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Introduction générale

Cette these fait suite aux travaux réalisés en 2008 par Benoit Perthame et Vincent Calvez, alors a ’ENS de
Paris, en collaboration avec I’équipe DSV/IMETI/SEPIA du CEA de Fontenay-aux-Roses. Cette équipe
effectue des recherches en biologie dans un laboratoire entierement dédié aux maladies a prions. Lors
de mon stage de Master 2, effectué au sein de ce laboratoire sous la direction de Marie Doumic (ENS),
Natacha Lenuzza (CEA) et Franck Mouthon (CEA), il m’a été donné de prendre part & des expériences
de biologie. Cette opportunité m’a permis de me rendre compte des obstacles auxquels sont confrontés les
expérimentateurs. La collaboration avec des biologistes s’est ensuite poursuivie dans le cadre du projet
ANR TOPPAZ de Marie Doumic, en partenariat avec I’équipe de Human Rezaei & 'INRA de Jouy-en-
Josas. Le projet TOPPAZ a pour objectif de mieux comprendre, en utilisant les outils des équations
aux dérivées partielles, les phénomenes d’agrégation de protéines qui sont connus pour étre a l'origine
de maladies neurodégénératives telles que les maladies a prions ou d’Alzheimer. Nous nous attachons
dans cette these a étudier 'équation de transport-fragmentation, en introduisant de nouvelles idées et
méthodes pour traiter les cas dégénérés ou le transport s’annule a 'origine. Ces questions sont a la fois
difficiles d’un point de vue mathématique et fondamentales pour les applications a la polymérisation des
protéines prions (les polymeres de petite taille étant peu infectieux [83, 124]), in vivo & 1’échelle d’une
cellule, ou in witro.

Les maladies a prions

Les maladies a prions, ou Encéphalopathies Spongiformes Transmissibles (EST), sont des maladies
neurodégénératives mortelles et infectieuses qui affectent de nombreux mammiféres. Elles incluent chez
Panimal "Encéphalopathie Spongiforme Bovine (ESB), responsable de la crise de la “vache folle” dans
les années 1990, ou encore la Tremblante du mouton (Scrapie en anglais). Chez 'Homme, on trouve le
Kuru qui a décimé une partie de la tribu Fore en Papouasie-Nouvelle-Guinée au cours du 20¢ siecle. Plus
récemment la maladie de Kreuzfeld-Jakob a été transmise entre étres humains par injection d’hormones
de croissance et par transfusion sanguine, mais aussi a partir de ’'ESB par ingestion de produits bovins
contaminés. Les maladies a prions s’attaquent au systéme nerveux central et I'on peut observer des
trous dans le cerveau des individus malades, comme dans une éponge, d’ou le nom d’Encéphalopathies
Spongiformes.

L’agent responsable de ces maladies, connu sous le nom de prion, présente des propriétés de résistance
a linactivation par la chaleur, les rayonnements et les traitements chimiques qui rendent peu probable
la présence d’ADN comme ce serait le cas pour un virus. En 1967, Griffith [65] propose ’hypotheése d’un
mécanisme purement protéique (Prion pour Proteinaceous infectious only) qui est aujourd’hui encore
trés convaincante et couramment admise. Selon cette hypothese, ’agent responsable de la maladie est
une protéine, la PrP ou protéine prion, qui s’accumule sous une forme anormalement repliée. Cette forme
pathogene, appelée PrPres pour résistante ou PrPsc pour scrapie, a la capacité de se répliquer par un
processus d’auto-propagation, en convertissant la forme normale de la protéine (PrPc pour cellulaire) en
PrPres. Cette hypothese a été confortée par les travaux expérimentaux de Prusiner [115] en 1982, qui lui
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ont valu d’obtenir le Prix Nobel de physiologie et de médecine en 1997.

En I’absence de contamination, la PrPc est impliquée dans le fonctionnement normal de la cellule. Ses
fonctions ne sont pas encore connues précisément mais elles sont sans doute essentielles. Chez I’adulte, la
PrPc est essentiellement produites dans le cerveau et la moelle épiniere, ce qui explique que ces organes
soient touchés par les maladies a prions.

Le mécanisme de polymérisation

Le mécanisme précis de conversion de la PrPc en PrPres reste encore mal déterminé. En raison de
leur taille, les agents infectieux ne sont pas directement observables expérimentalement et le recours a
des modeles théoriques est nécessaire. Depuis le modele de Griffith, plusieurs autres modeles ont été
proposés (voir [83] pour une revue complete). Celui que nous considérerons dans cette these est celui
de polymérisation nucléée introduit par Lansbury [71]. Dans ce modele, la PrPres est présente dans la
cellule sous forme de polymeres qui peuvent s’allonger en attachant des monomeres de PrPc. Lors de ce
processus de polymérisation, les monomeres de PrPc sont transconformés en PrPres par un processus
encore mal compris. L’agrégation des monomeres aux petits polymeres s’effectue de facon tres lente
jusqu’a ce que ceux-ci atteignent une taille critique qui les stabilise et accélere ’agrégation. Parallelement a
I’élongation, les polymeres peuvent se fragmenter ; fragmentation qui a été mise en évidence par des études
expérimentales. Ce modele est le plus largement accepté a 'heure actuelle et a conduit a ’élaboration de
la technique d’amplification des prions par PMCA (voir plus bas).

Les différents modeles de conversion ont été développés en lien étroit avec la modélisation mathé-
matique, et ce depuis le premier modele proposé par le mathématicien Griffith en 1967. Concernant le
mécanisme de polymérisation nucléée, le modele mathématique le plus étudié aujourd’hui est celui de
Masel [92]. Ce modele est constitué d’une infinité d’équations différentielles ordinaires (EDO) couplées.
11 existe une version continue de ce modele, introduite par Greer et al. [63], qui remplace le systeme infini
d’EDO par le couplage d’'une EDO avec une équation aux dérivées partielle (EDP). Cette EDP est une
équation intégro-différentielle non-locale généralement appelée de transport-fragmentation ou croissance-
fragmentation. Cette équation comporte deux termes bien distincts qui représentent, I'un le processus
de polymérisation, et I'autre la fragmentation des polymeres. Ces deux processus sont en compétition, la
polymérisation augmentant la taille des polymeres et la fragmentation la diminuant. Dans cette these,
nous étudions les propriétés de I’équation de croissance-fragmentation d’un point de vue mathématique
en jouant sur ces deux phénomenes antagonistes.

La PMCA (Protein Misfolded Cyclic Amplification)

En raison des différents incidents qui sont survenus ces derniéres années (crise de la vache folle, affaire
du sang contaminé et des hormones de croissance) et des durées d’incubation des maladies & prions (dans
le cas de I'épidémie de Kuru, on a observé jusqu’a 40 années d’incubation), ces maladies représentent
aujourd’hui encore un risque de santé publique important. La durée d’incubation d’une maladie est définie
par la durée séparant l'infection par la maladie et la présentation des premiers symptomes cliniques.
Durant cette période, un porteur de la maladie peut ignorer qu’il est atteint et transmettre ’agent
pathogene a d’autre individus, propageant ainsi I’épidémie. Il est donc vital, pour prévenir une telle
propagation, d’étre capable de diagnostiquer la maladie chez un donneur de sang par exemple. Or, pour
les maladies a prions, aucun diagnostique ante mortem efficace n’est pour le moment disponible. En effet
les particules de PrPres se concentrent dans le systéme nerveux central et ne sont présentes qu’en tres
faible quantité dans les tissus tels que le sang. Il n’est ainsi pas possible aujourd’hui de diagnostiquer
la maladie sans prélever un échantillon de tissu vital, et encore a un stade relativement avancé de la
contamination.

L’idée pour remédier a ce probleme est d’utiliser une technique d’amplification in vitro de la PrPres
pour pouvoir la détecter a partir d’échantillons n’en contenant qu’une faible quantité. Parmi les techniques
utilisées pour parvenir a ce résultat, le protocole de PMCA est trés prometteur. Il a déja permis de
conforter I’hypothése d’un mécanisme purement protéique en synthétisant des particules infectieuses a
partir d’une faible dose d’infectiosité. Cependant, ce protocole n’est pas encore suffisamment efficace
pour permettre une technique de diagnostic chez 'homme. La modélisation et les outils d’optimisation
mathématiques peuvent permettre d’améliorer la technique de PMCA.
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Le protocole consiste en une alternance de phases d’incubation et de sonication auxquelles on soumet un
échantillon contenant une faible dose d’infectiosité (PrPres). L’échantillon de PrPres est mis en présence
d’une grande quantité de PrPc, ce qui permet une polymérisation rapide lors des phases d’incubation
pendant lesquelles ’échantillon est laissé au repos. Les bréves phases de sonication consistent a envoyer
des ultrasons sur ’échantillon afin de briser les polymeres en petits morceaux. La sonication augmente
donc rapidement le nombre de polymeres, qui vont pouvoir polymériser pendant la phase d’incubation
suivante.

Le protocole de la PMCA est modélisé en introduisant un parametre de controle devant le coefficient
de fragmentation de I’équation de croissance-fragmentation. Ce parametre représente la sonication et a
un comportement en créneaux au cours du temps, reflétant ainsi le caractere alternatif du protocole. La
question qui se pose alors est de trouver une stratégie de controle, en créneaux ou non, qui permette
d’obtenir la plus grande quantité de PrPres possible en un temps donné.

Phénomeéne de souches

Les animaux atteints de maladies a prions peuvent développer différentes pathologies alors méme que la
protéine qui s’accumule est identique (protéine de ’hdte). Par analogie avec les agents infectieux classiques,
ces variantes ont été appelées “souches” de prions. Ces différentes souches sont caractérisées par leur
période d’incubation et leur profil de lésion au cerveau [57]. Dans le cadre de I'hypothese d’un mécanisme
purement protéique, il est supposé que la diversité de souches est due a des états de conformation de
la PrPres différents, conduisant a des propriétés biologiques et biochimiques différentes [102, 118]. Du
point de vue de la modélisation mathématiques, cela revient a considérer que les coeflicients des équations
dépendent de la souche. Une question naturelle est alors de se demander quels sont les coefficients qui
varient le plus en fonction de la souche. Nous nous intéressons a cette question dans le chapitre 2 pour le
modele de polymérisation nucléée.

1 L’équation de transport-fragmentation linéaire

1.1 Dynamique d’une population structurée en taille

Le point de vue mathématique adopté dans cette thése pour modéliser la prolifération des prions a l'inté-
rieur d’une cellule est celui des populations structurées. On considere la population dont les individus sont
les polymeres de PrPres présents dans une cellule, et on attribue a chaque polymere une valeur positive
représentant sa taille. La polymérisation et fragmentation s’inscrivent alors dans le cadre plus général des
phénomenes de croissance-fragmentation. Nous donnons ici des propriétés générales de I’évolution d’une
telle population et nous reviendrons plus en détails sur le cas particulier d’'une population cellulaire de
prions dans le paragraphe 2.

On s’intéresse a une population d’individus caractérisés par un trait x > 0 pouvant étre par exemple
leur taille mais aussi leur masse ou leur volume. En biologie il peut aussi s’agir du contenu d’une cellule
en parasites, protéines, traitement, etc. Par la suite on appellera “taille” ce trait par soucis de clarté et
par référence aux polymeres de PrPres qui nous intéressent. La population considérée subit parallelement
deux processus : un processus de croissance par lequel chaque individu voit sa taille augmenter, et un
processus de fragmentation ou division qui produit, a partir d’un individu, deux ou plusieurs individus
de taille inférieure. Si I'on note u(t, z) la densité de population de taille 2 & Uinstant ¢, on obtient alors,
pour une distribution initiale u(t = 0, x) = ug(z), 'équation d’évolution suivante

St + 3 (r(ou(ta)) + Blatutt.) = [ b ohult ) dy (1)

avec la condition au bord u(¢,0) = 0. On appelera cette équation I'équation de croissance-fragmentation ou
transport-fragmentation linéaire. Il existe pour celle-ci un principe du maximum (voir [110] par exemple)
qui assure que pour une donnée initiale uy positive, la solution reste positive pour tout temps. Cette
propriété est cruciale puisque u représente une densité de population et doit donc rester positive.
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Le terme de transport représente la croissance de chaque individu avec une vitesse 7(x) > 0 pour z > 0.
Cependant on considere que 7 peut avoir une limite nulle en zéro. On remarque que la condition au bord
est inutile lorsque % n’est pas intégrable en zéro. Le terme intégral reflete quant a lui la fragmentation :
b(y,x) = 0 représente le taux de formation d’un individu de taille 2 & partir d’un de taille y > z. Afin de
rendre le mieux possible compte de la réalité, nous considérons que la fragmentation préserve la masse,
c’est-a-dire que la taille de l'individu mere avant fragmentation est égale a la somme des tailles des
individus filles formés. Pour cela, le terme S(z) > 0, qui représente le taux de fragmentation pour un
individu de taille z, doit satisfaire la relation

v f(x) = /O " bl y) dy. (2)

Le nombre moyen de fragments formés par la fragmentation d’un individu de taille = est alors donné par

no(zx) :=

1 T
o / b, ) dy. 3)

Ce nombre est nécessairement supérieur a un a cause de la relation

x xz y B
/0 b,y) dy > /0 Lo, ) dy = Bz).

L’inégalité est stricte sauf pour la cas limite b(z,y) = no(z)B(x)dz—, qui ne correspond pas & une réelle
fragmentation, les individus filles étant de la méme taille que la mere. Nous ne considérons pas ce cas
dans notre étude et donc nous avons ng(z) > 1 pour tout x. Dans la réalité physique, on s’attend & ce
que ce nombre soit supérieur ou égal a deux puisque la fragmentation d’un individu en produit au moins
deux autres. Cependant, dans le formalisme mathématique, cette hypothese n’est pas nécessaire et 1’étude
générale de I’équation peut se faire sans.

Sous 'hypotheése de conservation de masse (2), le processus de fragmentation n’influe pas sur la masse
totale de la population. En effet, si Pon intégre formellement I’équation (1) contre : da sur R4, on trouve
grace a une intégration par partie et au théoreme de Fubini

o8]}

o0
— xu(t, ) dr =/ 7(z)u(t, z) dx. (4)
dt /o 0
Cette relation ne fait intervenir ni b ni 8 mais seulement le taux de croissance 7. La masse totale de la
population n’augmente donc que par le phénomene de croissance. En revanche la fragmentation augmente
le nombre d’individus, alors que le terme de transport le conserve. On obtient donc une équation sur le
quantité totale d’individu qui ne fait intervenir que les coefficients de fragmentation

A it 2) d = / (no() — 1)B(@)u(t, ) da. (5)
dt J, 0

Ceci met en évidence les actions distinctes de la croissance et de la fragmentation sur la population. On
peut méme dire que ces actions sont antagonistes puisque le transport “pousse” la distribution wu(¢, ) vers
les x grands, alors que la fragmentation la ramene vers zéro.

1.2 L’Entropie Relative Généralisée

Pour étudier le comportement en temps long des solutions de 1’équation de croissance-fragmentation
linéaire, il existe un principe d’entropie introduit par Michel, Mischler et Perthame [98, 99]. Plus précisé-
ment il s’agit d’entropie relative, qui s’exprime en fonction de deux solutions de la méme équation. Cette
quantité décroit au cours du temps tant que les deux solutions sont distinctes.



1. L’équation de transport-fragmentation linéaire 5

L’équation de transport-fragmentation ne satisfaisant pas de loi de conservation, on ne peut pas appli-
quer 'entropie relative classique. L’astuce consiste alors a introduire I’équation duale associée a I’'équa-
tion (1)

—elt) = 7o) eta) + a)o(ta) = [ bttt ) d ©

Si ¢ est une solution de 1’équation (6) et u une solution de I’équation (1), alors nous avons, sous réserve
d’intégrabilité,
o0

i ), o(t, x)u(t,z) de = 0.

Ainsi nous obtenons une quantité conservée au cours du temps, et un principe d’entropie associé appelé
Entropie Relative Généralisée (General Relative Entropy ou GRE en anglais).

Théoréeme 1 (Michel, Mischler et Perthame 2004). Si u(t,z) > 0 et v(t,z) > 0 sont des solution de
Uéquation (1), et p(t,x) = 0 est solution de I"équation adjointe (6), alors pour n’importe quelle fonction H
on a

d [~
dt J

u(t, x)
v(t, )

o(t, z)v(t, z) H ( ) dz = —Dpy

avec

Du= [ ) / " by a)elt. ot y) [H(jjg: ji) - H(“gzi

et si H est convexe alors Dy > 0.

Ce résultat signifie que toutes les solutions de 1’équation de croissance-fragmentation se “rapprochent”
dans le sens ou I'entropie relative décroit et que la dissipation d’entropie Dy est nulle pour deux solu-
tions identiques. Mais si le comportement asymptotique en temps long est bien le méme pour toutes les
solutions, alors quel est-il 7

1.3 Valeur propre principale et vecteurs propres associés

Pour tirer partie de ’Entropie Relative Généralisée, I'idée introduite par [100] est de chercher une solution
particuliere sous la forme U(z)e™ on U est une fonction positive. Cette idée est treés naturelle pour
I’équation considérée en raison de la compétition existant entre le transport et la fragmentation. La
fonction U(z) représente alors un état d’équilibre dans cette compétition, et la valeur A le parametre de
croissance malthusien de la population. En raison des relations (4) et (5) sur I’évolution de la masse totale
et de la quantité totale d’individus dans le population, si une telle solution existe alors nécessairement
A > 0 et donc la population croit exponentiellement vite.

At

Rechercher une solution particuliere sous la forme U(x)e®* revient & résoudre le probleme aux valeurs

propres suivant

L (r(@)U(x)) + (B() + AU(x) = / Db Uy, @30, .

Uz =0)=0, U)=0, [ Ux)dz=1.

Comme I"’Entropie Relative Généralisée requiert une solution a I’équation duale, nous résolvons en méme
temps le probleme aux valeur propre adjoint

(@) 3 (0(0)) + () + Nole) = [ bop)ot)ds, 220,

o) =20, [ (@)U (z)dw = 1.



6 Introduction générale

Nous supposons désormais, pour tous les résultats a venir, que le nombre moyen de fragments ng défini
par (3) est indépendant de x. Grace & des estimations a priori précises sur les fonctions propres U et ¢,
nous avons prouvé l'existence de solutions pour les probléemes (7) et (8) sous des conditions trés générales
reliant le transport a la fragmentation, et incluant les cas dégénérés ou 7 s’annule en zéro.

Théoréme 2 (Doumic et G.). Sous des hypothéses sur by, x) précisées au chapitre 1, si le transport
lemporte sur la fragmentation au voisinage de zéro

s e L'([0,¢]) pour un certain ¢ > 0 (9)
-
et si la fragmentation domine le transport en l’infini
zp(x)

s>+n 7(7)

= 400, (10)

alors il existe une unique solution (A,U,d) au probléme aux valeur propres (7)-(8) et nous avons
A >0,
Ya >0, Vpe[l,x], 97U € LP(R,), Va >0, 2%7U e WHY(RY),

dk > 0 s.t.

- 0 -
1+$k ELL(R-‘:-)a T%QﬁELl{;C(R-F)'

De plus, si (x) > 0 pour tout x > 0, alors il en est de méme pour les fonctions propres :
Ve >0, Ux)>0 et ¢(x)>0.

De tels éléments propres positifs sont couramment appelés éléments propres de Perron, en référence a la
théorie de Perron-Frobenius qui assure leur existence en dimension finie pour des matrices positives (voir
[110]). En dimension infinie, le théoréme de Krein-Rutman (voir [110]) permet d’obtenir le méme résultat
pour des opérateurs compacts et positifs dans des espaces réguliers (I'espace des fonctions continues par
exemple). Nous avons utilisé le théoréme de Krein-Rutman sur un probléme tronqué et régularisé qui
permet de 'appliquer. Ensuite, nous avons obtenu des estimations sur les moments des vecteurs propres
qui permettent d’obtenir de la compacité et de passer a la limite quand les parameétres de troncature
et de régularisation tendent vers zéro. La principale difficulté est d’obtenir des estimations empéchant
la concentration en une masse de Dirac en x = 0 quand 7(z = 0) = 0, et d’autres permettant d’éviter
la fuite en l'infini quand 7 n’est pas borné. Ceci est rendu possible en jouant sur la compétition entre
les termes de transport et de fragmentation, ce qui conduit aux deux hypotheses (9) et (10). Ces deux
hypotheses sont de natures différentes : I'une est une condition d’intégrabilité et 'autre une condition de
limite. Cependant, si ’on considere des coefficients en puissance de =z,

T(z) = 12" et B(x) = px7,
alors les hypotheses (9) et (10) sont toutes les deux équivalente a la condition
y+1—-v>0.
Cette condition apparait dans [95] ol I'existence de vecteurs propres est démontrée pour des coefficients

en puissance de z. Ainsi nous avons étendu ce résultat a des coefficients plus généraux.

1.4 Comportement en temps long

On peut maintenant donner un théoreme sur le comportement asymptotique en temps grand des solution
de I'équation de croissance-fragmentation sous les hypotheses d’existence d’éléments propres principaux.

Théoréme 3 (Michel, Mischler et Perthame 2005). Avec la notation p := fO% o(x)ug(x) dz, on a

Vp e [1, ), m Ju(t,)e ™ — pU||Lo@i-rg dz) = 0. (11)

t—0
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La preuve de ce résultat [99] repose sur 'utilisation de I’Entropie Relative Généralisée avec la fonction
convexe H(x) = |1 — z|P et les solutions particulieres pU (z)e™t et ¢p(z)e ™ .

Un taux de convergence exponentiel dans (11) a été prouvé dans certains cas particuliers, et tout
d’abord pour p = 1 avec des coefficients 7 et § constants. Dans ce cas, le vecteur propre ¢ est constant
égal & 1 et la norme LP(U'P¢dx) n’est rien d’autre que la norme L' sans poids. On trouve un premier
résultat dans [111] pour I'équation de division cellulaire symétrique, c’est-a-dire pour b(y, z) = 286,_s.
Celui-ci a ensuite été étendu dans [79] & des coefficients de fragmentation b plus généraux satisfaisant
I’hypothese

a xr
_ > 0.

2 /0 b(y,z)dz =0 (12)

Cette hypothese signifie que le nombre d’individus de taille inférieure a x produits par la fragmentation
d’un individu de taille y diminue quand y croit. Dans ce cas, pour un nombre moyen de fragment ng > 1
(nous rappelons que maintenant ng est constant), nous avons le résultat suivant.

Vo > 0,

Théoréme 4 (Laurengot et Perthame 2009). Pour des coefficients 8 et T constants et sous l’hypo-
thése (12), il existe une semi-norme || - || telle que

o0
V=0, / lu(t, 2)e M — pU(z)| da < |[uglle” 7071,
0

La preuve de ce résultat repose sur I'étude de la fonction M (x) := foz (u(t, 2)e M —pU(2)) dz, et celle-ci
apparait dans la définition de la semi-norme.

Plus récemment dans [15], lexistence d’un trou spectral pour 1’équation de croissance-fragmentation
dans l'espace L2(U~ ¢ dx) (correspondant & p = 2 dans le Théoréme 3) a été démontrée pour des coeffi-
cients en puissance de x :

Blx) =pxY, ve(0,2] et T7(z) =7 ou B(x) =pz7, ve (0,1) et 7(x) = T . (13)

Ce résultat leur permet ensuite de démontrer la convergence exponentielle dans des espaces plus grands.
La méthode employée pour démontrer I'existence d’un trou spectral utilise 'Entropie Relative Géné-

ralisée. Si I'on note Hy I’entropie associée & H(x) = |1 — z|? et aux solutions particulieres pU (z)e’t et
d(x)e™™, et Dy la dissipation d’entropie, alors le résultat du Théoreme 1 s’écrit

d

—Hy =—Dy <0.

pTRcE: 2
La méthode consiste ensuite a prouver, pour un certain a > 0, I'inégalité de Poincaré

Hy< 2D (14)
2 X 2 2-

Une telle inégalité est fausse dans le cas de la division en deux cellules égales par exemple et nécessite
donc des hypotheses sur le noyau de fragmentation. Si ’on suppose que b satisfait la condition

Ib=>0>0, Vo>y>D0, b@sb(x,y)sgﬁ, (15)
x x

alors I'inégalité de Poincaré (14) est valide et nous avons le résultat suivant.

Théoréeme 5 (Cacéres, Canizo et Mischler 2010). Sous les hypothéses (13) et (15), il existe ¥ = 3 tel
que, pour tout a € (0,a) et pour tout r = 7, il existe Cq, > 0 tel que

Vi=0, lu(t, Ye ™™ — pU|| L2((or o)) do) < Cayre” w0 — pU| L2 ((@r +6(2)) da)-

Le résultat de ce théoreme nous sera utile dans le chapitre 4 pour obtenir des résultats sur le compor-
tement en temps long d’équations de transport-fragmentation non linéaires.
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2 Modeles de polymérisation non linéaires

L’équation de croissance-fragmentation linéaire est le modele continu de polymérisation le plus simple
que ’on puisse espérer, bien souvent trop pour modéliser des phénomenes physiques ou biologiques. Nous
présentons dans ce paragraphe des modeles non linéaires en justifiant leur pertinence pour modéliser des
situations concretes. Pour étudier ces modeles, les résultats sur ’équation linéaire sont cependant fort
utiles comme nous allons le voir.

2.1 Etats d’équilibre pour le systéeme prion

Le modele. Dans une cellule, la quantité de PrPc pouvant étre convertie par la PrPres n’est pas illimitée
et 'on ne s’attend donc pas a avoir une croissance exponentielle de la population de polymeres. Le modele
linéaire de croissance-fragmentation ne tient pas compte de cette limitation des ressources et des modeles
non linéaires doivent donc étre envisagés. C’est le cas du modele discret de Masel [92] qui contient une
équation régissant I’évolution de la quantité V(¢) de PrPc. Dans ce modele, la taille des polymeres est
une valeur discreéte ¢ € N* correspondant a un agrégat de 7 protéines élémentaires. Comme suggéré par le
modele de polymérisation nucléée, il existe une taille critique i¢ en dessous de laquelle les polymeres sont
supposés étre instables et se décomposent instantanément en monomeres. Pour i > ip, I’évolution de la
quantité u;(t) d’aggrégats de PrPres de taille 4 est décrite par une équation différentielle ordinaire. On
obtient ainsi un systeme composé d’une infinité d’équations différentielles ordinaires couplées

%V(t) = A=O0V() —TV(t) )] wilt) +28 2 Dy (),
) i>io i=1 j>i (16)
Eui(t) = —pu(t) — fiu; — 7V (t) (u;(t) —ui—1(t)) + 28 Z uj(t) , pouri=igp .

j>1

Les coeflicients A et § représentent respectivement les taux de production et de dégradation de la protéine
PrPc par la cellule. Le terme p représente la dégradation des polymeres de PrPres par la cellule. Les autres
coefficients 7 et [ ont la méme signification que pour ’équation de croissance-fragmentation linéaire. Les
polymeres agregent les monomeres avec un taux 7 qui ne dépend pas de leur taille, et chaque polymere de
taille ¢ peut se fragmenter avec un taux (. Les fragments formés ont une probabilité uniforme % d’étre
de taille j € [1,7 — 1]. Puisque la quantité de monomeres n’est pas constante au cours du temps, le terme
de croissance dépend de V(). Cette dépendance est quadratique, suivant ainsi la loi d’action de masse
courante en physique des particules. Cela signifie que la probabilité de rencontre entre un polymere de
taille ¢ et un monomere est proportionnelle & V (t)u;(t).

L’analyse est plus aisée dans le cadre d’une distribution continue des tailles de polymeres car les outils
analytiques permettent de trouver des formulations plus simples. Dans ce sens, Greer et al. [63] ont
introduit une version continue de (16) ou ils utilisent la variable x € (0, +00) pour caractériser la taille
des agrégats au lieu de i € N*. Cette procédure a été justifiée mathématiquement dans [38] en incluant
la possibilité que les coefficients de polymérisation, de fragmentation et de dégradation dépendent de la
taille des agrégats, et sous 'hypothese que la taille moyenne des polymeres est tres grande devant la taille
des monomeres. Le fait de considérer des coefficients dépendants de la taille est tres pertinent dans la
modélisation de la prolifération des prions comme cela a été justifié dans [20, 19]. Finalement on obtient
le systeme couplé

%V(t) =A-V(t) (5 + /O‘V T(x)u(z,t) dz) ,
Sulant) = VO L (r@u(e) = () + Bauten) +2 [ st udy, 7
u(0,t) = 0.

La taille critique a ici disparu car elle est supposée étre de l'ordre de quelques monomeres, et donc
négligeable devant la taille moyenne des polymeres. Le systeme obtenu est composé de I’équation de
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croissance-fragmentation linéaire couplée avec une EDO. Le terme x(x,y) représente la probabilité d’ob-
tenir un polymere de taille z a partir de la fragmentation d’un polymere de taille y > x. On fait alors les
hypotheses

/ Ky, z)dy =1 (1(+,z) est un noyau de probabilité)
0

xr
/ yr(y, ) dy = g, (conservation de masse).
0

Avec les notation du paragraphe 1, cela correspond & un coefficient de fragmentation b(y, z) = 28(y)x(x, y)
et & un nombre moyen de fragments ng = 2. L’existence de solutions pour I’équation (17) a été démontrée
dans [125, 131, 80] lorsque la taille critique est conservée, comme c’est la cas dans le modele de Greer
et al.. De plus dans ce modele les coefficients de polymérisation, de fragmentation et de dégradation des
polymeres sont ceux correspondant au modele de Masel, c’est-a-dire 7(z) = 7, 8(x) = Bz, k(z,y) =
1 -

v lo<asy et pu(z) = p.

Les états d’équilibre. A cause du couplage avec I’équation sur V et des termes de dégradation § et
i (supposé maintenant indépendant de ), les solutions de (17) sont bornées. En effet, en intégrant
I’équation de croissance-fragmentation contre x dr puis en sommant avec ’'EDO, on obtient 1’équation
sur la masse totale de protéine

% (V(t) + /07, u(t, z) d:c) — A=V (t) - M/OI u(t, z) d.

On cherche alors les états d’équilibre du systéme (17). Tout d’abord il y a I’état d’équilibre correspondant
a un individu non infecté, c’est-a-dire sans agrégats de PrPres. Cet état sain s’écrit

Recherchons maintenant les éventuels états d’équilibre malade, c’est-a-dire associés a une distribution
de polymeres positive. Pour ce faire, nous utilisons les fonctions propres de l'opérateur de transport-
fragmentation. En effet, un état d’équilibre (V.,,u) satisfait les relations

0

0=v, >
“ o

(T(2)uxp (2)) = (1 + B(2))us (z) + 2 /I By)r(x, y)us (y) dy (18)

et

0=A—V, (5 + /0 T (@) dx.) . (19)

L’équation (18) signifie que u-, est un vecteur propre de 1’équation de transport-fragmentation avec des
parametres de transport V., et de mort u, associé a la valeur propre nulle. Nous noterons maintenant
U(V;z) et A(V, u) les éléments propres principaux associés aux parametres Vet . Ces éléments existent
sous les mémes hypotheses que celles du Théoreme 2, et la fonction propre U ne dépend pas de pu.
Puisque u., est positif et que U(V..;x) est le seul vecteur propre positif, on conclut que nécessairement
Uy = 00U (V) avee oo, > 0. La constante o, représente la quantité total de polymeres a 1’équilibre et
est déterminée par I’équation (19)

- N
Ve f(;/“ (U (Vs ) da

On

Cette quantité ne peut étre positive que si V,, < % = V. A noter que la valeur V., ne dépend que des

caractéristiques du processus de polymérisation-fragmentation (coefficient de I’équation de croissance-
fragmentation) alors que V ne dépend que des caractéristiques de la cellule (production et dégradation
de PrPc). Finalement, on obtient ainsi un unique état d’équilibre pour chaque valeur V., < V telle que
AV, 1) = 0. Ceci nous amene a étudier la dépendance de la premiere valeur propre de 1'équation de
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croissance-fragmentation par rapport au parametre de transport V. La dépendance de A par rapport a p
est tres simple : nous avons A(V, 1) = A(V,0) — u. Nous allons donc analyser la fonction A(V') := A(V,0).

Commengons tout d’abord par regarder le cas 7(x) = T72¥ et §(x) = B27. Comme nous ’avons vu plus
haut, pour de tels coefficients 'existence d’éléments propres est assurée sous la condition v+ 1 — v > 0.

Définissons alors le parametre positif k := —2— et supposons en outre que le noyau de fragmentation
y+1—v
K est auto-similaire k(z,y) = i Ko (%) Alors nous pouvons calculer explicitement la dépendance de A en

fonction de V' (voir le chapitre 2) et nous obtenons
A(V) = A(1)VR,

La fonction V' +— A(V) est une fonction puissance, donc il existe une et une seule valeur V., telle que
AV, 1) = 0. Cette valeur a pour expression V., = (ﬁ)_kv et elle correspond a un état d’équilibre

malade des qu’elle est inférieure a V.

Pour des coefficients quelconques, on ne peut pas en général obtenir d’expression explicite de la dé-
pendance par rapport au terme de polymérisation. Cependant nous avons prouvé un résultat sur le
comportement asymptotique de A quand V tend vers zéro ou l'infini, dans le cas ou 3 et 7 sont équiva-
lents & des puissance de x en zéro et I'infini et ou (-, ) est “asymptotiquement” auto-similaire quand x
tend vers zéro et l'infini,

Théoréme 6 (Calvez, Doumic et G.). Pour L =0 ou L = +00, on a

g AV) = Jimg ().

Une conséquence immédiate de ce théoréeme est qu’il peut exister plusieurs états malade pour le systeme
prion. Supposons que la limite de S(x) soit nulle en zéro et l'infini, alors la limite de A(V') est elle aussi
nulle quand V' tend vers zéro et U'infini. Or on sait que A(V) > 0 pour V' > 0. Donc A(V) ne peut pas
étre monotone et, pour u suffisamment petit, il existe au moins deux racines & A(V, u) = A(V) —p = 0.
Comme nous 'avons déja remarqué, ces deux racines V; et V5 ne dépendent pas de A ni de §. Ainsi pour

V= % suffisamment grand, V; et V5 correspondent & deux états d’équilibre malade pour (17).

Stabilité des états d’équilibre. La stabilité de I’état d’équilibre sain (V,0) a été analysée sous des
hypotheses relativement générales dans [20, 19]. Celle-ci dépend du signe de la valeur propre A évaluée
en V.

Théoréme 7 (Calvez et al. 2009, [20, 19]). Si AV, p) <0, alors Iétat d’équilibre (V,0) est localement
non-linéairement stable. Si A(V,u) > 0, alors les solutions restent éloignées de (V,0).

Sous des hypothéses plus restrictives, on trouve dans [20, 19] et dans [125, 131] des résultats de stabilité
globale de ’état sain pour V suffisamment petit.

En revanche, pour la stabilité des états d’équilibre malade, nous ne disposons que d’un résultat pour
le modele de Greer et al. correspondant & 7(x) = 7, f(z) = fz et k(x,y) = i Dans ce cas il existe une

unique racine & A(V, p) = 0 et celle-ci s’écrit V,, = g—i De plus I’équation (17) peut étre réduite & un

systéme couplé de trois EDO. La stabilité des états d’équilibre est analysée dans [43, 117] & partir de ce
systeme réduit, et le comportement en temps long des solutions est entierement déterminé.

Théoréme 8 (Engler, Priiss, Pujo-Menjouet, Webb et Zacher 2006). Si V < V., alors il n’existe pas
d’état d’équilibre malade et ’état d’équilibre sain est globalement asymptotiquement stable. Si V. > V.,
alors il existe un unique état d’équilibre malade et celui-ci est globalement asymptotiquement stable si

u0$é0

Dans le cas général, la question de la stabilité des états d’équilibre malade est difficile, méme pour le
linéarisé (car celui-ci n’est plus positif).
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2.2 Comportement en temps long pour des modeles non linéraires

Nous présentons ici des modeles de croissance-fragmentation non linéaires pour lesquels nous pouvons
donner des résultats sur le comportement en temps long des solutions. Dans ces modeles, le terme de
transport dépend de l'intégrale de la solution avec un poids. Cette dépendance reflete I'influence de la
population totale sur la croissance de chaque individu. Pour tous les résultats, le terme de croissance 7(x)
est linéaire, celui de mort p est constant, le taux de fragmentation 5 est une puissance v de = et b est
Blz) Ko (%) On notera F, I'opérateur de fragmentation associé a ces coefficients

autosimilaire b(x,y) = no=—~

Betb .
Fru)tea)i=no [ 5 o (S )uttn) dy = Bt ).

Nous considérons tout d’abord, pour une donnée initiale ug(z) > 0, ’équation d’évolution

%u(t,z) =—f (/ 2Pu(t, x) dz) %(z u(t,z)) — pult,z) + Fyu(t, o) (20)

ou f : Ry — R, est une fonction de classe C! et p un parametre positif. Les états d’équilibres non
triviaux sont donnés par les points d’intersection de la fonction f avec la constante . Supposons que le
nombre de ces points d’intersection est fini, que limsup;_, ., f(I) < u et que 7 € (0,2]. Alors nous avons
les résultats suivant sur le comportement en temps long des solutions de (20).

Théoreme 9 (G.). Toute solution de I’équation (20) converge vers un état d’équilibre. L’état d’équilibre
trivial est localement exponentiellement stable si f(0) < p et p = 1, et instable si f(0) > p. Tout
état d’équilibre positif non trivial u., est localement asymptotiquement stable si f’ (f xPu, (x) d:c) < 0,
localement exponentiellement stable si de plus ko = 1, et instable si f’ (f 2P (x) d:c) > 0.

Corollaire 10. S’il existe un unique état d’équilibre non trivial u., et que f’(f xPuq () dz) < 0, alors
celui-ci est globalement asymptotiquement stable pour des données initiales ug % 0.

Le comportement en temps long des solutions de 1’équation (20) est ainsi complétement déterminé et
on a toujours convergence vers un état d’équilibre. Considérons maintenant le cas ou le terme de mort
dépend lui aussi de la population totale

%u(t,x) =—f (/ xPu(t, ) dx) a—ax(ac u(t,z)) — g (/ xu(t, x) dx) u(t, ) + Fyul(t, ). (21)

La fonction g représente I'influence de la population totale sur la survie de chaque individu. Pour ce modele
contenant plus de non-linéarités que le précédent, a-t-on toujours convergence vers un état d’équilibre ?
La réponse négative est donnée par le théoreme qui suit.

Théoréme 11 (G.). Il existe des fonctions f et g et des paramétres p et q pour lesquels l'équation (21)
admet des solutions périodiques en temps. De plus il existe un ensemble ouvert de conditions initiales ug
pour lesquelles il y a convergence en temps long vers une de ces solutions périodiques.

Tous les résultats présentés sur le comportement en temps long des solutions des équations (20) et (21)
ont lieu dans le cone des fonctions positives de L?((x + 2") dz) avec r suffisamment grand. Les preuves
sont données dans le chapitre 4.

On peut aussi considérer dans le systeme prion que la vitesse de polymérisation des protéines dépend
de la quantité totale de polymeres dans la cellule

Vi) = A-ovi VDS (/ m) /OZ vult,) de,

%u(t,z) = =V{t)f (/:cpu> %(zu(t,z)) —pu(t,x) + Fyu(t, z).
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Ce modele a été introduit par [64] dans le cas du modele de Greer et al. avec p = 1 et f(I) = lel

avec w > 0. Ils montrent alors que le comportement asymptotique des solutions est de méme nature que
dans le théoreme 8, a savoir qu’il y a convergence vers 1’état d’équilibre sain ou malade selon que 1’état
déquilibre malade existe ou non. Ici nous considérons des fonctions f plus générales et montrons que ’on
peut alors avoir existence de solution périodiques.

Théoréme 12 (G.). Il existe des fonctions f et des paramétres A, 9, p,~y et p pour lesquels l'équation (22)
admet des solutions périodiques.

Ce résultat est démontré en considérant p comme un parametre de bifurcation et en prouvant qu’une
bifurcation de Hopf apparait quand p croit.

2.3 Un modeéle avec coalescence

Jusqu’ici nous n’avons pas considéré la possibilté d’agrégation de deux polymeres entre eux, ni de dépo-
lymérisation des polymeres. La coalescence de deux agrégats conduit a I'introduction d’un terme quadra-
tique avec des interactions non-locales qui sont extrémement délicates a analyser. La dépolymérisation
correspond au détachement d’'un monomere et fait apparaitre un terme négatif dans le transport. Nous
présentons ici un modele qui tient compte de ces deux processus dans un cadre in vitro, sans production
ni dégradation de protéine

%V(t) = —/OIT(V(t),x)u(t,x) dx,
(23)
%u(t, x) = _ﬁ_ax (T(V(t),x)u(t, z)) + Q(u)(t, x).

Dans ce modele, les monomeres s’agrégent aux polymeéres avec un taux 7o,(x) = 0 et se détachent avec
un taux Tog(x) = 0, ce qui conduit & un terme de transport

T(V(t),x) =V (t)Ton () — Tor(z).

L’évolution de la quantité de monomeres V() est uniquement due a ce phénomene de polymérisation-
dépolymérisation. L'opérateur Q = Q. — Qy représente la coagulation (Q.) et fragmentation (Qf) des
polymeres, avec les expressions

1

Qulu)e) = 5 [ belynz =) uute — )y~ ute) [ belev) ) dy

et

Auu)(a) = 50(e) [ b=y~ [ et + )

La coalescence de deux polymeres de tailles respectives x et y se produit avec le taux symétrique et positif
be(z,y) = be(y,x) = 0, et un polymere de taille z + y se fragmente en un polymere de taille z et un de
taille y avec le taux be(x,y) = be(y, z) = 0.

Puisqu’il n’y a ni production ni dégradation de protéines, il y a conservation de la masse totale au

cours du temps
d *“
— (V(t) +/ xu(t, ) d:c) =0.

Nous proposons dans le chapitre 6 un schéma d’ordre élevé pour la résolution numérique de ’équation (23)
qui préserve cette loi de conservation au niveau discret. Du point de vue des applications, cette propriété
est essentielle si 'on veut obtenir des résultats numériques pertinents. Les méthodes de discrétisation
classiques pour les équations de transport conservent la masse. L’idée est alors d’écrire 'opérateur O,
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qui préserve la masse des polymeres, sous une forme conservative afin de pouvoir utiliser un schéma de
transport. Suivant 'idée de [52], on écrit

:ch(u)(w)=—aCaEC“)(:c) et 2Q(u)(z) = —

OF (u)
ox

(),

ou l'opérateur C est défini par
x o0
Cw@ = [ [ ybluwule) dsdy
0 T—y

et 'opérateur F par
x o8}
Fu)(z) := / / ybe(y, 2)u(y + 2) dzdy.
0 r—y
Finalement on obtient une équation sur ’évolution de la distribution en taille des polymeres qui s’écrit

0

+ P (T(V(t), x) zu(t,z) + C(u)(t, z) + f(u)(t,x)) = T(V(t),z) ult, ).

r—u(t,z
ot (¢, 2)
On peut alors utiliser un schéma de transport conservatif pour résoudre cette équation. Nous avons choisi
le schéma WENO d’ordre 5 pour ses propriétés anti-dissipatives.

3 Un probleme de contrdle optimal

3.1 Modélisation de la PMCA

La PMCA (Protein Misfolded Cyclic Amplification) est un protocole d’amplification qui permet d’accélé-
rer la conversion de la protéine PrPc en PrPres in vitro. La technique consiste a soumettre un échantillon
contenant une faible quantité de PrPres a une alternance de phases d’incubation et de sonication. Les
phases d’incubation ont pour but de favoriser la polymérisation des agrégats. Pour cela ’échantillon est
laissé au repos en présence d’une grande quantité de PrPc. A I'inverse, les phases de sonication ont pour
objectif d’augmenter fortement la fragmentation des polymeres. L’échantillon est alors placé dans un
sonicateur qui brise violemment les agrégats a l'aide d’ultrasons. Ce principe cyclique d’amplification
est schématisé dans la Figure 1. L’efficacité du protocole dépend en partie de la durée des différentes
phases, qui est laissée a la discrétion de 'expérimentateur. La modélisation mathématique et les outils
d’optimisation peuvent permettre d’améliorer I'efficacité de la PMCA en fournissant aux biologistes des
renseignements sur la durée optimale de chaque phase.

Pour modéliser le protocole de la PMCA, nous faisons un certain nombre d’hypotheses. Tout d’abord,
puisque I’échantillon est saturé en PrPc, la variation de la quantité de monomeres au cours de 1’expérience
est faible devant sa valeur initiale. On néglige ici cette variation, ce qui revient a supposer que la quantité
de monomeres reste constante. Ensuite on fait I’hypothese simplificatrice que la sonication n’influence pas
la dépendance en taille des coefficients de croissance et de fragmentation des polymeres, mais uniquement
leur “intensité”. Ceci nous amene au modele suivant, basé sur I’'équation de transport-fragmentation
linéaire,

Sult.2) = —r{a(0) £ (r(@)ultse) — a3(ult, o) +20(0) [ Bzt ) dy, (20

ol «a(t) est un terme de controle qui représente “I'intensité” de la sonication. La fonction r(«) est une
fonction décroissante, rendant ainsi compte du fait que la polymérisation est moins importante pendant
les phases de sonication.



14 Introduction générale
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FI1GURE 1 — Principe de la PMCA. Les polymeres de PrPres sont représentés par les fibrilles rouges et les
monomeres par les billes vertes.

Parallelement nous considérons un modele discret de dimension fini inspiré du modele de Masel et al.
dans lequel la taille i € N des polymeres correspond a un agrégat composé de ¢ monomeres

D osit) = —r(a(®) (r(®) — 71 (1)) — aOBanlt) +20() Y] Bmogus(t),  1<i<n (25)

dt J=i+1

La taille maximale n des polymeres est choisie suffisamment grande pour qu’aucun polymere de taille
supérieure a n n’apparaisse au cours de l'expérience. Ce modele peut s’écrire sous la forme matricielle

U(t) = M(a(t))U(t)
ot U(t) = *(u;(t))1<i<n est un vecteur de taille n, U est la dérivée temporelle de U, et M () = r(a)G+aF
avec GG la matrice de croissance

-7
T1 -T2

Tn —2 —Tn —1
Tn —1 0

et I’ la matrice de fragmentation

8 (2Ri50))i<

_ﬂn

Les outils matriciels permettent une étude plus approfondie des questions d’optimisation comme nous
allons le voir dans le paragraphe 3.3.

Dans le cadre des modélisations (24) et (25), le protocole de PMCA décrit plus haut correspond & un
controle a(t) en créneaux

' los bh e .
alt) = { Qmin pendant les phases d’incubation avee 0 < G < Q. (26)

Qmaz  pendant les phases de sonication
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La valeur a4, représente la puissance maximale du sonicateur, et a,,;, 1’absence de sonication.

Nous pouvons maintenant formaliser le probleme d’optimisation de la PMCA. Pour une classe de
fonctions € et une durée d’expérience T" données, on définit ’ensemble des contrdles admissibles

A= {a:[0,T] > [@min, @maz] | @ € C}.

On définit ensuite pour une donnée initiale u(0,x) = up(z) ou U(0) = Uy le coiit que I'on veut maximiser
o8] n
cla] := g[u(T, )] := / xu(T,z)dz ou cla]:=g(U(T)):= Z iu; (T)
0 i—1

ou u(T,-) est la solution de (24) & l'instant T pour la donnée initiale ug et le contrdle a, et U(T') est
la solution de (25) & l'instant 7' pour la donnée initiale Uy et le contrdle a.. Ce colit représente la masse
totale de PrPres a la fin de I'expérience, que I'on cherche a maximiser car la présence de PrPres ne peut
étre détectée expérimentalement (par Western Blot, voir [83] pour plus de détails) que si sa masse est
supérieure & un certain seuil. Le probléeme d’optimisation de la PMCA s’exprime alors ainsi :

trouver un contréle o* qui maximise le colit ¢ dans ensemble A. (27)

L’optimisation du protocole consistant a alterner des phases d’incubation et de sonication correspond au
probléme (27) avec pour classe € ensemble des fonctions périodiques en créneaux de la forme (26). Dans
notre étude, nous considérons tout d’abord la classe des fonctions constantes, puis celle des fonctions
périodiques. Les résultats obtenus fournissent des renseignements sur le probleme de controle optimal
général correspondant a la classe € des fonctions mesurables. Ce point est discuté dans le chapitre 5, en
s’appuyant sur des simulations numériques.

3.2 Optimisation de la premiéere valeur propre

Nous commencons par regarder le cas d’un controle « constant au cours du temps et d’une durée d’ex-
périence tres grande, ce que 'on formalisera mathématiquement en prenant 7' = +4o00. Dans ce cadre
Pensemble A des controles admissibles est en bijection avec Uintervalle [@min, Qmaz], €t le cotit final c[a]
& maximiser est remplacé par la valeur propre principale A(«) de 'opérateur de croissance-fragmentation.
En effet, les résultats d’Entropie Relative Généralisée assurent que cette valeur propre correspond au taux
de croissance asymptotique des solutions, indépendamment de la donnée initiale.

La fonction o — A(a) est de classe C' (voir [96]), elle est donc bornée sur lintervalle compact
[Qmin, Qmaz] et atteint son maximum. Comme la fragmentation augmente le nombre de polymeres qui
peuvent chacun convertir les monomeres, on pourrait s’attendre a ce que le maximum de A soit atteint
en (ynq, (au moins dans le cas ou la sonication n’influence pas la polymérisation). Cependant nous avons
montré que, pour le modele discret comme pour le modele continu, il existe des situations ou le maximum
est atteint en un point o* € (@min, ¥maz)-

Nous présentons ici des résultats dans le cas ou il n’y a pas d’influence de la sonication sur le transport,
c’est-a-dire pour une fonction r constante. Pour des résultats dans le cas r non constant, on renvoie au
chapitre 5.

Théoreéme 13 (Calvez, Doumic et G.). Pour le modéle continu (24), nous avons pour L = 0 ou L = 400

lim A(a) = lim @
a—L $—>% x

Puisque A(a) > 0 pour tout o > 0, une conséquence de ce théoréme est que si 7(x) est négligeable
devant z en zéro et en I'infini, alors la fonction A admet un maximum global atteint en un point a* > 0.
Ensuite, en multipliant S(z) par une constante positive appropriée, on peut avoir o® € (Qmin, Mmaz)-
Finalement, pour aunin et e, fixés, il existe des coefficients 7 et S pour lesquels la valeur propre
principale A est maximale en un point intérieur de U'intervalle [min, Qmaz]-
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Ce résultat signifie que fragmenter au maximum les polymeres n’est pas nécessairement la meilleure
stratégie pour optimiser la conversion de monomeres. Une forte fragmentation forme beaucoup de petits
agrégats de PrPres qui peuvent transconformer la PrPc. Cependant, si ces petits polymeres n’ont qu’une
faible capacité de conversion, alors cela peut nuire a la croiss(ar)lce de la population. Pour avoir une idée plus

T\

claire de la stratégie optimale, nous regardons la quantité —— qui représente la capacité de conversion des

polymeres ramenée a leur taille. Pour optimiser A(«), il faut former le plus possible d’agrégats avec une
taille z pour laquelle efficacité % est grande. En effet, si 'on note U(«; x) le vecteur propre principal

associé a la valeur propre A(a), on a l'indentité

Ala) /()Ix?/l(a;x) dzx = /()I—$U(a;x)dx.

Si la fragmentation « est trop forte, alors U (a; x) se concentre en z = 0 et, si @ est faible en zéro, alors

la croissance A(a) lest aussi. Dans ces conditions, il y a un équilibre a trouver entre polymérisation et
fragmentation, et cet équilibre est donné par a*.

Nous donnons maintenant un résultat similaire dans le cas du modele discret. La principale différence
avec le modele continu est que, comme 7 > 0, la valeur propre principale ne tend pas vers zéro en I'infini.

Théoreéme 14 (Calvez et G.). Pour le modéle discret (25), nous avons

Ala) —> 0

a—0

et, si l'on note p le plus grand indice tel que T; = 1171 pour tout i < p, alors

Ti

P
Aa) =71+ (Tps1 — (p+ 1)) H B a P+ a_om(afp).
1=1
Ainsi, si 7,41 > (p+ 1)71, alors il existe un maximum global pour A(«) et, comme pour le cas continu,
ce maximum peut se trouver a l'intérieur de [min, Qmaz] pour des 3; bien choisis.

3.3 Controle périodique : Perron vs. Floquet

On se place ici dans les cas ou la valeur propre de Perron A(a) atteint son maximum en un point
a* € (Qmin, @maz ). On se demande alors si 'on peut obtenir une meilleure croissance en considérant une
classe plus large de controles. Pour ce faire, on considere la classe des controles périodiques et on restreint
notre étude au modele discret (25). Pour un contréle «(t) périodique, la théorie de Floquet permet de
définir pour la matrice périodique M («(t)) une valeur propre principale Ap[a] associée & un vecteur
propre positif et périodique Up[c](t) (voir [110]).

Nous avons prouvé que, pour une fonction r décroissante et convexe par exemple, il existe des controles
périodiques meilleurs que le controle constant a*. Ce résultat tend a soutenir la recherche d’un protocole
de PMCA optimal sous la forme d’alternance de périodes d’incubation et de sonication.

Théoreme 15 (Calvez et G.). Si la matrice M (a*) est diagonalisable et que

TII(CY*)

r(a*) — a*r'(a*)

>0, (28)

alors il existe des controles périodiques a(t) tels que Ap[a] > A(a*).

La preuve de ce théoreme consiste a calculer la dérivée seconde directionnelle de la valeur propre de
Floquet au point o* en se plagant dans la base de vecteurs propres de M (a*). On montre alors que,
sous la condition (28), cette dérivée seconde est positive pour des controles périodiques de fréquence
suffisamment élevée.
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4 Directions de recherches futures

Trou spectral et entropie non linéaire. Il s’agit dans un premier temps d’étendre les résultats de
convergence exponentielle donnés dans le paragraphe 1.4 a des coefficients plus généraux et éventuellement
dégénérés en zéro. La preuve du théoreme 5 nécessite des estimations a priori précises sur les vecteurs
propres U et ¢ pour pouvoir obtenir une inégalité de Poincaré. Les bornes obtenues dans le chapitre 1
sont un bon point de départ, mais elles doivent étre raffinées et complétées par des bornes inférieures.

Ensuite les techniques d’entropie doivent encore étre développées pour pouvoir étre appliquées a des
modeles non linéaires comme ceux présentés au paragraphe 2. On aimerait ainsi pouvoir obtenir des résul-
tats sur la stabilité des états d’équilibre malade du systeéme prion, généraliser les résultats de convergence
du paragraphe 2.2 a des coefficients plus généraux, et étudier le comportement en temps long de modeles
avec coagulation. Certains résultats d’entropie non linéaire existent pour 1’équation de renouvellement
[97], mais le caractére non local plus marqué de Popérateur de fragmentation les rend pour linstant
inutilisables dans le cadre de la croissance-fragmentation.

Le cas trés dégénéré. Le probleme est de savoir ce qui se passe lorsque les conditions d’existences de
vecteurs propres du théoreme 2 ne sont pas satisfaites. Cette question apparait par exemple dans le cas
d’une population de cellules infectées par des parasites et qui se divisent par mitose [7, 8]. Dans ce cas le
coefficient de transport 7(z) est supposé étre lindaire pour rendre compte de la prolifération exponentielle
des parasites, et le terme de fragmentation 8(x) constant. Ces coefficients correspondent au cas limite ot
v+ 1—v = 0 dans la classe des coefficients en puissance de x, et I’existence de vecteurs propres principaux
n’est alors plus assurée. On se demande si dans ce cas il y a formation d’une masse de Dirac en zéro, ce
qui correspondrait a une partie de la population de cellules qui ne serait plus infectée. On consideére pour
cela la population renormalisée

u(t, x)

Wl z) = I, ult,y) dy

qui satisfait ’équation
o0
ou(t, x) + 70, (:c&(t,ac)) +2Bu(t,z) = 25/ k(z, y)u(t,y) dy.

Si I'on suppose que le noyau de fragmentation est de la forme x(z,y) = %FLQ (5), alors le moment d’ordre
« de la solution satisfait I’équation

0 1 o 1
ld In (/ xu(t, x) dm) =7+ 26/0 G ko(z)dz — 7t 6/0 In(z) ko (2)dz.

adt 0 e

Donc si 7 + Bfol In(z) ko(2)dz < 0, les moments d’ordre o de la solution tendent vers zéro pour «
suffisamment petit. Or comme le moment d’ordre 1 est constant par définition de 4, cela signifie qu’il y
a concentration d’une partie de la population en = 0. On aimerait pouvoir étendre ce résultat a des
coefficients plus généraux et obtenir des conditions précises qui assurent la formation d’une masse de
Dirac en zéro.

Introduction d’une variable d’espace. Pour parvenir & une modélisation plus proche de la réalité
biologique, une suite naturelle des travaux présentés est d’introduire une variable d’espace. Pour donner
un modele trés général, on peut considérer I’équation de transport-coagulation-fragmentation (23) et
ajouter de la diffusion en espace, avec un terme de diffusion dépendant a la fois de la taille et de ’espace

d

— /OI T(V(t,y),z)u(t,z,y) dz — div, (di(y) V4V (L, y)),

%u(t,x,y) = _ﬁ_ax (T(V(t,y), z)u(t,:c,y)) + Q(u)(t, z,y) — divy (dg(z, y)Vyu(t,:c,y)).
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De I’étude de problémes semblables [47, 62, 74], nous savons que U'introduction de la variable d’espace
y change completement la structure de I’équation. Les bornes uniformes et I’analyse asymptotique rec-
quierent des méthodes différentes qui doivent encore étre développées pour ce modele. On aimerait pouvoir
montrer pour ce type d’équations des instabilités de Turing conduisant a la formation de motifs.

De telles questions apparaissent dans le cadre du vieillissement cellulaire observé récemment chez E.
Coli [85]. Ce vieillissement semble étre 1ié & des agrégations de protéines comme pour les maladies & prions,
et ces agrégats se concentrent aux extrémités des cellules. La modélisation par agrégation-diffusion est
toute indiquée pour simuler et étudier ces phénomenes. En outre, les cellules se divisent par mitose et
les agrégats sont alors répartis dans les cellules filles [126, 132], ce qui conduit & des problématiques
semblables a celles des cellules infectées par des parasites. Ce sujet d’étude sur le vieillissement d’E. Coli
sera I'objet de mon post-doctorat I'année prochaine dans I’équipe INRIA BEAGLE a Lyon.

Perron vs. Floquet dans le cas continu. Dans le probléme d’optimisation de la PMCA, on aimerait
obtenir des comparaisons entre valeur propre de Floquet et valeur propre de Perron dans le cas continu.
De telles comparaisons existent pour des modeles de division cellulaire structurés en dge [84] mais doivent
encore étre généralisées a I’équation de transport-fragmentation. Tout d’abord il faut démontrer ’exis-
tence d’éléments propres de Floquet pour le modele continu. Les estimations obtenues pour démontrer
I'existence d’éléments propres de Perron au chapitre 1 doivent pour cela étre rendues uniformes en temps.
Ensuite la preuve du théoreme 15 utilise fortement la dimension finie et ne peut pas étre appliquée au
modele continu. D’autres méthodes doivent donc étre mises en place, en généralisant par exemple les
idées du chapitre 4 ou bien en développant de nouveaux outils pour calculer les dérivées directionnelles
de la valeur propre de Floquet.

Populations structurées en age. Récemment, lors d'un séjour a Vanderbilt University avec Glenn
Webb, je me suis intéressé a ’étude mathématique de modeles de populations structurées en age. Ces
modeles permettent de rendre compte du cycle cellulaire et d’étudier précisément des phénomenes liés
a 'age des cellules. Dans le sujet auquel nous nous intéressons, la population est composée de cellules
cancéreuses sous traitement par Erlotinib. Les effets de ce traitement sur certains types de cellules n’est
pas immédiat et des retards d’un vingtaine d’heures sont observés. Pour expliquer ce phénomene, les
biologistes du centre de cancérologie de Vanderbilt suggéerent que I'age des cellules joue un role. A 'aide
d’un modele structuré en age, nous montrons que le retard peut étre expliqué par le fait que le traite-
ment affecte préférentiellement les jeunes cellules. Cette hypothese doit encore étre confirmée par des
expériences biologiques, des simulations numériques et une étude mathématique.



Chapitre 1

Existence et unicité d’éléments
propres principaux

Cet article en collaboration avec MARIE DouUMIC établit l'existence et l'unicité
d’éléments propres de Perron pour ’équation de transport-fragmentation dans des
cas dégénérés. Nous considérons des coefficients généraux pouvant s’annuler a
l’origine et pouvant croitre vers l'infini en I'infini, ce qui rend délicat la mise en place
de bornes a priori. Pour résoudre ce probleme, nous construisons des estimations
dans des normes a poids en jonglant entre les termes de transport et de fragmenta-
tion. Nous obtenons ainsi des conditions d’existence précises qui généralisent celles
obtenues dans [95]. L’article est paru dans Mathematical Models and Methods in
Applied Sciences sous le titre Figenelements for a general aggregation-fragmentation

model [41].

1.1 Introduction

Competition between growth and fragmentation is a common phenomenon for a structured population.
It arises for instance in a context of cell division (see, among many others, [2, 9, 10, 11, 37, 49, 66,
94, 112]), polymerization (see [13, 34]), telecommunication (see [3]) or neurosciences (see [107]). Tt is
also a mechanism which rules the proliferation of prion’s proteins (see [20, 63, 80]). These proteins are
responsible of spongiform encephalopaties and appear in the form of aggregates in infected cells. Such
polymers grow attaching non infectious monomers and converting them into infectious ones. On the other
hand they increase their number by splitting.
To describe such phenomena, we write the following integro-differential equation,

Fu@t) + a_az (r(@)u(z,t)) + Bz)u(z,t) = 2/ Bz, y)u(y,t)dy,  « =0,
u(z,0) = uo(z), (1.1)
u(0,t) = 0.

The function u(x, t) represents the quantity of individuals (cells or polymers) of structured variable (size,
protein content...) x at time ¢. These individuals grow (i.e., polymers aggregate monomers, or cells
increase by nutrient uptake for instance) with the rate 7(z). Equation (1.1) also takes into account the
fragmentation of a polymer (or the division of a cell) of size y into two smaller polymers of size z and
y—x. This fragmentation occurs with a rate (y) and produce an aggregate of size x with the rate x(z, y).

19



20 Chapitre 1. Existence et unicité d’éléments propres principaux

Equation (1.1) is a particular case of the more general one

Sue.0) + (@) + 56 + o) =n [ B uln Ody, 2 a0 (12

with the bound condition u(xg,t) = 0 (see [4, 20, 80]). Here, polymers are broken in an average of n > 1
smaller ones by the fragmentation process, there is a death term p(z) > 0 representing degradation,
and a minimal size of polymers zy which can be positive. This more general model is biologically and
mathematically relevant in the case of prion proliferation and is used in [19, 20, 63, 80] with a coupling
to an ODE. Our results remain true for this generalization.

A fundamental tool to study the asymptotic behaviour of the population when ¢ — o0 is the existence
of eigenelements (\,U, ¢) solution of the equation
4 6 XL
3, (T@U(@) + (B(z) + AU(z) = 2/Z Bly)k(z,ylU(y)dy, x>0,

TU(z = 0) =0, U(x) =0, fOI‘U(x)dx =1,

[ (x) =0, [ o(a)U(z)dz = 1.

For the first equation (equation on &) we are looking for D’ solutions defined as follows : U € L*(R™)
is a D’ solution if Yo € CF(RT),

- /OIT(SC)U(:E)%SD(:E) do + A /OIU(:cw(z) i - | HUE (2 [ oty o) . (19

o
0

Concerning the dual equation, we are looking for a solution ¢ € VV;;;/’(O, 00) such that the equality holds
in L},.(0,00), i.e. almost everywhere.

When such elements exist, the asymptotic growth rate for a solution to (1.1) is given by the first
eigenvalue A and the asymptotic shape is given by the corresponding eigenfunction . More precisely, it
is proved for a constant fragmentation rate 8 that u(x,t)e~* converges exponentially fast to plf (z) where
p = [uo(y)dy (see [79, 111]). For more general fragmentation rates, one can use the dual eigenfunction ¢
and the so-called ”"General Relative Entropy* method introduced in [98, 110]. It provides similar results

but without the exponential convergence, namely that
o0
[ w00 = an, o) dy - 0
0 0

where (ug, ¢y = [uo(y)d(y)dy (see [98, 99]).
The eigenvalue problem can also be used in nonlinear cases, such as prion proliferation equations, where

there is a quadratic coupling of Equation (1.1) or (1.2) with a differential equation. In [19, 20, 43, 117]
for instance, the stability of steady states is investigated. The use of entropy methods in the case of
nonlinear problems remains however a challenging and widely open field (see [113] for a recent review).

Existence and uniqueness of eigenelements has already been proved for general fragmentation kernels
k(z,y) and fragmentation rates S(x), but with very particular polymerization rates 7(z), namely constant
(7 =1 in [110]), homogeneous (7(z) = z* in [95]) or with a compact support (Supp T = [0, zp] in [37]).

The aim of this article is to consider more general 7 as [20, 124] suggest. Indeed, there is no biological
justification to consider specific shapes of 7 in the case when x represents a size (mass or volume) or
some structuring variable and not the age of a cell (even in this last case it is not so clear that % =1,
since biological clocks may exhibit time distorsions). For instance, for the prion proteins, the fact that
the small aggregates are little infectious (see [83, 124]) leads us to include the case of rates vanishing at
z = 0.
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Considering fully general growth rates is thus indispensable to take into account biological or physical
phenomena in their full diversity. The proof of [110] can be adapted for non constant rates but still
positive and bounded (0 < m < 7(z) < M). The paper [95] gives results for 7(0) = 0, but for a very
restricted class of shape for 7. The paper [37] gives results for 7 with general shape in the case where there
is also an age variable (integration in age then allows to recover Problem (1.1)), but requires a compact
support and regular parameters. Here we consider polymerization rates that can vanish at x = 0, with
general shape and few regularity for the all parameters (7, 5 and k).

From a mathematical viewpoint, relaxing as far as possible the assumptions on the rates 7, , 3, as we
have done in this article, also leads to a better understanding of the intrinsic mechanisms driving the
competition between growth and fragmentation.

Theorem 1.1.1 (Existence and Uniqueness). Under assumptions (1.5)-(1.13), there exists a unique
solution (\,U, @) (in the sense we have defined before) to the eigenproblem (1.3) and we have

A>0,

x*U € LP(RT), VYa = —v, Vpe[l,m],
U e WHL(RT), Ya =0

¢

+ xk

3k >0 st 7 e L*(R"),

a o
Tgﬂﬁ € L (RT).

The end of this paper is devoted to define precisely the assumptions and prove this theorem. It is
organized as follows : in Section 1.2 we describe the assumptions and give some examples of interesting
parameters. In Section 1.3 we prove Theorem 1.1.1 using a priori bounds on weighted norms and then
we give some consequences and perspectives in Section 1.4. The proof of technical lemmas and theorem
can be found in the Appendix.

1.2 Coefficients

1.2.1 Assumptions

For all y > 0, «(.,y) is a nonnegative measure with a support included in [0,y]. We define x on (R, )?
as follows : k(z,y) = 0 for x > y. We assume that for all continuous function v, the application
fo 1y [¥(x)r(z,y) dz is Lebesgue measurable.

The natural assumptions on x (see [63] for the motivations) are that polymers can split only in two pieces
which is taken into account by

/n(x,y)dz =1 (1.5)

o0

5.(R*). The conservation of mass imposes

So k(y,.) is a probability measure and fy € L

/am(x,y)dac = g, (1.6)

a property that is automatically satisfied for a symetric fragmentation (i.e. x(z,y) = k(y — x,y)) thanks
to (1.5). For the more general model (1.2), assumption (1.6) becomes [ xk(x,y)dx = £ to preserv the
mass conservation.

We also assume that the second moment of « is less than the first one

2
x
/En(z,y)dx<c<1/2 (1.7)
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(it becomes ¢ < 1/n for model (1.2)). We refer to the Examples for an explanation of the physical
meaning.

For the polymerization and fragmentation rates 7 and 3, we introduce the set

P:={f>0:3uv >0, limsupz " f(z) < oo and limi'ﬁlfx”f(x) > 0}

T

and the space
Ly:={f, 3a>0, fe L'(0,a)}.

We consider
ﬂ € Llloc(R+*) N Pa 3040 >0st. 7€ Lifac(R+,za0dz) NP (18)

satisfying
VK compact of (0,00), Img >0 st. 7(x) =mg for ae. x € K (1.9)

(if 7 is continuous, this assumption (1.9) is nothing but saying that for all © > 0, 7(x) > 0) and
3b>0, Suppps = [b, ). (1.10)
Assumption (1.10) is necessary to prove uniqueness and existence for the adjoint problem.

To avoid shattering (zero-size polymers formation, see [4, 80]), we assume

3C>0,vy>=20 s.t. / k(z,y)dz < min(l,C(E) ) and 2L ¢ Ly (1.11)
0 y 7(x)
which links implicitely 7 to x, and also
B
— € L. 1.12
Cer) (112)

On the other hand, to avoid forming infinitely long polymers (gelation phenomenon, see [44, 46]), we

assume
lim zB(x)

z>+0 T(2)

- too. (1.13)

Remark 1.2.1. In case when (1.11) is satisfied for v > 0, then (1.7) is automatically fulfilled (see Lemma
1.5.1 in the Appendiz).

1.2.2 Examples

First we give some examples of coefficients which satisfy or not our previous assumptions.

For the fragmentation kernel, we first check the assumptions (1.5) and (1.6). They are satisfied for
autosimilar measures, namely k(z,y) = ino(%), with ko a probability measure on [0, 1], symmetric in
1/2. Now we exhibit some k.

General mitosis : a cell of size x divides in a cell of size rz and one of size (1 —r)x (see [96])
1
Ky = 5(6r +01-r) for  ref0,1/2]. (1.14)

Assumption (1.11) is satisfied for any v > 0 in the cases when r € (0,1/2]. So (1.7) is also fulfilled thanks
to Remark 1.2.1. The particular value r = 1/2 leads to equal mitosis (k(z,y) = 0,—z).

The case 7 = 0 corresponds to the renewal equation (k(z,y) = 3(6z=0 + dz=y)). In this case, we cannot
strictly speak of mitosis because the size of the daughters are 0 and z. It appears when x is the age of a
cell and not the size. This particular case is precisely the one that we want to avoid with assumption (1.7)
; it can also be studied seperately with different tools (see [113] for instance). For such a fragmentation



1.2. Coefficients 23

kernel, assumption (1.11) is satified only for v = 0, and the moments [ z¥ro(z)dz are equal to 1/2 for
all k > 0, so (1.7) does not hold true. However, if we consider a convex combination of k) with another
kernel such as k{, with r € (0,1/2], then (1.11) remains false for any v > 0 but (1.7) is fulfilled. Indeed
we have for p € (0,1)

1— 1 1
[0 + 1= o de = § + L6+ (=) = 1200 =1)(1 =) < 5.
Homogeneous fragmentation :
1
K (2) = O‘;r 4+ (1-2)% for a>-l. (1.15)

It gives another class of fragmentation kernels, namely in L' (unlike the mitosis case). The parameter
v =1+ a > 0 suits for (1.11) and so (1.7) is fulfilled. It shows that our assumptions allow fragmentation
at the ends of the polymers (called depolymerization, see [83], when « is close to —1) once it is not the
extreme case of renewal equation.

Uniform repartition (k(z,y) = iﬂogzgy) corresponds to o = 0 and is also included.

This last case of uniform repartition is useful because it provides us with explicit formulas for the
eigenelements. For instance, we can consider the two following examples.

First example : 7(x) = 79, S(z) = Box.
In this case, widely used by [63], the eigenelements exist and we have

A = 4/Bo70,

70

Second example : 7(z) = 1pu.
For such § for which there exists eigenelements, we have

x

T [yuly)

For instance when §(x) = Box™ with n € N*_ then the eigenelements exist and we can compute Y and
¢ and we have the formulas in Table 1.1. In this table we can notice that ¢(0) > 0 but the boundary
condition 7U(0) = 0 is fulfilled.

A =T and o(x)

Table 1.1: The example 7(z) = 1oz, f(x) = Boz™ and uniform repartition x(x,y) = %ﬂogmgy. The table
gives the eigenelements solution to (1.3).

Now we turn to non-existence cases. Let us consider constant fragmentation 8(x) = Sy with an affine
polymerization 7(z) = 79+, and any fragmentation kernel x which satisfies to assumptions (1.5)-(1.6).
We notice that (1.13) is not satisfied and look at two instructive cases.
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First case : 79 =0.

In this case assumption (1.12) does not hold true. Assume that there exists & € L'(R™) solution of
(1.3) with the estimates of Theorem 1.1.1. Integrating the equation on U we obtain that A = Sy, but
multiplying the equation by z before integration we have that A\ = 7. We conclude that eigenelements
cannot exist if 71 # fy.

Moreover, if we take k(x,y) = %]logzgy, then a formal computation shows that any solution to the first

28
equation of (1.3) belongs to the plan Vect{x_l,xffilo}. So, even if By = 71, there does not exist an

eigenvector in L'.

Second case : 19 > 0.
In this case (1.12) holds true but the same integrations than before lead to

70

50—7'1-

/xl/{(x) dx =

So there cannot exist any eigenvector U € L' (z dx) for 71 = fo.

1.3 Proof of the main theorem

The proof of Theorem 1.1.1 is divided as follows. We begin with a result concerning the positivity of
the a priori existing eigenvectors (Lemma 1.3.1). We then define, in Section 1.3.2, a regularized and
truncated problem for which we know that eigenelements exist (see the Appendix 1.5.2 for a proof using
the Krein-Rutman theorem), and we choose it such that the related eigenvalue is positive (Lemma 1.3.3).
In Section 1.3.3, we give a series of estimates that allow us to pass to the limit in the truncated problem
and so prove the existence for the original eigenproblem (1.3). The positivity of the eigenvalue A and the
uniqueness of the eigenelements are proved in the two last subsections.

1.3.1 A preliminary lemma

Before proving Theorem 1.1.1, we give a preliminary lemma, useful to prove uniqueness of the eigenfunc-
tions.

Lemma 1.3.1 (Positivity). Consider U and ¢ solutions to the eigenproblem (1.3).
We define m := inf{:c D (x,y) € Suppﬂ(y)n(z,y)}. Then we have, under assumptions (1.5), (1.6), (1.9)
T,y

and (1.10)
SuppU = [m, ) and TU(x) >0 Yo >m,

¢(z) >0 Vr>0.
If additionaly % € L{, then ¢(0) > 0.
Remark 1.3.2. In case Suppk = {(z,y)/x < y}, then m = 0 and Lemma 1.3.1 and Theorem 1.1.1 can
be proved without the connexity condition (1.10) on the support of f5.
fa: >\+[‘3(5)d5
Proof. Let g > 0, we define F' :  — 7(2)U(z)e’=0 7 °°. We have that

A+B(s) ds

F'(z) = 2elro /ﬁ(y)ﬁ(m,y)“(y) dy = 0. (1.16)

So, as soon as T7U(x) once becomes positive, it remains positive for larger x.

We define a := inf{z : 7(z)U(z) > 0}. We first prove that a < 2. For this we integrate the equation
on [0,a] to obtain

/Oa /; Bly)w(z,y)U(y) dydz = 0,
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[ s | ety dedy =0,

Thus for almost every y > max(a, b) fo x,y)dr = 0. As a consequence we have

1= dr = de < — ,y)de = —
[ s = [ wteyin < [anepde = £

thanks to (1.5) and (1.6), and this is possible only if b > 2a

Assume by contradiction that m < a, integrating (1.3) multiplied by ¢, we have for all ¢ € C” such

that Supp ¢ < [0, a]
| [ et i) dydz =o. (1.17)

By definition of m and using the fact that m < a, there exists (p,q) € (m,a) x (b, 00) such that (p,q) €
Supp B(y)rk(x,y). But we can choose ¢ positive such that ¢(p)U(q) > 0 and this is a contradiction with
(1.17). So we have m > a.

To conclude we notice that on [0, m], U satisfies

Oz (T(x)U(x)) + MU(x) = 0.

So, thanks to the condition 7(0)4/(0) = 0 and the assumption (1.9), we have «f =0 on [0,m], so m = a
and the first statement is proved.

_ffo A+B8(s )ds

For ¢, we define G(x) := ¢(x)e %", We have that

2 A+B(s )dé

6'(a) = <270 5 5a0) [ty o) do <0 (1.18)

$0, as soon as ¢ vanishes, it remains null. Therefore ¢ is positive on an interval (0,x1) with x; €
R* U {+00}. Assuming that 21 < +00 and using that 21 > a = m because [ ¢(z)U(z)dz =1, we can find

X > x1 such that
X fa‘ A+B(s) o
| c@dr=—2 / / o S () B(2)(y, @) dy da < 0.
1

This contradicts that ¢(x) =0 for z > 1, and we have proved that ¢(z) > 0 for x > 0.
If % € L}, we can take xo = 0 in the definition of G and so ¢(0) > 0 or ¢ = 0. The fact that ¢ is positive
ends the proof of the lemma.

O

1.3.2 Truncated problem

The proof of the theorem is based on uniform estimates on the solution to a truncated equation. Let
1, 0, R positive numbers and define

Then 7, is lower bounded on [0, R] thanks to (1.9) and we denote by u = u(n, R) := inf[g g 7). The
existence of eigenelements ()\g, L{f], (bf]) for the following truncated problem when dR < p is standard (see
Theorem 1.5.2 in the Appendix).
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0 R
= (T @)Uy (1)) + (B() + 3y (2) = 2 / Bly)s(e, vty (y)dy,  0<z <R,

Uy (x =0) =46,  U(x)>0, Ju(z)dx =1,

) 04 + (50 + X)) - 26) [ nl )y = 3630). 0<a <R,

[ 05(R) =0,  @h(x) >0, [ o)y (x)dw = 1.

(1.19)

The proof of the theorem 1.1.1 requires )\;57 > 0. To enforce it, we take 0R = § and we consider R large

enough to satisfy the following lemma.

Lemma 1.3.3. Under assumptions (1.5), (1.8) and (1.13), there exists a Ry > 0 such that for all R > Ry,

. o 5
if we choose 6 = o5, then we have A, > 0.

Proof. Assume by contradiction that R > 0 and )‘fz < 0 with § = 5. Then, integrating between 0 and

x > 0, we obtain

0 > )x/ U(y) dy
0

WV
=
|
i
8
=
2
+
ﬁ
=y
s
<
s
QL

N

Consequently

and, thanks to Gronwall’s lemma,
z B(y) dy

T(x)U () = selo =y

But assumption (1.13) ensures that for all n > 0, there is a A > 0 such that

and thus we have

Thanks to Assumption (1.8), we can choose n such that = "7(x) — 0 when x — +00. Then there exists

B > A such that 27" 7(x) < 747 for 2 > B, and we have, for R > B,

R R R " 2
1= U(x)d 2/ U(z)d 25/ ———dr>—=(R-B
| u@ars [Cuaaszs [ Gz fr-)

what is a contradiction as soon as R > 2B; so Lemma 1.3.3 holds for Ry = 2B.
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1.3.3 Limit as 6 — 0 for L{g and )\f?
Fix 7 and let 6 — 0 (then R — oo since JR =

N

).

First estimate: )\2 upper bound. Integrating equation (1.19) between 0 and R, we find

)\f] <0+ /ﬂ(z)llg(:c) dz

then the idea is to prove a uniform estimate on [ ﬁug . For this we begin with bounding the higher
moments fz”‘ﬂb{f] for o > max (2,9 + 1) := m.
Let o = m, according to (1.7) we have

¢ z?
/—n(:c,y) dx < /—2n(z,y) dr <c<
y* Y

Multiplying the equation on ng by z® and then integrating on [0, R], we obtain for all A > n

N

/:co‘ ((1 —QC)ﬂ(z))L{g(z) dr < a/za 1Tn(x)ug(z) dz
= « z“ 1'7 T Lié z)dr + « z“ 1'7 xT Lié x)dr
/zsA 7]( ) 77( ) /zZA ( ) 77( )

< aA*IT qup {xO‘OT(x)}+wA1a/:co‘ﬂ(x)L{g(z) dx,
z€(0,A)

where w4 o is a positive number chosen to have ar(x) < w4 (zf8(x), Yo = A. Thanks to (1.7) and (1.13),
we can choose A, large enough to have w4 o <1 —2c. Thus we find

A, gy z7(x
Va =m, 3A, : Vn,0 > 0, /xo‘ﬁ(x)ua(ac) dr < p(O’A){ (@)} = B,. (1.20)
i 1—2c—wa, .o

The next step is to prove the same estimates for 0 < o < m and for this we first give a bound on Tnu6
We fix p € (0,1/2) and define z,, > 0 as the unique point such that fx" fny) dy = p. It exists because
 is nonnegative and locally integrable, and 7, is positive. Thanks to assumption (1.12), we know that

. o M
Ty 7:6 xo where xg > 0 satisfies 0 T(y)d

(1.19) between 0 and z < z,), we find

Yy = p, 50 x, is bounded by 0 < 2 < x,, < 7. Then, integrating

Tn(x)ug(x) < 5+2/ /ﬁ Ll5 k(z,y)dydz
<5+2/mmw@My
=5+2/ﬁu5 dy+2//3 (U (y) dy
5 ﬂ y ” m 5
< 0+2 sup {rU, } y" B(y)Uy (y) dy
(0,2,) 2(y) Ty Jo
< 0+42p sup {Tnlxlg}+le-
(0,2) a2

Consequently, if we consider 6 < 1 for instance, we obtain

1+2B,,/z2™
sup (W () < L 2Bm/Z"

=C 1.21
z€(0,z) 1-2p ( )
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SO TnL{g is uniformly bounded in a neighborhood of zero.

Now we can prove a bound B, for z”‘ﬁb{f] in the case 0 < o < m. Thanks to the estimates (1.20) and
(1.21) we have

T R
2 B(2)US (z) dx = « 0 T 22 B(2)U° (2) dx
/ Bl (x) d / Bl (x) d +/ B’ (x) d

R
< 7T sup{Tnua}/ dy+_°‘ m/ :cmﬂ(z)l/lg(x)dx

x

< Cpz™ + Bz m:z (1.22)

Combining (1.20) and (1.22) we obtain
Va=0,3B,: ¥n,6 >0, /zaﬂ(z)l/lg(x) dr < B, (1.23)

and finally we bound )\g
Ag=5+/ﬁug<5+30. (1.24)

So the family {/\57}5 belong to a compact interval and we can extract a converging subsequence /\fz " Ay

Second estimate : Wl bound for SCaTnZ/fg, a > 0. We use the estimate (1.23). First we give a L”bound

for Tnug by integrating (1.19) between 0 and =

R
r@WU3(a) <542 [ BUS) dy <6+ 20 = D, (1.25)

Then we bound xaTnUg in L! for & > —1. Assumption (1.13) ensures that there exists X > 0 such that
7(z) < 2f(x), Yo = X, so we have for R > X

b'e R
/zaTn(z)Mg(z) dx < Sup {Tnu;j} x“dx +/ za+lﬂ(z)ug(:c) dx
(0, X
a+1
< sup {TnZ/l } +Ba+1 = Cl.
(0,
Finally

Ya > —1,3C, : Yn,d >0, /SCaTn(SC)Ug(SC) dx < C, (1.26)

and we also have that 2*UJ is bounded in L' because 7 € P (see assumption (1.8)).
A consequence of (1.23) and (1.26) is that xO‘TnL{g is bound in L™ for all a > 0. We already have (1.25)
and for a > 0, we multiply (1.19) by z®, integrate on [0, 2] and obtain

R R
27y (2)Uy (@) < o / Y (U (y) dy +2 / Y BWUS (y) dy < aCy + 2B := Da,
0 0

that give immediately

Va=0,3D,: V0,6 >0, supz®r,(2)U(x) < Da. (1.27)

x>0 K

To conclude we use the fact that neither the parameters nor Z/lg are negative and we find by the chain
rule, for a = 0

/|%($a7’n( )U5 |d:c < a/zo‘flTn(:c)L{g(z) dx +/xa|6z(7n(z)ug(x))|dx
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< a/za_lTn(:E)Z/lg(z) dx + Ag/zaug(:c) dx + 3/zaﬂ(:c)ug(z) dx (1.28)

and all the terms in the right hand side are uniformly bounded thanks to the previous estimates.

Since we have proved that the family {z*7,U]}s is bounded in W (R*) for all v > 0, then, because
T, is positive and belongs to P, we can extract from {L{f]}g a subsequence which converges in L!(R™")
when 0 — 0. Passing to the limit in equation (1.19) we find that

0

Z ra(w)) + (3) + M Wy(0) =2 [ Bl (0) s

with A, > 0.

1.3.4 Limit as n — 0 for U, and ),

All the estimates (1.20)-(1.28) remain true for ¢ = 0. So we still know that the family {z*7,U,}, belongs
to a compact set of L', but not necessarily {U,}, because in the limit 7 can vanish at zero. We need one
more estimate to study the limit n — 0.

Third estimate: L”bound for x®t,U,, o = —y. We already know that x“7,U, is bounded for o > 0.
So, to prove the bound, it only remains to prove that =77, is bounded in a neighborhood of zero. Let
define fy : x — sup(q ;) 7U,. If we integrate (1.29) between 0 and 2’ < x, we find

o Uy (') < 2 / ) [ Btz )y <2 / ’ [ By (e ) dy

and so for all x

folw) <2 / I [ syt dyaz.

We consider z,, and z defined in the first estimate and, using (1.11) and (1.12), we have for all z < z,,

fo()

/N

2 [ [ Bty
- 2 [ s [ " e y) dzdy

< 2 /0 " Btn() mm(l,c(g)”) dy

= 2/()Iﬂ(y)un(y)dy+2C/:nﬂ(y)un(y)(§)7dy+2C/g:ﬁ(y)un(y)(g)wdy

AW L[ B) 7y () N
-2 Tn(y)m(y)un(y)dy+2cz i Tn(y)TdW?C/% ﬂ(y)u,,(y)(g) ”
< oo [ avaos [T b a0 T

We set V,,(z) = 27 f,(«) and we obtain

Vn(y) dy.

(1—-2p)V,(z) < K +2C /In f(y)

(y)
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2Cp
Ket-2»
Hence, using Grénwall’s lemma, we find that V, (z) < 1 ¢ > and consequently
—zp
2Cp
_ Kei=2 ~
V7 (2) Uy (z) < 2, =C, Vrel0,z]. (1.30)

This last estimate allows us to bound U, by % which is in L} by the assumption (1.11). Thanks to the
second estimate, we also have that f U, is bounded in L' and so, thanks to the Dunford-Pettis theorem
(see [14] for instance), {U,}, belong to a L'-weak compact set. Thus we can extract a subsequence which
converges L' —weak toward . But for all € > 0, {z°U,}, is bounded in W1 ([e, c0)) for all @ > 1 thanks
to (1.28) and so the convergence is strong on [, 00). Then we write

£ o0
/|un—u| - /0|un—u|+/ U, — U]
1=

(7/8 [ —ul
<o v [ w-ul
OT(‘T) € !

The first term on the right hand side is small for £ small because % € L} and then the second term is
small for 7 small because of the strong convergence. Finally U4, — U strongly in L' (R*) and U solution
n—

of the eigenproblem (1.3).

1.3.5 Limit as J,7 — 0 for qbf]

We prove uniform estimates on qﬁf] which are enough to pass to the limit and prove the result.

Fourth estimate : uniform (bf]—bound on [0,A]. Let A > 0, our first goal is to prove the existence of a
constant Co(A) such that
Vna 57 sup ¢2 < CO(A)
(0,4)

We divide the equation on (bg by 7, and we integrate between z and x, with 0 < = < z,, where z,),
bounded by & and 7, is defined in the first estimate. Considering § < 202220 (fulfilled for R > 5725

since § = 55), we find
s 5 o Bly) (Y s 0 5
@ < a2 [ 28 [ o ra, o0
o Bly) Y Y
< qbagg + sup ¢5 2 /mz,ydz—i—x—
77( ) (O,mn){ n}( o T Jo (z:9) nﬂ)
and we obtain )
5 5
su r) L — Ty ).
zE(OI;)z) ¢77( ) 1 _2p_5x/ﬂ¢n( 77)
_pe By
Using the decay of qﬁf?(ac)e Iz =, , there exists C'(A) such that

sup ¢ (x) < C(A)ey ()
z€(0,A)

Noticing that [ ¢9(z)Up(z)dz = 1, we conclude

s
y BEAY

1>/ n¢g(z)ug(x)d:c>¢g(zn)/ Tl =, U (z) dz,
0 0
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s0, as oy — o and [ " U(z)dz > 0 (thanks to Lemma 1.3.1 and because zg > b > a), we have

sup ¢9 < Co(A). (1.31)
(0,4)

Fifth estimate : uniform qbg—bound on [A,0). Following an idea introduced in [111] we notice that the
equation in (1.19) satisfied by (bf] is a transport equation and therefore satisfies the maximum principle

(see Lemma 1.5.3 in the Appendix). Therefore it remains to build a supersolution ¢ that is positive at
x = R, to conclude (bf](z) < é() on [0, R].

This we cannot do on [0, R], but on a subinterval [Ag, R] only. So we begin with an auxiliary function
P(x) = 2F + 0 with k and 6 positive numbers to be determined. We have to check that on [A, R]

—7(@) 7 P(2) + (A + B(2)p(x) = 25(50)/%(3/, 2)p(y) dy + 567 (0),

i.e.

k(o) () + B(o))p(a) > (2642 [ w(y. ol dy)5(a) +565(0).

k
For k > 2, we know that [ x(y, r)%r dy < ¢ < 1/2 s0 it is sufficient to prove that there exists Ag > 0 such
that we have

—kr(z)zht + ()\f7 + B(x)) (2" + 0) = (20 + 2ca®)B(x) + 6Co(1) (1.32)

for all # > Ag, where Cj is defined in (1.31). For this, dividing (1.32) by 2% 17(x), we say that if we have
@) _ . 208(x) +6Co()
_ > P T PO

(1—2c) @ > kE+ P (1.33)

then (1.32) holds true. Thanks to assumptions (1.8) and (1.13) we know that there exists k& > 0 such
that for any @ > 0, there exists Ay > 0 for which (1.33) is true on [Ag, +0).

Then we conclude by choosing the supersolution ¢(x) = %@(w) so that

B(x) = ¢ (x) on [0, Ag],

and on [Ag, R], we have

—7(2) Zd(x) + (X + B(z))p(x) = 28(x) [ Ky, z)d(y) dy + 66(0),
(1.34)

which is a supersolution to the equation satisfied by gbfr Therefore gbf? < ¢ uniformly in 7 and ¢ and we
get
3k,0,C s.t. ¥, 0, ¢)(x) < (Ca" +0). (1.35)

Equation (1.19) and the fact that qbg is uniformly bounded in L}5 (R*) give immediately that 035(;52 is
uniformly bounded in L (R*, 7(z)dz), so in L (0, 00) thanks to (1.9).

Then we can extract a subsequence of {gbg} which converges C°(0, ) toward ¢. Now we check that ¢
satisfied the adjoint equation of (1.3). We consider the terms of (1.19) one after another.
First ()\2 + B(x))qﬁf}(a}) converges to (A + B(x))¢(x) in L.
For amg, we have an L” bound on each compact of (0,00). So it converges L” — xweak toward 0,¢.
It remains the last term which we write, for all z > 0,

/0 k(5 2) (@ () — D(1)) dy < |6 — BlLm(00) —> 0.

n,6—0
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The fact that [ ¢/ = 1 comes from the convergence L — L' when written as

1= /¢f7(z)14$(50) dr = #(2) (1+ xk)Z/lg(z) dr —> ¢(x) (14 2"U(z) dz = /¢u_

14 2k 14 2k

At this stage we have found (\,U, ¢) € R* x L}(R*) xC(R™) solution of (1.3). The estimates announced
in Theorem 1.1.1 also follow from those uniform estimates. It remains to prove that A > 0 and the
uniqueness.

1.3.6 Proofof A\ >0

We prove a little bit more, namely that

A= %sup{T(z)Z/[(:c)}. (1.36)
z=20

We integrate the first equation of (1.3) between 0 and z and find

osxfomu(wdy - _T(x)u(z)_/””ﬂ(y) dy+2// Bly)w(z y)U(y) dy d
+2/ / Bly WU (y) dy dz
:c>+2/0 BlyU

= —71(x)U(z) + 2,
Hence 2X > 7(x)U(z) and (1.36) is proved.

YA\

1.3.7 Uniqueness

We follow the idea of [95]. Let (A\1,U1, ¢1) and (Aa,Us, ¢2) two solutions to the eigenproblem (1.3). First
we have

M / Ui () () da

/(—61(7(:6)211(:6)) o)y (z +2/ By (x, y)Us (y )dy)@(x) de

[ (r@0:62(0) = B@)0n(0) +25(0) / (. 2)62 () dy ) )

— / Uy ()6 (x) d

and then A\; = Ay = X because [U;¢s > 0 thanks to Lemma 1.3.1.
For the eigenvectors we use the General Relative Entropy method introduced in [98; 99]. For C > 0, we
test the equation on U; against sgn(% — C) o1,

0= / [am(x)ul (@) + O+ S 0) —2 [ Bt (0) by Jsgn () — o)

C" (2)é1(x) we find
Z/fl

/a sgn(Z;( )—C’)(bl(z)dz :/@I(UQ

+ / ax(T(z)Z/lg(z))ZZT;(:c)sgn(Z—;(z) —0)¢1(x) da — / ‘%(:c) —

) = Clr@th@)61(x)) do

(T(2)Uz (z) 1 (7)) d




1.3. Proof of the main theorem 33

and then

/@mmmmqu@—QQmw:

2 [0~ o[ [ somtuanta@iontds - [ sttt do] e
w2 [ [ Bopste. (o) dy 2 w)sen () = ©)on(o) d
/ (4 Ba ))Z2< e (G () = € )ta(@)on (o)

/@mmmmmq%@—QQmw:

2 [ [ st f ) €| =[5 @) = | Jtaw)on () dady

+2// B(y)k(z,y)Us (y ( )sgn(Z:( )—C)qﬁl(ac)dac

- / O+ ﬂ(x))%(x)sgn(%(z) - C)tha(w)61 (o) .

Ul
Z/f2

So
0=2 [ [ swru]|7

+2// B a(v) dy o @)sen (o @) = C) (@) do

_2// Bly)k(z, y)Us (y dysgn(gl( )—C)qﬁl(ac)dac

/ / S )| 0) — €| [1 = sen (@) = O)sn(f ) = ©) |6 (2) dady.

Hence [1 sgn( L(x)— )sgn(u—z(y) —C)] = 0 on the support of k(z,y) for all C' thus Z—;(x) = %(y)
on the support of K(l‘ y) and

) - O||ualw)én (2) dady

0ugg@) = [ B () — G @) e dy =0 (1.37)

Uu
S0 = = cst = 1.
2

We can prove in the same way that ¢ = ¢o even if we can have U = 0 on [0, m] with m > 0. Indeed
in this case we know that 5 =0 on [0, m] and so

di(2) = ¢;(0)els 7% yx e [0,m], i€ {1,2}.
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1.4 Conclusion, Perspectives

We have proved the existence and uniqueness of eigenelements for the aggregation-fragmentation equation
(1.1) with assumptions on the parameters as large as possible, in order to render out the widest variety
of biological or physical models. It gives access to the asymptotic behaviour of the solution by the use of
the General Relative Entropy principle.

A following work is to study the dependency of the eigenvalue A on parameters 7 and 3 (see [96]). For
instance, our assumptions allow 7 to vanish at zero, what is a necessary condition to ensure that A tends
to zero when the fragmentation tends to infinity. Such results give precious information on the qualitative
behaviour of the solution.

Another possible extension of the present work is to prove existence of eigenelements in the case of time-
periodic parameters, using the Floquet’s theory, and then compare the new Ar with the time-independent
one A (see [23]). Such studies can help to choose a right strategy in order to optimize, for instance, the
total mass [ zu(t,z)dz in the case of prion proliferation (see [20]) or on the contrary minimize the total
population [ (¢, z)dz in the case of cancer therapy (see [23, 25]).

Finally, this eigenvalue problem could be used to recover some of the equation parameters like 7 and
B from the knowledge of the asymptotic profile of the solution, as introduced in [40, 114] in the case of
symmetric division (7 = 1 and k = 512%), by the use of inverse problems techniques. The method of
[114] has to be adapted to our general case, in order to model prion proliferation for instance, or yet to
recover the aggregation rate 7 ; this is another direction for future research.
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1.5 Appendix

1.5.1 Assumption on

Lemma 1.5.1. Assumptions (1.5),(1.6) and (1.11) with v > 0 imply that

(1=n)y
inf lim k(z,y)dx > 0,
y 020/,

which means that polymers undergo a decrease in the size during fragmentation process. As a consequence,
assumption (1.7) holds true.

Proof. With the first assumption (1.5) we have

y ny (1-n)y Yy
1 =/ k(z,y) dx =/ k(x,y) dx +/ k(z,y) dx +/ k(x,y) dz.
0 0 n

y (1-n)y

The two other assumptions (1.6) and (1.11) allow to control the mass of x at the ends :

(1-n)y ny y
/ k(z,y)dx 1 —/ k(z,y)dx —/ k(z,y)dx
n 0 (

Y 1-n)y
1 y
> 1-Cnf) — —— E,‘ﬁ(gc,y)dac
L=nJa-myy
1 1
> -0y - =
o=y we0 2
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which gives the first assertion of the lemma.
Now we can prove (1.7) :

Y 42 ny y (I-my .2
/ —k(z,y)dr < [/ —r(x,y) dx +/ k(z,y) dz]+/ 5 k(T,y) dx
oY 0 (1-m)y ny
1 (I-my . (1-n)y
< [3- " iewds]sa-n [ Setwy)ds
2 ny ny
1 (1-=n)y
= 35 —77/ (. y) do
2 ny
1 1=y
< 1o [ s
2 ny
We use the first part of the proof to conclude. Taking n = min(i, W) for instance, we obtain
(1-n)y 1
/ Ii(l‘, y) dx = o)
ny 3
and the lemma is proved for ¢ = % — 4—18. O

1.5.2 Krein-Rutman

We prove existence of solution for the truncated equation (1.19). In this part n and § are fixed (with
O0R < p), so we will omit these indices for 7, A\, U and ¢ but we keep in mind that 7(z) > p > 0.

We use the Krein-Rutman theorem which requires working in the space of continuous functions (see [110]
for instance). First we define regularized parameters as follows :

Te=pc*T, PBe=pexf, and Vy =0, ke(.,y) = pe * 6(.,y),
where p(z) = 2p(£) with p € CX((0,0)), positive and such that fo"/“‘ p = 1. Then we have the theorem

Theorem 1.5.2. Under assumptions (1.5)-(1.13) on the parameters and for all € > 0, there is a unique
solution \. € R and U-, ¢ € C*([0, R]) to the regularized eigenproblem

0

R
S (@) + (@) + A Ue(0) =2 [ B l)dy. D <a <R

-

TU(x=0)=0 [ U(y)dy,  U(2) >0, [T UA(2)dx =1,

R
—Ts(x)%¢5($) + (Be() + Ae)oe () — QBE(x)/O ke(y, )b (y) dy = 7:(0)0¢-(0), 0<z <R,

[ ¢:(R) =0, ¢e(r) >0, fOR e (2)U:(x)dx = 1.
(1.38)

Proof. We follow the proof of [110]. We define linear operators on E := C°([0, R]) to apply the Krein-
Rutman theorem.

Direct equation. For v > 0 we consider the following equation on E

N -1 C) IR (o X () f(z)
~—(n(x)) + - () () —2 0 () - (2) (139)

ke(w, y)n(y) dy =

R n
n(z=0)=46 [, TE(('Z)) dy,
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and we prove that the linear operator A : f — n (solution of (1.39)) satisfies to the assumptions of the
Krein-Rutman theorem.

First step: construction of A. Fix f € E and for m € E, we define n = T(m) € E as the (explicit)
solution to

f(@)
T (z)’

0 V+ﬂs($)n ) = " B:(y)
=)+ () (=) = o Te(y)

= _5.f 'rE

We prove that 7' is a strict contraction. Therefore it has a unique fixed point thanks to the Banach-Picard
theorem. This fixed point is a solution to (1.39).

In order to prove that T is a strict contraction, we consider m; and mso two functions in F, we compute
for n =ny —ng, m =mq —mo,

ke (z, y)m(y) dy + 0<z <R,

inz an = ﬂg(y)li X m X
Lo+ Ly <2 [TED oy ay, 0<a<r

R m
= _6f0 ‘ragz

therefore

0 V+ﬂs(1') nlz Rﬂs(y)
T A ECAN >|<2/0

Ke(w,y)|m(y)| dy, 0<z <R,
TE(:C) Ts(y)

n( = 0) < 8 [ il gy,

Te(y)

After integration, we obtain

:c M+[‘35 N "+BE " BE
In(z)]ef 5 <5 / Im(©)| / el @) . (o ) my)] dyde’
0

y 0 Ts(y)
and thus
R x o vtfe R
i) < 6 [ de [ [l O), (!, ) miy)| dyda’
y 0 Ts(y)
1 [7 viBe
< mlle — [5R+/ e +ﬁ / B:(y HEZL' y)dydz]
o
1 R T v z—m’
< e[ | [ swtods] | [T ]
l’[’ 0 L* 0
<l - [6R+ v fr] o /Rﬂ(mm vy |-
y O L[‘J

~~

=k
Because R < i1 by assumption, we can choose v large so that k£ < 1 and we obtain
Inlle < klm| .

Thus T is a strict contraction and we have proved the existence of a solution to (1.39).

Second step: A is continuous. This relies on a general argument which in fact shows that the linear
mapping A is Lipschitz continuous. Indeed, arguing as above

el 4 <o [Ty [T [ OEO gy agar [ L g
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and thus

R ’
T R
(@) < Klalls + [ LD asr < kjafs + 2
o T 1%
This indeed proves that
R
nlg < ———|flle.
| ) I£]l

Third step: A is strongly positive. For f = 0, the operator T of the first step maps m = 0 to n > 0.
Therefore the fixed point n is nonnegative. In other words n = A(f) = 0. If additionally f does not

vanish, then n does not vanish either. Therefore n(0) =4 [; . fé) dy > 0 and thus

x ’y, - /
n(x) = n(0) +e Jo = / e Jo = f(zl) dz’ > 0.
0 Ta(x)

Fourth step: A is compact. For | f|g < 1, the third step proves that n is bounded in E and thus

%n -z ;:ﬂe n+ f:((z)) k(z,y)n(y)dy + Tig

is also bounded in E. Therefore by the Ascoli-Arzela theorem the family n is relatively compact in E.

Adjoint equation. A function ¢ is a solution to the adjoint equation of (1.38) if and only if o(x) =
¢(R — x) satisfies

R
%E(z)agg(l‘) + (BE(:C) + As)‘g(z) - 2B€(x)/0 ke(y, R — z)‘gs(y) dy = 5956(1%)’ 0<z<R, (1.40)

where 7. (z) = 7.(R—z) and fB.(z) = B(R —x). Then the same method than for the direct equation give
the result, namely the existence of A and ¢ solution to (1.40).

Finally we have proved existence of (Ay,U:) and (Mg, ) solution to the direct and adjoint equations
of (1.38). It remains to prove that Ay = Ay but it is nothing but integrating the direct equation against

the ajoint eigenvector, what gives
N [Uet =0 [ Ut

To have existence of solution for (1.19), it remains to do ¢ — 0. For this we can prove uniform bounds
in L* for U. and ¢. because we are on the fixed compact [0, R]. Then we can extract subsequences which
converge L™ # —weak toward U and ¢, solutions to (1. 19) because 7. and . converge in L' toward 7
and 3. Concerning k., we have that for all p € C, [ ¢(2)k:(z,y)dz — [@(z)r(z,y)dz Vy, and it is
sufficient to pass to the limit in the equations.

1.5.3 Maximum principle

Lemma 1.5.3. If there exists Ag > 0 such that ¢ = ¢ on [0,4] and ¢ a supersolution of (1.3) on
[Ao, R] with ¢(R) = ¢(R), then ¢ = ¢ on [0, R].
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Proof. The proof is based on the same tools than to prove uniqueness (see above) or to establish GRE
principles (see [98, 99] for instance).

We know that ¢ > ¢ on [0, Ag] and that ¢ is a supersolution to the equation satisfied by ¢ on [Ag, R], i.e.
there exists a function f > d¢(0) such that

~(a) 5 8(0) + -+ B)B) = 2000) | nlya)l)dy + F(o). o € Lo, )

So we have for all z € [Ag, R]

0

—7(2)5-(6(z) = 6(2)) + (A + B(2))(é() = 6(x)) = 25(x) /Oz Ky, 2)(6(y) — o(y)) dy — f ().

Then, multiplying by 1, 5, we obtain (see [110] for a justification)
~(0) 3 (6= D)2 (0) + A+ B0 = D) (o) < 20(0) [ K(2)(6 = B () ly = F@) 150,

[0, Ao].

and this inequality is satisfied on [0, R] since (¢ — ¢), =0 n_
) =0 < o(R),

If we test against U we have, using the fact that ¢(R

0 R _
/ (6= 0+ (2) 3= (r(a)ld(a)) v + / A+ B@)( — B) (@0U(2) da

<2/ /5 v) dudy — /f s (DU () da.

But if we test the equation (1.3) satisfied by U against (¢ — @), we find

R _ 0 R _
| =@ @) ds + / (A -+ B())(6 — B (DU () de
0

- / /ﬁ WU(z) dady,
/f sog(@U () da,

56(0) /O 1,5 (20U de < 0

and this can hold only if 1,5 = 0 or ¢(0) = 0. But we deal with the truncated problem with 7(z) = n > 0,
so L e L} and ¢(0) > 0 thanks to the lemma 1.3.1. Thus 1,.5 =0 and the lemma 1.5.3 is proved. O

and finally, substracting,

SO



Chapitre 2

Dépendance par rapport aux
parametres : premiere application

Dans cet article nous nous intéressons au phénomene de souche des maladies a pri-
ons. Plus précisément, nous nous demandons quel est le coefficient dans le systeme
prion qui dépend le plus de la souche. Il est suggéré dans [136] qu’il s’agit du terme
de fragmentation, mais une dépendance du terme de transport leur est malgré tout
nécessaire pour coller correctement aux données expérimentales. Nous montrons ici,
en utilisant une classe plus large de coeflicients, qu’il est possible d’expliquer les
valeurs expérimentales en ne supposant qu’'une dépendance de la fragmenation par
rapport a la souche de prion. Pour ce faire, nous considérons la classe de coeffi-
cients en puissance de x alors que [136] considérait un transport constant et une
fragmentation linéaire. L’étude nous permet en outre d’obtenir la forme du taux
de polymérisation 7(z) dans la classe des fonctions en puissance de x. L’article est
paru dans Mathematical and Computer Modelling sous le titre The shape of the
polymerization rate in the prion equation [59].

2.1 Introduction

Polymerization of prion proteins is a central event in the mechanism of prion diseases. The cells produce
naturally the normal form of this protein (PrPc) but there exists a pathogenic form (PrPsc) present in
infected cells as polymers. These polymers have the ability to transconform and attach the normal form
by a polymerization process not yet very well understood. Mathematical modelling is a promising tool
to investigate this mechanism provided we can find accurate parameters.

We consider the following model of prion proliferation (see [19, 20, 63, 80])

d‘g—f) — A—V(t) [5+/0’v7(z)u(x,t) dx],

| Gue) = —VOL(@ule.0) - o+ @l +2 [ 5@ 0 (@)
u(0,t) = 0,
u(z,0) = wup(x).

This equation is the continuous version of the discrete model of [92] (see [38] for the derivation). Sys-
tem (2.1) is a quite general model able to reproduce biological experimental results (see [83]). In this
equation, V() is the quantity of PrPc which is produced by the cell with a rate A, and degraded with the

39
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rate §. The quantity of aggregates of PrPsc with size x at time ¢ is denoted by w(z, t). Polymers of PrPsc
can attach monomers (PrPc) with rate 7 and can split themselves in two smaller polymers with rate f.
To fit with experimental observations [124], the polymerization and fragmentation rates should depend
on the polymer size 2 (see [19, 20]). When fragmentation occurs, a polymer of size y produces two pieces
of size x and y — x with the probability x(x,y). The natural assumptions (see [98, 99, 110, 80]) on the
kernel x are then

Suppr = {(z,y), 0 <z <y}

since fragmentation produces smaller aggregates than the initial one,
Yy > 0, /m(x,y) dr =1 (k(+,y) is a probability measure) (2.2)

and
Vo < Y, K,(SC,y) = ’i(y -, y) (23)

because of indistinguishability of the two pieces of sizes x and y — x after fragmentation. A consequence
of the two assumptions (2.2) and (2.3) is that the mean size of the fragments obtained from a polymer
of size y is y/2

Y, /zn(:c,y) de = 2. (2.4)

In the discrete model of [91, 92, 93], a critical size n of polymers is considered. Under this size, the
polymers are unstable so the proteins that compose them go back to their normal form PrPc. This effect
is taken into account in the continuous model of [63, 64] with the critical size xy. As a consequence, there
is one more integral term of apparition of monomers in the equation on V. Nevertheless, even if n > 0
in the discrete model, the value of xy can be taken equal to 0 in the continuous one as justified in [38].
Then the fact that small polymers are unstable, and so do not exist, is taken into account by the bounday
condition u(0,t) = 0. The parameter pg is a death term which will be discussed later.

In the article [136], model (2.1) with the specific parameters of [43, 63, 64, 91, 92, 93] is used. It
assumes that the polymerization rate does not depend on polymer size (7(x) = 79) and the fragmentation
is described by f(x) = Boxr and k(z,y) = ﬂogzgy%. In this case, equation (2.1) can be reduced to
a non-linear system of ODEs (see [43, 63, 64] or even [91, 92, 93]). This system is used in [136] to
investigate the parameters involved in the so-called “prion strain phenomenon”. This phenomenon is
the ability of the same encoded protein to encipher a multitude of phenotypic states. Prion strains are
characterized by their incubation period (time elapsed between experimental inoculation of the PrPsc
infectious agent and clinical onset of the disease) and their lesion profiles (patterns produced by the death
of neurones) in brain [57]. A reason for the strain diversity can be that there exist various conformation
states of PrPsc, namely various misfoldings of the prion protein, which lead to various biological and
biochemical properties [102, 118]. These different conformations could be characterizable by their different
stability against denaturation. Indeed, recent studies on prion disease have confirmed that the incubation
time is related not only to the quantity of pathogenic protein inoculated ([ uo(z)dz) and the level of
expression of PrPc ()), but also to the resistance of prion strains against denaturation [82] in terms
of the concentration of guanide hydrochloride (Gdn-HCI) required to denaturate 50% of the disease-
causing protein. Other studies have highlighted a strong relationship between the stability of the prion
protein against denaturation and neuropathological lesion profiles [81, 123]. A natural question is then
to know how the conformation states of the PrPsc protein affect the parameters of model (2.1) and
more precisely which of these parameters is the most strain-dependent. One of the conclusions of [136]
is that the key parameter describing strain-dependent replication kinetics is the fibril breakage rate (.
Using the model, some coefficients already defined in [92] are calculated from experimental data and the
dependency between them indicates that the fragmentation rate 3y is the most adapted parameter to be
strain-dependent. But, in this framework, the fragmentation dependency is not sufficient to fit precisely
the data and the polymerization rate 7y is also assumed to change with the strain. In particular, to keep
a one-parameter family of models, the polymerization rate is assumed to depend on the fragmentation
one through a power relation

3¢ s.t. 7o = Bo®. (2.5)
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However, polymerization and fragmentation are two different biochemical processes which have no reason
to be linked together.

In this paper we prove that we can get rid of such a relation by considering a larger class of parameters
for model (2.1). We take advantage of a general framework developped in [19, 20, 80], where coefficients
can be more general than in [43, 63, 64, 91, 92, 93, 136], and we consider power laws as in [45, 47, 80, 95].
Thanks to this extension, we find a shape for the polymerization rate allowing us to fit experimental data
with only the fragmentation rate dependent on strain. The experimental data we use are the stability
against denaturation G' and the growth rate of the quantity of PrPsc (r) which is linked to the incubation
time. These data are strain-dependent and we can find in [136] estimated empirical values for different
strains. In Section 2.2 we present the class of coefficients we consider and give the necessary assumptions
for mathematical investigations. Most of these assumptions are already made in [92, 136] and, thanks to
them, we are able to link » and G to the mathematical model. In Section 2.3 we give the dependency
of these parameters on polymerization and fragmentation rates. Then we give a relation between them
using the only fragmentation dependency on strain and are able to fit data with an accurate shape of the
polymerization rate.

2.2 Assumptions and Method

To avoid the use of a power relation like (2.5) between the polymerization and the fragmentation, we
allow parameters 7 and 8 to depend on the size x with power laws :

Jv,v and By, 70 s.t., Vx>0, B(x)= Fox” and 7(x) = 1o2". (2.6)

Concerning the fragmentation kernel x, we assume that there exists a measure xg on [0, 1] such that

1 x
Ve,y >0, k(z,y) = ;no (5) (2.7)

Then the natural assumptions on x become

/0 ko(z)dz =1 and ko(z) = Kko(l — 2). (2.8)

We assume that the exponents v, v, the kernel k¢ and the death rate py are strain-independent unlike
the “intensities” By and 7p. First we look which of 5y and 7y is the most characteristic of the strain. Then
we find a value of v allowing to fit experimental data as well as [136] but without assumption (2.5). We
will see in Section 2.3 that the method naturally gives the parameter v because it turns out that + and
ko do not appear in the final argument.

The method proposed in [92, 136] is to investigate the dynamics of the system (2.1) linearized at
the disease-free equilibrium. Then we can use the eigenelements as suggested in [19, 20]. To make
this approximation valid, we make some classical assumptions. First we assume that, in the biological
experiments (namely before the animal death), the amount of PrPc in cells remains close to the sane
value V = % (obtained by setting « = 0 in the first equation of (2.1)). Quantity V being assumed to be
constant, we consider the eigenelements r and U of the equation for polymers associated with V'

_ 9 ”
U(@) = =V (7()U(x)) = [po + B2)]U(2) + 2/ By)r(x, y)U(y) dy,

Oa (2.9)

U0) =0, /U(x)dm=1.
The principal eigenvalue r represents the growth rate of the solutions and the eigenvector U is the

corresponding size distribution of polymers. To consider that the size distribution is close to this profile
along the experiments, we assume that the initial value ug(z) is already close to U. It is a reasonable
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assumption if contaminations are made from other infected individuals. Then the solution of (2.1) is
reduced to

V)~V and u(z,t) ~ [/ uo(y)dy] U(x)e™. (2.10)

To solve our problem, we use the idea that the eigenelements r» and U change with the prion strains
(see [20, 83] for instance). Because present experiments do not allow one to measure the size distribution
U, we link it to the stability against denaturation G by the relation

Ja>0,b st. G=az+b (2.11)

where z = [ xU(z)dz is the mean size of the polymers since [ U(z)dz = 1. Such an affine dependency,
suggested in [136], is based on the idea that the longer Z is, the larger G will be. In [81, 136] we can find
estimated empirical values of G (as a concentration, in Mol, of Gnd-HCL required to denaturate 50% of
PrPsc) and of the growth rate r (computed from measures of incubation times thanks to the assumption
of an exponential growth homogeneous in the brain). These values are reported in Table 2.1.

Prion strain || 139A ME7 BSE Sc237 RML vCJD Chandler Scrapie 301 V
r(day=") 0.056 0.024 0.015 0.11 0.18 0.07 0.17 0.07
G(M) 2 2.9 2.8 1.6 1.7 1.85 2.2 2.2

Table 2.1: Estimated empirical values of the growth rate and the stability against denaturation for different prion
strains (data from [81, 136]).

In the next section, we find a relation between r and U by investigating their dependency on parameters.
Then we show that this relation allows to fit the data of Table 2.1 with an accurate choice of the
polymerization exponent v.

2.3 Results

Proving the existence of solutions to the eigenvalue problem (2.9) is not easy and the theory was first de-
veloped in [111, 95]. In [41] we could treat singular polymerization and fragmentation rates as investigated
here. It is proved in [41, 95] that solutions exist under the condition

y4+1—v>0. (2.12)

Moreover, following the idea of [47], we are able to give the dependency of r and U on parameters V, pug, 5o
and 7o for given 7, v and k¢ (unknown but strain-independent). Define r1 and U; by the eigenequation
given for By = Vrg =1 and pg = 0 by

il (z) = —a—i(zulzﬁ(z)) — Uy (z) +2/ Jyvno(i)ul(y)%. (2.13)

x

Then 71, U; depend only on v, v, kg and we have the following lemma which we use later on.

Lemma 2.3.1. The eigenelements r and U solution of (2.9) satisfy

1 1
r= (Vo)™ ¥ B ™% — pg and U(x) = (Vﬂ—io) 1*”‘”141((‘/5—%) ). (2.14)

Proof. The proof is based on a homogeneity argument. First we write (2.9) as

r+ fio a0 Bo Bo [* , (=
atU(r) = 5 (U ) = - a U () +2V—TO/E y Iio(g)b{(y) G (2.15)
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and we set a = VB—ﬁ and R = 5H29. The rescaled function v defined by U(z) = a*v(a”z) satisfies the
X 0 To
equation

0 * d
akRv(x) _ —ak@*'j)—(x”v(x)) _ a’”l*’”x'yv(ac) + 2ak+1fk'v/ yvﬁo(f)v(y) _y (2.16)
ox @ y y
We choose k = 1+’1/7V (what is possible since (2.12) is satisfied) and obtain
v 0 * d
T Ro(z) = W (z"v(z)) — 2Vv(z) + 2/:5 Yy Ko (g)v(y) ?y (2.17)

Comparing (2.13) and (2.17), the uniqueness of eigenelements ensures that
R=a™r and v(x) = U (z) (2.18)

because [v(z)dx = [U(x)dz, and the lemma is proved.
(I

We are now able to give the dependency of r and 5 on parameters [y, 79 and pg. The mean length of
[ zu(z,t) dx
[ u(z,t)dz
obtain that this quantity is constant in time and equal to

the aggregates at time ¢ is defined as the quotient . So, using the approximation (2.10), we

T = /xU(x) dx. (2.19)

Then, thanks to Lemma 2.3.1, we conclude to the following corollary.

Corollary 2.3.2. Under assumptions (2.6)-(2.8) and (2.12), there are two constants 1 and Ty (depending
only on 7y, v and ko) such that

oy 1w B VT % B
r= (Vo) ™" Bo ™71 — po and T = (5—00) AL (2.20)

V1o

1
)1“_" 27 with &7 = /xul (z) du.
o

Proof. Using Lemma 2.3.1, we immediately have = (
O

We have obtained the dependency of r and Z on the a priori strain-dependent parameters 3y and 7g.
Using assumption (2.11), we deduce the dependency of the stability against denaturation G

G = a(%) b, (2.21)

In paper [136], the exponent v of the fragmentation rate is equal to 1. Here we do not impose any value
for v but, nevertheless, we consider that it is positive. Indeed the larger the polymers are, the easier they
break themselves. Consequently a strain-dependency of 7y cannot lead to a decreasing correspondance
between r and G, as observed in Figure 2.1, since we have assumed that v + 1 — v and a are positive.
Thus it indicates that the key strain-dependent parameter should be 5y. With this assumption, we obtain
an implicit expression of G as a function of r

G =A(r+po)™ +b (2.22)

where A and b are constants (namely strain-independent). This model is used to fit the data.
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Figure 2.1: Experimental values of G' and r for differ- Table 2.2: Best fitting parameters obtained with the
ent strains are plotted (circles). Then these data are two different models. The correlation coefficient R? is
fitted using the reduced model (2.22) with o = 0 and  also reported in the last row.

Lo free.

First we assume as in [136] that the death rate pg is equal to zero. Then we obtain a model already
considered by [136] (Table 3, page 5). In our framework, we can also let po be free and fit the data with
the model (2.22). As we can see in Table 2.2, the accuracy of the fitting is a little bit better with this
generalisation than in the case po = 0. But the most significant difference between the two fittings is the
shape of 7 : it is a decreasing function of x in the first case (¥ < 0) and it is an increasing function in the
second case (v > 0).

2.4 Conclusion and Perspectives

Thanks to a larger class of parameters than [136], we are able to fit the experimental data by considering
only the fragmentation rate to be dependent on strains. We even obtain a more general model and so a
more accurate fitting. But, because the parameters profiles are not a priori known, we cannot find z from
experimental data and have to postulate a particular dependency (2.11) whereas this was a consequence
of the model in [136]. To validate it, new data are necessary, for instance values of  obtained by an
experimental size distribution.

A consequence of the method is the prescription of the shape of the polymerization rate from exper-
imental data, and also the death rate ug. Nevertheless, we notice a significant difference between the
two recovered exponents v obtained by assuming that po = 0 or not. Particularly one is negative and
the other one positive (see Table 2.2). The idea to compare parameters from different strains has been
deeply exploited here. But the fact that there are only few different strains in comparison to the number
of fitting parameters is a weakness for precise fitting and precise determination of 7. Some parameters
such as g or b should be previously determined by another method and other data. Furthermore the pa-
rameters of model (2.1) could have a size-dependency more general than power laws. A complete inverse
problem is to recover all the size-dependent parameters from experimental data without the restriction
to a class of shape. This problem is very complicated even though first elementary models are treated
in [40, 114, 109]. Moreover it requires more information such as the size distribution & and not only the
mean size 7.
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Chapitre 3

Dépendance par rapport aux
parametres : étude approfondie

Dans ce travail en collaboration avec VINCENT CALVEZ et MARIE DOUMIC, nous
analysons la dépendance de la valeur propre principale de ’équation de croissance-
fragmentation en fonction de parametres. Cette question apparait dans la recherche
des états d’équilibre pour le systéme du prion avec la dépendance par rapport au
terme de transport, et dans le probleme d’optimisation de la PMCA avec la dépen-
dance par rapport a un parametre de fragmentation. Grace a une dilatation ap-
propriée des vecteurs propres, nous donnons le comportement asymptotique de la
valeur propre quand les parametres tendent vers zéro ou l'infini. Pour des coefficients
dégénérés nous obtenons des dépendances non monotones, contrairement a ce qui
avait pu étre conjecturé auparavant en se basant sur des cas simples.

3.1 Introduction

Growth and division of a population of individuals structured by a quantity conserved in the division
process may be described by the following growth and fragmentation equation:

0

(ZC,t) + %

T (rauen) + 8t =2 [ St utudy, a0

u(z,0) = uo(z), (3.1)

u(0,t) = 0.

This equation is used in many different areas to model a wide range of phenomena. The quantity u(t, x)
may represent a density of dusts ([45]), polymers [19, 20], bacteria or cells [10, 11]. The structuring
variable z may be size ([110] and references), label ([6, 5]), protein content ([37, 88]), proliferating parasite

» N

content ([7]); etc. In the literature, it is refered to as the "size-structured equation”, "growth-fragmentation

M

equation’, "cell division equation”, "fragmentation-drift equation” or Sinko-Streifer model.

The growth speed 7 = Ccll—f represents the natural growth of the variable z, for instance by nutrient
uptake or by polymerization, and the rate § is called the fragmentation or division rate. Notice that
if 7 is such that % is non integrable at & = 0, then the boundary condition u(0,¢) = 0 is useless. The
so-called fragmentation kernel k(z,y) represents the proportion of individuals of size < y born from a

given dividing individual of size y; more rigorously we should write x(dz,y), with x(dz,y) a probability

45
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measure with respect to x. The factor “2* in front of the integral term highlights the fact that we consider
here binary fragmentation, namely that the fragmentation process breaks an individual into two smaller
ones. The method we use in this paper can be extended to more general cases where the mean number
of fragments is ng > 1 (see [41]).

Well-posedness of this problem as well as the existence of eigenelements has been proved in [47, 41].
Here we focus on the first eigenvalue A\ associated to the eigenvector U defined by

2 (@) + (5@ + @) =2 [ St i), a0
v @ (3.2)

TU(x =0) =0, U(z) >0 for z >0, f(;/“‘U(x)dx =1.

The first eigenvalue A is the asymptotic exponential growth rate of a solution to Problem (3.1) (see
[98, 99]). It is often called the malthusian parameter or the fitness of the population. Hence it is
of deep interest to know how it depends on the coefficients: for given parameters, is it favorable or
unfavorable to increase fragmentation 7 Is it more efficient to modify the transport rate 7 or to modify the
fragmentation rate § ? Such concerns may have deep impact on therapeutic strategy (see [10, 11, 37, 23])
or on experimental design of devices such as PMCA ! (see [83] and references therein). Moreover, when
modeling polymerization processes, Equation (3.1) is coupled with the density of monomers V'(¢), which
appears as a multiplier for the polymerization rate (i.e., 7(x) is replaced by V (¢)7(x), and V(¢) is governed
by one or more ODE - see for instance [63, 64, 20]). Asymptotic study of such polymerization processes
thus closely depends on such a dependency (see [20, 19], where asymptotic results are obtained under the
assumption of a monotonic dependency of A with respect to the polymerization rate 7).

Based on simple cases already studied (see [63, 64, 117, 59]), the first intuition would be that the fitness
always increases when polymerization or fragmentation increases. Nevertheless, a closer look reveals that
it is not true.

To study the dependency of the eigenproblem on its parameters, we depart from given coefficients 7
and 3, and study how the problem is modified under the action of a multiplier of either the growth or
the fragmentation rate. We thus consider the two following problems: first,

a;(T(w)Ua(w)) + (B(@) + Aa)Ua(z) = 2/2 By)k(z, y)Ua(y)dy, x>0,
. @ (3.3)
TUy(z =0)=0,  Uy(z)>0 forz >0, Iy Ualz)da =1,

where a > 0 measures the strength of the polymerization (transport) term, as in the prion problem (see
[63]), and second

0

a—(T(Z‘)Va(SC)) + (af(z) + Ag)Va(z) = 2a /I Bly)k(z,y)Va(y)dy, x>0,
. @ (3.4)

™Vo(z =0) =0, Va(z) >0 for 2 > 0, fom Va(z)dz =1,

where a > 0 modulates the fragmentation intensity, as for PMCA or therapeutics applied to the cell
division cycle (see discussion in Section 3.4).

To make things clearer, w give some intuition on the dependency of A, and A, on their respective
multipliers a and «. First of all, one suspects that if a vanishes or if @ explodes, since transport dominates,
the respective eigenvectors U, and V, tend to dilute, and on the contrary if a explodes or if a vanishes,
since fragmentation dominates, they tend to a Dirac mass at zero (see Figure 3.1 for an illustration). But

LPMCA, Protein Misfolded Cyclic Amplification, is a protocol designed to amplify the quantity of prion protein aggregates
due to periodic sonication pulses. In this application, u represents protein aggregates density and x their size; the division
rate B is modulated by sound waves. See Section 3.4.3 for more details.
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Figure 3.1: Eigenvectors U, (z) for different values of o when 8(z) = 1, x(z,y) = %ﬂogzgy and 7(z) = x.

In this case we have an explicit expression U, (z) = 2/a <\/aac + O‘Tzz) exp <\/ax + O‘TIZ) One sees that
if o vanishes, U,, tends to a Dirac mass, whereas it dilutes when a@ — +00.

what happens to the eigenvalues A\, and A, ? Integrating Equation (3.4), we obtain the relation

Ao = a/olﬁ(x)va(ac) dz

which could give the intuition that A4 is an increasing function of a, what is indeed true if f(x) = 8 is a
constant since we obtain in this case A, = Sa. However, when f is not a constant, the dependency of the
distribution V,(z) on a comes into account and we cannot conclude so easily. A better intuition is given
by integration of Equation (3.4) against the weight x, which gives

Aa/zva(z) de = /T(x)Va(:c) dx
and as a consequence we have that

inf @ <A < sup@.
z>0 T >0 &

This last relation highlights the link between the first eigenvalue A, and the growth rate 7(z), or more
7(z) 7(x)

precisely —=. For instance, if —~ is bounded, then A, is bounded too, independently of a. Notice that

in the constant case f(z) = [, there cannot exist a solution to the eigenvalue problem (3.2) for %

bounded since we have A, = Ba which contradicts the boundedness of Tgf). In fact we check that the
existence condition (3.27) in Section 3.2.2 imposes, for 5 constant, that % is integrable at x = 0 and so

@ cannot be bounded.
Similarly, concerning Equation (3.3), an integration against the weight = gives

1 fTL{ad:c
e
a [alndx

that could lead to the (false) intuition that A, decreases with a@ which is indeed true in the limiting case
7(z) = x. A simple integration gives more insight: it leads to

Ao = / B(@)Un(x)dz,  inf B(z) < Ao < 5D B(2).

x>0 >0
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This relation connects A\, to the fragmentation rate 5 when the parameter « is in front of the transport
term. Moreover, we have seen that when the growth parameter « tends to zero, for instance, the distri-
bution U, () is expected to concentrate into a Dirac mass in z = 0, so the identity Ao = [ 8(2)Ua(z) dx
indicates that A, should tend to $(0). Similarly, when « tends to infinity, A, should behave as S(+00).

These intuitions on the link between % and A, on the one hand, § and A\, on the other hand, are
expressed in a rigorous way below. The main assumption is that the coefficients 7(x) and S(x) have
power-like behaviours in the neighbourhood of L = 0 or L = 400, namely that

Jv, yeR such that 7(x) ~, Tz, f(x) ~, Ba”. (3.5)
Theorem 3.1.1. Under Assumption (3.5), Assumptions (3.12)-(3.13) on k, and Assumptions (3.22)-

(3.28) given in [{1] to ensure the existence and uniqueness of solutions to the eigenproblems (3.3) and
(3.4), we have, for L =0 or L = +0,

lim A\, = lim B(z) and lim A, = lim @
a—L rz—L a—L m—)% xT

This is an immediate consequence of our main result, stated in Theorem 3.2.2 of Section 3.2.1. As
expected by the previous relations, for Problem (3.3) the eigenvalue behavior is given by a comparison
between 5 and 1 in the neighbourhood of zero if polymerization vanishes (« — 0), and in the neigh-
bourhood of infinity if polymerization explodes (v — o). For Problem (3.4), it is given by a comparison
between 7 and z (in the neighbourhood of zero when a — o0 or in the neighbourhood of infinity when
a—0).

One notices that these behaviors are somewhat symmetrical. Indeed, the first step of our proof is to
use a properly-chosen rescaling, so that both problems (3.3) and (3.4) can be reduced to a single one,
given by Equation (3.18). Theorem 3.2.2 studies the asymptotic behaviour of this new problem, which
allows us to quantify precisely the rates of convergence of the eigenvectors toward self-similar profiles.

A consequence of these results is the possible non-monotonicity of the first eigenvalue as a function

of a or a. Indeed, if lim, 0 B(z) = lim,_,, B(x) = 0, then the function o — A, satisfies lim, 0 Ao =
limg ., Ao = 0 and is positive on (0, +m), because Ay = [SU, > 0 for o > 0. If lim,_,g T;) =
limg_, @ = 0, we have the same conclusion for a — A, (see Figure 3.2 for examples).

This article is organised as follows. In Section 3.2 is devoted to state and prove the main result, given
in Theorem 3.2.2. We first detail the self-similar change of variables that leads to the reformulation of
Problems (3.3) and (3.4) in Problem (3.18), as stated in Lemma 3.2.1. We then recall the assumptions for
the existence and uniqueness result of [41]. We need these assumptions here not only to have well-posed
problems, but also because the main tool to prove Theorem 3.2.2 is given by similar estimates to the ones
used in [41] to prove well-posedness. In Section 3.3, we give more precise results in the limiting cases,
i.e. when lim,_,7, 8(z) or lim,_,, % is finite and positive, and conversely more general results under
assumptions weaker than Assumption (3.5). Finally, Section 3.4 proposes possible use and interpretation

of the results in various fields of application.

3.2 Self-similarity Result

3.2.1 Main theorem

The main theorem is a self-similar result, in the spirit of [47]. Tt considers the cases for Equation (3.3)
or (3.4), and as parameter « or a goes to zero or to infinity. It gathers the asymptotics of the eigenvalue
and possible self-similar behaviors of the eigenvector, when 7 and S have power-like behavior in the
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Figure 3.2: The dependencies of the first eigenvalue on polymerization and fragmentation parameters for
coeflicients which satisfy the assumptions of Theorem 3.1.1 are plotted. The coefficients are chosen to

obtain non monotonic functions. 3.2(a): 7(x) = 1?5;;, Bx) = # and k(x,y) = l]lo<z<y We have
limg 0 B(2) = limy—yn B(x) = 0, 50 lita0 Aa = liMasy Aa = 0. 3.2(b): 7(z) = fﬁ;;lfg, B(z) = sl
and x(x,y) = ]10<z<y We have lim,,_, Q = lim,_, Tgf) =0, so limg_,0 Ag = limg_,n Aq = 0.

neighbourhood of 0 or 4+00. We first explain in full detail how the study of both Equations (3.3) and (3.4)
reduce to the study of the asymptotic behavior of a unique problem, as Lemma 3.2.1 states.

When fragmentation vanishes or polymerization explodes, one expects the eigenvectors U, and V, to
disperse more and more. When fragmentation explodes or polymerization vanishes on the contrary, we
expect them to concentrate at zero. This leads to the idea of performing an appropriate scaling of the
eigenvector (U, or Vy), so that the rescaled problem converges toward a steady profile instead of a Dirac
mass or a more and more spread out distribution.

For given k and [, we define v,, or wq by the dilation

va(x) = oFU, (oF ), wq(x) = a'Vy(alz). (3.6)

The function v, satisfies the following equation

T

@ (k)i (®) + (o + 50h0) (@) = 2 [ Blatyntate, 0t ual)ds, (37

and similarly the function w, satisfies

a’la_ax (r(a'z)wq () + (A + aB(a'e)) we(x) = 2“/5(a1y)n(al:€, a'y)wa(y)dy. (3.8)

A vanishing fragmentation or an increasing polymerization will lead the mass to spread more and more,
and thus to consider the behavior of the coefficients 7, 8 around infinity; on the contrary, a vanishing
polymerization or an infinite fragmentation will lead the mass to concentrate near zero, and we then
consider the behavior of the coefficients around zero. This consideration drives our main assumption (3.5)
on the power-like behavior of the coefficients 7(z) and B(x) in the neighbourhood of L = 0 and L = +co.
We recall this assumption here

Jvr, v € R such that 7(x) ~ 72", Bx) ~ Ppa’r.

x—L x—L
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In the class of coefficients satisfying Assumption (3.5), Assumption (3.27) of Section 3.2.2 is equivalent
to
Yo+1—1v9>0, (39)

Assumption (3.28) coincides with
Yo+ 1= vy >0, (3.10)

and in Assumption (3.26), the condition linking ¥ to 7(z) becomes
F4+1—1y > 0. (3.11)

For the sake of simplicity, we omit the indices 1, in the sequel.
To preserve the fact that  is a probability measure, we define

k k

Kalz,y) := o*r(aFz, ary), ka(z,y) := a'k(alz, aly). (3.12)

For our equations to converge, we also make the following assumption concerning the fragmentation
kernels k. and Kq :

For k>0, 3k st. YoeCl(Ry), /(p(x)fia(x,y) dx — /(p(x)ﬁL(x,y) dx ae. (3.13)

This assumption is the convergence in a distribution sense of k,(.,y) for almost every y. This is true for
instance for fragmentation kernels which can be written in homogeneous form as k(z,y) = %F@(%) In this
case kq is equal to k for all o, so kK, = k.

Under Assumption (3.5), in order to obtain steady profiles, we define

To(z) 1= a ™ 1("), () 1= a W1 (a'2), Bo 1= a M B(a’x), Ba:=a p(alx), (3.14)
so that, if k > 0, there are local uniform convergences on R of 7, and , : 74 — Tx” and [, — BxY.

a— a—

Equations (3.7) and (3.8) divided respectively by a7 and a/»=1 can be written as

0 r
a”k(”_l_”% (Tava(ac)) + (a_’”)\a + Ba) va(z) = Q/ﬁa(y)/ﬁa(x, Y)va (y)dy, (3.15)
%(nwaw)+(d“ﬂmu+w4@4fﬂm)waw=2w4@*~”/ﬁ4wn4awwaw@. (3.16)

In order to cancel the multipliers of 7, and f,, it is natural to define

1 -1

which leads to .

a :

T ()0 (@) + (B + Ba())ia(@) =2 [ Baly)hale )oa ), (3.18)
and ¥

a :

£ (r@a(z)) + (B + Bala))a(w) = 2 [ Buly)iala,)ua(u)dy (3.19)
with _ .

O = a7 Xy, O =ait— A,

The signs of k£ and [ express the fact that for « > 1 or a < 1, v, and w, are contractions of U, ., whereas
for < 1 or a > 1 they are dilations, which is in accordance with our intuition of the respective roles
of polymerization and fragmentation. Moreover, one notices that if we define a := é, then a! = oF, so
Equations (3.18) and (3.19) are identical. By uniqueness of a solution to this eigenvalue problem, this

implies that 6, = ©1 and v, = wi. We are ready to state this result in the following lemma:
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Lemma 3.2.1. FEigenproblems (3.3) and (3.4) are equivalent to the eigenproblem (3.18) with k defined
by (3.17), Ba, Ta defined by (3.14), ko defined by (3.12), a = 1 and the following relations linking the
different problems:

vo(z) = Uy (aF2) = "V (oF2), B = AT\, = aTFP AL (3.20)

@

Defining (v, ) as the unique solution of the following problem

L v @)+ (o 400 =2 [ ey, w20
@ (3.21)

T (2 =0) =0, vy (x) >0 for o >0, [

o Vo(z)dr =1, 0, >0,

we expect 0, to converge towards 6, > 0 and v, towards v,, when « tends to L, so the expressions of
Aa; Mg given by (3.20) will provide immediately their asymptotic behavior. This result is expressed in
the following theorem:

Theorem 3.2.2. Let 7, 8 and & verify Assumptions (3.22)-(3.28). Let L =0 or L = 400, and 7 and 3
verify also Assumption (3.5). Let ko defined by (3.12) with k defined by (3.17) verify Assumption (3.13).
Let (vq, 04) be the unique solution to the eigenproblem (3.19) . We have the following asymptotic behaviors

2" vg () — x v, (x) strongly in L' for all v =0, and 0, — 0.

Theorem 3.1.1 announced in the introduction follows immediately from Theorem 3.2.2 and the expres-
sion of A\, and A, given by (3.20).

3.2.2 Recall of existence results ([95, 41])

We first recall the assumptions of the existence and uniqueness theorem for the eigenequation (3.2) (see
[41] for a complete motivation of these assumptions), which also ensures well-posedness of Problems (3.3)
and (3.4). For all y > 0, k(.,y) is a nonnegative measure with a support included in [0, y]. We define s
on (Ry)? as follows: k(z,y) = 0 for > y. We assume that for all continuous function 1, the application
fo 1y~ [W(x)r(dz,y) is Lebesgue measurable.

Mass conservation and physical interpretation lead us to suppose that

/Fa(dm,y) 1, /ﬂm(dﬂc,y) - (3.22)

o0

. (R4 ). We moreover assume that the second moment of &

so k(y, .) is a probability measure and fy, € L
is uniformly less than the first one

2
x
/E k(z,y)de < c<1/2. (3.23)

For the polymerization and fragmentation rates 7 and /3, we introduce the set

P:={f>0:3p>0, limsupz™" f(z) < o0 and Hmi';lfx”f(x) > 0}.

>0

We consider
BeLl (RY) NP, Irg >0 st 7e L. (Ry,z™dx) nP (3.24)

satisfying
VK compact of (0,00), Img >0 s.t. 7(x),8(x) = mg for a.e. v € K (3.25)
x 7

r el
3 5> . dz <min(1,C(= d ——eL} 2
C>0,7=20 s /0 k(z,y)dz Imn( C(y) ) an @ € Ly (3.26)
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Notice that if Assumption (3.26) is satisfied for 5 > 0, then Assumption (3.23) is automatically fulfilled
(see Appendix A in [41]). We assume that growth dominates fragmentation close to L = 0 in the following
sense:
s e Ly:={f, Ja>0, feL(0,a)}. (3.27)
-
We assume that fragmentation dominates growth close to L = +00 in the following sense:

zp(x)

z—+1 7(1)

= 4. (3.28)

Under these assumptions, we have existence and uniqueness of a solution to the first eigenvalue problem
(see [95, 41]).

Theorem [41]. Under Assumptions (3.22)-(3.28), for 0 < a, a < o0, there exist unique solutions (\,U),
respectively, to the eigenproblems (3.2), (3.3) and (3.4), and we have

A >0,
"t € LP(Ry), Vr>=—-%, Vpell, o],
a"tU e WHL(R,), Vr>0.

We also recall the following corollary (first proved in [95]). We shall use it at some step of our blow-up
analysis.

Corollary [95, 41]. Let 7 > 0, 8 > 0, v, v € R such that 1 + v — v > 0, and k1, verify Assumptions
(3.22), (3.23) and (3.26). Then there exists a unique (0,v,) solution to the eigenproblem (3.2) with
7(x) = 72¥ and B(x) = Bx7 :

Indeed, in this particular case, assumptions of the above existence theorem are immediate, and as
already said both assumptions (3.27) and (3.28) are verified if and only if 1 + v —v > 0.

3.2.3 Proof of Theorem 3.2.2

It is straightforward to prove that k. satisfies Assumptions (3.22)-(3.23) and (3.26) with the same con-
stants ¢ and C as k, thus independent of o. We have local uniform convergences in R} 7, — Tz¥ and
a—>

Ba — B, if Assumption (3.5) holds, for L = 0 as well as L = co.

For the two cases, the result is based on uniform estimates on v, and 6, independent of «, in the same
spirit as in the proof of the existence theorem (see [41]). When these estimates lead to compactness in
LY(R, ), we shall extract a converging subsequence, which will be a weak solution of Equation (3.21) ; the
global convergence result will then be a consequence of the uniqueness of a solution to Equation (3.21).
This type of proof is classical, and we refer for instance to [110, 41] for more details.

As in [41], the proofs of the estimates that are needed to obtain compactness in L! are strongly based
on Assumptions (3.24), (3.26), (3.27) and (3.28). Lemmas 3.2.3, 3.2.4 and 3.2.5 prove, respectively, that
Bas Ta and kK, satisfy Assumption (3.28), (3.24) and (3.26)-(3.27) uniformly for all a.

Here we assume slight generalizations of Assumption (3.5), as specified in each lemma, in order to make
clear where each part of Assumption (3.5) is necessary.

Lemma 3.2.3. Suppose that

dv,veR st 14+~v—v>0, and % =LO(:L'U77). (3.29)
T) z—

Then for all v > 0, there exist A, > 0 and N1 a neighbourhood of L such that

for a.e. x = A, and for all o € N, %(:c)) > (3.30)
To(x
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Proof. Let r > 0.
For all & > 0, we define, using Assumption (3.28),

P := inf {p : zB(@) >r, fora.e. x> p} .
aT(x)

Observe that p, is nondecreasing. Let € > 0 and by definition of p,, there exists a sequence {£,} with
values in [1 — ¢, 1] such that

€aPaf(Eapa) _ .

3.31

o (Eape) >3

From Assumptions (3.24) and (3.25) we have that Lﬁ € L (RY) so that p, o T (otherwise,
xr a—+0

since it is nondecreasing, it would tend to a finite limit, which contradicts the definition of p, ), and also

p
that — > 0 on R¥ so that p, —— 0. Hence, for some constant C'
,’L‘ﬁ a—0

T(fapa) v—r
ﬁ(gapa) QEL C(fapa) . (332)

Then (3.31)-(3.32) lead to, for some absolute constant C'

Pa EaDa < I:Cgapaﬁ(gapa):lk < Ok

(1 B E)_ < ok O‘T(éapa)

ok
which implies that lim sup p—i < C*r¥ is finite. So we can define A, by
a—nl &
Pa

Ap =1+ limsup —.
a—nlL «

Then for any z > A, we have, when o« — L, that oz > p,, and so

arzp(akr)
— = sy
at(akz)
and by definition of 3, and 7, it gives us the desired result. O
Lemma 3.2.4. Suppose that
dveR st 7(x) = O@Y) and Ir9>0 st z7(x) € L. (R). (3.33)

Then for all A > 0 and r = max (rg, —v), there exist C > 0 and N1, a neighbourhood of L such that
for a.e. x € [0, A] and for all « e N, 2"74(x) < C.
Suppose that

JveR st 7 Yx) =, O(x™") and Ip>0 s.t [ilnf )x”T(:E)>O. (3.34)
T z€e[l,+0

for all e > 0 and m > max(u, —v), there exist ¢ > 0 and N1, a neighbourhood of L such that
for a.e. x = ¢ and for alla e N,  2™7,(x) = c.

Proof. We treat separately the case L =0 and L = +00.
Let us start with L = 0. Notice that in this case, if 7(x) = O(2), then due to Assumption (3.24),

ro = —v, we have (3.33). Considering r > —v, we have for some constant C' > 0
supess (#'7o(z)) =  supess (a Uy r(y))
z€[0,A] ye[0,a* A]

< C sup (a—k(r+1/)yr+1/) _ CA’I‘-FI/l

a—0 [0,ak A]
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For m > max(p, —v) and using Assumption (3.34) we have for some constants ¢1,ca > 0 :

infess (2"7,(x)) = infess (aFm+)ymr(y))
z€le, 1) ye[ake,n0)

min (inf ess (@R )y (1)) inf ess (a_k(mJ”’)y”T(y)))

[ake,1] [1,0)

\%

> min (¢ inf (@R ymEry ek ) = i <015m+1’,c2a—k(m+u))
a—0 [ake,1]

Now we consider L = 400 and r = max (rg, —v). Due to Assumption (3.33) we have for some constants
Cl, Cy >0

supess (277(z)) = supess (o *"yrr(y))
z€[0,A] y€e[0,ak A]

< supess (a RO yror (1)) + supess (o FTF Y (y))
[0,1] [1,ak A]

< Clafk(erv) + CQAT+U'

a—>0

For m > —v and using Assumption (3.34), we have for some ¢ > 0

infess (xM71,(x)) = infess (a™*m+V)ymr(y))
z€le, 1) ye[are,x0)
> ¢ inf (a—k(m+1/)ym+u) = ce™tV.
a—0 [ake, o)
O
Lemma 3.2.5. Suppose that
Bx) -
3 R s.t. 1—v>0 d —= = O(x"™"). 3.35
v, 7ER st y+l-v>0, and ZF5 = (@) (3.35)
Then for all p > 0, there exist € > 0 and N1 a neighbourhood of L such that
€
va ENL, ﬁa(x) d <
0 Ta(z)
Proof. Due to Assumption 3.35 we have for some constant C' > 0 :
€ ﬁ (:L_) 1 E(Ik ﬁ(x) 1 EOtk .
N dr = —/ ——dxr < C—/ 277 Vdx = Cke*.
0 Ta(T) aty 1) asL alfy
The result follows for € small enough. O

With these preliminary lemmas, we can prove Theorem 3.2.2.

Proof of Theorem 3.2.2. We prove estimates on {v,} and {0,}, uniform in « — L, in order to have
compactness. Then the convergence of the sequences is a consequence of the uniqueness of (6, v,).

First estimate: L'bound for x"v,, 7 > 0. For r > 2, we have by definition and due to Assumption (3.23)

Y y
/ _’ia(x y /
o Y" 0

/ k(z, aFy) de < c.

0

dx

< @w|H
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So, multiplying the equation (3.18) on v, by 2" and then integrating on [0, c0), we find
/(1 —2¢)x" Bo(x)v () dx < r/zrflTa(z)va(x) dx
= 7’/ " (@) ve () do + T/ 2" (2) v (z) dz. (3.36)
<A =A

Due to Lemma 3.2.3, and choosing A = A - in (3.36) with w < 1 — 2¢, we obtain

rsupoA {:c Lra}

1—2c—w ’

/xrﬁa(ac)va(x) dr <

and the right hand side is uniformly bounded for  — 1 > max(rg, —v) when a — L, due to Lemma 3.2.4.
Finally

Vr > max(2,1+ 79,1 —v), 3IC,, /zrﬂa(z)va(z) dr < C,. (3.37)

Moreover for all @ we have [vodz = 1. So, using Lemma 3.2.4 with g~ !(z) = O(z™7) instead of
771(x) = O(z™"), we conclude that uniformly in o — L

vy € LY(Ry), Vr = 0. (3.38)
Second estimate: 6, upper bound. The next step is to prove the same estimate as (3.37) for 0 < r <
max(2,1 + rp, 1 — v) and for this we first give a bound on 7,v,. Let m = max (2,1 + r9,1 — v), then,

using € and p < % defined in Lemma 3.2.5 and integrating (3.18) between 0 and = < &, we find (noticing
that the quantity 7, (2)v, () is well defined because Theorem [41] ensures that 7,v, is continuous)

ra(@)va(r) < 2 / Z [ Ba@ralinaeo) dy s
< 2 / Ba(y)valy) dy

ﬂa Y —m ” m
< 2swplrava} [ 2D gy poc [Ty, yva(y) dy
(0,¢) 0 T (Y) 0
< 2psup{rava} + 26 "Chy.
(0¢)
Consequently, we obtain
1+ 2C,,e~™
Sup 7o (7)va(z) < S 2Cme = C. (3.39)
z€(0,e) 1- 2P

Then we can write for any 0 < r <m

/xTﬁa(x)va(x)dx / " B (2)va (x )dm—l—/xx Bo(2)va (@) da

/N

r—m /EI 2" Bo ()00 (z) dz

e’ sup{Ta
(0,e)

< Cpe"+Cpy s’“ m :=CT
Finally we have that
Vr >0, 3C,, /mTﬁa(ac)va(x) dx < C, (3.40)

and so

~ [ bava <o (3.41)
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Third estimate: L* bound for x 71,v,. First, integrating equation (3.18) between 0 and = we find
Ta(T)va(z) < Q/ﬂa(y)va(y) dy = 20, <2Cy, Vx> 0. (3.42)

It remains to prove that x~77,v, is bounded in a neighborhood of zero.
Let us define fq, : @ = sup g ;) Tava- If we integrate (3.2) between 0 and 2’ < z, we find

(@ )oa () < 2 / ’ [ Bawvatwymatz ) dydz <2 / ) [ Bawato)mate.p) dydz

and so for all x
JalZ < 2 ,Ba oY al\%, dy dz.

Considering € and p from Lemma 3.2.5 and using (3.26), we have for all < &
@ < 2 [ Ba@aralz ) dyd:

0

= 2 [ Bawralv) | malesn)ddy
0

o0 ) N7

< 2/ Ba(y)va(y)mm(l,C(—) )dy
X r\7Y

- 2 [ ey +20 [ 8w (2) dy+20 [ stwa(2) dy

— /804 7_ v SCW Eﬂa(y) a() ( v x\7

= 2| ey dy+ 2007 | SE SIS dy +20/ Ba(y)valy )(y) dy
ﬂa(y) 8ﬂa(y) a(y) -5 v Y.

< 2fu(7) ; Ta(y)d y + 2027 ) dy 4+ 2Ce™7||Bavalr

If we set Vo (z) = 277 fo(x), we obtain when o — L

(1= 20)Vale) < Balv)
Ta(y)
2Cp
K.et=2
and, from Gronwall’s lemma, we find that V,(z) < BTy Finally
—2p
ngIZSZPP

sup{z 77, (@) (z)} <

. 3.43
(0,¢) 1=2p (3.43)

The bound (3.42) with Assumption (3.25) and the bound (3.43) with Lemma 3.2.5 (in which we replace
Ba(x) by 27) ensure that the family {v,} is uniformly integrable. This result, with the first estimate,
gives that {v,} belongs to a compact set in L'-weak due to the Dunford-Pettis theorem. The sequence
{0} belongs also to a compact interval of R, so there is a subsequence of {(va,0,)} which converges in
L'-weak x R. The limit is a solution to (3.21), but such a solution is unique, so the sequence converges.
To have convergence in L'-strong, we need one more estimate.

Fourth estimate: Whtbound for 2" T4va, 7 = 0. First, the estimates (3.38) and (3.43) ensure that 2" 740,
is uniformly bounded in L! for any r > —1. Then, equation (3.18) gives immediately that

/|— T (2)va (2))| di < / ra(@)va () da + 0, +3/5a You () (3.44)

is also uniformly bounded. For r = 0, the same computation works and finally " 71,v, is bounded in
WEL(R,) for any 7 > 0.
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The consequence is, thanks to the Rellich-Kondrachov theorem, that {z"7,v,} is compact in L'-strong
and so converges strongly to 72" v, (z). Then, using Lemma 3.2.4 and estimate (3.43), we can write

/mva(:c) Co (@) de < /0 xr|va(:f) —vl(x)|dx+/81 o) — vy () da
< C /0 ) f:—;;dx—i-C / D (@) v () — 7270 (1)) da

The first term is small for ¢ small and the second term is small for a close to L due to the strong L'
convergence of {z"7,(x)vs(x)}. This proves the strong convergence of {2"v,(x)} and ends the proof of
Theorem 3.2.2.

O

3.3 Further Results

3.3.1 Critical case
()

In the case when lim,_,o f(x) or lim, .o =~ is a positive constant, we can enhance the result of The-

orem 3.1.1 if we know the higher order term in the series expansion. Assumptions (3.45) and (3.47) of
Corollary 3.3.1 are stronger than Assumption (3.5), but provide a more precise result on the asymptotic
behavior of A\,, A,.

Corollary 3.3.1. If 8 admits an expansion of the form
Bx) = fo+ fraz™ + o (a™), mn >0 (3.45)

with By > 0 and By # 0, then we have the following expansion for X :

Ao = Bo + (ﬂl /z%v%(z) dz) o 4 00(041”1). (3.46)
In the same way, if T admits an expansion of the form
T(x) = 1o + T2t + oo(zl’l), v > 1 (3.47)

with 79 > 0 and 7 # 0, then we have

[ v (z)de\ o, 4 -
Ao = e (n=1) l(—1)y y
o (Tl [ wvyg (2) da “ + a—q%(a ) (3.48)

Proof. First we assume that § admits an expansion of the form (3.45) and we want to prove (3.46). By
integrating Equation (3.18) we know that Ay [vadz = [ Ba(2)va(2) dz and so multiplying by a7 gives

@™ (o = B0) = [ @7 (Ba(e) = fo)va(z) da
Now the proof is complete if we prove the convergence
/OFM1 (Ba(z) — Bo)va(x) dx 7 /ﬂlx'ylvx‘(z) dx. (3.49)

For this we use the expansion (3.45) which provides, for all x > 0,

Ba(x) o Bo + Bz ok 4 o(aF). (3.50)
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Let m > ~; such that limsup 2™ 5(z) < o0 (see Assumption (3.24)) and define

r—>0

b O (Bale) — )

4™
71
We know due to (3.50) that fu(z) — b
a—0 7+ ™

that (27 + 2™)v,(x) — (7 4+ 2™)v,(z) in L'. So we simply have to prove that f, is uniformly
bounded to get (3.49) (see Section 5.2 in [61]). Due to (3.45) and the fact that limsupz="8(z) < oo

o0

for all . Moreover we have due to Theorem 3.2.2

with m = 1 > 0, we know that there exists a constant C' such that

1B(y) = Bol < Cy™ +y™), Yy =0,
and so, because a — 0
a1 B(y) — Bo| < Cla™ 1yt + a7 my™),

which gives, for = oy
a1 |B(a"z) — fo] < C(a™ +2™)

and we have proved that f,(z) < C.

The same method allows us to prove the result on A,, starting from the identity

(Ao = 10) [ wwa(e) dz = [ (ra(e) = maa)uwa(e) de

and using the fact that (3.47) provides the expansion

Ta(2) =, 0T+ ma”tal Y g oo(aln ),

3.3.2 Relaxed case
Here we relax Assumption (3.5) and examine if the asymptotic behavior of A\, and A, obtained in
Theorem 3.1.1 remains true. The case we are the most interested in is the case when the limits are zero

(see the applications at Section 3.4). Is the condition limL B(x) = 0 (resp. lim o 0) necessary and
rT—> 7 X

sufficient to have 1imL Ao = 0 (resp. Hn% Ay = 0)? The following theorem gives partial results in the
a— a—

direction of a positive answer to this question. The assumptions required are weaker, but the results
also are weaker. We obtain asymptotic behavior for the eigenvalue, but cannot say anything yet on the
eigenvector behavior.

Theorem 3.3.2. Let us suppose that all assumptions of Theorem 3.2.2 are verified except Assumption
(3.5).

1. If r(x) = o(z"), B = O(z") and B(x)~! = O(x™7) with v + 1 — v > 0, we have that

z—0 T— T—

if v >0, then lim A\, =0, and more precisely A\, = o(a 1+1—V),
a—0 a—0

ifv =1, then lim Ay =0, and more precisely A, = o(ali;zv).
a—>0 a—>x0

2. If B(x) = o(z?) and T(x)™t = O(z™) withy+1—v >0 and vy <0 (so that v < 1), we have

xr—>0 Tr—>0

that
lim A, = lim Ay =0, and more precisely Ao = o(aT =), Ay = o(at+—v).
a—L0 a—0 a—+L0 a—0
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Remark. In the second assertion of this theorem, we notice that Assumption (3.28) means Tgf) =

o(B(z)), so the condition B(x) = o(zY) with v < 0 imposes lim,_, . ) .

x

Proof of Theorem 3.3.2.1. We perform the dilation defined by (3.6): va(z) = ofU,(c¥z) with k =
ﬁ. Due to the assumption 3(x)~* = O(z~7) and 7 = O(a"), the conclusions of Lemma 3.2.3 and
Lemma 3.2.4 still hold true. Hence we have the following bound (see the first estimate in the proof of
Theorem 3.2.2)

rsup(oﬁAL)(acT_lTa)

/:crﬂa(z)va(fc) dr < 1_ 50 —w

where 7,(z) and S, are defined by (3.14), and the right-hand side is bounded uniformly in « for r >
max (2,1 + 79,1 —v). Let € > 0 and write

0T TR A = 0 = / Bata < /Eﬂamva(z)dﬁs” / " BulYva(a) da
0 0

r—1

7T7"SUP(0,AL)($ Ta)

< o
(S(},lgﬁ te 1—2c—w

Thus, since sup x™7, — 0, we obtain
(0,Az) o=

limsup 6, < limsup sup B, < Ce”.

a—0 a—0  (0,e)

This is true for all £ > 0, so the assertion 1 of Theorem 3.3.2 is proved (the same proof works with the
fragmentation parameter a).

O

Proof of Theorem 8.3.2.2. We perform the dilation defined by (3.6) v, (x) = o*U, (aFx) with k = m
Due to Assumption (3.35) for L = +00, we still have the conclusion of Lemma 3.2.5 and it is sufficient to
bound 7,v, on (0,¢) for e > 0. We refer to the proof of Theorem 3.2.2 in Section 3.2.3, second estimate,
and write:

Ta(T)va(z) < QSup{Tava}/ ﬂa d +2/ Ba(Y)va(y

< 2psup{rava} +2 sup fBa-
(0.0) (e,40)

Taking for instance € small enough so that p < 1n this estimate, and o large enough so that sup. 4 ) Ba <
C, we obtain the boundedness of 7,v, on (0, 50) Then we write for € > 0,

.
o 1+77V}\0¢ = ea = /ﬁava
€

< sup TaUa =2 4+ sup fBa
(0,¢) 0 Ta  (s%)

N——— | S —

<C o0 ——0

The latter estimate is a consequence of the assumption S(x) = o(x?).
P

We do the same computations for the parameter a.
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3.3.3 Generalized case

In this section, we completely free ourselves of Assumption (3.5) and give some results about the asymp-
totic behavior of the first eigenvalues for general coefficients. The techniques used are completely different

than the self-similar ones, but the results still give comparisons between A, and S(x), and between A,
(@)

x

and

Theorem 3.3.3. 1. Polymerization dependency.

If B e Li5.(RY) and limsup 7(z) < oo, then limsup, ;o Ao < limsup, ,,S3(x).  (3.51)

0 X

1
If —€ Ly :={f, 3a>0, fe L'(0,a)}, then liminfa,, Ao > liminf, ., B(z).  (3.52)

2. Fragmentation dependency.

7(x)

If Be LL.(Ry), then there exists r >0  such that limsup A, < rlimsup —=. (3.53)
a—0 T €T
1
If liminf B(z) > 0, and if ~ € L}, then lim Ay = 40. (3.54)
0 T a0

We first state a lemma which links the moments of the eigenvector, the eigenvalue and the polymer-
ization rate.

Lemma 3.3.4. Let (U, \) solution to the eigenproblem (3.2). For any r = 0 we have
/xTU(z) dr < X /zrflT(:c)L{(z) dx. (3.55)
Proof. Integrating Equation (3.2) against 2" we find
—/rxrflT(:c)U(z) dx + /\/xTZ/l(:c) dx + /zrﬂ(z)u(:c) dx
= 2/w’” /OI By)r(z, y)U(y) dydz

2 [ st [ () dudy

Yy
< 2 B(y)U(y)yT_l/O zi(z, y) dedy

/ y"By)U(y) dy.
O

Proof of Theorem 8.5.3.1.(3.51). We only have to consider the case limsup,_,,(z) < co. In this case,

B e Lj;.(Ry) since it is assumed that 8 € L7 (R}). So for € > 0, we can define . := sup .y B(z) < o0

loc loc
and, due to Assumption (3.24), there exist positive constants C. and r such that 5(z) < Ca” for almost

every = €. As a consequence, we have by integration of Equation (3.3)

A = /ﬂ(x)ua(:c) dx < B + C/zTua(z) dz.

We can consider that r > ro + 1, with ro defined in Assumption (3.24), and thus Lemma 3.3.4 and

Assumption limsup,,_, @ < o0 give

ar

/SCTZ/[Q(ZL') dx < * "7 (2) Uy (z) de < )\gC’ (1 + /zTUa(:c) d:c)
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for a new constant C'. Combining these two inequalities we obtain

1 1
A <aC |l ———7—— ) <aC |1 — ).
“ ( +fwua(:c>d:c> “ ( +Aa—ﬂs>

Then, either \, < ., or we obtain by multiplication by A, — 8- > 0 that

A2 — (B + aC)Aa — (1 — Bz)aC < 0,

and so

Aa <

(E—I-QC-I-\/EQ—FZLCMC—I-QQCQ).

N | =

Finally we have
limsup Ay, < S
a—0
and this is true for any € > 0, so
lim sup A, < limsup B(x).

a—0 x—0

O

Proof of Theorem 38.3.3.1.(3.52). Let A > 0 and define 84 := inf(4 ). Since % € L} and due to

Assumption (3.25) we can define I4 := fOA T‘%i) < o0. Then, we have by integration of Equation (3.3)

Aa

/ By)Ua(y) dy

\%

B_A/AJUa(y)dy

= ﬂ_A(l —/OAL{a(y)dy).

We know, by integration of Equation (3.3) between 0 and z, that for all > 0, a7r(x)U,(z) < 2A,. Thus

we obtain B
dy
Ao = 1-— 2 g ———
ﬂ—A< /0 aT(y))

which gives
s Pa
1+ 2841
and
liminf Ay > Ba.

a—>0

Finally, since the previous inequality is true for all A > 0, we find

liminf A\, > liminf 5(z).

a—0 T—>+0

O
Proof of Theorem 8.3.3.2.(3.53). The fact that 8 € L/.(R) associated to Assumption (3.24) ensures the

existence of two positive constants C' and r such that for almost every x = 0, S(z) < C(1 + z"). So,
integrating Equation (3.4), we have

Ae = a/ﬂ(z)va(z) dr < aC (1 + /07, " Va(x) dx) .
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To prove (3.53), we only have to consider the case limsup,_, ., @ < 0. So, for any A > 0, we can define

TA = SUDg- 4 @ < o0 and we have, due to Lemma 3.3.4 and considering r > ¢ + 1 where rg is defined

in Assumption (3.24),

[eviio< - [oiremer < 1 (047 [evear).

Combining the two inequalities we obtain

hesr (Tt o) <o (T 2
e A [aVo(z)dx ) ~ AT Aa—aC )"

Then, either A, < aC, or we obtain by multiplication by Ay — aC > 0 that
A2 — (172 + aC)Aq — (1 = T2)aC < 0

and so

1
A <5 (172 +0C + /072 + draC +a2C?) .

In the two cases we obtain that
limsup Aq < r7a,

a—0
and, letting A — o0, we conclude
limsup Aq < rlimsup @
a—0 T T
|
Proof of Theorem 3.3.3.(3.54). Let € > 0. Since liminf,_,,, 8(z) > 0, we have due to Assumption (3.25)
that g :=inf(. ) 8 > 0. Since % € L}, we have thanks to Assumption (3.25) that I. := 08 T‘fi) < o0 and

that lim._, I. = 0. By integration of equation (3.4), we find

a / B(y)Valy) dy
afe /5 ) Va(y) dy
ose(1- [ vatway)

We know, as previously, by integration between 0 and z, that for all © > 0, 7(x)V(x) < 2A,. Thus we
obtain
ozas(i- [ 2aa )
T 0 7(y)

a
a = 7& .
1+ 2aB.1c

Aa

\%

which gives

Finally we have

li fA
1m1n 215 E)+oo

and it ends the proof of Theorem 3.3.3.(3.54). O
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3.4 Applications

Before giving applications, we recall a regularity result whose proof can be found in [96].

Lemma 3.4.1. Under the assumptions of Section 3.2.2, the functions o — A, and a — Ay are well
defined and differentiable on (0, ).

3.4.1 Numerical scheme based on Theorem 3.2.2

We first present the method we use to compute numerically the principal eigenvector A without considering
any dependency on parameters. Then we explain how the self-similar change of variable (3.6) and the
convergence result of Theorem 3.2.2 can be used to compute the dependencies a +— A, and a — A,, when
parameters o and a are very large or very small.

The method used to compute the solution to Equation (3.2), is first to compute a numerical approxi-
mation of the first eigenvector U, and then use the identity

A= /()Iﬂ(z)u ) dx

The General Relative Entropy (GRE) introduced by [98, 99, 110] provides the long time asymptotic
behavior of any solution to the fragmentation-drift equation (3.1). At sufficiently large times, these
solutions look like ¢ (z)e* where U and X are the eigenelements defined at (3.2). More precisely we have

[ a0 = ute = 0. o Not) o 0

where ¢ is the dual eigenvector of Equation (3.2) (see [41, 99] for more details) and {u, ¢) = fO% u(z)d(x) du.
It is even proved in [79, 15], under some assumptions on the coefficients, that this convergence occurs
exponentially fast. We use this convergence to compute numerically the eigenvector U/. We consider, for
ug € L*(R,.), an initial function satisfying [, uo(z) dz = 1, the solution u(z, t) to the fragmentation-drift
equation (3.1). Since we do not know yet the value of A, we define the normalized function

u(x,t)

We can easily check that u satisfies the equation

ata<w,t)+az<f<x>a(x,t))+(/O'Lmy)a(y,t)dy) (e, ) + Ba)ie, 1) = 2 / By (e, )y, ) dy.

(3.56)
with the boundary condition 7(0)@(0,¢) = 0, and that the convergence occurs
o0
/ |a(z, t) —U(x)|od(x) do o 0. (3.57)
0 Do

The scheme used to compute U is based on the resolution of Equation (3.56) for large times and the use
of (3.57) for the stop condition.

Numerically, Equation (3.56) is solved on a truncated domain [0, R] so the integration bounds have to
be changed and we obtain, for x € [0, R],

R
Oti(x, t) + 0p (7(2)u(z, 1)) + </O Bly)uly,t) dy) i(z,t) + Bla)u(x, t) = 2/ Bly July, t) dy.

ﬁ (3.58)
What we loose when we solve this truncated equation are the integral terms | Rf B(x)u(x,t) de and

f;ﬂ(y)n(x,y)ﬂ(y,t) dy, and the outgoing flux 7(R)u(R,t) at the boundary z = R. To be as close as
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possible to the non-truncated solution, we have to choose R large enough so that these quantities are
small enough. It is proved in [41] that S(x)U(z) and 7(x)U(z) are fast decreasing when @ — +o0. The
value of R has to be adapted to have, when @ is close to the equilibrium U, values of 7(x)a(z,t) and
B(z)u(x,t) smaller than a fixed parameter € for x close to R. Parameter ¢ is expected to be very small,
it is also used for the stop condition (3.60).

We assume that [0, R] is divided into N uniform cells and we denote z; = iAz for 0 <4 < N with
Ax = %. The time is discretized with the time step At and we denote t" = nAt for n € N. We adopt
the finite difference point of view, namely we compute an approximation @} of @(z;,¢"). It remains to
explain how we go from the time t" to the time t"*!. To enforce that Zf\il u; = 1 at each time step,
we split the evolution into two steps. First we compute, from (4')1<;<n, a vector (U?H)KKN which is
obtain with the formula

~ ~n+1 ~n
u? T U — Ti1u;

N
i — — APt 4202 ) Bk i, (3.59)

n+1
U, —

Jj=1

where 3; = B(x;), 7 = 7(x;) and k;; = k(x;,2;). This is a semi-implicit Euler discretization of the
growth-fragmentation equation (3.1). We choose this scheme to ensure the stability without any CFL
condition, since the scheme is positive. Then we set

n+1
~n+1 ,__ ui
i T N n+1
Az} uf

and we have that the discrete integral of (@) <;<n satisfies Az sz\il artt = Ax sz\il ul? = 1. Using
the L' convergence (3.57), we end the algorithm when

Az S ~n ~n—1
A7 Z la; —al | <e (3.60)
i=1

where € « Az. Then we have

N
A~ Az Z Biuy' .

i=1

The semi-implicit scheme (3.59) is efficient to avoid oscillations on the numerical solution, but it is not
conservative. This scheme has to be avoided if we want to solve Equation (3.1) for any time. Here we are
only interested in the steady state of Equation (3.56), so the nonconservation does not matter, because
the steady state is the same for an implicit or an explicit scheme.

Now we want to compute A, and A, for a large range of o and a. According to the discussion in
the introduction, the eigenvectors U, and V, are concentrated at the origin for a small or a large and,
conversely, spread out for « large or a small. Then, to avoid an adaptation of the truncation parameter
R or an adaptation of the discretization size step Ax when « and a vary, we compute 6, defined in
Equation (3.18). To this end, we have to compute the dilated eigenvector v, defined in (3.6) which
converges to a fixed profile v, when a@ — L, as stated in Theorem 3.2.2. This convergence ensures
that the vector v, does neither disperse nor concentrate too much when « varies, and so we can find a
truncation and a size step which work for any o — L. It remains to distinguish L = 0 from L = +
by dividing (0, 4+00) into two sets: for instance (0,1] and (1,400). For 0 < o < 1, we use the dilation

coefficient k associated to v and v such that 7(z) ~ ¥ and B(x) ~, 7. For @« > 1 we do the
€T—> Tr—>
~ 7. Finally, we use Equation (3.20)
0
in Lemma 3.2.1 to recover A\, or A, from the numerical value of 6, (see Figure 3.2 for a numerical

illustration).

dilation associated to v and v such that 7(x) ~ 2z and f(x)
r—>00
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3.4.2 Steady States of the Prion Equation

To model polymerization processes, Equation (3.1) can be coupled to an ODE which incorporates the
evolution of the quantity of monomers. The so-called “prion equation” (see [63, 117])

d‘;_it) — V() [5 T /OI r(@)u(z, ) dz] ,

%u(:c,t) =—V(t)%(7(z)u(x,t)) _[ﬂ(x)+“(z)]“(z’t)+2/;ﬂ(y)n(z,y)u(y,t) . (3.61)

u(0,t) =0,

where the quantity of monomers is denoted by V' (¢). In this model, the monomers are prion proteins, pro-
duced and degraded by the cells with rates £ and d, and attached to polymers of size x with respect to the
rate 7(z). The polymers are fibrils of misfolded pathogenic proteins, which have the ability to transcon-
form normal proteins (monomers) into abnormal ones by a polymerization process, which is not yet very
well understood. The size distribution of polymers u(x,t) is solution to the growth-fragmentation equa-
tion (3.1) in which V(¢) is added as a multiplier for the polymerization rate. A degradation rate u(x) is
also considered for the polymers. For the sake of simplicity, this rate is assumed to be size-independent
in the following study (u(z) = o).

Equation (3.61) models the proliferation of prion disease. An individual is said to be infected by prion
disease when polymers of misfolded proteins are present, namely when u(-,t) # 0 at the time ¢.

The coupling between V' (¢) and u(t, ) appears in the equation for u as a modulation of the polymer-
ization rate. One sees immediately the link with the eigenproblem (3.3) satisfied by U,,. Indeed, U, is the
principal eigenvector linked to the linearization of the prion equation around a given monomer quantity
V = «. Investigating the dependency of the fitness Ay, with respect to the polymerization and fragmen-
tation coefficients, is a first step towards a better understanding of the disease propagation. Indeed it has
been reported that the course of prion infection in the brain follows heterogeneous patterns. It has been
postulated that the neuropathology of prion infection could be related to different kinetics in different
compartments of the brain [31].

Modelling the propagation of prion in the brain requires a good understanding of possible dynamics
(e.g. monostable, bistable etc). Such a study can be done through the dependency of the first eigenvalue
on parameters. In [20, 19], it is shown that, under some conditions, the coexistence of two stable steady
states can happen (one endemic and one disease-free). A steady state (Vi,,u,(x)) is a solution to

0 =¢-V, [5 + /OI (@) () dz] ,

ot (1) = =V () () = B @) +2 [ (e v) ),

up(0) =0.

(3.62)

The disease-free steady state corresponds to the solution without any polymer (V = %,ﬂ = O) .

Other steady states can exist and are called endemic or disease steady states. They are solution to
System (3.62) with V., > 0 and u., # 0 nonnegative. To know if such disease steady states exist, we recall
briefly here the method of [19, 20]. A positive steady state uy, can be seen as an eigenvector solution of
(3.3) with a =V, such that

)\a = )‘V;o = Q- (363)

This shows the crucial importance of a study of the map V — Ay. Any value V,, solution to (3.63)
provides a size distribution of polymers

uy () = 0Uy, ().

The quantity of polymers g, is then prescribed by the equation for monomers and has to satisfy the
relation

_ V1 =0
Ve f‘T(ZL')Z/fVﬁ (:L') dx’

Ox
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The quantity of polymers has to be positive, which is equivalent to the condition

Finally, the disease steady states correspond exactly to the zeros of the map V — Ay — o in the interval
(0,V). Due to the different results of Sections 3.2 and 3.3, we know that this map is not necessarily
monotonic, as assumed in [20]. Thus, by continuity of the dependency of A on V (see Lemma 3.4.1),
there can exist several disease steady states for o well chosen and V = % large enough. This point is
illustrated on the example below, for which there exist two disease steady states.

We can investigate the stability of the disease-free steady state through the results obtained in [19, 20].
For this, we introduce the dual eigenvector » of the growth-fragmentation operator with transport term
|4

_ 0 T
—VT(z)%(G(z)) + (B(z) + Np(z) = 25(50)/ Ky, 2)P(y)dy, =0,
0 (3.64)
We assume that we are in a case when there exist two constants K; and K5 such that
T(gc)ai (v)| < Khp(z), and 7(z) < Kop(x). (3.65)
T

This assumption generally holds true when T(z) is bounded because @ grows linearly at infinity according
to general properties proved in [41, 95, 110, 111] Then we can reformulate the theorems of [19, 20].

Theorem [20] (Local stability). Suppose that assumption (3.65) holds true and that A7 < po. Then the
steady state (V',0) is locally non-linearly stable.

Theorem [19] (Persistence). Suppose that assumption (3.65) holds, V(0) < V, fo"/“‘(l + z)u(t, ) dx is
uniformly bounded, and that Xy > pg. Then the system remains away from the steady state (V,0). More
precisely we have:

o
lim inf/ D(x)u(z,t) dx > 0.
t—0 0

Ezample. Let us consider the same coefficients as in Figure 3.2(a). We can choose p small enough to
ensure the existence of two values Vi < V5 such that Ay, = Ay, = po. As a consequence, we know due to
the previous study that there exists no disease steady state if V' < Vi, one if V; < V < V5, and two if
V > Va. Concerning the stability of the disease-free steady state, we first notice that the fragmentation
rate B(z) satisfies the assumption (z) < A + Bz, which is sufficient to have that [ (1 + z)u(t, z) dz
is uniformly bounded (see [19] Theorem 2.1). Thus we can apply the previous theorems and we have
that (V,0) is stable if V < V;, unstable if V; < V < Vs, and recovers its (local) stability if V > V5. In
Figure 3.3, the graph of the negative fitness V' — po — Ay is plotted (because the quantity of polymers
influences the evolution of V(¢) with a negative contribution) and the zones of stability and unstability
for V are pointed out. The non intuitive conclusion is that an increase of the production rate ¢ or a
decrease of the death rate § can stabilize the disease-free steady state. What happens in this situation
is that the largest polymers are the most stable since lim,_,, S(x) = 0 (this situation is biologically
relevant, see for instance [124]). When the quantity of polymers is large, the polymerization is strong and
it results in long stable polymers. Because they do not break easily, their number does not increase very
fast, i.e. the fitness of the polymerization-fragmentation equation is small. But the degradation term is
assumed to be size-independent, and then the fitness Ay becomes smaller than po for V' large enough.
This phenomenon stabilizes the disease-free steady state because, when polymers are injected in a cell,
they tend to disappear immediately, since Ay < pug.

Concerning the stability of the disease steady states, the study is much more complicated. Nevertheless,
we can imagine that V; is stable and V5 unstable. This postulate is based on Figure 3.3 and on the results
obtained in [63, 64] in a case when System (3.61) can be reduced to a system of ODEs.
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Figure 3.3: The negative fitness V' — pg — Ay is plotted for the same coefficients as in Figure 3.2(a). The
zeros V7 and V5 correspond to disease steady states and separate the areas of stability or unstability of
the disease-free steady state.

3.4.3 Optimization of the PMCA protocol

Prion diseases, briefly described in Section 3.4.2 (see [83] for more details), are fatal, infectious and
neurodegenerative diseases with a long incubation time. They include bovine spongiform encephalopathies
in cattle, scrapie in sheep and Creutzfeldt-Jakob disease in human. It is then of importance to be able
to diagnose infected individuals to avoid propagation of the disease in a population. But the dynamics
of proliferation is slow and the amount of prion proteins is low at the begining of the disease. Moreover,
these proteins are concentrated in vital organs like brain, and are present in minute quantities in tissues
like blood. To be able to detect prions in these tissues, a solution is to amplify their quantity. A promising
recent technique of amplification is the PMCA (Protein Misfolded Cyclic Amplification). Nevertheless,
this protocol is not able to amplify prions for all the prion diseases from tissues with low infectivity.
PMCA diagnosis remains to be improved and mathematical modelling and analysis can help to do so.

PMCA is an in vitro cyclic process that quickly amplifies very small quantities of prion proteins present
in a sample. In this sample, the pathogenic proteins (polymers) are put in presence of a large quantity
of normal proteins (monomers). Then the protocol consists in alternating two phases:

- a phase of incubation during which the sample is left to rest and the polymers can attach the monomers
(increase of the size of polymers),

- a phase of sonication during which waves are sent on the sample in order to break the polymers into
numerous smaller ones (increase of the number of polymers).

To model this process, we can use the growth-fragmentation equation (3.1) as in (3.61). The main
difference is that the PMCA takes place in vitro, and there is no production of monomers. The monomers
are in large excess to improve the polymerization, so we can assume that their concentration is constant
during the PMCA. It remains to introduce the “sonication” in the equation. Because the sonication phase
increases the fragmentation of polymers, a first modelling can be to add a time-dependent parameter a(t)
in front of the fragmentation parameter 5(x). Then the alternating incubation-sonication corresponds to
a rectangular function a(t) which is equal to 1 during the incubation time (since the sample is left to
rest), and ;4. during the sonication pulse (where a,,4, represents the maximal power of the sonicator).
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We obtain the model

Sulet) = Vol (r@)ute0) ~ a8l +200) [ B ulpdy. (360

where u(z, t) still denotes the quantity of polymers of size x at time ¢.

With this model, the problem of PMCA improvement becomes an optimization mathematical problem:
find a control a(f) which maximizes the quantity [ zu(T,z)dz (total mass of pathogenic proteins) at a
given final time 7. The answer to this problem is difficult. First we can wonder if the rectangular
strategy used in the PMCA (alternance incubation-sonication) is the best one or if there exists a constant
control which is better. This last question leads naturally to the problem of the fitness optimization for
Equation (3.66) when a(t) = a is a time-independent parameter. IS a,,q, the best constant to maximize
A.7 Is there a compromise tops € (1, pmqz) to find? The answer depends on the coefficients 7 and
as indicated by the different theorems of this paper. More precisely, Theorem 3.2.2 ensures that the
situation when an optimum a,,; exists between 1 and a,,4, can happen, and an example is given below.

Ezample We consider the same coefficients as in Figure 3.2(b) and suppose that the sonicator can
multiply by 4 the fragmentation at its maximal power. Then in our model a,,,, = 4 and we can see on
Figure 3.4 that the best strategy to maximize the fitness with a constant coefficient is not the maximal
power, but an intermediate a,,; between 1 and a4,

Aq A

0.36

0.35F q

0.34F q

031 q

03 L L L L L a
1 15 200, 25 3 35 Opmax

Figure 3.4: The fitness is plotted as a function of a for the coefficients of Figure 3.2(b). There
is a sonication value a,,; in the interior of the window [1, a4, | which maximizes this fitness.

In [18], the time dependent optimization problem is investigated on a discrete model. The study
highlights the link between the optimal control a(¢) and the constant a,,; which optimizes the fitness of
the system.

3.4.4 Therapeutic optimization for a cell population

In the case when Problem (3.1) models the evolution of a size (or protein, or label, or parasite...)-
structured cell population, 7 represents the growth rate of the cells and S their division rate. It is of deep
interest to know how a change on these rates can affect the Malthus parameter of the total population,
see for instance [25, 23]. It is possible to act on the growth rate by changing the nutrient properties -
the richer the environment, the faster the growth rate of the cells. We can model such an influence by
Equation (3.3), and the question is then: how to make A, as large (if we want to speed up the population
growth, for instance for tissue regeneration) or as small (in the case of cancerous cells) as possible ?
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Plausible assumptions (see [39] for instance for the case of a size-structured population of E. Coli) for
the growth of individual cells is that it is exponential up to a certain threshold, meaning that 7(x) = Tx
in a neighbourhood of zero, and tending to a constant (or possibly vanishing) around infinity, meaning
that the cells reach some maximal size or protein-content, leading to 7 3, T < +00.

Concerning the division rate 3, it is most generally vanishing around zero, either of the form §(z) ~ Sa”
with v > 1 or with support [b, 00] with b > 0 and it has a maximum, and then decreases for large = - and
is vanishing. Note that for 7 as for 3, very little is known about their precise behaviour for large sizes =,
since such values are very rarely reached by cells in the real world.

These assumptions allow us to apply our results. Theorem 3.1.1 and Corollary 3.3.1 lead to vanishing
Malthus parameter A\, either for & — 0 or for &« — +00. It means that for cancer drugs, stressing the
cells by diminishing nutrients can be efficient, which is very intuitive and it is known and used for tumor
therapy (by preventing vascularization for instance). What is less intuitive is that forcing tumor cells
to grow too rapidly in size could also reveal an efficient strategy, as soon as it is established that the
division rate decreases for large sizes (this last point could be studied by inverse problem techniques, see
[114, 40, 39]). It recalls the same ideas as for prions, as said in Section 3.4.2.

On the opposite side, in order to optimize tissue regeneration for instance, these results tend to prove
that there exists an optimal value for a such that the Malthus parameter is maximum. This value can
be established numerically (see Section 3.4.1 and [60]) as soon as the shape of the division rate is known,
for instance by the use of the previously-quoted inverse problem techniques.

Conclusion

The first motivation of our research was to investigate the dependency of the dominant eigenvalue of
Problem (3.1) upon the coefficients 8 and 7, since a first and wrong intuition, based on simple cases,
was that it should be monotonic (see [20, 19]). By the use of a self-similar change of variables, we have
explored the asymptotic behaviour of the first eigenvalue when fragmentation dominates the transport
term or vice versa. This leads us to counter-examples, where the eigenvalue depends on the coefficients
in a non-monotonic way. Moreover, these counter-examples are far from being exotic and seem perfectly
plausible in many applications, as shown in Section 3.4. A still open problem is thus to find what would
be necessary and sufficient assumptions on 7 and (3, or still better on the ratio %, so that A\, or Aq be
indeed monotonic with respect to a or a.

Concerning our assumptions, a first sight at the statement of Theorem 3.1.1 gives the feeling that
only the behaviour of the fragmentation rate 8 plays a role in the asymptotic behaviour of A, and only
the ratio 7 in the one of A,. This seems puzzling and counter-intuitive. In reality, things are not that
simple: to ensure well-posedness of the eigenvalue problems (3.3) and (3.4), Assumptions (3.27) and (3.28)
strongly link 7 with 3, so that a dependency on g hides a dependency on 7 and vice versa. Moreover, the
mathematical techniques used here (moment estimates, multiplication by polynomial weights) force us
to restrict ourselves to the space P of functions of polynomial growth or decay. The questions of how to
relax these (already almost optimal, as shown in [41]) assumptions and how, if possible, to express them
in terms of pure comparison between 7, k and S like in Assumptions (3.27) and (3.28) are still open.
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Chapitre 3. Dépendance par rapport aux paramétres : étude approfondie




Chapitre 4

Comportement en temps long
d’équations non linéaires

Le comportement en temps long des solutions d’équations de transport-
fragmentation non linéaires est tres varié et difficile a étudier d'un point de vue
général. Nous illustrons dans ce chapitre la diversité de ces comportements a travers
des cas particuliers pour lesquels nous avons réussi a montrer la convergence vers un
état d’équilibre ou bien 'existence de solutions périodiques. Pour prouver la con-
vergence nous exhibons une fonctionelle de Lyapunov, alors que pour les solutions
périodiques nous utilisons le théoreme de Poincaré-Bendixon ou bien montrons une
bifurcation de Hopf.

4.1 Introduction

We are interested in growth models which take the form of a mass preserving fragmentation equation
complemented with a transport term. Such models are used to describe the evolution of a population in
which each individual grows and splits or divides. The individuals can be for instance cells [10, 11, 66, 94]
or polymers [13, 34, 60] and are structured by a variable > 0 which may be size [39, 40], label [5], protein
content [37, 88], proliferating parasites content [8] ; etc. More precisely, we denote by u = u(t,x) = 0 the
density of individuals of structured variable = at time ¢, and we consider that the time dynamic of the
population is given by the following equation

%u(t,x) + %(T(t,x)u(t,x)) + p(t, x)u(t, z) = (Fu)(t, x), t=0, >0,
u(tr=0)=0, t>0, (41)
u(t =0,2) = ug(z) =0, x>0,

where F is a mass conservative fragmentation operator

xL

(Fu)(t,z) = / b(t,y, x)u(t,y)dy — B(t, z)u(t, x). (4.2)

x

The mass conservation for the fragmentation operator requires the relation

B(t,z) = /Ow %b(t,x,y) dy. (4.3)

The coefficient (¢, y) = 0 represents the rate of splitting for a particule of size y at time ¢t and b(t, y,z) = 0
represents the formation rate of a particule of size x < y after the fragmentation. The velocity 7(¢,2) > 0
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in the transport term represents the growth rate of each individual, and u(t,z) > 0 is a degradation or
death term.

We consider that the time dependency of 7 and u is of the form
T(t,z) =V (t)r(x) and w(t,z) = R(t)u(x) (4.4)
and moreover that the size dependency is a powerlaw
7(x) = 12" and w(x) = p. (4.5)

The choice of the coefficients V(t) and R(t) depends on the cases we want to analyse. We give below
four examples in which they are nonlinear terms or periodic controls. The fragmentation coefficients are
assumed to be time-independent and of self-similar form

bt,z,y) = b (g) (4.6)

x T

with x a nonnegative measure on [0, 1]. For b under this form, the quantity

ng i= /Oln(z) dz

represents the mean number of fragments produced by the fragmentation of an individual. We remark
that under Assumption (4.6), relation (4.3) becomes fol zk(z)dz = 1 and then it enforces ng > 1. If & is
symmetric (k(z) = k(1 — z)), we have necessarily ng = 2. We also assume that j is a powerlaw coefficient

B(z) = Ba (4.7)

and we denote by F, the fragmentation operator associated to coefficients satisfying Assumptions (4.6)
and (4.7).

Now we state our main results concerning different choices for V(¢) and R(t). First we investigate
the nonlinear growth-fragmentation equations corresponding to the case when V or/and R are functions
of the solution wu(t,x) itself. We also consider a model of polymerization in which the transport term
depends on u and on a solution to an ODE coupled to the growth-fragmentation equation. The long-
time asymptotic behavior of these equations is investigated under the assumption that 7(z) is linear (i.e.
v = 1) and S increasing (i.e. v > 0). We finish with a study of the long-time asymptotics in the case
when V' and R are known periodic controls.

Example 1. Nonlinear drift-term. We consider that the death rate is time independent (R = 1)
and that the transport term depends on the solution itself through the nonlinearity

%u(t,x) =—f (/ 2Pu(t, x) d:z:) a—ax(ac u(t,z)) — pult,z) + Fyu(t, z) (4.8)

where f: Rt — R* is a continuous function which represents the influence of the wheighted total popu-
lation [ 2Pu(t,z)dz (p > 0) on the growth process. Such weak nonlinearities are common in structured
populations (see [69, 70, 133] for instance). The stability of the steady states for related models has
already been investigated (see [36, 49, 50, 51, 100]) but never for the growth-fragmentation equation with
the nonlinearities considered here. We prove in Section 4.3 convergence and nonlinear stability results
for Equation (4.8) in the functional space H := L?((z + 2")dz) for r large enough, or more precisely in
its positive cone denoted by H™*. These results are stated in the two following theorems. They require
that f is continuous and satisfies

N :={I; f(I) = p} is a finite set and limsup f(I) < p. (4.9)

I—->x
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Theorem 4.1.1 (Convergence). Assume that f satisfies Assumption (4.9), that v € (0,2] and that
the fragmentation kernel k satisfies Assumption (4.33). Then the number of positive steady states of
Equation (4.8) is equal to N and any solution with an initial distribution ug € H* either converges to
one of these steady states or vanishes.

Theorem 4.1.2 (Local stability). Assume that f € CY(R.) satisfies Assumption (4.9), that v € (0,2]
and that the fragmentation kernel k satisfies Assumption (4.33). Then the trivial steady state is locally
exponentially stable if f(0) < p and p = 1, and unstable if f(0) > u. Any nontrivial steady state ., is
locally asymptotically stable if [’ (f 2Pu, (x) d:c) < 0, locally exponentially stable if additionally kK = 2,
and unstable if [’ ([ 2Pu,.(z)dz) > 0.

As an immediate consequence of these two theorems, we have the following corollary.

Corollary 4.1.3 (Global stability). For v € (0,2] and under Assumption (4.33), if f € C*(R;) sat-
isfies (4.9) with N a singleton, then there is a unique nontrivial steady state u.,, and if additionally
I ([ aPus(x) dz) < 0, then it is globally asymptotically stable in H\{0}.

The method combines several arguments. First it uses the General Relative Entropy principle intro-
duced by [98, 99, 110] for the linear case. Secondly it reduces the system to a set of ODEs which has the
same asymptotic behavior than Equation (4.8). Then we build a Lyapunov functional for this reduced
system. Therefore our result extends to the case of the growth-fragmentation equation several stability
results proved for the nonlinear renewal equation in [97, 113].

Example 2. Nonlinear drift and death terms. We can also treat several nonlinearities as in

%u(t, x)=—f (/ 2Pu(t, x) dm) a—i (zu(t,z)) —g (/ xlu(t, ) dm) u(t, ) + Fyu(t, ). (4.10)
In this case, we show that oscillating behaviors can appear. The existence of non-trivial periodic so-
lution for structured population models is a very interesting and difficult problem. It has been mainly
investigated for age structured models with nonlinear renewal and/or death terms, but there are very
few results [1, 12, 33, 73, 89, 90, 116, 128, 130]. Taking advantage of the Poincaré-Bendixon theorem,
we prove the existence of oscillating solutions for Equation (4.10) and the “stability” of this behavior in
a sense specified in the following theorem.

Theorem 4.1.4. For v € (0,2] and under Assumption (4.33), there exist functions f and g and pa-
rameters p and q for which we can find an open set V < HT with the property that any solution to
Equation (4.10) with an initial distribution ug € V converges to a periodic solution.

The proof of this result is given in Section 4.4.

Example 3. The prion equation. In Section 4.5, we are interested in a general so-called prion

equation
! dZ—,ft) Y. (/m) /Oxxu(t,x) dz — SV () + X,

-Vt f (/ zpu) a—i(z u(t,z)) — pult,z) + Fyult,z).

(4.11)

0
%u(t,x)

In this equation, the growth term depend on the quantity V() of another population (monomers for
the prion proliferation model). We prove for this system the existence of periodic solutions under some
conditions on f. In age structured models, such solutions are usually built using bifurcation theory,
particularly by Hopf bifurcation (see [86] for a general theorem). Here we consider the power p as a
bifurcation parameter and we prove existence of periodic solution by Hopf bifurcation.

Theorem 4.1.5. There exist a function f and parameters for which Equation (4.11) admits periodic
solutions.
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Example 4. Perron vs. Floquet. Our method in Section 4.2.2 can also be applied to the situation
when V(t) and R(t) are periodic controls

%u(t, x) + V(t)% (rzu(t,z)) + R(t)pu(t,z) = Fyu(t,z). (4.12)

In this case, Theorem 4.2.1 allows to built a particular solution called the Floquet eigenvector, starting
from the Perron eigenvector which correspond to constant parameters. Moreover, we can compare the
associated Floquet eigenvalue to the Perron eigenvalue. The results about this problem are stated in
Section 4.6.

Before treating the different examples, we explain in Section 4.2 the general method used to tackle these
problems. It is based on the main result in Theorem 4.2.1 and the use of the eigenelements of the growth-
fragmentation operator together with General Relative Entropy techniques. In Sections 4.3, 4.4, 4.5 and
4.6, we give the proofs of the results in Examples 1, 2, 3 and 4 respectively.

4.2 Technical Tools and General Method
4.2.1 Main Theorem

The proofs of the main theorems of this paper are based on the following result which requires to consider
that 7(x) is linear (i.e. ¥ = 1). In this case, there exists a relation between a solution to Equation (4.1)
with time-dependent parameters (Vi (t), R1(t)) and a solution to the same equation with parameters
(Va(t), R2(t)). More precisely, we can obtain one from the other by an appropriate dilation. The fol-
lowing theorem generalizes the change of variable used in [47] to build self-similar solution to the pure
fragmentation equation.

Theorem 4.2.1. Consider that Assumptions (4.4)-(4.7) are satisfied with v =1 and v > 0. For uy (¢, x)
a solution to Equation (4.1) with parameters (Vi, Ry), the function us(t, x) defined by

ua(t, ) = WE()uy (h(t), WH(t)z) er Jo (W ()= Ra(s)) e (4.13)
with k = %, is a solution to Equation (4.1) with (Va, Ra) if W > 0 and h satisfy
. %%
W= TT(V2 — VW), (4.14)
h o= W

Conversely, if h : Ry — Ry is one to one and if us is a solution with (Va, Re), then uy defined by (4.13)
is a solution with (V1, Ry).

The proof of this result is nothing but easy calculation that we leave to the reader.

Remark 4.2.2. To check that h is one to one, we can take advantage that ODE (4.14) is a Bernoulli
equation which can be integrated in

Wo er Jo Va(s)ds
= 1+ WO% fot Vl(s)e% fos Va(s')ds' ds .

W (t) (4.15)

To tackle the different examples, we use Theorem 4.2.1 together with two techniques appropriate for
this type of equations. First we recall the existence of particular solutions to the growth-fragmentation
equation in the case of time-independent coefficients. They correspond to eigenvectors to the growth-
fragmentation operator and we can give their self-similar dependency on parameters in the case of pow-
erlaw coefficients (see [59, 17]). This dependency is the starting point which leads to Theorem 4.2.1 and
it allows to built an invariant manifold for Equation (4.1) in the case v = 1. It also provides interesting
properties on the moments of the solutions when v # 1. Then we recall results about the General Relative
Entropy (GRE) introduced by [98, 99, 110] for the growth-fragmentation model. This method ensures
that the particular solutions built from eigenvectors are attractive for suitable norms.
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4.2.2 Eigenvectors and Self-similarity: Existence of an Invariant Manifold

When the coefficients of Equation (4.1) do not depend on time, one can build solutions (¢, x) > U (z)e’

by solving the Perron eigenvalue problem
AU(z) = = Z (@) U(2)) — pla)U(z) + (FU)(z), x>0,
ﬁ (4.16)
7(OU0) =0,  U(z) =0, [ U(x)d = 1.

The existence of such elements A and U has been first studied by [95, 111] and is proved for general
coefficients in [41]. The dependency of these elements on parameters is of interest to investigate the
existence of steady states for nonlinear problems (see [20, 17]). In the case of powerlaw coefficients, we
can work out this dependency on frozen transport parameter V' and death parameter R (see [59]). Under
Assumptions (4.5)-(4.7), the necessary condition which appears in [41, 95] to ensure the existence of
eigenelements is v + 1 — v > 0. Then we define a dilation parameter

1
=—>0 (4.17)
y+1—-v
and we have explicit self-similar dependencies
A(V,R)=V*AQ1,0)— Ry and  UV;z) =V U1,V *2). (4.18)

The eigenvector U does not depend on R, that is why we do not label it. Thereafter A(1,0) and U(1;-) are
denoted by A and U for the sake of clarity. The result of Theorem 4.2.1 is based on the idea to use these
dependencies to tackle time-dependent parameters. An intermediate result between the formula (4.13)
and the dependencies (4.18) is given by the following corollary.

Corollary 4.2.3. Under the assumptions of Theorem 4.2.1, if W is a solution to

W= @(V —W) (4.19)
then
u(t, z) = UW (t); z)elo AW (). R()ds (4.20)

is a solution to Equation (4.1).

Proof. For v = 1, we can compute A = A(1,0) by integrating Equation (4.16) with u = 0 against z dx.
We obtain thanks to the mass preservation of F

A/()qu(:c)dx - T/()ZxU(z) dz

and so A(1,0) = 7. Thus using the dependency (4.18) we find that A(W,0) = 7W and Equation (4.19)
is nothing but a rewriting of Equation (4.14). We use this formulation (4.19) here to highlight the link
with eigenelements, and because it allows after to obtain results in the cases when v # 1. Now we apply
Theorem 4.2.1 for Vi1 =1, Ry =0 and V5, =V, Ry = R and we obtain that

U (t, :C) _ Wfku(Wka)eAh(t)ffot R(s)ds _ U(W(t), :L')efﬂt AW (s),R(s))ds
is a solution to Equation (4.1). O
This corollary provides a very intuitive explicit solution in the spirit of dependencies (4.18). At each
time ¢, the solution is an eigenvector associated to a parameter W (t) with an instantaneous fitness

AW (t), R(t)) associated to the same parameter W (t). The function ¢t — W (t) thus defined follows V'(t)
with a delay explicitely given by ODE (4.19).
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A very useful consequence for the different applications is the existence of an invariant manifold for
the growth-fragmentation equation with time-dependent parameters of the form (4.4). Let define the
eigenmanifold

£:={QUW;-), (W,Q) e (R})?} (4.21)

which is the union of all the positive eigenlines associated to a transport parameter W. Then Corol-
lary 4.2.3 ensures that, under the assumptions of Theorem 4.2.1, any solution to Equation (4.1) with an
initial distribution ug € £ remains in £ for all time. Moreover the dynamics of such a solution reduces to
the ODE (4.19) and this is the key point we use to tackle nonlinear problems.

For v # 1, the technique fails and we cannot obtain explicit solution with the method of Theorem 4.2.1.
Nevertheless, we can still define W as the solution to ODE (4.19) and give properties of the functions
defined as dilations of the eigenvector by (4.20). We obtain that the moments of these functions satisfy
equations that are similar to the ones verified by the moments of the solution to the growth-fragmentation
equation. In the special case v = 0, and v = 1, we even obtain the same equation. More precisely, if we
denote, for a = 0,

M [W](t) := / EOUW(t): )elo AW ()RE6)ds gy (4.22)
0

and
o0
Ma[ul(t) = / st ) da, (4.23)
0
then we have the following result.

Lemma 4.2.4. On the one hand, if W is a solution to Equation (4.19), then the moments M, satisfy

Mo = ahaoV My, 1 + (1= a)Aba Mgy — pRM,, (4.24)
with
M. [U] Mo U]
Ao '= ————/—— and ba = .
Ma+ufl[u] Ma+'y[u]

On the other hand, if u is a solution to the fragmentation-drift equation, then the moments M, satisfy
My = atV My, 1+ (co —1)8Mpyy — pRM,, (4.25)
with
1
Ca :=/ 2%k(2) dz.

0

Proof. Thanks to a change of variable we can compute for all a > 0
MQ[W] =M, [u]Wkaefot AW (s),R(s)) ds

so we have

: W
Mo = kagzMa + AW, R)M.q

= AWMLV —W)M, + AW M, — uRM,,
aAVWF =D M, + (1 — ) AW M, — pRM,,
= aAVaoMatv—1 + (1 — @)Abg Moty — pRM,,.

Integrating Equation (4.1) against “dz we obtain by integration by part and thanks to the Fubini
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theorem

TV/:Eo‘az (z"u(t, z)) do — uR/xo‘u(t,:c) dz

o8] o0
—ﬂ/zo‘+7u(t,x) dx+ﬂ/ zo‘/ Yy R (E) dy dx
0 x Yy

= aTV/xa’L”_lu(t,x) dac—uR/xo‘u(t,x) dx

o] Y .« d
—ﬂ/zo‘+7u(t,x) dx+ﬂ/ yO”L'V/ Lk (E) —zdy
0 o Y \Yy/ vy

= atVMaiv—1+ (ca —1)Mayy — pRM,.

d
E/xo‘u(t,z) dx

O

In the particular case v = 0, v = 1 and k symmetric, we can compute the constants a,, b, and ¢, for
a =1or a=2. A consequence is the useful result given in the following corollary.

Corollary 4.2.5. In the case when v =0, v = 1 and k symmetric, the zero and first moments (Mo, M)
and (Mo, My) are both solution to

U\ _ ( -uR 8 U
(1) (# 2)(5)
This Corollary allows in Section 4.6 to compare the Perron and Floquet eigenvalues not only for v = 1

but also for v = 0, v = 1. We do not have in this case a particular solution to the growth-fragmentation
equation as in Corollary 4.2.3, but a particular solution of the reduced ODE system (4.26).

Proof. For k symmetric, we have already seen that ¢y = ng = 2. Together with Assumption (4.3) which
gives ¢; = 1, we conclude that (Mp, M) is solution to Equation (4.26).
Integrating Equation (4.16) against dx and x dz we obtain

A =ﬂ/zu(:c)d:c and A/zu(:c)d:c _—

It allows to compute

/zlxl(x)dxz\/; and A =+/75.

Thus a; = \/% and by = \/é, and (Mg, M) satisfies Equation (4.26) thanks to Lemma 4.2.4. O

4.2.3 General Relative Entropy: Attractivity of the Invariant Manifold

The existence of the invariant manifold £ is useful to obtain particular solutions to nonlinear growth-
fragmentation equations. But what happens when the initial distribution ug does not belong to this
manifold ? The GRE method ensures that £ is attractive in a sense to be defined.

The GRE method requires to consider the adjoint growth-fragmentation equation

0

— 20t ) = 7(6,2) 2 Y(0,2) — e, D)0, 7) + () 2) (427)

where F* is the adjoint fragmentation operator

(F*4)(t,z) 1= / "ty () dy — B(t 2l o).
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If w and v are two solutions to Equation (4.1) and ¢ is a solution to Equation (4.27), then we have for
any function H : R - R

a "yttt x) B (“g x;) w=— [ / " bty 2yt D)ot y)

<Ju () - )+ () ey — ey ) e

When H is convex, the right hand side is nonpositive and we obtain a nonincreasing quantity called GRE.

In the case of time-independent coefficients, we can chose for v a solution of the form U(x)e*t. Then,
to apply the GRE method, we need a solution to the adjoint equation and such solutions are given by
solving the adjoint Perron eigenvalue problem

Ap(z) = 7(2) £ (8(x)) — ul@)p(z) + (F*¢)(z), = >0,
(4.28)

o(x) =20, [ ¢(@)U(z)dx = 1.

Such a problem is usually solved together with the direct problem (4.16) and the first eigenvalue A is
the same for the two ones (see [41, 95, 110]). Then the GRE ensures that any solution u to the growth-
fragmentation equation behaves asymptotically like U (z)e’**. More precisely it is proved in [99, 110] under
general assumptions that

tli)n_}v Hgalu(ta ')e_At _u”LP(Ml_P¢ dz) = Oa Vp = 1. (429)

where 09 = [uo(y)¢(y) dy with ug(z) = u(t =0, z).

Now consider Equation (4.1) whose coefficients are time-dependent. Under the assumptions of The-
orem 4.2.1 and for p = 1, the convergence result (4.29) can be interpreted as the attractivity of the
invariant manifold £ in L'(¢ dx) with the distance

d(ua 5) = Z}{Iéfg HQ71U - u”L1(¢(I) dz)

where o0 := [u(y)¢(y) dy. Consider, for V(t) = 0, a solution W to

W= %(TV—W)

with W(0) = 1. First we have W > —1W2, so W > = and hh > kIn(1 + ). Thus h: Ry — R, is one

to one and we can define from a solution u(¢,z) to Equation (4.1) the function
v(h(t), z) = W) ult, WF(t)z) e~ Jo W (s)=nR(s)) ds (4.30)
which satisfies v(0,z) = u(0,z) = ug(z). Using Theorem 4.2.1, v(¢, z) is a solution to
0
%v(t,x) == (zo(t,z)) —v(t,z) + (Fyv)(t, z) (4.31)
so, denoting by U and ¢ the eigenfunctions of Equation (4.31), we have

/0 v(t, z)p(x) do = /0 v(t = 0,2)p(x) dr = gg

and
Jlim Jlog "o (t, ) = U1 (p(2) dz) = 0-
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For v =1, ¢ is linear (see examples in [41]), so we can compute from (4.30)

oft) = / w(t,y)dy) dy = oW (1) el V(&) B ds

and
d(u(t,-),€) < o~ (B)ult,-) = WUW; )| = lleg v (h(t),-) = U] = 0. (4.32)

The exponential decay in (4.29) is proved in [111, 79] for p = 1 and for a constant fragmentation rate
B(x) = B. Tt is also proved in [15] for powerlaw parameters in the norm corresponding to p = 2 and this
is the case we are interested in. Assume that the coefficients satisfy (4.5), (4.6) and (4.7) and assume
also that the fragmentation kernel is upper and lower bounded

Ik, >0, Yze[0,1], k<k(z)<E (4.33)

Then a spectral gap result is proved in [15] for v = 1 in L?*({ *¢ dx) and then the result is extended to
bigger spaces thanks to a general method for spectral gaps in Hilbert spaces.

Theorem [15]. Under Assumption (4.5) with v = 1, Assumptions (4.6) and (4.33), and Assump-
tion (4.7) with v € (0,2], there exist a > 0 and T = 3 such that, for any a € (0,a) and any r > F, there
exists Cy, . such that for any ug € H := L?(0), 0(z) = x + 2", there holds

YVt >0, Hgalu(t, -)eiAt —U|n < C’am”go_luo —U|ly e . (4.34)

This result is very useful for Applications 1 and 2 because L?(0) < L'(zP) for r > 2p + 1. Moreover
the exponential decay allows to prove exponential stability results for Equation (4.8) when & is constant
(see Section 4.3).

4.3 Nonlinear Drift Term: Convergence and Stability

Consider the nonlinear growth-fragmentation equation (4.8) where the transport term depends on the
p-moment of the solution itself. This dependency may represent the influence of the total population of
individuals on the growth process of each individual. We study the long-time asymptotic behavior of the
solutions in the positive cone H* with the weight 0(z) = z + 2" for

r = max(7,2p + 1). (4.35)

We prove that there is always convergence to a steady state, provided that the function f is less than u at
the infinity. This result is precised in Theorem 4.3.1 which immediately leads to Theorem 4.1.1 and the
stability of the steady states is given in Theorem 4.1.2. We use the notation M, for M,[U] = [ zPU(z) dz.

Theorem 4.3.1. Assume that f is a continuous function on [0, +00) which satisfies Assumption (4.9),
that v € (0,2] and that the fragmentation kernel k satisfies Assumption (4.33). Then the nontrivial steady
states of Equation (4.8) write

I,
LU ) with I e N,
M,

and for any solution u, there exists I, € N U {0} such that

I,
) = g UGe)| =0 (436)
P H

lim
t—0
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Proof of Theorem 4.3.1. First step: ug € &£.
Consider an initial distribution ug € £ defined in (4.21), then there exist Wy > 0 and Qg = 0 such that

ug(r) = QoU(Wop; x).
8)

and define W as the solution to

% ( f ( / aPu(t, x) dz) - MW) ) (4.37)

Wo.

Let u(t, z) be the solution to Equation (4.

W

W (0)

Then Corollary (4.2.3) ensures that
Viw >0, ult,x) = QoUW (B a)er s W= de

and so we have ., .
/ aPu(t, z) de = QoW kv (/ 2PU(x) dm) e fo (W(s)=1)ds,
0 0
Now defining
Q(t) := Qoelt o W(s)=1)ds.

we obtain a system of ODEs equivalent to Equation (4.8) in £

o W kpy) _
V[_/ = B () =), (4.38)
Q = /LQ(W - 1)7

with the notation 5
f(D) = 1 (Iu’“’ | wu d:c) |
0

and proving convergence of u is equivalent to prove convergence of (W, Q). To study System (4.38), we
change the unknown to Z := W*PQ. Then (W, Z) is solution to

. w
W= (5 (2) - ), o)

Z = pZ(fp(2) = uW) +pZ(W 1),

and the positive steady states satisfy W, = u='f,(Z,) = 1. If p =1, Z is solution to Z = Z(f1(Z) —p)

so for Zy = 0, Z converges to Z,, = T with I, € N U {0}. When Z, > 0, then W — 1 because
f1(Z) = p.
In the case when p # 1, we write System (4.39) as
W= W= f,(2)) = fW(W - 1)
_ (4.40)
Z = —pZ(p—fp(2))— (p—uzZ(W -1),

and we exhibit a Lyapunov functional for this equation. We define
GW):=W —1—In(W)

and
7
F(Z) = / (= f(NZ,

z

then we look for a parameter « such that ku G(W)+a?F(Z) is a Lyapunov functional for Equation (4.40).
We have

% (knGW) +@*F(Z)) = —=p*(W = 1)? = &®p( = fp(2))* = p(1 + *(p = D)W = 1) (1 = f»(2))
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so, if we find a such that 14 o?(p — 1) = 2a/p, we will have

dt

For p # 1, there are two roots to the binomial

(p—1)a® —2pa+1=0

which are

_JpEl 1
Cop—1  pET

L (b GOW) + F(2)) = —(u(W = 1) + ayfilu — £,(2)))* <0.

For these two values, the dissipation is nonpositive but we want to have negativity outside of the steady
states in order to conclude to convergence. We use a combination of this two values and the following

lemma.
Lemma 4.3.2. For any « # 1, there exists w > 0 such that

Va,b, (a+0b)?+ (a+ab)? > w(a® +b?).
Proof. We prove the inequality

(a+0b)* + (a+ ab)® = Q(a — 1)(a* + b?)

where

4—2v/4 + 22 + 22

Qx) = .
(=) 2+ 2+ a?+ 2

This function is positive except at x = 0 where ©(0) = 0. Its maximum is Q(—2) = 2.

To prove (4.42), we define ¢ := ¢ and we prove that

Qﬂ—a>=@@<@+1f+@+af>

2 +1
Define ) )
1
Io(e) = (c+1)°+(c+ ) ’
2 +1
compute
I (0) = (1+a)—(a?=1)c—(1+a)c?

1+ ’

and we find that the minimum of I', is reached for

1
Ca =5 (a—1+\/4+(a—1)2).
As a consequence, for all a € R and b # 0, we have
(a +b)* + (a4 ab)? =Ty(co)(a® + b%)

and Ty (cq) = Q(1 — ). This is still true for b = 0 by passing to the limit.

Denoting oy = ﬁ and a_ = ﬁ’ we define L(W,Z) := 2kuG(W) + (% + o2)F(Z). Then
Lemma 4.3.2 ensures the existence of w > 0 such that

d
dt
< —w (P(W =12 + alp(p — f,(2))?) := =D(W, Z),

LW (), Z(t)) = = (n(W = 1) + as/b( — £5(2)))” = (W(W = 1) + o /Blp = f,(2)))

(4.41)

(4.42)

O

(4.43)
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and D(W, Z) is positive outside of the steady states. Moreover Assumption (4.9) ensures that L and
D are coercive in the sense that L(W, Z) — +o and D(W,Z) — +o when |(W,Z)| — +o0. So L is a
Lyapunov functional for System (4.40) and we can conclude to the convergence of the solution to a steady
state. If f(0) > u, L(W, Z) — +o0 if W or Z tends to 0, so for any (Wy > 0, Zg > 0) the solution (W, Z)
converges to a critical point of L, namely (1, #,fp—’jwp) with I, € N. If f(0) < p, then for any W > 0 we

have that L(W, Z) WH>W0), 4. So either (W, Z) converges to (1, #JMP) with I, e N, or Z — 0.

To conclude to the convergence in H, we write

lu(t, ) = ZooU (p;-)| = /OZ(Q(t)U(W(t)u; @) = ZoU(p; ) (x + 2") da

and we use dominated convergence. We know by Theorem 1 in [41] that under Assumption (4.33)
and for v = 1, z*U(z) is bounded in R* for all @ > 0, so it ensures that the integrand is dominated
by an integrable function. Then the ponctual convergence is given by the convergence of (W, Z), so
convergence (4.36) occurs.

Second step: general initial distribution u,.
Departing from u a solution to Equation (4.8) not necessarily in £, we define as in Section 4.2.3

v(h(t), z) = W () u(t, W () z)ert=h®)

o= o (f)-m)

h=W.

with

and

We recall that in this case h : Ry — R, is one to one. We choose the initial values W(0) = 1 and
h(0) = 0 to have v(0,z) = u(0,z) = ug(x). Then v(t, x) is a solution to

0 0

Ev(t, x) = —ha (zv(t,2)) — po(t, z) + Fyu(t, z) (4.44)
and, thanks to the GRE, we conclude that

vt x) == eoU(p; )
where .
el o0
o= [ blsan(e)de = [ ouaun(z) ds
0 0
and so
/xpu(t,x) dx 2 oop™? (/xpl/{(x) dac) W (t)"Per M=) gy

As a consequence it holds
. w
Wi(t) ~ —

t—o k

(fp (WHPQ) — u¥)
with Q(t) = oo e*("(1) =1 which satisfies the equation
Q= pQ(W —1).
The interpretation of this is that System (4.37) represents asymptotically the dynamics of the solutions
to Equation (4.8). More rigorously, define
[ aPu(t,x) dx
PP M Q ()W (2)

et) = —1. (4.45)
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Then we have W
W(t) = = (F (W'PQ(L + (1)) — W)

and, using the Cauchy-Schwarz inequality and the exponential decay theorem of [15],

W—Fkpen(t—h(t))
@] = —M\ / (o " u(t, @) = Ulyss ) W e HO=0)z0 d
- —ar |/ (@ ) ~ s e do
! Yo (h U(p; )| d : )
S o 0 t),x) — ; +a” ——
o ([ 6 00.0) s )P o) 407y o) ([ S5z
C —ah(t)
< EITa log tuo — U(p;-) e - (4.46)
The function % is integrable under Assumption (4.35). Finally the dynamics of the solution u to

Equation (4.8) is given by
{ W =Wk = f(l+e)2)) = fW(W —1) (047)
Z = —pZ(p—f((L+)2)) = (p — DpZ(W — 1), '

where Z = W*PQ, and £(t) PR 0. Now we look what becomes the Lyapunov functional of the first step
-0

for this system and we obtain

d

LW 2) < =D(W, Z) + (p(W = 1) + (o +a2)p(p = Fo(2)) (Fo((L +€)2) = fp(Z)) . (4.48)

:=E(;/(V,Z,E)
Thanks to Assumption (4.9), we know that f, is bounded, so W which is solution to

W = (1,1 +2)2) — W)

is also bounded. Thus E(W, Z, ¢) is bounded and, because L and D are coercive, the trajectory (W, Z) is

bounded. Moreover E(W (t), Z(t),e(t)) e 0 because €(t) — 0, so (W, Z) converges to a steady state
— 0

(1, Z). Finally we write

lu(t, ) = Zoeld (5 )| < Nlult, ) = QUOUW (#) s )| + QU (E)ps; -) = Zoelh (s -) |

and we know from the first step that |Q(€)U(W (t)u; ) — Z.U(u; )| — 0. We treat the other term thanks
to the spectral gap theorem of [15]

Jult, ) — QEUW (t)p; )2 Q ( / o w(h(t), ) — U z) [ (x + WT—DhgT) d:c) 2

< Clog o(h(t),") = U )|
< Cllog tuo —U(p; )| e, (4.49)
So |lu(t, ) — QE)U(W (t)p; )| — 0 because h(t) — 400, and the proof is complete. O

Proof of Theorem 4.1.2. Stability of the trivial steady state.
We start with the stability of the zero steady state when f(0) < p and p > 1. For this we integrate
Equation (4.8) against 2P and find

& ([eutorae) < (1 ( [aruarae) =u) ( [arucea o)
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thanks to the mass conservation assumption (4.3). Thus [ 2Pu(t, z) dz is a decreasing function if f (Mp[uo]) <
. Then we integrate against  + 2" for any r > 1 and we obtain

% (/u(t,:c) (a + zr)d:c) < (f (/ wPu(t =0, ) dz) = M) (/u(t,z) ( + xr)dz>

which ensures the exponential convergence

Ju(t, ) < |uoln (f (Mpluol)—p)t.

For r > p, we have M,[uo] < C|uols, so for |up| small enough, we have f(Mp[ug]) < u and the
exponential convergence occurs.

When f(0) > p, we have seen in the proof of Theorem 4.3.1 that L(W, Z) — +00 when W or Z tends
to zero. So the trivial steady state is unstable.

Stability of nontrivial steady states.

Let (W, Z,.) be a positive steady state to System (4.40). We want to prove that Z, U (u;-) is locally
asymptotically stable. Since Theorem 4.3.1 ensures the convergence of any solution to Equation (4.8)
toward a steady state, it only remains to prove the local stability of Z,.U(y; ), namely

Vp1r >0, 3p2>0, |uo—Zold(p;-)| <pz = VE>0, [ult,-) = Zold ()| < p1.
We have already seen that
Ju(t,) = Zoeld (115 )| < Cllog 'uo —U(us )| + [QENUW (#)ps; +) — Zcld (113 )|

with |QU(W ;-) — Z .U (s )| = 0 when (W, Z) —» (W, Z.,).
Let first treat the term | oy uo — U(s;-)|. We have

0= 2| = \ [0 = 2ttt ) da
—k 2 r % :CQ %
< p (o — ZoU(p; ) (2 + 2") d dx
xr + "
= Cluo— Z,U(u;")| (4.50)
and then
_ _ I, _
log tuo —U(ps )| < 05t luo — mu(u; W+ 05 oo — Zoo ||t (s )|
c
< —uo = ZoU ()|
00
c
< — o= ZoU ;-

Zy — Clug — ZoU (13 -)|

s0 |log tuo — U(;+)|| is small for |ug — Z,.U(u; )| small enough.

Now let turn to the term [QU(Wu;-) — Z U(p;-)||. Since it tends to zero when (W, Z) tends to
(W, Z), it is sufficient to prove that (W, Zy) is stable for System (4.47). For n > 0, denote by
Vy (W, Z) the connex component of {(W,Z), L(W,Z) < L(W,, Z,) + n} which contains (W.., Z,).
Since f'(I.) < 0, (W,,Z,) is a strict local minimum of L so we have, denoting B(X,p) = {Y €
R?, | X =Y < p},

YVp>0,3n>0, V,(W,,Z,)c B(Wx,Zs),p)

and reciprocally
Vn>0,3p>0, B((Wx,Zs),p) cVy(Wx, Zy).
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So it is sufficient, to have the local stability of (W.., Z,.), to prove that V,(W,, Z,) is stable. This is
true for System (4.40) since in this case L is a Lyapunov functional. Then, by continuity of f, there
exists e, such that V,(W,,Z,) remains stable for System (4.47) if |e(t)| < &, for all ¢ > 0. But we
know from (4.46) that |e(t)] < C|loy 'uo — U(p;-)|| and from (4.51) that |oy  ug — U(p;-)|| is small for
luo — Z.U(;-)| small enough. Finally |[QU(W ;) — Z.U(p;-)| is small for |ug — Z,.U(u;-)| small
enough and the local asymptotical stability of the nontrivial steady states is proved.

Now assume that x = 2 and prove the local exponential stability of Z, .U (u;-). In this case we have
(see examples in [41]) the explicit formula

U(z) = Ce 5 (4.52)

and thanks to this we can estimate the quantity |QU(W ;) — Z.U(p;-)|. We have

[QUW ;) = Z U (s )|* = /IQU(WkM;w)—Zmu(u;w)IQ(fEerT)dw

N

\Z — 7, P2k /U(W’m; 2)2(x +27) da (0)
LW R 222 / UW S0 b2 (@ + 27 de (id)
+22 [t UGt Pa ety (i)

and we prove exponential decay of (i), (i7) and (iii) in a neighbourhood of (W, Z,,). We have thanks

to the L’Hopital rule
1
F(Z) ~ ————(u—f(2))? 4.
and
1

W-Wy 2Wy,

GW (W —1)2, (4.54)

so the following local “entropy - entropy dissipation” inequality holds
3C >0, p>0, Y(W,2)e B(Wy,Z0).p), L(W,Z)<CD(W,Z). (4.55)

Fix such a p and fix n > 0 such that V, (W, Z,) € B((W,Z,,p). Consider |ug — ZU(p;-)| small
enough so that |¢(t)| remains smaller than e, for all time. Then V, (W, Z,.) is stable for the dynamics
of System (4.47). Now look at the term E(W(t), Z(t),e(t)) for (W, Z) solution to System (4.47) in this
stable neighbourhood. It satisfies

E = W = DU +)2) = £(2) + (03 + 2ol = HEZNU((1+2)2) - £(2)
< GEOV =1+ Zalpn £(2)" + % (1 * (%) p) (Fp((1+2)2) = f,(2))
= SDONZ)+C (1 +2)7) ~ f(2))
< Lpw, 2)+ Csuplf)e
2 J

where J = [Z, —p—¢ey,Z, + p +¢y]. As a consequence we have

d 1
%L(W,Z) < —§D(W,Z)+Cf—:2

< —CL(W, Z) + Cllog tuo — U(p; ) |2e=22m®

and so
L(W,Z) < L(Wy, Zo)e’c’f + C||Qo_luo — U _)”2672ah(t).
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Then, thanks to the equivalences (4.53) and (4.54) and because h(t) ~ ¢t when t — oo, there are b > 0
and C' > 0 such that

(W =12 + (4= £p(2)) < Ol — f(Z0)2e 2" + Clog o — Ul )2
and, because f'(I,) # 0, it holds
(W =12+ (Z—2,)2<C(Zy— Zp)?e " + Cllug — Z.U(p;-)|2e 2.
Using the Cauchy-Schwarz inequality as in (4.50), we find that
(Zo = Z2)* < Cllug = Z,U (i ),

s0
(W =1)2+(Z = Z,)* < Cllug — Z,U(p; ) |22,

This inequality ensures that the terms (i) and (ii) decrease to zero exponentially fast. It only remains to
prove the same result for (i4i), and for this we use the explicit formula (4.52). We obtain

o —-r v v 2
/ UWFpu* )—U(u‘kx))Q(qﬁ(x) +2")dx =C/ (ef%m/ Fa) At ) (x +2") dx
0
2 — ~ 28~ —1y4 2
= C/ (efﬁ(w B e Tl L ) (x +2")dx

= C/ef%yw(ka + Wy Wrdy + /ef%m7 (x 4+ 2") dx

Lo (1T L+w=1\"" \ /1+w-1\7"
—2 [ e - — z+ — z T — dz

2B

— Oy (W) / e~ e+ O (W) / BT g

where
1+ W_l ) —(r+1)k

Pp (W) := WIHDE L1 9 ( 5

Thanks to a Taylor expansion, we find that, locally,
[ (W) < C(W —1)?
and so .
/ UW ) — U )" (@ + o) da < Clug — ZoU (s ) [2e ™.
0

Finally there exists a constant C' > 0 such that, for |ug — Z,.U(u; -)| small enough so that (W, Z) stay in
the neighbourhood V,,(W.., Z,), we have

lu(t, ) = ZoU(p )|l < Jult,) = QUW )| + 1QUW ks ) — ZocU ()|
< Cllug = ZoU (s ) e
and it is the local exponential stability of the nontrivial steady states which satisfy f’'(I.) < 0 in the case

when xk = 2.

When f/(I.) > 0, the steady state (W, Z..) is a saddle point of L so it is unstable. O

We remark that the structure of the reduced system (4.40) is different for p < 1 and p > 1. The
nontrivial steady states are focuses in the case when p < 1 and nodes for p > 1 (see Figure 4.1 for a
numerical illustration in the case of Corollary 4.1.3).
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05F

Figure 4.1: Solutions to System (4.40) are plotted in the phase plan (W, Z) for two different values of
parameter p. The other coefficients are v = 0.1, p = 1 and f(x) = 2e~*. We can see that the steady state
is a focus for p < 1 (left) and a node for p > 1 (right).

4.4 Nonlinear Drift and Death Terms: Stable Persistent Oscil-
lations

We have seen in Theorem 4.1.1 that any solution to the nonlinear equation (4.8) converges to a steady
state. Can this result be extended to Equation (4.10) where the death rate is also nonlinear ? The result
in Theorem 4.1.4 answer negatively to this question. Indeed it ensures the existence of functions f and
g, and parameters p and ¢ such that Equation (4.10) admits periodic solutions. Here we give examples of
such functions and parameters and more precisely we prove, thanks to the Poincaré-Bendixon theorem,
that any solution with an initial distribution in the eigenmanifold £ which is not a steady state converges
to a periodic solution. Then we extend this result by surrounding this set of initial distributions by an
open neighbourhood in H.

In the proof, we need to know the dependency of some quantities on the parameters p and ¢. Since we
do not know the dependencies of M,, = f 2PU(x) dx on p, we consider an equation slightly different from
(4.10), namely

2u z) = — Jutt, z) ﬁxu z)) — Jotult, z) u(t,x u(t,z
Guttn) == (L) L ute) —o (e Yoo + £t a0

Clearly the existence of functions f and g for which persistent oscillations appear in Equation (4.56)
ensures the same result for Equation (4.10) (up to a dilation of f and g). Now let set the assumptions on
the two function f and g which allow to obtain periodic oscillations. We consider differentiable increasing
functions f and g such that

f(0)>g(0)=0 and f(0) < g(o0) = 0. (4.57)
Moreover we assume that ¢ is invertible and define on R* the function
BW) = £ (WG ) (4.58)
To ensure the existence and uniqueness of a nontrivial equilibrium, we assume that
AW, =0, »(Wy,)=W, and moreover '(W,) < 1. (4.59)

This steady state is unstable if, denoting Q.. := W, "¢~ (W..), we have

Qe (WP WE Q) — Whtg (W51Q.0) = 57

Then solutions to Equation (4.56) with initial distribution close to the set E\{QU(W.;-)} exhibit
asymptotically periodic behaviors. More precisely, we have the following result

> 0. (4.60)
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Theorem 4.4.1. Consider increasing differentiable functions f and g satisfying conditions (4.57), (4.59)

and (4.60), a parameter v € (0,2] and a fragmentation kernel k which satisfies Assumption (4.33). Then

there exists an open neighbourhood V of E\{Q U(W.;-)} in H such that, for any initial distribution
ug € V, there exist periodic functions W (t) and Q(t) such that

Jut.) = QUUW (8): )| —= 0. (4.61)

Before proving this theorem, we give examples of functions f and g such that conditions (4.57), (4.59)

and (4.60) are satisfied. These examples, together with Theorem 4.4.1, give the proof of Theorem 4.1.4.

Example 1. Assume that there exists C' > 0 such that for all z > 0, g(z) < Cxg’(x), then w(W) =W
has a unique solution for k(¢ — p) > C. Indeed, if we compute the derivative of ¢ we find

—1
_ g (W _
sy = oo (i - 00 4 (g tyom)
and g(z) < Czg'(x) implies that z(g71)'(x) < Cg~'(x). So if k(¢ — p) > C, ¢ decreases and Assump-
tion (4.59) is fulfilled. If moreover f(1) = g(1) = 1, then the unique nontrivial equilibrium is given by

» = 1. Then condition (4.60) is satisfied for p > 9’}925%.

Example 2. Consider the case g(x) = x and p = ¢, and assume that f(z) — 2 has a unique root zg
and f'(xzg) —1 < 0. Then (W) = f(W) and Assumption (4.59) is satisfied. Moreover, condition (4.60)
writes pf’'(W.,.) > 1 + 4 so it is satisfied for p large enough.

Now we give a lemma useful for the proof of Theorem 4.4.1.
Lemma 4.4.2. Consider a dynamical system in R™ with a parameter e(t)

X = F(X;e(t)) (4.62)

t—0

with F € C(R™ x R™). Assume that for any vanishing parameter |e(t)| —— 0 the solutions to Equa-
tion (4.62) are bounded. Then for any solution X¢ associated to |e(t)| <255 0, there exists a solution

X9 associated to € = 0 such that X¢ and X° have the same w—1limit set.

Proof of Lemma 4.4.2. Let X(t) a solution to System (4.62) with [e(¢)| — 0. By assumption, X () is
bounded, so X(¢) is also bounded since F' is continuous. Now consider a sequence {ty}reny wich tends to
the infinity and define the sequence { Xy (-)} by Xx(t) = X (t+tx). This sequence is bounded in WH* (R )
so there exists a subsequence which converge to X, (-). This limit is a solution to Equation (4.62) with
e =0. We take X" := X, that ends the proof of Lemma 4.4.2. O

Proof of Theorem 4.4.1. We divide the proof in two parts: first the result for uy € £ and then the existence
of a neighbourhood V of £ in H where the result persists.

First step: ug € £.
For ug € E\{0}, there are Wy > 0 and Q¢ > 0 such that

UO(.T) = QoU(Wo; w)
Then, if u(t, z) is the solution to Equation (4.56) and W is the solution to
oW Mp[u](?)
A Y (e 17 IO B
e (T
with W(0) = Wy, the relation holds for all ¢ > 0 and x > 0

u(t, z) = QU (t); z)
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where Q(t) := QoefJ(W(s)_g(Mq [ul(s)/Mq[U])) ds  Then we can compute

M) = [ atuttn) o = WROQU) M1

and finally we obtain the reduced system of ODEs satisfied by (W, Q)

; w kp _
W= (F(VQ) - W), (4.63)
Q = QW—g(WhQ)).

We prove that System (4.63) has bounded solutions and a unique positive steady state which is unstable.
Then we use the Poincaré-Bendixon theorem to ensure the convergence to a limit cycle.

The fact that 0 < f(0) < f < f(0) < 0 and that g increases from 0 to the co ensures that the solution
remains bounded. Let (W, Q) a positive steady state. It satisfies

Wy, = f(WHQ) = g (WHQ)
and so, since g is invertible, ., = W—qug_l(W»/v‘). Then W, is solution to the equation
Wy =f (W'I/Cv‘(piq)g_l(wm)) = (W)

but Assumption (4.59) ensures the uniqueness of such a solution. Now look at the stability of this positive
steady state. We write system (4.63) under the form

(5)-r(%)

PWEPQ.. f(W’ﬁpQ >—%W Ly ipt pr(wirQ.,)
JacBlea =\ o, Zpqwh Q2 g(whiq,) whio,gwhig,) )

and we have

The trace of this matrix is

T = Q, (WP (VEQ,) ~ Whig (WS9Q,.)) — -

and the determinant is
D = %Q (Whig (WHQ) = W f(WHQ)) + (g — pWHPHIQ (W Q)g (WHQ).

We know from Assumption (4.59) that ¢'(W,.) < 1 and, if we compute ¢'(W) we find

Wk(r—a)

(V) f W= =L (w)).

VW) = 1y = Ao o) 4
Since g~ (W) = Wk1Q we finally obtain

1

= S WEQu g (W1Q) (1 = ¢/ (Wep)) > 0

Thus when T' > 0, namely when Assumption (4.60) is satisfied, the two eigenvalues have positive real parts
and the positive steady state is unstable. Now we prove that (W, Q) remains away from the boundaries
of (R;)2. For this we write that

Vt >0, W :=min(Wp, f(0)) < W(t) < max(Wy, f(0)) := W
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and then .
Q = min(Qo, W g 1(W)).

Since f(0) > 0, W > 0 for Wy > 0 so any solution with Wy > 0 and Qg > 0 stays at positive distance of
the boundaries of (R;)?. Then the Poincaré-Bendixon theorem (see [68] for instance) ensures any solution
to System (4.63) with Wy > 0, Qo > 0 and (Wp, Qo) # (W, Q) converges to a limit cycle.

Second step: Existence of V.
Let ug # 0 in H and define from u(t, ) solution to Equation (4.56) with initial distribution uy a function
v by

v(h(t),z) = WE(t)ul(t, Wk(t)z)ef[}(g(Mq [ul(s)/Mq[U])=W (s)) ds

= (1 Gzga) )

and h solution to h = W with h(0) = 0. We have already seen in Section 4.2.3 that h : R, — R, is
one to one since h(t) = kln(1 + ¢). We take W(0) = 1 to have v(t = 0,-) = u(t = 0,+) = up. Thanks to
Theorem 4.2.1 we know that v is solution to

with W solution to

oo(t,x) + 05 (zo(t, ) +v(t, x) = Fyu(t, z)

and the GRE ensures the convergence

o(ta) — ( / ()0 (x) dx) U(z).
As a consequence we have the equivalences, for any p > 0,

M

p

[u](t) -~ 00 M, [U] WHPelo (W () —g(Ma ) (s)/ My [U]) ds

so, if we define Q(t) := ggelo W () =9(My[ul(s)/MalU]) ds e find that the reduced system (4.63) is “asymp-
totically equivalent” to Equation (4.56). More precisely we define as in the proof of Theorem 4.3.1

_ Mp[u](t)
=) = S mon

we have that ¢, — 0 and (W, Q) is solution to

w

()W) ),

Q = Q(W—g(1l+e)W*Q)).

Now we prove that if Wy and Qo are positive and (Wp, Qo) # (W, Q+), then if |ug — Qold(Wo;-)||n
is small enough, the solution u to Equation (4.56) converges to a periodic solution. Denote by d the
distance between (Wy, Qo) and (W, Q). Since (W, Q) is a source for System (4.63), there exists a

ball with radius p < d such that the flux is outgoing, namely

W

(4.64)

V(WaQ) € aB((W'LaQI)ap)a F(VVa Q) ‘n>0 (465)

where n is the outgoing normal of B((W..,Q+), p). Then if we define by F(W,Q;ep,e4) the flux of

Equation (4.64), we have by continuity of f and g that there exists £y such that (4.65) remains true for

F(W,Q;ep,e4) provided that €, and g, stay less than €. But we know from the proof of Theorem 4.3.1

that there exists a constant C, > 0 such that for all time ¢ > 0, g, < Cpluo — Qold(Wo;-)|. So for
=00}

luo — Qold (Wo;-)| < &, the solution to System (4.64) cannot converge to the positive steady state
P q

(W, Q). Thanks to the same arguments, if |ug — Qo (Wp;-)| is small enough, then (W, Q) remains
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away from the boundaries of (R;)%. We obtain thanks to Lemma 4.4.2 that for |ug — QoU (Wp;-)|| small

~

enough, (W (t),Q(t)) converges to a limit cycle (W (t), Q(t)). Then we write
lu = QUOV: ) < lu = QUIW: )| + |QUW; ) — QU )|

and we conclude as in the proof of Theorem 4.3.1 that the solution u to Equation 4.10 converges in H to
QU (W -). Finally we have proved, for any (W, Qo) € (R*)*\{(W.., Q..)}, the existence of a ball centered
in QoU(Wpy;-) such that any solution to Equation (4.56) with an initial distribution in this ball converges
to a periodic solution. Then Theorem 4.4.1 is proved for V the reunion of all these balls.

O

To illustrate the convergence to a periodic solution for solutions to Equation (4.56), we plot in Fig-
ure 4.2 a solution to Equation (4.63) with an initial condition close to the steady state (W, Q) and for
coeflicients which satisfy the assumptions of Theorem 4.4.1.

26 ! ! ! ! ! ! ! 26 o
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Figure 4.2: A solution to System (4.63) is plotted in the phase plan (W, Q) (left) and as a function of the
time (right). The coefficients are v =1, p=2,¢ =5, f(r) =1+e ! — e and g(z) = 0.9z.

4.5 The Prion Equation: Existence of Periodic Solutions

Prion diseases are believed to be due to self-replication of a pathogenic protein through a polymerization
process not yet very well understood (see [83] for more details). To investigate the replication process of
this protein, a mathematical PDE model was introduced by [63]. We recall this model here under a form
slightly different from the original one (see [20, 38] for the motivations to consider this form)

W) o, : 7(x)u(t, r) dx
a o A V(ta) [5+/0 (x)u(t,z) d ] : o)
Eu(t, x) = —V(t)% (T(2)u(t,z)) — p(z)ult,z) + Fu(t,z).

In this equation, u(t,z) represents the quantity of polymers of pathogenic proteins of size x at time ¢,
and V(t) the quantity of normal proteins (also called monomers). The polymers lengthen by attaching
monomers with the rate 7(z), die with the rate p(z) and split into smaller polymers with respect to the
fragmentation operator F. The quantity of monomers is driven by an ODE with a death parameter § and
production rate A. This ODE is quadratically coupled to the growth-fragmentation equation because of
the polymerization mechanism which is assumed to follow the mass action law.
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This system admits a trivial steady state, also called disease-free equilibrium since it corresponds to
a situation where no pathogenic polymers are present: V = % and u = 0. The stability of this steady
state has been investigated under general assumptions on the coefficients in [19, 20, 125, 131]. The results
indicate that the disease-free equilibrium is stable when it is the only steady state, and becomes unstable
when a nontrivial steady state appears (also called endemic equilibrium). It is proved in [17] that several
such nontrivial steady states can exist. But the stability (even linear) of these steady states is a difficult
and still open problem for general coefficients. The only existing results concern the “constant case”
(7 constant, 8 linear and k constant) initially considered by [63], since then the model reduces to a
closed system of ODEs. In this case, the problem has been entirely solved by [43, 63, 117]: the endemic
equilibrium is unique and it is globally stable when it exists.

A new more general model has been introduced in [64] and takes into account the incidence of the total
mass of polymers P(t) := [ zu(t,z) dz on the polymerization process. More precisely, they consider that
the presence of many polymers reduces the attaching process of monomers to polymers by multiplying
the polymerization rate by 1++P(t) with w a positive parameter. Then they prove similar results about
the existence and stability of steady states, still in the case of constant parameters.

Here we look at a generalization of the influence of polymers on the polymerization rate by considering

the system
%Et) V() f (/ gcpu> /O’ﬁ T(x)u(t,z) de — SV (t) + X,

; : (4.67)
—u(t,z) = =V(t)f (/x”u) %(T(x)u(t,x)) — pu(t,z) + Fult, ),

ot
where p > 0 and f : R™ — RT is a differentiable function. In this framework, the model of [64]
corresponds to p = 1 and f(P) = Hﬁ, together with 7 constant, 8 linear and k constant. Using the
reduction method to ODEs, we prove that such a system can exhibit periodic solutions. For this we
consider the following system, where M, = M,[U],

%}Et) = —V(@)f (M—kp% /xpu> /O‘qu(t,x) dx — oV (t) + X, e
%u(t,z) = =V(@)f (u_kp% /zpu) a—ax(zu(t,z)) —pu(t,x) + Fyu(t, ),

which is a particular case of System (4.67) with coefficients satisfying the assumptions of Theorem 4.2.1
and up to a dilation of f. We prove that, under some conditions on the incidence function f, there exist
values of p for which System (4.68) admits periodic solutions. The method is to consider p as a varying
bifurcation parameter and prove that Hopf bifurcation occurs when p increases.

Theorem 4.5.1. Define on [0, uk—’\ﬂ) the function

o
9@ =y ey

and consider a positive differentiable function f satisfying
Nag>0 st flxg) =g(we) and moreover 0 < f'(x9) < g'(x0). (4.69)

Assume that u < (k+p=1)d, then there exists p > 0 for which Equation (4.68) admits a periodic solution.
More precisely, there exist V, W and Q periodic such that

(V(t), Q)UW (t); z)) is solution to Equation (4.68).

Proof. First step: reduced dynamic in £
We look at the dynamic of System (4.68) on the invariant eigenmanifold £. For any initial condition ug
in &, there exist Qg and Wy such that ug writes

uo(e) = 3 Qol(Wosa).
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Consider the solution to System (4.68) corresponding to this initial data and define W as the solution to

W % (f (Nkp% /;&) Y W) ’ (4.70)

W) = W,.

Then we know from Theorem 4.2.1 that the solution satisfies

and this allows to compute
o0
/ 2Pu(t, z) de = QO%W’C%I&&(W(S)*#) ds
0 M1

and .
/ zu(t,z)dr = QoW* elo W(s)—p)ds
0

Thus, if define Q(t) := Qo elo (W(s)=p) s Equation (4.70) becomes

W= == (F (W' W)Q) vV = W)
and System (4.68) reduces to
Vo= A=V @+ f((pmtw)rQ)wkq),
W= % (f (' WYQ) V — W), (4.71)
Q = QW —p).

Now we prove that System (4.71) admits a unique nontrivial steady state which undergoes a supercritical
Hopf bifurcation when p increases from 0.

Second step: Hopf bifurcation for the reduced system
First we look for a positive steady state of System (4.71). Such a steady state is unique and given by

Wy =n
1
Ve =5 (A= 11Qy)
where @), satisfies
op
f(Qx) = NS, 9(Qx).

Such a @, exists and is unique by Assumption (4.69), moreover it satisfies A — u**1Q., > 0 and so V, is
positive. Finally there exists a unique positive steady state and we prove that a Hopf bifurcation occurs
at this point. The linear stability of the steady state is given by the eigenvalues of the Jacobian matrix

—0—p*Qf(Q) —ku*VQ(f(Q) +pQ[f'(Q)) -1V (f(Q) +Qf(Q))
Jaceq = Q) pMVQfC;(Q) — 5 M%)
0 0

where the ,, indices are suppressed for the sake of clarity. The trace of this matrix is

T = =6 — 1" Qf(Q) - % +ppVQF(Q)
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which is negative for p < p; and positive for p > p; with

_ 0+ p/k+ i QF(Q)
nVeQr(Q)

P > 0.

The determinant is ’
D =2VQ(0f'(Q) - n"f*(Q) -
It is independent of p and negative since f'(z9) < ¢’(xo) and
6’uk+2 'uk
/ _ 7 r2
g (:EO) - ()\ _ ‘U,k+1$0)2 5 f (‘TO)

The sum of the three 2 x 2 principal minors is

/MS k 1 H ’
7 tH (n+ E)Qf(Q) - EVQf Q).

To use the Routh-Hurwitz criterion, let define ¥ (p) := MT — D and look at its sign. For p = 0 we have

M =—-6pVQf Q)+

0(0) =~ |82 +607(@ + 24 01k + 47 — ) s Q1(@)

FYQ 4 2@ - (@) (W@ + 1) |
and it is negative since u < (k+p~1)d and f(Q) < ¢'(Q) = st_ka(Q) < pF k4 pm Y £2(Q). For p = py,
it is positive because ¥ (p1) = —D > 0. Now we investigate the variations of 1) between 0 and p;. The
first derivative of T, D and M are given by

T'(p) = uVQf'(Q), M'(p)=-svVQf(Q), D'(p)=0,
and the second derivatives are all null
T"(p) = M"(p) = D" (p) = 0.

So we have
¥ (p) = 2M'(p)T"(p) <0
and 1) is concave. Thus there exists a unique pg € (0, p1) such that ¢(po) = 0. Now we can use the Routh-
Hurwitz criterion (see [68] for instance). For 0 < p < pg wehave T < 0, D < 0and MT < D, so the steady
state is linearly stable with one real negative eigenvalue and two complex conjugate eigenvalues with a
negative real part. For pg < p < p; we have T' < 0, D < 0 and MT > D, so the steady state is linearly
unstable with one real negative eigenvalue and two complex conjugate eigenvalues with a positive real
part. The two conjugate eigenvalues cross the imaginary axis when p = pg so there is a Hopf bifurcation
at this point. To prove that a periodic solution appears with this bifurcation, it remains to check that
the complex eigenvalues cross the imaginary axis with a positive speed (see [56] for instance). Denote
by a =+ b the two conjugate eigenvalues and ¢ < 0 the real one. We have to prove that the derivative
a’(po) > 0. For this we express ¥(p) in terms of a(p), b(p) and ¢(p), and we use the concavity of . We
have for any p
T=2a+c, D=c(a®+0b?), M =a’>+0b*+2ac,

0
Y(p) = 2a(a® + b?) + 4a’c + 2ac’.

Then, using that a(po) = 0 by definition of pg, we obtain
W' (po) = 2(0° + ¢*)d.

But 9/ (pp) > 0 because 1) is concave and increasing on a neighbourhood of pg, so necessarily a’(pg) > 0.
This proves the existence of a periodic solution (V, W, Q) to System (4.71) for a parameter p > pg close
to po. Then the functions V(t) and Q(¢t)U(W (t), z) are periodic and solution to System (4.68). O
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The question to know if such a periodic solution is stable is difficult, even for the reduced dynam-
ics (4.71). Nevertheless we give in Figure 4.3 evidences that it should be the case. This simulation is
made with parameters and a function f satisfying Assumption (4.69), for a value of parameter p > pg. It
seems to indicate that the periodic solution persists for p away from pg.

Figure 4.3: A solution to System (4.71) is plotted in the phase plan (W, Q) (left) and as a function of the
—o?
time (right). The coefficients are A =0.9,§ =02, u=~v =1, f(z) =6.3(1.1 —e20 ) and p = 4.

4.6 Comparison between Perron and Floquet Eigenvalues

In this Section, we consider that the time-dependent terms V (¢) and R(t) of the growth-fragmentation
equation are T-periodic controls. Periodic controls are usually used in structured equations to model
optimization problems. In the case of prion diseases (see Section 4.5), there exists an amplification
protocole called PMCA (see [83] and references therein) which consists in periodically sonicating a sample
of prion polymers in order the break them into smaller ones and thus increase their quantity. Between
these phases of sonication, the sample is let in presence of a large quantity of monomers in order to allow
a fast polymerization process. This protocole can be modeled by introducing in the growth-fragmentation
equation a periodic control in front of the fragmentation operator [17, 18]. Then a problem is to find a
periodic control which maximizes the proliferation rate of the polymers in the sample. Mathematically
it can result into the problem to optimize the Floquet eigenvalue of the growth-fragmentation equation,
namely the eigenvalue associated to periodic coefficients (see [110] for instance). Before solving this
difficult question, a first step is to compare the Floquet eigenvalue to the Perron eigenvalue associated
to constant coeflicients, for instance the mean value on a period of the periodic ones, and to know if
the Floquet one can be better than the Perron one. Such concerns are also investigated in the context
of circadian rhythms for the optimization of chronotherapy (see [23, 24, 25]). The population is an age
structured population of cells and the model is a system of renewal equations. The death and birth rates
are assumed to be periodic, and the Floquet eigenvalue is compared to the Perron eigenvalue associated
to geometrical or arithmetical time average of the periodic coefficients. Comparison results obtained show
that the Floquet eigenvalue can be greater or less than the Perron one depending on parameters.

Here the controls are on the growth and death coefficients, and we give comparison results between
Floquet and Perron eigenvalues in the case where v =1 or v = 0 and v = 1. The Floquet eigenelements
(Ap,Ur) associated to periodic controls are defined by two properties: Up(t,z)e’r? is a solution to
Equation (4.12) and Up(t,x) is a T-periodic function of the time. For any T-periodic function P(t), we
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use the notation

T

To ensure the uniqueness of Floquet eigenfunction, we impose fow Up(t,z)dr = 1. Then we have the
following comparison results.

Proposition 4.6.1. Assume that conditions (4.5)-(4.7) are satisfied with v = 1, and define, from V(t)
the T -periodic control on growth, W (t) as the periodic solution to

W= %(v —W). (4.72)
Then the identities hold
IC >0,  Up(t,z) = CUW(L);z) elo AV ().R()=Ar) ds (4.73)
and o
Ap = A(V,R) = A(V, R). (4.74)

Proof. Thanks to Corollary 4.2.3, we have that
IC >0,  Up(t,z)et = CUW(t); z)elo AW ()R(5) ds

and so, integrating in x, we find

o

oS AW (5),R(s)) ds—Arpt _ C’l/ V‘UF(tvx) dz.
0

Then, by periodicity, we have
eAprj‘OT AW (s),R(s)) ds _ |
which gives
T 1 /7
Ap = —/ AW (s),R(s))ds = —/ (TW(s) — uR(s)) ds.
T Jo T Jo

Thanks to ODE (4.72) we have

and so

O

In the case v = 0 and v = 1, we cannot ensure the existence of Floquet eigenelements with our method.
Nevertheless, thanks to Corollary 4.2.5, we can compare the eigenvalues of the reduced system (4.26)
which is satified by My[u] and M [u].

Proposition 4.6.2. Assume that 7(x) = 7, B(x) = Bz, p(x) = p and k is symmetric, then we have the
comparison

A(V,R) < Ar < A(V,R). (4.75)
Proof. Define W as the periodic solution to

A(W,0)

W =
k

V —W).
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We know thanks to Corollary 4.2.5 that
Mo[W](t) = Mo[td]elo AW (5).B(s) ds

and
M[W](t) = Mi[UIW*()els AW ()R (5) ds

are solution to System (4.26). As a consequence

e e
A= [ AW RE) s = 3 [ WBIVE) - () ds

Using the ODE satisfied by W, we have
0_/T@ B «/ﬂ’]‘/TV—W
o W ko Jo ~NW

[ [ 3

Then the Caucy-Schwartz inequality gives

[ [ [ [ [

and we obtain that

and so

1

1 (7 1 (7 1 (7 g
f/0 A(V,R)zi/o \/ﬂTV—uRéi/o W‘“R:?/O A(W,R) = Ap.

To obtain the second inequality in (4.75), we write using the ODE satisfied by W

N A

T T
[refs
0 0
Thus we have, using the Jensen inequality,

%/OT\/sts\/%/OTW(S)ds=\/%/OTV(S)d8

and so

and finally

Ap = %/0 (\/BTT(S)—,UR(S))CZSS\/%/O BTV(S)CZS—%/O pR(s)ds = A(V,R

).
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Conclusion and Perspectives

We have introduced a new reduction method to investigate the long-time asymptotic behavior for growth-
fragmentation equations with a nonlinear growth term. It allows to prove convergence and stability results
but also to prove the existence of periodic solutions by using ODE methods. The technique is based on
self-similar dependencies which require powerlaw coefficients, and the main theorem requires moreover a
linear size-dependency of the growth coefficient. Nevertheless, we have given some results about the case
when the growth rate is only assumed to be a powerlaw. A step further would be to adapt the ideas in
this paper to build nonlinear entropy techniques adapted to general powerlaw growth coefficients.
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Chapitre 5

Optimisation de la PMCA

Ce chapitre est une version préliminaire d’'un travail avec VINCENT CALVEZ. Il
s’agit d’analyser le probleme d’optimisation du protocole de PMCA en utilisant un
modele discret de polymérisation-fragmentation. Nous nous intéressons tout d’abord
au probleme d’optimisation des valeurs propres de Perron et Floquet. Les résultats
obtenus donnent une intuition de ce que pourrait étre le controle optimal a horizon
fini. Nous présentons des simulations numériques du controle optimal et de I’équation
de Hamilton-Jacobi-Bellman qui illustrent ces intuitions et conjectures.

Introduction

Transmissible Spongifrom Encephalopathies (TSE) are fatal, infectious, neurodegenerative diseases. They
include bovine spongiform encephalopathies (BSE) in cattle, scrapie in sheep and Creutzfeldt-Jakob
disease (CJD) in human. During the so-called “mad-cow crisis” in the 90’s, people were infected by a
variant of BSE by ingesting contaminated pieces of beef. More recently, CJD was transmitted between
humans via blood or growth hormones. Because of the long incubation times (some decades), TSE still
represent an important public health risk. Indeed, there is no ante mortem diagnosis currently available
to detect infected individuals and prevent possible contaminations. A promising tool to design a diagnosis
test is the protein misfolded cyclic amplification (PMCA) technique [83].

The PMCA principle is based on the “protein-only hypothesis”. According to this widely accepted
hypothesis, the infectious agent of TSE, known as prions, may consist in misfolded proteins called PrPsc
(for Prion Protein scrapie). The PrPsc replicates in a self-propagating process, by converting the normal
form of PrP (called PrPc for Prion Protein cellular) into PrPsc. The PMCA enabled to consolidate
the idea of an autocatalytic replication of PrPsc by nucleated polymerization [22, 134, 135]. In this
model, PrPsc is considered to be a polymeric form of PrPc. Polymers can lengthen by addition of PrPc
monomers, and they can replicate by splitting into smaller fragments. The PrPc is mainly expressed
by the cells of the central nervous system, so PrPsc concentrates in this zone. The amount of PrPsc in
tissues like blood is very small and this is why it is very difficult to diagnose an infected individual.

The PMCA mimics the nucleation/polymerization mechanism occurring in vivo with the aim to quickly
amplify polymers present in minute amount in an infected sample. It is a cyclic process, where each cycle
consists in two phases:

e phase 1 - Incubation: Minute amount of PrPsc are incubated with a large excess of PrPc, to induce
the growing of PrPsc polymers.

e phase 2 - Sonication: The samples are subjected to ultrasounds in order to break down the polymers,
and therefore, to multiply the number of aggregates.

99
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This technique could allow to detect PrPsc in samples of blood for instance. But for now it is not
efficient enough to do so. Mathematical modelling and optimization tools can help to optimize the
PMCA protocole.

Masel et al. [92] proposed a mathematical model for the nucleated polymerziation. We start from
it and introduce a sonication parameter to model the PMCA. In the PMCA protocole, the monomers
of PrPc are in large excess, so their quantity varies little during the experiment. We assume that this
variation is small enough to be neglected and the quantity of monomers is supposed to be constant in
time. Let denote by u;(t) the density of polymers composed of i € N PrPsc proteins at time ¢. Then the
evolution of the quantity of polymers is given by the coupled system of ODEs

dui
dt

= —r(a(t))(riu; — Ti1ui—1) — a(t)Biu; + 2a(t) Z Bjkiju; , forl<i<n. (5.1)
j=i+l

The polymers of size ¢ split into smaller aggregates with the rate ;. This rate is modulated by the
sonication parameter a(t) which reflects the intensity of ultrasounds sonication. We impose the condition
£1 = 0 since a polymer composed of only one protein cannot divide. The size repartition of the formed
fragments is provided by the fragmentation kernel x; ;. During the fragmentation process, the quantity
of PrPsc is conserved. This conservation requires the assumption

j—1 .
Z ilﬁij = Z (52)
. 2

i=1
We also assume that the fragmentation of a polymer gives two smaller polymers and this leads to the
assumption

j—1
2 Rij = 1. (53)
i=1

The polymers of size i have the ability to attach a monomer with the rate 7; to produce a polymer of size
i + 1. The function r(«) represents the influence of the sonication on the polymerization process. It is
assumed to be positive, bounded, continuous and decreasing. The maximal size n represents the longest
polymer observed during the experiment. Then we can assume that the polymerization coefficient 7, is
null.

We write this problem under a matrix form

(5.4)
Ut =0)=U°,

where U(t) = (u;(t)){<;<, is the size-distribution of polymers and M(a) := r(a)F + aG with G the
growth matrix

—n

T2

Tn —2 —Tn —1
Tn —1 0

and F the fragmentation matrix

o

6 (2ki508))i<

_Bn
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The coefficients of these matrices are assumed to be positive
Vie[l,n—1], 7:>0 and fB;41 > 0. (5.7)

Then the optimization problem we are interested in is to find a control «(t) which maximizes the final
quantity of PrPsc Y\, iu;(T) for a given final time of experiment 7. Indeed the presence of PrPsc can
be detected experimentally (by Western Blot, see [83] for more details) only if this quantity is greater
than a critical threshold. First we define the set of admissible controls

A= {a() : [0,0) = [@min, ¥maz] | @(-) measurable}

where 4, represents the maximal power of the sonicator and «,;, the absence of sonication. Then we
define the payoff which corresponds to the quantity we want to optimize

cla()] :==g(U(T)) := 2 iui(T) (5-8)

where U(+) is the solution of (5.4) with control a(-) and for a given intial data U°. Finally, the optimal
control problem writes

find o™ € A which maximizes c[a(+)]. (5.9)

Before tackling the optimal control problem (5.9), we look at another optimization problem for «
constant or periodic. The matrix M («) has positive extra-diagonal terms, so the Perron-Frobenius theory
ensures that it admits a principal eigenvalue \;(«) for a constant in time. For «(t) periodic in time,
the Floquet theory also allows to define a principal eigenvalue Ap[a(-)]. Thanks to the General Relative
Entropy principle, we know that these Perron and Floquet eigenvalues provide the asymptotic growth
rate of any solution to Equation (5.4) when time tends to infinity. The problem of optimizing these
eigenvalues with respect to « is then natural and provides useful informations to tackle Problem (5.9).
We refer to [110] for more details and references about Perron-Frobenius, Floquet and General Relative
Entropy theories.

The comparison between Perron and Floquet eigenvalues has been investigated in the context of circa-
dian rythms in view of chronotherapy optimization [84, 24]. Tt deals with a system of renewal equations
which models the cell cycle with a parameter representing a treatment dose. It has been proved in
(26, 27, 25, 23] that, depending on the parameters, the Floquet eigenvalue can be greater or less than the
Perron eigenvalue corresponding to the arithmetical or geometrical time average of the periodic control.
We can find such comparisons for the growth-fragmentation equation in [58] but here we prove a slightly
different kind of results. We first give a condition to ensure the existence of a constant control which
maximizes the Perron eigenvalue, and then we compare the Floquet eigenvalue to this Perron optimum.

Assume that r admits an expansion of the form

¢ >0, r(@)=ro+rqa %+ o (a9 (5.10)

a0
and that (7;)1<i<n satisfies the discrete convexity condition

IpeN* suchthat Vi<p, 7, =inn and 7,01 > (p+1)7. (5.11)
Then there exists an optimal value a® which maximizes the Perron eigenvalue of the matrix M («).
Theorem 5.0.3. Under Assumptions (5.10)-(5.11), there exists an optimal value o® > 0 such that

VOZ?O, )\1(0&) é)\l(of).

A natural question is then to know if this value A\;(a®) is also a maximum in the class of periodic
controls. The following result ensures that it is not the case if r is convex and decreasing for instance.
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Theorem 5.0.4. Under Assumptions (5.10)-(5.11), if M (a*) is diagonalisable and if

T”(Oé.)

r(a®) —a* r'(a®)

>0 (5.12)

then there exists periodic controls a(t) such that Ap[a(-)] > A1 (a®).

This theorem gives a condition for which the optimal control of Problem (5.9) is not expected to be
constant.

In Section 5.1 we investigate the eigenvalue problems and prove Theorems 5.0.3 and 5.0.4. In Section 5.2
we tackle Problem 5.9 with the tools of the optimal control theory. We highlight the link with the
eigenvalue problem results thanks to numerical simulations.

5.1 The Eigenvalue Problem

We consider the case when there is no final time and we want to optimize the fitness of the system for a
constant or periodic control.

5.1.1 Constant control: Perron eigenvalue

For a constant control «(t) = a € RT, the Perron-Frobenius theorem ensures that M («) has a first
eigenvalue A1 («), which is simple, associated with a positive right eigenvector Vi(«a) and a positive left
eigenvector ¢ («)

M(a)V, = \Vi, Vi >0,
{ @V =xh, T (5.13)

p1M(a) = Aig1,  é1 > 0.

We normalize these vectors by them
Vi@ =1,  éi(a)Vi(a) =1,

so that they are now uniquely defined. Such eigenelements also exist for the continuous growth-fragmentation
equation where the size i € N is replaced by the variable z € R™ (see [41] for instance), and their depen-
dency on parameters is investigated in [17, 59].

Now we give results about the first eigenvalue A; as a function of «. The proof of Theorem 5.0.3 is an
immediate consequence of Lemma 5.1.1 and Theorem 5.1.2.

Lemma 5.1.1. The eigenelements Ay, Vi and ¢1 are continuous functions of o on RT. Moreover we
have

Ai(a) >0 for a>0 and A1(0) = 0.

Proof. Since the function r is continuous, the coefficients of the matrix M («) depend continuously on a.
As a consequence, the characteristic polynomial of M («) varies continuously with «. The first eigenvalue
A1 is the largest root of this characteristic polynomial and the Perron-Frobenius theorem moreover ensures
that the multiplicity of this root is 1. So A; is a continuous function of «.

Let @ = 0 and (o )ken a positive sequence which converges to a. Since ||V (ag)| = 1 by normalization,
there exists a subsequence of (Vi (a))r which converge to a limit V... By continuity of A («) and M («),
this limit satisfies M («)V.,, = A1 («)V,, and ||V, || = 1. By uniqueness of the first eigenvector, we conclude
that the whole sequence (Vi (ak))x converges to V., = Vi(«) and so V; is a continuous function of a.. Since
(Vi(ax))k is a positive convergent sequence, it is lower bounded and we deduce from the normalization
¢1V1 = 1 that the sequence (¢1(ag))x is bounded. As for V3 we conclude from the uniqueness of the
adjoint eigenvector that ¢; is a continuous function of «.
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Define 6 := (1,1,---, 1), then we have §G = 0 and Assumption (5.3) ensures that 0F = (0, B2, -, B,)T.
So we have the identity

OFV;
A -
@) = a4
and it ensures that A;(«a) is positive for « positive and null for a = 0. O

Theorem 5.1.2. Under Assumptions (5.10) and (5.11), we have the expansions

e

-
p<q, = AM(a)=rom + rgH(TpH —(p+ 1)) ! ] a?+ o (a?),

i) i+1 a—>0
1 T
p=q¢, = M(a)=rom+ |rh  (1ps1 — (p+1)71) H 3 et [P+ . oy(a_p),
i1 Pit1 -0

p>q, = M(a)=ron+ryma?+ o (a79).
a—>0

This result can be related to Corollary 1 in [17] which provides an expansion of the first eigenvalue for
the continuous growth-fragmentation model. The proof of Theorem 5.1.2 uses the following lemma which
gives the asymptotic behavior of the eigenvector Vi = (vi, v, -+ ,v,)T.

Lemma 5.1.3. Assume that r(«) admits a limit ro when « tends to the infinity, then

i—1
. T .
Vie [1,n], vila) ~ ri7t | | Il 5.14

o ( )O‘ S J:lﬁjﬂ (5:14)

Proof of Lemma 5.1.3. We prove by induction on 7 that

i
a1 (@) — 7 7_-3 and Vi>i+1, a'vjla) —0. (TH)
a—®w =1 Bi+1 a—®w

1 =0 : We have by definition
(r(0)G + aF)Vi(a) = A (a)Vi (@) with |V («)|| = 1. (5.15)

We define
Yi=(12--n)
which satisfies ¢ F' = 0 thanks to Assumption (5.2). Then, testing (5.15) against 1), we obtain

r(a) GV (a) = A\ () YV (@) (5.16)

and so A1 () is bounded since |Vi(a)| = 1 and r is bounded. Dividing by a we find

(%G +F> Vi(a) = Al(a)Vl(a)-

«

The sequence Vi («) is bounded and so convergence when o« — 00 occurs for a subsequence. The limit
Vi* satisfies
FV* =0

and so the whole sequence converges to
Vi®=6:=(10---0)".
Passing to the limit in (5.16) we obtain that the limit A\{" of Aj(«) when oo — o0 satisfies

roh G = AP 6. (5.17)
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Finally we find
)\'1/“ =T0T1-
t—>i+1:(i+2<n) ' ' '
TRV () = a' )\ () Vi(a) — a'r(a)GVi(a).

We consider the n — i — 1 last lines of this matrix identity and find

i+1

—Bit2 ' i (a) (A(a) + r(@)Tipe) ' vipa (@) — (@) Tiy1at v (@)

(2kk5B;5)

—Bn atly, (o) Al(a)aivn(a) — () Th_10v, 1 ()

—ToTi+1 " Tonﬂ
7+1

by (TH)
—_

a—>0

0

O

Proof of Theorem 5.1.2. We notice that p < n since 7, = 0 and 71 > 0. We make the difference be-
tween (5.16) and (5.17) and obtain

(M () —=rom)Vi(@) + romi(Vi(a) = 6) = r(a)G(Vi(a) = §) + (r(a) — ro)G9.

Denoting m := min (p, ¢), testing the previous equation against 1) and multiplying it by o™, we obtain

a”(Ai(a) —ror)yVi(e) = a"r(@)pG(Vi(e) = 6) + o™ (r(e) = ro)pGo — a™romp(Vi(e) — 6)
= a"rop(G = nld)(Vi(a) = 6) + o™ (r(a) = ro)ypGVi(a)
= oM Z —Jr)(wj(a) =) + a™(r(a) — ro)YvGVi(a)
jl:
= Z i — Jm)amvi(a) + o™ (r(a) — ro)pGVi ()
(5'—1?)’ Lip<qyo 1(7'p+1 (p+1)71) ﬁ T lp=gyrpmi
L i1 Bi+1
O
When there is no influence of the sonication on the polymerization process (r = 1 for instance),

Theorem 5.0.3 says that Assumption (5.11) is a sufficient condition to ensure the existence of an optimal
eigenvalue. In the case n = 3, wich is the smallest value for which (5.11) can be satisfied, the following
proposition says that it is also a necessary condition.

Proposition 5.1.4. Ifn =3 and r = 1, then the inequality
Ty > 27 (518)

is a necessary and sufficient condition to have the existence of an optimal eigenvalue A1 (a*). If additionally
B3 = (o, then we have the alternative:

- if 7o < 27, then A\ («) increases from 0 to 11,

- if 7o > 27, then A\ () first increases from 0 to A\ («®) and then decreases to Ty.
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Proof. For n = 3 and r = 1, the characteristic polynomial of M («) = G + aF is
X=X+ (147 +a(Be+B3)X° + (112 + ari(Bs — B2) + & B2f3) X — arim2f3 — a’11 B2 3.

We have that \; is the largest zero of this polynomial, so X(\1(a)) = 0 and, dividing by a? we recover
that limy o, A1 (@) = 71. Then we compute

X(11) = 27 (11 + 72) + a7 B5(211 — 72) (5.19)

and we find that 75 > 27 is a necessary and sufficient condition for X(71) to change its sign when «
increases from zero to the infinity. So this is a necessary and sufficient condition for A;(a) to become
greater than 71. But A;(«) > 71 when o — o0, so finally 75 > 277 is a necessary and sufficient condition
for A\; to reach a global maximum.

Now assume that 83 > 2 and derive twice the equation X(A1(a)) = 0. We find

0=X (A +2(r1 + 72 + (B2 + B3))A1 + T2 + ami (B3 — B2) + *B2f3) + N f(A1, @) + 262083 (M — 11).

We look at the critical points of Aj(«), namely the values of a such that A («) = 0. For such points, the
seconde derivative of \; writes

N = 2ﬁ2ﬁ3(7'1 - )\1)
VBN 42(n + e+ aBe + B3))M + e + ari(Bs — B2) + a2B205

Since B3 = B2, A](a) has the same sign as 71 — A1 () so A1 («) can be a local minimum only if A\ (a) < 7
and a local maximum only if \j(a) = 7. With this result we can easily conclude to the alternative
announced in the proposition. O

5.1.2 Periodic control: Floquet eigenvalue

We now consider a T-periodic control a(t). The Floquet theorem ensures that there is a first “Floquet
eigenvalue” Ap[a(-)] and a T-periodic function Vp[a(-)](t) solution to
d

V() = [M(a(t) = Ar]Vp(2).

In the case when there exists a constant a® which maximizes the Perron eigenvalue among the constant
controls, we look for a periodic control with a Floquet eigenvalue greater than Ai(a®). For this we
consider directional perturbations «a(t) = «o* + ey(t), where v is a fixed T-periodic function and € a
varying parameter. For the sake of clarity we denote by Ap(€) := Ap[a® + ey(+)] the Floquet eigenvalue
associated to €, Vp(e;t) := Vp[a® + ey(-)](t) the eigenfunction and Vi(e;t) := 0.Vr(e;t) its derivative
with respect to e. We also use the notation

D=7 [ foa@

for the time average of any T-periodic function f(t).

Now we compute the derivatives of Ap(€) which correspond to the directional derivatives of the Floquet
eigenvalue at the point a®. This kind of differentiation technique is used in [96] to prove results about
the optimization of the Perron eigenvalue in the case of the continuous cell division problem. A formula
which involves only the coefficients of the equation and the first eigenvectors is obtained for the first and
second derivatives. Here the computation of the second derivative requires a basis of eigenvectors, and
so cannot be extended to continuous models. For M(a®) diagonalisble, we denote by (Vi,Va,---,V,,)
and (¢1, 2, -+, ¢n) the bases of direct and adjoint Perron eigenvectors associated to the eigenvalues
A1 > Ao = -+ = A\, Thus we have V] = Vi(a®) = Vr(e = 0) and Ay = A1 (a®) = Ap(0).

Proposition 5.1.5 (First order condition). We have

d\r d\
?(0) = <7>E

Hence, a® is a critical point also in the class of periodic control.

(@®)=0.
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We need to go to the following order.
Proposition 5.1.6 (Second order condition). If M(«*) is diagonalisable, we have

>\

— (0= GG M (@ )V +2 Y D = X) (¢ M (@) Vi) (6 M (a*) V1)

i=2
where v;(t) := ¢;VE(0; ) (s M (a®)V1) ™! is the unique T-periodic solution to the ODE
i (t) + Arvi(t) = v(t) + Xivi(t). (5.20)
Remark 5.1.7. For v =1, we obtain the second derivative of the Perron eigenvalue

d*\q

¢1 M' Vi) (s M'V7)
do? —

A1 — A

(CY.) — (blM”(CY.)Vl +2i (

which is negative since o® is a maximum. This formula appears in [129] without any further reference.
There exists a physical interpretation in terms of repulsive/attractive forces among eigenvalues.

Proof of Proposition 5.1.5. First we give an expression of the first derivative for the Perron eigenvalue.
By definition we have
M(O&)‘/l = A1‘/1;

which provides by derivation
ANV 4+ MV = M (a)Vy + M(a)V]. (5.21)

Testing against the adjoint eigenvector ¢; we obtain

A+ MoV = o M (o) Vi + o1 M (a) VY
and so, since o1 M (a®) = A1 ¢,

A = 1M ()i = ¢1(r'(a)G + F)V1.
Now we start from the Floquet eigenvalue problem. We have
0VE + Ap(€)Vrp = M(a® + ey)VE,
which provide by derivation with respect to €
OtVih + Ne(€)Ve + Ap(6)Vi: = y(t)M'(a® + ey)Vr + M(a® + ey) V.. (5.22)
We test the preceding equation against ¢; and we evaluate at ¢ = 0. We obtain
0:($1 Vi) + Np = y¢1M' ()1

and, after integration in time,

‘= (%/O () dt) ¢1M' ()1 = (%/0 (1) dt) %(Of) =0.

It proves the first order condition. O

Proof of Proposition 5.1.6. We test Equation (5.22) against another adjoint eigenvector ¢; and we eval-
uate at € = 0. We obtain for v;(t) = ¢; VL (1) (¢ M’ (a®) V7)1

Yi(t) + Ava(t) = () + Avi(t) -
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Next, we differentiate twice and we get
O Vi + Ne(e)VE + 2Np(e)VE + ArVi = 2 M"(a* + ey)Ve + 2yM'(a® + ey) Vi + M(a® + ey) Vi .

We evaluate at € = 0 and we test against ¢; to find

Or(d1VE) + Np(0) + Apd1 Vi = v o1 M" (a”)Vi + 29 (t)p1 M (a* )V + Ap V. (5.23)
We decompose the unknown V. along the basis (Vi,---,V;,)

Vi = D2 3i(t) (¢ M (a*)V1)V;.

We have in particular
GLM'(a")Vi = 3 i) (M (a")Vi) (61 M (a")V7) .
i=2
To conclude, we integrate (5.23),

Np(0) = (9Hd1 M (a*)Vi +2 Y (yid (M (@) Vi) (61 M (%) V) (5.24)

=2

T T
(A1 = A) ( / ﬁ(t)dt) - / (Ol dt

Now we can prove Theorem 5.0.4 stated in the introduction by using the result of Proposition 5.1.6.

and use the identity

O

Proof of Theorem 5.0.4: frequency analysis. We consider a periodic control under the form

~(t) = cos(wt).
We compute the solution v;(t) to Equation (5.20)
Al - )\z w

i) = /———————= t —————— i t
~i () T n )2 cos(w )+w2+()\1—)\i)2 sin(wt)
and then we obtain the formula
N (05 w) = Ly M"(a®)V; + f; M (01 FVi) (¢ FV7)
F\Y 2 1 1 i:2w2+(A1_>\i)2 1 1 7 1)

But we have
o1 M"(a*)Vy =r"(a®)p1GV;
and we can compute ¢1GV; by doing the appropriate combination of
A(a®) = o1(r(@®)G + a*F)W;
and
N(@®)=0=¢1(r'(a®)G + F)\;
to obtain o)
r(a®
¢1M”(C¥')V1 = )\1(04.).

r(a®) —a*r'(a*)

Thus we have the limit
)\1 > 0.

1 (o)
lim A%(0;w) = =
wl—IE'lfv‘ F( ,LU) 2 7’(0[.) _ Oz'T’(O{')

The second directional derivative of Ap is positive for w large enough and it ends the proof of Theo-
rem 5.0.4. O
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5.2 The Optimal Control Problem

In this section we consider the optimal control problem (5.9).

5.2.1 Existence of an optimal control

The first question concerning Problem (5.9) is to know wether there exists a solution. If r is an affine
function of «, the following lemma ensures that there is indeed a solution which maximizes the payoff
cla(+)] in the set A.

Lemma 5.2.1. If there exist ro and r1 such that
V€ [amin, @maz], 7(a) =r1a+710,
then there exists an optimal control a* € A solution to Problem (5.9).

Proof. We take a maximizing sequence (o )ken for the payoff ¢. This sequence is bounded in L* by ®naz,
so we can extract a subsequence which converges #-weak toward a*. It remains to prove that

cla®()] = lim c[ag(-)].

k—o0

We denote by U*(t) the solution to Equation (5.4) corresponding to the control a*(t) and by U (t) the
solution for a(t). Using the function g defined in (5.8), the problem is to prove that g(Ux(T")) — g(U*(T))
when k — oo. For this we prove more, namely that for all time ¢t we have ||Uy(t) — U*(t)|| — 0. First we
write

|Uk(6)=U*(t / [roG + ar (G + F)[|Ux(s) = *(S)Hds+/0 (ax = @®)|(MG + F)U*(s)| ds

<ommuawﬂmc+FmAnm@»Jﬂwmw+Aaw—ammG+m ()| ds.

Then, using the Gronwall lemma, we obtain

te[0,T]

t
|Uk(t) =U* ()] < l sup / (ar —a®)|[(mG + F)U*(s)| dS] exp ((ro |G| + amaz 11 G + F|)T).
For any k € N, denote by f;. the function defined on [0, T] by

nw=£o%—ammc+m *(s)| ds.

The sequence (fi ) is uniformly bounded in W (0,7T) and converges punctually to zero because of the
L7 -#-weak convergence oy, — . So the sequence converges uniformly to zero and we obtain

Vte[0,T],  |Uk(t) — U*(t)| —> O.

k—x0

Then we conclude that
clak(-)] = g(Uk(T)) —— g(U*(T)) = c[a™(-)].

k—o0

O

In the case when there exists an optimal control, we can have informations on the shape of this
control thanks to a maximum principle. First we define the control theory Hamiltonian associated to
Equation (5.4)

H(u,p,a):=pM(a)u
for u € R™ a row vector, p € R™ a line vector and a > 0. Then we have the following theorem (see [48] for
instance).
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Theorem 5.2.2 (Pontryagin Maximum Principle). Assume a*(-) is optimal for (5.4),(5.8), and U*(-)
is the corresponding trajectory. Then there exists a function P* : [0,T] — R™ such that

U*(t) = V,H(U*(t), P*(t), a*(t)), (5.25)
P*(t) = =V H(U*(t), P*(t), a* (1)), (5.26)

and
H(U*(t), P*(t),a*(t)) =  max  {H(U*(t),P*(t),a)}, te[0,T]. (5.27)

ae [am,in 10¢7nam]

This theorem provides informations about the optimal control o* when it exists. First, if a*(¢) remains
close to a constant during a sufficiently large time, then it has to be close to

Qopt 1= argmax  Ap(q).

O4€[0¢7nin704maa:]
Indeed Equations (5.25) and (5.26) write
U* = M(a*)U*  P* = —P*M(a*).

So if a* is constant during a long time interval, then in the middle of this interval U* and P* are close
to the eigenvectors Vi (a*) and ¢1(a*) because of the General Relative Entropy results. But

H(Vi(a®), ¢1(a*),a®) = ¢1(a*)M(a*)Vi(a¥) = Ai(a¥)
so Equation (5.27) imposes A1 (a*) to be maximal in [amin, @maz]-

This argument does not ensure that the optimal control remains close to a constant. Nevertheless,
numerical simulations show that, for a large final time 7', the optimal control seems to be essentially
equal to ape. To compute numerically an approximation to the optimal control, we divide the interval
[0,7] into N time steps and we also discretize the interval [min, @maz]. Then we consider the controls
which are constant on each time step of length At = T'/N and we optimize the final payoff ¢[a] among
these piecewise constant controls thanks to a relaxation method. We can see on Figure 5.1 that, in the
case when r = 1 with aopt € (Qmin, @maz), the optimal control is close to o if T is large enough. This
conforts the argument based on the Pontryagin maximum principle.

L L L L L L L L L L L L
0 0.5 1 15 2 25 3 ] 10 20 30 40 50 60 70 80

Figure 5.1: Optimal controls obtained thanks to a relaxation method for r = 1, n = 3, m = 0.01, 72 = 10,
B2 = 0.1 and B3 = 0.9. The optimal control is plotted in blue, and the value aop: which maximizes the first
eigenvalue in red. Left: final time 7" = 3. Right: final time 7" = 80.
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Now we wonder what happens when the function 7 is not affine. Is there still an optimal control 7
Consider for instance that r is a convex decreasing function on [@min, @max| and that the first eigenvalue
admits a global maximum A;(a®) with a® € (@min, @maz). Then we know from Theorem 5.0.4 that
there exist periodic controls which provide a Floquet eigenvalue greater than A;(«*) for sufficiently high
frequencies. So we do not expect that the optimal control is constant in time close to a,p: = a® but that
it oscillates. In the numerical relaxation method we use, the maximal frequency of oscillations is controled
by the time step At. In Figure 5.2, we plot the optimal controls obtained for different values of At. We
observe that the most we decrease At, the most the piecewise optimal control oscillates. That seems to
indicate that there is no optimal control in A, what was already sugested by the proof of Theorem 5.0.4.

- .
TBARRARARIARAIRY il ]Hmwn HH] ‘W A
bl | | INRERAEAAER:
00 1‘0 20 30 4;0 50 60 70 80 00 ‘ ‘ I 80
9 T T T T T T T 9 T
gl M . _____ glime
| | ]
6 6
! | 5 »

2 ) 1 2 |
z )} H‘\ \H “\ M H} )} \‘ H} 0 ‘H Il “) H‘ ‘H H‘ ) H N Hiti \ I MARER R B uu‘
/" Il } i Ll m | m N | u\
00 t 00 10 l 80

Figure 5.2: Piecewise optimal controls obtained for different values of At with r(«) = T a decreasing convex

function. The final time is 7" = 80, the space dimension is n = 3, and the coefficients are 71 = 0.01, = = 10,
B2 = 0.1 and B3 = 0.9. The time step varies: At = 0.8 (top left), At = 0.4 (top right), At = 0.2 (bottom left) and
At = 0.1 (bottom right).

5.2.2 The Hamilton-Jacobi-Bellman equation

We assume that there is no influence of a on the transport term by considering » = 1. In this case we
know that there exists an optimal control a* for Problem (5.9). Define ¢, ¢(a(-)) as the payoff for the
dynamical system

(5.28)
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Then, the value function v(x,t) defined by

v(z,t) := sup ¢z ()
a(-)eA

satisfies the Hamilton-Jacobi-Bellman (HJB) equation
ve(x,t) + max  {M(a)z- Vyv(z,t)} =0 (5.29)

a€l@min Amax
with the final condition
v(z,T) = g(). (5.30)

A proof of this result can be found in [48] for instance, it is also explained how the solution to Equa-
tion (5.29) allows to compute the optimal control o* thanks to the dynamic programming method.

Here we solve numerically Equation (5.29) for n = 3. We consider coefficients satisfying 2 > 271 and
B3 = [2 so that Proposition 5.1.4 ensures that there exists a® which maximises the Perron eigenvalue,
and that Aj(«) increases from A1(0) = 0 to A (a®) and then decreases to lim,—, A\ () = 71. First we
reduce the dimension by noticing that if v(z,t) satifies (5.29), then for any A € R, v(Az,t) is solution
too. Using the fact that g is linear and so satisfies g(Az) = Ag(x), we have that the solution v(z,t) to
Equation (5.29)-(5.30) satisfies

Vo, t, N, v(dx,t) = \v(x,t). (5.31)

Then we define a new function w(y,t) on the simplex Xo := {(y1,%2) : y1,y2 = 0 and y1 + 2y» < 1} by

oz, t) = 9@l 5y gt 1)
= g(@)v(y1, ye, % —y1 — 2y2),t)
= g@wlyr,y2,t).

We compute the gradient of v in terms of w

0z, = w+ (1 —y1)0y,w — Y20y, w

0,0 = 2w —2y10y,w + (1 — 2y2)0y,w

Oz, = 3w — Y10y, w — 3y20y,w
and obtain a new equation satisfied by w

(1 1 1-y1 —y2 w
Orw +max { [G + aF] Yo 2 =2y 1-—2y Oy, W = 0.
(=91 —y2) 3 =3y =3y Oy W
1
Denoting p = | 2 |, this equation writes
3
Y1 YV.w
Orw +max { [G + aF] Y2 -(wp—ylé’ylwp—ygﬁyzwp—i-( 8 )) =0

(1 —y1 —y2)

or, since p € Ker FT
1 Vyw
orw + Corr(y)w + max { [G + aF — Corr(y) Id] Y2 : ( (y) > =0 (5.32)
T(L—y1 —y2)
Y

with Corr(y) = G Yo - .

11—y —y2)
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Remark that Equation (5.32) is a retrograd equation with final data w(y,T) = 1. Now we present
numerical simulations of the solution at time ¢ = 0, for different choices of coefficients. The final time is
T = 20 so that the shape of the solution is observed to be stationnary at time ¢ = 0.

First case: o® € (Qmin, @maz). We choose amin = 1 and e = 4, and coefficients of the matrix M
which allow to have a® € (min, Qmaz)- The existence of o* is ensured by Proposition 5.1.4 for 7o > 271,
and its value is between o, and a,,q. for an accurate choice of 32 and 3. The numerical solution to
Equation (5.32) is plotted in Figure 5.3 on the simplex X5 at time ¢ = 0. In this case the simplex Xq is
divided into two zones: one where the maximum of the bracket is reached for a = a4, and the other
where it is reached for a = a,. These zones are separated by a border which contains V; («*) and which
is close to the line defined by

H={y: d1(aop)Fz =0, = (y1,y1, -(1 —y1 — 2y2))"}

3

as we can see in Figure 5.4. This line also contains V; («*) since M’(a®) = F and, thanks to Theorem 5.1.5,
M (0*)Vi = X () = 0.
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Figure 5.3: Solution to Equation (5.32) at time ¢t = 0 Figure 5.4: In green: the border between the zones

plotted on the simplex 3 for coefficients 71 = 0.1, 72 = where max, is reached in amin (on the left) or @mae
4, B3 = 2 32 = 1. For these coefficients, the maximal A1 (on the right). In blue: the line H. In black: the set
is obtained for a® € (min, ¥maz) = (1,4). {Vi(a), a € (Qmin, ¥maz)}. In red: Vi(a®).

On both sides of the border, the solution appears to be almost linear as we can see by plotting the
level sets or the gradient (see Figure 5.5).

Second case: @® > maz and Ai(Qmaz) > 71. In this case opt = Qmaer and we can see in Figure 5.6
that the border and the line H are merged. But the border does not pass trough Vi (ap:) and we try to
understand why. Since for » = 1 we have M (a) = G + aF, the maximum in Equation (5.29) is given by
the sign of F'z- Vu. Now we can check in Figure 5.7 that the gradient in the zone where the maximum is
reached for a = aupq, is constant. A good candidate for this constant gradient is ¢1(aopt). Indeed we can
easily check that v(z,t) = ¢1(op)x eM@ort)t ig 5 particular solution because Qopt = Qmag- S0, assuming
that the gradient of v is indeed ¢1 (ot ), the border corresponds to the set of & where ¢1 (qopt)F'z changes
its sign. We restrict to finding the intersection of the border with the set of eigenvectors {V;(«), a > 0}.
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Figure 5.5: Left: Level sets of the solution to Equation (5.32) at time ¢ = 0 and the border. Right: The partial
derivative 0y, w(y,t = 0).

For this we write

AM(@)gr(aop)Vila) = 1(aop)(G +al)Vi(a)

¢1 (aopt)(G + aoptF)Vl (Oé) + (CY - aopt)¢1 (aopt)F‘/l (CY)
= Ai(Qopt) 1 (opt) Vi) + (o — aopt)P1(ope) F V1 ()

and we obtain

A1(a) = i (opt)

Q — Qopt

¢1 (aopt)F‘/l (CY) =

&1 (opt) Vi (). (5.33)
This quantity is positive for a < & and negative for o > &, where & is the only value greater than o*
such that A1 (&) = A1 (@opt). That gives an explanation of the fact that Vi (aop) does not belong to the
border and conjectures that the intersection of the set {V;(«), o = 0} with the border is Vi (&). Moreover
the set {Vi(«), a € (Qmin, Qmaz)} is expected to be in the zone of au,q, and it is indeed the case on
numerical simulations (see Figure 5.6).
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Figure 5.6: The same plots as in Figures 5.3 and 5.4 but for 1 = 0.4.
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Figure 5.7: The same plots as in Figure 5.5 but for 71 = 0.4.

Third case: a® > Qmaz and A\ (Qmae) < 71. In this case there is no value & > a® such that \;(a) =
A (@opt). This is in accordance with the numerical simulations because H is out of the simplex and there
is no border in the interior of ¥ (see Figure 5.8). The maximum in HJB is reached everywhere for
@ = Qmaz = Qopt and the solution is expected to be the particular solution v(x,t) = ¢1(copt) et (@opt)t

up to a multiplication by a constant.

Figure 5.8: Simulations for coefficients 71 = 1, 72 = 4 and 33 = 23> = 1. Left: the solution w(y,0) on Xo.
Middle: the levelsets. Right: the border in green is merged with the egde of the simplex, and H in blue is out of

the simplex.
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Chapitre 6

Un schéma d’ordre élevé pour des
modeles avec coalescence

Ce travail a été réalisé lors du Cemracs’09 sur la modélisation mathématique
en médecine, en collaboration avec LEON MATAR TINE dans le projet PRION.
L’objectif est d’écrire un schéma numérique d’ordre élevé et préservant la masse
pour des modeles d’agrégation-fragmentation avec coagulation. Nous écrivons tout
d’abord les termes intégraux de coagulation et de fragmentation sous forme conserva-
tive afin de pouvoir utiliser un schéma de transport qui préserve la masse. Nous choi-
sissons alors une discrétisation WENO d’ordre 5 pour ses propriétés anti-dissipatives
et nous présentons des simulations numériques obtenues a partir de données expéri-
mentales. Ceci a fait ’objet d’une publication dans ESAIM-Proceedings sous le titre
High-order WENO scheme for polymerization-type equations [60].

6.1 Introduction

The central mechanism of amyloid diseases is the polymerization of proteins : PrP in Prion diseases, APP
in Alzheimer, Htt in Huntington. The abnormal form of these proteins is pathogenic and has the ability
to polymerize into fibrils. In order to well understand this process, investigation of the size repartition
of polymers is a crucial point. To this end, we discuss in this paper the mathematical modeling of these
polymerization processes and we propose numerical methods to investigate the mathematical features of
the models.

Mathematical models are already widely used to study the polymerization mechanism of Prion diseases
[20, 38, 43, 63, 64, 80, 91, 92, 83, 117], Alzheimer [32, 87, 108] or Huntington [16]. Such models are also
used for other biological polymerization processes [4, 13] and even for cell division [10, 37, 110] or in
neurosciences [107].

Another field where we find aggregation-fragmentation equations is the physics of aggregates (aerosol
and raindrop formation, smoke, sprays...). Among these models (see [77] for a review), one can mention
the Smoluchowsky coagulation equation [45, 54, 55, 78, 101] with fragmentation [44, 46, 47, 75, 76, 74] and
the Lifshitz-Slyosov system [21, 29, 30, 53, 103, 104, 105, 106]. In [28, 67] a Smoluchowsky coagulation
term is added to the Lifshitz-Slyosov equation.

In this paper we are interested in a model including polymerization, coagulation and fragmentation
phenomena. We consider a medium where there are monomers (normal proteins for instance) character-
ized by the concentration V' (t) at time ¢ and polymers (aggregates of abnormal proteins) of size x with
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the concentration u(t,x). The dynamics of the density function u(t, z) is driven by the system

r %V(t) S /0 T TV (), 2)ult, ) de,
{ %u(t,x) = —a—ax(T(V(t),x)u(t,x)) + Q(u)(t, ), (6.1)
L u(t,0) =0, u(0,z) =up(z)=0 and V(0)=1V,=0.

The monomers are attached by polymers of size x with the polymerization rate ko, (). Depolymerization
occurs when monomers detach from polymers with a rate kog(x). Hence the transport term writes

T(V,z) = Vkon(x) — kogt(). (6.2)

The two functions ko, and kg are piecewise derivable but can be discontinuous. They are positive except
that ko, can vanish at zero. In this case, or more generally when 7 (V' (¢),0) < 0, the boundary condition
on u(t,0) is not necessary since the characteristic curves outgo from the domain. The choice of the
boundary condition u(t,0) = 0 is justified later.

The coalescence of two polymers and the fragmentation of a polymer into two smaller ones are taken into
account by the operator Q. More precisely, denoting by A, an aggregate of size x we have

ke (‘Tvy)
—

A, + Ay Azty coagulation

ke(z,y)
_—

Aziy A, + Ay fragmentation.

Thus the coagulation-fragmentation operator is Q = Q. — Q¢ with

Q) = 3 [ el =) ulute = ) dy ~ ) [ ko) uts) (6.3
1 x XL
Qu(w(a) = 3u(@) [ Hlvr =) dy= [ kiog) e+ ) . (64)

The coalescence of two polymers of size x and y occurs with the symmetric rate k.(x,y) = ke(y, ).
This rate is a nonnegative function as the fragmentation symmetric rate k¢(z,y) = k¢(y, z) with which a
polymer of size x + y produces two fragments of size = and y.

There is a difference between V (t) and u(t,z = 0). In biochemical polymerization processes, small
polymers are very unstable and thus do not exist. When they appear by detachment from a longer
polymer, they are immediately degraded into monomers. Thus, the quantity of small polymers vanishes
while the quantity of monomers is very high. To reflect this in the mathematical model, a quantity
V(t) of monomers is introduced, which is different from the quantity of small polymers u(t,x = 0). The
evolution of the first one is given by an ODE while the second one is forced to be equal to zero through
the boundary condition u(t,0) = 0. A consequence of this distinction is that starting from wug(x) = 0 and
Vo > 0 there is no evolution : the concentration of monomers is constant in time, V(t) = Vj, and the
concentration of polymers remains null, (¢, x) = 0. This is a very intuitive and natural behaviour which
is important to preserve for biological applications.

In the modeling, the distinction between V and u(z = 0) induces a separation of the polymerization-
depolymerization process from the coagulation-fragmentation. Indeed the aggregation of a monomer to
a polymer can be seen as a coagulation but the resulting polymer has same size x than the initial one,
since a monomer is very small compared to the typical size of a polymer. So a transport term is more
accurate to model this phenomenon than an integral term (see [38]).

There is also the fact that when a small polymer is degraded into monomers, it increases the quantity of
monomers. In a discrete model, this term appears in the equation on V' (see ng in [92]). In the continuous
model (6.1) this term can be neglected since the quantity of monomers produced by degradation of small
polymers is very small compared to the total quantity of monomers.
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6.2 Mass Conservation

The mechanism of polymerization is nothing but a rearrangement of the proteins, there is no creation
and no disparition. So the total quantity of proteins has to be constant in time and this is the case in
model (6.1). We define the total mass of the system as

Pt)=V(t) + /OI zu(t, x) dz, (6.5)

since a polymer of size z “contains & monomers”. Integrating the equation on u(t, z) multiplied by = and
adding the equation on V' we obtain

dpP

Vi >0 —
’ dt

(t) =0, (6.6)
so the total mass is conserved along time. This is a very important property that we want to keep in the
numerical scheme and for this we rewrite equation (6.1) under a conservative form.

6.2.1 Conservative formulation

The classical discretization methods for transport equations are mass preserving. So the idea is to write
the coagulation-fragmentation operator Q, which preserves the mass, under a conservative form in order
to use a transport scheme. For this we follow the paper [52] where such a transformation is made :

r0.)(w) =~ ()
r0i(w)(@) = -2 ()

~—

where the operator C(u) is given by
xT o}
cwi) = [ [ vhey2Juto)u(e) dady, (6.7)
0 T—y
and F(u) is
xT o}
Fu)(x) := / / yke(y, 2)u(y + z) dzdy. (6.8)
0 T—y
Under this form, the mass conservation is clearer and the use of conservative schemes possible.

A useful consequence of the property (6.6) for the numerical scheme is that the ODE on V' can be
replaced by a mass conservation equation (see [67])

Vi > 0, V)=V + /OI x(up(z) — u(t, x)) dx. (6.9)

Numerically, this equation is much easier to compute than the ODE to be solved. Moreover (6.9) provides
an explicit expression for V' as a function of u. So we set

G(u(a) = (Vo-+ | sfuolo) = )y o) = ko) (6.10)
and we obtain a new equation equivalent to (6.1)

P 0[G(u)zu] 0C(u) OF (u) _
v ggu(tse) ¥ ==t a) + =5 = w) = = = (he) = Gujult, ), (6.11)

u(t,0) =0, u(0, z) = uo(x).
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In this equation (6.11), we have written the transport term as

2[G(u)u] B 2[G(u)zu]

This formulation enhances the relation

T ; xu(t,x)dm=/0 g(u)u(t,gg)dgg=_E

— G(u)u(t,x). (6.12)

V(t) (6.13)

and allows to preserve this property numerically when using conservative transport schemes.

6.2.2 Domain truncation

Numerically, equation (6.11) is solved on a truncated domain [0, R] so the integration bounds have to be
changed in order to keep the mass preservation. For the coagulation term, we introduce as in [52]

z pR—y
"’ Une = c\Y,2)Uu ulz)dz
C(u)(x) /O/z_y ke(y, 2)u(y)u(z) dzdy
T R
/O / yke(y, z — y)u(y)u(z — y) dzdy,

T R—y
FRu)(z) = / / yke(y, 2)u(y + 2) dzdy

//yk?fyaZ— y)u(z) dzdy.

With this truncation, we have C%(u)(0) = CF(u)(R) = F®(u)(0) = FE(u)(R) = 0. So the total mass
does neither increase nor decrease with respect to time if we consider the coagulation and fragmentation
processes. If we look at the effects of this truncation on the original coagulation and fragmentation
operators we have

and for the fragmentation

x R—x
QU W)(w) = 10, W)w) = 5 [ Kelwa = puwute =) dy—ulw) [ kel pulu)dy
and
x R
Qi (w)(e) == 18, F w)(@) = 5u(@) [ o= 9)dy = [ kg = o)ulo) dy.

In the coagulation term, the truncation corresponds to the assumption that a polymer of size x cannot
coagulate with a polymer of size greater than R — x. Concerning the fragmentation term, it is nothing
but the assumption that polymers of size greater than R cannot split. Biologically they are the natural
assumptions to avoid the loss of mass.

Concerning the transport term, the only way to avoid the loss of mass is to set

GRu)(R,t) = 0. (6.14)

The meaning we give to this relation in the numerical scheme is exposed in Section 6.3.2. It is useless to
do such a truncation for z = 0 since zu(t, z) vanishes when z = 0.
Finally we obtain a conservative truncated equation for x € (0, R)

J 6[gR(uR)'ruR] L) + 0CR(uR) tox a]:R(uR) (t,l’) _ g(’lLR)’LLR(t,Z')

r=un(t,a) + = (t,2) + =7 —(t,2) = ——= © o (6.15)

ug(t,0) =0, ur(0,2) = ug(x).

When there is no transport term, convergence of the solution of Equation (6.15) to the solution of
Equation (6.1) when R — o0 is proved in [42, 77, 75, 74, 127] under growth conditions on k. and k.
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6.3 A High Order WENO Scheme

In order to obtain a mass preserving scheme, we consider equation (6.11) as a transport equation and for
high order accuracy we choose a fifth-order WENO (Weighted Essentially Non Oscillatory) reconstruction
for the fluxes. This high order scheme is comonly used [35, 121] since it is not more complicated to
implement than a third order WENO one for instance.

6.3.1 Numerical fluxes

Before using the WENO reconstruction we have to know if the fluxes are positive or negative in order to
appropriately upwind the scheme. Concerning the coagulation and the fragmentation terms, we consider
a positive upwinding as suggested in [52]. For the transport term d,[G(u)zu| we have to make a flux
splitting because G has no sign. A natural splitting here is to put the terms of G that are preceded by
a plus sign in the positive part and the terms preceded by a minus sign in the negative part, namely
G =G +G; where

G (@) = (Vo + J; yuo(y)dy ) kon ).
G (@) = = (J" yuly)dy ) on ) = or(2).

An other decomposition is the polymerization-depolymerization oneExistence et unicité d’éléments pro-
pres principaux

(6.16)

G (@) = (Vo + J," yluo(y) = u)]dy ) kion (@),
Gy (u)(@) = —kofr(a).

The term Gy is necessarily positive because Vp + f(;/“ yluo(y) —u(t,y)]|dy = V(t) = 0. With these two flux
splittings, we built others by convex combination. For any A € [0, 1] we set Gy = AG1 + (1 — A)Gy which
gives

(6.17)

g3 (@) = (Vo + J5* yluoly) = ul)]dy + A J; yu(y)dy ) kon(2),

_ % (6.18)
Gy (@) = =A(Jy" yuly)dy ) kon (@) = o).
We also consider the Lax-Friedrichs scheme which corresponds to
G (u) = 5(G(u) +m),
(6.19)
Giw(u) = 5(G(u) —m),

with m = max, >0 |G(u)|. This term has to be computed at each time step because G(u) depends on time.

Finally, the WENO reconstruction is done with the fluxes

H*(u) =G* (u)zu + C(u) — F(u),
(6.20)
H™(u) = G~ (u)zu,

and the choice among the different flux splittings is discussed in Section 6.4.2.

6.3.2 WENO reconstruction

The point of view adopted here is the finite difference one, as recommanded in [122], because it is better
than the finite volume in terms of operation counts. We assume the spatial domain [0, R] is divided into
N uniform cells and we denote x; = iAzx for 0 < i < N with Az = % We use the WENO formulation
of Jiang and Peng [120] which consists in applying WENO to approach the spacial derivative directly on
the nodes of the grid. The spatial derivative d,(H " (v) + H~ (v)) is approximated at the point x; by

1 + - + -
A [Hiy +Hoy —HE - H
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where the fifth order accurate numerical flux H;l is given by the WENO reconstruction. For each
2
node x; we denote by H;" the numerical approximation of H¥ (v(x;)). The stencil choice for each flux is
specified in Figure 6.1, and the fluxes H;—; , are expressed as convex combination of the H E of the stencil.
-2

Let us detail how we proceed :

- for Hi_,l we set W1 = Hk_7 W2 = H/c_+1’ W3 = H]€_+2, W4 = Hk_—l’ W5 = H]C_—Q’
2

Wa = Hypp W =Hy,3 Wa=H,, Ws=1H_,,

- for HH% we set Wy = Hk+1’

- for Hzt% we set Wy = H;" 5, Wo = H;" ,, W3 = H;

_ + _ +
L W= Hf, Wy = H

+ _ + _ + _ + _ + _ +
- for Hz+% we set W1 _Hk—Q’ WQ _Hk—17 Wg _Hk7 W4 _Hk+1’ W5 _Hk+2'

H, _
= === — - - N HZ-+%
1 1
] [ ] [} [} ] ]
-3 12 | -1 i+1  i4+21 143
b e e e e e == == )
HY
"_2 —————————————— a Hl‘:»%
1 1
(] M | M i ] M
1 ] [} [} [} ] 1 ) )
1 i-3 i-2 i-1 i+1, i+2] i+3
b e e e e e = = = )
Figure 6.1: stencil choice
For the regularity coefficients we define for each previous flux
13 5 1 9
S, = E(Wl —2Woy + W3) + Z(Wl —4Ws + 3W3) ,
13 1
Sy = E(WQ —2W3 + VV4)2 + Z(WQ - W4)2,
13 1
S = E(W3 —2W, + W5)* + Z(3W3 — AW, + Ws)2
Then we take the weights
T . d'r 3 6 1
Wy, = 3‘1 ;o with 6, = ——F%~5, di=—,do=—, d3=— r=1,2,3
ijlaj (e+S,) 10 10 10
where € is introduced to prevent the denominator from vanishing. Finally we take the different flux parts
given by
_ Ws  TWy 1104 Wy  B5Wp Wy Wy Wy W
H |, = —_— - — —_— 4+ — — t———),
i+l w1<3 6 + 6>+w2< +6 +3>+w3<3+6 6
Wy TWsy  11Ws Wy  5Ws5 Wy Ws Wy Wi
HY | =y (22 2 o LESRELERIE RS
it} ““(3 6 "6 )t e T3 )T\ 3 YT T 6

Concerning the boundaries = 0 and x = R, we compute the fluxes using the WENO reconstruction
with ghost points x_3, T_2, x_1, and Ty+1, Tn+2, TN+3. In the first three points we use that for all
time ¢ > 0,

xu(t,x)| =CRu)(x = 0,t) = FR(u)(x = 0,t) =0

x=0
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toset HY; = H*, = H*, = 0. For the last three ones we use the truncation
GRu)(z = R,t)=CRx=R,t)=FR(x=R,t) =0
to put HJ%H = HJJ_\;+2 = HJJ_\;+3 =0.

6.3.3 Integration method

For the integral terms, we use a fifth order composite rule introduced in [121]. If fj denotes an approxi-
mation of f(zy), the method can be written as

JjAxz J
[ t@ds=acy
g k=1

Ax
where
J 251 . 299 211 739
/ _ =" r ~vY r. T r v r
];i fk: = 720fz+240fz+1+240fz+2+720f1+3
739 211 299 251 =
toofis toppfie t g fin T fi t > f

k=i+4

if 7 — 4 > 6. This method is based on polynomial interpolations of the function f.
On the first interval, we integrate without using the boundary value fy = 0 because the solution can
be discontinuous at = = 0. So we use the fifth accurate approximation

1
55 59 37 9
/ e — [ — —_ _
];:0 fe=gih—g et opfs—gpfa
Finally for the intervals at the boundaries we have

2
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N
1 31 7 13 1
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We use this quadrature method to discretize the operators C and F¥ with

i N
Cl—F = (80)* 30" 30wk yusin—y — Ky yw) (6.21)
=0 l=it1

as suggested in [52]. Grouping the two terms in an unique summation is lighter regarding to operation
counts.

6.3.4 Time discretization

The time step is denoted by At and changes along time because of the CFL stability condition that is
time dependent. For the time discretization we choose a third order Runge-Kutta method. To approach
the time evolution of an equation dyu = L(u), we compute at time nAt

1 1
u) = u" + At L(u™) and u® = %u” + Zu(l) + ZAtL(u(l)),

where u™ is an approximation of u(nAt). Then the approximation of v at time (n + 1)At is given by

1 2 2
n+l _ =, n - (2) — (2)
= + + -AtL .
u Fu" +3u 3 (u'?)
This method is an explicit one, so to ensure the stability we compute the time step At at each iteration
thanks to the CFL condition

At<min{(G+C+F) '} (6.22)

where

3

1 _ N 1
G=Msu_p(gi+—gi), C:sgp{;/k;juj} and F=Sl;p{§

For instance the Lax-Friedrichs decomposition leads to Gy = m/Auw.

Since we combine a fifth order WENO reconstruction and a third order time discretization, we predict
that our scheme is convergent of third order. To validate it numerically, we compute the solution for
different discretization grids with regular parameters and initial data. Comparing these solutions at time
T = 20 in the L™ space norm (see Table 6.1 for the results), we obtain the numerical order 2.95 which
validates the prediction.
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Az 5/40 5/80 5/160
error || 81.84 12.44 1.37

Table 6.1: Error between different discrete solutions and the reference computed with Az = 5/320.

6.4 Numerical Simulations

6.4.1 Parameters

Numerical values for the polymerization and fragmentation rates can be found in the biological literature
(see [91, 119, 72] for instance). It is of importance to note that the models considered in these papers
are discrete ones, so some computations are necessary to deduce adimensional numerical values for the
continuous model (6.1). Another point is that the parameters of these models do not depend on the size
of polymers, so we can only obtain mean values for the size-dependent parameters.

We choose to use the values of the recent paper [72] to do numerical simulations. The mean length of
polymers for the initial distribution is estimated to be 1380. With the continuous model we reduce this
value to 0.2 by considering an initial profile equal to a positive constant on [0,0.4] and null for > 0.4
(see the first plot of Figure 6.5). Thus we define a parameter ¢ = 0.2/1380 ~ 1,4 x 10~ which allows
to go from a discrete model to a continuous one (see [38] for more details). The values we find are for
instance 2.9 x 10~ 2uM s~ for the polymerization rate and 2.1 x 107%s~! for the fragmentation (where
M represents the concentration in mol and s the time in second). The polymerization rate appears in
a derivative term, so the value of the discrete model has to be multiplied by ¢ to obtain the continuous
accurate value 4 x 1075uM~1s~1. Conversely, the fragmentation rate which appears in an integral term
has to be divided by € and we find 1.5 x 10 °s~ 1. Concerning the depolymerization and coagulation, they
are neglected in the models of [91, 119, 72]. So we consider numerical values that seem to be reasonable
compared to the previous ones.

In the present study, the parameters are assumed to be size dependent as suggested in [19, 20] and
their choice is now presented and motivated. Concerning the numerical coefficients, they are chosen in
order to have mean values of the same order than the values previously obtained from [72].

For the polymerization we assume that small polymers have a different behavior compared to the big
ones. We consider a critical size . = 0.5 such that polymers of size x < z. convert monomers with the
rate

kW (z) = (42 +0.2) x 1075 puM s,

on

and for z > x. with a constant rate

E2)(2) =4 x 107 uM~ st

on

For the fragmentation kernel, we use the classical assumption that the fragmentation probability depends
only on the size x + y of the polymer and we set
80(z +y) 5 —1
ki(z,y) = — 22 % 10 551,
(@ y) 10+ (z +y)
The depolymerization is assumed to be constant and of the same order as the fragmentation. We discuss
the dependence on this parameter by considering different intensities

ko(r) =m x 107 %1 with 2 <7 <8. (6.23)

Concerning the coagulation kernel, we do not use a classical one. Even if there is no space in model (6.1),
we use a kernel which reflect some space effects. Indeed we consider that small polymers are very mobile
and that the big ones, plaques, are very attractant. So the coagulation occurs preferentially between big
and small aggregates. The kernel we choose is of the form

Az -yt

= x 1078y pm st
1+ (z+y) " s

ke(z,y)
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This kernel satisfies the growth assumption that we can find in [42] to ensure the convergence of the
solution when R — oo if we consider the only coagulation-fragmentation process.

coagulation (in uM—th~1) fragmentation (in h—!)

0.03
0.025
0.02
0.015
0.01

0000 kRpRE
ONROBRNRDON

0.005

Figure 6.2: Profiles of the coagulation and fragmentation kernels.

R
In [72] we also find numerical values for the initial data Vy = 98 uM and / zup(x)de = 0.21pM.

0
This last value and the fact that the initial distribution of polymers is assumed to be under the form
Uy = cst X ]1[070_4] lead to

2.6 if 0<xz<04
uo() = { 0 if >04. (6:24)

For the following simulations, the discretization is made on a domain [0, 5] with a number of nodes
N = 200, so the mesh size is Az = 0.025.

6.4.2 Choice among the different flux splittings

First we deal with the CFL condition. Thanks to the triangular inequality, we obtain that G < Gy.
Moreover, there is an explicit expression for G

N N

1

Gy = A SuP { (Vo + Az Z 'zjujo + 2\ - 1)Az Z ':qu}’) k™ + k?ff}
i j=1

=1

which shows that Gy increases with A. Soif 0 < A < A < 1 then at each time step we have G, < G} < GY.
Notice also that, with the numerical values we have chosen, the quantity of polymers Ax Zévzl’ Tuy
increases with n. Indeed we can see in Figure 6.8 that the quantity of monomers V" ~ V(nAt) defined
by the mass conservation V" + Az Zévzl’ zjul = Vo + Az Zjvzl’ zjui decreases. The consequence on the

CFL condition is that G increases with n if A > %, decreases if \ < % and is time independent when
A= % Thus, regarding to the numerical computation, the fastest scheme is the Lax-Friedrichs one and

then the computation time increases significantly with .

Let us now turn to the effects of the flux splitting on the size distribution. First we consider a
depolymerization corresponding to 7 = 8 in (6.23) and investigate the differences between the solutions
associated to the decompositions G, Gy and G;. We can see in Figure 6.3 that the solutions for Gy and
G1 are close together for small times and then the behavior of Gy becomes closer to the Lax-Friedrichs
one. The less oscillating scheme for ¢ = 6h is the the Lax-Friedrichs one, but it is also the most oscillating
at time t = 12h. Finally the solutions associated to the three flux decompositions are quite similar and
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Figure 6.3: Comparison between the flux splittings G, Go and Gy for n =8 x 1076571,

they all present oscillations at some times, so we do not find with this simulation any reason to discard
one of them.

If we change the depolymerization rate by considering kog = 6 x 10765~ !, we remark that the Lax-
Friedrichs scheme is unstable (see Figure 6.4) while Gy is stable. If we continue to decrease 7, we find with
ko = 2 x 10795~ that the Gy-scheme becomes unstable while G o is stable. Thus the Lax-Friedrichs
scheme and the Gy-schemes with A small has to be avoided to ensure stability when small depolymerization
values are considered.

140 T 140 T
ng 77777 gO 7777777
120 0 1 120 0.2 T
100 - 100 -
SER:Y - © 80| -
B 60 - B 60} -
K] S
40 - 40 { 4
20 - 20 .
o . o MMAMM
4 5 4 5
X X

Figure 6.4: Unstability of some schemes when 7 decreases. Left: G, becomes unstable for = 6. Right:
Go becomes unstable for n = 2.

Knowing that, we compare different stable schemes, namely Gy with 0.2 < A < 1. We can see in
Figure 6.5 that for large times (¢ = 20h), the three flux decompositions provide a good behavior where
there are strong variations of the solution. These locations are © = 0 because of the boundary condition
which enforces u(t,0) to vanish, and x = 0.5 because the transport term ko, is discontinuous at « = 0.5.
If we look at smaller times (¢ = 6h for instance) we can see that the larger A is, the less oscillating the
curves are. But, as we already remarked, the quantity G, is higher for A\ close to 1 and it increases
with time when A\ > % Thus it is penalizing for the computation time to use high values of A. A good
compromise could be to choose \ = % since G 1 does not depend on time. The other solution is to adapt
the A when we change the parameters.
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Figure 6.5: Comparison of the behavior of the solution for different A\ with n = 5.

6.4.3 Interpretation of the numerical results

We have considered that the mean size of the polymers at the initial time ¢ = 0 was 1380. This size can
be multiplied by 5 along the polymerization process (see Figure 6.6 keeping in mind that the mean size
is represented by 0.2 in this continuous model). So if we want to solve the discrete model, we have to
consider a system of dimension close to 5000, and the computations are very heavy. If we limit this value
to 200 keeping the discrete model, then we lose a lot of precision. It is the same for the continuous model
if it is discretized with a first order scheme. That is why we use a high order discretization, and we can
see the difference in Figures 6.6 and 6.7 : the high order scheme is able to capture strong variations of
amplitude while the first order flattens them. We also remark that the size repartition converges to a
bimodal distribution, as observed by [124]. This asymptotic profile is independent of the initial data (see
the time ¢ = 20 in Figures 6.6 and 6.7) and can be seen as an eigenvector of the operator Q — 0,7 (see
[95, 41]).

The evolution of the quantity of monomers V(¢) is plotted in Figure 6.8 for different values of the
depolymerization rate kog. This quantity decreases since the monomers aggregate to polymers. Thus the
mass of polymers increases and the speed of this evolution is similar to those observed by [72]. Concerning
the dependence on kg, the difference between the three curves is more significant when the time increases.
For small times, when V(t) is close to Vo = 98uM, the depolymerization can be neglected since kg is
small compared to the product V (t)kon (). Conversely, the equilibrium is reached when £V (t) = 0, so
when ko ~ Vkon (see Equation (6.1)). That is why variations of 1 influence essentially the ratio between
the quantity of monomers and the mass of polymers at the equilibrium as we can see in Figure 6.8.

6.5 Conclusion and future work

We have written a high order conservative scheme for a polymerization-type equation. The choice of
the flux splitting for the transport term has been discussed but the accurate decomposition remains
unclear. It seems that unstabilities can be avoided by adapting the value of A but the oscillations remain
present for any choice of the flux decomposition, even for a regular initial size distribution. A possible
explanation for these phenomena can be that the integration method is not “positive” for the intervals at
the boundaries. These points remain to be investigated for a better understanding and improvement.

As we have remarked in Section 6.4.3, the size distribution converges toward an equilibrium which
corresponds to an eigenvector. The high-order WENO scheme presented in this paper could be used to
numerically compute such eigenvectors. Another application of the code is to solve inverse problems (see
[40, 114]) in order to determine the size dependence of the different parameters.
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Figure 6.6: Comparison between the WENO scheme and a first order scheme for the initial size dis-
tribution (6.24), with the depolymerization value kog = 8 x 1076571 and the flux splitting parameter
A=0.5
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Résumé

Les phénomenes de croissance et de fragmentation des polymeres jouent un role central dans le dévelop-
pement des maladies a prions. Pour les étudier, nous adoptons le formalisme des populations structurées
et analysons I’équation intégro-différentielle de transport-fragmentation. Dans un premier temps, nous
nous intéressons au probléeme aux valeurs propres pour 'opérateur de transport-fragmentation linéaire.
Nous montrons 'existence et 1'unicité de la valeur propre principale et des vecteurs propres associés
sous des conditions générales incluant les cas dégénérés dans lesquels le coefficient de transport s’annule
a lorigine. Nous analysons ensuite la dépendance de ces éléments propres par rapport aux parametres
de I'équation et mettons en évidence l'existence de comportements non monotones. Les résultats obte-
nus nous permettent d’aborder deux problemes de natures différentes. La dépendance par rapport au
transport est utilisée pour trouver les états d’équilibres et analyser le comportement en temps long de
modeles non-linéaires, dont 1’« équation du prion ». La dépendance par rapport a la fragmentation nous
permet quant a elle d’étudier un probleme d’optimisation. Celui-ci consiste & introduire un controle sur la
fragmentation et a trouver la stratégie qui maximise la croissance de la population, ceci a des fins diagnos-
tiques. Dans un dernier chapitre, nous présentons un schéma numérique conservatif pour des équations
d’agrégation-fragmentation comprenant un terme de coagulation.

Abstract

Growth and fragmentation of polymers play a central role in the development of prion diseases. To study
these phenomena, we use the formalism of structured populations and analyze the integro-differential
transport-fragmentation equation. First we investigate the eigenvalue problem for the linear transport-
fragmentation operator. We prove existence and uniqueness of the principal eigenvalue and the associated
eigenvectors under general conditions including the degenerate cases where the transport term can vanish
at zero. Then we investigate the dependence of these eigenelements on the parameters in the equation and
show existence of non-monotonic behaviors. The results obtained allow us to address two different types
of problems. The dependence on the transport term is used to find the steady states and to investigate the
long time behavior of nonlinear models, including the so-called “prion equation”. The dependence on the
fragmentation term allows us to study an optimization problem. This means introducing a control on the
fragmentation term and finding, for diagnostic purposes, the strategy which maximizes the growth of the
population. In the last chapter, we present a conservative numerical scheme for aggregation-fragmentation
equations including a coagulation term.






