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∂t

+ v· ∇v
)
= ∇σ + f , U:@<V

∇v = 0, U:@0V

B!"." v $'  !" C"*(&$ > T"*+ ()  !" RI$+2 ρ $'  !" RI$+ +"%'$ > B!$&! $' ,''I="+  ( D"



 !"! #$%&'( &) #$% )*+ ,%#$&+  !

 !" #$%" &'(  !" )$( *+,"# $-.  !" #',/"- 0 f (")("#"- #  !" "1 "(-$, $-. *- "(-$, &'(+"

2",. 3&'( "1$%)," "1"( ". 45 $ #6*%%"(7 )"( 8-* /',8%" $+ *-9 '-  !" :8*.0 ;!"

# ("##  "-#'( σ *# 9*/"- 45  !" <"6 '-*$- ,$6=

σi,j = −pδi,j + η(∂ivj + ∂jvi), 3>0>7
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4575 T#) ./! +#(;#&!&." #? !2',.*#& 345I8 #&! 9&:"S

u∗ = un + δt

{
(2ηux)x + (η(uy + vx))y + (η(uz + wx))z

ρ
+

fx
ρ

− (v· ∇)u

}
, 3456O8

v∗ = vn + δt

{
(η(uy + vx))x + (2ηvy)y + (η(vz + wy))z

ρ
+

fy
ρ

− (v· ∇)v

}
, 3456E8

w∗ = wn + δt

{
(η(uz + wx))x + (η(vz + wy))y + (2ηwz)z

ρ
+

fz
ρ

− (v· ∇)w

}
. 3456P8

B# +,$+'$,.! ./! %!$#+*.- +#(;#&!&." (u∗, v∗, w∗) ,&: ./!& ';:,.! %!$#+*.- +#(;#&!&."

(u, v, w) !2',.*#&" 3456O8> 3456E8 ,&: 3456P8 ,)! C)*..!& #& ,;;)#;)*,.! +!$$ ?,+!"5 U#.!

./,. C! +#&"*:!) 9!$: η(r) C/*+/ C*$$ <! '"!?'$ *& #') &'(!)*+,$ (!./#:5 V*"+)!.*W,.*#&

#? ./! 9)". %*"+#'" .!)( (2ηux)x *& ./! !2',.*#& 3456O8 ,. ./! ;#*&. xi+1/2,j,k C/!)! ux

:!&#.!" ./! ;,).*,$ :!)*%,.*#& #? ./! %!$#+*.-

ux =
∂u

∂x



 !"! #$% &'() $*) )(+%',-(.$-(/*  !

ii-1 i+1

j

j+1

j-1

v
i,j+1/2,k

P
i,j,k

σ
i,j,k

η
i,j,k

v
i,j-1/2,k

u
i+1/2,j,k

u
i-1/2,j,k

"#$%&' ()*+  !" #$% &"'!(

)'*+, -!" ."+-/01 2*3"/"+.*+, ,*4"'5

(2ηux)x =
2ηi+1,j,k(ux)i+1,j,k − 2ηi,j,k(ux)i,j,k

dx
, 67(89:

;!"/"

(ux)i,j,k =
ui+1/2,j,k − ui−1/2,j,k

dx
, 67(8<:

0+2 =+011>

(2ηux)x =
2

dx

{
ηi+1,j,k

ui+3/2,j,k − ui+1/2,j,k

dx
− ηi,j,k

ui+1/2,j,k − ui−1/2,j,k

dx

}
.  !"#$%

&'( )*+ ,+-'./ 01,-'2, )+(3 1. )*+ +425)1'.  !"#6% 5) )*+ ,53+ 7'1.) xi+1/2,j,k '.+ 8./,9

(η(uy + vx))y =
ηi+1/2,j+1/2,k(uy + vx)i+1/2,j+1/2,k − ηi+1/2,j−1/2,k(uy + vx)i+1/2,j−1/2,k

dy
.

 !":;%

<*+(+

(uy)i+1/2,j+1/2,k =
ui+1/2,j+1,k − ui+1/2,j,k

dy
,  !":#%
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ii-1 i+1

j

j+1

j-1

v
i,j+1/2,k

i+1/2,j,k

v
i,j-1/2,k

v
i+1,j-1/2,k

v
i+1,j+1/2,k

"#$%&' ()(*  !" XY #$%&& &"#'(%) %* '!" +,- ."&!/

(uy)i+1/2,j−1/2,k =
ui+1/2,j,k − ui+1/2,j−1,k

dy
, 01/223

4)5

(vx)i+1/2,j±1/2,k =
vi+1,j±1/2,k − vi,j±1/2,k

dx
. 01/213

 !" 6(&#%&('7 η (& 5"8)"5 4' '!" #")'"$ %* #"99& 0%) '!" :$(5 ;%()'&3/ <=' >7 &(.;97

46"$4:(): (' #4) >" 5"8)"5 "6"$7?!"$"@

ηi+1/2,j±1/2,k =
ηi,j,k + ηi+1/2,j,k + ηi,j±1/2,k + ηi+1/2,j±1/2,k

4
. 01/2A3

B) '!" &4." ?47 '!" '!($5 6(&#%=& '"$. () '!" "C=4'(%) 01/DA3 ?(99 >" 5(&#$"'(E"5 4&

*%99%?&@

(η(uz + wx))z =
ηi+1/2,j,k+1/2(uz + wx)i+1/2,j,k+1/2 − ηi+1/2,j,k−1/2(uz + wx)i+1/2,j,k−1/2

dz
,

01/2F3

?!"$"

(uz)i+1/2,j,k+1/2 =
ui+1/2,j,k+1 − ui+1/2,j,k

dz
, 01/2G3



 !"! #$%&'()*+ *+,-'(./% 0-' ./& 012 %&./-2  !

(uz)i+1/2,j,k−1/2 =
ui+1/2,j,k − ui+1/2,j,k−1

dz
,  !"#$%

&'(

(wx)i+1/2,j,k±1/2 =
wi+1,j,k±1/2 − wi,j,k±1/2

dx
.  !"#)%

*' & +,-,.&/ -&''0/ 120 3,+456+ 10/-+ 57 086&1,5'+  !"9:% &'(  !"9;% 4&' <0 (,+4/01,=0(

&+ >0.."

?,+4/01,=&1,5' 57 120 45'3041,30 10/-+ ,' 086&1,5'+  !"9@A!"9;% 75/ 0B&-C.0 (v· ∇)u

&1 120 C5,'1 xi+1/2,j,k >20/0 5'.D 120 E/+1 45-C5'0'1 57 30.54,1D ui+1/2,j,k ,+ (0E'0(

/086,/0+ &30/&F,'F 75/ 5120/ 30.54,1D 45-C5'0'1+" *' EF6/0 !"! ,1 ,+ +25>' 120 xy 4/5++

+041,5' 57 120 GHI -0+2" J20 30.54,1,0+ 5' 120 /0( C5,'1+ &/0 6+0( 15 4&.46.&10 120

30.54,1D 45-C5'0'1 vi+1/2,j,k &1 120 C5,'1 xi+1/2,j,k  <.60 C5,'1%"

vi+1/2,j,k =
vi,j−1/2,k + vi,j+1/2,k + vi+1,j−1/2,k + vi+1,j+1/2,k

4
,  !"#K%

&'(

wi+1/2,j,k =
wi,j,k−1/2 + wi,j,k+1/2 + wi+1,j,k−1/2 + wi+1,j,k+1/2

4
.  !"!L%

*' 086&1,5' !"K 15 2&'(.0 120 &(3041,30 10/- (v· ∇)vM >0 6+0 NOPQ -0125(  N0,F210(

O++0'1,&..D P5'AQ+4,..&15/D C5.D'5-,&. ,'10/C5.&1,5' 57 (&1& 75/ 120 '6-0/,4&. +5.61,5'

57 45'+0/3&1,5' .&>+% -0125( R@:S"

 !" #$%&'()*+ *+,-'(./% 0-' ./& 123 %&./-4

*' 12,+ +041,5'M >0 C/0+0'1 +0860'40+ 57 +6440++,30 <&+,4 '6-0/,4&. 5C0/&1,5'+ ,' 120

T.6,( U&/1,4.0 ?D'&-,4+ -0125( &'( +5-0 +C04,E4 (01&,.+ 57 120 -0125(" T5/ +&V0 57

+,-C.,4,1DM >0 '0F.041 120/-&. W6416&1,5'+ &'( &++6-0 12&1 120 (0'+,1D 57 120 +6+C0'(0(

W6,( C&/1,4.0+ ,+ 120 +&-0 &+ 120 (0'+,1D 57 120 +5.30'1" N0 45'+,(0/ 120 .5> X0D'5.(+

'6-<0/ W6,(+ &'( 120/075/0 120 &(3041,30 10/- (v· ∇)v ,' -5+1 4&+0+ ,+ '0F.,F,<.0 &'(

,' +642 4&+0+ >0 '0F.041 ,1" Y5>030/M 120 &<+0'40 57 120 ,'0/1,&. 10/-+ ,+ 120 5/,F,'

57 & +.5> &/1,E4,&. C&/1,4.0 -,F/&1,5' C0/C0'(,46.&/ 15 120 W5>" J20/075/0M ,' +5-0

4&+0+ >20' >0 '00( .5'F 10/- 5<+0/3&1,5' 57 & +6+C0'+,5'  75/ 0B&-C.0 >20' '6-<0/

57 ,10/&1,5' ,+ -642 -5/0 12&' 106% 120 45'3041,30 10/- 4&' <0 ,-C5/1&'1 &'( >0 V00C
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υ/2

X

Z

Y

h

-υ/2

!"#$%& '()*  !"#$ %&'(

)*(

+,)*)#--./ '" *#0" *!$""12)3",4)&,#- [Nx] [Ny] [Nz] "56#- 47#8),9 (dx = dy = dz = δ =

1) :;< 9$)2 #,2 ),)*)#-)=" 7#$#3"*"$4 468! #4 ,63>"$ #,2 4)=" &? 4647",2"2 7#$*)8-"4

@&>A"8*4B( C!" ,"D* 4*"7 )4 *& 2"E," #, ),)*)#- %&'( +, *!" 8#4" &? # 4!"#$ %&'/ '"

")*!"$ )37&4" 8&,4*#,* #,2 &77&4)*" F#-6"4 &? F"-&8)*)"4 &, *'& &77&4)*" 7-#*"4 ), #

9)F", 2)$"8*)&, &$ )37&4" ),)*)#- F"-&8)*. "F"$.'!"$" ),4)2" *!" %6)2 #4

w(x) = γ̇x, @G(GHB

'!"$" γ̇ )4 *!" 4!"#$ $#*" #,2 F"-&8)*)"4 &? 7-#*"4 #$" v = ±γ̇h/2, !"$" h )4 *!" 2)4*#,8"

>"*'"", *!" 7-#*"4 @4"" E96$" G(IB( J" 64" ,&14-)7 8&,2)*)&,4 #* *!" %6)2K'#--4 ),*"$?#8"(

L&$ "D#37-" ), *!" 8#4" &? # M&)4"6)--" %&'/ '" 8#, )37&4" 7$"446$" 9$#2)",* ), &,"

2)$"8*)&,( J" )37&4" *!" 7"$)&2)8 >&6,2#$. 8&,2)*)&, ), *!" 4#3" 2)$"8*)&, @*!" z

2)$"8*)&, &, E96$" G(IB( +, x #,2 y 2)$"8*)&,4/ '" 8&,4)2"$ '#--4 ')*! ,&14-)7 >&6,2#$.

8&,2)*)&,4( ;?*"$ ),)*)#-)=),9 *!" %&'/ '" 4"* *!" ),)*)#- 7&4)*)&,4 #,2 &$)",*#*)&,4 &? *!"

4647",2"2 &>A"8*4( C!&4" &>A"8*4 8#, >" 4)37-" 47!"$)8#- 7#$*)8-"4/ "--)74&)2#- 7#$*)8-"4/

263>>"--4 &$ 8!#), &? # ?"' 47!"$)8#-K"--)74&)2#- 7#$*)8-"4( C& 4*62. # 2)4&$2"$"2 7!#4"

&? # 4647",4)&,/ '" $#,2&3-. #,2 )4&*$&7)8#--. 2)4*$)>6*" &>A"8*4 ), *!" 4)36-#*)&, >&D



 !"! #$%&'()*+ *+,-'(./% 0-' ./& 012 %&./-2  !

 !"#$%& '"() !* "+*$, "%- *+)(."/012 3* *4!"$% " ("%,*5 ,$0!($46!$*% *7 /"(!$'.)08 $! $0

'*%+)%$)%! !* 60) " ("%,*5 +"($"4.) 6%$7*(5.- ,$0!($46!), *% [0; 1] $%!)(+". (xi ∈ [0; 1])8

ri = ai + (bi − ai)xi

9:)() i = 1, 2, 3 7*( " !:());,$5)%0$*%". 4*<8 ai "%, bi "() !:) ),&)0 *7 " 4*< $% )"':

,$()'!$*% "%, ri $0 !:) ("%,*5 %654)( $% !:) [ai; bi] $%!)(+".2 3* *4!"$% "% $0*!(*/$'

("%,*5 ,$0!($46!$*% *7 *4=)'!0 *%) %)),0 "% $0*!(*/$' ,$0!($46!$*% *7 +)'!*(0 $% !:())

,$5)%0$*%02 3:$0 '"% 4) *4!"$%), $% !:) 0/:)($'". '**(,$%"!) 4- ,)>%$%& !:) "%&6."(

+"($"4.)0 "0 7*..*9?

φ@π(1− 2x1)

"%,

cos(θ) = 1− 2x2

9:)() x1 "%, x2 "() ("%,*5 +"($"4.)0 ,)>%), $% !:) [0; 1] $%!)(+".2 A*!) !:"! !:)

,$0!($46!$*% "00*'$"!), 9$!: !:) ("%,*5 +"($"4.) $0 6%$7*(5 $% [0; 1] $%!)(+".2

B7!)( $%$!$".$C$%& !:) /"(!$'.)0 /*0$!$*%8 9) '"% ,)>%) !:) +$0'*0$!- >)., $% !:) 9:*.)

060/)%0$*% 60$%& !:) )D6"!$*%0  E2F1 "%,  E2G12 3:) %)<! 0!)/ $0 !:) '".'6."!$*% *7

!:) +$0'*60 !)(508 ",+)'!$+) !)(50 (v· ∇)u  $7 $! $0 !"#)% $%!* "''*6%!1 "%, 7*(')0 f

$% )D6"!$*%0  E2HF18  E2HG1 "%,  E2HI12 3:) '".'6."!$*% *7 7*(')0 +"($)0 ,)/)%,$%& *%

!:) ':*0)% 0-0!)5 *7 060/)%,), *4=)'!08 /()0)%') *7 "% )<!)(%". >).,8 '*%>&6("!$*% *7

060/)%0$*%08 )!'2 J%') +$0'*60 !)(508 ",+)'!$+) !)(50 "%, 7*(')0 "() '".'6."!),8 9) '"%

'".'6."!) v∗
+).*'$!- >)., 60$%& !:) )D6"!$*%0  E2HF;E2HI12 3:$0 $0 !:) >(0! 0!)/ *7 !:)

K(*=)'!$*% L)!:*,  KL12 3:)% 60$%& v∗
8 9) 0*.+) !:) K*$00*%M0 )D6"!$*%  E2HN1 !* >%,

!:) /()006() >).,  0)'*%, 0!)/ *7 !:) KL12

3* 0*.+) !:) K*$00*%M0 )D6"!$*%8 9) 60) )$!:)( *%) *7 !9* ,$O)()%! %65)($'". 5)!:*,02

3:) >(0! 5)!:*, $0 !:) P6'')00$+) J+)( Q)."<"!$*%  PJQ1 5)!:*, 9:)() $%0!)", *7

,$()'!.- 0*.+$%& !:) K*$00*%M0 )D6"!$*%  E2HN18 9) 0*.+) !:) 7*..*9$%& )D6"!$*%?

∂p

∂τ
= ∆p−∇·v∗

ρ

dt
.  E2EN1

R)() τ $0 "% "(!$>'$". !$5) "%, !:) )D6"!$*%  E2EN1 $0 0*.+), 4- " 3rd *(,)( S6.)( 5)!:*,

6%!$. "% "40*.6!) +".6) *7 )"': 0$,) *7 !:) )D6"!$*% $0 05"..)( !:"% !:) ':*0)% +".6)
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F P D

Initialisation of
parameters

Initial position
of particles Initial flow

yes

calculate
viscosity

      if
activated

calculate 
viscous terms

calculate
advection term

calculate 
forces

yes

calculate temporary velocity
field   -  step I of the PM

calculate pressure field     
     step II of the PM

calculate new velocity field   
      step III of the PM

end

update positions
of particles

      if
activated

yes

Print Velocity and
pressure fields

measure stress
on the plates

t = t + dt

no

t < t
max

"#$%&' ()*+  !"#$ %&' $(!)* &+ !, !-.&)#*(/ +&) *(0 123 /0*(&45



 !"! #$%$&'()*%(+) +, %-$ .+/0'$ ,&*1%(+)  !

 !"#! $%&'%( )' )##*+)#, -. /!% '*0%+"#)1 (-1*/"-'2 3!% (%#-'$ 0%/!-$  !"#!  % *(%

/- #)1#*1)/% '*0%+"#)11, /!% %4*)/"-' 562789 "( :)(%$ -' $"+%#/ (-1;%+ -. /!% <-"((-'=(

%4*)/"-' .+-0 /!% >?@A<BCD 1":+)+, EFGH2 I'#% /!% /%0J-+)+, ;%1-#"/, &%1$ v∗
)'$

J+%((*+% &%1$ "( .-*'$ *("'K /!% %4*)/"-' 562769 /!% '% ;%1-#"/, &%1$ vn+1
#)' :%

#)1#*1)/%$ "00%$")/%1,2 3!"( "( /!% /!"+$ (/%J -. /!% <L2 B/ /!"( (/)K%M  % !);% .*11

"'.-+0)/"-' ):-*/ ;"(#-("/,M ;%1-#"/, )'$ J+%((*+% &%1$ "'  !-1% (*(J%'("-' )/ J+-J%+

J1)#%( 5;"(#-("/, )'$ ;%1-#"/, )+% $%&'%$ )/ /!% #%'/%+ -. #%11( )'$ ;%1-#"/, #-0J-'%'/(

)+% $%&'%$ -' /!% #-++%(J-'$"'K .)#%(9 )'$  % #)' #)1#*1)/% /!% (/+%(( #-0J-'%'/(2

3!% 1)(/ (/%J -. /!% .*11 1--J "( *J$)/"'K J-("/"-'( -. /!% J)+/"#1%( "' /!% (*(J%'("-' )(

.-11- "'KN

rn(t+ dt) = rn(t) + 〈vn〉 dt, 562669

 !%+% rn "( /!% #--+$"')/% -. /!% n − th J)+/"#1% #%'/%+ )'$ 〈vn〉 $%'-/%( /!% );%+)K%
;%1-#"/, "'("$% -. /!"( J)+/"#1%N

〈vn〉 =
∑

αvn+1

∑
α

. 5626O9

3- %'(*+% );%+)K"'K "'("$% ) J)+/"#1% "'"/")11,M  % /)P% ) #1-(% #*:% )+-*'$ /!% J)+/"#1%

)'$ /!%' *(% /!% .)#/-+M

α =
ηi,j,k − η

ηp − η
,

 !"#! "( #1-(% /- 1.0 "'("$% /!% J)+/"#1% 5"' !"K! ;"(#-("/, +%K"-'9 )'$ $%#+%)(%( $- ' /-

Q%+- -*/("$% )'$ #1-(% /- /!% J)+/"#1%2 R!%' ξ = 0M /!%+% )+% -'1, / - J-((":1% ;)1*%(

.-+ αN "'("$% J)+/"#1%( α = 1 )'$ %;%+, !%+% %1(% α = 0. 3!% :)("# S- #!)+/ -. )'

)1K-+"/!0 .-+ /!% ><T 0%/!-$ "( (!- ' "' &K*+% 62F2

 !" #$%$&'()*%(+) +, %-$ .+/0'$ ,&*1%(+)

3!% ;-1*0% .+)#/"-' φ -. ) (*(J%'("-' "( $%&'%$ )( /!% ;-1*0% -. (*(J%'$%$ J!)(%

5J)+/"#1%( .-+ %U)0J1%9 $";"$%$ :, /!%  !-1% ;-1*0% -. /!% (*(J%'("-'2

φ =

∑N
i=1

V ′

i

V
, 5626F9

 !%+% N "( /!% '*0:%+ -. (*(J%'$%$ J)+/"#1%(M V ′

i "( /!% ;-1*0% -. /!% i − th J)+/"#1%
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r
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30
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70
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η
(r
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2a

2ξ

ηp

η0

ηc

"#$%&' ()!*  !" #$%&'%$() *+',-" '. / %*!"+$&/- */+($&-"0

/12 V 2"1'("% (!" ('(/- #'-34" '. (!" %3%*"1%$'10 5'+ (!" %3%*"1%$'1 '. %*!"+$&/-

4'1'62$%*"+%" %*!"+"% '. +/2$3% R (!" #'-34" .+/&($'1 7$-- 8"9

φ =
4

3
πR3N

V
. :;0;<=

>1 (!" 5?@ 4"(!'2 (!" 3%" '. "A3/($'1 :;0;B= "#"1 .'+ / %3%*"1%$'1% '. $2"1($&/-

%*!"+$&/- */+($&-"% $% &'4*-$&/("2 8"&/3%" '. (!" *+"%"1&" '. / %!"-- :'. %$C" 2ξ=D 7!"+"

#$%&'%$() 2"&+"/%"% .+'4 (!" */+($&-" #$%&'%$() ηp (' (!" %'-#"1( #$%&'%$() η /12 /1 "E"&6

($#" +/2$3% '. 8"/2% /+" 1'( &-"/+-) 2",1"2 :,F3+" ;0<=0 53+(!"+4'+"D $. (7' */+($&-"%

('3&! "/&! '(!"+ (!"$+ ('(/- #'-34" &/1 8" %-$F!(-) &!/1F"20  !"+".'+"D 7" 3%" /1 "46

*$+$&/- &+$($&/- #/-3" '. #$%&'%$() ηc $1 '+2"+ (' "%($4/(" (!" #'-34" .+/&($'1 φ0 G/4"-)D

7" &'31( (!" 1348"+ '. &"--%D 7!"+" #$%&'%$() $% !$F!"+ (!/1 ηc (ηi,j,k > ηc)D (!"1 (!"

+/($' '. (!$% 1348"+ '#"+ (!" ('(/- 1348"+ '. &"--% $1 (!" %$43-/($'1 8'H F$#"% "%($4/6

($'1 '. (!" #'-34" .+/&($'1 '. (!" %3%*"1%$'10  !" &+$($&/- #/-3" '. #$%&'%$() ηc 2"*"12%

'1 (!" +/($' ξ/aD 7!"+" ξ $% (!" I3$26*/+($&-" $1("+./&" (!$&J1"%% /12 a $% (!" ()*$&/-

%$C" '. / */+($&-"D $( /-%' 2"*"12% '1 (!" */+($&-" #$%&'%$() ηp /12 %'-#"1( #$%&'%$() η0

 !" #$%&'%$() *+',-" $1 (!" 4$22-" '. / %*!"+$&/- */+($&-" .'+ a = 2δD ξ = 0.5δD η = 1D



 !"! #$%$&'()*%(+) +, %-$ .+/0'$ ,&*1%(+)  !

F F
d
=6πηRu

"#$%&' ()!*  !"#$% !& '&( %)"$'*+,&$% '"!-&( ' %./$"$ ,& 0)!1$% 2!34

ηp = 1005 ηc = 2 '&( Reff ≃ a + 2ξ = 3δ 6δ = 1 ,% )/$ *$%/ %,7$8 ,% .+!))$( ,& 9:-"$

;4<4 =! ($)$"*,&$ )/$ >'+-$ !? ηc '&( )/$& )/$ >!+-*$ ?"'#),!&5 3$ -%$ )3! (,@$"$&)

3'A%4 =/$ 9"%) 3'A ,% )! .-) %./$",#'+ .'"),#+$% ,& ' -&,?!"* 0)!1$% 2!3 '&( '..+A '

?!"#$ F 3/,#/ ,% "$B-,"$( )! #!*.$&%')$ )/$ ("': ?!"#$ Fd $C$")$( DA )/$ 2!3 !& )/$

.'"),#+$ '&( *'1$ ,) ,**!D,+$ 6%$$ 9:-"$ ;4E84

Fd = 6πηRU, 6;4;E8

/$"$ U ,% )/$ 2!3 >$+!#,)A ') ,&9&,)A4 F) $B-,+,D",-* F = Fd '&( ?"!* $B-'),!& 6;4;E8

)/$ $@$#),>$ "'(,-% Reff #'& D$ ($)$"*,&$(4 G%,&: )/$ $@$#),>$ "'(,-% ?!" ' %,&:+$

.'"),#+$5 !&$ #'& $%),*')$ )/$ >'+-$ !? )/$ #",),#'+ >,%#!%,)A ηc '&( Reff ?!" :,>$& >'+-$%

!? a '&( ξ4

=/$ %$#!&( *$)/!( )! ($)$"*,&$ )/$ >'+-$ !? )/$ #",),#'+ >,%#!%,)A ,% )! #/!%$ ,) ,&

%-#/ ' 3'A )/') )/$ >!+-*$ ?"'#),!& '&( )/$ #!""$%.!&(,&: $@$#),>$ >,%#!%,)A ηeff 6!?

%-%.$&%,!&% !? ",:,( %./$",#'+ .'"),#+$%8 ,% ,& ':"$$*$&) 3,)/ )/$ H,&%)$,&I% +'3 ,& (,+-)$
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 !"#$!%

ηeff = η(1 +
5

2
φ),

&'() *+,- .' /!(! $#0#0" ηc #- 1'0-#-(!0( (' !+1) '()! +0/ "#2!- ()! -+$!  !-34(-5

6' !7+$84! .' -8)! !- *#()  +/#3- a = 2δ +0/ ()#190!-- ξ = 0.5δ ()! 1 #(#1+4 2+43!

'. 2#-1'-#(, #- ηc = 2 *)#1) 1'  !-8'0/- (' ()! !:!1(#2!  +/#3- Reff ≃ a + 2ξ = 3δ +-

-)'*0 #0 ;"3 ! <5=5

 !" #$%&'()$)*+ ,*- ).+)*/0'* '1 +2) 345 $)+2'-

>0 ()#- -!1(#'0% > ? #!@, 4#-( ()! #$8 '2!$!0(- +0/ !7(!0-#'0- > $+/! (' ()! 6AB

$!()'/5

C5 >0 ()! D311!--#2! E2! F!4+7+(#'0 GDEFH $!()'/ .' -'42#0" ()! A'#--'0I- !J3+K

(#'0 G<5CLH #0-(!+/ '. !J3+44,  !4+7#0" +44 ()! 1!44- #0 ()! -#$34+(#'0 ?'7% *! 1+0 -!8+K

 +(!4,  !4+7 8+ ( '. ()!$ *)! ! +?-'43(! 2+43! '. ()!  #")( )+0/ -#/! '. !J3+(#'0 G<5<LH

#- ?#""! (' ()! 2+43! !-(#$+(!/ '0 ()!  !-( '. ()! 1!44- *)#1) + ! +4 !+/, ?!4'* ()!

8 !1#-#'0 2+43!5 B!8!0/#0" '0 ()! +$84#(3/! +0/ #0(!0-#(, '. ()! .' 1!- #0 -#$34+(#'0

?'7 ()#- $'/#;1+(#'0 -8!!/- 38 ()! 1+4134+(#'0- (#$! ?, .+1(' . '$ C (' CL5

L5 M//#0" ()! 8! #'/#1 ?'30/+ , 1'0/#(#'0 #0 +44 /# !1(#'0-5 >0 ()! 1+-! '. + -)!+ 

@'* ()! 8! #'/#1 ?'30/+ , 1'0/#(#'0- 1+0 ?! +884#!/ '04, #0 (*' /# !1(#'0-5 6' !7+$K

84! +4'0" z +0/ y #0 ;"3 ! <5N5

<5 O!0! +4#P+(#'0 '. ()! -)+8! '. -3-8!0/!/ 8+ (#14!- (' +0 !44#8-'#/+4 -)+8!5 >0K

-(!+/ '. ()! +37#4#+ , ;!4/ G<5NH *)#1) 1+0 '04, !78 !-- -8)! #1+4 8+ (#14!-% *! 3-! ()!

"!0! +4#P!/ +37#4#+ , ;!4/ G<5<QH5 >( $+9!- 8'--#?4! (' /!-1 #?! +0, 8+ (#14! G' 8+ ( '.

'?R!1(H '. !44#8-'#/+4 -)+8!5

ϕn(r) =
1

2

[
1 + tanh

(
(abc)1/3 (1− s)

ξ

)]
, G<5<QH

+0/

s =

√
(∆rn.na)2

a2
+

(∆rn.nb)2

b2
+

(∆rn.nc)2

c2
, G<5<SH

*)! ! ∆rn = r − rn% rn #- ()! ':K4+((#1! 1!0(! '. ()! n − th !44#8-'#/% a, b, +0/ c

+ ! -!$#K+7!- +0/ na% nb +0/ nc + ! ' ()'"'0+4 30#( 2!1(' - +4'0" ()'-! -!$#K+7!-%
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 !

"!

"#$%&' ()*+ #$%&& '()&*+(,* - .(&/ ,0 1$& &--(2+,(' - 2 %1(3-& (* 1$& +()4- 1(,* ",56  !

#$& .(+3,+(17 8&-'6 "! 9+,+4%0 3& ,0 1$& .(+3,+(17 8&-'6



 !  !"#$%& '( )*+,- #"&$, *% -./"0, 1

 !"#!$%&'!()* +, !,'! &- %.! $/"! ,0 /- !((&#",&1/( #/ %&$(! ,-! -!!1" %,  ,%/%! %.! 2-&%

'!$%, " na, nb /-1 nc ,0 !/$. !((&#",&1" /% !/$. %&3! &%! /%&,-* 4, 1, ",5 6! $/($2(/%!

%.! ', %&$&%) '!$%, ω ,0 !/$. !((&#",&1" /% !'! ) &%! /%&,- 7) /'! /8&-8 $,3#,-!-%" ,0

%.! ', %&$&%) &-"&1! !((&#",&1"* 4.! /-82(/ '!(,$&%) Ω &" ./(0 ,0 %.! ', %&$&%)5

ωn = ∇× vn = 2Ωn

9"&-8 %.! /'! /8! /-82(/ '!(,$&%)

〈Ω〉 =
1

n

∑

n

Ωn :;*<=>

,-! $/-  ,%/%! %.! 2-&% '!$%, " na, nb /-1 nc /" 0,((,6?

ni(t+ dt) = ni(t) + dt(〈Ω〉× ni(t)), :;*<@>

6.! ! i = a, b, c. A! -!!1 %, $/ !02(()  ,%/%! %.! "3/((!"% #/ /((!(!#&#!1 / ,2-1 %.!

!((&#",&1 6.! ! /'! /8&-8 :!B2/%&,- ;*<=> %/C!" #(/$!" 6&%. %.! #/ %&$(!* D- E82 ! ;*F

6! ".,6 %. !! 1&3!-"&,-/( '&!6 ,0 %.! !((&#",&1/( #/ %&$(! 6&%. a = 20δ5 b = c =

7δ5 ξ = 0.5δ5 η = 15 ηp = 1005 na = (−1/
√
2, 1/

√
2, 1)5 nb = (0, 0, 1) /-1 nc =

(1/
√
2, 1/

√
2, 1) /> %.! '&"$,"&%) E!(1* 7> %.! &","2 0/$! ,0 %.! '&"$,"&%) E!(1*

<* G- / ".!/ H,65 /##()&-8 0, $! :".!/ "% !""> ,- %.! #(/%!" /-1 3!/"2 ! %.!

!"%/7(&".!1 ".!/  /%! &-"%!/1 ,0 /##()&-8 / 8&'!- ".!/  /%! :7) /##()&-8 $,-"%/-%

'!(,$&%&!" ,- #(/%!"> /-1 $/($2(/%&-8 "% !"" $(,"! %, 6/((" :#(/%!">* G0 6! &3#,"! %.!

".!/ "% !""5 %.! '!(,$&%) ,0 #(/%!" '/ &!" /$$, 1&-8 %, %.! /'! /8! '!(,$&%&!" ,- %.!& 

$(,"!"% /$%&'! (/)! "*

I* J/($2(/%&,- ,0 0, $!" &- !B2/%&,-" :;*@<>5 ;*@I> /-1 :;*@K> 0, !'! ) &-1&'&12/(

"%211&-8 ")"%!3" :3,1!(">* L, "6&33! " 0, !M/3#(! :"!! $./#%! K>*

 !" #$%&'()*

G- %.&" "!$%&,-5 / ! # !"!-%!1 ",3! $/-,-&$/(  !"2(%" ,7%/&-!1 2"&-8 %.! LNO 3!%.,1

&- $,3#/ &",- %, $,  !"#,-1&-8 6!(( C-,6- /-/()%&$/( ",(2%&,-" %, '/(&1/%! %.! LNO

3!%.,1*



 !"! #$%&'(#)  !

 !"!# $%&'() *&+ ,-)% - ),.(/(

 !" #$ %&" $'!()*"!%)+ ,"-'+%- .! +#/ 0"1!#+(- !'*2", &1(,#(1!)*.3- .- %&" 4%#5"-

-#+'%.#! $#, ) '!.$#,* 6#/ 7)-% ) -7&","8 9&" ":)3% )!)+1%.3)+ -#+'%.#!- $#, ;"+#3<

.%1 3#*7#!"!%- )!( %&" 7,"--'," .! %&" -7&",.3)+ 3##,(.!)%" -1-%"* (r, θ, φ) )% =",#

0"1!#+(- !'*2", &);" %&" $#++#/.!> $#,* ?@ABC

vr = Ucosθ

[
1 +

R3

2r3
− 3R

2r

]
, DE8FGH

vθ = −Ucosθ

[
1− R3

4r3
− 3R

4r

]
, DE8FEH

)!(

p = p∞ − 3

2

ηUR

r2
cosθ. DE8FFH

I"," vr )!( vθ )," %&" ,)(.)+ )!( )!>'+), 3#*7#!"!%- #$ 6'.(- ;"+#3.%1 .! %&" -7&",.3)+

3##,(.!)%"-J U )!( p∞ )," %&" ;"+#3.%1 )!( 7,"--'," #$ %&" '!.$#,* 6#/ )% .!K!.%1 D$),

"!#'>& $,#* %&" -7&","HJ η .- %&" ;.-3#-.%1 #$ %&" 6'.( )!( R .- %&" -7&"," ,)(.'-8 L!

#,(", %# !'*",.3)++1 -.*'+)%" 4%#5"- 6#/ $)-% ) -7&","J /" '-" ) -.*'+)%.#! 2#: /.%&

(.*"!-.#! [60][60][60] )!( .*7#-" )! .!.%.)+ '!.$#,* 6#/ ";",1/&"," /.%& %&" ;"+#3.%1

v = (0, 0, U), /&"," U = 0.02 .- 3#!-%)!% #! %&" 2#'!(),."-8 9&"! /" '-" ) -7&",.3)+

7),%.3+" /.%& ) ,)(.'- a = 4δM )!( 6'.(<7),%.3+" .!%",$)3" %&.35!"-- ξ = 0.5δJ (Reff ≃
a + 2ξ = 5δ) 7+)3"( .! %&" *.((+" #$ %&" 2#:8 N" )77+1 ) $#,3" F = −Fd = −6πηRv

)33#,(.!> %# "O')%.#! DE8EPH )% %&" 3"!%", #$ %&" 7),%.3+" %# 3#*7"!-)%" %&" (,)> ":",%"(

21 %&" 6#/ #! %&" 7),%.3+" D-"" K>'," E8PH8 4.=" #$ %&" -.*'+)%.#! 2#: .! ")3& (.,"3%.#!

.- -.: %.*"- 2.>>", %&)! %&" (.)*"%", #$ %&" 7),%.3+"J -# /" !">+"3% ) 3#!K!"*"!% "Q"3%

('" %# %&" K!.%" -.=" #$ 2#: )!( 5""7 K:"( %&" ;"+#3.%1 #$ %&" 6'.( #! %&" 2#'!(),1

7+)%"- #$ %&" 2#: 7",7"!(.3'+), %# %&" x ):.-8  ! K>'," E8R /" -&#/ %&" -'7",7#-.%.#!

#$ %/# D!'*",.3)+ )!( )!)+1%.3)+H ;"+#3.%1 K"+(- $#, %&" -7&",.3)+ 7),%.3+" .! %&" '!.$#,*

4%#5"- 6#/ /.%& U = 0.02J a = 4δJ ξ = 0.5δJ Reff ≃ a+2ξ = 5δ Dδ = 1 .- %&" *"-& -.="H8

9&" (),5 >,""! 3.,3+" 3#,,"-7#!(- %# %&" ,)(.'- a )!( %&" +.>&% >,""! 3.,3+" 3#,,"-7#!(-

%# %&" ,)(.'- /.%& (.Q'-.;" .!%",$)3" a+2ξ8 9&,"" (.*"!-.#!)+ ;."/ #$ %&" ;"+#3.%1 K"+(

),#'!( %&" -7&",.3)+ 7),%.3+" .! %&" '!.$#,* 4%#5"- 6#/ )," -&#/! #! K>'," E8AG $#, %&"

-)*" ;)+'"- #$ %&" 7),)*"%",-8 N" )+-# -&#/ ,"+)%.;" ",,#,- #$ %&" ;"+#3.%1 K"+(8  !
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"! #$% 0%' +*&% %00(0/ (4 +$% &%'()*+, -%'.:



 !"! #$%&'(#)   

 !

"!

!"#$%&  '()* #$% &'%(()'% *%+,(  '-)., /$% (&$%'01 + & '/01+% 0. /$% ).02-'3 4/-5%( 6-78

 ! .)3%'01 + '%()+/ -"/ 0.%, )(0.9 /$% :;< 3%/$-,8 "! #$% /$%-'%/01 + &'%,01/0-.8
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"#$%&'  ())* $%&''(%& )* +,& -)../& 01 +,& "02 )* +,& 3+04&' 5/06 $ '+  37,&%&8  !

ξ = 09 "! ξ = 0.5δ9 #! ξ = δ8



 !"! #$%&'(#)  !

"#$%&'  ()*+  !"## $%&#'(%)'*+ ,%#- ). /!# ,#+)0%/1 2#+$( *")3'$ /!# (4!#"%0*+ 4*"/%0+#

%' /!# 3'%.)"& 5/)6#( 7)-8

/!# 4*'#+ *9 "#$ *"")-( "#4"#(#'/( '3&#"%0*+ "#(3+/( 3(%': /!# ;<= &#/!)$ -!%+# /!#

>+3# *"")-( *"# 4+)//#$ 3(%': /!# ?@8AB9 *'$ ?@8A@9 *'*+1/%0*+ ()+3/%)'8 C' /!# 4*'#+

>9 -# (!)- /!# "#+*/%,# #"")"( ). /!# ,#+)0%/1 2#+$ #(/%&*/#$ *( .)++)-%':D

ǫ =
|vnum − vthe|

U
,

-!#"# vnum *'$ vthe *"# '3&#"%0*+ *'$ /!#)"#/%0*+ ,#+)0%/%#(E "#(4#0/%,#+18

 !# 2:3"# @8FG (!)-( /!# 4"#((3"# 2#+$( *")3'$ * (4!#"%0*+ 4*"/%0+# %' * 3'%.)"&

5/)6#( 7)-D *9 '3&#"%0*+ "#(3+/ )>/*%'#$ 3(%': /!# ;<= &#/!)$E >9  !# #H*0/ *'*I

+1/%0*+ 4"#$%0/%)' ?@8A@9 -%/! u∞ = 0.02E a = 4δE ξ = 0.5δ *'$ Reff ≃ r + 2ξ = 5δ.

C' 2:3"# @8FF /!# 4"#((3"# %( 4+)//#$ %' /!# &%$$+# ). /!# >)H .)" /!"## $%J#"#'/ ,*+3#(

). 73%$I4*"/%0+# /!%06'#((D *9 ξ = 0K Reff ≃ 4δ, >9 ξ = 0.5δK Reff ≃ 5δ *'$ 09 ξ = δK

Reff ≃ 6δ8  !# "#$ $)/( *"# '3&#"%0*+ "#(3+/( *'$ /!# ()+%$ +%'# %( 4+)//#$ 3(%': /!#

*'*+1/%0*+ ()+3/%)'8  !# $)3>+# *"")- %'$%0*/#( /!# "#:%)' )0034%#$ >1 /!# (4!#"# *+)':
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Analytical results

Numerical results

"#$%&'  () *  !" #"$%&'() *+%,$" -$%./ x− -0'1 2%+ - 3(%4"1 5%6 *-1( - 1*!"+"7

z7 8. ,/9+" :7;: (!" #"$%&'() *+%,$"1 '1 1!%6. -$%./ x -0'1 2%+ - 3(%4"1 5%6 *-1( -

1*!"+"7  !" .9<"+'&-$ +"19$(1 =29$$ &'+&$"1> -+" &%<*-+"? (% (!" -.-$)('&-$ +"19$(1 =1%$'?

&9+#"> %9(1'?" %2 (!" 1*!"+" &-$&9$-("? 91'./ "@9-('%.1 =:7ABC:7A:>7

 % '$$91(+-(" !%6 (!" #'1&%1'() &%.(+-1( +"*+"1".(1 (!" 1%$'?C$'4" .-(9+" %2 (!" 59'?

*-+('&$" '. (!" DEF <"(!%? %. ,/9+" :7;A 6" 1!%6 (!" #"$%&'() ,"$?1 %2 3(%4"1 5%6

*-1( - 1*!"+" &-$&9$-("? 91'./ DEF <"(!%? 2%+ ?'G"+".( #-$9"1 %2 (!" #'1&%1'() +-('%

H"(6"". '.1'?" -.? %9(1'?" %2 (!" H"-?I -> ηp/η = 1J H> ηp/η = 3J &> ηp/η = 10 -.? ?>

ηp/η = 1007  !" #"$%&'() %2 (!" 5%6 '1 U = 0.02J +-?'91 %2 H"-? a = 6δ -.? ξ = 0.5δ7

K1 6" &-. 1"" %. ,/9+" :7;A ?> -.? ,/9+" :7L -> 2%+ (!" !'/! #'1&%1'() &%.(+-1( (!" 5%6

,"$? '1 #"+) 1'<'$-+ (% (!%1" 2%+ - 1%$'? *-+('&$"7 M!'$" (!"+" -+" 1%<" +"&'+&9$-('%. %2

(!" 5%6 '.1'?" (!" *-+('&$" 2%+ 1<-$$ #'1&%1'() +-('%1 =:7;A -> -.? H>>7

N%(" (!-( %9+ &%?" '1 -H$" (% !-.?$" O"+% 59'?C*-+('&$" '.("+2-&" (!'&4."11 (ξ = 0)7

P%6"#"+J 1%<" 1<-$$ %1&'$$-('%.1 -**"-+ '. (!" .9<"+'&-$ #-$9"1 %2 (!" *+"119+" -1 1!%6.

'. ,/9+" :7;Q -7  !-( '1 (!" +"-1%. 6!) 6" &!%%1" 2%+ -$$ %9+ 1'<9$-('%.1 (!" #-$9"

ξ = 0.5δ 6!'&! ".19+"1 (!" <%1( +"$'-H$" #"$%&'() -.? *+"119+" ,"$?17
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 !

ηp/η = 1

"!

ηp/η = 3

#!

ηp/η = 10

$!

ηp/η = 100

"#$%&'  ()*+ %&' (')*#+,- .')$/ *0 1,*2'/ 3*4 5 /,  /5&'6' 0*6 $+7'6'8, (+/#*/+,- #*8,6 /,9
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 !"!# $%&'()*+, %+(-)*,' ). + /&'+( 012

 ! "!#$%&' ()*#'$"!$ &+")*,& $# -#)*"'& #.' !.)&'(-", '&/.,$ $# $%& 0&,, 1!#0! &+"-$

$%&#'&$(-", /#,.$(#! (/ $%& /%&"' 2#0 "'#.!3 " '(4(3 /*%&'(-", *"'$(-,& "$ 5&'# 6&7!#,3/

!.)8&'9 :%& /#,.$(#!/ ;#' $%& <&,#-($7 -#)*#!&!$/ (u, v, w) "!3 *'&//.'& ;#' $%& /%&"'

2#0 "'#.!3 " /*%&'& (! ="'$&/("! -##'3(!"$&/ %"<& $%& ;#,,#0(!4 ;#') >?@AB

u =γ̇

{
x

2

[
1− 1

r5

]
+

x

2

[
1− 1

r3

]
− 5

2

z2x

R2

[
1

r5
− 1

r7

]
− Ωx

r3

}
, CD9E?F

v =γ̇

{
z

2

[
1− 1

r5

]
− z

2

[
1− 1

r3

]
− 5

2

zx2

R2

[
1

r5
− 1

r7

]
+

Ωz

r3

}
, CD9EGF

w =− γ̇
5

2

xyz

R2

[
1

r5
− 1

r7

]
. CD9EHF

"!3

p = p∞ − 6γ̇xz

R2r5
CD9EIF

J%&'&

r =

√
x2

R2
+

y2

R2
+

z2

R2
,

γ̇ (/ $%& /%&"' '"$&K p∞ (/ $%& *'&//.'& ;"' &!#.4% ;'#) *"'$(-,&K R (/ $%& '"3(./ #;

*"'$(-,& "!3

Ω = −ωz

γ̇
, CD9ELF

%&'& ωz 3&!#$&/ $%& "!4.,"' <&,#-($7 #; " '(4(3 /*%&'& (! $%& /%&"' 2#09 M; " /*%&'(-",

*"'$(-,& (/ ;'&& (! $%& /%&"' 2#0 $%&! ($ '#$"$&/ 0($% $%& "!4.,"' <&,#-($7 ωz = −γ̇/2K /#

Ω = 1/2.J%&! *"'$(-,& (/ !#$ '#$"$(!4 (! $%& /%&"' 2#0 C;#' &+")*,& (! $%& *'&/&!-& #;

"! &+$&'!", -#.!$&' $#'N.&F $%& "!4.,"' <&,#-($7 ωz -"! 8& &N.", $# 5&'# "!3 $%&'&;#'&

Ω = 09 O! $%& -#!$'"'7 (; Ω (/ (!-'&"/&3K C./(!4 &+$&'!", $#'N.&F 0& -"! #8$"(! "!4.,"'

<&,#-($7 ωz = −γ̇ "!3 Ω = 1 ;#' &+")*,&9 :# -#)*"'& $%& '&/.,$ #8$"(!&3 0($% PQR

)&$%#3 $# $%& "!",7$(-", #!& ;#' " /*%&'(-", *"'$(-,& (! " /%&"' 2#0K 0& $##1 $%'&&S

3()&!/(#!", [60][60][60] /().,"$(#! 8#+ "!3 ()*#/&3 " /%&"' 2#0 (! ZOX *,"!& C/&&

D9EF 0($% $%& /%&"' '"$& γ̇ = 0.02 0($% " /*%&'(-", *"'$(-,& 0($% '"3(./ a = 4δ "!3

ξ = 0.5δK (Reff ≃ a + 2ξ = 5δ) *,"-&3 (! $%& )(33,& #; $%& 8#+9 :%& 2.(3 <&,#-($7 #!

$%& 8#.!3"'7 *,"$&/ #; $%& 8#+ C*&'*&!3(-.,"' $# x "+(/F (/ -#!/$"!$K /# $%& /%&"' '"$&

(/ T+&3 3.'(!4 $%& /().,"$(#!9 :# /$#* #' &!%"!-& $%& '#$"$(#! #; *"'$(-,& (! /%&"' 2#0
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"#$%&' ()*+, #$% &'%(()'% *%+,(  '-)., /$% (&$%'01 + & '/01+% 0. /$% ($% ' 2-34  ! 5)6

7%'01 + '%()+/ -8 /$% 9:; 7%/$-,4 "! #$%  . +</01 + &'%,01/0-.4
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"#$%&' !()*+  ! "#$%% &'(%)*'+) , -'%. +/ 0#% -%,+1'02 3%,&*  $+4)& 0#% *5#%$'1 , 5 $0'1,%

') 0#% *#% $ 6+.7 8! "#% &'*04$8 )1% +/ 0#% -%,+1'02 3%,&7
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Analytical results

Numerical results

!"#$%& '()*+  !" #"$%&'() *+%,$" -$%./ (!" x− -0'1 2%+ - 1*!"+" '. (!" 1!"-+ 3%45

4" -**$'"6 2%+&" 78-6+8*%$" %. (!" *-+('&$" 91"" 6"(-'$1 '. &!-*("+ :;5

<. ,/8+"1 =5>:? =5>@ -.6 =5>A '( '1 1!%4. (4% 6'B"+".( +"*+"1".(-('%.1 %2 (4% #"$%&'()

,"$61 2%+ - 1*!"+'&-$ *-+('&$" '. - 1!"-+ 3%4 2%+ (!+"" #-$8"1 %2 (!" -./8$-+ #"$%&'()C

Ω = 1/2? Ω = 0 -.6 Ω = 1? +"1*"&('#"$)5 D"6 -++%41 *+"1".(1 (!" #"$%&'() ,"$6 %E(-'."6

81'./ (!" FGH I"(!%6 -.6 (!" E$8" -++%41 &%++"1*%.61 (% (!" #"$%&'() ,"$6 *$%(("6

81'./ -.-$)('&-$ "0*+"11'%.1 9=5J:; -.6 9=5J@;5  !" +-6'81 %2 (!" *-+('&$" '1 a = 4δ?

(!" 38'6K*-+('&$" '.("+2-&" (!'&L."11 ξ = 0.5δ -.6 (!" "B"&('#" +-6'81 Reff ≃ a + 2ξ =

5δ5 M. ,/8+"1 =5>:? =5>@ -.6 =5>A? -; 1!%41 (!" 38'6 #"$%&'() ,"$61 4!'$" E; 1!%41

6'1(8+E-.&"1 %2 (!" #"$%&'() ,"$61 %2 (!" 1!"-+ 3%4 68" (% (!" *+"1".&" %2 (!" *-+('&$"

(v′ = v − γ̇x)5 F'/8+" =5NO 1!%41 (!" #"$%&'() *+%,$"1 v =
√
u2 + v2 + w2

-$%./ x -0'1

2%+ - 1*!"+" '. (!" 1!"-+ 3%45  !" .8I"+'&-$ +"18$(1 928$$ /+"". &'+&$"1; -+" &%I*-+"6

(% (!" -.-$)('&-$ +"18$(1 91%$'6 &8+#"; %8(1'6" %2 (!" 1*!"+" %E(-'."6 81'./ "78-('%.1

9=5J:K=5JA;5  !" *+"118+" ,"$61 -+%8.6 (!" 1*!"+'&-$ *-+('&$" '. (!" 1!"-+ 3%4 %E(-'."6

81'./ (!" FGH I"(!%6 '1 &%I*-+"6 (% (!" (!"%+"('&-$$) *+"6'&("6 %." *$%(("6 81'./ (!"

"78-('%. 9=5JP; %. (!" ,/8+" =5>P5 M. ,/8+" =5>Q? 4" 1!%4 (!+"" 6'I".1'%.-$ #'"41 %2
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 !" #$%"&'()**+ ,- )'#". /"*,(' + )&,$#.  !" 01!"&'()* 1)& '(*" '#  !" 0!")& 2,3 )#.

 !" .'0 $&-)#("0 ,4  !" /"*,(' + 5"*.0 ,4 0!")& 2,3 4,&  !" 1)&)%" "&0 6'/"# )-,/"7

8, "  !)  !" #$%"&'()* %" !,. 0!,30  !" /"*,(' + )#. 1&"00$&" .'0 &'-$ ',# "/"#

'#0'."  !" 1)& '(*" 0'#("  !" /'0(,0' + ,4  !" 1)& '(*" '#  !" 0'%$*) ',# '0 5#' " 9η = 1:

ηp = 100; 3!'*"  !" )#)*+ '()* "<1&"00',#0 9=7>?; 1&".'( 0  !" 1&"00$&" ,#*+ ,$ 0'." ,4

 !" 1)& '(*"7

 !"! #$%%&'&$( )*+,**( +,$ '-.*/*'

@#, !"&  "0 ,4  !" %" !,. '0  !" 0'%$*) ',# ,4  !" (,**'0',# -" 3""#  3, 01!"&"0 '#

) 0+%%" &'( 0!")& 2,3 zOx−1*)#" 956$&" =7AB;7 C )**,30  ,  "0  !" (,# )( "/"# 0

-" 3""#  3, 1)& '(*"0 )0 3"** )0  !" &"/"&0'-'*' + ,4  !" D ,E"0 "F$) ',#7 G!"  3, 01!"&"0

)&" '#' ')**+ %,/'#6  ,3)&. ")(! , !"&H 0+%%" &'()**+ 1,0' ',#". )*,#6  !" z− )<'0 3' !

&"01"(  ,  !" *'#" vz = 07 G!" '#' ')* x '# "&I.'0 )#(" -" 3""#  !" 1)& '(*" ("# "&0 '0  !"

'%1)( 1)&)%" "& #, ". b7 J4 (,$&0"H 3!"#  !"+ )&" /"&+ (*,0"H  !"  3, 01!"&"0 )&" #, 

'#  &$" 1!+0'()* (,# )( ) )#+  '%"K )  !'# *)+"& ,4 2$'. '0 (*")&*+ /'0'-*" ,# 56$&" =7AB7

L!"#  !"  3, 01!"&"0 (,**'." 9'4 b < 2R;H  !"+ 4,&% ) .,$-*" 7 G!'0 .,$-*" &, ) "0

)&,$#.  !" y  )<'0H ' 0 ,&'"# ) ',# '0 ."5#". -+  !" )#6*" ϕ7 C#' ')**+H 3!"#  !"  3,

01!"&"0 (,%" '# , (,# )( H 9) ϕ = ϕ0 3!'(! ."1"#.0 ,# b;  !" .,$-*" '0 &, ) '#6 )0 )

&'6'. 0+0 "% ) ) ("& )'# )#6$*)& /"*,(' +7 G!"# 4,& ϕ = −ϕ0  !"  3, 01!"&" 0"1)&) "7

D"1)&) ',# )#. (,# )( )0 3"** )0  !" 01!"&"0  &)M"( ,&'"0 -"4,&" )#. )4 "& ϕ = 0 )&"

 !" %'&&,& '%)6"0 ,4 ")(! , !"&  !&,$6!  !" 1*)#" z = 0 0'%1*+ &"2"( '#6  !" D ,E"0

"F$) ',# &"/"&0'-'*' + '#  !" ()0" ,4 &'6'. 01!"&"07 G!" )#6$*)& /"*,(' + ,4  !" .,$-*" 

'0 #, (,#0 )# -$ '#(&")0"0  , ) %)<'%$% ) ϕ = 07 N,**,3'#6  !" 3,&E ,4 O)& ,E

P Q)0,# RS=TH 3" (,%1)&"  !" .,$-*" &, ) ',# [ϕ(t)]  ,  !" U"V"&+ ,&-' RS>T ,4 )#

"**'10,'. ,4 &"/,*$ ',# 3' ! )# )<'0 &) ', ,4 2K

tan(ϕ) = 2tan

(
2γ̇t

5

)
. 9=7SW;

N'6$&" =7AB 0!,30  !" (,**'0',# -" 3""#  3, '."# '()* 01!"&"0 '# ) 0!")& 2,37 ); b = 5δ

)#. R = 3δ 9a = 2.5δH ξ = 0.5δ;7 -; b = 8δ )#. R = 5δ 9a = 4δH ξ = 0.5δ;7 G!"

$11"& 01!"&" '0 6,'#6  ,  !" &'6! 3!'*"  !" *,3"& ,#" '0 6,'#6  ,  !" *"4 7 G!" '#0" 

0!,3  !" .,$-*" 3!"#  !" 01!"&"0 )&" '# (,# )( 7 G!" .,  ".I*'#" ('&(*"0 &"1&"0"#  !"
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Bartok & Mason

"#$%&' ()**+  !" #$%&$'&() (* ϕ +&'! '&," *(% -&."%")' &,/$0' /$%$,"'"%1 $)- 0(,/$%"-
'( "23$'&() 456789 $1 +":: $1 ";/"%&,")'$: %"13:'1 (* <$%'(= > ?$1() @75A6

&)&'&$: /(1&'&()1 (* '!" 1/!"%"1 $' '&," t = −t06  !" -$1!"-B:&)" 0&%0:"1 %"/%"1")'1 '!"

1/!"%"1 $' t = 0 $)- '!" 1(:&-B:&)" 0&%0:"1 $' $ '&," t = t0 6  !" '+( 03%#"1 %"/%"1")'1

'!" '%$C"0'(%D (* '!" 1/!"%" 0")'"%16 E)" 0$) 1"" '!$' '!" x−-&1'$)0" F"'+"") '!" '+(
1/!"%"1 &1 &-")'&0$: *(% t = ±t0 G '!&1 &1 -3" '( '!" %"#"%1&F&:&'D (* '!" H'(="1 "23$'&()

&) '!" 0$1" (* %&I&- 1/!"%"16 J&I3%" 56KK 1!(+1 $) ";0"::")' $I%"",")' F"'+"") (3%

)3,"%&0$: %"13:'1G '!" :$+ 456789 $)- '!" ";/"%&,")'$: #$:3"1 (* <$%'(= > ?$1() @75A6

E) '!&1 LI3%"G '&," &1 0()#")'&()$::D L;"- '( t = 0 +!") '!" -(3F:"' &1 #"%'&0$: 4$:()I

'!" x− $;&1G &6"6 ϕ = 096

 !"!# $%%&'()&*+% '+,-&.%/ &0 -1/ (1/+, 2)3

 !" ,('&() (* $) "::&/1(&-$: /$%'&0:" &) $ 1!"$% M(+ (* $ N"+'()&$) M3&- +$1 1'3-&"- FD

O"."%D &) PQKK @7RA6  !" ";$0' $)$:D'&0$: 1(:3'&() *(% '!" (%F&' (* "::&/1(&- (* %"#(:3'&()
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"#$%&' ()*(+  !" "##$%&'$()# %)*+$,#" $- +!" &!")* .'/0

$- &!")* .'/ )+ 1"*' 2"3-'#(& -456"* !)& +!" 7'##'/$-8 7'*59

tan(ϕ) =
a

b
tan

(
γ̇abt

a2 + b2

)
, :;0<=>

/!"*" ϕ $& +!" )-8#" '7 '*$"-+)+$'- a, b )-( c :b = c> )*" &"5$?)@"& '7 "##$%&'$(Aγ̇ ("-'+"&

+!" &!")* *)+" )-( t $& +!" +$5"0  ' ,'5%)*" '*6$+ '7 *'+)+$'- '6+)$-"( 63 +!" BCD

5"+!'( +' +!" E"F"*3G& '*6$+ ("H-"( 63 "I4)+$'- :;0<=>A /" %4+ +!" %*'#)+" &%!"*'$( $-

+!" 5$((#" '7 +!" &$54#)+$'- 6'@ /!"*" +!" &!")* .'/ $& $5%'&"( /$+! +!" &!")* *)+"

γ̇ = 0.020  !" &"5$?5)J'* )@$& a $& $-$+$)##3 %)*)##"# +' +!" z )@$&A +!" &"5$?5$-'* )@$&

b $& ($*",+"( )#'-8 x :c = b> :&"" +!" H84*" ;0K;>0  !" H84*" ;0K; &!'/& +!" &,!"5)+$,

($)8*)5 '7 +!" "##$%&'$()# %)*+$,#" $- +!" &!")* .'/ /$+! γ̇ = 0.02A a = 5A b = c = 2 )-(

ξ = 0.50  !" '*$"-+)+$'- )-8#" ϕ $& ("H-"( $- +!" *)-8" (−π/2; π/2) 4&$-8 +!" "I4)+$'-

:;0<=> /!$#" +!" )-8#" '7 '*$"-+)+$'- ϕ1 '6+)$-"( 7*'5 +!" &$54#)+$'-A ϕ1 = arccos(αx)

$& ("H-"( $- +!" ('5)$- (0; π)A !"*" αx $& x ,'5%'-"-+ '7 +!" 4-$+ L",+'* )#'-8 +!"

&"5$?5$-'* )@$& a0 M" (",'5%'&" 6'+! '*$"-+)+$'- )-8#"& $- +!" $-+"*L)# (0; π/2) $-
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ϕ´ analytical

"#$%&' ()* +  !"#$%&'!( )*+,**( +-* .*/*%01' !%)&+ $(2 +-* !(* !)+$&(*2 3'&(4 +-* 567

"*+-!28

!%2*% +! 9!"#$%* +-* (3"*%&9$::0 !)+$&(*2 %*'3:+ $(2 +-* $($:0+&9$: #%*2&9+&!(8

ϕ′ =

∣∣∣∣arctan
[
re.tan

γ̇ret

re + 1/re

]∣∣∣∣ , ϕ′ ∈ (0; π/2) ;<8=>?

ϕ′

1 =
∣∣∣π
2
−
∣∣∣arccos(αx)−

π

2

∣∣∣
∣∣∣ , ϕ′

1 ∈ (0; π/2) ;<8=<?

-*%* re &' +-* %$+&! )*+,**( +-* "$@!% $(2 "&(!% $A&' !B $( *::&#'!&2 !B %*C!:3+&!(8

D-* E43%* <8>F '-!,' 9!"#$%&'!( )*+,**( +-* (3"*%&9$::0 !)+$&(*2 !%)&+' !B *::&#G

'!&2 3'&(4 +-* 567 "*+-!2 +! +-* .*/*%01' !%)&+' 2*E(*2 3'&(4 +-* *H3$+&!( ;<8=I?8

D-* '!:&2 %*2 :&(* ϕ′

1 2*E(*2 &( +-* &(+*%C$: (0; π/2) %*#%*'*(+' +-* (3"*%&9$: %*'3:+8

J-&:* +-* 2$'-*2 ):3* :&(* ϕ′
2*E(*2 &( +-* '$"* &(+*%C$: 9!%%*'#!(2' +! +-* .*/*%01'

!%)&+ ,&+- re = 0.5188 D-* '*"&G$A*' $%* a = 5δK b = c = 2δL +-* #$%+&9:* M3&2 &(+*%B$9*

+-&9N(*'' &' ξ = 0.5δ $(2 '-*$% %$+* &' γ̇ = 0.028 D-* %$+&! )*+,**( +-* "$@!% $(2
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"#$%&' ()* + #$%$&'() *&"+,)  ! re = 0.5  -. rJe = 0.518. "! re = 2/7  -. rJe = 0.33.

/+-*&  0+) re +- $12 ,+*- 34567! 8,) ,9$ -2/$&+: ; &$)2;, +< rthe = 0.518= >9+:9 +) :;*)$

,* ,9$ $0?$:,$. *-$=

re =
a+ 2ξ

c+ 2ξ
=

2 + 2× 0.5

5 + 2× 0.5
= 0.5.

@9$ *&+$-, ,+*-  -A;$ <*& &*, ,+*- *< ?&*; ,$ )?9$&*+. 2-.$& )9$ &  )  <2-:,+*- *< ,+/$

 &$ )9*>- +- 8A2&$ 45765 @9$ &$. :2&B$) &$?&$)$-,) ,9$ #$%$&'() *&"+, .$8-$. +- ,9$

+-,$&B ; (0; π)5 @9$ ";2$ .*,,$. ;+-$)  &$ ,9$ &$)2;, *< *2& )+/2; ,+*-) 2)+-A ,9$ CDE

/$,9*.5 @9$ )9$ & & ,$ γ̇ = 0.02.  ! a = 5δF b = c = 2δF ξ = 0.5δF re = 0.5  -.

rJe = 0.518. "! a = 6δF b = c = δF ξ = 0.5δF re = 2/7 = 0.286  -. rJe = 0.33= >9$&$ rJe
+) ,9$ & ,+* "$,>$$- ,9$ / G*&  -. /+-*&  0+) 2)$. +- $12 ,+*- 34567!5

 !" #$%&'()*$%

H- ,9+) :9 ?,$&= >$ .$):&+"$. ,9$ C;2+. D &,+:;$ E'- /+: /$,9*. 3CDE!5 H- ,9$ +-,&*I

.2:,+*- 3)$:,+*- 45J!= >$ &$B+$>$. )*/$ " :KA&*2-.  -. 2,+;+L ,+*- *< ,9$ /$,9*.  )

>$;;  ) +,) ?*)+,+B$  -. -$A ,+B$  )?$:,)5 H- ,9$ )$:,+*- 457= >$ +-,&*.2:$. ,9$ / +-

,9$*&' "$9+-. ,9$ CDE /$,9*.5 H- ,9$ -$0, )$:,+*- 454= >$ :*-)+.$&$. ,9$ ?&*G$:,+*-

/$,9*. >9+:9 +) +-,$A& ,$. >+,9 ,9$ CDE /$,9*.5 @9$-= +- )$:,+*- 45M= >$ +-,&*.2:$.

,9$ NOP A&+.  -. )*/$ .$, +;) *< ,9$ .+):&$,+L ,+*-5 H- ,9$ -$0, )$:,+*- 456= >$ >&*,$

.*>- ,9$ -2/$&+: ; ?&*:$.2&$ *< ,9$ CDE /$,9*.  -. ?&$)$-, ,9$ " )+: Q*> :9 &,
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4 &7*$ !(%/") -+ ,- "#$ -$8" .$/") - 0+92 3$ :()$;5 &)."$6 -7*:$(  ! /#%-'$. %-6 < .=

.):&$ $8"$-.) -. *%6$ )- "#$ >?@ *$"# 6+ A#$- )- "#$ .$/") - 0+B2 3$ <($.$-"$6 . *$

/%- -)/%& $8%*<&$.  :"%)-$6 7.)-' "#$ >?@ *$"# 6 )- / *<%(). - 3)"# 3$&&=C- 3-

%-%&5")/%& ($.7&".+ D%*$&52 E" C$. ; 3 <%." % .<#$($2 % .<#$()/%& <%(")/&$ )- "#$ .#$%(

; 32 / &&).) - :$"3$$- "3 .<#$($. %-6 F$G$(5H.  (:)" ! ( $&&)<. )6%& <%(")/&$. )- "#$

.#$%( ; 3+ A#$.$ $8%*<&$. .# 3 4$(5 '  6 %'($$*$-". 3)"# "#$ / (($.< -6)-' $8%/"

%-%&5")/%& . &7") -. 3#)/# <( 4)6$. %66)") -%& ($&)%:)&)"5  ! "#$ >?@ *$"# 6+

D 3 "#%" 3$ %($ / -4)-/$6 %: 7" "#$ ($&)%:)&)"5  ! "#$ >?@ *$"# 62 )- "#$ -$8"

/#%<"$(.2 3$ 3)&& $8"$-.)4$&5 7.$ "#). *$"# 6 " . &4$ .$4$(%& 6)G$($-" <( :&$*. I%

/ -J-$6 .<#$($ )- % .#$%( ; 3K /#%<"$( LM % .7.<$-.) - )- "#$ <($.$-/$  ! " (N7$

/#%<"$( OM .7.<$-.) -  ! *)/( .3)**$(. /#%<"$( 1P+
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('*"$&/) '!8 "#) >)/2&$"0 23 "#) ,'// 8)&*)'%)%< @// %$.-/'"$2!% '*) ()*32*.)8 $! AB< C-* !-.)*$&'/ *)%-/"% '*)
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P5 8QR; "! $%G()"$+#"( "'( (S(." !& "! D,( !% "'(  '(!/!+> !& # ),)*(%)$!% !& )*'( $.#/

*# "$./()6 T( #%#/>U( "'( .!0*("$"$!% C("2((% #% $0*!)(< )'(# 1!2 #%< #% #**/$(<
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2'(% γ̇ $) %!%-U( !6

T( *( &! 0 )$0,/#"$!%) ,* "! 28% #%< 2( #/)! $%./,<( "'( */!" !& ?(! #%< @#A(>

8B9; <#"# !C"#$%(< #" 40% 2$"' # <$S( (%" %,0( $.#/ 0("'!<6 T( )'!2 "'#" "'(> # (

*( &(."/> .!%)$)"(%" 2$"' !,  (),/") 2'(% "'()( <#"# # ( */!""(< #) # &,%."$!% !& Θ6
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,$,*% #$%&'" $( ,!" /&/2"./-$.5 6. "*+! 2*),-+%"7 ,!" /*'" #*%&" $( ,!" ,$)8&" -/ *22%-"05

9!". ,!" ":,").*% *22%-"0 ,$)8&" -/ *.,-;2*)*%%"% ,$ ,!" #$),-+-,4 <z;*:-/ $. 1=&)" >5?@7

,!" ,$)8&" /%$A/ 0$A. 2*),-+%"/ )$,*,-$. *.0 ,!" "B"+,-#" #-/+$/-,4 -/ -.+)"*/"05  !-/

+*. 3" &.0")/,$$0 /-.+" 2*),-+%"/ +)"*," * +$&.,") )$,*,-.= C$A $22$/"0 ,$ ,!*, $( ,!"

/!"*) C$A5  !")"($)"7 -. $)0") ,$ -'2$/" ,!" /*'" #*%&" $( ,!" /!"*) )*," γ̇7 ,!" /!"*)

/,)"// σxy '&/, 3" %*)=")5  !&/7 ,!" "B"+,-#" #-/+$/-,4

ηeff =
σxy

γ̇
<>5D@

-/ -.+)"*/"05 6. ,!" +$.,)*)47 A!". ,!" 2*),-+%" )$,*,-$. -/ ".!*.+"0 34 *. ":,").*%

,$)8&" 2*)*%%"% ,$ ,!" #$),-+-,47 -, -/ "*/-") ,$ /!"*) ,!" /&/2"./-$. *.0 ηeff 0"+)"*/"/5

9" /!$A ,!*, /,)&+,&)*,-$. $( ,!" 2*),-+%"/ -.,$ *==)"=*,"/ -/ .$, ."+"//*)4 ,$ $3,*-.

* /,)$.= '$0-1+*,-$. $( ,!" "B"+,-#" #-/+$/-,4E ,!" '$0-1+*,-$. $( 2*),-+%"/ )$,*,-$.

-/ -.0""0 /&F+-"., ,$ +)"*," * /!"*) ,!-..-.= $) * /!"*) ,!-+G".-.= "B"+,5  !" /"+$.0

H*:I. %*A JKLM A!-+! -/ * )"%*,-$./!-2 3",A"". *22%-"0 ,$)8&" *.0 )$,*,-$. #"%$+-,4 $(

2*),-+%"/ -/ &/&*%%4 #*%-0 ($) 0-%&," /&/2"./-$./5 N")"7 A" 0")-#" *. "'2-)-+*% /"+$.0

H*:I. %*A #*%-0 ()$' 0-%&," ,$ +$.+".,)*,"0 /&/2"./-$./ <&2 ,$ 40%@5

O. /"+,-$. >5D7 A" 3)-"C4 2)"/"., ,!" A"%% G.$A. )"/&%,/ +$.+").-.= ,!" "B"+,-#"

#-/+$/-,4 $( /!"*)"0 /&/2"./-$./5 O. /"+,-$. >5L7 A" *22%4 * ,$)8&" $. 2*),-+%"/ -.

* 0-%&," /&/2"./-$. &.0") /!"*)5 9" *.*%4,-+*%%4 0")-#" ,!" "B"+,-#" #-/+$/-,4 */ *

(&.+,-$. $( Θ5 O. /"+,-$. >5P7 A" /!$A /$'" 2*)*'",")/ *.0 0",*-%/ $( $&) .&'")-+*%

'",!$07 ,!" C&-0 2*),-+%" 04.*'-+/5 O. /"+,-$. >5>7 -. $)0") ,$ ,"/, $&) '",!$0 A-,!

/"#")*% 2*),-+%"/7 A" 1)/, *22%4 * +$./,*., ,$)8&" $. "*+! /2!")" -. * C&-0 *, )"/, <-. ,!"

*3/".+" $( * /!"*) C$A@5 O. /&+! * +*/"7 A" +$'2*)" $&) )"/&%,/ $. #$),": #-/+$/-,4 A-,!

,!" $."/ $( Q)$/2")",,-  ! "#5 */ A"%% */ H".=  ! "#5 JKDM 9" *%/$ +$'2*)" $&) .&'")-+*%
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 ! "# $%&& '()$( !*+! !*% %,%-!".% ."#-)#"!/ η0eff )0 + #*%+1%2 #3#4%(#")( )0 !)153% 01%%

#4*%1"-+& 4+1!"-&%# 0)&&)$# + ."1"+& %64+(#")( 789:;

η0eff = η[1 + αφ+ βφ2 +O(φ3) <=>?@

$*%1% φ "# !*% .)&3A% 01+-!")( 2%B(%2 +# !*% .)&3A% )0 4+1!"-&%# ()1A+&"C%2 D/ !*% !)!+&

.)&3A% )0 !*% #3#4%(#")(E η D%"(F !*% ."#-)#"!/ )0 !*% #3#4%(2"(F G%$!)("+( H3"2> I)1

+ #3#4%(#")( )0 *+12 #4*%1%#E !*% &"(%+1 !%1A <!*% "(!1"(#"- ."#-)#"!/@ "# α = 2.5 +#

-+&-3&+!%2 D/ J"(#!%"( 7K9E K=: 0)1 + #!1)(F 2"&3!")(> L*%(E $*%( !*% #%A"M2"&3!% 1%F"A%

"# 1%+-*%2 <0)1 φ > 20%@E !*% 4+1!"-&%# F%! -&)#%1 +(2 #!+1! !) "(!%1+-! */21)2/(+A"-+&&/>

N+!-*%&)1 +(2 O1%%( 7K8: #*)$%2 !*+! */21)2/(+A"- "(!%1+-!")(# -)(!1"D3!% !) !*%

#%-)(2 )12%1 "( φ> L*%/ 0)3(2 β = 5.2 ± 0.3 0)1 + ()(MN1)$("+( #3#4%(#")( $*%1%

4+1!"-&%# +1% 3("0)1A&/ 2"#!1"D3!%2> P"(-% !*%(E + A)1% 41%-"#% %#!"A+!")( )0 β = 5.0

*+# D%%( +-*"%.%2 D/ Q"-*)-'" +(2 I%&2%1*)0 7KK:> I)1 A)1% -)(-%(!1+!%2 #3#4%(#")(#E

"(!%1+-!")(# $"!* !*1%% )1 %.%( A)1% D)2"%# -)(!1"D3!% !) !*% %,%-!".% ."#-)#"!/ +(2 !*%

%A4"1"-+& &+$ )0 R1"%F%1 +(2 S)3F*%1!/ 7KT: 2%#-1"D%# η0eff )( + D1)+2 1+(F% )0 .)&3A%

01+-!")(#;

η0eff =
η

(1− φ/φm)αφm

<=>9@

$*%1% φm -)11%#4)(2# !) !*% A+6"A3A 1+(2)A 4+-'"(F .+&3% )0 !*% .)&3A% 01+-!")(;

φm ≈ 0.62

0)1 #4*%1"-+& +(2 1"F"2 4+1!"-&%#> G)!% !*+! %53+!")( <=>?@ "# !*% L+/&)1 %64+(#")( 34

!) )12%1 2 )0 %53+!")( <=>9@ 0)1 φ ≪ 1>
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η
. <=>=@



 !"! #$%&'( )&)*(+)$,+) $+ *-()(+.( ,/ 0+ (1'(-+0% ',-2&(  !

 !" #$%&'( )&)*(+)$,+) $+ *-()(+.( ,/ 0+ (1'(-+0% ',-2&(

 ! "#$% %&'"$(! )& %#() #() "( '*+',+*"& "#& '(!"-$.,"$(! (/ *! &0"&-!*+ "(-1,& &0&-"&2
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&0"&-!*+ "(-1,&: &*'# 3*-"$'+& -("*"&% $! "#& %#&*- ?() *" "#& *!7,+*- 5&+('$"6 ω )$"#
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E#&! *! &0"&-!*+ "(-1,& L $% *33+$&2 "( "#& 3*-"$'+& *+(!7 "#& z@*0$%: ωz '*! .&
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$.+& ?,$2 ?() *-(,!2 3*-"$'+&%9 F#& %&'(!2 P*0Q! +*) IGRK -&+*"&% "#& &0"&-!*+ "(-1,&

L &0&-"&2 (! "#& 3*-"$'+& "( "#& *!7,+*- 5&+('$"6 ωL

L = −8πR3η(
1

2
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*!"3# ;1 361+"< −γ̇/2& =1# 3 ,1#>5" 2#"" )3#,.06"?  " !37" Ω = 0 $ !". ωz = −γ̇/2)&
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ηeff =
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xy + σR
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γ̇
23)456

$# - ,7& #'

ηeff = η0eff + ηReff . 23)486

9& $/  :;,#$'/ 3)3< = ",/ 7 >/ #+ ? -,#$%  ! "#$% %$&"'&$#( $/ #+ @? & /" 'A #'?:; 1

∆ηeff =
(ηeff − η)

η
23)4B6

=+$"+ .$% & A'? 7$-;# &;&@ /&$'/&1

∆ηeff (φ,Θ) =
5

2
φ(1 +

3

5
Θ). 23)4C6

D'?  E,F@- < =+ / #+  E# ?/,- #'?:; &#'@& #+ @,?#$"- ?'#,#$'/ 2ωz = 0 ,/7 Θ = 16<

'/ '0#,$/& ∆ηeff = 4φ) *+$& .$% & , F'7$> 7 $/#?$/&$" %$&"'&$#( &;"+ #+,# α(Θ = 1) =

41 , ? &;-# =+$"+ =,& >?&# 7 ?$% 7 0( G? // ? H4IJ)

 !" #$%&' ()% *+ ),-&./0(' -&12$%

K;&@ /7 7  - F /#& ,? F'/'L7$&@ ?& &@+ ? & 'A ?,7$;& R) M'/&$7 ?$/. -,?. @,?#$"- &<

#+ G?'=/$,/ F'#$'/ $& /'# #,N / $/#' ,""';/#) K@+ ? & ,? &;&@ /7 7 $/ , O =#'/$,/

-$:;$7 'A %$&"'&$#( η &+ ,? 7 0 #=  / #=' =,--&) *+ #=' =,--& -'",# 7 ,# y = ±w/2

F'% ,# vx = ±v0 ? &@ "#$% -(< &' #+,# #+ &+ ,? ?,# $&

γ̇ =
2v0
w

.

O'L&-$@ "'/7$#$'/& ,? ;& 7 ,# #+ P;$7Q=,--& $/# ?A," ) R/ '?7 ? #' / .- "# #+  ! "# 'A

=,--&< = "+''& 15 < w/R < 20  !". w ≫ R) 9& ,/ $/$#$,- "'/7$#$'/< = 7$&#?$0;# #+ 

&@+ ? & ?,/7'F-( ,/7 +'F'. / ';&-( 2#,N$/. ",? #' ,%'$7 ,/( '% ?-,@&6)

O'# #+,# ';? "'7 $& ,0- #' +,/7- &F,-- 0;# >/$# S (/'-7& /;F0 ?&) T'= % ?<

$/ #+$& ='?N< S (/'-7& /;F0 ? ,? ,0';# 10−2
< #+ ? A'? $/ ?#$,-  ! "#& ,? $/7  7



 !  !"#$%& '( )!%"&%* )+)#%,)-.,) -, #&%)%, % ./ ", %0$%&,"1 $.&2+%

 !"#$"$%#!& '! (!)# *$+,  !-+.)##/ %-0/) + 1).+$2#!3 *$+, ) (! 3$+/ ρ !4-)# +0 +,! 5-$(

(! 3$+/& '! -3! +,! 6 ($7! 3$0 )# 8!.3$0 09 :5-$( 1).+$2#! (/ )7$23: ;<=>? 3!! (!+)$#3

$ @,)1+!. 6?& A0+! +,)+ 0-. 2)#2-#)+$0 3 ).! (0 ! 90. 3!8!.)# 80#-7! 9.)2+$0 3 -1 +0

φ = 28%& <0. %$""!. φB8)#-!3C *! 2)  0+ )80$( !D!2+3 3-2, )3 +,! 90.7)+$0 09 (!1#!+$0 

#)/!.3 2#03! +0 +,! *)##3 EFGH&

I 0.(!. +0 )11#/ ) !J+!. )# +0.4-! 1!.1! ($2-#). +0 +,! 3,!). 1#) ! ;xOy? 0 +,!

1).+$2#!3C ) 3!+ 09 +) "! +$)# 90.2!3 Fi *,!.! i = 1...4 ).! )11#$!( 0 !)2, 1).+$2#! $ +,!

xOy 1#) ! ;K"-.! G&FB%?& L)2, 90.2! ,)3 +,! 3)7! $ +! 3$+/& M,! C +,! 3)7! +0.4-!

L = Σ4

i=1ri × Fi ;G&NO?

$3 )11#$!( 0 !)2, 1).+$2#!& I 0.(!. +0 2,) "! LC *! 8)./ +,! 20710 ! +3 Fi&

>!1! ($ " 0 3$7-#)+$0 3C 8)#-!3 9.07 γ̇ = 10−5/δt = 10−2
+0 γ̇ = 10−6/δt = 10−3

).! -3!(& I !.+$) $3  !"#$"$%#! 3$ 2! 0 #/ 37)## P!/ 0#(3  -7%!.3 ).! 20 3$(!.!( ,!.!Q

10−2 < Re =
ργ̇a2

η
< 10−1.

M,! +/1$2)# 3$7-#)+$0 %0J 3$R! $3 ℓx = ℓy = ℓz = w = 60δ& S!.!C δ = 1& T0- ()./

20 ($+$0 3 ).! 3-2, +,)+ +,! 5-$( 8!#02$+/ $3 $7103!( 0 +,! -11!. ;y = +w/2? ) (

#0*!. ;y = −w/2? *)##Q vx(x, y = ±w/2, z) = ±v0C *,$#! 1!.$0($2 %0- ()./ 20 ($+$0 3

).! )(01+!( $ +,! xz B ($.!2+$0 3&

M,! 3+0U!3 50* ).0- ( +,! 31,!.!3 $3 3-V2$! + +0 )80$( 1).+$2#! $ +!.B1! !+.)+$0 3&

S0*!8!.C )%08! φ = 35%C *! 7-3+ (!2.!)3! +,! +$7! 3+!1 δt $ 0.(!. +0 )80$( 3-2,

 -7!.$2)# ).+$9)2+3& A0+! +,)+ $ 0-. 3$7-#)+$0 3C *! ,)8!  0+ $ 2#-(!( +,! ($10#!B

($10#! )++.)2+$0 ;#$U! 7)" !+$2 $ +!.)2+$0 3 90. !J)71#!? 3$ 2! *! *0-#( #$U! +0 3+-(/

+,! !D!2+ 09 .0+)+$0 09 1).+$2#!3 0 +,! .,!0#0"/ 3!1).)+!#/ 9.07 +,! !D!2+3 09 2#-3+!.$ "&

W K"-.! G&N *! 3,0*Q )? +,! 8$3203$+/ K!#( 09 ) 3-31! 3$0 09 GO 31,!.$2)# 1).+$2#!3& %?

M,! $303-.9)2! 09 +,! 8$3203$+/ K!#(& M,! .)($-3 09 1).+$2#!3 $3 a = 3δC +,! 5-$(B1).+$2#!

$ +!.9)2! +,$2U !33 ξ = 0.5δC !D!2+$8! .)($-3 09 1).+$2#!3 R ≃ a + 2ξ = 4δC +,! 1).+$2#!

8$3203$+/ ηp = 100 ) ( +,! 30#8! + 8$3203$+/C ,!.! δ = 1 $3 +,! 7!3, 3$R!&



 !"! #$%&' ()% *% )+#&,-.(' #&/0$%   

!"#$%& '()*  ! "#$ %&'()'&*+ ,-)./$ )0 *#$ '1',$2'&)2 )0 34 ',#$-&( / , -*&(/$'5 6! "#$

7')'1-0 ($ )0 *#$ %&'()'&*+ .$/85
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 !"!# $%&'(&%)*+, +- )./ /0/')*1/ 1*2'+2*)3

 !" "#"$%&'" '&($)(&%* )+ %!" (,(-".(&). &( "'/0,/%"1 2* $/0$,0/%&.3 %!" %/.3".%&/0 +)4$"

-"4 ,.&% (,4+/$" "5"4%"1 2* %!" 6/00( ). %!" 7,&18

f±

x (t) = σ̄xy(y = ±w/2, t)ny 9:;<=>

6!&$! &( ."$"((/4* %) ?/&.%/&. / $).(%/.% '"0)$&%* ±v0 ). %!" ,--"4 9+> /.1 0)6"4

9−> 6/00(;  !" ,.&% '"$%)4 n &( .)4?/0 %) %!" 7,&1@6/00 &.%"4+/$"; σ̄xy 4"-4"(".%( %!"

/'"4/3" )+ σxy(±w/2) ). %!" 6!)0" (,4+/$" )+ %!" 7,&1 &. $).%/$% 6&%! %!" 6/00(;  !"

%&?" 1"-".1".% "#"$%&'" '&($)(&%* &( %!,(

ηeff (t) =
f+
x (t)− f−

x (t)

2̇γ
. 9:;<<>

A.&%&/00*B 6" (%/4% 6&%! / 4/.1)? 1&(%4&2,%&). )+ (-!"4"( -)(&%&).(; C+%"4 / %4/.(&".%

4"3&?"B %!" "#"$%&'" '&($)(&%* 4"/$!"( / -0/%"/, /.1 4"?/&.( (%/20" /+%"4 ("'"4/0 %!),D

(/.1( )+ %&?" (%"-( 9("" E3,4" :;F>; G* "0&?&./%&.3 %!" &.&%&/0 %4/.(&".% 4"3&?" /.1

/'"4/3&.3 %!" -0/%"/, '/0,"(B 6" E./00* )2%/&. %!" /'"4/3"1 "#"$%&'" '&($)(&%* η̄eff $/0D

$,0/%"1 +)4 / 3&'". &.&%&/0 $).E3,4/%&).; H. E3,4" :;F 6" -0)% %!" 4"0/%&'" "#"$%&'"

'&($)(&%* /( +,.$%&). )+ %!" (&?,0/%&). %&?" 6&%! (!"/4 4/%" γ̇ ≃ 0.0175;

 ! "#$%&'$

A. %!&( ("$%&).B 6" (!)6 ),4 .,?"4&$/0 4"(,0%( +)4 %!" ')4%"5 '&($)(&%* &. $)?-/4&().

%) )%!"4 -,20&(!"1 4"(,0%( /( 6"00 /( (!"/4 '&($)(&%* &. %!" /2(".$" )+ %)4I,";  !". 6"

-4"(".% ),4 4"(,0%( $).$"4.&.3 (!"/4 '&($)(&%* &. -4"(".$" )+ /. "5%"4./0 %)4I,"; C+%"4

%!/% 6" 1"4&'" / ("?&D"?-&4&$/0 +)4?,0/ +)4 %!" "#"$%&'" '&($)(&%* )+ %!" (,(-".(&).

'/0&1 ,- %) 40% $).$".%4/%&).;

 ! !# 4+5)/6 1*2'+2*)3

J".3  ! "#; KL<M !/'" $/0$,0/%"1 %!" $).%4&2,%&). )+ / %)4I," /--0&"1 ). (,(-".1"1

-/4%&$0"( &. / 7,&1 /% 4"(% %) %!" "#"$%&'" '&($)(&%* ηReff (φ) 9')4%"5 '&($)(&%*>; A. )41"4

%) $)?-/4" ),4 4"(,0%( 6&%! J".3  ! "#; /.1 N4)(-"4"%%&  ! "#; 6" /--0* %!" (/?" %)4I,"



 ! ! "#$%&'$  !
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"#$%&' ()*+  ! "#$ $%$&'()$ )(*&+*(',  * -./&'(+/ +- *(0.1 '(+/ '(0$2

L +/ $ &# 3 4'(&1$  /5 6,  )$4 7(/7 '#$  /7.1 4 )$1+&(', +- '#$ 3 4'(&1$* < ωz > 8 

) 1.$ '# ' 5$3$/5* +/ φ! 9$ & / $ *(1, +6' (/ '#$ )+4'$: )(*&+*(', 6, .*(/7 '#$ -+11+9(/7

4$1 '(+/ ;<=> ?@AB

L = 4ηReff (φ)

[
1

2
∇×V0− < ω >

]
, 8C2=D!

9#$4$

L =
NL

V
(* '#$ '+' 1 '+4E.$ 3$4 ./(' )+1.0$2 F+'$ '# ' '#(* $:34$**(+/ (*  /  !"#$"# &+/*'('.'()$

1 9 9#(&#  331($* '+ '#$ *.*3$/*(+/ ('*$1-2 G' (* 5(%$4$/' -4+0 '#$ =/5 H :I/ 1 9 8C2J!

9#(&#  331($* '+  *(/71$ *3#$4$ (/  K.(52 LE. '(+/ 8C2=D! *(031, *#+9* '# ' 5(%$4$/&$

6$'9$$/ '#$ 3 4'(&1$*  /7.1 4 )$1+&(',  /5 '#$ )+4'(&(', +- '#$ K.(5 (* 34+3+4'(+/ 1 '+

L2 "#$ &+$M&($/' +- 34+3+4'(+/ 1(', (* '#$ $%$&'()$ )+4'$: )(*&+*(',2 "#(* $:34$**(+/

+4(7(/ 11, (/'4+5.&$5 6, N+/5(%  /5 O #1$4 ;?@A # * 6$$/  !$%&'"#$"# )$4(P$5 6, H$/7

'&  (2 (/ '9+ 5(%$4$/' 7$+0$'4($*2 G/ +.4 & *$ 9$  331, '#$ * 0$ '+4E.$ L +/ $ &#

3 4'(&1$  1+/7 '#$ z− :(* 8L > 0!  /5 '#$ 3 4'(&1$* # )$  &1+&Q9(*$ 4+' '(+/2 "#$4$-+4$>
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 ! "#$%&

L = 2σR
xy. '()*+,

- ./# !0# 12 %  & $! "#&! 30#. .4 !4"52#  & $667 #% 'V0 = 0,8 3# 49!$ .:

ηReff =
σR
xy

2 < ωz >
. '()*(,

;#"#8 !0# /4.<=2"$! 4. '"4!$! .= 6$"! /7#&  . $ 12 % $! "#&!,  & $ 9 ! % >#"#.! ?"4@ !0#

4!0#" /4.<=2"$! 4. &!2% #%  . !0 & 6$6#" '"4!$! .= 6$"! /7#&  . $.  @64&#% &0#$" 143,)

A. !0# <"&! /$&#8 !0# B$72# 4? !0#  .%2/#% &0#$" "$!# γ̇ind %#6#.%& 4. φ) C0#"#?4"#8 !0#

/4""#&64.% .= B$72# 4? Θ %#6#.%& $7&4 4. φ) ;43#B#"8 9D 2& .= #52$! 4. '()E, 30 /0

047%& ?4" !0# % 72!# "#= @# 'φ ≪ 1,8 3# 49!$ .

σxy =
N

2V
8πηR3ωz '()*F,

C02&

ηReff
η

=
3

2
φ '()*G,

HI+J #52 B$7#.! !4 Θ = 1 ?4" $ % 72!# &2&6#.& 4. 4? .4.K"4!$! .= &60#" /$7 6$"! /7#&  . $.

 @64&#% &0#$" 143) L. <=2"# ()+8 3# /4@6$"# 42" "#&27!& !4 M#.=N& "#&27!& $.% !4 !0#

"#&27!& 49!$ .#% 6"#B 42&7D 9D O"4&6#"#!!  ! "#: .2@#" /$7 "#&27!& $.% !0# #@6 " /$7

7$3:

ηReff
η

= 1.5φ (1− φ)1.5−0.41φ
'()*P,

C0# $="##@#.!  &  .%##% B#"D =44%) A. 42" & @27$! 4.&8 !0# &$@# !4"52#  & $667 #% 4.

$77 !0# &60#" /$7 6$"! /7#&) Q& #R6#/!#%8 $! 743 φ8 !0# "#&27! 4? S"#..#" HI+J  & "#/4B#"#%)

T# /$. $7&4 /$7/27$!# !0# #>#/! B# B &/4& !D 30#. .4 !4"52#  & $667 #% 4. $ &0#$"#%

&2&6#.& 4. 'γ̇  @64&#% $.% L = 0, '$% % Θ = 0,8 !0 & B$7 %$!#& $7&4 42" @#$&2"# 4? φ) A.

!0# <"&! /$&#8 !0# #>#/! B# B &/4& !D 4? !0# &0#$"#% &2&6#.& 4. 9#0$B#& $& #52$! 4. ()+)

L. <=2"# ()(8 3# 0$B# 674!!#% 42" .2@#" /$7 "#&27!&8 #>#/! B# &0#$" B &/4& !D $& $

?2./! 4. 4? !0# B472@# ?"$/! 4. 30#. .4 !4"52#  & $667 #% '$% % Θ = 0,) U4@6$" &4.  &

@$%# 3 !0 #R6#" @#.!$7 %$!$ '266#" $.% 743#" 7 @ !& $"# = B#. 9D C04@$& HPIJ $& 3#77

$& 3 !0 !0# & @27$! 4. "#&27!& 4? 4!0#"&) HG*8 P*8 PV8 PI8 P+J ;#"# $7&4 3# 49!$ . $ B#"D

=44% $="##@#.!)



 ! ! "#$%&'$  !

0 0,05 0,1 0,15 0,2 0,25 0,3

φ

0

0,2

0,4

0,6

0,8

η
ef

f
R

(φ
)/

η
our results
Brenner
Feng et al. (Couette)

Feng et al. (Poiseuille)

Prosperetti et al.

Prosperetti et al. (Empirical)

"#$%&' ()*+  !"#$% &'()!('#* +( + ,-.)#'!. !, #/$ &!0-1$ ,"+)#'!.2

 ! !" #$%&' ()*+,*)-. )/ 0'%*%/+% ,1 &/ %2-%'/&3 -,'45%

3!45 4$ )!.)$.#"+#$ !. + (/$+"$6 (-(7$.('!. '. #/$ 7"$($.)$ !, + #!"8-$ !. $+)/ 7+"#')0$

9γ̇ 6= 0  !". Θ !"#$%& '(#)( *%+*%,%"$, -.* "%' *%,./$,0 1% %234#"% $(% )-4+%$#$#-"

5%$'%%" $(% $-*6.% %2%*$%7 -" %3)( +3*$#)/% 3"7 $(% ,(%3* *3$% #4+-,%7 58 $(% 9-'0

:(% $-*6.% )3" (%/+ $- #")*%3,% -* 7%)*%3,% $(% *-$3$#-" ;%/-)#$8 -< $(% +3*$#)/%, #"

)-4+3*#,-" $- $(% -"% =ωz = −γ̇/2& #4+-,%7 58 $(% ,(%3* *3$%0 :(#, (3, 5%%"

3/*%378 %234#"%7 <-* ;%*8 7%",% ,.,+%",#-", 58 >%- 3"7 ?32%8 @ABC '(%*% +%*#-7#)

3**3"D%4%"$, '%*% -5,%*;%7 <-* φ ≥ 48%0 E%*% '% %234#"% $(% *3"D% -< 0 < φ <

28%0 E-'%;%* '% ,(-' $(% *%,./$, -< >%- 3"7 ?32%8 -5$3#"%7 <-* φ = 40% =5%/-'

)-")%"$*3$#-" '(%*% 3**3"D%4%"$, 3*% -5,%*;%7& 3*% )-",#,$%"$ '#$( -.* *%,./$, -")%

+/-$$%7 3, 3 <.")$#-" -< Θ =$(%8 3*% +/-$$%7 3, 3 <.")$#-" -< 3 7#4%",#-"/%,, $-*6.% 58

>%- 3"7 ?32%8 @ABC&0

F" !D.*% G0H $(% *%/3$#;% %I%)$#;% ;#,)-,#$8 #, +/-$$%7 <-* $(*%% ;3/.%, -< Θ 3, 3

<.")$#-" -< φ0 J-/#7 /#"%, 3*% )3/)./3$%7 '#$( %6.3$#-" =G0KL&0 1(%" "- $-*6.% #,
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our numerical results
Krieger & Dougherty

Feng et al. (Poiseuille)

Feng at al. (Couette)

Gadala-Maria
Slerou & Brady

Ladd
Thomas low
Thomas high

"#$%&' ()(*  !"#$%&" '(")* &%'#+'%$, )' ) -./#$%+/ +- $(" &+0.1" -*)#$%+/ 2("/ /+ $+*3."

%' )440%"56

)440%"5 7Θ = 089 2" *"#+&"* $(" /+/:0%/")* 5"4"/5"/#" +- ∆η0eff 2"00 ;$$"5 <, "3.)$%+/

7=6>86 ?("/ 4)*$%#0" *+$)$%+/ %' '$+44"5 7Θ = 18 $(" "!"#$%&" &%'#+'%$, %' %/#*")'"5 2(%0"

%$ %' 5"#*")'"5 2("/ 4)*$%#0" *+$)$%+/ %' %/ $(" ')1" 5%*"#$%+/ $()/ $(" +/" %14+'"5 <,

$(" '(")* @+2 7Θ = −186 A$ φ = 28%9 2" '"" ) '1)00 5%!"*"/#" <"$2""/ B*%"C"* )/5

D+.C("*$,E' 0)2 )/5 +.* 5)$)6 F(%' %' 5." $+ ) '0%C($ 5"40"$%+/ +- 4)*$%#0"' #0+'" $+ $("

2)00' 2(%#( +##.* )$ (%C($ "/+.C( #+/#"/$*)$%+/ GH=I 2(%#( $"/5' $+ 5"#*")'" $(" '(")*

"!"#$%&" &%'#+'%$,6

A' 4*"5%#$"5 <, "3.)$%+/ 7=6HJ8 -+* 5%0.$" *"C%1"'9 40+$$%/C $(" *"0)$%&" "!"#$%&"

&%'#+'%$, ∆ηeff )' ) -./#$%+/ +- Θ C%&"' ) '"$ +- 0%/")* #.*&"' 2(%#( #*+'' $(" K"*+

&%'#+'%$, )L%' -+* $(" ')1" &)0." Θ ≈ −1.6 ± 0.1 #0+'" $+ Θ = −5/3 )/5 2%$( ) '0+4"

3/2φ 7;C.*" =6M86 N.$9 ∆ηeff %' '$%00 0%/")* -+* (%C("* &+0.1" -*)#$%+/' .4 $+ 28%9

-+00+2%/C $(" "14%*%#)0 0)2O

∆ηeff (φ,Θ) = ∆η0eff (φ)

(
1 +

3

5
Θ

)
7=6PJ8
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θ = 1
θ = 0
θ = −1

"#$%&' ()*+  !"#$%&! !'!($%&! &%)(*)%$+ #) # ,-.($%*. *, $/! &*"-0! ,1#($%*. φ ,*1 $/1!!
2%'!1!.$ &#"-!) *, Θ3

4/%(/ $!.2) $* !5-#$%*. 67389: 4/!. φ ≪ 1 )%.(! ∆η0eff $!.2) $* 5/2φ3 ;!1! $/! &#"-!

*, Θ %) #&!1#<!2 *. $/! N =#1$%("!)>

Θ =
< Ω >

γ̇/2
= 1 +

< ωz >

γ̇/2
, 673?@:

4/!1! < . > %) $/! #&!1#<! *. $/! )!$ *, =#1$%("!)3 A. B<-1! 73C 4! )/*4 1!"#$%&!

!'!($%&! &%)(*)%$+ #) # ,-.($%*. *, Θ ,*1 2%'!1!.$ &#"-!) *, $/! &*"-0! ,1#($%*.3 D*"%2

"%.!) #1! *E$#%.!2 4%$/ !5-#$%*. 673F9: 4/%(/ B$) 1!0#1G#E"+ 4!"" *-1 .-0!1%(#" 1!)-"$)3

H/! 2#$# =*%.$) *, I!* #.2 J#K!+ L8CM *E$#%.!2 ,*1 φ = 40% 4%$/ # $*$#""+ 2%'!1!.$

.-0!1%(#" 0!$/*2 #1! #")* &!1+ 4!"" B$$!2 4/!. 1!=1!)!.$!2 #) # ,-.($%*. *, Θ 6)!!

E!"*4:3 H/!1!,*1! #"" $/! (-1&!)N 4/#$!&!1 $/! &#"-! *, φ (*""#=)! *. *.! )%.<"! (-1&!

4/%"! ="*$$%.<

F (Θ) =
∆ηeff
∆η0eff

673?8:
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φ = 1.5%

φ = 3.1%

φ = 6.1%

φ = 12%

φ = 17.6%

φ = 22.8%

φ = 27.7%

Yeo & Maxey (φ = 40%)

"#$%&' ()*+  !"#$%&! !'!($%&! &%)(*)%$+ #) # ,-.($%*. *, Θ ,*/ 0%'!/!.$ &#"-!) *, $1! &*"-2!
,/#($%*.3

#) # ,-.($%*. *, Θ4

F (Θ) = 1 +
3

5
Θ. 563789

 #$%* F (Θ) *, $1! /!"#$%&! !'!($%&! &%)(*)%$%!) ∆ηeff #.0 ∆η0eff #) # ,-.($%*. *, Θ %)

)1*:. *. ;<-/! 63= ,*/ 0%'!/!.$ &#"-!) *, $1! &*"-2! ,/#($%*. φ3 > )%.<"! 2#)$!/ (-/&!
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-!-0O#/! *!/P.# (% +11$(#" 46 %&(  #/% !- *'# F.(" 9%#)*(!- @BQ;B I- %#)*(!- @B@5 &#

*+,# (-*! +))!.-* *'# #7#)* !2 F+E#$$+ !2  !"#$%&'$'(#) 46 )!-%("#/(-E %.%1#-%(!-%

!2 !4R#)*% )!-%(%*(-E !2 *'/## 4#+"% 9!-# )#-*/+$ 4(E 4#+" 92!/ *'# 4!"6; +-" *&! % +$$

%+*#$$(*# 4#+"% 92!/ F+E#$$+;;B C'# $+%*  !"#$ &'()' )!-8#/E# (- +-(%!*/!1() "(%*/(4.*(!-

!2 2!/)# "(1!$# (% 1/#%#-*#" (- %#)*(!- @BSB C'(%  !"#$ )+- 4# #J*#-"#" +$%! 2!/ *'#

1.%'#/ *61#  ()/!0%&(  #/ %.%1#-%(!-% 9%! # /#%.$*% +/# 1/#%#-* (- %#)*(!- @BSB=;B M#

 +,# )!-)$.%(!- (- %#)*(!- @BTB

 !" #$% &'()* %+ ,-./%0*$-,,)/*

U()/!0%&(  #/% )+- 4# )$+%%(H#" (- *&! 4/!+" )+*#E!/(#%K :1.$$#/%: +-" :1.%'#/%: +)0

)!/"(-E *! *'# 2!/)# *'#6 #J#/* !- *'# %.//!.-"(-E F.("B V.$$#/% 1.$$ *'# F.(" *!&+/"%

*'# &(*' *'#(/ F+E#$$+ +$!-E *'#(/  !8(-E +J(% +-" 1.%' *'# F.(" 1#/1#-"().$+/$6 9%##

HE./# @B= +;B V.%'#/% 1.%' *'# F.(" 4+), &(*' *'#(/ 1/!1#$$#/% +$!-E *'#(/  !8(-E +J(%

+-" 1.$$ *'# F.(" 1#/1#-"().$+/$6 9%## HE./# @B= 4;B V.$$#/% +/# +)*.+*#" 46 +-*#/(!/

F+E#$$+ +**+)'#" *! *'# :'#+": !2 *'# %&(  #/ &(*' /#%1#)* *! *'# "(/#)*(!- !2 (*% %*/!,#

+8#/+E#" %#$201/!1#$$#"  !*(!-B M'($# 1.%'#/% +/# +)*.+*#" 46 1!%*#/(!/ F+E#$$+ HJ#"

4#'(-" *'# 4!"6B

W(E./# @B= %'!&% *'# 8#$!)(*6 H#$"% +-" %*/#+ $(-#% (-".)#" 46 2!/)# "(1!$# !2 +



 ! !"#$%& '(  !"#$% &'" %( )$&*(!'% !+ (,-!.%/(  #- %)%0#'%(!'%

"#

F

-F

$#

F

-F

%&'()* +,-.  !"#$%&' (!")* +,) *&-!+."%,!* +& &/! .%))"! $-#**%,0 1"+,! #2 &3# 4,!54+"

6!+)* 3%&/ 2#-$! )%1#"! -!1-!*!,&%,07 +8 &/! 14""!- +,) 68 &/! 14*/!-9



 !"! #$% #&'() %* +,-.%/)$,++(.)  !

"#$%&' ()*+  !"#$%&'!(()#&* +%,-  !"#$%&'$'(#) *+,(!#-&.,,. "- /&"0)#!"0!+ "$1!. 2-

03(+4 &5)#(+6$7$+. )- ,+"!113& &3,6!1!&. 8- +#6!9"!+1 &'!(()#& :;<=. >- &"0)(+6!" 5!"63#)

$8 +4 +#6!9"!+1 (!"#$%&'!(()#&. 0- ?$1@$A (316!%")1131+# +1>+) +42 B- + "!1!+6)C



 ! !"#$%& '(  !"#$% &'" %( )$&*(!'% !+ (,-!.%/(  #- %)%0#'%(!'%

 !"#$% &' ()$$%* +* ,' () -%*. /-%  %$01(*+()$ !+" 2!*%34!+" ! !"2!3&4%2 ,5 ,*+6" &**+6 .

7&3-  6!88%* ! *%(*% %"4%2 ,5 46+ )"%9)&$ ,%&2 6!4- *&2!! R1 = 6δ :4-% ,+25' &"2

R2 = 2δ :4-% ;&#%$$&'< -%*% δ ! 4-% 8% -  !=%. /-% 2! 4&"3% ,%46%%" 4-% 3%"4%* +0

,%&2 ! 15δ. /6+ %9)&$ &"2 +((+ !4% 0+*3% F &*% &(($!%2 &4 4-% 3%"4%* +0 4-% ,%&2 .

>"% (*+4+45(% +0 ()$$%* 45(% 8!3*+1 6!88%* !  !"#$%&'$'(#) *+,(!#-&.,, :?@'<

& 10 µm 8+4!$% )"!3%$$)$&* &$#& : %% A#)*% B.C &1,'. D+ 4 +0 ,&34%*!&E 7 3-%*!3-!& 3+$!F

,&3!$$)  ),4!$! <  (%*8&4+=+& &"2 &*4!A3!&$  6!88%* GHIJ &*% %K&8($% +0 () -%* 45(%

8!3*+  6!88%* : %% A#)*% B.C 31#'.

L+4% 4-&4 %K! 4 +4-%*  6!88!"# 8!3*++*#&"! 8 < $!M% 4-% 3!$!&4% &"2 8)$4!13%$$)$&*

&$#&% N+$O+K 6-!3- 2+ "+4 ,%$+"# 4+ 4-+ % 46+ 3&4%#+*!% +0 8!3*+  6!88%* :A#)*% B.C

P10'.

 !"!# $%& '()*%+,- *./0(1 2%*-3145*-

Q4 4-%  8&$$  3&$% 6-%*% 8!3*+1 6!88%* $!O%< 4-% O! 3+) 0+*3% 2+8!"&4% +O%* !"%*1

4!&$ 0+*3% . Q & *% )$4 4-%*% &*%  +8% 3+" 4*&!" +" 4-% $+3+8+4!+" +0 8!3*+1 6!88%* .

/-+ % 3+" 4*&!" 6& 6%$$ %K($&!"%2 !" 4-% R)*3%$$S (&(%* TTU!0% &4 $+6 @%5"+$2 ")81

,%*SS $&4%* M"+6" & V/-%  3&$$+( 4-%+*%8V GWJ. /-%  3&$$+( 4-%+*%8 %K($&!" 4-&4 !"

O%*5 O! 3+) ;)!2 +* &4  8&$$  3&$% :&4 $+6 @%5"+$2 ")8,%*' $+3+8+4!+" 3&""+4 ,%

&3-!%O%2 ,5  %9)%"3% +0  -&(% 6-!3- ! *%3!(*+3&$ :4!8% *%O%* !,$%'. X" -! 2! 3)  !+"

R)*3%$$ !"O+M%2 4-% %K&8($% +0  3&$$+( 6-!3- ! &" !"%*4!&$  !8($%  6!88%*<  6!88!"#

,5  %9)%"3% +0 0& 4 +(%"!"# &"2  $+6 3$+ !"# !4  -%$$ .

X0 &  3&$$+(  6!8 !" & $+6 @%5"+$2 ")8,%* ;)!2< !4 6+)$2 "+4 &3-!%O% (*+()$ !+"

!" 4-% ;)!2 :,)4 +"$5 & ,&3M &"2 0+)*4- 8+4!+"'. Y!#)*% B.Z  -+6 &  3-%8&4!3

 %9)%"3% +0 & "+"1*%3!(*+3&$ 8+4!+" +0 ;&#%$$& 4-&4 & #*%%" &$#& ) % 4+  6!8 &4 &

$+6 @%5"+$2 ")8,%* G[\WJ. 7O%*5 !"2!O!2)&$ 8!3*+1 6!88%* &4 $+6 @%5"+$2 ")8,%*

"%%2 4+ 2%0+*8 !4 %$0 !" "+"1*%3!(*+3&$ 6&5 :"+4 !"O&*!&"4 )"2%* 4!8% *%O%* &$' 4+ &3-!%O%

& $+3+8+4!+". ]+6%O%*< !4 -& ,%%"  -+6" 4-&4 46+ &34!O% (&*4!3$% 4+#%4-%* 6-!3-

(%*0+*8 & *%3!(*+3&$ 8+4!+" 3&" ,*%&M 4-%  3&$$+( 4-%+*%8 &"2  6!8 3+$$%34!O%$5 G[\HJ.



 !"! #$$#%&'(# (')%*)'&+ *$,'%-*.)/',,#- )0)1#2)'*2)3 #41#-',#2&56 )&07+ !

"#$%&' ()*+  !"#$%&'! ('!&)*# +, -+-.*#!'(*+!%/ $+&'+- +, 0*##- %/0%12 3%0#//% 456789

 !" #$%&'()% )(*&+*(', +- .(&/+0*1(..%/ *2*3%4*(+4*5 %63%/(0

.%4'78 *'29,

:- &"'2 2#!&'+-; <# =*'#3> 2"+< +)* #?(#*'$#-&%/ *#2)/&2 !+-!#*-'-0 &"# *"#+/+0'!%/

(*+(#*&'#2 +, %!&'@#  !"#$%&'$'(#) 2)2(#-2'+- 4A89

B# $#%2)*#C &"# #D#!&'@# @'2!+2'&> +, 2)2(#-2'+-2 +, ()//#*.&>(# $'!*+.2<'$$#*

 !"#$%&'$'(#) *+,(!#*&-,,; % 10µm $+&'/# )-'!#//)/%* %/0%9 E"#> %*# 2("#*+'C%/ '-

2"%(# <'&" &<+ %-&#*'+* 3%0#//% F2## G0)*# H9I %.=J 456789 E"#'* =%!K.%-C.,+*&" $+@#.

$#-& (*+C)!#2 % L#*K> =*#%2& 2&*+K# <'&" % $#%- 2(##C +, 40µm/s '- % <%&#*./'K#

@'2!+)2 $#C')$ FG0)*# H9MJ9 N"#+/+0'!%/ $#%2)*#$#-&2 2"+< % !/#%* '-!*#%2# '- &"#

#D#!&'@# @'2!+2'&> !+$(%*#C &+ % C#%C !#// 2)2(#-2'+-9 O'0)*# H9P 2"+<2 &"# *#/%&'@#

@'2!+2'&> (ηeff − η)/η +, /'@# %-C C#%C !#// 2)2(#-2'+-2 %2 % ,)-!&'+- +, &"# @+/)$#

,*%!&'+-9 :- =+&" !%2#2; @'2!+2'&> '2 %- '-!*#%2'-0 ,)-!&'+- +, &"# @+/)$# ,*%!&'+- %2 '& '2

,+* (%22'@# =#%C29 E"# #D#!&'@# @'2!+2'&> +, 2<'$$'-0 !#// 2)2(#-2'+-2 '2 Q)%-&'&%&'@#/>

/%*0#* &"%- &"# @'2!+2'&> +, C#%C !#// 2)2(#-2'+-2 F)( &+ % ,%!&+* +, 2 ,+* % 15% @+/)$#

,*%!&'+-J9 R'2!+2'&> <%2 $#%2)*#C %& % 0'@#- 2"#%* *%&# +, 5 s−1
9

S 2"#%* &"'--'-0 =#"%@'+* <%2 %/2+ +=2#*@#C9 E"# #D#!&'@# @'2!+2'&> +, %!&'@# 2)2(#-.

2'+-2 C#!*#%2#2 <"#- '-!*#%2'-0 &"# 2"#%* *%&#9 O'0)*# H9T 2"+<2 &"# #D#!&'@# @'2!+2'&> +,

 !"#$%&'$'(#) 2)2(#-2'+-2 %2 % ,)-!&'+- +, &"# 2"#%* *%&#9 U%&% %*# 2"+<- ,+* C'D#*.

#-& @+/)$# ,*%!&'+-2 +, &"# 2)2(#-2'+- F)( &+ 25% !+-!#-&*%&'+-J9 E"# $#%2)*#$#-&2 %&

"'0" #-+)0" 2"#%* *%&# F%=+@# ∼ 20 HzJ 2"+< &"%& $'!*+.2<'$$#* 2)2(#-2'+-2 =#"%@#



 ! !"#$%& '(  !"#$% &'" %( )$&*(!'% !+ (,-!.%/(  #- %)%0#'%(!'%

"#$%&' ()*+  !"#$!" !%!$&'(! (')$*)'&+ *, -.!!/ 01-0! )#)2!/)'*/) 0) 0 ,#/$&'*/ *, (*1#3!

,.0$&'*/

0) 20))'(! 20.&'$1! )#)2!/)'*/4

5! 01)* *6)!.(!" &70& )8'33'/- $!11) 6!70(! "'%!.!/&1+9 &7!+ .!)')& &7! :*8 .*;

&0&'*/ ,*. 3*)& *, &7! &'3! 0/" !(!/&#011+ :'2 (!.+ .02'"1+4 <'-#.!) =4= 0> 0/" 6>

)7*8 2'$&#.! )!?#!/$!) !@&.0$&!" ,.*3 0 ,0)&;'30-! A13 ,*. 0 "!0" $!11 0/" 0 )8'33'/-

 !"#$%&'$'(#)B .!)2!$&'(!1+4 C'-7 ,.!?#!/$+ 0$?#')'&'*/ D500 Hz> 011*8) #) &* "!&!.;

3'/! 87!&7!. *. /*& 0/ 01-0 ') )8'33'/- 6+ 1**E'/- 0& &7! 6!0&'/- *, &7! :0-!1104 F'3!

6!&8!!/ 2'$&#.!) ') 20 ms4 G!11 "'03!&!. ') 06*#& 10 µm4 H "!0" $!11 '/ )7!0. :*8

!@2!.'!/$!) &#361'/- 0.*#/" x 0@') DA-#.!) =4= 0>B 87!.!0) :0-!110 *, )8'33'/- $!11)

6!0& 0& 06*#& 50 Hz4 C!.! Oz ') &7! "'.!$&'*/ *, *6)!.(0&'*/B yOz ') &7! )7!0. 210/!4

F'3! )!?#!/$!) *, $!11) )#6I!$&!" &* 0 10 s−1
)7!0. .0&! ') 50 Hz4 F7! )8'33'/- $!11

)2!/") 06*#& &8* &7'.") *, &7! 2!.'*" '/ &7! xOy 210/! 0/" :'2) "#.'/- */! &7'." *,

&7! 2!.'*" 87!.!0) &7! "!0" $!11 .*&0&!) 0& 0 $*/)&0/& (!1*$'&+ $1*)! &* γ̇/2 DA-#.!) =4=

6>4

J/ ,*11*8'/- )!$&'*/)B 8! !@21*.! "'%!.!/& 3*"!1) &* #/"!.)&0/" &7! 3!$70/')3 6!;



 !"! #$$#%&'(# (')%*)'&+ *$,'%-*.)/',,#- )0)1#2)'*2)3 #41#-',#2&56 )&07+  

!"#$%& '()*  !"#$%&" &%'#('%$) (*  !"#$%&'$'(#) '+',"-'%(-' .' . *+-#$%(- (* $/" '/".0

0.$"1

z

y

x

O

c)

!"#$%& '('* .2 3".4 .-4 52 6%&"  !"#$%&'$'(#) %- $/" '.7" '/".0 8(91 #2 :#/"7.$%#

&%"9 (* $/" 8(9 #"66 ;Oz %' $/" 4%0"#$%(- (* (5'"0&.$%(-21



 !! !"#$%& '(  !"#$% &'" %( )$&*(!'% !+ (,-!.%/(  #- %)%0#'%(!'%

 !"# $ %&' %(&')*'# + '"%,'"-.

 !" #$%&'( %)*(' +$,- ,-( .)/0( *$&)'(

/"!$!-0012 3' 4%"&!#') - &!,+0' ,%#'0 3 ')' - 0!*' &'056+)%+'00'# ,!4)%6-07- !& )'+0-4'# (1

- )!7!# &+ ')' 3!$ - 5%)4' #!+%0' 8&'' 97:)' ;.< -=. /5 $ ' #'"&!$1 %5 +-)$!40'& !& '>:-0

$% $ ' #'"&!$1 %5 ?:!#2 7)-*!$1 4-" (' "'70'4$'# -"# +-)$!40'& -)' 5%)4'65)''. @ '"

+-)$!40' ,%*'& !" - ?:!# $ ' +)%+:0&!*' 5%)4' ,:&$ (' '>:-0 $% $ ' *!&4%:& #)-7 %" $ '

(%#1. A 5%)4' 5)'' +-)$!40' 4-" 'B')$ %" $ ' ?:!# - 5%)4' #!+%0' 8%)  !7 ') ,:0$!+%0'&=.

CB-4$ &!,:0-$!%" %5  !"#$%&'$'(#) ,%*','"$ 4-" (' 'B$)','01 #!D4:0$2 &!"4' #:)!"7

$ '!) (-4E6-"#65%)$ ,%*','"$2 ?-7'00- #'5%), !" - 4%,+0'B "%"6)'4!+)%4-0 ,-""')

8&'' 97:)' ;.F=. G:$ ?-7'00- ('-$!"7 5)'>:'"41 !&  !7 '"%:7 8-(%:$ 50Hz= -"# $ '

5%)4' 'B')$'# (1  !"#$%&'$'(#) %" $ ' &:))%:"#!"7 ?:!# 4-" (' -++)%B!,-$'# (1 -

5%)4' #!+%0'2 3 !4 !& - $!,' -*')-7!"7 %5 $ ' !"&$-"$-"'%:& 5%)4' #!&$)!(:$!%" 'B')$'# (1

?-7'00- #:)!"7 %"' +')!%# %5 $ '!) &$)%E'. H" 97:)' ;.<2 3' & %3I -= &4 ',-$!4 #!-7)-,

%5 - 5%)4' #!+%0' :&'# !" $ !& &'4$!%"J (= $ ' *'0%4!$1 9'0# 'B')$'# (1 $ !& 5%)4' #!+%0'

-&&%4!-$'# 3!$ )!7!# (%#1 %" $ ' ?:!# -$ )'&$J 4= $ ' &$)'-,0!"'& 4-04:0-$'# :&!"7 %:)

":,')!4-0 *'0%4!$1 9'0# -"# #= 'B+')!,'"$-001 %($-!"'# &$)'-,0!"'& (1 K)'&4 ') '$ -0.

LMNOP. Q ' &+!)-0!"7 %5 &$)'-,0!"'& "'-) $ ' '00!+$!4 +%!"$& -)' ":,')!4-0 -)$!5-4$& 4-:&'#

(1 #!)'4$ !"$'7)-$!%" %5 $ ' #!&4)'$' *'0%4!$1 9'0#&.

Q% &$:#1 $ ' !"?:'"4' %5 $ ' &'056,%$!0!$1 %5 ,!4)%6&3!,,')& %" $ ' ) '%0%7!4-0

+)%+')$!'& %5 - ?:!#2 3' &!,:0-$' &:&+'"&!%"& %5 )!7!# &+ ')!4-0 +-)$!40'& 3!$ $ %&' 5%)4'

#!+%0'& 897:)' ;.R=. S:&+'"#'# ,%"%6#!&+')&' &+ ')'& 3!$ - )-#!:& R = 3δ2 8a = 2δ

-"# ξ = 0.5=2 -)' )-"#%,01 -"#  %,%7'"'%:&01 #!&$)!(:$'# !"!$!-001 3!$ %:$ -"1 %*')0-+

('$3''" $ ', !" $ ' &!,:0-$!%"& 4'00 3!$ #!,'"&!%"& ℓx = ℓy = ℓz = 60δ. T')' δ !&

$ ' ,'& &!U'. A )-"#%,01 -"# !&%$)%+!4-001 #!&$)!(:$'# 5%)4' #!+%0' %5 -,+0!$:#' F !&

-&&%4!-$'# 3!$ '-4 +-)$!40'. Q ' & '-) ?%3 3!$ $ ' *'0%4!$1 v(0, 0, γ̇x) -"# 9B'#

& '-) )-$' γ̇ !& !,+%&'# !" $ ' xOz +0-"' 3 !0' $ ' +')!%#!4 (%:"#-)1 4%"#!$!%"& -)'

:&'# !" y -"# z #!)'4$!%"& 897:)' ;.R=. V!7:)' ;.R & %3& $ ' #!-7%"-0 *!'3 %5 $ '

&!,:0-$!%" 4'00 3!$ 100 -4$!*' +-)$!40'&. Q ' -))%3& !"#!4-$' #!)'4$!%" %5 $ ' 5%)4'&

-++0!'# %" $ ' )!7!# (%#1 3 !4 !& -0&% $ ' #!)'4$!%" %5 &'05 0%4%,%$!%". Q ' 4%:"$')

5%)4'& -++0!'# %" $ ' ?:!# -)' "%$ & %3" 5%) &!,+0!4!$1. Q ' V0:!# W-)$!40' K1"-,!4&



 !"! #$%&'( %)*(' +$,- ,-( .)/0( *$&)'(  ! 

 !

2F

-F -F-F

"!

#! $!

"#$%&' ()*+  ! %&' (#&') *+# $+ ,- ) ./ *&' /.-#' $+0.1' 2('$ +3 *&+( ).$'14 "! %&'

5'1.#+*6 7'1$4 #! 82)'-+# 116 ."* +3'$ (*-' )1+3'(  3$ $! (*-' )1+3'( ."* +3'$ '90'-+:

)'3* 116 "6 ;-'(#&'- '*  14 <=>?@4



 !" !"#$%& '(  !"#$% &'" %( )$&*(!'% !+ (,-!.%/(  #- %)%0#'%(!'%

#$%&'( )*+,  !"#$ %& 100  !"#$% & '"#!(%) #* "+% )#,-( "#.* !%((/

0!.*)#1%'%1 #* !+ &"%' 23 #) -)%1 ". )#,-( "% "+% 14* ,#!) .5 "+%)%  !"#$% & '"#!(%)/

6% )#,-( "% 1#7%'%*" *-,8%') .5 )-)&%*1%1 & '"#!(%) -& ". 20% !.*!%*"' "#.*  *1

! (!-( "% "+% %7%!"#$% $#)!.)#"4 .5 )-)&%*)#.*) -)#*9 "+% $%(.!#"4 :%(1 0)%% %;- "#.*

5.22 #* &'%$#.-) !+ &"%'3/ <+% '%)-(") .5 .-' )#,-( "#.*) !.,& '%1 ". "+% %7%!"#$%

$#)!.)#"4 .5 '#9#1 )&+%'#! ( & '"#!(% )-)&%*)#.*)  '% )+.= .* :9-'% >/?/ @-(( '%1 !#'!(%)

 '% *-,%'#! ( '%)-(") 5.'  !"#$% & '"#!(% )-)&%*)#.*)/ A%1 (#*% #) B-)"  9-#1% 5.' "+%

%4%)/ @-(( 9'%%* );- '%)  '% "+% %7%!"#$% $#)!.)#"4 5.' "+% ) ,% )-)&%*)#.*) =#"+.-"

"+% 5.'!% 1#&.(% 0F = 03/ <+% 9'%%* ).(#1 (#*% #) C'%#9%' D E.-9+%'"4F) )%,#G%,&#'#! (

( = HIJK/ E.""%1 (#*% #) L#*)"%#*F) %7%!"#$% $#)!.)#"4 HIMK  *1 1 )+%1 (#*% '%&'%)%*") "+%

%7%!"#$% $#)!.)#"4 =#"+ "+% )%!.*1 .'1%' "%', .5 $.(-,% 5' !"#.* HI?K/ <+% 5.'!% 1#&.(%

-)%1 #* "+#) ,.1%( &'.1-!%) ,."#(#"4 .5 & '"#!(%) #* "+% N-#1 =#"+ "+% $%(.!#"4 .5  8.-"

v ≃ 3.3 × 10−5δ/dt 5.' F = 5O =+%'% dt #) "+% #"%' "#.* "#,% )"%&O δ #) "+% ,%)+ )#P%

 *1 F #) "+%  ,&(#"-1% .5 "+% 5.'!%  &&(#%1 .* "+% & '"#!(%)  *1 N-#1 0)%% :9-'% >/I  3/

<+% )-)&%*)#.*) .5  !"#$% & '"#!(%) '%$% (  8 ((#)"#! '%9#,% 0Q% * );- '% 1#)&( !%,%*"

0QRE3 &'.&.'"#.* ( .5 t2O +%'% t #) "+% "#,%3  " ), (( "#,% )! (%  *1  1#7-)#$% '%9#,%



 !"! #$%&'( )*+$,+(- .$-(,  !"
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 !"#$ %!&'&#!( )'%& * ++ ,-.%+ /012 '30 45 6+ )"'7+ '( !89+7& #(&! &:+  :+'% ;!6 #& 6#""

+<)+%#+(7+= &:+ +<&+( #!( #( &:+ $#%+7&#!( 6:#7: # '& 45◦ 5%!> &:+ ;!6 $#%+7&#!( *#( &:+

 :+'% )"'(+3? &:+ 7!>)%+  #!( '"!(- )+%)+($#7."'% $#%+7&#!( &! &:+ +<&+( #!( $#%+7&#!(

'($ &:+ %!&'&#!(0 @:+%+5!%+? !89+7& 6#&: ' %!$A"#B+  :')+ 6#"" !%#+(& )%+5+%+(&#'""C '"!(-

&:+ +<&+( #!( $#%+7&#!( #( &:+  :+'% ;!60 @:+  !"#$%&'$'(#) *+,(!#-&.,, '%+ '">! &

 ):+%#7'" 7+"" *,-.%+ /01 'A83? &:+%+5!%+ &:+C 6!."$ (!& :'D+ ' )%+5+%%+$ !%#+(&'&#!(

#( &:+  :+'% ;!60 E!6+D+%?  !"#$%&'$'(#) :' ' )'#% !5 ;'-+""' 6:#7: '%+ '8!.&

10 − 12 µm #( "+(-&: '($ 0.5µm #( $#'>+&+% F1GHI0  !"#$%&'$'(#) >!D+ &:%!.-:

&:+ ;.#$ . #(- %')#$ *'8!.& 50Hz3  &%!B+ !5 &:+ + ,8+%A"#B+ ;'-+""'0

J.% >!$+" )%+ +(&+$ #( &:#  +7&#!( # 8' +$ !( '( '  .>)&#!(= '  !"#$%&'$'(#)?

' ' ).""+% &C)+ >#7%!A 6#>>+% #( '  :+'% ;!6? 7'( !)+%'&+ 6#&: #& ;'-+""' 6:+(

;'-+""' '%+ !%#+(&+$ '"!(- &:+ +<&+( #!( $#%+7&#!( %'&:+% &:'( '"!(- &:+ 7!>)%+  #!(

$#%+7&#!(0 E+%+ ϕ # &:+ '(-"+ 8+&6++( &:+ D+7&!% 6:#7: 7!((+7& 8!$C 7+(&+% &! &:+

5' &+(#(- )!#(& '($ :!%#K!(&'" '<# *z !( ,-.%+ /012 '30 J( ,-.%+ /012 83 #& #  :!6(

&:+ 5!.%  #&.'&#!( !5  !"#$%&'$'(#) #( '  :+'% ;!6 . +$ #( &:# >!$+"0 *43 L:+( &:+

5' &+(#(- )!#(& *&:+ )!#(& 6:+%+ ;'-+""' '%+ 8#($ &! &:+ 8!$C3 # #( &:+ ,% & M.'%&+%

*0 ≤ ϕ ≤ π/23 &:+ +<&+( #!( 5!%7+ #>)! +$ 8C &:+  :+'% ;!6 !( ;'-+""' :+") &!

!)+( &:+> '($  !"#$%&'$'(#) +N!%& # +O7#+(& 5!% "!7!>!&#!(0 *443 4( &:+  +7!($

M.'%&+% *3/2π < ϕ < 2π3 &:+ 7!>)%+  #!( 5!%7+ ). :+ ;'-+""' 7"! + &! &:+ 7+"" 8!$C?

&:+%+5!%+  !"#$%&'$'(#) (++$ >!%+ +N!%& &! !)+( ;'-+""'0 *4443 4( &:+ &:#%$ M.'%&+%

*π ≤ ϕ ≤ 3/2π3 &:+ +<&+( #!( 5!%7+ # '7&#(- !(  !"#$%&'$'(#) '-'#( '($  #&.'&#!( # 

 #>#"'% &! &:+  #&.'&#!( #( &:+ ,% & M.'%&+%0 *4P3 4( &:+ 5!.%&: M.'%&+% *π/2 < ϕ < π3

 #&.'&#!( #  #>#"'% &! &:+  #&.'&#!( #( &:+  +7!($ M.'%&+%0

Q' +$ !( &:! + )'%&#7."'% 5+'&.%+ !5 &:+  !"#$%&'$'(#)  6#>>#(-? 6+ 7!(7".$+

&:'& !( 'D+%'-+ &:+ '>)"#&.$+ !5 &:+ 5!%7+ $#)!"+ +<+%&+$ 8C  !"#$%&'$'(#) !( &:+

;.#$ # 8#--+% 6:+( ;'-+""' '%+ $#%+7&+$ '"!(- &:+ +<&+( #!( $#%+7&#!( &:'( 6:+( ;'-+""'

'%+ $#%+7&+$ '"!(- &:+ 7!>)%+  #!( $#%+7&#!(0 4( !.%  #>."'&#!( 5!%  #>)"#7#&C? 6+

7:!! + (!(K+%! '>)"#&.$+ *JR3 !5 &:+ 5!%7+ $#)!"+ #( &:+ +<&+( #!( $#%+7&#!( *4 '($

444  #&.'&#!( !( ,-.%+ /012 83 '($ K+%! '>)"#&.$+ *JSS3 !5 &:+ 5!%7+ $#)!"+ #( &:+

7!>)%+  #!( $#%+7&#!( *44 '($ 4P  #&.'&#!( !( ,-.%+ /012 830 4( &:+ 8+-#((#(- !5

 #>."'&#!( ? !%#+(&'&#!( !5 &:+ 5!%7+ $#)!"+ '%+ %'($!>"C '($ # !&%!)#7'""C $# &%#8.&+$

#( &:+  :+'% )"'(+0 @:+ )'%&#7"+ '%+  .8>#&&+$ &! &:+  :+'% ;!6 6:#7: %!&'&+ &:+>
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Numerical results
swimming cells (experimental)

dead cells (experimental)
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"#$%&' () (*  !" #"$%&"$ "'"&()*" *)+&,+)(- ,. /&()*" +%+0"1+),1 2)(! /1)+,(#,0)& $)+(#)3

4%(),1 ,. .,#&" $)0,5"+ *"#+%+ *,5%6" .#/&(),17

&5,&82)+" 2)(! (!" /19%5/# *"5,&)(- ωy = −γ̇/2: 2!"#" γ̇ )+ (!" +!"/# #/("7  !" ./+("1)19

0,)1( #,(/("+ 2)(! 0/#()&5" 4%( .,#&" $)0,5" )+ /005)"$ ,1 0/#()&5" ,15- )1 ;#+( <=> /1$

(!)#$ <===> ?%/#("# /1$ $)#"&(),1 ,. .,#&" )+ 0/#/55"5 (, (!" "@("1+),1 $)#"&(),1 <45◦ .#,6

(!" A,2 $)#"&(),1 )1 (!" ;#+( <=> ?%/#("# /1$ 135◦ .#,6 (!" A,2 $)#"&(),1 )1 (!" (!)#$

<===> ?%/#("#>7  !"#".,#": 2!"1 (!" ./+("1)19 0,)1( )+ /00#,/&!)19 (, (!" !,#)B,1(/5 /@)+

<ϕ → 0> )1 (!" ;#+( ?%/#("# /1$ <ϕ → π> )1 (!" (!)#$ ?%/#("# (!" .,#&" $)0,5" #"$%&"+ )(+

#,(/(),17 C)9%#" D7EF &> +!,2+ (!" ,#)"1(/(),1 /195" ,. (!" ./+("1)19 0,)1( <$"&,60,+"

)1(, (!" G−π/2H π/2I )1("#*/5> /+ / .%1&(),1 ,. )(+ #,(/(),1 0"#),$ T 7 J+ 2" &/1 +""

,1 ;9%#" D7EF +2)66"# +0"1$+ 4)99"# ()6" </4,%( 83% ,. )(+ 0"#),$> )1 (!" $)#"&(),1

,. "@("1+),1 <<=> /1$ <===> (!/1 )1 (!" &,60#"++),1 $)#"&(),1 <==> /1$ <=K>: 2!"#" )(

#,(/("+ .#""5- 2)(! /19%5/# *"5,&)(- ωy = −γ̇/27 L,: ). 2" 5,,8 /( (!" +%+0"1+),1 /.("#

+,6" ()6" .#,6 (!" 4"9)11)19 ,. +)6%5/(),1+: 2" 2)55 ;1$ /1 /1)+,(#,0)& $)+(#)4%(),1

<+"" ;9%#" D7EM>7 N,+( 0/#()&5"+ 2)55 4" ,#)"1("$ /5,19 "@("1+),1 $)#"&(),17 C)9%#" D7EM

/> +!,2+ / *)"2 ,. 100 /&()*" 0/#()&5"+ )1 (!" +)6%5/(),1 4,@ /.("# 5,19 "1,%9! ()6"
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/#.&(),0+3

/#,2 (!" 4"5)00)05 ,/ +)2%1.(),0 6(!" 0%24"# ,/ )("#.(),0+ )+ .4,%( 5 × 1057 .0$ 48

"79 n(ϕ) 0%24"# ,/ :.#()&1"+ !.*)05 (!" ,#)"0(.(),0 .051" )0 (!" [ϕ; ϕ + 10◦] )0("#*.1;

0,#2.1)<"$ 4- (!" (,(.1 0%24"# ,/ :.#()&1"+ N .+ . /%0&(),0 ,/ ϕ /,# /,%# $)'"#"0(

*.1%"+ ,/ N 3  !" +)2)1.# #"+%1( =.+ /,%0$ 4- >.)0()11.0 ?@ABC; D.)0"+ "( .13 ?@AEC /,#

4.&("#).1 +%+:"0+),0; =!"#" (!"- :#"$)&( .0 .0)+,(#,:)& $)+(#)4%(),0 .0$ $"&#".+" ,/ (!"

"'"&()*" *)+&,+)(- )0 :%+!"# (-:" 4.&("#).1 +%+:"0+),0+3  !" 2.)0 $)'"#"0&" 4"(=""0

(!")# 2,$"1+ .0$ ,%# 2,$"1 )+ (!.(; =" $".1 =)(! +:!"#)&.1 ,4F"&(+ .0$ .1)502"0( ,/

:.#()&1"+ )+ . #"+%1( ,/ (!")# +=)22)05 /".(%#"+ )0 +!".# G,= .0$ 0,( (!")# +!.:" ,#

. !-$#,$-0.2)& )0("#.&(),0 4"(=""0 :.#()&1"+3 H0 (!)+ 2,$"1 . &,11"&()*" "'"&( )+ 0,(

0"&"++.#- (, ,4(.)0 .1)502"0( ,/ :.#()&1"+ )0 (!" +!".# G,= .0$ )( =,#I+ /,# . +)051"

:.#()&1" .+ ="11 6.1(!,%5!; !-$#,$-0.2)& )0("#.&(),0 4"(=""0 :.#()&1"+ )+ /%11- )0&1%$"$

)0 ,%# +)2%1.(),0+ %+)05 JKL 2"(!,$73 M(!"# $"(.)1+ ,/ (!" +)2%1.(),0+ .#" +)2)1.# (,
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 !"#$ %&'() "*# +,#&#(" -.$# /., $'0#,#(" φ. 1*# (%-#,'2! ,#&% "& /., !2"'3# &4'--#,

&%&+#(&'.(& 5,#$ /%  2',2 #& 4'"*  '(#6 !,# 2.-+!,#$ ". "*# #7+#,'-#("! -#!&%,#-#("&

5-!)#("! 2',2 #& 4'"* #,,., 8!,& /., &4'--'() 2#  & !($ ),##( &9%!,#& 4'"* #,,., 8!,&

/., $#!$ 2#  &6: 1*# -.$# ! &. &*.4& ! &*#!, "*'(('() 8#*!3'., ./ !2"'3# +!,"'2 #& &%&;

+#(&'.(: <($##$= /., ! >7#$ /.,2# $'+. #= '/ "*# &*#!, ,!"# '& '(2,#!&#$= +!,"'2 #& &+#($

 #&& "'-# '( 5<6 !($ 5<<<6 9%!,"#,& 5>)%,# ?:@A 86 4*#,# "*# /.,2# $'+. # '& !++ '#$ !($

8#*!3# !& +!&&'3# +!,"'2 #&: B')%,# ?:@C &*.4& &'-% !"#$ ,#$%2#$ #0#2"'3# 3'&2.&'"D !&

! /%(2"'.( ./ γ̇ /., $'0#,#(" 3. %-# /,!2"'.(&: E%-#,'2! +.'("& !,# >""#$ 8D ! +.4#,

&#,'#&:

1*# +,#&#(" -.$# 54*'2* '& /.,2# /,## !($ ".,9%# /,##6 &%22#&&/%  D #7+ !'(& .%,

#7+#,'-#("! .8&#,3!"'.(&F "*# '(2,#!&# ./ "*# #0#2"'3# 3'&2.&'"D '( &4'--'() 2#  &%&;

+#(&'.(&G "*# &*#!, "*'(('() #0#2" !($ "*# ,#&'&"!(2# ./ !(  '3# &4'--#, ". "*# &*#!,

'-+.&#$ "%-8 '() 5&## &#2"'.( ?:H6: I.4#3#,= !$$'"'.(! #7+#,'-#("& !,# (##$#$ ".

&"%$D '($'3'$%! ., 2.  #2"'3# $D(!-'2& ./  '3#  !"#$%&'$'(#) %($#, ! &*#!, J.4 !($

#&+#2'!  D ". !(! DK# "*# #0#2" ./ ! &*#!, J.4 .( "*# J!)#  ! :

 !"!# $%& &'&()*+& +*,(-,*). -/ 01,%&2 ).0& ,3*44&2, ,1,0&5,*-5,

L# %&# "*'& -.$# 4*'2* 2.(3#,)#& '( !('&.",.+'2 $'&",'8%"'.( ./ /.,2# $'+. #& /., !

+%&*#, "D+# &4'--#,& &%&+#(&'.(: B., "*'& +%,+.&#= 4# &'-+ D J'+ "*# &')( ./ "*#

/.,2# $'+. #&: 1*# +!,"'2 # &"'  &+#($&  .()#, "'-# '( "*# #7"#(&'.( $',#2"'.( "*!(

'( 2.-+,#&&'.( $',#2"'.(= 8#2!%&# 4*#( "*# /!&"#('() +.'(" +!&&#& ". "*# 3#,"'2! !7'&

5ϕ = π/26 '( "*# >,&" 9%!,"#, !($ 5ϕ = 3/2π6 '( "*# "*',$ 9%!,"#, "*# /.,2# $'+. #

#7#,"& ! ".,9%# .( "*# 8.$D !($ ,#$%2#& '"& ,."!"'.(: 1*# -.$# /., +%&*#, "D+#

&4'--#,& $.#& (." 2.,,#&+.($& #7+ '2'" D ". !(D &+#2'>2 &4'--#,&= 8%" 4# 2! 2% !"#

"*# #0#2"'3# 3'&2.&'"D %&'() "*'& -.$# !($ /.%($ ! $#2,#!&# ./ "*# #0#2"'3# 3'&2.&'"D

5#3#(  #&& "*!( "*# &. 3#(" 3'&2.&'"D6: 1*# ,#&% "& !,# '( 9%! '"!"'3# !),##-#(" 4'"*

#7+#,'-#("! -#!&%,#-#("& ./ "*# #0#2"'3# 3'&2.&'"D ./ "*# 8!2"#,'! &%&+#(&'.( M@NO:

B')%,# ?:@P &*.4& .%, (%-#,'2! ,#&% "& 2.(2#,('() "*# ,#$%2#$ #0#2"'3# 3'&2.&'"D !&

! /%(2"'.( ./ φ 2! 2% !"#$ /., ! +%&*#, "D+# &4'--#, &%&+#(&'.( 5/%  ,#$ 2',2 #&6:

1*# &. '$ ,#$  '(# +,#&#("& "*# +!,!8. '2 >""'() ./ "*# &'-% !"'.(& ,#&% "&: 1*# ,#&% "&

/., +%&*#, "D+# &4'--#, &%&+#(&'.(& !,# 2.-+!,#$ 4'"* Q,#')#, R S.%)*#,"DT&  !4

5$!&*#$ -!)#("!  '(#6 /., +!&&'3# &%&+#(&'.(& MCPO: 1*# .8"!'(#$ ,#&% " '& ,#-'('&2#("
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 !"#$% &'()*  !" #"$%&"$ "'"&()*" *)+&,+)(- ,. / 0%+!"# (-0" +1)22"#+ +%+0"3+),3 1)(!

/3)+,(#,0)& $)+(#)4%(),3 ,. .,#&" $)0,5"+ *"#+%+ *,5%2" .#/&(),36

(, ηeff (φ) ,. 7,8,5,* /3$ 9#/3+,3 ":0"#)2"3(/5 #"+%5(+ ;<=>6

 !" #$%&'()*$%

?3 (!)+ &!/0("#@ 1" $"*"5,0"$ $)'"#"3( 2,$"5+ (, 3%2"#)&/55- +(%$- (!" #!",5,A- ,.

2)&#,B+1)22"# +%+0"3+),3+6 C/2"5-@ (!" "'"&()*" *)+&,+)(- ,.  !"#$%&'$'(#) +%+0"3B

+),36 D" 4"A)3 1)(! / A"3"#/5 #"*)"1 ,. 2)&#,B+1)22"#+ )3 +"&(),3 E6F /3$ $)+&%++"$ (!"

5,1 G"-3,5$+ 3%24"# &,3+(#/)3+ .,#2%5/("$ )3 (!" +&/55,0 (!",#"2 H+%4+"&(),3 E6I6<J6

?3 +"&(),3 E6K@ 1" 4#)"L- 0#"+"3( +,2" #"+%5(+ ,. ,%# ":0"#)2"3(+ ,3  !"#$%&'$'(#)

+%+0"3+),3+@ 3/2"5-@ (!" "'"&()*" *)+&,+)(- ,. +1)22)3A /3$ $"/$ &"55+ .,# $)'"#"3(

*,5%2" .#/&(),3 /3$ +!"/# #/("+@ 1" /5+, 0)&(%#" +"M%"3&"+ ,. +1)22)3A &"55+ /3$ $"/$

&"55+ )3 (!" +!"/# L,16 ?3 (!" 3":( +"&(),3 HE6KJ@ 1" 0#"+"3( 2,$"5+ /3$ (!" #"+%5(+ ,.

3%2"#)&/5 +)2%5/(),3+@ 1!"#" 2)&#,B+1)22"#+ 1/+ +)2%5/("$ 4- +0!"#)&/5 4,$- 1)(! /3

)+,(#,0)&/55- $)+(#)4%("$ .,#&" $)0,5"+6  !" 2,$"5 +!,1+ 3, 3,()&"/45" &,3(#)4%(),3 ,.
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 !"#$#"% &' ()#**+,( &- ".+ ,.+&/&0#! / 1,&1+,"#+( &' ".+ (2(1+-(#&-3 4.+-5 )+ '&,!+6

1 ,"#!/+( "& ,+62!+ ".+#, (.+ , #*1&(+6 ,&" "#&- 7%  11/%#-0  - +8"+,- / "&,92+  -6

'&2-6  92 -"#" "#$+  0,++*+-" )#". ".+ +81+,#*+-" //% *+ (2,+6 ,.+&/&0#! / 1,&1+,:

"#+( &'  !"#$%&'$'(#) (2(1+-(#&-( ;(+!"#&- <3=>3 ?- -+8" (+!"#&- ;<3<>5 )+ !&-(#6+,+6

".+ +@+!"( &' A 0+// 7% *&6+/#-0 ".+  !"#$%&'$'(#) )#". ".,++ 7+ 6(  -6 '&2-6 0&&6

 0,++*+-" )#". ".+ +81+,#*+-" / *+ (2,+*+-"(3 B&)+$+,5 ".+ *&6+/ 6#6 -&" 1,&62!+

 (+/':*&"#/#"% &' 1 ,"#!/+(3 C#- //%5 #- (+!"#&- <3D 7% " E#-0 #-"&  !!&2-" ".+ ()#**#-0

'+ "2,+( &'  !"#$%&'$'(#) #- ".+ (.+ , A&)5 )+ 1,&1&(+6  *&6+/ ).#!. !&-$+,0+(

"&  -#(&",&1#! 6#(",#72"#&- &' '&,!+ 6#1&/+  -6 #-!&,1&, "+(  // +81+,#*+-" //% &7(+,$+6

1.+-&*+- F #-!,+ (+ &' ".+ +@+!"#$+ $#(!&(#"% #-  !"#$+  !"#$%&'$'(#) (2(1+-(#&-(G

".+ (.+ , ".#--#-0 7+. $#&,  -6 ,+(#(" -!+ &' ()#**#-0 !+//( "& ".+ "2*7/#-0 *&"#&-

#*1&(+6 7% ".+ (.+ , A&)3 H+  11/#+6 ".+ *&6+/  /(& &-  12(.+, "%1+ ()#**+,( (2(:

1+-(#&-(  -6 '&2-6  6+!,+ (+ &' ".+ +@+!"#$+ $#(!&(#"% ).#!. #( #- 92 /#" "#$+  0,++*+-"

)#". +81+,#*+-" / &7(+,$ "#&-( IJKL3

?- ".#( !. 1"+, (+$+, / *&6+/( . $+ 7++- #-$+("#0 "+6 ).#!. " E+( #-"&  !!&2-" ".+
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