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❙♣é❝✐❛❧✐té ✿ P❤②s✐q✉❡

Prés❡♥té❡ ♣❛r

▼♦❤❛♠♠❡❞ ◆❛❜✐❧ ❊▲ ❑❖❘❙❖

♣♦✉r ♦❜t❡♥✐r ❧❡ ❣r❛❞❡ ❞❡
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❙✉❥❡t ❞❡ ❧❛ t❤ès❡ ✿

❆♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s ❡♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡✳
❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❡t s❡✉✐❧ ❞❡

rés♦❧✉t✐♦♥ ❧✐♠✐t❡

❚❤ès❡ ♣rés❡♥té❡ ❡t s♦✉t❡♥✉❡ ❧❡ ✵✼ ❏✉✐❧❧❡t ✷✵✶✶ ❞❡✈❛♥t ❧❡ ❥✉r② ❝♦♠♣♦sé ❞❡ ✿

▼r✳ P❛s❝❛❧ ▲❆❘❩❆❇❆▲ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ❳■ Prés✐❞❡♥t
▼r✳ ❏❡❛♥✲▼❛r❝ ❇❘❖❙❙■❊❘ ■♥st✳ P♦❧②t❡❝❤♥✐q✉❡ ❞❡ ●r❡♥♦❜❧❡ ❘❛♣♣♦rt❡✉r
▼r✳ ❏❡❛♥✲❨✈❡s ❚❖❯❘◆❊❘❊❚ ■♥st✳ ◆❛t✳ P♦❧②t❡❝❤♥✐q✉❡ ❞❡ ❚♦✉❧♦✉s❡ ❘❛♣♣♦rt❡✉r
▼r✳ ●ér❛r❞ ❋❆❱■❊❘ ❯♥✐✈❡rs✐té ◆✐❝❡ ❊①❛♠✐♥❛t❡✉r
▼r✳ ❑❛r✐♠ ❆❇❊❉ ❊▲ ▼❊❘❆■▼ ❚❊▲❊❈❖▼ P❆❘■❙ ❚❊❈❍ ❊①❛♠✐♥❛t❡✉r
▼♠❡✳ ❙②❧✈✐❡ ▼❆❘❈❖❙ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ❳■ ❉✐r❡❝t❡✉r ❞❡ t❤ès❡
▼r✳ ❘é♠② ❇❖❨❊❘ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ❳■ ❉✐r❡❝t❡✉r ❞❡ t❤ès❡
▼r✳ ❆❧❡①❛♥❞r❡ ❘❊◆❆❯❳ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ❳■ ❉✐r❡❝t❡✉r ❞❡ t❤ès❡

▲❛❜♦r❛t♦✐r❡ ❞❡s ❙✐❣♥❛✉① ❡t ❙②stè♠❡s
❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞ ✴ ❙❯P❊▲❊❈ ✴ ❈◆❘❙ ✴ ❯▼❘ ✽✺✵✻

✸ r✉❡ ❏♦❧✐♦t ❈✉r✐❡✱P❧❛t❡❛✉ ❞✉ ▼♦✉❧♦♥✱ ✾✶✶✾✷ ●✐❢ s✉r ❨✈❡tt❡✱ ❋r❛♥❝❡



✐✐



à ♠❡s ♣❛r❡♥ts



✐✈



❘❡♠❡r❝✐❡♠❡♥ts

❊t ✈♦✐❧à ❧❛ ✜♥✳ ✸ ❛♥s ❛♣rès ✈♦✐❧à ❧❛ ✜♥✳ ❉é❥à ✦

❈❡ q✉✐ à été ❧❡ ♣❧✉s ❞✉r ♣♦✉r ♠♦✐ ❡st s❛♥s ❛✉❝✉♥ ❞♦✉t❡ ❧✬é❝r✐t✉r❡ ❞❡ ❝❡s q✉❡❧q✉❡s ❧✐❣♥❡s ❞❡
r❡♠❡r❝✐❡♠❡♥ts✳ ❈❡❝✐ ❡st ❞✬❛✉t❛♥t ♣❧✉s ❞✉r q✉❡ ❥✬❛✐ ♣❛ssé ✸ ♠❡r✈❡✐❧❧❡✉s❡s ❛♥♥é❡s ❡t q✉❡ ç❛ ♠✬❡st
❞✐✣❝✐❧❡ ❞❡ r❡♠❡r❝✐❡r à ❧❛ ❤❛✉t❡✉r✱ ❧❡s ❣❡♥s q✉❡ ❥✬❛✐ ❝♦t♦②é ❡t q✉✐ ♦♥t ❢❛✐t ❞❡ ♠♦✐ ✉♥ ✑❉♦❝t❡✉r✑✳

▲❛ r✐❝❤❡ss❡ ❞❡ ❧❛ ✈✐❡ s❡ ♠❡s✉r❡ ♣❛r ❧❛ ✈❛❧❡✉r ❞❡ s❡s ❡①♣ér✐❡♥❝❡s✳ ❈❡s ✸ ❛♥♥é❡s ❞❡ t❤ès❡ ♠✬♦♥t
♣❡r♠✐ ❞❡ ✈✐✈r❡✱ s❛♥s ❛✉❝✉♥ ❞♦✉t❡✱ ❧✬❡①♣ér✐❡♥❝❡ ❧❛ ♣❧✉s r✐❝❤❡ t❛♥t s✉r ❧❡ ♣❧❛♥ ❤✉♠❛✐♥✱ q✉❡ s✉r ❧❡
♣❧❛♥ s❝✐❡♥t✐✜q✉❡✳ ❏✬❛✐ ❢❛✐t ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✬✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣❡rs♦♥♥❡s✳ ❉❡s ♣❡rs♦♥♥❡s s✉r
❧❡sq✉❡❧❧❡s ❥✬❛✐ ♣✉ ❝♦♠♣t❡r t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡s ✸ ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ♠❛✐s ❛✉ss✐ ❞❛♥s ❧❡s ❛♥♥é❡s à
❛✈❡♥✐r✳ ❉❡ ♣❧✉s✱ ❥✬❛✐ été ❢♦r♠é ♣❛r ✉♥❡ éq✉✐♣❡ ❞❡ ❝❤♦❝✱ ❥❡ ♥✬❛✉r❛✐ ❥❛♠❛✐s ♣✉ ❡s♣ér❡r ♠✐❡✉① ✿ ❘é♠②✱
❆❧❡① ❡t ❙②❧✈✐❡✳ ▼❡r❝✐ à ✈♦✉s✱ ❞✉ ❢♦♥❞ ❞✉ ❝♦❡✉r✳ P❧✉s q✉❡ ♠❡s ❡♥❝❛❞r❛♥ts✱ ✈♦✉s ét✐❡③ ✉♥❡ s❡❝♦♥❞❡
❢❛♠✐❧❧❡ ♣♦✉r ♠♦✐✳ ❱♦✉s ét✐❡③ ❡t ✈♦✉s êt❡s t♦✉❥♦✉rs ✉♥ ❡①❡♠♣❧❡ ♣♦✉r ♠♦✐ ❡t ❥✬❡s♣èr❡ q✉❡ ❥❡ ✈♦✉s
❢❡r❛✐ ❤♦♥♥❡✉r ❡♥ ❢♦r♠❛♥t ❞❡s ét✉❞✐❛♥ts ❝♦♠♠❡ ✈♦✉s ❧✬❛✈✐❡③ s✐ ❜✐❡♥ ❢❛✐t ❛✈❡❝ ♠♦✐✳

▼❡s r❡♠❡r❝✐❡♠❡♥ts s✬❛❞r❡ss❡♥t é❣❛❧❡♠❡♥t ❛✉① ♠❡♠❜r❡s ❞✉ ❥✉r② ♣♦✉r ❧✬✐♥térêt q✉✬✐❧s ♦♥t ♣♦rté
à ♠❡s tr❛✈❛✉① ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡✉rs r❡♠❛rq✉❡s très ♣❡rt✐♥❡♥t❡s s✉r ♠♦♥ ♠❛♥✉s❝r✐t✳ ❏❡ r❡♠❡r❝✐❡
t♦✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❏❡❛♥✲▼❛r❝ ❇r♦ss✐❡r ❡t ❏❡❛♥✲❨✈❡s ❚♦✉r♥❡r❡t q✉✐ ♦♥t ❛❝❝❡♣té ❞❡ r❛♣♣♦rt❡r
s✉r ❝❡ tr❛✈❛✐❧✳ ❏✬❛✐ été ❛✉ss✐ très s❡♥s✐❜❧❡ à ❧❛ ♣rés❡♥❝❡ ❞❛♥s ❝❡ ❥✉r② ❞❡ P❛s❝❛❧ ▲❛r③❛❜❛❧ ❡t ❞❡ ❑❛r✐♠
❛❜❡❞ ▼❡r❛✐♠✱ ❞♦♥t ❧❡s ❛rt✐❝❧❡s ♠✬♦♥t t♦✉❥♦✉rs ❣r❛♥❞❡♠❡♥t ✐♥tér❡ssé✳ ❊♥✜♥✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r
●ér❛r❞ ❋❛✈✐❡r ❞✬❛✈♦✐r ❢❛✐t ❧❡ ✈♦②❛❣❡ ❥✉sq✉✬à ●✐❢ ❡t ❞❡ ♠✬❛✈♦✐r ❢❛✐t ❧✬❤♦♥♥❡✉r ❞❡ ♣❛rt✐❝✐♣❡r à ♠♦♥
❥✉r② ❞❡ t❤ès❡✳

❈❡tt❡ t❤ès❡ ♥✬❛✉r❛✐t ♣❛s ❡✉ ❧❡ ♠ê♠❡ ❣♦ût s❛♥s ❧✬❡①❝❡♣t✐♦♥♥❡❧❧❡ ❛♠❜✐❛♥❝❡ q✉✐ rè❣♥❡ ❛✉ ▲✷❙✱
♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❛♥s ❧❛ ❞✐✈✐s✐♦♥ ❙✐❣♥❛✉① t❡♥✉✱ ❞✬✉♥❡ ♠❛✐♥ ❞❡ ♠❛îtr❡✱ ♣❛r ✑▼♦♥s✐❡✉r✑ P❛s❝❛❧
❇♦♥❞♦♥✳

▼❡r❝✐ ❆❧❡①✳ ▼❡r❝✐ à t♦✐ ♣♦✉r t❡s ❝♦♥s❡✐❧s s❝✐❡♥t✐✜q✉❡s ❡t ♣❡rs♦♥♥❡❧s✳ ❙❛❝❤❡ q✉❡ ❥✬❛✐ été ❡t ❥❡ s✉✐s
t♦✉❥♦✉rs ❛❞♠✐r❛t✐❢ ❞❡ t❛ ✈✐s✐♦♥ ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳ ▼❡r❝✐ ❞❡ ♠✬❛✈♦✐r ❛♣♣♦rté t❛ r✐❣✉❡✉r s❝✐❡♥t✐✜q✉❡✳
▼❡r❝✐ ♣♦✉r t♦♥ s♦✉t✐❡♥ ❧♦rs ❞❡ ♠❡s ♥♦♠❜r❡✉① ♠♦♠❡♥ts ❞❡ ❞♦✉t❡✱ t✉ ❛s été ❝♦♠♠❡ ✉♥ ❣r❛♥❞ ❢rèr❡
❞✉r❛♥t ❝❡s ✸ ❛♥s✳

▼❡r❝✐ ❘é♠②✳ ▼❡r❝✐ à t♦✐ ❞❡ ♠✬❛✈♦✐r ♣♦✉ssé t♦✉t ❧❡ t❡♠♣s ❛✉ss✐ ❧♦✐♥✱ tr❛✈❛✐❧❧❡r ♣❧✉s ♣♦✉r ❣❛❣♥❡r
♣❧✉s ✭❡♥ t❡r♠❡ ❞❡ ♣❛♣✐❡rs ❜✐❡♥ sûr ✦✮✳ ▼❡r❝✐ ♣♦✉r t❛ ❞✐s♣♦♥✐❜✐❧✐té ❡t t❛ ❣é♥ér♦s✐té✳ ❚✉ ❛s t♦✉❥♦✉rs
❡✉ ❧❡ ✢❛✐r❡ ✑❢♦r t❤❡ r✐❣❤t ✇❛② t♦ t❛❦❡✑✳

▼❡r❝✐ ❙②❧✈✐❡✳ ▼❡r❝✐ à ✈♦✉s ♣♦✉r ✈♦s ❝♦♥s❡✐❧s s❝✐❡♥t✐✜q✉❡s très s✉❜t✐❧❡s q✉❡ ✈♦✉s ♠✬❛✈❡③ ♣r♦✲
❞✐❣✉és✱ ♣♦✉r ✈♦s ❡♥❝♦✉r❛❣❡♠❡♥ts✱ ✈♦tr❡ s♦✉t✐❡♥t ✐♥❞é❢❡❝t✐❜❧❡ ♣❡♥❞❛♥t ❝❡s tr♦✐s ❛♥♥é❡s ❞❡ tr❛✈❛✐❧
❝♦♠♠✉♥✳ ❊t ❡♥✜♥ ❞❡ ♠❡r❝✐ ❞❡ ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ ❛✉ s✐❡♥ ✈♦tr❡ éq✉✐♣❡✳

✈



▼❡r❝✐ à ❚❤❛♥❣ ❡t ❉✉②✱ ❞❡ ♠✬❛✈♦✐r s✉♣♣♦rté ❞✉r❛♥t ❝❡s ✸ ❛♥s ❛✉ s❡✐♥ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❈✹✳✵✸❜✳
P❛rt❛❣❡r ❝❡ ❜✉r❡❛✉ ❛✈❡❝ ✈♦✉s ❛ été ✉♥ é♥♦r♠❡ ♣❧❛✐s✐r✳ ▼❡r❝✐ à ❋r❡❞ ♣♦✉r t❡s ❞✐s❝✉ss✐♦♥s s❝✐❡♥✲
t✐✜q✉❡s ♦✉ ♣❛s ♠❛✐s t♦✉❥♦✉rs ❛❝❝♦♠♣❛❣♥é❡s ❞✬❤✉♠♦✉r✳ ▼❡r❝✐ à t♦✐ ❞✬❛✈♦✐r ♦r❣❛♥✐sé ❡t ♠❛✐♥t❡♥✉
❧❡ ♣❡t✐t ♠♦♠❡♥t ❞❡ ❜♦♥❤❡✉r ❞❡ ❧❛ s❡♠❛✐♥❡✱ ❧❡ ❢♦♦t❜❛❧❧✳ ▼❡r❝✐ à ❩✐❛❞✱ ❆♠❛❞♦✉✱ ❙♦✜❛♥❡✱ ❱❡r♦ ❡t
❍❛❝❤❡♠ ♣♦✉r ✈♦tr❡ s❛❣❡ss❡ ❡t s✉rt♦✉t ✈♦tr❡ ❜♦♥♥❡ ❤✉♠❡✉r ♣❡r♠❛♥❡♥t❡✳ ▼❡r❝✐ à ▲❛✉r✐❡ ♣♦✉r t❡s
❜♦♥♥❡s ❜❧❛❣✉❡s✱ t❛ ✑P❆◆❉❆✑ ♠❡ ♠❛♥q✉❡r❛ ✦ ▼❡r❝✐ à ▼❛❡❧✱ ❙♦✜❛♥❡✱ ❆♠❛❞♦✉✱ ❊❧s❛ ❡t ❙t❡♣❤❛♥
♣♦✉r ❧❡s sé❛♥❝❡s ❞❡ ♣✐s❝✐♥❡ à ▼❛ss②✳ ▼❡r❝✐ à ❆✉ré❧✐❛ ♣♦✉r t❛ ❜♦♥♥❡ ❤✉♠❡✉r ❡t t❛ ❞✐s♣♦♥✐❜✐❧✐té✳
▼❡r❝✐ à ❏♦sé ♣♦✉r t❡s ❝♦♥s❡✐❧s s♣♦rt✐❢s ❛✐♥s✐ q✉❡ ♣♦✉r t❛ ❣❛✐té ♣❡r♠❛♥❡♥t❡✳ ▼❡r❝✐ à ❈❧❛✉❞❡✱
❚❤♦♠❛s✱ ❏❡❛♥✲P❤✐✱ ●✉✐❧❧❛✉♠❡✱ ❙❛♠s♦♥✱ P✐❡rr❡ ❡t ❊r✐❝ ♣♦✉r ✈♦tr❡ ❜♦♥♥❡ ❤✉♠❡✉r✳ ▼❡r❝✐ à ▲❛♥❛✱
❏❡❛♥✲❋r❛♥❝♦✐s✱ ❆❞r✐❛♥✱ ❈❤❡♥❣❢❛♥❣✱ ❙❛♠✐r✱ ❋r❛♥s❝❡❝❛✱ ❩❡✐♥❛✱ ❆❞❡❧✱ ❇❡♥❥❛♠✐♥✱ ❋r❛♥ç♦✐s✱ ❆❧♣❡r✱
❙♦♣❤✐❡✱ ❆❧❡ss❡♥❞r♦✱ ♠❡r❝✐ à t♦✉s ♣♦✉r ✈♦tr❡ ❣❡♥t✐❧❧❡ss❡✱ ✈♦tr❡ ❜♦♥♥❡ ❤✉♠❡✉r✱ ♠❡r❝✐ ❞✬❛✈♦✐r ❢❛✐t
❞❡ ❝❡s tr♦✐s ❛♥s ✉♥ ♠♦♠❡♥ts ❞❡ ❜♦♥❤❡✉r ❡t ❞❡ ❣❛✐té✳ ❊t ❡♥✜♥✱ ♠❡r❝✐ à t♦✉t❡ ❧✬éq✉✐♣❡ ❞✉ ❋♦♦t❜❛❧❧
❡♥ ♣❛rt✐❝✉❧✐❡r ❋r❡❞♦✉ ✭♠♦♥ ♣❛ss❡✉r ❢❛✈♦r✐ ✦✮✱ ❘❛②❡♥✱ ❇❡♥❥✐✱ ❏✉❧✐❡♥✱ ▼♦♠♦ ❡t ❑❛r✐♠✳ ❙❛♥s ♦✉❜❧✐❡r
❧❡ ♣❡rs♦♥♥❡❧ ❞✉ ▲✷❙ s❛♥s ❧❡q✉❡❧ ❧❡ ❧❛❜♦r❛t♦✐r❡ t♦♠❜❡r❛✐t ❡♥ r✉✐♥❡ ✿ ▼❡r❝✐ à ❋r❛♥❝❦✱ ❋r❡❞❡r✐❝✱
▼❛r②✈♦♥♥❡✱ ❉❛♥✐❡❧✱ ❈❡❧✐♥❡✱ ❍❡❧❡♥❛✱ ▼②r✐❛♠ ❡t ❏❛❝❦✳

❏✬❛✐♠❡r❛✐s é❣❛❧❡♠❡♥t r❡♠❡r❝✐❡r t♦✉s ❧❡s ❡♥s❡✐❣♥❛♥ts q✉✐ ♠✬♦♥t ❛❝❝♦♠♣❛❣♥é ❞✉ ♣r✐♠❛✐r❡ à
❧✬✉♥✐✈❡rs✐té✱ q✉✐ ♦♥t ❣r❛♥❞❡♠❡♥t ❝♦♥tr✐❜✉é à ♠❛ ❢♦r♠❛t✐♦♥✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♠❡s ❡♥s❡✐✲
❣♥❛♥ts ❞❡ ♠❛t❤s ❞✉ ▲②❝é❡✱ ❞❡ ❧✬❊◆P❊■✱ ❞❡ ❧✬❊◆P✲❆❧❣❡r ❡t ❞❡ ❧✬✉♥✐✈❡rs✐té P❛r✐s✲s✉❞✱ s❛♥s ♦✉❜❧✐❡r
❧❡ Pr♦❢ ❆✳ ❇❡❧♦✉❝❤r❛♥✐✳

❏❡ t✐❡♥s ❛✉ss✐ à r❡♠❡r❝✐❡r ♠❛ ♣❡t✐t❡ s♦❡✉r ❉♦✉❥❛ ❡t ♠♦♥ ❣r❛♥❞ ❢rèr❡ ❆❜❞❡❧✲❍❛♠✐❞ q✉✐ ♠✬♦♥t
t♦✉❥♦✉rs ❡♥❝♦✉r❛❣é ❡t s♦✉t❡♥✉✳ ▼❡r❝✐ à ♠♦♥ ♣❡t✐t ❢rèr❡ ❉❥❛♠❡❧✱ q✉✐ ❛ ❜✐❡♥ ✈♦✉❧✉ ♣❛rt❛❣❡r ❧✬❛♣✲
♣❛rt❡♠❡♥t ❛✈❡❝ ♠♦✐✱ s✉♣♣♦rt❛♥t ♠♦♥ ❤✉♠❡✉r q✉✐ ♥✬❛ ♣❛s t♦✉❥♦✉rs été ❥♦②❡✉s❡ ❡t ♠❡ ♣ré♣❛r❛♥t
❞❡s r❡♣❛s ❞é❧✐❝✐❡✉① q✉✐ ♠❡ r❛♣♣❡❧❛✐❡♥t ❧❛ ❝✉✐s✐♥❡ ❞❡ ♠❛ ♠èr❡ ✦

❇✐❡♥✲sûr✱ ❝❡tt❡ t❤ès❡ ♥✬❛✉r❛✐t ❡✉ ❛✉❝✉♥ s❡♥s s✐ ❡❧❧❡ ♥✬ét❛✐t ♣❛s ♣❛rt❛❣é❡ ❛✈❡❝ ✉♥❡ ♣❡rs♦♥♥❡ q✉✐
♠✬❡st ❝❤èr❡✱ ❋❛t✐♠❛✳ ▼❡r❝✐ ❞✬❛✈♦✐r ét❛✐t à ♠❡s ❝♦tés à ❝❤❛q✉❡ ❢♦✐s q✉❡ ❥✬❡♥ ❛✈❛✐s ❜❡s♦✐♥ t❛♥t s✉r
❧❡ ♣❧❛♥ ❤✉♠❛✐♥ q✉❡ s✉r ❧❡ ♣❧❛♥ s❝✐❡♥t✐✜q✉❡✳

❈❡♣❡♥❞❛♥t✱ ♠♦♥ ♣❧✉s ♣r♦❢♦♥❞ r❡♠❡r❝✐❡♠❡♥t ✈❛ à ♠❡s ♣❛r❡♥ts✳ ■❧s ♦♥t s❛❝r✐✜é t♦✉t❡ ❧❡✉r
✈✐❡ à ❧✬é❞✉❝❛t✐♦♥ ❡t ❛✉ ❜✐❡♥ êtr❡ ❞❡ ❧❡✉rs ❡♥❢❛♥ts✳ ▼❡r❝✐ ♣♦✉r ✈♦s ❝♦♥s❡✐❧s très ♣ré❝✐❡✉①✳ ❱♦✉s
♠✬❛✈✐❡③ t♦✉❥♦✉rs ❣✉✐❞é ❞❛♥s ❧❛ ❜♦♥♥❡ ❞✐r❡❝t✐♦♥✱ s❛♥s ❥❛♠❛✐s ♠✬✐♠♣♦s❡r ✈♦s ❝❤♦✐①✳ ▼❡r❝✐ ♣♦✉r
✈♦tr❡ ❝♦♥✜❛♥❝❡✳ ❈❡ tr❛✈❛✐❧ ✈♦✉s ❡st ❞é❞✐é✳

▼♦❤❛♠♠❡❞ ◆❛❜✐❧ ❊▲ ❑❖❘❙❖
✶✺ ❏✉✐❧❧❡t ✷✵✶✶

✈✐



❈▲❊❆❘ ❊❨❊❙✱ ❋❯▲▲ ❍❊❆❘❚❙✱ ❈❆◆✬❚ ▲❖❙❊ ✦
P❡t❡r ❇❡r❣



✈✐✐✐



❘és✉♠é

❈❡ ♠❛♥✉s❝r✐t ❡st ❞é❞✐é à ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s ❡♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡ ♣♦✉r ❧✬❡st✐♠❛t✐♦♥
❞❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt à ❧✬❛✐❞❡ ❞✬✉♥ rés❡❛✉ ❞❡ ❝❛♣t❡✉rs✳ ■❧ ❡st ❞✐✈✐sé ❡♥ ❞❡✉① ♣❛rt✐❡s ✿

✕ ❚♦✉t ❞✬❛❜♦r❞✱ ♥♦✉s ♣rés❡♥t♦♥s ❧✬ét✉❞❡ ❞❡ ❝❡rt❛✐♥❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛✲
t✐q✉❡ ♠♦②❡♥♥❡ ❧✐é❡s à ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❝❤❛♠♣ ♣r♦❝❤❡✳ ◆♦✉s
✉t✐❧✐s♦♥s ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧❛ ③♦♥❡ ❛s②♠♣t♦t✐q✉❡ ✭♥♦t❛♠♠❡♥t ❡♥
t❡r♠❡ ❞❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞✬♦❜s❡r✈❛t✐♦♥s✮✳ P✉✐s✱ ♥♦✉s ét✉❞✐♦♥s
❞✬❛✉tr❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ q✉✐ ♣❡r♠❡tt❡♥t ❞❡ ♣ré✈♦✐r ❧❡
♣❤é♥♦♠è♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞❡s ❡st✐♠❛t❡✉rs ✭♦♥ ❝✐t❡✱ ♣❛r
❡①❡♠♣❧❡✱ ❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❙❡✐❞♠❛♥✱ ❧❛ ❜♦r♥❡ ❞❡ ❍❛♠♠❡rs❧❡②✲❈❤❛♣♠❛♥✲❘♦❜❜✐♥s ❡t ❧❛
❜♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦✮✳

✕ ❉❡✉①✐è♠❡♠❡♥t✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ❧❡ ❝♦♥❝❡♣t ❞✉ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥
❧✐♠✐t❡✱ ❝✬❡st✲à✲❞✐r❡✱ ❧❛ ❞✐st❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥tr❡ ❞❡✉① s✐❣♥❛✉① ♥♦②és ❞❛♥s ✉♥ ❜r✉✐t ❛❞❞✐t✐❢ q✉✐
♣❡r♠❡t ✉♥❡ ✑❝♦rr❡❝t❡✑ ❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s✳ ◆♦✉s ♣rés❡♥t♦♥s q✉❡❧q✉❡s ❛♣♣❧✐❝❛t✐♦♥s
❜✐❡♥ ❝♦♥♥✉❡s ❡♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡ ❛✈❛♥t ❞✬ét❡♥❞r❡ ❧❡s ❝♦♥❝❡♣ts ❡①✐st❛♥ts ❛✉ ❝❛s ❞❡
s✐❣♥❛✉① ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s✳ P❛r ❧❛ s✉✐t❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❛ ✈❛❧✐❞✐té ❞❡ ♥♦tr❡ ❡①t❡♥s✐♦♥ ❡♥
✉t✐❧✐s❛♥t ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❜✐♥❛✐r❡✳ ❊♥✜♥✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ♥♦tr❡ ❡①t❡♥s✐♦♥ à ❝❡rt❛✐♥s
♠♦❞è❧❡s ❞✬♦❜s❡r✈❛t✐♦♥ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s✳

▼♦ts ❝❧és ✿ ❚r❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡✱ t❤é♦r✐❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥✱ t❤é♦r✐❡ ❞❡ ❧❛ ❞ét❡❝t✐♦♥✱ s❡✉✐❧
st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡✱ ét✉❞❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❛s②♠♣t♦t✐q✉❡s ❡t ♥♦♥✲❛s②♠♣t♦t✐q✉❡s ❞❡s
❡st✐♠❛t❡✉rs✱ ❡st✐♠❛t✐♦♥ ❞❡ ❞✐r❡❝t✐♦♥ ❞✬❛rr✐✈é❡ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✱ ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r
q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✱ s✐❣♥❛✉① ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s✳

✐①



①



❆❜str❛❝t

❚❤✐s ♠❛♥✉s❝r✐♣t ❝♦♥❝❡r♥s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ✐♥ ❛rr❛② s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✳ ■t ❝❛♥ ❜❡
❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts ✿

✕ ❋✐rst✱ ✇❡ ♣r❡s❡♥t t❤❡ st✉❞② ♦❢ s♦♠❡ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r r❡❧❛t❡❞ t♦ t❤❡
s♦✉r❝❡ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ t❤❡ ♥❡❛r ✜❡❧❞ ❝♦♥t❡①t✳ ❯s✐♥❣ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞✱ ✇❡ ✐♥✈❡st✐❣❛t❡
t❤❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ✇✳r✳t✳ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛rr✐✈❛❧s
✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ❛s②♠♣t♦t✐❝ ❛r❡❛ ✭✐✳❡✳✱ ❢♦r ❛ ❤✐❣❤ s✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ♦❜s❡r✈❛t✐♦♥s✳✮ ❚❤❡♥✱ ✉s✐♥❣ ♦t❤❡r ❜♦✉♥❞s t❤❛♥ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞✱ ✇❡ ♣r❡❞✐❝t t❤❡
t❤r❡s❤♦❧❞ ♣❤❡♥♦♠❡♥❛✳

✕ ❙❡❝♦♥❞❧②✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ st❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐t ✭✐✳❡✳✱ t❤❡ ♠✐♥✐♠✉♠ ❞✐s✲
t❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❝❧♦s❡❧② s♣❛❝❡❞ s✐❣♥❛❧s ❡♠❜❡❞❞❡❞ ✐♥ ❛♥ ❛❞❞✐t✐✈❡ ♥♦✐s❡ t❤❛t ❛❧❧♦✇s ❛ ❝♦rr❡❝t
r❡s♦❧✈❛❜✐❧✐t②✴♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳✮ ❲❡ ❞❡✜♥❡ ❛♥❞ ❞❡r✐✈❡ t❤❡ st❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐t
✉s✐♥❣ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞ ❛♥❞ t❤❡ ❤②♣♦t❤❡s✐s t❡st ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✳ ❚❤❡♥✱ ✇❡ ❡①t❡♥❞ t❤✐s ❝♦♥❝❡♣t t♦ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❋✐♥❛❧❧②✱ ❛ ❣❡♥❡r❛❧✐③❡❞ ❧✐✲
❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❜❛s❡❞ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ st❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐t ✐s
❣✐✈❡♥ t♦ ❛ss❡ss t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❡①t❡♥s✐♦♥✳
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❛s②♠♣t♦t✐❝ ❛♥❞ ♥♦♥✲❛s②♠♣t♦t✐❝ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s✱ ♥❡❛r ✜❡❧❞✱ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ♠❡❛♥
sq✉❛r❡ ❡rr♦r✱ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s✐❣♥❛❧s✳
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❈✳✶ ■❊❊❊✲■❈❆❙❙P✲✷✵✶✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹
❈✳✷ ■❊❊❊✲❙❙P✲✷✵✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
❈✳✸ ❊❯❘❆❙■P✲❆❙P✲✷✵✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹
❈✳✹ ❊❧s❡✈✐❡r✲❙P✲✷✵✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾
❈✳✺ ■❊❊❊✲❙P✲❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

❇✐❜❧✐♦❣r❛♣❤✐❡ ✶✸✸
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❚❛❜❧❡ ❞❡s ✜❣✉r❡s

✶✳✶ ■❧❧✉str❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❛s②♠♣t♦t✐q✉❡✱ ❧❛ ③♦♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ❡t ❧❛ ③♦♥❡ ❞❡ ♥♦♥✲
✐♥❢♦r♠❛t✐♦♥ ♣♦✉r ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡ ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❬▼▲✾✾❪✳ ✷

✶✳✷ ■❧❧✉str❛t✐♦♥ ❞✉ ❝❛s s♦✉r❝❡s rés♦❧✉❡s ❡t s♦✉r❝❡s ♥♦♥ rés♦❧✉❡s ❡♥ ♣r♦❜❧é♠❡ ❞✬❡st✐✲
♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛❧❧✉r❡ ❣é♥ér❛❧❡ ❞✬✉♥ ♣s❡✉❞♦✲s♣❡❝tr❡ ❞✬❛❧❣♦✲
r✐t❤♠❡ ❬▼❛r✾✽❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✷✳✶ ❇❈❘(r) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ f0 ♣♦✉r σ2 = 0.5 ❡t ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ θ =
10o, 30o, 50o ✿ a) ❇❈❘❉(r)✱ b) ❇❈❘❙(r)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷ ❇❈❘ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡t ♣♦✉r N = 10 ❝❛♣t❡✉rs ✿ a) ❇❈❘❉(θ)
❡t ❇❈❘❙(θ)✱ b) ❇❈❘❉(r) ❡t ❇❈❘❙(r)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✸ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ω ♣♦✉r (θ, r) = (30✝, 6λ) ❡t T = 15✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✹ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡ φ ♣♦✉r (θ, r) = (30✝, 6λ) ❡t T = 15✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✺ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛t♦✐r❡ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ω ♣♦✉r (θ, r) = (30✝, 6λ) ❡t T = 100✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✻ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛t♦✐r❡ ❡♥
❢♦♥❝t✐♦♥ ❞❡ φ ♣♦✉r (θ, r) = (30✝, 6λ) ❡t T = 100✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✸✳✶ ■❧❧✉str❛t✐♦♥ ❞✉ ❝❛s s♦✉r❝❡s rés♦❧✉❡s ❡t s♦✉r❝❡s ♥♦♥ rés♦❧✉❡s à ❧✬❛✐❞❡ ❞✬✉♥ ♣s❡✉❞♦✲
s♣❡❝tr❡ ❞✬❛❧❣♦r✐t❤♠❡ ❞✬❡st✐♠❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✷ ▲❡ ❙❘▲ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ σ2 ♣♦✉r T = 100 ♦❜s❡r✈❛t✐♦♥s ✿ ▲❡ ❙❘▲ ❜❛sé s✉r ❧✬éq✉❛t✐♦♥
✭✸✳✶✶✮ ❡t ✭✸✳✶✷✮ ❡st s❡♥s✐❜❧❡♠❡♥t é❣❛❧ à ❧❛ s♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❡①❛❝t❡ ❜❛sé❡ s✉r
✭✸✳✼✮✳ ❈❡❝✐ ✈❛❧✐❞❡ ♥♦s ❡①♣r❡ss✐♦♥s ❞✉ ❙❘▲✳ ❉❡ ♣❧✉s✱ ♦♥ ♥♦t❡ q✉❡✱ ♣❛r ❡①❡♠♣❧❡✱ ♣♦✉r
Pd = 0.37 ❡t Pfa = 0.1✱ ❧❡ ❙❘▲ ❜❛sé s✉r ❧❡ ❝r✐tèr❡ ❞❡ ❙♠✐t❤ ❡st s❡♥s✐❜❧❡♠❡♥t é❣❛❧
❛✉ ❙❘▲ ❝❛❧❝✉❧é ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❡st ❞✬❤②♣♦t❤ès❡ ✭✈♦✐r ❆♥♥❡①❡ ❇✳✶✮✳ ▲❡s ❝♦✉r❜❡s
❝♦rr❡s♣♦♥❞❛♥t à (Pd, Pfa) = (0.49, 0.3) ❡t (Pd, Pfa) = (0.32, 0.1)✱ ♥♦✉s ♠♦♥tr❡♥t
❧✬✐♥✢✉❡♥❝❡ ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ s✉r ❧❡ ❙❘▲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✸ D(rL,u
H
1 u2) ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ρ ❡t ψ ❀ a1 = 2✱ a2 = 3✱

rT = 1+i
20 ❛✈❡❝ N = 20✳ ✭à ❣❛✉❝❤❡✮ ρ2 = 85 ❞❡❣ ❡t ✭à ❞r♦✐t❡✮ ρ2 = 5 ❞❡❣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✹ ❉❡✉① ❙❉■ ♣r♦❝❤❡s ♥♦②é❡s ❞❛♥s ❧❡s ✐♥t❡r❢ér❡♥❝❡s ❢♦r♠é❡s ♣❛r 3 s♦✉r❝❡s ❞❡ ♥✉✐s❛♥❝❡✳ ✸✶
✸✳✺ ❘❙❇■ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❙❘▲ ♣♦✉r ❞❡s s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r✲

❢ér❡♥❝❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✸✳✻ ✭à ❣❛✉❝❤❡✮ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❙❉■ ❝♦♥♥✉❡s✴✐♥❝♦♥♥✉❡s ♣♦✉r ✉♥❡

❆▲❯ ❛✈❡❝ N = 10 ❝❛♣t❡✉rs✱ d = ν
2 ❡t M = 4 ❛✈❡❝ ∆ω = 0.75✳ ✭à ❞r♦✐t❡✮ ▲❡ ❘❙❇■

r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❙❉■ ✐♥❝♦♥♥✉❡s ♣♦✉r ✉♥❡ ❆▲❯ ❛✈❡❝ N = 10 ❝❛♣t❡✉rs✱
d = ν

2 ❡t ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ M ❡t ❞❡ ∆ω✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✸✳✼ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s ❞✉ t②♣❡ ❇P❙❑ ✐♥❝♦♥♥✉❡s ♦rt❤♦❣♦♥❛❧❡s✴♥♦♥✲

♦rt❤♦❣♦♥❛❧❡s ♣♦✉r ✉♥❡ ❆▲❯ ❛✈❡❝ N = 10 ❝❛♣t❡✉rs✱ d = ν
2 ❡t M = 4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
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✸✳✽ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s ❝♦♥♥✉❡s à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛♥t❡♥♥❡ ♣❛r❢❛✐t❡
A4,6✱ ✉♥❡ ❛♥t❡♥♥❡ q✉❡❧❝♦♥q✉❡ A′

4,6 ❡t ✉♥❡ ❛♥t❡♥♥❡ à ♠✐♥✐♠✉♠ ❞❡ r❡❞♦♥❞❛♥❝❡ A4,5

❞é❝r✐t❡s ❛✉ t❛❜❧❡❛✉ ✸✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✸✳✾ ▲❡ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ κ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❢❛✉ss❡ ❛❧❛r♠❡ Pfa ❡t ❧❛

♣r♦❜❛❜✐❧✐té ❞❡ ❞ét❡❝t✐♦♥ Pd✳ ❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉✬❛✉❣♠❡♥t❡r Pd ♦✉ ❞✐♠✐♥✉❡r Pfa
❛ ♣♦✉r ❡✛❡t ❞✬❛✉❣♠❡♥t❡r ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ κ ✭❝❡ q✉✐ ❡st ♥♦r♠❛❧✱
♣✉✐sq✉❡ ❝❡❝✐ ❝♦rr❡s♣♦♥❞ à ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ♣❧✉s sé❧❡❝t✐❢ ❬❙❝❤✾✶✱❑❛②✾✽❪✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✶✵ ❙❘▲▼ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ σ2 ♣♦✉r T = 100✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✸✳✶✶ ▲❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ❛✈❡❝M s♦✉r❝❡s✱ ❛✈❡❝ P = 3, 4, 5, 6✱ T = 100✱

❡t N1 = 3✱ N2 = 5✱ N3 = 4✱ N4 = 4✱ N5 = 4 ❡t N6 = 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✸✳✶✷ ▲❡ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s s✐t✉é❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❡♥ ❢♦♥❝t✐♦♥

❞❡ δρ ♣♦✉r δκ = 0.003✳ ❖♥ r❡♠❛rq✉❡ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❘❙❇ ❡♥ ❢♦♥❝t✐♦♥
❞❡ δκ ♣♦✉r δρ ✜①❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✸ ▲❡ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s s✐t✉é❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡
δρ ♣♦✉r δκ = 0.003 ❞❛♥s ❧❡ ❝❛s ❞❡ s✐❣♥❛✉① s♦✉r❝❡s ♦rt❤♦❣♦♥❛✉① ❡t s✐❣♥❛✉① s♦✉r❝❡s
♥♦♥ ♦rt❤♦❣♦♥❛✉①✳ ❖♥ r❡♠❛rq✉❡ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❘❙❇ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ δκ
♣♦✉r δρ ✜①❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✹ δR ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ s♦✉r❝❡
✐♥t❡r❢èr❡♥t❡ ❛✈❡❝ ✉♥❡ ❆▲❯ ❡♥ é♠✐ss✐♦♥ ❡t ré❝❡♣t✐♦♥ ❛✈❡❝ NR = NT = 4 ❝❛♣t❡✉rs✱
L = 4 ❡t T = 100 ♦❜s❡r✈❛t✐♦♥s✳ ▲❡ ❝❛s ❞✐t ❝❧❛✐r✈♦②❛♥t ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ✐❞é❛❧ ♦ù
t♦✉s ❧❡s ♣❛r❛♠ètr❡s s♦♥t ❝♦♥♥✉s ② ❝♦♠♣r✐s δR✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
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▲✐st❡ ❞❡s t❛❜❧❡❛✉①

✸✳✶ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❘▲ ❡t ❧❡ ❘❙❇■✴❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❙❉■✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✸✳✷ ❈❛r❛❝tér✐st✐q✉❡ ❞❡s ❞✐✛ér❡♥t❡s ❣é♦♠étr✐❡s ❞✬❛♥t❡♥♥❡s ❛✈❡❝ ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ❞❡

❝❛♣t❡✉rs ❡t ❞❡s ♦✉✈❡rt✉r❡s ❞✐✛ér❡♥t❡s✳ ▲✬❛♥t❡♥♥❡ ♣❛r❢❛✐t❡ ♥❡ ❝♦♥t✐❡♥t ♣❛s ❞❡ r❡✲
❞♦♥❞❛♥❝❡ ❡t ❛✉❝✉♥ é❝❛rt ♥✬❡st ♠❛♥q✉❛♥t✳ ▲❛ ♣♦s✐t✐♦♥ ❞❡s ❝❛♣t❡✉rs tr❛❞✉✐t ❧❡✉r
❝♦♦r❞♦♥♥é❡s s✉r ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s✳ ▲✬✉♥✐té✱ d✱ ❝♦rr❡s♣♦♥❞ à ❧✬é❝❛rt ♠✐♥✐♠❛❧ ❡♥tr❡
❞❡✉① ❝❛♣t❡✉rs s✉❝❝❡ss✐❢s✳ ▲✬é❝❛rt ❡♥tr❡ ❞❡✉① ❝❛♣t❡✉rs ❡st ❞♦♥❝ ✉♥ ♠✉❧t✐♣❧❡ ❞❡ d
q✉✐ ❞♦✐t êtr❡ ❝♦♠♣r✐s ❡♥tr❡ d ❡t (L− 1)d✳ ❯♥❡ ❞✐st❛♥❝❡ r❡❞♦♥❞❛♥t❡ s❡ tr❛❞✉✐t ♣❛r
❧❛ ré♣ét✐t✐♦♥ ❞✬✉♥ é❝❛rt ❬❱❍✽✻❪✳ ❯♥ é❝❛rt ♠❛♥q✉❛♥t ❡st ❞û à ❧✬❛❜s❡♥❝❡ ❞✬✉♥ é❝❛rt
❡♥tr❡ d ❡t (L − 1)d ❬▼♦❢✻✽❪✳ ❯♥❡ ❛♥t❡♥♥❡ ❡st ❞✐t❡ ♣❛r❢❛✐t❡✱ s✐ ❛✉❝✉♥ é❝❛rt ♥✬❡st
♠❛♥q✉❛♥t ❡t s✐ ❛✉❝✉♥❡ ❞✐st❛♥❝❡ ♥✬❡st r❡❞♦♥❞❛♥t❡ ❬❆●●❙✾✻✱❆❙●✾✾✱▼❉✵✶❪✳ ✳ ✳ ✳ ✸✺

✸✳✸ ▲❡ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❝✐❜❧❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
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◆♦t❛t✐♦♥s

❆❝r♦♥②♠❡s

• ❆▲❯ ✿ ❆♥t❡♥♥❡ ▲✐♥é❛✐r❡ ❯♥✐❢♦r♠❡✳

• ❆▲◆❯ ✿ ❆♥t❡♥♥❡ ▲✐♥é❛✐r❡ ◆♦♥ ❯♥✐❢♦r♠❡✳

• ❇❈❘ ✿ ❇♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦✳

• ❇❋❈❘ ✿ ❇♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦✳

• ❇❍❈❘ ✿ ❇♦r♥❡ ❞❡ ❍❛♠♠❡rs❧❡②✲❈❤❛♣♠❛♥✲❘♦❜❜✐♥s✳

• ❇▼❍ ✿ ❇♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❍♦❢st❡tt❡r✳

• ❇▼❙ ✿ ❇♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❙❡✐❞♠❛♥✳

• ❈■❆ ✿ ❈r✐tèr❡ ❞✬■♥❢♦r♠❛t✐♦♥ ❞✬❆❦❛✐❦❡✳

• ❊◗▼ ✿ ❊rr❡✉r ◗✉❛❞r❛t✐q✉❡ ▼♦②❡♥♥❡✳

• ▼■❋ ✿ ▼❛tr✐❝❡ ❞✬■♥❢♦r♠❛t✐♦♥ ❞❡ ❋✐s❤❡r✳

• ▼❱ ✿ ▼❛①♠✐♠✉♠ ❞❡ ❱r❛✐s❡♠❜❧❛♥❝❡✳

• ❘❙❇ ✿ ❘❛♣♣♦rt ❙✐❣♥❛❧ s✉r ❇r✉✐t✳

• ❘❙❇■ ✿ r❛♣♣♦rt s✐❣♥❛❧ s✉r ❜r✉✐t ♣❧✉s ✐♥t❡r❢ér❡♥❝❡s✳
• ❙❉■ ✿ ❙♦✉r❝❡s ❉✬■♥térêt✳
• ❙■ ✿ ❙♦✉s✲❡s♣❛❝❡ ❞❡s ■♥t❡r❢ér❡♥❝❡s✳
• ❙❘▲ ✿ ❙❡✉✐❧ ❞❡ ❘és♦❧✉t✐♦♥ ▲✐♠✐t❡✳

• ❙❘▲▼ ✿ ❙❡✉✐❧ ❞❡ ❘és♦❧✉t✐♦♥ ▲✐♠✐t❡ ♣♦✉r ❞❡s s✐❣♥❛✉① ▼✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s✳

❙②♠❜♦❧❡s ♠❛t❤é♠❛t✐q✉❡s ❣é♥ér❛✉①

• C ✐♥❞✐q✉❡ ❧❡ ❝♦r♣s ❞❡s ❝♦♠♣❧❡①❡s✳

• R ✐♥❞✐q✉❡ ❧❡ ❝♦r♣s ❞❡s ré❡❧s✳

• ℜ {z} ✐♥❞✐q✉❡ ❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❞✬✉♥ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡ z✳

• ℑ {z} ✐♥❞✐q✉❡ ❧❛ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡ ❞✬✉♥ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡ z✳

• ▲❡ s②♠❜♦❧❡ ∗ ✐♥❞✐q✉❡ ❧✬♦♣ér❛t❡✉r ❞❡ ❝♦♥❥✉❣❛✐s♦♥✳

• abs(.) ✐♥❞✐q✉❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡✳

• O(β) r❡❣r♦✉♣❡ ❧❡s t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉rs ♦✉ é❣❛❧❡s à β✳

❙②♠❜♦❧❡s ❡t ♦♣ér❛t❡✉rs ♠❛tr✐❝✐❡❧s

• a✱ A✱ ❧❡s ❧❡ttr❡s ❡♥ ✐t❛❧✐q✉❡s r❡♣rés❡♥t❡♥t ✉♥❡ q✉❛♥t✐té s❝❛❧❛✐r❡✳

①✐①



• a✱ ❧❡s ❧❡ttr❡s ♠✐♥✉s❝✉❧❡s ❡♥ ❣r❛s r❡♣rés❡♥t❡♥t ✉♥❡ q✉❛♥t✐té ✈❡❝t♦r✐❡❧❧❡ ✭✈❡❝t❡✉r ❝♦❧♦♥♥❡✮✳

• A✱ ❧❡s ❧❡ttr❡ ♠❛❥✉s❝✉❧❡s ❡♥ ❣r❛s r❡♣rés❡♥t❡♥t ✉♥❡ q✉❛♥t✐té ♠❛tr✐❝✐❡❧❧❡✳

• A✱ ❧❡s ❧❡ttr❡ ♠❛❥✉s❝✉❧❡s ❝❛❧❧✐❣r❛♣❤✐q✉❡s ❡♥ ❣r❛s r❡♣rés❡♥t❡♥t ✉♥❡ q✉❛♥t✐té t❡♥s♦r✐❡❧❧❡✳

• AT ✱ ❧❡ s②♠❜♦❧❡ T ✐♥❞✐q✉❡ ❧✬♦♣ér❛t❡✉r tr❛♥s♣♦sé✳

• AH ✱ ❧❡ s②♠❜♦❧❡ H ✐♥❞✐q✉❡ ❧✬♦♣ér❛t❡✉r ❍❡r♠✐t✐❡♥ ✭tr❛♥s♣♦sé ❝♦♥❥✉❣✉é✮✳

• A†✱ ❧❡ s②♠❜♦❧❡ † ✐♥❞✐q✉❡ ❧✬♦♣ér❛t❡✉r ♣s❡✉❞♦✲✐♥✈❡rs❡ t❡❧ q✉❡ A† =
(
AHA

)−1
AH ♦ù A ❡st

❞❡ r❛♥❣ ♣❧❡✐♥ ❝♦❧♦♥♥❡✳

• IN ✐♥❞✐q✉❡ ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té ❞❡ t❛✐❧❧❡ N ×N ✳

• |A| ✐♥❞✐q✉❡ ❧❡ ❞ét❡r♠✐♥❛♥t ❞❡ ❧❛ ♠❛tr✐❝❡ A✳

• ‖.‖ ✐♥❞✐q✉❡ ❧❛ ♥♦r♠❡ L2✳

• [a]i ❡st ❧✬é❧é♠❡♥t ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ iè♠❡ ❧✐❣♥❡ ❞✉ ✈❡❝t❡✉r a✳

• [A]i,j ❡st ❧✬é❧é♠❡♥t ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ iè♠❡ ❧✐❣♥❡ ❡t jè♠❡ ❝♦❧♦♥♥❡ ❞❡ ❧❛ ♠❛tr✐❝❡ A✳

• [A]i1,...,iI ❡st ❧✬é❧é♠❡♥t s❡ tr♦✉✈❛♥t à ❧❛ ♣♦s✐t✐♦♥ i1, . . . , iI ❞✉ A✳

• tr (A) ❡st ❧❛ tr❛❝❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❝❛rré❡ A✳

• 〈A〉 ✐♥❞✐q✉❡ ❧❡ s♦✉s ❡s♣❛❝❡ ❡♥❣❡♥❞ré ♣❛r ❧❡s ❝♦❧♦♥♥❡s ❞❡ ❧❛ ♠❛tr✐❝❡ A✳

• ❞✐❛❣(.) ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥✳

• ❜❞✐❛❣(.) ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ♣❛r ❜❧♦❝✳

• ⊗ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❑r♦♥❡❝❦❡r✳

• ⊙ ❡st ❧✬♦♣ér❛t❡✉r ❞❡ ❍❛❞❛♠❛r❞✳

• vec (.) ❡st ❧✬♦♣ér❛t❡✉r q✉✐ ✈❡❝t♦r✐s❡ ✉♥❡ ♠❛tr✐❝❡ ❡♥ ❝♦♥❝❛té♥❛♥t s❡s ❝♦❧♦♥♥❡s✳

• sgn (.) ❡st ❧❛ ❢♦♥❝t✐♦♥ s✐❣♥❡✳

• ❙♦✐❡♥t ❞❡✉① ♠❛tr✐❝❡s ré❡❧❧❡s A ❡t B ❞❡ t❛✐❧❧❡ N ×N ✱ ❛❧♦rs ❧❛ r❡❧❛t✐♦♥ ❞✬♦r❞r❡

A � B,

s✐❣♥✐✜❡ q✉❡ ❧❛ ♠❛tr✐❝❡ A−B ❡st ❞é✜♥✐❡ ♥♦♥✲♥é❣❛t✐✈❡✳

❙②♠❜♦❧❡s r❡❧❛t✐❢s ❛✉① ♣r♦❜❛❜✐❧✐tés

• NK (m,C) ✐♥❞✐q✉❡ ✉♥❡ ❧♦✐ ❣❛✉ss✐❡♥♥❡ ♠✉❧t✐✈❛r✐é❡ s✉r ❧❡ ❝♦r♣s K ✭❝✐r❝✉❧❛✐r❡ s✐ K = C✮ ❞❡
♠♦②❡♥♥❡ m ❡t ❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ C✳

• χ2 (N) ✐♥❞✐q✉❡ ✉♥❡ ❧♦✐ ❞✉ ❝❤✐✷ ré❡❧❧❡ à N ❞❡❣rés ❞❡ ❧✐❜❡rtés ❜❛sé❡ s✉r ✉♥❡ s♦♠♠❡ ❛✉ ❝❛rré
❞❡ N ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐♥❞é♣❡♥❞❛♥t❡s s✉✐✈❛♥t ✉♥❡ ❧♦✐ ❣❛✉ss✐❡♥♥❡ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡
✈❛r✐❛♥❝❡ ✶✳

• Pr (.) ✐♥❞✐q✉❡ ✉♥❡ ♣r♦❜❛❜✐❧✐té✳

• p (x) ✐♥❞✐q✉❡ ✉♥❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té✳

• p (x| y) ✐♥❞✐q✉❡ ✉♥❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♦✉ ✉♥❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡t s❡r❛
♣ré❝✐sé❡ s❡❧♦♥ ❧❡ ❝♦♥t❡①t❡✳

• E {.} ✐♥❞✐q✉❡ ❧✬♦♣ér❛t❡✉r ❞✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡✳

①①



❈❤❛♣✐tr❡ ✶

■♥tr♦❞✉❝t✐♦♥

▲✬❡①tr❛❝t✐♦♥ ❞✬✐♥❢♦r♠❛t✐♦♥ ♣❡rt✐♥❡♥t❡ ❝❛❝❤é❡ ❞❛♥s ❞❡s ♦❜s❡r✈❛t✐♦♥s ❜r✉✐té❡s ❡st ❧✬✉♥ ❞❡s ♦❜✲
❥❡❝t✐❢s ❞✉ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✳ ❯♥❡ t❡❧❧❡ ✐♥❢♦r♠❛t✐♦♥ ❡st ❣é♥ér❛❧❡♠❡♥t ❞é❝r✐t❡ ♣❛r ✉♥ ♦✉ ♣❧✉✲
s✐❡✉rs ♣❛r❛♠ètr❡s ❞✬✐♥térêt ❬❱❛♥✻✽✱❘❡♥❞❢❪ ✭♣❛r ❡①❡♠♣❧❡ ✿ ✉♥❡ ❢réq✉❡♥❝❡✱ ✉♥❡ ♣❤❛s❡✱ ✉♥❡ ❞✐r❡❝t✐♦♥
❞✬❛rr✐✈é❡ ❡t❝✳✳✮ ▲❛ t❤é♦r✐❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❛ ♣♦✉r ❜✉t ❞❡ ♣rés❡♥t❡r ✉♥ ❝❛❞r❡ ❢♦r♠❡❧ ♣♦✉r rés♦✉❞r❡
❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡ ❬❙❝❤✾✶✱ ▲❡❤✽✸❪✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❧✬❡st✐♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡✱ ❝♦♥s✐st❡
à ❡st✐♠❡r ❧❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt ❡♥ s❡ ❜❛s❛♥t s✉r ✉♥ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥✳ ❊♥ tr❛✐t❡♠❡♥t ❞✉
s✐❣♥❛❧✱ ❧❡ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❡st ♣ré✲❞é✜♥✐ ❣râ❝❡ à ❞❡s ❝♦♥♥❛✐ss❛♥❝❡s ❛ ♣r✐♦r✐ ❞✉ ♣r♦❝❡ss✉s ♣❤②✲
s✐q✉❡ ❡t ❞é♣❡♥❞✱ ♥♦♥ s❡✉❧❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt✱ ♠❛✐s ❛✉ss✐ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♥✉✐s❛♥❝❡
✭❞♦♥t ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t✮ ✐♥❝♦r♣♦r❛♥t ❛✐♥s✐ ✉♥ ♠♦❞è❧❡ st❛t✐st✐q✉❡ ❬❑❛②✾✸✱❱❛♥✵✶❪✳

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s ❞✬✐♥térêt ❛ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s r❡❝❤❡r❝❤❡s ❡♥
tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡s✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❧❡ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡s ✉t✐❧✐s❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♠❡✲
s✉ré❡ ♣❛r ✉♥ rés❡❛✉ ❞❡ ❝❛♣t❡✉rs ❛✜♥ ❞✬❡st✐♠❡r ❧❡s ❞✐r❡❝t✐♦♥s ❞✬❛rr✐✈é❡s ❞✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞✬é♠❡t✲
t❡✉rs ❬❇❑✽✸✱❇ö❤✽✻✱❙◆✾✵❛✱❙◆✾✵❜✱▼❛r✾✽✱❖❱❙◆✾✸✱❱❖✾✶✱❱❖❑✾✶✱❱❙❖✾✼❪✳ ❈❡ ❞❡r♥✐❡r ❛ ❞♦♥♥é
❧✐❡✉ à ❧✬é❧❛❜♦r❛t✐♦♥ ❞✬✉♥❡ ♣❧ét❤♦r❡ ❞✬❛❧❣♦r✐t❤♠❡s ❞❡ ❧✬❡st✐♠❛t✐♦♥ à ❤❛✉t❡ rés♦❧✉t✐♦♥ ❬❑❱✾✻❪ ✭♣❛r
❡①❡♠♣❧❡✱ ▼❯❙■❈ ❬❙❝❤✽✶❪✱ ❊❙P❘■❚ ❬❘P❑✽✻✱❨❋✾✽❪✱ r♦♦t✲▼❯❙■❈ ❬❘❍✽✾❪✱ ❩❋✲▼❯❙■❈ ❬❊❇❇▼✵✾❪✱
P❈▼✲▼❯❙■❈ ❬❊❇▼✵✾❪ ❡t❝✳✳✮ P❛r ❝♦♥tr❡✱ ✐❧ ❡①✐st❡ ♠♦✐♥s ❞❡ tr❛✈❛✉① ét✉❞✐❛♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s
♦♣t✐♠❛❧❡s ❛ss♦❝✐é❡s ❛✉① ❞✐✛ér❡♥ts ♠♦❞è❧❡s ♣❛r❛♠étr✐q✉❡s✳

▲✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❡st ❧✬✐♥❞✐❝❛t❡✉r ❞❡ ♣❡r❢♦r♠❛♥❝❡ ❧❡ ♣❧✉s ✉t✐❧✐sé ❬❙◆✽✾✱ ❙❝❤✾✶✱
❑❛②✾✸✱ ❇❡❧✾✺✱ ❱❖◆✾✺✱▼❛r✾✽✱ ❇❋▲✵✹✱ ❙▼✵✺❜✱ ❆t❤✵✺✱ ❘❡♥❞❢✱ ❊❇❘▼✶✵❛❪✳ ❖♥ ❝♦♥st❛t❡ ✭♣♦✉r ❞❡s
♣r♦❜❧è♠❡s ♥♦♥ ❧✐♥é❛✐r❡s✮ q✉❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞❡ ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐✲
s❡♠❜❧❛♥❝❡ ❡st ré♣❛rt✐❡ ❡♥ tr♦✐s ré❣✐♦♥s ❜✐❡♥ ❞✐st✐♥❝t❡s s❡❧♦♥ ❧❛ ✈❛❧❡✉r ❞✉ r❛♣♣♦rt s✐❣♥❛❧ s✉r ❜r✉✐t
✭✈♦✐r✱ ✜❣✉r❡ ✶✳✶ ❬❱❛♥✻✽✱❘❇✼✹✱❘❡♥❞❢❪✮ ✿

✕ ❧❛ ③♦♥❡ ❞✐t❡ ❛s②♠♣t♦t✐q✉❡ ♦ù ❧❛ ✈❛❧❡✉r ❡st✐♠é❡ ❞✉ ♣❛r❛♠ètr❡ ❡st ♣r♦❝❤❡ ❞❡ ❧❛ ✈r❛✐❡ ✈❛❧❡✉r✱
✕ ❧❛ ③♦♥❡ ❞✐t❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ❞✉❡ à ✉♥ ❛❝❝r♦✐ss❡♠❡♥t ❜r✉sq✉❡ ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡
♠♦②❡♥♥❡ ✭❞♦♥t ❧❛ ❝❛✉s❡ ❡st ❧✬❛♣♣❛r✐t✐♦♥ ❞✬♦❜s❡r✈❛t✐♦♥s ❛❜❡rr❛♥t❡s✮✱

✕ ❡t ❡♥✜♥✱ ❧❛ ③♦♥❡ ❞✐t❡ ❞❡ ♥♦♥✲✐♥❢♦r♠❛t✐♦♥ ♦ù ❧✬♦❜s❡r✈❛t✐♦♥ s❡ ré❞✉✐t ♣r✐♥❝✐♣❛❧❡♠❡♥t à ❧❛ ❝♦♠✲
♣♦s❛♥t❡ ❞✉ ❜r✉✐t✱ ❞✬♦ù ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❡st✐♠é❡s q✉❛s✐ ✉♥✐❢♦r♠❡ ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡
♠♦②❡♥♥❡✳

❆✐♥s✐✱ ❧❛ ③♦♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ❞✬✉♥ ❡st✐♠❛t❡✉r ❞é❧✐♠✐t❡ s❛ ③♦♥❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ♦♣t✐♠❛❧✳
❉✬♦ù ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r

✕ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡s ❡st✐♠❛t❡✉rs✱
✕ ❧❛ ♣ré❞✐❝t✐♦♥ ❞✉ ❞é❝r♦❝❤❡♠❡♥t✳
P❛r ❛✐❧❧❡✉rs✱ ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡✱ ❛♣♣❡❧é ❛✉ss✐ ♣♦✉✈♦✐r sé♣❛r❛t❡✉r✱ ❡st ✉♥ ❛✉tr❡ ✐♥❞✐✲

❝❛t❡✉r ❞❡ ♣❡r❢♦r♠❛♥❝❡ ♠♦✐♥s ✉t✐❧✐sé ♠❛✐s ❞✬✉♥❡ ✐♠♣♦rt❛♥❝❡ ❝r♦✐ss❛♥t❡ ❞❛♥s t♦✉t ♣r♦❜❧è♠❡ ❞✬❡s✲
t✐♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡✳ ❈❡ ❞❡r♥✐❡r tr❛❞✉✐t ❧❛ ❝❛♣❛❝✐té ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ à sé♣❛r❡r ❞❡✉① s♦✉r❝❡s

✶



✷ ❈❍❆P■❚❘❊ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❋✐❣✉r❡ ✶✳✶ ✕ ■❧❧✉str❛t✐♦♥ ❞❡ ❧❛ ③♦♥❡ ❛s②♠♣t♦t✐q✉❡✱ ❧❛ ③♦♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ❡t ❧❛ ③♦♥❡ ❞❡ ♥♦♥✲
✐♥❢♦r♠❛t✐♦♥ ♣♦✉r ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡ ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❬▼▲✾✾❪✳

❋✐❣✉r❡ ✶✳✷ ✕ ■❧❧✉str❛t✐♦♥ ❞✉ ❝❛s s♦✉r❝❡s rés♦❧✉❡s ❡t s♦✉r❝❡s ♥♦♥ rés♦❧✉❡s ❡♥ ♣r♦❜❧é♠❡ ❞✬❡st✐♠❛t✐♦♥
♣❛r❛♠étr✐q✉❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛❧❧✉r❡ ❣é♥ér❛❧❡ ❞✬✉♥ ♣s❡✉❞♦✲s♣❡❝tr❡ ❞✬❛❧❣♦r✐t❤♠❡ ❬▼❛r✾✽❪✳

♣r♦❝❤❡s ❬▼❛r✾✽❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧ r❡♣rés❡♥t❡ ❧❛ ❞✐st❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥tr❡ ❞❡✉① s✐❣♥❛✉① ♣❡r✲
♠❡tt❛♥t ✉♥❡ sé♣❛r❛t✐♦♥✴❡st✐♠❛t✐♦♥ ❝♦rr❡❝t❡ ❞❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt ✭✈♦✐r✱ ✜❣✉r❡ ✶✳✷✮✳

▲❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ❞♦❝✉♠❡♥t s✬✐♥s❝r✐✈❡♥t ❞❛♥s ❝❡tt❡ t❤é♠❛t✐q✉❡✳

✶✳✶ ❖❜❥❡❝t✐❢ ❞❡ ❧❛ t❤ès❡

■♥✐t✐❛❧❡♠❡♥t✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣
♣r♦❝❤❡ q✉✐ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ♣❡✉ ❞❡ tr❛✈❛✉① ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✭♣❛r r❛♣♣♦rt à ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❡♥
❝❤❛♠♣ ❧♦✐♥t❛✐♥✮ ❜✐❡♥ q✉❡ ♣rés❡♥t❛♥t ✉♥ ✐♥térêt ❝❡rt❛✐♥✳ ▲♦rs ❞✬✉♥❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥
❝❤❛♠♣ ♣r♦❝❤❡ à ❧✬❛✐❞❡ ❞✬✉♥ rés❡❛✉ ❞❡ ❝❛♣t❡✉rs ♣❛ss✐❢✱ ♦♥ ❢❛✐t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❧❛
♣❤❛s❡ ❞❡s s♦✉r❝❡s ✈❛r✐❡♥t ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ❡t q✉❡ ❧❡s s♦✉r❝❡s s♦♥t s✐t✉é❡s ♣rés ❞❡ ❧✬❛♥t❡♥♥❡✳
❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥ s♦✉r❝❡s ❧♦✐♥t❛✐♥❡s ✭❢r♦♥ts ❞✬♦♥❞❡s ♣❧❛♥s✮ ♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡ ❡t ❞❡
❝❡ ❢❛✐t✱ ♦♥ ❞♦✐t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✉♥ ♠♦❞è❧❡ ♣❛r❛♠étré ♥♦♥ s❡✉❧❡♠❡♥t ♣❛r ❧✬❛③✐♠✉t ✭❧❡ ♠ê♠❡
q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✉ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✮✱ ♠❛✐s ❛✉ss✐ ♣❛r ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❛ s♦✉r❝❡ ❡t ✉♥ ❝❛♣t❡✉r ❞❡
ré❢ér❡♥❝❡✳ ❉❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ♦♥ tr♦✉✈❡ ✉♥❡ ♣❧ét❤♦r❡ ❞❡ ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ♣♦✉r ❝❡ t②♣❡



✶✳✷✳ ❘➱❙❯▲❚❆❚❙ ❉❊ ▲❆ ❚❍➮❙❊ ✸

❞❡ ♣r♦❜❧è♠❡s ❬❍❇✾✶✱❨❋✾✽✱●❆▼❍✵✺✱ ❩❈✵✼✱❇P✵✽❪✱ ❝❡♣❡♥❞❛♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s ✉❧t✐♠❡s ❞❡ t❡❧s
❡st✐♠❛t❡✉rs ♥✬♦♥t ♣❛s ❝♦♠♣❧èt❡♠❡♥t été ét✉❞✐é❡s ❡♥ ❞ét❛✐❧s✳

❆✐♥s✐✱ ♥♦s ♦❜❥❡❝t✐❢s ✐♥✐t✐❛✉① ét❛✐❡♥t ❧❡s s✉✐✈❛♥ts ✿
✕ ❈❛r❛❝tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❛s②♠♣t♦t✐q✉❡s ✉❧t✐♠❡s ❞❡ ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐✲
s❡♠❜❧❛♥❝❡ ❡♥ t❡r♠❡ ❞✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ à ❧✬❛✐❞❡ ❞❡ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦
❬❋✐s✷✷✱❉✉❣✸✼✱❋r❡✹✸✱❘❛♦✹✺✱❈r❛✹✻❪✱

✕ Pré❞✐r❡ ❧❡ ❞é❝r♦❝❤❡♠❡♥t ❞❡ ❝❡ ♠ê♠❡ ❡st✐♠❛t❡✉r à ❧✬❛✐❞❡ ❞✬❛✉tr❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡
❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣❧✉s ♣ré❝✐s❡s q✉❡ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ❬●❧❛✼✷✱ ❋▲✵✷✱
❈●◗▲✵✽✱❚❚✶✵❪✱

✕ ❈❛r❛❝tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❛s②♠♣t♦t✐q✉❡s ✉❧t✐♠❡s ❡♥ t❡r♠❡ ❞❡ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ ré✲
s♦❧✉t✐♦♥ ❧✐♠✐t❡ ❬❈♦①✼✸✱ ❙❉✾✺✱ ▲❡❡✾✷✱ ▲❡❡✾✹✱ ❙♠✐✾✽✱▼❛r✾✽✱ ❙▼✵✹✱ ▲◆✵✼✱ ❆❲✵✽✱ ❊❇❘▼✶✵❜✱
❑❇❘▼✶✶❜✱❑❇❘▼✶✶❛❪✳

✶✳✷ ❘és✉❧t❛ts ❞❡ ❧❛ t❤ès❡

❉❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ♥♦✉s ❝❛❧❝✉❧♦♥s ❡t ❛♥❛❧②s♦♥s ❞✐✛ér❡♥t❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛✲
❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ♣❛ss✐✈❡ ❞✬✉♥❡ s♦✉r❝❡ s✐t✉é❡ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ à
s❛✈♦✐r ❧❛ ❜♦r♥❡ ❧❛ ♣❧✉s ❝♦♥♥✉❡✱ ❝✬❡st✲à✲❞✐r❡✱ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ❬❈r❛✹✻❪✱ ♠❛✐s ❛✉ss✐ ❧❛ ❜♦r♥❡
❞❡ ▼❝❆✉❧❛②✲❙❡✐❞♠❛♥ ❬▼❙✻✾❪✱ ❧❛ ❜♦r♥❡ ❞❡ ❍❛♠♠❡rs❧❡②✲❈❤❛♣♠❛♥✲❘♦❜❜✐♥s ❬❍❛♠✺✵❪✱ ❧❛ ❜♦r♥❡ ❞❡
▼❝❆✉❧❛②✲❍♦❢st❡tt❡r ❬▼❍✼✶❪ ❡t✱ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ✉♥❡ ❜♦r♥❡ ré❝❡♠♠❡♥t ✐♥tr♦❞✉✐t❡ ❞❛♥s ❧❛
❧✐ttér❛t✉r❡ ❞é♥♦♠♠é❡ ❜♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦ ❬❚❚✶✵❪✳ ▲♦rs ❞❡ ❝❡tt❡ ét✉❞❡ ♥♦✉s ❛✈♦♥s ❝❛✲
r❛❝tér✐sé ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦♣t✐♠❛❧❡s ❛s②♠♣t♦t✐q✉❡s ❡t ♥♦♥✲❛s②♠♣t♦t✐q✉❡s ❞❡s ❡st✐♠❛t❡✉rs ❡t✱ ❡♥
♣❛rt✐❝✉❧✐❡r✱ ❞❡ ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ◆♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧❛
♣ré❞✐❝t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ♣♦✉r ❧❡q✉❡❧ ❝❡s ❜♦r♥❡s s♦♥t ✉t✐❧❡s✳ ❈❡tt❡ ❛♥❛❧②s❡ ❡st
♣❡rt✐♥❡♥t❡✱ ❞✬❛✉t❛♥t ♣❧✉s✱ q✉✬à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❛✉❝✉♥ rés✉❧t❛t ❝♦♥❝❡r♥❛♥t ❞❡s ❜♦r♥❡s ✐♥❢é✲
r✐❡✉r❡s ❛✉tr❡s q✉❡ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦✱ ♥✬❡st ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❆ ❝❡t ❡✛❡t✱ ♥♦✉s
r❛♣♣❡❧♦♥s q✉❡ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ❡st ✉♥❡ ❜♦r♥❡ ♦♣t✐♠✐st❡ ✭❡t ♠ê♠❡ ♥♦♥ ✈❛❧❛❜❧❡✮ ❞❛♥s ❧❡s
③♦♥❡s ❞✐t❡s ♥♦♥✲❛s②♠♣t♦t✐q✉❡s ✭❧♦rsq✉❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ s✉r ❜r✉✐t ♦✉ ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s
❞é❝r♦ît✮✱ ❡t ❞♦♥❝ ♥♦♥ ✉t✐❧✐s❛❜❧❡ ❞❛♥s ❝❡s ③♦♥❡s✳

❈❡tt❡ ét✉❞❡ ♥♦✉s ❛ ♣❡r♠✐s ❞✬❛✈♦✐r ✉♥❡ ❛♥❛❧②s❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❛s②♠♣t♦t✐q✉❡s ♠❛✐s ❛✉ss✐
✉♥❡ ❜♦♥♥❡ ♣ré❞✐❝t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❛✈♦♥s ❞é♠♦♥tré q✉❡ ❧❛ ❜♦r♥❡
❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦✱ ré❝❡♠♠❡♥t ♣r♦♣♦sé❡✱ ❞❡♠❡✉r❡ ♠♦✐♥s ♣❡r❢♦r♠❛♥t❡ q✉❡ ❝❡rt❛✐♥❡s ❞❡ s❡s
♣ré❞é❝❡ss❡✉rs✱ ♦♥ ❝✐t❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❍♦❢st❡tt❡r✳ ❊t ❝❡❝✐✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉①
rés✉❧t❛ts ♣r♦♣♦sés ❞❛♥s ❬❚❚✶✵❪✳

P♦✉r ❝♦♠♣❧ét❡r ♥♦tr❡ ❛♥❛❧②s❡✱ ✐❧ ♥♦✉s ❢❛❧❧❛✐t ❝❛r❛❝tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❛s②♠♣t♦t✐q✉❡s
✉❧t✐♠❡s ❞❡ ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡♥ t❡r♠❡ ❞✉ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥
❧✐♠✐t❡✳ ◆♦✉s ♥♦✉s s♦♠♠❡s ❜❛sés ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❞❡✉① ❛♣♣r♦❝❤❡s ✿ ❧✬❛♣♣r♦❝❤❡ ❜❛sé❡ s✉r ❧❛
❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ❬▲❡❡✾✷✱ ▲▲✾✸✱ ▲❡❡✾✹✱ ❙♠✐✵✺❪ ❡t ❧✬❛♣♣r♦❝❤❡ ❜❛sé❡ s✉r ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s
❬▲◆✵✼❪✳ ❖r✱ ♥♦✉s ❛✈♦♥s ❝♦♥st❛té q✉❡ ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❜❛sé s✉r ❧✬❛♣♣r♦❝❤❡ ♣❛r ❧❛
❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ♥✬ét❛✐t ✐♥tr♦❞✉✐t q✉❡ ❞❛♥s ❧❡ ❝❛s ♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧ ✭♥♦✉s r❛♣♣❡❧♦♥s q✉✬✉♥❡
s♦✉r❝❡ s✐t✉é❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡ ❡st ♣❛r❛♠étré❡ ♣❛r ❞❡✉① ♣❛r❛♠ètr❡s ❞✬✐♥térêt ✿ ❧✬❛③✐♠✉t ❡t
❧❛ ❞✐st❛♥❝❡✳ ◆♦✉s ét✐♦♥s ❞♦♥❝ ❡♥ ❢❛❝❡ ❞✬✉♥ ♣r♦❜❧è♠❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✳✮ ❈❡❝✐ ♥♦✉s ❛ ♣♦✉ssé à
✐♥tr♦❞✉✐r❡ ❡t à ét❡♥❞r❡ ❧❡s rés✉❧t❛ts ❞❡ ❙♠✐t❤ s✉r ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s s✐❣♥❛✉①
♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧s ❛✉ ❝❛s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❉ès ❧♦rs✱ ♥♦✉s ❛✈♦♥s ❛✉ss✐ ét❡♥❞✉ ♥♦s ♦❜❥❡❝t✐❢s
✐♥✐t✐❛✉① ❡t ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ❡♥ ❞ét❛✐❧s ❛✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ✉♥ ♠♦❞è❧❡
♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ ♣❧✉s ❣é♥ér❛❧ à P ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♣❛r s✐❣♥❛❧✳ ❆✐♥s✐✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡
s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ ✭❡♥ ✉t✐❧✐s❛♥t ❧✬❛♣♣r♦❝❤❡
❜❛sé❡ s✉r ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦✮✱ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s s❡ s✐t✉❛♥t ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ✭❡♥
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✉t✐❧✐s❛♥t ❧✬❛♣♣r♦❝❤❡ ❜❛sé❡ s✉r ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s✮ ♠❛✐s ❛✉ss✐ ♣♦✉r ❧❡ r❛❞❛r ▼■▼❖ ❡♥ ♣rés❡♥❝❡
❞✬✐♥t❡r❢ér❡♥❝❡s ✭❡♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦❥❡❝t❡✉rs ♦❜❧✐q✉❡s ❬❇❙✾✹❪ ❡t ❧✬❛♣♣r♦❝❤❡ ❞✐t❡ ♠❛t❝❤❡❞ s✉❜s♣❛❝❡
✜❧t❡r ❬❙❋✾✹✱❑❙✾✾✱❑❙▼✵✶✱❏❋✵✺❪✮✳

✶✳✸ ❙tr✉❝t✉r❡ ❞✉ ♠❛♥✉s❝r✐t

◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ ♣rés❡♥t❡r ❝❡ ♠❛♥✉s❝r✐t ❡♥ ♥♦✉s ❛♣♣✉②❛♥t s✉r ❧❡s ♣✉❜❧✐❝❛t✐♦♥s ❝✐té❡s
❝✐✲❞❡ss♦✉s✳ ❆✐♥s✐✱ ♥♦✉s ♥❡ ♣rés❡♥t❡r♦♥s q✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❡t q✉❡❧q✉❡s rés✉❧t❛ts ❞❡ s✐♠✉✲
❧❛t✐♦♥s✳ ▲❡s ❞ét❛✐❧s ❝❛❧❝✉❧❛t♦✐r❡s✱ ❧❡s s✐♠✉❧❛t✐♦♥s ❡t ❞❡s ❛♥❛❧②s❡s ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡s s♦♥t ♣rés❡♥tés
❞❛♥s ❧❡s ♣✉❜❧✐❝❛t✐♦♥s ❝✐té❡s ❝✐✲❞❡ss♦✉s✳ ▲❡ ♠❛♥✉s❝r✐t ❞❡ t❤ès❡ ❡st ♦r❣❛♥✐sé ❝♦♠♠❡ s✉✐t ✿

✕ ❧❡ ❝❤❛♣✐tr❡ 2 ❡st ❞é❞✐é ❛✉① ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❛
❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳ ▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré❡
à ❧✬ét✉❞❡ ❞❡ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦✳ ❉❛♥s ❧❛ s❡❝♦♥❞❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛
♣ré❞✐❝t✐♦♥ ❞✉ ❞é❝r♦❝❤❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❜♦r♥❡s ♣❧✉s ♣ré❝✐s❡s✳

✕ ❧❡ ❝❤❛♣✐tr❡ 3 ❡st ❞é❞✐é ❛✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡✳ ◆♦✉s ❝♦♠♠❡♥❝❡r♦♥s ♣❛r ❧✬ét✉❞❡
❞✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s s✐❣♥❛✉① ♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧s ✭❡♥ ♥♦✉s ❜❛s❛♥t s✉r
❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s✳✮ ❊♥s✉✐t❡✱ ♥♦✉s ✐♥tr♦❞✉✐r♦♥s ❧✬❡①t❡♥s✐♦♥ ❛✉ ❝❛s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✳
❯♥❡ ❛♥❛❧②s❡ s✉r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ❝❡tt❡ ❡①t❡♥s✐♦♥ ❡st ❛✉ss✐ ❢♦✉r♥✐❡✳ ❉❡ ♣❧✉s✱ ♥♦✉s tr❛✐t♦♥s✱
❡♥ ❡①❡♠♣❧❡✱ ❧❡ ♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ à P ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♣❛r s✐❣♥❛❧ ✭r❛♣♣❡❧♦♥s q✉❡ ❝❡
♠♦❞è❧❡ ❡st ♣❧✉s ❣é♥ér❛❧ q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳✮ ❊♥✜♥✱
♥♦✉s ❢♦✉r♥✐ss♦♥s ❛✉ss✐✱ ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❞❛♥s
❧❡ ❝❛s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ ✭♦ù ♥♦✉s tr❛✐t❡r♦♥s ❛✉ss✐ ❧❡ ❝❛s ❞✉ ❝❤❛♠♣ ♣r♦❝❤❡✳✮

❊♥✜♥✱ ♥♦t♦♥s q✉❡ ♣❛r s♦✉❝✐ ❞✬✉♥✐❢♦r♠✐s❛t✐♦♥✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ ♥❡ ♣❛s ✐♥❝❧✉r❡ ♥♦s tr❛✈❛✉①
❝♦♥❝❡r♥❛♥t ❧✬❡st✐♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞✉ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❡t ❞✉ ❝❤❛♠♣ ♣r♦❝❤❡
q✉✐ ♦♥t ❞♦♥♥é ❧✐❡✉ ❛✉① ♣✉❜❧✐❝❛t✐♦♥s s✉✐✈❛♥t❡s ❬❏✺❪✱ ❬❈✷❪✱ ❬❈✹❪ ❡t ❬❈✺❪✳

✶✳✹ P✉❜❧✐❝❛t✐♦♥s

▲❡s tr❛✈❛✉① r❡♣♦rtés ❞❛♥s ❝❡ ❞♦❝✉♠❡♥t ♦♥t ❞♦♥♥é ❧✐❡✉ ❛✉① ❛rt✐❝❧❡s ❡t ❝♦♠♠✉♥✐❝❛t✐♦♥s s✉✐✲
✈❛♥ts ✿

❘❡✈✉❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s ✭♣❛♣✐❡rs ❛❝❝❡♣tés ♦✉ ♣✉❜❧✐és✮

❬❏✶❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❈♦♥❞✐t✐♦♥❛❧ ❛♥❞ ✉♥❝♦♥❞✐t✐♦♥❛❧
❈r❛♠ér✲❘❛♦ ❜♦✉♥❞s ❢♦r ♥❡❛r✲✜❡❧❞ s♦✉r❝❡ ❧♦❝❛❧✐③❛t✐♦♥✧✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱
❱♦❧✉♠❡ ✿ ✺✽✱ ■ss✉❡ ✿ ✺✱ ▼❛② ✷✵✶✵✱ ♣♣✳ ✷✾✵✶✲✷✾✵✼✳

❬❏✷❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t
♦❢ t❤❡ ❯♥✐❢♦r♠ ▲✐♥❡❛r ❈♦❝❡♥t❡r❡❞ ❖rt❤♦❣♦♥❛❧ ▲♦♦♣ ❛♥❞ ❉✐♣♦❧❡ ❆rr❛②✧✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❱♦❧✉♠❡ ✿ ✺✾✱ ■ss✉❡ ✿ ✶✱ ❏❛♥ ✷✵✶✶✱ ♣♣✳ ✹✷✺✲✹✸✶✳

❬❏✸❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t
❢♦r t❤❡ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❍❛r♠♦♥✐❝ ❘❡tr✐❡✈❛❧ ▼♦❞❡❧ ✿ ❍②♣♦t❤❡s✐s ❚❡st ❛♥❞ ❈r❛♠❡r✲❘❛♦ ❇♦✉♥❞
❆♣♣r♦❛❝❤❡s✧✱ ❊❯❘❆❙■P ❏♦✉r♥❛❧ ♦♥ ❆❞✈❛♥❝❡s ✐♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ s♣❡❝✐❛❧ ✐ss✉❡ ♦♥ ✧❆❞✈❛♥❝❡s ✐♥
❆♥❣❧❡✲♦❢✲❆rr✐✈❛❧ ❛♥❞ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❢♦r ▲♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s✧✱
❏✉♥ ✷✵✶✶✱ ♣✳ ✶✲✶✹✱ ❞♦✐ ✿✶✵✳✶✶✽✻✴✶✻✽✼✲✻✶✽✵✲✷✵✶✶✲✶✷✳

❬❏✹❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❆ ❙t❛t✐st✐❝❛❧ ❆♥❛❧②s✐s ♦❢
❆❝❤✐❡✈❛❜❧❡ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ✐♥ t❤❡ ◆❡❛r ❋✐❡❧❞ ❈♦♥t❡①t ❯s✐♥❣ ◆♦♥✉♥✐❢♦r♠ ❛♥❞ ▲❛❝✉♥❛r ❆rr❛②✧✱
❛❝❝❡♣té à ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❊❧s❡✈✐❡r✳
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❘❡✈✉❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s ✭♣❛♣✐❡rs s♦✉♠✐s✮

❬❏✺❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❋❛st ❙❡q✉❡♥t✐❛❧ ❉✐r❡❝t✐♦♥ ❖❢ ❆rr✐✈❛❧ ❋✐♥❞✐♥❣
❯s✐♥❣ t❤❡ Pr♦❥❡❝t❡❞ ❈♦♠♣❛♥✐♦♥ ▼❛tr✐①✧✱ s♦✉♠✐s à ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ◆♦✈❡♠❜r❡ ✷✵✶✵✳

❬❏✻❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❖♥ t❤❡ ❙t❛t✐st✐❝❛❧ ❘❡s♦❧✈❛❜✐❧✐t②
❖❢ P♦✐♥t ❙♦✉r❝❡s ✐♥ ❙✉❜s♣❛❝❡ ■♥t❡r❢❡r❡♥❝❡ ❯s✐♥❣ ❛ ●▲❘❚✲❇❛s❡❞ ❋r❛♠❡✇♦r❦✧✱ s♦✉♠✐s à ❙✐❣♥❛❧
Pr♦❝❡ss✐♥❣✱ ❊❧s❡✈✐❡r✱ ❆✈r✐❧ ✷✵✶✶✳

❬❏✼❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t
❢♦r ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥ ❲✐t❤ ❈❧✉tt❡r ■♥t❡r❢❡r❡♥❝❡ ✐♥ ❛ ▼■▼❖ r❛❞❛r ❈♦♥t❡①t✧✱ s♦✉♠✐s à ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❆✈r✐❧ ✷✵✶✶✳
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♣r❡ss✐♦♥s ♦❢ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞s ❢♦r ♥❡❛r✲✜❡❧❞ ❧♦❝❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✧✱ ✐♥ Pr♦❝✳ ♦❢ ■❊❊❊
■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❝♦✉st✐❝s✱ ❙♣❡❡❝❤✱ ❛♥❞ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ■❈❆❙❙P✲✵✾✱ ❚❛✐♣❡✐✱ ❚❛✐✲
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❬❈✷❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ●✳ ❇♦✉❧❡✉①✱ ❇✳ ❇♦②❡r ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙❡q✉❡♥t✐❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡
r❛♥❣❡ ❛♥❞ t❤❡ ❜❡❛r✐♥❣ ✉s✐♥❣ t❤❡ ③❡r♦✲❢♦r❝✐♥❣ ▼❯❙■❈ ❛♣♣r♦❛❝❤✧✱ ✐♥ Pr♦❝✳ ♦❢ t❤❡ ✶✼t❤ ❊✉r♦♣❡❛♥
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❬❈✸❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❊①♣r❡ss✐♦♥s ♥♦♥✲♠❛tr✐❝✐❡❧❧❡s
❞❡s ❜♦r♥❡s ❞❡ ❈r❛♠ér✲❘❛♦ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✧✱ ✐♥ Pr♦❝✳ ♦❢ ❈♦❧❧♦q✉❡
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❬❈✹❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❇✳ ❇♦②❡r ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❋❛st ❙❡q✉❡♥t✐❛❧ ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥ ❯s✐♥❣
t❤❡ Pr♦❥❡❝t❡❞ ❈♦♠♣❛♥✐♦♥ ▼❛tr✐① ❆♣♣r♦❛❝❤✧✱ ✐♥ Pr♦❝✳ ♦❢ ■❊❊❊ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧
❆❞✈❛♥❝❡s ✐♥ ▼✉❧t✐✲❙❡♥s♦r ❆❞❛♣t✐✈❡ Pr♦❝❡ss✐♥❣✱ ❈❆▼❙❆P✲✵✾✱ ❆r✉❜❛✱ ❉✉t❝❤ ❆♥t✐❧❧❡s✳

❬❈✺❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ●✳ ❇♦✉❧❡✉①✱ ❇✳ ❇♦②❡r ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧ ❊st✐♠❛t✐♦♥ séq✉❡♥t✐❡❧❧❡ ❞❡s
♣❛r❛♠ètr❡s ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ à ❧✬❛✐❞❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❩❡r♦✲❋♦r❝✐♥❣✧✱ ✐♥ Pr♦❝✳ ♦❢
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❬❈✻❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐ts
❢♦r ♠✉❧t✐♣❧❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛♥❞ ❢♦r ♠✉❧t✐♣❧❡ s✐❣♥❛❧s✧✱ ✐♥ Pr♦❝✳ ♦❢ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧
❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❝♦✉st✐❝s✱ ❙♣❡❡❝❤✱ ❛♥❞ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ■❈❆❙❙P✲✶✵✱ ❉❛❧❧❛s✱ ❚❳✱ ❯❙❆✳

❬❈✼❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ✿
❆♣♣❧✐❝❛t✐♦♥ t♦ P❛ss✐✈❡ P♦❧❛r✐③❡❞ ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥✧✱ ✐♥ Pr♦❝✳ ♦❢ ❉❡t❡❝t✐♦♥✱ ❆r❝❤✐t❡❝t✉r❡ ❛♥❞
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❬❈✽❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐t ❢♦r
s♦✉r❝❡ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ ❛ ▼■▼❖ ❝♦♥t❡①t✧✱ ✐♥ Pr♦❝✳ ♦❢ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❝♦✉st✐❝s✱
❙♣❡❡❝❤✱ ❛♥❞ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ■❈❆❙❙P✲✶✶✱ Pr❛❣✉❡✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝✳

❬❈✾❪ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧ ❆ ●▲❘❚✲❜❛s❡❞ ❢r❛♠❡✇♦r❦ ❢♦r
t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ st❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐t✧✱ ■❊❊❊ ❲♦r❦s❤♦♣ ♦♥ ❙t❛t✐st✐❝❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣
❙❙P✲✶✶✱ ◆✐❝❡✱ ❋r❛♥❝❡✳
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❧✉t✐♦♥ ▲✐♠✐t ❢♦r ❱❡❝t♦r ❙❡♥s♦r ❆rr❛②s ✿ ❉❡t❡❝t✐♦♥ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r② ❆♣♣r♦❛❝❤❡s✧✱ ■❊❊❊
❲♦r❦s❤♦♣ ♦♥ ❙t❛t✐st✐❝❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❙❙P✲✶✶✱ s❡ss✐♦♥ s♣é❝✐❛❧❡ ✿ P♦❧❛r✐③❡❞ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱
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❛♥❣✉❧❛✐r❡ ❆♣♣♦❝❤❡s ❜❛sé❡s s✉r ❧❛ t❤é♦r✐❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❡t s✉r ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ❞ét❡❝t✐♦♥✧✱
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❘❡s♦❧✉t✐♦♥ ▲✐♠✐t✧✱ ❆✈r✐❧ ✷✵✶✶✱ ■♥st✐t✉t❡ ♦❢ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❉❛r♠st❛❞t ❯♥✐✈❡rs✐t② ♦❢ ❚❡❝❤✲
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❬❙✷❪ ✧▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ✿ ❆ ❙✉r✈❡② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✧✱ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣
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❬❙✸❪ ✧❙t❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥ ❧✐♠✐ts ❢♦r ♠✉❧t✐♣❧❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛♥❞ ❢♦r ♠✉❧t✐♣❧❡ s✐❣♥❛❧s✧✱
❚❤❡ P❤✳❉✳ st✉❞❡♥ts ❞❛② ♦❢ t❤❡ ▲❛❜♦r❛t♦r② ♦❢ ❙✐❣♥❛❧s ❛♥❞ ❙②st❡♠s✱ ❏✉✐♥ ✷✵✶✵✱ ▲❡s ▲♦❣❡s✲❡♥✲❏♦s❛s✱
❋r❛♥❝❡✳

❬❙✹❪ ✧❖♥ ❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥ ✐♥ ❆rr❛② ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ✿ ❖✈❡r✲
✈✐❡✇ ❛♥❞ ❙✉r✈❡②✧✱ ▲❛❜♦r❛t♦r② ♦❢ ❙✐❣♥❛❧s ❛♥❞ ❙②st❡♠s✱ ❏✉✐❧❧❡t ✷✵✵✾✱ ●✐❢✲❙✉r✲❨✈❡tt❡✱ ❋r❛♥❝❡✳

❬❙✺❪ ✧❆s②♠♣t♦t✐❝ ❡st✐♠❛t♦rs ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♥❡❛r ✜❡❧❞ ❝♦♥t❡①t✧✱ ❚❤❡ P❤✳❉✳ st✉❞❡♥ts ❞❛②
♦❢ t❤❡ ▲❛❜♦r❛t♦r② ♦❢ s✐❣♥❛❧s ❛♥❞ s②st❡♠s✱ ❏✉✐♥ ✷✵✵✾✱ ●✐❢✲❙✉r✲❨✈❡tt❡✱ ❋r❛♥❝❡✳



❈❤❛♣✐tr❡ ✷

❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r

q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❛

❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❛ ❧♦❝❛❧✐s❛t✐♦♥ ♣❛ss✐✈❡ ❞❡ s♦✉r❝❡s à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛♥t❡♥♥❡ ❝♦♠♣♦sé❡ ❞✬✉♥ rés❡❛✉ ❞❡ ❝❛♣t❡✉rs
❡st ✉♥ s✉❥❡t ❞✬✉♥❡ ✐♠♣♦rt❛♥❝❡ ❝r♦✐ss❛♥t❡ ❛✈❡❝ ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s à ❧❛ ❝❧❡❢ ✿ r❛❞❛r✱ s✐s♠♦❧♦✲
❣✐❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥✉♠ér✐q✉❡s✱ ❡t❝✳ ▲❡ ❝❛s ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❛
été ❧❛r❣❡♠❡♥t tr❛✐té ❡t ✉♥❡ ♣❧ét❤♦r❡ ❞✬❛❧❣♦r✐t❤♠❡s ❞✬❡st✐♠❛t✐♦♥ ❛ été ♣r♦♣♦sé❡ ❞❛♥s ❧❛ ❧✐ttér❛✲
t✉r❡ ❬❑✐❡✺✷✱❈❛♣✻✾✱▲❡❤✽✸✱❑❚✽✸✱▲❱❚✽✾✱❱❛♥✾✺✱❈▼✾✼✱❑❱✾✻✱▼❛r✾✽✱❱❛♥✵✷✱❙▼✵✺❜❪✳ ❉❛♥s ❝❡tt❡
❝♦♥✜❣✉r❛t✐♦♥✱ ♦♥ ♣❡✉t ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ❢r♦♥ts ❞✬♦♥❞❡s s♦♥t ♣❧❛♥s✳ ❈❡♣❡♥❞❛♥t✱ s✐ ❧❡s s♦✉r❝❡s
s♦♥t ❧♦❝❛❧✐sé❡s ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡✱ ❧❛ ❝♦✉r❜✉r❡ ❞❡s ❢r♦♥ts ❞✬♦♥❞❡s ✐♥❝✐❞❡♥t❡s s✉r ❧❡s ❝❛♣t❡✉rs ♥❡
♣❡✉t ♣❧✉s êtr❡ ♥é❣❧✐❣é❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❝❤❛q✉❡ s♦✉r❝❡ ❞♦✐t êtr❡ ❝❛r❛❝tér✐sé❡ ♣❛r s♦♥ ❛③✐♠✉t ❡t s❛
❞✐st❛♥❝❡ ✭❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❛ s♦✉r❝❡ ❡t ✉♥ ♣♦✐♥t ❞❡ ré❢ér❡♥❝❡ s✉r ❧✬❛♥t❡♥♥❡ ❝♦♥s✐❞éré❡✳✮ ■❧ ❡①✐st❡ ❞✐❢✲
❢ér❡♥ts ❛❧❣♦r✐t❤♠❡s ❞✬❡st✐♠❛t✐♦♥ ❛❞❛♣tés à ❝❡ ♣r♦❜❧è♠❡ ❬❍❇✾✶✱❨❋✾✽✱●❆▼❍✵✺✱❩❈✵✼✱❊❇❇▼✵✾❪✱
♠❛✐s ✐❧ ❡①✐st❡ très ♣❡✉ ❞❡ tr❛✈❛✉① ét✉❞✐❛♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦♣t✐♠❛❧❡s ❛ss♦❝✐é❡s à ❝❡ ♠♦❞è❧❡✳

❊♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡ ♦♥ ♣❡✉t ❞✐st✐♥❣✉❡r ❞❡✉① t②♣❡s ❞❡ ♠♦❞è❧❡s ❝♦♥❝❡r♥❛♥t ❧❡s s✐❣♥❛✉①
✐ss✉s ❞❡ s♦✉r❝❡s ❬❱❛♥✻✽✱ ❙◆✽✾✱ ❑❛②✾✸✱ ❖❱❙◆✾✸❪ ✿ 1) ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡ ✭♦✉ ❝♦♥❞✐t✐♦♥♥❡❧✮✱
❝✬❡st✲à✲❞✐r❡✱ ♦ù ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s s✐❣♥❛✉① s♦♥t ❞ét❡r♠✐♥✐st❡s ♠❛✐s ✐♥❝♦♥♥✉s✱ ❡t 2) ❧❡ ♠♦❞è❧❡
st♦❝❤❛st✐q✉❡ ✭♦✉ ✐♥❝♦♥❞✐t✐♦♥♥❡❧✮✱ ❝✬❡st✲à✲❞✐r❡✱ ♦ù ❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s s✐❣♥❛✉① é♠✐s s✉✐✈❡♥t ✉♥❡
❧♦✐ ●❛✉ss✐❡♥♥❡ ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Σ ✐♥❝♦♥♥✉❡✳ ▲❛
✈❛❧✐❞✐té ❞✉ ♠♦❞è❧❡ ❞é♣❡♥❞ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡♥ q✉❡st✐♦♥✳ ❊♥ ❡✛❡t✱ ❧✬❤②♣♦t❤ès❡ ❞✉ ♠♦❞è❧❡ st♦❝❤❛s✲
t✐q✉❡ ♥✬❡st ♣❛s ✈❛❧❛❜❧❡ ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s t❡❧❧❡s q✉❡ ❧❡ r❛❞❛r ❛✈❡❝ ❞❡s ❢♦r♠❡s ❞✬♦♥❞❡ ❝♦♥♥✉❡s
à ❧✬é♠✐ss✐♦♥ ❬❱❛♥✵✶✱❇❚✵✻✱◆❙✵✾❪ ♦✉ ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❛❞✐♦ ❬▲❈✵✸❪ ♣❛r ❡①❡♠♣❧❡✳ ❉❛♥s ❝❡ ❝❛s✱
❧❡ ❝❤♦✐① ❧é❣✐t✐♠❡ s❡r❛✐t ❛❧♦rs ❞❡ ❝♦♥s✐❞ér❡r ✉♥ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡✳ ❈❡♣❡♥❞❛♥t✱ ❞✬❛✉tr❡s ❛♣♣❧✐❝❛✲
t✐♦♥s s♦♥t ♠✐❡✉① ❞é❝r✐t❡s ♣❛r ❧❡ ♠♦❞è❧❡ st♦❝❤❛st✐q✉❡✱ ❝♦♠♠❡✱ ❧❡ tr❛✐t❡♠❡♥t s✐s♠✐q✉❡ ❬❱❛♥✵✷❪ ♦✉
❧❛ t♦♠♦❣r❛♣❤✐❡ ❬❍❛②✽✺❪✳

P♦✉r ❝❛r❛❝tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s ❡st✐♠❛t❡✉rs✱ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ✭❇❈❘✮ ❡st ✉♥
♦✉t✐❧ ♠❛t❤é♠❛t✐q✉❡ très ✉t✐❧✐sé ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❡①♣r✐♠❡ ✉♥❡ ❜♦r♥❡ ✐♥❢é✲
r✐❡✉r ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✬❡rr❡✉r ❞❡ t♦✉t ❡st✐♠❛t❡✉r ♥♦♥ ❜✐❛✐sé ❬❈r❛✹✻❪✳ ❇✐❡♥ ❡♥t❡♥❞✉✱
❧❛ ❇❈❘ ❞é♣❡♥❞ ❞✉ ♠♦❞è❧❡ ❝♦♥s✐❞éré✳ ❉❡ ❝❡ ❢❛✐t✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❞✐r❡❝t✐♦♥ ❞✬❛r✲
r✐✈é❡ ❞✬✉♥❡ s♦✉r❝❡ s✐t✉é❡ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ♥♦✉s ❛❧❧♦♥s ét✉❞✐❡r ❧❡s ❞❡✉① ❇❈❘s ❀ ❧❛ ❇❈❘ ♣♦✉r ❧❡
♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡✱ ❞é♥♦♠♠é❡ ❧❛ ❇❈❘ ❞ét❡r♠✐♥✐st❡ ✭❇❈❘❉✮ ❡t ❧❛ ❇❈❘ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛✲
t♦✐r❡✱ ❞é♥♦♠♠é❡ ❧❛ ❇❈❘ st♦❝❤❛st✐q✉❡ ✭❇❈❘❙✮✳ ■❧ ❢❛✉t ♥♦t❡r q✉✬❛s②♠♣t♦t✐q✉❡♠❡♥t✱ ❧❛ ❇❈❘❙

✼
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▲❖❈❆▲■❙❆❚■❖◆ ❉❊ ❙❖❯❘❈❊❙ ❊◆ ❈❍❆▼P P❘❖❈❍❊

❡st ❛tt❡✐♥t❡ ❡♥ t❡r♠❡ ❞❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ♣❛r ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
st♦❝❤❛st✐q✉❡ ✭▼❱❙✮ ❬❙◆✽✾✱❖❱❙◆✾✸❪✳ ▲❛ ❇❈❘❉ ❡st✱ q✉❛♥t à ❡❧❧❡✱ ❛tt❡✐♥t❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t ❡♥
t❡r♠❡ ❞❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ✭❘❙❇✮ ✭♦✉ ❡♥ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs✮ ♣❛r ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞ét❡r♠✐♥✐st❡ ✭▼❱❉✮ ❬❘❋❈▲✵✻❪✳

▲❛ ♣❧✉♣❛rt ❞❡s rés✉❧t❛ts ❡①✐st❛♥ts ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s✉r ❧❛ ❇❈❘❙ ❡t ❧❛ ❇❈❘❉ ❝♦♥❝❡r♥❡ ❧❛
❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✳ ❉❡ ♣❧✉s✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ❞✐r❡ q✉❡ ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡
❞❡ ❝❡s rés✉❧t❛ts ❞♦♥♥❡♥t s❡✉❧❡♠❡♥t ❞❡s ❡①♣r❡ss✐♦♥s ♠❛tr✐❝✐❡❧❧❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡
❋✐s❤❡r ✭▼■❋✮ q✉✐ ❡st ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ❇❈❘✳ ❉❡ ❝❡ ❢❛✐t✱ ❧❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ❛ss♦❝✐é à ❧❛ ❇❈❘ ❡st très
✐♠♣♦rt❛♥t ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ✭❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ❇❈❘❉✮ ♦✉ ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs ✭❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ❇❈❘❙✮✱ ❞✬♦ù ❧❛ ♥é❝❡ss✐té ❞✬❛✈♦✐r ❞❡s ❡①♣r❡ss✐♦♥s ♥♦♥
♠❛tr✐❝✐❡❧❧❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❇❈❘✳ ❉❛♥s ❬❙◆✾✵❜❪✱ ❧❛ ❇❈❘❙ ❛ été ✐♥❞✐r❡❝t❡♠❡♥t ❝❛❧❝✉❧é❡ ❞❛♥s
❧❡ ❝❛s ❛s②♠♣t♦t✐q✉❡ ✭❡♥ t❡r♠❡ ❞❡ ♥♦♠❜r❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s✮ ❝♦♠♠❡ ét❛♥t éq✉✐✈❛❧❡♥t❡ à ❧❛ ♠❛tr✐❝❡
❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✉ ▼❱❙✳ ❉✐① ❛♥s ❛♣rès✱ ❙t♦✐❝❛ ❡t ❛❧✳ ❬❙▲●✵✶❪✱ P❡s❛✈❡♥t♦ ❡t ●❡rs❤♠❛♥ ❬P●✵✶❪ ❡t
●❡rs❤♠❛♥ ❡t ❛❧✳ ❬●❙P▲✵✷❪ ♦♥t r❡❝❛❧❝✉❧é ❧❛ ❇❈❘❙ s♦✉s ❢♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ ✭❛✈❛♥t ✐♥✈❡rs✐♦♥ ❞❡ ❧❛
▼■❋ q✉✐ ❡st s✐♠♣❧❡♠❡♥t ❞♦♥♥é❡ ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❙❧❡♣✐❛♥ ❇❛♥❣ ❬❙▼✵✺❜❪✮ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❜r✉✐t
❜❧❛♥❝✱ ❝♦❧♦ré ❡t ❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ✐♥❝♦♥♥✉❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❛ ❇❈❘❉ ♣♦✉r ❧❡ ❝♦♥t❡①t❡
❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❛ été ❝❛❧❝✉❧é❡ ♣❛r ❙t♦✐❝❛ ❡t ❛❧✳ ❞❛♥s ❬❙◆✽✾❪✳

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✱ ❧❛ ❇❈❘ ♣♦✉r ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡ ❡♥
❝❤❛♠♣ ♣r♦❝❤❡ ❛ été ♣❡✉ ét✉❞✐é❡✳ ❖♥ ♣❡✉t tr♦✉✈❡r ❞❡s ❡①♣r❡ss✐♦♥s ♠❛tr✐❝✐❡❧❧❡s ♣♦✉r ❧❛ ❇❈❘❙ ❞❛♥s
❬❲❋✾✸❪✳ ❘é❝❡♠♠❡♥t✱ ●r♦s✐❝❦✐ ❡t ❛❧✳ ❬●❆▼❍✵✺❪ ♦♥t ét❡♥❞✉ ❧❡s ❢♦r♠✉❧❡s ♠❛tr✐❝✐❡❧❧❡s ❞❡ ❧❛ ❇❈❘❙
❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞✉ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❛✉ ❝❤❛♠♣ ♣r♦❝❤❡✳ ❆ ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❛✉❝✉♥❡ ❡①♣r❡ss✐♦♥
❛♥❛❧②t✐q✉❡ ♥♦♥ ♠❛tr✐❝✐❡❧❧❡ ❞❡ ❧❛ ❇❈❘❙ ♦✉ ❞❡ ❧❛ ❇❈❘❉ ♥✬❡st ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❯♥
❞❡s ❜✉ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ ❝♦♠❜❧❡r ❝❡ ♠❛♥q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❝❛❧❝✉❧♦♥s ❡t ❛♥❛❧②s♦♥s ❞❡s
❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❝♦♠♣❛❝t❡s ❞❡ ❧❛ ❇❈❘❉ ❡t ❞❡ ❧❛ ❇❈❘❙ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ s♦✉r❝❡ à
❜❛♥❞❡ étr♦✐t❡ s✐t✉é❡ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳ ◆♦✉s ❝❛❧❝✉❧♦♥s ❛♥❛❧②t✐q✉❡♠❡♥t ❧❛ ❇❈❘❙ ❡t ❧❛ ❇❈❘❉ ♣❛r
r❛♣♣♦rt ❛✉① ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ❞✉ ♣r♦❜❧è♠❡✱ à s❛✈♦✐r✱ ❧✬❛③✐♠✉t✱ ❧❛ ❞✐st❛♥❝❡✱ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❧❛
♣❤❛s❡ ❞❡ ❧❛ s♦✉r❝❡✳ ◆♦✉s ❛♥❛❧②s♦♥s ❛✉ss✐✱ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧❛ ❇❈❘ ♣❛r r❛♣♣♦rt à ❝❡rt❛✐♥s
❞❡ ❝❡s ♣❛r❛♠ètr❡s✱ à s❛✈♦✐r✱ ❧❛ ❢réq✉❡♥❝❡ ♣♦rt❡✉s❡ ❞✉ s✐❣♥❛❧✱ ❧❛ ❞✐st❛♥❝❡✱ ❧✬❛③✐♠✉t ❡t ❧❡ ♥♦♠❜r❡
❞❡ ❝❛♣t❡✉rs✳ ❉❡ ♣❧✉s✱ ♥♦✉s ✈❛❧✐❞♦♥s ♥♦s ❞✐✛ér❡♥t❡s ❡①♣r❡ss✐♦♥s t❤é♦r✐q✉❡s ♣❛r ❞❡s s✐♠✉❧❛t✐♦♥s
♥✉♠ér✐q✉❡s ❡t ♥♦✉s ❝♦♠♣❛r♦♥s ❧❡s ❞❡✉① ❇❈❘s✳

◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❛ ❇❈❘ ❡st ✉♥❡ ❜♦r♥❡ ♥♦♥ ✉t✐❧✐s❛❜❧❡ ❞❛♥s ❧❡s ③♦♥❡s ♥♦♥✲❛s②♠♣t♦t✐q✉❡s✱ ❡t
❞♦♥❝ ♥♦♥ ✉t✐❧✐s❛❜❧❡ ❞❛♥s ❝❡s ③♦♥❡s✳ ❉❡ ❝❡ ❢❛✐t✱ ♥♦✉s ❝♦♠♣❧ét♦♥s ❝❡tt❡ ❛♥❛❧②s❡ ♣❛r ❧❛ ♣ré❞✐❝t✐♦♥ ❞✉
❞é❝r♦❝❤❡♠❡♥t✳ ▲❛ ③♦♥❡ ❞✐t❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ❡st ✉♥ ❛❝❝r♦✐ss❡♠❡♥t ❜r✉sq✉❡ ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡
♠♦②❡♥♥❡ ✭❞♦♥t ❧❛ ❝❛✉s❡ ❡st ❧✬❛♣♣❛r✐t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❛❜❡rr❛♥t❡s✮✳ ❆✐♥s✐✱ ❧❛ ③♦♥❡ ❞❡ ❞é❝r♦❝❤❡✲
♠❡♥t ❞✬✉♥ ❡st✐♠❛t❡✉r ❞é❧✐♠✐t❡ s❛ ③♦♥❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ♦♣t✐♠❛❧✳ ◆♦✉s ❝❛❧❝✉❧♦♥s ❡t ❛♥❛❧②s♦♥s
❞✐✛ér❡♥t❡s ❜♦r♥❡s ❞ét❡r♠✐♥✐st❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛
❧♦❝❛❧✐s❛t✐♦♥ ♣❛ss✐✈❡ ❞✬✉♥❡ s♦✉r❝❡ ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ✿ ❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❙❡✐❞♠❛♥ ✭❇▼❙✮ ❬▼❙✻✾❪✱
❧❛ ❜♦r♥❡ ❞❡ ❍❛♠♠❡rs❧❡②✲❈❤❛♣♠❛♥✲❘♦❜❜✐♥s ✭❇❍❈❘✮ ❬❍❛♠✺✵❪✱ ❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❍♦❢st❡tt❡r
✭❇▼❍✮ ❬▼❍✼✶❪ ❡t✱ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ✉♥❡ ❜♦r♥❡ ré❝❡♠♠❡♥t ✐♥tr♦❞✉✐t❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡
❞é♥♦♠♠é❡ ❧❛ ❜♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦ ✭❇❋❈❘✮ ❬❚❚✶✵❪✳ ▲❡ ❜✉t ❞❡ ❝❡tt❡ ét✉❞❡ ❡st ❞❡ ❝❛r❛❝✲
tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦♣t✐♠❛❧❡s ♥♦♥✲❛s②♠♣t♦t✐q✉❡s ❞❡s ❡st✐♠❛t❡✉rs ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❝❤❛♠♣
♣r♦❝❤❡✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♦♥ s✬✐♥tér❡ss❡ à ❧❛ ♣ré❞✐❝t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ♣♦✉r
❧❡q✉❡❧ ❝❡s ❜♦r♥❡s s♦♥t ✉t✐❧❡s✳ ❈❡tt❡ ❛♥❛❧②s❡ ❡st ♣❡rt✐♥❡♥t❡✱ ❞✬❛✉t❛♥t ♣❧✉s✱ q✉✬à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱
❛✉❝✉♥ rés✉❧t❛t ❝♦♥❝❡r♥❛♥t ❞❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❛✉tr❡s q✉❡ ❧❛ ❇❈❘ ✭♣❛r r❛♣♣♦rt à ❧❛ ❧♦❝❛❧✐s❛t✐♦♥
❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✮✱ ♥✬❡st ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ♥❡ ❝✐t❡r♦♥s q✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts✱ ❧❡s ❞ét❛✐❧s ❝❛❧❝✉❧❛t♦✐r❡s s♦♥t
❞ét❛✐❧❧és ❞❛♥s ❧✬❛rt✐❝❧❡ ❛ss♦❝✐é à ❝❡ ❝❤❛♣✐tr❡ q✉✐ s❡ tr♦✉✈❡ à ❧✬❆♥♥❡①❡ ❆✳✶ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳
❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❈♦♥❞✐t✐♦♥❛❧ ❛♥❞ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞s ❢♦r ♥❡❛r✲



✷✳✷✳ ▼❖❉➮▲❊ ❉❊❙ ❖❇❙❊❘❱❆❚■❖◆❙ ✾

✜❡❧❞ s♦✉r❝❡ ❧♦❝❛❧✐③❛t✐♦♥✧✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❱♦❧✉♠❡ ✿ ✺✽✱ ■ss✉❡ ✿ ✺✱ ▼❛②
✷✵✶✵✱ ♣♣✳ ✷✾✵✶✲✷✾✵✼✮ ❡t ❧✬❆♥♥❡①❡ ❆✳✷ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❆✳ ❘❡♥❛✉①✱ ❘✳ ❇♦②❡r ❛♥❞ ❙✳ ▼❛r❝♦s✱
✧❉❡t❡r♠✐♥✐st✐❝ ▲♦✇❡r ❇♦✉♥❞s ♦♥ t❤❡ ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r ❢♦r ◆❡❛r ❋✐❡❧❞ ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥✧✱ ❡♥
♣ré♣❛r❛t✐♦♥ ♣♦✉r ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✮✳

✷✳✷ ▼♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s

❈♦♥s✐❞ér♦♥s ✉♥❡ ❆♥t❡♥♥❡ ▲✐♥é❛✐r❡ ❯♥✐❢♦r♠❡ ✭❆▲❯✮ ❝♦♠♣♦sé❡ ❞❡ N (N > 1) ❝❛♣t❡✉rs ❛✈❡❝
✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❝❛♣t❡✉rs ♥♦té❡ d✳ ▲✬❆▲❯ r❡ç♦✐t ✉♥ s✐❣♥❛❧ é♠✐s ♣❛r ✉♥❡ s♦✉r❝❡ à ❜❛♥❞❡ étr♦✐t❡
s✐t✉é❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ ♣❡✉t s✬é❝r✐r❡ ❝♦♠♠❡ s✉✐t

yn(t) = s(t)ejτn + vn(t),

❛✈❡❝ t = 1, . . . , T ❡t n = 0, . . . , N − 1✳ yn(t) ❡t s(t) r❡♣rés❡♥t❡♥t ❧❡ s✐❣♥❛❧ ♦❜s❡r✈é à ❧❛ s♦rt✐❡
❞✉ nème ❝❛♣t❡✉r ❡t ❧❡ s✐❣♥❛❧ s♦✉r❝❡✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡ ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡ vn(t) ❡st ✉♥ ❜r✉✐t
❛❞❞✐t✐❢ ❡t T ❡st ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳ P✉✐sq✉❡ ❧❛ s♦✉r❝❡ ❡st s✉♣♣♦sé❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡
❞❡ ❧✬❛♥t❡♥♥❡✱ ❧❡ r❡t❛r❞ t❡♠♣♦r❡❧ τn q✉✐ r❡♣rés❡♥t❡ ❧❡ t❡♠♣s ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ s✐❣♥❛❧ ❞❡ ❧❛ s♦✉r❝❡
❛✉ nème ❝❛♣t❡✉r ❡st ❞♦♥♥é ♣❛r ❬●❆▼❍✵✺❪

τn =
2πr

λ

(√

1 +
n2d2

r2
− 2nd sin θ

r
− 1

)

,

♦ù λ ❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡t r✱ θ ∈ [0, π/2[ r❡♣rés❡♥t❡♥t ❧❛ ❞✐st❛♥❝❡ ❡t ❧✬❛③✐♠✉t ❞✉ s✐❣♥❛❧ s♦✉r❝❡✱
r❡s♣❡❝t✐✈❡♠❡♥t✳ ❙✐ ❧❛ ❞✐st❛♥❝❡ ❛♣♣❛rt✐❡♥t à ❧❛ ré❣✐♦♥ ❞❡ ❋r❡s♥❡❧ ❬❍❇✾✶❪✱ ❝✬❡st✲à✲❞✐r❡✱ s✐

0.62(d3(N − 1)3/λ)1/2 < r < 2d2(N − 1)2/λ, ✭✷✳✶✮

❛❧♦rs ❧❡ t❡♠♣s ❞❡ ♣r♦♣❛❣❛t✐♦♥ τn ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é ♣❛r

τn = ωn+ φn2 +O

(
d2

r2

)

, ✭✷✳✷✮

♦ù ω ❡t φ s♦♥t ❣é♥ér❛❧❡♠❡♥t ❛♣♣❡❧é❡s ❧❡s ❛♥❣❧❡s é❧❡❝tr✐q✉❡s✳ ■❧s s✬❡①♣r✐♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡s
♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ❞✉ ♣r♦❜❧è♠❡ à ❧✬❛✐❞❡ ❞❡ ω = −2π dλ sin(θ) ❡t ❞❡ φ = π d

2

λr cos
2(θ)✳

P❛r ❝♦♥séq✉❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ✭✷✳✷✮✱ ❧❡ ♠♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ♣❡✉t s✬é❝r✐r❡ ❝♦♠♠❡ s✉✐t

yn(t) = s(t)ej(ωn+φn
2) + vn(t). ✭✷✳✸✮

❉❡ ❝❡ ❢❛✐t✱ ❧❡ ✈❡❝t❡✉r ❞✬♦❜s❡r✈❛t✐♦♥ ♣❡✉t êtr❡ ❡①♣r✐♠é ❝♦♠♠❡ s✉✐t

y(t) = [y1(t) . . . yN (t)]
T = a(ω, φ)s(t) + v(t), ✭✷✳✹✮

♦ù v(t) = [v1(t) . . . vN (t)]
T ❡t ♦ù ❧❡ nème é❧é♠❡♥t ❞✉ ✈❡❝t❡✉r ❞✐r❡❝t✐♦♥♥❡❧ a(ω, φ) ❡st ❞♦♥♥é ♣❛r

[a(ω, φ)]n = ej(ωn+φn
2) ✭♥♦t♦♥s q✉❡ ♣♦✉r ❧❡ ❝❤❛♠♣ ❧♦✐♥t❛♥t φ ❡st s✉♣♣♦sé é❣❛❧ à ③❡r♦✮✳

✷✳✸ ▲❡s ❜♦r♥❡s ❞❡ ❈r❛♠ér✲❘❛♦

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿
✕ ❖♥ ❛❞♠❡t q✉❡ ❧❡ ❜r✉✐t ❡st ✉♥ ♣r♦❝❡ss✉s ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡ ❜❧❛♥❝ ●❛✉ss✐❡♥ ❛❧é❛t♦✐r❡ ❛✈❡❝
✉♥❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ✉♥❡ ✈❛r✐❛♥❝❡ ✐♥❝♦♥♥✉❡ σ2✱
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✕ ▲❡ ❜r✉✐t ❡st s✉♣♣♦sé ❞é❝♦ré❧é t❡♠♣♦r❡❧❧❡♠❡♥t ❡t s♣❛t✐❛❧❡♠❡♥t✱
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦♥❥♦✐♥t❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s χ = [yT (1) . . .yT (T )]T ♣♦✉r

✉♥ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s ξ ❞♦♥♥é ♣❡✉t s✬é❝r✐r❡ ❝♦♠♠❡ s✉✐t ✿

p(χ| ξ) = 1

πNT det(Σ)
e−(χ−µ)HΣ−1(χ−µ), ✭✷✳✺✮

♦ù Σ ❡t µ r❡♣rés❡♥t❡♥t ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❡t ❧❛ ♠♦②❡♥♥❡ ❞❡ χ✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
▲❡ ❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❧✬♦❜t❡♥t✐♦♥ ❞❡ ❧❛ ❇❈❘❉ ❡t ❞❡ ❧❛ ❇❈❘❙ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞♦♥♥é ❡♥

✭✷✳✹✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ r ❡t ❞❡ ❧✬❛③✐♠✉t θ✳

✷✳✸✳✶ ❊①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s

◆♦t♦♥s E
{

(ξ̂ − ξ)(ξ̂ − ξ)T
}

❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞✬✉♥ ❡st✐♠❛t❡✉r ♥♦♥ ❜✐❛✐sé ❞❡ ξ✱ ♥♦té

♣❛r ξ̂✳ ▲❡ ♣r✐♥❝✐♣❡ ❞✬✐♥é❣❛❧✐té ❞❡ ❝♦✈❛r✐❛♥❝❡ st✐♣✉❧❡ q✉❡ ❬❈r❛✹✻❪ ▼❙❊([ξ̂]i) = E

{(

[ξ̂]i − [ξ]i

)2
}

≥
❇❈❘([ξ]i)✱ ♦ù ❇❈❘([ξ]i) = [MIF−1(ξ)]i,i ❡t ♦ù MIF(ξ) r❡♣rés❡♥t❡ ❧❛ ▼■❋✳ P❛r ❝♦♥séq✉❡♥t✱ ♥♦✉s
❞♦♥♥❡r♦♥s ✉♥❡ ✐♥✈❡rs✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ▼■❋ q✉✐ ♥♦✉s ❝♦♥❞✉✐t à ❞❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s
❝♦♠♣❛❝t❡s ❞❡ ❧❛ ❇❈❘✳ ❊♥✜♥✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❬❑❛②✾✸❪✱ ♥♦✉s
❢♦✉r♥✐r♦♥s ❞❡s ❡①♣r❡ss✐♦♥s ✭♥♦♥ ♠❛tr✐❝✐❡❧❧❡s✮ ❞❡ ❧❛ ❇❈❘ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ❞✉
♣r♦❜❧è♠❡ q✉✐ s♦♥t ❧❛ ❞✐st❛♥❝❡ ❡t ❧✬❛③✐♠✉t✳
❉✉ ❢❛✐t q✉❡ ♥♦✉s tr❛✈❛✐❧❧♦♥s ❛✈❡❝ ✉♥ ♠♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ●❛✉ss✐❡♥ ✭✷✳✺✮ ✭♣♦✉r ✉♥ ♠♦❞è❧❡
❞ét❡r♠✐♥✐st❡✱ ❝✬❡st✲à✲❞✐r❡✱ à ♠♦②❡♥♥❡ ♣❛r❛♠étré❡ ♦✉ ♣♦✉r ✉♥ ♠♦❞è❧❡ st♦❝❤❛st✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡✱ à
❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠étré❡✮✱ ❧❡ ième, kème é❧é♠❡♥t ❞❡ ❧❛ ▼■❋ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡
ξ ♣❡✉t êtr❡ é❝r✐t s♦✉s ❝❡tt❡ ❢♦r♠❡ ❬❙▼✵✺❜❪ ✭❢♦r♠✉❧❡ ❞✐t❡ ❞❡ ❙❧❡♣✐❛♥✲❇❛♥❣✮

[MIF(ξ)]i,k = tr

{

Σ−1 ∂Σ

∂ [ξ]i
Σ−1 ∂Σ

∂ [ξ]k

}

+ 2ℜ
{
∂µH

∂ [ξ]i
Σ−1 ∂µ

∂ [ξ]k

}

. ✭✷✳✻✮

❉❛♥s ❝❡ q✉✐ s✉✐t ♥♦✉s ♥♦t❡r♦♥s ❇❈❘❉ ❡t▼■❋❉✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❛ ♠❛tr✐❝❡ ❞❡ ❈r❛♠ér✲❘❛♦
❡t ❧❛ ♠❛tr✐❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ❋✐s❤❡r ❞ét❡r♠✐♥✐st❡s✳ ❉❡ ♠ê♠❡ ❇❈❘❙ ❡t ▼■❋❙ r❡♣rés❡♥t❡♥t✱
r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❛ ♠❛tr✐❝❡ ❈r❛♠ér✲❘❛♦ ❡t ❧❛ ♠❛tr✐❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ❋✐s❤❡r st♦❝❤❛st✐q✉❡s✳

❇❈❘ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡

Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡ ❛✈❡❝ s(t) = α(t)ej(2πf0t+ψ(t)) r❡✲
♣rés❡♥t❡ ❧❡ s✐❣♥❛❧ é♠✐s ♣♦✉r ✉♥❡ ❢réq✉❡♥❝❡ ♣♦rt❡✉s❡ ✈❛❧❛♥t f0 ❡t α(t)✱ ψ(t) r❡♣rés❡♥t❡♥t ❧✬❛♠✲
♣❧✐t✉❞❡ ré❡❧❧❡ ❡t ❧❛ ♣❤❛s❡ ❞❡ ❧❛ s♦✉r❝❡✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ◆♦t♦♥s ψ = [ψ(1) . . . ψ(T )]T ❡t α =
[α(1) . . . α(T )]T ♦ù ❧❡s ✈❡❝t❡✉rs ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s s♦♥t ξ = [ω φ ψT αT σ2]T ✭s✐ ♦♥ s✬✐♥té✲
r❡ss❡ ❛✉① ❛♥❣❧❡s é❧❡❝tr✐q✉❡s✮ ♦✉ κ = [θ r ψT αT σ2]T ✭s✐ ♦♥ s✬✐♥tér❡ss❡ ❛✉① ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s✮✳
❆✐♥s✐✱ ❞❛♥s ✭✷✳✻✮✱ ♦♥ ❛✉r❛ Σ = σ2INT ❡t µ = [s(1)aT (ω, φ) . . . s(T )aT (ω, φ)]T . ◆♦✉s ❝♦♠♠❡♥✲
❝❡r♦♥s ♣❛r ❝❛❧❝✉❧❡r BCRD(ξ)✱ ♣✉✐s✱ ♥♦✉s ❡♥ ❞é❞✉✐r♦♥s BCRD(κ) ❣râ❝❡ à ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡
✈❛r✐❛❜❧❡s✳ ◆♦t♦♥s q✉❡ κ ❡t ξ s♦♥t s✉♣♣♦sés ❞ét❡r♠✐♥✐st❡s ❡t ❞❡ ❝❡ ❢❛✐t✱ ❧❡✉r t❛✐❧❧❡ ❝r♦ît ❛✈❡❝ ❧❡
♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ✭❞❛♥s ❝❡ ❝❛s ❧à✱ ❧❛ ❇❘❈❉ ❡st ❛tt❡✐♥t❡ à ❢♦rt ❘❙❇ ❬❘❋❈▲✵✻❪✳✮

❊♥ ✉t✐❧✐s❛♥t ✭✷✳✻✮✱ ♦♥ ♦❜t✐❡♥t

[MIFD(ξ)]i,k =
NT

σ4
∂σ2

∂ [ξ]i

∂σ2

∂ [ξ]k
+

2

σ2
ℜ
{
∂µH

∂ [ξ]i

∂µ

∂ [ξ]k

}

. ✭✷✳✼✮
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❙tr✉❝t✉r❡ ❜❧♦❝ ❞✐❛❣♦♥❛❧❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ❋✐s❤❡r ✿ ❊♥ ✉t✐❧✐s❛♥t ✭✷✳✼✮ ❡t ❛♣rès q✉❡❧q✉❡s
❝❛❧❝✉❧s ❛❧❣é❜r✐q✉❡s ♦♥ ♦❜t✐❡♥t ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✶ ▲❛ str✉❝t✉r❡ ❜❧♦❝ ❞✐❛❣♦♥❛❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ MIFD(ξ) ♣♦✉r ✉♥❡ s♦✉r❝❡ s✐t✉é❡ ❞❛♥s ❧❡
❝❤❛♠♣ ♣r♦❝❤❡ ❡st ❞♦♥♥é❡ ♣❛r

MIFD(ξ) = ❜❞✐❛❣ (Q,Y ) , ✭✷✳✽✮

♦ù

Q =





fωω fωφ fωψ
fφω fφφ fφψ
fψω fψφ Fψψ



 , ✭✷✳✾✮

❡t Y = ❜❞✐❛❣
(
2N
σ2 IT ,

NT
σ4

)
✳ ❖♥ ♥♦t❡r❛ ❧❡ ❘❙❇ ✑❞ét❡r♠✐♥✐st❡✑ ❉RSB = ||α||2/σ2✳ ▲❡s é❧❡♠❡♥ts ❞❡

❧❛ ♠❛tr✐❝❡ Q s♦♥t ❞♦♥♥és ♣❛r

fωω = ❉RSB T
N(N − 1)(2N − 1)

3
,

fφφ = ❉RSB T
N(N − 1)(2N − 1)(3N2 − 3N − 1)

15
,

❡t

fωφ = fφω = ❉RSB T
N2(N − 1)2

2
.

❉❡ ♣❧✉s✱ ❧❡s ✈❡❝t❡✉rs✱ ❞❡ t❛✐❧❧❡ T × 1✱ fψω✱ f
T
ωψ✱ fψφ ❡t fTφψ s♦♥t ❞♦♥♥és ♣❛r

fψω = fTωψ =
1

σ2
N(N − 1)(α⊙ α),

❡t

fψφ = fTφψ =
1

σ2
N(N − 1)(2N − 1)

3
(α⊙ α).

❊♥✜♥✱ ❧❛ ♠❛tr✐❝❡ Fψψ✱ ❞❡ t❛✐❧❧❡ T × T ✱ ❡st ❞♦♥♥é❡ ♣❛r

Fψψ =
2N

σ2
❞✐❛❣(α⊙α). ✭✷✳✶✵✮

◆♦t♦♥s q✉❡✱ ❣râ❝❡ à ❧❛ ❞✐✈❡rs✐té t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ s♦✉r❝❡✱ Fαψ = FTψα s♦♥t ❞❡s ♠❛tr✐❝❡s ♥✉❧❧❡s
✭❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡s ♣❛r❛♠ètr❡s ψ ❡t α s♦♥t ❞é❝♦✉♣❧és✳✮ ◆♦✉s r❡♠❛rq✉♦♥s ✉♥❡ ♣r♦♣r✐été ❜✐❡♥
❝♦♥♥✉❡✱ à s❛✈♦✐r q✉❡ ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❡st ❜✐❡♥ ❞é❝♦✉♣❧é❡ ♣❛r r❛♣♣♦rt ❛✉① ❛✉tr❡s ♣❛r❛♠ètr❡s
❬❑❛②✾✸✱❙▼✵✺❜❪✳ ▲❡s t❡r♠❡s ♥✉❧s r❡st❛♥ts s♦♥t ❧❛ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♣❛rt✐❡ ré❡❧❧❡
❞❛♥s ✭✷✳✼✮ à ❞❡s t❡r♠❡s ♣✉r❡♠❡♥t ✐♠❛❣✐♥❛✐r❡s✳

■♥✈❡rs✐♦♥ ❛♥❛❧②t✐q✉❡ ✿ ▲❛ t❛✐❧❧❡ ❞❡ ❧❛ ▼■❋ ❞♦♥♥é❡ ❡♥ ✭✷✳✽✮ ❞é♣❡♥❞ ❞✉ ♥♦♠❜r❡ ❞❡s ♦❜s❡r✲
✈❛t✐♦♥s✳ ❈✬❡st ♣♦✉rq✉♦✐ s♦♥ ✐♥✈❡rs✐♦♥ ♥✉♠ér✐q✉❡ ♣❡✉t êtr❡ ✉♥❡ ♦♣ér❛t✐♦♥ très ❝♦ût❡✉s❡ ♣♦✉r
✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ❈✬❡st ❧✬✉♥❡ ❞❡s r❛✐s♦♥s ♣♦✉r ❧❛q✉❡❧❧❡ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡
✐♥✈❡rs✐♦♥ ❛♥❛❧②t✐q✉❡✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ ♣❛rt✐t✐♦♥ ❞❛♥s ✭✷✳✽✮ ❡t ❛♣rès ❧✬é❝r✐t✉r❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧✬❡①♣r❡s✲
s✐♦♥ ❞❡ ❧✬✐♥✈❡rs❡ ❞✉ ❝♦♠♣❧é♠❡♥t ❞❡ ❙❝❤✉r ❞❡ Fψ,ψ ❬●▲✽✾❪✱ ❧✬❡①♣r❡ss✐♦♥ ❝♦♠♣❛❝t❡ ♥♦♥ ♠❛tr✐❝✐❡❧❧❡
❞❡ ❧❛ ❇❈❘❉ ♣❛r r❛♣♣♦rt à ξ ❛ss♦❝✐é❡ ❛✉ ♠♦❞è❧❡ ✭✷✳✸✮ s✬❡①♣r✐♠❡ s✉✐✈❛♥t ❧❡ t❤é♦rè♠❡ ✿
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❚❤é♦rè♠❡ ✶ ▲❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❇❈❘❉(ξ) ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❛♥❣❧❡s
é❧❡❝tr✐q✉❡s✱ ♣♦✉r N ≥ 3✱ s♦♥t ❞♦♥♥é❡s ♣❛r

❇❈❘❉(ω) =
6(2N − 1)(8N − 11)

❉RSB(N2 − 1)N(N2 − 4)
, ✭✷✳✶✶✮

❇❈❘❉(φ) =
90

❉RSB(N2 − 1)N(N2 − 4)
, ✭✷✳✶✷✮

❇❈❘❉ (ψ(t)) =
1

2α2(t)❉RSB

N4 − 31N3 + 48N2 − 26N + 2

N2(N + 1)(N2 − 4)
, ∀t ✭✷✳✶✸✮

❇❈❘❉ (α(t)) =
σ2

2N
∀t, ✭✷✳✶✹✮

❡t

❇❈❘❉
(
σ2
)

=
σ4

NT
. ✭✷✳✶✺✮

❊t ❧❡s t❡r♠❡s ❝r♦✐sés s♦♥t ❞♦♥♥és ♣❛r ❇❈❘❉ (ω, φ) = ❇❈❘❉ (φ, ω) = − 90
❉RSBN(N2−4)(N+1)

✳

❈❤❛♥❣❡♠❡♥t ❞❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✿ ▼ê♠❡ s✐ ❧❡ ♠♦❞è❧❡ ✭✷✳✸✮ ❡st ❢réq✉❡♠♠❡♥t ✉t✐✲
❧✐sé ❡♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡✱ s❛ ❇❈❘❉ ♣❛r r❛♣♣♦rt à ξ ♥❡ ♥♦✉s ❛♣♣♦rt❡ ❛✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥
❝♦♥❝❡r♥❛♥t ❧❡s ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ré❡❧s ❞✉ ♣r♦❜❧è♠❡✳ ❉❡ ❝❡ ❢❛✐t✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞✬❛♥❛❧②s❡r
❧❛ ❇❈❘❉ ♣❛r r❛♣♣♦rt à ❧❛ ❞✐st❛♥❝❡ ❡t à ❧✬❛③✐♠✉t ❞✐r❡❝t❡♠❡♥t✳ ❊♥ ♣❛rt❛♥t ❞❡ ❇❈❘❉(ξ)✱ ♥♦✉s
♣♦✉✈♦♥s ❢❛❝✐❧❡♠❡♥t ♦❜t❡♥✐r ❇❈❘❉(κ) ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✭✈♦✐r ❬❑❛②✾✸❪ ♣✳ ✹✺✮

❇❈❘❉(κ) =
∂g(ξ)

∂ξ
❇❈❘❉(ξ)

∂gT (ξ)

∂ξ
, ✭✷✳✶✻✮

♦ù

κ = g(ξ) = [− arcsin(
ωλ

2πd
)

πd2

λφ
cos2

(

arcsin(
ωλ

2πd
)

)

ψT αT σ2]T ,

❡t ♦ù ❧❛ ♠❛tr✐❝❡ ❏❛❝♦❜✐❡♥♥❡✱ ∂g(ξ)∂ξ ✱ ❡st ❞♦♥♥é❡ ♣❛r

∂g(ξ)

∂ξ
=











∂g1(ξ)
∂ξ1

0 0 · · · 0
∂g2(ξ)
∂ξ1

∂g2(ξ)
∂ξ2

0 · · · 0

0 0 1 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

0 0 0 1











, ✭✷✳✶✼✮

❛✈❡❝

∂g1(ξ)

∂ξ1
= − λ

2πd
√

1− ω2π2d4

λ2

, ✭✷✳✶✽✮

∂g2(ξ)

∂ξ1
= − λω

2πφ
cos

(

arcsin(
λω

2πd
)

)
1

√

1−
(
λω
2πd

)2
, ✭✷✳✶✾✮

❡t

∂g2(ξ)

∂ξ2
= −πd

2

λφ2
cos2

(

arcsin(
λω

2πd
)

)

. ✭✷✳✷✵✮

❊♥ ✉t✐❧✐s❛♥t ✭✷✳✶✻✮✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ❝✐✲❞❡ss✉s ❡t ❛♣rès q✉❡❧q✉❡s ❡✛♦rts
❝❛❧❝✉❧❛t♦✐r❡s ♥♦✉s ♦❜t❡♥♦♥s
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❚❤é♦rè♠❡ ✷ ▲❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❞❡ ❧❛ ❇❈❘❉ ♣♦✉r ✉♥❡ s♦✉r❝❡ s✐t✉é❡ ❞❛♥s ❧❡ ❝❤❛♠♣
♣r♦❝❤❡✱ ❛✈❡❝ N ≥ 3 ❡t θ 6= π

2 ✱ s♦♥t ❞♦♥♥é❡s ♣❛r

❇❈❘❉(θ) =
3λ2

2❉RSBd2π2 cos2(θ)

(8N − 11)(2N − 1)

(N2 − 1)N(N2 − 4)
, ✭✷✳✷✶✮

❇❈❘❉(r) =
6r2λ2

❉RSBπ2d4
× 15r2 + 30drp1(N) sin(θ) + d2p2(N) sin2(θ)

p3(N) cos4(θ)
,

♦ù p1 (N) = N − 1✱ p2(N) = (8N − 11)(2N − 1) ❡t p3(N) = N(N2 − 1)(N2 − 4)✳

◆♦t♦♥s q✉❡✱ ❜✐❡♥ sûr✱ ❇❈❘❉ (ψ)✱ ❇❈❘❉ (α) ❡t ❇❈❘❉
(
σ2
)
r❡st❡♥t ✐♥❝❤❛♥❣é❡s✳ ❊t ❧❡s

t❡r♠❡s ❝r♦✐sés ❡♥tr❡ θ ❡t r s✬❡①♣r✐♠❡♥t ❞és♦r♠❛✐s ❝♦♠♠❡ s✉✐t

❇❈❘❉ (θ, r) = ❇❈❘❉ (r, θ) = − 3λ2r

❉RSBπ2d3
15rp1(N) + dp2(N) sin(θ)

p3(N) cos3(θ)
. ✭✷✳✷✷✮

❇❈❘ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛t♦✐r❡

▼❛✐♥t❡♥❛♥t✱ ♥♦✉s ❛❧❧♦♥s ♥♦✉s ✐♥tér❡ss❡r ❛✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ❇❈❘❙ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s
s✉♣♣♦sés ❝♦♠♣❧❡①❡s ❝✐r❝✉❧❛✐r❡s ●❛✉ss✐❡♥s ✭❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2s✮ ✐♥❞é♣❡♥❞❛♥ts
❞✉ ❜r✉✐t✳ ❉❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❧❡s ✈❡❝t❡✉rs ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s s♦♥t ❞♦♥♥és ♣❛r ρ =
[ω φ σ2s σ

2]T ✭s✐ ♦♥ s✬✐♥tér❡ss❡ ❛✉① ❛♥❣❧❡s é❧❡❝tr✐q✉❡s✮ ♦✉ ϑ = [θ r σ2s σ
2]T ✭s✐ ♦♥ s✬✐♥tér❡ss❡ ❛✉①

♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s✮✳ ❉❡ ❝❡ ❢❛✐t✱ y(t)|ρ ∼ CN (0,Σ) ∀t = 1, . . . , T ✱ ♦ù ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡
❡st ❞♦♥♥é❡ ♣❛rΣ = σ2sa(ω, φ)a

H(ω, φ)+σ2IN ✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ▼■❋ ❞♦♥♥é❡ ♣❛r ✭✷✳✻✮ s✬❡①♣r✐♠❡
❛✐♥s✐

[MIFS(ρ)]i,k = T tr

{

Σ−1 ∂Σ

∂ [ρ]i
Σ−1 ∂Σ

∂ [ρ]k

}

. ✭✷✳✷✸✮

❊♥ ✉t✐❧✐s❛♥t ❧❡s rés✉❧t❛ts ❞❡ ❬❙▲●✵✶❪ ♣♦✉r ❞❡✉① ♣❛r❛♠ètr❡s ❞✬✐♥térêt✱ ♥♦✉s ♦❜t❡♥♦♥s

[BCRS(ρ)]1:2,1:2 =
1

2SRSB σ2sT

(

ℜ
{(

DHΠ⊥
a(ω,φ)D

)

⊙
(
J⊗ aH(ω, φ)Σ−1a(ω, φ)

)T
})−1

,

✭✷✳✷✹✮

♦ù SRSB = σ2
s

σ2 ❡st ❧❡ ❘❙❇ ❛ss♦❝✐é ❛✉ ♠♦❞è❧❡ ❛❧é❛t♦✐r❡✱ ♦ù J = 121
T
2 ❛✈❡❝ 12 = [1 1]T ✱ D =

[
∂a(ω,φ)
∂ω

∂a(ω,φ)
∂φ

]

❡t Π⊥
a(ω,φ) = IN− 1

N a(ω, φ)aH(ω, φ)✳ ❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ✭✷✳✷✹✮

♣♦✉r ♦❜t❡♥✐r ❞❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❞❡ BCRS(ρ)✳

■♥✈❡rs✐♦♥ ❛♥❛❧②t✐q✉❡

❚❤é♦rè♠❡ ✸ ▲❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❞❡ BCRS(ρ) ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❛♥❣❧❡s é❧❡❝✲
tr✐q✉❡s✱ ♣♦✉r N ≥ 3✱ s♦♥t ❞♦♥♥é❡s ♣❛r

❇❈❘❙(ω) =

(

1 +
1

❙RSB N

)
6(2N − 1)(8N − 11)

❙RSB T (N2 − 1)N(N2 − 4)
, ✭✷✳✷✺✮

❇❈❘❙(φ) =

(

1 +
1

❙RSB N

)
90

❙RSB T (N2 − 1)N(N2 − 4)
. ✭✷✳✷✻✮

❉❡ ♣❧✉s✱ ❧❡s t❡r♠❡s ❝r♦✐sés s♦♥t ❞♦♥♥és ♣❛r

[BCRS(ρ)]1,2 = [BCRS(ρ)]2,1 = −
(

1 +
1

❙RSB N

)
90

❙RSB TN(N2 − 4)(N + 1)
.
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❈❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s ✿ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ♠ê♠❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ❞♦♥♥é ♣❛r ✭✷✳✶✻✮✲
✭✷✳✷✵✮✱ ♦♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t ♦❜t❡♥✐r ❧❡ rés✉❧t❛t s✉✐✈❛♥t

❚❤é♦rè♠❡ ✹ ▲❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❞❡ BCRS(ϑ) ♣♦✉r ✉♥❡ s♦✉r❝❡ s✐t✉é❡ ❞❛♥s ❧❡
❝❤❛♠♣ ♣r♦❝❤❡✱ ❛✈❡❝ N ≥ 3 ❡t θ 6= π

2 ✱ s♦♥t ❞♦♥♥é❡s ♣❛r

❇❈❘❙(θ) =

(

1 +
1

❙RSB N

)
3λ2

2❙RSB Td2π2 cos2(θ)

(8N − 11)(2N − 1)

N(N2 − 1)(N2 − 4)
, ✭✷✳✷✼✮

❇❈❘❙(r) =

(

1 +
1

❙RSB N

)
6r2λ2

❙RSB Tπ2d4
15r2 + 30dr(N − 1) sin(θ) + d2(8N − 11)(2N − 1) sin2(θ)

N2(N2 − 1)(N2 − 4) cos4(θ)
.

✭✷✳✷✽✮

▲❡s t❡r♠❡s ❝r♦✐sés ❡♥tr❡ θ ❡t r s♦♥t ❞♦♥♥és ♣❛r

[BCRS(ϑ)]1,2 = [BCRS(ϑ)]2,1

= −
(

1 +
1

❙RSB N

)
3λ2r

❙RSB Tπ2d3
15r(N − 1) + d(8N − 11)(2N − 1) sin(θ)

N(N2 − 1)(N2 − 4) cos3(θ)
.

✭✷✳✷✾✮

✷✳✸✳✷ ❘és✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥ ❡t ❛♥❛❧②s❡

▲❡ ❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❞❡ ✈❛❧✐❞❡r ❡t ❞✬❛♥❛❧②s❡r ❧❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s ❝♦♠♣❛❝t❡s
❞♦♥♥é❡s ❞❛♥s ❧❡s s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s✳

❈♦♠♣♦rt❡♠❡♥t ❞❡ ❧❛ ❇❈❘❉ ❡t ❞❡ ❧❡ ❇❈❘❙

P♦✉r ❝❡s s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ✉♥❡ ❆▲❯ ❞❡ 10 ❝❛♣t❡✉rs ❛✈❡❝ ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡
❝❛♣t❡✉rs d = λ

2 ✳ ▲❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡st é❣❛❧ à T = 20 ❡t ❧❛ s♦✉r❝❡ ❡st r❡♣éré❡ ♣❛r ❧❡s
❝♦♦r❞♦♥♥é❡s s✉✐✈❛♥t❡s (θ, r) = (30o, 6λ) ✭q✉✐ ❛♣♣❛rt✐❡♥t à ❧❛ ré❣✐♦♥ ❞❡ ❋r❡s♥❡❧ s❡❧♦♥ ✭✷✳✶✮✮✳ ❉❛♥s
❧❡s ❋✐❣✳ ✷✳✶ ❡t ❋✐❣✳ ✷✳✷✱ ♥♦✉s ❛✈♦♥s s✉♣❡r♣♦sé ❧❡s ❇❈❘❉✴❇❈❘❙ ❛♥❛❧②t✐q✉❡s✱ ♦❜t❡♥✉❡s ♣❛r ✭✷✳✷✶✮✱
✭✷✳✷✷✮✱ ✭✷✳✷✼✮ ❡t ✭✷✳✷✽✮✱ ❛✈❡❝ ❧❡s ❇❈❘❙✴❇❈❘❉ ❡①❛❝t❡s ❝❛❧❝✉❧é❡s ♣❛r ✐♥✈❡rs✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧❛
▼■❋✳ ❉❡ ♣❧✉s ♥♦✉s ❛✈♦♥s ❢❛✐t ✈❛r✐❡r ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❞❡ 0.1 à 1 ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs
❞❡ ❧❛ ❢réq✉❡♥❝❡ ♣♦rt❡✉s❡ ✭λ = c

f0
✱ ♦ù c r❡♣rés❡♥t❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ❧✉♠✐èr❡✮✳ ❖♥ ♦❜s❡r✈❡ q✉❡ ❝❡s

✜❣✉r❡s ✈❛❧✐❞❡♥t ❜✐❡♥ ♥♦s ❡①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s✳ ❉❡ ♣❧✉s✱ à ❧✬❛✐❞❡ ❞❡s ❡①♣r❡ss✐♦♥s ♥♦♥ ♠❛tr✐❝✐❡❧❧❡s
❞♦♥♥é❡s ♣❛r ✭✷✳✷✶✮✱ ✭✷✳✷✷✮✱ ✭✷✳✷✼✮ ❡t ✭✷✳✷✽✮✱ ♥♦✉s r❡♠❛rq✉♦♥s q✉❡

✕ ▲❛ ❇❈❘❉ ❡t ❧❛ ❇❈❘❙ s♦♥t ✐♥✈❛r✐❛♥t❡s ♣❛r r❛♣♣♦rt à ❧❛ ♣❤❛s❡ ❞✉ s✐❣♥❛❧ s♦✉r❝❡✳
✕ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞✉ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✱ ❇❈❘❉(θ) ❡t ❇❈❘❙(θ) ♥❡ ❞é♣❡♥❞❡♥t q✉❡ ❞❡ ❧✬❛③✐♠✉t
s❡❧♦♥ 1/ cos2(θ)✳ ❉❡ ❝❡ ❢❛✐t✱ ❧✬❆▲❯ ♥✬❡st ♣❛s ✉♥❡ ❛♥t❡♥♥❡ ✐s♦tr♦♣❡ ♣♦✉r ✉♥❡ s♦✉r❝❡ s✐t✉é❡
❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳

✕ ❇❈❘❉(r) ❡t ❇❈❘❙(r) ❞é♣❡♥❞❡♥t à ❧❛ ❢♦✐s ❞❡ ❧✬❛③✐♠✉t ❡t ❞❡ ❧❛ ❞✐st❛♥❝❡✳ P♦✉r λ, r ∝ d✱ ❧❛
❞é♣❡♥❞❛♥❝❡ ♣❛r r❛♣♣♦rt à ❧❛ ❞✐st❛♥❝❡ ❡st q✉❛♥t à ❡❧❧❡ ❞❡ O(r2)✱ ❝❡ q✉✐ ✈❡✉t ❞✐r❡ q✉❡ ❧✬❡st✐✲
♠❛t✐♦♥ s✬❛♠é❧✐♦r❡ q✉❛♥❞ ❧❛ s♦✉r❝❡ s❡ r❛♣♣r♦❝❤❡ ❞❡ ❧✬❛♥t❡♥♥❡ ✭❝❡♣❡♥❞❛♥t ✐❧ ❢❛✉t r❡s♣❡❝t❡r ❧❛
❝♦♥tr❛✐♥t❡ ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ❋r❡s♥❡❧ ✷✳✶✮✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ ❧❛ ❞✐st❛♥❝❡ ♣❛r r❛♣♣♦rt à ❧✬❛③✐♠✉t
❡st 1/ cos4(θ)✳ ❙✐ θ ❡st ♣r♦❝❤❡ ❞❡ π/2✱ ❇❈❘(r) t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ❡t ❝❡tt❡ ❝♦♥✈❡r❣❡♥❝❡ ❡st
♣❧✉s r❛♣✐❞❡ q✉❡ ❝❡❧❧❡ ❞❡ ❇❈❘(θ)✳

✕ P♦✉r ✉♥ ♥♦♠❜r❡ s✉✣s❛♥t ❞❡ ❝❛♣t❡✉rs✱ ❇❈❘❉(θ)✱ ❇❈❘❉(r)✱ ❇❈❘❙(θ) ❡t ❇❈❘❙(r) s♦♥t ❞❡
❧✬♦r❞r❡ ❞❡ O(1/N3)✳
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✕ P♦✉r λ ∝ d✱ ❇❈❘❉(θ) ❡t ❇❈❘❙(θ) s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❞❡ ❧❛ ❢réq✉❡♥❝❡ ♣♦rt❡✉s❡ f0✳ ❈❡ q✉✐
♥✬❡st ♣❛s ❧❡ ❝❛s ❞❡ ❇❈❘❉(r) ❡t ❞❡ ❇❈❘❙(r)✳ ▲❛ ❋✐❣✳ ✷✳✶ ♠♦♥tr❡ q✉❡✱ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs
❞❡ ❧✬❛③✐♠✉t ❡t ♣♦✉r ✉♥❡ ✈❛r✐❛♥❝❡ ❞❡ ❜r✉✐t ✜①é❡ ✭σ2 = 0.5✮✱ ♣❧✉s ❣r❛♥❞❡ ❡st ❧❛ ❢réq✉❡♥❝❡
♣♦rt❡✉s❡✱ ♣❧✉s ❜❛s s♦♥t ❇❈❘❉(r) ❡t ❇❈❘❙(r)✳

✕ P♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs ❡t ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❝❛♣t❡✉rs ✜①é❡✱ ❇❈❘❉(θ) ❡t
❇❈❘❙(θ) ❡①♣r✐♠é❡s ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡ t❡♥❞❡♥t ✈❡rs ❧❡s ❇❈❘ ❡①♣r✐♠é❡s ❞❛♥s ❧❡ ❝❤❛♠♣
❧♦✐♥t❛✐♥ ❬❙◆✾✵❛❪✳ ❈❡tt❡ ❞❡r♥✐èr❡ r❡♠❛rq✉❡ ❡st ❡♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧✬✐♥t✉✐t✐♦♥ ❝❛r✱ ❞✉ ❢❛✐t
❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ ✭✷✳✶✮ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs ✐♠♣❧✐q✉❡ ✉♥❡ ❣r❛♥❞❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❛
s♦✉r❝❡ ❡t ❧✬❛♥t❡♥♥❡ ✭t♦✉t ❡♥ r❡st❛♥t ❞❛♥s ❧❡ ré❣✐♦♥ ❞❡ ❋r❡s♥❡❧✳✮

✕ ▲❡s ❡①♣r❡ss✐♦♥s ❞❡ ❧❛ ❇❈❘❉ ♠♦♥tr❡♥t q✉❡ ❧❡s ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ❞✬✐♥térêt s♦♥t ❢♦rt❡✲
♠❡♥t ❝♦✉♣❧és ✈✉ q✉❡ ❇❈❘❉ (θ, r) ❡st O(1/N3) ❝♦♠♠❡ ❇❈❘❉(θ) ❡t ❇❈❘❉(r)✳ ▲❡s ♠ê♠❡
r❡♠❛rq✉❡s s✬❛♣♣❧✐q✉❡♥t ♣♦✉r ❧❛ ❇❈❘❙✳

❈♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❛ ❇❈❘❉ ❡t ❧❛ ❇❈❘❙

❈♦♠♠❡ ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡ ♥❡ r❡q✉✐❡rt ❛✉❝✉♥❡ ❤②♣♦t❤ès❡ s✉r ❧❡ s✐❣♥❛❧ ❞❡ ❧❛ s♦✉r❝❡✱ ♥♦✉s
s✉♣♣♦s❡r♦♥s ❛❧♦rs q✉❡ ❧❛ ♣❤❛s❡ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞✉ s✐❣♥❛❧ s♦✉r❝❡ s♦♥t ✉♥❡ ré❛❧✐s❛t✐♦♥ ❞♦♥♥é❡ ❞✬✉♥
♣r♦❝❡ss✉s ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡ ❜❧❛♥❝ ●❛✉ss✐❡♥ ❛❧é❛t♦✐r❡ ❛✈❡❝ ✉♥❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡st ✉♥❡ ✈❛r✐❛♥❝❡
σ2s✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ ❢❛✐r❡ ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❛ ❇❈❘❉ ❡t ❧❛ ❇❈❘❙✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s
✐❝✐ ❧❡s ❞❡✉① q✉❛♥t✐tés DRSB ❡t SRSB é❣❛❧❡s q✉❡ ♥♦✉s ♥♦t❡r♦♥s s✐♠♣❧❡♠❡♥t ♣❛r RSB✳

❋✐❣✉r❡ ✷✳✶ ✕ ❇❈❘(r) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ f0 ♣♦✉r σ2 = 0.5 ❡t ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ θ =
10o, 30o, 50o ✿ a) ❇❈❘❉(r)✱ b) ❇❈❘❙(r)✳

❈♦r♦❧❧❛✐r❡ ✶ ❊♥ ✉t✐❧✐s❛♥t ✭✷✳✶✶✮✱ ✭✷✳✶✷✮✱ ✭✷✳✷✺✮ ❡t ✭✷✳✷✻✮✱ ♦♥ ♦❜t✐❡♥t ✿ ❇❈❘❙(ω)
❇❈❘❉(ω)

=
(

1 + 1
❘❙❇ ◆

)

✱

❡t ❇❈❘❙(φ)
❇❈❘❉(φ)

=
(

1 + 1
❘❙❇ ◆

)

.

❉❡ ♠ê♠❡✱ ❣râ❝❡ à ✭✷✳✷✶✮✱ ✭✷✳✷✷✮✱ ✭✷✳✷✼✮ ❡t ✭✷✳✷✽✮✱ ♦♥ ♦❜t✐❡♥t ✿ ❇❈❘❙(θ)
❇❈❘❉(θ)

=
(

1 + 1
❘❙❇ ◆

)

,

❡t ❇❈❘❙(r)
❇❈❘❉(r)

=
(

1 + 1
❘❙❇ ◆

)

✱ ❝✬❡st✲à✲❞✐r❡✱ ❇❈❘❙(ω) ≥ ❇❈❘❉(ω), ❇❈❘❙(φ) ≥ ❇❈❘❉(φ)✱

❇❈❘❙(θ) ≥ ❇❈❘❉(θ) ❡t ❇❈❘❙(r) ≥ ❇❈❘❉(r) ✭✈♦✐r ❋✐❣✳ ✷✳✷✮✳ ▲❡ ❧❡❝t❡✉r ♣♦✉rr❛ tr♦✉✈❡r ❞❡s
rés✉❧t❛ts s✐♠✐❧❛✐r❡s ❞❛♥s ❬❙◆✾✵❜❪ ♣♦✉r ❧❡ ❝♦♥t❡①t❡ ❞✉ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✳

❉❡ ♣❧✉s✱
✕ P♦✉r ✉♥ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs ✜①é ✿

❇❈❘❉(θ)
❘❙❇→∞→ ❇❈❘❙(θ),
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❋✐❣✉r❡ ✷✳✷ ✕ ❇❈❘ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡t ♣♦✉r N = 10 ❝❛♣t❡✉rs ✿ a) ❇❈❘❉(θ)
❡t ❇❈❘❙(θ)✱ b) ❇❈❘❉(r) ❡t ❇❈❘❙(r)✳

❡t

❇❈❘❉(r)
❘❙❇→∞→ ❇❈❘❙(r).

✕ P♦✉r ✉♥ ❘❙❇ ✜①é ✿
❇❈❘❉(θ)

N→∞→ ❇❈❘❙(θ),

❡t
❇❈❘❉(r)

N→∞→ ❇❈❘❙(r).

✕ ❊t ❡♥✜♥✱ ♣♦✉r 1
❘❙❇ ◆ ≪ 1 ✿

❇❈❘❉(θ) ≈ ❇❈❘❙(θ),

❡t
❇❈❘❉(r) ≈ ❇❈❘❙(r).

◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❛ ❇❈❘ ❡st ✉♥❡ ❜♦r♥❡ ♦♣t✐♠✐st❡ ✭❡t ♠ê♠❡ ♥♦♥ ✈❛❧❛❜❧❡✮ ❞❛♥s ❧❡s ③♦♥❡s
♥♦♥✲❛s②♠♣t♦t✐q✉❡s✱ ❡t ❞♦♥❝ ♥♦♥ ✉t✐❧✐s❛❜❧❡ ❞❛♥s ❝❡s ③♦♥❡s✳ ▲❡ ❜✉t ❞❡ ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡ ❡st ❞❡
♠♦♥tr❡r ❧✬❛♣♣♦rt ❞❡s ❛✉tr❡s ❜♦r♥❡s ♣❧✉s ♣ré❝✐s❡s q✉❡ ❧❛ ❇❈❘ ♣♦✉r ♣ré❞✐r❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡
❞é❝r♦❝❤❡♠❡♥t✳

❉❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡ ♥♦✉s ♥❡ ❝✐t❡r♦♥s q✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts✱ ❧❡s ❞ét❛✐❧s ❝❛❧❝✉❧❛t♦✐r❡s
s♦♥t ❡①♣❧✐❝✐tés ❞❛♥s ❧✬❆♥♥❡①❡ ❆✳✷ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❆✳ ❘❡♥❛✉①✱ ❘✳ ❇♦②❡r ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❉❡✲
t❡r♠✐♥✐st✐❝ P❡r❢♦r♠❛♥❝❡ ❇♦✉♥❞s ♦♥ t❤❡ ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r ❢♦r ◆❡❛r ❋✐❡❧❞ ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥✧✱
❡♥ ♣ré♣❛r❛t✐♦♥ ♣♦✉r ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✳✮✳

✷✳✹ ❆✉tr❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿
✕ ❖♥ ❛❞♠❡t q✉❡ ❧❡ ❜r✉✐t s✉✐t ✉♥❡ ❧♦✐ ♥♦r♠❛❧❡ ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✱ ❞❡
♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Σbruit ❝♦♥♥✉❡ ❡t s✉♣♣♦sé❡ ❞❡ r❛♥❣ ♣❧❡✐♥✳

✕ ▲❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s ❡st ❞é✜♥✐ ♣❛r ξ = [ω φ]T ❬▲❈✾✸✱❘❡♥✵✼❪✳
▲❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ r❡❧❛t✐✈❡ ❛✉ ✈❡❝t❡✉r ❞❡s ♦❜s❡r✈❛t✐♦♥s χ = [yT (1) . . .yT (T )]T ∼

CN (µ(ξ0),Σ(ξ0)) ♣♦✉r ✉♥ ξ0 ❞♦♥♥é✱ s✬é❝r✐t s✐♠♣❧❡♠❡♥t ♣❛r ✿

p(χ|ξ0) =
1

πNT❞❡t {Σ(ξ0)}
e−(χ−µ(ξ0))

HΣ(ξ0)
−1(χ−µ(ξ0)),
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♦ù ξ0, ω0, φ0 r❡♣rés❡♥t❡♥t ❧❡s ✈r❛✐❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❝❛♥❞✐❞❛ts ξ, ω ❡t φ✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
▲❡s ✈❛❧❡✉rs ❞❡ µ(ξ0) ❡t Σ(ξ0) s❡r♦♥t s♣é❝✐✜é❡s ♣❛r ❧❛ s✉✐t❡ ✭s❡❧♦♥ ❧❡ ♠♦❞é❧❡ ❞ét❡r♠✐♥✐s✐t❡ ♦✉
❛❧é❛t♦✐r❡✮✳

✷✳✹✳✶ ❊①♣r❡ss✐♦♥s ❆♥❛❧②t✐q✉❡s

❉❛♥s ❬●❧❛✼✷✱ ❋▲✵✷✱ ❈●◗▲✵✽✱ ❚❚✶✵❪ ❧❡s ❛✉t❡✉rs ♦♥t ♣r♦♣♦sé ✉♥❡ ✉♥✐✜❝❛t✐♦♥ ❞❡ ❞✐✛ér❡♥t❡s
❜♦r♥❡s s✉r ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ s✬❛♣♣✉②❛♥t s✉r ✉♥ ♣r♦❜❧è♠❡ ❞✬♦♣t✐✲
♠✐s❛t✐♦♥ s♦✉s ❝♦♥tr❛✐♥t❡s✱ ❋♦rst❡r ❡t ▲❛r③❛❜❛❧ ❬❋▲✵✷❪✱ ♦♥t ♣rés❡♥té ✉♥❡ ✉♥✐✜❝❛t✐♦♥ ❞❡ ❜♦r♥❡s s✉r
❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❡♥ ✐♠♣♦s❛♥t ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡ ❜✐❛✐s✳ ■❧s ♦♥t ♠♦♥tré✱ ♣❛r ✉♥
❝❤♦✐① ❥✉❞✐❝✐❡✉① ❞❡ ❝❡s ❝♦♥tr❛✐♥t❡s✱ q✉✬♦♥ ♣♦✉✈❛✐t ❛✐♥s✐ ❞♦♥♥❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❡①♣❧✐❝✐t❡ ❞❡ ❧❛ ❜♦r♥❡
❞❡ ❈r❛♠ér✲❘❛♦✱ ❧❛ ❜♦r♥❡ ❞❡ ❇❛r❛♥❦✐♥ ♦✉ ❧❛ ❜♦r♥❡ ❞❡ ❇❛tt❛❝❤❛r②❛✳ ◆♦t♦♥s q✉❡ ❧✬♦♥ ♣❡✉t tr♦✉✈❡r
❧✬❡①t❡♥s✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❋♦rst❡r ❡t ▲❛r③❛❜❛❧ ❬❋▲✵✷❪ ❞❛♥s ❧❡ ❝❛s ❞❡ ♣❧✉s✐❡✉rs ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s
❞ét❡r♠✐♥✐st❡s ❞❛♥s ❬❈●◗▲✵✽❪✳ ❉❛♥s ❬❚❚✶✵❪✱ ❚♦❞r♦s ❡t ❚❛❜r✐❦✐❛♥ ♦♥t ♣r♦♣♦sé ✉♥❡ ♥♦✉✈❡❧❧❡ ❝❧❛ss❡
❞❡ ❜♦r♥❡s s✉r ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥té❣r❛❧❡ ❣é♥ér❛❧✐sé❡
❛♣♣❧✐q✉é❡ à ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳ ❆✐♥s✐✱ ✐❧s ♦♥t ♠♦♥tré q✉❡ ❝❡rt❛✐♥❡s ❜♦r♥❡s s✉r ❧✬❡rr❡✉r
q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ✭♣❛r ❡①❡♠♣❧❡✱ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦✱ ❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❙❡✐❞♠❛♥ ❡t
❧❛ ❜♦r♥❡ ❞❡ ❇❛tt❛❝❤❛r②❛✮ s♦♥t ♦❜t❡♥✉❡s ♣❛r ✉♥ ❝❤♦✐① ❛♣♣r♦♣r✐é ❞✉ ♥♦②❛✉ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
✐♥té❣r❛❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✳

❊♥ ✉t✐❧✐s❛♥t ❧✬✉♥❡ ❞❡s ❞❡✉① ❛♣♣r♦❝❤❡s✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ❧✬✉♥✐✜❝❛t✐♦♥ s✬❡①♣r✐♠❡ à ❧✬❛✐❞❡ ❞✬✉♥❡
♠❛tr✐❝❡ K ✐♥✈❡rs✐❜❧❡ ❡t ❞✬✉♥❡ ♠❛tr✐❝❡ Γ à ✈❛❧❡✉rs ❝♦♠♣❧❡①❡s✱ ❝♦♠♠❡ s✉✐t ✿

▼❙❊(ξ̂) =
∫

CNT

(

ξ̂ − ξ0
)(

ξ̂ − ξ0
)T

p(χ|ξ0)dχ < C = ΓK−1ΓH ✭✷✳✸✵✮

♦ù K ♣❡✉t êtr❡ ❞é❝♦♠♣sé❡ à ❧✬❛✐❞❡ ❞❡ γ ❝♦♠♠❡ s✉✐t K =
∫

CNT γγ
Hp(χ|ξ0)dχ ❡t ♦ù ξ̂ ❡st ✉♥

❡st✐♠❛t❡✉r ❞✉ ✈r❛✐ ♣❛r❛♠ètr❡ ❞ét❡r♠✐♥✐st❡ ξ0 ❡t ♦ù A < B s✐❣♥✐✜❡ q✉❡ ❧❛ ♠❛tr✐❝❡ A − B ❡st
❞é✜♥✐❡ ♥♦♥ ♥é❣❛t✐✈❡✳ P❛r ❝♦♥s❡q✉❡♥t✱ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ Γ ❡t ❞❡ γ✱ ♦♥ ❛✉r❛ ❞✐✛ér❡♥t❡s
❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✳ ▲❛ ❇❈❘ ✭♥♦té❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ CBCR ♣❛r
s♦✉❝✐ ❞✬✉♥✐❢♦r♠✐s❛t✐♦♥✮ ❡st ❞♦♥♥é❡ ♣❛r ❧❡ ❝♦✉♣❧❡ ✿

{

ΓBCR = 12,

γBCR = ∂ ln p(x|ξ)
∂ξ |ξ=ξ0 ,

♦ù 1l r❡♣rés❡♥t❡ ❧❡ ✈❡❝t❡✉r ❞❡ ❞✐♠❡♥s✐♦♥ l ∈ {1, . . . , L} r❡♠♣❧✐ ❞❡ 1✳ ▲❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲
❙❡✐❞♠❛♥ ✭❇▼❙✮ ❬▼❙✻✾❪ ♣❡✉t êtr❡ ❞é✜♥✐❡ ♣❛r ❧❡ ❝♦✉♣❧❡ s✉✐✈❛♥t ✿

{

ΓBMS = Φ,

γBMS = [ν(x|ξ1) . . . ν(x|ξL)]T ,

♦ù ν(x|ξl) = p(x|ξl)
p(x|ξ0)

,Φ = [ξ1 − ξ0 . . . ξL − ξ0]T ❛✈❡❝ {ξ1, . . . , ξL} q✉✐ r❡♣rés❡♥t❡ ✉♥ ❡♥s❡♠❜❧❡
❞❡ ♣♦✐♥ts t❡st ❛♣♣❛rt❡♥❛♥t à Θ✳ ▲❛ ❜♦r♥❡ ❞❡ ❍❛♠♠❡rs❧❡②✲❈❤❛♣♠❛♥✲❘♦❜❜✐♥s ✭❇❍❈❘✮ ❬❍❛♠✺✵❪
❡st✱ q✉❛♥t à ❡❧❧❡✱ ❞♦♥♥é❡ ♣❛r ✿ {

ΓBHCR = [02 Φ],

γBHCR = [1 γBMS]
T ,

♦ù 0l r❡♣rés❡♥t❡ ❧❡ ✈❡❝t❡✉r ❞❡ ❞✐♠❡♥s✐♦♥ l ∈ {1, . . . , L} r❡♠♣❧✐ ❞❡ 0 ❡t ❡♥✜♥ ❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲
❍♦❢st❡tt❡r ✭❇▼❍✮ ❬▼❍✼✶❪ ♣❡✉t êtr❡ ❡①♣r✐♠é❡ ♣❛r ✿

{

ΓBMH = [I2 Φ],

γBMH = [γBCR γBMS]
T ,
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♦ù I2 ❡st ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té ❞✬♦r❞r❡ 2✳ ▲❛ ❜♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦ ✭❇❋❈❘✮✱ ré❝❡♠♠❡♥t
♣r♦♣♦sé❡ ❬❚❚✶✵❪✱ ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ é❝r✐t❡ s♦✉s ❧❛ ❢♦r♠❡ ✭✷✳✸✵✮✳ P♦✉r ❛✈♦✐r ✉♥ ❣❛✐♥ ❡♥ t❡♠♣s ❞❡
❝❛❧❝✉❧✱ ❝❡tt❡ ❞❡r♥✐èr❡ ✉t✐❧✐s❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞✐s❝rèt❡ ✭❚❋❉✮ ❞❡s ✈❡❝t❡✉rs Φ ❡t γBMS✳ ▲❛
❚❋❉ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❣râ❝❡ à ✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝✐❡❧❧❡ ♥♦té❡ W ✳ ❆✐♥s✐✱ ❧❡ ❝♦✉♣❧❡ (Γ,γ)
❛❞éq✉❛t ♣♦✉r ❧❛ ❇❋❈❘ ❡st ❞♦♥♥é ♣❛r ✿

{

ΓBFCR = [I2 ΦWH ]

γBFCR = [γBCR γBMSW
T ]T .

✭✷✳✸✶✮

♦ù
[W ]p,l = exp(−iΩT

p ξl) ✭✷✳✸✷✮

r❡♣rés❡♥t❡ ❧❛ ♠❛tr✐❝❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ r❡❧❛t✐✈❡ à ❧❛ ❚❋❉ ❜✐✲❞✐♠❡♥s✐♦♥❡❧❧❡ ❡t Ωp s✬❡①♣r✐♠❡ à

❧✬❛✐❞❡ ❞✉ pème ♣♦✐♥t t❡st ❢r❡q✉❡♥t✐❡❧ fp = [fp f
′
p]
T ❝♦♠♠❡ s✉✐t ✿ Ωp =

[
2πfp

δ([ξ]1)L1

2πf ′p
δ([ξ]2)L2

]T
✱ ❛✈❡❝

L = L1L2✱ t❡❧ q✉❡ fp ∈ {1, . . . , L1}✱ f ′p ∈ {1, . . . , L2}✱ Li ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts t❡st ❛ss♦❝✐é à
❧❛ ✈❛r✐❛❜❧❡ [ξ]i ❡t δ([ξ]i) ❡st ❧❛ ❞✐st❛♥❝❡ ✭❝♦♥st❛♥t❡✮ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts t❡st ❛ss♦❝✐é❡ à ❧❛ ✈❛r✐❛❜❧❡
[ξ]i✱ i = 1, 2✳

❆♣rès ❝❛❧❝✉❧✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❧❡s ❜♦r♥❡s ♣ré❝✐té❡s ♣❡✉✈❡♥t êtr❡ é❝r✐t❡s ❝♦♠♠❡ s✉✐t ♣♦✉r
❧❡ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ s✉s✲♠❡♥t✐♦♥♥é

C
(L)
BMS = ΦΨ−1ΦT , ✭✷✳✸✸✮

C
(L)
BHCR = Φ

(
Ψ− 11T

)−1
ΦT , ✭✷✳✸✹✮

C
(L)
BMH = CBCR +QR−1QT , ✭✷✳✸✺✮

C
(L,P )
BFCR = CBCR +QWH

(
WRWH

)−1
WQT , ✭✷✳✸✻✮

♦ù ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❝❡s ❜♦r♥❡s ♣❛r r❛♣♣♦rt ❛✉① ♣♦✐♥ts t❡st ✶ ✭s②♠❜♦❧❡s L
❡t P ✮✳ ◆♦t♦♥s DKL (p(x|ξl)||p(x|ξ0))✱ ❧❛ ❞✐st❛♥❝❡ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❬❙❝❤✾✶❪ ❡♥tr❡ p(x|ξl) ❡t
p(x|ξ0)✳ ❖♥ ♣❡✉t ❛❧♦rs ❞é✜♥✐r t♦✉s ❧❡s é❧é♠❡♥ts ❛♣♣❛r❛✐ss❛♥t ❞❛♥s ✭✷✳✸✸✮✲✭✷✳✸✻✮ ❝♦♠♠❡ s✉✐t ✿

Q = CBCRD −Φ, ✭✷✳✸✼✮

t❡❧ q✉❡
D =

[
d(ξ1) . . . d(ξL)

]
,

❡t

d(ξl) = −
(
∂DKL (p(x|ξl)||p(x|ξ))

∂ξ

)T

|ξ=ξ0 ✭✷✳✸✽✮

♦ù ❧❛ ❞ér✐✈é❡ ✈❡❝t♦r✐❡❧❧❡ ❡st ❞♦♥♥é❡ ♣❛r [µ̇(ξ0)]i,j =
∂[µ(ξ)]i
∂[ξ]j

|ξ=ξ0 ✳ ❉❡ ♣❧✉s✱ ❧❛ ♠❛tr✐❝❡R ❡st ❞♦♥♥é❡
♣❛r

R = Ψ−DTCBCRD, ✭✷✳✸✾✮

❡t ❧❡s é❧é♠❡♥ts ❞❡ ❧❛ ♠❛tr✐❝❡ Ψ s♦♥t ❞é✜♥✐s ♣❛r

[Ψ]m,n = Eχ|ξ0 {v(x, ξm)v(x, ξn)} , ✭✷✳✹✵✮

✶✳ ◆♦t♦♥s ♣❛r ❛✐❧❧❡✉rs q✉❡ ❧❡s ✈❛❧❡✉rs ❞❡s ♣♦✐♥ts t❡sts q✉✐ ♠❛①✐♠✐s❡♥t ❧❡s ❜♦r♥❡s ✭❞✐t❡s ❜♦r♥❡s ♦♣t✐♠❛❧❡s✮ s♦♥t
❝❡❧❧❡s ♦ù ❧❛ ❢♦♥❝t✐♦♥ ❞✬❛♠❜✐❣✉ïté ❡①❤✐❜❡ ❞❡s ♠❛①✐♠❛ ❧♦❝❛✉① ❬❘❡♥❞❢✱❘▼✾✺✱❳❇❘✵✹✱❘▼✾✼✱❚❑✾✾✱❳✉✵✶✱❘❆❋▲✵✼❪✳
❈❡❧❛ ét❛♥t ❞✐t✱ ✐❧ ❛ été ♠♦♥tré q✉❡✱ ❞❛♥s ❧❡ ❝❛s ♦ù✱ ❧❡s ♣♦✐♥ts t❡sts ❝♦✉✈r❡♥t ❧❡s ❡①tré♠✐tés ❞❡ Θ ❡t ❛✉ss✐ ❧❛ ✈r❛✐❡
✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ ξ0✱ ❛❧♦rs ♠ê♠❡ s✐ ♦♥ ♦❜t✐❡♥t ❞❡s ❜♦r♥❡s ❡♥ ❞❡ss♦✉s ❞❡s ❜♦r♥❡s ♦♣t✐♠❛❧❡s✱ ❧❛ ❞✐✛ér❡♥❝❡ ❡st
s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r q✉❡ ❧❡✉r ✉t✐❧✐s❛t✐♦♥ r❡st❡ ♣❡rt✐♥❡♥t❡ ❬❘❡♥❞❢❪✳



✷✳✹✳ ❆❯❚❘❊❙ ❇❖❘◆❊❙ ■◆❋➱❘■❊❯❘❊❙ ❉❊ ▲✬❊❘❘❊❯❘ ◗❯❆❉❘❆❚■◗❯❊ ▼❖❨❊◆◆❊ ✶✾

♦ù Eχ|ξl {.} ✐♥❞✐q✉❡ ❧✬♦♣ér❛t❡✉r ❞✬❡s♣ér❛♥❝❡ ♠❛t❤é♠❛t✐q✉❡ r❡❧❛t✐❢ à p(χ|ξl)✳
❙❛❝❤❛♥t q✉❡✱ ♣♦✉r ✉♥ ♠♦❞è❧❡ ●❛✉ss✐❡♥ ✭❝✐r❝✉❧❛✐r❡✮ à ♠♦②❡♥♥❡ ♣❛r❛♠étré❡ ♦✉ à ❝♦✈❛r✐❛♥❝❡

♣❛r❛♠étré❡✱ CBCR ❡st ❞♦♥♥é ♣❛r ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ ▼■❋ ✭✷✳✻✮✱ ❛❧♦rs ❞❛♥s ❧❛ s✉✐t❡ ♥♦✉s ♥❡ ❞♦♥♥❡r♦♥s
q✉❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ D ❡t Ψ✳ ❆✐♥s✐✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ✈❛❧❡✉r ❞❡ D ❡t ❞❡ Ψ ❡t ✭✷✳✸✼✮ ❡t ✭✷✳✸✾✮✱ ♥♦✉s

♦❜t✐❡♥❞r♦♥s C(L)
BMS✱ C

(L)
BHCR✱ C

(L)
BMH ❡t C(L,P )

BFCR ✭✈♦✐r ✭✷✳✸✸✮✱ ✭✷✳✸✹✮✱ ✭✷✳✸✺✮ ❡t ✭✷✳✸✻✮✳✮

❊①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡

P♦✉r ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡✱ ♥♦✉s ❛✈♦♥s χ ∼ CN (µ(ξ0),Σbruit) ❛✈❡❝

µ(ξ0) = [s(1)aT (ω0, φ0) . . . s(L)a
T (ω0, φ0)]

T ,

❡t

[FIM]i,k = 2ℜ
{
∂µ(ξ0)

H

∂ [ξ0]i
Σ−1

bruit

∂µ(ξ0)

∂ [ξ0]k

}

, i = 1, 2, k = 1, 2. ✭✷✳✹✶✮

◆♦t♦♥s q✉❡ ✿

❑▲❉ (p(χ|ξn)||p(χ|ξ)) =
∫

CNT

p(χ|ξn)▲♥
p(χ|ξn)
p(χ|ξ) dχ

=

∫

CNT

[

(χ− µ(ξ))H Σ−1
bruit (χ− µ(ξ))− (χ− µ(ξn))H Σ−1

bruit (χ− µ(ξn))
]

p(χ|ξn)dχ

=

∫

CNT

[
χHΣ−1

bruit (µ(ξn)− µ(ξ))− µ(ξ)HΣ−1
bruit (χ− µ(ξ))

]
f(χ|ξn)dχ

= (µ(ξn)− µ(ξ))H Σ−1
bruit (µ(ξn)− µ(ξ)) . ✭✷✳✹✷✮

❉❡ ♣❧✉s✱ ❧❡s é❧é♠❡♥ts ❞❡ ❧❛ ♠❛tr✐❝❡ Ψ ♣❡✉✈❡♥t êtr❡ ❞♦♥♥és ♣❛r ✿

[Ψ]m,n =

∫

CNT

1

π |Σbruit|
exp

(

(χ− µ(ξ0))H Σ−1
bruit (χ− µ(ξ0))

)

×

exp
(

− (χ− µ(ξm))H Σ−1
bruit (χ− µ(ξm))− (χ− µ(ξn))H Σ−1

bruit (χ− µ(ξn))
)

dχ

=
α(ξm, ξn)

π |Σbruit|

∫

CNT

exp− (χ− µ(ξm)− µ(ξn) + µ(ξ0))H Σ−1
bruit (χ− µ(ξm)− µ(ξn) + µ(ξ0)) dχ

︸ ︷︷ ︸

π|Σbruit|

= α(ξm, ξn),

♦ù

α(ξm, ξn) = exp(−2µ(ξ0)
HΣ−1

bruitµ(ξ0)− µ(ξ0)HΣ−1
bruit (µ(ξm) + µ(ξn))

+ µ(ξm)
HΣ−1

bruit (µ(ξn)− µ(ξ0)) + µ(ξm)HΣ−1
bruit (µ(ξn)− µ(ξ0))). ✭✷✳✹✸✮

❉❡ ❝❡ ❢❛✐t✱ ❡♥ ✉t✐❧✐s❛♥t ✭✷✳✸✺✮✱ ✭✷✳✸✹✮✱ ✭✷✳✸✸✮ ❡t ✭✷✳✸✻✮✱ C(L)
BMH✱ C

(L)
BHCR✱ C

(L)
BMS ❡t C(L,P )

BCRF s♦♥t
❞♦♥♥é❡s ❡♥ r❡♠♣❧❛ç❛♥t ✭✷✳✹✶✮✱ ✭✷✳✹✷✮ ❡t ✭✷✳✹✸✮ ❞❛♥s ✭✷✳✸✼✮ ❡t ✭✷✳✸✾✮✳

❊①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ st♦❝❤❛st✐q✉❡

P♦✉r ❧❡ ♠♦❞è❧❡ st♦❝❤❛st✐q✉❡ ♥♦✉s ❛✈♦♥s χ ∼ CN (0,Σ(ξ0)) ♦ùΣ(ξ0) = σ2sIT⊗a(ω0, φ0)a
H(ω0, φ0)+

Σbruit✱ ❛✈❡❝

[FIM]i,k = T tr

{

Σ(ξ0)
−1∂Σ(ξ0)

∂ [ξ0]i
Σ(ξ0)

−1∂Σ(ξ0)

∂ [ξ0]k

}

, i = 1, 2, k = 1, 2. ✭✷✳✹✹✮



✷✵
❈❍❆P■❚❘❊ ✷✳ ❇❖❘◆❊❙ ■◆❋➱❘■❊❯❘❊❙ ❉❊ ▲✬❊❘❘❊❯❘ ◗❯❆❉❘❆❚■◗❯❊ ▼❖❨❊◆◆❊ P❖❯❘ ▲❆
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◆♦t♦♥s q✉❡ ✿

❑▲❉ (p(χ|ξn)||p(χ|ξ)) =
∫

CNT

p(χ|ξn)▲♥
p(χ|ξn)
p(χ|ξ) dχ

=

∫

CNT

1

πNT |Σ(ξn)|
(
χH

(
Σ(ξn)

−1 −Σ(ξ)−1
)
χ
)
exp

(
−χHΣ(ξn)

−1χ
)
dχ+ ▲♥

|Σ(ξ)|
|Σ(ξn)|

= Eχ|ξn
{
χHΣ(ξ)χ

}
+ Eχ|ξn

{
χHΣ(ξn)χ

}
+ ▲♥

|Σ(ξ)|
|Σ(ξn)|

. ✭✷✳✹✺✮

❈♦♠♠❡

Eχ|ξn
{
χHΣ(ξ)χ

}
=

NT∑

i=1

NT∑

j=1

Eχ|ξn

{

[χ]∗i [χ]j
[
Σ(ξ)−1

]

i,j

}

= tr
(
Σ(ξn)Σ(ξ)−1

)
✭✷✳✹✻✮

❡t
Eχ|ξn

{
χHΣ(ξ0)

−1χ
}
= NT. ✭✷✳✹✼✮

❆❧♦rs✱ ❡♥ r❡♠♣❧❛ç❛♥t ✭✷✳✹✻✮ ❡t ✭✷✳✹✼✮ ❞❛♥s ✭✷✳✹✺✮ ♥♦✉s ♦❜t❡♥♦♥s ✿

❑▲❉ (p(χ|ξn)||f(χ|ξ)) = ▲♥
|Σ|

|Σ(ξn)|
+ tr

(
Σ(ξn)Σ(ξ)−1

)
+NT. ✭✷✳✹✽✮

❉❡ ♣❧✉s✱ ♦♥ ♥♦t❡r❛ q✉❡ ✿

[Ψ]n,m =
|Σ(ξ0)|

πNT |Σ(ξm)| |Σ(ξn)|

∫

CNT

exp
(
−χH

(
Σ(ξm)

−1 +Σ(ξn)
−1 −Σ(ξ0)

−1
)
χ
)
dχ

︸ ︷︷ ︸

πNT |(Σ(ξm)−1+Σ(ξn)
−1−Σ(ξ0)

−1)−1|

✭✷✳✹✾✮

=
|Σ(ξ0)|

|Σ(ξm)| |Σ(ξn)| |Σ(ξm)
−1 +Σ(ξn)

−1 −Σ(ξ0)
−1| ✭✷✳✺✵✮

❉❡ ❝❡ ❢❛✐t✱ ❡♥ ✉t✐❧✐s❛♥t ✭✷✳✸✺✮✱ ✭✷✳✸✹✮✱ ✭✷✳✸✸✮✱✭✷✳✸✻✮ ❡t ∂▲♥|Σ(ξ)|
∂ξ = tr

{

Σ(ξ)−1 ∂Σ(ξ)
∂ξ

}

❬PP✵✻❪✱

C
(L)
BMH✱ C

(L)
BHCR✱ C

(L)
BMS ❡t C(L,P )

BCRF s♦♥t ❞♦♥♥é❡s ❡♥ r❡♠♣❧❛ç❛♥t ✭✷✳✹✶✮✱ ✭✷✳✹✷✮ ❡t ✭✷✳✹✸✮ ❞❛♥s ✭✷✳✸✼✮
❡t ✭✷✳✸✾✮✳

✷✳✹✳✷ ❆♥❛❧②s❡ ♥✉♠ér✐q✉❡

P♦✉r ❝❡s s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ✉♥❡ ❛♥t❡♥♥❡ ❝♦♠♣♦sé❡ ❞❡ N = 10 ❝❛♣t❡✉rs ❛✈❡❝
✉♥❡ ❞✐st❛♥❝❡ ✐♥t❡r✲❝❛♣t❡✉rs d = λ

2 ✳ ▲❛ s♦✉r❝❡✱ s✐t✉é❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ❋r❡s♥❡❧✱ ❡st r❡♣éré❡ ♣❛r ❧❡s
❝♦♦r❞♦♥♥é❡s s✉✐✈❛♥t❡s (θ, r) = (30✝, 6λ)✳ ❖♥ s✉♣♣♦s❡r❛ é❣❛❧❡♠❡♥t q✉❡ Σbruit = σ2I✳

■❧ ❡st à ♥♦t❡r q✉❡ ❧❡s ❊◗▼ ❡♠♣✐r✐q✉❡s ❞❡ ❧✬❡st✐♠❛t❡✉r ❞✉ ▼❱❉ r❡♣rés❡♥té❡s ❞❛♥s ❧❡s ❋✐❣✳
✷✳✸ ❡t ✷✳✹✱ ♦♥t été ♦❜t❡♥✉❡s ❛✈❡❝ ✶✵✵✵ t✐r❛❣❡s ❞❡ t②♣❡ ▼♦♥t❡✲❈❛r❧♦✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts t❡sts
✉t✐❧✐sés ♣♦✉r ❧❛ ❇▼❙✱ ❧❛ ❇❍❈❘✱ ❧❛ ❇▼❍ ❡t ❧❛ ❇❋❈❘ ❡st é❣❛❧ à L = 214 ✭♣❧✉s ♣ré❝✐sé♠❡♥t✱
❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts t❡st s✉✐✈❛♥t ❧❡ ♣❛r❛♠ètr❡ ω ❡st ✜①é à L1 = 27✱ ❞❡ ♠ê♠❡ q✉❡ ❝❡❧✉✐ ♣❛r
r❛♣♣♦rt à φ q✉✐ ❡st ❞♦♥♥é ♣❛r L2 = 27✮✳ ▲❛ ❇❋❈❘ s❡ ❝❛❧❝✉❧❡ ❛✉ss✐ ❡♥ ❝❤♦✐s✐ss❛♥t ✉♥ ❡♥s❡♠❜❧❡
❞❡ ♣♦✐♥ts ❞❡ t❡st ❢réq✉❡♥t✐❡❧s✳ ❆ ❝❡t ❡✛❡t✱ ❡t ♣♦✉r ❣❛r❞❡r ✉♥❡ ❝♦♠♣❧❡①✐té ❞❡ ❝❛❧❝✉❧ s❡♥s✐❜❧❡♠❡♥t
é❣❛❧❡ à ❧❛ ❇▼❙✱ ❧❛ ❇❍❈❘ ❡t ❧❛ ❇▼❍✱ ♦♥ ❛ ❝❤♦✐s✐ ❞❡✉① ♣♦✐♥ts t❡sts ❢réq✉❡♥t✐❡❧s ♣❛r♠✐ ❧❡s 214

♠❛①✐♠✐s❛♥t ❧❛ ❇❋❈❘✳
P♦✉r ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡✱ ❧❡s ❋✐❣✳ ✷✳✸ ❡t ❋✐❣✳ ✷✳✹ ♥♦✉s ♠♦♥tr❡♥t ❧❡s ❞✐✛ér❡♥t❡s ❜♦r♥❡s ❞❡

❧✬❊◗▼ ❞❡s ❞❡✉① ♣❛r❛♠ètr❡s ❞✬✐♥térêt ω ❡t φ✳ ❖♥ ❝♦♥st❛t❡ t♦✉t ❞✬❛❜♦r❞ q✉❡ ❧✬❊◗▼ s✉r φ ❡st
✐♥❢ér✐❡✉r❡ à ❝❡❧❧❡ s✉r ω✱ ❝❡ q✉✐ ét❛✐t ♣ré✈✐s✐❜❧❡ ✈✉❡ ❧❛ ♣❧❛❣❡ ❞❡ ✈❛r✐❛t✐♦♥ ❞❡s ❞❡✉① ♣❛r❛♠ètr❡s✳
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❋✐❣✉r❡ ✷✳✸ ✕ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r
q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞é✲
t❡r♠✐♥✐st❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ω ♣♦✉r (θ, r) =
(30✝, 6λ) ❡t T = 15✳

❋✐❣✉r❡ ✷✳✹ ✕ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r
q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞é✲
t❡r♠✐♥✐st❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ φ ♣♦✉r (θ, r) =
(30✝, 6λ) ❡t T = 15✳

❋✐❣✉r❡ ✷✳✺ ✕ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r
q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛✲
t♦✐r❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ω ♣♦✉r (θ, r) = (30✝, 6λ)
❡t T = 100✳

❋✐❣✉r❡ ✷✳✻ ✕ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r
q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛✲
t♦✐r❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ φ ♣♦✉r (θ, r) = (30✝, 6λ)
❡t T = 100✳

❉❡ ♣❧✉s✱ ❧❛ ❇▼❙✱ ❧❛ ❇❍❈❘✱ ❧❛ ❇▼❍ ❡t ❧❛ ❇❋❈❘ ❞é❝r✐✈❡♥t ❜✐❡♥ ❧❡ ❞é❝r♦❝❤❡♠❡♥t ❞✉ ▼❱✳ ❈❡❧❛
ét❛♥t ❞✐t✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ❇▼❍ ❡st ❧❛ ♣❧✉s ♣❡rt✐♥❡♥t❡ ✭♣ré❞✐❝t✐♦♥ ❞✉ ❞é❝r♦❝❤❡♠❡♥t à ♠♦✐♥s
❞❡ 4 ❞❇✮✱ ✈✐❡♥t ❡♥s✉✐t❡ ❧❛ ❇❍❈❘ ❡t ❧❛ ❇▼❙ ✭♣ré❞✐❝t✐♦♥ ❞✉ ❞é❝r♦❝❤❡♠❡♥t à ♠♦✐♥s ❞❡ 7 ❞❇✮✳
❊♥✜♥✱ ❧❛ ❇❋❈❘ ♥♦✉s ❢♦✉r♥✐t ✉♥❡ ♣ré❞✐❝t✐♦♥ ❞✉ ❞é❝r♦❝❤❡♠❡♥t ❛✈♦✐s✐♥❛♥t ❧❡s 10 ❞❇s✳ ▲❡s ♠ê♠❡s
❝♦♥❝❧✉s✐♦♥s ♣❡✉✈❡♥t êtr❡ ❞é❞✉✐t❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❛❧é❛t♦✐r❡ ✭✈♦✐r ❧❡s ❋✐❣✳ ✷✳✺ ❡t ❋✐❣✳ ✷✳✻✳✮

❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ ♦♥ ❝♦♥st❛t❡ q✉❡ ❧❛ ❇❋❈❘ ❞❡♠❡✉r❡ ♠♦✐♥s ♣❡r❢♦r♠❛♥t❡ q✉❡ t♦✉t❡s ❧❡s ❜♦r♥❡s
♣rés❡♥té❡s ❞❛♥s ❝❡tt❡ ❝♦♥tr✐❜✉t✐♦♥✳ ❈❡❝✐ ❡st ❞û ❛✉ ❢❛✐t q✉❡ ❧❛ ❇❋❈❘ ✑❝♦♠♣r✐♠❡✑ ❧❡s ❝♦♥tr❛✐♥t❡s
❡♥ ❛♣♣❧✐q✉❛♥t ❧❛ ❚❋❉✳ ❈❡tt❡ ❝♦♠♣r❡ss✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❡st à ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❝❡tt❡
❜♦r♥❡✳ ❈❡ ♣♦✐♥t ♥✬❛ ♣❛s été ♠❡♥t✐♦♥♥é ❞❛♥s ❬❚❚✶✵❪ ♦ù ❧❛ ❇❋❈❘ ❛♣♣❛r❛ît ❝♦♠♠❡ ✉♥❡ ❜♦r♥❡ ♣❧✉s
♣❡rt✐♥❡♥t❡ ♣❛r r❛♣♣♦rt à ❧❛ ❇▼❙✱ ❇❍❈❘ ❡t ❧❛ ❇▼❍ ❞❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧✬❛♥❛❧②s❡ s♣❡❝tr❛❧❡✳
❈❡❧❛ ét❛♥t ❞✐t✱ ✐❧ ❢❛✉t ♥♦t❡r q✉❡ ❧❛ ❇❋❈❘ ❛ été ❝❛❧❝✉❧é❡ à ♣❛rt✐r ❞❡ 29 ♣♦✐♥ts t❡sts✱ ♦r ❧❡s ❛✉tr❡s
❜♦r♥❡s ✭❇▼❙✱ ❇❍❈❘ ❡t ❧❛ ❇▼❍✮ ♦♥t étés ❝❛❧❝✉❧é❡s ❡♥ ♠❛①✐♠✐s❛♥t s❡✉❧❡♠❡♥t ✶ ♣♦✐♥t t❡st ♣❛r♠✐
29✳ ❈❡❝✐ ❡①♣❧✐q✉❡✱ ♣♦✉rq✉♦✐ ❞❛♥s ❬❚❚✶✵❪ ❧❛ ❇❋❈❘ ❛♣♣❛r❛ît ❝♦♠♠❡ ét❛♥t ♣❧✉s ♣ré❝✐s❡ q✉❡ ❧❡s
❛✉tr❡s ❜♦r♥❡s ❝♦♥tr❛✐r❡♠❡♥t à ❧✬❡①❡♠♣❧❡ tr❛✐té ✐❝✐✳
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❈❤❛♣✐tr❡ ✸

❙❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❡♥ tr❛✐t❡♠❡♥t

❞✬❛♥t❡♥♥❡

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ✭❙❘▲✮✱ ❛✉ss✐ ♥♦♠♠é ♣♦✉✈♦✐r sé♣❛r❛t❡✉r✱ ❝✬❡st✲à✲❞✐r❡✱
❧❛ ❞✐st❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥tr❡ ❞❡✉① s✐❣♥❛✉① ✶ ♣❡r♠❡tt❛♥t ✉♥❡ ❝♦rr❡❝t❡ sé♣❛r❛t✐♦♥✴❡st✐♠❛t✐♦♥ ❞❡s
♣❛r❛♠ètr❡s ❞✬✐♥térêt✱ ❡st ✉♥ s✉❥❡t ❞✬✉♥❡ ✐♠♣♦rt❛♥❝❡ ❝r♦✐ss❛♥t❡ ❡t q✉✐ ✈✐s❡ ❞✐✈❡rs❡s ❛♣♣❧✐❝❛t✐♦♥s
❝♦♠♠❡ ❧❡ r❛❞❛r✱ ❧❡ s♦♥❛r✱ ❧❡ tr❛✐t❡♠❡♥t ❞✬✐♠❛❣❡s✱ ❛♥❛❧②s❡ s♣❡❝tr❛❧❡✱ ❡t❝✳ P♦✉r ❧❛ ❢♦r♠❛t✐♦♥ ❞❡
✈♦✐❡s✱ ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧✬♦✉✈❡rt✉r❡ ❞❡ ❧✬❛♥t❡♥♥❡ ❬❙t❡✼✻❪✳ ❆✐♥s✐✱ ♦♥ ♣❡✉t ❝✐t❡r
❧❛ rés♦❧✉t✐♦♥ ❞❡ ❋♦✉r✐❡r ❡t ❞❡ ❘❛②❧❡✐❣❤ ❞♦♥♥é❡s r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❧❛ ❧❛r❣❡✉r ❞✉ ❧♦❜❡ ♣r✐♥❝✐♣❛❧
❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞✐r❡❝t✐✈✐té ❡t s❛ ❧❛r❣❡✉r à 3 ❞❇ ❬▼❛r✾✽✱❆❜❡✵✻❪✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆✈❡❝ ❧❛ ✈❡♥✉❡
❞❡s ♠ét❤♦❞❡s à ❤❛✉t❡ rés♦❧✉t✐♦♥✱ ❧❡s s❡✉✐❧s ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❞é✜♥✐s ♣❛r ❋♦✉r✐❡r ❡t ❘❛②❧❡✐❣❤ ♦♥t été
r❡♣♦✉ssés✱ ❞✬♦ù ❧❛ ♥é❝❡ss✐té ❞✬✐♥tr♦❞✉✐r❡ ❞❡ ♥♦✉✈❡❛✉① ❝r✐tèr❡s ❞✉ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥
❧✐♠✐t❡✳

❉❛♥s ❧❛ ❧✐ttér❛t✉r❡ ♦♥ ❞é✜♥✐t✴❝❛❧❝✉❧❡ ❧❡ ❙❘▲ ♣r✐♥❝✐♣❛❧❡♠❡♥t s❡❧♦♥ tr♦✐s ❢❛♠✐❧❧❡s ❞❡ ❝r✐tèr❡s
❬❈♦①✼✸✱❑❇✽✻✱▲❡❡✾✷✱▲❡❡✾✹✱❙❉✾✺✱❉✐❧✾✽✱❙♠✐✾✽✱❙▼✵✺❛✱❙♠✐✵✺✱❉❆✵✻✱▲◆✵✼✱❋▲❱✵✽✱❆❲✵✽✱❆❉✵✽✱
❑●✵✾✱❑❇❘▼✶✶❜✱❑❇❘▼✶✶❛✱❱❊❇+✶✶✱❊❇❘▼✶✶❛✱❊❇❘▼✶✶❜❪ ✿

✶✳ ▲❛ ♣r❡♠✐èr❡ ❢❛♠✐❧❧❡ ❡st ❜❛sé❡ s✉r ❧❡ ♣s❡✉❞♦✲s♣❡❝tr❡ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞✬❡st✐♠❛t✐♦♥ ✭✈♦✐r ✜✲
❣✉r❡ ✸✳✶✳✮ ❙✐ ♥♦✉s s✉♣♣♦s♦♥s✱ ♣❛r ❡①❡♠♣❧❡✱ q✉❡ ❞❡✉① s✐❣♥❛✉① s♦♥t ♣❛r❛♠étrés ♣❛r ❧❡s ❞✐✲
r❡❝t✐♦♥s ❞✬❛rr✐✈é❡ ✭❉❉❆✮ θ1 ❡t θ2✱ ❛❧♦rs✱ ❧❡ ❝r✐tèr❡ ❞❡ ❈♦① ❬❈♦①✼✸❪ st✐♣✉❧❡ q✉❡ ❧❡s ❞❡✉①
s✐❣♥❛✉① s♦♥t rés♦❧✉s s✐ ❧❡s ♠♦②❡♥♥❡s ❞❡s ✈❛❧❡✉rs ❞✉ ♣s❡✉❞♦✲s♣❡❝tr❡ ❛✉① ♣♦✐♥ts θ1 ❡t θ2 s♦♥t
✐♥❢ér✐❡✉r❡s à ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣s❡✉❞♦✲s♣❡❝tr❡ ❛✉ ♣♦✐♥t θ1+θ2

2 ✳ ❯♥ s❡❝♦♥❞ ❝r✐tèr❡✱
❜❛sé ❧✉✐ ❛✉ss✐ s✉r ❧❡ ♣s❡✉❞♦✲s♣❡❝tr❡✱ ❛ été ♣r♦♣♦sé ♣❛r ❙❤❛r♠❛♥ ❡t ❉✉rr❛♥✐ ❬❙❉✾✺❪ ❡t st✐♣✉❧❡
q✉❡ ❧❡s ❞❡✉① s✐❣♥❛✉① s♦♥t rés♦❧✉s s✐ ❧❛ ❞ér✐✈é❡ s❡❝♦♥❞❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ♣s❡✉❞♦✲s♣❡❝tr❡ ❛✉
♣♦✐♥t θ1+θ2

2 ❡st ♥é❣❛t✐✈❡✳
❆ ♥♦t❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣r♦❝❤❡ ❞✐t❡ st♦❝❤❛st✐q✉❡ ♣♦✉r ❧❛q✉❡❧❧❡ ♦♥ ❞é✜♥✐r❛ ✉♥❡ ♣r♦❜❛❜✐❧✐té
❞❡ rés♦❧✉t✐♦♥✳ ❈❡❧❧❡✲❝✐ ❛ été ♣❡✉ ét✉❞✐é❡ ❡♥ r❛✐s♦♥ ❞❡ s❛ ❞✐✣❝✉❧té ❬▲❲✾✵❪✳
❖♥ r❡♠❛rq✉❡ ❜✐❡♥ q✉❡ ❝❡tt❡ ❢❛♠✐❧❧❡ ❞❡ ❝r✐tèr❡s ❡st s♣é❝✐✜q✉❡ ❛✉① ❛❧❣♦r✐t❤♠❡s ✉t✐❧✐sés✳ P♦✉r
♣❧✉s ❞✬❡①❡♠♣❧❡s✱ ❧❡ ❧❡❝t❡✉r ♣♦✉rr❛ s❡ ré❢ér❡r ❛✉① ré❢ér❡♥❝❡s s✉✐✈❛♥t❡s ❬❈♦①✼✸✱❑❇✽✻✱❙❉✾✺✱
❆❉✵✽❪✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♣rés❡♥t❡r♦♥s ❞❡✉① ❛✉tr❡s ❢❛♠✐❧❧❡s ❞❡ ❝r✐tèr❡s ✈❛❧❛❜❧❡s ♣♦✉r t♦✉t
t②♣❡ ❞✬❛❧❣♦r✐t❤♠❡✳

✶✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❛ ♥♦t✐♦♥ ❞❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① s✐❣♥❛✉① ❝♦rr❡s♣♦♥❞ à ❧❛ ♠étr✐q✉❡ (d, C)✱ t❡❧ q✉❡ d : C×C → R

♦ù d ❡t C r❡♣rés❡♥t❡♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ ▼✐♥❦♦✇s❦✐ ❡t ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt ❞❡s s✐❣♥❛✉① ✭♣❛r ❡①❡♠♣❧❡✱
❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① ❢réq✉❡♥❝❡s ❡♥ ❛♥❛❧②s❡ s♣❡❝tr❛❧❡✱ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① ❞✐r❡❝t✐♦♥s ❞✬❛rr✐✈é❡s ❡♥ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡
s♦✉r❝❡s✱ ❡t❝ ✳✳✳✮✱ r❡s♣❡❝t✐✈❡♠❡♥t✳

✷✸
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✷✳ ▲❛ s❡❝♦♥❞❡ ❢❛♠✐❧❧❡ ❡st ❜❛sé❡ s✉r ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❜✐♥❛✐r❡ ❬❙▼✵✺❛✱▲◆✵✼✱❆❲✵✽❪✳ ▲✬✐❞é❡
♣r✐♥❝✐♣❛❧❡ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❝❡s t❡sts ❞✬❤②♣♦t❤ès❡s ♣♦✉r ❞é❝✐❞❡r s✐ ✉♥ ♦✉ ❞❡✉① s✐❣♥❛✉① s♦♥t
♣rés❡♥ts✳ ▲❡ ❜✉t ❡st ❛❧♦rs ❞❡ r❡❧✐❡r ❧❛ ❞✐st❛♥❝❡ ♠✐♥✐♠❛❧❡ ✭❡♥tr❡ ❧❡s ❞❡✉① s✐❣♥❛✉① ♣♦✉r ✉♥
r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ❞♦♥♥é✮ à ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❢❛✉ss❡ ❛❧❛r♠❡ Pfa ❡t✴♦✉ à ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡
❞ét❡❝t✐♦♥ Pd✳ ❆✐♥s✐✱ ❞❛♥s ❬❙▼✵✺❛❪✱ ❙❤❛r♠❛♥ ❡t ▼✐❧❛♥❢❛r ♦♥t ❝♦♥s✐❞éré ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❝❛❧❝✉❧
❞✉ ❙❘▲ ❡♥ ❛♥❛❧②s❡ s♣❡❝tr❛❧❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❡st ❞✉ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✭❚❘❱✮✳ P❛r
❝♦♥séq✉❡♥t✱ ❧❡s ❛✉t❡✉rs ♦♥t ❝❛❧❝✉❧é ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❙❘▲ ♣♦✉r ✉♥❡ Pfa ❡t ✉♥❡ Pd ❞♦♥♥é❡s✳
❉❛♥s ❬▲◆✵✼❪✱ ▲✐✉ ❡t ◆❡❤♦r❛✐ ♦♥t ❞é✜♥✐ ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❛♥❣✉❧❛✐r❡ ✭❝✬❡st✲à✲❞✐r❡✱
❧❡ ❙❘▲ ♣❛r r❛♣♣♦rt ❛✉① ❉❉❆✮ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❚❘❱ ❞❛♥s s❛ ❢♦r♠❡ ❛s②♠♣t♦t✐q✉❡ ❡♥ t❡r♠❡
❞❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳ ❆ ❝❡t ❡✛❡t✱ ❧❡s ❛✉t❡✉rs ♦♥t r❡❧✐é ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❙❘▲ à ❧❛ ❜♦r♥❡
❞❡ ❈r❛♠ér✲❘❛♦✳ ❊♥✜♥✱ ♦♥ ♣❡✉t tr♦✉✈❡r ❞❛♥s ❬❆❲✵✽❪ ❧❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲ ♣❛r r❛♣♣♦rt ❛✉①
❢réq✉❡♥❝❡s ♣♦✉r ❞❡s s✐♥✉s♦ï❞❡s ❝♦♠♣❧❡①❡s ❡♥ ✉t✐❧✐s❛♥t✱ ❝❡tt❡ ❢♦✐s ❝✐✱ ❧✬❛♣♣r♦❝❤❡ ❇❛②és✐❡♥♥❡✳

✸✳ ▲❛ tr♦✐s✐è♠❡ ❢❛♠✐❧❧❡ ❡st ❜❛sé❡ s✉r ❧❛ ♣ré❝✐s✐♦♥ ❞✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❡♥ t❡r♠❡ ❞❡ ✈❛✲
r✐❛♥❝❡ ❬▲❡❡✾✷✱▲▲✾✸✱▲❡❡✾✹✱❙♠✐✾✽✱❉✐❧✾✽✱❙♠✐✵✺✱❊❇❘▼✶✵❜✱❑❇❘▼✶✶❜✱❑❇❘▼✶✶❛❪✳ P✉✐sq✉❡
❧❛ ❇❈❘ ❡st ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✱ ❡❧❧❡ ❡①♣r✐♠❡ ❛✐♥s✐ ❧❡s
♣❡r❢♦r♠❛♥❝❡s ✉❧t✐♠❡s ❡♥ t❡r♠❡ ❞✬❡st✐♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❡❧❧❡ ♣❡✉t êtr❡
✉t✐❧✐sé❡ ♣♦✉r ❞é✜♥✐r✴♦❜t❡♥✐r ❧❡ ❙❘▲✳ ❉❡ ❝❡ ❢❛✐t✱ ♦♥ ❞✐st✐♥❣✉❡ ❞❡✉① ❝r✐tèr❡s ✐♥t✉✐t✐❢s ❞✉ ❙❘▲
❜❛sés s✉r ❧❛ ❇❈❘ ✿

✐✮ ▲❡ ♣r❡♠✐❡r ❝r✐tèr❡ ❛ été ✐♥tr♦❞✉✐t ♣❛r ▲❡❡ ❡♥ ✶✾✾✷ ❬▲❡❡✾✷❪✳ ❉❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ tr❛✐t❡✲
♠❡♥t ❞✬❛♥t❡♥♥❡✱ ✐❧ st✐♣✉❧❡ q✉❡ ❞❡✉① s✐❣♥❛✉① s♦♥t ❝♦rr❡❝t❡♠❡♥t rés♦❧✉s ♣❛r r❛♣♣♦rt ❛✉①
❉❉❆✱ s✐ ❧✬é❝❛rt t②♣❡ ♠❛①✐♠❛❧❡ ❡st ✐♥❢ér✐❡✉r❡ à ❛✉ ♠♦✐♥s ❞❡✉① ❢♦✐s ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ θ1
❡t θ2✳ ❆✐♥s✐✱ ❡t s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❞❡ ré❣✉❧❛r✐té ❬▲❡❤✽✸❪✱ ❧❡s é❝❛rts t②♣❡s σθ̂1 ❡t

σθ̂2 ✱ ❞✬✉♥ ❡st✐♠❛t❡✉r ♥♦♥ ❜✐❛✐sé θ̂ = [θ̂1 θ̂2]
T ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦①✐♠é❡s ♣❛r

√

❇❈❘(θ1)

❡t
√

❇❈❘(θ2)✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❙❘▲ ❡st✱ s❡❧♦♥ ❧❡ ❝r✐tèr❡ ❞❡ ▲❡❡✱ é❣❛❧

à 2♠❛①
{√

❇❈❘(θ1),
√

❇❈❘(θ2)
}

✳ P♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s s❡ ❜❛s❛♥t s✉r ❧❡ ❝r✐tèr❡ ❞❡

▲❡❡✱ ❧❡ ❧❡❝t❡✉r ♣♦✉rr❛ s❡ ré❢ér❡r à ❬▲❡❡✾✷✱▲❡❡✾✹✱❉✐❧✾✽❪✳

✐✐✮ ❖♥ ♣❡✉t ♥♦t❡r q✉❡ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ♣❛r❛♠ètr❡s ❡st ✐❣♥♦ré ♣❛r ❝❡ ❞❡r♥✐❡r ❝r✐tèr❡
✭❝✬❡st✲à✲❞✐r❡✱ ❛❜s❡♥❝❡ ❞✉ t❡r♠❡ ❝r♦✐sé ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡ ❈r❛♠èr✲❘❛♦ ❇❈❘(θ1, θ2)✮✳
❈✬❡st ♣♦✉r ❝❡❧❛ q✉❡ ❙♠✐t❤ ❬❙♠✐✾✽✱ ❙♠✐✵✺❪ ❛ ✐♥tr♦❞✉✐t ✉♥ ❝r✐tèr❡ q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡
❝❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt✳ ❈❡ ❝r✐tèr❡ ❡st ❞♦♥♥é ❝♦♠♠❡ s✉✐t ✿ ❞❡✉①
s✐❣♥❛✉① s♦♥t rés♦❧✉s ♣❛r r❛♣♣♦rt ❛✉① ❉❉❆ s✐ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❉❉❆✱ δ✱ ❡st ♣❧✉s
❣r❛♥❞❡ q✉❡ ❧✬é❝❛rt t②♣❡ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❝❡s ❉❉❆✳ ▲✬é❝❛rt t②♣❡ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é❡
♣❛r ❧❛ ❇❈❘ ✭s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❞❡ ré❣✉❧❛r✐té✳✮ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❙❘▲ ❛✉ s❡♥s
❞❡ ❙♠✐t❤ ♣❡✉t êtr❡ ❞é✜♥✐ ❝♦♠♠❡ ét❛♥t δ = |θ1 − θ2| ♣♦✉r ❧❡q✉❡❧ ❧✬✐♥é❣❛❧✐té s✉✐✈❛♥t❡

δ <
√

❇❈❘ (δ)

❡st ❛tt❡✐♥t❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❙❘▲ ❡st ❞♦♥♥é ♣❛r ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡

δ2 = ❇❈❘ (δ) .

❉❛♥s ❬❙♠✐✾✽✱❙♠✐✵✺❪✱ ❙♠✐t❤ ❛ ❝❛❧❝✉❧é ❧❡ ❙❘▲ ✭❡♥ t❡r♠❡ ❞❡s ❉❉❆✮ ♣♦✉r ❞❡✉① s✐❣♥❛✉①
♠♦❞é❧✐sés ♣❛r ❞❡s ♣ô❧❡s ❝♦♠♣❧❡①❡s✳ ❉❛♥s ❬❉❆✵✻❪✱ ❉❡❧♠❛s ❡t ❆❜❡✐❞❛ ♦♥t ❝❛❧❝✉❧é ❧❡
❙❘▲ ❡♥ t❡r♠❡ ❞❡ ❉❉❆ s✉✐✈❛♥t ❧❡ ❝r✐tèr❡ ❞❡ ❙♠✐t❤ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ❞✐s❝r❡ts
♠♦❞✉❧és ❡♥ ❇P❙❑ ✭❜✐♥❛r② ♣❤❛s❡✲s❤✐❢t ❦❡②✐♥❣✮✱ ◗P❙❑ ✭q✉❛❞r❛t✉r❡ ♣❤❛s❡✲s❤✐❢t ❦❡②✐♥❣✮
❡t ▼❙❑ ✭♠✐♥✐♠✉♠✲s❤✐❢t ❦❡②✐♥❣✳✮

❖♥ ♥♦t❡r❛ q✉❡ ❧❡ ❙❘▲ ❜❛sé s✉r ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ✭❝✬❡st✲à✲❞✐r❡✱ ❜❛sé s✉r ❧❛ ❇❈❘✮
❡st ✉♥ ❝♦♥❝❡♣t ✐♥t✉✐t✐❢✳ ❉❛♥s ❬▲◆✵✼❪✱ ❧❡s ❛✉t❡✉rs ♦♥t r❡❧✐é ❧❡ ❙❘▲ ❜❛sé s✉r ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s à



✸✳✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ✷✺

❋✐❣✉r❡ ✸✳✶ ✕ ■❧❧✉str❛t✐♦♥ ❞✉ ❝❛s s♦✉r❝❡s rés♦❧✉❡s ❡t s♦✉r❝❡s ♥♦♥ rés♦❧✉❡s à ❧✬❛✐❞❡ ❞✬✉♥ ♣s❡✉❞♦✲
s♣❡❝tr❡ ❞✬❛❧❣♦r✐t❤♠❡ ❞✬❡st✐♠❛t✐♦♥✳

❝❡❧✉✐ ❜❛sé s✉r ❧❛ ❇❈❘ ✭♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❝❡❧✉✐ ❜❛sé s✉r ❧❡ ❝r✐tèr❡ ❞❡ ❙♠✐t❤✮✳ ❆✐♥s✐✱ ❡t ♣♦✉r ✉♥
❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✱ ❧❡s ❛✉t❡✉rs ♦♥t ♠♦♥tré q✉❡ ❧❡ ❙❘▲ ❜❛sé s✉r ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s
❜✐♥❛✐r❡ ♣❡✉t êtr❡ é❝r✐t ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ❬▲◆✵✼✱ ❡q✳ ✾❪

δ2 = λ ❇❈❘ (δ) ,

♦ù λ ❡st ✉♥ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ ❡①♣r✐♠é ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Pfa ❡t Pd✳

❆ ♥♦t❡r q✉✬✐❧ ❡①✐st❡ ❞❡✉① ❛✉tr❡s ❝r✐tèr❡s ♠♦✐♥s ✉t✐❧✐sés ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ▲❡ ♣r❡♠✐❡r ❡st
❜❛sé s✉r ❧❡ ❝r✐tèr❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞✬❆❦❛✐❦❡ ✭❈■❆✮✳ ❉❛♥s ❬❙❙❙✾✺❪ ❧❡s ❛✉t❡✉rs ♦♥t r❡❧✐é ❧❛ ❢♦♥❝t✐♦♥
r❡❧❛t✐✈❡ ❛✉ ❈■❆ à ❧❛ sé♣❛r❛t✐♦♥ δ✳ ❯♥ ❛✉tr❡ ❝r✐tèr❡ ❡st ❜❛sé s✉r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ❧❡♠♠❡ ❞❡ ❙t❡✐♥
♣❡r♠❡tt❛♥t ❛✐♥s✐ ❞❡ r❡❧✐❡r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r à ❧❛ sé♣❛r❛t✐♦♥ δ ❬❱❊❇+✶✶❪

▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré❡ ❛✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s
♣♦❧❛r✐sé❡s ✭✈♦✐r✱ s❡❝t✐♦♥ ✸✳✷✳✶✮ ❡t ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s
✭✈♦✐r✱ s❡❝t✐♦♥ ✸✳✷✳✷✮ q✉✐ s♦♥t ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♣♦✉r ❧❡sq✉❡❧❧❡s ❛✉❝✉♥ rés✉❧t❛t ♥✬ét❛✐t ❞✐s♣♦♥✐❜❧❡
❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ◆♦tr❡ ❜✉t ✐♥✐t✐❛❧ ét❛✐t ❞❡ ❝♦♥t✐♥✉❡r ❧✬ét✉❞❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ♣r♦♣♦sé❡ ❛✉
❝❤❛♣t✐r❡ ✷✱ à s❛✈♦✐r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣s ♣r♦❝❤❡✳ ▲♦rs ❞✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲ ❞❛♥s ❧❡
❝♦♥t❡①t❡ ❝❤❛♠♣ ♣r♦❝❤❡ ✭❝✬❡st✲à✲❞✐r❡✱ ❞❡✉① ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♣❛r s♦✉r❝❡ q✉✐ s♦♥t ❧❛ ❞✐st❛♥❝❡ ❡t
❧❛ ❉❉❆✮✱ ♥♦✉s ❛✈♦♥s ❝♦♥st❛té q✉❡ t♦✉s ❧❡s ❝r✐tèr❡s s✉s♠❡♥t✐♦♥♥és ♦♥t été ✐♥tr♦❞✉✐ts ❞❛♥s ❧❡ ❝❛s
❞✬✉♥ s❡✉❧ ♣❛r❛♠ètr❡ ❞✬✐♥térêt ♣❛r s✐❣♥❛❧✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s ❞✬❡st✐♠❛t✐♦♥✱ ❧❡s
s✐❣♥❛✉① s♦♥t ♣❛r❛♠étrés ♣❛r ♣❧✉s ❞✬✉♥ ♣❛r❛♠ètr❡ ❞✬✐♥térêt ♣❛r s✐❣♥❛❧✳ ❖♥ ♣❡✉t ❝✐t❡r ❧❡s ♣r♦❜❧è♠❡s
❧✐és ❛✉ ❝❛s ▼✉❧t✐♣❧❡✲■♥♣✉t ▼✉❧t✐♣❧❡✲❖✉t♣✉t ✭▼■▼❖✮ ❬●♦❞✾✼✱❚❍▲+✵✶✱●❙✵✺✱❙❚❲❚✵✻✱◆❙✵✾❪ ♦✉
❞❛♥s ❧❡ ❝❛❞r❡ ❣é♥ér❛❧ ❞❡s ♣r♦❜❧è♠❡s ❞✬❤❛r♠♦♥✐q✉❡s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❬❏❙t❇✵✶✱ ▼❙P▼✵✹❪✱
❡t❝✳ ❆ ❝❡t ❡✛❡t✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥ ❝r✐tèr❡ ❞✉ ❙❘▲ ♣♦✉r ❞❡s s✐❣♥❛✉①
♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s✱ ♥♦♠♠é ❙❘▲▼✳ ❆✐♥s✐ q✉❡ ❧❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼ ♣♦✉r ❧❡s ♠♦❞è❧❡s s✉✐✈❛♥ts ✿
♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✱ ❧❡ r❛❞❛r ▼■▼❖ ♠❛✐s ❛✉ss✐ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥
❝❤❛♠♣ ♣r♦❝❤❡✳
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✸✳✷ ❙❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s s✐❣♥❛✉① ♠♦♥♦❞✐♠❡♥s✐♦♥✲

♥❡❧s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t❡r♦♥s ❞❡✉① ❡①❡♠♣❧❡s ❛♣♣❧✐❝❛t✐❢s ❞✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲ ♣♦✉r ❞❡s
s✐❣♥❛✉① ♠♦♥♦❞✐♠❡♥s✐♦♥❡❧s✱ ❝✬❡st✲à✲❞✐r❡✱ ❞❡s s✐❣♥❛✉① ❝♦♠♣♦rt❛♥t ✉♥ s❡✉❧ ♣❛r❛♠ètr❡ ❞✬✐♥térêt ♣❛r
s♦✉r❝❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✶✱ ♥♦✉s ❛❧❧♦♥s t♦✉t ❞✬❛❜♦r❞ ét✉❞✐❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡
s♦✉r❝❡s ♣♦❧❛r✐sé❡s s✐t✉é❡s ❞❛♥s ❧❡ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✳ P✉✐s✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✷✱ ♥♦✉s ♣rés❡♥t❡r♦♥s
✉♥ rés✉❧t❛t ❞✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❡♥
♣rés❡♥❝❡ ❞✬✐♥t❡r❢ér❡♥❝❡s str✉❝t✉ré❡s✳

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ♥❡ ❝✐t❡r♦♥s q✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts✳ ▲❡ ❧❡❝t❡✉r tr♦✉✈❡r❛ ❧❡s ❞ét❛✐❧s
❝❛❧❝✉❧❛t♦✐r❡s ❛✐♥s✐ q✉✬✉♥❡ ❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❡t ♥✉♠ér✐q✉❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ ❞❛♥s ❧✬❆♥♥❡①❡ ❇✳✶
✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ♦❢ t❤❡ ❯♥✐❢♦r♠
▲✐♥❡❛r ❈♦❝❡♥t❡r❡❞ ❖rt❤♦❣♦♥❛❧ ▲♦♦♣ ❛♥❞ ❉✐♣♦❧❡ ❆rr❛②✧✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱
❱♦❧✉♠❡ ✿ ✺✾✱ ■ss✉❡ ✿ ✶✱ ❏❛♥ ✷✵✶✶✱ ♣♣✳ ✹✷✺✲✹✸✶✮ ❡t ❧✬❆♥♥❡①❡ ❇✳✷ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳
❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❖♥ t❤❡ ❙t❛t✐st✐❝❛❧ ❘❡s♦❧✈❛❜✐❧✐t② ❖❢ P♦✐♥t ❙♦✉r❝❡s ✐♥ ❙✉❜s♣❛❝❡ ■♥t❡r❢❡r❡♥❝❡
❯s✐♥❣ ❛ ●▲❘❚✲❇❛s❡❞ ❋r❛♠❡✇♦r❦✧✱ s♦✉♠✐s à ❊❧s❡✈✐❡r ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✮✳

✸✳✷✳✶ ❙❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ♣♦❧❛r✐sé❡s

▼♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s

❈♦♥s✐❞ér♦♥s ✉♥❡ ❛♥t❡♥♥❡ ❧✐♥é❛✐r❡ ✉♥✐❢♦r♠❡ ❞❡ t②♣❡ ❈❖▲❉ ✭❝♦❝❡♥t❡r❡❞ ♦rt❤♦❣♦♥❛❧ ❧♦♦♣ ❛♥❞
❞✐♣♦❧❡ ❛rr❛②✮ ♥♦té❡ ❆▲❯✲❈❖▲❉ ❝♦♠♣♦sé❡ ❞❡ N ❝❛♣t❡✉rs ❀ ♦ù ❝❤❛q✉❡ ❝❛♣t❡✉r ❡st ❢♦r♠é ❞✬✉♥❡
❜♦✉❝❧❡ ❡t ❞✬✉♥ ❞✐♣ô❧❡✳ ❈❡tt❡ ❆▲❯✲❈❖▲❉ r❡ç♦✐t ❞❡✉① s✐❣♥❛✉① ♣r♦✈❡♥❛♥t ❞❡ ❞❡✉① s♦✉r❝❡s é♠❡t✲
tr✐❝❡s✳ ▲❡ s✐❣♥❛❧ ♦❜s❡r✈é ♣❛r ❧❡ ℓème ❝❛♣t❡✉r à ❧❛ tème ♦❜s❡r✈❛t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ❬▲❈✾✶✱▲❙❩✾✻❪

yℓ(t) =
[
y❜(t) y❞(t)

]T
=

2∑

m=1

αm(t)ume
jℓωm + vℓ(t), ✭✸✳✶✮

♦ù ℓ = 0 . . . N − 1 ❡t t = 1 . . . T ❛✈❡❝ T r❡♣rés❡♥t❛♥t ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✳ ◆♦t♦♥s ωm =
2π
λ d sin(θm) ❧✬❛♥❣❧❡ é❧❡❝tr✐q✉❡ ♦ù θm✱ d ❡t λ r❡♣rés❡♥t❡♥t ❧✬❛③✐♠✉t ❞❡ ❧❛mème s♦✉r❝❡✱ ❧✬❡s♣❛❝❡♠❡♥t
✐♥t❡r✲❝❛♣t❡✉r ❡t ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s ❞❡✉① s✐❣♥❛✉① s♦✉r❝❡s s♦♥t ♠♦❞é❧✐sés ♣❛r
αm(t) = ame

j(2πf0t+φm(t)) ♦ù am ❡st ❧✬❛♠♣❧✐t✉❞❡ ❞✉ s✐❣♥❛❧ ✭♥♦♥ ♥✉❧❧❡✮✱ φm(t) ❧❛ ♣❤❛s❡ ❞✉ s✐❣♥❛❧ ❡t

f0 ❧❛ ❢réq✉❡♥❝❡ ♣♦rt❡✉s❡ ❞✉ s✐❣♥❛❧✳ ▲❡ ❜r✉✐t ❛❞❞✐t✐❢ s❡r❛ ♥♦té vℓ(t) =
[
v❜(t) v❞(t)

]T
✳ ▲❡ ✈❡❝t❡✉r

❞❡ ♣♦❧❛r✐s❛t✐♦♥ um ❡st ❞♦♥♥é ♣❛r

um =

[
2jπAsl

λ cos(ρm)
−Lsd sin(ρm)ejψm

]

, ✭✸✳✷✮

♦ù ρm ∈ [0, π/2] ❡t ψm ∈ [−π, π] s♦♥t ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♣♦❧❛r✐s❛t✐♦♥✳
P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ❢♦r♠❡ ✈❡❝t♦r✐❡❧❧❡ ❞✉ ♠♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s à ❧❛ tème ♦❜s❡r✈❛t✐♦♥ ❡st

❞♦♥♥é ♣❛r ✿

y(t) =
[
yT0 (t) . . . yTN−1(t)

]T
=

2∑

m=1

Am(t)am +
[
vT0 (t) . . . vTN−1(t)

]T
, ✭✸✳✸✮

♦ùAm(t) = IL⊗(αm(t)um)✳ ▲❡ ✈❡❝t❡✉r ❞✐r❡❝t✐♦♥♥❡❧ ❡st ❞é✜♥✐ ♣❛r am =
[
1 ejωm . . . ej(N−1)ωm

]T
✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❢❡r♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿
✕ ▲❡ ❜r✉✐t ❡st s✉♣♣♦sé ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡ ❜❧❛♥❝ ●❛✉ss✐❡♥ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ✈❛r✐❛♥❝❡
✐♥❝♦♥♥✉❡ σ2✳
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✕ ▲❡s s✐❣♥❛✉① s♦✉r❝❡s s♦♥t s✉♣♣♦sés ❝♦♥♥✉s ✷ ❡t ❞ét❡r♠✐♥✐st❡s ❬▲❈✾✸✱▲❍❙❱✾✺✱❈▼✾✼✱❘❡♥✵✼❪✳
▲❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s ❡st ❛❧♦rs ❞♦♥♥é ♣❛r ξ = [ω1 ω2 σ

2]T ✳
✕ ❆✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ❝❛❧❝✉❧s✱ ❡t s❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♦♥ s✉♣♣♦s❡r❛ Lsd = 2πAsl

λ = 1
❬▲❙❩✾✻❪ ❡t w1 > w2✳

❆♣rès ❝❛❧❝✉❧ ✭❛♣♣❧✐❝❛t✐♦♥ ❞❡ ✭✷✳✻✮ ♣✉✐s ✐♥✈❡rs✐♦♥ ❞❡ ❧❛ ▼■❋✮✱ ♦♥ tr♦✉✈❡ ✿

❇❈❘(ω1) =
σ2

2N

a22α

a21a
2
2α

2 −ℜ2{rTuH1 u2η}
, ✭✸✳✹✮

❇❈❘(ω2) =
σ2

2N

a21α

a21a
2
2α

2 −ℜ2{rTuH1 u2η}
, ✭✸✳✺✮

❇❈❘(ω1, ω2) = − σ2

2N

ℜ{rTuH1 u2η}
a21a

2
2α

2 −ℜ2{rTuH1 u2η}
. ✭✸✳✻✮

♦ù α = 1
6(N − 1)N(2N − 1)✱ rT = 1

T

∑T
t=1 α

∗
1(t)α2(t) ❡t

η =
L−1∑

ℓ=0

ℓ2e−j(ω1−ω2)ℓ =

L−1∑

ℓ=0

ℓ2e−js❣♥(ω1−ω2)δ
(COLD)
ω ℓ,

❛✈❡❝ δ(COLD)
ω = ω1 − ω2✳

❈❛❧❝✉❧ ❞✉ ❙❘▲

◆♦t♦♥s δ(COLD)
ω ❧❡ ❙❘▲ ❛ss♦❝✐é ❛✉ ♠♦❞è❧❡ ✭✸✳✸✮ q✉✐ ❡st ❞♦♥♥é ♣❛r ❧❡ ❝r✐tèr❡ ❞❡ ❙♠✐t❤ ❬❙♠✐✵✺❪

❝♦♠♠❡ s✉✐t ✿

δ(COLD)
ω =

√

❇❈❘(δ(COLD)
ω ) ⇐⇒ f(δ(COLD)

ω ) =
(
a21 + a22

)
α, ✭✸✳✼✮

♦ù ❞❛♥s ♥♦tr❡ ❝❛s f(δ(COLD)
ω ) = 2

σ2T 2

(
a21a

2
2α

2 −ℜ2{rTuH1 u2η}
)
((

δ
(COLD)
ω

)2
+ 2❇❈❘(ω1, ω2)

)

❡t
❇❈❘(δ(COLD)

ω ) = ❇❈❘(ω1) + ❇❈❘(ω2)− 2❇❈❘(ω1, ω2). ✭✸✳✽✮

P❛r ❝♦♥séq✉❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ✭✸✳✹✲✸✳✻✮ ❡t ❛♣rès ❝❛❧❝✉❧ ♦♥ ♦❜t✐❡♥t ✿

✐✮ ▲❡ ❙❘▲✱ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✐♠♣❧✐❝✐t❡ ✭✸✳✼✮✱ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ♦rt❤♦❣♦♥❛✉① ✭❝✬❡st✲
à✲❞✐r❡✱ rT = 1

T

∑T
t=1 α

∗
1(t)α2(t) = 0 ❬▲❈✾✸❪✮✱ ❡st ❞♦♥♥é ♣❛r

δ(COLD−O)
ω =

σ√
2Tα

√

a21 + a22
a21a

2
2

. ✭✸✳✾✮

❊♥✜♥✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❞❡✉① s✐❣♥❛✉① s♦✉r❝❡s ❛②❛♥t ❧❛ ♠ê♠❡ ♣✉✐ss❛♥❝❡ ✭❝✬❡st✲à✲❞✐r❡✱ a1 =
a2 = a✮✱ ♦♥ ♦❜t✐❡♥t

δ(COLD−O)
ω =

1√
Tα❘❙❇

, ✭✸✳✶✵✮

♦ù ❘❙❇ = a2/σ2✳ ❈❡ rés✉❧t❛t ❡st q✉❛❧✐t❛t✐✈❡♠❡♥t éq✉✐✈❛❧❡♥t à ❝❡❧✉✐ tr♦✉✈é ❞❛♥s ❬❉❆✵✻✱
❆❲✵✽❪ ♣♦✉r ❞❡s s♦✉r❝❡s ♥♦♥ ♣♦❧❛r✐sé❡s✳

✷✳ ▲❡ ❧❡❝t❡✉r ♥♦t❡r❛ q✉❡ ❧❡ ❙❘▲ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ❝♦♥♥✉s ❡st s❡♥s✐❜❧❡♠❡♥t é❣❛❧ à ❝❡❧✉✐ ❞❡s s✐❣♥❛✉①
s♦✉r❝❡s ✐♥❝♦♥♥✉❡s✱ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s ✈♦✐r ❧✬❆♥♥❡①❡ ❇✳✶✳
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❋✐❣✉r❡ ✸✳✷ ✕ ▲❡ ❙❘▲ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ σ2 ♣♦✉r T = 100 ♦❜s❡r✈❛t✐♦♥s ✿ ▲❡ ❙❘▲ ❜❛sé s✉r ❧✬éq✉❛✲
t✐♦♥ ✭✸✳✶✶✮ ❡t ✭✸✳✶✷✮ ❡st s❡♥s✐❜❧❡♠❡♥t é❣❛❧ à ❧❛ s♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❡①❛❝t❡ ❜❛sé❡ s✉r ✭✸✳✼✮✳
❈❡❝✐ ✈❛❧✐❞❡ ♥♦s ❡①♣r❡ss✐♦♥s ❞✉ ❙❘▲✳ ❉❡ ♣❧✉s✱ ♦♥ ♥♦t❡ q✉❡✱ ♣❛r ❡①❡♠♣❧❡✱ ♣♦✉r Pd = 0.37 ❡t
Pfa = 0.1✱ ❧❡ ❙❘▲ ❜❛sé s✉r ❧❡ ❝r✐tèr❡ ❞❡ ❙♠✐t❤ ❡st s❡♥s✐❜❧❡♠❡♥t é❣❛❧ ❛✉ ❙❘▲ ❝❛❧❝✉❧é ❡♥ ✉t✐❧✐s❛♥t
❧❡ t❡st ❞✬❤②♣♦t❤ès❡ ✭✈♦✐r ❆♥♥❡①❡ ❇✳✶✮✳ ▲❡s ❝♦✉r❜❡s ❝♦rr❡s♣♦♥❞❛♥t à (Pd, Pfa) = (0.49, 0.3) ❡t
(Pd, Pfa) = (0.32, 0.1)✱ ♥♦✉s ♠♦♥tr❡♥t ❧✬✐♥✢✉❡♥❝❡ ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ s✉r ❧❡ ❙❘▲✳

✐✐✮ ▲❡ ❙❘▲✱ s♦❧✉t✐♦♥ ✐♠♣❧✐❝✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✼✮ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ♥♦♥✲♦rt❤♦❣♦♥❛✉①
✭❝✬❡st✲à✲❞✐r❡✱ rT 6= 0✮✱ ❡st ❞♦♥♥é ♣❛r ✿

δ(COLD)
ω =

α

√
√
√
√
√
a21a

2
2 −ℜ2{rTuH1 u2}
2βℑ{rTuH1 u2}



1−
√

1− 2σ2βℑ{rTuH1 u2}
αT

(
(
a21 + a22

)
+ 2ℜ{rTuH1 u2})

(ℜ2{rTuH1 u2} − a21a
2
2)

2



,

✭✸✳✶✶✮

♦ù β =
∑N−1

ℓ=0 ℓ3 = 1
4(N − 1)2N2✳ P♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ✭✈♦✐r✱ ❋✐❣✳ ✸✳✷✮✱

♦♥ ♣❡✉t ❡①♣r✐♠❡r ❧❡ ❙❘▲ ♣❛r

δ(COLD)
ω =

σ√
2Tα

√

a21 + a22 + 2ℜ{rTuH1 u2}
a21a

2
2 −ℜ2{rTuH1 u2}

. ✭✸✳✶✷✮

❘❡♠❛rq✉♦♥s✱ q✉❡ ❞❛♥s ❝❡ ❝❛s✱ ❧❡ ❙❘▲ ❡st ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣♦❧❛r✐s❛t✐♦♥✳ ❉❡ ♣❧✉s✱
❞❛♥s ❧❡ ❝❛s ❞❡ s✐❣♥❛✉① s♦✉r❝❡s ❛②❛♥t ❧❛ ♠ê♠❡ ♣✉✐ss❛♥❝❡✱ ♦♥ ♦❜t✐❡♥t ✿

δ(COLD)
ω =

1√
Tα❘❙❇

√

1 + ℜ{r̃TuH1 u2}
1−ℜ2{r̃TuH1 u2}

, ✭✸✳✶✸✮

♦ù r̃T = 1
T

∑T
t=1 e

j(φ2(t)−φ1(t))✳

❆♥❛❧②s❡s ♥✉♠ér✐q✉❡s

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ❛❧❧♦♥s ❝♦♠♣❛r❡r ❧❡ ❙❘▲ ♣♦✉r ❞❡s s♦✉r❝❡s ♣♦❧❛r✐sé❡s à ❝❡❧✉✐ ❞❡s s♦✉r❝❡s
♥♦♥✲♣♦❧❛r✐sé❡s✳ P❛r ✉♥ ❝❛❧❝✉❧ ❛♥❛❧♦❣✉❡ à ❝❡❧✉✐ ❞❡ ❧❛ s❡❝t✐♦♥ ✸✳✷✳✶✱ ♦♥ ♦❜t✐❡♥t ❧❡ ❙❘▲ ♣♦✉r ❞❡s
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s♦✉r❝❡s ♥♦♥✲♣♦❧❛r✐sé❡s ✿

δ(ALU)
ω =

σ√
2Tα

√

a21 + a22 + 2ℜ{rT }
a21a

2
2 −ℜ2{rT }

. ✭✸✳✶✹✮

✐✮ ❖♥ r❡♠❛rq✉❡ ❞✬❛♣rès ✭✸✳✾✮ ❡t ✭✸✳✶✹✮ q✉❡ ❧❡ ❙❘▲ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ♦rt❤♦❣♦♥❛✉① ✭❝✬❡st✲
à✲❞✐r❡ rT = 0 ❬▲❈✾✸❪✮ ❡t ♣♦❧❛r✐sé❡s ❡st é❣❛❧❡ ❛✉ ❙❘▲ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ♦rt❤♦❣♦♥❛✉①
♥♦♥✲♣♦❧❛r✐sé❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ♣♦❧❛r✐s❛t✐♦♥ ♥✬❛♣♣♦rt❡ ❛✉❝✉♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞✉ ❙❘▲ ♣♦✉r
❞❡s s✐❣♥❛✉① s♦✉r❝❡s ♦rt❤♦❣♦♥❛✉①✳

✐✐✮ ■♥tér❡ss♦♥s ♥♦✉s ♠❛✐♥t❡♥❛♥t ❛✉① s✐❣♥❛✉① s♦✉r❝❡s ♥♦♥ ♦rt❤♦❣♦♥❛✉①✳ ❉❡ ✭✸✳✶✷✮ ❡t ✭✸✳✶✹✮✱ ♦♥
♣❡✉t ✈ér✐✜❡r q✉❡

δ(COLD)
ω ≤ δ(ALU)

ω ss✐ ℜ{rT } ≥ ℜ{rTuH1 u2}. ✭✸✳✶✺✮

❉❡ ♣❧✉s✱ ❝♦♠♠❡ ℜ{rTuH1 u2} = ℜ{rT }ℜ{uH1 u2} − ℑ{rT }ℑ{uH1 u2} ❡t ℜ{uH1 u2} ≤ 1✱ ❧❛
❝♦♥❞✐t✐♦♥ ✭✸✳✶✺✮ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r ℑ{rT } = 0 ❡t✴♦✉ ♣♦✉r ℑ{uH1 u2} = 0✳ P❛r ❝♦♥séq✉❡♥t✱

δ
(COLD)
ω < δ

(ALU)
ω ♣♦✉r ❧❡s tr♦✐s ❝❛s s✉✐✈❛♥ts ✿

❈✶✳ s✐ ❧❡s s✐❣♥❛✉① s♦✉r❝❡s s♦♥t ré❡❧s ❡t ♣♦s✐t✐❢s✱ ❝✬❡st✲à✲❞✐r❡✱ ℑ{rT } = 0 ♦✉ à ♣❤❛s❡ ❝♦♠✲
♠✉♥❡✱ ❝✬❡st✲à✲❞✐r❡✱ φ1(t) = φ2(t), ∀t✳

❈✷✳ s✐ ψ1 = ψ2✱ ❝✬❡st✲à✲❞✐r❡✱ ℑ{uH1 u2} = 0✳
❈✸✳ s✐ ρ1 = 0 ♦✉ ρ2 = 0✱ ❝✬❡st✲à✲❞✐r❡✱ ℑ{uH1 u2} = 0✳

▲❡s ❝♦♥❞✐t✐♦♥s ❈✶✳✱ ❈✷✳ ❡t ❈✸✳ s♦♥t ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ♣♦✉r ❛✈♦✐r δ(COLD)
ω < δ

(ALU)
ω ✳

❆✜♥ ❞✬ét✉❞✐❡r ❧❡s ❛✉tr❡s ❝❛s✱ ♦♥ ❛ tr❛❝é ❞❛♥s ❧❛ ❋✐❣✳ ✸✳✸ ❧❛ ✈❛r✐❛❜❧❡ D(rL,u
H
1 u2) =

ℜ{rT } − ℜ{rTuH1 u2} ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ρ ❡t ψ✳ ❖♥ ❝♦♥st❛t❡ q✉❡

s✐ D > 0 ❛❧♦rs δ(COLD)
ω < δ

(ALU)
ω ✳ ▲❛ ❋✐❣✳ ✸✳✸ ♠♦♥tr❡ q✉✬❡♥ ❣é♥ér❛❧ δ(COLD)

ω < δ
(ALU)
ω ❡t

q✉❡ δ(COLD)
ω > δ

(ALU)
ω s❡✉❧❡♠❡♥t ♣♦✉r ✉♥❡ ♣❡t✐t❡ ré❣✐♦♥ ✭❝❡❧❧❡ q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ♣❛rt✐❡

✐♥❢ér✐❡✉r❡ ❞é❧✐♠✐té❡ ♣❛r ❧❡ ♣❧❛♥ ❤♦r✐③♦♥t❛❧✳✮ ❈❡❧❛ s✐❣♥✐✜❡✱ q✉❡ ❣é♥ér❛❧❡♠❡♥t✱ ❧❡ ❙❘▲ ❡st
❛♠é❧✐♦ré ❣râ❝❡ ❛✉① ♣❛r❛♠ètr❡s ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ♣♦✉r ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ♥♦♥✲♦rt❤♦❣♦♥❛✉①✳

❋✐❣✉r❡ ✸✳✸ ✕ D(rL,u
H
1 u2) ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ρ ❡t ψ ❀ a1 = 2✱ a2 = 3✱

rT = 1+i
20 ❛✈❡❝ N = 20✳ ✭à ❣❛✉❝❤❡✮ ρ2 = 85 ❞❡❣ ❡t ✭à ❞r♦✐t❡✮ ρ2 = 5 ❞❡❣✳

✸✳✷✳✷ ❙❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❢ér❡♥❝❡s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ❝❛❧❝✉❧❡r ❧❡ ❙❘▲ ♣♦✉r ❞❡s s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✳ ❈♦♥tr❛✐✲
r❡♠❡♥t ❛✉① ♣ré❝é❞❡♥ts tr❛✈❛✉① s✉r ❧❡ ❙❘▲ ❬❙▼✵✹✱ ❙▼✵✺❛✱ ▲◆✵✼✱❆❲✵✽❪✱ ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ♥♦✉s
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❝♦♥s✐❞ér♦♥s ✉♥ ♠♦❞è❧❡ ♣❧✉s r✐❝❤❡ ✐♥❝❧✉❛♥t ❧❛ ♣rés❡♥❝❡ ❞❡ s♦✉r❝❡s ✐♥t❡r❢ér❡♥❝❡s✳ ❊♥ ❡✛❡t✱ ♥♦✉s
❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲ ♣♦✉r ❞❡✉① s♦✉r❝❡s ❞✬✐♥térêt ✭♥♦té❡s s1 ❡t s2✮ ♥♦②é❡s
❞❛♥s ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s ❡♥❣❡♥❞ré ♣❛r ❞❡s s♦✉r❝❡s ❞❡ ♥✉✐s❛♥❝❡ ✭✈♦✐r✱ ❋✐❣✳ ✸✳✹✮✳

▼♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s

❈♦♥s✐❞ér♦♥s ✉♥❡ ❛♥t❡♥♥❡ ❧✐♥é❛✐r❡ ♥♦♥ ✉♥✐❢♦r♠❡ ✭❆▲◆❯✮ ❛✈❡❝ N ❝❛♣t❡✉rs✱ q✉✐ r❡ç♦✐t ✉♥ s✐❣♥❛❧
é♠✐s ♣❛rM s♦✉r❝❡s s❡ s✐t✉❛♥t ❞❛♥s ❧❡ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ {s1(t), . . . , sM (t)} ✭M ét❛♥t s✉♣♣♦sé ❝♦♥♥✉
♦✉ ♣ré❝é❞❡♠♠❡♥t ❡st✐♠é ❬❱❛♥✻✽❪✮✳ ▲❡ s✐❣♥❛❧ ♦❜s❡r✈é à ❧❛ tème ♦❜s❡r✈❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉ nème

❝❛♣t❡✉r ❡st ❞♦♥♥é ♣❛r ❬❑❱✾✻❪

yn(t) =

M∑

m=1

sm(t) exp(jωmdn) + vn(t), t = 1, . . . , T, n = 0, . . . , N − 1, ✭✸✳✶✻✮

♦ù T r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✱ ωm = −2π sin(θm)/ν ❧❡ ♣❛r❛♠ètr❡ ❞✬✐♥térêt ❞❡ ❧❛
mème s♦✉r❝❡ ❛✈❡❝ θm ❡t ν q✉✐ r❡♣rés❡♥t❡♥t ❧✬❛♥❣❧❡ ❞✬❛rr✐✈é❡ ❡t ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❉❛♥s ❧❛ s✉✐t❡✱
♦♥ ♥♦t❡r❛ dn ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡ ♣r❡♠✐❡r ❝❛♣t❡✉r ❡t ❧❡ nème ❝❛♣t❡✉r✳ ▲❡ ❜r✉✐t ❛❞❞✐t✐❢ vn(t) ❡st
s✉♣♣♦sé ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡ ●❛✉ss✐❡♥ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2✳ ▲❛ ❢♦r♠❡ ✈❡❝t♦r✐❡❧❧❡
❞❡s ♦❜s❡r✈❛t✐♦♥s à ❧❛ tème ♦❜s❡r✈❛t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r

y(t) =
[
y0(t) . . . yN−1(t)

]T
=
[
a1 . . . aM

]
s̆(t) + v(t), ✭✸✳✶✼✮

♦ù v(t) = [v0(t) . . . vN−1(t)]
T ✱ s̆(t) = [s1(t) . . . sM (t)]T ❡t [am]n+1 = exp(jωmdn), m =

1, 2, . . . ,M. P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ✈❡❝t❡✉r ❞❡s ♦❜s❡r✈❛t✐♦♥s ❝♦♠♣❧❡t ❡st ❞♦♥♥é ♣❛r

y
∆
=
[
yT (1) yT (2) . . . yT (T )

]T
. ✭✸✳✶✽✮

❉❛♥s ❧❛ s✉✐t❡ ♥♦✉s ♥♦✉s ♣r♦♣♦s♦♥s ❞❡ ❝❛❧❝✉❧❡r ❧❡ ❙❘▲✱ δ✱ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥
❞❡ s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s ✭✈♦✐r✱ ❋✐❣✳ ✸✳✹✮✳ ❆ ❝❡t ❡✛❡t✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ✿

✕ ▲❡s ❞❡✉① s♦✉r❝❡s ❞✬✐♥térêt ✭❙❉■✮ s♦♥t ♥♦té❡s s1 ❡t s2 ✭❛✈❡❝ s1 6= s2✮✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡

❙❘▲ ✭❝✬❡st✲à✲❞✐r❡✱ ❧❛ sé♣❛r❛t✐♦♥✮ ❡st ❞é✜♥✐ ♣❛r δ
∆
= ω2 − ω1✳

✕ ▲❡ s♦✉s✲❡s♣❛❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s ✭❙■✮ ❬❇❙✾✹❪ ❡st r❡♣rés❡♥té ♣❛r ❧❡s M − 2 s♦✉r❝❡s r❡st❛♥t❡s
{s3, . . . , sM}✳ ❈❤❛q✉❡ ♣❛✐r❡ ❞❡ s♦✉r❝❡s ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❧❛r❣❡♠❡♥t ❡s♣❛❝é❡✳ ❯♥❡ ❝♦♥❞✐✲
t✐♦♥ s✉✣s❛♥t❡ ❡st q✉❡ ❧❛ sé♣❛r❛t✐♦♥ ♠✐♥✐♠❛❧❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ♣❛✐r❡s
❞❡ s♦✉r❝❡s ❞❡s ✐♥t❡r❢ér❡♥❝❡s✱ ♥♦té❡ ∆ω✱ ❞♦✐t ✈ér✐✜❡r ∆ω > δ✳

P♦✉r ❝❛❧❝✉❧❡r ❧❡ ❙❘▲ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ❝r✐tèr❡ ❜❛sé s✉r ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s✳ ▲✬❤②♣♦t❤ès❡ H0

r❡♣rés❡♥t❡ ❧❡ ❝❛s ♦ù ❧❡s ❞❡✉① ❙❉■ s♦♥t ❝♦♠❜✐♥é❡s ❡♥ ✉♥ s❡✉❧ s✐❣♥❛❧✱ ❛❧♦rs q✉❡ ❧✬❤②♣♦t❤ès❡ H1

✐♥❝❛r♥❡ ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡s ❞❡✉① ❙❉■ s♦♥t rés♦❧✉❡s✳

{

H0 : δ = 0,

H1 : δ 6= 0.
✭✸✳✶✾✮

▲❛ sé♣❛r❛t✐♦♥ δ ❡st ✉♥ ♣❛r❛♠ètr❡ ✐♥❝♦♥♥✉✱ ❞♦♥❝✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞❡ ❝♦♥❝❡✈♦✐r ✉♥ t❡st ❞❡
❞ét❡❝t✐♦♥ ❞✉ t②♣❡ ◆❡②♠❛♥✲P❡❛rs♦♥✳ ▲✬❛❧t❡r♥❛t✐✈❡ ❧❛ ♣❧✉s ✉t✐❧✐sé❡ ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧ ❡st ❛❧♦rs
❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❡st ❞✉ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❣è♥ér❛❧✐sé ✭❚❘❱✮ ❬❑❛②✾✽❪ ❞♦♥t ❧❛ st❛t✐st✐q✉❡
❡st ❞♦♥♥é❡ ♣❛r ✿

G(y) =
♠❛①δ,ρ1p(y|δ,ρ1,H1)

♠❛①ρ0p(y|ρ0,H0)
=
p(y|δ̂, ρ̂1,H1)

p(y|ρ̂0,H0)

H1

≷
H0

η′, ✭✸✳✷✵✮
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❋✐❣✉r❡ ✸✳✹ ✕ ❉❡✉① ❙❉■ ♣r♦❝❤❡s ♥♦②é❡s ❞❛♥s ❧❡s ✐♥t❡r❢ér❡♥❝❡s ❢♦r♠é❡s ♣❛r 3 s♦✉r❝❡s ❞❡ ♥✉✐s❛♥❝❡✳

♦ù p(y|ρ0,H0) ❡t p(y|δ,ρ1,H1) r❡♣rés❡♥t❡♥t ❧❛ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s ♦❜s❡r✈❛t✐♦♥s s♦✉s H0

❡t H1✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t ♦ù η′✱ δ̂ ❡t ρ̂i s♦♥t ❧❡ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥✱ ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ δ s♦✉s H1 ❡t ❧❡ ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞✉ ✈❡❝t❡✉r ρi
✭q✉✐ ❝♦♥t✐❡♥t t♦✉s ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♥✉✐s❛♥❝❡✮ s♦✉s Hi, i = 0, 1. ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❛ s♦❧✉t✐♦♥
❛♥❛❧②t✐q✉❡ r❡❧❛t✐✈❡ ❛✉ t❡st ✭✸✳✷✵✮ ♣❛r r❛♣♣♦rt à δ ♥✬❡①✐st❡ ♣❛s à ❝❛✉s❡ ❞❡ ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❞✉
♠♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❬❙▼✵✹✱❱❛♥✻✽✱❱❛♥✵✷✱❖❱❙◆✾✸❪✳ ❉❡ ❝❡ ❢❛✐t✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞✬❛♣♣r♦①✐♠❡r
❧❡ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❡♥ ♥♦✉s ❜❛s❛♥t s✉r ❧✬❤②♣♦t❤ès❡ q✉❡ δ ❡st ♣r♦❝❤❡ ❞❡ ③ér♦ ✭❝❡tt❡ ❤②♣♦t❤ès❡
❡st s♦✉t❡♥✉❡ ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❡s ❛❧❣♦r✐t❤♠❡s à ❤❛✉t❡ rés♦❧✉t✐♦♥ ♦♥t✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t✱ ✉♥ ♣♦✉✈♦✐r
❞❡ rés♦❧✉t✐♦♥ ✐♥✜♥✐ ❬❱❛♥✵✷❪✳✮ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ♠♦❞è❧❡ ❛♣♣r♦❝❤é ✭à ❧✬❛✐❞❡ ❞✬✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t
❧✐♠✐té à ❧✬♦r❞r❡ 1 ❡♥ δ = 0✱ t❡❧ q✉❡ ω1 = ωc − δ

2 ❡t ω2 = ωc +
δ
2✮ s✬é❝r✐t ✿

y = As+ + δBs− + e+ v, ✭✸✳✷✶✮

♦ù e = Cs✳ ▲❛ ♠❛tr✐❝❡ C s✉♣♣♦sé❡ ❝♦♥♥✉❡ ♦✉ ♣ré❝é❞❡♠♠❡♥t ❡st✐♠é❡ ❬❇❡❤✾✵❪ ❡st ❞♦♥♥é❡ ♣❛r
C = [A3 . . . AM ]✱ s = [sT3 . . . sTM ]T ✱ ❡t

s+ = s1 + s2, ✭✸✳✷✷✮

s− = s2 − s1, ✭✸✳✷✸✮

❛✈❡❝ si = [si(1) . . . si(T )]
T ✳ d = [d0 d1 . . . dN−1]

T ❡t a r❡♣rés❡♥t❡ ❧❡ ✈❡❝t❡✉r ❞✐r❡❝t✐♦♥♥❡❧
♣❛r r❛♣♣♦rt ❛✉ ♣❛r❛♠ètr❡ ωc =

ω1+ω2
2 s✉♣♣♦sé ❝♦♥♥✉ ❬▲◆✵✼❪ ♦✉ ♣ré❝é❞❡♠♠❡♥t ❡st✐♠é ❬❙▼✵✺❛❪

✭❝✬❡st✲à✲❞✐r❡✱ [a]n+1
∆
= exp(jωcdn)✱ n = 0, . . . , N − 1✮✳ ❖♥ ❞é✜♥✐t ❛✉ss✐

A
∆
=






a 0
✳ ✳ ✳

0 a






(NT )×T

= IT ⊗ a, ✭✸✳✷✹✮

B
∆
=

j

2
IT ⊗ ȧ, ❛✈❡❝ ȧ

∆
= a⊙ d, ✭✸✳✷✺✮

Am
∆
= IT ⊗ am, ♣♦✉r m = 3, . . . ,M. ✭✸✳✷✻✮

▲❡ ♠♦❞è❧❡ ✭✸✳✷✶✮ ét❛♥t ❧✐♥é❛✐r❡ ❡♥ δ✱ ♥♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❝❛❧❝✉❧❡r ❧❡ ❙❘▲✳
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❈❛❧❝✉❧ ❞✉ ❙❘▲

▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❘▲ ❡t ❧❡ ❘❙❇■✲❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❙❉■ ♣♦✉r ❞✐✛ér❡♥ts ❝❛s
✭❙❉■ ❝♦♥♥✉❡ ♦✉ ✐♥❝♦♥♥✉❡✱ ❙■ ❝♦♥♥✉ ♦✉ ✐♥❝♦♥♥✉ ❛✈❡❝ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❝♦♥♥✉❡ ♦✉ ✐♥❝♦♥♥✉❡✮
❡st r❡♣rés❡♥té ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✶ ♦ù ♦♥ ❛ ❞é✜♥✐ w = Bs− ❡t D = [A C] ❛✈❡❝ ❧❡ r❛♣♣♦rt

s✐❣♥❛❧ à ❜r✉✐t ❡t ❧❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ♣❧✉s ❧❡s ✐♥t❡r❢ér❡♥❝❡s ❞é✜♥✐ ♣❛r ❘❙❇
∆
=

∑2
m=1 ||sm||2

σ2 ❡t

❘❙❇■
∆
=

∑2
m=1 ||sm||2

‖s‖2+σ2
✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ δi ❡t λi✱ i = 1, . . . , 4✱ r❡♣rés❡♥t❡♥t ❧❡ ❙❘▲ ❡t ❧❡ ❢❛❝t❡✉r ❞❡

tr❛♥s❧❛t✐♦♥ ♣♦✉r ❧❡ ième ❝❛s✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛ ❧♦✐ ❞✉ ❝❤✐✷ ❝❡♥tré ❛✈❡❝ i ❞❡❣rés ❞❡ ❧✐❜❡rté ❡st
❞és✐❣♥é❡ ♣❛r χ2

i ❡t ❧❛ ❧♦✐ ❞✉ ❋ ❝❡♥tré❡ ❛✈❡❝ i1 ❡t i2 ❞❡❣rés ❞❡ ❧✐❜❡rté ❡st ♥♦té❡ Fi1,i2 ✳ ▲❡ ♣❛r❛♠ètr❡
❞❡ tr❛♥s❧❛t✐♦♥ λ1 ❡st ❡st✐♠é ♥✉♠ér✐q✉❡♠❡♥t ❝♦♠♠❡ s♦❧✉t✐♦♥ ❞❡ Q−1

χ2
1
(Pfa) = Q−1

χ2
1(λ1)

(Pd), ♦ù

Q−1
χ2
1
(.) ❡st ❧❛ ❢♦♥❝t✐♦♥ ✐♥✈❡rs❡ ❞❡ Qχ2

1
(.) q✉✐ ❞és✐❣♥❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧❛ q✉❡✉❡ ❞❡ ❞✐str✐❜✉t✐♦♥ à

❞r♦✐t❡ ❞❡ ❧❛ ❧♦✐ χ2
1✳ ❉❡ ♠ê♠❡ ♦♥ ❞é✜♥✐t λ2✱ λ3 ❡t λ4 ❝♦♠♠❡ s♦❧✉t✐♦♥ ❞❡ Q−1

χ2
1
(Pfa) = Q−1

χ2
1(λ2)

(Pd),

Q−1
χ2
2T
(Pfa) = Q−1

χ2
2T (λ3)

(Pd), ❡t Q
−1
F2L,2(N−M)T

(Pfa) = Q−1
2L,2(N−M)T (λ4)

(Pd), r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡

❧❡❝t❡✉r tr♦✉✈❡r❛ ❧❡s ❞ét❛✐❧s ❝❛❧❝✉❧❛t♦✐r❡s ❞❛♥s ❧✬❆♥♥❡①❡ ❇✳✷✱ ❛✐♥s✐ q✉❡ ❝❡rt❛✐♥❡s ❡①♣r❡ss✐♦♥s ❞✉
❙❘▲ ♣♦✉r ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ✭♣❛r ❡①❡♠♣❧❡✱ s♦✉r❝❡s ♦rt❤♦❣♦♥❛❧❡s✱ s❛♥s ♣rés❡♥❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s✱
r❡❧❛t✐♦♥s ❛✈❡❝ ❧❡s ❇❈❘s ❛❞éq✉❛t❡s✱ ❡t❝✳✮

❙❉■ ❙■ ❱❛r✐❛♥❝❡ ❘❙❇■ ❘❙❇
❞✉ ❜r✉✐t ♣♦✉r M ≥ 2 ♣♦✉r M = 2

❈❛s ✶ ❝♦♥♥✉❡ ❝♦♥♥✉ ❝♦♥♥✉❡ ‖s1‖
2+‖s2‖

2

‖s‖2+ 2
λ1
δ21‖w‖2

λ1
‖s1‖

2+‖s2‖
2

2δ21‖w‖2

❈❛s ✷ ❝♦♥♥✉❡ ✐♥❝♦♥♥✉ ❝♦♥♥✉❡ ‖s1‖
2+‖s2‖

2

‖s‖2+ 2
λ2
δ22||P

⊥
C
w||2

λ2
‖s1‖

2+‖s2‖
2

2δ22‖w‖2

❈❛s ✸ ✐♥❝♦♥♥✉❡ ✐♥❝♦♥♥✉ ❝♦♥♥✉❡ ‖s1‖
2+‖s2‖

2

‖s‖2+ 2
λ3
δ23||P

⊥
D
w||2

λ3
‖s1‖

2+‖s2‖
2

2δ23||P
⊥
A
w||2

❈❛s ✹ ✐♥❝♦♥♥✉❡ ✐♥❝♦♥♥✉ ✐♥❝♦♥♥✉❡ ‖s1‖
2+‖s2‖

2

‖s‖2+ 2
λ4
δ24||P

⊥
D
w||2

λ4
‖s1‖

2+‖s2‖
2

2δ24||P
⊥
A
w||2

❚❛❜❧❡ ✸✳✶ ✕ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❘▲ ❡t ❧❡ ❘❙❇■✴❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❙❉■✳

▲❛ ❋✐❣✳ ✸✳✺ r❡♣rés❡♥t❡ ❧❡ ❘❙❇■ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❙❘▲ ♣♦✉r ❧❡s ❞✐✛ér❡♥ts ❝❛s ✭❛✈❡❝ T = 100
♦❜s❡r✈❛t✐♦♥s✱ ν = 0.5m ❡t (Pfa, Pd) = (0.01, 0.99)✳✮ ◆♦✉s r❡♠❛rq✉♦♥s q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡
❝❛s ✶ ❡t ❧❡ ❝❛s ✷ ✭10 ❞❇✮ ❡st ❞✉❡ ❛✉ ♣r♦❥❡❝t❡✉r ♦rt❤♦❣♦♥❛❧ s✉r ❧✬❡s♣❛❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s P⊥

C ✳
❉❡ ♠ê♠❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡ ❝❛s ✷ ❡t ❧❡ ❝❛s ✸ ✭25 ❞❇✮ ❡st ❞✉❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛✉ ♣r♦❥❡❝t❡✉r
♦rt❤♦❣♦♥❛❧ s✉r ❧✬❡s♣❛❝❡ ❡♥❣❡♥❞ré ♣❛r ❧❛ ❞✐r❡❝t✐♦♥ ❝❡♥tr❛❧❡ ωc ❡t ❧❡s ✐♥t❡r❢ér❡♥❝❡s ♣rés❡♥t❡ ❞❛♥s
P⊥
D✳ ❊♥✜♥✱ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡ ❝❛s ✸ ❡t ❧❡ ❝❛s ✹ ❡st ♠✐♥✐♠❡ ✭✵✳✺ ❞❇✮ ❡t ❡st s❡✉❧❡♠❡♥t ❞✉❡ ❛✉

♣❛r❛♠ètr❡ ❞❡ tr❛♥s❧❛t✐♦♥ λ4✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❡s ❞✐✛ér❡♥❝❡s ❞❡s ❘❙❇■s ❡t ❞♦♥❝ ❞❡s ❙❘▲s s♦♥t
♣r✐♥❝✐♣❛❧❡♠❡♥t ❞✉❡s

✕ à ❧✬❡✛❡t ❞❡s s♦✉s ❡s♣❛❝❡s ❞❡s ✐♥t❡r❢ér❡♥❝❡s ✭〈C〉 ❡t 〈D〉✮✱
✕ ❡t✱ ❛✈❡❝ ✉♥ ❞❡❣ré ♠♦✐♥❞r❡✱ ❛✉ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ λi✳

❉❡ ♣❧✉s✱ ❞❛♥s ❧✬❆♥♥❡①❡ ❇✳✷✱ ❧❡ ❧❡❝t❡✉r tr♦✉✈❡r❛ ❧❛ ❞é♠♦♥str❛t✐♦♥ ♣❡r♠❡tt❛♥t ❞❡ ❝♦♠♣❛r❡r
❧❡s ✹ ❝❛s ❝✐tés ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✶✱ ❝✬❡st✲à✲❞✐r❡✱ ♣♦✉r ❧❡ ♠ê♠❡ ❙❘▲✱ ♥♦✉s ❛✈♦♥s ❞é♠♦♥tré q✉❡

❘❙❇■1 ≤ ❘❙❇■2 ≤ ❘❙❇■3 ≤ ❘❙❇■4.
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❋✐❣✉r❡ ✸✳✺ ✕ ❘❙❇■ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❙❘▲ ♣♦✉r ❞❡s s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥ ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r✲
❢ér❡♥❝❡s✳

❋✐❣✉r❡ ✸✳✻ ✕ ✭à ❣❛✉❝❤❡✮ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❙❉■ ❝♦♥♥✉❡s✴✐♥❝♦♥♥✉❡s ♣♦✉r ✉♥❡
❆▲❯ ❛✈❡❝ N = 10 ❝❛♣t❡✉rs✱ d = ν

2 ❡t M = 4 ❛✈❡❝ ∆ω = 0.75✳ ✭à ❞r♦✐t❡✮ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r
rés♦✉❞r❡ ❞❡✉① ❙❉■ ✐♥❝♦♥♥✉❡s ♣♦✉r ✉♥❡ ❆▲❯ ❛✈❡❝ N = 10 ❝❛♣t❡✉rs✱ d = ν

2 ❡t ♣♦✉r ❞✐✛ér❡♥t❡s
✈❛❧❡✉rs ❞❡ M ❡t ❞❡ ∆ω✳

❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s

❈❡tt❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ❧✬❛♥❛❧②s❡ ♥✉♠ér✐q✉❡ ❞✉ ❘❇❙■ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❙❘▲✳ ▲❡ ♥♦♠❜r❡
❞✬♦❜s❡r✈❛t✐♦♥s ❡st ✜①é à T = 100 ❛✈❡❝ ν = 0.5m ❡t (Pfa, Pd) = (0.01, 0.99)✳ ◆♦✉s ❝♦♥st❛t♦♥s q✉❡
❧❡ ❘❙❇■ ✭♦✉ ♣❛r éq✉✐✈❛❧❡♥❝❡ ❧❡ ❙❘▲✮ ❡st ❛✛❡❝té ♣❛r ✿

✕ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❛ ♣r✐♦r✐ ❞❡s s✐❣♥❛✉① s♦✉r❝❡s ✿ ❡♥ ❡✛❡t✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❛
♣r✐♦r✐ ❞❡s s♦✉r❝❡s ❛ ✉♥ ❢♦rt ✐♠♣❛❝t s✉r ❧❡ ❙❘▲ é✈❛❧✉é ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t à 40 ❞❇ ✭✈♦✐r✱
❋✐❣✳ ✸✳✻✭à ❣❛✉❝❤❡✮✮✱

✕ ❧❡s s♦✉r❝❡s ❞❡s ✐♥t❡r❢ér❡♥❝❡s ✿ ❞❡ ❧❛ ❋✐❣✳ ✸✳✻✭à ❞r♦✐t❡✮ ♥♦✉s ❝♦♥st❛t♦♥s q✉❡ ❧❡s s♦✉r❝❡s
❞❡s ✐♥t❡r❢ér❡♥❝❡s ❛❞❞✐t✐♦♥♥❡❧❧❡s ♥✬♦♥t ❛✉❝✉♥ ❡✛❡t s✐ ❡❧❧❡s s♦♥t ❜✐❡♥ ❡s♣❛❝é❡s✱ ❝✬❡st✲à✲❞✐r❡✱ s✐
∆ω ≫ δ✳ P❛r ❝♦♥tr❡ s✐ ∆ω ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ δ ❛❧♦rs ❧❛ ❞é❣r❛❞❛t✐♦♥ ❞✉ ❙❘▲ ❡st é✈❛❧✉é à
30 ❞❇✳

✕ ▲✬♦rt❤♦❣♦♥❛❧✐té ❞❡s s♦✉r❝❡s ❛♠é❧✐♦r❡ ❛✉ss✐ ❧❡ ❙❘▲✳ ❉❡ ❧❛ ❋✐❣✳ ✸✳✼ ♥♦✉s ❝♦♥st❛t♦♥s q✉❡ ❧❡
❣❛✐♥ ❛♣♣♦rté ♣❛r ❧✬♦rt❤♦❣♦♥❛❧✐té ❡st ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t é❣❛❧ à 3 ❞❇✱



✸✹ ❈❍❆P■❚❘❊ ✸✳ ❙❊❯■▲ ❉❊ ❘➱❙❖▲❯❚■❖◆ ▲■▼■❚❊ ❊◆ ❚❘❆■❚❊▼❊◆❚ ❉✬❆◆❚❊◆◆❊

❋✐❣✉r❡ ✸✳✼ ✕ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s ❞✉ t②♣❡ ❇P❙❑ ✐♥❝♦♥♥✉❡s
♦rt❤♦❣♦♥❛❧❡s✴♥♦♥✲♦rt❤♦❣♦♥❛❧❡s ♣♦✉r ✉♥❡ ❆▲❯ ❛✈❡❝ N = 10 ❝❛♣t❡✉rs✱ d = ν

2 ❡t M = 4✳

❋✐❣✉r❡ ✸✳✽ ✕ ▲❡ ❘❙❇■ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s ❝♦♥♥✉❡s à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛♥t❡♥♥❡ ♣❛r❢❛✐t❡
A4,6✱ ✉♥❡ ❛♥t❡♥♥❡ q✉❡❧❝♦♥q✉❡ A′

4,6 ❡t ✉♥❡ ❛♥t❡♥♥❡ à ♠✐♥✐♠✉♠ ❞❡ r❡❞♦♥❞❛♥❝❡ A4,5 ❞é❝r✐t❡s ❛✉
t❛❜❧❡❛✉ ✸✳✷✳

✕ ❧❛ ❣é♦♠étr✐❡ ❞✬❛♥t❡♥♥❡ ✿ ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✷✱ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ❝❡rt❛✐♥❡s ❣é♦♠étr✐❡s
❞✬❛♥t❡♥♥❡ ❧✐♥é❛✐r❡ ♣♦✉r N = 4 ❝❛♣t❡✉rs✳ ❉✬❛♣rès ❧❡s s✐♠✉❧❛t✐♦♥s ❞❡ ❧❛ ❋✐❣✳ ✸✳✽✱ ♥♦✉s r❡♠❛r✲
q✉♦♥s q✉❡ ❧✬♦✉✈❡rt✉r❡ ❞✬❛♥t❡♥♥❡ ✭❝✬❡st✲à✲❞✐r❡✱ ❧✬❛❥♦✉t ❞✬✉♥❡ ❞✐st❛♥❝❡ d✮ ♣r♦❞✉✐t ✉♥ ❣❛✐♥ ❞❡
2 ❞❇ ♣❛r r❛♣♣♦rt ❛✉ ❙❘▲✳ ❉✬✉♥ ❛✉tr❡ ❝ôté✱ ♥♦✉s ❝♦♥st❛t♦♥s q✉❡ ❧❡ ❙❘▲ ❡st s❡♥s✐❜❧❡♠❡♥t ❧❡
♠ê♠❡ ♣♦✉r ❞✐✛ér❡♥t❡s ❣é♦♠étr✐❡s ❞✬❛♥t❡♥♥❡s ❛✈❡❝ ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉r ❡t ❧❛ ♠ê♠❡
♦✉✈❡rt✉r❡ ❞✬❛♥t❡♥♥❡ ✭✉♥❡ ❞✐✛ér❡♥❝❡ ❞❡ s❡✉❧❡♠❡♥t 1 ❞❇✮✳

✸✳✸ ❙❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s s✐❣♥❛✉① ♠✉❧t✐❞✐♠❡♥s✐♦♥✲

♥❡❧s

❆♣rès ❛✈♦✐r tr❛✐té ❞❛♥s ❧❡s s❡❝t✐♦♥s ✸✳✷✳✶ ❡t ✸✳✷✳✷ ❧❡ ❙❘▲ ❞❛♥s ❧❡ ❝❛s ♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧✱ ❞❛♥s
❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s s✐❣♥❛✉①
♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s ✭❙❘▲▼✮✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❜❛sé s✉r ❧✬❛♣♣r♦❝❤❡
♣❛r ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ♥✬ét❛✐t ✐♥tr♦❞✉✐t q✉❡ ❞❛♥s ❧❡ ❝❛s ♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧✳ P♦✉r ❝❡ ❢❛✐r❡✱
♥♦✉s ❛❧❧♦♥s t♦✉t ❞✬❛❜♦r❞ ✐♥tr♦❞✉✐r❡ ✉♥ ❝r✐tèr❡ ❞✉ ❙❘▲▼ ❜❛sé s✉r ❧✬❡①t❡♥s✐♦♥ ❞✉ ❝r✐tèr❡ ❞❡ ❙♠✐t❤✳
❊♥ ❞❡✉①✐è♠❡ ❧✐❡✉✱ ♥♦✉s ♠♦♥tr❡r♦♥s q✉❡ ❧❡ ❝r✐tèr❡ ♣r♦♣♦sé ❡st ❛s②♠♣t♦t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥t ✭à
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❈♦♥✜❣✉r❛t✐♦♥ P♦s✐t✐♦♥ ❞❡s ❝❛♣t❡✉rs ♦✉✈❡rt✉r❡ ❞✐st❛♥❝❡ r❡❞♦♥❞❛♥t❡ ➱❝❛rt ♠❛♥q✉❛♥t
❆♥t❡♥♥❡ ♣❛r❢❛✐t❡ A4,6 [0, 1, 4, 6] 6d R = {} G = {}

❆♥t❡♥♥❡ q✉❡❧❝♦♥q✉❡ A′
4,6 [0, 1, 2, 6] 6d R = {1} G = {3}

❆♥t❡♥♥❡ à ♠✐♥✐♠✉♠ [0, 1, 2, 5] 5d R = {1} G = {}
❞❡ r❡❞♦♥❞❛♥❝❡ A4,5

❚❛❜❧❡ ✸✳✷ ✕ ❈❛r❛❝tér✐st✐q✉❡ ❞❡s ❞✐✛ér❡♥t❡s ❣é♦♠étr✐❡s ❞✬❛♥t❡♥♥❡s ❛✈❡❝ ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ❞❡ ❝❛♣✲
t❡✉rs ❡t ❞❡s ♦✉✈❡rt✉r❡s ❞✐✛ér❡♥t❡s✳ ▲✬❛♥t❡♥♥❡ ♣❛r❢❛✐t❡ ♥❡ ❝♦♥t✐❡♥t ♣❛s ❞❡ r❡❞♦♥❞❛♥❝❡ ❡t ❛✉❝✉♥
é❝❛rt ♥✬❡st ♠❛♥q✉❛♥t✳ ▲❛ ♣♦s✐t✐♦♥ ❞❡s ❝❛♣t❡✉rs tr❛❞✉✐t ❧❡✉r ❝♦♦r❞♦♥♥é❡s s✉r ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s✳
▲✬✉♥✐té✱ d✱ ❝♦rr❡s♣♦♥❞ à ❧✬é❝❛rt ♠✐♥✐♠❛❧ ❡♥tr❡ ❞❡✉① ❝❛♣t❡✉rs s✉❝❝❡ss✐❢s✳ ▲✬é❝❛rt ❡♥tr❡ ❞❡✉① ❝❛♣✲
t❡✉rs ❡st ❞♦♥❝ ✉♥ ♠✉❧t✐♣❧❡ ❞❡ d q✉✐ ❞♦✐t êtr❡ ❝♦♠♣r✐s ❡♥tr❡ d ❡t (L−1)d✳ ❯♥❡ ❞✐st❛♥❝❡ r❡❞♦♥❞❛♥t❡
s❡ tr❛❞✉✐t ♣❛r ❧❛ ré♣ét✐t✐♦♥ ❞✬✉♥ é❝❛rt ❬❱❍✽✻❪✳ ❯♥ é❝❛rt ♠❛♥q✉❛♥t ❡st ❞û à ❧✬❛❜s❡♥❝❡ ❞✬✉♥ é❝❛rt
❡♥tr❡ d ❡t (L − 1)d ❬▼♦❢✻✽❪✳ ❯♥❡ ❛♥t❡♥♥❡ ❡st ❞✐t❡ ♣❛r❢❛✐t❡✱ s✐ ❛✉❝✉♥ é❝❛rt ♥✬❡st ♠❛♥q✉❛♥t ❡t s✐
❛✉❝✉♥❡ ❞✐st❛♥❝❡ ♥✬❡st r❡❞♦♥❞❛♥t❡ ❬❆●●❙✾✻✱❆❙●✾✾✱▼❉✵✶❪✳

✉♥ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ ♣rès✮ à ✉♥ t❡st ❯PP ✭✉♥✐❢♦r♠é♠❡♥t ❧❡ ♣❧✉s ♣✉✐ss❛♥t✮✳ ❊♥✜♥✱ ♥♦✉s
❞♦♥♥❡r♦♥s q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❛♣♣❧✐❝❛t✐❢s ✭♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✱ r❛❞❛r ▼■▼❖
♠❛✐s ❛✉ss✐ ❧❡ ❙❘▲▼ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✮✳

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ♥❡ ❝✐t❡r♦♥s q✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts✳ ▲❡ ❧❡❝t❡✉r tr♦✉✈❡r❛ ❧❡ ❞ét❛✐❧
❝❛❧❝✉❧❛t♦✐r❡✱ ❛✐♥s✐ q✉✬✉♥❡ ❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❡t ♥✉♠ér✐q✉❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ ❞❛♥s ❧✬❆♥♥❡①❡ ❈✳✶
❝♦♥❝❡r♥❛♥t ❧❡ ❝r✐tèr❡ ❞✉ ❙❘▲▼ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧
r❡s♦❧✉t✐♦♥ ❧✐♠✐ts ❢♦r ♠✉❧t✐♣❧❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛♥❞ ❢♦r ♠✉❧t✐♣❧❡ s✐❣♥❛❧s✧✱ ✐♥ Pr♦❝✳ ♦❢ ■❊❊❊
■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❝♦✉st✐❝s✱ ❙♣❡❡❝❤✱ ❛♥❞ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ■❈❆❙❙P✲✶✵✱ ❉❛❧❧❛s✱ ❚❳✱
❯❙❆✮✱ ❞❛♥s ❧✬❆♥♥❡①❡ ❈✳✷ ❝♦♥❝❡r♥❛♥t ❧✬❛♥❛❧②s❡ ❞✉ ❝r✐tèr❡ ❞✉ ❙❘▲▼ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱
❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧ ❆ ●▲❘❚✲❜❛s❡❞ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ st❛t✐st✐❝❛❧ r❡✲
s♦❧✉t✐♦♥ ❧✐♠✐t✧✱ Pr♦❝✳ ✐♥ ❲♦r❦s❤♦♣ ♦♥ ❙t❛t✐st✐❝❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❙❙P✲✶✶✱ ◆✐❝❡✱ ❋r❛♥❝❡✮✱ ❞❛♥s
❧❡s ❆♥♥❡①❡s ❈✳✸ à ❈✳✺ ♣♦✉r q✉❡❧q✉❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✉ ❙❘▲▼ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳
❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ❢♦r t❤❡ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❍❛r♠♦♥✐❝ ❘❡tr✐❡✲
✈❛❧ ▼♦❞❡❧ ✿ ❍②♣♦t❤❡s✐s ❚❡st ❛♥❞ ❈r❛♠❡r✲❘❛♦ ❇♦✉♥❞ ❆♣♣r♦❛❝❤❡s✧✱ ❛❝❝❡♣té✱ ❊❯❘❆❙■P ❏♦✉r♥❛❧
♦♥ ❆❞✈❛♥❝❡s ✐♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ s♣❡❝✐❛❧ ✐ss✉❡ ♦♥ ✧❆❞✈❛♥❝❡s ✐♥ ❆♥❣❧❡✲♦❢✲❆rr✐✈❛❧ ❛♥❞ ▼✉❧t✐❞✐✲
♠❡♥s✐♦♥❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❢♦r ▲♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s✧✮✱✭ ▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱
❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ❢♦r ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥ ❲✐t❤ ❈❧✉tt❡r
■♥t❡r❢❡r❡♥❝❡ ✐♥ ❛ ▼■▼❖ r❛❞❛r ❈♦♥t❡①t✧✱ s♦✉♠✐s à ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✮✱✭
▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❆ ❙t❛t✐st✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ❆❝❤✐❡✈❛❜❧❡ ❘❡s♦✲
❧✉t✐♦♥ ▲✐♠✐t ✐♥ t❤❡ ◆❡❛r ❋✐❡❧❞ ❈♦♥t❡①t ❯s✐♥❣ ◆♦♥✉♥✐❢♦r♠ ❛♥❞ ▲❛❝✉♥❛r ❆rr❛②✧✱ s♦✉♠✐s à ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✮✳

✸✳✸✳✶ ▼♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥

❉❛♥s ❝❡ q✉✐ s✉✐t ♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ✉♥ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❣é♥éré ♣❛r ❞❡✉① s✐❣♥❛✉① s♦✉r❝❡s
❛✈❡❝ P ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♣❛r s✐❣♥❛❧✳ ▲❡ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❡st str✉❝t✉ré s♦✉s ❢♦r♠❡ ✈❡❝t♦✲
r✐❡❧❧❡ ❝♦♠♠❡ s✉✐t ✿

② = f(ξ1) + f(ξ2) + v, ✭✸✳✷✼✮
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♦ù y ∈ R
N ❡t v ∈ R

N r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ✈❡❝t❡✉r ❞✬♦❜s❡r✈❛t✐♦♥ ✸ ❡t ❧❡ ✈❡❝t❡✉r
❜r✉✐t ❛✈❡❝ ✉♥❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦♥♥✉❡✳ ▲❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉ ❡st ❞♦♥♥é ♣❛r
ξm⊆ R

P+qm , m = 1, 2 ❛✈❡❝ q1 + q2 = Q ♦ù qm r❡♣rés❡♥t❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡
♥✉✐s❛♥❝❡ ♣❛r s✐❣♥❛❧✳ ◆♦✉s s✉♣♣♦s❡r♦♥s ❛✉ss✐ q✉❡ ❧❡ ♠♦❞è❧❡ ✭✸✳✷✼✮ ❡st ✐❞❡♥t✐✜❛❜❧❡ ❡t q✉❡ ❧❛ ♠❛tr✐❝❡
❞✬✐♥❢♦r♠❛t✐♦♥ ❞❡ ❋✐s❤❡r ❡①✐st❡ ❡t ❡st ✐♥✈❡rs✐❜❧❡✳ ◆♦✉s ♣♦✉✈♦♥s r❛ss❡♠❜❧❡r t♦✉s ❧❡s ♣❛r❛♠ètr❡s ❞❛♥s

✉♥ ✈❡❝t❡✉r ξ̃ =
[
ξT1 ξ

T
2

]T ∈ R
2P+Q✳ ❊♥ ré❛rr❛♥❣❡❛♥t ❧❡s é❧❡♠❡♥ts ❞✉ ✈❡❝t❡✉r ξ̃✱ ♥♦✉s ♦❜t❡♥♦♥s

ξ =
[
ωT ρT

]T
♦ù ω ∈ R

2P ❡t ρ ∈ R
Q r❡♣rés❡♥t❡♥t✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❡ ✈❡❝t❡✉r ❞❡s ♣❛r❛♠ètr❡s

❞✬✐♥térêt✱ ❡t ❧❡ ✈❡❝t❡✉r ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♥✉✐s❛♥❝❡✳

✸✳✸✳✷ ❊①t❡♥s✐♦♥ ❞✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❛✉ ❝❛s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧

❈r✐tèr❡ ❞✉ ❙❘▲▼

❉❛♥s ❝❡ q✉✐ s✉✐t ♥♦✉s ❛❧❧♦♥s ❝♦♥s✐❞ér❡r ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿
✕ ❆✶✳ ▲❡s é❧é♠❡♥ts ❞✉ ✈❡❝t❡✉r ω s♦♥t ❞❡ ❧❛ ♠ê♠❡ ♥❛t✉r❡✱ ❝✬❡st✲à✲❞✐r❡✱ ❧❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt
♦♥t ❧❛ ♠ê♠❡ ✉♥✐té ❞❡ ♠❡s✉r❡ ✭♣❛r ❡①❡♠♣❧❡ ❞❡s ❢réq✉❡♥❝❡s✮✳

✕ ❆✷✳ ❈❤❛q✉❡ pème ♣❛r❛♠ètr❡✱ ♥♦té ω(p)
1 ✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♣r❡♠✐èr❡ s♦✉r❝❡✱ ♣❡✉t êtr❡ ❛✉ss✐

♣r♦❝❤❡ q✉❡ ♣♦ss✐❜❧❡ ❞✉ pème ♣❛r❛♠ètr❡✱ ω(p)
2 ✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ❞❡✉①✐è♠❡ s♦✉r❝❡✱ ♠❛✐s

❥❛♠❛✐s é❣❛❧✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❡st ❢réq✉❡♠♠❡♥t ✉t✐❧✐sé❡ ♣♦✉r ❧❡s s✐❣♥❛✉① ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s✱
❝❛r ❧✬é✈é♥❡♠❡♥t ω(p)

1 = ω
(p)
2 ❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ❛②❛♥t ✉♥❡ ♣r♦❜❛❜✐❧✐té q✉❛s✐✲♥✉❧❧❡ ❬●❙✵✺✱

♣✼✹❪✳
❙♦✉s ❝❡s ❤②♣♦t❤ès❡s ✭à ♥♦t❡r q✉❡ ❝❡s ❤②♣♦t❤ès❡s ♣❡✉✈❡♥t êtr❡ r❡❧❛①é❡s✱ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s

✈♦✐r ❧✬❆♣♣❡♥❞✐❝❡ ❈✳✶✮✱ ♥♦✉s ♣r♦♣♦s♦♥s ❧❡ ❝r✐tèr❡ ❞✉ ❙❘▲▼ ❝♦♠♠❡ s✉✐t
▲❡ ❙❘▲▼✱ ♥♦té δ✱ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✭✸✳✷✼✮ ❡st ❞♦♥♥é ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ✐♠♣❧✐❝✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥

s✉✐✈❛♥t❡

δ2 = ❇❈❘ (δ) ✭✸✳✷✽✮

❛✈❡❝

δ =
P∑

p=1

δp, ✭✸✳✷✾✮

♦ù δp r❡♣rés❡♥t❡ ❧❡ ❙❘▲ ❞✐t ✑❧♦❝❛❧✑ q✉✐ ❡st ❞♦♥♥é ♣❛r δp ,
∣
∣
∣ω

(p)
2 − ω

(p)
1

∣
∣
∣✳

❆♣rès ❝❛❧❝✉❧✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✺ ▲❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✭✸✳✷✼✮ à P ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♣❛r s✐❣♥❛❧ ❡st ❞♦♥♥é ♣❛r
δ✱ q✉✐ r❡♣rés❡♥t❡ ❧❛ s♦❧✉t✐♦♥ ✐♠♣❧✐❝✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ✿

δ2 −Adirect −Acroisé = 0, ✭✸✳✸✵✮

♦ù Adirect r❡♣rés❡♥t❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s t❡r♠❡s ❞✐r❡❝ts ✭❝✬❡st✲à✲❞✐r❡✱ ♣❛r r❛♣♣♦rt ❛✉ ♠ê♠❡ ♣❛r❛✲
♠ètr❡ p✮

Adirect =
P∑

p=1

[

❇❈❘(ω
(p)
1 ) + ❇❈❘(ω

(p)
2 )− 2❇❈❘(ω

(p)
1 , ω

(p)
2 )
]

, ✭✸✳✸✶✮

✸✳ ❙✐ ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ❝♦♠♣❧❡①❡s✱ ❛❧♦rs ❧❡ ✈❡❝t❡✉r ❞✬♦❜s❡r✈❛t✐♦♥ ✭✸✳✷✼✮ s❡r❛ ❢♦r♠é ♣❛r ❧❛ ❝♦♥❝❛té♥❛t✐♦♥ ❞❡
❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❡t ❞❡ ❧❛ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❝♦♠♣❧❡①❡s✳ ❉❡ ❝❡ ❢❛✐t✱ ❧✬ét✉❞❡ ♣r♦♣♦sé❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡
❧❛ s❡❝t✐♦♥ r❡st❡ ✈❛❧✐❞❡✳
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❡t ♦ù Acroisé r❡♣rés❡♥t❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s t❡r♠❡s ❝r♦✐sés ✭❡♥tr❡ ❧❡ péme ♣❛r❛♠étr❡ ❡t ❧❡ p′éme

♣❛r❛♠étr❡✮ q✉✐ ❡st ❞♦♥♥é❡ ♣❛r

Acroisé =
P∑

p=1

P∑

p′ = 1
p′ 6= p

gpgp′
(

❇❈❘(ω
(p)
1 , ω

(p′)
1 ) + ❇❈❘(ω

(p)
2 , ω

(p′)
2 )− 2❇❈❘(ω

(p)
1 , ω

(p′)
2 )

)

, ✭✸✳✸✷✮

❛✈❡❝ gp = s❣♥
(

ω
(p)
1 − ω

(p)
2

)

✳

▲❡ ❝r✐tèr❡ ♣ré❝é❞❡♠♠❡♥t ✐♥tr♦❞✉✐t ❡st ✉♥ ❝r✐tèr❡ ✐♥t✉✐t✐❢ ❝❛r ✐❧ ❡st ❜❛sé s✉r ❧❡ ❝r✐tèr❡ ❞❡ ❙♠✐t❤✳
❉❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ♥♦✉s ❛❧❧♦♥s ❧✬❛♥❛❧②s❡r ❡t ♣r♦✉✈❡r q✉❡ ❝❡ ❞❡r♥✐❡r ❡st ❛s②♠♣t♦t✐q✉❡♠❡♥t
éq✉✐✈❛❧❡♥t ✭à ✉♥ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ ♣rès✮ à ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❯PP ✭✉♥✐❢♦r♠é♠❡♥t ❧❡ ♣❧✉s
♣✉✐ss❛♥t✳✮

❆♥❛❧②s❡ ❞✉ ❝r✐tèr❡ ❞✉ ❙❘▲▼

P♦✉r ❛♥❛❧②s❡r ❧❡ ❙❘▲▼ ♥♦✉s ♥♦✉s r❡♣❧❛ç♦♥s ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❬❙▼✵✺❛✱
▲◆✵✼✱❆❲✵✽❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬❤②♣♦t❤ès❡ H0 r❡♣rés❡♥t❡ ❧❡ ❝❛s ♦ù ❧❡s ❞❡✉① s♦✉r❝❡s ❞✬✐♥térêt

✭❙❉■✮ s♦♥t ❝♦♠❜✐♥é❡s ❡♥ ✉♥ s❡✉❧ s✐❣♥❛❧ ✭❝✬❡st✲à✲❞✐r❡✱ ∀p ∈ [1 . . . P ]✱ ω(p)
1 = ω

(p)
2 ✮✱ ❛❧♦rs q✉❡

❧✬❤②♣♦t❤ès❡ H1 ✐♥❝❛r♥❡ ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡s ❞❡✉① ❙❉■ s♦♥t rés♦❧✉❡s ✭❝✬❡st✲à✲❞✐r❡✱ ∃p ∈ [1 . . . P ]✱

ω
(p)
1 6= ω

(p)
2 ✮ ✿

{

H0 : δdetection = 0,

H1 : δdetection > 0,
✭✸✳✸✸✮

♦ù δdetection r❡♣rés❡♥t❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ C1 ❡t C2 ❛✈❡❝ Cq =
{

ω
(1)
q , ω

(2)
q , . . . , ω

(P )
q

}

✱ q = 1, 2✳ P❛r

❝♦♥séq✉❡♥t✱ ❧❛ ♠❡s✉r❡ ♥❛t✉r❡❧❧❡ ❡st ❝❡❧❧❡ ❞❡ ▼✐♥❦♦✇s❦✐ à ❧✬♦r❞r❡ 1 q✉✐ ❡st ❞♦♥♥é❡ ❝♦♠♠❡ s✉✐t ✿

δdetection ,
P∑

p=1

∣
∣
∣ω

(p)
2 − ω

(p)
1

∣
∣
∣ . ✭✸✳✸✹✮

❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧✱ ❧❛ ❞✐st❛♥❝❡ δdetection ❡st ✉♥ ♣❛r❛♠ètr❡ ✐♥❝♦♥♥✉✱ ❞♦♥❝✱
✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞❡ ❝♦♥❝❡✈♦✐r ✉♥ t❡st ❞❡ ❞ét❡❝t✐♦♥ ❞✉ t②♣❡ ◆❡②♠❛♥✲P❡❛rs♦♥✳ ▲✬❛❧t❡r♥❛t✐✈❡ ❧❛
♣❧✉s ✉t✐❧✐sé❡ ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧ ❡st ❛❧♦rs ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❡st ❞✉ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡
✭❚❘❱✮ ❬❑❛②✾✽❪ ❞♦♥t ❧❛ st❛t✐st✐q✉❡ ❡st ❞♦♥♥é❡ ♣❛r ✿

LG(②) =
maxδdetection,ρ1 p(②|δdetection,ρ1,H1)

maxρ0 p(②|ρ0,H0)

=
p(②|δ̂detection, ρ̂1,H1)

p(②|ρ̂0,H0)

H1

≷
H0

ς ′, ✭✸✳✸✺✮

♦ù p(y|ρ0,H0) ❡t p(y|δ,ρ1,H1) r❡♣rés❡♥t❡♥t ❧❛ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s ♦❜s❡r✈❛t✐♦♥s s♦✉s H0 ❡t
H1✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t ♦ù ς ′✱ δ̂detection ❡t ρ̂i s♦♥t ❧❡ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥✱ ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ δdetection s♦✉s H1 ❡t ❧✬❡st✐♠❛t✐♦♥ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞✉ ✈❡❝t❡✉r
ρi ✭q✉✐ ❝♦♥t✐❡♥t t♦✉s ❧❡s ♣❛r❛♠ètr❡s ❞❡ ♥✉✐s❛♥❝❡✮ s♦✉s Hi, i = 0, 1. P♦✉r s✐♠♣❧✐✜❡r ❧❡s ❝❛❧❝✉❧s✱
♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❛ st❛t✐st✐q✉❡ éq✉✐✈❛❧❡♥t❡ à ✭✸✳✸✺✮ ✿

TG(②) = ▲♥ LG(②)
H1

≷
H0

ς = ▲♥ς ′. ✭✸✳✸✻✮
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▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❛ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ r❡❧❛t✐✈❡ ❛✉ t❡st ✭✸✳✸✻✮ ♥✬❡①✐st❡ ❣é♥ér❛❧❡♠❡♥t ♣❛s
❬❙▼✵✹✱ ❱❛♥✻✽✱ ❱❛♥✵✷✱ ❖❱❙◆✾✸❪✳ P❛r ❝♦♥séq✉❡♥t✱ ♥♦✉s ❝♦♥s✐❞ér❡r♦♥s ❧❡ ❝❛s ❛s②♠♣t♦t✐q✉❡ ✭❡♥
t❡r♠❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❬▲◆✵✼❪✮✳ ❉❛♥s ❬❑❛②✾✽✱ ❡q ✭✻❈✳✶✮❪✱ ❧✬❛✉t❡✉r ❛ ❞é♠♦♥tré ✭♣♦✉r ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✮ q✉❡ ❧❛ st❛t✐st✐q✉❡ TG(②) s✉✐✈❛✐t ❧❡s ❧♦✐s ❞❡ ♣r♦❜❛❜✐❧✐té s✉✐✈❛♥t❡s ✿

TG(②) ∼
{

χ2
1 s♦✉s H0

χ2
1(κ

′ (Pfa, Pd)) s♦✉s H1

✭✸✳✸✼✮

♦ù Pfa ❡t Pd r❡♣rés❡♥t❡♥t✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❢❛✉ss❡ ❛❧❛r♠❡ ❡t ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡
❞ét❡❝t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉ t❡st ✭✸✳✸✸✮✳ ❙✉♣♣♦s♦♥s q✉❡ ❇❈❘(δdetection) ❡①✐st❡ ✭✈♦✐r ❧❡s ❤②♣♦t❤ès❡s
❆✳✶ ❡t ❆✳✷✮✱ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❞é❝❡♥tr❛❣❡ κ′ (Pfa, Pd) ❬❑❛②✾✽✱ ♣✳✷✸✾❪ ❡st ❛❧♦rs ❞♦♥♥é ♣❛r

κ′ (Pfa, Pd) = δ2detection (❇❈❘(δdetection))
−1 . ✭✸✳✸✽✮

❉✬✉♥ ❛✉tr❡ ❝ôté✱ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❞é❝❡♥tr❛❣❡ ♣❡✉t êtr❡ é✈❛❧✉é à ❧✬❛✐❞❡ ❞❡ Pfa ❡t Pd ❬❙❝❤✾✶✱▲◆✵✼❪
❝♦♠♠❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ✿

Q−1
χ2
1
(Pfa) = Q−1

χ2
1(κ

′(Pfa,Pd))
(Pd), ✭✸✳✸✾✮

♦ù Q−1
χ2
1
(Pfa) ❡t Q−1

χ2
1(κ

′(Pfa,Pd))
(Pd) s♦♥t✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❡s ❢♦♥❝t✐♦♥s ✐♥✈❡rs❡s ❞❡ Qχ2

1
(.) ❡t

Qχ2
1(κ

′(Pfa,Pd))(.) q✉✐ ❞és✐❣♥❡♥t ❧❛ s✉r❢❛❝❡ ❞❡ ❧❛ q✉❡✉❡ ❞❡ ❞✐str✐❜✉t✐♦♥ à ❞r♦✐t❡ ❞❡s ❧♦✐s χ2
1 ❡t

χ2
1(κ

′(Pfa, Pd))✳
❊♥ ❝♦♠❜✐♥❛♥t✱ ✭✸✳✸✽✮ ❡t ✭✸✳✸✾✮ ♥♦✉s ♦❜t❡♥♦♥s

δdetection = κ(Pfa, Pd)
√

❇❈❘(δdetection), ✭✸✳✹✵✮

♦ù ❧❡ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ❞♦♥♥é ♣❛r κ(Pfa, Pd) =
√
κ′(Pfa, Pd) ✭✈♦✐r✱ ❋✐❣✳ ✸✳✾✮✳

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s ✭✸✳✸✸✮ ❡st ✉♥ t❡st ❜✐♥❛✐r❡ ✉♥✐❧❛tér❛❧ ❡t q✉❡
❧✬❡st✐♠❛t❡✉r ❞✉ ▼❱ ✉t✐❧✐sé ❡st s❛♥s ❝♦♥tr❛✐♥t❡✳ ❆✐♥s✐✱ ♦♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ q✉❡ ❧❡ ❚❘❱✱ ✉t✐❧✐sé ♣♦✉r
❞ét❡r♠✐♥❡r ❧❡ ❙❘▲▼✱ ❡st ❬▲❡❤✽✸✱❙❝❤✾✶✱❑❛②✾✽❪ ✿ i) ❛s②♠♣t♦t✐q✉❡♠❡♥t ❯PP✱ ❡t ii) ❛ ✉♥ t❛✉① ❞❡
❢❛✉ss❡ ❛❧❛r♠❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t ❝♦♥st❛♥t✳

P❛r ❝♦♥séq✉❡♥t✱ ❞❡ ✭✸✳✷✽✮ ❡t ✭✸✳✹✵✮✱ ♥♦✉s t✐r♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✻ ▲❡ ❙❘▲▼✱ ❞♦♥♥é ❡♥ ✭✸✳✷✽✮✱ ❜❛sé s✉r ❧✬❡①t❡♥s✐♦♥ ❞✉ ❝r✐tèr❡ ❞❡ ❙♠✐t❤ ❡st ❛s②♠♣t♦✲
t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥t ✭à ✉♥ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ ♣rès✮ à ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❯PP ✭✸✳✸✸✮✳

❊♥✜♥✱ ❞❡ ✭✸✳✹✵✮ ♦♥ ♥♦t❡ q✉❡ ❧❡ ❙❘▲▼ ❜❛sé s✉r ❧✬❡①t❡♥s✐♦♥ ❞❡ ❙♠✐t❤ ❡st ❡①❛❝t❡♠❡♥t é❣❛❧ ❛✉
❙❘▲▼ ❜❛sé s✉r ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s ✭✸✳✸✸✮ ♣♦✉r t♦✉t❡ ✈❛❧❡✉r ❞❡ Pfa ❡t Pd ✈ér✐✜❛♥t κ(Pfa, Pd) = 1
✭✈♦✐r✱ ❋✐❣✳ ✸✳✾✮

✸✳✸✳✸ ❆♣♣❧✐❝❛t✐♦♥s ❛✉① ♠♦❞è❧❡s ❤❛r♠♦♥✐q✉❡s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧s

▼♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ❧❡ ❝r✐tèr❡ é♥♦♥❝é ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❛✉ ❝❛❧❝✉❧
❞✉ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ ❤❛r♠♦♥✐q✉❡✱ à ❞❡✉① s♦✉r❝❡s ❡t à P ♣❛r❛♠ètr❡s
❞✬✐♥térêt ♣❛r s♦✉r❝❡✳ ❈❡ ♠♦❞è❧❡ très ❣é♥ér❛❧ ♣❡✉t êtr❡ ❛✐♥s✐ ✉t✐❧✐sé ❞❛♥s ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s✱
♣❛r ❡①❡♠♣❧❡✱ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s s♦✉s ♠❛r✐♥❡s ❛❝♦✉st✐q✉❡s ❬❲❩✾✼❪✱ ❧❡ s♦♥❞❛❣❡ ❞❡ ❝❛♥❛❧ s❛♥s
✜❧ ❬▼❙P▼✵✹✱ ❙❚❲❚✵✻❪✱ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❬❊❇❘▼✵✾❪✱ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥
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❋✐❣✉r❡ ✸✳✾ ✕ ▲❡ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ κ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❢❛✉ss❡ ❛❧❛r♠❡ Pfa ❡t ❧❛
♣r♦❜❛❜✐❧✐té ❞❡ ❞ét❡❝t✐♦♥ Pd✳ ❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉✬❛✉❣♠❡♥t❡r Pd ♦✉ ❞✐♠✐♥✉❡r Pfa ❛ ♣♦✉r ❡✛❡t
❞✬❛✉❣♠❡♥t❡r ❧❛ ✈❛❧❡✉r ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥ κ ✭❝❡ q✉✐ ❡st ♥♦r♠❛❧✱ ♣✉✐sq✉❡ ❝❡❝✐ ❝♦rr❡s♣♦♥❞ à
✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ♣❧✉s sé❧❡❝t✐❢ ❬❙❝❤✾✶✱❑❛②✾✽❪✳

❞❡s ❝✐❜❧❡s ♠✉❧t✐♣❧❡s ❞❛♥s ✉♥ s②stè♠❡ r❛❞❛r ▼■▼❖ ❬◆❙✵✾❪ ❡t❝✳ ▲❡ ♠♦❞è❧❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧
❤❛r♠♦♥✐q✉❡ ❡st ❞♦♥♥é ♣❛r ❬❍◆✾✽✱P▼❇✵✹✱●❙✵✺✱❘❍●✵✼✱❇♦②✵✽✱◆❙✶✵❪ ✿

[Y(t)]n1,...,nP
= [X (t)]n1,...,nP

+ [V(t)]n1,...,nP
, t = 1, . . . , T, ❡t np = 0, . . . , Np − 1, ✭✸✳✹✶✮

♦ù ❧❡s t❡♥s❡✉rs Y(t)✱ X (t) ❡t V(t) r❡♣rés❡♥t❡♥t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❜r✉✐té❡s✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♥♦♥
❜r✉✐té❡s ❡t ❧❡ ❜r✉✐t ❛❞❞✐t✐❢✳ ▲❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs ❞❛♥s ❝❤❛q✉❡
✈❡❝t❡✉r s♦♥t ♥♦tés T ❡t (N1, . . . , NP )✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♣♦✉r
❧❡ ♠♦❞è❧❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ ❤❛r♠♦♥✐q✉❡ ♥♦♥ ❜r✉✐té❡s s♦♥t ❞♦♥♥é❡s ♣❛r ❬P▼❇✵✹✱❍◆✾✽✱❘❍●✵✼✱
❇♦②✵✽❪ ✿

[X (t)]n1,...,nP
=

2∑

m=1

sm(t)

P∏

p=1

ejω
(p)
m np , ✭✸✳✹✷✮

♦ù ω(p)
m ❡t sm(t) s♦♥t ❧❛ mème ❢réq✉❡♥❝❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ pème ❞✐♠❡♥s✐♦♥ ❡t ❧❡ mème s✐❣♥❛❧ s♦✉r❝❡✱

r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡ s✐❣♥❛❧ s♦✉r❝❡ ❡st s✉♣♣♦sé ❞❡ ❧❛ ❢♦r♠❡ sm(t) = αm(t)e
jφm(t) ♦ù αm(t) ❡t

φm(t) r❡♣rés❡♥t❡♥t ❧✬❛♠♣❧✐t✉❞❡ ré❡❧❧❡ ❡t ❧❛ ♣❤❛s❡ ❞✉ mème s✐❣♥❛❧ s♦✉r❝❡ à ❧❛ tème ♦❜s❡r✈❛t✐♦♥✱
r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ❡①♣r❡ss✐♦♥s✱ ♥♦✉s s✉♣♣♦s❡r♦♥s q✉❡ ❧❡ ❜r✉✐t ❡st ✉♥ ♣r♦❝❡ss✉s
❛❧é❛t♦✐r❡ ❜❧❛♥❝✱ ❝♦♠♣❧❡①❡ ❝✐r❝✉❧❛✐r❡✱ ●❛✉ss✐❡♥ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ✈❛r✐❛♥❝❡ ✐♥❝♦♥♥✉❡ σ2✳ ❉❡
♣❧✉s✱ ❧❡s s✐❣♥❛✉① s♦✉r❝❡s s♦♥t s✉♣♣♦sés ❝♦♥♥✉s ❡t ♦rt❤♦❣♦♥❛✉① ❬▲❈✾✸✱◆❙✵✾❪✳

▲❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼

❊♥ ✉t✐❧✐s❛♥t ❧❡s ❤②♣♦t❤ès❡s é♥♦♥❝é❡s à ❧❛ s❡❝t✐♦♥ ✸✳✸✳✸✱ ❧❡ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉s ❡st
❛❧♦rs ❞♦♥♥é ♣❛r

ξ =
[
ωT σ2

]T
, ✭✸✳✹✸✮

♦ù

ω =
[
(
ω(1)

)T
. . .

(
ω(P )

)T
]T
,

❛✈❡❝

ω(p) =
[

ω
(p)
1 ω

(p)
2

]T
. ✭✸✳✹✹✮
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❆✜♥ ❞✬❛♣♣❧✐q✉❡r ✭✸✳✹✵✮ ♥♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❝❛❧❝✉❧❡r ❧❛ ❇❈❘✳ ❘❛♣♣❡❧♦♥s✱ q✉✬à ♥♦tr❡ ❝♦♥♥❛✐s✲
s❛♥❝❡✱ ❛✉❝✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ♥♦♥ ♠❛tr✐❝✐❡❧❧❡ ❞❡ ❧❛ ❇❈❘ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✭✸✳✹✶✮ ♥✬❡st ❞✐s✲
♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❆♣rès ❝❛❧❝✉❧s✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t é♥♦♥❝é ❞❛♥s ❧❡ t❤é♦rè♠❡
s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✼ ▲❛ ❇❈❘ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ à P ♣❛r❛♠ètr❡s ❞✬✐♥térêt

♣❛r s♦✉r❝❡✱ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬♦rt❤♦❣♦♥❛❧✐té ❞❡s s✐❣♥❛✉① s♦✉r❝❡s✱ ♣♦✉r ❧❡ ♣❛r❛♠ètr❡ ω
(p)
m ❡st ❞♦♥♥é

♣❛r

❇❈❘(ω(p)
m ) =

6

TN❘❙❇m
Cp, m ∈ {1, 2} , ✭✸✳✹✺✮

♦ù N =
∏P
p=1Np✱ ❘❙❇m = ‖αm‖2

σ2 r❡♣rés❡♥t❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ❞❡ ❧❛ mème s♦✉r❝❡ ❡t ♦ù

Cp =
Np(1− 3VP ) + 3VP + 1

(Np + 1)(N2
p − 1)

❛✈❡❝ VP =
1

1 + 3
∑P

p=1
Np−1
Np+1

.

❉❡ ♣❧✉s✱ ❧❡s t❡r♠❡s ❝r♦✐sés s♦♥t ❞♦♥♥és ♣❛r

❇❈❘(ω(p)
m , ω

(p′)
m′ ) =

{

0 ♣♦✉r m 6= m′,
−6

TN❘❙❇m
C̃p,p′ ♣♦✉r m = m′ ❡t p 6= p′,

✭✸✳✹✻✮

♦ù

C̃p,p′ =
3VP

(Np + 1)(Np′ + 1)
.

❊♥ r❡♠♣❧❛ç❛♥t ✭✸✳✹✺✮ ❡t ✭✸✳✹✻✮ ❞❛♥s ✭✸✳✸✵✮✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✭✸✳✹✶✮

❚❤é♦rè♠❡ ✽ ▲❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ à P ♣❛r❛♠ètr❡s ❞✬✐♥térêt
♣❛r s♦✉r❝❡✱ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬♦rt❤♦❣♦♥❛❧✐té ❞❡s s✐❣♥❛✉① s♦✉r❝❡s✱ ❡st ❞♦♥♥é ♣❛r

δ =

√
√
√
√
√
√
√

6

TN❘❙❇E







P∑

p=1

Cp −
P∑

p, p′ = 1
p 6= p′

gpgp′C̃p,p′






, ✭✸✳✹✼✮

♦ù ❧❡ ❘❙❇ ét❡♥❞✉ ❡st ❞♦♥♥é ♣❛r ❘❙❇E = ❘❙❇1❘❙❇2

❘❙❇1+❘❙❇2
❛✈❡❝ gp = s❣♥

(

ω
(p)
1 − ω

(p)
2

)

✳

❆♥❛❧②s❡ ♥✉♠ér✐q✉❡ ❞✉ ❙❘▲▼

✕ ❚♦✉t ❞✬❛❜♦r❞✱ ❞❡ ❧❛ ❋✐❣✳ ✸✳✶✵ ♥♦t♦♥s q✉❡ ❧❛ s♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ❙❘▲▼ ❜❛sé❡ s✉r ✭✸✳✹✼✮
❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ ❝r✐tèr❡ ❞♦♥♥é ❡♥ ✭✸✳✸✵✮✳ ❈❡❝✐ ✈❛❧✐❞❡ ♥♦s ❡①♣r❡ss✐♦♥s ❛♥❛❧②t✐q✉❡s✳
❉❡ ♣❧✉s✱ ♥♦✉s r❡♠❛rq✉♦♥s q✉❡ ♣♦✉r Pd = 0.37 ❡t Pfa = 0.1✱ ❧❡ ❙❘▲▼ ❜❛sé s✉r ❧❛ ❇❈❘ ❡st
❡①❛❝t❡♠❡♥t é❣❛❧ ❛✉ ❙❘▲▼ ❜❛sé s✉r ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s✳ ❉❛♥s ❧❡ ❝❛s Pd = 0.49 ❡t Pfa = 0.3
❡t✴♦✉ Pd = 0.32 ❡t Pfa = 0.1✱ ♦♥ ♣❡✉t ♥♦t❡r ❧✬✐♥✢✉❡♥❝❡ ❞✉ ❢❛❝t❡✉r ❞❡ tr❛♥s❧❛t✐♦♥✱ κ(Pfa, Pd)
s✉r ❧❡ ❙❘▲▼✳

✕ ▲❡ ❙❘▲▼ ❡st O
(√

1
❘❙❇E

)

❝❡ q✉✐ ❡st ❝♦♥❢♦r♠❡ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❛♥tér✐❡✉rs ♣♦✉r ❧❡ ❝❛s

P = 1 ❬❙▼✵✺❛✱❉❆✵✻✱❆❲✵✽❪✳
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❋✐❣✉r❡ ✸✳✶✵ ✕ ❙❘▲▼ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ σ2 ♣♦✉r T = 100✳

✕ ❉❡ ✭✸✳✹✼✮ ❡t ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs N1 = N2 = · · · = NP = N ≫ 1✱ ♥♦✉s
♦❜t❡♥♦♥s ✉♥❡ ❡①♣r❡ss✐♦♥ ♣❧✉s ❝♦♠♣❛❝t❡ ✿

δ =

√

12

TNP+1❘❙❇E

P

1 + 3P
.

P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❙❘▲▼ ❡st✱ ❞❛♥s ❝❡ ❝❛s✱ ❞❡ ❧✬♦r❞r❡ ❞❡ O
(√

1
NP+1

)

✳

✕ ❉❡ ♣❧✉s✱ ♣♦✉r P ≥ 1✱ ♥♦✉s ❛✈♦♥s (P+1)(3P+1)
P (3P+4) < 1, ♣❛r ❝♦♥séq✉❡♥t✱ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡

❙❘▲▼ ♣♦✉r P ♣❛r❛♠ètr❡s ❞✬✐♥térêt✱ ♥♦té δP ✱ ❡t ❧❡ ❙❘▲▼ ♣♦✉r P +1 ♣❛r❛♠ètr❡s ❞✬✐♥térêt✱
♥♦té δP+1✱ ❡st ❞♦♥♥é ♣❛r

δP+1

δP
=

√

(P + 1) (3P + 1)

NP (3P + 4)
, ✭✸✳✹✽✮

❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❡ ❙❘▲▼ ♣♦✉r P + 1 ♣❛r❛♠ètr❡s ❞✬✐♥térêt ❡st ✐♥❢ér✐❡✉r à ❝❡❧✉✐ ♣♦✉r P
♣❛r❛♠ètr❡s ❞✬✐♥térêt ✭✈♦✐r ❋✐❣✳ ✸✳✶✶✮✳ ❈❡❧❛ ♣❡✉t s✬❡①♣❧✐q✉❡r ♣❛r ❧❡ r❛❥♦✉t ❞✬♦❜s❡r✈❛t✐♦♥s
❞û à ❧❛ (P + 1)ème ❞✐♠❡♥s✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡✳ ■❧ ❝♦♥✈✐❡♥t ❞❡ ♥♦t❡r q✉❡ ❝❡tt❡ ♣r♦♣r✐été ❡st
♣r♦✉✈é❡ t❤é♦r✐q✉❡♠❡♥t✱ ❣râ❝❡ à ✭✸✳✹✽✮ ❡♥ s✉♣♣♦s❛♥t ✉♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ❝❛♣t❡✉rs✳
❈❡♣❡♥❞❛♥t✱ ❞❡ ❧❛ ❋✐❣✳ ✸✳✶✶ ♥♦✉s r❡♠❛rq✉♦♥s q✉❡✱ ❞❛♥s ❧❛ ♣r❛t✐q✉❡✱ δp > δp+1 ♣❡✉t êtr❡
✈ér✐✜é ♠ê♠❡ ♣♦✉r ✉♥ ♣❡t✐t ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs ✭♣❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❋✐❣✳ ✸✳✶✶ ♥♦✉s ❛✈♦♥s
✉t✐❧✐sé 3 ≤ Np ≤ 5 ♣♦✉r p = 3, . . . , 6✮✳

✕ ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡

√
4

TNP+1❘❙❇E
≤ δP < δP−1 < · · · < δ1

♥♦✉s ♣♦✉✈♦♥s ❛❧♦rs ♥♦t❡r q✉❡ ❧❡ ❙❘▲▼ ❡st ❜♦r♥é ✐♥❢ér✐❡✉r❡♠❡♥t ♣❛r
√

4
TNP+1❘❙❇E

✳

✸✳✸✳✹ ❆✉tr❡ ❛♣♣r♦❝❤❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼

❆✜♥ ❞❡ ❝❧♦r❡ ❝❡tt❡ s❡❝t✐♦♥ ❝♦♥s❛❝ré❡ ❛✉ ❙❘▲▼✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ♣♦✉r
❧❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼ ❡♥ tr❛✐t❛♥t ❜r✐è✈❡♠❡♥t ❞❡✉① ❡①❡♠♣❧❡s ❛ss❡③ ❝♦♥♥✉s ❡♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡
q✉✐ s♦♥t ✿ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❡t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ❝✐❜❧❡s à ❧✬❛✐❞❡ ❞✬✉♥
r❛❞❛r ▼■▼❖ ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❢ér❡♥❝❡s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛❧t❡r♥❛t✐✈❡ ❞✐✛èr❡ ❞❡ ❧❛ ♣ré❝é❞❡♥t❡
✭❝❡❧❧❡ ♣rés❡♥té❡ à ❧❛ s❡❝t✐♦♥ ✸✳✸✳✷✮ ❞❛♥s ❧❡ s❡♥s ♦ù ❧❡ ❙❘▲▼ s❡r❛ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ✈❡❝t❡✉r
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❋✐❣✉r❡ ✸✳✶✶ ✕ ▲❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❤❛r♠♦♥✐q✉❡ ❛✈❡❝M s♦✉r❝❡s✱ ❛✈❡❝ P = 3, 4, 5, 6✱ T = 100✱
❡t N1 = 3✱ N2 = 5✱ N3 = 4✱ N4 = 4✱ N5 = 4 ❡t N6 = 3✳

❝♦♠♣♦rt❛♥t t♦✉s ❧❡s é❝❛rts ❞❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt✳ ❉és ❧♦rs✱ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s ❛❞éq✉❛t ❡st ❧❡
s✉✐✈❛♥t ✿ 





H0 : δ
∆
=
[

ω
(1)
1 − ω

(1)
2 . . . ω

(P )
1 − ω

(P )
2

]T
= 0,

H1 : δ 6= 0,
✭✸✳✹✾✮

♦ù ❧✬❤②♣♦t❤ès❡ H0 r❡♣rés❡♥t❡ ❧❡ ❝❛s ♦ù ❧❡s ❞❡✉① s♦✉r❝❡s s♦♥t ❝♦♠❜✐♥é❡s ❡♥ ✉♥❡ s❡✉❧❡ s♦✉r❝❡✱ ❛❧♦rs
q✉❡ ❧✬❤②♣♦t❤ès❡ H1 ✐♥❝❛r♥❡ ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡s ❞❡✉① s♦✉r❝❡s s♦♥t rés♦❧✉❡s✳

❙❘▲▼ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥♦✉s ♣rés❡♥t♦♥s ❧❡ rés✉❧t❛t ❞✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡
s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳ ▲❡s ❞ét❛✐❧s ❝❛❧❝✉❧❛t♦✐r❡s✱ ❞❡s s✐♠✉❧❛t✐♦♥s ❡t ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s ❛♣♣r♦❢♦♥✲
❞✐❡ s♦♥t ♣rés❡♥tés ❞❛♥s ❧✬❆♥♥❡①❡ ❈✳✹ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❆
❙t❛t✐st✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ❆❝❤✐❡✈❛❜❧❡ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ✐♥ t❤❡ ◆❡❛r ❋✐❡❧❞ ❈♦♥t❡①t ❯s✐♥❣ ◆♦♥✉♥✐❢♦r♠
❛♥❞ ▲❛❝✉♥❛r ❆rr❛②✧✱ s♦✉♠✐s à ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✳✮

❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡ ♠♦❞è❧❡ ❞ét❡r♠✐♥✐st❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❞é✜♥✐ à ❧❛ s❡❝t✐♦♥ ✷✳✷
♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❛✈❡❝ ❞❡✉① s♦✉r❝❡s é♠❡ttr✐❝❡s✳ ❉❡ ♣❧✉s ♥♦✉s
s✉♣♣♦s❡r♦♥s q✉❡ ❧❡s s✐❣♥❛✉① s♦✉r❝❡s s♦♥t ❝♦♥♥✉s✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré ❞❛♥s ❧✬❆♥♥❡①❡ ❈✳✹✱ ♣♦✉r
✉♥ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s très ❣r❛♥❞✱ q✉❡ ❧❡ ❙❘▲▼ s✬❡①♣r✐♠❡ ❝♦♠♠❡ s✉✐t ✿

❚❤é♦rè♠❡ ✾ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❘▲▼ ❡t ❧❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ✭❘❙❇✮ r❡q✉✐s ♣♦✉r rés♦✉❞r❡
❞❡✉① s♦✉r❝❡s ❝♦♥♥✉❡s s❡ s✐t✉❛♥t ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡ ❡st ❞♦♥♥é❡ ♣❛r

❘❙❇
∆
=

‖s1‖2 + ‖s2‖2
σ2

= λ(Pfa, Pd)
‖s1‖2 + ‖s2‖2

2 ‖s−‖2 δT❋δ
✭✸✳✺✵✮

♦ù δ = [δρ δκ]
T = [ρ2 − ρ1 κ2 − κ1]

T ❛✈❡❝ ρm = −2π
ν sin(θm) ❡t κm = π

νrm
cos2(θm). ❆✈❡❝

❋ =

[
f2 f3
f3 f4

]

✭✸✳✺✶✮



✸✳✸✳ ❙❊❯■▲ ❉❊ ❘➱❙❖▲❯❚■❖◆ ▲■▼■❚❊ P❖❯❘ ❉❊❙ ❙■●◆❆❯❳ ▼❯▲❚■❉■▼❊◆❙■❖◆◆❊▲❙ ✹✸

❋✐❣✉r❡ ✸✳✶✷ ✕ ▲❡ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s s✐t✉é❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡ δρ ♣♦✉r δκ = 0.003✳ ❖♥ r❡♠❛rq✉❡ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❘❙❇ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ δκ ♣♦✉r δρ
✜①❡✳

❋✐❣✉r❡ ✸✳✶✸ ✕ ▲❡ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s s✐t✉é❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡ δρ ♣♦✉r δκ = 0.003 ❞❛♥s ❧❡ ❝❛s ❞❡ s✐❣♥❛✉① s♦✉r❝❡s ♦rt❤♦❣♦♥❛✉① ❡t s✐❣♥❛✉① s♦✉r❝❡s ♥♦♥
♦rt❤♦❣♦♥❛✉①✳ ❖♥ r❡♠❛rq✉❡ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❘❙❇ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ δκ ♣♦✉r δρ ✜①❡✳

❡t fi =
∑N−1

n=0 (dn)
i ♦ù dn r❡♣rés❡♥t❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡ ♣r❡♠✐❡r ❝❛♣t❡✉r ❡t ❧❡ nème ❝❛♣t❡✉r ♦ù

λ(Pfa, Pd) ❡st s♦❧✉t✐♦♥ ❞❡ Q−1
(λ(Pfa,Pd))

(Pd) = Q−1(Pfa)✳

▲❡ ❧❡❝t❡✉r ♥♦t❡r❛ q✉❡ ✭✸✳✺✵✮ ❛ été ❝❛❧❝✉❧é s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ρc =
ρ1+ρ2

2 ❡t κc =
κ1+κ2

2 ✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❧✬❆♥♥❡①❡ ❈✳✹ ♥♦✉s ❛✈♦♥s ♠♦♥tré ♣❛r s✐♠✉❧❛t✐♦♥ q✉❡ ❝❡tt❡
❤②♣♦t❤ès❡ ♥✬❛✛❡❝t❡ ♣❛s ❧❛ ✈❛❧❡✉r ❞✉ ❙❘▲▼ ✭✈♦✐r✱ ✜❣✉r❡ ✸✳✶✷✮✳ P♦✉r ❞❡s s♦✉r❝❡s ♦rt❤♦❣♦♥❛❧❡s
✭❝✬❡st✲à✲❞✐r❡✱ sH1 s2 = 0✮ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✭✈♦✐r✱ ✜❣✉r❡ ✸✳✶✸✮ ✿

❚❤é♦rè♠❡ ✶✵ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❘▲▼ ❡t ❧❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉①
s♦✉r❝❡s ♦rt❤♦❣♦♥❛❧❡s ❝♦♥♥✉❡s✱ RSB0✱ s❡ s✐t✉❛♥t ❞❛♥s ❧❡ ❝❤❛♠♣ ♣r♦❝❤❡ ❡st ❞♦♥♥é❡ ♣❛r

❘❙❇o =
λ(Pfa, Pd)

2δT❋δ
. ✭✸✳✺✷✮

❙❘▲▼ ♣♦✉r ❧❡ ▼■▼❖ r❛❞❛r ❡♥ ♣rés❡♥❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡ rés✉❧t❛t ❞✉ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡
s♦✉r❝❡s à ❧✬❛✐❞❡ ❞✬✉♥ r❛❞❛r ▼■▼❖✳ ▲❡s ❞ét❛✐❧s ❝❛❧❝✉❧❛t♦✐r❡s✱ ❧❡s s✐♠✉❧❛t✐♦♥s ❡t ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s
❛♣♣r♦❢♦♥❞✐❡ s♦♥t ♣rés❡♥tés ❞❛♥s ❧✬❆♥♥❡①❡ ❈✳✺ ✭▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞
❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ ❘❡s♦❧✉t✐♦♥ ▲✐♠✐t ❢♦r ❙♦✉r❝❡ ▲♦❝❛❧✐③❛t✐♦♥ ❲✐t❤ ❈❧✉tt❡r ■♥t❡r❢❡r❡♥❝❡ ✐♥ ❛
▼■▼❖ r❛❞❛r ❈♦♥t❡①t✧✱ s♦✉♠✐s à ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✮✳
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▲❡s ♦❜s❡r✈❛t✐♦♥s ✐ss✉❡s ❞✬✉♥ r❛❞❛r ▼■▼❖ ✭❞❛♥s ❧❡ ❝❛s ❞✬❛♥t❡♥♥❡s ré❝❡♣tr✐❝❡ ❡t é♠❡ttr✐❝❡
❡s♣❛❝é❡s ❡♥tr❡ ❡❧❧❡s ❬❏▲▲✵✾❪✮ q✉✐ r❡ç♦✐t ✉♥ s✐❣♥❛❧ ré✢é❝❤✐ s✉r M ❝✐❜❧❡s s♦♥t ❞♦♥♥é❡s ♣♦✉r ❧❛ ℓème

✐♠♣✉❧s✐♦♥ ♣❛r

Y ℓ =
M∑

m=1

ρme
2iπfmℓaR(ω

(R)
m )aT (ω

(T )
m )TS + V ℓ, ℓ ∈ [0 : L− 1] ✭✸✳✺✸✮

♦ù L✱ ρm ❡t fm r❡♣rés❡♥t❡♥t ❧❡ ♥♦♠❜r❡ ❞✬é❝❤❛♥t✐❧❧♦♥s ♣❛r ♣ér✐♦❞❡ ❞✬✐♠♣✉❧s✐♦♥✱ ✉♥ ❝♦❡✣❝✐❡♥t
♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ s❡❝t✐♦♥ ❡✣❝❛❝❡ ❞✉ r❛❞❛r ❡t ❧❛ ❢réq✉❡♥❝❡ ❉♦♣♣❧❡r ♥♦r♠❛❧✐sé❡ ❞❡ ❧❛ mème ❝✐❜❧❡✱
r❡s♣❡❝t✐✈❡♠❡♥t✳ T ✱ NT ❡t NR s♦♥t✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✱ ❧❡ ♥♦♠❜r❡ ❞❡
❝❛♣t❡✉rs é♠❡tt❡✉rs ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛♣t❡✉rs à ❧❛ ré❝❡♣t✐♦♥✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❡s s②♠❜♦❧❡s T ❡t R
r❡♣rés❡♥t❡r♦♥t ❧❛ ♣❛rt✐❡ é♠❡ttr✐❝❡ ❡t ❧❛ ♣❛rt✐❡ ré❝❡♣tr✐❝❡ ❞✉ r❛❞❛r ▼■▼❖✳

❉❡ ♣❧✉s✱ ❧❛ ♠❛tr✐❝❡ s♦✉r❝❡s ❞❡ t❛✐❧❧❡ NT × T ❡st ❞♦♥♥é❡ ♣❛r S =
[
s0 . . . sNT −1

]T
♦ù

sNt =
[
sNt(1) . . . sNt(T )

]T
✱ ❡t V ℓ ✭❞❡ t❛✐❧❧❡ NR × T ✮ r❡♣rés❡♥t❡ ❧❛ ♠❛tr✐❝❡ ❞✉ ❜r✉✐t✳ ▲❡s

✈❡❝t❡✉rs ❞✐r❡❝t✐♦♥♥❡❧s ❞❡ tr❛♥s♠✐ss✐♦♥ ❡t ❞❡ ré❝❡♣t✐♦♥ s♦♥t ❞♦♥♥és ♣❛r aT (.) ❡t aR(.)✳ ▲❡ ième

é❧é♠❡♥t ❞❡ ❝❤❛q✉❡ ✈❡❝t❡✉r ❞✐r❡❝t✐♦♥♥❡❧ ❡st ❞♦♥♥é ♣❛r [aT (ω
(T )
m )]i = ejω

(T )
m d

(T )
i ❡t [aR(ω

(R)
m )]i =

ejω
(R)
m d

(R)
i ♦ù ω(T )

m = 2π
ν sin(ψm), ω

(R)
m = 2π

ν sin(θm) ❡t ψm ❡st ❧✬❛♥❣❧❡ ❞❡ ❧❛ ❝✐❜❧❡ ✈✉ ❞❡ ❧✬❛♥t❡♥♥❡
é♠❡ttr✐❝❡✱ θm ❡st ❧✬❛♥❣❧❡ ❞❡ ❧❛ ❝✐❜❧❡ ✈✉ ❞❡ ❧✬❛♥t❡♥♥❡ ré❝❡♣tr✐❝❡✱ ν ❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❛
❞✐st❛♥❝❡ ❡♥tr❡ ❧❡ ♣r❡♠✐❡r ❝❛♣t❡✉r ❡t ❧❡ ième ❝❛♣t❡✉r ❡st ♥♦té d(T )

i ❡t d(R)
i ♣♦✉r ❧✬❛♥t❡♥♥❡ ❞❡

tr❛♥s♠✐ss✐♦♥ ❡t ♣♦✉r ❧✬❛♥t❡♥♥❡ ❞❡ ré❝❡♣t✐♦♥✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆✈❛♥t ❞❡ ♣rés❡♥t❡r ❧❡s rés✉❧t❛ts✱

❝♦♠♠❡♥ç♦♥s ♣❛r ✐♥tr♦❞✉✐r❡ ❧❡s q✉❛♥t✐tés s✉✐✈❛♥t❡s ✿ ω(T )
c =

ω
(T )
1 +ω

(T )
2

2 ❡t ω(R)
c =

ω
(R)
1 +ω

(R)
2

2

q✉✐ r❡♣rés❡♥t❡♥t ❧❡s ♣❛r❛♠ètr❡s ❝❡♥tr❛✉①✳ ȧT (.)
∆
= aT (.) ⊙ dT , ❡t ȧR(.)

∆
= aR(.) ⊙ dR ❛✈❡❝

dT = [d
(T )
0 d

(T )
1 . . . d

(T )
NT −1]

T ❡t dR = [d
(R)
0 d

(R)
1 . . . d

(R)
NR−1]

T ✳
❆ ❧✬✐♥st❛r ❞❡ ❧❛ s❡❝t✐♦♥ ✸✳✸✳✹✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❜✐♥❛✐r❡

{

H0 : (δR, δT ) = (0, 0),

H1 : (δR, δT ) 6= (0, 0),
✭✸✳✺✹✮

♦ù δT
∆
= ω

(T )
2 − ω

(T )
1 ❡t δR

∆
= ω

(R)
2 − ω

(R)
1 ✳

▲❡ t❛❜❧❡❛✉ ✸✳✸ ✭✈♦✐r ❛✉ss✐ ✜❣✉r❡ ✸✳✶✹✮ rés✉♠❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ✭❞é✜♥✐

❝♦♠♠❡ ❘❙❇
∆
=

tr{SSH}
Tσ2 ✮ ❡t ❧❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✭✸✳✺✸✮ s♦✉s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

❆✈❡❝ ✐♥t❡r❢ér❡♥❝❡s ❙❛♥s ✐♥t❡r❢ér❡♥❝❡s ❙❛♥s ✐♥t❡r❢ér❡♥❝❡s
M = 2 ❡t ❛♥t❡♥♥❡s s②♠étr✐q✉❡s

❱❛r✐❛♥❝❡ ❝♦♥♥✉❡
NT λK(Pfa,Pd)

2ζHGHP
P⊥

D
G
Gζ

λK(Pfa,Pd)
2LζHKζ

2NT λK(Pfa,Pd)
L((δ2R+δ2T )(α2−α1)

2+δ2Rδ
2
T (α2+α1)

2)

❱❛r✐❛♥❝❡ ✐♥❝♦♥♥✉❡
NT λU(Pfa,Pd)

2ζHGHP
P⊥

D
G
Gζ

λU(Pfa,Pd)
2LζHKζ

2NT λU(Pfa,Pd)
L((δ2R+δ2T )(α2−α1)

2+δ2Rδ
2
T (α2+α1)

2)

❚❛❜❧❡ ✸✳✸ ✕ ▲❡ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① ❝✐❜❧❡s✳

✕ ▲❡ s♦✉s✲❡s♣❛❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s ✭❡♥❣❡♥❞ré ♣❛r ❧❡s M − 2 s♦✉r❝❡s r❡st❛♥t❡s✮ ❡st ❝♦♥♥✉✱

✕ ▲❡s ♣❛r❛♠ètr❡s ❝❡♥tr❛✉①✱ ω(T )
c ❡t ω(R)

c s♦♥t s✉♣♣♦sés ❝♦♥♥✉s ♦✉ ♣ré❛❧❛❜❧❡♠❡♥t ❡st✐♠és✳
✕ ▲❡s αm✱ i = 1 . . .M s♦♥t ❝♦♥s✐❞érés ❞ét❡r♠✐♥✐st❡s ✐♥❝♦♥♥✉s✳
✕ ❧❡ ❜r✉✐t ❡st ●❛✉ss✐❡♥ ❝♦♠♣❧❡①❡ ❜❧❛♥❝ ❝✐r❝✉❧❛✐r❡ ❞❡ ♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2✳
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❋✐❣✉r❡ ✸✳✶✹ ✕ δR ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❘❙❇ r❡q✉✐s ♣♦✉r rés♦✉❞r❡ ❞❡✉① s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡
s♦✉r❝❡ ✐♥t❡r❢èr❡♥t❡ ❛✈❡❝ ✉♥❡ ❆▲❯ ❡♥ é♠✐ss✐♦♥ ❡t ré❝❡♣t✐♦♥ ❛✈❡❝ NR = NT = 4 ❝❛♣t❡✉rs✱ L = 4
❡t T = 100 ♦❜s❡r✈❛t✐♦♥s✳ ▲❡ ❝❛s ❞✐t ❝❧❛✐r✈♦②❛♥t ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ✐❞é❛❧ ♦ù t♦✉s ❧❡s ♣❛r❛♠ètr❡s
s♦♥t ❝♦♥♥✉s ② ❝♦♠♣r✐s δR✳

▲❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s ❞♦♥♥é❡s ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✸ s♦♥t ❡①♣❧✐❝✐té❡s ❝♦♠♠❡ s✉✐t ✿G =
[
̺2 ̺3 ̺4

]
,

❧❛ ♠❛tr✐❝❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s D =
[
̺1 g3 . . . gM

]
✱ α =

[
α1 + α2 α3 . . . αM

]T
❛✈❡❝

ζ =
j

2





δR(α2 − α1)
δT (α2 − α1)

j
2δRδT (α1 + α2)



 , ✭✸✳✺✺✮

❡t ♦ù ̺1 = c(f)⊗aT (ω(T )
c )⊗aR(ω(R)

c )✱ ̺2 = c(f)⊗aT (ω(T )
c )⊗ȧR(ω(R)

c )✱ ̺3 = c(f)⊗ȧT (ω(T )
c )⊗

aR(ω
(R)
c )✱ ̺4 = c(f) ⊗ ȧT (ω(T )

c ) ⊗ ȧR(ω(R)
c ) ❡t c(f) = [1 . . . ei2πf(L−1)]T ✳ ❉❡ ♣❧✉s✱ PP⊥

D
G =

P⊥
D − P⊥

[GD]✳ λK(Pfa, Pd) ❡t λU(Pfa, Pd) s♦♥t s♦❧✉t✐♦♥s ❞❡ Q−1
χ2
2r
(Pfa) = Q−1

χ2
2r(λ3(Pfa,Pd))

(Pd)

❡t Q−1
F2r,2r′

(Pfa) = Q−1
F2r,2r′ (λU(Pfa,Pd))

(Pd)✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❛✈❡❝ r = TNTNR −M + 1 ❡t r′ =

TNTNR − (M + 2)✳

✸✳✸✳✺ ❈❤♦✐① ❞✉ ❝r✐tèr❡ ❞✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧

❉❛♥s ❧❡s s❡❝t✐♦♥s ✸✳✸✳✷ ❡t ✸✳✸✳✹✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé q✉❡❧q✉❡s ❝r✐tèr❡s ♣♦✉r ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥
❧✐♠✐t❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧ ❞♦♥t ✈♦✐❝✐ ✉♥ ré❝❛♣✐t✉❧❛t✐❢ ✿

⋄ ❈r✐tèr❡ ❜❛sé s✉r ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦ ✿ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✷✱ ♥♦✉s ❛✈♦♥s
♣r♦♣♦sé ✉♥ ❝r✐tèr❡ ♣♦✉r ❧❡ ❙❘▲▼ ❜❛sé s✉r ❧❛ ❇❈❘ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞✐st❛♥❝❡ l1 ✭✸✳✷✾✮✳ ◆♦✉s
❛✈♦♥s ♠♦♥tré q✉❡ ❝❡ ❝r✐tèr❡ ❡st éq✉✐✈❛❧❡♥t à ✉♥ t❡st ❯PP ✭à ✉♥ ❢❛❝t❡✉r ♠✉❧t✐♣❧✐❝❛t❡✉r ♣rès✳✮
❈❡tt❡ ❡①t❡♥s✐♦♥ ♣❡✉t êtr❡ ♥❛t✉r❡❧❧❡♠❡♥t ❢❛✐t❡ ♣♦✉r ✉♥❡ ❞✐st❛♥❝❡ lk ❛✈❡❝ k ❡♥t✐❡r s✉♣ér✐❡✉r
à ③ér♦ ✭✈♦✐r✱ ❧✬❆♣♣❡♥❞✐❝❡ ❈✳✶✳✮ ❙✉✐✈❛♥t ❧❛ ♠ê♠❡ ❞é♠❛r❝❤❡ q✉❡ ❝❡❧❧❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✷✱
♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❧❡ ❝r✐tèr❡ ❞✉ ❙❘▲▼ ❜❛sé s✉r ❧❛ ❇❈❘ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞✐st❛♥❝❡lk ❡st ❧✉✐
❛✉ss✐ éq✉✐✈❛❧❡♥t à ✉♥ t❡st ❯PP ✭à ✉♥ ❢❛❝t❡✉r ♠✉❧t✐♣❧✐❝❛t❡✉r ♣rès✮✳ ❈❡ ❝r✐tèr❡ s✬❡①♣r✐♠❡r❛
❝♦♠♠❡ s✉✐t ✿

❚❤é♦rè♠❡ ✶✶ ▲❡ ❙❘▲▼ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✭✸✳✷✼✮ à P ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♣❛r s✐❣♥❛❧ ❡♥ ✉t✐✲

❧✐s❛♥t ❧❛ ❞✐st❛♥❝❡ lk ❡st ❞♦♥♥é ♣❛r δ =

(
∑P

p=1

∣
∣
∣ω

(p)
1 − ω

(p)
2

∣
∣
∣

k
)1/k

✱ q✉✐ r❡♣rés❡♥t❡ ❧❛ s♦❧✉t✐♦♥

✐♠♣❧✐❝✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ✿

δ2k −Adirect −Acroisé = 0, ✭✸✳✺✻✮
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♦ù

Adirecte =
P∑

p=1

δ2(k−1)
p

(

❇❈❘(ω
(p)
1 ) + ❇❈❘(ω

(p)
2 )− 2❇❈❘(ω

(p)
1 , ω

(p)
2 )
)

, ✭✸✳✺✼✮

❡t

Acroisé =

P∑

p=1

P∑

p′ = 1
p′ 6= p

δk−1
p δk−1

p′ gpgp′
(

❇❈❘(ω
(p)
1 , ω

(p′)
1 ) + ❇❈❘(ω

(p)
2 , ω

(p′)
2 )− 2❇❈❘(ω

(p)
1 , ω

(p′)
2 )

)

,

✭✸✳✺✽✮

❛✈❡❝ δp =
∣
∣
∣ω

(p)
1 − ω

(p)
2

∣
∣
∣ ❡t gp = s❣♥

(

ω
(p)
1 − ω

(p)
2

)

✳

⋄ ❈r✐tèr❡ ❜❛sé s✉r ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s ✿ ❈❡ ❝r✐tèr❡ ✉t✐❧✐s❡ ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❜✐♥❛✐r❡ q✉✐ ❞é❝r✐t
❜✐❡♥ ❧❛ s✐t✉❛t✐♦♥ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✶✳ ▲✬❤②♣♦t❤ès❡ H0 r❡♣rés❡♥t❡ ❧❡ ❝❛s ♦ù ❧❡s ❞❡✉① s♦✉r❝❡s s♦♥t
❝♦♠❜✐♥é❡s ❡♥ ✉♥❡ s❡✉❧❡ s♦✉r❝❡✱ ❛❧♦rs q✉❡ ❧✬❤②♣♦t❤ès❡ H1 r❡♣rés❡♥t❡ ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡s ❞❡✉①
s♦✉r❝❡s s♦♥t rés♦❧✉❡s✳ ❉ès ❧♦rs✱ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡s ❛❞éq✉❛t ❡st ❞♦♥♥é ♣❛r







H0 : δ
∆
=
[

ω
(1)
1 − ω

(1)
2 . . . ω

(P )
1 − ω

(P )
2

]T
= 0,

H1 : δ 6= 0,
✭✸✳✺✾✮

❆✐♥s✐✱ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ♣❧✉s✐❡✉rs ❛♣♣r♦❝❤❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼✳
▲❛ q✉❡st✐♦♥ ♥❛t✉r❡❧❧❡ q✉✐ s❡ ♣♦s❡ ❡st ❛❧♦rs q✉❡❧ ❝r✐tèr❡ ❝❤♦✐s✐r ❄

P♦✉r ré♣♦♥❞r❡ à ❝❡tt❡ q✉❡st✐♦♥✱ ♥♦t♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ ✿

• ▲❡ ❙❘▲▼ ❡st ✉♥ ❝♦♥❝❡♣t ré❝❡♥t✳ ▲❡s ❝r✐tèr❡s q✉❡ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sés ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ♠❡s✉r❡
❞✉ ❙❘▲▼ ♣r♦♣♦sé ✭❙❘▲▼ s♦✉s ❢♦r♠❡ s❝❛❧❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❞✐st❛♥❝❡ lk ♦✉ ❙❘▲▼ ✈❡❝t♦r✐❡❧
❡♥ ✉t✐❧✐s❛♥t ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ❜✐♥❛✐r❡✳✮ ❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♥♦✉s ❞♦♥♥❡r♦♥s ❧❡s ✐♥❝♦♥✈é♥✐❡♥ts
❞❡ ❝❤❛q✉❡ ❝r✐tèr❡✳ ❈❡❧❛ ét❛♥t ❞✐t✱ t♦✉s ❧❡s ❝r✐tèr❡s ♣r♦♣♦sés ♦♥t ✉♥ s❡♥s ♣✉✐sq✉✬✐❧s r❡✢èt❡♥t
❜✐❡♥ ❧❛ s✐t✉❛t✐♦♥ ♣rés❡♥té❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✳

• ❆ t✐tr❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥✱ ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡ ❡♥ t❡r♠❡ ❞✬❡rr❡✉r ❞✬❡st✐♠❛t✐♦♥ s❡ ❢❛✐t ❡♥ s❡
❜❛s❛♥t s✉r ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✳ ▲✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❡st ✉♥❡ ♠❡s✉r❡ q✉✐
❛ été ❛r❜✐tr❛✐r❡♠❡♥t ❡t ♥❛t✉r❡❧❧❡♠❡♥t ❝❤♦✐s✐❡ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s✳ ❈❡♣❡♥❞❛♥t✱
r✐❡♥ ♥❡ ♥♦✉s ❡♠♣ê❝❤❡ ❞✬❛♥❛❧②s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❡♥ t❡r♠❡ ❞❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡ ❧✬❡rr❡✉r
♠♦②❡♥♥❡✱ ♦✉ ♠ê♠❡✱ ❡♥ t❡r♠❡ ❞❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡ ❧✬❡rr❡✉r ❝✉❜✐q✉❡ ♠♦②❡♥♥❡✳

❆✐♥s✐✱ ❧❡ ❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❛ été✱ ❡♥ ♣r❡♠✐❡r ❧✐❡✉✱ ❞❡ ♣rés❡♥t❡r ❧❡s ❞✐✛ér❡♥ts ❝r✐tèr❡s ♣♦ss✐❜❧❡s✳
❉❛♥s ❝❡ q✉✐ s✉✐t ♥♦✉s ♣rés❡♥t❡r♦♥s ❛✉ss✐ ❧❡✉rs ✐♥❝♦♥✈é♥✐❡♥ts ❡t ❧❡✉rs ❛✈❛♥t❛❣❡s ❡t ❝❡ s❡r❛ à
❧✬✉t✐❧✐s❛t❡✉r ❞❡ ❝❤♦✐s✐r ❧❡ ❝r✐tèr❡ ❧❡ ♣❧✉s ❛❞❛♣té à s♦♥ ❛♣♣❧✐❝❛t✐♦♥ ✿

◦ ❈r✐tèr❡ ❜❛sé s✉r ❧❡ t❡st ❜✐♥❛✐r❡ ✿ ❈❡ ❝r✐tèr❡ ♥❡ r❡q✉✐❡rt ❛✉❝✉♥❡ s✉♣♣♦s✐t✐♦♥✱ ♠✐s à ♣❛rt✱ q✉❡
❧❡ ♠♦❞è❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s s♦✐t ✐❞❡♥t✐✜❛❜❧❡✳ ❈❡♣❡♥❞❛♥t✱ ❧✬✐♥❝♦♥✈é♥✐❡♥t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡
❛♣♣r♦❝❤❡ ❡st q✉❡ ❧❡ t❡st ✭✸✳✺✾✮ ❡st ❞✐✣❝✐❧❡♠❡♥t tr❛✐t❛❜❧❡ ❡t ❞❡✈✐❡♥t r❛♣✐❞❡♠❡♥t ✐♠♣♦ss✐❜❧❡
♣♦✉r P > 2 ✭s❛✉❢ ♣♦✉r ❝❡rt❛✐♥s ♠♦❞è❧❡s tr✐✈✐❛✉①✳✮

◦ ❈r✐tèr❡ ❜❛sé s✉r ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠èr✲❘❛♦ ✿ ❈❡ ❝r✐tèr❡ s✉♣♣♦s❡ q✉❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧❡s é❧é♠❡♥ts
❞✉ ✈❡❝t❡✉r ω s♦♥t ❞❡ ❧❛ ♠ê♠❡ ♥❛t✉r❡✱ ❝✬❡st✲à✲❞✐r❡✱ q✉❡ ❧❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt ♦♥t ❧❛
♠ê♠❡ ✉♥✐té ❞❡ ♠❡s✉r❡✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ♥♦✉s s❡r♦♥s ♦❜❧✐❣és ❞❡ ❢❛✐r❡ ✉♥ ❝❤❛♥❣❡♠❡♥t
❞❡ ✈❛r✐❛❜❧❡ ♣♦✉r ♦❜t❡♥✐r ❞❡s ♣❛r❛♠ètr❡s ❛②❛♥t ❧❛ ♠ê♠❡ ✉♥✐té ❞❡ ♠❡s✉r❡ ✭♣❛r ❡①❡♠♣❧❡✱
❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✱ ♥♦✉s ♣♦✉rr♦♥s ✉t✐❧✐s❡r ❧❡s
❛♥❣❧❡s é❧❡❝tr✐q✉❡s ✭♣❛r❛♠ètr❡s ♥♦♥ ♣❤②s✐q✉❡s✮ ❛✉ ❧✐❡✉ ❞❡ ❧✬é❧é✈❛t✐♦♥ θ ❡t ❞❡ ❧❛ ❞✐st❛♥❝❡ r
✭♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s✮✱ ✈♦✐r s❡❝t✐♦♥ ✷✳✷✮✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ ❝❤♦✐① ❞❡ ❧❛ ♥♦r♠❡✱ ❝✬❡st✲à✲
❞✐r❡✱ ❧❛ ✈❛❧❡✉r ❞❡ ❧✬❡♥t✐❡r k ✿
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⋆ ❙✐ k = 1✱ ❧❡ ❙❘▲▼ ❡st ❢❛❝✐❧❡♠❡♥t ❝❛❧❝✉❧❛❜❧❡ ❡♥ rés♦❧✈❛♥t ✭✸✳✺✻✮✳ P❛r ❝♦♥tr❡✱ ♦♥ ✐♠♣♦s❡r❛

❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ✿ ∀p, ω(p)
1 6= ω

(p)
2 ✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ❞û❡ à ❧❛ ♥♦♥ ❞ér✐✈❛❜✐❧✐té ❞❡

δkp ♣❛r r❛♣♣♦rt à ω(p)
1 ❡t ω(p)

2 ♣♦✉r k = 1✳

⋆ P♦✉r k > 1✱ ❧❡ ❝❛❧❝✉❧ ❞✉ ❙❘▲▼ ❞❡✈✐❡♥t très ❝♦♠♣❧✐q✉é✱ ✈♦✐r ✐♠♣r❛t✐❝❛❜❧❡ ❛♥❛❧②t✐q✉❡♠❡♥t
❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s s✐t✉❛t✐♦♥s✳ ❈❡❧❛ ét❛♥t ❞✐t✱ ✐❧ ❡st ❢❛❝✐❧❡♠❡♥t ❝❛❧❝✉❧❛❜❧❡ ♥✉♠ér✐q✉❡✲
♠❡♥t✳ ❉❡ ♣❧✉s✱ ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞❡ k ♣❛✐r✱ ❧❛ ❝♦♥❞✐t✐♦♥ ∀p, ω(p)

1 6= ω
(p)
2 ❡st r❡❧❛①é❡✳
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❈❤❛♣✐tr❡ ✹

❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❉❛♥s ❝❡ ♠❛♥✉s❝r✐t ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s ❡♥ tr❛✐t❡♠❡♥t
❞✬❛♥t❡♥♥❡✳ ◆♦✉s ❛✈♦♥s ❡ss❛②é ❞❡ tr❛✐t❡r ♣❧✉s✐❡✉rs ❛s♣❡❝ts ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s✱ ❝✬❡st✲à✲
❞✐r❡✱

✕ ❧✬ét✉❞❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✱ q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s
♣❡r❢♦r♠❛♥❝❡s ✉❧t✐♠❡s ❞✬❡st✐♠❛t✐♦♥ q✉✬✉♥ ❛❧❣♦r✐t❤♠❡ ♣❡✉t ❡s♣ér❡r ❛tt❡✐♥❞r❡✱

✕ ❧✬ét✉❞❡ ❞✉ ❞é❝r♦❝❤❡♠❡♥t ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✱ q✉✐ ❞é❧✐♠✐t❡ ❧❛ ③♦♥❡ ❞❡ ❢♦♥❝✲
t✐♦♥♥❡♠❡♥t ♦♣t✐♠❛❧ ❞❡ ❧✬❡st✐♠❛t❡✉r ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✱ ❡t ❡♥✜♥✱

✕ ❧✬ét✉❞❡ ❞✉ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡✱ ❛♣♣❡❧é ❛✉ss✐ ♣♦✉✈♦✐r sé♣❛r❛t❡✉r✳ ❈❡ ❞❡r♥✐❡r
❡st ✉♥ ❛✉tr❡ ✐♥❞✐❝❛t❡✉r ❞❡ ♣❡r❢♦r♠❛♥❝❡ ♠♦✐♥s ✉t✐❧✐sé ♠❛✐s ❞✬✉♥❡ ✐♠♣♦rt❛♥❝❡ ❝r♦✐ss❛♥t❡
❞❛♥s t♦✉t ♣r♦❜❧è♠❡ ❞✬❡st✐♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡✳ ■❧ tr❛❞✉✐t ❧❛ ❝❛♣❛❝✐té ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ à
sé♣❛r❡r ❞❡✉① s♦✉r❝❡s ♣r♦❝❤❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧ r❡♣rés❡♥t❡ ❧❛ ❞✐st❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥tr❡
❞❡✉① s✐❣♥❛✉① ♣❡r♠❡tt❛♥t ✉♥❡ ❝♦rr❡❝t❡ sé♣❛r❛t✐♦♥✴❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt✳

P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥✐t✐❛❧❡♠❡♥t ✐♥tér❡ssés à ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s
♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡ s♦✉r❝❡s ♣r♦❝❤❡s ❞❡ ❧✬❛♥t❡♥♥❡✱
❧❡s ❢r♦♥ts ❞✬♦♥❞❡s ♥❡ s♦♥t ♣❧✉s ♣❧❛♥s ❡t ✐❧ ❢❛✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✉♥ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s
♣❛r❛♠étré ♣❛r ❧✬❛③✐♠✉t ❞❡ ❝❤❛q✉❡ s♦✉r❝❡✱ ❞✬✉♥❡ ♣❛rt✱ ♠❛✐s ❛✉ss✐ ♣❛r ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s s♦✉r❝❡s
❡t ✉♥ ré❢ér❡♥t✐❡❧ ✈✐s✲à✲✈✐s ❞❡ ❧✬❛♥t❡♥♥❡✳ ❆✐♥s✐✱ ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ✿

✕ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❡t ❛♥❛❧②sé ❧❡s ❜♦r♥❡s ❞❡ ❈r❛♠ér✲❘❛♦ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ s♦✉r❝❡ s✐t✉é❡
❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✳ ◆♦tr❡ ❛♣♣r♦❝❤❡ ❝♦♠♣♦rt❡ ❞❡✉① ❛✈❛♥t❛❣❡s ✿ (1) ❧❡ ❝♦ût ❝❛❧❝✉❧❛t♦✐r❡ ❞❡s
❜♦r♥❡s ❞❡ ❈r❛♠ér✲❘❛♦✱ ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✱ s♦✉s ❢♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ ♣❡✉t
êtr❡ très ❝♦ût❡✉①✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ❞❡ ♥♦s ❡①♣r❡ss✐♦♥s ♥♦♥✲♠❛tr✐❝✐❡❧❧❡s ❡t (2) ❞❡s
✐♥❢♦r♠❛t✐♦♥s ♣❡rt✐♥❡♥t❡s ❝♦♥❝❡r♥❛♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✉ s②stè♠❡ ♣❡✉✈❡♥t êtr❡ ❢❛❝✐❧❡♠❡♥t
❞é❞✉✐t❡s✱

✕ ♥♦✉s ❛✈♦♥s ❝♦♥t✐♥✉é ♥♦tr❡ ❛♥❛❧②s❡ ❛✜♥ ❞❡ ♣ré❞✐r❡ ❧❛ ③♦♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t✳ ❆✐♥s✐✱ ♥♦✉s
❛✈♦♥s ❝❛❧❝✉❧é ❡t ❛♥❛❧②sé ❞✐✛ér❡♥t❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ✿
❧❛ ❜♦r♥❡ ❞❡ ▼❝❆✉❧❛②✲❙❡✐❞♠❛♥✱ ❧❛ ❜♦r♥❡ ❞❡ ❍❛♠♠❡rs❧❡②✲❈❤❛♣♠❛♥✲❘♦❜❜✐♥s✱ ❧❛ ❜♦r♥❡ ❞❡
▼❝❆✉❧❛②✲❍♦❢st❡tt❡r ❡t✱ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ✉♥❡ ❜♦r♥❡ ré❝❡♠♠❡♥t ✐♥tr♦❞✉✐t❡ ❞❛♥s ❧❛
❧✐ttér❛t✉r❡ ❞é♥♦♠♠é❡ ❧❛ ❜♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦✳ ▲❡ ❜✉t ❞❡ ❝❡tt❡ ét✉❞❡ ❡st ❞❡ ❝❛✲
r❛❝tér✐s❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦♣t✐♠❛❧❡s ♥♦♥✲❛s②♠♣t♦t✐q✉❡s ❞❡s ❡st✐♠❛t❡✉rs✱ ❞❛♥s ❧❡ ❝♦♥t❡①t❡
❝❤❛♠♣ ♣r♦❝❤❡✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧❛ ♣ré❞✐❝t✐♦♥ ❞✉ ♣❤é✲
♥♦♠è♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t ♣♦✉r ❧❡q✉❡❧ ❝❡s ❜♦r♥❡s s♦♥t ✉t✐❧❡s✳ ❈❡tt❡ ❛♥❛❧②s❡ ❡st ♣❡rt✐♥❡♥t❡✱
❞✬❛✉t❛♥t ♣❧✉s✱ q✉✬à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❛✉❝✉♥ rés✉❧t❛t ❝♦♥❝❡r♥❛♥t ❞❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s
❛✉tr❡s q✉❡ ❧❛ ❜♦r♥❡ ❞❡ ❈r❛♠ér✲❘❛♦✱ ♥✬❡st ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❈❡tt❡ ❛♥❛❧②s❡
♥♦✉s ❛ ♣❡r♠✐s ❞✬❛✈♦✐r ✉♥❡ ❜♦♥♥❡ ♣ré❞✐❝t✐♦♥ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❞é❝r♦❝❤❡♠❡♥t✳ ❊t ❝❡❝✐✱ ♣♦✉r
✉♥ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❝♦rr♦♠♣✉ ♣❛r ✉♥ ❜r✉✐t s♣❛t✐❛❧❡♠❡♥t ❝♦❧♦ré✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❛✈♦♥s

✹✾
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❞é♠♦♥tré✱ ❧♦rs ❞❡ ❝❡tt❡ ét✉❞❡✱ q✉❡ ❧❛ ❜♦r♥❡ ❞❡ ❋♦✉r✐❡r ❈r❛♠ér✲❘❛♦✱ ré❝❡♠♠❡♥t ♣r♦♣♦✲
sé❡✱ ❞❡♠❡✉r❡ ♠♦✐♥s ♣❡r❢♦r♠❛♥t❡ q✉❡ ❝❡rt❛✐♥❡s ❞❡ s❡s ♣ré❞é❝❡ss❡✉rs✱ ♦♥ ❝✐t❡ ❧❛ ❜♦r♥❡ ❞❡
▼❝❆✉❧❛②✲❍♦❢st❡tt❡r ❝♦♠♠❡ ❡①❡♠♣❧❡✳

✕ ❊♥ ✈♦✉❧❛♥t ét✉❞✐❡r ❧✬❛♥❛❧②s❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s ❡♥ t❡r♠❡ ❞✉ s❡✉✐❧ st❛t✐st✐q✉❡ ❞❡ rés♦❧✉t✐♦♥
❧✐♠✐t❡✱ ♥♦✉s ♥♦✉s s♦♠♠❡s r❡♥❞✉s ❝♦♠♣t❡ q✉❡ ❝❡t ❛s♣❡❝t ❡st très ♣❡✉ ét✉❞✐é ♣❛r ❧❛ ❝♦♠♠✉✲
♥❛✉té ❞✉ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡✳ ❆ ❝❡t ❡✛❡t✱ ♥♦✉s ❛✈♦♥s t♦✉t ❞✬❛❜♦r❞ ❝❛r❛❝tér✐sé ❧❡ s❡✉✐❧ ❞❡
rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s ❢réq✉❡♥ts ❡♥ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡
❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♥♦✉s ❛✈♦♥s tr❛✐té
❧❡ ❝❛s ❞❡ s♦✉r❝❡s ♣♦❧❛r✐sé❡s ❡t ❧❡ ❝❛s ❞❡ s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❢ér❡♥❝❡s✱ q✉✐ s♦♥t ❞❡s
❛♣♣❧✐❝❛t✐♦♥s ♣♦✉r ❧❡sq✉❡❧❧❡s ❛✉❝✉♥ rés✉❧t❛t ♥✬ét❛✐t ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳
▲♦rsq✉❡ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ❛✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡
s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡ q✉✐ ét❛✐t ♥♦tr❡ s✉❥❡t ✐♥✐t✐❛❧✱ ♥♦✉s ❛✈♦♥s ❝♦♥st❛té q✉❡ t♦✉s ❧❡s
❝r✐tèr❡s ❝♦♥❝❡rt❛♥t ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ♦♥t été ✐♥tr♦❞✉✐ts ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ s❡✉❧
♣❛r❛♠ètr❡ ❞✬✐♥térêt ♣❛r s✐❣♥❛❧✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s ❞✬❡st✐♠❛t✐♦♥✱ ❧❡s
s✐❣♥❛✉① s♦♥t ♣❛r❛♠étrés ♣❛r ♣❧✉s ❞✬✉♥ ♣❛r❛♠ètr❡ ❞✬✐♥térêt ♣❛r s✐❣♥❛❧✳ ❆ ❝❡t ❡✛❡t✱ ♥♦✉s ❛✈♦♥s
ét❡♥❞✉ ❧❡ ❝r✐tèr❡ ❞✉ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡ ❛✉ ❝❛s ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✳ ❈❡tt❡ ❡①t❡♥s✐♦♥✱
✐♥✐t✐❛❧❡♠❡♥t ✐♥t✉✐t✐✈❡✱ ❡st ✈❛❧✐❞é❡ ♣❛r ✉♥❡ ét✉❞❡ s❡ ❜❛s❛♥t s✉r ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s✳ ❆✐♥s✐✱
♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ♥♦tr❡ ❡①t❡♥s✐♦♥ ❡st ❛s②♠♣t♦t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥t❡ ✭à ✉♥ ❢❛❝t❡✉r
❞❡ tr❛♥s❧❛t✐♦♥ ♣rès✮ à ✉♥ t❡st ❞✬❤②♣♦t❤ès❡s ✉♥✐❢♦r♠é♠❡♥t ❧❡ ♣❧✉s ♣✉✐ss❛♥t✳ ❊♥✜♥✱ ♥♦✉s
❛✈♦♥s ❛♣♣❧✐q✉é ♥♦tr❡ ❡①t❡♥s✐♦♥ à ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ❞❡ tr❛✐t❡♠❡♥t ❞✬❛♥t❡♥♥❡ ✭♠♦❞è❧❡
❤❛r♠♦♥✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧✱ ♠♦❞è❧❡ ❞✉ ❝❤❛♠♣ ♣r♦❝❤❡ ❡t ❧❡ ♠♦❞è❧❡ ❞✉ ▼■▼❖ r❛❞❛r✮✳

▲❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ ❝❡ tr❛✈❛✐❧ ♣❡✉✈❡♥t êtr❡ sé♣❛ré❡s ❡♥ ❞❡✉① ❣r♦✉♣❡s

• ❈♦♥❝❡r♥❛♥t ❧❡s ❜♦r♥❡s ✐♥❢ér✐❡✉r❡s ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡
s♦✉r❝❡s ❡♥ ❝❤❛♠♣ ♣r♦❝❤❡✱ ✐❧ ❝♦♥✈✐❡♥t ❛✉ss✐ ❞✬ét❡♥❞r❡ ❝❡tt❡ ét✉❞❡

✕ ❞❛♥s ❧❡ ❝❛s ❧❡ ♣❧✉s ❣é♥ér❛❧ ✭♣❛r ❡①❡♠♣❧❡✱ ✉♥ ❜r✉✐t ♥♦♥ ●❛✉ss✐❡♥ ❛✈❡❝ ✉♥❡ ♠❛tr✐❝❡ ❞❡
❝♦✈❛r✐❛♥❝❡ ✐♥❝♦♥♥✉❡ ♠❛✐s ❛✉ss✐ ♣♦✉r ✉♥ ✈❡❝t❡✉r ❞❡ ♣❛r❛♠ètr❡s ✐♥❝♦♥♥✉ ❝♦♥t❡♥❛♥t t♦✉s
❧❡s ♣❛r❛♠ètr❡s ❞✬✐♥térêt ❡t ❞❡ ♥✉✐s❛♥❝❡✮✱

✕ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞✬♦❜s❡r✈❛t✐♦♥s ♠✉❧t✐✲s♦✉r❝❡s ❡♥ ♣rés❡♥❝❡ ❞✬✐♥t❡r❢ér❡♥❝❡s✱
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Conditional and Unconditional Cramér–Rao Bounds for

Near-Field Source Localization

Mohammed Nabil El Korso, Rémy Boyer, Alexandre Renaux, and
Sylvie Marcos

Abstract—Near-field source localization problem by a passive antenna
array makes the assumption that the time-varying sources are located near
the antenna. In this context, the far-field assumption (i.e., planar wave-
front) is, of course, no longer valid and one has to consider a more com-
plicated model parameterized by the bearing (as in the far-field case) and
by the distance, named range, between the source and a reference coordi-
nate system. One can find a plethora of estimation schemes in the litera-
ture, but their ultimate performance in terms of mean square error (MSE)
have not been fully investigated. To characterize these performance, the
Cramér–Rao bound (CRB) is a popular mathematical tool in signal pro-
cessing. The main cause for this is that the MSE of several high-resolution
direction of arrival algorithms are known to achieve the CRB under quite
general/weak conditions. In this correspondence, we derive and analyze
the so-called conditional and unconditional CRBs for a single time-varying
near-field source. In each case, we obtain non-matrix closed-form expres-
sions. Our approach has two advantages: i) due to the fact that one has
to inverse the Fisher information matrix, the computational cost for a large
number of snapshots (in the case of the conditional CRB) and/or for a large
number of sensors (in the case of the unconditional CRB), of a matrix-based
CRB can be high while our approach is low and ii) some useful information
can be deduced from the behavior of the bound. In particular, an explicit
relationship between the conditional and the unconditional CRBs is pro-
vided and one shows that closer is the source from the array and/or higher
is the signal carrier frequency, better is the range estimation.

Index Terms—Bearing and range estimation, Cramér–Rao bound, near
field, performance analysis, performance bound, source localization.

I. INTRODUCTION

Passive sources localization by an array of sensors is an important
topic with a large number of applications, such as sonar, seismology,
digital communications, etc. Particularly, the context of far-field
sources has been widely investigated in the literature and several
algorithms to estimate the localization parameters have been proposed
[2]. In this case, the sources are assumed to be far from the array of
sensors. Consequently, the propagating waves are assumed to have
planar wavefronts when they reach the array. However, when the
sources are located in the so-called near-field region, the curvature
of the waves impinging on the sensors can no longer be neglected.
Therefore, in this scenario, each source is characterized by its bearing
and its range.

In array processing, there exist two different models depending on
the assumptions about the signal sources: 1) the so-called conditional
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model, i.e., when the signals are assumed to be deterministic but un-
known and 2) the so-called unconditional model, i.e., when the signals
are assumed to be driven by a Gaussian random process. Each model
is appropriate for a given situation. For example, the assumption of
Gaussian source signal is not realistic for several applications (for ex-
ample, in radar [3] or radio communication applications [4]). A legiti-
mate choice is then to assume that the emitted signals are deterministic
and unknown. On the other hand, in some applications it is appropriate
to model the sources as stationary Gaussian processes (for examples
in seismology and tomography, see [5]). One can find many estima-
tion schemes adapted to near-field source localization (e.g., [6]–[8]),
but only a few number of works studying the optimal performance as-
sociated with this model have been proposed. To characterize the per-
formance of an estimator in terms of mean square error (MSE), the
Cramér–Rao bound (CRB) is certainly the most popular tool [9].

Since, in array processing, two signals models are generally used, it
exists two distinct CRB named the Unconditional CRB (UCRB) and
the Conditional CRB (CCRB). More precisely, the UCRB is achieved
asymptotically, i.e., for a large number of snapshots, by the Uncondi-
tional Maximum Likelihood (UML) estimator [10], whereas the CCRB
is achieved asymptotically, i.e., at high signal-to-noise ratio, by the
Conditional Maximum Likelihood (CML) estimator [11].

Most of the results concerning the UCRB and the CCRB available in
the literature deal with the far-field case. Moreover, in some works, only
closed-form expressions of the Fisher information matrix are given. We
call these cases matrix expression of the CRB since the inversion of the
FIM is not presented. On the other hand, we will refer to a non-ma-

trix expression of the CRB when the inversion of the FIM is proposed.
Note that, in the conditional signal model case, this distinction is fun-
damental since the size of the parameter vector grows with the number
of snapshots.

In [12], the UCRB was indirectly derived as the asymptotic, in terms
of number of snapshots, covariance matrix of the UML estimator. Ten
years after, Stoica et al. [13], Pesavento and Gershman [14] and Ger-
shman et al. [15] provided a direct (but similar) matrix-based derivation
of this bound using the extended Slepian–Bangs formula for a uniform,
a nonuniform, and an unknown noise field, respectively. On the other
hand, a matrix-based expression of the CCRB for the far-field case was
derived by Stoica et al. in [16].

Unlike the far-field case, the CRB for the near-field localization
problem has been less studied. One can find in [17] matrix-based
expressions of the UCRB for range and bearing estimation. Ottersten
et al. derived a general matrix-based expressions of the UCRB for
unknown parameters associated with the emitted signal [10]. Recently,
Grosicki et al. [6] extended, to the near-field case, the matrix-form
expression for the UCRB similar to that given in [12] in the far-field
case. Again, one should note that all the closed-form expressions,
given in the literature and above concerning the near-field case, are
matrix-based expressions stopped before the inversion of the Fisher
information matrix. To the best of our knowledge, no non-matrix
expressions are available concerning the CCRB and UCRB for range
and bearing estimation in the near-field context. The goal of this
correspondence is to fill this lack. Particularly, non-matrix closed-form
expressions of the CRB in the case of a single deterministic (but
unknown) and stochastic time-varying narrowband source in the
near-field region are derived and analyzed. Consequently, this ap-
proach avoids the costly computational cost of the matrix-based
CRB expressions particularly for a large number of snapshots (for the
CCRB) and/or for a large number of sensors (for the UCRB). However,
it is not the only reason concerning the usefulness of these non-matrix
expressions. Deriving non-matrix expressions of the CRB enables us

1053-587X/$26.00 © 2010 IEEE
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to characterize the performance of any unbiased estimator and to use
it to deduce some useful information describing the behavior of the
MLE variance as a function of the physical parameters.

This correspondence is organized as follows. Section II formulates
the problem and basic assumptions. In Section III we present our
derivation of the CCRB and the UCRB in the near-field region.
Section IV is devoted to the analytical and numerical analysis of the
CRB where we provide a discussion on the CRB’s behavior. Fur-
thermore, simulation results are provided to validate this theoretical
analysis. Finally, conclusions are given in Section V.

Glossary of Notation: The following notations are used through
the correspondence. Matrices and vectors are represented by bold
uppercase and bold lowercase characters, respectively. Vectors are,
by default, in column orientation, whereas �� ������ � ����� and
������ denote the transpose, the conjugate, the conjugate transpose,
the trace and the determinant of the matrix �, respectively. ���� and
������ denote the �th element of the vector � and the �th row and
the �th column element of the matrix �, respectively. Furthermore,
����� ��������� ���	
�������	
�����
��� �
�� and ���
�� stand
for the real part, the expectation, the Hadamard product, the Kro-
necker product, the diagonal operator, the block diagonal operator,
the vec-operator, the Kronecker symbol and the modulo operator,
respectively. �� and ���� denote the vector of dimension � � � filled
by ones and the identity matrix of size � � �, respectively. Finally
	� 

�� and ��������� � 
��� �

��� �
�
� 
�� denote the complex number	
�, the terms of order larger or equal to � and the normalized norm

of the vector ������.

II. PROBLEM SETUP AND ASSUMPTIONS

Consider an uniform linear array (ULA) of� sensors with inter-ele-
ment spacing � that receives a signal emitted by a single near-field and
narrowband source. Consequently, the observation model is as follows:

��
�� � �
���	�
� � ��
���

� � �� � � � � �� � � �� � � � � � 
 �

where ��
�� is the observed signal at the output of the 
����th sensor.
In the conditional case, �
�� � �
���	��
� ������ is the source signal
with a carrier frequency equals to �� where �
�� and �
�� are the real
amplitude and the shift phase, respectively. The random process ��
��
is an additive noise and � is the number of snapshots. The time delay
�� associated with the signal propagation time from the first sensor to
the 
� � ��th sensor is given by [6]

�� �
�

���
� �

����

��

 ��� ��� �

�

 �

where � is the signal wavelength and where � and � � ��� ��� denote
the range and the bearing of the source, respectively. It is well known
that, if the source range is inside of the so-called Fresnel region [7], i.e.,

���� ��

� 
 ���

�

���

� � � ���

� 
 ���

�
� (1)

then the time delay �� can be approximated by �� � 
�� �
����
��� � 

�����. � and � are the so-called electric angles
which are connected to the physical parameters of the problem by:
� � 
��� ���
��� and � � ��� ����
��
���. Then, neglecting


����� in the time delay expression [7], the observation model

becomes ��
�� � �
���	������ � � ��
��. Consequently, the obser-
vation vector can be expressed as

���
�� � �
�����
�� � �
�� (2)

where ���
�� � ���
�� � � � ����
���� ��
�� � ���
�� � � � ����
���� and
where the 
� � ��th element of the steering vector �
���� is given
by ��
�� ������ � �	������ �. The noise will be assumed to be a
complex circular white Gaussian random process with zero-mean and
unknown variance  �, uncorrelated both temporally and spatially. Con-
sequently, the joint probability density function of the observations
!!! � ����� 
�� � � ����� 
���� given a parameter vector """ is given by

#
!!!�"""� �
�

���

#
���
���"""� � �

��� �������
���������� � ���������

where � and $$$ denote the covariance matrix and the average of !!!,
respectively.

III. CRAMÉR–RAO BOUNDS DERIVATION

The goal of this section is to derive the CCRB and the UCRB
with respect to the bearing and the range. Let ��
�""" 
 """�
�""" 
 """���
be the covariance matrix of an unbiased estimator, �""", of a deter-
ministic parameter vector """. The covariance inequality principle
states that, under quite general/weak conditions, the variance sat-
isfies ���
��"""��� � ��
��"""�� 
 �"""���

��  ����
"""����� where
���
"""� � 	
�

��
"""�. In the following, for sake of simplicity the
notation, �� 
�"""��� will be used instead of ����
"""�����. Since we
are working with a complex circular Gaussian observation model,
the (�th, �th) element of the Fisher information matrix (FIM) for the
parameter vector """ is well known and can be written as [18]

�	
�
"""����� � �� �
�� %�

%�"""��
�
�� %�

%�"""��

��� %$$$�

%�"""��
�
�� %$$$

%�"""��
� (3)

Note that (3) depends on the assumptions on the parameters of the
model (equivalently, on the parameter vector """) via the probability
density function #
!!!�"""�. The remaining of the section is dedicated to
the study of two source models: �� the conditional model for which
�	
�
"""� and ����
"""� will denote the conditional FIM and the
conditional CRB w.r.t. the parameter vector """, respectively; ��� the un-
conditional model for which �	
�
"""� and ����
"""� will denote
the unconditional FIM and the unconditional CRB w.r.t. the param-
eter vector """, respectively. For each case we provide an analytical in-
version of the FIM which leads to a non-matrix closed-form expres-
sion of the CRB according to the electrical angles. Finally, by using a
simple change of variables, we obtain the (non-matrix) expression of
CRB according to the physical parameters (bearing and range) for a
single source.

A. The Conditional Model

First, let us consider the conditional model. Let us define
��� � ��
�� � � ��
���� and ��� � ��
�� � � ��
���� . The unknown pa-
rameter vectors are &&& � �� ����� ����  ��� or ''' � �� ����� ����  ���

depending if we are working on the electrical angles or on the physical
parameters of interest. First, we derive ����
&&&�. Second, by using
an appropriate change of variables we will deduce ����
'''�. Note
that ''' and &&& are assumed to be deterministic and that their size grows
with the number of snapshots. First, let us focus on the derivation
of ����
&&&�. Due to the conditional model assumption we have
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� � ����� and ��� � ������� ��� �� � � � ������ ������� . Conse-
quently, by applying (3) one obtains

�������������� �
	�

��

��


������


��


������
�

�

��
�


����


������


���


������
� (4)

1) Block-Diagonal Structure of the Fisher Information Matrix:

Using (4) and after some tedious, but straightforward, algebraic
calculations, one can easily prove the following lemma:

Lemma 1: The structure of��������� for a single near-field source
is given by

��������� � 	
������� �� (5)

in which

��� �

��� ��	 ��




�	� �		 �	



�


� �


	 �







� (6)

and  � 	
�����	������� 	�����,
where the conditional SNR is denoted by
���� � ���������� ��� � �����	�	 � ����	 � �����
�		 � ���� �	�	 � ����	 � ����	� � �	 � ������
and ��	 � �	� � ���� �	��	 � �����. Furthermore,
the � � � vectors �


�� ���


�

� � �


	 and ��	


�
� are given by

�


� � ���


�
� � 	�	 � ������� ������� and �


	 � ��	


�

� �
	�	 � ����	 � ������� ����������. The ��� matrix �





 is given
by �





 � �	
������ � �������.

We notice that, thanks to the time-diversity of the source signal,
����


 � ��


����

� are null matrices. We also note the well-known prop-
erty that the signal parameters (i.e., �� ���������) are decoupled from the
noise variance [19]. The other zero terms are due to the consideration
on the real part which appears in (4) applied to purely imaginary quan-
tities and imply that the amplitude of the signal source ��� is decoupled
from the other model signal parameters (i.e., �� � and ���).

a) Analytical Inversion: Since the size of ��������� proposed
in (5) is equal to ���� �� � ���� ��, it depends on the number of
snapshots. A brute-force numerical inversion to obtain��������� can
consequently be a costly operation. Using an appropriate partition of
��������� and after writing analytically the expression of the inverse
of the Schur complement of the square matrix �





 in the upper-left
block matrix of ���������, we can state the following theorem.

Theorem 1: Non-matrix closed-form expressions of ���������
corresponding to the electrical angles, the amplitudes and the
shift phases relatively to the model (2) exist iff 	 � � and
���� �� � 	� � � � � ��. They are expressed as follows:

������� �
���	 � ����	 � ���

���� ��	� � ��	�	� � ��
� (7)

������� �
��

���� ��	� � ��	�	� � ��
� (8)

���������� �
�	� � ��	 � � � ��������	� � �	� � �	�

���� �����	��	 � ���	 � ��
�

and

���������� �
��

�	
�

Furthermore, the cross terms are given by

�������������� �

�������������� �
���

���� �	�	� � ���	 � ��
�

����������������	� �

��������������	��� �
����	 � ��

���� �	�	 � ���	 � ��
	
�
� �

and

����������������	� �

��������������	��� �
��

���� �	�	 � ���	 � ��
	
�
� �

Proof: See Appendix A.
b) Change of Variables: Even if the model (2) is widely used in

array signal processing, its CRB relating to ��� does not bring us physical
information. Then, it is interesting to analyze the CRB regarding the
bearing � and the range � which are the real physical parameters of
the problem. From ���������, one can easily obtain ��������� by
using a change of variables formula (see [19, p. 45]):

��������� �


�����


����
���������



� �����


���

where

��� � 
�����

� �� ������� ��
��

� �

�	
������������ ��

��
�� ���� ������ �� �

Note that the function 
����� is well-defined iff � �� � ��
��� which
implies � �� ��� ��
���. This condition is intuitive since it corre-
sponds to the ULA ambiguity situation. Then, if � �� � ��
���, the
Jacobian matrix is given by 

������
���� � 	
������� �����	��, where

��� �
��

��� ������

� �

��� ������ ��
� 
����

� (9)

Consequently, one obtains the following theorem:
Theorem 2: Non-matrix closed-form expressions of ���������

corresponding to the bearing, the range, the amplitude and the shift
phases relatively to the model (2) exist iff	 � � and � �� �����
���
and ���� �� �� 	� � � � � �� and they are given by (10) and (11),
shown at the bottom of the page. Furthermore, the cross terms between
� and � are as follows:

�������������� � �������������� �
�����

���� �����

�
����	 � �� � ���	 � �����	 � �� ������

	�	� � ���	� � �� �������
�

������� �
���

����� ����� �������

��	 � �����	 � ��

	�	� � ���	� � ��
� (10)

������� �
�����

���� �����
���� � �����	 � �� ������ � ����	 � �����	 � �� �������

	�	� � ���	� � �� �������
� (11)
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B. The Unconditional Model

Let us consider now the unconditional model, i.e., when the sig-
nals are assumed to be Gaussian (with zero mean and variance ��� )
independent of the noise. The unknown parameter vectors are ��� �
�� � ��� �

��� or ��� � �� � ��� ���� depending if we are working on
the electrical angles or on the physical parameters of interest. We first
focus on the derivation of ���������.

Under the unconditional model assumption, ����	����� �
�� ��
�� �	 � �
 � � � 
 �, where the covariance matrix
� � ������
���

���
�� � ���� . Consequently, the FIM in (3) be-
comes ����	��������� � � 	
����������������

��������������.
The matrix expression of ������������������ can be readily
established (we omit the proof since it is obtained in the same way as
in [13]) according to

������������������ �
�

����� ����
� 


�
�
�

����	�


	 �
 ����
��������
��
�

��

(12)

where ���� � ����
� denotes the unconditional SNR, � �

�
�
� 

 � ������
����������
������ and �

�

����	� �

�� � ���
�������
�����
���������
��. In the following we
use (12) to derive non-matrix expressions of ���������.

1) Analytical Inversion:

Theorem 3: Non-matrix expressions of ��������� corresponding
to the electrical angles are, well-defined iff � � , and are given by

������� � � �
�

���� �

���� � ����� � ���

���� ���� � ������ � ��

 (13)

������� � � �
�

���� �

��

���� ���� � ������ � ��
� (14)

Furthermore, the cross terms are given by

�������������� � ��������������

� � � �
�

���� �

��

���� ����� � ���� � ��
�

Proof: See Appendix B.
2) Change of Variables: using the same change of variables formula

as for Theorem 2 one can easily prove.
Theorem 4: Non-matrix closed-form expressions of ���������

corresponding to the range and bearing for a single narrowband near-
field source are well-defined iff � �  and � � �������� and they
are expressed in (15) and (16), shown at the bottom of the page. Fur-
thermore, the cross terms between � and � are given by

�������������� � ��������������

� � � �
�

���� �

���

���� ����	

�
����� � �� � ���� � ������ � �� ������

���� � ����� � �� ���	���
�

IV. ANALYSIS OF THE CRB

The goal of this Section is to validate and analyze the proposed
closed-form expressions. The behaviors of the CRB are detailed with
respect to physical parameters of the problem.

A. Conditional and Unconditional CRB’s Behavior

The scenario used in these simulations is an ULA of � � � sensors
spaced by � � 0.125 m. The number of snapshots is equal to � � ���
and the location of the source is set as � � 1.25 m (which belongs
to the Fresnel region according to (1) for �
 � ����
 ����� MHz). In
Fig. 1, we superimpose the CRBs, obtained from (11) and (16) to the
computed CRBs. For these simulations, the signal source is a sample
of a complex random Gaussian process with variance ��� � ��. The
variance of the noise varies from 0.1 to 1.

Moreover, Fig. 1 shows the dependence of the ������� and
������� w.r.t. the carrier frequency �
 and suggests that higher
is the carrier frequency, lower is the bound. Furthermore, from the
closed-form expressions given in (10), (11), (15) and (16), we notice
the following.

• UCRB and CCRB are phase-invariant.
• ������� and ������� are just bearing-dependent as in the

far-field scenario w.r.t. ��� ��������. It means that the ULA in
the near-field case is not isotropic.

• For large � and fixed inter-spacing sensor, �������
and ������� in the near-field case tend to the asymp-
totic CRBs in the far-field case which are given by
������������� ��������	�. This is consistent with the
intuition since, due to the Fresnel constraint, large � implies
large range, which corresponds to the far-field scenario.

• ������� and ������� are bearing-dependent and range-de-
pendent. For � proportional to �, the dependence w.r.t. the range
is �����, meaning that nearer is the source better is the range es-
timation (keeping in mind the Fresnel constraints).

• The dependence of the range w.r.t. the bearing is ��� ��������.
For � close to �� (i.e., close to the ambiguity situation), we ob-
serve that ������� and ������� go to infinity but faster than
������� and �������, respectively.

• For a sufficient number of sensors, �������
�������

������� and the ������� are ����	�.

• For � proportional to �
������� and ������� are indepen-
dent of the carrier frequency �
. This is not the case for�������
and �������. Furthermore, note that higher is the carrier fre-
quency, better is the estimation of the range (cf. Fig. 1).

• Note that the expressions of ��������������
 ��������������

�������������� and �������������� show that the phys-
ical parameters of interest are strongly coupled since
�������������� and �������������� are ����	� as
�������
 �������
������� and �������.

• Finally, since ������� is ����	� and ������� is
������, thus, for a sufficient number of sensors the esti-
mation of the so-called second electrical angle � is more accurate
than estimating the first electrical angle �.

������� � � �
�

���� �

��

����� ����� �������

��� � ������ � ��

���� � ����� � ��

 (15)

������� � � �
�

���� �

�����

���� �����
���� � ����� � �� ������ � ����� � ������ � �� �������

����� � ����� � �� �������
� (16)
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Fig. 1. ������ versus � for � � ��� and different values of
� � 	� � 
� � �� : (a) ������� and (b) �������.

B. Analytical and Numerical Comparison Between the

CCRB and the UCRB

Since the conditional model does not make any assumptions on the
source, we can chose the phase and the amplitude of the source as sam-
ples of a random process. In this case, we can study an analytical and
numerical comparison between the conditional and the unconditional
CRB. Furthermore, we assume that the two physical quantities ����
and ���� are equals to the same quantity denoted by SNR.

Corollary 1: From (7) and (13), one obtains the fol-
lowing: ��������������� � � 	 ����
�� ���,
and ��������������� � � 	 ����
�� ���. In
the same way, from (10) and (15), one obtains the fol-
lowing: ��������������� � � 	 ����
�� ���, and
��������������� � � 	 ����
�� ���, i.e., ������� �
��������������� � ������� and ������� � ��������
������� � ������� (cf. Fig. 2). Note that, a similar result has
been shown in the far-field case in [12].

Furthermore,
• for a fixed � : �������

�����
� �������, and

�������
�����
� �������.

• for a fixed SNR: �������
���
� ������� and

�������
���
� �������.

Fig. 2. CRBs versus the number of snaphots for � � 	�: (a) ������� and
�������, (b) ������� and �������.

• and finally, for ���
�� �� � �: ������� � ������� and
������� � �������.

V. CONCLUSION

In this correspondence, the conditional and the unconditional
Cramér–Rao bounds are derived in a closed-form expressions for a
single near-field time-varying narrowband source in terms of range
and bearing. These expressions are given in non-matrix forms which
are important in order to avoid a costly Fisher information matrix
numerical inversion. Moreover these expressions provide useful
information concerning the behavior of the bounds. In this way, the
proposed expressions have been analyzed with respect to the physical
parameters of the problem. In particular, we provided an explicit link
between the conditional and the unconditional CRB and we shown
that higher is the carrier frequency and/or closer is the source from the
array, better is the estimation of the range.

APPENDIX A

In this Appendix, we highlight the major steps leading to Theorem 1.
From (5) one has,

������������� � ���			����


 �

� �� �� ��������������


 � (17)
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where �� denotes the Schur complement w.r.t. the matrix ������� .
Assuming that ���� �� �� �� � � � � ���������� is invertible and the
Schur complement is expressed as follows:

�� �
��� ���

��� ���
�

�����

�����
�
��
������� ����� ����� �

� 			 �

�

��
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where
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Thus, by replacing (18) in (17) one obtains

	������	������ �
�

���

��


�

��

�
���� � ���� � ����� � ���	���	�

�

	��

�
�����

Consequently, 	������	������ �� � iff � 
 � and ���� �� � �� �
� � � ��. Assuming � 
 � and ���� �� � �� � � � � ��, one has
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In order to derive ��, we use the Schur complement �� given in
(18). Thus,

���
���������
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��
�

�

Since the Schur complement �� is a 2� 2 matrix, its inverse is
easily derivable and leads to (7), (8). The other terms are directly de-
rived from the following calculation, where
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APPENDIX B

In this Appendix, the dependence on ��� �� of ������ �� is omitted
for sake of simplicity. Applying the matrix inversion lemma [18] to
,
one obtains
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Thus, using the above equation one has
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�� (19)

On the other hand, the derivation of ��� w.r.t. � and � leads to

����
 � ����� ����� � �� � ��� ������ � �����
����� �

�� � � � � �� ��	 �� � �� ��

Consequently [see the equation shown at the top of the page]. Thus,
using the above expression and (19) and after some simplifications, we
obtain
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which leads to
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Consequently,
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Then, assuming that � 
 � and replacing (20) in (12), we obtain
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Optimal Relay Function in the Low-Power Regime for

Distributed Estimation Over a MAC

Marco Guerriero, Stefano Marano, Vincenzo Matta, and
Peter Willett, Fellow, IEEE

Abstract—A random parameter is estimated by a distributed network of
sensors that communicate over a common multiple-access channel (MAC).
A MAC implies an additive fusion rule, and the goal here is to design a
power-constrained forwarding strategy and fusion center post-processing.
To get an explicit solution we appeal to asymptotics, meaning that we design
the locally optimal scheme for the limiting case that the received power goes
to zero.

Index Terms— Distributed estimation, MAC, relay.

I. INTRODUCTION AND BACKGROUND

Reliable data delivery from several remote sensors sharing a
common transmission medium is possible, and can be realized by
employing source and channel coding strategies borrowed from (or
extending) classical point-to-point results. This approach decouples
the source and channel coding stages; however, it is known that
this separation is not necessarily optimal [1] when the sources are
correlated and/or one’s goal is not direct recovery of the observations.

A basic lesson from [2] is that there exist cases in which a simple
amplify-and-forward strategy outperforms the best separate scheme by
orders of magnitude. This happens, for instance, for Gaussian estima-
tion problems over a Gaussian MAC [3], and it is due to the perfect
match between the (additive) nature of the optimal MMSE estimator
and the (additive) channel structure. In this work, we depart from the
source/channel Gaussian model and the corresponding amplify-and-
forward solution, allowing the local encoders to apply a nonlinear trans-
formation to arbitrarily distributed observations (see Fig. 1). We limit
ourselves to the ideal MAC—not necessarily a Gaussian one—that re-
quires perfect synchronization of the transmissions, both in time and
phase, at the local sensors, and we operate under a relayed power con-
straint.

Joint consideration of the estimation problem and the noisy MAC
is in [4] and [5], in which in the asymptote of an increasingly large
number of sensors an optimal communication/estimation scheme
(called type-based multiple access, or TBMA) was proposed for
quantized observations. A likelihood-based multiple access (LBMA)
scheme, suitable for continuous observations, was discussed in [6], and
yields asymptotically efficient estimation over a waveform channel.
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Deterministic Lower Bounds on the Mean Square

Error for Near Field Source Localization
Mohammed Nabil EL KORSO, Student Member, IEEE, Alexandre RENAUX, Member, IEEE, Rémy BOYER,

Member, IEEE and Sylvie MARCOS

Abstract— This correspondence investigates deterministic
lower bounds on estimator’s mean square error applied to the
passive near field source localization. More precisely, we focus on
the so-called threshold prediction. As a by product, we give closed
form expressions of the McAulay-Seidman, the Hammersley-
Chapman-Robbins, the McAulay-Hofstetter bounds and also, a
new proposed bound, the so-called Cramér-Rao Fourier bound,
for the conditional model observation (i.e., parameterized mean)
and the unconditional model observation (i.e., parameterized
covariance matrix). Finally, numerical simulations are given to
assess the efficiency of these lower bounds to approximate the
estimator’s mean square error and to predict the threshold effect.

Index Terms— Near field source localization, performance

analysis, mean square error, threshold prediction, deterministic

lower bounds.

I. INTRODUCTION

The near field source localization is an important and

challenging topic with several applications such as sonar,

seismology, digital communications, etc. Unlike the far field

assumption, in the near field context the curvature of the

waves impinging on the sensors is not planar. Consequently,

each source is characterized not only by its bearing but, also

by its range making the estimation scheme more complex.

Nevertheless, one can note the existence of a large number of

estimation algorithm adapted to the passive near field source

localization [1]–[5].

There exist only a few number of works studying the

optimal asymptotic estimation performance in this context [3],

[6] (by asymptotic we mean a large signal to noise ratio

or a large number of snapshots [7], [8]). More precisely, to

characterize the asymptotic performance of an estimator in

terms of the mean square error, the Cramér-Rao bound is the

most popular tool [9] which is a tight bound under certain

mild/general condition [10]. However, the Cramér-Rao bound

becomes too optimistic in the non-asymptotic region which

has the effect of making the Cramér-Rao bound a not tight

and not valid bound in the non-asymptotic region [11]. This

non-asymptotic region is delimited by the so-called threshold

or breakdown point (i.e., when the estimator’s mean square

error increases dramatically due to the outlier effect [12]).

One should note that the prediction of this threshold is of

great important since it delimits the optimal operation zone of

the estimator’s working range.

The authors are with Laboratoire des Signaux et Systèmes (L2S), Université
Paris-Sud XI (UPS), CNRS, SUPELEC, 3 rue Joliot Curie, Gif-Sur-Yvette,
91192, France, phone: +331 6985 1763, fax: +331 6985 1765, {elkorso,
remy.boyer, alexandre.renaux, marcos}@lss.supelec.fr. This project is funded

by region Île de France and Digeteo Research Park.

However, and to the best of our knowledge, no result can

be find in the literature concerning the threshold prediction

in the near field source localization. In this correspondence,

we fill this lack. More precisely, we consider the two source

signal model assumptions (where the observation model is

corrupted by a spatially colored noise): the conditional model

(i.e., when the signals are assumed to be deterministic) and the

unconditional model (i.e., when the signals are assumed to be

driven by a Gaussian random process). For each model, we

propose to characterize the threshold region using some deter-

ministic lower bounds on the estimator’s mean square error. In

particular, we derive and analyze the following deterministic

lower bounds: the McAulay-Seidman [13], the Hammersley-

Chapman-Robbins [14], [15], the McAulay-Hofstetter [16]

bounds and also, a new proposed bound, the so-called Cramér-

Rao Fourier bound [17].

II. MODEL SETUP

Let us considere a uniform and linear array (ULA) com-

posed of N sensors with an inter-element spacing d. We

suppose that the ULA recieve a single near-field and narrow-

band source. Consequently, the observation model is given as

follows [1]:

xn(t) = s(t)ejτn+vn(t), t = 1, . . . , T and n = 0, . . . , N−1,
(1)

where T denotes the number of snapshots, whereas, xn(t) is

the observed signal at the output of the (n+1)th sensor. The

source signal is denoted by s(t). The random process vn(t) is

an additive noise. The time delay τn associated with the signal

propagation time from the first sensor to the (n+ 1)th sensor

is given by [3]:

τn =
2πr

λ

(√

1 +
n2d2

r2
− 2nd sin θ

r
− 1

)

, (2)

where λ is the signal wavelength and where r and θ ∈ [0, π/2]
denote the range and the bearing of the source, respectively.

In the following we assume that the source is located in the

so-called Fresnel region [2], meaning that,

0.62(d3(N − 1)3/λ)1/2 < r < 2d2(N − 1)2/λ, (3)

in this case, the time delay is given by:

τn = ωn+ φn2 +O

(
d2

r2

)

, (4)
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where O
(
d2

r2

)

denotes the terms of order larger or equal to

d2

r2 , in which the so-called electrical angles are given by:

ω = −2π
d

λ
sin(θ), (5)

and

φ = π
d2

λr
cos2(θ). (6)

Neglecting O
(
d2

r2

)

, the time delay τn can be approximated by

the following quadratic form τn = ωn + φn2. Consequently,

the observation vector can be expressed as:

x(t) = [x1(t) . . . xN (t)]T = a(ω, φ)s(t) + v(t), (7)

where v(t) = [v1(t) . . . vN (t)]T , and where, the (n+1)th ele-

ment of the steering vector a(ω, φ) is given by [a(ω, φ)]n+1 =

ej(ωn+φn
2).

In the remaining of this paper, we will use the following

assumptions :

• The noise will be assumed to be a complex circular with

zero mean with a known covariance full rank matrix

Σnoise.

• For both conditional (i.e., deterministic [7]) and uncon-

ditional (i.e., stochastic [18]) model, the unknown vector

parameter is given by ξ = [ω φ]T .

In the following ξ0, ω0 and φ0 represent the real value

of the candidate parameters ξ, ω and φ, respectively. The

joint probability density function of the observations χ =
[xT (1) . . .xT (T )]T ∼ CN (µ(ξ0),Σ(ξ0)) for a given ξ0, is

expressed as:

p(χ; ξ0) =
1

πNT |Σ(ξ0)|
e−(χ−µ(ξ0))

H
Σ(ξ0)

−1(χ−µ(ξ0)),

(8)

in which |.| denotes the determinate operator.

III. DETERMINISTIC LOWER BOUNDS DERIVATION

In [17], [19] the authors provide a different unification

of some well known lower bounds on the mean square

error of unbiased estimators of deterministic parameters. More

precisely, in [19], Forster and Larzabal, solved the problem

of establishing lower bounds on the mean square error for

deterministic parameter estimation using a constrained opti-

mization problem. By imposing some adequate constraints on

the bias for the considered optimization problem, they obtained

several lower bounds as the Cramér-Rao, the Barankin and the

Battacharya bounds. In [17], Todros and Tabrikian propose a

new class of performance lower bounds using the so-called

integral transform which generalizes the derivative applied on

the likelihood-ratio function. Thus, they showed that some

well known lower bounds (as the Cramér-Rao, the McAulay-

Seidman and the Battacharya bounds) are obtained by a proper

choice of the kernel of the integral transform.

A. Deterministic lower bounds unification

The two unifications presented in [17], [19] are formulated

differently but lead to the same result. In the remanning of this

correspondence, we chose to adopt the unification presented

in [17]. It is shown that each lower bound can be written in

the following form:

∫

CNT

(

ξ̂ − ξ0
)(

ξ̂ − ξ0
)T

p(χ; ξ0)dχ < C = ΓK−1ΓH

(9)

with K = Eχ;ξ0

{
γγH

}
, where ξ̂ denotes the estimate of

the true value parameter ξ0, Eχ;ξ0
{.} is the expectation w.r.t.

p(χ; ξ0), C is a lower bound matrix, A < B means that the

matrix A − B is non-negative defined. Consequently, for a

specific choice of the couple (Γ,γ), one obtains a specific

lower bound. In this way, the Cramér-Rao bound (CRB) can

be defined using the following couple:
{

ΓCRB = 12,

γCRB = ∂ ln p(x;ξ)
∂ξ |ξ=ξ0

,
(10)

where 12 denotes the 2 × 1 vector filled by ones. For the

following couple:
{

ΓMSB = Φ,

γMSB = [ν(x; ξ1) . . . ν(x; ξL)]
T ,

(11)

one obtains the McAulay-Seidman bound (MSB), in which the

so-called ratio-likelihood function is given by:

ν(x; ξl) =
p(x; ξl)

p(x; ξ0)
, (12)

and where ξl for l = 1, . . . , L denotes the L test points,

whereas Φ = [ξ1 − ξ0 . . . ξL − ξ0]
T . The Hammersley-

Chapman-Robbins bound (HCRB) can be defined using

ΓHCRB and γHCRB in which:
{

ΓHCRB = [02 Φ],

γHCRB = [1 γMSB]
T ,

(13)

where 02 denotes the 2×1 vector filled by zeros. Finally, one

can define the McAulay-Hofstetter bound (MHB) using:
{

ΓMHB = [I2 Φ],

γMHB = [γCRB γMSB]
T ,

(14)

where I2 denotes the 2× 2 identity matrix.

Recently, a new deterministic lower bound, called the

Cramér-Rao Fourier bound (CRFB), was proposed in [17]. To

have a gain in computing time, this latter applies the discrete

Fourier transform (DFT) on Φ and γBMS. Consequently, it is

given thanks to the following couple:
{

ΓCRFB = [I2 ΦWH ],

γCRFB = [γCRB γMSBW
T ]T ,

(15)

where, in the near field context, the bi-dimensional discrete

Fourier transform W is given by

[W ]p,l = exp(−iΩT
p ξl), (16)
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in which Ωp is expressed for the pth frequency test bin fp =
[fp f

′
p]
T as

Ωp =

[
2πfp
∆ωL1

2πf ′p
∆φL2

]T

, (17)

where L = L1L2, fp ∈ {1, . . . , L1} and f ′p ∈ {1, . . . , L2}
in which L1 and L2 are the number of test points w.r.t. ω
and φ, respectively. ∆ω and ∆φ denote the uniform inter-test

point w.r.t. ω and φ, respectively. Consequently, the index p
is a unique combination of

{
fp, f

′
p

}
where the total number

of these combinations is denoted by P .

One should note that the aforementioned bounds depend

generally on the number of test points L and/or the number

of frequency test-bins P . Thus, in the following these bounds

are indexed by L and/or P .

B. Deterministic lower bounds matrix expressions

After some straightforwerd calculation it can be shown (see

[17, Appendix M]) that the CRFB is expressed as

C
(L,P )
BFCR = CBCR +QWH

(

WRWH
)−1

WQT , (18)

where

Q = CBCRD −Φ, (19)

in which

D =
[
d(ξ1) . . . d(ξL)

]
, (20)

and

d(ξl) = −
(
∂KLD (p(χ; ξl)||p(χ; ξ))

∂ξ

)T

|ξ=ξ0
, (21)

where the KLD denotes the kullback-Leibler divergence and

R = Ψ−DTCBCRD with [Ψ]m,n (22)

= Eχ;ξ0
{v(χ, ξm)v(χ, ξn)} (23)

where m = 1, . . . , L, n = 1, . . . , L. Following the same

methodology, one can easily obtains the following matrix

expressions:

C
(L)
BMS = ΦΨ−1ΦT , (24)

C
(L)
BHCR = Φ

(
Ψ− 1L1

T
L

)−1
ΦT , (25)

C
(L)
BMH = CBCR +QR−1QT . (26)

In the following we give closed form expression of the

elements of C
(L)
MHB, C

(L)
MHCB, C

(L)
MSB and C

(L,P )
CRFB. Since the

expression of CBCR is well known for complex circular

Gaussian observations χ ∼ CN (µ(ξ0),Σ(ξ0)) [20] (see

(27)), we focus only on D and Ψ.

CBCR = FIM−1 where (27)

[FIM]i,k = tr

{

Σ(ξ0)
−1 ∂Σ(ξ0)

∂ [ξ0]i
Σ(ξ0)

−1 ∂Σ(ξ0)

∂ [ξ0]k

}

(28)

+ 2ℜ
{
∂µ(ξ0)

H

∂ [ξ0]i
Σ(ξ0)

−1 ∂µ(ξ0)

∂ [ξ0]k

}

, (29)

in which tr {.} and ℜ{.} denote the trace operator and the real

part, respectively.

1) The conditional case: In the conditional case we assume

that s(t) = α(t)ej(2πf0t+ψ(t)) is the source signal with a

carrier frequency equals to f0 where α(t) and ψ(t) are the

known real amplitude and the known shift phase, respectively.

Consequently, one has an observation model with a parameter-

ized mean such that χ ∼ CN (µ(ξ0),Σnoise) where µ(ξ0) =
[s(1)aT (ω0, φ0) . . . s(L)a

T (ω0, φ0)]
T . Consequently, by ap-

plying (27) one has

[FIM]i,k = 2ℜ
{
∂µ(ξ0)

H

∂ [ξ0]i
Σ−1

noise

∂µ(ξ0)

∂ [ξ0]k

}

, i = 1, 2, k = 1, 2.

(30)

On one hand, one obtains:

KLD (p(χ; ξn)||p(χ; ξ)) =
∫

CNT

p(χ; ξn)Ln
p(χ; ξn)

p(χ; ξ)
dχ

=

∫

CNT

[

(χ− µ(ξ))H Σ−1
noise

]

[

(χ− µ(ξ))− (χ− µ(ξn))H Σ−1
noise (χ− µ(ξn))

]

(31)

p(χ; ξn)dχ (32)

=

∫

CNT

[
χHΣ−1

noise (µ(ξn)− µ(ξ))− µ(ξ)HΣ−1
noise (χ− µ(ξ))

]

f(χ; ξn)dχ (33)

= (µ(ξn)− µ(ξ))H Σ−1
noise (µ(ξn)− µ(ξ)) . (34)

On the other hand, one has:

[Ψ]m,n =

∫

CNT

1

π |Σnoise|
×

exp
(

− (χ− µ(ξm))
H
Σ−1

noise (χ− µ(ξm))− (χ− µ(ξn))H Σ−1
noise

)

exp
(

(χ− µ(ξn)) + (χ− µ(ξ0))H Σ−1
noise (χ− µ(ξ0))

)

dχ

= α(ξm, ξn),

in which

α(ξm, ξn) = exp(−2µ(ξ0)
HΣ−1

noiseµ(ξ0)− µ(ξ0)HΣ−1
noise

(µ(ξm) + µ(ξn)) (35)

+ µ(ξm)HΣ−1
noise (µ(ξn)− µ(ξ0)) + µ(ξm)HΣ−1

noise

(36)

(µ(ξn)− µ(ξ0))). (37)

Consequently, C
(L)
MHB, C

(L)
MHCB, C

(L)
MSB and C

(L,P )
CRFB are

given by plugging (30), (34) and (36) into (26), (25), (24) and

(18), respectively. See Appendix A for closed form expressions

of C
(L,1)
CRFB in the case P = 1.

2) The unconditional case: Let us consider the uncon-

ditional model, i.e., when the signals are assumed to be

Gaussian (with zero mean and variance σ2
s ) independent of

the noise. Under this assumption, one obtains an observa-

tion model with a parameterized covariance matrix such that

χ ∼ CN (0,Σ(ξ0)) where the covariance matrix Σ(ξ0) =
σ2
sIT ⊗a(ω0, φ0)a

H(ω0, φ0)+Σnoise in which ⊗ denotes the

Kronecker product. Consequently, the FIM in (27) becomes:

[FIM]i,k = T tr

{

Σ(ξ0)
−1 ∂Σ(ξ0)

∂ [ξ0]i
Σ(ξ0)

−1 ∂Σ(ξ0)

∂ [ξ0]k

}

,

(38)

i = 1, 2, k = 1, 2.
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First, note that:

KLD (p(χ; ξn)||p(χ; ξ)) =
∫

CNT

p(χ; ξn)Ln
p(χ; ξn)

p(χ; ξ)
dχ

=

∫

CNT

1

πNT |Σ(ξn)|
(
χH

(
Σ(ξn)

−1 −Σ(ξ)−1
)
χ
)

exp
(
−χHΣ(ξn)

−1χ
)
dχ+ Ln

|Σ(ξ)|
|Σ(ξn)|

(39)

= Eχ;ξn

{
χHΣ(ξ)χ

}
+ Eχ;ξn

{
χHΣ(ξn)χ

}
+ Ln

|Σ(ξ)|
|Σ(ξn)|

.

(40)

Noting that:

Eχ;ξn

{
χHΣ(ξ)χ

}
=

NT∑

i=1

NT∑

j=1

Eχ;ξn

{

[χ]
∗
i [χ]j

[
Σ(ξ)−1

]

i,j

}

(41)

=
NT∑

j=1

[
Σ(ξn)Σ(ξ)−1

]

j,j
= tr

(
Σ(ξn)Σ(ξ)−1

)
(42)

and, in the same way,

Eχ;ξn

{
χHΣ(ξ0)

−1χ
}
= NT. (43)

Consequently, plugging (41) and (43) into (40) one obtains

KLD (p(χ; ξn)||f(χ; ξ)) = Ln
|Σ|

|Σ(ξn)|
+tr
(
Σ(ξn)Σ(ξ)−1

)
+NT.

(44)

Second, one has:

[Ψ]n,m =
|Σ(ξ0)|

πNT |Σ(ξm)| |Σ(ξn)|
(45)

∫

CNT

exp
(
−χH

(
Σ(ξm)−1 +Σ(ξn)

−1 −Σ(ξ0)
−1
)
χ
)
dχ

︸ ︷︷ ︸

πNT |(Σ(ξm)−1+Σ(ξn)
−1−Σ(ξ0)

−1)−1|
(46)

=
|Σ(ξ0)|

|Σ(ξm)| |Σ(ξn)| |Σ(ξm)−1 +Σ(ξn)
−1 −Σ(ξ0)

−1|
(47)

Consequently, using the fact that
∂Ln|Σ(ξ)|

∂ξ =

tr
{

Σ(ξ)−1 ∂Σ(ξ)
∂ξ

}

[21] and plugging (38), (44) and

(47) into (26), (25), (24) and (18) one obtains C
(L)
MHB,

C
(L)
MHCB, C

(L)
MSB and C

(L,P )
CRFB, respectively. See Appendix A

for closed form expressions of C
(L,1)
CRFB in the case P = 1.

IV. NUMERICAL SIMULATIONS

The scenario used in these simulations is a ULA of N =
5 sensors spaced by d = λ

2 . The noise is assumed to be a

complex circular white Gaussian random process with zero-

mean and known variance σ2, uncorrelated both temporally

and spatially.

To compare the threshold prediction accuracy we plot the

MSE w.r.t. ω and φ using 250 Monte Carlo trials. In both

conditional and unconditional cases (see Fig. 1-4), we compute

C
(L)
MHB, C

(L)
MHCB, C

(L)
MSB using L = 210 test points (more

precisely, we used L1 = 25 test points over the parameter

ω and L2 = 25 test points over the parameter φ.) The CRFB,

C
(L,1)
CRFB, is obtained using L = 210 test points and also

by numerical maximization over 210 frequency test bins for

P = 1.

Fig. 1-4 provide an illustration of the usefulness of the

aforementioned deterministic lower bounds in the case of

conditional and unconditional model assumptions for ω and

φ. First, one can notice that the MSE of φ is lower than

the MSE of ω which is expected due the range of those

parameters and from the fact that φ is the coefficient of the

second order, whereas, ω is the coefficient of the first order

w.r.t. to the time delay (see (4)). Second, one can notice that

all the aforementioned bounds provide a good prediction of

the MSE threshold. Nevertheless, we notice that the MSB is

more accurate than the others (error of the threshold prediction

less than 4 dB).

Finally, one can note that the advantage of the CRFB is

its computational cost (the computational complexity of the

CRFB is lower in comparison to the MSB, HCRB and MHB

due to the inversion matrix, see (26), (25), (24) and (18) in the

case where P ≪ L.) However, the degradation of the threshold

prediction can be explained as follow: applying the DFT on Φ
and γBMS to obtain the CRFB, is equivalent to compress (to

reduce) the constraints on the bias (see Appendix B). Since,

the reduction of the constraints will decrease the accuracy

of the lower bound [22], then, one expects to obtain a less

accurate bound. This loss of accuracy affect only the threshold

prediction and does not affect the asymptotic performance

prediction of the MLE. This can be argued by the fact that the

DFT is applied only on the Ψ and γBMS compounds without

affecting γCRB (we recall that γCRB reflects the constraints

on the bias used to compute the CRB which is a tight bound

in the asymptotic region.)

V. CONCLUSION

In this paper, we present the derivation of different some

deterministic lower bounds on the MSE in near field source

localization context. This analysis allowed us to characterize

the non-asymptotic performance estimators mean square error.

In particular, we focused on the threshold/breakdown predic-

tion. Furthermore, we demonstrated in this study, that Cramér-

Rao Fourier bound recently proposed remains less efficient

than some of its predecessors as, for example, the McAulay-

Hofstetter bound.

APPENDIX A

In this appendix, we give closed form expression of the

CRFB for the case P = 1. In this case, the matrix W will be

reduced to a row vector of dimension L, such that:

[W ]1,l = exp

(

−j2π l − 1

L

)

, l = 1, . . . , L. (48)

Let ρ =WRWH , consequently, one has:

ρ =
L∑

m=1

L∑

n=1

[R]m,n exp

(

jπ
n−m

L

)

. (49)
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Fig. 1. Conditional deterministic lower bounds on the mean square error
w.r.t. ω for near field source localization, with T = 10 and (θ, r) =
(45◦, 6λ).

Fig. 2. Conditional deterministic lower bounds on the mean square error
w.r.t. φ for near field source localization, with T = 10 and (θ, r) =
(45◦, 6λ).

On the other hand, using (22), one obtains:

[R]m,n = [Ψ]m,n (50)

−
2∑

p=1

2∑

q=1

(

∂KLD (p(x; ξm)||p(x; ξ))
∂ [ξ]p

)T

|ξ=ξ0
(51)

[CCRB]p,q

(

∂KLD (p(x; ξn)||p(x; ξ))
∂ [ξ]q

)T

|ξ=ξ0
. (52)

Consequently, one obtains the closed form expression given

in the following
[

C
(L,1)
CRFB

]

p,q
= [CCRB]p,q (53)

+
1

ρ

L∑

m=1

L∑

n=1

β(p,m)β(q, n) exp

(

j2π
n−m

L

)

, (54)

in which

β(p, n) =
2∑

q=1

[CCRB]p,q (55)

(

∂KLD (p(x; ξn)||p(x; ξ))
∂ [ξ]q

)T

|ξ=ξ0
+ [ξ0]p − [ξn]p . (56)

A. The conditional case:

Plugging (34) and (36) into (53), one obtains
[

C
(L,1)
CRFB

]

p,q
= [CCRB]p,q (57)

+

∑L
m=1

∑L
n=1 β(p,m)β(q, n) exp

(
j2π n−mL

)

∑L
m=1

∑L
n=1 γ(m,n) exp

(
jπ n−mL

) , (58)

where

γ(m,n) = α(ξm, ξn)−
2∑

p=1

2∑

q=1

κ(m, p)κ(n, q) [CCRB]p,q ,

(59)

in which

κ(n, q) =

(

∂ (µ(ξn)− µ(ξ))H Σ−1
noise (µ(ξn)− µ(ξ))

∂ [ξ]q

)

|ξ=ξ0

(60)

= −µ̇qξH0 Σ−1
noise (61)

× (µ(ξn)− µ(ξ)) + (µ(ξn)− µ(ξ))H Σ−1
noise − µ̇q(ξ0)

(62)

and where µ̇q(ξ0) = [s(1) . . . s(T )]T ⊗
(
[0 . . . (n− 1)q]T ⊙ a(ω0, φ0)

)
, in which ⊙ denotes

the element wise product and where

β(p, n) =
2∑

q=1

[CCRB]p,q

(

∂κ(n, q)

∂ [ξ]q

)

|ξ=ξ0
+ [ξ0]p − [ξn]p

(63)

B. The unconditional case:

Plugging (44) and (47) into (53), one obtains
[

C
(L,1)
CRFB

]

p,q
= [CCRB]p,q (64)

+

∑L
m=1

∑L
n=1 β(p,m)β(q, n) exp

(
j2π n−mL

)

∑L
m=1

∑L
n=1 γ(m,n) exp

(
jπ n−mL

) , (65)

where

γ(m,n) =
|Σ(ξ0)|

|Σ(ξm)| |Σ(ξn)| |Σ(ξm)−1 +Σ(ξn)
−1 −Σ(ξ0)

−1|
(66)

−
2∑

p=1

2∑

q=1

κ(m, p)κ(n, q) [CCRB]p,q . (67)

in which

κ(n, q) =




∂
(

Ln
|Σ(ξ)|
|Σ(ξn)|

+ tr
(
Σ(ξn)Σ(ξ)−1

))

∂ [ξ]q



 |ξ=ξ0
=

(68)

tr

{

Σ(ξ0)
−1 ∂Σ(ξ)

∂ξ
|ξ=ξ0

+Σ(ξn)
∂Σ(ξ)

∂ξ
|ξ=ξ0

}

(69)

and where

β(p, n) =
2∑

q=1

[CCRB]p,q

(

∂κ(n, q)

∂ [ξ]q

)

|ξ=ξ0
+ [ξ0]p − [ξn]p

(70)
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Fig. 3. Unconditional deterministic lower bounds on the mean square
error w.r.t. ω for near field source localization, with T = 100 and (θ, r) =
(30◦, 6λ).

Fig. 4. Unconditional deterministic lower bounds on the mean square
error w.r.t. φ for near field source localization, with T = 100 and (θ, r) =
(30◦, 6λ).

APPENDIX B

In this appendix, we rewrite the CRFB presented in [17]

using the minimization formulation as presented in [19]. The

aim is then, to explore the constraints on the bias due to the

CRFB. In the following, and due to the space limitation, we

consider only the case of one unknown parameter denoted ξ.

The extension of an unknown vector parameter is tedious/long

but straightforward and will not be presented in this appendix.

In the case of one unknown parameter ξ, one has:

C
(L,P )
CRFB = ΓHK−1Γ, (71)

where

Γ =

[
1

WΦ

]

, (72)

in which

Φ =






ξ1 − ξ0
...

ξ1 − ξL




 (73)

and

K =

[
FIM DTWH

WD WΨWH

]

, (74)

in which

D = −








(
∂KLD(p(χ;ξ1)||p(χ;ξ))

∂ξ

)

|ξ=ξ0
...

(
∂KLD(p(χ;ξL)||p(χ;ξ))

∂ξ

)

|ξ=ξ0







. (75)

Let us rewrite K as

[K]m,n =

∫

gmgndχ (76)

then,

g1 =

∫
∂ ln p(χ; ξ)

∂ξ
|ξ=ξ0

√

p(χ; ξ0)dχ (77)

=

∫
∂p(χ; ξ)

∂ξ
|ξ=ξ0

1
√

p(x; ξ0)
dχ, (78)

and

[K]m,1 =

L∑

n=1

∫
∂ ln p(χ; ξ)

∂ξ
|ξ=ξ0p(χ; ξn) exp(−j2mπ

n

L
)dχ

(79)

=
L∑

n=1

ρ(χ, ξn) exp(−j2mπ
n

L
), (80)

Note that, [K]m,1 represents the DFT of the sequence

{ρ(χ, ξn)}Ln=1 where

ρ(χ, ξn) =

∫
∂ ln p(χ; ξ)

∂ξ
|ξ=ξ0p(χ; ξn)dχ. (81)

On the other hand, we can rewrite [K]m,1 as follows

[K]m,1 =
L∑

n=1

∫
∂ ln p(χ; ξ)

∂ξ
|ξ=ξ0

√

p(χ; ξ0)
p(χ; ξn)
√

p(χ; ξ0)

(82)

exp(−j2mπn
L
)dχ =

∫

g1gmdχ, (83)

in which gm represents the DFT of the sequence
{

p(χ;ξn)√
p(χ;ξ0)

}L

n=1

given as follows

gm =

L∑

n=1

f(χ; ξn)
√

p(χ; ξ0)
(84)

exp(−j2mπn
L
). (85)

Since, Γ =

[
1

WΦ

]

, then that mth line the vector WΦ rep-

resent the spectrum frequency for the sequence {ξn − ξ0}Ln=1

at the mth frequency. In the same way, each gm represents

the spectrum frequency of the sequence

{

p(x;ξn)√
p(x;ξ0)

}L

n=1

at

the mth frequency.

Finally, the TTB bound can be viewed as a compression (in

the frequency domain) of the Barankin constraints, i.e., the

constraint due to the construction of the TTB, are the DFT of

a large sequence, this sequence reflects a null bias on several

test points.
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[22] A. Renaux, “Contribution à l’analyse des performances d’estimation

en traitement statistique du signal,” Ph.D. dissertation, Ecole Normale
Supérieure de Cachan, Cachan, FR., Jul. 2006. http://www.satie.ens-
cachan.fr/ts/These Alex.pdf.



✻✽
❆◆◆❊❳❊ ❆✳ ❆❘❚■❈▲❊❙ ❙❯❘ ▲❊❙ ❇❖❘◆❊❙ ■◆❋➱❘■❊❯❘❊❙ ❉❊ ▲✬❊❘❘❊❯❘ ◗❯❆❉❘❆❚■◗❯❊ ▼❖❨❊◆◆❊

P❖❯❘ ▲❆ ▲❖❈❆▲■❙❆❚■❖◆ ❉❊ ❙❖❯❘❈❊❙ ❊◆ ❈❍❆▼P P❘❖❈❍❊



❆♥♥❡①❡ ❇

❆rt✐❝❧❡s s✉r ❧❡ s❡✉✐❧ ❞❡ rés♦❧✉t✐♦♥ ❧✐♠✐t❡

♣♦✉r ❞❡s s✐❣♥❛✉① ♠♦♥♦❞✐♠❡♥s✐♦♥♥❡❧s

✻✾



✼✵
❆◆◆❊❳❊ ❇✳ ❆❘❚■❈▲❊❙ ❙❯❘ ▲❊ ❙❊❯■▲ ❉❊ ❘➱❙❖▲❯❚■❖◆ ▲■▼■❚❊ P❖❯❘ ❉❊❙ ❙■●◆❆❯❳

▼❖◆❖❉■▼❊◆❙■❖◆◆❊▲❙

✐

❇✳✶ ■❊❊❊✲❙P✲✷✵✶✶

▼✳ ◆✳ ❊❧ ❑♦rs♦✱ ❘✳ ❇♦②❡r✱ ❆✳ ❘❡♥❛✉① ❛♥❞ ❙✳ ▼❛r❝♦s✱ ✧❙t❛t✐st✐❝❛❧ r❡s♦❧✉t✐♦♥
❧✐♠✐t ♦❢ t❤❡ ✉♥✐❢♦r♠ ❧✐♥❡❛r ❝♦❝❡♥t❡r❡❞ ♦rt❤♦❣♦♥❛❧ ❧♦♦♣ ❛♥❞ ❞✐♣♦❧❡ ❛rr❛②✧✱ ■❊❊❊

❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❱♦❧✉♠❡ ✿ ✺✾✱ ■ss✉❡ ✿ ✶✱ ❏❛♥✳ ✷✵✶✶✱ ♣♣✳ ✹✷✺✲✹✸✶✳



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 59, NO. 1, JANUARY 2011 425

Correspondence

Statistical Resolution Limit of the Uniform Linear

Cocentered Orthogonal Loop and Dipole Array

Mohammed Nabil El Korso, Rémy Boyer, Alexandre Renaux, and
Sylvie Marcos

Abstract—Among the family of polarization sensitive arrays, we can find
the so-called cocentered orthogonal loop and dipole uniform linear array
(COLD-ULA). The COLD-ULA exhibits some interesting properties, e.g.,
the insensibility of the polarization vector with respect to the source lo-
calization in the plan of the array. In this correspondence, we derive the
statistical resolution limit (SRL) characterizing the minimal separation,
in terms of direction-of-arrivals, to resolve two closely spaced known po-
larized sources impinging on a COLD-ULA. Toward this end, nonmatrix
closed form expressions of the deterministic Cramér–Rao bound (CRB) are
derived and thus, the SRL is deduced. A comparison between the SRL of the
COLD-ULA and the classical ULA are given. Particularly, it is shown that,
in the case of orthogonal known signal sources, the SRL of the COLD-ULA
is equal to the SRL of the ULA, meaning that it is not a function of polar-
ization parameters. Furthermore, due to the derived SRL, it is shown that,
under some general conditions, the SRL of the COLD-ULA is smaller than
the one of the ULA.

Index Terms—Cocentered orthogonal loop and dipole (COLD) array, po-
larized sources localization, statistical resolution limit.

I. INTRODUCTION

Polarized sources localization by an array of sensors is an impor-
tant topic with a large number of applications especially in wireless
communication and seismology [1]. Particularly, the context of po-
larized sources has been investigated in the literature and several
algorithms, to estimate the localization and polarization parameters,
have been proposed [1]–[4]. Among the different types of arrays, the
crossed-dipole array (constituted by several couple of dipoles) is sen-
sitive to the source’s polarization and thus, is adequate to this context.
In particular, the cocentered orthogonal loop and dipole uniform linear
array (COLD-ULA) exhibits some interesting properties [5], [6], as
for instance, the insensibility of the polarization vector with respect to
the source localization in the plan of the array or, the constant norm
of the polarization vector. Note that these properties are not shared
by the standard crossed-dipole array [5]. The optimal performance in
terms of mean square error by way of the Cramér–Rao bound (CRB)
for the COLD-ULA array has already been investigated in [5], [6].
In [5], matrix expressions of the CRB was given, whereas, in [6] the
asymptotic (in terms of sensors) CRB was derived. However, to the
best of our knowledge, no works has been done on the resolvability of
closely polarized sources.

Manuscript received May 10, 2010; accepted September 21, 2010. Date of
publication October 07, 2010; date of current version December 17, 2010. This
project is funded by region Île de France and Digeteo Research Park. The as-
sociate editor coordinating the review of this manuscript and approving it for
publication was Prof. Andreas Jakobsson.

The authors are with Laboratoire des Signaux et Systèmes (L2S), Université
Paris-Sud XI (UPS), CNRS, SUPELEC, Gif-Sur-Yvette, 91192, France (e-mail:
elkorso@lss.supelec.fr; remy.boyer@lss.supelec.fr; alexandre.renaux@lss.sup-
elec.fr; marcos@lss.supelec.fr).

Color versions of one or more of the figures in this correspondence are avail-
able online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TSP.2010.2083657

A common tool to characterize the resolvability between two signals
is the so-called statistical resolution limit (SRL). The SRL [7]–[19],
defined as the minimal separation between two signals in terms of the

parameter of interest, is a challenging problem and an essential tool to
quantify estimator performance.

One can find in the literature three main approaches to characterize
the SRL:

i) The first is based on the concept of mean null spectrum and is
relevant to a specific high-resolution algorithm [7], [8].

ii) The second approach is based on a hypothesis test using the gen-
eralized likelihood ratio test (GLRT) [9]–[11] or the Bayesian
approach [12].

iii) The third method is based on the estimation accuracy concept
[13]–[18].

In this context, one can distinguish two main criteria. The first one was
introduced by Lee in [13] and states that two signals are resolvable,

w.r.t. the parameter of interest �� and ��, if the maximum standard

deviation, of �� and ��, is less than half the difference between �� and

��. However, one can note that the Lee criterion ignores the coupling
between the parameters of interest [19]. To take into account this ef-
fect, Smith [16], proposed the second following criterion based on the
CRB: two signals are resolvable if the separation between �� and ��,
is less than the standard deviation of the separation estimation. Conse-
quently, the SRL in the Smith sense is defined as the separation between
the parameters of interest that is equal to the standard deviation of the
separation.

To the best of our knowledge, all the works related to the resolv-
ability of closely spaced sources concern the case of non-polarized
sources [7]–[9], [11]–[18], and no studies/results are available con-
cerning the case of polarized sources. The goal of this correspondence
is to fill this lack.

Since the mean null spectrum approach is relevant to a specific high-
resolution algorithm, in this correspondence we focus mainly on the
SRL derivation for known polarized sources in the Smith sense. Fur-
thermore, since it exists a relationship between the SRL based on the
Smith criterion and the SRL based on a hypothesis test [11] in the
asymptotic case, the SRL based on a hypothesis test is deduced and
compared to the derived SRL based on the Smith criterion.

Consequently, in this correspondence, we derive and analyze the
minimum direction-of-arrivals (DOA) separation between two known
polarized sources that allows a correct sources resolvability for the
COLD-ULA in the Smith sense. As a by product, a closed-form expres-
sion of the true (non-asymptotic) deterministic CRB is given (which is
not available in the literature). Finally, the SRL using an ULA is derived
and compared to the SRL using a COLD-ULA. It is shown that, in the
case of orthogonal known signal sources, the SRL is not a function
of polarization parameters (i.e., the SRL of the COLD-ULA is equal
to the SRL of the ULA). Furthermore, in the case of non-orthogonal
known signal sources and under some general conditions, the SRL of
the COLD-ULA is shown to be smaller than the one of the ULA.

II. MODEL SETUP

Consider a COLD-ULA made from � COLD sensors (a COLD
sensor is formed by a loop and a dipole [5]) with interelement spacing
� that receives a signal emitted by � radiating far-field and narrow-
band sources. Assuming that the array and the incident signals are
coplanar [5], i.e., the elevation is fixed to ���, the observed signal

1053-587X/$26.00 © 2010 IEEE
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model on the ��� COLD sensor at the ��� snapshot is given by1 [2],
[5] ������� � ��������� �����������

� � �

�	
 ����������� ��������,
where � � � � � �� � 	 and � � 	 � � �� , in which � is the number
of snapshots. 	� � �

��� ������ is the spatial phase factor
in which �� and � are the azimuth of the ��� source and the
wavelength, respectively. The time-varying source is modelled by2

����� � �������� 	
 �	�� in which �� is the non-zero real ampli-
tude, ����� is the time-varying modulating phase and �� denotes the
carrier frequency of the incident wave. The additive noise is denoted
by ������� � ��������� �����������

� . The polarization state vector �� is
given by

�� �
����

�
�������

��� ���������

where �� � ��� 
�
� and �� � ��
� 
� are the polarization state
parameters. From a modelling point of view, each dipole in the array is
assumed to be a short dipole (w.r.t. the distance ) with the same length
�� and each loop is assumed to be a short loop (w.r.t. the distance
) with the same area ��. Under these assumptions, the total output
vector received by the COLD-ULA for the ��� snapshot can be written
as follows:

������ � ����� ��� � � � ������
���
�

�

�

�	


������� � ����� ��� � � � ������
���
�

(1)

where the �
�� � � matrix ����� � �� � ��������� in which
the operator � stands for the Kronecker product. The steering vector
is defined by �� � �	 ��� � � � �����
�� �

�
. Since the problem ad-

dressed herein is to derive the SRL based on the CRB for the proposed
model, we first start by deriving the CRB for (1) in the case of � � 

sources.

III. DETERMINISTIC CRAMÉR-RAO BOUND DERIVATION

In the remaining of the correspondence, we will use the following
assumptions:

A1. The noise is assumed to be a complex circular white Gaussian
random noise with zero-mean and unknown variance ��. In ad-
dition, it is assumed to be both temporally and spatially uncor-
related.

A2. The sources are assumed to be known and deterministic (see,
e.g., [20]–[24]). The unknown parameter vector is then given
by3 ��� � �	
 	� ���

�
.

A3. Furthermore, from a modelling point of view, we can assume,
without loss of generality [5], that �� � 

���� � 	.

Using A1, the joint probability density function of the full obser-
vation vector ��� � ����� �	� � � � ���� ����

�
given ��� can be written as

follows:

���������� �
	

�
������
�

��������� ���������

where ��� � �
�	
 ��

�
����	�

� � � � ��������� �
�

. Let ������� �

��������� � ����� � be the covariance matrix of an unbiased estimator of

1One should note that due to the nature of the COLD array sensors, one has
twice the number of measurements w.r.t. a ULA array with the same number of
sensors and the same array’s aperture.

2Note that this source model is commonly used in many digital communica-
tion systems (see [5] and references therein).

3Note that the state parameter vector is assumed to be known. However, this
assumption is not severe (since the numerical simulations part).

���, denoted by ����. The covariance inequality principle states that under
quite general/weak conditions ������������ � ���������� � �������

�� �
�����������, where ����������� � �����
��������� in which ��������
denotes the Fisher information matrix (FIM) regarding to the vector
parameter ���.

Since we are working with a Gaussian observation model (assump-
tion A1), the ����  �� element of the FIM for the parameter vector ��� can
be written as [25]

������������� �
��

��
!��

!������

!��

!������
�




��
	

!����

!������

!���

!������

where ���  � � �	� 
� ���. ������ and 	�"� denote the ��� element of ���

and the real part of ", respectively. Then, the FIM for the proposed
model is block-diagonal

�������� �
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� �

�
� ��

��

(2)

where

������ �	
!����

!	�

!���

!	�

��	 #� �
�
����

�
��

�
���$�� � ����� � �	� 
��

(3)

in which � � ������� � � � � � � 	�, #� � �	��� �
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��������
and
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�
�
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�
����%

Using the fact that the polarization state vector of a COLD
array is not a function of the direction parameter, thus
!���!	� � �. Consequently $�� � � and (3) be-
comes ����� � �	�#��

�
����

�
��

�
���. Furthermore,

as 
��

� � 	, one obtains ������ � ����� for � � 	,

2 where � � �	����� � 	���
� � 	�. The cross terms
are given by ���
�� � �����
 � �	�#��

�

 ��&� where

�
�

 �� � �����
� ������� � ����
� �������

��� �� � and

& �

��


�	�

������� �� �� �

��


�	�

����� �� �� �� � (4)

in which '
������
� � �	
 � 	�� and ���"� � "��"� for " �� �.

To simplify the derivations and without loss of generality, we choose
	
 ( 	� in the following. Consequently, the inverse of the FIM is
given by

�
�
 �

�

������

���� �	 #��
�

 ��&

�	 #��
�

 ��& ��
�

(5)

where ������ � �����
�
�
��

� � 	��#��
�

 ��&��. Finally, replacing

(2) and (5) into 	
������ � ���
�
�����, the CRBs (see Fig. 1) are

given by
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 ��&
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�
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� �	� �#���
 ��&�
% (8)

IV. STATISTICAL RESOLUTION LIMIT

This section is devoted to the derivation of the SRL of the COLD-
ULA. Taking advantage of the previously derived CRBs (6), (7), and
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Fig. 1. The CRB for the COLD array and the ULA with � � 100 snapshots
and � � 25 sensors. One can notice that for a small separation the CRB for
the ULA goes to infinity faster than the CRB for the COLD array. This can be
explained by the additional knowledge about polarization parameters in the case
of the COLD array.

(8), the SRL in the Smith sense is derived in Section IV-A. Then, the
SRL based on a hypothesis test is deduced in Section IV-B. One should
note that the SRL of the ULA according to the model (1) is not derived
in the literature. This latter can be derived following the same steps as
in Section IV-A leading to

������� �
��
���

��� � ��� � ������
����

�
� �������

�

A. Statistical Resolution Limit for a COLD-ULA

Let ���	�
�� denoting the SRL of COLD-ULA according to the
model (1). Thus, one obtains (see [19])

��� ���	�
�� � ������� � �������� �������	 ���� (9)

Consequently, the SRL4 is defined as the minimal separation, denoted
�
��	�
�
� , which resolves the following implicit equation:

���	�
�� � ��� �
��	�
�
� �� 
 ���	�
�� � � (10)

where

��

��	�
�
� � � ������	
���� ��

��	�
�
� �

�
� �������	 ��� and

� � ���� � �����. In the following, (10) is solved to obtain the desired
SRL for the orthogonal and non-orthogonal signal sources cases.

1) The Orthogonal Signal Sources Case: In the case of orthogonal
signal sources [20], one has �� � ����� �

��� �
�

������� � . This
implies that the FIM is diagonal (i.e., the parameters of interest are
decoupled). Thus, replacing ������	 ��� �  and �� �  into (10),
the SRL in the orthogonal signal sources case, denoted by ���	�
�	�� ,
is given by

���	�
�	�� �
��
���

��� � ���
����

�
�

� (11)

It can be readily checked that the SRL is not a function of the polar-
ization parameters. Consequently, in comparison to the classical ULA

4From (9), one should note that the SRL using the Smith criterion [16] takes
into account the coupling between the parameters of interest unlike the Lee cri-
terion [13], see Fig. 2 (right).

array, the use of the COLD array cannot improve the resolvability of
the sources in this scenario. Moreover, for equipowered sources ��� �
�� � ��, one obtains

���	�
�	�� �
��

�����
(12)

where ��� � �����. Furthermore, for equipowered sources and a
large number of sensors �� � ��, the SRL can be approximated by
�
��	�
�	�
� 	 �������������������. Note that, in this case, the

SRL is proportional to the inverse square root of the number of snap-
shots, to the inverse square root of the SNR and to inverse of �

�
�.

Also note that, the SRL obtained here is qualitatively consistent with
the SRL derived in [12], [17] in the case of a classical ULA array.

2) The Non-Orthogonal Signal Sources Case: The analysis in
the general case of non-orthogonal signal sources (i.e., �� 
� )
is more complex and needs some approximations. Considering
the second-order Taylor expansion of the functional � (see
(4)) around �

��	�
�
� � , one obtains, for ��

��	�
�
� � �,

� 	 ���
�� ���� � ��

��	�
�
� �� � � � ���

��	�
�
� , where

� � ���
�� �� � ������� � ����� (note that this approxima-

tion is not severe, since numerical simulation shows that the SRL
based on the second-order Taylor expansion of � is close, and in a
good agreement with the exact SRL; see Fig. 3). One can note that
expression (10), for non-orthogonal signal sources, becomes, for
��

��	�
�
� � �,

���	�
��

�

�
��

��

� � �� � ��
��	�
�
�

��

�� � � � �
��	�
�
�

��
� (13)

where � � �������� ���, �� � �������� ��� and � � ����� in
which ���� denote the imaginary part of �. Expression (13) is in fact
the roots of the following polynomial

���� � �� ���� � ��� ���� � ����� � �����

���� ���� ����� ��� (14)

where � � �
��	�
�
� .

Resolving this polynomial can be facilitated by noticing that, if
�
��	�
�
� is a root then ����	�
�� is also a root.5 Consequently, ����

can be rewritten as ���� � �� � �
��	�
�
� ��� � �

��	�
�
� ��� �

������ ���, where �� and �� are the unwanted roots. From the latter
expression and (14), one obtains
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(15)

Using the second and last equation of (15) one obtains the SRL as
the root (we keep only the positive root whatever the sign of ��) of

�� ����
��	�
�
� �

�
� ����� � �����

��	�
�
� �

�
����� � ��� � .

Consequently,
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��� � ����
��

�
�

5Indeed, using the change variable formula (see [26] p. 45) w.r.t.
�� � �� , the Jacobian matrix � is reduced to a scalar � � ��. Thus,
������ � � ������� � � ����� � ������ �.
Consequently, if � is a root of �� � � ����� � then
�� is also a root.
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Fig. 2. Left: The SRL using a COLD and a cocentered crossed-dipole (CCD) [5]. One notices that the SRL of a CCD array is in a good agreement with the SRL of
a COLD array. However, the SRL closed form expression of the COLD array is easier to derive since the COLD array exhibits some interesting properties, as for
instance, the insensibility of the polarization vector to the source localization in the plan of the array and the constant norm of the polarization vector. Right: The
SRL based on the Smith and Lee criterion. One can notice that in the case of orthogonal signal sources, the SRL based on the Smith and Lee criterion coincides
(upon a normalization factor). However, in the general case (i.e., not orthogonal signal sources) the Lee criterion, unlike the Smith criterion, ignores the coupling
terms between the parameters of interest.

Fig. 3. Left: Illustration of the desired roots of the polynomials � ���, � ���, � ��� and � ���. Right: Comparison with literature results: The SRL versus � for
� � ���: the approximated SRL based on (16) and (17) is in good agreement with the exact SRL (i.e., the numerical solution of (10) without any approximation).
This validate the closed-form expressions given in (16) and (17). Furthermore, one can notice that, for example, for � � ���� and � � ��� the SRL based on
the SRL (16) and (17) is almost equal to the SRL based on a hypothesis test [11] derived in the asymptotic case. From the case � � ���	 and � � ��� or/and
� � ���
 and � � ���, one can notice the influence of the translation factor � on the SRL.

One should note that under realistic conditions �������� exists since
������

�� �� �

	�
�

is �� 

��

� (i.e., � ������

�� �� �
�
	�
�
� � �). Consequently, the

desired SRL is given by (we discard the negative root) (see (16), shown
at the bottom of the page). Note that, unlike the orthogonal signal
sources case, the SRL depends on the state vector parameter.

Remark 1: Note that the latter formula is valid if �� �� �.
When �� � �, the roots of ���� (which become the roots of
�����

�
� ����� � ����� � ���	 � ���) are given by

�� � �� ������

���� �� �
. The real root exists if in particular �� � �� 
 �

and 	 � �� � �. Since ������� 	 ���� 	 ������, where ���

denotes the absolute value of a real number or the modulus
of a complex number, then, for a fixed value of , one has
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��
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	 � ��� is satisfied. On the other hand, since 
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 ��� � �,
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 ���. Assuming different

polarization state vectors, i.e., ��
� �
� �� ���� ���, one obtains
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Thus, �� � ��. Finally, one concludes that the root of (14) in
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Fig. 4. The SRL of the COLD-ULA with (left) � � 40 snapshots and � � 5 sensors, and (right) � � 100 snapshots and � � 10 sensors. Note that the SRL
using the assumption of known state parameter vector is almost identical to the SRL of unknown state parameter vector.

the case ������� ��� � � exists and is given by (we discard the
negative root)

�������� �
��
���

��� � ��� � �������� ���
����

�
� ��� ������ ���

� (17)

Remark 2: From Fig. 3 (left), one can notice that the desired roots of
�	�	�, �
�	�

�
� ��
 �
	
����
�����	����� �
	�������
�,

���	� and ����	�
�
� ���
� � ���	� � ��� �
	 � ���� � �
� are

almost identical for various values of ��. Indeed, this is expected since
the desired roots, corresponding to the SRL, are small (i.e., �������� �
	). Furthermore, for a sufficient number of sensors, the coefficient cor-
responding to the fourth, third and first degree of the polynomial ��	�
are small (i.e., �� �
 � �	�, ��
 �
 � �	��� and ��� �
 �
�	��� whereas ���
� � ��� � ���).

Remark 3: On the other hand, since 	 ������

�� �� �

�
�
	 � 	, the second-

order Taylor expansion of (16) around ������

�� �� �

�
�
� � gives

�������� �
��
���

��� � ��� � �������� ���
����

�
� � �� ������ ���

(18)

which is the same expression as in (17). Furthermore, for orthogonal
signal sources, one obtains (11). Consequently, (17) unifies the dif-
ferent cases of the SRL derivation results.

Remark 4: Finally, using (17) and for equipowered sources (i.e.,
�� � �� � �), one obtains

�������� �
	�

��
��

	 � ������� ���
	� �� ������ ���

(19)

in which �� � �	��� �

��� �
��	 ����	 ����. Note that, the SRL ob-

tained in (19) is qualitatively consistent with the SRL derived in [12]
and [17] in the case of a classical ULA array.

Remark 5: The polarization state vector of a COLD array is not
function of the direction parameter (i.e., ��
���
 � � for � �
1, 2). Remark that this is not the case for Cocentered Crossed-Dipole
(CCD) antenna. This nice property of the COLD array allows to greatly
simplify the analysis of the SRL, see Fig. 2 (left) for a comparison
between the CCD-ULA and the COLD-ULA SRL.

Furthermore, from A2, one can note that the state parameter vector
is assumed to be known. However, this assumption is not severe, since
numerical simulations show that the SRL of a known state parameter
vector is close to the SRL of a unknown state parameter vector (even
for a low number of sensors � � � and/or a low number of snapshots
� � ��); see Fig. 4.

B. SRL Based on a Hypothesis Test

Another approach to derive the SRL is based on a hypothesis test. In
this Subsection, we show that the results of [11] in the case of non-po-
larized sources can be extended to the polarized sources case. Indeed,
using a binary hypothesis test and the same method as in [11], the
asymptotic (in terms of snapshots) SRL based on a hypothesis test is
given as the root of (proof: see the Appendix)

���������� � � ���������������� (20)

The so-called translation factor, �, is determined numerically, for a
given probability of detection �� and a given probability of false alarm
���, as the root of 
��

� ��
���� � 
��

�
�����. In which 
��

�
��� and


��

� ��
��� denote the inverse of the right tail probability of the cen-

tral chi-squared pdf ��� and the noncentral chi-squared pdf �������,
respectively).

Remark 6: The hypothesis test used to derive (20) is a binary
one-sided test and the MLE used is an unconstrained estimator
(see the Appendix), thus, one can deduce that the GLRT, used to
derive the asymptotic SRL, is [27] 1) asymptotically uniformly most
powerful (UMP) test among all invariant statistical tests, and 2) has
asymptotic constant false-alarm rate (CFAR).

Fig. 3 (right) shows that the derived SRL (17) is in agreement, with
respect to the translation factor, with the extension of the SRL based
on a UMP and CFAR hypothesis test in the asymptotic case, which as-
sesses the validity of our results. In addition, this figure shows that the
derived SRL is tight w.r.t. the exact SRL (i.e., the numerical solution of
(10) without any approximation). Furthermore, Fig. 3 (right) assesses
remark 2 and 3 since the SRL (17) derived using ���	� is almost iden-
tical to the SRL (16) derived using ��	�.

In the following section, a comparison between the SRL of two po-
larized sources impinging on a COLD-ULA and on an ULA, is done.

V. COMPARISON BETWEEN THE STATISTICAL RESOLUTION LIMIT OF A

COLD-ULA AND AN ULA AND NUMERICAL ANALYSIS

Consider two radiating far-field and narrowband sources observed
by a classical ULA of � sensors with interelement spacing � [25]. The
array and the emitted signals are coplanar. Following the same steps
leading to ���������� , one obtains after some algebra calculations the
SRL of the ULA denoted by �

�������
� . The derivations are not re-

ported here since they are similar to the ones presented for the COLD
array. As in Section IV, we detail the orthogonal and non-orthogonal
signal sources case.
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Fig. 5. ��� �� � � versus the polarization state parameters � and�; � � �, � � �, � � ��������where	 � ��. (Left) � � 85 and (right) � � 5 .

A. Comparison in the Orthogonal Signal Sources Case

In the case where the signal sources are orthogonal (i.e., �� � �
[20]), one obtains (after calculus) ��������� � �

��������
� meaning

that the COLD-ULA and the classical ULA have the same resolvability
capacity.

B. Comparison in the Non-Orthogonal Signal Sources Case

In the following we focus on the SRL given by (18) (see remark 3).
After calculus, one obtains the SRL of the ULA

�
�����
� �

��
���

��	
 � �		� � ������
�	
�

	
	 ��	���� � (21)

Thus, from (17) and (21), one can check that

�
������
� � �

�����
� �� ����� � � ���

�


 �	 � (22)

As ������
 �	� � ���������
 �	� � ���������
 �	� and
����
 �	� � 	, condition (22) is satisfied for ����� � � or/and
����
 �	� � �. Consequently, we have �������� � �

�����
� for the

following cases:
C1. if the signals are real and positive, i.e., ����� � � or with the

same phase, i.e., 	
�
� � 		�
�� 	
;
C2. if �
 � �	, i.e., ����
 �	� � �;
C3. if 
 � � or 	 � �, i.e., ����
 �	� � �.
Besides C1., C2., and C3., in Fig. 5 we plot ������

�


 �	� �
������������
 �	� versus the polarization state parameters  and
�. Consequently, from (22) if � � � thus �������� � �

�����
� . Fig. 5

suggests that generally �������� � �
�����
� while �������� � �

�����
�

only for a small region (which corresponds to the part of the plot that
is under the horizontal plan). This means that generally, the SRL of
the COLD-ULA is smaller than the one for the ULA.

VI. CONCLUSION

In this correspondence, we derived the deterministic CRB in a non-
matrix closed form expression for two polarized far-field time-varying
narrowband known sources observed by a COLD-ULA. Taking advan-
tage of these expressions, we deduced the SRL for the COLD-ULA
which was compared to the SRL of the ULA. We noticed that, sur-
prisingly, in the case where the signal sources are orthogonal, the SRL
of the COLD-ULA is equal to the SRL of the ULA, meaning that
it is not a function of polarization parameters. Furthermore, for non-
orthogonal signal sources, we have given three sufficient and neces-
sary conditions such that the SRL of the COLD-ULA is less than the
SRL of the ULA. By analytical expressions and numerical simulations

we have shown that the SRL of the ULA is less than the SRL of the
COLD-ULA only for few cases, meaning that generally the perfor-
mance of the COLD-ULA is better than the performance of the ULA.
Note that an interesting work could be to apply the proposed method
in the case of Gaussian sources and to compare it to [17, eq.(9)].

APPENDIX

Let us consider the following binary hypothesis test where 
� and


 represent the presence of one signal and the presence of two signals,
respectively. Consequently, following the same line as in [11], one can
formulate the hypothesis test, as a simple one-sided binary hypothesis
test as follows:


� 
 �������� � �



 
 �������� � �
(23)

where �������� denotes the SRL based on a hypothesis test such that
�������� � ��
 � �	�. To derive the SRL based on a hypothesis test,
we consider the GLRT [27]:

������� �
���������������� ��
�

�

����������
��
�
�

�
� (24)

where ��������� , ��
 and ��� denote the maximum likelihood esti-
mates (MLE) of �������� under 

, the MLE of � under 

 and
the MLE of �� under 
�, respectively, in which � � denotes the
test threshold (the central spatial phase factor is implicitly assumed
unknown). From (24), one obtains

������� � �������� �
�

� � �� �� (25)

Deriving and analyzing the SRL from (25) seems to be hard and even
intractable in some cases (especially due to the derivation of ���������).
Consequently, in the following we consider the asymptotic case. In [27]
it has been proved that, for a large number of snapshots, the statistic
������� in (25) follows:

������� � �		 under 
�

��
	
	�

�� under 


(26)

where�		 and��		�
�� denote the central chi-square pdf and the noncen-

tral chi-square pdf both with two degrees of freedom. The noncentral
parameter � is given by [27]


� � ��	������� ���������������

�

� (27)

Since we consider the asymptotic case ���������  �������� , thus (27)
becomes �	������� � ��������������. Consequently, �������� �
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� ��������������� where
�
� � �� represents the so-called transla-

tion factor [11] which is determined due to the probability of detection
�� and the probability of false alarm ��	 as follows: ��	 � �� ��� and
�� � �� 
� ���� where�� ��� and�� 
� ���� denote the right tail

probability of ��
� and ���

���
��, respectively. This conclude the proof.
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A Barankin-Type Bound on Direction Estimation Using

Acoustic Sensor Arrays

Tao Li, Joseph Tabrikian, and Arye Nehorai

Abstract—We derive a Barankin-type bound (BTB) on the mean-square
error (MSE) in estimating the directions of arrival (DOAs) of far-field
sources using acoustic sensor arrays. We consider narrowband and
wideband deterministic source signals, and scalar or vector sensors. Our
results provide an approximation to the threshold of the signal-to-noise
ratio (SNR) below which the performance of the maximum likelihood esti-
mation (MLE) degrades rapidly. For narrowband DOA estimation using
uniform linear vector-sensor arrays, we show that this threshold increases
with the distance between the sensors. As a result, for medium SNR values
the performance does not necessarily improve with this distance.

Index Terms—Acoustic sensor array, acoustic vector sensor, Barankin
bound, direction of arrival estimation, threshold SNR.

I. INTRODUCTION

The Barankin bound [1]–[4] is a useful tool in estimation
problems for predicting the threshold region of signal-to-noise
ratio (SNR) [5]–[8], below which the accuracy of the maximum
likelihood estimation (MLE) degrades rapidly. Identification of the
threshold region enables to determine the operation conditions, such
as observation time and transmission power, to obtain a desired
performance.

In the recent years, many works have been carried out for identi-
fication of the threshold region of the MLE. One approach is based
on the method of interval estimation (MIE) [9] in which the perfor-
mance of the MLE in the threshold region is approximated. However,
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On the Statistical Resolvability Of Point Sources in Subspace Interference Using a

GLRT-Based Framework

Mohammed Nabil EL KORSO, Rémy BOYER, Alexandre RENAUX, and Sylvie MARCOS

Abstract

The Statistical Resolution Limit (SRL), denoted by δ, characterizing the minimal separation to resolve two closely spaced
far-field narrowband sources, among a total number of M ≥ 2, impinging on a linear array is derived. The two Sources
Of Interest (SOI) are corrupted by (1) the interference resulting from the M − 2 remaining sources (called here subspace
interference (SI)) and by (2) a broadband noise. Toward this end, a hypothesis test formulation is conducted. Depending
on the a priori knowledge on the SOI, on the interfering sources and on the noise variance, the (constrained) Maximum
Likelihood Estimators (MLE) of the SRL subject to δ ∈ R and/or in the context of the matched subspace detector
theory are derived. Finally, we show that the SRL which is the minimum separation that allows a correct resolvability
for given probabilities of false alarm and of detection can always be linked to a particular form of the Cramér-Rao Bound
(CRB), called the Interference CRB (I-CRB), which takes into account the M − 2 interfering sources. As a by product,
we give the theoretical Signal-to-Interference-plus-Noise Ratio (SINR) threshold for a given SRL and for several typical
scenarios.

Keywords: Statistical resolution limit, SNR threshold, performance analysis, subspace interference.

1. Introduction

The context of narrowband far-field sources localiza-
tion has been widely investigated in the literature [1]. How-
ever, the ultimate performance in terms of resolution limit
have not been fully investigated. The Statistical Resolu-
tion Limit (SRL) [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12], defined
as the minimal separation between two signals in terms
of parameter of interest, is a challenging problem [13] and
an essential tool to quantify estimator performance. A
closely related problem is to derive the signal-to-noise ra-
tio threshold (SNR), i.e., the minimal SNR above which
the two signals are resolvable [14].
Among all the different approaches to characterize the
SRL, one can find three families. The first and oldest one
is based on the null spectrum [2, 3]. A second one is based
on the estimation accuracy [5, 6, 7, 8] and the last one and
maybe the most promising one is based on detection the-
ory in the context of the hypothesis test formulation. One
can find in the literature several works related to the SRL
or to the SNR threshold using an hypothesis test formula-
tion [9, 10, 11, 12, 14]. Specifically, in [11], Liu and Neho-
rai have derived the so-called statistical angular resolution
limit (i.e., the SRL) w.r.t. Direction-Of-Arrival (DOA)
using the asymptotic equivalence expression (in terms of
number snapshots) of the Generalized Likelihood Ratio
Test (GLRT). More recently, Amar and Weiss [12] have
proposed to determine the SRL of two complex sinusoids
with nearby frequencies using the Bayesian approach for
a given correct decision probability. Finally, Sharman and
Milanfar [10] have considered the resolvability of sinusoids

with nearby frequencies by deriving the theoretical SNR
threshold based on the GLRT.
In this paper, we focus our analysis on a GLR based hy-
pothesis test formulation. This choice is motivated by the
following arguments: (1) unlike the SRL based on the
mean null spectrum [2, 3], the SRL based on detection
theory is claimed to be appropriate for all high-resolution
algorithms since it is not related to a specific algorithm, (2)
it exists a relationship between the SRL based on the esti-
mation accuracy [7] (i.e., the Cramér-Rao bound (CRB))
and the SRL based on detection theory [11] (see subsec-
tions 3.4, 4.4, 5.4 and 6.4 ), (3) unlike the Bayesian ap-
proach, the use of the GLRT does not require any prior
knowledge on the parameter of interest, (4) since the sep-
aration term is unknown to the user, it is impossible to
design an optimal detector in the Neyman-Pearson sense
[15] but the GLRT applied to our model is Uniformly Most
Powerful invariant (UMP-invariant) test among all the in-
variant statistical tests [16], which is considered as the
strongest statement of optimality that one could expect to
obtain [17].
It is important to note that all the existing works have
been derived only for two sources of interest (SOI) and
thus the influence of the other (interfering) sources is ne-
glected. Another important point is that most of the con-
tributions have been made in the case of spectral analysis
and thus the impact of the array geometry on the resolu-
tion has not been studied in the context of statistical array
processing with complex sources.
In this work, the considered model can be described by
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two narrowband far-field closely spaced SOI, among a total
number ofM ≥ 2 sources, imbedded in a competitive envi-
ronment constituted by (1) the interference resulting from
the M − 2 remaining sources (called here subspace inter-
ference (SI)) and by (2) a broadband noise. For this gen-
eral model, we derive the theoretical signal-to-interference-
plus-noise ratio (SINR) threshold w.r.t. the SRL for linear
arrays.
The paper is organized as follows. We first begin by in-
troducing the observation model and the problem setup
in Section 2. Sections 3 to 6 are devoted to the SINR
threshold and SRL derivations depending on the assump-
tions on the SOI, on the subspace interference and on the
noise variance. Section 7 gives a summary of the main
results and compares the SINR thresholds. Furthermore,
in Section 8, numerical simulations are given to assess the
effect of the array geometry, of the aperture, of the prior
sources knowledge and the effect of the subspace interfer-
ence. Finally, Section 9 concludes this work.

2. Problem setup and assumptions

Let us consider a Linear Array (LA) with N sensors
that receives at the tth snapshot, a signal emitted by M
deterministic far-field and narrow-band sources, denoted
by {s1(t), . . . , sM (t)}. For the nth sensor and for the tth

snapshot, the observation model is given by [1]

yn(t) =

M∑

m=1

sm(t) exp(jωmdn) + vn(t) (1)

t = 1, . . . , L, n = 0, . . . , N − 1, where L stands for the
number of snapshots,

ωm = −2π sin(θm)/ν

is the parameter of interest of the mth source which is a
function of the bearing θm and of the signal wavelength
ν. dn stands for the (known) distance between a reference
sensor (the first sensor herein) and the nth sensor1. The
additive noise vn(t) is assumed to be a complex random
process. Consequently, the observation vector at the tth

snapshot, can be expressed as

y(t) =
[
y0(t) . . . yN−1(t)

]T
=
[
a1 . . . aM

]
s̆(t)+v(t),

where v(t) = [v0(t) . . . vN−1(t)]
T and s̆(t) = [s1(t) . . . sM (t)]T ,

in which the (n + 1)th entry of the steering vector am is
given by [am]n+1 = exp(jωmdn), m = 1, 2, . . . ,M. Finally,
the ”vectorized” full observation vector is as follows:

y
∆
=
[
yT (1) yT (2) . . . yT (L)

]T
.

1For instance, in the case of the Uniform LA (ULA), dn = nd
where d denotes the inter-element space between two successive sen-
sors.

Figure 1: Two closely-spaced SOI imbedded in three interfering
sources observed by a linear array with L = 7 sensors.

2.1. Hypothesis test formulation of the SRL in subspace
interference

2.1.1. SRL in subspace interference

The aim of this work is to derive the theoretical SINR
threshold and the SRL, denoted by δ, in the context of the
scenario depicted on Fig. 1. More precisely,

1. Two closely-spaced sources are of interest (SOI). With-
out loss of generality, we consider that these two
sources are s1 and s2 (such that s1 6= s2). So, the

SRL (i.e., the separation) is defined as δ
∆
= ω2 − ω1.

2. TheM−2 remaining sources, denoted by {s3, . . . , sM},
are viewed as an interference (also called Subspace
Interference (SI) [18]). Each pair of sources is consid-
ered widely-spaced. A sufficient condition is that the
minimal separation over all the combination of pairs
of interfering sources, denoted by ∆ω, must satisfy
∆ω > δ.

3. The background broadband noise is assumed to be
a complex circular white Gaussian random process
with zero-mean and variance σ2.

Consequently, the problem setup can be viewed as de-
riving the theoretical SINR threshold and the SRL for two
closely-spaced SOI imbedded in a structured interference
(the M − 2 remaining sources) and an unstructured inter-
ference (i.e., the broadband noise).

2.1.2. Hypothesis test formulation

The problem of resolving only two closely-spaced SOI
in the context of a binary hypothesis test has been already
(partially) tackled in [9, 10, 11, 12]. But in these refer-
ences, the model is restricted to only two closely-spaced

2



SOI. In this work, we consider a more general model de-
scribed in the previous section. This model has a rich
structure since the impact of M − 2 interfering sources is
taken into account. Consequently, the theoretical SINR
threshold and the SRL derived in this paper are appropri-
ate to the realistic situation where M ≥ 2 sources belong
to the field of view of a LA (see Fig. 1).
Let the hypothesis H0 represents the case where the two
SOI are combined into a single signal, whereas the hy-
pothesis H1 embodies the situation where the two SOI are
resolvable. Consequently, a convenient binary hypothesis
test (see [9, 10, 11, 12]) is given by

{

H0 : δ = 0,

H1 : δ 6= 0.
(2)

Since the separation term δ is unknown, it is impossi-
ble to design an optimal detector in the Neyman-Pearson
sense. In this case, the Generalized Likelihood Ratio Test
(GLRT) [15] is a well-known statistic test to solve such a
problem and is given by

G(y) =
maxδ,ρ1

p(y; δ,ρ1,H1)

maxρ0
p(y;ρ0,H0)

=
p(y; δ̂, ρ̂1,H1)

p(y; ρ̂0,H0)

H1

≷
H0

η′,

(3)
in which p(y;ρ0,H0) and p(y; δ,ρ1,H1) denote the prob-
ability density functions (pdf) under H0 and H1, respec-

tively, and where η′, δ̂ and ρ̂i denote the detection thresh-
old, the Maximum Likelihood Estimate (MLE) of δ under
H1 and the MLE of the parameter vector ρi (containing
all the unknown nuisance and/or unwanted parameters)
under Hi, i = 0, 1. If the statistic G(y) is greater than a
given threshold η′, then the signals are said to be resolv-
able.
Unfortunately, closed-form expressions of δ̂, ρ̂1 and ρ̂0 are

not available (this is mainly due to the derivation of δ̂
which is, in this case, a highly non linear and intractable
optimization problem [19]). However, since the two SOI
are closely-spaced (this assumption can be argued by the
fact that the high resolution algorithms have asymptot-
ically an infinite resolving power [20, 9, 7, 10, 11, 12]),
one can approximate model (1) into a new model which is
linear w.r.t. the parameter δ.

2.2. Linear form of the model with subspace interference

First, let us introduce the center parameter ωc =
ω1+ω2

2 .
As in [9, 10, 11, 12], using the assumption of a small angu-
lar separation of the two SOI, a first-order Taylor expan-
sion around δ = 0 leads to

y
1
= As+ + δBs− + e+ v, (4)

where e = Cs, C = [A3 . . . AM ], s = [sT3 . . . sTM ]T and

s+ = s1 + s2, (5)

s− = s2 − s1, (6)

in which si = [si(1) . . . si(L)]
T . Furthermore, the signal e

encompasses the interference of all the sources apart from
the two closest ones (i.e., the first and the second one).
In addition, denoting IL the L × L identity matrix, d =
[d0 d1 . . . dN−1]

T and a the steering vector considered

for the center parameter ωc (i.e., [a]n+1
∆
= exp(jωcdn),

n = 0, . . . , N − 1), we define

A
∆
=






a 0
. . .

0 a






(NL)×L

= IL ⊗ a, (7)

B
∆
=

j

2
IL ⊗ ȧ, where ȧ

∆
= a⊙ d, (8)

Am
∆
= IL ⊗ am, for m = 3, . . . ,M, (9)

where ⊗ and ⊙ stand for the Kronecker and the Hadamard
products, respectively. In the rest of the paper, and as
in [10, 11], the parameter ωc is assumed to be known or
previously estimated. Furthermore, we consider that the
matrix C is known or previously estimated [21]. Note
that the case of unknown ωc and/or unknown C leads to
an untractable solution of the GLRT and, consequently, is
beyond the scope of this paper.

2.3. Defintion of the SNR and the SINR

A standard measure for the point source without inter-
ference is the Signal-to-Noise Ratio defined as

SNR
∆
=

∑2
m=1 ||sm||2

σ2
. (10)

But a more convenient measure in case of interference
is the Signal to Interference plus Noise Ratio defined ac-
cording to

SINR
∆
=

∑2
m=1 ||sm||2
‖s‖2 + σ2

. (11)

Obviously, we have SINR ≤ SNR. Let INR
∆
= ‖s‖2

σ2 be
the Interference to Noise Ratio. Straightforward relations
between the SNR and the SINR are

SINR =
1

1 + α
SNR, if INR = α, (12)

SINR = SNR, if INR = 0, (13)

SINR ≈ SNR, if INR ≪ 1. (14)

In this work, the theoretical SINR and SNR are derived
for a given SRL in the scenarios listed above. More pre-
cisely, relation (12) means that if the INR is fixed to the
constant α then the SINR is proportional to the SNR. Re-
lation (13) is a particular case of relation (12) and stands
for the situation where there is no subspace interference.
The last relation (14) means that the subspace interference
is dominated by the noise.
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3. Case 1: known SOI, SI and noise variance

First, let us consider the scenario where the two SOI,
the SI and the noise variance are known, i.e., s1, s2, s
and σ2 are known vectors. Let δ1 be the SRL for the
considered case. Let us define the new observation vector
z

∆
= y −As+ −Cs.

3.1. Binary hypothesis test

With the aforementioned framework, the hypothesis
test (2) becomes

{

H0 : z = v ∼ CN (0, σ2I),

H1 : z = wδ1 + v ∼ CN (wδ1, σ
2I),

(15)

in which w
∆
= Bs−.

3.2. Constrained MLE (CMLE) and GLRT

As δ1 ∈ R, one has to find the Constrained MLE
(CMLE) of δ1. More precisely, the constrained optimiza-
tion problem can be written according to

argmin
δ1

L(z, δ1) subject to δ1 ∈ R

where L(z, δ1) is the negative log-likelihood function. Ac-
cording to Appendix A.1, the CMLE is

δ̂1 =
ℜ
{
wHz

}

‖w‖2
(16)

where ‖w‖2 = sH−B
HBs− = 1

4 ||s−||2||ȧ||2. Using (16),
the statistic of the GLRT is then given by

G(z) =
p(z; δ̂1,H1)

p(z;H0)
= exp

(
1

σ2

(

||z||2 − ||z −wδ̂1||2
))H1

≷
H0

η′.

(17)
Plugging (16) into (17), and defining a new statistic,

denoted by T (z), one obtains

T (z)
∆
= 2 lnG(z) =

2

σ2

(

δ̂1z
Hw + δ̂1w

Hz − δ̂21 ‖w‖2
)

=
2ℜ
{
wHz

}

σ2 ‖w‖2
(
wHz + zHw −ℜ

{
wHz

})

=
ℜ2
{
wHz

}

‖w‖2 σ2

2

. (18)

Using the result of Appendix B, we have

T (z) ∼
{

χ2
1 under H0,

χ2
1 (λ1 (Pfa, Pd)) under H1,

where

λ1 (Pfa, Pd) =
2δ21
σ2

‖w‖2 =
δ21
2σ2

||s−||2||ȧ||2, (19)

and where χ2
1 denotes the central distribution with one

degree of freedom. Since G(z)≷H1

H0
η′ ⇐⇒ T (z)≷H1

H0
η

∆
=

ln η′, the probability of false alarm and the probability of
detection are then given by

Pfa = Qχ2
1
(η)

and
Pd = Qχ2

1(λ1(Pfa,Pd))(η),

respectively, in which Qχ2
1
(.) and Qχ2

1(λ1(Pfa,Pd))(.) denote

the right tail of the χ2
1 pdf and the χ2

1(λ1 (Pfa, Pd)) pdf,
respectively. In practice λ1 (Pfa, Pd) can be derived for a
given Pfa and Pd as the solution ofQ−1

χ2
1
(Pfa) = Q−1

χ2
1(λ1(Pfa,Pd))

(Pd).

3.3. Theoretical SINR derivation

Result 1. The SINR threshold with respect to the SRL δ1
required to resolve two closely spaced known SOI imbedded
inM−2 known sources in a known noise variance, is given
by

SINR1 =
‖s1‖2 + ‖s2‖2

‖s‖2 + δ21
2‖w‖2

λ1(Pfa,Pd)

. � (20)

Result 2. The SNR threshold with respect to the SRL
δ1 required to resolve two closely spaced known SOI in a
known noise variance, is given by

SNR1 = λ1 (Pfa, Pd)
||s1||2 + ||s2||2

2δ21 ‖w‖2
. � (21)

Result 3. If the SOI are orthogonal signals, i.e., sH1 s2 =
sH2 s1 = 0, then ||s−||2 = ||s1||2+ ||s2||2. The SNR thresh-
old is given by

SNR1o =
2λ1 (Pfa, Pd)

δ21 ‖ȧ‖2
. � (22)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.

3.4. Alternative expression of the non-centrality parameter

Let [δ1 σ2]T be the vector collecting the parameters
under H1. The associated CRB(δ1) which is derived in
appendix C.1, is given by

CRB(δ1) =
σ2

2 ‖w‖2
=

2σ2

‖s−‖2 ‖ȧ‖2
.

Consequently, (19) can be rewritten w.r.t. the CRB as

λ1 (Pfa, Pd) = δ21CRB
−1(δ1). (23)

Note that (23) is an expression where δ1 is the unknown
variable. This is in agreement with the formulation intro-
duced in reference [7].
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4. Case 2: known SOI, unknown SI, known noise
variance

4.1. Binary hypothesis test

In the following, we consider the case where two known
SOI are imbedded in M − 2 unknown interfering sources.
In addition, the noise variance is assumed to be known.
Consequently, the observations under each hypothesis are
given by
{

H0 : z
∆
= y −As+ = Cs+ v ∼ CN (Cs, σ2I),

H1 : z = δ2w +Cs+ v ∼ CN (δ2w +Cs, σ2I).
(24)

where δ2 denotes the SRL.

4.2. Joint CMLE and GLRT

As δ2 ∈ R, one has to find jointly the CMLE of the SRL
and the MLE of interfering sources. Let us reorganize the
observation according to z = Qp+v whereQ = [w C] and
p = [δ2 s

T ]T , then the constrained optimization problem
can be written according to

argmin
p
L(z,p) subject to eT1 p ∈ R (25)

where e1 = [1 0 . . . 0]T and L(z,p) is the negative log-
likelihood function of the observation. According to Ap-
pendix A.2, we have

δ̂2 =
ℜ{wHP⊥

Cz}
||P⊥

Cw||2
, (26)

ŝH0
= C†z, (27)

ŝH1
= C†(z − δ̂w), (28)

where † stands for the Moore-Penrose pseudo-inverse [22].
Consequently using (26), (27) and (28), one obtains

{

v̂H0 = P⊥
Cz under H0,

v̂H1
= P⊥

Cz − P⊥
Cw

ℜ{wHP⊥
Cz}

||P⊥
C
w||2 under H1.

(29)

Now, we are ready to use the statistic T̆ (y) based on
the GLRT which is defined as follows:

T̆ (z)
∆
= 2 lnG(z) =

2

σ2
(‖v̂H0‖2 − ‖v̂H1‖2). (30)

Plugging (29) in (30) and after some calculus, one ob-
tains

T̆ (z) =
2

σ2

ℜ2{wHP⊥
Cz}

||P⊥
Cw||2

=
ℜ2{w̆H z̆}
σ2

2 ‖w̆‖2
, (31)

where z̆ = Ŭ
H
z and where w̆ = Ŭ

H
w in which P⊥

C =

ŬŬ
H

is any orthogonal decomposition for which Ŭ
H
Ŭ =

I [23, eq (A.4.7)]. The statistics of the random variable z̆
follow:

{

z̆H0
∼ CN (0, σ2I) under H0,

z̆H1 ∼ CN (w̆δ2, σ
2I) under H1,

(32)

since Ŭ
H
C = 0. Expressions (31) and (32) are formally

similar to the case studied in Appendix B. So, we can
conclude

T̆ (z) ∼
{

χ2
1 under H0

χ2
1(λ2(Pfa, Pd)) under H1,

(33)

where

λ2(Pfa, Pd) =
2δ22
σ2

||P⊥
Cw||2. (34)

4.3. Theoretical SINR derivation

From (34), one can state the following results:

Result 4. The SINR threshold with respect to the SRL δ2
required to resolve two closely spaced known SOI imbedded
in M − 2 unknown sources in a known noise variance, is
given by

SINR2 =
‖s1‖2 + ‖s2‖2

‖s‖2 + δ22
2||P⊥

C
w||2

λ2(Pfa,Pd)

. � (35)

Result 5. The SNR threshold with respect to the SRL δ2
required to resolve two closely spaced known SOI with a
known noise variance is obtained for P⊥

C = I and s = 0
and thus is given by

SNR2 = λ2 (Pfa, Pd)
‖s1‖2 + ‖s2‖2

2δ22 ||w||2 . � (36)

Result 6. If the SOI are orthogonal. The SNR threshold
is given by

SNR2o =
2λ2 (Pfa, Pd)

δ22 ‖ȧ‖2
. � (37)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.

4.4. Alternative expression of the non-centrality parameter

In [24], the Interference Cramér-Rao Bound (I-CRB)
has been introduced. This bound is the CRB for the un-
known parameter [δ2 σ

2]T and for the projected observa-

tion z̆ = Ŭ
H
z. So, this bound integrates the subspace

interference related to 〈C〉. More precisely, this bound
takes the following form:

I-CRB(δ2) =
σ2

2||P⊥
Cw||2

.

See Appendix C.2 for the proof. Consequently, using
(34), one deduces the relationship between the I-CRB and
the non-centrality parameter

λ2 (Pfa, Pd) = δ22I-CRB
−1(δ2). (38)
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5. Case 3: unknown SOI, SI and known noise vari-
ance

5.1. Binary hypothesis test

In the following, we consider the case where two un-
known sources are imbedded in M − 2 unknown sources.
The noise variance is assumed to be known. Consequently,
the observations under each hypothesis are given by
{

H0 : y =Dg + v ∼ CN (Dg, σ2I),

H1 : y = Bθ +Dg + v ∼ CN (Bθ +Dg, σ2I),
(39)

where D
∆
= [A C] ∈ C

NL×(M−1)L, in which the unknown
vector parameter θ and g are defined by

θ
∆
= δ3s−,

g
∆
=

[
s+
s

]

.

where δ3 is the SRL.

5.2. Unconstrained MLE and GLRT

The unconstrained MLEs of the unknown parameters
are given by [18]:

θ̂ = (BHP⊥
DB)−1BHP⊥

Dy, (40)

ĝH0
= (DHD)−1DHy, (41)

ĝH1
= (DHP⊥

BD)−1DHP⊥
By, (42)

where P⊥
D , I−PD, in which PD denotes the orthogonal

projector onto the subspace spanned by the columns of the
matrix D.

Consequently, the MLEs of the noise are
{

v̂H0
= P⊥

Dy under H0,

v̂H1
= P⊥

[BD]y under H1,
(43)

where the oblique projectors EBD and EDB are defined
as

EBD = B(BHP⊥
DB)−1BHP⊥

D, (44)

EDB = D(DHP⊥
BD)−1DHP⊥

B. (45)

Now, we are ready to use the statistic T ′(y) based on
the GLRT and defined as follows

T ′(y)
∆
= 2 lnG(y) =

2

σ2

(

‖v̂H0
‖2 − ‖v̂H1

‖2
)

(46)

=
1

σ2
yH
(

P⊥
D − P⊥

[BD]

)

y. (47)

Using [16, eq (3.7)] and [18, eq (19)], one has P⊥
D −

P⊥
[BD] = P

⊥
DEBDP

⊥
D = PP⊥

D
B. Thus,

T ′(y) =
2

σ2
yHPP⊥

D
By. (48)

Let PP⊥
D
B = UUH be any orthogonal decomposition

[23] of the projector PP⊥
D
B such thatUHU = I and define

an auxiliary random variable ỹ = UHy. One should note
that
{

ỹ = UHv ∼ CN (0, σ2I) under H0,

ỹ = UHBθ +UHv ∼ CN (UHBθ, σ2I) under H1.

(49)
Consequently,

T ′(y) ∼
{

χ2
2r under H0,

χ2
2r(λ3 (Pfa, Pd)) under H1,

(50)

where [17] r = trace(PP⊥
D
B) = rank(PP⊥

D
B) = L and

λ3(Pfa, Pd) =
θHBHUUHBθ

σ2/2
=

2δ23
σ2

||P⊥
Dw||2. (51)

Note that the non-centrality parameter λ3(Pfa, Pd) can
be numerically computed as the solution of Q−1

χ2
2L
(Pfa) =

Q−1
χ2
2L(λ3(Pfa,Pd))

(Pd).

5.3. Theoretical SINR derivation

From (51), one can state the following results:

Result 7. The SINR threshold with respect to the SRL δ3
required to resolve two closely spaced unknown SOI imbed-
ded in M − 2 unknown sources with a known noise vari-
ance, is given by

SINR3 =
‖s1‖2 + ‖s2‖2

‖s‖2 + δ23
2||P⊥

D
w||2

λ3(Pfa,Pd)

. � (52)

Result 8. The SNR threshold with respect to the SRL δ3
required to resolve two closely spaced unknown SOI with a
known noise variance, is given by

SNR3 = λ3 (Pfa, Pd)
‖s1‖2 + ‖s2‖2

2δ23 ||P⊥
Aw||2

. � (53)

A straightforward derivation leads to

||P⊥
Aw||2 =

1

4
||s−||2||b||2, (54)

where b = ȧ− aH ȧ
L a and ||b||2 = ||ȧ||2 − |aH ȧ|2

L .

Result 9. If the SOI are orthogonal. The SNR threshold
is given by

SNR3o =
2λ3 (Pfa, Pd)

δ23 ‖b‖2
. � (55)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.
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5.4. Alternative expression of the non-centrality parameter

In the case of unknown SOI, the FIM is not invert-
ible, therefore the CRB of δ3 does not exist. This arises
due to the lack of indentifiability in model (39) because of
multiplicative ambiguity in the product δ3s−. To obtain
an invertible FIM, it is necessary to assume known SOI
as in case 1 and 2. Note that if, as in case 3 (and also
the following case, i.e., case 4), the vector of interest is
θ = δ3s−, there is no ambiguity and it exists an unbiased
estimator (and thus the CRB) of θ. Keeping in mind this
fact, it is interesting to note that the I-CRB (as derived in
Appendix C.2) for the unknown parameters δ3 w.r.t. the
interference subspace 〈D〉 and for known SOI, is given by

I-CRB(δ3) =
σ2

2||P⊥
Dw||2

.

This can be linked to the non-centrality parameter in (51)
according to

λ3 (Pfa, Pd) = δ23I-CRB
−1(δ3). (56)

6. Case 4: unknown SOI, SI and noise variance

6.1. Binary hypothesis test

In the following, we consider the general case where
two unknown sources are imbedded in M − 2 unknown
sources. In addition, σ2 is assumed to be unknown. Let δ4
be the SRL. The observations under each hypothesis are
given by

{

H0 : y =Dg + v ∼ CN (Dg, σ2I),

H1 : y = Bθ +Dg + v ∼ CN (Bθ +Dg, σ2I).
(57)

6.2. The GLRT derivation

From (57), the GLRT is given by

G(y) =
σ̂2
0

σ̂2
1

=
||v̂H0

||2
||v̂H1

||2 , (58)

where the MLE of the noise variance under each hypothesis
is given by [25]

σ̂2
i =

1

NL
||v̂Hi

||2. (59)

After some straightforward derivations, we obtain

{

v̂H0 = P⊥
Dy under H0,

v̂H1 = P⊥
[BD]y under H1,

(60)

and where θ̂, ĝH0
and ĝH1

are given by (40)-(42), respec-
tively. In this case it is more convenient to define the
statistic T ′′(y) as follows

T ′′(y)
∆
= (lnG(y))

1
NL − 1 =

T ′(y)

N(y)
(61)

where N(y) = 1
σ2y

HP⊥
[BD]y. In addition, using any or-

thogonal decomposition [23], one has P⊥
[BD] = U ′U ′H .

Consequently, N(y) = ||ȳ||2, in which ȳ = U ′Hy. Thus,

T ′′(y) =
||ỹ||2
||ȳ||2 , (62)

and {

ȳ = U ′Hv ∼ CN (0, σ2I) under H0,

ȳ = U ′Hv ∼ CN (0, σ2I) under H1,

then,
{

N(y) ∼ χ2
2r′ under H0,

N(y) ∼ χ2
2r′(0) under H1,

where r′ = trace(P⊥
[BD]) = NL−rank(P [BD]) = (N −M)L.

Furthermore, one can notice that the random variables
||ȳ||2 and ||ỹ||2 are independent (see Appendix D). Con-
sequently, a new statistic V (y) is described as follows

V (y)
∆
= (N −M)T ′′(y) ∼ (63)

{

F2L,2(N−M)L under H0,

F2L,2(N−M)L(λ4 (Pfa, Pd)) under H1,

where F2L,2(N−M)L and F2L,2(N−M)L(λ4 (Pfa, Pd)) denote
the F central and noncentral distributions [15], respec-
tively, of 2L and 2(N −M)L degrees of freedom, in which
the non-centrality parameter is given by

λ4 (Pfa, Pd) =
2δ24
σ2

||P⊥
Dw||2. (64)

Once again, note that the non-centrality parameter
λ4(Pfa, Pd) can be computed numerically as the solution of
Q−1
F2L,2(N−M)L

(Pfa) = Q−1
F2L,2(N−M)L(λ4(Pfa,Pd))

(Pd) with 2L

and 2(N−M)L degree of freedom, where Q−1
F2L,2(N−M)L

(β)

and Q−1
F2L,2(N−M)L(λ4(Pfa,Pd))

(β) denote the right tail of the

pdf F2L,2(N−M)L and F2L,2(N−M)L(λ4(Pfa, Pd)), respec-
tively, starting at β.

6.3. Theoretical SINR derivation

From (64), one can state the following results:

Result 10. The SINR threshold with respect to the SRL
δ4 required to resolve two closely spaced unknown SOI imbed-
ded in M − 2 unknown sources with an unknown noise
variance, is given by

SINR4 =
‖s1‖2 + ‖s2‖2

‖s‖2 + δ24
2||P⊥

D
w||2

λ4(Pfa,Pd)

. � (65)

Result 11. The SNR threshold with respect to the SRL δ4
required to resolve two closely spaced unknown SOI with an
unknown noise variance is given by

SNR4 = λ4 (Pfa, Pd)
‖s1‖2 + ‖s2‖2

2δ24 ||P⊥
Aw||2

. � (66)
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As in the case 3, the SNR threshold for orthogonal SOI
is given by the following result:

Result 12. If the SOI are orthogonal. The SNR threshold
is given by

SNR4o =
2λ4 (Pfa, Pd)

δ24 ‖b‖2
. � (67)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.

6.4. Alternative expression of the non-centrality parameter

As in the case 3, the I-CRB defined in Appendix C.2
for the unknown parameter [δ4 σ

2]T w.r.t. the interference
subspace 〈D〉 with known SOI can be linked to the non-
centrality parameter, given in (64), according to

λ4 (Pfa, Pd) = δ24I-CRB
−1(δ4). (68)

7. Summary of results and discussion

The studied cases are summarized in table 1 2.
Toward the comparison of the studied cases, we formu-

late the three following propositions:

P1. First, as shown in Fig. 2, an increasing the number of
the unknown parameter increases the degree of free-
dom of the χ2

n distribution used to derive λ, which
will increase the value of λ and consequently,

λ1 = λ2 ≤ λ3. (69)

P2. Second, considering the noise variance as unknown
parameter will produce a F distribution to compute
the desired non-centrality parameter (see case 4). As
a consequence, the non-centrality parameter com-
puted w.r.t. χ2

n distribution is lower than the non-
centrality parameter computed w.r.t. F distribution
for any Pd > Pfa [26], meaning that

λ3 ≤ λ4. (70)

P3. On the other hand, note that 〈C〉 ⊂ 〈D〉, where 〈C〉
and 〈D〉 denote the subspace spanned by the column
of the matrices C andD, respectively. Consequently
we have ∀w: wHPCw ≤ wHPDw and thus

||P⊥
Dw||2 ≤ ||P⊥

Cw||2 ≤ ‖w‖2 . (71)

From P1., P2. and P3. and for the same SRL (i.e.,
δ1 = δ2 = δ3 = δ4), one deduces that

SINR1 ≤ SINR2 ≤ SINR3 ≤ SINR4.

2In this section, Pfa, Pd are dropped from λ
(

Pfa, Pd

)

for sake of
simplicity.

Figure 2: Behavior of the noncentral parameter of χ2
n versus n the

degree of freedom for different value of Pd and for a fixed Pfa = 0.01.

Figure 3: SINR threshold w.r.t. the SRL for the studied cases.

The same analysis can be done in the case of M = 2
(no interference), i.e.,

SNR1 ≤ SNR2 ≤ SNR3 ≤ SNR4,

SNR1o ≤ SNR2o ≤ SNR3o ≤ SNR4o.

In Fig. 3, we have reported the SINR threshold w.r.t.
the SRL obtained in all cases. The gap between the case 1
and the case 2 is evaluated around 10 dB and it is espe-
cially due to the projector P⊥

C . The difference between
the case 2 and the case 3 is around 25 dB. This loss is
considerably high because it is due to the projector P⊥

D

but also to the higher degree of freedom for λ3. Finally,
the gap between the case 3 and the case 4 is about only
0.5 dB and it is produced by the difference in the distri-
bution used to compute the desired λ4. In conclusion, the
difference between the studied cases is mainly due to

• the non-centrality parameter numerical value,

• the effect of the subspace interference according to
the projection onto 〈C〉 or 〈D〉.
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Figure 4: (left) SINR threshold to resolve two known/unknown
closely far-field SOI with known noise variance for an ULA where
N = 10, d = ν

2
and M = 4 in which ∆ω = 0.75. (right) The SINR

threshold for an ULA where N = 10, d = ν
2
, for different number of

sources and ∆ω .

8. Numerical Analysis

This section is devoted to the numerical analysis of the
SINR threshold w.r.t. the SRL. Furthermore, we have con-
sidered equal interference’s power and broadband noise’s
power (INR= 1) and thus SINR = 1

2SNR. The number
of snapshots is equal to L = 100 where ν = 0.5m and
(Pfa, Pd) = (0.01, 0.99). The SRL w.r.t. the two closest
sources (the SOI) is denoted by δ, where all the remain
sources are equally spaced by ∆ω (where ∆ω > δ).

8.1. Effect on the source prior

The prior knowledge on the source amplitudes and
source phases is known to have a considerable effect on
the estimation accuracy [27]. One could expect the same
behavior concerning the resolution limit. From Fig. 4(left)
one can notice the effect of the sources prior knowledge on
the SRL. Indeed, the SRL depends strongly on the prior
sources knowledge, e.g., the SINR threshold needed to re-
solve two known signal sources w.r.t. δ is approximatively
40 dB less than the SINR threshold needed to resolve two
unknown sources.

8.2. Effect of the subspace interference

In Fig. 4(right), we have reported the effect of addi-
tional sources (considered as a subspace interference) on
the SINR threshold. One can distinguish two cases:

1. The first one represents the scenario where ∆ω ≫
δ. In this case, one can notice that the additional
sources do not affect the SINR. This can be explained
by the fact that the high resolution algorithms have
asymptotically an infinite resolving power [20].

2. The second scenario is for ∆ω > δ. In this case,
one can notice the drastic effect of the interfering
sources. For example, the SINR gap between M = 4
and M = 6 scenarios is evaluated around 30 dB.

8.3. Orthogonal SOI

From an estimation point of view, it is well-known that
the estimation accuracy for orthogonal signal sources out-
performs the estimation accuracy for the non-orthogonal

Figure 5: The required SINR to resolve two BPSK unknown
orthogonal/non-orthogonal closely far-field sources for an ULA where
N = 10, d = ν

2
and M = 4.

Figure 6: (left) The required SINR to resolve two unknown closely
sources with known noise variance for different array geometries and
same aperture which N = 10, d = ν

2
and M = 4 in which ∆ω = 1.5.

(right) The required SNR to resolve two known sources using ULA,
Type 4 and Type 5 geometries where Pfa = 0.01 and Pd = 0.99.

signal sources [28]. One expect the same behavior con-
cerning the SINR threshold. In fact, as shown in Fig. 5,
the SINR threshold in the case of non-orthogonal Binary
Phase-Shift Keying (BPSK) signal sources is greater than
the case of orthogonal BPSK signal sources. This loss is
around 3 dB.

8.4. Analysis for nonuniform arrays

The effect of the nonuniform antenna array is studied
in the following. The linear array will be specified by their
array aperture and their sensor positions3.

• First, let us study the effect of the number of sensors
on the SRL (or, equivalently, on the minimum required
SINR to resolve two closely spaced sources). In Table 2
are listed different array geometries with 5, 6, 7 and 9
sensors. The array with 9 sensors is an ULA, whereas
the others belong to the so-called ”optimal” nonuniform
array geometries [30]. More precisely, an exhaustive search
has been done to select the minimum redundancy arrays
with 5, 6 and 7 sensors with an aperture equals to 8d
(recall that the minimum redundancy arrays minimize the

3For example, an ULA of N sensors will be represented as
AN,N−1 = [0, 1, . . . , N − 1], where the subscript N − 1 is related
to the array aperture (i.e., the distance between the first and the
last sensor is equal to (N − 1)d where d = ν

2
[29].)
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number of redundant lags R such that no missing lags will
be present). From Fig. 6(left) one can notice, for the same
array aperture, that the SINR threshold to resolve two
closely spaced sources is slightly sensitive to the number
of sensors. The gap for ULA of 5 sensors and the one for
9 sensors (having the same array aperture) is evaluated at
2 dB.

• Finally, let us consider the case of different LA ge-
ometries with the same number of sensors. In Table 3 are
reported different array geometries for N = 4 sensors with
different apertures. One can notice, from Fig. 6(right),
that the array aperture affects the SINR threshold to re-
solve two closely spaced sources around 2 dB. On the
other hand, one can notice that the SRL for arrays of
the same aperture with different array geometries are af-
fected by only 1 dB (i.e., between the so-called perfect
array A4,6 and any array A′

4,6). Meaning that, the SRL
is only slightly sensitive to the array design (for the same
array aperture).

9. Conclusion

In this paper, we have derived theoretical expressions of
the signal-to-interference-plus-noise ratio (SINR) thresh-
old w.r.t. the statistical-resolution-limit (SRL) for two
closely spaced far-field narrowband sources, among a to-
tal number of M ≥ 2, impinging on a linear nonuniform
array. The two Sources Of Interest (SOI) are corrupted
by (1) the interference resulting from the M − 2 remain-
ing sources (called here subspace interference (SI)) and by
(2) a broadband noise. Since our approach is based on the
detection theory, these expressions provide useful informa-
tion concerning the resolution limit for a given couple of
probability of false alarm and probability of detection. In
addition, the theoretical SINR threshold and the SRL have
been analyzed with respect to the interference (resulting
from the M − 2 other sources), the array geometry and
the aperture, the prior sources knowledge or their orthog-
onality.

10. Appendix

10.1. Derivation of the CMLE for cases 1 and 2

10.1.1. MLEs for case 1

The negative log-likelihood function is given by

L(z, δ) = − ln p(z) = − ln(πσ2)−NL/2 + σ−2||z −wδ||2.

The optimization problem is given by

argmin
δ
L(z, δ) subject to δ ∈ R.

This problem can also be solved by the Lagrange mul-
tiplier method. Let ϑ be a real Lagrange multiplier, then
the Lagrange function is given by

L(δ, ϑ) = L(z, δ) + ϑℑ(δ).

The condition ℑ(δ) = 0 can be rewritten according
to −j 12 (δ − δ∗) = 0. So, the partial derivatives of the
Lagrange function are

{
∂L
∂δ = σ−2

(
||w||2δ∗ − zHw

)
− j ϑ2 ,

∂L
∂ϑ = ℑ(δ).

since ∂δ∗

∂δ = 0. By letting ∂L
∂δ |δ0 = 0, we have

δ0 =
wHz

||w||2 − j
ϑσ2

2||w||2 . (72)

Setting ∂L
∂ϑ |ϑ0

= 0, we have

ℑ(δ0) = ℑ
{
wHz

||w||2
}

− ϑσ2

2||w||2 = 0.

Consequently, the Lagrange multiplier is given by

ϑ0 =
2

σ2
ℑ{wHz}.

Plugging the above expression in (72), we have

δ̂ =
wHz

||w||2 − jℑ
{
wHz

||w||2
}

=
ℜ
{
wHz

}

||w||2 , (73)

by using ℜ{a} = a− jℑ{a}.

10.1.2. MLEs for case 2

The negative log-likelihood function is given by

L(z,d) = − ln p(z) = − ln(πσ2)−NL/2 + σ−2||z −Qp||2.

The optimization problem is given by

argmin
p
L(z,p) subject to eT1 p ∈ R

where e1 = [1 0 . . . 0]T .
This problem can be solved by the Lagrange multiplier

method. Let ϑ be a real Lagrange multiplier, then the
Lagrange function is given by

L(p, ϑ) = L(z,p) + ϑℑ(eT1 p).

The condition ℑ(eT1 p) = 0 can be rewritten according
to −j 12 (eT1 p − eT1 p∗) = 0. So, the partial derivatives of
the Lagrange function are

{
∂L
∂p = σ−2

(

QTQ∗p∗ −QTz∗
)

− j ϑ2e1,

∂L
∂ϑ = ℑ(eT1 p),

since ∂p∗

∂p = 0. By letting ∂L
∂p |p0

= 0, we have

p0 = Q†z − j
ϑσ2

2
(QHQ)−1e1. (74)

By setting ∂L
∂ϑ |ϑ0

= 0, we have

ℑ(eT1 p0) = ℑ(eT1Q†z)− ϑ0σ
2

2
h = 0

10



where we have defined the real quantity h = eT1 (Q
HQ)−1e1.

Consequently, the Lagrange multiplier is given by

ϑ0 =
2

σ2h
ℑ(eT1Q†z).

Plugging the above expression into (74), we have

p̂ = Q†z − j
1

h
(QHQ)−1e1ℑ(eT1Q†z). (75)

CMLE of the SRL . The estimate of the SRL is given by
δ̂ = eT1 p̂ and thus,

δ̂ = eT1Q
†z − jℑ(eT1Q†z). (76)

Now, remark that ℜ{a} = a− jℑ{a}, then
δ̂ = ℜ{eT1Q†z}. (77)

In addition, using the inverse of a block matrix and the
Schur complement [10], we have

eT1Q
† = ℓwH + uHCH , (78)

where

ℓ =
1

||w||2 −wHC(CHC)−1CHw
=

1

||P⊥
Cw||2

,(79)

uH = −w
HC(CHC)−1

||P⊥
Cw||2

. (80)

Thus

eT1Q
† =

wHP⊥
C

||P⊥
Cw||2

. (81)

Using (77) and (81), we have (26).

MLE of the interfering sources . The estimate of the inter-
fering sources is given by ŝ = Jp̂ where J = [0(M−2)L×1 I(M−2)L]
is a ((M − 2)L) × ((M − 2)L + 1) selection matrix. We
have

ŝ = JQ†z − j
1

h
J(QHQ)−1e1ℑ{eT1Q†z}. (82)

Let us define the following matrix:

G
∆
= (CHC)−1

(

I +
CHwwHC†H

||P⊥
Cw||2

)

, (83)

and observe the following equalities:

JQ† = uwH +GCH = C† − 1

||P⊥
Cw||2

C†wwHP⊥
C ,

1

h
J(QHQ)−1e1 =

1

h

[
u G

]
e1 =

1

h
u = −C†w.

Plugging the two above expressions and (81) into (82),
we obtain

ŝ = C†z − C†wwHP⊥
C

||P⊥
Cw||2

z + jC†wℑ
{

wHP⊥
Cz

||P⊥
Cw||2

}

= C†z −C†w

(

wHP⊥
Cz

||P⊥
Cw||2

− jℑ
{

wHP⊥
Cz

||P⊥
Cw||2

})

︸ ︷︷ ︸

δ̂

= C†
(

z −wδ̂
)

.

10.2. Statistic of the random variable
ℜ2{wHy}

σ2

2 ‖w‖2

Let us consider a random variable y = δw + v cor-
rupted by a zero-mean white circular Gaussian noise v of
variance σ2. We recall that a circular random variable
means [23] ℜ{v} ∼ N (0, σ

2

2 I), ℑ{v} ∼ N (0, σ
2

2 I) and

E(ℜ{v}ℑ{v}T ) = E(ℑ{v}ℜ{v}T ) = 0. So,

{

yH0
∼ CN (0, σ2I),

yH1
∼ CN (δw, σ2I).

(84)

Let u = ℜ
{
wHy

}
. The mean of variable u is given by

||w||2δ and its variance is

Cu = E
{(

ℜ
{
wHy

}
− ||w||2δ

)2
}

= E
{
ℜ2
{
wHv

}}

= E
{(

ℜ
{
wH

}
ℜ{v} − ℑ

{
wH

}
ℑ{v}

)2
}

= E

{(

ℜ{w}T ℜ{v}+ ℑ{w}T ℑ{v}
)2
}

.

Consequently, using the circularity of the noise, one
obtains

Cu = ℜ{ω}T
E

(

ℜ{v}ℜ{v}T
)

︸ ︷︷ ︸

(σ2/2)I

ℜ{ω} + ℑ{ω}T
E

(

ℑ{v}ℑ{v}T
)

︸ ︷︷ ︸

(σ2/2)I

ℑ{ω}

+ ℜ{ω}T
E

(

ℜ{v}ℑ{v}T
)

︸ ︷︷ ︸

0

ℑ{ω} + ℑ{ω}T
E

(

ℑ{v}ℜ{v}T
)

︸ ︷︷ ︸

0

ℜ{ω}

=
σ2

2
‖w‖2

.

Let us define a new statistic as follows:

T (y)
∆
=
u2

Cu
=

ℜ2
{
wHy

}

σ2

2 ‖w‖2
. (85)

Thus, according to [15], we have T (y) ∼ χ2
1 (λ) in

which χ2
1 (λ) denotes the non-central chi-square distribu-

tion with one degree of freedom where the non-centrality
parameter is given by

λ
∆
=
E (u)

2

Cu
=

2δ2||w||2
σ2

. (86)

10.3. Derivation of the CRB and the I-CRB

In this appendix, we derive the CRB (Cramér-Rao
Bound) an the so-called I-CRB (Interference CRB). Let

E
{

(
ˆ́
Θ− Θ́)(

ˆ́
Θ− Θ́)T

}

be the covariance matrix of an

unbiased estimator,
ˆ́
Θ, of the deterministic parameter vec-

tor Θ́. The covariance inequality principle states that, un-
der quite general/weak conditions, the variance satisfies:

MSE([
ˆ́
Θ]i) = E

{(

[
ˆ́
Θ]i − [Θ́]i

)2
}

≥
[

CRB(Θ́)
]

i,i
where

CRB(Θ́) = FIM−1(Θ́), in which FIM denotes the Fisher
Information Matrix. The

(
ith, kth

)
element of the FIM for
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the parameter vector Θ́ can be written (for a complex cir-
cular Gaussian observation model) as [23]

[

FIM(Θ́)
]

i,k
= Trace






R−1 ∂R

∂
[

Θ́
]

i

R−1 ∂R

∂
[

Θ́
]

k






(87)

+2ℜ







∂µH

∂
[

Θ́
]

i

R−1 ∂µ

∂
[

Θ́
]

k






,

whereR and µ denote the covariance matrix and the mean
of the observation vector model, respectively.

10.3.1. Derivation of the CRB

Let us consider the estimation of the real parameter of
interest δ, where the observation model is as follows

z = δw + v (88)

where v ∼ CN (0, σ2I) whereas δ,w and σ2 are deter-
ministic parameters. Thus z ∼ CN (µ = δw,R = σ2I).
The unknown deterministic parameter vector is defined as
Θ́ = [δ σ2]T . Using (87), the CRB w.r.t. δ for the obser-
vation (88) is given by

CRB(δ) =

[

2

σ2
ℜ
{(

∂µ

∂δ

)H
∂µ

∂δ

}]−1

=
σ2

2
‖w‖2 (89)

since it is well-known that δ and σ2 are decoupled (diago-
nal FIM).

10.3.2. Derivation of the I-CRB

Now, let us consider the estimation of the real parame-
ter of interest δ, where the observation model is corrupted
by a deterministic structured interference as follows

z = δw +Cs+ v. (90)

Let us define the orthogonal projector and its orthog-

onal decomposition according to P⊥
C = ŬŬ

H
which is a

null-steering operator that nulls everything in the inter-
ference space 〈C〉 [18]. Let us defined a new observation
based on (90) as follows

z̆
∆
= Ŭ

H
z = δŬ

H
w + v̆, (91)

since Ŭ
H
Ŭ = I, one has v̆ = Ŭ

H
v ∼ CN (0, σ2I) and

z ∼ CN (µ = δŬ
H
w,R = σ2I). The I-CRB [24], is the

CRB for the observation (91) related to the projector P⊥
C

where the unknown vector parameter is given by Θ́. Con-
sequently, using (87) and after straightforward calculus,
one obtains

I-CRB(δ) =

[

2

σ2
ℜ
{(

∂µ

∂δ

)H
∂µ

∂δ

}]−1

=
σ2

2
||P⊥

Cw||2

(92)
since it is well-known that δ and σ2 are decoupled (diago-
nal FIM).

10.4. Independence of ||ȳ||2 and ||ỹ||2
Since E(ȳ) = 0 under H0 and H1, one has

Cov(ȳ, ỹ) = E(ȳỹH) = U ′HE(yyH)U

= U ′HU ′U ′HE(yyH)UUHU

= U ′HP⊥
[BD]E(yyH)PP⊥

D
BU

= U ′H
(

σ2P⊥
[BD]PP⊥

D
B +

(

P⊥
[BD]e

)(

PP⊥
D
Be
)H
)

U

where e = Bθ +Dg under H1 and e =Dg under H0.
Note P⊥

[BD]e = 0. And, on the other hand,

P⊥
[BD]PP⊥

D
B = P⊥

D(P⊥
DEBD −EBDP

⊥
DEBD)P⊥

D

= (P⊥
DEBD − P⊥

DEBDP
⊥
DEBD)P⊥

D

= (P⊥
DEBD − P⊥

DEBD)P⊥
D = 0.

Consequently, Cov(ȳ, ỹ) = 0. Meaning that ȳ and ỹ
are uncorrelated. Thus, they are independent in the nor-
mal distribution case [25]. Consequently, it is straightfor-
ward to conclude that ‖ȳ‖2 and ‖ỹ‖2 are also independent
[16].
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SOI SI Noise The distribution used SINR SNR
variance to compute λ for M ≥ 2 for M = 2

Case 1 known known known χ2
1

‖s1‖2+‖s2‖2

‖s‖2+ 2
λ1
δ21‖w‖2 λ1

‖s1‖2+‖s2‖2

2δ21‖w‖2

Case 2 known unknown known χ2
1

‖s1‖2+‖s2‖2

‖s‖2+ 2
λ2
δ22 ||P⊥

C
w||2 λ2

‖s1‖2+‖s2‖2

2δ22‖w‖2

Case 3 unknown unknown known χ2
2L

‖s1‖2+‖s2‖2

‖s‖2+ 2
λ3
δ23 ||P⊥

D
w||2 λ3

‖s1‖2+‖s2‖2

2δ23 ||P⊥
A
w||2

Case 4 unknown unknown unknown F2L,2(N−M)L
‖s1‖2+‖s2‖2

‖s‖2+ 2
λ4
δ24 ||P⊥

D
w||2 λ4

‖s1‖2+‖s2‖2

2δ24 ||P⊥
A
w||2

Table 1: Summary of results with w = Bs− and D = [A C].

Array type Sensor positions N Aperture Redundant lags Missing gaps
Minimum redundancy A5,8 [0, 1, 2, 5, 8] 5 8d R = {1, 3} G = {}
Minimum redundancy A6,8 [0, 1, 2, 3, 6, 8] 6 8d R = {1, 2, 3, 5, 6} G = {}
Minimum redundancy A7,8 [0, 1, 2, 4, 5, 6, 8] 7 8d R = {1, 2, 3, 4, 5, 6} G = {}

ULA A9,8 [0, 1, 2, 3, 4, 5, 6, 7, 8] 9 8d R = {1, 2, 3, 4, 5, 6, 7} G = {}

Table 2: Characteristic of different array geometries with different
number of sensors and with the same array aperture.

Array type Sensor positions N Aperture Redundant lags Missing gaps
Perfect array A4,6 [0, 1, 4, 6] 4 6d R = {} G = {}

A′
4,6 [0, 1, 2, 6] 4 6d R = {1} G = {3}

Minimum redundancy A4,5 [0, 1, 2, 5] 4 5d R = {1} G = {}

Table 3: Characteristic of different array geometries with the same
number of sensors and different array aperture. The so-called perfect
array contains no redundancy lag and no gap.
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ABSTRACT

The concept of Statistical Resolution Limit (SRL), which is defined

as the minimal separation to resolve two closely spaced signals, is

an important tool to quantify performance in parametric estimation

problems. This paper generalizes the SRL based on the Cramér-Rao

bound to multiple parameters of interest per signal and for multi-

ple signals. We first provide a fresh look at the SRL in the sense

of Smith’s criterion by using a proper change of variable formula.

Second, based on the Minkowski distances, we extend this criterion

to the important case of multiple parameters of interest per signal

and to multiple signals. The results presented herein can be applied

to any estimation problem and are not limited to source localization

problems.

Index Terms— Statistical resolution limit, performance analy-

sis, Cramér-Rao bound.

1. INTRODUCTION

Characterizing the ability of resolving closely spaced signals is an

important step to quantify estimators performance. The concept of

Statistical Resolution Limit (SRL), i.e., the minimum distance be-

tween two closely spaced signals that allows a correct resolvability,

is rising in several applications (especially in parameter estimation

problems such as radar, sonar, spectral estimation [1] etc.) There es-

sentially exist two approaches to obtain a SRL: (1) the first is based

on the estimation accuracy [2, 3] while (2) the second is based on

the detection theory [4]. In this paper we consider the SRL based

on the estimation accuracy. The Cramér-Rao Bound (CRB) does not

directly point out the best resolution that can be achieved by an un-

biased estimator. However, since it expresses a lower bound on the

covariance matrix of any unbiased estimator, it can be used to ob-

tain the SRL. We distinguish two main criteria on the SRL based on

the CRB. The first one was introduced by Lee in [2]: two signals

(for example parameterized by the Direction Of Arrivals (DOA) θ1

and θ2) are said to be resolvable w.r.t. the DOA if the maximum

standard deviation is less than twice the difference between θ1 and

θ2. Assuming that the CRB is a tight bound (under mild condi-

tions), the standard deviation, σθ1 and σθ2 , of an unbiased estimator

can be approximated by
√

CRB(θ1) and
√

CRB(θ2), respectively.

Consequently, the SRL δθ is defined, in Lee’s criterion sense, as

2max
{

√

CRB(θ1),
√

CRB(θ2)
}

. Lee [2] and Dilaveroglu [5] used

this criterion to obtain the SRL of frequency estimates. Swingler [6]

This project is funded by both the Région Île-de-France and the Digiteo
Research Park.

used the same criterion for close frequencies in the case of complex

spaced sinusoids. However, the main problem of this criterion is

that the coupling between parameters is ignored. To overcome this

problem, Smith [3] proposed the following criterion: two signals

are resolvable w.r.t. the DOA if the difference between the DOA is

greater than the standard deviation of the DOA difference estimation

according to the CRB. Consequently, the SRL, in Smith’s criterion

sense, is defined as δθ for which δθ <
√

CRB (δθ) is achieved. This

means that, the SRL is obtained by resolving the implicit equation

δ2
θ = CRB (δθ). In [7], an example of study of the SRL for DOA of

discrete signals based on Smith’s criterion has been considered.

In several estimation problems, the signals are parameterized by

more than one parameter of interest per signal, for example in the

context of, near-field source localization [8] (bearing, elevation and

range), polarized source [9] (DOA and the polarization state parame-

ters) and more generally in communication applications [10]. How-

ever, Lee and Smith’s criteria were introduced only when the sig-

nal is parameterized by only one parameter (for example frequency,

DOA etc.) To the best of our knowledge, no results are avalaible

on the extension of the SRL to multiple parameters of interest per

signal. Thus, the aim of this paper is to fill this lack. We first begin

by giving a fresh look at Smith’s criterion using a proper change of

variable formula. Then we show that the extension to the multiple

parameters per signal case is not straighforward. Finally, we propose

an extension to the case of multiple parameters of interest and mul-

tiple signals using the k-norm distance. One should note that, the

SRL presented herein can be applied to any estimation problem and

is not limited to the source localization problem.

2. PROBLEM SETUP AND BACKGROUND

The observation model for M signals following the waveform de-

scribed by the functional f (.) is given by

x =
M
∑

m=1

f (ξm) + n, (1)

where n denotes the additive noise. The parameters are collected in

ξ̄ = [ξT
1 . . . ξT

M ]T , with a proper rearrangement of ξ̄ one can obtain

ξ = [ωT ρT ]T where ω is the (MP ) × 1 vector of the parameters

of interest and ρ denotes the vector obtained by concatenation of the

unwanted and nuisance parameters. This means that we consider P
parameters of interest for each signal. To the best of our knowledge,

the state of art [3] tackles this problem only in the case of M = 2
and P = 1. The problem addressed herein is to derive the Statistical

Resolution Limit (SRL) based on the Cramér-Rao Bound (CRB) in

3602978-1-4244-4296-6/10/$25.00 ©2010 IEEE ICASSP 2010



the case of P ≥ 1 and M ≥ 2.

First, let us consider the SRL for two impinging signals w.r.t. one

parameter of interest per signal. Consequently, the vector of the

parameters of interest is given by ω = [ω1 ω2]
T , where we assume

that ω1 �= ω2. Under mild conditions, E

{

([

ξ̂
]

i
− [ξ]i

)2
}

≥

[CRB(ξ)]i,i where ξ̂ denotes an unbiased estimator of ξ and

CRB(ξ) = FIM−1(ξ), in which FIM(ξ) denotes the Fisher Infor-

mation Matrix for model (1) regarding to ξ [11]. In the following,

for sake of simplicity, the notation CRB([ξ]1:i) will be used instead

of the Matlab notation [CRB(ξ)]1:i,1:i.

Having CRB(ξ), one can deduce CRB(ξ̆), where ξ̆ = g(ξ) =
[δ ρT ]T , by using the change of variable formula (see [12] p. 45)

CRB(ξ̆) = J CRB(ξ) J
T , (2)

where the separation is given by δ = |ω1 − ω2| and where the Ja-

cobian matrix is given by [J]i,j =
∂[g(ξ)]i

∂[ξ]j
. Consequently, J =

[

hT 0

0 I

]

where h = sgn(ω1 − ω2)[1 − 1]T and sgn(ω1 − ω2) =

ω1−ω2
|ω1−ω2|

. Using the Jacobian matrix above and (2), one obtains

CRB(ξ̆) =

[

hT 0

0 I

]

⎡

⎣

CRB(ω1) CRB(ω1, ω2) ×

CRB(ω2, ω1) CRB(ω2) ×

× × ×

⎤

⎦

[

h 0

0 I

]

,

where CRB(ωi) and CRB(ω1, ω2)
∆
=

[

CRB(ξ̆)
]

1,2
denote the CRB

on ωi and the cross terms between ω1 and ω2, respectively. Conse-

quently,

CRB(δ)
∆
= CRB

([

ξ̆
]

1

)

= sgn
2(ω1 − ω2)CRB(ω1)+

(−sgn(ω1 − ω2))
2
CRB(ω2) − 2sgn

2(ω1 − ω2)CRB(ω1, ω2)

= CRB(ω1) + CRB(ω2) − 2CRB(ω1, ω2). (3)

From (3) we notice that the SRL using Smith’s criterion [3] takes

into account the coupling between the parameters of interest. Con-

sequently, using Smith’s criterion, the SRL can be re-written as δ
which resolves the following equation

δ2 = CRB(ω1) + CRB(ω2) − 2CRB(ω1, ω2). (4)

Finally, note that, as in [7], for the case where the parameters of in-

terest are decoupled, one obtains the SRL by resolving the following

equation δ2 = CRB(ω1) + CRB(ω2).
One should note that, unlike Smith’s criterion, Lee’s criterion1 [2]

does not take into account the coupling between the parameters that

becomes important when the signal parameters are close. In the fol-

lowing section, we will extend the previous SRL to multiple param-

eters of interest per signal in the case of two emitting signals.

3. STATISTICAL RESOLUTION LIMIT FOR MULTIPLE

PARAMETERS OF INTEREST PER SIGNAL

Before introducing a scheme to derive the SRL for multiple pa-

rameters of interest per signal, we begin by showing that general-

izing Smith’s approach to derive the SRL for multiple parameters

1Recall that the SRL based on Lee’s criterion [2] is defined as δ such that

δ = 2max
{

√

CRB(ω1),
√

CRB(ω2)
}

.

Fig. 1. Localization of two point signals thanks to two parameters of

interest where ω̄ denotes the unit of measurement.

is not straightforward. For that purpose, let us consider the simple

case of M = 2 parameters, denoted ω
(1)
i and ω

(2)
i , of interest for

the ith signal. Let δ̃ = [δ1 δ2]
T where δ1 = |ω(1)

1 − ω
(1)
2 | and

δ2 = |ω(2)
1 − ω

(2)
2 | denote the separation w.r.t. ω(1) and ω(2), re-

spectively. Consequently

δ̃ = Hω with H =

[

a1 0 −a1 0
0 a2 0 −a2

]

,

where ap = sgn(ω
(p)
1 − ω

(p)
2 ) and ω = [ω

(1)
1 ω

(2)
1 ω

(1)
2 ω

(2)
2 ]T .

From CRB(ξ), one can deduce CRB(ξ̆) by using the change of

variable formula (2), where ξ = [ωT ρT ]T and ξ̆ = [δ̃
T

ρT ]T .

The Jacobian matrix is then given by J =

[

H 0

0 I

]

. Consequently,

CRB(ξ̆) =

[

H 0

0 I

] [

CRB(ω) ×

× ×

] [

HT 0

0 I

]

.

Using the same method as in (4), one obtains

CRB(δ1)
∆
= CRB

([

ξ̆
]

1

)

=CRB(ω
(1)
1 ) + CRB(ω

(1)
2 )

− 2CRB(ω
(1)
1 , ω

(1)
2 ), (5)

and

CRB(δ2)
∆
= CRB

([

ξ̆
]

2

)

=CRB(ω
(2)
1 ) + CRB(ω

(2)
2 )

− 2CRB(ω
(2)
1 , ω

(2)
2 ). (6)

From (5) and (6), we notice that the CRB on the separation w.r.t.

ω(1) is viewed independently from the separation w.r.t. ω(2) and

vice-versa. Consequently, deducing the SRL in the case of multiple

parameters of interest per signal using (5) and (6) can be meaning-

less. As an example, Fig. 1a shows that, thanks to the second param-

eter of interest, even if ω
(1)
1 is very close to ω

(1)
2 , the signals can still

be well resolvable. However, Fig. 1b shows that even if ω
(1)
1 is not

too close to ω
(1)
2 as in Fig. 1a, the signals might not be resolvable.
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3.1. Proposed solution

Let us assume that we have P parameters of interest per signal de-

noted by C =
{

ω(1), ω(2), . . . , ω(P )
}

. The question herein ad-

dressed is how can we define the SRL such that all the P parameters

of interest are taken into account? A natural idea is to consider the

distance between the set of the P parameters of interest of the first

signal, C1 =
{

ω
(1)
1 , ω

(2)
1 , . . . , ω

(P )
1

}

and the set of the P parame-

ters of interest of the second signal, C2 =
{

ω
(1)
2 , ω

(2)
2 , . . . , ω

(P )
2

}

.

Let

δ
∆
= k-norm distance(C1, C2) =

(

P
∑

p=1

δk
p

)1/k

, (7)

define the SRL w.r.t. the sets C1 and C2 (such that C1 �= C2)

where δp =
∣

∣

∣
ω

(p)
1 − ω

(p)
2

∣

∣

∣
. The k-norm distance(C1, C2) is the

so-called Minkowski distance of order k. Having CRB(ξ) where

ξ = [ωT ρT ]T in which

ω = [ω
(1)
1 ω

(1)
2 ω

(2)
1 ω

(2)
2 . . . ω

(P )
1 ω

(P )
2 ]T ,

one can deduce CRB(ξ̃) where ξ̃ = [δ ρT ]T . Consequently, the

Jacobian matrix is given by J =

[

hT 0

0 I

]

where

h =
[

g1 −g1 g2 −g2 . . . gP −gP

]T
,

in which gp = ∂δ

∂ω
(p)
1

= − ∂δ

∂ω
(p)
2

. Since |x|k =
√

x2k for x �= 0,

one has

gp =

∂

(

∑P
q=1

√

(

ω
(q)
1 − ω

(q)
2

)2k
)1/k

∂ω
(p)
1

=

(

P
∑

q=1

√

(

ω
(q)
1 − ω

(q)
2

)2k
)

1
k
−1 √

(

ω
(p)
1 − ω

(p)
2

)2(k−1)

= δ1−kδk−1
p . (8)

Again, by using the change of variable formula (2), one obtains

CRB(ξ̃) =

[

hT CRB(ω)h ×

× I

]

.

Consequently, after some calculus, one obtains

CRB(δ)
∆
= CRB

([

ξ̆
]

1

)

=

P
∑

p=1

P
∑

q=1

gpgq

(

[CRB(ξ)]2p,2q +

[CRB(ξ)]2p−1,2q−1 − [CRB(ξ)]2p,2q−1 − [CRB(ξ)]2p−1,2q

)

= δ2(1−k) (Adirect + Across) , (9)

where Adirect =
∑P

p=1 δ
2(k−1)
p

(

CRB(ω
(p)
1 ) + CRB(ω

(p)
2 ) −

2CRB(ω
(p)
1 , ω

(p)
2 )

)

represents the contribution of the parame-

ters of interest for the same parameter p and where Across =
∑P

p=1

∑P
q = 1
q �= p

δk−1
p δk−1

q

(

CRB(ω
(p)
1 , ω

(q)
1 )+CRB(ω

(p)
2 , ω

(q)
2 )−

2CRB(ω
(p)
1 , ω

(q)
2 )

)

represents the contribution of the cross terms

between parameters of interest.

Despite of the fact that the 2-norm is the most commonly used

norm, it is often more interesting to use the 1-norm to solve2

δ2 = CRB(δ). Indeed, by doing this, the separation remains

linear w.r.t. the parameters. This implies that its first order

derivative is parameter independent. In fact, and as expected, if

P = 1 and considering the 1-norm distance, one notices that

g1 = 1 and consequently, using (9), one obtains, CRB(δ) =
[CRB(ξ)]1,1 + [CRB(ξ)]2,2 − 2 [CRB(ξ)]1,2 which is the same

expression as (4).

Remark 1: Let us now consider the case where P = 2, and let

us assume, for sake of simplicity, that the parameters ω
(p)
1 and ω

(q)
2

∀p, q are decoupled. Applying (9) one obtains,

CRB(δ) = δ2(1−k)
[

δ
2(k−1)
1

(

CRB (ω
(1)
1 ) + CRB (ω

(1)
2 )

)

+ δ
2(k−1)
2

(

CRB (ω
(2)
1 ) + CRB (ω

(2)
2 )

)

+ 2δk−1
1 δk−1

2

(

CRB (ω
(1)
1 , ω

(2)
1 ) + CRB (ω

(1)
2 , ω

(2)
2 )

) ]

. (10)

We notice that, unlike (5) and (6), equation (10) takes into account

the effect of parameters of different nature thanks to the cross terms

CRB (ω
(1)
i , ω

(2)
j ).

Remark 2: In the case where we are interested by deriving the

SRL w.r.t. multiple physical parameters of interest having different

units of measurement, we cannot use directly formula (9). To illus-

trate how to derive the SRL in this case, we consider for instance the

problem of the localisation of two near-field sources parameterized

by two physical parameters, namely the bearing θ in radian and the

range r in meter. Toward the derivation of the SRL, we have to

1. Derive the CRB w.r.t. to the physical parameters correspond-

ing to [θ1 θ2 r1 r2 ρT ]T .

2. Deduce the CRB w.r.t. to the non-physical parameters cor-

responding to [ω
(1)
1 ω

(1)
2 ω

(2)
1 ω

(2)
2 ρT ]T thanks to a proper

change of variable. This change of variable is deduced from

the definition of the electric angles ω
(1)
i = −2πd/λ sin(θi)

and ω
(2)
i = π2(d2/λ) cos2(θi)/ri where d is the distance

inter-sensor and λ is the signal wavelength [13].

3. Choose k and deduce the CRB(δ) where δ is defined in (7)

using formula (9).

4. Finally, solve the implicit equation δ2 = CRB(δ) which pro-

vides the SRL.

In the following, this result is extended to the case of M ≥ 2 signals

where each signal is parameterized by P parameters of interest per

signal.

4. STATISTICAL RESOLUTION LIMIT FOR MULTIPLE

SIGNALS

We begin by deriving the SRL for each couple of signals. Using the

Newton’s binomial theorem for M signals, the number of signal’s

couples is equal to
M(M−1)

2
. Then, the SRL will be the worst SRL,

i.e., the maximum of all the minimal distances between each cou-

ple of two closely spaced signals that allows a correct resolvability.

2However, if ∃p ∈ [1 . . . P ] such that ω
(p)
1 = ω

(p)
2 , then ∂δ

∂ω
(p)
1

exists

only if the k-norm distance is such that k is an even number.
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From CRB(ξ), one can deduce CRB(ξ̆) using the change of variable

formula (2) where ξ =
[

ωT ρT
]T

with

ω =
[
(

ω(1)
)T

. . .
(

ω(P )
)T ]T

,

in which ω(p) = [ω
(p)
1 ω

(p)
2 . . . ω

(p)
M ]T and ξ̆ = g(ξ) = [δT ρT ]T

such that δ = [δ12 δ13 . . . δ1M δ23 . . . δ(M−1)M ]T where δij =
(

∑P
p=1

(

δ
(ij)
p

)k
)1/k

and δ
(ij)
p =

∣

∣

∣
ω

(p)
i − ω

(p)
j

∣

∣

∣
. The sepa-

ration δij is the k-norm distance between the ith and the jth

signal. Thus, the Jacobian matrix is given by J =

[

H 0

0 I

]

in which H is a
(

M(M−1)
2

)

× (MP ) matrix given by H =

[α12 α13 . . . α(M−1)M ]T where αij =
[

ηT
ij1 . . . ηT

ijP

]T
in

which

[

ηijp

]

q
=

⎧

⎪

⎪

⎨

⎪

⎪



∂δij

∂ω
(p)
i

for q = i

− ∂δij

∂ω
(p)
i

for q = j

0 otherwise

where
∂δij

∂ω
(p)
i

= δ1−k
ij

(

δ
(ij)
p

)k−1

.

We have CRB(ξ̆) =

[

HCRB(ω)HT
×

× I

]

. Finally, taking

into account only the main diagonal terms, one obtains

CRB(δij) =

MP
∑

p=1

MP
∑

q=1

[αij ]p [αij ]q [CRB(ξ)]p,q

=

P
∑

p=1

P
∑

q=1

∂δij

∂ω
(p)
i

∂δij

∂ω
(q)
i

(

[CRB(ξ)]i+M(p−1),i+M(q−1) +

[CRB(ξ)]j+M(p−1),j+M(q−1) − [CRB(ξ)]i+M(p−1),j+M(q−1)

− [CRB(ξ)]j+M(p−1),i+M(q−1)

)

= δ
2(1−k)
ij

(

A
(ij)
direct + A(ij)

cross

)

, (11)

where A
(ij)
direct =

∑P
p=1

(

δ
(ij)
p

)2(k−1) (

CRB(ω
(p)
i ) + CRB(ω

(p)
j )

−2CRB(ω
(p)
i , ω

(p)
j )

)

represents the contribution of the parameters

of interest for the same p and for the ith and jth signals and

A(ij)
cross =

P
∑

p=1

P
∑

q = 1
q �= p

(

δ(ij)
p

)k−1 (

δ(ij)
q

)k−1

×

(

CRB(ω
(p)
i , ω

(q)
i ) + CRB(ω

(p)
j , ω

(q)
j ) − 2CRB(ω

(p)
i , ω

(q)
j )

)

,

represents the contribution of the cross terms between parameters of

interest for the ith and jth signals. Using (11) one can deduce the

SRL as the maximum SRL for each couple of signals, i.e.,

δ = max {δij for i < j and i, j ≤ M} .

One should note that even if we derive the SRL for each couple of

signals, we are also taking into account the influence of the other

signals thanks to the use of the CRB regarding to the full vector of

parameters ξ. As an example, for M = 2, applying (11) one obtains

(9). And for M = 2, P = 1 and k = 1 one obtains the equivalent

Smith’s equation written in (4).

5. CONCLUSION

In this paper, we extended the Statistical Resolution Limit to mul-

tiple parameters of interest per signal and multiple signals. Toward

this end, we give a fresh look at Smith’s criterion and defined an ex-

tended SRL thanks to the Minkowski distances of order k. By using

proper changes of variable formula, we obtain general results on the

SRL for multiple parameters of interest per signal and multiple sig-

nals. The results presented herein can be applied to any estimation

problem and are not limited to the source localization problems.
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ABSTRACT

Recently, a criterion for Multidimensional Statistical Resolution
Limit (MSRL) evaluation, which is defined as the minimal sepa-
ration to resolve two closely spaced signals depending on several
parameters, was empirically proposed in [1] but without a statistical
analysis. In this paper, we fill this lack by demonstrating that this
MSRL criterion is asymptotically equivalent (upon to a translator
factor) to a UMP (Uniformly Most Powerful) test among all in-
variant statistical tests. This result is an extension of a previous
work on mono-dimensional SRL (i.e.,when the signals only depend
on one parameter). As an illustrative example, the 3-D harmonic
retrieval case for wireless channel sounding is treated to show the
good agreement of the proposed result.

I NDEX TERMS1

Multidimensional statistical resolution limit, Cramér-Rao bound,
uniformly most powerful test, performance analysis.

1. INTRODUCTION

Characterizing the ability of resolving closely spaced signals is an
important step to quantify performance in array signal processing.
The concept of Statistical Resolution Limit (SRL),i.e.,the minimum
distance between two closely spaced signals that allows a correct
resolvability, is rising in several applications (especially in parame-
ter estimation problems such as radar, sonar, spectral estimation [2],
etc.)

It is important to note that, in several estimation problems, the
signals are parameterized by more than one parameters of interest
per signal, for example, in the context of, near-field source local-
ization (bearing, elevation and range), polarized source localization
(DOA and the polarization state parameters) and more generally in
communication applications. However, the SRL has only been de-
fined/derived in the mono-dimensional case [3–7] (i.e., for only one
parameter of interest per signal.) This is way we recently have pro-
posed an intuitive extension of the SRL for the multidimensional
case [1], called the Multidimensional Statistical Resolution Limit
(MSRL). This criterion is based on the extension of the so-called
Smith criterion [5] (i.e., based on a Craḿer-Rao Bound (CRB) ap-
proach) using thek-norm distance.

Nevertheless, no analysis on the MSRL (which was proposed
in [1]) was done to check its behavior. Thus, the aim of this paper
is to fill this lack. First, we link the concept of the MSRL to a bi-
nary hypothesis test which is a slight extension of [4].Second, we

1This project is funded by region̂Ile de France and Digiteo Research Park.

prove that the MSRL criterion [1] is asymptotically equivalent to a
Uniformly Most Powerful (UMP) test among all invariant statistical
tests (which is, in the asymptotic case, considered as the strongest
statement of optimality that one could expect to obtain [8]). Note
that, while the aforementioned equivalence is derived in the context
of 1-norm distance, the same conclusion can be extended for the
MSRL based on otherk-norm distances (k ≥ 2 with k integer). Fi-
nally, we illustrate our result in the case of a 3-D harmonic retrieval
model for wireless channel sounding.

2. PROBLEM SETUP AND BACKGROUND

Let
{
Ω,F ,y,Y,A,Pξ , ξ ⊆ R

2P+Q
}

be the statistical experiment
generated by a random vectory taking values on the measurable
space{Y,A} . An observationy (ω) is the realization of the random
vectory whereω takes its value on the measurable space{Ω,F} .
The distribution ofy is assumed to belong to a family of probability
measuresPξ onY and parameterized by the vectorξ ⊆ R

2P+Q. It
is also assumed thatPξ is absolutely continuous w.r.t. aσ-finite pos-
itive measureµ onY, such that the Radon-Nikodym derivative (i.e.,

the likelihood function)p (y|ξ)
∆
= dPξ (y) /dµ (y) , ∀ξ ⊆ R

2P+Q

exists. More precisely, the observation model is assumed to be struc-
tured as follows

y = f (ξ1) + f (ξ2) + n, (1)

where, from a signal processing point of view,y ∈ R
N andn ∈ R

N

denote the noisy received data2 and the additive noise with a known
probability density function (pdf). The noiseless received data are
assumed to be the sum of two signalsf(ξm), m = 1, 2 each one
modelled from the same deterministic known waveformf(.) param-
eterized by a set of deterministic unknown vectorsξm⊆ R

P+qm ,
m = 1, 2 in which q1 + q2 = Q. The functionf(.) is assumed to
be measurable and the model (1) is assumed to be parameter iden-
tifiable (i.e., the Fisher information matrix considered through this
paper is non singular). All the parameters are collected inξ =
[
ξT1 ξ

T
2

]T
⊆ R

2P+Q. With a proper rearrangement3 of ξ one ob-

tainsξ =
[
ωT ρT

]T
whereω ⊆ R

2P andρ ⊆ R
Q denote, respec-

tively, the parameter vector of interest, and the unwanted or nuisance
parameters vector. This means that we considerP parameters of in-
terest for each signal. To the best of our knowledge, the result of
the literature [5] on the SRL have been only proposed in the case of

2Let us note that the study where the observation are complex can be
handled by the real model (1) by stacking the real and imaginary parts of the
observation vector.

3To avoid a complication of notation,ξ denote both the vector parameter
before and after the rearrangement. In the following we will only use the
vector parameter after the rearrangement.



one parameter of interest per signal. Nevertheless, the problem of
deriving the so-called Multidimensional Statistical Resolution Limit
(MSRL) based on the Craḿer-Rao Bound (CRB) in the case of more
than one parameter of interest per signal was recently studied in [1].
The assumptions used for the MSRL derivation are the following:

• A1. The element of theω are of the same nature,i.e., the
parameters of interest have the same unit measurement. If no,
please refer to [1, Remark 2] to overcome this assumption.

• A2. Each parameter of interest w.r.t. to the first signal,ω
(p)
1 ,

can be as close as possible to the parameter of interest w.r.t.
to the second signalω(p)

2 , but not equal. This is not really
a restrictive assumptions, since in most applications, having
two or more identical parameters of interest is a zero proba-
bility event [9, p74]. Nevertheless, in the case where it exists
p such thatω(p)

1 = ω
(p)
2 , please refer to [1, Subsection 3.1] to

overcome this assumption.

Under these assumptions, the intuitive MSRL criterion is defined
in [1] as follows:

Criterion 1 The MSRL, denoted byδ, for the model (1) in the case
of two signals andP parameters of interest per signal is given as the
implicit solution of the following equation

δ2 = CRB(δ) (2)

where

δ =

P∑

p=1

δp (3)

in which the so-called local SRLs are given byδp ,
∣
∣
∣ω

(p)
2 − ω

(p)
1

∣
∣
∣

and where CRB(δ) denotes the CRBw.r.t. δ for the observation
model (1).

In the following the latter MSRL criterion is shown to be asymp-
totically equivalent (upon to a translator factor) to a UMP test among
all invariant statistical tests.

3. ANALYSIS OF THE MSRL

3.1. Hypothesis test formulation

Resolving two closely spaced sources, with respect to their parame-
ter of interest, can be formulated as a binary hypothesis test [6,7,10].
Let us consider the hypothesisH0 which represents the case where
the two emitted signal sources are combined into one signal (i.e.,
∀p ∈ [1 . . . P ], ω(p)

1 = ω
(p)
2 ), whereas the hypothesisH1 embod-

ies the situation where the two signals are resolvable (i.e., ∃p ∈

[1 . . . P ], such thatω(p)
1 6= ω

(p)
2 ). Consequently, one can formu-

late the hypothesis test as a simple one-sided binary hypothesis test
as follows: {

H0 : δdetection = 0

H1 : δdetection > 0
(4)

whereδdetection denotes a distance between two sets containing the
parameters of interest. Let us denote these sets asC1 andC2 where

Cq =
{

ω
(1)
q , ω

(2)
q , . . . , ω

(P )
q

}

, q = 1, 2. Consequently,δdetection
can be defined as

δdetection ,
P∑

p=1

∣
∣
∣ω

(p)
2 − ω

(p)
1

∣
∣
∣ . (5)

Since the separation termδdetection is unknown, it is impossible
to design an optimal detector in the Neyman-Pearson sense. Alterna-
tively, the Generalized Likelihood Ratio Test (GLRT) [8,11] is a well
known approach appropriate to solve such a problem. The GLRT is
expressed as:

LG(y) =
maxδdetection,ρ1

p(y|δdetection,ρ1,H1)

maxρ0
p(y|ρ0,H0)

=
p(y|δ̂detection, ρ̂1,H1)

p(y|ρ̂0,H0)

H1

≷
H0

ς ′ (6)

whereδ̂detection, ρ̂1 andρ̂0 denote the Maximum Likelihood Esti-
mator (MLE) of δdetection underH1, the MLE ofρ underH1 and
the MLE of ρ underH0. ς ′ denotes the test threshold. We rewrite
(6) to obtain

TG(y) = Ln LG(y)
H1

≷
H0

ς = Lnς ′, (7)

in which Ln denotes the natural logarithm.

3.2. Asymptotic equivalence of the GLRT

To find the analytical expression ofTG(y) in (7) is generally in-
tractable. This is mainly due to the fact that the derivation of
δ̂detection is a highly non linear optimization problem [12] (aside
from the linear parameter model [8, 13]). Consequently, in the fol-
lowing, and as in [6], we consider the asymptotic case (in terms of
number of samples). In [11, eq (6C.1)] it has been proved that, for a
large number of snapshots, the statisticTG(y) follows a chi-squared
pdf underH0 andH1 given by

TG(y) ∼

{

χ2
1 underH0

χ′2
1(κ

′ (Pfa, Pd)) underH1

(8)

whereχ2
1 andχ′2

1(κ
′ (Pfa, Pd)) denote the central chi-square and

the noncentral chi-square pdf with one degree of freedom.Pfa and
Pd are, respectively, the probability of false alarm and the probabil-
ity of detection w.r.t. hypothesis test (4). Whereas, assuming that
CRB(δdetection) exist, the the noncentral parameterκ′ (Pfa, Pd) is
given by [11, p.239]

κ′ (Pfa, Pd) = δ2detection (CRB(δdetection))
−1 . (9)

On the other hand, one can notice that the noncentral parameter
κ′ (Pfa, Pd) can be determined exclusively by the choice ofPfa and
Pd [6,8] as the solution of

Q−1

χ2
1
(Pfa) = Q−1

χ2
1(κ

′(Pfa,Pd))
(Pd), (10)

in whichQ−1

χ2
1

andQ−1

χ′2
1(κ

′(Pfa,Pd))
are the inverse of the right tail

of theχ2
1 andχ′2

1(κ
′(Pfa, Pd)) pdf.

Finally, (9) and (10) leads to

δdetection = κ(Pfa, Pd)
√

CRB(δdetection) (11)

where
√

κ(Pfa, Pd) = κ′(Pfa, Pd) is the so-called translation fac-
tor which is determined for a given probability of false alarm and
probability of detection (see Fig. 1).



Fig. 1. The translator factorκ vs. the probability of detectionPd and
Pfa. One can notice that increasingPd or decreasingPfa has the
effect to increase the value of the translator factorκ. This is expected
since increasingPd or decreasingPfa leads to a more selective de-
cision [8,11].

Remark 1 It is worth noting that, the hypothesis test (4) is a binary
one-sided test and that the MLE used is an unconstrained estimator.
Thus, one can deduce that the GLRT, used to derive the asymptotic
SRL, is [6, 11]: i) the asymptotically uniformly most powerful test
among all invariant statistical tests, andii) has an asymptotic Con-
stant False-Alarm Rate (CFAR). This is, in the asymptotic case, con-
sidered as the strongest statement of optimality that one could hope
to obtain [8].

Finally, from (2) and (11), one can state the following result:

Result 1 The asymptotic MSRL based on the empirical extension
of the Smith criterion given in (2) is equivalent (upon to a trans-
lation factor) to the binary one-sided hypothesis test given in (4).
Consequently, it is equivalent to an asymptotically uniformly most
powerful test among all invariant statistical tests.

Remark 2 Consequently, one should note that the MSRL based on
the Smith criterion is exactly equal to the MSRL based on the detec-
tion approach for all values ofPfa andPd such thatκ(Pfa, Pd) = 1
(cf, Fig. 1).

4. NUMERICAL EXAMPLE

In this Section we present a numerical example of the MSRL applied
to the 3-D Harmonic retrieval model for wireless channel sounding
[9, 14]. First we briefly introduce the considered model, then, we
numerically derive its MSRL.

4.1. Model setup

The observation model can be written as [9]

[Y(t)]k,l,m = [X (t)]k,l,m + [N (t)]k,l,m , t = 1, . . . , T,

for k = 1 . . .K, l = 1 . . . L,m = 1 . . .M , in whichK,L andM
denote the number of acquired data samples per channel, the num-
ber of receive antenna sensors and the number of transmit antenna
sensors, respectively.Y(t), X (t) andN (t) denote the noisy obser-
vation multiway array, the noiseless observation multiway array and

the noise multiway array at thetth snapshot, respectively. Whereas,
the noiseless observation multiway array is given by [14]

[X (t)]k,l,m =

2∑

q

sq(t)e
jω

(1)
q kejω

(2)
q lejω

(3)
q m, (12)

where the so-called electrical angles are given by

ω(1)
q ,

−2π

K
τq,

ω(2)
q ,

−2πdR
λ

cos(φq),

ω(3)
q ,

−2πdT
λ

cos(θq),

and τq, φq, θq denote delay, direction of arrival, and direction of
departure, of the theqth multipath, respectively.dR, dT andλ are
the inter-element spacings of the transmit and receive array and the
carrier wavelength, respectively.sq(t) is theqth complex amplitude
path [9]. It can be proved that the 3-D harmonic retrieval model for
wireless channel sounding follows a PARAFAC (PARallel FACtor)
decomposition [15] given by

X (t) =

2∑

q=1

sq(t)
(

a(ω(1)
q ) ◦ a(ω(2)

q ) ◦ a(ω(3)
q )
)

, (13)

where
[

a(ω
(p)
q )
]

i
= ejω

(p)
q (i−1) and◦ denotes the multiway array

outer-product [16]. After vectorization, the full noise free observa-
tion vector is given by

x =
[
vecT (X (1)) . . . vecT (X (L))

]T
.

In the same way, we definey, the noisy observation vector, and
n, the noise vector, by the concatenation of the proper multiway
array’s entries.

4.2. MSRL derivation

First we derive the CRB for the 3-D Harmonic retrieval model. Then,
we use the change of variable formula [13, p 45] to deduce CRB(δ).
Assumingi.i.d. complex circular white Gaussian noise with zero-
mean and unknown varianceσ2I, the joint pdf ofy for a given un-
known deterministic parameter vectorξ is

p(y| ξ) =

T∏

t=1

p(vec(Y(t))| ξ)

=
1

(πσ2)TLMK
e

−1

σ2 (y−x)H (y−x)
. (14)

The unknown parameter vector is given by

ξ =
[

ω
(1)
1 ω

(2)
1 ω

(3)
1 ω

(1)
1 ω

(2)
1 ω

(3)
1 σ2

]T

,

where the parameters of interest areω
(1)
1 , ω

(2)
1 , ω

(1)
2 , ω

(2)
2 (repre-

senting the direction of arrival and the direction of departure of each
sources). After some calculus, the Fisher information matrix of the
noisy observationsy for orthogonal known amplitudes, is given by

FIM(ξ) =
2

σ2

[
Fω 0

0 ×

]

, (15)



where,
Fω = TKML(∆⊗G), (16)

in which

∆ =

[∑T

t=1 ‖s1(t)‖
2 0

0
∑T

t=1 ‖s2(t)‖
2

]

and

G =





(2K−1)(K−1)
6

(K−1)(L−1)
2

(K−1)(M−1)
2

(L−1)(K−1)
2

(2L−1)(L−1)
6

(L−1)(M−1)
2

(M−1)(K−1)
2

(M−1)(L−1)
2

(2M−1)(M−1)
6



 .

Now one can apply Criterion 1. From (15), one deduces nu-
mericallyCRB(ξ) = (FIM(ξ))−1 . Then, applying the change of
variable formula [13, p 45], one obtains

CRB(δ) =
2∑

p=1

2∑

q=1

CRB(ω(p)
q ) +

2∑

q=1

CRB(ω(1)
q , ω(2)

q ).

Finally, solving numerically the implicit equationδ2 = CRB(δ)
gives the desired MSRL as reported in Fig. 2.

From Fig. 2 one can notice that the numerical MSRL based on
Criterion 1 is in good agreement with the MSRL derived using the
hypothesis test approach. One can notice that, forPd = 0.37 and
Pfa = 0.1 the MSRL based on Criterion 1 is exactly equal to the
MSRL based on the hypothesis test derived in the asymptotic case.
From the casePd = 0.49 andPfa = 0.3 andPd = 0.32 and
Pfa = 0.1, one can notice the influence of the multiplicative factor
κ on the MSRL.

Fig. 2. MSRL vs. σ2 for L = 100: one can notice that the MSRL
based on the Criterion 1 is in good agreement with the MSRL based
on the hypothesis test approach (which uses an asymptotically uni-
formly most powerful test among all invariant statistical tests).

5. CONCLUSION

In this paper, we have analyzed the multidimensional statistical res-
olution limit based on the empirical extension of the Smith criterion.
More precisely, it has been demonstrated that the empirical MSRL
criterion based on the 1-norm distance is asymptotically equivalent
(upon to a translator factor) to a uniformly most powerful test which
is (in the asymptotic case) considered as the strongest statement of
optimality that one could expect to obtain.
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Abstract

The statistical resolution limit (SRL), which is defined as the minimal separation between parameters to allow a
correct resolvability, is an important statistical tool to quantify the ultimate performance for parametric estimation
problems. In this article, we generalize the concept of the SRL to the multidimensional SRL (MSRL) applied to the
multidimensional harmonic retrieval model. In this article, we derive the SRL for the so-called multidimensional
harmonic retrieval model using a generalization of the previously introduced SRL concepts that we call
multidimensional SRL (MSRL). We first derive the MSRL using an hypothesis test approach. This statistical test is
shown to be asymptotically an uniformly most powerful test which is the strongest optimality statement that one
could expect to obtain. Second, we link the proposed asymptotic MSRL based on the hypothesis test approach to
a new extension of the SRL based on the Cramér-Rao Bound approach. Thus, a closed-form expression of the
asymptotic MSRL is given and analyzed in the framework of the multidimensional harmonic retrieval model.
Particularly, it is proved that the optimal MSRL is obtained for equi-powered sources and/or an equi-distributed
number of sensors on each multi-way array.

Keywords: Statistical resolution limit, Multidimensional harmonic retrieval, Performance analysis, Hypothesis test,
Cramér-Rao bound, Parameter estimation, Multidimensional signal processing

Introduction

The multidimensional harmonic retrieval problem is an

important topic which arises in several applications [1].

The main reason is that the multidimensional harmonic

retrieval model is able to handle a large class of applica-

tions. For instance, the joint angle and carrier estimation

in surveillance radar system [2,3], the underwater acous-

tic multisource azimuth and elevation direction finding

[4], the 3-D harmonic retrieval problem for wireless

channel sounding [5,6] or the detection and localization

of multiple targets in a MIMO radar system [7,8].

One can find many estimation schemes adapted to the

multidimensional harmonic retrieval estimation pro-

blem, see, e.g., [1,2,4-7,9,10]. However, to the best of

our knowledge, no work has been done on the resolva-

bility of such a multidimensional model.

The resolvability of closely spaced signals, in terms of

parameter of interest, for a given scenario (e.g., for a

given signal-to-noise ratio (SNR), for a given number of

snapshots and/or for a given number of sensors) is a

former and challenging problem which was recently

updated by Smith [11], Shahram and Milanfar [12], Liu

and Nehorai [13], and Amar and Weiss [14]. More pre-

cisely, the concept of statistical resolution limit (SRL), i.

e., the minimum distance between two closely spaced

signalsa embedded in an additive noise that allows a cor-

rect resolvability/parameter estimation, is rising in sev-

eral applications (especially in problems such as radar,

sonar, and spectral analysis [15].)

The concept of the SRL was defined/used in several

manners [11-14,16-24], which could turn in it to a con-

fusing concept. There exist essentially three approaches
* Correspondence: elkorso@lss.supelec.fr
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to define/obtain the SRL. (i) The first is based on the

concept of mean null spectrum: assuming, e.g., that two

signals are parameterized by the frequencies f1 and f2,

the Cox criterion [16] states that these sources are

resolved, w.r.t. a given high-resolution estimation algo-

rithm, if the mean null spectrum at each frequency f1
and f2 is lower than the mean of the null spectrum at

the midpoint
f1 + f2

2
. Another commonly used criterion,

also based on the concept of the mean null spectrum, is

the Sharman and Durrani criterion [17], which states

that two sources are resolved if the second derivative of

the mean of the null spectrum at the midpoint
f1 + f2

2
is

negative. It is clear that the SRL based on the mean null

spectrum is relevant to a specific high-resolution algo-

rithm (for some applications of these criteria one can

see [16-19] and references therein.) (ii) The second

approach is based on detection theory: the main idea is

to use a hypothesis test to decide if one or two closely

spaced signals are present in the set of the observations.

Then, the challenge herein is to link the minimum

separation, between two sources (e.g., in terms of fre-

quencies) that is detectable at a given SNR, to the prob-

ability of false alarm, Pfa and/or to the probability of

detection Pd. In this spirit, Sharman and Milanfar [12]

have considered the problem of distinguishing whether

the observed signal contains one or two frequencies at a

given SNR using the generalized likelihood ratio test

(GLRT). The authors have derived the SRL expressions

w.r.t. Pfa and Pd in the case of real received signals, and

unequal and unknown amplitudes and phases. In [13],

Liu and Nehorai have defined a statistical angular reso-

lution limit using the asymptotic equivalence (in terms

of number of observations) of the GLRT. The challenge

was to determine the minimum angular separation, in

the case of complex received signals, which allows to

resolve two sources knowing the direction of arrivals

(DOAs) of one of them for a given Pfa and a given Pd.

Recently, Amar and Weiss [14] have proposed to deter-

mine the SRL of complex sinusoids with nearby fre-

quencies using the Bayesian approach for a given

correct decision probability. (iii) The third approach is

based on a estimation accuracy criteria independent of

the estimation algorithm. Since the Cramér-Rao Bound

(CRB) expresses a lower bound on the covariance matrix

of any unbiased estimator, then it expresses also the

ultimate estimation accuracy [25,26]. Consequently, it

could be used to describe/obtain the SRL. In this con-

text, one distinguishes two main criteria for the SRL

based on the CRB: (1) the first one was introduced by

Lee [20] and states that: two signals are said to be resol-

vable w.r.t. the frequencies if the maximum standard

deviation is less than twice the difference between f1 and

f2. Assuming that the CRB is a tight bound (under mild/

weak conditions), the standard deviation, σ
f̂1 and σ

f̂2, of

an unbiased estimator f̂ = [f̂1 f̂2]T is given by
√

CRB(f1)

and
√

CRB(f2), respectively. Consequently, the SRL is

defined, in the Lee criterion sense, as 2max
{

√

CRB(f1),
√

CRB(f2)
}

. One can find some results and

applications in [20,21] where this criterion is used to

derive a matrix-based expression (i.e., without analytic

inversion of the Fisher information matrix) of the SRL

for the frequency estimates in the case of the condi-

tional and unconditional signal source models. On the

other hand, Dilaveroglu [22] has derived a closed-form

expression of the frequency resolution for the real and

complex conditional signal source models. However,

one can note that the coupling between the parameters,

CRB(f1, f2) (i.e., the CRB for the cross parameters f1 and

f2), is ignored by this latter criterion. (2) To extend this,

Smith [11] has proposed the following criterion: two sig-

nals are resolvable w.r.t. the frequencies if the difference

between the frequencies, δf, is greater than the standard

deviation of the DOA difference estimation. Since, the

standard deviation can be approximated by the CRB,

then, the SRL, in the Smith criterion sense, is defined as

the limit of δf for which δf <
√

CRB(δf ) is achieved.

This means that, the SRL is obtained by solving the fol-

lowing implicit equation

δ2
f = CRB(δf ) = CRB(f1) + CRB(f2) − 2CRB(f1, f2).

In [11,23], Smith has derived the SRL for two closely

spaced sources in terms of DOA, each one modeled by

one complex pole. In [24], Delmas and Abeida have

derived the SRL based on the Smith criterion for DOA

of discrete sources under QPSK, BPSK, and MSK model

assumptions. More recently, Kusuma and Goyal [27]

have derived the SRL based on the Smith criterion in

sampling estimation problems involving a powersum

series.

It is important to note that all the criteria listed before

take into account only one parameter of interest per sig-

nal. Consequently, all the criteria listed before cannot be

applied to the aforementioned the multidimensional

harmonic model. To the best of our knowledge, no

results are available on the SRL for multiple parameters

of interest per signal. The goal of this article is to fill

this lack by proposing and deriving the so-called MSRL

for the multidimensional harmonic retrieval model.

More precisely, in this article, the MSRL for multiple

parameters of interest per signal using a hypothesis test

is derived. This choice is motivated by the following

arguments: (i) the hypothesis test approach is not speci-

fic to a certain high-resolution algorithm (unlike the

mean null spectrum approach), (ii) in this article, we
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link the asymptotic MSRL based on the hypothesis test

approach to a new extension of the MSRL based on the

CRB approach. Furthermore, we show that the MSRL

based on the CRB approach is equivalent to the MSRL

based on the hypothesis test approach for a fixed couple

(Pfa, Pd), and (iii) the hypothesis test is shown to be

asymptotically an uniformly most powerful test which is

the strongest statement of optimality that one could

expect to obtain [28].

The article is organized as follows. We first begin by

introducing the multidimensional harmonic model, in

section “Model setup”. Then, based on this model, we

obtain the MSRL based on the hypothesis test and on

the CRB approach. The link between theses two MSRLs

is also described in section “Determination of the MSRL

for two sources” followed by the derivation of the MSRL

closed-form expression, where, as a by product the

exact closed-form expressions of the CRB for the multi-

dimensional retrieval model is derived (note that to the

best of our knowledge, no exact closed-form expressions

of the CRB for such model is available in the literature).

Furthermore, theoretical and numerical analyses are

given in the same section. Finally, conclusions are given.

Glossary of notation

The following notations are used through the article.

Column vectors, matrices, and multi-way arrays are

represented by lower-case bold letters (a, ...), upper-case

bold letters (A, ...) and bold calligraphic letters (A, ...),

whereas

• ℝ and ℂ denote the body of real and complex

values, respectively,

• RD1×D2×···×DI and CD1×D2×···×DI denote the real and

complex multi-way arrays (also called tensors) body

of dimension D1 × D2 × ... ×DI, respectively,

• j = the complex number
√−1.

• IQ = the identity matrix of dimension Q,

• 0Q1×Q2 = the Q1 × Q2 matrix filled by zeros,

• [a]i = the ith element of the vector a,

• [A]i1,i2 = the i1th row and the i2th column element

of the matrix A,

• [A]i1 ,i2,...,iN = the (i1, i2, ..., iN)th entry of the multi-

way array A,

• [A]i,p:q = the row vector containing the (q - p + 1)

elements [A]i,k, where k = p, ..., q,

• [A]p:q,k = the column vector containing the (q - p +

1) elements [A]i,k, where i = p, ..., q,

• the derivative of vector a w.r.t. to vector b is

defined as follows:

[

∂a

∂b

]

i,j

=
∂[a]i

∂[b]j

,

• A
T = the transpose of the matrix A,

• A* = the complex conjugate of the matrix A,

• A
H = (A*)T,

• tr {A} = the trace of the matrix A,

• det {A} = the determinant of the matrix A,

• ℜ{a} = the real part of the complex number a,

• E{a} = the expectation of the random variable a,

• ||a||2 =
1

L

∑L
t=1 [a]2

t denotes the normalized norm

of the vector a (in which L is the size of a),

• sgn (a) = 1 if a ≥ 0 and -1 otherwise.

• diag(a) is the diagonal operator which forms a

diagonal matrix containing the vector a on its

diagonal,

• vec(.) is the vec-operator stacking the columns of a

matrix on top of each other,

• ⊙ stands for the Hadamard product,

• ⊗ stands for the Kronecker product,

• ○ denotes the multi-way array outer-product

(recall that for a given multi-way arrays

A ∈ CA1×A2×···×AI and B ∈ CB1×B2×···×BJ, the result of

the outer-product of A and B denoted by

CA1×···×AI×B1×···×BJ is given by
[C]a1 ,...,aI,b1 ,...,bJ

= [A ◦ B]a1 ,...,aI,b1,...,bJ
= [A]a1,...,aI

[B]b1 ,...,bJ
).

Model setup

In this section, we introduce the multidimensional har-

monic retrieval model in the multi-way array form (also

known as tensor form [29]). Then, we use the PARAFAC

(PARallel FACtor) decomposition to obtain a vector

form of the observation model. This vector form will be

used to derive the closed-form expression of the MSRL.

Let us consider a multidimensional harmonic model

consisting of the superposition of two harmonics each

one of dimension P contaminated by an additive noise.

Thus, the observation model is given as follows

[8,9,26,30-32]:

[Y(t)]n1 ,...,nP
= [X (t)]n1 ,...,nP

+[N (t)]n1 ,...,nP
, t = 1, . . . , L, and np = 0, . . . , Np−1, (1)

where Y(t), X (t), and N (t) denote the noisy observa-

tion, the noiseless observation, and the noise multi-way

array at the tth snapshot, respectively. The number of

snapshots and the number of sensors on each array are

denoted by L and (N1, ...,NP), respectively. The noiseless

observation multi-way array can be written as followsb

[26,30-32]:

[X (t)]n1 ,...,nP
=

2
∑

m=1

sm(t)

P
∏

p=1

ejω
(p)
m np , (2)

where ω
(p)
m
and sm(t) denote the mth frequency viewed

along the pth dimension or array and the mth complex

signal source, respectively. Furthermore, the signal

source is given by sm(t) = αm(t)ejφm(t) where am(t) and
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jm(t) denote the real positive amplitude and the phase

for the mth signal source at the tth snapshot,

respectively.

Since,

P
∏

p=1

ejω
(p)
m np =

[

a(ω
(1)
m ) ◦ a(ω

(2)
m ) ◦ · · · ◦ a(ω

(P)
m )
]

n1 ,n2,...,nP

,

where a(.) is a Vandermonde vector defined as

a(ω
(p)
m ) =

[

1 ejω
(p)
m · · · ej(Np − 1)ω

(p)
m

]T

,

then, the multi-way array X (t) follows a PARAFAC

decomposition [7,33]. Consequently, the noiseless obser-

vation multi-way array can be rewritten as follows:

X (t) =

2
∑

m=1

sm(t)
(

a(ω
(1)
m ) ◦ a(ω

(2)
m ) ◦ · · · ◦ a(ω

(P)
m )
)

. (3)

First, let us vectorize the noiseless observation as fol-

lows:

vec(X (t)) =
[

[X (t)]0,0,...,0 · · · [X (t)]N1−1,0,··· ,0[X (t)]0,1,...,0 · · · [X (t)]N1−1,N2−1,...,NP−1

]T
. (4)

Thus, the full noise-free observation vector is given by

x =
[

vecT(X (1)) vecT(X (2)) · · · vecT(X (L))
]T

.

Second, and in the same way, we define y, the noisy

observation vector, and n, the noise vector, by the con-

catenation of the proper multi-way array’s entries, i.e.,

y =
[

vecT(Y(1)) vecT(Y(2)) · · · vecT(Y(L))
]T

= x + n. (5)

Consequently, in the following, we will consider the

observation model in (5). Furthermore, the unknown

parameter vector is given by

ξ =
[

ωTρT
]T

, (6)

where ω denotes the unknown parameter vector of

interest, i.e., containing all the unknown frequencies

ω =
[

(ω(1))
T · · · (ω(P))

T
]T

,

in which

ω(p) =
[

ω
(p)
1 ω

(p)
2

]T
. (7)

whereas r contains the unknown nuisance/unwanted

parameters vector, i.e., characterizing the noise covar-

iance matrix and/or amplitude and phase of each source

(e.g., in the case of a covariance noise matrix equal to

σ 2ILN1...NP
and unknown deterministic amplitudes and

phases, the unknown nuisance/unwanted parameters

vector r is given by r = [a1(1) ... a2(L)j1(1) ... j2(L)s
2]T.

In the following, we conduct a hypothesis test formu-

lation on the observation model (5) to derive our MSRL

expression in the case of two sources.

Determination of the MSRL for two sources

Hypothesis test formulation

Resolving two closely spaced sources, with respect to

their parameters of interest, can be formulated as a bin-

ary hypothesis test [12-14] (for the special case of P =

1). To determine the MSRL (i.e., P ≥ 1), let us consider

the hypothesis H0 which represents the case where the

two emitted signal sources are combined into one signal,

i.e., the two sources have the same parameters (this

hypothesis is described by ∀p ∈ [1 . . . P], ω
(p)
1 = ω

(p)
2 ),

whereas the hypothesis H1 embodies the situation where

the two signals are resolvable (the latter hypothesis is

described by ∃p Î [1 ... P], such that ω
(p)
1 �= ω

(p)
2
). Conse-

quently, one can formulate the hypothesis test, as a sim-

ple one-sided binary hypothesis test as follows:

{H0 : δ = 0,

H1 : δ > 0,
(8)

where the parameter δ is the so-called MSRL which

indicates us in which hypothesis our observation model

belongs. Thus, the question addressed below is how can

we define the MSRL δ such that all the P parameters of

interest are taken into account? A natural idea is that δ

reflects a distance between the P parameters of interest.

Let the MSRL denotes the l1 normc between two sets

containing the parameters of interest of each source

(which is the naturally used norm, since in the mono-

parameter frequency case that we extend here, the SRL

is defined as δ = f1 - f2 [13,14,34]). Meaning that, if we

denote these sets as C1 and C2 where

Cm =
{

ω
(1)
m , ω

(2)
m , . . . , ω

(P)
m

}

, m = 1,2, thus, δ can be

defined as

δ �
P
∑

p=1

∣

∣

∣
ω

(p)
2 − ω

(p)
1

∣

∣

∣
. (9)

First, note that the proposed MSRL describes well the

hypothesis test (8) (i.e., δ = 0 means that the two

emitted signal sources are combined into one signal and

δ ≠ 0 the two signals are resolvable). Second, since the

MSRL δ is unknown, it is impossible to design an opti-

mal detector in the Neyman-Pearson sense. Alterna-

tively, the GLRT [28,35] is a well-known approach

appropriate to solve such a problem. To conduct the

GLRT on (8), one has to express the probability density

function (pdf) of (5) w.r.t. δ. Assuming (without loss of

generality) that ω
(1)
1 > ω

(1)
2
, one can notice that ξ is

known if and only if δ and ϑ �
[

ω
(1)
2 (ω(2))

T
. . . (ω(P))

T
]T
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are fixed (i.e., there is a one to one mapping between δ,

ϑ, and ξ). Consequently, the pdf of (5) can be described

as p(y|δ,ϑ). Now, we are ready to conduct the GLRT for

this problem:

LG(y) =
maxδ,ϑ1

p(y|δ, ϑ1,H1)

maxϑ0
p(y|ϑ0,H0)

=
p(y|δ̂, ϑ̂1,H1)

p(y|ϑ̂0,H0)

H1

≷
H0

ς ′,

(10)

where δ̂, ϑ̂1, and ϑ̂0 denote the maximum likelihood

estimates (MLE) of δ under H1, the MLE of ϑ under H1

and the MLE of ϑ under H0, respectively, and where ς’

denotes the test threshold. From (10), one obtains

TG(y) = Ln LG(y)
H1

≶
H0

ς = Lnς ′, (11)

in which Ln denotes the natural logarithm.

Asymptotic equivalence of the MSRL

Finding the analytical expression of TG(y) in (11) is not

tractable. This is mainly due to the fact that the deriva-

tion of δ̂ is impossible since from (2) one obtains a mul-

timodal likelihood function [36]. Consequently, in the

following, and as ind [13], we consider the asymptotic

case (in terms of the number of snapshots). In [35, eq

(6C.1)], it has been proven that, for a large number of

snapshots, the statistic TG(y) follows a chi-square pdf

under H0 and H1 given by

TG(y) ∼
{

χ2
1 under H0,

χ ′2
1(κ ′(Pfa, Pd)) under H1,

(12)

where χ2
1 and χ ′2

1(κ ′(Pfa, Pd)) denote the central chi-

square and the noncentral chi-square pdf with one

degree of freedom, respectively. Pfa and Pd are, respec-

tively, the probability of false alarm and the probability

of detection of the test (8). In the following, CRB(δ)

denotes the CRB for the parameter δ where the

unknown vector parameter is given by [δ ϑ
T]T. Conse-

quently, assuming that CRB(δ) exists (under H0 and

H1), is well defined (see section “MSRL closed-form

expression” for the necessarye and sufficient conditions)

and is a tight bound (i.e., achievable under quite gen-

eral/weak conditions [36,37]), thus the noncentral para-

meter �’(Pfa, Pd) is given by [[35], p. 239]

κ ′(Pfa, Pd) = δ2(CRB(δ))−1. (13)

On the other hand, one can notice that the noncentral

parameter �’(Pfa, Pd) can be determined numerically by

the choice of Pfa and Pd [13,28] as the solution of

Q−1
χ2

1
(Pfa) = Q−1

χ2
1 (κ ′(Pfa,Pd))

(Pd), (14)

in whichQ−1
χ2

1
(̟ ) andQ−1

χ ′2
1(κ ′(Pfa,Pd))

(̟ ) are the inverse

of the right tail of the χ2
1 and χ ′2

1(κ ′(Pfa, Pd)) pdf start-

ing at the value ϖ. Finally, from (13) and (14) one

obtainsf

δ = κ(Pfa, Pd)
√

CRB(δ), (15)

where
√

κ(Pfa, Pd) = κ ′(Pfa, Pd) is the so-called transla-

tion factor [13] which is determined for a given prob-

ability of false alarm and probability of detection (see

Figure 1 for the behavior of the translation factor versus

Pfa and Pd).

Result 1: The asymptotic MSRL for model (5) in the

case of P parameters of interest per signal (P ≥ 1) is

given by δ which is the solution of the following equa-

tion:

δ2 − κ2(Pfa, Pd)(Adirect + Across) = 0, (16)

where Adirect denotes the contribution of the para-

meters of interest belonging to the same dimension as

follows

Adirect =

P
∑

p=1

CRB(ω
(p)
1 ) + CRB(ω

(p)
2 ) − 2CRB(ω

(p)
1 , ω

(p)
2 ),

and where Across is the contribution of the cross terms

between distinct dimension given by

Across =

P
∑

p=1

P
∑

p′=1
p′ �=p

gpgp′(CRB(ω
(p)
1 , ω

(p′)
1 ) + CRB(ω

(p)
2 , ω

(p′)
2 ) − 2CRB(ω

(p)
1 , ω

(p′)
2 )),

in which gp = sgn
(

ω
(p)
1 − ω

(p)
2

)

.

Proof see Appendix 1.

Remark 1: It is worth noting that the hypothesis test

(8) is a binary one-sided test and that the MLE used is

Figure 1 The translation factor � versus the probability of

detection Pd and Pfa. One can notice that increasing Pd or
decreasing Pfa has the effect to increase the value of the translation
factor �. This is expected since increasing Pd or decreasing Pfa leads
to a more selective decision [28,35].

El Korso et al. EURASIP Journal on Advances in Signal Processing 2011, 2011:12

http://asp.eurasipjournals.com/content/2011/1/12

Page 5 of 14



an unconstrained estimator. Thus, one can deduce that

the GLRT, used to derive the asymptotic MSRL [13,35]:

(i) is the asymptotically uniformly most powerful test

among all invariant statistical tests, and (ii) has an

asymptotic constant false-alarm rate (CFAR). Which is,

in the asymptotic case, considered as the strongest state-

ment of optimality that one could expect to obtain [28].

• Existence of the MSRL: It is natural to assume that

the CRB is a non-increasing (i.e., decreasing or con-

stant) function on ℝ
+ w.r.t. δ since it is more diffi-

cult to estimate two closely spaced signals than two

largely-spaced ones. In the same time the left hand

side of (15) is a monotonically increasing function w.

r.t. δ on ℝ
+. Thus for a fixed couple (Pfa, Pd), the

solution of the implicit equation given by (15) always

exists. However, theoretically, there is no assurance

that the solution of equation (15) is unique.

• Note that, in practical situation, the case where

CRB(δ) is not a function of δ is important since in

this case, CRB(δ) is constant w.r.t. δ and thus the

solution of (15) exists and is unique (see section

“MSRL closed-form expression”).

In the following section, we study the explicit effect of

this so-called translation factor.

The relationship between the MSRL based on the CRB

and the hypothesis test approaches

In this section, we link the asymptotic MSRL (derived

using the hypothesis test approach, see Result 1) to a

new proposed extension of the SRL based on the Smith

criterion [11]. First, we recall that the Smith criterion

defines the SRL in the case of P = 1 only. Then, we

extend this criterion to P ≥ 1 (i.e., the case of the multi-

dimensional harmonic model). Finally, we link the

MSRL based on the hypothesis test approach (see Result

1) to the MSRL based on the CRB approach (i.e., the

extended SRL based on the Smith criterion).

The Smith criterion: Since the CRB expresses a lower

bound on the covariance matrix of any unbiased estima-

tor, then it expresses also the ultimate estimation accu-

racy. In this context, Smith proposed the following

criterion for the case of two source signals parameter-

ized each one by only one frequency [11]: two signals

are resolvable if the difference between their frequency,

δω(1) = ω
(1)
2 − ω

(1)
1
, is greater than the standard deviation

of the frequency difference estimation. Since, the stan-

dard deviation can be approximated by the CRB, then,

the SRL, in the Smith criterion sense, is defined as the

limit of δω(1) for which δω(1) <
√

CRB(δω(1) ) is achieved.

This means that, the SRL is the solution of the following

implicit equation

δ2
ω(1) = CRB(δω(1) ).

The extension of the Smith criterion to the case of P ≥

1: Based on the above framework, a straightforward

extension of the Smith criterion to the case of P ≥ 1 for

the multidimensional harmonic model is as follows: two

multidimensional harmonic retrieval signals are resolva-

ble if the distance between C1 and C2, is greater than

the standard deviation of the δCRB estimation. Conse-

quently, assuming that the CRB exists and is well

defined, the MSRL δCRB is given as the solution of the

following implicit equation

{

δ2
CRB = CRB(δCRB)

s.t. δCRB =
∑P

p=1 |ω(p)
2 − ω

(P)
1 |. (17)

Comparison and link between the MSRL based on the

CRB approach and the MSRL based on the hypothesis

test approach: The MSRL based on the hypothesis test

approach is given as the solution of

{

δ = κ(Pfa, Pd)
√

CRB(δ),

s.t. δ =
∑P

p=1

∣

∣

∣
ω

(p)
2 − ω

(p)
1

∣

∣

∣
,

whereas the MSRL based on the CRB approach is

given as the solution of (17). Consequently, one has the

following result:

Result 2: Upon to a translation factor, the asymptotic

MSRL based on the hypothesis test approach (i.e., using

the binary one-sided hypothesis test given in (8)) is equiva-

lent to the proposed MSRL based on the CRB approach (i.

e., using the extension of the Smith criterion). Conse-

quently, the criterion given in (17) is equivalent to an

asymptotically uniformly most powerful test among all

invariant statistical tests for �(Pfa, Pd) = 1 (see Figure 2 for

the values of (Pfa, Pd) such that � (Pfa, Pd) = 1).

Figure 2 All values of (Pfa, Pd) such that �(Pfa, Pd) = 1.
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The following section is dedicated to the analytical

computation of closed-form expression of the MSRL. In

section “Assumptions,” we introduce the assumptions

used to compute the MSRL in the case of a Gaussian

random noise and orthogonal waveforms. Then, we

derive non matrix closed-form expressions of the CRB

(note that to the best of our knowledge, no closed-form

expressions of the CRB for such model is available in

the literature). In “MSRL derivation” and thanks to

these expressions, the MSRL wil be deduced using (16).

Finally, the MSRL analysis is given.

MSRL closed-form expression

in section “Determination of the MSRL for two sources”

we have defined the general model of the multidimen-

sional harmonic model. To derive a closed-form expres-

sion of the MSRL, we need more assumptions on the

covariance noise matrix and/or on the signal sources.

Assumptions

• The noise is assumed to be a complex circular

white Gaussian random process i.i.d. with zero-mean

and unknown variance σ 2ILN1...NP
.

• We consider a multidimensional harmonic model

due to the superposition of two harmonics each of

them of dimension P ≥ 1. Furthermore, for sake of

simplicity and clarity, the sources have been

assumed known and orthogonal (e.g., [7,38]). In

this case, the unknown parameter vector is fixed

and does not grow with the number of snapshots.

Consequently, the CRB is an achievable bound

[36].

• Each parameter of interest w.r.t. to the first signal,

ω
(p)
1 p = 1 . . . P, can be as close as possible to the

parameter of interest w.r.t. to the second signal

ω
(p)
2 p = 1 . . . P, but not equal. This is not really a

restrictive assumption, since in most applications,

having two or more identical parameters of interest

is a zero probability event [[9], p. 53].

Under these assumptions, the joint probability density

function of the noisy observations y for a given

unknown deterministic parameter vector ξ is as follows:

p(y|ξ) =

L
∏

t=1

p(vec(Y(t))|ξ) =
1

(πσ 2)LN
e

−1
σ 2 (y−x)

H
(y−x)

,

where N =
∏P

p=1 Np. The multidimensional harmonic

retrieval model with known sources is considered

herein, and thus, the parameter vector is given by

ξ =
[

ωTσ 2
]T

, (18)

where

ω =
[

(ω(1))
T · · · (ω(P))

T
]T

,

in which

ω(p) =
[

ω
(p)
1 ω

(p)
2

]T
. (19)

CRB for the multidimensional harmonic model with

orthogonal known signal sources

The Fisher information matrix (FIM) of the noisy obser-

vations y w.r.t. a parameter vector ξ is given by [39]

FIM(ξ) = E

{

∂ ln p(y|ξ)

∂ξ

(

∂ ln p(y|ξ)

∂ξ

)H
}

.

For a complex circular Gaussian observation model,

the (ith, kth) element of the FIM for the parameter vec-

tor ξ is given by [34]

[FIM(ξ)]i,k =
LN

σ 4

∂σ 2

∂[ξ ]i

∂σ 2

∂[ξ ]k

+
2

σ 2
ℜ
{

∂xH

∂[ξ ]i

∂x

∂[ξ ]k

}

(i, k) = {1, . . . , 2P + 1}2. (20)

Consequently, one can state the following lemma.

Lemma 1: The FIM for the sum of two P-order har-

monic models with orthogonal known sources, has a

block diagonal structure and is given by

FIM(ξ) =
2

σ 2

[

Fω 02P×1

01×2P ×

]

, (21)

where, the (2P) × (2P) matrix Fω is also a block diago-

nal matrix given by

Fω = LN(� ⊗ G), (22)

in which ∆ = diag {||a1||
2 ,||a2||

2} where

αm =
[

αm(1) ... αm(L)
]T

for m ∈ {1, 2}, (23)

and

[G]k,l =

⎧

⎪

⎨

⎪

⎩

(2Nk − 1)(Nk − 1)

6
for k = l,

(Nk − 1)(Nl − 1)

2
for k �= l.

Proof see Appendix 2.

After some calculation and using Lemma 1, one can

state the following result.

Result 3: The closed-form expressions of the CRB for

the sum of two P-order harmonic models with orthogo-

nal known signal sources are given by

CRB(ω
(p)
m ) =

6

LNSNRm
Cp, m ∈ {1, 2}, (24)
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where SNRm =
||αm||2

σ 2
denotes the SNR of the mth

source and where

Cp =
Np(1 − 3VP) + 3VP + 1

(Np + 1)(N2
p − 1)

in which VP =
1

1 + 3
∑P

p=1
Np−1

Np+1

.

Furthermore, the cross-terms are given by

CRB(ω
(p)
m , ω

(p′)
m′ ) =

⎧

⎨

⎩

0 for m �= m′,
−6

LNSNRm
C̃p,p′ for m = m′ and p �= p′,

(25)

where

C̃p,p′ =
3VP

(Np + 1)(Np′ + 1)
.

Proof see Appendix 3.

MSRL derivation

Using the previous result, one obtains the unique solu-

tion of (16), thus, the MSRL for model (1) is given by

the following result:

Result 4: The MSRL for the sum of P-order harmonic

models with orthogonal known signal sources, is given

by

δ =

√

√

√

√

√

√

√

6

LNESNR

⎛

⎜

⎜

⎝

P
∑

p=1

Cp −
P
∑

p,p′=1
p �=p′

gpgp′ C̃p,p′

⎞

⎟

⎟

⎠

, (26)

where the so-called extended SNR is given by

ESNR =
SNR1SNR2

SNR1 + SNR2
.

Proof see Appendix 4.

Numerical analysis

Taking advantage of the latter result, one can analyze

the MSRL given by (26):

• First, from Figure 3 note that the numerical solu-

tion of the MSRL based on (12) is in good agree-

ment with the analytical expression of the MSRL

(23), which validate the closed-form expression given

in (23). On the other hand, one can notice that, for

Pd = 0.37 and Pfa = 0.1 the MSRL based on the CRB

is exactly equal to the MSRL based on hypothesis

test approach derived in the asymptotic case. From

the case Pd = 0.49 and Pfa = 0.3 or/and Pd = 0.32

and Pfa = 0.1, one can notice the influence of the

translation factor �(Pfa, Pd) on the MSRL.

• The MSRLg is O(

√

1

ESNR
) which is consistent with

some previous results for the case P = 1 (e.g.,

[12,14,24]).

• From (26) and for a large number of sensors N1 =

N2 = ... = NP = N ≫ 1, one obtains a simple expres-

sion

δ =

√

12

LNP+1ESNR

P

1 + 3P
,

meaning that, the SRL is O(

√

1

NP+1
).

• Furthermore, since P ≥ 1, one has

(P + 1) (3P + 1)

P(3P + 4)
< 1,

and consequently, the ratio between the MSRL of a

multidimensional harmonic retrieval with P parameters

of interest, denoted by δP and the MSRL of a multidi-

mensional harmonic retrieval with P + 1 parameters of

interest, denoted by δP+1, is given by

δP+1

δP
=

√

(P + 1)(3P + 1)

NP(3P + 4)
, (27)

meaning that the MSRL for P + 1 parameters of inter-

est is less than the one for P parameters of interest (see

Figure 4). This, can be explained by the estimation addi-

tional parameter and also by an increase of the received

noisy data thanks to the additional dimension. One

should note that this property is proved theoretically

thanks to (27) using the assumption of an equal and

large number of sensors. However, from Figure 4 we

notice that, in practice, this can be verified even for a

Figure 3 MSRL versus s2 for L = 100.
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small number of sensors (e.g., in Figure 4 one has 3 ≤

Np ≤ 5 for p = 3, ..., 6).

• Furthermore, since

√

4

LNP+1ESNR
≤ δP < δP−1 < · · · < δ1

one can note that, the SRL is lower bounded by
√

4

LNP+1ESNR
.

• One can address the problem of finding the opti-

mal distribution of power sources making the SRL

the smallest as possible (s.t. the constraint of con-

stant total source power). In this issue, one can state

the following corollary: Corollary 1: The optimal

power’s source distribution that ensures the smallest

MSRL is obtained only for the equi-powered sources

case.

Proof see Appendix 5.

This result was observed numerically for P = 1 in [12]

(see Figure 5 for the multidimensional harmonic model).

Moreover, it has been shown also by simulation for the

case P = 1 that the so-called maximum likelihood break-

down (i.e., when the mean square error of the MLE

increases rapidly) occurs at higher SNR in the case of

different power signal sources than in the case of equi-

powered signal sources [40]. The authors explained it by

the fact that one source grabs most of the total power,

then, this latter will be estimated more accurately,

whereas the second one, will take an arbitrary parameter

estimation which represents an outlier.

• In the same way, let us consider the problem of

the optimal placement of the sensorsh N1, ...,NP ,

making the minimum MSRL s.t. the constraint that

the total number of sensors is constant (i.e.,

Ntotal =
∑P

p=1 Np in which we suppose that Ntotal is a

multiple of P).

Corollary 2: If the total number of sensors Ntotal, is a

multiple of P, then an optimal placement of the sensors

that ensure the lowest MSRL is (see Figure 6 and 7)

N1 = · · · = NP =
Ntotal

P
. (28)

Proof see Appendix 6.

Remark 3: Note that, in the case where Ntotal is not a

multiple of P, one expects that the optimal MSRL is

given in the case where the sensors distribution

approaches the equi-sensors distribution situation given

in corollary 3. Figure 7 confirms that (in the case of P =

3, N1 = 8 and a total number of sensors N = 22). From

Figure 7, one can notice that the optimal distribution of

the number of sensors corresponds to N2 = N3 = 7 and

N1 = 8 which is the nearest situation to the equi-sensors

distribution.

Figure 5 MSRL versus SNR1, the SNR of the first source, and

SNR2, the SNR of the second source. One can notice that the
optimal distribution of the SNR (which corresponds to the lowest

MSLR) corresponds to SNR1 = SNR2 =
SNRtotal

2
as predicted

by Corollary 1.

Figure 4 The SRL for multidimensional harmonic retrieval with

orthogonal known sources for M equally powered sources,

where P = 3, 4, 5, 6, L = 100, and the numbers of sensors are

given by N1 = 3, N2 = 5, N3 = 4, N4 = 4, N5 = 4, and N6 = 3.
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Conclusion

In this article, we have derived the MSRL for the multi-

dimensional harmonic retrieval model. Toward this end,

we have extended the concept of SRL to multiple para-

meters of interest per signal. First, we have used a

hypothesis test approach. The applied test is shown to

be asymptotically an uniformly most powerful test

which is the strongest statement of optimality that one

could hope to obtain. Second, we have linked the

asymptotic MSRL based on the hypothesis test approach

to a new extension of the SRL based on the Cramér-Rao

bound approach. Using the Cramér-Rao bound and a

proper change of variable formula, closed-form expres-

sion of the MSRL are given.

Finally, note that the concept of the MSRL can be

used to optimize, for example, the waveform and/or the

array geometry for a specific problem.

Appendix 1

The proof of Result 1

Appendix 1.1: In this appendix, we derive the MSRL

using the l1 norm.

From CRB(ξ) where ξ = [ωT
r
T]T in which

ω = [ω
(1)
1 ω

(1)
2 ω

(2)
1 ω

(2)
2 · · · ω(P)

1 ω
(P)
2 ]T, one can deduce

CRB(
⌣

ξ) where
⌣

ξ = g(ξ) = [δ ϑT]T in which

ϑ � [ω
(1)
2 (ω(2))T · · · (ω(P))T]T. Thanks to the Jacobian

matrix given by

∂g(ξ)

∂ξ
=

⎡

⎣

hT 0

A 0

0 I

⎤

⎦ ,

where h = [g1g2 ... gP ]T ⊗ [1 - 1]T, in which

gp =
∂δ

∂ω
(p)
1

= − ∂δ

∂ω
(p)
2

= sgn (ω
(p)
1 − ω

(p)
2 ) and A = [0 I].

Using the change of variable formula

CRB(
⌣

ξ) =
∂g(

⌣

ξ)

∂
⌣

ξ

CRB(ξ)

⎛

⎝

∂g(
⌣

ξ)

∂
⌣

ξ

⎞

⎠

T

, (29)

one has

CRB(
⌣

ξ) =

[

hTCRB(ω)h ×
× I

]

.

Consequently, after some calculus, one obtains

CRB(δ) � [CRB(
⌣

ξ)]1,1 = hTCRB(ω)h

=

2P
∑

p=1

2P
∑

p′=1

[h]p[h]p′ [CRB(ω)]p,p′

=

P
∑

p=1

P
∑

p′=1

gpgp′

(

[CRB(ξ)]2p,2p′ + [CRB(ξ)]2p−1,2p′−1 − [CRB(ξ)]2p,2p′−1 − [CRB(ξ)]2p−1,2p′

)

� Adirect + Across,

(30)

where

Adirect =
∑P

p=1 CRB(ω
(p)
1 ) + CRB(ω

(p)
2 ) − 2CRB(ω

(p)
1 , ω

(p)
2 )

and where Across(k) =
∑P

p=1

∑P

p′=1
p′ �=p

gpgp′

(

CRB(ω
(p)
1 , ω

(p′)
1 ) + CRB(ω

(p)
2 , ω

(p′)
2 ) − 2CRB(ω

(p)
1 , ω

(p′)
2 )
)

Finally using (30) one obtains (16)

Appendix 1.2: In this part, we derive the MSRL using

the lk norm for a given integer k ≥ 1. The aim of this

part is to support the endnote a, which stays that using

the l1 norm computing the MSRL using the l1 norm is

for the calculation convenience.

Once again, from CRB(ξ), one can deduce CRB(
⌣

ξ k)

where
⌣

ξ k = gk(ξ) = [δ(k) ϑT]T in which the distance

between C1 and C2 using the lk norm is given by δ(k) ≜

Figure 7 The plot of the MSRL versus N2 in the case of P = 3,

N1 = 8 and a total number of sensors N = 22.

Figure 6 The MSRL versus N1 and N2 in the case of P = 3 and a

total number of sensors Ntotal = 21. One can notice that the
optimal distribution of the number of sensors (which corresponds

to the lowest SLR) corresponds to N1 = N2 = N3 =
Ntotal

3
as

predicted by (28).
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k-norm distance(C1,C2) =
(

∑P
p=1 δk

p

)1/k
and where

ϑ � [ω
(1)
2 (ω(2))T . . . (ω(P))T]T. The Jacobian matrix is

given by

∂g(ξ)

∂ξ
=

⎡

⎣

hT
k 0

A 0

0 I

⎤

⎦ ,

where hk = [1 - 1]T ⊗ [g1(k)g2(k) ... gP(k)]
T, in which

gp(k) =
∂δ(k)

∂ω
(p)
1

= −∂δ(k)

∂ω
(p)
2

and A = [0I]. Since |x|k can be

written as
√

x2k. Thus, for × ≠ 0, one has

gp(k) =

∂

(

∑P
p′=1

√

(

ω
(p′)
1 − ω

(p′)
2

)2k
)1/k

∂ω
(p)
1

=
1

k

(

p
∑

i=1

√

(

ω
(i)
1 − ω

(i)
2

)2k
)

1

k
−1 ∂

√

(

ω
(i)
1 − ω

(i)
2

)2k

∂ω
(i)
1

= sgn(ω
(p)
1 − ω

(p)
2 )

⎛

⎝

P
∑

p=1

√

(

ω
(p′)
1 − ω

(p′)
2

)2k

⎞

⎠

1

k
−1
√

(

ω
(p)
1 − ω

(p)
2

)2(k−1)
= sgn(ω

(p)
1 − ω

(p)
2 )δ1−kδk−1

p .

(31)

Again, using the change of variable formula (29), one

has

CRB(
⌣

ξ k) =

[

hT
kCRB(ω)hk ×

× I

]

.

Consequently, after some calculus, one obtains

CRB(δ(k)) � [CRB(
⌣

ξ k)]1,1

=

P
∑

p=1

P
∑

p′=1

gp(k)gp′ (k)([CRB(ξ)]2p,2p′ + [CRB(ξ)]2p−1,2p′−1 − [CRB(ξ)]2p,2p′−1 − [CRB(ξ)]2p−1,2p′ )

= (δ(k))2(1−k)(Adirect(k) + Across(k)),

(32)

where

Adirect(k) =
∑P

p=1 δ
2(k−1)
p

(

CRB(ω
(p)
1 ) + CRB(ω

(p)
2 ) − 2CRB(ω

(p)
1 , ω

(p)
2 )
)

and where Across(k) =
∑P

p=1

∑P

p′=1
p′ �=p

δk−1
p δ

k−1
p′ sgn(ω

(p)
1 −ω

(p)
2 )sgn(ω

(p′)
1 −ω

(p′)
2 )

(

CRB(ω
(p)
1 , ω

(p′)
1 ) + CRB(ω

(p)
2 , ω

(p′)
2 ) − 2CRB(ω

(p)
1 , ω

(p′)
2 )
)

.

Consequently, note that resolving analytically the

implicit equation (32) w.r.t. δ(k) is intractable (aside

from some special cases). Whereas, resolving analytically

the implicit equation (30) can be tedious but feasible

(see section “MSRL closed form expression”).

Furthermore, denoting gp(1) = gp, Across(1) ≜ Across and

Adirect(1) ≜ Adirect and using (32) one obtains (16).

Appendix 2

Proof of Lemma 1

From (20) one can note the well-known property that

the model signal parameters are decoupled from the

noise variance [42]. Consequently, the block-diagonal

structure in (21) is self-evident.

Now, let us prove (22). From (4), one obtains

∂vec(X (t))

∂ω
(p)
m

= jsm(t)
(

a(ω
(1)
m ) ⊗ a(ω

(2)
m ) ⊗ · · · ⊗ a’(ω

(p)
m ) ⊗ · · · ⊗ a(ω

(P)
m )
)

,

where

a’(ω
(p)
m ) =

[

0 ejω
(p)
m . . . (Np − 1)ej(Np−1)ω

(p)
m

]T

.

Thus,

∂x

∂ω
(p)
m

= jsm ⊗
(

a(ω
(1)
m ) ⊗ a(ω

(2)
m ) ⊗ · · · ⊗ a’(ω

(p)
m ) ⊗ · · · ⊗ a(ω

(P)
m )
)

,

where sm = [sm(1) ... sm(L)]
T. Using the distributivity of

the Hermitian operator over the Kronecker product and

the mixed-product property of the Kronecker product

[43] and assuming, without loss of generality that p’ <p,

one obtains

(
∂x

∂ω
(p)
m

)H ∂x

∂ω
(p′)
m

=
(

sH
m, ⊗

[

aH(ω
(1)
m′ ) ⊗ aH(ω

(2)
m ) ⊗ · · · ⊗ a’H(ω

(p′)
m ) ⊗ · · · ⊗ aH(ω

(P)
m′ )
])

×
(

sm ⊗
[

a(ω
(1)
m ) ⊗ a(ω

(2)
m ) ⊗ · · · ⊗ a’(ω

(p)
m ) ⊗ · · · ⊗ a(ω

(P)
m )
])

= (sH
m, sm) ⊗

(

aH(ω
(1)
m′ )a(ω

(1)
m )
)

⊗ · · · ⊗
(

a’H(ω
(p)
m′ )a(ω

(p)
m )
)

⊗ . . .

. . . ⊗
(

aH(ω
(p′)
m )a’(ω

(p′)
m′ )
)

⊗ · · · ⊗
(

aH(ω
(P)
m′ )a(ω

(P)
m )
)

.

(33)

On the other hand, one has

aH(ω
(p)
m )a(ω

(p)
m ) = Np, (34)

whereas

aH(ω
(p)
m )a’(ω

(p)
m ) =

Np(Np − 1)

2
and a’H(ω

(p)
m )a’(ω

(p)
m ) =

Np(2Np − 1)(Np − 1)

6
(35)

Finally, assuming known orthogonal wavefronts [38] (i.

e., sH
m, sm = 0) and replacing (35) and (34) into (33), one

obtains

(

∂x

∂ω
(p)
m

)H
∂x

∂ω
(p′)
m′

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 for m �= m′,

L||αm||2N
(Np − 1)(Np′ − 1)

4
for m = m′ and p �= p′,

L||αm||2N
(2Np − 1)(Np − 1)

6
for m = m′ and p = p′,

(36)

where am = [am (1) ... am (L)] for m Î {1, 2}: Conse-

quently, using (36), Fω can be expressed as a block diag-

onal matrix

Fω =

[

J1 0

0 J2

]

, (37)

where each P × P block Jm is defined by

Jm = L||αm||2NG, (38)

where

G =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(N1 − 1)(2N1 − 1)

6

(N1 − 1)(N2 − 1)

4
. . .

(N1 − 1)(NP − 1)

4
(N2 − 1)(N1 − 1)

4

(N2 − 1)(2N2 − 1)

6
. . .

(N2 − 1)(NP − 1)

4
...

...
. . .

...
(NP − 1)(N1 − 1)

4

(N2P − 1)(N2 − 1)

4
· · · (NP − 1)(2NP − 1)

6

⎤

















⎦

.

Consequently, from (37) and (38) one obtains (22).
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Appendix 3

Proof of Result 3

Using (22) one obtains

CRB(ω) =
σ 2

2
F−1

ω =
σ 2

2LN
(�−1 ⊗ G−1) (39)

where �−1 = diag

{

1

||α1||2
,

1

||α2||2
}

. In the following,

we give a closed-form expression of G-1. One can notice

that the matrix G has a particular structure such that it

can be rewritten as the sum of a diagonal matrix and of

a rank-one matrix: G = Q + gg
T where

Q =
1

12
diag{ N2

1 − 1, . . . , N2
P − 1} and γ =

1

2
[N1 − 1, . . . , NP − 1]T

Thanks to this particular structure, an analytical inverse

of G can easily be obtained. Indeed, using the matrix

inversion lemma

G−1 = (Q + γ γ T)−1

= Q−1 − Q−1γ γ TQ−1

1 + γ TQ−1γ
.

(40)

A straightforward calculus leads to the following

results,

Q−1γ γ TQ−1 = 36

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1

(N1 + 1)2

1

(N1 + 1)(N2 + 1)
· · · 1

(N1 + 1)(NP + 1)
1

(N2 + 1)(N1 + 1)

1

(N2 + 1)2
· · · 1

(N2 + 1)(NP + 1)
...

...
. . .

...
1

(NP + 1)(N1 + 1)

1

(NP + 1)(N2 + 1)
· · · 1

(NP + 1)2

⎤



















⎦

, (41)

and

γ TQ−1γ = 3

P
∑

p=1

Np − 1

Np + 1
. (42)

Consequently, replacing (41) and (42) into (40), one

obtains

[G−1]k,l =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

12
Np(1 − 3VP) + 3VP + 1

(Np + 1)(N2
p − 1)

for k = l,

− 36VP

(Np + 1)(Np′ + 1)
for k �= l,

(43)

where VP =

(

1 + 3
∑P

p=1

Np − 1

Np + 1

)−1

. Finally, replacing

(43) into (39) one finishes the proof.

Appendix 4

Proof of Result 4

Using Results 1 and 3, one has

Adirect =

P
∑

p=1

(

CRB(ω
(p)
1 ) + CRB (ω

(p)
2 )
)

=
6σ 2

LN

(

1

||α1||2
+

1

||α2||2
) P
∑

p=1

Np(1 − 3VP) + 3VP + 1

(Np + 1)(N2
p − 1)

,

(44)

and

Across =

P
∑

p=1

P
∑

p′=1
p′ �=p

gpgp′

(

CRB(ω
(p)
1 , ω

(p′)
1 ) + CRB(ω

(p)
2 , ω

(p′)
2 )
)

= −6σ 2

LN

(

1

||α1||2
+

1

||α2||2
) P
∑

p,p′=1
p �= p′

3gpgp′VP

(Np + 1)(Np′ + 1)
.

(45)

Consequently, replacing (44) and (45) into (16), one

finishes the proof.

Appendix 5

Proof of Corollary 1

In this appendix, we minimize the MSRL under the con-

straint SNR1 + SNR2 = SNRtotal (where SNRtotal is a real

fixed value). Since, the term

(
∑P

p=1 Cp −∑P
p,p′=1
p �=p′

gpgp′C̃p,p′ ) is independent from SNR1

and SNR2, minimizing δ is equivalent to minimize
G(SNR1, SNR2) where

G(SNR1, SNR2) = δ2 LN

6

⎛

⎜

⎜

⎝

P
∑

p=1

Cp −
P
∑

p,p′=1
p �=p′

gpgp′ C̃p,p′

⎞

⎟

⎟

⎠

−1

=
SNR1 + SNR2

SNR1SNR2
.

Using the method of Lagrange multipliers, the pro-

blem is as follows:

⎧

⎨

⎩

minSNR1,SNR2
G(SNR1, SNR2)

s.t.

SNR1 + SNR2 = SNRtotal

Thus, the Lagrange function is given by
F(SNR1, SNR2, λ) = G(SNR1, SNR2) + λ(SNR1 + SNR2 − SNRtotal)

where l denotes the so-called Lagrange multiplier. A

simple derivation leads to,

∂F(SNR1, SNR2)

∂ SNR1
=

−1

SNR2
1

+ λ = 0 (46)

∂F(SNR1, SNR2)

∂ SNR2
=

−1

SNR2
2

+ λ = 0 (47)

∂F(SNR1, SNR2)

∂λ
= SNR1 + SNR2 − SNRtotal = 0. (48)

Consequently, from (46) and (47), one obtains SNR1 =

SNR1. Using (48), one obtains SNR1 = SNR2 =
SNRtotal

2
.

Using the constraint SNR1 + SNR2 = SNRtotal one

deduces corollary 1.

Appendix 6

Minimizing δ w.r.t. N1, ..., NP is equivalent to minimiz-

ing the function f (N) =
∑P

p=1 Cp −∑P
p,p′=1
p,�=p′

gpgp′ C̃p,p′,
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where N = [N1 ... NP]
T. However, since the numbers of

sensors on each array, N1, ..., NP, are integers, the deri-

vation of f(N) w.r.t. N is meaningless. Consequently, let

us define the function �f (.) exactly as f (.) where the set

of definition is ℝP instead of NP. Consequently,

f̄ (N̄)|N̄=N = f (N), where N̄ = [N̄1 . . . N̄P]T,

in which N̄1, ..., N̄P are real (continuous) variables.

Using the method of Lagrange multipliers, the pro-

blem is as follows:

{

minN̄ f̄ (N̄)
∑P

p=1 N̄p = N̄total

where N̄total is a real positive constant value. Thus, the

Lagrange function is given by

�(N̄, λ) = f̄ (N̄) + λ

(

∑P
p=1 N̄p − N̄total

)

where l denotes

the Lagrange multiplier. For a sufficient number of sen-

sors, the Lagrange function can be approximated by

�(N̄, λ) ≈
P
∑

p=1

N̄p(1 − 3V) + 3V + 1

N̄3
p

−
P
∑

p,p′=1
p �=p′

3gpgp′V

N̄p N̄p′
+ λ

⎛

⎝

P
∑

p=1

N̄p − N̄total

⎞

⎠

where V =
1

1 + 3P
. A simple derivation leads to,

∂�(N̄, λ)

∂N̄1

=
3(V − 1)

N̄3
1

− 3V + 1

N̄4
1

+
3V

N̄2
1

P
∑

p,p′=1
p �=p′

gpgp′

N̄p′
+ λ = 0

...

∂�(N̄, λ)

∂N̄P

=
3(V − 1)

N̄3
P

− 3V + 1

N̄4
P

+
3V

N̄2
P

P
∑

p,p′=1
p �=p′

gpgp′

N̄p′
+ λ = 0

∂�(N̄, λ)

∂λ
=

P
∑

p=1

N̄p − N̄total = 0.

This system of equations seems hard to solve. How-

ever, an obvious solution is given by N̄1 = · · · = N̄P = N̄

and λ =
3V + 1

N̄4
− 3

V(Pν − 1) + V − 1

N̄3
in which ν =

∑P
p,p′=1
p �=p′

gpgp′.

Since,
∑P

p=1 Np = N̄total, thus the trivial solution is given

by N̄1 = · · · = N̄P =
N̄total

P
. Consequently, if N̄total is a

multiple of P then, the solution of minimizing the func-

tion f̄ (N̄) in ℝ
P coincides the solution of minimizing the

function f(N) in N
P. Thus, the optimal placement mini-

mizing the MSRL is N1 = · · · = NP =
N̄total

P
. This con-

clude the proof.

Endnotes
aThe notion of distance and closely spaced signals used in

the following, is w.r.t. to the metric space (d, C), where d :

C × C ® ℝ in which d and C denote a metric and the set

of the parameters of interest, respectively. bSee [2-9] for

some practical examples for the multidimensional harmo-

nic retrieval model. cThis study can be straightforwardly

extended to other norms. The choice of the l1 is motivated

by its calculation convenience (see the derivation of Result

1 and Appendix 1). Furthermore, since the MSRL is con-

sidered to be small (this assumption can be argued by the

fact that the high-resolution algorithms have asymptoti-

cally an infinite resolving power [44]), thus all continuous

p-norms are similar to (i.e., looks like) the l1 norm. More

importantly, in a finite dimensional vector space, all con-

tinuous p-norms are equivalent [[45], p. 53], thus the

choice of a specific norm is free. dNote that, due to the

specific definition of the SRL in [13] (i.e., using the same

notation as in [13], δ = cos(uT
1u2))and the restrictive

assumption in [13] (u1 and u2 belong to the same plan),

the SRL as defined in [13] cannot be used in the multidi-

mensional harmonic context. eOne of the necessary condi-

tions regardless the noise pdf is that ω
(p)
1 �= ω

(p)
2
. Meaning

that each parameter of interest w.r.t. to the first signal ω
(p)
1

can be as close as possible to the parameter of interest w.r.

t. to the second signal ω
(p)
2
, but not equal. This is not really

a restrictive assumptions, since in most applications, hav-

ing two or more identical parameters of interest is a zero

probability event [[9], p. 53]. fNote that applying (15) for P

= 1 and for �(Pfa, Pd) = 1, one obtains the Smith criterion

[11]. gWhere O(.) denotes the Landau notation [46]. hOne

should note, that we assumed a uniform linear multi-

array, and the problem is to find the optimal distribution

of the number of sensors on each array. The more general

case, i.e., where the optimization problem considers the

non linearity of the multi-way array, is beyond the scope

of the problem addressed herein.
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Abstract— In this correspondance, we derive the Statistical
Resolution Limit (SRL), characterizing the minimal parameter
separation, to resolve two closely spaced known near-field sources
impinging on nonuniform and lacunar linear arrays. Toward
this goal, we conduct on the first-order Taylor expansion of the
observation model a Generalized Likelihood Ratio Test (GLRT)
based on a Constrained Maximum Likelihood Estimator (CMLE)
of the SRL. More precisely, the minimum separation between
two near-field sources, that is detectable for a given probability of
false alarm and a given probability of detection, is derived herein.
Finally, numerical simulations are done to quantify the impact
of the array geometry, of the signal sources power distribution
and of the array aperture on the statistical resolution limit.

I NDEX TERMS

Statistical resolution limit, near-field, performance analysis.

I. I NTRODUCTION

Passive sources localization by an array of sensors is an
important topic with a large number of applications, such as
sonar, seismology, digital communications, etc. One can find
many estimation schemes adapted to the so-called near-field
source localization (e.g.,[1]–[5]). However, to the best of our
knowledge, no work has been done on the resolvability of
closely spaced near-field sources.

A common tool to characterize the resolvability between
two closely spaced signals is the so-called Statistical Resolu-
tion Limit (SRL). The SRL [6]–[12], defined as the minimal
separation between two signals in terms of parameters of
interest which allows a correct resolvability, is a challenging
problem and an essential tool to quantify estimators perfor-
mance.

The idea herein is to use the detection theory in order to
derive/link the SRL to the probability of false alarm,Pfa
and to the probability of detectionPd. In this spirit Sharman
and Milanfar [9] have studied the problem of distinguishing
whether the observed signal contains one or two frequencies
at a given SNR using the Generalized Likelihood Ratio Test
(GLRT). In [11], Liu and Nehorai defined a statistical angular
resolution limit using the asymptotic equivalence of the GLRT
(in terms of snapshots). Recently, Amar and Weiss [12]
proposed to determine the SRL of complex sinusoids with
nearby frequencies using the Bayesian approach for a given
correct decision probability.

The authors are with Laboratoire des Signaux et Systèmes (L2S), Université
Paris-Sud XI (UPS), CNRS, SUPELEC, 3 rue Joliot Curie, Gif-Sur-Yvette,
91192, France, phone: +331 6985 1763, fax: +331 6985 1765,{elkorso,
remy.boyer, alexandre.renaux, marcos}@lss.supelec.fr. This project is funded
by regionÎle de France and Digeteo Research Park.

It is important to note that all the references listed before
have been conducted in the spectral analysis context or for the
far-field source localization problem. To the best of our knowl-
edge, no study/result is available concerning the near-field
sources localization problem. The goal of this correspondance
is to fill this lack. More precisely, we consider the context of
deriving the SRL for two complex narrow-band time-varying
closely spaced near-field sources using a binary hypothesis test
approach. Since the separation term is an unknown parameter,
it is impossible to design an optimal detector in the Neyman-
Pearson sense [13], [14]. Consequently, the GLRT is applied
herein. The choice of the hypothesis test strategy is motivated
by the following arguments:(1) the SRL based on detection
theory takes into account the statistical coupling between
parameters (unlike the Lee criterion [6]),(2) it exists a
relationship between the SRL based on the Smith criterion
[7] and the SRL based on detection theory in the asymptotic
case [11] (in terms of snapshots). Taking advantage of this
relationship, one could deduce the SRL in the Smith sense,
and finally, (3) unlike the Bayesian approach [12], the use
of the GLRT does not require anyprior knowledge on the
unknown parameter of interest [15]. Consequently, in this
correspondance we derive the SRL for two closely spaced
near-field sources that allows a correct sources resolvability
for nonuniform and lacunar linear arrays following the GLRT
strategy.

II. PROBLEM SETUP AND ASSUMPTIONS

Let us consider a received signal composed of two emitted
near-field and narrow-band sources impinging on a nonuni-
form linear array ofN sensors. The observation model is given
by

yn(t) =

2∑

m=1

sm(t)ejτnm + vn(t), (1)

t = 1, . . . , L, n = 0, . . . , N−1 whereyn(t) andvn(t) denote
the noisy observed signal and the additive noise at the output
of the nth sensor, respectively, whereas,sm(t) denoted the
mth deterministic source signal. The number of snapshots is
denoted byL andτnm is the delay associated with the signal
propagation time from the first sensor to thenth sensor w.r.t.
themth source which is given by [4]

τnm =
2πrm
ν

(√

1 +
d2n
r2m

− 2dn sin θm
rm

− 1

)

(2)

whereν, rm and θm ∈
[
0, π2

]
denote the signal wavelength,

the range and the bearing of themth source, respectively.
The distance between a reference sensors (the first sensor
herein) and thenth sensor is denoted bydn (e.g., in the
case of Uniform Linear Array (ULA),dn = nd whered is
the inter-element space between two successive sensors). It is
well known that, if the source range is inside of the so-called
Fresnel region [4], [16],i.e.,

0.62
(
D3ν

)1/2
< rm < 2D2 (N − 1)2

ν
, (3)
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whereD is the array aperture, then the delayτnm can be
approximated by

τnm = ρmdn + κmd
2
n + o

(
d2n
r2m

)

, (4)

in which ρm = −2π
ν sin(θm) andκm = π

νrm
cos2(θm) denote

the parameters of interest. Neglecting the termo
(
d2n
r2m

)

, the
observation model becomes

yn(t) =
2∑

m=1

sm(t)ej(ρmdn+κmd
2
n) + vn(t). (5)

Consequently, the observation vector can be expressed as

y(t) = [y0(t) . . . yN−1(t)]
T (6)

= [a(ρ1, κ1) a(ρ2, κ2)]s(t) + v(t), (7)

in which v(t) = [v0(t) . . . vN−1(t)]
T , s(t) = [s1(t) s2(t)]

T

and where

[a(ρm, κm)]n+1 = ej(ρmdn+κmd
2
n). (8)

Finally, the full observation vector can be written as

y ∆
= [yT (1) yT (2) . . . yT (L)]T . (9)

Throughout the rest of the correspondance, the following
assumptions are assumed to hold:

• A1. The additive noise is assumed to be a complex
circular white Gaussian random process (uncorrelated
both temporally and spatially) with zero-mean and known
[9] or previously estimated [17] varianceσ2.

• A2. The parametersρc = ρ1+ρ2
2 and κc = κ1+κ2

2
(which represent the center parameters) are assumed to be
known [11] or previously estimated [9]. However, in the
following we prove that this assumption does not affect
the SRL (since the SRL is independent ofρc andκc).

• A3. The sources and the array geometry are known.

III. N EAR-FIELD STATISTICAL RESOLUTION L IMIT

A. Hypothesis test formulation

In the following, we conduct a binary hypothesis test
formulation to derive the SRL. Let the hypothesisH0 represent
the case where the two signal sources combine into one single
signal (i.e., it represents the case of two unresolvable targets),
whereas the hypothesisH1 embodies the situation where the
two signals are resolvable [9], [11], [12]. Then, the hypothesis
test is given by

{

H0 : δ
∆
= 0,

H1 : δ 6= 0,
(10)

where the SRLδ
∆
= [δρ δκ]

T in which δρ = ρ2−ρ1 andδκ =
κ2 − κ1. The Generalized Likelihood Ratio Test (GLRT) is a
well known approach to solve a composite binary hypothesis
test [14]. It is expressed as follows

G(y) = maxδρ,δκ
p(y; δρ, δκ,H1)

p(y;H0)

=
p(y; δ̂ρ, δ̂κ,H1)

p(y;H0)

H1

≷
H0

γ, (11)

in which p(y; .) denotes the pdf ofy ∼ CN (E {y} , σ2I) ,
si = [si(1) . . . si(L)]

T for i = 1, 2, and whereγ, δ̂ρ and
δ̂κ denote the detection threshold, the Maximum Likelihood
Estimate (MLE) underH1 of δρ andδκ, respectively. One can
note that the difficult task to derive the GLRT, is to obtain an
analytical expressions of̂δρ and δ̂κ since the near-field model
is highly nonlinear. The key idea to overcome this problem,
is to consider that a small separation [9]. This assumption
can be argued by the fact the high resolution algorithms have,
asymptotically, an infinite resolving power [18]. Consequently,
in the following, we show that the near-field model can be
linearized by considering small separation onρ andκ.

B. Linearized Near-Field Model

Using parametersρc andκc, a first-order Taylor expansion
of the observation model around(δρ, δκ) = (0, 0) leads to

y = As+ + Dδ + v, (12)

wheres+ = s1 + s2 and D = [Bs− Cs−] in which s− =
s2 − s1 (s1 6= s2). Denoting,d = [d0 d1 . . . dN−1]

T , ⊗
the Kronecker product,⊙ the Hadamard product andIL the
identity matrix of dimensionL× L, we have

A = IL ⊗ a(ρc, κc), (13)

B =
j

2
IL ⊗ (a(ρc, κc)⊙ d) , (14)

and

C =
j

2
IL ⊗ (a(ρc, κc)⊙ d⊙ d) . (15)

C. Constrained MLE (CMLE) of the SRL

Since,ρc, κc, s1 ands2 are known, observation model (12)
can be simplified according to

z ∆
= y − As+ = Dδ + v. (16)

As δ ∈ R
2, one has to find the Constrained MLE (CMLE)

of δ in order to use correctly the GLRT. More precisely, the
constrained optimization problem can be written according to

argmax
δ

L(z, δ) subject to ℑ{δ} = 0, (17)

whereL(z, δ) = ln p(z; δ,H1) is the log-likelihood function,
ℑ{.} denotes the imaginary part. The Lagrange function
adapted to this problem can be defined as

L(δ,ϑ) = L(z, δ)− jϑT

2
(δ − δ∗) (18)

⇒
{
∂L
∂δ = −1

σ2 DT (z− Dδ)∗ − j ϑ2
∂L
∂ϑ = ℑ{δ} ,

(19)
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whereϑ is the Lagrange multiplier. Setting∂L∂δ |δ̂0
= 0 one

has

δ̂0 =
(
DHD

)−1
(

DHz− j

2
σ2ϑ

)

, (20)

where

DHD =
‖s−‖2

4
F (21)

in which

F =

[
f2 f3
f3 f4

]

(22)

and

fi =
N−1∑

n=0

(dn)
i
. (23)

Thus, note thatDHD is a real matrix. Consequently, using
∂L
∂ϑ |ϑ0

= 0 and (20), one obtains

ϑ0 =
2

σ2
ℑ
{

DHz
}
. (24)

Plugging (24) into (20) one obtains

δ̂ =
(
DHD

)−1 ℜ
{

DHz
}
. (25)

D. Near-field SRL derivation

In the light of the above framework, the new binary hypoth-
esis test is given by

{

H0 : z = v,
H1 : z = Dδ + v.

(26)

The GLRT is then expressed as,

G(z) =
p(z; δ̂,H1)

p(z;H0)
= e

(

‖z‖2

σ2 −‖z−Dδ̂‖2

σ2

)

H1

≷
H0

η′. (27)

Thus,

lnG(z) =
1

σ2

(

zHDδ̂ + δ̂
T

DHz− δ̂TDHDδ̂
)

. (28)

Plugging (25) into (28), one obtains

lnG(z) =
1

σ2
ℜ
{

zHD
} (

DHD
)−1 ℜ

{
DHz

}
. (29)

Let us define the new statistic

T (z) ∆
= 2 lnG(z)

H1

≷
H0

η = 2 ln η′. (30)

According to the Appendix, one obtains

T (z) ∼
{

χ2
2(0) = χ2

2 underH0,

χ2
2 (λ(Pfa, Pd)) underH1,

(31)

where χ2
2 and χ2

2 (λ(Pfa, Pd)) denote the central and the
non-central chi-square distribution of2 degrees of freedom,
respectively, in which

λ(Pfa, Pd) =
2 ‖s−‖2
σ2

δTFδ. (32)

Moreover, the probability of false alarm and the probability of
detection are given by

Pfa = Qχ2
2
(η) (33)

and
Pd = Qχ2

2(λ(Pfa,Pd))(η), (34)

whereQχ2
2
(η) andQχ2

2(λ(Pfa,Pd))(η) denote the right tail of
theχ2

2 andχ2
2(λ(Pfa, Pd)) pdf starting fromη. Thus, the non-

centrality parameterλ(Pfa, Pd) can also be expressed as the
solution of

Q−1
χ2
2
(Pfa) = Q−1

χ2
2(λ(Pfa,Pd))

(Pd), (35)

whereQ−1
χ2
2

andQ−1
χ2
2(λ(Pfa,Pd))

are the inverse of the right tail

of theχ2
2 andχ2

2(λ(Pfa, Pd)) pdf. Consequently, one can state
the following results:

Result 1: The relationship between the SRL and the min-
imum SNR required to resolve two non-orthogonal closely
spaced known near-field sources, is given by

SNR
∆
=

‖s1‖2 + ‖s2‖2
σ2

= λ(Pfa, Pd)
‖s1‖2 + ‖s2‖2

2 ‖s−‖2 δTFδ
� (36)

Result 2: The relationship between the SRL and the mini-
mum SNR required to resolve two orthogonal (i.e.,sH1 s2 = 0)
closely spaced known near-field sources, is given by

SNRo =
λ(Pfa, Pd)

2δTFδ
, (37)

since||s−||2 = ||s1||2 + ||s2||2. �
Note thatSNRo is invariant in comparison with the source

powers.

IV. SIMULATION RESULTS

Two complex near-field narrow-band sources belonging to
the so-called Fresnel region are impigng on a linear array (the
geometry is detailled of each scenarios). The probability of
false alarm and the probability of detection are, for example,
setted toPfa = 0.01 andPd = 0.99.

• From Result 1, one can notice that the SRL does not
depend on the parametersρc andκc. Furthermore, from
the Craḿer-Rao bound point of view, one can easily prove
that the CRB w.r.t.ρ1 and ρ2 (or, κ1 and κ2), for two
known signal sources, depends only onδρ and δκ and
does not depend directly onρ1 and ρ2 (or, κ1 and κ2)
themselves (i.e., CRB(ρi) = f(δρ, δκ) and CRB(κi) =
f ′(δρ, δκ)). Consequently, since the estimation accuracy
depends only on the parameter separation, it is natural
to expect that the SRL does not depend onρc or κc.
Indeed, and as expected, from Fig. 1 one notices that the
SRLs using the exact valuesρc andκc and the estimated
values ρ̂c and κ̂c are the same. One concludes that the
assumptionA2 is not restrictive at all.

• On the other hand we consider now, the ratio ofSNRo,
given in (37), over theSNR, given in (36). Assuming
the same signal sources power in the orthognal and non-
orthogonal cases, one obtains

SNRo
SNR

=
‖s1‖2 + ‖s2‖2 − 2ℜ

{
sH2 s1

}

‖s1‖2 + ‖s2‖2
.
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Fig. 1. The required SNR to resolve two known closely spaced near-field
sources using the exact and the estimated (using the 2D-MUSIC algorithm
[5]) parametersρc and κc, for an ULA of N = 7 sensors withL = 25
snapshots. The same behavior is noticed w.r.t.δκ.

For example, in the case of Binary Phase-Shift Keying
(BPSK) [19] SNRo > SNRas shown in Fig. 2. The gain
is around3 dB. The necessary and sufficient condition to
haveSNRo < SNRis ℜ

{
sH2 s1

}
> 0.

Fig. 2. The required SNR to resolve two closely spaced BPSK near-field
sources in the case of real orthogonal signal sources and non orthogonal signal
sources, for an ULA ofN = 7 sensors withL = 25 snapshots. The same
behavior is noticed w.r.t.δκ.

• Finally, we study the impact of nonuniform array ge-
omtries on the SRL. Different configurations are consid-
ered herein as shown in Table I; type1 configuration were
the three missing sensors causes a diminution of the array
aperture; type2 and type3 two any configurations where
the three missing sensors do not affect the array aperture;
and the filled ULA configuration. From Fig. 3, one can
deduce that a loss of sensors has an important impact on
the SRL if the sensors are located in the extremity of the
array (this loss is around2.5 dB). However, this problem
is largely mitigated if the missing sensors do not modify
the array aperture. Nevertheless, note that it is preferable
to remove the sensors located near the origin sensors (i.e.,
to maximizefi ,i ∈ {2, 3, 4} in (36)).

V. CONCLUSION

In this correspondance, we have derived the Statistical
Resolution Limit (SRL) for two closely spaced near-field time-
varying narrowband known sources observed by a linear array
(possibly lacunar/nonuniform). Toward this goal, we have
conducted a first-order Taylor expansion of the observation
model and a Generalized Likelihood Ratio Test (GLRT) based
on a Constrained Maximum Likelihood Estimator (CMLE) of
the SRL. This analysis provides useful information concerning
the behavior of the SRL and the minimum SNR required
to resolve two closely spaced near-field sources for a given
probability of false alarm and a given probability of detection.
In this way, the SRL has been analyzed with respect to the
power signal sources distribution and the array aperture.

Array type Array configuration
Type 1 ◦ • • ◦ • • • • ◦
Type 2 • ◦ • ◦ • ◦ • • •
Type 3 • ◦ ◦ ◦ • • • • •
ULA • • • • • • • • •

TABLE I

DIFFERENT ARRAY GEOMETRIES WHERE• AND ◦ DENOTE THE POSITION

OF SENSORS AND MISSING SENSORS, RESPECTIVELY. THE

INTER-ELEMENT DISTANCE ISd = ν
4

.

Fig. 3. The required SNR to resolve two known closely spaced near-field
sources for different array geometries (see Table 1) withL = 100 snapshots,
(top) for a fixedδκ = 0.001, (bottom)for a fixedδρ = 0.001.

APPENDIX

The aim of this appendix is to find the distribution ofT (z)
underH0 andH1. Toward this end, we first begin by deriving
the covariance matrix ofℜ

{
DHz

}
denoted byCℜ{DHz}.

Since

ℜ
{

DHz
}
∼ N

(

E
{
ℜ
{

DHz
}}

,Cℜ{DHz}
)

,

one has,

Cℜ{DHz} = E
{

ℜ
{

DHv
}
ℜ
{

DHv
}T
}

= E
{

αβT
}

, (38)

where
α = ℜ

{
DH
}
ℜ{v} − ℑ

{
DH
}
ℑ{v} (39)

and
βT = ℜ

{
vT
}
ℜ{D∗} − ℑ

{
vT
}
ℑ{D∗} . (40)

Sincev is a complex white Gaussian circular noise, thus

E
{

ℜ{v}ℜ {v}T
}

= E
{

ℑ{v}ℑ {v}T
}

=
σ2

2
I (41)

and

E
{

ℜ{v}ℑ{v}T
}

= E
{

ℑ{v}ℜ{v}T
}

= 0. (42)
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Thus, (38) becomes

Cℜ{DHz} =
σ2

2
×
(
ℜ
{

DH
}
ℜ{D∗}+ ℑ

{
DH
}
ℑ{D∗}

)

(43)

=
σ2

2
DHD. (44)

Consequently,T (z) can be written as

T (z) = źTC−1
ź ź. (45)

where the Gaussian random variableź is given by ź =
ℜ
{

DHz
}

andCź denotes the covariance matrix of the random
variableź. Thus, from (45), one can notice that

T (z) ∼ χ2
2(λ(Pfa, Pd)), (46)

whereχ2
2(λ(Pfa, Pd)) denotes the non-central distribution of

two degree of freedom in which the non-centrality parameter
is given by

λ(Pfa, Pd) = E {ź}T C−1
ź E {ź} =

2 ‖s−‖2
σ2

δTFδ. (47)

Finally, one obtains

T (z) ∼
{

χ2
2(0) = χ2

2 underH0,

χ2
2 (λ(Pfa, Pd)) underH1,

which concludes the proof.
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Abstract—During the last decade, Multi-Input Multi-Ouput
(MIMO) radar has received an increasing interest. One can
find several estimation schemes in the literature related to the
direction of arrivals and/or direction of departures, but their
ultimate performance in terms of the Statistical Resolution Limit
(SRL) have not been fully investigated. In this correspondence, we
fill this lack. Particulary, we derive the SRL to resolve two closely
spaced targets in clutter interference using a MIMO radar with
widely separated antennas. Toward this end, we use a hypothesis
test formulation based on the Generalized Likelihood Ratio Test
(GLRT). Furthermore, we investigate the link between the SRL
and the minimum Signal-to-Noise Ratio (SNR) required to resolve
two closely spaced targets for a given probability of false alarm
and for a given probability of detection. Finally, theoretical and
numerical analysis of the SRL are given for several scenarios
(with/without clutter interference, known/unknown parameters
of interest and known/unknown noise variance).

INDEX TERMS

Statistical resolution limit, MIMO radar, performance analysis,

clutter interference.

I. INTRODUCTION

Based on the attractive Multi-Input Multi-Ouput (MIMO)

communication theory, the MIMO radar has received an in-

creasing interest [1]. The advantage of the MIMO radar is to

use multiple antennas to simultaneously transmit several non-

coherent known waveforms and to exploit multiple antennas

to receive the reflected signals (echoes).

One can find a plethora of algorithms for target localization us-

ing a MIMO radar and some related lower bounds (see [1]–[4]

and references therein). However their ultimate performance in

terms of the Statistical Resolution Limit (SRL) has not been

fully investigated. The SRL [5]–[8], defined as the minimal

separation between two signals in terms of the parameter of

interest allowing a correct source resolvability, is an essential

tool to quantify the estimator performance.

Among all the different approaches to characterize the SRL,

one can find three families. i) The first one is based on the

null spectrum [9], [10]. However, this criterion is only relevant

to a specific high-resolution algorithm. ii) The second one

is based on the estimation accuracy [5], [11], [12]. Indeed,

since the Cramér-Rao Bound (CRB) expresses a lower bound

on the covariance matrix of any unbiased estimator, then it

expresses also the ultimate estimation accuracy. Consequently,

it could be used to describe/obtain the SRL. For example,

The authors are with Laboratoire des Signaux et Systèmes (L2S), Université
Paris-Sud XI (UPS), CNRS, SUPELEC, 3 rue Joliot Curie, Gif-Sur-Yvette,
91192, France, phone: +331 6985 1763, fax: +331 6985 1765, {elkorso,
remy.boyer, alexandre.renaux, marcos}@lss.supelec.fr. This project is funded

by region Île de France and Digeteo Research Park. This work was partially
presented during the ICASSP’11 Conference.

in this context, the Smith criterion states that two signals

are resolvable if the separation (between the parameters of

interest), is less than the standard deviation of the separation

estimation [5]. iii) The last one is based on detection theory

using a hypothesis test formulation [7], [8], [13]. The main

idea is to decide if one or two closely spaced signals are

present in the set of the observations. Consequently, in this

context, the challenge is to link the minimum separation,

between two targets, that is detectable at a given SNR (for

a given probability of false alarm and a given probability of

detection).

Several works have been done on the SRL and most of them in

the context of spectral analysis and/or far field source local-

ization ( [5], [7]–[13] and the references therein). However,

in the MIMO radar context, to the best of our knowledge,

no results are available (expcet in [14] where one can find

the asymptotic SRL, using the Smith criterion, for the co-

located MIMO radar without clutter interference and with a

prior knowledge on the target and the radar cross-section).

The goal of this paper is to derive the SRL for two targets

imbedded in clutter interference. We consider a MIMO radar

with widely separated arrays (i.e., where the transmitter and

the receiver are far enough so that they do not share the

same angle variable [2], [4]). The cases of known/unknown

parameters of interest and known/unknown nuisance parame-

ters with/without clutter interference are studied. The strategy

adopted in this correspondence is the use of the hypothesis test

formulation (more precisely, the Generalized Likelihood Ratio

Test (GLRT)). This choice is motivated by the nice property

of the GLRT (i.e., it is an asymptotically Uniformly Most

Powerful (UMP) test among all the invariant statistical tests

[15], which is the strongest statement of optimality that one

could expect to obtain). Furthermore, in this work, it is shown

that the proposed test has the same behavior compared to the

(ideal) clairvoyant detector in the Neyman-Pearson sense.

Consequently, in this paper, we derive closed form expressions

of the SRL in known/unknown parameters of interest and

known/unknown nuisance parameters. Finally, theoretical and

numerical analysis of the SRL are given for several scenarios.

II. PROBLEM SETUP

A. Observation model

The output of a MIMO radar with widely spaced arrays

where M targets are present is modelled for the ℓ-th pulse as

follows [4]:

Xℓ =
M∑

m=1

ρme
2iπfmℓaR(ω(R)

m )aT (ω
(T )
m )TS +W ℓ,

ℓ ∈ [0 : L − 1] where L, ρm and fm denote the number of

samples per pulse period, a complex coefficient proportional

to the Radar Cross-Section (RCS) and the normalized Doppler

frequency of the m-th target, respectively. Let T , NT and

NR denote the number of snapshots, the number of sensors

at the transmitter and the receiver, respectively1. Then, the

1In the following, the upper/sub-script calligraphic letters T and R denote
the transmitter and the receiver part, respectively.
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known NT × T signal source matrix is defined by S =
[
s0 . . . sNT −1

]T
where sNt

=
[
sNt

(1) . . . sNt
(T )
]T

,

Nt ∈ {0, . . . , NT − 1}, whereas, the NR × T noise matrix

for the ℓ-th pulse is denoted W ℓ. The transmitter steering

and receiver steering vectors are denoted aT (.) and aR(.).
The i-th elements of these steering vectors are given by

[aT (ω
(T )
m )]i = ejω

(T )
m d

(T )
i and [aR(ω

(R)
m )]i = ejω

(R)
m d

(R)
i

where ω
(T )
m = 2π

ν sin(ψm) and ω
(R)
m = 2π

ν sin(θm) in which

ψm is the angle of the target with respect to the transmit

array (i.e., Direction Of Departures (DOD)), where θm is the

angle of the target with respect to the reception array (i.e.,

Direction Of Arrivals (DOA)), and where ν is the wavelength.

The distance between a reference sensors (the first sensor

herein) and the i-th sensor is denoted by d
(T )
i and d

(R)
i for

the transmission and the reception arrays, respectively2.

The diversity of the MIMO radar in terms of waveform

coding allows to transmit orthogonal waveforms [2], such that,

SSH = S∗ST = TINT
. After matched filtering [16], one

obtains

Y ℓ =
1√
T
XℓS

H

=

M∑

m=1

αme
2iπfmℓaR(ω(R)

m )aT (ω
(T )
m )T +Zℓ,

where αm =
√
Tρm and where Zℓ =

1√
T
W ℓS

H denotes the

noise matrix after the matched filtering. It is straightforward

to rewrite the above matrix-based expression as a vectorized

CanDecomp/Parafac [17], [18] model of dimension P = 3 ac-

cording to y = [vec(Y 0)
T . . . vec(Y L−1)

T ]T = x+z, where

vec denotes the vectorization operator, z = [zT0 . . . z
T
L−1]

T

with zℓ = vec(Zℓ) and

x =
M∑

m=1

αmgm, (1)

in which c(fm) = [1 e2iπfm . . . e2iπfm(L−1)]T , gm =(

c(fm)⊗ aT (ω
(T )
m )⊗ aR(ω

(R)
m )

)

and where ⊗ denotes the

Kronecker product.

B. Statistic of the observations

Assuming that the noise interferences (before the matched

filtering) are complex circular Gaussian independent and

identically distributed samples with zero-mean and a co-

variance matrix σ2I [1] and, thanks to the waveforms or-

thogonality, one can notice that E(zℓz
H
ℓ ) = 1

T (S
∗ ⊗

INR
)E(vec(W ℓ)vec(W ℓ′)

H)(ST ⊗ INR
) = σ2INTNR

and

that E(zℓz
H
ℓ′ ) = 0 for ℓ 6= ℓ′. Thus, E(zzH) = σ2ILNTNR

.

Consequently, the observation follows a complex circular

Gaussian distribution y ∼ CN (x, σ2ILNTNR
).

III. DETECTION APPROACH

Without loss of generality, in the remain of the paper,

we consider that the targets of interest are the first and the

2e.g., in the case of Uniform Linear Transmission Array (ULTA), d
(T )
i =

(i − 1)dT where dT is the inter-element space between two successive
transmission sensors

second one. The M−2 remaining targets consist of the clutter

interference.

A. Hypothesis test formulation

Resolving two closely spaced sources, with respect to their

parameter of interest ω
(T )
m and ω

(R)
m , can be formulated as a

binary hypothesis test (see [7], [8], [13], [19] and references

therein). The hypothesis H0 represents the case where the

two emitted signal sources are combined into one signal,

whereas the hypothesis H1 embodies the situation where the

two signals are resolvable. Thus, one obtains the following

binary hypothesis test:
{

H0 : (δR, δT ) = (0, 0),

H1 : (δR, δT ) 6= (0, 0),
(2)

where the so-called Local SRLs (LSRL) are given by δT
∆
=

ω
(T )
2 − ω

(T )
1 and δR

∆
= ω

(R)
2 − ω

(R)
1 . Since the LSRLs

are unknown, it is impossible to design an optimal detector

in the Neyman-Pearson sense. Alternatively, the Generalized

Likelihood Ratio Test (GLRT) [15] is a well known approach

appropriate to solve such a problem. The GLRT statistic

is expressed as G(y) = p(y;δ̂R,δ̂T ,ρ̂1,H1)
p(y;ρ̂0,H0)

≷H1

H0
η′, in which

p(y; ρ̂0,H0) and p(y; δ̂R, δ̂T , ρ̂1,H1) denote the probability

density functions of the observation under H0 and H1, re-

spectively. η′, δ̂R, δ̂T and ρ̂i denote the detection threshold,

the Maximum Likelihood Estimate (MLE) of δR and δT under

H1 and the MLE of the parameter vector ρi (containing all

the unknown nuisance and/or unwanted parameters) under

Hi, i = 0, 1, respectively.

One can easily see that the derivation of δ̂R and δ̂T
is a nonlinear optimization problem which is analytically

intractable. Using the fact that the separation is small [7], [8],

[13], [19], [20] (this assumption can be argued by the fact that

the high resolution algorithms have asymptotically an infinite

resolution power), one can approximate the model (1) into a

model which is linear w.r.t. the unknown parameters.

B. Linear form of the MIMO model

First, let us introduce the so-called center parameters

ω
(T )
c

∆
=

ω
(T )
1 +ω

(T )
2

2 and ω
(R)
c

∆
=

ω
(R)
1 +ω

(R)
2

2 . Second, as in

[7], [13], [19] we use the first order Taylor expansion of (1)

around δT = 0 and δR = 0, thus, one obtains aT (ω
(T )
1 ) =

aT (ω
(T )
c ) − j

2δT ȧT (ω
(T )
c ), aR(ω

(R)
1 ) = aR(ω

(R)
c ) −

j
2δRȧR(ω

(R)
c ), aT (ω

(T )
2 ) = aT (ω

(T )
c ) + j

2δT ȧT (ω
(T )
c ) and

aR(ω
(R)
2 ) = aR(ω

(R)
c ) + j

2δRȧR(ω
(R)
c ), where ȧT (.)

∆
=

aT (.)⊙ dT , and ȧR(.)
∆
= aR(.)⊙ dR and where ⊙ denotes

the Hadamard product, dT = [d
(T )
0 d

(T )
1 . . . d

(T )
N−1]

T and

where dR = [d
(R)
0 d

(R)
1 . . . d

(R)
N−1]

T . Thus, one can rewrite

the observation model as

y = Ǧζ̆ + Ďα̌+ z, (3)

where the (LNTNR) × 4 matrix Ǧ is defined as Ǧ =
[
̺1 ̺2 ̺3 ̺4

]
, in which ̺1 = c(f) ⊗ aT (ω

(T )
c ) ⊗

aR(ω
(R)
c ), ̺2 = c(f) ⊗ aT (ω

(T )
c ) ⊗ ȧR(ω

(R)
c ), ̺3 =
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c(f)⊗ ȧT (ω
(T )
c )⊗aR(ω

(R)
c ), and ̺4 = c(f)⊗ ȧT (ω

(T )
c )⊗

ȧR(ω
(R)
c ). The unknown 4× 1 parameter vector is given by

ζ̆ =







α1 + α2
j
2δR(α2 − α1)
j
2δT (α2 − α1)

−1
4 δRδT (α1 + α2)






,

whereas Ď =
[
g3 . . . gM

]
and ᾰ =

[
α3 . . . αM

]T
.

Rearranging (3), one obtains

y = Gζ +Dα+ z, (4)

where G =
[
̺2 ̺3 ̺4

]
, the clutter interference D =

[
̺1 g3 . . . gM

]
, α =

[
α1 + α2 α3 . . . αM

]T
and

ζ = j
2

[
δR(α2 − α1) δT (α2 − α1)

j
2δRδT (α1 + α2)

]
.

C. Assumptions

Throughout the rest of the paper, the following assumptions

are assumed to hold:

A1) The parameters ω
(T )
c and ω

(R)
c (which represent the

center parameters) are assumed to be known [8] or previously

estimated [7].

A2) For sake of simplicity the Doppler frequency f1 and

f2 are assumed to be equal to f (possibly equal to zero).

Nevertheless, numerical simulations will show that the derived

SRL (with equal Doppler frequency assumption) has the same

behavior compared to the clairvoyant detector.

A3) Finally, the clutter interference D is known or pre-

viously estimated [21]. However, one should note that αm,

i = 1 . . .M are considered as unknown unequal deterministic

complex parameters.

One should note that the case of f1 6= f2, the case of

unknown ω
(T )
c , the case of unknown ω

(R)
c and the case

of unknown clutter interference D leads to an untractable

solution of the GLRT and, consequently, is beyond the scope

of this paper.

In the following, we use the linear form of the signal model

(4). Both cases of known and unknown noise variance will be

considered.

IV. DERIVATIONS AND ANALYSIS OF THE SRL

A. Case of a known noise variance

1) Case of two targets with interference clutter: We con-

sider the case where two closely spaced targets are imbedded

into clutter interference. The noise variance is assumed to be

known. Consequently, using the linear form in (4), the binary

hypothesis test in (2) can be re-formulated as follows
{

H0 : y =Dα+ z ∼ CN (Dα, σ2I),

H1 : y = Gζ +Dα+ z ∼ CN (Gζ +Dα, σ2I).
(5)

Based on (5), the unconstrained MLEs of the unknown

parameters are given by [22]:

ζ̂ = (GHP⊥
DG)−1GHP⊥

Dy, (6)

α̂H0 = (DHD)−1DHy, (7)

α̂H1 = (DHP⊥
GD)−1DHP⊥

Gy, (8)

where P⊥
D , I − PD, in which PD denotes the orthogonal

projector onto the subspace spanned by the columns of the

matrix D.

Consequently, the MLEs of the noise vector are given by

{

ẑH0
= y −Dα̂ = P⊥

Dy under H0,

ẑH1 == P⊥
[GD]y under H1,

(9)

where the oblique projectors EGD and EDG are de-

fined as EGD = G(GHP⊥
DG)−1GHP⊥

D and EDG =
D(DHP⊥

GD)−1DHP⊥
G [23]. Now, we are ready to use the

statistic T ′(y) of the GLRT which is defined as follows

T ′(y)
∆
= 2 lnG(y) =

2

σ2

(

‖ẑH0‖2 − ‖ẑH1‖2
)

(10)

=
2

σ2
yH
(

P⊥
D − P⊥

[GD]

)

y. (11)

Using [24, eq (3.7)] and [22, eq (19)], one has P⊥
D−P⊥

[GD] =

P⊥
DEGDP

⊥
D = PP⊥

D
G. Thus,

T ′(y) =
2

σ2
yHPP⊥

D
Gy. (12)

Let PP⊥
D
G = UUH be any orthogonal decomposition [25]

of the projector PP⊥
D
G such that UHU = I and define an

auxiliary random variable ỹ = UHy. One should note that

{

ỹ = UHz ∼ CN (0, σ2I) under H0,

ỹ = UHGζ +UHz ∼ CN (UHGζ, σ2I) under H1.
(13)

Consequently,

T ′(y) ∼
{

χ2
2r under H0,

χ2
2r(λK (Pfa, Pd)) under H1,

(14)

in which Pfa and Pd denote the probability of false alarm and

the probability of detection, respectively, where the subscript

K stands for the case of Known noise variance, χ2
2r and

χ2
2r (λK (Pfa, Pd)) denote the central and the non-central chi-

square distribution with 2r degrees of freedom, respectively,

in which r = trace(PP⊥
D
G) = rank(PP⊥

D
G) = LNTNR −

M + 1 [26]. The non-centrality parameter is given by

λK(Pfa, Pd) =
ζHGHUUHGζ

σ2/2
=

2ζHGHPP⊥
D
GGζ

σ2
.

(15)

Note that λK(Pfa, Pd) can be numerically computed as

the solution of Q−1
χ2
2r
(Pfa) = Q−1

χ2
2r(λK(Pfa,Pd))

(Pd), where

Qχ2
2r
(.) and Qχ2

2r(λK(Pfa,Pd))(.) denote the right tails of the

pdf χ2
2r and the pdf χ2

2r(λK (Pfa, Pd)), respectively.

Result 1: The minimum SNR required to resolve two closely

spaced targets in clutter interference in the known noise

variance case is given by

SNRK
∆
=

trace
{

SSH
}

Tσ2
=

NT λK (Pfa, Pd)

2ζHGHPP⊥
D
GGζ

=
NT λK (Pfa, Pd)

2
∥
∥
∥U

HGζ
∥
∥
∥

2 .

(16)
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2) Case of two targets without interference: The case

of two targets without interference can be deduced from the

previous result. First, note that without interference the matrix

D becomes a column vector equal to ̺1. Second, using [22,

eq (19)], one has

GHP⊥
P ̺1

GG = GH
(

P⊥
̺1

− P⊥
[̺1G]

)

G (17)

= GH

(

P [̺1G] −
̺1̺

H
1

LNTNR

)

G = L

(

Φ− 1

NTNR
κκT

)

,

(18)

where Φ =





f0,2 f1,1 f1,2
f1,1 f2,0 f2,1
f1,2 f2,1 f2,2



, κ =
[
f0,1 f1,0 f1,1

]H
, in

which fp,q =
∑NT

nt=1

(

d
(T )
nt

)p∑NR

nr=1

(

d
(R)
nr

)q

. By denoting

K
△
= 1

NT

(

Φ− 1
NTNR

κκT
)

and by plugging (18) into (16),

one obtains:

Result 2: The relationship between the SRL (δT and δR)

and the minimum SNR, required to resolve two closely spaced

sources, is then given by

SNRK =
λK (Pfa, Pd)

2LζHKζ
. (19)

3) Case of two targets without interference and with

symmetric arrays: By symmetric arrays we mean fp,1 =
f1,p = 0, ∀p. The expression of the minimum SNR (required

to resolve two closely spaced targets) becomes more compact

as follows:

Result 3: The relationship between the SRL (δT and δR)

and the minimum SNR, required to resolve two closely spaced

targets, for symmetric arrays is then given by

SNRKsym =
2NT λK (Pfa, Pd)

L
(

(δ2R + δ2T ) (α2 − α1)
2
+ δ2Rδ

2
T (α2 + α1)

2
) .

B. Case of unknown noise variance

1) Case of two targets with interference clutter: One can

extend the latter analysis to the case of unknown noise variance

σ2. The observations under each hypothesis are given by
{

H0 : y =Dα+ z ∼ CN (Dα, σ2I), σ2 > 0

H1 : y = Gζ +Dα+ z ∼ CN (Gζ +Dα, σ2I), σ2 > 0.
(20)

Consequently, from (20), the GLRT is given by

G(y) =
σ̂2
0

σ̂2
1

=
||ẑH0

||2
||ẑH1 ||2

, (21)

where the MLE of the noise variance under each hypothesis

is given by [27]

σ̂2
i =

1

NL
||ẑHi ||2, i = 0, 1. (22)

After some straightforward derivations, one obtains
{

ẑH0
= y −Dα̂H0

= P⊥
Dy under H0,

ẑH1
== P⊥

[GD]y under H1,
(23)

where ζ̂, α̂H0
and α̂H1

are given by (6), respectively. In this

case it is more convenient to define the statistic T ′′(y) as

follows

T ′′(y)
∆
= (lnG(y))

1
NL − 1 =

T ′(y)

N(y)
(24)

where N(y) = 2
σ2y

HP⊥
[GD]y. In addition, using any or-

thogonal decomposition [25], one has P⊥
[GD] = U ′U ′H .

Consequently, N(y) = 1
σ2 ||ȳ||2, in which ȳ = U ′Hy. Thus,

T ′′(y) =
||ỹ||2
||ȳ||2 , (25)

and {

ȳ = U ′Hz ∼ CN (0, σ2I) under H0,

ȳ = U ′Hz ∼ CN (0, σ2I) under H1,

then, {

N(y) ∼ χ2
2r′ under H0,

N(y) ∼ χ2
2r′(0) under H1,

where r′ = trace(P⊥
[GD]) = rank(P [GD]) = LNTNR−(M+

2).
Furthermore, one can notice that the random variables ||ȳ||2

and ||ỹ||2 are independent3. Consequently, a new statistic

V (y) can be introduced as follows

V (y)
∆
=
r′

r
T ′′(y) ∼

{

F2r,2r′ under H0,

F2r,2r′(λU (Pfa, Pd)) under H1,
(26)

where F2r,2r′ and F2r,2r′(λU (Pfa, Pd)) denote the F central

and non-central distributions [15], respectively, with 2r and

2r′ degrees of freedom, in which the non-centrality parameter

is given by

λU(Pfa, Pd) =
2ζHGHPP⊥

D
GGζ

σ2
. (27)

Once again, note that the non-centrality parameter

λU(Pfa, Pd) can be computed numerically as the solution of

Q−1
F2r,2r′

(Pfa) = Q−1
F2r,2r′ (λU(Pfa,Pd))

(Pd), where Q−1
F2r,2r′

(.)

and Q−1
F2r,2r′ (λU(Pfa,Pd))

(.) denote the right tails of the pdf

F2r,2r′ and F2r,2r′(λU(Pfa, Pd)), respectively.

Result 4: The SNR threshold with respect to the SRL (δT
and δR) required to resolve two closely spaced targets in

the presence of clutter interference and with unknown noise

variance, is given by

SNRU =
NT λU (Pfa, Pd)

2
∥
∥
∥U

HGζ
∥
∥
∥

2 . (28)

3Since E(ȳ) = 0 under H0 and H1, one has

Cov(ȳ, ỹ) = E(ȳỹH) = U ′HE(yyH)U =
U ′HU ′U ′HE(yyH)UUHU = U ′HP⊥

[GD]E(yyH)P
P⊥

D
G
U =

U ′H

(

σ2P⊥
[GD]PP⊥

D
G

+
(

P⊥
[GD]e

)(

P
P⊥

D
G
e
)H

)

U where

e = Gζ + Dα under H1 and e = Dα under H0. Noting
that P⊥

[GD]e = 0, and P⊥
[BD]PP⊥

D
B

= P⊥
D
(P⊥

D
EBD −

EBDP
⊥
D
EBD)P⊥

D
= (P⊥

D
EBD − P⊥

D
EBDP

⊥
D
EBD)P⊥

D
=

(P⊥
D
EBD − P⊥

D
EBD)P⊥

D
= 0. Consequently, Cov(ȳ, ỹ) = 0.

Meaning that ȳ and ỹ are uncorrelated. Thus, they are independent in the
normal distribution case. Consequently, it is straightforward to conclude that
‖ȳ‖2 and ‖ỹ‖2 are also independent.
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2) Case of two targets without interference: The case

of two targets without interference can be deduced from the

previous result. Using the same steps as in subsection A.2,

one obtains

Result 5: The relationship between the SRL (δT and δR)

and the minimum SNR, required to resolve two closely spaced

targets with unknown noise variance, is then given by

SNRU =
λU (Pfa, Pd)

2LζHKζ
. (29)

3) Case of two targets without interference and with

symmetric arrays: Once again, since fp,1 = f1,p = 0, ∀p,

for symmetric arrays, one has:

Result 6: The relationship between the SRL (δT and δR)

and the minimum SNR, required to resolve two closely spaced

targets with unknown noise variance and for symmetric arrays

is given by

SNRUsym
=

2NT λU (Pfa, Pd)

L
(

(δ2R + δ2T ) (α2 − α1)
2
+ δ2Rδ

2
T (α2 + α1)

2
) .

C. The ideal (clairvoyant) detector

In the previous results we have derived the SRL using the

GLRT because the Neyman-Pearson test cannot be conducted

due to the fact that δ is an unknown parameter. Thus, it

is interesting to compare SNRK and SNRU with the SNR

associated to the clairvoyant Neyman-Pearson test (where all

the parameter are known, i.e., αm, m = 1 . . .M and even

δT and δR). Toward this aim, one can consider the new

observation vector y′ ∆
= y − (α1 + α2)c(f) ⊗ aT (ω

(T )
c ) ⊗

aR(ω
(R)
c ). Thus, it can be shown that y′ = GP TPζ + z,

where P = [0 I3] leading to the following binary hy-

pothesis test

{

H0 : y′ = z,

H1 : y′ = GP T ζ + z,
.The latter hypothesis

test is a detection problem of a known deterministic signal

imbedded in a complex white Gaussian noise with known

variance. This is the so-called mean-shifted Gauss-Gauss de-

tection problem such that TC(y
′) ∼

{

H0 : CN (0, σ
2E
2 )

H1 : CN (E , σ2E
2 )

[15], where the subscript C stands for the Clairvoyant case,

and where E = ζHPGHGP T ζ = ζHΦζ. On the other

hand, the detection performance are given by λC(Pfa, Pd) =
(
Q−1 (Pfa)−Q−1 (Pd)

)2
, in which λC denotes the so-called

deflection coefficient, whereas Q−1(.) is the inverse of the

right tail of the probability function for a Gaussian ran-

dom variable with zero mean and unit variance, whereas

λC(Pfa, Pd) = 2E
σ2 [15, p. 103]. Consequently, denoting

K ′ = 1
NT

Φ, one has

Result 7: The relationship between ζ and the minimum

SNR, required to resolve two closely spaced sources in the

optimal (clairvoyant) case, is then given by

SNRC =
λC (Pfa, Pd)

2LζHK ′ζ
. (30)

The next section is devoted to the theoretical and numerical

analysis of the SRL (or equivalently their corresponding

minimal SNRs, i.e., SNRK, SNRU and SNRC).

Fig. 1. The LSRL versus the required SNR to resolve two closely spaced
targets for L = 4 samples per pulse period, ULA at the transmitter and at
the receiver with NT = NR = 4 and T = 100 snapshots.

V. ANALYSIS OF THE SRL AND SIMULATIONS RESULTS

A. Effect of the prior on the noise variance and/or the SRL

Let us compare the derived SNR i) in the clairvoyant case,

ii) in the unknown parameters with known noise variance case

and iii) and in the unknown parameters with unknown noise

variance case. On one hand, from (19), (29) and (30) one

obtains

SNRC

SNRK
= ρ

λC(Pfa, Pd)

λK(Pfa, Pd)
where ρ =

ζHKζ

ζHK ′ζ
(31)

and
SNRK

SNRU
=
λK(Pfa, Pd)

λU(Pfa, Pd)
. (32)

On the other hand, note that: P1) for any Pd > Pfa
one has λC(Pfa, Pd) < λK(Pfa, Pd) < λU(Pfa, Pd) [7].

P2) let us set κ0 = Q∗κ/
√
NTNR, in which Q =

diag
{
j
2 (α2 − α1),

j
2 (α2 − α1),

1
4 (α1 + α2)

}
. Then the Her-

mitian matrix Ω =K ′−K = κ0κ
H
0 is a positive semi-definite

matrix. Thus, ρ ≤ 1. Consequently, from (31), (32), P1 and

P2 one deduces, as expected, that for fixed Pfa and Pd (such

that Pd > Pfa) one has SNRC < SNRK < SNRU. In Fig. 1

we have reported the LSRL δR in the clairvoyant, the known

noise variance and the unknown noise variance cases versus

the SNR (the same conclusion are done also for the LSRL

δT ). One can notice that the LSRLs derived in the cases of

known and unknown noise variance have the same behavior

as the one in the clairvoyant case. For the same SRL (i.e.,

for a fixed δT and δR), the gap between SNRK and SNRU is

exclusively due to the non-centrality parameters λK(Pfa, Pd)
and λU(Pfa, Pd). This gap is approximatively equal to 1dB.

Whereas, the gap between SNRC and SNRK is due to both:

i) the ratio of the deflection coefficient λC(Pfa, Pd) over the

non-centrality parameter λK(Pfa, Pd), and, ii) the norm of Ω
which reflects the value of ρ. This latter gap, is evaluated to

9 dB.

B. Effect of the clutter interference

In the following we consider that the targets of interest (i.e.,

the first one and the second one) are spaced by δT and δR,
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Fig. 2. (left) The minimum SNR to resolve two closely spaced targets with
known noise variance for different values of M in which ∆R = ∆T = 1.5.
(right) The minimum SNR to resolve two closely targets with known noise
variance for different values of M in which ∆R = ∆T = 0.7.

whereas, the M − 2 remain targets are equally spaced by ∆T
and ∆R.

In Fig. 2, we have reported the effect of additional sources

(considered as a clutter interference) on the SNR threshold

(i.e., the required SNR to resolve two closely spaced targets)

w.r.t. δR (the same conclusion are done also for δT ). One can

distinguish two cases:

1) The first one represents the scenario where ∆T ≫ δT
and ∆R ≫ δR. In this case, one can notice that

the additional sources do not affect the minimal SNR

(Fig.2 (left)). This can be explained by the fact that

the high resolution algorithms have asymptotically an

infinite resolving power [1], [20].

2) The second scenario is for ∆T > δT and ∆R > δR.

In this case, one can notice the drastic effect of the

interfering sources (Fig.2 (right)). For example, the SNR

gap between M = 2 targets and M = 4 targets is

evaluated around 6 dB.

C. Effect of missing sensors

The effect of missing sensors is considered herein. Let us

consider different scenarios. In each scenario we have the same

ULA at the transmitter with NT = 10 sensors but different

receiver arrays (from a scenario to another) having the same

array aperture. Let us denote these receiver arrays by ANR

where NR represents the number of sensors in the receiver

arrays. In Fig. 3 we plot the LSRL for the receiver (i.e., we

focus only on δR, the case of δT has the same behavior)

for different ANR
with NR ∈ {5, 7, 8, 9, 10}. This figure

Fig. 3. The LSRL versus the required SNR to resolve two closely spaced
targets for T = 100, L = 10, a ULA transmitter with NT = 10 sensors and
for different ANR

of NR ∈ {5, 7, 8, 9, 10}.

represents qualitatively the loss due to missing sensors (but

for the same array aperture) which is, e.g., evaluated to 3dB

between A5 and A7.

VI. CONCLUSION

In this paper, we have derived the Statistical Resolution

Limit (SRL) for two closely spaced targets using a MIMO

radar with widely separated arrays (made from possibly

nonuniform transmitter and receiver arrays) in the presence

of clutter interference. Toward this goal, we have conducted a

hypothesis test approach. Based on the Generalized Likelihood

Ratio Test (GLRT). This analysis provides useful information

concerning the behavior of the SRL and the minimum SNR

required to resolve two closely spaced targets for a given

probability of false alarm and a given probability of detection.

Finally, numerical simulations shows that the derived SRL has

the same behavior compared to the clairvoyant (ideal) detector.
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