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Introdu
tionCe do
ument rassemble les résultats obtenus durant mes trois années de thèse sous la dire
tionde Gilles Pagès. Il est 
onstitué de 
inq 
hapitres. Chaque 
hapitre est 
onçu 
omme un arti
leindépendant 
omportant sa propre bibliographie, et est é
rit en anglais.Soit (Ω,A,P) un espa
e probabilisé et E un espa
e de Bana
h ré�exif séparable. La norme de
E est notée | · |. La quanti�
ation d'une variable aléatoire X prenant ses valeurs dans E 
onsisteen son approximation par une variable aléatoire Y prenant un nombre �ni de valeurs dans E.L'erreur résultant de 
ette dis
rétisation est mesurée par la norme Lp de |X − Y |. Si on se donneun 
ardinal maximal N pour Y (Ω), la minimisation de l'erreur revient au problème d'optimisation

min
�
‖|X − Y |‖p , Y : Ω→ E mesurable, card(Y (Ω)) ≤ N

©
. (1)Une solution au problème de minimisation (1) est appelée quanti�eur optimal de X . La quanti�-
ation optimale a d'abord été étudiée pour fournir une méthode de dis
rétisation de signal [5℄ et aensuite été introduite dans le domaine des probabilités numériques pour 
on
evoir des méthodesde 
ubature [12℄ ou pour résoudre des problèmes d'arrêt optimal multidimensionnels [3℄.Le 
as in�ni-dimensionnel est étudié depuis le début des années 2000, en parti
ulier pour sonappli
ation à la quanti�
ation fon
tionnelle, autrement dit la quanti�
ation de variables aléatoiresà valeurs dans des espa
es fon
tionnels. Cette étude a surtout porté sur le 
as de la quanti�
ation

L2 sur des espa
es de Hilbert [9℄, mais d'autres espa
es de Bana
h ont aussi été 
onsidérés [19℄.Les pro
essus sto
hastiques sont vus 
omme des variables aléatoires prenant leurs valeurs dans lesespa
es de traje
toires 
onsidérés.Cette thèse présente quelques aspe
ts de la quanti�
ation optimale et leur appli
ation à la�nan
e mathématique.
• Le premier 
hapitre porte sur l'appli
ation de la quanti�
ation optimale à la rédu
tion de va-rian
e par strati�
ation. En e�et, des aspe
ts théoriques de la strati�
ation montrent un lienfort entre le problème de la quanti�
ation quadratique d'une variable aléatoire et la rédu
tionde varian
e qui peut être atteinte par 
ette méthode. Pour 
ommen
er, nous soulignons lapertinen
e de la quanti�
ation pour dé�nir les strates pour les méthodes d'é
hantillonnagestrati�é dans les 
as �ni-dimensionnels et in�ni-dimensionnels. Ensuite, nous abordons le
as de la strati�
ation fon
tionnelle de pro
essus gaussiens bi-mesurables. À 
et e�et, nousproposons un algorithme de simulation de 
omplexité linéaire pour la loi 
onditionnelle desmarginales d'un pro
essus gaussien dans la 
ellule de Voronoi d'un quanti�eur stationnaire de
e pro
essus. La méthode est 
omplètement spé
i�ée dans les 
as du mouvement brownien,du pont brownien et des pro
essus d'Ornstein-Uhlenbe
k. Comme la quanti�
ation optimalee�e
tive d'un pro
essus gaussien requiert la 
onnaissan
e de sa base de Karhunen-Loève,bien 
onnue dans les 
as du mouvement brownien et du pont brownien, nous détaillons enannexe le 
al
ul 
omplet de la base de Karhunen-Loève des pro
essus d'Ornstein-Uhlenbe
k.Des tests numériques sont e�e
tués sur des problèmes de valorisation d'options. Ce 
hapitreest le résultat d'un travail 
onjoint ave
 Gilles Pagès.
• Comme nous l'avons souligné plus haut, la 
onnaissan
e de la base de Karhunen-Loève estné
essaire pour la 
onstru
tion e�e
tive d'un quanti�eur quadratique de pro
essus gaussien.7



8 Le se
ond 
hapitre souligne la possibilité d'utiliser des méthodes numériques d'approximationdes solutions d'équations intégrales pour le 
al
ul des bases de Karhunen-Loève de pro
essuspour lesquels on ne dispose pas de formule fermée. Nous proposons d'utiliser la méthode ditede Nyström pour le problème de la quanti�
ation optimale de pro
essus gaussiens. Dansles 
as où on dispose d'une formule fermée de référen
e, nous montrons que la méthode deNyström permet d'obtenir une pré
ision pro
he de l'erreur ma
hine. Ensuite, le 
as parti
u-lier du mouvement brownien fra
tionnaire est traité. La 
ohéren
e des valeurs obtenues estvéri�ée numériquement grâ
e à une méthode de � re
onstru
tion � du pro
essus gaussien.En�n, 
ela nous permet d'appliquer la méthode de strati�
ation fon
tionnelle développée aupremier 
hapitre au problème de la valorisation d'une option asiatique dans le modèle deBla
k & S
holes fra
tionnaire.
• Dans le troisième 
hapitre, nous proposons une nouvelle appro
he de la quanti�
ation fon
-tionnelle dans le 
as d'une semimartingale gaussienne 
ontinue X que nous baptisons la� quanti�
ation partielle �. Cette appro
he 
onsiste pour l'essentiel à ne quanti�er que 
er-taines 
oordonnées de X (en nombre �ni) sur sa base de Karhunen-Loève. Le prin
ipalrésultat est que 
onditionnellement à 
es 
oordonnées, X reste une semimartingale par rap-port à sa propre �ltration. Ce résultat est établi en utilisant des te
hniques de grossissementde �ltration. Ce
i nous permet notamment de véritablement dé�nir la strati�
ation fon
tion-nelle d'une solution d'équation di�érentielle sto
hastique dirigée par la semimartingale X etde légitimer la méthode numérique utilisée dans le premier 
hapitre dans le 
as des équationsdi�érentielles sto
hastiques. Nous prouvons également plusieurs résultats de 
onvergen
e dela quanti�
ation partielle d'EDS.
• Dans le quatrième 
hapitre, nous proposons une méthode de 
ubature basée sur la quanti�-
ation fon
tionnelle pour la valorisation d'options vanilles dans le 
as de modèles à volatilitésto
hastique. On se pla
e d'abord dans le même 
adre que dans l'arti
le [14℄. Ensuite, laméthode est étendue aux 
as de modèles 
omportant un terme de volatilité lo
ale, souventappelés � modèles à volatilité lo
ale sto
hastique �. Pour 
ela, nous proposons une nouvelleapproximation que nous appelons la � quanti�
ation normale �. Cette méthode est basée surles résultats relatifs à la quanti�
ation partielle de pro
essus gaussiens introduite dans le
hapitre pré
édent. Nous e�e
tuons des tests numériques dans le 
as du modèle SABR. Ce
hapitre est le résultat d'un travail 
onjoint ave
 Gilles Pagès.
• Les re
her
hes de plus pro
he voisin représentent une part 
ritique de la plupart des algo-rithmes d'optimisation de grilles de quanti�
ation, ainsi que des algorithmes de rédu
tionde varian
e utilisant un quanti�eur Voronoi 
omme variable de 
ontr�le. Dans le 
inquième
hapitre, nous proposons un nouvel algorithme de re
her
he de plus pro
he voisin lui-mêmebasé sur une méthode de quanti�
ation ve
torielle. La des
ription 
omplète de la méthoderequiert l'exposé de quelques résultats de géométrie algorithmique relatifs aux diagrammesde Voronoi.
• Un intérêt de la quanti�
ation optimale, tant pour son appli
ation à la 
ubature que pour sesautres usages est que, une fois les quanti�eurs 
al
ulés on peut les 
onserver pour un usagefutur. Sur le site web www.quantize.maths-fi.
om [15℄, une grande base de données degrilles de quanti�
ation de variables aléatoires gaussiennes est disponible au télé
hargement.Les grilles gaussiennes unidimensionnelles sont 
al
ulées ave
 une pré
ision relative de 10−32,autrement dit, elles peuvent être 
onsidérées 
omme exa
tes dans leur représentation ensimple, double et quadruple pré
ision. En appendi
e, nous détaillons les méthodes utiliséespour obtenir 
es grilles � sur-optimisées � pouvant s'appliquer pour obtenir des grilles dequanti�
ation en pré
ision arbitraire.



0.1. PRINCIPAUX RÉSULTATS DU CHAPITRE 1 90.1 Prin
ipaux résultats du 
hapitre 1Le prin
ipe de l'é
hantillonnage strati�é est de lo
aliser la méthode de Monte-Carlo sur les élémentsd'une partition de l'espa
e d'état d'une variable aléatoire L2, X : (Ω,A) → (E, E). On se donneune partition E-mesurable (Ai)i∈I de E, et nous appelons les éléments Ai strates. On suppose queles poids pi := P [X ∈ Ai] sont 
onnus et stri
tement positifs. On 
onsidère ensuite une famille devariables aléatoires indépendantes (Xi)i∈I de distribution Xi
L∼ L (X |X ∈ Ai).On suppose qu'on sait simuler les variables aléatoiresXi, 
e qui équivaut à supposer qu'on peuté
rire Xi = φi(U), où U est uniformément distribuée sur [0, 1]ri ave
 ri ∈ N∗ et φ : [0, 1]ri → Rest 
al
ulable fa
ilement.L'idée de la strati�
ation est d'utiliser l'estimateur suivant pour 
al
uler E[F (X)], où F estune fon
tionnelle à valeurs réelles telle que F (X) ∈ L2 :

F (X)
I

M :=
X
i∈I

pi
1

Mi

MiX
k=1

F (Xk
i ), (2)où M est le budget global de simulations de Monte-Carlo et Mi := qiM est le budget alloué pourle 
al
ul de E[F (Xi)] dans 
haque strate, et (Xk

i )k≤1≤Mi sontMi réalisations indépendantes selon
L(X |X ∈ Ai). On impose naturellement que P

i∈I

qi = 1.Cet estimateur est sans biais et sa varian
e est donnée par
Var

�
F (X)

I

M

�
=

1

M

X
i∈I

p2i
qi
σ2
F,i,où

σ2
F,i := Var (F (X)|X ∈ Ai) = Var (F (Xi)) , i ∈ I.Choix des budgets (qi)i∈I de tirages alloués à 
haque strate

• Le 
hoix naturel, mais � sous-optimal � est de �xer qi = pi pour tout i ∈ I. Deux raisons pourun tel 
hoix sont d'une part que la varian
e de l'estimateur obtenu est toujours inférieure à
elle de l'estimateur standard de Monte-Carlo, et d'autre part que les poids pi des stratessont généralement 
onnus.
• Une autre possibilité est l'optimisation sous 
ontrainte de la varian
e de l'estimateur (2),dont la solution est

q∗i =
piσF,iP

j∈I

pjσF,j
, i ∈ I.À 
e stade, le problème est qu'on ne 
onnaît pas expli
itement les inerties lo
ales σ2

F,i. Dansl'arti
le [18℄, Étoré et Jourdain proposent un algorithme qui modi�e les proportions dessimulations futures dans 
haque strate de façon adaptative et qui 
onverge vers l'allo
ationoptimale.Géométrie des stratesMaintenant, la prin
ipale in
onnue est le 
hoix de la partition (Ai)i∈I . Ce 
hoix est guidépar l'obje
tif de rédu
tion de la varian
e, mais aussi par la né
essité de pouvoir simuler les lois
onditionnelles L (X |X ∈ Ai). C'est l'objet de la se
tion 0.1.1.0.1.1 Pertinen
e de la quanti�
ation optimale quadratique pour 
on
e-voir les strates des méthodes d'é
hantillonnage strati�éLe théorème 0.1.1 réunit les pré
édents résultats énon
és sur la strati�
ation et met en avant unlien ave
 les notions d'inertie lo
ale et d'inertie inter
lasse issues de la quanti�
ation quadratique.



10Il suggère de 
hoisir pour partition (Ai)i∈I les 
ellules de Voronoi asso
iées à une quanti�
ationquadratique optimisée de X , et surtout une troisième possibilité pour le 
hoix d'allo
ation destirages entre les strates, qui a une e�
a
ité uniforme sur les fon
tionnelles F lips
hitziennes.Théorème 0.1.1 (Strati�
ation universelle). Soit A = (Ai)i∈I une partition de E et ProjA,Z laproje
tion bary
entrique asso
iée à la partition A pour la variable aléatoire Z (dé�nition 1.1.4).1. Pour tout i ∈ I, 
onsidérons l'inertie lo
ale de la variable aléatoire X,
σ2
i = E

�
|X − E[X |X ∈ Ai]|2

���X ∈ Ai

�
.Alors pour toute fon
tion lips
hitzienne F : E → R,

∀i ∈ I, σF,i ≤ [F ]Lipσi de sorte que sup
[F ]Lip≤1

σF,i ≤ σi. (3)2. Dans le 
as du 
hoix sous-optimal,
sup

[F ]Lip≤1

� P
i∈I

piσ
2
F,i

�
≤ P

i∈I

piσ
2
i =




X − E[X |σ({X ∈ Ai}, i ∈ I)]



2
2

=



X − ProjA,X(X)




2
2
.

(4)3. Dans le 
as du 
hoix optimal,
sup

[F ]Lip≤1

�X
i∈I

piσ
2
F,i

�
≤
�X

i∈I

piσi

�2
, (5)et �X

i∈I

piσi

�2
≥



X − E[X |σ({X ∈ Ai}, i ∈ I)]




2
1
=



X − ProjA,X(X)




2
1
.4. Si on 
onsidère des fon
tions lips
hitziennes à valeurs ve
torielles F : E → E, alors lesinégalités (3), (4) et (5) sont en fait des égalités.0.1.2 Quanti�
ation et simulabilité dans les stratesDans le 
as parti
ulier où X est une variable aléatoire gaussienne de loi N (0, D), où D est unematri
e diagonale, on montre qu'il est possible de simuler exa
tement la distribution 
onditionnellede X dans un hyperre
tangle ave
 un 
oût 
onstant (voir se
tion 1.3.3). Ce n'est pas le 
as de ladistribution 
onditionnelle dans un polytope quel
onque. Pour 
ette raison, une strati�
ation parquanti�
ation produit - résultant en des strates sous forme d'hyperre
tangles - est préférable à laquanti�
ation optimale dont les 
ellules de Voronoi sont des polytopes plus généraux.Nous abordons maintenant le problème de la strati�
ation fon
tionnelle de pro
essus gaus-siens bimesurables sur un intervalle [0, T ]. Nous supposons que le pro
essus 
onsidéré est L2 et aune fon
tion de 
ovarian
e 
ontinue sur l'intervalle 
onsidéré. Les quanti�eurs quadratiques opti-maux de tels pro
essus se trouvent sur l'espa
e engendré par leurs premières fon
tions propres deKarhunen-Loève. La forme des 
ellules de Voronoi asso
iées dans L2([0, T ]) est don
 très simplequand elle est exprimée dans 
ette base, en parti
ulier dans le 
as de la quanti�
ation produit.La simulation de la loi 
onditionnelle de marginales de X , (Xt0 , · · ·Xtn) pour une subdivision

0 = t0 ≤ · · · ≤ tn = T 
onsiste alors
• tout d'abord à simuler la loi 
onditionnelle (�ni-dimensionnelle) des premières 
oordonnéesde Karhunen-Loève,
• puis la loi 
onditionnelle (gaussienne) des marginales de X 
onnaissant ses premières 
oor-données de Karhunen-Loève.



0.1. PRINCIPAUX RÉSULTATS DU CHAPITRE 1 11Dans le 
as de la quanti�
ation produit, la première étape a déjà été traitée. La se
onde étape
onsiste en un simple 
onditionnement gaussien, qui peut don
 être e�e
tué ave
 une 
omplexitéde O(n2) en utilisant une fa
torisation de Cholesky. Ce 
oût quadratique en le nombre de pas detemps n'étant pas satisfaisant, nous proposons un nouvel algorithme de 
omplexité O(d × n) où
d est la dimension de quanti�
ation. Cette dimension de quanti�
ation d est plut�t faible dansle 
as des pro
essus gaussiens 
onsidérés, pour lesquels elle est asymptotiquement équivalente aulogarithme du nombre de strates. Par exemple, dans le 
as où X est un mouvement brownienstandard, la dimension de quanti�
ation pour une quanti�
ation de niveau N = 104 est de 9.C'est 
et algorithme de simulation, utilisant une appro
he bayésienne qui rend la strati�
ationfon
tionnelle de pro
essus gaussiens utilisable en pratique.Sur la �gure 1, on représente quelques traje
toires de la loi 
onditionnelle de 500 marginalesd'un mouvement brownien standard sa
hant que 
e mouvement brownien appartient à la 
ellulede Voronoi de la 
ourbe épaissie sur le graphique. L'apparen
e des traje
toires obtenues suggèrede 
onsidérer la méthode 
omme une � méthode de Monte-Carlo guidée �.
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é de quelques réalisations de la loi 
onditionnelle du mouvement brownien standardsa
hant qu'il tombe dans la 
ellule de Voronoi L2 de la 
ourbe surlignée dans le quanti�eur.La méthode est appliquée à d'autres pro
essus gaussiens, dans le 
hapitre 1 pour le pont brow-nien et les pro
essus d'Ornstein-Uhlenbe
k, et dans le 
hapitre 2 pour le mouvement brownienfra
tionnaire.0.1.3 Quanti�
ation et strati�
ation fon
tionnelle des pro
essus d'Ornstein-Uhlenbe
kLes fon
tions propres de Karhunen-Loève ont une forme expli
ite dans les 
as parti
uliers dumouvement brownien standard et du pont brownien. Le 
as parti
ulier du pro
essus d'Ornstein-Uhlenbe
k stationnaire ave
 paramètre de retour à la moyenne et volatilité égaux à 1 est traitédans le livre [6, p.195℄. En appendi
e du premier 
hapitre, nous 
al
ulons la dé
omposition deKarhunen-Loève des pro
essus d'Ornstein-Uhlenbe
k de paramètres quel
onques (varian
e initiale,



12paramètre de retour à la moyenne et volatilité). Une pro
édure détaillée dé
rivant l'implémentationde la méthode est aussi fournie.Grâ
e à 
e 
al
ul, la quanti�
ation quadratique optimale et la strati�
ation fon
tionnelle despro
essus d'Ornstein-Uhlenbe
k sont possibles. Dans la suite, on véri�era systématiquement siles résultats de 
ette thèse portant sur la quanti�
ation des pro
essus gaussiens sont appli
ablesaux pro
essus suivants : le mouvement brownien standard, le pont brownien et les pro
essusd'Ornstein-Uhlenbe
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2 2.5 3Figure 2 � Quanti�eur produit optimal d'un pro
essus d'Ornstein-Uhlenbe
k 
entré partant de
r0 = 0 (à gau
he) et stationnaire (à droite) dé�ni par l'EDS drt = −rtdt+ dWt, sur [0, 3].0.1.4 Appli
ation à la strati�
ation de solutions d'équations di�éren-tielles sto
hastiquesDans le 
as plus restri
tif où X est en fait une semimartingale gaussienne 
entrée partant de 0,on peut utiliser la strati�
ation des marginales de X et les insérer dans le s
héma d'Euler d'uneéquation di�érentielle sto
hastique pour obtenir une strati�
ation fon
tionnelle de la solution del'équation di�érentielle sto
hastique 
onsidérée.Cette appro
he de la strati�
ation fon
tionnelle pour les di�usions browniennes est justi�ée àplusieurs égards :
• Sous 
ertaines 
onditions sur les 
oe�
ients de l'EDS 
onsidérée, l'appli
ation qui au pro
es-sus gaussien initial asso
ie la solution de l'EDS est en fait une appli
ation lips
hitzienne de
Lp([0, T ]) dans Lp([0, T ]). De plus l'appli
ation qui à des marginales (Xt0 , · · · , Xtn) asso
iela suite des di�éren
es adja
entes �Xt1 −Xt0 , · · · , Xtn −Xtn−1

� est aussi lips
hitzienne. Onreste ainsi dans le 
adre du théorème 0.1.1 sur la strati�
ation universelle.
• De plus, on verra au 
hapitre 3 que dans les 
as 
ités pré
édemment, la loi 
onditionnellede X sa
hant que X tombe dans une 
ellule de Voronoi donnée est une semimartingale parrapport à sa �ltration naturelle. Cette propriété, démontrée plus loin dans la thèse par desarguments de grossissement de �ltration permet de dé�nir la strati�
ation 
ontinue de lasolution d'une EDS. Ainsi, la loi 
onditionnelle de la solution de l'EDS asso
iée à X esten fait la solution de l'EDS asso
iée à 
ette semimartingale. Utiliser ainsi les marginales
onditionnelles dans le s
héma d'Euler 
orrespond en fait à implémenter le s
héma d'Eulerde l'EDS initiale 
onditionnée.La �n de l'arti
le présente quelques résultats numériques de 
ette méthode de rédu
tion de varian
eappliquée à des problèmes de valorisation d'options.



0.2. PRINCIPAUX RÉSULTATS DU CHAPITRE 2 130.2 Prin
ipaux résultats du 
hapitre 2Comme souligné pré
édemment, le quanti�eur quadratique optimal d'un pro
essus gaussien bi-mesurable se trouve dans un plan prin
ipal de son opérateur de 
ovarian
e, autrement dit, engendrépar les premières fon
tions propres de Karhunen-Loève. Pour 
ette raison, l'utilisation numériqued'un tel quanti�eur né
essite d'avoir à sa disposition une méthode d'évaluation (rapide) de sesfon
tions propres de Karhunen-Loève, ou au moins de 
elles qui 
orrespondent aux plus grandesvaleurs propres. Les bases de Karhunen-Loève du mouvement brownien, du pont brownien et despro
essus d'Ornstein-Uhlenbe
k sont 
onnues, mais on ne dispose pas de formule fermée dans le
as général.Avoir à sa disposition une méthode numérique appro
hant les fon
tions de base de Karhunen-Loève est le lien manquant pour la quanti�
ation d'autres pro
essus gaussiens, 
omme le mouve-ment brownien fra
tionnaire. La quanti�
ation du mouvement brownien fra
tionnaire est pourtantintéressante en pratique 
ar on dispose de beau
oup moins de méthodes numériques e�
a
es pour
e pro
essus que pour le mouvement brownien standard, dont la simulation est beau
oup moins
oûteuse.Dans le 
hapitre 2, on applique la méthode dite � de Nyström � pour résoudre l'équation inté-grale dé�nissant le développement de Karhunen-Loève. La méthode est tout d'abord testée dans le
as des pro
essus gaussiens 
ités pré
édemment pour lesquels on dispose de formules fermées pourleur base de Karhunen-Loève. Ensuite, on applique la méthode au 
as du mouvement brownienfra
tionnaire. Dans 
e 
as, a�n de tester la validité de la méthode, on réalise une � re
onstru
tion �du pro
essus initial, en le représentant 
omme la mixture de ses lois 
onditionnelles dans 
ha
unede ses 
ellules de Voronoi. Ainsi, en utilisant la méthode de simulation détaillée au 
hapitre 1,on re
onstruit théoriquement un mouvement brownien fra
tionnaire. La véri�
ation 
onsiste sim-plement à e�e
tuer une estimation par la méthode de Monte-Carlo de la fon
tion de 
ovarian
edu pro
essus obtenu et de véri�er qu'on retrouve bien la fon
tion de 
ovarian
e du mouvementbrownien fra
tionnaire.Dans le tableau 1, on reporte les résultats de 
ette méthode de Monte-Carlo ave
 10 millionsde tirage.
0.105061 0.138629 0.15846 0.173817 0.186687

0.138629 0.277258 0.330656 0.365844 0.394071

0.15846 0.330656 0.489116 0.557871 0.605929

0.173817 0.365844 0.557871 0.73168 0.813313

0.186687 0.394071 0.605929 0.813313 1

0.105141 0.138748 0.158596 0.173959 0.186824

0.138748 0.277417 0.330885 0.366075 0.394372

0.158596 0.330885 0.489454 0.558177 0.606266

0.173959 0.366075 0.558177 0.731923 0.813579

0.186824 0.394372 0.606266 0.813579 1.0003Table 1 � Covarian
e théorique (à gau
he) et estimée (à droite) E[XtiXtj ] du mouvement brow-nien fra
tionnaire re
onstruit, ave
 pour 
oe�
ient de Hurst H = 0.7. Le nombre de traje
toiresutilisées pour 
ette simulation de Monte-Carlo est 1× 107.Nous avons don
 maintenant une méthode �able pour 
al
uler les bases de Karhunen-Loèvede pro
essus gaussiens plus généraux, nous permettant de 
al
uler leur quanti�
ation optimale.La �gure 3 représente un quanti�eur quadratique optimal du mouvement brownien fra
tionnaireave
 H = 0.25.0.3 Prin
ipaux résultats du 
hapitre 3Le 
hapitre 3 apporte de nouveaux résultats théoriques sur la quanti�
ation fon
tionnelle et lastrati�
ation. Tout le 
hapitre repose sur la notion de pont généralisé.0.3.1 Les ponts généralisésSoit X une semimartingale gaussienne 
entrée partant de 0 sur l'espa
e probabilisé (Ω,A,P) de�ltration naturelle FX sur [0, T ]. Le théorème de Fernique garantit que R T
0 E

�
X2

t

�
dt < +∞. Le
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oe�
ient de Hurst H = 0.25 ave
 N = 20.but est de 
al
uler le 
onditionnement par rapport à une famille �nie ZT := (Zi
T )i∈I de variablesaléatoires gaussiennes, mesurables par rapport à σ(Xt, t ∈ [0, T ]), où I ⊂ N est une partie �niede N∗. Comme dans [1℄, on se restreint au 
as où les variables aléatoires (Zi

T )i∈I sont les valeurs�nales de pro
essus de la forme Zi
t =

R t
0 fi(s)dXs, i ∈ I, pour une 
ertaine famille �nie f = (fi)i∈Ide fon
tions L2

loc([0, T ]). Le pont généralisé de (Xt)t∈[0,T ] asso
ié à f de valeur �nale z = (zi)i∈Iest le pro
essus �Xf,z
�
t∈[0,T ]

ayant pour distribution
Xf,z L∼ L

�
X
��Zi

T = zi, i ∈ I
�
. (6)Le 
as du pont brownien sur [0, T ] peut être obtenu en prenant X un mouvement brownienstandard, |I| = 1, f = {f} et f ≡ 1.En termes d'espa
es de Hilbert gaussiens, si H est l'espa
e gaussien engendré par (Xs)s∈[0,T ]et HZT

est le sous-espa
e fermé de H engendré par (Zi
T )i∈I , on note H⊥

ZT
son 
omplémen-taire orthogonal dans H . Toute variable aléatoire (gaussienne) G ∈ H se dé
ompose en G =

ProjZT
(G)

⊥⊥
+Proj⊥

ZT
(G), où ProjZT

et Proj⊥
ZT

sont les proje
tions orthogonales sur HZT
et H⊥

ZT
.Ave
 
es notations, on a E

�
G
��(Zi

T )i∈I

�
= ProjZT

(G).En fait, on va 
onsidérer des ponts browniens généralisés 
orrespondant à 
ertaines familles fparti
ulières. Comme X est un pro
essus gaussien 
ontinu, sa fon
tion de 
ovarian
e est 
ontinue(voir [7, VIII.3℄). On note alors (eXi , λXi )i≥1 ses fon
tions propres et valeurs propres de Karhunen-Loève. Alors, si on dé�nit la fon
tion fX
i 
omme la primitive de −eXi s'annulant en t = T , i.e.

fX
i (t) =

R T
t eXi (s)ds, une intégration par partie donneZ T

0

Xse
X
i (s)ds =

Z T

0

fX
i (s)dXs. (7)Pour une partie �nie I ⊂ N∗, on note XI,y et on appelle pont généralisé de Karhunen-Loève lepont généralisé asso
ié ave
 les fon
tions (fX

i )i∈I et ayant pour point �nal y = (yi)i∈I . Ce pro
essusa pour distribution L(X |Yi = yi, i ∈ I), où Yi est la i-ème 
oordonnée de Karhunen-Loève.



0.3. PRINCIPAUX RÉSULTATS DU CHAPITRE 3 150.3.2 Les ponts généralisés de Karhunen-Loève 
omme semimartingalesLe théorème de Jirina assure l'existen
e d'un noyau de transition
νZT |((Xt)t∈[0,s]) : B(RI)× C0 ([0, s],R)→ R+,
orrespondant à la loi 
onditionnelle L �Zt

����(Xt)t∈[0,s]

��.On fait maintenant l'hypothèse supplémentaire (H) que, pour tout s ∈ [0, T ) et toute fon
tion
(xu)u∈[0,s] ∈ C0 ([0, s],R), la loi de probabilité νZT |((Xt)t∈[0,s])

�
dy, (xu)u∈[0,s]

� est absolument
ontinue par rapport à la mesure de Lebesgue. On note Π(xu)u∈[0,s],T sa densité. La matri
e de
ovarian
e de 
ette distribution gaussienne sur RI s'é
rit
Q(s, T ) := E

��
ZT − E

�
ZT

��(Xu)u∈[0,s]

�� �
ZT − E

�
ZT

��(Xu)u∈[0,s]

��∗���(Xu)u∈[0,s]

�
.Si X est une martingale, on a Q(s, T ) =

��R T
s fi(u)fj(u)d〈X〉u

��
(i,j)∈I2

. Rappelons qu'une semi-martingale 
ontinue X est gaussienne si et seulement si 〈X〉 est déterministe (voir par exemple[17℄). Don
, 
ette hypothèse supplémentaire équivaut à supposer que
Q(s, T ) est inversible pour tout s ∈ [0, T ). (H)Le théorème suivant résulte d'une appro
he similaire à 
elle développée dans l'arti
le [1℄ pour le 
asdu mouvement brownien, qui est i
i étendue au 
as plus général d'une semimartingale gaussienne
ontinue 
entrée partant de 0. Les démonstrations font appel à des outils de grossissement de�ltration et les preuves sont détaillées au 
hapitre 3.Théorème 0.3.1. Sous l'hypothèse (H), pour tout s ∈ [0, T ), et pour PZT

-presque sûrement
y ∈ RI , P �·��ZT = y

� est équivalente à P sur FX
s et sa dérivée de Radon-Nikodym est donnée par

dP
�
·
��ZT = y

�
dP |FX

s

=
Π(Xu)u∈[0,s],T (y)

Π0,T (y)
.Proposition 0.3.2 (Les ponts généralisés 
omme semimartingales). Dé�nissons la �ltration GXpar GXt = σ

�
ZT ,FX

t

�, le grossissement de FX 
orrespondant au 
onditionnement pré
édent. On
onsidère le pro
essus sto
hastique Dy
s :=

dP[·|ZT ]
dP |FX

s
=

Π(Xt)t∈[0,s],T
(y)

Π0,T (y) pour s ∈ [0, T ).Sous l'hypothèse (H), si Dy est 
ontinue, alors X est une GX -semimartingale 
ontinue sur
[0, T ).Remarque (Modi�
ation 
ontinue). Dans la proposition 0.3.2, si on suppose seulement que Dya une modi�
ation 
ontinue Dy, alors à 
ha
une de ses modi�
ations 
ontinues est asso
iée une
GX-semimartingale 
ontinue sur [0, T ) et toutes 
es semimartingales sont des modi�
ations lesunes des autres.Proposition 0.3.3 (Continuité de Dy). Si FX est une �ltration brownienne standard, alors Dya une modi�
ation 
ontinue.On prouve dans le 
hapitre 3 que l'hypothèse (H) est bien véri�ée dans le 
as des ponts géné-ralisés de Karhunen-Loève du mouvement brownien standard, du pont brownien et des pro
essusd'Ornstein-Uhlenbe
k. Le 
as des pro
essus d'Ornstein-Uhlenbe
k fait appel à quelques 
omplé-ments sur les propriétés d'inje
tivité de l'intégrale de Wiener, développés en annexe.
• La première et prin
ipale 
onséquen
e de 
e nouveau résultat est qu'en fait, la loi 
ondi-tionnelle d'une semimartingale gaussienne dans une 
ellule de Voronoi de son quanti�europtimal (ou quanti�eur produit optimal) reste une semimartingale (non gaussienne). Cettepropriété nous permet de dé�nir pré
isément la strati�
ation fon
tionnelle de la solutiond'une équation di�érentielle sto
hastique, 
omme nous l'avons mentionné dans la présenta-tion du 
hapitre 1.
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• De plus, 
es résultats suggèrent une nouvelle appro
he pour la quanti�
ation fon
tionnellede solutions d'équations di�érentielles sto
hastiques, la quanti�
ation partielle.0.3.3 Sur la quanti�
ation partielleSous les mêmes hypothèses, 
onsidérons le développement de Karhunen-Loève de X sur [0, T ],

X =
X
i∈I

Yie
X
i

⊥⊥
+
X

i∈N∗\I

È
λXi ξie

X
i , (8)où (Yi)i∈I

L∼ N (0, diag(λi)i∈I). Soit maintenant ÒY Γ un quanti�eur stationnaire de taille N de Y .ÒY Γ peut s'é
rire 
omme la proje
tion au plus pro
he voisin sur un nuage Γ = (γ1, · · · , γN ).ÒY Γ = ProjΓ(Y ), où ProjΓ est une proje
tion au plus pro
he voisin sur Γ.On dé�nit maintenant le pro
essus ÜXI,Γ en remplaçant Y par ÒY Γ dans la dé
omposition (8),ÜXI,Γ =
X
i∈I

ÒY Γ
i e

X
i

⊥⊥
+
X

i∈N∗\I

È
λXi ξie

X
i .La loi 
onditionnelle de ÜXI,Γ sa
hant que Y tombe dans la 
ellule de Voronoi de γk est la loid'un pont généralisé de Karhunen-Loève de point �nal γk. En d'autres termes, on a quanti�é les
oordonnées de Karhunen-Loève de X 
orrespondant à i ∈ I et pas les autres. Ce pro
essus ainsidé�ni ÜXI,Γ est appelée quanti�
ation partielle de X .Considérons l'équation di�érentielle sto
hastique

dSt = b(t, St)dt+ σ(t, St)dXt, S0 = x ∈ R, t ∈ [0, T ], (9)où b(t, x) et σ(t, x) sont des fon
tions boréliennes, lips
hitziennes par rapport à x, 
e uniformémenten t et où σ et b(·, 0) sont bornées. Cette équation di�érentielle sto
hastique admet une uniquesolution forte S. La loi 
onditionnelle de S sa
hant que Yi = yi pour i ∈ I est 
elle de la solutionforte de l'équation di�érentielle sto
hastique dSt = b(t, St)dt + σ(t, St)dX
I,y
t , ave
 S0 = x et où

XI,y
t est le pont généralisé de Karhunen-Loève asso
ié.En 
onséquen
e, on dé�nit la quanti�
ation partielle de S à partir de la quanti�
ation partielleÜXI,Γ de X en remplaçant X par ÜXI,Γ dans l'équation di�érentielle sto
hastique (9). La quanti�-
ation partielle eSI,Γ de S est le pro
essus dont la loi 
onditionnelle sa
hant que Y tombe dans la
ellule de Voronoi de γk est la solution forte de la même équation di�érentielle sto
hastique où Xest rempla
é par le pont généralisé de Karhunen-Loève de point �nal γk,

deSI,Γ
t = b

�
t, eSI,Γ

t

�
dt+ σ

�
t, eSI,Γ

t

�
dÜXI,Γ

t .Le 
hapitre se termine par deux résultats de 
onvergen
e (Lp et presque sûre) de 
e s
héma dequanti�
ation partielle vers la solution de l'EDS (9).0.4 Prin
ipaux résultats du 
hapitre 40.4.1 Quanti�
ation fon
tionnelle de solutions d'équations di�érentiellessto
hastiquesUne appli
ation de la quanti�
ation fon
tionnelle de pro
essus gaussiens X sur un intervalle [0, T ]est la quanti�
ation d'une équation di�érentielle sto
hastique dirigée par X , dès qu'on peut dé�nir
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hastique 
orrespondante. Dans le 
as présent, on supposera que X est une semi-martingale gaussienne 
ontinue 
entrée partant de 0. Des exemples typiques de tels pro
essus sontle mouvement brownien standard, le pont brownien et les pro
essus d'Ornstein-Uhlenbe
k 
entréspartant de 0. Comme 
ela a déjà été mentionné pré
édemment, le théorème de Fernique garantitque R T
0 E

�
X2

t

�
dt < +∞. De plus, la 
ontinuité traje
torielle du pro
essusX implique la 
ontinuitéde sa fon
tion de 
ovarian
e de ΓX sur [0, T ]2. On peut obtenir un quanti�eur stationnaire de lasolution d'une EDS en remplaçant X par un quanti�eur stationnaire ÒX dans l'EDS é
rite au sensde Stratonovi
h. Une première étude de 
ette question a été faite dans le 
as unidimensionnel dansl'arti
le [10℄. Le 
as de di�usions multidimensionnelles plus générales est traité dans l'arti
le [16℄,en utilisant des te
hniques issues de la théorie des traje
toires rugueuses.Formellement, 
onsidérons σ le pro
essus sto
hastique dé�ni 
omme la solution forte de l'équationdi�érentielle sto
hastique

dσt = b(t, σt)dt+ θ(t, σt)dXt, σ0 ∈ R, (10)où b(t, x) et θ(t, x) sont des fon
tions boréliennes, lips
hitziennes par rapport à x uniformémenten t et |b(·, 0)| + |θ(·, 0)| est bornée sur [0, T ]. Sous 
es 
onditions, il existe une unique solutionforte de l'EDS (10) sur l'intervalle [0, T ]. On rappelle que si M et H sont des semimartingales
ontinues, l'intégrale de Stratonovi
h H ◦ M est dé�nie par H ◦ M := H · M + 1
2 〈H,M〉, où

H ·M désigne l'intégrale d'It� de H par rapport à M . Si on suppose que θ(t, x) est dérivablepar rapport à x, on peut réé
rire l'équation di�érentielle sto
hastique (10) en termes d'intégralede Stratonovi
h dσt = b(t, σt)dt − 1
2d〈θ(·, σ), X〉t + θ(t, σt) ◦ dXt, σ0 ∈ R. En utilisant que

d〈θ(·, σ), X〉t = θ′x(t, σt)θ(t, σt)d〈X〉t, on obtient
dσt = b(t, σt)dt−

1

2
θ′x(t, σt)θ(t, σt)d〈X〉t + θ(t, σt) ◦ dXt.Rappelons qu'une semimartingale 
ontinue 
entrée est gaussienne si et seulement si 〈X〉 est unefon
tion déterministe du temps, voir par exemple [17℄. La variation quadratique 〈X〉 est expli
itedans les 
as pré
édemment 
ités du mouvement brownien standard, du pont brownien et despro
essus d'Ornstein-Uhlenbe
k.Dans 
ette équation, on rempla
eX par un quanti�eur stationnaire deX . Ce faisant, on obtientun ensemble d'équations di�érentielles ordinaires dé�nissant un quanti�eur stationnaire de σ. Soitdon
 χ := (χi)1≤i≤N les traje
toires d'un quanti�eur stationnaire de X . Les traje
toires (bσi)1≤i≤Ndu quanti�eur bσ sont les solutions des équations di�érentielles ordinaires

dbσi
t = b(t, bσi

t)dt−
1

2
θ′x(t, bσi

t)θ(t, bσi
t)d〈X〉t + θ(t, bσi

t)
�
χi
�′
(t)dt, bσi

0 = σ0 > 0. (11)Dans 
ertains 
as parti
uliers, 
es équations di�érentielles peuvent avoir des solutions expli
ites,
omme dans le 
as lognormal. Si on 
onsidère le 
as où b(t, x) = xµ(t) et θ(t, x) = xγ(t), l'équation(11) devient
dbσi

t = bσi
tµ(t)dt− bσi

t

γ(t)2

2
d〈X〉t + bσi

tγ(t)
�
χi
�′
(t)dt, bσi

0 = σ0 > 0,
e qui donne bσi
t = σ0 exp

�Z t

0
µ(s)ds+

Z t

0
γ(s)

�
χi
�′
(s)ds− 1

2

Z t

0
γ2(s)d〈X〉s

�
. (12)Dans le 
as général, on peut utiliser des méthodes numériques de résolutions d'équations di�éren-tielles 
omme les méthodes de Runge-Kutta, ou le s
héma de Bulirsh-Stoer, qui est parti
ulièrementadapté au 
as de solutions d'équations di�érentielles très régulières.Sur la �gure 4, nous représentons un quanti�eur produit du pro
essus dé�ni par l'équation (12)quand X est un pro
essus d'Ornstein-Uhlenbe
k sur [0, 3] issu de 0 ave
 des paramètres de retourà la moyenne et volatilité tous deux égaux à 1, ave
 γ ≡ 1, µ ≡ 0 et σ0 = 100 et où χ est un

5× 2× 2-quanti�eur produit de X .
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ation à la valorisation d'options vanilles dans les modèles àvolatilité sto
hastiqueConsidérons maintenant un modèle de volatilité sto
hastique sous une probabilité risque neutrede la forme 8<: dFt = FtσtdWt, F0 > 0,

dσt = b(t, σt)dt+ θ(t, σt)dW
σ
t , σ0 > 0,

d〈W,W σ〉t = ρdt.
(13)Le mouvement brownien W se dé
ompose en la somme de W σ et d'un mouvement brownienstandard WF indépendant de W σ.

dWs = ρdW σ
s +

È
1− ρ2dWF

s où W σ⊥⊥WF .On note (Fσ
t )t≥0 et (FF

t )t≥0 les �ltrations naturelles des mouvements browniens W σ et WF .La solution de l'EDS (13), Ft = F0 exp
�R t

0 σsdWs − 1
2

R t
0 σ

2
sds
� peut s'é
rire sous la forme d'unproduit

Ft = F0 exp
�
ρ

Z t

0
σsdW

σ
s −

ρ2

2

Z t

0
σ2
sds
�| {z }

:=At

exp
�È

1− ρ2
Z t

0
σsdW

F
s −

1− ρ2
2

Z t

0
σ2
sds
�| {z }

:=Bt

, (14)et le pro
essus (At)t∈[0,T ] ainsi dé�ni est adapté à la �ltration Fσ. Dans la suite, la fon
tionPayo�(x,K) désigne ou bien la fon
tion (x −K)+ ou bien (K − x)+, le Payo� d'un Call ou d'unPut de prix d'exer
i
e K. Un pré
onditionnement donne l'expression
E [Payo�(FT ,K)] = E [E [Payo�(FT ,K)|Fσ

T ]]

= E

�PrimeBS�AT ,
�
(1 − ρ2) R T

0 σ2
sds)

� 1
2
, T,K

��
,où AT est la valeur �nale du pro
essus dé�ni dans l'équation (14) et où PrimeBS(F, σ, T,K) est laformule fermée pour le prix d'un Call ou d'un Put dans le modèle de Bla
k et S
holes, sans tauxd'intérêt ni dividende, ave
 un Forward F , une volatilité σ, une maturité T et un prix d'exer
i
e

K.
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e stade, on est don
 
onfronté à un problème de 
ubature par rapport à la distributiondu pro
essus de volatilité σ. Cette 
ubature est e�e
tuée en utilisant le quanti�eur fon
tionnel
(bσi)1≤i≤N de σ.

E[Payo�(FT ,K)] ≈
NX
i=1

piPrimeBS�Ai
T ,
�
(1− ρ2)

Z T

0
bσi(s)2ds)

� 1
2
, T,K

�
, (15)où (Ai

T )1≤i≤N désigne le quanti�eur de AT déduit de (bσi)1≤i≤N .
• Dans 
ette équation, (αi)1≤i≤N et (pi)1≤i≤N sont respe
tivement les traje
toires d'un quan-ti�eur fon
tionnel de W σ et les poids asso
iés. Les fon
tions (bσi)1≤i≤N sont les traje
toiresdu quanti�eur de σ obtenues à partir de (αi)1≤i≤N en résolvant les EDO (11).
• Les valeurs 
orrespondantes de �R T

0 bσi(s)2ds
�
1≤i≤N

utilisées dans la formule (15) sont dé-duites de 
ette quanti�
ation.
• Pour 
al
uler les termes Ai

T , on doit évaluer la version quanti�ée de l'intégrale sto
hastiqueR T
0 σsdW

σ
s =

R T
0 σs ◦ dW σ

s − 1
2

R T
0 d〈σ,W σ〉t =

R T
0 σs ◦ dW σ

s − 1
2

R T
0 θ2(t, σt)dt. Cela 
onduitau quanti�eur

Ai
T = F0 exp

�
ρ

Z T

0

bσi(t)α′
i(t)dt −

ρ

2

Z T

0

θ2(t, bσi
t)dt−

ρ2

2

Z T

0

bσi(t)2dt

�
, 1 ≤ i ≤ N.Dans le 
hapitre 4 on rappelle que l'erreur de 
ubature par quanti�
ation fon
tionnelle station-naire dé
roît logarithmiquement vers 0, 
e qui est très lent. Cependant, on peut 
onsidérablementaméliorer les performan
es pratiques de la méthode en utilisant une extrapolation de Ri
hardson-Romberg de l'erreur de 
ubature. Nous détaillons 
es questions dans la se
tion 4.2.2.Les résultats numériques peuvent en
ore être améliorés en utilisant une sorte de méthodede rédu
tion de varian
e pour la 
ubature par quanti�
ation, détaillée à la se
tion 4.3.1. L'idéeprin
ipale est d'utiliser le Forward estimé par 
ubature au lieu du Forward théorique pour le 
al
ulde volatilité impli
ite. Ce faisant, on obtient un Smile de volatilité plus régulier, et plus pro
he desa valeur théorique quand on teste la méthode dans le 
as parti
ulier du modèle SABR.La �gure 5 représente le Smile de volatilité impli
ite estimé par 
ubature par quanti�
ation(et extrapolation) et la valeur de référen
e donnée par la formule de Hagan de développementasymptotique de faible maturité. On 
onstate que la pré
ision obtenue est su�sante pour uneutilisation en pratique de notre méthode.0.4.3 La quanti�
ation normaleDans la suite du 
hapitre 4, nous proposons un nouveau s
héma de quanti�
ation de solutionsd'équations di�érentielles sto
hastiques, basé sur la notion de quanti�
ation partielle introduiteau 
hapitre 3. Ce s
héma permet d'appro
her la solution d'une équation di�érentielle sto
has-tique par une mixture de pro
essus gaussiens. Pour 
ette raison, nous appelons 
ette méthoded'approximation la � quanti�
ation normale �.Dé�nition 0.4.1 (Quanti�
ation normale). Soit X une martingale 
ontinue gaussienne 
entréepartant de 0 sur [0, T ]. Soit I une partie �nie de N∗. Considérons la dé
omposition

X =
X
i∈I

Yie
X
i

⊥⊥
+
X

i∈N∗\I

È
λXi ξie

X
i .Soit Γ un quanti�eur stationnaire de Y = (Yi)i∈I et ÒY Γ la proje
tion de Y 
orrespondante. Onnote ÒXI,Γ et ÜXI,Γ les quanti�
ations fon
tionnelles et partielles de X 
orrespondant à Γ et I.



20PSfrag repla
ements

0% 50% 100% 150% 200% 250% 300%
0.16

0.18

0.2

0.22

0.24

0.26

0.28

0.3

0.32 Développement asymptotiqueExtrapolation de Ri
hardson-Romberg du s
héma de 
ubaturepar quanti�
ation et de l'estimationdu Forward.
Maturité 
ourte

Figure 5 � Smile de volatilité impli
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ourbe 
ontinue 
orrespond à une extrapolation de Ri
hardson-Rombergpour le 
ouple (208-54) de la formule de 
ubature basée sur la quanti�
ation fon
tionnelle.Soit S la solution forte de l'EDS

dSt = b(t, St)dt+ σ(t, St)dXt, S0 = x, (16)où b(t, x) et σ(t, x) sont des fon
tions boréliennes, lips
hitziennes par rapport à x uniformémenten t et où σ et |b(·, 0)| sont bornées. Alors on note
• bSI,Γ la quanti�
ation fon
tionnelle de S, obtenue en remplaçant X par ÒXI,Γ dans l'EDS(16) é
rite au sens de Stratonovi
h.
• eSI,Γ la quanti�
ation partielle de S 
orrespondante, obtenue en remplaçant X par ÜXI,Γ dansl'EDS (16) 
omme au 
hapitre 3.Le pro
essus ÜXI,Γ

t se dé
ompose en ÜXI,Γ
t = ÒXI,Γ

t

⊥⊥
+XI,0, où XI,0 est le pont généralisé de Karhunen-Loève de point �nal 0 asso
ié à I. On obtient

deSI,Γ
t = b

�
t, eSI,Γ

t

�
dt+ σ

�
t, eSI,Γ

t

�
dÒXI,Γ

t + σ
�
t, eSI,Γ

t

�
dXI,0

t , eSI,Γ
0 = x. (17)Nous dé�nissons la quanti�
ation normale de 
ette EDS 
omme la solution óSI,Γ de l'EDS

dóSI,Γ
t = b

�
t, bSI,Γ

t

�
dt+ σ

�
t, bSI,Γ

t

�
dÒXI,Γ

t + σ
�
t, bSI,Γ

t

�
dXI,0

t , eSI,Γ
0 = x.C'est la même EDS que (17), dans laquelle eSI,Γ

t est rempla
é par bSI,Γ
t dans les termes de volatilitéet de dérive.Théorème 0.4.1 (Erreur de quanti�
ation quadratique de la quanti�
ation normale d'EDS).Ave
 les mêmes notations et sous les hypothèses de la dé�nition 4.4.4, pour tout t ∈ [0, T ) nousavons

E

�
sup

u∈[0,t]

��� eSu − óSu

���2�����ÒY Γ = γk

�
= O

�


eSI,Γ − bSI,Γ



2
2

�
. (18)



0.4. PRINCIPAUX RÉSULTATS DU CHAPITRE 4 21Remarque. Ces résultats peuvent être aisément étendus au 
as plus général de semimartingalesgaussiennes, dès qu'il existe une mesure lo
alement �nie ν sur [0, T ] telle que pour presque tout
ω ∈ Ω, le terme de variation �nie dV (ω) dans la dé
omposition 
anonique de X soit absolument
ontinu par rapport à ν.À partir de la quanti�
ation normale d'une EDS, on peut fa
ilement dé�nir une notion de quanti�-
ation lognormale d'EDS en 
onsidérant la quanti�
ation normale de l'exponentielle de la solutionde l'EDS 
onsidérée (voir dé�nition 4.4.5), et obtenir le même type de 
ontr�le d'erreur. Comme
'est le 
as pour la quanti�
ation fon
tionnelle ordinaire, nous déduisons aisément des méthodesde 
ubature asso
iées à 
es quanti�
ations normale et lognormale, 
onsistant dans le 
as d'optionsvanilles à appro
her le prix d'une option dans un modèle à volatilité et dérive lo
ale par une sommepondérée de prix dans des modèles respe
tivement normaux et lognormaux. Nous faisons ensuitela 
onje
ture (appuyée par nos résultats numériques) que l'erreur de 
ubature de la quanti�
ationnormale se 
omporte 
omme l'erreur de 
ubature de la quanti�
ation fon
tionnelle, en d'autrestermes,
• la stationnarité du quanti�eur fon
tionnel asso
ié permet de gagner un ordre de 
onvergen
epour l'erreur de 
ubature asso
iée,
• l'erreur de 
ubature asso
iée admet un développement asymptotique par rapport à la tailledu quanti�eur N de la forme KE2N + o(E2N ) quand N tend vers +∞, où EN est la distorsionquadratique de la quanti�
ation fon
tionnelle asso
iée.Ainsi, nous avons une méthode de 
ubature asso
iée à la distribution d'équations di�érentiellessto
hastiques de la forme

dSt = b(t, St)dt+ σ(t, St)dXt,i.e. 
omportant un terme de volatilité lo
ale et un terme de dérive lo
ale.0.4.4 Appli
ation à la valorisation dans les modèles à volatilité lo
alesto
hastiqueOn se pla
e maintenant dans un 
adre plus général. On suppose que sous une probabilité risque-neutre, le Forward a pour dynamique§
dFt = σtFtg(t, Ft)dWt,
dσt = b(t, σt)dt+ θ(t, σt)dW

σ
t ,

(19)où W et W σ sont des mouvements browniens standards. On suppose que W se dé
ompose en
ρdW σ

t +
p
1− ρ2dWF

t , où WF est indépendant W σ. On note respe
tivement FF et Fσ les �ltra-tions naturelles des mouvements browniens W σ et WF . De plus, on suppose que b(t, x) et θ(t, x)sont boréliennes, lips
hitziennes par rapport à x uniformément en t ∈ [0, T ] et que θ(t, ·) est de
lasse C1 pour tout t ∈ [0, T ]. On suppose que g(t, x) est une fon
tion borélienne bornée et que
g(t, ·) est de 
lasse C1.Cette situation 
orrespond à de nombreux modèles à volatilité 
lassique, 
omme SABR etHeston. Nous détaillons les motivations de l'introdu
tion de 
e genre de modèles, impliquant unterme de volatilité lo
ale en plus de la volatilité sto
hastique dans l'introdu
tion du 
hapitre 4.Nous é
rivons l'EDS (19) en termes d'intégrale de Stratonovi
h, 
e qui donne¨

dFt = σtg(t, Ft)Ft

p
1− ρ2dWF

t + σtg(t, Ft)Ftρ ◦ dW σ
t

− ρ2

2 σ
2
t g(t, Ft)g

′
x(t, Ft)F

2
t dt− ρ2

2 σ
2
t g(t, Ft)

2Ftdt− ρ
2Ftg(t, Ft)θ(t, σt)dt.

(20)Considérons maintenant un quanti�eur produit stationnaire α de W σ, 
orrespondant à la dé
om-position N1× · · ·×Nn. La traje
toire de α 
orrespondant au multi-indi
e i := {i1, · · · , in, · · · } estde la forme
αi =

X
n≥1

È
λWn xNn

in
eWn .



22La traje
toire de σ 
orrespondant au multi-indi
e i est dé�nie 
omme la solution de l'EDO obtenueen remplaçant W σ par αi dans l'équation di�érentielle sto
hastique é
rite en termes d'intégralede Stratonovi
h (20). On rempla
e le mouvement brownien W σ par son quanti�eur αi et σ par σidans l'équation (20). On obtient
dF

i
t = σ

i
tg
�
t, F

i
t

�
F

i
t

p
1− ρ2dWF

t

+ σ
i
tg
�
t, F

i
t

�
F

i
t ρ
�
αi
�′
(t)dt−

�
ρσ

i

t

�2
2

g
�
t, F

i
t

�
g′x
�
t, F

i
t

��
F

i
t

�2
dt

−

�
ρ2σ

i

t

�2
2

g
�
t, F

i
t

�2
F

i
t dt−

ρ
2
F

i
t g
�
t, F

i
t

�
θ
�
t, σ

i
t

�
dt| {z }

:=F
i

t
µi

�
t,F

i

t

�
dt

= F
i
tµi

�
t, F

i
t

�
dt+ σ

i
tg
�
t, F

i
t

�
F

i
t

p
1− ρ2dWF

t .

(21)
En d'autres termes, F i

t a une volatilité lo
ale et une dérive lo
ale. En pré
onditionnant par lemouvement brownien W σ, on obtient 
omme dans le 
as pré
édent
E [(Ft −K)+] = E

"
E [(Ft −K)+|Fσ

T ]| {z }
=φ((Wσ)t∈[0,T ])

#
. (22)Cette espéran
e est ensuite 
al
ulée par la méthode de 
ubature issue de la quanti�
ation fon
-tionnelle :

E[(Ft −K)+] ≈
X
i∈I

piφi.La fon
tion φ apparaissant dans l'équation (22) 
orrespond à la valorisation d'un Call ou d'un Putdans un modèle à volatilité lo
ale et dérive lo
ale, 
omme dans l'équation (21). En 
onséquen
e et
ontrairement au 
as où nous n'avions pas de terme de volatilité lo
ale, nous ne disposons pas deformule fermée. Nous proposons don
 d'utiliser la méthode de 
ubature par quanti�
ation normalepour traiter 
e problème. Nous nous reportons au 
hapitre 4 pour les résultats obtenus par 
etteméthode.0.5 Prin
ipaux résultats du 
hapitre 5Considérons Γ = {γ1, · · · , γN} ⊂ Rd un ensemble de N points de Rd. Le problème de la re
her
herapide de plus pro
he voisin 
onsiste à déterminer pour un nouveau point x ∈ Rd quel est l'élémentde Γ le plus pro
he de x.Quand on doit e�e
tuer un très grand nombre de re
her
hes dans le même ensemble Γ, unprétraitement sur Γ sera pro�table s'il permet de 
réer une stru
ture de données rendant le tempsde re
her
he moyen plus 
ourt. Ce problème a été résolu de manière quasi-optimale dans le 
as despetites dimensions. La plupart des algorithmes ont une 
omplexité asymptotique logarithmique enle nombre de points et un temps de prétraitement de O(n logn). En pratique, les méthodes di�èrentpar leur e�
a
ité selon les ensembles de points auxquels ils sont 
onfrontés et la distribution despoints dont on 
her
he le plus pro
he voisin.Le problème de la re
her
he rapide de plus pro
he voisin est parti
ulièrement 
ritique dans le
as de la quanti�
ation ve
torielle, d'une part par
e que la plupart des algorithmes d'optimisationde grilles de quanti�
ation, 
omme la méthode de Lloyd, né
essitent justement de faire un grandnombre de re
her
hes dans le quanti�eur à optimiser, d'autre part par
e que le 
al
ul par laméthode de Monte-Carlo des poids et distorsions lo
ales né
essite lui aussi un grand nombre dere
her
hes. En�n, 
'est un problème 
ritique pour les méthodes de rédu
tion de varian
e utilisantun quanti�eur Voronoi 
omme variable de 
ontr�le, 
omme 
ela a été signalé dans l'arti
le [8℄.Beau
oup d'algorithmes de re
her
he de plus pro
he voisin reposent sur un partitionnementré
ursif de l'ensemble Γ résultant en une stru
ture de re
her
he par arbre. La méthode la plus



0.A. PRINCIPAUX RÉSULTATS DE L'APPENDICE A 23populaire est l'algorithme Kd-tree [4℄. Cet algorithme a été améliorée dans l'arti
le [11℄ par M
-Names qui tire avantage de la géométrie de l'ensemble Γ en utilisant une analyse en 
omposantesprin
ipales de l'ensemble de points 
onsidéré.Dans le 
hapitre 5, on propose un nouvel algorithme de re
her
he de plus pro
he voisin pararbre de re
her
he. Comme les deux méthodes 
itées pré
édemment, l'ensemble Γ est ré
ursive-ment partitionné jusqu'à 
e qu'on ait un nombre su�samment petit de points dans 
haque n÷udterminal de l'arbre. L'algorithme proposé tire pro�t de la géométrie du nuage de points en utilisantdes méthodes de partitionnement par quanti�
ation. En e�et, la quanti�
ation ve
torielle quadra-tique est le pendant 
ontinu de 
ritères de 
lassi�
ation automatique (et l'algorithme K-means
onsiste simplement à appliquer l'algorithme de Lloyd à une distribution empirique).Les tests e�e
tués dans le 
hapitre 5 sur 
ette nouvelle dé
omposition du nuage de pointsmontrent qu'elle serait plus adaptée à la re
her
he de plus pro
hes voisins que la dé
ompositionissue de l'arbre d'axe prin
ipal proposé dans [11℄. Nous proposons don
 un algorithme basé sur
ette nouvelle dé
omposition spatiale, similaire aux méthodes usuelles de re
her
he par arbre. Lespremiers tests e�e
tués ave
 
ette méthode montrent que s'il semble mieux résister à l'augmen-tation de la dimension que les autres méthodes 
itées pré
édemment, il se 
omporte moins bienque l'arbre d'axe prin
ipal en dimensions 2, 3 et 4. Nous proposons alors une optimisation del'algorithme permettant d'améliorer ses performan
es en petites dimensions. Cette optimisationné
essite 
ependant un exposé plus approfondi de notions relatives aux maillages de Delaunay etdiagrammes de Voronoi.0.A Prin
ipaux résultats de l'appendi
e ASi X est une variable aléatoire L2 sur Rd et Γ = {γ1, · · · , γN} est un ensemble de N points dis-tin
ts de Rd, la meilleure façon d'appro
her X par une variable aléatoire prenant ses valeurs sur Γest d'utiliser une proje
tion au plus pro
he voisin de X sur Γ, ÒXΓ = ProjΓ(X). Le problème d'op-timisation (1) se traduit don
 en un problème de minimisation plus simple, portant sur l'ensemble
Γ :

min
�
‖X − ProjΓ(X)‖p ,Γ ⊂ Rd, card(Γ) ≤ N

©
.Nous nous référons à l'arti
le [13℄ pour une revue des méthodes disponibles permettant de résoudre
e problème numériquement. Mentionnons par exemple l'algorithme CLVQ (Competitive LearningVe
tor Quantization) qui est une sorte de méthode de gradient sto
hastique appliquée à l'erreurde quanti�
ation, dont le gradient a une représentation intégrale. L'algorithme CLVQ 
onvergepresque sûrement vers un quanti�eur optimal (
e résultat de 
onvergen
e n'a en fait été démontréque dans le 
as des distributions à support 
ompa
t). Un autre algorithme 
ouramment utilisépour la quanti�
ation est l'algorithme de Lloyd, qui 
onverge vers un quanti�eur stationnairenon né
essairement optimal. La limite peut ne même pas être un minimum lo
al de l'erreur dequanti�
ation. La 
onvergen
e vers un quanti�eur optimal n'est à 
e jour garantie que dans le
as des distributions unidimensionnelles stri
tement log-
on
aves, 
omme les lois gaussiennes endimension 1. Dans 
e 
as, nous avons de plus uni
ité du quanti�eur optimal. L'algorithme de Lloyd,é
rit de façon formelle, implique le 
al
ul d'espéran
es, qui en pratique peuvent être évaluées pardes méthodes de Monte-Carlo. Cependant, dans le 
as unidimensionnel, quand la densité et lafon
tion de répartition sont 
onnues, on dispose de formules fermées pour les espéran
es impliquéesdans l'algorithme.Dans l'appendi
e A, nous nous 
onsa
rons à l'étude des méthodes déterministes d'optimisationde grilles de quanti�
ation pour le 
as gaussien unidimensionnel. Ces méthodes déterministes per-mettent d'obtenir des grilles très rapidement ave
 une pré
ision di�
ilement atteignable ave
 desalgorithmes sto
hastiques. Cela rend leur 
al
ul � à la volée � possible pour les multiples appli-
ations utilisant les grilles de quanti�
ation unidimensionnelles, 
omme la quanti�
ation produitde pro
essus gaussiens. De plus, sur le site web www.quantize.maths-fi.
om [15℄, nous mettonsà disposition une grande base de données de grilles de quanti�
ation gaussiennes. Pour produire
es grilles de référen
e, nous utilisons 
es algorithmes sto
hastiques et une librairie de 
al
ul en
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ision arbitraire [2℄, qui nous ont permis de produire des grilles optimales unidimensionnellesave
 une pré
ision relative de 10−32 de la taille N = 1 à N = 104. En d'autres termes, les grillesunidimensionnelles proposées sur le site peuvent être 
onsidérées 
omme exa
tes pour les nombres�ottants de simple, double et quadruple pré
ision.Dans le tableau 
i-dessous, nous reportons les valeurs des points et des poids 
orrespondant d'unquanti�eur quadratique N -optimal de la loi gaussienne 
entrée réduite sur R ave
 N = 9. Cesvaleurs numériques ont une pré
ision relative de 10−32.Points Poids
−2.2546636359124154639723290300306382 3.1053737504986977564788528825468893 × 10−2

−1.4763917385976070721619675715970733 8.4483855789973427268858217803130418 × 10−2

−0.91879588388282995755991264252455596 1.3232941900133077367386905238926516 × 10−1

−0.44363864762697592079813433780655785 1.6436025567507831709996174755021895 × 10−1

0.0 1.7554546405726100878504490686383316 × 10−1

0.44363864762697592079813433780655785 1.6436025567507831709996174755021895 × 10−1

0.91879588388282995755991264252455596 1.3232941900133077367386905238926516 × 10−1

1.4763917385976070721619675715970733 8.4483855789973427268858217803130418 × 10−2
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Chapter 1Fun
tional quantization-basedstrati�ed sampling methodsAbstra
tIn this 
hapter, we propose several quantization-based strati�ed sampling methods to redu
ethe varian
e of a Monte-Carlo simulation.Theoreti
al aspe
ts of strati�
ation lead to a strong link between the problem of optimal L2-quantization of a random variable and the varian
e redu
tion that 
an be a
hieved. We �rst putthe emphasis on the 
onsisten
y of quantization for designing strata in strati�ed sampling methodsin both �nite-dimensional and in�nite-dimensional frameworks. We show that this strata designhas a uniform e�
ien
y among the 
lass of Lips
hitz 
ontinuous fun
tionals.Then a strati�ed sampling algorithm based on produ
t fun
tional quantization is proposedfor path-dependent fun
tionals of multi-fa
tor di�usions. The method is also available for otherGaussian pro
esses su
h as the Brownian bridge or an Ornstein-Uhlenbe
k pro
ess. We derive indetail the quantization of the Ornstein-Uhlenbe
k pro
ess.The balan
e between the algorithmi
 
omplexity of the simulation and the varian
e redu
tionfa
tor has also been studied.Joint work with Gilles Pagès.

Keywords: fun
tional quantization, ve
tor quantization, strati�
ation, varian
e redu
tion, Monte-Carlo simulation, Karhunen-Loève, Gaussian pro
ess, Brownianmotion, Brownian bridge, Ornstein-Uhlenbe
k pro
ess, fra
tional Brownian motion, prin
ipal 
omponent analysis, numeri
al integra-tion, option pri
ing, Voronoi diagram, produ
t quantizer, path-dependent option.27



28 CHAPTER 1. FUNCTIONAL STRATIFICATIONIntrodu
tionThe quantization of a random variable X 
onsists in its approximation by a random variable Ytaking �nitely many values. This problem has been initially investigated for its appli
ations tosignal transmission and for 
ompression issues. (See [9℄.) In this 
ontext, quantization was amethod of signal dis
retization. The point of interest was to design the random variable Y inorder to minimize the resulting error for a �xed quantization level N . This led to the 
on
ept ofoptimal quantization.More re
ently, quantization was introdu
ed in numeri
al probability to devise numeri
al inte-gration methods [24℄ and to solve multidimensional sto
hasti
 
ontrol problems su
h as Ameri
anoptions pri
ing [1℄ and swing options pri
ing [2℄. Optimal quantization has many other appli
a-tions and extensions in various �elds su
h as automati
 
lassi�
ation (quantization of empiri
almeasures) and pattern re
ognition.Sin
e the early 2000's, the in�nite-dimensional setting has been extensively investigated fromboth theoreti
al and numeri
al viewpoints with a spe
ial attention paid to fun
tional quantization[20, 25℄. Bi-measurable sto
hasti
 pro
esses are viewed as random variables taking values in theirpath spa
es su
h as L2
T := L2([0, T ], dt).Still the Monte-Carlo simulation remains the most 
ommon numeri
al method in the �eld ofnumeri
al probability. One reason is that it is easy to implement in an industrial 
on�guration. Inthe industry of derivatives, banks implement generi
 Monte-Carlo frameworks for pri
ing numerouspayo�s with a wide variety of models. Another advantage is that the Monte-Carlo simulation 
anbe parallelized.Varian
e redu
tion methods 
an be used to redu
e dramati
ally the 
omputation time of aMonte-Carlo simulation, or to in
rease its a

ura
y. Main varian
e redu
tion methods are (adap-tive) 
ontrol variate, pre-
onditioning, importan
e sampling and strati�
ation [10, 19℄. The prob-lem is that these methods may strongly depend on the payo� or the model and imply spe
i�

hanges in the pra
ti
al implementation of the Monte-Carlo simulation. Thus, most institutionsdo not implement the most advan
ed methods in pra
ti
e ex
ept for marginal 
ases.In this 
hapter, we point out theoreti
al aspe
ts of quantization that lead to a strong linkbetween the problem of optimal L2-quantization of a random variable and the varian
e redu
tionthat 
an be a
hieved by strati�
ation. We emphasize the 
onsisten
y of quantization for designingstrata in strati�ed sampling methods in both �nite-dimensional and in�nite-dimensional frame-works. Then we devise a strati�ed sampling algorithm based on produ
t fun
tional quantizationfor path-dependent fun
tionals of multi-fa
tor Brownian di�usions. We show that this strata de-sign has a uniform e�
ien
y among the 
lass of Lips
hitz 
ontinuous fun
tionals of the Brownianmotion. The simulation 
ost of the 
onditional path is O(n) where n is the number of dis
retiza-tion dates, as for naive Monte-Carlo simulations. In this 
ontext, this strati�
ation-based varian
eredu
tion method 
an be 
onsidered as a guided Monte-Carlo simulation. (See Figure 1.5.) Themethod extends to any Gaussian pro
ess as soon as its Karhunen-Loève de
omposition is expli
itlyknown. This is the 
ase for the Brownian bridge or the Ornstein-Uhlenbe
k pro
ess. The spe
ial
ase of the Ornstein-Uhlenbe
k pro
ess is derived in Appendix 1.A.A very 
ommon situation is the 
ase of Monte-Carlo simulations of multi-fa
tor Browniandi�usions approximated by their Euler s
heme. The presented method is parti
ularly adaptedto this situation. Even in the multidimensional 
ase, no matter how the independent Brownianmotions are 
orrelated or used afterwards; no matter if it is used for di�using the underlying sto
k,a sto
hasti
 volatility pro
ess or an a
tualization fa
tor. Fun
tional strati�
ation 
an be used asa generi
 varian
e redu
tion method. The point is that it is used upstream in the Monte-Carloframework. One does not need to re-implement the whole framework but only the way it is inputwith Brownian motions. Thus quantization-based fun
tional strati�
ation 
an 
ome along on thetop of a 
omputation pro
edure. In the last se
tion, numeri
al tests are provided with a ben
hmarkwith an Up-In Call option pri
ing in the Bla
k and S
holes model.The 
hapter is organized as follows. Se
tion 1.1 presents the main results about optimal quan-tization that are required bellow. The emphasis is on the fun
tional quantization of Gaussianpro
esses. Se
tion 1.2 presents the �rst histori
 quantization-based varian
e redu
tion method:



1.1. OPTIMAL QUANTIZATION, THE ABSTRACT FRAMEWORK 29using quantization as a 
ontrol variate variable, as proposed in [25, 18℄. Then Se
tion 1.3 out-lines the links between quantization and strati�
ation. The emphasis is on the Gaussian 
ase.The method is spe
i�ed in the fun
tional 
ase for Gaussian pro
esses in Se
tion 1.4. We presenta simulation method for the Brownian motion and other examples of Gaussian pro
esses (su
has the Ornstein-Uhlenbe
k pro
ess and the Brownian bridge) that preserves the O(n) simulation
omplexity where n is the number of time steps. In Se
tion 1.5, we provide numeri
al experi-ments of the method with option pri
ing problems arising in mathemati
al �nan
e. Appendix1.A presents the 
omputation of the Karhunen-Loève de
omposition of Ornstein-Uhlenbe
k pro-
esses, and the related numeri
al methods. A pro
edure for the 
omputation of the eigenvaluesis provided. Appendix 1.B provides 
losed-form expressions of a regression matrix needed for thefun
tional strati�
ation fast simulation algorithm, in the 
ases of the standard Brownian motion,the standard Brownian bridge and Ornstein-Uhlenbe
k pro
esses.1.1 Optimal quantization, the abstra
t framework1.1.1 Introdu
tion to quantization of random variablesIn the following, (Ω,A,P) is a probability spa
e, and E is a re�exive separable Bana
h spa
e. Thenorm on E is denoted by | · |. We assume that the random variables are de�ned on (Ω,A,P). Onedenotes N∗ := {1, 2, · · · }.The prin
iple of the quantization of a random variable X taking its values in E is to approx-imate X by a random variable Y taking a �nite number N of values in E. The dis
rete randomvariable Y is a quantizer of X .The resulting error of this dis
retization is the Lp-norm of |X − Y |. One wants to minimizethis indu
ed error. This gives the following minimization problem:
min {‖X − Y ‖p, Y : Ω→ E measurable, card(Y (Ω)) ≤ N} . (1.1)De�nition 1.1.1 (Voronoi partition). Consider N ∈ N∗, Γ = {γ1, · · · , γN} ⊂ E and let C =

{C1, · · · , CN} be a Borel partition of E. C is a Voronoi partition asso
iated with Γ if ∀i ∈
{1, · · · , N}, Ci ⊂ {ξ ∈ E, |ξ − γi| = min

j∈{1,··· ,N}
|ξ − γj |}.If C = {C1, · · · , CN} is a Voronoi partition asso
iated with Γ = {γ1, · · · , γN}, it is 
lear that

∀i ∈ {1, · · · , N}, γi ∈ Ci. Ci is 
alled Voronoi slab asso
iated with γi in C and γi is the 
entre ofthe slab Ci.One denotes Ci = slabC(γi), and for every a ∈ Γ, W (a|Γ) is the 
losed subset of E de�ned by
W (a|Γ) =

§
y ∈ E, |y − a| = min

b∈Γ
|y − b|

ª
.De�nition 1.1.2 (Nearest neighbour proje
tion). Let us 
onsider the �xed point set Γ = {γ1, · · · , γN} ⊂

E and C = {C1, · · · , CN} the asso
iated Voronoi partition. The nearest neighbour proje
tion onto
Γ is the appli
ation ProjΓ :=

NP
i=1

γi1Ci .Proposition 1.1.1. Let X be an E-valued Lp random variable, and Y taking its values in the�xed point set Γ = {γ1, · · · , γN} ⊂ E where N ∈ N. Set ÒXΓ the random variable de�ned byÒXΓ := ProjΓ(X) where ProjΓ is a nearest neighbour proje
tion onto Γ, 
alled a Voronoi Γ-quantizerof X.Then we 
learly have ���X − ÒXΓ
��� ≤ |X − Y | a.s.. Hen
e 


X − ÒXΓ





p
≤ ‖X − Y ‖p.As a 
onsequen
e of the previous proposition, solving the minimization problem (1.1) amountsto solving the simpler minimization problem

min {‖X − ProjΓ(X)‖p, Γ ⊂ E, card(Γ) ≤ N} . (1.2)



30 CHAPTER 1. FUNCTIONAL STRATIFICATIONThe quantity ‖X − ProjΓ(X)‖p is 
alled the mean Lp-quantization error. When this minimum isrea
hed, one refers to optimal quantization.The problem of the existen
e of a minimum has been investigated for de
ades on its numeri
aland theoreti
al aspe
ts in the �nite-dimensional 
ase [23, 11℄.
• For every N ≥ 1, the Lp-quantization error is Lips
hitz 
ontinuous and rea
hes a mini-mum. An N -tuple that a
hieves the minimum has pairwise distin
t 
omponents, as soon as
card(supp(PX)) ≥ N . This result stands in the general abstra
t 
ase of a random variablevalued in a re�exive separable Bana
h spa
e. (This has been prooved in [20℄.)
• If card(X(Ω)) is in�nite, this minimum stri
tly de
reases to 0 as N goes to in�nity. Therate of 
onvergen
e is ruled by Theorem 1.1.2 in the �nite-dimensional 
ase.Theorem 1.1.2 (Zador). • (Sharp rate) (See [11℄) Let r > 0 and X ∈ Lp+η(P) for some
η > 0. Let PX(dξ) = φ(ξ)dξ + µ(dξ) be the 
anoni
al de
omposition of the distribution of X(µ and the Lebesgue measure are singular). Then, (if φ 6≡ 0), the Lr quantization error oflevel N , EN,r satis�es

EN,r(X,R
d) ∼

N→∞
eJr,d × �Z

Rd

φ
d

d+r (u)du

� 1
d+

1
r

×N− 1
d , (1.3)where eJr,d ∈ (0,∞).

• (Non-asymptoti
 upper bound) (See [22℄) Let d ≥ 1. There exists Cd,r,η ∈ (0,∞) su
h that,for every Rd-valued random ve
tor X,
∀N ≥ 1, EN,r(X,R

d) ≤ Cd,r,η‖X‖r+ηN
− 1

d . (1.4)This mainly says us that min

§


X − ÒX



p
, card(Γ) ≤ N

ª
∼

N→∞
CPX ,p,dN

− 1
d . The �rst state-ment of the theorem was �rst proved for distributions with 
ompa
t supports by Zador in [32℄.Then a �rst extension to general probability distributions on Rd is developed in [5℄. The �rst math-emati
ally rigorous proof 
an be found in [11℄. The non-asymptoti
 error bound of the se
ondstatement is proved in [22℄.In Figure 1.1, the Voronoi partition of a random N -quantizer and an L2-optimized N quantizerof the N (0, I2) distribution are given.
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Figure 1.1: Voronoi partition of a random quantizer and a L2-optimized N -quantizer of the
N (0, I2) distribution in R2. (N = 48).



1.1. OPTIMAL QUANTIZATION, THE ABSTRACT FRAMEWORK 311.1.2 Stationarity and 
entroidal Voronoi tessellationsWe now assume that E is a separable Hilbert spa
e (H, 〈·, ·〉H).
• CN(X) is the set of L2-optimal quantizers of X of size N .
• EN(X) is the minimal quadrati
 distortion that 
an be a
hieved when approximating X bya quantizer of level N .De�nition 1.1.3 (Stationarity). A quantizer Y of X is stationary (or self-
onsistent) if

Y = E[X |Y ]. (1.5)Proposition 1.1.3 (Stationarity of L2-optimal quantizers). A (quadrati
) optimal quantizer isstationary.We refer to [11℄ for a detailed proof in the �nite-dimensional setting and to [20℄ in the separableHilbert setting.The stationarity is a parti
ularity of the quadrati
 
ase (p = 2). In other Lp 
ases, a similarproperty involving the notion of p-
entre o

urs. A proof of is available in [12℄.A 
onsequen
e is, if Y = ProjΓ(X) is an L2-optimal quantizer, and C = {C1, · · · , Cn} is theasso
iated Voronoi partition, one has ∀y ∈ Γ, y = E[X |X ∈ slabC(y)].Proposition 1.1.4. Let X be an H-valued L2 random variable. Let us denote by DX
N the squaredquadrati
 quantization error asso
iated with a 
odebook of size N with respe
t to X.

DX
N : HN → R+

Γ = (γ1, · · · , γN ) 7→ E

�
min

1≤i≤N
|X − γi|2H

�
.The distortion fun
tion DX

N is |·|H-di�erentiable at N -quantizers Γ ∈ HN with pairwise distin
t
omponents and
∇DX

N (Γ) = 2
�Z

Ci(Γ)

(γi − ξ)PX(dξ)
�
1≤i≤N

= 2

�
E

��ÒXΓ −X
�1�bXΓ=γi

©��
1≤i≤N

. (1.6)Hen
e any Voronoi quantizer asso
iated with a 
riti
al point of DX
N is a stationary quantizer.We refer to [27℄ for a detailed proof.De�nition 1.1.4 (Centroidal proje
tion). Let C = {C1, · · · , CN} be a Borel partition of H. Letus de�ne for 1 ≤ i ≤ N , Gi =

§
E[X |X ∈ Ci] if P[X ∈ Ci] 6= 0,
0 in the other 
ase, the 
entroids asso
iated with

X and C.The 
entroidal proje
tion asso
iated C and X is the appli
ation ProjC,X : x 7→
NP
i=1

Gi1Ci(x).Lemma 1.1.5 (Huyghens, varian
e de
omposition). Let X be a H-valued L2 random variable,
N ∈ N∗ and C = (Ci)1≤i≤N a Borel partition of H. Consider ProjC,X =

NP
i=1

Gi1Ci the asso
iated
entroidal proje
tion. Then one has,
Var(X) = E

���X − ProjC,X(X)
��2�| {z }

:=(1)

+E
���ProjC,X(X)− E[X ]

��2�| {z }
:=(2)

.The varian
e of the random variable X de
omposes itself into the intra
lass inertia (1) plus theinter
lass inertia (2).
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Var(X) = E

���X − ProjC,X(X) + ProjC,X(X)− E[X ]
��2�

= E
���X − ProjC,X(X)

��2�| {z }
=(1)

+E
���ProjC,X(X)− E[X ]

��2�| {z }
=(2)

+2E
�¬
X − ProjC,X(X),ProjC,X(X)− E[X ]

¶�| {z }
:=(3)

.Now (3) = 0 sin
e ProjC,X(X) = E
�
X
��ProjC,X(X)

�. �1.1.3 Optimal quantization and prin
ipal 
omponent analysisRedu
tion of dimensionThe aim is now the redu
tion of the quantization problem to �nite-dimensional subspa
es of H .For any �nite-dimensional subspa
e U of H , we denote by ΠU the orthogonal proje
tion onto U .Proposition 1.1.6. Let U be a �nite-dimensional linear subspa
e of H. Then
EN (ΠU (X))2 ≤ EN (X)2 ≤ inf

§
E

�
min
a∈Γ
‖X − a‖2

�
, Γ ⊂ U, 1 ≤ cardΓ ≤ N

ª
= E

�
|X −ΠU (X)|2

�
+ EN (ΠU (X))2.In other words, the quadrati
 quantization error with respe
t to Γ ⊂ U 
onsists of the proje
tionerror and the quantization error of the proje
ted random variable. We refer to [20℄ for a detailedproof.Notation: Let dN (X) = min{dim span(Γ),Γ ∈ CN (X)} denotes the quantization dimension ofthe level N of the quantization problem for X .It follows from Proposition 1.1.6 that

E2N (X) = min

§
E[‖X −ΠV (X)‖2] + E2N(ΠV (X)),

V ⊂ H linear subspa
esu
h that dim V ≥ dN (X)

ª
.Covarian
e operator of a random variableDe�nition 1.1.5. Let X be a 
entered H-valued L2 random variable.The 
ovarian
e operator CX : H → H of X is de�ned by CXy = E[〈y,X〉X ].1. In the �nite-dimensional 
ase, the matrix of CX in the 
anoni
al basis is the 
ovarian
ematrix of X .2. If X = (Xt)t∈[0,T ] is a bi-measurable 
entered pro
ess with 
ovarian
e fun
tion ΓX(s, t) :=

E[XsXt] satisfying R[0,T ] ΓX(s, s)ds < +∞. Then X 
an be seen as a L2([0, T ], dt)-valuedrandom variable with E
�
|X |2

�
<∞.

CXy =

Z
[0,T ]

y(s)ΓX(s, ·)ds, y ∈ L2([0, T ], dt). (1.7)In [20℄, it is proved that linear subspa
es U of H spanned by n-stationary 
odebooks of Gaus-sian measures 
orrespond to prin
ipal 
omponents of X . In other words, they are spanned byeigenve
tors of CX 
orresponding to the m largest eigenvalues. Thus these subspa
es 
orrespondto the �rst m prin
ipal 
omponents of X .
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odebook for the Gaussian random variable X, U = span(Γ)and m = dimU . Then CX(U) = U and E
�
|X −ΠU (X)|2

�
=

P
j≥m+1

λXj , where λX1 ≥ λX2 ≥ · · · > 0are the ordered non-zero eigenvalues of CX (written as many times as their multipli
ity).X
j≥m+1

λXj = inf
�
E
�
|X −ΠV (X)|2

�
: V ⊂ H linear subspa
e, dimV = m

©
.We now dedu
e the �nal representation of EN (X).

EN (X)2 =
X

j≥m+1

λXj + EN
 

mO
j=1

N
�
0, λXj

�!2 for m ≥ dN (X), (1.8)
EN (X)2 <

X
j≥m+1

λXj + EN
 

mO
j=1

N
�
0, λXj

�!2 for 1 ≤ m < dN (X). (1.9)A detailed proof of this result is available in [20℄. Equations (1.8) and (1.9) show that for thequantization of a Gaussian pro
ess X , as soon as we know its Karhunen-Loève basis (eXn )n∈N∗and its eigenvalues (λXn )n∈N∗ , the problem of optimal L2-quantization 
omes to the problem ofthe quantization of a Gaussian ve
tor of dimension dN .1.1.4 Produ
t quantizationLet (en)n∈N∗ be a Hilbert basis of H and I ⊂ N∗ be a nonempty �nite subset of N∗. For every
k ∈ I, 
onsider a Nk-tuple Γk =

�
xk1 , · · · , xkNk

©
⊂ R.An easy way to 
onstru
t a quantizer is to de�ne the 
odebook Γ by the set of the points xsu
h that for every k ∈ I, 〈x, ek〉 ∈ Γk and for every k ∈ N∗\I, 〈x, ek〉 = E[〈X, ek〉].The Voronoi 
ells asso
iated with su
h a 
odebook are hyper-parallelepipeds.Proposition 1.1.8 (Case of independent marginals). With the same notations, if one assumesthat the marginals of X, (〈X, e1〉, 〈X, e2〉, · · · ) are independent, then one 
an 
hoose for ea
h k ∈ Ithe values Γk =

�
xk1 , · · · , xkNk

© su
h that Y k = ProjΓk(〈X, ek〉) is a stationary quantizer of 〈X, ek〉.Then Y = ProjΓ(X) is a stationary quantizer of X.This method yields a stationary quantizer with a simple proje
tion rule. A drawba
k of produ
tquantization is that one needs to restri
t to the 
ase of independent marginals in order to preservestationarity.1.1.5 Numeri
al optimal quantizationVarious numeri
al algorithms have been developed to numeri
ally obtain an optimal N -grid with aminimal quadrati
 quantization error in the �nite-dimensional setting. A review of these methodsis available in [27℄. Let us mention Lloyd's algorithm for the quadrati
 
ase, whi
h is the naturalprobabilisti
 
ounterpart of a 
lassi�
ation algorithm due to Forgy [8℄.Another algorithm is a sto
hasti
 gradient method whi
h is suggested by the fa
t that the
L2-quantization distortion fun
tion is di�erentiable at any N -tuple having pairwise distin
t 
om-ponents and a PX -negligible Voronoi tessellation boundary and has an integral representation.The algorithm is deeply investigated in [24℄.Equation (1.6) shows that any Voronoi quantizer asso
iated with a 
riti
al point of DX

N is astationary quantizer. In the 
ase of one-dimensional distributions, su
h as the Gaussian distri-bution, the Hessian of the distortion is known and 
an be represented by a tridiagonal matrix.Hen
e, it is easy to invert and a Newton-Raphson method 
an be implemented. It is 
ompletelydetailed in [24℄ in the Gaussian 
ase. It remains the fastest way to 
ompute L2-optimal quantizersof one-dimensional Gaussian variables.



34 CHAPTER 1. FUNCTIONAL STRATIFICATION1.1.6 Quantization of Gaussian pro
essesQuantizationFrom now on, we will assume thatX is a bi-measurable Gaussian pro
ess de�ned on the probabilityspa
e (Ω,A,P) satisfying E
h
|X |2

L2
T

i
=

TR
0

E[X2
s ]ds <∞. Moreover, we assume that the 
ovarian
efun
tion ΓX is 
ontinuous.We have seen in Se
tion 1.1.3 that in this 
ontext, as soon as one knows the Karhunen-Loèvesystem (eXn , λ

X
n )n∈N∗ of the 
ovarian
e operator of X , the problem of the L2-optimal quantizationof the pro
essX 
omes to the quantization of a �nite-dimensional Gaussian ve
tor mN

j=1

N (0, λXj ), forsome positive integer m, the quantization dimension. The 
ompanion parameters of the fun
tionalquantizer are easily dedu
ed from the quantizer of mN
j=1

N (0, λXj ) that is used.All this is valid for any Gaussian pro
ess X with a 
ontinuous 
ovarian
e fun
tion, as soon asone knows its Karhunen-Loève basis. Several usual Gaussian pro
esses have expli
it Karhunen-Loève expansions, su
h as the Brownian motion and the Brownian bridge. The Ornstein-Uhlenbe
kpro
ess admits a semi-
losed-form for its Karhunen-Loève expansion. (The formula is derived fornormalized parameters in the stationary 
ase in [13, p.195℄.) In Se
tion 1.A, the 
omputationof Karhunen-Loève de
omposition of the Ornstein-Uhlenbe
k pro
ess is detailed in the generalGaussian 
ase (r0 L∼ N (m0, σ
2
0)). As far as we know, the K-L expansion of the fra
tional Brownianmotion is not known.Further in the 
hapter, numeri
al illustrations will be given for the following 
ases.1. The Brownian motion (Wt)t∈[0,T ]:

eWn (t) :=

É
2

T
sin
�
π(n− 1/2)

t

T

�
, λW

n :=

�
T

π(n− 1/2)

�2

, n ≥ 1. (1.10)2. The Brownian bridge on [0, T ]:
eBn (t) :=

É
2

T
sin
�
πn

t

T

�
, λB

n :=
�

T

πn

�2

, n ≥ 1. (1.11)3. The Ornstein-Uhlenbe
k pro
ess on [0, T ], starting from 0, and de�ned by the SDE
drt = −θrtdt+ σdWt, (1.12)with σ ≥ 0, θ > 0 and W a standard Brownian motion on [0, T ]:

eOU
n (t) :=

�
1È

T
2
− sin(2ωnT )

4ωn

�
sin(ωnt), λOU

n :=
σ2

ω2
n + θ2

, n ≥ 1, (1.13)where (ωn)n≥1 are the stri
tly positive solutions of the equation
θ sin(ωnT ) + ωn cos(ωnT ) = 0,sorted in an in
reasing order. (Based on results from Se
tion 1.A.)4. The stationary Ornstein-Uhlenbe
k pro
ess on [0, T ]. (See Se
tion 1.A.)In Figure 1.2, one 
an see an N -optimal L2-quantizer of the standard Brownian motion.Produ
t quantizationThanks to Equations (1.8) and (1.9), produ
t quantization of the �nite-dimensional Gaussianve
tor ξ L∼

mN
j=1

N (0, λXj ) yields a stationary quantizer of the pro
ess X . In this 
ontext, let usintrodu
e the following notations:
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Figure 1.2: Optimal quantizer of a standard Brownian motion on [0, 1].The quantizer of X is ÒX =
P
n≥1

È
λXn
bξneXn , where bξn is an optimal Nn-quantizer of ξn and

N1 × · · · ×Nn ≤ N, N1, · · · , Nn ≥ 1. (Hen
e for large enough n, Nn = 1 so that bξn = 0.)The paths of an N1×· · ·×Nn-quantizer χ and a multi-index i = {i1, · · · , in, · · · } that produ
esthis quantization are of the form
χi =

X
n≥1

È
λXn x

(Nn)
in

eXn . (1.14)A quantizer χ de�ned by Equation (1.14) is 
alled a K-L produ
t quantizer. Furthermore, onedenotes by Opq(X,N) the set of the K-L produ
t quantizers of size at most N of X .In the 
ase of a produ
t quantization, the 
ounterpart of Equation (1.8) is
E

�
min
i

��X − χi

��2� = mP
n=1

λXn E

�
min

1≤in≤Nn

���ξn − x(Nn)
in

����+ P
n≥m+1

λXn

=
mP

n=1

λXn E

�
min

1≤in≤Nn

���ξn − x(Nn)
in

����+ E
h
|X |2

L2
T

i
−

mP
n=1

λXn ,
(1.15)where m is the quantization dimension.Produ
t de
omposition blind optimizationThe lowest quadrati
 quantization error indu
ed by a K-L-produ
t quantizer having at most N
odebooks is obtained as a solution of the minimization problem

min
n
e(χ), χ ∈ Opq(X,N)

o
, (1.16)that is, thanks to Equation (1.15)

min
n dX

n=1

λXn min
RNn




ξ − bξn


2
2
+
X

n≥d+1

λXn , N1 × · · · ×Nn ≤ N, d ≥ 1
o
. (1.17)A solution of (1.16) is 
alled an optimal K-L produ
t quantizer.



36 CHAPTER 1. FUNCTIONAL STRATIFICATIONThe blind optimization pro
edure 
onsists in 
omputing the 
riterion for every possible de
om-position N1 × · · · × Nn ≤ N . For a given Gaussian pro
ess X , results 
an be kept o�-line for afuture use. Optimal de
ompositions for a wide range of values of N for both Brownian bridge andBrownian motion are available on the web site www.quantize.maths-fi.
om [26℄ for download.The blind optimization pro
edure is more thoroughly des
ribed in [25℄. Let us remind that theoptimal de
omposition depends on the parameters of the Ornstein-Uhlenbe
k pro
ess (σ and θ inEquation (1.12)) and the maturity.Some values of optimal de
ompositions for the stationary Ornstein-Uhlenbe
k pro
ess are givenin Table 1.1.
N Nrec squared L2 quantization Error Nrec de
omposition
1 1 1.5 1
10 10 0.65318 5 - 2
100 96 0.40929 6 - 4 - 2 - 2
1000 960 0.29618 10 - 6 - 4 - 2 - 2
10000 9984 0.23150 13 - 8 - 4 - 3 - 2 - 2 - 2Table 1.1: Re
ord of optimal produ
t de
omposition values of the stationary 
entered Ornstein-Uhlenbe
k pro
ess given by drt = −θrtdt+ σdWt on [0, T ] with θ = 1, σ = 1 and T = 3.Pro
eeding in this 
hapter, we will be 
onfronted with other similar optimization problems(with another 
riterion than the quadrati
 distortion). The blind optimization pro
edure will bethe way to 
ompute optimal produ
t de
omposition databases.In Figure 1.3, one 
an see examples of optimal produ
t quantizers of the Brownian motionand the Brownian bridge on [0, 1]. In Figure 1.4, one 
an see optimal produ
t quantizers of the
entered Ornstein-Uhlenbe
k pro
ess starting from r0 = 0 and a stationary Ornstein-Uhlenbe
kon [0, 3].PSfrag repla
ements
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Figure 1.3: Optimal produ
t quantizer of a standard Brownian motion (left) and a standardBrownian bridge (right) on [0, 1].Rate of de
ay for the quantization errorIn [20℄, a pre
ise link between the rate problem and Shannon-Kolmogorov's entropy of X is estab-lished. This allowed them to 
ompute the exa
t rate of 
onvergen
e of the minimal L2-quantizationerror under rather general 
onditions on the eigenvalues of the 
ovarian
e operator. Typi
al ratesare O(log(n)−a), a > 0. This 
onditions are ful�lled by a large 
lass of pro
esses, su
h as theOrnstein-Uhlenbe
k pro
ess and the Brownian motion.
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2 2.5 3Figure 1.4: Optimal produ
t quantizer of a 
entered Ornstein-Uhlenbe
k pro
ess, starting from
r0 = 0 (left) and stationary (right) given by drt = −rtdt+ dWt, on [0, 3].1.2 Quantization as a 
ontrol variate: a �rst attempt toquantization-based varian
e redu
tionThis method has been initially proposed in [25℄.1.2.1 Quantization as a 
ontrol variate variableLet X : (Ω,A,P) → E be a square-integrable random variable, 
onsider N ∈ N∗ and let Γ =
{y1, · · · , yN} be an N -
odebook. We suppose that we have a

ess to a Γ-valued quantizer Y =

Proj(X) =
NP
i=1

yi1Ci(X) where C = {C1, · · · , CN} is a partition of E. At this step, we do notneed Proj to be a nearest neighbour proje
tion onto Γ.Let F : E → E be a Lips
hitz 
ontinuous fun
tion su
h that F (X) ∈ L2(P). In order to
ompute E[F (X)], one writes:
E[F (X)] = E [F (Proj(X))] + E [F (X)− F (Proj(X))]

= E [F (Proj(X))]| {z }
(a)

+
1

M

MX
m=1

F
�
X(m)

�
− F

�
Proj

�
X(m)

��| {z }
(b)

+RN,M , (1.18)where X(m), 1 ≤ m ≤ M are M independent 
opies of X , and RN,M is a remainder term de�nedby Equation (1.18).Here, term (a) 
an be 
omputed by quantization and term (b) 
an be 
omputed by a Monte-Carlo simulation. Now
‖RN,M‖2 = σ(F (X)−F (Proj(X)))√

M
≤ ‖F (X)−F (Proj(X))‖2√

M

≤ [F ]Lip ‖X−Proj(X)‖2√
M

.Furthermore, √MRN,M
L→N (0,Var (F (X)− F (Proj(X)))) .Consequently, in the d-dimensional 
ase, if F is simply a Lips
hitz 
ontinuous fun
tionand if (YN )N∈N = (ProjN (X))N∈N is a rate-optimal sequen
e of quantizers of X ,


F (X)− F

�
ProjN (X)

�



2
≤ [F ]Lip CX

N1/dand
‖RN,M‖2 ≤ [F ]Lip CX

M1/2N1/d
.



38 CHAPTER 1. FUNCTIONAL STRATIFICATIONLikewise, in the 
ase of the Brownian motion, if �
WN
�
N≥1

is a rate-optimal sequen
eof produ
t quantization of the Brownian motion, if F is simply a Lips
hitz 
ontinuous fun
tional,then 


F (W )− F
�
WN

�



2
≤ [F ]Lip CW

log(N)1/2and
‖RN,M‖2 ≤ [F ]Lip CW

M log(N)1/2
.1.2.2 Pra
ti
al implementation: the problem of fast nearest neighboursear
h

• The 
omplexity of the proje
tion: Con
erning pra
ti
al implementation, one noti
es inEquation (1.18) that for every step of the Monte-Carlo simulation, one has to 
ompute the proje
-tion Proj(X(m)). This is the 
riti
al part of the algorithm when dealing with optimal quantization.Hen
e, the e�
ien
y of the quantization as a 
ontrol variate variable is 
onditioned by the e�-
ien
y of the proje
tion pro
edure. When dealing with Voronoi quantization, this is the nearestneighbour proje
tion.The problem of nearest neighbour proje
tion, also known as the post-o�
e problem [17℄, hasbeen widely investigated in the area of 
omputational geometry. It is en
ountered for manyappli
ations, su
h as pattern re
ognition and information retrieval.The problem has been solved near optimally for the 
ase of low dimensions. Algorithms di�er ontheir pra
ti
al e�
ien
y on real data sets. For large dimensions, most solutions have a 
omplexitythat is exponential with the dimension, or require a longer query time than the obvious brute for
ealgorithm. In fa
t for dimension d > logN , a brute for
e algorithm is usually the best 
hoi
e. Thise�e
t is known as the 
urse of dimensionality. Still, even in low dimension, fast nearest neighboursear
h is a 
riti
al part of the algorithm. We refer to [31℄ for a review about fast nearest neighboursear
h algorithms. Let us also mention [6℄ for a fast nearest neighbor sear
h algorithm based onve
tor quantization.Con
erning ve
tor quantization, the speed of the proje
tion 
an also be in
reased by relaxingthe hypothesis that the proje
tion onto the quantizer is a nearest neighbour proje
tion. It 
an bedone by designing other kind of partitions of the state spa
e.
• The fun
tional 
ase: Another drawba
k of the method, when dealing with the fun
tional
ase is that one does not simulate the whole traje
tory of the sto
hasti
 pro
ess but only itsmarginals at dis
rete dates. Hen
e it is not possible to 
ompute its proje
tion. This problem�nds its solution in the simulation s
heme for Gaussian pro
esses derived in Se
tion 1.4.2 for thefun
tional strati�
ation.A varian
e redu
tion te
hnique using a fun
tional quantizer of the Brownian motion as a 
ontrolvariate has been proposed in [18℄.1.3 Appli
ation of quantization to strati�
ation1.3.1 A short ba
kground on strati�
ationThe base idea of strati�
ation is to lo
alize the Monte-Carlo simulation on the elements of ameasurable partition of the state spa
e of a L2 random variable X : (Ω,A)→ (E, E).
• Let (Ai)i∈I be a �nite E-measurable partition of E. The sets Ai are 
alled strata. Assumethat the weights pi = P(X ∈ Ai) are known for i ∈ I and stri
tly positive.
• Let us de�ne the 
olle
tion of independent random variables (Xi)i∈I with distribution
L(X |X ∈ Ai).



1.3. APPLICATION OF QUANTIZATION TO STRATIFICATION 39Remark: One assumes that one 
an write Xi = φi(U) where U is uniformly distributed on [0, 1]riand φi : [0, 1]ri → R is an easily 
omputable fun
tion. (One has ri ∈ N∪{+∞}, the 
ase ri = +∞o

urs for example in the 
ase of the a

eptan
e-reje
tion method.) This 
ondition simply meansthat the random variables Xi
L∼ L(X |X ∈ Ai) are easy to simulate on a 
omputer.It is a major 
onstraint for pra
ti
al implementation of strati�
ation methods. This simulability
ondition usually has a strong impa
t on the possible design of the strata. In the following, onewill 
ome ba
k several times on this 
ondition.Let F : (E, E)→ (R,B(R)) su
h that E[F 2(X)] < +∞.

E[F (X)] =
P
i∈I

E[1{X∈Ai}F (X)] =
P
i∈I

piE[F (X)|X ∈ Ai]

=
P
i∈I

piE[F (Xi)].The strati�
ation 
on
ept 
omes into play now. Let M be the global budget allo
ated tothe 
omputation of E[F (X)] and Mi = qiM the budget allo
ated to 
ompute E[F (Xi)] in ea
hstratum. One assumes that P
i∈I

qi = 1. This leads to de�ne the (unbiased) estimator of E[F (X)]:
F (X)

I

M :=
X
i∈I

pi
1

Mi

MiX
k=1

F
�
Xk

i

�
, (1.19)where (Xk

i )1≤k≤Mi is a L(X |X ∈ Ai)-distributed random sample.Proposition 1.3.1. With the same notations:
Var

�
F (X)

I

M

�
=

1

M

X
i∈I

p2i
qi
σ2
F,i, (1.20)where σ2

F,i = Var(F (X)|X ∈ Ai) = Var(F (Xi)) ∀i ∈ I.Proof: Let us denote Zi =
1
Mi

MiP
k=1

F (Xk
i ). The random variables (Zi)i∈I are independent. Wehave F (X)

I

M =
P
i∈I

piZi. Hen
e, by independen
e,
Var

�
F (X)

I

M

�
=
X
i∈I

p2i Var(Zi) =
X
i∈I

p2i
1

Mi
Var (F (Xi)) =

1

M

X
i∈I

p2i
qi
σ2
F,i.

�Optimizing the simulation allo
ation to ea
h stratum amounts to solving the following mini-mization problem:
min

(qi)∈PI

X
i∈I

p2i
qi
σ2
F,i where PI =

(
(qi)i∈I ∈ RI

+

�����X
i∈I

qi = 1

)
. (1.21)Sub-optimal 
hoi
eThe �rst natural 
hoi
e is to set

qi = pi, i ∈ I. (1.22)The two motivations for this 
hoi
e are the fa
ts that the weights pi are known and be
ause italways redu
es the varian
e.P
i∈I

p2
i

qi
σ2
F,i =

P
i∈I

piσ
2
F,i =

P
i∈I

E

��
F (X)− E[F (X)|X ∈ Ai]

�21Ai(X)

�
= ‖F (X)− E[F (X)|σ({X ∈ Ai}, i ∈ I)]‖22
≤ ‖F (X)− E[F (X)]‖22 = Var(F (X)).
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hoi
eThe optimal 
hoi
e is the solution of the 
onstrained minimization problem (1.21). S
hwarz'sinequality yields X
i∈I

piσF,i =
X
i∈I

piσF,i√
qi

√
qi ≤

�X
i∈I

p2iσ
2
F,i

qi

�1/2�X
i∈I

qi| {z }
=1

�1/2
.As a 
onsequen
e, the solution of the minimization problem 
orresponds to the equality 
asein S
hwarz's inequality. Hen
e the solution of the minimization problem is given by

q∗i =
piσF,iP

j∈I

pjσF,j
, i ∈ I (1.23)and the 
orresponding minimal varian
e is given by � P

i∈I

piσF,i

�2
.At this point, the problem is that one does not know the lo
al inertia σ2

F,i. Still, using the fa
tthat Lp norms are de
reasing with p, one sees that
σF,i ≥ E

h
|F (X)− E [F (X)|{X ∈ Ai}]|

���{X ∈ Ai}
i
,so that  X

i∈I

piσF,i

!2

≥



F (X)− E [F (X)|σ({X ∈ Ai}, i ∈ I)]




2
1
.In [29℄, Étoré and Jourdain proposed an algorithm for adaptively modifying the proportion offurther drawings in ea
h stratum, that 
onverges to the optimal allo
ation. This 
an be used in ageneral framework.In Se
tion 1.3.2, we will see that the problem of designing good strata, in term of varian
eredu
tion is linked with the problem of optimal quantization. Moreover, the 
ase of quantization-based strata have two other advantages:

• The weights pi are already known, whi
h saves us from evaluating their values during theMonte-Carlo evaluation.
• As 
on
erns the optimal 
hoi
e for the allo
ation parameters qi, one shows in Theorem 1.3.2that weights 
an be 
hosen su
h that strati�
ation has a uniform e�
ien
y among the 
lassof Lips
hitz 
ontinuous fun
tionals. This weights have a 
losed-form expression in the 
aseof quantization-based strati�
ation.1.3.2 Strati�
ation and quantizationThe main drawba
k indu
ed by using quantization as a 
ontrol variate variable is that it requiresrepeated 
omputations of proje
tions onto the quantizer. (Nearest neighbour sear
h in the 
aseof a Voronoi quantizer.) The point when dealing with strati�
ation is that one does not haveto use a proje
tion pro
edure. The 
riti
al point now is the 
ost of the simulation of 
onditionaldistributions L(X |X ∈ Ai), i ∈ I.Theorem 1.3.2 brings together previous results about strati�
ation and highlights the relation-ships with the notions of lo
al inertia and intra
lass inertia. It stresses the fa
t that strati�
ationhas a uniform e�
ien
y among the 
lass of Lips
hitz 
ontinuous fun
tionals.Theorem 1.3.2 (Universal strati�
ation). Let A = (Ai)i∈I be a partition (strati�
ation) of E.(Keep in mind the notation ProjA,Z for the 
entroidal proje
tion asso
iated with the random vari-able Z and the partition A, de�ned in De�nition 1.1.4).
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onsider the lo
al inertia of the random variable X,
σ2
i = E

�
|X − E[X |X ∈ Ai]|2

���X ∈ Ai

�
.Then, for every Lips
hitz 
ontinuous fun
tion F : E → R,

∀i ∈ I, σF,i ≤ [F ]Lipσi so that sup
[F ]Lip≤1

σF,i ≤ σi. (1.24)2. In the 
ase of the sub-optimal 
hoi
e (see Se
tion 1.3.1),
sup

[F ]Lip≤1

� P
i∈I

piσ
2
F,i

�
≤ P

i∈I

piσ
2
i =




X − E[X |σ({X ∈ Ai}, i ∈ I)]



2
2

=



X − ProjA,X(X)




2
2
.

(1.25)3. In the 
ase of the optimal 
hoi
e (see Se
tion 1.3.1),
sup

[F ]Lip≤1

�X
i∈I

piσF,i

�2
≤
�X

i∈I

piσi

�2
, (1.26)and �X

i∈I

piσi

�2
≥



X − E[X |σ({X ∈ Ai}, i ∈ I)]




2
1
=



X − ProjA,X(X)




2
1
.4. If one 
onsiders ve
tor-valued Lips
hitz 
ontinuous fun
tions F : E → E, then inequalities(1.24), (1.25) and (1.26) hold as equalities.Proof: One has

σ2
F,i = Var (F (X)|X ∈ Ai)

= E
�
|F (X)− E[F (X)|X ∈ Ai]|2

���X ∈ Ai

�
≤ E

�
|F (X)− F (E[X |X ∈ Ai])|2

���X ∈ Ai

�
.Now using that F is Lips
hitz, it follows that

σ2
F,i ≤ [F ]2Lip 1

pi
E
�
|X − E[X |X ∈ Ai]|2 1{X∈Ai}

�
= [F 2]Lipσ2

i .Items 2 and 3 easily follow from Item 1. Claim 4 is obvious by 
onsidering F = IdE . �The idea now is to set I = {1, · · · , N} and use the partition {A1, · · · , AN} and the N -
odebook
Γ = {γ1, · · · , γN} asso
iated with the proje
tion Proj =

NP
i=1

γi1Ai . In the 
ase of a Voronoiquantization, we have Ai = slabA(γi).Then for every i ∈ I, there exists a Borel fun
tion φ(γi, ·) : [0, 1]q → E su
h that φ(γi, U)
L∼

L(X |X ∈ Ai) =
1Ai

PX(dξ)

P[X∈Ai]
, where U L∼ U([0, 1]q).Theorem 1.3.2 suggests, in the 
ase of Lips
hitz 
ontinuous fun
tional to set

qi =
piσiP

j∈I

pjσj
, j ∈ I,so that we have a uniform e�
ien
y among the 
lass of Lips
hitz 
ontinuous fun
tionals. Thisbudget allo
ation method will be further mentionned as the �universal strati�
ation� weights.



42 CHAPTER 1. FUNCTIONAL STRATIFICATIONRemark. Note that the dimension q ∈ {1, 2, · · · } is arbitrary: one may always assume that q = 1by the fundamental theorem of simulation, but in order to obtain some 
losed-form expression for
φ(γi, ·), we are led to 
onsider situations where q ≥ 2 or even in�nite when 
onsidering a VonNeumann a

eptan
e-reje
tion method.Now let (ξ, U) be a 
ouple of independent random variables su
h that ξ has the distributionof Y = Proj(X) and U L∼ U([0, 1]q). Then one 
he
ks that φ(ξ, U) has the same distribution as
X , so that one may assume without loss of generality that X = φ(Proj(X), U) and whi
h in turnimplies that ξ = Proj(X) i.e.

X = φ(Proj(X), U), where U L∼ U([0, 1]q) is independent of Proj(X).In terms of implementation as mentioned above, one needs a simple form for the fun
tion
φ (in term of 
omputational 
omplexity) whi
h indu
es some stringent 
onstraints for the stratadesign.Remark. Although we fo
us here on the universality of quantization for designing strata whendealing with Lips
hitz 
ontinuous fun
tionals, let us mention the adaptative strata design methodsre
ently proposed in [30℄ and [16℄ for more general fun
tionals.1.3.3 Simulability for hyper-re
tangles strata in the independent Gaus-sian 
aseConsider a random variable X L∼ N (0, Id), d ≥ 1. Let (e1, · · · , ed) be an orthonormal basis of
E = Rd. We set N1, · · · , Nd ≥ 1 the number of strata in ea
h dire
tion. So we 
onsider for
1 ≤ i ≤ d, −∞ = xi0 ≤ xi1 ≤ · · · ≤ xiNi

= +∞. The strata are
Ai =

d\
l=1

n
x ∈ Rd su
h that 〈el, x〉 ∈ [xlil−1, x

l
il
]
o
, i ∈

dY
l=1

{1, · · · , Nl}.Then for every multi-index i ∈ dQ
l=1

{1, · · · , Nl},
L
�
X
��X ∈ Ai

�
=

dO
l=1

L
�
Z
���Z ∈ �xlil−1, x

l
il

��
, where Z L∼ N (0, 1).Then pi = P(Ai) =

dQ
k=1

�
N (xkik )−N (xkik−1)

� and for −∞ ≤ a ≤ b ≤ ∞,
L (Z|Z ∈ [a, b]) = N−1 ((N (b)−N (a))U +N (a)) , U

L∼ U([0, 1]). (1.27)1.4 Fun
tional strati�
ation of a Gaussian pro
essIn the fun
tional 
ase, the state spa
e of the random values are fun
tional spa
es. What is usuallydone is to simulate a s
heme to approximate marginals of the underlying pro
ess.In this se
tion, we assume that X is a 
entered R-valued bi-measurable Gaussian pro
ess on
[0, T ] that satis�es R T

0 E[X2
t ]dt < ∞. We are interested by the value of E[F (Xt0 , Xt1 , · · · , Xtn)]for some real fun
tion F , where 0 = t0 ≤ t1 ≤ · · · ≤ tn = T are n + 1 dates of interest for theunderlying pro
ess.(For example, X 
an be a standard Brownian motion on [0, T ], and one 
omputes the risk-neutral expe
tation of a path-dependent payo� of a di�usion based on X .)What is done in this se
tion 
an be easily generalized to multidimensional pro
esses in the 
asewhere their 
oordinates are independent. (For example, when dealing with multi-fa
tor Brownian



1.4. FUNCTIONAL STRATIFICATION OF A GAUSSIAN PROCESS 43di�usions, it does not matter how the Brownian motions are being 
orrelated afterward.) Still werestri
t ourselves to the one-dimensional setting for 
larity.Let us assume that χ ∈ Opq(X,N) is a K-L optimal produ
t quantizer of X . The 
odebookasso
iated with this produ
t quantizer is the set of the paths of the form
χi =

X
n≥1

È
λXn x

(Nn)
in

eXn , i = {i1, · · · , in, · · · },with the same notations as in Se
tion 1.1.6.We now need to be able to simulate the 
onditional distribution
L(X |X ∈ Ai)where Ai is the slab asso
iated with χi in the 
odebook.To simulate the 
onditional distribution L(X |X ∈ Ai), one will :

• First, simulate the �rst K-L 
oordinates of X , using (1.27).
• Then simulate the 
onditional distribution of the marginals of the Gaussian pro
ess, its �rst
oordinates being �xed.Remark. We have 
hosen to use K-L optimal produ
t quantizers instead of optimal quantizersbe
ause in this 
ase, the Voronoi 
ells in this are hyper-re
tangles, whi
h allows us to simulatethe �rst K-L 
oordinates more easily than in the general 
ase. Moreover, the rate of de
ay ofthe quantization error is rate-optimal under some 
onditions on the Karhunen-Loève eigenvalueswhi
h are veri�ed in the 
onsidered examples [20℄, and the a
tual value of the quadrati
 distorsionremains very 
lose to the optimal value in pra
ti
e.1.4.1 Simulation of marginals of the Gaussian pro
ess, given its d �rstK-L 
oordinatesIn this setting, the aim is to simulate the 
onditional distribution

L
�
Xt0 , · · · , Xtn

��� Z T

0
Xse

X
1 (s)ds,

Z T

0
Xse

X
2 (s)ds, · · · ,

Z T

0
Xse

X
d (s)ds

� (1.28)where (Xt)t∈[0,T ] is a L2 R-valued Gaussian pro
ess, and (eXk , λ
X
k )k∈N∗ is the Karhunen-Loèvesystem asso
iated with the pro
ess X .As X is a Gaussian pro
ess, �Xt0 , · · · , Xtn ,

R T
0 Xse

X
1 (s)ds, · · · , R T

0 Xse
X
d (s)ds

� is a Gaussianve
tor. Hen
e, if we denote Y :=

� R T
0 Xse

X
1 (s)ds...R T

0 Xse
X
d (s)ds

Ǒ and V :=

�
Xt0...
Xtn

Ǒ, the 
onditionaldistribution (1.28) is given by the transition kernel ν(y,A) = N
�
AfV |Y (y), cov(V − E[V |Y ])

�,where AfV |Y : Rd → Rn is an a�ne fun
tion 
orresponding to the linear regression of V on Y ,
AfV |Y (Y ) := E[V |Y ].
• The 
onditional expe
tation writesAfV |Y (Y ) = E[V ]+RV |Y Y whereRV |Y = cov(V, Y ) cov(Y )−1.As cov(Y ) =

��
λXi δij

��
1≤i,j≤d

, and cov(V, Y ) = ((λXk e
X
k (ti)))0≤i≤n,1≤k≤d, one has

RV |Y =
��
eXj (ti)

��
0≤i≤n,1≤j≤d

. (1.29)
• The 
ovarian
e matrix is

K := cov (V − E[V |Y ]) = E
��
V −RV |Y Y

� �
V −RV |Y Y

��
= cov(V )− 2 cov

�
V,RV |Y Y

�
+ cov

�
RV |Y Y

�
= cov(V )− cov

�
RV |Y Y

�
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=

  
cov(Vl, Vk)−

dX
i=1

λie
X
i (tl)e

X
i (tk)

!!
0≤k,l≤n

.Now, we are able to simulate a

ording to this probability distribution.The easiest way of doing this in the de�nite positive 
ase is to 
ompute the Cholesky fa
tor-ization of the matrix K, but in this 
ase, the simulation of a simple path requires an n×n matrixmultipli
ation, whi
h 
omplexity is quadrati
. This solution is not satisfa
tory for our purpose.1.4.2 Faster simulation of 
onditional paths - Bayesian simulationAs pointed out above, the natural method to simulate L(V |Y ) requires for ea
h path a multipli-
ation by a Cholesky transform of K whose 
ost is O(n2). This 
ost is too high.
• Yet, in the 
ontext of this 
hapter, d is the quantization dimension of the pro
ess. It is 
loseto log(N) if N is the number of strata, and n, the number of time steps, is usually very large
ompared to d.
• Moreover, we make the assumption that the 
ost of the simulation of (Xt0 , · · · , Xtn) is O(n).(So is the 
ase for the Brownian motion, the Ornstein-Uhlenbe
k pro
ess or the Brownianbridge for example.)
• The idea here is that the 
onditional distribution L(V |Y ) is determined through the Bayeslemma, by the 
onditional distribution L(Y |V ) and the two marginal distributions L(V ) and
L(Y ).One knows that V = E[V |Y ]

⊥⊥
+ Z where Z L∼ N (0, cov(V − E[V |Y ])) is independent of Y .Hen
e one is able to simulate a

ording to L(V |Y = y) if one 
an simulate the distribution of Z,writing L(V |Y = y) = E[V |Y = y] + L(Z).This de
omposition 
orresponds to the splitting of the Karhunen-Loève expansion:�

V0...
Vn

Ǒ
=

dX
k=1

È
λXk ξk| {z }
=Yk

�
eXk (t0)...
eXk (tn)

Ǒ| {z }
=E[V |Y ]

⊥⊥
+

X
l≥d+1

È
λXk ξk

�
eXk (t0)...
eXk (tn)

Ǒ| {z }
=Z

.To simulate Z, one simulates the distribution of V and the 
onditional distribution L(Z|V ).One has L(Z|V )
L∼ δV − L(E[V |Y ]|V )

L∼ δV −AfV |Y L(Y |V )
L∼ δV −AfV |YN (E[Y |V ], cov(Y − E[Y |V ])).If AfY |V is the a�ne fun
tion 
orresponding to the regression of Y on V and RY |V its linear part,

cov(Y − E[Y |V ]) = cov(Y ) + cov(E[Y |V ])− 2 cov(Y,E[Y |V ])
= cov(Y )−RY |V cov(V )tRY |V .This yields Z = V − AfV |Y (G) where G L∼ N (AfY |V (V ), cov(Y )−RY |V cov(V )tRY |V ).Finally, the algorithm writes:

• Simulate V . (
ost of O(n).)
• Simulate G L∼ N

�
AfY |V (V ), cov(Y )−RY |V cov(V )tRY |V

� (
ost of O(d× d)).



1.4. FUNCTIONAL STRATIFICATION OF A GAUSSIAN PROCESS 45
• Compute Z = V −AfV |Y (G). (
ost of O(d × n)).
• The random variable T = AfV |Y (y) + Z satis�es T L∼ L(V |Y = y).Let us remind the fa
t that the a�ne fun
tion AfV |Y is trivially de�ned in Equation (1.29),be
ause 
oordinates of Y are independent. Other matri
es implied in this algorithm are 
omputedprior to any Monte-Carlo simulation.In the general 
ase, the matrix RY |V needed by the method 
an be 
omputed by performing anumeri
al least-square regression.Still, in the 
ase of the standard Brownian motion, the standard Brownian bridge and Ornstein-Uhlenbe
k pro
esses, there are 
losed-form expressions for the matrix RY |V , available in Appendix1.B. In these 
ases, the numeri
al least-square regression 
an be avoided.In the 
ase of the standard Brownian motion, if tj = jT

n = jh, 0 ≤ j ≤ n, this yields RY |V =
((αij))1≤i≤d,0≤j≤n, with
• for j /∈ {0, n}, αij = λWi

2eWi (tj)−eWi (tj−1)−eWi (tj+1)
h ,

• αi0 = λWi

��
eWi
�′
(t0)− eWi (t1)−eWi (t0)

h

�
,

• αin = λWi

�
eWi (tn)−eWi (tn−1)

h − �eWi �′ (tn)�.Now, we have a very fast and easy way to simulate the 
onditional distribution (1.28) at ourdisposal.In Figures 1.5 and 1.6, we plot a few paths of the 
onditional distribution of various Gaussianpro
esses knowing that they belong to a given L2 Voronoi 
ell. The appearan
e of the drawingsuggests to 
onsider the method as a �guided Monte-Carlo simulation�.1.4.3 Blind optimization pro
eduresWe have seen in Se
tion 1.3.2 that the quantity d(χ) =
� P

χi∈Γ

piσi

�2 is an upper bound of thevarian
e of the estimator, given in Equation (1.19) in the 
ase where the fun
tional is 1-Lips
hitz
ontinuous. Hen
e one may want to minimize this 
riterion instead of the L2-quantization error.This yields the minimization problem
min

n
d(χ), χ ∈ Opq(X,N)

o (1.30)instead of the minimization problem (1.16).The same kind of blind optimization pro
edure as in Se
tion 1.1.6 
an be performed. Somevalues of the optimal de
omposition for the standard Brownian motion are given in Table 1.2.Optimal produ
t de
ompositions for both Brownian bridge and Brownian motion and for awide range of values of N are available on the web site www.quantize.maths-fi.
om [26℄ fordownload. When 
omparing all the de
ompositions obtained for a quantizer size smaller than
11000, one noti
es that in the 
ase of the Brownian motion, the optimal de
ompositions forboth 
riteria are �almost� always the same. The only values where de
ompositions di�er are theranges 270− 271 and 3328− 3359. The two 
riteria do not have very di�erent values for the twode
ompositions. Therefore, in pra
ti
e, one 
an use the same de
omposition database for the twoappli
ations.Nonetheless, in the 
ase of the Brownian bridge and the Ornstein-Uhlenbe
k pro
ess, onenoti
es that the optimal de
ompositions for the varian
e and the optimal de
omposition for the
L2-distortion di�er more often.
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onditional distribution of the Brownian motion, knowingthat its path belong to the L2 Voronoi 
ell of the highlighted 
urve in the quantizer.PSfrag repla
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onditional distribution of the Brownian bridge (left) andthe stationary Ornstein-Uhlenbe
k pro
ess (right), knowing that its path belong to the L2 Voronoi
ell of the highlighted 
urve in the quantizer.
N Nrec d(χ) Nrec de
omposition
1 1 0.5 1
10 10 9.75689 · 10−2 5 - 2
100 96 5.10548 · 10−2 12 - 4 - 2
1000 966 3.51289 · 10−2 23 - 7 - 3 - 2
10000 9984 2.63721 · 10−2 26 - 8 - 4 - 3 - 2 - 2Table 1.2: Re
ord of optimal produ
t de
omposition re
ord values of the standard Brownianmotion with respe
t to the 
riterion (1.30).
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tional strati�
ation of solutions of sto
hasti
 di�erential equa-tionsLet us 
onsider the sto
hasti
 di�erential equation
dFt = b(t, Ft)dt+ σ(t, Ft)dXt, t ∈ [0, T ], F0 = f0 (1.31)where X is a 
entered 
ontinuous Gaussian semimartingale starting from 0 and where b and σ areLips
hitz 
ontinuous in x uniformly in t ∈ [0, T ] and |b(·, 0)|+ |σ(·, 0)| is bounded over [0, T ]. Inthis situation, the SDE (1.31) admits a unique strong solution and sup

t∈[0,T ]

|Xt| has r-moments forevery r ∈ (0,∞).Remark. In this 
ase, the 
ontinuity assumption on the Gaussian pro
ess ensures that R T
0 E[X2

s ]ds <
∞, thanks to Fernique's theorem, and also ensures the 
ontinuity of the 
ovarian
e fun
tion, (See[15, VIII.3℄).The most 
ommon approa
h to perform a Monte-Carlo simulation with the solution of su
h asto
hasti
 di�erential equation, is to use a dis
retization s
heme su
h as the Euler s
heme [10℄. Inthis setting, we propose to simply repla
e Gaussian pro
ess X by a strati�ed version of X in theEuler s
heme. This approa
h is justi�ed in many aspe
ts:1. In [7℄, using �ltration enlargement te
hniques, it is proved that under some additional hy-pothesis on the Gaussian semimartingale X , its 
onditional distribution in a strata is stilla semimartingale with respe
t to its own �ltration. This additional hypothesis is satis�edby the Brownian motion, Ornstein-Uhlenbe
k pro
esses and the Brownian bridge. Thus,plugging the strati�ed Euler s
heme into the sto
hasti
 di�erential equation amounts to usethe Euler s
heme of these 
onditional sto
hasti
 di�erential equations.2. In the one-dimensional setting, if we make the additional hypothesis on σ and b that

• σ ∈ C1([0, T ]× R,R) is positive and bounded,
• ∀(t, x) ∈ [0, T ]× R, |b(t, x)| ≤ C(1 + |x|)as soon as the drift of the Lamperti transform of the SDE (1.31) is Lips
hitz 
ontinuous, it isproved in [21℄ that the unique strong solution of (1.31), seen as a fun
tional of the underlyingGaussian pro
ess X is ‖ · ‖p-Lips
hitz 
ontinuous.Hen
e one stands in the 
ase of a Lips
hitz 
ontinuous fun
tional where one 
an use theresults of Se
tion 1.3.2 about universal strati�
ation.3. The fun
tion (Xt0 , · · · , Xtn) 7→

�
Xt1 −Xt0 , · · · , Xtn −Xtn−1

�, that maps the marginals ofthe Brownian motion to the 
orresponding in
rements used in the Euler s
heme, is a linearmap from Rn+1 to Rn and thus Lips
hitz 
ontinuous as well.In the next se
tion, we perform numeri
al experiments for whi
h a strati�ed Brownian motion isplugged in the Euler s
heme of the 
onsidered SDE. Another example with an Ornstein-Uhlenbe
kpro
ess is also provided.1.5 Appli
ation to option pri
ingNow, we are able to simulate the 
onditional distribution of a Gaussian pro
ess, given one of itsVoronoi 
ells in a produ
t quantizer. One 
ondition is to know an orthonormal Hilbert basis thatdiagonalizes its 
ovarian
e operator. The 
ases of the Brownian motion, the Brownian bridge andthe Ornstein-Uhlenbe
k pro
ess have been handled.The spe
ial 
ase of the Brownian motion allows us to use fun
tional strati�
ation as a generi
varian
e redu
tion method for the 
ase of fun
tionals of Brownian di�usions. Even in the mul-tidimensional 
ase, no matter how the independent Brownian motions are 
orrelated or used



48 CHAPTER 1. FUNCTIONAL STRATIFICATIONafterwards; no matter if it is used for di�using the underlying sto
k, a sto
hasti
 volatility pro
essor an a
tualization fa
tor. It 
an be used as a varian
e redu
tion method.Hen
e, this is a very interesting varian
e redu
tion method to be used in an industrial way,independently of the path-dependent payo� or the model (as soon as it uses Brownian di�usionsor one of the other proposed Gaussian pro
esses). Users do not have to set up 
ompli
atedadjustments when using it.In the following of this se
tion, the method is used to illustrate its performan
e on simpleone-dimensional 
ases. One begins with the 
ase of a 
ontinuous-time Up-In Call option in theBla
k and S
holes model, for whi
h a 
losed-form expression is known, and used as a Ben
hmark.1.5.1 Ben
hmark with an Up-In Call option pri
ing in the Bla
k andS
holes modelHere, one ben
hmarks the numeri
al method for a path dependent option in a 
ase where atheoreti
al value is known: a barrier option in the Bla
k and S
holes Model.For the sake of simpli
ity, 
onsider a log-normal Bla
k and S
holes di�usion with no drift (nointerest rate and no dividend).One has a 
losed-form expression for the 
ontinuous barrier option. A numeri
al 
orre
tionproposed by Broadie and Glasserman [4℄ is done to get the 
losed-form pri
e to be 
ompared to.The number of Monte-Carlo simulations is 100000 in every 
ase.One pri
es an Up-In Call option with di�erent values of the initial spot S, the strike K, thebarrier H , the volatility σ, the maturity T , and the number of �xing dates for the dis
rete barrier
n. In every 
ase, a 95% 
on�den
e interval is given. So is the varian
e of the estimator.The numeri
al results are reported in Table 1.3 when using the method with 20 stratas andTable 1.4 when using the method with 100 stratas. In this tables, the �rst 
olumn 
orrespond toBroadie and Glasserman's 
losed-form expression proxy. The se
ond one 
orresponds to a simpleMonte-Carlo estimator. The last three 
olumns 
orrespond to a strati�ed sampling estimator withdi�erent simulation allo
ation for ea
h strata.The �sub-optimal weights� 
olumn stands for the allo
ation budget of Equation (1.22). The�Lip.-optimal weights� 
olumn stand for the �universal strati�
ation� budget allo
ation proposedin Se
tion 1.3.2. Both of these two 
ases have expli
it allo
ation rules. Last 
olumn, �optimalweights� 
orresponds to an estimation of the optimal budget allo
ation given in expression (1.23).Parameters Broadie & Simple Strat. estimator Strat. estimator Strat. estimatorGlasserman's estimator sub-optimal weights Lip.-optimal weights optimal weightsproxy
S = 100, K = 100 14.0379 13.9281 13.9283 13.9364
H = 125, σ = 0.3, 13.9597 [13.8705, 14.2053] [13.8491, 14.0071] [13.8519, 14.0047] [13.8827, 13.9901]
T = 1.5, n = 365 Var = 729.2518 Var = 162.4650 Var = 151.9481 Var = 75.1319
S = 100, K = 100 1.4206 1.3659 1.3510 1.3602
H = 200, σ = 0.3, 1.3665 [1.3442, 1.4969] [1.3106, 1.4211] [1.3039, 1.3981] [1.3472, 1.3732]
T = 1, n = 365 Var = 151.6366 Var = 79.5118 Var = 57.7425 Var = 4.4053Table 1.3: Numeri
al results for the Up-In Call option, with 20 stratas.Parameters Broadie & Simple Strat. estimator Strat. estimator Strat. estimatorGlasserman's estimator sub-optimal weights Lip.-optimal weights optimal weightsproxy

S = 100, K = 100 14.0379 13.9382 13.9511 13.9483
H = 125, σ = 0.3, 13.9597 [13.8705, 14.2053] [13.8720, 14.0043] [13.8874, 14.0150] [13.9047, 13.9919]
T = 1.5, n = 365 Var = 729.2518 Var = 114.0634 Var = 105.8760 Var = 49.5071
S = 100, K = 100 1.4206 1.3296 1.3493 1.3611
H = 200, σ = 0.3, 1.3665 [1.3442, 1.4969] [1.2825, 1.3768] [1.3093, 1.3893] [1.3508, 1.3715]
T = 1, n = 365 Var = 151.6366 Var = 57.8899 Var = 41.6666 Var = 2.8099Table 1.4: Numeri
al results for the Up-In Call option, with 100 stratas.



1.5. APPLICATION TO OPTION PRICING 491.5.2 Test with an Auto-Call pri
ing in the CEV modelHere, we stand in the 
ase were the sto
k follows a CEV model with no drift
dSt = σS

β
2
t dWt, 0 ≤ β < 2.The simulation s
heme that is used here is a Euler s
heme on ln(St). One has

d ln(St) = −
σ2

2
Sβ−2
t dt+ σS

β
2 −1
t dWt.Let us remind the fa
t that there are 
losed-form expressions for vanilla option pri
ing in thismodel that 
an be expressed as a fun
tion of the non
entral 
hi-square distribution [14℄. A �rsttest of 
onsisten
y for the method was to 
he
k that we 
ould �nd the same pri
e when performingsu
h a Monte-Carlo simulation. The tested path-dependent payo� that we 
onsider here is theso-
alled �Auto-Call� payo�.Des
ription of the Auto-Call payo�:

St is the sto
k pri
e at time t and t1 < · · · < tn = T is a s
hedule of observation dates. Kand H , the �strike� and the �barrier� are two �xed values with whi
h S will be 
ompared to. Pdenotes the �nominal�, and C a zero-
oupon bond of maturity T .At the �rst date t1 of the s
hedule, if St1 > K, the holder of the option gets (1 + C)P andthe produ
t stops. If St1 ≤ K, one waits until the se
ond date of the s
hedule. If St2 > K, theholder gets (1 + C)P and the produ
t stops. And so on... If St does not rea
h K until the lastdate tn = T .At tn = T , if ST > K, the holder gets (1 + C)P . If H < ST ≤ K, the holder gets P and if
ST ≤ H , he gets P ST

K .The numeri
al results are reported in Table 1.5 when using the method with 20 and 50 stratas.The parameters of the model are β = 1.5, S0 = 100, σ = 0.3. For the payo�, K = 110, H = 80,
P = 100, C = 0.07. The 
onsidered observation dates are {1, 2, 3}. The number of time steps inthe Euler s
heme is 300 and one performs 100000 Monte-Carlo simulations in every 
ase.Number of strata Simple Strat. estimator Strat. estimator Strat. estimatorestimator sub-optimal weights Lip.-optimal weights optimal weights

99.0598 99.0839 99.0886 99.0477
20 [98.9887, 99.1310] [99.0438, 99.1239] [99.0488, 99.1284] [99.0184, 99.0769]

Var = 131.8089 Var = 41.8067 Var = 41.2888 Var = 22.2549
99.0598 99.0507 99.0790 99.0444

50 [98.9887, 99.1310] [99.0129, 99.0886] [99.0414, 99.1166] [99.0179, 99.0709]
Var = 131.8089 Var = 37.3150 Var = 36.8408 Var = 18.2954Table 1.5: Numeri
al results for the Auto-Call option in the CEV model, with 20 and 50 stratas.1.5.3 Test with an Asian option pri
ing in the one-fa
tor S
hwartz'smodelHere, we stand in the 
ase of a sto
k whi
h follows the following SDE:

dSt = θ(α− lnSt)Stdt+ σStdWt, (1.32)under the risk-neutral probability.The sto
hasti
 pro
ess X = ln(S) is an Ornstein-Uhlenbe
k pro
ess:
dXt = θ(µ−Xt)dt+ σdWt with µ = α− σ2

2θ
. (1.33)This model, proposed by S
hwartz in [28℄ is an example of sto
hasti
 behavior of 
ommoditypri
es that takes into a

ount mean reversion. Su
h exponentials of Ornstein-Uhlenbe
k pro
esses



50 CHAPTER 1. FUNCTIONAL STRATIFICATIONare very 
ommon in 
ommodity derivatives models. One parti
ularity in these markets is that thespot is not dire
tly observed. Derivatives mostly rely on futures of the 
onsidered 
ommodity. Still,one takes this one fa
tor �toy� model as a simple 
ase study for our varian
e redu
tion method.The 
onsidered payo� is an Asian option on a dis
rete s
hedule of observation dates t0 < · · · <
tn = T . K is the �strike� of the option whose payo� is � 1

n+1

nP
k=0

Stk −K
�

+

.One uses the strati�ed estimator with the Ornstein-Uhlenbe
k pro
ess. Optimal produ
t de-
ompositions for the 
riterion (1.30) are used and available in Table 1.6 where the numeri
al resultsare reported.The numeri
al parameters are S0 = 100, θ = 0.3, α = ln(110), σ = 0.3 and K = 100. Oneperforms 100000 Monte-Carlo simulations in every 
ase. The observation dates are �iTn�i={0,··· ,n}with T = 3 and n = 36.Number of strata Simple Strat. estimator Strat. estimator Strat. estimatorand produ
t de
omposition estimator sub-optimal weights Lip.-optimal weights optimal weights
9.8485 9.8867 9.8848 9.8846

20 [9.7508, 9.9462] [9.8632, 9.9102] [9.8624, 9.9073] [9.8695, 9.8997]
20 = 10 × 2 Var = 248.3156 Var = 14.3132 Var = 13.1090 Var = 5.9547

9.8485 9.8835 9.87862 9.8845
50 [9.7508, 9.9462] [9.8608, 9.9061] [9.8555, 9.8983] [9.8702, 9.8987]

48 = 10 × 5 Var = 248.3156 Var = 13.4003 Var = 11.8787 Var = 5.2949
9.8485 9.8883 9.8924 9.8844

100 [9.7508, 9.9462] [9.8661, 9.9105] [9.8716, 9.9133] [9.8706, 9.8782]
100 = 10 × 5 × 2 Var = 248.3156 Var = 12.8434 Var = 11.3508 Var = 4.9664Table 1.6: Numeri
al results for the Asian option in S
hwartz's model, with 20, 50 and 100 stratas.To perform this 
omputation, one had to use a non-
entered Ornstein-Uhlenbe
k quantizer.Building su
h a quantizer is a straightforward extension of the 
entered 
ase. As showed in Se
tion1.A, if r is an Ornstein-Uhlenbe
k pro
ess on [0, T ] following the dynami
 drt = θ(µ−rt)dt+σdWt,

r0
L∼ N (m0, σ

2
0), with nonzero values of µ and m0, one has
Xt = m0e

−θt + µ(1− e−θt)| {z }
(1)=non-sto
hasti
 path +

� 
entered Ornstein-Uhlenbe
k pro
ess
orresponding to m0 = µ = 0

�
. (1.34)Hen
e, one only needs to add the expe
tation (1) to the 
entered optimal (produ
t) quantizer toget an optimal (produ
t) quantizer for the non-
entered 
ase. An example of su
h a non-
enteredOrnstein-Uhlenbe
k produ
t quantizer is available in Figure 1.7.1.5.4 Commentaries on the numeri
al resultsIn every tested 
ase, one noti
es that the quantization-based strati�ed sampling method redu
esnoti
eably the varian
e of the Monte-Carlo estimator. The �universal strati�
ation� allo
ationproposed in Theorem 1.3.2 over
omes the sub-optimal weight allo
ation. Still in the 
ase of theAuto-Call, its advantage is not very per
eptible.Moreover, the �optimal allo
ation� estimation yields a very good varian
e redu
tion fa
tor.This suggests to implement either a simple prior rough estimation of the optimal allo
ation or amore sophisti
ated algorithm su
h as the one proposed in [29℄ by Étoré and Jourdain.1.A Computation of the Karhunen-Loève expansion of theOrnstein-Uhlenbe
k pro
essIn this se
tion, one details the Karhunen-Loève de
omposition of the Ornstein-Uhlenbe
k pro
ess.Proposition 1.A.3 brings the results together. Se
tion 1.A.3 presents the numeri
al method for
omputing this de
omposition.
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Figure 1.7: Fun
tional 10 × 2-produ
t quantizer of an Ornstein-Uhlenbe
k pro
ess starting from
r0 = 6 de�ned by the di�usion drt = θ(µ− rt)dt+σdWt with µ = 5, σ = 0.3 and θ = 0.8 on [0, 3].1.A.1 The Ornstein-Uhlenbe
k pro
essThe Ornstein-Uhlenbe
k pro
ess is de�ned by the SDE

drt = θ(µ− rt)dt+ σdWt, with σ ≥ 0 and θ > 0. (1.35)The equation is solved by applying It�'s formula to the pro
ess Ut := rte
θt. One gets

rt = r0e
−θt + µ(1− e−θt) +

Z t

0

σeθ(s−t)dWs. (1.36)If one assumes that r0 is Gaussian (r0 L∼ N (m0, σ
2
0)) and is independent from W , the pro
ess

(rt)t>0 is Gaussian. One has E[rt] = m0e
−θt+µ(1−e−θt) and cov(rs, rt) =

σ2

2θ e
−θ(s+t)

�
e2θmin(s,t) − 1

�
+

σ2
0e

−θ(s+t).Moreover lim
t→∞

Var(rt) =
σ2

2θ (the long-term varian
e). If the initial varian
e σ2
0 is equal to long-term varian
e σ2

2θ , the pro
ess is stationary and the 
ovarian
e writes cov(rs, rt) = σ2

2θ e
−θ|s−t|.The total varian
e of the pro
ess on [0, T ] is

‖r2‖22 =

Z T

0

Var(rs)ds =
σ2T

2θ
+

�
σ2
0 −

σ2

2θ

��
1

2θ
− e−2θT

2θ

�
.1.A.2 The Ornstein-Uhlenbe
k 
ovarian
e operatorThe Ornstein-Uhlenbe
k 
ovarian
e operator is given by

TOUf(t) =

Z T

0

σ2

2θ
e−θ(s+t)

�
e2θmin(s,t) − 1

�
f(s)ds+

Z T

0
σ2
0e

−θ(s+t)f(s)ds. (1.37)Computing the Karhunen-Loève de
omposition of the Ornstein-Uhlenbe
k pro
ess
TOU is a 
ompa
t Hermitian positive operator on the separable Hilbert spa
e L2([0, T ]). Hen
ethere is an orthonormal basis of V 
onsisting of eigenve
tors of TOU and ea
h eigenvalue is realand stri
tly positive. Moreover 

TOU



2 ≤ σ2T
2θ + σ2

4θ2

�
e−2θT − 1

�. One has
TOUf(t) =

Z t

0

σ2

2θ
eθ(s−t)f(s)ds+

Z T

t

σ2

2θ
eθ(t−s)f(s)ds+

Z T

0

�
σ2
0 −

σ2

2θ

�
e−θ(s+t)f(s)ds.



52 CHAPTER 1. FUNCTIONAL STRATIFICATIONProposition 1.A.1. If f ∈ C([0, 1]), and if g = TOUf , then
g′′ − θ2g = −σ2f, (1.38)with

σ2
0g

′(0) =
�
σ2 − θσ2

0

�
g(0) and g′(T ) = −θg(T ). (1.39)Proof:

g(t) =

Z t

0

σ2

2θ
eθ(s−t)f(s)ds+

Z T

t

σ2

2θ
eθ(t−s)f(s)ds+

Z T

0

�
σ2
0 −

σ2

2θ

�
e−θ(s+t)f(s)ds.

g′(t) = −
σ2

2

Z t

0

eθ(s−t)f(s)ds+
σ2

2

Z T

t

eθ(t−s)f(s)ds−

�
θσ2

0 −
σ2

2

�Z T

0

e−θ(s+t)f(s)ds

g′′(t) =
σ2θ

2

�Z t

0

f(s)eθ(s−t)ds+

Z T

t

f(s)eθ(t−s)ds

�
+ θ

Z T

0

�
θσ2

0 −
σ2

2

�
e−θ(s+t)f(s)ds− σ2f(t).One gets g′′(t) = θ2g(t)− σ2f(t). Moreover, Equation (1.39) 
omes when identifying expressions with

t = 0 and t = T . �Proposition 1.A.2. Conversely, if g ∈ C2([0, T ]) and if fun
tions f and g satisfy Equations(1.38) and (1.39) then g = TOUf .Proof: Computing TOUg′′ yields:
TOUg′′(t) =

Z t

0

σ2

2θ
eθ(s−t)g′′(s)ds +

Z T

t

σ2

2θ
eθ(t−s)g′′(s)ds+

Z T

0

�
σ2
0 −

σ2

2θ

�
e−θ(s+t)g′′(s)ds.An integration by parts yields

TOUg′′ = −σ2
0g

′(0)e−θt − σ2g(t) + σ2

2 g(0)e
−θt −

�
θσ2

0 − σ2

2

�
g(0)e−θt + θ2TOUg(t)

= −σ2g(t) + θ2TOUg(t) thanks to (1.39).
�Now, by ne
essary 
onditions, TOUf = λf ⇔ σ2g = λ(θ2g − g′′). One obtains

λg′′ + (σ2 − λθ2)g = 0. (1.40)Hen
e the solution of the ordinary di�erential equation (1.40) on [0, T ] has the form g(t) =

A cos(ωt) +B sin(ωt), with ω =
È

σ2−λθ2

λ ⇔ λ = σ2

ω2+θ2 .Equation (1.39) yields ωBσ2
0 = (σ2 − θσ2

0)A. Hen
e, fun
tion g(x) writes
g(t) = K

�
ωσ2

0 cos(ωt) + (σ2 − θσ2
0) sin(ωt)

�
.Hen
e g′(T ) = −θg(T ) yields

ωσ2 cos(ωT ) +
�
−ω2σ2

0 + θσ2 − θ2σ2
0

�
sin(ωT ) = 0. (1.41)Conversely, by the same 
omputation, one sees that λn ∈]0, ‖TOU‖2] is an eigenvalue of TOU ifand only if Equation (1.41) is ful�lled.Proposition 1.A.3. Finally, if one knows the sorted in
reasing sequen
e (ωn) of the stri
tly pos-itive solutions of Equation (1.41), the Karhunen-Loève eigensystem �

eOU
n , λOU

n

� of the Ornstein-Uhlenbe
k 
ovarian
e operator TOU are given by:
• λOU

n = σ2

ω2
n+θ2 , and

• eOU
n (t) = Kn

�
ωnσ

2
0 cos(ωnt) + (σ2 − θσ2

0) sin(ωnt)
�
, where Kn is the normalization 
onstant.If (σ, σ0) 6= (0, 0), Kn is given by

1/K2
n =

1

2ωn
σ2
0(σ

2 − θσ2
0) (1− cos(2ωnT )) +

1

2
σ4
0ω

2
n

�
T +

1

2ωn
sin(2ωnT )

�
+

1

2
(σ2 − θσ2

0)
2
�
T − 1

2ωn
sin(2ωnT )

�
. (1.42)
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 start point: In this 
ase (σ0 = 0), one has
eOU
n (t) =

1q
T
2 −

sin(2ωnT )
4ωn

sin(ωnt).Stationary 
ase: In the stationary 
ase, σ2
0 = σ2

2θ , one has
eOU
n (t) = Cn

�
ωn cos(ωnt) + θ sin(ωnt)

�
,where Cn is the normalization 
onstant. Cn is given by

1/C2
n =

θ

2

�
1− cos(2ωnT )

�
+
ω2
n

2

�
T +

sin(2ωnT )

2ωn

�
+
θ2

2

�
T − sin(2ωnT )

2ωn

�
.1.A.3 Numeri
al 
omputation of the Karhunen-Loève de
omposition ofthe Ornstein-Uhlenbe
k pro
essAs we have seen in the previous se
tion, everything 
omes to evaluate numeri
ally the stri
tlypositive solutions of Equation (1.41).Deterministi
 start pointIn this 
ase, (σ0 = 0), one 
an 
he
k that elements of � π

2T + k π
T , k ∈ N

© are not solutions ofEquation (1.41), thus the equation 
omes to
θ tan(ωT ) = −ω. (1.43)The 
ase where θ = 0 
omes to the 
ase of the Brownian motion, hen
e one assumes that

θ 6= 0. Solutions of this equation are illustrated in Figure 1.8. One 
an easily show that a uniquesolution ωn lies in ea
h interval �nπ
T − π

2T ,
nπ
T

�, for n ∈ N∗.
lim
n→∞

ωn −
�nπ
T
− π

2T

�
= 0.Non-deterministi
 start pointLet us assume now that σ0 6= 0 and 
onsider Equation (1.41) again. The term −ω2σ2

0 +θσ
2−θ2σ2

0never vanishes on (0,+∞) if θ2σ2
0 − θσ2 ≥ 0.First 
ase: θ2σ2

0 − θσ2 ≥ 0.Here, everything 
omes to the equation
tan(ωT ) =

ωσ2

ω2σ2
0 + θ2σ2

0 − θσ2
. (1.44)Solutions of this equation are illustrated in Figure 1.9.We 
an easily show that ∀n ∈ N∗, ∃!ω ∈

�
nπ
T , nπT + π

2T

� that is solution of Equation (1.41).Moreover a solution lies in �0, π
2T

� if and only if (θ2σ2
0 − θσ2)T − σ2 < 0.Se
ond 
ase: θ2σ2

0 − θσ2 < 0.Here, the term −ω2σ2
0 + θσ2 − θ2σ2

0 vanishes for ω = V :=
q
θ σ2

σ2
0
− θ2. If V is not a solution ofEquation (1.41), (i.e. if V does not belong to � π

2T + k π
T |k ∈ N

©), no other value of this set is asolution, and everything 
omes again to the same Equation (1.44). Solutions of this equation areillustrated in Figure 1.10. We 
an then easily show that ∀n ∈ N∗∩]V,+∞[, ∃!ω ∈
�
nπ
T , nπT + π

2T

�, ωis solution of Equation (1.41). Moreover, in every nonempty interval �kπ
T − π

2T ,
kπ
T + π

2T

�
∩ (0, V ),

k ∈ N∗ there is another solution of the equation.
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 start point, θ2σ2
0 − θσ2 ≥ 0). Solutions of Equation (1.43).(Ornstein-Uhlenbe
k pro
ess starting from r0

L∼ N (0, σ2
0), σ0 6= 0.) Numeri
al values for this�gure are T = 3, σ = 1, θ = 3 and σ2

0 = 0.4.A pro
edure for 
omputing Ornstein-Uhlenbe
k eigenvaluesA pro
edure for the 
omputation of the n-th eigenvalue of the Ornstein-Uhlenbe
k 
ovarian
eoperator is given in Algorithm 1.A.1. In this algorithm, the fun
tion sear
h(a, left, right) standsfor a root �nding method. It �lls argument a with the root of Equation (1.41) that is bra
ketedby [left, right].In the author's implementation, one uses Brent's method [3℄ as a reliable root �nding method.As Newton-like methods, Brent method 
an take advantage of a guess of the value of the root.(We then need a bra
keting method: the idea is to start from a small interval around the guess,whi
h is geometri
ally expanded, until the limiting range [left, right] is rea
hed.)
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Algorithm 1.A.1 Ornstein-Uhlenbe
k eigenvalue (θ, σ, σ0, T, n)Require: θ > 0, σ ≥ 0, σ0 ≥ 0, T ≥ 0, n ≥ 1.if σ0 = 0 then{There is a unique solution ωn of (1.41) in the interval �nπ

T
− π

2T
, nπ

T

�. }sear
h�ωn,
nπ
T − π

2T ,
nπ
T

�.else{Here σ0 > 0.}if (θ2σ2
0 − θσ2) ≥ 0 then{The verti
al asymptote of the right-hand side of Equation 1.44 lies on the left of 0. }if (θ2σ2

0 − θσ2)T − σ2 < 0 then{There is a unique solution ωn of (1.41) in the interval �0, π
2T

�. }sear
h�ωn,
(n−1)π

T , (n−1)π
T + π

2T

�.else{The smallest stri
tly positive solution ω1 of Equation (1.41) lies in the interval � π
2T

, π
T

�.}sear
h�ωn,
nπ
T , nπT + π

2T

�.end ifelse{The verti
al asymptote of the right-hand side of Equation 1.44 lies on the right of 0. }if (n−1)π
T − π

2T >
q
θ σ2

σ2
0
− θ2 thensear
h�ωn,

(n−1)π
T , (n−1)π

T + π
2T

�.else if (n+1)π
T − π

2T <
q
θ σ2

σ2
0
− θ2 thensear
h�ωn,

nπ
T − π

2T ,
nπ
T

�.else if nπ
T − π

2T <
q
θ σ2

σ2
0
− θ2 and (n+1)π

T − π
2T >

q
θ σ2

σ2
0
− θ2 thensear
h�ωn,

nπ
T − π

2T ,
q
θ σ2

σ2
0
− θ2

�.elsesear
h�ωn,
q
θ σ2

σ2
0
− θ2, nπT − π

2T

�.end ifend ifend if
λn ← σ2

ω2
n+θ2 .Return λn.
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TFigure 1.10: (Non-deterministi
 start point, θ2σ2
0 − θσ2 < 0). Solutions of Equation (1.43).(Ornstein-Uhlenbe
k pro
ess starting from r0

L∼ N (0, σ2
0), σ0 6= 0.) Numeri
al values for this�gure are T = 3, σ = 1, θ = 3 and σ2

0 = 0.3.A numeri
al guess for the value of ωn.As we have seen, we use a root �nding method for evaluating numeri
ally the value of ωn. In thisse
tion, we propose a numeri
al guess for this quantity, that 
an be used as a starting point in theroot �nding method.Fun
tion tan is approximated on �−π
2 ,

π
2

� by the rational fra
tion ψ(x) := 4(8−π2)x3

π4 +x

1− 4x2

π2

, whi
his a good uniform approximation of tan on this interval. ‖ tan−ψ‖(−π
2 ,π2 )

∞ = 10−π2

2π ≈ 0.02075.Now, in the 
ase of the Ornstein-Uhlenbe
k eigenvalue 
omputation, for a deterministi
 startpoint, Equation (1.43) 
an be approximated by
θψ(ωnT + nπ) = −ωn n ≥ 1. (1.45)This 
omes to a polynomial equation of degree 3 for every n > 0 whi
h has a unique solution

ωguess
n ∈

�
nπ
T − π

2T ,
nπ
T

�. This numeri
al guess yields a good a

ura
y for approximating the valueof ωn.1.B Closed-form expression for RY |V in the 
ases of the Brow-nian motion, the Brownian bridge and Ornstein-Uhlenbe
kpro
essesIn this se
tion, we use the same notations as in Se
tion 1.4.2. We give the 
losed-form expression ofthe matrix RY |V := ((αij))1≤i≤d,0≤j≤n ∈Md,n(R) whi
h 
orresponds to the a�ne fun
tion AfY |Vde�ned by E[Y |V ] = AfY |V (V ), in the 
ases of the standard Brownian motion the standardBrownian bridge and Ornstein-Uhlenbe
k pro
esses on [0, T ].In the general 
ase, this linear least-square minimization 
an be performed numeri
ally, but thispreliminary step 
an be
ome time-
onsuming when the number of simulation dates grows. Thus,these 
losed-form expressions be
ome important for this purpose.Consider t0 = 0 ≤ t1 ≤ · · · ≤ tn = T a subdivision of [0, T ], and let us assume that X is one of
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ited pro
esses. Then X is a Markov pro
ess, and
E

�Z T

0
Xse

X
i (s)ds

����Xt0 , · · · , Xtn

�
=

n−1X
j=0

E

�Z tj+1

tj

Xse
X
i (s)ds

����Xtj , Xtj+1

�| {z }
=fi

j
(Xtj

,Xtj+1
)

, (1.46)where f i
j is an a�ne fun
tion.1.B.1 The 
ase of the standard Brownian motionNow, assuming that X = W is a standard Brownian motion on [0, T ], using Equation (1.46),we have, if tj 6= tj+1, f i

j(x, y) = E
�R tj+1

tj

�
x+

s−tj
tj+1−tj

(y − x) + Y
B,tj+1−tj
s−tj

�
eWi (s)ds

�, where
Y

B,tj+1−tj
s−tj is a standard Brownian bridge on [tj , tj+1]. Hen
e,

f i
j(x, y) = x

�Z tj+1

tj

tj+1 − s
tj+1 − tj

eWi (s)ds

�| {z }
:=Ai

j

+y

�Z tj+1

tj

s− tj
tj+1 − tj

eWi (s)ds

�| {z }
:=Bi

j

= xAi
j + yBi

j .Simple 
omputations lead toZ tj+1

tj

eWi (s)ds =

r
2

T

T

π
�
i− 1

2

� �cos�π �i− 1

2

�
tj
T

�
− cos

�
π

�
i− 1

2

�
tj+1

T

��
,and R tj+1

tj
seWi (s)ds =

È
2
T

T

π(i− 1
2 )

�
tj cos

�
π
�
i− 1

2

�
tj
T

�
− tj+1 cos

�
π
�
i− 1

2

�
tj+1

T

��
+
È

2
T

�
T

π(i− 1
2 )

�2 �
sin
�
π
�
i− 1

2

�
tj+1

T

�
− sin

�
π
�
i− 1

2

�
tj
T

��
.Hen
e E

�R T
0 Wse

W
i (s)ds

���Wt1 , · · · ,Wtn

�
=

n−1P
j=0

Ai
jWtj + Bi

jWtj+1 =
nP

i=0

αijWti with, for every
1 ≤ j < n, αij = Ai

j +Bi
j−1, αi0 = Ai

0 and αin = Bi
n−1.Finally, one gets the following 
losed-form expression for RY |V := ((αij))1≤i≤d,0≤j≤n.

• If tj−1 < tj < tj+1,
αij = λWi

(tj+1 − tj−1)e
W
i (tj)− (tj+1 − tj)eWi (tj−1)− (tj − tj−1)e

W
i (tj+1)

(tj+1 − tj)(tj − tj−1)
.If tj−1 = tj < tj+1, αij = λW

i

��
eWi

�′
(tj) −

eWi (tj+1)−eWi (tj)

tj+1−tj

�
.If tj−1 < tj = tj+1, αij = λW

i

�
eWi (tj)−eWi (tj−1)

tj−tj−1
−
�
eWi

�′
(tj )

�
.If tj−1 = tj = tj+1, αij = 0.

• αi0 = Ai
0 =

(
λWi

��
eWi
�′
(t0)− eWi (t1)−eWi (t0)

t1−t0

� if t1 6= t0,

0 in the other 
ase.
• αin = Bi

n−1 =

(
λWi

�
eWi (tn)−eWi (tn−1)

tn−tn−1
− �eWi �′ (tn)� if tn 6= tn−1,

0 in the other 
ase.(The equality 
ases are useful when dealing with small time steps that make the numeri
al evalu-ation of eWi (tj+1)− eWi (tj) ina

urate.)
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ase of the standard Brownian bridgeIf X = B is a standard Brownian bridge on [0, T ], Equation (1.46) yields, if tj 6= tj+1, f i
j(x, y) =

E
�R tj+1

tj

�
x+

s−tj
tj+1−tj

(y − x) +
�
Y

B,tj+1−tj
s−tj

��
eBi (s)ds

�, where Y B,tj+1−tj
s−tj is a standard Brownianbridge on [tj , tj+1]. Hen
e, very similarly to the 
ase of the standard Brownian motion,

f i
j(x, y) = x

�Z tj+1

tj

tj+1 − s
tj+1 − tj

eBi (s)ds

�| {z }
:=Ai

j

+y

�Z tj+1

tj

s− tj
tj+1 − tj

eBi (s)ds

�| {z }
:=Bi

j

= xAi
j + yBi

j .Simple 
omputations lead to:Z tj+1

tj

eBi (s)ds =

r
2

T

T

πi

�
cos

�
πi
tj
T

�
− cos

�
πi
tj+1

T

��
, (1.47)andZ tj+1

tj

seBi (s)ds =

É
2

T

T

πi

�
tj cos

�
πi

tj
T

�
− tj+1 cos

�
πi

tj+1

T

��
+

É
2

T

�
T

πi

�2 �
sin
�
πi

tj+1

T

�
− sin

�
πi

tj
T

��
.(1.48)Hen
e E

�R T
0 Bse

B
i (s)ds

���Bt1 , · · · , Btn

�
=

n−1P
j=0

�
Ai

jBtj +Bi
jBtj+1

�
=

nP
i=0

αijBti with, for every 1 ≤

j < n, αij = Ai
j +Bi

j−1, αi0 = Ai
0 and αin = Bi

n−1.Moreover, we have
Ai

j = λBi

��
eBi
�′
(tj)−

eBi (tj+1)− eBi (tj)
tj+1 − tj

�
, (1.49)

Bi
j = λBi

�
eBi (tj+1)− eBi (tj)

tj+1 − tj
−
�
eBi
�′
(tj+1)

�
. (1.50)Finally we get the following 
losed-form expression for RY |V := ((αij))1≤i≤d,0≤j≤n.

• If tj−1 < tj < tj+1,
αij = λBi

(tj+1 − tj−1)e
B
i (tj)− (tj+1 − tj)eBi (tj−1)− (tj − tj−1)e

B
i (tj+1)

(tj+1 − tj)(tj − tj−1)
.If tj−1 = tj < tj+1, αij = λB

i

��
eBi

�′
(tj )−

eBi (tj+1)−eBi (tj)

tj+1−tj

�
.If tj−1 < tj = tj+1, αij = λB

i

�
eBi (tj)−eBi (tj−1)

tj−tj−1
−
�
eBi

�′
(tj )

�
.If tj−1 = tj = tj+1, αij = 0.

• αi0 = Ai
0 =

(
λBi

��
eBi
�′
(t0)− eBi (t1)−eBi (t0)

t1−t0

� if t1 6= t0,

0 in the other 
ase.
• αin = Bi

n−1 =

(
λBi

�
eBi (tn)−eBi (tn−1)

tn−tn−1
− �eBi �′ (tn)� if tn 6= tn−1,

0 in the other 
ase.(The equality 
ases are useful when dealing with small time steps that make the numeri
al evalu-ation of eBi (tj+1)− eBi (tj) ina

urate.)Remark. A noti
eable fa
t is that we obtain exa
tly the same expression as for the Brownianmotion, where (eWn , λWn ) is repla
ed by (eBn , λ
B
n ).



1.B. CLOSED-FORM EXPRESSION FOR RY |V 591.B.3 The 
ase of 
entered Ornstein-Uhlenbe
k pro
essesWe assume here that X = r is an Ornstein-Uhlenbe
k pro
ess de�ned on [0, T ] by the SDE drt =

−θrtdt + σdWt, with θ > 0, σ ≥ 0, W a standard Brownian motion on [0, T ] and r0 L∼ N (0, σ2
0)independent of W . Consider t0 = 0 ≤ t1 ≤ · · · ≤ tn = T a subdivision of [0, T ]. ConsideringEquation (1.46) and using the 
onditional Fubini theorem, we obtain

f j
i (rtj , rtj+1) = E

�Z tj+1

tj

rse
OU
i (s)ds

����rtj , rtj+1

�
=

Z tj+1

tj

E
�
rs
��rtj , rtj+1

�
eOU
i (s)ds,Now, we easily prove that

E
�
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��rtj , rtj+1

�
= rtj

eθ(tj+1−s) − e−θ(tj+1−s)

eθ(tj+1−tj) − e−θ(tj+1−tj)
+ rtj+1
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eθ(tj+1−tj) − e−θ(tj+1−tj)
.Hen
e

f j
i (x, y) = x
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tj
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eOU
i (s)ds
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:=Ai
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eOU
i (s)ds

�| {z }
:=Bi

j

,where �eOU
n

�
n≥1 are the Karhunen-Loève eigenfun
tions of the 
onsidered Ornstein-Uhlenbe
kpro
ess.Hen
e E �R T

0 rse
OU
i (s)ds

���rt1 , · · · , rtn� = n−1P
j=0

�
Ai

jrtj +Bi
jrtj+1

�
=

nP
i=0

αijrti , with for every 1 ≤ j <

n, αij = Ai
j +Bi

j−1, αi0 = Ai
0 and αin = Bi

n−1.As previously, the equality 
ases will be handled. It is useful in numeri
al appli
ations, whendealing with small time steps that make the numeri
al evaluation of eOU
i (tj+1)−eOU

i (tj) ina

urate.The Ornstein-Uhlenbe
k pro
ess starting from 0In this 
ase (σ2
0 = 0), as proved in Appendix 1.A, the Karhunen-Loève eigensystem is given by

eOU
n (t) :=

�
1q

T
2 −

sin(2ωnT )
4ωn

Ǒ
sin(ωnt), λOU

n :=
σ2

ω2
n + θ2

, n ≥ 1, (1.51)where ωn are the (sorted) stri
tly positive solutions of the equation θ sin(ωnT )+ωn cos(ωnT ) = 0.For K ∈ R, ω ∈ R∗ and (ta, tb) ∈ R2, we haveZ tb
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exp(Ks) sin(ωs)ds =
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�
eKtb sin(ωtb)− eKta sin(ωta)
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.Using this formula with ω = ωi, and multiplying by 1È
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�
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i (tj+1)− eθ(tj+1−tj)eOU

i (tj)
�

− 1
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i
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�
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�
. (1.52)
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tj
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. (1.55)Finally, we have
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ompose the 
oe�
ients ((αij))1≤i≤d,0≤j≤n of the regression matrix.

• For every 1 ≤ j < n, αij = Ai
j +Bi

j−1. The terms involving �eOU
i

�′ vanishes.
• αi0 = Ai

0 and αin = Bi
n−1.

• What equality 
ases 
on
erns, we 
an easily prove that lim
tj+1→tj

Ai
j = 0 and lim

tj−1→tj
Bi

j−1 = 0and dedu
e the 
orresponding formula when some dates in the s
hedule are equal.The general Ornstein-Uhlenbe
k pro
essIn this 
ase (r0 L∼ N (0, σ2
0) with σ2

0 > 0), as proved in Appendix 1.A, the Karhunen-Loèveeigensystem is given by
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Chapter 2The Nyström method for fun
tionalquantization with an appli
ation tothe fra
tional Brownian motionAbstra
tIt is re
ognized that the 
onstru
tive quadrati
 optimal fun
tional quantization of a Gaussianpro
ess requires the numeri
al evaluation of its Karhunen-Loève eigensystem (see [15℄). Closed-form expressions are available for several pro
esses su
h as the Brownian motion, the Brownianbridge and Ornstein-Uhlenbe
k pro
esses, but not in the general 
ase. For example, the Karhunen-Loève de
omposition of the fra
tional Brownian motion is not known.In this 
hapter, the so-
alled �Nyström method� is tested to 
ompute optimal quantizers ofGaussian pro
esses. In parti
ular, we derive the optimal quantization of the fra
tional Brownianmotion by approximating the �rst terms of its Karhunen-Loève de
omposition.A numeri
al test of the �fun
tional strati�
ation� varian
e redu
tion algorithm is performedwith the fra
tional Brownian motion.

Keywords: integral equation, Nyström method, fun
tional quantization, ve
tor quantization,Karhunen-Loève, Gaussian pro
ess, Brownian motion, Brownian bridge, Ornstein-Uhlenbe
k, fra
-tional Brownian motion, numeri
al integration, optimal quantization, produ
t quantization, vari-an
e redu
tion, strati�
ation. 63



64 CHAPTER 2. THE NYSTRÖM METHOD FOR FUNCTIONAL QUANTIZATIONIntrodu
tionLet (Ω,A,P) be probability spa
e, and E a re�exive separable Bana
h spa
e. The norm on E isdenoted by | · |.The quantization of a random variable X , taking its values in E 
onsists in its approximationby a random variable Y taking �nitely many values. The resulting error of this dis
retization isthe Lp norm of |X − Y |. If we settle on a �xed maximum 
ardinal N for Y (Ω), the minimizationof the error 
omes to the following optimization problem:
min

�
‖|X − Y |‖p , Y : Ω→ E measurable, card(Y (Ω)) ≤ N

©
. (2.1)A solution of (2.1) is an optimal quantizer of X . This problem was �rst investigated for signaltransmission and 
ompression issues. More re
ently, quantization has been introdu
ed in numer-i
al probability to devise quadrature s
hemes [18℄, solving multidimensional sto
hasti
 
ontrolproblems [2℄ and for varian
e redu
tion [4℄. Sin
e the 2000's, the in�nite-dimensional setting hasbeen investigated from both theoreti
al and numeri
al viewpoints, espe
ially in the quadrati
 
ase[15℄ but also in other Bana
h spa
es [27℄. One elementary property of a L2 optimal quantizer isthe stationarity: E[X |Y ] = Y.We now assume thatX is a bi-measurable sto
hasti
 pro
ess on [0, T ] verifying R T

0 E
�|Xt|2

�
dt <

∞ so that it 
an be 
onsidered as a random variable valued in the Hilbert spa
e H = L2([0, T ]).We assume that its 
ovarian
e fun
tion ΓX is 
ontinuous. In the seminal arti
le on Gaussianfun
tional quantization [15℄, it is shown that in the 
entered Gaussian 
ase, linear subspa
es U of
H spanned by N -stationary quantizers 
orrespond to prin
ipal 
omponents of X . In other words,they are spanned by eigenve
tors of the 
ovarian
e operator of X . Thus, the quadrati
 optimalquantization of Gaussian pro
esses involves its Karhunen-Loève de
omposition �eXn , λXn �n≥1.To perform optimal quantization, the Karhunen-Loève expansion is �rst trun
ated at a �xed order
m and then the Rm-valued Gaussian ve
tor, 
onstituted of the m �rst 
oordinates of the pro
esson its Karhunen-Loève de
omposition, is quantized. To rea
h optimal quantization, we have to de-termine both the optimal rank of trun
ation dX(N) (the quantization dimension) and the optimal
dX(N)-dimensional Gaussian quantizer 
orresponding to the �rst 
oordinates, dX(N)N

j=1

N
�
0, λXj

�.Usual examples of su
h pro
esses are the standard Brownian motion on [0, T ], the standard Brow-nian bridge on [0, T ], the fra
tional Brownian motion and Ornstein-Uhlenbe
k pro
esses.Another possibility is to use a produ
t quantization of the distribution mN
j=1

N
�
0, λXj

�. Theprodu
t quantization is the Cartesian produ
t of the optimal quantizers of the standard one-dimensional Gaussian distributions N �0, λXi �1≤i≤dX (N). In the 
ase of independent marginals,this yields a stationary quantizer, i.e. a quantizer Y of X whi
h satis�es E[X |Y ] = Y .Thisproperty, shared with optimal quantizers, results in a 
onvergen
e rate of a higher order forthe quantization-based 
ubature method, as we 
an see in [21℄. One advantage of this settingis that the one-dimensional Gaussian quantization is a fast pro
edure. In [20℄, deterministi
optimization methods (as Newton-Raphson) are shown to 
onverge rapidly to the unique optimalquantizer of the one-dimensional Gaussian distribution. Moreover, a sharply optimized databaseof quantizers of standard univariate and multivariate Gaussian distributions is available on the website www.quantize.maths-fi.
om [22℄ for download. Still, we have to determine the quantizationlevel for ea
h dimension to obtain optimal produ
t quantization. In this 
ase, the minimization ofthe distortion 
omes to:
min

8<: dX
j=1

E2Nj

�
N
�
0, λXj

��
+
X

j≥d+1

λXj , N1 × · · · ×Nd ≤ N, d ≥ 1

9=; . (2.2)A solution of (2.2) is 
alled an optimal K-L produ
t quantizer. This problem 
an be solved bythe �blind optimization pro
edure�, whi
h 
onsists in 
omputing the 
riterion for every possible



65de
omposition N1×· · ·×Nd with N1 ≥ · · · ≥ Nd. The result of this pro
edure 
an be kept o�-linefor a future use. Optimal de
ompositions for a wide range of values of N for both Brownian motionand Brownian bridge are available on the web site www.quantize.maths-fi.
om [22℄. Anotherfa
t on quadrati
 fun
tional produ
t quantization is that it is shown to be rate-optimal.In [16℄, the rate of 
onvergen
e to zero of the quantization error is investigated. A 
ompletesolution is provided for the 
ase of Gaussian pro
esses under rather general 
onditions on the eigen-values of the 
ovarian
e operator. Rates of 
onvergen
e are available for the above 
ited examplesof Gaussian pro
esses. The asymptoti
s of the quantization dimension dX(N) are investigated.The following theorem 
ombines these results:Theorem 2.0.1 (Fun
tional quantization asymptoti
s). Let X be a 
entered bi-measurable Gaus-sian pro
ess on [0, T ] with a 
ontinuous 
ovarian
e fun
tion. Let us denote by �eXn , λXn �n≥1 itsKarhunen-Loève eigensystem. Let (YN )N≥1 be a sequen
e of quadrati
 optimal N -quantizers for
X. We assume that

λXn ∼
κ

nb
as n→∞ (b > 1).We have:

• span(YN (Ω)) = span
�
eX1 , · · · , eXdX(N)

© and dX(N) & 2b−
b

b−1 log(N) as N →∞.
• EN(X) = ‖X − YN‖2 ∼

√
κ
È
bb(b− 1)−1(2 lnN)−

b−1
2 as N →∞.It is shown in [15℄ that the Karhunen-Loève eigenvalues of the fra
tional Brownian motion,�

λB
H

n

�
n≥1

verify
λB

H

n ∼ νH
n2H+1

as n→∞,for some positive 
onstant νH . Thus the fra
tional Brownian motion satis�es the hypothesis ofTheorem 2.0.1.From a 
onstru
tive viewpoint, the numeri
al 
omputation of the optimal quantization or theoptimal produ
t quantization requires a numeri
al evaluation of the Karhunen-Loève eigenfun
-tions and eigenvalues, at least the very �rst terms. (As seen in Theorem 2.0.1, the quantizationdimension of usual Gaussian pro
esses in
reases asymptoti
ally as the logarithm of the size ofthe quantizer, so that it is most likely that it is small. For instan
e, the quantization dimension
dW (N) of the Brownian motion with N = 10000 is 9.) The Karhunen-Loève de
ompositions ofusual Gaussian pro
esses have 
losed-form expressions. It is the 
ase for the standard Brownianmotion, the Brownian bridge and Ornstein-Uhlenbe
k pro
esses. (The 
ase of Ornstein-Uhlenbe
kpro
esses is detailed in [4℄).1. The Brownian motion (Wt)t∈[0,T ],

eWn (t) :=

É
2

T
sin
�
π(n− 1/2)

t

T

�
, λW

n :=

�
T

π(n− 1/2)

�2

, n ≥ 1. (2.3)2. The Brownian bridge on [0, T ],
eBn (t) :=

É
2

T
sin
�
πn

t

T

�
, λB

n :=
�

T

πn

�2

, n ≥ 1. (2.4)3. The Ornstein-Uhlenbe
k pro
ess on [0, T ], starting from 0, de�ned by the SDE drt = θ(mu−rt)dt+
σdWt, with σ ≥ 0, θ > 0 and W a standard Brownian motion on [0, T ], (see [4℄).

eOU
n (t) :=

�
1È

T
2
− sin(2ωnT )

4ωn

�
sin(ωnt), λOU

n :=
σ2

ω2
n + θ2

, n ≥ 1, (2.5)where ωn are the (sorted) stri
tly positive solutions of the equation
θ sin(ωnT ) + ωn cos(ωnT ) = 0.



66 CHAPTER 2. THE NYSTRÖM METHOD FOR FUNCTIONAL QUANTIZATION4. The stationary Ornstein-Uhlenbe
k pro
ess on [0, T ], de�ned by the same SDE with r0
L
∼ N

�
0, σ2

2θ

�,(see [4℄).
eOU
n (t) := Cn (ωn cos(ωnt) + θ sin(ωnt)) , λOU

n :=
σ2

ω2
n + θ2

, n ≥ 1, (2.6)where ωn are the (sorted) stri
tly positive solutions of the equation
2θωn cos(ωnT ) +

�
θ2 − ω2

n

�
sin(ωnT ) = 0,and

1

C2
n
=

θ

2
(1− cos(2ωnT )) +

ωn

2

�
T +

sin(2ωnT )

2ωn

�
+

θ2

2

�
T −

sin(2ωnT )

2ωn

�
.In [4℄, the general setting of an arbitrary initial varian
e σ0 for the Ornstein-Uhlenbe
k pro
essis handled. A pro
edure for the 
omputation of ωn is also provided. Other examples of expli
itKarhunen-Loève expansions are available in [5℄ and [25℄. In [11℄, Istas derived a semi 
losed-formexpression for the Karhunen-Loève expansion of the spheri
al fra
tional Brownian motion.In a more general setting, we do not have a 
losed-form expression for the Karhunen-Loèvede
omposition. For instan
e, as far as we know, the K-L expansion of the fra
tional Brownianmotion is not known. Hen
e, a numeri
al method to evaluate �rst Karhunen-Loève eigenfun
-tions is the �missing link� on the path to the 
onstru
tive optimal quantization of more Gaussianpro
esses.However, we 
an derive rate-optimal quantization of Gaussian pro
esses using other seriesexpansions as proposed by Lus
hgy and Pagès in [17, 19℄. In this setting, the 
ase of the fra
tionalBrownian motion 
an be derived using a rate-optimal series expansion established by Dzhaparidzeand van Zanten in [8, 9℄ as done by Junglen and Lus
hgy in [14℄. Admissible series expansionsfor this approa
h 
an also be derived with the method proposed by Jaimez and Valderrama in[12℄. In their arti
le, they 
onsider the transformation φ : (Xt)t∈[a,b] 7→ (f(t)Xτ(t))t∈[α,β], where

τ : [α, β] → R is a stri
tly in
reasing 
ontinuous fun
tion su
h that τ(α) = a and τ(β) = band f is a 
ontinuous stri
tly positive fun
tion on [α, β]. They prove that the Karhunen-Loèveexpansion of (Xt)t∈[0,T ] with respe
t to Lebesgue's measure is transformed into the Karhunen-Loève expansion of (f(t)Xτ(t))t∈ with respe
t to the measure f(t)−2dτ(t). Other 
onstru
tiveapproa
hes for fun
tional quantization are proposed by Wilbertz in [27℄.Here, we experiment with the so-
alled �Nyström method� [1, 6, 24℄ for approximating thesolution of the fun
tional eigenvalue problem whi
h de�nes the Karhunen-Loève de
omposition.First, we 
ompare the result of the numeri
al method with the 
losed-form expressions availablefor the Brownian motion, the Brownian bridge and Ornstein-Uhlenbe
k pro
esses. Then we handlethe spe
ial 
ase of the fun
tional quantization of the fra
tional Brownian motion.Fun
tional quantization of Gaussian pro
esses have numerous appli
ations in numeri
al prob-ability. In [4℄, a varian
e redu
tion method based on the fun
tional quantization of a Gaussianpro
ess was proposed. This method 
an be seen as a �guided Monte-Carlo simulation� (see Figure2.3). Still, it was only appli
able with Gaussian pro
esses for whi
h we 
ould have a numeri
alevaluation of the Karhunen-Loève eigenfun
tions. Su
h a varian
e redu
tion method would beof high interest in Monte-Carlo simulations implying the fra
tional Brownian motion be
ause itssimulation s
hemes have a high 
omplexity.Subsequently, we test this �fun
tional strati�
ation� varian
e redu
tion algorithm with optionpri
ing problems within the 
ontext of the 
ounterpart of the 
lassi
al Bla
k and S
holes modelfor the fra
tional Brownian motion. First, the 
ase of a vanilla option is ben
hmarked with the
losed-form expression available in this 
ase. Then the 
ase of dis
rete barrier options is tested.2.1 The Nyström methodLet X be a bi-measurable Gaussian sto
hasti
 pro
ess on [0, T ] de�ned on the probability spa
e
(Ω,A,P). We assume that R[0,T ] E[X

2
s ]ds <∞. Let us denote by ΓX the 
ovarian
e fun
tion of X



2.1. THE NYSTRÖM METHOD 67de�ned by ΓX(t, s) = cov(Xt, Xs). We assume that ΓX is a 
ontinuous fun
tion on [0, T ]× [0, T ]1.The 
ovarian
e operator CX of X is de�ned by CXf =
R
[0,T ] Γ

X(·, s)f(s)ds. It is a symmetri
positive tra
e-
lass operator on L2([0, T ]). The Karhunen-Loève basis asso
iated with X , denotedby (eXn )n≥1 is the Hilbert basis of L2([0, T ]) 
onstituted of the eigenve
tors of CX indexed followingthe de
reasing order of eigenvalues. Now, we are led to solve numeri
ally the eigenvalue problemZ T

0
ΓX(·, s)fk(s)ds = λkfk, k ≥ 1, (2.7)where both the eigenvalues and the eigenve
tors have to be determined. The Nyström methodrelies on the 
hoi
e of a quadrature rule R T

0 f(s)ds ≈
nP

i=1

wjf(sj), where (wj)1≤j≤n is the sequen
eof weights of the quadrature rule and (sj)1≤j≤n are the abs
issas at whi
h f is evaluated. If weplug this quadrature rule in Equation (2.7), we get
nX

j=1

wjΓ
X(t, sj)fk(sj) ≈ λkfk(t) t ∈ [0, T ]. (2.8)Evaluating Equation (2.8) at the quadrature points yields the approximate eigenvalue problem

nX
j=1

wjΓ
X(si, sj)fk(sj) = λkfk(si) 1 ≤ i ≤ n. (2.9)Let f denote the ve
tor � fk(s1)...

fk(sn)

Ǒ, let (Kij)1≤i,j≤n be the matrix �ΓX(si, sj)
�
1≤i,j≤n. Wede�ne the diagonal matri
es λ and D by λ := (diag(λk))1≤k≤n and D := diag(wk)1≤k≤n. ThenEquation (2.9) be
omes

KDf = λf. (2.10)Therefore, within this approximation, the fun
tional eigenvalue problem turns into a matrixeigenvalue problem. As K is a 
ovarian
e matrix, it is symmetri
. However, sin
e the weightsare not equal for most quadrature rules, the matrix KD is not symmetri
. As mentioned in [24℄,numeri
al methods for matrix orthogonalization are mu
h simpler in the symmetri
 
ase. As a
onsequen
e, we should restore the symmetry if possible, or favor uniformly weighted quadraturerules. The method proposed in [24℄ to restore symmetry is the following:Multiplying Equation (2.10) by D1/2 = diag(√ωi)1≤i≤n on the left, we get�
D1/2KD1/2

�
h = λh, where h = D1/2f. (2.11)Equation (2.11) is now in the form of a symmetri
 eigenvalue problem. In our framework(square-integrable kernels), this provides a good approximation of the n largest eigenvalues andthe asso
iated eigenfun
tions.2.1.1 Choi
e of the quadrature methodClassi
al numeri
al methods for real-valued symmetri
 matrix diagonalization are

• The Ja
obi transform for symmetri
 diagonalization.
• A tridiagonalization (by Givens or Householder redu
tion) followed by a QL algorithm withimpli
it shifts.1In the 
ase where X is assumed to be pathwise 
ontinuous on [0, T ], Fernique's theorem ensures thatR

[0,T ]
E[X2

s ]ds < ∞ (see e.g. [13℄), and ΓX is also 
ontinuous (see [13, VIII.3℄).



68 CHAPTER 2. THE NYSTRÖM METHOD FOR FUNCTIONAL QUANTIZATIONAll these numeri
al methods have a O(n3) 
omplexity. As a 
onsequen
e, the natural 
hoi
e forthe quadrature method would be the highest order to keep n as small as possible (as a Gaussianquadrature method).However we will see, that the Nyström method asso
iated with lower order quadrature rulesmay admit an asymptoti
 error expansion in even powers of the step sizes as soon as the 
ovarian
efun
tion is di�erentiable (or 
ontinuous and pie
ewise di�erentiable). So is the 
ase for the trape-zoidal quadrature rule and the generalized midpoint quadrature rule. As a 
onsequen
e, instead ofusing the high order integration rule, we prefer to use a Ri
hardson-Romberg extrapolation on theresult of the whole pro
edure with the trapezoidal quadrature formula or the midpoint quadratureformula.We 
ould rea
h an a

ura
y whi
h approa
hes the ma
hine roundo� error on the �rst eigenval-ues when we ben
hmark this method on the Brownian motion, the Brownian bridge or Ornstein-Uhlenbe
k pro
esses.An argument in favor of the midpoint rule is that it is an equiweighted quadrature rule, so thatthe Nyström method 
omes to a symmetri
 matrix eigenvalue problem. Moreover, the quadrati

n-optimal 
odebook for the uniform distribution on a real interval [a, b] is �a+ �i− 1

2

�
b−a
n

�
1≤i≤nso that the quantization-based quadrature rule 
oin
ides with the midpoint rule.2.1.2 Choi
e of the interpolation methodThe natural 
hoi
e is to use Equation (2.8) as an interpolation method for evaluating fk,

fk(t) =
1

λk

nX
j=1

wjΓ
X(t, sj)fk(sj). (2.12)The same Ri
hardson-Romberg extrapolation 
an be performed between values of nP

j=1

wjΓ
X(t, sj)fk(sj)with di�erent orders n to 
ompute this integral. The result is then divided by the extrapolatedvalue of λk.A remark on the interpolation methodOne purpose of the quantization of a Gaussian pro
ess X , is to perform a quantization of thesolution of a SDE driven by X , as soon as the 
orresponding sto
hasti
 integral 
an be de�ned.We 
an obtain a quantizer of the di�usion by inserting the quantizer of the Gaussian pro
ess inthe di�usion equation written in the Stratonovi
h sense. The most a

omplished study on thissubje
t is [23℄. This work is mostly spe
i�
 to the Brownian motion but main results remain validfor 
ontinuous semi-martingales that satisfy the Kolmogorov 
riterion su
h as the Brownian bridgeand Ornstein-Uhlenbe
k pro
esses.Still, a future work 
ould be to extend these results to solution of SDE driven by the fra
-tional Brownian motion and other related pro
esses. In this 
ase, we may also need a numeri-
al approximation of the time-derivative of the eigenfun
tion in the Karhunen-Loève de
ompo-sition. If ΓX is (weakly) di�erentiable, a natural evaluation method for the derivative would be

f ′
k(t) =

1
λk

nP
j=1

wj∂tΓ
X(t, sj)fk(sj).One problem is that this method yields an irregular approximation of the derivative. Forexample, this yields a pie
ewise 
onstant derivative in the 
ase of the Brownian motion. This
auses numeri
al instabilities when using Runge-Kutta integration methods for ordinary di�eren-tial equations, whi
h rely on the regularity of the 
onsidered Cau
hy problem.As a 
onsequen
e, a more regular interpolation method 
an give more satisfa
tory results whendealing with di�usions. (Spline or rational interpolation methods for instan
e.)



2.2. BENCHMARK ON KNOWN KARHUNEN-LOÈVE EXPANSIONS 692.2 Ben
hmark on known Karhunen-Loève expansionsIn this se
tion, we 
ompare the numeri
al results obtained with the Nyström methods in 
asesfor whi
h we have a 
losed-form expressions of the Karhunen-Loève expansion. The multi-stepsRi
hardson-Romberg extrapolation 
onsists in using the asymptoti
 error estimate of the method
V = un +

K1

n2
+
K2

n4
+ · · ·+O

�
1

n2p

�
.Writing this expression for p di�erent values of n allows us to solve a p× p linear system to nullifythe p − 1 �rst orders of 
onvergen
e. The three-steps Ri
hardson-Romberg extrapolation with

n = k, n = l and n = m gives the following solution:
Ukk

4(m2 − l2) + Ull
4(k2 −m2) + Umm

4(l2 − k2)
(m2 − l2)(l2m2 + k4 −m2k2 − l2k2) .This result is naturally invariant by any permutation of the 
oe�
ients (k,m, l). We observed lessa

urate results when using higher-order Ri
hardson-Romberg extrapolation, so that we settledon a three-steps extrapolation whi
h seems to be a good 
ompromise.2.2.1 Eigenvalues a

ura
yTables 2.1 and 2.2 report the Karhunen-Loève eigenvalues of the Brownian motion and of theBrownian bridge on [0, 1]. Table 2.3 deals with the stationary Ornstein-Uhlenbe
k pro
ess on

[0, 1] de�ned by the SDE
drt = −rtdt+ dWt, r0

L∼ N
�
0,

1

2

�
. (2.13)The �rst 
olumn gives the theoreti
al value given by the 
losed-form expression. Following 
olumnsgive the value 
omputed with the Nyström method with a regular step size with 25, 50 and 100points. The last 
olumn gives the relative error of a three-steps Ri
hardson-Romberg extrapolationmethod between n = 25, n = 50 and n = 100.Mid-point Mid-point Mid-point Mid-point NyströmClosed-form Nyström Nyström Nyström 25− 50− 100 Ri
hardson-Romberg

25 points 50 points 100 points relative error
0.405284735 0.405418094 0.405318070 0.4052930680 1.5984× 10−13

0.0450316372 0.0451652077 0.0450649853 0.0450399714 1.1607× 10−10

0.0162113894 0.0163453833 0.0162447639 0.0162197259 2.4950× 10−9

0.00827111703 0.00840574996 0.00830453112 0.00827945541 1.8869× 10−8

0.00500351524 0.00513900777 0.00503698224 0.00501185691 8.5733× 10−8Table 2.1: Re
ord of the �rst �ve eigenvalues of the Karhunen-Loève de
omposition of the Brow-nian motion on [0, 1].With regard to the above numeri
al results, the Nyström method gives a satisfa
tory a

ura
yfor performing fun
tional quantization of these pro
esses.2.2.2 Eigenfun
tions a

ura
yWe now 
ompare the 
losed-form expression of the eigenfun
tion with the approximation obtainedby �Ri
hardson-Romberg extrapolated mid-point Nyström method�. In Table 2.4, we report the ra-tio between highest absolute di�eren
e between the 
losed-form expression and the approximationon a 300 points regular mesh of [0, 1] on the one hand and the maximum value of the 
losed-formexpression on the other hand. The tested 
ases are the Brownian motion, the Brownian bridgeand the stationary Ornstein-Uhlenbe
k pro
ess de�ned by the SDE (2.13) with σ = 1 and θ = 1.



70 CHAPTER 2. THE NYSTRÖM METHOD FOR FUNCTIONAL QUANTIZATIONMid-point Mid-point Mid-point Mid-point NyströmClosed-form Nyström Nyström Nyström 25− 50− 100 Ri
hardson-Romberg
25 points 50 points 100 points relative error

0.101321184 0.101454622 0.101354524 0.101329517 1.0181× 10−11

0.0253302959 0.0254640514 0.0253636556 0.0253386309 6.5299× 10−10

0.0112579093 0.0113921955 0.0112913019 0.0112662463 7.4651× 10−9

0.00633257398 0.00646760876 0.00636601285 0.00634091389 4.2158× 10−8

0.00405284735 0.00418885438 0.00408634582 0.00406119097 1.6188× 10−7Table 2.2: Re
ord of the �rst �ve eigenvalues of the Karhunen-Loève de
omposition of the Brow-nian bridge on [0, 1].Mid-point Mid-point Mid-point Mid-point NyströmClosed-form Nyström Nyström Nyström 25− 50− 100 Ri
hardson-Romberg
25 points 50 points 100 points relative error

0.369405405 0.3696101981 0.3694566011 0.3694182037 2.8612× 10−13

0.0690018877 0.06916548001 0.06904275722 0.06901210328 8.5348× 10−12

0.0225442436 0.02268929627 0.02258041792 0.02255328167 6.9035× 10−10

0.0106644656 0.01080431390 0.01069923895 0.01067314723 7.7028× 10−9

0.00613945693 0.006277759263 0.006173702808 0.006147997976 4.2950× 10−8Table 2.3: Re
ord of the �rst �ve eigenvalues of the Karhunen-Loève de
omposition of the station-ary Ornstein-Uhlenbe
k pro
ess de�ned on [0, 1] by the SDE drt = −rtdt+ dWt, r0
L∼ N

�
0, 12

�.Ri
hardson-Romberg
50− 100 − 200 e1 e2 e3 e4 e5relative errorStandardBrownian motion 2.7414 × 10−6 2.4685 × 10−5 6.8433 × 10−5 1.3473 × 10−4 2.2315 × 10−4on [0, 1]StandardBrownian bridge 1.0964 × 10−5 4.3908 × 10−5 9.8867 × 10−5 1.7584 × 10−4 2.7245 × 10−4on [0, 1]Stationary Ornstein-Uhlenbe
kpro
ess on [0, 1] 3.0076 × 10−6 1.6107 × 10−5 4.9283 × 10−5 1.0442 × 10−4 1.8157 × 10−4with σ = 1 and θ = 1Table 2.4: Re
ord of the largest relative error on the Karhunen-Loève eigenfun
tions approxima-tion by the Ri
hardson-Romberg extrapolated mid-point Nyström method (relative with respe
tto the maximum of the eigenfun
tion). The number of time steps used for the 3-steps Ri
hardson-Romberg extrapolation are 50, 100 and 200. We used 300 equally spa
ed points on [0, 1]. Ea
h
olumn 
orresponds to an eigenfun
tion.2.3 Quantization of the fra
tional Brownian motionThe normalized fra
tional Brownian motion BH , is a 
entered Gaussian pro
ess on [0, T ], whi
hhas the following 
ovarian
e fun
tion:

ΓBH

(t, s) =
1

2

�
|t|2H + |s|2H − |s− t|2H

�
, (2.14)



2.3. QUANTIZATION OF THE FRACTIONAL BROWNIAN MOTION 71where H ∈ (0, 1) is 
alled the Hurst parameter. If H = 1
2 then the pro
ess is the standardBrownian motion.A simple appli
ation of the Nyström method presented in Se
tion 2.1 produ
es regularly shapedfun
tional quantizers of the fra
tional Brownian motion. In Figure 2.1, a 5×2×2-produ
t quantizerof the fra
tional Brownian motion with 3 di�erent values of the Hurst parameter is plotted.PSfrag repla
ements
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Figure 2.1: 5×2×2-produ
t quantizer of fra
tional Brownian motions on [0, 1] with Hurst exponent
H = 0.3 (left), H = 0.5 (middle) and H = 0.7 (right).Still, for H < 1

2 , the 
ovarian
e fun
tion of the fra
tional Brownian motion has singularitiesthat break the 
onvergen
e of the mid-point integration rule in even powers of the step sizes.Indeed, the derivative of t 7→ ΓBH

(t, s) has an in�nite limit as t→ 0+ and as (t→ s− or t→ s+).It breaks also the 
onvergen
e of the whole asso
iated Nyström method in even powers of thestep sizes. In [1, 6, 24℄, several methods to handle su
h boundary and diagonal singularities areproposed. We will deal with this in Se
tion 2.3.1However, so is not the 
ase for H ≥ 1
2 , and we 
an trust in the results of the method in this
ase. In Table 2.5, we report the �rst �ve Karhunen-Loève eigenvalues of the fra
tional Brownianmotion on [0, 1] with Hurst exponent H = 0.7. The number of time steps are 128, 256 and 512.Last 
olumn yields the 
orresponding three-steps Ri
hardson-Romberg extrapolation. All the
omputation has been performed with an o
tuple pre
ision �oating point number implementationto in
rease the a

ura
y of the 513 × 513-matrix eigensystem 
omputation. (Let us re
all thatin the 
ase of the Brownian motion on [0, 1], when performing the same 
omputation, we get anrelative error smaller than 1× 10−7 for the �rst �ve eigenvalues.)Mid-point Mid-point Mid-point Mid-pointNyström Nyström Nyström Nyström

128 points 256 points 512 points 128− 256− 512 Ri
hardson-Romberg
0.374536638 0.374533535 0.374532774 0.374532521757236
0.0250351543 0.0250343274 0.0250341354 0.0250340726875501
0.00728913038 0.00728860123 0.00728848368 0.0072884458064217
0.00322117252 0.00322075790 0.00322066901 0.0032206406932789
0.00176153269 0.00176116702 0.00176109039 0.00176106615722872Table 2.5: Re
ord of the �rst �ve eigenvalues of the fra
tional Brownian motion on [0, 1] withHurst exponent H = 0.7.2.3.1 Kernel singularities when H < 1

2As pointed out above, the 
ovarian
e fun
tion of the fra
tional Brownian motion has a boundarysingularity as t→ 0+ and a diagonal singularity. In this se
tion, we will use 
lassi
al methods tohandle this kind of singularities. See [1, 6, 24℄ for a review of these method.



72 CHAPTER 2. THE NYSTRÖM METHOD FOR FUNCTIONAL QUANTIZATIONHandling the boundary singularityChange of variableThe singular behavior 
ovarian
e fun
tion ΓBH of the fra
tional Brownian motion, de�ned inEquation (2.14) 
an be removed by a 
hange of variable. The 
hange of variable u = t2H and
v = s2H in integral (2.7) yields:Z T 2H

0
ΓBH

�
u

1
2H , v

1
2H

�
fk
�
v

1
2H

� 1

2H
v

1
2H −1dv = λkfk

�
u

1
2H

�
. (2.15)(The se
ond 
hange of variable aims at preserving the symmetry of the Kernel.)This leads toZ T 2H

0

1

2

�
|u|+ |v| −

���u 1
2H − v 1

2H

���2H� fk �v 1
2H

� 1

2H
v

1
2H −1dv = λkfk

�
u

1
2H

�
. (2.16)Quadrature rule on a single intervalWe now derive a quadrature rule on [0, T ]with respe
t to the weight fun
tion w(v) = 1

2H v
1

2H −1 =
1
2H v

α with α := 1
2H − 1. The aim is to make the quadrature rule exa
t with a�ne fun
tions asfor the trapezoidal quadrature rule is, in the 
ase of an integration with a 
onstant weight.Z r

l

1

2H
xα(ax+ b)dx = wl(al + b) + wr(ar + b) ∀(a, b) ∈ R2.This yields

1

2H

�
a

α+ 2

�
rα+2 − lα+2

�
+

b

α+ 1

�
rα+1 − lα+1

��
= a(wll + wrr) + b(wl + wr) ∀(a, b) ∈ R2.i.e. �

l r
1 1

��
wl

wr

�
=

� 1
2H

1
α+2

�
rα+2 − lα+1

�
1

2H
1

α+1

�
rα+1 − lα+1

� � .The solution of the linear system is
wl =

1

2H

(α+ 1)lα+2 + rα+2 − (α + 2)lα+1r

(α+ 1)(α+ 2)(r − l) , wr =
1

2H

(α+ 1)rα+2 + lα+2 − (α+ 2)rα+1l

(α + 1)(α+ 2)(r − l) .This is
wl =

l
1

2H +1 + 2Hr
1

2H +1 − (2H + 1)l
1

2H r

(2H + 1)(r − l) , wr =
r

1
2H +1 + 2Hl

1
2H +1 − (2H + 1)r

1
2H l

(2H + 1)(r − l) .Quadrature rule for equally spa
ed abs
issasLet us now 
onsider the equally spa
ed abs
issas points xi = iTn , i = 0, 1, · · · , n. We nowuse these weights n times to integrate on intervals �x2H0 , x2H1
�
,
�
x2H1 , x2H2

�
, · · · , �x2Hn−1, x

2H
n

� toobtain the extended rule of quadrature. The 
onvergen
e rate of this method is the same as forthe trapezoidal rule.Handling the diagonal singularityWe now have to handle the diagonal singularity |u− v|2H in Equation (2.7). One 
lassi
al methodis to use the smoothness of the solution by subtra
ting the singularity.Z T

0
ΓBH

(t, s)f(s)ds =

Z T

0
ΓBH

(t, s) (f(s)− f(t)) ds+ r(t)f(t),



2.4. APPLICATION TO THE FRACTIONAL BROWNIAN MOTION 73where r(t) = R T
0 ΓBH

(t, s)ds. The dis
retized eigenvalue problem is now transformed into
λkfk(ti) =

nP
j=1

wjKij (fk(tj)− fk(ti)) + r(ti)fk(ti)

=
nP

j=1

wjKijfk(tj) +

�
r(ti)−

nP
j=0

wjKij

�
fk(ti).

(2.17)We now de�ne the diagonal matrix D := diag(wi)1≤i≤n as in Se
tion 2.1. Moreover, we denote
∆ := diag

�
r(ti)−

nP
j=0

wjKij

�
1≤i≤n

. Equation (2.17) writes
λkfk = KDfk +∆fk.Multiplying by D 1

2 yields λh =
�
D

1
2KD

1
2 +∆

�
h, with h = D

1
2 f . As a 
onsequen
e, we obtainagain a symmetri
 matrix eigenvalue problem. In the 
ase of the fra
tional Brownian motion, thefun
tion r(t) = R T

0 ΓBH

(t, s)ds is derived expli
itly:
r(t) =

1

2

�
T 2H+1 − u2H+1

2H + 1
+ u2HT − (T − u)2H+1

2H + 1

�
.Optimal quantization of the fra
tional Brownian motionWe now use this approximation of the Karhunen-Loève basis to perform an optimal quantizationof the fra
tional Brownian motion with a 50-100-200 three-step Ri
hardson-Romberg extrapolatedNyström method.In Figure 2.2, we display the quadrati
 optimal N -quantizer of the fra
tional Brownian motionon [0, 1] with Hurst exponent H = 0.25 and N = 20. In this 
ase, the quantization dimension is

3. PSfrag repla
ements
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 N -optimal quantizer of the fra
tional Brownian motion on [0, 1] with Hurstparameter H = 0.25 and N = 20.2.4 Appli
ation to the fun
tional strati�
ation of the fra
-tional Brownian motionIn this se
tion, we experiment with the fun
tional quantization-based strati�ed sampling algorithmproposed in [4℄ with the fra
tional Brownian motion.



74 CHAPTER 2. THE NYSTRÖM METHOD FOR FUNCTIONAL QUANTIZATION2.4.1 Ba
kground on strati�
ationLet E be a separable Hilbert spa
e. The idea of strati�
ation is to lo
alize the Monte-Carlosimulation on the elements of a measurable partition of the state spa
e of a L2 random variable
X : (Ω,A)→ (E, ε).
• Let (Ai)i∈I be a �nite ε-measurable partition of a E. The sets Ai are 
alled strata. Assumethat the weights pi = P(X ∈ Ai) are known for i ∈ I and stri
tly positive.
• Let us de�ne the 
olle
tion of independent random variables (Xi)i∈I with distribution
L(X |X ∈ Ai).Let F : (E, ε)→ (R,B(R)) su
h that E[F 2(X)] < +∞.

E[F (X)] =
X
i∈I

piE[F (X)|X ∈ Ai] =
X
i∈I

piE[F (Xi)].Let M be the global budget allo
ated to the 
omputation of E[F (X)] and Mi = qiM the budgetallo
ated to 
ompute E[F (Xi)] in ea
h stratum. We assume that P
i∈I

qi = 1. This leads to de�nethe (unbiased) estimator of E[F (X)]:
F (X)

I

M :=
X
i∈I

pi
1

Mi

MiX
k=1

F (Xk
i ), (2.18)where (Xk

i )1≤k≤Mi is a L(X |X ∈ Ai)-distributed random sample.Proposition 2.4.1. With the same notations:
Var

�
F (X)

I

M

�
=

1

M

X
i∈I

p2i
qi
σ2
F,i, (2.19)where σ2

F,i = Var(F (X)|X ∈ Ai) = Var(F (Xi)) ∀i ∈ I.In [4℄, it is pointed out that theoreti
al aspe
ts of quantization lead to a strong link between theproblem of optimal L2-quantization of a random variable and the varian
e redu
tion that 
an bea
hieved by strati�
ation. Three types of allo
ation rules for the budgets (qi)i∈I are proposed:
• The �sub-optimal rule� is to set

qi = pi, i ∈ I. (2.20)Two possible motivations for this 
hoi
e are the fa
ts that the weights pi are known andbe
ause it always redu
es the varian
e.
• The �optimal rule� is obtained when minimizing the varian
e in Equation (2.19). The solutionof the minimization problem is given by

q∗i =
piσF,iP

j∈I

pjσF,j
, i ∈ I (2.21)and the 
orresponding minimal varian
e is � P

i∈I

piσF,i

�2
.A 
ounterpart of this method is that we do not know expli
itly the solution (q∗i )i∈I . In[26℄, Étoré and Jourdain proposed an algorithm for adaptively modifying the proportionof further drawings in ea
h stratum, that 
onverges to the optimal allo
ation. This 
an beused in a general framework. Another pra
ti
al solution is to implement a simple prior roughestimation of the optimal allo
ation.
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• The �Lips
hitz optimal� rule. When the partition (Ai)i∈I is a Voronoi partition asso
iatedwith an optimal quantizer of X , the following setting is 
onsidered

qi =
piσiP

j∈I

pjσj
, i ∈ I, (2.22)where σi is the lo
al inertia of the random variable X , σ2

i = E
h
|X−E[X |X ∈ Ai]|2

���X ∈ Ai

i.It is proved that this setting has a uniform e�
ien
y among the 
lass of Lips
hitz 
ontinuousfun
tionals. Moreover, lo
al inertia (σi)i∈I are known. This solution over
omes the �sub-optimal 
hoi
e� in every test done in [4℄.2.4.2 On the fun
tional strati�
ation of Gaussian pro
essesLetX be a 
entered bi-measurable Gaussian pro
ess on [0, T ]with a 
ontinuous 
ovarian
e fun
tionon [0, T ]2. We are interested by the value of E[F (Xt0 , Xt1 , · · · , Xtn)] where 0 = t0 ≤ t1 ≤ · · · ≤
tn = T are n+ 1 dates of interest for the underlying pro
ess. Let us assume that χ ∈ Opq(X,N)is a K-L produ
t quantizer of X . The 
odebook asso
iated with this produ
t quantizer is the setof the paths of the form

χi =
X
n≥1

È
λXn x

(Nn)
in

eXn , i = {i1, · · · , in, · · · },where �eXn , λXn � is the Karhunen-Loève de
omposition of the pro
ess X on [0, T ] and x
(Nn)
in

isthe inth element of an optimal quantizer of size Nn of the standard one-dimensional Gaussiandistribution.We now need to be able to simulate the 
onditional distribution
L(X |X ∈ Ai),where Ai is the slab asso
iated with χi in the 
odebook. To simulate this 
onditional distribution,we will:

• First, simulate the �rst K-L 
oordinates of X . A detailed simulation pro
edure is availablein [4℄
• Then simulate the 
onditional distribution of the marginals of the Gaussian pro
ess, its �rst
oordinates being �xed.In this setting, we need to simulate the 
onditional distribution

L
�
Xt0 , · · · , Xtn

��� Z T

0
Xse

X
1 ds,

Z T

0
Xse

X
2 (s)ds, · · · ,

Z T

0
Xse

X
d (s)ds

�
. (2.23)Conditional simulation: In [4℄, two solutions are proposed for the simulation of the 
onditionaldistribution (2.23).

• The �rst one is the naive Cholesky method for Gaussian ve
tor simulation, whi
h has aquadrati
 
omplexity in the number of time steps. This �rst simulation s
heme was not
ompetitive for linearly simulatable pro
esses su
h as the Brownian motion. In the following,we will mention this method as the brute for
e method.
• The other solution, detailed in [4℄ requires a prior simulation of the un
onditional distributionof (Xt0 , · · · , Xtn) and has then a linear additional 
ost. This algorithm will be mentionedin the following as the Bayesian algorithm. For Gaussian pro
esses whi
h have a linearsimulation s
heme in the un
onditional 
ase (as Ornstein-Uhlenbe
k pro
esses, the Brownianbridge and the Brownian motion), this method is of high interest.
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ase of the fra
tional Brownian motionPossible methods for simulating the fra
tional Brownian motion on a s
hedule t0 < t1 < · · · < tnare
• the naive Cholesky method whi
h has quadrati
 
omplexity,
• and the 
ir
ulant matrix method whi
h has a O(n ln(n)) 
omplexity [7, 28℄. The 
ir
ulantmatrix method is also available for the multifra
tional Brownian motion [29℄.No exa
t simulation s
heme with a linear 
omplexity exists for the fra
tional Brownian motion. Ifwe 
hoose the Cholesky method, there is no interest in using the Bayesian algorithm proposed in[4℄. The brute for
e Cholesky method is adapted to this situation.In every other 
ase, if the un
onditional simulation method has a smaller 
omplexity, we haveinterest to use the Bayesian algorithm whi
h has a linear additional 
ost to the un
onditionalsimulation.In Figure 2.3, we plot a few paths of the 
onditional distribution of the fra
tional Brownianmotion with Hurst parameter H = 0.3 knowing that they belong to a given L2 Voronoi 
ell.PSfrag repla
ements
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onditional distribution of the fra
tional Brownian motionwith Hurst parameter H = 0.3 on [0, 3], knowing that its path belong to the L2 Voronoi 
ell ofthe highlighted 
urve in the quantizer.2.4.4 Gaussian pro
ess re
onstru
tionThe �rst numeri
al test of the fun
tional strati�
ation of the fra
tional Brownian motion is amethod to validate both the eigenfun
tion 
omputation by the Nyström method and the fun
tionalstrati�
ation algorithm.Indeed, one 
an rebuild the 
onsidered Gaussian pro
ess from its strati�
ation, by followingthe steps bellow
• First, simulate the dis
rete weighted distribution of the strata index (i, pi)i∈I to sele
t thestrata.
• Then simulate the 
onditional distribution L�Xt0 , · · · , Xtn

���X ∈ Ai

� of the Gaussian pro
essin the strata by the method des
ribed above.The result should be distributed a

ording to the distribution of the underlying Gaussian pro
ess.In Table 2.6, we report the 
ovarian
e stru
ture E
�
XtiXtj

�
1≤i,j≤n

estimated by a Monte-Carlo



2.4. APPLICATION TO THE FRACTIONAL BROWNIAN MOTION 77simulation when X is a fra
tional Brownian motion with Hurst parameter H = 0.7. The testeds
hedule is �iTn�0≤i≤n
with T = 1 and n = 5. The produ
t de
omposition of the quantization is

10× 5× 2.
0.105061 0.138629 0.15846 0.173817 0.186687

0.138629 0.277258 0.330656 0.365844 0.394071

0.15846 0.330656 0.489116 0.557871 0.605929

0.173817 0.365844 0.557871 0.73168 0.813313

0.186687 0.394071 0.605929 0.813313 1

0.105141 0.138748 0.158596 0.173959 0.186824

0.138748 0.277417 0.330885 0.366075 0.394372

0.158596 0.330885 0.489454 0.558177 0.606266

0.173959 0.366075 0.558177 0.731923 0.813579

0.186824 0.394372 0.606266 0.813579 1.0003Table 2.6: Theoreti
al (left) and estimated (right) 
ovarian
e E[XtiXtj ] of the rebuilt fra
tionalBrownian motion with H = 0.7. The number of generated paths for this Monte-Carlo simulationwas 1× 107.In every tested 
ase, when generating Table 2.6, the theoreti
al value lies in the 95% 
on�den
einterval. These 
on�den
e intervals were not displayed for briefness. We obtain the same order ofa

ura
y with other values of H ∈ (0, 1).2.4.5 Appli
ation to option pri
ingA sto
hasti
 integral with respe
t to the fra
tional Brownian motion has been introdu
ed in [10℄by Helliot and van der Hoek, and in [3℄ by Biagini, Øksendal, Sulem and Wallner, using the whitenoise theory. They proposed a generalization of the Bla
k-S
holes model. As in the 
lassi
alBla
k-S
holes market, two assets are available:
• A risk-free asset whose pri
e is given by

dS0
t = rS0

t dt (2.24)
• and a risky asset whose pri
e is given by

dSt = µStdt+ σStdB
H
t , (2.25)where r, µ and σ are 
onstants and BH is fra
tional Brownian motion with Hurst parameter

H .It has been shown that this market presents no arbitrage opportunity and is 
omplete. Moreover,the solution of the sto
hasti
 di�erential Equation (2.25) is given by
St = S0 exp

�
σBH

t + µt− 1

2
σ2t2H

�
. (2.26)The following theorem, proved in [10℄ deals with the pri
e of a European Call option.Theorem 2.4.2 (Fra
tional Bla
k-S
holes formula). The pri
e at every time t ∈ [0, T ] of aEuropean Call option with strike pri
e K and maturity T is given by

C(t, St) = StN (d1)−Ke−r(T−t)N (d2) (2.27)where
d1 =

ln
�
St

K

�
+ r(T − t) + σ2

2 (T 2H − t2H)

σ
√
T 2H − t2H

, (2.28)and
d2 =

ln
�
St

K

�
+ r(T − t)− σ2

2 (T 2H − t2H)

σ
√
T 2H − t2H

. (2.29)This 
losed-form expression is used to ben
hmark our simulation s
heme of the fra
tionalBrownian motion.



78 BIBLIOGRAPHYBen
hmark with a barrier option in a H-fra
tional Bla
k and S
holes modelHere, we test the numeri
al method for a barrier option in the fra
tional Bla
k and S
holes model.For the sake of simpli
ity, we 
onsider a log-normal Bla
k and S
holes di�usion with no drift (nointerest rate and no dividend). The 
hosen Hurst exponent is H = 0.3. The numeri
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ed �xing dates n.In this table, the �rst 
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olumns 
orrespond to strati�ed sampling estimators with di�erent allo
ation strategies for theMonte-Carlo simulations.The �sub-optimal weights� 
olumn stands for the allo
ation budget of Equation (2.20). The�Lip.-optimal weights� 
olumn stand for the �universal strati�
ation� budget allo
ation of Equa-tion (2.22). Both these two 
ase have expli
it allo
ation rules. Last 
olumn, �Optimal weights�
orresponds to an estimation of the optimal budget allo
ation given in expression (2.21).Simple Strat. estimator Strat. estimator Strat. estimatorParameters estimator sub-optimal weights Lip.-optimal weights optimal weights
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Chapter 3Partial fun
tional quantization andgeneralized bridgesAbstra
tIn this 
hapter, we develop a new approa
h to fun
tional quantization, whi
h 
onsists in dis-
retizing only the �rst Karhunen-Loève 
oordinates of a 
ontinuous Gaussian semimartingale X .Using �ltration enlargement te
hniques, we prove that the 
onditional distribution of X know-ing its �rst Karhunen-Loève 
oordinates is a Gaussian semimartingale with respe
t to its natural�ltration.This allows us to de�ne the partial quantization of a solution of a sto
hasti
 di�erential equationwith respe
t to X by simply plugging the partial fun
tional quantization of X in the SDE.Then we provide an upper bound of the Lp-partial quantization error for the solution of SDEinvolving the Lp+ε-partial quantization error for X , for ε > 0. The a.s. 
onvergen
e is alsoinvestigated.In
identally, we show that the 
onditional distribution of a Gaussian semimartingale X , know-ing that it stands in some given Voronoi 
ell of its fun
tional quantization, is a (non-Gaussian)semimartingale. As a 
onsequen
e, the fun
tional strati�
ation method developed in [7℄ amounted,in the 
ase of solutions of SDE, to using the Euler s
heme of these SDE in ea
h Voronoi 
ell.

Keywords: Gaussian semimartingale, fun
tional quantization, ve
tor quantization, Karhunen-Loève, Gaussian pro
ess, Brownian motion, Brownian bridge, Ornstein-Uhlenbe
k, �ltration en-largement, strati�
ation, Cameron-Martin spa
e, Wiener integral.81



82 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONIntrodu
tionLet (Ω,A,P) be a probability spa
e, and E a re�exive separable Bana
h spa
e. The norm on E isdenoted by | · |. The quantization of a E-valued random variable X 
onsists in its approximationby a random variable Y taking �nitely many values. The resulting error of this dis
retization ismeasured by the Lp norm of |X − Y |. If we settle on a �xed maximum 
ardinal for Y (Ω), theminimization of the error 
omes to the following minimization problem:
min

�

|X − Y |


p
, Y : Ω→ E measurable, card(Y (Ω)) ≤ N

©
. (3.1)A solution of (3.1) is an optimal quantizer of X . This problem, initially investigated as a signaldis
retization method [10℄, has then been introdu
ed in numeri
al probability to devise 
ubaturemethods [22℄ or to solve multidimensional sto
hasti
 
ontrol problems [4℄. Sin
e the early 2000's,the in�nite-dimensional setting has been extensively investigated from both 
onstru
tive numeri
aland theoreti
al viewpoints with a spe
ial attention paid to fun
tional quantization, espe
ially inthe quadrati
 
ase [17℄ but also in some other Bana
h spa
es [28℄. Sto
hasti
 pro
esses are viewedas random variables taking values in their path spa
es su
h as L2

T := L2([0, T ], dt).We now assume thatX is a bi-measurable sto
hasti
 pro
ess on [0, T ] verifying R T
0 E

�|Xt|2
�
dt <

+∞, so that this 
an be viewed as a random variable valued in the separable Hilbert spa
e
L2([0, T ]). We assume that its 
ovarian
e fun
tion ΓX is 
ontinuous. In the seminal arti
leon Gaussian fun
tional quantization [17℄, it is shown that in the 
entered Gaussian 
ase, linearsubspa
es U of L2([0, T ]) spanned by L2-optimal quantizers 
orrespond to prin
ipal 
omponentsof X . In other words, they are spanned by the �rst eigenve
tors of the 
ovarian
e operator of
X . Thus, the quadrati
 optimal quantization of Gaussian pro
esses involves its Karhunen-Loèvede
omposition (eXn , λ

X
n )n≥1.If Y is a quadrati
 N -optimal quantizer of the Gaussian pro
ess X and dX(N) is the dimensionof the subspa
e of L2([0, T ]) spanned by Y (Ω), the quadrati
 quantization error EN (X) veri�es

E2N (X) =
X

j≥m+1

λXj + E2N

 
mO
j=1

N
�
0, λXj

�! for m ≥ dX(N). (3.2)
E2N (X) <

X
j≥m+1

λXj + E2N

 
mO
j=1

N
�
0, λXj

�! for 1 ≤ m < dX(N). (3.3)To perform optimal quantization, the de
omposition is �rst trun
ated at a �xed order m andthen the Rm-valued Gaussian ve
tor, 
onstituted of the m �rst 
oordinates of the pro
ess on itsKarhunen-Loève de
omposition, is quantized. To rea
h optimality, we have to determine the opti-mal rank of trun
ation dX(N) (the quantization dimension) and the optimal dX(N)-dimensionalquantizer 
orresponding to the �rst 
oordinates dX(N)N
j=1

N
�
0, λXj

�. Usual examples of su
h pro
essesare the standard Brownian motion on [0, T ], the Brownian bridge on [0, T ], Ornstein-Uhlenbe
kpro
esses and the fra
tional Brownian motion. In Figure 3.1, we display the quadrati
 optimal N -quantizer of the fra
tional Brownian motion on [0, 1] with Hurst exponent H = 0.25 and N = 20.Another possibility is to use a produ
t quantization of the distribution dX(N)N
j=1

N (0, λXj ). Theprodu
t quantization is the Cartesian produ
t of the optimal quadrati
 quantizers of the standardone-dimensional Gaussian distributions N (0, λXi )1≤i≤dX (N). In the 
ase of independent marginals,this yields a stationary quantizer, i.e. a quantizer Y of X whi
h satis�es E[X |Y ] = Y . Thisproperty, shared with optimal quantizers, results in a 
onvergen
e rate of a higher order by one forthe quantization-based 
ubature method. One advantage of this setting is that the one-dimensionalGaussian quantization is a fast pro
edure. In [23℄, deterministi
 optimization methods (as Newton-Raphson) are shown to 
onverge rapidly to the unique optimal quantizer of the one-dimensional
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 N -optimal quantizer of the fra
tional Brownian motion on [0, 1] with Hurstparameter H = 0.25 and N = 20. The quantization dimension is 3.Gaussian distribution. Moreover, a sharply optimized database of quantizers of standard univariateand multivariate Gaussian distributions is available on the web site www.quantize.maths-fi.
om[25℄ for download. Still, we have to determine the quantization size for ea
h dire
tion to obtainoptimal produ
t quantization. In this 
ase, the minimization of the distortion (3.2) 
omes to:
min

8<: dX
j=1

E2Nj

�
N
�
0, λXj

��
+
X

j≥d+1

λXj , N1 × · · · ×Nd ≤ N, d ≥ 1

9=; . (3.4)In [17℄, the rate of 
onvergen
e to zero of the quantization error is investigated. A 
ompletesolution is provided for the 
ase of Gaussian pro
esses under rather general 
onditions on the eigen-values of the 
ovarian
e operator. Rates of 
onvergen
e are available for the above 
ited examplesof Gaussian pro
esses. The asymptoti
s of the quantization dimension dX(N) is investigated in[18, 20℄.From a 
onstru
tive viewpoint, the numeri
al 
omputation of the optimal quantization orthe optimal produ
t quantization requires a numeri
al evaluation of the Karhunen-Loève eigen-fun
tions and eigenvalues, at least the very �rst terms. (As seen in [17, 18, 20℄, under rathergeneral 
onditions on its eigenvalues, the quantization dimension of a Gaussian pro
ess in
reasesasymptoti
ally as the logarithm of the size of the quantizer. Hen
e it is most likely that it issmall. For instan
e, the quantization dimension of the Brownian motion with N = 10000 is
9.) The Karhunen-Loève de
ompositions of several usual Gaussian pro
esses have a 
losed-formexpression. This is the 
ase for the standard Brownian motion, the Brownian bridge and Ornstein-Uhlenbe
k pro
esses. (The 
ase of Ornstein-Uhlenbe
k pro
esses is derived in [7℄, in the generalsetting of an arbitrary initial varian
e σ0. A pseudo-algorithm for the 
omputation of ωλ is alsoprovided.) Another example of expli
it Karhunen-Loève expansion is derived in [8℄ by Deheuvelsand Martynov.In the general 
ase, no 
losed-form expression of the Karhunen-Loève expansion is available.For instan
e, the Karhunen-Loève expansion of the fra
tional Brownian motion is not known. Toful�ll the requirement of a numeri
al evaluation of those fun
tions, it is possible to use numeri
almethods related to integral equations to solve the eigenvalue problem that de�nes the Karhunen-Loève expansion. A review of these methods is available in [3℄. In [6℄, the so-
alled �Nyströmmethod� is used to 
ompute the �rst terms of the Karhunen-Loève de
omposition of the fra
tionalBrownian motion for its optimal fun
tional quantization.An appli
ation of the quantization of a Gaussian pro
ess X , is to perform a quantizationof the solution of a SDE with respe
t X , when a sto
hasti
 integration with respe
t to X 
an



84 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONbe de�ned. In the following, we will assume that X is a 
ontinuous Gaussian semimartingaleon [0, T ]. The Brownian motion, the Brownian bridge and Ornstein-Uhlenbe
k pro
esses aresemimartingales, but the fra
tional Brownian motion with Hurst exponent H 6= 1
2 is not. We 
anobtain a stationary quantizer of the di�usion by inserting the quantizer of the Gaussian pro
ess inthe di�usion equation written in the Stratonovi
h sense. In [26℄, Pagès and Sellami proved the a.s.
onvergen
e of this quantization when the quantizer size goes to in�nity. The rate of 
onvergen
eis also investigated. This work is mostly spe
i�
 to the Brownian motion but main results remainvalid for 
ontinuous semimartingales whi
h satisfy the Kolmogorov 
riterion su
h as the Brownianbridge and Ornstein-Uhlenbe
k pro
esses.3.1 Quantization-based 
ubature and related inequalitiesThe idea of quantization-based 
ubature method is to approa
h the probability distribution of therandom variable X by the distribution of a quantizer Y of X . As Y is a dis
rete random variable,we 
an write PY =

NP
i=1

piδyi . If F : E → R is a Borel fun
tional,
E[F (Y )] =

NX
i=1

piF (yi). (3.5)Hen
e, if we have a

ess to the weighed dis
rete distribution (yi, pi)1≤i≤N of Y , we are able to
ompute the right-hand side of Equation (3.5). Now, we review some error bounds that 
an bederived when approa
hing E[F (X))] by the quantity (3.5). See [24℄ for more details on errorbounds.1. If X ∈ L2, Y a quantizer of X of size N and F is Lips
hitz 
ontinuous, then
|E[F (X)]− E[F (Y )]| ≤ [F ]Lip‖X − Y ‖2. (3.6)In parti
ular, if (YN )N≥1 is a sequen
e of quantizers su
h that lim

N→∞
‖X − YN‖2 = 0, thenthe distribution NP

i=1

pNi δxN
i
of YN 
onverges weakly to the distribution PX of X as N → ∞.This �rst error bound is a straightforward 
onsequen
e of |F (X)− F (Y )| ≤ [F ]Lip|X − Y |.2. If Y is a stationary quantizer of X, i.e. Y = E[X |Y ], and F is di�erentiable with an

α-Hölder di�erential DF (α ∈ (0, 1]), then
|E[F (X)]− E[F (Y )]| ≤ [DF ]α‖X − Y ‖1+α

2 . (3.7)In the 
ase where F has a Lips
hitz 
ontinuous derivative (α = 1), we have. [DF ]1 =
[DF ]Lip. For example, if F is twi
e di�erentiable and D2F is bounded, then [DF ]Lip =
‖D2F‖∞.This parti
ular inequality 
omes from the Taylor expansion of F around X and the stationarityof Y .3. If F is a 
onvex fun
tional and Y is a stationary quantizer of X,

E[F (Y )] ≤ E[F (X)]. (3.8)This inequality is a straightforward 
onsequen
e of the stationarity property and Jensen's inequal-ity.
E[F (Y )] = E[F (E[X |Y ])] ≤ E[E[F (X)|Y ]] = E[F (X)].



3.2. FUNCTIONAL QUANTIZATION AND GENERALIZED BRIDGES 853.2 Fun
tional quantization and generalized bridges3.2.1 Generalized bridgesLet (Xt)t∈[0,T ] be a 
ontinuous 
entered Gaussian semimartingale starting from 0 on (Ω,A,P) and
FX its natural �ltration. Fernique's theorem ensures that R T

0 E
�
X2

t

�
dt < +∞ (see Janson [13℄).We aim here to 
ompute the 
onditioning with respe
t to a �nite family ZT := (Zi

T )i∈I of Gaussianrandom variables, whi
h are measurable with respe
t to σ(Xt, t ∈ [0, T ]). (I ⊂ N is a �nite subsetof N∗.) As Alili in [1℄ we settle on the 
ase where (Zi
T )i∈I are the terminal values of pro
esses ofthe form Zi

t =
R t
0 fi(s)dXs, i ∈ I, for some given �nite set f = (fi)i∈I of L2

loc([0, T ]) fun
tions.The generalized bridge for (Xt)t∈[0,T ] 
orresponding to f with end-point z = (zi)i∈I is the pro
ess�
Xf,z

�
t∈[0,T ]

that has the distribution
Xf,z L∼ L

�
X
��Zi

T = zi, i ∈ I
�
. (3.9)For example, in the 
ase where X is a standard Brownian motion with |I| = 1, f = {f} and

f ≡ 1, this is the Brownian bridge on [0, T ]. If X is an Ornstein-Uhlenbe
k pro
ess this is anOrnstein-Uhlenbe
k bridge.Let H be the Gaussian Hilbert spa
e spanned by (Xs)s∈[0,T ] and HZT
the 
losed subspa
e of Hspanned by (Zi

T )i∈I . We denote by H⊥
ZT

its orthogonal 
omplement in H . Any Gaussian randomvariable G of H 
an be orthogonally de
omposed into G = ProjZT
(G)

⊥⊥
+Proj⊥

ZT
(G), where ProjZTand Proj⊥

ZT
are the orthogonal proje
tions on HZT

and H⊥
ZT

. (Proj⊥
ZT

= IdH − ProjZT
). Withthese notations, E �G��(Zi

T )i∈I

�
= ProjZT

(G).Other de�nitions of generalized bridges exist in the literature, see e.g. [21℄.3.2.2 The 
ase of the Karhunen-Loève basisAs X is a 
ontinuous Gaussian pro
ess, it has a 
ontinuous 
ovarian
e fun
tion (see [13, VIII.3℄).We denote by (eXi , λ
X
i )i≥1 its Karhunen-Loève eigensystem. Thus, if we de�ne fun
tion fX

i as theantiderivative of −eXi that vanishes at t = T , i.e. fX
i (t) =

R T
t eXi (s)ds, an integration by partsyields Z T

0
Xse

X
i (s)ds =

Z T

0
fX
i (s)dXs. (3.10)In other words, with the notations of Se
tion 3.2.1, we have Yi := R T

0 Xse
X
i (s)ds = Zi

T .For some �nite subset I ⊂ N∗, we denote by XI,y and 
all K-L generalized bridge the generalizedbridge asso
iated with fun
tions (fX
i )i∈I and with end-point y = (yi)i∈I . This pro
ess has thedistribution L(X |Yi = yi, i ∈ I).In this 
ase, the Karhunen-Loève expansion gives the de
omposition

X =
X
i∈I

Yie
X
i| {z }

=Proj
ZT

(X)

⊥⊥
+
X

i∈N∗\I

È
λXi ξie

X
i| {z }

=Proj⊥
ZT

(X)

, (3.11)where (ξi)i∈N∗\I are independent standard Gaussian random variables. This gives us the proje
-tions ProjZT
and Proj⊥

ZT
de�ned in Se
tion 3.2.1. It follows from (3.11) that a K-L generalizedbridge is 
entered on E [X |Yi = yi, i ∈ I] and has the 
ovarian
e fun
tion
ΓX|Y (s, t) = cov(Xs, Xt)−

X
i∈I

λXi e
X
i (s)eXi (t). (3.12)



86 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONWe have R T
0 ΓX|Y (t, t)dt =

P
i∈N∗\I

λXi .Moreover, thanks to de
omposition (3.11), if XI,y is a K-L generalized bridge asso
iated with Xwith terminal values y = (yi)i∈I , it has the same probability distribution as the pro
essX
i∈I

yie
X
i (t) +Xt −

X
i∈I

�Z T

0
Xse

X
i (s)ds

�
eXi (t).This pro
ess is then the sum of a semimartingale and a non-adapted �nite-variation pro
ess.Let us stress the fa
t that the se
ond term in the left-hand side of (3.11) is the 
orresponding K-Lgeneralized bridge with end-point 0, i.e. Proj⊥

ZT
= XI,0.In [7℄, an algorithm is proposed to exa
tly simulate marginals of a K-L generalized bridge with alinear additional 
ost to a prior simulation of (Xt0 , · · · , Xtn), for some subdivision 0 = t0 ≤ t1 ≤

· · · tn = T of [0, T ]. This was used for varian
e redu
tion issues. Note that the algorithm is easilyextended to the 
ase of (non-K-L) generalized bridges.3.2.3 Generalized bridges as semimartingalesFor a random variable L, we denote by P [·|L] the 
onditional probability knowing L. We keepthe notations and assumptions of previous se
tions. (X is a 
ontinuous Gaussian semimartingalestarting from 0.) We 
onsider a �nite set I ⊂ {1, 2, · · · } and (fi)i∈I a set of bounded measurablefun
tions. Let Xf,y be the generalized bridge asso
iated with X with end-point y = (yi)i∈I . For
i ∈ I, Zi

t =
R t
0 fi(s)dXs and Zt = (Zi

t)i∈I .Jirina's theorem ensures the existen
e of a transition kernel
νZT |((Xt)t∈[0,s]) : B(RI)× C0 ([0, s],R)→ R+,
orresponding to the 
onditional distribution L �Zt

����(Xt)t∈[0,s]

��.We now make the additional assumption (H) that, for every s ∈ [0, T ) and for every (xu)u∈[0,s] ∈
C0 ([0, s],R), the probability measure νZT |((Xt)t∈[0,s])

�
dy, (xu)u∈[0,s]

� is absolutely 
ontinuouswith respe
t to the Lebesgue measure. We denote by Π(xu)u∈[0,s],T its density. The 
ovarian
ematrix of this Gaussian distribution on RI writes
Q(s, T ) := E

��
ZT − E

�
ZT

��(Xu)u∈[0,s]

�� �
ZT − E

�
ZT

��(Xu)u∈[0,s]

��∗���(Xu)u∈[0,s]

�
.If X is a martingale, we have Q(s, T ) =

��R T
s fi(u)fj(u)d〈X〉u

��
(i,j)∈I2

. We re
all that a 
on-tinuous 
entered semimartingale X is Gaussian if and only if 〈X〉 is deterministi
 (see e.g. [27℄).Hen
e, this additional hypothesis is equivalent to assume that
Q(s, T ) is invertible for every s ∈ [0, T ). (H)The following theorem follows from the same approa
h as the homologous result in the arti
le byAlili [1℄ for the Brownian 
ase. It is generalized to the 
ase of a 
ontinuous 
entered Gaussiansemimartingale starting from 0.Theorem 3.2.1. Under the (H) hypothesis, for any s ∈ [0, T ), and for PZT

-almost every y ∈ RI ,
P
�
·
��ZT = y

� is equivalent to P on FX
s and its Radon-Nikodym density is given by

dP
�
·
��ZT = y

�
dP |FX

s

=
Π(Xu)u∈[0,s],T (y)

Π0,T (y)
.
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s -measurable random variable and φ : RI → R a boundedBorel fun
tion.

• On one hand, pre
onditioning by ZT yields
E
�
Fφ(ZT )

�
= E

�
E
�
F
��ZT

�
φ(ZT )

�
=

Z
RI

φ(y)E
�
F
��ZT = y

�
Π0,T (y)dy. (3.13)

• On the other hand, as F is measurable with respe
t to FX
s , pre
onditioning with respe
t to

FX
s yields

E
�
Fφ(ZT )

�
= E

�
FE

�
φ(ZT )

��FX
s

��
= E

�
F

Z
RI

φ(y)Π(Xt)t∈[0,s],T (y)dy

�
.Now, thanks to Fubini's theorem

E
�
Fφ(ZT )

�
=

Z
RI

φ(y)E
�
FΠ(Xt)t∈[0,s],T (y)

�
dy. (3.14)Identifying Equations (3.13) and (3.14), we see that for PZT

-almost surely y ∈ RI and for everyreal bounded FX
s -measurable random variable F ,

E
�
F
��ZT = y

�
= E

�
F
Π(Xt)t∈[0,s],T (y)

Π0,T (y)

�
. (3.15)Equation (3.15) 
hara
terizes the Radon-Nikodym derivative of the probability P

�
·
��ZT = y

� on
FX

s . �We now 
an use 
lassi
al �ltration enlargement te
hniques [12, 14, 29℄.Proposition 3.2.2 (Generalized bridges as semimartingales). Let us de�ne the �ltration GX by
GXt = σ

�
ZT ,FX

t

�, the enlargement of the �ltration FX 
orresponding to the above 
onditioning.We 
onsider the sto
hasti
 pro
ess Dy
s :=

dP[·|ZT=y]
dP |FX

s
=

Π(Xt)t∈[0,s],T
(y)

Π0,T (y) for s ∈ [0, T ).Under the (H) hypothesis, and the assumption that Dy is 
ontinuous, X is a 
ontinuous GX-semimartingale on [0, T ).Proof: Dy is a stri
tly positive martingale on [0, T ) whi
h is uniformly integrable on every interval
[0, t] ⊂ [0, T ). Hen
e, as we assumed that it is 
ontinuous, we 
an write Dy as an exponentialmartingale Dy

s = exp
�
Ly
s − 1

2

¬
Ly
¶
s

� with Ly
t =

R t
0

�
Dy

s

�−1
dDy

s (as Dy
0 = 1).Now, as X is a 
ontinuous (FX ,P)-semimartingale, we write X = V +M its 
anoni
al de
ompo-sition (under the �ltration FX).

• Thanks to Girsanov theorem, fMy :=M −
¬
M,Ly

¶ is a �FX ,P
�
·
��ZT = y

��-martingale.� A 
onsequen
e is that it is a �GX ,P �·��ZT = y
��-martingale.� And thus fMZT is a �GX ,P�-martingale.For more pre
iseness on this, we refer to [2, Theorem 3℄ where the proof is based onthe notion of de
oupling measure.

• Moreover, 
onditionally to ZT , V is still a �nite-variation pro
ess V , and is adapted to GX .�
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ation). In Proposition 3.2.2, if one only assumes that Dy has a
ontinuous modi�
ation Dy, then with ea
h one of its 
ontinuous modi�
ations is asso
iated a
ontinuous GX-semimartingale on [0, T ), and all these semimartingales are modi�
ations of ea
hother.Proposition 3.2.3 (Continuity of Dy). If FX is a standard Brownian �ltration, then Dy has a
ontinuous modi�
ation.Proof: Consider s ∈ [0, T ). Under the (H) hypothesis, the density Π(Xu)u∈[0,s],T writes
Π(Xu)u∈[0,s],T

(y) = (2π detQ(s, T ))−
|I|
2 exp

��
y − E

�
ZT

��(Xu)u∈[0,s]

��
Q(s, T )−1

�
y − E

�
ZT

��(Xu)u∈[0,s]

��∗�
.(3.16)Let us de�ne the sto
hasti
 pro
ess H by Hs := E

�
ZT

��(Xu)u∈[0,s]

�. The so-de�ned pro
ess
H is a FX lo
al martingale. Thanks the Brownian representation theorem, H has a Brownianrepresentation and has a 
ontinuous modi�
ation. The 
ontinuity of s 7→ detQ(s, T ) and s 7→
Q(s, T )−1 follows from the de�nition of Q(s, T ) and the 
ontinuity of H (up to a modi�
ation).Hen
e, Dy has a 
ontinuous modi�
ation. �Remark. • The measurability assumption with respe
t to a Brownian �ltration is satis�ed inthe 
ases of the Brownian bridge and Ornstein-Uhlenbe
k pro
esses.
• This hypothesis is not ne
essary so long as the 
ontinuity of the martingale Hs = E

�
ZT

��(Xu)u∈[0,s]

�
an be proved by any means.On the 
anoni
al de
ompositionObserving that ¬M,Ly
¶
=
¬
X,Ly

¶ we 
an 
ompute the 
anoni
al de
omposition of Xf,y. Wehave
Ly
t =

Z t

0

dΠ(Xu)u∈[0,s],T (y)

Π(Xu)u∈[0,s],T (y)
,and

ln
�
Π(Xu)u∈[0,s],T (y)

�
= −|I|

2
ln (2π detQ(s, T ))

− 1

2

�
y − E

�
ZT

��(Xu)u∈[0,s]

��
Q(s, T )−1

�
y − E

�
ZT

��(Xu)u∈[0,s]

��∗
.Using that for a semimartingale S, d lnS = dS

S − 1
2d
¬

1
S · S

¶, we obtain
dΠ(Xu)u∈[0,s],T

(y)

Π(Xu)u∈[0,s],T
(y) = d ln

�
Π(Xu)u∈[0,s],T (y)

�
+

� �nite-variationpro
ess �
= − 1

2d
��
y − E

�
ZT

��(Xu)u∈[0,s]

��
Q−1(s, T )

�
y − E

�
ZT

��(Xu)u∈[0,s]

��∗�
+ (f.-v. p.)

=
�
dE
�
ZT

��(Xu)u∈[0,s]

��
Q−1(s, T )

�
y − E

�
ZT

��(Xu)u∈[0,s]

��∗
+ (f.-v. p.) .Hen
e,

d
¬
X,Ly

¶
s
= d

¬
X,E

�
ZT

��(Xu)u∈[0,·]
�¶

s
Q−1(s, T )

�
y − E

�
ZT

��(Xu)u∈[0,s]

��∗
.

• In the 
ase where X is a martingale, owing to the de�nition of Zj, we have ∀j ∈ I, E �Zj
T

���(Xu)u∈[0,s]

�
=R s

0 fj(u)dXu so that
d
¬
X,Ly

¶
s

=
�
f(s)Q−1(s, T )

�
y − E

�
Zj
T

���(Xu)u∈[0,s]

��∗�
d〈X〉s

=
P
i∈I

fi(s)
P
j∈I

�
Q(s, T )−1

�
ij

�
yj − E

�
Zj
T

���(Xu)u∈[0,s]

��
d〈X〉s.

(3.17)
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onsequen
e, M − R ·
0

P
i∈I

fi(s)
P
j∈I

�
Q(s, T )−1

�
ij

�
yj − E

�
Zj
T

���(Xu)u∈[0,s]

��
d〈X〉s is a�

GX ,P
�
·
��Zt = y

��-martingale. We have re
overed Alili's result on the generalized Brow-nian bridge [1℄.
• In the 
ase where the Gaussian semimartingale X is a Markov pro
ess, for every j ∈ I thereexists gj ∈ L2([0, T ]) su
h that E �Zj

T

���(Xu)u∈[0,s]

�
=
R s
0 fj(u)dXu + gj(s)Xs. Indeed,

E
�
Zj
T

���(Xu)u∈[0,s]

�
=

Z s

0
fj(u)dXu + E

�Z T

s
fj(u)dXu

����(Xu)u∈[0,s]

�| {z }
:=gj(s)Xs

.Hen
e, if one assumes that (gj)j∈I are �nite-variation fun
tions (whi
h is is 
ase whenX is ei-ther an Ornstein-Uhlenbe
k pro
ess or a Brownian bridge), we have d ¬X,E �ZT

��(Xu)u∈[0,·]
�¶

s
=�

f(s) + g(s)
�
d〈X〉s. And thus

d
¬
X,Ly

¶
s

=
��
f(s) + g(s)

�
Q−1(s, T )

�
y − E

�
Zj
T

���(Xu)u∈[0,s]

��∗�
d〈X〉s

=
P
i∈I

(fi(s) + gi(s))
P
j∈I

�
Q(s, T )−1

�
ij

�
yj − E

�
Zj
T

���(Xu)u∈[0,s]

��
d〈X〉s.Generalized bridges and fun
tional strati�
ationWith the same set of notations, we set Y = ZT and ÒY Γ = ProjΓ(Y ) =

NP
i=1

γi1Ci(Y ) a stationaryquantizer of Y (where Γ = {γ1, · · · , γN} and C = {C1, · · · , CN} are respe
tively the asso
iated
odebook and Voronoi partition).Proposition 3.2.4 (Strati�
ation). Under the (H) hypothesis, for any s ∈ [0, T ), for any k ∈
{1, · · · , N}, P �ÒY Γ = γk

�
> 0 and the 
onditional probability P

�
·
���ÒY Γ = γk

� is equivalent to P on
FX

s .Proof: Obviously, if A ∈ FX
s is su
h that P[A] = 0, we have P �A���ÒY Γ = γk

�
= 0. Conversely, B ∈

FX
s satis�es P �B���ÒY Γ = γk

�
= 0, then pre-
onditioning by Y , we get E �E [1B |Y ]

���ÒY Γ = γk
�
= 0.Thus, Ry∈Ck

P [B|Y = y] dPY (y) = 0. Hen
e P [B|Y = y] = 0 for PY -almost every y ∈ Ck.Sin
e PY (Ck) > 0, there exists at least an y ∈ Ck su
h that P [B|Y = y] = 0. Now thanks toTheorem 3.2.1, P[B] = 0. �Proposition 3.2.5 (Strati�
ation). Let us de�ne the �ltration GX by GXt = σ
�
FX

t ,
ÒY Γ
�, theenlargement of FX 
orresponding to the 
onditioning with respe
t to ÒY Γ. For k ∈ {1, · · · , N}, we
onsider the sto
hasti
 pro
ess Dγk

s :=
dP

�
·
��bY Γ=γk

�
dP |FX

s
for s ∈ [0, T ).Under the (H) hypothesis, and the assumption that Dγk is 
ontinuous, the 
onditional distri-bution L �X���ÒY Γ

� of X knowing in whi
h Voronoi 
ell ZT falls, is the probability distribution of a
GX-semimartingale on [0, T ).Proof: Using that P �·���ÒY Γ = γk

� is equivalent to P on FX
s , thanks to Proposition 3.2.4, we 
anmutatis mutandis use the same arguments as for Proposition 3.2.2, P �·��ZT = y

� being repla
edby P
�
·
���ÒY Γ = γk

�.
Dγk is a stri
tly positive martingale on [0, T ) uniformly integrable on every [0, t] ⊂ [0, T ).Hen
e, asDγk is 
ontinuous by hypothesis, it is an exponential martingaleDγk

s = exp
�
Lγk
s − 1

2 〈Lγk〉s
�,
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t =

R t
0 (D

γk
s )

−1
dDγk

s (as Dγk

0 = 1). Now, as X is a 
ontinuous (FX ,P)-semimartingale,we write X = V +M its 
anoni
al de
omposition (under the �ltration FX).
• Thanks to Girsanov theorem, fMγk := M − 〈M,Lγk〉 is a �FX ,P

�
·
���ÒY Γ = γk

��-martingale.As a 
onsequen
e, it is a �GX ,P �·���ÒY Γ = γk
��-martingale and thus fMbY Γ is a �GX ,P�-martingale.

• Moreover, 
onditionally to ÒY Γ, V is still a �nite-variation pro
ess V , and is adapted to GX .�Proposition 3.2.6 (Continuity ofDγk). If FX is a Brownian �ltration, then Dγk has a 
ontinuousmodi�
ation.Proof: By de�nition, Dγk is a FX -lo
al martingale on [0, T ]. The 
on
lusion is a straightforward
onsequen
e of the Brownian representation theorem. �Considering the partition of L2([0, T ]) 
orresponding to the Voronoi 
ells of a fun
tional quantizerof X , the last two propositions show that the 
onditional distribution of the X in ea
h Voronoi 
ell(strata) is a Gaussian semimartingale with respe
t to its own �ltration. This allows us to de�ne the
orresponding fun
tional strati�
ation of the solutions of sto
hasti
 di�erential equations drivenby X .In [7℄, an algorithm is proposed to simulate the 
onditional distribution of the marginals (Xt0 , · · · , Xtn)of X for a given subdivision 0 = t0 < t1 < · · · < tn = T of [0, T ] 
onditionally to a given Voronoi
ell (strata) of a fun
tional quantization of X . The simulation 
omplexity has an additional linear
omplexity to an un
onditioned simulation of (Xt0 , · · · , Xtn). We refer to [7℄ for more details.To deal with solutions of SDE, it was proposed in [7℄ to simply plug these marginals in the Eulers
heme of the SDE. Proposition 3.2.5 now shows that this amounts to simulate the Euler s
hemeof the SDE driven by the 
orresponding (non-Gaussian) semimartingale.3.2.4 About the (H) hypothesisThe martingale 
aseIn the 
ase where X is a 
ontinuous Gaussian martingale, the matrix Q(s, t) de�ned in Se
tion3.2.3 writes Q(s, t) =
��R t

s fi(u)fj(u)d〈X〉u
��

(i,j)∈I2
.For 1 ≤ s < t ≤ T , the map (·|·) : (f, g) 7→ R t

s f(u)g(u)d〈X〉u de�nes a s
alar produ
t on
L2([s, t], d〈X〉). Hen
e Q(s, t) is the Gram matrix of the ve
tors of L2([s, t], d〈X〉) de�ned by therestri
tions to [s, t] of the fun
tions (fi)i∈I . Thus, it is invertible if and only if these restri
tionsform a linearly independent family of L2([s, t], d〈X〉). (Another 
onsequen
e, is that if Q(s, t)is invertible for some 0 ≤ s < t ≤ T , then for every (u, v) su
h that [s, t] ⊂ [u, v], Q(u, v) isinvertible).For instan
e, if X is a standard Brownian motion on [0, T ], the fun
tions (fX

i )i∈I (asso
i-ated with the Karhunen-Loève de
omposition) are trigonometri
 fun
tions with stri
tly di�erentfrequen
ies. Hen
e, they form a linearly independent family of 
ontinuous fun
tions on everynonempty interval [s, T ) ⊂ [0, T ). Moreover, the measure d〈X〉 is proportional to the Lebesguemeasure on [0, T ] and thus Q(s, T ) is invertible for any s ∈ [0, T ). Hen
e, the (H) hypothesis isful�lled in the 
ase of K-L generalized bridges of the standard Brownian motion.The standard Brownian bridge and Ornstein-Uhlenbe
k pro
essesThe Brownian bridge and the Ornstein-Uhlenbe
k pro
ess are not martingales. Hen
e, this 
rite-rion is not su�
ient and the invertibility of matrix Q(s, T ) has to be proved by other means.



3.2. FUNCTIONAL QUANTIZATION AND GENERALIZED BRIDGES 91Following from the de�nitions of Q(s, T ) and ZT , in the 
ase of the K-L generalized bridge
Q(s, T )ij = E

h �R T
s fX

i (u)dXu − E
�R T

s fX
i (u)dXu

���(Xu)u∈[0,s]

��
×
�R T

s fX
j (u)dXu − E

�R T
s fX

j (u)dXu

���(Xu)u∈[0,s]

��∗ ���(Xu)u∈[0,s]

i
= cov

�R T
s fX

i (u)dX
(s)
u ,
R T
s fX

j (u)dX
(s)
u

�
,

(3.18)where �X(s)
u

�
u∈[s,T ]

has the 
onditional distribution of X knowing (Xu)u∈[0,s].
• When X is a standard Brownian bridge on [0, T ],X(s)

u is a Brownian bridge on [s, T ], startingfrom Xs and arriving at 0.It is the sum of an a�ne fun
tion and a standard 
entered Brownian bridge on [s, T ].
• When X is a 
entered Ornstein-Uhlenbe
k pro
ess, X(s)

u is an Ornstein-Uhlenbe
k pro
esson [s, T ] starting from Xs, with the same mean reversion parameter as X .It is also the sum of a deterministi
 fun
tion and an Ornstein-Uhlenbe
k pro
ess starting from 0.As a 
onsequen
e, in these two 
ases, the quantity cov
�R T

s fX
i (u)dX

(s)
u ,
R T
s fX

j (u)dX
(s)
u

� 
an be
omputed by plugging either a 
entered Brownian bridge on [s, T ] or an Ornstein-Uhlenbe
k start-ing from 0 instead of X(s) in Equation (3.18). This means that Q(s, T ) is the Gram matrix of therandom variables �R T
s fX

i (u)dGu

�
i∈I

, where the 
entered Gaussian pro
ess (Gu)u∈[s,T ] is either astandard Brownian bridge on [s, T ] or an Ornstein-Uhlenbe
k pro
ess starting from 0 at s. Thusit is singular if and only if there exists (αi)i∈I 6= 0 in RI su
h thatZ T

s

 X
i∈I

αif
X
i (u)

!| {z }
:=g(u)

dGu = 0 a.s.. (3.19)The 
ase of the Brownian bridgeIn the 
ase where X is the standard Brownian bridge on [0, T ], fun
tions (fX
i )i∈I are C∞ fun
tionsand G is a standard Brownian bridge on [s, T ]. An integration by parts gives R T

s Gsg
′(s)ds =

0 a.s. and thus g′ ≡ 0 on (s, T ) and thus g is 
onstant on [s, T ]. The fun
tions (fX
i )i∈I forma linearly independent set of fun
tions and, as they are trigonometri
 fun
tions with di�erentfrequen
ies, they 
learly don't span 
onstant fun
tions, so that Equation (3.19) yields α1 = · · · =

αn = 0. Hen
e the (H) hypothesis is ful�lled in the 
ase of K-L generalized bridges of the standardBrownian bridge.The 
ase of Ornstein-Uhlenbe
k pro
essesIn the 
ase whereX is an Ornstein-Uhlenbe
k pro
ess on [0, T ], G is an Ornstein-Uhlenbe
k pro
esson [s, T ] starting from 0. The inje
tivity property of the Wiener integral related to the Ornstein-Uhlenbe
k pro
ess stated in Proposition 3.2.7 below, applied on [s, T ], shows that Equation (3.19)amounts to g L2([s,T ],dt)
= 0 and thus X

i∈I

αif
X
i

L2([s,T ],dt)
= 0. (3.20)Again, as (fX

i )i∈I are linearly independent, we have α1 = · · · = αn = 0. Hen
e the (H) hypothesisis ful�lled in the 
ase of K-L generalized bridges of the Ornstein-Uhlenbe
k pro
esses.Proposition 3.2.7 (Inje
tivity of the Wiener integral related to 
entered Ornstein-Uhlenbe
kpro
esses). Let G be an Ornstein-Uhlenbe
k pro
ess de�ned on [0, T ] by the SDE
dGt = −θGtdt+ σdWt with σ > 0 and θ > 0,



92 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONwhere W is a standard Brownian motion and G0
L∼ N �0, σ2

0

� is independent of W .If g ∈ L2([0, T ]), then we haveZ T

0
g(s)dGs = 0 ⇔ g

L2([0,T ])
= 0.Proof: The solution of the Ornstein-Uhlenbe
k SDE is

Gt = G0e
−θt| {z }independent of W ⊥⊥

+

Z t

0
σeθ(s−t)dWs| {z }

:=G0
t

.The so-de�ned pro
ess �G0
t

�
t∈[0,T ] is a 
entered Ornstein-Uhenbe
k pro
ess starting from 0 andsatisfying the same SDE as G. Hen
e, we haveZ T

0

g(s)dGs = −θG0

Z T

0

g(s)e−θsds
⊥⊥
+

Z T

0

g(s)dG0
s.Thus, by independen
e, if R T

0 g(s)dGs = 0 then R T
0 g(s)dG0

s = 0. This means that we only haveto prove the proposition in the 
ase of an Ornstein-Uhlenbe
k pro
ess starting from 0.We now assume that σ2
0 = 0 and we temporarily make the additional assumption that θT < 4

3 .If g ∈ L2([0, T ]) and R T
0 g(s)dGs = 0, then θ

R T
0 g(s)Gsds = σ

R T
0 g(s)dWs, and thus, if ΓOUdenotes the 
ovarian
e fun
tion of G,

θ2
Z T

0

Z T

0
g(s)g(t)ΓOU (s, t)dsdt = σ2

Z T

0
g(s)2ds. (3.21)Applying S
hwarz's inequality twi
e, we getZ T

0

Z T

0
g(s)g(t)ΓOU (s, t)dsdt ≤

Z T

0
g(t)2dt

ÊZ T

0

Z T

0
(ΓOU (s, t))

2
dsdt.Moreover, provided that Z T

0

Z T

0

�
ΓOU (s, t)

�2
dsdt <

σ4

θ4
, (3.22)Equality (3.21) implies R T

0 g(s)2ds = 0.Now, we 
ome to the proof of Inequality (3.22). The 
ovarian
e fun
tion of the Ornstein-Uhlenbe
kpro
ess starting from 0 writes
ΓOU (s, t) =

σ2

2θ
e−θ(s+t)

�
e2θmin(s,t) − 1

�
.If t ∈ [0, T ], we haveR T

0

�
ΓOU (s, t)

�2
ds =

R t
0

�
ΓOU (s, t)

�2
ds+

R T
t

�
ΓOU (s, t)

�2
ds

= σ4

8θ3

�
2− 4e−2θtθt− e−2θ(T−t) − 2e−2θt + 2e−2θT − e−2θ(T+t)

�
,and thus Z T

0

Z T

0

�
ΓOU (s, t)

�2
dsdt =

σ2

16θ4

�
−5 + 4θT + 8θT e−2θT + 4e−2θT + e−4θT

�
.Consequently, the fun
tion φ de�ned by φ(θ) := R T

0

R T
0

�
ΓOU (s, t)

�2
dsdt− σ4

θ4 writes
φ(θ) =

1

16

σ4

θ4

�
−21 + 4θT + 8θe−2θTT + 4e−2θT + e−4θT

�
.
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h leads to Inequality (3.22) thanks to the fa
t that θT < 4
3 .We now 
ome ba
k to the general 
ase where we might have θT ≥ 4

3 . If this is the 
ase, let us
onsider eT := T − 1
θ , so that θ �T − eT� < 4

3 . For t ∈ � eT , T �, we have
Gt = GeT e−θ

�
t−eT�| {z }independent of (Ws)

s∈
�eT,T

� ⊥⊥
+

Z teT σeθ(s−t)dWs| {z }
:=eG0

t

.The so-de�ned pro
ess �ÜG0
t

�
t∈
�eT ,T

� is a 
entered Ornstein-Uhenbe
k pro
ess starting from 0 andsatisfying the same SDE as G. Hen
e, by independen
e, if R T
0 g(s)dGs = 0, then R TeT g(s)dÜG0

s = 0.As θ �T − eT� < 4
3 , we 
an apply the result to �ÜG0

t

�
t∈
�eT ,T

� so that g
|
�eT ,T

� L2([eT ,T ])
= 0. IfeTθ < 4

3 , we then have g L2([0,T ])
= 0. If it is not the 
ase, we use the same method by using thede
omposition of �0, eT � into �0, eT − 1

θ

� and � eT − 1
θ ,
eT � and so on. An easy indu
tion �nally showsthat g L2([0,T ])

= 0.The inverse impli
ation is obvious. �The 
ase of a more general Gaussian semimartingaleIn Appendix 3.A, we investigate the problem for more general Gaussian pro
esses.3.3 K-L generalized bridges and partial fun
tional quantiza-tionWe keep the notations and assumptions of Se
tion 3.2.2. As we have seen, Equation (3.11) de-
omposes the pro
ess X as the sum of a linear 
ombination of Y := (Yi)i∈I and an independentremainder term. We now 
onsider ÒY Γ a stationary Voronoi N -quantization of Y . ÒY Γ 
an bewritten as a nearest neighbor proje
tion of Y on a �nite 
odebook Γ = (γ1, · · · , γN ).ÒY Γ = ProjΓ(Y ), where ProjΓ is a nearest neighbor proje
tion on Γ.For example, ÒY Γ 
an be a stationary produ
t quantization or an optimal quadrati
 quantization of
Y . We now de�ne the sto
hasti
 pro
ess ÜXI,Γ by repla
ing Y by ÒY Γ in the de
omposition (3.11).We denote ÜXI,Γ = ProjI,Γ(X).ÜXI,Γ =

X
i∈I

ÒY Γ
i e

X
i

⊥⊥
+
X

i∈N∗\I

È
λXi ξie

X
i .The 
onditional distribution of ÜXI,Γ given that Y falls in the Voronoi 
ell of γk is the probabilitydistribution of the K-L generalized bridge with end-point γk. In other words, we have quantizedthe Karhunen-Loève 
oordinates of X 
orresponding to i ∈ I, and not the other ones.The so-de�ned pro
ess ÜXI,Γ is 
alled a partial fun
tional quantization of X .3.3.1 Partial fun
tional quantization of sto
hasti
 di�erential equationsLet X be a 
ontinuous 
entered Gaussian semimartingale on [0, T ] with X0 = 0. We 
onsider theSDE

dSt = b(t, St)dt+ σ(t, St)dXt, S0 = x ∈ R, and t ∈ [0, T ], (3.23)



94 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONwhere b(t, x) and σ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in
t, σ and |b(·, 0)| are bounded. This SDE admits a unique strong solution S.The 
onditional distribution given that Yi = yi for i ∈ I of S is the strong solution of the sto
hasti
di�erential equation dSt = b(t, St)dt + σ(t, St)dX

I,y
t , with S0 = x ∈ R, and for t ∈ [0, T ], where

XI,y
t is the 
orresponding K-L generalized bridge.Under the (H) hypothesis, this suggests to de�ne the partial quantization of S from a partialquantization ÜXI,Γ of X by repla
ing X by ÜXI,Γ in the SDE (3.23). We de�ne the partial quan-tization eSI,Γ as the pro
ess whose 
onditional distribution given that Y falls in the Voronoi 
ellof γk is the strong solution of the same SDE where X is repla
ed by the K-L generalized bridgewith end-point γk. We write

deSI,Γ
t = b

�
t, eSI,Γ

t

�
dt+ σ

�
t, eSI,Γ

t

�
dÜXI,Γ

t . (3.24)3.3.2 Convergen
e of partially quantized SDEWe start by stating some useful inequalities for the sequel. Then we re
all the so-
alled Zador'stheorem whi
h will be used in the proof of the a.s. 
onvergen
e of partially quantized SDE.Lemma 3.3.1 (Gronwall inequality for lo
ally �nite measures). Consider I an interval of theform [a, b) or [a, b] with a < b or [a,∞). Let µ be a lo
ally �nite measure on the Borel σ-algebra of
I. We 
onsider u a measurable fun
tion de�ned on I su
h that for all t ∈ I, R t

a |u(s)|µ(ds) < +∞.We assume that there exists a Borel fun
tion ψ on I su
h that
u(t) ≤ ψ(t) +

Z
[a,t)

u(s)µ(ds), ∀t ∈ I.If either ψ is non-negative,or t 7→ µ([a, t)) is 
ontinuous on I and for all t ∈ I, R t
a |ψ(s)|µ(ds) <∞,then u satis�es the Gronwall inequality.

u(t) ≤ ψ(t) +
Z
[a,t)

ψ(s) exp(µ([s, t)))µ(ds).A proof of this result is available in [9, Appendix 5.1℄.Lemma 3.3.2 (A Gronwall-like inequality in the non-de
reasing 
ase). Consider I an intervalof the form [a, b) or [a, b] with a < b or [a,∞). Let µ be a lo
ally �nite measure on the Borel
σ-algebra of I. We 
onsider u a measurable non-de
reasing fun
tion de�ned on I su
h that forall t ∈ I, R t

a |u(s)|µ(ds) < +∞. We assume that there exists a Borel fun
tion ψ on I, and twonon-negative 
onstants (A,B) ∈ R2
+ su
h that

u(t) ≤ ψ(t) +A

Z
[a,t)

u(s)µ(ds) +B

ÊZ
[a,t)

u(s)2µ(ds), ∀t ∈ I. (3.25)If either ψ is non-negative,or t 7→ µ([a, t)) is 
ontinuous on I and for all t ∈ I, R t
a |ψ(s)|µ(ds) <∞,then u satis�es the following Gronwall inequality.

u(t) ≤ 2ψ(t) + 2
�
2A+B2

� Z
[a,t)

ψ(s) exp
��

2A+B2
�
µ([s, t))

�
µ(ds).
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+, √xy ≤ 1

2

�
x
B +By

�, we have�Z
[a,t)

u(s)2µ(ds)

� 1
2

≤
�
u(t)

Z
[a,t)

u(s)µ(ds)

� 1
2

≤ u(t)

2B
+
B

2

Z
[a,t)

u(s)µ(ds).Plugging this in the Inequality (3.25) yields
u(t) ≤ 2ψ(t) +

�
2A+B2

� Z
[a,t)

u(s)µ(ds).Applying the regular Gronwall's inequality (Lemma 3.3.1) yields the announ
ed result. �Theorem 3.3.3 (Zador, Bu
klew, Wise, Graf, Lus
hgy, Pagès).1. (Sharp rate) Consider r > 0, and X be a Rd-valued random variable su
h that X ∈ Lr+ηfor some η > 0. Let PX(dξ) = φ(ξ)dξ + ν(dξ) be the Radon-Nikodym de
omposition of theprobability distribution of X. (ν and the Lebesgue's measure are singular). Then if φ 6≡ 0,
EN,r(X) ∼

N→∞
eJr,d × �Z

Rd

φ
d

d+r (u)du

� 1
d+

1
r

×N− 1
d ,where eJr,d ∈ (0,∞).2. (Non-asymptoti
 upper bound) There exists Cd,r,η ∈ (0,∞) su
h that, for every Rd-valuedrandom ve
tor X,

∀N ≥ 1, EN,r(X) ≤ Cd,r,η‖X‖r+ηN
− 1

d .The �rst statement of the theorem was �rst established for probability distributions with 
ompa
tsupport by Zador [30℄, and extended by Bu
klew and Wise to general probability distributionson Rd [5℄. The �rst mathemati
ally rigorous proof 
an be found in [11℄. The proof of the se
ondstatement is available in [19℄.The real 
onstant eJr,d 
orresponds to the 
ase of the uniform probability distribution over theunit hyper
ube [0, 1]d. We have eJr,1 = 1
2 (r + 1)−

1
r and eJ2,2 =

È
5

18
√
2
(see [11℄.)

Lp 
onvergen
e of partially quantized SDELemma 3.3.4 (Generalized Minkowski inequality for lo
ally �nite measures). Consider I aninterval of the form [a, b) or [a, b] with a < b or [a,∞). Let µ be a lo
ally �nite measure on theBorel σ-algebra of I. Then for any non-negative bi-measurable pro
ess X = (Xt)t∈I and every
p ∈ [1,∞), 



ZI Xtµ(dt)






p

≤
Z
I
‖Xt‖pµ(dt).Proposition 3.3.5 (Burkholder-Davis-Gundy inequality). For every p ∈ (0,∞), there exist twopositive real 
onstants cBDG

p and CBDG
p su
h that for every 
ontinuous lo
al martingale (Xt)t∈[0,T ]null at 0,

cBDG
p




È〈X〉T



p
≤





 sup
s∈[0,T ]

|Xs|






p

≤ CBDG
p




È〈X〉T



p
.We refer to [27℄ for a detailed proof.Proposition 3.3.6 (Lp inequality). Let G be a standard Gaussian random variable valued in R.There exists a 
onstant Cp > 0 su
h that for every M > 1r

2

π
Mp−1 exp

�
−M

2

2

�
≤ E

�
|G|p1|G|>M

�
≤ CpM

p−1 exp

�
−M

2

2

�
.
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2

π

� 1
p

M
1
q exp

�
−M

2

2p

�
≤


G1|G|>M




p
≤ (Cp)

1/pM
1
q exp

�
−M

2

2p

�
,where q is the 
onjugate exponent of p.Proposition 3.3.7 (The non-standard 
ase and Lp reverse inequality). If H := σG has a varian
eof σ2, we obtain

H1|H|>M




p
≤ σ




G1|G|>M
σ





p
= σ(Cp)

1/p
�
M
σ

� 1
q
exp

�
− M2

2pσ2

�
,

= σ
1
p (Cp)

1/pM
1
q exp

�
− M2

2pσ2

�| {z }
:=ηM

. (3.26)Conversely, for some �xed η > 0, and if M > 1, we have
M ≥

Í
−σ2(p− 1)W

�
− qη2q

pσ2
�
C

2q/p
p σ2q/p

��| {z }
:=Mη

⇒ ηM ≤ η (3.27)where W is the Lambert W fun
tion.Theorem 3.3.8 (Lp quantization of partially quantized SDE). Let X be a 
ontinuous 
enteredGaussian martingale on [0, T ] with X0 = 0. Let S be the strong solution of the SDE
dSt = b(t, St)dt+ σ(t, St)dXt, S0 = x,where b(t, x) and σ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in

t, σ and |b(·, 0)| are bounded.We 
onsider ÜXI,Γ a stationary partial fun
tional quantization of X and eSI,Γ the 
orrespondingpartial fun
tional quantization of S, i.e. the strong solutions of
deSI,Γ

t = b
�
t, eSI,Γ

t

�
dt+ σ

�
t, eSI,Γ

t

�
dÜXI,Γ

t , eSI,Γ
0 = x.Then, for every p ∈ (0,∞), ε > 0 and t ∈ [0, T ), there exists a positive 
onstant KX

p,ε,t,I su
h that




 sup
v∈[0,t]

���Sv − eSI,Γ
v

���





p

≤ KX
p,ε,t,I

�


Y −ÒY Γ




p+ε

�
, (3.28)where Y is de�ned from X by Equation (3.11) and ÒY Γ is the nearest neighbor proje
tion on Γ.Proof: We de
ompose the pro
ess X into Xt =

P
i∈I

Yie
X
i (t) + XI,0

t and ÜXI,Γ into ÜXI,Γ
t =P

i∈I

ÒY Γ
i e

X
i (t) +XI,0

t , where ÒY Γ is the nearest neighbor proje
tion of Y on Γ.For some k ∈ {1, · · · , N}, 
onditionally to ÒY Γ = γk, we have
St − eSI,Γ

t =

Z t

0

�
b(u, Su)− b

�
u, eSI,Γ

t

��
du+

X
i∈I

Z t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��ÒY Γ
i de

X
i (u)

+
X
i∈I

Z t

0

�
Yi −ÒY Γ

i

�
σ(u, Su)de

X
i (u) +

Z t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
Gud〈X〉u

+

Z t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
dfMu.
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onditionally to ÒY Γ = γk)���St − eSI,Γ
t

��� ≤ [b]Lip Z t

0

���Su − eSI,Γ
u

��� du+[σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)��� �max
i∈I

���ÒY Γ
i

���� Z t

0

���Su − eSI,Γ
u

��� du
+ [σ]max|I| max

i∈I
u∈[0,T ]

����eXi �′ (u)���TX
i∈I

���Yi −ÒY Γ
i

���+ ����Z t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
Gud〈X〉u

����
+

����Z t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u )
��
dfMu

���� .As a 
onsequen
e, 
onditionally to ÒY Γ = γk,
max
v∈[0,t]

���Sv − eSI,Γ
v

��� ≤ [b]Lip Z t

0

max
v∈[0,u]

���Sv − eSI,Γ
v

��� du
+ [σ]Lip|I| max

i∈I
u∈[0,T ]

����eXi �′ (u)��� �max
i∈I

���ÒY Γ
i

���� Z t

0
max
v∈[0,u]

���Sv − eSI,Γ
v

��� du
+ [σ]max|I| max

i∈I
u∈[0,T ]

����eXi �′ (u)���TX
i∈I

���Yi −ÒY Γ
i

���+ max
v∈[0,t]

����Z v

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
Gud〈X〉u

����
+ max

v∈[0,t]

����Z v

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
dfMu

���� .To shorten the notations, we denote, for a random variable V and a non-negligible event A,
‖V ‖p,A := E [V p|A]1/p. Hen
e, using the Minkowski inequality and the generalized Minkowskiinequality for lo
ally �nite measures (Lemma 3.3.4), we get



max

v∈[0,t]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

≤ [b]Lip Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

du

+ [σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)��� �max
i∈I

���ÒY Γ
i

���� Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

du

+[σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)���T 




X
i∈I

���Yi −ÒY Γ
i

���





p,{bY Γ=γk}

+





max
v∈[0,t]

����Z v

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
Gud〈X〉u

����




p,{bY Γ=γk}

+





 max
v∈[0,t]

����Z v

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
dfMu

����




p,{bY Γ=γk}

.Now, from the Burkholder-Davis-Gundy inequality,



max
v∈[0,t]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

≤ [b]Lip Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

du

+ [σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)��� �max
i∈I

���ÒY Γ
i

���� Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

du

+ [σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)���T 




X
i∈I

���Yi −ÒY Γ
i

���





p,{bY Γ=γk}

+





Z t

0

���σ(u, Su)− σ
�
u, eSI,Γ

u

���� |Gu|d〈X〉u





p,{bY Γ=γk}

+ CBDG
p






ÊZ t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��2
d〈X〉u







p,{bY Γ=γk}

. (3.29)



98 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONNow, from S
hwarz's inequality




X
i∈I

���Yi −ÒY Γ
i

���





p,{bY Γ=γk}

≤





È|I|sX

i∈I

���Yi −ÒY Γ
i

���2





p,{bY Γ=γk}

=
È
|I|



Y −ÒY Γ





p,{bY Γ=γk}

.From the generalized Minkowski inequality


R t
0

���σ(u, Su)− σ
�
u, eSI,Γ

u

���� |Gu|d〈X〉u




p,{bY Γ=γk}

≤ R t
0




�σ(u, Su)− σ
�
u, eSI,Γ

u

��
Gu





p,{bY Γ=γk}

d〈X〉u
=
R t
0




�σ(u, Su)− σ
�
u, eSI,Γ

u

��
Gu1|Gu|≥M +

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��
Gu1|Gu|≤M





p,{bY Γ=γk}

d〈X〉u
≤ R t

0




�σ(u, Su)− σ
�
u, eSI,Γ

u

��
Gu1|Gu|≥M





p,{bY Γ=γk}

d〈X〉u
+
R t
0




�σ(u, Su)− σ
�
u, eSI,Γ

u

��
Gu1|Gu|≤M





p,{bY Γ=γk}

d〈X〉u
≤ 2[σ]max

R t
0



Gu1|Gu|≥M




p,{bY Γ=γk}

d〈X〉u +M [σ]Lip R t
0




Su − eSI,Γ
u





p,{bY Γ=γk}

d〈X〉u.We obtain, thanks to Proposition 3.3.7


R t
0

���σ(u, Su)− σ
�
u, eSI,Γ

u

���� |Gu|d〈X〉u




p,{bY Γ=γk}

≤ 2[σ]max〈X〉t(Cp)
1/pv

1
p

t M
1
q exp

�
− M2

2pv2t

�| {z }
:=ηM

+M [σ]Lip R t
0




Su − eSI,Γ
u





p,{bY Γ=γk}

d〈X〉u,where v2t = max
u∈[0,t]

(Var(Gu)). Moreover




ÊZ t

0

�
σ(u, Su)− σ

�
u, eSI,Γ

u

��2
d〈X〉u







p,{bY Γ=γk}

≤

ÎZ t

0







 max
i∈I

v∈[0,u]

���Sv − eSI,Γ
v

���





2
p,{bY Γ=γk}

d〈X〉u.Hen
e, Equation (3.29) be
omes



max
v∈[0,t]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

≤ [σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)���È|I|| {z }
:=AX

i




Y −ÒY Γ




p,{bY Γ=γk}

+ ηM

+ [b]Lip Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

du

+ [σ]Lip|I| max
i∈I

u∈[0,T ]

����eXi �′ (u)��� �max
i∈I

���ÒY Γ
i

���� Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

du

+ CBDG
p

�Z t

0
2







 max
i∈I

v∈[0,u]

���Sv − eSI,Γ
v

���





2
p,{bY Γ=γk}

d〈X〉u

Ǒ1/2

+M [σ]Lip| {z }
:=CX,M

Z t

0





 max
v∈[0,u]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

d〈X〉u. (3.30)We 
an then apply the �Gronwall-like� lemma 3.3.2 for lo
ally �nite measures to the non-de
reasingfun
tion 




 sup
v∈[0,t]

���Sv − eSI,Γ
v

���





p,{bY Γ=γk}

= E

�
sup

v∈[0,t]

���Sv − eSI,Γ
v

���p�����ÒY Γ = γk

�1/p
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ally �nite measure µ de�ned by µ(du) = du+ d〈X〉u, and we obtain



 sup
v∈[0,t]

���Sv − eSI,Γ
v

���




p,{bY Γ=γk}

≤

�
AX

I E

h���Y − bY Γ
���p���bY Γ = γk

i1/p
+ ηM

�
exp
��

EX,γk
I + CX,M

�
µ([0, t))

�
≤

�
AX

I E

h���Y − bY Γ
���p���bY Γ = γk

i1/p
+ ηM

�
exp
�
E

X,γk
I µ([0, t))

�| {z }
:=φ(γk)

exp
�
CX,Mµ([0, t))

�
,where EX,γk

I is an a�ne fun
tion of max
i∈I
|(γk)i|. This yields




 sup

v∈[0,t]

���Sv − eSI,Γ
v

���





p

≤
�
AX

I





E h���Y −ÒY Γ
���p���ÒY Γ

i1/p
φ
�ÒY Γ

�




p

+ ηM




φ �ÒY Γ
�




p

�
exp

�
CX,Mµ([0, t))

�
.Now, for ε > 0 and p̃ = 1+ ε

p and q̃ = p̃
p̃−1 = 1 + p

ε the 
onjugate exponent of p̃, we have, thanksto Hölder's inequality
E
h
φ
�ÒY Γ

�p
E
h���Y −ÒY Γ

���p���ÒY Γ
ii
≤



φ �ÒY Γ

�p



q̃




E h���Y −ÒY Γ
���p���ÒY Γ

i



p̃

≤



φ �ÒY Γ

�p



q̃
E

����Y −ÒY Γ
���p+ε

� p
p+ε

.Hen
e, 



E h���Y −ÒY Γ
���p���ÒY Γ

i1/p
φ
�ÒY Γ

�




p

≤



φ �ÒY Γ

�p


1/p
q̃

E

����Y −ÒY Γ
���p+ε

� 1
p+ε

.Now, as the so-de�ned fun
tion φ is 
onvex and as ÒY Γ is a stationary quantizer of Y , we havethanks to Equation (3.8), 


φ �ÒY Γ
�p




q̃
≤ ‖φ (Y )p ‖q̃ and 


φ �ÒY Γ

�



p
≤ ‖φ (Y ) ‖p.Now, thanks to Proposition 3.3.7, we 
an ensure that ηM ≤ η :=




Y −ÒY Γ




p+ε

by taking
M =

s
−vt(p− 1)W

�
−

q


Y−bY Γ



2q

p+ε

pv2
tC

2q/p
p v

2q/p
t

� where q is the 
onjugate exponent of p and W is theLambert W fun
tion. We �nally have the following error bound



 sup
v∈[0,t]

���Sv − eSI,Γ
v

���




p

≤ CX,ε,I exp

�
[σ]LipÎ−vt(p− 1)W

�
−

q



Y − bY Γ




2q
p+ε

pv2tC
2q/p
p v

2q/p
t

Ǒ�


Y − bY Γ




p+ε

.Finally, we 
an 
on
lude by observing that W(u) →
u→0

0. �Remark (Without the stationarity property). The last step of the demonstration of Theorem3.3.8 (the use of Jensen's inequality) relies on the stationarity of the quantizer ÒY .Now, without this stationarity hypothesis and under the additional assumption
Γ ∩B(0, 1) 6= ∅, (A)we have for every i ∈ I���ÒYi��� ≤ ���Yi −ÒYi���+ |Yi| ≤ |Yi|+ ���Yi − γk0

i

��� ≤ 2|Yi|+
���γk0

i

��� ≤ 2|Yi|+ 1, where γk0 ∈ Γ ∩B(0, 1).Hen
e
max
i∈I

���ÒYi��� ≤ 2max
i∈I
|Yi|+ 1.
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an noti
e that the fun
tion φ(x) de�ned in the demonstration of Theorem 3.3.8 writes
φ(x) = ψ(max

i∈I
xi) for some non-de
reasing fun
tion ψ. This implies

φ
�ÒY � = ψ

�
max
i∈I

ÒYi� ≤ ψ �max
i∈I

(2|Yi|+ 1)

�
= φ(2|Y |+ 1).Hen
e, we 
an obtain the same 
on
lusion as in Theorem 3.3.8.Corollary 3.3.9 (Lp 
onvergen
e). With the same notations and hypothesis as in Theorem 3.3.8,
onsider �ÜXI,Γn

�
n∈N

a sequen
e of partial fun
tional quantizers of X and �eSI,Γn

�
n∈N

the 
orre-sponding sequen
e of partial quantizers of S.If we make the additional assumption that the asso
iated sequen
e of quantizers �ÒY Γn

�
n∈N

israte-optimal for the Lp+ε 
onvergen
e for some ε > 0, then for every t ∈ [0, T ) we have
E

�
sup

u∈[0,t]

���Su − eSI,Γn
u

���p� = O
�
n− p

|I|
�
.Proof: As 


Y −ÒY Γn





p
→

n→∞
0, we have a.s. d �ÒY Γn , Y

�
→

n→∞
0. Hen
e, there exists N0 ∈ Nsu
h that for every n ≥ N0, Γn veri�es hypothesis (A). From this observation, the result isstraightforward 
onsequen
e of Remark 3.3.2 and Zador's theorem 3.3.3, whi
h de�nes the optimal
onvergen
e rate of a sequen
e of quantizers. �The a.s. 
onvergen
e of partially quantized SDETheorem 3.3.10 (Almost sure 
onvergen
e of partially quantized SDE). Let X be a 
ontinuous
entered Gaussian martingale on [0, T ] with X0 = 0. Let S be the strong solution of the SDE

dSt = b(t, St)dt+ σ(t, St)dXt, S0 = x,where b(t, x) and σ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in
t, σ and |b(·, 0)| are bounded.We 
onsider �ÜXI,Γk

�
k∈N

a sequen
e of partial fun
tional quantizers of X and eSI,Γn the 
orre-sponding partial fun
tional quantization of S, i.e. the strong solutions of
deSI,Γn

t = b
�
t, eSI,Γn

t

�
dt+ σ

�
t, eSI,Γn

t

�
dÜXI,Γn

t , eSI,Γn

0 = x.We assume that the sequen
e of partial quantizers of X is rate-optimal for some p > |I|, i.e. thatthere exists a 
onstant C su
h that
E
h���Y −ÒY Γn

���pi ≤ Cn− p
|I|for every n ∈ N∗, where Y is de�ned from X by Equation (3.11) and ÒY Γ is the nearest neighborproje
tion on Γ. Then for every t ∈ [0, T ), eSI,Γn

t 
onverges almost surely to St.Proof: From Corollary 3.3.9, if t ∈ [0, T ), there exist three positive 
onstants KX,ε,I , Ct and Ktand N0 ∈ N su
h that for n ≥ N0,
E

�
sup

u∈[0,t]

���Su − eSI,Γn
u

���p−ε
�
= O

�
n− p

|I|
�
.Hen
e, as p

|I| > 1, Beppo-Levi's theorem for series with non-negative terms implies
E

24X
n≥1

sup
u∈[0,t]

���Su − eSI,Γn
u

���p−ε

35 < +∞.Thus P
n≥1

sup
u∈[0,t]

���Su − eSI,Γn
u

���p−ε

< +∞ P− a.s. so that sup
u∈[0,t]

���Su − eSI,Γn
u

��� →
n→∞

0 P− a.s.. �



3.A. INJECTIVITY PROPERTIES OF THE WIENER INTEGRAL 101Remark (Extension to semimartingales). In Theorems 3.3.8 and 3.3.10, we limited ourselves tothe 
ase where X is a lo
al martingale. The proofs are easily extended to the 
ase of a semi-martingale X as soon as there exists a lo
ally �nite measure ν on [0, T ] su
h that for every ω ∈ Ωthe �nite-variation part dV (ω) in the 
anoni
al de
omposition of X is absolutely 
ontinuous withrespe
t to ν. In parti
ular, this is the 
ase for the Brownian bridge and Ornstein-Uhlenbe
k pro-
esses whose �nite-variation parts are absolutely 
ontinuous with respe
t to the Lebesgue measureon [0, T ].3.A Inje
tivity properties of the Wiener integralIn this appendix, we re
all some results on the de�nition of the Wiener integral with respe
t toa Gaussian pro
ess. We fo
us on the inje
tivity properties. Here, we pay spe
ial attention to thespe
ial 
ase of the Ornstein-Uhlenbe
k pro
esses.The 
ovarian
e operator and the Cameron-Martin spa
eConsider X a bi-measurable 
entered Gaussian pro
ess on [0, T ] su
h that R T
0 E[X2

t ]dt < ∞ andwith a 
ontinuous 
ovarian
e fun
tion ΓX on [0, T ]×[0, T ]. We denote byH := span {Xt, t ∈ [0, T ]}L
2(P)the Gaussian Hilbert spa
e spanned by (Xt)t∈[0,T ]. The 
ovarian
e operator CX of X is de�nedby

CX : L2([0, T ]) → L2([0, T ])
y 7→ CXy = E [(y,X)X ] .We have CXy(t) = E [(y,X)X ] (t) = E
�R T

0 Xsy(s)dsXt

�
=
R T
0 ΓX(t, s)y(s)ds where ΓX(t, s) =

E[XtXs] is the 
ovarian
e fun
tion of X .The Cameron-Martin spa
e of X , (or reprodu
ing Hilbert spa
e of CX), whi
h we denote by KX ,is the subspa
e of L2([0, T ]) de�ned by KX := {t 7→ E [ZXt] , Z ∈ H}. KX is equipped with thes
alar produ
t de�ned by
〈k1, k2〉X = E [Z1Z2] if ki = E [ZiX·] , i = 1, 2,so that (KX , 〈·〉X) is a Hilbert spa
e, isometri
 with the Hilbert spa
e {(y,X) : y ∈ L2([0, T ])}H .

KX is spanned as a Hilbert spa
e by �CX(y) : y ∈ L2([0, T ])
	.The Wiener integralHere, we follow the same steps as Lebovits and Lévy-Véhel in [16℄ and Jost in [15℄ for the de�nitionof a general Wiener integral. The di�eren
e here is that we use the quotient topology in order tode�ne the Wiener integral in a more general setting.We de�ne the map U : H → KX de�ned by U(Z)(t) = E[ZXt]. By de�nition of H and KX , Uis a bije
tion and for any s ∈ [0, T ], we have U(Xs) = ΓX(s, ·). Consequently, KX is spannedby �ΓX(s, ·)�s∈[0,T ] as a Hilbert spa
e. Now, we linearly map the set of the pie
ewise 
onstantfun
tions E([0, T ]) to the Cameron-Martin spa
e KX by

J : E([0, T ]) → KX1|s,t| 7→ ΓX(t, ·)− ΓX(s, ·),where |a, b| stands either for the interval [a, b], (a, b), (a, b] or [a, b). We equip E([0, T ]) with thebilinear form 〈·, ·〉J whi
h is de�ned by
〈f, g〉J := 〈Jf, Jg〉X .It is a bilinear symmetri
 positive-semide�nite form.Remark. The so-
alled reprodu
ing property shows that ¬1|0,t|,1|0,s|

¶
J
= ΓX(t, s) + ΓX(0, 0) −

ΓX(0, s)− ΓX(0, t). When X0 = 0 a.s., this gives ¬1|0,t|,1|0,s|
¶
J
= ΓX(s, t).



102 CHAPTER 3. PARTIAL FUNCTIONAL QUANTIZATIONNow, we de�ne the equivalen
e relation ∼
J
on E([0, T ]) by x ∼

J
y if 〈x− y, x− y〉J = 0. On thequotient spa
e E([0, T ]) := E([0, T ])/ ∼

J
, the bilinear form 〈·, ·〉J is positive-de�nite and thus it isa s
alar produ
t on E([0, T ]). In this 
ontext, J de�nes an (isometri
) linear map from E([0, T ])to KX . Then, 
onsidering the 
ompletion F of E([0, T ]) asso
iated with this s
alar produ
t, J isextended to F and U−1 ◦ J : F → H is an (isometri
) inje
tive map that we 
all Wiener integralasso
iated to X . Z T

0
f(t)dXt := U−1 ◦ J(f).Inje
tivity properties of the Wiener integralAs we have just seen, the Wiener integral is an (isometri
) inje
tive map from F to H . Still, forexample, when dealing with a standard Brownian bridge on [0, T ], 

1[0,T ]




J
= 0, so that there arefun
tions of E([0, T ]) whi
h have a nonzero L2 norm and a zero ‖ · ‖J norm. Inje
tivity only holdsin the quotient spa
e E([0, T ]) = E([0, T ])/ ∼

J
and its 
ompletion F .It is 
lassi
al ba
kground that in the spe
ial 
ase of a standard Brownian motion, ‖ · ‖J exa
tly
oin
ides with the 
anoni
al L2 norm so that F = L2([0, T ]).Study of the 
ase of Ornstein-Uhlenbe
k pro
essesFrom now, we will assume that X is a 
entered Ornstein-Uhlenbe
k pro
ess de�ned on [0, T ] bythe SDE

dXt = −θXtdt+ σdWt with σ > 0 and θ > 0,where W is a standard Brownian motion and X0
L∼ N �0, σ2

0

� is independent of W . We make theadditional assumption that θT ≤ 4
3 . The 
ovarian
e fun
tion writes

ΓX(s, t) =
σ2

2θ
e−θ(s+t)

�
e2min(s,t) − 1

�
+ σ2

0e
−θ(s+t).Proposition 3.A.1 (Semi-norm equivalen
e on E([0, T ])). There exist two positive 
onstants cand C su
h that for every f ∈ E([0, T ]), c‖f‖2 ≤ ‖f‖J ≤ C‖f‖2.Proof: Let us 
onsider f ∈ E([0, T ]). We have

‖f‖2J = Var
�
−θ R T

0 f(s)Xsds+ σ
R T
0 f(s)dWs

�
≤ 2Var

�
θ
R T
0 f(s)Xsds

�
+ 2Var

�
σ
R T
0 f(s)dWs

�
.The solution of the Ornstein-Uhlenbe
k SDE is

Xt = X0e
−θt| {z }independent of W +

Z t

0
σeθ(s−t)dWs| {z }

:=X0
t

. (3.31)The so-de�ned pro
ess �X0
t

�
t∈[0,T ] is a 
entered Ornstein-Uhlenbe
k pro
ess starting from 0. Hen
ewe have

‖f‖2J ≤ 2Var
�
X0θ

R T
0 f(s)e−θsds

�
+ 2Var

�
θ
R T
0 f(s)X0

sds
�
+ 2Var

�
σ
R T
0 f(s)dWs

�
≤ 2θ2T Var(X0)

R T
0 f(s)2ds+ 2Var

�
θ
R T
0 f(s)X0

sds
�
+ 2Var

�
σ
R T
0 f(s)dWs

�
.We have seen in the proof of Proposition 3.2.7 that Var �θ R T

0 f(s)X0
sds
�
≤ Var

�
σ
R T
0 f(s)dWs

�.Hen
e
‖f‖2J ≤

�
2θ2Tσ2

0 + 4σ2
�| {z }

:=C2

Z T

0
f(s)2ds.This is the desired inequality.



BIBLIOGRAPHY 103Now we writeZ t

0
f(s)dXs = −θ

Z T

0
f(s)X0e

−θsds| {z }
:=Gf

0

+

�
−θ
Z T

0
f(s)X0

sds

�| {z }
:=Gf

1

+ σ

Z T

0
f(s)dWs| {z }

:=Gf
2

,where �Gf
0 , G

f
1 , G

f
2

� is Gaussian and Gf
0 is independent of Gf

1 and Gf
2 . Hen
e

Var

�Z t

0
f(s)dXs

�
≥ Var

�
Gf

1 +Gf
2

�
= Var

�
Gf

1

�
+Var

�
Gf

2

�
+ 2 cov

�
Gf

1 , G
f
2

�
≥ Var

�
Gf

1

�
+Var

�
Gf

2

�
− 2
q
Var

�
Gf

1

�
Var

�
Gf

2

�
=

�q
Var

�
Gf

2

�
−
q
Var

�
Gf

1

��2

. (3.32)It has been shown at the beginning of the proof of Proposition 3.2.7 that there exists a 
onstant
K < 1 independent of f su
h that Var �Gf

1

�
≤ K Var

�
Gf

2

�. K was de�ned by
K =

θ2

σ2

ÊZ T

0

Z T

0

�
ΓX0(s, t)

�2
dsdt,where ΓX0 is the 
ovarian
e fun
tion of the Ornstein-Uhlenbe
k pro
ess starting from 0. Pluggingthis into Equation (3.32) yields

Var

�Z t

0

f(s)dXs

�
≥
�
1−
√
K
�2

Var
�
Gf

2

�
=
�
1−
√
K
�2
σ2| {z }

:=c2

‖f‖22.This is the wanted inequality. �A straightforward 
onsequen
e of Proposition 3.A.1 is that ‖f‖J = 0 ⇔ ‖f‖2 = 0 so thatequivalen
e 
lasses in E([0, T ]) for the relation ∼
J

are almost surely equal fun
tions. Another
onsequen
e is that the sets of Cau
hy sequen
es and 
onvergent sequen
es for the two norms on
E([0, T ]) 
oin
ide, and thus the 
orresponding 
ompletions of E([0, T ]) are the same. In otherwords, in the 
ase of Ornstein-Uhlenbe
k pro
esses that satisfy the 
ondition θT ≤ 4

3 , we have
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Chapter 4Pri
ing vanilla options in sto
hasti
volatility models with 
ubature rulesbased on fun
tional quantizationAbstra
tIn this 
hapter, we propose a 
ubature s
heme based on the fun
tional quantization of sto
hasti
pro
esses for the pri
ing of vanilla options in sto
hasti
 volatility models.We �rst put ourselves in the same framework as in [27℄ to 
larify the main steps of the pro
edure.Meanwhile, we introdu
e a kind of varian
e redu
tion method for 
omputing implied volatilitieswith fun
tional quantization-based 
ubature.Then the method is extended to the 
ase of sto
hasti
 volatility models with embedded lo
alvolatility, often 
alled �lo
al sto
hasti
 volatility models�. For this purpose, we propose a newquantization s
heme for sto
hasti
 di�erential equations whi
h we 
all �normal quantization�. Thisapproximation is based on a re
ent approa
h to fun
tional quantization 
alled �partial fun
tionalquantization� whi
h has been introdu
ed in [5℄.We perform numeri
al experiments in the 
ase of the SABR model.Joint work with Gilles Pagès.

Keywords: Gaussian semimartingale, fun
tional quantization, partial quantization, Karhunen-Loève, Brownian motion, Brownian bridge, Ornstein-Uhlenbe
k, 
ubature method, option pri
ing,vanilla option, sto
hasti
 volatility, lo
al sto
hasti
 volatility.107



108 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATUREIntrodu
tionThe �rst histori
al sto
k pri
e model whi
h was able to �t market vanilla option pri
es is Dupire'slo
al volatility model. Among all the models that �t market vanilla option pri
es, it is the onlydi�usion whose dynami
s is driven by a unique Brownian motion, whi
h gives it a spe
i�
 relevan
e.The pra
ti
al advantage of using this model is that the so-
alled Dupire's formula gives an easyway of 
alibration as soon as one has a 
ontinuous set of option pri
es at ones disposal (for everystrike and maturity).In terms of probability distributions, the fa
t that Dupire's model �ts the market vanilla optionpri
es simply means that it �ts the marginal distributions of the spot implied by the market atfuture dates. However, the knowledge of these marginal distributions does not entirely 
hara
terizethe transition probabilities of the spot pri
e between these future dates.Modeling these transition probabilities is essential to pri
e those derivatives that don't onlydepend on marginal distributions of the spot pri
e, su
h as forward-start options. Thus, using alo
al volatility model for the pri
ing of su
h options 
omes to make an arbitrary 
hoi
e and turn ablind eye to the modeling of these transition probabilities. Su
h a 
hoi
e is usually motivated by thetra
tability of Dupire's model and the di�
ulties raised by the problem of transition probabilitiesmodeling.The approa
h of pra
titioners for the modeling of these transition probabilities is the use ofsto
hasti
 volatility models. A requirement for a model to be tra
table is that we must be able toe�
iently pri
e the �nan
ial instruments with whi
h it has to �t, so that we 
an run optimizationalgorithms and 
alibrate the parameters of the model. Usually, for a

ounting purposes, theseinstruments have the vanilla options among them. Sto
hasti
 volatility models are an a
tive �eldof resear
h, and many approa
hes have been developed for 
onstraints mentioned already. Thene
essity to rapidly 
ompute vanilla options pri
es has be
ome a dis
riminatory 
riterion in the
hoi
e of a model, often even more than any other of its advantages and drawba
ks.A 
ommon approa
h in �nan
ial institutions is the use of so-
alled lo
al sto
hasti
 volatilitymodels. The basi
 idea is to �rst roughly 
alibrate a 
rude sto
hasti
 volatility model, with areasonable number of parameters, whose behavior reprodu
es the prin
ipal features of the smiledynami
s that one wants to see. The smile dynami
 refers to these transition probability distribu-tions expressed as �Bla
k & S
holes implied volatility� for the 
orresponding forward start vanillaoptions. This small number of parameters is not su�
ient to �t every listed vanilla option pri
e.Then an additional lo
al volatility term is plugged in in order to re
over the perfe
t 
onsisten
ywith the vanilla option pri
es. Ideally, this 
orre
tive fun
tion should be 
lose to 1.In this 
hapter, we devise numeri
al methods for the pri
ing of vanilla options for a wide 
lassof sto
hasti
 volatility models with an embedded lo
al volatility term. First, we follow the stepsof the method proposed in [27℄ to deal with 
rude sto
hasti
 volatility models. The prin
iple is toperform a pre
onditioning with respe
t to the volatility pro
ess and a 
ubature method based onfun
tional quantization. One obtains a vanilla option pri
e in the sto
hasti
 volatility model as aweighted sum of 
losed-form option pri
es (with non-sto
hasti
 volatility).Then we attempt to apply this method to the 
ase of a lo
al sto
hasti
 volatility model. Inthis 
ase, the transformation of the sto
hasti
 di�erential equation required by our method showsa lo
al drift and a lo
al volatility in the obtained di�usion equation. In order to deal with it,we propose a new approximation s
heme for sto
hasti
 di�erential equations 
alled the �normalquantization�. This te
hnique is inspired by the new approa
h to fun
tional quantization, the�partial fun
tional quantization� re
ently developed in [5℄. In doing so, we obtain a 
ubatureformula for the pri
e of a vanilla option in a lo
al sto
hasti
 volatility model as a weighted sum of�nitely many options pri
es in lognormal spot models. We test this new 
ubature formula in the
ase of the SABR model.The 
hapter is organized as follows: the �rst se
tion provides a short introdu
tion to fun
tionalquadrati
 optimal quantization. Se
tion 4.2 is devoted to the 
ubature s
hemes based on optimalquantization and the possibility of using Ri
hardson-Romberg extrapolation methods. Se
tion 4.3provides a brief des
ription of the method when applied to the simple 
ase where no lo
al volatilityterm is involved. Se
tion 4.4 deals with the more general 
ases of lo
al sto
hasti
 volatility models
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ulty raised by the addition of a lo
al volatility fun
tion. We present the normalquantization s
heme for sto
hasti
 di�erential equations whi
h was addressed above. Then weperform numeri
al tests in the 
ase of the SABR model.4.1 Some ba
kgrounds on fun
tional quantization4.1.1 Fun
tional quantization of Gaussian pro
essesLet (Ω,A,P) be a probability spa
e, and (E, | · |) a separable Bana
h spa
e. For N ∈ N∗, the N -quantization of a E-valued random variable X 
onsists in its approximation by a random variable
Y taking at most N values. The resulting error of this dis
retization is measured by the Lp normof |X − Y |. The minimization of the error yields the following minimization problem:

min
�

|X − Y |



p
, Y : Ω→ E measurable, card(Y (Ω)) ≤ N

©
. (4.1)A solution of (4.1) is an optimal quantizer of X . This problem, initially 
onsidered in the �nite-dimensional 
ase was �rst investigated for signal transmission issues [12℄. Then it has been in-trodu
ed in numeri
al probability to devise 
ubature methods [25℄. Sin
e the 2000's, the in�nite-dimensional setting has been extensively investigated from both 
onstru
tive numeri
al and theo-reti
al viewpoints with a spe
ial attention paid to fun
tional quantization, espe
ially in the Hilbert
ase [21℄ but also in some other Bana
h spa
es [34℄. Sto
hasti
 pro
esses are viewed as randomvariables taking values in their path spa
es su
h as L2

T := L2([0, T ], dt). As appli
ations are
on
erned, fun
tional quantization has been used to design 
ubature s
hemes [27℄ and varian
eredu
tion methods [6, 20℄.Here, we assume thatX is a bi-measurable sto
hasti
 pro
ess on [0, T ] verifying R T
0 E

�|Xt|2
�
dt <

+∞, so this 
an be viewed as a random variable valued in the separable Hilbert spa
e L2([0, T ]).We make the assumption that the 
ovarian
e fun
tion of X , denoted by ΓX is 
ontinuous. In[21℄, it is shown that in the 
entered Gaussian 
ase, linear subspa
es U of L2([0, T ]) spanned by
L2-optimal quantizers 
orrespond to prin
ipal 
omponents ofX , i.e. are spanned by the �rst eigen-ve
tors of the 
ovarian
e operator of X . Hen
e, the quadrati
 optimal quantization of Gaussianpro
esses involves its Karhunen-Loève de
omposition (eXn , λ

X
n )n≥1.If Y is a quadrati
 N -optimal quantizer of the Gaussian pro
ess X and dX(N) is the dimensionof the subspa
e of L2([0, T ]) spanned by Y (Ω), the quadrati
 quantization error EN (X) veri�es

E2N (X) =
X

j≥m+1

λXj + E2N

 
mO
j=1

N
�
0, λXj

�! for m ≥ dX(N). (4.2)
E2N (X) <

X
j≥m+1

λXj + E2N

 
mO
j=1

N
�
0, λXj

�! for 1 ≤ m < dX(N). (4.3)To perform optimal quantization, the de
omposition is �rst trun
ated at a �xed order m andthen the Rm-valued Gaussian ve
tor, 
onstituted of the m �rst 
oordinates of the pro
ess on itsKarhunen-Loève de
omposition, is quantized. To rea
h optimal quantization, we have to determinethe optimal rank of trun
ation dX(N) (the quantization dimension) and to determine the opti-mal dX(N)-dimensional quantizer 
orresponding to the �rst 
oordinates dX (N)N
j=1

N
�
0, λXj

�. Usualexamples of su
h pro
esses are the standard Brownian motion on [0, T ], the standard Brownianbridge on [0, T ], Ornstein-Uhlenbe
k pro
esses and the fra
tional Brownian motion.Another possibility is to use a produ
t quantization of the distribution dX(N)N
j=1

N (0, λXj ). Theprodu
t quantization is the Cartesian produ
t of the optimal quadrati
 quantizers of the standardone-dimensional Gaussian distributions N (0, λXi )1≤i≤dX (N). In the 
ase of independent marginals,



110 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATUREthis yields a stationary quantizer, i.e. a quantizer Y of X whi
h satis�es E[X |Y ] = Y . Thisproperty, shared with optimal quantizers, results in a 
onvergen
e rate of a higher order by onefor the quantization-based 
ubature s
heme, as we will see in Se
tion 4.2.1. One advantage of thissetting is that the one-dimensional Gaussian quantization is a fast pro
edure. In [26℄, deterministi
optimization methods (as Newton-Raphson) are shown to 
onverge rapidly to the unique optimalquantizer of the one-dimensional Gaussian distribution. Moreover, a sharply optimized databaseof quantizers of standard univariate and multivariate Gaussian distributions is available on the website www.quantize.maths-fi.
om [28℄ for download. Still, we have to determine the quantizationsize in ea
h dire
tion to obtain optimal produ
t quantization. In this 
ase, the minimization ofthe distortion (4.2) 
omes to the following minimization problem
min

8<: dX
j=1

E2Nj

�
N (0, λXj )

�
+
X

j≥d+1

λXj , N1 × · · · ×Nd ≤ N, d ≥ 1

9=; . (4.4)A solution of (4.4) is 
alled an optimal produ
t quantizer. This problem 
an be solved by the �blindoptimization pro
edure�, whi
h 
onsists in 
omputing the 
riterion for every possible de
omposition
N1×· · ·×Nd with N1 ≥ · · · ≥ Nd. The result of this pro
edure 
an be kept o�-line for a future use.Optimal de
ompositions for a wide range of values of N for both Brownian motion and Brownianbridge are available on the web site www.quantize.maths-fi.
om [28℄. Another fa
t on optimalfun
tional produ
t quantization is that it is shown to be rate-optimal.In Figure 4.1, we display a quadrati
 optimal N -quantizer of the fra
tional Brownian motionon [0, 1] with Hurst exponent H = 0.25 and N = 20 and a quadrati
 5× 2 × 2-produ
t quantizerof the stationary Ornstein-Uhlenbe
k pro
ess de�ned by the SDE drt = −rtdt+ dWt, on [0, 3].PSfrag repla
ements
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2 2.5 3Figure 4.1: Optimal produ
t quantizer of fra
tional Brownian motion on [0, 1] with Hurst pa-rameter H = 0.25 on the left and a quadrati
 5 × 2 × 2-produ
t quantizer of the stationaryOrnstein-Uhlenbe
k pro
ess de�ned by the SDE drt = −rtdt+ dWt, on [0, 3] on the right.In [21℄, the rate of 
onvergen
e to zero of the quantization error is investigated. A 
ompletesolution is provided for the 
ase of Gaussian pro
esses under rather general 
onditions on theeigenvalues of the 
ovarian
e operator.From a 
onstru
tive viewpoint, the numeri
al 
omputation of the optimal quantization or theoptimal produ
t quantization requires a numeri
al evaluation of the Karhunen-Loève eigenfun
-tions and eigenvalues, at least the very �rst terms. (The quantization dimension of usual Gaussianpro
esses in
reases asymptoti
ally as the logarithm of the size of the quantizer1, so it is most likelythat it is small. For instan
e, the quantization dimension dW (N) of the Brownian motion with1This holds in the 
ase of the optimal produ
t quantization. As optimal quantization 
on
erns, it is a 
onje
ture,supported by numeri
al eviden
e. We refer to [22, 24℄ for more details on asymptoti
s of the quantization dimension
dX(N).
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N = 10000 is 9.) The Karhunen-Loève de
ompositions of several usual Gaussian pro
esses havea 
losed-form expression. It is the 
ase for the standard Brownian motion, the Brownian bridgeand Ornstein-Uhlenbe
k pro
esses.1. The Brownian motion (Wt)t∈[0,T ],

eWn (t) :=

É
2

T
sin
�
π(n− 1/2)

t

T

�
, λW

n :=

�
T

π(n− 1/2)

�2

, n ≥ 1. (4.5)2. The Brownian bridge on [0, T ],
eBn (t) :=

É
2

T
sin
�
πn

t

T

�
, λB

n :=
�

T

πn

�2

, n ≥ 1. (4.6)3. The Ornstein-Uhlenbe
k pro
ess on [0, T ], starting from 0, de�ned by the SDE drt = θ(mu−rt)dt+
σdWt, with σ ≥ 0, θ > 0 and W a standard Brownian motion on [0, T ]. (See [6℄).

eOU
n (t) :=

�
1q

T
2
−

sin(2ωλnT )

4ωλn

Ǒ
sin(ωλn t), λOU

n :=
σ2

ω2
λn

+ θ2
, n ≥ 1, (4.7)where ωλn are the (sorted) stri
tly positive solutions of the equation

θ sin(ωλnT ) + ωλn cos(ωλnT ) = 0.4. The stationary Ornstein-Uhlenbe
k pro
ess on [0, T ], de�ned by the same SDE with r0
L
∼ N

�
0, σ2

2θ

�.(See [6℄).
eOU
n (t) := Cn (ωλn cos(ωλnt) + θ sin(ωλnt)) , λOU

n :=
σ2

ω2
λn

+ θ2
, n ≥ 1, (4.8)where ωλn are the (sorted) stri
tly positive solutions of the equation

2θωn cos(ωλnT ) +
�
θ2 − ω2

λn

�
sin(ωλnT ) = 0,and

1

C2
n
=

θ

2
(1− cos(2ωλnT )) +

ωλn

2

�
T +

sin(2ωλnT )

2ωλn

�
+

θ2

2

�
T −

sin(2ωλnT )

2ωλn

�
.The 
ase Ornstein-Uhlenbe
k pro
esses is derived in [6℄, in the general setting of an arbitraryinitial varian
e σ0. A pro
edure for the 
omputation of ωλ is also provided. Other examplesof Karhunen-Loève expansions with 
losed-form expressions are derived in [7℄ by Deheuvels andMartynov.In general, no 
losed-form expression for the Karhunen-Loève expansion is available. Forinstan
e, as far as we know, so is the 
ase of the Karhunen-Loève expansion of the fra
tionalBrownian motion. To ful�ll the requirement of a numeri
al evaluation of those fun
tions, it ispossible to use numeri
al methods related to integral equations to solve the fun
tional eigenvalueproblem that de�nes the Karhunen-Loève de
omposition. A review of these methods is available in[2℄. In [4℄, the so-
alled Nyström method is used to 
ompute the �rst terms of the Karhunen-Loèvede
omposition of the fra
tional Brownian motion for its optimal fun
tional quantization.4.1.2 Quantization of solutions of sto
hasti
 di�erential equationsAn appli
ation of the quantization of a Gaussian pro
ess X is to perform a quantization of thesolution of a sto
hasti
 di�erential equation with respe
t X , (as soon as we 
an de�ne the 
or-responding sto
hasti
 integral). In the present 
ase, we assume that X is a 
ontinuous Gaussiansemimartingale on [0, T ]. As a 
onsequen
e, we have R T

0 E[X2
t ]dt <∞ owing to Fernique's theorem,and X has a 
ontinuous 
ovarian
e fun
tion (see [18, VIII.3℄).We 
an obtain a stationary quantizer of the di�usion by plugging the quantizer of the Gaussianpro
ess into the di�usion equation written in the Stratonovi
h sense. In [29℄, the a.s. 
onvergen
e



112 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATUREof this quantization to σ when the quantizer size goes to in�nity is proved. Moreover, the rate of
onvergen
e of the quantization error for the SDE solution is the same as for the 
onsidered Gaus-sian pro
ess. The arti
le [29℄ is mostly spe
i�
 to the Brownian motion but main results remainvalid for 
ontinuous semimartingales whi
h satisfy the Kolmogorov 
riterion like the Brownianbridge and Ornstein-Uhlenbe
k pro
esses.For instan
e, let us 
onsider σ the sto
hasti
 pro
ess de�ned as the strong solution of thefollowing SDE, with respe
t to X on [0, T ]:
dσt = b(t, σt)dt+ θ(t, σt)dXt, σ0 ∈ R, (4.9)where b(t, x) and θ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in tand |b(·, 0)|+ |θ(·, 0)| is bounded on [0, T ]. Then a unique strong solution of (4.9) exists on [0, T ](see e.g. [19, Theorem A.3.3℄).We re
all that if M and H are 
ontinuous semimartingales, the Stratonovi
h integral H ◦M isde�ned byH◦M = H ·M+ 1

2 〈H,M〉 whereH ·M stands for the It� integral ofH with respe
t toM .If θ(t, x) is di�erentiable with respe
t to x, we 
an write the SDE (4.9) in the Stratonovi
h form,
dσt = b(t, σt)dt+θ(t, σt)◦dXt− 1

2d〈θ(·, σ·), X〉t. Moreover, d〈θ(·, σ·), X〉t = θ′x(t, σt)θ(t, σt)d〈X〉t.Thus, we obtain
dσt = b(t, σt)dt−

1

2
θ′x(t, σt)θ(t, σt)d〈X〉t + θ(t, σt) ◦ dXt. (4.10)We re
all in mind that a 
ontinuous 
entered semimartingale X is Gaussian if and only if 〈X〉 isdeterministi
 (see e.g. [30℄). Now, we repla
e X by the 
omponents of stationary quantizer of X .In doing so, we obtain a fun
tional quantization of σ. As we assumed that the 
ovarian
e fun
tion

ΓX is 
ontinuous, Mer
er's theorem ensures that the Karhunen-Loève eigenfun
tions asso
iatedwith non-zero eigenvalues are 
ontinuous fun
tions. In the 
ases 
ited above, the eigenfun
tionsasso
iated with non-zero eigenvalues are C∞ fun
tions. In the following, we will assume that 〈X〉and the Karhunen-Loève eigenfun
tions of X are C1 fun
tions. The quadrati
 variation has a
losed-form expression in the following 
ases:
• The standard Brownian motion: d〈X〉t = dt.
• The Ornstein-Uhlenbe
k pro
ess de�ned by the SDE dXt = θ (µ−Xt) dt + σ0UdWt where
σ ≥ 0, θ > 0 and W is a standard Brownian motion on [0, T ]: d〈X〉t = �σOU

�2
dt.

• The standard Brownian bridge on [0, T ]: we 
an write dXt = −WT

T dt + dWt. This yields
d〈X〉t = dt.We refer to [3℄ for examples of sto
hasti
 volatility models whi
h involve Ornstein-Uhlenbe
kpro
ess. Another example is the λ-SABR model proposed by Henry-Labordère in [16℄ who de-rived short-maturity asymptoti
s for this model. Moreover, exponentials of Ornstein-Uhlenbe
kpro
esses are used to model the dynami
s of 
ommodity future pri
es [31℄.Plugging the quantizer into the Stratonovi
h SDEWe 
onsider χ = (χi)1≤i≤N a fun
tional quantizer of X . χ 
an either be an optimal quantizationor a stationary K-L produ
t quantization. (In the se
ond 
ase, χ is usually indexed by a multi-index.) Here, we repla
e the pro
ess X by its quantizer into the Stratonovi
h SDE (4.10). Thisyields an ordinary di�erential equation for every i ∈ {1, · · · , N}. The quantization (bσi)1≤i≤N of

σ is 
omposed by the following ordinary di�erential equations
dbσi

t = b(t, bσi
t)dt−

1

2
θ′x(t, bσi

t)θ(t, bσi
t)d〈X〉t + θ(t, bσi

t)
�
χi
�′
(t)dt, bσi

0 = σ0 > 0. (4.11)In some 
ases, these equations may have expli
it solutions, but in the general 
ase, we have to usenumeri
al methods, like higher-order Runge-Kutta s
hemes or Bulirs
h-Stoer methods. See thebook [15℄ for a review of the numeri
al methods for solving this kind of ODE.



4.2. QUANTIZATION-BASED CUBATURE 113The lognormal 
aseLet us 
onsider the 
ase where b(t, x) = xµ(t), and θ(t, x) = xγ(t). Equation (4.11) be
omes
dbσi

t = bσi
tµ(t)dt− bσi

t

γ(t)2

2
d〈X〉t + bσi

tγ(t)
�
χi
�′
(t)dt, bσi

0 = σ0 > 0,whi
h leads to bσi
t = σ0 exp

�Z t

0

µ(s)ds+

Z t

0

γ(s)
�
χi
�′
(s)ds− 1

2

Z t

0

γ2(s)d〈X〉s
�
. (4.12)When γ is 
onstant, (4.12) be
omesbσi

t = σ0 exp

�Z t

0
µ(s)ds+

�
χi(t)− χi(0)

�
γ − γ2

2
〈X〉s

�
. (4.13)In Figure 4.2, a fun
tional N -quantizer with N = 20 of a log-Ornstein-Uhlenbe
k pro
ess isplotted (i.e. the pro
ess de�ned by Equation (4.13) when X is an Ornstein-Uhlenbe
k pro
ess).This quantizer of σ is obtained from a 5 × 2 × 2 K-L produ
t quantizer of a 
entered stationaryOrnstein-Uhlenbe
k with a mean reversion and a volatility both equal to 1. This produ
t quantizeris then plugged into the SDE (4.13), with σ0 = 100, γ = 1 and µ(s) ≡ 0.PSfrag repla
ements
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tional quadrati
 5×2×2-produ
t quantizer of the log-Ornstein-Uhlenbe
k pro
esson [0, 3]. The parameters of the di�usion are: γ ≡ 1, µ ≡ 0 and σ0 = 100.4.2 Quantization-based 
ubature4.2.1 Basi
 formula and related inequalitiesThe idea of quantization-based 
ubature s
heme is to approa
h the distribution of the randomvariable X by the distribution of a quantizer Y of X . As Y is a dis
rete random variable, we 
anwrite PY =
NP
i=1

piδyi . If F : E → R is a Borel fun
tional,
E[F (Y )] =

NX
i=1

piF (yi). (4.14)Hen
e, if we have a

ess to the weighted dis
rete distribution (yi, pi)1≤i≤N of Y , we are able to
ompute the sum (4.14). Now, we review some error bounds that 
an be derived when approa
hing
E[F (X))] by the quantity (4.14). See [27℄ for more details on error bounds.



114 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATURE1. If X ∈ L2, Y a quantizer of X of size N and F is Lips
hitz 
ontinuous, then
|E[F (X)]− E[F (Y )]| ≤ [F ]Lip‖X − Y ‖2. (4.15)In parti
ular, if (YN )N≥1 is a sequen
e of quantizers su
h that lim

N→∞
‖X − YN‖2 = 0, thenthe distribution NP

i=1

pNi δxN
i
of YN 
onverges weakly to the distribution PX of X as N → ∞.This �rst error bound is a straightforward 
onsequen
e of |F (X)− F (Y )| ≤ [F ]Lip|X − Y |.2. If Y is a stationary quantizer of X, i.e. Y = E[X |Y ], and F is di�erentiable with an

α-Hölder di�erential DF (α ∈ (0, 1]), then
|E[F (X)]− E[F (Y )]| ≤ [DF ]α‖X − Y ‖1+α

2 . (4.16)When F has a Lips
hitz 
ontinuous derivative (α = 1), we have. [DF ]1 = [DF ]Lip and, if
F is twi
e di�erentiable and D2F is bounded, then we 
an repla
e [DF ]Lip by 1

2‖D2F‖∞.This inequality 
omes from the Taylor expansion of F at X .
|F (X)−F (Y )−DF (Y ).(X−Y )| ≤ sup

z∈[X,Y ]

‖DF (z)−DF (Y )‖|X−Y | ≤ [DF ]α|X −Y |1+α,where ‖ · ‖ stands for the operator norm on L(L2([0, T ])). Hen
e
|E[F (X)]− E[F (Y )]− E [DF (Y ).(X − Y )]| ≤ [DF ]αE

�
|X − Y |1+α

�
.Moreover, by stationarity,

E [DF (Y ).(X − Y )] = E [E [DF (Y ).(X − Y )|Y ]] = E [DF (Y ).E[X − Y |Y ]] = 0. (4.17)As a 
onsequen
e, stationarity results in a 
onvergen
e rate of a higher order by one for thequantization-based 
ubature s
heme.3. If F is a 
onvex fun
tional and Y is a stationary quantizer of X,
E[F (Y )] ≤ E[F (X)]. (4.18)This inequality is a straightforward 
onsequen
e of the stationarity property and the Jenseninequality.

E[F (Y )] = E[F (E[X |Y ])] ≤ E[E[F (X)|Y ]] = E[F (X)].4.2.2 Ri
hardson-Romberg extrapolationIn a general setting, an asymptoti
 expansion of the error of a 
onvergent numeri
al method makespossible the use of 
onvergen
e speeding pro
edures like the Ri
hardson-Romberg extrapolationmethod proposed in [11℄.The quadrati
 N -optimal quantizer, YN of the uniform distribution on [a, b] is showed to bethe equiweighted 
odebook �a+ (i− 1
2 )

b−a
N

�
1≤i≤N

. The asso
iated quadrature rule 
oin
ides withthe 
lassi
al mid-point quadrature method. In the 
ase of a 2n times di�erentiable fun
tion, usingthe Euler-Ma
laurin formula, we 
an show that the quadrature error is the sum n entirely evenpowers of the step-size b−a
N , whi
h is proportional to the quadrati
 quantization error ‖X− YN‖2.This makes possible the use of multistep Ri
hardson-Romberg extrapolation in this spe
ial 
ase.In the general setting of a non-uniform random variable X , a quadrati
-optimal N -quantizer

YN of X and a C1 fun
tional with Lips
hitz 
ontinuous derivative, Equation (4.16) does not provide
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 expansion whi
h would allow us to use a Ri
hardson-Romberg expansion, butit suggests to use a higher-order Taylor expansion of F (X)− F (YN ) to get one.We denote by EN = ‖X − YN‖2 the quantization error. It follows from Taylor's formula thatthere exists a ve
tor ζ ∈ [X,YN ] su
h that
E[F (X)] = E [F (YN )] + E [〈DF (YN ), X − YN 〉]| {z }

=0 owing to (4.17). + 1
2E
�
D2F (YN )(X − YN )⊗2

�
+ 1

6E
�
ζ(X − YN )⊗3

�
+ o

�
E
�|X − YN |3��

= E [F (YN )] + 1
2E
�
D2F (YN )(X − YN )⊗2

�
+O

�
E
�
|X − YN |3

��
.

(4.19)In [13℄, Graf et al. proved that the asymptoti
s of the Ls quantization error indu
ed by asequen
e of Lr-optimal quantizers stays rate-optimal in the 
ase of probability distributions on
Rd, with s < r + d for a 
lass of distributions in
luding the Gaussian distribution. In this 
ase,this leads to E

�|X − YN |3� = O
�
E
�|X − YN |2� 3

2

�. This holds e.g. for the Brownian motion.Unfortunately, no sharp equivalen
e between E2N and E
�
D2F (YN )(X − YN )⊗2

� has been estab-lished yet. Still, Equation (4.19) suggests to use a Ri
hardson-Romberg extrapolation with respe
tto E2N . The two-steps extrapolation between N = k and N = l yields the following approximationof the expe
tation,
E[F (X)] ≈ E[F (Yl)]E2k − E[F (Yk)]E2l

E2k − E2l
. (4.20)Although, this kind of Ri
hardson-Romberg extrapolation is not fully justi�ed yet, it dramati
allyin
reases the e�
ien
y of quantization-based 
ubature formulas.When the exa
t value of E2k is not known, we 
an also rely on the asymptoti
 expansion withrespe
t to the quantization level.Remark (Romberg extrapolation with respe
t to the quantization level). Using the results of[21℄, in a hypothesis on the asymptoti
s the eigenvalues of the 
ovarian
e operator, the rate of
onvergen
e of optimal quantizers and K-L optimal produ
t quantizers is ≍ (ln(N)−α) with,

• α = H in the 
ase of the fra
tional Brownian motion with Hurst exponent H.
• α = 1

2 in the 
ase of the standard Brownian bridge or Ornstein-Uhlenbe
k pro
esses de�nedby the SDE (drt = θ(mu − rt)dt+ σdWt).Repla
ing the distortion EN by its asymptoti
s 1
ln(N)α as N → ∞ in Equation (4.20) yields thefollowing estimator of the expe
tation.

E[F (X)] ≈ E[F (Yl)](ln l)
2α − E[F (Yk)](ln k)

2α

(ln l)2α − (ln k)2α
. (4.21)Numeri
al experiments 
arried out in [33℄ by Wilbertz showed that using the quadrati
 dis-tortion E2n when available instead of its asymptoti
 form generally improves the e�
ien
y of theextrapolation.Experiments with higher-order Ri
hardson-Romberg extrapolations have been tested. Unfortu-nately, no signi�
ant results were obtained, so that we settled for the two-steps extrapolationformula.Remark (Choi
e of the Romberg extrapolation 
ouples). We have noti
ed that the result of theextrapolation are usually improved when 
hoosing the two quantizer sizes k and l that immediatelyfollow a break of quantization dimension. That is the reason why the 
ouple (208− 54) is used inthe following for the 
ase of the Brownian motion.
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ing in sto
hasti
 volatility modelsHere, we start with a spe
ial 
ase of sto
hasti
 volatility model. For the sake of 
larity, we willhandle this simple 
ase 
ompletely before 
onsidering a more general model. We assume that,under the risk-neutral measure, the forward pri
e of a risky asset is the solution of the system ofSDE 8<: dFt = FtσtdWt, F0 > 0,
dσt = b(t, σt)dt+ θ(t, σt)dW

σ
t , σ0 > 0,

d〈W,W σ〉t = ρdt.
(4.22)4.3.1 Conditioning with respe
t to the volatilitySDE resolutionThe Brownian motionsW is de
omposed into W σ and an independent standard Brownian motion

WF .
dWs = ρdW σ

s +
È
1− ρ2dWF

s where W σ⊥⊥WF .Let us denote by (Fσ
t )t≥0 and (FF

t )t≥0 the �ltrations of the Brownian motions W σ and WF . Thesolution of SDE (4.22), Ft = F0 exp
�R t

0 σsdWs − 1
2

R t
0 σ

2
sds
� 
an be de
omposed into the followingprodu
t.

Ft = F0 exp
�
ρ

Z t

0
σsdW

σ
s −

ρ2

2

Z t

0
σ2
sds
�| {z }

:=At

exp
�È

1− ρ2
Z t

0
σsdW

F
s −

1− ρ2
2

Z t

0
σ2
sds
�| {z }

:=Bt

, (4.23)where the pro
ess (At)t∈[0,T ] is adapted to Fσ.Pre
onditioningIn this se
tion, the fun
tion Payo�(x,K) 
an either be the fun
tion (x −K)+ or (K − x)+, thepayo� of a Call or Put option with strike K. Following the method proposed e.g. in [27℄, thepre
onditioning with respe
t to Fσ
T yields a simple expression:

E [Payo�(FT ,K)] = E [E [Payo�(FT ,K)|Fσ
T ]]

= E

�PrimeBS�AT ,
�
(1 − ρ2) R T

0 σ2
sds)

� 1
2
, T,K

��
,where AT is de�ned in Equation (4.23) and where PrimeBS(F, σ, T,K) is the 
losed-form expres-sion for the pri
e of a Call or Put option in the Bla
k & S
holes model, with no interest rate, aforward F , a volatility σ, a maturity T and a strike K.Now, the pri
ing 
omes to a 
ubature problem with respe
t to the volatility path (σs)s∈[0,T ]. This
ubature is performed by using the fun
tional quantizer (bσi)1≤i≤N of σ.

E[Payo�(FT ,K)] ≈
NX
i=1

piPrimeBS�Ai
T ,
�
(1− ρ2)

Z T

0
bσi(s)2ds)

� 1
2
, T,K

�
, (4.24)where (Ai

T )1≤i≤N denotes the quantizer of AT dedu
ed from (bσi)1≤i≤N .
• In this equation, (αi)1≤i≤N and (pi)1≤i≤N are the paths of a fun
tional quantizer of W σ(either an optimal quantizer or an optimal produ
t quantizer) and its weights respe
tively.Fun
tions (bσi)1≤i≤N are the paths of the quantizer of σ obtained from (αi)1≤i≤N by solv-ing the ODE's (4.11), derived from the di�usion equation (4.22) satis�ed by the volatility(written in the Stratonovi
h sense).
• The 
orresponding values of �R T

0 bσi(s)2ds
�
1≤i≤N

needed in formula (4.24) are dedu
ed fromthis quantization.



4.3. VANILLA OPTION PRICING IN STOCHASTIC VOLATILITY MODELS 117
• To 
ompute the term Ai

T , we need to evaluate the quantized version of the sto
hasti
 integralR T
0 σsdW

σ
s =

R T
0 σs ◦ dW σ

s − 1
2

R T
0 d〈σ,W σ〉t =

R T
0 σs ◦ dW σ

s − 1
2

R T
0 θ(t, σt)dt. This leads tothe quantizer

Ai
T = F0 exp

�
ρ

Z T

0
bσi(t)α′

i(t)dt−
ρ

2

Z T

0
θ(t, bσi

t)dt−
ρ2

2

Z T

0
bσi(t)2dt

�
, 1 ≤ i ≤ N.The 
orresponding integrals on [0, T ] may be 
omputed by 
lassi
al quadrature methods.First numeri
al experimentsHere, we perform a �rst numeri
al test in the spe
ial 
ase where we set b(t, σt) ≡ 0 and θ(t, σt) ≡

γσt in the SDE (4.22). In this 
ase, the volatility is lognormal. An expansion for small maturities ofthe implied volatility is derived in [14℄ for this model. We 
ompare the results of the quantization-based 
ubature with this short-maturity asymptoti
s whi
h is known to be very a

urate forreasonable values of the parameters.In Table 4.1, we report the option pri
es obtained by the short-maturity asymptoti
s and thequantization-based 
ubature formula with di�erent sizes of the quantizer and various values of theparameters. Closed-form 208 
urves 208− 54Parameter values small-maturity 
rude 
ubature Ri
hardson-Rombergasymptoti
s formula extrapolation
K = 100%, T = 1
γ = 0.3, σ0 = 0.3 11.8459 11.7394 11.8296

ρ = −0.5

K = 130%, T = 1
γ = 0.3, σ0 = 0.3 3.0062 2.9215 3.0001

ρ = −0.5

K = 70%, T = 1
γ = 0.3, σ0 = 0.3 31.9075 31.9645 32.0730

ρ = −0.8

K = 100%, T = 1
γ = 0.5, σ0 = 0.3 12.2440 11.9936 12.2277

ρ = 0.2

K = 130%, T = 0.5
γ = 1, σ0 = 0.3 2.0116 1.8217 1.9458

ρ = 0Table 4.1: Re
ord of the pri
es obtained with 
rude (extrapolated) fun
tional quantization-based
ubature s
hemes, with various values of the di�usion parameters.We 
an see that despite the slow (logarithmi
) rate of de
ay of the quantization error in thefun
tional 
ase, and thanks to Romberg extrapolation, we 
ould rea
h a good a

ura
y on theoption pri
e with a reasonable size of the quantizer. We will see in the next se
tion that it 
anstill be improved using some kind of varian
e redu
tion method.A kind of �varian
e redu
tion method� for 
omputing implied volatilityIn the Bla
k & S
holes model, where the asset pri
e follows a geometri
 Brownian motion with a
onstant volatility, the vanilla option pri
e is an in
reasing fun
tion of the volatility (if the strikeis not zero). Conversely, for a given vanilla option pri
e, the Bla
k & S
holes implied volatilityis the unique value of the volatility for whi
h the Bla
k & S
holes formula re
overs the pri
e; i.e.the implied volatility asso
iated with a given forward F0, maturity T , strike K, and option pri
e
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P is de�ned by

P = PrimeBS (F0, T,K, ImpliedVolBS (F0, T,K, P )) . (4.25)Although the volatility is not 
onstant on the market, the value of implied volatility is mu
h easilyinterpretable than the 
rude pri
e of an option, be
ause the magnitude of the variations of theoption pri
e are strongly depending on the parameters (maturity, strike, forward).On the other hand, for strikes whi
h are deep out of the money, the sensitivity of the optionpri
e to the volatility is very small, whi
h makes it di�
ult to re
over the value of the volatilityfrom a given pri
e.Be
ause of this 
omputational obsta
le, and as pra
titioners are more interested by impliedvolatility than true option pri
es, many pri
ing approa
hes for sto
hasti
 volatility model dire
tlyfo
us on the dynami
s of the implied volatility [14, 1, 17, 10℄.A fa
t that we have experien
ed, is that the a

ura
y of the implied volatility obtained from thequantization-based 
ubature method is signi�
antly improved when using the estimated forwardrather than the theoreti
al forward to 
ompute the implied volatility, and the resulting volatilitysmile is more regularly shaped. This remains true when using Ri
hardson-Romberg extrapolationmethods. Thus, we obtain more a

urate results when following the steps:1. Use the fun
tional quantization-based (extrapolated) 
ubature formula to get a �rst esti-mation PEstimated of the option pri
e E [Payo�(FT ,K)].2. Use the same (extrapolated) 
ubature formula to get the estimation FEstimated of the for-ward pri
e E [FT ].3. Compute the Bla
k & S
holes implied volatility of the option 
orresponding to these twovalues,
σEstimated = ImpliedVolBS (FEstimated, T,K, PEstimated) .4. Return the Bla
k & S
holes pri
e 
orresponding to the theoreti
al forward and this impliedvolatility,

PFinal = PrimeBS (F0, T,K, σEstimated) .This 
an be understood as a varian
e redu
tion method for the fun
tional quantization-based
ubature. In Figure 4.3, the implied volatility smile estimated by the (extrapolated) fun
tionalquantization-based 
ubature formula, and the value 
omputed by the 
losed-form short-maturityasymptoti
s are depi
ted.The 
ase of long maturities or (equivalently) high volatilitiesWhen dealing with long maturities or equivalently, high volatilities, the short-maturity asymp-toti
s of the SABR model derived in [14℄ be
omes ina

urate. In this setting, the results of the
ubature rule should be 
ompared to a referen
e Monte-Carlo simulation. In the 
ase of the SABRmodel, we noti
ed that the quantization-based method be
omes more pre
ise when the maturityin
reases whereas the short-maturity asymptoti
s naturally be
omes less and less a

urate. Thisphenomenon is illustrated in Figure 4.4, where the implied volatility smile is depi
ted, 
omputedby the three methods: Monte-Carlo simulation, short-maturity asymptoti
s and (extrapolated)fun
tional quantization-based 
ubature formula.
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ρ = −0.5. The 
ontinuous 
urve 
orresponds to a (208-54)-Ri
hardson-Romberg extrapolation ofthe fun
tional quantization-based formula.4.4 Lo
al sto
hasti
 volatilityWe now 
onsider a more general 
ase. We assume that the forward di�usion model under therisk-neutral probability is §

dFt = σtFtg(t, Ft)dWt,
dσt = b(t, σt)dt+ θ(t, σt)dW

σ
t .

(4.26)whereW andW σ are standard Brownian motions. We assume thatW is de
omposed into ρdW σ
t +p

1− ρ2dWF
t , whereWF is independent ofW σ. We denote respe
tively by FF and Fσ the natural



120 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATURE�ltrations of W σ and WF . Moreover, we assume that b(t, x) and θ(t, x) are Borel fun
tions,Lips
hitz 
ontinuous in x uniformly in t ∈ [0, T ] and that θ(t, ·) is C1 for every t ∈ [0, T ]. Weassume that g(t, x) is a bounded Borel fun
tion su
h that g(t, ·) is C1.This situation is very 
ommon. In the �rst pla
e, many sto
hasti
 volatility models, su
h asthe SABR model 
orrespond to this situation. Furthermore, this is also the 
ase of lo
al sto
hasti
volatility models whi
h have been dis
ussed in the introdu
tion.4.4.1 Stratonovi
h equationLet us write the di�usion in the Stratonovi
h form, for the Brownian motion W σ.
dFt = ρσtg(t, Ft)Ft ◦ dW σ

t + σtg(t, Ft)Ft

È
1− ρ2dWF

t −
ρ

2
d 〈σg(·, F )F,W σ〉t . (4.27)We now 
ompute the quantity 〈σg(·, F )F,W σ〉. If we denote f(t, x) = xg(t, x), we have:8<: dσt = b(t, σt)dt+ θ(t, σt)dW

σ
t ,

df(t, Ft) = f ′
x(t, Ft)dFt +

� �nite-variationpro
ess �
.Thus,

d〈σf(·, F ),W σ〉t = σtf
′
x(t, Ft)d〈F,W σ〉t + f(t, Ft)d〈σ,W σ〉t

= σt (g
′
x(t, Ft)Ft + g(t, Ft)) d〈F,W σ〉t + f(t, Ft)d〈σ,W σ〉t

= ρσ2
t g(t, Ft)g

′
x(t, Ft)F

2
t dt+ ρσ2

t g(t, Ft)
2Ftdt+ f(t, Ft)d〈σ,W σ〉t.We plug this expression into Equation (4.27) to get¨

dFt = σtg(t, Ft)Ft

p
1− ρ2dWF

t + σtg(t, Ft)Ftρ ◦ dW σ
t

− ρ2

2 σ
2
t g(t, Ft)g

′
x(t, Ft)F

2
t dt− ρ2

2 σ
2
t g(t, Ft)

2Ftdt− ρ
2Ftg(t, Ft)d〈σ,W σ〉t.

(4.28)Moreover, using (4.26) we have d〈σ,W σ〉t = θ(t, σt)dt.4.4.2 Plugging the fun
tional quantizerLet us now 
onsider a N1 × · · · ×Nn produ
t quantizer α of W σ.The path of α 
orresponding to the multi-index i := {i1, · · · , in, · · · } has the form
αi =

X
n≥1

È
λWn xNn

in
eWn .The path of σ 
orresponding to the multi-index i is de�ned as the solution of the ODE obtainedwhen repla
ing W σ by αi in the di�usion written in the Stratonovi
h sense (4.28). We repla
e theBrownian motion W σ by its quantizer αi and σ by σi in Equation (4.28).

dF
i
t = F

i
t σ

i
tg
�
t, F

i
t

�p
1− ρ2| {z }

:=F
i

t
θi

�
t,F

i

t

� dWF
t

+ σ
i
tg
�
t, F

i
t

�
F

i
t ρ
�
αi
�′
(t)dt−

�
ρσ

i

t

�2
2

g
�
t, F

i
t

�
g′x
�
t, F

i
t

��
F

i
t

�2
dt

−

�
ρ2σ

i

t

�2
2

g
�
t, F

i
t

�2
F

i
t dt−

ρ
2
F

i
t g
�
t, F

i
t

�
θ
�
t, σ

i
t

�
dt| {z }

:=F
i

t
µi

�
t,F

i

t

�
dt

= F
i
tµi

�
t, F

i
t

�
dt+ F

i
t θi
�
t, F

i
t

�
dWF

t .

(4.29)
In other words, F i

t has a lo
al volatility and a lo
al drift.
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onditioningAs we have seen in Se
tion 4.4.2, we are fa
ing a set of di�usion equations with lo
al volatilityand lo
al drift. (See Equation (4.29).) We now try to follow the steps of Se
tion 4.3.1.
E [(Ft −K)+] = E

"
E [(Ft −K)+|Fσ

T ]| {z }
=φ((Wσ)t∈[0,T ])

#
. (4.30)This expe
tation is approximated with the 
ubature formula based on fun
tional quantization.

E[(Ft −K)+] ≈
NX
i=1

piφ(αi), (4.31)where (αi)1≤i≤N and (pi)1≤i≤N are respe
tively the paths and the asso
iated weights of a station-ary fun
tional quantizer of W σ. The value φ(αi) in Equation (4.31) 
orresponds to the pri
e of aCall or Put option with a lo
al volatility and a lo
al drift as in Equation (4.29). Unfortunately,no 
losed-form expression exists for this general 
ase. However, we 
an use a 
ommon numeri
almethod as a �nite di�eren
e s
heme for the asso
iated (one-dimensional) Kolmogorov ba
kwardPDE (4.32) to over
ome this di�
ulty.�
1
2θi(t, x)

2x2 ∂2V
∂x2 + µi(t, x)x

∂V
∂x (t, x) +

∂V
∂t = 0

V (T, x) = Payo�(T, x). (4.32)We obtain the same order of pre
ision as in the previous 
ase but with a longer 
omputation time.
• In other words, we 
an see the fun
tional quantization of the volatility as a way to approxi-mate the value of the solution of a two-dimensional PDE with a weighted sum of the valuesof solutions of one-dimensional partial di�erential equations.
• This is easily extended to multi-fa
tor sto
hasti
 volatility models.In Figure 4.5 we plot the implied volatility smile in the SABR model, 
omputed with thesmall-maturity asymptoti
 and with the quantization-based 
ubature formula, 
oupled with asimple Monte-Carlo simulation.As an alternative for the PDE approa
h, we now introdu
e a new quantization s
heme for sto
hasti
di�erential equations whi
h we 
all �normal quantization�. This approximation is based on are
ent approa
h to fun
tional quantization 
alled �partial fun
tional quantization� whi
h has beenintrodu
ed in [5℄. In Se
tion 4.4.4 we re
all some ba
kground on partial fun
tional quantization.Then we 
ome to the normal quantization of sto
hasti
 di�erential equations.4.4.4 Normal fun
tional quantization and sto
hasti
 di�erential equa-tionsWhen plugging a stationary quantizer in pla
e of the Gaussian pro
ess in a multidimensional SDEwritten in the Stratonovi
h sense, one obtains a quantizer of the solution of the SDE. It has beenshown in [29℄ that the solutions of the quantized solutions of the ODE 
onverge toward the solutionof the SDE when the quantizer size goes to in�nity. A �rst approa
h to this problem (but in amore restri
tive setting) has been done in [23℄ for the one-dimensional setting, using the so-
alledLamperti transform. This is the same transformation whi
h was originally used by Wong andZakai in [35℄. It is also related to some arti
les of Doss and Sussman on the 
onne
tion betweensto
hasti
 and ordinary di�erential equations [8, 9, 32℄. In [23℄, this transformation was used toprove some 
ontra
tivity properties of the It� map under some 
onstraints on the parameters ofthe SDE.In this se
tion, we �rst brie�y 
ome ba
k on these 
ontra
tivity properties and the Lampertitransform. Then we re
all the main results on partial fun
tional quantization of sto
hasti
 di�er-ential equations, whi
h was �rst introdu
ed in [5℄. We �nally introdu
e the normal quantizationof solutions of sto
hasti
 di�erential equations.
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Figure 4.5: Implied volatility smile in the SABR model with β = 0.7, γ = 0.3, σ0 = 0.2, T = 1 and
ρ = −0.5. The 
ontinuous 
urve 
orresponds to a (208-54)-Ri
hardson-Romberg extrapolation ofthe fun
tional quantization-based 
ubature formula.The Lamperti transform and 
ontra
tivity of the It� mapLet us 
onsider the SDE

dSt = b(t, St)dt+ θ(t, St)dXt, S0 = x ∈ R, and t ∈ [0, T ], (4.33)where b(t, x) and θ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in
t, θ is bounded and |b(·, 0)| is bounded. This SDE admits a unique strong solution S.De�nition 4.4.1 (Lamperti transform). Consider I an open interval, x0 ∈ I and θ : [0, T ]×I →
R∗

+ a fun
tion satisfying the (L) hypothesis de�ned bellow.8><>: (i) θ ∈ C1([0, T ]× I,R∗
+),

(ii) ∀(t, x) ∈ [0, T ]× I, 0 < θ(t, x) ≤ C(1 + |x|),
(iii) if I 6= R we make the additional assumption that

∀t ∈ [0, T ],
R
[x0,+∞)∩I

dξ
θ(t,ξ) = +∞ and R(−∞,x0]∩I

dξ
θ(t,ξ) = +∞.

(L)The Lamperti transform asso
iated with θ and x0 is de�ned by S(t, x) = R x
x0

dξ
θ(t,ξ) on [0, T ]× I.Under the assumption (L), the so-de�ned fun
tion S is C1,2([0, T ]× I) with

∂S

∂t
(t, x) = −

Z x

x0

�
1

θ2
∂θ

∂t

�
(t, ξ)dξ,

∂S

∂x
(t, x) =

1

θ(t, x)
and ∂2S

∂x2
(t, x) = −

�
1

θ2
∂θ

∂x

�
(t, x).Moreover, for every t ∈ [0, T ], x 7→ S(t, x) is 
ontinuous and stri
tly in
reasing in I.Remark. It follows from hypothesis ((L),(ii)) that |S(t, x)| ≥ 1

C log (1 + |x|). Hen
e, if I = R,
laim ((L),(iii)) is a 
onsequen
e of the �rst two assumptions.
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onsequen
e is that, for every t ∈ [0, T ], S(t, ·) has a (
ontinuous) inverse fun
tion de�ned on
R. This inverse fun
tion, denoted by S−1

t satis�es S−1
t (x0) = 0 and ��S−1

t (y)
�� ≤ eC|y|− 1 for every

y ∈ R. Furthermore, S−1
t is di�erentiable and �S−1

t

�′
(y) satis�es 0 < �S−1

t

�′
(y) = θ

�
t, S−1

t (y)
�
≤

C
�
1 + |S−1

t (y)|
�
≤ CeC|y|. Hen
e, ∀t ∈ [0, T ], ∀(y, y′) ∈ R2,

��S−1
t (y′)− S−1

t (y)
�� ≤ CeC max(|y|,|y′|)|y−

y′|.Proposition 4.4.1. If θ is bounded on [0, T ]× I by ‖θ‖max, we easily prove that S−1
t is ‖θ‖max-Lips
hitz 
ontinuous, namely

∀t ∈ [0, T ], ∀(y, y′) ∈ R2,
��S−1

t (y′)− S−1
t (y)

�� ≤ ‖θ‖max|y − y′|.Moreover (t, y) 7→ S−1
t (y) is 
ontinuous on [0, T ]×R, sin
e the sets §(t, y) : S−1

t (y)
≥
≤ c

ª
=

§
(t, y) : y

≥
≤ S(t, c)

ªare 
losed for every c ∈ R.Applying It�'s formula to Yt := S(t, Ft) yields
dYt =

�
b

θ
(t, Ft)−

Z Ft

x0

�
1

θ2
∂θ

∂t

�
(t, ξ)dξ

�
dt+

1

2

∂θ

∂x
(t, Ft)d〈X〉t| {z }�nite-variation part +dXt. (4.34)The Lamperti transform ful�lls its task to yield a SDE with a 
onstant di�usion 
oe�
ient equalto 1.Remark. Under the additional assumption that the measure d〈X〉 is absolutely 
ontinuous withrespe
t to the Lebesgue measure on [0, T ], with a density τX := d〈X〉

dλ Equation (4.34) be
omes
dYt = β(t, Yt)dt+ dXt, with

β(t, y) :=

�
b

θ
−
Z S−1

t (y)

x0

�
1

θ2
∂θ

∂t

�
(t, ξ)dξ +

1

2

∂θ

∂x

�
t, S−1

t (y)
�
τX(t)

�
. (4.35)Therefore, β : [0, T ]× R→ R is 
ontinuous as soon as b and τX are.Study of the transformed SDE (4.34)Let p ∈ [0,∞] and h ∈ Lp

t . We 
onsider the integral equation in (Lp
T , ‖ · ‖p)

y(t) = y0 +

Z t

0

�
b

θ
(s, y(s))−

Z y(s)

x0

�
1

θ2
∂θ

∂s

�
(s, ξ)dξ

�
ds+

1

2

Z t

0

∂θ

∂x
(s, y(s))d〈X〉s + h(t). (4.36)The existen
e and uniqueness of a solution for (4.36) in Lp

T follows from the approa
h used forOrdinary Di�erential Equations, assuming that the mapping Hp : Lp
T → Lp

T de�ned by
Hp(y) ≡ t 7→

Z t

0

�
b

θ
(s, y(s))−

Z y(s)

x0

�
1

θ2
∂θ

∂s

�
(s, ξ)dξ

�
ds+

1

2

Z t

0

∂θ

∂x
(s, y(s))d〈X〉s + h(t)is 
ontra
tive for small enough T .Remark (Contra
tivity of Hp). A su�
ient 
ondition for Hp to be 
ontra
tive, in the 
ase where

d〈X〉 is absolutely 
ontinuous with respe
t to the Lebesgue measure, is the fun
tion β(t, x) to beLips
hitz 
ontinuous with respe
t to x uniformly in t. In this setting Hp will be 
ontra
tive for
T [β]Lip < 1.Thus, Hp has a unique �xed point in Lp

T for T [β]Lip < 1. A global solution of (4.36) in Lp
T forany �xed T > 0 
an be 
onstru
ted indu
tively by simply sti
king pie
es of solutions on intervals

[kT0, (k + 1)T0] with T [β]Lip < 1 starting at the appropriate values. Note that the resultingsolution does not depend on p as long as h ∈ Lp
T and that when h and τX are 
ontinuous, thesolution y is 
ontinuous too.Using standard Gronwall te
hniques and the inequality (u + v)p ≤ 2p−1(up + vp) when p ∈

[1,∞), we show that the mapping Ψy0 : Lp
T → Lp

T by



124 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATURE�Ψy0(h) is the unique solution of (4.36) in Lp
T �satis�es Y = Ψy0(X) and is ‖ · ‖p-Lips
hitz 
ontinuous.Proposition 4.4.2 (Contra
tivity of the It� map). The main 
onsequen
e of this, is that the It�map, de�ned as the 
omposition S−1

t ◦Hp is 
ontra
tive on [0, T ] for small enough T as soon as
θ is bounded and β(t, x) is Lips
hitz 
ontinuous with respe
t to x uniformly in t.Partial fun
tional quantization and generalized bridgesHere, we re
all the de�nitions and the main results related to the partial fun
tional quantizationof 
ontinuous Gaussian semimartingales, whi
h was introdu
ed in [5℄.Let (Xt)t∈[0,T ] be a 
ontinuous 
entered Gaussian semimartingale starting from 0. In this 
ase,the 
ontinuity assumption on the Gaussian pro
ess ensures, thanks to Fernique's theorem thatR T
0 E[X2

t ]dt <∞ and also ensures the 
ontinuity of the 
ovarian
e fun
tion. (See [18, VIII.3℄). Wedenote by (eXi , λ
X
i )i≥1 the Karhunen-Loève eigensystem of X .Let I be a �nite subset of N. We 
onsider ZT = (Zi

T )i∈I the terminal values of pro
esses ofthe form Zi
t =

R t
0 fi(s)dXs, i ∈ I, for some given �nite set f = (fi)i∈I of L2

loc([0, T ]) fun
tions.De�nition 4.4.2 (Generalized bridge). A generalized bridge for (Xt)t∈[0,T ] 
orresponding to fwith end-point z = (zi)i∈I is a pro
ess �Xf,z
�
t∈[0,T ]

that has the distribution L �X��Zi
T = zi, i ∈ I

�.For example, in the 
ase where X is a standard Brownian motion with |I| = 1, f = {f} and
f ≡ 1, this is the Brownian bridge on [0, T ]. If X is an Ornstein-Uhlenbe
k pro
ess this is anOrnstein-Uhlenbe
k bridge.De�nition 4.4.3 (K-L generalized bridge). A K-L generalized bridge is a generalized bridgeasso
iated with the set of fun
tions �fX

i

�
i∈I de�ned by fX

i (t) :=
R T
t eXi (s)ds, where (eXi )i≥1 arethe Karhunen-Loève eigenfun
tions of X.In the 
ase of a K-L generalized bridge, an integration by parts shows that R T

0 Xse
X
i (s)ds =R T

0 fX
i (s)dXs and thus Yi := R T

0 Xse
X
i (s)ds = Zi

T .The Karhunen-Loève expansion gives the de
omposition
X =

X
i∈I

Yie
X
i| {z }

E[X|Y ]

⊥⊥
+

X
i∈N∗\I

È
λXi ξie

X
i| {z }K-L generalized bridgewith end-point 0 , (4.37)

where (ξi)i∈N∗\I are independent standard Gaussian random variables. It follows from (4.37) thata K-L generalized bridge is 
entered on E [X |Yi = yi, i ∈ I] and has the 
ovarian
e fun
tion
ΓX|Y (s, t) = cov(Xs, Xt)−

X
i∈I

λXi e
X
i (s)eXi (t). (4.38)We have R T

0 ΓX|Y (t, t)dt =
P

i∈N∗\I
λXi . Moreover, thanks to de
omposition (4.37), if XI,y is a K-Lgeneralized bridge asso
iated with X with terminal values y = (yi)i∈I , it has the same distributionas the pro
ess X

i∈I

yie
X
i (t) +Xt −

X
i∈I

�Z T

0
Xse

X
i (s)ds

�
eXi (t).This pro
ess is then the sum of a semimartingale and a non-adapted �nite-variation pro
ess. Letus de�ne the matrix Q(s, T ) for s ∈ [0, T ] by

Q(s, T ) := E
��
ZT − E

�
ZT

��(Xu)u∈[0,s]

�� �
ZT − E

�
ZT

��(Xu)u∈[0,s]

��∗���(Xu)u∈[0,s]

�
.



4.4. LOCAL STOCHASTIC VOLATILITY 125We make the additional assumption (H) that
Q(s, T ) is invertible for every s ∈ [0, T ). (H)Remark (On the (H) hypothesis). In [5℄, it is proved that the (H) hypothesis holds in the 
asesof K-L generalized bridges of the Brownian motion, the Brownian bridge and Ornstein-Uhlenbe
kpro
esses.Theorem 4.4.3 (Generalized bridges as semimartingales). Let us assume that FX is a Brownian�ltration. We de�ne the �ltration GX by GXt = σ

�
ZT ,FX

t

�, the enlargement of the �ltration
FX 
orresponding to the above 
onditioning. Under the (H), the generalized bridge Xf,I is a
ontinuous GX-semimartingale on [0, T ) (up to a modi�
ation).A detailed proof, using �ltration enlargement te
hniques is provided in [5℄ in a slightly more generalsetting.Now, in the same set of notation, we 
onsider the orthogonal de
omposition (4.37) again andÒY Γ = ProjΓ(Y ) a stationary Voronoi N quantization of Y . (ProjΓ is a nearest neighbor proje
tionon Γ.)We now de�ne the sto
hasti
 pro
ess ÜXI,Γ by repla
ing Y by ÒY Γ in the de
omposition (4.37). Wedenote ÜXI,Γ = ProjI,Γ(X). ÜXI,Γ =

X
i∈I

ÒY Γ
i e

X
i

⊥⊥
+

X
i∈N∗\I

È
λXi ξie

X
i . (4.39)The 
onditional distribution of ÜXI,Γ given that Y falls in the Voronoi 
ell of γk is the distributionof the K-L generalized bridge with end-point γk. In other words, we have quantized the Karhunen-Loève 
oordinates of X 
orresponding to i ∈ I, and not the other ones. The so-de�ned pro
essÜXI,Γ is 
alled a partial fun
tional quantization of X . Theorem 4.4.3 suggests to de�ne the partialquantization of the solution S of the SDE (4.33) from a partial quantization ÜXI,Γ of X by repla
ing

X by ÜXI,Γ in the SDE (4.33). We de�ne the partial quantization eSI,Γ as the pro
ess whose
onditional distribution given that Y falls in the Voronoi 
ell of γk is the strong solution of thesame SDE where X is repla
ed by the K-L generalized bridge with end-point γk. We write
deSI,Γ

t = b
�
t, eSI,Γ

t

�
dt+ θ

�
t, eSI,Γ

t

�
dÜXI,Γ

t .Theorem 4.4.4 (Lp mean quantization error of partially quantized SDE). Let X be a 
ontinuous
entered Gaussian martingale on [0, T ] with X0 = 0. Let S be the strong solution of the SDE
dSt = b(t, St)dt+ θ(t, St)dXt, S0 = x,where b(t, x) and θ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in

t, θ and |b(·, 0)| are bounded.We 
onsider ÜXI,Γ a stationary partial fun
tional quantization of X and eSI,Γ the 
orrespondingpartial fun
tional quantization of S, i.e. the strong solutions of
deSI,Γ

t = b
�
t, eSI,Γ

t

�
dt+ θ

�
t, eSI,Γ

t

�
dÜXI,Γ

t , eSI,Γ
0 = x.Then, for every p ∈ (0,∞), ε > 0 and t ∈ [0, T ), there exists a positive 
onstant KX

p,ε,t,I su
h that




 sup
v∈[0,t]

���Sv − eSI,Γ
v

���





p

≤ KX
p,ε,t,I

�


Y −ÒY Γ




p+ε

�
, (4.40)where Y is de�ned from X by Equation (4.37) and ÒY Γ is the nearest neighbor proje
tion on Γ.A detailed proof is available in [5℄. It is also possible to handle the 
ase where we have nostationarity hypothesis, when dealing with a 
onvergent sequen
e of quantizers �ÒY N

�
N≥1

forlarge enough N . For more details on this, see [5℄.
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tional quantization to fun
tional quantizationIf X is a 
ontinuous 
entered Gaussian semimartingale, we 
onsider I a �nite subset of N∗ andÜXI,Γ the 
orresponding optimal quadrati
 K-L partial fun
tional quantization. Moreover, settingto 0 the other Karhunen-Loève 
oordinates, we denote by ÒXI,Γ the asso
iated quadrati
 optimalfun
tional quantization. From Equation (4.37, we dedu
e


X − ÒXI,Γ



2
2
=



X − ÜXI,Γ




2
2
+



ÜXI,Γ − ÒXI,Γ




2
2| {z }

=‖XI,0‖2
2
=
P

i∈N∗\I

λX
i

,where XI,0 is the K-L generalized bridge asso
iated with I and X and with end-point 0.Now we 
onsider the SDE (4.33) again, and respe
tively eSI,Γ and bSI,Γ the partial fun
tionalquantization and the fun
tional quantization of S asso
iated with I and Γ. Using the triangleinequality, we have 


S − bSI,Γ




p
≤



S − eSI,Γ





p
+



eSI,Γ − bSI,Γ





p
. (4.41)The term 


S − eSI,Γ





p

an be 
ontrolled thanks to Theorem 4.4.4. Moreover, when d〈X〉 isabsolutely 
ontinuous with respe
t to the Lebesgue measure λ on [0, T ] with τX := d〈X〉

dλ , andthe fun
tion β(t, y) de�ned in Equation (4.35) is Lips
hitz 
ontinuous with respe
t to x uniformlyin t, the term 


eSI,Γ − bSI,Γ




p

an be 
ontrolled by 


ÜXI,Γ − ÒXI,Γ





p
thanks to a 
ontra
tivityproperty of the It� map (Proposition 4.4.2). In this setting, we �nally obtain


eSI,Γ − bSI,Γ





p
= O

�


XI,0




p

�
. (4.42)Then, plugging this into Equation (4.41), we obtain an upper bound error for the quantizationerror for the solution of the sto
hasti
 di�erential equation.The normal quantization of sto
hasti
 di�erential equationsWe �rst brie�y re
all some inequalities whi
h will be useful in the sequel.Proposition 4.4.5 (Doob's inequality). Let M be a 
ontinuous lo
al martingale on R+ with

M0 = 0. Then for every T > 0,
E

�
sup

t∈[0,T ]

M2
t

�
≤ 4E [〈M〉T ] .Proposition 4.4.6 (Some inequalities related to the Gaussian distribution). Let G be a standardGaussian random variable valued in R. Consider M > 0. We have

E
�
G21|G|>M

�
=

2M exp
�
−M2

2

�
√
2π

+ 2N (−M). (4.43)Moreover
N (−M) = P[G > M ] ≤ 1

2
exp

�
−M

2

2

�
. (4.44)Thus

E
�
G21|G|>M

�
≤
�
2M√
2π

+ 1

�
exp

�
−M

2

2

�Under the additional assumption that M > 1, we obtain
E
�
G21|G|>M

�
≤M

�
2√
2π

+ 1

�
exp

�
−M

2

2

� if M > 1.



4.4. LOCAL STOCHASTIC VOLATILITY 127Proof: The proof of Equality (4.43) is left to the reader. Inequality (4.44) 
omes from
N (−M) = P[G > M ] = 1√

2π

R∞
M e−

x2

2 dx = 1√
2π

R∞
0 e−

(x+M)2

2 dx

= 1√
2π
e−

M2

2

R∞
0 e−Mxe−

x2

2 dx ≤ 1√
2π
e−

M2

2

R∞
0 e−

x2

2 dx = 1
2e

−M2

2 .And the proof of the last 
laim is straightforward. �Proposition 4.4.7 (The non-standard 
ase and reverse inequality). If H := σG has a varian
eof σ2, we obtain
E
�
H21|H|>M

�
= σ2

�
G21|G|>M

σ

�
=

2σM√
2π

exp

�
−M

2

2σ2

�
+2σ2N

�
−M
σ

�
≤
�
2σM√
2π

+ σ2

�
exp

�
−M

2

2σ2

�
.And if M > 1, we get E �H21|H|>M

�
≤
�

2σ√
2π

+ σ2

�
M exp

�
−M

2

2σ2

�| {z }
:=ηM

. Conversely, for some �xed
η > 0, and if M > 1, we have

M ≥

Í
−W

�
− η2�

2σ√
2π

+ σ2
�2�| {z }

:=Mη

⇒ ηM ≤ ηwhere W is the Lambert W fun
tion.De�nition 4.4.4 (Normal quantization). Let X be a 
ontinuous 
entered Gaussian martingaleon [0, T ]. Let I be a �nite subset of N∗. We re
onsider the de
omposition (4.37), X =
P
i∈I

Yie
X
i

⊥⊥
+P

i∈N∗\I

È
λXi ξie

X
i .Let Γ be a stationary 
odebook for Y = (Yi)i∈I and ÒY Γ the 
orresponding Voronoi quantizer of

Y . We denote by ÒXI,Γ and ÜXI,Γ the 
orresponding fun
tional quantization and partial fun
tionalquantization of X.Let S be the strong solution of the SDE
dSt = b(t, St)dt+ θ(t, St)dXt, S0 = x, (4.45)where b(t, x) and θ(t, x) are Borel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in

t, θ and |b(·, 0)| are bounded. Then we denote by
• bSI,Γ the 
orresponding fun
tional quantization of S, obtained by repla
ing X by ÒXI,Γ in theSDE (4.45) written in the Stratonovi
h form.
• eSI,Γ the 
orresponding partial fun
tional quantization of S, obtained by repla
ing X by ÜXI,Γin the SDE (4.45) as derived above and in [5℄.Thanks to Equation (4.39), the pro
ess ÜXI,Γ

t is de
omposed into ÜXI,Γ
t = ÒXI,Γ

t

⊥⊥
+XI,0, where XI,0is the 
orresponding K-L generalized bridge with end-point 0. We obtain

deSI,Γ
t = b

�
t, eSI,Γ

t

�
dt+ θ

�
t, eSI,Γ

t

�
dÒXI,Γ

t + θ
�
t, eSI,Γ

t

�
dXI,0

t , eSI,Γ
0 = x. (4.46)We de�ne the normal quantization æSI,Γ of this SDE by

dæSI,Γ
t = b

�
t, bSI,Γ

t

�
dt+ θ

�
t, bSI,Γ

t

�
dÒXI,Γ

t + θ
�
t, bSI,Γ

t

�
dXI,0

t , æSI,Γ
0 = x.This is the same SDE as (4.46), where we have repla
ed eSI,Γ

t by bSI,Γ
t in the drift and the volatility.



128 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATURERemark. With the same notations, æSI,Γ is simply de�ned byæSI,Γ
t = x+

Z t

0
b
�
s, bSI,Γ

s

�
ds+

Z t

0
θ
�
s, bSI,Γ

s

�
dÒXI,Γ

s +

Z t

0
θ
�
s, bSI,Γ

s

�
dXI,0

s .The prin
ipal interest of the normal quantization of sto
hasti
 di�erential equations is that ityields Gaussian pro
esses, so that it is likely that one 
an obtain 
losed-form expressions whenusing it as a 
ubature s
heme.Theorem 4.4.8 (Quadrati
 error of the normal quantization s
heme for SDEs). We keep thenotations and assumptions of De�nition 4.4.4. Then, for every t ∈ [0, T ) we have
E

�
sup

u∈[0,t]

��� eSI,Γ
u − æSI,Γ

u

���2�����ÒY Γ = γk

�
= O

�


eSI,Γ − bSI,Γ



2
2

�
. (4.47)Proof: I and Γ being �xed, to simplify notations, we will denote ÒX := ÒXI,Γ, ÜX := ÜXI,Γ,bS := bSI,Γ, eS := eSI,Γ, and æS := æSI,Γ. We haveeSt−æSt =

Z t

0

�
b
�
s, eSs

�
− b
�
s, bSs

��
ds+

Z t

0

�
θ
�
s, eSs

�
− θ
�
s, bSs

��
dÒXs+

Z t

0

�
θ
�
s, eSs

�
− θ
�
s, bSs

��
dXI,0

s .In [5℄, the 
anoni
al de
omposition of XI,0 is derived. It writes XI,0 =
¬
X,L0

¶| {z }
:=eV +X −

¬
X,L0

¶| {z }
:=ÜM ,where dÜVs = Gsd〈X〉s and (Gs)s∈[0,T ) is a 
entered 
ontinuous Gaussian pro
ess.Hen
e we have, 
onditionally to ÒY Γ = γk,���eSt − æSt

���2 ≤ 4
���R t

0

�
b
�
s, eSs

�
− b

�
s, bSs

��
ds
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���R t
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θ
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�
− θ
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���2
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− θ
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Gsd〈X〉s

���2 + 4
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θ
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�
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dfMs

���2
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�R t
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���2 ds
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θ
�
s, eSs
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− θ
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s, bSs

��2
G2

sd〈X〉s + 4
���R t

0

�
θ
�
s, eSs

�
− θ

�
s, bSs

��
dfMs

���2 ,where αk stands for the deterministi
 path of ÒX 
onditionally to ÒY Γ = γk. This yields
E

����eSt − æSt

���2����ÒY Γ = γk

�
≤ 4T

�
[b]2Lip + [θ]2Lip max

u∈[0,T ]
(α′

k(u))
2
�Z t

0
E

����eSs − bSs

���2����ÒY Γ = γk

�
ds

+ 4〈X〉T
Z t

0
E
h�
θ
�
s, eSs

�
− θ

�
s, bSs

��2
G2

s

���ÒY Γ = γk

i
d〈X〉s

+ 4E

�����Z t

0

�
θ
�
s, eSs

�
− θ

�
s, bSs

��
dfMs

����2�����ÒY Γ = γk

�
. (4.48)We now use Doob's inequality (Proposition 4.4.5) to the last term of Equation (4.48). Using that

d
¬fM¶ = d

¬
XI,0

¶
= d〈X〉, we get

E

�
sup

u∈[0,t]

����Z u

0

�
θ
�
s, eSs

�
− θ
�
s, bSs

��
dÜMs

����2�����bY Γ = γk

�
≤ 4

Z t

0

E

h�
θ
�
s, eSs

�
− θ
�
s, bSs

��2���bY Γ = γk

i
d〈X〉s.Thus

4E

�
sup

u∈[0,t]

����Z u
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�
θ
�
s, eSs

�
− θ

�
s, bSs

��
dfMs

����2�����ÒY Γ = γk

�
≤ 16[θ]2Lip Z t

0
E
h�eSs − bSs

�2���ÒY Γ = γk

i
d〈X〉s.
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E

�
sup

u∈[0,t]

���eSu − æSu

���2�����ÒY Γ = γk

�
≤ 4T

�
[b]2Lip + [θ]2Lip max

u∈[0,T ]
(α′

k(u))
2
�Z t

0
E

���� eSs − bSs

���2����ÒY Γ = γk

�
ds

+ 16[θ]2Lip Z t

0
E

�
sup

u∈[0,s]

���eSu − bSu

���2�����ÒY Γ = γk

�
d〈X〉s

+ 4〈X〉T
Z t

0
E
h�
θ
�
s, eSs

�
− θ

�
s, bSs

��2
G2

s

���ÒY Γ = γk

i
d〈X〉s. (4.49)We now fo
us on the last term in (4.49). ForM > 1, we de
ompose the expe
tation on {|Gs| > M}and {|Gs| ≤M}. We obtain, using that Gs is independent of ÒY Γ,

E

h�
θ
�
s, eSs

�
− θ
�
s, bSs

��2
G2

s

���bY Γ = γk

i
≤ M2[θ]2LipE h�eSs − bSs
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�
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�
≤ M2[θ]2LipE h�eSs − bSs

�2���bY Γ = γk

i
+ 4[θ]2maxM exp

�
−M2

2v2
s

��
2vs√
2π

+ v2s
�
,where v2s = Var(Gs). If we de�ne, for s ∈ [0, T ), v∗2s := sup

u∈[0,s]

Var(Gu) we obtain
E
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u∈[0,t]

���eSu − æSu

���2�����ÒY Γ = γk

�
≤ 4T

�
[b]2Lip + [θ]2Lip max
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(α′

k(u))
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�Z t

0
E
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�
ds

+ 16[θ]2Lip Z t

0
E

�
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���eSu − bSu
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+ 4〈X〉TM2[θ]2Lip Z t

0
E

�
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��� eSu − bSu

���2�����ÒY Γ = γk

�
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+ 16〈X〉2T [θ]2max

�
2v∗s√
2π

+ v∗2s

�
M exp

�
− M2

2v∗2s

�| {z }
:=ηM

. (4.50)We de�ne the lo
ally �nite measure µ(dt) = d〈X〉t + dt. We 
an ensure that
ηM ≤ η :=

Z t

0

E

���� eSs − bSs

���2����ÒY Γ = γk

�
µ(ds)by setting M =

É
−W

�
− η2

C2
t

�, where Ct := 16〈X〉2T [θ]2max

�
2v∗2

t√
2π

+ v∗2t

� and where W is theLambert W fun
tion. This �nally yields
E

�
sup

u∈[0,t]

���eSu − æSu

���2�����ÒY Γ = γk

�
≤
�
4T

�
[b]2Lip + [θ]2Lip max

u∈[0,T ]
(α′

k(u))
2
�

− 4〈X〉2T [θ]2LipW �− η2C2
t

�
+ 1
�
ηWe 
an 
on
lude by observing that W(u) →

u→0
0. �We 
an prove the analogous result of Theorem 4.4.8 for the general Lp framework, following thesame steps ex
ept that Doob's inequality for 
ontinuous (lo
al) martingales is repla
ed by theBurkholder-Davis-Gundy inequality (whi
h holds for every p > 0).Remark (Extension to semimartingales). In Theorem 4.4.8, we limited ourselves to the 
asewhere X is a lo
al martingale. The proofs are easily extended to the 
ase of a semimartingale X



130 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATUREas soon as there exists a lo
ally �nite measure ν on [0, T ] su
h that for every ω ∈ Ω the �nite-variation part dV (ω) in the 
anoni
al de
omposition of X is absolutely 
ontinuous with respe
t to
ν. For instan
e, this is the 
ase for the Brownian bridge and Ornstein-Uhlenbe
k pro
esses whose�nite-variation parts are absolutely 
ontinuous with respe
t to the Lebesgue measure on [0, T ].De�nition 4.4.5 (The lognormal quantization of sto
hasti
 di�erential equations). From De�ni-tion 4.4.4 of the normal quantization of sto
hasti
 di�erential equations, we 
an naturally de�nethe lognormal quantization SI,Γ of an SDE of the form§

dSt = Stµ(t, St)dt+ Stθ(t, St)dXt

S0 = x,as the exponential of the normal quantization ï(log(S))I,Γ of the logarithm of the solution
d log(St) = µ(t, St)dt−

1

2
θ(t, St)d〈X〉t + θ(t, St)dXt.If the measure d〈X〉 is absolutely 
ontinuous with respe
t to the Lebesgue measure λ on [0, T ] and

τX := d〈X〉
dλ and if we de�ne b(t, x) := µ(t, x)dt − 1

2θ(t, x)gX(t), as soon as so-de�ned fun
tions band θ satisfy the hypothesis of De�nition 4.45, we have
E

�
sup

u∈[0,t]

���Su − eSu

���2�����ÒY Γ = γk

�
= O

�


eSI,Γ − bSI,Γ



2
2

�
. (4.51)Cubature method based on lognormal quantization for lo
al volatility modelsConsider the following sto
hasti
 di�erential equation§

dSt = Stb(t, St)dt+ Stθ(t, St)dXt,
S0 = s0,where X is a 
ontinuous 
entered Gaussian semimartingale starting from 0, b(t, x) and θ(t, x) areBorel fun
tions, Lips
hitz 
ontinuous with respe
t to x uniformly in t, θ is bounded and |b(·, 0)|is bounded. We also assume that d〈X〉 is absolutely 
ontinuous with respe
t to the Lebesguemeasure λ on [0, T ] and τX := d〈X〉
dλ is 
ontinuous. Moreover, we assume that the fun
tion β(t, y)de�ned by Equation 4.35 is Lips
hitz 
ontinuous with respe
t to y uniformly in t.Then we 
an 
onsider the lognormal quantization SI,Γ of S asso
iated with the �nite set I ⊂ N∗and Γ = {γ1, · · · , γN} a stationary 
odebook of (Yi)i∈I . Then we have

S
I,Γ

T = S0 exp

 Z T

0

b
�
t, bSI,Γ

t

�
dt−

Z T

0

bSI,Γ
t θ′x

�
t, bSI,Γ

t

�
θ
�
t, bSI,Γ

t

�
2

d〈X〉t

−
Z T

0

θ
�
t, bSI,Γ

t

�2
2

d〈X〉t +
Z T

0
θ
�
t, bSI,Γ

t

�
dÒXI,Γ

t +

Z T

0
θ
�
t, bSI,Γ

t

�
dXI,0

t

!
, (4.52)whi
h, 
onditionally to ÒY Γ = γk is lognormal.The �rst proposed 
ubature formula is, if one is interested by the quantity E[(ST − K)+] (or

E[(K − ST )+]), to make the following approximation
E[(ST −K)+] ≈ E

h�
ST −K

�
+

i
=

NX
k=1

P
�ÒY Γ = γk

�
E
h�
ST −K

�
+

���ÒY Γ = γk

i
,where the right-hand term of the expression 
an be derived as a weighted sum of 
losed-formexpressions.
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all that if G L∼ N (m,Σ2) and L = exp(G), we have
E[(L −K)+] = exp

�
m+

Σ2

2

�
N (d1)−KN (d2),and

E[(K − L)+] = KN (−d2)− exp

�
m+

Σ2

2

�
N (−d1),where d2 = m−ln(K)

Σ and d1 = d2+Σ. In the setting of Formula (4.52), the 
onditional expe
tations
mk of log�SI,Γ

T

� 
onditionally to ÒY Γ = γk are easily 
omputed. As the 
onditional varian
es Σkare 
on
erned, we devote the Appendix 4.A to the 
omputation of Var�R T
0 g(t)dXI,0

t

� where XI,0is the asso
iated K-L generalized bridge and g ∈ L2([0, T ]).Proposition 4.4.9 (Lognormal quantization 
ubature error). With the same set of notations andhypothesis, we have
E[(ST −K)+]− E

h�
ST −K

�
+

i
= O

�


X − ÒXI,Γ




2+ε

�
,for any ε > 0.Proof: This is a straightforward 
onsequen
e of Equations (4.51), (4.41), (4.42) and Theorem4.4.4. �Remark (Ri
hardson-Romberg extrapolation for the lognormal 
ubature method). A 
onje
ture,supported by our numeri
al experiments is that in the 
ase where ÒXI,Γ is an optimal K-L produ
tquantizer of X, we have

E[(ST −K)+]− E
h�
ST −K

�
+

i
= C




X − ÒXI,Γ



2
2
+ o

�


X − ÒXI,Γ



2
2

�
,for some positive 
onstant C. In other words, this means that as for 
rude quantization of S, sta-tionarity results in a 
onvergen
e rate of a higher order by one for the quantization-based 
ubatures
heme. We 
onje
ture that this rate is in fa
t a sharp rate of 
onvergen
e. This highly suggeststo implement Ri
hardson-Romberg extrapolations for the lognormal quantization-based 
ubatureformula, similar to the one we use with fun
tional quantization (Equation (4.20)).4.4.5 Lognormal quantization for lo
al sto
hasti
 volatility modelsThe lognormal quantization-based 
ubature for SDE with a lo
al drift and a lo
al volatility, derivedin the previous se
tion provides an a

urate vanilla option pri
ing method for this kind of models.Consequently, we have a method at our disposal to evaluate the fun
tion φ de�ned in Equation(4.30). Hen
e, we have found the missing link on our path to vanilla option pri
ing in lo
alsto
hasti
 volatility models. In this se
tion, we ben
hmark our method on the 
ase of the SABRmodel with β 6= 1.The SABR model with β 6= 1In this se
tion, we present numeri
al results when using the normal quantization method with the
lassi
al SABR model proposed in [14℄. In this model, we assume that, under the risk-neutralmeasure, the forward pri
e of a risky asset is the solution of the SDE

dFt = F β
t σtdWt, F0 > 0, (4.53)where the volatility σ is the solution of the SDE

dσt = b(t, σt)dt+ θ(t, σt)dW
σ
t , σ0 > 0, (4.54)



132 CHAPTER 4. FUNCTIONAL QUANTIZATION-BASED CUBATUREwith β ∈ [0, 1] and d〈W,W σ〉t = ρdt. (The model presented in Se
tion 4.3 
orresponded to thespe
ial 
ase where β = 1).In Figure 4.6 we display the implied volatility smile estimated by the (extrapolated) fun
tionalquantization-based 
ubature formula, and the value 
omputed by the 
losed-form short-maturityasymptoti
s.PSfrag repla
ements

60% 70% 80% 90% 100% 110% 120% 130%

0.02
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0.1

0.12

0.14 SABR small-maturity asymptoti
Romberg extrapolationquantization 
ubature 100− 208.Romberg extrapolationquantization 
ubature 10− 54.
Short maturity, β = 0.7

Figure 4.6: Implied volatility smile in the SABR model with β = 0.7, γ = 0.3, σ0 = 0.2, T = 1and ρ = −0.5.
• The dotted line 
urve 
orresponds to the SABR small-maturity asymptoti
.
• The thin (blue) 
ontinuous 
urve 
orresponds to a Romberg extrapolation of the fun
tionalquantization-based 
ubature method. The Romberg extrapolation 
ouples are 10 − 54 for thelognormal quantization and 54− 208 for the volatility quantization.
• The thi
ker (green) 
ontinuous 
urve 
orresponds to a Romberg extrapolation of the fun
tionalquantization-based 
ubature method. The Romberg extrapolation 
ouples are 100 − 208 for thelognormal quantization and 54− 208 for the volatility quantization.As we 
an see in Figure 4.6, the lognormal quantization s
heme does not provide 
orre
t resultsfor far-out-of-the-money options, for whi
h the PDE approa
h is preferable. A remark is thatthe vanilla option payo� is not a regular fun
tional in L2([0, T ]) (be
ause it only depends on themarginal at t = T ). We might experien
e better results with more regular fun
tionals as the payo�of an Asian option. The range of strike for whi
h we get a

urate values of the implied volatilityin
reases with the size of the lognormal quantizers that we use.4.A Computing Var

�R T
0 g(t)dXI,0

t

� where XI,0 is a K-L gener-alized bridge and g ∈ L2([0, T ])Considering the de
omposition
XI,0

t = Xt −
X
i∈I

�Z T

0
Xse

X
i (s)ds
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eXi (t),We have Z T
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�
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0 g(t)dXI,0

t

� 133Thus, as �R T
0 Xse

X
i (s)ds

�
i∈I

L∼ N
�
0, diag

�
λXi
�
i∈I

�, we have
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�
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X
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�
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Xse

X
i (s)ds

�
.Now, identifying R T

0 Xse
X
i (s)ds =

R T
0 fX

i (s)dXs where fX
i is de�ned as in De�nition 4.4.3, wehave

E
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Xse
X
i (s)ds

�
= E
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Z T
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.Hen
e we need to derive the terms Var �R T

0 g(s)dXs

� and E
�R T

0 g(s)dXs

R T
0 fX

i (s)dXs

�.4.A.1 The 
ase of the standard Brownian motionIn the 
ase whereX =W is a standard Brownian motion, we have Var �R T
0 g(s)dWs

�
=
R T
0 g(s)2dsand E

�R T
0 g(s)dWs

R T
0 fW

i (s)dWs

�
=
R T
0 g(s)fW

i (s)ds.The result 
an be simpli�ed using the 
losed-form expression of the Karhunen-Loève eigen-fun
tions of the standard Brownian motion whi
h is given in Se
tion 4.1.1. We easily obtain
fW
i (t) = λWi

�
eWi
�′
(t). We �nally obtain

Var
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(4.55)4.A.2 The 
ase of the standard Brownian bridgeIn the 
ase where X = B is a standard Brownian bridge, we write Bt = Wt − tWT

T . This yieldsR T
0 g(s)dBs =

R T
0 g(s)dWs − WT

T
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0 g(s)ds. Thus we get
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i (s)ds.The result 
an be simpli�ed using the 
losed-form expression of the Karhunen-Loève eigenfun
tionsof the standard Brownian bridge whi
h is given in Se
tion 4.1.1. We easily obtain
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Chapter 5A fast nearest neighbor sear
halgorithm based on ve
torquantization Abstra
tIn this 
hapter, we propose a new fast nearest neighbor sear
h algorithm, based on ve
torquantization. Like many other bran
h-and-bound sear
h algorithms [1, 10℄, a prepro
essing re
ur-sively partitions the data set into disjoint subsets until the number of points in ea
h part is smallenough. In doing so, a sear
h-tree data stru
ture is built. This preliminary re
ursive partition ofthe data set is based on the ve
tor quantization of the empiri
al distribution of the initial dataset.Unlike previously 
ited methods, this kind of partitions does not a priori allow eliminatingseveral brother nodes in the sear
h tree with a single test. To over
ome this di�
ulty, we proposean algorithm to redu
e the number of tested brother nodes to a minimal list that we 
all �friendVoronoi 
ells�. The 
omplete des
ription of the method requires a deeper insight into the propertiesof Delaunay triangulations and Voronoi diagrams.

Keywords: ve
tor quantization, fast nearest neighbor sear
h, Voronoi diagram, Delaunay trian-gulation, prin
ipal 
omponent analysis. 137



138 CHAPTER 5. A NEW FAST NEAREST NEIGHBOR SEARCH ALGORITHMIntrodu
tionThe problem of nearest neighbor sear
h, also known as the post-o�
e problem [7℄ has been widelyinvestigated in the area of 
omputational geometry. It is en
ountered for many appli
ations, su
has pattern re
ognition and ve
tor quantization.The post-o�
e problem has been solved near optimally for the 
ase of low dimensions. Algo-rithms di�er in their pra
ti
al e�
ien
y on real data sets. For large dimensions, most solutionshave a 
omplexity that grows exponentially with the dimension, or require a longer query timethan the obvious brute for
e algorithm. In fa
t, it has been noti
ed that, if n is the size of thedata set and d is the dimensionality, the best 
hoi
e be
omes linear sear
h when d > K log(n) forsome positive 
onstant K whi
h depends on the 
hosen algorithm. This e�e
t is known as the
urse of dimensionality.Con
erning the appli
ation to (Voronoi) ve
tor quantization, nearest neighbor proje
tions arere
ognized to represent the 
riti
al part of most 
odebook optimization algorithms. In this 
ase,the large amount of nearest neighbor sear
hes we have to do shows that a prepro
essing of thedata set will be pro�table if it redu
es the average query time. Still, in some 
ases, the 
odebookis 
hosen so that nearest neighbor sear
h is performed easily, (as when dealing with produ
t quan-tization). Moreover, non-Voronoi quantization methods 
an also be designed in order to simplifythe proje
tion pro
edure while preserving some important properties of optimal quantizers, su
has the stationarity in the quadrati
 
ase.Let us also point out a �eld re
ently emerging under the name of dual quantization [11, 12℄.In this 
ontext, the nearest neighbor sear
h, i.e. the lo
ation of a point in a Voronoi partition, isrepla
ed by the analogous pro
edure in the Delaunay triangulation. This lo
alization pro
edurein Delaunay triangulations has been widely investigated in the pra
ti
al viewpoint in terms ofredu
tion of its 
omputational 
omplexity. We refer to Devillers, Pion and Teillaud for a reviewon this subje
t [2℄.Many nearest neighbor sear
h algorithms rely on a re
ursive partitioning of the data set result-ing in a sear
h-tree data stru
ture [1, 10℄. The method proposed by M
Names in [10℄ improvedthe 
lassi
al Kd-tree algorithm [1℄ by taking advantage of the shape of the data set thanks toprin
ipal 
omponent analysis. The �prin
ipal axis tree� algorithm performs mu
h faster than the
lassi
al Kd-tree when the 
oordinates of the data set are 
orrelated and it seems to handle betterthe growth of dimensionality.In our 
ase, the proposed algorithm uses ve
tor quantization as a 
lustering method to performthis re
ursive partitioning and to take advantage of the geometry of the data set. It is 
lassi
alba
kground that when dealing with empiri
al distributions, the quadrati
 ve
tor quantizationproblem is equivalent to the redu
tion of the intra
lass inertia of the related partition, and thespe
i�
ation of the 
lassi
al Lloyd algorithm in this 
ase turns out to be the k-means 
lusteringalgorithm.We will see that one drawba
k of this kind of partition is that, like other tree-based sear
halgorithms, after determining the 
losest neighbor of a query in a leaf-node of the tree, the pro
e-dure has to move up to the parent node and determine whether brother nodes have to be exploredor not. Unlike Kd-tree and �prin
ipal axis tree�, our so-
alled �quantization tree� 
an't eliminateseveral brother nodes by a single test. This is the motivation for the development of our friendnode algorithm.The 
hapter is organized as follows. Se
tion 5.1 is devoted to 
lassi
al de�nitions and notationsrelated to ve
tor quantization. The link to the 
lassi�
ation problem is pointed out. Se
tion 5.2re
alls some de�nitions of 
omputational geometry whi
h will be useful in the sequel. As both the�elds of ve
tor quantization and algorithmi
 geometry deal with the notion of Voronoi diagram,we pay parti
ular attention to distinguishing the 
orresponding de�nitions and notations. Se
tion5.3 makes a brief presentation of both the Kd-tree [1℄ and �prin
ipal axis tree� [10℄ algorithms. Wedeal with some optimizations that will be appli
able to our quantization tree as well. Se
tion 5.4presents the �
rude� quantization tree, i.e. without using any friend node algorithm. It is presentedas the natural 
ounterpart of these two bran
h-and-bound algorithms with a quantization-basedpartition of the data set. Se
tion 5.5 presents the friend node algorithm whi
h was dis
ussed above.



5.1. VECTOR QUANTIZATION AND VORONOI TESSELLATIONS 139Finally, the last se
tion provides some performan
e 
omparisons between the di�erent algorithmson various data sets.5.1 Ve
tor quantization and Voronoi tessellationsWe 
onsider (Ω,A,P) a probability spa
e and E a (real) �nite-dimensional Eu
lidean spa
e. Theprin
iple of a random variable X taking its values in E is to approa
h X by a random variable Ytaking a �nite number of values in E.De�nition 5.1.1 (quantizer). In this surrounding, the dis
rete random variable Y is a quantizerof X.If X ∈ Lp, the quantization error is the Lp norm of |X − Y |, where | · | denotes the Eu
lideannorm on E. The minimization of this error yields the following minimization problem
min{‖X − Y ‖p, Y : Ω→ E measurable, card(Y (Ω)) ≤ N}. (5.1)De�nition 5.1.2 (Voronoi partition). Consider N ∈ N∗, Γ = {γ1, · · · , γN} ⊂ E and let C =

{C1, · · · , CN} be a Borel partition of E. C is a Voronoi partition asso
iated with Γ if ∀i ∈
{1, · · · , N}, Ci ⊂ {ξ ∈ E, |ξ − γi| = min

j∈{1,··· ,N}
|ξ − γj |}.If C = {C1, · · · , CN} is a Voronoi partition asso
iated with Γ = {γ1, · · · , γN}, it is 
lear that

∀i ∈ {1, · · · , N}, γi ∈ Ci. Ci is 
alled Voronoi slab asso
iated with γi in C and γi is the 
enter ofthe slab Ci.We denote Ci = slabC(γi). For every a ∈ Γ, W (a|Γ) is the 
losed subset of E de�ned by
W (a|Γ) =

§
y ∈ E, |y − a| = min

γ∈Γ
|y − γ|

ª
.De�nition 5.1.3 (Nearest neighbor proje
tion). Consider Γ ⊂ E a �nite subset of E. A nearestneighbor proje
tion onto Γ is an appli
ation ProjΓ that satis�es

∀x ∈ E,
��x− ProjΓ(x)

�� = min
γ∈Γ
|x− γ|.To be more pre
ise, if ProjΓ is a measurable nearest neighbor proje
tion onto Γ, there exists aVoronoi partition C = {C1, · · · , CN} asso
iated to Γ su
h that ProjΓ =

NP
i=1

γi1Ci .Proposition 5.1.1. Let X be an E-valued Lp random variable, and Y taking its values in the�xed point set Γ = {y1, · · · , yN} ⊂ E where N ∈ N. Set ÒXΓ the random variable de�ned byÒXΓ := ProjΓ(X) where ProjΓ is a nearest neighbor proje
tion on Γ, 
alled a Voronoi Γ-quantizerof X.Then we 
learly have ���X − ÒXΓ
��� ≤ |X − Y | a.s.. Hen
e 


X − ÒXΓ





p
≤ ‖X − Y ‖p.A 
onsequen
e of this proposition is that solving the minimization problem (5.1) amounts tosolving the simpler minimization problem

min {‖X − ProjΓ(X)‖p, Γ ⊂ E, card(Γ) ≤ N} . (5.2)The quantity ‖X − ProjΓ(X)‖p is 
alled the mean Lp-quantization error. When this minimum isrea
hed, we refer to Lp-optimal quantization.The problem of the existen
e of a minimum has been investigated for de
ades on its numeri
aland theoreti
al aspe
ts in the �nite-dimensional 
ase [5℄. For every N ≥ 1, the Lp-quantizationerror is Lips
hitz 
ontinuous and rea
hes a minimum. An N -tuple that a
hieves the minimum haspairwise distin
t 
omponents, as soon as card(supp(PX)) ≥ N . This result stands in the general
ase of a random variable valued in a re�exive separable Bana
h spa
e [8℄. If card(X(Ω)) is in�nite,



140 CHAPTER 5. A NEW FAST NEAREST NEIGHBOR SEARCH ALGORITHMthis minimum stri
tly de
reases to 0 as N goes to in�nity. The asymptoti
 rate of 
onvergen
e, inthe 
ase of non-singular distributions is ruled by the Zador theorem [5℄. A non-asymptoti
 upperbound for the quantization error is also available [9℄.We now fo
us on the quadrati
 
ase (p = 2). For a L2 random variable X , we now denoteby CN (X) the set of L2-optimal quantizers of X of level N and eN(X) the minimal quadrati
distortion that 
an be a
hieved when approximating X by a quantizer of level N . A quantizer Yof X is stationary (or self-
onsistent) if Y = E[X |Y ].Proposition 5.1.2 (Stationarity of L2-optimal quantizers). A (quadrati
) optimal quantizer isstationary.The stationarity is a parti
ularity of the quadrati
 
ase. In other Lp 
ases, a similar propertyinvolving the notion of p-
enter o

urs. A proof is available in [6℄.De�nition 5.1.4 (Centroidal proje
tion). Let C = {C1, · · · , CN} be a Borel partition of E. Letus de�ne for 1 ≤ i ≤ N , Gi =

§
E[X |X ∈ Ci] if P[X ∈ Ci] 6= 0,
0 in the other 
ase, the 
entroids asso
iated with

X and C.The 
entroidal proje
tion asso
iated C and X is the appli
ation ProjC,X : x 7→
NP
i=1

Gi1Ci(x).Lemma 5.1.3 (Huyghens, varian
e de
omposition). Let X be a E-valued L2 random variable,
N ∈ N∗ and C = (Ci)1≤i≤N a Borel partition of E. Consider ProjC,X =

NP
i=1

Gi1Ci the asso
iated
entroidal proje
tion. Then one has,
Var(X) = E

���X − ProjC,X(X)
��2�| {z }

:=(1)

+E
���ProjC,X(X)− E[X ]

��2�| {z }
:=(2)

.The varian
e of the probability distribution X de
omposes itself as the sum of the intra
lassinertia (1) and the inter
lass inertia (2).Proof:
Var(X) = E

���X − ProjC,X(X) + ProjC,X(X)− E[X ]
��2�

= E
���X − ProjC,X(X)

��2�| {z }
=(1)

+E
���ProjC,X(X)− E[X ]

��2�| {z }
=(2)

+2E
�¬
X − ProjC,X(X),ProjC,X(X)− E[X ]

¶�| {z }
:=(3)

.Now (3) = 0 sin
e ProjC,X(X) = E
�
X
��ProjC,X(X)

�. �5.2 Ba
kgrounds on theory of polytopesLet E be a d-dimensional ve
tor spa
e and E∗ its dual.De�nition 5.2.1 (k-�at). A k-�at is a k-dimensional a�ne subspa
e E.De�nition 5.2.2 (
onvex polyhedron and 
onvex polytope). A 
onvex polyhedron is the interse
-tion of a �nite subset of 
losed halfspa
es. If it is bounded, it is a 
onvex polytope.De�nition 5.2.3 (
ell). A 
ell is the interse
tion of a �nite set of �ats and open halfspa
es. Andthus, equivalently, it is the relative interior of a 
onvex polyhedron. If R ⊂ E, we denote by cell(R)the relative interior of the 
onvex hull of R.



5.2. BACKGROUNDS ON THEORY OF POLYTOPES 141De�nition 5.2.4 (Leibniz halfspa
e). For (a, b) ∈ E2 let us denote by H(a, b) :=
n
x ∈ Rd||x−a| ≤

|x− b|
o the Leibniz halfspa
e asso
iated to (a, b).De�nition 5.2.5 (simplex). A simplex is cell(R) where R is a set of a�nely independent points.

• A 2-dimensional simplex is the interior of a triangle.
• A 3-dimensional simplex is the interior of a tetrahedron.De�nition 5.2.6 (
ir
umsphere). A 
ir
umsphere of a set R ⊂ E is a sphere S of E su
h that

R ⊂ S.De�nition 5.2.7 (fa
e). A fa
e of a 
onvex polyhedron P is the relative interior of the interse
tionof a hyperplane supporting P with the 
losure of P .Proposition 5.2.1. Let P be a 
onvex polyhedron, a fa
e of P is a 
ell, and a fa
e of a fa
e of Pis a fa
e of P .De�nition 5.2.8 (k-fa
e). A k-fa
e is a a fa
e whose a�ne 
losure has dimension k.De�nition 5.2.9 (
ell 
omplex). A 
ell 
omplex is a �nite 
olle
tion of pairwise disjoint 
ells sothat the fa
e of every 
ell is in the 
olle
tion.De�nition 5.2.10 (opposite k-fa
es). Two distin
t k-
ells of a 
ell 
omplex are opposite if theyhave a 
ommon (k − 1)-fa
e.De�nition 5.2.11 (triangulation). Let S be a �nite point set of E. A triangulation T of S is a
ell 
omplex whose union is the 
onvex hull of S and whose set of 0-
ells is S.De�nition 5.2.11 is a non-standard de�nition be
ause 
ells are not required to be simpli
es. Thisformalism is due to Fortune [4℄.De�nition 5.2.12 (proper triangulation). A proper triangulation is a triangulation all whose
ells are simpli
es.Any triangulation 
an be 
ompleted to a proper triangulation by subdividing non-simpli
ial 
ells.5.2.1 Voronoi diagrams and Delaunay triangulationsVoronoi diagramLet E be a d-dimensional Eu
lidean spa
e, and S a �nite subset of E. In the following, elementsof S will be 
alled sites.De�nition 5.2.13 (Voronoi 
ell). For a nonempty subset of S, R ⊂ S, the Voronoi 
ell of R,denoted V (R) is the set of all points in E that are equidistant from all sites in R, and 
loser toevery site of R than to any site not in R.Proposition 5.2.2. • Clearly, is r ∈ S, V ({r}) is the set of all points stri
tly 
loser to r thanto any other site. In parti
ular, it is the interior of the Voronoi slab asso
iated to r in S.(See the de�nition of a Voronoi slab in Se
tion 5.1.)
• V (R) may be empty.
• Any point of E lies in V (R) for some R ⊂ S.De�nition 5.2.14 (Voronoi diagram). The Voronoi diagram V is the 
olle
tion of all nonemptyVoronoi 
ells V (R) for R ⊂ S.



142 CHAPTER 5. A NEW FAST NEAREST NEIGHBOR SEARCH ALGORITHMDelaunay triangulationDe�nition 5.2.15 (Delaunay 
ell). If R ⊂ S, and V (R) is a nonempty Voronoi 
ell, then theDelaunay 
ell D(R) is cell(R).De�nition 5.2.16 (Delaunay triangulation). The Delaunay triangulation D of S is the 
olle
tionof Delaunay 
ells D(R), where R varies over subsets of S with V (R) nonempty.Proposition 5.2.3 (Empty 
ir
umsphere property). For R ⊂ S, cell(R) is a Delaunay 
ell if andonly if there is a 
ir
umsphere of R that 
ontains no site of S\R in its interior.Proof: This follows from the de�nition of the Voronoi 
ell V (R), whi
h is nonempty if and onlyif R admits an empty 
ir
umsphere. �PSfrag repla
ements Voronoi diagramDelaunay triangulationData set Ss1
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s3

C123

C

−2

−2

−1.5

−1.5

−1

−1

−0.5

−0.5

0

0

0.5

0.5

1

1

1.5

1.5

2

2

Figure 5.1: Voronoi diagram and Delaunay triangulation of a data set S of size 10. We have
C ∈ VS({s1, s2}). So C is the 
enter of an empty 
ir
umsphere of {s1, s2}. The point C123 is the
enter of the 
ir
umsphere of the Delaunay triangle {s1, s2, s3}.Theorem 5.2.4. Let S be a set of n points in E with Voronoi diagram V and Delaunay triangu-lation D. Then1. V is a 
ell 
omplex that partitions E.2. D is a triangulation of S.3. V and D are linked by the following duality relation:For R,R′ ⊂ S, V (R) is a fa
e of V (R′) if and only if D(R′) is a fa
e of D(R).4. V (R) is unbounded if and only if every site of R is on the boundary of the 
onvex hull of S.We refer to [4℄ for a detailed proof.Lo
alityDe�nition 5.2.17 (lo
ally Delaunay). We 
onsider two opposite d-
ells cell(R) and cell(R′) ina triangulation T with 
ir
umspheres C and C′. cell(R) and cell(R′) are lo
ally Delaunay if
R′\R ∩C = ∅. This is equivalent to R\R′ ∩ C′ = ∅.A triangulation is lo
ally Delaunay if every pair of opposite d-
ells is lo
ally Delaunay.



5.2. BACKGROUNDS ON THEORY OF POLYTOPES 143Lemma 5.2.5 (Delaunay and lo
ally Delaunay). A triangulation is Delaunay if and only if it islo
ally Delaunay.We refer to [4℄ for a detailed proof.De�nition 5.2.18 (General position). Let S be a nonempty �nite set of sites in E. S is in generalposition if no d+1 points of S are a�nely dependent and if no d+2 points of S lie on a 
ommonsphere.De�nition 5.2.19 (In
ir
le list). In the following, if S is a �nite nonempty set of sites, D is aDelaunay triangulation of S and x ∈ E is a �xed point, we 
all in
ir
le list and denote by ICLD(x)the set of d-
ells of D whose 
ir
umsphere 
ontains x.If S is in general position, no Delaunay 
ell of S is degenerated. Every 
ell of the triangulation isa simplex and for any R ⊂ S, V (R) has dimension d+ 1− |R|.Computing the Delaunay triangulation and the Voronoi diagramWhereas the Voronoi diagram was de�ned before the Delaunay triangulation, it has been re
og-nized that it is easier to devise algorithms in terms of Delaunay triangulation, espe
ially be
auseof the lo
ality property 5.2.5.A 
ommon data stru
ture for Delaunay triangulations is a graph stru
ture where ea
h simplexis a �node�. The node 
ontains the indi
es of the d + 1 sites of the simplex and the pointersto the adja
ent simpli
es. Null pointers are used when the simpli
es lie on the boundary ofthe triangulation. Cells of lower dimension are not dire
tly represented in the graph stru
ture.Another 
onvenient 
onvention is that the kth pointer stored in the node 
orresponds to the fa
etobtained by deleting the kth site in the node. Moreover the order is 
hosen so that the orientationof every simplex in the triangulation remains always positive.Here, we present the prin
iples of in
remental algorithms for Delaunay triangulations. In thiskind of algorithms, sites are added one by one, and the Delaunay triangulation is modi�ed toin
lude ea
h new site. Many other algorithms have been designed for 
omputing the Delaunaytriangulation, espe
ially in dimension 2. Moreover, 
omputing the Delaunay triangulation of theVoronoi diagram in the one-dimensional 
ase simply amounts to sorting the data set. An advantageof in
remental algorithms is that they are valid in any dimension. Moreover, for another purposein the following, we will need a new algorithm (the friend node algorithm presented in Se
tion5.5) that requires a stage whi
h is very similar to the insertion of a new point in the Delaunaytriangulation. Hen
e we will fo
us here on in
remental algorithms.Let S = (s1, · · · , sN) be a nonempty �nite set of sites of E of 
ardinal N . We de�ne the sets
Sk := (s1, · · · , sk) for k ∈ {1, · · · , N}. Now, for a �xed integer i < N , let us 
onsider Di theDelaunay triangulation of Si. We inspe
t the situation of si+1 with respe
t to the Delaunaytriangulation Di. From this analysis, the Delaunay triangulation will be modi�ed lo
ally to builda new Delaunay triangulation Di+1 of Si+1. When all the sites of S will be pro
essed, we willhave the 
omplete Delaunay triangulation D of S.Three situations 
an o

ur, if S is in general position:1. si+1 lies in the interior 
onvex hull of Si.2. si+1 does not lie in any 
ir
umsphere of any simplex of Di.3. si+1 lies outside of the 
onvex hull of Si but belongs to a 
ir
umsphere of a simplex of Di.
(1) In the �rst situation, let us denote by S := ICLDi(si+1) and F1, · · · , Fp the external fa
es of
S of any dimension k < d. We 
an show that the 
ell 
omplex de�ned by

Di+1 := (Di\S) ∪
�
cell(Fj , si+1)j , 1 ≤ j ≤ p

©
∪
�
{si+1}

©is the Delaunay triangulation asso
iated to Si+1. In a more general setting, we have the followingproperty:



144 CHAPTER 5. A NEW FAST NEAREST NEIGHBOR SEARCH ALGORITHMProposition 5.2.6 (star-shaped in
ir
le list). Let S be a nonempty �nite set of sites of E and
x ∈ E that lies on the 
onvex hull of S. Consider C the union of the d-
ells of ICLD(x) and ofall its fa
es. Then C is star-shaped from x, that is for any point p ∈ C, [x, p] ⊂ C.
(2) The se
ond situation is the simplest. If F1, · · · , Fp are the external fa
es of the triangulation
Di (of any dimension k < d) that are visible from si+1. We 
an show that the 
ell 
omplex de�nedby

Di+1 := Di ∪
�
cell(Fj , si+1)j , 1 ≤ j ≤ p

©
∪
�
{si+1}

©is the Delaunay triangulation asso
iated to Si+1.
(3) In the third situation, if we denote by S = ICLDi(si+1) the set of elements of Di whose
ir
umsphere 
ontains si+1 and F1, · · · , Fp are the external fa
es) of this set whi
h are not visiblefrom si+1 and Fp+1, · · · , Fp+q are the external fa
es of Di that are not fa
es of elements of S andthat are visible from xi+1. We 
an show that the 
ell 
omplex de�ned by

Di+1 := (Di\S) ∪
�
cell(Fj , si+1)j , 1 ≤ j ≤ p

©
∪
�
{si+1}

©is the Delaunay triangulation asso
iated to Si+1.The �rst triangulation Dd+1 is made of a simple simplex de�ned by the d+1 �rst inserted points.One important modi�
ation of the in
remental algorithm 
onsists in inserting sites in a randomorder. Its expe
ted running time is better than the worst-
ase running time for the in
rementalalgorithm.The worst-
ase 
omplexity of 
omputing the Delaunay triangulation of n points in a d-dimensionalEu
lidean spa
e E is O �n log(n) + n⌈d2 ⌉
�.On the pra
ti
al implementationThe �rst step is the Lo
alization. It 
onsists in �nding whether the new site x is in the 
onvexhull of S or not, and if it is the 
ase, in what Delaunay 
ell of the triangulation TS x lies. Asurvey on lo
alization methods is available in [2℄. When x is inside of the 
onvex hull of S, thelo
alization pro
edure return the index of the the Delaunay 
ell where it lies. This 
orresponds tothe Situation (1). When x is outside of this 
onvex hull, the lo
alization returns a Null pointer.This 
orresponds to Situations (2) and (3).The se
ond step 
onsists in �nding the list of the Delaunay 
ells whose 
ir
umsphere 
ontains x(the in
ir
le list). In Situation (1), this list 
ontains at least the Delaunay 
ell where x is lo
ated.Owing to Proposition 5.2.6, we know that the union of these Delaunay 
ells is star-shaped so thatit 
an be determined lo
ally by testing 
onne
ted 
ells in the graph stru
ture presented above.The last step 
onsists in deleting the Delaunay 
ells of the in
ir
le list and 
onne
ting the new siteto the external fa
es of the in
ir
le list or the visible fa
es of the 
onvex hull of S depending onthe situation (1), (2) or (3).5.3 Classi
al examples of fast nearest neighbor sear
h algo-rithms in low dimensionsGiven a set of n points, {x1, · · · , xn} ⊂ E, the nearest neighbor problem is to �nd the pointthat is 
losest to a query point q ∈ E. Many algorithms have been proposed to avoid the large
omputational 
ost of the obvious brute for
e algorithm. When one has to perform a large amountof nearest neighbor sear
hes, a prepro
essing of the data set will be pro�table if it redu
es theaverage query time.



5.3. CLASSICAL FAST NEAREST NEIGHBOR SEARCH ALGORITHMS 145The problem is optimally solved in the one-dimensional 
ase. The best algorithm 
onsists insorting the data set by the unique 
oordinate of its points during a prepro
essing stage. (Approx-imative 
ost of O(n ln(n))). The sear
h algorithm 
onsists in a simple binary sear
h whose 
ost is
ln(n)
ln(2) +O(1).In the 
ase of low dimensions, most fast sear
h algorithms still have an approximative prepro-
essing 
ost of O(n log(n)) and an average sear
h 
ost in O(log(n)) in low dimension. The 
riterionof 
hoi
e among them relies on
• their e�e
tive speed on real data sets,
• the required memory,
• the sensitivity of the speed to the dimensionality.A �rst obvious optimization 
alled partial distan
e sear
h (P.D.S.) 
onsists in a simple modi�-
ation of the brute for
e sear
h: during the 
al
ulation of the distan
e, if the partial sum of squaredi�eren
es ex
eeds the distan
e to the nearest neighbor found so far, the 
al
ulation is aborted.This almost always speeds up the nearest neighbor sear
h pro
edure.5.3.1 The Kd-tree algorithmThe Kd-tree algorithm is the ar
hetype of the bran
h-and-bound nearest neighbor sear
h tree. Itis very popular be
ause of its simpli
ity.Building the tree:
• Every point of the data set is asso
iated to the root node.
• The data set is being partitioned into two subsets of 
ardinal �n2 � + 1 or �n2 �. The �rstgroup 
orresponds to large values of the �rst 
oordinate of the sites, and the se
ond one
orresponds to small values.
• Ea
h subset is asso
iated to a 
hild node of the root node.
• The pro
ess is repeated on ea
h 
hild node re
ursively using the 
oordinate axis in a 
y
li
order, until there are less than two points in ea
h node.Sear
hing in the tree: Let q be the query point.
• The sear
h pro
edure begins by sear
hing in what 
hild node q is (depending of its �rst
oordinate).
• This 
hild node is then sear
hed, and the pro
ess is repeated re
ursively until a terminalnode is rea
hed.
• A trivial nearest neighbor sear
h is performed in the terminal node. (Partial Distan
e Sear
hoptimization 
an be used.)
• The pro
edure moves up to the parent of the terminal node.
• If the distan
e d2 between q and the hyperplane that splits the data set is smaller than thedistan
e dmin to the nearest neighbor found so far, the other 
hild node is sear
hed.
• The pro
edure 
ontinues its way ba
k to the root node.Complexity: Ex
ept in one dimension where the sear
h 
omplexity is logarithmi
 (it amountsto a binary sear
h), the worst 
ase for the Kd-tree 
orresponds to the 
ase where every node ofthe tree is explored. Then the worst-
ase 
omplexity is time exponential. The distan
es to everypoint is 
omputed. The 
omplexity of the prepro
essing is O(d × n log(n)).
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pFigure 5.2: K-d tree elimination 
ondition: if the distan
e d2 between the query point q and thebrother node is smaller than the distan
e dmin to the nearest neighbor found so far, say p, thebrother node has to be explored.5.3.2 The prin
ipal axis tree algorithmThe Prin
ipal Axis Tree (PAT) is a generalization of the Kd-tree proposed by M
Names in [10℄.Instead of using a 
oordinate axis to sort the data set, its prin
ipal axis is used at ea
h step.Moreover, the number of 
hild nodes in the tree 
an be greater than 2 at ea
h generation.Building the tree:
• Every point of the data set is asso
iated to the root node.
• The data set is being partitioned in nc subsets whose 
ardinality is � n

nc

�
+ 1 or � n

nc

� alongits prin
ipal axis.
• Ea
h subset is asso
iated to a 
hild node of the root node.
• The pro
ess is repeated on ea
h 
hild node re
ursively until there are less than nc points inea
h node.
• At ea
h step, the prin
ipal axis, and maximal and minimal values of subset proje
tions onthe prin
ipal axis are kept in memory.Optimizing the elimination 
ondition:PSfrag repla
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5.3. CLASSICAL FAST NEAREST NEIGHBOR SEARCH ALGORITHMS 147We refer here to Figure 5.3. We 
an improve the lower bound to the points that belong to 
hildnodes of brother nodes. For any point q in region 1 and x in region 2, we have d2(q, x) ≥ d2q2+d22x.This result is then used again to get a lower bound to points in region 3, and 4 and so on.
d22x ≥ d223 ∀x ∈ Region 3,

d2(q, x) ≥ d2q2 + d223 + d234 ∀x ∈ Region 4.Sear
hing in the tree: Let q be the query point.
• The sear
h pro
ess begins by sear
hing in whi
h 
hild node q is (by 
omputing its proje
tionon prin
ipal axis).
• This 
hild node is then sear
hed, and the pro
ess is repeated re
ursively until a terminalnode is rea
hed.
• A partial distan
e sear
h is then performed in the terminal node.
• The pro
edure moves up to the parent of the terminal node.
• The elimination 
ondition is 
he
ked to de
ide if brother nodes have to be sear
hed or not.
• The pro
edure 
ontinues its way ba
k to the root node.Choi
e of parameter nc: For normal or uniform random data sets (and distribution of querypoints), best overall performan
es are obtained with nc = 7 (independently from dimensionalityfor d < 10). (The same optimal value is obtained by M
Names in [10℄.) In the 
ase where the dataset is an optimal quantizer of those distributions, best performan
e is obtained with nc = 13.Complexity: Spa
e storage is O(n). Ex
ept in the one-dimensional setting where the sear
h
omplexity is logarithmi
 (it 
omes to a binary sear
h), the worst 
ase for the prin
ipal axis tree
orresponds to the 
ase where every node of the tree is explored. Then the worst-
ase 
omplexityis time exponential (2n 
omparisons of 
oordinates). n distan
es are 
omputed. The 
omplexityof the prepro
essing is O(d × n log(n)).Algorithm performan
e: On a 5000 points Gaussian data set in R2, the depth of the tree is 4.
• 27 (partial) distan
es,
• 15 s
alar produ
ts,
• 9 binary sear
hesare performed in average.Why using this spa
e partitioning? The idea is that good empiri
al performan
e of PAT aredue to the fa
t that it takes advantage of the shape of the data set. Yet obviously when both querypoint distribution and data sets lie on a smaller dimension (k < d) subspa
e of E, one retrievesthe same 
omplexity as when using the same algorithm on a k-dimensional spa
e. This intrinsi
dimension is often less than the spatial dimension of the spa
e. In a more general setting, PATtakes advantage of large 
orrelations in the data set 
oordinates.However if one uses the same number of 
hild nodes nc in Kd-tree and PAT tree, we see that
• Prepro
essing time is longer for PAT than for Kd-tree.
• The �rst traversal of the tree to a terminal node is more 
ostly (proje
tions have to be
omputed).But PAT is still faster be
ause its geometri
al partition of the spa
e �ts the data set in a morerelevant way. To be pre
ise, it happens less often than one has to sear
h a brother node with PATthan with Kd-tree.In [3℄, the same spa
e de
omposition was proposed for the nearest neighbor sear
h problem(but using the only 2 
hild node at ea
h generation). They justify the use of this de
ompositionusing a heuristi
 
riterion, a

ording to whi
h the best possible de
omposition of the data set intotwo subsets for bran
h-and-bound nearest neighbor sear
h is to split the data set with respe
t toits proje
tion on the prin
ipal axis.



148 CHAPTER 5. A NEW FAST NEAREST NEIGHBOR SEARCH ALGORITHM5.4 A new quantization-based tree algorithmAs we have seen in previous se
tions, a good spa
e de
omposition that �ts to the data distributionmay lead to a faster bran
h-and-bound nearest neighbor sear
h algorithm, if less brother nodeshave to be explored. The traversal of the tree 
an be a little more expensive if it is 
ompensatedby the gain due to the fa
t that less nodes are explored.Prin
ipal 
omponent analysis and optimal quantization are two types of proje
tion of a prob-ability distribution. Similar inertia de
ompositions hold in the quadrati
 
ase (Huyghens lemma).PAT is based on a re
ursive spa
e de
omposition based on the prin
ipal 
omponent analysisof the underlying data set. The initial idea here is to design a bran
h-and-bound algorithm basedon a re
ursive quantization of the empiri
al distribution of the underlying data set.5.4.1 The 
rude quantization tree algorithmBuilding the tree:
• Every point of the data set is asso
iated to the root node.
• The data set is being partitioned into nc subsets 
orresponding to the Voronoi 
ells of anoptimized quantizer of the empiri
al distribution of the data set.
• Ea
h subset is asso
iated to a 
hild node of the root node.
• The pro
ess is repeated on ea
h 
hild node re
ursively until there are less than a 
ertainnumber of points in ea
h node.Some other 
omputations are done during the prepro
essing that will be detailed further on.Remark. One noti
es that the resulting sear
h tree is not balan
ed and may have some longerbran
hes.Sear
hing in the tree: Let q be the query point.
• By performing trivial nearest neighbor sear
hes in the node quantizer the sear
h algorithmtraverses the tree to a terminal node where a trivial partial distan
e sear
h is performed.
• The pro
edure moves up to the parent of the terminal node.
• The elimination 
ondition, (developed further on) is 
he
ked to de
ide whether brother nodeshave to be sear
hed or not.
• The pro
edure 
ontinues its way ba
k to the root node.Consisten
y of the spa
e de
omposition:Implementing only the way down to the terminal node (with nc = 7 in both prin
ipal axis treeand quantization tree), we naturally do not obtain always the index of the nearest neighbor. Butwe have noti
ed that the result is more often the right one with the quantization tree than withthe prin
ipal axis tree.For instan
e, in dimension 2, on a 5000 points Gaussian data set, on a million Gaussian querypoints, we noti
e:
• 56 per
ent of false results with PAT.
• 16 per
ent of false results with the quantization tree.Similar results are obtained with other values of the parameters and other data set distributions.This empiri
al test makes us reasonably optimisti
 about the performan
e of a bran
h-and-boundtree based on this de
omposition.Still, the 
ost of the way through the sear
h tree is more expansive with the quantization tree(as des
ribed above).
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• For the �quantization tree�, we have to perform trivial nearest neighbor sear
h to �nd theright 
hild node.
• For �prin
ipal axis tree�, we only 
ompute a proje
tion and perform a binary sear
h.Moreover, it was proved in [13℄ that in the 
ase of Gaussian distributions, the a�ne subspa
espanned by stationary quantizers 
orresponds to the �rst prin
ipal 
omponents of the 
onsideredGaussian distribution. (This result, extended to the in�nite-dimensional 
ase in [8℄ allows us toe�
iently 
ompute optimal quadrati
 quantizers of bi-measurable Gaussian pro
esses.) Hen
e, inthis 
ase, this shows that the quantization tree with two bran
hes at ea
h generation is related tothe prin
ipal axis tree.First elimination 
ondition If the 
enter of the Voronoi 
ell 
orresponding to the 
urrent nodeis A, the �rst rough method to de
ide whether a brother node with 
enter B has to be exploredor not is 
ompute the distan
e d2 of the query point Q to the Leibniz halfspa
e H(B,A). Thenthe node 
orresponding to point B is explored if d2 is smaller than the distan
e to the nearestneighbor found so far, d1. We have d2 = AB

2 − AQ cosα where α is the angle between AQ and
AB and QB2 = QA2 + AB2 − 2AQAB cosα so that ⇒ cosα = QA2+AB2−QB2

2AQAB . This yields
d2 = QB2−QA2

2AB . Hen
e, the 
omputation of the distan
e to the Leibniz halfspa
e requires onesubtra
tionsQA2−QB2, (QA2 and QB2 
an be 
omputed during the sear
h in the quantizer in theparent node), and one multipli
ation by 1
2AB . ( 1

2AB 
an be 
omputed during the prepro
essing.)Thus it is 
lear that the nearest brother node 
orresponds to the se
ond nearest neighbor in thequantizer, and the se
ond nearest to the third nearest neighbor, and so on. Hen
e, brother nodeshave to be explored in the order de�ned by the distan
es of its 
enters to the query point.We 
an also use the same optimization of the lower bound proposed by M
Names in [10℄ andpresented in Se
tion 5.3.2. Referring to Figure 5.4, the lower bounds di are re
ursively in
rementedwhen exploring brother nodes.
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es the number of brother nodes to be 
he
ked.
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annot be in 
ell B, be
ause 
ell B is�hidden� by 
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ise mathemati
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e.However, in the quantization tree as it has been des
ribed, the distan
e of query point to H(a, b)has to be 
omputed.A �rst idea is to 
ompute for ea
h 1 ≤ i ≤ nc a list of �friends� among brother nodes in whi
hthe nearest neighbor 
an be when q is in 
ell i.This list has to be large enough to ensure that it 
ontains the nearest neighbor but as smallas possible in order to redu
e the 
omputations of elimination 
onditions.As 
on
erns the 
hoi
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onsideration that in
reasing
nc makes the depth of the tree smaller but also makes the nearest neighbor sear
h slower for ea
hgeneration of the sear
h tree.How 
an we obtain a friend Voronoi 
ells list? The �rst observation about obtaining su
ha friend list is that it is not a simple problem. Indeed, this list is a priori not redu
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ells in the Voronoi diagram. Moreover, in some 
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an be quiet large.So is the 
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5.5. SOME OPTIMIZATIONS FOR THE QUANTIZATION TREE ALGORITHM 1515.5 Some optimizations for the quantization tree algorithmIn Se
tion 5.2.1, basi
 de�nitions about Voronoi diagrams and Delaunay triangulations that areprerequisites to this se
tion have been re
alled.Remark (Voronoi slabs and Voronoi 
ells). From their respe
tive de�nitions, one 
an easily dedu
ethe following properties:
• Let S ⊂ E be a �nite set of sites, let C be an asso
iated Voronoi partition and 
onsider
s ∈ S. Then it is 
lear that V ({s}) =

◦üslabC(s).
• The points of the Voronoi 
ells V (R) with R ⊂ S and cardR > 1 belong to the boundariesof Voronoi slabs.
• As a 
onsequen
e, for s ∈ S, as the boundary V ({s}) is 
onstituted of its fa
es of lowerdimensions, a previous remark yields V ({s}) = slab(s) and ∂ slabS(s) = ∂VS({s}).Notations: In the following of this se
tion, if S ⊂ E is a �nite set of sites in E, one will denoteby TS the Delaunay triangulation of S, DGS the Delaunay graph of S, VS its Voronoi diagram.For R ⊂ S, VS(R) will represent the Voronoi 
ell of R in S. If CS is a Voronoi partition asso
iatedto S, and s ∈ S, slabS(s) will denote the Voronoi slab asso
iated to S is the Voronoi partition C.Proposition 5.5.1. An obvious property is if S is a �nite set of sites of E, and p ∈ S,

VS({p}) =
\

s∈S,s6=p

H(p, s).Proposition 5.5.2. If S is a �nite set of sites of E, and p ∈ S, VS({p}) = T
{s,p}∈DGS

H(p, s).Lemma 5.5.3. Let S ⊂ E be a nonempty �nite set of sites in E and x ∈ E\S. Consider s ∈ S,the following assertions are equivalent:1. {x, s} ∈ DGS∪{x}.2. VS({s}) ∩ VS∪{x}({x}) 6= ∅.3. VS({s}) ∩H(x, s) 6= ∅.Proof: See Figure 5.7 for an illustration of the proof.
• (1.⇒ 2.) Assume that {x, s} ∈ DGS∪{x} then by de�nition, it is equivalent to VS∪{x}({x, s}) 6=
∅.
VS∪{x}({x, s}) is (d−1)-fa
e of VS∪{x}(x). Moreover, by de�nition of Voronoi 
ells, VS∪{x}({x, s}) ⊂
VS({s}), whi
h is open. As a 
onsequen
e, ∀y ∈ VS∪{x}({x, s}), ∀ε > 0, B(y, ε)∩VS∪{x}(x) 6=
∅. And for small enough ε, B(y, ε) ⊂ VS({s}). We 
on
lude that VS({s})∩VS∪{x}({x}) 6= ∅.
• (2.⇒ 3.) is obvious owing to Proposition 5.5.1.
• (3.⇒ 1.) If y ∈ VS({s}) ∩H(x, s), let us show that VS∪{x}({x, s}) 6= ∅.Consider the segment [s, y]. By 
onvexity, [s, y] ⊂ VS({s}). Thus every point of [s, y] is
loser to s than to any other point of S. On the other hand, it 
an either be 
loser to s thanto x, or 
loser to x than to s or at the same distan
e.We now de�ne the appli
ations f : [0, 1]→ [s, y] ⊂ E by f(λ) = λs+(1−λ)y and ∆ : E → Rby ∆(p) = d(p, x)− d(p, s).
∆ ◦ f is a 
ontinuous fun
tion with ∆ ◦ f(0) > 0, ∆ ◦ f(1) < 0. The intermediate valuetheorem shows that there exists λ∗ su
h that ∆◦f(λ∗) = 0 and thus f(λ∗) ∈ VS∪{x}({x, s}).

�
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Figure 5.7: If the query point q lies on the dark gray region H(x, s)∩VS({s}) its nearest neighbormay be x.The �rst modi�
ation made in the quantization tree algorithm is to assume that the points ofthe quantizer at ea
h generation are points of the underlying 
odebook Γ. (In order to ful�ll thisrequirement, we proje
t an optimal quantizer onto the 
odebook.)Corollary 5.5.4. Let Γ = {γ1, · · · , γn} be a 
odebook of E. S = {s1, · · · , sp} ( Γ be a subset of
Γ. Let ProjΓ be a nearest neighbor proje
tion on Γ. Γ is being partitioned into p subsets Γ1, · · · ,Γpwith Γi = Γ ∩ slabS(si), by their nearest neighbor proje
tion on S.Consider q ∈ E. If q ∈ slabS(s) for some s ∈ S and t = ProjΓ(s) then {t, s} ∈ DGS∪{t}.Proof: This is a straightforward 
onsequen
e of the previous lemma. �Notation: Let S be a set of sites in E. For a point t in E, we denote PIS(t) = ns ∈ S, {s, t} ∈
DGS∪{t}

o. The notation PI stands for �Pseudo-Insertion�.From an algorithmi
 viewpoint, the Delaunay graph of S being 
omputed, PIS(t) stands forthe sets of points in S, that are 
onne
ted to t when updating the Delaunay graph to take a

ountof this new point.Implementing a pro
edure that 
omputes PIS(t) is very similar to the insertion pro
edure ofa point t in TS .First friend node algorithm: This leads to a �rst method to 
ompute a friend list:For every point p of the underlying 
odebook,
• Compute s = ProjS(p) and PIS(p).
• Then for every point s′ ∈ PIS(p), insert s in the set of friends of node s′.This method gives a �rst algorithm to 
ompute friend list. Still, when the data set is large, itis very expensive be
ause one has to deal with all the points of the data set.In fa
t it is possible to 
ompute an a

eptable friend list by using Lemma 5.5.3 without usingthe points of the underlying data set.Fast friend node algorithm: In this se
tion, another method to 
ompute friend node lists isdevised whi
h does not need to deal with the 
omplete underlying data set but only the underlying
odebook.



5.5. SOME OPTIMIZATIONS FOR THE QUANTIZATION TREE ALGORITHM 153When keeping the same notations, the prin
iple of the method is to 
ompute for every slabS(s),
s ∈ S, of the Voronoi partition CS , the set UPIS(s) :=

S
p∈slabS(s)

PIS(p). It is the union of all thepseudo-insertions of points of slabS(s). If one is able to 
ompute this set, the resulting friendnodes algorithm simply writes:For every point s ∈ S,
• Compute UPIS(s).
• Then for every point s′ ∈ UPIS(s), insert s in the set of friends of node s′.The question is: how 
an we 
ompute UPIS(s)?Lemma 5.5.5. With the same notations, one has UPIS(s) = S

p∈∂ slabS(s)

PIS(p). In other words, wehave to 
he
k points of the boundary ∂ slabS(s) of slabS(s).Remark. Let us re
all that, thanks to Proposition 5.2.2, (∂ slabS(s) = ∂VS({s}).Proof: Consider x ∈ slabS(s) su
h as s′ ∈ PIS(x). Let us de�ne x∗, su
h that {x∗} = [x, s′] ∩
∂VS(s).
• One has H(x∗, s′) ⊃ H(x, s′). So VS({s′})∩H(x∗, s′) ⊃ VS({s′})∩H(x, s′), hen
e VS({s′})∩
H(x, s′) 6= ∅ ⇒ VS({s′}) ∩ H(x∗, s′) 6= ∅ that is equivalent to s′ ∈ PI(x∗) thanks to theLemma 5.5.3.
• Finally, ∀x ∈ slabS(s), ∀s′ ∈ PIS(x), ∃x∗ ∈ ∂ slabS(s) su
h that s′ ∈ PIS(x∗). �Remark. As there are not a �nite number of sites on the boundaries, this does not give an e�e
tivemethod for 
omputing UPIS(s) yet.As seen in Se
tion 5.2.1, 
omputing the set PIS(x) 
orresponds almost to the same algorithm asthe insertion pro
edure in an in
remental triangulation algorithm, that is:
• Lo
alization of x in the triangulation,
• Computation of the set ICL(x),
• UIS(x) is the set of points that belong to a 
ell of ICL(x) plus, if x is outside the 
onvexhull of S, the points of the external fa
es of TS that are visible from x.Lemma 5.5.6. Let S be a nonempty �nite set of sites in E. We 
onsider the 
ir
umsphere C ofDelaunay d-
ell of the Delaunay triangulation TS. We denote by c its 
enter and r its radius. Let

s be a site of S.If VS({s}) ⊂ C 6= ∅ then c+ r
|s−c|(s− c) ∈ VS({s}).The proof is straightforward. This leads to an algorithm to 
ompute sets (UPIS(s))s∈S .

• For every Delaunay d-
ell D of TS� Compute the 
enter c and radius r of its 
ir
umsphere.� For every site s ∈ S that is not in D, 
ompute p := c + r s−c
|s−c| ∈ VS({s}), and 
he
kif the site s is the nearest neighbor of p in S. If so is the 
ase, then the points of theDelaunay d-
ells D belong to UPIS(s).

• Then deal with unbounded Voronoi 
ells:� For every external fa
e F of the Delaunay triangulation, 
ompute a normal ve
tor uFdire
ted toward the exterior of the 
onvex hull of S.



154 CHAPTER 5. A NEW FAST NEAREST NEIGHBOR SEARCH ALGORITHM� For two distin
t external fa
es F1 and F2 of the Delaunay triangulation, if 〈uF1 , uF2〉 >
0 then for every (s1, s2) ∈ F1 × F2, s1 ∈ UPIS(s2) and s2 ∈ UPIS(s1).In Figure 5.8, we present some friend Voronoi lists in the 2-dimensional 
ase.
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Figure 5.8: Examples of friend Voronoi 
ells in a two-dimensional Voronoi diagram in the 
ase of abounded Voronoi 
ell (left) and in the unbounded 
ase (right). In both 
ase, the dark gray regionis the 
onsidered Voronoi 
ell and the light gray regions are the friend Voronoi 
ells.
5.6 Test with real data setsTo perform the following tests, the quantization tree algorithm and the friend-node optimizationhave been implemented in the C++ programming language. Be
ause of the additional featuresrelated to 
omputational geometry that we needed, as the pseudo-insertion pro
edure, we had toimplement a Delaunay triangulation. All the �gures presented in this 
hapter were generated withthis implementation of the Voronoi diagram with whi
h we performed the following tests.5.6.1 Tests on Gaussian and uniform data setsIn Tables 5.1, 5.2 and 5.3, we report the exe
ution time for 10 millions independent nearestneighbor queries on data sets of size 5000 generated with a Gaussian pseudorandom generatorand with a uniform pseudorandom generator on the hyper
ube. The best overall performan
eswere obtained with nc = 35 
hildren by node for the quantization tree. The tests were performedwith an Intel Pentium Dual CPU at 2GHz. We noti
ed that in dimensions d = 2 and d = 3, wehad intermediate performan
es between the �prin
ipal axis tree� and the Kd-tree algorithms. Indimension 4, the performan
e of the �prin
ipal axis tree� and the �quantization tree� are 
lose oneto ea
h other. Finally, it seems that the quantization tree has a better behaviour in dimensionsgreater than 5 where it signi�
antly outperforms the two other implemented methods.Remark (Computational 
ost or the prepro
essing for the friend 
ell algorithm). An importantfa
t that we have experien
ed is that, in higher dimensions, the friend 
ells list be
omes larger andthere is no more 
ompetitive advantage in using it in dimension higher than 7 (when having lessthan 30 bran
hes per generation in the quantization tree). Moreover, as it requires to 
omputeDelaunay triangulations during the prepro
essing, whose 
omplexity exponentially in
reases with
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d = 2 d = 3 d = 4 d = 5 d = 6 d = 7 d = 8Quantization tree 1.76s 2.75s 5.35s 8.93s 15.99s 28.06s 52.31sPrin
ipal axis tree 1.21s 1.86s 4.49s 10.87s 20.14s 41.56s 82.30sKd-tree 1.88s 3.71s 8.54s 17.13s 31.06s 60.67s 118.93sTable 5.1: Exe
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ution time of 10 millions random queries on a data set of 10000 points, generatedwith a Gaussian pseudorandom generator.
d = 2 d = 3 d = 4 d = 5 d = 6 d = 7 d = 8Quantization tree 1.62s 2.30s 3.75s 6.47s 10.33s 15.91s 32.62sPrin
ipal axis tree 0.74s 1.52s 2.81s 6.71s 16.53s 28.03s 47.53sKd-tree 1.54s 2.82s 5.46s 10.64s 18.50s 31.60s 55.71sTable 5.3: Exe
ution time of 10 millions random queries on a data set of 5000 points, generatedwith a uniform pseudorandom generator.the dimension, the 
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Appendix AA

urate quadrati
 quantization ofthe one-dimensional Gaussiandistribution Abstra
tIn this 
hapter, we detail properties of the deterministi
 methods available to 
ompute opti-mal quadrati
 quantization of one-dimensional distributions. We fo
us on the 
ase of the one-dimensional standard Gaussian distribution for whi
h we provide a database of optimal quantizersfor a wide range of values of the quantizer size. This pre
omputed database allows a faster 
ompu-tation of the fun
tional quantization of Gaussian pro
esses, and is also useful for other purposes.The methods used to 
ompute this database are available with an arbitrary pre
ision. The nu-meri
al values provided in the database have a relative pre
ision of 10−32.

Keywords: Gaussian distribution, ellipti
 distribution, ve
tor quantization, log-
on
ave, numer-i
al integration, arbitrary pre
ision, �oating point, Lloyd algorithm, Newton-Raphson.157



158 APPENDIX A. QUANTIZATION OF THE GAUSSIAN DISTRIBUTIONIntrodu
tionLet (Ω,A,P) be a probability spa
e. The prin
iple of the quantization of a Rd-valued randomvariable X is to approximate X by a random variable Y taking at most N values. The dis
reterandom variable Y is a quantizer of X . The resulting error is the Lp norm of |X − Y | where
| · | is the Eu
lidean norm on Rd and p ≥ 1. The minimization of the error yields the followingminimization problem

min{‖X − Y ‖p, Y : Ω→ Rd measurable , card(Y (Ω)) ≤ N}. (A.1)This problem has been initially investigated for its appli
ation to signal transmission issues [8℄.More re
ently, quantization has been introdu
ed in numeri
al probability to devise quadraturemethods and varian
e redu
tion algorithms [23, 5℄. The 
ase of other metri
s and spa
es (asin�nite-dimensional fun
tional spa
es) has been investigated in the literature [9, 14℄.Optimal quantization has also been used for automati
 
lassi�
ation issues [26℄, and as a gridgeneration method [6, 27℄.De�nition A.0.1 (Voronoi partition). Consider N ∈ N∗, Γ = {γ1, · · · , γN} ⊂ Rd and let C =
{C1, · · · , CN} be a Borel partition of Rd. C is a Voronoi partition asso
iated with Γ if ∀i ∈
{1, · · · , N}, Ci ⊂ {ξ ∈ Rd, |ξ − γi| = min

j∈{1,··· ,N}
|ξ − γj |}.If C = {C1, · · · , CN} is a Voronoi partition asso
iated with Γ = {γ1, · · · , γN}, it is 
lear that

∀i ∈ {1, · · · , N}, γi ∈ Ci. Ci is 
alled Voronoi slab asso
iated with γi in C and γi is the 
enter ofthe slab Ci.One denotes Ci = slabC(γi), and for every a ∈ Γ, W (a|Γ) is the 
losed subset of Rd de�ned by
W (a|Γ) =

§
y ∈ Rd, |y − a| = min

γ∈Γ
|y − γ|

ª
.De�nition A.0.2 (Nearest neighbour proje
tion). Let us 
onsider the �xed point set Γ = {γ1, · · · , γN} ⊂

Rd and C = {C1, · · · , CN} a Voronoi partition asso
iated with Γ. The nearest neighbour proje
tionon Γ is the appli
ation ProjΓ :=
NP
1=1

γi1Ci .Proposition A.0.1. Let X be an Rd-valued Lp random variable, and Y taking its values in the�xed point set Γ = {y1, · · · , yN} ⊂ Rd where N ∈ N. Set ÒXΓ the random variable de�ned byÒXΓ := ProjΓ(X) where ProjΓ is a nearest neighbour proje
tion on Γ, 
alled a Voronoi Γ-quantizerof X.Then we 
learly have ���X − ÒXΓ
��� ≤ |X − Y | a.s.. Hen
e 


X − ÒXΓ





p
≤ ‖X − Y ‖p.A 
onsequen
e of this remark is that solving the minimization problem (A.1) amounts to solvingthe simpler minimization problem

min
�
‖X − ProjΓ(X)‖p, Γ ⊂ Rd, card(Γ) ≤ N

©
. (A.2)The quantity ‖X − ProjΓ(X)‖p is 
alled mean Lp-quantization error of Lp distorsion. When thisminimum is rea
hed, we refer to Lp-optimal quantization.The problem of the existen
e of a minimum has been investigated for de
ades on its numeri
al andtheoreti
al aspe
ts in the �nite-dimensional 
ase [18, 9℄. For every N ≥ 1, the Lp-quantizationerror is Lips
hitz 
ontinuous and rea
hes a minimum. An N -tuple that a
hieves the minimumhas pairwise distin
t 
omponents, as soon as card(supp(PX)) ≥ N . This result stands in thegeneral 
ase of a random variable valued in a re�exive separable Bana
h spa
e [14℄. If card(X(Ω))is in�nite, this minimum stri
tly de
reases to 0 as N goes to in�nity. The asymptoti
 rate of
onvergen
e for non-singular distributions is ruled by the Zador theorem [9℄. A non-asymptoti
upper bound for the quantization error is also available [15℄.We now fo
us on the quadrati
 
ase (p = 2). For a L2 random variable X , let us now denoteby CN (X) the set of L2-optimal quantizers of X of level N and eN(X) the minimal quadrati




A.1. OPTIMIZATION ALGORITHMS FOR QUADRATIC VECTOR QUANTIZATION 159distortion that 
an be a
hieved when approximating X by a quantizer of level N . A quantizer Yof X is stationary (or self-
onsistent) if Y = E[X |Y ].Proposition A.0.2 (Stationarity of L2-optimal quantizers). A (quadrati
) optimal quantizer isstationary.The stationarity is a parti
ularity of the quadrati
 
ase. In other Lp 
ases, a similar propertyinvolving the notion of p-
enter o

urs. A proof is available in [10℄.A.1 Optimization algorithms for quadrati
 ve
tor quantiza-tionVarious algorithms have been developed to obtain numeri
ally an optimal N -grid with a mini-mal quadrati
 quantization error in the �nite-dimensional setting. A review of these methods isavailable in [23℄. The most 
ommon method is the Lloyd algorithm [13℄. Another algorithm is asto
hasti
 gradient method, whi
h is suggested by the fa
t that the L2-quantization error fun
tionis di�erentiable at any N -tuple having pairwise distin
t 
omponents and a PX -negligible Voronoitessellation boundary, and has an integral representation. The algorithm is investigated in [19℄.Let us also mention an evolutionary algorithm approa
h by Hamida and Mrad in [17℄.The Lloyd algorithm.If Γ0 is a quantizer ofX of sizeN , whose points are all distin
t, we de�ne the sequen
e of quantizers
(Γs)s∈N by

Γs+1 = E[X |ProjΓs(X)](Ω)
= (E[X |X ∈ Ci(Γ

s)])1≤i≤N ,where Ci(Γ
s) is the ith 
ell of the Voronoi tessellation asso
iated with Γs.Proposition A.1.1. The sequen
e (‖X − ProjΓs(X)‖2)s∈N is de
reasing.However, it is not proved that ProjΓs(X) 
onverges in the general 
ase. When it does, the limitveri�es the stationarity property ÒX = E

�
X
���ÒX�.Proof: For every s ∈ N, let us denote by Cs = {Cs

1 , · · · , Cs
N} the Voronoi partition asso
iatedwith Γs that veri�es

ProjΓs =
NX
i=1

Γs
i1Cs

i
.If we de�ne Gs

i = E[X |X ∈ Cs
i ], Lloyd's algorithm simply writes Γs+1

i = Gs
i . Thanks to Proposi-tion A.0.1

‖X − ProjΓs+1(X)‖2 ≤ ‖X − E[X |ProjΓs(X)]‖2. (A.3)Moreover, by de�nition of the 
onditional expe
tation, E[X |ProjΓs(X)] is the best L2 approxima-tion of X by a fun
tion of ProjΓs(X), hen
e
‖X − E[X |ProjΓs(X)]‖2 ≤ ‖X − ProjΓs(X)‖2. (A.4)The 
ombination of both Inequalities (A.3) and (A.4) yields the 
on
lusion. �More results are available in the one-dimensional setting. If the density of X is logarithmi
ally
on
ave, there exists a unique optimal quantizer, and the Lloyd algorithm 
onverges toward thisquantizer exponentially fast [11℄. A deeper study of the properties of the Lloyd algorithm isprovided by Du and Emelianeko in [7℄.As 
on
ern the Lp setting with p 6= 2, a method similar to Lloyd's algorithm using 
onditional

p-
enters instead of 
onditional expe
tations 
an be used (see e.g. [25℄).



160 APPENDIX A. QUANTIZATION OF THE GAUSSIAN DISTRIBUTIONA.2 Expli
it Newton-Raphson pro
edureLet X be an Rd-valued L2 random variable. Let us denote by DX
N the squared quadrati
 quanti-zation error asso
iated with a 
odebook Γ = {γ1, · · · , γN} of size N with respe
t to X .

DX
N :

�
Rd
�N → R+

(γ1, · · · , γN ) 7→ E
h

min
1≤i≤N

|X − γi|2
i
.The distortion fun
tion DX

N is | · |-di�erentiable at N -quantizers Γ = {γ1, · · · , γN} ∈
�
Rd
�Nwith pairwise distin
t 
omponents and a PX-negligible Voronoi partition boundary NS

i=1

∂Ci(Γ).Moreover, for su
h a quantizer Γ,
∇DX

N (Γ) = 2
�Z

Ci(Γ)
(γi − ξ)PX(dξ)

�
1≤i≤N

= 2

�
E

��ÒXΓ −X
�1�bXΓ=γi

©��
1≤i≤N

. (A.5)It is proved in [9℄ that every optimal quantizer sati�es PX

�
NS
i=1

∂Ci(Γ)

�
= 0. (In parti
ular, aVoronoi quantizer asso
iated with a 
riti
al point of DX

N is a stationary quantizer.)We also noti
e that for su
h a quantizer (verifying the boundary 
ondition), Equation (A.5) 
anbe di�erentiated again. Thus, as soon as the starting point is 
lose enough to a lo
al minimum ofthe quadrati
 distortion, we 
an use a Newton-Raphson minimization pro
edure. (An N -optimal
odebook has N pairwise distin
t points as soon as the approximated distribution does weightmore than N points.)In the one-dimensional setting, if X is a R-valued random variable and if PX is absolutely 
ontinu-ous with respe
t to the Lebesgue measure, the Newton-Raphson method takes a simple form. Wedenote by f the probability density fun
tion and F the probability 
umulative fun
tion of X . Con-sider x = {x1, · · · , xN}, x1 < · · · < xN a 
odebook. Set xj± 1
2
:= (xj + xj±1)/2, j = 1, · · · , N − 1,

x 1
2
= −∞ and xN+ 1

2
=∞. The quadrati
 distortion of the Voronoi quantization of X 
orrespond-ing to this 
odebook writes

DX
N (x) =

NX
j=1

Z x
j+1

2

x
j− 1

2

(xj − ξ)2f(ξ)dξ. (A.6)The Newton-Raphson pro
edure for optimal quadrati
 
odebook 
omputation is used in [19℄ forthe Gaussian 
ase.A.2.1 The Hessian matrix of the quadrati
 distortionWith these notations, and thanks to (A.5)
∂DX

N (x)

∂xi
= 2xi

�
F
�
xi+ 1

2

�
− F

�
xi− 1

2

��
− 2

Z x
i+1

2

x
i− 1

2

ξf(ξ)dξ. (A.7)The 
omputation of the se
ond order derivatives is then straightforward.8>>><>>>: ∂2DX
N

(x)

∂x2
i

= 2
�
F
�
xi+ 1

2

�
− F

�
xi− 1

2

��
+ xi

�
f
�
xi+ 1

2

�
− f

�
xi− 1

2

��
− xi+ 1

2
f
�
xi+ 1

2

�
+ xi− 1

2
f
�
xi− 1

2

�
= 2
�
F
�
xi+ 1

2

�
− F

�
xi− 1

2

��
+ 1

2
f
�
xi+ 1

2

�
(xi − xi+1) +

1
2
f
�
xi− 1

2

�
(xi−1 − xi)

∂2DX
N

∂xi∂xi+1
=
�
xi − xi+ 1

2

�
f
�
xi+ 1

2

�
= 1

2
(xi − xi+1)f

�
xi+ 1

2

�
∂2DX

N
∂xi∂xi−1

=
�
xi− 1

2
− xi

�
f
�
xi− 1

2

�
= 1

2
(xi−1 − xi)f

�
xi− 1

2

�
. (A.8)The other 
oe�
ients of the Hessian matrix are equal to zero.



A.3. EXPLICIT LLOYD ALGORITHM IN THE ELLIPTIC CASE 161A.2.2 Tridiagonal Newton-RaphsonWe are now able to implement a Newton-Raphson method to �nd a zero of dDX
n in RN , startingfrom x(0) ∈ RN . We 
ompute re
ursively

x(n+1) = x(n) −
�
d2DX

N

�
x(n)

��−1 · dDX
N (x(n)).In pra
ti
e, we do not have to expli
itly invert matrix d2DX

N (x(n)). Indeed, this 
omes to x(n+1) =

x(n)−γn, where γn is the solution of the tridiagonal linear system �d2DX
N

�
x(n)

��
γn = dDX

N

�
x(n)

�.The resolution of a tridiagonal linear system has a O(N) 
omplexity [24℄. Still, in some 
ases, thealgorithm proposed in [24℄ may fail. The 
onvergen
e is only guaranteed for matri
es having thediagonal dominan
e property, whi
h is not veri�ed here. An implementation for the general 
ase,using elimination with partial pivoting and row inter
hanges is available in the Lapa
k proje
t [1℄.A.2.3 A

urate 
omputation of the Hessian matrixWhen �lling the 
oe�
ients of the Hessian matrix, we have interest to take 
are how expressionsof Equation (A.8) are evaluated. For the evaluation of the term F
�
xi+ 1

2

�
− F

�
xi− 1

2

�, we 
antake advantage of the possible symmetry of the probability distribution. For example, if X has asymmetri
 probability density fun
tion, then F (b)− F (a) = F (−a)− F (−b). This is the 
ase forthe standard normal univariate distribution. As �oating point numbers have a 
onstant relativepre
ision on their range of de�nition (ex
ept for denormalized numbers), we always have interestto 
ompute this di�eren
e on the side where the magnitude of the value of F is the smallest.At this point, the a

ura
y of the estimation of the Hessian matrix relies on the a

ura
y of theevaluation of the 
umulative distribution fun
tion F and the probability density fun
tion f .A.3 Expli
it Lloyd algorithm in the ellipti
 
aseWe now stand in the 
ase where the probability density fun
tion f has the form f(x) = g(x2).(This is the 
ase for an ellipti
 distribution.) We 
onsider G a primitive of g.A.3.1 Closed-form position of the 
entroids in the ellipti
 
aseWith these hypothesisZ x
i+1

2

x
i− 1

2

xf(x)dx =

Z x
i+1

2

x
i− 1

2

xg(x2)dx =
1

2

Z x
i+1

2

x
i− 1

2

2xg(x2)dx =
1

2

�
G
�
x2i+ 1

2

�
−G

�
x2i− 1

2

��
. (A.9)For instan
e, when X is distributed a

ording to the standard univariate Gaussian distribution,we have g(t) = 1√

2π
exp

�
− t

2

� and G(t) = − 2√
2π

exp
�
− t

2

�. Equation (A.9) be
omesZ x
i+1

2

x
i− 1

2

x
1√
2π

exp

�
−x

2

2

�
dx =

1√
2π

 
exp

 
−
x2
i− 1

2

2

!
− exp

 
−
x2
i+ 1

2

2

!!
.The Lloyd algorithm takes a very simple form.8<: x(0) = x,

x
(n+1)
i = 1

2
1

F

�
x
(n)

i+1
2

�
−F

�
x
(n)

i− 1
2

� �G�x(n)
i+ 1

2

2�
−G

�
x
(n)

i− 1
2

2��
.A.3.2 A

urate 
omputation of the 
entroidsHere, the same remark as in Se
tion A.2.3 holds: one 
an take advantage of the possible symmetryof the distribution for the 
omputation of the term F

�
x
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�
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�
x
(n)

i− 1
2

�.
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e of the algorithmDu and Emelianeko proved in [7℄ that, in the one-dimensional 
ase, for any starting point x(0),that the Lloyd algorithm 
onverges globally. Moreover, it is well known [11℄ that in the 
ase ofa logarithmi
 
on
ave density fun
tion, the Lloyd algorithm 
onverges globally to a unique �xedpoint, whi
h is the optimal quadrati
 
odebook of the distribution.As a 
onsequen
e, the 
onvergen
e of the algorithm toward an optimal quadrati
 
odebook is guar-anteed for the standard normal distribution, whi
h is an ellipti
 distribution, with a log-
on
aveprobability density fun
tion. However, the Student t distribution with µ degrees of freedom, whi
his ellipti
, does not have a log-
on
ave probability density fun
tion, for any value of parameter µ.Thus, even though the 
onvergen
e of the algorithm is guaranteed, the limit may depend of thestarting point x(0).A.4 Expli
it Levenberg-Marquardt method in the Gaussian
aseA.4.1 On the Levenberg-Marquardt algorithmThe Levenberg-Marquardt algorithm was initially developed in [12, 16℄ as a numeri
al methodfor minimizing a fun
tion of several variables. It is parti
ularly adapted to the minimization offun
tions of the form
F (x) =

NX
i=1

(yi − fi(x))2 . (A.10)In ve
tor notations, Equation (A.10) writes F (x) = ‖y − f(x)‖2 = (y − f(x))t (y − f(x)), where
y =

�
y1...
yn

Ǒ and f =

�
f1...
fn

Ǒ. Di�erentiating this expression gives
∂F

∂x
(x) = − (y − f(x))t Jf (x)− J t

f (x) (y − f(x)) = −2J t
f(x) (y − f(x)) , (A.11)where Jf is the Ja
obian matrix of f .The optimization 
onsists in an iterative pro
edure. At ea
h step, the 
urrent approximation ofthe minimum argument x is repla
ed by x+δ. Approximating ∂F

∂x (x+δ) by −2J t
f(x) (y − f(x+ δ))and f(x+ δ) by f(x) + Jf (x)δ in Equation (A.11) yields

∂F

∂x
(x+ δ) = −2J t

f (x) (y − f(x)− Jf (x)δ) .Now, setting the left-hand side to zero yields J t
fJfδ = J t

f (y−f(x)). This linear system of equations
an be solved numeri
ally. (This 
orresponds to the Gauss-Newton iteration.) The idea of theLevenberg-Marquardt algorithm is to repla
e this equation by�
J t
fJf + λdiag(J t

fJf )
�
δ = J t

f (y − f(x)), (A.12)for some λ ≥ 0. The value of λ 
hanges at ea
h iteration. If it grows, the method is 
loser to thegradient algorithm, whereas when λ is 
lose to zero, this 
omes to the Gauss-Newton algorithm. Anusual 
hoi
e for the sequen
e (λn)n∈N is, to multiply or divide λ by a �xed value v > 1 dependingon whether the new value of F is higher or smaller than the previous one. If F (x + δ) > F (x),
λn+1 = vλn and if F (x− δ) < F (x), λn+1 = λn

v .
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ation to optimized quantizationWe observe that the Lp quantization error has the form of fun
tion F in (A.10). Indeed, with thenotations of Se
tion A, with Γ = {γ1, · · · , γN} ⊂ Rd,
‖X − ProjΓ(X)‖pp =

NX
i=1

E [|X − γi|p1X∈Ci ] =
NX
i=1

fi(Γ)
2,with fi(Γ) :=ÈE [|X − γi|p1X∈Ci ].Moreover, fun
tion fi only depends on the elements of Γ whi
h are 
onne
ted to γi in theDelaunay triangulation of Γ (and γi itself). In the one-dimensional 
ase, where Γ is the sortedsequen
e {x1 < · · · < xN}, this 
omes to say that fi only depends on xi−1, xi and xi+1.A.4.3 Computation of the Ja
obian matrix Jf in the one-dimensionalellipti
 
aseDenoting x = (x1, · · · , xN ), we have fi(x) =ÉR x

i+1
2

x
i− 1

2

(xi − ξ)2f(ξ)dξ.Now, the non-zero partial derivatives are
• ∂fi

∂xi
(x) = 1

2fi(x)
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��
.We still need an expli
it formula for the quantity fi(x).
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G(ξ2)dξ.In the standard Gaussian 
ase, i.e. when f(x) = 1√
2π

exp
�
−x2

2

�, F = N , g(t) = 1√
2π

exp
�
− t

2

�and G(t) = − 2√
2π

exp
�
− t

2

�, we obtain
x
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164 APPENDIX A. QUANTIZATION OF THE GAUSSIAN DISTRIBUTIONA.5 Starting point for optimization algorithmsIn the general 
ase of a Rd-valued random variable X , a natural starting point for quadrati
quantization optimization is a set of N independent 
opies of X . Still, in a more spe
i�
 setting,one 
an take advantage on informations that we have on the distribution (symmetry, asymptoti
sof the distribution tails).As 
on
ern the Gaussian distribution, the spe
i�
ation of Pagès and Sagna's results on theasymptoti
s of Lr-optimal quantizer radius [22℄ to the quadrati
 quantization of the standard one-dimensional Gaussian probability distribution provides an equivalent of the radius of an optimalquadrati
 quantizer.
ρN ∼

N→∞

È
6 ln(N).So that a natural simple starting point would be N equidistant abs
issas between −È6 ln(N) andÈ

6 ln(N).However, numeri
al tests presented in [22℄ show that the 
onvergen
e of ρN√
6 ln(N)

to 1 is veryslow. (The ratio in
reases with N and is 
lose to 0.86 for N = 10000).A.6 One-dimensional Gaussian quantizer databaseA.6.1 High pre
ision 
omputationOn the website www.quantize.maths-fi.
om [21℄, we provide a sharply optimized database ofGaussian quantizers for a wide range of sizes and dimensions. This pre
omputed database allowsa faster 
omputation of (produ
t) fun
tional quantization of Gaussian pro
esses [20, 5℄, and is alsouseful for other purposes [3℄. The one-dimensional database provides 32 signi�
ant �gures of theoptimal quadrati
 quantization of the Gaussian distribution. The numeri
al 
omputations usedan implementation of multiple pre
ision �oating point numbers available in the ARPREC library[2℄, developed by Bailey et al. available at http://
rd.lbl.gov/~dhbailey/mpdist/.The ARPREC libraries make available basi
 operations for arbitrary pre
ision �oating point num-bers together with an implementation of usual spe
ial fun
tions. The Gaussian 
umulative distri-bution fun
tion is 
omputed using the Chiarella and Rei
hel formula [4℄.
N (t) = −e

− t2

2 αt√
2π

�
1

t2
+
X
k≥1

e−k3α2

k2α2 + t2/2

�
+

1

1− e−
√

2πt
α

+ E,where t < 0 and |E| < 3
2e

−π2/α2 . The parameter α is 
hosen small enough to ensure that theerror E is su�
iently small. (Given an absolute pre
ision of p digits, if α ≤ eα where eα is de�nedby 10−p = 5e−π2/eα2 , we have |E| < 10−p.)Moreover, provided that t > −√2p log 10, the formula is also a

urate to a relative error of 10−p.A.6.2 The Gaussian database available on www.quantize.maths-�.
omThe �les are in text format and is in the form of a matrix. In every 
ase, �lenames are N_d_noptiwhereN is the quantizer size and d is the dimension. For a given size N , the text �les are organizedas follows. It presents in the form of a matrix G = (Gi,j) with N + 1 rows and d+ 3 
olumns.
• On row i, i = 1, · · · , N : Element i of the grid and its 
ompanion parameters.

Gi,1 = (weight of the Voronoi 
ell i) = P[N (0, Id) ∈ Ci(G)].

{Gi,j , j = 2, · · · , d+ 2} = (
oordinates of element i) .
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Gi,d+2 =

�
onditional lo
al L2 distorsion of the 
ell i� = R
Ci(G) |z −Gi,d|2N (0, Id)(dz)

Gi
.

Gi,d+3 =
�
onditional lo
al L1 distorsion of the 
ell i� = R

Ci(G) |z −Gi,d|N (0, Id)(dz)

Gi
.

• On last row (i = N + 1):
GN+1,j = 0 for j = 1, · · · , d+ 1.

GN+1,d+2 = (quadrati
 distorsion of the quantization grid) .
GN+1,d+2 =

�
L1 distorsion of the quantization grid� .

• In parti
ular we 
an verify that
NX
i=1

Gi,1 = 1,
NX
i=1

Gi,1Gi,d+2 = GN+1,d+2, and NX
i=1

Gi,1Gi,d+3 = GN+1,d+3.A.6.3 A numeri
al example of optimal grid with 32 signi�
ant �guresIn the following table, we provide numeri
al values for the points and the 
orresponding weightsof a quadrati
 N -optimal quantizer of the univariate standard Gaussian distribution with N = 20.These numeri
al values have a relative pre
ision of 10−32.Points Weights
−2.9079606783683841963010327564498190 4.7524748771175782543725573022952456 × 10−3

−2.2787139395025731289271610321795226 1.4574794203175608186209279080806336 × 10−2

−1.8569773889164496515754309935113130 2.6167977870684019356572298202272326 × 10−2

−1.5234142919930826826479444306240991 3.8153342170807815367544210261608918 × 10−2

−1.2384672136365404555283444318004377 4.9623785627087823397837755897103597 × 10−2

−0.98364244453385000026716350824798553 5.9948614410758147973469475590025768 × 10−2

−0.74853328930631609137856427740167036 6.8675125400963623653532164782940411 × 10−2

−0.52648815187174733961270205792353364 7.5478203095746321193432533376470300 × 10−2

−0.31279137562308180794704077291571033 8.0132035254861491696064717890529078 × 10−2

−0.10376258179382386864836865927211592 8.2493647088797570920965007615948020 × 10−2

0.10376258179382386864836865927211592 8.2493647088797570920965007615948020 × 10−2

0.31279137562308180794704077291571033 8.0132035254861491696064717890529078 × 10−2

0.52648815187174733961270205792353364 7.5478203095746321193432533376470300 × 10−2

0.74853328930631609137856427740167036 6.8675125400963623653532164782940411 × 10−2

0.98364244453385000026716350824798553 5.9948614410758147973469475590025768 × 10−2

1.2384672136365404555283444318004377 4.9623785627087823397837755897103597 × 10−2

1.5234142919930826826479444306240991 3.8153342170807815367544210261608918 × 10−2

1.8569773889164496515754309935113130 2.6167977870684019356572298202272326 × 10−2

2.2787139395025731289271610321795226 1.4574794203175608186209279080806336 × 10−2

2.9079606783683841963010327564498190 4.7524748771175782543725573022952456 × 10−3We noti
e that the reported values are exa
tly symmetri
 with respe
t to 0, as expe
ted. Moreoptimal quantization grids are available on the website www.quantize.maths-fi.
om [21℄, in theform presented in Se
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