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Doctorat de l’université Paris VI Pierre et Marie Curie
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éclaircissements m’ont été très précieux. Je suis très heureux de la collaboration initiée avec José Alfredo
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Fede, J-J, Frédérique C., Laurent B., Vincent B. (ou l’intru), Erwan, Laurent P-M, Christophe, Nicolas M.,
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Introduction générale

Cette thèse fait suite aux travaux réalisés en 2008 par Benôıt Perthame et Vincent Calvez, alors à l’ENS de
Paris, en collaboration avec l’équipe DSV/IMETI/SEPIA du CEA de Fontenay-aux-Roses. Cette équipe
effectue des recherches en biologie dans un laboratoire entièrement dédié aux maladies à prions. Lors
de mon stage de Master 2, effectué au sein de ce laboratoire sous la direction de Marie Doumic (ENS),
Natacha Lenuzza (CEA) et Franck Mouthon (CEA), il m’a été donné de prendre part à des expériences
de biologie. Cette opportunité m’a permis de me rendre compte des obstacles auxquels sont confrontés les
expérimentateurs. La collaboration avec des biologistes s’est ensuite poursuivie dans le cadre du projet
ANR TOPPAZ de Marie Doumic, en partenariat avec l’équipe de Human Rezaei à l’INRA de Jouy-en-
Josas. Le projet TOPPAZ a pour objectif de mieux comprendre, en utilisant les outils des équations
aux dérivées partielles, les phénomènes d’agrégation de protéines qui sont connus pour être à l’origine
de maladies neurodégénératives telles que les maladies à prions ou d’Alzheimer. Nous nous attachons
dans cette thèse à étudier l’équation de transport-fragmentation, en introduisant de nouvelles idées et
méthodes pour traiter les cas dégénérés où le transport s’annule à l’origine. Ces questions sont à la fois
difficiles d’un point de vue mathématique et fondamentales pour les applications à la polymérisation des
protéines prions (les polymères de petite taille étant peu infectieux [83, 124]), in vivo à l’échelle d’une
cellule, ou in vitro.

Les maladies à prions

Les maladies à prions, ou Encéphalopathies Spongiformes Transmissibles (EST), sont des maladies
neurodégénératives mortelles et infectieuses qui affectent de nombreux mammifères. Elles incluent chez
l’animal l’Encéphalopathie Spongiforme Bovine (ESB), responsable de la crise de la “vache folle” dans
les années 1990, ou encore la Tremblante du mouton (Scrapie en anglais). Chez l’Homme, on trouve le
Kuru qui a décimé une partie de la tribu Fore en Papouasie-Nouvelle-Guinée au cours du 20e siècle. Plus
récemment la maladie de Kreuzfeld-Jakob a été transmise entre êtres humains par injection d’hormones
de croissance et par transfusion sanguine, mais aussi à partir de l’ESB par ingestion de produits bovins
contaminés. Les maladies à prions s’attaquent au système nerveux central et l’on peut observer des
trous dans le cerveau des individus malades, comme dans une éponge, d’où le nom d’Encéphalopathies
Spongiformes.

L’agent responsable de ces maladies, connu sous le nom de prion, présente des propriétés de résistance
à l’inactivation par la chaleur, les rayonnements et les traitements chimiques qui rendent peu probable
la présence d’ADN comme ce serait le cas pour un virus. En 1967, Griffith [65] propose l’hypothèse d’un
mécanisme purement protéique (Prion pour Proteinaceous infectious only) qui est aujourd’hui encore
très convaincante et couramment admise. Selon cette hypothèse, l’agent responsable de la maladie est
une protéine, la PrP ou protéine prion, qui s’accumule sous une forme anormalement repliée. Cette forme
pathogène, appelée PrPres pour résistante ou PrPsc pour scrapie, a la capacité de se répliquer par un
processus d’auto-propagation, en convertissant la forme normale de la protéine (PrPc pour cellulaire) en
PrPres. Cette hypothèse a été confortée par les travaux expérimentaux de Prusiner [115] en 1982, qui lui
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2 Introduction générale

ont valu d’obtenir le Prix Nobel de physiologie et de médecine en 1997.
En l’absence de contamination, la PrPc est impliquée dans le fonctionnement normal de la cellule. Ses

fonctions ne sont pas encore connues précisément mais elles sont sans doute essentielles. Chez l’adulte, la
PrPc est essentiellement produites dans le cerveau et la moelle épinière, ce qui explique que ces organes
soient touchés par les maladies à prions.

Le mécanisme de polymérisation

Le mécanisme précis de conversion de la PrPc en PrPres reste encore mal déterminé. En raison de
leur taille, les agents infectieux ne sont pas directement observables expérimentalement et le recours à
des modèles théoriques est nécessaire. Depuis le modèle de Griffith, plusieurs autres modèles ont été
proposés (voir [83] pour une revue complète). Celui que nous considèrerons dans cette thèse est celui
de polymérisation nucléée introduit par Lansbury [71]. Dans ce modèle, la PrPres est présente dans la
cellule sous forme de polymères qui peuvent s’allonger en attachant des monomères de PrPc. Lors de ce
processus de polymérisation, les monomères de PrPc sont transconformés en PrPres par un processus
encore mal compris. L’agrégation des monomères aux petits polymères s’effectue de façon très lente
jusqu’à ce que ceux-ci atteignent une taille critique qui les stabilise et accélère l’agrégation. Parallèlement à
l’élongation, les polymères peuvent se fragmenter ; fragmentation qui a été mise en évidence par des études
expérimentales. Ce modèle est le plus largement accepté à l’heure actuelle et a conduit à l’élaboration de
la technique d’amplification des prions par PMCA (voir plus bas).
Les différents modèles de conversion ont été développés en lien étroit avec la modélisation mathé-

matique, et ce depuis le premier modèle proposé par le mathématicien Griffith en 1967. Concernant le
mécanisme de polymérisation nucléée, le modèle mathématique le plus étudié aujourd’hui est celui de
Masel [92]. Ce modèle est constitué d’une infinité d’équations différentielles ordinaires (EDO) couplées.
Il existe une version continue de ce modèle, introduite par Greer et al. [63], qui remplace le système infini
d’EDO par le couplage d’une EDO avec une équation aux dérivées partielle (EDP). Cette EDP est une
équation intégro-différentielle non-locale généralement appelée de transport-fragmentation ou croissance-
fragmentation. Cette équation comporte deux termes bien distincts qui représentent, l’un le processus
de polymérisation, et l’autre la fragmentation des polymères. Ces deux processus sont en compétition, la
polymérisation augmentant la taille des polymères et la fragmentation la diminuant. Dans cette thèse,
nous étudions les propriétés de l’équation de croissance-fragmentation d’un point de vue mathématique
en jouant sur ces deux phénomènes antagonistes.

La PMCA (Protein Misfolded Cyclic Amplification)

En raison des différents incidents qui sont survenus ces dernières années (crise de la vache folle, affaire
du sang contaminé et des hormones de croissance) et des durées d’incubation des maladies à prions (dans
le cas de l’épidémie de Kuru, on a observé jusqu’à 40 années d’incubation), ces maladies représentent
aujourd’hui encore un risque de santé publique important. La durée d’incubation d’une maladie est définie
par la durée séparant l’infection par la maladie et la présentation des premiers symptômes cliniques.
Durant cette période, un porteur de la maladie peut ignorer qu’il est atteint et transmettre l’agent
pathogène à d’autre individus, propageant ainsi l’épidémie. Il est donc vital, pour prévenir une telle
propagation, d’être capable de diagnostiquer la maladie chez un donneur de sang par exemple. Or, pour
les maladies à prions, aucun diagnostique ante mortem efficace n’est pour le moment disponible. En effet
les particules de PrPres se concentrent dans le système nerveux central et ne sont présentes qu’en très
faible quantité dans les tissus tels que le sang. Il n’est ainsi pas possible aujourd’hui de diagnostiquer
la maladie sans prélever un échantillon de tissu vital, et encore à un stade relativement avancé de la
contamination.
L’idée pour remédier à ce problème est d’utiliser une technique d’amplification in vitro de la PrPres

pour pouvoir la détecter à partir d’échantillons n’en contenant qu’une faible quantité. Parmi les techniques
utilisées pour parvenir à ce résultat, le protocole de PMCA est très prometteur. Il a déjà permis de
conforter l’hypothèse d’un mécanisme purement protéique en synthétisant des particules infectieuses à
partir d’une faible dose d’infectiosité. Cependant, ce protocole n’est pas encore suffisamment efficace
pour permettre une technique de diagnostic chez l’homme. La modélisation et les outils d’optimisation
mathématiques peuvent permettre d’améliorer la technique de PMCA.
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Le protocole consiste en une alternance de phases d’incubation et de sonication auxquelles on soumet un
échantillon contenant une faible dose d’infectiosité (PrPres). L’échantillon de PrPres est mis en présence
d’une grande quantité de PrPc, ce qui permet une polymérisation rapide lors des phases d’incubation
pendant lesquelles l’échantillon est laissé au repos. Les brèves phases de sonication consistent à envoyer
des ultrasons sur l’échantillon afin de briser les polymères en petits morceaux. La sonication augmente
donc rapidement le nombre de polymères, qui vont pouvoir polymériser pendant la phase d’incubation
suivante.
Le protocole de la PMCA est modélisé en introduisant un paramètre de contrôle devant le coefficient

de fragmentation de l’équation de croissance-fragmentation. Ce paramètre représente la sonication et a
un comportement en créneaux au cours du temps, reflétant ainsi le caractère alternatif du protocole. La
question qui se pose alors est de trouver une stratégie de contrôle, en créneaux ou non, qui permette
d’obtenir la plus grande quantité de PrPres possible en un temps donné.

Phénomène de souches

Les animaux atteints de maladies à prions peuvent développer différentes pathologies alors même que la
protéine qui s’accumule est identique (protéine de l’hôte). Par analogie avec les agents infectieux classiques,
ces variantes ont été appelées “souches” de prions. Ces différentes souches sont caractérisées par leur
période d’incubation et leur profil de lésion au cerveau [57]. Dans le cadre de l’hypothèse d’un mécanisme
purement protéique, il est supposé que la diversité de souches est due à des états de conformation de
la PrPres différents, conduisant à des propriétés biologiques et biochimiques différentes [102, 118]. Du
point de vue de la modélisation mathématiques, cela revient à considérer que les coefficients des équations
dépendent de la souche. Une question naturelle est alors de se demander quels sont les coefficients qui
varient le plus en fonction de la souche. Nous nous intéressons à cette question dans le chapitre 2 pour le
modèle de polymérisation nucléée.

1 L’équation de transport-fragmentation linéaire

1.1 Dynamique d’une population structurée en taille

Le point de vue mathématique adopté dans cette thèse pour modéliser la prolifération des prions à l’inté-
rieur d’une cellule est celui des populations structurées. On considère la population dont les individus sont
les polymères de PrPres présents dans une cellule, et on attribue à chaque polymère une valeur positive
représentant sa taille. La polymérisation et fragmentation s’inscrivent alors dans le cadre plus général des
phénomènes de croissance-fragmentation. Nous donnons ici des propriétés générales de l’évolution d’une
telle population et nous reviendrons plus en détails sur le cas particulier d’une population cellulaire de
prions dans le paragraphe 2.

On s’intéresse à une population d’individus caractérisés par un trait x ¡ 0 pouvant être par exemple
leur taille mais aussi leur masse ou leur volume. En biologie il peut aussi s’agir du contenu d’une cellule
en parasites, protéines, traitement, etc. Par la suite on appellera “taille” ce trait par soucis de clarté et
par référence aux polymères de PrPres qui nous intéressent. La population considérée subit parallèlement
deux processus : un processus de croissance par lequel chaque individu voit sa taille augmenter, et un
processus de fragmentation ou division qui produit, à partir d’un individu, deux ou plusieurs individus
de taille inférieure. Si l’on note upt, xq la densité de population de taille x à l’instant t, on obtient alors,
pour une distribution initiale upt � 0, xq � u0pxq, l’équation d’évolution suivanteBBtupt, xq � BBx�τpxqupt, xq� � βpxqupt, xq � ˆ 8

x

bpy, xqupt, yq dy (1)

avec la condition au bord upt, 0q � 0.On appelera cette équation l’équation de croissance-fragmentation ou
transport-fragmentation linéaire. Il existe pour celle-ci un principe du maximum (voir [110] par exemple)
qui assure que pour une donnée initiale u0 positive, la solution reste positive pour tout temps. Cette
propriété est cruciale puisque u représente une densité de population et doit donc rester positive.
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Le terme de transport représente la croissance de chaque individu avec une vitesse τpxq ¡ 0 pour x ¡ 0.
Cependant on considère que τ peut avoir une limite nulle en zéro. On remarque que la condition au bord
est inutile lorsque 1

τ
n’est pas intégrable en zéro. Le terme intégral reflète quant à lui la fragmentation :

bpy, xq ¥ 0 représente le taux de formation d’un individu de taille x à partir d’un de taille y ¡ x. Afin de
rendre le mieux possible compte de la réalité, nous considérons que la fragmentation préserve la masse,
c’est-à-dire que la taille de l’individu mère avant fragmentation est égale à la somme des tailles des
individus filles formés. Pour cela, le terme βpxq ¥ 0, qui représente le taux de fragmentation pour un
individu de taille x, doit satisfaire la relation

xβpxq � ˆ x

0

y bpx, yq dy. (2)

Le nombre moyen de fragments formés par la fragmentation d’un individu de taille x est alors donné par

n0pxq :� 1

βpxq ˆ x

0

bpx, yq dy. (3)

Ce nombre est nécessairement supérieur à un à cause de la relation

ˆ x

0

bpx, yq dy ¥ ˆ x

0

y

x
bpx, yq dy � βpxq.

L’inégalité est stricte sauf pour la cas limite bpx, yq � n0pxqβpxqδx�y qui ne correspond pas à une réelle
fragmentation, les individus filles étant de la même taille que la mère. Nous ne considérons pas ce cas
dans notre étude et donc nous avons n0pxq ¡ 1 pour tout x. Dans la réalité physique, on s’attend à ce
que ce nombre soit supérieur ou égal à deux puisque la fragmentation d’un individu en produit au moins
deux autres. Cependant, dans le formalisme mathématique, cette hypothèse n’est pas nécessaire et l’étude
générale de l’équation peut se faire sans.

Sous l’hypothèse de conservation de masse (2), le processus de fragmentation n’influe pas sur la masse
totale de la population. En effet, si l’on intègre formellement l’équation (1) contre x dx sur R�, on trouve
grâce à une intégration par partie et au théorème de Fubini

d

dt

ˆ 8
0

xupt, xq dx � ˆ 8
0

τpxqupt, xq dx. (4)

Cette relation ne fait intervenir ni b ni β mais seulement le taux de croissance τ. La masse totale de la
population n’augmente donc que par le phénomène de croissance. En revanche la fragmentation augmente
le nombre d’individus, alors que le terme de transport le conserve. On obtient donc une équation sur le
quantité totale d’individu qui ne fait intervenir que les coefficients de fragmentation

d

dt

ˆ 8
0

upt, xq dx � ˆ 8
0

pn0pxq � 1qβpxqupt, xq dx. (5)

Ceci met en évidence les actions distinctes de la croissance et de la fragmentation sur la population. On
peut même dire que ces actions sont antagonistes puisque le transport“pousse” la distribution upt, xq vers
les x grands, alors que la fragmentation la ramène vers zéro.

1.2 L’Entropie Relative Généralisée

Pour étudier le comportement en temps long des solutions de l’équation de croissance-fragmentation
linéaire, il existe un principe d’entropie introduit par Michel, Mischler et Perthame [98, 99]. Plus précisé-
ment il s’agit d’entropie relative, qui s’exprime en fonction de deux solutions de la même équation. Cette
quantité décroit au cours du temps tant que les deux solutions sont distinctes.
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L’équation de transport-fragmentation ne satisfaisant pas de loi de conservation, on ne peut pas appli-
quer l’entropie relative classique. L’astuce consiste alors à introduire l’équation duale associée à l’équa-
tion (1) � BBtϕpt, xq � τpxq BBxϕpt, xq � βpxqϕpt, xq � ˆ x

0

bpx, yqϕpt, yq dy. (6)

Si ϕ est une solution de l’équation (6) et u une solution de l’équation (1), alors nous avons, sous réserve
d’intégrabilité,

d

dt

ˆ 8
0

ϕpt, xqupt, xq dx � 0.

Ainsi nous obtenons une quantité conservée au cours du temps, et un principe d’entropie associé appelé
Entropie Relative Généralisée (General Relative Entropy ou GRE en anglais).

Théorème 1 (Michel, Mischler et Perthame 2004). Si upt, xq ¡ 0 et vpt, xq ¡ 0 sont des solution de
l’équation (1), et ϕpt, xq ¥ 0 est solution de l’équation adjointe (6), alors pour n’importe quelle fonction H
on a

d

dt

ˆ 8
0

ϕpt, xqvpt, xqH �
upt, xq
vpt, xq
 dx � �DH

avec

DH � ˆ 8
0

ˆ 8
0

bpy, xqϕpt, xqvpt, yq �H�upt, xq
vpt, xq	�H

�upt, yq
vpt, yq	�H 1�upt, xq

vpt, yq	�upt, yqvpt, yq � upt, xq
vpt, xq
� dxdy,

et si H est convexe alors DH ¥ 0.

Ce résultat signifie que toutes les solutions de l’équation de croissance-fragmentation se “rapprochent”
dans le sens où l’entropie relative décroit et que la dissipation d’entropie DH est nulle pour deux solu-
tions identiques. Mais si le comportement asymptotique en temps long est bien le même pour toutes les
solutions, alors quel est-il ?

1.3 Valeur propre principale et vecteurs propres associés

Pour tirer partie de l’Entropie Relative Généralisée, l’idée introduite par [100] est de chercher une solution
particulière sous la forme UpxqeΛt où U est une fonction positive. Cette idée est très naturelle pour
l’équation considérée en raison de la compétition existant entre le transport et la fragmentation. La
fonction Upxq représente alors un état d’équilibre dans cette compétition, et la valeur Λ le paramètre de
croissance malthusien de la population. En raison des relations (4) et (5) sur l’évolution de la masse totale
et de la quantité totale d’individus dans le population, si une telle solution existe alors nécessairement
Λ ¡ 0 et donc la population crôıt exponentiellement vite.

Rechercher une solution particulière sous la forme UpxqeΛt revient à résoudre le problème aux valeurs
propres suivant $''&''% BBxpτpxqUpxqq � pβpxq � ΛqUpxq � ˆ 8

x

bpy, xqUpyqdy, x ¥ 0,

τUpx � 0q � 0, Upxq ¥ 0,
´8
0 Upxqdx � 1.

(7)

Comme l’Entropie Relative Généralisée requiert une solution à l’équation duale, nous résolvons en même
temps le problème aux valeur propre adjoint$''&''% �τpxq BBx pφpxqq � pβpxq � Λqφpxq � ˆ x

0

bpx, yqφpyqdy, x ¥ 0,

φpxq ¥ 0,
´8
0
φpxqUpxqdx � 1.

(8)



6 Introduction générale

Nous supposons désormais, pour tous les résultats à venir, que le nombre moyen de fragments n0 défini
par (3) est indépendant de x. Grâce à des estimations a priori précises sur les fonctions propres U et φ,
nous avons prouvé l’existence de solutions pour les problèmes (7) et (8) sous des conditions très générales
reliant le transport à la fragmentation, et incluant les cas dégénérés où τ s’annule en zéro.

Théorème 2 (Doumic et G.). Sous des hypothèses sur bpy, xq précisées au chapitre 1, si le transport
l’emporte sur la fragmentation au voisinage de zéro

β

τ
P L1pr0, εsq pour un certain ε ¡ 0 (9)

et si la fragmentation domine le transport en l’infini

lim
xÑ�8 xβpxq

τpxq � �8, (10)

alors il existe une unique solution pΛ,U , φq au problème aux valeur propres (7)-(8) et nous avons

Λ ¡ 0,�α ¥ 0, �p P r1,8s, xατU P LppR�q, �α ¥ 0, xατU PW 1,1pR�q,Dk ¡ 0 s.t.
φ

1� xk
P L8pR�q, τ

BBxφ P L8locpR�q.
De plus, si βpxq ¡ 0 pour tout x ¡ 0, alors il en est de même pour les fonctions propres :�x ¡ 0, Upxq ¡ 0 et φpxq ¡ 0.

De tels éléments propres positifs sont couramment appelés éléments propres de Perron, en référence à la
théorie de Perron-Frobenius qui assure leur existence en dimension finie pour des matrices positives (voir
[110]). En dimension infinie, le théorème de Krein-Rutman (voir [110]) permet d’obtenir le même résultat
pour des opérateurs compacts et positifs dans des espaces réguliers (l’espace des fonctions continues par
exemple). Nous avons utilisé le théorème de Krein-Rutman sur un problème tronqué et régularisé qui
permet de l’appliquer. Ensuite, nous avons obtenu des estimations sur les moments des vecteurs propres
qui permettent d’obtenir de la compacité et de passer à la limite quand les paramètres de troncature
et de régularisation tendent vers zéro. La principale difficulté est d’obtenir des estimations empêchant
la concentration en une masse de Dirac en x � 0 quand τpx � 0q � 0, et d’autres permettant d’éviter
la fuite en l’infini quand τ n’est pas borné. Ceci est rendu possible en jouant sur la compétition entre
les termes de transport et de fragmentation, ce qui conduit aux deux hypothèses (9) et (10). Ces deux
hypothèses sont de natures différentes : l’une est une condition d’intégrabilité et l’autre une condition de
limite. Cependant, si l’on considère des coefficients en puissance de x,

τpxq � τxν et βpxq � βxγ ,

alors les hypothèses (9) et (10) sont toutes les deux équivalente à la condition

γ � 1� ν ¡ 0.

Cette condition apparait dans [95] où l’existence de vecteurs propres est démontrée pour des coefficients
en puissance de x. Ainsi nous avons étendu ce résultat à des coefficients plus généraux.

1.4 Comportement en temps long

On peut maintenant donner un théorème sur le comportement asymptotique en temps grand des solution
de l’équation de croissance-fragmentation sous les hypothèses d’existence d’éléments propres principaux.

Théorème 3 (Michel, Mischler et Perthame 2005). Avec la notation ρ :� ´8
0
φpxqu0pxq dx, on a�p P r1,8q, lim

tÑ8 }upt, �qe�Λt � ρU}LppU1�pφdxq � 0. (11)
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La preuve de ce résultat [99] repose sur l’utilisation de l’Entropie Relative Généralisée avec la fonction
convexe Hpxq � |1� x|p et les solutions particulières ρUpxqeΛt et φpxqe�Λt.

Un taux de convergence exponentiel dans (11) a été prouvé dans certains cas particuliers, et tout
d’abord pour p � 1 avec des coefficients τ et β constants. Dans ce cas, le vecteur propre φ est constant
égal à 1 et la norme LppU1�pφdxq n’est rien d’autre que la norme L1 sans poids. On trouve un premier
résultat dans [111] pour l’équation de division cellulaire symétrique, c’est-à-dire pour bpy, xq � 2β δx�y

2
.

Celui-ci a ensuite été étendu dans [79] à des coefficients de fragmentation b plus généraux satisfaisant
l’hypothèse �x ¡ 0, � BBy ˆ x

0

bpy, zq dz ¥ 0. (12)

Cette hypothèse signifie que le nombre d’individus de taille inférieure à x produits par la fragmentation
d’un individu de taille y diminue quand y croit. Dans ce cas, pour un nombre moyen de fragment n0 ¡ 1
(nous rappelons que maintenant n0 est constant), nous avons le résultat suivant.

Théorème 4 (Laurençot et Perthame 2009). Pour des coefficients β et τ constants et sous l’hypo-
thèse (12), il existe une semi-norme ~ � ~ telle que� t ¥ 0,

ˆ 8
0

|upt, xqe�Λt � ρUpxq| dx ¤ ~u0~e�p1� 1

n0
qβ t
.

La preuve de ce résultat repose sur l’étude de la fonctionMpxq :� ´ x0 pupt, zqe�Λt�ρUpzqq dz, et celle-ci
apparait dans la définition de la semi-norme.

Plus récemment dans [15], l’existence d’un trou spectral pour l’équation de croissance-fragmentation
dans l’espace L2pU�1φdxq (correspondant à p � 2 dans le Théorème 3) a été démontrée pour des coeffi-
cients en puissance de x :

βpxq � β xγ , γ P p0, 2s et τpxq � τ ou βpxq � β xγ , γ P p0, 1q et τpxq � τ x. (13)

Ce résultat leur permet ensuite de démontrer la convergence exponentielle dans des espaces plus grands.
La méthode employée pour démontrer l’existence d’un trou spectral utilise l’Entropie Relative Géné-

ralisée. Si l’on note H2 l’entropie associée à Hpxq � |1� x|2 et aux solutions particulières ρUpxqeΛt et
φpxqe�Λt, et D2 la dissipation d’entropie, alors le résultat du Théorème 1 s’écrit

d

dt
H2 � �D2 ¤ 0.

La méthode consiste ensuite à prouver, pour un certain ā ¡ 0, l’inégalité de Poincaré

H2 ¤ 1

2ā
D2. (14)

Une telle inégalité est fausse dans le cas de la division en deux cellules égales par exemple et nécessite
donc des hypothèses sur le noyau de fragmentation. Si l’on suppose que b satisfait la conditionD b ¥ b ¡ 0, �x ¡ y ¡ 0, b

βpxq
x

¤ bpx, yq ¤ b
βpxq
x

, (15)

alors l’inégalité de Poincaré (14) est valide et nous avons le résultat suivant.

Théorème 5 (Cacéres, Cañizo et Mischler 2010). Sous les hypothèses (13) et (15), il existe r̄ ¥ 3 tel
que, pour tout a P p0, āq et pour tout r ¥ r̄, il existe Ca,r ¡ 0 tel que� t ¥ 0, }upt, �qe�Λt � ρU}L2ppxr�φpxqq dxq ¤ Ca,r e

�at}u0 � ρU}L2ppxr�φpxqq dxq.
Le résultat de ce théorème nous sera utile dans le chapitre 4 pour obtenir des résultats sur le compor-

tement en temps long d’équations de transport-fragmentation non linéaires.
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2 Modèles de polymérisation non linéaires

L’équation de croissance-fragmentation linéaire est le modèle continu de polymérisation le plus simple
que l’on puisse espérer, bien souvent trop pour modéliser des phénomènes physiques ou biologiques. Nous
présentons dans ce paragraphe des modèles non linéaires en justifiant leur pertinence pour modéliser des
situations concrètes. Pour étudier ces modèles, les résultats sur l’équation linéaire sont cependant fort
utiles comme nous allons le voir.

2.1 Etats d’équilibre pour le système prion

Le modèle. Dans une cellule, la quantité de PrPc pouvant être convertie par la PrPres n’est pas illimitée
et l’on ne s’attend donc pas à avoir une croissance exponentielle de la population de polymères. Le modèle
linéaire de croissance-fragmentation ne tient pas compte de cette limitation des ressources et des modèles
non linéaires doivent donc être envisagés. C’est le cas du modèle discret de Masel [92] qui contient une
équation régissant l’évolution de la quantité V ptq de PrPc. Dans ce modèle, la taille des polymères est
une valeur discrète i P N

� correspondant à un agrégat de i protéines élémentaires. Comme suggéré par le
modèle de polymérisation nucléée, il existe une taille critique i0 en dessous de laquelle les polymères sont
supposés être instables et se décomposent instantanément en monomères. Pour i ¥ i0, l’évolution de la
quantité uiptq d’aggrégats de PrPres de taille i est décrite par une équation différentielle ordinaire. On
obtient ainsi un système composé d’une infinité d’équations différentielles ordinaires couplées$''''&''''% d

dt
V ptq � λ� δV ptq � τV ptq ¸

i¥i0 uiptq � 2β
i0�1̧

i�1 j̧¡i iujptq,
d

dt
uiptq � �µuiptq � βiui � τV ptqpuiptq � ui�1ptqq � 2β

j̧¡i ujptq , pour i ¥ i0 .

(16)

Les coefficients λ et δ représentent respectivement les taux de production et de dégradation de la protéine
PrPc par la cellule. Le terme µ représente la dégradation des polymères de PrPres par la cellule. Les autres
coefficients τ et β ont la même signification que pour l’équation de croissance-fragmentation linéaire. Les
polymères agrègent les monomères avec un taux τ qui ne dépend pas de leur taille, et chaque polymère de
taille i peut se fragmenter avec un taux βi. Les fragments formés ont une probabilité uniforme 1

j
d’être

de taille j P r1, i� 1s. Puisque la quantité de monomères n’est pas constante au cours du temps, le terme
de croissance dépend de V ptq. Cette dépendance est quadratique, suivant ainsi la loi d’action de masse
courante en physique des particules. Cela signifie que la probabilité de rencontre entre un polymère de
taille i et un monomère est proportionnelle à V ptquiptq.
L’analyse est plus aisée dans le cadre d’une distribution continue des tailles de polymères car les outils

analytiques permettent de trouver des formulations plus simples. Dans ce sens, Greer et al. [63] ont
introduit une version continue de (16) où ils utilisent la variable x P p0,�8q pour caractériser la taille
des agrégats au lieu de i P N

�. Cette procédure a été justifiée mathématiquement dans [38] en incluant
la possibilité que les coefficients de polymérisation, de fragmentation et de dégradation dépendent de la
taille des agrégats, et sous l’hypothèse que la taille moyenne des polymères est très grande devant la taille
des monomères. Le fait de considérer des coefficients dépendants de la taille est très pertinent dans la
modélisation de la prolifération des prions comme cela a été justifié dans [20, 19]. Finalement on obtient
le système couplé$''''''&''''''% d

dt
V ptq � λ� V ptq�δ � ˆ 8

0

τpxqupx, tq dx
 ,BBtupx, tq � �V ptq BBxpτpxqupx, tqq � pµpxq � βpxqqupx, tq � 2

ˆ 8
x

βpyqκpx, yqupy, tq dy,
up0, tq � 0.

(17)

La taille critique a ici disparu car elle est supposée être de l’ordre de quelques monomères, et donc
négligeable devant la taille moyenne des polymères. Le système obtenu est composé de l’équation de
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croissance-fragmentation linéaire couplée avec une ED0. Le terme κpx, yq représente la probabilité d’ob-
tenir un polymère de taille x à partir de la fragmentation d’un polymère de taille y ¡ x. On fait alors les
hypothèses

ˆ x

0

κpy, xq dy � 1 pκp�, xq est un noyau de probabilitéq
et

ˆ x

0

yκpy, xq dy � y

2
, (conservation de masse).

Avec les notation du paragraphe 1, cela correspond à un coefficient de fragmentation bpy, xq � 2βpyqκpx, yq
et à un nombre moyen de fragments n0 � 2. L’existence de solutions pour l’équation (17) a été démontrée
dans [125, 131, 80] lorsque la taille critique est conservée, comme c’est la cas dans le modèle de Greer
et al.. De plus dans ce modèle les coefficients de polymérisation, de fragmentation et de dégradation des
polymères sont ceux correspondant au modèle de Masel, c’est-à-dire τpxq � τ, βpxq � βx, κpx, yq �
1
y
1l0¤x¤y et µpxq � µ.

Les états d’équilibre. A cause du couplage avec l’équation sur V et des termes de dégradation δ et
µ (supposé maintenant indépendant de x), les solutions de (17) sont bornées. En effet, en intégrant
l’équation de croissance-fragmentation contre x dx puis en sommant avec l’EDO, on obtient l’équation
sur la masse totale de protéine

d

dt

�
V ptq � ˆ 8

0

xupt, xq dx
 � λ� δV ptq � µ

ˆ 8
0

xupt, xq dx.
On cherche alors les états d’équilibre du système (17). Tout d’abord il y a l’état d’équilibre correspondant
à un individu non infecté, c’est-à-dire sans agrégats de PrPres. Cet état sain s’écrit

V � λ

δ
, u � 0.

Recherchons maintenant les éventuels états d’équilibre malade, c’est-à-dire associés à une distribution
de polymères positive. Pour ce faire, nous utilisons les fonctions propres de l’opérateur de transport-
fragmentation. En effet, un état d’équilibre pV8, u8q satisfait les relations

0 � V8 BBxpτpxqu8pxqq � pµ� βpxqqu8pxq � 2

ˆ 8
x

βpyqκpx, yqu8pyq dy (18)

et

0 � λ� V8 �δ � ˆ 8
0

τpxqu8pxq dx.
 . (19)

L’équation (18) signifie que u8 est un vecteur propre de l’équation de transport-fragmentation avec des
paramètres de transport V8 et de mort µ, associé à la valeur propre nulle. Nous noterons maintenant
UpV ;xq et ΛpV, µq les éléments propres principaux associés aux paramètres V et µ. Ces éléments existent
sous les mêmes hypothèses que celles du Théorème 2, et la fonction propre U ne dépend pas de µ.
Puisque u8 est positif et que UpV8;xq est le seul vecteur propre positif, on conclut que nécessairement
u8 � ̺8UpV8; �q avec ̺8 ¡ 0. La constante ̺8 représente la quantité total de polymères à l’équilibre et
est déterminée par l’équation (19)

̺8 � λ� δV8
V8 ´80 τpxqUpV8 ;xq dx .

Cette quantité ne peut être positive que si V8   λ
δ
� V . A noter que la valeur V8 ne dépend que des

caractéristiques du processus de polymérisation-fragmentation (coefficient de l’équation de croissance-
fragmentation) alors que V ne dépend que des caractéristiques de la cellule (production et dégradation
de PrPc). Finalement, on obtient ainsi un unique état d’équilibre pour chaque valeur V8   V telle que
ΛpV8, µq � 0. Ceci nous amène à étudier la dépendance de la première valeur propre de l’équation de
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croissance-fragmentation par rapport au paramètre de transport V. La dépendance de Λ par rapport à µ
est très simple : nous avons ΛpV, µq � ΛpV, 0q�µ. Nous allons donc analyser la fonction ΛpV q :� ΛpV, 0q.
Commençons tout d’abord par regarder le cas τpxq � τxν et βpxq � βxγ . Comme nous l’avons vu plus

haut, pour de tels coefficients l’existence d’éléments propres est assurée sous la condition γ � 1� ν ¡ 0.
Définissons alors le paramètre positif k :� 1

γ�1�ν et supposons en outre que le noyau de fragmentation

κ est auto-similaire κpx, yq � 1
y
κ0

�
x
y

�
. Alors nous pouvons calculer explicitement la dépendance de Λ en

fonction de V (voir le chapitre 2) et nous obtenons

ΛpV q � Λp1qV kγ .
La fonction V ÞÑ ΛpV q est une fonction puissance, donc il existe une et une seule valeur V8 telle que

ΛpV8, µq � 0. Cette valeur a pour expression V8 � �
µ

Λp1q��kγ et elle correspond à un état d’équilibre

malade dès qu’elle est inférieure à V .

Pour des coefficients quelconques, on ne peut pas en général obtenir d’expression explicite de la dé-
pendance par rapport au terme de polymérisation. Cependant nous avons prouvé un résultat sur le
comportement asymptotique de Λ quand V tend vers zéro ou l’infini, dans le cas où β et τ sont équiva-
lents à des puissance de x en zéro et l’infini et où κp�, xq est “asymptotiquement” auto-similaire quand x
tend vers zéro et l’infini,

Théorème 6 (Calvez, Doumic et G.). Pour L � 0 ou L � �8, on a

lim
VÑLΛpV q � lim

xÑLβpxq.
Une conséquence immédiate de ce théorème est qu’il peut exister plusieurs états malade pour le système

prion. Supposons que la limite de βpxq soit nulle en zéro et l’infini, alors la limite de ΛpV q est elle aussi
nulle quand V tend vers zéro et l’infini. Or on sait que ΛpV q ¡ 0 pour V ¡ 0. Donc ΛpV q ne peut pas
être monotone et, pour µ suffisamment petit, il existe au moins deux racines à ΛpV, µq � ΛpV q � µ � 0.
Comme nous l’avons déjà remarqué, ces deux racines V1 et V2 ne dépendent pas de λ ni de δ. Ainsi pour
V � λ

δ
suffisamment grand, V1 et V2 correspondent à deux états d’équilibre malade pour (17).

Stabilité des états d’équilibre. La stabilité de l’état d’équilibre sain pV , 0q a été analysée sous des
hypothèses relativement générales dans [20, 19]. Celle-ci dépend du signe de la valeur propre Λ évaluée
en V .

Théorème 7 (Calvez et al. 2009, [20, 19]). Si ΛpV , µq   0, alors l’état d’équilibre pV , 0q est localement
non-linéairement stable. Si ΛpV , µq ¡ 0, alors les solutions restent éloignées de pV , 0q.
Sous des hypothèses plus restrictives, on trouve dans [20, 19] et dans [125, 131] des résultats de stabilité

globale de l’état sain pour V suffisamment petit.

En revanche, pour la stabilité des états d’équilibre malade, nous ne disposons que d’un résultat pour
le modèle de Greer et al. correspondant à τpxq � τ, βpxq � βx et κpx, yq � 1

y
. Dans ce cas il existe une

unique racine à ΛpV, µq � 0 et celle-ci s’écrit V8 � µ2

βτ
. De plus l’équation (17) peut être réduite à un

système couplé de trois EDO. La stabilité des états d’équilibre est analysée dans [43, 117] à partir de ce
système réduit, et le comportement en temps long des solutions est entièrement déterminé.

Théorème 8 (Engler, Prüss, Pujo-Menjouet, Webb et Zacher 2006). Si V   V8, alors il n’existe pas
d’état d’équilibre malade et l’état d’équilibre sain est globalement asymptotiquement stable. Si V ¡ V8,
alors il existe un unique état d’équilibre malade et celui-ci est globalement asymptotiquement stable si
u0 � 0.

Dans le cas général, la question de la stabilité des états d’équilibre malade est difficile, même pour le
linéarisé (car celui-ci n’est plus positif).
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2.2 Comportement en temps long pour des modèles non linéraires

Nous présentons ici des modèles de croissance-fragmentation non linéaires pour lesquels nous pouvons
donner des résultats sur le comportement en temps long des solutions. Dans ces modèles, le terme de
transport dépend de l’intégrale de la solution avec un poids. Cette dépendance reflète l’influence de la
population totale sur la croissance de chaque individu. Pour tous les résultats, le terme de croissance τpxq
est linéaire, celui de mort µ est constant, le taux de fragmentation β est une puissance γ de x et b est

autosimilaire bpx, yq � n0
βpxq
x
κ0
�
y
x

�
. On notera Fγ l’opérateur de fragmentation associé à ces coefficients

β et b pFγuqpt, xq :� n0

ˆ 8
x

βyγ�1κ0

�x
y

	
upt, yq dy � βxγupt, xq.

Nous considérons tout d’abord, pour une donnée initiale u0pxq ¥ 0, l’équation d’évolutionBBtupt, xq � �f �ˆ xpupt, xq dx
 BBx�xupt, xq�� µupt, xq � Fγupt, xq (20)

où f : R� Ñ R� est une fonction de classe C1 et p un paramètre positif. Les états d’équilibres non
triviaux sont donnés par les points d’intersection de la fonction f avec la constante µ. Supposons que le
nombre de ces points d’intersection est fini, que lim supIÑ8 fpIq   µ et que γ P p0, 2s. Alors nous avons
les résultats suivant sur le comportement en temps long des solutions de (20).

Théorème 9 (G.). Toute solution de l’équation (20) converge vers un état d’équilibre. L’état d’équilibre
trivial est localement exponentiellement stable si fp0q   µ et p ¥ 1, et instable si fp0q ¡ µ. Tout
état d’équilibre positif non trivial u8 est localement asymptotiquement stable si f 1�´ xpu8pxq dx�   0,

localement exponentiellement stable si de plus κ0 � 1, et instable si f 1�´ xpu8pxq dx� ¡ 0.

Corollaire 10. S’il existe un unique état d’équilibre non trivial u8 et que f 1�´ xpu8pxq dx�   0, alors
celui-ci est globalement asymptotiquement stable pour des données initiales u0 � 0.

Le comportement en temps long des solutions de l’équation (20) est ainsi complètement déterminé et
on a toujours convergence vers un état d’équilibre. Considérons maintenant le cas où le terme de mort
dépend lui aussi de la population totaleBBtupt, xq � �f �ˆ xpupt, xq dx
 BBx�xupt, xq� � g

�
ˆ

xqupt, xq dx
 upt, xq � Fγupt, xq. (21)

La fonction g représente l’influence de la population totale sur la survie de chaque individu. Pour ce modèle
contenant plus de non-linéarités que le précédent, a-t-on toujours convergence vers un état d’équilibre ?
La réponse négative est donnée par le théorème qui suit.

Théorème 11 (G.). Il existe des fonctions f et g et des paramètres p et q pour lesquels l’équation (21)
admet des solutions périodiques en temps. De plus il existe un ensemble ouvert de conditions initiales u0
pour lesquelles il y a convergence en temps long vers une de ces solutions périodiques.

Tous les résultats présentés sur le comportement en temps long des solutions des équations (20) et (21)
ont lieu dans le cône des fonctions positives de L2ppx � xrq dxq avec r suffisamment grand. Les preuves
sont données dans le chapitre 4.

On peut aussi considérer dans le système prion que la vitesse de polymérisation des protéines dépend
de la quantité totale de polymères dans la cellule$'''&'''% d

dt
V ptq � λ� δV ptq � V ptqf �ˆ xpu



ˆ 8
0

xupt, xq dx ,BBtupt, xq � �V ptqf �ˆ xpu


 BBx�xupt, xq� � µupt, xq � Fγupt, xq. (22)
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Ce modèle a été introduit par [64] dans le cas du modèle de Greer et al. avec p � 1 et fpIq � 1
1�ωI

avec ω ¡ 0. Ils montrent alors que le comportement asymptotique des solutions est de même nature que
dans le théorème 8, à savoir qu’il y a convergence vers l’état d’équilibre sain ou malade selon que l’état
déquilibre malade existe ou non. Ici nous considérons des fonctions f plus générales et montrons que l’on
peut alors avoir existence de solution périodiques.

Théorème 12 (G.). Il existe des fonctions f et des paramètres λ, δ, µ, γ et p pour lesquels l’équation (22)
admet des solutions périodiques.

Ce résultat est démontré en considérant p comme un paramètre de bifurcation et en prouvant qu’une
bifurcation de Hopf apparait quand p crôıt.

2.3 Un modèle avec coalescence

Jusqu’ici nous n’avons pas considéré la possibilté d’agrégation de deux polymères entre eux, ni de dépo-
lymérisation des polymères. La coalescence de deux agrégats conduit à l’introduction d’un terme quadra-
tique avec des interactions non-locales qui sont extrêmement délicates à analyser. La dépolymérisation
correspond au détachement d’un monomère et fait apparaitre un terme négatif dans le transport. Nous
présentons ici un modèle qui tient compte de ces deux processus dans un cadre in vitro, sans production
ni dégradation de protéine$'''&'''% d

dt
V ptq � � ˆ 8

0

T
�
V ptq, x�upt, xq dx,BBtupt, xq � � BBx�T �V ptq, x�upt, xq	�Qpuqpt, xq. (23)

Dans ce modèle, les monomères s’agrègent aux polymères avec un taux τonpxq ¥ 0 et se détachent avec
un taux τoffpxq ¥ 0, ce qui conduit à un terme de transport

T
�
V ptq, x� � V ptqτonpxq � τoffpxq.

L’évolution de la quantité de monomères V ptq est uniquement due à ce phénomène de polymérisation-
dépolymérisation. L’opérateur Q � Qc � Qf représente la coagulation pQcq et fragmentation pQfq des
polymères, avec les expressions

Qcpuqpxq � 1

2

ˆ x

0

bcpy, x� yqupyqupx� yq dy � upxq ˆ 8
0

bcpx, yqupyq dy
et

Qfpuqpxq � 1

2
upxq ˆ x

0

bfpy, x� yq dy � ˆ 8
0

bfpx, yqupx� yq dy.
La coalescence de deux polymères de tailles respectives x et y se produit avec le taux symétrique et positif
bcpx, yq � bcpy, xq ¥ 0, et un polymère de taille x � y se fragmente en un polymère de taille x et un de
taille y avec le taux bfpx, yq � bfpy, xq ¥ 0.

Puisqu’il n’y a ni production ni dégradation de protéines, il y a conservation de la masse totale au
cours du temps

d

dt

�
V ptq � ˆ 8

0

xupt, xq dx
 � 0.

Nous proposons dans le chapitre 6 un schéma d’ordre élevé pour la résolution numérique de l’équation (23)
qui préserve cette loi de conservation au niveau discret. Du point de vue des applications, cette propriété
est essentielle si l’on veut obtenir des résultats numériques pertinents. Les méthodes de discrétisation
classiques pour les équations de transport conservent la masse. L’idée est alors d’écrire l’opérateur Q,
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qui préserve la masse des polymères, sous une forme conservative afin de pouvoir utiliser un schéma de
transport. Suivant l’idée de [52], on écrit

xQcpuqpxq � �BCpuqBx pxq et xQfpuqpxq � �BFpuqBx pxq,
où l’opérateur C est défini par

Cpuqpxq :� ˆ x

0

ˆ 8
x�y y bcpy, zqupyqupzq dzdy,

et l’opérateur F par

Fpuqpxq :� ˆ x

0

ˆ 8
x�y y bfpy, zqupy � zq dzdy.

Finalement on obtient une équation sur l’évolution de la distribution en taille des polymères qui s’écrit

x
BBtupt, xq � BBx�T pV ptq, xqxupt, xq � Cpuqpt, xq � Fpuqpt, xq	 � T pV ptq, xqupt, xq.

On peut alors utiliser un schéma de transport conservatif pour résoudre cette équation. Nous avons choisi
le schéma WENO d’ordre 5 pour ses propriétés anti-dissipatives.

3 Un problème de contrôle optimal

3.1 Modélisation de la PMCA

La PMCA (Protein Misfolded Cyclic Amplification) est un protocole d’amplification qui permet d’accélé-
rer la conversion de la protéine PrPc en PrPres in vitro. La technique consiste à soumettre un échantillon
contenant une faible quantité de PrPres à une alternance de phases d’incubation et de sonication. Les
phases d’incubation ont pour but de favoriser la polymérisation des agrégats. Pour cela l’échantillon est
laissé au repos en présence d’une grande quantité de PrPc. A l’inverse, les phases de sonication ont pour
objectif d’augmenter fortement la fragmentation des polymères. L’échantillon est alors placé dans un
sonicateur qui brise violemment les agrégats à l’aide d’ultrasons. Ce principe cyclique d’amplification
est schématisé dans la Figure 1. L’efficacité du protocole dépend en partie de la durée des différentes
phases, qui est laissée à la discrétion de l’expérimentateur. La modélisation mathématique et les outils
d’optimisation peuvent permettre d’améliorer l’efficacité de la PMCA en fournissant aux biologistes des
renseignements sur la durée optimale de chaque phase.

Pour modéliser le protocole de la PMCA, nous faisons un certain nombre d’hypothèses. Tout d’abord,
puisque l’échantillon est saturé en PrPc, la variation de la quantité de monomères au cours de l’expérience
est faible devant sa valeur initiale. On néglige ici cette variation, ce qui revient à supposer que la quantité
de monomères reste constante. Ensuite on fait l’hypothèse simplificatrice que la sonication n’influence pas
la dépendance en taille des coefficients de croissance et de fragmentation des polymères, mais uniquement
leur “intensité”. Ceci nous amène au modèle suivant, basé sur l’équation de transport-fragmentation
linéaire, BBtupt, xq � �rpαptqq BBx �τpxqupt, xq� � αptqβpxqupt, xq � 2αptq ˆ 8

x

βpyqκpx, yqupt, yq dy, (24)

où αptq est un terme de contrôle qui représente “l’intensité” de la sonication. La fonction rpαq est une
fonction décroissante, rendant ainsi compte du fait que la polymérisation est moins importante pendant
les phases de sonication.
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incubation

incubation

sonication

Figure 1 – Principe de la PMCA. Les polymères de PrPres sont représentés par les fibrilles rouges et les
monomères par les billes vertes.

Parallèlement nous considérons un modèle discret de dimension fini inspiré du modèle de Masel et al.
dans lequel la taille i P N des polymères correspond à un agrégat composé de i monomères

d

dt
uiptq � �rpαptqq�τiuiptq � τi�1ui�1ptq�� αptqβiuiptq � 2αptq ņ

j�i�1

βjκi,jujptq, 1 ¤ i ¤ n. (25)

La taille maximale n des polymères est choisie suffisamment grande pour qu’aucun polymère de taille
supérieure à n n’apparaisse au cours de l’expérience. Ce modèle peut s’écrire sous la forme matricielle9Uptq �MpαptqqUptq
où Uptq � tpuiptqq1¤i¤n est un vecteur de taille n, 9U est la dérivée temporelle de U, etMpαq � rpαqG�αF
avec G la matrice de croissance

G � ��������� �τ1
τ1 �τ2

. . .
. . .

τn � 2 �τn� 1

τn � 1 0

�ÆÆÆÆÆÆÆ
,
et F la matrice de fragmentation

F � �������� 0 �β2 p2κijβjqi j
. . .

0 �βn
�ÆÆÆÆÆÆ
.

Les outils matriciels permettent une étude plus approfondie des questions d’optimisation comme nous
allons le voir dans le paragraphe 3.3.
Dans le cadre des modélisations (24) et (25), le protocole de PMCA décrit plus haut correspond à un

contrôle αptq en créneaux

αptq � " αmin pendant les phases d’incubation
αmax pendant les phases de sonication

avec 0   αmin   αmax. (26)
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La valeur αmax représente la puissance maximale du sonicateur, et αmin l’absence de sonication.

Nous pouvons maintenant formaliser le problème d’optimisation de la PMCA. Pour une classe de
fonctions C et une durée d’expérience T données, on définit l’ensemble des contrôles admissibles

A :� tα : r0, T s Ñ rαmin, αmaxs | α P Cu .
On définit ensuite pour une donnée initiale up0, xq � u0pxq ou Up0q � U0 le coût que l’on veut maximiser

crαs :� grupT, �qs :� ˆ 8
0

xupT, xq dx ou crαs :� gpUpT qq :� ņ

i�1

iuipT q
où upT, �q est la solution de (24) à l’instant T pour la donnée initiale u0 et le contrôle α, et UpT q est
la solution de (25) à l’instant T pour la donnée initiale U0 et le contrôle α. Ce coût représente la masse
totale de PrPres à la fin de l’expérience, que l’on cherche à maximiser car la présence de PrPres ne peut
être détectée expérimentalement (par Western Blot, voir [83] pour plus de détails) que si sa masse est
supérieure à un certain seuil. Le problème d’optimisation de la PMCA s’exprime alors ainsi :

trouver un contrôle α� qui maximise le coût c dans l’ensemble A. (27)

L’optimisation du protocole consistant à alterner des phases d’incubation et de sonication correspond au
problème (27) avec pour classe C l’ensemble des fonctions périodiques en créneaux de la forme (26). Dans
notre étude, nous considérons tout d’abord la classe des fonctions constantes, puis celle des fonctions
périodiques. Les résultats obtenus fournissent des renseignements sur le problème de contrôle optimal
général correspondant à la classe C des fonctions mesurables. Ce point est discuté dans le chapitre 5, en
s’appuyant sur des simulations numériques.

3.2 Optimisation de la première valeur propre

Nous commençons par regarder le cas d’un contrôle α constant au cours du temps et d’une durée d’ex-
périence très grande, ce que l’on formalisera mathématiquement en prenant T � �8. Dans ce cadre
l’ensemble A des contrôles admissibles est en bijection avec l’intervalle rαmin, αmaxs, et le coût final crαs
à maximiser est remplacé par la valeur propre principale Λpαq de l’opérateur de croissance-fragmentation.
En effet, les résultats d’Entropie Relative Généralisée assurent que cette valeur propre correspond au taux
de croissance asymptotique des solutions, indépendamment de la donnée initiale.
La fonction α ÞÑ Λpαq est de classe C1 (voir [96]), elle est donc bornée sur l’intervalle compactrαmin, αmaxs et atteint son maximum. Comme la fragmentation augmente le nombre de polymères qui

peuvent chacun convertir les monomères, on pourrait s’attendre à ce que le maximum de Λ soit atteint
en αmax (au moins dans le cas où la sonication n’influence pas la polymérisation). Cependant nous avons
montré que, pour le modèle discret comme pour le modèle continu, il existe des situations où le maximum
est atteint en un point α� P pαmin, αmaxq.
Nous présentons ici des résultats dans le cas où il n’y a pas d’influence de la sonication sur le transport,

c’est-à-dire pour une fonction r constante. Pour des résultats dans le cas r non constant, on renvoie au
chapitre 5.

Théorème 13 (Calvez, Doumic et G.). Pour le modèle continu (24), nous avons pour L � 0 ou L � �8
lim
αÑLΛpαq � lim

xÑ 1

L

τpxq
x

.

Puisque Λpαq ¡ 0 pour tout α ¡ 0, une conséquence de ce théorème est que si τpxq est négligeable
devant x en zéro et en l’infini, alors la fonction Λ admet un maximum global atteint en un point α� ¡ 0.
Ensuite, en multipliant βpxq par une constante positive appropriée, on peut avoir α� P pαmin, αmaxq.
Finalement, pour αmin et αmax fixés, il existe des coefficients τ et β pour lesquels la valeur propre
principale Λ est maximale en un point intérieur de l’intervalle rαmin, αmaxs.
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Ce résultat signifie que fragmenter au maximum les polymères n’est pas nécessairement la meilleure
stratégie pour optimiser la conversion de monomères. Une forte fragmentation forme beaucoup de petits
agrégats de PrPres qui peuvent transconformer la PrPc. Cependant, si ces petits polymères n’ont qu’une
faible capacité de conversion, alors cela peut nuire à la croissance de la population. Pour avoir une idée plus

claire de la stratégie optimale, nous regardons la quantité τpxq
x

qui représente la capacité de conversion des
polymères ramenée à leur taille. Pour optimiser Λpαq, il faut former le plus possible d’agrégats avec une

taille x pour laquelle l’efficacité τpxq
x

est grande. En effet, si l’on note Upα;xq le vecteur propre principal
associé à la valeur propre Λpαq, on a l’indentité

Λpαq ˆ 8
0

xUpα;xq dx � ˆ 8
0

τpxq
x

xUpα;xq dx.
Si la fragmentation α est trop forte, alors Upα;xq se concentre en x � 0 et, si τpxq

x
est faible en zéro, alors

la croissance Λpαq l’est aussi. Dans ces conditions, il y a un équilibre à trouver entre polymérisation et
fragmentation, et cet équilibre est donné par α�.
Nous donnons maintenant un résultat similaire dans le cas du modèle discret. La principale différence

avec le modèle continu est que, comme τ1 ¡ 0, la valeur propre principale ne tend pas vers zéro en l’infini.

Théorème 14 (Calvez et G.). Pour le modèle discret (25), nous avons

Λpαq ÝÝÝÑ
αÑ0

0

et, si l’on note p le plus grand indice tel que τi � iτ1 pour tout i ¤ p, alors

Λpαq � τ1 � �τp�1 � pp� 1qτ1� p¹
i�1

τi

βi�1
α�p � o

αÑ8pα�pq.
Ainsi, si τp�1 ¡ pp� 1qτ1, alors il existe un maximum global pour Λpαq et, comme pour le cas continu,

ce maximum peut se trouver à l’intérieur de rαmin, αmaxs pour des βi bien choisis.

3.3 Contrôle périodique : Perron vs. Floquet

On se place ici dans les cas où la valeur propre de Perron Λpαq atteint son maximum en un point
α� P pαmin, αmaxq. On se demande alors si l’on peut obtenir une meilleure croissance en considérant une
classe plus large de contrôles. Pour ce faire, on considère la classe des contrôles périodiques et on restreint
notre étude au modèle discret (25). Pour un contrôle αptq périodique, la théorie de Floquet permet de
définir pour la matrice périodique Mpαptqq une valeur propre principale ΛF rαs associée à un vecteur
propre positif et périodique UF rαsptq (voir [110]).
Nous avons prouvé que, pour une fonction r décroissante et convexe par exemple, il existe des contrôles

périodiques meilleurs que le contrôle constant α�. Ce résultat tend à soutenir la recherche d’un protocole
de PMCA optimal sous la forme d’alternance de périodes d’incubation et de sonication.

Théorème 15 (Calvez et G.). Si la matrice Mpα�q est diagonalisable et que

r2pα�q
rpα�q � α�r1pα�q ¡ 0, (28)

alors il existe des contrôles périodiques αptq tels que ΛF rαs ¡ Λpα�q.
La preuve de ce théorème consiste à calculer la dérivée seconde directionnelle de la valeur propre de

Floquet au point α� en se plaçant dans la base de vecteurs propres de Mpα�q. On montre alors que,
sous la condition (28), cette dérivée seconde est positive pour des contrôles périodiques de fréquence
suffisamment élevée.
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4 Directions de recherches futures

Trou spectral et entropie non linéaire. Il s’agit dans un premier temps d’étendre les résultats de
convergence exponentielle donnés dans le paragraphe 1.4 à des coefficients plus généraux et éventuellement
dégénérés en zéro. La preuve du théorème 5 nécessite des estimations a priori précises sur les vecteurs
propres U et φ pour pouvoir obtenir une inégalité de Poincaré. Les bornes obtenues dans le chapitre 1
sont un bon point de départ, mais elles doivent être raffinées et complétées par des bornes inférieures.

Ensuite les techniques d’entropie doivent encore être développées pour pouvoir être appliquées à des
modèles non linéaires comme ceux présentés au paragraphe 2. On aimerait ainsi pouvoir obtenir des résul-
tats sur la stabilité des états d’équilibre malade du système prion, généraliser les résultats de convergence
du paragraphe 2.2 à des coefficients plus généraux, et étudier le comportement en temps long de modèles
avec coagulation. Certains résultats d’entropie non linéaire existent pour l’équation de renouvellement
[97], mais le caractère non local plus marqué de l’opérateur de fragmentation les rend pour l’instant
inutilisables dans le cadre de la croissance-fragmentation.

Le cas très dégénéré. Le problème est de savoir ce qui se passe lorsque les conditions d’existences de
vecteurs propres du théorème 2 ne sont pas satisfaites. Cette question apparait par exemple dans le cas
d’une population de cellules infectées par des parasites et qui se divisent par mitose [7, 8]. Dans ce cas le
coefficient de transport τpxq est supposé être linéaire pour rendre compte de la prolifération exponentielle
des parasites, et le terme de fragmentation βpxq constant. Ces coefficients correspondent au cas limite où
γ�1�ν � 0 dans la classe des coefficients en puissance de x, et l’existence de vecteurs propres principaux
n’est alors plus assurée. On se demande si dans ce cas il y a formation d’une masse de Dirac en zéro, ce
qui correspondrait à une partie de la population de cellules qui ne serait plus infectée. On considère pour
cela la population renormalisée

ũpt, xq � upt, xq
´8
0
upt, yq dy

qui satisfait l’équationBtũpt, xq � τBx�xũpt, xq�� 2βũpt, xq � 2β

ˆ 8
x

κpx, yqũpt, yq dy.
Si l’on suppose que le noyau de fragmentation est de la forme κpx, yq � 1

y
κ0
�
x
y

�
, alors le moment d’ordre

α de la solution satisfait l’équation

1

α

d

dt
ln

�
ˆ 8
0

xαũpt, xq dx
 � τ � 2β

ˆ 1

0

zα � 1

α
κ0pzqdz ÝÝÝÑ

αÑ0
τ � β

ˆ 1

0

lnpzqκ0pzqdz.
Donc si τ � β

´ 1

0
lnpzqκ0pzqdz   0, les moments d’ordre α de la solution tendent vers zéro pour α

suffisamment petit. Or comme le moment d’ordre 1 est constant par définition de ũ, cela signifie qu’il y
a concentration d’une partie de la population en x � 0. On aimerait pouvoir étendre ce résultat à des
coefficients plus généraux et obtenir des conditions précises qui assurent la formation d’une masse de
Dirac en zéro.

Introduction d’une variable d’espace. Pour parvenir à une modélisation plus proche de la réalité
biologique, une suite naturelle des travaux présentés est d’introduire une variable d’espace. Pour donner
un modèle très général, on peut considérer l’équation de transport-coagulation-fragmentation (23) et
ajouter de la diffusion en espace, avec un terme de diffusion dépendant à la fois de la taille et de l’espace$'''&'''% d

dt
V pt, yq � � ˆ 8

0

T
�
V pt, yq, x�upt, x, yq dx� divy

�
d1pyq∇yV pt, yq�,BBtupt, x, yq � � BBx�T �V pt, yq, x�upt, x, yq	�Qpuqpt, x, yq � divy

�
d2px, yq∇yupt, x, yq�.
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De l’étude de problèmes semblables [47, 62, 74], nous savons que l’introduction de la variable d’espace
y change complètement la structure de l’équation. Les bornes uniformes et l’analyse asymptotique rec-
quièrent des méthodes différentes qui doivent encore être développées pour ce modèle. On aimerait pouvoir
montrer pour ce type d’équations des instabilités de Turing conduisant à la formation de motifs.
De telles questions apparaissent dans le cadre du vieillissement cellulaire observé récemment chez E.

Coli [85]. Ce vieillissement semble être lié à des agrégations de protéines comme pour les maladies à prions,
et ces agrégats se concentrent aux extrémités des cellules. La modélisation par agrégation-diffusion est
toute indiquée pour simuler et étudier ces phénomènes. En outre, les cellules se divisent par mitose et
les agrégats sont alors répartis dans les cellules filles [126, 132], ce qui conduit à des problématiques
semblables à celles des cellules infectées par des parasites. Ce sujet d’étude sur le vieillissement d’E. Coli
sera l’objet de mon post-doctorat l’année prochaine dans l’équipe INRIA BEAGLE à Lyon.

Perron vs. Floquet dans le cas continu. Dans le problème d’optimisation de la PMCA, on aimerait
obtenir des comparaisons entre valeur propre de Floquet et valeur propre de Perron dans le cas continu.
De telles comparaisons existent pour des modèles de division cellulaire structurés en âge [84] mais doivent
encore être généralisées à l’équation de transport-fragmentation. Tout d’abord il faut démontrer l’exis-
tence d’éléments propres de Floquet pour le modèle continu. Les estimations obtenues pour démontrer
l’existence d’éléments propres de Perron au chapitre 1 doivent pour cela être rendues uniformes en temps.
Ensuite la preuve du théorème 15 utilise fortement la dimension finie et ne peut pas être appliquée au
modèle continu. D’autres méthodes doivent donc être mises en place, en généralisant par exemple les
idées du chapitre 4 ou bien en développant de nouveaux outils pour calculer les dérivées directionnelles
de la valeur propre de Floquet.

Populations structurées en âge. Récemment, lors d’un séjour à Vanderbilt University avec Glenn
Webb, je me suis intéressé à l’étude mathématique de modèles de populations structurées en âge. Ces
modèles permettent de rendre compte du cycle cellulaire et d’étudier précisément des phénomènes liés
à l’âge des cellules. Dans le sujet auquel nous nous intéressons, la population est composée de cellules
cancéreuses sous traitement par Erlotinib. Les effets de ce traitement sur certains types de cellules n’est
pas immédiat et des retards d’un vingtaine d’heures sont observés. Pour expliquer ce phénomène, les
biologistes du centre de cancérologie de Vanderbilt suggèrent que l’âge des cellules joue un rôle. A l’aide
d’un modèle structuré en âge, nous montrons que le retard peut être expliqué par le fait que le traite-
ment affecte préférentiellement les jeunes cellules. Cette hypothèse doit encore être confirmée par des
expériences biologiques, des simulations numériques et une étude mathématique.



Chapitre 1

Existence et unicité d’éléments
propres principaux

Cet article en collaboration avec Marie Doumic établit l’existence et l’unicité
d’éléments propres de Perron pour l’équation de transport-fragmentation dans des
cas dégénérés. Nous considérons des coefficients généraux pouvant s’annuler à
l’origine et pouvant crôıtre vers l’infini en l’infini, ce qui rend délicat la mise en place
de bornes a priori. Pour résoudre ce problème, nous construisons des estimations
dans des normes à poids en jonglant entre les termes de transport et de fragmenta-
tion. Nous obtenons ainsi des conditions d’existence précises qui généralisent celles
obtenues dans [95]. L’article est paru dans Mathematical Models and Methods in
Applied Sciences sous le titre Eigenelements for a general aggregation-fragmentation
model [41].

1.1 Introduction

Competition between growth and fragmentation is a common phenomenon for a structured population.
It arises for instance in a context of cell division (see, among many others, [2, 9, 10, 11, 37, 49, 66,
94, 112]), polymerization (see [13, 34]), telecommunication (see [3]) or neurosciences (see [107]). It is
also a mechanism which rules the proliferation of prion’s proteins (see [20, 63, 80]). These proteins are
responsible of spongiform encephalopaties and appear in the form of aggregates in infected cells. Such
polymers grow attaching non infectious monomers and converting them into infectious ones. On the other
hand they increase their number by splitting.
To describe such phenomena, we write the following integro-differential equation,$''''''&''''''% BBtupx, tq � BBx�τpxqupx, tq� � βpxqupx, tq � 2

ˆ 8
x

βpyqκpx, yqupy, tq dy, x ¥ 0,

upx, 0q � u0pxq,
up0, tq � 0.

(1.1)

The function upx, tq represents the quantity of individuals (cells or polymers) of structured variable (size,
protein content...) x at time t. These individuals grow (i.e., polymers aggregate monomers, or cells
increase by nutrient uptake for instance) with the rate τpxq. Equation (1.1) also takes into account the
fragmentation of a polymer (or the division of a cell) of size y into two smaller polymers of size x and
y�x. This fragmentation occurs with a rate βpyq and produce an aggregate of size x with the rate κpx, yq.

19
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Equation (1.1) is a particular case of the more general oneBBtupx, tq � BBx�τpxqupx, tq� � rβpxq � µpxqsupx, tq � n

ˆ 8
x

βpyqκpx, yqupy, tq dy, x ¥ x0, (1.2)

with the bound condition upx0, tq � 0 (see [4, 20, 80]). Here, polymers are broken in an average of n ¡ 1
smaller ones by the fragmentation process, there is a death term µpxq ¥ 0 representing degradation,
and a minimal size of polymers x0 which can be positive. This more general model is biologically and
mathematically relevant in the case of prion proliferation and is used in [19, 20, 63, 80] with a coupling
to an ODE. Our results remain true for this generalization.
A fundamental tool to study the asymptotic behaviour of the population when tÑ8 is the existence

of eigenelements (λ,U , φ) solution of the equation$''''''''''''&''''''''''''%
BBxpτpxqUpxqq � pβpxq � λqUpxq � 2

ˆ 8
x

βpyqκpx, yqUpyqdy, x ¥ 0,

τUpx � 0q � 0, Upxq ¥ 0,
´8
0 Upxqdx � 1,�τpxq BBx pφpxqq � pβpxq � λqφpxq � 2βpxq ˆ x

0

κpy, xqφpyqdy, x ¥ 0,

φpxq ¥ 0,
´8
0 φpxqUpxqdx � 1.

(1.3)

For the first equation (equation on U) we are looking for D1 solutions defined as follows : U P L1pR�q
is a D1 solution if �ϕ P C8c pR�q,� ˆ 8

0

τpxqUpxqBxϕpxq dx � λ

ˆ 8
0

Upxqϕpxq dx � ˆ 8
0

βpxqUpxq�2 ˆ 8
0

ϕpyqκpy, xq dy � ϕpxq	 dx. (1.4)

Concerning the dual equation, we are looking for a solution φ PW 1,8
loc p0,8q such that the equality holds

in L1
locp0,8q, i.e. almost everywhere.

When such elements exist, the asymptotic growth rate for a solution to (1.1) is given by the first
eigenvalue λ and the asymptotic shape is given by the corresponding eigenfunction U . More precisely, it
is proved for a constant fragmentation rate β that upx, tqe�λt converges exponentially fast to ρUpxq where
ρ � ´ u0pyqdy (see [79, 111]). For more general fragmentation rates, one can use the dual eigenfunction φ
and the so-called ”General Relative Entropy“ method introduced in [98, 110]. It provides similar results
but without the exponential convergence, namely that

ˆ 8
0

��upy, tqe�λt � xu0, φyUpyq��φpyq dy ÝÑ
tÑ8 0

where xu0, φy � ´ u0pyqφpyqdy (see [98, 99]).
The eigenvalue problem can also be used in nonlinear cases, such as prion proliferation equations, where

there is a quadratic coupling of Equation (1.1) or (1.2) with a differential equation. In [19, 20, 43, 117]
for instance, the stability of steady states is investigated. The use of entropy methods in the case of
nonlinear problems remains however a challenging and widely open field (see [113] for a recent review).

Existence and uniqueness of eigenelements has already been proved for general fragmentation kernels
κpx, yq and fragmentation rates βpxq, but with very particular polymerization rates τpxq, namely constant
(τ � 1 in [110]), homogeneous (τpxq � xµ in [95]) or with a compact support (Supp τ � r0, xM s in [37]).
The aim of this article is to consider more general τ as [20, 124] suggest. Indeed, there is no biological

justification to consider specific shapes of τ in the case when x represents a size (mass or volume) or
some structuring variable and not the age of a cell (even in this last case it is not so clear that dx

dt
� 1,

since biological clocks may exhibit time distorsions). For instance, for the prion proteins, the fact that
the small aggregates are little infectious (see [83, 124]) leads us to include the case of rates vanishing at
x � 0.
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Considering fully general growth rates is thus indispensable to take into account biological or physical
phenomena in their full diversity. The proof of [110] can be adapted for non constant rates but still
positive and bounded (0   m   τpxq   M). The paper [95] gives results for τp0q � 0, but for a very
restricted class of shape for τ. The paper [37] gives results for τ with general shape in the case where there
is also an age variable (integration in age then allows to recover Problem (1.1)), but requires a compact
support and regular parameters. Here we consider polymerization rates that can vanish at x � 0, with
general shape and few regularity for the all parameters (τ, β and κ).
From a mathematical viewpoint, relaxing as far as possible the assumptions on the rates τ, κ, β, as we

have done in this article, also leads to a better understanding of the intrinsic mechanisms driving the
competition between growth and fragmentation.

Theorem 1.1.1 (Existence and Uniqueness). Under assumptions (1.5)-(1.13), there exists a unique
solution pλ,U , φq (in the sense we have defined before) to the eigenproblem (1.3) and we have

λ ¡ 0,

xατU P LppR�q, �α ¥ �γ, �p P r1,8s,
xατU PW 1,1pR�q, �α ¥ 0Dk ¡ 0 s.t.

φ

1� xk
P L8pR�q,

τ
BBxφ P L8locpR�q.

The end of this paper is devoted to define precisely the assumptions and prove this theorem. It is
organized as follows : in Section 1.2 we describe the assumptions and give some examples of interesting
parameters. In Section 1.3 we prove Theorem 1.1.1 using a priori bounds on weighted norms and then
we give some consequences and perspectives in Section 1.4. The proof of technical lemmas and theorem
can be found in the Appendix.

1.2 Coefficients

1.2.1 Assumptions

For all y ¥ 0, κp., yq is a nonnegative measure with a support included in r0, ys. We define κ on pR�q2
as follows : κpx, yq � 0 for x ¡ y. We assume that for all continuous function ψ, the application
fψ : y ÞÑ ´ ψpxqκpx, yq dx is Lebesgue measurable.
The natural assumptions on κ (see [63] for the motivations) are that polymers can split only in two pieces
which is taken into account by

ˆ

κpx, yqdx � 1. (1.5)

So κpy, .q is a probability measure and fψ P L8locpR�q. The conservation of mass imposes

ˆ

xκpx, yqdx � y

2
, (1.6)

a property that is automatically satisfied for a symetric fragmentation (i.e. κpx, yq � κpy � x, yq) thanks
to (1.5). For the more general model (1.2), assumption (1.6) becomes

´

xκpx, yqdx � y
n
to preserv the

mass conservation.
We also assume that the second moment of κ is less than the first one

ˆ

x2

y2
κpx, yqdx ¤ c   1{2 (1.7)
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(it becomes c   1{n for model (1.2)). We refer to the Examples for an explanation of the physical
meaning.

For the polymerization and fragmentation rates τ and β, we introduce the set

P :�  
f ¥ 0 : Dµ, ν ¥ 0, lim sup

xÑ8 x�µfpxq   8 and lim inf
xÑ8 xνfpxq ¡ 0

(
and the space

L1
0 :� f, Da ¡ 0, f P L1p0, aq(.

We consider
β P L1

locpR��q X P , Dα0 ¥ 0 s.t. τ P L8locpR�, xα0dxq X P (1.8)

satisfying �K compact of p0,8q, DmK ¡ 0 s.t. τpxq ¥ mK for a.e. x P K (1.9)

(if τ is continuous, this assumption (1.9) is nothing but saying that for all x ¡ 0, τpxq ¡ 0) andDb ¥ 0, Suppβ � rb,8q. (1.10)

Assumption (1.10) is necessary to prove uniqueness and existence for the adjoint problem.

To avoid shattering (zero-size polymers formation, see [4, 80]), we assumeDC ¡ 0, γ ¥ 0 s.t.

ˆ x

0

κpz, yq dz ¤ min
�
1, C

�x
y

	γ	
and

xγ

τpxq P L1
0 (1.11)

which links implicitely τ to κ, and also
β

τ
P L1

0. (1.12)

On the other hand, to avoid forming infinitely long polymers (gelation phenomenon, see [44, 46]), we
assume

lim
xÑ�8 xβpxq

τpxq � �8. (1.13)

Remark 1.2.1. In case when (1.11) is satisfied for γ ¡ 0, then (1.7) is automatically fulfilled (see Lemma
1.5.1 in the Appendix).

1.2.2 Examples

First we give some examples of coefficients which satisfy or not our previous assumptions.
For the fragmentation kernel, we first check the assumptions (1.5) and (1.6). They are satisfied for
autosimilar measures, namely κpx, yq � 1

y
κ0pxy q, with κ0 a probability measure on r0, 1s, symmetric in

1{2. Now we exhibit some κ0.

General mitosis : a cell of size x divides in a cell of size rx and one of size p1� rqx (see [96])

κr0 � 1

2
pδr � δ1�rq for r P r0, 1{2s. (1.14)

Assumption (1.11) is satisfied for any γ ¡ 0 in the cases when r P p0, 1{2s. So (1.7) is also fulfilled thanks
to Remark 1.2.1. The particular value r � 1{2 leads to equal mitosis (κpx, yq � δx� y

2
).

The case r � 0 corresponds to the renewal equation (κpx, yq � 1
2 pδx�0 � δx�yq). In this case, we cannot

strictly speak of mitosis because the size of the daughters are 0 and x. It appears when x is the age of a
cell and not the size. This particular case is precisely the one that we want to avoid with assumption (1.7)
; it can also be studied seperately with different tools (see [113] for instance). For such a fragmentation
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kernel, assumption (1.11) is satified only for γ � 0, and the moments
´

zkκ0pzqdz are equal to 1{2 for
all k ¡ 0, so (1.7) does not hold true. However, if we consider a convex combination of κ00 with another
kernel such as κr0 with r P p0, 1{2s, then (1.11) remains false for any γ ¡ 0 but (1.7) is fulfilled. Indeed
we have for ρ P p0, 1q

ˆ

z2pρκ00pzq � p1� ρqκr0pzqq dz � ρ

2
� 1� ρ

2
pr2 � p1� rq2q � 1

2
p1� 2rp1� rqp1� ρqq   1

2
.

Homogeneous fragmentation :

κα0 pzq � α� 1

2
pzα � p1� zqαq for α ¡ �1. (1.15)

It gives another class of fragmentation kernels, namely in L1 (unlike the mitosis case). The parameter
γ � 1�α ¡ 0 suits for (1.11) and so (1.7) is fulfilled. It shows that our assumptions allow fragmentation
at the ends of the polymers (called depolymerization, see [83], when α is close to �1) once it is not the
extreme case of renewal equation.
Uniform repartition (κpx, yq � 1

y
1l0¤x¤y) corresponds to α � 0 and is also included.

This last case of uniform repartition is useful because it provides us with explicit formulas for the
eigenelements. For instance, we can consider the two following examples.

First example : τpxq � τ0, βpxq � β0x.

In this case, widely used by [63], the eigenelements exist and we have

λ �aβ0τ0,
Upxq � 2



β0

τ0

�
X � X2

2

	
e�X�X2

2 , with X �
β0

τ0
x,

φpxq � 1

2
p1�Xq.

Second example : τpxq � τ0x.

For such β for which there exists eigenelements, we have

λ � τ0 and φpxq � x
´

yUpyq .
For instance when βpxq � β0x

n with n P N
�, then the eigenelements exist and we can compute U and

φ and we have the formulas in Table 1.1. In this table we can notice that Up0q ¡ 0 but the boundary
condition τUp0q � 0 is fulfilled.

n � 1 λ � τ0 Upxq � β0

τ0
e
� β0

τ0
x

φpxq � β0

τ0
x

n � 2 λ � τ0 Upxq �b 2β0

πτ0
e
� 1

2

β0

τ0
x2

φpxq �bπβ0

2τ0
x

n λ � τ0 Upxq � � β0

nτ0

	 1

n n
Γp 1

n
qe� 1

n

β0

τ0
xn

φpxq � � β0

nτ0

	 1

n Γp 1

n
q

Γp 2

n
qx

Table 1.1: The example τpxq � τ0x, βpxq � β0x
n and uniform repartition κpx, yq � 1

y
1l0¤x¤y. The table

gives the eigenelements solution to (1.3).

Now we turn to non-existence cases. Let us consider constant fragmentation βpxq � β0 with an affine
polymerization τpxq � τ0�τ1x, and any fragmentation kernel κ which satisfies to assumptions (1.5)-(1.6).
We notice that (1.13) is not satisfied and look at two instructive cases.
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First case : τ0 � 0.
In this case assumption (1.12) does not hold true. Assume that there exists U P L1pR�q solution of
(1.3) with the estimates of Theorem 1.1.1. Integrating the equation on U we obtain that λ � β0, but
multiplying the equation by x before integration we have that λ � τ1. We conclude that eigenelements
cannot exist if τ1 � β0.

Moreover, if we take κpx, yq � 1
y
1l0¤x¤y, then a formal computation shows that any solution to the first

equation of (1.3) belongs to the plan V ecttx�1, x
� 2β0

τ1 u. So, even if β0 � τ1, there does not exist an
eigenvector in L1.

Second case : τ0 ¡ 0.
In this case (1.12) holds true but the same integrations than before lead to

ˆ

xUpxq dx � τ0

β0 � τ1
.

So there cannot exist any eigenvector U P L1px dxq for τ1 ¥ β0.

1.3 Proof of the main theorem

The proof of Theorem 1.1.1 is divided as follows. We begin with a result concerning the positivity of
the a priori existing eigenvectors (Lemma 1.3.1). We then define, in Section 1.3.2, a regularized and
truncated problem for which we know that eigenelements exist (see the Appendix 1.5.2 for a proof using
the Krein-Rutman theorem), and we choose it such that the related eigenvalue is positive (Lemma 1.3.3).
In Section 1.3.3, we give a series of estimates that allow us to pass to the limit in the truncated problem
and so prove the existence for the original eigenproblem (1.3). The positivity of the eigenvalue λ and the
uniqueness of the eigenelements are proved in the two last subsections.

1.3.1 A preliminary lemma

Before proving Theorem 1.1.1, we give a preliminary lemma, useful to prove uniqueness of the eigenfunc-
tions.

Lemma 1.3.1 (Positivity). Consider U and φ solutions to the eigenproblem (1.3).
We define m :� inf

x,y

 
x : px, yq P Supp βpyqκpx, yq(. Then we have, under assumptions (1.5), (1.6), (1.9)

and (1.10)
SuppU � rm,8q and τUpxq ¡ 0 �x ¡ m,

φpxq ¡ 0 �x ¡ 0.

If additionaly 1
τ
P L1

0, then φp0q ¡ 0.

Remark 1.3.2. In case Supp κ � tpx, yq{x ¤ yu, then m � 0 and Lemma 1.3.1 and Theorem 1.1.1 can
be proved without the connexity condition (1.10) on the support of β.

Proof. Let x0 ¡ 0, we define F : x ÞÑ τpxqUpxqe´ x
x0

λ�βpsq
τpsq ds

. We have that

F 1pxq � 2e
´

x
x0

λ�βpsq
τpsq ds

ˆ

βpyqκpx, yqUpyq dy ¥ 0. (1.16)

So, as soon as τUpxq once becomes positive, it remains positive for larger x.

We define a :� inftx : τpxqUpxq ¡ 0u. We first prove that a ¤ b
2 . For this we integrate the equation

on r0, as to obtain
ˆ a

0

ˆ 8
a

βpyqκpx, yqUpyq dydx � 0,
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ˆ 8
a

βpyqUpyq ˆ a

0

κpx, yq dxdy � 0.

Thus for almost every y ¥ maxpa, bq, ´ a0 κpx, yq dx � 0. As a consequence we have

1 � ˆ κpx, yq dx � ˆ y

a

κpx, yq dx ¤ 1

a

ˆ

xκpx, yq dx � y

2a

thanks to (1.5) and (1.6), and this is possible only if b ¥ 2a.

Assume by contradiction that m   a, integrating (1.3) multiplied by ϕ, we have for all ϕ P C8c such
that Suppϕ � r0, as

ˆ ˆ

ϕpxqβpyqκpx, yqUpyq dydx � 0. (1.17)

By definition of m and using the fact that m   a, there exists pp, qq P pm, aq � pb,8q such that pp, qq P
Supp βpyqκpx, yq. But we can choose ϕ positive such that ϕppqUpqq ¡ 0 and this is a contradiction with
(1.17). So we have m ¥ a.

To conclude we notice that on r0,ms, U satisfiesBxpτpxqUpxqq � λUpxq � 0.

So, thanks to the condition τp0qUp0q � 0 and the assumption (1.9), we have U � 0 on r0,ms, so m � a

and the first statement is proved.

For φ, we define Gpxq :� φpxqe� ´ xx0

λ�βpsq
τpsq ds

. We have that

G1pxq � �2e� ´ xx0

λ�βpsq
τpsq ds

βpxq ˆ x

0

κpy, xqφpyq dy ¤ 0, (1.18)

so, as soon as φ vanishes, it remains null. Therefore φ is positive on an interval p0, x1q with x1 P
R
��Yt�8u. Assuming that x1   �8 and using that x1 ¡ a � m because

´

φpxqUpxqdx � 1, we can find
X ¥ x1 such that

ˆ X

x1

G1pxq dx � �2 ˆ X

x1

ˆ x1

0

e
´

x
x0

λ�βpsq
τpsq ds

φpyqβpxqκpy, xq dy dx   0.

This contradicts that φpxq � 0 for x ¥ x1, and we have proved that φpxq ¡ 0 for x ¡ 0.
If 1

τ
P L1

0, we can take x0 � 0 in the definition of G and so φp0q ¡ 0 or φ � 0. The fact that φ is positive
ends the proof of the lemma.

1.3.2 Truncated problem

The proof of the theorem is based on uniform estimates on the solution to a truncated equation. Let
η, δ, R positive numbers and define

τηpxq � "
η 0 ¤ x ¤ η

τpxq x ¥ η.

Then τη is lower bounded on r0, Rs thanks to (1.9) and we denote by µ � µpη,Rq :� infr0,Rs τη. The
existence of eigenelements pλδη ,Uδη , φδηq for the following truncated problem when δR   µ is standard (see
Theorem 1.5.2 in the Appendix).
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BBxpτηpxqUδη pxqq � pβpxq � λδηqUδη pxq � 2

ˆ R

x

βpyqκpx, yqUδη pyq dy, 0   x   R,

τηU
δ
η px � 0q � δ, Uδη pxq ¡ 0,

´

Uδη pxqdx � 1,�τηpxq BBxφδηpxq � pβpxq � λδηqφδηpxq � 2βpxq ˆ x

0

κpy, xqφδηpyq dy � δφδηp0q, 0   x   R,

φδηpRq � 0, φδηpxq ¡ 0,
´

φδηpxqUδη pxqdx � 1.

(1.19)

The proof of the theorem 1.1.1 requires λδη ¡ 0. To enforce it, we take δR � µ
2 and we consider R large

enough to satisfy the following lemma.

Lemma 1.3.3. Under assumptions (1.5), (1.8) and (1.13), there exists a R0 ¡ 0 such that for all R ¡ R0,

if we choose δ � µ
2R , then we have λδη ¡ 0.

Proof. Assume by contradiction that R ¡ 0 and λδη ¤ 0 with δ � µ
2R . Then, integrating between 0 and

x ¡ 0, we obtain

0 ¥ λ

ˆ x

0

Upyq dy� δ � τpxqUpxq � ˆ x

0

βpyqUpyq dy � 2

ˆ x

0

ˆ R

z

βpyqκpz, yqUpyq dy dz� δ � τpxqUpxq � ˆ x

0

βpyqUpyq dy � 2

ˆ R

x

�ˆ x

0

κpz, yq dz	βpyqUpyq dy¥ δ � τpxqUpxq � ˆ x

0

βpyqUpyq dy.
Consequently

τpxqUpxq ¥ δ � ˆ x

0

βpyq
τpyq τpyqUpyq dy

and, thanks to Grönwall’s lemma,

τpxqUpxq ¥ δe
´

x

0

βpyq
τpyq dy.

But assumption (1.13) ensures that for all n ¥ 0, there is a A ¡ 0 such that

βpxq
τpxq ¥ n

x
, �x ¥ A

and thus we have

τpxqUpxq ¥ δ
� x
A

	n
, �x ¥ A.

Thanks to Assumption (1.8), we can choose n such that x�nτpxq Ñ 0 when xÑ �8. Then there exists
B ¡ A such that x�nτpxq ¤ µ

4An for x ¥ B, and we have, for R ¡ B,

1 � ˆ R

0

Upxq dx ¥ ˆ R

B

Upxq dx ¥ δ

ˆ R

B

xn

Anτpxq dx ¥ 2

R
pR �Bq

what is a contradiction as soon as R ¡ 2B; so Lemma 1.3.3 holds for R0 � 2B.
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1.3.3 Limit as δ Ñ 0 for U δ
η and λδ

η

Fix η and let δ Ñ 0 (then RÑ8 since δR � µ
2 ).

First estimate: λδη upper bound. Integrating equation (1.19) between 0 and R, we find

λδη ¤ δ � ˆ βpxqUδη pxq dx,
then the idea is to prove a uniform estimate on

´

βUδη . For this we begin with bounding the higher

moments
´

xαβUδη for α ¥ max p2, α0 � 1q :� m.

Let α ¥ m, according to (1.7) we have

ˆ

xα

yα
κpx, yq dx ¤ ˆ x2

y2
κpx, yq dx ¤ c   1

2
.

Multiplying the equation on Uδη by xα and then integrating on r0, Rs, we obtain for all A ¥ η

ˆ

xα
�p1� 2cqβpxq�Uδη pxq dx ¤ α

ˆ

xα�1τηpxqUδη pxq dx� α

ˆ

x¤A xα�1τηpxqUδη pxq dx � α

ˆ

x¥A xα�1τpxqUδη pxq dx¤ αAα�1�α0 sup
xPp0,Aq txα0τpxqu � ωA,α

ˆ

xαβpxqUδη pxq dx,
where ωA,α is a positive number chosen to have ατpxq ¤ ωA,αxβpxq, �x ¥ A. Thanks to (1.7) and (1.13),
we can choose Aα large enough to have ωAα,α   1� 2c. Thus we find�α ¥ m, DAα : �η, δ ¡ 0,

ˆ

xαβpxqUδη pxq dx ¤ αAα
α�1�α0 supp0,Aq txα0τpxqu

1� 2c� ωAα,α

:� Bα. (1.20)

The next step is to prove the same estimates for 0 ¤ α   m and for this we first give a bound on τηU
δ
η .

We fix ρ P p0, 1{2q and define xη ¡ 0 as the unique point such that
´ xη

0
βpyq
τηpyqdy � ρ. It exists because

β is nonnegative and locally integrable, and τη is positive. Thanks to assumption (1.12), we know that

xη ÝÑ
ηÑ0

x0 where x0 ¡ 0 satisfies
´ x0

0
βpyq
τpyqdy � ρ, so xη is bounded by 0   x ¤ xη ¤ x. Then, integrating

(1.19) between 0 and x ¤ xη, we find

τηpxqUδη pxq ¤ δ � 2

ˆ x

0

ˆ

βpyqUδη pyqκpz, yq dy dz¤ δ � 2

ˆ

βpyqUδη pyq dy� δ � 2

ˆ xη

0

βpyqUδη pyq dy � 2

ˆ 8
xη

βpyqUδη pyq dy¤ δ � 2 supp0,xηqtτηUδηu ˆ xη

0

βpyq
τηpyq dy � 2

xmη

ˆ 8
0

ymβpyqUδη pyq dy¤ δ � 2ρ supp0,xηqtτηUδηu � 2

xmη
Bm.

Consequently, if we consider δ ¤ 1 for instance, we obtain

sup
xPp0,xq τηpxqUδη pxq ¤ 1� 2Bm{xm

1� 2ρ
:� C (1.21)
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so τηU
δ
η is uniformly bounded in a neighborhood of zero.

Now we can prove a bound Bα for xαβUδη in the case 0 ¤ α   m. Thanks to the estimates (1.20) and
(1.21) we have

ˆ

xαβpxqUδη pxq dx � ˆ x

0

xαβpxqUδη pxq dx � ˆ R

x

xαβpxqUδη pxq dx¤ xα supp0,xqtτηUδηu ˆ x

0

βpyq
τηpyq dy � xα�m ˆ R

x

xmβpxqUδη pxq dx¤ Cρxα �Bmx
α�m :� Bα. (1.22)

Combining (1.20) and (1.22) we obtain�α ¥ 0, DBα : �η, δ ¡ 0,

ˆ

xαβpxqUδη pxq dx ¤ Bα, (1.23)

and finally we bound λδη

λδη � δ � ˆ βUδη ¤ δ �B0. (1.24)

So the family tλδηuδ belong to a compact interval and we can extract a converging subsequence λδη ÝÑ
δÑ0

λη.

Second estimate : W 1,1bound for xατηU
δ
η , α ¥ 0. We use the estimate (1.23). First we give a L8bound

for τηU
δ
η by integrating (1.19) between 0 and x

τηpxqUδη pxq ¤ δ � 2

ˆ R

0

βpyqUδη pyq dy ¤ δ � 2B0 :� D0. (1.25)

Then we bound xατηU
δ
η in L1 for α ¡ �1. Assumption (1.13) ensures that there exists X ¡ 0 such that

τpxq ¤ xβpxq, �x ¥ X, so we have for R ¡ X

ˆ

xατηpxqUδη pxq dx ¤ supp0,XqtτηUδηu ˆ X

0

xα dx � ˆ R

X

xα�1βpxqUδη pxq dx¤ supp0,XqtτηUδηuXα�1

α� 1
�Bα�1 :� Cα.

Finally �α ¡ �1, DCα : �η, δ ¡ 0,

ˆ

xατηpxqUδη pxq dx ¤ Cα (1.26)

and we also have that xαUδη is bounded in L1 because τ P P (see assumption (1.8)).

A consequence of (1.23) and (1.26) is that xατηU
δ
η is bound in L8 for all α ¥ 0. We already have (1.25)

and for α ¡ 0, we multiply (1.19) by xα, integrate on r0, xs and obtain

xατηpxqUδη pxq ¤ α

ˆ R

0

yα�1τηpyqUδη pyq dy � 2

ˆ R

0

yαβpyqUδη pyq dy ¤ αCα � 2Bα :� Dα,

that give immediately �α ¥ 0, DDα : �η, δ ¡ 0, sup
x¡0

xατηpxqUδη pxq ¤ Dα. (1.27)

To conclude we use the fact that neither the parameters nor Uδη are negative and we find by the chain
rule, for α ¥ 0

ˆ �� BBxpxατηpxqUδη pxqq��dx ¤ α

ˆ

xα�1τηpxqUδη pxq dx � ˆ xα
��BxpτηpxqUδη pxqq�� dx
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ˆ

xα�1τηpxqUδη pxq dx � λδη

ˆ

xαUδη pxq dx � 3

ˆ

xαβpxqUδη pxq dx (1.28)

and all the terms in the right hand side are uniformly bounded thanks to the previous estimates.

Since we have proved that the family txατηUδηuδ is bounded in W 1,1pR�q for all α ¥ 0, then, because

τη is positive and belongs to P , we can extract from tUδηuδ a subsequence which converges in L1pR�q
when δ Ñ 0. Passing to the limit in equation (1.19) we find that$''&''% BBxpτηpxqUηpxqq � pβpxq � ληqUηpxq � 2

ˆ 8
x

βpyqκpx, yqUηpyq dy,
Uηp0q � 0, Uηpxq ¥ 0,

´

Uη � 1,

(1.29)

with λη ¥ 0.

1.3.4 Limit as η Ñ 0 for Uη and λη

All the estimates (1.20)-(1.28) remain true for δ � 0. So we still know that the family txατηUηuη belongs
to a compact set of L1, but not necessarily tUηuη because in the limit τ can vanish at zero. We need one
more estimate to study the limit η Ñ 0.

Third estimate: L8bound for xατηUη, α ¥ �γ. We already know that xατηUη is bounded for α ¥ 0.
So, to prove the bound, it only remains to prove that x�γτηUη is bounded in a neighborhood of zero. Let
define fη : x ÞÑ supp0,xq τηUη. If we integrate (1.29) between 0 and x1   x, we find

τηpx1qUηpx1q ¤ 2

ˆ x1
0

ˆ

βpyqUηpyqκpz, yq dy dz ¤ 2

ˆ x

0

ˆ

βpyqUηpyqκpz, yq dy dz
and so for all x

fηpxq ¤ 2

ˆ x

0

ˆ

βpyqUηpyqκpz, yq dy dz.
We consider xη and x defined in the first estimate and, using (1.11) and (1.12), we have for all x   xη

fηpxq ¤ 2

ˆ x

0

ˆ

βpyqUηpyqκpz, yq dy dz� 2

ˆ

βpyqUηpyq ˆ x

0

κpz, yq dz dy¤ 2

ˆ 8
0

βpyqUηpyqmin
�
1, C

�x
y

	γ	
dy� 2

ˆ x

0

βpyqUηpyq dy � 2C

ˆ xη

x

βpyqUηpyq�x
y

	γ
dy � 2C

ˆ 8
xη

βpyqUηpyq�x
y

	γ
dy� 2

ˆ x

0

βpyq
τηpyqτηpyqUηpyq dy � 2Cxγ

ˆ xη

x

βpyq
τηpyq τηpyqUηpyqyγ

dy � 2C

ˆ 8
xη

βpyqUηpyq�x
y

	γ
dy¤ 2fηpxq ˆ xη

0

βpyq
τηpyq dy � 2Cxγ

ˆ xη

x

βpyq
τηpyq fηpyqyγ

dy � 2C}βUη}L1

xγ

x
γ
η
.

We set Vηpxq � x�γfηpxq and we obtainp1� 2ρqVηpxq ¤ K � 2C

ˆ xη

x

βpyq
τηpyqVηpyq dy.
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Hence, using Grönwall’s lemma, we find that Vηpxq ¤ Ke
2Cρ
1�2ρ

1� 2ρ
and consequently

x�γτηpxqUηpxq ¤ Ke
2Cρ
1�2ρ

1� 2ρ
:� rC, �x P r0, xs. (1.30)

This last estimate allows us to bound Uη by xγ

τ
which is in L1

0 by the assumption (1.11). Thanks to the
second estimate, we also have that

´

xαUη is bounded in L1 and so, thanks to the Dunford-Pettis theorem
(see [14] for instance), tUηuη belong to a L1-weak compact set. Thus we can extract a subsequence which
converges L1�weak toward U . But for all ε ¡ 0, txαUηuη is bounded in W 1,1prε,8qq for all α ¥ 1 thanks
to (1.28) and so the convergence is strong on rε,8q. Then we write

ˆ |Uη � U | � ˆ ε

0

|Uη � U | � ˆ 8
ε

|Uη � U |¤ 2 rC ˆ ε

0

xγ

τpxq � ˆ 8
ε

|Uη � U |.
The first term on the right hand side is small for ε small because xγ

τ
P L1

0 and then the second term is
small for η small because of the strong convergence. Finally Uη ÝÑ

ηÑ0
U strongly in L1pR�q and U solution

of the eigenproblem (1.3).

1.3.5 Limit as δ, η Ñ 0 for φδ
η

We prove uniform estimates on φδη which are enough to pass to the limit and prove the result.

Fourth estimate : uniform φδη-bound on r0, As. Let A ¡ 0, our first goal is to prove the existence of a
constant C0pAq such that �η, δ, supp0,Aqφδη ¤ C0pAq.
We divide the equation on φδη by τη and we integrate between x and xη with 0   x   xη, where xη,

bounded by x and x, is defined in the first estimate. Considering δ   µp1�2ρq
x

(fulfilled for R ¡ x
2p1�2ρq

since δ � µ
2R ), we find

φδηpxq ¤ φδηpxηq � 2

ˆ xη

x

βpyq
τηpyq ˆ y

0

κpz, yqφδηpzq dz � xη
δ

µ
φδηp0q¤ φδηpxηq � supp0,xηqtφδηu�2 ˆ xη

0

βpyq
τηpyq ˆ y

0

κpz, yq dz � xη
δ

µ

	
and we obtain

sup
xPp0,xqφδηpxq ¤ 1

1� 2ρ� δx{µφδηpxηq.
Using the decay of φδηpxqe� ´ xx β�λδ

η
τη , there exists CpAq such that

sup
xPp0,Aqφδηpxq ¤ CpAqφδηpxηq.

Noticing that
´

φδηpxqUδη pxqdx � 1, we conclude

1 ¥ ˆ xη

0

φδηpxqUδη pxqdx ¥ φδηpxηq ˆ xη

0

e
� ´ xη

x

β�λδ
η

τη Uδη pxq dx,
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so, as xη Ñ x0 and
´ x0

0 Upxqdx ¡ 0 (thanks to Lemma 1.3.1 and because x0 ¡ b ¥ a), we have

supp0,Aqφδη ¤ C0pAq. (1.31)

Fifth estimate : uniform φδη-bound on rA,8q. Following an idea introduced in [111] we notice that the

equation in (1.19) satisfied by φδη is a transport equation and therefore satisfies the maximum principle

(see Lemma 1.5.3 in the Appendix). Therefore it remains to build a supersolution φ that is positive at
x � R, to conclude φδηpxq ¤ φpxq on r0, Rs.
This we cannot do on r0, Rs, but on a subinterval rA0, Rs only. So we begin with an auxiliary function

ϕpxq � xk � θ with k and θ positive numbers to be determined. We have to check that on rA0, Rs�τpxq BBxϕpxq � pλδη � βpxqqϕpxq ¥ 2βpxq ˆ κpy, xqϕpyq dy � δφδηp0q,
i.e. �kτpxqxk�1 � pλδη � βpxqqϕpxq ¥ �2θ � 2

ˆ

κpy, xqyk dy	βpxq � δφδηp0q.
For k ¥ 2, we know that

´

κpy, xq yk
xk dy ¤ c   1{2 so it is sufficient to prove that there exists A0 ¡ 0 such

that we have �kτpxqxk�1 � pλδη � βpxqqpxk � θq ¥ p2θ � 2cxkqβpxq � δC0p1q (1.32)

for all x ¡ A0, where C0 is defined in (1.31). For this, dividing (1.32) by xk�1τpxq, we say that if we havep1� 2cqxβpxq
τpxq ¥ k � 2θβpxq � δC0p1q

xk�1τpxq , (1.33)

then (1.32) holds true. Thanks to assumptions (1.8) and (1.13) we know that there exists k ¡ 0 such
that for any θ ¡ 0, there exists A0 ¡ 0 for which (1.33) is true on rA0,�8q.
Then we conclude by choosing the supersolution φpxq � C0pA0q

θ
ϕpxq so that

φpxq ¥ φδηpxq on r0, A0s,
and on rA0, Rs, we have$&% �τpxq BBxφpxq � pλδη � βpxqqφpxq ¥ 2βpxq ´ x

0
κpy, xqφpyq dy � δφδηp0q,

φpRq ¡ 0,

(1.34)

which is a supersolution to the equation satisfied by φδη. Therefore φ
δ
η ¤ φ uniformly in η and δ and we

get Dk, θ, C s.t. �η, δ, φδηpxq ¤ pCxk � θq. (1.35)

Equation (1.19) and the fact that φδη is uniformly bounded in L8locpR�q give immediately that Bxφδη is
uniformly bounded in L8locpR�, τpxqdxq, so in L8locp0,8q thanks to (1.9).

Then we can extract a subsequence of tφδηu which converges C0p0,8q toward φ. Now we check that φ
satisfied the adjoint equation of (1.3). We consider the terms of (1.19) one after another.
First pλδη � βpxqqφδηpxq converges to pλ� βpxqqφpxq in L8loc.
For Bxφδη, we have an L8 bound on each compact of p0,8q. So it converges L8 � �weak toward Bxφ.
It remains the last term which we write, for all x ¡ 0,

ˆ x

0

κpy, xqpφδηpyq � φpyqq dy ¤ }φδη � φ}L8p0,xq ÝÑ
η,δÑ0

0.
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The fact that
´

φU � 1 comes from the convergence L8 � L1 when written as

1 � ˆ φδηpxqUδη pxq dx � ˆ φδηpxq
1� xk

p1� xkqUδη pxq dx ÝÑ ˆ φpxq
1� xk

p1� xkqUpxq dx � ˆ φU .

At this stage we have found pλ,U , φq P R
��L1pR�q�CpR�q solution of (1.3). The estimates announced

in Theorem 1.1.1 also follow from those uniform estimates. It remains to prove that λ ¡ 0 and the
uniqueness.

1.3.6 Proof of λ ¡ 0

We prove a little bit more, namely that

λ ¥ 1

2
sup
x¥0

tτpxqUpxqu. (1.36)

We integrate the first equation of (1.3) between 0 and x and find

0 ¤ λ

ˆ x

0

Upyq dy � �τpxqUpxq � ˆ x

0

βpyqUpyq dy � 2

ˆ x

0

ˆ 8
z

βpyqκpz, yqUpyq dy dz¤ �τpxqUpxq � 2

ˆ 8
0

ˆ 8
z

βpyqκpz, yqUpyq dy dz� �τpxqUpxq � 2

ˆ 8
0

βpyqUpyq dy� �τpxqUpxq � 2λ,

Hence 2λ ¥ τpxqUpxq and (1.36) is proved.

1.3.7 Uniqueness

We follow the idea of [95]. Let pλ1,U1, φ1q and pλ2,U2, φ2q two solutions to the eigenproblem (1.3). First
we have

λ1

ˆ

U1pxqφ2pxq dx � ˆ ��BxpτpxqU1pxqq � βpxqU1pxq � 2

ˆ 8
x

βpyqκpx, yqU1pyq dy	φ2pxq dx� ˆ �
τpxqBxφ2pxq � βpxqφ2pxq � 2βpxq ˆ x

0

κpy, xqφ2pyq dy	U1pxq dx� λ2

ˆ

U1pxqφ2pxq dx
and then λ1 � λ2 � λ because

´

U1φ2 ¡ 0 thanks to Lemma 1.3.1.
For the eigenvectors we use the General Relative Entropy method introduced in [98, 99]. For C ¡ 0, we
test the equation on U1 against sgn

�
U1

U2
� C

�
φ1,

0 � ˆ �BxpτpxqU1pxqq � pλ� βpxqqU1pxq � 2

ˆ 8
x

βpyqκpx, yqU1pyq dy �sgn�U1

U2
pxq � C

	
φ1pxq dx.

Deriving
���U1

U2
pxq � C

���τpxqU2pxqφ1pxq we find

ˆ BxpτpxqU1pxqqsgn�U1

U2
pxq � C

	
φ1pxq dx � ˆ Bx����U1

U2
pxq � C

���τpxqU2pxqφ1pxq	 dx� ˆ BxpτpxqU2pxqqU1

U2
pxqsgn�U1

U2
pxq � C

	
φ1pxq dx � ˆ ���U1

U2
pxq � C

���BxpτpxqU2pxqφ1pxqq dx
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and then

ˆ BxpτpxqU1pxqqsgn�U1

U2
pxq � C

	
φ1pxq dx �

2

ˆ ���U1

U2
pxq � C

����ˆ x

0

βpxqκpy, xqU2pxqφ1pyq dy � ˆ 8
x

βpyqκpx, yqU2pyqφ1pxq dy� dx�2

ˆ ˆ 8
x

βpyqκpx, yqU2pyq dy U1

U2
pxqsgn�U1

U2
pxq � C

	
φ1pxq dx� ˆ pλ� βpxqqU1

U2
pxqsgn�U1

U2
pxq � C

	
U2pxqφ1pxq dx,

ˆ BxpτpxqU1pxqqsgn�U1

U2
pxq � C

	
φ1pxq dx �

2

ˆ ˆ

βpyqκpx, yq����U1

U2
pyq � C

���� ���U1

U2
pxq � C

����U2pyqφ1pxq dxdy�2

ˆ ˆ 8
x

βpyqκpx, yqU2pyq dy U1

U2
pxqsgn�U1

U2
pxq � C

	
φ1pxq dx� ˆ pλ� βpxqqU1

U2
pxqsgn�U1

U2
pxq � C

	
U2pxqφ1pxq dx.

So

0 � 2

ˆ ˆ

βpyqκpx, yq����U1

U2
pyq � C

���� ���U1

U2
pxq � C

����U2pyqφ1pxq dxdy�2

ˆ ˆ 8
x

βpyqκpx, yqU2pyq dy U1

U2
pxqsgn�U1

U2
pxq � C

	
φ1pxq dx�2

ˆ ˆ 8
x

βpyqκpx, yqU1pyq dy sgn�U1

U2
pxq � C

	
φ1pxq dx

0 � ˆ ˆ βpyqκpx, yqU2pyq���U1

U2
pyq � C

����1� sgn
�U1

U2
pxq � C

	
sgn

�U1

U2
pyq � C

	�
φ1pxq dxdy.

Hence
�
1� sgn

�
U1

U2
pxq�C	

sgn
�

U1

U2
pyq�C	� � 0 on the support of κpx, yq for all C thus U1

U2
pxq � U1

U2
pyq

on the support of κpx, yq andBxU1

U2
pxq � ˆ βpyqκpx, yq�U1

U2
pyq � U1

U2
pxq	U2pyq

U2pxq dy � 0 (1.37)

so
U1

U2
� cst � 1.

We can prove in the same way that φ1 � φ2 even if we can have U � 0 on r0,ms with m ¡ 0. Indeed
in this case we know that β � 0 on r0,ms and so

φipxq � φip0qe´ x0 λ
τpsq ds �x P r0,ms, i P t1, 2u.
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1.4 Conclusion, Perspectives

We have proved the existence and uniqueness of eigenelements for the aggregation-fragmentation equation
(1.1) with assumptions on the parameters as large as possible, in order to render out the widest variety
of biological or physical models. It gives access to the asymptotic behaviour of the solution by the use of
the General Relative Entropy principle.

A following work is to study the dependency of the eigenvalue λ on parameters τ and β (see [96]). For
instance, our assumptions allow τ to vanish at zero, what is a necessary condition to ensure that λ tends
to zero when the fragmentation tends to infinity. Such results give precious information on the qualitative
behaviour of the solution.

Another possible extension of the present work is to prove existence of eigenelements in the case of time-
periodic parameters, using the Floquet’s theory, and then compare the new λF with the time-independent
one λ (see [23]). Such studies can help to choose a right strategy in order to optimize, for instance, the
total mass

´

xupt, xqdx in the case of prion proliferation (see [20]) or on the contrary minimize the total
population

´

upt, xqdx in the case of cancer therapy (see [23, 25]).

Finally, this eigenvalue problem could be used to recover some of the equation parameters like τ and
β from the knowledge of the asymptotic profile of the solution, as introduced in [40, 114] in the case of
symmetric division (τ � 1 and κ � δx� y

2
), by the use of inverse problems techniques. The method of

[114] has to be adapted to our general case, in order to model prion proliferation for instance, or yet to
recover the aggregation rate τ ; this is another direction for future research.
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1.5 Appendix

1.5.1 Assumption on κ

Lemma 1.5.1. Assumptions (1.5),(1.6) and (1.11) with γ ¡ 0 imply that

inf
y

lim
ηÑ0

ˆ p1�ηqy
ηy

κpx, yq dx ¡ 0,

which means that polymers undergo a decrease in the size during fragmentation process. As a consequence,
assumption (1.7) holds true.

Proof. With the first assumption (1.5) we have

1 � ˆ y

0

κpx, yq dx � ˆ ηy

0

κpx, yq dx� ˆ p1�ηqy
ηy

κpx, yq dx � ˆ yp1�ηqy κpx, yq dx.
The two other assumptions (1.6) and (1.11) allow to control the mass of κ at the ends :

ˆ p1�ηqy
ηy

κpx, yq dx � 1� ˆ ηy

0

κpx, yq dx� ˆ yp1�ηqy κpx, yq dx¥ 1� Cηγ � 1

1� η

ˆ yp1�ηqy xy κpx, yq dx¥ 1� Cηγ � 1

2p1� ηq ÝÑ
ηÑ0

1

2
,
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which gives the first assertion of the lemma.
Now we can prove (1.7) :

ˆ y

0

x2

y2
κpx, yq dx ¤ � ˆ ηy

0

x

y
κpx, yq dx � ˆ yp1�ηqy xy κpx, yq dx�� ˆ p1�ηqy

ηy

x2

y2
κpx, yq dx¤ �1

2
� ˆ p1�ηqy

ηy

x

y
κpx, yq dx��p1� ηq ˆ p1�ηqy

ηy

x

y
κpx, yq dx� 1

2
� η

ˆ p1�ηqy
ηy

x

y
κpx, yq dx¤ 1

2
� η2

ˆ p1�ηqy
ηy

κpx, yq dx.
We use the first part of the proof to conclude. Taking η � min

�
1
4 ,

1p4Cq1{γ 	 for instance, we obtain

ˆ p1�ηqy
ηy

κpx, yq dx ¥ 1

3
,

and the lemma is proved for c � 1
2 � 1

48 .

1.5.2 Krein-Rutman

We prove existence of solution for the truncated equation (1.19). In this part η and δ are fixed (with
δR   µ), so we will omit these indices for τ, λ, U and φ but we keep in mind that τpxq ¥ µ ¡ 0.
We use the Krein-Rutman theorem which requires working in the space of continuous functions (see [110]
for instance). First we define regularized parameters as follows :

τε � ρε � τ, βε � ρε � β, and �y ¥ 0, κεp., yq � ρε � κp., yq,
where ρεpxq � 1

ε
ρpx

ε
q with ρ P C8c pp0,8qq, positive and such that

´8
0 ρ � 1. Then we have the theorem

Theorem 1.5.2. Under assumptions (1.5)-(1.13) on the parameters and for all ε ¡ 0, there is a unique
solution λε P R and Uε, φε P C1pr0, Rsq to the regularized eigenproblem$'''''''''''''&'''''''''''''%

BBxpτεpxqUεpxqq � pβεpxq � λεqUεpxq � 2

ˆ R

0

βεpyqκεpx, yqUεpyq dy, 0   x   R,

τεUεpx � 0q � δ
´ R

0
Uεpyq dy, Uεpxq ¡ 0,

´ R

0
Uεpxqdx � 1,�τεpxq BBxφεpxq � pβεpxq � λεqφεpxq � 2βεpxq ˆ R

0

κεpy, xqφεpyq dy � τεp0qδφεp0q, 0   x   R,

φεpRq � 0, φεpxq ¡ 0,
´ R

0
φεpxqUεpxqdx � 1.

(1.38)

Proof. We follow the proof of [110]. We define linear operators on E :� C0pr0, Rsq to apply the Krein-
Rutman theorem.

Direct equation. For ν ¡ 0 we consider the following equation on E$''&''% BBxpnpxqq � ν � βεpxq
τεpxq npxq � 2

ˆ R

0

βεpyq
τεpyq κεpx, yqnpyq dy � fpxq

τεpxq , 0 ¤ x ¤ R,

npx � 0q � δ
´ R

0
npyq
τεpyqdy, (1.39)
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and we prove that the linear operator A : f ÞÑ n (solution of (1.39)) satisfies to the assumptions of the
Krein-Rutman theorem.

First step: construction of A. Fix f P E and for m P E, we define n � T pmq P E as the (explicit)
solution to$''&''% BBxpnpxqq � ν � βεpxq

τεpxq npxq � 2

ˆ R

0

βεpyq
τεpyq κεpx, yqmpyq dy � fpxq

τεpxq , 0 ¤ x ¤ R,

npx � 0q � δ
´ R

0
mpyq
τεpyqdy,

We prove that T is a strict contraction. Therefore it has a unique fixed point thanks to the Banach-Picard
theorem. This fixed point is a solution to (1.39).
In order to prove that T is a strict contraction, we consider m1 and m2 two functions in E, we compute

for n � n1 � n2, m � m1 �m2,$''&''% BBxpnpxqq � ν � βεpxq
τεpxq npxq � 2

ˆ R

0

βεpyq
τεpyq κεpx, yqmpyq dy, 0 ¤ x ¤ R,

npx � 0q � δ
´ R

0
mpyq
τεpyqdy,

therefore $''&''% BBx |npxq| � ν � βεpxq
τεpxq |npxq| ¤ 2

ˆ R

0

βεpyq
τεpyq κεpx, yq|mpyq| dy, 0 ¤ x ¤ R,

npx � 0q ¤ δ
´ R

0
|mpyq|
τεpyq dy.

After integration, we obtain|npxq|e´x0 µ�βε
τε ¤ δ

ˆ R

0

|mpyq|
τεpyq dy � ˆ x

0

e
´

x1
0

ν�βε
τε

ˆ R

0

βεpyq
τεpyq κεpx1, yq|mpyq| dydx1

and thus |npxq| ¤ δ

ˆ R

0

|mpyq|
τεpyq dy � ˆ x

0

e� ´ xx1 ν�βε
τε

ˆ R

0

βεpyq
τεpyq κεpx1, yq|mpyq| dydx1¤ }m}E 1

µ

�
δR� ˆ x

0

e� ´ xx1 ν�βε
τε

ˆ R

0

βεpyqκεpx1, yq dydx1�¤ }m}E 1

µ

�
δR� ���ˆ R

0

βεpyqκεp., yqdy���
L8 ˆ x

0

e
� ν}τε}L8 px�x1q

dx1�¤ }m}E 1

µ

�
δR� ν�1}τε}L8���ˆ R

0

βεpyqκεp., yqdy���
L8�looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

:�k .

Because δR   µ by assumption, we can choose ν large so that k   1 and we obtain}n}E ¤ k}m}E.
Thus T is a strict contraction and we have proved the existence of a solution to (1.39).

Second step: A is continuous. This relies on a general argument which in fact shows that the linear
mapping A is Lipschitz continuous. Indeed, arguing as above|npxq|e´ x0 ν�βε

τε ¤ δ

ˆ R

0

|npyq|
τεpyq dy � ˆ x

0

e
´

x1
0

ν�βε
τε

ˆ R

0

βεpyq
τεpyq κεpx1, yq|npyq| dydx1 � ˆ x

0

e
´

x1
0

ν�βε
τε

|fpx1q|
τεpx1q dx1,
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and thus |npxq| ¤ k}n}E � ˆ R

0

|fpx1q|
τεpx1q dx1 ¤ k}n}E � R

µ
}f}E.

This indeed proves that }n}E ¤ R

µp1� kq}f}E.
Third step: A is strongly positive. For f ¥ 0, the operator T of the first step maps m ¥ 0 to n ¥ 0.
Therefore the fixed point n is nonnegative. In other words n � Apfq ¥ 0. If additionally f does not

vanish, then n does not vanish either. Therefore np0q � δ
´ R

0
npyq
τεpyqdy ¡ 0 and thus

npxq ¥ np0q � e� ´ x0 ν�βε
τε

ˆ x

0

e� ´ x10

ν�βε
τε

fpx1q
τεpx1q dx1 ¡ 0.

Fourth step: A is compact. For }f}E ¤ 1, the third step proves that n is bounded in E and thusBBxn � �ν � βε

τε
n� ˆ βεpyq

τεpyq κpx, yqnpyqdy � f

τε

is also bounded in E. Therefore by the Ascoli-Arzela theorem the family n is relatively compact in E.

Adjoint equation. A function φ is a solution to the adjoint equation of (1.38) if and only if φ̃pxq :�
φpR � xq satisfies$''&''% τ̃εpxq BBxφ̃pxq � pβ̃εpxq � λεqφ̃pxq � 2β̃εpxq ˆ R

0

κεpy,R� xqφ̃εpyq dy � δφ̃εpRq, 0   x   R,

φ̃εp0q � 0,

(1.40)

where τ̃εpxq � τεpR�xq and β̃εpxq � βεpR�xq. Then the same method than for the direct equation give
the result, namely the existence of λ and φ̃ solution to (1.40).

Finally we have proved existence of pλU ,Uεq and pλφ, φεq solution to the direct and adjoint equations
of (1.38). It remains to prove that λU � λφ but it is nothing but integrating the direct equation against
the ajoint eigenvector, what gives

λU

ˆ

Uεφε � λφ

ˆ

Uεφε.

To have existence of solution for (1.19), it remains to do εÑ 0. For this we can prove uniform bounds
in L8 for Uε and φε because we are on the fixed compact r0, Rs. Then we can extract subsequences which
converge L8 � �weak toward U and φ, solutions to (1.19) because τε and βε converge in L1 toward τ
and β. Concerning κε, we have that for all ϕ P C8c , ´ ϕpxqκεpx, yqdx ÝÑ ´ ϕpxqκpx, yqdx �y, and it is
sufficient to pass to the limit in the equations.

1.5.3 Maximum principle

Lemma 1.5.3. If there exists A0 ¡ 0 such that φ ¥ φ on r0, A0s and φ a supersolution of (1.3) onrA0, Rs with φpRq ¥ φpRq, then φ ¥ φ on r0, Rs.
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Proof. The proof is based on the same tools than to prove uniqueness (see above) or to establish GRE
principles (see [98, 99] for instance).
We know that φ ¥ φ on r0, A0s and that φ is a supersolution to the equation satisfied by φ on rA0, Rs, i.e.
there exists a function f ¥ δφp0q such that�τpxq BBxφpxq � pλ� βpxqqφpxq � 2βpxq ˆ x

0

κpy, xqφpyq dy � fpxq, �x P rA0, Rs.
So we have for all x P rA0, Rs�τpxq BBx pφpxq � φpxqq � pλ� βpxqqpφpxq � φpxqq � 2βpxq ˆ x

0

κpy, xqpφpyq � φpyqq dy � fpxq.
Then, multiplying by 1lφ¥φ, we obtain (see [110] for a justification)�τpxq BBx pφ� φq�pxq � pλ� βpxqqpφ � φq�pxq ¤ 2βpxq ˆ x

0

κpy, xqpφ � φq�pyq dy � fpxq1lφ¥φpxq,
and this inequality is satisfied on r0, Rs since pφ � φq� � 0 on r0, A0s.
If we test against U we have, using the fact that φpRq � 0   φpRq,

ˆ R

0

pφ� φq�pxq BBx pτpxqUpxqq dx � ˆ R

0

pλ� βpxqqpφ � φq�pxqUpxq dx¤ 2

ˆ R

0

pφ� φq�pyq ˆ R

y

βpxqκpy, xqUpxq dxdy � ˆ R

0

fpxq1lφ¥φpxqUpxq dx.
But if we test the equation (1.3) satisfied by U against pφ� φq�, we find

ˆ R

0

pφ� φq�pxq BBx pτpxqUpxqq dx � ˆ R

0

pλ� βpxqqpφ � φq�pxqUpxq dx� 2

ˆ R

0

pφ� φq�pyq ˆ R

y

βpxqκpy, xqUpxq dxdy,
and finally, substracting,

0 ¤ � ˆ R

0

fpxq1lφ¥φpxqUpxq dx,
so

δφp0q ˆ R

0

1lφ¥φpxqUpxq dx ¤ 0

and this can hold only if 1lφ¥φ � 0 or φp0q � 0. But we deal with the truncated problem with τpxq ¥ η ¡ 0,

so 1
τ
P L1

0 and φp0q ¡ 0 thanks to the lemma 1.3.1. Thus 1lφ¥φ � 0 and the lemma 1.5.3 is proved.



Chapitre 2

Dépendance par rapport aux
paramètres : première application

Dans cet article nous nous intéressons au phénomène de souche des maladies à pri-
ons. Plus précisément, nous nous demandons quel est le coefficient dans le système
prion qui dépend le plus de la souche. Il est suggéré dans [136] qu’il s’agit du terme
de fragmentation, mais une dépendance du terme de transport leur est malgré tout
nécessaire pour coller correctement aux données expérimentales. Nous montrons ici,
en utilisant une classe plus large de coefficients, qu’il est possible d’expliquer les
valeurs expérimentales en ne supposant qu’une dépendance de la fragmenation par
rapport à la souche de prion. Pour ce faire, nous considérons la classe de coeffi-
cients en puissance de x alors que [136] considérait un transport constant et une
fragmentation linéaire. L’étude nous permet en outre d’obtenir la forme du taux
de polymérisation τpxq dans la classe des fonctions en puissance de x. L’article est
paru dans Mathematical and Computer Modelling sous le titre The shape of the
polymerization rate in the prion equation [59].

2.1 Introduction

Polymerization of prion proteins is a central event in the mechanism of prion diseases. The cells produce
naturally the normal form of this protein (PrPc) but there exists a pathogenic form (PrPsc) present in
infected cells as polymers. These polymers have the ability to transconform and attach the normal form
by a polymerization process not yet very well understood. Mathematical modelling is a promising tool
to investigate this mechanism provided we can find accurate parameters.
We consider the following model of prion proliferation (see [19, 20, 63, 80])$'''''''''&'''''''''%

dV ptq
dt

� λ� V ptq �δ � ˆ 8
0

τpxqupx, tq dx� ,BBtupx, tq � �V ptq BBx�τpxqupx, tq� � rµ0 � βpxqsupx, tq � 2

ˆ 8
x

βpyqκpx, yqupy, tq dy,
up0, tq � 0,

upx, 0q � u0pxq. (2.1)

This equation is the continuous version of the discrete model of [92] (see [38] for the derivation). Sys-
tem (2.1) is a quite general model able to reproduce biological experimental results (see [83]). In this
equation, V ptq is the quantity of PrPc which is produced by the cell with a rate λ, and degraded with the

39
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rate δ. The quantity of aggregates of PrPsc with size x at time t is denoted by upx, tq. Polymers of PrPsc
can attach monomers (PrPc) with rate τ and can split themselves in two smaller polymers with rate β.
To fit with experimental observations [124], the polymerization and fragmentation rates should depend
on the polymer size x (see [19, 20]). When fragmentation occurs, a polymer of size y produces two pieces
of size x and y � x with the probability κpx, yq. The natural assumptions (see [98, 99, 110, 80]) on the
kernel κ are then

Supp κ � tpx, yq, 0 ¤ x ¤ yu
since fragmentation produces smaller aggregates than the initial one,�y ¡ 0,

ˆ

κpx, yq dx � 1 pκp�, yq is a probability measureq (2.2)

and �x ¤ y, κpx, yq � κpy � x, yq (2.3)

because of indistinguishability of the two pieces of sizes x and y � x after fragmentation. A consequence
of the two assumptions (2.2) and (2.3) is that the mean size of the fragments obtained from a polymer
of size y is y{2 �y, ˆ

xκpx, yq dx � y

2
. (2.4)

In the discrete model of [91, 92, 93], a critical size n of polymers is considered. Under this size, the
polymers are unstable so the proteins that compose them go back to their normal form PrPc. This effect
is taken into account in the continuous model of [63, 64] with the critical size x0. As a consequence, there
is one more integral term of apparition of monomers in the equation on V. Nevertheless, even if n ¡ 0
in the discrete model, the value of x0 can be taken equal to 0 in the continuous one as justified in [38].
Then the fact that small polymers are unstable, and so do not exist, is taken into account by the bounday
condition up0, tq � 0. The parameter µ0 is a death term which will be discussed later.
In the article [136], model (2.1) with the specific parameters of [43, 63, 64, 91, 92, 93] is used. It

assumes that the polymerization rate does not depend on polymer size (τpxq � τ0) and the fragmentation
is described by βpxq � β0x and κpx, yq � 1l0¤x¤y 1

y
. In this case, equation (2.1) can be reduced to

a non-linear system of ODEs (see [43, 63, 64] or even [91, 92, 93]). This system is used in [136] to
investigate the parameters involved in the so-called “prion strain phenomenon”. This phenomenon is
the ability of the same encoded protein to encipher a multitude of phenotypic states. Prion strains are
characterized by their incubation period (time elapsed between experimental inoculation of the PrPsc
infectious agent and clinical onset of the disease) and their lesion profiles (patterns produced by the death
of neurones) in brain [57]. A reason for the strain diversity can be that there exist various conformation
states of PrPsc, namely various misfoldings of the prion protein, which lead to various biological and
biochemical properties [102, 118]. These different conformations could be characterizable by their different
stability against denaturation. Indeed, recent studies on prion disease have confirmed that the incubation
time is related not only to the quantity of pathogenic protein inoculated (

´

u0pxq dx) and the level of
expression of PrPc (λ), but also to the resistance of prion strains against denaturation [82] in terms
of the concentration of guanide hydrochloride (Gdn-HCl) required to denaturate 50% of the disease-
causing protein. Other studies have highlighted a strong relationship between the stability of the prion
protein against denaturation and neuropathological lesion profiles [81, 123]. A natural question is then
to know how the conformation states of the PrPsc protein affect the parameters of model (2.1) and
more precisely which of these parameters is the most strain-dependent. One of the conclusions of [136]
is that the key parameter describing strain-dependent replication kinetics is the fibril breakage rate β0.
Using the model, some coefficients already defined in [92] are calculated from experimental data and the
dependency between them indicates that the fragmentation rate β0 is the most adapted parameter to be
strain-dependent. But, in this framework, the fragmentation dependency is not sufficient to fit precisely
the data and the polymerization rate τ0 is also assumed to change with the strain. In particular, to keep
a one-parameter family of models, the polymerization rate is assumed to depend on the fragmentation
one through a power relation Dφ s.t. τ0 � β0

φ. (2.5)
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However, polymerization and fragmentation are two different biochemical processes which have no reason
to be linked together.
In this paper we prove that we can get rid of such a relation by considering a larger class of parameters

for model (2.1). We take advantage of a general framework developped in [19, 20, 80], where coefficients
can be more general than in [43, 63, 64, 91, 92, 93, 136], and we consider power laws as in [45, 47, 80, 95].
Thanks to this extension, we find a shape for the polymerization rate allowing us to fit experimental data
with only the fragmentation rate dependent on strain. The experimental data we use are the stability
against denaturation G and the growth rate of the quantity of PrPsc (r) which is linked to the incubation
time. These data are strain-dependent and we can find in [136] estimated empirical values for different
strains. In Section 2.2 we present the class of coefficients we consider and give the necessary assumptions
for mathematical investigations. Most of these assumptions are already made in [92, 136] and, thanks to
them, we are able to link r and G to the mathematical model. In Section 2.3 we give the dependency
of these parameters on polymerization and fragmentation rates. Then we give a relation between them
using the only fragmentation dependency on strain and are able to fit data with an accurate shape of the
polymerization rate.

2.2 Assumptions and Method

To avoid the use of a power relation like (2.5) between the polymerization and the fragmentation, we
allow parameters τ and β to depend on the size x with power laws :Dγ, ν and β0, τ0 s.t., �x ¡ 0, βpxq � β0x

γ and τpxq � τ0x
ν . (2.6)

Concerning the fragmentation kernel κ, we assume that there exists a measure κ0 on r0, 1s such that�x, y ¡ 0, κpx, yq � 1

y
κ0

�x
y

	
. (2.7)

Then the natural assumptions on κ become

ˆ 1

0

κ0pzq dz � 1 and κ0pzq � κ0p1� zq. (2.8)

We assume that the exponents ν, γ, the kernel κ0 and the death rate µ0 are strain-independent unlike
the “intensities”β0 and τ0. First we look which of β0 and τ0 is the most characteristic of the strain. Then
we find a value of ν allowing to fit experimental data as well as [136] but without assumption (2.5). We
will see in Section 2.3 that the method naturally gives the parameter ν because it turns out that γ and
κ0 do not appear in the final argument.

The method proposed in [92, 136] is to investigate the dynamics of the system (2.1) linearized at
the disease-free equilibrium. Then we can use the eigenelements as suggested in [19, 20]. To make
this approximation valid, we make some classical assumptions. First we assume that, in the biological
experiments (namely before the animal death), the amount of PrPc in cells remains close to the sane
value V̄ � λ

δ
(obtained by setting u � 0 in the first equation of (2.1)). Quantity V being assumed to be

constant, we consider the eigenelements r and U of the equation for polymers associated with V̄$''&''% rUpxq � �V̄ BBx�τpxqUpxq� � rµ0 � βpxqsUpxq � 2

ˆ 8
x

βpyqκpx, yqUpyq dy,
Up0q � 0,

ˆ

Upxq dx � 1.

(2.9)

The principal eigenvalue r represents the growth rate of the solutions and the eigenvector U is the
corresponding size distribution of polymers. To consider that the size distribution is close to this profile
along the experiments, we assume that the initial value u0pxq is already close to U . It is a reasonable
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assumption if contaminations are made from other infected individuals. Then the solution of (2.1) is
reduced to

V ptq � V̄ and upx, tq � �ˆ
u0pyqdy�Upxqert. (2.10)

To solve our problem, we use the idea that the eigenelements r and U change with the prion strains
(see [20, 83] for instance). Because present experiments do not allow one to measure the size distribution
U , we link it to the stability against denaturation G by the relationDa ¡ 0, b s.t. G � ax̄� b (2.11)

where x̄ � ´ xUpxq dx is the mean size of the polymers since
´

Upxq dx � 1. Such an affine dependency,
suggested in [136], is based on the idea that the longer x̄ is, the larger G will be. In [81, 136] we can find
estimated empirical values of G (as a concentration, in Mol, of Gnd-HCL required to denaturate 50% of
PrPsc) and of the growth rate r (computed from measures of incubation times thanks to the assumption
of an exponential growth homogeneous in the brain). These values are reported in Table 2.1.

Prion strain 139A ME7 BSE Sc237 RML vCJD Chandler Scrapie 301 V
r(day�1) 0.05 0.024 0.015 0.11 0.18 0.07 0.17 0.07
G(M) 2 2.9 2.8 1.6 1.7 1.85 2.2 2.2

Table 2.1: Estimated empirical values of the growth rate and the stability against denaturation for different prion
strains (data from [81, 136]).

In the next section, we find a relation between r and U by investigating their dependency on parameters.
Then we show that this relation allows to fit the data of Table 2.1 with an accurate choice of the
polymerization exponent ν.

2.3 Results

Proving the existence of solutions to the eigenvalue problem (2.9) is not easy and the theory was first de-
veloped in [111, 95]. In [41] we could treat singular polymerization and fragmentation rates as investigated
here. It is proved in [41, 95] that solutions exist under the condition

γ � 1� ν ¡ 0. (2.12)

Moreover, following the idea of [47], we are able to give the dependency of r and U on parameters V, µ0, β0
and τ0 for given γ, ν and κ0 (unknown but strain-independent). Define r1 and U1 by the eigenequation
given for β0 � V̄ τ0 � 1 and µ0 � 0 by

r1U1pxq � � BBx�xνU1pxq�� xγU1pxq � 2

ˆ 8
x

yγκ0

�x
y

	
U1pyq dy

y
. (2.13)

Then r1, U1 depend only on γ, ν, κ0 and we have the following lemma which we use later on.

Lemma 2.3.1. The eigenelements r and U solution of (2.9) satisfy

r � �
V τ0

� γ
1�γ�ν β0

1�ν
1�γ�ν r1 � µ0 and Upxq � � β0

V τ0

	 1

1�γ�ν

U1

�� β0
V τ0

� 1

1�γ�ν x
	
. (2.14)

Proof. The proof is based on a homogeneity argument. First we write (2.9) as

r � µ0

V τ0
Upxq � � BBx�xνUpxq�� β0

V τ0
xγUpxq � 2

β0

V τ0

ˆ 8
x

yγκ0

�x
y

	
Upyq dy

y
(2.15)
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and we set α � β0

V τ0
and R � r�µ0

V τ0
. The rescaled function v defined by Upxq � αkvpαkxq satisfies the

equation

αkRvpxq � �αkp2�νq BBx�xνvpxq�� αk�1�kγxγvpxq � 2αk�1�kγ ˆ 8
x

yγκ0

�x
y

	
vpyq dy

y
. (2.16)

We choose k � 1
1�γ�ν (what is possible since (2.12) is satisfied) and obtain

α
ν�1

1�γ�νRvpxq � � BBx�xνvpxq� � xγvpxq � 2

ˆ 8
x

yγκ0

�x
y

	
vpyq dy

y
. (2.17)

Comparing (2.13) and (2.17), the uniqueness of eigenelements ensures that

R � α
1�ν

1�γ�ν r1 and vpxq � U1pxq (2.18)

because
´

vpxqdx � ´ Upxqdx, and the lemma is proved.

We are now able to give the dependency of r and s̄ on parameters β0, τ0 and µ0. The mean length of

the aggregates at time t is defined as the quotient

´

xupx, tq dx
´

upx, tq dx . So, using the approximation (2.10), we

obtain that this quantity is constant in time and equal to

x̄ � ˆ xUpxq dx. (2.19)

Then, thanks to Lemma 2.3.1, we conclude to the following corollary.

Corollary 2.3.2. Under assumptions (2.6)-(2.8) and (2.12), there are two constants r1 and x̄1 (depending
only on γ, ν and κ0) such that

r � �
V τ0

� γ
1�γ�ν β0

1�ν
1�γ�ν r1 � µ0 and x̄ � �V τ0

β0

	 1

1�γ�ν

x̄1. (2.20)

Proof. Using Lemma 2.3.1, we immediately have x̄ � �V τ0
β0

	 1

1�γ�ν

x̄1 with x̄1 � ˆ xU1pxq dx.
We have obtained the dependency of r and x̄ on the a priori strain-dependent parameters β0 and τ0.

Using assumption (2.11), we deduce the dependency of the stability against denaturation G

G � a
�V τ0
β0

	 1

1�γ�ν

x̄1 � b. (2.21)

In paper [136], the exponent γ of the fragmentation rate is equal to 1. Here we do not impose any value
for γ but, nevertheless, we consider that it is positive. Indeed the larger the polymers are, the easier they
break themselves. Consequently a strain-dependency of τ0 cannot lead to a decreasing correspondance
between r and G, as observed in Figure 2.1, since we have assumed that γ � 1 � ν and a are positive.
Thus it indicates that the key strain-dependent parameter should be β0.With this assumption, we obtain
an implicit expression of G as a function of r

G � Apr � µ0q 1

ν�1 � b (2.22)

where A and b are constants (namely strain-independent). This model is used to fit the data.
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Figure 2.1: Experimental values of G and r for differ-
ent strains are plotted (circles). Then these data are
fitted using the reduced model (2.22) with µ0 � 0 and
µ0 free.

Ar
1

ν�1�b Apr�µ0q 1

ν�1�b
ν -0.482 0.316
µ0 0 0.023
A 0.083 0.01
b 1.54 1.69
R2 0.7 0.72

Table 2.2: Best fitting parameters obtained with the
two different models. The correlation coefficient R2 is
also reported in the last row.

First we assume as in [136] that the death rate µ0 is equal to zero. Then we obtain a model already
considered by [136] (Table 3, page 5). In our framework, we can also let µ0 be free and fit the data with
the model (2.22). As we can see in Table 2.2, the accuracy of the fitting is a little bit better with this
generalisation than in the case µ0 � 0. But the most significant difference between the two fittings is the
shape of τ : it is a decreasing function of x in the first case pν   0q and it is an increasing function in the
second case pν ¡ 0q.
2.4 Conclusion and Perspectives

Thanks to a larger class of parameters than [136], we are able to fit the experimental data by considering
only the fragmentation rate to be dependent on strains. We even obtain a more general model and so a
more accurate fitting. But, because the parameters profiles are not a priori known, we cannot find x̄ from
experimental data and have to postulate a particular dependency (2.11) whereas this was a consequence
of the model in [136]. To validate it, new data are necessary, for instance values of x̄ obtained by an
experimental size distribution.
A consequence of the method is the prescription of the shape of the polymerization rate from exper-

imental data, and also the death rate µ0. Nevertheless, we notice a significant difference between the
two recovered exponents ν obtained by assuming that µ0 � 0 or not. Particularly one is negative and
the other one positive (see Table 2.2). The idea to compare parameters from different strains has been
deeply exploited here. But the fact that there are only few different strains in comparison to the number
of fitting parameters is a weakness for precise fitting and precise determination of τ. Some parameters
such as µ0 or b should be previously determined by another method and other data. Furthermore the pa-
rameters of model (2.1) could have a size-dependency more general than power laws. A complete inverse
problem is to recover all the size-dependent parameters from experimental data without the restriction
to a class of shape. This problem is very complicated even though first elementary models are treated
in [40, 114, 109]. Moreover it requires more information such as the size distribution U and not only the
mean size x̄.
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Chapitre 3

Dépendance par rapport aux
paramètres : étude approfondie

Dans ce travail en collaboration avec Vincent Calvez et Marie Doumic, nous
analysons la dépendance de la valeur propre principale de l’équation de croissance-
fragmentation en fonction de paramètres. Cette question apparait dans la recherche
des états d’équilibre pour le système du prion avec la dépendance par rapport au
terme de transport, et dans le problème d’optimisation de la PMCA avec la dépen-
dance par rapport à un paramètre de fragmentation. Grâce à une dilatation ap-
propriée des vecteurs propres, nous donnons le comportement asymptotique de la
valeur propre quand les paramètres tendent vers zéro ou l’infini. Pour des coefficients
dégénérés nous obtenons des dépendances non monotones, contrairement à ce qui
avait pu être conjecturé auparavant en se basant sur des cas simples.

3.1 Introduction

Growth and division of a population of individuals structured by a quantity conserved in the division
process may be described by the following growth and fragmentation equation:$''''''&''''''% BBtupx, tq � BBx�τpxqupx, tq� � βpxqupx, tq � 2

ˆ 8
x

βpyqκpx, yqupy, tq dy, x ¥ 0,

upx, 0q � u0pxq,
up0, tq � 0.

(3.1)

This equation is used in many different areas to model a wide range of phenomena. The quantity upt, xq
may represent a density of dusts ([45]), polymers [19, 20], bacteria or cells [10, 11]. The structuring
variable xmay be size ([110] and references), label ([6, 5]), protein content ([37, 88]), proliferating parasite
content ([7]); etc. In the literature, it is refered to as the ”size-structured equation”, ”growth-fragmentation
equation’, ”cell division equation”, ”fragmentation-drift equation” or Sinko-Streifer model.
The growth speed τ � dx

dt
represents the natural growth of the variable x, for instance by nutrient

uptake or by polymerization, and the rate β is called the fragmentation or division rate. Notice that
if τ is such that 1

τ
is non integrable at x � 0, then the boundary condition up0, tq � 0 is useless. The

so-called fragmentation kernel κpx, yq represents the proportion of individuals of size x ¤ y born from a
given dividing individual of size y; more rigorously we should write κpdx, yq, with κpdx, yq a probability

45
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measure with respect to x. The factor “2“ in front of the integral term highlights the fact that we consider
here binary fragmentation, namely that the fragmentation process breaks an individual into two smaller
ones. The method we use in this paper can be extended to more general cases where the mean number
of fragments is n0 ¡ 1 (see [41]).

Well-posedness of this problem as well as the existence of eigenelements has been proved in [47, 41].
Here we focus on the first eigenvalue λ associated to the eigenvector U defined by$''&''% BBxpτpxqUpxqq � pβpxq � λqUpxq � 2

ˆ 8
x

βpyqκpx, yqUpyqdy, x ¥ 0,

τUpx � 0q � 0, Upxq ¡ 0 for x ¡ 0,
´8
0

Upxqdx � 1.

(3.2)

The first eigenvalue λ is the asymptotic exponential growth rate of a solution to Problem (3.1) (see
[98, 99]). It is often called the malthusian parameter or the fitness of the population. Hence it is
of deep interest to know how it depends on the coefficients: for given parameters, is it favorable or
unfavorable to increase fragmentation ? Is it more efficient to modify the transport rate τ or to modify the
fragmentation rate β ? Such concerns may have deep impact on therapeutic strategy (see [10, 11, 37, 23])
or on experimental design of devices such as PMCA 1 (see [83] and references therein). Moreover, when
modeling polymerization processes, Equation (3.1) is coupled with the density of monomers V ptq, which
appears as a multiplier for the polymerization rate (i.e., τpxq is replaced by V ptqτpxq, and V ptq is governed
by one or more ODE - see for instance [63, 64, 20]). Asymptotic study of such polymerization processes
thus closely depends on such a dependency (see [20, 19], where asymptotic results are obtained under the
assumption of a monotonic dependency of λ with respect to the polymerization rate τ).

Based on simple cases already studied (see [63, 64, 117, 59]), the first intuition would be that the fitness
always increases when polymerization or fragmentation increases. Nevertheless, a closer look reveals that
it is not true.

To study the dependency of the eigenproblem on its parameters, we depart from given coefficients τ
and β, and study how the problem is modified under the action of a multiplier of either the growth or
the fragmentation rate. We thus consider the two following problems: first,$''&''% α

BBxpτpxqUαpxqq � pβpxq � λαqUαpxq � 2

ˆ 8
x

βpyqκpx, yqUαpyqdy, x ¥ 0,

τUαpx � 0q � 0, Uαpxq ¡ 0 for x ¡ 0,
´8
0

Uαpxqdx � 1,

(3.3)

where α ¡ 0 measures the strength of the polymerization (transport) term, as in the prion problem (see
[63]), and second$''&''% BBxpτpxqVapxqq � paβpxq � ΛaqVapxq � 2a

ˆ 8
x

βpyqκpx, yqVapyqdy, x ¥ 0,

τVapx � 0q � 0, Vapxq ¡ 0 for x ¡ 0,
´8
0

Vapxqdx � 1,

(3.4)

where a ¡ 0 modulates the fragmentation intensity, as for PMCA or therapeutics applied to the cell
division cycle (see discussion in Section 3.4).

To make things clearer, w give some intuition on the dependency of Λa and λα on their respective
multipliers a and α. First of all, one suspects that if a vanishes or if α explodes, since transport dominates,
the respective eigenvectors Uα and Va tend to dilute, and on the contrary if a explodes or if α vanishes,
since fragmentation dominates, they tend to a Dirac mass at zero (see Figure 3.1 for an illustration). But

1PMCA, Protein Misfolded Cyclic Amplification, is a protocol designed to amplify the quantity of prion protein aggregates
due to periodic sonication pulses. In this application, u represents protein aggregates density and x their size; the division
rate β is modulated by sound waves. See Section 3.4.3 for more details.
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Figure 3.1: Eigenvectors Uαpxq for different values of α when βpxq � 1, κpx, yq � 1
y
1l0¤x¤y and τpxq � x.

In this case we have an explicit expression Uαpxq � 2
?
α
�?

αx� αx2

2

	
exp

�?
αx� αx2

2

	
. One sees that

if α vanishes, Uα tends to a Dirac mass, whereas it dilutes when αÑ �8.
what happens to the eigenvalues λα and Λa ? Integrating Equation (3.4), we obtain the relation

Λa � a

ˆ 8
0

βpxqVapxq dx
which could give the intuition that Λa is an increasing function of a, what is indeed true if βpxq � β is a
constant since we obtain in this case Λa � βa. However, when β is not a constant, the dependency of the
distribution Vapxq on a comes into account and we cannot conclude so easily. A better intuition is given
by integration of Equation (3.4) against the weight x, which gives

Λa

ˆ

xVapxq dx � ˆ τpxqVapxq dx
and as a consequence we have that

inf
x¡0

τpxq
x

¤ Λa ¤ sup
x¡0

τpxq
x

.

This last relation highlights the link between the first eigenvalue Λa and the growth rate τpxq, or more

precisely τpxq
x
. For instance, if τpxq

x
is bounded, then Λa is bounded too, independently of a. Notice that

in the constant case βpxq � β, there cannot exist a solution to the eigenvalue problem (3.2) for τpxq
x

bounded since we have Λa � βa which contradicts the boundedness of τpxq
x
. In fact we check that the

existence condition (3.27) in Section 3.2.2 imposes, for β constant, that 1
τ
is integrable at x � 0 and so

τpxq
x

cannot be bounded.
Similarly, concerning Equation (3.3), an integration against the weight x gives

λα � 1

α

´

τUαdx
´

xUαdx
,

that could lead to the (false) intuition that λα decreases with α which is indeed true in the limiting case
τpxq � x. A simple integration gives more insight: it leads to

λα � ˆ βpxqUαpxq dx, inf
x¡0

βpxq ¤ λα ¤ sup
x¡0

βpxq.
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This relation connects λα to the fragmentation rate β when the parameter α is in front of the transport
term. Moreover, we have seen that when the growth parameter α tends to zero, for instance, the distri-
bution Uαpxq is expected to concentrate into a Dirac mass in x � 0, so the identity λα � ´ βpxqUαpxq dx
indicates that λα should tend to βp0q. Similarly, when α tends to infinity, λα should behave as βp�8q.
These intuitions on the link between τpxq

x
and Λa on the one hand, β and λα on the other hand, are

expressed in a rigorous way below. The main assumption is that the coefficients τpxq and βpxq have
power-like behaviours in the neighbourhood of L � 0 or L � �8, namely thatD ν, γ P R such that τpxq �

xÑL τxν , βpxq �
xÑL βxγ . (3.5)

Theorem 3.1.1. Under Assumption (3.5), Assumptions (3.12)-(3.13) on κ, and Assumptions (3.22)-
(3.28) given in [41] to ensure the existence and uniqueness of solutions to the eigenproblems (3.3) and
(3.4), we have, for L � 0 or L � �8,

lim
αÑLλα � lim

xÑLβpxq and lim
aÑLΛa � lim

xÑ 1

L

τpxq
x

.

This is an immediate consequence of our main result, stated in Theorem 3.2.2 of Section 3.2.1. As
expected by the previous relations, for Problem (3.3) the eigenvalue behavior is given by a comparison
between β and 1 in the neighbourhood of zero if polymerization vanishes (α Ñ 0), and in the neigh-
bourhood of infinity if polymerization explodes (αÑ8). For Problem (3.4), it is given by a comparison
between τ and x (in the neighbourhood of zero when a Ñ 8 or in the neighbourhood of infinity when
aÑ 0).
One notices that these behaviors are somewhat symmetrical. Indeed, the first step of our proof is to

use a properly-chosen rescaling, so that both problems (3.3) and (3.4) can be reduced to a single one,
given by Equation (3.18). Theorem 3.2.2 studies the asymptotic behaviour of this new problem, which
allows us to quantify precisely the rates of convergence of the eigenvectors toward self-similar profiles.

A consequence of these results is the possible non-monotonicity of the first eigenvalue as a function
of α or a. Indeed, if limxÑ0 βpxq � limxÑ8 βpxq � 0, then the function α ÞÑ λα satisfies limαÑ0 λα �
limαÑ8 λα � 0 and is positive on p0,�8q, because λα � ´ βUα ¡ 0 for α ¡ 0. If limxÑ0

τpxq
x

�
limxÑ8 τpxq

x
� 0, we have the same conclusion for a ÞÑ Λa (see Figure 3.2 for examples).

This article is organised as follows. In Section 3.2 is devoted to state and prove the main result, given
in Theorem 3.2.2. We first detail the self-similar change of variables that leads to the reformulation of
Problems (3.3) and (3.4) in Problem (3.18), as stated in Lemma 3.2.1. We then recall the assumptions for
the existence and uniqueness result of [41]. We need these assumptions here not only to have well-posed
problems, but also because the main tool to prove Theorem 3.2.2 is given by similar estimates to the ones
used in [41] to prove well-posedness. In Section 3.3, we give more precise results in the limiting cases,

i.e. when limxÑL βpxq or limxÑL τpxq
x

is finite and positive, and conversely more general results under
assumptions weaker than Assumption (3.5). Finally, Section 3.4 proposes possible use and interpretation
of the results in various fields of application.

3.2 Self-similarity Result

3.2.1 Main theorem

The main theorem is a self-similar result, in the spirit of [47]. It considers the cases for Equation (3.3)
or (3.4), and as parameter α or a goes to zero or to infinity. It gathers the asymptotics of the eigenvalue
and possible self-similar behaviors of the eigenvector, when τ and β have power-like behavior in the
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Figure 3.2: The dependencies of the first eigenvalue on polymerization and fragmentation parameters for
coefficients which satisfy the assumptions of Theorem 3.1.1 are plotted. The coefficients are chosen to

obtain non monotonic functions. 3.2(a): τpxq � 8x0.2

1�2x4.2 , βpxq � x3

15�x4.5 and κpx, yq � 1
y
1l0¤x¤y.We have

limxÑ0 βpxq � limxÑ8 βpxq � 0, so limαÑ0 λα � limαÑ8 λα � 0. 3.2(b): τpxq � 1.2x1.8

1�2 x2.8 , βpxq � 4x2

10�x0.8

and κpx, yq � 1
y
1l0¤x¤y. We have limxÑ0

τpxq
x

� limxÑ8 τpxq
x

� 0, so limaÑ0 Λa � limaÑ8 Λa � 0.

neighbourhood of 0 or �8. We first explain in full detail how the study of both Equations (3.3) and (3.4)
reduce to the study of the asymptotic behavior of a unique problem, as Lemma 3.2.1 states.
When fragmentation vanishes or polymerization explodes, one expects the eigenvectors Uα and Va to

disperse more and more. When fragmentation explodes or polymerization vanishes on the contrary, we
expect them to concentrate at zero. This leads to the idea of performing an appropriate scaling of the
eigenvector (Uα or Va), so that the rescaled problem converges toward a steady profile instead of a Dirac
mass or a more and more spread out distribution.
For given k and l, we define vα or wa by the dilation

vαpxq � αkUαpαkxq, wapxq � a
lVapalxq. (3.6)

The function vα satisfies the following equation

α1�k BBx �
τpαkxqvαpxq� � �

λα � βpαkxq� vαpxq � 2

8̂
x

βpαkyqκpαkx, αkyqvαpyqdy, (3.7)

and similarly the function wa satisfies

a
�l BBx �

τpalxqwapxq� � �
Λa � aβpalxq�wapxq � 2a

8̂
x

βpalyqκpalx, alyqwapyqdy. (3.8)

A vanishing fragmentation or an increasing polymerization will lead the mass to spread more and more,
and thus to consider the behavior of the coefficients τ, β around infinity; on the contrary, a vanishing
polymerization or an infinite fragmentation will lead the mass to concentrate near zero, and we then
consider the behavior of the coefficients around zero. This consideration drives our main assumption (3.5)
on the power-like behavior of the coefficients τpxq and βpxq in the neighbourhood of L � 0 and L � �8.
We recall this assumption hereD νL, γL P R such that τpxq �

xÑL τxνL , βpxq �
xÑL βxγL .
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In the class of coefficients satisfying Assumption (3.5), Assumption (3.27) of Section 3.2.2 is equivalent
to

γ0 � 1� ν0 ¡ 0, (3.9)

Assumption (3.28) coincides with
γ8 � 1� ν8 ¡ 0, (3.10)

and in Assumption (3.26), the condition linking γ̄ to τpxq becomes

γ̄ � 1� ν0 ¡ 0. (3.11)

For the sake of simplicity, we omit the indices L in the sequel.
To preserve the fact that κ is a probability measure, we define

καpx, yq :� αkκpαkx, αkyq, κapx, yq :� a
lκpalx, alyq. (3.12)

For our equations to converge, we also make the following assumption concerning the fragmentation
kernels κα and κa :

For k ¡ 0, D κL s.t. �ϕ P C8c pR�q, ˆ

ϕpxqκαpx, yq dx ÝÝÝÑ
αÑL ˆ ϕpxqκLpx, yq dx a.e. (3.13)

This assumption is the convergence in a distribution sense of καp., yq for almost every y. This is true for
instance for fragmentation kernels which can be written in homogeneous form as κpx, yq � 1

y
κ̃
�
x
y

�
. In this

case κα is equal to κ for all α, so κL � κ.

Under Assumption (3.5), in order to obtain steady profiles, we define

ταpxq :� α�kντpαkxq, τapxq :� a
�lντpalxq, βα :� α�kγβpαkxq, βa :� a

�lγβpalxq, (3.14)

so that, if k ¡ 0, there are local uniform convergences on R
�� of τα and βα : τα ÝÑ

αÑL τxν and βα ÝÑ
αÑL βxγ .

Equations (3.7) and (3.8) divided respectively by αkγ and a
lpν�1q, can be written as

α1�kpν�1�γq BBx�ταvαpxq	� �
α�kγλα � βα

�
vαpxq � 2

8̂
x

βαpyqκαpx, yqvαpyqdy, (3.15)BBx�τawapxq	� �
a
lp1�νqΛa � a

1�lpν�1�γqβa	wapxq � 2a1�lpν�1�γq 8̂
x

βapyqκapx, yqwapyqdy. (3.16)

In order to cancel the multipliers of τα and βa, it is natural to define

k � 1

1� γ � ν
¡ 0, l � �k � �1

1� γ � ν
  0, (3.17)

which leads to BBxpταpxqvαpxqq � pθα � βαpxqqvαpxq � 2

8̂
x

βαpyqκαpx, yqvαpyqdy, (3.18)

and BBxpτapxqwapxqq � pΘa � βapxqqwapxq � 2

8̂
x

βapyqκapx, yqwapyqdy, (3.19)

with
θα � α

�γ
1�γ�ν λα, Θa � a

ν�1

1�γ�ν Λa.

The signs of k and l express the fact that for α ¡ 1 or a   1, vα and wa are contractions of Uα,a, whereas
for α   1 or a ¡ 1 they are dilations, which is in accordance with our intuition of the respective roles
of polymerization and fragmentation. Moreover, one notices that if we define a :� 1

α
, then a

l � αk, so
Equations (3.18) and (3.19) are identical. By uniqueness of a solution to this eigenvalue problem, this
implies that θα � Θ 1

α
and vα � w 1

α
. We are ready to state this result in the following lemma:
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Lemma 3.2.1. Eigenproblems (3.3) and (3.4) are equivalent to the eigenproblem (3.18) with k defined
by (3.17), βα, τα defined by (3.14), κα defined by (3.12), a � 1

α
and the following relations linking the

different problems:

vαpxq � αkUαpαkxq � αkV 1

α
pαkxq, θα � α

�γ
1�γ�ν λα � α

1�ν
1�γ�ν Λ 1

α
. (3.20)

Defining pv8, θ8q as the unique solution of the following problem$''&''% BBxpτxνv8pxqq � pβxγ � θ8qv8pxq � 2

ˆ 8
x

βyγκLpx, yqv8pyqdy, x ¥ 0,

τv8px � 0q � 0, v8pxq ¡ 0 for x ¡ 0,
´8
0
v8pxqdx � 1, θ8 ¡ 0,

(3.21)

we expect θα to converge towards θ8 ¡ 0 and vα towards v8 when α tends to L, so the expressions of
λα, Λa given by (3.20) will provide immediately their asymptotic behavior. This result is expressed in
the following theorem:

Theorem 3.2.2. Let τ, β and κ verify Assumptions (3.22)-(3.28). Let L � 0 or L � �8, and τ and β
verify also Assumption (3.5). Let κα defined by (3.12) with k defined by (3.17) verify Assumption (3.13).
Let pvα, θαq be the unique solution to the eigenproblem (3.19) . We have the following asymptotic behaviors

xrvαpxq ÝÝÝÑ
αÑL xrv8pxq strongly in L1 for all r ¥ 0, and θα ÝÝÝÑ

αÑL θ8.
Theorem 3.1.1 announced in the introduction follows immediately from Theorem 3.2.2 and the expres-

sion of λα and Λa given by (3.20).

3.2.2 Recall of existence results ([95, 41])

We first recall the assumptions of the existence and uniqueness theorem for the eigenequation (3.2) (see
[41] for a complete motivation of these assumptions), which also ensures well-posedness of Problems (3.3)
and (3.4). For all y ¥ 0, κp., yq is a nonnegative measure with a support included in r0, ys. We define κ
on pR�q2 as follows: κpx, yq � 0 for x ¡ y. We assume that for all continuous function ψ, the application
fψ : y ÞÑ ´ ψpxqκpdx, yq is Lebesgue measurable.
Mass conservation and physical interpretation lead us to suppose that

ˆ

κpdx, yq � 1,

ˆ

xκpdx, yq � y

2
, (3.22)

so κpy, .q is a probability measure and fψ P L8locpR�q. We moreover assume that the second moment of κ
is uniformly less than the first one

ˆ

x2

y2
κpx, yqdx ¤ c   1{2. (3.23)

For the polymerization and fragmentation rates τ and β, we introduce the set

P :�  
f ¥ 0 : Dµ ¥ 0, lim sup

xÑ8 x�µfpxq   8 and lim inf
xÑ8 xµfpxq ¡ 0

(
.

We consider

β P L1
locpR��q X P , Dr0 ¥ 0 s.t. τ P L8locpR�, xr0dxq X P (3.24)

satisfying �K compact of p0,8q, DmK ¡ 0 s.t. τpxq, βpxq ¥ mK for a.e. x P K (3.25)DC ¡ 0, γ̄ ¥ 0 s.t.

ˆ x

0

κpz, yq dz ¤ min
�
1, C

�x
y

	γ̄	
and

xγ̄

τpxq P L1
0 (3.26)
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Notice that if Assumption (3.26) is satisfied for γ̄ ¡ 0, then Assumption (3.23) is automatically fulfilled
(see Appendix A in [41]). We assume that growth dominates fragmentation close to L � 0 in the following
sense:

β

τ
P L1

0 :� f, Da ¡ 0, f P L1p0, aq(. (3.27)

We assume that fragmentation dominates growth close to L � �8 in the following sense:

lim
xÑ�8 xβpxq

τpxq � �8. (3.28)

Under these assumptions, we have existence and uniqueness of a solution to the first eigenvalue problem
(see [95, 41]).

Theorem [41]. Under Assumptions (3.22)-(3.28), for 0   α, a   8, there exist unique solutions pλ,Uq,
respectively, to the eigenproblems (3.2), (3.3) and (3.4), and we have

λ ¡ 0,

xrτU P LppR�q, �r ¥ �γ̄, �p P r1,8s,
xrτU PW 1,1pR�q, �r ¥ 0.

We also recall the following corollary (first proved in [95]). We shall use it at some step of our blow-up
analysis.

Corollary [95, 41]. Let τ ¡ 0, β ¡ 0, γ, ν P R such that 1 � γ � ν ¡ 0, and κL verify Assumptions
(3.22), (3.23) and (3.26). Then there exists a unique pθ8, v8q solution to the eigenproblem (3.2) with
τpxq � τxν and βpxq � βxγ :

Indeed, in this particular case, assumptions of the above existence theorem are immediate, and as
already said both assumptions (3.27) and (3.28) are verified if and only if 1� γ � ν ¡ 0.

3.2.3 Proof of Theorem 3.2.2

It is straightforward to prove that κα satisfies Assumptions (3.22)-(3.23) and (3.26) with the same con-
stants c and C as κ, thus independent of α. We have local uniform convergences in R

�� τα ÝÑ
αÑL τxν and

βα ÝÑ
αÑL βxγ , if Assumption (3.5) holds, for L � 0 as well as L � 8.
For the two cases, the result is based on uniform estimates on vα and θα independent of α, in the same

spirit as in the proof of the existence theorem (see [41]). When these estimates lead to compactness in
L1pR�q, we shall extract a converging subsequence, which will be a weak solution of Equation (3.21) ; the
global convergence result will then be a consequence of the uniqueness of a solution to Equation (3.21).
This type of proof is classical, and we refer for instance to [110, 41] for more details.
As in [41], the proofs of the estimates that are needed to obtain compactness in L1 are strongly based

on Assumptions (3.24), (3.26), (3.27) and (3.28). Lemmas 3.2.3, 3.2.4 and 3.2.5 prove, respectively, that
βα, τα and κα satisfy Assumption (3.28), (3.24) and (3.26)-(3.27) uniformly for all α.
Here we assume slight generalizations of Assumption (3.5), as specified in each lemma, in order to make

clear where each part of Assumption (3.5) is necessary.

Lemma 3.2.3. Suppose thatD ν, γ P R s.t. 1� γ � ν ¡ 0, and
τpxq
βpxq �

xÑL Opxν�γq . (3.29)

Then for all r ¡ 0, there exist Ar ¡ 0 and NL a neighbourhood of L such that

for a.e. x ¥ Ar and for all α P NL,
xβαpxq
ταpxq ¥ r. (3.30)
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Proof. Let r ¡ 0.
For all α ¡ 0, we define, using Assumption (3.28),

pα :� inf

"
p :

xβpxq
ατpxq ¥ r, for a. e. x ¥ p

*
.

Observe that pα is nondecreasing. Let ε ¡ 0 and by definition of pα, there exists a sequence tξαu with
values in r1� ε, 1s such that

ξαpαβpξαpαq
ατpξαpαq ¤ r. (3.31)

From Assumptions (3.24) and (3.25) we have that
τ

xβ
P L8locpR��q so that pα ÝÝÝÝÝÑ

αÑ�8 �8 (otherwise,

since it is nondecreasing, it would tend to a finite limit, which contradicts the definition of pα), and also

that
τ

xβ
¡ 0 on R

�� so that pα ÝÝÝÑ
αÑ0

0. Hence, for some constant C

τpξαpαq
βpξαpαq ¤

αÑL
Cpξαpαqν�γ . (3.32)

Then (3.31)-(3.32) lead to, for some absolute constant Cp1� εq pα
αk

¤ ξαpα

αk
¤ �

C
ξαpαβpξαpαq
ατpξαpαq �k ¤ Ckrk

which implies that lim sup
αÑL

pα

αk
¤ Ckrk is finite. So we can define Ar by

Ar :� 1� lim sup
αÑL

pα

αk
.

Then for any x ¡ Ar we have, when αÑ L, that αkx ¡ pα, and so

αkxβpαkxq
ατpαkxq ¥ r,

and by definition of βα and τα it gives us the desired result.

Lemma 3.2.4. Suppose thatD ν P R s.t. τpxq �
xÑL

Opxν q and D r0 ¡ 0 s.t. xr0τpxq P L8locpR�q. (3.33)

Then for all A ¡ 0 and r ¥ max pr0,�νq, there exist C ¡ 0 and NL a neighbourhood of L such that

for a.e. x P r0, As and for all α P NL, xrταpxq ¤ C.

Suppose that D ν P R s.t. τ�1pxq �
xÑL

Opx�ν q and Dµ ¡ 0 s.t. inf
xPr1,�8qxµτpxq ¡ 0. (3.34)

for all ε ¡ 0 and m ¥ maxpµ,�νq, there exist c ¡ 0 and NL a neighbourhood of L such that

for a.e. x ¥ ε and for all α P NL, xmταpxq ¥ c.

Proof. We treat separately the case L � 0 and L � �8.
Let us start with L � 0. Notice that in this case, if τpxq � Opxν q, then due to Assumption (3.24),

r0 � �ν, we have (3.33). Considering r ¥ �ν, we have for some constant C ¡ 0

sup ess
xPr0,As pxrταpxqq � sup ess

yPr0,αkAspα�kpr�νqyrτpyqq¤
αÑ0

C supr0,αkAspα�kpr�νqyr�νq � CAr�ν .
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For m ¥ maxpµ,�νq and using Assumption (3.34) we have for some constants c1, c2 ¡ 0 :

inf ess
xPrε,8q pxmταpxqq � inf ess

yPrαkε,8qpα�kpm�νqymτpyqq¥ min

�
inf essrαkε,1s pα�kpm�νqymτpyqq, inf essr1,8q pα�kpm�νqyµτpyqq
¥

αÑ0
min

�
c1 infrαkε,1spα�kpm�νqym�νq, c2α�kpm�νq
 � min

�
c1ε

m�ν , c2α�kpm�νq	
Now we consider L � �8 and r ¥ max pr0,�νq. Due to Assumption (3.33) we have for some constants

C1, C2 ¡ 0

sup ess
xPr0,As pxrταpxqq � sup ess

yPr0,αkAspα�kpr�νqyrτpyqq¤ sup essr0,1s pα�kpr�νqyr0τpyqq � sup essr1,αkAs pα�kpr�νqyrτpyqq¤
αÑ8 C1α

�kpr�νq � C2A
r�ν .

For m ¥ �ν and using Assumption (3.34), we have for some c ¡ 0

inf ess
xPrε,8q pxmταpxqq � inf ess

yPrαkε,8qpα�kpm�νqymτpyqq¥
αÑ8 c infrαkε,8qpα�kpm�νqym�νq � cεm�ν .

Lemma 3.2.5. Suppose thatD ν, γ P R s.t. γ � 1� ν ¡ 0, and
βpxq
τpxq �

xÑL
Opxγ�νq. (3.35)

Then for all ρ ¡ 0, there exist ε ¡ 0 and NL a neighbourhood of L such that�α P NL,

ˆ ε

0

βαpxq
ταpxq dx ¤ ρ.

Proof. Due to Assumption 3.35 we have for some constant C ¡ 0 :

ˆ ε

0

βαpxq
ταpxq dx � 1

α

ˆ εαk

0

βpxq
τpxq dx ¤

αÑL
C
1

α

ˆ εαk

0

xγ�νdx � Ckε
1

k .

The result follows for ε small enough.

With these preliminary lemmas, we can prove Theorem 3.2.2.

Proof of Theorem 3.2.2. We prove estimates on tvαu and tθαu, uniform in α Ñ L, in order to have
compactness. Then the convergence of the sequences is a consequence of the uniqueness of pθ8, v8q.
First estimate: L1bound for xrvα, r ¥ 0. For r ¥ 2, we have by definition and due to Assumption (3.23)

ˆ y

0

xr

yr
καpx, yq dx ¤ ˆ y

0

x2

y2
καpx, yq dx� ˆ αky

0

x2pαkyq2 κpx, αkyq dx ¤ c.
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So, multiplying the equation (3.18) on vα by xr and then integrating on r0,8q, we find
ˆ p1� 2cqxrβαpxqvαpxq dx ¤ r

ˆ

xr�1ταpxqvαpxq dx� r

ˆ

x¤A xr�1ταpxqvαpxq dx � r

ˆ

x¥A xr�1ταpxqvαpxq dx. (3.36)

Due to Lemma 3.2.3, and choosing A � A r
ω
in (3.36) with ω   1� 2c, we obtain

ˆ

xrβαpxqvαpxq dx ¤ r supp0,A r
ω
qtxr�1ταu

1� 2c� ω
,

and the right hand side is uniformly bounded for r� 1 ¥ maxpr0,�νq when αÑ L, due to Lemma 3.2.4.
Finally �r ¥ maxp2, 1� r0, 1� νq, DCr, ˆ

xrβαpxqvαpxq dx ¤ Cr. (3.37)

Moreover for all α we have
´

vαdx � 1. So, using Lemma 3.2.4 with β�1pxq � Opx�γq instead of
τ�1pxq � Opx�ν q, we conclude that uniformly in αÑ L

xrvα P L1pR�q, �r ¥ 0. (3.38)

Second estimate: θα upper bound. The next step is to prove the same estimate as (3.37) for 0 ¤ r  
maxp2, 1 � r0, 1 � νq and for this we first give a bound on ταvα. Let m � max p2, 1� r0, 1� νq, then,
using ε and ρ   1

2 defined in Lemma 3.2.5 and integrating (3.18) between 0 and x ¤ ε, we find (noticing
that the quantity ταpxqvαpxq is well defined because Theorem [41] ensures that ταvα is continuous)

ταpxqvαpxq ¤ 2

ˆ x

0

ˆ

βαpyqvαpyqκαpz, yq dy dz¤ 2

ˆ

βαpyqvαpyq dy� 2

ˆ ε

0

βαpyqvαpyq dy � 2

ˆ 8
ε

βαpyqvαpyq dy¤ 2 supp0,εqtταvαu ˆ ε

0

βαpyq
ταpyq dy � 2ε�m ˆ 8

0

ymβαpyqvαpyq dy¤ 2ρ supp0,εqtταvαu � 2ε�mCm.
Consequently, we obtain

sup
xPp0,εq ταpxqvαpxq ¤ 1� 2Cmε

�m
1� 2ρ

:� C. (3.39)

Then we can write for any 0 ¤ r   m

ˆ

xrβαpxqvαpxq dx � ˆ ε

0

xrβαpxqvαpxq dx � ˆ 8
ε

xrβαpxqvαpxq dx¤ εr supp0,εqtταvαu ˆ ε

0

βαpxq
ταpxq dx � εr�m ˆ 8

ε

xmβαpxqvαpxq dx¤ Cρεr � Cmε
r�m :� Cr .

Finally we have that �r ¥ 0, DCr, ˆ

xrβαpxqvαpxq dx ¤ Cr (3.40)

and so

θα � ˆ βαvα ¤ C0. (3.41)
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Third estimate: L8bound for x�γ̄ταvα. First, integrating equation (3.18) between 0 and x we find

ταpxqvαpxq ¤ 2

ˆ

βαpyqvαpyq dy � 2θα ¤ 2C0, �x ¡ 0. (3.42)

It remains to prove that x�γ̄ταvα is bounded in a neighborhood of zero.
Let us define fα : x ÞÑ supp0,xq ταvα. If we integrate (3.2) between 0 and x1   x, we find

ταpx1qvαpx1q ¤ 2

ˆ x1
0

ˆ

βαpyqvαpyqκαpz, yq dy dz ¤ 2

ˆ x

0

ˆ

βαpyqvαpyqκαpz, yq dy dz
and so for all x

fαpxq ¤ 2

ˆ x

0

ˆ

βαpyqvαpyqκαpz, yq dy dz.
Considering ε and ρ from Lemma 3.2.5 and using (3.26), we have for all x   ε

fαpxq ¤ 2

ˆ x

0

ˆ

βαpyqvαpyqκαpz, yq dy dz� 2

ˆ

βαpyqvαpyq ˆ x

0

καpz, yq dz dy¤ 2

ˆ 8
0

βαpyqvαpyqmin
�
1, C

�x
y

	γ̄	
dy� 2

ˆ x

0

βαpyqvαpyq dy � 2C

ˆ ε

x

βαpyqvαpyq�x
y

	γ̄
dy � 2C

ˆ 8
ε

βαpyqvαpyq�x
y

	γ̄
dy� 2

ˆ x

0

βαpyq
ταpyq ταpyqvαpyq dy � 2Cxγ̄

ˆ ε

x

βαpyq
ταpyq ταpyqvαpyqyγ̄

dy � 2C

ˆ 8
ε

βαpyqvαpyq�x
y

	γ̄
dy¤ 2fαpxq ˆ ε

0

βαpyq
ταpyq dy � 2Cxγ̄

ˆ ε

x

βαpyq
ταpyq fαpyqyγ̄

dy � 2Cε�γ̄}βαvα}L1xγ̄ .

If we set Vαpxq � x�γ̄fαpxq, we obtain when αÑ Lp1� 2ρqVαpxq ¤ Kε � 2C

ˆ ε

x

βαpyq
ταpyq Vαpyq dy

and, from Grönwall’s lemma, we find that Vαpxq ¤ Kεe
2Cρ
1�2ρ

1� 2ρ
. Finally

supp0,εqtx�γ̄ταpxqvαpxqu ¤ Kεe
2Cρ
1�2ρ

1� 2ρ
. (3.43)

The bound (3.42) with Assumption (3.25) and the bound (3.43) with Lemma 3.2.5 (in which we replace
βαpxq by xγ̄) ensure that the family tvαu is uniformly integrable. This result, with the first estimate,
gives that tvαu belongs to a compact set in L1-weak due to the Dunford-Pettis theorem. The sequencetθαu belongs also to a compact interval of R�, so there is a subsequence of tpvα, θαqu which converges in
L1-weak � R. The limit is a solution to (3.21), but such a solution is unique, so the sequence converges.
To have convergence in L1-strong, we need one more estimate.

Fourth estimate: W 1,1bound for xrταvα, r ¥ 0. First, the estimates (3.38) and (3.43) ensure that xrταvα
is uniformly bounded in L1 for any r ¡ �1. Then, equation (3.18) gives immediately that

ˆ �� BBxpxrταpxqvαpxqq�� dx ¤ r

ˆ

xr�1ταpxqvαpxq dx � θα � 3

ˆ

βαpxqvαpxq (3.44)

is also uniformly bounded. For r � 0, the same computation works and finally xrταvα is bounded in
W 1,1pR�q for any r ¥ 0.
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The consequence is, thanks to the Rellich-Kondrachov theorem, that txrταvαu is compact in L1-strong
and so converges strongly to τxr�νv8pxq. Then, using Lemma 3.2.4 and estimate (3.43), we can write

ˆ

xr|vαpxq � v8pxq| dx ¤ ˆ ε

0

xr|vαpxq � v8pxq| dx� ˆ 8
ε

xr|vαpxq � v8pxq| dx¤ C

ˆ ε

0

xr�γ̄
ταpxqdx� C

ˆ 8
ε

xr|ταpxqvαpxq � τxνv8pxq| dx.
The first term is small for ε small and the second term is small for α close to L due to the strong L1

convergence of txrταpxqvαpxqu. This proves the strong convergence of txrvαpxqu and ends the proof of
Theorem 3.2.2.

3.3 Further Results

3.3.1 Critical case

In the case when limxÑ0 βpxq or limxÑ0
τpxq
x

is a positive constant, we can enhance the result of The-
orem 3.1.1 if we know the higher order term in the series expansion. Assumptions (3.45) and (3.47) of
Corollary 3.3.1 are stronger than Assumption (3.5), but provide a more precise result on the asymptotic
behavior of λα, Λa.

Corollary 3.3.1. If β admits an expansion of the form

βpxq � β0 � β1x
γ1 � o

xÑ0
pxγ1q, γ1 ¡ 0 (3.45)

with β0 ¡ 0 and β1 � 0, then we have the following expansion for λ :

λα � β0 ��β1 ˆ xγ1v8pxq dx
 αkγ1 � o
αÑ0

pαkγ1 q. (3.46)

In the same way, if τ admits an expansion of the form

τpxq � τ0x� τ1x
ν1 � o

xÑ0
pxν1 q, ν1 ¡ 1 (3.47)

with τ0 ¡ 0 and τ1 � 0, then we have

Λa � τ0 ��τ1 ´ xν1v8pxq dx´

xv8pxq dx 

a
lpν1�1q � o

aÑ8palpν1�1qq. (3.48)

Proof. First we assume that β admits an expansion of the form (3.45) and we want to prove (3.46). By
integrating Equation (3.18) we know that λα

´

vαdx � ´ βαpxqvαpxq dx and so multiplying by α�kγ1 gives

α�kγ1 pλα � β0q � ˆ α�kγ1 pβαpxq � β0qvαpxq dx.
Now the proof is complete if we prove the convergence

ˆ

α�kγ1 pβαpxq � β0qvαpxq dx ÝÝÝÑ
αÑ0

ˆ

β1x
γ1v8pxq dx. (3.49)

For this we use the expansion (3.45) which provides, for all x ¥ 0,

βαpxq �
αÑ0

β0 � β1x
γ1αkγ1 � opαkγ1 q. (3.50)
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Let m ¥ γ1 such that lim sup
xÑ8 x�mβpxq   8 (see Assumption (3.24)) and define

fα : x ÞÑ α�kγ1 pβαpxq � β0q
xγ1 � xm

.

We know due to (3.50) that fαpxq ÝÑ
αÑ0

β1x
γ1

xγ1 � xm
for all x. Moreover we have due to Theorem 3.2.2

that pxγ1 � xmqvαpxq ÝÝÝÑ
αÑ0

pxγ1 � xmqv8pxq in L1. So we simply have to prove that fα is uniformly

bounded to get (3.49) (see Section 5.2 in [61]). Due to (3.45) and the fact that lim sup
xÑ8 x�mβpxq   8

with m ¥ γ1 ¡ 0, we know that there exists a constant C such that|βpyq � β0| ¤ Cpyγ1 � ymq, �y ¥ 0,

and so, because αÑ 0
α�kγ1 |βpyq � β0| ¤ Cpα�kγ1yγ1 � α�kmymq,

which gives, for x � αky

α�kγ1 |βpαkxq � β0| ¤ Cpxγ1 � xmq
and we have proved that fαpxq ¤ C.

The same method allows us to prove the result on Λa, starting from the identitypΛa � τ0q ˆ xwapxq dx � ˆ pτapxq � τ0xqwapxq dx
and using the fact that (3.47) provides the expansion

τapxq �
aÑ8 τ0x� τ1x

ν1a
lpν1�1q � opalpν1�1qq.

3.3.2 Relaxed case

Here we relax Assumption (3.5) and examine if the asymptotic behavior of λα and Λa obtained in
Theorem 3.1.1 remains true. The case we are the most interested in is the case when the limits are zero

(see the applications at Section 3.4). Is the condition lim
xÑLβpxq � 0 presp. lim

xÑ 1

L

τpxq
x

� 0q necessary and

sufficient to have lim
αÑLλα � 0 presp. lim

aÑLΛa � 0q? The following theorem gives partial results in the

direction of a positive answer to this question. The assumptions required are weaker, but the results
also are weaker. We obtain asymptotic behavior for the eigenvalue, but cannot say anything yet on the
eigenvector behavior.

Theorem 3.3.2. Let us suppose that all assumptions of Theorem 3.2.2 are verified except Assumption
(3.5).

1. If τpxq �
xÑ0

opxνq, β �
xÑ0

Opxγq and βpxq�1 �
xÑ0

Opx�γq with γ � 1� ν ¡ 0, we have that

if γ ¡ 0, then lim
αÑ0

λα � 0, and more precisely λα �
αÑ0

opα γ
1�γ�ν q,

if ν ¥ 1, then lim
aÑ8Λa � 0, and more precisely Λa �

aÑ8 opa 1�ν
1�γ�ν q.

2. If βpxq �
xÑ8 opxγq and τpxq�1 �

xÑ8 Opx�νq with γ � 1� ν ¡ 0 and γ ¤ 0 (so that ν   1), we have

that

lim
αÑ8 λα � lim

aÑ0
Λa � 0, and more precisely λα �

αÑ�8 opα γ
1�γ�ν q, Λa �

aÑ0
opa 1�ν

1�γ�ν q.
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Remark. In the second assertion of this theorem, we notice that Assumption (3.28) means τpxq
x

�
xÑ8

opβpxqq, so the condition βpxq � opxγq with γ ¤ 0 imposes limxÑ8 τpxq
x
� 0.

Proof of Theorem 3.3.2.1. We perform the dilation defined by (3.6): vαpxq � αkUαpαkxq with k �
1

1�γ�ν . Due to the assumption βpxq�1 �
xÑ0

Opx�γq and τ � Opxν q, the conclusions of Lemma 3.2.3 and

Lemma 3.2.4 still hold true. Hence we have the following bound (see the first estimate in the proof of
Theorem 3.2.2)

ˆ

xrβαpxqvαpxq dx ¤ r supp0,A r
ω
qpxr�1ταq

1� 2c� ω

where ταpxq and βα are defined by (3.14), and the right-hand side is bounded uniformly in α for r ¥
max p2, 1� r0, 1� νq. Let ε ¡ 0 and write

α� γ
1�γ�ν λα � θα � ˆ βαvα ¤ ˆ ε

0

βαpxqvαpxq dx � ε�r ˆ 8
0

xrβαpxqvαpxq dx¤ supp0,εqβα � ε�r r supp0,A r
ω
qpxr�1ταq

1� 2c� ω

Thus, since supp0,A r
ω
qxr0τα ÝÑαÑ0

0, we obtain

lim sup
αÑ0

θα ¤ lim sup
αÑ0

supp0,εqβα ¤ Cεγ .

This is true for all ε ¡ 0, so the assertion 1 of Theorem 3.3.2 is proved (the same proof works with the
fragmentation parameter a).

Proof of Theorem 3.3.2.2. We perform the dilation defined by (3.6) vαpxq � αkUαpαkxq with k � 1
1�γ�ν .

Due to Assumption (3.35) for L � �8, we still have the conclusion of Lemma 3.2.5 and it is sufficient to
bound ταvα on p0, εq for ε ¡ 0. We refer to the proof of Theorem 3.2.2 in Section 3.2.3, second estimate,
and write:

ταpxqvαpxq ¤ 2 supp0,εqtταvαu ˆ ε

0

βαpyq
ταpyq dy � 2

ˆ 8
ε

βαpyqvαpyq dy¤ 2ρ supp0,εqtταvαu � 2 suppε,�8qβα.
Taking for instance ε small enough so that ρ ¤ 1

4 in this estimate, and α large enough so that suppε,�8q βα ¤
C, we obtain the boundedness of ταvα on p0, ε0q. Then we write for ε ¡ 0,

α� γ
1�γ�ν λα � θα � ˆ

βαvα¤ supp0,εq ταvαloooomoooon¤C ˆ ε

0

βα

ταloomoonÝÝÝÑ
εÑ0

0

� suppε,8qβαloomoonÝÝÝÑ
αÑ8 0

.

The latter estimate is a consequence of the assumption βpxq �
xÑ8 opxγq.

We do the same computations for the parameter a.
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3.3.3 Generalized case

In this section, we completely free ourselves of Assumption (3.5) and give some results about the asymp-
totic behavior of the first eigenvalues for general coefficients. The techniques used are completely different
than the self-similar ones, but the results still give comparisons between λα and βpxq, and between Λa

and τpxq
x
.

Theorem 3.3.3. 1. Polymerization dependency.

If β P L8locpR��q and lim sup
xÑ8 τpxq

x
  8, then lim supαÑ0 λα ¤ lim supxÑ0 βpxq. (3.51)

If
1

τ
P L1

0 :� f, Da ¡ 0, f P L1p0, aq(, then lim infαÑ8 λα ¥ lim infxÑ8 βpxq. (3.52)

2. Fragmentation dependency.

If β P L8locpR�q, then there exists r ¡ 0 such that lim sup
aÑ0

Λa ¤ r lim sup
xÑ8 τpxq

x
. (3.53)

If lim inf
xÑ8 βpxq ¡ 0, and if

1

τ
P L1

0, then lim
aÑ8Λa � �8. (3.54)

We first state a lemma which links the moments of the eigenvector, the eigenvalue and the polymer-
ization rate.

Lemma 3.3.4. Let pU , λq solution to the eigenproblem (3.2). For any r ¥ 0 we have

ˆ

xrUpxq dx ¤ r

λ

ˆ

xr�1τpxqUpxq dx. (3.55)

Proof. Integrating Equation (3.2) against xr we find� ˆ rxr�1τpxqUpxq dx � λ

ˆ

xrUpxq dx � ˆ xrβpxqUpxq dx� 2

ˆ

xr
ˆ x

0

βpyqκpx, yqUpyq dydx� 2

ˆ

βpyqUpyq ˆ y

0

xrκpx, yq dxdy¤ 2

ˆ

βpyqUpyqyr�1

ˆ y

0

xκpx, yq dxdy� ˆ

yrβpyqUpyq dy.
Proof of Theorem 3.3.3.1.(3.51). We only have to consider the case lim supxÑ0 βpxq   8. In this case,
β P L8locpR�q since it is assumed that β P L8locpR��q. So for ε ¡ 0, we can define βε :� supp0,εq βpxq   8
and, due to Assumption (3.24), there exist positive constants Cε and r such that βpxq ¤ Cxr for almost
every x ¥ ε. As a consequence, we have by integration of Equation (3.3)

λα � ˆ βpxqUαpxq dx ¤ βε � C

ˆ

xrUαpxq dx.
We can consider that r ¥ r0 � 1, with r0 defined in Assumption (3.24), and thus Lemma 3.3.4 and

Assumption lim supxÑ8 τpxq
x

  8 give

ˆ

xrUαpxq dx ¤ αr

λα

ˆ

xr�1τpxqUαpxq dx ¤ α

λα
C

�
1� ˆ xrUαpxq dx
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for a new constant C. Combining these two inequalities we obtain

λα ¤ αC

�
1� 1
´

xrUαpxq dx
 ¤ αC

�
1� 1

λα � βε



.

Then, either λα ¤ βε, or we obtain by multiplication by λα � βε ¡ 0 that

λ2α � pβε � αCqλα � p1� βεqαC ¤ 0,

and so

λα ¤ 1

2

�
βε � αC �bβε

2 � 4αC � α2C2



.

Finally we have

lim sup
αÑ0

λα ¤ βε

and this is true for any ε ¡ 0, so

lim sup
αÑ0

λα ¤ lim sup
xÑ0

βpxq.
Proof of Theorem 3.3.3.1.(3.52). Let A ¡ 0 and define βA :� infpA,8q β. Since 1

τ
P L1

0 and due to

Assumption (3.25) we can define IA :� ´ A
0

dx
τpxq   8. Then, we have by integration of Equation (3.3)

λα � ˆ

βpyqUαpyq dy¥ βA

ˆ 8
A

Uαpyq dy� βA

�
1� ˆ A

0

Uαpyq dy	.
We know, by integration of Equation (3.3) between 0 and x, that for all x ¡ 0, ατpxqUαpxq ¤ 2λα. Thus
we obtain

λα ¥ βA

�
1� ˆ A

0

2λα
dy

ατpyq	
which gives

λα ¥ βA

1� 2
α
βAI

and

lim inf
αÑ8 λα ¥ βA.

Finally, since the previous inequality is true for all A ¡ 0, we find

lim inf
αÑ8 λα ¥ lim inf

xÑ�8 βpxq.
Proof of Theorem 3.3.3.2.(3.53). The fact that β P L8locpR�q associated to Assumption (3.24) ensures the
existence of two positive constants C and r such that for almost every x ¥ 0, βpxq ¤ Cp1 � xrq. So,
integrating Equation (3.4), we have

Λa � a

ˆ

βpxqVapxq dx ¤ aC

�
1� ˆ 8

0

xrVapxq dx
 .
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To prove (3.53), we only have to consider the case lim supxÑ8 τpxq
x
  8. So, for any A ¡ 0, we can define

τA :� supx¡A τpxq
x
  8 and we have, due to Lemma 3.3.4 and considering r ¥ r0 � 1 where r0 is defined

in Assumption (3.24),

ˆ

xrVapxq dx ¤ r

Λa

ˆ

xr�1τpxqVapxq dx ¤ r

Λa

�
C � τA

ˆ

xrVapxq dx
 .
Combining the two inequalities we obtain

Λa ¤ r

�
τA � C

´

xrVapxq dx
 ¤ r

�
τA � aC

Λa � aC



.

Then, either Λa ¤ aC, or we obtain by multiplication by Λa � aC ¡ 0 that

Λ2
a
� prτA � aCqΛa � rp1� τAqaC ¤ 0,

and so

Λa ¤ 1

2

�
rτA � aC �aprτAq2 � 4raC � a2C2

	
.

In the two cases we obtain that

lim sup
aÑ0

Λa ¤ rτA,

and, letting AÑ8, we conclude

lim sup
aÑ0

Λa ¤ r lim sup
xÑ8 τpxq

x
.

Proof of Theorem 3.3.3.(3.54). Let ε ¡ 0. Since lim infxÑ8 βpxq ¡ 0, we have due to Assumption (3.25)
that βε :� infpε,8q β ¡ 0. Since 1

τ
P L1

0, we have thanks to Assumption (3.25) that Iε :� ´ ε0 dx
τpxq   8 and

that limεÑ0 Iε � 0. By integration of equation (3.4), we find

Λa � a

ˆ

βpyqVapyq dy¥ aβε

ˆ 8
ε

Vapyq dy� aβε

�
1� ˆ ε

0

Vapyq dy	.
We know, as previously, by integration between 0 and x, that for all x ¡ 0, τpxqVapxq ¤ 2Λa. Thus we
obtain

Λa ¥ aβε

�
1� ˆ ε

0

2Λa

dy

τpyq	
which gives

Λa ¥ aβε

1� 2aβεIε
.

Finally we have

lim inf
aÑ8 Λa ¥ 1

2Iε
ÝÝÝÑ
εÑ0

�8
and it ends the proof of Theorem 3.3.3.(3.54).
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3.4 Applications

Before giving applications, we recall a regularity result whose proof can be found in [96].

Lemma 3.4.1. Under the assumptions of Section 3.2.2, the functions α ÞÑ λα and a ÞÑ Λa are well
defined and differentiable on p0,8q.
3.4.1 Numerical scheme based on Theorem 3.2.2

We first present the method we use to compute numerically the principal eigenvector λ without considering
any dependency on parameters. Then we explain how the self-similar change of variable (3.6) and the
convergence result of Theorem 3.2.2 can be used to compute the dependencies α ÞÑ λα and a ÞÑ Λa, when
parameters α and a are very large or very small.

The method used to compute the solution to Equation (3.2), is first to compute a numerical approxi-
mation of the first eigenvector U , and then use the identity

λ � ˆ 8
0

βpxqUpxq dx.
The General Relative Entropy (GRE) introduced by [98, 99, 110] provides the long time asymptotic
behavior of any solution to the fragmentation-drift equation (3.1). At sufficiently large times, these
solutions look like Upxqeλt where U and λ are the eigenelements defined at (3.2). More precisely we have

ˆ 8
0

|upx, tqe�λt � xup�, t � 0q, φyUpxq|φpxq dx ÝÝÝÑ
tÑ8 0,

where φ is the dual eigenvector of Equation (3.2) (see [41, 99] for more details) and xu, φy � ´8
0
upxqφpxq dx.

It is even proved in [79, 15], under some assumptions on the coefficients, that this convergence occurs
exponentially fast. We use this convergence to compute numerically the eigenvector U . We consider, for
u0 P L1pR�q, an initial function satisfying

´8
0
u0pxq dx � 1, the solution upx, tq to the fragmentation-drift

equation (3.1). Since we do not know yet the value of λ, we define the normalized function

ũpx, tq :� upx, tq
´8
0
upx, tq dx .

We can easily check that ũ satisfies the equationBtũpx, tq � Bx pτpxqũpx, tqq ��ˆ 8
0

βpyqũpy, tq dy
 ũpx, tq � βpxqũpx, tq � 2

ˆ 8
x

βpyqκpx, yqũpy, tq dy,
(3.56)

with the boundary condition τp0qũp0, tq � 0, and that the convergence occurs

ˆ 8
0

|ũpx, tq � Upxq|φpxq dx ÝÝÝÑ
tÑ8 0. (3.57)

The scheme used to compute U is based on the resolution of Equation (3.56) for large times and the use
of (3.57) for the stop condition.
Numerically, Equation (3.56) is solved on a truncated domain r0, Rs so the integration bounds have to

be changed and we obtain, for x P r0, Rs,Btũpx, tq � Bx pτpxqũpx, tqq ��ˆ R

0

βpyqũpy, tq dy� ũpx, tq � βpxqũpx, tq � 2

ˆ R

x

βpyqκpx, yqũpy, tq dy.
(3.58)

What we loose when we solve this truncated equation are the integral terms
´8
R
βpxqũpx, tq dx and

´8
R
βpyqκpx, yqũpy, tq dy, and the outgoing flux τpRqũpR, tq at the boundary x � R. To be as close as
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possible to the non-truncated solution, we have to choose R large enough so that these quantities are
small enough. It is proved in [41] that βpxqUpxq and τpxqUpxq are fast decreasing when x Ñ �8. The
value of R has to be adapted to have, when ũ is close to the equilibrium U , values of τpxqũpx, tq and
βpxqũpx, tq smaller than a fixed parameter ǫ for x close to R. Parameter ǫ is expected to be very small,
it is also used for the stop condition (3.60).

We assume that r0, Rs is divided into N uniform cells and we denote xi � i∆x for 0 ¤ i ¤ N with
∆x � R

N
. The time is discretized with the time step ∆t and we denote tn � n∆t for n P N. We adopt

the finite difference point of view, namely we compute an approximation ũni of ũpxi, tnq. It remains to

explain how we go from the time tn to the time tn�1. To enforce that
°N
i�1 ũ

n
i � 1 at each time step,

we split the evolution into two steps. First we compute, from pũni q1¤i¤N , a vector pun�1
i q1¤i¤N which is

obtain with the formula

un�1
i � ũni

∆t
� �τiũn�1

i � τi�1ũ
n
i�1

∆x
� βn�1

i � 2∆x
Ņ

j�1

βjκi,j ũ
n
j , (3.59)

where βi � βpxiq, τi � τpxiq and κi,j � κpxi, xjq. This is a semi-implicit Euler discretization of the
growth-fragmentation equation (3.1). We choose this scheme to ensure the stability without any CFL
condition, since the scheme is positive. Then we set

ũn�1
i :� un�1

i

∆x
°N
j�1 u

n�1
j

and we have that the discrete integral of pũn�1
i q1¤i¤N satisfies ∆x

°N
i�1 ũ

n�1
i � ∆x

°N
i�1 ũ

n
i � 1. Using

the L1 convergence (3.57), we end the algorithm when

∆x

∆t

Ņ

i�1

|ũni � ũn�1
i |   ǫ (3.60)

where ǫ ! ∆x. Then we have

λ � ∆x
Ņ

i�1

βiũ
n
i .

The semi-implicit scheme (3.59) is efficient to avoid oscillations on the numerical solution, but it is not
conservative. This scheme has to be avoided if we want to solve Equation (3.1) for any time. Here we are
only interested in the steady state of Equation (3.56), so the nonconservation does not matter, because
the steady state is the same for an implicit or an explicit scheme.

Now we want to compute λα and Λa for a large range of α and a. According to the discussion in
the introduction, the eigenvectors Uα and Va are concentrated at the origin for α small or a large and,
conversely, spread out for α large or a small. Then, to avoid an adaptation of the truncation parameter
R or an adaptation of the discretization size step ∆x when α and a vary, we compute θα defined in
Equation (3.18). To this end, we have to compute the dilated eigenvector vα defined in (3.6) which
converges to a fixed profile v8 when α Ñ L, as stated in Theorem 3.2.2. This convergence ensures
that the vector vα does neither disperse nor concentrate too much when α varies, and so we can find a
truncation and a size step which work for any α Ñ L. It remains to distinguish L � 0 from L � �8
by dividing p0,�8q into two sets: for instance p0, 1s and p1,�8q. For 0   α   1, we use the dilation
coefficient k associated to ν and γ such that τpxq �

xÑ0
xν and βpxq �

xÑ0
xγ . For α ¡ 1 we do the

dilation associated to ν and γ such that τpxq �
xÑ8 xν and βpxq �

xÑ8 xγ . Finally, we use Equation (3.20)

in Lemma 3.2.1 to recover λα or Λa from the numerical value of θα (see Figure 3.2 for a numerical
illustration).
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3.4.2 Steady States of the Prion Equation

To model polymerization processes, Equation (3.1) can be coupled to an ODE which incorporates the
evolution of the quantity of monomers. The so-called “prion equation” (see [63, 117])$''''''&''''''% dV ptq

dt
� ξ � V ptq �δ � ˆ 8

0

τpxqupx, tq dx� ,BBtupx, tq � �V ptq BBx�τpxqupx, tq� � rβpxq � µpxqsupx, tq � 2

ˆ 8
x

βpyqκpx, yqupy, tq dy,
up0, tq � 0,

(3.61)

where the quantity of monomers is denoted by V ptq. In this model, the monomers are prion proteins, pro-
duced and degraded by the cells with rates ξ and δ, and attached to polymers of size x with respect to the
rate τpxq. The polymers are fibrils of misfolded pathogenic proteins, which have the ability to transcon-
form normal proteins (monomers) into abnormal ones by a polymerization process, which is not yet very
well understood. The size distribution of polymers upx, tq is solution to the growth-fragmentation equa-
tion (3.1) in which V ptq is added as a multiplier for the polymerization rate. A degradation rate µpxq is
also considered for the polymers. For the sake of simplicity, this rate is assumed to be size-independent
in the following study pµpxq � µ0q.
Equation (3.61) models the proliferation of prion disease. An individual is said to be infected by prion

disease when polymers of misfolded proteins are present, namely when up�, tq � 0 at the time t.
The coupling between V ptq and upt, xq appears in the equation for u as a modulation of the polymer-

ization rate. One sees immediately the link with the eigenproblem (3.3) satisfied by Uα. Indeed, Uα is the
principal eigenvector linked to the linearization of the prion equation around a given monomer quantity
V � α. Investigating the dependency of the fitness λV , with respect to the polymerization and fragmen-
tation coefficients, is a first step towards a better understanding of the disease propagation. Indeed it has
been reported that the course of prion infection in the brain follows heterogeneous patterns. It has been
postulated that the neuropathology of prion infection could be related to different kinetics in different
compartments of the brain [31].
Modelling the propagation of prion in the brain requires a good understanding of possible dynamics

(e.g. monostable, bistable etc). Such a study can be done through the dependency of the first eigenvalue
on parameters. In [20, 19], it is shown that, under some conditions, the coexistence of two stable steady
states can happen (one endemic and one disease-free). A steady state pV8, u8pxqq is a solution to$''''''&''''''% 0 � ξ � V8 �δ � ˆ 8

0

τpxqu8pxq dx� ,
µ0u8pxq � �V8 BBx�τpxqu8pxq�� βpxqu8pxq � 2

ˆ 8
x

βpyqκpx, yqu8pyq dy,
u8p0q � 0.

(3.62)

The disease-free steady state corresponds to the solution without any polymer
�
V � ξ

δ
, u � 0

	
.

Other steady states can exist and are called endemic or disease steady states. They are solution to
System (3.62) with V8 ¡ 0 and u8 � 0 nonnegative. To know if such disease steady states exist, we recall
briefly here the method of [19, 20]. A positive steady state u8 can be seen as an eigenvector solution of
(3.3) with α � V8 such that

λα � λV8 � µ0. (3.63)

This shows the crucial importance of a study of the map V ÞÑ λV . Any value V8 solution to (3.63)
provides a size distribution of polymers

u8pxq � ̺8UV8pxq.
The quantity of polymers ̺8 is then prescribed by the equation for monomers and has to satisfy the
relation

̺8 � ξV �18 � δ

V8 ´ τpxqUV8 pxq dx .
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The quantity of polymers has to be positive, which is equivalent to the condition

V8   ξ

δ
� V .

Finally, the disease steady states correspond exactly to the zeros of the map V ÞÑ λV �µ0 in the intervalp0, V q. Due to the different results of Sections 3.2 and 3.3, we know that this map is not necessarily
monotonic, as assumed in [20]. Thus, by continuity of the dependency of λ on V (see Lemma 3.4.1),
there can exist several disease steady states for µ0 well chosen and V � ξ

δ
large enough. This point is

illustrated on the example below, for which there exist two disease steady states.
We can investigate the stability of the disease-free steady state through the results obtained in [19, 20].

For this, we introduce the dual eigenvector ϕ of the growth-fragmentation operator with transport term
V $''&''% �V τpxq BBx pϕpxqq � pβpxq � λqϕpxq � 2βpxq ˆ x

0

κpy, xqϕpyqdy, x ¥ 0,

ϕpxq ¥ 0,
´8
0 ϕpxqUV pxqdx � 1.

(3.64)

We assume that we are in a case when there exist two constants K1 and K2 such that����τpxq BBxϕpxq���� ¤ K1ϕpxq, and τpxq ¤ K2ϕpxq. (3.65)

This assumption generally holds true when τpxq
x

is bounded because ϕ grows linearly at infinity according
to general properties proved in [41, 95, 110, 111]. Then we can reformulate the theorems of [19, 20].

Theorem [20] (Local stability). Suppose that assumption (3.65) holds true and that λV   µ0. Then the
steady state pV , 0q is locally non-linearly stable.

Theorem [19] (Persistence). Suppose that assumption (3.65) holds, V p0q ¤ V ,
´8
0
p1 � xqupt, xq dx is

uniformly bounded, and that λV ¡ µ0. Then the system remains away from the steady state pV , 0q. More
precisely we have:

lim inf
tÑ8 ˆ 8

0

ϕpxqupx, tq dx ¡ 0.

Example. Let us consider the same coefficients as in Figure 3.2(a). We can choose µ0 small enough to
ensure the existence of two values V1   V2 such that λV1

� λV2
� µ0. As a consequence, we know due to

the previous study that there exists no disease steady state if V   V1, one if V1   V   V2, and two if
V ¡ V2. Concerning the stability of the disease-free steady state, we first notice that the fragmentation
rate βpxq satisfies the assumption βpxq ¤ A � Bx, which is sufficient to have that

´8
0 p1 � xqupt, xq dx

is uniformly bounded (see [19] Theorem 2.1). Thus we can apply the previous theorems and we have
that pV , 0q is stable if V   V1, unstable if V1   V   V2, and recovers its (local) stability if V ¡ V2. In
Figure 3.3, the graph of the negative fitness V ÞÑ µ0 � λV is plotted (because the quantity of polymers
influences the evolution of V ptq with a negative contribution) and the zones of stability and unstability
for V are pointed out. The non intuitive conclusion is that an increase of the production rate ξ or a
decrease of the death rate δ can stabilize the disease-free steady state. What happens in this situation
is that the largest polymers are the most stable since limxÑ8 βpxq � 0 (this situation is biologically
relevant, see for instance [124]). When the quantity of polymers is large, the polymerization is strong and
it results in long stable polymers. Because they do not break easily, their number does not increase very
fast, i.e. the fitness of the polymerization-fragmentation equation is small. But the degradation term is
assumed to be size-independent, and then the fitness λV becomes smaller than µ0 for V large enough.
This phenomenon stabilizes the disease-free steady state because, when polymers are injected in a cell,
they tend to disappear immediately, since λV   µ0.

Concerning the stability of the disease steady states, the study is much more complicated. Nevertheless,
we can imagine that V1 is stable and V2 unstable. This postulate is based on Figure 3.3 and on the results
obtained in [63, 64] in a case when System (3.61) can be reduced to a system of ODEs.
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Figure 3.3: The negative fitness V ÞÑ µ0�λV is plotted for the same coefficients as in Figure 3.2(a). The
zeros V1 and V2 correspond to disease steady states and separate the areas of stability or unstability of
the disease-free steady state.

3.4.3 Optimization of the PMCA protocol

Prion diseases, briefly described in Section 3.4.2 (see [83] for more details), are fatal, infectious and
neurodegenerative diseases with a long incubation time. They include bovine spongiform encephalopathies
in cattle, scrapie in sheep and Creutzfeldt-Jakob disease in human. It is then of importance to be able
to diagnose infected individuals to avoid propagation of the disease in a population. But the dynamics
of proliferation is slow and the amount of prion proteins is low at the begining of the disease. Moreover,
these proteins are concentrated in vital organs like brain, and are present in minute quantities in tissues
like blood. To be able to detect prions in these tissues, a solution is to amplify their quantity. A promising
recent technique of amplification is the PMCA (Protein Misfolded Cyclic Amplification). Nevertheless,
this protocol is not able to amplify prions for all the prion diseases from tissues with low infectivity.
PMCA diagnosis remains to be improved and mathematical modelling and analysis can help to do so.

PMCA is an in vitro cyclic process that quickly amplifies very small quantities of prion proteins present
in a sample. In this sample, the pathogenic proteins (polymers) are put in presence of a large quantity
of normal proteins (monomers). Then the protocol consists in alternating two phases:

- a phase of incubation during which the sample is left to rest and the polymers can attach the monomers
(increase of the size of polymers),

- a phase of sonication during which waves are sent on the sample in order to break the polymers into
numerous smaller ones (increase of the number of polymers).

To model this process, we can use the growth-fragmentation equation (3.1) as in (3.61). The main
difference is that the PMCA takes place in vitro, and there is no production of monomers. The monomers
are in large excess to improve the polymerization, so we can assume that their concentration is constant
during the PMCA. It remains to introduce the “sonication” in the equation. Because the sonication phase
increases the fragmentation of polymers, a first modelling can be to add a time-dependent parameter aptq
in front of the fragmentation parameter βpxq. Then the alternating incubation-sonication corresponds to
a rectangular function aptq which is equal to 1 during the incubation time (since the sample is left to
rest), and amax during the sonication pulse (where amax represents the maximal power of the sonicator).
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We obtain the modelBBtupx, tq � �V0 BBx�τpxqupx, tq� � aptqβpxqupx, tq � 2aptq ˆ 8
x

βpyqκpx, yqupy, tq dy, (3.66)

where upx, tq still denotes the quantity of polymers of size x at time t.
With this model, the problem of PMCA improvement becomes an optimization mathematical problem:

find a control aptq which maximizes the quantity
´

xupT, xq dx (total mass of pathogenic proteins) at a
given final time T. The answer to this problem is difficult. First we can wonder if the rectangular
strategy used in the PMCA (alternance incubation-sonication) is the best one or if there exists a constant
control which is better. This last question leads naturally to the problem of the fitness optimization for
Equation (3.66) when aptq � a is a time-independent parameter. Is amax the best constant to maximize
Λa? Is there a compromise aopt P p1, amaxq to find? The answer depends on the coefficients τ and β

as indicated by the different theorems of this paper. More precisely, Theorem 3.2.2 ensures that the
situation when an optimum aopt exists between 1 and amax can happen, and an example is given below.
Example We consider the same coefficients as in Figure 3.2(b) and suppose that the sonicator can

multiply by 4 the fragmentation at its maximal power. Then in our model amax � 4 and we can see on
Figure 3.4 that the best strategy to maximize the fitness with a constant coefficient is not the maximal
power, but an intermediate aopt between 1 and amax.

1.5 2 2.5 3 3.5
0.3

0.31

0.32

0.33

0.34

0.35

0.36

Λa

aopt amax
a

1

Figure 3.4: The fitness is plotted as a function of a for the coefficients of Figure 3.2(b). There
is a sonication value aopt in the interior of the window r1, amaxs which maximizes this fitness.

In [18], the time dependent optimization problem is investigated on a discrete model. The study
highlights the link between the optimal control aptq and the constant aopt which optimizes the fitness of
the system.

3.4.4 Therapeutic optimization for a cell population

In the case when Problem (3.1) models the evolution of a size (or protein, or label, or parasite...)-
structured cell population, τ represents the growth rate of the cells and β their division rate. It is of deep
interest to know how a change on these rates can affect the Malthus parameter of the total population,
see for instance [25, 23]. It is possible to act on the growth rate by changing the nutrient properties -
the richer the environment, the faster the growth rate of the cells. We can model such an influence by
Equation (3.3), and the question is then: how to make λα as large (if we want to speed up the population
growth, for instance for tissue regeneration) or as small (in the case of cancerous cells) as possible ?
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Plausible assumptions (see [39] for instance for the case of a size-structured population of E. Coli) for
the growth of individual cells is that it is exponential up to a certain threshold, meaning that τpxq � τx

in a neighbourhood of zero, and tending to a constant (or possibly vanishing) around infinity, meaning
that the cells reach some maximal size or protein-content, leading to τ Ñ

xÑ8 τ8   �8.
Concerning the division rate β, it is most generally vanishing around zero, either of the form βpxq � βxγ

with γ ¡ 1 or with support rb,8s with b ¡ 0 and it has a maximum, and then decreases for large x - and
is vanishing. Note that for τ as for β, very little is known about their precise behaviour for large sizes x,
since such values are very rarely reached by cells in the real world.
These assumptions allow us to apply our results. Theorem 3.1.1 and Corollary 3.3.1 lead to vanishing

Malthus parameter λα either for α Ñ 0 or for α Ñ �8. It means that for cancer drugs, stressing the
cells by diminishing nutrients can be efficient, which is very intuitive and it is known and used for tumor
therapy (by preventing vascularization for instance). What is less intuitive is that forcing tumor cells
to grow too rapidly in size could also reveal an efficient strategy, as soon as it is established that the
division rate decreases for large sizes (this last point could be studied by inverse problem techniques, see
[114, 40, 39]). It recalls the same ideas as for prions, as said in Section 3.4.2.
On the opposite side, in order to optimize tissue regeneration for instance, these results tend to prove

that there exists an optimal value for α such that the Malthus parameter is maximum. This value can
be established numerically (see Section 3.4.1 and [60]) as soon as the shape of the division rate is known,
for instance by the use of the previously-quoted inverse problem techniques.

Conclusion

The first motivation of our research was to investigate the dependency of the dominant eigenvalue of
Problem (3.1) upon the coefficients β and τ, since a first and wrong intuition, based on simple cases,
was that it should be monotonic (see [20, 19]). By the use of a self-similar change of variables, we have
explored the asymptotic behaviour of the first eigenvalue when fragmentation dominates the transport
term or vice versa. This leads us to counter-examples, where the eigenvalue depends on the coefficients
in a non-monotonic way. Moreover, these counter-examples are far from being exotic and seem perfectly
plausible in many applications, as shown in Section 3.4. A still open problem is thus to find what would
be necessary and sufficient assumptions on τ and β, or still better on the ratio xβ

τ
, so that λα or Λa be

indeed monotonic with respect to α or a.
Concerning our assumptions, a first sight at the statement of Theorem 3.1.1 gives the feeling that

only the behaviour of the fragmentation rate β plays a role in the asymptotic behaviour of λα, and only
the ratio τ

x
in the one of Λa. This seems puzzling and counter-intuitive. In reality, things are not that

simple: to ensure well-posedness of the eigenvalue problems (3.3) and (3.4), Assumptions (3.27) and (3.28)
strongly link τ with β, so that a dependency on β hides a dependency on τ and vice versa. Moreover, the
mathematical techniques used here (moment estimates, multiplication by polynomial weights) force us
to restrict ourselves to the space P of functions of polynomial growth or decay. The questions of how to
relax these (already almost optimal, as shown in [41]) assumptions and how, if possible, to express them
in terms of pure comparison between τ, κ and β like in Assumptions (3.27) and (3.28) are still open.
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Chapitre 4

Comportement en temps long
d’équations non linéaires

Le comportement en temps long des solutions d’équations de transport-
fragmentation non linéaires est très varié et difficile à étudier d’un point de vue
général. Nous illustrons dans ce chapitre la diversité de ces comportements à travers
des cas particuliers pour lesquels nous avons réussi à montrer la convergence vers un
état d’équilibre ou bien l’existence de solutions périodiques. Pour prouver la con-
vergence nous exhibons une fonctionelle de Lyapunov, alors que pour les solutions
périodiques nous utilisons le théorème de Poincaré-Bendixon ou bien montrons une
bifurcation de Hopf.

4.1 Introduction

We are interested in growth models which take the form of a mass preserving fragmentation equation
complemented with a transport term. Such models are used to describe the evolution of a population in
which each individual grows and splits or divides. The individuals can be for instance cells [10, 11, 66, 94]
or polymers [13, 34, 60] and are structured by a variable x ¡ 0 which may be size [39, 40], label [5], protein
content [37, 88], proliferating parasites content [8] ; etc. More precisely, we denote by u � upt, xq ¥ 0 the
density of individuals of structured variable x at time t, and we consider that the time dynamic of the
population is given by the following equation$'&'% BBtupt, xq � BBxpτpt, xqupt, xqq � µpt, xqupt, xq � pFuqpt, xq, t ¥ 0, x ¡ 0,

upt, x � 0q � 0, t ¥ 0,

upt � 0, xq � u0pxq ¥ 0, x ¡ 0,

(4.1)

where F is a mass conservative fragmentation operatorpFuqpt, xq � ˆ 8
x

bpt, y, xqupt, yq dy � βpt, xqupt, xq. (4.2)

The mass conservation for the fragmentation operator requires the relation

βpt, xq � ˆ x

0

y

x
bpt, x, yq dy. (4.3)

The coefficient βpt, yq ¥ 0 represents the rate of splitting for a particule of size y at time t and bpt, y, xq ¥ 0
represents the formation rate of a particule of size x ¤ y after the fragmentation. The velocity τpt, xq ¡ 0

71
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in the transport term represents the growth rate of each individual, and µpt, xq ¥ 0 is a degradation or
death term.

We consider that the time dependency of τ and µ is of the form

τpt, xq � V ptqτpxq and µpt, xq � Rptqµpxq (4.4)

and moreover that the size dependency is a powerlaw

τpxq � τxν and µpxq � µ. (4.5)

The choice of the coefficients V ptq and Rptq depends on the cases we want to analyse. We give below
four examples in which they are nonlinear terms or periodic controls. The fragmentation coefficients are
assumed to be time-independent and of self-similar form

bpt, x, yq � βpxq
x

κ
�y
x

	
(4.6)

with κ a nonnegative measure on r0, 1s. For b under this form, the quantity

n0 :� ˆ 1

0

κpzq dz
represents the mean number of fragments produced by the fragmentation of an individual. We remark

that under Assumption (4.6), relation (4.3) becomes
´ 1

0 z κpzq dz � 1 and then it enforces n0 ¡ 1. If κ is
symmetric (κpzq � κp1� zq), we have necessarily n0 � 2. We also assume that β is a powerlaw coefficient

βpxq � βxγ (4.7)

and we denote by Fγ the fragmentation operator associated to coefficients satisfying Assumptions (4.6)
and (4.7).

Now we state our main results concerning different choices for V ptq and Rptq. First we investigate
the nonlinear growth-fragmentation equations corresponding to the case when V or/and R are functions
of the solution upt, xq itself. We also consider a model of polymerization in which the transport term
depends on u and on a solution to an ODE coupled to the growth-fragmentation equation. The long-
time asymptotic behavior of these equations is investigated under the assumption that τpxq is linear (i.e.
ν � 1q and β increasing (i.e. γ ¡ 0q. We finish with a study of the long-time asymptotics in the case
when V and R are known periodic controls.

Example 1. Nonlinear drift-term. We consider that the death rate is time independent (R � 1)
and that the transport term depends on the solution itself through the nonlinearityBBtupt, xq � �f �ˆ xpupt, xq dx
 BBx�xupt, xq�� µupt, xq � Fγupt, xq (4.8)

where f : R� Ñ R
� is a continuous function which represents the influence of the wheighted total popu-

lation
´

xpupt, xq dx pp ¥ 0q on the growth process. Such weak nonlinearities are common in structured
populations (see [69, 70, 133] for instance). The stability of the steady states for related models has
already been investigated (see [36, 49, 50, 51, 100]) but never for the growth-fragmentation equation with
the nonlinearities considered here. We prove in Section 4.3 convergence and nonlinear stability results
for Equation (4.8) in the functional space H :� L2ppx � xrqdxq for r large enough, or more precisely in
its positive cone denoted by H�. These results are stated in the two following theorems. They require
that f is continuous and satisfies

N :� tI; fpIq � µu is a finite set and lim sup
IÑ8 fpIq   µ. (4.9)



4.1. Introduction 73

Theorem 4.1.1 (Convergence). Assume that f satisfies Assumption (4.9), that γ P p0, 2s and that
the fragmentation kernel κ satisfies Assumption (4.33). Then the number of positive steady states of
Equation (4.8) is equal to 7N and any solution with an initial distribution u0 P H� either converges to
one of these steady states or vanishes.

Theorem 4.1.2 (Local stability). Assume that f P C1pR�q satisfies Assumption (4.9), that γ P p0, 2s
and that the fragmentation kernel κ satisfies Assumption (4.33). Then the trivial steady state is locally
exponentially stable if fp0q   µ and p ¥ 1, and unstable if fp0q ¡ µ. Any nontrivial steady state u8 is
locally asymptotically stable if f 1 �´ xpu8pxq dx�   0, locally exponentially stable if additionally κ � 2,

and unstable if f 1 �´ xpu8pxq dx� ¡ 0.

As an immediate consequence of these two theorems, we have the following corollary.

Corollary 4.1.3 (Global stability). For γ P p0, 2s and under Assumption (4.33), if f P C1pR�q sat-
isfies (4.9) with N a singleton, then there is a unique nontrivial steady state u8, and if additionally
f 1 �´ xpu8pxq dx�   0, then it is globally asymptotically stable in H�zt0u.
The method combines several arguments. First it uses the General Relative Entropy principle intro-

duced by [98, 99, 110] for the linear case. Secondly it reduces the system to a set of ODEs which has the
same asymptotic behavior than Equation (4.8). Then we build a Lyapunov functional for this reduced
system. Therefore our result extends to the case of the growth-fragmentation equation several stability
results proved for the nonlinear renewal equation in [97, 113].

Example 2. Nonlinear drift and death terms. We can also treat several nonlinearities as inBBtupt, xq � �f �ˆ xpupt, xq dx
 BBx�xupt, xq� � g

�
ˆ

xqupt, xq dx
 upt, xq � Fγupt, xq. (4.10)

In this case, we show that oscillating behaviors can appear. The existence of non-trivial periodic so-
lution for structured population models is a very interesting and difficult problem. It has been mainly
investigated for age structured models with nonlinear renewal and/or death terms, but there are very
few results [1, 12, 33, 73, 89, 90, 116, 128, 130]. Taking advantage of the Poincaré-Bendixon theorem,
we prove the existence of oscillating solutions for Equation (4.10) and the “stability” of this behavior in
a sense specified in the following theorem.

Theorem 4.1.4. For γ P p0, 2s and under Assumption (4.33), there exist functions f and g and pa-
rameters p and q for which we can find an open set V � H� with the property that any solution to
Equation (4.10) with an initial distribution u0 P V converges to a periodic solution.

The proof of this result is given in Section 4.4.

Example 3. The prion equation. In Section 4.5, we are interested in a general so-called prion
equation $'''&'''% dV ptq

dt
� �V ptqf �ˆ xpu



ˆ 8
0

xupt, xq dx� δV ptq � λ ,BBtupt, xq � �V ptqf �ˆ xpu


 BBx�xupt, xq�� µupt, xq � Fγupt, xq. (4.11)

In this equation, the growth term depend on the quantity V ptq of another population (monomers for
the prion proliferation model). We prove for this system the existence of periodic solutions under some
conditions on f. In age structured models, such solutions are usually built using bifurcation theory,
particularly by Hopf bifurcation (see [86] for a general theorem). Here we consider the power p as a
bifurcation parameter and we prove existence of periodic solution by Hopf bifurcation.

Theorem 4.1.5. There exist a function f and parameters for which Equation (4.11) admits periodic
solutions.
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Example 4. Perron vs. Floquet. Our method in Section 4.2.2 can also be applied to the situation
when V ptq and Rptq are periodic controlsBBtupt, xq � V ptq BBx�τx upt, xq� �Rptqµupt, xq � Fγupt, xq. (4.12)

In this case, Theorem 4.2.1 allows to built a particular solution called the Floquet eigenvector, starting
from the Perron eigenvector which correspond to constant parameters. Moreover, we can compare the
associated Floquet eigenvalue to the Perron eigenvalue. The results about this problem are stated in
Section 4.6.

Before treating the different examples, we explain in Section 4.2 the general method used to tackle these
problems. It is based on the main result in Theorem 4.2.1 and the use of the eigenelements of the growth-
fragmentation operator together with General Relative Entropy techniques. In Sections 4.3, 4.4, 4.5 and
4.6, we give the proofs of the results in Examples 1, 2, 3 and 4 respectively.

4.2 Technical Tools and General Method

4.2.1 Main Theorem

The proofs of the main theorems of this paper are based on the following result which requires to consider
that τpxq is linear (i.e. ν � 1q. In this case, there exists a relation between a solution to Equation (4.1)
with time-dependent parameters pV1ptq, R1ptqq and a solution to the same equation with parameterspV2ptq, R2ptqq. More precisely, we can obtain one from the other by an appropriate dilation. The fol-
lowing theorem generalizes the change of variable used in [47] to build self-similar solution to the pure
fragmentation equation.

Theorem 4.2.1. Consider that Assumptions (4.4)-(4.7) are satisfied with ν � 1 and γ ¡ 0. For u1pt, xq
a solution to Equation (4.1) with parameters pV1, R1q, the function u2pt, xq defined by

u2pt, xq �W�kptqu1 �hptq,W�kptqx� eµ ´ t0 pW psqR1psq�R2psqq ds (4.13)

with k � 1
γ
, is a solution to Equation (4.1) with pV2, R2q if W ¡ 0 and h satisfy9W � τW

k
pV2 � V1W q, (4.14)9h � W.

Conversely, if h : R� Ñ R� is one to one and if u2 is a solution with pV2, R2q, then u1 defined by (4.13)
is a solution with pV1, R1q.
The proof of this result is nothing but easy calculation that we leave to the reader.

Remark 4.2.2. To check that h is one to one, we can take advantage that ODE (4.14) is a Bernoulli
equation which can be integrated in

W ptq � W0 e
τ
k

´

t

0
V2psqds

1�W0
τ
k

´ t

0 V1psqe τ
k

´

s

0
V2ps1qds1

ds
. (4.15)

To tackle the different examples, we use Theorem 4.2.1 together with two techniques appropriate for
this type of equations. First we recall the existence of particular solutions to the growth-fragmentation
equation in the case of time-independent coefficients. They correspond to eigenvectors to the growth-
fragmentation operator and we can give their self-similar dependency on parameters in the case of pow-
erlaw coefficients (see [59, 17]). This dependency is the starting point which leads to Theorem 4.2.1 and
it allows to built an invariant manifold for Equation (4.1) in the case ν � 1. It also provides interesting
properties on the moments of the solutions when ν � 1. Then we recall results about the General Relative
Entropy (GRE) introduced by [98, 99, 110] for the growth-fragmentation model. This method ensures
that the particular solutions built from eigenvectors are attractive for suitable norms.
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4.2.2 Eigenvectors and Self-similarity: Existence of an Invariant Manifold

When the coefficients of Equation (4.1) do not depend on time, one can build solutions pt, xq ÞÑ UpxqeΛt
by solving the Perron eigenvalue problem$&% ΛUpxq � � BBx pτpxqUpxqq � µpxqUpxq � pF Uqpxq, x ¥ 0,

τp0qUp0q � 0, Upxq ¥ 0,
´8
0

Upxqdx � 1.
(4.16)

The existence of such elements Λ and U has been first studied by [95, 111] and is proved for general
coefficients in [41]. The dependency of these elements on parameters is of interest to investigate the
existence of steady states for nonlinear problems (see [20, 17]). In the case of powerlaw coefficients, we
can work out this dependency on frozen transport parameter V and death parameter R (see [59]). Under
Assumptions (4.5)-(4.7), the necessary condition which appears in [41, 95] to ensure the existence of
eigenelements is γ � 1� ν ¡ 0. Then we define a dilation parameter

k :� 1

γ � 1� ν
¡ 0 (4.17)

and we have explicit self-similar dependencies

ΛpV,Rq � V kγΛp1, 0q �Rµ and UpV ;xq � V �kUp1;V �kxq. (4.18)

The eigenvector U does not depend on R, that is why we do not label it. Thereafter Λp1, 0q and Up1; �q are
denoted by Λ and U for the sake of clarity. The result of Theorem 4.2.1 is based on the idea to use these
dependencies to tackle time-dependent parameters. An intermediate result between the formula (4.13)
and the dependencies (4.18) is given by the following corollary.

Corollary 4.2.3. Under the assumptions of Theorem 4.2.1, if W is a solution to9W � ΛpW, 0q
k

pV �W q (4.19)

then

upt, xq � UpW ptq;xqe´ t0 ΛpW psq,Rpsqqds (4.20)

is a solution to Equation (4.1).

Proof. For ν � 1, we can compute Λ � Λp1, 0q by integrating Equation (4.16) with µ � 0 against x dx.
We obtain thanks to the mass preservation of F

Λ

ˆ 8
0

xUpxq dx � τ

ˆ 8
0

xUpxq dx
and so Λp1, 0q � τ. Thus using the dependency (4.18) we find that ΛpW, 0q � τW and Equation (4.19)
is nothing but a rewriting of Equation (4.14). We use this formulation (4.19) here to highlight the link
with eigenelements, and because it allows after to obtain results in the cases when ν � 1. Now we apply
Theorem 4.2.1 for V1 � 1, R1 � 0 and V2 � V, R2 � R and we obtain that

u2pt, xq �W�kUpW�kxqeΛhptq�´ t0 Rpsq ds � UpW ptq;xqe´ t0 ΛpW psq,Rpsqqds
is a solution to Equation (4.1).

This corollary provides a very intuitive explicit solution in the spirit of dependencies (4.18). At each
time t, the solution is an eigenvector associated to a parameter W ptq with an instantaneous fitness
ΛpW ptq, Rptqq associated to the same parameter W ptq. The function t ÞÑW ptq thus defined follows V ptq
with a delay explicitely given by ODE (4.19).
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A very useful consequence for the different applications is the existence of an invariant manifold for
the growth-fragmentation equation with time-dependent parameters of the form (4.4). Let define the
eigenmanifold

E :�  
QUpW ; �q, pW,Qq P pR��q2( (4.21)

which is the union of all the positive eigenlines associated to a transport parameter W. Then Corol-
lary 4.2.3 ensures that, under the assumptions of Theorem 4.2.1, any solution to Equation (4.1) with an
initial distribution u0 P E remains in E for all time. Moreover the dynamics of such a solution reduces to
the ODE (4.19) and this is the key point we use to tackle nonlinear problems.

For ν � 1, the technique fails and we cannot obtain explicit solution with the method of Theorem 4.2.1.
Nevertheless, we can still define W as the solution to ODE (4.19) and give properties of the functions
defined as dilations of the eigenvector by (4.20). We obtain that the moments of these functions satisfy
equations that are similar to the ones verified by the moments of the solution to the growth-fragmentation
equation. In the special case ν � 0, and γ � 1, we even obtain the same equation. More precisely, if we
denote, for α ¥ 0,

MαrW sptq :� ˆ 8
0

xαUpW ptq;xqe´ t0 ΛpW psq,Rpsqq ds dx, (4.22)

and

Mαrusptq :� ˆ 8
0

xαupt, xq dx, (4.23)

then we have the following result.

Lemma 4.2.4. On the one hand, if W is a solution to Equation (4.19), then the moments Mα satisfy9Mα � αΛaαVMα�ν�1 � p1� αqΛbαMα�γ � µRMα (4.24)

with

aα :� MαrUs
Mα�ν�1rUs and bα :� MαrUs

Mα�γrUs .
On the other hand, if u is a solution to the fragmentation-drift equation, then the moments Mα satisfy9Mα � ατV Mα�ν�1 � pcα � 1qβMα�γ � µRMα (4.25)

with

cα :� ˆ 1

0

zακpzq dz.
Proof. Thanks to a change of variable we can compute for all α ¥ 0

MαrW s �MαrUsW kαe
´

t
0
ΛpW psq,Rpsqq ds

so we have 9Mα � kα
9W
W

Mα � ΛpW,RqMα� αΛW kγ�1pV �W qMα � ΛW kγMα � µRMα� αΛVW kpν�1qMα � p1� αqΛW kγMα � µRMα� αΛV aαMα�ν�1 � p1� αqΛbαMα�γ � µRMα.

Integrating Equation (4.1) against xαdx we obtain by integration by part and thanks to the Fubini
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theorem

d

dt

ˆ

xαupt, xq dx � τV

ˆ

xαBx�xνupt, xq� dx � µR

ˆ

xαupt, xq dx�β ˆ xα�γupt, xq dx � β

ˆ 8
0

xα
ˆ 8
x

yγ�1κ

�
x

y



dy dx� ατV

ˆ

xα�ν�1upt, xq dx� µR

ˆ

xαupt, xq dx�β ˆ xα�γupt, xq dx � β

ˆ 8
0

yα�γ ˆ y

0

xα

yα
κ

�
x

y



dx

y
dy� ατV Mα�ν�1 � pcα � 1qβMα�γ � µRMα.

In the particular case ν � 0, γ � 1 and κ symmetric, we can compute the constants aα, bα and cα for
α � 1 or α � 2. A consequence is the useful result given in the following corollary.

Corollary 4.2.5. In the case when ν � 0, γ � 1 and κ symmetric, the zero and first moments pM0,M1q
and pM0,M1q are both solution to� 9U9P 
 � � �µR β

τV �µR 
�
U

P



. (4.26)

This Corollary allows in Section 4.6 to compare the Perron and Floquet eigenvalues not only for ν � 1
but also for ν � 0, γ � 1. We do not have in this case a particular solution to the growth-fragmentation
equation as in Corollary 4.2.3, but a particular solution of the reduced ODE system (4.26).

Proof. For κ symmetric, we have already seen that c0 � n0 � 2. Together with Assumption (4.3) which
gives c1 � 1, we conclude that pM0,M1q is solution to Equation (4.26).
Integrating Equation (4.16) against dx and x dx we obtain

Λ � β

ˆ

xUpxq dx and Λ

ˆ

xUpxq dx � τ.

It allows to compute
ˆ

xUpxq dx �
 τ

β
and Λ �aτβ.

Thus a1 �b τ
β
and b0 �bβ

τ
, and pM0,M1q satisfies Equation (4.26) thanks to Lemma 4.2.4.

4.2.3 General Relative Entropy: Attractivity of the Invariant Manifold

The existence of the invariant manifold E is useful to obtain particular solutions to nonlinear growth-
fragmentation equations. But what happens when the initial distribution u0 does not belong to this
manifold ? The GRE method ensures that E is attractive in a sense to be defined.

The GRE method requires to consider the adjoint growth-fragmentation equation� BBtψpt, xq � τpt, xq BBxψpt, xq � µpt, xqψpt, xq � pF�ψqpt, xq (4.27)

where F� is the adjoint fragmentation operatorpF�ψqpt, xq :� ˆ x

0

bpt, x, yqψpt, yq dy � βpt, xqψpt, xq.
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If u and v are two solutions to Equation (4.1) and ψ is a solution to Equation (4.27), then we have for
any function H : RÑ R

d

dt

ˆ 8
0

ψpt, xqvpt, xqH �
upt, xq
vpt, xq
 dx � � ˆ 8

0

ˆ 8
y

bpt, y, xqψpt, xqvpt, yq� �H �
upt, xq
vpt, xq
�H

�
upt, yq
vpt, yq
�H 1�upt, xq

vpt, xq
�upt, yqvpt, yq � upt, xq
vpt, xq
� dxdy.

When H is convex, the right hand side is nonpositive and we obtain a nonincreasing quantity called GRE.

In the case of time-independent coefficients, we can chose for v a solution of the form UpxqeΛt. Then,
to apply the GRE method, we need a solution to the adjoint equation and such solutions are given by
solving the adjoint Perron eigenvalue problem$&% Λφpxq � τpxq BBxpφpxqq � µpxqφpxq � pF�φqpxq, x ¥ 0,

φpxq ¥ 0,
´8
0 φpxqUpxqdx � 1.

(4.28)

Such a problem is usually solved together with the direct problem (4.16) and the first eigenvalue Λ is
the same for the two ones (see [41, 95, 110]). Then the GRE ensures that any solution u to the growth-
fragmentation equation behaves asymptotically like UpxqeΛt.More precisely it is proved in [99, 110] under
general assumptions that

lim
tÑ8 }̺�1

0 upt, �qe�Λt � U}LppU1�pφdxq � 0, �p ¥ 1. (4.29)

where ̺0 � ´ u0pyqφpyq dy with u0pxq � upt � 0, xq.
Now consider Equation (4.1) whose coefficients are time-dependent. Under the assumptions of The-

orem 4.2.1 and for p � 1, the convergence result (4.29) can be interpreted as the attractivity of the
invariant manifold E in L1pφdxq with the distance

dpu, Eq :� inf
UPE }̺�1u� U}L1pφpxq dxq

where ̺ :� ´ upyqφpyq dy. Consider, for V ptq ¥ 0, a solution W to9W � W

k
pτV �W q

with W p0q � 1. First we have 9W ¥ � 1
k
W 2, so W ¥ 1

1� t
k

and h ¥ k lnp1� t
k
q. Thus h : R� Ñ R� is one

to one and we can define from a solution upt, xq to Equation (4.1) the function

vphptq, xq :�W kptqupt,W kptqxq e� ´ t0 pW psq�µRpsqq ds (4.30)

which satisfies vp0, xq � up0, xq � u0pxq. Using Theorem 4.2.1, vpt, xq is a solution toBBtvpt, xq � � BBx�x vpt, xq� � vpt, xq � pFγvqpt, xq (4.31)

so, denoting by U and φ the eigenfunctions of Equation (4.31), we have

ˆ 8
0

vpt, xqφpxq dx � ˆ 8
0

vpt � 0, xqφpxq dx � ̺0

and
lim
tÑ8 }̺�1

0 vpt, �q � U}L1pφpxqdxq � 0.
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For ν � 1, φ is linear (see examples in [41]), so we can compute from (4.30)

̺ptq � ˆ upt, yqφpyq dy � ̺0W
kptq e´ t0 pW psq�µRpsqq ds

and

dpupt, �q, Eq ¤ }̺�1ptqupt, �q �W�kUpW ; �q} � }̺�1
0 vphptq, �q � U} Ñ 0. (4.32)

The exponential decay in (4.29) is proved in [111, 79] for p � 1 and for a constant fragmentation rate
βpxq � β. It is also proved in [15] for powerlaw parameters in the norm corresponding to p � 2 and this
is the case we are interested in. Assume that the coefficients satisfy (4.5), (4.6) and (4.7) and assume
also that the fragmentation kernel is upper and lower boundedDκ, κ ¡ 0, � z P r0, 1s, κ ¤ κpzq ¤ κ. (4.33)

Then a spectral gap result is proved in [15] for ν � 1 in L2pU�1φdxq and then the result is extended to
bigger spaces thanks to a general method for spectral gaps in Hilbert spaces.

Theorem [15]. Under Assumption (4.5) with ν � 1, Assumptions (4.6) and (4.33), and Assump-
tion (4.7) with γ P p0, 2s, there exist ā ¡ 0 and r̄ ¥ 3 such that, for any a P p0, āq and any r ¥ r̄, there
exists Ca,r such that for any u0 P H :� L2pθq, θpxq � x� xr, there holds�t ¡ 0, }̺�1

0 upt, �qe�Λt � U}H ¤ Ca,r}̺�1
0 u0 � U}H e�at. (4.34)

This result is very useful for Applications 1 and 2 because L2pθq � L1pxpq for r ¥ 2p � 1. Moreover
the exponential decay allows to prove exponential stability results for Equation (4.8) when κ is constant
(see Section 4.3).

4.3 Nonlinear Drift Term: Convergence and Stability

Consider the nonlinear growth-fragmentation equation (4.8) where the transport term depends on the
p-moment of the solution itself. This dependency may represent the influence of the total population of
individuals on the growth process of each individual. We study the long-time asymptotic behavior of the
solutions in the positive cone H� with the weight θpxq � x� xr for

r ¥ maxpr̄, 2p� 1q. (4.35)

We prove that there is always convergence to a steady state, provided that the function f is less than µ at
the infinity. This result is precised in Theorem 4.3.1 which immediately leads to Theorem 4.1.1 and the
stability of the steady states is given in Theorem 4.1.2. We use the notationMp forMprUs � ´ xpUpxq dx.
Theorem 4.3.1. Assume that f is a continuous function on r0,�8q which satisfies Assumption (4.9),
that γ P p0, 2s and that the fragmentation kernel κ satisfies Assumption (4.33). Then the nontrivial steady
states of Equation (4.8) write

I8
Mp

µ�kp Upµ; �q with I8 P N ,

and for any solution u, there exists I8 P N Y t0u such that

lim
tÑ8 ����upt, �q � I8

Mp

µ�kp Upµ; �q����
H

� 0. (4.36)



80 Chapitre 4. Comportement en temps long d’équations non linéaires

Proof of Theorem 4.3.1. First step: u0 P E .

Consider an initial distribution u0 P E defined in (4.21), then there exist W0 ¡ 0 and Q0 ¥ 0 such that

u0pxq � Q0 UpW0µ;xq.
Let upt, xq be the solution to Equation (4.8) and define W as the solution to$'&'% 9W � W

k

�
f

�
ˆ

xpupt, xq dx
� µW



,9W p0q � W0.

(4.37)

Then Corollary (4.2.3) ensures that� t, x ¥ 0, upt, xq � Q0 UpW ptqµ;xqeµ ´ t0 pW psq�1q ds
and so we have

ˆ 8
0

xpupt, xq dx � Q0W
kpµkp

�
ˆ 8
0

xpUpxq dx
 eµ ´ t0 pW psq�1q ds.
Now defining

Qptq :� Q0e
µ
´

t
0
pW psq�1q ds,

we obtain a system of ODEs equivalent to Equation (4.8) in E$&% 9W � W

k

�
fp
�
W kpQ

�� µW
�
,9Q � µQpW � 1q, (4.38)

with the notation

fppIq :� f

�
Iµkp

ˆ 8
0

xpUpxq dx
 ,
and proving convergence of u is equivalent to prove convergence of pW,Qq. To study System (4.38), we
change the unknown to Z :�W kpQ. Then pW,Zq is solution to$&% 9W � W

k
pfp pZq � µW q ,9Z � pZ pfp pZq � µW q � µZpW � 1q, (4.39)

and the positive steady states satisfy W8 � µ�1fppZ8q � 1. If p � 1, Z is solution to 9Z � Zpf1pZq � µq
so for Z0 ¥ 0, Z converges to Z8 � I8

µkpMp
with I8 P N Y t0u. When Z8 ¡ 0, then W Ñ 1 because

f1pZq Ñ µ.

In the case when p � 1, we write System (4.39) as# 9W � � 1
k
W pµ� fppZqq � µ

k
W pW � 1q9Z � �pZpµ� fppZqq � pp� 1qµZpW � 1q, (4.40)

and we exhibit a Lyapunov functional for this equation. We define

GpW q :�W � 1� lnpW q
and

F pZq :� ˆ Z

1

pµ� fppzqqdz
z
,

then we look for a parameter α such that kµGpW q�α2F pZq is a Lyapunov functional for Equation (4.40).
We have

d

dt

�
kµGpW q � α2F pZq� � �µ2pW � 1q2 � α2ppµ� fppZqq2 � µp1� α2pp� 1qqpW � 1qpµ� fppZqq
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so, if we find α such that 1� α2pp� 1q � 2α
?
p, we will have

d

dt

�
kµGpW q � α2F pZq� � ��µpW � 1q � α

?
ppµ� fppZqq�2 ¤ 0.

For p � 1, there are two roots to the binomialpp� 1qα2 � 2
?
pα� 1 � 0

which are

α � ?
p� 1

p� 1
� 1?

p� 1
.

For these two values, the dissipation is nonpositive but we want to have negativity outside of the steady
states in order to conclude to convergence. We use a combination of this two values and the following
lemma.

Lemma 4.3.2. For any α � 1, there exists ω ¡ 0 such that�a, b, pa� bq2 � pa� αbq2 ¥ ωpa2 � b2q. (4.41)

Proof. We prove the inequality pa� bq2 � pa� αbq2 ¥ Ωpα� 1qpa2 � b2q (4.42)

where

Ωpxq � 4� 2
?
4� x2 � x2

2� x
2

?
4� x2 � x2

2

.

This function is positive except at x � 0 where Ωp0q � 0. Its maximum is Ωp�2q � 2.
To prove (4.42), we define c :� a

b
and we prove that

Ωp1� αq � min
c

� pc� 1q2 � pc� αq2
c2 � 1



.

Define

Γαpcq :� pc� 1q2 � pc� αq2
c2 � 1

,

compute

Γ1αpcq � p1� αq � pα2 � 1qc� p1� αqc2p1� c2q2 ,

and we find that the minimum of Γα is reached for

cα � �1

2

�
α� 1�a

4� pα� 1q2	 .
As a consequence, for all a P R and b � 0, we havepa� bq2 � pa� αbq2 ¥ Γαpcαqpa2 � b2q
and Γαpcαq � Ωp1� αq. This is still true for b � 0 by passing to the limit.

Denoting α� � 1?
p�1 and α� � 1?

p�1 , we define LpW,Zq :� 2kµGpW q � pα2� � α2�qF pZq. Then
Lemma 4.3.2 ensures the existence of ω ¡ 0 such that

d

dt
LpW ptq, Zptqq � ��µpW � 1q � α�?ppµ� fppZqq�2 � �

µpW � 1q � α�?ppµ� fppZqq�2¤ �ω �µ2pW � 1q2 � α2�ppµ� fppZqq2� :� �DpW,Zq, (4.43)



82 Chapitre 4. Comportement en temps long d’équations non linéaires

and DpW,Zq is positive outside of the steady states. Moreover Assumption (4.9) ensures that L and
D are coercive in the sense that LpW,Zq Ñ �8 and DpW,Zq Ñ �8 when }pW,Zq} Ñ �8. So L is a
Lyapunov functional for System (4.40) and we can conclude to the convergence of the solution to a steady
state. If fp0q ¡ µ, LpW,Zq Ñ �8 if W or Z tends to 0, so for any pW0 ¡ 0, Z0 ¡ 0q the solution pW,Zq
converges to a critical point of L, namely p1, I8

µkpMp
q with I8 P N . If fp0q   µ, then for any W̄ ¡ 0 we

have that LpW,Zq pW,ZqÑpW̄ ,0qÝÝÝÝÝÝÝÝÝÑ �8. So either pW,Zq converges to p1, I8
µkpMp

q with I8 P N , or Z Ñ 0.

To conclude to the convergence in H, we write}upt, �q � Z8Upµ; �q} � ˆ 8
0

pQptqUpW ptqµ;xq � Z8Upµ;xqq2px� xrq dx
and we use dominated convergence. We know by Theorem 1 in [41] that under Assumption (4.33)
and for ν � 1, xαUpxq is bounded in R

� for all α ¥ 0, so it ensures that the integrand is dominated
by an integrable function. Then the ponctual convergence is given by the convergence of pW,Zq, so
convergence (4.36) occurs.

Second step: general initial distribution u0.

Departing from u a solution to Equation (4.8) not necessarily in E , we define as in Section 4.2.3

vphptq, xq :�W ptqkupt,W ptqkxqeµpt�hptqq
with 9W � W

k

�
f

�
ˆ

xpu


� µW



and 9h �W.

We recall that in this case h : R� Ñ R� is one to one. We choose the initial values W p0q � 1 and
hp0q � 0 to have vp0, xq � up0, xq � u0pxq. Then vpt, xq is a solution toBBtvpt, xq � �µ BBx�xvpt, xq� � µvpt, xq � Fγvpt, xq (4.44)

and, thanks to the GRE, we conclude that

vpt, xq ÝÝÝÑ
tÑ8 ̺0 Upµ;xq

where

̺0 � ˆ 8
0

φpµ;xqv0pxq dx � ˆ 8
0

φpµ;xqu0pxq dx
and so

ˆ

xpupt, xq dx �
tÑ8 ̺0µ

kp

�
ˆ

xpUpxq dx
W ptqkpeµphptq�tqdx.
As a consequence it holds 9W ptq �

tÑ8 W

k

�
fp
�
W kpQ

�� µW
�

with Qptq � ̺0 e
µphptq�tq which satisfies the equation9Q � µQpW � 1q.

The interpretation of this is that System (4.37) represents asymptotically the dynamics of the solutions
to Equation (4.8). More rigorously, define

εptq :� ´

xpupt, xq dx
µkpMpQptqW kpptq � 1. (4.45)
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Then we have 9W ptq � W

k

�
fp
�
W kpQp1� εptqq�� µW

�
and, using the Cauchy-Schwarz inequality and the exponential decay theorem of [15],|εptq| � W�kpeµpt�hptqq

µkpMp

����ˆ p̺�1
0 upt, xq � Upµ;xqW kpeµphptq�tqqxp dx����� 1

µkpMp

����ˆ p̺�1
0 vphptq, xq � Upµ;xqqxp dx����¤ 1

µkpMp

�
ˆ |̺�1

0 vphptq, xq � Upµ;xq|2pφpxq � xrq dx
 1

2

�
ˆ

x2p

φpxq � xr
dx


 1

2¤ Cp

µkpMp

}̺�1
0 u0 � Upµ; �q}e�ahptq. (4.46)

The function x2p

x�xr is integrable under Assumption (4.35). Finally the dynamics of the solution u to
Equation (4.8) is given by# 9W � � 1

k
W
�
µ� fppp1� εqZq�� µ

k
W pW � 1q9Z � �pZ�µ� fppp1� εqZq�� pp� 1qµZpW � 1q, (4.47)

where Z �W kpQ, and εptq ÝÝÝÑ
tÑ8 0. Now we look what becomes the Lyapunov functional of the first step

for this system and we obtain

d

dt
LpW,Zq ¤ �DpW,Zq � �

µpW � 1q � pα2� � α2�qppµ� fppZqq�pfppp1� εqZq � fppZqqlooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooon
:�EpW,Z,εq . (4.48)

Thanks to Assumption (4.9), we know that fp is bounded, so W which is solution to9W � W

k

�
fppp1� εqZq � µW

�
is also bounded. Thus EpW,Z, εq is bounded and, because L and D are coercive, the trajectory pW,Zq is
bounded. Moreover EpW ptq, Zptq, εptqq ÝÝÝÑ

tÑ8 0 because εptq Ñ 0, so pW,Zq converges to a steady statep1, Z8q. Finally we write}upt, �q � Z8Upµ; �q} ¤ }upt, �q �QptqUpW ptqµ; �q} � }QptqUpW ptqµ; �q � Z8Upµ; �q}
and we know from the first step that }QptqUpW ptqµ; �q�Z8Upµ; �q} Ñ 0. We treat the other term thanks
to the spectral gap theorem of [15]}upt, �q �QptqUpW ptqµ; �q}H � Q

�
ˆ |̺�1

0 vphptq, xq � Upµ;xq|2px �W pr�1qkxrq dx
 1

2¤ C}̺�1
0 vphptq, �q � Upµ; �q}¤ C}̺�1
0 u0 � Upµ; �q} e�ahptq. (4.49)

So }upt, �q �QptqUpW ptqµ; �q} Ñ 0 because hptq Ñ �8, and the proof is complete.

Proof of Theorem 4.1.2. Stability of the trivial steady state.
We start with the stability of the zero steady state when fp0q   µ and p ¥ 1. For this we integrate
Equation (4.8) against xp and find

d

dt

�
ˆ

xpupt, xq dx
 ¤ �
f

�
ˆ

xpupt, xq dx
 � µ


�
ˆ

xpupt, xq dx
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thanks to the mass conservation assumption (4.3). Thus
´

xpupt, xq dx is a decreasing function if f pMpru0sq  
µ. Then we integrate against x� xr for any r ¥ 1 and we obtain

d

dt

�
ˆ

upt, xq px � xrqdx
 ¤ �
f

�
ˆ

xpupt � 0, xq dx
 � µ


�
ˆ

upt, xq px � xrqdx

which ensures the exponential convergence}upt, �q}H ¤ }u0}H epfpMpru0sq�µqt.
For r ¥ p, we have Mpru0s ¤ C}u0}H, so for }u0} small enough, we have fpMpru0sq   µ and the
exponential convergence occurs.
When fp0q ¡ µ, we have seen in the proof of Theorem 4.3.1 that LpW,Zq Ñ �8 when W or Z tends

to zero. So the trivial steady state is unstable.

Stability of nontrivial steady states.
Let pW8, Z8q be a positive steady state to System (4.40). We want to prove that Z8Upµ; �q is locally
asymptotically stable. Since Theorem 4.3.1 ensures the convergence of any solution to Equation (4.8)
toward a steady state, it only remains to prove the local stability of Z8Upµ; �q, namely� ρ1 ¡ 0, D ρ2 ¡ 0, }u0 � Z8Upµ; �q}   ρ2 ñ � t ¡ 0, }upt, �q � Z8Upµ; �q}   ρ1.

We have already seen that}upt, �q � Z8Upµ; �q} ¤ C}̺�1
0 u0 � Upµ; �q} � }QptqUpW ptqµ; �q � Z8Upµ; �q}

with }QUpWµ; �q � Z8Upµ; �q} Ñ 0 when pW,Zq Ñ pW8, Z8q.
Let first treat the term }̺�1

0 u0 � Upµ; �q}. We have|̺0 � Z8| � ����ˆ pu0 � Z8Upµ;xqqφpµ;xq dx����¤ µ�k �ˆ pu0 � Z8Upµ;xqq2px� xrq dx
 1

2

�
ˆ

x2

x� xr
dx


 1

2� C}u0 � Z8Upµ; �q} (4.50)

and then }̺�1
0 u0 � Upµ; �q} ¤ ̺�1

0 }u0 � I8
µkpMp

Upµ; �q} � ̺�1
0 |̺0 � Z8|}Upµ; �q}¤ C

̺0
}u0 � Z8Upµ; �q}¤ C

Z8 � |̺0 � Z8| }u0 � Z8Upµ; �q}¤ C}u0 � Z8Upµ; �q}
Z8 � C}u0 � Z8Upµ; �q} (4.51)

so }̺�1
0 u0 � Upµ; �q} is small for }u0 � Z8Upµ; �q} small enough.

Now let turn to the term }QUpWµ; �q � Z8Upµ; �q}. Since it tends to zero when pW,Zq tends topW8, Z8q, it is sufficient to prove that pW8, Z8q is stable for System (4.47). For η ¡ 0, denote by
VηpW8, Z8q the connex component of tpW,Zq, LpW,Zq   LpW8, Z8q � ηu which contains pW8, Z8q.
Since f 1pI8q   0, pW8, Z8q is a strict local minimum of L so we have, denoting BpX, ρq � tY P
R

2, }X � Y }   ρu, � ρ ¡ 0, D η ¡ 0, VηpW8, Z8q � BppW8, Z8q, ρq
and reciprocally � η ¡ 0, D ρ ¡ 0, BppW8, Z8q, ρq � VηpW8, Z8q.
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So it is sufficient, to have the local stability of pW8, Z8q, to prove that VηpW8, Z8q is stable. This is
true for System (4.40) since in this case L is a Lyapunov functional. Then, by continuity of f, there
exists εη such that VηpW8, Z8q remains stable for System (4.47) if |εptq|   εη for all t ¡ 0. But we
know from (4.46) that |εptq| ¤ C}̺�1

0 u0 � Upµ; �q} and from (4.51) that }̺�1
0 u0 � Upµ; �q} is small for}u0 � Z8Upµ; �q} small enough. Finally }QUpWµ; �q � Z8Upµ; �q} is small for }u0 � Z8Upµ; �q} small

enough and the local asymptotical stability of the nontrivial steady states is proved.

Now assume that κ � 2 and prove the local exponential stability of Z8Upµ; �q. In this case we have
(see examples in [41]) the explicit formula

Upxq � C e� β
γ
xγ

(4.52)

and thanks to this we can estimate the quantity }QUpWµ; �q � Z8Upµ; �q}. We have}QUpWµ; �q � Z8Upµ; �q}2 � ˆ |QUpW kµ;xq � Z8Upµ;xq|2px � xrq dx¤ |Z � Z8|2W�2kp

ˆ

UpW kµ;xq2px � xrq dx piq�|W�kpp�1q � 1|2Z28 ˆ UpW�kµ�kxq2px� xrq dx piiq�Z28 ˆ |UpW�kµ�kxq � Upµ�kxq|2px � xrq dx piiiq
and we prove exponential decay of piq, piiq and piiiq in a neighbourhood of pW8, Z8q. We have thanks
to the L’Hôpital rule

F pZq �
ZÑZ8 1�2Z8f 1pZ8q pµ� fpZqq2 (4.53)

and

GpW q �
WÑW8 1

2W8 pW � 1q2, (4.54)

so the following local “entropy - entropy dissipation” inequality holdsDC ¡ 0, ρ ¡ 0, �pW,Zq P BppW8, Z8q, ρq, LpW,Zq ¤ CDpW,Zq. (4.55)

Fix such a ρ and fix η ¡ 0 such that VηpW8, Z8q � BppW8, Z8, ρq. Consider }u0 � Z8Upµ; �q} small
enough so that |εptq| remains smaller than εη for all time. Then VηpW8, Z8q is stable for the dynamics
of System (4.47). Now look at the term EpW ptq, Zptq, εptqq for pW,Zq solution to System (4.47) in this
stable neighbourhood. It satisfies

E � µpW � 1qpfppp1� εqZq � fppZqq � pα2� � α2�qppµ� fppZqqpfppp1� εqZq � fppZqq¤ ω

2
µ2pW � 1q2 � ω

2
α2�ppµ� fppZqq�2 � 1

2ω

�
1��α2� � α2�

α� 
2

p

� pfppp1� εqZq � fppZqq2� 1

2
DpW,Zq � C pfppp1� εqZq � fppZqq2¤ 1

2
DpW,Zq � C sup

J

|f 1|ε2
where J � rZ8 � ρ� εη, Z8 � ρ� εηs. As a consequence we have

d

dt
LpW,Zq ¤ �1

2
DpW,Zq � Cε2¤ �CLpW,Zq � C}̺�1

0 u0 � Upµ; �q}2e�2ahptq
and so

LpW,Zq ¤ LpW0, Z0qe�Ct � C}̺�1
0 u0 � Upµ; �q}2e�2ahptq.
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Then, thanks to the equivalences (4.53) and (4.54) and because hptq � t when t Ñ 8, there are b ¡ 0
and C ¡ 0 such thatpW � 1q2 � pµ� fppZqq2 ¤ Cpµ� fppZ0qq2e�2bt � C}̺�1

0 u0 � Upµ; �q}2e�2bt

and, because f 1pI8q � 0, it holdspW � 1q2 � pZ � Z8q2 ¤ CpZ0 � Z8q2e�2bt � C}u0 � Z8Upµ; �q}2e�2bt.

Using the Cauchy-Schwarz inequality as in (4.50), we find thatpZ0 � Z8q2 ¤ C}u0 � Z8Upµ; �q}2,
so pW � 1q2 � pZ � Z8q2 ¤ C}u0 � Z8Upµ; �q}2e�2bt.

This inequality ensures that the terms piq and piiq decrease to zero exponentially fast. It only remains to
prove the same result for piiiq, and for this we use the explicit formula (4.52). We obtain

ˆ 8
0

�
UpW�kµ�kxq�Upµ�kxq�2pφpxq � xrq dx � C

ˆ �
e� β

γµ
pW�kxqγ � e� β

γµ
xγ
	2 px� xrq dx� C

ˆ �
e� 2β

γµ
pW�kxqγ � e� 2β

γµ
xγ � 2e� β

γµ
p1�W�1qxγ

	2 px � xrq dx� C

ˆ

e� 2β
γµ
yγ pW ky �W rkyrqW kdy � ˆ e� 2β

γµ
xγ px� xrq dx� 2

ˆ

e� 2β
γµ
zγ

��
1�W�1

2


�k
z ��

1�W�1

2


�rk
zr

� �
1�W�1

2


�k
dz� Cψ1pW q ˆ e� 2β

γµ
xγ

x dx� CψrpW q ˆ e� 2β
γµ
xγ

xr dx

where

ψrpW q :�W pr�1qk � 1� 2

�
1�W�1

2


�pr�1qk
.

Thanks to a Taylor expansion, we find that, locally,|ψrpW q| ¤ CpW � 1q2
and so

ˆ 8
0

�
UpW�kµ�kxq � Upµ�kxq�2px� xrq dx ¤ C}u0 � Z8Upµ; �q}2e�2bt.

Finally there exists a constant C ¡ 0 such that, for }u0�Z8Upµ; �q} small enough so that pW,Zq stay in
the neighbourhood VηpW8, Z8q, we have}upt, �q � Z8Upµ; �q} ¤ }upt, �q �QUpWµ; �q} � }QUpWµ; �q � Z8Upµ; �q}¤ C}u0 � Z8Upµ; �q}e�bt
and it is the local exponential stability of the nontrivial steady states which satisfy f 1pI8q   0 in the case
when κ � 2.

When f 1pI8q ¡ 0, the steady state pW8, Z8q is a saddle point of L so it is unstable.

We remark that the structure of the reduced system (4.40) is different for p   1 and p ¡ 1. The
nontrivial steady states are focuses in the case when p   1 and nodes for p ¥ 1 (see Figure 4.1 for a
numerical illustration in the case of Corollary 4.1.3).
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Figure 4.1: Solutions to System (4.40) are plotted in the phase plan pW,Zq for two different values of
parameter p. The other coefficients are γ � 0.1, µ � 1 and fpxq � 2e�x. We can see that the steady state
is a focus for p   1 (left) and a node for p ¡ 1 (right).

4.4 Nonlinear Drift and Death Terms: Stable Persistent Oscil-
lations

We have seen in Theorem 4.1.1 that any solution to the nonlinear equation (4.8) converges to a steady
state. Can this result be extended to Equation (4.10) where the death rate is also nonlinear ? The result
in Theorem 4.1.4 answer negatively to this question. Indeed it ensures the existence of functions f and
g, and parameters p and q such that Equation (4.10) admits periodic solutions. Here we give examples of
such functions and parameters and more precisely we prove, thanks to the Poincaré-Bendixon theorem,
that any solution with an initial distribution in the eigenmanifold E which is not a steady state converges
to a periodic solution. Then we extend this result by surrounding this set of initial distributions by an
open neighbourhood in H.

In the proof, we need to know the dependency of some quantities on the parameters p and q. Since we
do not know the dependencies of Mp � ´ xpUpxq dx on p, we consider an equation slightly different from
(4.10), namelyBBtupt, xq � �f �´ xpupt, xq´

xpUpxq 
 BBx�xupt, xq� � g

�´
xqupt, xq
´

xqUpxq 
upt, xq � Fγupt, xq. (4.56)

Clearly the existence of functions f and g for which persistent oscillations appear in Equation (4.56)
ensures the same result for Equation (4.10) (up to a dilation of f and g). Now let set the assumptions on
the two function f and g which allow to obtain periodic oscillations. We consider differentiable increasing
functions f and g such that

fp0q ¡ gp0q � 0 and fp8q   gp8q � 8. (4.57)

Moreover we assume that g is invertible and define on R
� the function

ψpW q :� f
�
W kpp�qqg�1pW q	 . (4.58)

To ensure the existence and uniqueness of a nontrivial equilibrium, we assume thatD!W8 ¥ 0, ψpW8q �W8 and moreover ψ1pW8q   1. (4.59)

This steady state is unstable if, denoting Q8 :�W
�kq8 g�1pW8q, we have

Q8 �
pW kp8 f 1pW kp8 Q8q �W kq8 g1pW kq8 Q8q�� W8

k
¡ 0. (4.60)

Then solutions to Equation (4.56) with initial distribution close to the set EztQ8UpW8; �qu exhibit
asymptotically periodic behaviors. More precisely, we have the following result
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Theorem 4.4.1. Consider increasing differentiable functions f and g satisfying conditions (4.57), (4.59)
and (4.60), a parameter γ P p0, 2s and a fragmentation kernel κ which satisfies Assumption (4.33). Then
there exists an open neighbourhood V of EztQ8UpW8; �qu in H such that, for any initial distribution
u0 P V , there exist periodic functions W ptq and Qptq such that}upt, �q �QptqUpW ptq; �q}H ÝÝÝÑ

tÑ8 0. (4.61)

Before proving this theorem, we give examples of functions f and g such that conditions (4.57), (4.59)
and (4.60) are satisfied. These examples, together with Theorem 4.4.1, give the proof of Theorem 4.1.4.

Example 1. Assume that there exists C ¡ 0 such that for all x ¥ 0, gpxq ¤ C xg1pxq, then ψpW q � W

has a unique solution for kpq � pq ¡ C. Indeed, if we compute the derivative of ψ we find

ψ1pW q �W kpp�qq �kpp� qqg�1pW q
W

� pg�1q1pW q

and gpxq ¤ C xg1pxq implies that xpg�1q1pxq ¤ C g�1pxq. So if kpq � pq ¡ C, ψ decreases and Assump-
tion (4.59) is fulfilled. If moreover fp1q � gp1q � 1, then the unique nontrivial equilibrium is given by

W8 � 1. Then condition (4.60) is satisfied for p ¡ g1p1q� 1

k

f 1p1q .

Example 2. Consider the case gpxq � x and p � q, and assume that fpxq � x has a unique root x0
and f 1px0q � 1   0. Then ψpW q � fpW q and Assumption (4.59) is satisfied. Moreover, condition (4.60)
writes pf 1pW8q ¡ 1� 1

k
so it is satisfied for p large enough.

Now we give a lemma useful for the proof of Theorem 4.4.1.

Lemma 4.4.2. Consider a dynamical system in R
n with a parameter εptq9X � F pX ; εptqq (4.62)

with F P CpRn � R
nq. Assume that for any vanishing parameter }εptq} tÑ8ÝÝÝÑ 0 the solutions to Equa-

tion (4.62) are bounded. Then for any solution Xε associated to }εptq} tÑ8ÝÝÝÑ 0, there exists a solution
X0 associated to ε � 0 such that Xε and X0 have the same ω�limit set.

Proof of Lemma 4.4.2. Let Xptq a solution to System (4.62) with }εptq} Ñ 0. By assumption, Xptq is
bounded, so 9Xptq is also bounded since F is continuous. Now consider a sequence ttkukPN wich tends to
the infinity and define the sequence tXkp�qu by Xkptq � Xpt�tkq. This sequence is bounded inW 1,8pR�q
so there exists a subsequence which converge to X8p�q. This limit is a solution to Equation (4.62) with
ε � 0. We take X0 :� X8 that ends the proof of Lemma 4.4.2.

Proof of Theorem 4.4.1. We divide the proof in two parts: first the result for u0 P E and then the existence
of a neighbourhood V of E in H where the result persists.

First step: u0 P E .

For u0 P Ezt0u, there are W0 ¡ 0 and Q0 ¡ 0 such that

u0pxq � Q0UpW0;xq.
Then, if upt, xq is the solution to Equation (4.56) and W is the solution to9W � W

k

�
f

�
Mprusptq
MprUs 
�W



with W p0q �W0, the relation holds for all t ¡ 0 and x ¡ 0

upt, xq � QptqUpW ptq;xq
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where Qptq :� Q0e
´

t
0
pW psq�gpMqruspsq{Mq rUsqq ds. Then we can compute

Mprusptq � ˆ 8
0

xpupt, xq dx �W kpptqQptqMprUs
and finally we obtain the reduced system of ODEs satisfied by pW,Qq$&% 9W � W

k

�
f
�
W kpQ

��W
�
,9Q � Q

�
W � g

�
W kqQ

��
.

(4.63)

We prove that System (4.63) has bounded solutions and a unique positive steady state which is unstable.
Then we use the Poincaré-Bendixon theorem to ensure the convergence to a limit cycle.
The fact that 0   fp0q ¤ f ¤ fp8q   8 and that g increases from 0 to the 8 ensures that the solution

remains bounded. Let pW8, Q8q a positive steady state. It satisfies

W8 � f
�
W kpQ

� � g
�
W kqQ

�
and so, since g is invertible, Q8 �W

�kq8 g�1pW8q. Then W8 is solution to the equation

W8 � f
�
W

kpp�qq8 g�1pW8q	 � ψpW8q
but Assumption (4.59) ensures the uniqueness of such a solution. Now look at the stability of this positive
steady state. We write system (4.63) under the form� 9W9Q 
 � F

�
W

Q



,

and we have

JacpF qeq � �
pW

kp8 Q8f 1pW kp8 Q8q � 1
k
W8 1

k
W

kp�18 f 1pW kp8 Q8q
Q8 � kqW

kq�18 Q28g1pW kq8 Q8q �W kq8 Q8g1pW kq8 Q8q 
 .
The trace of this matrix is

T � Q8 �pW kp8 f 1pW kp8 Q8q �W kq8 g1pW kq8 Q8q�� W8
k

and the determinant is

D � W

k
Q
�
W kqg1pW kqQq �W kpf 1pW kpQq�� pq � pqW kpp�qqQ2f 1pW kpQqg1pW kqQq.

We know from Assumption (4.59) that ψ1pW8q   1 and, if we compute ψ1pW q we find

ψ1pW q � �
kpp� qqW kpp�qq�1g�1pW q � W kpp�qq

g1pg�1pW qq� f 1pW kpp�qqg�1pW qq.
Since g�1pW q �W kqQ we finally obtain

D � 1

k
W kq�18 Q8 g1pW kq8 Q8qp1� ψ1pW8qq ¡ 0.

Thus when T ¡ 0, namely when Assumption (4.60) is satisfied, the two eigenvalues have positive real parts
and the positive steady state is unstable. Now we prove that pW,Qq remains away from the boundaries
of pR�q2. For this we write that�t ¡ 0, W :� minpW0, fp0qq ¤W ptq ¤ maxpW0, fp8qq :�W
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and then
Q ¥ minpQ0,W

�kp
g�1pW qq.

Since fp0q ¡ 0, W ¡ 0 for W0 ¡ 0 so any solution with W0 ¡ 0 and Q0 ¡ 0 stays at positive distance of
the boundaries of pR�q2. Then the Poincaré-Bendixon theorem (see [68] for instance) ensures any solution
to System (4.63) with W0 ¡ 0, Q0 ¡ 0 and pW0, Q0q � pW8, Q8q converges to a limit cycle.

Second step: Existence of V .
Let u0 � 0 in H and define from upt, xq solution to Equation (4.56) with initial distribution u0 a function
v by

vphptq, xq �W kptqupt,W kptqxqe´ t0 pgpMqruspsq{MqrUsq�W psqq ds
with W solution to 9W � W

k

�
f

�
Mprus
MprUs
�W



and h solution to 9h � W with hp0q � 0. We have already seen in Section 4.2.3 that h : R� Ñ R� is
one to one since hptq ¥ k lnp1� t

k
q. We take W p0q � 1 to have vpt � 0, �q � upt � 0, �q � u0. Thanks to

Theorem 4.2.1 we know that v is solution toBtvpt, xq � Bx�x vpt, xq� � vpt, xq � Fγvpt, xq
and the GRE ensures the convergence

vpt, xq ÝÝÝÑ
tÑ8 �

ˆ

φpxqu0pxq dx
 Upxq.
As a consequence we have the equivalences, for any p ¥ 0,

Mprusptq �
tÑ8 ̺0MprUsW kpe

´

t
0
pW psq�gpMqruspsq{Mq rUsq ds

so, if we define Qptq :� ̺0e
´

t
0
pW psq�gpMqruspsq{Mq rUsq ds, we find that the reduced system (4.63) is “asymp-

totically equivalent” to Equation (4.56). More precisely we define as in the proof of Theorem 4.3.1

εpptq � Mprusptq
MprUsW kpptqQptq � 1

we have that εp Ñ 0 and pW,Qq is solution to$&% 9W � W

k

�
f
�p1� εpqW kpQ

��W
�
,9Q � Q

�
W � g

�p1� εqqW kqQ
��
.

(4.64)

Now we prove that if W0 and Q0 are positive and pW0, Q0q � pW8, Q8q, then if }u0 � Q0UpW0; �q}H
is small enough, the solution u to Equation (4.56) converges to a periodic solution. Denote by d the
distance between pW0, Q0q and pW8, Q8q. Since pW8, Q8q is a source for System (4.63), there exists a
ball with radius ρ   d such that the flux is outgoing, namely� pW,Qq P BBppW8, Q8q, ρq, F pW,Qq � n ¡ 0 (4.65)

where n is the outgoing normal of BppW8, Q8q, ρq. Then if we define by F pW,Q; εp, εqq the flux of
Equation (4.64), we have by continuity of f and g that there exists ε0 such that (4.65) remains true for
F pW,Q; εp, εqq provided that εp and εq stay less than ε0. But we know from the proof of Theorem 4.3.1
that there exists a constant Cp ¡ 0 such that for all time t ¡ 0, εp ¤ Cp}u0 � Q0UpW0; �q}. So for}u0 � Q0UpW0; �q} ¤ ε0

Cp�Cq
, the solution to System (4.64) cannot converge to the positive steady statepW8, Q8q. Thanks to the same arguments, if }u0 � Q0UpW0; �q} is small enough, then pW,Qq remains
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away from the boundaries of pR�q2. We obtain thanks to Lemma 4.4.2 that for }u0 �Q0UpW0; �q} small

enough, pW ptq, Qptqq converges to a limit cycle p�W ptq, rQptqq. Then we write}u� rQUp�W ; �q} ¤ }u�QUpW ; �q} � }QUpW ; �q � rQUp�W ; �q}
and we conclude as in the proof of Theorem 4.3.1 that the solution u to Equation 4.10 converges in H torQUp�W ; �q. Finally we have proved, for any pW0, Q0q P pR��q2ztpW8, Q8qu, the existence of a ball centered
in Q0UpW0; �q such that any solution to Equation (4.56) with an initial distribution in this ball converges
to a periodic solution. Then Theorem 4.4.1 is proved for V the reunion of all these balls.

To illustrate the convergence to a periodic solution for solutions to Equation (4.56), we plot in Fig-
ure 4.2 a solution to Equation (4.63) with an initial condition close to the steady state pW8, Q8q and for
coefficients which satisfy the assumptions of Theorem 4.4.1.
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Figure 4.2: A solution to System (4.63) is plotted in the phase plan pW,Qq (left) and as a function of the

time (right). The coefficients are γ � 1, p � 2, q � 5, fpxq � 1� e�1 � e�x4

and gpxq � 0.9x.

4.5 The Prion Equation: Existence of Periodic Solutions

Prion diseases are believed to be due to self-replication of a pathogenic protein through a polymerization
process not yet very well understood (see [83] for more details). To investigate the replication process of
this protein, a mathematical PDE model was introduced by [63]. We recall this model here under a form
slightly different from the original one (see [20, 38] for the motivations to consider this form)$''&''% dV ptq

dt
� λ� V ptq �δ � ˆ 8

0

τpxqupt, xq dx� ,BBtupt, xq � �V ptq BBx�τpxqupt, xq� � µpxqupt, xq � Fupt, xq. (4.66)

In this equation, upt, xq represents the quantity of polymers of pathogenic proteins of size x at time t,
and V ptq the quantity of normal proteins (also called monomers). The polymers lengthen by attaching
monomers with the rate τpxq, die with the rate µpxq and split into smaller polymers with respect to the
fragmentation operator F . The quantity of monomers is driven by an ODE with a death parameter δ and
production rate λ. This ODE is quadratically coupled to the growth-fragmentation equation because of
the polymerization mechanism which is assumed to follow the mass action law.
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This system admits a trivial steady state, also called disease-free equilibrium since it corresponds to
a situation where no pathogenic polymers are present: V � λ

δ
and u � 0. The stability of this steady

state has been investigated under general assumptions on the coefficients in [19, 20, 125, 131]. The results
indicate that the disease-free equilibrium is stable when it is the only steady state, and becomes unstable
when a nontrivial steady state appears (also called endemic equilibrium). It is proved in [17] that several
such nontrivial steady states can exist. But the stability (even linear) of these steady states is a difficult
and still open problem for general coefficients. The only existing results concern the “constant case”
(τ constant, β linear and κ constant) initially considered by [63], since then the model reduces to a
closed system of ODEs. In this case, the problem has been entirely solved by [43, 63, 117]: the endemic
equilibrium is unique and it is globally stable when it exists.
A new more general model has been introduced in [64] and takes into account the incidence of the total

mass of polymers P ptq :� ´ xupt, xq dx on the polymerization process. More precisely, they consider that
the presence of many polymers reduces the attaching process of monomers to polymers by multiplying
the polymerization rate by 1

1�ωP ptq with ω a positive parameter. Then they prove similar results about

the existence and stability of steady states, still in the case of constant parameters.
Here we look at a generalization of the influence of polymers on the polymerization rate by considering

the system $'''&'''% dV ptq
dt

� �V ptqf �ˆ xpu



ˆ 8
0

τpxqupt, xq dx� δV ptq � λ ,BBtupt, xq � �V ptqf �ˆ xpu


 BBx�τpxqupt, xq� � µupt, xq � Fupt, xq, (4.67)

where p ¥ 0 and f : R
� Ñ R

� is a differentiable function. In this framework, the model of [64]
corresponds to p � 1 and fpP q � 1

1�ωP , together with τ constant, β linear and κ constant. Using the
reduction method to ODEs, we prove that such a system can exhibit periodic solutions. For this we
consider the following system, where Mp �MprUs,$'''&'''% dV ptq

dt
� �V ptqf �µ�kpM1

Mp

ˆ

xpu



ˆ 8
0

xupt, xq dx� δV ptq � λ ,BBtupt, xq � �V ptqf �µ�kpM1

Mp

ˆ

xpu


 BBx�xupt, xq�� µupt, xq � Fγupt, xq, (4.68)

which is a particular case of System (4.67) with coefficients satisfying the assumptions of Theorem 4.2.1
and up to a dilation of f. We prove that, under some conditions on the incidence function f, there exist
values of p for which System (4.68) admits periodic solutions. The method is to consider p as a varying
bifurcation parameter and prove that Hopf bifurcation occurs when p increases.

Theorem 4.5.1. Define on
�
0, λ

µk�1

�
the function

gpxq :� δµ

λ� µk�1x

and consider a positive differentiable function f satisfyingD!x0 ¡ 0 s.t. fpx0q � gpx0q and moreover 0   f 1px0q   g1px0q. (4.69)

Assume that µ ¤ pk�µ�1qδ, then there exists p ¡ 0 for which Equation (4.68) admits a periodic solution.
More precisely, there exist V, W and Q periodic such that�

V ptq, QptqUpW ptq;xq� is solution to Equation (4.68).

Proof. First step: reduced dynamic in E

We look at the dynamic of System (4.68) on the invariant eigenmanifold E . For any initial condition u0
in E , there exist Q0 and W0 such that u0 writes

u0pxq � 1

M1
Q0 UpW0;xq.
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Consider the solution to System (4.68) corresponding to this initial data and define W as the solution to$'&'% 9W � W

k

�
f

�
µ�kpM1

Mp

ˆ

xpu



V �W



,9W p0q � W0.

(4.70)

Then we know from Theorem 4.2.1 that the solution satisfies

upt, xq � Q0

M1
UpW ptq;xqe´ t0 pW psq�µq ds

and this allows to compute

ˆ 8
0

xpupt, xq dx � Q0
Mp

M1
W kpe

´

t
0
pW psq�µq ds

and
ˆ 8
0

xupt, xq dx � Q0W
k e
´

t
0
pW psq�µq ds.

Thus, if define Qptq :� Q0 e
´

t
0
pW psq�µq ds, Equation (4.70) becomes9W � W

k

�
f
�pµ�1W qkpQ�V �W

�
and System (4.68) reduces to$'''&'''% 9V � λ� V

�
δ � f

�pµ�1W qkpQ�W kQ
�
,9W � W

k

�
f
�pµ�1W qkpQ�V �W

�
,9Q � Q pW � µq . (4.71)

Now we prove that System (4.71) admits a unique nontrivial steady state which undergoes a supercritical
Hopf bifurcation when p increases from 0.

Second step: Hopf bifurcation for the reduced system
First we look for a positive steady state of System (4.71). Such a steady state is unique and given by

W8 � µ

V8 � 1

δ

�
λ� µk�1Q8�

where Q8 satisfies

f pQ8q � δµ

λ� µk�1Q8 �: gpQ8q.
Such a Q8 exists and is unique by Assumption (4.69), moreover it satisfies λ�µk�1Q8 ¡ 0 and so V8 is
positive. Finally there exists a unique positive steady state and we prove that a Hopf bifurcation occurs
at this point. The linear stability of the steady state is given by the eigenvalues of the Jacobian matrix

Jaceq � �� �δ � µkQfpQq �kµkV QpfpQq � pQf 1pQqq �µkV pfpQq �Qf 1pQqq
µ
k
fpQq pµV Qf 1pQq � µ

k
µ
k
V f 1pQq

0 Q 0

�

where the 8 indices are suppressed for the sake of clarity. The trace of this matrix is

T � �δ � µkQfpQq � µ

k
� pµV Qf 1pQq
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which is negative for p   p1 and positive for p ¡ p1 with

p1 :� δ � µ{k � µkQfpQq
µV Qf 1pQq ¡ 0.

The determinant is
D � µ

k
V Q

�
δf 1pQq � µkf2pQq� .

It is independent of p and negative since f 1px0q   g1px0q and
g1px0q � δµk�2pλ� µk�1x0q2 � µk

δ
f2px0q.

The sum of the three 2� 2 principal minors is

M � �δpV Qf 1pQq � µδ

k
� µkpµ� 1

k
qQfpQq � µ

k
V Qf 1pQq.

To use the Routh-Hurwitz criterion, let define ψppq :�MT �D and look at its sign. For p � 0 we have

ψp0q � �µ
k

�
δ2 � δQfpQq � µδ

k
� �

δpk � µ�1q � µ
�
µkQfpQq� V Q

�
µk�1pk � µ�1qf2pQq � f 1pQq� �µkQfpQq � µ

k

	�
,

and it is negative since µ ¤ pk�µ�1qδ and f 1pQq   g1pQq � µk

δ
f2pQq ¤ µk�1pk�µ�1qf2pQq. For p � p1,

it is positive because ψpp1q � �D ¡ 0. Now we investigate the variations of ψ between 0 and p1. The
first derivative of T, D and M are given by

T 1ppq � µV Qf 1pQq, M 1ppq � �δV Qf 1pQq, D1ppq � 0,

and the second derivatives are all null

T 2ppq �M2ppq � D2ppq � 0.

So we have
ψ2ppq � 2M 1ppqT 1ppq   0

and ψ is concave. Thus there exists a unique p0 P p0, p1q such that ψpp0q � 0. Now we can use the Routh-
Hurwitz criterion (see [68] for instance). For 0 ¤ p   p0 we have T   0, D   0 andMT   D, so the steady
state is linearly stable with one real negative eigenvalue and two complex conjugate eigenvalues with a
negative real part. For p0   p   p1 we have T   0, D   0 and MT ¡ D, so the steady state is linearly
unstable with one real negative eigenvalue and two complex conjugate eigenvalues with a positive real
part. The two conjugate eigenvalues cross the imaginary axis when p � p0 so there is a Hopf bifurcation
at this point. To prove that a periodic solution appears with this bifurcation, it remains to check that
the complex eigenvalues cross the imaginary axis with a positive speed (see [56] for instance). Denote
by a � ib the two conjugate eigenvalues and c   0 the real one. We have to prove that the derivative
a1pp0q ¡ 0. For this we express ψppq in terms of appq, bppq and cppq, and we use the concavity of ψ. We
have for any p

T � 2a� c, D � cpa2 � b2q, M � a2 � b2 � 2ac,

so
ψppq � 2apa2 � b2q � 4a2c� 2ac2.

Then, using that app0q � 0 by definition of p0, we obtain

ψ1pp0q � 2pb2 � c2qa1.
But ψ1pp0q ¡ 0 because ψ is concave and increasing on a neighbourhood of p0, so necessarily a1pp0q ¡ 0.
This proves the existence of a periodic solution pV,W,Qq to System (4.71) for a parameter p ¥ p0 close
to p0. Then the functions V ptq and QptqUpW ptq, xq are periodic and solution to System (4.68).
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The question to know if such a periodic solution is stable is difficult, even for the reduced dynam-
ics (4.71). Nevertheless we give in Figure 4.3 evidences that it should be the case. This simulation is
made with parameters and a function f satisfying Assumption (4.69), for a value of parameter p ¡ p0. It
seems to indicate that the periodic solution persists for p away from p0.
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Figure 4.3: A solution to System (4.71) is plotted in the phase plan pW,Qq (left) and as a function of the

time (right). The coefficients are λ � 0.9, δ � 0.2, µ � γ � 1, fpxq � 6.3p1.1� e
�x2

20 q and p � 4.

4.6 Comparison between Perron and Floquet Eigenvalues

In this Section, we consider that the time-dependent terms V ptq and Rptq of the growth-fragmentation
equation are T -periodic controls. Periodic controls are usually used in structured equations to model
optimization problems. In the case of prion diseases (see Section 4.5), there exists an amplification
protocole called PMCA (see [83] and references therein) which consists in periodically sonicating a sample
of prion polymers in order the break them into smaller ones and thus increase their quantity. Between
these phases of sonication, the sample is let in presence of a large quantity of monomers in order to allow
a fast polymerization process. This protocole can be modeled by introducing in the growth-fragmentation
equation a periodic control in front of the fragmentation operator [17, 18]. Then a problem is to find a
periodic control which maximizes the proliferation rate of the polymers in the sample. Mathematically
it can result into the problem to optimize the Floquet eigenvalue of the growth-fragmentation equation,
namely the eigenvalue associated to periodic coefficients (see [110] for instance). Before solving this
difficult question, a first step is to compare the Floquet eigenvalue to the Perron eigenvalue associated
to constant coefficients, for instance the mean value on a period of the periodic ones, and to know if
the Floquet one can be better than the Perron one. Such concerns are also investigated in the context
of circadian rhythms for the optimization of chronotherapy (see [23, 24, 25]). The population is an age
structured population of cells and the model is a system of renewal equations. The death and birth rates
are assumed to be periodic, and the Floquet eigenvalue is compared to the Perron eigenvalue associated
to geometrical or arithmetical time average of the periodic coefficients. Comparison results obtained show
that the Floquet eigenvalue can be greater or less than the Perron one depending on parameters.

Here the controls are on the growth and death coefficients, and we give comparison results between
Floquet and Perron eigenvalues in the case where ν � 1 or ν � 0 and γ � 1. The Floquet eigenelementspΛF ,UF q associated to periodic controls are defined by two properties: UF pt, xqeΛF t is a solution to
Equation (4.12) and UF pt, xq is a T -periodic function of the time. For any T -periodic function P ptq, we
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use the notation

P :� 1

T

ˆ T

0

P ptq dt.
To ensure the uniqueness of Floquet eigenfunction, we impose

´8
0

UF pt, xq dx � 1. Then we have the
following comparison results.

Proposition 4.6.1. Assume that conditions (4.5)-(4.7) are satisfied with ν � 1, and define, from V ptq
the T -periodic control on growth, W ptq as the periodic solution to9W � τW

k
pV �W q. (4.72)

Then the identities holdDC ¡ 0, UF pt, xq � C UpW ptq;xq e´ t0 pΛpW psq,Rpsqq�ΛF q ds (4.73)

and

ΛF � ΛpV ,Rq � ΛpV,Rq. (4.74)

Proof. Thanks to Corollary 4.2.3, we have thatDC ¡ 0, UF pt, xqeΛF t � C UpW ptq;xqe´ t0 ΛpW psq,Rpsqq ds
and so, integrating in x, we find

e
´

t
0
ΛpW psq,Rpsqq ds�ΛF t � C�1

ˆ 8
0

UF pt, xq dx.
Then, by periodicity, we have

eΛFT�´ T0 ΛpW psq,Rpsqq ds � 1

which gives

ΛF � 1

T

ˆ T

0

ΛpW psq, Rpsqq ds � 1

T

ˆ T

0

pτW psq � µRpsqq ds.
Thanks to ODE (4.72) we have

ˆ T

0

V �W � 0

and so

ΛF � 1

T

ˆ T

0

pτV psq � µRpsqq ds � 1

T

ˆ T

0

ΛpV psq, Rpsqq ds.
In the case ν � 0 and γ � 1, we cannot ensure the existence of Floquet eigenelements with our method.

Nevertheless, thanks to Corollary 4.2.5, we can compare the eigenvalues of the reduced system (4.26)
which is satified by M0rus and M1rus.
Proposition 4.6.2. Assume that τpxq � τ, βpxq � βx, µpxq � µ and κ is symmetric, then we have the
comparison

ΛpV,Rq ¤ ΛF ¤ ΛpV ,Rq. (4.75)

Proof. Define W as the periodic solution to9W � ΛpW, 0q
k

pV �W q.
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We know thanks to Corollary 4.2.5 that

M0rW sptq �M0rUse´ t0 ΛpW psq,Rpsqq ds
and

M1rW sptq �M1rUsW kptqe´ t0 ΛpW psq,Rpsqq ds
are solution to System (4.26). As a consequence

ΛF � 1

T

ˆ T

0

ΛpW psq, Rpsqq ds � 1

T

ˆ T

0

paβτW psq � µRpsqq ds.
Using the ODE satisfied by W, we have

0 � ˆ T

0

9W
W

� ?
βτ

k

ˆ T

0

V �W?
W

and we obtain that
ˆ T

0

?
W � ˆ T

0

V?
W
.

Then the Caucy-Schwartz inequality gives

ˆ T

0

?
V � ˆ T

0

?
V

W
1

4

W
1

4 ¤dˆ T

0

V?
W

d
ˆ T

0

?
W � ˆ T

0

?
W

and so

1

T

ˆ T

0

ΛpV,Rq � 1

T

ˆ T

0

a
βτV � µR ¤ 1

T

ˆ T

0

a
βτW � µR � 1

T

ˆ T

0

ΛpW,Rq � ΛF .

To obtain the second inequality in (4.75), we write using the ODE satisfied by W

0 � ˆ T

0

9W?
W

� ?
βτ

k

ˆ T

0

V �W

and so
ˆ T

0

V � ˆ T

0

W.

Thus we have, using the Jensen inequality,

1

T

ˆ T

0

a
W psq ds ¤d 1

T

ˆ T

0

W psq ds �d 1

T

ˆ T

0

V psq ds
and finally

ΛF � 1

T

ˆ T

0

paβτW psq � µRpsqq ds ¤d 1

T

ˆ T

0

βτV psq ds� 1

T

ˆ T

0

µRpsq ds � ΛpV ,Rq.
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Conclusion and Perspectives

We have introduced a new reduction method to investigate the long-time asymptotic behavior for growth-
fragmentation equations with a nonlinear growth term. It allows to prove convergence and stability results
but also to prove the existence of periodic solutions by using ODE methods. The technique is based on
self-similar dependencies which require powerlaw coefficients, and the main theorem requires moreover a
linear size-dependency of the growth coefficient. Nevertheless, we have given some results about the case
when the growth rate is only assumed to be a powerlaw. A step further would be to adapt the ideas in
this paper to build nonlinear entropy techniques adapted to general powerlaw growth coefficients.
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Chapitre 5

Optimisation de la PMCA

Ce chapitre est une version préliminaire d’un travail avec Vincent Calvez. Il
s’agit d’analyser le problème d’optimisation du protocole de PMCA en utilisant un
modèle discret de polymérisation-fragmentation. Nous nous intéressons tout d’abord
au problème d’optimisation des valeurs propres de Perron et Floquet. Les résultats
obtenus donnent une intuition de ce que pourrait être le contrôle optimal à horizon
fini. Nous présentons des simulations numériques du contrôle optimal et de l’équation
de Hamilton-Jacobi-Bellman qui illustrent ces intuitions et conjectures.

Introduction

Transmissible Spongifrom Encephalopathies (TSE) are fatal, infectious, neurodegenerative diseases. They
include bovine spongiform encephalopathies (BSE) in cattle, scrapie in sheep and Creutzfeldt-Jakob
disease (CJD) in human. During the so-called “mad-cow crisis” in the 90’s, people were infected by a
variant of BSE by ingesting contaminated pieces of beef. More recently, CJD was transmitted between
humans via blood or growth hormones. Because of the long incubation times (some decades), TSE still
represent an important public health risk. Indeed, there is no ante mortem diagnosis currently available
to detect infected individuals and prevent possible contaminations. A promising tool to design a diagnosis
test is the protein misfolded cyclic amplification (PMCA) technique [83].
The PMCA principle is based on the “protein-only hypothesis”. According to this widely accepted

hypothesis, the infectious agent of TSE, known as prions, may consist in misfolded proteins called PrPsc
(for Prion Protein scrapie). The PrPsc replicates in a self-propagating process, by converting the normal
form of PrP (called PrPc for Prion Protein cellular) into PrPsc. The PMCA enabled to consolidate
the idea of an autocatalytic replication of PrPsc by nucleated polymerization [22, 134, 135]. In this
model, PrPsc is considered to be a polymeric form of PrPc. Polymers can lengthen by addition of PrPc
monomers, and they can replicate by splitting into smaller fragments. The PrPc is mainly expressed
by the cells of the central nervous system, so PrPsc concentrates in this zone. The amount of PrPsc in
tissues like blood is very small and this is why it is very difficult to diagnose an infected individual.
The PMCA mimics the nucleation/polymerization mechanism occurring in vivo with the aim to quickly

amplify polymers present in minute amount in an infected sample. It is a cyclic process, where each cycle
consists in two phases:

• phase 1 - Incubation: Minute amount of PrPsc are incubated with a large excess of PrPc, to induce
the growing of PrPsc polymers.

• phase 2 - Sonication: The samples are subjected to ultrasounds in order to break down the polymers,
and therefore, to multiply the number of aggregates.

99
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This technique could allow to detect PrPsc in samples of blood for instance. But for now it is not
efficient enough to do so. Mathematical modelling and optimization tools can help to optimize the
PMCA protocole.

Masel et al. [92] proposed a mathematical model for the nucleated polymerziation. We start from
it and introduce a sonication parameter to model the PMCA. In the PMCA protocole, the monomers
of PrPc are in large excess, so their quantity varies little during the experiment. We assume that this
variation is small enough to be neglected and the quantity of monomers is supposed to be constant in
time. Let denote by uiptq the density of polymers composed of i P N PrPsc proteins at time t. Then the
evolution of the quantity of polymers is given by the coupled system of ODEs

dui

dt
� �rpαptqqpτiui � τi�1ui�1q � αptqβiui � 2αptq ņ

j�i�1

βj κi,j uj , for 1 ¤ i ¤ n . (5.1)

The polymers of size i split into smaller aggregates with the rate βi. This rate is modulated by the
sonication parameter αptq which reflects the intensity of ultrasounds sonication. We impose the condition
β1 � 0 since a polymer composed of only one protein cannot divide. The size repartition of the formed
fragments is provided by the fragmentation kernel κi,j . During the fragmentation process, the quantity
of PrPsc is conserved. This conservation requires the assumption

j�1̧

i�1

i κij � j

2
. (5.2)

We also assume that the fragmentation of a polymer gives two smaller polymers and this leads to the
assumption

j�1̧

i�1

κij � 1. (5.3)

The polymers of size i have the ability to attach a monomer with the rate τi to produce a polymer of size
i � 1. The function rpαq represents the influence of the sonication on the polymerization process. It is
assumed to be positive, bounded, continuous and decreasing. The maximal size n represents the longest
polymer observed during the experiment. Then we can assume that the polymerization coefficient τn is
null.
We write this problem under a matrix form$&% 9Uptq �MpαptqqUptq, t ¡ 0,

Upt � 0q � U0,

(5.4)

where Uptq � puiptqqT1¤i¤n is the size-distribution of polymers and Mpαq :� rpαqF � αG with G the
growth matrix

G � ��������� �τ1
τ1 �τ2

. . .
. . .

τn � 2 �τn� 1

τn � 1 0

�ÆÆÆÆÆÆÆ
, (5.5)

and F the fragmentation matrix

F � �������� 0 �β2 p2κijβjqi j
. . .

0 �βn
�ÆÆÆÆÆÆ
. (5.6)
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The coefficients of these matrices are assumed to be positive�i P r1, n� 1s, τi ¡ 0 and βi�1 ¡ 0. (5.7)

Then the optimization problem we are interested in is to find a control αptq which maximizes the final
quantity of PrPsc

°n
i�1 i uipT q for a given final time of experiment T. Indeed the presence of PrPsc can

be detected experimentally (by Western Blot, see [83] for more details) only if this quantity is greater
than a critical threshold. First we define the set of admissible controls

A :� tαp�q : r0,8q Ñ rαmin, αmaxs | αp�q measurableu
where αmax represents the maximal power of the sonicator and αmin the absence of sonication. Then we
define the payoff which corresponds to the quantity we want to optimize

crαp�qs :� gpUpT qq :� ņ

i�1

i uipT q (5.8)

where Up�q is the solution of (5.4) with control αp�q and for a given intial data U0. Finally, the optimal
control problem writes

find α� P A which maximizes crαp�qs. (5.9)

Before tackling the optimal control problem (5.9), we look at another optimization problem for α
constant or periodic. The matrixMpαq has positive extra-diagonal terms, so the Perron-Frobenius theory
ensures that it admits a principal eigenvalue λ1pαq for α constant in time. For αptq periodic in time,
the Floquet theory also allows to define a principal eigenvalue λF rαp�qs. Thanks to the General Relative
Entropy principle, we know that these Perron and Floquet eigenvalues provide the asymptotic growth
rate of any solution to Equation (5.4) when time tends to infinity. The problem of optimizing these
eigenvalues with respect to α is then natural and provides useful informations to tackle Problem (5.9).
We refer to [110] for more details and references about Perron-Frobenius, Floquet and General Relative
Entropy theories.

The comparison between Perron and Floquet eigenvalues has been investigated in the context of circa-
dian rythms in view of chronotherapy optimization [84, 24]. It deals with a system of renewal equations
which models the cell cycle with a parameter representing a treatment dose. It has been proved in
[26, 27, 25, 23] that, depending on the parameters, the Floquet eigenvalue can be greater or less than the
Perron eigenvalue corresponding to the arithmetical or geometrical time average of the periodic control.
We can find such comparisons for the growth-fragmentation equation in [58] but here we prove a slightly
different kind of results. We first give a condition to ensure the existence of a constant control which
maximizes the Perron eigenvalue, and then we compare the Floquet eigenvalue to this Perron optimum.

Assume that r admits an expansion of the formD q ¡ 0, rpαq � r0 � rqα
�q � o

αÑ8 �α�q� (5.10)

and that pτiq1¤i¤n satisfies the discrete convexity conditionD p P N
� such that � i ¤ p, τi � i τ1 and τp�1 ¡ pp� 1qτ1. (5.11)

Then there exists an optimal value α
 which maximizes the Perron eigenvalue of the matrix Mpαq.
Theorem 5.0.3. Under Assumptions (5.10)-(5.11), there exists an optimal value α
 ¡ 0 such that�α ¥ 0, λ1pαq ¤ λ1pα
q.
A natural question is then to know if this value λ1pα
q is also a maximum in the class of periodic

controls. The following result ensures that it is not the case if r is convex and decreasing for instance.
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Theorem 5.0.4. Under Assumptions (5.10)-(5.11), if Mpα
q is diagonalisable and if

r2pα
q
rpα
q � α
 r1pα
q ¡ 0 (5.12)

then there exists periodic controls αptq such that λF rαp�qs ¡ λ1pα
q.
This theorem gives a condition for which the optimal control of Problem (5.9) is not expected to be

constant.

In Section 5.1 we investigate the eigenvalue problems and prove Theorems 5.0.3 and 5.0.4. In Section 5.2
we tackle Problem 5.9 with the tools of the optimal control theory. We highlight the link with the
eigenvalue problem results thanks to numerical simulations.

5.1 The Eigenvalue Problem

We consider the case when there is no final time and we want to optimize the fitness of the system for a
constant or periodic control.

5.1.1 Constant control: Perron eigenvalue

For a constant control αptq � α P R
�, the Perron-Frobenius theorem ensures that Mpαq has a first

eigenvalue λ1pαq, which is simple, associated with a positive right eigenvector V1pαq and a positive left
eigenvector φ1pαq #

MpαqV1 � λ1V1, V1 ¡ 0,

φ1Mpαq � λ1φ1, φ1 ¡ 0.
(5.13)

We normalize these vectors by them}V1pαq} � 1, φ1pαqV1pαq � 1,

so that they are now uniquely defined. Such eigenelements also exist for the continuous growth-fragmentation
equation where the size i P N is replaced by the variable x P R

� (see [41] for instance), and their depen-
dency on parameters is investigated in [17, 59].

Now we give results about the first eigenvalue λ1 as a function of α. The proof of Theorem 5.0.3 is an
immediate consequence of Lemma 5.1.1 and Theorem 5.1.2.

Lemma 5.1.1. The eigenelements λ1, V1 and φ1 are continuous functions of α on R
�. Moreover we

have

λ1pαq ¡ 0 for α ¡ 0 and λ1p0q � 0.

Proof. Since the function r is continuous, the coefficients of the matrix Mpαq depend continuously on α.
As a consequence, the characteristic polynomial of Mpαq varies continuously with α. The first eigenvalue
λ1 is the largest root of this characteristic polynomial and the Perron-Frobenius theorem moreover ensures
that the multiplicity of this root is 1. So λ1 is a continuous function of α.
Let α ¥ 0 and pαkqkPN a positive sequence which converges to α. Since }V1pαkq} � 1 by normalization,

there exists a subsequence of pV1pαkqqk which converge to a limit V8. By continuity of λ1pαq and Mpαq,
this limit satisfiesMpαqV8 � λ1pαqV8 and }V8} � 1. By uniqueness of the first eigenvector, we conclude
that the whole sequence pV1pαkqqk converges to V8 � V1pαq and so V1 is a continuous function of α. SincepV1pαkqqk is a positive convergent sequence, it is lower bounded and we deduce from the normalization
φ1V1 � 1 that the sequence pφ1pαkqqk is bounded. As for V1 we conclude from the uniqueness of the
adjoint eigenvector that φ1 is a continuous function of α.
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Define θ :� p1, 1, � � � , 1q, then we have θG � 0 and Assumption (5.3) ensures that θF � p0, β2, � � � , βnqT .
So we have the identity

λ1pαq � α
θFV1

θV1

and it ensures that λ1pαq is positive for α positive and null for α � 0.

Theorem 5.1.2. Under Assumptions (5.10) and (5.11), we have the expansions

p   q, ùñ λ1pαq � r0τ1 � �rp�1
0 pτp�1 � pp� 1qτ1q p¹

i�1

τi

βi�1

�
α�p � o

αÑ8pα�pq,
p � q, ùñ λ1pαq � r0τ1 � �rp�1

0 pτp�1 � pp� 1qτ1q p¹
i�1

τi

βi�1
� rpτ1

�
α�p � o

αÑ8pα�pq,
p ¡ q, ùñ λ1pαq � r0τ1 � rqτ1α

�q � o
αÑ8pα�qq.

This result can be related to Corollary 1 in [17] which provides an expansion of the first eigenvalue for
the continuous growth-fragmentation model. The proof of Theorem 5.1.2 uses the following lemma which
gives the asymptotic behavior of the eigenvector V1 � pv1, v2, � � � , vnqT .
Lemma 5.1.3. Assume that rpαq admits a limit r0 when α tends to the infinity, then�i P r1, ns, vipαq �

αÑ8 ri�1
0

i�1¹
j�1

τj

βj�1
α1�i. (5.14)

Proof of Lemma 5.1.3. We prove by induction on i that

αivi�1pαq ÝÝÝÑ
αÑ8 ri0

i¹
j�1

τj

βj�1
and �j ¡ i� 1, αivjpαq ÝÝÝÑ

αÑ8 0. (IH)

i � 0 : We have by definitionprpαqG � αF qV1pαq � λ1pαqV1pαq with }V1pαq} � 1. (5.15)

We define
ψ :� p1 2 � � � nq

which satisfies ψF � 0 thanks to Assumption (5.2). Then, testing (5.15) against ψ, we obtain

rpαqψGV1pαq � λ1pαqψV1pαq (5.16)

and so λ1pαq is bounded since }V1pαq} � 1 and r is bounded. Dividing by α we find�
rpαq
α

G� F



V1pαq � λ1pαq

α
V1pαq.

The sequence V1pαq is bounded and so convergence when α Ñ 8 occurs for a subsequence. The limit
V 81 satisfies

FV 81 � 0

and so the whole sequence converges to

V 81 � δ :� p1 0 � � � 0qT .
Passing to the limit in (5.16) we obtain that the limit λ81 of λ1pαq when αÑ8 satisfies

r0 ψGδ � λ81 ψ δ. (5.17)
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Finally we find
λ81 � r0τ1.

iÑ i� 1 : (i� 2 ¤ n)
αi�1FV1pαq � αiλ1pαqV1pαq � αirpαqGV1pαq.

We consider the n� i� 1 last lines of this matrix identity and find������� �βi�2 p2κkjβjq
. . .

0 �βn
�ÆÆÆÆÆ
������� αi�1vi�2pαq

...

αi�1vnpαq
�ÆÆÆÆÆ
� ������� pλ1pαq � rpαqτi�2qαivi�2pαq � rpαqτi�1α

ivi�1pαq
...

λ1pαqαivnpαq � rpαqτn�1α
ivn�1pαq

�ÆÆÆÆÆ

by (IH)ÝÝÝÝÝÑ
αÑ8 ������� �r0τi�1 � ri0 i¹

j�1

τj

βj�1

0

�ÆÆÆÆÆ

Proof of Theorem 5.1.2. We notice that p   n since τn � 0 and τ1 ¡ 0. We make the difference be-
tween (5.16) and (5.17) and obtainpλ1pαq � r0τ1qV1pαq � r0τ1pV1pαq � δq � rpαqGpV1pαq � δq � prpαq � r0qGδ.
Denoting m :� min pp, qq, testing the previous equation against ψ and multiplying it by αm, we obtain

αmpλ1pαq � r0τ1qψV1pαq � αmrpαqψGpV1pαq � δq � αmprpαq � r0qψGδ � αmr0τ1ψpV1pαq � δq� αmr0ψpG� τ1IdqpV1pαq � δq � αmprpαq � r0qψGV1pαq� αmr0

n�1̧

j�1

pτj � jτ1qpvjpαq � δ1,jq � αmprpαq � r0qψGV1pαq� r0

n�1̧

j�p�1

pτj � jτ1qαmvjpαq � αmprpαq � r0qψGV1pαq
(5.14)ÝÝÝÝÑ
αÑ8 1ltp¤qurp�1

0 pτp�1 � pp� 1qτ1q p¹
i�1

τi

βi�1
� 1ltp¥qurpτ1

When there is no influence of the sonication on the polymerization process (r � 1 for instance),
Theorem 5.0.3 says that Assumption (5.11) is a sufficient condition to ensure the existence of an optimal
eigenvalue. In the case n � 3, wich is the smallest value for which (5.11) can be satisfied, the following
proposition says that it is also a necessary condition.

Proposition 5.1.4. If n � 3 and r � 1, then the inequality

τ2 ¡ 2τ1 (5.18)

is a necessary and sufficient condition to have the existence of an optimal eigenvalue λ1pα
q. If additionally
β3 ¥ β2, then we have the alternative:

- if τ2 ¤ 2τ1, then λ1pαq increases from 0 to τ1,
- if τ2 ¡ 2τ1, then λ1pαq first increases from 0 to λ1pα
q and then decreases to τ1.
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Proof. For n � 3 and r � 1, the characteristic polynomial of Mpαq � G� αF is

χ � X3 � �
τ1 � τ2 � αpβ2 � β3q�X2 � �

τ1τ2 � ατ1pβ3 � β2q � α2β2β3
�
X � ατ1τ2β3 � α2τ1β2β3.

We have that λ1 is the largest zero of this polynomial, so χpλ1pαqq � 0 and, dividing by α2 we recover
that limαÑ8 λ1pαq � τ1. Then we compute

χpτ1q � 2τ21 pτ1 � τ2q � ατ1β3p2τ1 � τ2q (5.19)

and we find that τ2 ¡ 2τ1 is a necessary and sufficient condition for χpτ1q to change its sign when α

increases from zero to the infinity. So this is a necessary and sufficient condition for λ1pαq to become
greater than τ1. But λ1pαq Ñ τ1 when αÑ 8, so finally τ2 ¡ 2τ1 is a necessary and sufficient condition
for λ1 to reach a global maximum.
Now assume that β3 ¥ β2 and derive twice the equation χpλ1pαqq � 0. We find

0 � λ21�3λ21 � 2pτ1 � τ2 � αpβ2 � β3qqλ1 � τ1τ2 � ατ1pβ3 � β2q � α2β2β3
�� λ11fpλ1, αq � 2β2β3pλ1 � τ1q.

We look at the critical points of λ1pαq, namely the values of α such that λ11pαq � 0. For such points, the
seconde derivative of λ1 writes

λ21 � 2β2β3pτ1 � λ1q
3λ21 � 2pτ1 � τ2 � αpβ2 � β3qqλ1 � τ1τ2 � ατ1pβ3 � β2q � α2β2β3

.

Since β3 ¥ β2, λ
2
1pαq has the same sign as τ1�λ1pαq so λ1pαq can be a local minimum only if λ1pαq ¤ τ1

and a local maximum only if λ1pαq ¥ τ1. With this result we can easily conclude to the alternative
announced in the proposition.

5.1.2 Periodic control: Floquet eigenvalue

We now consider a T -periodic control αptq. The Floquet theorem ensures that there is a first “Floquet
eigenvalue” λF rαp�qs and a T -periodic function VF rαp�qsptq solution to

d

dt
VF ptq � rMpαptqq � λF sVF ptq.

In the case when there exists a constant α
 which maximizes the Perron eigenvalue among the constant
controls, we look for a periodic control with a Floquet eigenvalue greater than λ1pα
q. For this we
consider directional perturbations αptq � α
 � ǫγptq, where γ is a fixed T -periodic function and ǫ a
varying parameter. For the sake of clarity we denote by λF pǫq :� λF rα
 � ǫγp�qs the Floquet eigenvalue
associated to ǫ, VF pǫ; tq :� VF rα
 � ǫγp�qsptq the eigenfunction and V 1

F pǫ; tq :� BǫVF pǫ; tq its derivative
with respect to ǫ. We also use the notationxfy :� 1

T

ˆ T

0

fptq dt
for the time average of any T -periodic function fptq.
Now we compute the derivatives of λF pǫq which correspond to the directional derivatives of the Floquet

eigenvalue at the point α
. This kind of differentiation technique is used in [96] to prove results about
the optimization of the Perron eigenvalue in the case of the continuous cell division problem. A formula
which involves only the coefficients of the equation and the first eigenvectors is obtained for the first and
second derivatives. Here the computation of the second derivative requires a basis of eigenvectors, and
so cannot be extended to continuous models. For Mpα
q diagonalisble, we denote by pV1, V2, � � � , Vnq
and pφ1, φ2, � � � , φnq the bases of direct and adjoint Perron eigenvectors associated to the eigenvalues
λ1 ¡ λ2 ¥ � � � ¥ λn. Thus we have V1 � V1pα
q � VF pǫ � 0q and λ1 � λ1pα
q � λF p0q.
Proposition 5.1.5 (First order condition). We have

dλF

dǫ
p0q � xγydλ1

dα
pα
q � 0 .

Hence, α
 is a critical point also in the class of periodic control.
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We need to go to the following order.

Proposition 5.1.6 (Second order condition). If Mpα
q is diagonalisable, we have

d2λF

dǫ2
p0q � xγ2yφ1M2pα
qV1 � 2

ņ

i�2

xγ2i ypλ1 � λiqpφ1M 1pα
qViqpφiM 1pα
qV1q
where γiptq :� φiV

1
F p0; tqpφiM 1pα
qV1q�1 is the unique T -periodic solution to the ODE9γiptq � λ1γiptq � γptq � λiγiptq. (5.20)

Remark 5.1.7. For γ � 1, we obtain the second derivative of the Perron eigenvalue

d2λ1

dα2
pα
q � φ1M

2pα
qV1 � 2
ņ

i�2

pφ1M 1ViqpφiM 1V1q
λ1 � λi

which is negative since α
 is a maximum. This formula appears in [129] without any further reference.
There exists a physical interpretation in terms of repulsive/attractive forces among eigenvalues.

Proof of Proposition 5.1.5. First we give an expression of the first derivative for the Perron eigenvalue.
By definition we have

MpαqV1 � λ1V1,

which provides by derivation

λ11V1 � λ1V
1
1 �M 1pαqV1 �MpαqV 1

1 . (5.21)

Testing against the adjoint eigenvector φ1 we obtain

λ11 � λ1φ1V
1
1 � φ1M

1pαqV1 � φ1MpαqV 1
1

and so, since φ1Mpα
q � λ1φ1,

λ11 � φ1M
1pαqV1 � φ1pr1pαqG � F qV1.

Now we start from the Floquet eigenvalue problem. We haveBtVF � λF pǫqVF �Mpα
 � ǫγqVF ,
which provide by derivation with respect to ǫBtV 1

F � λ1F pǫqVF � λF pǫqV 1
F � γptqM 1pα
 � ǫγqVF �Mpα
 � ǫγqV 1

F . (5.22)

We test the preceding equation against φ1 and we evaluate at ǫ � 0. We obtainBtpφ1V 1
F q � λ1F � γφ1M

1pα
qV1
and, after integration in time,

λ1F � � 1

T

ˆ T

0

γptq dt�φ1M 1pα
qV1 � � 1

T

ˆ T

0

γptq dt� dλ1

dα
pα
q � 0.

It proves the first order condition.

Proof of Proposition 5.1.6. We test Equation (5.22) against another adjoint eigenvector φi and we eval-
uate at ǫ � 0. We obtain for γiptq � φiV

1
F ptqpφiM 1pα
qV1q�19γiptq � λ1γiptq � γptq � λiγiptq .
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Next, we differentiate twice and we getBtV 2F � λ2F pǫqVF � 2λ1F pǫqV 1F � λFV
2
F � γ2M2pα
 � ǫγqVF � 2γM 1pα
 � ǫγqV 1F �Mpα
 � ǫγqV 2F .

We evaluate at ǫ � 0 and we test against φ1 to findBtpφ1V 2F q � λ2F p0q � λFφ1V
2
F � γ2φ1M

2pα
qV1 � 2γptqφ1M 1pα
qV 1
F � λFφ1V

2
F . (5.23)

We decompose the unknown V 1F along the basis pV1, � � � , Vnq
V 1F �¸ γiptqpφiM 1pα
qV1qVi .

We have in particular

φ1M
1pα
qV 1F � ņ

i�2

γiptqpφiM 1pα
qV1qpφ1M 1pα
qViq .
To conclude, we integrate (5.23),

λ2F p0q � xγ2yφ1M2pα
qV1 � 2
ņ

i�2

xγγiypφiM 1pα
qV1qpφ1M 1pα
qViq (5.24)

and use the identity pλ1 � λiq�ˆ T

0

γ2i ptq dt� � ˆ T

0

γptqγiptq dt .
Now we can prove Theorem 5.0.4 stated in the introduction by using the result of Proposition 5.1.6.

Proof of Theorem 5.0.4: frequency analysis. We consider a periodic control under the form

γptq � cospωtq.
We compute the solution γiptq to Equation (5.20)

γiptq � λ1 � λi

ω2 � pλ1 � λiq2 cospωtq � ω

ω2 � pλ1 � λiq2 sinpωtq
and then we obtain the formula

λ2F p0;ωq � 1

2
φ1M

2pα
qV1 � ņ

i�2

λ1 � λi

ω2 � pλ1 � λiq2 pφ1FViqpφiFV1q.
But we have

φ1M
2pα
qV1 � r2pα
qφ1GV1

and we can compute φ1GV1 by doing the appropriate combination of

λ1pα
q � φ1prpα
qG� α
F qV1
and

λ11pα
q � 0 � φ1pr1pα
qG� F qV1
to obtain

φ1M
2pα
qV1 � r2pα
q

rpα
q � α
r1pα
qλ1pα
q.
Thus we have the limit

lim
ωÑ8λ2F p0;ωq � 1

2

r2pα
q
rpα
q � α
r1pα
qλ1 ¡ 0.

The second directional derivative of λF is positive for ω large enough and it ends the proof of Theo-
rem 5.0.4.
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5.2 The Optimal Control Problem

In this section we consider the optimal control problem (5.9).

5.2.1 Existence of an optimal control

The first question concerning Problem (5.9) is to know wether there exists a solution. If r is an affine
function of α, the following lemma ensures that there is indeed a solution which maximizes the payoff
crαp�qs in the set A.

Lemma 5.2.1. If there exist r0 and r1 such that�α P rαmin, αmaxs, rpαq � r1α� r0,

then there exists an optimal control α� P A solution to Problem (5.9).

Proof. We take a maximizing sequence pαkqkPN for the payoff c. This sequence is bounded in L8 by αmax,
so we can extract a subsequence which converges �-weak toward α�. It remains to prove that

crα�p�qs � lim
kÑ8 crαkp�qs.

We denote by U�ptq the solution to Equation (5.4) corresponding to the control α�ptq and by Ukptq the
solution for αkptq. Using the function g defined in (5.8), the problem is to prove that gpUkpT qq Ñ gpU�pT qq
when k Ñ 8. For this we prove more, namely that for all time t we have }Ukptq � U�ptq} Ñ 0. First we
write}Ukptq�U�ptq} ¤ ˆ t

0

}r0G� αkpr1G� F q}}Ukpsq � U�psq} ds� ˆ t

0

pαk � α�q}pr1G� F qU�psq} ds¤ pr0}G} � αmax}r1G� F }q ˆ t

0

}Ukpsq � U�psq} ds� ˆ t

0

pαk � α�q}pr1G� F qU�psq} ds.
Then, using the Grönwall lemma, we obtain}Ukptq � U�ptq} ¤ �

sup
tPr0,T s ˆ t

0

pαk � α�q}pr1G� F qU�psq} ds� exp
�pr0}G} � αmax}r1G� F }qT �.

For any k P N, denote by fk the function defined on r0, T s by
fkptq � ˆ t

0

pαk � α�q}pr1G� F qU�psq} ds.
The sequence pfkqk is uniformly bounded in W 1,8p0, T q and converges punctually to zero because of the
L8-�-weak convergence αk á α�. So the sequence converges uniformly to zero and we obtain� t P r0, T s, }Ukptq � U�ptq} ÝÝÝÑ

kÑ8 0.

Then we conclude that
crαkp�qs � gpUkpT qq ÝÝÝÑ

kÑ8 gpU�pT qq � crα�p�qs.
In the case when there exists an optimal control, we can have informations on the shape of this

control thanks to a maximum principle. First we define the control theory Hamiltonian associated to
Equation (5.4)

Hpu, p, aq :� pMpaqu
for u P R

n a row vector, p P R
n a line vector and a ¥ 0. Then we have the following theorem (see [48] for

instance).
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Theorem 5.2.2 (Pontryagin Maximum Principle). Assume α�p�q is optimal for (5.4),(5.8), and U�p�q
is the corresponding trajectory. Then there exists a function P� : r0, T s Ñ R

n such that9U�ptq � ∇pHpU�ptq, P�ptq, α�ptqq, (5.25)9P�ptq � �∇uHpU�ptq, P�ptq, α�ptqq, (5.26)

and
HpU�ptq, P�ptq, α�ptqq � max

aPrαmin,αmaxstHpU�ptq, P�ptq, aqu, t P r0, T s. (5.27)

This theorem provides informations about the optimal control α� when it exists. First, if α�ptq remains
close to a constant during a sufficiently large time, then it has to be close to

αopt :� argmax
αPrαmin,αmaxsλ1pαq.

Indeed Equations (5.25) and (5.26) write9U� �Mpα�qU� 9P� � �P�Mpα�q.
So if α� is constant during a long time interval, then in the middle of this interval U� and P� are close
to the eigenvectors V1pα�q and φ1pα�q because of the General Relative Entropy results. But

HpV1pα�q, φ1pα�q, α�q � φ1pα�qMpα�qV1pα�q � λ1pα�q
so Equation (5.27) imposes λ1pα�q to be maximal in rαmin, αmaxs.
This argument does not ensure that the optimal control remains close to a constant. Nevertheless,

numerical simulations show that, for a large final time T, the optimal control seems to be essentially
equal to αopt. To compute numerically an approximation to the optimal control, we divide the intervalr0, T s into N time steps and we also discretize the interval rαmin, αmaxs. Then we consider the controls
which are constant on each time step of length ∆t � T {N and we optimize the final payoff crαs among
these piecewise constant controls thanks to a relaxation method. We can see on Figure 5.1 that, in the
case when r � 1 with αopt P pαmin, αmaxq, the optimal control is close to αopt if T is large enough. This
conforts the argument based on the Pontryagin maximum principle.
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Figure 5.1: Optimal controls obtained thanks to a relaxation method for r � 1, n � 3, τ1 � 0.01, τ2 � 10,
β2 � 0.1 and β3 � 0.9. The optimal control is plotted in blue, and the value αopt which maximizes the first
eigenvalue in red. Left: final time T � 3. Right: final time T � 80.
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Now we wonder what happens when the function r is not affine. Is there still an optimal control ?
Consider for instance that r is a convex decreasing function on rαmin, αmaxs and that the first eigenvalue
admits a global maximum λ1pα
q with α
 P pαmin, αmaxq. Then we know from Theorem 5.0.4 that
there exist periodic controls which provide a Floquet eigenvalue greater than λ1pα
q for sufficiently high
frequencies. So we do not expect that the optimal control is constant in time close to αopt � α
 but that
it oscillates. In the numerical relaxation method we use, the maximal frequency of oscillations is controled
by the time step ∆t. In Figure 5.2, we plot the optimal controls obtained for different values of ∆t. We
observe that the most we decrease ∆t, the most the piecewise optimal control oscillates. That seems to
indicate that there is no optimal control in A, what was already sugested by the proof of Theorem 5.0.4.
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Figure 5.2: Piecewise optimal controls obtained for different values of ∆t with rpαq � 6

1�α
a decreasing convex

function. The final time is T � 80, the space dimension is n � 3, and the coefficients are τ1 � 0.01, τ2 � 10,
β2 � 0.1 and β3 � 0.9. The time step varies: ∆t � 0.8 (top left), ∆t � 0.4 (top right), ∆t � 0.2 (bottom left) and
∆t � 0.1 (bottom right).

5.2.2 The Hamilton-Jacobi-Bellman equation

We assume that there is no influence of α on the transport term by considering r � 1. In this case we
know that there exists an optimal control α� for Problem (5.9). Define cx,tpαp�qq as the payoff for the
dynamical system $&% 9Upsq �MpαpsqqUpsq, t ¤ s ¤ T,

Ups � tq � x.

(5.28)
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Then, the value function vpx, tq defined by

vpx, tq :� sup
αp�qPA cx,tpαp�qq

satisfies the Hamilton-Jacobi-Bellman (HJB) equation

vtpx, tq � max
aPrαmin,αmaxs Mpaqx �∇xvpx, tq( � 0 (5.29)

with the final condition
vpx, T q � gpxq. (5.30)

A proof of this result can be found in [48] for instance, it is also explained how the solution to Equa-
tion (5.29) allows to compute the optimal control α� thanks to the dynamic programming method.

Here we solve numerically Equation (5.29) for n � 3. We consider coefficients satisfying τ2 ¡ 2τ1 and
β3 ¥ β2 so that Proposition 5.1.4 ensures that there exists α
 which maximises the Perron eigenvalue,
and that λ1pαq increases from λ1p0q � 0 to λ1pα
q and then decreases to limαÑ8 λ1pαq � τ1. First we
reduce the dimension by noticing that if vpx, tq satifies (5.29), then for any λ P R, vpλx, tq is solution
too. Using the fact that g is linear and so satisfies gpλxq � λgpxq, we have that the solution vpx, tq to
Equation (5.29)-(5.30) satisfies �x, t, λ, vpλx, tq � λvpx, tq. (5.31)

Then we define a new function wpy, tq on the simplex Σ2 :� tpy1, y2q : y1, y2 ¥ 0 and y1 � 2y2 ¤ 1u by

vpx, tq � gpxqv� x1

gpxq , x2

gpxq , x3

gpxq , t�� gpxqvpy1, y2, 13 p1� y1 � 2y2q, tq� gpxqwpy1, y2, tq.
We compute the gradient of v in terms of wBx1

v � w � p1� y1qBy1w � y2By2wBx2
v � 2w � 2y1By1w � p1� 2y2qBy2wBx3
v � 3w � 3y1By1w � 3y2By2w

and obtain a new equation satisfied by wBtw �max
a

$&%rG� aF s�� y1
y2

1
3 p1� y1 � y2q �
��� 1 1� y1 �y2

2 �2y1 1� 2y2
3 �3y1 �3y2

�
�� wBy1wBy2w �
,.- � 0.

Denoting p � �� 1
2
3

�
, this equation writesBtw �max
a

$&%rG� aF s�� y1
y2

1
3 p1� y1 � y2q �
��w p� y1By1w p� y2By2w p��

∇yw

0



,.- � 0

or, since p P Ker FT ,Btw � Corrpyqw �max
a

$&%rG� aF � Corrpyq Ids�� y1
y2

1
3 p1� y1 � y2q �
� � ∇yw

0


,.- � 0 (5.32)

with Corrpyq � G

�� y1
y2

1
3 p1� y1 � y2q �
� p.
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Remark that Equation (5.32) is a retrograd equation with final data wpy, T q � 1. Now we present
numerical simulations of the solution at time t � 0, for different choices of coefficients. The final time is
T � 20 so that the shape of the solution is observed to be stationnary at time t � 0.

First case: α
 P pαmin, αmaxq. We choose αmin � 1 and αmax � 4, and coefficients of the matrix M
which allow to have α
 P pαmin, αmaxq. The existence of α
 is ensured by Proposition 5.1.4 for τ2 ¡ 2τ1,
and its value is between αmin and αmax for an accurate choice of β2 and β3. The numerical solution to
Equation (5.32) is plotted in Figure 5.3 on the simplex Σ2 at time t � 0. In this case the simplex Σ2 is
divided into two zones: one where the maximum of the bracket is reached for a � αmax and the other
where it is reached for a � αmin. These zones are separated by a border which contains V1pα
q and which
is close to the line defined by

H :� ty : φ1pαoptqFx � 0, x � py1, y1, 1

3

p1� y1 � 2y2qqT u
as we can see in Figure 5.4. This line also contains V1pα
q sinceM 1pα
q � F and, thanks to Theorem 5.1.5,
φ1M

1pα
qV1 � λ1
1pα
q � 0.

Figure 5.3: Solution to Equation (5.32) at time t � 0
plotted on the simplex Σ2 for coefficients τ1 � 0.1, τ2 �
4, β3 � 2 β2 � 1. For these coefficients, the maximal λ1

is obtained for α
 P pαmin, αmaxq � p1, 4q.
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Figure 5.4: In green: the border between the zones
where maxa is reached in αmin (on the left) or αmax

(on the right). In blue: the line H. In black: the settV1pαq, α P pαmin, αmaxqu. In red: V1pα
q.
On both sides of the border, the solution appears to be almost linear as we can see by plotting the

level sets or the gradient (see Figure 5.5).

Second case: α
 ¡ αmax and λ1pαmaxq ¡ τ1. In this case αopt � αmax and we can see in Figure 5.6
that the border and the line H are merged. But the border does not pass trough V1pαoptq and we try to
understand why. Since for r � 1 we have Mpaq � G � aF, the maximum in Equation (5.29) is given by
the sign of Fx �∇v. Now we can check in Figure 5.7 that the gradient in the zone where the maximum is
reached for a � αmax is constant. A good candidate for this constant gradient is φ1pαoptq. Indeed we can
easily check that vpx, tq � φ1pαoptqx eλpαoptqt is a particular solution because αopt � αmax. So, assuming
that the gradient of v is indeed φ1pαoptq, the border corresponds to the set of x where φ1pαoptqFx changes
its sign. We restrict to finding the intersection of the border with the set of eigenvectors tV1pαq, α ¥ 0u.
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Figure 5.5: Left: Level sets of the solution to Equation (5.32) at time t � 0 and the border. Right: The partial
derivative By1wpy, t � 0q.
For this we write

λ1pαqφ1pαoptqV1pαq � φ1pαoptqpG � αF qV1pαq� φ1pαoptqpG � αoptF qV1pαq � pα� αoptqφ1pαoptqFV1pαq� λ1pαoptqφ1pαoptqV1pαq � pα � αoptqφ1pαoptqFV1pαq
and we obtain

φ1pαoptqFV1pαq � λ1pαq � λ1pαoptq
α� αopt

φ1pαoptqV1pαq. (5.33)

This quantity is positive for α   α̃ and negative for α ¡ α̃, where α̃ is the only value greater than α

such that λ1pα̃q � λ1pαoptq. That gives an explanation of the fact that V1pαoptq does not belong to the
border and conjectures that the intersection of the set tV1pαq, α ¥ 0u with the border is V1pα̃q. Moreover
the set tV1pαq, α P pαmin, αmaxqu is expected to be in the zone of αmax and it is indeed the case on
numerical simulations (see Figure 5.6).
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Figure 5.6: The same plots as in Figures 5.3 and 5.4 but for τ1 � 0.4.
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Figure 5.7: The same plots as in Figure 5.5 but for τ1 � 0.4.

Third case: α
 ¡ αmax and λ1pαmaxq   τ1. In this case there is no value α̃ ¡ α
 such that λ1pα̃q �
λ1pαoptq. This is in accordance with the numerical simulations because H is out of the simplex and there
is no border in the interior of Σ2 (see Figure 5.8). The maximum in HJB is reached everywhere for
a � αmax � αopt and the solution is expected to be the particular solution vpx, tq � φ1pαoptqx eλ1pαoptqt,
up to a multiplication by a constant.
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Figure 5.8: Simulations for coefficients τ1 � 1, τ2 � 4 and β3 � 2β2 � 1. Left: the solution wpy, 0q on Σ2.

Middle: the levelsets. Right: the border in green is merged with the egde of the simplex, and H in blue is out of
the simplex.
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The authors want to thank Stéphane Gaubert for precious help and discussions.



Chapitre 6

Un schéma d’ordre élevé pour des
modèles avec coalescence

Ce travail a été réalisé lors du Cemracs’09 sur la modélisation mathématique
en médecine, en collaboration avec Léon Matar Tine dans le projet PRION.
L’objectif est d’écrire un schéma numérique d’ordre élevé et préservant la masse
pour des modèles d’agrégation-fragmentation avec coagulation. Nous écrivons tout
d’abord les termes intégraux de coagulation et de fragmentation sous forme conserva-
tive afin de pouvoir utiliser un schéma de transport qui préserve la masse. Nous choi-
sissons alors une discrétisation WENO d’ordre 5 pour ses propriétés anti-dissipatives
et nous présentons des simulations numériques obtenues à partir de données expéri-
mentales. Ceci a fait l’objet d’une publication dans ESAIM-Proceedings sous le titre
High-order WENO scheme for polymerization-type equations [60].

6.1 Introduction

The central mechanism of amyloid diseases is the polymerization of proteins : PrP in Prion diseases, APP
in Alzheimer, Htt in Huntington. The abnormal form of these proteins is pathogenic and has the ability
to polymerize into fibrils. In order to well understand this process, investigation of the size repartition
of polymers is a crucial point. To this end, we discuss in this paper the mathematical modeling of these
polymerization processes and we propose numerical methods to investigate the mathematical features of
the models.

Mathematical models are already widely used to study the polymerization mechanism of Prion diseases
[20, 38, 43, 63, 64, 80, 91, 92, 83, 117], Alzheimer [32, 87, 108] or Huntington [16]. Such models are also
used for other biological polymerization processes [4, 13] and even for cell division [10, 37, 110] or in
neurosciences [107].

Another field where we find aggregation-fragmentation equations is the physics of aggregates (aerosol
and raindrop formation, smoke, sprays...). Among these models (see [77] for a review), one can mention
the Smoluchowsky coagulation equation [45, 54, 55, 78, 101] with fragmentation [44, 46, 47, 75, 76, 74] and
the Lifshitz-Slyosov system [21, 29, 30, 53, 103, 104, 105, 106]. In [28, 67] a Smoluchowsky coagulation
term is added to the Lifshitz-Slyosov equation.

In this paper we are interested in a model including polymerization, coagulation and fragmentation
phenomena. We consider a medium where there are monomers (normal proteins for instance) character-
ized by the concentration V ptq at time t and polymers (aggregates of abnormal proteins) of size x with
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the concentration upt, xq. The dynamics of the density function upt, xq is driven by the system$''''''''&''''''''%
d

dt
V ptq � � ˆ 8

0

T
�
V ptq, x�upt, xq dx,BBtupt, xq � � BBx�T �V ptq, x�upt, xq	�Qpuqpt, xq,

upt, 0q � 0, up0, xq � u0pxq ¥ 0 and V p0q � V0 ¥ 0.

(6.1)

The monomers are attached by polymers of size x with the polymerization rate konpxq. Depolymerization
occurs when monomers detach from polymers with a rate koffpxq. Hence the transport term writes

T pV, xq � V konpxq � koffpxq. (6.2)

The two functions kon and koff are piecewise derivable but can be discontinuous. They are positive except
that kon can vanish at zero. In this case, or more generally when T pV ptq, 0q ¤ 0, the boundary condition
on upt, 0q is not necessary since the characteristic curves outgo from the domain. The choice of the
boundary condition upt, 0q � 0 is justified later.
The coalescence of two polymers and the fragmentation of a polymer into two smaller ones are taken into
account by the operator Q. More precisely, denoting by Ax an aggregate of size x we have

Ax � Ay
kcpx,yqÝÝÝÝÑ Ax�y coagulation

Ax�y kfpx,yqÝÝÝÝÑ Ax � Ay fragmentation.

Thus the coagulation-fragmentation operator is Q � Qc �Qf with

Qcpuqpxq � 1

2

ˆ x

0

kcpy, x� yqupyqupx� yq dy � upxq ˆ 8
0

kcpx, yqupyq dy, (6.3)

Qfpuqpxq � 1

2
upxq ˆ x

0

kfpy, x� yq dy � ˆ 8
0

kfpx, yqupx� yq dy. (6.4)

The coalescence of two polymers of size x and y occurs with the symmetric rate kcpx, yq � kcpy, xq.
This rate is a nonnegative function as the fragmentation symmetric rate kfpx, yq � kfpy, xq with which a
polymer of size x� y produces two fragments of size x and y.

There is a difference between V ptq and upt, x � 0q. In biochemical polymerization processes, small
polymers are very unstable and thus do not exist. When they appear by detachment from a longer
polymer, they are immediately degraded into monomers. Thus, the quantity of small polymers vanishes
while the quantity of monomers is very high. To reflect this in the mathematical model, a quantity
V ptq of monomers is introduced, which is different from the quantity of small polymers upt, x � 0q. The
evolution of the first one is given by an ODE while the second one is forced to be equal to zero through
the boundary condition upt, 0q � 0. A consequence of this distinction is that starting from u0pxq � 0 and
V0 ¡ 0 there is no evolution : the concentration of monomers is constant in time, V ptq � V0, and the
concentration of polymers remains null, upt, xq � 0. This is a very intuitive and natural behaviour which
is important to preserve for biological applications.
In the modeling, the distinction between V and upx � 0q induces a separation of the polymerization-
depolymerization process from the coagulation-fragmentation. Indeed the aggregation of a monomer to
a polymer can be seen as a coagulation but the resulting polymer has same size x than the initial one,
since a monomer is very small compared to the typical size of a polymer. So a transport term is more
accurate to model this phenomenon than an integral term (see [38]).
There is also the fact that when a small polymer is degraded into monomers, it increases the quantity of
monomers. In a discrete model, this term appears in the equation on V (see n0 in [92]). In the continuous
model (6.1) this term can be neglected since the quantity of monomers produced by degradation of small
polymers is very small compared to the total quantity of monomers.



6.2. Mass Conservation 117

6.2 Mass Conservation

The mechanism of polymerization is nothing but a rearrangement of the proteins, there is no creation
and no disparition. So the total quantity of proteins has to be constant in time and this is the case in
model (6.1). We define the total mass of the system as

P ptq � V ptq � ˆ 8
0

xupt, xq dx, (6.5)

since a polymer of size x “contains x monomers”. Integrating the equation on upt, xq multiplied by x and
adding the equation on V we obtain �t ¡ 0,

dP

dt
ptq � 0, (6.6)

so the total mass is conserved along time. This is a very important property that we want to keep in the
numerical scheme and for this we rewrite equation (6.1) under a conservative form.

6.2.1 Conservative formulation

The classical discretization methods for transport equations are mass preserving. So the idea is to write
the coagulation-fragmentation operator Q, which preserves the mass, under a conservative form in order
to use a transport scheme. For this we follow the paper [52] where such a transformation is made :$''&''% xQcpuqpxq � �BCpuqBx pxq,

xQfpuqpxq � �BFpuqBx pxq,
where the operator Cpuq is given by

Cpuqpxq :� ˆ x

0

ˆ 8
x�y ykcpy, zqupyqupzq dzdy, (6.7)

and Fpuq is
Fpuqpxq :� ˆ x

0

ˆ 8
x�y ykfpy, zqupy � zq dzdy. (6.8)

Under this form, the mass conservation is clearer and the use of conservative schemes possible.
A useful consequence of the property (6.6) for the numerical scheme is that the ODE on V can be

replaced by a mass conservation equation (see [67])�t ¡ 0, V ptq � V0 � ˆ 8
0

xpu0pxq � upt, xqq dx. (6.9)

Numerically, this equation is much easier to compute than the ODE to be solved. Moreover (6.9) provides
an explicit expression for V as a function of u. So we set

Gpuqpxq :� �
V0 � ˆ 8

0

y
�
u0pyq � upyq�dy	konpxq � koffpxq (6.10)

and we obtain a new equation equivalent to (6.1)$'&'% x
BBtupt, xq � B�Gpuqxu�Bx pt, xq � BCpuqBx pt, xq � BFpuqBx pt, xq � Gpuqupt, xq,

upt, 0q � 0, up0, xq � u0pxq. (6.11)
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In this equation (6.11), we have written the transport term as

x
B�Gpuqu�Bx pt, xq � B�Gpuqxu�Bx pt, xq � Gpuqupt, xq. (6.12)

This formulation enhances the relation

d

dt

ˆ 8
0

xupt, xq dx � ˆ 8
0

Gpuqupt, xq dx � � d

dt
V ptq (6.13)

and allows to preserve this property numerically when using conservative transport schemes.

6.2.2 Domain truncation

Numerically, equation (6.11) is solved on a truncated domain r0, Rs so the integration bounds have to be
changed in order to keep the mass preservation. For the coagulation term, we introduce as in [52]

CRpuqpxq :� ˆ x

0

ˆ R�y
x�y ykcpy, zqupyqupzq dzdy� ˆ x

0

ˆ R

x

ykcpy, z � yqupyqupz � yq dzdy,
and for the fragmentation

FRpuqpxq :� ˆ x

0

ˆ R�y
x�y ykfpy, zqupy � zq dzdy� ˆ x

0

ˆ R

x

ykfpy, z � yqupzq dzdy.
With this truncation, we have CRpuqp0q � CRpuqpRq � FRpuqp0q � FRpuqpRq � 0. So the total mass
does neither increase nor decrease with respect to time if we consider the coagulation and fragmentation
processes. If we look at the effects of this truncation on the original coagulation and fragmentation
operators we have

QRc puqpxq :� � 1

x
BxCRpuqpxq � 1

2

ˆ x

0

kcpy, x� yqupuqupx� yq dy � upxq ˆ R�x
0

kcpx, yqupyq dy
and

QRf puqpxq :� � 1

x
BxFRpuqpxq � 1

2
upxq ˆ x

0

kfpy, x� yq dy � ˆ R

x

kfpx, y � xqupyq dy.
In the coagulation term, the truncation corresponds to the assumption that a polymer of size x cannot
coagulate with a polymer of size greater than R � x. Concerning the fragmentation term, it is nothing
but the assumption that polymers of size greater than R cannot split. Biologically they are the natural
assumptions to avoid the loss of mass.
Concerning the transport term, the only way to avoid the loss of mass is to set

GRpuqpR, tq � 0. (6.14)

The meaning we give to this relation in the numerical scheme is exposed in Section 6.3.2. It is useless to
do such a truncation for x � 0 since xupt, xq vanishes when x � 0.
Finally we obtain a conservative truncated equation for x P p0, Rq$'&'% x

BBtuRpt, xq � B�GRpuRqxuR�Bx pt, xq � BCRpuRqBx pt, xq � BFRpuRqBx pt, xq � GpuRquRpt, xq,
uRpt, 0q � 0, uRp0, xq � u0pxq. (6.15)

When there is no transport term, convergence of the solution of Equation (6.15) to the solution of
Equation (6.1) when RÑ8 is proved in [42, 77, 75, 74, 127] under growth conditions on kc and kf.
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6.3 A High Order WENO Scheme

In order to obtain a mass preserving scheme, we consider equation (6.11) as a transport equation and for
high order accuracy we choose a fifth-order WENO (Weighted Essentially Non Oscillatory) reconstruction
for the fluxes. This high order scheme is comonly used [35, 121] since it is not more complicated to
implement than a third order WENO one for instance.

6.3.1 Numerical fluxes

Before using the WENO reconstruction we have to know if the fluxes are positive or negative in order to
appropriately upwind the scheme. Concerning the coagulation and the fragmentation terms, we consider
a positive upwinding as suggested in [52]. For the transport term Bx�Gpuqxu� we have to make a flux
splitting because G has no sign. A natural splitting here is to put the terms of G that are preceded by
a plus sign in the positive part and the terms preceded by a minus sign in the negative part, namely
G � G�1 � G�1 where $&% G�1 puqpxq � �

V0 � ´80 yu0pyqdy	konpxq,
G�1 puqpxq � ��´8

0
yupyqdy	konpxq � koffpxq. (6.16)

An other decomposition is the polymerization-depolymerization oneExistence et unicité d’éléments pro-
pres principaux $&% G�0 puqpxq � �

V0 � ´80 y
�
u0pyq � upyq�dy	konpxq,

G�0 puqpxq � �koffpxq. (6.17)

The term G�0 is necessarily positive because V0� ´80 y
�
u0pyq�upt, yq�dy � V ptq ¥ 0. With these two flux

splittings, we built others by convex combination. For any λ P r0, 1s we set Gλ � λG1 � p1� λqG0 which
gives $&% G�λ puqpxq � �

V0 � ´80 y
�
u0pyq � upyq�dy � λ

´8
0 yupyqdy	konpxq,

G�λ puqpxq � �λ�´8
0
yupyqdy	konpxq � koffpxq. (6.18)

We also consider the Lax-Friedrichs scheme which corresponds to#
G�

LF
puq � 1

2

�
Gpuq �m

�
,

G�
LF
puq � 1

2

�
Gpuq �m

�
,

(6.19)

with m � maxx¥0 |Gpuq|. This term has to be computed at each time step because Gpuq depends on time.

Finally, the WENO reconstruction is done with the fluxes$&% H�puq � G�puqxu� Cpuq � F puq,
H�puq � G�puqxu, (6.20)

and the choice among the different flux splittings is discussed in Section 6.4.2.

6.3.2 WENO reconstruction

The point of view adopted here is the finite difference one, as recommanded in [122], because it is better
than the finite volume in terms of operation counts. We assume the spatial domain r0, Rs is divided into
N uniform cells and we denote xi � i∆x for 0 ¤ i ¤ N with ∆x � R

N
. We use the WENO formulation

of Jiang and Peng [120] which consists in applying WENO to approach the spacial derivative directly on
the nodes of the grid. The spatial derivative BxpH�pvq �H�pvqq is approximated at the point xi by

1

∆x

�
H�
i� 1

2

�H�
i� 1

2

�H�
i� 1

2

�H�
i� 1

2

�
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where the fifth order accurate numerical flux H�
i� 1

2

is given by the WENO reconstruction. For each

node xi we denote by H�i the numerical approximation of H�pvpxiqq. The stencil choice for each flux is
specified in Figure 6.1, and the fluxes H�

i� 1

2

are expressed as convex combination of the H�k of the stencil.

Let us detail how we proceed :

- for H�
i� 1

2

we set W1 � H�k , W2 � H�k�1, W3 � H�k�2, W4 � H�k�1, W5 � H�k�2,

- for H�
i� 1

2

we set W1 � H�k�1, W2 � H�k�2, W3 � H�k�3, W4 � H�k , W5 � H�k�1,

- for H�
i� 1

2

we set W1 � H�k�3, W2 � H�k�2, W3 � H�k�1, W4 � H�k , W5 � H�k�1,

- for H�
i� 1

2

we set W1 � H�k�2, W2 � H�k�1, W3 � H�k , W4 � H�k�1, W5 � H�k�2.

H�
i� 1

2 H�
i� 1

2

H�
i� 1

2 H�
i� 1

2

i-3

i-3

i-2

i-2

i-1

i-1

i

i

i+1

i+1

i+2

i+2

i+3

i+3

Figure 6.1: stencil choice

For the regularity coefficients we define for each previous flux

S1 � 13

12
pW1 � 2W2 �W3q2 � 1

4
pW1 � 4W2 � 3W3q2,

S2 � 13

12
pW2 � 2W3 �W4q2 � 1

4
pW2 �W4q2,

S3 � 13

12
pW3 � 2W4 �W5q2 � 1

4
p3W3 � 4W4 �W5q2.

Then we take the weights

wr � ar°3
j�1 aj

, with ar � drpǫ� Srq2 , d1 � 3

10
, d2 � 6

10
, d3 � 1

10
r � 1, 2, 3

where ǫ is introduced to prevent the denominator from vanishing. Finally we take the different flux parts
given by$''''&''''% H�

i� 1

2

� w1

�
W3

3
� 7W2

6
� 11W1

6


� w2

��W2

6
� 5W1

6
� W4

3


� w3

�
W1

3
� 5W4

6
� W5

6



,

H�
i� 1

2

� w1

�
W1

3
� 7W2

6
� 11W3

6


� w2

��W2

6
� 5W3

6
� W4

3


� w3

�
W3

3
� 5W4

6
� W5

6



.

Concerning the boundaries x � 0 and x � R, we compute the fluxes using the WENO reconstruction
with ghost points x�3, x�2, x�1, and xN�1, xN�2, xN�3. In the first three points we use that for all
time t ¥ 0,

xupt, xq��
x�0

� CRpuqpx � 0, tq � FRpuqpx � 0, tq � 0
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to set H��3 � H��2 � H��1 � 0. For the last three ones we use the truncation

GRpuqpx � R, tq � CRpx � R, tq � FRpx � R, tq � 0

to put H�
N�1 � H�

N�2 � H�
N�3 � 0.

6.3.3 Integration method

For the integral terms, we use a fifth order composite rule introduced in [121]. If fk denotes an approxi-
mation of fpxkq, the method can be written as

ˆ j∆x

i∆x

fpxq dx � ∆x

j̧

k�i 1 fk
where

j̧

k�i 1 fk � 251

720
fi � 299

240
fi�1 � 211

240
fi�2 � 739

720
fi�3�739

720
fj�3 � 211

240
fj�2 � 299

240
fj�1 � 251

720
fj � j�4̧

k�i�4

fk

if j � i ¡ 6. This method is based on polynomial interpolations of the function f.
On the first interval, we integrate without using the boundary value f0 � 0 because the solution can

be discontinuous at x � 0. So we use the fifth accurate approximation

1̧

k�0

1 fk � 55

24
f1 � 59

24
f2 � 37

24
f3 � 9

24
f4.

Finally for the intervals at the boundaries we have

2̧

0

1 fk � 8

3
f1 � 5

3
f2 � 4

3
f3 � 1

3
f4,

3̧

0

1 fk � 21

8
f1 � 9

8
f2 � 15

8
f3 � 3

8
f4,

4̧

0

1 fk � 21

8
f1 � 7

6
f2 � 29

12
f3 � 1

6
f4 � 1

24
f5,

5̧

0

1 fk � 21

8
f1 � 7

6
f2 � 19

8
f3 � 17

24
f4 � 1

2
f5 � 1

24
f6,

6̧

0

1 fk � 21

8
f1 � 7

6
f2 � 19

8
f3 � 2

3
f4 � 25

24
f5 � 1

2
f6 � 1

24
f7,

7̧

0

1 fk � 21

8
f1 � 7

6
f2 � 19

8
f3 � 2

3
f4 � f5 � 25

24
f6 � 1

2
f7 � 1

24
f8,

Ņ

N�1

1 fk � 9

4
fN � 19

24
fN�1 � 5

24
fN�2 � 1

24
fN�3,

Ņ

N�2

1 fk � 1

3
fN � 4

3
fN�1 � 1

3
fN�2,
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Ņ

N�3

1 fk � 1

3
fN � 31

24
fN�1 � 7

8
fN�2 � 13

24
fN�3 � 1

24
fN�4,

Ņ

N�4

1 fk � 1

3
fN � 31

24
fN�1 � 5

6
fN�2 � 13

12
fN�3 � 1

2
fN�4 � 1

24
fN�5,

Ņ

N�5

1 fk � 1

3
fN � 31

24
fN�1 � 5

6
fN�2 � 25

24
fN�3 � 25

24
fN�4 � 1

2
fN�5 � 1

24
fN�6,

Ņ

N�6

1 fk � 1

3
fN � 31

24
fN�1 � 5

6
fN�2 � 25

24
fN�3 � fN�4 � 25

24
fN�5 � 1

2
fN�6 � 1

24
fN�7.

We use this quadrature method to discretize the operators CR and FR with

CRi � FR
i � p∆xq2 i̧

j�0

1 Ņ

l�i�1

1 xl�kcj,l�jujul�j � kfj,l�jul� (6.21)

as suggested in [52]. Grouping the two terms in an unique summation is lighter regarding to operation
counts.

6.3.4 Time discretization

The time step is denoted by ∆t and changes along time because of the CFL stability condition that is
time dependent. For the time discretization we choose a third order Runge-Kutta method. To approach
the time evolution of an equation Btu � Lpuq, we compute at time n∆t

up1q � un �∆t Lpunq and up2q � 3

4
un � 1

4
up1q � 1

4
∆t Lpup1qq,

where un is an approximation of upn∆tq. Then the approximation of v at time pn� 1q∆t is given by

un�1 � 1

3
un � 2

3
up2q � 2

3
∆t Lpup2qq.

This method is an explicit one, so to ensure the stability we compute the time step ∆t at each iteration
thanks to the CFL condition

∆t ¤ min
 pG� C � F q�1

(
(6.22)

where

G � 1

∆x
sup
i

�
G�i � G�i �, C � sup

i

" Ņ

j�1

1 kci,juj* and F � sup
i

"
1

2

i�1̧

j�1

1 kfj,i�j*.
For instance the Lax-Friedrichs decomposition leads to GLF � m{∆x.
Since we combine a fifth order WENO reconstruction and a third order time discretization, we predict

that our scheme is convergent of third order. To validate it numerically, we compute the solution for
different discretization grids with regular parameters and initial data. Comparing these solutions at time
T � 20 in the L8 space norm (see Table 6.1 for the results), we obtain the numerical order 2.95 which
validates the prediction.
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∆x 5/40 5/80 5/160
error 81.84 12.44 1.37

Table 6.1: Error between different discrete solutions and the reference computed with ∆x � 5{320.
6.4 Numerical Simulations

6.4.1 Parameters

Numerical values for the polymerization and fragmentation rates can be found in the biological literature
(see [91, 119, 72] for instance). It is of importance to note that the models considered in these papers
are discrete ones, so some computations are necessary to deduce adimensional numerical values for the
continuous model (6.1). Another point is that the parameters of these models do not depend on the size
of polymers, so we can only obtain mean values for the size-dependent parameters.
We choose to use the values of the recent paper [72] to do numerical simulations. The mean length of

polymers for the initial distribution is estimated to be 1380. With the continuous model we reduce this
value to 0.2 by considering an initial profile equal to a positive constant on r0, 0.4s and null for x ¡ 0.4
(see the first plot of Figure 6.5). Thus we define a parameter ε � 0.2{1380 � 1, 4 � 10�4 which allows
to go from a discrete model to a continuous one (see [38] for more details). The values we find are for
instance 2.9� 10�2µM�1s�1 for the polymerization rate and 2.1� 10�9s�1 for the fragmentation (where
M represents the concentration in mol and s the time in second). The polymerization rate appears in
a derivative term, so the value of the discrete model has to be multiplied by ε to obtain the continuous
accurate value 4� 10�6µM�1s�1. Conversely, the fragmentation rate which appears in an integral term
has to be divided by ε and we find 1.5�10�5s�1. Concerning the depolymerization and coagulation, they
are neglected in the models of [91, 119, 72]. So we consider numerical values that seem to be reasonable
compared to the previous ones.
In the present study, the parameters are assumed to be size dependent as suggested in [19, 20] and

their choice is now presented and motivated. Concerning the numerical coefficients, they are chosen in
order to have mean values of the same order than the values previously obtained from [72].
For the polymerization we assume that small polymers have a different behavior compared to the big
ones. We consider a critical size xc � 0.5 such that polymers of size x   xc convert monomers with the
rate

kp1qon pxq � p4x� 0.2q � 10�6µM�1s�1,

and for x ¡ xc with a constant rate

kp2qon pxq � 4� 10�6µM�1s�1.

For the fragmentation kernel, we use the classical assumption that the fragmentation probability depends
only on the size x� y of the polymer and we set

kfpx, yq � 80px� yq
10� px� yq � 10�5s�1.

The depolymerization is assumed to be constant and of the same order as the fragmentation. We discuss
the dependence on this parameter by considering different intensities

koffpxq � η � 10�6s�1 with 2 ¤ η ¤ 8. (6.23)

Concerning the coagulation kernel, we do not use a classical one. Even if there is no space in model (6.1),
we use a kernel which reflect some space effects. Indeed we consider that small polymers are very mobile
and that the big ones, plaques, are very attractant. So the coagulation occurs preferentially between big
and small aggregates. The kernel we choose is of the form

kcpx, yq � 4|x� y| 32
1� px� yq � 10�6µM�1s�1.
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This kernel satisfies the growth assumption that we can find in [42] to ensure the convergence of the
solution when RÑ8 if we consider the only coagulation-fragmentation process.
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Figure 6.2: Profiles of the coagulation and fragmentation kernels.

In [72] we also find numerical values for the initial data V0 � 98µM and

ˆ R

0

xu0pxq dx � 0.21µM.

This last value and the fact that the initial distribution of polymers is assumed to be under the form
u0 � cst� 1lr0,0.4s lead to

u0pxq � " 2.6 if 0 ¤ x ¤ 0.4
0 if x ¡ 0.4.

(6.24)

For the following simulations, the discretization is made on a domain r0, 5s with a number of nodes
N � 200, so the mesh size is ∆x � 0.025.

6.4.2 Choice among the different flux splittings

First we deal with the CFL condition. Thanks to the triangular inequality, we obtain that GLF ¤ G0.

Moreover, there is an explicit expression for Gλ

Gnλ � 1

∆x
sup
i

"�
V0 �∆x

Ņ

j�1

1 xju0j � p2λ� 1q∆x Ņ

j�1

1 xjunj 	koni � koffi

*
which shows thatGλ increases with λ. So if 0 ¤ λ   Λ ¤ 1 then at each time step we haveGn

LF
¤ Gnλ ¤ GnΛ.

Notice also that, with the numerical values we have chosen, the quantity of polymers ∆x
°N
j�1

1 xjunj
increases with n. Indeed we can see in Figure 6.8 that the quantity of monomers V n � V pn∆tq defined
by the mass conservation V n �∆x

°N
j�1

1 xjunj � V0 �∆x
°N
j�1

1 xju0j decreases. The consequence on the

CFL condition is that Gnλ increases with n if λ ¡ 1
2 , decreases if λ   1

2 and is time independent when
λ � 1

2 . Thus, regarding to the numerical computation, the fastest scheme is the Lax-Friedrichs one and
then the computation time increases significantly with λ.

Let us now turn to the effects of the flux splitting on the size distribution. First we consider a
depolymerization corresponding to η � 8 in (6.23) and investigate the differences between the solutions
associated to the decompositions GLF, G0 and G1. We can see in Figure 6.3 that the solutions for G0 and
G1 are close together for small times and then the behavior of G0 becomes closer to the Lax-Friedrichs
one. The less oscillating scheme for t � 6h is the the Lax-Friedrichs one, but it is also the most oscillating
at time t � 12h. Finally the solutions associated to the three flux decompositions are quite similar and
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Figure 6.3: Comparison between the flux splittings GLF, G0 and G1 for η � 8� 10�6s�1.

they all present oscillations at some times, so we do not find with this simulation any reason to discard
one of them.

If we change the depolymerization rate by considering koff � 6 � 10�6s�1, we remark that the Lax-
Friedrichs scheme is unstable (see Figure 6.4) while G0 is stable. If we continue to decrease η, we find with
koff � 2 � 10�6s�1 that the G0-scheme becomes unstable while G0.2 is stable. Thus the Lax-Friedrichs
scheme and the Gλ-schemes with λ small has to be avoided to ensure stability when small depolymerization
values are considered.
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G0 becomes unstable for η � 2.

Knowing that, we compare different stable schemes, namely Gλ with 0.2 ¤ λ ¤ 1. We can see in
Figure 6.5 that for large times (t � 20h), the three flux decompositions provide a good behavior where
there are strong variations of the solution. These locations are x � 0 because of the boundary condition
which enforces upt, 0q to vanish, and x � 0.5 because the transport term kon is discontinuous at x � 0.5.
If we look at smaller times (t � 6h for instance) we can see that the larger λ is, the less oscillating the
curves are. But, as we already remarked, the quantity Gλ is higher for λ close to 1 and it increases
with time when λ ¡ 1

2 . Thus it is penalizing for the computation time to use high values of λ. A good
compromise could be to choose λ � 1

2 since G 1

2

does not depend on time. The other solution is to adapt
the λ when we change the parameters.
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Figure 6.5: Comparison of the behavior of the solution for different λ with η � 5.

6.4.3 Interpretation of the numerical results

We have considered that the mean size of the polymers at the initial time t � 0 was 1380. This size can
be multiplied by 5 along the polymerization process (see Figure 6.6 keeping in mind that the mean size
is represented by 0.2 in this continuous model). So if we want to solve the discrete model, we have to
consider a system of dimension close to 5000, and the computations are very heavy. If we limit this value
to 200 keeping the discrete model, then we lose a lot of precision. It is the same for the continuous model
if it is discretized with a first order scheme. That is why we use a high order discretization, and we can
see the difference in Figures 6.6 and 6.7 : the high order scheme is able to capture strong variations of
amplitude while the first order flattens them. We also remark that the size repartition converges to a
bimodal distribution, as observed by [124]. This asymptotic profile is independent of the initial data (see
the time t � 20 in Figures 6.6 and 6.7) and can be seen as an eigenvector of the operator Q � BxT (see
[95, 41]).

The evolution of the quantity of monomers V ptq is plotted in Figure 6.8 for different values of the
depolymerization rate koff. This quantity decreases since the monomers aggregate to polymers. Thus the
mass of polymers increases and the speed of this evolution is similar to those observed by [72]. Concerning
the dependence on koff, the difference between the three curves is more significant when the time increases.
For small times, when V ptq is close to V0 � 98µM, the depolymerization can be neglected since koff is
small compared to the product V ptqkonpxq. Conversely, the equilibrium is reached when d

dt
V ptq � 0, so

when koff � V kon (see Equation (6.1)). That is why variations of η influence essentially the ratio between
the quantity of monomers and the mass of polymers at the equilibrium as we can see in Figure 6.8.

6.5 Conclusion and future work

We have written a high order conservative scheme for a polymerization-type equation. The choice of
the flux splitting for the transport term has been discussed but the accurate decomposition remains
unclear. It seems that unstabilities can be avoided by adapting the value of λ but the oscillations remain
present for any choice of the flux decomposition, even for a regular initial size distribution. A possible
explanation for these phenomena can be that the integration method is not “positive” for the intervals at
the boundaries. These points remain to be investigated for a better understanding and improvement.

As we have remarked in Section 6.4.3, the size distribution converges toward an equilibrium which
corresponds to an eigenvector. The high-order WENO scheme presented in this paper could be used to
numerically compute such eigenvectors. Another application of the code is to solve inverse problems (see
[40, 114]) in order to determine the size dependence of the different parameters.
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Figure 6.6: Comparison between the WENO scheme and a first order scheme for the initial size dis-
tribution (6.24), with the depolymerization value koff � 8 � 10�6s�1 and the flux splitting parameter
λ � 0.5
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of Applied Mathematics for the Master’s Degree]. Masson, Paris, 1983. Théorie et applications.
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Résumé

Les phénomènes de croissance et de fragmentation des polymères jouent un rôle central dans le dévelop-
pement des maladies à prions. Pour les étudier, nous adoptons le formalisme des populations structurées
et analysons l’équation intégro-différentielle de transport-fragmentation. Dans un premier temps, nous
nous intéressons au problème aux valeurs propres pour l’opérateur de transport-fragmentation linéaire.
Nous montrons l’existence et l’unicité de la valeur propre principale et des vecteurs propres associés
sous des conditions générales incluant les cas dégénérés dans lesquels le coefficient de transport s’annule
à l’origine. Nous analysons ensuite la dépendance de ces éléments propres par rapport aux paramètres
de l’équation et mettons en évidence l’existence de comportements non monotones. Les résultats obte-
nus nous permettent d’aborder deux problèmes de natures différentes. La dépendance par rapport au
transport est utilisée pour trouver les états d’équilibres et analyser le comportement en temps long de
modèles non-linéaires, dont l’« équation du prion ». La dépendance par rapport à la fragmentation nous
permet quant à elle d’étudier un problème d’optimisation. Celui-ci consiste à introduire un contrôle sur la
fragmentation et à trouver la stratégie qui maximise la croissance de la population, ceci à des fins diagnos-
tiques. Dans un dernier chapitre, nous présentons un schéma numérique conservatif pour des équations
d’agrégation-fragmentation comprenant un terme de coagulation.

Abstract

Growth and fragmentation of polymers play a central role in the development of prion diseases. To study
these phenomena, we use the formalism of structured populations and analyze the integro-differential
transport-fragmentation equation. First we investigate the eigenvalue problem for the linear transport-
fragmentation operator. We prove existence and uniqueness of the principal eigenvalue and the associated
eigenvectors under general conditions including the degenerate cases where the transport term can vanish
at zero. Then we investigate the dependence of these eigenelements on the parameters in the equation and
show existence of non-monotonic behaviors. The results obtained allow us to address two different types
of problems. The dependence on the transport term is used to find the steady states and to investigate the
long time behavior of nonlinear models, including the so-called “prion equation”. The dependence on the
fragmentation term allows us to study an optimization problem. This means introducing a control on the
fragmentation term and finding, for diagnostic purposes, the strategy which maximizes the growth of the
population. In the last chapter, we present a conservative numerical scheme for aggregation-fragmentation
equations including a coagulation term.




