. However, in the studied case, it seems that most of those levels do not couple
to Standard Model particles, but this will have to be explored more deeply.

6The situation is more complicated when k and l are part of a Pythagorean triple such that k2 + l2 = n2

or quartet with k2 + l2 = n2 + m2: in this cases 3 or 4 states will be degenerate. However, this situation only
happens for relatively large integers, the smallest ones being (0, 5)− (3, 4) with mass 5

√
2 ∼ 7, which is too close

to the cutoff and therefore phenomenologically not interesting: for this reason we will not explore the possibility
of Pythagorean triples any further.

zij (0, 0) (0, 2l)+ (2l, 2l) (2k, 2l)+ (2l − 1, 2l − 1) (2k − 1, 2l − 1)+
(0, 0) r1+ 2r1+ 2r1+ 2

√
2r1+ 2r1− 2

√
2r1−

(0, 2l′)+ 2r1+ 4r1+ 4r1+ 4
√

2r1+ 4r1− 4
√

2r1−
(2l′, 2l′) 2r1+ 4r1+ 4r1+ 4

√
2r1+ 4r1− 4

√
2r1−

(2k′, 2l′)+ 2
√

2r1+ 4
√

2r1+ 4
√

2r1+ 8r1+ 4
√

2r1− 8r1−
(2l′ − 1, 2l′ − 1) 2r1− 4r1− 4r1− 4

√
2r1− 4r1+ 4

√
2r1+

(2k′ − 1, 2l′ − 1)+ 2
√

2r1− 4
√

2r1− 4
√

2r1− 8r1− 4
√

2r1+ 8r1+

Table 2.11: Corrections to the kinetic terms of the vector gauge bosons. For convenience we introduce the
natural sum-difference basis; then the counter-terms are expressed in terms of r1± = r10 ± r1π).
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As expected, the correction to the zero mode renormalizes the gauge coupling:

g2 =
g2
6

4π2

1
1 + r10+r1π

4π2Λ2

∼ g2
6

4π2

(
1− r10 + r1π

4π2Λ2
+ . . .

)
(2.124)

The diagonal entries of the table 2.11 affect the masses:

m2
(k,l) =

√
k2 + l2

(
1−

z(k,l)

4π2Λ2
+ . . .

)
(2.125)

.
A same analysis can be performed for the scalar components of the gauge fields: note that

no further mixing between the vector and scalars is induced, therefore the tree level bulk gauge
fixing term is still appropriate. In this case, it is the (k, l)ev. modes to be unaffected (in unitary
gauge), and the correction is a mass term

δm2
i,j = mimj

δij
4π2Λ2

(2.126)

In the sum-difference basis, we obtain the contributions listed in table 2.12.
For fermions, due to the vanishing of one of the two 4D chiral components, no mass term

can be added and only operators of dimension 6 (like in the gauge boson case) are relevant. We
will focus later on this case also in chapter 3

2.4.5 Electroweak symmetry breaking effect on the mass splittings

Mass contribution to the heavy states will also appear through the Higgs mechanism. As
we already mentioned in this thesis, with UED models we allow the Higgs boson to propagate
in the bulk of the extra-dimensions. Like in the Standard Model, the negative mass present in
the Higgs potential will generate a vacuum expectation value for the 6D higgs field. This vev is
flat along the new extra-dimensions and will not generate mixing between different tiers. This
is crucial because it means that the KK-decomposition we used previously can still be used to
describe mass eigenstates. By consequence, the (0,0) mode will lead to the well-known Standard
Model spectrum and the model will be protected from tree-level mixing between heavier states
and SM.

For heavier states, a mixing will be generated between the neutral part of the weak gauge
boson W 3 and the hypercharge gauge boson B in a similar way to the Standard Model. The
value of the Weinberg angle will be different from to the SM one, because loop effects will correct
the masses of W3 and B as we have seen in the previous section. In the fermion sector it will be
similar: we will have a mixing between the doublet and the singlet corresponding respectively
to the left-handed and right-handed part of SM field. This effect will be mediated by Yukawa
interactions and will be thereby sizable only for the top quark.

δij (0, 2l − 1)+ (0, 2l − 1)− (2k, 2l − 1)+ (2k, 2l − 1)−
(0, 2l′ − 1)+ 4r2π 0 0 4

√
2r2π

(0, 2l′ − 1)− 0 4r20 4
√

2r20 0
(2k′, 2l′ − 1)+ 0 4

√
2r20 8r20 0

(2k′, 2l′ − 1)− 4
√

2r2π 0 0 8r2π

Table 2.12: Corrections to the kinetic terms of the scalar gauge bosons in the natural sum-difference basis;
then the counter-terms are expressed in terms of r2± = r20 ± r2π).
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Gauge bosons: general analysis

The Higgs vev introduces new mixing between the vectors and some scalar components that
must be cancelled by a suitable gauge fixing term. For an abelian gauge group, the gauge fixing
term in equation 2.31 is replaced by

Lξ−gauge = − 1
2ξ

(∂µAµ − ξ(∂5A5 + ∂6A6 − gv6ϕ0))
2 (2.127)

if the neutral part of the Higgs boson can be written as:

φ0 =
1√
2

(v6 + h+ iϕ0) (2.128)

The equations of motion of the vector part are modified simply by the addition of a mass term
m2
V = g26v

2
6

4 . For the scalar sectors, we have now mixing between the three scalars of the theory
A5,6 and ϕ0. The bilinear Lagrangian becomes:

LA5,A6,ϕ0 =
∫ 2π

0
dx5 dx6

1
2
(A5, A6, ϕ0)· D2·

 A5

A6

ϕ0


where D2 =

 −∂2
µ + ∂2

6 + ξ∂2
5 −m2

V (ξ − 1)∂5∂6 −(ξ − 1)mV ∂5

(ξ − 1)∂5∂6 −∂2
µ + ∂2

5 + ξ∂2
6 −m2

V −(ξ − 1)mV ∂6

(ξ − 1)mV ∂5 (ξ − 1)mV ∂6 −∂2
µ + ∂2

6 + ∂2
5 − ξm2

V


(2.129)

We can then derive the equations of motion for the scalar sector:

(p2 −m2
V )A5 + ∂6(∂6A5 − ∂5A6) +mV ∂5ϕ0 + ξ∂5(∂5A5 + ∂6A6 −mV ϕ0) = 0 (2.130)

(p2 −m2
V )A6 + ∂5(∂5A6 − ∂6A5) +mV ∂6ϕ0 + ξ∂6(∂5A5 + ∂6A6 −mV ϕ0) = 0 (2.131)

(p2 + ∂2
5 + ∂2

6)φ0 −mV (∂5A5 + ∂6A6) + ξmV (∂5A5 + ∂6A6 −mV ϕ0) = 0 (2.132)

In the Feynman-’t Hooft gauge (ξ = 1), these equations decouple:

(p2 −m2
V + ∂2

5 + ∂2
6)

 A5

A6

φ0

 = 0 (2.133)

and we have three independent towers with masses m2
(l,k) = l2 +k2 +m2

V but they have different
parities under rotation and glide.

In the Unitary gauge, ξ →∞ and we have to impose the condition:

mV φ0 = ∂5A5 + ∂6A6 (2.134)

We obtain then the same decoupled equations as in the Feynman-’t Hooft gauge, however the
fields are not independent anymore. One combination will be a Goldstone part Aπ which disap-
pears, being eaten by the vector part of the gauge boson and it remains two towers of physical
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scalars: Aϕ1 and Aϕ2:

A
(−+)
5 =

∑
f5(x5, x6)A

(k,l)
ϕ1 + g5(x5, x6)A

(k,l)
ϕ2

A
(−−)
6 =

∑
f6(x5, x6)A

(k,l)
ϕ1 + g6(x5, x6)A

(k,l)
ϕ2

ϕ
(++)
0 =

∑
f0(x5, x6)A

(k,l)
ϕ1 + g0(x5, x6)A

(k,l)
ϕ2 (2.135)

One solution of the constraint 2.134, for instance Aϕ1, has the form:

∂5A5 + ∂6A6 = 0 and φ0 = 0 (2.136)

this solution corresponds to the physical scalar described in the previous sections, the effect of
the Higgs VEV only appears in the extra mass contribution m2

V . The second independent com-
bination of states Aϕ2, satisfying the condition 2.134, is a new physical scalar, mainly consisting
of Higgs component: if the gauge symmetry is unbroken by the orbifold. The wavefunctions for
this new scalar are given in table 2.13.

Mass of electroweak gauge bosons of level (1, 0) and (0, 1)

If we consider (n, 0) and (0, n) levels with n odd, the gauge bosons will be scalars. After
neglecting localized term contributions, the masses of the neutral electroweak gauge bosons will
be given at one-loop level by the following Lagrangian:

L ⊃
(
W 3
n Bn

)
·
(
δm2

W + g2
wv

2/4 −g1gwv2/4
−g1gwv2/4 δm2

B + g2
1v

2/4

)
·
(
W 3
n

Bn

)
⊃
(
W 3
n Bn

)
·
(

δm2
W +m2

W − tan θWm2
W

− tan θWm2
W δm2

B + tan2 θWm
2
W

)
·
(
W 3
n

Bn

)
(2.137)

where for instance, Wn represents W (n,0)
6 or W (0,n)

5 . Note again that neither the loop corrections,
nor the VEV will mix (n,0) and (0,n) levels with n odd. It will not be the case for n even as we
will see in chapter 3. Then like in the Standard Model, the mass matrix can be diagonalized by:

(
Zn
An

)
=
(

cos θn sin θn
− sin θn cos θn

)
·
(
W 3
n

Bn

)
(2.138)

(k, l) pKK g
(++)
0 g

(−+)
5 g

(−−)
6

(0, 0) +
(0, 2l) + 2l√

2π
√

(2l)2+m2
V

cos 2lx6
mV√

2π
√

(2l)2+m2
V

sin 2lx6

(0, 2l − 1) −
(2k, 0) + 2k√

2π
√

(2k)2+m2
V

cos 2kx5
mV√

2π
√

(2k)2+m2
V

sin 2kx5

(2k − 1, 0) −
(k, l)k+l even + k2+l2

πNk,l
cos kx5 cos lx6

kmV
πNk,l

sin kx5 cos lx6
lmV
πNk,l

cos kx5 sin lx6

(k, l)k+l odd − k2+l2

πNk,l
sin kx5 sin lx6 − kmV

πNk,l
cos kx5 sin lx6 − lmV

πNk,l
sin kx5 cos lx6

Table 2.13: Normalized wavefunctions for the scalar Aϕ2 sector, where Nk,l =
p

(k2 + l2)(k2 + l2 +m2
V ). The

wavefunctions of the scalar Aϕ1 are : f0 = 0 and f5 and f6 are given in table 2.2.
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where θn is the Weinberg angle of the tiers (n, 0) or (0, n) and is defined by:

tan θn =
m2
Zn
−m2

An
+m2

Z − 2m2
W + δm2

B − δm2
W

2mWmZ sin θW
. (2.139)

The mass eigenstates is finally given by:

m2
An,Zn

=
n2

R2
+

1
2

(
m2
Z + δm2

B + δm2
W

∓
√

(m2
Z + δm2

B − δm2
W )2 − 4m2

W (δm2
B − δm2

W )
)

(2.140)

We can easily see that the Weinberg angle is not the SM one because δm2
B 6= δm2

W . In the
figure 2.9 we show for the lightest tiers how the mixing angle decreases for large mKK , inducing
the decoupling of B and W3 at this scale. We can stress also that this decoupling effect will
be more and more sizeable for heavier tiers as the rotation contribution to δm2

B and δm2
W is

proportional to n2.
Then let us consider the effects of the localized kinetic terms. Because the effects of bulk

contributions from loops and Higgs VEV are the same for (0, n) and (n, 0) levels, they are also
diagonal in the basis (0, n)±. The extra-dimension contributions are modified and given by:

δm2
B,W → δm2

B,W +
n2rB,W2π

π2Λ2
for (0, n)+

δm2
B,W → δm2

B,W +
n2rB,W20

π2Λ2
for (0, n)− (2.141)

Concerning the charged W ’s, their masses is given by:

m2
W+ =

n2

R2
+ δm2

W +m2
W (2.142)
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Figure 2.9: Mixing angle sin θ1 between the weak gauge scalars as a function of mKK . For zero KK mass we
obtain the SM value, for large masses the mixing angle vanishes. The flat line represents the value of the SM
sin θW .
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and the contribution of the localized terms can be added in the same way as for the neutral
gauge bosons. Similar formulas apply for the vector states in the (n, 0) and (0, n) tiers, with
n even, and to the (k, l) level: however, we need to take into account the loop-induced mixing
between the vector and the scalars, therefore the gauge fixing must be redefined at 1-loop.

Fermions of level (1,0) and (0,1)

The Yukawa coupling will also induce a redefinition of eigenstates. As this effect is mostly
relevant for the top quark, we will focus on this case and write the Lagrangian of Yukawa
interactions as:

SYukawa ⊃ −
∫

dx5dx6
Y6√

2
Ψ̄QhΨU + h.c. = (2.143)

−
∫

dx5dx6 Y6 [ηQ+hχU− + ηQ−hχU+ + χ̄Q+hη̄U− + χ̄Q−hη̄U+] + h.c.

where the Q index is for the doublet field under SU(2)W and U is for the up-type singlet field.
As we discussed in section 1.3.4, this term can be written only if pr(Q) = −pr(U) and after
expanding in KK-mode those fields, we obtain the mass corrections for each levels. For the
Standard Model zero modes:

LYukawa(0,0) = −pg(Q) + pg(U)
2

Y6v6√
2
q̄
(0,0)
l u(0,0)

r + h.c. (2.144)

where u
(k,l)
l,r and q

(k,l)
l/r denote respectively the (k, l) 4D-modes of the left- and right-handed

components of the singlet and doublet 6D fields. If the fields have the same parity under the
glide pg(Q) = pg(U) = pg, the mass term is non-vanishing and:

mtop = pg
Y6v6√

2
(2.145)

For (l, 0) and (0, l) modes, we obtain:

LYukawa(l,0)−(0,l) = −(−1)lmtop (q̄lur − q̄rul) + h.c. (2.146)

For the (k, l) modes, the situation is more complicated due to the presence of 2 degenerate states
as we discussed in section 2.2: the mass term can be written in general as:

LYukawa(k,l) = −(−1)k+lmtop(cosαQ cosαU − sinαQ sinαU )(
q̄
(k,l)
l u(k,l)

r − q̄(k,l)r u
(k,l)
l

)
+ h.c. (2.147)

where the two choices αQ/U = θQ/U , π/2+ θQ/U label the four independent states, and θQ/U are
arbitrary parameters. If we chose θQ = −θU , two sets of states decouple so that there are no
off-diagonal mass entries, and the mass matrices reduce to

LYukawa(k,l) = −(−1)k+lmtop

(
q̄
(k,l)
l u(k,l)

r − q̄(k,l)r u
(k,l)
l

)
+ h.c. (2.148)

This is therefore a general expression valid for all modes. To find the mass eigenstates, we need
to take into account the loop corrections to the Q and U masses. For the (1, 0) and (0, 1) tiers:

Lmass = −
(
q̄l ūl

)
·
(

1
R + δmQ −mtop

mtop
1
R + δmU

)
·
(
qr
ur

)
+ h.c. (2.149)
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This bilinear form will be diagonalized by considering two rotation matrices for the left-
handed and right-handed components:(

t1l
t2l

)
= Ul

(
ql
ul

)
and

(
t1r
t2r

)
= Ur

(
ql,r
ul,r

)
(2.150)

where U †l Ul = U †rUr = 1. We can show easily that Ul and Ur diagonalize the mass-matrix
squared M †M :

M †M =
(

( 1
R + δmQ)2 +m2

top mtop(δmQ − δmU )
top(δmQ − δmU ) ( 1

R + δmU )2 +m2
top

)
(2.151)

and

UlMM †U †l = U †rM
†MUr =

(
m2
t1 0
0 m2

t2

)
(2.152)

The mass eigenvalues are then given by:

m2
t1/2 =

1
R2

+m2
top + δmQ

(
1
R

+
1
2
δmQ ±B

)
+ δmU

(
1
R

+
1
2
δmU ∓B

)
(2.153)

with

B =

√(
1
R

+
δmQ + δmU

2

)2

+m2
top (2.154)

and the eigenstates are:(
t1l
t2l

)
=
(

cosβt +sinβt
− sinβt cosβt

)(
ql
ul

)
and

(
t1r
t2r

)
=
(

cosβt − sinβt
+sinβt cosβt

)(
ql,r
ul,r

)
(2.155)

with the mixing angle tanβt defined as:

tanβt =
1

mtop

[
B −

(
1
R

+
δmQ + δmU

2

)]
(2.156)

The figure 2.10 give the mKK-dependence of this angle.

Finally we summarize in figure 2.11, the mass splitting of the gauge bosons and fermions of
the first tier. In this plot, we neglect the contributions of the counter-terms due to our poor
understanding of the UV-completion of the theory, nevertheless, in some sense, we took some
of the order of magnitude of this effect into account through the rotation contribution of the
loops. There are two generic features in this plot: first, the loop corrections induce correction
of the form K1/R

2 where K1 is a generic coefficient coming from peculiarity of quantum effects,
then the Higgs mechanism will give a constant correction proportional to the Higgs vev v. For
a generic term, we have:

m = mKK +
K1

R2
+K2v

2 = mKK +K1m
2
KK +K2v

2 (2.157)

which implies:

δm = m−mKK =
δm2

2m
∼ δm2

2mKK

{
∼ K1mKK

2 for mKK � v

∼ K2v2

mKK
for v � mKK

(2.158)
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Figure 2.10: Mixing angle sinβt in the top sector as a function of mKK .

2.5 Extra-dimension radii from Dark Matter constraints

In this last section, we will present the main ideas and details of the calculations which
allow us to extract first limits on the extra-dimension radii from cosmological constraints on the
Dark Matter relic abundance: this step being essential to understand the motivation to continue
the study of such models. Following the prescription proposed in the paper of G. Servant and
T.Tait (39), we perform a first analytical estimate of this Dark Matter constraint. Even if the
calculation is very sensitive to cosmological parameter, it will help us to find a mass-range of
validity for this 6D UED model. Actually, if we can consider that the localized interaction are
negligible, extra-dimensional models are interesting because in general only two parameters are
relevant to look at Dark Matter constraints: mKK , the characteristic size of the extra-dimensions
and mh, the Higgs mass.

2.5.1 Annihilation of the Dark Scalar Photon

First we have to determine what is the nature of the Dark Matter candidate of our model. If
we consider the figure 2.11, for masses mKK < 200 GeV, we see that the right-handed electron is
the lightest particle. This charged particle cannot play the role of viable Dark Matter candidate,
so that it will put a lower bound on the mass-range for the model. Then for masses mKK > 200
GeV, the natural Dark Matter candidate is the scalar photon which is stable and neutral under
the Standard Model gauge group.

As we explained in section 1.2, we can solve then the Boltzmann equations and derive the
relic abundance of Dark Matter universe. Therefore, we need to consider the annihilation cross
section of A0,1

5 or A1,0
6 into SM particles. For the first analytical analysis that we proposed,

we have decided to neglect the electroweak symmetry breaking effects for the Standard Model
particles. This implies that all Standard Model particles will be massless, however the effect of
the longitudinal polarization of W and Z are implicitly taken into account through the decay
of the scalar photon into the Higgs doublet φ. Finally, in our calculation we keep the effect of
electroweak symmetry breaking on the Weinberg angle of the first tiers appearing between the
heavier gauge bosons and the dark scalar photon. The relevant annihilation processes are then
summarized in table 2.14. After expanding for small velocity, the averaged cross-section is then
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Figure 2.11: Mass splitting between the different states in the tier 1 as a function of mKK : in black the scalar
photon (LLP for mKK > 200 GeV), in blue the Z, in magenta the W , in solid red the gluon, in green the leptons,
in purple the light singlet quarks, in gray the light doublets and in dashed cyan the tops.

given by:

a =a1 + a2

=
4πα2

w sin θ4
1

m2
KK

+
πα2

w sin θ4
1

8m2
KK

sin4(θ1 + θW ) + sin4(θ1 − θW )
cos θ4

W

(2.159)

b =b1 + b2

=− 10πα2
w sin θ4

1

3m2
KK

− πα2
w sin θ4

1

16m2
KK

sin4(θ1 + θW ) + sin4(θ1 − θW )
cos θ4

W

(2.160)
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Initial states Final states Feynman diagrams a b

A1,0
6 A1,0

6 f f̄ t(f1R, f1L) 0 0
A1,0

6 A1,0
6 W +W− t(W ), u(W ), contact a1 b1

A1,0
6 A1,0

6 φ φ∗ contact a2 b2

Table 2.14: Relevant Feynman diagrams for A1,0
6 annihilations into Standard model particles. t(x),s(x) and

u(x) denotes a tree-level diagram with an x-exchange in the s-, t-, u- channel. “contact” is for the four-point
interaction and f refers to any fermions and φ to the full Higgs doublet.

Here we notice that the average cross-section does not depend on the fermionic degrees of
freedom; this feature is due to the spinless nature of the dark photon. The annihilation is
mainly dominated by the decay into W+W−. This effect is a consequence of the small mass-
splittings inside the first tiers. The Weinberg angle of (1, 0) and (0, 1) is actually not negligible
anymore, contrary to the Chiral Square case (75), for instance, where they can assume that the
lightest Kaluza-Klein particle is a pure-B gauge boson and where they find a preferred mass
range around 200 GeV (for mh � mKK). Here, the characteristic spectrum of the RPP model
forces us to work with a lightest particle which is a mixture of U(1) and neutral SU(2) gauge
bosons. Moreover we see that the relevant parameter of relic density calculation is mKK through
cross-sections which drop like 1/m2

KK . If we focus on the degenerate case where R5 = R6 = R,
we have then two degenerate Dark Matter candidates which do not couple with each other, like
in T 2/Z2 and T2/Z4 models. In this case, we can use the formula 1.54 assuming two independent
degenerate Dark Matter candidates and the total cross-section is given by: σtot = 1

2σ(0,1)level

and gtot = 2 instead of 1. Finally, in our case, the typical value for the reduced freeze-out
temperature is xF ∼ 25 and the typical mKK is below 1 TeV: this leads to the chosen value of
g∗ = 86.25 because we are below the W+W− threshold of thermal production. Taking all these
considerations into account, the figure 2.12 shows the mass range expected for the radii from
relic abundance which 290 GeV < mKK < 320 GeV.

2.5.2 Relevance of coannihilation processes

The most relevant feature of the RPP model is the small mass splitting between the different
particles in the (1, 0) and (0, 1) tiers. This peculiarity of the mass spectrum will induce large
contributions from coannihilation processes. If we consider the relative mass splitting ∆E and
∆L for lepton singlet and doublet, the Boltzmann suppression factor is given by:

e−∆E/LxF ∼ e−0.01×25 ∼ 0.77 where ∆x =
mx −mA

mA
(2.161)

In this case, we understand clearly why the contribution of those particles will be relevant. Then,
due to the large number of leptonic degrees of freedom, if we compute the relic density only
taking into account photon and leptons, we observe a dilution of cross-section. The result is
that the allowed mass range is lowered of almost 100 GeV and starts being close to the 200 GeV
bound for the degenerate case. This effect has been observed in (75) but as their annihilation
cross-section were smaller, it pushed down the typical mass-range for the lightest KK particle
around 200 GeV (for mh � mKK).

Another difference with the Chiral Square model (75), is that here, the characteristic spec-
trum of the RPP model forces us to include the contributions of SU(2)W gauge bosons. Even
if the mass splitting is larger for W and Z (see figure 2.11), their annihilation cross sections
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Figure 2.12: Relic density of LKP, including only A5 and A6 scalar photon annihilation, as a function of mKK

in the RPP model. The solid blue line is for the degenerate case where R5 = R6 = R and where (1,0) and (0,1)
are both Dark Matter candidate. The red dashed line is for the asymmetric case where for instance R5 � R6 and
where (1, 0) is the Dark Matter candidate. The light blue band denotes the WMAP preferred region for the relic
density: 0.095 < Ωdmh

2 < 0.13.

into Standard Model particles and their coannihilations with the scalar photon are actually
sizeable. Therefore if we consider naively only the gauge boson coannihilations, as it is shown
in figure 2.13, the characteristic KK-mass is pushed up around the TeV scale. Nevertheless,
the number of SU(2) gauge boson degrees of freedom is small (only 3) and this number has to
compared to the large number of fermionic degrees of freedom. This is the reason why, despite
an effect expected to be quite sizeable a priori, the contribution of gauge bosons to the relic
density calculation will be rather small.

Finally, after performing the full relic density calculation by including lepton and heavy
gauge boson contributions, we found the mass-range from figure 2.14:

200 GeV < mKK < 250 GeV (2.162)

In this first approach, we also checked that the gluon and quark effects were not sizeable and
they have been neglected in this study. We notice also that for mKK > 460 GeV, we reach
the Universe overclosure limit. This mass range is still quite low, which is interesting regarding
LHC phenomenology that we will develop in chapter 4. On the other hand, let us emphasize
again that these limits are strongly dependent on the cosmological model we choose (76) and
that they have to be taken more as a first approach to get an order of magnitude of the typical
KK-scale than as a precision calculation.

2.5.3 5D limit

Previously, we discussed the limit where R5 = R6 = R, but another interesting limit is given
by the asymmetric radii case. If one radius is O(5%) smaller compared to the other, one tower
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Figure 2.13: Relic density of LKP including only SU(2) × U(1) gauge boson coannihilation as a
function of mKK in the RPP model. The solid blue line is for the degenerate case where R5 = R6 = R
and where (1,0) and (0,1) are both Dark Matter candidates. The red dashed line is for the asymmetric
case where for instance R5 � R6 and where (1, 0) is the Dark Matter candidate. The light blue band
denotes the WMAP preferred region for the relic density: 0.095 < Ωdmh

2 < 0.13.
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Figure 2.14: Relic density of LKP including SU(2)×U(1) gauge boson and lepton coannihilations as
a function of mKK in the RPP model. The solid blue line is for the degenerate case where R5 = R6 = R
and where (1,0) and (0,1) are both Dark Matter candidates. The red dashed line is for the asymmetric
case where for instance R5 � R6 and where (1, 0) is the Dark Matter candidate. The light blue band
denotes the WMAP preferred region for the relic density: 0.095 < Ωdmh

2 < 0.13.
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“decouples” because of Boltzmann suppression factor and does not contribute anymore to the
relic abundance. This order of magnitude is actually determined by the comparison between
splitting and freeze-out temperature. This assymetric case is represented by the dashed curves
on figures 2.12, 2.13 and 2.14 and we can observe that the typical range is getting heavier:

280 GeV < mKK < 350 GeV (2.163)

This is what we expect from previous studies of KK-Dark Matter candidates but because of
peculiarity of this 5D limit model, the preferred range is still smaller compared with usual 5D
UED model where 500 GeV < mKK < 600 GeV. Moreover this 5D model has still a preserved
KK-parity imposed by the 6D completion and because of the space topology, its spectrum is
clearly different from usual minimal UED models. This “geometrical” non-decoupling will affect
typical phenomenology of the model which will be very similar to the 6D symmetric one except
that less states will be present. In the table 2.15, we present the remaining states of this model.

Therefore let us emphasize that the usual minimal 5D UED model is not unique and that
its structure and phenomenology will be influenced strongly by the presence of more extra-
dimensions. In our future discussion, we will often consider this convenient 5D limit.

2.5.4 Some refinements

The relic abundance analysis we performed, was a first approach but needs to be refined by
including some corrections into account which will certainly be relevant. The first effect that
will be included soon will be the effect of the SM masses. Tops, Higgs and gauge bosons masses
will probably modify slightly the cross-sections, because of the low mass-range of our theory:
mKK ∼ 300 GeV. On another hand, new effects like resonant annihilation via the SM higgs
but also via the (2, 0)-(0, 2) levels can be relevant and will probably modify significantly the
estimated range as it has been mentioned in 5D in (66; 77). The cross section enhancement
through resonant particles in s-channel, can indeed force the typical mass range to be higher
then the expected one. However, these heavy tiers, even under KK-parity, decay into SM fields
through loop induced couplings so these processes are naturally suppressed. Therefore the
balance between these two effects need to be studied in detail as well as the phenomenology of
the (2, 0)-(0, 2) tiers. This last part will be one of the motivation of the discussion developed
in chapter 3. Finally, the localized kinetic terms effects need also to be taken into account. If
those localized terms are significant, the mass of those fields can indeed be lowered and modify
the branching fractions into SM particles.

k pKK masses gauge vector Aµ gauge scalar A6 fermions higgs
0 ≡ (0, 0) + 0 F − F chiral F
1 ≡ (1, 0) − 1 − F F −

2k ≡ (2k, 0) + 2k F − F F
2k + 1 ≡ (2k + 1, 0) − 2k + 1 - F F -

Table 2.15: Field content on the RPP in UED model for the first KK-levels. Masses are given for the asymmetric
case R = R5 � R6 in unit of mKK .
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CHAPTER 3. RADIATIVE CORRECTIONS ON THE 6D REAL PROJECTIVE PLANE

3.1 Motivations for one-loop renormalization on the Real Pro-
jective Plane

As we discussed in the previous section, the characteristic mass range for new physics is
pretty low on the Real Projective Plane framework. Therefore, with numerous new heavy states
around the TeV scale, this model can lead to an interesting phenomenology at early stage of LHC
with 7 TeV and few fb−1 integrated luminosity. Nevertheless to study phenomenology on the
Real Projective Plane we need to compute the contributions coming from radiative corrections.
In UED model, at tree level all particles are degenerate and possible decays are then on thresh-
old. In general those loop effects are dominated by the logarithmically divergent contribution
coming from rotation symmetry and can be estimated using the localized counter-terms written
on the singularities. That is the reason why we need a better understanding of the counter-term
structure and why we have decided to study more in details the rotation contribution of the 6D
loops. The main goal of this chapter, which is based on the publication (78), will be thereby
to study the structure of counter-terms and to evaluate them. Then using a limited number of
localized terms and the renormalization procedure, we will be able to extract the mass correc-
tions and the effective couplings relevant for phenomenology.

Writing down the full set of allowed counter-terms, imposing gauge and Lorentz invariance,
would lead to a quite large number of parameters but it would be feasible and it would allow
us to predict the phenomenology of all the heavy states. However, a subtlety arises: corrections
coming from loops are not generally gauge invariant meaning that the associated counter-terms
are not gauge invariant either. Therefore we cannot use gauge invariance to predict for instance
the trilinear coupling corrections directly from the mass ones. In the Standard Model, this be-
havior is well-known and it is not a limitation. In our case, one-loop calculations in 6D model
are getting more and more complex as soon as we increase the number of fields propagating into
the loop. In order to predict masses and couplings for phenomenology studies, it is mandatory
to predict the 6D divergences from a reasonable amount of loop calculations. This non gauge
invariant counter-term issue has already been observed in other extra-dimensional model (68)
by using generic ξ-gauge. The authors stressed that for a peculiar gauge choice ξ = −3, some
cancellations happen and lead to a Lagrangian which seems to be gauge invariant; mass term
respects the gauge invariant counter-term and interaction terms can then be deduced using co-
variant derivatives from the kinetic terms. We will stress in appendix B, that this feature is not
peculiar to extra-dimensional model but that it is already present in 4D.

The following study will be done in the context of the RPP in 6D, but this prescription is
completely applicable to any compact space. It is based on the idea that in extra-dimension,
due to the relic of Lorentz invariance there are sum rules for the quantized momenta along the
extra-dimension which control the different couplings present in the theory. Usually we can
distinguish three different kinds of couplings in extra-dimensional models:

• Bulk vertices: they arise from the bulk Lagrangian which possesses the 6D Lorentz in-
variance and therefore they conserve momenta flow. For that, if we consider the trilinear
coupling between (k1, l1), (k2, l2) and (k3, l3), we always have a combination of sign which
satisfies:

k1 ± k2 ± k3 = 0 and l1 ± l2 ± l3 = 0 (3.1)
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• Loop induced vertices: they are generated by the connections between different bulk ver-
tices. They can break Lorentz invariance but on the RPP they will preserve all the residual
KK-parities which are coming from the 6D Lorentz invariance.

• Localized interactions: they respect only the fundamental parities of the orbifold and the
4D Lorentz invariance.

In the rest of this thesis, we will focus on the two first kinds. Bulk vertices will be easy to
compute and to implement if we want to make phenomenological studies. Loop induced vertices
will be obtained by a shrewd calculation, focusing on the effective couplings between the mode
(2k, 2l) with (k, l) ∈ N2 into zero mode Standard Model particles. This peculiar choice of modes
has been motivated by the fact only one type of particle can propagate in the loop linking (2k, 2l)
and (0, 0) which are the (k, l) modes. This is imposed by the conservation of momenta on the
tree level vertices. Here k and l are fixed which helps to reduce 6D loop calculations with double-
sum to 4D loop calculation. In this case, only the rotation contribution remains because it is
the only symmetry which violates translation symmetry along the extra-dimensions. If we need
more general cases, we will show that they can be inferred from this particular choice. So in the
following we will compute one-loop divergent corrections in ξ-gauge on the Real Projective Plane
and we will show how, for this “magic gauge” choice ξ = −3, gauge invariance in Lagrangian is
restored. Next sections are heavily inspired from our paper (78).

3.2 Gauge boson fields

In this section we will discuss the loops generating mixing in the gauge sector between the
(2k, 2l) mode and zero modes. We will consider only corrections to the two and three point
functions and show that in the ξ = −3 gauge the two terms respect gauge invariance in the
sense that the effective couplings are related to each other and correspond to a gauge invariant
counter-term localized on the two singular points.

3.2.1 Bilinear mixing terms

Here we will consider mixing terms between the vector and two scalar modes in the level
(2k, 2l) with the vector zero mode, which corresponds to a SM gauge boson. The results have
been computed in the usual 4D dimensional regularization, and they show the expected loga-
rithmic sensitivity to the cut-off of the theory.

Vector mixing: A2k,2l
µ −A0,0

ν

For gauge loops, the mixing can be parametrized as 1:

iΠµν =
g2C2(G)δab

16π4

[(
λ1
iπ2

ε
+ κ1

iπ3

η

)
gµν + λ2

iπ2

ε
qµqν

]
(3.2)

where 1/ε = log ΛR and 1/η = 1/4 Λ2. We have computed the log divergent parts in the usual 4D
dimensional regularization scheme in d = 4− ε and the quadratic divergence in 2D dimensional
regularization with d = 2 − η. The same results can be obtained with a cutoff regularization,
with Λ equal to the UV cutoff of the integrals. For the scalar loop, the same parametrization is
valid: the only difference is that the group factor in front is different. For a non Abelian group

1We recall the definition of the group theory factor facdfbcd = C2(G)δab. For SU(N), C2(G) = N .
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Figure 3.1: A2k,2l
µ −A0,0

ν mixing: loops a–f are gauge corrections while h and i are scalar field corrections.

and a scalar in the representation rφ, the coefficient C2(G) is replaced by C(rφ) = d(rφ)
d(G)C2(rφ) 2;

while for a U(1), it is replaced by the square of the charge of the scalar field Y 2
φ multiplied by the

number of complex components of the scalar. The contribution of each loop to the coefficients
λ1, λ2 and κ1 are listed in table 3.1 (for simplicity we define M = Mk,l =

√
k2 + l2 mKK).

Note that, as expected, the quadratic divergence vanishes. The total contribution of gauge
loops is therefore given by:

iΠµν
gauge =

g2C2(G)δab

16π4

iπ2

ε

[
M2(ξ + 3)gµν − (ξ − 5)

2
(q2gµν − qµqν)

]
(3.3)

The total contribution of scalar loops:

iΠµν
φ =

g2C(rφ)δab

16π4

iπ2

ε

[
−1

3
(q2gµν − qµqν)

]
(3.4)

2Tr(tar tbr) = C(r)δab. For a fundamental of SU(N), C(N) = 1
2
.

λ1a
1
4

(
−3M2(ξ2 + 3)

)
κ1a 2(ξ + 1) λ2a 0

λ1b M2(ξ + 1) κ1b −8 λ2b 0
λ1c

1
12

(
9M2(ξ2 + ξ + 4) + q2(25− 6ξ)

)
κ1c −2(ξ + 2) λ2c

1
6 (3ξ − 14)

λ1d
1
4

(
3M2(ξ + 3)

)
κ1d 0 λ2d 0

λ1e
1
6

(
−6M2(ξ + 1) + 2q2

)
κ1e 8 λ2e −1

3

λ1f
1
12

(
−6M2ξ + q2

)
κ1f 2 λ2f

1
6

λ1gauge
1
2

(
2M2(ξ + 3)− q2(ξ − 5)

)
κ1gauge 0 λ2gauge

1
2 (ξ − 5)

λ1h
1
3

(
6M2 − q2

)
κ1h −8 λ2h

1
3

λ1i −2M2 κ1h +8 λ2h 0
λ1scalar −1

3q
2 κ1scalar 0 λ2scalar

1
3

Table 3.1: Contributions of the loops in figure 3.1.
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Physical scalar: A2k,2l
ϕ −A0,0

µ

This mixing is absent at 1-loop, because the trilinear coupling with a physical scalar and a
gauge boson of level (k, l) vanishes, and similarly for the ghosts.

Goldstone-vector mixing: A2k,2l
π −A0,0

µ

The mixing between the Goldstone boson and the zero mode is given by the graphs in
figure 3.2: the scalar field does not contribute because the coupling of the Goldstone boson to
two scalars in tier (k, l) vanishes. The general structure of the mixing is as follows:

iΠµ =
g2C2(G)δab

16π4

iπ2

ε
λ (−iM)qµ (3.5)

The contributions of the two diagrams in figure 3.2 to the coefficient λ are given in table 3.2.
All in all, the mixing is given by:

iΠµ =
g2C2(G)δab

16π4

iπ2

2ε
[iM(ξ + 3)qµ)] (3.6)

The presence of this new mixing between Goldstone boson and vector would require a redefinition
of the gauge fixing parameter ξ at one loop. Note however that the definition of the Goldstone
boson is not modified because there is no mixing generated with the physical scalar Aϕ, and
also that the mixing vanished in the ξ = −3 gauge.

Figure 3.2: A2k,2l
π −A0,0

µ mixing.

λa − ξ
2

λb −3
2

λtot −1
2(ξ + 3)

Table 3.2: Contributions to the mixing of the Goldstone boson.

3.2.2 Trilinear couplings

In this section we present the results for the three-point functions with one gauge state from
level (2k, 2l) and two vector zero modes.
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Figure 3.3: A2k,2l
µ coupling to two SM vectors. In graphs c and f, the sum with the graph with loops on the

zero mode legs are included.

Gauge vector trilinear coupling

The effective coupling can be written as:

iV µνρ =
ig3fabcC2(G)

16π4

iπ2

4ε
τ Oµνρ (3.7)

where Oµνρ = (qµ2 − qµ1 )gνρ − (qν1 + 2qν2 )gµρ + (2qρ1 + qρ2)g
µν is the usual tensor from tree level

trilinear couplings. qν1 and qρ2 are the momenta of the zero modes and are taken coming out
of the vertex. For the scalar loops, the gauge factor C2(G) is replaced by C(rφ) for an SU(N)
representation rφ. Note that the vertex vanishes for a U(1) gauge group, because the tensor
is antisymmetric. The contributing loops are in figure 3.3, and their individual contribution is
listed in table 3.3. The total gauge contribution is therefore given by:

iV µνρ
gauge =

ig3fabcC2(G)
16π4

iπ2

4ε
(−3ξ + 7)Oµνρ (3.8)

For the scalar contribution:

iV µνρ
φ =

ig3fabcC(rφ)
16π4

(
−iπ2

3ε

)
Oµνρ (3.9)

τa −1
2(9ξ + 4)

τb(Aπ +Aϕ) 4
3

τc
3
2(ξ + 5)

τd
1
6

τgauge (−3ξ + 7)
τe −4

3

τf 0
τφ −4

3

Table 3.3: Contributions to the trilinear vector coupling.
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Goldstone A2k,2l
π to two vectors

The coupling of the Goldstone boson with two zero mode vectors is given by the loops in
figure 3.4. However, we can show that the loops give a finite result: for loops a and b, the
divergent part cancels out after symmetrizing the diagrams with respect to the vector legs,
while the ghost loop is finite.

Figure 3.4: A2k,2l
π coupling to SM vectors

Scalar A2k,2l
ϕ to SM vectors

Because A2k,2l
ϕ is a physical scalar, the coupling Ak,lϕ Ak,lµ A0,0

ν is forbidden. There is then no
way to close the loop by using the new extra physical scalar and this field does not couple to
SM model gauge bosons.

3.3 Scalars fields

We will focus here on loops involving the scalar field on the external legs. For simplicity,
we will quote the results for a representation rφ of a SU(N) group, and we will specify how
to modify them for U(1) gauge fields. We will ignore the potentially large contribution of the
scalar quartic coupling due to the poor understanding of the Higgs sector in UED models and
also because of our main interest in the gauge dependence of the result. As already mentioned,
we also drop the dependency on the scalar bulk mass because we assume that it is of the order
of the VEV.

3.3.1 Mixing terms

The mixing between the massive scalar and the zero mode can be parametrized in general
as 3:

iΠ = −
g2C2(rφ)

16π4

(
λ
iπ2

ε
+ κ

4iπ3

η

)
(3.10)

In the case of a U(1), it would be sufficient to replace C2(rφ) → Y 2
φ .

The contribution of the diagrams in figure 3.5 are listed in table 3.4. Notice that there is no
contribution coming from fermion loops.

Summing all the gauge contributions we obtain:

iΠ = −
g2C2(rφ)

16π4

(
(M2(2ξ + 1)− q2(ξ − 3))

iπ2

ε
− 4iπ3

η

)
(3.11)

3Note that
P

a t
a
r t

a
r = C2(r) · 1. For a fundamental of SU(N), C2(N) = N2−1

2N
.

95



CHAPTER 3. RADIATIVE CORRECTIONS ON THE 6D REAL PROJECTIVE PLANE

Note that in this case the quadratic divergence remains, signaling the presence of a localized
counter-term for the mass. This localized mass will add up to the bulk mass for the scalar,
in particular for the zero mode which we want to identify with the Higgs boson. The mass of
the Higgs is expected to be small compared to the KK-mass scale so we have to consider two
possibilities: either the localized contribution is important but there exists a fine-tuning which
compensates this contribution, or the localized mass is small, which is also a new source of fine-
tuning to the 4D Standard Model case. We have decided to follow the last statement, therefore,
we can assume that this term is small, and reabsorb it into the definition of the Higgs VEV. We
emphasize also that a large localized mass would significantly modify the flat wave-function of
the Higgs boson, and then induce mixing between KK tiers!

Figure 3.5: Scalar mixings generated by gauge loops.

λa (M2ξ(ξ + 1)− q2(ξ − 3)) κa −ξ
λb 3M2 κb 0
λc −M2(ξ2 + 3) κc ξ + 1
λd M2(ξ + 1) κd −2
λgauge (M2(2ξ + 1)− q2(ξ − 3)) κgauge −1

Table 3.4: Contributions to the scalar mixing.

3.3.2 Gauge couplings

In this section, we calculate the loop contribution to trilinear couplings involving two scalars
and a gauge field. There are 2 kinds of couplings: a massive gauge field coupling to two zero
mode scalars, and a massive scalar coupling to a zero mode scalar and a massless gauge boson.

Vector A2k,2l
µ to SM scalars

This coupling can be parametrized as:

iV µ
A =

g3

16π4

iπ2

ε
τA (qµ1 − qµ2 )ta (3.12)

where q1 and q2 are the out-coming momenta of the two massless scalars. The loop computations
are also done using dimensional regularization, and the diagrams are given in figure. 3.6.

For SU(N) gauge fields, the contributions of the single diagrams are listed in table 3.5.
Summing all the contributions, we obtain:

iV µ
A = − g3

16π4

iπ2

4ε
(4(ξ − 3)C2(rφ) + (ξ + 3)C2(G)) (qµ1 − qµ2 )ta (3.13)
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This result is valid if both the external and internal gauge bosons belong to the same SU(N)
gauge group. For U(1) gauge groups, it suffices to replace C2(rφ) → Y 2

φ , C2(G) → 0 and
ta → Yφ. If the gauge bosons in the external and internal line belong to different gauge groups,
then only the diagrams a and b in figure 3.6 contribute: the result is the same as in the table
with C2(rφ) → C2(r′) and C2(G) → 0, and the total result is

iV µ
A′ = − gg′2

16π4

iπ2

ε
(ξ − 3)C2(r′) (qµ1 − qµ2 )ta (3.14)

If the external gauge boson is a U(1), ta → Yφ; if the internal one is a U(1), C2(r′) → Y 2
φ .

Figure 3.6: Coupling of A2k,2l
µ with two SM scalars.

τAa −(C2(rφ)− 1/2C2(G))ξ
τAb

3
2(2C2(rφ)− 1/2C2(G))

τAc −3
4C2(G)ξ

τAd 0
τAtot −1

4(4(ξ − 3)C2(rφ) + (ξ + 3)C2(G))

Table 3.5: Contributions to the coupling of a massive vector to massless scalars.

Gauge scalar and Goldstone A2k,2l
ϕ,π to SM scalars

Now concerning the coupling of gauge scalars to two SM scalars, we see that for the physical
scalar A2k,2l

ϕ no coupling at one loop is possible. For the Goldstone boson A2k,2l
π , the only loops

that can contribute are in figure 3.7. The couplings between Aπ and two scalars with the same
KK-masses are indeed zero. The divergent contribution of these loops is vanishing because of a
cancellation coming from symmetric diagrams (a1/a2 and b1/b2).

Figure 3.7: A2k,2l
π coupling to SM scalars.
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Scalar φ2k,2l to SM gauge boson and massless scalar

We also computed the decay of a heavy scalar into a SM one and a SM gauge boson. It is
expected to give similar results as the previous one and that is what we are going to check. The
coupling can be written as:

iV µ
φ =

g3

16π4

iπ2

ε
τφ (−qµ1 − 2qµ2 )ta (3.15)

where q1 is the momentum of the gauge boson and q2 of the massless scalar. The diagrams in
figure 3.8 are the same as in figure 3.6 with reversed external legs, and, because the coefficient τ
does not depend on the external masses or momenta, we expect the same results to apply here.
The q-dependent factor comes from the replacement q1 −→ −q = −q1 − q2. We calculated the
diagrams and checked explicitly that the contributions are the same as in the previous table.
For U(1) and different gauge groups, the same considerations as above apply.

Figure 3.8: φ2k,2l decay in SM scalar and gauge boson.

3.4 Fermions fields

3.4.1 Mixing terms

In a generic level (k, l) with non-zero integers, there are two degenerate fermions at tree level,
labeled ψk,la and ψk,lb . With our choice of basis, the couplings of the two states are very different:
for instance, ψa couples to the Goldstone Aπ while ψb couples to the physical gauge scalar Aϕ.
The main consequence is that only ψa can mix with a zero mode fermion, see figure 3.9, while no
loop can be closed for ψb. This means that, in general, the states ψa couple to the counter-terms
and receive divergent contributions from the loops, while corrections for the ψb fermions are
finite (at one-loop order).

In the following, we will focus on a fermion with left-handed zero modes: results for the
right-handed zero modes can be easily obtained from this calculation. The mixing term can be
written as:

Lmix = iψ̄2k,2l
a iΣPL ψ0,0 + h.c. (3.16)

where PL is the chirality projector on left-handed zero mode and

iΣ =
g2C2(rf )

16π4

iπ2

ε

(
λ1/q + λ2M

)
(3.17)

The contribution of each diagram is given in table 3.6 and the total contribution is therefore

iΣgauge =
g2C2(rf )

16π4

iπ2

ε

(
−M(ξ + 3) + (ξ − 1)/q

)
(3.18)
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For U(1) gauge bosons, it is enough to replace C2(rf ) → Y 2
f . For fields with right-handed zero

modes, it is enough to replace the chirality projector.

Figure 3.9: Fermion mixing: no one-loop diagram exists for ψb.

λ1a ξ λ2a −(ξ + 3)
λ1b −1

2 λ2b 1
λ1c −1

2 λ2c −1
λ1 tot (ξ − 1) λ2 tot −(ξ + 3)

Table 3.6: Contributions of gauge loops to the fermion mixing.

Yukawa couplings

In the Standard Model, fermions also couple to the scalar Higgs field through Yukawa inter-
actions. The Higgs loops will only be numerically relevant for the top Yukawa, therefore they
affect the third generation doublet (left-handed top and bottom) and the top singlet (right-
handed top). This contribution comes through the (d)-loop and, for the left-handed doublet, is
given by:

iΣD
scalar =

y2
f

16π4

iπ2

ε

(
1
2/
q −M

)
(3.19)

where yf is the 4D Yukawa of the fermions. Note that the result is the same as the gauge scalar
Aϕ loop, up to a sign which is the different parity under the rotation symmetry. Here the singlet
fermion will be running into the loop. For the top singlet, the same formula applies with a
right-handed projector but is multiplied by a factor of 2. In this case, the doublet field is indeed
running into the loop and we need to take into account the two components up and down of the
SU(2) doublet.

3.4.2 Fermionic couplings

Gauge vector A2k,2l
µ to two SM fermions

The coupling can be expressed as

iΓa,µA =
g3

16π4

iπ2

ε
τAγ

µPLt
a (3.20)

where ta is the generator of the SU(N) gauge group.
The contributions from the diagrams in figure 3.10 are listed in table 3.7.
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The total contribution is therefore:

iΓa,µA =
g3

16π4

iπ2

ε

(
(ξ − 1)C2(rf ) +

ξ + 3
4

C2(G)
)
γµPLt

a (3.21)

For a U(1) gauge group, only diagrams of type (a) are present, and it would be enough to replace
C2(rf ) → Y 2

f , C2(G) → 0 and ta → Yf . Similarly, if the external gauge boson is different from
the internal one, we would have (with the same replacements if one of the two gauge bosons is
a U(1)):

iΓµA′ =
gg′2

16π4

iπ2

ε
(ξ − 1)C2(r′)γµPLta (3.22)

Figure 3.10: A2k,2l
µ coupling to two SM fermions.

τAa(Aµ) ξ(C2(rf )− 1/2C2(G))
τAa(Aϕ +Aπ) −2 1

2(C2(rf )− 1/2C2(G))
τAb(Aµ) 3

4(ξ + 1)C2(G)
τAb(Aϕ +Aπ) −21

4C2(G)
τAtot

1
4(4(ξ − 1)C2(rf ) + (ξ + 3)C2(G))

Table 3.7: Contributions of non-abelian gauge loops.

Yukawa couplings

As we explained in the previous section, for massive SM fermions, Yukawa interactions can
be sizeable. We need in this case to compute also the scalar field effects on the vertex corrections.
As we presented in section 2.4.5, the Yukawa coupling will induce a coupling between the doublet
ψD and singlet ψS fields. For down-type Yukawa it will have the following form:

Lyuk ⊃ yψψ̄DφψS (3.23)

This gauge invariant Lagrangian will impose a peculiar relation between U(1) hypercharges:
YD = YS + Yφ for down-type fermions.

Then for up-type Yukawa which will be interesting for studying top physics on the RPP, we
have:

Lyuk ⊃ yψψ̄Dφ
†ψS (3.24)
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which implies that we just have to change in the case of U(1) loops, Yφ → −Yφ.
Now that we remind the structure of the Yukawa coupling, we can express the gauge coupling

with scalar exchange as:

iΓµφ =
gy2
ψ

16π4

iπ2

ε
τφγ

µPRt
a (3.25)

with contributions from the diagrams in figure 3.11. Because of the gauge transformations of
the Higgs we need to distinguish different cases which are listed in table 3.8. For U(1) couplings
the generator ta → 1. In the case of a singlet, the diagram (b) picks up a minus sign because it
is φ† that runs in the loop, therefore the sign of the Yukawa coupling changes.

Figure 3.11: A2k,2l
µ coupling to two SM fermions with scalar exchange.

U(1) to singlet U(1) to doublet SU(2) to singlet SU(2) to doublet SU(3)
τφa YD 1/2YS 0 0 1/2
τφb −Yφ 1/2Yφ 0 1/2 0
τφ YS 1/2YD 0 1/2 1/2

Table 3.8: Contributions of Higgs loops. YS and YD are the hypercharges of the singlet and doublet respectively,
while Yφ is the hypercharge of the Higgs. We also used the fact that YD = YS + Yφ.

Heavy fermion ψ2k,2l
a coupling to a SM gauge boson and fermion.

Diagrams in figure 3.12 generate the coupling of a heavy fermion ψ2k,2l
a with SM fermion

and gauge vector. Very similar to the ones in figure 3.10, the only difference is a change in the
momenta and masses of the external legs. However, it can be shown that respective diagrams
will lead to the same results, so that the same formulas as above apply.

Figure 3.12: ψ2k,2l
a decay in SM fermion and gauge boson.
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Gauge scalar A2k,2l
ϕ,π couplings to SM fermions.

We can show that A2k,2l
ϕ cannot couple to SM fermions because the loops cannot be closed,

contrary to the Goldstone A2k,2l
π . Nevertheless, all the possible loops, listed in figure 3.13, are

finite. The power of the momentum flowing into the loops (a) and (b) is too small, so the loop is
finite. The divergent contribution of the loop (c) is vanishing because of a cancellation coming
from symmetric diagrams. The proof is analog to the scalar one.

Figure 3.13: A2k,2l
π coupling to two SM fermions.

Heavy fermion ψ2k,2l
a coupling to a SM Goldstone φ and fermion.

The Yukawa coupling will also induce a coupling between the doublet ψD and singlet ψS
fields. We have just seen that the down-type Yukawa Lagrangian can be written as:

Lyuk ⊃ yψψ̄DφψS (3.26)

In this case, the coupling for a heavy ψD going into ψS can be expressed as:

iΓφ = − yχ
16π4

iπ2

ε
(g2τφ + y2

ψτ
′
φ)PL (3.27)

where yχ is the Yukawa of the intermediate fermions from the level (k, l) which couples directly
to the SM scalar and yψ are the Yukawa of the incoming and out-coming fermions. We have
to emphasize that the Yukawa interactions mix doublet and singlet components under SU(2)W ,
which means that we need to be careful that the representation of the incoming and out-coming
fermions can be different for the gauge groups.

The contributions from the diagrams in figure 3.14 are listed in table 3.9. Note that ta(rS),
ta(rD) and ta(rφ) are the generators of the field under the SU(N) gauge group. They can
be different by default, the relation ta(r) · ta(r) = C2(r) · 1 is valid only if the representation
is the same for the different fields. For U(1), we have still the relation between the different
hypercharges of the field: YD = YS + Yφ for down-type fermions. Finally for up-type Yukawa,
we just have to change in the case of U(1) loops, Yφ → −Yφ.

3.5 General structure of counter-terms: the “magic gauge” choice

In this section, we show how we can extract from the previous part, the full set of counter-
term to regularize the divergences generated by the rotation part of the one-loop contribution.
It exists two singularities on the RPP, which are (0, 0) ≡ (πR, πR) and (0, πR) ≡ (πR, 0). In
general the counter-terms on those two points can be different. However as we are considering
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Figure 3.14: ψ2k,2l decay in SM Goldstone φ and gauge boson.

τφa(Aµ) (ξ + 3) ta(rD).ta(rS)
τφa(Aϕ +Aπ) 0
τφb(Aµ) ξ (ta(rS).ta(rφ) + ta(rD).ta(rφ))
τφb(Aϕ +Aπ) 0
τφ tot (ξ + 3)ta(rD).ta(rS) + ξ(ta(rS) + ta(rD)).ta(rφ)
τ ′φc(φ) +1

Table 3.9: Contributions of gauge loops and of scalar φ, ta(rX) is the generator of the field X under the SU(N)
gauge group.

divergent loops generated by bulk vertices, symmetries of the orbifold apply on them and assure
that the counter-terms on the two points are equal. The counter-term Lagrangian can then be
written as:

δL =
∫∫

dx5 dx6
δ0 + δπ

Λ2
Lc−t (3.28)

where the cut-off Λ shows that we are interested in operators of dimension 6 in Lc−t and the
localization operators 4 are given by:

δ0 =
1
2

(δ(x5)δ(x6) + δ(x5 − πR)δ(x6 − πR)) (3.29)

δπ =
1
2

(δ(x5)δ(x6 − πR) + δ(x5 − πR)δ(x6)) (3.30)

and label the two singular points with a subscript 0 for the point (0, 0) ≡ (πR, πR), and π for
(0, πR) ≡ (πR, 0). It is important to notice that the dimension 6 operators in terms of 6D fields
are kinetic terms in the bulk Lagrangian.

Localized interactions have to respect only the 4D gauge invariance and generally they are
gauge dependent operators. This observation is not specific to the RPP but is general to all
extra-dimensional models however we notice that the localized counter-terms will adopt a 6D
gauge invariant form for the specific gauge choice ξ = −3. This is also true in 4D as we discussed
in appendix B. In extra-dimension, this property is crucial because it will reduce considerably
the number of counter-terms, especially the ones involving new gauge scalar fields. This is the
reason why in this section, we will use the ξ = −3 gauge to present the full set of counter-terms
needed at one loop to regularize rotation divergences. They will all be deduced from the previous
calculation.

4 Localization operators have dimension 2 in mass, while δL has dimension 6.
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3.5.1 Gauge counter-terms

The general structure of gauge counter-terms is extremely rich and complex. This can be
understood by looking at the result of section 3.2. We could think that only 4D gauge invariance
can be imposed because only the vector part of the 6D vector AM is non-zero on the fixed
points (both A5 and A6 are odd under the rotation symmetry, therefore their wavefunctions
vanish on the singular points). However the 6D vector transforms in general as AM → AM +
∂Mθ(xµ, x5, x6), where the gauge parameter θ has the same parities (+,+) of the Aµ component.
While A5, for instance, vanishes on the singular points, ∂5A5 does not. This generates for
instance new type of mixings in Aµ∂µ∂5A5. The residual gauge transformation ∂5A5 → ∂5A5 +
∂2

5θ however constrains the possible couplings containing ∂5. In order to preserve the full gauge
invariance, we therefore construct the operators using the energy-stress tensor components Fµν ,
F5µ, F6µ and F56. The most general gauge-invariant counter-term Lagrangian is (68):

Lc−t = −r1
4
F 2
µν −

r2
2
F 2

56 +
r5
2
F 2

5µ +
r6
2
F 2

6µ +
r56
2
F5µF

µ
6 (3.31)

for a Standard Model gauge boson, with parities (+,+), both A5,6 and ∂5,6Aµ vanish on the
singular points, therefore F5µ = F6µ = 0 and F56 = ∂5A6− ∂6A5. The counter-term Lagrangian
reduces to two operators:

Lc−t = −r1
4
F 2
µν −

r2
2

(∂5A6 − ∂6A5)2 (3.32)

Let us stress that is true only in ξ = −3 gauge, because gauge-invariance forbids any new
mixing between the gauge scalars and the vector. Moreover scalars only receive a correction
to the masses but not to couplings, as we found in the previous section. For a zero mode, the
wavefunction is constant and equal 5 to 1

2πR , therefore the counter-term Lagrangian for zero
modes is

δL|(0,0) =
2r1

4π2Λ2R2

{
−1

4
(F 0,0

µν )2
}

(3.33)

where the 4D gauge coupling is defined as g4 = g6/(2πR). For the mixing of a level (2k, 2l) vector
and a zero mode, we have an extra factor of 2 from the different normalization of the wavefunction
of the massive state. Therefore, the mixing and trilinear couplings from the counter-term are

A2k,2l
µ A0,0

µ → iΠµν = i
r1

π2Λ2R2

(
q2gµν − qµqν

)
(3.34)

A2k,2l
µ A0,0

µ A0,0
ρ → iVµνρ = i

r1
π2Λ2R2

gfabcOµνρ (3.35)

This result implies that, in the “magic gauge”, the coefficient of the vector mixing and trilinear
couplings should be the same: this is in fact true for equations 3.3 and 3.8 for ξ = −3, and also
for the scalar contributions in equations 3.4 and 3.9. Therefore, in the “magic gauge” we can
express the counter-term coefficients as

r1
π2Λ2R2

=
g2C2(G)

4π2ε
=
αC2(G)

π
log ΛR (3.36)

Finally, putting together the contributions of the gauge bosons and the Higgs in the Standard
Model, for the three SM gauge groups U(1) (with gauge coupling g1), SU(2) (g2) and SU(3)

5Here we integrate the 6D Lagrangian on the torus fundamental space, x5 ⊂ [0, 2πR) and x6 ⊂ [0, 2πR). This
is however equivalent to integrating over the fundamental square x5, x6 ⊂ [0, πR).
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(g3), we obtain the three counter-terms:

r
(1)
1

π2Λ2R2
= −

2Y 2
φ

12
α1

π
log ΛR = − 1

24
α1

π
log ΛR (3.37)

r
(2)
1

π2Λ2R2
=

(
C2(G)− 1

12
C(rφ)

)
α2

π
log ΛR =

47
24
α2

π
log ΛR (3.38)

r
(3)
1

π2Λ2R2
= C2(G)

α3

π
log ΛR = 3

α3

π
log ΛR (3.39)

The value of r2 should be calculated from the corrections to odd tiers, like (2m + 1, 2n)-(1, 0)
mixing, because they contain a physical scalar in their spectrum. We did not perform the same
calculation to extract r2 but we preferred to derive it from the mass corrections to the gauge
scalars in the levels (n, 0) and (0, n) with n odd computed in (63). After comparing the mass
corrections with the counter-term we obtain:

r
(1)
2

π2Λ2R2
=

2Y 2
φ

4
α1

π
log ΛR =

1
8
α1

π
log ΛR (3.40)

r
(2)
2

π2Λ2R2
=

(
C2(G) +

1
4
C(rφ)

)
α2

π
log ΛR =

17
8
α2

π
log ΛR (3.41)

r
(3)
2

π2Λ2R2
= C2(G)

α3

π
log ΛR = 3

α3

π
log ΛR (3.42)

3.5.2 Scalar counter-terms

After imposing gauge symmetry, many counter-terms are allowed for a scalar field:

Lc−t = c1 (Dµφ)†Dµφ− c5 (D5φ)†D5φ− c6 (D6φ)†D6φ− c56

(
(D5φ)†D6φ+ (D6φ)†D5φ

)
+

c′5

(
(D5D5φ)† φ+ φ† (D5D5φ)

)
+ c′6

(
(D6D6φ)† φ+ φ† (D6D6φ)

)
+

c′56

(
(D5D6φ)† φ+ φ† (D5D6φ)

)
+ c′65

(
(D6D5φ)† φ+ φ† (D6D5φ)

)
− δm2φ†φ (3.43)

For a SM Higgs, with parities (+,+), ∂5φ = ∂6φ = 0, while terms like ∂5∂6φ = 0 as they are
odd under the glide. Therefore, we are left with a much simpler Lagrangian

Lc−t = c1 (Dµφ)†Dµφ+ c′5

(
∂2

5φ
†φ+ φ†∂2

5φ
)

+ c′6

(
∂2

6φ
†φ+ φ†∂2

6φ
)
− δm2φ†φ (3.44)

Only 4 counter-terms survive, and no gauge couplings involving gauge scalars are left, confirming
the result of our loop calculation. From this Lagrangian, we can extract a prediction for mixing
and gauge couplings:

φ2k,2lφ0,0 → iΠ =
ic1

π2Λ2R2
q2 − ic′5

π2Λ2R2

(2k)2

R2
− ic′6
π2Λ2R2

(2l)2

R2
− i

δm2

π2Λ2R2
(3.45)

φ2k,2lφ0,0A0,0
µ → −iVµ =

c1
π2Λ2R2

g(−qµ1 − 2qµ2 )ta (3.46)

A2k,2l
µ φ0,0φ0,0 → −iVµ =

c1
π2Λ2R2

g(qµ1 − qµ2 )ta (3.47)

105



CHAPTER 3. RADIATIVE CORRECTIONS ON THE 6D REAL PROJECTIVE PLANE

Once more our loop calculations respect the predictions in the ξ = −3 gauge with

c1
π2Λ2R2

= −3
2
C2(rφ)

α

π
log ΛR (3.48)

c′5
π2Λ2R2

=
c′6

π2Λ2R2
= − 5

16
C2(rφ)

α

π
log ΛR , (3.49)

δm2

π2Λ2R2
= C2(rφ)

α

π

1
η

(3.50)

For the SM Higgs doublet, both U(1) and SU(2) gauge bosons contribute (we neglect here the
contribution of the quartic Higgs coupling):

c1
π2Λ2R2

= −3
2

(
Y 2
φ

α1

π
+ C2(rφ)

α2

π

)
log ΛR =

= −3
2

(
1
4
α1

π
+

3
4
α2

π

)
log ΛR (3.51)

c′5
π2Λ2R2

=
c′6

π2Λ2R2
= − 5

16

(
Y 2
φ

α1

π
+ C2(rφ)

α2

π

)
log ΛR (3.52)

δm2

π2Λ2R2
=

(
Y 2
φ

α1

π
+ C2(rφ)

α2

π

) 1
η

(3.53)

3.5.3 Fermion counter-terms

For fermions, the number of allowed counter-terms will be important also because we can
consider the 4 chiral components of the 8-component 6D field as independent and construct all
possible 4D Lorentz invariant operators, without caring about the Lorentz structure in 6D and
the 6D chiralities. On the other hand, loops will respect the 6D Lorentz structure, even in the
case of the divergent terms that, as we have seen, do correspond to 4D loops. We can therefore
safely limit ourselves to operators in terms of the 6D gamma matrices:

Lc−t = iz1± Ψ̄±ΓµDµΨ± − z5±
(
iΨ̄±Γ5D5Ψ± + h.c.

)
− z6±

(
iΨ̄±Γ6D6Ψ± + h.c.

)
− z′5±

(
iΨ̄±Γ6D5Ψ± + h.c.

)
− z′6±

(
iΨ̄±Γ5D6Ψ± + h.c.

)
− δm

(
Ψ̄+Ψ− + Ψ̄−Ψ+

)
(3.54)

where the subscript ± refers to the two 6D chiral components. We can focus in the following
on the case of a left-handed zero mode, in which case all the right handed components of the
fermion vanish on the fixed points (while their derivatives do not); moreover, we can write the
counter-term Lagrangian in terms of 4D chiral fields

Ψ+ =
(
ψL+

ψR+

)
, Ψ− =

(
ψR−
ψL−

)
(3.55)

In this notation,

Lc−t = iz1± ψ̄L±γµD
µψL± + z5±

(
ψ̄L±γ5∂5ψR± + h.c.

)
+ z6±

(
∓iψ̄L±γ5∂6ψR± + h.c.

)
+ z′5±

(
∓iψ̄L±γ5∂5ψR± + h.c.

)
+ z′6±

(
ψ̄L±γ5∂6ψR± + h.c.

)
(3.56)

Note that gauge couplings only involve the massive vector, and their coefficient is the same as the
correction to the kinetic term proportional to momentum: this is confirmed by equations. 3.18
and 3.21 in ξ = −3 gauge! For a zero mode, the wavefunctions, evaluated at any of the four
fixed points, are given by

ψL+ = pgψL− =
1

2
√

2πR
ψ0,0
L , ψR+ = ψR− = 0 (3.57)
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where ψ0,0 is the 4D field and pg is the parity of the fermion under the glide symmetry. The
counter-term Lagrangian, therefore, reads for the zero mode

δL =
z1+ + z1−
4π2Λ2R2

iψ̄0,0
L γµD

µ
0,0ψ

0,0
L =

z1
2π2Λ2R2

iψ̄0,0
L γµD

µ
0,0ψ

0,0
L (3.58)

where, for convenience, we have defined z1 = z1++z1−
2 , and Dµ

0,0 is the covariant derivative that
only contains the zero mode gauge vector. Note that the coupling of A2k,2l

µ with zero mode
fermions will have the same coefficient up to a factor of 2 from the wave function normalization.

Now, let us consider the terms with one fermion from level (2k, 2l) and zero modes: for the
state a, the wavefunctions calculated at the fixed points are

ψaL+ = pgψ
a
L− =

1√
2πR

ψ2k,2l
aL (3.59)

∂5ψ
a
R+ = pg∂5ψ

a
R− = − (2k)2

R
√

(2k)2 + (2l)2
1√
2πR

ψ2k,2l
aR (3.60)

∂6ψ
a
R+ = −pg∂6ψ

a
R− = i

(2l)2

R
√

(2k)2 + (2l)2
1√
2πR

ψ2k,2l
aR (3.61)

Plugging those solutions in the counter-term Lagrangian, we obtain

δL|a =
z1

π2Λ2R2

(
iψ̄0,0
L γµD

µ
0,0ψ

2k,2l
aL + h.c.

)
−
[(

z5+ + z5−
2π2Λ2R2

− i
z′5+ − z′5−
2π2Λ2R2

)
2k2

R
√
k2 + l2

+(
z6+ + z6−
2π2Λ2R2

+ i
z′6+ − z′6−
2π2Λ2R2

)
2l2

R
√
k2 + l2

](
ψ̄0,0
L ψ2k,2l

aR + h.c.
)

(3.62)

For a fermion b

ψbL+ = ψbL− = 0 (3.63)

∂5ψ
b
R+ = −pg∂5ψ

b
R− = i

(2k)(2l)
R
√

(2k)2 + (2l)2
1√
2πR

ψ2k,2l
bR (3.64)

∂6ψ
b
R+ = pg∂6ψ

b
R− =

(2l)(2k)
R
√

(2k)2 + (2l)2
1√
2πR

ψ2k,2l
bR (3.65)

and therefore

δL|b =
(
i
z5+ − z5− − z6+ + z6−

2π2Λ2R2
+
z′5+ + z′5− + z′6+ + z′6−

2π2Λ2R2

)
2kl

R
√
k2 + l2

(
ψ̄0,0
L ψ2k,2l

bR + h.c.
)
(3.66)

From the kinetic term, we can easily check that in the “magic gauge” the loop calculation
agrees with the presence of a unique counter-term, and

z1
π2Λ2R2

=

(
−C2(rf )

α

π
+

1
8
y2
f

4π2

)
log ΛR (3.67)

Note however that we cannot determine if z1+ = z1−! Regarding the mass terms, from the fact
that the fermion b does not receive divergent corrections and that the correction to the fermion
a is proportional to

√
k2 + l2, we can deduce that z5± = z6± and that z′5+ = z′5− = −z′6+ =

−z′6− = z′. Defining z2 = z5++z5−
2 = z6++z6−

2 and matching with the loop calculation, we have

z2
π2Λ2R2

=
1
8
y2
f

4π2
log ΛR (3.68)

As before, we cannot tell if z5+ = z5− or if z′ = 0. In table 3.10 we list the coefficient for the
counter-terms of the SM matter content.
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z1
π2Λ2R2

z2
π2Λ2R2

E −α1
π + 1

8
y2e
4π2

1
8
y2e
4π2

L −1
4
α1
π −

3
4
α2
π + 1

8
y2e
4π2

1
8
y2e
4π2

U −4
9
α1
π −

4
3
α3
π + 1

8
y2u
4π2

1
8
y2u
4π2

D −1
9
α1
π −

4
3
α3
π + 1

8
y2d
4π2

1
8
y2d
4π2

Q − 1
36
α1
π −

3
4
α2
π −

4
3
α3
π + 1

8
y2u+y2d
4π2

1
8
y2u+y2d
4π2

Table 3.10: Coefficients of the fermion counter-terms in the SM.

3.6 Physical observables: effective couplings and decays

In this section we will focus on a set of important effective couplings involving a heavy
state (2k, 2l) going into Standard Model particles. There are required to study phenomenol-
ogy because they control decays and single productions of those heavy states. In the previous
section 3.5, we computed actually the corrections to interaction eigenstates and we derived the
full set of counter-terms generated on the RPP. But the relevant quantities are the eigenstate of
mass to study physical observables. So to obtain the effective couplings of the theory, we need
to sum for a process, the whole set of counter-terms with the same order in perturbation field
theory. This means summing the correction to the coupling but also mixing term contributions.

We will show that, as expected, they are gauge independent (in the limit of on-shell external
particles): this fact has an important consequence. We can use therefore the simple structure
of the counter-terms in the “magic gauge” ξ = −3 to predict the decay rates and single pro-
duction cross sections of all KK tiers. This is possible because in all the relevant cases we need
the coupling with on-shell particles. The contributions of off-shell particles will be subleading
compared to tree-level bulk couplings, therefore gauge dependent contributions can be safely
neglected. In the following we consider all the possible decays and explicitly check the gauge
invariance of the effective couplings. In the limit of massless Standard Model particles, the decay
into heavy gauge bosons (the W and Z) is given, thanks to the equivalence principle, by the
decay rate into Higgs boson (φ): we will also show in appendix C how we can obtain the same
rates from a coupling involving only vector bosons by considering corrections to the effective
coupling subleading in the Higgs VEV. This result will be important to obtain these decays in
the Unitary gauge.

Figure 3.15: Contributions to the decay from bilinear and trilinear counter-terms.
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3.6.1 Heavy gauge boson decays into massless SM particles

Heavy vector to vectors, A2k,2l
µ −→ A0,0

ν A0,0
ρ

The effective vertex of one heavy vector to SM vectors is given by the graphs in figure 3.15,
where a gray dot stands for a counter-term insertion (either trilinear coupling or mixing term).
The mixing terms contribute by converting a massive state in the external leg into a zero mode
(while the bulk couplings do preserve KK number). Summing all the contributions for an SU(N)
gauge boson, we obtain:

iV µνρ =
ig3fabcC2(G)

16π4

iπ2

ε
T µνρ (3.69)

where the gauge dependent tensor T µνρ is given by:

T µνρ =
4M2((ξ − 11)ξ + 6)(qν1 − qρ2)g

µρ + ((ξ − 12)ξ + 3)(qµ2 − qµ1 )qν1q
ρ
2

16M2ξ

+
(ξ − 1)(ξ + 1)(ξ + 3)(qµ1 + qµ2 )(qν1q

ρ
1 − qν2q

ρ
2)

16M2ξ
(3.70)

In the limit of massless zero modes, from gauge invariance we would expect this decay to vanish:
in fact

T µνρερ(q2)εν(q1) = 0 (3.71)

where εν(q1) and ερ(q2) are the polarization vectors of the two (massless) vectors. Note that the
other two contractions

T µνρεµ(q)εν(q1) 6= 0
T µνρερ(q2)εµ(q) 6= 0

do not vanish because A2k,2l
µ is massive. This means, for instance, that a heavy gluon cannot

decay into two SM gluons. On the other hand, the decay into massive gauge bosons, the W and
Z, in this limit, is given by the decay into the Higgs components, as discussed below.

Heavy vector to fermions, A2k,2l
µ −→ f̄f

Fermionic decays of the heavy gauge vector are given by the diagrams in figure 3.16: like
in the previous case, we will consider the external particle on-shell; this means that incoming
gauge boson is taken with mass (2M)2 = q2 and that we have /q1

= /q2
= 0 for the out-coming

particles. In this limit, for an SU(N), the effective vertex can be written as:

iΓµA =
g3

16π4

iπ2

ε
τAγ

µPLt
a (3.72)

where the contribution of the single diagrams are listed in table 3.11.
The total result is, as expected, independent on ξ and given by:

iΓµ = − g3

16π4

iπ2

ε
4(C2(rf )− C2(G))γµPLta (3.73)
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For a U(1) gauge boson, it is enough to replace C2(G) → 0, C2(rf ) → Y 2
f and ta → Yf . If

we consider the corrections by a gauge group SU(N’) to the decays of an SU(N) gauge boson,
in the formula we replace g3 → gg′2, C2(G) → 0 and C2(r) → C2(r′). For the Yukawa part, we
replace g3 → gyψ

2. Recall that for a generic SU(N)6: C2(G) = N et C2(N) = N2−1
2N .

Finally we quote the effective couplings in the case of the Standard Model on the Real Pro-
jective Plane. As more gauge groups contribute to the same effective coupling, we parametrize
a generic coupling as

iΓµX = −i g
πε

CXγ
µPLt

a (3.74)

where the various coefficients CX are listed in table 3.12.

Figure 3.16: Contributions to the decay from bilinear and trilinear counter-terms.

τx Rξ gauge ξ = 1 Feynman gauge Higgs Yukawa
τa

1
4(4(ξ − 1)C2(rf ) + (ξ + 3)C2(G)) C2(G) 0 1/2

τb+c −2 1
2(ξ + 3)C2(rf ) −4C2(rf ) 0 −2 1

2

τd
1
4(13− ξ)C2(G) 3C2(G) −1

3C(rφ) 0
τtot 4(C2(G)− C2(rf )) 4C2(G)− 4C2(rf ) −1

3C(rφ) −1
2

Table 3.11: Contributions to the effective vertex with two massless fermions. The results in Feynman gauge
ξ = 1 are also listed to be compared with the direct calculation done in section 3.7. For a singlet, the Yukawa
contribution is multiplied by a factor of 2.

Yukawa couplings

In table 3.12, we give the contribution of the Yukawa couplings. Here we will detail the
last column of this table. These contributions will be generated by the counter-terms of gauge
vertex and fermion propagators, therefore they will contribute to diagrams (a), (b) and (c) in
figure 3.16. As singlets and doublets couple differently to the Higgs, we need to distinguish the
two cases: the different couplings are summarized in table 3.13.

Note that the contribution to the U(1) gauge boson coupling are always proportional to the
fermion hypercharge, as expected. The total contribution is given in table 3.12.

Heavy vector to scalars : A2k,2l
µ −→ φ†φ

In this section we will focus on the decay into scalars. The incoming gauge boson is taken
on-shell with mass (2M)2 = q2 and also the out-coming particles which means that q21 = q22 = 0.

6For SU(2): C2(2) = 3
4

and C2(2)− C2(G) = − 5
4
; while for SU(3): C2(3) = 4

3
and C2(3)− C2(G) = − 5

3
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U(1) gauge Higgs Yukawa

B → E α1
1
24α1

1
2
y2l
4π

B → L 1
4α1 + 3

4α2
1
24α1

1
4
y2l
4π

B → U 4
9α1 + 4

3α3
1
24α1

1
2
y2u
4π

B → D 1
9α1 + 4

3α3
1
24α1

1
2
y2d
4π

B → Q 1
36α1 + 3

4α2 + 4
3α1

1
24α1

1
4
y2u+y2d

4π

SU(2) gauge Higgs Yukawa

W → L 1
4α1 − 5

4α2
1
24α2

1
4
y2l
4π

W → Q 1
36α1 − 5

4α2 + 4
3α3

1
24α2

1
4
y2u+y2d

4π

SU(3) gauge Higgs Yukawa
G→ U 4

9α1 − 5
3α3 0 1

2
y2u
4π

G→ D 1
9α1 − 5

3α3 0 1
2
y2d
4π

G→ Q 1
36α1 + 3

4α2 − 5
3α3 0 1

4
y2u+y2d

4π

Table 3.12: Coefficients CX as defined in equation 3.74 of the effective couplings in the Standard Model in the
gauge basis.

U(1) to singlet U(1) to doublet SU(2) to singlet SU(2) to doublet SU(3)
a YS 1/2YD 0 1/2 1/2
b+ c YS 1/2YD 0 1/2 1/2
tot 2YS YD 0 1 1

Table 3.13: Contributions of Higgs loops. YS and YD are the hypercharges of the singlet and doublet respectively,
while Yφ is the hypercharge of the Higgs.

Figure 3.17: Contributions to the decay from bilinear and trilinear counter-terms.

So from this information we can calculate the different contributions given in figure 3.17. For a
SU(N) gauge boson, we obtain the following result:

iV µ =
g3

16π4

{
iπ2

ε
4
(

7
8
C2(rφ)− C2(G) +

1
12
C(rφ)

)
− 2iπ3

ηM2
C2(rφ)

}
(qµ1 − qµ2 )ta (3.75)

In this case the result is gauge independent as expected. In the following we will neglect the
quadratically divergent contribution because, as explained before, this contribution is assumed
to be of the order of the Higgs mass. As in the fermion case, the previous calculation made for
generic SU(N) can be generalized: for a U(1) gauge boson, it is enough to replace C2(G) → 0,
C2(rφ) → Y 2

φ , C(rφ) → 2Y 2
φ

7 and ta → Yφ; for corrections of a different gauge group, C2(G) → 0,

7The factor of 2 is here to count the two components of the scalar doublet under SU(2).
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C2(r) → C2(r′) and g3 → gg′2.
The only scalar in the SM is the Higgs, which is a doublet of SU(2) with hypercharge

Yφ = 1/2. Only SU(2) and U(1) gauge fields, therefore, can decay into Higgs fields. Note also
that, in the limit of unbroken SU(2)× U(1) that we are considering here, the Higgs doublet
contains both the physical Higgs boson h and the Goldstone bosons which are the longitudinal
polarizations of the massive zero mode vectors, W and Z. Therefore, we can use the equivalence
principle to calculate the decay to Goldstone bosons and identify these partial widths with the
ones in massive vectors. We will discuss in more detail the equivalence in appendix C.

The effective coupling of a heavy vector to scalars can be parametrized as:

iV µ = i
g

ε
CX (qµ1 − qµ2 )ta (3.76)

The values of the coefficients CX for SU(2) and U(1) gauge bosons are given in table 3.14.

heavy gauge boson CX

U(1) α1
25
96 + α2

21
32

SU(2) α1
7
32 − α2

125
96

Table 3.14: Coefficients of the effective couplings of a heavy vector with scalars.

Gauge scalar decays: A2k,2l
φ −→ f̄f, φ†φ

The gauge scalar can also, in principle, decay into a pair of fermions or scalars via the
diagrams in figure 3.18: note that counter-terms of the trilinear coupling and of the mixing
of the gauge scalar are absent. However, the sum of the two diagrams vanishes once we take
on-shell fermions: in the mixing counter-term, the part proportional to the momentum is equal
to zero for on-shell external fermions, while the term proportional to the heavy mass M cancels
out between the two diagrams. Therefore, this effective vertex is absent.

Figure 3.18: Contributions to the decay from bilinear and trilinear counter-terms.

3.6.2 Heavy fermion decays

Via a (massless) gauge boson, ψ2k,2l → fAµ

Heavy fermions can couple to a light fermion plus a zero mode gauge boson. In this section,
we will limit ourselves to the case of exactly massless gauge bosons: the decay to massive ones,
like the W and Z, is in this approximation given by the decay to Higgs bosons. The effective
vertex is given by the diagrams in figure 3.19: we will always consider on-shell external particles,
therefore /q = 2M while the out-coming particles are massless.
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In general, the effective vertex is given by the following formula:

iΓµX =
g3

16π4

iπ2

ε
(τxγµ + σxq

µ
1 )PLta (3.77)

The τ -term is a correction to the usual gauge coupling and, from gauge invariance, we would
expect it to vanish. To be more concrete, physical decays mediated by a Lagrangian of the
form: ψ2k,2lγµfAµ and because of gauge invariance this term would be associated to the non-
diagonal kinetic term: ψ2k,2lγµ∂µf . Nevertheless such non-diagonal kinetic term cannot be
present anymore because it has been removed by the procedure consisting in summing all the
bilinear and trilinear counter-terms.

The second term (where q1 is the momentum of the gauge boson) is potentially non-zero and
will lead to a coupling quite similar to the b → sγ coupling of the Standard Model. However,
when calculating the decay width, is must be contracted with the polarization vector of the
gauge boson:

iM = iΓµεµ(q1) ∝ qµ1 .εµ(q1) = 0 (3.78)

where the product vanishes because of the masslessness of the gauge boson. Therefore, we expect
that the fermion cannot decay into a massless gauge boson.

The contributions of each diagram are listed in table 3.15: all in all we have

iΓµ =
g3

16π4

iπ2

8Mε
(13− ξ)C2(G)qµ1PLt

a (3.79)

We can see that this vertex is gauge dependent, however it does not contribute to the decay
width.

Figure 3.19: Contributions to the decay from bilinear and trilinear counter-terms.

diagram τx σx
a 1

4(4(ξ − 1)C2(r) + (ξ + 3)C2(G)) 0
b1 + b2 −1

4(ξ + 3)C2(G) 1
8M (13− ξ)C2(G)

c −1
2(ξ + 3)C2(rf ) 0

d (−(ξ − 1) + 1
2(ξ + 3))C2(rf ) 0

tot 0 1
8M (13− ξ)C2(G)

Table 3.15: Contributions to the effective coupling of heavy fermions with SM fermions and massless gauge
bosons.

Via a (massless) Higgs boson, ψ2k,2l → fφ

Heavy fermions can also couple to a light fermion plus a scalar zero mode through Yukawa
couplings. The effective vertex, given by the diagrams in figure 3.20, will describe the coupling
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to the Higgs boson and also to the longitudinal polarization of W and Z gauge bosons. We will
always consider on-shell external particles, therefore /q = 2M while the out-coming particles are
massless.

In general, the effective vertex is given by the following formula:

iΓ = −
yψ

16π4

iπ2

ε
(g2τφ + y2

ψτ
′
φ)PL(R) (3.80)

The τ, τ ′-term are corrections to the usual Yukawa coupling and are given in table 3.16. Here
we consider the case of the down-type Yukawa where YD = YS + Yφ.

While τ ′x is gauge invariant, τx may in general depend on the ξ parameter: therefore we
need to check case by case that the gauge dependence is canceled. For a U(1) gauge boson,
ta(rX) → YX and C2(rX) → Y 2

X :

τDU(1) =
ξ

2
(YD − YS − Yφ)2 + 3YDYS − 1/4Y 2

φ − 3/2Y 2
S + 5/2Y 2

D =

3YDYS − 1/4Y 2
φ − 3/2Y 2

S + 5/2Y 2
D (3.81)

In the case of SU(2), when D and the scalar are doublets and S is a singlet, we have
ta(rD).ta(rh) = C2(rφ) while ta(rS) = 0 and C2(rS) = 0; therefore

τDSU(2) =
ξ

2
(2C2(rφ) − C2(rφ) − C2(rφ)) +

(
−1

4
+

5
2

)
C2(rφ) =

9
4
C2(rφ) =

27
16

(3.82)

Finally, for SU(3), it is the Higgs that does not couple to gluons, therefore ta(rD).ta(rS) = C2(rf )
while ta(rφ) = 0 and C2(rφ) = 0. The total result is:

τDSU(3) =
ξ

2
(2C2(rf ) − C2(rf ) − C2(rf )) +

(
3− 3

2
+

5
2

)
C2(rf ) = 4C2(rf ) =

16
3

(3.83)

Figure 3.20: Contributions to the decay from bilinear and trilinear counter-terms.

diagram τx τ ′x
a (ξ + 3)ta(rD).ta(rS) + ξ(−ta(rS) + ta(rD)).ta(rh) 1
b −1

4(2ξ + 1)C2(rh) 0
c −1

2(ξ + 3)C2(rS) −1
2

d 1
2(−ξ + 5)C2(rD) 0

tot
ξ(ta(rD).ta(rS)− ta(rS).ta(rh) + ta(rD).ta(rh))+
−ξ/2(C2(rh) + C2(rD) + C2(rS))+
3ta(rD).ta(rS)− 1/4C2(rh)− 3/2C2(rS) + 5/2C2(rD)

1
2

Table 3.16: In the case of SU(2) the representation is the same for the Higgs and for the fermion doublets.
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For the decay of singlets into doublets, we have up-type Yukawa couplings and in table 3.16,
the diagram (c) is proportional to C(rS), while diagram (d) to C(rD). The new coefficient in
this case are:

τSU(1) = 3YDYS − 1/4Y 2
φ − 3/2Y 2

D + 5/2Y 2
S (3.84)

τSSU(2) =
(
−1

4
− 3

2

)
C2(rφ) = −7

4
C2(rφ) = −21

16
(3.85)

τSSU(3) = τDSU(3) (3.86)

Furthermore, the contribution of diagram (c) to τ ′X picks a factor of 1/2 because it applies to the
correction to a doublet fermion, and it is proportional to both Yukawa couplings of the doublet
(this is relevant in the case of the quarks).

To summarize the results in the case of Standard Model fermions, if we parametrize the
effective coupling as

iΓ = −i
yf
πε
CXPL(R) (3.87)

the coefficients are given in table 3.17.

heavy gauge boson CX

CL→Eφ
9
64α1 + 29

64α2 + 1
8
y2l
4π

CE→Lφ†
57
64α1 − 21

64α2 + 3
16

y2l
4π

CQ→Uφ† − 47
576α1 + 29

64α2 + 4
3α3 + 1

8
y2u
4π

CQ→Dφ − 47
576α1 + 29

64α2 + 4
3α3 + 1

8
y2d
4π

CU→Qφ
193
576α1 − 21

64α2 + 4
3α3 + 1

16
3y2u+2y2d

4π

CD→Qφ†
1

576α1 − 21
64α2 + 4

3α3 + 1
16

3y2d+2y2u
4π

Table 3.17: Coefficients of the effective couplings of an heavy fermion decaying into SM scalar and fermion.

3.7 Compatibility with “genuine” 6D calculations

In this section, we will present the original computation performed to extract the couplings
between the (2n, 0) modes and zero-modes. Interesting from a phenomenological point of view,
this study has been considerably simplified by the previous considerations. However, we will
show with this full “genuine” 6D calculation the compatibility of both techniques to extract
the structure of localized counter-terms. Here we will also obtain in addition the finite part
contribution coming from the torus and glides. The 6D calculations were performed in Feynman
gauge (ξ = 1) and using the 6D mixed propagator we presented in section 2.3. We will focus,
for this purpose, on the decay of heavy vectors into massless Standard Model fermions.

3.7.1 Off diagonal mixing between (2n, 0)-(0, 0)

In order to compute the whole set of counter-terms with the same order in perturbation
theory for masses and couplings, we derived the loop corrections to self-energy of gauge bosons
and fermions and trilinear vertices.
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The mixing between the (2n, 0) and (0, 0) modes is obtained by computing the same loop as
the one mentioned in figure 3.1. The external field (2n, 0) with the 4D-momentum q is taken
on-shell, which implies q2 = 4n2. We will consider only the contribution of the gµν part, the non-
relevant qµqν part has not been computed in this study. Following the prescription, we described
in chapter 2, we can show that the mixing term Π can be written as Π = ΠT + ΠG + ΠG′ + ΠR

where

Π =
1
3

(
Πµ

µ −
qµqν

q2
Πµν

)
(3.88)

Torus and glide contributions are vanishing and the non-zero contributions are compiled in
table 3.18. The coefficients of this table need to be multiplied by the factor N ′ to obtain Π
self-energy:

N ′ =
1√
2

2g2C2(r)
4 16π4

(3.89)

where C2(r) is the quadratic Casimir operator of the r representation under SU(N).
As these calculations are done with dimensional regularization, the log-divergence corre-

sponds to the 1/ε pole in d = 4. In this framework, we can also show that there is no divergence
for a dimension d = 2 (no pole in 1/η) as we can expect from gauge boson self-energy. Note
that for the loop with scalar fields, a quadratic divergence in the rotation part remains if we use
directly the cut-off regularization (8).

3.7.2 6D loop triangle calculation with mixed propagators

When we compute triangle loops with the mixed propagator technique, we also divide the
different contributions, which will be label V , into 4 pieces. This property is directly linked to
the symmetry of propagators under the RPP isometries. From a technical point of view, the
three propagators that will enter into the loop calculation will be the one given in appendix A.
So by default we could think of having 4 × 4 × 4 = 64 different parts corresponding to the 64

Π ΠT ΠG Π′G ΠR

a+b 0 0 (−1)n+1 (−3Φ1(n)) −π2n2L

c 0 0 (−1)n+1
(
−9Φ3(n)

4 + Φ1(n) + 8Φ2(n)
)

π2 65
6 L

d 0 0 (−1)n+1 (4Φ2(n) + Φ3(n)) 3π2n2L
e 0 0 0 −2

3π
2n2L

f 0 0 (−1)n+1 Φ3(n)
4 −π2 1

6n
2L

fermions 0 0 0 0
total 0 0 (−1)n+1 (−2Φ1(n) + 12Φ2(n)− Φ3(n)) 12n2π2L

hcomplex 0 0 (−1)n+1 (−Φ3(n)) 2
3π

2n2L
icomplex 0 0 2(−1)n+1 (−Φ1(n)) −2π2n2L

Table 3.18: A2n,0
µ −A0,0

ν mixing: loops a–f are gauge corrections while h and i are scalar field corrections. Those
loops are drawn in figure 3.1. This calculation has been performed in Feynman gauge (ξ = 1) using directly the
mixed propagator technique in 6D.
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possibilities of combining the various parts of the propagator. Nevertheless by doing appropriate
changes of variables, we can prove that there are only four equivalent classes of contributions to
the coupling corrections:

V = VT + VG + VG′ + VR (3.90)

the first term VT is the contribution we would get from the same fields on a torus orbifold. This
contribution is finite because we are considering a vertex which violates KK-momentum con-
servation. In general, we should renormalize the bulk kinetic terms to reabsorb all divergences.
The other three terms correspond to the two glides and the rotation, in the sense that their
sign depends on the parities (pr, pg) of the fields running in the loop. The contribution of the
two glides is finite because the glides do not have any fixed points where a counter-term could
be localized. On the other hand, the rotation does generate divergences which will be cut-off
by counter-terms localized on the four points left fixed by the rotation, i.e. the two singular
points of the orbifold. As we have already seen, the singularities will be equally spread on the
two points, because of the extended global symmetries of the bulk interactions. As we are con-
sidering the example of the heavy gauge boson decay, the triangle loops that are present in our
case are represented in figure 3.21. The contribution for the loop a1 is given by the following
expression:

iV µ
a1 =g3

6 · C2(r)ta ·
i3

16π4

∑
l,l′,l′′

∫
dp

∫
dx1 . . . dy3

θtM F 0,0
Ψ̄

(x3, y3)ΓMΓAΓµΓBΓNF 0,0
Ψ (x2, y2)

i∂AGs(χl
′′
3 , x3, x1) (−gMN )Gs(χl

′
2 , x2, t(x3)) i∂BGs(χl1, x1, x2)

f∗l (y1)fl(y2)f∗l′(y2)fl′(t(y3))f∗l′′(y3)fl′′(y1) f
2n,0
A (x1, y1) (3.91)

Gauge and fermion propagators are given in appendix A, and t = id, g, rg, r are RPP isome-
tries. Here f2n,0

Aµ is the wavefunction of the heavy gauge boson and F 0,0
Ψ stands for the vector

Figure 3.21: A2n,0
µ coupling to two SM fermions. See the text for a detailed explanation of the notations.
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formed by wavefunctions of the (0, 0) 4D-fermions:

F 0,0
Ψ (x, y) =


f0,0
Ψ1 (x, y)
f0,0
Ψ2 (x, y)
f0,0
Ψ3 (x, y)
f0,0
Ψ4 (x, y)

 (3.92)

x corresponds to x5 and y to x6, the Latin indices M,N,A,B = 0..6 and the Greek ones µ = 0..3.
The parameter θtM is defined as:

θtM =
t(xM )
|xM |

= ±1 (3.93)

The notation i∂A is a compact notation and refers to:

i∂AGs(χl
′′
3 , x3, x1)f∗l′′(y3)fl′′(y1) =


(p− q2)ρ Gs(χl

′′
3 , x3, x1)f∗l′′(y3)fl′′(y1) with A = ρ

i∂x3(Gs(χ
l′′
3 , x3, x1))f∗l′′(y3)fl′′(y1) with A = 5

− l′′

RGs(χ
l′′
3 , x3, x1) f∗l′′(y3)fl′′(y1) with A = 6

(3.94)

Finally χ stands for the moduli of the 4D momenta running in the loop:

χl1 =
√

(p+ q1)2 − l2

χl
′
2 =

√
p2 − l′2

χl
′′
3 =

√
(p− q2)2 − l′′2

(3.95)

For the loop a2, the expression is quite similar but we have to take into account the 6D
trilinear coupling between gauge bosons. We will also change for convenience the orientation of
the momenta running into the loop as it can be seen in figure 3.21.

iVa2 =g3
6 · C2(G)ta

i3

16π4

∑
l,l′,l′′

∫
dp

∫
dx1 . . . dy3

θtR F 0,0
Ψ̄

(x3, y3)ΓRΓAΓN F 0,0
Ψ (x2, y2)

T RNµ i∂AGs(χl
′′
3 , x3, x2) GF

s (χl
′
2 , x1, t(x3))G♠s (χl1, x1, x2)

f∗l (y1)fl(y2)f∗l′(y2)fl′(t(y3))f∗l′′(y3)fl′′(y1) f
♣,2n,0
A (x1, y1) (3.96)

In this expression, i∂A is the derivative operator defined in equation 3.94 and we have for the
6D trilinear gauge coupling:

T RNµ = i[gµN (∂Rx1,♣ − ∂Rx1,♠) + gNR(∂µx1,♠ − ∂µx1,F) + gµR(∂Nx1,F − ∂Nx1,♣)] (3.97)

The ♠, ♣, F symbols are here to indicate on which propagator or wave-function applies the
derivative of T RNµ tensor. Finally we give:

χl1 =
√

(p− q1)2 − l2

χl
′
2 =

√
(p+ q2)2 − l′2

χl
′′
3 =

√
p2 − l′′2

(3.98)
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Those two tremendous expressions will be split in a peculiar way to make appear the different
components of the gauge bosons running into the loops. We will not have the possibility to give
all the details of this calculation in this thesis but the results coming from the various pieces
will be gathered and the total contribution will be given in table 3.19.

3.7.3 6D corrections to (2n, 0)− (0, 0)− (0, 0) trilinear vertex

Fermionic decay of the heavy gauge vector is mediated by the diagrams compiled in fig-
ure 3.22. Using the previous results of mixing and triangle loop calculations in 6D, we will
compute the effective vertex and show that it is well-matching with the result we found in sec-
tion 3.6. For that purpose, we will consider the external particles on-shell; this means that the
incoming gauge boson is taken with mass (2M)2 = q2 and also that for out-coming particles
/q1

= /q2
= 0. In this limit, for a SU(N) gauge group, the effective vertex can be written as:

iV µ
A = i

1
4

g3

16π4

1
2
√

2n2
α γµPL(R)t

a (3.99)

where the α contributions are listed in table 3.19. For the mixing terms, the Dirac structure
is quite easy to understand. For the triangle, this is more tedious but we can show that the
effective Lagrangian term is also proportional to ψ̄(0,0)taγµPL(R)ψ

(0,0)A
a,(2n,0)
µ , after projecting

the external legs of the 6D loop on the different KK-modes. Here g = g6
2πR .

Here, L = log Λ2R2+n2

n2 is the log divergence associated with the rotation, and the n-dependent
contributions Φ1,2,3,4 are small corrections listed in the appendix A and coming from heavier
modes running in the loop.

Figure 3.22: Contribution to the decay from bilinear and trilinear counter-terms.

T G G′ R

αa1 0 0 (−1)n(Φ1(n) + Φ3(n) + Φ2(n)− Φ4(n)) C2(r) 0
αa2(Aµ/Aµ) 0 0 (−1)n+1 (3Φ1(n)− 8Φ2(n) + 3Φ3(n)) C2(G) π2n24L C2(G)
αa2(A5/AM ) 0 0 (−1)n+1 (2Φ1(n) + 2Φ2(n) + 2Φ3(n) + 2Φ4(n)) C2(G) 0
αa2(A6/AM ) 0 0 (−1)n+1 (6Φ2(n) + 6Φ4(n)) C2(G) 0
αa2(total) 0 0 (−1)n+1 (5Φ1(n) + 5Φ3(n) + 8Φ4(n)) C2(G) n2π24L C2(G)

αb 0 0 (−1)n+1(12Φ2(n)) C2(r) −8n2π2L C2(r)
αc 0 0 (−1)n+1(12Φ2(n)) C2(r) −8n2π2L C2(r)
αd 0 0 (−1)n+1 (−2Φ1(n) + 12Φ2(n)− Φ3(n)) C2(G) n2π212L C2(G)

Table 3.19: Contributions to the effective vertex A2n,0
µ → f0,0f̄0,0. The 6D results computed in Feynman gauge

ξ = 1 listed have to be compared with the 4D counter-term calculation.

119



CHAPTER 3. RADIATIVE CORRECTIONS ON THE 6D REAL PROJECTIVE PLANE

The rotation contribution is given by:

iV µ
A = i

1
4

g3

16π4

1
2
√

2n2
16(C2(G)− C2(r))π2n2L taγµPL(R)

= − g3

16π4

1√
2

4(C2(r)− C2(G))
iπ2

ε
taγµPL(R) (3.100)

This result has to be compared to the one obtained in section 3.6 for the decay of a heavy
gauge bosons A2k,2l

µ , which was:

iΓµ = − g3

16π4

iπ2

ε
4(C2(r)− C2(G))γµPL(R)t

a . (3.101)

We find actually that:

iΓµ =
√

2 · iV µ (3.102)

This result was expected and can be explained easily by looking at the counter-term La-
grangian in the magic gauge. If we consider the bilinear and trilinear terms presented in sec-
tion 3.6, we have in general:

Lc−t ⊃ iz1± ψ̄L±γµD
µψL± (3.103)

This can be expanded in our case for the level (2k, 2l) and (2n, 0):

δL ⊃ i
z1

Λ2R2

1
4π2

{
ψ̄0,0
L γµ∂

µψ2k,2l
aL + igψ̄0,0

L γµA
µ
2k,2lψ

0,0
L

}
+ i

z1
Λ2R2

1
4
√

2π2

{
ψ̄0,0
L γµ∂

µψ2n,0
L + igψ̄0,0

L γµA
µ
2n,0ψ

0,0
L

}
(3.104)

We see clearly that, for the relevant rotation part, the difference obtained between Γµ and
V µ is only linked to the 6D wavefunctions which are determined on the localized point of the
RPP. This shows the power of using the counter-term approach and the magic gauge choice
which avoids us to perform the full set of triangle calculations.
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Phenomenology on the 6D Real
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In this chapter, we will present the first predictions we obtained for phenomenology of
the Universal Extra-Dimensional model on the Real Projective Plane. As we mentioned in
previous chapters, the low mass range, expected after relic density calculation, leads to a rich
phenomenology that could be observed during the first years of LHC running. For the discussions
which will follow, we will choose, as a typical benchmark point, a characteristic KK-mass around
mKK = 300 GeV. We will therefore first discuss briefly the physics of the level (1, 0) and
(0, 1), then we will focus on the level (2, 0)-(0, 2) and present the relevant processes we want to
investigate at the LHC.

4.1 General presentation of the first tier phenomenology

The tiers (1, 0) and (0, 1), associated to the Dark Matter candidate, will provide the lightest
new particles of the model. In addition to the WMAP observations which tend to prefer a low
mKK range around mKK ∼ 300 GeV, another peculiarity of this level is the small mass splittings
among the particles inside the level.

The typical and dominant phenomenology at the LHC is the production of colored particles
from pp-collisions via tree level bulk interactions. Due to the conservation of KK-parity, these
heavy states will have to be pair-produced and will chain decay into the lightest particle of the
tier, which is the dark scalar photon, after radiating Standard Model particles. This feature
seems to be quite similar to the one expected in supersymmetric model or in minimal UED
model in 5D. Nevertheless due to the small mass splittings, the energy available for the Stan-
dard Model particles is rather small and make this soft activity difficult to trigger on at the LHC.

To be more concrete, let us consider some cases involving (1, 0) particles. The heaviest
particle of the (1, 0) level is the top doublet: the mass difference with the photon A(1,0) at
mKK = 300 GeV is around 60 GeV. It will decay into t(1,0) → bW (1,0). The produced W (1,0)

will decay into leptons and missing transverse energy (referred later as MET). The final state
will be thus: bνlA(1,0). If the quarks are lighter then the W (1,0), they may be also a decay
into qq̄A(1,0). The second heaviest state is the gluon G(1,0) and the associated mass splitting is
around 30 GeV. This state will then decay mainly into quark pairs. Due to conservation of KK
parity, we have G(1,0) → q̄q(1,0) → q̄qA(1,0) as it can be seen in figure 4.1. In this case, the final
state is characterized by 1, 2, or 3 soft jets with energy around 10− 20 GeV and an important
amount of missing transverse energy. In this case, these events will never pass the trigger of
experiments like ATLAS and CMS.

Then the third heaviest particles are W (1,0) and Z(1,0) which will decay into leptons and
quarks also. We already discussed the impossibility of triggering on the soft final jets and the
situation is quite similar for leptons. Even if CMS and ATLAS trigger on smaller energy for
leptons, the smaller splitting of W (1,0) and Z(1,0) will make them escape from detection also. In

Figure 4.1: Decay chain of the heavy gluon G(1,0).
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table 4.1, we summarized all the main decay processes for the first KK-level.
To conclude, in all these situations, even if the production cross-sections are sizeable at the

LHC (around few picobarns), the detection of such states will be really challenging. The only
opportunity to observe such particles would be to look for boosted particles. We can indeed
think that a non negligible part of the heavy partners will not be produced at rest. Thereby
the produced “soft” jets or leptons will be boosted and then the events will pass the trigger
of generalist experiments like CMS and ATLAS (79). In order for this to happen, the heavy
particles should receive a boost of at least 500 GeV in the transerve direction; the calculation of
the production cross section, with this cut on the transverse momentum of the heavy particles,
shows that the cross section drops to a few fb 1.

Another possibility would be to use the Initial State Radiation (ISR) tagging (80) to trigger
on events involving the first tiers. We will have a monojet signature with a lot of missing trans-
verse energy plus soft activity and the characteristic mass of the KK-mode could be inferred
from the pT of the ISR jet. Such signatures will need a detailed and sophisticated study using
a full Monte-Carlo simulation of the signal and backgrounds at the LHC which is not available
yet and this is reason why we will not develop more the phenomenology of these tiers.

(1, 1) level is also an interesting tier which is currently studied by G. Cacciapaglia, L. Panizzi
et alii (81). This level is slightly heavier m1,1 =

√
2mKK ∼ 425 GeV and can be also accessible

at the LHC where pair-production cross-sections are also of the order of picobarn. Like for the
tiers (1, 0) or (0, 1), the particles will chain decay until they reach the lightest particle of the tier
which is the vector photon A(1,1). If we assume the general case where the accidental KK-parity
is broken by localized interactions, this particle will decay directly in Standard Model fields and
the characteristic strength of the coupling will be at the order of loop induced couplings. So we
can expect at the LHC to observe 4-top production through processes like:

pp→ q1,1q̄1,1 → jjA1,1A1,1 → jjtt̄tt̄

where j denotes the soft jets coming from the chain decay inside the (1, 1) level. The interesting
point with 4-top channels is that these processes have a large cross-section associated to a very
low Standard Model background. So the constraints on the mass and branching ratio of A1,1

1Third year project of N. Williams and M. Siddiqi at King’s College London, under the supervision of J. Ellis
and G. Cacciapaglia.

mX −mA(1,0) decay mode final state
in GeV + MET

t(1,0) 60− 70 bW (1,0) bjj
blν

G(1,0) 26 qq(1,0) jj

q(1,0) 13− 18 qA(1,0) j

W (1,0) 17 lν(1,0), νl(1,0) lν

Z(1,0) 19 ll(1,0) ll

l(1,0) 1− 3 lA(1,0) l

A(1,0) 0 -

Table 4.1: Mass splitting of the first tier for a characteristic mKK = 300 GeV and principal decay modes of
heavy particles. The missing transverse energy is due to the escape of the stable A(1,0) photon from detection.
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will be quite stringent.

The levels (2, 0) and (0, 2) are also tiers that can have clear signatures at the LHC. Being
even under KK-parity, particles from these levels can be pair or singly produced and will have
the possibility to decay:

• either in the (1, 0) and (0, 1) through bulk tree level interactions but the decays will be on
threshold because of the small mass-splitting induced by the radiative corrections.

• or directly into Standard Model particles through loop induced couplings. From an exper-
imental point of view, such channels will lead to clear identifiable resonances.

The phenomenology of this tiers will be discussed more in details in the end of this chapter.

Finally, we will focus on the (2, 1) and (1, 2) levels. These tiers, whose mass is around√
5mKK ∼ 670 GeV, are odd under the KK-parity. Therefore, they can only decay at one-loop

into one particle of (0, 1) or (1, 0) and one Standard Model particle. Even if this coupling is loop
suppressed, the final states will contain typically hard jets or leptons with few hundreds GeV
of energy and an important part of missing transverse energy. The phenomenology of this level
is close to the one we can expect from supersymmetric scenario for instance and could lead to
rare and clear signatures such as monojets (82) or single charged electron productions.

All these very different and peculiar signatures should be observable at the LHC within a
reasonable amount of time and at relatively low energy. The combination of all these evidences
will be a precious tool in order to discriminate between such extra-dimensional models and
supersymmetric model for instance. However, as the reader can see, this model will have a rich
phenomenology involving all the first KK-tiers so that, in order to make theoretical predictions,
we need an efficient tool which allows us to have a description of the important amount of states
of our theory. A direct implementation of this model into Monte-Carlo generators would be
complex and a source of many mistakes. Therefore we decided to choose a more global approach
that we will describe in the next section.

4.2 Numerical implementation of the model

To perform a realistic analysis of the LHC phenomenology on the Real Projective Plane, we
need to implement our model into Monte-Carlo codes. In high energy pp-collider like LHC, the
production cross-section of new particles will be dominated by QCD activity. Signals of new
physics and SM backgrounds will involve a large number of jets, leptons and missing transverse
energy. In order to disentangling them, we are forced to generate numerical simulations that
reproduce as well as possible the data from SM backgrounds and from the eventual signal, both
measured by detectors. The first step to study possible deviations from the Standard Model
predictions, is to use matrix-element (ME) Monte-Carlo generator to produce both background
and signal. Let us mention two of them to which we will refer in this thesis: CALCHEP (83) and
MADGRAGH/MADEVENT (84). They will be used to perform the hard process integration taking
into account the Parton Distribution Functions (PDF) of the incoming protons. Nevertheless,
to be complete, the analysis of a hadronic collision requires a full modelization of the parton
showering and of the hadronization. This can be performed in our framework by using for
instance PYTHIA (85) code interfaced with MADGRAGH/MADEVENT as it is proposed in (81). However
introducing our model of new physics into ME generator is quite complex because the number

124



4.2. NUMERICAL IMPLEMENTATION OF THE MODEL

of new states that could be relevant for phenomenology is quite significant. In this context,
we decide to use FEYNRULES code which will ease considerably the implementation of the UED
model on the Real Projective Plane.

4.2.1 FEYNRULES implementation

FEYNRULES (86) is a MATHEMATICA package which allows the model builder to implement in
a readable and straightforward way, his new physics model by writting the new Lagrangian of
his theory as well as the field content and the model parameters in a MATHEMATICA language.
Then the package will generate automatically all the interaction vertices of the theory. This will
have the advantage for us not to hide the Lagrangian properties into a tremendous number of
vertices. In figure 4.2, we summarize schematically the organization of all these different codes.
All the needed information of the model are compiled in different text files and a MATHEMATICA
notebook will be used to make run the FEYNRULES code. Here we will present the structure of
our model files S6UED, inspired from the implementation of the Minimal 5D UED done by P. de
Aquino (86) and we will show the possibilities to generate, from the FEYNRULES package, model
files that will be useable by ME generators.

The main model file

The main model file, so-called S6ued.fr, is a text file written with MATHEMATICA syntax,
which contains the definition of all the indices and the gauge structure of the theory. For in-
stance, in the case of QCD, the gauge class is defined as:

  

MODEL BUILDING: Parameters, particle content, Lagrangian

FEYNRULES (MATHEMATICA package)

MATRIX ELEMENT GENERATOR (MADGRAPH, CALCHEP, ...)

SHOWERING, HADRONIZATION (PYTHIA, ...)

DETECTOR SIMULATIONS

Figure 4.2: Generic organization of the different codes needed to study the phenomenology of a new model at
colliders.
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SU3C == {
Abelian -> False,
GaugeBoson -> G,
StructureConstant -> f,
SymmetricTensor -> dSUN,
Representations -> {T, Colour},
CouplingConstant -> gs}

As we will work with a UED model, the gauge structure will be copied from the Standard
Model implementation. This file is also used to call all the different definition files for param-
eters and the field descriptions. Then it will be used to call the various files associated to the
Lagrangian of the theory. Finally S6ued.fr will permit the user to choose the KK-tiers he
wants to consider in his phenomenological study. As we discussed before, all the KK-tiers are
not interacting with each other and limit cases are often interesting to make predictions; this
will allow us to work with lighter model files easier to handle. To do so tiers are indexed by a
number which are compiled in table 4.2 and a list listLev will permit to select the levels which
will appear in the Lagrangian expansion.

For gauge boson, the procedure is quite easy because there is only one state per tier while for
heavy fermions, the two degenerate states of (k, l) level force us to define a special list known as
listFer. By now, we can use the model until levels (2, 1)-(1, 2) to derive the vertices, however
the full implementation of masses and widths is only done until the level (2, 0)-(0, 2). Notice
also that the mixing between (2, 0)-(0, 2) has not yet been taken into account in this first version
of the model files. For instance, to study the phenomenology of the asymmetrical case where
R5 � R6, we consider: listLev = {1,2,5}.

1 -> SM
2 -> level (1,0)
3 -> level (0,1)
4 -> level (1,1)
5 -> level (2,0)
6 -> level (0,2)
7 -> level (2,1)
8 -> level (1,2)

Table 4.2: Indices used in FEYNRULES to implement the different KK-tiers of the 6D UED model on the RPP.

Field definition files

As we mentioned during this thesis, the 6D fields which propagate into the Real Projective
Plane are to be decomposed in terms of 4D fields using the KK-expansion. This step is realized
in FEYNRULES thanks to the file FieldExpansion.fr. A 6D gauge field is defined as a table of
4D fields by:

Gm6D := Table[Gn[listLev[[nkk]]], {nkk, 1, NKKmax+1}];
G56D := Table[G5[listLev[[nkk]]], {nkk, 1, NKKmax+1}];
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Here NKKmax is the length of the list listLev. The wavefunctions of the states will appear
only in the overlapping integrals used to compute the Lagrangian. Then for each gauge bosons
the elements of the previous tables will be replaced by the 4D KK-modes corresponding the
considered fields. As an example, let us detail the case of the 6D gluons:

Glum6D[mu_, a_] := Gm6D /. {Gn[1] -> G[mu, a], Gn[2] ->0 , Gn[3] -> 0 ,
Gn[4] -> sm G3[mu, a], Gn[5] -> sm G5[mu, a], ... };

Glu56D[a_] := G56D /. {G5[1] -> 0, G5[2] -> 0, G5[3] -> sm G62[a],
G5[4] -> sm/Sqrt[2] G63[a], G5[5] -> 0,... };

Glu66D[a_] := G56D /. {G5[1] -> 0, G5[2] -> sm G61[a], G5[3] -> 0,
G5[4] -> - sm/Sqrt[2] G63[a], G5[5] -> 0,... };

We separate the 6D gauge bosons into a 4D vector Glum6D and two scalar polarizations Glu56D
and Glu66D because the structure of the interaction is different for all these three components.
The mu index is the Lorentz index and a the SU(3) index. The coefficient sm is equal to 0 when
considering only the SM and equal to 1 otherwise. Some fields are vanishing because of the
properties of the RPP orbifolding. The identity cards of those 4D fields will be then gather in
the different files called KKmodeXX.fr, which contain all the fields present in the KK-level XX.
As an example, we give the typical class which defines the gluons:

S[7] == {
ClassName -> G61,
SelfConjugate -> True,
Indices -> Index[Gluon],
Mass -> MG1, Internal,
Width -> WG1, 4.207153,
PropagatorLabel -> G61,
ParticleName -> "G61",
PropagatorType -> C,
PropagatorArrow -> None,
PDG -> 6100021,
FullName -> "sGlu-10" },

The different classes of particles are defined by their spin: S, F, V for spins 0, 1/2, 1. The
ClassName is the name which will be used when extracting the vertices in MATHEMATICA. The
SelfConjugate function specifies if the field is real or not. For complex fields, like quarks q,
the antiparticle is denoted by qbar. In general, fields possess different indices in addition to
the spin index, so they will be specified in the Indices option. Here for gluons, the SU(3)
adjoint index is denoted as Index[Gluon] and will be defined in S6ued.fr. For fermions, we
will have specific indices like the Generation or Colour ones. Then we will have to define the
mass and the width of the particles. This can be done in two different ways: the mass is usually
an internal parameter whereas the width is usually given directly for a chosen mass 2. Then
there are other options for declaring the name of the particles which are presented here and
detailed in the FEYNRULES manual (86).

2 Notice that in MADGRAPH, the width of particles, by default, is the one which is entered in the FEYNRULES files,
but we can call the DECAY code to make directly this calculation by the ME generator.
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For fermions, the situation is slightly more complicated. We will have to treat separately
the left and right handed parts in the Lagrangian and to make a distinction between doublet
and singlet fields under SU(2). For instance, lepton singlets are defined by:

Elsing6D := Fl6D /. {Fl[1] -> 0 left[l],
Fl[2] -> sm left[L1R], Fl[3] -> sm left[L2R],
Fl[4] -> sm left[L3R], Fl[5] -> sm left[L4R], ... };

Elsing6Dbar := HC[Elsing6D];
Ersing6D := Fr6D /. {Fr[1] -> right[l],

Fr[2] -> sm right[L1R], Fr[3] -> sm right[L2R],
Fr[4] -> sm right[L3R], Fr[5] -> sm right[L4R], ... };

Ersing6Dbar := HC[Ersing6D];

where left[_] and right[_] are the left and right projectors which apply on Dirac fields.
The antiparticle is defined here as the Hermitian conjugate of the 6D field by the function HC.
Fl6D and Fr6D are tables defined as follows:

Fl6D := Table[Fl[listFer[[nkk]]], {nkk, 1, NFKmax+1}];
Fr6D := Table[Fr[listFer[[nkk]]], {nkk, 1, NFKmax+1}];
where NFKmax is the length of listFer.

Interaction and mass eigenstates

In section 2.4.5, we explained that for electroweak gauge bosons and tops, the kinetic terms
of the interaction eigenstates were not diagonal. This forces us to diagonalize and redefine the
mass eigenstates of the theory. Such effects are to be implemented in the FEYNRULES codes
if we want to study the phenomenology of the new states. This requires to add to the mass-
eigenstates, new particles which will be unphysical and used in the interaction Lagrangian. The
diagonalization will be performed automatically by FEYNRULES and the vertices will be given in
terms of mass-eigenstates. Here we illustrate it by studying the peculiar case of the top sector:

The left-handed and right-handed parts of the two physical tops are t1,l/r and t2,l/r: t1 is
mainly a singlet of SU(2) and t2 is mainly a doublet so, to simplify, in FEYNRULES, they will be
denoted by t1S and t1D.

F[8] == { ClassMembers -> {u1S, c1S, t1S} ,
ClassName -> qu1S},

F[12] == { ClassMembers -> {u1D, c1D, t1D},
ClassName -> qU1D },

They are related to the unphysical states: ql/r which is the doublet under SU(2) and ul/r
which is a singlet by the diagonalization matrix of equation 4.1:(

t1l
t2l

)
=
(

cosβt +sinβt
− sinβt cosβt

)(
ql
ul

)
and

(
t1r
t2r

)
=
(

cosβt − sinβt
+sinβt cosβt

)(
ql,r
ul,r

)
(4.1)

This can be expressed in the code as follows by introducing 4 new Dirac objects:
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F[9] == { ClassName -> qu1SL,
Definitions -> {qu1SL[s_,1,c_] -> qu1S[s,1,c],

qu1SL[s_,2,c_] -> qu1S[s,2,c],
qu1SL[s_,3,c_] -> sat1 qU1D[s,3,c]
+ Sqrt[1-sat1∧2] qu1S[s,3,c]},

Unphysical -> True },

F[10] == { ClassName -> qu1SR,
Unphysical -> True,
Definitions -> {qu1SR[s_,1,c_] -> qu1S[s,1,c],

qu1SR[s_,2,c_] -> qu1S[s,2,c],
qu1SR[s_,3,c_] -> - sat1 qU1D[s,3,c]
+ Sqrt[1-sat1∧2] qu1S[s,3,c]}},

F[13] == { ClassName -> qU1DL,
Unphysical -> True,
Definitions -> {qU1DL[s_,1,c_] -> qU1D[s,1,c],

qU1DL[s_,2,c_] -> qU1D[s,2,c],
qU1DL[s_,3,c_] -> Sqrt[1-sat1∧2] qU1D[s,3,c]
- sat1 qu1S[s,3,c]}},

F[14] == { ClassName -> qU1DR,
Unphysical -> True,
Definitions -> {qU1DR[s_,1,c_] -> qU1D[s,1,c],

qU1DR[s_,2,c_] -> qU1D[s,2,c],
qU1DR[s_,3,c_] -> Sqrt[1-sat1∧2] qU1D[s,3,c]
+ sat1 qu1S[s,3,c]}}

where sat1 refers to sinβt and is the mixing angle in the top sector of the first tiers. Here
we see explicitly that electroweak symmetry breaking effects are only taken into account for the
tops, the other flavors staying unaffected because of their small Yukawa couplings. Notice here
that we have been obliged to reintroduce explicitly the indices of spin, flavor and color in the
definition of the fields.

The parameter files

After we have described the particle classes, we present briefly the implementation of the
numerous parameters of the theory. For this purpose, there are different files involved:

• Param6D.fr is a file which contains all the needed constants to describe the model. They
can be declared as External and in this case their value is given explicitly in the definition.
With the mode Internal, the parameter can be written in terms of other predefined
parameters. As an example we can mention the electric charge definition as a function of
the hyperfine structure constant:

ee == {
TeX -> e,
ParameterType -> Internal,
Value -> Sqrt[4 Pi \[Alpha]EW],
InteractionOrder -> {QED, 1},
Description -> "Electric coupling constant"},
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The InteractionOrder option will precise the order of the parameter in a specific coupling
which will be crucial when requiring a specific order in the cross-section calculation with
MADGRAPH.

• In ParamMassesX.fr files are gathered all the parameters needed to define particle masses
of the level X. It contains radiative correction contributions and the full expression of masses
including electroweak symmetry breaking effects. As an example, we give the definition of
the heavy (1, 0) gluon mass3:

demG == {
ParameterType -> Internal,
BlockName -> MASSCORR,
Value -> gmass ∧2 c3 (-36 parT6 + 84 parZ3

+ 24 parL6 + 9 B1n1 - 30 B2n1 - 3 B3n1),
Description -> "Correction G boson mass squared"},
MG1 == {
ParameterType -> Internal,
BlockName -> MASSCORR,
Value -> Mkk ∗ Sqrt[1 + demG],
Description -> "G1 mass"}

• Finally Paramtriangle.fr file is a new file added to gather the useful parameters in order
to specify the couplings which violate momentum conservation along the extra-dimensions.
By now, it contains the (2, 0) − (0, 0) − (0, 0) couplings which have been computed and
discussed in chapter 3. As an example, let us consider the coupling of a heavy B2,0

µ gauge
boson with two Standard Model lepton singlets. The coupling has the following form:

iΓµB→E = −ig1 C γµPLta (4.2)

In FEYNRULES language, this C corresponds to glR:

glR == {
ParameterType -> Internal,
BlockName -> VERTCORR,
Value -> - (ee/cw)∧ 2 ∗ tri,
Description -> "coupling of U(1) into lepsing"},

where tri is a parameter which includes the loop coefficient:

tri = −4 ·
√

2 · 1
64π4

· π2 log(ΛR)2 (4.3)

The Lagrangian files

The last category of files are dedicated to the Lagrangian of the theory:

3In FEYNRULES code, following the prescription given for the 5D UED model implementation, we took the
strong coupling gmass equal to 1.0236. This strong coupling constant is computed for a typical energy scale in
collision center of mass of 1400 GeV.
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• Lagrangian.fr contains the bulk Lagrangian. As we are working in the framework of
UED models, the present interactions are the ones of the Standard Model but written in
terms of 6D fields. For example, if we consider the lepton singlet sector of the theory, we
have typically for the trilinear term:

Llepsing4D := Llepsing4D =
- I gw sw/cw y2/2 Sum[intCSSL[[i,j,k]] Bm6D[mu][[i]]
(Elsing6Dbar[[j]].Ga[mu].Elsing6D[[k]])
+ intCSSR[[i,j,k]] Bm6D[mu][[i]]
(Ersing6Dbar[[j]].Ga[mu].Ersing6D[[k]]),
{i,1,NKKmax+1}, {j,1,NKKmax+1}, {k,1,NKKmax+1}]);

6D fields are expended in terms of 4D KK-modes and this explains the sum over i, j, k
indices. Here, we just mentioned the part involving couplings with Bµ, the couplings with
B5 and B6 are similar and involve different wavefunction integrals. Ga[mu] refers to the
4× 4 Gamma matrices4.

• 6DIntegral.fr file is used to compute the integrals of wavefunction overlapping as
intCSSL[[i,j,k]] and intCSSR[[i,j,k]], that are in the 6D Lagrangian. These inte-
grals over extra-coordinates, as the one presented below, are crucial to get the effective
couplings of the theory:

intCSSL = Table[2 Pi Integrate[wavefuC[[i]] (wavefuS1bar[[j]] wavefuS1[[k]]
+ wavefuS2bar[[j]] wavefuS2[[k]]), {y,0,2 Pi}, {z,0,2 Pi}]
, {i,1,NKKmax+1}, {j,1,NFKmax+1}, {k,1,NFKmax+1}];
intCSSR = Table[2 Pi Integrate[wavefuC[[i]] (wavefuS3bar[[j]] wavefuS3[[k]]
+ wavefuS4bar[[j]] wavefuS4[[k]]),
{y,0,2 Pi}, {z,0,2 Pi}], {i,1,NKKmax+1}, {j,1,NFKmax+1}, {k,1,NFKmax+1}];

where wavefuSi[[k]] with i = 1..4 are the combinations of sine and cosine functions we
derived in section 2.2.3. The index S refers to fermions with right-handed zero-mode and
the index D to left-handed ones. wavefuC[[k]] is the gauge vector wavefunction given in
section 2.2.2.

• Lagrangian200.fr file is an extra Lagrangian file containing the effective vertices that
are loops induced by the rotation symmetry. This effective 4D Lagrangian is written in
terms of 4D fields and effective couplings, as it is shown in the following example. Still
considering the decay of heavy B2,0 gauge boson into two Standard Model lepton singlets,
we have:

LLeptonS200 := LLeptonS200 =
((ee/cw) glR Bm6D[mu][[3]] Ersing6Dbar[[1]].Ga[mu].Ersing6D[[1]]);

where glR is the coupling we introduced in the previous section and the indices in brackets
are chosen from table 4.2 to have (2, 0) coupling with SM particles.

4FEYNRULES package follows the syntax of FEYNARTS mathematica package (87)
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The MATHEMATICA notebook

• First we can start deriving automatically the Feynman rules of the model by using the
function:

FeynmanRules[Lagrangian, FlavorExpand -> True, ScreenOutput -> False]

FlavorExpand will permit to express the result in terms of the generic fermion classes or
in terms of flavor eigenstates. As the Lagrangian is split into different pieces, we can get
the vertices gathered by specific sector of the theory. The figure 4.3 shows for instance
the typical output of the MATHEMATICA notebook for the Lagrangian part corresponding to
LLeptonS200.

In this output, flavor and spin indices are written explicitly and P+/- represent PR/L
projectors.

• Then we can perform some sanity checks to validate the implementation of the model.
The first tests we did, were to check the hermiticity of the Lagrangian with the function
CheckHermiticity, the tree level masses were also checked with GetMassTerms. We also
controlled the charge conservation of the whole set of vertices and that the Standard Model
couplings were correctly generated. With another set of tests, we checked the couplings
for the first level by a direct analytical calculation of some generic vertices. These final
steps have been done by looking directly at the vertices.

• Finally we generated model files for CALCHEP and MADGRAPH Monte Carlo generators with
the FEYNRULES interface using the function: WriteCHOutput[LSUED] and WriteMGOutput[LSUED].
The files are automatically added to the main model folder and can then be exported into
the model file of the generators.

We produced different versions of the model file which correspond more specifically to the
phenomenology we needed to study. The one we used in this thesis is so-called S6UED20 and only
includes the modes (0, 0), (1, 0) and (2, 0). In the article dedicated on the (1, 1) level study (81),
they used another version containing only (0, 0) and (1, 1) states and so-called S6UED11.

Before focusing on the implementation of our model in CALCHEP and MADGRAPH generators,
let us stress the features that are not yet implemented in the S6UED20 files:

A5 1

l
†

2

l 3

ä cw5 e glR ∆f 2 , f 3
Γ

Μ1 . P
+

s 2 , s 3

cw

Z5 1

l
†

2

l 3

-

ä e glR sw5 ∆f 2 , f 3
Γ

Μ1 . P
+

s 2 , s 3

cw

Figure 4.3: Vertices generated by FEYNRULES from the Lagrangian LLeptonS200 describing the coupling
between heavy B2,0 and the singlet part of Standard Model leptons. sw5 designates the Weinberg angle of
the level (2, 0) known as sin θ2.
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• Usually, by default, FEYNRULES does not handle the 4-point vertices with gluons like
G5 G5 G61 G61, G G G61 G61, G5 G5 G5 G5 and G G G5 G5 vertices. For the
ME generators like CALCHEP and also MADGRAPH, the color structure needs to be treated
using auxiliary fields and has to be added by hand. This can be done easily in CALCHEP by
using the manual of the code or the structure proposed in (88), where they made a direct
implementation of those vertices. In MADGRAPH, this will be added in later study of LHC
phenomenology.

• The heavy Higgs decay from the (2, 0) level through momenta violating vertices has not
been taken into account due to our poor understanding of the Higgs sector of UED models.

• To simplify also the model file, CKM structure is not considered yet but in order to
perform flavor studies this can be added by the user easily by mimicking the Standard
Model example given in the FEYNRULES manual (86).

4.2.2 CALCHEP and MADGRAPH implementation

The main advantage of using FEYNRULES is clear now, the time needed to generate the model
file for Matrice Element generators is around thirty minutes instead of days of implementation.
Moreover, the definition of fields, parameters and Lagrangians of the theory is performed in a
readable way with MATHEMATICA language contrary to the complicated and entangled description
which is used in those ME generators.

In this thesis, the presented results have been obtained with CALCHEP code which is a parton-
level event generator. We will use it to compute decay widths, branching ratios and cross-sections
in the framework of our model. We will not detail how this code is working, we invite the reader
to refer to (83) for more information, but we want to emphasize what is crucial to make proper
computation with the model file generated by FEYNRULES. The FEYNRULES output will give *.mdl
model files that will be loaded by CALCHEP. Then the user will have to choose the unitary gauge
mode to make the calculation, because the model has been implemented using this peculiar
gauge choice. Processes will be entered in the code directly, the name of particles being the one
given in FEYNRULES by the ParticleName line. This name is based on the nomenclature given in
the previous section and it is summarized in the graphical interface of CALCHEP. Finally for our
simulation, we choose the CTEQ6m Parton Distribution Functions (PDF) of the proton (89) and
the mass spectrum will be computed automatically using the formula we entered in FEYNRULES.

MADGRAPH is also a parton-level event generator but results for our model using this code are
not proposed in this thesis however we already start testing the model S6UED20. In this case the
widths and the masses of particles are determined directly during the generation of the model
files. So once the KK-mass range has been chosen in the FEYNRULES file, masses are determined
and cannot be modified afterwards. The decay widths are not calculated either and need to
be implemented explicitly in the KKmodeXX.fr file. Then, we will use MADGRAPH to generate
signal and background for different processes and PYTHIA interface to produce showering and
hadronization. Note that these two codes have to be compiled together once we have picked and
added the model in the MADGRAPH model file. Until now we already made small minor modifi-
cations in the code core of MADGRAPH like for instance the extension of the number of particles
which is by default to small to handle the huge number of states we are considering 5. Further
checks will be needed to use this MC generator for phenomenology but this implementation

5max_particles in params.inc is changed from 2 ∗ ∗7− 1 to 2 ∗ ∗8− 1
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seems to be a efficient and powerful tool for LHC predictions.

4.3 Focus on the (0, 2)− (2, 0) tier phenomenology

In the beginning of this chapter we presented the reasons why we studied the levels (0, 2)−
(2, 0) whose particles are even under both KK-parities. Those tiers will have a very promising
phenomenology at the LHC; for instance, some commun features with the (1, 1) level will lead
to a signature involving 4-tops. Moreover, with these levels, we will also predict Standard Model
leptonic decays as we showed in (78). Therefore, the study of the (2, 0) tier will help to add
quickly new constraints on the mass range of this model, more stringent and complementary
to the one derived from cosmology. Here, we will outline for the reader, the main channels for
LHC phenomenology of the (2, 0) level and present the new perspective of study that we will be
performed soon.

4.3.1 Mass spectrum of (0, n)− (n, 0) tiers with n even

Here we will give a brief description of the mass spectrum of level (0, n) − (n, 0) tiers with
n even. They will be relevant for our calculation of production cross section and branching
ratios. Let us stress that up to now and until the end of this section, we will focus only on the
asymmetric case where R = R5 � R6.

Radiative corrections to gauge boson masses

The computation of the gauge boson masses is completely similar to the one presented
in the chapter 2 and has been performed by G. Cacciapaglia and B. Kubik using the loop
calculations presented in appendix A. We checked of the rotation contribution using the counter-
terms technique developed in chapter 3 and the 6D mixed propagator technique. In figure 4.4
and in table 4.3 are listed the relevant diagrams, for a generic SU(N) gauge group, and their
contributions to the gauge boson self-energy.

The contributions in this table must be multiplied by a normalization factor 1
4
g2C(r)
16π4R2 , where

g = g6
2πR is the effective 4D gauge coupling. C(r) is a gauge group factor and it is defined as

Tr(tartbr) = C(r)δa,b for a field in the representation r of a non-abelian group running in the loop.

Figure 4.4: One-loop radiative corrections to the gauge scalar self-energy: gauge (a–c), ghost (d), fermion (e)
and scalar (f–g) loops.
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δm2 gauge scalars ΠT ΠG ΠG′ ΠR

a 5T6 3 · 7ζ(3) 3 · (7ζ(3) + Φ1(n)) −n2π2L
b 0 0 0 −4/3n2π2L

c −T6 −7ζ(3)
−7ζ(3)− 8/3Φ1(n)
−14/3Φ2(n) + 10/3Φ3(n)

+32/3n2π2L

d 0 0 1/3Φ1(n)− 2/3Φ2(n)− 2/3Φ3(n) −1/3n2π2L

e −8T6 0 0 0
f T6 7ζ(3) (7ζ(3) + Φ1(n)) −n2π2L
g 0 0 −2/3Φ1(n) + 4/3Φ2(n) + 4/3Φ3(n) 2/3n2π2L

Table 4.3: Contribution of gauge, scalar and fermion loops in figure 4.4 to the mass of the gauge scalars in level
(n, 0)-(0, n) with n even. Courtesy to G. Cacciapaglia and B. Kubik.

For an abelian U(1)Y , we just replace C(r) by the charge squared Y 2. In the formula, like in
section 2.4.2, T6 and L are still defined by:

T6 =
1
π

∑
(k,l) 6=(0,0)

1
(k2 + l2)2

∼ 1.92 and L = log
Λ2R2 + n2

n2
(4.4)

The n-dependent contributions Φ1,2,3 are small corrections listed in the appendix A. We have
set to zero the negligible finite contribution coming from the rotation loops and considered
only the log divergent part. Here the calculation of this part has actually been performed using
dimensional regularization; the log divergence L corresponds to the 1/ε pole divergence in d = 4.

Summing over the Standard Model fields, the corrections are:

δm2
B =

g′2

64π4R2

[
−79T6 + 14ζ(3) +

1
3
π2n2L+

1
3
B1 +

4
3
B2

]
(4.5)

δm2
W =

g2

64π4R2

[
−39T6 + 70ζ(3) +

47
3
π2n2L+

11
3
B1 +

8
3
B2 − 2B3

]
(4.6)

δm2
G =

gs
2

64π4R2

[
−36T6 + 84ζ(3) + 24π2n2L+ 5B1 + 2B2 − 3B3

]
(4.7)

Numerically, for n=2, the corrections to the mass δm = 1
2
δm2

m are:

δmBR = (−0.7− 0.07L) · 10−3 = −0.001 (4.8)
δmWR = (0.2 + 11L) · 10−3 = 0.049 (4.9)
δmGR = (2 + 56L) · 10−3 = 0.18 (4.10)

where we use αs(MZ) = 0.118, α(MZ) = 1/127, sin2 θW = 0.23 and ΛR = 10 (L = 4.6).

Radiative corrections to fermion masses

Like in section 2.4, corrections to the fermionic Lagrangian, for a generic KK mode can be
written in general as:

δL = aLψ̄γ
µpµPLψ + aRψ̄γ

µpµPRψ − bψ̄ψ (4.11)

and the shift in the mass (at leading order in the corrections) is:
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δmF = b−mn
aL + aR

2
(4.12)

Reproducing the calculation performed for the level (n, 0)−(0, n) with n-odd, it has been shown
by G. Cacciapaglia and B. Kubik that the contribution of the gauge and scalar (Higgs) loops
to the three terms aR, aL, b are the one listed in table 4.4. The values in this table have to be
multiplied by the loop factor 1

4
g2C2(r)
16π4R

for the gauge loops and 1
4

y2f
16π4R

for the Higgs (where yf
is the effective Yukawa coupling).

The n-dependent terms are listed in appendix A and similarly to the gauge boson case, we
have set to zero the negligible finite contribution coming from the rotation loops and considered
only the divergent part. For a generic fermion in the fundamental representation of SU(2) weak
and SU(3) color and with hypercharge YF , the total contribution becomes:

δmF =
1

64π4Rn

{(
7ζ(3) + 4n2π2L− F1 − 6F2

)(
Y 2
F g

′2 +
3
4
g2 +

4
3
g2
s

)
+

+
1
2
(
21ζ(3) + n2π2L− F1 − 2F2

)
y2
f

}
. (4.13)

Numerical values of the mass splittings, at level n = 2, for each SM fermion are summarized in
table 4.5.

Mass spectrum of the (2, 0)− (0, 2) levels

After we include electroweak symmetry breaking and radiative corrections, we show in fig-
ure 4.5 the mass spectrum of the level (2, 0) − (0, 2). This plot is quite similar to the one
obtained in section 2.4 except that the relative splittings are smaller than the ones of the level
(1, 0) − (0, 1). For our forthcoming phenomenology discussions, we will focus on a benchmark

fermions ΠT ΠG ΠG′ ΠR

n2 aL gauge 0 0 −2Φ2(n) 0
n2 aR gauge 0 0 2 · (−7ζ(3) + Φ1(n)− Φ2(n)) 0
n2 b gauge 0 0 −6nF2(n) 4n3π2L

n2 aL scalar 0 0 −Φ2(n) n2π2L
n2 aR scalar 0 0 −7ζ(3) + Φ1(n)− Φ2(n) 0
n2 b scalar 0 0 −nΦ2(n) n3π2L

Table 4.4: Contribution of gauge and scalar loops to the mass and kinetic renormalization of SM fermions in
level (n, 0)-(0, n) with n even.Courtesy to G. Cacciapaglia and B. Kubik.

δmFR Q U D L E
light gen.s 0.13 0.12 0.12 0.021 0.008
third gen 0.14 0.13 0.12 0.021 0.008

Table 4.5: Mass corrections for SM fermions in level (2, 0)-(0, 2). Here we used the same numerical inputs as
for the bosons, and ytop = 1.
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point with characteristic KK-mass range of mKK ∼ 300 GeV, so we give in table 4.6, the mass
of the second tier particles which are around 600 GeV. In both cases, for fermions and gauge
bosons, we notice that the rotation contribution starts being dominant when the discrete mo-
mentum of the KK-mode increases. This is due to the fact that the rotation contribution is
proportional to the square of the tree level mass. So, for heavier modes, we can easily neglect
the contribution of torus and glides to the self-energy of the particles. Finally, as we decided
to work in the asymmetric case , for our study we do not need to take into account the mixing
between the modes (0, 2) and (2, 0) mediated by the (1, 1) levels. Nevertheless this contribution
will be included in a more general study of these tiers and will require the diagonalization of the
(0, 2) and (2, 0) states in the (2, 0)± basis. After implementing those masses in the S6UED20 file,
the FEYNRULES model file for the mode (2, 0) and (0, 2), we started to prepare some predictions
for LHC phenomenology. Note that this mass computation will be also useful to study the effect
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Figure 4.5: Mass splitting between the different states in the tier 2 as a function of mKK : in black the heavy
vector photon, in blue the Z, in magenta the W , in solid red the gluon, in green the leptons, in purple the light
singlet quarks, in gray the light doublets and in dashed cyan the tops.

particles masses particles masses
A2,0 601 GeV D2,0 625 GeV
E2,0 602 GeV U2,0 626 GeV
L2,0 606 GeV Q2,0 630 GeV
W 2,0 619.6 GeV b2,0D 633 GeV
Z2,0 620 GeV t2,0S 652 GeV
G2,0 653 GeV t2,0D 657 GeV

Table 4.6: Characteristic mass spectrum of the level (2, 0) for mKK = 300 GeV. Q, U and D stand for light
quark singlets and doublets, the top and bottom doublets being considered separately because ytop = 1. This
spectrum has been computed by the CALCHEP code.
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of the (2, 0) resonances on the Dark Matter abundance.

4.3.2 Gauge boson decays

In this section, we will focus on the decay of gauge bosons using our implementation of the
UED model on the Real Projective Plane. With CALCHEP code, we will produce widths and
branching ratios for the second tier in the asymmetric case. Let us recall that in this code, the
index 5 denotes the mode (2, 0) (see table 4.2).

G2,0
µ decay

As the heavy gluon can be easily pair-produced or singly produced at the LHC, we will focus
here on its main decay channels into (1, 0) and Standard Model particles. First, in figure 4.6
and 4.7, we present the width and the branching ratios of G2,0

µ as a function of 2mKK which is
the characteristic mass of the (2, 0) particles.

On these graphs, we notice that for this mass range the width grows linearly with mKK and
that heavy gluons will decay mainly through bulk vertices into either a pair of (1, 0) fermions
or into a heavy (2, 0) fermions plus a Standard Model one. Loop induced vertices lead to a
production of SM jets and this contribution is quite important compared to the bulk couplings.
The physical reason is the competition between two one-loop effects: the loop induced vertices
in one hand and in the other, the fact that bulk decays are on threshold because mass splittings
are ruled by radiative corrections.
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Figure 4.6: Decay width of the heavy G2,0
µ as a

function of 2 mKK in GeV.
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Figure 4.7: Branching ratios of the heavy G2,0
µ as a

function of 2 mKK in GeV: SM jets, SM tops, f2,0f ,
f1,0f1,0, t1,0t1,0. Here f stands for the light fermions.

A2,0
µ -W 2,0

µ -Z2,0
µ decays

First, let us look at the heavy photon A2,0
µ decay. Using the vertices obtained in section 3,

we include decay modes into fermions and also into the longitudinal parts of SM gauge bosons
and the Higgs boson. In figure 4.8 and 4.9, we also plot the total width and branching ratios as
function of 2mKK which is the characteristic mass of the (2, 0) particles. As the photon is the
lightest particle of the second tier, we notice that its decay is only generated by loop induced
vertices; no phase space being accessible to decay into two first tier particles or into a (2, 0) state
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and a zero mode. So the decay of such particles, if they are produced almost on-shell, will lead
to clear resonances in the invariance mass of the final SM particles.

Due to the QCD loop, the main decay channel generates Standard Model pair of light quarks,
so that the observation of such resonance into di-jets is challenging not to say impossible. How-
ever, leptonic channels are present at the percent level; if the production cross-section is quite
large, this decay channel can become interesting. Another interesting channel is the decay into
top pair: the branching ratio into top pair is still sizeable and we will see that a lot of heavier
particles will chain-decay until they reach A2,0

µ so that we can hope to have a cross-section at
the LHC which will not be negligible. This discussion will be developed more in detail in sec-
tion 4.3.4.
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Figure 4.8: Inclusive decay width of the heavy
A2,0

µ as a function of 2 mKK in GeV.
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Figure 4.9: Branching ratios of the heavy A2,0
µ

as a function of 2 mKK in GeV: SM jet, SM tops,
l l̄, νν̄. The contributions of ZL h and W+

L W
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channels are smaller than 0.01%.

Finally we looked at the decay of the heavy Z2,0
µ and W 2,0

µ and we plotted in figures 4.10, 4.11
and 4.12, 4.13 widths and branching ratios as a function of 2mKK . Note that we summed over
the lepton and light quark flavors in these plots. For Z2,0

µ , similarly to the gluons, the decay is
dominated by channels involving fermions of the first and second tiers. This has an important
consequence: almost half of the branching is into leptons of the first tier which will decay into
soft leptons plus a lot of missing transverse energy and around O(30%) will cascade decay until
the heavy photon. We deduce then that more than O(20%) of the branching ratios involves
loop generated vertices, which leads to final states with only Standard Model particles. For
the heavy W 2,0

µ , the branching into SM particles is larger, around 70%. However this decay is
mainly into di-jets, which are hard to detect at the LHC while top and leptonic channels are
more suppressed.

Summary

For a gauge boson with a typical mass of mKK = 300 GeV, we summarized in table 4.7, the
main and most interesting decay channels with their respective branching ratios. The processes
which are not indicated in this table are generally subleading and they will not be relevant for
LHC phenomenology at low luminosity and low energy. The interest in subleading channels will
be increased at linear collider where their signature will be more observable than at the LHC,
whose phenomenology is highly driven by QCD.
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Figure 4.10: Decay width of the heavy Z2,0
µ as a

function of 2 mKK .
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Figure 4.11: Decay width of the heavy W 2,0
µ as

a function of 2 mKK .
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Figure 4.12: Branching ratios of the heavy Z2,0
µ

as a function of 2 mKK : ν1,0ν̄1,0, l1,0 l̄1,0, ν2,0ν̄,
l2,0 l̄, SM jets, SM tops.
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Figure 4.13: Branching ratios of the heavy W 2,0
µ

as a function of 2 mKK : ν1,0 l̄1,0, ν2,0 l̄ and l2,0ν̄,
SM jet, t+b.

width decay mode BR width decay mode BR
in MeV in GeV

G2,0 1900 f2,0
S/Df 26% + 17% Z2,0 95 ν1,0ν̄1,0, l1,0 l̄1,0 45%

f1,0f1,0 44% ν2,0ν̄, l2,0 l̄ 18% + 13.7%
SM jets 10% SM jets 16%

tt̄ 2.4% tt̄ 1.5%
ll̄, νν̄ 3× 0.5% + 1.8%

W+W− +ZH 0.3% + 0.2%
W 2,0 150 ν1,0 l̄1,0 29% A2,0 19 SMjets 80%

ν2,0 l̄, l2,0ν̄ 9.5% + 9.5% tt̄ 17%
SM jets 34% νν̄ 1.6%
tb̄ 11% ll̄ 3× 0.22%
νl̄ 3× 2.1% ZH 0.26%

WZ+WH 0.28% + 0.25%

Table 4.7: Branching ratios for gauge boson decays at mKK = 300 GeV. Here we choose mh = 120 GeV.
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4.3.3 Fermion decays

In this section, we will describe the decay channels of heavy fermions from the level (2, 0).
The main feature, here, is the one we developed already in chapter 3. Due to the structure of
the gauge coupling, we showed in section 3.6, that there is no loop induced vertex linking one
fermion of level (2, 0) with a massless gauge boson and a massless fermion. Therefore, the decay
of the (2, 0) fermions can only happen either inside the level (2, 0) with a production of a heavy
gauge boson plus a SM fermion or through a pair production of (1, 0) particles. Due to the mass
spectrum of particles from (1, 0) and (2, 0) tiers, there is not enough phase space for the decay
into another fermion of the (2, 0) tier. Finally let us stress that for leptons, labels R/L denote
the chirality of the SM fermion zero mode. Another equivalent notation is used for the quark:
S/D indices refer to singlet and doublet SM chiral modes and correspond respectively to R/L
indices. Note also that all heavy fermion modes are Dirac fields.

First we discuss the case of the heavy lepton singlets and doublets. Due to the smallness
of the Yukawa coupling, they can be considered here as degenerate. The plots in figure 4.14
and 4.15 shows the width and the branching ratios of the heavy muon. We see then that leptons
mainly decay into a Standard Model lepton and a heavy photon A2,0

µ . Due to the small mass
splitting between heavy leptons and the lightest particles of the (2, 0) tier, SM leptons will be
very soft. The heavy photon will then decay into a pair of visible Standard Model particles.
The other decay channel into pairs of particles from the level (1, 0) will lead to invisible particles.

All these features will be also similar for heavy quarks, except that they will also decay into
heavy W 2,0

µ and Z2,0
µ because of their bigger mass splitting. In figures 4.17, 4.16 and 4.18, we

show that for the quark singlets under SU(2)W , the width is larger due to colored couplings
and that the branchings are quite similar to the leptonic ones. For doublets, the situation is
different and a bit more complicated; the opening of channels involving heavy W 2,0

µ and Z2,0
µ

influences the width and the branching ratios of the quarks. The main decay channels are
actually producing W 2,0

µ and Z2,0
µ plus soft Standard Model jets. Then we will have to consider

the decay chain of heavy W 2,0
µ and Z2,0

µ , which ends quite often into invisible particles as we can
see in figure 4.12. Finally, for heavy flavors, a new process will be taken into account: heavy
tops or heavy b2,0L can indeed decay into a Standard Model fermion and the longitudinal part of
W and Z through loop induced couplings mediated by the top Yukawa.

To summarize, we give in table 4.8, the main decay channels of heavy fermions with their
respective branching ratios for a typical mass range of mKK ∼ 300 GeV, which is the benchmark
point chosen for our phenomenological study.

4.3.4 Production of (2, 0) particles at the LHC

In the previous section, we focused on the decays of heavy (2, 0) modes but in order to in-
vestigate the phenomenology of such level, we also need to know what are the main production
channels of (2, 0) modes. In the context of this thesis, we will concentrate on predictions for
pp-collider like LHC. In such collider, production cross-sections are dominated by QCD pro-
cesses involving heavy singlet and doublet quarks q2,0S/D and heavy gluons G2,0

µ . The electroweak

processes such as Drell-Yann production of heavy photon A2,0
µ , heavy W 2,0

µ and heavy Z2,0
µ res-

onances will be actually subleading but interesting at linear e+e−-colliders. Nevertheless a lot
of those particles will be produced during the chain decay of heavy quarks and as the mass
splittings inside the second tier are small, heavy gauge bosons will be produced almost at rest
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Figure 4.14: Decay widths of the heavy µ2,0
R and µ2,0

L as a function of 2 mKK .
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Figure 4.15: Branching ratios of the heavy µ2,0 as a function of 2 mKK : µ A2,0, µ1,0
L/R A1,0
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Figure 4.16: Decay widths of the heavy u2,0
S and

u2,0
D as a function of 2 mKK .
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Figure 4.17: Decay widths of the heavy d2,0
S and

d2,0
D as a function of 2 mKK .
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width decay mode BR width decay mode BR
in MeV in MeV

u2,0
S 7.4 A2,0q 87% l2,0S 0.05 A2,0l 98%

A1,0
6 q1,0 13% A1,0

6 l1,0 2%
d2,0
S 1.7 A2,0q 87%

A1,0
6 q1,0 13%

ν2,0 0.1 A2,0l 94% l2,0D 0.39 A2,0l 73%
A1,0

6 l1,0 6% A1,0
6 l1,0 27%

d2,0
D 0.007 W 2,0u 67% u2,0

D 0.012 W 2,0d 51%
Z2,0d 32% uZ2,0 22%
d1,0A1,0

6 0.8% uA2,0 21%
A2,0d 0.2% u1,0A1,0

6 6%

Table 4.8: Branching ratios for fermion decays at mKK = 300 GeV. Here we choose mh = 120 GeV.

and on-shell. In the following, we will first discuss the pair production channels then we will
present some examples of heavy gluon single productions.

q2,0 quark production

Using CALCHEP with our model implementation, we integrated the production cross-section
for heavy quarks. Those particles will be pair produced or in association with a heavy gluon;
the single production being forbidden by bulk interactions (which conserve momenta along the
extra-dimensions) and really suppressed by localized terms because it will be induced by Yukawa
couplings. The main contribution to the cross-section is coming from the interaction of up-type
partons of the incoming protons and is mediated by the exchange of a heavy gluon in the t- and
u-channels. This is due to the fact the heavy ups are valence quarks in the proton.

In the figure 4.19, we present the inclusive production cross-section of heavy quarks at the
LHC. This prediction has been done using the CTEQ6m Parton Distribution Functions for the
proton (89). The range chosen in this plot is the one preferred by the WMAP observations and
we see that, in that range, production cross-sections are quite large at 7 TeV LHC, around few
picobarns. These cross-sections fall off with the increase of the KK-mass range but this case is
disfavored by cosmological constraints. We notice also that productions of pair of heavy quarks
and of one heavy quark associated to a heavy gluon are comparable. In table 4.9, we summarized
the main cross-sections for the benchmark point we selected at mKK = 300 GeV. We did not
distinguish between up and down type for the singlet and summed their contribution because
their decay modes will be completely similar: the quark singlets will actually decay preferentially
into a SM jet and a heavy photon (Figure 4.18). For doublets, as we already mentioned, the
phenomenology will be more subtle; new couplings open new dominant decay channels through
Z2,0
µ and W 2,0

µ (Figure 4.12), which will decay afterwards preferentially into invisible particles
(Figure 4.13). However these processes can also involve lepton in the final states and this could
give signatures which LHC can trigger on. Moreover, in this table, we took also into account s
and c quark flavors because at this energy their contributions to the PDF of the proton cannot
be neglected anymore. Finally, we did not take into account the eventual QCD enhancement of
cross-sections generated by QCD radiative corrections.
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Figure 4.18: Branching ratios of the heavy q2,0
S/D as a function of 2 mKK : qA2,0, q1,0

S/D A1,0
6 , q1,0

S/D Z1,0
6 , qZ2,0,
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Figure 4.19: Inclusive cross-section productions for pair productions of heavy charged particles at the LHC at
7 TeV: the red line is for the channel with a pair of heavy quarks, in blue a heavy gluon in association with a
heavy quark, in magenta a pair of heavy gluons. All cross sections are calculated with CALCHEP, using the PDF
set cteq6m.
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Heavy states (2, 0) Cross-sections in (fb)
qS qS 1129
uD qS 1086
dD qS 514
uD uD 592
dD dD 166
uD dD 698
G G 820
qS G 2056
uD G 1441
dD G 573
total 9077

Table 4.9: Inclusive cross-sections for the benchmark point at mKK = 300 GeV.

G2,0
µ production

This vector boson can be generated through processes involving singly or pair produced
heavy particles. We already showed, in figure 4.19, that heavy gluons are pair produced in
processes involving only bulk vertices which conserve KK-momenta. The production occurs via
a quark-antiquark annihilation and is mediated by a Standard Model gluon in s-and t-channel.
Another possibility is the associated production with an up or down type quark, mediated with
quark in s-and t-channel.

Then, in figure 4.20 and figure 4.21, we detail the results obtained for the single production
cross-section of a heavy (2, 0) gluon. Single production is allowed for (2, 0) gauge bosons and is
coming from the loop induced vertices which violate conservation of momenta along the extra-
dimensions. In figure 4.20, we present the inclusive production cross section as a function of
mKK . The calculation has been realized by considering the annihilation of a pair of quark-
antiquark and the production of a heavy gluon in s-channel. To realize the calculation in
CALCHEP, we choose to use the relation:

σinclusive(q q̄ −→ G2,0 → ff̄) =
σ(q q̄ −→ G2,0 −→ tt̄)

BR(G2,0 → tt̄)
(4.14)

In figure 4.21, we present another possibility, where G2,0
µ is produced in association with a

quark jet via the exchange of a quark in the t-channel: σ(q g −→ G2,0q). Notice that the single
production is quite comparable to the associated pair-production.

As a conclusion, we observed that the inclusive production cross-section of heavy partners
from the (2, 0) level is sizeable, more than 10 pb, if we consider the preferred low mass range
for the Dark Matter constraint. This order of magnitude allows the production of thousands of
particles after one year of LHC running at 7 TeV with around 1 fb−1 luminosity. Now we have
to focus on the different means to detect such modes at the LHC.

4.3.5 First prediction for LHC phenomenology

In this section we will put together the predictions we performed for decays and production
channels of the (2, 0) tier, in order to present some golden processes for early search of this
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Figure 4.20: G2,0
µ single production through

q q̄ −→ G2,0 −→ ff̄ : 7 TeV cross-section.
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Figure 4.21: G2,0
µ single production through

q g −→ G2,0 q : 7 TeV cross-section.

model at the LHC. Production of heavy gauge bosons directly or through cascade decays of
heavy quarks will lead to some final states containing at least a pair of energetic Standard
Model fermions. Even if the branching ratios of such states are small, at the LHC due to a very
low Standard Model background, these signals will be clean and detectable, like for instance, top
or lepton pairs. We identify actually four promising final states to constrain the UED model on
the Real Projective Plane: dilepton (e+e−, µ+µ−), top pairs and 4-tops coming from the decay
of heavy A2,0

µ and Z2,0
µ . The last one consists in one energetic lepton plus missing transverse

energy from neutrino (e+νe, µ+νµ), coming from the decay of the heavy W 2,0
µ .

Final states with tops

Here, we will present our first and preliminary estimate of the production of top pair and
4-top events in this framework. We used the inclusive cross-section from section 4.3.4 and then
multiplied them by the branching ratio of the different particles decaying in the chain. Heavy
modes are indeed generally produced on-shell and almost at rest in the chain.

For clarity and simplicity reasons, we will present an example of cross-section computation
by considering the top coming from the chain decay of heavy singlet pairs (fig. 4.23). This
production channel is one of the dominant contribution and will illustrate the procedure we
used to perform our analysis.

In figure 4.23, we present the short chain of the singlet which decays directly into an energetic
Standard Model pairs from A2,0

µ and a light quark or into invisible particle and soft activity.

channel inclusive di-lepton lepton top pair 4 tops
heavy quark pair 4.14 pb 15.5 fb 53 fb 733 fb 42.5 fb

heavy quark + gluon 4.1 pb 11 fb 32 fb 654 fb 30 fb
heavy gluon pair 0.8 pb 1.4 fb 3.5 fb 112 fb 4.3 fb

single prod 4.28 pb 2.4 fb 8.9 fb 291 fb −
total 13.3 pb 30 fb 98 fb 1.8 pb 77 fb

Table 4.10: Cross sections for the final states di-lepton, single lepton plus neutrino, top pair and 4 tops for the
benchmark point mKK = 300 GeV.
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Figure 4.22: Inclusive cross sections for a final state with a single lepton plus neutrino (top-left), di-lepton e+e−

or µ+µ− (top-right), top pair tt̄ (bottom-left) and 4 tops tt̄tt̄ (bottom-right). In all figures, the red line represents
the channel with a pair of heavy quarks, in blue a heavy gluon in association with a heavy quark, in magenta a
pair of heavy gluons, in green a single production of heavy gluons and in black the total cross sections.

Figure 4.23: q2,0
S decay chain ending in a pair of energetic Standard Model fermions and emitting a soft quark

jet.

Note that for doublets, we also took into account decays into Z2,0
µ and W 2,0

µ plus soft jets. The
heavy gauge bosons can cascade decay until they reach A2,0

µ but they can also produce directly
Standard Model particles. For heavy gluons, a small fraction will also decay directly into tops
but most of them will chain decay preferentially into jets and a heavy gauge boson. In any case,
light jets and leptons produced in the chain will be soft and invisible for the trigger. To do this
first analysis we will take the benchmark point at mKK = 300 GeV so that the typical mass
of heavy modes is in this case around mKK = 600 GeV and we will consider a center of mass
energy of 7 TeV for the pp-collision at the LHC.

From tables 4.8, we extract branching ratio of q2,0S into A2,0:

BR(q2,0S −→ A2,0 +X) = 87% (4.15)
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where X is for soft quarks produced by the decay chain. Then using table 4.9, we can deduce
the heavy quark contribution to A2,0

µ pair production cross-section:

σ(pp −→ q2,0S q2,0S −→ A2,0A2,0 +X) = 1129 · 0.872 = 854 fb (4.16)

σ(pp −→ q2,0S q2,0S −→ A2,0 +X ′) = 1129 · 2 · 0.87 · (1− 0.87) = 255 fb (4.17)

Then we have to take into account the decay of the heavy photon into Standard Model tops
with the following branching ratios:

BR(A2,0 −→ jj) = 80% (4.18)

BR(A2,0 −→ tt̄) = 17% (4.19)

The main challenge here is to trigger on the events without losing all the signal because the
exclusive cross-section can still be small. Here we choose to present two relevant final states
that can be observed at 7 TeV LHC with mKK = 300 GeV and we still focus on events coming
from pair production of heavy singlet quarks:

• The first one is the production of a top pair associated with two hard jets and at least 2
soft jets. In order to pass the trigger of CMS and ATLAS experiments, we can ask for the
top to have for instance one leptonic decay. Here, if we consider only the heavy singlet
quark production, the cross-section is given by:

σ(pp −→ q2,0S q2,0S −→ tt̄jj) = 854 · 2 · 0.17 · (1− 0.17) + 255 · 0.17 = 284 fb (4.20)

σ(pp −→ q2,0S q2,0S −→ tt̄jj −→ jjjjlνjj) = 284× (1− (1− 0.22)2) = 111 fb (4.21)

Then we can reconstruct the invariant mass of the two heavy photons and use the two
resonances to make clear determination of the typical KK-mass range.

• The second process is the 4-top production which will be observable through a multĳet
final states. We have actually 4 b-jets + 4 W + soft jets and W ’s will decay preferentially
into jets also.

σinclusive(pp −→ q2,0S q2,0S −→ tt̄tt̄) = 854 · 0.172 = 25 fb (4.22)

Finally, to be complete, after taking into account all the production channels, the full results
are summarized in table 4.10 and in figure 4.22. Let us stress that, for mKK = 300 GeV,
summing all the different production processes make the inclusive contribution sizeable for the
top-pair and for the 4-top production:

σ(pp −→ tt̄jj) = 1.8 pb (4.23)
σ(pp −→ tt̄tt̄) = 77 fb (4.24)

This last result has to be compared for instance with the Standard Model background for 4-top
process (90):

σSM inclusive(pp −→ tt̄tt̄) = 0.53 fb (4.25)

148



4.3. FOCUS ON THE (0, 2)− (2, 0) TIER PHENOMENOLOGY

Dilepton final states

Another interesting class of decay is the one involving energetic leptons in the final states.
Here there are two relevant possibilities at 7 TeV LHC and for a KK-mass range of mKK = 300
GeV:

• The first one is the production of a charged dilepton pair (e+e− and µ+µ−) and at least
2 soft jets. Heavy quarks and gluons will chain decay hadronically until they reach A2,0

µ

or Z2,0
µ . Then, one of the heavy electroweak gauge bosons, which are almost on shell,

can produce di-lepton pairs. Even if the branching ratio into leptons is small, the total
cross-section of heavy quarks and heavy gluons is large enough to produce a sizeable effect:

σ(pp −→ e+e− or µ+µ− +X) = 30 fb (4.26)

Then we can reconstruct the invariant mass of the charged di-lepton resonance and make
a clear determination of the typical KK-mass range.

• The other channel involves the production of at least one heavy charged W 2,0
µ in the decay

chain of heavy quarks. In this case, this gauge boson can decay in a Standard Model lepton
plus neutrino. The neutrino will be missing transverse energy and the isolated lepton will
be energetic enough to pass the trigger of CMS and ATLAS. This signature should be quite
similar to the one that experimentalists study for W ′ constraints up to the soft activity
coming from the decay chain. Our first estimate is quite large also:

σinclusive(pp −→W5 +X ′) = 3504 fb (4.27)
σinclusive(pp −→W5,W5 +X ′) = 590 fb (4.28)
σ(pp −→ lν̄l +X) = 590 · 2 · 0.021 · 0.98 + 3504 · 0.021 ∼ 98 fb (4.29)

Those results are also presented in table 4.10 and in figure 4.22. They are given for only
one generation of leptons in order to be comparable directly to current experimental data from
CMS and ATLAS.

First LHC constraints

To conclude, these preliminary results presented in table 4.10 and in figure 4.22, seem promis-
ing for LHC detection. The LHC experiment has already analyzed 40pb−1 of data and AT-
LAS (91) and CMS (51) have already started to look at dilepton resonances and also at single
energetic lepton that could have been produced by heavy resonances like Z ′ and W ′. Our model
is slightly more complicated because the heavy gauge boson resonances are coming from a long
decay chain which produces in addition a lot of soft leptons, soft jets and missing transverse
energy.

Nevertheless, without including any experimental efficiency, we can already propose a first
estimate of the strongest bounds on our model. We compared our inclusive cross-section with
the direct result of ATLAS and CMS.

First, we used ATLAS analysis (91) on Z’ gauge bosons decaying to energetic lepton pairs.
In the left panel of figure 4.24, we observe that for 400 GeV∼< ml+l− ∼ 2 · mKK ∼<600 GeV,
the experimental results tend to exclude cross-sections greater than 100 fb for the production
of neutral heavy gauge bosons. For higher range, bounds on A2,0

µ or Z2,0
µ are looser. For
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Figure 4.24: ATLAS (red) and CMS (green) bounds on single lepton σ× BR, compared to our inclusive cross
sections (black line). The red and green regions are already excluded by the current data. The dashed red and
green lines indicate the projected reach for an integrated luminosity of 1 fb−1. These plots have been reproduced
from (78).

ml+l− ∼ 2 · mKK < 500 GeV, we see that our model starts to be disfavored by experiment.
In the right of figure 4.24, we present also a similar study which has been performed for the
W 2,0
µ searches. We looked at the bound put on W ′ in ATLAS (92) and CMS (93) using single

lepton channel above 500 GeV (600 GeV in CMS). In our case, it corresponds to bounds for
mKK > 250− 300 GeV and we see that the current data are not yet constraining our model.

As a conclusion, we can say that experimental result will soon give strong constraints on
our model. The preferred range by WMAP will be soon explored at the LHC, as we can see on
figure 4.24, where the red and green line represent rescaled bounds for 1 fb−1 luminosity that
should be collected by the end of 2011. This will motivate a detailed study of such processes in
order to precisely understand the full event structure and the experimental efficiency of detection.

In a future work, using our implementation with MADGRAPH, in a similar way to the work
done on the level (1, 1) by the author of this paper (81), we will focus on those 4 channels which
will be promising to constrain, validate or rule out such model.

4.4 Discussion on constraints from electroweak precision tests

We could not end our discussion on the 6D Universal Extra Dimensional model on Real
Projective Plane without considering the indirect constraints coming from electroweak precision
tests. In this paper (74), the authors present the bounds from electroweak data on the size of
the extra-dimension accessible to all Standard Model fields. Computing loop contribution to
electroweak observables, they focused on the 5D and 6D UED cases. For 5D, they predicted a
pretty low compactification scale around ∼ 300 GeV. In 6D, they estimated a compactification
scale around 400− 800 GeV, but above all they showed that the usual S and T parameters, that
we presented briefly in chapter 1 and which are used to find bounds on the size of the extra-
dimensions, are not finite anymore; they are logarithmically dependent on the cut-off scale. The
UV-dependence of the results suggests that S and T are not calculable. The UV-contributions,
which can take the form for instance of localized kinetic terms or of bulk higher order operators,
will strongly affect S and T parameters.

Here we decided not to pursue precise bounds for the radii of extra-dimensions, but we
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preferred to show what is the origin of the logarithmic divergences for the T-parameters. The
T-parameter quantifies the custodial symmetry breaking effects and can be defined using the
self-energy correction Π to W and Z propagators presented in figure 4.25. Following Peskin
notation (15):

αT ≡ e2

s2wc
2
wm

2
Z

[Π11(q2 = 0)−Π33(q2 = 0)] (4.30)

where q is the momenta of the incoming particle (here W/Z) and the indices 1 ans 3 are for
incoming W1 and W3 gauge bosons.

Fermionic contribution to gauge boson self-energy Π

The main contribution in the SM to the T-parameter is generated by the large top Yukawa.
There is also a contribution from W and Z but their divergences are expected to have the same
nature. So we decided to focus on the fermionic part. Using fermionic 6D propagators given in
appendix A, we can write the generic loop contribution to the gauge boson self-energy for two
massive fermions with masses m1 and m2.

Πµν(q2) =
∑
−→
Ω

∫
d4p

(2π)4

∫
d−→x d−→x ′

Tr

{(
ig6QΓµ 0

0 ig6UΓµ

)(
i/∂1 m1I
m1I i/∂1

)
1

(
ig6QΓν 0

0 ig6UΓν

)(
i/∂2 m2I
m2I i/∂2

)
2

}
G1
S(p+ q,−→x −−→x ′)G2

S(p,−→x ′ −−→x )f0,0
W (−→x )f0,0

W (−→x ′)
(4.31)

where i/∂1 = (pµ+qµ)Γµ−i∂x5Γ5−i∂x6Γ6 and i/∂2 = pµΓµ−i∂x′5Γ5−i∂x′6Γ6 act respectively on
propagators with the index (1) and (2). The zero mode wavefunction is flat and the normalization
constant can be reabsorbed in the definition of the 4D effective couplings. Moreover as we are
interested in the gµν part of the self-energy Π, we traced over µ and ν as in (15) and then we
take the q2 = 0 limit.

Π(0) =
∫

d4p

(2π)4

∫
d−→x d−→x ′ Tr

{
(g2
Q + g2

U )Γµ/∂1Γ
ν /∂2 + 2 gQgU m1m2ΓµΓν

}
G1
S(p,−→x −−→x ′)G2

S(p,−→x ′ −−→x ) (4.32)

Figure 4.25: Fermionic loop contributions to T parameter.
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Focusing on the T-parameter, only doublets are coupling, so we obtain:

Π(0;m1,m2) = i2g2
Q

∫
d4p

(2π)4

∫
d−→x d−→x ′ Tr

{
Γµ/∂1Γ

ν /∂2

}
G1
S(p,−→x −−→x ′)G2

S(p,−→x ′ −−→x )

(4.33)

We can show then that the T-paramater is proportional to:

T ∝ (2 Π(0;m1,m2)−Π(0;m1,m1)−Π(0;m2,m2)) (4.34)

To understand the nature of the log-divergences of the T-parameter, we can start looking at
the torus contribution.

Π(0;m1,m2) =
i2g2

Q

4 · 16

∑
−→
Ω ,
−→
Ω ′

∫
d4p

(2π)4

∫
d−→x d−→x ′ Tr

{
Γµ/∂1Γ

ν /∂2

}
(4.35)

H1
0 (
√
p2 −m2

1|
−→x −−→x ′ −

−→
Ω |)H(1)

0 (
√
p2 −m2

2|
−→x ′ −−→x −

−→
Ω ′|)

(4.36)

where
−→
Ω = (2πn1, 2πn2) with (n1, n2) ∈ Z2.

After Wick rotation, we can show that the Hankel function becomes K-Bessel function which
behaves for large momentum p as:

K0(ap) ∼
√

π

2ka
e−ap (4.37)

So as long as one of the integrands is not vanishing, the convergence of the T-parameter is fine.
The convergence of the integral is indeed coming from the exponential suppression. However,
on peculiar lines where distances go to zero, the convergence is not maintained anymore. For
the torus contribution, those lines and points where the arguments of the 2 Bessel’s vanish are
given by the table 4.11.

We can then characterize the type of divergences appearing on those special lines and points:
If we call a = |−→x −−→x ′−

−→
Ω |, we can show that for a→ 0, at the zeroth order in a, the T-parameter

is:

Ω = −Ω′ conditions subspaces
(0,0) x− x′ = 0 x = x′ lines

y − y′ = 0 y = y′ lines
(0,±1) x− x′ = 0 x = x′ line

y − y′ = ±2π (y, y′) = (2π, 0) or (0, 2π)
(±1,±1) x− x′ = ±2π (x, x′) = (2π, 0) or (0, 2π)

y − y′ = ±2π (y, y′) = (2π, 0) or (0, 2π)
(±1,0) x− x′ = ±2π (x, x′) = (2π, 0) or (0, 2π)

y − y′ = 0 y = y′ line

Table 4.11: Lines and points where the T-parameter contribution is divergent. Here (x, y), (x′, y′) ∈ [0, 2π]×
[0, 2π].
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T ⊃ −N
∫
d4p

1
2
p2

{
log
(
m2

2 + p2

m2
1 + p2

)}2

(4.38)

Here we assume that m2
2 � m2

1 which is the case when considering the top/bottom effects.
To look at the divergence effect which appears at large-momentum, we can use dimensional
regularization, where d = 4− ε is the dimension of the space:

T ⊃ −N ′
∫
dp p4−ε−1 1

2
p2

(
m2

2

p2

)2

∝ 1
ε

(4.39)

As we have already seen, 1/ε pole can be translated into a log-divergent contribution with
respect to the UV cut-off of the theory. So on these peculiar subspaces, the T-parameter has
divergences similar to the ones obtained with 4D loops. We limited ourselves to the study of the
torus contribution of T-parameter coming from top loop, but this feature will also appear with
rotation loops of fermions and with gauge boson contributions; the conical singularity effects
will also add on this bulk effects. The S-parameter will also have similar divergences as the loop
structure is close to the T-parameter one. As the predictability, that we could expect for these
electroweak parameters is very low, we did not dig out the precise numerical coefficient N ′ to
which this log-divergence was proportional.

Conclusion

As it has been shown in (74) using KK-expansion, the density of heavy states in 6D UED
model is too important and generates log-divergences. Here we showed where these divergences
arise on this orbifold. It is important to notice that the presence of these divergences depends
on the implementation of the Higgs sector. In this thesis, using UED model, we have chosen
a simple extension of the SM Higgs sector on the RPP 6D background. Therefore, the UV-
sensitivity of the precision observables limits the predictivity power of these bounds. This is
the reason why we decided not to carry on this calculation but preferred to focus on the direct
bounds coming from LHC and Dark Matter abundance. However it is interesting to notice that
the situation may be improved in models like Gauge Higgs Unification models. In this case,
the corrections to the Higgs boson, including electroweak precision observables, are constrained
by the extended gauge symmetry. This might remove the divergences in S and T, at least at
one-loop level and allow to give robust bounds on the size of the extra-dimensions.
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Chapter 5

Higgs to Gamma Gamma beyond
the Standard Model (JHEP publication)
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CHAPTER 5. HIGGS TO GAMMA GAMMA BEYOND THE STANDARD MODEL (JHEP
PUBLICATION)

This section is mainly independent of the other sections and will present another study of
LHC phenomenology. Contrary to the highly model dependent approach of the first parts of this
thesis, in this last chapter we will propose a model independent study of the Higgs sector which
will be useful to interpret data obtained from forthcoming collider experiments. Due to the
self-consistency of the publication, this section will be based on our original paper published in
2009 in the Journal of High Energy Physics(94). We considered the H → γγ decay process and
the gluon fusion production of a light Higgs, and provide a general framework for testing models
of new physics beyond the Standard Model. We apply our parametrization to typical models
extending the Standard Model in 4 and 5 dimensions, and show how the parametrization can
be used to discriminate between different scenarios of new physics at the Large Hadron Collider
and at future Linear Colliders.

5.1 Introduction

The decay of the Higgs in two photons is one of the most important discovery channels at the
Large Hadron Collider (LHC), and it is certainly the golden mode at low masses, where the decay
channels into heavy gauge bosons are closed. Detailed studies, including detector simulations,
in the Standard Model (SM) and in its supersymmetric extensions are available (95; 96). This
mode is also a powerful probe of the electroweak symmetry breaking sector of the theory, because
it is a loop-induced process, therefore it is sensitive to any particle with a large coupling to the
Higgs. In the SM it depends primarily on the couplings of the Higgs boson with heavy quarks
(the top) and gauge bosons (the W ), whose masses are tightly related to the electroweak scale.
In any extension of the SM, particles that do couple strongly to the Higgs, and therefore play a
role in the breaking of the electroweak symmetry, will also contribute to this loop and modify
the SM prediction. For instance, new particles at the TeV scale are required to soften the
divergences that appear in the corrections to the Higgs mass generated by top and W -Z loops.
Many models in fact predict the existence of partners of the top and W : stops and gauginos in
supersymmetry, heavy W ’s and tops in extra dimensional models and Little Higgs models, and
so on. Studying this channel will therefore give an indirect access to the mechanism underlying
the electroweak symmetry breaking. At the LHC, we also need to take into account the Higgs
production mechanism.

In the SM there are four main production mechanisms : gluon fusion (gg → H), weak vector
boson fusion, weak boson associated production (WH, ZH) and top associated production
(tt̄H). Gluon fusion dominates the inclusive production at LHC energies and it is roughly an
order of magnitude larger than vector boson fusion and other processes.

While some of the production channels may have additional leptons, jets or missing energy
in their final state, in the photon channel it will be difficult, at least at low luminosity, to take
advantage of these different signatures. We shall therefore consider mainly the inclusive H → γγ
process. The interest of performing exclusive studies like the production via vector boson fusion,
will be also discussed as it allows to better discriminate the kind of new physics that can be
tested in the H → γγ mode, especially when large integrated luminosity is available (97). The
main production process gg → H is a loop induced process like the decay H → γγ, and it is
sensitive to the same particles and physics.

In this paper we study the photon channel with the purpose of performing a model inde-
pendent analysis, allowing to determine the possibility and the limits for discriminating various
scenarios of new physics. In the following we shall propose a model independent parametrization
of these loop processes in order to test the possibility of discrimination of various models of new
physics. We shall provide a general and simple formalism to easily calculate the contribution of
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the new heavy states given their spectrum. We will assume that the new physics only affects
those two processes, and corrections to the other production and decay channels are ignored.
In the SM it is well known that the contribution of heavy particles to H → γγ and H → gg
processes does not decouple for particle masses much larger than the Higgs boson one. The
reason is that these SM masses are uniquely generated by the coupling to the Higgs boson and
the mass dependence of their coupling cancels the mass dependence in the loop integral. In
general extensions of the SM this is not necessarily the case, as the masses may receive other
contributions. The effect on the decay can therefore be sensitive to the mass scale of the new
physics. Studying this channel in detail can give some hints about the model of new physics,
and this information will be complementary to the direct discovery of new states at the LHC.
Finally, the precise determination of the Higgs branching ratios at future Linear Collider will
be an even more powerful discrimination tool, even when the new particles are well beyond the
direct production threshold at the Linear Collider.

In the next section we settle our notation and define our parametrization of the loop induced
processes H → γγ and H → gg. In the sections 5.3 and 5.4 we consider various scenarios of
new physics in 4 and 5 dimensions, in section 5.5 we discuss numerical results in various models
and how the parametrization we propose can provide a hint to what kind of new physics can be
deduced from data both at the LHC and at Linear Colliders. Finally we give our conclusions,
and we leave details on the calculation to the appendices.

5.2 Definitions and notations

In order to establish our notations, we will briefly review the decay of the Higgs in photons
and gluons (the decay width in gluons is directly related to the gluon-fusion production cross
section at hadronic colliders). The decay widths can be written as:

Γγγ =
GFα

2m3
H

128
√

2π3

∣∣∣∣∣AW (τW ) +
∑

fermions

Nc,fQ
2
fAF (τf ) +

∑
NP

Nc,NPQ
2
NPANP (τNP )

∣∣∣∣∣
2

,(5.2.1)

Γgg =
GFα

2
sm

3
H

16
√

2π3

∣∣∣∣∣∣12
∑

quarks

AF (τf ) +
∑
NP

C(rNP )ANP (τNP )

∣∣∣∣∣∣
2

, (5.2.2)

where τx = m2
H

4m2
x
, Nc,x is the number of colour states in the colour representation (3 for quarks,

1 for leptons), the constant C(r) is an SU(3) colour factor (defined as Tr[tart
b
r] = C(r)δab where

tar are the SU(3) generators in the representation r; it is equal to 1/2 for the quarks and 3
for an adjoint), Qx is the electric charge of the particle in the loop, and the functions A(τ)
depend on the spin and couplings to the Higgs of the particle running in the loop. Note that
GF here is a numerical normalization of the widths, defined in terms of the SM Higgs VEV vSM
(
√

2GF = 1/v2
SM ), and not the physical Fermi constant, which may receive corrections from the

New Physics.
In the SM, all masses are proportional to the Higgs vacuum expectation value (VEV) vSM ,

therefore the couplings to the Higgs can be written as

ySMhf̄f =
mf

vSM
for fermions , (5.2.3)

gSMhφφ = 2
m2
φ

vSM
for bosons . (5.2.4)
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Under this assumption, the amplitudes are given by (F stands for spin-1/2 fermions, W for
vector bosons and S for scalar bosons) (98)

AF (τ) =
2
τ2

(τ + (τ − 1)f(τ)) , (5.2.5)

AW (τ) = − 1
τ2

(
2τ2 + 3τ + 3(2τ − 1)f(τ)

)
, (5.2.6)

AS(τ) = − 1
τ2

(τ − f(τ)) ; (5.2.7)

where

f(τ) =

{
arcsin2√τ τ ≤ 1

−1
4

[
log 1+

√
1−τ−1

1−
√

1−τ−1
− iπ

]2
τ > 1

. (5.2.8)

For our study we are particularly interested in the limit of such functions for large mass of the
particle in the loop with respect to the Higgs mass, τ � 1:

AF (0) =
4
3
, AW (0) = −7 , AS(0) =

1
3
. (5.2.9)

Note that the particle in the loop does not decouple for large mass because the (SM) coupling to
the Higgs is also proportional to the mass of the particle. As we are interested in Higgs masses
below the W threshold and above the LEP limit (where the γγ signal is non negligible), the light
Higgs approximation is useful for the top and the new physics. For the W , this approximation
is not valid, and the function AW (τW ) ranges from −8 for mH = 115 GeV to −9.7 for mH = 150
GeV.

However, the mass of new particles in most models is not proportional to the Higgs VEV
v, but receives only a small correction from the electroweak symmetry breaking. Therefore, the
amplitude for new physics is given by the same formulas as above up to a factor taking into
account the different coupling to the Higgs (which is in general not proportional to the mass).
The coupling to the Higgs for a fermion (boson) can be written in general as

yhf̄f =
∂mf (v)
∂v

, ghφ̄φ =
∂m2

φ(v)
∂v

. (5.2.10)

Therefore we can write the A function for the new physics contribution for fermions (bosons) as

AFNP =
yNP
hf̄f

ySM
hf̄f

AF for fermions , (5.2.11)

AW,SNP =
gNPhφφ

gSMhφφ
AW,S for bosons ; (5.2.12)

which can be written without loss of generality, as

ANP =
vSM
mNP

∂mNP

∂v
AF,W,S . (5.2.13)

As the mass can be a generic function of v, this formula allows to treat a wide range of physical
situations beyond the standard model, as long as the particle mass is at least partially generated
by the Higgs VEV (those formulas are valid for a SM Higgs sector; when the Higgs sector is
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extended, and for scalars which do mix with the Higgs doublet, more general formulas apply:
see appendix D for details). When the mass of the new physics is not proportional to the Higgs
VEV, ANP will decouple for large masses. Examples of such cases will be discussed in detail in
sections 5.3, 5.4. Note also that in general v 6= vSM , however, as it will be clear in the following,
this difference only introduces higher order corrections in an expansion for large new physics
scale.

The new physics can be parametrized by two independent parameters describing the con-
tribution of the new particles to the two decay widths, however using the actual amplitude is
not a convenient way of treating the new contributions. Here we propose to normalize the new
contribution to the top one. The main reason is that the top gives the main contribution to
the amplitudes in the SM, and any new physics, which addresses the problem of the Higgs mass
naturalness, will have a tight relation with the top. Moreover, as it will soon be clear, those two
parameters can give some intuitive information about what kind of new physics runs into the
loop. The widths can be rewritten as

Γγγ =
GFα

2m3
H

128
√

2π3

∣∣∣∣∣AW (τW ) + 3
(

2
3

)2

At(τt) [1 + κγγ ] + . . .

∣∣∣∣∣
2

, (5.2.14)

Γgg =
GFα

2
sm

3
H

16
√

2π3

∣∣∣∣12At(τt) [1 + κgg] + . . .

∣∣∣∣2 , (5.2.15)

where the dots stand for the negligible contribution of the light quarks and leptons, and the
coefficients κ can be written as:

κγγ =
∑
NP

3
4
Nc,NPQ

2
NP

vSM
mNP

∂mNP

∂v

AF,W,S(mNP )
At

, (5.2.16)

κgg =
∑
NP

2C(rNP )
vSM
mNP

∂mNP

∂v

AF,W,S(mNP )
At

, (5.2.17)

where the ratio of A functions depends on the spin and masses of the new particles (and top). In
the light Higgs approximation, however, the ratio only depends on the spin of the new particle:

ANP
At

=


1 for fermions
−21

4 for vectors
1
4 for scalars

(5.2.18)

An interesting feature of this parametrization is that a particle with the same quantum numbers
of the top will give κγγ = κgg, and a single particle will give a contribution to the two coefficients
with the same sign. In this way, if the experimental data allow to point to a specific quadrant in
the κγγ–κgg parameter space, we can have a hint of the underlying new physics model. This will
be illustrated in various examples in the following sections. Note also that positive κ’s enhance
the top contribution, therefore inducing an enhancement in the gluon channel but a suppression
in the photon one, where there is a numerical cancellation between the dominant W contribution
and the top one.

The presence of new physics often modifies the tree level relation between the mass of the
SM particles and the Higgs VEV. This modification of the SM contribution can also be cast in
the κ parameters. For the top it will read:

κγγ(top) = κgg(top) =
vSM
mt

∂mt

∂v
− 1 . (5.2.19)
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For the W :

κγγ(W ) =
3
4

(
vSM
mW

∂mW

∂v
− 1
)
AW (τW )
AF (τtop)

, (5.2.20)

κgg(W ) = 0 . (5.2.21)

Here, the difference between the VEVs does introduce relevant corrections and they must be
taken into account.

Note that the modification of the SM couplings will also affect the other production channels,
and the branching ratio in heavy gauge bosons. Those effects will however have a minor impact
on our analysis, and their inclusion will be necessary in a later model-dependent analysis, after
(and if) a model is preferred by data

5.2.1 Observables at the LHC and Linear Colliders

The LHC will measure the inclusive γγ Higgs decays and the new physics will modify both
the total production cross section and the branching fraction in photons. For large masses, close
to the W threshold, the decay in two heavy gauge bosons (one is virtual) becomes relevant and
will also yield a relatively early measurement. At large luminosities, one may also measure the
γγ decays in a specific production channel, for instance the vector boson fusion one that can be
isolated using two forward jet tagging: in this case one may probe directly the branching ratios.

In the Higgs mass range of interest, between 115 and 150 GeV, the main production channel
is gluon fusion with a SM cross section of 40− 25 pb, followed by vector boson fusion (5− 4 pb)
and by other channels (WH, ZH, t̄tH) which sum up to 4 − 2 pb. Here we will assume that
the new physics significantly contributes only to the loop in the gluon fusion channel, while the
other cross sections are unaffected. The total production cross section normalized with the SM
one, that we denote as σ̄, can be written as:

σ̄(H) =

(
σNPgg + σSMV BF + σSMVH,t̄tH

σSMgg + σSMV BF + σSM
VH,t̄tH

)
'

(
(1 + κgg)2σSMgg + σSMV BF + σSMVH,t̄tH

σSMgg + σSMV BF + σSM
VH,t̄tH

)
. (5.2.22)

In the SM the Higgs branching fraction in photons amounts to 2 · 10−3. In presence of new
physics, the branching fraction will also be sensitive to the gluon loop via the total width, as
the gluon channel is significant: it amounts to 7% of the total for mH = 115 GeV, decreasing
to 3% for mH = 150 GeV. Also in this case, we define a branching ratio normalized to the SM
value, BR

BR(H → γγ) =
ΓNPγγ
ΓSMγγ

ΓSMtot

ΓNPgg + ΓNPγγ + ΓSMothers

'

(
1 +

κγγ
9
16AW (τW ) + 1

)2
ΓSMtot

(1 + κgg)2ΓSMgg + (ΓSMtot − ΓSMgg )
. (5.2.23)

The branching ratio in heavy vectors will depend on κgg via the total width of the Higgs,
therefore the normalized BR is

BR(H → V V ∗) =
ΓSMtot

ΓNPgg + ΓNPγγ + ΓSMothers

' ΓSMtot

(1 + κgg)2ΓSMgg + (ΓSMtot − ΓSMgg )
. (5.2.24)
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For completeness, the normalized gluon branching fraction can be written as

BR(H → gg) =
ΓNPgg
ΓSMgg

ΓSMtot

ΓNPgg + ΓNPγγ + ΓSMothers

' (1 + κgg)2ΓSMtot

(1 + κgg)2ΓSMgg + (ΓSMtot − ΓSMgg )
. (5.2.25)

The branching ratios will be measured with an accuracy of few % at a TeV e+e− Linear Collider.

5.3 Survey of models of New Physics in 4 dimensions

In this section we will summaries the values of the two parameters κγγ and κgg in a variety
of models of new physics. It is not intended to be a complete survey, but rather a collection of
examples of the usefulness of our proposed parametrization, and of the impact of new physics
on the Higgs search. Here, we will briefly discuss a fourth generation, supersymmetry, Little
Higgs models, a scalar colour octet and the Lee-Wick SM. As the new particles and mass scales
are often heavier than the top, we will use the light Higgs approximation to derive some simple
analytical formulas.

5.3.1 A 4th generation

As for SM fermions, the masses of a chiral fourth generation are proportional to the Higgs
VEV, and they cannot be arbitrarily large due to the perturbativity of the Yukawa couplings,
naively m4 < 4πv ∼ 2 TeV. It has been shown that the impact of a relatively light 4th generation
on the electroweak precision tests can be minimized if the spectrum follows a specific pattern (99):
in particular if the splitting between the up and down type quarks is about 50 GeV (and similarly
for the leptons). For masses of a few hundred GeV, this is not a severe fine tuning. Finally, let
us remind that direct bounds on such new particles are of the order of 190 GeV (for a fourth
generation bottom type quark in pp̄ collisions (100)) and 100 GeV for a charged lepton.

In the light Higgs approximation, the mass dependence disappears: κgg simply counts the
number of new colour triplet quarks, κgg = 2, while κγγ depends on the charges

κγγ =
3
4

[
3
(

2
3

)2

+ 3
(
−1

3

)2

+ 1

]
= 2 . (5.3.1)

Due to an accident in the charges, therefore, a complete extra generation contributes like two
tops. Another accident is that the width in photons is largely suppressed, while the gluon one
is enhanced by almost the same amount: overall, the inclusive γγ signal will be similar to the
SM one (99) (for a light Higgs).

5.3.2 Supersymmetry

The supersymmetric contributions to the h → γγ and h → gg amplitudes are well stud-
ied in supersymmetric extensions of the standard model (see for example (101) for few sample
benchmark scenarios). Here we will focus on the common scenario where the heavier Higgses
are above the WW threshold, so that the γγ decay mode is only relevant for the light Higgs h.
However, the parametrization we propose in this paper cannot be used in general for supersym-
metric models. In fact, due to the presence of two Higgses which develop a VEV, the tree level
couplings of the SM particles to the Higgs are modified at order O(1) compared to the SM case.
If we define tanβ = vu/vd the ratio of the two VEVs, and α the mixing angle in the neutral
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Higgs sector (21), the couplings of W , top (up-type fermions) and bottom (down-type fermions)
compared to the SM values are corrected by the following factors:

gW+W−h

gSM
= sin(β − α) ,

gt̄th
gSM

=
cosα
sinβ

,
gb̄bh
gSM

= − sinα
cosβ

. (5.3.2)

Those corrections can be large, even for heavy susy masses. In the large tanβ case, which is
preferred by the top Yukawa perturbativity and experimental constraints, the bottom (and tau)
Yukawas are enhanced by a large factor ∼ tanβ: the Higgs width increases and the branching
ratio in photons can be easily suppressed by orders of magnitudes, making this channel unob-
servable. In order to keep the γγ channel alive, one needs to compensate the large tanβ with
a small mixing angle in the Higgs sector: α ∼ ±(π/2 − β). This requirements means that we
are close to the decoupling limit in which the behavior of the MSSM Higgs sector is standard
model like. Indeed a limit mA � mZ (where mA is the mass of the pseudoscalar Higgs) implies
that only the standard model like Higgs boson stays light while all the other scalars are heavy
and that α→ (−π/2 + β) (for more details concerning this decoupling limit see (102)).

In order to safely use our formalism, we need to make sure that the corrections to the bottom
Yukawa (and couplings to the W ) are negligible. In the left panel of Figure 5.1 we plotted the
region in the α–β parameter space where both the W and bottom couplings deviate by less
than 5% from the SM value (up to the overall sign). Note that the region delimited by the solid
(red) lines in the left part of the left panel in Figure 5.1 is precisely the one around the line of
points where α = (−π/2 + β) which corresponds to the decoupling limit discussed above. We
also superimposed the region where corrections to the top Yukawa are smaller than 5%. There
is a tiny region where a fine tuning between the two angles allow for our formalism to be used.
Note that a larger mixing angle in the Higgs sector will soon enhance the bottom Yukawa and
kill the γγ signal, so the region is not a negligible part of the parameter space where the signal
is observable. On the right panel we used a three level relation between the masses in the Higgs
sector and α

tan 2α
tan 2β

=
m2
A +m2

Z

m2
A −m2

Z

, (5.3.3)

where mA is the mass of the pseudoscalar (which also sets the mass scale of the other heavy
Higgses), to set a lower bound on the heavy Higgs masses. Therefore, we expect that for masses
above 1 TeV, the corrections to the bottom (and tau) Yukawa can be safely neglected. In this
region, corrections to the W and top couplings are small too.

For the purpose of illustrating our parametrization, we will focus on some approximate
expressions that arise in a simple scenario: the MSSM golden region (103). This scenario is
motivated by naturalness in the Higgs mass, minimal fine tuning and precision tests. The main
features are large soft masses for the gauginos and for the light generations, and large mixing in
the stop sector induced by a large soft trilinear term. A general analysis of the γγ channel can
be found in Ref. (104). As a numerical example we will consider a variation of the benchmark
point in Ref. (103): here, tanβ = 10 and all the soft masses except the stop and Higgs ones are
at 1 TeV, µ = 250 GeV and the soft trilinear term for the stops At is at 1 TeV to induce a large
mixing in the stop sector and reduce the fine tuning in the Higgs potential. In this benchmark
point, the light Higgs is at 129 GeV. Charginos and neutralinos (mostly higgsinos) are at 250
GeV (set by µ), while the stops are at 400 and 700 GeV. All other masses are above a TeV,
and we will neglect the contribution of those sparticles. The only difference is that, in order to
avoid the bottom Yukawa problem, we will push the heavy Higgses above 1 TeV: to do that it
is enough to increase the Hd soft mass above the TeV scale. This will not introduce a severe
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Figure 5.1: Left panel: in solid red the region where the couplings of the W and bottom are both within 5%
from the SM values (up to the sign), in dashed blue the same for the top couplings. Right panel: lower bound on
the heavy Higgs masses as a function of tanβ requiring deviations of 1% (solid) or 5% (dashed).

fine tuning, as the contribution of this mass to the Higgs VEV is also suppressed by the large
tanβ (21). In this scenario, only the stops contribute to h → gg and h → γγ. We neglect
the contribution of charginos because they are mostly higgsinos: the coupling to the Higgs is
suppressed by the large gaugino masses. For the stops, assuming that the soft masses for left
and right handed scalars are equal (∼ 550 GeV at the benchmark point), the contribution to
the κ parameters can be expressed as

κgg(stops) = κγγ(stops) '
m2

2 +m2
1

4m2
1m

2
2

m2
t −

(m2
2 −m2

1)
2

16m2
1m

2
2

∼ −0.02 , (5.3.4)

where m1,2 are the masses of the two eigenstates, and the second term is proportional to the
soft trilinear term: m2

2 −m2
1 ' 2|At|mt.

Those formulas are presented here for illustration purpose only, and we will use exact one
loop expressions for the numerical analysis, including the contribution of charginos. A more
general analysis of the region in the MSSM parameter space is beyond the scope of this paper,
and it is postponed to a following publication.

5.3.3 Little Higgs models

We will first derive some very general formulas, and then apply them to explicit examples.
In models with only one extra massive gauge boson, W ’, the cancellation works thanks to the
different sign between the couplings of the W and W ’ (105):

ghW ′W ′ = −ghWW . (5.3.5)

This is a consequence of the fact that m2
W +m2

W ′ does not depend on the Higgs VEV, but it is
fixed by the scale f at which the global symmetry is broken. The coupling of the W with the
Higgs is also modified

ghWW = gSMhWW (1− δW ) =
2m2

W

vSM
(1− δW ) , (5.3.6)
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where δW contains corrections in v/f . After recalling that ghWW = ∂m2
W

∂v , the contribution of
the W and W ’ to the κ parameters is (in the light Higgs approximation) :

κγγ(W ′) =
63
16

(
mW

mW ′

)2

(1− δW ) , (5.3.7)

κγγ(W ) = − 9
16
AW (τW )δW ; (5.3.8)

while κgg = 0.
The precise value of δW depends on the symmetry structure of the model: in the Simplest

Little Higgs (SLH) model (106), which is based on an SU(3) gauge symmetry,

mW = gf sin
v

2f
, (5.3.9)

mW ′ = gf cos
v

2f
; (5.3.10)

so that

δW = 1− cos
v

2f
= 1− mW ′√

m2
W ′ +m2

W

' 1
2

(
mW

mW ′

)2

+ . . . (5.3.11)

At leading order in mW /mW ′ ∼ v/f :

κγγ '
9
16

(
7− 1

2
AW (τW )

) (
mW

mW ′

)2

∼ (6.2÷ 6.7) ·
(
mW

mW ′

)2

(5.3.12)

where we have varied the Higgs mass between 115 and 150 GeV.
The top sector is more complicated because doubling of fields is usually required in order to

generate a realistic spectrum for the light states. For instance, the simplest way to introduce
the top is to embed the SM left-handed doublet in a triplet of SU(3) that couples via the two
Higgses to two right-handed singlets. In this case we need to double the right-handed tops in
order to give mass both to the top and to its heavy partner T . The symmetry structure of the
model implies that m2

t + m2
T does not depend on the SM Higgs VEV, therefore the following

relation holds between the couplings to the Higgs (ghff = ∂mf

∂v ):

ghTT = −mt

mT
ghtt . (5.3.13)

As in the gauge sector, the coupling of the SM top also receives deviations from the usual Yukawa
coupling, which we can parametrize as

ghtt =
mt

vSM
(1− δt) . (5.3.14)

In terms of this parametrization, the contribution to κγγ and κgg of the top and T are, in the
light Higgs approximation:

κγγ(top) = κgg(top) = −δt , (5.3.15)

κγγ(T ) = κgg(T ) = −m
2
t

m2
T

(1− δt) . (5.3.16)
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In the SLH model, the masses can be written as

m2
t,T = λ2

T f
2

(
1∓

√
1− λ2

t

λ2
T

sin2 v

f

)
, (5.3.17)

where λt,T are related to the Yukawa couplings to the two Higgses λ1,2:

λT =

√
λ2

1 + λ2
2

2
, λt =

λ1λ2

λT
. (5.3.18)

Therefore

δt = 1−
m2
T

m2
T −m2

t

m2
W ′ −m2

W

mW ′

√
m2
W ′ +m2

W

' −m
2
t

m2
T

+
3
2
m2
W

m2
W ′

+ . . . (5.3.19)

and, at leading order,

κγγ(top+ T ) = κgg(top+ T ) ' −3
2
m2
W

m2
W ′

+ . . . (5.3.20)

Note that at leading order the result is independent on the heavy top mass, but only depends
on the heavy gauge boson W ′.

The total contribution is therefore:

κgg(SLH) ' −3
2
m2
W

m2
W ′

∼ −0.002 ·
(

2TeV
mW ′

)2

, (5.3.21)

κγγ(SLH) '
(

141
32

− 9
32

(7 +AW )
)
m2
W

m2
W ′

∼ 0.007 ·
(

2TeV
mW ′

)2

; (5.3.22)

the Higgs mass dependence in AW is very mild due to the small coefficient. In the numerical
values we have chosen a W ′ mass of 2 TeV, which is roughly the one required by electroweak
precision measurements (107). Note however that the implementation of a T parity (23) would
reduce the bound by almost an order of magnitude.

Another simple model using the Little Higgs mechanism was proposed in Ref. (108) and
dubbed Littlest Higgs. Here a global SU(5) is spontaneously broken down to SO(5), and a
subgroup SU(2)2× U(1)2 is gauged. The mechanism acts thanks to the presence of two copies
of the SM gauge group, which are broken to the diagonal by the spontaneous breaking of SU(5).
The Higgs again is a pseudo-Goldstone boson of the global symmetry breaking. The model,
together with a heavy W (WH) and top (T ) also contains a heavy charged scalar Φ from a
triplet of SU(2) that develops a VEV (v′). The model therefore contains more parameters that
the SLH, and its contribution to H → γγ and H → gg has been computed in Ref. (109). Here
we will simply translate those results in our notation: the contribution of the W and heavy
gauge states is (expressed in terms of the masses at leading order in the Higgs VEV v):

κγγ(W ) ' 9
16

(
m2
W

m2
WH

− 5− x2

8
v2

f2

)
AW (τW ) , (5.3.23)

κγγ(WH) ' 63
16

m2
W

m2
WH

, (5.3.24)

κγγ(Φ) ' −4− 3x2

64
v2

f2
; (5.3.25)

κgg(W,WH ,Φ) = 0 . (5.3.26)
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Here x is proportional to the ratio between the triplet and doublet VEVs (0 ≤ x < 1). Note that
in the limit where the Higgs is much lighter than the W -threshold, the contributions proportional
to the W mass tend to cancel, while the ones proportional to v2 do not. The top and heavy top
contributions are

κγγ(top) = κgg(top) ' m2
t

m2
T

− 7− 4x+ x2

8
v2

f2
, (5.3.27)

κγγ(T ) = κgg(T ) ' −m
2
t

m2
T

. (5.3.28)

Note that as in the SLH, the contribution proportional to the top mass cancels out. Therefore,
the main corrections in this model are proportional to the Higgs VEV and suppressed by the
global symmetry breaking f :

κgg(LH) ' −7− 4x+ x2

8
v2

f2
, (5.3.29)

κγγ(LH) '
(

195
64

+ x− 73
64
x2

)
1
2
v2

f2
+

+
9
16

(7 +AW )

(
m2
W

m2
WH

− 5− x2

8
v2

f2

)
. (5.3.30)

Note that the second term in κγγ , which depends on the WH mass, is negligible due to a small
coefficient, therefore the result only depends on f and the triplet VEV x.

The bound from precision measurements on the scale f is around 5 TeV (107), which corre-
spond roughly to masses of order 2 TeV. To give a numerical example, if x is negligible

κgg(LH) ' −7
8
v2

f2
∼ −0.002 ·

(
5 TeV
f

)2

, (5.3.31)

κγγ(LH) ' 195
128

v2

f2
∼ 0.0036 ·

(
5 TeV
f

)2

. (5.3.32)

Not that when a T parity is implemented on this model (23), the bound on f is lowered to 500
GeV (110), therefore the contribution to the κ parameters is 100 times bigger.

5.3.4 Extended scalar sector: colour octet

The scalar sector is experimentally the least tested part of the Standard Model and may be
more complicated than the minimal content of the SM. It has been shown (111) that in order
to avoid tree level flavor changing neutral currents, the extra scalar should be either a copy of
the SM one (leading to the two Higgs model) or a colour octet with the same weak quantum
numbers as the SM Higgs. Here we will focus on the latter possibility (111). The most general
potential contains 3 terms that are bilinear in both the Higgs H and the colour octet S:

L = λ1H
†iHiS

†jSj + λ2H
†iHjS

†jSi +
[
λ3H

†iH†jSiSj + h.c.
]

+ . . . (5.3.33)

where i and j are SU(2) indices and we have left implicit the colour contractions. Note that
imposing custodial symmetry would require λ2 = 2λ3. After the Higgs develops a VEV 〈H〉 =
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v/
√

2, the spectrum contains one charged and two neutral scalar octets with masses

m2
S± = m2

S + λ1
v2

4
= m2

S (1 +X1) , (5.3.34)

m2
S0

1,2
= m2

S + (λ1 + λ2 ± 2λ3)
v2

4
= m2

S (1 +X1 +X2 ± 2X3) ; (5.3.35)

where Xi = λiv
2/4. At loop level, the octet will contribute to the electroweak precision

tests (111): the corrections can be encoded in the S and ρ parameters, and for small v � mS :

S ' 2
3π
X2 , (5.3.36)

∆ρ '
sin2 θW m2

W

96απ3m2
S

(λ2
2 − 4λ3

3) . (5.3.37)

The corrections to the ρ parameter can be minimized by imposing (approximate) custodial
symmetry, while S will give a direct constraint on X2. Note that X1 is not strongly constrained.

Using the formalism developed in the previous section we can compute the contribution of
the scalar octet to the κ parameters (for v � mS):

κγγ(S) ' 3
2
λ1v

2

4m2
S±

∼ 3
2
X1 , (5.3.38)

κgg(S) ' C(8)
2

(
λ1v

2

4m2
S±

+
1
2

(λ1 + λ2 + 2λ3)v2

4m2
S0

1

+
1
2

(λ1 + λ2 − 2λ3)v2

4m2
S0

2

)

∼ 3
2
(2X1 +X2) ; (5.3.39)

where C(8) = 3. As a numerical example, we will use λ1 = 4, λ2 = 1 and mS = 750 GeV. In
this case, X1 ∼ 1/9 and X2 ∼ 1/36, therefore κγγ ∼ 0.17 and κgg ∼ 0.37.

5.3.5 Lee-Wick Standard Model

Lee and Wick (LW) proposed a modification of the particle propagators in QED by means
of higher derivative terms in order to improve the ultraviolet convergence of the theory and
make loop corrections finite. This modification of the propagator can also be parametrized by
the presence of a new degree of freedom with large mass and negative kinetic term, so that the
corrected propagator looks like a Pauli-Villars regularized one, where the Pauli-Villars cutoff
scale is replaced by the mass scale of such new degree of freedom. This idea has recently been
extended to the full SM (112): in this case the loops are not finite, however the softening of the
divergences is enough to address the hierarchy problem in the Higgs mass.

Notwithstanding the theoretical issues arisen by this formulation, the contribution of the
LW degrees of freedom to the H → gg and H → γγ amplitudes has been computed (113): here
we will sketch the calculation, making use of the general formulas given in Section 5.2, and give
some simple results in the large LW mass approximation.

In this model, to each SM particle, a new LW degree of freedom is associated (2 for each
chiral fermion). For more details of the construction we refer the reader to the Refs. (112; 113).
The Higgs VEV will generate a mixing between the standard and LW particles, which has been
studied in detail in (113): in the following we will review just the results needed to complete
our calculation.
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In the Higgs sector, the SM Higgs h and the LW scalar h̃ mix via the Higgs VEV: the mixing
can be described by a symplectic rotation(

cosh θ sinh θ
sinh θ cosh θ

)
, with tanh 2θ = −2

m2
hm̃

2
h

m4
h + m̃4

h

. (5.3.40)

A very similar mixing takes place in the gauge sector, between the W and the LW W̃ . The two
mass eigenstates are

m2
W =

1
2

(
M2

2 −
√
M4

2 − g2v2M2
2

)
, (5.3.41)

m̃2
W =

1
2

(
M2

2 +
√
M4

2 − g2v2M2
2

)
; (5.3.42)

where M2 is the mass of the LW partner of the SU(2) gauge bosons. Note that there is no trilinear
coupling between the W and the LW Higgs h̃, therefore (using the formulas in Appendix D):

vSM
mW

∂mW

∂v
→ cosh θ

gv

2mW

M2
2√

M4
2 − g2v2M2

2

=

m̃2
h√

m4
h + m̃4

h

m̃W

√
m̃2
W +m2

W

m̃2
W −m2

W

' 1 +
3
2
m2
W

m̃2
W

. (5.3.43)

For the W̃ , the coupling to the Higgs is given by −∂m̃2
W

∂v : the minus sign comes from the negative
sign of the kinetic term. This can be proved by an explicit calculation, and it is true for all
the LW fields (for fermions, the coupling to the Higgs is −∂m̃f

∂v ). However, another minus sign
comes from the loops: compared to the SM ones, propagators and couplings to the gauge bosons
(photons and gluons) have a minus sign from the negative kinetic term of the LW fields. All in
all, a minus sign form the loop compensates the minus sign in the Higgs coupling and we can
safely use the formulas in Section 5.2:

vSM
m̃W

∂m̃W

∂v
→ − cosh θ

gvmW

2m̃2
W

M2
2√

M4
2 − g2v2M2

2

' −
m2
W

m̃2
W

. (5.3.44)

Putting the two results together, and expanding for m� m̃:

κγγ(W + W̃ ) ' 27
32
m2
W

m̃2
W

(7 +AW (τW ))− 63
32
m2
W

m̃2
W

. (5.3.45)

This result is numerically small 1, and the contribution of the W and its LW partner partially
cancel each other in the light Higgs limit.

The spectrum also contains a LW charged scalar: in fact the LW Higgs does not develop a
VEV and its charged component h̃+ is not eaten up. The mass of such scalar is simply given
by the Higgs LW mass m̃2

h± = M2
H . Nevertheless, as it happens in the SM with the Goldstone

boson in the Higgs, the Lagrangian contains a coupling between h̃+ and the Higgs field which
1The authors of Ref. (113) find that the contribution of the W is proportional to the SM amplitude by a factor

s(A+Ã)2 =
m̃2

W +m2
W

m̃2
W
−m2

W
. In fact, the coupling of the W with the Higgs can be written as cosh θ s(A+Ã)2

g2v
2

; however
gv
2

= mW m̃W

m̃2
W

+m2
W
6= mW .
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can be calculated explicitly and enters the formulas in section 5.2 as (we are using here the same
notation as in Ref.s (112; 113))

vSM
m̃h±

∂m̃h±

∂v
→ − vSM

2m̃2
h±

(cosh θ − sinh θ)
λv

2
=

− 1
2

√
m̃2
W +m2

W

m̃W

m2
h + m̃2

h√
m4
h + m̃4

h

m2
hm̃

2
h

m̃2
h±(m2

h + m̃2
h)
' −1

2
m2
h

m̃2
h±

, (5.3.46)

where an extra minus sign comes from the propagators in the loop. Therefore

κγγ(h̃±) ' − 3
32

m2
h

m̃2
h±

. (5.3.47)

This result is also different from the result in Ref. (113), where the contribution of the charged
LW Higgs vanishes at this order 2.

The top sector is more complicated because for each chiral SM fermion one needs to add
a massive Dirac fermion (with negative kinetic term). The Yukawa couplings, however, have
a simple form: in particular they have the same structure as the SM Yukawas, and they are
functions of the field combination H − H̃ = 1/

√
2(v+ h− h̃+ . . . ): the presence of a LW Higgs

will only manifest itself in the fact that the couplings to the standard Higgs are proportional to
cosh θ− sinh θ. The spectrum can be calculated as a series for large LW top mass Mt (assuming
the same mass for the LW partners of the left- and right-handed tops):

mt = Mtε
(
1 + ε2 + . . .

)
, (5.3.48)

m̃t1,2 = Mt

(
1∓ 1

2
ε− 3

8
ε2 + . . .

)
; (5.3.49)

where ε = ytv√
2Mt

. The contribution of the top (and partners) is therefore:

κgg(tops) = κγγ(tops) =
(

(cosh θ − sinh θ)
2mW

gv

ε

mt

∂mt

∂ε
− 1
)

+

(cosh θ − sinh θ)
(

ε

m̃t1

∂m̃t1

∂ε
+

ε

m̃t2

∂m̃t2

∂ε

)
'
m2
h

m̃2
h

+
1
2
m2
W

m̃2
W

+ . . . . (5.3.50)

The ε dependence cancels out between the top and LW tops contributions, at the end the result
only depends on the LW Higgs mass.

In total (at this order m̃h± = m̃h):

κgg '
m2
h

m̃2
h

+
1
2
m2
W

m̃2
W

∼ 0.015 ·
(

mh

120 GeV
1 TeV
m̃h

)2

, (5.3.51)

κγγ ' 29
32
m2
h

m̃2
h

− 47
32
m2
W

m̃2
W

+
9
16
m2
W

m̃2
W

(7 +AW (τW )) ∼ 0.017 ·
(

mh

120 GeV
1 TeV
m̃h

)2

,(5.3.52)

where in the numerical example we neglected the contribution proportional to the W mass
because of the higher bound on m̃W from electroweak precision tests (m̃W � 3 TeV) (114).

2In Ref. (113), the authors include the contribution of the charged LW Higgs using the amplitude of the SM
Goldstone boson in the Feynman gauge rescaled by the ratio m2

W

m̃2
h±

. However the coupling of a Goldstone boson

(which is the same as h̃+) is not proportional to its mass. See Appendix D.3 for more details.
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5.4 Survey of models of New Physics in extra dimensions

In this section we will focus on models of new physics in one extra dimension, in particular
on the different ways one can employ the Higgs mechanism in this context. Most models can
be divided in 3 main categories: bulk Higgs (BH), brane Higgs (bH) and Gauge Higgs (GH). In
the first case, the Higgs is just a 5D scalar field in the bulk, which picks up a VEV due to a
potential, which may be localized on one brane. In this class of models we find Universal Extra
Dimensions (115; 116; 74) and gaugephobic Higgs models (117) in warped space, as an example.
In brane Higgs models, the Higgs is a 4 dimensional field localized on one brane or end-point of
the compact space: the advantage of these models is that there is no tower of massive scalars
and, if the brane where the Higgs is localized plays a special role like the TeV brane in warped
space, the model may address the little hierarchy problem. A model of this kind was proposed by
Randall-Sundrum (50; 118). Finally, a new possibility allowed only in extra dimensional models
is that the Higgs is part of a gauge group (119): in fact the 5th component of a bulk gauge vector
is a scalar from the 4D point of view. The interactions and potential of such particle are however
constrained by 5D Lorentz and gauge invariance: in particular, the Higgs potential (including
its mass) is finite and insensitive to the physics at the cutoff. The limit of this mechanism is
that the model is only valid below an effective scale of few TeV (few Kaluza-Klein modes). In
this class we can find examples both in flat (120; 121; 122) and warped space (36; 123; 124;
125). It is interesting to note that the sign of the Higgs couplings, which are also related to the
cancellation of the UV sensitivity of the Higgs mass, determines the sign of the contribution to
the loop decays. For instance, in models of Gauge-Higgs unification we expect a reduction of the
gluon coupling due to negative interference, contrary to what happens in models of Universal
Extra dimensions (see for instance (122)).

Extra dimensional models are by nature non normalizable: from the 4D point of view,
they are an effective description of the physics below a cutoff scale where some of the bulk
interactions become strong. Such scale lies typically above a few tens of Kaluza-Klein (KK)
modes. In general, if the symmetries allow so, we can add a tree level higher order operator
which describes the coupling between the Higgs and the massless gauge bosons: in this way,
the decay widths would be non-calculable. Adding such operator is actually necessary in order
to act as a counter-term to the divergences that will arise at loop level. However, the loops
we are interested in are effectively a box diagram if one considers a VEV insertion in the loop,
therefore the one loop calculation turns out to be finite in all 5 dimension models. The counter-
term will only be required at higher loops, and we will take the finite one loop result as a
good approximation. In some cases, like in the Barbieri-Hall-Nomura model (), the operator
is actually forbidden by an extra symmetry (supersymmetry in this case). Models of Gauge
Higgs are special: the Higgs interactions are constrained not only by gauge symmetry, but by
5D Lorentz invariance as well. This is enough to forbid a tree level potential for the Higgs, and
also tree level contributions to the decay widths. Therefore, in this models the Higgs mass is
really protected by symmetry and our calculation can be trusted as UV insensitive (126).

As we want to keep the discussion here as model independent as possible, we will express the
spectra as a function of a dimensionless parameter α that is proportional to the Higgs VEV. Its
precise definition depends on the specific model, and it will be specified case by case. In general,
we will write:

vSM
mNP

∂mNP

∂v
=
vSM
v

· α

mNP

∂mNP

∂α
. (5.4.1)

The factor vSM/v = 1 − δv contains eventual deviations in the numerical value of the Higgs
VEV, and its effect is only relevant for the W and top contributions. We will present some
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general results on two different geometries: a flat extra dimension compactified on an interval
(which is equivalent to an orbifold) and a warped extra dimension.

5.4.1 Gauge bosons in a flat extra dimension

In the flat case, the metric is an extended Minkowski, where the extra coordinate y lies on
an interval [0, πL]. The notation is such that typically the mass of the first Kaluza-Klein state
is mKK = 1/L: this will be our reference mass scale in the following. Note that this is the
only mass scale introduced by the extra space structure. This scale should be much larger than
the W mass due to direct and indirect constraints: the electroweak precision tests usually push
it above ∼ 2 TeV (see for example (120; 121)). It is possible to relax this bound by adding
symmetries: as a typical number in this scenario we will use mKK ∼ 500 GeV. This is the case,
for example, in Universal Extra dimensions due to a Kaluza-Klein parity or the model.

Gauge Higgs

One of the peculiarities of this models is the presence of a tower of charged vectors, H+
µ ,

associated with the charged component of the Higgs. They will necessarily mix with the Wµ via
the Higgs VEV. Here we will focus on the simplest example, a SU(3) gauge symmetry in the
bulk, broken to SU(2)×U(1) at both endpoints. The value of the Higgs VEV can be expressed
in terms of a dimensionless parameter α, which is indeed proportional to the field expectation
value. We postpone all details of the calculation of the spectrum and the precise definition of α
in the Appendix E.1.1. The spectrum for the W and its KK tower is simply given, in terms of
α, as

m2
n =

(n+ α)2

L2
, n = 0,±1,±2 . . . (5.4.2)

where n = 0 corresponds to the W mass:

mW =
α

L
. (5.4.3)

For the purpose of this section, this can be considered as the definition of α = mWL =
mW /mKK : it is typically a small number because we want the mass of the first KK mode
to be much larger than the W mass in order to avoid direct and indirect bounds. The W mass
is proportional to the Higgs VEV, so that its contribution to the loop is equal to the SM one
and one finds δv(GHflat) = 0. The KK tower contribution to the κ’s is proportional to

∑
n

α

mn

∂mn

∂α
= α

∞∑
n=1

(
1

n+ α
− 1
n− α

)
= πα cotπα− 1 = −π

2α2

3
+O(α4) . (5.4.4)

We can use the definition of α to express the result in terms of the W mass and the mass of the
first KK mode mKK = 1/L:

κγγ(WKK) = −63
16

(
π
mW

mKK
cot
(
π
mW

mKK

)
− 1
)

' 63
16
π2

3
m2
W

m2
KK

∼ 0.021 ·
(

2 TeV
mKK

)2

; (5.4.5)

and κgg = 0. Note that the contribution has an opposite sign compared to the W .
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Models with a gauge group larger than SU(3) may also contain gauge bosons with different
boundary conditions on the two endpoints. Those fields consist only of a tower of massive vector
bosons, and they do not give rise to any massless vector of scalar modes. Also, they cannot mix
with the W due to the flatness of the Higgs profile, therefore their presence will not affect the
previous result. If they do couple to the Higgs, their spectrum is given by

m2
n =

(n+ 1/2 + cα)2

L2
, n = 0,±1,±2 . . . (5.4.6)

where c is a coefficient determined by gauge group factors. Their contribution to κγγ is pro-
portional to the sum of all modes. The sum can be rewritten in terms of a sum from zero to
infinity

cα

∞∑
n=0

(
1

n+ 1/2 + cα
− 1
n+ 1/2− cα

)
= −πcα tanπcα = −π2c2α2 +O(α4) ; (5.4.7)

where therefore (QX being the charge of the extra gauge boson)

κγγ(X) ' −63
16
π2Q2

Xc
2 m

2
W

m2
KK

∼ −0.063Q2
Xc

2 ·
(

2 TeV
mKK

)2

. (5.4.8)

Note that it has an opposite sign compared to the W tower contribution, and that it tends to
be larger by a factor of 3.

Brane Higgs

Let us first consider a bulk SU(2) × U(1) gauge symmetry, so that there is a single W
tower. The spectrum is determined by the zeros of the equation (for more details, see the
appendix E.1.2)

f(m,α) = πLm tanπLm − π2α2 = 0 , (5.4.9)

where α is again a dimensionless quantity proportional to the Higgs VEV. The spectrum can be
computed in an expansion for small α:

m2
WL

2 = α2

(
1− π2

3
α2 +O(α4)

)
, (5.4.10)

m2
nL

2 = n2 + 2α2 +O(α4) . (5.4.11)

In first approximation, α ∼ mWL = mW /mKK : however higher order corrections in α will
modify the couplings of the W to the Higgs, and they must be taken into account. The VEV is
modified compared to the SM one, and in appendix E.1.2 we calculated

δv(bHflat) ' π2

6
α2 . (5.4.12)

Even though the spectrum cannot be calculated analytically, in the appendix we showed that

1− α

mW

∂mW

∂α
=

∞∑
n=1

α

mn

∂mn

∂α
= 1− 2 sin(2πLmW )

2πLmW + sin(2πLmW )

=
π2

3
m2
WL

2 +O(m4
WL

4) . (5.4.13)
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The contribution to κ can be therefore written as:

κγγ(W ) = − 9
16

(7 +AW (τW ))
(

1− 2 sin(2πLmW )
2πLmW + sin(2πLmW )

)
(1− δv)

− 9
16
δvAW (τW ) . (5.4.14)

Expanding for small L:

κγγ(W ) ' − 9
32
π2 (7 +AW (τW )) (mWL)2 +

21
32
π2(mWL)2 ∼ (0.015÷ 0.022) ·

(
2 TeV
mKK

)2

(5.4.15)

where we have varied the H mass from 115 to 150 GeV. Note that the contribution of the KK
tower is the same as in the Gauge Higgs case (up to a sign): however, the total contribution is
suppressed by a partial cancellation between the KK tower and the W .

We can also consider the case of a bulk custodial symmetry, which will contain a WR gauge
boson which mixes with the W . In order to make it massive, one can impose Dirichlet boundary
conditions on y = 0, the opposite brane to where the Higgs is localized. The spectrum is very
similar, the only difference is to replace L → 2L in all the equations. However, this effect is
compensated by the fact that the lightest KK mode from the WR tower has mass 1/(2L) instead
of 1/L, therefore the result is the same as a function of the lowest KK mass.

Bulk Higgs

When the Higgs is in the bulk, it will generate a bulk mass for the gauge bosons. The VEV
therefore will shift the spectrum

m2
n =

n2 + α2

L2
. (5.4.16)

In this case, the W mass (n = 0) is proportional to the Higgs VEV (α), so that no corrections
will come from the ordinary W (δv(BHflat) = 0). We postpone details of the precise definition
of α in the Appendix E.1.1. The contribution of the tower is proportional to the sum

∞∑
n=1

m2
WL

2

n2 +m2
WL

2
=
πmWL cothπmWL− 1

2
=
π2

6
m2
WL

2 +O(m4
W ) . (5.4.17)

The contribution to κγγ is therefore:

κγγ(W ) ' −63
16
π2

6
m2
WL

2 ∼ −0.01
(

2 TeV
mKK

)2

. (5.4.18)

Note that the sign is different from the previous two cases, so that this contribution tends to
sum up with the ordinary W one.

5.4.2 Gauge bosons in a warped extra dimension

A warped extra dimension is characterized by a non-trivial metric that, in the covariant
coordinates that we will be using in this paper, can be written as

ds2 =
(
R

z

)2

(ηµνdxµdxν − dz2) , (5.4.19)
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where R is the curvature of the space. Moving along the extra coordinate z, the unit length
in 4D is rescaled, so that the natural energy scale of the model depends on the position along
the warped extra coordinate. Now, z spans over an interval, but the two endpoints have a
very different meaning: the brane at small z = ε is called the UltraViolet (UV) brane, and its
typical scale represents the ultimate UV cutoff of the theory, 1/ε = Λ. One can imagine that
this scale is very large, say the Planck scale MPl. On the other hand, at large z = R′ one
places an InfraRed (IR) brane: its energy scale is directly related to the mass of the KK modes,
so that mKK ∼ 1/R′ of order TeV. The proportionality factor depends on the particle we are
considering: for a gauge boson like the W , the first KK mode is at 2.4mKK .

The large splitting between the UV and IR scale, beyond explaining the weakness of gravi-
tational interactions, also introduces a gap between the W mass and the KK mass scale

mKK ' mW

√
log ΛR′ ∼ 6 mW (5.4.20)

for Λ = MPl and R′ = 1 TeV−1. This feature makes those models much more attractive than
the flat cases, because the Higgs VEV can be closer to the IR scale. Finally, indirect bounds will
usually require mKK ≥ 1 TeV, which corresponds to a W ′ above 2 TeV (127; 36; 123), similar
to the flat case.

Here we will show some features of those models, and use a numerical evaluation of the κ’s
in generic models. We focus on Gauge Higgs and IR brane Higgs models, as generic bulk Higgs
models are much more complicated to deal with, both analytically and numerically (117).

Gauge Higgs

The spectrum of gauge bosons is determined by a complicated equation involving Bessel
functions of order 1 and 0 (more details in the appendix E.1.1). If we expand for large UV scale,
we can get a very good approximate spectrum which depends only logarithmically on Λ. For the
W , assuming that it is much lighter than the KK mass, we can expand for small mWR

′ � 1:

m2
WR

′2 ' 2
log ΛR′

sin2 πα ' 2π2

log ΛR′
α2 , (5.4.21)

where we have neglected higher order corrections in the log. The first KK mode will be given by
the zeros of Bessel functions and one finds mW ′ ∼ 2.4/R′. Note also that this expression fixes
α as a function of the KK scale R′. Contrary to the flat case, the W mass is not linear in the
Higgs VEV, so that there will be corrections coming from the deviations from the SM coupling
to the Higgs. We found (see appendix E.1.1):

δv(GHwarped) ' 1− sinπα
πα

, (5.4.22)

and the total correction is therefore proportional to

(1− δv)
α

mW

∂mW

∂α
− 1 ' cosπα − 1 ' −

m2
WR

′2

4
log ΛR′ ∼ −0.055

(
1/R′

1TeV

)2

. (5.4.23)

Note that one can use the same trick that we used in the flat brane Higgs (see appendix E.1.2)
to calculate this quantity exactly: however, for our purpose, this approximate result is more
than sufficient, and we can check that sub-leading terms will be suppressed by a log compared
to this result:

α

mW

∂mW

∂α
− 1 = −

m2
WR

′2

6
log ΛR′

(
1− 9

4
1

log ΛR′
+

3
2

1
log2 ΛR′

)
+O(m4

WR
′4) . (5.4.24)
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The contribution to κγγ is

κγγ(W ) ∼ 9
16

(−0.055)AW (τW ) ∼ (0.25÷ 0.30) ·
(

1/R′

1TeV

)2

(5.4.25)

where mH = 115÷ 150 GeV.
One can also numerically compute the KK tower contribution to the κ’s and find (for a W

tower):

κγγ(WKK) ∼ 0.009 ·
(

1 TeV
1/R′

)2

(5.4.26)

for Λ = MPl. This contribution is much smaller that the contribution of the W .

Brane Higgs

Expanding for large Λ and small mWR
′ � 1, the mass of the W is (for more details, see the

appendix E.1.2):

m2
WR

′2 =
α2

(1 + α2/2) log ΛR′
+ . . . (5.4.27)

and

δv(bHwarped) ' α2

4
'
m2
WR

′2

4
log ΛR′ . (5.4.28)

Similarly to the Gauge Higgs case, the coupling of the W to the Higgs will receive corrections,
and the contribution to the κ will be proportional to

α

mW

∂mW

∂α
− 1 = −

m2
WR

′2

2
log ΛR′

(
1− 2

1
log ΛR′

+
1

log2 ΛR′

)
+O(m4

WR
′4) . (5.4.29)

We also numerically computed the contribution of the KK tower, and, as in the flat case, the
following relation holds:

∞∑
n=1

α

mn

∂mn

∂α
= 1− α

mW

∂mW

∂α
. (5.4.30)

Numerically:

κγγ(W ) ∼ − 9
16

(0.12) (7 +AW (τW ))− 9
16

(0.06)AW (τW ) ∼ (0.34÷ 0.51) ·
(

1/R′

1TeV

)2

(5.4.31)

where mH = 115÷ 150 GeV.

5.4.3 Bulk fermions in a flat extra dimension

Bulk fermions are easier to analyze because the basic structure is common to all kind of
Higgs models: we always need two bulk fermions, a doublet and a singlet of SU(2), that couple
via the Higgs (either in the bulk or on the brane). In Gauge Higgs, those fields are in the
same representation of the extended bulk gauge symmetry, while in other models they can be
independent fields. Both in Gauge Higgs and in the brane Higgs case, the Higgs appears in the
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boundary conditions, which have the same form in the two cases: the reason is that one can use
a gauge transformation to remove the Gauge Higgs VEV from the bulk equations of motion, as
explained in more detail in the appendix E.2. The only difference is that the boundary conditions
depend differently on the Higgs VEV. In the following we will use the notation of the Gauge Higgs
models, where the Higgs VEV enters via trigonometric functions of a dimensionless parameter
β. Note that the β parameter is different in general from the one for the gauge bosons α, due to
either gauge group factors or Yukawa couplings. In Gauge Higgs, both β and α are proportional
to the Higgs VEV. In the brane Higgs case, we can also define a fictitious β parameter that is
related to the actual brane Higgs VEV V (see the appendix E.2 for more details) as

tanπβ = yV , (5.4.32)

where y is an effective Yukawa coupling. The spectrum will be the same in the two cases, as a
function of β, however the couplings to the Higgs are different. The results in the brane Higgs
case are equal to the Gauge Higgs case, up to a correction factor

V

β

∂β

∂V
=

sinπβ cosπβ
πβ

. (5.4.33)

This factor takes into account the non linear relation between β and the brane Higgs VEV V .
Like in the gauge case, we will use eq. (5.4.1) (with α replaced by β), and take into account the
contribution of δv on the top one. For simplicity, we will leave this effect implicit through this
section.

In the Bulk Higgs case, the spectrum is different: the calculation is more complicated in the
case of a generic Higgs profile, and we will only study the case of a constant Higgs VEV in a
flat extra dimension, which is relevant for the UED model.

Bulk fermions

The first spectrum we will consider is the following:

m2
n = M2 +

(n+ β)2

L2
, n = 0,±1,±2 . . . (5.4.34)

This spectrum can arise in many scenarios: in Gauge Higgs models, one can generate the masses
of light fermions by using two copies of bulk fermions with opposite boundary conditions, and
connected by a bulk mass term M (59). The light fermions are localized degrees of freedom
that can mix with the massive bulk fields via localized mass terms: the electroweak symmetry
breaking is mediated to the localized fields by the massive ones, like in the Froggatt-Nielsen
model. In this case, the smallness of the light mass can be achieved either by a small mixing,
or by a large bulk mass M .

For M = 0

m2
n =

(n+ β)2

L2
, n = 0,±1,±2 . . . (5.4.35)

and we have a light mode with mass

mf =
β

L
. (5.4.36)

In Gauge Higgs models, this can be identified with the top, whose mass is of order the electroweak
scale: a mtop 6= mW can be obtain by using a large representation for the field containing the
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top (120), or by an explicit breaking of Lorentz invariance (121). As we will shortly see, warped
geometry automatically solves this problem. In brane Higgs models, all fermion masses can be
generated in this way, because the relation between β and the Higgs VEV depends on Yukawa
couplings and each field will feel a different effective β parameter. Finally, this spectrum will be
generated also by a Bulk Higgs with a flat profile, where β is proportional to the Higgs VEV.
For more detail about the spectra, see the appendix E.2.

The κ’s will be proportional to the sum

∑
n

β

mn

∂mn

∂β
=

β2

(ML)2 + β2
+ β

∞∑
n=1

n+ β

(ML)2 + (n+ β)2
− n− β

(ML)2 + (n− β)2
=

=
πβ sin(2πβ)

cosh(2πML)− cos(2πβ)
, (5.4.37)

with the proportionality coefficient determined by the quantum numbers of the 5D field (charge
and colour), and a correction factor in the brane Higgs case. For large ML, this contribution is
exponentially suppressed: the mass of the localized fermions is also suppressed by exp(−πML),
therefore we find

κ ∼
m2
f

m2
KK

. (5.4.38)

In this class of models, one can safely neglect the contribution of the light fermion towers.
For the top in Gauge Higgs, or in the case of brane Higgs and Bulk Higgs models (M = 0),

β = mfL and

∑
n

β

mn

∂mn

∂β
= πβ cotπβ . (5.4.39)

The contribution of the top tower is:

κγγ = κgg =
(
π
mt

mKK
cot
(
π
mt

mKK

)
− 1
)
' −π

2

3
m2
t

m2
KK

∼ −0.025
(

2 TeV
mKK

)2

, (5.4.40)

where we have subtracted the top contribution. In the brane Higgs case:

κγγ = κgg =
(

(1− δv) cos2
(
π
mt

mKK

)
− 1
)

' −π2 m2
t

m2
KK

− π2

6
m2
W

m2
KK

∼ −0.076
(

2 TeV
mKK

)2

. (5.4.41)

The contribution from other light fermion towers are negligible, as they will be proportional to
the light fermion mass squared.

For completeness, let us also report the contribution from a tower of states with twisted
boundary conditions, which may be present in models with large bulk representation and have
a spectrum

m2
n = M2 +

(n+ 1/2 + β)2

L2
, n = 0,±1,±2 . . . (5.4.42)
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In this case:∑
n

β

mn

∂mn

∂β
= β

∞∑
n=0

n+ 1/2 + β

(ML)2 + (n+ 1/2 + β)2
− n+ 1/2− β

(ML)2 + (n+ 1/2− β)2
=

= − πβ sin(2πβ)
cosh(2πML) + cos(2πβ)

. (5.4.43)

This contribution is also suppressed for large bulk masses. In the M → 0 limit we get:∑
n

β

mn

∂mn

∂β
= −πβ tanπβ ' −π2β2 . (5.4.44)

The contribution to the κ’s is

κgg(twisted) = −
{

πβ tanπβ
(1− δv) sin2 πβ

}
∼ −0.075

m2
f

m2
t

(
2 TeV
mKK

)2

, (5.4.45)

κγγ(twisted) =
9
4
Q2
f κgg , (5.4.46)

for a colour-triplet with mfL = β. The two results in the brackets correspond to GH/BH (up)
and bH (down), and they give the same contribution in the small β limit.

Bulk fermion in UED models

In this case the spectrum is (similarly to the gauge case)

m2
n =

n2 + β2

L2
, n = 0, 1, 2 . . . (5.4.47)

with β proportional to the Higgs VEV via the bulk Yukawa coupling: for any SM fermion,
β = mfL, therefore only the top quark is relevant. The contribution to the amplitude is the
same as for the gauge bosons, so that the top KK tower gives

κγγ(top) = κgg(top) '
π2

6
m2
tL

2 ∼ 0.01
(

2TeV
mKK

)2

. (5.4.48)

Note that this contribution has an opposite sign compared to the GH/bH cases, and, in κγγ , it
tends to cancel the contribution of the W tower.

Odd bulk masses: fermions in models of flavor

Lorentz invariance in 5D allows to write down a mass term for a single 5D fermion M̃ :
this mass term is however forbidden in orbifold models, because the two components of the
5D fermions have opposite parities (unless the mass has an odd profile). A model defined on
an interval is less constrained as it allows for the presence of such masses. Those odd masses
have a very important phenomenological feature (128): the zero mode of the 5D fermion is
chiral, therefore M̃ cannot give it a mass! Its effect is to exponentially localize the zero mode,
and therefore modify the overlap with other fields, in particular with the Higgs (either bulk
or localized). This feature can be used in a variety of models to generate the hierarchies in
the fermion masses using order 1 Yukawas and bulk masses for all fermion fields! This is an
alternative mechanism to generate light fermions in GH models, where the Yukawa couplings
are equal due to gauge invariance, but it can also be used in bH and BH models. There is
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however a crucial difference between the two: in GH models the bulk masses are the same for
the two SM fields that couple to the Higgs, because they come from the same bulk multiplet,
while in bH/BH models they can be different. As we will see, this has dramatic consequences
for the Higgs phenomenology.

Here we will focus on the GH and bH cases: the Higgs VEV enters via a dimensionless
parameter β, and we will define

mf = β/L . (5.4.49)

As a reference, we will assume mf = mtop, but this may not be the case in all models. The
equation determining the spectrum is more complicated than in the previous case, therefore we
will limit ourselves to an expansion for small β. In the GH case, the odd masses are the same
for the two bulk fields, M̃ . Expanding for mL � M̃L, we can calculate the mass of the light
mode, which would be identified with the SM fermion:

m2
l =

2M̃2 sin2 πβ

cosh(2πM̃L)− cos(2πβ)
' 2M̃2L2π2

sinh2 πM̃L
m2
f . (5.4.50)

It is clear from this formula that the light mode mass is suppressed by exp(−πM̃L) compared
to the Higgs VEV β. Therefore, a M̃L ∼ O(1) can explain the lightness of the fermions in the
SM. The spectrum of the heavy modes, mn > M̃ , is more complicated:

m2
nL

2 = M̃2L2 + n2 ± 2n2√
n2 + M̃2L2

β +
n4 + 3M̃2L2n2

(n2 + M̃2L2)2
β2 +O(β3) . (5.4.51)

The couplings of each mode to the Higgs are large, however like in the previous case the modes
have a different sign in the coupling. The sum, therefore, gives at leading order in β:

∑
n

β

mn

∂mn

∂β
= −2β2

∞∑
n=1

n4 − 3M̃2L2n2

(n2 + M̃2L2)2
=

− π2β2

sinh2 πM̃L

(
πM̃L

tanhπM̃L
− 1

)
' −

m2
l

2M̃2

(
πM̃L

tanhπM̃L
− 1

)
. (5.4.52)

We find again that the tower of light modes does not contribute significantly to the widths: the
only contribution will come from the top tower (M̃ → 0) which is approximate by the result in
the previous subsection. Note again that this exponential suppression comes from a non trivial
cancellation between modes.

In models with brane Yukawa couplings, the fields containing the SU(2) doublet and singlet
are not necessarily the same, so they can have different bulk masses, M̃L and M̃R. In this case,
the spectra of the two bulk fermions are different, the two KK towers are not degenerate in
the β → 0 limit and there are no cancellations between modes. As we will see, the spectra are
degenerate if M̃R = −M̃L, however, even in this case, the cancellation between modes that we
observe in the GH case does not occur. In conclusion, in models of this kind, the contribution
of the KK tower of light modes can be large, as it is proportional to the 5D Yukawa coupling
and not to the effective light-mode Yukawa (light fermion mass). As an example, we can study
the latter case M̃L = −M̃R = M̃ , where some simple analytical results can be obtained. The
zero mode mass is, at leading order,

ml ' 4M̃e−2πM̃L sinπβ , (5.4.53)
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suppressed by exp(−2πM̃L). As before, we can compute the approximate KK spectrum for
small β

m2
nL

2 = M̃2L2 + n2 ± 2n2√
n2 + M̃2L2

β+

(1− 2πM̃L)n4 + (3− 2πM̃L)M̃2L2n2

(n2 + M̃2L2)2
β2 +O(β3) , (5.4.54)

which differs to the M̃L = M̃R case only at order β2, and the sum over the massive modes (the
SM fermion is not included)

∑
n

β

mn

∂mn

∂β
= −2β2

∞∑
n=1

(1 + 2πM̃L)n4 − (3− 2πM̃L)M̃2L2n2

(n2 + M̃2L2)2
=

− π2β2

4 sinh3 πM̃L

(
cosh(3πM̃L) + (4πM̃L− 1) cosh(πM̃L)− 4(πM̃L+ 1) sinh(πM̃L)

)
' −π2β2 ∼ −0.075

(
2TeV
mKK

)2( mf

mtop

)2

. (5.4.55)

The result is not very sensitive to the precise value of the bulk masses, even in the case of
M̃L 6= M̃R (we checked this numerically). Moreover, corrections from the non-linear relation
between β and the Higgs VEV (the same multiplicative factor as in the previous section) will
only affect this result at higher orders in β, while the light mode is negligible. The contribution
of the top tower will be the same as in the massless case and, at leading order, it also gives
−π2β2. For a model with this flavor structure, contributions of the light fermion and top towers
are:

κγγ = κgg ' 6(−π2β2)− π2α2

6
∼ −0.45

(
2TeV
mKK

)2

, (5.4.56)

where the factor of 6 takes into account 3 complete SM generations, and we assumed that all
the Yukawa couplings are of the same order (as the top one).

5.4.4 Fermions in a warped extra dimension

The localization mechanism in warped extra dimension is much more effective than in the
flat case: the reason is that the localization is exponential with the large number ΛR′. The
geometry itself generates two hierarchical mass scales: the UV cutoff Λ on the UV brane and
the KK scale 1/R′ on the IR brane. Here we will use the usual notation to call c the odd bulk
mass in units of the curvature, c = M̃R. A left-handed (right-handed) zero mode is localized
on the UV brane for c > 1/2 (c < −1/2) and IR brane for c < 1/2 (c > −1/2) (129; 130).

GH models are characterized by the same odd mass c for the two fields that couple to the
Higgs, because they are part of the same bulk multiplet. Like in the gauge boson case, we can
expand for large UV cutoff, however in the fermionic case the expansion is more complicate
and depends on the value of the bulk mass c. For −1/2 < c < 1/2 (when both zero modes are
localized on the IR brane), the mass of the light mode is

mfR
′ '

√
1− 4c2 πβ

(
1− 3 + 4c2

9− 4c2
π2β2 +O(β4)

)
. (5.4.57)
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The mass is not suppressed compared to the Higgs VEV β; notice also that the log suppression
between the W mass and β is not present here, therefore one can fit the top mass without using
a large representation (therefore, β = α is acceptable)! The mass does not depend linearly on
β, thus the coupling with the Higgs receives corrections compared to the SM value, that will
contribute to the κ’s. For a fermion with the same quantum numbers of the top (and in the
light-Higgs approximation):

κγγ(t) = κgg(t) = (1− δv)
β

mf

∂mf

∂β
− 1 ' −32

3
c2

(9− 4c2)(1− 4c2)
m2
fR

′ − δv . (5.4.58)

We also calculated this contribution exactly, and verified that this approximation is good for
|c| < 0.4 at a few percent level. The κ’s vanish for c → 0: in fact, in this limit the Bessel
functions reduce to sines and cosines and we recover the flat case result where the light fermion
mass is linear in the Higgs VEV. The coupling of the Higgs to the KK modes is also large. In
summary, for −1/2 < c < 1/2, the light mass is un-suppressed compared to the Higgs VEV and
the contribution of the tower to the κ’s is sizable. Numerically we found

κγγ(tKK) = κgg(tKK) ∼ −1
3
m2
fR

′2 (5.4.59)

for a fermion tower with the same quantum numbers of the top. This contribution will sum
with the one coming from the top; notice that it is very similar to the flat case result (factor of
1/3). For the top quark in GH (with 1/R = 1 TeV, and β = α fixed by the W mass), we need
c ∼ 0.43: numerically

κγγ(top) = κgg(top) ∼ (−0.029− 0.018) + (−0.011) = −0.06 ·
(

1TeV
1/R

)2

. (5.4.60)

Note finally that this result can also be generalized to the brane-Higgs case with equal masses,
taking into account the correction mentioned in the previous section, which is the same inde-
pendently on the geometry.

For c > 1/2 and c < −1/2 the two zero modes are localized on different endpoints, and the
light mass is suppressed:

mfR
′ '

(
1

ΛR′

)|c|− 1
2 √

4c2 − 1 sinπβ . (5.4.61)

In this case the coupling of the KK modes to the Higgs is also suppressed by:(
1

2ΛR′

)2|c|−1

∼
m2
f

m2
KK

. (5.4.62)

The contribution of a light fermion KK tower is negligible 3, however, contrary to the flat case,
there is no cancellation involved and each KK mode coupling is suppressed by the light fermion
mass. In figure 5.2 we computed numerically the contribution of a bulk fermion as a function
of the bulk mass c (β = α fits the W mass and 1/R′ = 1 TeV). The contribution of the light
fermion is the deviation from a SM fermion of the same mass: it vanishes for c = 0, grows towards
c = 1/2 reaching the value calculated for the W , and then goes down due to the decrease in
the SM amplitude for a light fermion. The contribution of the KK modes, on the other hand,

3This result agrees with Ref. (125).
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Figure 5.2: Contribution to κ from a bulk fermion in GHU as a function of the bulk mass c, 1/R = 1 TeV, and
mH = 130 GeV. The dotted line represents the contribution of the light mode (deviation from the SM one), the
dashed line is for the KK tower and the thick one corresponds to the sum of both.

decreases for large c. The total contribution is almost constant for c < 1/2, then reaches a peak
when the light fermion is at the Higgs decay threshold (in the plot, mH = 130 GeV), and then
goes rapidly to zero.

It is straightforward to understand the suppression if we analyze in detail the structure of
the wave functions: let us consider first the doublet, which contains a left-handed zero mode.
The wave functions, after applying the UV boundary conditions, are

χL = ALz
5/2
[
J−c+ 1

2
(p/Λ)Jc+ 1

2
(pz) + Jc− 1

2
(p/Λ)J−c− 1

2
(pz)

]
(5.4.63)

ψL = ALz
5/2
[
J−c+ 1

2
(p/Λ)Jc− 1

2
(pz)− Jc− 1

2
(p/Λ)J−c+ 1

2
(pz)

]
(5.4.64)

where χ (ψ) is the left-handed (right-handed) wave function component. The expansion for
small p/Λ depends on the value of c (Jν(x) ∼ xν for small x):

χL '

{
Jc+ 1

2
(pz) for c > 1/2

J−c− 1
2
(pz) for c < 1/2

ψL '

{
Jc− 1

2
(pz) for c > 1/2

J−c+ 1
2
(pz) for c < 1/2

(5.4.65)

plus corrections suppressed by
( p

Λ

)|2c−1|. For the singlet field, that contains the right-handed
zero mode

χR '

{
Jc+ 1

2
(pz) for c > −1/2

J−c− 1
2
(pz) for c < −1/2

ψR '

{
Jc− 1

2
(pz) for c > −1/2

J−c+ 1
2
(pz) for c < −1/2

(5.4.66)

plus corrections suppressed by
( p

Λ

)|2c+1|. The IR boundary conditions are:

ψL cosπβ + iψR sinπβ = 0 , (5.4.67)
χR cosπβ + iχL sinπβ = 0 . (5.4.68)

It is clear that if the wave functions are proportional to each other, ψL ∝ ψR and χL ∝ χR, the
β dependence drops out from the equations: this is indeed the case at leading order for c > 1/2
and c < −1/2. In this case the Higgs VEV will affect the spectrum only via a suppressed
contribution.

We can apply the same discussion to the generic brane localized Higgs: in this case, there
are two different bulk masses cL and cR. Unless cL = cR, the wave functions are different and
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cannot be proportional to each other, therefore the coupling of the Higgs will be sizable even
though the zero mode mass is suppressed due to the localization of its wave functions. As in the
flat case, the towers of light modes will give a large contribution to the κ’s. It can be calculated
numerically and we found that for cL > 1/2 and cR < −1/2 it can be approximated by

κγγ = κgg ' −π2β2 ∼ −0.12 ·
(

1 TeV
1/R′

)2

(5.4.69)

for a fermion tower with the same quantum numbers of the top, Λ = MPl and using β = α that
fits the W mass. Like in the flat case, the contribution of the KK towers of the light fermions
is very large. To conclude, we can quote the number for a realistic quark and lepton spectrum.
We use ctopL = 0.37, ctopR = 0, cbotR = −0.55:

κγγ(fermions) ' κgg(fermions) ∼ −0.71 ·
(

1 TeV
1/R′

)2

. (5.4.70)

5.5 Numerical results

In this section we present exact numerical results for the models we considered in the previous
two sections: in all cases, the analytic formulas are a very good approximation. We considered
the following models:

- [�] a fourth generation (the result is independent on the masses and Yukawa couplings);

- [♣] supersymmetry in the MSSM golden region: we only included the contribution of the
stops with the spectrum given by the benchmark point in (103). In this case the result
is very sensitive to the parameters in the superpotential and in the susy breaking terms,
therefore the general MSSM will cover a region of the parameter space;

- [N] Simplest Little Higgs, the result scales with the W ′ mass (in the plots, mW ′ = 2 TeV);

- [∗] Littlest Higgs, the result scales with the symmetry breaking scale f and has a mild
dependence on the triplet VEV x (we set x = 0): for a model with T-parity we use f = 500
GeV, without T parity f = 5 TeV;

- [�] colour octet model, the result depends on 2 free parameters: for illustration we use in
the plots X1 = 1/9 and X2 = 1/36 (see Section 5.3.4);

- [I] Lee-Wick Standard Model, the result scales with the LW Higgs mass: in the plots we
set it to 1 TeV for illustration;

- [⊗] Universal Extra Dimension model (74), where only the top and W resonances con-
tribute and the result scales with the size of the extra dimension: here we set mKK = 500
GeV close to the experimental bound;

- [F] the model of Gauge Higgs unification in flat space in Ref. (121), where only the W
and top towers contribute (β = mtL), with the first W resonance at 2 TeV;

- [•] the Minimal Composite Higgs (36; 123) (Gauge Higgs unification in warped space) with
the IR brane at 1/R′ = 1 TeV: only W and top towers contribute significantly. The point
only depends on the overall scale of the KK masses, as the other parameters are fixed by
the W and top masses;
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- [H] a flat (W ′ at 2 TeV) and [♠] warped (1/R′ at 1 TeV) version of brane Higgs models,
in both cases the hierarchy in the fermionic spectrum is explained by the localization, and
all light fermion towers contribute. Notwithstanding the many parameters in the fermion
sector, the result only depends on the overall scale of the KK masses.

In the numerical results, the value of the mass of the new particles is at or around the lower
bound given by precision electroweak tests; for larger masses, the contribution scales like the
inverse squared mass (with the exception of the fourth generation). Note that in many cases, the
result only depends on one mass scale, and is insensitive to other free parameters present in the
model: for example, in extra dimensional models with flavor, the final result does not depend
on the precise localization pattern of the bulk fields. Therefore, changing the parameters of the
model can only move the point towards the origin by increasing such mass scale (except for
supersymmetry and the colour octet model, where a wide region of the parameter space may be
covered). The models are displayed in Figures 5.3 and 5.4: different classes of models point in
different quadrants of the parameter space. Therefore, if we could measure experimentally the
two parameters, depending on the accuracy of the measurements, we may be able to distinguish
between models and have an hint of what kind of mechanism lies behind the breaking of the
electroweak symmetry. The direct discovery of the new particles would then be a confirmation of
the model. The complementarity between the two measurements is crucial, because this indirect
probe is sensitive to the quantum numbers and couplings to the Higgs of the new particles. This
information is hardly accessible at the LHC, except in some special cases: most of the models
analyzed here predict new states above 1 TeV, at which mass scale one can only probe states
produced by strong interactions, and their couplings to the Higgs and weak bosons will generally
not play any significant role. It is crucial to understand the reach and discrimination power of
the LHC in this parameter space.

The LHC will surely be able to measure the inclusive cross section σ(pp→ H → γγ), as this
is one of the golden channels for the discovery of a light Higgs. For an integrated luminosity of 10
fb−1 we can expect a 10% accuracy with respect to the Standard Model one (131). We plotted
the inclusive cross section normalized by the SM value in the κγγ–κgg parameter space for a light
Higgs (mH = 120 GeV) in Figure 5.3 and for a Higgs near the V V -threshold (mH = 150 GeV)
in Figure 5.4: many models lie very far from such line, and a 10% measurement would allow
to probe new physics masses up to few TeV in some cases. Note that many of the models we
studied predict a reduction of the inclusive signal: the measurement of an enhancement at the
LHC may be a sign of unexpected new physics. Note also that some very different models can
give the same prediction, like the fourth generation case where a suppression in the γγ decay is
accidentally compensated by an enhancement in the gluon fusion cross section. Therefore, we
need to measure another observable at the LHC in order to distinguish such models. For the
light Higgs case, in Figure 5.3 we plotted the vector boson fusion channel, which is sensitive to
the γγ branching fraction directly. This channel is orthogonal to the inclusive one, and therefore
offers the best discrimination power. Experimentally, this channel is very promising even at low
luminosity, for the observation of the Higgs Boson in the H → γγ decay mode (132). However
a detailed study of this channel, as required for the precise determination of the κ parameters
demands a high luminosity (133). A precise study requires a detailed simulation and will not be
given here. For a heavier Higgs, in Figure 5.4, the decay in massive gauge bosonsH → V ∗V (with
one virtual) becomes relevant and offers another discovery channel. This channel, sensitive to
the total cross section, will allow for a discrimination for Higgs masses near the WW threshold.

The Linear Collider will have a much better chance to discriminate between models than the
LHC. In fact, an experiment at a linear collider will be able to measure directly the branching
fractions into gluons and photons. After 100 fb−1 of data, in the photon channel an accuracy
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Figure 5.3: κγγ and κgg at the LHC for a light Higgs (mH = 120 GeV). The two solid lines correspond to the
SM values of the inclusive γγ channel (A), and the vector boson fusion production channel (B). On the left panel,
the dashed lines are spaced by 0.5, while the dotted ones by 0.1. On the right, we zoomed near the SM point.

Figure 5.4: κγγ and κgg at the LHC for a Higgs near the WW threshold (mH = 150 GeV). The two solid lines
correspond to the SM values of the inclusive γγ channel (A), and the inclusive V ∗V channel (V = W,Z) (B). On
the left panel, the dashed lines are spaced by 0.5, while the dotted ones by 0.1. On the right, we zoomed near the
SM point.

of 5–7 % is expected (reduced to 2–3 % with the γγ collider option), while the gluon channel
offers a 2 % accuracy (assuming SM values) (134). We compared the models with the ILC
measurements in Figure 5.5.
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Figure 5.5: κγγ and κgg at the ILC (mH = 120 GeV). The two solid lines correspond to the SM values of the
γγ (A) and gluon (B) branching ratios. On the left panel, the dashed lines are spaced by 0.5, while the dotted
ones by 0.1. On the right, we zoomed near the SM point.

5.6 Conclusions

The decay in a pair of photons is the golden channel for the discovery of the Higgs boson
at the LHC for an intermediate mass, below the WW threshold, where the dominant decay
mode would be b̄b. This decay occurs via a loop diagram, where the heaviest particles in the
SM (W and top) contribute the most. Furthermore, the production cross section at the LHC is
dominated by a similar loop diagram that mediates the coupling of the Higgs to a pair of gluons.
This situation offers a precious handle on new physics: in fact, new particles that may be present
at the TeV scale will also contribute to those loops, therefore modifying the SM predictions for
the Higgs production and decay rates.

One of the main motivations to expect new physics at the TeV scale is the naturalness of
the Higgs mass (electroweak scale): the new particles, partners of the gauge bosons and of the
top, will cancel or soften the divergences in the loop corrections to the Higgs mass. If this is
the case, the new particles will have a significant coupling to the Higgs and therefore contribute
significantly to the loop couplings of the Higgs. The LHC will be able to discover such new
particles, with masses up to few TeV for particles with strong interactions and 1 TeV for weakly
interacting ones. However, little information on the couplings will be directly accessible: the
discovery of new states will not tell us if they play any role in the Higgs physics. Measuring
deviations in the H → γγ and H → gg couplings at later times will give us an important hint to
understand the nature of the new states and of the underlying model of electroweak symmetry
breaking.

In this paper, we studied the contribution of new physics to the H → γγ and H → gg decay
widths (the latter is proportional to the production cross section). We propose a convenient
parametrization of the new contributions, by introducing two independent parameters κγγ and
κgg. Such a simple parametrization neglects contributions to the tree level processes, such as
production channels other than gluon fusion and decays, that are generically present in models
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of new physics. This parametrization is especially useful in models where such effects are small.
They could be taken into account in a later model-dependent analysis once a specific model
or class of models is preferred by data. On more general grounds, more parameters can be
introduced and the analysis extended in a similar fashion: for instance, in supersymmetry, a
parameter describing the variation of the total width of the Higgs due to the bottom Yukawa
coupling can be used. We avoided doing so as many models do have small corrections and in
order to keep the parametrization as simple as possible.

Simple new physics scenarios give rise to simple correlations in this parameter space: for
instance, a top partner will have κγγ = κgg, while a single new particle will generate same-sign
κ’s. In order to illustrate the power of a model independent measurement at the LHC (and at
future Linear Colliders) we compiled a necessarily incomplete survey of models of new physics
both in 4 and 5 dimensions. Our results show that there are classes of models pointing in
different quadrants of the parameter space, and that the deviations from the SM predictions
can be as large as 50%. Moreover, in most cases those results do not depend on the details
of the model and they are sensitive to just one mass scale of the new physics. Therefore, a
cross section measurement at the LHC will allow to discriminate models even with new particle
masses at the TeV scale. At the Linear Collider, the few percent level measurement of the
Higgs branching ratios will allow an even better discrimination. Note also that most of the
models in our survey populate the κγγ < κgg region, where we generically expect a suppression
of the inclusive cross section. In this parametrization it would be easy to discover hints of
unconventional or unexpected new physics, independently on direct and/or indirect signals in
other channels.

187



CHAPTER 5. HIGGS TO GAMMA GAMMA BEYOND THE STANDARD MODEL (JHEP
PUBLICATION)

188



Conclusion & perspectives

As the reader can have found out throughout this thesis, the philosophy of our work has
been oriented towards the possibility of new physics discovery at the Large Hadron Collider.
During these three years of PhD, I focused mainly on two different topics and approaches which
help me to have a very large overview of the physics beyond the Standard Model that should
be observed soon at LHC.

Firstly, we performed a model-independent study of the Higgs decay into photons. This
golden channel at the LHC is really sensitive to new physics through radiative corrections.
Therefore we concentrated on the effective descriptions of this process that can be used by ex-
perimentalists to interpret their measurements in terms of eventual deviations from the Standard
Model predictions. This has been realized by introducing only two parameters which charac-
terize the modifications of the Higgs production by gluon fusion and of the Higgs decay into
photons. We have also shown how theorists can use this method to constrain their models with
the future LHC and Linear Collider observations. In the short-term, Monte-Carlo simulations
have already been performed by experimentalists working on the Higgs detection in CMS and
within few months or years, they will be able to test this parametrization directly on their data.
In a further future, for precision measurements with Linear Collider, this technique will be a
great tool to understand the eventual link between the new heavy physical states that could be
detected at the LHC and the nature of the electroweak symmetry breaking sector.

Later, we decided to focus on a peculiar kind of effective field theory based on extra-
dimensions. In general, the new symmetries imposed by the presence of the new extra-space will
give rise to new features that can be interesting for addressing Standard Model puzzles. Here
we have chosen to present a six-dimensional model where the discrete symmetry generating the
Dark Matter candidate is not imposed by hand but is a genuine geometrical consequence of
the compactification topology. In our work we showed why the Real Projective Plane is the
unique 6D orbifold where we can reproduce the Standard Model chiral fermions without any
fixed points/lines. The absence of such fixed points/lines will preserve the KK-parity, which is
a relic of 6D Lorentz invariance. In order to study the properties of such original orbifold, we
choose to investigate the case of an Universal Extra-Dimensional model. The topology of the
(flat) Real Projective Plane affects the loop corrections and as a consequence, it strongly influ-
ences the mass-spectrum, the couplings and the structure of localized operators of the model.
In order to understand better the phenomenology of this model we developed techniques in six
dimensions to perform one-loop calculations for the first Kaluza-Klein levels. Starting with the
lightest tiers (1, 0) and (0, 1), we have found that the Dark Matter candidate is a scalar photon.
Then with a first analytical calculation, we estimate that the relic abundance constraints lead to
a mass-range 200 < mKK < 250 GeV (280 < mKK < 350 GeV in the asymmetric case). In the
short-term, this analytical analysis will be refined using numerical calculation in order to give
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a more stringent and accurate cosmological bound on the mass-range expected for our model.
We decided then to use this first mass-range prediction to study the LHC phenomenology of our
UED model on the Real Projective Plane. We showed that, in this range, the splittings inside
the lightest tiers are so small that the observation of the particles will be really challenging at
the LHC as the SM decay products are too soft. Therefore we focused on the phenomenology
of higher levels which can be easier to observe, as they could decay into SM particles without
missing energy and so we choose to work with the level (2, 0) (or (0, 2)). To simplify our study,
we considered the limit case where one of the two dimensions is much smaller that the other.
This limit is really interesting because the model has one extra-dimension with an unbroken KK-
parity imposed by the 6D completion and its phenomenology is very different from the usual 5D
case because the particle content and the mass splittings are very different. For instance, the
Dark Matter candidate is a scalar instead of a vector massive photon.

This phenomenological study of the level (2, 0) motivates then our discussion on the general
one-loop structure of masses and couplings on the Real Projective Plane. We found a great
simplification to study the localized counter-terms on the RPP and more generally in extra-
dimension by performing our calculation in the special gauge ξ = −3. In this case, the loop
corrections require gauge invariant counter-terms which allow to correlate directly mass correc-
tions to loop induced couplings. We detailed then the phenomenology of the (2, 0) and (0, 2)
tiers. These states mainly cascade decay within the same tier to the lightest state of this tier or
decay in pairs of (1, 0) or (0, 1) modes. Nevertheless, the mass-splittings for level (1, 0), (0, 1),
(2, 0) or (0, 2) are generated by loop corrections so the phase space available for those particles
to decay is really small. Therefore those channels are suppressed and are in competition with
the direct loop induced decays into Standard Model particles. This last possibility is really
exciting for LHC searches. Using our model implementation into FEYNRULES and CALCHEP, we
have shown that these decays can produce signatures with Standard Model resonances. We
presented our first analysis on channels involving di-lepton (e+e− and µ+µ−), single lepton plus
neutrino, top-pair and 4-tops, coming from the decays of the gauge vectors A2,0

µ , Z2,0
µ and W 2,0

µ .
We emphasized also that 7 TeV LHC data already start to put limits on our model and how they
will soon allow to explore all the preferred range by WMAP data. This will strongly constrain
the available KK-mass range and will potentially help to confirm or rule out this simplest UED
model on the Real Projective Plane.

To conclude let us stress that the Real Projective Plane can present a really promising
framework for the study of extra-dimensional models. In our Universal Extra-Dimensional
version, the model does not address all the Standard Model puzzles but, using the protection of
the KK-parity by the Real Projective Plane background we can foresee to refine this model either
by changing the metric of the extra-dimensions or by using Gauge Higgs Unification model.
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Appendix A

Useful tools for 6D loop calculations

191



APPENDIX A. USEFUL TOOLS FOR 6D LOOP CALCULATIONS

A.1 n-dependent integrals over 4D momentum

The functions of n appearing in the loop corrections can be expressed in terms of the four
following integrals:

Φ1(n) = 2π3

∫ ∞

0
dk

k3

√
k2 + n2 sinhπ

√
k2 + n2

(A.1.1)

Φ2(n) = 2π3

∫ ∞

0
dk

kn(
√
k2 + n2 − n)√

k2 + n2 sinhπ
√
k2 + n2

(A.1.2)

Φ3(n) = 2π3

∫ ∞

0
dk

k3(
√
k2 + n2 − n)

n
√
k2 + n2 sinhπ

√
k2 + n2

(A.1.3)

Φ4(n) = 2π3

∫ ∞

0
dk

kn2

√
k2 + n2 sinhπ

√
k2 + n2

(A.1.4)

Numerically the integrals are suppressed for large n:

n = 1 n = 2 n = 3
Φ1 1.43 0.109 0.0067
Φ2 0.54 0.047 0.0030
Φ3 1.02 0.037 0.0015
Φ4 1.71 0.294 0.0286

The functions appearing in the loop corrections are (where we report the numerical value for
n = 1):

B1 = Φ1 ∼ 1.43 (A.1.5)
B2 = Φ1 − Φ2 ∼ 0.89 (A.1.6)

B3 = Φ1 +
9
2
Φ2 − 2Φ3 ∼ 2.64 (A.1.7)

F1 = Φ1 − 2Φ2 ∼ 0.35 (A.1.8)
F2 = Φ2 ∼ 0.54 (A.1.9)

A.2 6D mixed propagators

In this section, in order to complete the discussion of chapter 2, we summarized the expression
of the 6D propagators expressed with the mixed momentum-position representation. We also
present the propagator for massive fields which get their mass from the electroweak symmetry
breaking. This will be interesting to understand the issues arising in electroweak observables,
we discussed in section 4.4.

Scalar fields

We already presented the case of the massless scalar in section 2.3. If the field is massive the
equations of motion are modified and include a new mass term. In this case, by working with
the pure winding mode decomposition, the propagator is modified in such a way that:

G6D
S (k,−→y −−→y ′) =

1
4

∑
Ω=(n1,n2)∈Z2

H
(1)
0 (χ|−→y −−→y ′ +

−→
Ω |) (A.2.10)
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where

χ =
√
k2 −→

√
k2 −M(v)2 . (A.2.11)

If we choose to use the mixed propagator with winding mode along one direction and KK-
decomposition along the other, the idea is similar and we have:

G6D
S (k,−→y −−→y ′) =

∞∑
l=−∞

G5D
S (χl, x5 − x′5) f∗l (x6)fl(x′6) (A.2.12)

where

χl =
√
k2 − l2 −→

√
k2 − l2 −M(v)2 (A.2.13)

Here M(v) is the mass given by the electroweak symmetry breaking through the Higgs
mechanism. This is the only modification compared to the massless case. Then, in order to
take into account the orbifolding of the two extra dimensions, we need to impose the parity
conditions on this propagator. By splitting the contribution of each symmetry of the space, we
can write the propagator of the field from −→y ′ to −→y :

GorbS (k,−→y −−→y ′) =
1
4
(G6D

S (k,−→y −−→y ′) + pgG
6D
S (k,−→y − g(−→y ′))

+prG6D
S (k,−→y − r(−→y ′)) + pgprG

6D
S (k,−→y − gr(−→y ′))) (A.2.14)

For simplicity reason, we will write G6D
S as Gs.

Gauge Bosons

We can define the vector boson propagator from −→y ′ to −→y using the scalar propagator. So
we obtain the following propagator in the Feynman gauge:

D6D
MN (k,−→y −−→y ′) = −gMNGs(k,−→y −−→y ′) (A.2.15)

and here we also replace k2 −→ k2−M(v)2. As we choose the ξ = 1 gauge, we have not to forget
the Goldstone boson which picked also a mass from the symmetry breaking: M2(v) = g2v2

4 .
To get the full propagator on the orbifold, we have to implement the effects of the orbifold
symmetries as it is presented in (73):

Dorb
MN (k,−→y −−→y ′) = −gMN

1
4

(
G6D
S (k,−→y −−→y ′) + pgθ

g
NG

6D
S (k,−→y − g(−→y ′))

+prθrNG
6D
S (k,−→y − r(−→y ′)) + pgprθ

rg
NG

6D
S (k,−→y − gr(−→y ′))

)
(A.2.16)

where

θtM =
t(xM )
|xM |

= ±1 (A.2.17)
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Fermions

We can also define the propagator from −→y ′ to −→y of fermionic fields using the scalar propaga-
tor. Here because of the Lagrangian structure, the definition is a bit more subtle. Let us remind
the fermionic Lagrangian including Yukawa interactions between doublets (Q) and singlets (U)
of SU(2):

L ⊃
∫
dx5

∫
dx6 i

{
Ψ̄Q,UΓα∂αΨQ,U − yf Ψ̄QHΨU − yf Ψ̄UH

†ΨQ

}
(A.2.18)

The coupled equations of motion of the doublet and singlet fields will have the following
form with m(v) = yfv√

2
:

(
iΓα∂α −m 1
−m 1 iΓα∂α

)(
ΨQ

ΨU

)
= 0 (A.2.19)

We can deduce thereby the following propagator for the fermionic fields:

S6D
αβ (k,−→y −−→y ′) =

(
(pµΓµ − i∂x5Γ5 − i∂x6Γ6)αβ m 1αβ

m 1αβ (pµΓµ − i∂x5Γ5 − i∂x6Γ6)αβ

)
Gs(k,−→y −−→y ′)

(A.2.20)

In the massless case, the result simplifies and for both fields we get:

S6D
αβ (k,−→y −−→y ′) = (pµΓµ − i∂x5Γ5 − i∂x6Γ6)αβ Gs(k,

−→y −−→y ′) (A.2.21)

Like in the gauge boson case, if we want to express the full propagator on the orbifold, we
have to include the effects of the RPP symmetries. The game is slightly more tricky for fermions
but we can show, as it is suggested in (73) that Sorbαβ can be written as:

Sorbαβ (k,−→y −−→y ′) =
1
4

(pµΓµ − i∂x5Γ5 − i∂x6Γ6) ·
(
G6D
S (k,−→y −−→y ′) + pgΓ

g
G6D
S (k,−→y − g(−→y ′))

+prΓ
r
G6D
S (k,−→y − r(−→y ′)) + pgprΓ

rg
G6D
S (k,−→y − gr(−→y ′))

)
(A.2.22)

A.3 Starting a 6D loop calculation

In section 2.3, we developed the calculation of the scalar tadpole correction to the (n, 0)
gauge boson mass. As a complement to this section, here we will give to the reader an overview
of the complete calculation we performed to obtain the full set of radiative corrections to (n, 0)-
(0, n) levels. This appendix will be a usefull tool, if we need to derive 6D loop calculations
for other modes and also for other extradimensional model in 6D. The results of the following
integrals are the one compiled in section 2.4 and 4.3.1. In all this discussion, x corresponds to x5

and y to x6, the Latin indices M,N,A,B = 0..6 and the Greek ones µ, ν = 0..3. The momenta
running into the loop are given by:

χl1 =
√
p2 − l2

χl
′
2 =

√
(p− q)2 − l′2 (A.3.23)

and when needed, we will use a simplified notation with i∂A → pµ when A = µ = 0..3, where p
is the momentum of the considered propagator.
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A.3.1 Gauge boson self-energy

The radiative corrections we have to compute, are represented by the loop diagrams given
in Figure 2.7. Here we present the generic result for the n both even and odd.

Scalar contribution (f − g)

The (f)-tadpole case has already been discussed in chapter 2.3. Here we will study the
(g)-loop:

iΠg
MN =p♣t

1
4
i2g2

6

16π4
C2(r)

∑
l,l′

∫
dp

∫
dx1 . . . dy2 fn,0AM

(x1, y1)f
n,0
AN

(x2, y2)

OMN GF
s (χl1, x1, x2) G♣s (χl

′
2 , x2, t(x1))f∗l (y1)fl(y2)f∗l′(y2)fl′(t(y1)) (A.3.24)

where OMN = i2(∂Mx1,F − ∂
M
x1,♣)(∂Nx2,♣ − ∂

N
x2,F). We choose, for the vertices, incoming momenta

convention. fn,0AM
is the wavefunction of the outcoming legs, because we are looking at the self-

energy correction to a given 4D KK-mode. The symbol F and ♣ show on which propagator or
wavefunction apply the derivative operators. p♣t is the parity under the t symmetry of the field
propagating in the loop with the propagator G♣s .

Gauge contribution (a− d)

We present here the case of the (b, c) loops:

iΠb,c
MN =

1
4
C2(G)

i2g2
6

16π4

∑
l,l′

∫
dp

∫
dx1 . . . dy2 p♣t θ

t
RTMPRTNQSf♠,n,0AM

(x1, y1)f
N,n,0
AN

(x2, y2)

gPQGF
s (χl1, x1, x2) f∗l (y1)fl(y2) gRSG♣s (χl

′
2 , x2, t(x1))f∗l′(y2)fl′(t(y1)) (A.3.25)

where

T MPR = i[gMP (∂Rx1,♠ − ∂Rx1,F) + gPR(∂Mx1,F − ∂Mx1,♣) + gRM (∂Px1,♣ − ∂Px1,♠)]

T NQS = i[gNQ(∂Sx2,N − ∂Sx2,F) + gQS(∂Nx2,F − ∂Nx2,♣) + gSN (∂Qx2,♣ − ∂Qx2,N)] (A.3.26)

Even if this formula looks really complex, once we choose if n is odd or even, some modes vanish
and the expression can be simplified. It will allow us afterwards to make the distinction between
(b) and (c) loops.
The ghost loop (d) can be inferred from the (g)-loop; due to couplings and the anticommutation
rule of ghost fields, we can show that:

iΠd
MN = −1

2
iΠg

MN (A.3.27)

For the gauge tadpole (a), the result is very similar to the scalar tadpole (f):

iΠa
MN =

1
4
C2(G)

−ig2
6

16π4

∑
l

∫
dp

∫
dx1dy1 p♣t θ

t
RQMNPQf

n,0
AM

(q, x1, y1)f
n,0
AN

(q, x2, y2)

gPQG♣s (χl1, x1, t(x1)) f∗l (y1)fl(t(y1)) (A.3.28)

where

QMNPQ = 2[gMNgPQ − gMP gNQ] (A.3.29)
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Fermion contribution

The fermion loop (e) is then given by:

iΠe
MN =

1
4
C2(G)

i2g2
6

16π4

∑
l,l′

∫
dp

∫
dx1 . . . dy2 p♣t Tr[ΓMΓAΓNΓBΓt] An,0M (q, x1, y1)A

n,0
N (q, x2, y2)

i∂AGs(χl1, x1, x2) f∗l (y1)fl(y2) i∂BG♣s (χl
′
2 , x2, t(x1))f∗l′(y2)fl′(t(y1)) (A.3.30)

A.3.2 Fermion self-energy

The radiative corrections, we have to compute are represented by the loop diagrams given
in figure 2.8. Here we presented the generic result for the n both even and odd.

Gauge contribution

The contribution from gauge field is given by:

iΣA =
1
4
i2g2

6

16π4

∑
l,l′

∫
dp

∫
dx1 . . . dy2 p

♣
t θ

t
M Fn,0

Ψ̄
(x1, y1)ΓMΓAΓNFn,0Ψ (x2, y2)

(−gMN ) i∂AGs(χl1, x1, x2) G♣s (χl
′
2 , x2, t(x1))f∗l (y1)fl(y2)f∗l′(y2)fl′(t(y1)) (A.3.31)

Here Fn,0Ψ stands for the vector formed by wavefunctions of the (n, 0) 4D-fermions:

Fn,0Ψ (x, y) =


fn,0Ψ1 (x, y)
fn,0Ψ2 (x, y)
fn,0Ψ3 (x, y)
fn,0Ψ4 (x, y)

 (A.3.32)

Scalar contribution

The scalar contribution is quite similar to the boson one and for a Yukawa coupling, y6, we
have:

iΣφ =
1
4
i2y2

6

16π4

∑
l,l′

∫
dp

∫
dx1 . . . dy2 p

♣
t Fn,0

Ψ̄
(x1, y1)ΓAF

n,0
Ψ (x2, y2)

i∂AGs(χl1, x1, x2) G♣s (χl
′
2 , x2, t(x1))f∗l (y1)fl(y2)f∗l′(y2)fl′(t(y1)) (A.3.33)

The peculiar structure of the Γ matrices, applied on Fn,0Ψ wavefunction vector, will generate
the kinetic and the mass contributions of the heavy fermion self-energy.
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General structure of the
counter-terms

The main purpose of this appendix is to help the reader to make the link between the well-
known 4D renormalization procedure and the counter-term structure that has been studied in
chapter 3 in the context of 6D extra-dimensional models.

B.1 4D renormalization reminder

For simplicity we will consider a SU(N)-gauge theory, coupling with a fermion and a scalar
field. At one loop, the renormalized Lagrangian can be written in the generic form in 4D as (8):

Lbare = Lren + Lc.t. (B.1.1)

Lbare is the bare Lagrangian in which the field will be denoted by the subscript 0 and which
represents the tree level Lagrangian. It is equal to the sum of the renormalized Lagrangian which
describes the physical quantities and of the counter-term Lagrangian which will “contain” the
divergences of the bare variables.

Lren =− 1
4
F aαβF

aαβ − 1
2ξ

(∂µAa,µ)
2 − c̄a∂2

µc
a − gfabc c̄a∂µ(Abµ c

c)

+ Ψ̄(i /D −mf )Ψ + (Dµφ)†(Dµφ)−m2
φ φ

†φ (B.1.2)

where A is a SU(N) gauge boson, Ψ is a fermion with mass mf and φ a complex scalar with
mass mφ. DM = ∂M − igAaM t

a
r and F aαβ = ∂αA

a
β − ∂βA

a
α + gfabcAbαA

c
β.

Note that Lbare can be deduced from Lren by adding the subscript 0 to all couplings, masses
and fields similarly to the example presented in 1.1.1.

Lbare = Lren where A→ Ao, c→ co, φ→ φo, ψ → ψo, g → go, ξ → ξo, · · · (B.1.3)

Finally the 4D counter-term Lagrangian is given by:

Lc.t. =− 1
4
δZ3(∂αAaβ − ∂βA

a)2 − 1
2ξ

(∂µAa,µ)
2 − δZ ′2c̄

a∂2
µc
a + Ψ̄(iδZ2/∂ − δm)Ψ + δZφ(∂µφ)†(∂µφ)

− gδc1 f
abc∂µA

a
ν A

b,µAc,ν − g2δc4 (fabcAbµA
c
ν)(f

adeAd,µAe,ν)− gδc′1f
abcc̄a∂µ(Abµ c

c)

+ gδc1f Ψ̄(tar) /AaΨ− igδc1φ(∂µφ†tarφ− φ†tar∂µφ)Aaµ + g2δc4φ φ
†{tar , tbr}φ AaµAb,µ − δm2

φ φ
†φ
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Here the counter-terms δZi, δci and δmi are associated to the renormalization of wavefunc-
tions, couplings and masses.

The counter-term contributions are here to cancel the divergent contributions coming from
the one-loop divergences. They can be deduced from radiative corrections. Moreover due to the
gauge symmetry of the Lagrangian, all these coefficients are not independent. So at one loop,
we should have for instance (8):

A(ξ) = δc1φ − δZφ = δc1f − δZ2 = δc1 − δZ3 =
1
2
(δc4 − δZ3) = δc′1 − δZ ′2 (B.1.4)

From this discussion, we notice easily that the counter-term Lagrangian is not gauge invariant
anymore. Because of the renormalizability of this Lagrangian, the absence of gauge invariance
is not a big issue for the calculation. Nevertheless, with a peculiar gauge choice, can this
Lagragian find a gauge invariant form? Actually this will be the case if A(ξ) = 0. Using the
one-loop Standard Model calculation in generic ξ-gauge (135), we can show that:

A(ξ) ∝ g2

(4π)2
(ξ + 3)C2(G)

4ε
(B.1.5)

So we want to emphasize here that the same curiosity arises in 4D and in 6D. It seems that
the ξ = −3 gauge choice is quite general to obtain a gauge invariant counter-term Lagrangian
at one-loop level.

B.2 6D renormalization

When renormalizing an extra-dimensional quantum field theory, counter-term Lagrangians
will also come to compensate the divergences of the theory. On the Real Projective Plane in
6D, we will have two sources of divergences which will have to be regularized. The first ones
come from the torus contribution and will be similar to the open space divergences. They
correspond technically to the 4D one we just mentioned in the previous section. We will not
take those counter-terms into account in this discussion even if they will contribute to the 6D
wavefunction renormalization. The second source is a set of log-divergences generated by the
rotation contribution in the loops, directly linked to the singular points of the orbifold. The
new counter-terms Lagrangian Lc.t., which regularizes the theory, is actually an effective 4D
Lagrangian containing interactions localized on the singular points of the orbifold (63). As we
already mentioned, this 4D Lagrangian will not respect necessarely the 6D Lorentz and gauge
invariance. Therefore, in order to compensate the loop divergences, some new terms have to be
added. For instance, mass counter-terms for the gauge bosons will be generated at loop level
and they will not be 6D gauge invariant. There are not coming from (Fµ5)2 and (Fµ6)2 because
these are vanishing on the fixed points. Considering the previous toy model, we can write the
generic Lagrangian:
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B.2. 6D RENORMALIZATION

Li c.t. ⊃
∫∫ 2π

0
dx dy δi

{
− 1

4
δZ3(∂αAaβ − ∂βA

a)2 − 1
2ξ

(∂µAa,µ)2 +
1
2
δm2

AA
a,µ(∂2

5 + ∂2
6)Aaµ

+
1
2
δZmix(∂5A

a,µ∂µA
a
5 + ∂6A

a,µ∂µA
a
6)

+ Ψ̄(iδZ2/∂ − δm)Ψ + δZφ(∂µφ)†(∂µφ) + δZφ5,6(∂2
5,6φ

†φ+ φ†∂2
5,6φ)

− g6δc1 f
abc∂µA

a
ν A

b,µAc,ν − g2
6δc4 (fabcAbµA

c
ν)(f

adeAd,µAe,ν)

+ g6δc1f Ψ̄(tar) /AaΨ− ig6δc1φ(∂µφ†tarφ− φ†tar∂µφ)Aaµ
+ g2

6δc4φ φ
†{tar , tbr}φ AaµAb,µ − δm2

φ φ
†φ

+ {terms with Aϕ and Aπ}
}

(B.2.6)

where δ0 and δπ are combinations of Dirac function.

δ0 =
1
2

(δ(x5)δ(x6) + δ(x5 − π)δ(x6 − π)) , (B.2.7)

δπ =
1
2

(δ(x5)δ(x6 − π) + δ(x5 − π)δ(x6)) , (B.2.8)

In our case from the loop calculation performed in chapter 3, we can deduce the following
deltas:

δZφ
g2C2(rφ)

(4π)2
ξ−3
ε

δZ2
g2C2(rf )

(4π)2
(ξ−1)
ε

δZ3
g2

(4π)2

(
(5−ξ)C2(G)

2ε − C(rφ)
3ε

)
δc1φ

g2

(4π)2

(
4(ξ−3)C2(rφ)

4ε + (ξ+3)C2(G)
4ε

)
δc1f

g2

(4π)2

(
4(ξ−1)C2(rf )

4ε + (ξ+3)C2(G)
4ε

)
δc1

g2

(4π)2

(
(−3ξ+7)C2(G)

4ε − C(rφ)
3ε

)

δc1φ − δZφ = δc1f − δZ2 = δc1 − δZ3 =
g2

(4π)2
(ξ + 3)C2(G)

4ε
(B.2.9)

Then the mass term generated by the non gauge invariant term gives:

δm2
A ∝

g2

(4π)2
(ξ + 3)C2(G)

ε
(B.2.10)

The mixing term between Aµ and the Goldstone Aπ gives also:

δZmix ∝ g2

(4π)2
(ξ + 3)C2(G)

ε
(B.2.11)

So we can see clearly that in such gauge ξ = −3, the counter-term structure is given by the
gauge invariance. This means that the counter-term Lagrangian takes the following form:

Lc.t.(ξ = −3) =− 1
4
δZ3(F aαβ)

2 − 1
2ξ

(∂µAa,µ)
2 + Ψ̄(iδZ2 /D − δm)Ψ + δZφ(Dµφ)†(Dµφ)

− δm2
φ φ

†φ+ δZφ5,6(∂2
5,6φ

†φ+ φ†∂2
5,6φ) + {terms with Aϕ and Aπ} (B.2.12)
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APPENDIX B. GENERAL STRUCTURE OF THE COUNTER-TERMS

It is obvious now to see the identification between these numbers used in the usual 4D
description and the one we defined in section 3.5:

r1 = δZ3

z1 =
z1+ + z1−

2
= δZ2

c1 = δZφ

c′5 = δZφ5 and c′6 = δZφ6 (B.2.13)

We limited the example to a small subset of counter-terms but this can be obviously extended
to the full Lagrangian of the SM on the Real Projective Plane.
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Appendix C

The equivalence principle at work

In this section, we will introduce a discussion on the equivalence theorem on the Real Pro-
jective Plane which is a useful tool to check and compute the coupling of heavy gauge bosons
decaying into SM heavy gauge bosons. This technique has been used for instance to implement
the couplings of A2,0

µ , W 2,0
µ and Z2,0

µ with the longitudinal polarization of heavy gauge bosons
and the Higgs.

C.1 Decay of A2k,2l
µ into massive SM gauge fields: effective ver-

tices

In the Standard Model, the electroweak symmetry breaking gives a mass to the W± and
Z. This effect needs to be included in the width calculation of the heavy partners. We can
understand then that the effective 3-gauge vertex, presented in section 3.6.1, will not vanish
anymore. The decay will be indeed allowed through the longitudinal polarization of the SM
fields. So we will use the same procedure of adding counter-terms to extract the effective
vertices between heavy and SM eigenstates. However this time we will allow the counter-terms
coming from the Higgs field Lagrangian.

Using the “magic gauge” (ξ = −3) with the equations 3.11 and 3.13, we derive the counter-
term Lagrangian of the Higgs sector. The covariant derivative is Dµ = ∂µ−ig1YφBµ−igwWµ,ata.

Lc.t.(ξ = −3) ⊃− r
(1)
1

4
(Bαβ)2 −

r
(2)
1

4
(W a

αβ)
2 + c1(Dµφ)†(Dµφ) + c′5(∂

2
5φ
†φ+ φ†∂2

5φ)

+ c′6(∂
2
6φ
†φ+ φ†∂2

6φ) (C.1.1)

Extracted from the loop corrections computed in section 3.3.1, we recall that:

c1
π2Λ2R2

= −3
2
C2(rφ)

α

π

1
ε

(C.1.2)

c′5
π2Λ2R2

=
c′6

π2Λ2R2
= − 5

16
C2(rφ)

α

π

1
ε

(C.1.3)

where is given by:

C2(rφ)
α

π
=

1
4
α1

π
+

3
4
α2

π
(C.1.4)
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APPENDIX C. THE EQUIVALENCE PRINCIPLE AT WORK

From the kinetic term of the Higgs fields (φ), we can obtain the new set of mixing terms.
Those terms appear when the Higgs gets a non vanishing vacuum expection value (v). The value
of the effective vertex (a) in figure C.1 is given by:

iΠµν
a = ig2gwv

2−3
2
C2(rφ)

α

π

1
ε
gµν (C.1.5)

The precise value of g2 will be detailled in a following table. At the same order in v2, we have
also a contribution coming from the mass mixing term between (2k, 2l) modes and zero modes.
This term is generated by the c′5 and c′6 mass counter-term and induces a mixing for the vev.
As it is shown in figure C.2, we have a new vertex (b) which has to be added to the previous
contribution and which takes the value:

iΠµν
b = ig2gwv

2 2 · 5
16
C2(rφ)

α

π

1
ε
gµν (C.1.6)

We can add those two contributions and give the effective mass mixing vertex. The following
table presents the value of g2 for the different gauge field combinations:

iΠµν
a+b = −ig2gwv

2 7
8
C2(rφ)

α

π

1
ε
gµν (C.1.7)

Mixings g2

Bµ(2k, 2l)/Bν(0, 0) g21
4

W 3
µ(2k, 2l)/Bν(0, 0) −g1gw

4

W 3
µ(2k, 2l)/W 3

ν (0, 0) g2w
4

W±
µ (2k, 2l)/W±

ν (0, 0) g2w
4

Figure C.1: A2k,2l
µ − A0,0

ν mixing from the quadrilinear vertex of the Higgs kinetic part. The cross represents
the vev insertions and the big gray dot, the scalar counter-term vertex.

Figure C.2: A2k,2l
µ −A0,0

ν mixing from the Higgs mass term.
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C.1. DECAY OF A2K,2L
µ INTO MASSIVE SM GAUGE FIELDS: EFFECTIVE VERTICES

C.1.1 Decays into W+W−

To obtain the effective vertex with 3-gauge bosons, we have to add together these new
counterterms (fig.C.3). They will give a contribution proportional to m2

W which will compensate
the 1/m2

W contribution coming from the longitudinal polarization of the W’s.
The tensor structure of the effective vertex is given by the following formula:

iV µνρ = c(0)T µνρ + c(2)
m2
W

M2
Sµνρ + ... (C.1.8)

The tensor T µνρ is the one introduced in section 3.6.1 and it satisfies T µνρερ(q2)εν(q1) = 0.
c(0) is the prefactor in front of T µνρ which could be obtained from section 3.6.1. c(2) contains
the contribution coming from the Higgs counter-terms and is given by:

c
(2)
a+b = i

g2gwv
2

m2
W

7
8
α

π

1
ε

(C.1.9)

The effective vertex generated by the Higgs counter-term Lagrangian is finally:

iV µνρ
a+b = c

(2)
a+b

m2
W

M2
Sµνρ (C.1.10)

The tensor Sµνρ satisfies Sµνρερ(q2)εν(q1) 6= 0. Its expression is different if we consider the
decay of B2k,2l or of W 2k,2l. It is obtained by summing the new set of counterterms in ξ = −3
gauge.

Sµνρ(B→WW ) = −1
4

{
(qµ2 − qµ1 )gνρ − (qν1 + 2qν2 )gµρ + (2qρ1 + qρ2)g

µν − (qµ2 + qµ1 )(qν1q
ρ
1 − qν2q

ρ
2)

M2

}
= −1

4

{
Oµνρ − (qµ2 + qµ1 )(qν1q

ρ
1 − qν2q

ρ
2)

M2

}
Sµνρ(W→WW ) =

1
4

{
Oµνρ − M2(qρ2g

µν − qν1g
ρν)− 2(qµ2 + qµ1 )(qν1q

ρ
1 − qν2q

ρ
2) + qν1q

ρ
2(q

µ
2 − qµ1 )

3M2

}
(C.1.11)

There is also a third contribution in c
(2)
c which will lead to a vertex proportional to m2

W .
This part is directly generated by the gauge boson kinetic term r1.

After resumming all these diagrams, presented in figure C.4, we show that the additional
contribution to the effective vertex (C.1.10) is:

iV µνρ
c, (B→WW ) = −i

gwα1m
2
W

4M2πε

1
12
C(rφ)

{
Oµνρ − (qρ2g

µν − qν1g
ρν)

4M2

}
iV µνρ
c, (W→WW ) = −i

gwα2m
2
W

4M2πε
(C2(G)− 1

12
C(rφ))

{
Oµνρ − (qρ2g

µν − qν1g
ρν)

4M2

}
(C.1.12)

Figure C.3: New contributions to the decay from bilinear counterterms.
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Figure C.4: Contributions to the decay of gauge bosons coming from the kinetic counter-term of gauge bosons.

As an example, for the decay of Bµ(2k, 2l) −→ W±
µ (0, 0)W∓

µ (0, 0), the effective vertex can
be written as:

iV µνρ
(B→WW ) = −ig1Yh[

7
4
α

π
+

1
6
C(rφ)]

1
ε
Sµνρ (C.1.13)

Note that the part of the tensor in 1/M2 will generate gauge dependent higher order correc-
tions, and therefore they do not need to be taken into account in our later calculation.

To conclude, this situation will lead to a new effective vertex proportional to the W mass,
which will allow the decay into two gauge bosons. For implementations of the decay of heavy
B or W , discussed in section 4.2, these new trilinear effective couplings will be taken into
account. They will ensure the decay of heavy gauge fields into massive gauge bosons through
their longitudinal polarization.

C.1.2 Decays into h Z

In a similar way, we will consider the decay of B2k,2l and W 2k,2l
3 into h0,0 and Z0,0. The

following table summarizes the effective vertices (fig.C.5) which are involved into the decay in
h Z1.

decays iVhiggs

Bµ(2k, 2l) −→ Zµ(0, 0)h(0, 0) −2ig1YhmZ
1
πε [

7
8(1

4
α1
π + 3

4
α2
π )− α1

12C(rφ)]gµν

W 3
µ(2k, 2l) −→ Zµ(0, 0)h(0, 0) +igwmZ

1
πε [

7
8(1

4
α1
π + 3

4
α2
π ) + α2

π C2(G)− α2
12C(rφ)]gµν

C.1.3 Decay of heavy eigenstates

B
(2k,2l)
µ and W

(2k,2l)
3,µ , as it is the case in the Standard Model, are not mass eigenstates

anymore after the electroweak symmetry breaking. As we are interested in the decay of heavy
A

(2k,2l)
µ and Z

(2k,2l)
µ , we have to consider the eigenstates given by the following expression (63):

{
A

(2k,2l)
µ = cos θ2 B

(2k,2l)
µ + sin θ2 W

(2k,2l)
3,µ

Z
(2k,2l)
µ = cos θ2 W

(2k,2l)
3,µ − sin θ2 B

(2k,2l)
µ

(C.1.14)

where

tan θ2 =
m2
Z(2k,2l)

−m2
A(2k,2l)

+m2
Z − 2m2

W + δm2
B − δm2

W

2mWmZ sin θW
. (C.1.15)

1When summing all the counter-terms, a sign problem appears in the contribution of the Higgs and of the
non-abelian part of the decay into hZ. We expect like in formula 3.75 to have a vertex proportional to 7

8
α
π
C2(rφ)−

α2
π
C2(G) instead of 7

8
α
π
C2(rφ) + α2

π
C2(G). The understanding of this last point is still in progress.
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C.2. DECAY WIDTHS AND EQUIVALENCE THEOREM

Figure C.5: Different contributions to A2k,2l
µ −A0,0

ν − h0,0 trilinear vertex.

C.2 Decay widths and equivalence theorem

In this section we propose to establish the partial decay width of heavy gauge bosons going
into SM massive gauge fields. And we will use the equivalence theorem to show the consistency
of the obtained results.

As an example, we decide to study the case of B2k,2l
µ −→ W

±(0,0)
µ W

∓(0,0)
µ . The other decay

widths can be derived easily with similar calculations. Using the effective vertex from the
previous section, we can get the decay width in zeroth order in m2

W .

Γ =
1
3
|M|2 1

8π
1

4M

√
1−

m2
W

2M2

Γ =
1
3

1
8π

1
4M

(
g1Yh
πε

)2(7
4
(
1
4
α1

π
+

3
4
α2

π
) +

α1

6
C(rφ)

)2

·

m4
W

M4
SµνρSαβγ

(
gαµ − qαqµ

4M2

)(
gβν − qβ1 q

ν
1

m2
W

)(
gγρ − qγ2 q

ρ
2

m2
W

)
Γ ∼ 1

96π

(
g1Yh
πε

)2(7
4
(
1
4
α1

π
+

3
4
α2

π
) +

α1

6
C(rφ)

)2

M (C.2.16)

The last thing we did, was to compare this width (C.2.16) with the one we can compute
using the equivalence theorem: B2k,2l

µ −→ φ±(0,0)φ∓(0,0). φ± are the Goldstone bosons which
will be eaten by the W’s to become their longitudinal components in the unitary gauge. From
the formula (3.76), we can deduce the vertex for the gauge field decaying into SM scalars. In
ξ = −3 gauge, the coefficient coming from loops is the same as the one we used before. It is
generated actually by the same counter-terms. So the coupling is given by:
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iV µ
(B→φ±φ∓)

= i
g1Yh
πε

(
7
8
(
1
4
α1

π
+

3
4
α2

π
) +

α1

12
C(rφ)

)2

(qµ2 − qµ1 ) (C.2.17)

At the zeroth order in m2
W , we get the partial decay width of B2k,2l

µ :

Γ =
1
3
|M|2 1

8π
1

4M

√
1−

m2
W

2M2

Γ ∼ 1
3

(
g1Yh
πε

)2(7
8
(
1
4
α1

π
+

3
4
α2

π
) +

α1

12
C(rφ)

)2

(qµ2 − qµ1 )(qα2 − qα1 )
(
gαµ − qαqµ

4M2

)
1
8π

1
4M

Γ ∼ 1
96π

(
g1Yh
πε

)2(7
4
(
1
4
α1

π
+

3
4
α2

π
) +

α1

6
C(rφ)

)2 1
/4
/4M (C.2.18)

Through this calculation, we showed that the computation of the partial width of heavy
gauge bosons into SM massive ones can be inferred by using the equivalence theorem which
can simplify the calculation. The decay of heavy gauge bosons is actually mediated by the
longitudinal polarization of the SU(2) gauge bosons and only ruled by the electroweak symmetry
breaking. In our FEYNRULES code, we implemented the gauge structure directly however we use
the equivalence theorem to check the branching ratios obtained with the CALCHEP code by looking
at the matching of the two descriptions for high KK-mass limit. Here we focus on the case of the
heavy B2k,2l but similar results can be shown for the decay of the W± and W 3. To study the
decay of the heavy photon or heavy Z eigenstates, we just need to diagonalize the vertices using
the proper Weinberg angle related to the (2k, 2l) level in our case, it will be done automatically
by the FEYNRULES software.
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Appendix D

Higgs couplings in extended Higgs
sectors

D.1 Multiple Higgs

The Higgs sector may contain multiple scalar fields which develop a VEV, like for instance
in supersymmetry where two Higgs doublets are required in order to allow up and down type
Yukawa interactions. Let us imagine that there are n such Higgs multiplets φi, such that

φi =
1√
2

(vi + cih+ . . . ) , (D.1.1)

where h is the lightest mass eigenstate (that we would identify with the SM Higgs), and dots
represent the other (heavier) scalar mass eigenstates. The VEVs are all non zero vi 6= 0. In this
case, in the formulas in Section 5.2, one needs to replace:

vSM
m

∂m

∂v
→ vSM

m

∑
i

∂m

∂vi
ci . (D.1.2)

For example, in the case of supersymmetry, there are two Higgs doublets, Hu,d with Hu =
1/
√

2(vu+h cosα+sinαH) and Hd = 1/
√

2(vd−h sinα+cosαH), and v2
SM = v2

u+ v2
d (tanβ =

vu/vd). The W mass is given by m2
W = g2/4(v2

u + v2
d), so that:

vSM
mW

∂mW

∂v
→ vSM

mW

(
mW

vSM
sinβ cosα− mW

vSM
cosβ sinα

)
= sin(β − α) . (D.1.3)

For the top, mt = yvu:

vSM
mt

∂mt

∂v
→ vSM

mt
y cosα =

cosα
sinβ

. (D.1.4)

D.2 Higgs mixing

Another interesting case is when the Higgs mixes with additional scalars that do not develop
a VEV. This situation may be realized in multiple Higgs models, or in the Lee-Wick SM. We
will call Sj those inert scalars, which contain the light Higgs field h:

Sj = sjh+ . . . (D.2.5)
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As before, we are assuming that the other mass eigenstates are heavier than the h, which we
want to identify with the SM Higgs. The scalars Sj may couple to a particle p with coupling

gSj Sj p̄p , (D.2.6)

which will contribute to the coupling of p to the Higgs h via the mixing. In this case, one can
use the formulas in Section 5.2 with

vSM
m

∂m

∂v
→ vSM

m

∑
i

∂m

∂vi
ci +

∑
j

gSjsj

 . (D.2.7)

D.3 Charged Higgs couplings

Another situation where the coupling to the Higgs does not come via the v-dependence of the
mass, is when the particle in question does couple with the Higgs potential. In fact, the Higgs
potential implicitly contains the VEV, and this fact may lead to cancellations in the particle
mass. One may calculate the mass of the particle as a function of the Higgs field VEV 〈H〉 and
v (which are numerically equal), derive in 〈H〉 and then impose 〈H〉 = v. In most cases it is
easier to compute the coupling directly from the Higgs potential: here we will summarize three
cases that are useful for the calculations in this paper.

The most trivial example is the charged Goldstone boson in the SM, which is eaten by the W
in the Unitary gauge. In Feynman gauge, the charged component of the Higgs doublet remains
in the spectrum and its mass is mφ± = mW . This may lead to the wrong conclusion that its
couplings to the Higgs are the same as the W . The Higgs potential can be written as

V (H) =
λ

4

(
H†H − v2

2

)2

; (D.3.8)

after expanding the Higgs field as H =

(
φ+

v+h+iφ√
2

)
, it does not generate any mass for the

Goldstone bosons φ, because of a cancellation between the mass term −λv2/4 and a contribution
from the quartic coupling (the mass is given by the gauge fixing term). However, the quartic
coupling does generate a trilinear coupling with the Higgs h:

λv

2
φ+φ−h =

m2
h

v
φ+φ−h . (D.3.9)

The coupling to the Higgs is therefore proportional to the Higgs mass. The amplitude generated
by the Goldstone boson can be computed starting from the amplitude of a standard scalar

Aφ±(τW ) =
v

2m2
W

m2
h

v
AS(τW ) = 2τWAS(τW ) , (D.3.10)

where τW = m2
h

4m2
W

.
A similar situation happens in the Lee-Wick SM: together with the standard Higgs field H,

there exists a LW scalar H̃ with negative kinetic term. The potential is:

VLW (H, H̃) = V (H − H̃)−M2
HH̃

†H̃ . (D.3.11)
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Only the standard Higgs develops a VEV, while the LW Higgs does not thanks to its large
LW mass MH . The charged component of the Higgs is eaten by the massive W ; the charged
component of the LW field h̃+ is a physical degree of freedom with mass given simply by the
LW mass: the v dependence cancels out like for the Goldstone bosons. Nevertheless, a trilinear
coupling h̃+h̃−h is present with coefficient proportional to λv/2 (the proportionality coefficient
depends on the mixing in the neutral sector, and it is discussed in Section 5.3). The amplitude
for the LW field can be written as:

Ah̃±(τ̃h±) =
vSM
2m̃2

h±

λv

2
AS(τ̃h) =

λvvSM
2m2

h

2τ̃hAS(τ̃h) ; (D.3.12)

where τ̃h = m2
h

4m̃2
h±

. This formula is different from the one used in Ref. (113).

Finally, let us discuss the case of the charged Higgs in the MSSM: the model contains two
Higgs doublets Hu,d with opposite hypercharge to generate up- and down-type Yukawas. The
potential contains two quartic couplings (21):

VMSSM (Hu,Hd) =
g2 + g′2

8
(
|Hu|2 − |Hd|2

)2 +
g2

2

∣∣∣HuH
†
d

∣∣∣2 + . . .

=
g2 + g′2

8
(
|H0

u|2 − |H0
d |2 +H−

u H
+
u −H+

d H
−
d

)2 +
g2

2

∣∣H+
u (H0

d)
∗ +H0

uH
+
d

∣∣2 + . . . (D.3.13)

where the dots stand for quadratic terms. The two neutral components develop a VEV:√
2 〈H0

u〉 = vu = vSM sinβ and
√

2 〈H0
d〉 = vd = vSM cosβ. However, only one combination

actually acquires a VEV: we can define H1 = sinβ Hu − cosβ H†
d and H2 = cosβ Hu + sinβ H†

d

such that
√

2 〈H1〉 = vSM and
√

2 〈H2〉 = 0. The charged component of H1 is eaten by the
W , while the charged component of H2 is the physical charged Higgs: H+

u = cosβ H+ and
H+
d = sinβ H+. Plugging those solutions in the potential, and expanding around the VEV√
2 〈H0

u〉 = vu + cosαh+ sinαH and
√

2 〈H0
d〉 = vd − sinαh+ cosαH, we find that

m2
H± = m2

A +m2
W , (D.3.14)

gH+H−h =
2m2

W

vSM
sin(β − α) +

m2
Z

vSM
cos(2β) sin(β + α) , (D.3.15)

where mA is a mass term independent on the VEVs. The coupling to the light Higgs has a
term proportional to the W mass square, coming from the second term in the potential (this is
what we would obtain from the mass formula), and a term proportional to the Z mass square,
from the first quartic term in the potential: the latter cancels out in the mass formula but does
contribute to the Higgs couplings.

209



APPENDIX D. HIGGS COUPLINGS IN EXTENDED HIGGS SECTORS

210



Appendix E

Higgs sector in 5D models

E.1 Gauge bosons in 5D

In this appendix, we propose a more detailed description of the models that we consider in
section 5.4, we sketch how to extract the spectra of masses for gauge bosons for different choices
of geometry and compactification of the fifth dimension 1.

E.1.1 Gauge Higgs Unification Models

A zero mode for the A5 component of the gauge field is a physical scalar in the spectrum
because it is not eaten up in the Unitary gauge. However, it is a special scalar because its
potential is constrained by Lorentz and gauge invariance: in 5D no potential is allowed at tree
level, therefore it is generated at loop level and it is finite. This property makes the A5 an ideal
candidate to play the role of the Higgs boson. In order to obtain a zero mode, we need to enlarge
the SM gauge group such that a doublet of SU(2) is part of the gauge fields, and break the gauge
directions of this doublet on both end points by imposing Dirichlet boundary conditions on the
vectors (and therefore Neumann boundary conditions on the A5 component).

For simplicity, we work on the minimal model where the gauge symmetry is enlarged to
SU(3), broken to the electroweak SU(2) × U(1) at the boundaries. The bulk fields can be
written as:

Aµ =

 W
(3)
µ +1/

√
3B

(8)
µ W +

µ D+
µ

W −
µ −W

(3)
µ +1/

√
3B

(8)
µ D0

µ

D−
µ D0†

µ 2/
√

3B
(8)
µ

 and A5 =

 0 0 H+

0 0 H0

H− H0† 0


(E.1.1)

where W and B are towers with a zero mode, D are massive gauge bosons and H is the Higgs
field (only the zero mode). We assume that the radiative potential will generate a VEV for the
Higgs

〈H0〉 =
V√
2

1
w(y)

, (E.1.2)

where V is a constant and the y dependence is encoded in the metric factor w. The presence of
this VEV will affect the bulk equation of motions for all fields: however, being H part of gauge

1If needed, notations and equation of motion can be found in section 1.3.
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fields, we can use an SU(3) gauge transformation to remove the VEV from the bulk equation of
motions, and cast it into the boundary conditions (56). For the gauge bosons, we can define:

ÃM = Ω(y)AMΩ†(y)− i

g5
Ω(y)∂MΩ†(y)

so that 〈Ã5〉 = Ω(y)〈A5〉Ω†(y)−
i

g5
Ω(y)∂yΩ†(y) = 0 . (E.1.3)

The gauge transformation that does this job can be written as:

Ω(y) = exp
[
ig5v/2

∫ y

y1

dy′
1

w(y′)
λ7

]
, (E.1.4)

where λ7 is the generator of SU(3) aligned with H0. Note that we fixed the gauge transformation
such that it only affects one brane: in fact Ω(y1) = 1, and

Ω(y2) = exp [iπαλ7] =

 1 0 0
0 cosπα i sinπα
0 i sinπα cosπα

 , (E.1.5)

where

α =
g5V

2

∫ y2

y1

dy

π

1
w(y)

(E.1.6)

is a dimensionless parameter proportional to the Higgs VEV V . The equations of motion of the
new fields do not depend on the Higgs VEV, however the boundary conditions on one end will be
affected. For example, for the charged gauge bosons, the gauge transformation will mix W+ and
D+, which have respectively Neumann and Dirichlet boundary conditions on both endpoints:
in the new basis{

D+
µ (y1) = D̃+

µ (y1) = 0
∂5W

+
µ (y1) = ∂5W̃

+
µ (y1) = 0

and
{

D+
µ (y2) = cosπα D̃+

µ + i sinπα D̃+
µ = 0

∂5W
+
µ (y2) = cosπα∂5W̃

+
µ + i sinπα∂5D̃

+
µ = 0

Eq.(E.1.6) can be used to calculate δv, however we need to first identify the 4-dimensional VEV
v. The physical Higgs field has, with a good approximation, the same profile as the 5D VEV V ,
therefore the couplings of the Higgs can be calculated by replacing V → V + h/N , where N is
the normalization of the Higgs wave function:

N2 =
∫ y2

y1

dy w(y) · 1
w(y)2

, (E.1.7)

and v = V N . Therefore, α can be written in terms of the 4-dimensional VEV v as:

α =
g5vN

2π
=
g4v

2π
N
√
V , where V =

∫ y2

y1

dy w(y) (E.1.8)

is the volume of the extra dimension, and g4 is the 4-dimensional gauge coupling (equal to the
SM one up to electroweak precision corrections). Therefore:

vSM
v

= 1− δv =
g4vSM
2πα

N
√
V =

mWN
√
V

πα
. (E.1.9)
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The specific form of the spectrum depends on the metric: in the flat case

α =
g5V

2

∫ πL

0

dy

π
=
g5L

2
V , (E.1.10)

and {
W̃ (x, y)
D̃(x, y)

}
=
∑
n

{
(An cosmny +Bn sinmny)
(Cn cosmny +Dn sinmny)

}
Wn(x) . (E.1.11)

Applying the boundary conditions to such wave functions, we obtain that the spectrum is
determined by the solutions of the following equation:

sinπ (mnL± α) = 0 . (E.1.12)

Given mWL = α, and N2 = V = πL:

δv = 1− πmWL

πα
= 0 . (E.1.13)

The warped case is more complicated because the solutions of the equations of motion are
Bessel functions of the first and second kind of order 1:

α =
g5V

2

∫ R′

1/Λ

dy

π

y

R
=
g5R

′2

4πR
V

(
1− 1

(ΛR′)2

)
, (E.1.14)

and {
W̃ (x, y)
D̃(x, y)

}
=
∑
n

{
y(AnJ1(mny) +BnY1(mny))
y(CnJ1(mny) +DnY1(mny))

}
Wn(x) . (E.1.15)

Finally

1− δv =
mWR

′

πα

√
log ΛR′

2
' sinπα

πα
, (E.1.16)

where we used that N ' R′/
√

2R, V = R log ΛR′ and

mWR
′ '

√
2

log λR′
sinπα . (E.1.17)

E.1.2 Brane Higgs Models

In these models, the Higgs boson is a 4D field which couples with the 5D gauge bulk field
only on a boundary, so that the Higgs VEV only enters in the boundary conditions. We will
first focus on the case where the bulk gauge symmetry is the same as in the SM, without extra
fields that mix with the W : the action in the bulk is the same as in (1.85) and the 5D field can
be KK decomposed as we have done before. The boundary conditions on the two endpoints can
be written as (here we assume the Higgs localized on y2, but the results do not depend on this
choice) {

∂5W
+
µ (y1) = 0

∂5W
+
µ (y2)−

g25v
2

4w(y2) W
+
µ (y2) = 0

(E.1.18)
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where v is the Higgs VEV and g5 the 5D gauge coupling. If we decompose the 5D fields as usual

W+(y, x) =
∑
n

fn(mny) Wn(x)+ , (E.1.19)

the second boundary condition determines the spectrum as the solutions of the equation

mn
f ′(mny2)
f(mny2)

− g2
5v

2

4w(y2)
= 0 . (E.1.20)

The precise form of the function f depends on the geometry after imposing the boundary
condition on the other endpoint. The Higgs VEV can be written in terms of the SM one as:

vSM
v

= 1− δv =
g5vSM

2
√
w(y2)

√
f(mW y2)

mW f ′(mW y2)
=

√
mWV
w(y2)

√
f(mW y2)
f ′(mW y2)

. (E.1.21)

In the flat case

f(mny) = cos(mny) ⇒ πLmn tanπLmn − π2α2 = 0 , (E.1.22)

where we have defined for convenience

α =

√
L

π

g5V

2
. (E.1.23)

Eq.(E.1.21) gives

δv = 1−
√
mWπL cot(mWπL) ' π2

6
(mWL)2 . (E.1.24)

In the warped case

f(mny) = y(Y0(mnR)J1(mny)− J0(mnR)Y1(mny)) , (E.1.25)

and

α =
g5vR

′

2
√
R
. (E.1.26)

Expanding eq.(E.1.21) we obtain

δv '
α2

4
. (E.1.27)

Note finally that the simple form of eq. (E.1.20) allows us to calculate the couplings of the
n-th mode to the Higgs as a function of the mass, even though the mass cannot be explicitly
calculated: in fact, taking the total derivative with respect to V and eliminating V by using
eq. (E.1.20), we obtain

v

mn

∂mn

∂v
=

2f
′

f

f ′

f +mny2

(
f ′′

f −
(
f ′

f

)2
) . (E.1.28)

By studying this expression numerically or in an expansion for small α, we found that the sum
rule ∑

n

v

mn

∂mn

∂v
= 1 , (E.1.29)

where we are summing over all the mass eigenstates, is respected both in the flat and warped
case.
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E.2 Fermionic fields

In this appendix, we propose as we did before, a more detailed description of the models
that we consider in section 5.4, and we describe how to extract the mass spectra for fermions for
different choices of geometry and compactification of the fifth dimension 2. We remind in this
section that we have to consider models with chiral SM fermions. This is achieved by taking
boundary conditions for the Dirac fields which allow light chiral zero modes:

Left-handed
fermion → ψ |y1,y2= 0

∥∥∥∥ Right-handed
fermion → χ |y1,y2= 0 (E.2.1)

To complete the description of fermions and to relate it to SM phenomenology, we need to
introduce two bulk fields, a singlet ΨR with a right-handed zero mode and a doublet of SU(2)
ΨL with a left-handed zero mode, and their couplings with the Higgs boson. From here, we need
to specify some properties of the 5D models.

E.2.1 Gauge Higgs Unification Models

In this case, the singlet ΨR and the doublet ΨL are embedded in the same bulk field, a
representation of the larger bulk gauge symmetry. Consequently the odd bulk mass M̃ is the
same for the doublet and the singlet components. The interaction with the Higgs boson appears
in the covariant derivative of Ψ in the kinetic term. This additional term in the action is given
by −ig5Ψ̄Γ5A5Ψ in the bulk: the bulk Yukawa coupling is therefore proportional to the gauge
coupling g5 and the proportionality factor depends on the specific representation of Ψ. This
term will modify the bulk equations of motion: however, as in the gauge boson case, we can use
a gauge transformation to remove the Higgs VEV, and recast its effects on one of the boundary
conditions.

Here we will focus on the SU(3) case described in the text for simplicity. The gauge trans-
formed fields on the y2 brane are

Ψ̃(y2) = Ωf (y2)Ψ(y2) where Ωf (y2) = exp
[
i παλ̃7

]
, (E.2.2)

where λ̃7 is the SU(3) generator in the representation of Ψ. The matrix Ωf will mix the singlet
and the component of the doublet which picks up a mass (for simplicity we will denote it with
ΨL). The mixing angle however, is not α in general: in fact it will depend on the representation
of the bulk field, and the proportionality factor can be calculated by explicitly computing the
generator λ̃7 for the bulk fermion representation. In general, we will define a new parameter
β to describe the mixing. Note that in the case of a bulk fundamental, Ω is the same as the
one used for the gauge bosons in the previous section, therefore β(3) = α. The new boundary
conditions for the transformed fields are{

ψL(y2) = cosπβ ψ̃L(y2)− i sinπβ ψ̃R(y2) = 0
χR(y2) = cosπβ χ̃R(y2)− i sinπβ χ̃L(y2) = 0

(E.2.3)

This boundary conditions will determine the spectrum: for instance, the spectrum mn in the
flat case is given by the solutions of

− cos 2πL
√
−M̃2 +m2

n + cos 2πβ + 2
M̃2

m2
n

sin2 πβ = 0 . (E.2.4)

2Notations and equation of motion can be found in section 1.3.5.
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E.2.2 Brane Yukawas

Fermionic masses can also be generated by Yukawa couplings localized on an endpoint of
the extra dimension: this is possible both in the bulk Higgs model and in the localized Higgs
case. Like in the Gauge Higgs case, the Higgs VEV only enters in the boundary conditions.
However, boundary conditions for fermions are more tricky than for bosons, due to the fact that
the equations of motion are first order differential equations: therefore how the VEV enters the
boundary conditions depends crucially on the localization mechanism for the Higgs field or for
the Yukawa couplings (see Ref. (60)). Here we will consider the simplest possibility: that the
boundary conditions are linear in the Higgs VEV:{

ψL − yvLψR = 0
χR + yvLχL = 0

(E.2.5)

Those boundary conditions are the same as in the gauge Higgs case if we identify tanπβ = yvL
(and removing the i with a phase redefinition of the fields). The only difference is that β is
not proportional to the Higgs VEV, therefore additional corrections to the couplings will arise.
Another novelty is that the singlet and doublet fields are part of different bulk fields, therefore
they can have different bulk masses M̃L and M̃R.
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