N

N
N

HAL

open science

Scaling Limit of Arbitrary Genus Random Maps

Jérémie Bettinelli

» To cite this version:

Jérémie Bettinelli. Scaling Limit of Arbitrary Genus Random Maps. General Mathematics [math.GM].

Université Paris Sud - Paris XI, 2011. English. NNT: 2011PA112213 . tel-00638065v2

HAL Id: tel-00638065
https://theses.hal.science/tel-00638065v2

Submitted on 1 Dec 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00638065v2
https://hal.archives-ouvertes.fr

Faculté des 4=

-AEn
SCiences e
g PARIS-SUD 11 : g
dOrsay <

THESE

présentée pour obtenir

LE GRADE DE DOCTEUR EN SCIENCES
DE L'UNIVERSITE PARIS-SUD 11

Spécialité : Mathématiques
par

Jérémie BETTINELLI

RN
Limite d’échelle de cartes aléatoires en genre quelconque
Aod
Directeur de thése M. Grégory MIERMONT
Rapporteurs M. Omer ANGEL

M. Jean-Frangois MARCKERT

soutenue le 26 octobre 2011 devant la commission d’examen :

M. Jérémie BOUTTIER Examinateur

M. Jean-Francois LE GALL Examinateur

M. Jean-Frangois MARCKERT Rapporteur

M. Grégory MIERMONT Directeur de these
M. Gilles SCHAEFFER Examinateur

M. Marc YOR Examinateur



Jérémie BETTINELLI
jeremie.bettinelli@normalesup.org

www.normalesup.org/~bettinel

‘ //‘)/)/z/ Thése préparée au
Département de Mathématiques d’Orsay

. . - Laboratoire de Mathématiques (UMR 8628), Bat. 425

MATH EMATIQRSES Université Paris-Sud XI
\% F-91 405 Orsay CEDEX


mailto:jeremie.bettinelli@normalesup.org
http://www.normalesup.org/~bettinel

A l'échelle d'une carte, le monde est un jeu d’enfant.

Laurent GRAFF, dans Voyage, voyages.
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Limite d’échelle de cartes aléatoires en genre quelconque

oD

Dans un premier temps, nous regardons les quadrangulations biparties de genre g > 1 fixé et,
dans un second temps, les quadrangulations planaires a bord dont la longueur du bord est de
I'ordre de la racine carrée du nombre de faces. Nous voyons ces objets comme des espaces métriques,
en munissant leurs ensembles de sommets de la distance de graphe, convenablement renormalisée.
Nous montrons qu’une carte prise uniformément parmi les cartes ayant n faces dans 1'une de ces
deux classes tend en loi, au moins a extraction pres, vers un espace métrique limite aléatoire lorsque n
tend vers l'infini. Cette convergence s’entend au sens de la topologie de Gromov-Hausdorff. On dis-
pose de plus des informations suivantes sur 1'espace limite que 'on obtient. Dans le premier cas, c’est
presque stirement un espace de dimension de Hausdorff 4 homéomorphe a la surface de genre g. Dans
le second cas, c’est presque stirement un espace de dimension 4 avec une frontieére de dimension 2, ho-
méomorphe au disque unité de R?. Nous montrons en outre que, dans le second cas, si la longueur
du bord est un petit o de la racine carrée du nombre de faces, on obtient la méme limite que pour les
quadrangulations sans bord, c’est-a-dire la carte brownienne, et I'extraction n’est plus requise.

ﬁ U COURS DE CE TRAVAIL, nous nous intéressons aux limites d’échelle de deux classes de cartes.

Mots-clefs : cartes aléatoires, arbres aléatoires, limite d’échelle, processus conditionnés, convergence
réguliére, topologie de Gromov, dimension de Hausdorff, arbre continu brownien, espaces métriques
aléatoires.

Classification AMS : 60F17, 60D05, 57N05, 60C05.

(O£ C)

Scaling Limit of Arbitrary Genus Random Maps

[QCI0C]

address bipartite quadrangulations of fixed genus g > 1, and, in a second time, planar quadran-

gulations with a boundary whose length is of order the square root of the number of faces. We
view these objects as metric spaces by endowing their sets of vertices with the graph metric, suitably
rescaled.

We show that a map uniformly chosen among the maps having n faces in one of these two classes
converges in distribution, at least along some subsequence, toward a limiting random metric space
as n tends to infinity. This convergence holds in the sense of the Gromov-Hausdorff topology on
compact metric spaces. We moreover have the following information on the limiting space. In the first
case, it is almost surely a space of Hausdorff dimension 4 that is homeomorphic to the genus g surface.
In the second case, it is almost surely a space of Hausdorff dimension 4 with a boundary of Hausdorff
dimension 2 that is homeomorphic to the unit disc of R?. We also show that in the second case, if
the length of the boundary is little-o of the square root of the number of faces, the same convergence
holds without extraction and the limit is the same as for quadrangulations without boundary, that is
the Brownian map.

IN THIS WORK, we discuss the scaling limits of two particular classes of maps. In a first time, we

Key words and phrases: random maps, random trees, scaling limits, conditioned processes, regular
convergence, Gromov topology, Hausdorff dimension, Brownian CRT, random metric spaces.
AMS classification: 60F17, 60D05, 57N05, 60C05.
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Introduction

Aoed

Ce qui compte, ce n’est pas de disposer de bonnes ou de
mauvaises cartes mais de savoir jouer avec les mauvaises.

Bernard WERBER, dans L'Empire des anges.
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Présentation générale

Les résultats originaux de cette these sont présentés a partir de la section [[.4 et sont signalés a
l'aide d'un fond grisé. Ils sont extraits des références [Bet10al [Bet10b, [Betll]. Sauf mention contraire,
toutes les variables aléatoires seront définies sur un espace de probabilité commun (2, F,P).

1.1 Premieéres définitions
1.1.1 Cartes
1.1.2  Quadrangulations biparties
1.1.3 Limite d’échelle
1.2 Bref historique
1.3 Cas planaire
1.3.1 Quadrangulations pointées et arbres bien étiquetés
1.3.2 Limite d’échelle des arbres bien étiquetés uniformes
1.3.3 Limite d’échelle des quadrangulations
1.4 Cas du genre quelconque
1.4.1 Existence d’une limite & extraction pres
142 Topologie de la carte brownienne de genre g
1.5 Quadrangulations planaires a bord
1.5.1 Cas générique
152 Casouo =0
1.5.3 Développements

Bl B BRI R R RIR] Bl ] &l Bl E1 B El E]

1.1 Premiéres définitions

Nous commengons par présenter les notions dont nous aurons besoin tout au long de ce mémoire.
Nous renvoyons le lecteur a l'article de survol de Grégory Miermont [Mie0%a] pour plus de dé-
tails, ainsi qu’aux notes de cours de 1'école d’été de Buzios par Grégory Miermont et Jean-Francois
Le Gall [LGM11b] pour une présentation plus complete.

1.1.1 Cartes

Nous définissons ici les cartes de la facon la plus géométrique. Pour d’autres définitions, ainsi que la
preuve de I'équivalence de ces définitions, nous référons le lecteur au livre de Bojan Mohar et Cars-
ten Thomassen [MTO01]. Bien que plutdt intuitive, la notion de carte demande un peu de temps pour
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Chapitre 1. Présentation générale

étre définie proprement. De fagon informelle, une carte est simplement le dessin d"un graphe sur une
surface, considérée & homéomorphisme direct prés. Soyons un peu plus précis.

Un graphe est la donnée d'un triplet (V, E, ), ot V et E sont des ensembles finis dont les éléments
sont appelés respectivement sommets et arétes, et ¢ associe a chaque aréte un ou deux sommets du
graphe, appelés ses extrémités. Les arétes n’ayant qu'une seule extrémité sont appelées boucles. No-
tons que deux arétes distinctes peuvent avoir les mémes extrémités : on parle dans ce cas d’arétes
multiples. Attention au fait que cette notion différe de la notion de graphe que 1’on rencontre tradi-
tionnellement en théorie des graphes, elle correspond plut6t a la notion de multigraphe fini.

Le théoreme de classification! des surfaces affirme que les surfaces compactes connexes orientables
sans bord sont caractérisées a homéomorphisme prés par un entier g > 0 que l'on appelle son genre.
La surface de genre 0 est la sphere S? de R3, et pour g > 1, la surface de genre g, que I'on notera T,
et nommera tore a g trous, s’obtient par somme connexe de g tores de dimension 2. On peut aussi
définir T, comme la sphere S? a laquelle on rajoute g anses.

Un graphe (V, E, i) est plongé dans la surface S si V' C S et, pour tout e € F, il existe une ap-
plication continue f. : [0,1] — S telle que sa restriction a [0, 1] soit injective, i(e) = {f.(0), fe(1)},
fe([0,1]) = e, et fc(]0,1]) n'intersecte ni V' ni les autres arétes. Autrement dit, le graphe est dessiné
sur la surface, de telle facon que les arétes ne s’intersectent éventuellement qu’en les sommets du
graphe. Les faces d'un graphe plongé (V, E, i) sont les composantes connexes du complémentaire de

I’ensemble
Vu U e.

Un graphe est plongé de fagon cellulaire si toutes ses faces sont homéomorphes a des disques ouverts
de R2 Notons que cela présuppose que le graphe soit connexe, et, dans le cas ot la surface est la
sphere, tout graphe connexe plongé l'est automatiquement de fagon cellulaire, par le théoreme de
Jordan—Schoenflies. On dit que deux graphes plongés de fagon cellulaire sont équivalents s’il existe
un homéomorphisme des surfaces sous-jacentes qui préserve l'orientation et induit un isomorphisme
des graphes.

Définition 1.1. Une carte est une classe d’équivalence de graphes plongés de facon cellulaire.

Remarquons en particulier que les surfaces sous-jacentes de deux plongements cellulaires homéo-
morphes sont elles-méme homéomorphes, et ont donc méme genre. Le genre d'une carte est alors
défini comme le genre de la surface sous-jacente d'un de ses représentants. Dans le cas ou le genre
est 0, on peut plonger les cartes dans le plan plutdt que dans la sphere. Cela revient a distinguer une
face particuliere qui correspond a la composante infinie du plan. Pour cette raison, on appelle cartes
planaires les cartes de genre 0.

FIGURE 1.1. Gauche. Exemple de carte planaire plongée dans le plan ou S*. Droite. Exemple de carte de genre 1.

Woir par exemple [MT01] Chapitre 3].
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1.1.2. Quadrangulations biparties

L'information contenue dans le graphe sous-jacent d’une carte ne détermine pas la carte. En effet,
il est possible de plonger de fagon cellulaire un méme graphe de sorte a obtenir des cartes différentes
(éventuellement méme de genres différents), comme on peut le voir sur la figure

.

FIGURE 1.2. Deux exemples de cartes différentes ayant le méme graphe sous-jacent.

Il faut aussi garder a l'esprit qu'un homéomorphisme entre deux graphes plongés n’est pas né-
cessairement homotope a l'identité. La déformation des arétes peut étre plus subtile que I'on pense.
L’exemple classique est celui d"un twist de Dehn, homéomorphisme qui consiste a couper T; selon l'un
de ses cycles générateurs, faire un tour, et recoller. Cela se voit mieux dans le revétement universel du
tore, ol1 I’on fait simplement une translation selon un des axes.

K X

FIGURE 1.3. Deux exemples de représentants de la méme carte.

Toutes les arétes possedent naturellement deux orientations. On appelle demi-aréte une aréte mu-
nie d'une de ces deux orientations. Implicitement, toutes les cartes que 1'on considére seront enra-
cinées : cela signifie que 1'on distingue une demi-aréte que 1'on appelle racine. Sur les figures, on
représentera toujours la racine a I'aide d’une pointe de fléche. L'enracinement des cartes permet de
supprimer les symétries non triviales : un homéomorphisme d’un graphe plongé de fagon cellulaire
sur lui-méme qui fixe une demi-aréte fixe toutes les demi-arétes. Par convention, on notera générale-
ment ¢, la racine d’une carte. De plus, si ¢ est une demi-aréte, on note ¢ la demi-aréte correspondant a
la méme aréte que ¢, mais avec l'orientation inverse, et on désigne par ¢~ et e* son origine et sa cible.
Ainsi, ¢ est la courbe orientée allant de ¢~ a ¢™, alors que ¢ est la courbe orientée de et a e ™.

1.1.2 Quadrangulations biparties

On dit qu'une demi-aréte ¢ est incidente a un face f (ou indifféremment que f est incidente a ¢) si ¢
borde f et est orientée de telle sorte que f se situe a la gauche de e¢. On appelle degré d'une face
le nombre de demi-arétes qui lui sont incidentes. Remarquons notamment que les deux demi-arétes
correspondant a une aréte peuvent tres bien étre incidentes a la méme face. Dans ce cas, il faudra
veiller a compter deux fois cette aréte pour déterminer le degré de la face qui leur est incidente. Dans
la suite, les faces de degré 4, que 'on appelle quadrangles joueront un role particulier.

Définition 1.2. On appelle quadrangulation une carte dont toutes les faces sont des quadrangles.

Ces cartes, bien que moins communes dans la littérature que, par exemple, les triangulations (cartes
dont toutes les faces sont de degré 3) sont les objets qui apparaissent naturellement dans les études
bijectives que nous décriront plus tard. Plus particulierement, nous serons amenés a travailler avec les

13



Chapitre 1. Présentation générale

quadrangulations biparties : une carte est bipartie s’il existe un 2-coloriage de ses sommets tel que
deux sommets adjacents quelconques sont toujours de couleurs différentes. Dans le cas planaire, il
n’est pas difficile de voir que toutes les quadrangulations sont biparties. En revanche, cela n’est plus
vrai en genre supérieur a 1 : par exemple, la carte de genre 1 tout a droite de la figure[I.2lest bien une
quadrangulation, mais elle n’est pas bipartie, puisqu’elle contient des boucles. En fait, on peut montrer
qu’en genre g, la proportion de quadrangulations a n faces qui sont biparties tend vers 1/49 lorsque n
tend vers l'infini [Ben91), Equation (2.2)]. Dans la suite, on note QY 'ensemble des quadrangulations
biparties de genre g a n faces. Souvent, nous travaillerons a genre fixé et, dans le but d’alléger les
notations, nous noterons simplement Q,, cet ensemble.

Une des raisons pour lesquelles les quadrangulations biparties sont particulierement intéressantes
est la bijection illustrée sur la figure [L.4) due a William Tutte, entre les cartes de genre g > 0 fixé
a n arétes et les quadrangulations biparties de méme genre a n faces. Néanmoins, la raison qui nous
pousse a étudier ces objets dans cette thése est une autre bijection que 1’on exposera en détails dans la

section[1.3.1]

FIGURE 1.4. Bijection entre les cartes générales et les quadrangulations biparties. Partant d’une carte générale
enracinée en e., on ajoute dans chaque face un nouveau sommet que 'on relie aux sommets de la face, puis on
efface les anciennes arétes. Enfin, la racine de cette nouvelle carte est la demi-aréte partant de e la plus proche
de ¢.., dans la face qui lui est incidente.

—

Soit m une carte de genre g. On note respectivement V(m), E(m), E(m), et F(m) les ensembles de
ses sommets, arétes, demi-arétes, et faces. Il est alors évident que |E(m)| = 2|E(m)]| (ot I'on note | A
le cardinal d’un ensemble fini A). De plus, les cardinaux de ces ensembles sont reliés par la célebre
formule d’Euler :

[V(m)| = [E(m)] + |F(m)] = 2 - 2g.

Ainsi, il suffit d'une relation supplémentaire pour pouvoir déterminer toutes ces quantités dés lors
que 'on en connait une. Si, par exemple, q est une quadrangulation, alors on sait que 4 |F(q)| = |E(m)]
puisque, par définition, chaque face est incidente a exactement 4 demi-arétes. Les éléments de QY ont
donc n faces, 2n arétes, 4n demi-arétes, et n + 2 — 2g sommets. Cette remarque sera utile dans la suite.

1.1.3 Limite d’échelle

Nous allons nous intéresser dans cette these a la limite d’échelle des cartes aléatoires. Le concept de
limite d’échelle est bien connu en théorie des probabilités. Le principe général en est le suivant. On se
donne une certaine classe d’objets combinatoires pour lesquels on dispose d'une notion de volume et
d’une notion de taille. Lorsque le volume tends vers l'infini, on cherche a renormaliser la taille de ma-
niére a obtenir une limite intéressante. Plus précisément, on choisit un objet au hasard parmi les objets
de volume n appartenant a cette classe. Il se peut que, une fois la taille renormalisée convenablement,
cet objet tende en loi vers un objet limite continu lorsque n — oco. Dans le cas de la marche aléatoire
standard, par exemple, si 'on appelle volume le nombre de pas et taille la valeur de la marche, alors
cet objet admet comme limite d’échelle le mouvement brownien : on choisit un chemin uniformément

14



1.1.3. Limite d’échelle

au hasard parmi les chemins constitués de n pas valant £1 et, aprés avoir renormalisé le temps par n
et I’espace par /n, ce chemin tend en loi vers un mouvement brownien défini sur [0, 1], d’apres le
théoreme de Donsker. On peut aussi penser a divers modeles d’arbres, pour lesquels le volume est par
exemple le nombre de sommets et la taille est la hauteur.

L'intérét de cette approche est double. D'une part, 'objet que 'on obtient a la limite est un objet
continu qui est souvent intéressant en soi, et cela indépendamment du fait qu’il apparaisse comme
limite d’échelle du modele discret. D'autre part, I’étude du modele continu peut faire apparaitre des
propriétés asymptotiques du modele discret difficiles a obtenir directement.

Par ailleurs, 'objet limite possede souvent une propriété d'universalité : on obtient la méme li-
mite d’échelle pour plusieurs classes différentes (mais similaires) d’objets. C’est le cas par exemple
du mouvement brownien qui apparait comme limite d’échelle de n'importe quelle marche aléatoire
convenablement renormalisée, a condition que la loi de ses pas soit centrée et de variance finie. On
peut aussi donner 1’exemple du CRT (voir section [1.3.2.T) de David Aldous [Ald91} [Ald93] qui est la
limite d’échelle de nombreux modeéles d’arbres aléatoires [DLGO02].

FIGURE 1.5. Simulation d’une quadrangulation planaire uniforme a 30000 faces réalisée par Jean-Frangois
Marckert. Cette représentation ne prend pas en compte le plongement, mais uniquement la structure de graphe
sous-jacente.

Cette approche nécessite de définir divers parametres. Dans notre cas, la classe que 1’on va considé-
rer sera la classe des quadrangulations biparties de genre g > 0 fixé, et la taille d’'une quadrangulation
sera son nombre de faces. La loi que ’on choisit généralement est la loi uniforme, lorsque les ensembles
considérés sont finis. Méme si, au vu de la définition que 1’on a donnée, il n’est pas immédiat que Q9
soit fini, c’est bien le cas. Pour le voir, remarquons déja que le nombre de graphes connexes a 2n arétes
est fini. Ensuite, on peut se convaincre qu’il n'y a qu'un nombre fini de maniére de plonger un graphe
dans une surface, a homéomorphisme pres. Ceci provient du fait qu’il y a au plus k! fagons d’ordonner
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les arétes incidentes a un sommet de degré k. On peut donc choisir une quadrangulation q,, uniformé-
ment au hasard dans QY.

Il faut ensuite préciser 1’'espace dans lequel on se place, ainsi que la topologie que 1’on considere.
Nous adopterons le point de vue qui consiste a voir une carte m comme un espace métrique fini, en
munissant I’ensemble de ses sommets V' (m) de la distance de graphe d,, : pour a etb € V(m), on définit
dw (a, b) comme le nombre minimal d’arétes qu'il faut traverser pour joindre a a b dans m. Notons que,
avec ce point de vue, seule la structure de graphe est prise en compte. L’espace sur lequel on travaille
est alors ’ensemble M des classes d’isométrie d’espaces métriques compacts. La topologie naturelle a
mettre sur M est la topologie de Gromov-Hausdorff [Gro99]. Rappelons tout d’abord que la distance
de Hausdorff entre deux compacts A et B d"un espace métrique (X, §) est donnée par

In(A,B) =inf{e >0: AC B°et BC A%},

ol pour toute partie X C X, on désigne par X := {z € X : §(z,X) < €} son e-voisinage. Ensuite,
pour deux espaces métriques compacts (X, §) et (X”, '), on définit la distance de Gromov-Hausdorff
entre eux par

den ((X,0),(X,8)) = inf {63 (0(X), ¢/ (X))},

ot la borne inférieure est prise sur tous les plongements isométriques ¢ : X — X" ety : X' —
X" de X et X' dans un espace métrique commun (X", §"”). On définit ainsi une pseudo-distance qui
passe au quotient et devient une distance sur M ([BBIO1, Théoréme 7.3.30]), qui le rend polonais?.
Comme on le verra par la suite, il existe une interprétation plus agréable de cette distance en termes
de correspondances.

On est alors amenés a se demander s'il est possible de renormaliser 1’espace métrique (V(qy), dg,.)
de sorte qu’il admette une limite en loi, au sens de la topologie de Gromov-Hausdorff. Cette approche
a été formulée pour la premiere fois par Oded Schramm [Sch07] dans le contexte légerement différent
des triangulations. Avant de tenter d’apporter une réponse a cette question trés compliquée qui va
nous occuper tout au long de cette thése, donnons un petit apercu historique du domaine.

1.2 Bref historique

relation avec son travail sur la fameuse conjecture (devenue théoreme depuis) des quatre cou-

leurs. En résolvant les équations satisfaites par certaines fonctions génératrices, il obtient de
nombreuses formules combinatoires pour 1’énumération des cartes planaires [Tut62al [Tut62b, [Tut62c,
Tut63], et développe des méthodes tres robustes pour la résolution de ce genre de problemes. En
genre quelconque, Timothy Walsh et Alfred Lehman obtiennent, a 'aide de décompositions récur-
sives, les premieres formules énumératives [WL72a| WL72b| WL75]. Par la suite, Edward Bender et
Rodney Canfield adaptent I’approche de William Tutte et dérivent des formules asymptotiques pour
les nombres de cartes de genre fixé [BC86,[BC91, [ BCRI3].

Par ailleurs, on retrouve les cartes dans diverses branches de la physique théorique. Dans les années
1970, Gerardus "t Hooft [tH74], puis Edouard Brézin, Claude Itzykson, Giorgio Parisi et Jean-Bernard
Zuber [BIPZ78], mettent en relation les problemes d’énumération de cartes en genre quelconque avec
des modeles d’intégrales de matrices. Ceci généra par la suite de nombreux travaux sur le sujet, en
raison des liens existant avec notamment la physique statistique, la géométrie algébrique, et la théorie
des représentations; voir par exemple le livre [LZ04]. Plus récemment, les cartes ont été utilisées en
physique théorique comme un moyen de discretiser une surface. Cette approche intervient en théorie
de la gravité quantique 2-dimensionnelle. On renvoie par exemple au livre [ADJ97] pour plus d’infor-
mations a ce sujet. Il existe en outre une approche mathématique a la gravité quantique, qui repose sur
le champ libre gaussien ; voir par exemple [DS08] pour plus de détails. On renvoie le lecteur a la thése

DANS LES ANNEES 1960, William Tutte s'intéresse a divers problemes de comptage des cartes en

2C’est une simple conséquence du théoréme de compacité de Gromov [BBIOT] Théoreéme 7.4.15].
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de Jérémie Bouttier [BouO5] pour une présentation des liens entre les cartes planaires et la physique
statistique des surfaces aléatoires.

ratives obtenues sont étonament simples, et certaines font intervenir les nombres de Cata-

lan qui comptent des arbres. Cette observation amene Robert Cori et Bernard Vauquelin,
dans les années 1980, a développer des approches bijectives pour compter les cartes [CV81]]. Par la
suite, Gilles Schaeffer [Sch98] améliore ces méthodes et fait apparaitre une information géométrique
(distance a un sommet distingué dans la carte) dans le codage, rendant ainsi ces techniques plus ex-
ploitables dans les problemes probabilistes. Plus précisément, les travaux de Gilles Schaeffer font ap-
paraitre une bijection naturelle entre les quadrangulations planaires (qui sont des objets relativement
compliqués) et les arbres bien étiquetés (qui s’averent beaucoup plus simples a étudier). A I'aide de
cette bijection, Philippe Chassaing et Gilles Schaeffer [CS04] donnent la limite d’échelle de certaines
fonctionnelles des quadrangulations planaires uniformes. En particulier, ils étudient le profil de la carte,
qui donne le nombre de sommets en fonction de leur distance a un sommet distingué, ainsi que son
rayon, défini comme la distance maximale d'un sommet au sommet distingué. Ils montrent notamment
que, si q,, est choisie uniformément parmi les quadrangulations planaires a » faces, alors les distances
dans q,, sont de l'ordre de n'/4, et le profil et rayon de q,,, une fois que les distances sont renormalisées
par le facteur n~1/4, admettent une limite en loi.

Jean-Frangois Marckert et Abdelkader Mokkadem [MMO06] se sont ensuite interessés au probleme
de la convergence des quadrangulations planaires uniformes dans leur ensemble, en considérant les
cartes comme des espaces métriques munies de leur distance de graphe, renormalisée par n~'/4. Ils
construisent un espace métrique limite, qu'ils appellent carte brownienne, et montrent la convergence,
dans un certain sens, des espaces discrets vers ce dernier. Le probleme naturel de convergence au
sens de la topologie de Gromov-Hausdorff [Gro99] reste alors encore mal compris. Peu de temps
apres, Jean-Francois Le Gall [LG07] montre la convergence des espaces métriques discrets vers un
espace métrique aléatoire, mais seulement a extraction pres. Plus précisément, il montre que la suite
des lois de ces espaces métriques est tendue, ce qui implique qu’elle admet des valeurs d’adhérence, et
conjecture que I'extraction n’est pas requise, c’est-a-dire qu’il n’existe qu’une seule valeur d’adhérence.
En référence a cette conjecture et a [MMO6], il est alors courant de parler, par abus de langage, de Ia
carte brownienne pour désigner indifféremment n'importe quelle valeur d’adhérence potentielle de
cette suite. Cette conjecture, parfois appelé probleme de 'unicité de la carte brownienne n’a été validée
que récemment, a l'aide de deux méthodes différentes, par Grégory Miermont [Miel1] et par Jean-
Francois Le Gall [LG11].

II n’est néanmoins pas nécessaire de connaitre ce dernier résultat pour donner des informations
sur la carte brownienne (ou plutdt, dans le contexte antérieur a 2011, de n’importe quelle espace limite
possible). Jean-Francgois Le Gall [LG07] montre que la dimension de Hausdorff de la carte brownienne
est presque stirement égale a 4. Il montre ensuite, avec Frédéric Paulin [LGP0S§], que la carte brow-
nienne est presque stirement homéomorphe a la sphere S? de R?, en utilisant un théoreme dt a Robert
Moore [M0025], qui donne une condition suffisante pour qu'un quotient de S? reste homéomorphe
a S?. En corollaire de ce résultat, ils obtiennent que les grandes quadrangulations planaires ne pos-
seédent pas de « goulets d’étranglement », c’est-a-dire de petits lacets dans la carte qui la séparent en
deux grosses composantes. Procédant dans 'autre sens, Grégory Miermont [Mie08] montre ’absence
de ces goulets d’étranglement par une autre méthode, et en re-déduit que la carte brownienne est
presque stirement homéomorphe a S?, a I'aide d’un théoreme dt a Edward Begle [Beg44] basé sur la
notion de 1-régularité développée par Gordon Whyburn [Why35a, Why35b].

MALGRE LA DIFFICULTE CALCULATOIRE de la méthode de William Tutte, les formules énumé-

cela, la premiere chose a faire est d’adapter les méthodes bijectives de Cori-Vauquelin—-Schaeffer.
Cela a été fait a plusieurs reprises. Jérémie Bouttier, Philippe Di Francesco et Emmanuel Guit-
ter [BDGO4] ont étendu la bijection de Cori-Vauquelin-Schaeffer en une bijection plus générale per-
mettant entre autre de coder toutes les cartes planaires. Cette bjection a surtout été utilisée dans le cas
oll les cartes sont en plus biparties, car les objets intervenant dans ce cas sont plus simples a étudier.

IL EST ALORS NATUREL d’essayer de généraliser cette approche a d’autres classes de cartes. Pour

17



Chapitre 1. Présentation générale

Pour étre un peu plus précis, Jean-Frangois Le Gall utilise en fait dans [LG07| [LG11] cette généralisa-
tion (dans le cas biparti) et traite les limites d’échelle des 2p-angulations, pour p > 2. Dans [LG11]], il
inclut en plus, a 'aide d’un trés bel argument d’invariance de la carte brownienne par réenracinement
uniforme, la classe des triangulations, ainsi que des modeles de cartes biparties prises selon une loi de
Boltzmann, conditionnées par leur nombre de sommets. Il montre en outre qu’a une constante multi-
plicative pres, la limite de toutes ces classes est toujours la méme. En d’autres termes, il montre une
propriété d’universalité de la carte brownienne.

En genre g > 1, Guillaume Chapuy, Michel Marcus et Gilles Schaeffer [CMS09] étendent la bijection
de Cori—Vauquelin-Schaeffer en une bijection entre les quadrangulations biparties de genre g et les
cartes a une face de genre g. Les cartes a une face de genre g, aussi appelées cartes unicellulaires ou
encore g-arbres (cette derniére terminologie provient du fait qu'une carte de genre 0 a une face est
simplement un arbre planaire) ont été étudiées notamment par Guillaume Chapuy [Chal0], qui établit
la limite d’échelle de leur profil via des arguments combinatoires et une bijection permettant de les
décomposer en arbres plans munis de triplets de points distingués.

Une autre généralisation a été obtenue par Grégory Miermont [Mie(09b] entre les quadrangulations
biparties de genre ¢ > 0 ayant un nombre fixé k¥ > 1 de sommets distingués et les cartes de méme
genre a k faces, le cas k = 1 de cette bijection correspondant a la bijection de Chapuy-Marcus-Schaeffer.
Cette bijection permet notamment de montrer la compacité relative de la famille des distributions de
Boltzmann-Gibbs des quadrangulations biparties, prise dans la bonne échelle, ainsi que 1'unicité des
géodésiques typiques dans les espaces limites. Une autre importante application de cette bijection
est le calcul par Jérémie Bouttier et Emmanuel Guitter [BG08|] de la fonction a trois points dans la
carte brownienne, c’est-a-dire de la distribution des distances entre 3 points pris uniformément dans
la carte brownienne. Il est naturel de se demander si leur approche se généralise a plus de 3 points,
mais il ne semble pas que ce soit le cas. En fait, si ¢’était le cas, cela donnerait une troisiéme preuve
de l'unicité de la carte brownienne. Mentionnons aussi au passage que cette bijection constitue un
ingrédient important dans la preuve de Grégory Miermont [Miel1] de l'unicité de la carte brownienne.

brownienne apparaisse comme limite d’échelle de n'importe quelle classe « raisonnable » de

cartes planaires uniformes. On peut alors se demander s’il est possible de construire une limite

d’échelle différente, en choisissant convenablement la loi des cartes. Jean-Francois Le Gall et Grégory

Miermont [LGM11a]] ont montré que cela était possible lorsque I'on favorise les « grandes » faces en

imposant que le degré d’'une face typique soit dans le domaine d’attraction d’une loi stable d’indice

a € (1,2). Dans ce cas, le facteur d’échelle qui apparait est n~!/2%, et la limite d’échelle est un espace
métrique aléatoire presque stirement de dimension de Hausdorff 2c.

Mentionnons pour finir qu’il existe un autre point de vue pour comprendre les grandes cartes aléa-
toires. Plutdt que de regarder des limites d’échelle qui font apparaitre un objet continu a la limite, on
peut regarder des limites locales. Dans cette approche, les distances ne sont pas renormalisées, et on s'in-
téresse a un voisinage arbitrairement grand de la racine. Cela fait apparaitre a la limite une structure
infinie, mais qui reste discrete. Les premiers a s’intéresser a cette question sont Omer Angel et Oded
Schramm [[AS03| [Ang03] dans le cas des triangulations, donnant ainsi naissance a la triangulation in-
finie uniforme du plan. Dans le cas des quadrangulations, Maxim Krikun [Kri05], ainsi que Philippe
Chassaing et Bergfinnur Durhuus [CDO06|], définissent par deux approches différentes la quadrangu-
lation infinie uniforme du plan. Laurent Ménard [Ménl0] montre par la suite que ces deux approches
définissent bien le méme objet.

\
ﬁ LA LUMIERE DES RECENTS TRAVAUX de Jean-Francgois Le Gall [LG11], il semblerait que la carte

1.3 Cas planaire

Pour cette section, nous nous plagons dans le cas planaire, c’est-a-dire ¢ = 0. Dans ce contexte, 9,
désigne alors I'ensemble des quadrangulations planaires a n faces. L'étude de la limite d’échelle des
quadrangulations planaires commence par la bijection de Cori-Vauquelin-Schaeffer, que nous présen-
tons maintenant.
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1.3.1 Quadrangulations pointées et arbres bien étiquetés

Bien que cela ne soit pas la définition la plus classique, il est possible de définir un arbre (plan) comme
une carte planaire a une seule face.

Définition 1.3. Un arbre bien étiqueté est un couple (t,1) formé d’un arbre t et d’'une fonction d’étiquettes
[:V(t) = Z vérifiant :

<+ [(e;) =0, ot I'on note e, la racine de t,
<+ [(u) — (v)| < 1des que u et v sont reliés par une aréte de t.
On note T,, I'ensemble des arbres bien étiquetés ayant n arétes.

En d’autres termes, un arbre bien étiqueté est un arbre muni d’étiquettes entiéres qui varient d’au
plus 1 le long des arétes, et telles que 1'étiquette de 1’origine de la racine vaille 0. En particulier, on voit
tout de suite qu’il y a exactement 3" facons différentes de bien étiqueter un arbre a n arétes. Comme
les arbres sont comptés par les nombres de Catalan, on obtient que

n 1 2n
=5 () D

Définissons 1’ensemble

9, ={(@.v*) : g€ Qu, v* € V(q)}

des quadrangulations pointées a n faces. La bijection de Cori-Vauquelin-Schaeffer s’établit entre les
ensembles QF et 7, x {—1,1}:

Théoreme 1.1 ([CS04, Théoreme 4]). Il est possible de construire une bijection entre les ensembles Qy, et
Tn x {—1,1} telle que, lorsque (q,v*) correspond a ((t,1), e ), les ensembles V (q)\{v®} et V (t) sont identifiés,
et, pour tout v € V(t),
d *)=1[(v) —minl+ 1.
q(v,v*) = [(v) min [+

Sil'on utilise (L) et la formule d’Euler, on en déduit que

2 1 2n>
n| = ——3" —— .
|Q| n+2 n+1(n

A l'aide de la bijection de Tutte, on voit que cette formule compte aussi les cartes planaires a n arétes.
En fait, c’est ce genre d’identités combinatoires simples qui a initié le développement des approches
bijectives de Robert Cori et Bernard Vauquelin. Notons aussi que, outre I'aspect combinatoire, cette
bijection donne une interprétation géométrique au codage, qui sera trés utile dans la suite. Il est im-
portant de bien comprendre le mécanisme de cette bijection, c¢’est pourquoi nous exposons brievement
sa construction.

Des quadrangulations aux arbres bien étiquetés. Partant d'une quadrangulation pointée (q,v®) €

*, on commence par associer a chaque sommet v une étiquette [(v) = dq(v, v*). Le caractere biparti
de la carte assure que les étiquettes de deux points reliés par une aréte différent d’exactement 1. Ainsi,
lorsque I’on fait le tour d’une face, les étiquettes ne peuvent étre que d, d + 1, d + 2, d + 1, ou bien d,
d+1,d, d+ 1, pour un certain entier d. On trace sur chaque face une nouvelle aréte, comme décrit
sur la figure et on ne garde que ces nouvelles arétes, ainsi que les sommets de V(q)\{v*}. On
obtient alors un arbre t que I’on enracine selon la racine e, de g, & I’aide de la convention suivante. Si
I(e;) = I(ef) — 1, la racine de t est I'aréte tracée dans la face incidente a ¢, orientée en partant de ¢} .
Sinon, c’est I'aréte tracée dans la face incidente a ¢, orientée en partant de ¢, . Dans le premier cas, on
définit €4 := 1, et dans le second, e+ := —1. Enfin, on définit la fonction d’étiquetage [ en translatant [
de sorte que la valeur de [ en l’origine de la racine de t vaille 0. Voir la figure[1.6
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FIGURE 1.6. Gauche. Les deux types de faces possibles et I'aréte a ajouter. Droite. Construction de I'arbre bien
étiqueté (t, ) correspondant a une quadrangulation pointée (q,v*). Dans cet exemple, e+ = 1.

Des arbres bien étiquetés aux quadrangulations. Soit (t, [) un arbre bien étiqueté et e € {—1,1}.
On translate dans un premier temps les étiquettes de maniere a ce que la plus petite soit égale a 1 :
pour v € V(t), on définit I(v) == I(v) — miny gy [ + 1. On rajoute un point v* d’étiquette I(v*) =0
dans l'unique face de t. Ensuite, en faisant le tour de I'arbre dans le sens direct, on relie d'une arche
chaque coin au premier coin suivant d’étiquette strictement inférieure, et ce, sans croiser aucune aréte
ni arche déja dessinée. Si c’est un coin d’étiquette 1, on le relie simplement au sommet ajouté v*. Enfin,
on efface les arétes de t et on enracine la carte obtenue en l’arche issue du coin racine de t, en direction
du sommet racine si ex = 1, et dans 'autre sens sie4 = —1.

©),
PR © 7 T =
®
ONOI0]0),
O E

FIGURE 1.7. Construction inverse de celle de la figure[L.6]

1.3.2 Limite d’échelle des arbres bien étiquetés uniformes

Rappelons que nous avons choisi g, uniformément dans I'ensemble Q,, des quadrangulations pla-
naires a n faces. Soit v;, un sommet uniforme de q,,. Comme, d’apres la formule d’Euler, toutes les
quadrangulations de Q,, ont le méme nombre de sommets, la quadrangulation pointée (g,,,v) est
uniformément distribuée dans Q. L’arbre bien étiqueté (t,, [,,) correspondant via la bijection de Cori—
Vauquelin-Schaeffer est alors uniformément distribué dans 7,,. Regardons sa limite d’échelle.

1.3.2.1 L’arbre continu brownien

On oublie dans un premier les étiquettes, et on ne s’intéresse qu’a 'arbre t,,. Comme le nombre de
fagons de bien étiqueter un arbre ne dépend que de son nombre d’arétes, on voit que t,, est uniforme
sur ’ensemble des arbres a n arétes.

Un arbre t & n arétes est naturellement codé par sa fonction de contour Cy : [0,2n] — R, définie
de la maniére suivante. On appelle ¢; = ¢, ¢9, ..., ¢2,, les demi-arétes de t, rangées suivant l'ordre dans
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lequel elles apparaissent lorsque 1’on en fait le tour dans le sens direct, en commengcant par la racine.
Pour plus de simplicité, on convient que e2,,41 := ¢.. On définit alors

Ci(i) = dy, (¢7,¢01),  0<i<2n,

et on interpole linéairement C} entre les valeurs entiéres. On voit que C} est une fonction positive
obtenue comme la concaténation de 2n pas de £1, et telle que C{(0) = C¢(2n) = 0. Réciproquement,
il est facile de voir que toute fonction vérifiant ces conditions est la fonction de contour d’'un unique
arbre a n arétes (c.f. paragraphe suivant). Ainsi, C,, .= (Y, est une marche aléatoire simple a 2n pas,
conditionnée a rester positive et a finir en 0 au temps 2n. Une version conditionnée du théoreme de
Donsker due a William Kaigh [Kai76, Théoréme 2.6] nous donne alors la convergence suivante :

o)
Cnl2ns) Dy (e)geney (1.2)
( VEn ) ocecs moe (®s)o<sct

pour la topologie uniforme sur l'espace % ([0, 1], R) des fonctions réelles continues sur [0, 1], ot @ dé-
signe I'excursion brownienne normalisée, dont on peut définir la loi par renormalisation d une excur-
sion brownienne de la fagon suivante [RY99, Exercice XII.2.13]. On se donne un mouvement brownien
standard (f5)s>0 issu de 0, et on note g :== sup{s < 1 : B, = 0} etd = inf{s > 1 : B, = 0}. Le
processus e a alors la méme loi que
<|59+<d—g>s|>
d=g Jo<s<

Pour retrouver un arbre t a partir de sa fonction de contour C}, 'idée est d’identifier les points
du graphe de C qui se font face en-dessous du graphe. Formellement, pour une fonction continue
g :[0,4] — R, vérifiant g(0) = g(¢) = 0, on définit la fonction J, par

dg(s,t) == g(s) +g(t) — 2 [s/I\rlfl,i;\l/t]g, 0<s,t<Ut.
11 est alors facile de voir que la fonction ¢, définit sur [0, /] une pseudo-distance. Ainsi, on peut définir
une relation d’équivalence sur [0, (] par s ~, t si et seulement si d,(s,t) = 0, et munir le quotient
Ty = 0,/],~, par la distance quotient, que ’on note encore §,. Avec ces définitions, il est facile de voir
que l'espace (J¢,,dc,) est a dgp-distance au plus 1 de (V(t), dy) : en fait, si 'on remplace les arétes
de t par des segments de longueur 1, on obtient un espace isométrique a (¢, , dc,).

L’avantage de cette construction est qu’elle permet d’atteindre une classe beaucoup plus grande
que la classe des arbres plans. Les espaces métriques que 1’on obtient sont appelés arbres réels. On
renvoie le lecteur a [LGO5|] pour plus d’information sur ces objets, notamment pour une définition plus
géométrique ot la structure d’arbre apparait plus clairement. Lorsque 1’on prend pour g la fonction
aléatoire e, on obtient 1’objet suivant, introduit par David Aldous [Ald91}|Ald93] :

Définition 1.4. L'espace métrique aléatoire (T, 0e) est appelé arbre continu brownien ou, en abrégé, CRT
pour Continuum Random Tree.

Cette définition n’est pas la construction originale de David Aldous. Dans [Ald91}|Ald93], il définit
le CRT par «stick-breaking » comme 1’adhérence d"une union dénombrable de segments. La définition
que nous avons donnée ici correspond (a un facteur sans importance 2 pres) a [Ald93| Corollaire 22].
En utilisant la convergence ([.2), il n’est alors pas trés compliqué de montrer que 1'espace métrique

(V(ta), (20) 724y, ) s (22, 80),

n—oo

pour la topologie de Gromov-Hausdorff. Pour finir cette section, mentionnons que la dimension de
Hausdorff du CRT est presque stirement égale a 2 (voir par exemple [Mie09a, Proposition 3.4]). Cette
propriété peut surprendre au vu de la construction du CRT mentionnée précédemment, puisque 1’on
recolle un nombre dénombrable d’objets de dimension 1. Notons que 'on observe un phénomene
similaire dans le cas du mouvement brownien, et cela se produira aussi dans le cas des cartes, comme
on le verra par la suite.
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FIGURE 1.8. Simulation d’un arbre uniforme a 12 500 arétes a gauche, 500 000 arétes a droite.

1.3.2.2 La téte du serpent brownien
On définit sur € ([0, 1], R)” le processus
((®s)0§s§1, (Zs)()gsgl)

de la facon suivante. Le processus ¢ est I’excursion brownienne normalisée et, conditionnellement a e,
le processus Z est un processus gaussien centré dont la covariance est donnée par Zp = 0 et

E[(Zs— Z0)?) =bols,t), 0<st<1.

Ce processus est appelé téte du serpent brownien et peut étre défini a partir d"un processus markovien
appelé serpent brownien que 1’on utilisera au cours du chapitre[fl On renvoie le lecteur a [LG99] pour

plus d’informations sur le sujet.
Revenons maintenant aux arbres bien étiquetés. De la méme facon que la fonction de contour d"un

arbre code les distances dans l’arbre a la racine, la fonction de contour spatial enregistre les étiquettes
d’un arbre bien étiqueté. Soit (t,[) € 7,. On nomme ici encore ¢; = ¢, €2, ..., €2, €211 = €4 les
demi-arétes de t, ordonnées comme dans la section précédente, et on définit

Li(3) =1(e;, 1), 0 <1< 2n,

que l'on interpole linéairement entre les valeurs entiéres. On note L,, := Ly, |, la fonction de contour
spatial de notre arbre bien étiqueté uniforme. La limite d’échelle du couple (C,,, L,,) a été exhibée par

Philippe Chassaing et Gilles Schaeffer dans leur article pionnier [CS04] :

Théoréeme 1.2 ([CS04, Théoreme 5]). Ona

M)QSSSI, <M>ogs§1> P ((es)ogsgu (ZS>OSS§1)’

<< \/% 7n1/4 n— 00
pour la topologie uniforme sur € ([0,1],R)?, oit v == (8/9)/4.

22



1.3.3. Limite d’échelle des quadrangulations

L’idée de ce théoréme est la suivante. Premiérement, la convergence de la premiére composante
est simplement (L.2). Ensuite, conditionnellement a t,, les étiquettes sont données par des variables
iid. uniformes sur {—1,0,1}, dont la variance est 2/3. Ainsi, la variation d’étiquettes entre deux
points ¢, ete; ; est donnée par une marche aléatoire de longueur dy, (¢;\ ,¢; ), qui est de 'ordre de
V2n.86(i/2n, j/2n) via la convergence de la premiére composante. Par le théoréme de Donsker, cette
marche approche alors dans I'échelle yn'/* un mouvement brownien de longueur 6, (i/2n, j/2n).

FIGURE 1.9. Simulations d’arbres bien étiquetés uniformes. Les arbres sont ceux de la figure[L.8) ils sont repré-
sentés en deux dimensions et les étiquettes sont représentées dans la troisieme dimension. L'angle par rapport au
plan de I'arbre est de 30 degrés a gauche, et 20 degrés a droite.

1.3.3 Limite d’échelle des quadrangulations
1.3.3.1 Rayon et profil d'une grande quadrangulation

Soit (q,v*) € Qp une quadrangulation pointée. Son rayon (vu de v*) est défini par

Rawe = d ’ ¢ )
que = max dy(v,0%)
et son profil (vu de v*) par
Zgwe (k) = [{v € V(q) : dq(v,v®) =k}, k> 0.

En particulier, (n + 2) ™! Z ,» est la loi de la distance a v* d’un sommet pris uniformément dans V (q).
Rappelons que (q,, v;,) est uniformément distribuée dans Q. On a alors le résultat suivant :

Théoreme 1.3 ([CS04, Corollaires 3 et 4]). La convergence du rayon renormalisé est donnée par

anaU; (d) .
—1/4 — Sup Z — inf Z.
/A nose T 0]

Le profil renormalisé
Ly, (10*) @

T,

23



Chapitre 1. Présentation générale

pour la topologie de la convergence faible sur I'espace des mesures de probabilité sur R, oit T est la mesure
aléatoire que I'on définit, pour toute fonction mesurable h : Ry — R, par

1
(Z,h) ::/ dsh(Zs— inf Z).
0 (2 [0.1] )

Ces deux résultats sont des conséquences assez directes des théoremes[I.Ilet[L.2l La premiére asser-
tion s’obtient immédiatement en remarquant que R, vs = sup L, —inf L,, +1 d’apres le théoreme[L.T]
et en appliquant la convergence du théoreéme [I.2l Pour obtenir la seconde assertion, on utilise le fait
que, d’apres le théoreme [} pour k > 1,

Tgpos = {v € V(tn) : ln(v) —infl, +1 = k}.

Ce théoréme montre en particulier que le bon facteur d’échelle de notre probleme est n'/4.

1.3.3.2 La carte brownienne

Une des avancées majeures en vue de la résolution de notre probléeme a été faite par Jean-Francois
Le Gall dans l'article [LG07], ot il montre par un argument de compacité 1'existence d’une limite
d’échelle pour les quadrangulations uniformes, le long de sous-suites.

Via la bijection de Cori-Vauquelin-Schaeffer, on peut voir la quadrangulation q,, comme l’arbre t,,
muni d’une certaine distance, qui s’exprime en fonction des étiquettes [, (mais pas par une expres-
sion simple). A la limite, on s’attend donc a obtenir un quotient de .7, défini en termes d’étiquettes
browniennes. Pour s, ¢ € [0, 1]%, définissons la pseudo-distance

o . B . . N o [s,1] si s<t,
D(s,) = 2+ 2 — 2max <:;}§1 P i Z’“)’ o [sfl =1 51000, si t<s

Ensuite, pour a et b € 7, on définit
D®(a,b) == inf{D°(s,t) : pe(s) = a, pe(t) = b},

ott 'on note pe : [0, 1] = Z; la projection canonique. Comme cette fonction ne satisfait plus 1'inégalité
triangulaire, on est amenés a introduire

k—1
D*(a,b) :== inf { ZDO(ai,aHl) ck>1,a0=a, a; = b}, a,b € .
i=0
Cette fonction est alors une pseudo-distance sur 7. On définit enfin m,, comme le quotient de .7, par
la relation d’équivalence associée { D* = 0}.

Théoreme 1.4 ([LGO7]). De toute suite strictement croissante d’entiers, il est possible d’extraire une sous-suite
(k) k>0 selon laquelle on a la convergence suivante, pour la topologie de Gromov—Hausdorff :

—1, —1/4 (@)
(V(an),’)/ lnk / d%k) — (moovD)v

k—o0
ot D est une distance aléatoire sur mo, qui induit la topologie quotient sur m.
De plus, I'égalité suivante est vraie presque silrement :

{D=0}={D* =0} = {D° = 0}.

Puisque mo, = J,/{D° = 0}, la construction de ce quotient est assez intuitive, c’est en quelque
sorte une version continue de la bijection de Cori-Vauquelin—-Schaeffer. Deux points de .7 sont iden-
tifiés s’ils ont méme étiquette, et, lorsque 1’on fait le « tour » de .7; d’un point a I’autre (dans I'un des
deux sens possibles), les étiquettes rencontrées sont toutes plus grandes.

La pseudo-distance D* définit une distance sur m., que 'on note encore D* par abus de notation.
A ce stade, la distance D du théoréme précédent dépend a priori de la sous-suite (ny,)x>o considérée.
Jean-Frangois Le Gall a conjecturé que ce n’était pas le cas, et que D = D*. Cela motive la définition
suivante.
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1.3.3.3. Propriétés principales de la carte brownienne

Définition 1.5. L'espace métrique aléatoire (moo, D*) est appelé carte brownienne.

En pratique, il était courant d’appeler par abus de langage carte brownienne n'importe quelle limite
(Mso, D) du théoreme précédent. Le résultat suivant leve I'ambiguité de cette définition. Via une étude
trés fine des géodésiques, Jean-Francois Le Gall et Grégory Miermont ont montré récemment, par deux
méthodes indépendantes, que cet espace est bien la limite d’échelle des quadrangulations uniformes
planaires.

Théoréme 1.5 ([LG11] Théoréme 1.1] ou [MielT, Théoreme 1]). L'espace métrique (V(q,), v~ ' n=/*d,,)
tend en loi, au sens de la topologie de Gromov—Hausdorff, vers la carte brownienne (ms,, D*).

1.3.3.3 Propriétés principales de la carte brownienne

Les théoremes de cette section ont été montrés avant le théoreme[L5] car le théoreme[[ 4 suffit & donner
des informations sur la carte brownienne. Commencons par sa dimension.

Théoréeme 1.6 ([LG07, Théoreme 6.1]). La dimension de Hausdorff de la carte brownienne (mo, D*) est
presque stirement égale a 4.

Sa topologie est aussi connue.

Théoreme 1.7 (JLGP0S, Théoreme 1.1] ou [Mie08, Théoreme 1]). La carte brownienne (moo, D*) est
presque siirement homéomorphe a la sphere S* de R3.

Ces deux théoremes mis cote a cote peuvent sembler surprenants mais, si on se rappelle 1’analo-
gie avec le mouvement brownien esquissée lors de la section[[.1.3} on voit apparaitre un phénomeéne
similaire. En effet, il est connu que le graphe du mouvement brownien est presque stirement de di-
mension de Hausdorff égale a 3/2 (voir par exemple [MP10, Théoréeme 4.29]) et, en tant que graphe
d’une fonction continue, il est homéomorphe a R.

On peut aussi noter les faits remarquables suivants concernant les géodésiques dans la carte brow-
nienne. Jean-Frangois Le Gall [LG10] a montré qu'il était possible d’identifier toutes les géodésiques
a la racine 9 := p¢(0) de ;. Une des conséquences principales est la suivante. On note Sk(.7;) le
squelette de 7, défini comme 'ensemble des points a € 7 tels que 7 \{a} n’est pas connexe. Grossie-
rement, Sk(.7;) est obtenu en « enlevant les feuilles » de 7. Alors, d'une part, la projection canonique
Too : JTo — My restreinte a Sk(.7; ) est un homéomorphisme sur son image Sk = 7o (Sk(Z:)), qui est
de dimension de Hausdorff presque stirement égale a 2. D’autre part, on a la caractérisation suivante :

Théoreme 1.8 ([LG10, Théoreme 1.4]). Ceci est vrai presque siirement. Pour tout x € mo.\ Skoo, il existe
une unique géodésique de x a 0, et, pour tout y € Sk, le nombre de géodésiques distinctes de y a O est donné
par le nombre de composantes connexes de Skoo \{y}. En particulier, ce nombre est majoré par 3, et il existe une
quantité dénombrable de points pour lesquels cette borne est atteinte.

On a aussi une propriété assez surprenante de confluence des géodésiques vers la racine.

Théoreme 1.9 ([LG10, Corollaire 7.7]). Presque stirement, pour tout n > 0, il existe o €]0, n[ vérifiant ceci.
Soit z, ' € my tels que D*(x,0) > net D*(z’,0) > 1), et soient p et ' des géodésiques de O a x et ='. Alors
o(s) = ¢'(s) pour tout s € [0, ql.

1.3.3.4 Universalité de la carte brownienne

A l'instar du mouvement brownien, la carte brownienne posséde une propriété d’ universalité. On fixe
un entier g soit égal a 3, soit pair et supérieur a 4. On définit ¢, := 6!/4 si ¢ = 3, et sinon

¢y i= (ﬁ)m .

Théoreme 1.10 ([LG11, Théoreme 1.1]). Soit m,, une variable uniformément distribuée parmi l'ensemble des
q-angulations® & n faces. Alors I'espace métrique (V(my,), cqn™"/*dw,) tend en loi, au sens de la topologie de

3Une g-angulation est une carte dont toutes les faces sont de degré g.
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Gromov—Hausdorff, vers la carte brownienne (ms,, D*).

Un des arguments clé de ce résultat est qu’il est possible de coder les g-angulations par des ob-
jets un peu plus compliqués que les arbres bien étiquetés, mais qui ont la méme limite d’échelle, a la
constante ¢, pres. Ensuite, une propriété d’invariance par réenracinement uniforme de la carte brow-
nienne suffit a montrer ce théoreme. Malheureusement, la seule preuve de cette propriété qui existe
utilise le théoréme [1.5] dont les deux preuves connues sont trés compliquées, bien que son analogue
discret soit beaucoup plus simple a montrer.

L’argument mentionné ci-dessus est dti a Jean-Francois Le Gall [LG11] : il s’en sert pour traiter le
cas des triangulations. On renvoie le lecteur intéressé a [LG11} Section 8.3] pour plus de détails. Voir
aussi la remarque a la fin de [LG11), Section 9.3] qui explique entre autre qu'une preuve directe de cette
propriété d'invariance donnerait une approche sans doute plus simple pour montrer le théoreme[L.5

1.4 Cas du genre quelconque

A partir de maintenant, nous fixons un entier ¢ > 1 et travaillons en genre g. Dans ce contexte,
rappelons que g, désigne une carte uniformément distribuée sur l'ensemble Q,, des quadrangula-
tions biparties de genre g a n faces. La partie [l de ce manuscrit est une recompilation des réfé-
rences [Betl0al Bet10b] dont I’objet est d’étendre les résultats de la section[I.3.3a ce cadre.

1.4.1 Existence d’une limite a extraction pres

Notre premier résultat généralise les théoremes T4l et .6

Théoreme 1.11 ([Bet10a, Théoreme 1]). De toute suite strictement croissante d’entiers, on peut extraire une
sous-suite (ng) >0 pour laquelle il existe un espace métrique aléatoire (4o, doo ) tel que

1 _—1/4 (d)
(V(an),’y Yng, / dan) — (Goos doo)

au sens de la topologie de Gromov—Hausdorff, oir I'on rappelle que v = (8/9)'/4.

De plus, la dimension de Hausdorff de l'espace limite (40, do) est presque stirement égale a 4, quelle que
soit la suite considérée.

Prenant exemple sur le cas planaire, on conjecture que I'extraction n’est pas nécessaire dans ce
théoréme, et que la limite est universelle dans un sens similaire au théoreme On pense que la
limite est I'espace métrique (qo0, d,), ott la distance d*_ se définit par une expression analogue a celle
du cas planaire (voir (3.8)). Nous commettrons aussi le méme abus de langage et appellerons carte
brownienne de genre g n'importe quelle limite (g, d) possible, tout en gardant a I'esprit que cette
terminologie est légérement ambigiie en ’absence d"une preuve de son unicité.

Pour montrer ce théoréme, on se sert d'une généralisation de la bijection de Cori-Vauquelin-
Schaeffer due a Guillaume Chapuy, Michel Marcus et Gilles Schaeffer [CMS09], que 1’on expose dans
la section 2]l Cette bijection fait apparaitre des g-arbres (cartes de genre g & une unique face) bien
étiquetés, que 1’'on décompose au cours de la section[2.2en objets plus simples, a savoir des schémas
de genre g (g-arbres dont tous les sommets ont degré supérieur a 3) et des foréts bien étiquetées. La fin
du chapitre2l est consacrée a 1’étude de la limite d’échelle de ces objets, et la preuve du théoreme [L.T1]
est donnée dans la section[3.1]

Notre étude permet en outre de retrouver une expression asymptotique du cardinal de Q,, qui
apparaissait déja dans [CMS09]. On appelle schéma dominant de genre g un g-arbre dont tous les
sommets sont de degré exactement 3, et on note &* leur ensemble (fini). Il est connu (voir par exemple
[BCI1} ICMS09, Mie09b]) qu'il existe une constante ¢, telle que

|Qn| ~ tyn2=1 127,
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1.4.2. Topologie de la carte brownienne de genre g

Cette constante joue un role important en énumération des cartes : de méme que l'exposant 5(g —
1)/2, elle intervient dans de nombreuse formules énumératives [BCI1}/Gao93|. Le résultat qui suit est
montré au cours de la section[3.2)

Théoreme 1.12 ([CMSQ9, Corollaire 10] ou [Bet10a, Théoreme 2]). On a I'expression suivante :

49—3

39 1
tg o 911g—7 (69—3)F (59_;3) Z Z H M’ (13)

s€6* A0 i=1

oit la seconde somme est prise sur toutes les (4g — 2)! facons d’ordonner les sommets d’un schéma dominant
s € 6%, c'est-a-dire sur les bijections de [0,4g — 3] sur V (s), et

A\ k) = ‘{e € B(s), A\ <k < /\;1}‘ . (1.4)

1.4.2 Topologie de la carte brownienne de genre g

Le résultat principal de la partie[[llest I’analogue suivant du théoreme[l.7} qui fera I’objet du chapitre[dl

Théoréme 1.13 ([BetlOb, Théoreéme 2]). Soit (oo, ds) une limite possible du théoreme [L11} Alors, cet
espace est presque stirement homéomorphe a la surface Ty de genre g.

La méthode que 'on utilise consiste a adapter ’approche de Jean-Frangois Le Gall [LG07], puis
celle de Grégory Miermont [Mie08]. En premier lieu, on définit une sorte de g-arbre continu brownien
qui apparait comme limite des g-arbres discrets, et on voit (4o, doo) comme un quotient de cet espace
via une relation d’équivalence définie en termes d’étiquettes browniennes. Ensuite, on utilise la no-
tion de 1-régularité développée par Gordon Whyburn [Why35b] afin de voir que la convergence du
théoreme [T est suffisamment « réguliere » pour que le genre soit conservé a la limite.

Les estimées techniques dont nous avons besoin seront déduites d’estimées connues dans le cas
planaire a I'aide d"une bijection due & Guillaume Chapuy [Chal0] qui consiste a « ouvrir » les g-arbres
afin de les rendre planaires. Cela nous donne une relation d’absolue continuité des fonctions de codage
du g-arbre limite muni de ses étiquettes browniennes par rapport a la téte du serpent brownien (e, Z),
d’ot1 les estimées souhaitées découlent facilement.

1.5 Quadrangulations planaires a bord

Nous présentons maintenant les résultats de la partie[[Ill qui correspond a la référence [Bet11]. Nous
nous plagons a nouveau dans le cas planaire, et nous étudions les cartes dont toutes les faces sauf éven-
tuellement la face incidente a la racine sont des quadrangles. De telles cartes sont appelées quadrangu-
lations a bord. La face incidente a la racine s’appelle face externe, et les autres faces s’appellent faces
internes. Remarquons qu’il y a nécessairement un nombre pair d’arétes incidentes a la face externe;
ces arétes constituent le bord de la quadrangulation a bord. Attention au fait que ce bord n’est en géné-
ral pas simple (au sens ot1 il peut contenir des sommets séparants) dans ce modele. Pourn > Oeto > 1,
on note @, , I'ensemble des quadrangulations a bord ayant n faces internes et 20 arétes sur le bord.
Remarquons que, puisqu’on ne demande pas que le bord soit simple, cet ensemble n’est jamais vide.
Par exemple, Qp , est 'ensemble des arbres a o arétes. Avant d’énoncer nos résultats, mentionnons
que les quadrangulations a bord ont été étudiées par Jérémie Bouttier et Emmanuel Guitter [BG09]. Ils
s’intéressent dans cette référence a des limites d’échelle de certaines fonctionelles a 1’aide d’arguments
combinatoires, mais ne considerent pas le probleme de la convergence au sens Gromov-Hausdorff.

1.5.1 Cas générique

Comme les quadrangulations a bord sont des cartes planaires biparties, on peut leur appliquer la
bijection de Bouttier-Di Francesco-Guitter. Dans ce cas particulier, le codage est relativement simple et
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fait intervenir uniquement des foréts portant des étiquettes qui varient comme des marches aléatoires
le long des branches. Nous présentons cette bijection au cours de la section5.1] A travers cette bijection,
le bord d'une quadrangulation a bord correspond essentiellement au plancher de la forét qui la code,
c’est-a-dire aux racines des arbres qui composent la forét. On a vu précédemment que, dans un grand
arbre, les distances sont de 1’ordre de nt/2, alors que dans une grande carte, elles sont de 1’ordre de nt/4,
Il est alors naturel de s’intéresser au cas ol le bord de la carte grandit comme la racine carrée du
nombre de faces. On obtient un théoreme dans la lignée des théorémes précédents :

Théoreme 1.14 ([Bet1l, Théoreme 1]). Soit o > 0, et (0, )n>1 une suite d’entiers strictement positifs telle
que 0, /\/2n — o quand n — oo. Soit q,, uniformément distribuée sur l'ensemble Q,, ., des quadrangulations
a bord ayant n faces internes et 20, arétes sur le bord. Alors, de toute suite strictement croissante d’entiers, on
peut extraire une sous-suite (ny) x>0 pour laquelle il existe un espace métrique aléatoire (q7,,d7,) tel que

—i_= (d) o o
(V(an)v v ! ng 14 dan) e (qooﬂ doo)

k—o0

au sens de la topologie de Gromov—Hausdorff, ot 'on note toujours v = (8/9)'/4.

De plus, la dimension de Hausdorff de I'espace limite (q7,,dZ,) est presque siirement égale a 4, quelles que
soient les suites considérées ci-dessus.

Comme précédemment, on s’attend a ce que la limite soit unique est universelle, et ne dépende que
de 0. La preuve de ce théoréme, donnée en section 5.2] utilise des techniques similaires aux preuves
précédentes. On a insisté sur le fait que le bord n’avait aucune raison d’étre simple. Il s’aveére que, a la
limite, il le devient naturellement :

Théoreme 1.15 ([Betll, Théoreme 2]). Pour o > 0, toute limite possible (qZ,,d7,) du théoreme [L.14] est
presque stirement homéomorphe au disque 2-dimensionnel Ds.

En particulier, le bord d’une grande quadrangulation a bord, bien qu’il se replie beaucoup sur
lui-méme, ne forme qu’une seule grande composante, toutes les autres disparaissant a la limite. En
pratique, on utilise ce fait dans la preuve du théoreme. La méthode que 1’on utilise repose encore sur
la notion de régularité de Gordon Whyburn [Why35b], mais le bord pose de nouveaux problémes. En
plus de montrer qu’il n'y a pas de goulet d’étranglement, il s’agit de voir que le bord ne se recolle pas
en séparant deux portions macroscopiques. Cela se formalise a I’aide de la notion de 0-régularité.

Il est possible de calculer la dimension du bord de I'espace limite : on définit 9q7, C q7, comme
I'ensemble des points dont aucun voisinage n’est homéomorphe a un disque.

Théoreme 1.16 ([Betll, Théoreme 3]). Pour tout o > 0, le bord 9q7, est un sous-ensemble de (42, ,d%,)
dont la dimension de Hausdorff est presque stirement égale a 2.

Ce résultat n’est pas surprenant si I’on se convainc que le bord correspond au plancher de la forét
limite, et que 'on se souvient que, dans le cas planaire, le squelette Sk, de l'arbre limite est p.s. de
dimension 2. Les sections 5.3 et 5.4 sont dédiées aux preuves de ces deux derniers théorémes.

On pourrait penser qu'une quadrangulation a bord est essentiellement une moitié de quadrangu-
lation planaire, en ce sens qu’on pourrait s’attendre a ce qu’il soit possible de créer une quadrangula-
tion planaire en recollant d'une certaine facon deux quadrangulations & bord. En d’autres termes, on
pourrait s’attendre a ce que la forét limite soit a peu de choses prés un demi-CRT muni d’étiquettes
browniennes. Mais ce qu’on observe est en fait plus compliqué que ca. En particulier, les étiquettes
browniennes ne se comportent pas de la méme maniere le long du plancher que dans les arbres de la
forét : alors que le facteur d’échelle vaut 1 dans les arbres (les étiquettes varient comme des mouve-
ments browniens standards), il vaut v/3 le long du plancher.

Ce facteur génere certaines difficultés. Entre autres, il nous empéche d’utiliser directement cer-
taines estimées techniques du papier [LG07] de Jean-Frangois Le Gall et nous pousse a trouver d’autres
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1.5.2. Casoito =0

preuves, que 1'on regroupe dans le chapitre [fl On utilise en particulier une preuve par « recouvre-
ments » basée sur un théoréme de Larry Shepp [She72] pour étudier les points de croissance de notre
processus de codage limite. Notre approche permet de retrouver le lemme clé [LGP08, Lemme 3.2]
concernant les points de croissance du processus (e, Z).

1.5.2 Casouoc =0

Dans le cas ot o = 0, on peut donner un résultat plus précis. En particulier, on obtient une convergence
sans extraction. A la limite, le bord « disparait » et 'on obtient la méme limite que dans le cas sans bord,
c’est-a-dire la carte brownienne (mq, D*).

Théoreme 1.17 ([Betll, Théoreme 4]). Soit (o,,)n>1 une suite d'entiers strictement positifs telle que
on/V2n — 0 lorsque n — co. Soit q,, uniformément distribuée sur 'ensemble Q,, ,, des quadrangulations a
bord ayant n faces internes et 20, arétes sur le bord. Alors,

1 (d) *
(V@n), 7m0 dy, ) =2 (moo, DY)

n— o0

au sens de la topologie de Gromov—Hausdorff.

L'idée qui se cache derriére ce théoréme est qu'une quadrangulation avec un « petit » bord n’est
pas treés loin d’une quadrangulation sans bord. Cela se voit dans le codage : a la limite, un seul arbre
de la forét survit. Ce théoréme est prouvé au cours de la section

1.5.3 Développements

Plusieurs questions naturelles se posent. On peut par exemple se demander ce qu’il se passe si on
impose au bord d’étre simple. Cela se traduit par un conditionnement de la forét codante qui pose
quelques difficultés, et nos résultats ne s’adaptent pas immédiatement a ce cas. On s’attend néanmoins
a obtenir les mémes limites d’échelle, a un facteur modifiant la longueur du bord pres.

On peut aussi regarder le modele suivant de marches auto-évitantes, inspiré de [BBG11]. Dans
cette référence, Jérémie Bouttier et Emmanuel Guitter étudient un modele de boucles tracées sur le
dual d'une quadrangulation. En considérant un chemin auto-évitant plutét que des boucles, on se
ramene a I'étude des quadrangulations a bord. En quelques mots, pour n > 0 et ¢ > 1, on considere
une carte dont les faces sont de plusieurs types possibles (voir la figure[1.10) :

< laface incidente a la racine est de degré 2, et un chemin relie son centre au milieu de la demi-aréte
incidente qui n’est pas la racine,

<+ o—1faces sont des quadrangles dont les milieux de deux cotés opposés sont reliés par un chemin,

< une autre face est de degré 2, et un chemin relie son centre au milieu d’une des demi-arétes qui
lui sont incidentes,

<+ les n faces restantes sont des quadrangles.

On demande de plus que la réunion des chemins tracées dans les faces forme un chemin connexe
auto-évitant.

Il n’est alors pas tres difficile de voir que les cartes qui vérifient ces conditions sont en bijection avec
les cartes de Q,, , via une opération de « recollement du bord ». Partant d’une telle carte, on supprime
les o arétes traversées par le chemin, et 'on obtient une carte dont les faces sont n quadrangles ainsi
qu'une autre face de degré 1 + 2(c — 1) + 1 = 20 qui est incidente a la racine. Cela est donc bien
une quadrangulation a bord de Q,, ,. Dans 'autre sens, considérons une quadrangulation de Q,, », et
appelons e; = ¢, ¢2, ..., ¢2, les demi-arétes incidentes a sa face externe, classées dans 1’ordre indirect.
On ajoute des arétes (sans qu’elles se croisent) reliant ¢;,_, a ¢/, ; pour 0 < i < o — 1, et on relie les
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Chapitre 1. Présentation générale

(x1) (x(c—1)) (x1) (xn) pas de boucles

FIGURE 1.10. Modele de chemins auto-évitants de Jérémie Bouttier et Emmanuel Guitter. Les chemins sont
représentés d’'un trait (rouge) épais, et les arétes qu’ils coupent sont en pointillés fins (bleus). Le chemin part
de la face de degré 2 incidente a la racine et finit dans I'autre face de degré 2. La pointe de fleche sur le chemin
symbolise ce fait.

milieux de ces arétes par des chemins. On crée ainsi une carte qui vérifie les conditions précédentes

(voir la figure [[.TT).

FIGURE 1.11. Une quadrangulation a bord et la carte correspondante. Sur cette figure, o = 15.

En fait, les cartes définies ici correspondent au cas rigide de [BBG11]. On pourrait tout aussi bien
autoriser les chemins a « tourner », en enlevant I’hypothese que les arétes d'un quadrangle qu’ils relient
sont opposées. A la limite, on s’attend a ce que cela ne change rien et a obtenir les mémes objets.

Afin de traiter ce modele, il faudrait bien comprendre I'opération de recollement du bord, et voir
comment nos résultats peuvent s’interpréter. Par exemple, il semble naturel de penser que le chemin
tende vers un chemin limite injectif de dimension 2. Dans le continu, on peut facilement définir une
opération de recollement du bord similaire, en quotientant ’espace limite par la relation d’équivalence
la plus grossiere qui identifie les points du bord qui sont & méme distance (dans la forét) du sommet
racine. Malheureusement, cette opération pose quelques probléemes du point de vue métrique et, méme
sil’espace discret tend vers 'espace continu, il n’est pas si clair que I'espace discret quotient tende vers
I'espace continu quotient.

Le méme genre de questions se pose si ’on cherche a étudier les marches auto-évitantes au sens

classique sur les quadrangulations, qui correspondent aux quadrangulations a bord simple, via une
opération de découpage et recollement similaire.
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Les travaux [Bet10a, [Bet10b| et [Bet11l] utilisent des techniques similaires et ont été élaborés dans le but
d’étre publiés indépendamment, c’est pourquoi certaines répétitions peuvent apparaitre entre les parties [ et [Tl
Certaines notations peuvent aussi désigner des objets différents entre la partie[[l et la partie[[Ill Par exemple, qs,
désigne dans la partie[[llune quadrangulation de genre g et, dans la partie[[Il, une quadrangulation a bord. Afin
de ne pas trop déstructurer le document et risquer d’introduire des incohérences, nous avons préféré laisser les
choses ainsi, et nous nous excusons par avance du désagrément occasionné.
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Limite d’échelle de cartes aléatoires en genre quelconque
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Scaling limit of uniform well-labeled g-trees

The first step to our problem is to understand the scaling limit of uniform random well-labeled
g-trees. These are much simpler objects than quadrangulations that are related to them through the
Chapuy-Marcus—-Schaeffer bijection [CMS09]—which we briefly present in the first section. In the
following sections, we investigate the structure of these objects, and exhibit their scaling limit. In a
nutshell, this scaling limit can be viewed as a Brownian g-tree (a so-called scheme on which Brown-
ian forests are grafted) with Brownian labels on it. In other words, we find a genus g analog to the
Brownian snake on Aldous’s CRT [Ald91,AId93].

2.1 The Chapuy-Marcus-Schaeffer bijection
2.2 Decomposition of a g-tree
2.2.1 Forests
2.2.2  Scheme
2.3 Convergence of the structure of a uniform well-labeled g-tree
2.3.1 Preliminaries
2.3.2 Result
2.4 Convergence of the Motzkin bridges and the forests
2.4.1 Brownian bridge and first-passage Brownian bridge
2.42 The Brownian snake
2.4.3 The discrete snake

2.44 Convergence of a uniform well-labeled forest
QoD

2l & &1 B 8] &1 E1 B E] B &1 &l

2.1 The Chapuy-Marcus—Schaeffer bijection

The first main tool we use consists in the Chapuy-Marcus—Schaeffer bijection [CMS09, Corollary 2
to Theorem 1], which allows us to code (rooted) quadrangulations by so-called well-labeled (rooted)
g-trees.

It may be convenient to represent a g-tree t with n edges by a 2n-gon whose edges are pairwise
identified (see Figure 2.I). We note ¢; := e, ¢y, ..., ¢2, the half-edges of t arranged according to the
clockwise order around this 2n-gon. The half-edges are said to be arranged according to the facial
order of t. Informally, for 2 < ¢ < 2n, ¢; is the “first half-edge to the left after ¢;_;.” We call facial
sequence of t the sequence t(0), t(1), ..., t(2n) defined by t(0) = t(2n) = ¢] = ¢, and for1 <i < 2n—1,
t(i) = ¢/ = ¢;,,. Imagine a fly flying along the boundary of the unique face of t. Let it start at time 0
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

Figure 2.1. Left. The facial order and facial sequence of a g-tree. Right. Its representation as a polygon whose
edges are pairwise identified.

by following the root e, and let it take one unit of time to follow each half-edge, then t(¢) is the vertex
where the fly is at time 7.

Let t be a g-tree. Two vertices u,v € V(t) are said to be neighbors, and we write u ~ v, if there is
an edge linking them.

Definition 2.1. A well-labeled g-tree is a pair (t,1) where t is a g-tree and | : V(t) — Z is a function
(thereafter called labeling function) satisfying:

i. [(e;) = 0, where e, is the root of t,
ii. ifu~wv,then |[(u) —I(v)| < 1.

We call 7, the set of all well-labeled g-trees with n edges.

A pointed quadrangulation is a pair (q,v*) consisting in a quadrangulation g together with a dis-
tinguished vertex v* € V(q). We call

9y ={(q,v°): g€ Qp,v* € V(q)}

the set of all pointed bipartite quadrangulations of genus g with n faces.

The Chapuy-Marcus-Schaeffer bijection is a bijection between the sets 7,, x {—1,+1} and Q°. As
a result, because every quadrangulation q € Q,, has exactly n + 2 — 2g vertices, we obtain the relation

(n+2—29)|9n] = 2|7yl (2.1)

We briefly describe here the mapping from 7, x {—1,+1} onto Q;, and we refer the reader to
for a more precise description. Let (t,[) € 7, be a well-labeled g-tree with n edges and €. €
{—1,41}. As above, we write t(0), t(1), ..., t(2n) its facial sequence. The pointed quadrangulation
(q,v*) corresponding to ((t,[),e+) is then constructed as follows. First, shift all the labels in such a
way that the minimal label is 1. Let us call [ := [ — minl + 1 this shifted labeling function. Then,
add an extra vertex v*® carrying the label [(v*) := 0 inside the only face of t. Finally, following the
facial sequence, for every 0 < i < 2n — 1, draw an arc—without crossing any edge of t or arc already
drawn—between t(i) and t(succ(i)), where succ(7) is the successor of i, defined by

suce(i) = { inf{k >4 : 1(t(k)) = Ut(0) — 1} if {k > : [(t(k)) = (t(0) — 1} # 2, (22)
inf{k > 1 : I(t(k)) = (t(i)) — 1} otherwise, '

with the conventions inf @ = oo, and t(o0) = v°.
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2.1. The Chapuy—Marcus—Schaeffer bijection

Figure 2.2. The Chapuy—Marcus—Schaeffer bijection. In this example, e+ = +1. On the bottom-left picture, the
vertex v*® has a thicker (red) borderline.

The quadrangulation q is then defined as the map whose set of vertices is V'(t) U {v*}, whose edges
are the arcs we drew and whose root is the first arc drawn, oriented from t(0) if e+ = —1 or toward t(0)
ifey = +1 (see Figure[2.2).

Because of the way we drew the arcs of q, we see that for any vertex v € V(q), [(v) = dq(v®, ).
When seen as a vertex in V' (q), we write (i) instead of t(¢). In particular,

{a(2),0 <@ <2n} = V(g)\{0"}.

We end this section by giving an upper bound for the distance between two vertices q(i) and q(j),
in terms of the labeling function [:

dq(q(i),q(5)) < (7)) + [(t(7)) — 2max Qi’%ﬁ [(t(k)), kgﬁ%ﬁ [(t(k))> +2 (2.3)

where we note, fori < j, [i,j] == [i,j]]NZ = {i,i+ 1,...,75},and
[l = [i, 5] if i<y,
.51 = { [i,2n] U0, 5] if j <i. (2:4)

We refer the reader to Lemma 4] for a detailed proof of this bound. The idea is the fol-
lowing: we consider the paths starting from t(i) and t(j) and made of the successive arcs going from
vertices to their successors without crossing the g-tree. They are bound to meet at a vertex with label
m — 1, where

m = min_ [(t(k)).
keli]
On Figure we see that the (red) plain path has length [(t()) — m + 1 and that the (purple) dashed
one has length [(t(j)) — m + 1.
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

Figure 2.3. Visual proof for @3). Both paths are made of arcs constructed as explained above.

2.2 Decomposition of a g-tree

We investigate here more closely the structure of a g-tree t. We call scheme a g-tree with no vertices of
degree 1 or 2. Roughly speaking, a g-tree is a scheme in which every half-edge is replaced by a forest.
2.2.1 Forests

2.2.1.1 Formal definitions

We adapt the standard formalism for plane trees—as found in [Nev86] for instance—to forests. Let

oo
U= U N™
n=1
where N := {1,2,...}. If u € N, we write ||u|| := n. For u = (u1,...,uy), v = (v1,...,0p) € U, we
let uwv == (u1,...,Un,v1,...,Vp) be the concatenation of v and v. If w = uv for some u,v € U, we say

that v is an ancestor of w and that w is a descendant of u. In the case where v € N, we may also use
the terms parent and child instead.

Definition 2.2. A forest is a finite subset f C U satisfying the following:
i. there is an integer t(f) > 1 such that f NN = [1,¢(f) + 1],
ii. ifu € f\N, then its parent belongs to f,
iii. for every u € {, there is an integer ¢, (f) > 0 such that ui € fif and only if 1 <1 < ¢, (f),
0. ¢y5+41(f) = 0.
The integer t(f) is called the number of trees of §.

We will see in a moment why we require ¢(f) + 1 to lie in f. For v = (u1,...,u,) € f, we call
a(u) = wuy its oldest ancestor. A tree of f is a level set for a: for 1 < j < ¢(f), the j-th tree of § is
the set {u € f : a(u) = j}. The integer a(u) hence records which tree u belongs to. We call the set
fl =N N = {a(u), u € f} the floor of the forest f. When u € fI, we sometime note it (u) to avoid
confusion between the integer v and the point (u) € f.

For u, v € §, we write u ~ v if either
<+ uis a parent or child of v, or
4+ u,v € fland |[u —v| = 1.

It is convenient, when representing a forest, to draw edges between u’s and v’s such that u ~ v (see
Figure[2.5). We say that an edge drawn between a parent and its child is a tree edge whereas an edge
drawn between two consecutive tree roots, i.e. between some 7 and i + 1, will be called a floor edge.

We call F" the set of all forests with o trees and m tree edges, that is

Fr={f:t{f)=o,|fl=m+o+1}.
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2.2.1.2. Encoding by contour and spatial contour functions

Definition 2.3. A well-labeled forest is a pair (f, 1) where § is a forest and | : f — Z is a function satisfying:
i. forallu € fl, we have [(u) = 0,
ii. ifu ~ v, then |[(u) — I(v)] < 1.

Let
3o ={(0: feF}

be the set of well-labeled forests with ¢ trees and m tree edges.

Figure 2.4. An example of well-labeled forest from §3°.

Remark. For every forest in F", there are exactly 3™ admissible ways to label it: for all tree edges,
one may choose any increment in {—1,0, 1}. As a result, || = 3™|F.*|.

2.2.1.2 Encoding by contour and spatial contour functions

There is a very convenient way to code forests and well-labeled forests. Let f € F.* be a forest. Let
us begin by defining its facial sequence (0), (1), ..., f(2m + o) as follows (see Figure[2.5): f(0) := (1),
andfor0<:<2m+o—1,

< if f(¢) has children that do not appear in the sequence §(0), f(1), ..., (), then §(i + 1) is the first of
these children, thatis f(i + 1) := §(¢)jo where

jo=min{j > 1 :§(@)j ¢ {§(0),5(1),....f(@)}},

<+ otherwise, if (i) has a parent (that is f(i) ¢ fI), then §(i + 1) is this parent,

< if neither of these cases occur, which implies that f(¢) € fl, then §(¢ + 1) :== §(¢) + L.

Figure 2.5. The facial sequence associated with the well-labeled forest from Figure[2.4]

It is easy to see that each tree edge is visited exactly twice—once going from the parent to the child,
once going the other way around—whereas each floor edge is visited only once—from some ¢ to ¢ + 1.
As aresult, f(2m + o) = t(f) + 1.
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The contour function of § is the function Cj : [0,2m + o] — R, defined, for 0 < i < 2m + o, by

Ci(@) = [[F@)N + £(F) — a (f(2))

and linearly interpolated between integer values (see Figure[2.6).

We can easily check that the function Cj entirely determines the forest f. We see that C ranges in
the set of paths of a simple random walk starting from ¢(f) and conditioned to hit 0 for the first time at
2m + o. This allows us to compute the cardinality of F*:

Lemma 2.1. Let ¢ > 1 and m > 0 be two integers. The number of forests with o trees and m tree edges is:

o o 2m+o
]:m _ 22m+UPSm . = _ ( >,
75 2m+o (Soma = 0) 2m+o m

where (S;)i>o is a simple random walk on Z.

Proof. Shifting the contour functions, we see that |F"| is the number of different paths of a simple
random walk starting from 0 and conditioned to hit —o for the first time at 2m + 0. We have

|| = 22" P (Samye = —0; Vi € [0,2m + 0 — 1], S; > —0)

g
- 22m+0]P)Sm o = 5
omto (S2m+ o)

where the second equality is an application of the so-called cycle lemma (see for example [BCP03,
Lemma 2]). The second equality of the lemma is obtained by seeing that Ss,,,4, = o if and only if the
walk goes exactly m + ¢ times up and m times down. O

Now, if we have a well-labeled forest (f, [), the contour function Cj enables us to recover f. To record
the labels, we use the spatial contour function L;  : [0,2m + o] — R defined, for 0 < i < 2m + o, by

Ly 1(3) = I(§(2))

and linearly interpolated between integer values (see Figure [2.6). The contour pair (Cj, L) then
entirely determines (f, [).

VAN

Figure 2.6. The contour pair of the well-labeled forest appearing in Figures 24 and[2.5 The paths are dashed on
the intervals corresponding to floor edges.
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2.2.2. Scheme

2.2.2 Scheme
2.2.2.1 Extraction of the scheme out of a g-tree

Definition 2.4. We call scheme of genus g a g-tree with no vertices of degree one or two. A scheme is said to
be dominant when it only has vertices of degree exactly three.

Remark. The Euler characteristic formula easily shows that the number of schemes of genus g is finite.
We call & the set of all schemes of genus g and &* the set of all dominant schemes of genus g.

It was explained in how to extract the scheme out of a g-tree t. Let us recall now this op-
eration. By iteratively deleting all its vertices of degree 1, we are left with a—non-necessarily rooted—
g-tree. If the root has been removed, we root this new g-tree on the first remaining half-edge following
the actual root in the facial order of t.

The vertices of degree 2 in the new g-tree are organized into maximal chains connected together at
vertices of degree at least 3. We replace each of these maximal chains by a single new edge. The edge
replacing the chain containing the root is chosen to be the final root (with the same orientation).

By construction, the map s we obtain is a scheme of genus g, which we call the scheme of the
g-tree t. See Figure 2.7

Figure 2.7. Extraction of the scheme s out of the g-tree t.

2.2.2.2 Decomposition of a g-tree

When iteratively removing vertices of degree 1, we actually remove whole trees. Let ¢, ¢2, ..., ¢
be one of the maximal chains of half-edges linking two nodes. The trees that we remove, appearing
on the left side of this chain, connected to one of the ¢; ’s, form a forest—with k trees—as defined in
Section[Z2.1] Beware that the tree connected to ¢} is not a part of this forest; it will be the first tree of
some other forest. Remember that the forests we consider always end by a single vertex not considered
to be a tree. This chain being later replaced by a single half-edge of the scheme, we see that a g-tree t
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can be decomposed into its scheme s and a collection of forests (§°) Recall that E(s) is the set of
all half-edges of s.

Forec E (s), let us define the integers m*® > 0 and ¢¢ > 1 by

ecE(s)"

e F1V (2.5)

[AT)

so that m* records the “size” of the forest attached on the half-edge ¢ and ¢ its “length.”
In order to recover t from s and these forests, we need to record the position its root. It may be seen
as a half-edge of the forest {*~ corresponding to the root ¢, of s. We code it by the integer

u € [0, 2m® + o (2.6)

for which this half-edge links §** (u) to §** (v + 1).
For every half-edge ¢ € E(s), if we call € its reverse, we readily obtain the relation:

ot =o". (2.7)

This decomposition may be inverted. Let us suppose that we have a scheme s and a collection of
forests (f°),c 5(,)- Let us define the integers m*’s and o*’s by (2.5) and suppose they satisfy (2.7). Let
again 0 < u < 2mf* + o~ be an integer. Then we may construct a g-tree as follows. First, we replace
every edge {¢, ¢} by a chain of 0¢ = o edges. Then, for every half-edge ¢ € E(s), we replace the chain
of half-edges corresponding to it by the forest ¢, in such a way that its floor! matches with the chain.
Finally, we find the root inside f** thanks to the integer w.

This discussion is summed up by the following proposition. The factor 1/2 in the last statement
comes from the fact that the floor of §* and that of {° are overlapping in the g-tree, thus their edges
should be counted only once.

Proposition 2.2. The above construction provides us with a bijection between the set of all g-trees and the set
of all triples (5, (F)eciis) u) where s € & is a scheme (of genus g), the forests §¢ € Fui* satisfy @7) and u
satisfies (2.6).

Moreover, g-trees with n edges correspond to triples satisfying >~ . B(s) (me + %ae) =n.

Let t be a g-tree and (5, (F)ec (o) u) be the corresponding triple. We say that s is the scheme of t
and that the forests ¢, ¢ € E (s), are its forests. The set V (s) may be seen as a subset of t; we call nodes
its elements. Finally, we call floor of t the set fI of vertices we obtain after replacing the edges of s by
chains of edges (see Figure[2.8).
2.2.2.3 Decomposition of a well-labeled g-tree

We now deal with a well-labeled g-tree. We will need the following definitions:

Definition 2.5. We call Motzkin path a sequence of the form (My,)o<n<c for some o > 0 such that My = 0
and for 0 < i <o —1, My11 — M; € {—1,0,1}. We write o(M) = o its lifetime, and M = Mo (nry its final
value.

A Motzkin bridge of lifetime o from I, € Z to [> € Z is an element of the set

Mfé;’]lz = {11 + M : M Motzkin path such that (M) = o, M =1y — ll} .

We say that (M,,),>0 is a simple Motzkin walk if it is defined as the sum of i.i.d. random variables
with law $(6_1 + 6o + 01).

I The floor of a forest f is naturally oriented from 1 to t(f) + 1. The forest j¢ is then grafted “to the left side” of ¢.
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2.2.2.3. Decomposition of a well-labeled g-tree

Remark. We then have
Mg o2 | = 37 P(My = 1o — 1)

where (M;);> is a simple Motzkin walk.

When decomposing a well-labeled g-tree (t,[) into a triple (s, (f°), u) according to Proposition 2.2]
every forest f¢ naturally inherits a labeling function noted I¢ from [. In general, the forest (§¢, [*) is not
well-labeled, because the labels of its floor have no reason to be equal to 0. We will transform it into
a Motzkin bridge 9t¢ starting from 0 and a well-labeled forest (§¢, I*). The Motzkin bridge records the
floor labels shifted in order to start from 0: for 0 < i < ¢(f¢), M (i) == [¢(i + 1) — [*(1), where, on the
right-hand side, we used the notation {1,2,...,#(f*) 4+ 1} for the floor of f*. The well-labeled forest is
obtained by shifting all the labels tree by tree in such a way that the root label of any tree is 0: for all
w € §¢, 16 (w) = [ (w) — [ (a(w)).

We thus decompose the well-labeled g-tree (t, I) into its scheme s, a collection (9t°)
bridges started at 0, a collection (f¢, I)
Figure

ce B(s) Of Motzkin
of well-labeled forests and an integer u, as shown on

ecE(s)

Figure 2.8. Decomposition of a well-labeled g-tree t into its scheme s, the collection of its Motzkin bridges
(%) ¢ 55(s, and the collection of its well-labeled forests (5751 e E(s)- In this example, the integer u = 10. The
floor of t is more thickly outlined, and its two nodes are even more thickly outlined.

Forec E (s), we define the integer I* € Z to be such that
M € MY (2.8)

It records the spatial displacement made along the half-edge ¢. Because the floor of §* overlaps the
floor of §* in the g-tree, 9 and M° read the same labels in opposite direction:

IME (i) = M (0° — ) — I°. (2.9)

In particular, [* = —I°. But this is not the only constraints on the family (i) . F(s)- These will be
easier to understand while looking at vertices instead of edges. For every vertex v € V(s), we let [V be
the label of the corresponding node shifted in such a way that {*~ = 0. We have the following relation
between (I°) . ;) and (I)vev (s): forall e € E(s),

—1, (2.10)
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

so that the family (I"),cv (s) entirely determines (1), F(s)- Because of the choice we made, | =0, it
is easy to see that (ZQ)QEE(E) determines (I"),ev (s) as well.
It now becomes clear that the only constraint on ({°)

by the relations (2.10).

cc F(s) 18 to be obtained from a family (I")vev(s)

Let s be a scheme, (M°), 5, be a family of Motzkin bridges started from 0, (¢, [*) . 5, be a family
of well-labeled forests, and u be an integer. Let the integers m*®’s, 0¢’s and [*’s be defined by (2.5) and
2.8). We will say that the quadruple (5, (9)1°)e€b:(5), (F¢, [°)QGE(5), u) is compatible if the integers o¢’s
satisfy the constraints (2.7), the Motzkin bridges *’s satisfy (2.9), the integers [*’s can be obtained
from a family (I),cv (s) by the relations (2.10), and u satisfies (2.6).

Let suppose now that we have a compatible quadruple (5, M) e sy 755 1) e e u) We may
reconstruct a well-labeled g-tree as follows. We begin by suitably relabeling the forests. For every

half-edge ¢, first, we shift the labels of 9° by [ so that it becomes a bridge from [* to [ ¢ Then, we
shift all the labels of (¢, [) tree by tree according to the Motzkin bridge: precisely, we change [* into
wef = 1° + M (a(w) — 1) + [*(w). Then, we replace the half-edge ¢ by this forest, as in the previous
section. As before, we find the root thanks to u. Finally, we shift all the labels for the root label to be
equal to 0. This discussion is summed up by the following proposition.

Proposition 2.3. The above construction provides a bijection between the set of all well-labeled g-trees and the
set of all compatible quadruples (5, (M) ooy 5 1) ec o u)
Moreover, g-trees with n edges correspond to quadruples satisfying > A(s) (m° + %UQ) =n.

If we call (C*, L*) the contour pair of (f¢, [*), then we may retrieve the oldest ancestor of ¢(7) thanks
to C¢ by the relation

a(fe(i)) —1=0" - C*(i),

where we use the notation

X, =inf X
[0,5]
for any process (X, )>0. The function
e (Le(t) +one (o° - Qe(t)))0<t<2m=+a° (2.11)

then records the labels of the forest {°, once shifted tree by tree according to the Motzkin bridge 9i°.
This function will play an important part in Section .11

Through the Chapuy-Marcus-Schaeffer bijection, a uniform random quadrangulation corresponds
to a uniform random well-labeled g-tree. In order to investigate the scaling limit of the latter, we will
proceed in two steps. First, we consider the scaling limit of its structure, consisting in its scheme along
with the integers m*’s, 0¢’s, ["’s and v previously defined. Then, we deal with its Motzkin bridges and
forests conditionally given its structure.

2.3 Convergence of the structure of a uniform well-labeled g-tree

2.3.1 Preliminaries

We investigate here the convergence of the integers previously defined, suitably rescaled, in the case
of a uniform random well-labeled g-tree with n vertices. Let (t,, [,,) be uniformly distributed over the
set 7, of well-labeled g-trees with n vertices. We call its scheme s,, and we define

(m;)eeﬁ(sn)v (f;v[;)eeﬁ(gn)a (m;)eeﬁ(sn)v (U:z)eeﬁ(sn)v (l;)eeﬁ(sn)v (In)vevi(s,), and up
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2.3.1. Preliminaries

as in the previous section. We know that the right scalings are 2n for sizes, v/2n for distances in the
g-tree, and yn'/* for spatial displacements?, so we set:

4

M) = 7

on Tn) "= Von (n) ™ 1/ (n) ™ /4 an Un) = 5

Remark. Throughout this paper, the notation with a parenthesized n will always refer to suitably
rescaled objects—as in the definitions above.

As sensed in the previous section, it will be more convenient to work with [*’s instead of {*’s. We
use the notation Z = {0, 1, ...} for the set of nonnegative integers. For any scheme s € &, we define

the set ¢,,(s) of quadruples (m, 0,1, u) lying in Zf(s) x NE() 5 7V(5) x 7., such that:

4 Ve e E(s), 0 = o,

$ 15 =0,

$+ 0<u<2m®* +o% -1,
@+ Deeh(s) (me + %Ue> =n.

This is the set of integers satisfying the constraints discussed in the previous section for a well-
labeled g-tree with n edges. For (m,o,l,u) € €,(s), we will compute the probability that s,, = s and
(M, Onyln, un) = (M, 0,0, u). A g-tree has such features if and only if its scheme is s and, for every
¢ € E(s), the path 9 is a Motzkin bridge from 0 to [* = *_ 1" on [0,0°%], and the well-labeled forest
(¢, 1) lies in §%".

Moreover, because of the relation (2.9), the Motzkin bridges (me), cB(s)

(M) & jo(s)» Where E(s) is any orientation of E(s). Using Lemma 2.} we obtain

are entirely determined by

]P)(sn =5, (mn,an,ln,un) = (m,a,l,u))

1 .
=y LI Moy
ecE(s)

n [4
12 [ = P(Semeroc =0%) [[ P(Moe =1 (212)

B m L 2mf +o° -
e€EF(s) c€FE(s)

'ITL?
ot

m*
0“

where (S;)i>0 is a simple random walk on Z and (M;);>o is a simple Motzkin walk.

We will need the following local limit theorem (see [Pet75, Theorems VIL.1.6 and VIL3.16]) to
estimate the probabilities above. We call p the density of a standard Gaussian random variable:

pa)= e 7.

Proposition 2.4. Let (X;);>0 be a sequence of i.i.d. integer-valued centered random variables with a moment
of order 1o for some ro > 3. Let n? = Var(X1), h be the maximal span® of X1 and the integer a be such that

a.s. X1 € a+ hZ. We define ¥y, = Zf:o X, and we write Q% (i) = P(Zg = 19).

1. We have

sup
i€ka+hZ

TVEQG) ~p (U%N o (k2.

1

2Recall that ~ == (%) 1,

3We call maximal span of an integer-valued random variable X the greatest h € N for which there exists an integer a such
thata.s. X € a + hZ.
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

2. Forall 2 <1 < 1y, there exists a constant C such that forall i € Zand k > 1,

1+‘ i
Wk

Proof. The first part of this theorem is merely [Pet75, Theorem VIL.1.6] applied to the variables (X —
a), which have 1 as maximal span. The second part is an easy consequence of [Pet75, Theorem VIIL.3.16].
O

In what follows, we will always use the notation S for simple random walks, M for simple Motzkin
walks, and ¥ for any other random walks. We will use this theorem with .S and M: we find (,h) =

(1,2) for S and (n, h) = (1/2/3,1) for M. In both cases, we may take r as large as we want.

2.3.2 Result

Recall that &* is the set of all dominant schemes of genus g, that is schemes with only vertices of
degree 3. We call p, the density of a centered Gaussian variable with variance a, as well as p), its
derivative:

pa@c)::%p(%) and p;<z>:—$p(%).

For any s € G, we identify an element (m, 0,1, u) € Rf(s)\{e*} x (RZ)EE) x RVENe} x R, with

an element of Rf(g) X (Ri)ﬁ(ﬁ) x RV(®) x R, by setting:

S M= L= 3o e} (2132)
4 forevery ¢ € E(s), 0° == 0°, (2.13b)
4 I =0, (2.13¢)
We write

As = {(@) e € 10,1159, 5 e 7e = 1}

the simplex of dimension |E(s)| — 1. Note that the vector m lies in the simplex A, as long as m®* > 0.
We define the probability 1. by, for all nonnegative measurable function ¢ on |, _g{s} x Asx (R7)F(®) x
RV () x [0,1],

1
M(SD) = T Z / ace ]l{me* >0, u<mex} 2 (57m307l7u) H _p;n‘ (UE) H DPoe (le)a
seS* ecE(s) c€E(s)
where d£° = d(m*) d(o*) d(IV) du is the Lebesgue measure on the set
S* =0, 1]5(5)\{9*} % (Ri)Ev(ﬁ) x RVE\e} [0,1]

and

=3 [S L Ve 50,ucmey || —Phue (0°) TT poe () (2.14)

s€6~ e€E(s) ecE(s)

is a normalization constant. We may now state the main result of this section.

Proposition 2.5. The law of the random variable
4 4 v
(5”’ (m(n)) e€B(sn)’ (U(n)) e€B(sn)’ (l(”))ve\/(sn)’ u(n))
converges weakly toward the probability p.

46



2.3.2. Result

Proof. Let ¢ be a bounded continuous function on the set
L {5} x As x (RE)FE x RV x [0,1].
s€6

We need to look at the convergence of
En =E {(‘0 (S"’ (mzn)>eeﬁ(sn)’ (U(e"))eeé(sn)’ (ZEJ"))vev(sn)’ u(n))] '

Step1. Letn € N. For the time being, we identify (m, o,l,u) € Zf(s)\{e*} « NEG) 5 7Vl ) « Zy
with an element of Zf(s) x NE@©) 5 7V () % Z+ by @2.13b), 2.139), and

4+ m®(n) =n— ZQEE(E)\{Q*} mt — ZeeE(g) o, (2.13a%)

instead of (2.13a), which may be seen as its discrete counterpart. This is an element of €, (s) provided
thatm*®(n) > 0and 0 < u < 2m*~(n)+o°~. Beware that here the definition of m*®- (n) actually depends
on n. It also depends on ¢ but we chose not to let it figure in the notation for space reasons.

For any vector # = (71,22, ...,7s) € R¥, we note | x| the vector (|z1], |22],...,|2r]) € Z*. Note
that for m € RY E@)\{e-} , |m]*(n) is well defined through (Z.I3a’). Until further notice, we will write
|m | for |m]* *( ), Wthh n being implicit. So when we write |m|, we mean the vector such that

lm|® = Lmﬂ fore # ¢, and [m]®* = [m]®*(n). Using (m), we find

2m +
o |T| Z Z @(57 m?n : \/(;_n ynt/e’ 2n> H hi(m®,o® H ha(o®,1%)

€6 (m,o,l,u)eC,(s) ccE(s) e€E(s)

where

O.C

hy(m®,0%) = o

ng:_,’_o.e (O'e) ]]-{0"21} and hQ(O'e,le) = Qé_\/{(le) ]]-{0"21}'

Writing the sum over €, (s) in the form of an integral, we obtain

En—llﬁ"'z/ 42 ey (m,ow) o) [T kallmls 1019 T ke( o) 10 = 11°),

ccE(s) e€B(s)

where .| stands for

2\m] + o] lof U] [u
90<5’ 2n ’\/ﬂ"ynl/‘“%)

dL® is the Lebesgue measure on the set S* := Rf(s)\{e*} X (R%)E(E) x RVEMe) x R, and
£ = {(m,o, u) € RY B\ e} o (R*JF)E(E) xRy @ [m]™(n)>0,u<2|m|™(n)+ LUJQ*}.

1/4

Finally, the changes of variables m — nm, o — v2no,l — yn'/*1, and v — 2nu yields

|T| Zn‘””‘ S 39/ acs s I Bes [ oz (2.15)

ccE(s) e€E(s)

where

2[nm] + [V2no] [V2na| |yn'/l] LQWJ),

L — A/
An - ]lgfL (nm) 2n g, 2”“) @(57 M ’ m ’ ")/Tll/4 ’ m

Byt =nhy (lnm]*, [V2nol°).,
Ot =yt (V2 Ly nt ) = [yt ).
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

Step 2. We are now going to see that every integral term of the sum appearing in the equation 2.15)

converges, by dominated convergence. We no longer use (2.13a) but (2.13a) in the identification (2.13).
Because

2| () + [VOo] g 2t VIO S e e

2 . 2n .
e€E(s)\{ex} e€E(s)\{ex}

we see that A5, = L{,e.> 0, ucme+} @ (8,m,0,1,u). Thanks to Proposition 2.4 we then obtain
By — —pl..(c°) and C3® = pye(1°).

It remains to prove that the convergence is dominated. To that end, we use the second part of
Proposition 2.4 In the remainder of the proof, C' will denote a constant in (0, c0), the value of which
may differ from line to line. First, notice that

A5 < elloo-

Then, applying Proposition 2.4l with r = 3, we obtain, for n > 2,

- 2n [V2no|© . ey 1 ¢
" (QanJeL—\%/;/%af)% 5 )+ 1V2101)} Qe gy (VE101) T mmaenn)

(Wamol)? \*?
C <L\/%0J°>2 2[nm] ¢ +[V2no]*

V2n 1 (1v2no]<)?
+ 2|nm]+[Vv2no

< >3/2 Livamoe=1)

<C(m") T A(e") 7,

where we used the fact that for z > 1, |z] ™" < 2/z. The case |[nm| = 0 is to be treated separately, and
is left to the reader. Applying now Proposition 2.4l with r = 2, we find that, for n > 2,

5e 2n)1 2 e\ 3 et ¢
o z%\/g(b/%ﬂ) JLWJ%UJ"(U”””J — |y nt/4 )ﬂ{maezl}

(L\/Qnoje)
et e\ 2 -t
c 3 (Lyn/ )" = lynt4) )
S 5 3
Vo 2 |V2no |
- 2 -1
ey (e
= JVoe ot {fper—te|>1}
Any integrand in the equation (2.I5) is then bounded by
-1
ey—1 e\ —2 ey—1/2 (|le+*le7| - 1)2
c I m9 A I (9 1+ p Lpjiet—ie 1) : (2.16)
ccE(s) e€E(s)

We have to see that this expression is integrable. First, note that we integrate with respect to u on a
compact set. Moreover,

-1

. (=1 | = 1)
/dle 1+ ]l{|l‘+—lt” >1} =2+ 71Vo*
R

ot

<C1lV+voe,
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2.4. Convergence of the Motzkin bridges and the forests

and we have the same bound if we integrate with respect to 1¢" instead of [*" .

It is possible to injectively associate with every vertex v € V(s)\{e; } a half-edge ¢, € E(s) such
that v is an extremity of ¢,. Let us call Ey the range of such an injection. The integral of the expression
(2.16) with respect to u and [ is then bounded by

cI[ )y a@)? [ tve)™ [ ) 2.

e E(s) S ccE(s)\Ev

Finally, it is easy to see that this expression, once integrated* with respect to o, is bounded by

o T (w7

ecE(s)

which is integrable with respect to m.

Step 3. We just saw that the integral expression in (2.15) converges toward

/S' dL% Timens 0, ucmexy @ (8,m, 0,1, u) H —ple (0°) H Doe (1°).

ecE(s) e€E(s)

The dominant terms in the equation (2.15) are the ones for which |E(s)] is the largest. The corre-
sponding schemes are exactly the dominant ones: for a scheme, 2[E(s)| = 3, .y deg(v) = 3|V (s)]
and the Euler characteristic formula gives |E(s)| < 6g — 3, the equality being reached when 2 |E(s)| =
3|V (s)|, that is when s is dominant. Note that this situation is exactly the same as the one encountered
in [Chal0, [CMS09, Mie09b].

Hence, if ¢ is momentarily chosen to be constantly equal to 1, we obtain that

59—3 3g—1

27739 T (2.17)

|Tn] ~ 12" n

where T is defined by (2.14). Finally,

1
E, m T Z /5 dce l{me*207u<mt*} @(s,m,a,l,u) H _p{m" (o-e) H Poe (12)7
5€G* ccE(s) e€E(s)
which is the result we sought. O

2.4 Convergence of the Motzkin bridges and the forests

Conditionally given the vector

(50 (e ) (O e o) » BMuevisn)

the Motzkin bridges M, ¢ € E(s,,) and the well-labeled forests (¢, 1), ¢ € E(s,,) are independent and

n’>m

0—1;

4 for every ¢ € E(s,), 9 is uniformly distributed over the set M; = of Motzkin bridges on

[0,05]
[0,0%] from O to 1§ =18 —1¢,

<+ foreverye € E (sn), (F5,, &) is uniformly distributed over the set SZL:’ of well-labeled forests with
oy, trees and m, tree edges.

“Be careful that, when integrating with respect to o for some ¢ € E(s), both half-edges ¢ and ¢ are to be considered.
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

The convergence of Motzkin bridges is already known. We will properly state the result we need
in Lemma

The convergence of a uniform well-labeled tree with » edges is well-known, see [[CS04], for exam-
ple. We will need a conditioned version of this result: roughly speaking, instead of looking at one
large tree with n edges uniformly labeled such that the root label is 0, we look at a forest with n edges,
anumber of trees growing like \/n, that are uniformly labeled provided the root label of every tree is 0.
For that matter, we will adapt the arguments provided in [LG94, Chapter 6].

Let us define the space K of continuous real-valued functions on R killed at some time:
K= {J c(o,2],R).
reR
For an element f € K, we will define its lifetime o(f) as the only « such that f € C([0, z], R). We endow

this space with the following metric:

dic(f,9) = lo(f) —o(g)| +sup ‘f(y No(f) —g(yn 0(9))‘ :

y=>0

Recall that we use the notation X(s) for the infimum up to time s of any process X € K. Through-
out this section, m and o will denote positive real numbers and [ will be any real number.

2.4.1 Brownian bridge and first-passage Brownian bridge

The results we show in this section are part of the probabilistic folklore. Because of the scarceness of
the references, we will give complete proofs for the sake of self-containment.
We define here the Brownian bridge B(Hl] on [0, m] from 0 to { and the first-passage Brownian

bridge FO_> 7 on [0,m] from 0 to —o. Informally, Booﬂ"ll] and F[%_’ |7 are a standard Brownian motion
B on |0, m] cond1t1oned respectively on the events {5,, = {} and {inf{s > 0 : s = —o} = m}. Because

both theses events occur with probability 0, we need to define these objects properly. There are several
equivalent ways to do so (see for example [BCP03] Bil68, RY99]).

Remember that we call p, the Gaussian density with variance a and mean 0, as well as p/, its
derivative. Let (8¢)o<t<m be a standard Brownian motion. As explained in [FPY93| Proposition 1], the
law of the Brownian bridge is characterized by Bfojfl] (m) = l and the formula

[ (B340 gerc,)] = B[ ((800g1c,) 2ol B

for all bounded measurable functions f on K, for all 0 < m/ < m.
We define the law of the first-passage Brownian bridge in a similar way, by letting

(2.18)

E[f (Foma”®)epen)] = E [f ((B)o<rzm’) pi”‘";’;(i'a) B 11{Qm,>0}} (2.19)

for all bounded measurable functions f on K, for all 0 < m’ < m, and

F0~> o

0.m] (M) = —0.

These formulas set the finite-dimensional laws of the first-passage Brownian bridge. It remains to
see that it admits a continuous version. Because its law is absolutely continuous with respect to the
Wiener measure on every [0, m'], m" < m, the only problem arises at time m. We will, however, use
Kolmogorov’s lemma [RY99, Theorem 1.1.8] to obtain the continuity of the whole trajectory. We will see
during the proof of Lemma that, as for the Brownian motion, the trajectories of the first-passage
bridge are a-Holder for every o < 1/2.

The motivation of these definitions may be found in the following lemma:
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2.4.1. Brownian bridge and first-passage Brownian bridge

Lemma 2.6. Let (5;)o<i<m be a standard Brownian motion. Let (Bf)o<i<m and (Ff)o<i<m have the law of
B conditioned respectively on the events

{IBm — 1| < €} and {Bm < —0+¢, B, >—0—¢}.
Then, as ¢ goes to 0,
B° = By and  FT— Fi0o0
in law in the space (C([0, m],R), || - |loo)-
The proof of this lemma uses similar methods as those we will use for Lemma so we let the

details to the reader. In what follows, we will use the following lemma, which is a consequence of the
Rosenthal Inequality [Pet95 Theorem 2.9 and 2.10]:

Lemma 2.7. Let X, Xs,... X}, be independent centered random variables and q¢ > 2. Then, there exists a
constant ¢(q) depending only on q such that

k

> x

=1

k

] < clq) k3T Y E[IX)).

i=1

E

In particular, if X1, Xo,... X}, arei.id.,

Discrete bridges

We will see in this paragraph two lemmas showing that these two objects are the limits of their discrete
analogs. These lemmas, in themselves, motivate our definitions of bridges and first-passage bridges.
Let us begin with bridges.

We consider a sequence (Xj)i>o of i.i.d. centered integer-valued random variables with a moment
of order g for some gy > 3. We write n? := Var(X;) its variance and h its maximal span. We define
Y = Y p_o Xk and still write ¥ its linearly interpolated version. Let (m,,) € Z and (I,,) € Z" be two
sequences of integers such that

my, In
Mp) = o ——m and liny = w — l.
Let (B, (%))o<i<m, be the process whose law is the law of (£;)o<i<m, conditioned on the event
{Zm, = ln},
which we suppose occurs with positive probability. We let

Bn(ns)>
B, = <
(=) 77\/73 0<s<m(n)

be its rescaled version.

Lemma 2.8. As n goes to infinity, the process B, converges in distribution toward the process B[%T’ &4 o in the
space (IC, di).

Proof. We note F; := 0(Xy,0 < k < 4) the natural filtration associated with X. Applying Skorokhod’s
representation theorem (see e.g. [EK86, Theorem 3.1.8]), we may and will assume that

(555
nn 0<s<m

converges a.s. toward a standard Brownian motion (8s)o<s<m for the uniform topology.
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

Step 1. Let m’ < m. We begin by looking at B, on [0,m']. For n large enough, [nm'] < m,. Let f
be continuous bounded from K to R. We have

E [f ((B(n)(s))OSSSm’)] =E {f <<§:\;%>O<s<m/> ‘ Emn = ln}
In

Srs P (Zm, = ln | Frum)
f <<Uﬁ>o<s<m'> ]P)(Emn = ln) ] - (220

Recall the notation Q3 (i) = P (3), = 7). Using the Markov property, we obtain

=E

h
~ L (L= Bor). 221
7 D (1= ) 221)

where the second line comes from Proposition 2.4 Note that the denominator of the fractional term in
([2.20) is the same as the numerator when m/ is chosen to be 0. So the fractional term in (2.20) converges
a.s. toward
Pm—m’ (l - ﬁm/)
pm(l) ’

the convergence being dominated—by Proposition[2.4l Finally,

DPm—m/ (l — B)
E [ ((Booy&Dosozn)] —= E | (Bloosm) pm—a)}

= E[7 (B ozezn)]

Step 2. We will use the following lemmas, the proofs of which we postpone right after the end of this
proof.

Lemma 2.9. There exists an integer ng € N such that, for every 2 < q < qo, there exists a constant C,,
satisfying, for alln > ng and 0 < s <t < myy),

E [|B(n)(t) — B(n)(8)|q] S Cq |t — Slg .

Lemma 2.10. We note B := B0~

[O,ni]' Forany q > 2, there exists a constant Cy such that, forall 0 < s <t <m,

E[|B(t) — B(s)|"] < Cy |t — 5|2

By the Portmanteau theorem [Bil68, Theorem 2.1], we can restrict ourselves to bounded uniformly
continuous functions from K to R. Let f be such a function. Let ¢ > 0, and § > 0 be such that
de(X,Y) < éimplies |f(X) — f(YV)| < e.

Let0 < a@ < 1/2 — 1/qo. Thanks to Lemmas 2.9/ and Kolmogorov’s criterion [Str99, Theo-
rem 3.3.16] provides us with some constant C' such that

sup P (B ¢ K) VP (B ¢ K) < ﬁ

where

K = XGK:supwgc .
s#t |t*S|

We take m/ satisfying
m —m'| +C|m—m'|* < 3
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2.4.1. Brownian bridge and first-passage Brownian bridge

so that, for n sufficiently large,
|m(n) — m/| +C |m(n) — m/|0‘ < 0.

For any function X = (X (s))o<s<z € K, we define X, := (X(s))o<s<y € K. Hence

| +E[|7 (Bow) = £ (B ]
+E Hf e —f(B)H- (2.22)

E Hf (Be) - f(B)H <E Hf (Bw) = f (B )

Thanks to point 1), for n large enough, the second term of the right-hand side of (2.22) is less than e.
The first and third terms are treated in the same way (for the third term, just remove the (n)’s): on the

set {B(n) S K},

dic (B(n)aB(n)‘m/) = |m@y —m/|+  sup | By (t) — By(m')|
m/ <t<mp)
< |m(n) — m'| +C |m(n) — ml|a
<4,

and

E Hf (Bw) = £ (B )

] <E Hf (B(")) -/ (B(n)|m') ]]‘{B(n)eK}] +2[| flloc P (B(n) ¢ K)

< 3e.

Allin all, for n large enough
E Hf (Bow) — f (B)H < T,
and B(,) converges weakly toward B. O
It remains to prove Lemmas[2.9and
Proof of Lemimna If |t — s| < 1/n, the fact that B,, is linear on every interval [i, i 4 1] implies that

nit—s) 1 ——
S —Vt—s ’
nwno T
which gives the desired result. By the triangle inequality, we can restrict ourselves to the cases where
ns and nt are integers, and either ¢ < m,,)/2 or m(,)/2 < s.

First, let us suppose that 0 < s < t < my,)/2. Applying (2.20) with m’ = ¢ and the proper
function f, we obtain

|B(n)(t) = Bn)(s)| <

3 7277/ —n lnizn
E [[Bouy(t) — Boy()]"] = 174 B |[Sy — 5,7 Letaztl (ln) :

The asymptotic formula (2.2T) and the fact that m,) — m yield the existence of a positive constant ¢
and an integer ng such that for n > no,

(2.23)

\/ﬁQin (In) > ¢ and M(n) >

SE

Then Proposition 2.4 ensures us that for n > ny,

\/ﬁQin—nt (ln - Ent) \/ﬁ sup sup Qi}y (;E\/ﬁ)

z€R y>1

IN

IN

2h Sup sup sup (%\/n_yQEy (x\/ﬁ)) < 00.

VM zeR y>0 neN

53



Chapitre 2. Scaling limit of uniform well-labeled g-trees

Thus, the fractional term in the equation (2.23) is uniformly bounded as soon as n > ng, and
E “B(n)(t) - B(n)(5)|q] <Cn iR [IZne — Zns|]
< CTL_% E |:|En(t—s) |q:|
< Cqlt— 5|%
by means of the Rosenthal Inequality (Lemma[2.7).

Now, if M(n) /2<s<t< M), We use the following time reversal invariance:

(B (5)) D (1) — By (mmy — s))ogsgm(n) : (2.24)

0<s<m(n)

We have
E [| By (®) = By (9)|"] = E [|Biy (m(n) = 5) = By (meny = )|

and we are back in the case we just treated. Note that it is important that m,) be a deterministic
time. O

Proof of Lemma2Z. 10 We show the inequality for 2 < ¢ < go. As B appears as the limit of By, (in a
certain sense), we may choose the X},’s to have arbitrarily large moments, and we see that it actually
holds for any value of ¢ > 2. For 0 < s < ¢ < m, point 1) in the proof of Lemma 2.8 shows that

(B (), By (1)) —=s (B(s), B(t)),

n—o0

and
E[B(t) ~ B(s)|] = lim E[|B(t)~ B(s)[" A M]

= lim lim E “B(n)(t) - B(n)(5)|q /\M]

M — 00 n—00

q
< Cqlt—s|?,

where Cj is the constant of Lemma It only remains to see that B(,)(m A m(,)) — B(m) in prob-
ability in order to obtain the same inequality for ¢ = m. The time reversal invariance (2.24) implies
that

B(n)(m A m(n)) (i) l(n) — B(n) ((m(n) — m) \Y 0) ,
and, thanks to 1),
‘B(n) ((m(n) — m) \% 0)‘ < ‘B(n) ((m(n) — m) V 0) - B ((m(n) —m)V 0)‘ + ‘B ((m(n) —m)V 0)‘
—0

in probability, so that B(,,y(m A m,)) — | = B(m) in probability. O

Discrete first-passage bridges

We now see a lemma similar to Lemma [2.8] for first-passage bridges, in which we will only consider
simple random walks. Let (m,,) € ZY and (0,,) € N be two sequences of integers such that

'z On
My = — ——— M and O(n) = —= ———> 0.
n n—oo \/ﬁ n—o00

We consider a sequence (Xj),>1 of iid. random variables with law (6_1 + 61)/2 and define 5; :
= >,_, Xx (and, by convention, Sy = 0). We still write S its linearly interpolated version. We call
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2.4.1. Brownian bridge and first-passage Brownian bridge

(Bn(%))o<i<m,, and (F,(%))o<i<m,, the two processes whose laws are the law of (.S;)o<;<m,, conditioned
respectively on the events

{Smn = _Un} and {Smn = —0y, ﬁmnfl > _Un}7

which we suppose occur with positive probability. Finally, we define

B = (Bn(ns)

) F,(ns)
\/ﬁ OSSSm(n)

\/ﬁ >O<s<m(n)

and F(n) = (

their rescaled versions.

There is actually a very convenient way to construct F,, from B,,. For 0 < k < m,,, the shifted path
of B,, is defined by

[ Bup(k+z)— By(k) if 0<ax<m,—k,
O (Bn)(2) _{ B, (k4 x—my) + Bp(my) — Bp(k) if m, —k <z <m,,.

For 0 < k < o, — 1, the first time at which B, reaches its minimum plus & is noted

ri(By) = inf {z : Bp(i) = mf B (j )+k}

0<j<mn
The following proposition [BCP03| Theorem 1] gives a construction of F,, from B,,.

Proposition 2.11 (Bertoin - Chaumont - Pitman). Let v, be a random variable independent of S and uni-
formly distributed on {0, 1, ... 0, — 1}. Then, the process ©,., (p,)(Bn) has the same law as F,.

Using this construction, we may show that the first-passage Brownian bridge is the limit of its
discrete analog;:

Lemma 2.12. As n goes to infinity, the process F(,,y converges in law toward the process F[%j{", in the space
(K, di).

Proof. We begin as in the proof of Lemma We note F; = 0(S,0 < k < i) the natural filtration
associated with S, and by Skorokhod’s representation theorem, we may and will assume that

(%)
\/ﬁ 0<s<m

converges a.s. toward a standard Brownian motion (s )o<s<m for the uniform topology.

Step1. Letm' < m. For nlarge enough, [nm'] < m,,. Let f be continuous bounded from K to R. We

have - )]
e
2r((%)

E [/ ((Fm(s

3

> ‘ Smn = —0On, §mn—1 > Un:|
0<s<m’

P (Smn = —0On, ﬁmn71 > —0On | ]:’—”ml])
0<s<m’ > P (Smn = —0n, S, —1 > _Un> ] '

3 §

3

n

(2.25)

3

Recall the notation Q% (i) = P(Sk = i). We have to deal with terms of the form

B(Si = —i, Sy > —i) = £ B(Si = —i) = £ Q¥ (i),
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

where the first equality is an application of the so-called cycle lemma (see e.g. [BCP03, Lemma 2]).
Using the Markov property, we obtain

P (Smn = —0On, ﬁmnfl > —0n | ]:’—”mq )

on + S[nm/‘\
mp — [nm/] o (= = Srome1) ﬂ{ﬁw']*""}'

Here again, the denominator of the fractional term in (2.25) is the same as the numerator when m’
is chosen to be 0. The fractional term in (2.25) converges a.s. toward

p;nfm/(io— - ﬂm’) 1
Pin(=0) {8>=ap

and Proposition 2.4 ensures that this convergence is dominated. So,

p’/m—m’(io- - Bm/) 1
Pp(—0) {80}

=& [7 ((F 57 (ozozm)] -

E [ ((Foy o)) 2 B |1 (idosacn)
Step2. Foranya > 0and X = (X(s))o<s<z € K, we write

X(t)—X(s
Xfa= sup KO=XE)
o<s<t<z |t —]

its a-Holder norm. Proposition 2.11] gives a stochastic domination of the a-Holder norm of F{,, by
that of B(,): we may assume that F;, = 0, (p,)(Bn). f 0 <s <t <m,) — 1y, (Bn),

| Fny (1) = Fny (5)] = % O, (B,)(Bn)(nt) = O, (5,)(Bn)(ns)|

n (7w, (Bn) +nt) — By, 1y, (Bn) + ns)|

7y, (Bp) 7y, (Bn)
‘B(")< n +t>7B(")< n +s>

We obtain the same inequality when m,,y —r,, (B) < s <t < m(y,), and by the triangle inequality,
we find
1l < 2Bl -

Step 3. We now suppose that 0 < o < 1/2. Lete > 0. Thanks to Lemma 2.9—for which we now
have ¢ arbitrarily large—and Kolmogorov’s criterion, we can find some constant C such that

supP (Fiy ¢ K) <e  with K:={X €Kk : |X[l.<C}. (2.26)

Ascoli’s theorem [Sch70, Chapter XX] shows that K is a compact set, so that the laws of the F{,,)’s
are tight.

Step 4. We almost have the convergence of the finite-dimensional marginals of F,,) toward those of

F = F[%jnT’. Point 1) shows that foranyp > 1,0 < sy < s < --- < s, <M,

(Fly(51): Fny (52), - Fiay (5)) = (F(51), F(52),.. .., F(sp)) -
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2.4.2. The Brownian snake

It only remains to deal with the point m. Let § > 0. For n large enough, on {F(n) e K },

| Fny (m Amgy) + a| <o) = a| + C |my —m|* <6,

therefore
P (|Fy (mAmey) +0|>08) <P (Fu ¢ K) <e.

We have just shown that F{,, (m A m(n)) converges in law toward the deterministic value —o.
Slutzky’s lemma then allows us to conclude that the finite-dimensional marginals of F{,) converge
toward those of F'. This, together with the tightness of the laws of the F{,,)’s, yields the result thanks
to Prokhorov’s lemma. O

For any real numbers m;, ma, 11, l2, we define the bridge on [m1, m2] from 1 to I by

(Bf:n?lﬁlzl (S))m1§5§7n2 = ll + (B[Ooj;llz:l’rin](s - ml))

and for o1 > o2, we define the first-passage bridge on [m, ms] from o, to o2 by

b
m1<s<ma

(Fo'l—>0'2 P

s el ))mlgsgm =oit (FO_WQ_UI](S —my))

[0,ma—m mi1<s<mz )

2.4.2 The Brownian snake

We need a version of the Brownian snake’s head driven by a first-passage Brownian bridge. There are
several ways to define such an object.

We may define it as a the head of a Brownian snake with lifetime process a first-passage Brownian
bridge F[%;’ﬁ and starting from the path 0, =t € [0,0] — 0 (see [LG99, Chapter IV] or [DLG02,
Chapter 4] for a proper definition).

Let (Fs)o<s<m be a first-passage Brownian bridge from o to 0. The Brownian snake driven by F
and started at 0, is the path-valued process (Fs, (W (s,t), 0 <t < F;))o<s<m Whose law is defined by:

<4 forall0 <t <o, W(0,t) =0,
<4 forall0 < s <m, W(s,0) =0,

<+ the conditional law of W (s, ) given F' is the law of an inhomogeneous Markov process whose
transition kernel is described as follows: for 0 < s < s’ < m,

- W(s',t) = W(s,t) forall 0 <t <inff, o F,
— (W(s',inf; o) F +1))

Brownian motion started from W (s, inf, . F') and stopped at time Fy — inf{, o F.

) is independent of W (s,-) and distributed as a real
OStSstfmf[S s F

The head of this process is then defined by

(F[%7n?7 Z[Om]) = ((FS)OSSSm ’ (W(S’ FS))OSsgm) :

This description has the advantage of being very visual: W (0, -) is the function 0,. Then, every
time F' decreases, we erase the tip of the previous path, and when F increases, we glue a part of an
independent Brownian motion (see Figure 2.9).

In the following, we will only need the head and not the whole process. The following description
gives a direct construction of this head. Conditionally given F' = F[‘(’);’IO], we define a Gaussian process
(T's)o<s<m With covariance function

cov(I's,T'y/) = inf (F — F).

[5.5']

57



Chapitre 2. Scaling limit of uniform well-labeled g-trees

Figure 2.9. An approximation of the conditioned Brownian snake. The first-passage bridge from o to 0 is
represented by the shadowy part of the figure. In order to see W (s, -), one must “cut” the surface at s and look at
the edge of the cut piece.

The processes (F,I') then has the same law as the process (F[gjn(]’, Z, [077”]) defined above.

We easily see that we can derive the law of the head from the law of the snake, and it is actually also
possible to recover the whole snake from its head (see [MMO03] Section 2]): starting from the process

(F,Z) = (F[%;;?, Z[o,m])/ we define

W (s, t) :zZ(inf{TZs,F(r)zlf}), 0<t<F(s),0<s<m.

The process (F(s), (W(s,t),0<t < F(s))>0< -
above. In particular, for s € [0, m] fixed, the process

then has the law of the Brownian snake defined

(Z(inf{r >s, F(r) = t}))

F(s)<t<F(s)

has the law of a real Brownian motion started from 0. Using time reversal invariance, we see that the
process

(Z(inf{r > s, F(r) = F(s) —z}) - Z(s))

0<z<F(s)—F(s)

has the same law. This fact will be used in Section3.1]

2.4.3 The discrete snake

We will describe here an analog of the Brownian snake in the discrete setting. Let us first consider
three sequences of integers (o, ), (my) and (I,,) such that

Oy = 2 g m _ 2ma ton and Iiny = I —1
)= g O (n) 5 mi= ol

We call (Cy, Ly,) the contour pair of a random forest uniformly distributed over the set F)' of
well-labeled forests with o,, trees and m,, tree edges. We define

Loy (Ln(2nt)

Cn(2nt) >
7”1/4 0<t<m(n)

oo (82
) 2n /o<t<mn,

and

their scaled versions.
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2.4.4. Convergence of a uniform well-labeled forest

We define the discrete snake (W, (7, j),0 < j < Cn(i))g<i<am, +0, DY (s€€ Figure[2.10)
Wa(i, ) == Ln (sup{k < i : Cn(k) =j}) = Ln (inf{k > 7 : Cp(k) =j}).
Let (f, [) be the well-labeled forest coded by (Cy, Ly,). Then for 0 < i < 2m,, + oy,
(Wa(is9))o<<cn iy

records the labels of the unique path going from ¢(f) + 1 to f(¢). As a result, W, (i, j) = 0for 0 < j <
t(F) +1 = alf(@)-

Figure 2.10. Discrete snake.

We then extend W, to {(s,t) : s € [0,2m,, + 0,], t € [0, Cy(s)]} by linear interpolation and we let,
for 0 S S S m(n), 0 S t S C(n)(s),

Wy (2ns,v/2nt)

Wy (s,t) = i

For each 0 < s < myy,), Wy (s, ) is a path lying in

Ko:={fe K| f(0)=0},
so that we can see W(,,) as an element of
Wy = U C([0, z], Ko).
zeR

For X € W, we call {(X) the real number such that X € C([0,£(X)], Ko), and we endow W, with
the metric

dwy, (X,Y) = [§(X) = £(Y)[ + Sg}gdzc (X (s AE(X),), Y (s AEY), )

2.4.4 Convergence of a uniform well-labeled forest
We will prove the following result.

Proposition 2.13. The pair (C,,, W y,)) converges weakly toward the pair (F[%;’n (]J, W) , in the space (IC, dx) %
(W(); dWo)

We readily obtain the following corollary:
Corollary 2.14. The pair (C(,), L(»)) converges weakly toward the pair (F"_’O, Z10,m ) , in the space (K, di)*.

[0,m]
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

Proposition 2.13may appear stronger than Corollary 2.14] but is actually not, because of the strong
link between the whole snake and its head [MMO03]. We begin by a lemma.

Lemma 2.15. Forall 0 < 6 < 1/4, forall € > 0, there exist a constant C and an integer ng such that, as soon
asn > no, P(W,) & A) < g, where

A= {X €Wy : sup de (X(s,°) = X(s,)) < C} .

s#s! |S — S/|6

Proof. 1t is based on (2.26) and a similar inequality for Motzkin paths (which is merely Rosenthal
Inequality). The fact that the steps of the random walks we consider are bounded allows us to take
the ¢ of Lemma[2.7 arbitrary large.

Let 0 < s < s < myy,). Conditionally given C(,,,

dic (Wi (5,-), Wiy ()
= |C(n) (S) — C(n)(S/)| + sup

t>an

W(n) (S, tA C(n)(s)) — W(n) (SI, t A C(n) (SI)>

)

where a,, = inf, ;1 C(yn).

We need to distinguish two cases:

4 if b, = inf[o,s] C(n) < a,, then

(W) (5,8) = Weny (5, )

an <t<Cny(9)
is merely a rescaled Motzkin path.

< if by, > an, then W, (s,t) = 0 for a, <t < b, and

(W(n) (5,t) = Wiy (s, b"))bngtgc(n)(s)

is a rescaled Motzkin path.

In both cases,
(W(n) (S/, t) — W(n) (S/, an)>

an <t<Cy)(s")

is also a rescaled Motzkin path—independent from (W(n) (5,1) = Wiy (s, an)) an <4< Cm(5)"

Treating both cases separately, we obtain that there exists a constant M, independent of s, such that
for n large enough,

E |: sup |W(n)(s,t) — W(n) (S,an)|q ‘ C(n) <M |C(n)(8) — an|% ,

an <t<Cny(s)

by Lemma 2.7 The same inequality holds with s’ instead of s. We have
E [dic (Weay (5,0, W ()" | €] < M7 (|G 2 13 = /127 + |G | £ 15 = /1%
< Mq (”C(n)”(i \Y 1) |S — S/|a%.

For C > 1,
E [die (W (5, Wy (5, )) ‘ ICe]l, < €] < MyCs — 5|04, (2.27)
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2.4.4. Convergence of a uniform well-labeled forest

Let0 < 4§ < i. Then, let 0 < o < 1/2 be such that § < «/2, and € > 0. Thanks to 2.26), we may
find a constant C such that, for n sufficiently large,

P (”C(")”a > C) <E.

For this C, the inequality 2.27) allows us to apply Kolmogorov’s criterion [Str99, Theorem 3.3.16]:
we find a constant C’ such that, for n large enough,

dic (Wi (s,+) — Wi (s, -
P | sup ( QI 5 o )) > C’ ||C(n)||a <(C|<e.

s#s’ |S*S/|
Finally,

dlC Wn S, 7Wn 5/7'
P | sup ( () 5()( )>>C’ <= 4+
s#s’ |S* S/| 1-¢

which is what we needed. O

Proof of Proposition We begin by showing the convergence of a finite number of trajectories, to-
gether with the whole contour process, and then conclude by a tightness argument using Lemma [2.15

Convergence of the finite-dimensionallaws. Letp > land 0 < s; < --- < s, < m. We will show by
induction on p that

(d) o
((Clny())o<s<imns Winy(51,)s -, Wy (5, ) ) — (Fgd Wst, )., Wisp, ). (228)

oo

Because m,,y — m, for n sufficiently large, s, < m(, and the vector we consider is well defined.

Step1. Forp = 1, we may only consider the case s1 = 0. (C,(%))o<i<2m,, +o., 1S a discrete first-passage
bridge on [0, 2m,, + 0,,] from o, to 0 and W,,(0, j) = 0 for 0 < j < o,,. Lemma[2.12]thus ensures us that

((Clay ()05« (Wi (0,802t ) —s ((EG2())0szms (W0, 1))t ) -

n—roo

Step 2. Let us assume (2.28) with p — 1 instead of p. There exists a Motzkin path M, independent of
C(ny and Wiy, (si,+), 1 <i < p — 1, such that conditionally given

((C(n) (S))Ogsgm(n) 5 W(n) (Sla ')7 sy W(n) (Sp—la )) )

for 0 <t< C(n)(sp),

M s3ri—an)+

Wiy (5p:1) = W (sp-1: 8 Avan) + —2

where a,, := inf, _, ;1 Cn) and xT = x.1,>0) stands for the positive part of z. The Donsker Invari-
ance Principle [Bil68] ensures that
(o
ynt/4 t>0

converges weakly toward a Brownian motion § for the uniform topology on every compact sets.

By means of Skorokhod’s representation theorem, we may and will assume that this convergence
holds almost surely. We also suppose that (2.28) holds for p — 1. Then, a.s.,

(W(n)(sp, t)) — (W(Sp_l, tAa)+ ﬁ(tfa)Jr)

0<t<Cn)(sp) 0<t<Fg29(sp)
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Chapitre 2. Scaling limit of uniform well-labeled g-trees

Fe>9 To see this, observe that

where a :=inf(, 1 F5 0

—0

[Cny (3) = Fga (50)
and

sup Wiy (sp—1:t A an) = W(sp—1,t Aa)| < sup  [Wipy(sp—1.t) = W(sp—1,t)|
0<t<an

+ sup W (sp—1,t) — W(sp—1,an A a)]
apNa<t<anVa
— 0,

by continuity of W(s,—_1, -). A similar inequality holds for M.

Finally, the law of
(W(Spfl, tA a) 4+ B(t—a)+>

0<E<FG 0 (sp)

is that of W (s, -), conditionally given
(G ()osscm Wlst, ) Wsp-1,7)) 4
which is precisely what we wanted.

Tightness. Let0 < 0 < 1/4and ¢ > 0. Lemma[2.15 provides us with a constant C' and an integer ng
such that for all n > ng, P(W(,,) ¢ A) < &, where

A= {X €Wy : sup de (X(s,7) = X(s,)) < C’} .

s#s! |S — S/|6

Let (s;)r>1 be a countable dense subset of [0, m). As for every k > 1, (W(n) (sk, )) is tight, we can
find compact sets K, C W, such that for all k£ > 1, for all n > ny,

The set
KZ:AQ{XEWQ Vk>1, X(Sk,')EKk}.

is a compact subset of Wy by Ascoli’s theorem [Sch70, XX] and for n > ng, P (W(n) ¢ K) < 2¢, hence
the tightness of the sequence of W(,,)’s laws. O
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Scaling limit of positive genus random
quadrangulations

In this chapter, we use the results of Chapter 2 in order to prove Theorem [LTIl We adapt the
approach from [LG07] for the case g = 0 to our case g > 1. In a second time, we give a nicer expression
for the constant T appearing in (2.14), and show Theorem .12

3.1 Proof of Theorem [TL.T1l

3.1.1 Setting

3.1.2 Tightness of the distance processes

3.1.3 The genus g Brownian map

3.1.4 Hausdorff dimension of the genus g Brownian map
3.2 An expression of the constant ¢,

3.2.1 Integrating with respect to (m*) ¢ (o) (e}

322 Integrating with respect to (0°) ¢ 5 )

3.2.3 Integrating with respect to (I°) .y o)\ (o=}

SIEINI SISl ]

3.2.4 Conclusion

Qoed

3.1 Proof of Theorem [1.17]

3.1.1 Setting

Let q,, be uniformly distributed over the set Q,, of bipartite quadrangulations of genus g with n faces.
Conditionally given q,,, we take v}, uniformly over V(q,,) so that (q,,v}) is uniform over the set O}, of
pointed bipartite quadrangulations of genus g with n faces. Recall that every element of Q,, has the
same number of vertices: n + 2 — 2g. Through the Chapuy-Marcus-Schaeffer bijection, (g, v,) corre-
sponds to a uniform well-labeled g-tree with n edges (t,, (). The parameter e € {—1,1} appearing
in the bijection will be irrelevant to what follows.

Recall the notation t,(0), t,(1), ..., t,(2n) and q,,(0), q,(1), ..., gn(2n) from Section 21l For tech-
nical reasons, it will be more convenient, when traveling along the g-tree, not to begin by its root but
rather by the first edge of the first forest. Precisely, we define

£.1) .7{ th(i —un+2n) i 0<i<uy,,
nA tn (i — up) if  u, <1< 2n,

and
i i) __{ qn(i —up +2n) if  0<i < uy,
Anlt) = qn (i — up) if  w, <i<2n,
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Chapitre 3. Scaling limit of positive genus random quadrangulations

where u,, is the integer recording the position of the root in the first forest of t,,. We endow [0, 2n] with
the pseudo-metric d,, defined by

dn (i, 5) = da, (@n(7), 4n(5)) -
We define the equivalence relation ~,, on [0, 2n] by declaring that i ~,, j if 4,,(¢) = 4, (j), that is,
if d,(i,7) = 0. We call 7, the canonical projection from [0, 2n] to [0,2n],., and we slightly abuse
notation by seeing d,, as a metric on [0, 2n] ., defined by d,, (7, (i), 7 (j)) := dn(i, j). In what follows,

we will always make the same abuse with every pseudo-metric. The metric space ([[0, 2n])/~,,, dn) is
then isometric to (V(q,)\{v}}, dq,, ), which is at d¢ i-distance at most 1 from the space (V (g5 ), dq,, )-

We extend the definition of d,, to noninteger values by linear interpolation: for s,t € [0, 2n],

dn(s,t) = stdn([s],[t]) + stdn([s], [t]) +Stdn(ls], [t]) +5Tdn(ls], [2]), G.1)

where |s| = sup{k € Z, k < s}, [s] = |s] +1,s = s— |s] and 5 := [s] — s. Beware that d,, is
no longer a pseudo-metric on [0,2n]: indeed, d,.(s,s) = 255d,([s],[s]) > Oassoon as s ¢ Z. The
triangle inequality, however, remains valid for all s,¢ € [0, 2n]. Using the Chapuy-Marcus-Schaeffer
bijection, it is easy to see that d,,([s], | s]) is equal to either 1 or 2, so that d,,(s,s) < 1/2.

As usual, we define the rescaled version: for s, ¢ € [0, 1], we let
1
dny(s,t) = W dn(2ns, 2nt), (3.2)

so that
1

1 1
dan ((510.20) i) - (Vi) o, ) ) < = 63
3.1.2 Tightness of the distance processes

The first step is to show the tightness of the processes d(,,)’s laws. For that matter, we use the bound
[2.3). We define

dy(i,7) =1, (tn(z)) + 1, (tn(j)) — 2max < min [, (tn(kz)) , min [, (tn(k))> +2,
kelidl keljd
we extend it to [0, 2n] as we did for d,, by (3.I), and we define its rescaled version d‘(’n) as we did for d,
by (3.2). We readily obtain the following bound,

d(n) (Sa t) < d((:n) (Sv t) (34)

Expression of d7, ) in terms of the spatial contour function of the g-tree

Although it is not straightforward to define a contour function for the whole g-tree, we may define its
spatial contour function £, : [0,2n] — R by,

L (i) =Ly (£ (1)) — In (£2(0)) 0<i<2n,
and by linearly interpolating it between integer values. The rescaled version is then defined by
£, (2nt
Loy = ( (174)> :
yn 0<t<1

and we easily see that

[

)

diy(s,t) = Ly (8) + £ (t)—2max<min Ly (z), min_ L, (ac)) +O0(n
(n) (n) (n) 16[571() zem() (

— { s, ] if  s<t,
' [s,1]U[0,¢] if t<s.

where
(3.5)
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Convergence results

As in Section 2.2 we call s,, the scheme of t,,, (7., [},) ¢ 5, its well-labeled forests, (my,) 7, ) and

(07) e (s, ) Tespectively their sizes and lengths, (I7)vev (s,,) the shifted labels of its nodes, (M7,) . Bsn)
its Motzkin bridges, and u,, the integer recording the position of the root in the first forest f;. We call
(Cg, L) the contour pair of the well-labeled forest (§¢,, If,) and we extend the definition of 901, to [0, o} ]

by linear interpolation. As usual, we define the rescaled versions of these objects

_ 2mj + o), oy, ly Up,

e . v —
om Tn) = Jan Uy * N nl/e’ Un) = 5,

Min) =

and

My =\ T

¢ . <L2(2nt)
A nl/4

Ct (2nt) _ )
7”1/4 0<t<ms,

e ( ) '_ e (931;(\/27115)>
(=) V2n 0<t<me, () 0<t<o¢

(n)

Combining the results of Proposition 2.5, Lemma' 2.8 and Corollary 2.T4) we obtain the following
proposition.

Proposition 3.1. The random vector

v

(5”’ (mfm) e€B(sn)’ (U(en)) e€B(sn)’ (l("))vev(gn)’ U(n) (C(en)’ LE”)) e€B(sn)’ (Dﬁg")) Qeﬁ(gn))
converges in law toward the random vector

(5007 (m(e)o)eeﬁ(sx) ’ (U;o)eeﬁ(sx) ’ (lgo)'UEV(soo) y Uoo) (C;o’ LZO)eEE(sx) ’ (méo)eeﬁ(sx)>

whose law is defined as follows:

< the law of the vector

Too = (8007 (150) e ann) » (750 e anny » (B duev (o) - o)
is the probability p defined before Proposition (2.5
< conditionally given Jo,

the processes (C,, L%.), ¢ € E(so0) and (M2,), ¢ € E(so,) are independent,

the process (C%,, LS has the law of a Brownian snake’s head on [0, mS,] going from o to 0:

(Co% L) 2 (FI=S. Ziome 1) »

[0,mg ]’

the process (M%) has the law of a Brownian bridge on [0, 0] from 0 to 1S, = S

0,08

the Motzkin paths are linked through the relation

ME_(s5) =M (0, — ) — IS,

o0

Applying Skorokhod’s representation theorem, we may and will assume that this convergence
holds almost surely. As a result, note that for n large enough, s, = 5.

1Remark that ynl/4 = \/g ANV 2n.
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Chapitre 3. Scaling limit of positive genus random quadrangulations

Decomposition of £,y along the forests
In order to study the convergence of £,,), we will express it in terms of the L{,,’s and 9, \’s. First,
the labels in the forest (f},, If,) are to be shifted by the value of the Motzkin path 91}, at the time telling

n»nm

which subtree is visited: recall the definition 2.I1)) of the process

g5 = (Lo )+ (o8 — C5(1) )

0<t<2ms +os
We define its rescaled version

L8 (2nt)

et = (e = (Lin® + 2y (o) = €y 0)) o

)
>0§t§m" (n)

(n)

as well as its limit in the space (K, dk),

£y —— &5 = (L) + M (0% — € 1)))

n—oo

We then need to concatenate these processes. For f,g € Ky two functions started at 0, we call
f ® g € Ky their concatenation defined by o(f @ g) := o(f) + o(g9) and, for 0 < ¢t < o(f e g),

. £(t) it 0<t<a(f),
feg(t) -—{f(g(f)Hg(tfg(f)) it o(f) <t<o(f)+alg).

We sort the half-edges of s,, according to its facial order, beginning with the root: ¢; = e, ...,
¢2(69—3) and we see that

a6
Ly = 22711) ° EEZ) °---0 2(71()69 Y,

We also sort the half-edges of s, in the same way and define £,, = £ ¢ £2 o --- 8 £27%.

Lemma 3.2. The concatenation is continuous from (Ko, dxc)? to (Ko, dic).

Proof. Let (fn,gn) be a sequence of functions in KZ converging toward (f,g) € K% and ¢ > 0. There
existan 0 < 7 < € and an ng such that

ls—t|<n=|feg(s)—feyg(t)l<e and  n=ng=dc(fn,f)V dc(gn.g) <n.
Let0 <t <o(feg)Ao(fnegn)andn > ngbefixed. Ift < o(f,), wecallt =t Ac(f). Inthat case,
[fn @ gn(t) = fog(@)] = |fu(t) = f(E A ()] < dic(fn, [) <e.
If o(fn) < t,wecallf:=o(f)+ (t — o(fa)) A o(g) and we have
| ® gn(t) = fog®)] = lgn((t — o(fu)) Ao(gn)) = g((t — o(fn)) Aa(9))] < dic(gn,9) <e.
In both cases, |t — | < 1, so that | f e g(f) — f e g(t)| < . Hence
dic(fr @ gn, fog) <l|o(fn) —a(f)] +10(gn) — olg)| + 2¢ < 4de. -

This ensures us that £,y converges in (K, dx) toward £, so that (d?n) (s, t))
(C([0,1]%,R), || - [loo ) toward (d2,(s,t))o<, <, defined by

converges in
0<s,t<1

doo(s,1) = Loo(s) + Loo(t) — 2max < min, oo (z), min, Soo(ac)> .

FISER zE€(t,s]
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3.1.3. The genus g Brownian map

Tightness

Lemma 3.3. The sequence of the laws of the processes

(d(”)(s’ t))ogs,tgl

is tight in the space of probability measure on C([0, 1]%, R).
Proof. First observe that, for every s, s/, t,t' € [0,1],
|dny (5, 8) = iy (s, 8)| < dny (5, 8") + dimy (8, 8) < dpy (s, 8") + dly (E,1).
By Fatou’s lemma, we have for every k € Nand § > 0,
hg_}s;p]? <55151/;|)<5d2’n) (s,8") > 2k> <P <|Ss1sl/p<5 do.(s,s") > 2"”’) :

Since d2, is continuous and null on the diagonal, for ¢ > 0, we may find J; > 0 such that, for n
sufficiently large,

P < sup  d(, (s, ") > 2_k> < 27 ke, (3.6)

[s—s'|<dk
By taking 05, even smaller if necessary, we may assume that the inequality (3.6) holds for all n > 1.
Summing over k € N, we find that for every n > 1,
P (d(n) € K:g) >1—e¢,
where
Ke = {fGC([O,l]Q,R) : f(0,0) =0, Vk € N, sup If(s,t) — f(s',t)] §217k}
ls—s'|Alt—t'|<k

is a compact set. |

3.1.3 The genus g Brownian map
Proof of the first assertion of Theorem .17

Thanks to Lemma[3.3] there exist a subsequence (ny)>0 and a function do, € C([0, 1], R) such that

(dney(5:D) . :%» (doo (5, 8))o<s 11 - (3.7)
By Skorokhod’s representation theorem, we will assume that this convergence holds almost surely. As
the d,,) functions, the function d. obeys the triangle inequality. And because d(,,)(s,s) = O(n~*/%) for
all s € [0, 1], the function d. is actually a pseudo-metric. We define the equivalence relation associated
with it by saying that s ~o t if doo(s,1) = 0, and we call o == [0, 1]/~ _.

We will show the convergence claimed in Theorem [[.1T]along the same subsequence (n)x>0. Be-
cause of (3.3), we only need to see that

derr (((200) 7110, 2080~ - iy (docs o)) —— 0.

k—o00

For that matter, we will use the characterization of the Gromov-Hausdorff distance via corre-
spondences. Recall that a correspondence between two metric spaces (X,d) and (X’,d’) is a subset
R C X x X' such that for all z € X, there is at least one 2/ € X’ for which (z,z’) € R and vice versa.
The distortion of the correspondence R is defined by

dis(R) := sup {[6(x,y) — d(z",9)| : (z,2), (y,9') € R}.
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Chapitre 3. Scaling limit of positive genus random quadrangulations

Then we have [BBIO1, Theorem 7.3.25]
deu(X,X") = L f dis(R)
GH(A, =5 ubd
where the infimum is taken over all correspondences between X and X”.

Recall that 7,, denotes the canonical projection from [0, 2n] to [0, 2n] .., . Fort € [0, 1], we call g (%)
the equivalence class of ¢ in ... We define the correspondence R,, between ((2n)*1 [0,2n],~., d(n))
and (oo, do ) as the set

R = {((2n) " mn([2nt]), 900(1)) , t € [0,1]} .

Its distortion is

) |2ns] L2ntJ>
dis(Rn) = s ‘dn< RLLLZ R ,t‘,
B(Rn) = supfdoy (55,705, (s,t)
and, thanks to (3.7),
. 1
den (((2nk) 710,20k~ dny) )+ (Goes dos)) < 5 dis(Rn,) ——0

A bound on d

If we take the limit of the inequality (3.4) along the subsequence (ny)x>0, we find d(s,t) < d3,(s,t).
Because dZ, does not satisfy the triangle inequality, we may improve this bound by considering the
largest metric on ¢ that is smaller than d2: for all ¢ and b € g, we have

k
doo(a,b) < d’_(a,b) := inf {Z d°_ (s, ti)} (3.8)
=0

where the infimum is taken over all integer £ > 0 and all sequences sy, to, 1, t1,..., Sk, ti satisfying
a = (oo(S0), forall0 <i <k —1,¢ ~o Sit1,and b = qoo (tg)-

We conjecture that this inequality is actually an equality. In the planar case, Miermont [Miell] as
well as Le Gall [LG11]] very recently showed that a similar equality holds.

3.14 Hausdorff dimension of the genus g Brownian map

We now prove the second assertion of Theorem [L.1Tl We follow the method provided by Le Gall and
Miermont [LGM11a]. As usual, we proceed in two steps.

Upper bound
Let0 < o < 1. Por every ¢ € E(4), Lemmas 210 and together with (2.26), imply that £¢_ is

a-Holder. The same goes for £, by finite concatenation. This yields that the canonical projection from
([0,1],] - ]) to (goo, doo) is a-Holder as well: for 0 < s,t <1,

oo (G0 (), Goo (1)) = doo(5,1) < d5o(s,1) < 2|[Loclla [s — 1]
It follows that dimy (goc, doo) < L dimy ([0, 1]). Taking the infimum over o € (0,1/4), we have

dimy (qo, dog) < 4.
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3.1.4. Hausdorff dimension of the genus g Brownian map

Lower bound

We start with a lemma giving a lower bound on d(s,t). Let us first define a contour function &,, :
[0,2n] — Ry for the g-tree t,, by

2(6g—3)
€ im (C5 i) o (€3~ o) oo (0 - ) 1 S o
=1

where the half-edges ¢; = ¢, ..., ¢5(64—3) are sorted according to the facial order of s,,. This function is

actually the contour function of the “large” forest consisting in the concatenation of <}, {2, ..., f;>* .
As usual, we define its rescaled version €,,), as well as its limit

2(6g—3)
€ s = (C2 —o) o (k) oo (=2 7) ¢ 3 o
i=1

where, this time, the half-edges are sorted according to the facial order of 5.

For 0 < s,t < 1, we define the set

Loo(s,t) = {s/\t <ax<sVt: € () =C€_(9), Cx(z) = inf ](‘IOO}.

[zAs,zVs
It will become clearer in a moment what this set represents, while looking at its discrete analog.

Lemma 3.4. The following bound holds

doo(5,1) > Loo(s) — fmglt) Lo

Proof. This inequality follows easily by approximation, once we have shown its discrete analog;:

dni-J) 2 Lali) = min £, (3.9)

where the set

Zali,j) = {m]‘ <k<ivj:€,(k)=¢,(i), (k)= inf @n}
[kAd, kVi]

represents the ancestral lineage of t,,(i) between i and j. An integer k belongs to -%, (i, j) if and only
if k is between i and j (first constraint), t, (k) lies in the same subtree as t, (i) (second constraint), and
t,, (k) is an ancestor of t,,(i) (third constraint). Beware that .%,,(j, i) is in general a totally different set.

We can suppose i # j. In order to show (3.9), we consider a geodesic path p(0), p(1), ..., p(dn(7,7))
from t,(i) to £,(j) and call k € £, (i, ) an integer for which £, (k) = ming, (; ;) £,. Removing the
edges incident to t,, (k) breaks t,, into some connected components. One of these components contains
t,,(i) and another one contains t,,(j). Say that p(r), r < d,(i, j) is the last vertex of the geodesic path
lying in the same component as t, (7). Then p(r) is linked by an edge of q,, to p(r + 1), which lies
in another component. Moreover, the facial sequence of t,, must visit t,,(k) between any time it visits
p(r) and any time it visits p(r + 1) (in that order or the other). The way we construct edges in the
Chapuy-Marcus-Schaeffer bijection thus imposes I, (t,(k)) > [, (p(r)) V L, (p(r + 1)). Finally,

dn (i) Z dq, (0 (7), (1)) = da, (40 (1), v7) = da, (03, 9(r) = ba(8a (D) = ba(p(r)),
and the same holds with r 4 1 instead of r, yielding

dn(i,7) > L (,(1)) = Lu(ta (k) = £.(3) — g”nl(iilﬁ Ln. u
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Chapitre 3. Scaling limit of positive genus random quadrangulations

Let us define the measure X on ¢, as the image of the Lebesgue measure on [0, 1] by the canonical
projection from [0, 1] to qo. From now on, we work conditionally given the parameters vector J,.. Let
0 < s < 1be a point that is not of the form Zle m& for some k = 0, ..., 2(6g — 3). This means that
itis not 0, 1, or a point at which two functions are being concatenated. Such points will thereafter be
called junction points.

Suppose that for some § > 0, we can find two positive numbers r_ and 7 such that

Loo(s)— min L, >9 and Lool(s)— min Lo >0. (3.10)
Loo(8,8—1_) Lo (s,8+14)

For a € qo and r > 0, we call By (a,r) the open ball centered at a with radius r for the metric do..
Using Lemma[3.4 and the elementary fact that £ (s,t) C L (s,t') assoon as [t — s| < [t — s|, we find
that B (qoo($),0) C goo ((s —r_,s+ r+)). As a result, we would have A(Boo(qoo($),0)) < 7r_ + 7.
Forall0 <z < € (s) — € (s), we define
Ty = 1Inf {r > s, €oo(r) = Co(s) — x}

and we see that 2 (s, 7)) = {7y, 0 < y < z}. The discussion preceding Section [2.4.3 shows that the
process

(Eoer) = £(5)

has the law of a real Brownian motion started from 0. Let > 0. Almost surely, provided that €. (s) —
€. (s) > 0, the law of the iterated logarithm ensures us that for  small enough,

0<2<C00(s) =€ (5)

. N _ l+77
Jnf (£ae(ry) = £ac(s)) <~
so that )
_ . _ _ ipf 5_;,_77.
Lo0(8) f;r%glrm)ﬂoo Loo(8) oot | Lool(Ty) >
We choose § = 2277 and r, = 7, — s so that the second part of (3.10) holds. Moreover, because
s is not a junction point, on one of its neighborhoods, the function € is a first-passage Brownian
bridge, and is then absolutely continuous with respect to the Wiener measure on this neighborhood.
It therefore obeys the law of the iterated logarithm as well. So, a.s., for  small enough,
i — —p3tn
ogir(CW(S +1) — Cxo(s)) < —r2z™.
It follows that r; < 2GENT = 53+ = 5477 for some 7’ > 0. In a similar way, we can find
anr_ < §*~" satisfying the first part of (3.10). This yields, for all § > 0 small enough,

A(Boo (9oo(5),9)) < 264777,’
which implies that, for all ’ > 0,

lim sup A(B”(jmgs)’ D) <o, (3.11)
6—0 g4=n

Once again, because ¢, is absolutely continuous with respect to the Wiener measure on a neigh-
borhood of s, a.s. €. (s) — € (s) > 0. For the record, note that if s was a junction point, we would
always have € (s) = € (s) by definition of a first-passage bridge. We obtain that for every s that is
not a junction point, (3.11) holds almost surely. Finally, as there are only 2(6g — 3) + 1 junction points,
Fubini-Tonelli’s theorem shows that a.s., for A-almost every q,

) A(Bs(a,0))
1 ——= <2
e = <

We then conclude that dimy (qoc, dso) > 4—1n for all 7’ > 0 by standard density theorems for Hausdorff
measures ([Fed69, Theorem 2.10.19]).
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3.2. An expression of the constant t,

3.2 An expression of the constant ¢,

This section is dedicated to the proof of Theorem[I.12] Recall that the constant ¢, is defined by: |Q,,| ~
59—3

tyn39=1) 12", The relation ZI) gives that |7;,| ~ 1tyn~7 12", so that, thanks to (Z12),

3g+1

tg:2 2

39T

where T was defined by (2.14). For a given s € &*, we will concentrate on

/S AL Ve souemey ] e (09) TT poe 9. (3.12)

ecE(s) e€E(s)

First, notice that by integrating with respect to u, only a factor m®- appears.

3.2.1 Integrating with respect to (m°) . Fs)\ e}
For ¢ # ¢,, m*® is only present in the factor

mE (=P (0°7)) (=Plns (09)) = 0 pmes (0°7) (=Pl (0%)) (3.13)
so we have to compute an integral of the form given in the following lemma:

Lemma 3.5. Let a, b, and t be three positive numbers. Then

A Pe—m (@) (=Pl (b)) dim = pya +b).

Proof. Letus call fi(a,b) the integral we have to compute, that is

b t 1 a2 b2
plat) =2 [ -mytmet R
0

™
By doing the change of variable m +— ", we find

fi(a,b) = i/ 23 e 3 (P (1H2) 07 (143)) o
27t Jo

The change of variable = — ‘g—j x in this integral yields the identity

ft(a’ab) = ft(baa)' (314)

When differentiating with respect to a, a factor — % (1 + ) appears inside the integral. We may split
it into two terms, the first one being merely —# f;(a, b) and the second one being

b a [ 1 1 (a(1te)ad?(1e b b
“tomt )y U 3 (% () (1+i))dx:*;ft(b,a):*gft(a,b),

thanks to the change of variable z — L. Allin all, we obtain

a+b

aaft(a’b) = t

ft (aa b)a
so that there exists a function g, satisfying
fela,b) = e 3@ g, (p).

Because of (3.14), the function g, is actually constant and

1 1 o0 3 1 1 o0 1 2 1
b) = e2t 0,1)= — T2 nadr = — —2tY dy = .
91(b) = =" fo(0,1) zmé S Y= ot

Putting all this together, we obtain the result. O
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Chapitre 3. Scaling limit of positive genus random quadrangulations

The first time we integrate with respect to an m*, for an ¢ # ¢,, we apply LemmaB.5with a = o,
b=oc®and t = m* + m* (t does not depend on m*) and the factor (3.13) is changed into

O'e* pme*J’,m:(O’e* + O'e).

We may then apply Lemma B3 again, with a = 0% + 0%, b = 0¢ and t = m® + m® + m® when
integrating with respect to m.- and so on. In the end, after integrating with respect to v and (m*®)x..,
the

]]-{me* >0, u<m®*} H 7pfm‘ (O—Q)
ccE(s)

part in the integrand of (3.12) merely becomes

o (Zeeé(s) UE) =% p (2 ZeGE(s) o_e) _ Nor 2

3.2.2 Integrating with respect to (c°), . (s)

Wecall s = 3 () 0" In order to integrate with respect to (6°) ¢ s;(,), we will integrate with respect
to s and with respect to (0) . () on the simplex, precisely,

d(Ue)eeE(s) = ds I{se. >0 d(o—e)eGE‘(ﬁ)\{e*}’

where 0% = 5 — ZeGE(E)\{e*} ot.
We then do the changes of variables 0¢ +— so® and [V — /s for all ¢ # ¢, and v # ¢, , so that o**
becomes 1 — 37, jy(s)\ (ex} 0° and the integral (3.12) becomes

1 e 2
A1V —— d 59—3 —2s /d 2 1 e [ e 1°) .
[y = [ ass et [ tipnsay o TT poe (1)

ecE(s)

The first part is easily enough dealt with,
/ dss? 372" =9=F T (@ —1) .
0 2

/ A0 )ete gm0y 0% T[ Poe () = 0 ((EDecie))
ecE(s)

We then focus on

where the function ¢ is defined, for z¢ > 0, ¢ € E(s) by
%) ((xe)eeé(g)) = /d(oe)e¢e*l{ae*>0} fo H Poe (2°).
ecE(s)

If we differentiate this function ¢ with respect to every variables ¢, we recognize the same integral
we treated while integrating with respect to (m°),

[T ~0:) ¢ (@) = /d(ae)#e*l{avwo} o I (=poe (=)

e€E(s) ecE(s)
=% p (ZeeE(g) ze) .
Integrating back, we obtain
6g—1 * 0n[69—2
# (@)een) =P (Zeenio o) +2 17 (Leen 7).
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3.2.3. Integrating with respect to (I°) ey (o)\fe-y

where, for all n > 1, the functions p[™ are defined by

/ Ay / Ay / dys pr (). (3.15)

The integral (3.12) is now equal to some constant times
/d(lv)vie: p[Gg—l] (Zeeé(s) |le|) + |le*|p[6g—2] (ZeeE(s) |le|) . (316)

3.2.3 Integrating with respect to (l”)vev(s)\{e;}

We follow here the ideas of [CMS09]. The term ., [I°] is a linear combination of *’s. We will
break the integral (3.16) into parts on which these coefficients are constant. This happens when the
vertex labels are sorted according to a given ordering: we call O, the set of bijections from [0,4g — 3]
into V(s).

Let A € O, be an ordering and v € V (s). Because s is dominant, v is connected to exactly three other
vertices—not necessarily distinct—that we call v/, v”, and v"”. When the labels are sorted according to
A, thatis, when [ < % < ... <[Ms-3, the coefficient of [* in the sum 3 5, |I°] is

) =2 (Lpoioao + Lpoiaasty + 1o aasty) — 3

For0 < k <4g— 3, welet
49—3
A\ k) =D e(AN).

i=k

Lete € E‘( ) be a half-edge and i (resp. j) be the smaller (resp. larger) of \ 'and A7, + Then
|I¢| = 1% —[* and ¢ will contribute to the sum by a factor +1 for (* and —1 for [* . S0 ¢ will contribute
to d(\, k) by a factor +1 for k < j plus a factor —1 for k < i. Thus the definition we just gave for d(\, k)
is consistent with (L4). This, by the way, also prove that d(\, k) > 0 for k # 0.

We have »
g—

S 1= T o= S -ro).
c€E(s) vEV(5) i1

Letuscallk = )\e_,l. We will write 1y := 15, 5, ...j21-s ) fOr short. We integrate

49—3
1, plos—1 (Z d(\, i) (1 - lA“)>
i=1

with respect to [*49-2, then [*9-4 and so on up to [**+. We then integrate with respect to i*o, [,

, 1*-1. By doing so, factors (d(\,4g —3))7Y, (d(X4g —4) 7 L, (dA K + 1))"" then (d(A\, 1))},
(d(\2)7Y ., (dO k) ! successively appear and every time we 1ntegrate pl" is changed into p"+1.
All in all,

U . B 1
/d(l Joser I (Z i 1161) = 27 4(0) TT din i)’

i=1

The second part of (3.16) is a little bit trickier because it distinguishes the root from the other ver-
tices. In order to circumvent this, we will consider the sum over all scheme with the same “unrooted”
structure (we do not consider an ordering X at this time). For any scheme s € &, we note § the non-
rooted scheme corresponding to s, and for any non-rooted scheme u, we note u, the scheme u rooted
at the half-edge e.
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Chapitre 3. Scaling limit of positive genus random quadrangulations

Let u be a non-rooted scheme. We look at 3 __ - _, ¥(s) where

0o = [0 1199 (S 1)

This is
1
Y(s) = Aut(a) 3w
5% =u CEE(u)
_ 1 1
s, 8 =u} S?Z:u Aut(u) GEZ()¢(ue)

1
= 69——3 Z P (ue).

s, 5 =u eeﬁ(u)
We chose the convention to fix [*+ to be 0 because we needed one of the [*’s to be 0 and ¢, was

already distinguished as the root. This choice was totally arbitrary and we could have taken any other
vertex vg. This translates in the fact that, for any function ¥,

/d(zv)m: X () eeie))
does not actually depend on ¢ . In order to see this properly, we do the following change of variables:
for every v ¢ {vg, e }, IV =1V — 1%, [ = " and [vo =0,

so that [* = [%; and

/d(lv)vie: X ((le)eeE(s)) = /d(lv)v75v0 X ((le)eEE(s)) )

Using this fact, we see that

Plue) = / A 1992 (S ey 1) = / A1)y g 119972 (S 111)

and

Z —/ v?fe* eGE(E) |le|) p[Gg_Q] (ZQGE(S) |le|) )

55_11

w}

We now consider an ordering A € O,. A computation very similar to the one we conducted above
(just change plf9=1 into z — xpl09~2(x), which becomes, after 4g — 3 successive integrations, z
z plt99-51(z) + (4g — 3)pl109=4(2)) yields

49—3
1 ) . 49 =3 110g-4 1
69_3/d(l Josem In D 11D (3 ey 116]) = 69_3”[ o 1 dnq)
ceBs) i=1 ’

The sum over all dominant schemes of (3.16) then becomes

4g-3
2(5g —3) [10g 4] .

6g —3

566 A€0; i=1
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3.2.4. Conclusion

3.2.4 Conclusion

We still have to compute p['%9~4(0). For that matter, we may use Fubini-Tonnelli’s theorem and rewrite

B.I9), forn >4, as
Yn—2 yn72
/dyl/dyz / dyn—1p1(11) = /dy1 Wm(yﬂ

_ Y1 L g
= n_2/dy1 o 4),171(3/1) — " 7(0),

where the second line is obtained from an integration by parts (we differentiate y — y" % and integrate
y— ypi(y)). Aspl?(0) = 1, we find that

p[10974] (0) = (25972(59 _ 3)!>

Taking into account everything we have done so far, we find

1 39T (3 —1) 493

ty = —
9 /m 2693 (6g — 3) (59 — 2)!

SEG* AEO, i=1
The expression we claimed in (I.3) is then obtained by using the identity

() () -
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The topology of the scaling limit of positive
genus random quadrangulations

The object of this chapter is Theorem[[.13] In the general picture, we rely on the same techniques
as in the planar case. The study of Chapter[3lleads to the construction of a continuum random g-tree,
which generalizes Aldous’s CRT [Ald91} [AId93]. The first step of our proof is to carry out the analysis
of Le Gall [LGO07] in the non-planar case and see the space (0, d) as a quotient of this continuum
random g-tree via an equivalence relation defined in terms of Brownian labels on it. We then adapt
Miermont’s approach [Mie(08], and use the notion of 1-regularity introduced by Whyburn [Why35b]|
and studied by Whyburn and Begle [Beg44] |Why35b] in order to see that the genus remains the same
in the limit. Finally, we deduce in Section [4.4] the technical estimates we need from the planar case
thanks to a bijection due to Chapuy [Chal0] between well-labeled g-trees and well-labeled plane trees
with g distinguished triples of vertices.

4.1 Real g-trees
41.1 Definitions
41.2 Maps seen as quotients of real g-trees
4.2 Points identifications
42.1 Preliminary lemmas
422 Keylemma
423 Setoverflown by a path
424 Points identifications
4.3 1-regularity of quadrangulations
43.1 1-regularity
4.3.2 Representation as metric surfaces
4.3.3 Proof of Theorem[L.13]
4.4 Transfering results from the planar case through Chapuy’s bijection
441 Chapuy’s bijection
4.42 Contour pair of an opened g-tree
443 Opened uniform well-labeled g-tree
444 Uniform well-labeled tree with g triples
445 Remaining proofs

R K1 1 1 51 1 &1 B2l Bl &1 2 s el e ] e T

Qoed

4.1 Real g-trees

In the discrete setting, it is sometimes convenient to work directly with the space t, instead of [0, 2n].
In the continuous setting, we will see g, as a quotient of a continuous version of a g-tree, which we
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Chapitre 4. The topology of the scaling limit of positive genus random quadrangulations

will call real g-tree. In other words, we will see the identifications s ~, t as of two different kinds:
some are inherited “from the g-tree structure,” whereas the others come “from the map structure.”

4.1.1 Definitions

As g-trees generalize plane trees in genus g, real g-trees are the objects that naturally generalize real
trees. We will only use basic facts on real trees in this work. See, for example, [LG05] for more detail.

We consider a fixed dominant scheme s € &*. Let (m*), . B(s) and (0°), . B(s) be two families of
positive numbers satisfying ) m® = 1 and ¢ = ¢° for all ¢. As usual, we arrange the half-edges
of 5 according to its facial order: e¢; = e, ..., eygg—3). For every s € [0,1), there exists a unique
1 <k <2(6g — 3) such that

k—1 k
E mt < s < Zm”.
i=1 i=1

We let e(s) = ¢ and (s) = s — Zf;ll m¢ € [0,m*)). By convention, we set ¢(1) = ¢; and (1) = 0.
Beware that these notions depend on the family (m*), - There should be no ambiguity in what
follows.

Let us suppose we have a family (h%) ¢ 5, of continuous functions h® : [0,m®] — Ry such that
ht(0) = ¢ and h®(m*) = 0. It will be useful to consider their concatenation: we define the continuous
function h : [0,1] — R going from ) ¢ to 0 by

2(6g—3)

h = (hel — J“) . (h22 — 022) o -0 (h°2<69*3) — 022“"9*3)) + Z o, (4.1)
i=1

We define the relation ~ on [0, 1] as the coarsest equivalence relation for which s =~ t if one of the
following occurs:

N h(S) = h(t) = inf[s/\t,svt] h, (42&)
4 h(s) = h(s), h(t) = h(t), e(s) = ), and h¢((s)) = o*® — B ((8)), (42b)
4 (s) = (t) = Oand e(s)™ = e(t)". (4.20)

If we see the h®’s as contour functions (in a continuous setting), the first item identifies numbers
coding the same point in one of the forests. The second item identifies the floors of forests “facing each
other”: the numbers s and ¢ should code floor points (two first equalities) of forests facing each other
(third equality) and correspond to the same point (fourth equality). Finally, the third item identifies

the nodes. We call real g-tree any space .7 = [0, 1]~ obtained by such a construction'.

We now define the notions we will use throughout this work (see Figure 41). For s € [0,1], we
write 7 (s) its equivalence class in the quotient .7 = [0, 1] /. Similarly to the discrete case, the floor of
7 is defined as follows.

Definition 4.1. We call floor of 7 the set fl .= 7 ({s : h(s) = h(s)}).

Fora = 7(s) € Z\fl,letl .= inf{t < s : h(t) = h(s)} and r := sup{t > s :
T == J ([l,r]) is a real tree rooted at p, == Z(I) = T (r) € fl.

h(t) = h(s)}. The set

Definition 4.2. We call tree of 7 a set of the form 1, for any a € T\ fl.

I There should be a more intrinsic definition for these spaces in terms of compact metric spaces that are locally real trees. As
we will need to use this construction in what follows, we chose to define them as such for simplicity.

78



4.1.1. Definitions

If o € fl, we simply set p, = a. Let 7 be a tree of .7 rooted at p, and a,b € 7. We call [[a, b]]
the range of the unique injective path linking a to b. In particular, the set [[p, a]] will be of interest. It
represents the ancestral lineage of a in the tree 7. We say that a is an ancestor of b, and we write ¢ < b,
ifa € [[p,b]]. Wewritea < bifa <band a # b.

Definition 4.3. Let b = 7 (t) € I\ fland p € [[py,b]]\{pp,b}. Let I .= inf{s <t : F(s) = p} and
v = sup{s <t : F(s) = p}. Then, provided I" # ', we call tree to the left of [[ps, b]] rooted at p the set
T([U,r"]).

We define the tree to the right of [[ps, b]] rooted at p in a similar way, by replacing “<” with “>" in the
definitions of l' and r'.

Definition 4.4. We call subtree of 7 any tree of 7, or any tree to the left or right of [[ps, b]] for some b € T\ fl.

Note that subtrees of .7 are real trees, and that trees of 7 are also subtrees of .7. For a subtree 7,
the maximal interval [s, ] such that 7 = .7 ([s, t]) is called the interval coding the subtree 7.

Definition 4.5. For ¢ € E(s), we call forest to the left of ¢ the set § := 7 ({5 : ¢(s) = ¢}).

The nodes of .7 are the elements of .7 ({s : (s) = 0}). In what follows, we will identify the nodes
of 7 with the vertices of s. In particular, the two nodes ¢~ and ¢ lie in §*. We extend the definition of
[[a, b]] to the floor of f*: for a,b € f* N fl, let s,t € {r : ¢e(r) = ¢} be such thata = F(s) and b = T ().
We define

[[a,b]] = T([sAt,sVi])Nfl
the range of the unique? injective path from a to b that stays inside f°. For clarity, we write the set
[[e=,e*]] simply as [[¢]]. Note that, in particular, [[e]] = §* N §* = §* N fl.

Let a,b € 7. There is a natural way® to explore .7 from a to b. If inf 7~1(a) < sup 7 ~1(b), then
lett == inf{r >inf 7 1(a) : b= J(r)}and s :==sup{r <t : a = F(r)}. lf sup 7 ~1(b) < inf 7~ (a),
then let t := inf 7 ~1(b) and s := sup .7 ~*(a). We define

[a,b] = 7 ([s,t ) , (4.3)
where [sTi is defined by (3.5).
Ta ’I'/ [a, b]

I —

Figure 4.1. Left. On this picture, we can see the floor fl, the two nodes n and m, an example of tree 1., and
an example of tree T to the left of [[ps, b]] rooted at p. Middle. The set [a,b]. Right. On this picture, a is an
ancestor of b and c, and we can see the sets [[b, c||, [[c, B]], and §*.

We call .7, (resp. J) the real g-tree obtained from the scheme s,, (resp. so) and the family
(Cloy)eci(sn) esP- (C%) o fi(s..))- For the sake of consistency with Chapter[3] we call €,y and €, the

2Note that et # ¢~ because s is a dominant scheme.

3Note that, if a,b € fl, there are other possible ways to explore the g-tree between them. Indeed, a point of fl is visited
twice—or three times if it is a node—when we travel around fl. In particular, this definition depends on the position of the root
in s for such points. In what follows, we never use this definition for such points, so there will be no confusion.
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functions obtained by (.I) in this construction. We also call ~(,,) and ~, the corresponding equiv-
alence relations. When dealing with .7.,, we add an oo symbol to the notation defined above: for
example, the floor of .7, will be noted fl, and its forest to the left of ¢ will be noted f¢,. It is more
natural to use t,, rather than .7, in the discrete setting. As t,, may be viewed as a subset of .7,,, we will
use for t,, the formalism we defined above simply by restriction. Note that the notions of floor, forests,
trees, and nodes are consistent with the definitions we gave in Section[2.2]in that case.

Note that, because the functions C¢_’s are first-passage Brownian bridges, the probability that there
exists ¢ > 0 such that C¢ (s) > C% (0) forall s € (0,¢) is equal to 0. As a result, there are almost surely
no trees rooted at the nodes of 7.,. Moreover, the fact that the forests {* and f° are independent
yields that, almost surely, we cannot have a tree in §° and a tree in §* rooted at the same point. As a
consequence, we see that, almost surely, all the points of .7, are of order less than 3.

4.1.2 Maps seen as quotients of real g-trees

Consistently with the notation t,,(i) and g, (7) in the discrete setting, we call 7, (s) (resp. 4 (s)) the
equivalence class of s € [0, 1] in T, = [0,1],~__ (resp. in qec = [0,1]/~ ).

Lemma 4.1. The equivalence relation ~ is coarser than ~, so that we can see 4o as the quotient of T, by
the equivalence relation on T induced from ~q.

Proof. By definition of ~, it suffices to show that if s < ¢ satisfy (@.2a), (4.2D), or (£29), then s ~ .
Let us first suppose that s and ¢ satisfy (.2a), that is

Coo(8) = Cx(t) = [1nf] Coo.
s,t

In a first time, we moreover suppose that € (r) > € (s) for all » € (s,t). Using Proposition 3.1} we
can find integers 0 < s, < t,, < 2n such that (s(,),t(n)) = (5,/2n,1,/2n) — (5,1) and €(,,)(5(n)) =
€y (tn)) = infls, 4.,,] €n)- The latter condition imposes tn(sn) = t,(t,) so that d,,(s,,t,) = 0 and
s ~oo t by B2).

Equation (2.19) shows that, for every ¢, the law of C¢, is absolutely continuous with respect to the
Wiener measure on any interval [0, mg, — €], for € > 0. Because local minimums of Brownian motion
are pairwise distinct, this is also true for any C?_, and thus for the whole process €., by construction.
If there exists r € (s,t) for which € (r) = € (s), it is thus unique. We may then apply the previous
reasoning to (s, ) and (r,¢) and find that s ~ 7 and r ~ ¢, so that s ~ t.

Let us now suppose that s and ¢ satisfy £.2D). If there is 0 < r < s such that €., (r) = € (s) then
r ~o s by @.2d). The same holds with ¢ instead of s. We may thus restrict our attention to s and ¢ for
which € (1) > € (s) forall r € [0, s) and €oo (1) > €o(t) for all r € [0,¢). Let us call e = e(s) = e(2).
In order to avoid confusion, we use the notation (-), and ¢, (-) when dealing with the functions &7, ’s.
We know that for n large enough, we have s,, = s... We only consider such n’s in the following. We
first find 0 < s,, < 2n such that s,y = 5,/2n = s, ¢4(S(n)) = ¢, and €(,)(8(n)) = &(,)(8(n)). We define

. 1 - G
t(ny = inf {r € %[[0, 2n] :en(r) =¢, €, ((r)n) =0(n — € ((s(n)>n) },

so that £,y ~() 5(n), and then d,, (s(n), t(n)) = 0. Taking an extraction if needed, we may suppose
that ¢(,) — t' ~ s. By construction, ¢(t') = ¢(t) and € (') = € (t') = €(t). So ¢’ and ¢ fulfill
requirement (£.2a) and t’ ~, ¢ by the above argument. The case of (.2d) is easier and may be treated
in a similar way. O

This lemma allows us to define a pseudo-metric and an equivalence relation on .7, still denoted
by de and ~, by setting d (900(5), foo(t)> = doo(s,t) and declaring T (s) ~oo Too(t) if s ~oo .
The metric space (oo, dso) is then isometric to («700 oo doo). We define d2_ on 7, by letting

d2 (a,b) =1inf{d2 (s,t) : a = Tu(8), b= Too(t)}.
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We will see in Lemma [4.4] that there is a.s. only one point where the function £, reaches its mini-
mum. On this event, the following lemma holds.

Lemma 4.2. Let s* be the unique point where £, reaches its minimum. Then
doc(sa 5.) = 'Soo(s) - 'Soo(s.)'
Moreover, s ~ t implies £5(8) = Loo(t).

Proof. This readily comes from the discrete setting. Let 0 < sy < 2n be an integer where £,, reaches
its minimum. By extracting if necessary, we may suppose that s, /2n converges, necessarily toward s°.
Let 0 < s, < 2n be such that s,,/2n — s. From the Chapuy-Marcus-Schaeffer bijection, d, (sn, s},) =
Ln(sn) — L£n(sh) + 1. Letting n — oo after renormalizing yields the first assertion. The second one
follows from the first one and the triangle inequality. O

As a result of Lemmas 4T and £.2] we can define £, on J by £ (foo(s)) = L£(5). When
(a,b) ¢ (floo)?, we have

d (a,b) = £x(a) + L (b) — 2max < min L (x), min Eoo(z)> , (4.4)
z€la,b] z€[b,a]

where [a, b] was defined by {.3).

4.2 Points identifications
This section is dedicated to the proof of the following theorem:
Theorem 4.3. A.s., for every a,b € T, a ~oo b is equivalent to d2_(a,b) = 0.
We already know that d2_ (a,b) = 0 implies a ~o b from the bound d, < d2,. We will show the

converse through a series of lemmas. We adapt the approach of Le Gall [LG07] to our setting.

421 Preliminary lemmas
Let us begin by giving some information on the process (€o, £o0).
Lemma 4.4. The set of points where Lo reaches its minimum is a.s. a singleton.

Let f : [0,1] — R be a continuous function. We say that s € [0, 1) is a right-increase point of f
if there exists t € (s,1] such that f(r) > f(s) forall s < r < t. A left-increase point is defined in a
symmetric way. We call IP(f) the set of all (left or right) increase points of f.

Lemma 4.5. Ass., IP(€y) and IP(L,) are disjoint sets.

As the proofs of these lemmas are rather technical and unrelated to what follows, we postpone
them to Section 4.4l

4.2.2 Keylemma

Remark. In what follows, every discrete path denoted by the letter “p” will always be a path in the
map, never in the tree, i.e. a path using the edges of the map.

Let 7 be a subtree of t,, and p = (p(0), p(1),..., p(r)) be a path in q,, that avoids the base point v},.
We say that the arc (p(0), p(1)) enters the subtree 7 from the left (resp. from the right) if ©(0) ¢ T,
p(1) € 7and [,(p(1)) — L (p(0)) = —1 (resp. [L(p(1)) — L(p(0)) = 1). We say that the path p passes
through the subtree T between times i and j, where 0 < i < j < r, if
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+ pli—1) ¢ eij]) Cmel+1) ¢,
4+ L(p(@) = la(p(i — 1)) = L(p(j + 1)) = L(p()).

The first condition states that p “visits” 7, whereas the second one ensures that it really goes “through.”
It enters and exits T going “in the same direction.”

We say that a vertex a,, € t,, converges toward a point a € 7 if there exists a sequence of integers
sy € [0,2n] coding a,, (i.e. an = t,(s,)) such that s,,/2n admits a limit s satisfying a = Z(s). Let
[, 7] be the intervals coding subtrees 7,, C t,,. We say that the subtree 7,, converges toward a subtree
T C & if the sequences l,,/2n and r,, /2n admit limits [ and r such that the interval coding 7 is [I,7].
The following lemma is adapted from Le Gall [LG07, End of Proposition 4.2].

Lemma 4.6. With full probability, the following occurs. Let a,b € T be such that £(a) = L£oo(b). We
suppose that there exists a subtree T rooted at p such that inf, £o, < Loo(a) < Lo(p). We further suppose that
we can find vertices a, by, € t, and subtrees T, in t,, converging respectively toward a, b, T and satisfying the
following property: for infinitely many n's, there exists a geodesic path p,, in q,, from a,, to by, that avoids the
base point v}, and passes through the subtree T,,.

Then, a # oo b.

Proof. The idea is that if a and b were identified, then all the points in the discrete subtrees close (in a
certain sense) to the geodesic path would be close to a in the limit. Fine estimates on the sizes of balls
yield the result. We proceed to the rigorous proof.

We reason by contradiction and suppose that a ~, b. We only consider integers n for which the
hypothesis holds. We call p,, the root of 7,,, and we set, for e > 0,

U = {y €7 Loo(y) < Loola) +e; VY € [[p,y]], Loo(x) > Loo(a) + %}

We first show that S, C B (a, 2¢), where B (a, 2¢) denotes the closed ball of radius 2¢ centered at a
in the metric space (oo, doo). Let y € US,. We can find y,, € 7,\{p»} converging toward y. For n large
enough, we have

da, (an,b) < oot sup Jl(e) = Lu(an)| < o5t/

)
3 CEPn

() < lalon) + 5 en Vo € [pnpnll, (o) > balan) + 2=t/
The first inequality comes from the fact that a ~ 0. The second inequality is a consequence of
the first one. The third inequality holds because (I,,(y,) — L. (v3))/yn*/* — £4(y) and (I, (an) —
[ (v8))/yn'/* = £ (a). Finally, the fourth inequality follows by compactness of [[p, y]].

From now on, we only consider such n’s. We call ¢,, := sup{t : y,, = t,(t)} the last integer coding
Yn, and [l,, ] the interval coding 7,,. We also call i < j two integers such that p,, passes through 7,
between times i and j. For the sake of simplicity, we suppose that p,, enters 7,, from the left!. Notice
that the path p,, does not intersect [[p,,, y»]], because the labels on [[p,, y,]] are strictly greater than the
labels on p,,. Let k be the largest integer in [i — 1, j] such that p,, (k) belongs to the set {p,, (i — 1)} U
to([ln,tn]). Then p,(k + 1) € {pn(j + 1)} U tn([tn,7a]). Moreover, L, (pn(k + 1)) = L, (pn(k)) — 1:
otherwise, all the vertices in [p,, (k + 1), pn (k)] would have labels greater than I,,(,(k)), and it is easy
to see that this would prohibit p,, from exiting 7,, by going “to the right,” in the sense that we would
not have [, (pn (7 + 1)) = [L(pn(j)) — 1. As a result, when performing the Chapuy-Marcus-Schaeffer
bijection for the arc linking @, (k) to p,(k + 1), we have to visit y,,. Then, going through consecutive
successors of ¢, we are bound to hit g, (k+ 1), so that dg, (Yn, Pn) < ln(yn) — ln(pn(k+1)). This yields
that dg, (an, yn) < dg, (@n, b)) + dq, (Yn, pn) < 26 yn'/4, and, by taking the limit, d(a,y) < 2¢.

“The case where @, enters 7, from the right may be treated by considering the path h + o, (dg,, (an,bn) — h) instead
of pn.
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4.2.3. Set overflown by a path

We conclude thanks to two lemmas, whose proofs are postponed to Section 4.4 They are derived
from similar results in the planar case: [LG07, Lemma 2.4] and [LG10, Corollary 6.2]. We call A the
volume measure on (., that is, the image of the Lebesgue measure on [0, 1] by the canonical projection
from [0, 1] t0 goo-

Lemma4.7. Almost surely, for every n > 0 and every subtree T rooted at p, the condition inf; £ < £oo(p)—n
implies that

limiéafsﬁ)\ ({y €T Lo(y) < Loolp) —n+e; Ve € l[lp,y]], Loo(x) > Lo(p) —n+ E}) > 0.

e— 8

Lemma 4.8. Let 6 € (0, 1]. For every p > 1,

. [(i&% (fgzz WM <o

We apply LemmalZto 7 and n = £ (p) — £ (a) > 0, and we find that, for € small enough,
AUE,) > /2.
The inclusion UZ, C B (a, 2¢) yields that

A(Bw(z,
S = sup < sup w> = 00.
e>0 \ €700 €

Lemma applied to § = 1/2 and p = 1 yields that S is integrable, so that S < oo a.s. This is a
contradiction. O

4.2.3 Set overflown by a path

We call fl,, the floor of t,,. Let i € [0, 2n], and let succ(4) be its successor in (t,, [,,), defined by (2.2). We
moreover suppose that succ(i) # co. We say that the arc linking t,,(¢) to t,,(succ(i)) overflies the set

t, ([[i,succ(i) ) N fl,,

where [i,succ(i)] was defined by (2.4). We define the set overflown by a path e in g, that avoids the
base point vy, as the union of the sets its arcs overfly. We denote it by of (p) C fl,,.

Figure 4.2. The set overflown by the path g is the set of (blue) large dots.
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Lemma 4.9. Let a ~o b € T and o, € §5, N floo. We suppose that, for n sufficiently large, there exist
vertices o, Bn € §5 N fl, and ay, by, € t, converging respectively toward «, B, a and b. If, for infinitely
many n’s, there exists a geodesic path g, from a,, to b, that overflies [[cvy,, 8,]], then for all ¢ € [[a, B]],

Loo(c) > Loo(a) = Lo (b).
Moreover, if there exists c € [[a, 5] for which £5(c) = Loo(a), then a ~ c.

Proof. Let ¢ € [[a, 5]]. We can find vertices ¢, € [[an, 8n]] converging to c. By definition, there is an
arc of g, that overflies ¢,,. Say it links a vertex labeled / to a vertex v labeled [ — 1. From the Chapuy-
Marcus-Schaeffer construction, we readily obtain that [,,(¢,) > I. Using the fact that [,(a,) — <
dy, (an,by), we find

lo(en) > o(an) — dq, (an,bn).

Moreover, we can construct a path from c¢,, to v going through consecutive successors of ¢,. As a
result, dg,, (¢n, on) < lu(cn) — 1+ 1, so that

dg, (Cn,an) < L(cn) — lh(an) + 2dg, (an, bn) + 1.

Both claims follow by taking limits in these inequalities after renormalization, and by using the fact
that dg, (an, b,) = 0(n1/4). O

4.2.4 Points identifications

We proceed in three steps. We first show that points of fl are not identified with any other points,
then that points cannot be identified with their strict ancestors, and finally Theorem [4.3]

4.2.4.1 Floor points are not identified with any other points
Lemma 4.10. Ass., ifa € floo and b € T, are such that a ~o b, then a = b.

Proof. Leta € fl and b € J\{a} be such that a ~., b. We first suppose that a is not a node. There
exists ¢ € F (5o, ) such that a € §5, N§%,, and we can find s, ¢ satisfying a = Ja(s) = T (t), ¢(s) = e and
¢(t) = e. Without loss of generality, we may suppose that s < ¢. Until further notice, we will moreover
suppose that p;, ¢ [[¢]].

We restrict ourselves to the case s, = s, which happens for n sufficiently large. We can find
an € fl, and b, € t, converging toward a and b and satisfying p;, ¢ [[¢]]. Let p, be a geodesic
path (in g, for dg,) from a, to b,. It has to overfly at least [[a,,,¢”]] or [[a,,¢T]]. Indeed, every pair
(z,y) € [[an,e”]] X [[an,eT]] breaks t, into connected components, and the points a,, and b,, do not
belong to the same of these components. There has to be an arc of p,, that links a point belonging to
the component containing a,, to one of the other components. Such an arc overflies z or y.

Let us suppose that, for infinitely many n’s, p,, overflies [[ay,¢”]]. Lemma [4.9] then ensures that
Lo(c) > L£oo(a) = Loo(b) for all ¢ € [[a, e ]]. Properties of Brownian snakes show that the labels on
[[a,e”]] are Brownian. Precisely, we may code [[¢]] by the interval [0, c¢] as follows. For = € [0, 0], we
define Ty, := inf{r > (s) : € () = €oo((s)) — z}. Then [[¢]] = oo ({T%, 0 <z < 0.}), and

(Loo(Te) = Lool(s)) oy = (M@)o

where, conditionally given J.,, the process M¢, (defined during Proposition B.I) has the law of a
certain Brownian bridge. Using the fact that local minimums of Brownian motion are distinct, we can
find d € [[a,e"]]\{a} such that £.(c) > £ (a) for all ¢ € [[a,d]]\{a}.

Because a € fl, s and t are both increase points of ¢, and thus are not increase points of £,
by Lemma LAl As a result, there exist two trees 71 C ¢ and 72 C §5_ rooted at p*, p* € [[a,d]]\{a}
satisfying inf i £o < £o0(a) < L£o0(p?) (see Figure£3).
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4.2.4.1. Floor points are not identified with any other points

Figure 4.3. The trees 7' and 7°.

Similarly, if for infinitely many n’s, p,, overflies [[a,,, ¢T]], then we can find two trees 73 C §¢_ and
 C§¢ rooted at p3, p? € [[a, eT]]\{a} satisfying inf i Lo < Loo(a) < Lo(p?), and L () > Lo (a) for
all ¢ € [[p?, p*]]. Three cases may occur:

(i) for n large enough, o, does not overfly [[a,, ¢*]] (and therefore overflies [[a,, ¢”]]),
(i7) for n large enough, o, does not overfly [[a,, ¢”]] (and therefore overflies [[a,,, ¢™]]),
(¢i1) for infinitely many n'’s, p, overflies [[a,, ¢7]], and for infinitely many n’s, p,, overflies [[a,,, ¢~ ]].

1 C §¢, 72 C §° be trees rooted at p.., p2 €
[[an,e”]] converging to 7! and 2. We claim that, for n sufficiently large, p,, passes through 7! or 72.
First, notice that, for n large enough, p,, N [[p}, p2]] = @. Otherwise, for infinitely many n’s, we could
find o, € o, N [[ph, p2]], and, up to extraction, we would have a,, — a € [[p', p?]] C [[a,d]]\{a}.
Furthermore, dg, (an, an) < dg, (an,by) so that a ~o o, and £, (a) = £oo(«) by Lemma4.2] which is
impossible. For n even larger, it holds that inf; [, < inf,, [,. Roughly speaking, o, cannot go from
a tree located at the right of 7.} (resp. at the left of 72) to a tree located at its left in f¢, (resp. to a tree
located at its right in ) without entering it. Then p,, has to enter 7, from the right or 72 from the left
and pass through one of these trees (see Figure [4.4).

More precisely, we call [s),, t1] and [s2, t2] the sets coding the subtrees 7! and 72. Let w,, € [[an,e™]]
be a point that is not overflown by ©,, p, = inf{t;, <r < 2n : w, = t,(r)} and g, == sup{0 < r <
s2 1wy = t,(r)}. Then, we let

n

In case (), the trees 7! and 72 are well defined. Let 7!

A =1, ([[t}upn]] U [gn, 531]]) :

We call g, (i — 1) the last point of p,, belonging to A,,. Such a point exists because a,, € A, and
b, ¢ A,. The remarks in the preceding paragraphs yield that neither ¢, (i — 1) nor p, (i) belong to
[[pL, p2]], and, because of the way arcs are constructed in the Chapuy-Marcus-Schaeffer bijection, we
see that p,, (i) € 7.} U 72. Without loss of generality, we may assume that ©,,(i) € 7,.. Because p,, does
not overfly wy, it enters 7, from the right at time i, thatis, l,,(p, (7)) = L, (9, (i — 1))+ 1. Let p,,(j + 1) be
the first point after ,, (i) not belonging to 7... It exists because b,, ¢ 7,.. Then, because p,,(j + 1) ¢ A,
and g, does not overfly w,, we see that [,,(p,,(j + 1)) = L, (pn(j)) + 1, so that p,, passes through 7.}
between times ¢ and ;.

In case (i), we apply the same reasoning with 73 and 7* instead of 7! and 2. In case (iii), the four
trees 71, 72, 73 and 7* are well defined and we obtain that ©n has to pass through one of their discrete
approximations. We then conclude by Lemmal4.6|that a %+, b, which contradicts our hypothesis.

We treat the case where p;, € [[¢]]\{a} in a similar way, simply by replacing e* (resp. ¢™) by py if
oy € [[a,eT]] (resp. p» € [[a,¢7]]). When a is a node, we apply the same arguments, finding up to six
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Figure 4.4. The path o, passing through the tree 7).

trees (one for each forest containing a). Finally, if p, = a, then « is a strict ancestor of b. This will be a
particular case of Lemma [.T11 O

4.2.4.2 Points are not identified with their strict ancestors

Lemma 4.11. A.s., for every a,b € T, such that p, = pp and a < b, we have a %o b.

The proof of this lemma uses the same kind of arguments we used in Section B.Z.47] is slightly
easier than the proof of Lemmal[4.10, and is very similar to Le Gall’s proof for Proposition 4.2 in [LG07],
so that we leave the details to the reader.

4.2.4.3 Points g, b are only identified when d2_(a,b) =0

Lemma 4.12. A.s., for every tree 1 C T, rooted at p € floo and all a,b € T\{p} satisfying a ~ b, we have
d3 (a,b) =0.

Proof. Let 7 C 7, be a tree rooted at p € floo and a,b € 7\{p} satisfying a # b and a ~ b. By
Lemma B.17] we know that a £ band b £ a. As a consequence, we have either s < ¢ for all (s,t) €
Tt a) x T (b) or s > tforall (s,t) € Tt (a) x T (b). Without loss of generality, we will assume
that the first case occurs. Let us suppose that d2 (a,b) > 0. By Lemma /2] we know that £..(a) =
£(b), and by @4), we have both inf, ) Lo < L£oo(a) and infy, 5] Lo < L£oo(a). As a result, there are
two subtrees 7! C [a,b] and 72 C [b, a] rooted at p* € [[a, b]]\{a, b} and p* € ([[p, a]]U[[p, b]]U floo)\{a, b}
satisfying inf i £, < £o(a).

Let 7, C t,, be a tree rooted at p,, and a,,, b, € t, be points converging to 7, a, and b. Let 7} C
[an,bs] and 72 C [b,,, a,] be subtrees rooted at p;, € [[an, bn]]\{an,bn} and p2 € ([[pn, an]] U [[on, bn]] U
f1n)\{an, b, } converging toward 7! and 72. We consider a geodesic path g, from a,, to b,,. Recall that
a ~o bimplies that dg, (an, by) = o(n'/?).

Because every point in [[p, p']] is a strict ancestor to a or b, for n large enough, ,, does not intersect
[[Pn, pp]]. Otherwise, we could find an accumulation point « identified with a and b, such that o < a
or a < b (possibly both), and this would contradict Lemma 11l If p* € 7, for n large, p,, does not
intersect [[pn, p2]] either. The same reasoning yields that g, does not intersect fl,, for n sufficiently
large, because of Lemma[4.10

Let [sL,t:] and [s2,¢2] be the sets coding the subtrees 7,! and 72. We let

{ 2 1 H 1 2
A, = by ([[tn, sn]]) and B, =i, ([[tn, sn]]) .
By convention, if p2 ¢ §%, we set [[pn, p2]] := . Itis easy to see that a,, € Ay, b, € By, A, N B, C

[[on, op)] U [[ons P21 U fln and A, U B, UT) U T2 = t,.
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4.3. 1-reqularity of quadrangulations

We conclude as in the proof of Lemma.I0l We call o, (i — 1) the last point of p,, belonging to A,,.
Such a point exists because a,, € A, and b, ¢ A,. The remarks in the preceding paragraphs yield that,
for n large enough, neither p,, (i — 1) nor p,, (i) belong to A,, N By,. For n even larger, inf , [, <infy,, [,
and because of the way arcs are constructed in the Chapuy-Marcus-Schaeffer bl]ectlon, we see that
on(i) € 7L U 2. The path g, either enters 7.} from the left or enters 72 from the right. Without loss of
generality, we may suppose that o, (i) € 7.5 Let on (1" +1) be the first point after p, (¢) not belonging to

5. Then o, (' + 1) € B, UT2. If p,, passes through 7, between times i and i, we are done. Otherwise
pn(z + 1) € 72 because of the condition inf,2 [,, < inf,, [, (informally, e, cannot pass over 72 without
entering it). We consider the first point pn( " + 1) after p,,(i') not belonging to 72, and reiterate the

argument. Because g, is a finite path, we see that p,, will eventually pass through 7‘% or 72.

Figure 4.5. The path o, passing through the subtree 7).

If p,, passes through 7.} (resp. 72) for infinitely many n’s, a reasoning similar to the one we used
in the proof of Lemma 9 yields that £..(p') > £.(a) (resp. £oo(p?) > L£oo(a)). We conclude by
Lemmal.6that a ~, b. This is a contradiction. O

Lemma 4.13. A.s., forall a,b € T\ floo such that pg, # pp and a ~oo b, we have d2_(a,b) = 0.

Proof. The proof of this lemma is very similar to that of Lemma Let a,b € I\ flx be such that
pa # pp and a ~ b. Here again, we may suppose that s < ¢ for all (s,t) € J5'(a) x Z5*(b), and we
can find two subtrees 7! C [a,b] and 72 C [b, a] rooted at p', p? € ([[pa, a]] U [[ps, b]] U ﬂoo)\{a b} satis—
fying inf,: £, < £s(a). As before, we consider the discrete approximations a,, b,, 7. = t,([sh, tL])
and 72 = t,([s2,2]) of a, b, ! and 72. Let p,, be a geodesic path from a,, to b,,. We still define

([[tn, Sy, ) and = ([[tn, sz ),

and we see by the same arguments as in Lemma.T2 that, for n sufficiently large, p,, does not intersect
Ay N By,. We then conclude exactly as before. O

Theorem [.3] follows from Lemmas 411 and A straightforward consequence of
Theorem .3 is that, if the equivalence class of a = 4 (s) for ~ is not trivial, then s is an increase
point of £.,. By Lemmal[4.5] the equivalence class of a for ~ is then trivial. Such points may be called
leaves by analogy with tree terminology.

4.3 1-regularity of quadrangulations

The goal of this section is to prove Theorem[1.13] To that end, we use the notion of regular convergence,
introduced by Whyburn [Why35b].
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4.3.1 1-regularity

Recall that (M, dey) denotes the set of isometry classes of compact metric spaces, endowed with the
Gromov-Hausdorff metric. We say that a compact metric space (X, §) is a path metric space if any
two points z, y € X may be joined by a path isometric to a real segment—necessarily of length §(x, ).
We call PM the set of isometry classes of path metric spaces. By [BBIO1, Theorem 7.5.1], PM is a closed
subset of M.

Definition 4.6. We say that a sequence (X,,)n>1 of path metric spaces is 1-regular if for every ¢ > 0, there
exists § > 0 such that for n large enough, every loop of diameter less than ¢ in X,, is homotopic to 0 in its
e-neighborhood.

This definition is actually slightly stronger than Whyburn’s original definition [Why35b]. See the
discussion in the second section of [Mie08]] for more details. We also chose here not to restrict the notion
of 1-regularity only to converging sequences of path metric spaces, as it was done in [Mie08 Why35b],
because the notion of 1-regularity (as stated here) is not directly related to the convergence of the

sequence of path metric spaces. Our main tool is the following theorem, which is a simple consequence
of Begle [Beg44, Theorem 7].

Proposition 4.14. Let (X,,),>1 be a sequence of path metric spaces all homeomorphic to the g-torus T . Suppose
that X, converges toward X for the Gromov—-Hausdorff topology, and that the sequence (X,,)n>1 is 1-reqular.
Then X is homeomorphic to T, as well.

4.3.2 Representation as metric surfaces

In order to apply Propositionm we construct a path metric space (S,,, d,,) homeomorphic to T, and
an embedded graph that is a representative of the map ¢,, such that the restriction of (S,,d,) to the
embedded graph is isometric to (V(qn), dqn). We use the method provided by Miermont in [Mie08),
Section 3.1].
We write F'(q,,) the set of faces of q,,. Let (Xf, Dy¢), f € F(qx) be n copies of the hollow bottomless
unit cube
Xp=10,1%\((0,1)% x [0, 1))

endowed with the intrinsic metric Dy inherited from the Euclidean metric. (The distance between two
points = and y is the Euclidean length of a minimal path in X linking x to y.)

Let f € F(qn), and let ey, e2, e3, and e4 be the four half-edges incident to f, ordered according to
the counterclockwise order. For 0 < ¢ < 1, we define

ce, (t) = (£,0,0) € X,
Cer(t) = (1,£,0) € X,

Ces(t) = (1 —,1,0) € Xy,
Ces(t) = (0,1 —1,0) € X.

In this way, we associate with every half-edge e € E(q,) a path along one of the four edges of the
square 0.X r, where f is the face located to the left of e.

We then define the relation =~ as the coarsest equivalence relation for which c.(t) =~ ce(1 — ¢t) for all
e € E(q,) and t € [0,1]. This corresponds to gluing the spaces X ;’s along their boundaries according
to the map structure of q,,. The topological quotient S, := (I ;¢ p(q,) X1)/~ is a 2-dimensional CW-
complex satisfying the following. Its 1-skeleton &, = ([ ;cp(,,) 9X )/~ is an embedding of g, with
faces X;\0X ;. To the edge {e,é} € E(q,,) corresponds the edge of S,, made of the equivalence class
of the points in ¢ ([0, 1]). Its 0-skeleton V), is in one-to-one correspondence with V(q,,). Its vertices are
the equivalence classes of the corners of the squares 0.X¢.

We endow the space [ ;¢ () X with the largest pseudo-metric 6, compatible with Dy, f € F(qn)
and =, in the sense that 0,,(z,y) < Dy(z,y) for z,y € Xy and J,(x,y) = 0 whenever z ~ y. Its
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quotient—still noted §,,—then defines a pseudo-metric on S,, (which actually is a true metric, as we
will see in Proposition4.15). As usual, we define O(n) = On /v n'/4 its rescaled version.

We rely on the following proposition. It was actually stated in [Mie08] for the 2-dimensional sphere
but readily extends to the g-torus.

Proposition 4.15 ([Mie08| Proposition 1]). The space (S, 0y) is a path metric space homeomorphic to T.
Moreover, the restriction of Sy, to V,, is isometric to (V(qy), dq,, ), and any geodesic path in S,, between points

in V,, is a concatenation of edges of Sy,. Finally, dap ((V(qn), dg,.) (Sn, 6n)> < 3, so that, by Theorem[L.T]]

(Snk ) 6(nk)> '(d%o_) (qoo, dOO)

k—

in the sense of the Gromov—Hausdorff topology.

4.3.3 Proof of Theorem [I.13]

We prove here that (4, ds) is a.s. homeomorphic to T, by means of Propositions 4.4 and To
this end, we only need to show that the sequence (Snk,é(nk))k is 1-regular. At first, we only con-
sider simple loops made of edges. We proceed in two steps: Lemma shows that there are no
noncontractible “small” loops; then Lemma .17 states that the small loops are homotopic to 0 in their
e-neighborhood.

Lemma 4.16. A.s., there exists eq > 0 such that for all k large enough, any noncontractible simple loop made
of edges in S, has diameter greater than €.

Proof. The basic idea is that a noncontractible loop in S, has to intersect fl,, and to “jump” from a
forest to another one. At the limit, the loop transits from a forest to another by visiting two points that
~ identifies. If the loops vanish at the limit, then these two identified points become identified with
a point in fl., creating an increase point for both £, et €.,. We proceed to the rigorous proof.

We argue by contradiction and assume that, with positive probability, along some (random) subse-
quence of the sequence (ny)r>0, there exist noncontractible simple loops g, made of edges in S,, with
diameter tending to 0 (with respect to the rescaled metric J,,)). We reason on this event.

Because g, is noncontractible, it has to intersect fl,,: if not, p,, would entirely be drawn in the
unique face of s, which is homeomorphic to a disk, by definition of a map. It would thus be con-
tractible, by the Jordan curve theorem. Let a,, € p, N fl,,. Up to further extraction, we may suppose
that a, — a € fl. Notice that every time p,, intersects fl,,, it has to be “close” to a,. Precisely,
if b, € pn N fl, tends to b, then §(,(an,b,) < diam(p,) — 0, which yields a ~ b, and a = b
by Lemma Moreover, for n sufficiently large, the base point v}, ¢ @,: otherwise, for infinitely
many n’s, (I,(a,) —min [, +1)/yn'/* < diam(p,) — 0, so that £., would reach its minimum at a, and
we know by Lemma 4.4l that this is not the case.

Let us first suppose that a is not a node of J,,. There exists ¢ € E(s4) such that a € f5_ N §¢, and
for n large enough, a,, € 5, Nf5. For n even larger, the whole loop ¢, “stays in f;, Uf¢.” Precisely, for all
¢ € E(s50)\{e, ¢}, we have g, NS = @. Otherwise, since E(s) is finite, there would exist ¢’ ¢ {e, ¢}
such that for infinitely many n’s, we can find ¢,, € p, N ff{ . Up to extraction, ¢, = c € ff;o, sothatc # a
(a is not anode) and ¢ ~o, a, which is impossible, by Lemma

We claim that there exists an arc of g, linking a point b,, € §¢, to some point in §¢, that overflies either
[[pb,,, eT]] or [[e™, pb,.]] (see Figure[d.6). Let suppose for a moment that this does not hold. In particular,
there is no arc linking a point in §¢ \ fl,, to a point in ¢ \ fl,,. It will be more convenient here to write p,,
as (an, = v1,Q1,V2,Q9,...,0p_1,0,_1,0, = a,) Where the v;’s are vertices and the a;’s are arcs. Let
i:=inf{j € [2,7] : v; € fl,} be the index of the first time g,, returns to fl,,. Then vy, ..., v;_1 belong
to the same set §¢\ fl,, or f5\fl,, and (a1,v2,q9,...,v;_1,a;_1) is thus drawn inside the face of s,.
As a result, the path (vi, a1, v2,...,v—1, -1, v;) is homotopic to the segment [[v1, v;]]. Repeating the
argument for every “excursion” away from fl,,, we see that p,, is homotopic to a finite concatenation of
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Figure 4.6. A noncontractible loop intersecting fl., at an, and “jumping” from §%, to f5, at by,.

segments all included in the topological segment [[ 2, o¢]], where we used the notation of Section 2271
for the forest f¢, (see Figure[d.6). It follows that g, is contractible, which is a contradiction.

We consider the case where the arc from the previous paragraph overflies [[py, , ¢™]]. The other case
is treated in a similar way. From the construction of the Chapuy-Marcus-Schaeffer bijection, we can
find integers s,, < t,, such that b, = t,,(s,,), ¢ = t,,(¢,,) and for all 5,, < r < t,,, £,(r) > £,(sn). Up
to further extraction, we may suppose that s,,/2n — s and ¢,,/2n — ¢. Therefore, for all s < r < ¢,
L0(r) > L£5(s). Moreover, the fact that b, — a # ¢ yields s < t, so that s is an increase point for £.
But J(s) = a and s has to be an increase point for €. By Lemmal[4.5 this cannot happen.

If a is a node, there are three half-edges ¢, ¢2 and ¢35 such that a = ¢ = eg = egr. A reasoning
similar to what precedes yields the existence of an arc of g, linking a point b,, in one of the three sets
fei U fhit1, i = 1,2,3 (where we use the convention ¢4 = ¢1) to a point lying in another one of these
three sets that overflies either, if b, € {5, [[pb,,a]] U [[ei41]] or [[¢;, pb,]], 0T, if by € §o5", [[pb,,, ¢;4]] or
[[e:]] U [[a, pb., ]]- We conclude by similar arguments. O

We now turn our attention to contractible loops. Let p be a contractible simple loop in S,, made of
edges. Then p splits S,, into two domains. Only one of these is homeomorphic to a disk®. We call it
the inner domain of p, and we call the other one the outer domain of p. In particular, these domains
are well defined for loops whose diameter is smaller than ¢, when n is large enough.

Lemma 4.17. As., for all € > 0, there exists 0 < § < € A gg such that for all k sufficiently large, the inner
domain of any simple loop made of edges in S, with diameter less than § has diameter less than e.

Proof. We adapt the method used by Miermont in [Mie08]. The idea is that a contractible loop sep-
arates a whole part of the map from the base point. Then the labels in one of the two domains it
separates are larger than the labels on the loop. In the g-tree, this corresponds to having a part with
labels larger than the labels on the “border.” In the continuous limit, this creates an increase point for
both ¢, and £.

Suppose that, with positive probability, there exists 0 < ¢ < ¢¢ for which, along some (random)
subsequence of the sequence (n),>0, there exist contractible simple loops p,, made of edges in S,
with diameter tending to 0 (with respect to the rescaled metric (,)) and whose inner domains are
of diameter larger than €. Let us reason on this event. First, notice that, because g > 1, the outer
domain of p,, contains at least one noncontractible loop, so that its diameter is larger than ¢y > € by
Lemmal[4.16

Let s* be the unique point where £, reaches its minimum, and s}, be an integer where £,, reaches
its minimum. We call w® := t,(s%) the corresponding point in the g-tree. This is a vertex at §,-
distance 1 from v;,. Let us take z, in the domain that does not contain w}, such that the distance

5This is a consequence of the Jordan-Schonflies theorem, applied in the universal cover of S,,, which is either the plane
when g = 1, or the unit disk when g > 2; see, for example, [Eps66, Theorem 1.7].
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4.3.3. Proof of Theorem [L.13]

between x,, and p, is maximal. (If w;, € p,, we take z,, in either of the two domains according to
some convention.) Let y, € ©n N ([[pws,wp]] U fl, U [[ps,, , ¥n]]) be such that there exists an injective
path(’ pp in t, from z,, to y, that intersects p,, only at y,,. In other words, when going from z,, to w},
along some injective path, y,, is the first vertex belonging to p,, we meet (see Figure[d7). Such a point
exists, because x,, and w;, do not belong to the same of the two components delimited by g,,. Up to
further extraction, we suppose that s? /2n — s°, z, — =, and y, — y. We call p C [[pye, w*]] U flooc U
[[pz,x]] the injective path corresponding to p,, in the limit, that is, the path defined as p,, “without
the subscripts n.” Because the distance between two points in the same domain as z,, is smaller than
20(n) (Tn, pn) + diam(gp,, ), we obtain that §(,) (2, yn) > /4, as soon as diam(gp,) < /2. In particular,
we see that z # y, and that the path p is not reduced to a single point.

Let us first suppose that y # w® = . (s*). (In particular, w}, ¢ , for n large, so that there is no
ambiguity on which domain to chose z,.) In that case, y € ([[pwe, w*]] U floc U [[pz, z]])\{z, w*}, so that
the points in .75 !(y) are increase points of €,. By LemmalL5 we can find a subtree” 7, not containing
y, satisfying inf, £, < £, (y) and rooted on the path p.

We consider a discrete approximation 7,, rooted on p,,. Because the loop g, is contractible, all the
labels of the points in the same domain as z,, are larger than inf,, [,,. Indeed, the labels represent the
distances (up to an additive constant) in q,, to the base point, and every geodesic path from such a
point to the base point has to intersect p,,. For n large enough, it holds that inf, [, < inf, [,. Asa
consequence, 7, cannot entirely be included in the domain containing «,,. Therefore, the set p,, N 7, is
not empty, so that we can find z, € p, N 7,. Up to extraction, we may suppose that z,, — z.

On the one hand, §(,)(yn, 2n) < diam(p,), so that y ~ z. On the other hand, z € 7and y ¢ 7, so
that y # 2. Because y is not a leaf, this contradicts Theorem 4.3

Figure 4.7. The path @, intersects 1. This figure represents the case where yrn, € [[px., , Tn]].

®Depending on the case, the path p,, will be of one of the following forms
+ [[zn,ynl], with yn € [[po,,, z0]],
4+ lzn, p2n )] U l[pen ynll, with yn € fin,

4 [[zn, pz, ]| U [[pzn,ef]] Ulle2]] U -+~ U[ex]] U [[e:,ynﬂ for some half-edges e1, ez, ..., ey of s, satisfying ezr =e 1
with yn € fln,

4+ [[@ns pon U [pans e JU [e2]] U -+ - U [[ex]] U [[e:, pwe ]]U [[pws ; yn]] for some half-edges ey, ez, ..., ey, of sn, satisfying
ef = ;1 With yn € [[pye, wi]]-

"Here again, we need to distinguish between some cases:

<+ ify € [[ps, z]], then p = [[z, y]] and T is a tree to the left or right of [[ps, z]] rooted at some point in [[z, y]]\{z, y},

<+ ify € flo\{ps}, then 7 is a tree of Too rooted on (p N floo)\{y},

<+ ify € [[pwe, w*]]\{pws }, then 7 is a tree to the left or right of [[p,,e , y]].
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Chapitre 4. The topology of the scaling limit of positive genus random quadrangulations

When y = w*®, we use a different argument. Let a,, = t, () and b, = t,,(B,) be respectively in the
inner and outer domains of ¢,,, such that their distance to g,, is maximal. Because a,, and b,, do not
belong to the same domain, we can find

t,ll € [an, Bn and ti € [Bn, an

such that t,(t}), t,(t2) € pn. Up to extraction, we suppose that

o, ﬂ—”%ﬂ z%tle[ B and ﬁ%tQE[ﬂ

om 2n ’ 2n @ 2n » -

Because diam(p,,) — 0, we have J(t') = J(t*) = w®. Moreover, the argument we used to prove
that z # y yields that (o) # w® and J(8) # w®. As a result, we obtain that ¢! # 2. This
contradicts Lemma 4.4 O

It remains to deal with general loops that are not necessarily made of edges. We reason on the set
of full probability where Lemmas and E17 hold. We fix 0 < ¢ < diam(q~)/4. Let &g be as in
Lemma and ¢ as in Lemma [£17 For k sufficiently large, the conclusions of both lemmas hold,

together with the inequality J n,lc/ * > 12. Now, take any loop . drawn in S,,, with diameter less
than §/2. Consider the union of the closed faces® visited by .#. The boundary of this union consists in
simple loops made of edges in S, . Let us call A the set of these simple loops.

Because every face of S,,, has a diameter smaller than 3/~ n,lc/ 4, we see that for all A € A, diam(\) <

diam(.Z)+ 6/~ n,lc/ 4 < 5. Then, by Lemma[4.16] A is contractible and, by Lemma[4.17 its inner domain
is of diameter less than €. By definition, for all A € A, Z entirely lies either inside the inner domain
of ), or inside its outer domain. We claim that there exists one loop in A such that . lies in its inner
domain. Then, it will be obvious that .Z is homotopic to 0 in its e-neighborhood.

Let us suppose that .Z lies in the outer domain of every loop A € A. Then, every face of S,,, is
either visited by .Z, or included in the inner domain of some loop A € A. As a result, we obtain that

diam(qoo) < diam(.Z) 4 2supy, diam(A) +6/ ni,/4 < 34. This is in contradiction with our choice of 4.

4.4 Transfering results from the planar case through Chapuy’s bijection

In order to prove Lemmas[4.4] [£.5|[4.7] and 4.8 we rely on similar results for the Brownian snake driven
by a normalized excursion (e, Z). This means that e has the law of a normalized Brownian excursion,
and, conditionally given e, the process Z is a Gaussian process with covariance

cov(Zy,Z,) = inf e

[zAy,zVyY]
We first focus on the proofs of Lemmas 4.4 and Lemmas 3.1 and 3.2 in [LGPO08] state that, a.s., Z

reaches its minimum at a unique point, and that, a.s., IP(e) and IP(Z) are disjoint sets. We will use a
bijection due to Chapuy [Chal0] to transfer these results to our case.

4.4.1 Chapuy’s bijection

Chapuy’s bijection consists in “opening” g-trees into plane trees. We briefly describe it here, and refer
to [Chal0] for more details. Let t be a g-tree whose scheme s is dominant. Such a g-tree will be called
dominant in the following. As usual, we arrange the half-edges of s according to its facial order:
€1 = €, ..., 3(69—3)- Let v be one of the nodes of t. We can see it as a vertex of s. Let us call ¢;,, ¢;,,
and ¢;, the three half-edges starting from v (i.e. v = ¢;, = ¢;, = ¢; ), where i; < iz < i3. We say
that v is intertwined if the half-edges ¢;,, ¢;,, ¢;, are arranged according to the counterclockwise order
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4.4.1. Chapuy’s bijection

\
s eil\ 3
i, o o / i3
> 'US
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ei% eiz/)

Figure 4.8. Slicing an intertwined node v.

around v (see Figure £.8). When v is intertwined, we may slice it: we define a new map, denoted by
t \\ v, by slicing the node v into three new vertices v, v?, and v* (see Figure 4.8).

The map obtained by such an operation turns out to be a dominant (g — 1)-tree. After repeating ¢
times this operation, we are left with a plane tree. In that regard, we call opening sequence of t a
g-uple (v1,...,vy) such that v, is an intertwined node of t, and for all 1 < i < g — 1, the vertex v; is an
intertwined node of t\\ vy \\ - - - \\ vi+1. We can show that every g-tree has exactly 2¢ intertwined nodes,
and thus 29g! opening sequences.

To reverse the slicing operation, we have to intertwine and glue back the three vertices together. We
then need to record which vertices are to be glued together. This motivates the following definition:
we call tree with g triples a pair (¢, (c1, ..., ¢,)), where

<+ tis a (rooted) plane tree,
4 for1 <i<g, ¢ ={v}v2,v}} CV(t)isaset of three vertices of ¢,
<4 the vertices v{ ,1<i<g,1<j <3, are pairwise distinct,
< the vertices of the tree
i1 4,5’

have degree at most 3 and the v/’s have degree exactly 1 in that tree. (As in the case of g-trees,
the set [[a, b]] represents the range of the unique path linking a and b in the tree.)

Let tbe a g-tree together with an opening sequence (v1, ..., vy). Forall1 < i < g, let us call ¢; the triple
of vertices obtained from the slicing of v;, as well as ¢ := t\\ v, \| - - - \| v; the plane tree. We define
D(t, (v1,...,v4)) == (¢, (c1,...,¢q)). Then @ is a bijection from the set of all dominant g-tree equipped
with an opening sequence into the set of all trees with g triples.

Now, when the g-tree is well-labeled, we can do the same slicing operation, and the three ver-
tices we obtain all have the same label. We call well-labeled tree with g triples a tree with g triples
(t,(c1,...,cq)) carrying a labeling function ! : V' (t) — Z such that

<+ l(e™) =0, where e is the root of ¢,
< for every pair of neighboring vertices v ~ v/, we have I(v) — I(v') € {-1,0,1},
4+ forall1 <i < g, wehavel(v}) =1(v?) = 1(v}).

We call W, the set of all well-labeled trees with g triples having n edges. The bijection ® then extends
to a bijection between dominant well-labeled g-trees equipped with an opening sequence and well-
labeled trees with g triples.

8We call closed face the closure of a face.

93
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4.4.2 Contour pair of an opened g-tree

The contour pair of an opened g-tree can be obtained from the contour pair of the g-tree itself (and vice
versa). The labeling function is basically the same, but read in a different order. The contour function
is slightly harder to recover, because half of the forests are to be read with the floor directed “upward”
instead of “downward.” Because we will deal at the same time with g-trees and plane trees in this
section, we will use a Gothic font for objects related to g-trees, and a boldface font for objects related
to plane trees. In the following, we use the notation of Section 2.2

Let (t, ) be a well-labeled dominant g-tree with scheme s and (¢, I) be one of the 29¢! corresponding
opened well-labeled trees. The intertwined nodes of the g-tree correspond to intertwined nodes of its
scheme, so that the opening sequence used to open (t, ) into (¢, ) naturally corresponds to an opening
sequence of 5. Let s be the tree obtained by opening s along this opening sequence. We identify the
half-edges of s with the half-edges of s, and arrange them according to the facial order of s: e; = e,,
€z, ..., expy—3). (Beware that this is not the usual arrangement according to the facial order of s.)
Now, the plane tree t is obtained by replacing every half-edge e of s with the corresponding forest ¢
of Proposition[2.3] as in Section[2.2.2.3

We call (C, L®) the contour pair of (¢, (¢), we let €° := C* — ¢¢, and we define £° by (Z.1). For any
edge {e;, e;} # {e., e} withi < j, we will visit the forest f¢* while “going up” and the forest {*/ while
“coming down” when we follow the contour of ¢. Precisely, we define

Ce :=¢% —2¢% and Ce = ¢°, (4.5)

The first function is the concatenation of the contour functions of the trees in §** with an extra “up
step” between every consecutive trees. The second one is the concatenation of the contour functions
of the trees in {*/ with an extra “down step” between every consecutive trees. It is merely the contour
function of ¢ shifted in order to start at 0. What happens to the forests f* and §** is a little more
intricate. Let us first call (see Figure[4.9)

x:=inf{s : € (s) =€ (u)} and y = inf {s D€ (s) = —0t — g (u)} . (4.6)

When visiting the forest §*, the floor is directed downward up to time y and then upward:

Ct = <€E*(s)> . (@ (y+5)—2 inf €+ (y) (4.7)
0<s<y

[y,y+s] >0<s<m‘* —y

Finally, the forest ¢~ is visited twice. The first time (when beginning the contour), it is visited between
times u and m*~, and the floor is directed upward:

Cel <€°* (u+s) —2 inf € 4 ¢ (u) “48)

[w,u+s] >0§s§m‘*—u

The second time (when finishing the contour), we visit it between times 0 and x with the floor directed
downward, then we visit a part of the tree containing the root between times = and u:

C? = (@“(s)) . <€e* (x+s)—2 inf €4 (u)) 4.9)
0<s<z [w+s,u] 0<s<u—x
The contour pair of (¢,1) is then given by
C = Ce1.,1 e(Cc2e(C 0. -0 (265-3) o 061’2,
L = (261 (u+s) — £= (u))0<5<m217u 0 (€20 % o...0 £269-3) o (261 (s))0<s<u. (4.10)
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4.4.3. Opened uniform well-labeled g-tree

Figure 4.9. Opening of a 2-tree. The squares form one triple and the triangles the other one. The (blue) short
dashes correspond to the upward-directed floors and the (green) long dashes to the downward-directed floors. The
(red) solid line on the right of the root corresponds to the part of the tree containing the root that has to be visited
at the end. The forest {17 is also represented on this figure.

4.4.3 Opened uniform well-labeled g-tree

As before, we let (t,,, [,) be uniformly distributed over the set 7, of well-labeled g-trees with n edges,
and, applying Skorokhod'’s representation theorem, we assume that the convergence of Proposition[3.]]
holds almost surely. Let (i, )nen be a sequence of ii.d. random variables uniformly distributed over
[1,29¢!] and independent of (t,,, [,)nen. With any dominant scheme s € &, and integer i € [1,29g!],
we associate a deterministic opening sequence. When (t,, [,,) is dominant, we may then define (¢,,1,,)
as the opened tree of (t,,,) according to the opening sequence determined by the integer i,. In
this case, we call (C,,, L,) the contour pair of (¢,,1,). When (t,,[,,) is not dominant, we simply set
(Cn, L) = (02y, 02,), where we write O¢ : z € [0,(] — 0. We also let

C,(2nt) L, (2nt)
V2n /o< yn 0<t<1

be the rescaled versions of C,, and L,,.

We now work at fixed w for which Proposition[3.Tlholds, s € &, and such that foralli € [1,29g!],
{n € N : i, = i}| = oco. Note that the set of such w’s is of full probability. For n large enough,
S, = 500 € 6, so that (¢,,1,,) is well defined. For all n such that s,, = s, and i,, = i, we always open
the g-tree (t,, [,) according to the same opening sequence, so that the ordering ey, ey, ..., eygg—3) Of
the half-edges of s,, is always the same. As a result, we obtain that

n—roo

where (C._, L) is defined by @5), @.68), @7), @3), (£9), and (£.I0) when replacing every occurrence
of € by & = C5, — oS, and every occurrence of £° by £5 . Note that (C(,), L(,)) has exactly 29¢!
a priori distinct accumulation points, each corresponding to one of the ways of opening the real g-
tree .

Now, because every £5 goes from 0 to 0, it is easy to see that for all i, the points where £, reaches
its minimum are in one-to-one correspondence with the points where L' reaches its minimum. More-
over, we can see that if €, and £, have a common increase point, then at least one of the pairs
(Cl,, L) will also have a common increase point. Indeed, let us suppose that €., and £, have a
common increase point. Then, there exists ¢ € E(ss) such that €% and £¢_ have a common increase
point s € [0, ¢, ]. We use the following lemma:

Lemma 4.18. Let f : [0,m] — R be a function.
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<+ If s € [0,m) is an increase point of f, then s is an increase point of f — 2f as well.
<+ If s € (0,m] is an increase point of f, then s is an increase point of r +— f(r) — 2inf}, ) f.

We postpone the proof of this lemma and finish our argument. If s < mf,, then s is a common
increase point of C¢, and L¢  thanks to Lemma When ¢ = ¢,, this fact remains true if we define
C:, = C%? ¢ C¢l. Note that z is an increase point of C¢_, even if 0 is not an increase point of the
second function defining C%? in (@.9). In this case, for all i, C}_ and L_ have a common increase
point.

Let us now suppose that s = m¢_, and let us fix i € [1,29g!]. We consider the opening correspond-
ing to i. If e; = e is visited while coming down in the contour of the opened tree, then we conclude as
above. If both e; and e;; are visited while going up, then 0 will be an increase point of C5:™, so that
C!_ and L_ will still have a common increase point. In the remaining case where e; is visited while
going up and e;; is visited while coming down (i.e. ;11 = €;), we cannot conclude that C_ and L}
have a common increase point. This, however, only happens when the node ¢ belongs to the opening
sequence. But when we pick an opening sequence, we can always choose not to pick a given node,
because at each stage of the process, we have at least 2 intertwined nodes. This implies that at least
one of the opening sequences will not contain ¢™, and the corresponding pair (C_, L'_) will have a
common increase point.

Proof of Lemmald.18 Let s € [0,m) be an increase point of f. If s is a right-increase point of f, then
f(r) > f(s) whens <r < tforsomet > s. Forsuch’s, f(r) = f(s),sothat f(r)—2f(r) > f(s)—2f(s),
and s is a right-increase point of f — 2f. B B B B

If 5 is a left-increase point of f, then f(r) > f(s) whent < r < s forsome t < s. If f(s) > f(s), then,
using the fact that f(s) = f(r) A inf|, ;| f, we obtain that f(r) = f(s) whent < r < s and conclude
as above that s is a left-increase point of f — 2f. Finally, if f(s) = f(s), then for all > s, we have

f(r)=2f(r) = (f(r) —i(r)) — f(r) >0~ f(s) = f(s) —2f(s), and because s < m, we conclude that s
is a right-increase point of f — 2f.

We obtain the second assertion of the lemma by applying the first one to m — s and the function
z = f(m—x). O

4.4.4 Uniform well-labeled tree with g triples

Conditionally on the event D,, := {(C,,L,) # (02y,02,)}, the distribution of (C,, L) is that of
the contour pair of a uniform well-labeled tree with g triples. We use this fact to see that the law of
(C(n), L(n)) converges weakly toward a law absolutely continuous with respect to the law of (e, Z).
Let (7,,, A ) be uniformly distributed over the set 7,2 of all well-labeled plane trees with n edges. We
call (T',,, A,,) the contour pair of (7,,, A, ), and define as usual the rescaled versions of both functions:

V2n /<<t n 0<t<1

Foralln > 1,k € Z and z € R, we define

Xn(k) =H{vem : M) =k} and Xny(r) = %'}/nl/4 X, (hnl/zlzJ) ,

respectively the profile and rescaled profile of (7,,, A, ). We let Z be the one-dimensional ISE (random)
measure defined by

(T, hY = A Lt h(z)

for every nonnegative measurable function h. By [BMJ06, Theorem 2.1], it is known that 7 a.s. has a
continuous density fisg with compact support. In other words, (Z,h) = [; dz h(z) fise(z) for every
nonnegative measurable function h.
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4.4.4. Uniform well-labeled tree with g triples

Proposition 4.19. The triple (F(n),A(n), X(n)) converges weakly toward the triple (e, Z, fisg) in the space
C([0,1],R)? x C.(R) endowed with the product topology.

Proof. It is known that the pair (F(n), A(n)) converges weakly to (e, Z): in [CS04, Theorem 5], Chas-
saing and Schaeffer proved this fact with |2nt| instead of 2nt in the definition @.IT). The claim as
stated here easily follows by using the uniform continuity of (e, Z). Using [BMJ06, Theorem 3.6]
and the fact that fisg is a.s. uniformly continuous [BMJ06, Theorem 2.1], we also obtain that the se-
quence X,y converges weakly to fisg. As a result, the sequences of the laws of the processes I'(,,), Ay,
and X, are tight. The sequence (v,) of the laws of (F(n), Ay, X (n)) is then tight as well, and, by
Prokhorov’s lemma, the set {v,,n > 0} is relatively compact. Let v be an accumulation point of the
sequence (vy,). There exists a subsequence along which (F(n), Ay, X (n)) converges weakly toward a

random variable (¢/, Z’, f’) with law v. Thanks to Skorokhod’s theorem, we may and will assume that
this convergence holds almost surely along this subsequence. We know that

r ()

(i) ((B, Z) and = JISE-

(e, 2")
It remains to see that f’ is the density of the occupation measure of Z’, that is
1
/ dt h(Z]) = / dz h(z)f'(z), (4.12)
0 R

for all h continuous with compact support. First, notice that

% ZXn(k)h (7_171_%/{) = lAdm X (lz])h ('y_ln_i LJ:J)

keZ "
= Adz Xmy(w)h ('y_ln_% hnl/‘li)
— [ dz f'(z)h(2)
R

by dominated convergence, a.s. as n — oo along the subsequence we consider. It is convenient to
introduce now the notation ((s)),, defined as follows: for s € [0, 2n), we set

{51 i Tu(ls]) = Tu(ls)) = 1,
(= { [s] if T(Ts]) = Tn([s]) = —1.

Then, if we denote by 7, (i) the ith vertex of the facial sequence of 7,,, and by p,, the root of 7, we

obtain that the time the process (Tn(«s))n)) spends at each vertex v € 7,\{p,} is exactly 2. So

s€[0,2n)
we have
LS X mh (i) =2 (@) + = h(0)
n n n
kEZ veT, \{pn}
= T b (7 A () + 2 00)
T on 0 sy n \\Sin n

:/0 ds h (v"'n " A, ((2ns)n)) + %h(o)
- 1dt h(Z})

a.s. along the subsequence considered. We used the fact that y~'n~7 A, ({(2ns),) — Z., which is
obtained by using the uniform continuity of Z'.

This proves that (¢’, Z’, f’) has the same law as (e, Z, fisg). Thus the only accumulation point v of
the sequence (v,) is the the law of the process (e, Z, fisg). By relative compactness of the set {v,,,n > 0},
we obtain the weak convergence of the sequence (v,,) towards v. O
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We define

_ ([ fie)”
E[(f fi&)’]
This quantity is well defined [Chal0, Lemma 10]. We also define the law of the pair (Cw, L) by the
following formula: for every bounded Borel function ¢ on C([0, 1], R)?,

E[9(Coo, Loo)] = E[W (e, Z)]. (4.13)

Proposition 4.20. The pair (C(n), L(n)) converges weakly to (Cuo, Loo) in the space (C([0,1],R)?, || - [ls0)
of pair of continuous real-valued functions on [0, 1] endowed with the uniform topology.

Proof. Let f be a bounded continuous function on C([0, 1], R)?. We have

E[£(CimsLim)] =P(Dn) > F(C,L)P((TasAn) = ()| Dy) + P (D) £(020, 020
(T, ;)X%Z;)L)

where we used the notation (7, A) <+ (C, L) to mean that the well-labeled tree (7, ) is coded by the
contour pair (C, L). It was shown in [Chal0, Lemma 8] that the number of well-labeled trees with g¢
triples having n edges is equivalent to the number of well-labeled plane trees having n edges, together
with g triples of vertices (not necessarily distinct and not arranged) such that all the vertices of the
same triple have the same label. More precisely, we have

P (70, An) = (7, A) | Dn) = |<Z|{UET : A(v) :k:}|3> +0 (n4).

keZ

And, because f is bounded and P(D,,) — 1, we obtain that

(Z Xn( >9 (Pons Ay

kEZ

TO|
E [f (C(n)’ L(ﬂ))] ||W |

Using the asymptotic formulas |7,%| ~ /712" n~%/2 and |W,| ~ ¢, 12" n(>9=3)/2 for some positive
constant ¢, only depending on g ([Chal(, Lemma 8]), as well as the computation

WS X0 =0 [ e X (1)) =272 [ X

keZ

we see that there exists a positive constant ¢ such that

E [£(Ctuy Liw)] ~ cE KA dz X<n>(w)3>g f (F<n>7/\<n>)] :

Now, let € > 0. Thanks to [Chal(0, Lemma 10], we see that both quantities E [( f fIBSE)g ] and
sup,, E [( [X f’n))gﬂ] are finite. Then, using the fact that

B[(fx0) 1 o] < 2E[(fX0) ]

we obtain that, for L sufficiently large,

sngKAdxX(n)(xP)gf(r(n Amy) 1 (fxs. >L}} <e
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4.4.5. Remaining proofs

and

9
E [(/ fI3SE> f(e Z) l{fféE>L}:| <e.
Thanks to the Proposition 4.19 for n sufficiently large,

(o)1 (P ten) 3 | -2 [(f ) 100201 g <=

This yields the existence of a constant C' such that

g9
E [f (C(n)vL(n))] e CE K/ fI%E) f(@vz)] )
and we compute the value of C by taking f = 1. O

Thanks to (£.13), we see that the properties that hold almost surely for the pair (e, Z) also hold
almost surely for (Cwo, Lo ). We may now conclude thanks to [LGP08, Lemma 3.1] that

29 g!

IP’(HS #t: Loo(s) = Lao(t) :miHSOO) < QQ—Q!EP(HS #t: L (s) =L (t) :minL;O)
=P(Is#t : Loo(s) = Loo(t) = min Lo ) =0,

and, by [LGP08| Lemma 3.2],

P(IP(€.) NIP(S.) # 2) < Y P(IP(CL) NIP(EL) £ 2)

= 299! P(IP(Coo) NIP(Log) # @) = 0.

This concludes the proof of Lemmas@.4land .5

4.4.5 Remaining proofs
4.4.5.1 Proof of Lemmad.7

Chapuy’s bijection may naturally be transposed in the continuous setting. Leti € [1,29!] be an
integer corresponding to an opening sequence, and T the real tree coded by C'_. The interval [0, 1]
may be split into 2¢g + 1 intervals coding the two halves of {¢; and the other forests of 7. Through the
continuous analog of Chapuy’s bijection, these intervals are reordered into an order corresponding to
the opening sequence. We call ¢' : [0,1] — [0, 1] the bijection accounting for this reordering. It is a
cadlag function with derivative 1 satisfying £..(s) = L. (¢'(s)) forall s € [0, 1].

In order to see that Lemma[4.7lis a consequence of [LG07, Lemma 2.4], let us first see what happens
to subtrees of 7, through the continuous analog of Chapuy’s bijection. It is natural to call root of J
the point 0 := J(us), where the real number u., was defined in Proposition 3.1 as the limit of the
integer coding the root in t,, properly rescaled. Using classical properties of the Brownian motion
together with Proposition 8.1 it is easy to see that, almost surely, 0 is a leaf of 7., so that 75 is well
defined. Any subtree of .7 not included in 75 (these subtrees require extra care, we will treat them
separately) is transformed through Chapuy’s bijection into some subtree of the opened tree T\ (that
is, into some tree to the left or right of some branch of T'_). This is easy to see when the subtree is not
rooted at a node of 7., and we saw at the end of Section £.1.7] that, almost surely, all the subtrees are
rooted outside the set of nodes of 7.
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Chapitre 4. The topology of the scaling limit of positive genus random quadrangulations

We reason by contradiction to rule out these subtrees. We call . the Lebesgue measure on [0, 1].
Let us suppose that there exist 7 > 0, and some subtree 7, coded by [I, 7], not included in 75, such that
inf[lﬂ Lo < Lo (Z) -, and

liminfsdiﬂ({s el,r] : Loo(s) < Loc(l) —m+e; Vo e [€x(l),Cl(s)],

e—0

Loo(sup{t < s : €uo(t) =x}) > Lac(l) =+ %}) =0. (414)

Note that, by definition of C!_, the function s + € (s) — Ci_ (¢'(s)) is constant on [/, 7]. Let us call
U= ¢'(l) and " := ¢'(r). It is easy to see that (£.14) remains true when replacing respectively [, r,
€. and £, with I/, v, C._ and L!_. Thanks to Proposition 420} the conclusion of [LG07, Lemma 2.4]
is also true for the opened tree T, and the fact that [I’, '] codes a subtree of the opened tree yields a
contradiction.

We then use a re-rooting argument to conclude. With positive probability, 75 is no longer the tree
containing the root in the uniformly re-rooted g-tree. Let us suppose that, with positive probabil-
ity, there exists a subtree of 7., included in 7y, satisfying the hypotheses but not the conclusion of
Lemma 4.7l Then, with positive probability, there will exist a subtree not included in the tree con-
taining the root of the uniformly re-rooted g-tree, satisfying the hypotheses but not the conclusion of
Lemmal4.7l The fact that the uniformly re-rooted g-tree has the same law as .7 yields a contradiction.
4.4.52 Proof of Lemmal[4.8]

Using the same arguments as in [LGI0], we can see that Lemma[4.8is a consequence of the following
lemma (see [LG10, Corollary 6.2]):

Lemma 4.21. For every p > 1 and every 6 € (0, 1], there exists a constant ¢, 5 < oo such that, for every e > 0,

1 P
E |:</ l{Ew(s)Sminﬁers} dS) :| S Cp,s €4p75-
0

Proof. This readily comes from [LGI10, Lemma 6.1] stating that for every p > 1 and every 6 € (0,1],
there exists a constant ¢;, 5 < oo such that, for every ¢ > 0,

! p
E [(/ ]]-{ngminZ.’_g} dS) :| < C;,S €4p75.
0

Obviously, this still holds for ¢ € (1, 2]. Using the link between £., and L, as well as Proposition4.20,
we see that, forp > 1and § € (0,1],

1 P 1 ,
E |:<A l{Eoo(s)SminilooJrs} dS) :| —E [(A ]l{Loo(S)SminLooJrg} dS) :|
1 P
=E |:W (/ ]l{Zsﬁmin Z+e} ds) :|
0

1
< (B [V]char) 9 =yt

=

where ¢, 5 == (E[W?] ¢}, 55)° < o0, by [Chal0, Lemma 10]. O
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Scaling limit of random planar
quadrangulations with a boundary

From this point on, when we speak of quadrangulations, we always mean planar quadrangulations
with a boundary, and, by convention, we always draw the external face as the infinite component of
the plane.

We begin by exposing in Section[5.T| the version of the Bouttier-Di Francesco-Guitter bijection that
we will need. As we do not use it in its usual setting, we spend some time explaining it. In particular,
we introduce a notion of bridge that is not totally standard. We then investigate in Section [5.2] the
scaling limit of the objects appearing in this bijection, and deduce Theorem [.14

Discrete forests play an important part in the coding of quadrangulations with a boundary through
the Bouttier-Di Francesco—-Guitter bijection, and the analysis of Section [5.2] leads to the construction
of a continuum random forest. We carry out the analysis of Le Gall [LG07] to our case in Section[5.3]
and see any limiting space of Theorem [1.14 as a quotient of this continuum random forest via an
equivalence relation defined in terms of Brownian labels on it.

Following Miermont [Mie08], we then prove Theorem in Section 5.4 thanks to the notion of
regularity introduced by Whyburn [Why35a, Why35b|. As we consider in this work surfaces with a
boundary, the notion of 1-regularity used by Miermont in [Mie08] is no longer sufficient: we will also
need here the notion of 0-regularity, which we will expose in Section[5.4.1]

Section 5.5]is dedicated to the case o = 0 in which we use a totally different approach, consisting
in comparing quadrangulations with a “small” boundary with quadrangulations without boundary.

Our general strategy is in many points similar to Part[Ill Although we will try to make this work
as self-contained as possible, we will often refer the reader to this part when the proofs are readily
adaptable, and will rather focus on the new ingredients.

o
5.1 The Bouttier-Di Francesco-Guitter bijection
5.1.1 Forests
51.2 Bridges
5.1.3 The bijection
5.2 Proof of Theorem [1.14]
52.1 Convergence of the coding functions
5.2.2 Proof of Theorem [.14]
5.3 Maps seen as quotients of real forests
5.3.1 Real forests
5.3.2 Quotient of real forests

5.3.3 Point identifications

EIEIEIEIEIEIRIRIRIEIEIE]

5.4 Regularity of quadrangulations
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

54.1 O-regularity and 1-regularity
5.4.2 Representation as metric surfaces
5.4.3 Proof of Theorem[L.T5]
5.4.4 Boundary of q3,

55 Caseo =0

EIEIEIEIE]

5.1 The Bouttier-Di Francesco-Guitter bijection

As is often the case in this kind of problems, we start with a bijection allowing us to work with sim-
pler objects. We use here a particular instance of the so-called Bouttier-Di Francesco-Guitter bijec-
tion [BDGO04], which has already been used in [BG09]. For more convenience, we modify it a little to
better fit our purpose. This will allow us to code quadrangulations with a boundary by forests whose
vertices carry integer labels.

5.1.1 Forests

We use for forests the same formalism as before, which we briefly recall here. We denote by N :=
{1,2,...} the set of positive integers. For u = (u1,...,u,), v = (v1,...,vp) € U, N", we let [[u]| :=n
be the height of u, and uv = (uq,. .., un,v1,...,vp) be the concatenation of v and v. We say that v is
an ancestor of uv and that uv is a descendant of u. In the case where v € N, we use the terms parent
and child instead.

Definition 5.1. A forest is a finite subset § C |J,._, N™ satisfying:
(i) there is an integer t(f) > 1, called the number of trees of §, such that f "N = [1,¢(f) + 1],
(1) if u € f\N, then its parent belongs to f,

(i13) for every u € §, there is an integer ¢, (f) > 0 such that wi € f if and only if 1 < i < ¢, (f),

('LU) Ct(f)+l(f) = 0

The set fl :== f N N is called the floor of the forest . When u € fl, we sometime note it (u) to avoid
confusion between the integer v and the point (u) € f. For u = (u1,...,up) € f, we call a(u) == u; € fl
its oldest ancestor. For 1 < j < #(f), the set {u € f : a(u) = j} is called tree of f rooted at (j). The
points u, v € § are called neighbors, and we write u ~ v, if either u is a parent or child of v, or u,v € fl
and |u — v| = 1. On the figures, we always draw edges between neighbors (see Figure 5.I). We say
that an edge drawn between a parent and its child is a tree edge whereas an edge drawn between two
consecutive tree roots will be called a floor edge.

Definition 5.2. A well-labeled forest is a pair (f, ) where § is a forest and | : f — Z is a function satisfying:
(1) forallu e fl, (u) =0,
(i7) if u ~ v, then |[(u) — (v)| < 1.

Let 7 := {(f,1) : t(f) = o, |f| = n+ o + 1} be the set of well-labeled forests with o trees and n tree
edges. By a simple application (see Lemma [2.1)) of the so-called cycle lemma [BCP03, Lemma 2], and
the fact that to every forest with n tree edges correspond exactly 3™ labeling functions, we obtain that

wlon O 2n + a)
|7 =3 It o < n . (5.1)
For a forest f with ¢ trees and n tree edges, we define its facial sequence f(0), f(1),...,f(2n + o) as

follows (see Figure[5.J): f(0) := (1),and for0 <i <2n+o —1,
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5.1.2. Bridges

< if f(¢) has children that do not appear in the sequence §(0), f(1), ..., (), then §(¢ 4 1) is the first of
these children, that is, f(i + 1) = (¢)jo where

jo=min{j > 1 :§(@)j ¢ {§(0),§(1),....7(0)}},

<+ otherwise, if f(i) ¢ fI, then f(i + 1) is the parent of f(i),
< if neither of these cases occur, which implies that (i) € fl, then §(i + 1) :== §(i) + 1.
A well-labeled forest (f, I) is then entirely determined by its so-called contour pair (C}, Ls () consisting
in its contour function Cj : [0,2n + o] — R and its spatial contour function L; : [0,2n + 0] — R
defined by
Ci(i) = F@)II + () —a(f@)  and  Lpi(@) =I(f(i)), 0<i<2n+o,

and linearly interpolated between integer values (see Figure[5.).

Figure 5.1. The facial sequence and contour pair of a well-labeled forest from §2°. The paths are dashed on the
intervals corresponding to floor edges.

5.1.2 Bridges

Definition 5.3. We say that a sequence of integers (6(0),b(1),...,b(c)) for some o > 1isabridgeif 6(0) = 0,
b(o) <0,and, forall0 < i <o — 1, we have b(i + 1) — b(i) > —1. The integer o will be called the length of
the bridge.

The somehow unusual condition b(c) < 0 will become clear in the following section: it will be
used to keep track of the position of the root in the quadrangulation. We call %, the set of all bridges
of length . In the following, when we consider a bridge b € %,, we will always implicitly extend its
definition to [0, o] by linear interpolation between integer values.

Lemma 5.1. The cardinality of the set B, is

o= (2)

Proof. With a bridge (b(7))o<i<o € #,, We associate the following sequence

(Ej)lgjggg = (+1,4+1,...,+1, -1, +1,+1,. ...+, =1, +1,+1, ..., +1, ..., =1, +1,+1,.. ., +1).
~ ~~ d ~~ ~~ —_—
b(0)—b(0o) times 6(1)—b(0)+1 times 6(2)—b(1)+1 times b(o)—b(oc—1)+1 times

The set %, is then in one-to-one correspondence with the set of sequences in {—1,+1}2° counting
exactly o times the number —1. The number of bridges of length ¢ is then the number of choices we
have to place these o numbers among the 20 spots. O
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

5.1.3 The bijection

A pointed quadrangulation (with a boundary) is a pair (q,v®) consisting in a quadrangulation (with
a boundary) q together with a distinguished vertex v* € V/(q). We call

Qo ={(@0"): a€ Qno, v* €V(a)}

the set of all pointed quadrangulations with n internal faces and 20 edges on the boundary. The
Bouttier-Di Francesco-Guitter bijection may easily be adapted into a bijection between the sets Qy,
and §7 X #,. We briefly describe it here, and refer the reader to [BDGO04] for proofs and further details.

5.1.3.1 From quadrangulations to forests and bridges

Let us start with the mapping from Q, , onto §; x %,. Let (q,v°®) € Q;, ,. We label the vertices of q as
follows: for every vertex v € V(q), we set [(v) = dq(v®,v). Because q is bipartite, the labels of both ends
of any edge differ by exactly 1. As a result, the internal faces can be of two types: the labels around the
face areeitherd,d+1,d+2,d+1,0rd,d+1, d, d+ 1 for some d. We add a new edge to every internal
face as shown on the left part of Figure

d+1

Figure 5.2. Left. Adding the new edge to an internal face. Right. Example of the operation on the external face.
In this example, b = (0,—1, -1, —2, -2, —1).

The operation regarding the external face is a little more intricate. We call vy, v1, ..., v2o—1 its
vertices read in counterclockwise order, starting at the origin of the root, v9 = ¢, (and we use the
convention vy, = wvp). We only consider the vertices v; such that ~[(Ui+1) = ~[(vi) — 1. Note that,
because f(viﬂ) — f(vi) € {—1,+1}, there are exactly o such vertices. We call them v;,, v;,, ..., v;,, with
0 <1 <ip <-- <i, < 20. Finally, we add a new vertex v° inside the external face, and draw extra
edges linking v;, to v, , forall1 <k <o —1,and v;, to v°. See the right part of Figure[5.2

We then only keep the new edges we added and the vertices in (V(q)\{v*}) U {v°}. We obtain a
forest f whose floor is drawn in the external face: (k) = v;, for1 < k < ¢, and (o + 1) = v°. To
obtain the labels of f, we shift the labels tree by tree, in such a way that the floor labels are 0: we define
((u) == I(u) — [(a(u)), and [(v°) = 0. Finally, the bridge b records the labels of the floor before the
shifting operation: for 0 < k < o — 1, we let b(k) = f(viHl) — [(v;,), and b(o) = I(vg) — [(vy,) (so that
b(o) keeps track of the position of the root).

The pointed quadrangulation (q,v*) corresponds to the pair ((f, ), b).

5.1.3.2 From forests and bridges to quadrangulations

Let us now describe the mapping from §}; x %, onto Qy, ,. Let (f,[) € 3} be a well-labeled forest and
b € B, be a bridge. As above, we write f(0), f(1), ..., f(2n + o) the facial sequence of f. The pointed
quadrangulation (q, v*) corresponding to ((f,[), b) is then constructed as follows. First, we shift all the
labels of f tree by tree according to the bridge b: precisely, we define I(u) := [(u) + b(a(u) — 1). Then,
we shift all the labels in such a way that the minimal label is equal to 1: let us call T := [ — min [ + 1
this shifted labeling function. We add an extra vertex v*® carrying the label [(v*) := 0 inside the only
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Figure 5.3. The mapping from Q, , onto §y X Bo. In this picture, n = 10 and o = 4.

face of f. Finally, following the facial sequence, for every 0 < ¢ < 2n + o — 1, we draw an arc—
without intersecting any edge of f or arc already drawn—between f(7) and f(succ(2)), where succ(?) is
the successor of ¢, defined by

L finfSs ifSs#£@ . Ssi={ke[i,2n+o—1] : [(j(k)) = 1(j(i)) — 1}
suce(i) = { infS-  otherwise "M 5 = (ke [0,i - 1] : 1(f(k)) = I(j(3)) — 62
with the conventions inf @ = oo, and f(c0) = v°.
Because there may be more that one arc linking () to f(succ(z)), we will speak of the arc linking i
to succ(4) to avoid any confusion, and we will write it

i ~ succ(q) or succ(i) ~ 1.

When we need an orientation, we will write ¢ ~ succ(i) the arc orientated from i toward succ(s) and
i v succ(i) the arc orientated from succ(:) toward i. The quadrangulation q is then defined as the
map whose set of vertices is (f\{(c + 1)}) U {v*}, whose edges are the arcs we drew, and whose root
is either succ=°(?)(0) ~ succ™ @ +1(0) if b(o) > b(oc —1) — 1, 0r 2n + 0 — 1 ~ succ(2n + o — 1) if
b(o) =b(c —1)—1.

5.1.3.3 Some remarks

1. Because of the way we drew the arcs of q in Section 5.1.3.2 it is easy to see that for any vertex
v e V(q), l(v) = dq(v®,v), so that both functions [ of Sections 5.1.3.Tland 5.1.3.2 coincide.

2. Note that the sequence b from the proof of Lemma 5.1 reads the increments of the labels around the
boundary: b; = [(v;) — [(vj—1) for 1 < j < 20.

3. Using Lemmal5.]] equation (5.1)), and the fact that every quadrangulation in Q,, , has exactly n+o+1
vertices, we see that

IS0l | %, 3"(20)!(2n+ 0 —1)!

n+o+1 ollo—Dnl(n+o+1)

Using generating functions techniques, Bouttier and Guitter [BG09, Equation (2.3)] already gave the
same expression.

|Qn,0| =

4. If we call (C, L) the contour pair of (f,[), then we may retrieve the oldest ancestor of f(i) thanks to
C by the relation
a(j()) ~1=0 - C(0),
where we use the notation
X, =inf X
[0,]
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

for any process (Xs)s>0. The function

L= (L(s) + b(a — Q(s)))

0<s<2n+o

then records the labels of the forest, once shifted tree by tree according to the bridge b. As a result, we
see that £(i) — min £ + 1 represents the distance in q between v* and the point corresponding to f(¢).

5. This gives a natural way to explore the vertices of q: we call q(i) the vertex corresponding to (). In
particular, {q(7), 0 <i <2n+ o0 — 1} = V(q)\{v*}. We end this section by giving an upper bound for
the distance between two vertices (i) and q(j), in terms of the function £:

dq(a(i),q(7)) < £(i) + £(j) — 2 max <k1;1[[11_njﬁ L(k), k?ﬁ 2(’f)> +2 (5.3)

where we note, fori < j, [i,j] == [i,j]]NZ = {i,i+ 1,...,5},and
il = [i,4] if 1<y,
L. '_{ [i,2n+0 —1]JU0,5] if j<i. (54)
We refer the reader to [Mie09b, Lemma 4] for a detailed proof of this bound.

5.2 Proof of Theorem [1.14

5.2.1 Convergence of the coding functions

Let (0,)n>1 be a sequence of positive integers such that

o
= 0 >0.

O(n) ==
N

Until further notice, we suppose that ¢ > 0. The remining case ¢ = 0 will be treated separately in
Section 5.5l Let q,, be uniformly distributed over the set Q,, ,, of quadrangulation with n internal
faces and 20, edges on the boundary. Conditionally given q,, we let v} be uniformly distributed
over the set V(q,,). Because every quadrangulation in Q,, ., has exactly n + o,, + 1 vertices (by Euler
characteristic formula), we see that (q,,,v;,) is uniformly distributed over Qy, , , and thus correspond

through the Bouttier-Di Francesco—Guitter bijection to a pair ((fn, [n), bn) uniformly distributed over
the set o, X By, -

5.2.1.1 Brownian bridges, first-passage Brownian bridges, and Brownian snake

Let us define the space

of continuous real-valued functions on R killed after some time. For an element f € K, we call ((f)
its lifetime, that is, the only = such that f € C([0, z], R). We endow this space with the following metric:

de(1,9) = €)= <)l +swp | £ (u A () = (A <o) |-

We write B?oj;(]) a Brownian bridge on [0, o] from 0 to 0, defined as a standard Brownian motion
on [0, o] started at 0, conditioned on being at 0 at time o (see for example [BCP03| [Bil68, RY99] or
Chapter ). We also call F[%j]o a first-passage Brownian bridge on [0, 1] from o to 0, defined as a
standard Brownian motion on [0, 1] started at o, and conditioned on hitting 0 for the first time at
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5.2.1.2. Convergence of the bridge and the contour pair of the well-labeled forest

time 1. We refer the reader to Chapter[2lfor a proper definition of this conditioning, as well as for some
convergence results of the discrete analogs.

The so-called Brownian snake’s head may then be defined as the process (F[%?]O, Z [071]), where,

conditionally given F[‘gj]o, the process (Z [0,1] (s))  isa centered Gaussian process with covariance

0<s<
function

cov (Zp (), Zpay(s)) = inf  (Fg3° = Ef3P). (5.5)

[sAs’,sVs’]

We refer to [DLG02,[LG99] or Chapter[2l for more details.

5.2.1.2 Convergence of the bridge and the contour pair of the well-labeled forest
We call (Cy,, L,,) the contour pair of (f,, [,), and define the scaled versions of C,,, L,, and b,, by

o (Cn((Qn—i—an— 1)s)> . (Ln((Qn—l—an —1)s)>
(n) = o (n) = 1/
2n 0<s<1 vt/ 0<s<1
by e <bn(\/2ns)>
(n) A nl/4 0<o<on

where the constant y was defined during the statement of Theorem [.T4l

Remark. Following Part[l] the notation with a parenthesized n will always refer to suitably rescaled
objects, as in the definitions above.

The aim of this section is the following proposition.

Proposition 5.2. The triple (C(n), L(n), b(n)) converges in distribution in the space (K, dic)?® toward a triple
(Cooy Lo, boo) whose law is defined as follows:

< the processes (Coo, Loo) and b are independant,

< the process (Co, Loo) has the law of a Brownian snake’s head on [0, 1] going from o to 0:

@) (o
(Coo, Loo) = (F[O.,_f]o7 Z[0=1]) )

& the process b, has the law of a Brownian bridge on [0, o] from 0 to 0, scaled by the factor \/3:
boe & VB BYS.

Proof. By Corollary 214} the pair (C(,), L)) converges in distribution' toward (F[%_T]O, Z[0,1])/ in the

space (K, d;C)Q. Moreover, (Cy, L,) and b, are independent, so that it only remains to show that b,
converges in distribution toward V3 B[OO?(]). To this end, we will use Lemmal[2.8
Let (X;)i>1 be a sequence of i.i.d. random variables with distribution given by

o0
X; ~ Z 2kl Ok_1-
k=0

We call ¥y := 0 and, for j > 1, 3; = Zgzl X;. For k > 0 fixed, and n such that o,, > k, we also
define a process (S¥(i))o<i<o, distributed as (X;)o<i<o, conditioned on the event {3, = —k}. We

In Chapter [ the processes considered were the same except that the term (2n + o, — 1) was replaced with 2n. The fact

that o, /2n — 0 and the uniform continuity of the process (F[%?]O, 4 [0,1]) yield the result as stated here.
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

extend its definition to [0, 0,,] by linear interpolation between integer values. Because X is centered,
has moments of any order, and has variance 2, we may apply Lemma[2.8/and we see that the process

k(2
(Ln( ’;‘?) 9, By, (5.6)
\/g’)/n / 0<s<0(n) nTreo '
Moreover, it is easy to see that the bridge S¥ is uniform over the set {b € %,,, : b(0,) = —k}.
Indeed, for any b € %, such that b(c,,) = —k, we have
P(Vi e [1,0,], Xi =b(i) —b(i —1 9—20n+k
p(sh _ gy P € Mol () —b(—1)) |
P(X,, = —k) P(%,, = —k)

which does not depend on b but only on » and k. For such a b, we call

P(b,, = b) (2%)‘1 (2% — k- 1) _

oo _
n.k on o, —1

~ P(sh=0)
(We may use the bijection of Lemma[5.T]to compute the denominator.) We have that
120, —k—1)! oy,! Rt op — 1 K
nk = 5 <5 — <277,
k=5 (20, — 1)! (Jn—k)!_ngnfszonfl_

—_

and that ¢, , — 27%=1asn — co. Now, let ¢ : K — R be a bounded measurable function. Using (5.6),
we obtain by dominated convergence that

Sp(V2ns 0—0
(C W

'ynl/4 n—o00

E [‘p(b(n))] = Z Cn,k E
k=0

This completes the proof. O

Recall the notation ¢, (¢) introduced at the end of Section [5.1] for the vertex corresponding to f,, (%)
through the Bouttier-Di Francesco-Guitter bijection. Remember that dg,, (v?), §,,(7)) = £, (7) —min £, +
1, where

£, = (Ln(s) + b (00 — Qn(s))) (.7)

0<s<2n+o, '

The rescaled version of £, is then given by

L.((2n+o0, —1)s
Sy = ( | )> = (Ee(s) + b (70 = Ciny(#)))
0<s<1

ynt/4 0<s<1

Corollary 5.3. The process (C(y,, £(n)) converges in distribution in the space (K, dx)* toward the process
(Coos £oo), where

Lo (5.8)

(Loo(s) + b0 (0~ O (5)))

0<s<1

5.2.2 Proof of Theorem [.14]

The proof of Theorem [[.14 is very similar to Section 3.1} so that we only sketch it. Our approach is
adapted from Le Gall [LGO7] for the first assertion, and from Le Gall and Miermont [LGM114] for the
Hausdorff dimension. In addition, we use this occasion to introduce some notation that will be usefull
later.
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5.2.2. Proof of Theorem[L.14]

We define on [0, 2n + o, — 1] the pseudo-metric d,, by

we extend its definition to non integer values by linear interpolation: for s,t in [0,2n + o, — 1],

dn(s,t) = stdn([s],[t]) + stdn([s], [t]) +Stdn(ls], [t]) +5Tdn(ls], [2]),

where |s| :=sup{k € Z, k < s}, [s] = |s] +1,s:=s—|s] and 5 := [s]| — s, and we define its rescaled
version: for s,t € [0,1], we let

1
dny(s,t) = P dn((2n +o,—1)s,2n+ 0, — l)t).

We also define the equivalence relation ~,, on [0, 2n + 0, — 1] by declaring that ¢ ~,, j when q,,(i) =
qn(j), which is equivalent to d,, (i, j) = 0. The function d(,;) may then be seen as a metric on

2, =02n+0,-1)7"[0,2n 40, — 1],

and, as v}, is the only point of q,, that does not lie in {q,,(7) : 0 < i < 2n + o,, — 1}, we have

1 1
e ((2undin). (Vi) 7 e, )) < = (59)

The bound (&.3) gives us a control on the metric d(,), from where we can derive the following
lemma (see Lemma[3.3).

Lemma 5.4. The sequence of the laws of the processes

is tight in the space of probability measure on C([0, 1]%, R).

0<s,t<1

As aresult of Lemmal5.4] from any increasing sequence of integers, we may extract a (deterministic)
subsequence (ny)x>o such that there exists a random function d7, € C([0, 1]?, R) satisfying

(d) o
(d(nk) (Sa t)) 0<s,t<1 ;:o—o—> (doo (Sv t))OSg,tSl . (510)
By Skorokhod’s representation theorem, we will assume that this convergence holds almost surely. In
the limit, the bound (5.3) becomes

d7 (s,t) < d2 (s,t) = L(8) + Loo(t) — 2max < min, £oo(z), min, Soo(ac)> , 0<s,t<1, (5.11)

FISER z€(t,s]

where
[s.1 .7{ [s,t] if s<t,
U s, 1Juo,g] if t<s.

Adding to this the fact that the functions d,) obey the triangle inequality, we see that the func-
tion d7, is a pseudo-metric. We define the equivalence relation associated with it by saying that s ~o, ¢
if dZ,(s,t) = 0, and we call qZ, := [0, 1], __. The convergence claimed in Theorem[I.T4 holds along the
same subsequence (ny)k>0.

To see this, we use the characterization of the Gromov-Hausdorff distance via correspondences.
Recall that a correspondence between two metric spaces (X, d) and (X”,¢') is a subset R C X x X’
such that for all z € X, there is at least one 2’ € X’ for which (z, ') € R and vice versa. The distortion
of the correspondence R is defined by

dis(R) = sup {[6(x,y) — d(z",¢)| : (z,2), (y,9') € R}.

(5.12)
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

Then we have [BBIO1, Theorem 7.3.25]
12 1 . .
den(X,X') = 5 1%f dis(R), (5.13)
where the infimum is taken over all correspondences between X’ and X”.
We call p,, the canonical projection from [0, 2n 4 o, — 1] to [0,2n + 0, — 1],~,. For t € [0,1], we

define p(,(t) = (2n + on — 1)~ pu([(2n + 0, — 1)t]), and we call qZ,(t) the equivalence class of ¢
in qZ,. We then define the correspondence R,, between the spaces (2,,d(,)) and (42, dZ,) as the set

Ry = { (P (1), 9% (1)) , t € 0,1]}.

Its distortion is

‘d(n) (L(Qn +o,—1)s] [2n+o0,—1)t]

d' Rn = ’
i5(Ro) Sub 2n+o, —1 2n+o, —1

0<s,t<1

) - dz(s0)
and, thanks to (5.10),

dis (R,,) —— 0.
k—o0

N =

dan ((2ny:dny ) - (0%, d%)) <
Combining this with (5.9), we obtain the first assertion of Theorem [[.14

The Hausdorff dimension of the limit may be computed by the technique we used in Chapter
Because the proof is very similar, and is not really related to our purpose here, we leave it to the reader.
The idea is roughly the following. To prove that the Hausdorff dimension is less than 4, we use the fact
that £., is almost surely a-Holder for all a € (0,1/4) [c.f. (.7)], yielding that the canonical projection
from ([0,1],]-]) to (q%,,d%,) is also a-Holder for the same values of a. To prove that it is greater than 4,
we show that the size of the balls of diameter § is of order §*. To see this, we first bound from below
the distances in terms of label variation along the branches of the forest, and then use twice the law of
the iterated logarithm: this tells us that, for a fixed s € [0, 1], the points outside of the set [s — §%, s + ¢*]
code points that are at distance at least §? from g7, (s) in the forest, so that their distance from qZ_(s)
is at least ¢ in the map. See Section [3.1.4] for a complete proof. We will also use a similar approach to
show Theorem in Section5.4.4

From now on, we fix a subsequence (n),>0 along which (5.10) holds. We will generally focus on
this particular subsequence in the following, and we will often consider convergences when n — oo
to hold along this particular subsequence.

5.3 Maps seen as quotients of real forests

In the discrete setting, the metric space (V' (4 ), dq, ) may either be seen as a quotient of [0, 2n+ 0, —1],
as in last section, or directly as the space f, endowed with the proper metric. In the continuous setting,
we defined qZ, as a quotient of [0, 1], but it will also be useful to see it as a quotient of a continuous
analog to f,. We obtain a quotient, because some points may be very close in the discrete forest, and
become identified in the limit. Finding a criterion telling which points are identified in the limit will
be the object of Section[5.3.3] In a first time, we define the continuous analog to forests.

5.3.1 Real forests

We define here real forests in a way convenient to our purpose, by adapting the notions used in Sec-
tion[4.1l We will also need basic facts on real trees (see for example [LG05]). We dispose of a continuous
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function i : [0, 1] — R such that A(1) = 0, and we define on [0, 1] the relation ~ as the coarsest equiv-
alence relation such that 0 ~ 1, and s ~ t if

h(s) =h(t) = inf h. (5.14)
[sAt,sVt]
We call real forest any set .# = [0,1],~ obtained by such a construction. It is possible to endow it

with a natural metric, but we will not use it in this work. We now define the notions we will use
throughout this work (see Figure[5.4). For s € [0, 1], we write .7 (s) its equivalence class in the quotient
Z =1[0,1]/~. In a way, we see (.Z (s))o<s<1 as the continuous facial sequence of .7. We call root of .7
the point 9 := .Z(0) = .#(1).

Definition 5.4. The floor of % is the set fl .= .F ({s : h(s) = h(s)}).

Fora = %(s) € F\fl,letl .= inf{t < s : h(t) = h(s)} and r := sup{t > s : h(t) = h(s)}. Note
that, once endowed with the natural metric, the set 7, := .#([l, r]) is a real tree rooted at p, = .F#(l) =
F(r) € fl. In the following, we will only use ensemblist notions about real trees.

Definition 5.5. We call tree of & a set of the form 1, for any a € F\fl.

If a € fl, we simply set p, = a. Let 7 be a tree of .# rooted at p, and a,b € 7. We call [[a, b]] the
range of the unique injective path linking a to b. In particular, the set [[p, a]] represents the ancestral
lineage of a in the tree 7. We say that a is an ancestor of b, and we write a < b, if a € [[p, D]]. We write
a<bifa Xbanda # b.

Let a,b € # be two points. There is a natural way to explore the forest # from a to b. If
inf.Z71(a) < sup.F71(b), then let t = inf{r > inf.F 1(a) : b = F(r)} and s = sup{r < t :
a=Z(r)}. Ifsup.Z~1(b) < inf . #~1(a), then let t := inf . Z~1(b) and s := sup.%# 1 (a). We define

0.6 =7 (s,1]) . (5.15)

where [s‘,ﬁ is defined by (5.12). We may now extend the definition of [[a, b]] to any two points in .Z.
First, for a,b € fl, we let [[a, b]] == [a,b] N fl. Then, for any points a, b € .# such that p, # ps, we define

([a, b]] = [[a pal] U [[pa, pol] U [[ps, 011,
so that it is the range of the unique injective path from a to b that stays inside [a, b].

Definition 5.6. Let b = #(t) € Z\fland p € [[py,b]]\{pp,b}. Let I’ := inf{s < ¢ : F(s) = p}and
v = sup{s <t : F(s) = p}. Then, provided I' # ', we call tree to the left of [[ps, b]] rooted at p the set
F (U, r').

We define the tree to the right of [[py, ]| rooted at p in a similar way, by replacing “<” with “>" in the
definitions of l' and r'.

Definition 5.7. We call subtree of F any tree of %, or any tree to the left or right of [[ps, b]] for some b € F\ fl.

Note that subtrees of .%# are real trees, and that trees of .%# are also subtrees of .. The maximal
interval [s, ¢] such that 7 = .%([s, t]) is called the interval coding the subtree 7.

We call ., the real forest obtained from the function s € [0,1] — C, ((2n+ Un)s) ,aswell as .7, the
real forest obtained from the function C..,. We also call ~(,) and ~, the corresponding equivalence
relations. We write 0., the root of %, and fl, its floor. It is more natural to use §, rather than .%,
in the discrete setting. As f, may be viewed as a subset of .%,, (when identifying (o,, + 1) with (1)),
we will use for f,, the formalism we defined above simply by restriction. Note that the notions of floor
and trees are consistent with the definitions we gave in Section 5.1.7]in this case.

Remark that, because the function C is a first-passage Brownian bridge, there are almost surely
no trees rooted at the root d., of %, and all the points of .7, are of order less than 3, in the sense that
forall a € %o and all connected subset C' C %, the number of connected components of #,,NC\{a}
is less than 3. We will not use this remark in the following, so that we do not go into further details.
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([, B]]

Figure 5.4. Left. On this picture, we can see the root 0, the floor fl, an example of tree 7, (coded by [l,7]), and
an example of tree T to the left of [[pv, b]] rooted at p (coded by [I',r']). Right. On this picture, a is an ancestor
of b and ¢, and we can see the sets [[b, c]], [, 8], and [[«, 5]].

5.3.2 Quotient of real forests

Similarly to the notation f,(¢) and q,,(7) in the discrete setting, we call % (s) (resp. qZ (s)) the equiva-
lence class of s € [0,1] in F, = [0,1]/~__ (resp.inqZ, = [0,1]/. ).

Lemma 5.5. The equivalence relation ~, is coarser than ~ .

Proof. First, notice that, by (5.11), we have d7.(0,1) < d2,(0,1) = 0, so that 0 ~, 1. The remaining is
then identical to the first part of the proof of Lemma[4.1] O

This allows us to define a pseudo-metric and an equivalence relation on .%, still noted dZ, and ~,
by setting dZ, (ﬁoo (s);, oo (t)) = d7,(s,t) and declaring F(s) ~oo Foo(t) if s ~oo t. The metric space
(q%,,d7,) is thus isometric to (foo oot dgo). We also define d2_ on .% by letting

d3 (a,b) =inf{d_(s,t) : a = Foo(s), b= Fx(t)}.

We will see in Lemma 5.6l that there is a.s. only one point where the function £, reaches its minimum.
If we call s* € [0,1] this point, then it is not hard (see Lemma i.2) to see from the fourth remark of
Section that

d7,(s,8°%) = Loo(s) — Lo (s®).

By the triangle inequality, we obtain that s ~ t implies £, (s) = £(t), so that, in particular, s ~ ¢
implies £5(s) = Loo(t), by Lemma It is then licit to see £, as a function on %, by setting
Loo (ﬁoo (s)) = £(s). This yields a more explicit expression for dg_:

d3 (a,b) = £(a) + L (b) — 2max < min L (x), min Eoo(z)> , (5.16)
z€[a,b] z€[b,a]
where [a, b] was defined by (5.15). Similarly, for a € f,, we call £, (a) == [,(a) + b,(a(a) — 1), so that
Ln(fn(?)) = £,() forall0 < i < 2n+0, — 1.

5.3.3 Point identifications

5.3.3.1 Criterion telling which points are identified

Our analysis starts with the following two observations on the process (Coo (), £50(8))o<s<1-
Lemma 5.6. The set of points where Lo reaches its minimum is a.s. a singleton.

Let f : [0,4] — R be a continuous function. We say that s € [0, /) is a right-increase point of f
if there exists ¢t € (s,/] such that f(r) > f(s) for all s < r < t. A left-increase point is defined in a
symmetric way. We call IP(f) the set of all (left or right) increase points of f.
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Lemma 5.7. Almost surely, IP(Cw) and IP(L,) are disjoint sets.

The proofs of these lemmas make intensive use of the so-called Brownian snake, so that we post-
pone them to Chapter[6l We have the following criterion:

Theorem 5.8. Almost surely, for every a,b € Fo, a ~oo b is equivalent to d3, (a,b) = 0. In other words,
d7 (a,b) =0 < dJ (a,b) =0.

We call leaves the points of .#,, whose equivalence class for ~ is trivial. It will be important in
what follows to observe that, by Lemma [5.7] and Theorem only leaves of %, can be identified
by ~eo.

The proof of Theorem [5.8]is based on Lemma 5.6 Lemma[5.7] and Lemma (.10 below, which we
will prove in Chapter [l Once we have these lemmas, the arguments of the proof of Theorem
(which uses the ideas of [LG07]) may readily be adapted to our case. For the sake of self-containment,
we give here the main ingredients. By the bound (5.11), we already have one implication:

d2.(a,b) =0 = d7 (a,b) =0.

The converse is shown in three steps. First, we show that the floor points are not identified (by ~)
with any other points, then that points are not identified with their strict ancestors, and finally the gen-
eral case. The main point of the two first steps is that, if we take a ~ b, then a and b are not identified
with any other points of the privileged paths [[a, b]] and [[b, a]]. In the discrete setting, this translates
into saying that the geodesics do not intersect these paths, and are thus more easily controlled. As an
example, we will treat here the first step mentioned above. As we will see, the adaptation is almost
verbatim, and is a little easier. The other steps use the same ideas and are even more straightforwardly
adaptable, so that we leave them to the reader. Precisely, we are going to show the following lemma:

Lemma 5.9. Almost surely, for every b € F, and every a € floo\{pp}, we have a 75 b.

5.3.3.2 Set overflown by a path and paths passing through subtrees

We give in this section the two notions we will need for discrete paths. In the following, we will never
consider paths using the edges of the forest, but always paths using the edges of the map, and we will
always use the letter “p” to denote these paths.

The first notion is the notion of set overflown by a path: roughly speaking, imagine a squirrel
jumping from tree to tree in the forest along the edges of a path p in the map. Then the set overflown
by g is the ground covered by the squirrel along its journey. Let us denote by fl,, the floor of §,. Let
i € [0,2n + o, — 1], and let succ(i) be its successor in (f,, [,), defined by (5.2). We moreover suppose
that succ(i) # co. We say that the arc ¢ ~ succ(7) linking f,, (%) to f, (succ(z)) overflies the set

fn ([[i,succ(i) ) N fln,

where [i,succ(i)]| was defined by (5.4). We define the set overflown by a path g in q,, that avoids the
base point vy, as the union of the sets its arcs overfly.

Remark. Note that, by the Bouttier—Di Francesco-Guitter construction, all the labels of the set over-
flown by a path are larger than or equal to the minimum label on the path.

The second notion is the notion of path passing through a subtree: here again, imagine a squirrel
moving along the path p. The path p passes through a subtree 7 if the squirrel visits 7, and moreover
enters it when going in one direction (from left to right or from right to left) and exits it while going
in the same direction. Let 7 be a subtree of f, and p = (p(0), p(1),..., p(r)) a path in q,, that avoids
the base point v;,. We say that the path p passes through the subtree 7 between times i and j, where
0<i<j<r,if
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©

Figure 5.5. The set overflown by the path p is the set of (blue) large dots.

+ p(—1) g7 e(lij]) Cmel+1) ¢,
+ Ln(p(i) = Lulp(i — 1)) = La(p(J + 1)) — Lu(p())-

We say that a vertex a,, € f,, converges toward a point a € % if there exists a sequence of integers
sn € [0,2n + o, — 1] coding a,, (i.e. a, = fn(sy,)) such that s,,/(2n + 0, — 1) admits a limit s coding a,
i.e. such that a = F(s). Let [I,,, ] be the intervals coding subtrees 7,, C f,,. We say that the subtree
T, converges toward a subtree T C %, if the sequences [,,/(2n + o, — 1) and r,,/(2n + o, — 1) admit
limits [ and 7 such that the interval coding 7 is [/, r]. The key lemma of our approach is the following.
It is adapted from Le Gall [LG07, End of Proposition 4.2], and will be proved in Chapter|[6l

Lemma 5.10. With full probability, the following occurs. Let a,b € Fo be such that £.(a) = Lo (b). We
suppose that there exists a subtree T rooted at p such that inf, Lo, < Loo(a) < Loo(p). We further suppose that
we can find vertices an, by, € §, and subtrees T, in f,, converging respectively toward a, b, T and satisfying the
following property: for infinitely many n’s, there exists a geodesic path p,, in q,, from a,, to by, that avoids the
base point v}, and passes through the subtree T,,.

Then, a # oo b.

5.3.3.3 Proof of Lemmal5.9

Proof of Lemmal5.9 We argue by contradiction and suppose that we can find b € F and o €
floo\{pv} such that a ~ b. It is easy to find a,, € fl,, and b,, € f, converging respectively toward a
and b. Let p,, be a geodesic path (in qy,, for dg,) from a,, to b,,. For n large, p,, avoids the base-point,
because otherwise, a and b would have the minimal label and this would contradict Lemma For
such an n, ., has to overfly at least [[ps,, , an]] OF [[an, pb,.]]. To see this, let (x,y) € [[pb, . an]] X [[an, pb,]]-
When we remove from f§, all the edges incident to = and all the edges incident to y, we obtain sev-
eral connected components, and the points a,, and b,, do not belong to the same of these components.
There has to be an arc of p,, that links a point belonging to the component containing a,, to one of the
other components. Such an arc overflies x or y.

Let us suppose that, for infinitely many n’s, p,, overflies [[ps,, a,]]. By the remark concerning the
labels on the set overflown by a path in the previous section, a simple argument (see Lemma [4.9)
shows that £..(c) > £ (a) = £ (b) for all ¢ € [[pp, a]]. The labels on fl., are given by the process b,
defined during Proposition 5.2 for z € [0, 0], we define T, := inf{r > 0 : Cu(r) = 0 — z}, so that
floo = Foo({Tr, 0 <2 < 0}),and

(EOO(TZ))OSCESG' = (boo(x))ogzgg'

As b, has the law of a certain Brownian bridge (scaled by 1/3), and as local minimums of Brownian
motion are distinct, we can find d € [[pp, a]]\{a, pp} such that £..(c) > £ (a) for all ¢ € [[d, a]]\{a}.

Because a € fl, every number coding it is an increase point of C, and thus is not an increase
point of £, by Lemma 5.7l As a result, there exists a tree 7! rooted at p' € [[d,a]]\{a} satisfying
inf 1 Lo < Loo(a) < Loo(p!) (see Figure5.6).
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inf £, < £0(a)

]

o > Loola)

Figure 5.6. The tree 7'

Similarly, if for infinitely many n'’s, p, overflies [[an, pp,]], then we can find a tree 72 rooted at
P € [[a, pp]]\{a, pp} satisfying inf,2 £, < £o0(a) < Lo (p?). Three cases may occur:

() for n large enough, p,, does not overfly [[a,, ps,]] (and therefore overflies [[ps,, , ax]]),
(i7) for n large enough, p,, does not overfly [[p, , a,]] (and therefore overflies [[an, pb,]]),
(99) @n overflies [[ps,, , an]] for infinitely many n’s, and [[ay,, ps,,]] also for infinitely many n’s.

In case (i), the tree 7! is well defined. Let 7.} C f¢ be a tree rooted at p., € [[ps,.,an]] converging
to 71. We claim that, for n sufficiently large, p,, passes through 7.l. First, notice that, for n large enough,
inf.1 £, <inf,, £,.Theidea is that, at some point, o, has to go from a tree located at the right of 7} to
a tree located at its left, and, because it does not overfly [[ay, ps,,]], it has no other choice than passing
through 7.} (see Figure[5.7).

More precisely, we call [sL,, 1] the set coding the subtree 7.}, and we let w,, = f,(pn) € [[an, pp.,]] be
a point that is not overflown by ¢,,. Then, we define

Ay = fn ([[t,ll + 1,pn]]) )

We call p,, (i — 1) the last point of g, belonging to A,,. Such a point exists because a,, € A, and b, ¢ A,,.
For n large, because ¢,, does not overfly w,, and because inf;: £, < inf,, £,, we see that on(i) € 7.
Let p,,(j + 1) be the first point after p,, (i) not belonging to 7.}. It exists because b, ¢ 7,.. Using the facts
that p,, does not overfly w,,, and that p,,(j + 1) ¢ A, we see that p,, passes through 7! between times i
and j.

Figure 5.7. The path p,, passing through the tree T,.

In case (i), we apply the same reasoning with 72 instead of 7'. In case (iii), both trees 7! and 72
are well defined and we obtain that p,, has to pass through one of their discrete approximations. We
then conclude by Lemma that a o b, which contradicts our hypothesis. O

5.4 Regularity of quadrangulations

Recently, the notion of regularity has been used to identify the topology of the scaling limit of random
uniform planar quadrangulations in [Mie08], and then positive genus quadrangulations in Chapter 4l
In both these references, it is the notion of 1-regularity that is used, roughly stating that there are no
small loops separating the surface in large components. In the case of surfaces with a boundary, a
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new problem arises, and we also need the notion of 0-regularity for the boundary. In this section, we
expose both these notions, which were introduced in a slightly different context (see the discussion in
[Mie08) Section 2]) by Whyburn [Why35a, Why35b], and then use them to prove Theorem [I.I5

5.4.1 O-regularity and 1-regularity

Recall that we wrote (M, dg ) the set of isometry classes of compact metric spaces, endowed with the
Gromov-Hausdorff metric. A compact metric space (X,0) is called a path metric space if any two
points z,y € X can be joined by a path isometric to the segment [0, §(x, y)]. We let PM be the set of
isometry classes of path metric spaces, which is a closed subset of M, by [BBIOI, Theorem 7.5.1].

Definition 5.8. We say that a sequence (X, ),>1 of compact metric spaces is 1-regular if for every € > 0, there
exists n > 0 such that for n large enough, every loop of diameter less than n in X, is homotopic to 0 in its
e-neighborhood.

The theorem (derived from [Beg44, theorem 7]) that was used in [Mie08] and Chapter 4 states that
the limit of a converging 1-regular sequence of path metric spaces all homeomorphic to the g-torus is
either reduced to a singleton (this can only happen when g = 0), or homeomorphic to the g-torus as
well. In other words, this gives a sufficient condition for the limit to be homeomorphic to the surface
we started with. In the case of the 2-dimensional disc D, this condition is no longer sufficient. For
example, take for the space X, the union of two unit discs whose centers are at distance 2 — 1/n. This
peanut-shaped space is homeomorphic to D, and it is easy to see that (X}, ),, is 1-regular and converges
to the wedge sum (or bouquet) of two discs. The following definition discards this kind of degeneracy.

Definition 5.9. We say that a sequence (X,,),>1 of compact metric spaces is 0-regular if for every € > 0, there
exists n > 0 such that for n large enough, every pair of points in X, lying at a distance less than n from each
other belong to a connected subset of X, of diameter less than .

We will rely on the following theorem, which is a simple consequence of [Why35a| Theorem 6.4].

Proposition 5.11 (Whyburn). Let (X,,)n>1 be a sequence of path metric spaces all homeomorphic to the 2-
dimensional disc Do, converging for the Gromov—Hausdorff topology toward a metric space X not reduced to a
single point. Suppose that the sequence (X, )n>1 is 1-reqular, and that the sequence (0X,, )y, is 0-regular.

Then X is homeomorphic to Dy as well.

In [Why35a], Whyburn actually considered convergence in the sense of the Hausdorff topology,
and made the extra hypothesis that 9.X,, converges to a set B. He concluded that X was homeomorphic
to D, and that 0X was equal to B. To derive the version that we state here, we proceed as follows.
First, by [GPW09, Lemma A.1], we can find a compact metric space Z, and isometric embeddings ¢,
1, P2, ... of X, X1, X, ... into Z such that ¢, (&X,,) converges toward ¢ (X') for the Hausdorff topology
in Z. Then, by [BBIOT, Theorem 7.3.8], the family {0(y, (X))} is relatively compact for the Hausdorff
topology. Let us consider a subsequence along which 9(¢,(X,,)) converges to a set B. Applying
Whyburn's original theorem along this subsequence, we obtain that ¢(X') is homeomorphic to D, so
that X is homeomorphic to Dy as well. We moreover obtain that 9(¢(X)) = B, and, using the same
argument, we see that any accumulation point of the sequence (9(¢n(X5)))n has to be d(p (X)), so that
O(pn(Xn)) = ©n(0X,) actually converges toward 0(¢(X)) = ¢(0X) for the Hausdorff topology. This
last observation will be used in Section5.4.4 to identify the boundary of qZ.

5.4.2 Representation as metric surfaces

As the space (V(q,),dq, ) is not a surface, we cannot directly apply Proposition 511} In a first time,
we will construct a path metric space (S, §,,) homeomorphic to D,, and an embedded graph that is a
representative of the map ¢,, such that the restriction of (S, d,,) to the embedded graph is isometric
to (V(qn),dq, ). We use the same method as Miermont in [Mie08, Section 3.1] (see also Section [4.3.2),
roughly consisting in gluing hollow boxes together according to the structure of q,.

118



5.4.2. Representation as metric surfaces

Let us be a little more specific. We call f. the external face of q,, F(q,) its set of internal faces,
and F.(q,) = F(qn) U {f+} the set of all its faces. We also note G a regular 20,,-gon with unit length
edges embedded in R?, and call z, 0 < k < 20, its vertices (with zg = 25,, ). With every quadrangle
f € F(q,), we associate a copy of the “hollow bottomless unit cube,” and with f,, we associate a
“hollow bottomless 2¢,,-sided prism”: we define

Xp=[0,1°\((0,1)*x [0,1)), fePF(q), and Xy =(Gx[0,1])\(¢ x[0,1)),

and we endow these spaces with the intrinsic metric D inherited from the Euclidean metric. This
means that the distance between two points = and y is the Euclidean length of a minimal path in X
linking « to y. Note in particular that if z and y are on the boundary, this path is entirely contained
in the boundary. This will ensure that, when we will glue these spaces together, we will not alter the
graph metric. Note also that, so far, the external face is not really treated differently from the other
faces (except for the fact that it has a different number of edges). In the end, we will remove the “top”
G x {1} from Xy, .

Now, we associate with every half-edge ¢ € E(q,) a path along one of the edges of the poly-
gon 0X s, where f is the face incident to e. We call ey, €2, ..., €25, the half-edges bordering f. ordered
in the clockwise order (recall that, by convention, f. is the infinite face of q,, so that the order is
reversed), and define

Ce, (t) = ((1 — )21 + tzk,()) € Xy,, te[0,1], 1<k<20,.

In a similar way, for every internal face f € F(q,), and every half-edge e incident to it, we define
a function c. : [0,1] — 0X; parameterizing an edge of 0X;. We do this in such a way that the
parameterization of 0.X ¢ is coherent with the counterclockwise order around f (see [Mie08, Section 3.1]
or Section [£.3.2).

We may now glue these spaces together along their boundaries: we define the relation ~ as the
coarsest equivalence relation for which ¢, (t) ~ cs(1—t) forall e € E(q,) and ¢ € [0, 1], where & denotes
the reverse of e. The topological quotient S, == (|| feF.(qn) Xf)/~ Is then a 2-dimensional CW-complex
satisfying the following properties. Its 1-skeleton &, = (Ll ;¢ 5. (4, 9X )/~ is an embedding of g, with
faces X;\0X;. The edge {e,&} € E(q,) corresponds to the edge of S,, made of the equivalence class
of the points in ¢. ([0, 1]). Its 0-skeleton V), is in one-to-one correspondence with V' (q,,), and its vertices
are the equivalence classes of the vertices of the polygons 0X’s.

We endow the space | |;cp (4, X with the largest pseudo-metric d,, compatible with Dy, f €
F.(q) and =, in the sense that ¢,,(z,y) < D¢(z,y) for z,y € Xy and d,(x,y) = 0 whenever = ~ y. Its

quotient, which we still note ¢,,, then defines a pseudo-metric on S, (which is actually a true metric, as
we will see in Proposition 5.12). We also define d(,,) = 0,/ n'/4 its rescaled version. Finally, we call

Sn = (Uyer, () Y1)/~ € Sn, where Yy, := X, \(G x {1}) and Yy := X[ when f # f..

Proposition 5.12 ([Mie08, Proposition 1]). The space (S,,,,) is a path metric space homeomorphic to Sy.
Moreover, the restriction of S, to V), is isometric to (V(qn), dy,, ), and any geodesic path in S,, between points
in V,, is a concatenation of edges of S,,.

We readily obtain the following corollary.

Corollary 5.13. The space (Sy, d,) is a path metric space homeomorphic to Dy. Moreover, the restriction of Sy,
to V,, is isometric to (V (qy), dg,, ), and any geodesic path in S,, between points in V,, is a concatenation of edges

of S Finally, dgy ((V(qn), dg,)s (Sns 5n)) < 3, so that, by Theorem[1.14,

(Snk 5 6(nk)) %) (qgo’ dgo)

in the sense of the Gromov—Hausdorff topology.
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

Note that, although the boundary of g, is not topologically a circle in general, 9S,, (which corre-
sponds to G x {1} in Y},) always is. In what follows, we will see V'(q,,) as a subset of S,,. In other
words, we identify V,, with V(qy,).

5.4.3 Proof of Theorem [L.15]

We now prove that (qZ, d%) is a.s. homeomorphic to D, thanks to Proposition[5.1Tland Corollary[5.13l
As (92,,dZ,) is a.s. not reduced to a pointz, it is enough to show that the sequence (95, )i is 0-regular,
and that the sequence (S,,, ) is 1-regular. The 1-regularity of (S,, ) is readily adaptable from Sec-
tion[4.3.3so that we begin with the 0-regularity of the boundary. We call 7 : %5 — q7, the canonical
projection.

5.4.3.1 0-regularity of the boundary
Lemma 5.14. The sequence (0S,,, )y is O-reqular.

Proof. The idea is that fl. has no cut points in .#,,, and because the points in fl., are not identified
with any other points, 7 (flos) does not have any cut points either.

We argue by contradiction and assume that, with positive probability, along some (random) sub-
sequence of the sequence (ny)r>o0, there exist ¢ > 0, z,,, yn € 9S,, such that 6.,y (2n,y,) — 0, and z,,
and y,, do not belong to the same connected component of B(,,) (2, €) N9S,, where B,)(x,, €) denotes
the open ball of radius ¢ centered at z,, for the metric §,,). We reason on this event.

As x,, and y,, do not belong to the same connected component of B(,,)(x,€) NS, we can find x;,,
Yn € 08,\B(n)(zn,€) such that x;, belongs to one of the two arcs joining z,, to y,, in S, and such
that y/, belongs to the other one. We are going to approach these four points with points of fl,,.

We note dq,, C E(q,) the set of half-edges incident to the external face of g,,. With every point
x € 0S, naturally corresponds a half-edge e(z) € Jq,: if « corresponds to ((1 — t)zr—1 +tzx,1) € Xy,
for some t € [0,1), then e(x) is the half-edge ex. We consider the first half-edge e € 9q,, after e(z,,)
(e(z,) included) in the clockwise order such that £,(e*) = £,(e7) + 1, and we call a, = e*. By
definition of the Bouttier-Di Francesco—Guitter bijection, a,, € fl,,. Moreover, a,, is “close” to =, in the
sense that 0, (an, 2,) <1+ 8Upg<;co,, [bn(i + 1) — b, (i) + 2|, so that

< 3
S A + We,, (),

3 1
O(ny(@n, Tn) < W + S‘ip ‘b(n) <$ + \/—2—71) — b(n)(z)

assoonasn > 1/ 2n2. Here, wy - denotes the modulus of continuity of b(n)- Hence, we obtain that
lim sup 6y (@n, 2n) < we, (1), for all n > 0, so that 6,y (an, ) — 0.

Figure 5.8. Approaching a point x,, € 0S,, with a point an € fln.

We define in a similar way points by, a,,, and ¥, in fl,, corresponding to v, z},, and y,,. Exchang-
ing x;, and y,, if necessary, we may suppose that the points a,,, a;,, by, b}, are encountered in this order

%It is for example a.s. of Hausdorff dimension 4 by Theorem [.14]
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5.4.3.2. 1-regularity of Sy,

when traveling in the counterclockwise order around dq,. Up to further extraction, we may sup-
pose that (a,,al,, by, b)) — (a,a’,b,b') € fli, so that a’ € [[a,b]] and ¥’ € [[b, a]]. Moreover, because
O(n)(Tn, 77,) > €, we see that dJ (a,a’) > e. Similarly, we obtain that dZ_(b,a’) > ¢, d7 (a,b’) > ¢, and
dZ,(b,b") > ¢, so that a # b. Finally, the fact that 6,)(z,,y,) — 0 implies that dZ,(a,b) = 0, so that
G ~oo b. This contradicts Lemma[5.9 O

5.4.3.2 1-regularity of S,

In order to show that the sequence (S, ) is 1-regular, we first only consider simple loops made of
edges in S,,. A simple loop g splits S, into two domains. By the Jordan curve theorem, one of these
is homeomorphic to a disc. We call it the inner domain of p. The other domain contains JS,, in its
closure, and we call it the outer domain of .

Lemma 5.15. A.s., for all € > 0, there exists 0 < n < ¢ such that for all k sufficiently large, the inner domain
of any simple loop made of edges in Sy, with diameter less than n has diameter less than e.

The proof of this Lemma is readily adaptable from the proof of Lemmal.T7 which uses the method
employed by Miermont in [Mie08]. The general idea is that a loop separates a whole part of the map
from the base point. As a result, the labels in one of the two domains are larger than the labels on the
loop. In the forest, this corresponds to having a part with labels larger than the labels on the “border.”
In the continuous limit, this creates an increase point for both C, and £.,. We recall now the main
steps.

Proof. We argue by contradiction and suppose that, with positive probability, there exists ¢ > 0 for
which, along some (random) subsequence of the sequence (nx)x>o, there exist simple loops g, made
of edges in S, with diameter tending to 0 (with respect to the rescaled metric J(,,)) and whose in-
ner domains are of diameter larger than €. We reason on this event. We will show in the proof of
Proposition 5.16 that 9S,,, tends, for the Gromov-Hausdorff topology, toward 7 (fl~). Because floo
is not reduced to a singleton, we see by Lemma that 7o (fleo) is not a singleton either, so that
diam(m (flso)) > 0. To avoid trivialities, we moreover suppose that ¢ < diam (7o (floo)). Because 95,
is entirely contained in the outer domain of p,,, we obtain that, for n large enough, the outer domain
of g, is also of diameter larger than ¢.

Let s, be an integer where £, reaches its minimum, and w, := f,(s},) the corresponding point in
the forest. Let us suppose for the moment that w?, ¢ ¢,,. We take z,, as far as possible from g,, in the
domain that do not contain wy,, and we call y,, the first vertex of the path [[z,,, w?]] that belongs to ©,,.
Up to further extraction, we suppose that s /(2n + o, — 1) — s* := argmin £, ©,, — z, and y,, — .
Because of the way z,, and y,, were chosen, it is not hard to see that = # y.

Let us first suppose that y # w® = F(s*). In particular, w;, ¢ g, for n large, so that z,, and ys,
are well defined. In this case, y € [[z,w®]]\{z, w*}, so that the points in .Z_!(y) are increase points of
Cx. By Lemma[5.7] we can find a subtree 7, not containing y, satisfying inf, £, < £4(y) and rooted
on [[z,y]]. We consider a discrete approximation 7,, of this subtree, rooted on [[z;,, y»]]. When n is
sufficiently large, we thus have inf,, £, <inf, £,.

As the labels of the forest represent the distances in ¢, to the base point (up to some additive
constant), we see that all the labels of the points in the same domain as x,, are larger than inf,, £,.
As a consequence, T, cannot be entirely included in this domain, so that the set p,, N 7,, is not empty.
We take z, € p, N 7,, and, up to further extraction, we suppose that z, — z. On the one hand,
O(n)(Yn, 2n) < diam(gpy), so that y ~, 2. On the other hand, z € 7 and y ¢ 7, so that y # 2. Because y
is not a leaf, this contradicts Theorem 5.8

The case y = w* is treated with a slightly different argument. As the argument is exactly the same
as in Chapter 4 we do not treat it here. O

We now turn to general loops that are not necessarily made of edges. Here again, we use an
argument similar to the one used in [Mie08] or Chapter@d} with some minor changes. We fix e > 0, and
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

we let ) be as in Lemma For k sufficiently large, the conclusion of Lemma holds, together
with the inequality 7y n,ﬁ/ t>12.

We call pane of S,, the projection in S,, of a [zj_1, 2;] x [0,1] C X, for some 1 < j < 20,,, with the
notation of Section[5.42l We also call semi-edge the projection in S,, of either {z;} x [0,1] C X/, or
[zj-1,2j] x {1} C Xy, for some 1 < j < 20,,. These correspond to the edges of the prism X, that are
not already edges in S,,. Let us consider a loop .Z drawn in S,,, with diameter less than 7/2. Consider
the union of the closed internal faces® and panes visited by .#. The boundary of this union consists in
simple loops made of edges and semi-edges in S, . It should be clear that one of these loops entirely
contains .Z in the closure of its inner domain. Let us call this loop A.

We call ) the largest (in the sense of the inclusion of the inner domains) simple loop made of edges
contained in the closure of the inner domain of A (that is, the loop obtained by removing the semi-edges
of the form {z;} x [0, 1] and changing the ones of the form [z;_1, ;] x {1} by [2;_1, 2;] x {0}). Because
every internal face and every pane of S, has diameter less than 3/~ n,lc/ *, we see that diam()) <

diam(Z) + 6/~ n]1€/ * < 1. Then, by Lemma the diameter of the inner domain of ) is less than ¢.
As a result, the diameter of the inner domain of X is less than 2, so that .# is homotopic to 0 in its
2e-neighborhood.

5.4.4 Boundary of qZ,

We use the observation following Proposition5.1T]to show that the boundary of qZ, is (the image in q7,
of) the floor floc of %, and then give a lower bound on its Hausdorff dimension. We postpone the
proof of the upper bound to Section[6.5] because we will need the notation of Chapter|fl

Proposition 5.16. The boundary of qZ, is given by 092, = Too (floo).

Proof. We define a pseudo-metric dgg on the set of triples (X, d, A) where (X, §) is a compact metric
space and A C X is a closed subset of X' by

dan ((X,0,A),(X',0", A')) = inf {dy (0(X), ¢ (X)) v on (p(A), ' (A)) },

where the infimum is taken over all isometric embeddings ¢ : X — X" and ¢’ : X" — X" of X and X’
into the same metric space (X", ¢"). By slightly adapting the proof of [BBIO1, Theorem 7.3.30], we can
show that dgu ((X, 0, A), (X’,8', A’)) = 0 if and only if there is an isometry from (X, 4) onto (X’,4")
whose restriction to A maps A onto A'.

We proceed in three steps. First, note that the observation following Proposition 5.1Tlimplies that

det ((Snys () 0Sn, ), (0%, A%, 99%,)) —— 0. (5.17)

k—o0

Secondly, we show that

dr ((Sny 0ny, 08n), (V(an)\{2}, (), fln)) —— 0. (5.18)

n—o0

We work here in S,, and see V(q,,)\{vs} as one of its subsets. Because of the way S,, is constructed,
we see that 62/(S,, V(q,)\{vs}) < 3/yn'/%. Using the technique we used in the proof of Lemma [5.14]
to approach the points of 9S,, by points lying in fI,,, and the fact that every point in fI,, is at distance
at most 1/yn'/* from 0S,,, we obtain that

3
67-[(687“ .ﬂn) < W + wb(n)(n)v

assoonasn > 1/2n% As a result, limsup d i ((Sn, 3(ny, 9Sn), (V (@0)\{v8}, 6(n), fln)) < wo.. (1) for all
n > 0, and (5.I8) follows by letting n — 0.

3We call closed face the closure of a face.
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5.4.4. Boundary of q7,

Finally, we see that

demr ((V (@ )\, 1 S )5 (0% e Too (floo)) ) —— 0. (5.19)

k—o0

Recall that (V (q,)\{v}},d(n)) is isometric to the space (2,,,d(,)) defined in Section[5.2.2 We slightly
abuse notation and view the floor fI,, of f,, as a subset of 2,,. We call r,, := dis(R,,)/2, where R,, is the
correspondence between 2,, and q7, defined during Section5.2.2] and we define the pseudo-metric A,,
on the disjoint union 2,, LI q%, by A, (z,y) = dy(z,y) if 2, y € 2y, A (2,y) = dZ (z,y) if v,y € 97,

An(x,y) = inf{d)(z,2") + rn +d% (v, ) = (@',y) € Ra}

ifx € 2,andy € q%, and A, (z,y) = A,(y,z) if z € q7 and y € 2,. Itis a simple exercise
to verify that A,, is indeed a pseudo-metric and that d%(2,,q%) < r,. We showed in Section [5.2.2]
that r,,, — 0 as k — 0, so that it is sufficient to prove that d( fl, , Too (floc)) — 0 as well. Let us argue
by contradiction and suppose that this is not the case. There exists ¢ > 0 such that one of the following
occurs:

(i) for infinitely many n’s, we can find a point t,, in the set (2n + o, — 1) 7! [0, 2n + 0, — 1] such that
Pn) (tn) € .ﬂn/ and An(p(n) (tn)a Teo (.ﬂoo)) >,
(#3) for infinitely many n’s, there is s,, € [0, 1] such that % (s,) € floo, and Ay, (47, (sn), fln) > €.

In the first case, up to extraction, we may suppose that ¢,, — t. The fact that p(,,)(t.) € fl,, yields that
Cn)(tn) = C((tn), so that O (t) = C . (t) by continuity, and F (t) € floo. We then have

e< A, (p(n) (tn)vﬂ-m(ﬂm)) <A, (p(n)(tn)a qgo(t)) < dgo(t’m t) + 7 =0

along some subsequence. This is a contradiction. In the second case, we may also suppose that s, — s,
and we have F(s) € floo. We call t, = inf{t : C(,)(t) = C(,(s)}, so that p(,)(tn) € fln. Up to
further extraction, we have that ¢, — t, and because C(t) = C_(s) = Cuxo(s), we see that s ~ ¢,
which yields dZ_(s,t) = 0. Finally,

e < An(a%(sn)s fln) < Ay (qgo(sn)ap(n)(tn)> < d%(snytn) + 70 — 0

along some subsequence.

Now, (517), (5.18), and (5.19) yield that dg g ((qgo, d7,,09%.), (9%,,d%,, woo(ﬂoo))> = 0, so that there
exists an isometry ¢ : q7, — q%, such that 7o (floo) = ©(99%) = I(p(9%,)) = 9% O

We are now able to bound from below the Hausdorff dimension of dqZ,. We start with a lemma.

Lemma 5.17. Fora, b € fl,,, we have

dZ (a,b) > £5(a) — max <min Loo, min 200> .
[[a,0]] [[b,a]]
Proof. Let a,, b, € fl, be points converging to a and b, and let p,, be a geodesic from a,, to b,.
Reasoning as in the beginning of the proof of Lemma 5.9 we see that @, either overflies [[a,, b,]] for
infinitely many n’s, or it overflies [[by, a,]] for infinitely many »’s.

In the first case, let ¢ € [[a,b]], and let ¢, € [[an,b,]] be a point converging toward c. For the
values of n for which p,, overflies [[a,,, b,]], we obtain by the remark of Section[5.3.3.2] and the triangle
inequality, that

Ln(en) > Lolan) — dg, (an, by).

Taking the limit after renormalization along these values of n, we obtain that £, (¢) > £oo(a)—d% (a, b).
Taking the infimum for c over [[a, b]], we find dZ,(a,b) > £.(a) — minj, ) L. In the second case, a
similar reasoning yields that dZ_(a,b) > £ (a) — minp 4)) Loo. O
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

Proof of Theorem[L16 (lower bound). Recall that, for z € [0, o], we defined T, := inf{r > 0 : Coo(r) =
o —a}. We also call fl(z) = q%(T%), so that 7o (floo) = {fl(z), 0 <z < o}

To obtain the lower bound, we proceed as follows. We define the measure Ay on g7, supported
by oo (floo) as the image of the Lebesgue measure on [0, o] by the map y € [0,0] — fl(y). Let us fix
x € [0, o). Because the process y € [0,0] — £o(Ty) = boo(y) has the law of a Brownian bridge (up to a
factor v/3), the law of the iterated logarithm ensures us that, a.s., for > 0, and § small enough,

Loo(Ty)— min  L£(Ty) >0 and Loo(Ty)— min  L£(Ty) > 0. (5.20)
y€lr—6""" x] yelr,a+8°7"]

Fora € q% and r > 0, we call By (a,r) C q% the open ball centered at a with radius r for the metric d7.
Using Lemma[5.17] we see that, whenever (5.20) holds,

Buoo(f(),8) N oo (floo) € fi((w = 277,24 6277)),
so that A g(Beo (fl(x),8)) < 26%7". Finally, we obtain that, a.s., for all a € 7o (flso),

Ay (B
lim sup 7]%( o(2,9))

< 2.
6—0 §2=n h

We then conclude that dimy (q7,, d%,) > 2 —n for all n > 0 by standard density theorems for Hausdorff
measures ([Fed69, Theorem 2.10.19]). O

55 Caseoc =0

In the case o = 0, we could apply a reasoning similar to the one we used in Sections [5.2 through 5.4l
We would obtain for the law of (Cwo, Loo) the law of a Brownian snake driven by a normalized Brow-
nian excursion, and we would use a result of Whyburn [Why35a, Corollary 5.21 and Theorem 6.3]
treating the case where diam(94,,) — 0. Instead, we use a more direct approach, roughly consisting in
saying that a uniform quadrangulation with “small” boundary is close to a uniform quadrangulation
without boundary. A non-negligible advantage of this method is that it gives a more precise statement,
Theorem[1.17, and completely identifies the limiting space as the Brownian map.

Let us begin with a lemma giving an upper bound on the Gromov-Hausdorff distance between a
quadrangulation with a boundary and the quadrangulation obtained by applying Schaeffer’s bijection
to one of the trees of the forest that corresponds through the Bouttier-Di Francesco—Guitter bijection.

Lemma 5.18. Let (f,1) € §7 be a well-labeled forest, b € 9B, a bridge, t a tree of f rooted at p, and b € {—1,0}.

Then (0,b) € %1, and, up to a trivial transformation, (t,1),) may be seen as an element of S‘f‘_l. We call
qj € Qo (resp. g € Qjy—1,1) the quadrangulation corresponding to ((f,1), b) [resp. to ((t, (), (0, b))] through
the Bouttier—Di Francesco-Guitter bijection (we omit here the distinguished vertices). Then

don (a5 day), (90 da,)) <2 (qut mini + 1> |
f\t f\t
where t == t\{p}, and .
[(w) = I(u) + b(a(u) — 1), u € f
is the labeling function, shifted tree by tree according to the bridge, as in Section[5.1.3.2)
Proof. Before we begin, let us introduce some useful notation. For arcs i1 ~ 42, i3 ~ 43, ..., tr—1 ~ ip,

we write

11~ g ™

the path obtained by concatenating them. Let us call v* the extra vertex we add when performing the
Bouttier-Di Francesco—Guitter bijection. We call v° := (o 4+ 1) € § the last vertex of f, and we will
identify the sets t U {v*} with V'(q¢), as well as (f\{v°}) U {v*} with V'(q;). Then the set

R = {(a,a) : aE’LU{U.}}U{(aaP) : aef\(tU{Uo})}
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5.5. Casec =0

is a correspondence between q; and q¢. Without loss of generality, we may suppose that t is the first
tree of f. This yields in particular that an integer ¢ € [0, 2|t| — 2] codes the same vertex in t and in f,
namely (i) = f(¢). Because we will apply the Bouttier-Di Francesco-Guitter bijection at the same time
to both ((f,1),b) and ((t, (), (0,b)), we will write succ;(i) the successor of i € [0,2n + o — 1] in the
forest f, and succ (i) the successor of i € [0, 2|t| — 2] in the tree t, in order to avoid confusion. We also
set Iy == maxy Tand [; :== min i\ . 1 for more clarity. Using the characterization (5.I3) of the Gromov—
Hausdorff distance via correspondences, we see that it suffices to show that, for all (a,a’), (b,V) € R,
we have
|dq; (a,b) — dq, (@', b)) < 4(lo — 11 +1).

First case: a, b € f\(tU {v°}). In this case, either [a, b] or [b, a] entirely lies inside f\f. As a result, (5.3)
gives

|de(aab) - dm(pv p)| < i(a) +A[(b) - QIT?\ipi-i- 2< 2(12 b+ 1)-
t

Second case: a, b € tU {v*}. We may suppose a # b. We proceed in two steps. We first claim that
d‘h (a’ b) < d‘ﬂ (aa b)'

To see this, let p = (p(0), p(1), ..., p(k)) be any path (not necessarily geodesic) between a and b in g;.
We will construct a shorter path from a to b in q¢, and our claim will immediately follow. Our con-
struction is based on the simple observation that, if an arc exists in ¢; between two points of t U {v*},
then the same arc also exists in q¢. We then only have to replace the portions of o that “exit” t U {v*}
with shorter paths in q¢. Precisely, we can restrict ourselves to the case where p(r) € f\(tU {v*}) for
0 < r <k, with k > 2. We will also need to observe that a path linking two vertices of label / and !’ has
length at least |l — I|.

Let us call ¢ the integer such that the arc (p(0), p(1)) is either i ~ succs(i) or i« succs(i). We will
say that (p(0), p(1)) is oriented to the right in the first case, and to the left in the second case. We also
define j in a similar way for the arc (p(k), p(k — 1)). Four possibilities are then to be considered (see

Figure5.9):

<+ Both (p(0), (1)) and (p(k), p(k — 1)) are oriented to the right. Without loss of generality, we
may suppose ¢ < j. Properties of the Bouttier-Di Francesco-Guitter bijection then show that
1(§(5)) > 1(§(¢)), and we have

k214 |(GG) - D) = (G@) - DI+ 1 =1(() - () + 2.
The following path in qy,

i(f(j))—[(f(i))-i-l ()

j ~succe(j) ~ -+ ~ suce = succy (i) ~ 4,

links a to b in g and has length less than k. The equality in the last line is an easy consequence
of the Bouttier-Di Francesco—Guitter construction.

<+ Both (p(0), p(1)) and (p(k), p(k — 1)) are oriented to the left. Here again, we may suppose i < j.

In this case, [(f(5)) > 1(j(i)), and

succs(j) ~ succe(succi(j)) ~ -+ ~ succi(f(j))_i(f(i))(succf(j)) = succy(1)

fulfills our requirements.

<+ (p(0), p(1)) is oriented to the right, and (p(k), p(k — 1)) is oriented to the left. Necessarily, we
have succs(j) < i, or succ;(j) = oo. IF1(§(i)) > 1(f(j)), then we take

i ~ succy(i) ~ - A Succi(f(z‘))ff(f(j))ﬂ (i) = suces (7),
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

otherwise, we take

(7)) ~1(5(9)) (

succs(j) ~ succe(succs(j)) ~ - - - ~ suceg succs(j)) = succe(i) ~ 1,

<+ (p(0), p(1)) is oriented to the left, and (p(k), p(k — 1)) is oriented to the right. By considering the
path o := (p(k), p(k —1),..., p(0)) instead of p, we are back to the previous case.

Figure 5.9. On this picture, t is the only part of § represented. The dashed (red) line represents the path p (in q5)
and the (green) solid path is the path in q¢. Both first cases are represented.

We now show that
dg;(a,b) < dg (a,b) +2(l2 — 11 +1).
Let us consider a path p of length % in g from a to b. We are going to construct a path in q; from a
to b, with length less than k£ + 2(lz — {1 + 1). The only arcs present is q¢ but not in g; are of the form
i ~ succ(i) with suceg(i) < i or sucee(i) = oo, and Iy + 1 < I(§(i)) < lo + 1. For convenience, let us
call pathological such arcs. For all pathological arcs i ~ succ(i) and j ~ succ¢(j) with i < j, we can
construct the path

j ~sucei() ~ -~ Succ;(f(j))ff(f(i))Jrl(j) — suces (i) ~ i (5.21)
linking f(7) to f(j) in gy, its length being 1(§(5)) — 1((i)) 4 2. We can also construct the path

j~ succf(j) PN Succ;(f(j))—h-l-l(j) _ SuCC;(f(j))_ll (SuCCt(j)) ~ e~ SuCCt(j) (522)

linking f(j) to f(succ¢(4)) in qj, its length being 2(I(f(j)) — 1) + 1 < 2(la — I; + 1) + 1. Using these
paths, we construct our path in g; as follows. If p does not use any pathological arcs, then © can be
seen as a path in q;. If p uses exactly one pathological arc, we construct our new path by changing
this arc into a path of the form (5.22). By doing so, we obtain a path from a to b in g; with length
smaller than & — 1 + 2(lo — I; + 1) + 1. Now, if  uses more than two pathological arcs, let i ~ succe(z)
be the first one it uses, and j ~ succ(j) the last one. Let us call i; and iy the indexes at which p
uses them: (p(i1), (i1 + 1)) = @ ~ succe(Z) or i v« succe (i) and (p(iz), p(izs + 1)) = j ~ succ(j) or
J  sucee(j). Changing g into its reverse ¢ if needed, we may suppose that (p(i1), (i1 + 1)) =i ~
succe(i). If (p(i2), p(iz + 1)) = 7 v succe(j), we change the portion (p(i1), (i1 +1),...,p(i2 + 1)) into
the path (5.21), and obtain a new path shorter than . Finally, if (p(i2), p(i2 + 1)) = j ~ succ(j), we
change the portion (p(i1), p(i1+1),.. ., p(i2+1)) into the path (5.2]) concatenated with the path (5.22),
and obtain a new path satisfying our requirements.

Third case: a € tU {v*}, b € f\(tU{v°}). We can write

|dCIf(a’b) - dCIt(aap)| < |dm(aab) - dm(a’p)| + |dCIf(a’p) - dm(a’p)|
< dg; (b, p) + |dg; (a, p) = dq,(a, p)|
<4(la =1 + 1),

by applying the first case to (b, p) and the second case to (a, p). This ends the proof. O
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5.5. Casec =0

We may now proceed to the proof of Theorem [.T7l We use the same notation as in Section5.2.1]
and Corollary 5.3 remains true, if the process (Ci, £o) has the law of a Brownian snake driven by a
normalized Brownian excursion. As we will not need the explicit law of the process (C, £) in what
follows, we do not prove this, and refer the reader to Chapter 2] in particular to Proposition for
similar results. By Skorokhod’s representation theorem, we still assume that this convergence holds
almost surely.

Proof of Theorem[L.IZ4 We call t,, the largest tree of f, (if there are more than one largest tree, we
take t,, according to some convention, for example the first one), and we consider a random variable b,,
uniformly distributed over {—1, 0}, independent of g,,. We call §,, the quadrangulation corresponding,
as in the statement of Lemma to ((tn, by e, ), (0, by,)) through the Bouttier-Di Francesco-Guitter
bijection. Then, conditionally given |t,| = k + 1, the quadrangulation §, is uniformly distributed over
the set Q1.

From now on, we work on the set of full probability where the convergence C(,) — C holds.
Lete € (0,1/4), and 27 = min;_Csx > 0. As C(,) tends to C., for n large enough, we have
minj. ;. C,y > nand o(,) <n. Asaresult,

so that t,, is coded by [(2n + 0, — 1) sp, (2n + 0, — 1) t,]. Note that, in particular, this implies that
[t,| > n (1 — 2¢). This fact will be used later. By Lemma[5.18

limsupdgn ((V(Qn)adqn/7”1/4)’ (V(q”)’dﬁn/7n1/4))

n—oo

1
< 211msup< sup L) — inf Ln) +W> :2( sup Lo — inf £00> — 0.
[

— e—0
n—roo 1—¢,¢] [1—e,e [1—e,¢] [1-ce

Let us call S(n,k) = dyg, /~vk'/*. We then have to see that (V (,), S(nm) converges toward the Brownian
map (M, D*). Let f : M — R be uniformly continuous and bounded. By the Portmanteau theorem
[Bil68, Theorem 2.1], we only need to show that

Let ¢ > 0. If we delete from g, the only edge on the boundary that is not the root, we obtain a
quadrangulation without boundary, which, conditionally given |t,| = k + 1, is uniformly distributed
over the set of planar quadrangulations with & faces. As this operation does not affect the underly-
ing metric space, by [Miell, Theorem 1] or [LG11} Theorem 1.1], we obtain that the distribution of
(V(Gn), 5(711 k) conditionned on |t,| = & + 1 converges toward the distribution of (m.,, D*) as k — oo.
As (moo, D*) is a compact metric space, we can find large ng and M such that, for all £ > ny/2 and n
for which P(|t,| =k + 1) >0,

P (diam (V(dn), 0ny) = M | [ta] =k +1) < (5.23)

g
2 sup f’
and A
‘E (£ (V@) 8 | Ital =k +1] —E [f(moo,D*)H <e. (5.24)

We then choose 7 € (0,1/2) such that
den ((X,0),(X',8)) < %M 1-a-p) = ‘f(()(,é)) - f((X’,é’))‘ <e (5.25)
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Chapitre 5. Scaling limit of random planar quadrangulations with a boundary

For n > ng, we then have

(£ (V@) 50m)] = B [ (me, D*)]| < 2500 £ P(|ta] < (1= )

+ Y Pt)=k+1) ‘E[f(V(qn),S(n,n)) | ] = & + 1] fIE[f(moo,D*)H.
k=n (1—n)]

By the observation we previously made, we see that the first term in the right-hand side tends to 0 as
n — oo. To conclude, it will be sufficient to show that the term between vertical bars in the sum is
smaller than 3e. Using (5.23), (5.24), and the fact that n (1 — n) > n/2, we obtain that it is smaller than

2¢ +E [(f (V(Eln)v S(n,n)) - f(v(eln)v S(n,k))) ]l{diam(v(qn),g(n,k))<M} | |tn| =k+ 1] :

P

By taking a trivial correspondance between (V(gy,), 3(,17”)) and (V(Gn), d(n k), it is not hard to see that
the Gromov-Hausdorff distance between these two spaces is smaller than

% diam (V(E{n),g(n,k)) (1 - (k/”)1/4) :

We finaly obtain the desired bound thanks to (5.25). O
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Proofs using the Brownian snake

In this chapter, we proove the remaining technical results. To this end, we will need to use the
Brownian snake, whose definition is briefly recalled in Section[6.1]

6.1 The Brownian snake
6.2 Proof of Lemmal[5.6]
6.3 Proof of Lemmal[5.7
6.4 Proof of Lemmal[5.10]

6.5 Upper bound for the Hausdorff dimension of dqZ,
Foen

Bl &l &l Bl Bl

6.1 The Brownian snake

In this chapter, we prove Lemmas 5.6, 5.7 and complete the proof of Theorem[[.16 To this end,
we will need some notions about the Brownian snake. We refer the reader to [LG99] for a complete
description of this object. Recall that we denoted by K the space of continuous real-valued functions
on R, killed at some time, and that we wrote ((w) the lifetime of an element w € K. We also use
the notation @ := w({(w)) for the final value of a path w € K. From now on, we will work on the
space ) := C(R,, K) of continuous functions from R into K, equipped with the topology of uniform
convergence on every compact subset of R. We write W, := w(s) the canonical process on ', and
call ¢, == ¢(Wy) its lifetime.

For w € K, we call P,, the law of the Brownian snake started from w. This means that, under P,,,
the process ({s)s>0 has the law of a reflected Brownian motion on Ry started from {(w), and that the
conditional distribution of (W;)s>o knowing ((;)s>0, denoted by ©4, is characterized by

+ Wy =w, 65, as.
4 the process (W;)s>o is time-inhomogeneous Markov under 6§, and, for 0 < s < ¢/,

- Wy (t) = W(t) forall 0 < ¢ < ¢, ©5, as., where ¢, = inf, ¢[5 ] (v,

- under O, the process (W (¢ + t))o <t<c., ¢, 18 independent of W, and distributed as a real
Brownian motion started from Wy (¢, ) and stopped at time (s — ¢,

Let us call I, := inf{s : {; = a} and define the probability measure on ¢’
PO =P, (-|Io=1).

129



Chapitre 6. Proofs using the Brownian snake

This conditioning may be properly defined by saying that, under P9, the law of ({;)o<s<1 is the law of a

first-passage Brownian bridge on [0, 1] from ¢(w) to 0, the law of ({s)s>1 is the law of a reflected Brow-
nian motion on [1, +00) issued from 0, and the conditional distribution of (W;)s>0 knowing ({s)s>0
is ©5,.

We call 0, € K the function s € [0,0] — 0. Under P§ _, the process ((¢s)o<s<1 (WS)Ogsgl) has the
same law as the process (F[%I’]O, Z [071]) defined during Section If we call B the law on K of a

Brownian bridge on [0, o] from 0 to 0, multiplied by the factor /3, we then obtain that, under
| Blau) P o),
K

the process (({s)o<s<1, (Ws)ogsgﬂ has the same law as (C', £ ) (under the common probability mea-
sure P).

We note n(de) the Itd measure of positive Brownian excursions, whose normalization is given by
the relation n(supe > ¢) = 1/2¢, and we call

N, = / n(de) ©¢
C(R4,Ry)

the excursion measure of the Brownian snake away from the path z : 0 — . Let us call (a;, 8;), i € I,
the excursion intervals of s € [0,Iy] — (s — (,, that is, the connected components of the open set
[0,I0) N {s : s > (,}. Fori € I, we define W) € C(Ry, K) by setting, for s > 0,

ngi) (t) = W(OéiJrS)/\ﬁi (Cﬂli + t)? 0<t< Cs(l) = C(ai“l’s)/\ﬁi - Cai'
One of the main ingredient to our proofs is the following lemma.

Lemma 6.1 ([LG99, Lemma V.5]). The point measure

D S, w(dt dw) (6.1)
iel
is under P, a Poisson point measure on Ry x C(R4, K) with intensity
Ny (dtdw) =2 l[o,c(w)] (t)dt Nw(t) (dw).

We will also need the explicit “law” of the minimum of the Brownian snake’s head under N,.

Lemma 6.2 ([LGWO06, Lemma 2.1]). Forall z, y € Rwithy < =z,

3

o (mip e <) = 5=

In this setting, we have two singular conditionings: one being I, = 1, and the second one being
the fact that w is under B(dw) a bridge, instead of a Brownian motion. The first step in our proofs
will generally be to dispose of the first of these conditionings (and sometimes the second as well),
making us work under P,, instead of P!. This will usually be done by a simple absolute continuity
argument, at least for almost sure properties. Another difficulty will arise from the factor v/3, and we
will sometimes need to take extra care because of it.
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6.2. Proof of Lemma

6.2 Proof of Lemmal5.6

Thanks to Lemma we will derive Lemma 5.6 from the following similar result under N,, which is
due to Le Gall and Weill [LGWO06].

Proposition 6.3 ([LGWO06, Proposition 2.5]). There exists N, a.e. a unique instant where (Ws)szo reaches
its minimum.

Proof of Lemmalb.6 1t is sufficient to show that, for a € [0,¢(w)], the process (Ws)ogsg 1, reaches
its minimum only once P, a.s., for w fixed in some subset of K of full B-measure. Indeed, as for
all e € (0,1), the distribution of (W;)o<s<1—. under P! is absolutely continuous with respect to the
distribution of (Wj)o<s<1—- under P, (dw | Iy > 1 — ¢), this entails that, for those w’s, P!, a.s., for
every rational ¢ € (0,1) and every rational a € [0,{(w)], on the event {I, < 1 — ¢}, the process
(ﬁ/\S )o<s<1, reaches its minimum only once. Discarding a set of zero B-measure if needed, we may only
consider w’s for which min,¢o ¢y w(z) < 0. Because min ¢ 1 /V[Z < mingeo,cw)w(r) <0 = Wl,
we see that under P!, (/W\S)Ogsgl does not reach its minimum at time 1. As a consequence, if this
process were reaching its minimum twice at times ¢; < t5, then we could find a € Q N (0, {(w)] such
thatts < I, and then we could find ¢ € QN (0, 1) satisfying I, < 1 —e. This would be a contradiction.

o~

We finally obtain that (W,)o<s<1 reaches its minimum only once [;- B(dw) P}, (dw) a.s. and the result
follows because (WS)Ogsg 1 has under [, B(dw) P), (dw) the same law as £, under P.

For the moment, we do not need to make any assumptions on w € K. We claim that, P, a.s.,
the numbers min¢(q, 3, Ws, i € I, are pairwise distinct, because the “law” of ming> WS is diffuse
under N, by Lemma Let us show this claim. We call £ := sup{s > 0 : {; > 0}. It is a classical
result ([RY99, Proposition XI1.2.8]) that n(¢ > t) = (27t)~'/2, so that, for k > 1,

1 1
S <, whereaom fee [L L)
Nouw(Ag) < 00 where A;, Ekk—l
with the convention 1/0 = co. On (2, F,P), we consider independent random variables Ny, k£ > 1, and
(tei, WF), ki > 1. We suppose that IV}, is Poisson with mean N, (A ), and that the law of (¢ ;, Wki)
is Ny (- | Ax). Basic facts about Poisson point measures show that the point measure

oo Np

DD e

k=1 1i=1

has (under P) the same law as (6.1) under P,,. We then have

P, <E|Z' # 7 : min ﬁ/\s = min WS> < Z P (minﬁ/\f’i — minWSlJ) =0,
s€ai,Bi) s€lay,B5] (k)2 () s>0 5>0

because, for (k,i) # (I, 7), the variables ming>g W;” and min,>g W;J are independent, and their laws
have no atoms. e

A consequence of what we just showed is that, under P,,, the process (W, )o<s<1, does not reach its
minimum on two different intervals of the form [w;, 3;], ¢ € I. Now, the probability that it reaches its
minimum more than once on some such interval is smaller than

o~

]P’w<E|iGI:Elozi§s<t§ﬂi : WS:Wt: I[ninﬁ]ws>
se|aq,B;

¢(w) — —~ —~
1exp<2/ dt Ny p) <35<t:W5th§8WS>>O,
0 5>

by Proposition
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Chapitre 6. Proofs using the Brownian snake

—

We will now see see that (W)o<s<z, does not reach its minimum on [0, I,]\ U,¢;[a:, 8i], which
will complete the proof. It is at this time that we make extra assumptions on w. The so-called snake
property shows that

{Ws RS [OaIa]\ U(azvﬂz)} = {U}(t) L a S t S g(w)}a
iel
so that it will be enough to see that, P,, a.s., ming<s<ry, WS < ming ¢(y) w. Using Lemma then
Lemmal6.2] we obtain

- ¢(w) _
Py < min Wy < min w) =1—exp —2/ dt Ny () (min Ws < min w)
0<s<I, [a,¢(w)] a s>0 [a,¢(w)]
C(w)d ( )—2
=1—ex ) t lw(t) — min w
P /z ®) [a,¢(w)]

An easy application of Lévy’s modulus of continuity (see for example [RY99, Theorem 1.2.7]) shows
that, B(dw) a.s., this quantity equals 1. This concludes the proof. O

6.3 Proof of Lemmal5.7

For a continuous function f : [0, ¢] — R, we write IP;.#:(f) (resp. IPrignt (f)) the set of its left-increase
points (resp. right-increase points). Remember that s € (0, ¢] is a left-increase point of f if there exists
t € [0,s) satisfying f(r) > f(s) forallt < r < s, and that a right-increase point is defined in a
symmetrical way. We also call IP(f) = IPje () UIP,ign: (f) the set of all its increase points. Due to the
fact that the points I, a € [0, {(w)] are left-increase points of ¢ and do not always lie in U;e 1 (o, 8;], we
cannot directly apply the same strategy as in the previous section and derive Lemma[5.7/from a similar
statement under N,. Instead, we use a technique of covering intervals inspired from [Ber91] and a
theorem of Shepp [She72]. In [Ber91], Bertoin is interested with a similar problem: he characterizes the
Lévy processes X for which the set IP,;g5. (X ) NIP; s+ (—X) is almost surely empty. Our method gives,
in particular, another proof to [LGP08, Lemma 3.2], which states that the set

IP((¢o)ozsze) NP ((We)o<aze)

is N, a.e. empty. (Recall that we write £ := sup{s > 0 : (; > 0}.) This comes very roughly from the fact
that, if ¢ and W do not share any increase points on [0, Iy}, in particular, they do not share any increase
points on any (o, ;) either, and, by Lemma[6.]] the process restricted to (c;, ;) is then “distributed”
under N,..

Fory € R, we call T, := inf{s > 0 : w(s) = y}, where w is the canonical process on K, and, for

y < aand k > 0, we call PCE?,J’") the law on K of a standard Brownian motion multiplied by &, started
from a and stopped at time T;,. We also call, for x > 0, P; . the law of a standard Brownian motion
multiplied by &, started from a and stopped at time 2. When we omit the value of &, it will be assumed
tobe 1.

Although quite long to properly write in full detail, our strategy is pretty simple. One of the main
difficulty comes from the two levels of randomness of the Brownian snake. In contrast to the previous
proof where we worked under P,, for a fixed w € K, we will need here to work under B(dw)P?, (dw)
and see w as random. As a consequence, we will need to consider the timescale of ¢ and W, as well as
the timescale of w. Juggling from one to the other may also cause confusion.

In order to facilitate the reading of our proof, let us outline it now. By absolute continuity argu-
ments, we get rid of the conditionings and work under ng \/g(dw) P, (dw) instead of B(dw)P? (dw). We

then only consider left-increase points of W that are also increase points of ¢, and treat later right-
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6.3. Proof of Lemmalb.7]

increase points of W by a nice time-reversal argument. It should not be too hard to convince oneself!
that it suffices to look at points s € [0, I] such that {; = (,. If s is such a point and also, say, a right-
increase point of W, we will first see that s is not starting an excursion. This will entail that , is a
left-increase point of w. Beware that, as { is non-increasing, the notions of left and right are reversed.
By an argument similar as before, we only consider points s satisfying ¢, = (, = inf{t : w(t) = w(¢s)}.
See Figure

Now, we will consider the excursions of w — w and look at the minimum of W on the intervals
corresponding to these excursions. Using [She72|], we will see that, as close as we want before (;, we
can find an excursion of w — w where the minimum of W is smaller than w((s), prohibiting ¢, from
being a left-increase point of w.

Cs

w(¢s) s Iy
Figure 6.1. Visual aid for the proof of Lemma 52l On this picture, the timescale of ¢ and W is horizontal,
whereas the timescale of w is vertical. The point s satisfies (s = (, = inf{t : w(t) = w(¢s)}. We represented

by (green) solid lines the seven longest excursions of w — w, and the arrows represent the minimum of W on the
corresponding intervals.

We start with a lemma stating that the extremities of any excursion interval («;, 8;) are not increase
points of W restricted to this excursion.

Lemma 6.4. Let w € K. Then, P, (dw) a.s., forall i € I,
a; ¢ IPigne ((/W\s)Ogsglo) and Bi & TPiese ((Ws)ogsgfo) .

Proof. Itis enough to show that N, a.e. 0 & IP,;on: ((Ws)ogsgg). Indeed, this entails that

P, (Hi €l : a; €IPrigns ((Ws)ogsgm))

(w) _
—1—exp <—2 /f dt Nty (0 € Prigns ((WS)Ogsg))> =0.

Then, by the time-reversal property under N, (the process (Co—s, Wi—s)o<s<¢ has under N, the same

distribution as (s, Ws)o<s<¢), we see that N, a.e. £ ¢ IP. sy ((Ws)ogsgg), and we conclude in the same
way.

To be more accurate, if s does not satisfy this hypothesis, we apply the Markov property at some (rational) time a close
enough before s so that (s = inf[, ;) (. When doing so, we have to work under P§ (dw) Py (dw) and not Py ﬁ(dw) Py (dw).
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Chapitre 6. Proofs using the Brownian snake

Let e be an excursion. By definition, under ©¢, the process

(/W(sup{s <U/2 e = y}))

0<y<eq/>
has the law P,“/*>. Then, because n(de) a.e. sup{s < £/2 : e, = 0} = 0, we see that n(de) a.e. ©¢ a.s.
0 & IPyighs ((WS)OSSSZ)' O

The following lemma will only be used for kK = 1 or k = v/3 in what follows, but the proof works
forany x < V3, so that we consider all these values.

Lemma 6.5. Let k < /3 and x > 0. The sets

A= {5 € Prigns (Wdosacn) + G = ¢, = inf{t w(t) = w(C)}
and

Bi={s € Ppp (Wao<s<sy) : Co = (o = sup{t : w(t) = w((s)}}
are P§ . (dw) Py, (dw) a.s. empty.

Proof. Let y > 0. We are going to show that the set A is P()(;y’oo)(dw) P, (dw) a.s. empty. This will
entail in particular that the set

{5 € WPrigne (Wor, <asn) * G = ¢, = inf{t - w(t) = w(¢)}}

is Po(;y’oo) (dw | T—y > z)P,(dw) a.s. empty. By the Markov property, under the latter measure, the
distribution of

((@()osssas (Crarsdosscio—tos (Wi +s)ososio-1.)

is precisely Py, (dw | w, > —y) Py (dw). Letting y — oo yields that A is Fy, (dw) P, (dw) a.s. empty.

Step1. Letuscall (uj,v;), j € J, the excursion intervals of w — w, and
w9 = w((uj +s) Av;) —w(u;)  jeJ

We will need to find the distribution under Pé;uy’oo) (dw) Py, (dw) of the point measure

P = 26(_w(uj)7m(j)) where m) == w(u;) — min w.

; (Lo T
jeJ R

To this end, we adapt a computation of Miermont [Miell, Lemma 31]. By It6’s excursion theory, under

D Scwiuy), we)

Jj€J

Po(;y’oo) (dw), the point measure

is a Poisson point measure on R x K with intensity 1o ,;(t)dt 2n(de/x). Using Lemmal6.1} we may
see the m), j € J, as independent marks on w@, j € J, with law P, (— min W e dz). The marking

theorem of Poisson point measures [Kin93} Marking Theorem] shows that, under PO(;{y’OO) (dw) Py, (dw),
& is also a Poisson point measure on R} x R with intensity

K g ) (t)dt/ 2n(de) Pre (— min W € dz) .
K
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6.3. Proof of Lemmalb.7]

To compute explicitly this intensity, we use Lemmas [6.T] and and then Bismut’s description of n
[RY99, Theorem XII1.4.7]:

/C2n(de) Pre (—min ¥V > 2) = /C2n(de) (1 ~exp ( f %))
- oo [t e (- et)
“of gt o (- o)
- gt o (5 [ )|

Using the absolute continuity relations between Bessel processes with different indexes, which is due
to Yor [RY99, Exercise XI.1.22], and the fact that reflected Brownian motion is a 1-dimensional Bessel

process, we see that
ex —3 T i lim E(O’Oo) ex —3 ot i
PAUTR Lo )]~ e Taree PP 0 ()

lim E<2+2U> [(w(TZ/K A\ t)) _V—1/2‘|

oo atz/k 0,+Z/I€

—v—1/2
_ < (2+2v)
N (/ﬁa—i—z) P‘”Z/“ [TZ/H<OO]

B ( Py )1/—1/2
o ra + 2 '

where v := V24 + x2 /25 and P{*"" denotes the distribution of a Bessel process of dimension 2 + 2v.

In the last line, we used the fact that, for b > ¢, P\*™ [T, < oo] = (¢/b)?" (see [RY99, Chapter XIJ).
Putting all this together, we obtain that the intensity of & is

Lo, (t)dt A d where A 712%71 >1
z, = = 1.
O 22 V24K 4k

Step 2. Let Y, d(,,-,) be a Poisson random measure with intensity dt Az~ 2dz. Then, by the re-
striction property of Poisson random measures, foralle > 0, Y, ;- ¢, -,) 1 {2, <<} is a Poisson random
measure with intensity dt \z"?1,<.} dz. By a theorem of Shepp? [She72], we obtain that the random

set
U (tks th + 21)
keK : zp<e
is a.s. equal to R. As a result, the set

U etr+2)

2k <e, 0<tK <y

a.s. contains [¢,y]. Because the point measure ), . d(, ) 1{o<t, <y} has the same law as & under
Po(;y’oo)(dw) P, (dw), we find that, Po(;y’oo)(dw) Py (dw) a.s., for all rational € > 0, the set [—y, —¢] is

contained in _
Cov. = U (w(uj) - m(J),w(uj)) .
je€J :m<e

2We use here the fact that A > 1, ensuring that R is covered with “small” intervals. See in particular the remark on high
frequency coverings in [SheZ72, Section 5].
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Chapitre 6. Proofs using the Brownian snake

Now, let us assume that A is not empty, and let us take s € A. By Lemmal6.4] s ¢ {;, i € I}. Asa
result, there exists > 0 such that WT > WS forall v € [s,I¢,—y]. In particular, for all j € J such that
[uj,vi] C [¢s —n,Cs), we have w(u;) —mU) > W, = w((s). As (s = inf{t : w(t) = w(¢s)}, we can find a
rational ¢ > 0 satisfying w({s) < w(¢s —n) — e < —e.

Let j € J be such that m() < . If uj < (s — 1, then w(u;) — m > w(Cs—n) —e > w(() If
uj € [Cs —n, (s], we already observed that w(u;) —mY) > w(¢,). Finally, if u; > (s, then w(u;) < w((s).
In all cases, w((s) ¢ (w(u;) — mY) w(uj)). We found a point w({s) € [y, —¢] that does not belong to
Cov.. This can only happen with probability 0.

Similar arguments show that the set B is ?é;y’oo) (dw) Py, (dw) a.s. empty, where we write ?f)jj”“”

the pushforward of PO(;y’OO) under w — W = (w({(w) — $))o<s<c(w)- This entails that B is also

ﬁan(dw) P, (dw) a.s. empty, and, by time-reversal, W — w(z) has under Pf, (dw) the same distribu-
tion as w, so that the result also holds Py . (dw) P, (dw) a.s. We leave the details to the reader. O

We may now proceed to the proof of Lemmal5.7l We define
Iéa) =inf{s > a : (s = b}.
Proof of LemmaB.ZL As above, we start by working under Py, (dw) Py, (dw) with £ < /3.
Step1. The first step consists in treating the left-increase points of ¢. To do so, we will use the Markov

property of the Brownian snake and “insert” rational numbers in order to be able to apply the previous
lemmas. Let b € [0, z]. Because the process

(o)~ w0, o,y (W0 Doz ),y )

has under Py, (dw) Py, (dw) the law ng;b(dw) Py, (dw), we see by Lemmal[6.5] that the set

Ab = {s € IPrignt ((WS)OSSSII;) PG =Co=nf{t 2 b :w(t) = w(Cs)}}

is Py ,.(dw) Py (dw) a.s. empty. Similarly, for b € [0,z], ¢ > b, and a, the Markov property shows that
the process

((Wa(b 1) = Wa®) oy (W (0 D)ozesc oy, —b) ., Sléa)fléaﬂ

has under F§, (dw)Py(dw | a < I, {, < b, ¢ < () the law P¢™(dw) Py, (dw). (Beware that here
the factor x does not appear.) As a result, Lemmas [6.4] and [6.5] successively show that, on the event
{a < Iy, {, < b, c <}, the sets

C(I;,c = {5 € IPTight ((Ws)léa)gsgléa)) N IPright(C) : Cs = inf C}

[as]

and
Abe = {s € IPyighs ((WS)Iéa)SSSI,Ea)) (o =inf (=inf{t > b : W,(¢t) = Wa((s)}}

[a,s]

are Py, (dw) P, (dw) a.s. empty. As a result, we obtain that Py, (dw) P, (dw) a.s., for all rational values
of a, b, and ¢, these sets are empty.

Now, if the set IP.f; ((g“s)ogsgo) NIP,ight ((Ws)Ogsglo) is not empty, let s be a point lying in it.
Let us first suppose that ; = (,. By Lemma we know that s ¢ {a;,7 € I}. This implies that
Cs € IPjesi(w). As local minimums of Brownian motion are distinct, we can find a rational b € [0, (]
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6.4. Proof of Lemmal5.10)

such that ¢, = inf{t > b : w(t) = w((s)}, and s € Ap. Otherwise, (s > (,. As s € IP;.s:((), we can
find a rational a € [0, s) such that {, > (s and (, = inf[, 4 (. If s € IP.i4n:(¢), we can find rationals
b€ (¢,,¢)and ¢ € ((s,(,) so that s € C2¢. If s & IP,;gn(¢), then (s € IP;ep(W,). We can then find
rationals b and ¢ such that s € A%°.

Summing up, we obtain that the set IP;. ¢ ((g“s)ogsgo) NIP,ignt ((Ws)Ogsglo) is P&K(dw) Py, (dw)
a.s. empty. By a similar argument, we show that the set IP;. s, ((Cs)ogsgo) NIPge e ((Ws)ogsglo) is also
F§ . (dw) Py (dw) a.s. empty.

Step 2. We now use a time-reversal argument under N,, to treat the right-increase points of . By
translation, the quantity

A= Ny (IPleft((Cs)Ogsgé) N IP((WS)OSSSE) 7£ @)
does not depend on y. Using the Poissonian decomposition of the excursions of ¢ — {, we see that,
F§ . (dw) as.,
0 =P (IPrcsr((Co)osacsy ) NIP((Walosassy ) # @) =1 —e 274,

so that A = 0. Note that a priori we only have an inequality, because some left-increase points of
(Cs)o<s<1, may well lie outside of the set U;cr(cy, 8;]. Using time-reversal under N,, we find that
IPrigne ((Cs)ogsge) N IP((W\S)OSSQ) is also N, a.e. empty. As announced at the beginning of this sec-
tion, we re-obtained here [LGP08, Lemma 3.2]. It is then easier to deal with right-increase points of
(¢s)o<s<1,, because they all lie in U;er[a;, B;): using once again the Poissonian decomposition of the
excursions of ¢ — ¢, we find (for any w € K)

Pw (IPright((gs)Ogsglo) N IP((/W\S)OSSSIU) 7é @) =1- 672C(w)A =0.

Putting it all together, we showed that IP((Cs)ogsgm) N IP((Ws)ogsgo) is Py, (dw) P, (dw) as.
empty. Using the fact that the distribution of (w(s))o<s<s—e under B is absolutely continuous with
respect to the distribution of (w(s))o<s<o—e under Pg;%(dw), we obtain that, B(dw) Py, (dw) a.s., for

all rational ¢ € (0,0), we have IP((Cs)IU%gsglo) N IP((/WS)IFESSQO) = @. Standard properties
of Brownian motion show that, P, a.s. 0 ¢ IP(¢) and inf.c(9 o)ng lo—= = 0, so that B(dw) P, (dw)
a.s. IP((CS)Ogsg 10) N IP((W\S)Ogsg 10) = . Using another absolute continuity argument and the
fact that 1 ¢ IPleft(W) (because 0 ¢ IP(w)), we conclude that [, B(dw)PY, (dw) a.s. IP((Cs)ogsg1> N
IP((/V[Z)OSSQ) = @. This completes the proof. O

6.4 Proof of Lemmal5.10l

As explained in the proof of Lemma Lemma is a consequence of the following two lemmas,
which we state here directly in terms of the Brownian snake. We will use a strategy similar to that
of Section[6.2land derive these lemmas from similar statements under N,, namely [LG07, Lemma 2.4]
and [LG10, Lemma 6.1]. We call .# the Lebesgue measure on R.

Lemma 6.6. Let w € K. P9, a.s., for every n > 0, for all z € [0,1] and all | < r such that,
4 either 0 <1 <r < wand § = ¢, = inf} 4 ¢,
$orx<l<r<land( =( =inf, .,

the condition infy; W < Wl — n implies that

NP = = = = €
hlan_}éﬁg Q.Z({SG (7]« W <Wi—n+e; Yy € [Q, ), Waupti<s: ci=y} >VVI*77+§}) > 0.
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Chapitre 6. Proofs using the Brownian snake

Lemma 6.7. For every p > 1 and every 6 € (0, 1], there exists a constant ¢, 5 < oo such that, for every € > 0,

1 p
0 o~ Py 4p—4
/CB(dw) Eu [(A L, cminosrcs Whte} ds) } S gt

Proof of Lemma By an absolute continuity argument, it is sufficient to show the result under P,
(while replacing 1 with Iy). By [LG07, Lemma 2.4], the result holds under Ny (while replacing 1 with /),
and we may extend it to the case [ = 0, » = £ as follows. Let us suppose that there exists > 0 such

that inf(g 4 W < —nand liminf. g e 2% (A.) = 0, where

9
As = {56[076] W <-n+eE; VyE[O gs] sup{t<s Ct= }>777+ g}

In terms of tree, we are going to look at the ancestral lineage of the point with minimum label. By cut-
ting this line sufficiently close to the root, we will create a subtree that contradicts [LGO7 Lemma 2.4].
We call s* € (0,1) the (unique) point where W reaches its minimum. As z WSUP{KS. Ci=2) 18
continuous, we can find zy > 0 such that

sup Wsup{tgs’ (Ce=z} <
0<2<20
We take z € (0, z9] such that | := sup{t < s* : (; = z} is a local minimum of {, z € (0,1) such that
¢ = inf[, ;) ¢, and finally 7 = inf{t > s* : {; = z}. Then this pair ([, r) satisfies the hypothesis of the
lemma for ' :=n + Wl > 0, but not the conclusion, as the set

9
{sellr) s W < Wo—f &5V € [0, Wanpgesorcumy > Wi =1 + 5 |

is contained inside A, as soon as
e TS €
oégfgz Wanpfrse :ci=yr > —1+ 5
which happens for ¢ small enough.

We conclude by saying that, under P,,, if the numbers [, 7, z, and 7 satisfy the hypothesis but not
the conclusion, then there exists an i € I such that, either (I,7) = («;, 5;), in which case 0, 8; — «;, and
n also satisfy the hypothesis but not the conclusion for the process (¢ O} W(i)), orl—a;,r—oa;,xr—aq,
and 7 also satisfy the hypothesis but not the conclusion for the process (¢(), W(?)). The probability of
this event is then equal to 0, by Lemma O

We will need in the proof of Lemma [6.7] the following fact: for a stopping time T such that T < 1
P a.s., we have, for any bounded measurable function f on IC,

¢ [f ((F[%_ﬁo(t))ogth)] =, [f ((w(t))ogtST) Ph_r(w(T))

V(o) Tiw(T)>0, T<1} (6.2)

where

, T x?
pa(l') = 7@ exp (2_a>
denotes the derivative of the density of a centered Gaussian variable with variance a. This is an easy
consequence of Equation (Z.19): we write

B (550 pcozr)] = BB [ (G0 o)

[m2™]

= Jim, T, Z E[ (( ot ))ogtgrn) ]l{“*l)z’”dmgﬂf"}] ’

and apply Equation (2.19) inside the sum. We leave the technical details to the reader.
Proof of Lemmal6.Z. We fix p > 1and ¢ € (0,1].
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6.4. Proof of Lemmal5.10)

Step 1. As before, the first step is to dispose of the two conditionings. We notice that

1 Is)2 1
A L, <, 4ey 95 = A L, < ey 5+ ﬁ L, <, 40y 95

/2

10/2 1
< 1 ~ 1 ~
- A {W5<WI . +e} ds + ﬁ {Ws<miny o /a<r<1 WT-‘,-E} ds.

/2

As both terms in the previous line have the same law under [, B(dw) PY, (dw), we obtain

1 p Is/2 p
0 PN p+1 0 PN
/CB(CZ’LU) E, |:</0 H{WSSWIJrE} ds) :| <2 /CB(CZ’LU) E, {(A ]l{WsSﬂ/fngré} d8> } .

Applying (6.2), we see that

! P P, (0/2)
EO =K 1 ~ —~ o/2 1
v {(A {WS<W L Te) dS) } w {(A {Wesw,  +e} dS) (o) {10,2<1}}

152 p
< o By 1~ —~ ds) |,
=¢ KA (W<, +e} S) }

Co = SUp
7 a>0 pl( )

We then dispose of the second conditioning. By using Equation (2.18), it is not hard to see that

I, P
AB(dw) Ey {(/0 H{Wé@za/ﬁs} ds) }

where

Ip p
<V2 [ P7*(dw)E, 1~ ~ . d
= \/_A 0,k (dw) KA {(Wo<W, +e} S) } ’

where, from now on x = /3. Putting it all together, we see that it will suffice to bound the right-hand
side of this inequality.

Step 2. The second difficulty comes from the factor . Our strategy is the following. By stretching
the time by a factor x? for the process w, we obtain a standard Brownian motion, no longer rescaled.
But we have to be careful that, by doing so, we change the intensity of the Poisson point measure (6.T).
Precisely, let (X;);cr, be a sequence of i.i.d. random Bernoulli variables with mean 1/ K2, independent
from the process (6.1I). Then, the marking theorem of Poisson point measures entails that the process

> ic1 O(s2¢.. wn) has, under [, Py f(dw) P, (dw), the same distribution as the process

Zé(Ca“W(i))ﬂ{Xizl}’ under /CPO“ U/Q(d’w) ]P’w(dw).
i€l

Asaresult, writing I’ := {i € I : X; = 1}, we obtain

2 fo ’
P/ (dw) E,, Lo < 409
A 0. (dw) KA (W, <W, +<} S) }
o/2 Bl_al !
/POH dw Z/ W(")<m1n{m1nW“) ]eI}Jrs}d
i€l
/Pn /2 d’LU

Bz_aw P
Z/ W(l)<m1n{m1nW(J) ]EI’}Jrs}d
iel’

2 k2o /2 To P
<k /CPO (dw) E,, <A 1{W5<ﬁ710+s}d5> .
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—

We used in the first equality the fact that (W )o<s<1, reaches its minimum on {J,;[as, 8i], which was
proven during the proof of Lemma To obtain the last inequality, we conditioned by the event

{min{minw(j), jel} = min{minw(j), jE I}},
which happens with probability 1/x>.
Step 3. We will now use Bismut’s description of n in order to apply [LG10, Lemma 6.1]. In some

sense, the measure we have been considering so far takes into account only half of the excursion
measure Ny. We remedy to this by defining, for a > 0, the following probability measure on C(R., K)?:

P (dW?! dW?) == / P{(dw) Py, (dW )P, (dW?).
K

Under this measure, we call I} = inf{s : ((W}) =0} and IZ := inf{s : ((W2) = 0}. It will be enough
to see that

2a(c) here d,(2) = 5 | [ 1 55
SUp s <% where @,(e) = A (W2 <min Wiy )|

Let us call m := min W' A min W2. Conditioning on the event {min W' < min 2}, and then on
{I} <1, I3 < 1}, we obtain, fora < A4,

I} 12 p
D,(e) <2E {(A ]l{wslgm-ra} ds—i—A 1{W3§m+a} d5> }

9 Iy I3 P
< ——E° / 1~ ds +/ 1~ ds 12 2
(Pe(zg < 1)° K o (Wismrel T fy T{Wismie) > U“”““J

1t 12 p
(A L cmeey 45+ A H{W3<m+e}d5>

where C is a finite constant depending only on A. Using Bismut’s description of n [RY99, Theo-
rem XIL.4.7], then [LG10, Lemma 6.1], we see that

A Y4 ¥4 p
A da (I)Q(E) < Cjs Ny <A dt ]1{@<2} (A ]l{wsgmianrs} dS) > <204 C;,(S 54P75,

where ¢, ; < oo depends only on p and J. As a result, we obtain that, for Lebesgue almost every
a € (0, A], we have sup,. e’ =% ®,(¢) < co. We conclude by noticing that, for all a, b > 0, we have
oip(e) < 2P(Pyu(e) + Pp(e)). If for some A, we had sup,.e®~ 4 ® 4 () = oo, then, for all a € (0, A)
we would have sup,. e’ =% ®,(¢) = 0o or sup,.,e° *? ®4_,(c) = oo (possibly both), which would
contradict our latest observation. O

< Ca E* 1{13+13<2}} ;

6.5 Upper bound for the Hausdorff dimension of 0q7,

We may now end the proof of Theorem [1.16]

Proof of Theorem[L.16 (upper bound). Under P, we will call T, :== inf{r > 0 : (. = ((w) — z}. For
s €10, o], we set sT :=sup{t : {, = (,}. Using the same kind of reasoning as in the previous sections,
we see that it is enough to show that, for any pseudo-metric d on [0, Iy] such that

—

d(s,t) < W+ W, —2 nPiP]WT, 0<s<t<Iy,
relst,t
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we have
Py (dimy ({Ty, 0 <z < ((w)},d) <2) =1, B(dw) a.s.

We fix n € (0,1). We will cover {T,,, 0 < = < ((w)} by small open balls. Let us first bound the
distance between two points in {7, 0 < z < {(w)}. Using [LG07, Lemma 5.1] and the fact that, B(dw)
a.s., wis 1/(2 + n)-Hoélder continuous, it is not hard to see that there exists a (random) constant ¢ < co
such that, B(dw) a.s. P,, a.s.,

‘ﬁv\s —Wi| <e(de(s,t) 7, foralls,t e [0, 1], (6.3)

where
dC(Sat) =(s+¢—2 min ]Cra st € [OaIO]'

re[sAt,sVt

Let0 < z < y < ((w), and m(x,y) € [I,,T,] be such that Wm(x,y) = min
holds, we have

T T, W,. When (63)

se(

d(Ty, Ty) < Wr, + Wr, — 2Wyn(a)
< ¢ ((de(Tamla, ) 77 + (de(Ty,miz, ) )
<2e (524 2(Gue) ~ Conte)) T 64

In order to control the term (G, (z,y) — gm(w)) in the above inequality, we sort out the excursions

going “too high.” Namely, we fix € > 0, and set

1) = {z el : supg“gi) > 5}.

s>0

By Lemma the cardinality of 1(*) is under PP,, a Poisson random variable with mean

¢(w)
2/ dt Nu(r) (SHP G > 5) =2¢(w) n (Sup es > s) _ )
0 s>0

5>0 €

In particular, |I®)| < oo, P,, a.s. We call B(s,r) C [0, Iy] the open ball of radius r centered at s, for the
pseudo-metric d, and, for i € I, we call z; = {(w) — (q,. If § == 2¢ (35)1/(”’7), we claim that the set

(B(T0,.6), i e 19} U {B(Tke,é), 0<k< C(;“U)}
is a covering of {T, 0 < z < ((w)}. To see this, let us take a point y € [0, {(w)], and let us consider z :
=max{s € {0} U{a;, i € I®} : s <y}. Because T, < m(z,y) < T}, we see that (s ) —Cim(zy) <€
Then, ify — z < ¢, by (6.4), we have T, € B(T,,0). lf y — x > ¢, theny — |y/e]e < ¢,and |y/c]e > z,
80 that Gn(|y/e)e.y) = Cm(|y/eje,y) < - This yields that Ty, € B(T|y/c)c,9), by (€.4).

The (2 + n)(1 + n)-value of this covering is less than

<|](6)| + ¢(w) + 1) (25)(2+n)(1+n) <c <|](€)| + ¢(w) + 1) ghtn,

€ €
for some constant ¢/, independent of e. By Chebyshev’s inequality, we see that with IP,,-probability at
least 1 — ¢/¢(w), we have |I®)| < 2((w)/e. We conclude that, B(dw) a.s., the (2 + 1)(1 + n)-Hausdorff
content of {7, 0 < z < {(w)}is Py, a.s. equal to 0, so that dimy ({1, 0 < z < {(w)},d) < (24n)(1+n).
Finally, letting 7 — 0 yields the result. O
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O

Limite d’échelle de cartes aléatoires en genre quelconque

oD

Dans un premier temps, nous regardons les quadrangulations biparties de genre g > 1 fixé et,
dans un second temps, les quadrangulations planaires a bord dont la longueur du bord est de
I'ordre de la racine carrée du nombre de faces. Nous voyons ces objets comme des espaces métriques,
en munissant leurs ensembles de sommets de la distance de graphe, convenablement renormalisée.
Nous montrons qu’une carte prise uniformément parmi les cartes ayant n faces dans 1'une de ces
deux classes tend en loi, au moins a extraction pres, vers un espace métrique limite aléatoire lorsque n
tend vers l'infini. Cette convergence s’entend au sens de la topologie de Gromov-Hausdorff. On
dispose de plus des informations suivantes sur I'espace limite que 1’on obtient. Dans le premier cas,
c’est presque stirement un espace de dimension de Hausdorff 4 homéomorphe a la surface de genre g.
Dans le second cas, c’est presque stirement un espace de dimension 4 avec une frontiére de dimen-
sion 2, homéomorphe au disque unité de R?. Nous montrons en outre que, dans le second cas, si la
longueur du bord est un petit o de la racine carrée du nombre de faces, on obtient la méme limite que
pour les quadrangulations sans bord, c’est-a-dire la carte brownienne, et ’extraction n’est plus requise.

ﬁ U COURS DE CE TRAVAIL, nous nous intéressons aux limites d’échelle de deux classes de cartes.

Mots-clefs: cartes aléatoires, arbres aléatoires, limite d’échelle, processus conditionnés, convergence
réguliére, topologie de Gromov, dimension de Hausdorff, arbre continu brownien, espaces métriques
aléatoires.

Classification AMS: 60F17, 60D05, 57N05, 60C05.

(O£ C)

Scaling Limit of Arbitrary Genus Random Maps

[QCI0C]

address bipartite quadrangulations of fixed genus g > 1, and, in a second time, planar quadran-

gulations with a boundary whose length is of order the square root of the number of faces. We
view these objects as metric spaces by endowing their sets of vertices with the graph metric, suitably
rescaled.

We show that a map uniformly chosen among the maps having n faces in one of these two classes
converges in distribution, at least along some subsequence, toward a limiting random metric space
as n tends to infinity. This convergence holds in the sense of the Gromov-Hausdorff topology on
compact metric spaces. We moreover have the following information on the limiting space. In the first
case, it is almost surely a space of Hausdorff dimension 4 that is homeomorphic to the genus g surface.
In the second case, it is almost surely a space of Hausdorff dimension 4 with a boundary of Hausdorff
dimension 2 that is homeomorphic to the unit disc of R?. We also show that in the second case, if
the length of the boundary is little-o of the square root of the number of faces, the same convergence
holds without extraction and the limit is the same as for quadrangulations without boundary, that is
the Brownian map.

IN THIS WORK, we discuss the scaling limits of two particular classes of maps. In a first time, we

Key words and phrases: random maps, random trees, scaling limits, conditioned processes, regular
convergence, Gromov topology, Hausdorff dimension, Brownian CRT, random metric spaces.
AMS classification: 60F17, 60D05, 57N05, 60C05.
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