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Introduction

1. Think Positive: 4th Order Symmetric Tensors
- A Riemannian Approach
- A Polynomial Approach (Ternary Quartic)

2. Fast and Analytical EAP Approximation from a
4th Order Tensor

3. Geometric Features from Spherical Diffusion Functions
- Maxima Extraction
- Peak Fractional Anisotropy
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4K Stejskal-Tanner signal:

© Signal: S = Spexp (—bD) S = Spexp(=b-g’ Dg)
ADC
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Signal

TE2 > TE2 > o

4K Stejskal-Tanner signal:

© Signal: S = Spexp (—bD) S = Spexp(=b-g’ Dg)

N——
ADC
I g-Space formalism: Y
. A : . ... ®e ) ]
@ Fourier Transform: S(g’ ) _ /P(r,A)eQW-rdr PR
0 o
P(r,A): Ensemble Averate Propagator (EAP) % . _:': .

[Stejskal 1965, Callaghan 1993]
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4% Stejskal-Tanner signal (Basser 19941
o — &Xp (—bg;}ngz‘)

IX Free diffusion / Gaussian diffusion iBasser 1994]

Plr,t) = \/|D|1(47rt)3 - (‘ rT]Ztlr)

Brownian motion voxel
of water molecules

White matter /
fibers

Intra Cellular
Diffusion

% (4 ./"’\—
p Extra Cellular

Diffusion

Fibers: [Poupon Thesis]
DTI DTI
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Diffusion Tensor Imaging (DTI) /

/
Stejskal-Tanner ADC — gTDgJ Fourier
Sr—— - — q
Transform ,
"""""""" < Gaussian Gaussian )

A ' ;
S((;: ) _ P(I‘, A)627T’Lq.rdr
! 0

.
~~~~~~
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Diffusion Tensor Imaging (DTI) / )
Stejskal -Tanner ADC g Fourier ; “
Transform .
""""""""" Gau55|an CENERICT
% Radial .
; ! 2miq.r ' :
LU U U U/ 0 / Integral *.
"""""""""" Acquisition
¥ @ @ — Fast Fourier TransformJ S
P(ra)r
R R lefusmn Spectrum Imaging (DSI) /0

(=) Lengthy acquisition
(=) Strong b-values

[Callaghan 1993, Wedeen 2000]
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(" E(q) ¢,  Q-Ball Imaging (QBI)
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Acquisition g-space

0
-t

\_ Signal o
4 Diffusion Tensor Imaging (DTI) / ) P(T’&)d?‘
Stejskal-Tanner ADC — gTDg Fourier
- I es——
Transform Gaussiln
""""""""" W Gaussi
. \_ aussian
S(q,A) 2miq.r 4 Radial 7
Y U U v/ 0 / Integral *.

SR lefusmn Spectrum Imaging (DSI)

qqqqqq

N Q — Fast Fourier TransformJ J o
0

@ Function: Sphere -> Sphere (Tuch 2004]
® Angular information

@ Analytical Expression (Spherical Harmonics)
[Anderson 2005, Hess 2006, Descoteaux 2007]
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Spherical Harmonics

( E(q) ‘ Q-Ball Imaging (QBI) )
—— Funk-Radon Transfornj
> | 90
Acquisition q- spaéé """""""
\ Signal ) 00
4 Diffusion Tensor Imaging (DTI) / / P(ru)dr
Stejskal-Tanner ADC — gTDg Fourier
- I —
________ / . Transform Gaussian
- \_ Gaussian

| S(q, A) o % Radial |
| aessss———) ————— — P(I" A)B qu'rdr eesssssss—) | | —)
L N AT S | !
y Y U U Vo g k / Integral *._

........... \ Acquisition

)
i
[y
%
%
A
S
o’)
[N

)

Extrapolation

———)

Stejskal-Tanner

Generalized DTI-1

ADC = Dyj,...;,9i,Giy - - - Giy

)

High Order Cartesian Tensors

\ Higher Order Tensor

[Ozarslan 2003, 2004]
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1. Think Positive: High Order Symmetric Tensors
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( E(q) ‘ Q-Ball Imaging (QBI) )
—— Funk-Radon Transfornj
.l .., = a0
Acquisition q- spaéé """""""
\ Signal ) 00
4 Diffusion Tensor Imaging (DTI) / / P(ru)dr
Stejskal-Tanner ADC — gTDg Fourier
- I —
Transform Gaussian
"""""""""" / Gaussi
s \_ aussian

% Radial .
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Extrapolation
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Generalized DTI-

ADC = D,'1,'2_”,'kg,'1 i, - - - 9y

\ Higher Order Tensor i

2. Analytical EAP Approximation from a 4th Order Tensor
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3. Geometric Features from Spherical Diffusion Functions
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4K Research at INRIA Sophia Antipolis Méditerranée:

@ DTI with positivity constraint (tensors):

> Riemannian Metric:  Odyssée, Asclepios
[Pennec 2006, Lenglet 2006]

> Log-Euclidean Metric: Asclepios [arsigny 2006]

® Analytical QBI (high order models): Odyssée [Descoteaux 2008]
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1. Think Positive: 4th Order Symmetric Tensors
- A Riemannian Approach
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Motivation

4% Diffusion is a physical process: Positive DTI

@ Riemannian Metric: [Bachelor'os, Moakher'0s, Pennec'o6, Lenglet'06]

A(Dy, Dy) gy = 1/ tr(in2(Dy /> DDy V%))
@ Log-Euclidean Metric: [Arsigny 2006]
d(D1,Ds) 5 = Vtr({In(D;) — In(D3)}2)

48 DTI limited to Gaussian diffusion

ADC = g'Dg = gidi1 + g5das + gidss + ... 2nd order polynomial
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[Ozarslan 2003]

3 3 3
ADC = Dj jo..ju 951952 - - - G = >4 >4 n Z Djigoir 951952 - - Gi
J1=172=1 Jr=1

I Higher Order symmetric Tensors

4K Complex ADC profile

Complex ADC



Generalized DTI

[Ozarslan 2003]

ADC = Dj jo..ju 951952 - - - G = >4 >4 n Z Djigoir 951952 - - Gi
J1=172=1 Jr=1

I Higher Order symmetric Tensors

4K Complex ADC profile

Complex ADC

4 Y4 )

k = 2 (DTI) k— 4
3 3 L 3 3 3 3
> > Djj91 9 =8Dg | D DN Dy uiaiai 952955 i

J1=172=1 J1=172=1733=1j4=1
- VAN /




Generalized DTI

ADC = Dj jo..ju 951952 - - - G = >4 >4 n Z Djigoir 951952 - - Gi
J1=172=1 Jr=1

I Higher Order symmetric Tensors

4K Complex ADC profile

Complex ADC

e aY4 )

k = 2 (DTI) k=4
¢

3
Y Y D jo9inGis =& Dg (1> D N Y Djijaiaia¥is 952 95s G

)
J1=172=1 J1=17j2=1793=174=1
N AN /

® Positive ADC?

3 3 3
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\ GDTI-4: Matrix Representation

4K Isometric mapping: Matrix -> Vector

D = Dwy Dyy Dyz
D:Uz Dyz Dzz

4K Major+Minor symmetry: 4th order 3D -> 6D Matrix:

A:E:B
Wk A A
A = Az, Ayz Azz
Amy Ayy Ayz
A:cz Ayz Azz
( XX
Al’mzz
A=l 5 s

\/_Ayya:y \/_Azzxy
\/_Ayyxz
\/§Ayyyz

[Moakher 2006, Basser 20071

A.’IZ‘.’IZ‘ZZ

A'yyZZ

AZZZZ

\/§Amxmy
\/iAyyl’y
\/§Azzxy
2A$y$’y
\/_Azza;z 2A:cy:zcz
\/§Azzyz 2Amyyz

\/iAxxxz

\/ﬁAyy:ﬂz

\/§Azzmz
2Awyazz
2Aa:zwz
QA:Ezyz

\/iAa:a:yz \

\/iAyyyz
\/iAzzyz
2A5yy2
QA:chyz
2Ayzyz )

Ayyyy

A YYyzz
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4K Isometric mapping: Matrix -> Vector

i DZE.’B
D= Dyy  Dyy Dy d = \/ilz)zwy
D:L’z Dyz Dzz V2D,
V2D, _

4K Major+Minor symmetry: 4th order 3D -> 6D Matrix:

[Moakher 2006, Basser 20071

A= A= A° 4 A

TTTT A:c:cyy A:c:czz \/§Ammmy \/§Aa:xxz
TTYY Ayyyy Ayyzz \/iAyyxy \/514!/!/1'»3
A = TTZZ Ayyzz Azzzz \/§Azz:cy \/§Azzxz
% TO tal Sym m etry: \/§Aazaz:ﬂy \/§Ayyazy \/§Azzxy 2Amywy 2
\/§A$$$Z \/iAyy:ch \/§Azzxz 2Awyﬂcz QA:Bz:ch
G DTI [M Oakher 2006] \ \/§Axxyz \/§Ayyyz \/§Azzyz 2Amyyz QA:Ezyz

SN

V2hzay:

\/iAyyyz

\/iAzzyz
2‘4;1',';(/ yz
2A:chyz
2Ayzyz )
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oo \ GDTI-4: A Riemannian Approach

4K GDTI 4th order Stejskal-Tanner equation: Moakher 2006]

AN

1 S; ~
—7n (S_o> = A}y jjajs9i1 95295595, = A Ad; di = gi x g
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Aﬁ@m \ GDTI-4: A Riemannian Approach -

4K GDTI 4th order Stejskal-Tanner equation: Moakher 2006]

1. /S, ~ ~
—7n ( S@) = A}y jjajs9i1 95295595, = A Ad; di = gi x g

4X Riemannian gradient descent on Symg

N
A =AZe <_€ A2 [E (b In (go) +dTAd, ) : (didiT)} Af) A

1=1

Sl V][

Guarantees positive definiteness: ADC = dTAd; > 0

® Estimate totally symmetric: A — A®
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@ \ GDTI-4: A Riemannian Approach

4K GDTI 4th order Stejskal-Tanner equation: Moakher 2006]

1. /S, ~ ~
—7n ( S@) = A}y jjajs9i1 95295595, = A Ad; di = gi x g

4X Riemannian gradient descent on Symg

N
A =AZe <_€ A2 [E (b In (go) +dTAd, ) : (didiT)} Af) A

1=1

Sl V][

Guarantees positive definiteness: ADC = dTAd; > 0

® Estimate totally symmetric: A — A®

(=) Riemannian constraint is too strong

dTAd > 0Vvd € RS
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Rat phantom

data:
[Campbell 2005]

(a) Layout
(b),(c) GDTI -> EAP
(d) ODF-SA




9. Outline -

1. Think Positive: 4th Order Symmetric Tensors

- A Polynomial Approach (Ternary Quartic)



Motivation

4K Riemannian approach on GDTI won't permit:

( )

— ADC = ag} + bgs + cg3

OO OO o
o O O OO
S oo = OO
oSO OO o O
o OO O o O
o O O o o o

) [Barmpoutis 2009]

4K Unreachable tensors (swelling effect?)

4K Matrix representation has to be rank-defficient



vy el \ A Polynomial Approach

[Barmpoutis 2007,2009, Ghosh 2009]

4K A Homogeneous Polynomial

3 3 3 3
ADC =333 > Djipnjsja0in9i9559is = Y,  Dmnpgi" 9565

J1=172=173=1j4=1 m—+n+p=4

d% Ternary Quartics: think positive

-
Theorem (Hilbert 1888)

A non-negative real ternary quartic form f(x, y, z) is the sum of three
squares of quadratic forms.
o J




vy el \ A Polynomial Approach

[Barmpoutis 2007,2009, Ghosh 2009]

4K A Homogeneous Polynomial

3 3 3 3
ADC=3"3"3"N " D} 52j2jabi 9529595 = > Dmnpgi'gsgh =0

J1=172=173=1j4=1 m—+n+p=4

d% Ternary Quartics: think positive

4 N
Theorem (Hilbert 1888)
A non-negative real ternary quartic form f(x, y, z) is the sum of three
squares of quadratic forms.

o J

I Gram Matrix
ADC = (vIqy)’ + (vIap)? + (vqy)? = v/ QQ v =vI Gy

v =1[91.95.95, 9192, 9193, 9293)",  Q:6x3, G:Rank—3
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- Jhca \ The Ternary Quartic Approach -
[Ghosh 2009]
d% Stejskal-Tanner equation:

1 /S,
b " (S—O) = (via)’+ (v a)’ + (vigy)?
[ vvl 0 0 | [ q |
= laj,q95,q3]| 0 ww' 0 e | =QTVQ
0 0 vvl 1 [ as |
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. \ The Ternary Quartic Approach

[Ghosh 2009]
4% Stejskal-Tanner equation:
1 SZ T 2 T 2 T 2
_gln So = (viq) +(viay)” + (v qz)
[ vv! 0 0 | [ q |
= [ai,q5,q93]| 0 ww' 0 @ | =Q'VQ
0 0 vv’ 1 [ a3 _

3K Non-linear optimization:
Y /1 S; . .
VE(Q) =) (blog(so) +Q VQ) (Vi+Vv])Q
1=1

Guarantees non-negativeness: ADC >0

4% Solves the correct problem
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Real data:
[Poupon 2006]
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Results: Real Data

(81 dirs) LS SH RM TQ
Positive 181757 249263 249352 249352
Negative 67595 89 0 0

249352 estimated tensors. ADC along 81 dirs

(987 tensors) LS Rm TQ
Estimation 6s 358 102s

Time for estmating 987 tensors



- Take Home Messages -

4K Riemannian Approach : [Ghosh 2008]

® 4th order 3D tensor -> 2nd order 6D tensor
® Guarantees Positive Definiteness

(=) Solves over-constrained problem

4K A Polynomial Approach [Ghosh 2009]
® Hilbert's theorem on Ternary Quartics
@ Solves the correct problem

(=) Guarantees non-negativeness
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2. Fast and Analytical EAP Approximation from a
4th Order Tensor
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4K Fiber directions?

Complex ADC

EAP

ADC = Dy,i,..i, 9,9, - - - iy o
A f
Estimation Extrapolation
> Emm——  —
' Stejskal-Tanner Stejskal-Tanner :
Complex ADC
ADC = Di,j,...;,91, 95 - - - Gix

HARDI Acquisition Higher Order Tenson\_

g-Space

.
P

Fast

':“Fourier Transform

EAP
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[Ozarslan-2004]

/

4K Fiber directions? M
ADC = D -

iyip...ix 9iy Gip - - - Gl DTI Complex ADC

EAP

— Extrapolation | {1
ADC = D,;.1,,9; - i At Fourier Transform
HARDI Acquisition Higher Order Tensor\ ) ......... | Space \

e Extrapolation

; (=) Numerical computation
in g-space



4K Fiber directions? s *
ADC = D o

i1 i2 .. 'ik gi1 gi2 L gik Complex ADC

Estimation ;4:":.:.:.:.:.:.:.: 1
st Tnner /9 <St,w ST T
oo b 0o o R :::{Fourier Transform
HARDI Acquisition Higher Order Tenson ~— / ......... q space/

Can the EAP reconstruction
be improved?



Modified GDTI

_47T2 q2t Dmn gy gk
E(q)r = ¢ f| o - t=(A—-3) g=r1q

Radial: order-2 Angular: order-k



Modified GDTI

Radial: order-k1 Angular: order-k2

I Generalize separation of radial & angular

2 k1 m _n P
—dn?alq|" 'ty Dmnpgi" 93 95

_47T2a|q|k1—k:2t Z

E(Q)m,m — €

Drnpai a5 a5



Modified GDTI

—47‘(‘2 q 2t Dmn gmgngp

Radial: order-k1 Angular: order-k2

I Generalize separation of radial & angular

m _n P

E(Q)kk — 6_47T2at Zm+n+p=k Dmnpai”dz 43

& Homogeneous polynomial over R’ Whe@



Taylor Expansion

B(Qrr = e(-4m°at3 Dunpaitasal)
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g 2 Taylor Expansion

EQrr = o(—4m?at ) Dunpai"asay ) +2m2B(q7 +a53+43) o

o~ 27" Blai +a3+43)
B = 1m?



Taylor Expansion

m _n D

2
E(Q)kr = e(—4m%at y | Dmnpai"as a3 )+27°B(a7 +a3+03) o
o~ 27" Blai +a3+43)



Taylor Expansion =»-

m _n P

E(q)k,k — 6(_47T2atZDmnpq1 ds q3)

_ h(q)6—2w26(q3+QS+Q§)
3 Taylor expansion: hn(Q) = D1 siuwen Clis,udi 4565

n —928(a2 a2 +a2
E(q.)](g,lz — (Zis+u<n Cl,s,uQi@g) e—2m"B(q1+493+43)

N
Polynomial



EAP Approximation

2 2, 2, 2
Cl,s,uqﬁngg w e 27 B(ai+a5+a3)

3K Separable monomial
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G 7 EAP Approximation

2002, 2, 2
Cl,s,uqllngg’ X e 2T B(ai+a5+a3)

4K Separable monomial

4K Fourier Transform (1D)

—_’52

2

F{x"e 2™ }(t) = (%)nHen(t)\/%—ﬂe

& Hermite Polynomial

—1,.2,.2 .2
P(r)grflz — e 28 (7"1‘|‘7“2‘|‘7“3) %

( Z iSO g Hey(r1)Hes (Tg)Heu(r3)>

[+s+u<n



& 52 EAP Approximation

E(d)kr = e(—4m"at ) | Dinnpai”a545)
_ 772 2 2 2
E@)i) = (1 euen i q3qy) e 2 Plaitatas)
P(I‘)l(gflz — 6;—5(T%—|—r§—|—7“§) X

( Z l—|—s—|—uC Suﬂel(rl)HeS(rg)Heu(T?)))
Jstu
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Ik Symbolic computation + code generation (Maple)

pdf = -std::pow(0.3141592654e1, 0.3el / 0.2e1) * (-0.35e2 (double) (16 * std::abs(b) * M(3,
(double) (8 std::abs(b) * M(2, ©O)) + (double) (16 * std::abs(b) * M(4, 4)) + (double) (8
ptd"ab51b M(O, 2)) - std::pow(vX[O], O0.4el) - 0.2e1 * std::pow(vX[O], O.2e1) std: :pow(vX[2],
.2el) + 8 (double) std::abs(b) * (double) M(1, O) * std::pow(vX[O], O.2el) crpow(vX[1],
). 2e1) + (double) std::abs(b) * (double) M(O, 1) * std::pow(vX[O], .2el) crpow(vX[1],
.2el) + (double) std::abs(b) * (double) M(2, 3) std: :pow(vX[O], L2 ) ¥ std::pow(vX[1],
':el) - (double) std::abs(b) * (double) M(O, O) * std::pow(vX[O], .2e1) - O0.8el *
(double) * (double) M(1, O) * std::pow(vX[O], O.2e1) - 0.8el ( ) std::abs(b) *
(double) ) Y std::pow(vX[O], O0.2e1) - 0.2e1 * std::pow(vX[O], O.2e1)] rpow(vX[1], ©O.2e1)
+ 0. 8el (0. 2e1) * vX[2] * vX[O] * (double) std::abs(b) * (double) M(1l, 4) std: :pow(vX[1],
el) 8 sqrt(0.2e1) * vX[2] * (double) std::abs(b) * (double) M(1l, 5) std: :pow(vX[1],
* wX[2] * vX[O] * (double) std::abs(b) * (double) M(5, 3) * std::pow(vX[1l], O.2e1l)
(double) std::abs(b) * (double) M(32, 3) * std::pow(vX[D], ©O.2e1) + 0.14e2 * std::pow(vX[1],
- std::pow(vX[1l], O.4el) - 0.24e2 * sqrt(0.2e1) * vX[O] * (double) std::abs(b) * (double)
v vwX[1] + O0.821 * sqrt(o. ;el) * vX[O] * (double) std::abs(b) * (double) M(1, 3) *
rrpow(vX[1], ©O.3el) 0.24e2 * sqrt(0.2e1) * vX[O] * (double) std::abs(b) * (double) M(3, 1) *
0.821 * sqrt(0.2e1) * vX[O] * (double) std::abs(b) * (double) M(3, 1) * std::pow(vX[1],
.82l * sqrt(0.2e1) * vX[2] * vX[1] * (double) std::abs(b) * (double) M(O, 5) *
po~|»}[ﬂ] 0.2el) 'lw, ¥ sqrt(0.2e1) * vX[2] * (double) std::abs(b) * (double) M(4,
0.1622 * vX[2] * »A[l] * (double) std::abs(b) * (double) M(3, 4) * std::pow(vX[O],
* sqrt(0.2e1) * vX[1] * (double) std::abs(b) * (double) M(O, 3) * std::pow(vX[O],
2 * sqrt(o.2 E vX[O] + 0. 8e
vX[1l] * (double)

nw.ooCc

—

OO

e

)
el) * vX[1] * (double) std::abs(b) * (double) M(O,
) std::abs(b) * (double) M(3, O) * std::pow(vX[O], O.3 ) - 0.24e2 *
vX[1l] * (double) std::abs(b) * (double) M(3, O) * vX[O] + (double) (8 ::abs(b) *
(double) (8 * std::abs(b) * M(2, 1)) + (double) (16 * std::abs(b) * M(5, )) + (double) (24
std::abs(b) * M(O, ©O)) + (double) (24 * std::abs(b) * M(1, 1)) + (double) (24 * std::abs(b) * M(2,
2)) + tdoublen (3 * ,td absubl * M(1, O)) + (double) (8 :abs(b) * M(O, 1)) - 0.821 * (double)

. h <

S Complled C-code
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IK Multi-tensor model with diagonal:

1390, 355, 355] x 10~6 mm?2/s

I8 Complementary information

¥ ewRun
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Synthetic Dataset - 2
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Synthetic Dataset - 2

2562 vertices
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8.2, | Synthetic Dataset-2 =
4K G-DTI with EAP approximation
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1oNsS

gradient
Irect
[Anwander-2008]

d
4K b = 1000s/mm~2

4K 3T Siemens

K 60

=
(0
—
2
=
S
=
=
L

e

» & wn PR

DO S C

vieD o u

=

a

<5

v

*
<
>
<
2
<
*
e
é
£

"

SIS

k3032 ¢f

we o

w0 08 35
L)
Ld Y SN APWE
w er R ) & ¢
» % @

Ve sor

PO E N PR ey s

.
.

g&!‘
" yt’;l
S Athena




g\«\!ﬂ“%
S Athena

.'u' ‘ |

T

. @ -
(L S

N e
> ":“\‘ A LN

":“ oL e

' - e~
o ") .Q‘.‘\).k‘

l\)"t "...'.‘.

\.l e .0”@:¢.\§‘-¢.

69 e Gy (AOQ(‘

oL anik




s@!ﬂ“%
»Athena

a8

>
)

vowr

SR

3

-
~
g
-
=
’
3

b
2
2
@
4
2
3
>

OO




. Take Home Messages -

S 7 Athena

[Ghosh 2010]

4% Full EAP recovered

x

Closed-Form approximation

¥ Efficient implementation

(=) Polynomial approximation can cause
negative values
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3. Geometric Features from Spherical Diffusion Functions
- Maxima Extraction
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i Context

Diffusion NMR
and MRI

Phenomenological < ----------------------------------------- > q space Formalism'
Approach d

Ca rtesian
Tensors

Complex ADC Positive Geometric Features
ADC Modelling from Spherical Diffusion
Functions &
Tractography

EAP Approximation




Motivation

SR,
| g
£ T ‘

# Athena
4% Spherical Functions play a central role in Diffusion MRI

Jx DTI Spherical Function: Diffusion Ellipsoid

d

48 Geometric Characteristics:

@ Spectral Decomposition

(Fast & Easy) Tractography
l/ Fractional Anisotropy

Other scalars (biomarkers)
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(=) DTI has limitations in regions with fiber-crossings

IK Other Spherical Functions (SF) in dMRI:

@ Orientation Distribution Function (ODF)

@ Fiber Orientation Density (FOD)

@ PASMRI/MESD Spherical Harmonic
(SH) Basis

@ DOT, ADC ... etc...

(=) Geometric Characteristics? Maxima, minima ...?



Q-Ball Imaging

I ODF-Tuch: [Tuch Thesis]
©.@)
U () :/ P(ra)dr
0
I ODF-Solid Angle: .
w LTI e
WA (i1) = / P(rir?dr 5, esacs
(True marginal distribution)
[Wedeen 2000, Aganj 2010, Vega 2010]

N
4% Spherical Harmonics: U(0,¢) =Y 2mPy;(0)c; Y;(6, )

[Descoteaux 20071 =1 },
J




4% Stationary Points (extrema) of a Spherical Function (SF)

Homogeneous Polynomial (HP) representation

Constrained Optimization formulation

4 System of HPs

Categorize extrema: maxima, minima, saddle-points

Principal curvatures at extrema: K1 K2



g\i\ww%

g = 1. Change of Basis

v
>

I 3 equivalent bases to represent a SF:

Spherical Function (SF)

/ ! \

Spherical Harmonic Symmetric Tensor Homogeneous Polynomial
basis basis with constraint basis with constraint

S

Compute stationary points —— Extract maxima
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1. H.P. Representation

crna

42 SH basis to Tensor basis: « / Ao ogi s gi | Yi(0,6)a02
MK s )

Spherical Function

MA
(SH Transform)

— C

4K Tensor basis to HP basis:

_ E A % R 2 R 2
Aj1j2---jdgjlgj2 P A’LlZQZBgl do 93
11+i2+i3=d

(Re-ordering of terms)

X ODFasaHP: Pex=lnoeel)=" >  Aiuueyeres

(Ilx[l2 = 1) ir-+iz+ig=d
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. 2. Constrained Optimization

I& Non-linear Polynomial optimization:

F(x,A) =P(x) = A([[x[3 = 1).
(Lagrange Multipliers)

3 System of HPs: VF: §5 =0F = 0F — x| —1=0

I Polynomial system solver: Finds all extrema

(Find all real roots)
[Mourrain 2009]



[Mourrain 2009]

d

I Convert HP to p(z) =) eB(w;a,0)
i=0
(exact arithmetic) (in the interval [a,b])

.
Theorem (Descartes Rule 1D)

The number of real roots of p(x) in la,b[ is bounded by the number V(c) of sign

changes of ¢ = (¢;);=0..4, and is equal modulo 2.(exclusion test V(c)=0 no roots
N\ J

o

4K Analytically bracket / Numerically refine roots

I< ALL real roots (extrema) found by exclusion
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G = 3. Bordered Hessian

S *Athena

82F 82F 891 agm
Ox10x1 e 0x10x, 0x1 e ox1 \

9% F 9% F 9g1 Agm
0x,0x1 T 0x, 0T, oxn, T oxn,

H(m—l—n) X (m+n) [F(X7 A)] —

991 991

8%1 e o o axn 0 e o o O

Ogm Ogm )

\ Y= O 0 ... 0
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o 3. Bordered Hessian

£ 7 B
& =
S Athena

9% F 9°F 091 OGm
( Ox10x1 T 0x10x,, o0z T o0x1 \
0°F 9°F g1 OGm
0x,0x1 T 0x, 0T, oxn, T oxn,
H(m+n)><(m—|—n) [F(X, )\)] = H[F(x,\)]nxn %COI straint,, «n
991 991
8:61 e o o 8:6"/1/ O e o o O
Ogm Ogm )
K 8$1 e o o 6xn O e o o O

0-padding,, «xm

a% constraint,, x»
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3.B

ordered Hessian

S Athena

T XTr
0°F : 9°F 991 Ogm rXm
( Ox10x1 T 0x10x, ox1 T ox1 \
.""""8.2.F .............. :' 82F :'"8:91"""""""""8'9',’:’:1’ _____
0x,0x1 T 0x, 0%, oz, T oxn,
H(m+n)x(m—|—n) [F(X, )\)] = HIF(x,A\)]nxn %Constraintmxn
1l
991 991
5 D 0 . 0
: : : : : m XxXm
9gm 9gm )
K o D 0 . 0
m X r A constraint,, xp, 0-paddingm xm

4K Maximum: (D)™ [P > 0 r=m+1,..n,

Minimum:

(=1)"[H [P )]

> 0 (m=1n=3)
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Glyph-colour: red: high anisotropy, blue: low anisotropy

Lines: thick-green: Maxima, thin-blue: Saddle points, green: Minima.

a) 1-fiber b) 2-fibers c) 3-fibers
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Synthetic Data
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Evaluate the ODF Estimation -

(Synthetic data)

& How good was the estimation?

@® Take ground truth directions {di} and generate signal
® Estimate ODF-Ts from signal
@ Compute maxima of ODF-Ts: {d'}

® Compute (F= ODF as HP): ||[VF(d)|| &

|VE(d)||: estimation : maxima
error extraction error
ang(d,d )° |VF(d)|] |VF(d)|]
1 VvV 11 A\Y4 1m V

1-Fib 0.01 | 4.22e-05 | 2.07e-11 | 1.5e-21 | 4.9e-04 | 9.17e-08
2-Fibgge || 0.025 | 3.85e-05 | 5.58e-11 | 1.76e-21 | 3.6e-03 | 2.48e-06

M = mean, v = variance

I Noise-free 100 simulations (each)




/

Atﬁena

o

(Human brain data)

: HP maxima ~ ||VF(d )||: Discrete mesh search
error (DS) maxima error

Comparison of error in Discrete Search method (DS)
vs the HP Method

|VE(d)]

Decrease of error in DS '
with an increase in mesh points

== Mean Error in HP Method
B Mean-Error in DS

oo

=
o
1

Mean error + log(Variance)

= N W s OO N 0 O
]

21 81 321 1281 5121
Number of mesh points (axis in log-scale)
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[Anwander 2007]
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[Anwander 2007]
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3. Geometric Features from Spherical Diffusion Functions

- Peak Fractional Anisotropy



Extrema Curvatures s

[Bloy 2008]

dK ODF in Cartesian coordinates:

& Form-lI: e f g

Form-Il: E, F, G
L P o
4% Principal Curvatures: = 1_K2
eg — f?
S e v = H4+VH?2-K
g - G-2AF+eE H-—\H? - K

2(EG — F?)



T Peak Fractional Anisotropy

& Compute bio-marker from SFs (ODF) using geometric
characteristics

K1 R9 //%I ”/{‘5
A,
3X Ellipsoidal: - FA
Peak FA A A
/61 /432

Ik ODF Peak FA:
(Tuch & SA)

@ = FA

(Analytical ODF model)
FA(Ay(k1, k2, F), Ay (K1, k2, F), Ay (K1, ko, F))

24-3
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Peak Fractional Anisotropy

‘Athena
4K ODF-Tuch: Up =+ [
PFA-T Ae Ty A
Ri= 20 Ry = ZX:\—QC5 F= \/éx—m
3
ODF-SA: Uoy = 1 1
PFA-SA YT R <Ki+3<§+ii>
__ 4mAy(3A. —2A.) __ _ 4wA.(3A, — 24,)

AR, Aor/ALR,

A3/2

dm\/AGA A,

N
4K Total PFA: TotalPFA = Y F; - PFA,.

1=1



Results: PFA s

(b)

Colour coded DTI Colour coded ODF-T Colour coded ODF-SA
eigenvector main-maximum main-maximum
weighted by FA weighted by PFA-T weighted by PFA-SA



g &2 \ Results: Total-PFA -

Total-PFA No. Maxima

Green: single fiber, Red: multiple fibers, Orange: multiple "fibers",
high anisotropy high anisotropy low anisotropy
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Total-PFA

Results

> Athena
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- Take Home Messages s

[Ghosh 2008b, Ghosh2011]

IS Maxima extraction from ANY kind of spherical
function

48 ALL maxima are found

4K Peak Fractional Anisotropy (PFA): a new bio-marker

x Extend Streamline & Tensorline tractography to
any spherical function with maxima-extraction

@® PFA as a stopping criterion in tractography?
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> Tt Conclusion & Perspectives

>

O

[Ghosh 2008, Ghosh 2009]

2z Generalized DTI: Higher Order Cartesian Tensors (HOTSs)
Positive Diffusion Constraint

® 3D 4th Order tensors -> 6D 2nd Order tensors
Riemannian metric for symmetric positive definite
matrices

4 Positive-definiteness; solves constrained problem

o PoI%/nomiaI Interpretation of HOTs
Hilbert's theorem on Ternary Quartics

48 Positive-semi-definiteness; solves correct problem

dx Analytical approximation of EAP from HOTSs

® Closed-form formulation

@ Efficient implementation [Ghosh 2010]



Conclusion & Perspectives

[Ghosh
dx Geometric Features from Spherical Diffusion functions

® All maxima found from any

@ Peak Fractional Anistropy (P

2008b, Ghosh 2011, Ghosh 2011b]

<ind of spherical function

FA): a new bio-marker

@ Streamline & Tensorline tractography for any kind of

spherical function

@ Alternate Cartesian tensor (& coordinates) approach

Cartesian Fourier Transform

@ Cartesian descriptors: Kurtosis, Cumulants...
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Tractography

L Athena

4k DTI Streamline: @ ODF Streamline:
tractography (sasser 2000 tractography
d d
") _ b(s) = ae(s), ) g (E(). 2(0) = s (0
/ s) / s)

61_(@)) // Nmaz{Tr(S0)) /—l//ﬁem'n(r(si))




Tractography

J; DTI Tensorline: [Weinstein 1999, Lazar 2003]

Vout = fe1 + (1= f)((1 = g)Vin + gD Vi)
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J" Athena Tra Ctog ra p hy

J; DTI Tensorline: [Weinstein 1999, Lazar 2003]
Vout:f€1+(1_f) Vin
® ODF Tensorline:

Vout = fne,... + (1 — f)Vin

I Euclidean interpolation

Ik 0.5mm step-length
I Stopping Criterion: 0.87mm Radius of Curvature



@ 2 Results: DTI Tractography

Streamline Tensorline

seeds: Corpus Callosum




@ 2 Results: ODF-SA Tensorline

seeds: Corpus Callosum
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- Jinat Results: ODF-SA Tensorline

blue: Cortico-Spinal Tract
green: Superior Longitudinal Fasciculus
red: Corpus Callosum




Fiber Cup Phantom

[C. Poupon et al. 2008]
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[C. Poupon et al. 2008]
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Fiber Cup Phantom

[C. Poupon et al. 2008]
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- St \ Fiber Cup Phantom

[C. Poupon et al. 2008]
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