❇❡❝❛✉s❡ add ♠❛② ♠♦❞✐❢② ❛♥② ♣♦✐♥t❡r ♦❢ t❤❡ ❤❡❛♣ H✱ ✐♥❝•✉❞✐♥❣ x✱ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✐s ♥♦t ♣r♦✈❛❜•❡✿ ∀x, H, H ′ , H ′′ . H ′ = store(H, x, 0) ⇒ select(H ′′ , x) = 0 ❍❡r❡✱ H ✐s t❤❡ ❤❡❛♣ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❢✉♥❝t✐♦♥ f✱ H ′ ✐s t❤❡ ❤❡❛♣ ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x✱ ❛♥❞ H ′′ ✐s t❤❡ ❤❡❛♣ ❛❢t❡r t❤❡ ❝❛•• t♦ add✳ ❇❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤✐❝❤ ♣♦✐♥t❡rs add ♠❛② ❛ss✐❣♥✱ ✇❡ ❦♥♦✇ ♥♦t❤✐♥❣ ❛❜♦✉t H ′′ ✳ ❚♦ ❡♥s✉r❡ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❢♦r f ✐s ♣r♦✈❛❜•❡✱ ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② ✇❤✐❝❤ ♣♦✐♥
♥t t♦ ❦♥♦✇ t❤❛t ♦♥•② t❤❡ •♦❝❛t✐♦♥s ♦❢ t❤❡ ❢r❛♠❡ ♠❛② ❜❡ ♠♦❞✐✜❡❞✳ ❚❤❡ assigns ❝•❛✉s❡ ✐s ❛♥♦t❤❡r ✐♥st❛♥❝❡ ♦❢ ❛ ❢r❛♠❡✱ ✉s❡❞ ✇❤❡♥ ❛♣♣•②✐♥❣ ❛ ❢✉♥❝t✐♦♥✳ ❲❤❡♥ ✇❡ ❛♣♣•② ❢✉♥❝t✐♦♥ add ❛❜♦✈❡✱ ✇❡ ❦♥♦✇ t❤❛t ♦♥•② t❤❡ ❢r❛♠❡ s♣❡❝✐✜❡❞ ❜② t❤❡ assigns ❝•❛✉s❡ ♠❛② ❜❡ ♠♦❞✐✜❡❞ ❜② add✳ ■♥ •♦❣✐❝s ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❢r❛♠❡s s✉❝❤ ❛s s❡♣❛r❛t✐♦♥ •♦❣✐❝ ❬|❡②♥♦•❞s✵✷(✱ ❞②♥❛♠✐❝ ❢r❛♠❡s ❬❑❛ss✐♦s✵✻( ♦r r❡❣✐♦♥❛• •♦❣✐❝ ❬❇❛♥❡r•❡❡✵✽(✱ ❢r❛♠❡ r✉•❡s st❛t❡ t❤❛t ✐❢ t❤❡ ❍♦❛r❡ tr✐♣•❡ {P }C{Q} ✐s ✈❛•✐❞✱ ✐❢ C ♦♥•② ♠♦❞✐✜❡s ❢r❛♠❡ f ❛♥❞ ✐❢ R ♠❡♥t✐♦♥s ♥♦ •♦❝❛t✐♦♥ ♦❢ f ✱ t❤❡♥ t❤❡ ❍♦❛r❡ tr✐♣•❡ {P ∧ R}C{Q ∧ R} ✐s ✈❛•✐❞ ❛s ✇❡••✳ ✷✳✹✳✸ ❈♦♠♣♦♥❡♥t✲❛s✲❆rr❛②✿ ❖♥❡ ❆rr❛② P❡r ❋✐❡•❞ ❚❤❡ ❇✉rst❛••✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ❬❇♦
/ * @ ensures select( * h, p).first == select(\old( * h), p).first + 1 * / { * h = store( * h, p, setfirst(select( * h, p), select( * h, p).first + 1)); * h = store( * h, p, setsecond(select( * h, p), select( * h, p).second + 1)); } ✇❤❡r❡ pairarray✱ select ❛♥❞ store ❢♦r♠ t❤❡ ❛rr❛② t❤❡♦r② ✇✐t❤ t②♣❡ pointer ❢♦r ✐♥❞❡①❡s ❛♥❞ t②♣❡ pair ❢♦r ✈❛•✉❡s✱ ❛♥❞ ✇❤❡r❡ setfirst ❛♥❞ setsecond r❡t✉r♥ ❛ ♥❡✇

pair ✇✐t❤ ✜❡•❞ first ♦r second✱ r❡s♣❡❝t✐✈❡•②✱ ❜❡✐♥❣ ❝❤❛♥❣❡❞ t♦ t❤❡ ❣✐✈❡♥ ✈❛•✉❡✳ ❱❛r✐❛❜•❡ h ❞❡♥♦t❡s t❤❡ ❤❡❛♣✳ ❚♦ ♣r♦✈❡ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t setsecond ❞♦❡s ♥♦t ♠♦❞✐❢② ✜❡•❞ first✳ ❯s✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ❛♣♣r♦❛❝❤✱ ✇❡ tr❛♥s❢♦r♠ t❤✐s ♣r♦❣r❛♠ ✐♥t♦ t❤❡ ❢♦••♦✇✐♥❣✿
/ * @ ensures select( * rij, i) = select(\old( * rij), i) + 1 && select( * rij, j) = select(\old( * rij), j) + 1 && select( * rk, k) = select(\old( * rk), k) + 1 * / { * rij = store( * rij, i, select( * rij, i) + 1); if (i != j) * rij = store( * rij, j, select( * rij, j) + 1); * rk = store( * rk, k, select( * rk, k) + 1); } 

❛♥❞ ❤❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✱ s•✐❣❤t•② r❡✲❛rr❛♥❣❡❞ t♦ ❛✈♦✐❞ t❤❡ ❞✉♣•✐❝❛t✐♦♥ ❞✉❡ t♦ t❤❡ if st❛t❡♠❡♥t✿ ∀r ij , r ′ ij , r ′′ ij , r k , r ′ k , i, j, k. r ′ ij = store(r ij , i, select(r ij , i) + 1) ∧ i = j ⇒ r ′′ ij = store(r ′ ij , j, select(r ij , j) + 1) ∧ i = j ⇒ r ′′ ij = r ′ ij ⇒ select(r ′′ ij , i) = select(r ij , i) + 1 ∧ select(r ′′ ij , j) = select(r ij , j) + 1 ∧ select(r ′ k , k) = select(
■♥ ✐ts ♦r✐❣✐♥❛• ♣r❡s❡♥t❛t✐♦♥ ❬❇❛r♥❡tt✵✹❜(✱ t❤❡ ❙♣❡❝★ ♠❡t❤♦❞♦•♦❣② ✐s ✐♠♣•❡♠❡♥t❡❞ ✐♥ ❛ ♣✉r❡•② ❞②♥❛♠✐❝ ✇❛②✿ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♦♣❡♥ ♦r ❝•♦s❡❞ st❛t❡ ♦❢ ♦❜•❡❝ts ✐s ❛❞❞❡❞ ❛s ❛♥ ❛❝t✉❛• ✜❡•❞✱ ♥❛♠❡❞ inv✱ ✐♥ ❡✈❡r② ♦❜•❡❝t✳ ❚❤❡ inv ✜❡•❞ ❝❛♥ ❤❛✈❡ t❤r❡❡ st❛t❡s✿ open✱ closed ♦r committed ✶ ✳ ■❢ inv ✐s open✱ t❤❡♥ t❤❡ ♦❜•❡❝t ✐s ♦♣❡♥❀ ✐❢ inv ✐s closed✱ t❤❡♥ t❤❡ ♦❜•❡❝t ✐s ❝•♦s❡❞ ❛♥❞ ✐s ♥♦t ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ ♦❜•❡❝t❀ ✐❢ inv ✐s committed✱ t❤❡♥ t❤❡ ♦❜•❡❝t ✐s ❝•♦s❡❞✱ ❛♥❞ ✐s ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ ♦❜•❡❝t✳ ✶ ❚❤❡ ♦r✐❣✐♥❛• ♣r❡s❡♥t❛t✐♦♥ ❬❇❛r♥❡tt✵✹❜( ❛❝t✉❛••② ✉s❡s t✇♦ ❜♦♦•❡❛♥ ✜❡•❞s✿ inv ✇❤✐❝❤ st❛t❡s ✇❤❡t❤❡r t❤❡ ♦❜•❡❝t ✐s ❝•♦s❡❞✱ ❛♥❞ committed ✇❤✐❝❤ st❛t❡s ✇❤❡t❤❡r t❤❡ ♦❜•❡❝t ✐s ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ ♦❜•❡❝t✳ ▼♦r❡♦✈❡r✱ inv ✐s ❛❝t✉❛••② ❛ ❝•❛ss ♥❛♠❡✳ ❆•• ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❝•❛ss ♦❢ inv ❛♥❞ ✐ts ❛♥❝❡st♦rs ❤♦•❞✳ ❚❤✐s ✜❡•❞ ❝❛♥ t❤❡♥ ❜❡ r❡❢❡rr❡❞ t♦ ✐♥ t❤❡ ♣r♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥✱ ✐♥ ♣❛rt✐❝✉•❛r ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ t❛❦❡s ❛♥ ❛r❣✉♠❡♥t x ❝❛♥ r❡q✉✐r❡ x.inv t♦ ❜❡ closed ♦r committed ✐❢ t❤❡ ❢✉♥❝t✐♦♥ r❡q✉✐r❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x t♦ ❤♦•❞✳ ❲❤❡♥ ❝❛••✐♥❣ f✱ ✐t ✐s ✉s✉❛••② ❡❛s✐❡r t♦ s❤♦✇ t❤✐s t❤❛♥ t♦ s❤♦✇ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ❤♦•❞s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝❛••❡r ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❦♥♦✇ ✇❤❛t t❤❡ ✐♥✈❛r✐❛♥t ❛❝t✉❛••② ✐s✳ ❆ pack ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❤❛♥❣❡ t❤❡ st❛t❡ ♦❢ ❛♥ ♦❜•❡❝t ❢r♦♠ open t♦ closed✳ ❚❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♦❜•❡❝t ❜❡✐♥❣ ♣❛❝❦❡❞ ♠✉st ❜❡ ♣r♦✈❡♥ ❜❡❢♦r❡✳ ❚❤✉s✱ ✐❢ x ♦✇♥s ♦♥❡ ✜❡•❞ f✱ pack x ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s✿
♠✐ss✐♦♥s ❛♥❞ |❡❣✐♦♥s ❆♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✐s ♣♦✐♥t❡r ❛•✐❛s✐♥❣✳ ■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣•❡✱ ✇❤❛t ✐❢ malloc r❡t✉r♥❡❞ t❤❡ s❛♠❡ ♣♦✐♥t❡r✱ ✐✳❡✳ t❤❡ s❛♠❡ ♠❡♠♦r② ❛❞❞r❡ss✱ t♦ ❜♦t❤ x ❛♥❞ y ❄ ❚❤❡♥ ✇❡ ✇♦✉•❞ ❤❛✈❡ t✇♦ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ s❛♠❡ ♠❡♠♦r② ❝❡••✳ ❆❢t❡r t❤❡ free(x) ♦♣❡r❛t✐♦♥✱ ❜♦t❤ ♣♦✐♥t❡rs x ❛♥❞ y ✇♦✉•❞ ❜❡ ❢r❡❡❞ ❛♥❞ s❤♦✉•❞ ♥♦ •♦♥❣❡r ❜❡ r❡❛❞ ♦r ✇r✐tt❡♥✳ ❇✉t ♣❡r♠✐ss✐♦♥ y ✇♦✉•❞ st✐•• ❜❡ ❛✈❛✐•❛❜•❡✱ ❛♥❞ t❤✉s y ❝♦✉•❞ st✐•• ❜❡ ❛❝❝❡ss❡❞✱ ✇❤✐❝❤ ✐s ✉♥s❛❢❡✳ ❙♦ ✇❡ r❡q✉✐r❡ t❤❡ •❛♥❣✉❛❣❡ t♦ ❡♥s✉r❡ t❤❛t ❡✐t❤❡r ❛•✐❛s❡s ♥❡✈❡r ❤❛♣♣❡♥✱ ♦r t❤❡② ❛r❡ ❝♦♥tr♦••❡❞✳ ❖♥❡ ✇❛② ♦❢ ❝♦♥tr♦••✐♥❣ ❛•✐❛s❡s ✐s t♦ ✉s❡ r❡❣✐♦♥s✳ ❲❡ ❛•r❡❛❞② ✐♥tr♦❞✉❝❡❞ r❡❣✐♦♥s ✐♥ ❙❡❝✲ t✐♦♥ ✷✳✹✳✹ t♦ ❝♦♥tr♦• ❛•✐❛s✐♥❣ ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳
♥s ♦♥ r❡❣✐♦♥s t♦ ❡♥❝♦❞❡ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ✐♥t♦ ❛ ♣✉r❡•② ❢✉♥❝t✐♦♥❛• •❛♥❣✉❛❣❡✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❜❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s ❞❡♥♦t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✈❛r✐❛❜•❡s✱ ❛♥❞ ❜❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s ❛r❡ ❝❛♣❛❜•❡ ♦❢ ❢♦••♦✇✐♥❣ ❝❤❛♥❣❡s ♦❢ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✱ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❛❝t✉❛••② r❡♣r❡s❡♥t t❤❡ ❦♥♦✇•❡❞❣❡ ♦❢ t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ✈❛r✐❛❜•❡✳ ❚❤❡ tr❛♥s•❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦♥❡ ✇❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ ❛♥❞ ❡①t❡♥❞s ✐t t♦ ❤❛♥❞•❡ ❛•✐❛s✐♥❣✳ ❚❤✐s ✐s ❞♦♥❡ ❜② r❡♣r❡s❡♥t✐♥❣ r❡❣✐♦♥s ❛s ❢✉♥❝t✐♦♥❛• ♠❛♣s ❢r♦♠ •♦❝❛t✐♦♥s t♦ ✈❛•✉❡s✳ ❊❛❝❤ t✐♠❡ ❛ ♣❡r♠✐ss✐♦♥ ✐s ♣r♦❞✉❝❡❞✱ ❛ ♥❡✇ ♠❛♣ ✐s ♣r♦❞✉❝❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♥❡✇ ✈❛•✉❡ ♦❢ t❤❡ r❡❣✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡ r❡❣✐♦♥ ♦❢ x ✐s r✱ t❤❡ ❛ss✐❣♥♠❡♥t✿ x = 1;
❝♦♥s✉♠❡s t❤❡ ❡①✐st✐♥❣ ♣❡r♠✐ss✐♦♥ ♦♥ r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝✉rr❡♥t ✈❛•✉❡ ♦❢ t❤❡ ♠❛♣ r❡♣✲ r❡s❡♥t✐♥❣ r ✐s ♥♦t ✉s❡❞ ❛♥②♠♦r❡✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ♣r♦❞✉❝❡s t❤❡ ❡①❛❝t s❛♠❡ ♣❡r♠✐ss✐♦♥ ♦♥ r✳ ❚❤✐s ♥❡✇ ♣❡r♠✐ss✐♦♥ ✐s tr❛♥s•❛t❡❞ ❛s ❛ ♥❡✇ ♠❛♣ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♥❡✇ ✈❛•✉❡ r ′ ♦❢ r✳ ❙♦ t❤❡ ❛ss✐❣♥♠❡♥t ✐s tr❛♥s•❛t❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ ♣✉r❡ ♣r♦❣r❛♠✿ let r' = store(r, x, 1) in ... 

❛♥❞ s♦♠❡ ✐♥ ❣r♦✉♣ r❡❣✐♦♥ ρ 1 ✿ i .value ← i .value + ✶ j .value ← j .value + ✶ ❍♦✇❡✈❡r✱ ✇❡ •✉st s❛✐❞ ✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤ t❤❛t t❤❡ ♦♥•② ♣♦✐♥t❡rs ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❛r❡ ♣♦✐♥t❡rs ❜❡•♦♥❣✐♥❣ t♦ s✐♥❣•❡t♦♥ r❡❣✐♦♥s✳ ❚♦ ❛••♦✇ ❛ss✐❣♥♠❡♥t ♦❢ ♣♦✐♥t❡rs ✐♥ ❣r♦✉♣ r❡❣✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ ♦♣❡r❛t✐♦♥s ❛••♦✇✐♥❣ t♦ ♠♦✈❡ ♣♦✐♥t❡rs ❢r♦♠ t❤❡✐r r❡❣✐♦♥s t♦ ♦t❤❡r r❡❣✐♦♥s✳ ❚❤✐s •✉st✐✜❡s t❤❡ ♥❡❡❞ ❢♦r ♣❡r♠✐ss✐♦♥s ✐♥st❡❛❞ ♦❢ s✐♠♣•② s❡♣❛r❛t✐♥❣ r❡❣✐♦♥s ✉s✐♥❣ t❤❡✐r ♥❛♠❡s✳ ❚❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥ tr❛♥s❢❡rs ❛ ♣♦✐♥t❡r p ❢r♦♠ ❛ ❣r♦✉♣ r❡❣✐♦♥ ρ t♦ ❛♥ ❡♠♣t② r❡❣✐♦♥ σ✱ ✇❤✐❝❤ t❤❡♥ ❜❡❝♦♠❡s s✐♥❣•❡t♦♥✳ ❚❤❡ tr❛♥s❢❡r❡❞ ♣♦✐♥t❡r t❤❡♥ ❜❡•♦♥❣s t♦ s❡✈❡r❛• r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡✿ ✐ts ♦r✐❣✐♥❛• ❣r♦✉♣ r❡❣✐♦♥ ρ ❛♥❞ t❤❡ t❛r❣❡t r❡❣✐♦♥ σ✳ ❚♦ ❡♥s✉r❡ t❤❛t ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ ρ ❛r❡ ♥♦t ❛❝❝❡ss❡❞ ✇❤✐•❡ ♣♦✐♥t❡r p ✐s ❢♦❝✉s❡❞✱ r❡❣✐♦♥ ρ ✐s t❡♠♣♦r❛r✐•② ❞✐s❛❜•❡❞ ✿ ✐ts ♣❡r♠✐ss✐♦♥ ρ G ✐s ❝♦♥s✉♠❡❞ ❛♥❞ ♣❡r♠✐ss✐♦♥ σ -• ρ ✐s ♣r♦❞✉❝❡❞ t♦ r❡♣•❛❝❡ ✐t✳ P❡r♠✐ss✐♦♥ σ -• ρ ✐s ✐♥s♣✐r❡❞ ❜② •✐♥❡❛r ✐♠♣•✐❝❛t✐♦♥ ♦❢ •✐♥❡❛r •♦❣✐❝✱ ❛♥❞ ✐ts ✐♥t✉✐t✐✈❡ ♠❡❛♥✐♥❣ ✐s✿ ✐❢ ②♦✉ ❣✐✈❡ σ × ✱ ②♦✉ ❝❛♥ ❣❡t ρ G ❜❛❝❦✳ ❚♦ s✉♠ ✉♣✱ t❤❡ ❢♦••♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿ ❢♦❝✉s x : ρ ❛s σ ❛ss✉♠❡s x ❤❛s t②♣❡ [ρ]✱ ❝♦♥s✉♠❡s ρ G ❛♥❞ σ ∅ ✱ ❛♥❞ ♣r♦❞✉❝❡s σ -• ρ ❛♥❞ σ × ✳ ❚❤❡ t②♣❡ ♦❢ x ✐s ❝❤❛♥❣❡❞ ✐♥t♦ [σ]✳ ❚❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✿ ✐t t❛❦❡s ❛ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ❛♥❞ ♣✉ts ✐t ❜❛❝❦ ✐♥ ✐ts ♦r✐❣✐♥❛• r❡❣✐♦♥✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿ ✉♥❢♦❝✉s x : σ ❛s ρ ❛ss✉♠❡s x ❤❛s t②♣❡ [σ]✱ ❝♦♥s✉♠❡s σ × ❛♥❞ σ -• ρ✱ ❛♥❞ ♣r♦❞✉❝❡s ρ G ✳ ❚❤❡ t②♣❡ ♦❢ x ✐s ❝❤❛♥❣❡❞ ✐♥t♦ [ρ]✳ ◆♦ ♣
i .value ✐♥ t❤❡ incr3 ❡①❛♠♣•❡✿ •❡t r❡❣✐♦♥ ρ i : Long; ρ i ∅ , ρ 1 G , ρ 2 × ❢♦❝✉s i : ρ 1 ❛s ρ i ; ρ i × , ρ i -• ρ 1 , ρ 2 × i .value ← i .value + ✶; ρ i × , ρ i -• ρ 1 , ρ 2 × ✉♥❢♦❝✉s i : ρ i ❛s ρ 1 ; ρ 1 G , ρ 2 × ❖♥ t❤❡ r✐❣❤t s✐❞❡ ❛r❡ t❤❡ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s ❛t t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✳ ❆❞♦♣t✐♦♥ ❚❤❡ ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ tr❛♥s❢❡r ❛ ♣♦✐♥t❡r ❢r♦♠ ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✿ ❛❞♦♣t x : σ ❛s ρ ■t ✐s s✐♠✐•❛r t♦ t❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ❡①❝❡♣t t❤❛t ♣♦✐♥t❡r x ✇❛s ♥♦t ♦r✐❣✐♥❛••② ✐♥ ρ✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s σ × ❛♥❞ ρ G ✱ ❛s ♣♦✐♥t❡r x ♦❢ s✐♥❣•❡t♦♥ r❡❣✐♦♥ σ ✐s tr❛♥s❢❡r❡❞ t♦ ❣r♦✉♣ r❡❣✐♦♥ ρ✳ P❡r♠✐ss✐♦♥ ρ G ✐s ♣r♦❞✉❝❡❞✱ ❜✉t ♥♦ ♣❡r♠✐ss✐♦♥ ♦♥ σ ✐s ❛✈❛✐•❛❜•❡ ❛❢t❡r t❤❡ ❛❞♦♣t✐♦♥✿ t❤❡ r❡❣✐♦♥ ✐s ♥♦ •♦♥❣❡r ✉s❛❜•❡✳ ❆ t②♣✐❝❛• s❡q✉❡♥❝❡ ✉s❡❞ ✐♥ ❈❛♣✉❝✐♥❡ ✐s ❛••♦❝❛t✐♦♥ ❢♦••♦✇❡❞ ❜② ❛❞♦♣t✐♦♥✱ t♦ ❝r❡❛t❡ ❛ ♥❡✇ ♣♦✐♥t❡r ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥ ρ✿ •❡t r❡❣✐♦♥ σ: Long; σ ∅ , ρ G •❡t x = ♥❡✇ [σ]; σ × , ρ G
x .value ← ✻✾; 

σ × , ρ G ❛❞♦♣t x : σ ✐♥ ρ; ρ G ❆❢t❡r t❤✐s s❡q✉❡♥❝❡✱ r❡❣✐♦♥ ρ ❝♦♥t❛✐♥s ❛ ♥❡✇ Long ♣♦✐♥t❡r ♦❢ ✈❛•✉❡ 69✳ ✸✳✷ ▼♦❞✉•❛r✐t② ❯s✐♥❣ |❡❣✐♦♥ ❖✇♥❡rs❤✐♣ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s r❡❣✐♦♥ ♦✇♥❡rs❤✐♣✳ |❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ✐s s✐♠✐•❛r t♦ ♦❜•❡❝t ♦✇♥❡rs❤✐♣ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛••♦✇ ♦❜•❡❝t ✐♥✈❛r✐❛♥ts t♦ ♠❡♥t✐♦♥ ♦t❤❡r ♦❜•❡❝ts✱ ❛s ✇❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✲ t✐♦♥ ✷✳✺✳ ❍♦✇❡✈❡r✱ ✇❤✐•❡ ✇✐t❤ ♦❜•❡❝t ♦✇♥❡rs❤✐♣✱ ♦❜•❡❝ts ♦✇♥ ♦t❤❡r ♦❜•❡❝ts✱ ✇✐t❤ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ♦❜•❡❝ts ♦✇♥ r❡❣✐♦♥s✳ ■❢ ❛♥ ♦❜•❡❝t ♦✇♥s ❛ ❣r♦✉♣ r❡❣✐♦♥✱ ✐t ♦✇♥s ❛•• t❤❡ ♦❜•❡❝ts ♦❢ t❤❡ r❡❣✐♦♥✳ ❈❛♣✉❝✐♥❡ ❛•s♦ ✉s❡s ♦✇♥❡rs❤✐♣ t♦
❚❤✐s ❝•❛ss ❞❡❝•❛r❛t✐♦♥ ❝♦♥t❛✐♥s t✇♦ ♦✇♥❡❞ s✐♥❣•❡t♦♥ r❡❣✐♦♥s ρ l ❛♥❞ ρ r ✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ❢♦r ✜❡•❞s left ❛♥❞ right r❡s♣❡❝t✐✈❡•②✳ ■❢ ❣✐✈❡♥ ❛ Pair ♦❜•❡❝t✱ s❛② ❛ ✈❛r✐❛❜•❡ x ♦❢ t②♣❡ [ρ] ✇✐t❤ ρ ❜❡✐♥❣ ❛ Pair r❡❣✐♦♥✱ r❡❣✐♦♥ ❡①♣r❡ss✐♦♥s x .ρ l ❛♥❞ x .ρ r ❞❡♥♦t❡ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ x ✳ ❚❤✉s x .left ❤❛s t②♣❡ [x .ρ l ] ❛♥❞ x .right ❤❛s t②♣❡ [x .ρ r ]✳ P❡r♠✐ss✐♦♥ ρ × ❡♥❝❛♣s✉•❛t❡s ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s x .ρ l × ❛♥❞ x .ρ r × ❢♦r x ♦❢ t②♣❡ [ρ]✳ ❚♦ ❛❝❝❡ss t❤❡s❡ ♣❡r♠✐ss✐♦♥s ✇❡ ♥❡❡❞ t♦ ✉♥♣❛❝❦ x ✉s✐♥❣ t❤❡ ✉♥♣❛❝❦ ♦♣❡r❛t✐♦♥✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ρ × ❛♥❞ ♣r♦❞✉❝❡s ρ • ✱ x .ρ l × ❛♥❞ x .ρ r × ✳ P❡r♠✐ss✐♦♥ ρ • ❞❡♥♦t❡s t❤❛t ρ ✐s s✐♥❣•❡t♦♥✱ ❜✉t ✐s ❝✉rr❡♥t•② ✉♥♣❛❝❦❡❞✳ ❚❤❡ ♦♣♣♦s✐t❡ ♦♣❡r❛t✐♦♥ ✐s ♣❛❝❦✳ P❛❝❦✐♥❣ x ❝♦♥s✉♠❡s ρ • ✱ x .ρ l × ❛♥❞ x .ρ r × ❛♥❞ ♣r♦❞✉❝❡s ρ × ✳ ❋✉♥❝t✐♦♥ incrPair ❝❛♥ t❤❡♥ ❜❡ ✐♠♣•❡♠❡♥
} ❚♦ ❛ss✐❣♥ l .value ❛♥❞ r .value✱ ✇❡ ♥❡❡❞ ♣❡r♠✐ss✐♦♥s ♦♥ p.ρ l ❛♥❞ p.ρ r ✳ ❚❤✐s ✐s ✇❤② ✇❡ ✉♥♣❛❝❦ p ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❲❡ ♣❛❝❦ ✐t ❛t t❤❡ ❡♥❞ t♦ r❡st♦r❡ ♣❡r♠✐ss✐♦♥ ρ p × ✳ ❆••♦❝❛t✐♦♥ ❆••♦❝❛t✐♥❣ ❛ ♥❡✇ Pair ♣♦✐♥t❡r p ✐♥ ❛ r❡❣✐♦♥ ρ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s ρ • ✱ p.ρ l ∅ ❛♥❞ p.ρ r ∅ ✳ ■♥❞❡❡❞✱ t❤❡ ♦❜•❡❝t ✐s ♥♦t ✐♥✐t✐❛•✐③❡❞✱ ❛♥❞ s♦ t❤❡ ρ l ❛♥❞ ρ r r❡❣✐♦♥s ❛r❡ ❡♠♣t②✳ |❡❣✐♦♥ ρ ✐s st✐•• ♦♣❡♥✱ ❛s t♦ ❜❡ ♣❛❝❦❡❞ ✐t r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥s p.ρ l × ❛♥❞ p.ρ r × ✳ ❲❡ ❡①t❡♥❞ ♣❡r♠✐ss✐♦♥ ρ • t♦ ❝❛rr② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✇❤✐❝❤ ✜❡•❞s ❛r❡ ✐♥✐t✐❛•✐③❡❞✳ ❲❡ ❞❡♥♦t❡ ❜② ρ • {f 1 , • • •, f k } t❤❡ ♣❡r♠✐ss✐♦♥ st❛t✐♥❣ t❤❛t ρ ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ •♦❝❛t✐♦♥ t♦ ❛♥ ♦❜•❡❝t ✇❤♦s❡ ✜❡•❞s ❛r❡ ❛•• ✐♥✐t✐❛•✐③❡❞ ❜✉t f 1 , • • •, f k ✳ P❡r♠✐ss✐♦♥ ρ • ✐s ❛ s❤♦rt❝✉t ❢♦r ρ • {}✳ ❆ss✐❣♥♠❡♥t x .f ← e r❡♠♦✈❡s f ❢r♦♠ t❤❡ s❡t ♦❢ ✉♥✐♥✐t✐❛•✐③❡❞ ✜❡•❞s✳ ❍❡r❡ ✐s ❛ ❝♦♥str✉❝t♦r ❢♦r ❛ Pair ✿ ❢✉♥ create [ρ p : Pair ] (): [ρ p ] ❝♦♥s✉♠❡s ρ p ∅ ♣r♦❞✉❝❡s ρ p × { •❡t p = ♥❡✇ [ρ p ]; p.ρ l ∅ , p.ρ r ∅ , ρ p • {left, right} •❡t l = ♥❡✇ [p.ρ l ]; p.ρ l • {value}, p.ρ r ∅ , ρ p • {left, right} l .value ← ✵; p.ρ l • , p.ρ r ∅ , ρ p • {left, right} ♣❛❝❦ l ; p.ρ l × , p.ρ r ∅ , ρ p • {left, right} p.left ← l ; p.ρ l × , p.ρ r ∅ , ρ p • {right} •❡t r = ♥❡✇ [p.ρ r ]; p.ρ l × , p.ρ r • {value}, ρ p • {right} r .value ← ✵; p.ρ l × , p.ρ r • , ρ p • {right} ♣❛❝❦ r ; p.ρ l × , p.ρ r × , ρ p • {right} p.right ← r ; p.ρ l × , p.ρ r × , ρ p • ♣❛❝❦ p; ρ p × r❡t✉r♥ p; ρ p × } ▼♦❞✉•❛r✐t② ❖✇♥❡rs❤✐♣ ♦♣❡♥s ✉♣ ❛❜str❛❝t✐♦♥ ♣♦ss✐❜✐•✐t✐❡s✳ ■♥❞❡❡❞✱ ♦❜•❡❝ts ❡♥❝❛♣s✉•❛t❡ t❤❡✐r ♦✇♥❡❞ ♦❜•❡❝ts✳ ❋✉♥❝t✐♦♥s ✇❤✐❝❤ ❞♦ ♥♦t ❛❝❝❡ss t❤❡ ♦✇♥❡❞ ♦❜•❡❝ts ♥❡❡❞ ♥♦t ❦♥♦✇ ❛❜♦✉t t❤❡✐r ❡①✐st❡♥❝❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❢✉♥❝t✐♦♥✿ ❢✉♥ twice [ρ p : Pair ] (p: [ρ p ]) ❝♦♥s✉♠❡s ρ p × ♣r♦❞✉❝❡s ρ p × { incrPair [ρ p ] (p); incrPair [ρ p ] (p); } ❋✉♥❝t✐♦♥ twice ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❦♥♦✇ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ Pair ❛♥❞ ♦❢ incrPair ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ Pair t②♣❡ ❝♦✉•❞ ❜❡ ❛❜str❛❝t✿ ✜❡•❞s left ❛♥❞ right✱ ❛s ✇❡•• ❛s ♦✇♥❡❞ r❡❣✐♦♥s ρ l ❛♥❞ ρ r ✱ ❝♦✉•❞ ❜❡ ❤✐❞❞❡♥ ❛♥❞ ②❡t ❢✉♥❝t✐♦♥ twice ✇♦✉•❞ ♥♦t ♥❡❡❞ t♦ ❜❡ ❛❞❛♣t❡❞✳ ❙❡✈❡r❛• ♠♦❞✉•❡ s②st❡♠s ❝♦✉•❞ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❡①t❡♥❞ ❈❛♣✉❝✐♥❡ ✇✐t❤ ❛❜str❛❝t✐♦♥✿ r❡✜♥❡✲ ♠❡♥t ❛♥❞ ❢✉♥❝t♦rs ❢♦r ✐♥st❛♥❝❡ ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s✳ ❚❤❡ ❝❤♦✐❝❡ ✐s ♦rt❤♦❣♦♥❛• t♦ t❤❡ ✇♦r❦ ♦❢ t❤✐s t❤❡s✐s t❤♦✉❣❤✱ ❛♥❞ ✇❡ ✇✐•• ♥♦t ❞✐s❝✉ss ✐t ❤❡r❡✳ ✸✳✸ ■♥✈❛r✐❛♥ts ❯s✐♥❣ P❡r♠✐ss✐♦♥s ❛♥❞ ❖✇♥❡rs❤✐♣ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ♦❜•❡❝t ✐♥✈❛r✐❛♥ts✳ P❡r♠✐ss✐♦♥s ❛r❡ ✉s❡❞ t♦ tr❛❝❦ ✇❤✐❝❤ ✐♥✈❛r✐❛♥ts ❤♦•❞✱ ❛♥❞ ♦✇♥❡rs❤✐♣ ✐s ✉s❡❞ t♦ ❛••♦✇ ✐♥✈❛r✐❛♥ts t♦ ❞❡♣❡♥❞ ♦♥ ♦t❤❡r ♦❜•❡❝ts✳ P❡r♠✐ss✐♦♥s ❚r❛❝❦ ■♥✈❛r✐❛♥t ❙t❛t❡s ▲❡t✬s ✐••✉str❛t❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❝❤❛♥✐s♠ ♦♥ ❛ s✐♠♣•❡ ❡①❛♠♣•❡✿ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ❞❡✜♥❡ ❝•❛ss PosInt✿ ❝•❛ss PosInt { value: int; ✐♥✈❛r✐❛♥t value ≥ ✵; } ❚❤✐s ❝•❛ss ❤❛s ♦♥•② ♦♥❡ ✐♥t❡❣❡r ✜❡•❞ value ✇❤✐❝❤✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥✈❛r✐❛♥t✱ s❤♦✉•❞ ❛•✇❛②s ❜❡ ♣♦s✐t✐✈❡ ✭♦r ③❡r♦✮✳ ❚♦ tr❛❝❦ t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts✱ ✇❡ ✉s❡ ♣❡r♠✐ss✐♦♥s ρ • ❛♥❞ ρ × ✳ ❚❤❡② ❤❛✈❡ ❛•r❡❛❞② ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❚❤❡② ❜♦t❤ ✐♠♣•② r❡❣✐♦♥ ρ ✐s s✐♥❣•❡t♦♥✱ ❜✉t ρ • ♠❡❛♥s t❤❛t ρ ✐s ♦♣❡♥ ✇❤✐•❡ ρ × ♠❡❛♥s t❤❛t ρ ✐s ❝•♦s❡❞✳ ❯♥t✐• ♥♦✇✱ ✇❡ ♦♥•② ✉s❡❞ t❤✐s ❞✐st✐♥❝t✐♦♥ ❜❡❝❛✉s❡ ♦❢ ♦✇♥❡rs❤✐♣✳ ◆♦✇ ✇❡ ❛❞❞ ❛ ♥❡✇ ♠❡❛♥✐♥❣ t♦ ♣❡r♠✐ss✐♦♥ ρ × ✿ ✐❢ ρ × ✐s ❛✈❛✐•❛❜•❡✱ t❤❡ ♣♦✐♥t❡r ♦❢ ρ ♠✉st ✈❡r✐❢② ✐ts ✐♥✈❛r✐❛♥t✳ ■❢ ρ • ✐s ❛✈❛✐•❛❜•❡✱ t❤❡ ✐♥✈❛r✐❛♥t ♠❛② ❜❡ ❜r♦❦❡♥✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s ❝❤❡❝❦❡❞ ✇❤❡♥ ♣❛❝❦✐♥❣✳ ▼♦r❡♦✈❡r✱ ✇❡ ♥♦✇ r❡q✉✐r❡ ♣❡r♠✐ss✐♦♥ ρ • t♦ ❛ss✐❣♥ t❤❡ ✜❡•❞s ♦❢ t❤❡ ♣♦✐♥t❡r ♦❢ ρ✳ ❚❤✐s ✐s t❤❡ s❛♠❡ r❡q✉✐r❡♠❡♥t t❤❛♥ t❤❡ ♦♥❡ ✇❤✐❝❤ ✇❛s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✿ ♦♥•② ♦♣❡♥ ♣♦✐♥t❡rs ♠❛② ❜❡ ♠♦❞✐✜❡❞✱ ❛s t❤❡✐r ✐♥✈❛r✐❛♥t ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❤♦•❞✳ ❍♦✇❡✈❡r✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ s♣❡❝✐❛• state ✜❡•❞ ✇❡ ✉s❡ ♣❡r♠✐ss✐♦♥s✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣•❡ ♦❢ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❛✐♥t❛✐♥s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ PosInt ♦❜•❡❝t✿ ❢✉♥ incr [ρ: PosInt] (p: [ρ]): unit ❝♦♥s✉♠❡s ρ × ♣r♦❞✉❝❡s ρ × { ✉♥♣❛❝❦ p; ρ • p.value ← p.value + ✶; ρ • ♣❛❝❦ p; ρ × } ❇❡❝❛✉s❡ incr ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥ ρ × ✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ♠✉st ❤♦•❞ ✇❤❡♥ incr ✐s ❝❛••❡❞✳ ❇❡❝❛✉s❡ incr ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥ ρ × ✱ t❤❡ ✐♥✈❛r✐❛♥t ✐s ♠❛✐♥t❛✐♥❡❞ ❜② ❛ ❝❛•• t♦ incr ✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣•❡ ♦❢ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ PosInt ♦❜•❡❝t✱ ❜✉t ✇❤✐❝❤ ♥❡✈❡rt❤❡•❡ss ❡♥s✉r❡s t❤❡ ✐♥✈❛r✐❛♥t ❤♦•❞s ❛❢t❡r t❤❡ ❝❛••✿ ❢✉♥ abs [ρ: PosInt] (p: [ρ]): unit ❝♦♥s✉♠❡s ρ • ♣r♦❞✉❝❡s ρ × { ✐❢ p.value < ✵ t❤❡♥ { p.value ← -p.value; }; ♣❛❝❦ p; } ❇❡❝❛✉s❡ t❤✐s ❢✉♥❝t✐♦♥ ❝♦♥s✉♠❡s ρ • ✱ ❛♥❞ ♥♦t ρ × ✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❤♦•❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❍♦✇❡✈❡r✱ ✐t ❤♦•❞s ❛t t❤❡ ❡♥❞✱ ❛♥❞ t❤✐s ✐s r❡✢❡❝t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ρ × ✐s ♣r♦❞✉❝❡❞ ❜② abs✳ ❆ t②♣✐❝❛• ❡①❛♠♣•❡ ♦❢ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐♥✐t✐❛•✐③❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛♥ ♦❜•❡❝t ✐s ✐ts ❝♦♥str✉❝t♦r✱ ✐✳❡✳ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛••♦❝❛t❡s ❛♥❞ ✐♥✐t✐❛•✐③❡s t❤❡ ♦❜•❡❝t✿ ❢✉♥ create [ρ: PosInt] (i : int): [ρ] ♣r❡ i ≥ ✵ ❝♦♥s✉♠❡s ρ ∅ ♣r♦❞✉❝❡s ρ × { •❡t p = ♥❡✇ [ρ]; ρ • {value} p.value ← i ; ρ • ♣❛❝❦ p; ρ × } ❚❤✐s ❝♦♥str✉❝t♦r t❛❦❡s ❛♥ ❡♠♣t② r❡❣✐♦♥ ρ ❛♥❞ ❛♥ ✐♥t❡❣❡r i ✳ ❚❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s i t♦ ❜❡ ♣♦s✐t✐✈❡ ♦r ♥✉••✳ ❚❤❡ ❢✉♥❝t✐♦♥ r❡t✉r♥s ❛ ♥❡✇ ♣♦✐♥t❡r✱ ❛••♦❝❛t❡❞ ✐♥ r❡❣✐♦♥ ρ✱ ✇✐t❤ ✐♥✐t✐❛• ✈❛•✉❡ i ✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s t❤✉s ✈❡r✐✜❡❞✱ ❛♥❞ t❤✐s ✐s r❡✢❡❝t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ρ × ✐s ♣r♦❞✉❝❡❞✳ ◆♦t❡ t❤❛t ❛••♦❝❛t✐♦♥ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥ ρ • ✱ ❛♥❞ ♥♦t ρ × ✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ✐♥ ♦✉r s②st❡♠✳ ■♥❞❡❡❞✱ ❛••♦❝❛t✐♦♥ ❞♦❡s ♥♦t ✐♥✐t✐❛•✐③❡s ✐♥✈❛r✐❛♥ts✳ ❆♥ ♦❜•❡❝t ♦❢ ❛ ❣r♦✉♣ r❡❣✐♦♥ ✐s ❛•✇❛②s ❝•♦s❡❞✳ P❡r♠✐ss✐♦♥ ρ G st❛t❡s t❤❛t ❛•• ♦❜•❡❝ts ♦❢ ρ ✈❡r✐❢② t❤❡✐r ✐♥✈❛r✐❛♥t✳ ❖✇♥❡rs❤✐♣ ❊①t❡♥❞s ■♥✈❛r✐❛♥t ❊①♣r❡ss✐✈❡♥❡ss ■❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛♥ ♦❜•❡❝t A ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛•✉❡ ♦❢ ❛♥ ♦❜•❡❝t B✱ t❤❡♥ B s❤♦✉•❞ ♥♦t ❜❡ ♠♦❞✐✜❡❞ ✇✐t❤♦✉t ❝❤❡❝❦✐♥❣ t❤❛t t❤❡ ♠♦❞✲ ✐✜❝❛t✐♦♥ ❞♦❡s ♥♦t ❜r❡❛❦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A✳ ❆s ✇❡ ❤❛✈❡ ❛•r❡❛❞② ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱ ♦✇♥❡rs❤✐♣ ✐s ❛ ♠❡❛♥s t♦ ❛❝❤✐❡✈❡ ❡①❛❝t•② t❤✐s ❣♦❛•✿ ✐❢ A ♦✇♥s B✱ ❛♥❞ ✐❢ t❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞✲ ♦•♦❣② ♣r❡✈❡♥ts B ❢r♦♠ ❜❡✐♥❣ ♠♦❞✐✜❡❞ ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A ✐s s✉♣♣♦s❡❞ t♦ ❤♦•❞✱ t❤❡♥ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A ❝❛♥♥♦t ❜❡ ❜r♦❦❡♥✳ ■♥ ❈❛♣✉❝✐♥❡✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ❝•❛ss ♠❛② ♦♥•② ❞❡♣❡♥❞ ♦♥ ✜❡•❞s ✇❤✐❝❤ ❛r❡ tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② t❤❡ ❝•❛ss✳ ❆ ✜❡•❞ ✐s tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ ❝•❛ss ✐❢ ❡✐t❤❡r ✐t ✐s ❛ ✜❡•❞ ♦❢ t❤❡ ❝•❛ss✱ ♦r ✐t ✐s t❤❡ ✜❡•❞ ♦❢ ❛♥ ♦❜•❡❝t ✇❤✐❝❤ ✐s ✐♥ ❛ r❡❣✐♦♥ ♦✇♥❡❞ ❜② t❤❡ ❝•❛ss✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ❛ ❝•❛ss C ♦✇♥s ❛ r❡❣✐♦♥ r ♦❢ ❝•❛ss C ′ ✱ ✐❢ C ❤❛s ❛ ✜❡•❞ f ♦❢ t②♣❡ [r ]✱ ❛♥❞ ✐❢ C ′ ❤❛s ❛ ✜❡•❞ g✱ t❤❡♥ C tr❛♥s✐t✐✈❡•② ♦✇♥s f .g ❛♥❞ ✐ts ✐♥✈❛r✐❛♥t ♠❛② t❤✉s ❞❡♣❡♥❞ ♦♥ f .g✳ ❚❤❡♥ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ s②st❡♠ ♦❢ ❈❛♣✉❝✐♥❡ ♣r❡✈❡♥ts ✐♥✈❛r✐❛♥ts ❢r♦♠ ❜❡✐♥❣ ❜r♦❦❡♥ ✉♥❡①♣❡❝t❡❞•②✳ ■♥❞❡❡❞✱ t♦ ♠♦❞✐❢② ❛♥ ♦❜•❡❝t B ♦✇♥❡❞ ❜② ❛♥ ♦❜•❡❝t A✱ ✇❡ r❡q✉✐r❡ t❤❡ ♦♣❡♥ ♣❡r♠✐ss✐♦♥ ρ b • ♦♥ t❤❡ r❡❣✐♦♥ ρ b ♦❢ ♦❜•❡❝t B✳ ❇✉t t❤✐s ♣❡r♠✐ss✐♦♥ ❝❛♥ ♦♥•② ❜❡ ❛✈❛✐•❛❜•❡ ✐❢ A ❤❛s ❜❡❡♥ ✉♥♣❛❝❦❡❞ ✜rst✱ ❛♥❞ t❤✉s ✐❢ ♣❡r♠✐ss✐♦♥ ρ a • ♦♥ t❤❡ r❡❣✐♦♥ ρ a ♦❢ ♦❜•❡❝t A ✐s ❛✈❛✐•❛❜•❡✳ ❚❤✉s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A ✐s ♥♦t ❡①♣❡❝t❡❞ t♦ ❤♦•❞ ✇❤❡♥ B ❝❛♥ ❜❡ ♠♦❞✐✜❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ •❡t✬s ❛❞❞ ❛♥ ✐♥✈❛r✐❛♥t t♦ ❝•❛ss Pair ✿ ❝•❛ss Pair { s✐♥❣•❡ ρ l : Long, ρ r : Long; left: [ρ l ]; right: [ρ r ]; ✐♥✈❛r✐❛♥t left.value < right.value; } ❚❤❡ ✐♥✈❛r✐❛♥t ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ value ✜❡•❞ ♦❢ t❤❡ left ❛♥❞ right ✜❡•❞s✱ ✇❤✐❝❤ ❛r❡ ♦✇♥❡❞ ❜② t❤❡ Pair ✱ s♦ t❤❡ ✐♥✈❛r✐❛♥t ✐s ✈❛•✐❞✳ ❆s ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥❡✇ r❡q✉✐r❡♠❡♥t t❤❛t ♣♦✐♥t❡rs s❤♦✉•❞ ❜❡ ♦♣❡♥ ❜❡❢♦r❡ t❤❡✐r ✜❡•❞s ❛r❡ ♠♦❞✐✜❡❞✱ ✇❡ ❤❛✈❡ t♦ r❡✇r✐t❡ incrPair ✿ ❢✉♥ incrPair [ρ p : Pair ] (p: [ρ p ]) ❝♦♥s✉♠❡s ρ p × ♣r♦❞✉❝❡s ρ p × { ✉♥♣❛❝❦ p; p.ρ l × , p.ρ r × , ρ p • •❡t l = p.left; p.ρ l × , p.ρ r × , ρ p • ✉♥♣❛❝❦ l ; p.ρ l • , p.ρ r × , ρ p • l .value ← l .value + ✶; p.ρ l • , p.ρ r × , ρ p • ♣❛❝❦ l ; p.ρ l × , p.ρ r × , ρ p • •❡t r = p.right; p.ρ l × , p.ρ r × , ρ p • ✉♥♣❛❝❦ r ; p.ρ l × , p.ρ r • , ρ p • r .value ← r .value + ✶; p.ρ l × , p.ρ r • , ρ p • ♣❛❝❦ r ; p.ρ l × , p.ρ r × , ρ p • ♣❛❝❦ p; ρ p × } ❆s ②♦✉ ❝❛♥ s❡❡✱ ❜❡❢♦r❡ ♠♦❞✐❢②✐♥❣ p.left.value✱ ✇❡ ❤❛✈❡ t♦ ✉♥♣❛❝❦ p.left✱ ❛♥❞ ❜❡❢♦r❡ ✉♥♣❛❝❦✐♥❣ p.left ✇❡ ❤❛✈❡ t♦ ✉♥♣❛❝❦ p✳ ❙♦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❤♦•❞ ❜❡❢♦r❡ t❤❡ ♣❛❝❦ p ✐♥✲ str✉❝t✐♦♥✳ ■♥ ❢❛❝t✱ t❤✐s ✐♥✈❛r✐❛♥t ❝❛♥ ❜❡ t❡♠♣♦r❛r✐•② ❜r♦❦❡♥ ✐❢ p.left.value = p.right.value -✶ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❇✉t t❤❡ ✐♥✈❛r✐❛♥t ✐s r❡✲❡st❛❜•✐s❤❡❞ ❜❡❢♦r❡ p ✐s ♣❛❝❦❡❞ ❛♥❞ ✐ts ✐♥✈❛r✐❛♥t ✐s r❡q✉✐r❡❞ t♦ ❤♦•❞ ❛❣❛✐♥✳ ✸✳✹ ❊①❛♠♣•❡s ✸✳✹✳✶ ❇♦✉♥❞❡❞ ❆rr❛②s ❆s ❛ ✜rst ❡①❛♠♣•❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s ❞❛t❛ str✉❝t✉r❡ ✐♥ ❈❛♣✉❝✐♥❡✳ ❇♦✉♥❞❡❞ ❛rr❛②s ❛r❡ ❛rr❛②s ♦❢ ❝♦♥st❡♥t •❡♥❣t❤✳ Pr❡✲❝♦♥❞✐t✐♦♥s ♣r❡✈❡♥t r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣ ♦✉ts✐❞❡ ♦❢ t❤❡ ❛rr❛②✳ ▲♦❣✐❝ ❆rr❛②s ❋✐rst ✇❡ ❞❡✜♥❡ •♦❣✐❝ ❛rr❛②s ✐♥ ❈❛♣✉❝✐♥❡✳ ❚❤✐s ✐s t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✶✳ ❍❡r❡ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❈❛♣✉❝✐♥❡ ❝♦❞❡✿ t②♣❡ larray (α)
•♦❣✐❝ store (a: larray (α), i : int, v : α): larray (α) (ρ, a, setcontents(get(ρ, a), store(contents(get(ρ, a) 

•♦❣✐❝ select (a: larray (α), i : int): α ❛①✐♦♠ selectEq: ∀a: larray (α). ∀i : int. ∀v : α. select(store(a, i , v ), i ) = v ❛①✐♦♠ selectNeq: ∀a: larray (α). ∀i : int. ∀j : int. ∀v : α. i = j ⇒ select(store(a, i , v ), j ) = select(a, j ) ❚❤✐s ❝♦❞❡ ✐••✉str❛t❡s ❤♦✇ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s •♦❣✐❝ t②♣❡ ❞❡❝•❛r❛t✐♦♥s ✉s✐♥❣ t❤❡ t②♣❡ ❦❡②✇♦r❞✱ •♦❣✐❝ ❢✉♥❝t✐♦♥s ❞❡❝•❛r❛t✐♦♥s ✉s✐♥❣ t❤❡ •♦❣✐❝ ❦❡②✇♦r❞ ❛♥❞ ❛①✐♦♠❛t✐③❛t✐♦♥s ♦❢ t❤❡♠ ✉s✐♥❣ t❤❡ ❛①✐♦♠ ❦❡②✇♦r❞✳ ❚❤✐s ❛••♦✇s t❤❡ ✉s❡r t♦ ✐♥tr♦❞✉❝❡ ♥❡✇ ♣✉r❡ t②♣❡s ✉s✐♥❣ ✜rst✲♦r❞❡r •♦❣✐❝ ❛①✐♦♠❛t✐③❛t✐♦♥s✳ ❍❡r❡✱ ❛rr❛②s ❛r❡ ♣♦•②♠♦r♣❤✐❝✿ t❤❡ α ❛r❣✉♠❡♥t ♦❢ t②♣❡ larray ✐s ❛ t②♣❡ ♣❛r❛♠❡t❡r ❛s ✐♥ ▼▲✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ ❈•❛ss ❉❡✜♥✐t✐♦♥ ❲❡ ♥♦✇ ❞❡✜♥❡ ♠✉t❛❜•❡ ❜♦✉♥❞❡❞ ❛rr❛②s ✐♥ ❈❛♣✉❝✐♥❡✳ ❆ ❜♦✉♥❞❡❞ ❛rr❛② ✐s ❛ r❡❢❡r❡♥❝❡ t♦ ❛ •♦❣✐❝ ❛rr❛② ❛♥❞ ❛ s✐③❡✳ ❝•❛ss array (α) { length: int; contents: larray (α); ✐♥✈❛r✐❛♥t length ≥ ✵ } ❚❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t t❤❡ s✐③❡ ♦❢ ❛♥ ❛rr❛② ✐s ❛•✇❛②s ♣♦s✐t✐✈❡ ♦r ♥✉••✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ ❈r❡❛t✐♦♥ ❋✉♥❝t✐♦♥ arrayCreate r❡t✉r♥s ❛ ♥❡✇ ❜♦✉♥❞❡❞ ❛rr❛②✳ ■t t❛❦❡s ❛ r❡❣✐♦♥ ❛r❣✉♠❡♥t ρ ✐♥ ✇❤✐❝❤ t❤❡ ♥❡✇ ❛rr❛② ✇✐•• ❜❡ ❝r❡❛t❡❞✱ ❛♥❞ ❛♥ ✐♥t❡❣❡r size ✇❤✐❝❤ ✇✐•• ❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❛rr❛②✳ ❢✉♥ arrayCreate [ρ: array (α)] (size: int): [ρ] ❝♦♥s✉♠❡s ρ ∅ ♣r♦❞✉❝❡s ρ × ♣r❡ size ≥ ✵ ♣♦st r❡s✉•t.length = size { •❡t res = ♥❡✇ array (α) [ρ]; res.length ← size; r❡t✉r♥ res } ❆s t❤❡ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡ st❛t❡s✱ r❡❣✐♦♥ ρ ♠✉st ❜❡ ❡♠♣t② ❜❡❢♦r❡ t❤❡ ❝❛•• ❛♥❞ ✐s s✐♥❣•❡t♦♥ ❛❢t❡r✳ ■♥❞❡❡❞✱ ✐♥ ❈❛♣✉❝✐♥❡ ♣♦✐♥t❡rs ❛r❡ ❛••♦❝❛t❡❞ ✐♥ ❡♠♣t② r❡❣✐♦♥s✱ ✇❤✐❝❤ t❤✉s ❜❡✲ ❝♦♠❡ s✐♥❣•❡t♦♥✳ ◆♦t❡ t❤❛t ✇❡ ♦♠✐tt❡❞ t❤❡ ♣❛❝❦ res st❛t❡♠❡♥t✱ ✇❤✐❝❤ ✐s ✐♥❢❡rr❡❞ ❜② ❈❛♣✉❝✐♥❡ •✉st ❜❡❢♦r❡ t❤❡ r❡t✉r♥ st❛t❡♠❡♥t✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ |❡❛❞✐♥❣ ❋✉♥❝t✐♦♥ arrayGet t❛❦❡s ❛ ❜♦✉♥❞❡❞ ❛rr❛② a ✐♥ ❛ r❡❣✐♦♥ ρ ❛♥❞ ❛♥ ✐♥❞❡① i ✱ ❛♥❞ r❡t✉r♥s t❤❡ ✐t❡♠ st♦r❡❞ ❛t ✐♥❞❡① i ✿ ❢✉♥ arrayGet [ρ: array (α)] (a: [ρ], i : int): α ❝♦♥s✉♠❡s ρ × ♣r♦❞✉❝❡s ρ × ♣r❡ ✵ ≤ i ∧ i < a.length ♣♦st r❡s✉•t = select(a.contents, i ) { r❡t✉r♥ select(a.contents, i ) } ❚❤✐s ❢✉♥❝t✐♦♥ r❡t✉r♥s t❤❡ st♦r❡❞ ✈❛•✉❡ ✉s✐♥❣ •♦❣✐❝ ❢✉♥❝t✐♦♥ select✳ ❋✉♥❝t✐♦♥ arrayGet ❛•s♦ r❡q✉✐r❡s t❤❡ ✐♥❞❡① i t♦ ❜❡ ✐♥s✐❞❡ t❤❡ ❛rr❛②✳ ❚❤✐s ✐s ❤♦✇ ✇❡ ♠♦❞❡• ❛rr❛② ❜♦✉♥❞ ❝❤❡❝❦s✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ ❲r✐t✐♥❣ ❙✐♠✐•❛r•② t♦ t❤❡ arrayGet ❢✉♥❝t✐♦♥✱ arraySet ❡♥❝❛♣s✉•❛t❡s •♦❣✐❝ ❢✉♥❝t✐♦♥ store ❢♦r ❜♦✉♥❞❡❞ ❛rr❛②s✿ ❢✉♥ arraySet [ρ: array (α)] (a: [ρ], i : int, v : α): unit ❝♦♥s✉♠❡s ρ × ♣r♦❞✉❝❡s ρ × ♣r❡ ✵ ≤ i ∧ i < a.length ♣♦st a.contents = store(a.contents❅♣r❡, i , v ) ∧ a.length = a.length❅♣r❡ { ✉s❡ ✐♥✈❛r✐❛♥t a; ✉♥♣❛❝❦ a; a.contents ← store(a.contents, i , v ); ♣❛❝❦ a; } ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ length ✜❡•❞ ❤❛s ♥♦t ❝❤❛♥❣❡❞✳ ❚❡r♠ t❅♣r❡ ✐s t❡r♠ t ❛t ♣♦s✐t✐♦♥ ♣r❡✱ ✇❤✐❝❤ ✐s t❤❡ ♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ■t ✐s t❤✉s t❤❡ ✈❛•✉❡ ♦❢ t ❜❡❢♦r❡ t❤❡ ❝❛••✳ ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛•s♦ st❛t❡s ❤♦✇ contents ✐s ♠♦❞✐✜❡❞✳ ❙t❛t❡♠❡♥t ✉s❡ ✐♥✈❛r✐❛♥t a r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥ ρ × ✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ r❡q✉✐r❡❞ ❜② ❢✉♥❝t✐♦♥ arraySet✱ ❛♥❞ ✐♥tr♦❞✉❝❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ a ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❍❡r❡✱ t❤❡r❡ ❛r❡ t✇♦ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✿ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t✳ ■♥❞❡❡❞✱ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t ❣❡♥❡r❛t❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♥❡✇ a ❛s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✳ ❚♦ ♣r♦✈❡ t❤✐s ✐♥✈❛r✐❛♥t ✭s✐③❡ ✐s ♣♦s✐t✐✈❡ ♦r ♥✉••✮ ✇❡ ✉s❡ t❤❡ ❤②♣♦t❤❡s✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t ✭s✐③❡ ✇❛s ♣♦s✐t✐✈❡ ♦r ♥✉••✮✳ ✸✳✹✳✷ ❇♦✉♥❞❡❞ ❆rr❛②s✿ Pr♦♦❢ ❖❜•✐❣❛t✐♦♥s ❲❡ ♥♦✇ s❤♦✇ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s ❡①❛♠♣•❡ t♦ ❣✐✈❡ ❛♥ ✐♥t✉✐t✐♦♥ ♦❢ ✇❤❛t t❤❡ ✉s❡r ❤❛s t♦ ♣r♦✈❡ ❛♥❞ ✇❤❛t t❤❡ ♠❡♠♦r② ♠♦❞❡• •♦♦❦s •✐❦❡✳ |❡❣✐♦♥s✱ ▲♦❝❛t✐♦♥s ❛♥❞ ❖❜ •❡❝ts ❲❡ ✉s❡ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✷✳✹✳✹ t♦ ♠♦❞❡• r❡❣✐♦♥✳ |❡❣✐♦♥s ❛r❡ ❡♥❝♦❞❡❞ ❛s ♠❛♣s ❢r♦♠ •♦❝❛t✐♦♥s t♦ ♦❜•❡❝ts✳ ❚❤❡✐r t②♣❡ ✐s region (α) ✇❤❡r❡ α ✐s ❛ t②♣❡ ♣❛r❛♠❡t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t②♣❡ ♦❢ ♦❜•❡❝ts✱ ✇❤✐❝❤ ✇❡ ✇✐•• ❤✐❞❡ ✐♥ t❤✐s s❡❝t✐♦♥ t♦ ❡❛s❡ r❡❛❞✐♥❣✳ ▲♦❝❛t✐♦♥s ❛r❡ ✈❛•✉❡s ♦❢ ❛ t②♣❡ ❝❛••❡❞ location✳ ❆♥ ♦❜•❡❝t ✐s ❛ t✉♣•❡ ✇❤❡r❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜❡•❞ ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ❋✉♥❝t✐♦♥ get ✐s s✐♠✐•❛r t♦ select✱ ❛♥❞ ❢✉♥❝t✐♦♥ set ✐s s✐♠✐•❛r t♦ store✳ ❚❡r♠ get(r , p) r❡t✉r♥s t❤❡ ♦❜•❡❝t ❛t •♦❝❛t✐♦♥ p ✐♥ r❡❣✐♦♥ r ❀ ❛♥❞ set(r , p, o) r❡t✉r♥s ❛ ❝♦♣② ♦❢ r❡❣✐♦♥ r ✇❤❡r❡ t❤❡ ♦❜•❡❝t ❛t •♦❝❛t✐♦♥ p ✐s ♥♦✇ o✳ ❈❤❛♣t❡r ✹ ❢♦r♠❛•✐③❡s t❤❡ ♠❡♠♦r② ♠♦❞❡•✱ ✐✳❡✳ t❤❡ ♥♦t✐♦♥ ♦❢ r❡❣✐♦♥ ❛♥❞ ♦❜•❡❝ts✳ ❈❤❛♣t❡r ✺ ❢♦r♠❛•✐③❡s ❤♦✇ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ ❈r❡❛t✐♦♥ ❚❤❡ ✐♥❢❡rr❡❞ ♣❛❝❦ st❛t❡♠❡♥t ♦❢ ❢✉♥❝t✐♦♥ arrayCreate ❣❡♥✲ ❡r❛t❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ res ❛s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❡♥s✉r❡❞ ❜② t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❍❡r❡ ✐s t❤❡ ✭s•✐❣❤t•② s✐♠♣•✐✜❡❞✮ •♦❣✐❝ ❢♦r♠✉•❛✿ ∀ρ: region, ∀size: int, ∀res: location, size ≥ ✵ ⇒ length(get(ρ, res)) = size ⇒ length(get(ρ, res)) ≥ ✵ ❚❤✐s ❢♦r♠✉•❛ ✐s ✈❛•✐❞ ❛♥❞ ✐s s✐♠♣•❡ ❡♥♦✉❣❤ t♦ ❜❡ ❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② ♠♦st ❙▼❚ s♦•✈❡rs✳ ❲❡ ♦❜t❛✐♥ t❤❡ ♦❜•❡❝t ❛t •♦❝❛t✐♦♥ res ✐♥ r❡❣✐♦♥ ρ ✉s✐♥❣ get(ρ, res)✳ ❲❡ r❡❛❞ t❤❡ length ✜❡•❞ ♦❢ t❤✐s ♦❜•❡❝t ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛•• length✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ arrayCreate ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿ ∀ρ: region, ∀size: int, ∀res: location, size ≥ ✵ ⇒ length(get(ρ, res)) = size ⇒ length(get(ρ, res)) = size ❚❤✐s ❢♦r♠✉•❛ ✐s ✈❛•✐❞ ❛s ✇❡••✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ |❡❛❞✐♥❣ ❚❤❡r❡ ✐s ♦♥•② ♦♥❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥ arrayGet✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿ ∀ρ: region, ∀a: location, ∀i : int, ✵ ≤ i < length(get(ρ, a)) ⇒ select(contents(get(ρ, a)), i ) = select(contents(get(ρ, a)), i ) ❚❤❡ contents ❢✉♥❝t✐♦♥ r❡t✉r♥s t❤❡ ✈❛•✉❡ ♦❢ t❤❡ contents ✜❡•❞✱ ✐✳❡✳ ❛ •♦❣✐❝ ❛rr❛②✳ ❚❤✐s ❢♦r♠✉•❛ ✐s ✈❛•✐❞✳ ❇♦✉♥❞❡❞ ❆rr❛②s✿ ❲r✐t✐♥❣ ❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t ♦❢ ❢✉♥❝t✐♦♥ arraySet✿ ∀ρ: region, ∀a: location, ∀v : α, ∀i : int, ✵ ≤ i < length(get(ρ, a)) ⇒ length(get(ρ, a)) ≥ ✵ ⇒ ∀ρ ′ : region, ρ ′ = set(ρ, a, setcontents(get(ρ, a), store(contents(get(ρ, a)), i , v ))) ⇒ length(get(ρ ′ , a)) ≥ ✵ ❍②♣♦t❤❡s✐s length(get(ρ, a)) ≥ ✵ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✳ ❚❤❡ ♥❡✇ ✈❛•✉❡ ρ ′ ♦❢ r❡❣✐♦♥ ρ ✐s ❞✉❡ t♦ t❤❡ ❛ss✐❣♥♠❡♥t✳ ❋✉♥❝t✐♦♥ setcontents t❛❦❡s ❛♥ ♦❜•❡❝t ❛♥❞ ♠♦❞✐✜❡s ✐ts contents ✜❡•❞✱ •❡❛✈✐♥❣ ✐ts length ✜❡•❞ ✉♥❝❤❛♥❣❡❞✳ ❚❤✐s ✐s ♣❛rt ♦❢ t❤❡ ♠❡♠♦r② ♠♦❞❡•✱ ❛♥❞ ❛①✐♦♠s ❛r❡ ♣r♦✈✐❞❡❞ t♦ st❛t❡ t❤✐s s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt②✳ ❚❤✐s ❢♦r♠✉•❛ ✐s✱ ♦♥❝❡ ❛❣❛✐♥✱ ✈❛•✐❞ ❛♥❞ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② ♠♦st ❙▼❚ s♦•✈❡rs✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ arraySet ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ■t ❤❛s s✐♠✐•❛r ❤②♣♦t❤❡s❡s✱ ❜✉t ✐♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ t♦ ♣r♦✈❡ t❤❛t t❤❡ •❡♥❣t❤ ✐s ♣♦s✐t✐✈❡ ♦r ♥✉••✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿ ∀ρ: region, ∀a: location, ∀v : α, ∀i : int, ✵ ≤ i < length(get(ρ, a)) ⇒ length(get(ρ, a)) ≥ ✵ ⇒ ∀ρ ′ : region, ρ ′ = set
), i , v ))) ⇒ contents(get(ρ ′ , a)) = store(contents(get(ρ, a)), i , v ) ∧ length(get(ρ ′ , a)) = length(get(ρ, a)) ❚❤✐s ❢♦r♠✉•❛ ✐s ❛•s♦ ✈❛•✐❞ ❛♥❞ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② t❤❡♦r❡♠ ♣r♦✈❡rs✳ ❈♦♠♣♦♥❡♥t✲❛s✲❆rr❛② ❆♥♦t❤❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t ♦❢ ❢✉♥❝t✐♦♥ arraySet ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❢✉rt❤❡r s❡♣❛r❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐♥s♣✐r❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡• ❬❇♦r♥❛t✵✵(✿
✵ ≤ i < get(ρ length , a) ⇒ get(ρ length , a) ≥ ✵ ⇒ ∀ρ contents ′ : region, ρ contents ′ = set(ρ contents , a, store(get(ρ contents , a), i , v )) ⇒ get(ρ length , a) ≥ ✵ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ρ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ρ length ❛♥❞ ρ contents ✱ ✇❤❡r❡ ρ length ✐s ❛ ♠❛♣ ❢r♦♠ ♣♦✐♥t❡rs t♦ t❤❡ ✈❛•✉❡ ♦❢ t❤❡ length ✜❡•❞ ♦❢ t❤❡✐r ♦❜•❡❝t✱ ❛♥❞ ρ contents ✐s ❛ ♠❛♣ ❢r♦♠ ♣♦✐♥t❡rs t♦ t❤❡ ✈❛•✉❡ ♦❢ t❤❡ contents ✜❡•❞ ♦❢ t❤❡✐r ♦❜•❡❝t✳ ❚❤✐s ✈❡rs✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛①✐♦♠s st❛t✐♥❣ t❤❛t length ❛♥❞ contents ❛r❡ s❡♣❛r❛t❡❞✱ ❛♥❞ ✐s t❤✉s ♠✉❝❤ ❡❛s✐❡r t♦ ♣r♦✈❡✳ ■t ✐s ✈❛•✐❞ ❛♥❞ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••②✳ ✸✳✹✳✸ ❙♣❛rs❡ ❆rr❛②s ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐••✉str❛t❡ t❤❡ ❈❛♣✉❝✐♥❡ ❛♣♣r♦❛❝❤ ♦♥ t❤❡ ❝♦♥st❛♥t✲t✐♠❡ s♣❛rs❡ ❛rr❛②s ❝❤❛•✲ •❡♥❣❡ ♦❢ t❤❡ ❱❆❈■❉ ❜❡♥❝❤♠❛r❦s ❬▲❡✐♥♦✶✵(✳ ❚❤❡s❡ ❜❡♥❝❤♠❛r❦s ❛r❡ ❛ ❝♦••❡❝t✐♦♥ ♦❢ s❤♦rt ♣r♦❣r❛♠s ♣r♦♣♦s❡❞ ❜② ❑✳ |✉st❛♥ ▼✳ ▲❡✐♥♦ ❛♥❞ ▼✐❝❤❛➟ ▼♦s❦❛• ✇❤✐❝❤ ✐••✉str❛t❡ s♦♠❡ ♦❢ t❤❡ ❝❤❛••❡♥❣❡s ✐♥ ♠♦❞✉•❛r ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ❚❤❡② ✐♥✈♦•✈❡ ❞❛t❛ str✉❝t✉r❡s ✇✐t❤ ❛•✐❛s❡s ❛s ✇❡•• ❛s ❞❛t❛ ✐♥✈❛r✐❛♥ts✳ ❚❤❡ ❙♣❛rs❡ ❆rr❛②s ❈❤❛••❡♥❣❡ ❚❤❡ s♣❛rs❡ ❛rr❛②s ❝❤❛••❡♥❣❡ ✐s ♣♦s❡❞ ♦♥ t❤❡ ❝♦❞❡ ♦❢ ❋✐❣✉r❡ ✸✳✶✳ ■t ✐s ✇r✐tt❡♥ ✉s✐♥❣ ❛ s②♥t❛① ❝•♦s❡ t♦ ❏❛✈❛✱ ❜✉t t❤❡ ✉s❡ ♦❢ ❝•❛ss❡s ✐s ♥♦t ✐♠♣♦rt❛♥t ❛♥❞✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ❛rt✐❝•❡ ❬▲❡✐♥♦✶✵(✱ ✇❡ ❛ss✉♠❡ ❛rr❛②s ❛••♦❝❛t❡❞ ✉s✐♥❣ new ❛r❡ ♥♦t ✐♥✐t✐❛•✐③❡❞✳ ❆rr❛② ❛r❡ ♦❢ ❝♦♥st❛♥t •❡♥❣t❤✳ ❲❡ ❤❛✈❡ ❛•t❡r❡❞ t❤❡ ♦r✐❣✐♥❛• ❝♦❞❡ s•✐❣❤t•②✱ ❜② r❡♣•❛❝✐♥❣ t❤❡ ✐♠♣•✐❝✐t ❛rr❛② ❛••♦❝❛t✐♦♥ ♦❢ ❏❛✈❛ ❜② ❡①♣•✐❝✐t ❛••♦❝❛t✐♦♥s ✐♥ t❤❡ ❝♦♥str✉❝t♦r✳ ❚❤✐s ❛••♦✇s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛rr❛②s ♦❢ ❛♥② s✐③❡ sz ❣✐✈❡♥ ❛s ♣❛r❛♠❡t❡r✱ ✐♥st❡❛❞ ♦❢ ❛ ❝♦♥st❛♥t s✐③❡ MAXLEN✳ ❈•❛ss SparseArray ✐♠♣•❡♠❡♥ts ❛ s♣❛rs❡ ❛rr❛② ❞❛t❛ str✉❝t✉r❡✳ ■t ♣r♦✈✐❞❡s t❤❡ ✉s✉❛• ❛rr❛② ❢✉♥❝t✐♦♥s create✱ get ❛♥❞ set✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ❛❜♦✉t s♣❛rs❡ ❛rr❛②s ✐s t❤❛t✱ ❛s r❡❛❞ ❛♥❞ ✇r✐t❡ ❢✉♥❝t✐♦♥s get ❛♥❞ set ❞♦✱ ❛••♦❝❛t✐♦♥ create r✉♥s ✐♥ ❝♦♥st❛♥t t✐♠❡✳ ■♥❞❡❡❞✱ create ❞♦❡s ♥♦t ✐♥✐t✐❛•✐③❡ ✐♥t❡r♥❛• ❛rr❛②s✱ ②❡t r❡❛❞✐♥❣ ❛♥ ✉♥✐♥✐t✐❛•✐③❡❞ ✐♥❞❡① ✇✐t❤ get r❡t✉r♥s DEFAULT✳ ❙♣❛rs❡ ❛rr❛②s ❛r❡ ✐♠♣•❡♠❡♥t❡❞ ✉s✐♥❣ t❤r❡❡ ❛rr❛②s val✱ idx ❛♥❞ back ❛♥❞ t✇♦ ✐♥t❡❣❡rs size ❛♥❞ n✳ ❆rr❛② val ❝♦♥t❛✐♥s ❛❝t✉❛• ✈❛•✉❡s ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②✳ ❱❛•✉❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢
int get(uint i) { if (idx[i] < n && back[idx[i]] == i) return val[i]; else return DEFAULT; } void set(uint i, int v) { val[i] = v; if (!(idx[i] < n && back[idx[i]] == i)) { assert(n < size); idx[i] = n; back[n] = i; n = n + 1; } } static void sparseArrayTestHarness() { SparseArray a = create(
❋✐❣✉r❡ ✸✳✷✿ ❊①❛♠♣•❡ ♦❢ ❙t❛t❡ ♦❢ ❛ ❙♣❛rs❡ ❆rr❛② ❙tr✉❝t✉r❡ ❞✐✛❡r❡♥t ❝❡••s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞ ✉s✐♥❣ set✳ ❆rr❛② back ❝♦♥t❛✐♥s✱ ✐♥ ❝❡••s 0 t♦ n -1✱ t❤❡ ✐♥❞❡①❡s ♦❢ t❤❡s❡ ❛ss✐❣♥❡❞ ❝❡••s✳ ❆rr❛② idx ❛••♦✇s t♦ ❦♥♦✇ ✇❤❡r❡ ✐♥ back t❤❡s❡ ✐♥❞❡①❡s ❛♣♣❡❛r✳ ❚❤✉s✱ ❝❡••s 0 t♦ n -1 ♦❢ back ❛r❡ ✐♥ ❜✐•❡❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡••s ♦❢ idx✳ ❋✐❣✉r❡ ✸✳✷ ✐••✉str❛t❡s t❤❡ st❛t❡ ♦❢ t❤❡ str✉❝t✉r❡ ❛❢t❡r t❤r❡❡ ✐t❡♠s a✱ b ❛♥❞ c ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞✱ ✐♥ t❤✐s ♦r❞❡r✱ ✐♥ ✐♥❞❡①❡s 9✱ 4 ❛♥❞ 12 r❡s♣❡❝t✐✈❡•②✳ ❉❛r❦❡r ❝❡••s ❛r❡ ❝❡••s ✇❤✐❝❤ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛ss✐❣♥❡❞ ②❡t✳ ❋✐rst ✐t❡♠ a✱ ♦❢ ✐♥❞❡① 9✱ ✇❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥❞❡① 0 ✐♥ ❛rr❛② idx✱ ❛♥❞ ✐ts ❛❝t✉❛• ✐♥❞❡① 9 ✐s st♦r❡❞ ❛t ✐♥❞❡① 0 ♦❢ ❛rr❛② back✳ ▼❡t❤♦❞ get r❡❛❞s ✐♥❞❡① d ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ♠❡t❤♦❞✳ ❋✐rst✱ r❡❛❞ t❤❡ ✐♥t❡r♥❛• ✐♥❞❡① i st♦r❡❞ ✐♥ idx[d]✳ ❚❤❡♥✱ ✐❢ ♥♦t 0 ≤ i < n t❤❡♥ ✇❡ ❛r❡ s✉r❡ t❤❛t ❝❡•• i ❤❛s ♥♦t ❜❡❡♥ ✐♥✐t✐❛•✐③❡❞ ❛♥❞ t❤✉s t❤❛t ♥♦ ✐t❡♠ ✇❛s ✐♥s❡rt❡❞ ❛t ✐♥❞❡① d✱ ❛♥❞ t❤❡ ❞❡❢❛✉•t ✈❛•✉❡ s❤♦✉•❞ ❜❡ r❡t✉r♥❡❞✳ ❊•s❡ ✐❢ 0 ≤ i < n t❤❡♥ r❡❛❞ ✐♥❞❡① d ′ st♦r❡❞ ✐♥ back[i]✳ ■❢ d ′ = d t❤❡♥ ❛♥ ✐t❡♠ ❤❛s ✐♥❞❡❡❞ ❜❡❡♥ ✐♥s❡rt❡❞ ❛t ✐♥❞❡① d✱ s♦ val[d] s❤♦✉•❞ ❜❡ r❡t✉r♥❡❞✳ ❊•s❡ t❤❡ ❞❡❢❛✉•t ✈❛•✉❡ s❤♦✉•❞ ❜❡ r❡t✉r♥❡❞✳ ❚❤❡ assert st❛t❡♠❡♥ts ❛r❡ ✈❡r✐✜❝❛t✐♦♥s t♦ ❜❡ ♠❛❞❡✳ ❆ ✜rst ♦♥❡ ❛♣♣❡❛rs ✐♥ ♠❡t❤♦❞ set✳ ❚❤❡ ♦t❤❡rs ❛♣♣❡❛r ✐♥ ♠❡t❤♦❞ sparseArrayTestHarness ✇❤✐❝❤ t❡sts t❤❡ str✉❝t✉r❡ ♦♥ s✐♠♣•❡ ❞❛t❛✳ ❚❤✐s ❝♦✉•❞ ❢❡❡• ❡❛s② ❛t ✜rst s✐❣❤t ✖ ✐♥❞❡❡❞ ✐t ✇♦✉•❞ ❜❡ s✉✣❝✐❡♥t t♦ r✉♥ t❤❡ ♣r♦❣r❛♠ ❛♥❞ ❝❤❡❝❦ t❤❛t t❤❡s❡ ❛ss❡rt✐♦♥s ❤♦•❞ ✖ ❜✉t t❤❡ ❣♦❛• ✐s t♦ ✈❡r✐❢② t❤❡ ♣r♦❣r❛♠ ♠♦❞✉•❛r•② ❛♥❞ st❛t✐❝❛••②✳ ❲❡ s❤♦✉•❞ t❤✉s ❜❡ ❝❛♣❛❜•❡ ♦❢ s♣❡❝✐❢②✐♥❣ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s ❢♦r ♠❡t❤♦❞s get ❛♥❞ set✱ s✉✣❝✐❡♥t t♦ ❡st❛❜•✐s❤ t❤❡ ❛ss❡rt✐♦♥s✳ P•❡❛s❡ ♥♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❛❞❞❡❞ ❛♥ ❛❞❞✐t✐♦♥❛• ❛ss❡rt✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛• ❝♦❞❡ ❬▲❡✐♥♦✶✵(✿ t❤❡ •❛st ♦♥❡✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥•② ♦♥❡ ✇❤✐❝❤ t❡sts t❤❛t a ❛♥❞ b ❛r❡ ❛❝t✉❛••② s❡♣❛r❛t❡❞✳ ■♥❞❡❡❞✱ ✇❤❛t ♠❛❦❡s t❤✐s ♣r♦❣r❛♠ ❡✈❡♥ ❤❛r❞❡r t♦ ✈❡r✐❢② ✐s t❤❛t ♠❡t❤♦❞ create ♠✉st ❜❡ s♣❡❝✐✜❡❞ s✉❝❤ t❤❛t ✈❛r✐❛❜•❡s a ❛♥❞ b ♦❢ ♠❡t❤♦❞ sparseArrayTestHarness ❞♦ ♥♦t s❤❛r❡ ❞❛t❛✳ ❋♦r ✐♥st❛♥❝❡✱ ❤♦✇ ❝❛♥ ✇❡ ❡♥s✉r❡ t❤❛t a.idx ❛♥❞ b.idx ❛r❡ ♥♦t t❤❡ s❛♠❡ ❛rr❛②s❄ ❈❛♣✉❝✐♥❡ ❛♥❞ ✐ts t②♣❡ s②st❡♠ ✉s✐♥❣ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s ♣r♦✈✐❞❡s ❛ ♠❡t❤♦❞♦•♦❣② t♦ ❛♥♥♦t❛t❡ t❤❡ ♣r♦❣r❛♠ ✉s✐♥❣ s✉❝❤ s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✳ ❙♣❛rs❡ ❆rr❛②s✿ ❈•❛ss ❉❡✜♥✐t✐♦♥ ❲❡ ✉s❡ t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s t❤❛t ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✶ t♦ ✐♠♣•❡♠❡♥t s♣❛rs❡ ❛rr❛②s✿
✐♥✈❛r✐❛♥t ✵ ≤ n ≤ size ∧ value.length = size ∧ idx .length = size ∧ back .length = size ∧ ∀i : int. ✵ ≤ i < n ⇒ ✵ ≤ select(back .contents, i ) < size ∧ select(idx .contents, select(back .contents, i )) = i } ❈•❛ss sparse ♦✇♥s t❤r❡❡ s✐♥❣•❡t♦♥ r❡❣✐♦♥s✿ Rvalue✱ Ridx ❛♥❞ Rback ✳ ■t ❝♦♥t❛✐♥s s✐① ✜❡•❞s✳ ❚❤❡ ✜rst t❤r❡❡ ❛r❡ t❤❡ t❤r❡❡ ✐♥t❡r♥❛• ❛rr❛②s ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ❞❛t❛ str✉❝t✉r❡✿ value✱ idx ❛♥❞ back ✳ ❚❤❡② ❛r❡ ✐♠♣•❡♠❡♥t❡❞ ✉s✐♥❣ ♦✉r ❜♦✉♥❞❡❞ ❛rr❛②s✱ ❛♥❞ ❛r❡ t❤✉s ♣♦✐♥t❡rs✳ ❚❤❡✐r r❡s♣❡❝t✐✈❡ r❡❣✐♦♥s ❛r❡ Rvalue✱ Ridx ❛♥❞ Rback ✳ ❋✐❡•❞ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥s❡rt❡❞ ✈❛•✉❡s ✐♥ t❤❡ s♣❛rs❡ ❛rr❛②✳ ❋✐❡•❞ default r❡♣•❛❝❡s ❝♦♥st❛♥t DEFAULT ♦❢ t❤❡ ♦r✐❣✐♥❛• ❝♦❞❡✳ ■t ✐s ♥❡❝❡ss❛r② ❛s ♦✉r s♣❛rs❡ ❛rr❛②s ❛r❡ ♣♦•②♠♦r♣❤ ✭t②♣❡ ✈❛r✐❛❜•❡ α✮✳ ❚❤❡ ❞❡❢❛✉•t ✈❛•✉❡ ✇✐•• ❜❡ ❣✐✈❡♥ t♦ t❤❡ ❝♦♥str✉❝t♦r✳ ❋✐♥❛••②✱ ✜❡•❞ size ❝♦♥t❛✐♥s t❤❡ s✐③❡ ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②✳ ❚❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t n ✐s ❜❡t✇❡❡♥ 0 ❛♥❞ size ✭✐♥❝•✉❞❡❞✮✳ ■❢ n = size✱ t❤❡ ❛rr❛② ✐s ❢✉••✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❛•s♦ st❛t❡s t❤❛t t❤❡ •❡♥❣t❤ ♦❢ ✐♥t❡r♥❛• ❛rr❛②s ✐s size✳ ❚❤✐s ✇✐•• ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ✇❤❡♥ ❝❛••✐♥❣ arrayGet✳ ❋✐♥❛••②✱ t❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❡ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ idx ❛♥❞ back ✱ ✇❤✐❝❤ ✐s t❤❛t ❢♦r ❛•• ❛•r❡❛❞②✲✐♥s❡rt❡❞ ✐♥❞❡① i ✱ ✇❡ ❤❛✈❡ idx [back [i ] ] = i ✳ ❙♣❛rs❡ ❆rr❛②s✿ ▼♦❞❡• ❲❡ ❡①♣r❡ss t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♦✉r s♣❛rs❡ ❛rr❛② ❢✉♥❝t✐♦♥s ✉s✐♥❣ ❛♥ ❛❜str❛❝t ♠♦❞❡• ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ❋✐rst ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ isElt ♣r❡❞✐❝❛t❡✱ ✇❤✐❝❤ t❛❦❡s ❛♥ ❛rr❛② a ❛♥❞ ❛♥ ✐♥t❡❣❡r i ✱ ❛♥❞ st❛t❡s t❤❛t i ✇❛s ✐♥s❡rt❡❞ ✐♥ a ❜❡❢♦r❡✿ •♦❣✐❝ isElt [ρ: sparse (α)] (a: [ρ], i : int) = ✵ ≤ select(a.idx .contents, i ) < a.n ∧ select(a.back .contents, select(a.idx .contents, i )) = i ❆s isElt t❛❦❡s ♣♦✐♥t❡r a ❛s ❛♥ ❛r❣✉♠❡♥t✱ ✐t ❛•s♦ t❛❦❡s ✐ts r❡❣✐♦♥ ρ✳ ■♥❞❡❡❞✱ ❛ ♣♦✐♥t❡r ❝❛♥ ♦♥•② ❜❡ r❡❛❞ ❢r♦♠ ❛ ❣✐✈❡♥ r❡❣✐♦♥✳ ❍❡r❡✱ a.idx ❛❝t✉❛••② ♠❡❛♥s t❤❛t ✇❡ r❡❛❞ t❤❡ idx ✜❡•❞ ♦❢ ♣♦✐♥t❡r a ✐♥ r❡❣✐♦♥ ρ✳ ❆♥❞ a.idx .contents ❛❝t✉❛••② ♠❡❛♥s t❤❛t ✇❡ r❡❛❞ t❤❡ contents ✜❡•❞ ♦❢ ♣♦✐♥t❡r a.idx ✐♥ r❡❣✐♦♥ a.Ridx ✱ ✇❤✐❝❤ ✐s ✐ts❡•❢ r❡❛❞ ❢r♦♠ t❤❡ Ridx r❡❣✐♦♥ ♦❢ ♣♦✐♥t❡r a ✐♥ r❡❣✐♦♥ ρ✳ ❚❤❡♥ ✇❡ ❛①✐♦♠❛t✐③❡ t❤❡ model •♦❣✐❝ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ t❛❦❡s ❛ s♣❛rs❡ ❛rr❛② a ❛♥❞ ❛♥ ✐♥t❡❣❡r i ✱ ❛♥❞ r❡t✉r♥s t❤❡ ✈❛•✉❡ st♦r❡❞ ❛t ✐♥❞❡① i ✐♥ a✳ ■t ✐s t❤✉s t❤❡ ❡q✉✐✈❛•❡♥t ♦❢ select ❢♦r s♣❛rs❡ ❛rr❛②s✳ •♦❣✐❝ model [ρ: sparse (α)] (a: [ρ], i : int): α ❆❣❛✐♥✱ •♦❣✐❝ ❢✉♥❝t✐♦♥ model ❛•s♦ t❛❦❡s ❛ r❡❣✐♦♥ ρ ❛s ♣❛r❛♠❡t❡r✱ ❛s ✐t r❡❛❞s ✜❡•❞s ❢r♦♠ ♣♦✐♥t❡r ❛r❣✉♠❡♥t a✳ ❚❤✐s •♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t✇♦ ❛①✐♦♠s✿ ❛①✐♦♠ modelIn: ∀r❡❣✐♦♥ ρ: sparse (α). ∀a: [ρ]. ∀i : int. isElt [ρ] (a, i ) ⇒ model [ρ] (a, i ) = select(a.value.contents, i ) ❛①✐♦♠ modelOut: ∀r❡❣✐♦♥ ρ: sparse (α). ∀a: [ρ]. ∀i : int. ¬isElt [ρ] (a, i ) ⇒ model [ρ] (a, i ) = a.default ❚❤❡s❡ ❛①✐♦♠s st❛t❡ t❤❛t ✐❢ i ✇❛s ✐♥s❡rt❡❞ ✐♥ a✱ t❤❡♥ ✐ts ✈❛•✉❡ ✐s st♦r❡❞ ✐♥ t❤❡ value ❛rr❛②✱ ♦t❤❡r✇✐s❡ ✐ts ✈❛•✉❡ ✐s t❤❡ ❞❡❢❛✉•t ✈❛•✉❡✳ ◆♦t❡ ❤♦✇ r❡❣✐♦♥ ρ ✐s q✉❛♥t✐✜❡❞ t♦ ❛••♦✇ t❤❡ ❛①✐♦♠ t♦ ❜❡ ❛♣♣•✐❡❞ t♦ ✇❤❛t❡✈❡r r❡❣✐♦♥ ❛rr❛② a ✐s ✐♥✳ ❙♣❛rs❡ ❆rr❛②s✿ ❈r❡❛t✐♦♥ ❚❤❡ ❈❛♣✉❝✐♥❡ ❝♦❞❡ ❢♦r t❤❡ s♣❛rs❡ ❛rr❛② ❝♦♥str✉❝t♦r create ✐s✿ ❢✉♥ create [ρ: sparse (α)] (sz : int, def : α): [ρ] ❝♦♥s✉♠❡s ρ ∅ ♣r♦❞✉❝❡s ρ × ♣r❡ ✵ ≤ sz ♣♦st r❡s✉•t.size = sz ∧ ∀i : int. model [ρ] (r❡s✉•t, i ) = def { •❡t a = ♥❡✇ sparse (α) [ρ]; •❡t value = arrayCreate [a.Rvalue] (sz ); a.value ← value; •❡t idx = arrayCreate [a.Ridx ] (sz ); a.idx ← idx ; •❡t back = arrayCreate [a.Rback ] (sz ); a.back ← back ; a.n ← ✵; a.default ← def ; a.size ← sz ; ❛ss❡rt ∀i : int. ¬(isElt [ρ] (a, i )); r❡t✉r♥ a } ■t ❡①♣❡❝ts ❛♥ ❡♠♣t② r❡❣✐♦♥ ρ ❛♥❞ ❛••♦❝❛t❡s ❛ ♥❡✇ s♣❛rs❡ ❛rr❛② ✐♥ ✐t✳ ❆ ♣❛❝❦ st❛t❡♠❡♥ts ✐s ✐♥❢❡rr❡❞ ❜❡❢♦r❡ t❤❡ r❡t✉r♥ st❛t❡♠❡♥t✳ ❚❤❡ ❛ss❡rt st❛t❡♠❡♥t ❤❡•♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs t♦ ❡st❛❜•✐s❤ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❚❤❡r❡ ❛r❡ t✇♦✿ ♦♥❡ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ r❡t✉r♥❡❞ s♣❛rs❡ ❛rr❛②✱ ❛♥❞ ♦♥❡ ❢♦r t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ r❡t✉r♥❡❞ ❛rr❛② ✐s ♦❢ s✐③❡ sz ❛♥❞ ♥♦ ✈❛•✉❡ ❤❛s ❜❡❡♥ ✐♥s❡rt❡❞ ②❡t✳ ❙♣❛rs❡ ❆rr❛②s✿ |❡❛❞✐♥❣ ❚❤❡ ❝♦❞❡ ❢♦r r❡❛❞✐♥❣ ✐s✿ ❝•❛ss Ref (α) { refValue: α; } ❢✉♥ sget [ρ: sparse (α)] (a: [ρ], i : int): α ❝♦♥s✉♠❡s ρ × ♣r♦❞✉❝❡s ρ × ♣r❡ ✵ ≤ i < a.size ♣♦st r❡s✉•t = model [ρ] (a, i ) { ✉s❡ ✐♥✈❛r✐❛♥t a; •❡t index = arrayGet(a.idx , i ); •❡t r❡❣✐♦♥ Rres: Ref (α); •❡t res = ♥❡✇ sparse (α) [Rres]; ✐❢ ✵ ≤ index ∧ index < a.n t❤❡♥ { •❡t backIndex = arrayGet(a.back , index ); ✐❢ backIndex = i t❤❡♥ { •❡t value i = arrayGet(a.value, i ); res.refValue ← value i ; } ❡•s❡ { res.refValue ← a.default; }; } ❡•s❡ { ❛ss❡rt ¬(isElt [ρ] (a, i )); res.refValue ← a.default; }; r❡t✉r♥ res.refValue } ❚❤❡ Ref ❝•❛ss ✐s ✐♥tr♦❞✉❝❡❞ ❜❡❝❛✉s❡ ✐♥ ❈❛♣✉❝✐♥❡✱ t❤❡ r❡t✉r♥ st❛t❡♠❡♥t ❝❛♥ ♦♥•② ❜❡ ♣✉t ♦♥❝❡✱ ❛t t❤❡ ✈❡r② ❡♥❞ ♦❢ ❢✉♥❝t✐♦♥s✳ ❙♦ ✇❡ ♥❡❡❞ ❛ t❡♠♣♦r❛r② ✈❛r✐❛❜•❡ t♦ st♦r❡ t❤❡ r❡s✉•t✳ ❆♥❞ ✐♥ ❈❛♣✉❝✐♥❡✱ •❡t✲❜♦✉♥❞ ✈❛r✐❛❜•❡s ❛r❡ ✐♠♠✉t❛❜•❡✳ ❙♦ ✇❡ ❞❡✜♥❡ ❛ s✐♠♣•❡ r❡❢❡r❡♥❝❡ ❝•❛ss ❛♥❞ ✉s❡ ✐t t♦ st♦r❡ t❤❡ r❡s✉•t✳ ❚❤❡ sget ❢✉♥❝t✐♦♥ r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥ ρ × ❡✈❡♥ t❤♦✉❣❤ ✐t ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ❛rr❛②✱ ❜❡❝❛✉s❡ r❡❛❞✐♥❣ ❛•s♦ r❡q✉✐r❡s s♦♠❡ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ a✳ ❆❣❛✐♥✱ t❤❡ ❛ss❡rt st❛t❡♠❡♥t ✐s ❤❡r❡ t♦ ❤❡•♣ ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs✳ ❚❤✐s ❢✉♥❝t✐♦♥ s✐♠♣•② ❢♦••♦✇s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ •♦❣✐❝ ❢✉♥❝t✐♦♥ model ✱ ❛♥❞ t❤✉s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦•❞s✳ ❙♣❛rs❡ ❆rr❛②s✿ ❲r✐t✐♥❣ ❚❤❡ ❝♦❞❡ ❢♦r ✇r✐t✐♥❣ ✐s✿ ❢✉♥ sset [ρ: sparse (α)] (a: [ρ], i : int, v : α): unit ❝♦♥s✉♠❡s ρ × ♣r♦❞✉❝❡s ρ × ♣r❡ ✵ ≤ i < a.size ♣♦st a.size = a.size❅♣r❡ ∧ (∀j : int. j = i ⇒ model [ρ] (a, j ) = model [ρ] (a, j )❅♣r❡) ∧ model [ρ] (a, i ) = v { ✉s❡ ✐♥✈❛r✐❛♥t a; •❡t x = arraySet [a.Rvalue] (a.value, i , v ); •❡t index = arrayGet [a.Ridx ] (a.idx , i ); ✐❢ ✵ ≤ index ∧ index < a.n t❤❡♥ { •❡t backIndex = arrayGet [a.Rback ] (a.back , index ); ✐❢ ¬(backIndex = i ) t❤❡♥ { ❛ss❡rt a.n < a.size; •❡t x = arraySet [a.Ridx ] (a.idx , i , a.n); •❡t x = arraySet [a.Rback ] (a.back , a.n, i ); a.n ← a.n + ✶; }; } ❡•s❡ { ❛ss❡rt a.n < a.size; •❡t x = arraySet [a.Ridx ] (a.idx , i , a.n); •❡t x = arraySet [a.Rback ] (a.back , a.n, i ); a.n ← a.n + ✶; }; ❛ss❡rt isElt [ρ] (a, i ); } ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♥♦t ♦♥•② st❛t❡s t❤❛t t❤❡ ✈❛•✉❡ ♦❢ ✐♥❞❡① i ✐♥ a ✐s ♥♦✇ v ✱ ✐t ❛•s♦ st❛t❡s t❤❛t ❛•• ♦t❤❡r ✈❛•✉❡s ❤❛✈❡ ♥♦t ❜❡❡♥ ❝❤❛♥❣❡❞✳ Pr♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛r❡✿ t❤❡ ✐♥✈❛r✐❛♥t✱ ❛♥❞ t❤❡ ♣♦st✲ ❝♦♥❞✐t✐♦♥✳ ❆❣❛✐♥✱ t❤❡ t❤r❡❡ ❛ss❡rt st❛t❡♠❡♥ts ❛r❡ ❤❡r❡ t♦ ❤❡•♣ t❤❡ ♣r♦✈❡rs ♣r♦✈❡ t❤❡s❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ t✇♦ a.n < a.size ❛ss❡rt✐♦♥s ❛r❡ ♥♦t ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••②✳ ■t r❡✲ q✉✐r❡s t♦ ♣r♦✈❡ t❤❡ s♦✲❝❛••❡❞ ♣✐❣❡♦♥✲❤♦•❡ •❡♠♠❛✳ ❲❡ ♣r♦✈❡❞ t❤✐s ✉s✐♥❣ t❤❡ ❈♦q ♣r♦♦❢✲❛ss✐st❛♥t✳ ❆ •♦t ♦❢ ❝♦❞❡ ✐s ❞✉♣•✐❝❛t❡❞ ✐♥ t❤✐s ✐♠♣•❡♠❡♥t❛t✐♦♥ ❜❡❝❛✉s❡ ♦✉r ♣r♦t♦t②♣❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t s✉♣♣♦rt s✐❞❡✲❡✛❡❝ts✱ ❛♥❞ t❤✉s ❝❛••s✱ ✐♥ ❡①♣r❡ss✐♦♥s✳ ❲✐t❤ t❤✐s ❢❡❛t✉r❡s✱ ✇❡ ❝♦✉•❞ ✉s❡ ❛ •❛③② ❝♦♥•✉♥❝t✐♦♥ t♦ ❛✈♦✐❞ ❞✉♣•✐❝❛t✐♦♥✳ ❙♣❛rs❡ ❆rr❛②s✿ ❚❡st ❍❛r♥❡ss ❚❤❡ t❡st ❤❛r♥❡ss ❝♦❞❡ ✐s ✐♠♣•❡♠❡♥t❡❞ ❛s ❢♦••♦✇s✿ ❢✉♥ test(x : unit): unit {
•❡t r❡❣✐♦♥ Ra: sparse (int);

•❡t r❡❣✐♦♥ Rb: sparse (int);

•❡t default = ✵;

•❡t a = create [Ra] (✶✵, default);

•❡t b = create [Rb] (✶✵, default); ❋✐❣✉r❡ ✸✳✹✿ ❚❤❡ Fibo ❞❛t❛ str✉❝t✉r❡ 

•❡t x = sget [Ra] (a, ✺); •❡t y = sget [Rb] (b, ✼); ❛ss❡rt x = default ∧ y = default; •❡t ignore = sset [Ra] (a, ✺, ✶); •❡t ignore = sset [Rb] (b, ✼, ✷); •❡t x = sget [Ra] (a, ✺); •❡t y = sget [Rb] (b, ✼); ❛ss❡rt x = ✶ ∧ y = ✷; •❡t x = sget [Ra] (a, ✼); •❡t y = sget [Rb] (b, ✺); ❛ss❡rt x = default ∧ y = default; •❡t x = sget [Ra] (a, ✵); •❡t y = sget [Rb] (b, ✵); ❛ss❡rt x = default ∧ y = default; •❡t x = sget [Ra] (a, ✾); •❡t y = sget [Rb] (b, ✾); } ❚❤❡ ignore ✈❛r✐❛❜•❡s ❛r❡ ♦♥•② t❤❡r❡ ❜❡❝❛✉s❡ t❤❡ ❝❛•• st❛t❡♠❡♥t ✐♥ ❈❛♣✉❝✐♥❡ ✐s s②♥t❛❝t✐❝❛••② r❡q✉✐r❡❞ t♦ ❜❡ •❡t✲❜♦✉♥❞✳ ❆•• ❛ss❡rt✐♦♥s ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••②✳ ❚❤❡r❡ ✐s ♦♥❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ♣❡r ❛ss❡rt st❛t❡♠❡♥t✱ ❛♥❞ ♦♥❡ ❢♦r ❡❛❝❤ ❝❛•• t♦ sget ❛♥❞ sset t♦ ❝❤❡❝❦ ❛rr❛② ❜♦✉♥❞s✳ ■♥ ❛•• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✱ s♣❛rs❡ ❛rr❛②s a ❛♥❞ b ❛r❡ s❡♣❛r❛t❡❞✳ ■♥❞❡❡❞✱ t❤❡② ❜❡•♦♥❣ t♦ t✇♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❡♥❝♦❞✐♥❣ ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ✈❛r✐❛❜•❡s ✐♥ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ ❛rr❛② ✐s ♠♦❞✐✜❡❞✱ t❤❡ ♦t❤❡r ✐s •❡❢t ✉♥❝❤❛♥❣❡❞✱ ❛♥❞ t❤✐s ❢❛❝t ❝❛♥ ✐♠♠❡❞✐❛t❡•② ❜❡ ✉s❡❞ ✈❡r② ❡❛s✐•② ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❈♦♥❝•✉s✐♦♥ ❆•• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❡①❝❡♣t t❤❡ a.n < a.size ❛ss❡rt✐♦♥s ♦❢ t❤❡ sset ❢✉♥❝t✐♦♥ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••②✳ ❲❡ ♣r♦✈❡❞ t❤❡ ♠♦r❡ ❞✐✣❝✉•t ❛ss❡rt✐♦♥s ✉s✐♥❣ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t✳ ❚♦ s✉♠ ✉♣✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ♣r♦✈❡❞ ❡♥t✐r❡•②✱ ✐♥❝•✉❞✐♥❣ s❛❢❡t② ♦❢ ❛rr❛② ❜♦✉♥❞s✳ ❚❤❡ r❡❣✐♦♥ s❡♣❛r❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ❈❛♣✉❝✐♥❡ ❤❡•♣s ✇✐t❤ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❡✐t❤❡r ♣r❡✲❝♦♥❞✐t✐♦♥s ❛t ❝❛•• s✐t❡s✱ ✉s❡r ❛ss❡rt✐♦♥s ♦r ✐♥✈❛r✐❛♥ts ✇❤❡♥ ♣❛❝❦✐♥❣ ♦❜•❡❝ts✳ ❆•• ♦❢ t❤❡s❡ ❛r❡ ✐♥t✉✐t✐✈❡ ❝❛s❡s ✇❤❡r❡ ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ♠❛❦❡s s❡♥s❡✳ ✸✳✹✳✹ ❋✉♥❝t✐♦♥ ▼❡♠♦✐③❛t✐♦♥ ❯s✐♥❣ ❍❛s❤ ❚❛❜•❡s ❚❤❡ ❣♦❛• ♦❢ ♦✉r ♥❡①t ❡①❛♠♣•❡ ✐s t♦ ❡♥❝♦❞❡ ❛♥❞ ♣r♦✈❡ ✐♥ ❈❛♣✉❝✐♥❡ t❤❡ ❏❛✈❛ ♣r♦❣r❛♠ ♦❢ ❋✐❣✉r❡ ✸✳✸✱ ✇❤✐❝❤ ✐s ❛ ❞❛t❛ str✉❝t✉r❡ ✇❤✐❝❤ ❝♦♠♣✉t❡s t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥✳ ▼❡♠♦✐③❛t✐♦♥ ✐s ✉s❡❞ t♦ s♣❡❡❞ ✉♣ ❝♦♠♣✉t❛t✐♦♥✿ r❡s✉•ts ❛r❡ st♦r❡❞ ✐♥ ❛ t❛❜•❡ t♦ ❛✈♦✐❞ ❝♦♠♣✉t✐♥❣ t❤❡♠ ❛❣❛✐♥ •❛t❡r ♦♥✳ ❚❤✐s ✐s ♦❜✈✐♦✉s•② ♥♦t t❤❡ ♠♦st ❡✣❝✐❡♥t ✇❛② t♦ ❡♥❝♦❞❡ t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥✱ ❜✉t t❤✐s ♠❡♠♦✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ❛♣♣•✐❡s t♦ ❛♥② ❢✉♥❝t✐♦♥✱ ❛♥❞ ✐••✉str❛t❡s s♦♠❡ ❢❡❛t✉r❡s ♦❢ ❈❛♣✉❝✐♥❡✳ ❚❤❡ ♠❛✐♥ ♣r♦❜•❡♠ ✐s t❤❛t ♦♥❝❡ ❦❡②s ❛r❡ ❡♥t❡r❡❞ ✐♥ t❤❡ t❛❜•❡✱ t❤❡② s❤♦✉•❞ ♥♦t ❜❡ ♠♦❞✐✜❡❞ ♦r t❤❡ t❛❜•❡ ❞❛t❛ str✉❝t✉r❡ ✇✐•• ❜❡ ❜r♦❦❡♥✳ ❆♥♦t❤❡r ✐ss✉❡ ✐s t❤❛t t❤❡ t❛❜•❡ ♠❛♥✐♣✉•❛t❡s r❡❢❡r❡♥❝❡s t♦ t❤❡ ✈❛•✉❡s ✇❤✐❝❤ ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ❦❡②s✱ ❜✉t t❤❡ t❛❜•❡ s❤♦✉•❞ ♥♦t ♦✇♥ t❤❡s❡ ✈❛•✉❡s✳ ▲♦♥❣ ❲❡ ♥❡❡❞ t❤❡ ❝•❛ss Long t❤❛t ✇❡ ❤❛✈❡ ❛•r❡❛❞② ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡✿
❋✐❣✉r❡ ✸✳✸✿ ❏❛✈❛ ❝♦❞❡ ❢♦r t❤❡ ♠❡♠♦✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ❝•❛ss Long { value: int; } ❖♣t✐♦♥s ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ option t②♣❡✳ ❆♥ ♦♣t✐♦♥ ✐s ❡✐t❤❡r none ♦r some(x )✱ ✇❤❡r❡ x ✐s ❛♥② t❡r♠✳ ❲❡ ♠❛② r❡tr✐❡✈❡ t❤❡ ✈❛•✉❡ x ✉s✐♥❣ •♦❣✐❝ ❢✉♥❝t✐♦♥ getSome✱ ✇❤✐❝❤ ✐s ✉♥s♣❡❝✐✜❡❞ ♦♥ ✈❛•✉❡ none✳ t②♣❡ option (α) •♦❣✐❝ none: option (α) •♦❣✐❝ some (x : α): option (α) •♦❣✐❝ getSome (x : option (α)): α ❛①✐♦♠ getSomeSome: ∀x : α. getSome (some (x )) = x ❛①✐♦♠ noneOrSome: ∀x : option (α). x = none ∨ ∃y: α. x = some (y) ❛①✐♦♠ noneXorSome: ∀x : α. none() = some (x ) ▼❛♣s ❲❡ ❛•s♦ ✐♥tr♦❞✉❝❡ t❤❡ •♦❣✐❝ t②♣❡ ♦❢ ✜♥✐t❡ ♠❛♣s ❛♥❞ ✐ts ❛①✐♦♠❛t✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐s s✐♠✐•❛r t♦ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✶ ❡①❝❡♣t t❤❛t t❤❡ ❦❡②s t♦ t❤❡ ❛rr❛② ❛r❡ ❛•s♦ ♣♦•②♠♦r♣❤✐❝✱ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❡♠♣t② ♠❛♣ ❛t ♦✉r ❞✐s♣♦s❛• ❛♥❞ t❤❛t ❢✉♥❝t✐♦♥ select r❡t✉r♥s ❛♥ ♦♣t✐♦♥✳ ■t r❡t✉r♥s none ✐❢ t❤❡ r❡q✉✐r❡❞ ❦❡② ✐s ♥♦t ✐♥ t❤❡ ♠❛♣✱ ❛♥❞ some(x ) ✇❤❡r❡ x ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛•✉❡ t♦ t❤❡ ❦❡② ✐❢ t❤❡ ❦❡② ✐s ✐♥ t❤❡ ♠❛♣✳ t②♣❡ map (α, β) •♦❣✐❝ emptyMap: map (α, β) •♦❣✐❝ store (x : map (α, β), y: α, z : β): map (α, β) •♦❣✐❝ select (x : map (α, β), y: α): option (β) ❲❡ s❤❛•• ♥♦t ✇r✐t❡ t❤❡ ❛①✐♦♠s ❛❣❛✐♥ ❤❡r❡✳ ❚❛❜•❡ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ Table ❝•❛ss✳ ❲❡ ✐♠♣•❡♠❡♥t ✐t ✉s✐♥❣ ♠❛♣s✳ ■ts ❣♦❛• ✐s t♦ s✐♠✉•❛t❡ ❛ ♠♦r❡ ❝♦♠♣•❡① ✐♠♣•❡♠❡♥t❛t✐♦♥ ✉s✐♥❣ ❤❛s❤ t❛❜•❡s✱ ❢♦r ✐♥st❛♥❝❡✳ ❝•❛ss Table [Rval : Long] { ❣r♦✉♣ Rkeys: Long; contents: map ([Rkeys], [Rval ]); } ❚❤❡ Table ❝•❛ss ✐s ✐♠♣•❡♠❡♥t❡❞ ✉s✐♥❣ •♦❣✐❝ ♠❛♣s ❢r♦♠ Long ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rkeys t♦ Long ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rval ✳ |❡❣✐♦♥ Rval ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝•❛ss✿ ✐t ✐s ♥♦t ♦✇♥❡❞✳ ❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ Table ✇♦✉•❞ ♥♦t ♥❡❡❞ t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ✉s❡r ✈❛•✉❡s ✐♥ Rval ✳ ❍♦✇❡✈❡r✱ t❤❡ ❦❡②s t♦ t❤❡ ♠❛♣ ❛r❡ ✐♥ r❡❣✐♦♥ Rkeys ✇❤✐❝❤ ✐s ♦✇♥❡❞ ❜② t❤❡ ❝•❛ss✳ ❖♥❝❡ ❛ ❦❡② ✐s ✐♥ t❤❡ ♠❛♣✱ ♦♥❡ ❝❛♥♥♦t ♠♦❞✐❢② t❤❡ ❦❡② ✇✐t❤♦✉t ✉♥♣❛❝❦✐♥❣ t❤❡ ♠❛♣ ✜rst✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛•• ♠♦❞✐✜❝❛t✐♦♥s t♦ t❤❡ ❦❡②s ❛r❡ ❝♦♥tr♦••❡❞ ❜② t❤❡ t❛❜•❡ ✐ts❡•❢✳ ❲❡ ✐♥tr♦❞✉❝❡ •♦❣✐❝ ❢✉♥❝t✐♦♥ model ✇❤✐❝❤ ❛••♦✇s t♦ r❡❛❞ ❛ t❛❜•❡ ✇✐t❤♦✉t ❦♥♦✇•❡❞❣❡ ♦❢ t❤❡ ❛❝t✉❛• ✐♠♣•❡♠❡♥t❛t✐♦♥✳ ❋✉♥❝t✐♦♥ model ❛ss✉♠❡s t❤❛t t❤❡ ❦❡②s ❛r❡ Long ✈❛•✉❡s✱ ❛♥❞ ❛❝❝❡♣ts ❛♥ ✐♥t❡❣❡r i ✐♥st❡❛❞ ♦❢ ❛ ♣♦✐♥t❡r✳ •♦❣✐❝ model [Rv : Long, Rt: Table [Rv ] ] (t: [Rt], i : int): option ([Rv ]) ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❝•❛ss Table [Rval ] ❛♥❞ •♦❣✐❝ ❢✉♥❝t✐♦♥ model r❡♣r❡s❡♥t ❛ ❏❛✈❛✲•✐❦❡ s✐❣♥❛t✉r❡ ♦❢ ♦✉r t❛❜•❡s✳ ❚❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ❝♦✉•❞ ❜❡ ❤✐❞❞❡♥✿ ✐t ✐s ♥♦t ♥❡❡❞❡❞ t♦ r❡❛s♦♥ ❛❜♦✉t t❤❡ t❛❜•❡✳ ❚❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ model ✐s ❛•s♦ ❦❡♣t ❤✐❞❞❡♥✱ ❜✉t ✇❡ ✇r✐t❡ ❛♥ ❛①✐♦♠ t♦ s♣❡❝✐❢② t❤❛t model ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛•✉❡s ♦❢ ♣♦✐♥t❡rs ✐♥ t❤❡ Rv r❡❣✐♦♥ ❛r❣✉♠❡♥t✿ ❛①✐♦♠ modelFootprint : ∀r❡❣✐♦♥ Rv1 : Long. ∀r❡❣✐♦♥ Rv2 : Long. ∀r❡❣✐♦♥ Rh1 : Table [Rv1 ]. ∀r❡❣✐♦♥ Rh2 : Table [Rv2 ]. ∀h: [❴]. ∀i :int. (get(Rh1 , h, contents) = get(Rh2 , h, contents)) ⇒ model [Rv1 , Rh1 ] (h, i ) = model [Rv2 , Rh2 ] (h, i ) ❖♣❡r❛t✐♦♥ get(ρ, h, contents) r❡❛❞s t❤❡ ✜❡•❞ contents ♦❢ ♣♦✐♥t❡r h ✐♥ r❡❣✐♦♥ ρ✳ ■♥❞❡❡❞✱ t❤❡ t②♣❡ ♦❢ h ✐s [❴]✿ ✐ts r❡❣✐♦♥ ✐s ✉♥s♣❡❝✐✜❡❞✳ ■♥ t❤❡ •♦❣✐❝ ❛ ♣♦✐♥t❡r ❝❛♥ ❜❡ r❡❛❞ ❢r♦♠ ❛♥② r❡❣✐♦♥ ✉s✐♥❣ get✳ ■❢ h ✐s ♥♦t ❛❝t✉❛••② ✐♥ ρ✱ t❤❡ ✈❛•✉❡ ♦❢ get(ρ, h, contents) ✐s ✉♥s♣❡❝✐✜❡❞✳ ❚❛❜•❡ ❈r❡❛t✐♦♥ ❋✉♥❝t✐♦♥ createTable ❝r❡❛t❡s ❛ t❛❜•❡✳ ❢✉♥ createTable [Rv : Long, Rt: Table [Rv ] ] (): [ρ] ❝♦♥s✉♠❡s ρ ∅ ♣r♦❞✉❝❡s ρ × ♣♦st ∀i : int. model [Rv , Rt](r❡s✉•t, i ) = none { •❡t t = ♥❡✇ [Rt]; t.contents ← emptyMap (); r❡t✉r♥ t } ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ t❛❜•❡ ✐s ❡♠♣t②✿ ❢♦r ❡❛❝❤ ❦❡②✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦❞❡• ✐s none✳ ❚❛❜•❡ ■♥s❡rt✐♦♥ ❋✉♥❝t✐♦♥ insert ✐♥s❡rts ❛ ♥❡✇ ❦❡② k ❛♥❞ ✐ts ✈❛•✉❡ v ✐♥t♦ ❛ t❛❜•❡ t✳ ❢✉♥ insert [Rv : Long, Rt: Table [Rv ], Rk : Long] (t: [Rt], k : [Rk ], v : [Rv ]): unit ❝♦♥s✉♠❡s Rt × Rk × ♣r♦❞✉❝❡s Rt × ♣♦st model [Rv , Rt] (h, k .value) = some (v ) ∧ ∀i : int. i = k .value ⇒ model [Rv , Rt] (t, i ) = model [Rv , Rt] (t, i )❅♣r❡ { ❛❞♦♣t Rk ❛s t.Rkeys; t.contents ← store (t.contents, k , v ); } ❚❤❡ ❛❞♦♣t✐♦♥ ✐♥s❡rts t❤❡ ❦❡② ✐♥t♦ t❤❡ Rkeys r❡❣✐♦♥ ♦✇♥❡❞ ❜② t❤❡ t❛❜•❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♣❡r♠✐ss✐♦♥ Rk × ✐s ❝♦♥s✉♠❡❞✱ ❛♥❞ ✐s ♥♦ •♦♥❣❡r ❛✈❛✐•❛❜•❡✳ ❍❡♥❝❡ t❤❡ ♣r♦❞✉❝❡s ❝•❛✉s❡✱ ✇❤✐❝❤ ♠❡♥t✐♦♥s ♥♦ ♣❡r♠✐ss✐♦♥ ♦♥ Rk ✳ ❖✇♥❡rs❤✐♣ ♦❢ t❤❡ ❦❡② ❤❛s ❜❡❡♥ tr❛♥s❢❡rr❡❞ t♦ t❤❡ t❛❜•❡ str✉❝✲ t✉r❡✳ ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♦♥•② ❦❡② ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ✈❛•✉❡ ❤❛s ❝❤❛♥❣❡❞ ✐s k ✳ ■t ✐s ❡①♣r❡ss❡❞ ✉s✐♥❣ model t♦ ❡♥s✉r❡ t❤❛t t❛❜•❡s ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤♦✉t ❦♥♦✇•❡❞❣❡ ♦❢ t❤❡✐r ✐♠♣•❡♠❡♥t❛t✐♦♥✳ ❚❛❜•❡ ❆❝❝❡ss ❋✉♥❝t✐♦♥ find r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛•✉❡ t♦ ❛ ❦❡② k ✐♥ ❛ t❛❜•❡ t✳ ❢✉♥ find [Rv : Long, Rt: Table [Rv ], Rk : Long] (t: [Rt], k : [Rk ]): option ([Rv ]) ❝♦♥s✉♠❡s Rt × Rk × ♣r♦❞✉❝❡s Rt × Rk × ♣♦st r❡s✉•t = model [Rv , Rt] (t, k .value) ❲❡ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥ ✐♠♣•❡♠❡♥t❛t✐♦♥✱ ❛s ✐t ✐s ♥♦t t❤❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❡①❛♠♣•❡✳ ■t ✜♥❞s ❛ ❦❡② ♦❢ t.contents ✇❤♦s❡ ✈❛•✉❡ ✐s t❤❡ s❛♠❡ ❛s k .value✱ ❛♥❞ r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ❞❛t❛✳ ❋✐❜♦♥❛❝❝✐ ❉❛t❛ ❙tr✉❝t✉r❡ ❲❡ ♥♦✇ ❞❡✜♥❡ ❝•❛ss Fibo ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ t❛❜•❡ t♦ st♦r❡ t❤❡ ✈❛•✉❡s ♦❢ t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛✈❡ ❛•r❡❛❞② ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ❚❤❡ ❝•❛ss ✐s ✐♠♣•❡♠❡♥t❡❞
❡♥t✐r❡•② ✇✐t❤♦✉t ❡✈❡r ❛❝❝❡ss✐♥❣ t❤❡ contents ✜❡•❞ ♦❢ t❤❡ t❛❜•❡ ❞✐r❡❝t•②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝•❛ss Fibo ✐s ✇r✐tt❡♥ ✇✐t❤♦✉t ❦♥♦✇•❡❞❣❡ ♦❢ t❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ Table ❝•❛ss✱ t❤❛♥❦s t♦ •♦❣✐❝ ❢✉♥❝t✐♦♥ model ✳ ❋✐rst ✇❡ ❞❡✜♥❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛• ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ❛s ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥✳ •♦❣✐❝ fibo (x : int): int ❛①✐♦♠ fibo0 : fibo(✵) = ✵ ❛①✐♦♠ fibo1 : fibo(✶) = ✶ ❛①✐♦♠ fiboN : ∀n: int. n > ✶ ⇒ fibo(n) = fibo(n-✶) + fibo(n-✷) ◆♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ ❝•❛ss Fibo✳ ❝•❛ss Fibo { ❣r♦✉♣ Rv : Long; s✐♥❣•❡ Rt: Table [Rv ]; table: [Rt]; ✐♥✈❛r✐❛♥t ∀x : int. ∀y: [Rv ]. model [Rv , Rt] (table, x ) = some y ⇒ y.value = fibo(x ) } ❚❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t ❢♦r ❛•• ❜✐♥❞✐♥❣s (x, y) ✐♥ t❤❡ t❛❜•❡✱ y ✐s t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ❛♣♣•✐❡❞ t♦ x✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♠❡♥t✐♦♥s t❤❡ ✈❛•✉❡s st♦r❡❞ ✐♥ r❡❣✐♦♥ Rv ✱ ✇❤✐❝❤ ✐s ♦✇♥❡❞ ❜② t❤❡ Fibo ❝•❛ss✱ ❜✉t t❤❡r❡ ✐s ♥♦ ✜❡•❞ ♦❢ t②♣❡ Rv ✿ ❛•• •♦❝❛t✐♦♥s ♦❢ r❡❣✐♦♥ Rv ❛r❡ ❛❝t✉❛••② st♦r❡❞ ✐♥ t❤❡ t❛❜•❡✳ ❋✐❣✉r❡ ✸✳✹ ✐••✉str❛t❡s t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ◆♦t❡ ❤♦✇ ❦❡②s ❛r❡ ♦✇♥❡❞ ❜② t❤❡ t❛❜•❡✳ ❆•s♦ ♥♦t❡ ❤♦✇ ✈❛•✉❡s ❛r❡ ♦✇♥❡❞ ❜② t❤❡ Fibo ❞❛t❛ str✉❝t✉r❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ t❛❜•❡ ♠❛② r❡❢❡r❡♥❝❡ t❤❡♠✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ♦✉r ♠❛✐♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ fibonacci ❢✉♥❝t✐♦♥ t❛❦❡s ❛ Fibo ♣♦✐♥t❡r ❛s ❛♥ ❛r❣✉♠❡♥t✱ ❛♥ ✐♥t❡❣❡r i ❛♥❞ r❡t✉r♥s fibo(i )✳ ❋✐rst ✐t •♦♦❦s ✐♥t♦ t❤❡ t❛❜•❡ t♦ s❡❡ ✐❢ fibonacci (i ) ❤❛s ❛•r❡❛❞② ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ■❢ s♦✱ ✐t r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛•✉❡ ✐♥ t❤❡ t❛❜•❡✳ ❊•s❡✱ ✐t ❝♦♠♣✉t❡s t❤❡ ✈❛•✉❡✱ ✐♥s❡rts ✐t ✐♥ t❤❡ t❛❜•❡✱ ❛♥❞ r❡t✉r♥s ✐t✳ ❢✉♥ fibonacci [ρ: Fibo] (f : [ρ], i : int): int ❝♦♥s✉♠❡s ρ × ♣r♦❞✉❝❡s ρ × ♣r❡ i ≥ ✵ ♣♦st r❡s✉•t = fibo(i ) { ✉s❡ ✐♥✈❛r✐❛♥t f ; •❡t r❡❣✐♦♥ Rr : Long; •❡t r = ♥❡✇ [Rr ]; ✐❢ i ≤ ✶ t❤❡♥ { r .value ← i ; } ❡•s❡ { •❡t r❡❣✐♦♥ Rk : Long; •❡t k = ♥❡✇ Long [Rk ]; k .value ← i ; •❡t ro = find [f .Rv , f .Rt, Rk ] (f .table, k ); ✐❢ ro = none t❤❡♥ { •❡t f2 = fibonacci [ρ] (f , i -✷); •❡t f1 = fibonacci [ρ] (f , i -✶); r .value ← f1 + f2 ; •❡t r❡❣✐♦♥ Rv : Long; •❡t v = ♥❡✇ [Rv ]; ✉s❡ v / ∈ f .Rv ; v .value ← r .value; ✉s❡ ✐♥✈❛r✐❛♥t f ; ✉s❡ ∀x : int. ∀y: [❴]. model [f .Rv , f .Rh] (f .hash, x ) = some (y) ⇒ y ∈ f .Rv ; ❛❞♦♣t Rv ❛s f .Rv ; •❡t ignore = insert [f .Rv , f .Rt, Rk ] (f .table, k , v ); } ❡•s❡ { •❡t i = getSome (ro); r .value ← i .value; }; }; r❡t✉r♥ r .value } ❱❛r✐❛❜•❡ r st♦r❡s t❤❡ r❡s✉•t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ■t ✐s r❡q✉✐r❡❞ ❜❡❝❛✉s❡ ✐♥ ❈❛♣✉❝✐♥❡✱ t❤❡ r❡t✉r♥ ✸✳✹✳ ❊❳❆▼P▲❊❙ ✻✶ st❛t❡♠❡♥t ♠✉st s②♥t❛❝t✐❝❛••② ❜❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❚♦ ♣r♦✈❡ t❤✐s ❢✉♥❝t✐♦♥✱ ✇❡ ♥❡❡❞ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ f ✱ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ✉s✐♥❣ t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✳ ❲❡ ❛•s♦ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t v ✐s ❢r❡s❤ ✐♥ f .Rv ✱ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t②♣✐♥❣ ✉s✐♥❣ ❛♥♦t❤❡r ✉s❡ st❛t❡♠❡♥t✳ ▲❛t❡r✱ v ✐s ❛❞♦♣t❡❞ ✐♥ f .Rv t❤❛♥❦s t♦ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ❲❡ ❛•s♦ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t ❛•• ♣♦✐♥t❡rs y ✐♥ t❤❡ t❛❜•❡ ❛r❡ ✐♥ r❡❣✐♦♥ f .Rv ✳ ❲❡ ♦❜t❛✐♥ t❤✐s✱ ❛❣❛✐♥✱ ❢r♦♠ t②♣✐♥❣ ✉s✐♥❣ ❛ ✉s❡ st❛t❡♠❡♥t✳ ❲❡ ✉s❡ t❤✐s t♦ ♣r♦✈❡ t❤❛t ❛•• ♣♦✐♥t❡rs ✐♥ t❤❡ t❛❜•❡ ❛r❡ ❞✐✛❡r❡♥t t❤❛♥ v ✳ ❲❡ s♦•✈❡❞ t❤❡ t✇♦ ♣r♦❜•❡♠s t❤❛t ✇❡ ♠❡♥t✐♦♥♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❚❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ❦❡②s ✐s ♦✇♥❡❞ ❜② t❤❡ t❛❜•❡✳ ❚❤✐s ❢♦r❜✐❞s t❤❡ ❝•✐❡♥t ♦❢ t❤❡ t❛❜•❡ ❢r♦♠ ♠♦❞✐❢②✐♥❣ t❤❡♠✱ ❛♥❞ s♦•✈❡s ♦✉r ✜rst ♣r♦❜•❡♠✳ ❲❡ ✉s❡❞ ♣❛r❛♠❡tr✐❝ ♦✇♥❡rs❤✐♣ t♦ ♣❛r❛♠❡t❡r✐③❡ t❤❡ t❛❜•❡ ❜② t❤❡ r❡❣✐♦♥ ♦❢ ✈❛•✉❡s✱ t♦ ❡♥s✉r❡ t❤❡ t❛❜•❡ ❝♦✉•❞ r❡❢❡r❡♥❝❡ t❤❡s❡ ✈❛•✉❡s ✇✐t❤♦✉t ♦✇♥✐♥❣ t❤❡♠✳ ❚❤✐s s♦•✈❡s ♦✉r s❡❝♦♥❞ ✐ss✉❡✳ ✸✳✹✳✺ ❈♦✉rs❡s ❛♥❞ ❙t✉❞❡♥ts ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦✉rs❡s ❛♥❞ st✉❞❡♥ts ❡①❛♠♣•❡✳ ■t ❝♦♥s✐sts ✐♥ t✇♦ ❝•❛ss❡s✿ Student ❛♥❞ Course✳ ❆ ❝♦✉rs❡ ♠❛✐♥t❛✐♥s ❛♥ ❛rr❛② ♦❢ st✉❞❡♥ts✳ ❊❛❝❤ st✉❞❡♥t ❤❛s ❛ ♠❛r❦✱ ❛♥❞ t❤❡ ❝♦✉rs❡ ♠❛✐♥t❛✐♥s t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❦s ♦❢ ✐ts st✉❞❡♥ts✱ ❛s ✇❡•• ❛s t❤❡ st✉❞❡♥t ❝♦✉♥t✱ t♦ ❜❡ ❛❜•❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❡❛s✐•②✳ ❊❛❝❤ ❝♦✉rs❡ ♦✇♥s ✐ts st✉❞❡♥ts✱ ❛s ♠♦❞✐❢②✐♥❣ t❤❡ ♠❛r❦ ♦❢ ❛ st✉❞❡♥t ✇♦✉•❞ ❜r❡❛❦ t❤❡ ❝♦✉rs❡ ✐♥✈❛r✐❛♥t✱ ✇❤✐❝❤ ✐s t❤❛t t❤❡ ♠❛✐♥t❛✐♥❡❞ s✉♠ ✐s ✐♥❞❡❡❞ t❤❡ ♠❛r❦ s✉♠✳ ❚❤✐s ♣r♦❣r❛♠ ✐••✉str❛t❡s t❤❡ ✉s❡✱ ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✱ ♦❢ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ♣❛r❛♠✲ ❡t❡r✐③❡❞ ❜② ❛ r❡❣✐♦♥✳ ❚❤✐s r❡❣✐♦♥ r❡♣r❡s❡♥ts t❤❡ ❢♦♦t♣r✐♥t ♦❢ t❤❡ •♦❣✐❝ ❢✉♥❝t✐♦♥ ❛s ❞❡✜♥❡❞ ✐♥ •✐t❡r❛t✉r❡ ❬|❡②♥♦•❞s✵✷✱ ❑❛ss✐♦s✵✻✱ ❇❛♥❡r•❡❡✵✽(✳ Pr❡•✐♠✐♥❛r✐❡s ❈•❛ss Student ✐s ✐♥tr♦❞✉❝❡❞ ❛s ❢♦••♦✇s✿ ❝•❛ss Student { mark : int; } ■♥ ❛ ♠♦r❡ ♣r❛❝t✐❝❛• ✐♥st❛♥❝❡ ♦❢ t❤✐s ❡①❛♠♣•❡✱ ♦♥❡ ❝♦✉•❞ ❛❞❞ t❤❡ ♥❛♠❡ ♦❢ t❤❡ st✉❞❡♥ts ❛♥❞ ♦t❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛s ♦t❤❡r ✜❡•❞s✳ ❲❡ r❡✉s❡ t❤❡ larray •♦❣✐❝ t②♣❡ ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ❡①❛♠♣•❡✳ ❲❡ r❡♥❛♠❡ t❤❡♠ array✱ ❛♥❞ ✇❡ ❦❡❡♣ t❤❡ store ❛♥❞ select •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛s ✇❡•• ❛s t❤❡ ❛①✐♦♠s ✇❤✐❝❤ ❞❡✜♥❡ t❤❡♠✳ ❲❡ ✇✐•• ✉s❡ t❤✐s ❛rr❛② t❤❡♦r② t♦ ♠♦❞❡• t❤❡ ✐♥t❡r♥❛• st✉❞❡♥t ❛rr❛② ♦❢ ❝♦✉rs❡s✳ ▼❛r❦ ❙✉♠ ❲❡ ✐♥tr♦❞✉❝❡ •♦❣✐❝ ❢✉♥❝t✐♦♥ MarkSum✿ •♦❣✐❝ MarkSum [ρ: Student] (a: array ([ρ]), i : int, j : int): int ■♥t✉✐t✐✈❡•②✱ MarkSum[ρ](a, i , j ) ✐s t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❦s ♦❢ ❛•• st✉❞❡♥ts ✐♥ ❛rr❛② a ❢r♦♠ ✐♥❞❡① i ✭✐♥❝•✉❞❡❞✮ t♦ ✐♥❞❡① j ✭❡①❝•✉❞❡❞✮✳ |❡❣✐♦♥ ρ ✐s t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t st✉❞❡♥ts✱ ✐✳❡✳ t❤❡✐r ♠❛r❦✱ ✐s r❡❛❞✳ ■♥❞❡❡❞✱ ♣♦✐♥t❡r a ✐s ♦♥•② ❛ ♣♦✐♥t❡r✿ ✐t ♠❛❦❡s ♥♦ s❡♥s❡ t♦ r❡❛❞ ✐ts ✈❛•✉❡ ✉♥•❡ss s♦♠❡ ❤❡❛♣ ✐♥ ✇❤✐❝❤ t♦ r❡❛❞ t❤❡ ✈❛•✉❡ ✐s ❛✈❛✐•❛❜•❡✳ ❆♥❞ ✐♥ ❈❛♣✉❝✐♥❡✱ ❤❡❛♣s ❛r❡ ♠♦❞❡•❡❞ ❛s r❡❣✐♦♥s✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥ MarkSum ✐s ❞❡✜♥❡❞ ✉s✐♥❣ ❛①✐♦♠s✳ ❚❤❡ ✜rst ♦♥❡ st❛t❡s t❤❛t t❤❡ s✉♠ ❢r♦♠ i t♦ j ✱ ✇❤❡♥ i = j ✱ ✐s ✵ ❛s j ✐s ❡①❝•✉❞❡❞✿ ❛①✐♦♠ MSempty: ∀r❡❣✐♦♥ ρ: Student. ∀a: array ([ρ]). ∀i : int. MarkSum [ρ] (a, i , i ) = ✵ ❆♥♦t❤❡r ❛①✐♦♠ st❛t❡s t❤❛t t❤❡ s✉♠ ❢r♦♠ ✐♥❞❡① i ✭✐♥❝•✉❞❡❞✮ t♦ i +✶ ✭❡①❝•✉❞❡❞✮ ✐s ❡①❛❝t•② t❤❡ ♠❛r❦ ❛t ✐♥❞❡① i ✿ ❛①✐♦♠ MSsingleton: ∀r❡❣✐♦♥ ρ: Student. ∀a: array ([ρ]). ∀i : int. MarkSum [ρ] (a, i , i +✶) = select(a, i ).mark ❚❤❡ •❛st ❛①✐♦♠ ❞❡✜♥✐♥❣ ❤♦✇ t♦ ❝♦♠♣✉t❡ MarkSum ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ❛①✐♦♠ MSsplit: ∀r❡❣✐♦♥ ρ: Student. ∀a: array ([ρ]). ∀i : int. ∀j : int. ∀k : int. i ≤ k ∧ k ≤ j ⇒ MarkSum [ρ] (a, i , j ) = MarkSum [ρ] (a, i , k ) + MarkSum [ρ] (a, k , j ) ■t st❛t❡s t❤❛t t❤❡ s✉♠ ❢r♦♠ i ✭✐♥❝•✉❞❡❞✮ t♦ j ✭❡①❝•✉❞❡❞✮ ✐s t❤❡ s✉♠ ❢r♦♠ i ✭✐♥❝•✉❞❡❞✮ t♦ k ✭❡①❝•✉❞❡❞✮ ♣•✉s t❤❡ s✉♠ ❢r♦♠ k ✭✐♥❝•✉❞❡❞✮ t♦ j ✭❡①❝•✉❞❡❞✮✱ ✐❢ i ≤ k ≤ j ✳ ▼❛r❦ ❙✉♠ ❋♦♦t♣r✐♥t ❚❤❡ ❛❜♦✈❡ ❛①✐♦♠s ❢✉••② ❞❡✜♥❡❞ ❤♦✇ t♦ ❝♦♠♣✉t❡ MarkSum✳ ❍♦✇✲ ❡✈❡r✱ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣r♦❣r❛♠ ✇❡ ✇✐•• ♥❡❡❞ ❛♥♦t❤❡r ❛①✐♦♠ st❛t✐♥❣ t❤❛t t❤❡ s✉♠ ♦❢ ♠❛r❦s ❢r♦♠ i t♦ j ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛r❦s ❢r♦♠ i t♦ j ✳ ❚❤❡ s❡t ♦❢ •♦❝❛t✐♦♥s ♦♥ ✇❤✐❝❤ ❛ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ ✐s ❝❛
. left ≤ i ∧ i < right ⇒ select(Aold , i ).mark = select(Anew , i ).mark ) ⇒ MarkSum [Rold ] (Aold , left, right) = MarkSum [Rnew ] (Anew , left, right) ❚❤✐s ❛①✐♦♠ ❝♦✉•❞ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❛①✐♦♠s MSempty✱ MSsingleton ❛♥❞ MSsplit✳ ❇✉t ✐t r❡q✉✐r❡s r❡❛s♦♥✐♥❣ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs✱ ♥❛♠❡•② ✐♥❞✉❝t✐♦♥✳ ❈♦✉rs❡s ❈•❛ss Course ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿
✵ ≤ i ∧ i < count ⇒ ✵ ≤ j ∧ j < count ⇒ i = j ⇒ select(students, i ) = select(students, j )) ∧ (∀p: [Rstudents]. p ✐♥ Rstudents ⇒ ∃i : int. ✵ ≤ i ∧ i < count ∧ p = select(students, i )) } ❚❤❡ ❝♦✉rs❡ ♦✇♥s ✐ts st✉❞❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ students ✜❡•❞ ✐s ❛♥ ❛rr❛② ♦❢ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rstudents ✇❤✐❝❤ ✐s ♦✇♥❡❞ ❜② ❝•❛ss Course✳ ❚❤✐s r❡❣✐♦♥ ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥✿ ✐t ♠❛② ❝♦♥t❛✐♥ s❡✈❡r❛• st✉❞❡♥ts✳ ❚❤❡ sum ✜❡•❞ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❦s ♦❢ ❛•• st✉❞❡♥ts ✐♥ t❤❡ students ❛rr❛②✳ ❚❤❡ count ✜❡•❞ ✐s t❤❡ ♥✉♠❜❡r ♦❢ st✉❞❡♥ts ✐♥ t❤❡ ❝♦✉rs❡✱ ✐✳❡✳ t❤❡ st✉❞❡♥ts ❛r❡ st♦r❡❞ ❢r♦♠ ✐♥❞❡① ✵ ✭✐♥❝•✉❞❡❞✮ t♦ ✐♥❞❡① count ✭❡①❝•✉❞❡❞✮ ♦❢ ❛rr❛② students✳ ❚❤♦s❡ ♣r♦♣❡rt✐❡s ❛❜♦✉t sum ❛♥❞ count ❛r❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❝•❛ss Course✱ ✐♥ t❤❡ ✜rst t✇♦ ♣❛rts✳ ❚❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t ❛•• ♣♦✐♥t❡rs ♦❢ t❤❡ students ❛rr❛② ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤✐s ✐s t❤❡ ❦✐♥❞ ♦❢ ♣r♦♣❡rt② ✇❤✐❝❤ ✐s ❡❛s② t♦ ❢♦r❣❡t✱ ❛s ✐t ✐s s♦ ♦❜✈✐♦✉s•② ❛ss✉♠❡❞ ❜② t❤❡ ♣r♦❣r❛♠♠❡r✳ ■t ✇✐•• ❜❡ ❢✉♥❞❛♠❡♥t❛• t♦ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❢♦✉rt❤ ❛♥❞ •❛st ♣❛rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t ❛•• ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rstudents ❛❝t✉❛••② ❛♣♣❡❛r ✐♥ t❤❡ students ❛rr❛②✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♣r❡❞✐❝❛t❡✿ p ✐♥ ρ✱ ✇❤✐❝❤ st❛t❡s t❤❛t ♣♦✐♥t❡r p ✐s ✐♥ r❡❣✐♦♥ ρ✳ ❲❡ ✇✐•• •❛t❡r s❡❡ t❤❛t t❤✐s ♣r❡❞✐❝❛t❡ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ p: [ρ] t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ♣r♦❣r❛♠s✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ •♦❣✐❝✱ ❛ ♣♦✐♥t❡r ♠❛② ❤❛✈❡ t②♣❡ [ρ] ✇✐t❤♦✉t t❤❡ ♣♦✐♥t❡r ❛❝t✉❛••② ❜❡✐♥❣ ✐♥ ρ✳ ▼♦r❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤✐s ❛♥❞ t❤❡ ❛❝t✉❛• ♠❡❛♥✐♥❣ ♦❢ t②♣❡ [ρ] ✐♥ t❤❡ •♦❣✐❝ ✐s ♠❛❞❡ ✐♥ ❈❤❛♣t❡r ✹✳ ❈♦✉rs❡ ❈r❡❛t✐♦♥ ❲❡ ✐♥tr♦❞✉❝❡ •♦❣✐❝ ❝♦♥st❛♥t someArray ♦❢ t②♣❡ array (α)✿ •♦❣✐❝ someArray (): array (α) ■t ❤❛s ♥♦ ❞❡✜♥✐t✐♦♥✱ ✐t ✐s ♦♥•② s♦♠❡ ❛rr❛②✳ ■❢ •♦❣✐❝ ❛rr❛②s ✇❡r❡ ❜♦✉♥❞❡❞✱ ✐t ❝♦✉•❞ ❜❡ t❤❡ ❡♠♣t② ❛rr❛②✱ ❢♦r ✐♥st❛♥❝❡❀ ❜✉t ♦✉r •♦❣✐❝ ❛rr❛②s ❛r❡ ✉♥❜♦✉♥❞❡❞✳ ❚❤✐s ✐s ♥♦t ✐♠♣♦rt❛♥t✿ someArray ✇✐•• ♦♥•② ❜❡ ✉s❡❞ ❛s t❤❡ ✐♥✐t✐❛• ✈❛•✉❡ ❢♦r t❤❡ students ✜❡•❞ ♦❢ Course ♦❜•❡❝ts✳ ❲❡ ♦♥•② r❡❛❞ st✉❞❡♥ts ❢r♦♠ ✐♥❞❡① ✵ ✭✐♥❝•✉❞❡❞✮ t♦ count ✭❡①❝•✉❞❡❞✮✱ ❛♥❞ count ✐s ✐♥✐t✐❛••② ✵✳ ❍❡r❡ ✐s t❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ Course ❝♦♥str✉❝t♦r✿ ❢✉♥ createCourse [ρ: Course] (): [ρ] ❝♦♥s✉♠❡s ρ ∅ ♣r♦❞✉❝❡s ρ × ♣♦st r❡s✉•t.count = ✵ { •❡t c = ♥❡✇ Course [ρ]; c.students ← someArray (); c.sum ← ✵; c.count ← ✵; r❡t✉r♥ c } ❆s ✉s✉❛• ✇✐t❤ ❝♦♥str✉❝t♦rs✱ t❤❡r❡ ❛r❡ t✇♦ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✿ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t✳ ❚❤❡② ❜♦t❤ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② t❤❡♦r❡♠ ♣r♦✈❡rs✳ ❆❞❞✐♥❣ ❛ ❙t✉❞❡♥t t♦ ❛ ❈♦✉rs❡ ❋✉♥❝t✐♦♥ addStudent ❛••♦❝❛t❡s ❛ ♥❡✇ st✉❞❡♥t✱ ❣✐✈❡♥ ✐ts ✐♥✐t✐❛• ♠❛r❦ m✱ ❛♥❞ ❛❞❞s ✐t t♦ ❛ ❝♦✉rs❡ c✳ ■t r❡t✉r♥s t❤❡ ♥❡✇ st✉❞❡♥t✱ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥ Rstudents ♦❢ ❝♦✉rs❡ c✳ ❢✉♥ addStudent [Rc: Course] (c: [Rc], m: int): [c.Rstudents] ❝♦♥s✉♠❡s Rc × ♣r♦❞✉❝❡s Rc × ♣♦st r❡s✉•t.mark = m ∧ c.count = c.count❅♣r❡ + ✶ ∧ c.sum = c.sum❅♣r❡ + m ∧ ∀s: [c.Rstudents]. s ✐♥ c.Rstudents❅♣r❡ ⇒ s.mark = s.mark ❅♣r❡ { ✉s❡ ✐♥✈❛r✐❛♥t c; •❡t r❡❣✐♦♥ Rstud : Student; •❡t s = ♥❡✇ Student [Rstud ]; s.mark ← m; ✉s❡ ∀i : int. i ≥ ✵ ∧ i < c.count ⇒ select(c
❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♠❛r❦ ♦❢ t❤❡ ♥❡✇ st✉❞❡♥t ✐s m ❛♥❞ t❤❛t t❤❡ count ❛♥❞ sum ✜❡•❞s ♦❢ c ❤❛✈❡ ❜❡❡♥ ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣•②✳ ■t ❛•s♦ st❛t❡s t❤❛t t❤❡ ♠❛r❦s ♦❢ ❛•• st✉❞❡♥ts ✇❤✐❝❤ ✇❡r❡ ✐♥ r❡❣✐♦♥ c.Rstudents ❜❡❢♦r❡ ❛r❡ ✉♥❝❤❛♥❣❡❞✳ ■t ❞♦❡s ♥♦t ❤❛✈❡ t♦ st❛t❡ t❤❛t t❤❡ ♥❡✇ st✉❞❡♥t ✐s ✐♥ r❡❣✐♦♥ c.Rstudents ✉s✐♥❣ t❤❡ ✐♥ ♣r❡❞✐❝❛t❡✱ ❛s t❤✐s ✐s ❛•r❡❛❞② ❦♥♦✇♥ t❤❛♥❦s t♦ t②♣✐♥❣✳ ❲❡ ❛••♦❝❛t❡ t❤❡ ♥❡✇ st✉❞❡♥t ✐♥ ❛ ♥❡✇ r❡❣✐♦♥ Rstud ❛♥❞ ✉♣❞❛t❡ ✐ts ♠❛r❦✳ ❲❡ t❤❡♥ ❛❞♦♣t t❤❡ st✉❞❡♥t ✐♥ r❡❣✐♦♥ c.Rstudents✱ ✐✳❡✳ ✇❡ ♠♦✈❡ t❤❡ st✉❞❡♥t ❢r♦♠ ✐ts ❝✉rr❡♥t r❡❣✐♦♥ Rstud t♦ r❡❣✐♦♥ c.Rstudents✳ ❆❢t❡r t❤✐s st❛t❡♠❡♥t✱ ✈❛r✐❛❜•❡ s ❤❛s t②♣❡ [c.Rstudents]✳ ❲❡ t❤❡♥ ✉♣❞❛t❡ t❤❡ students ❛rr❛② ❛s ✇❡•• ❛s t❤❡ sum ❛♥❞ count ✜❡•❞s✳ ❚❤❡ ✐♥✈❛r✐❛♥t ♦❢ c ❤♦•❞s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ t❤❛♥❦s t♦ ♣❡r♠✐ss✐♦♥ Rc × ✱ ❛♥❞ ✐t ✇✐•• ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✱ s♦ ✇❡ ✐♥tr♦❞✉❝❡ ✐t ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ✉s✐♥❣ st❛t❡♠❡♥t ✉s❡ ✐♥✈❛r✐❛♥t c✳ ❚♦ ♣r♦✈❡ t❤❡ ✐♥✈❛r✐❛♥t ✐s ♠❛✐♥t❛✐♥❡❞✱ ✇❡ ✇✐•• ❛•s♦ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t ♣♦✐♥t❡r s ✐s ❞✐✛❡r❡♥t t❤❛♥ ❛•• ♣♦✐♥t❡rs ✇❤✐❝❤ ❛•r❡❛❞② ✇❡r❡ ✐♥ ❛rr❛② c.students✳ ❚❤✐s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t②♣✐♥❣✱ ❛s s ✐s ❛••♦❝❛t❡❞ ✐♥ r❡❣✐♦♥ Rstud ✱ ✇❤✐❝❤ ✐s ❞✐s•♦✐♥t ❢r♦♠ r❡❣✐♦♥ c.Rstudents ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳ ❲❡ ❦♥♦✇ ✐t ✐s ❞✐s•♦✐♥t ❜❡❝❛✉s❡ ❛t t❤❛t ♣♦✐♥t✱ ♣❡r♠✐ss✐♦♥s Rstud • ❛♥❞ Rc × ❛r❡ ❛✈❛✐•❛❜•❡✳ ■❢ Rc × ✐s ❛✈❛✐•❛❜•❡✱ t❤❡♥ c.Rstudents G ✐s ❛•s♦ ♠♦r❛••② ❛✈❛✐•❛❜•❡✳ ■t ✐s ❛ ♣r♦♣❡rt② ♦❢ t❤❡ t②♣❡ s②st❡♠ t❤❛t t❤✐s ✐♠♣•✐❡s ❞✐s•♦✐♥t♥❡ss ♦❢ Rstud ❛♥❞ c.Rstudents✳ ❙♦ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❤②♣♦t❤❡s✐s ✇❡ ♥❡❡❞ ✉s✐♥❣ t❤❡ ✉s❡ st❛t❡♠❡♥t✳ ❚❤❡ ✉s❡ st❛t❡♠❡♥t t❛❦❡s ❛ ♣r❡❞✐❝❛t❡✱ ❝❤❡❝❦s t❤❛t ✐t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t②♣✐♥❣✱ ❛♥❞ ✐♥tr♦❞✉❝❡s ✐t ✐♥ t❤❡ ❤②♣♦t❤❡s❡s✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✿ t❤❡ ✐♥✈❛r✐❛♥t ♠✉st ❜❡ ♠❛✐♥t❛✐♥❡❞✱ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♠✉st ❤♦•❞✳ ❇♦t❤ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ✉s✐♥❣ t❤❡♦r❡♠ ♣r♦✈❡rs✱ t❤❛♥❦s t♦ t❤❡ ❤②♣♦t❤❡s❡s ✇❡ ✐♥tr♦❞✉❝❡❞ ✉s✐♥❣ t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t ❛♥❞ ✉s❡ st❛t❡♠❡♥ts✳ ❈❤❛♥❣✐♥❣ t❤❡ ▼❛r❦ ♦❢ ❛ ❙t✉❞❡♥t ❋✉♥❝t✐♦♥ changeMark t❛❦❡s ❛ ❝♦✉rs❡ c✱ ❛ st✉❞❡♥t s ♦❢ t❤✐s ❝♦✉rs❡✱ ❛ ♥❡✇ ♠❛r❦ m ❛♥❞ ❝❤❛♥❣❡s t❤❡ ♠❛r❦ ♦❢ s t♦ m✳ ❖❢ ❝♦✉rs❡✱ ✐t ❛•s♦ ✉♣❞❛t❡s t❤❡ sum ✜❡•❞ ♦❢ c✳ ❢✉♥ changeMark [Rc: Course] (c: [Rc], s: [c.Rstudents], m: int): unit ❝♦♥s✉♠❡s Rc × ♣r♦❞✉❝❡s Rc × ♣♦st s.mark = m ∧ c.sum = c.sum❅♣r❡ + m -s.mark ❅♣r❡ ∧ c.count = c.count❅♣r❡ ∧ ∀i : int. ✵ ≤ i ∧ i < c.count ⇒ s = select(c.students, i ) ⇒ select(c
✵ ≤ i ∧ i < c.count ∧ select(c.students, i ) = s ∧ MarkSum [c.Rstudents] (c.students, ✵, i ) = MarkSum [c.Rstudents] (c.students, ✵, i )❅before ∧ MarkSum [c.Rstudents] (c.students, i +✶, c.count) = MarkSum [c.Rstudents] (c.students, i +✶, c.count)❅before; } ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♠❛r❦ ♦❢ st✉❞❡♥t s ✐s ♥♦✇ m✱ t❤❡ sum ✜❡•❞ ♦❢ ❝♦✉rs❡ c ❤❛s ❜❡❡♥ ✉♣❞❛t❡❞✱ ❛♥❞ t❤❡ count ✜❡•❞ ✐s ✉♥❝❤❛♥❣❡❞✳ ■t ❛•s♦ st❛t❡s t❤❛t t❤❡ ♠❛r❦s ♦❢ ❛•• st✉❞❡♥ts ❡①❝❡♣t s ❛r❡ ✉♥❝❤❛♥❣❡❞✳ ❚❤❡ ❝♦❞❡ ✐s ♠❛✐♥•② ❝♦♠♣♦s❡❞ ♦❢ t❤❡ t✇♦ ✉♣❞❛t❡ st❛t❡♠❡♥ts t♦ c.sum ❛♥❞ s.mark r❡✲ s♣❡❝t✐✈❡•②✳ ❆•• ♦t❤❡r st❛t❡♠❡♥ts ❞❡❛• ✇✐t❤ r❡❣✐♦♥s ♦r t❤❡ ♣r♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥✳ ❙t❛t❡♠❡♥ts ❞❡❛•✐♥❣ ✇✐t❤ r❡❣✐♦♥s ❛r❡ •❡t r❡❣✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s✱ ❛s t❤❡ st✉❞❡♥t s ❜❡✐♥❣ ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥✱ ✐t ♠✉st ❜❡ ♠♦✈❡❞ t❡♠♣♦r❛r✐•② ✐♥t♦ ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ s♦ ✇❡ ❝❛♥ ♠♦❞✐❢② ✐ts ♠❛r❦✳ ❙t❛t❡✲ ♠❡♥t ✉s❡ ✐♥✈❛r✐❛♥t c ✐♥tr♦❞✉❝❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ c ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❤②♣♦t❤❡s❡s ❢♦r ❢r❡❡✱ ❛s ♣❡r♠✐ss✐♦♥ Rc × ✐s ❛✈❛✐•❛❜•❡✳ ❙t❛t❡♠❡♥t ✉s❡ s ✐♥ c.Rstudents ✐♥tr♦❞✉❝❡s t❤❡ s ✐♥ c.Rstudents ❤②♣♦t❤❡s✐s ❢♦r ❢r❡❡✱ ❛s ✐t ✐s ❦♥♦✇♥ ❜② t②♣✐♥❣✳ ❚❤❡ ❛ss❡rt✐♦♥ ❤❡•♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs t♦ ♣r♦✈❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ■t ❡ss❡♥t✐❛••② s❤♦✇s t❤❡♠ ❤♦✇ t♦ s♣•✐t t❤❡ students ❛rr❛② ✐♥ t❤r❡❡ ♣❛rts✿ t❤❡ st✉❞❡♥ts ❜❡❢♦r❡ s✱ s✱ ❛♥❞ t❤❡ st✉❞❡♥ts ❛❢t❡r s✳ ❯s✐♥❣ t❤✐s s♣•✐tt✐♥❣✱ ✐t st❛t❡s t❤❛t ❛•• st✉❞❡♥ts ❜✉t s ❛r❡ ✉♥❝❤❛♥❣❡❞ ❢r♦♠ t❤❡ before •❛❜❡•✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ t❤❡ ❛ss✐❣♥ st❛t❡♠❡♥ts✳ ❚❤❛♥❦s t♦ t❤✐s ❛ss❡rt✐♦♥✱ ❜♦t❤ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✱ ✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥t ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••②✳ ❈♦♥❝•✉s✐♦♥ ❚❤✐s ❡①❛♠♣•❡ s❤♦✇s t❤❡ •✐♠✐ts ♦❢ t❤❡ ❈❛♣✉❝✐♥❡ ❛♣♣r♦❛❝❤✿ ✇❤❡♥ ♣♦✐♥t❡rs ❤❛✈❡ t♦ ❜❡•♦♥❣ t♦ ❣r♦✉♣ r❡❣✐♦♥s✱ ✇❡ ❤❛✈❡ t♦ r❡s♦rt t♦ s♣❡❝✐❢②✐♥❣ s❡♣❛r❛t✐♦♥ ✐♥ t❤❡ •♦❣✐❝✳ ❍♦✇❡✈❡r✱ ❈❛♣✉❝✐♥❡ st✐•• ❤❡•♣s ❜② s❡♣❛r❛t✐♥❣ t❤❡ t✇♦ ❝♦✉rs❡s ✐♥ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥✱ ❜② ♣r♦✈✐❞✐♥❣ ❛ ♠❡t❤♦❞♦•♦❣② t♦ ❤❛♥❞•❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ Course ❝•❛ss ❛♥❞ ❜② s❡♣❛r❛t✐♥❣ ✜❡•❞s ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❚❤✐s ❡①❛♠♣•❡ ❛•s♦ ✐••✉str❛t❡s t❤❡ ✐♥ ♣r❡❞✐❝❛t❡ ❛♥❞ ❤♦✇ ✐t ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❤②♣♦t❤❡s❡s ✐❢ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤r♦✉❣❤ t②♣✐♥❣✳ ■t ❛•s♦ s❤♦✇s t❤❡ ✉s❡ st❛t❡♠❡♥t ✇❤✐❝❤ ❝❛♥ ✐♥tr♦❞✉❝❡ ❤②♣♦t❤❡s❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t②♣✐♥❣✱ ✐♥ ♣❛rt✐❝✉•❛r ♣♦✐♥t❡r ❞✐✛❡r❡♥❝❡s ✇❤❡♥ ♣♦✐♥t❡rs ❜❡•♦♥❣ t✇♦ ❞✐s•♦✐♥t r❡❣✐♦♥s✳ ❈❤❛♣t❡r ✹ ❈❛♣✉❝✐♥❡ ▲❛♥❣✉❛❣❡ ❙②♥t❛① ❛♥❞ ❙❡♠❛♥t✐❝s ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❢♦r♠❛•✐③❡ t❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡✳ ■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ ❣✐✈❡ t❤❡ ❣r❛♠♠❛r ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ ❣✐✈❡ t②♣✐♥❣ r✉•❡s ❢♦r ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s✳ ■♥ ❙❡❝✲ t✐♦♥ ✹✳✸ ✇❡ ❣✐✈❡ t❤❡ ♦♣❡r❛t✐♦♥❛• s❡♠❛♥t✐❝s ♦❢ ❈❛♣✉❝✐♥❡✳ ❲❡ ❝❛•• ✐t t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✱ ❛s ✐t ✐s ❝•♦s❡ t♦ ✉s✉❛• ♦♣❡r❛t✐♦♥❛• s❡♠❛♥t✐❝s ♦❢ ♦t❤❡r ✐♠♣❡r❛t✐✈❡ •❛♥❣✉❛❣❡s ✇✐t❤ ♣♦✐♥t❡rs✳ ■♥ ❙❡❝✲ t✐♦♥ ✹✳✹ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦❤❡r❡♥❝❡ ♦❢ ❛ ❤❡❛♣✳ ❖✉r ✜rst ♠❛✐♥ r❡s✉•t ✭❚❤❡♦r❡♠ ✶✮ ✐s t❤❛t ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞ t❤r♦✉❣❤ ❡①❡❝✉t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✳✺ ✇❡ ❣✐✈❡ ❛♥♦t❤❡r ♦♣❡r❛t✐♦♥ s❡♠❛♥t✐❝s ❢♦r ❈❛♣✉❝✐♥❡✳ ❲❡ ❝❛•• ✐t t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✱ ❛s ✐t ❡♠♣❤❛s✐③❡s s❡♣❛r❛t✐♥❣ t❤❡ ❤❡❛♣ ✐♥t♦ r❡❣✐♦♥s✳ ❖✉r s❡❝♦♥❞ ♠❛✐♥ r❡s✉•t ✭❚❤❡♦r❡♠ ✺✮ ✐s t❤❛t ✉♥❞❡r t❤❡ ❝♦❤❡r❡♥❝❡ ❤②♣♦t❤❡s✐s✱ ❡①❡❝✉t✐♦♥ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ❣✐✈❡s t❤❡ s❛♠❡ r❡s✉•t ❛s ❡①❡❝✉t✐♦♥ ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✳ ✹✳✶ ❙②♥t❛① ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦r♠❛••② ✐♥tr♦❞✉❝❡ t❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡✳ ❲❡ ❞❡✜♥❡ ✐ts s②♥t❛① ❛♥❞ r❡♠✐♥❞ t❤❡ ✐♥❢♦r♠❛• ♠❡❛♥✐♥❣ ♦❢ ❡❛❝❤ ♦♣❡r❛t✐♦♥✳ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ s❡q✉❡♥❝❡ ♦❢ ❞❡❝•❛r❛t✐♦♥s✿ •♦❣✐❝ ❞❡❝•❛r❛t✐♦♥s ✭•♦❣✐❝ t②♣❡s✱ •♦❣✐❝ ❢✉♥❝t✐♦♥s✱ ♣r❡❞✐❝❛t❡s ❛♥❞ ❛①✐♦♠s✮ ❛♥❞ ♣r♦❣r❛♠ ❞❡❝•❛r❛✲ t✐♦♥s ✭❝•❛ss❡s ❛♥❞ ❢✉♥❝t✐♦♥s✮✳ ❚❤❡s❡ ♥♦t✐♦♥s ❛r❡ ♠✉t✉❛••② ❞❡♣❡♥❞❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❝•❛ss❡s ❛♣♣❡❛r ✐♥ ♣r❡❞✐❝❛t❡ ❞❡❝•❛r❛t✐♦♥s✱ ❜✉t ♣r❡❞✐❝❛t❡s ❛♣♣❡❛r ✐♥ ❝•❛ss ❞❡❝•❛r❛t✐♦♥s✳ ❚❤✉s✱ t❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s ✉♥❛✈♦✐❞❛❜•❡ ❢♦r✇❛r❞ r❡❢❡r❡♥❝❡s✳ ❲❡ ❞❡♥♦t❡ ❜② x t❤❡ •✐st x 1 , ..., x n ❢♦r s♦♠❡ n✳ ■♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥✱ x : y st❛♥❞s ❢♦r x 1 : y 1 , ..., x n : y n ❢♦r s♦♠❡ n✱ ❛♥❞ s♦ ♦♥✳ ✹✳✶✳✶ ❈•❛ss❡s ❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥❛♠❡s♣❛❝❡s ❢♦r ✐❞❡♥t✐✜❡rs✿ r ❛♥❞ s ❛r❡ r❡❣✐♦♥ ♥❛♠❡s✱ ✇❤❡r❡ s ✇✐•• ❜❡ ♣r❡❢❡r❛❜•② ✉s❡❞ ❢♦r ♦✇♥❡❞ r❡❣✐♦♥s❀ ❛♥❞ f ❛r❡ ✜❡•❞ ♥❛♠❡s✳ ❆ ❝•❛ss ❞❡❝•❛r❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ ❝•❛ss C (α) [r : C] { size s: C; f : τ ; ✻✼ ✻✽ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ ✐♥✈❛r✐❛♥t P ; } ✇❤❡r❡ size ♠❛② ❜❡ ❡✐t❤❡r s✐♥❣•❡ ♦r ❣r♦✉♣✱ ❛♥❞ C ❛r❡ ❝•❛ss ❡①♣r❡ss✐♦♥s✿ C ::= C [ρ] (τ ) ■❢ ❝•❛ss C ❡①♣❡❝ts ♥♦ r❡❣✐♦♥ ρ✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ❜r❛❝❦❡ts✱ ❛♥❞ ✐❢ ❝•❛ss C ❡①♣❡❝ts ♥♦ t②♣❡ τ ✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ♣❛r❡♥t❤❡s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ C st❛♥❞s ❢♦r C [] ()✳ |❡❣✐♦♥s ρ✱ t②♣❡s τ ❛♥❞ ♣r❡❞✐❝❛t❡s P ✇✐•• ❜❡ ❞❡✜♥❡❞ •❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚②♣❡ ✈❛r✐❛❜•❡s α ❛r❡ t②♣❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ r❡❣✐♦♥ ✈❛r✐❛❜•❡s r ❛r❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡② ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❝•❛ss ❞❡✜♥✐t✐♦♥✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ ❛s ♣❛r❛♠✲ ❡t❡rs ♦❢ •❛t❡r ❝•❛ss ❡①♣r❡ss✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤✐s ✐s ❛ ✈❛•✐❞ ❝•❛ss ❞❡✜♥✐t✐♦♥✿ ❝•❛ss C (α) [r 1 : C 1 (α), r 2 : C 2 [r 1 ] ] { • • • } ❚②♣❡ ♣❛r❛♠❡t❡rs ❛r❡ ▼▲✲•✐❦❡ t②♣❡ ♣❛r❛♠❡t❡rs✳ |❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s✐♠✐•❛r✱ ❜✉t t❤❡② ❛r❡ t②♣❡❞ ✉s✐♥❣ ❝•❛ss ❡①♣r❡ss✐♦♥s✳ ❈•❛ss❡s ♠❛② ❛•s♦ ♦✇♥ r❡❣✐♦♥s✳ |❡❣✐♦♥s s ✐♥ t❤❡ ❛❜♦✈❡ ❞❡❝•❛r❛t✐♦♥ ❛r❡ ♦✇♥❡❞ r❡❣✐♦♥s✳ ❊❛❝❤ r❡❣✐♦♥ ❝❛♥ ❜❡ ❡✐t❤❡r ❣r♦✉♣ ✭❣r♦✉♣✮ ♦r s✐♥❣•❡t♦♥ ✭s✐♥❣•❡✮✳ ■❢ ❛ r❡❣✐♦♥ ✐s ❣r♦✉♣✱ ✐t ♠❛② ❝♦♥t❛✐♥ ❛♥② ♥✉♠❜❡r ♦❢ ♣♦✐♥t❡rs✱ ✐♥❝•✉❞✐♥❣ ③❡r♦ ♦r ♦♥❡❀ ✐❢ ❛ r❡❣✐♦♥ ✐s s✐♥❣•❡t♦♥✱ ✐t ♠❛② ♦♥•② ❝♦♥t❛✐♥ ❡①❛❝t•② ♦♥❡ ♣♦✐♥t❡r✳ ❖✇♥❡❞ r❡❣✐♦♥s✱ •✐❦❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✱ ❛r❡ t②♣❡❞ ✉s✐♥❣ ❝•❛ss ❡①♣r❡ss✐♦♥s✳ ❚❤❡② ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❝•❛ss ❞❡❝•❛r❛t✐♦♥✱ ✐♥❝•✉❞✐♥❣ ✐♥ t❤❡ ❝•❛ss ❡①♣r❡ss✐♦♥s ♦❢ ❢♦••♦✇✐♥❣ ♦✇♥❡❞ r❡❣✐♦♥s✳ ❈•❛ss❡s ❝♦♥t❛✐♥ ✜❡•❞s✳ ❊❛❝❤ ✜❡•❞ f ✐s ❣✐✈❡♥ ❛ t②♣❡ τ ✳ ❚❤✐s ✐s s✐♠✐•❛r t♦ str✉❝t✉r❡s ❛♥❞ r❡❝♦r❞s ♦❢ ♦t❤❡r •❛♥❣✉❛❣❡s✳ ❋✐♥❛••②✱ ❡❛❝❤ ❝•❛ss ✐s ❣✐✈❡♥ ❛♥ ✐♥✈❛r✐❛♥t✳ ❚❤❡ ✐♥✈❛r✐❛♥t ♠❛② ♠❡♥t✐♦♥ ❡❛❝❤ ✜❡•❞ f ✱ ❛s ✇❡•• ❛s ♦✇♥❡❞ r❡❣✐♦♥s s✳ ❚❤❡r❡ ✐s ❛♥ ✐♠♣♦rt❛♥t r❡str✐❝t✐♦♥ t❤♦✉❣❤✱ ✇❤✐❝❤ ✐s t❤❡ ✉s✉❛• r❡str✐❝t✐♦♥ ❢♦r ✐♥✈❛r✐❛♥ts ✐♥ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦•♦❣✐❡s✿ t❤❡ ✐♥✈❛r✐❛♥t ♠❛② ♦♥•② ❞❡r❡❢❡r❡♥❝❡ ♦✇♥❡❞ ♣♦✐♥t❡rs✱ ✐✳❡✳ ✐❢ ❛ t❡r♠ x .f 1 . • • • .f i ❛♣♣❡❛rs ✐♥ t❤❡ ✐♥✈❛r✐❛♥t✱ t❤❡♥ x .f 1 ✐s ❛ ♣♦✐♥t❡r ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ x ✱ x .f 1 .f 2 ✐s ❛ ♣♦✐♥t❡r ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ x .f 1 ✱ ❛♥❞ s♦ ♦♥✳ ✹✳✶✳✷ ▲♦❣✐❝ ❚②♣❡s ❆ •♦❣✐❝ t②♣❡ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ t②♣❡ t (α 1 , • • •, α n ) ■t ❞❡❝•❛r❡s t②♣❡ t✱ ✇✐t❤ ♣♦•②♠♦r♣❤✐❝ t②♣❡ ♣❛r❛♠❡t❡rs α 1 , • • •, α n ✇❤❡r❡ n ♠❛② ❜❡ ③❡r♦✳ ■t ✐s ♦♥•② ❛ ❞❡❝•❛r❛t✐♦♥✿ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❜✉✐•❞ ❛ ✈❛•✉❡ ♦❢ t②♣❡ t ✇✐t❤♦✉t ❞❡✜♥✐♥❣ ✐ts ❝♦♥str✉❝t♦rs ❛s •♦❣✐❝ ❢✉♥❝t✐♦♥s✳ ❲❡ ❛ss✉♠❡ ❛•• t②♣❡s t♦ ❜❡ ✐♥❤❛❜✐t❡❞✿ ❢♦r ❡❛❝❤ ✉s❡r✲❞❡❝•❛r❡❞ t②♣❡ t✱ t❤❡r❡ ✐s ❛t •❡❛st ♦♥❡ ✈❛•✉❡ ♦❢ t②♣❡ t✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱ •♦❣✐❝ ❢♦r♠✉•❛✿ ∀x : t. ❋ ✐s ❡q✉✐✈❛•❡♥t t♦ ❋✱ ✇❤❡r❡ ❋ ✐s t❤❡ ❢❛•s❡ ♣r❡❞✐❝❛t❡✳ ■❢ t❤❡r❡ ✇❛s ♥♦ ✈❛•✉❡ ♦❢ t②♣❡ t✱ ✐t ✇♦✉•❞ ✐♥st❡❛❞ ❜❡ ❡q✉✐✈❛•❡♥t t♦ ❚✱ t❤❡ tr✉❡ ♣r❡❞✐❝❛t❡✳ ■♥ ❛ s❡♥s❡✱ ❛ t②♣❡ ❞❡❝•❛r❛t✐♦♥ ✐s ❛♥ ❛①✐♦♠ st❛t✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛•✉❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✐♠✐•❛r t♦ ❲❤② ❬❋✐••✐âtr❡✵✼(✱ ✐♥ ✇❤✐❝❤ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ ✐♥t❡r♣r❡t❡❞✳ ■❢ t❤❡ ✉s❡r ✇✐s❤❡s t♦✱ ❤❡ ♠❛② ❜✉✐•❞ ❛ ♠♦❞❡• ♦❢ t❤❡ t②♣❡ ✐♥ ❛♥♦t❤❡r✱ r✐❝❤❡r •❛♥❣✉❛❣❡ s✉❝❤ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ❬❈♦q(✳ ✹✳✶✳✸ |❡❣✐♦♥s ❆ r❡❣✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ ρ ::= r | x .s ■t ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ♥❛♠❡ r ✱ ♦r ❛♥ ♦✇♥❡❞ r❡❣✐♦♥✳ ❖✇♥❡❞ r❡❣✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠ x .s✱ ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜•❡ ♦❢ ❛ ❝•❛ss ✇❤✐❝❤ ❝♦♥t❛✐♥s ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ s ✐♥ ✐ts ❞❡❝•❛r❛t✐♦♥✳ |❡❣✐♦♥ x .s r❡❢❡rs t♦ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥ s ♦❢ t❤❡ ♦❜•❡❝t ✇❤✐❝❤ ✈❛r✐❛❜•❡ x ♣♦✐♥ts t♦✳ ✹✳✶✳✹ ❚②♣❡s ❆♥ ♦❜•❡❝t ✐♥ ❈❛♣✉❝✐♥❡ ✐s ❛ ✈❛•✉❡ ♦❢ ❛ ❝•❛ss✳ ❖❜•❡❝ts ❞♦ ♥♦t ❛♣♣❡❛r ✐♥ ♣r♦❣r❛♠s t❤♦✉❣❤✳ ❚❤❡ ♣r♦❣r❛♠♠❡r ♠❛② ♦♥•② ♠❛♥✐♣✉•❛t❡ ♣♦✐♥t❡rs t♦ ♦❜•❡❝ts✳ ❆ ✈❛r✐❛❜•❡ ♦❢ ❛ ♣♦✐♥t❡r t②♣❡ ✐s ❛ ✈❛r✐❛❜•❡ ✇❤♦s❡ ❝♦♥t❡♥ts ✐s ❛♥ ❛❞❞r❡ss ✐♥ t❤❡ ❤❡❛♣✱ ❛t ✇❤✐❝❤ ❛❞❞r❡ss ❛♥ ♦❜•❡❝t ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❈❛♣✉❝✐♥❡ s♣•✐ts t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛• s♠❛••❡r ❤❡❛♣s✿ ♦♥❡ ❢♦r ❡❛❝❤ r❡❣✐♦♥✳ |❡❣✐♦♥s ❛r❡ ♥♦t ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❤❡❛♣ t❤♦✉❣❤✱ t❤❡② ♠❛② ♦✈❡r•❛♣✳ ❊❛❝❤ ♣♦✐♥t❡r ❜❡•♦♥❣s t♦ ❛t •❡❛st ♦♥❡ r❡❣✐♦♥✳ ❚❤❡ r❡❣✐♦♥ ♦❢ ❡❛❝❤ ♣r♦❣r❛♠ ♣♦✐♥t❡r ✐s ❞❡♥♦t❡❞ ❜② ✐ts t②♣❡✳ ❚❤❡ t②♣❡ ♦❢ ❛ ♣♦✐♥t❡r p ♦❢ r❡❣✐♦♥ ρ ✐s ✇r✐tt❡♥ [ρ]❀ ♣r♦♥♦✉♥❝❡❞ ✏❛t ρ✑✳ ❊❛❝❤ r❡❣✐♦♥ ❜✐♥❞❡r ❝♦♠❡s ✇✐t❤ ❛ ❝•❛ss ❡①♣r❡ss✐♦♥ C✱ s♦ t❤❡ ❝•❛ss ♦❢ ρ✱ ✐✳❡✳ t❤❡ ❝•❛ss ♦❢ ♣♦✐♥t❡r p✱ ✐s ❦♥♦✇♥ ❢r♦♠ t❤❡ t②♣✐♥❣ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ t❤❡ •♦❣✐❝ t❤♦✉❣❤✱ ♣♦✐♥t❡rs ❞♦ ♥♦t ♥❡❝❡ss❛r✐•② ❜❡•♦♥❣ t♦ ❛ r❡❣✐♦♥✳ ❚♦ r❡❛❞ ❛ ♣♦✐♥t❡r✱ ✐✳❡✳ t♦ s❡•❡❝t ❛ ✜❡•❞ ♦❢ ✐ts ♦❜•❡❝t✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❦♥♦✇ ✐♥ ✇❤✐❝❤ r❡❣✐♦♥ t❤❡ ♣♦✐♥t❡r ✐s r❡❛❞✳ ❇✉t ✐♥ t❤❡ •♦❣✐❝ ✐t s♦♠❡t✐♠❡s ♠❛❦❡s s❡♥s❡ t♦ r❡❛❞ t❤❡ s❛♠❡ ♣♦✐♥t❡r ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t✇♦ ❞✐✛❡r❡♥t •♦❣✐❝ r❡❣✐♦♥s ♠❛② ❞❡♥♦t❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ s❛♠❡ r❡❣✐♦♥ t❤r♦✉❣❤♦✉t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ■t t❤❡♥ ♠❛❦❡s s❡♥s❡ t❤❛t ❛ ♣♦✐♥t❡r ✐s ✐♥ ❜♦t❤ r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ t②♣❡ ❣✐✈❡♥ t♦ ♣♦✐♥t❡rs ✐♥ t❤❡ •♦❣✐❝ ✐s [❴]✱ ✐✳❡✳ t❤❡ t②♣❡ ♦❢ ♣♦✐♥t❡rs ♦❢ ❛♥② r❡❣✐♦♥✳ ❋✐❡•❞ s❡•❡❝t✐♦♥ ✐s t❤❡♥ ❛♥♥♦t❛t❡❞ ✇✐t❤ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ r❡❛❞✐♥❣ ❛❝❝❡ss ✐s ♠❛❞❡✱ ✉s✐♥❣ t❡r♠ get✳ ❆❞❞✐t✐♦♥♥❛••②✱ t♦ ❛✈♦✐❞ ❤❛✈✐♥❣ t♦ ✇r✐t❡ get(ρ, x , f )✱ ✇❡ ❛❝t✉❛••② ❛••♦✇ •♦❣✐❝ ♣♦✐♥t❡rs s✉❝❤ ❛s x t♦ ❝❛rr② ❛ r❡❣✐♦♥ ρ ✐♥ t❤❡✐r t②♣❡✳ ❚❤❡✐r t②♣❡ ✐s t❤✉s [ρ] ✐♥st❡❛❞ ♦❢ [❴]✱ ❜✉t t❤✐s ✐s ♦♥•② ✉s❡❞ t♦ ❞❡s✉❣❛r x .f ❛s get(ρ, x , f )✳ ❆ t②♣❡ ✐s ♦❢ t❤❡ ❢♦r♠✿ τ ::= t (τ , • • •, τ ) | int | bool | unit | [ρ] | [❴] ■t ✐s ❡✐t❤❡r ❛ ✉s❡r✲❞❡✜♥❡❞ t②♣❡ t ✇✐t❤ ✐♥st❛♥❝✐❛t❡❞ ♣❛r❛♠❡t❡rs τ 1 , • • •, τ n ✱ ❛ ❜❛s❡ t②♣❡✱ ♦r ❛ ♣♦✐♥t❡r t②♣❡✳ ❇❛s❡ t②♣❡s ❛r❡ ✐♥t❡❣❡rs int✱ ❜♦♦•❡❛♥s bool ❛♥❞ unit✳ ✹✳✶✳✺ ▲♦❣✐❝ ❋✉♥❝t✐♦♥ ❛♥❞ Pr❡❞✐❝❛t❡ ❉❡❝•❛r❛t✐♦♥s ❆ ♣r❡❞✐❝❛t❡ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ •♦❣✐❝ p param = P ✇❤❡r❡✿ param ::= [r : C] | (x : τ ) ❲❡ ❞❡✜♥❡ ♣r❡❞✐❝❛t❡s P •❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤✐s ❞❡✜♥❡s ♣r❡❞✐❝❛t❡ p✱ ✇✐t❤ ❛r❣✉♠❡♥ts arg✳ ❆♥ ❛r❣✉♠❡♥t ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ❛r❣✉♠❡♥t [r : C] ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ♥❛♠❡ ❛♥❞ C ✐s ✐ts ❝•❛ss✱ ♦r ❛ r❡❣✉•❛r ❛r❣✉♠❡♥t (x : τ ) ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜•❡ ♥❛♠❡ ❛♥❞ τ ✐s ✐ts t②♣❡✳ ◆♦t❡ t❤❛t r❡❣✐♦♥s r ♠❛② ❛♣♣❡❛r ✐♥ t②♣❡s τ ♦❢ ✈❛r✐❛❜•❡s✱ ❛♥❞ t❤❛t ✈❛r✐❛❜•❡s x ♠❛② ❛♣♣❡❛r ✐♥ ❝•❛ss❡s C ♦❢ r❡❣✐♦♥s✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣•❡ ♦❢ s✉❝❤ ❛♥ ✐♥t❡r•❡❛✈✐♥❣✿ ✼✵ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ •♦❣✐❝ p [r : C 1 ] (x : [r ]) [r ′ : C 2 [x .r 1 ] ] (y: [r ′ ]) ❛ss✉♠✐♥❣ r 1 ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ ❝•❛ss C 1 ✱ ❛♥❞ ❝•❛ss C 2 ❡①♣❡❝ts ♦♥❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡r✳ ❆ •♦❣✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ •♦❣✐❝ f param: τ = LT ❲❡ ❞❡✜♥❡ t❡r♠s LT •❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳ ❆s ✉s✉❛•✱ t❤❡ ♦♥•② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛ ♣r❡❞✐❝❛t❡ ❛♥❞ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s t❤❡✐r r❡t✉r♥ t②♣❡✱ ✇❤✐❝❤ ❛r❡ ♦❢ ❞✐✛❡r❡♥t ❦✐♥❞s✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ♠❛② r❡t✉r♥ ✈❛•✉❡s ♦❢ ❛♥② ✉s❡r✲❞❡✜♥❡❞ t②♣❡✳ ❚❤❡ ❜♦❞② ♦❢ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s ♥♦t ❛ ♣r❡❞✐❝❛t❡ ❜✉t ❛ t❡r♠✳ ❚❤❡ ❜♦❞② ♦❢ ♣r❡❞✐❝❛t❡s ❛♥❞ •♦❣✐❝ ❢✉♥❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡•② P ❛♥❞ LT ❛❜♦✈❡✱ ✐s ♦♣t✐♦♥❛•✳ ❖❢t❡♥✱ t❤❡ ♣r❡❞✐❝❛t❡ ❛♥❞ t❡r♠ •❛♥❣✉❛❣❡ ❝❛♥♥♦t ❡①♣r❡ss t❤❡♠✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✉s❡r ♣r♦✈✐❞❡s ❛①✐♦♠s ✐♥st❡❛❞✳ ■❢ t❤❡ ✉s❡r ❞❡✜♥❡❞ ❛ ♠♦❞❡• ❢♦r t❤❡ •♦❣✐❝ t②♣❡s ✐♥ ❛ r✐❝❤❡r •♦❣✐❝✱ ❤❡ ♠❛② ❛•s♦ ❞❡✜♥❡ •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ✐♥ t❤✐s r✐❝❤❡r •♦❣✐❝ ❛♥❞ ♣r♦✈❡ t❤❡ ❛①✐♦♠s t♦ ❡♥s✉r❡ ❝♦♥s✐st❡♥❝②✳ ✹✳✶✳✻ ❚❡r♠s ❆ t❡r♠ ✐s ♦❢ t❤❡ ❢♦r♠✿ LT ::= c | x | LT termop LT | f larg | get(RT , LT , f ) termop ::= + | -| × | ✫✫ | || larg ::= [RT ] | (LT ) ✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ♦❢ ❛ ❜❛s❡ t②♣❡✱ ✐✳❡✳ ❡✐t❤❡r ❛♥ ✐♥t❡❣❡r •✐t❡r❛• ♦r ❛ ❜♦♦•❡❛♥ true ♦r false✳ ❆ t❡r♠ ♠❛② ❛•s♦ ❜❡ ❛ ✈❛r✐❛❜•❡ x ✱ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛ ❜❛s❡ t❡r♠ ♦♣❡r❛t♦r termop ♦r t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ f t♦ s♦♠❡ •♦❣✐❝ ❛r❣✉♠❡♥ts larg✳ ❆ •♦❣✐❝ ❛r❣✉♠❡♥t larg ✐s ❡✐t❤❡r [RT ] ✇❤❡r❡ RT ✐s ❛ r❡❣✐♦♥ t❡r♠ ✭s❡❡ ❜❡•♦✇✮ ♦r (LT ) ✇❤❡r❡ LT ✐s ❛ t❡r♠✳ ❲❡ ✉s❡ ❛ s❡t ♦❢ •❛❜❡• ♥❛♠❡s L✳ ▲❛❜❡•s ❞❡♥♦t❡ t❤❡ st❛t❡ ♦❢ t❤❡ ❤❡❛♣ ❛t s♦♠❡ ♣r♦❣r❛♠ ♣♦✐♥t✳ ❆ s♣❡❝✐❛• •❛❜❡• ♥❛♠❡❞ ❤❡r❡ ❞❡♥♦t❡s t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✳ ❋✐♥❛••②✱ ❛ t❡r♠ ❝❛♥ ❜❡ t❤❡ s❡•❡❝t✐♦♥ get(RT , LT , f ) ♦❢ ❛ ✜❡•❞ f ♦❢ ❛ ♣♦✐♥t❡r t❡r♠ LT ✐♥ ❛ r❡❣✐♦♥ RT ✱ ✇❤❡r❡ RT ✐s ❛ r❡❣✐♦♥ t❡r♠✿ RT ::= r ❅L | get(RT , LT , s) ■t ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡ r ❛t s♦♠❡ •❛❜❡• L ♦r t❤❡ s❡•❡❝t✐♦♥ get(RT , LT , s) ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ s ♦❢ ❛ ♣♦✐♥t❡r t❡r♠ LT ✐♥ ❛ r❡❣✐♦♥ RT ✳ ❙❡•❡❝t✐♦♥ ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✜❡•❞s ❛r❡ q✉✐t❡ s✐♠✐•❛r✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♠❛② ❛•s♦ ✇r✐t❡ r ✇✐t❤ ♥♦ •❛❜❡• ❛t ❛••✳ ❚❤✐s ✐s ❞❡s✉❣❛r❡❞ ❛s r ❅L ✇❤❡r❡ L ✐s ❝❤♦s❡♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✳ ❲❡ ♠❛② ✇r✐t❡ RT ❅L✱ LT ❅L ♦r P ❅L ❢♦r ❛♥② r❡❣✐♦♥ t❡r♠ RT ✱ t❡r♠ LT ♦r ♣r❡❞✐❝❛t❡ P ✳ |❡❣✐♦♥ t❡r♠ r ✐s t❤❡♥ ❡①♣❛♥❞❡❞ ❛s r ❅L✱ ✇❤❡r❡ L ✐s t❤❡ ✐♥♥❡r♠♦st •❛❜❡•✳ ❋♦r ✐♥st❛♥❝❡✱ ((f [r ])❅L)❅L ′ ✐s ❞❡s✉❣❛r❡❞ ❛s f [r ❅L] ❛♥❞ ♥♦t f [r ❅L ′ ]✳ ■❢ ♥♦ •❛❜❡• ✐s ♣r♦✈✐❞❡❞ ❛t ❛••✱ r ✐s r❡♣•❛❝❡❞ ❜② r ❅❤❡r❡✳ ❆❜❜r❡✈✐❛t✐♦♥ ■♥ ♣r❛❝t✐❝❡✱ get(ρ, p, f ) ❝❛♥ ♦❢t❡♥ ❜❡ ❛❜❜r❡✈✐❛t❡❞ ❛s p.f ✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ t②♣❡ ♦❢ p ✐s [r ]✱ t❤❡♥ ✇❡ ❡①♣❛♥❞ p.f t♦ get(r , p, f )✳ ■❢ t❤❡ t②♣❡ ♦❢ p ✐s [x .r ]✱ t❤❡♥ ✇❡ ❡①♣❛♥❞ p.f t♦ get(t, p, f ) ✇❤❡r❡ t ✐s t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ x .r ✱ ❝♦♠♣✉t❡❞ ✐♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥✳ ■❢ t❤❡ t②♣❡ ♦❢ p ✐s [❴] ❤♦✇❡✈❡r✱ p.f ❤❛s ♥♦ ♠❡❛♥✐♥❣ ❛♥❞ ❝❛♥♥♦t ❜❡ ❡①♣❛♥❞❡❞✳ ■t ✐s r❡•❡❝t❡❞ ❜② ❈❛♣✉❝✐♥❡✳ ■t ✐s t❤✉s ♠❛♥❞❛t♦r② t♦ ✉s❡ t❤❡ get ♣r❡❞✐❝❛t❡ ❢♦r ♣♦✐♥t❡rs ♦❢ t②♣❡ [❴]✳ ■♥ ❡①❛♠♣•❡s ♦❢ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ ✉s❡❞ t❤✐s ❛❜❜r❡✈✐❛t✐♦♥ ✇❤❡♥ ♣♦ss✐❜•❡✳ ❋✉♥❝t✐♦♥ addStudent ♦❢ t❤❡ ❝♦✉rs❡s ❛♥❞ st✉❞❡♥ts ❡①❛♠♣•❡ s❤♦✇s ❛ ✉s❡ ♦❢ t②♣❡ [❴]✳ ✹✳✶✳✼ Pr❡❞✐❝❛t❡s ❆ ♣r❡❞✐❝❛t❡ ✐s ♦❢ t❤❡ ❢♦r♠✿ P ::= p larg | P ∧ P | P ∨ P | P ⇒ P | P ⇐⇒ P | ¬P | ❚ | ❋ | LT = LT | LT = LT | LT > LT | LT ≥ LT | ∀x : τ . P | ∃x : τ . P | ∀r❡❣✐♦♥ r : C. P | ∃r❡❣✐♦♥ r : C. P | LT ∈ RT ■t ❝❛♥ ❜❡ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛ ✉s❡r✲❞❡✜♥❡❞ ♣r❡❞✐❝❛t❡ p ♦r t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜•❡ x ✳ ❯s✉❛• ♦♣❡r❛t♦rs ❛r❡ ❛•s♦ ♣r♦✈✐❞❡❞✱ ✐♥❝•✉❞✐♥❣ ❝♦♠♣❛r✐s♦♥✱ ❛s ✇❡•• ❛s ❝♦♥st❛♥t ♣r❡❞✐❝❛t❡s ❚ ❛♥❞ ❋✳ ❆ ♣r❡❞✐❝❛t❡ ❝❛♥ ❛•s♦ ❜❡ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r ❛ r❡❣✐♦♥ r ♦❢ ❝•❛ss C✳ |❡❣✐♦♥ r ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ ✐♥ get(r , LT , f ) t❡r♠s✱ ❛♥❞ ✐♥ t②♣❡s✳ ❋✐♥❛••②✱ ♣r❡❞✐❝❛t❡ LT ∈ RT st❛t❡s t❤❛t t❤❡ •♦❝❛t✐♦♥ ❞❡♥♦t❡❞ ❜② t❡r♠ LT ✐s ✐♥ t❤❡ r❡❣✐♦♥ ❞❡♥♦t❡❞ ❜② r❡❣✐♦♥ t❡r♠ RT ✳ ✹✳✶✳✽ ❆①✐♦♠s ❛♥❞ ▲❡♠♠❛s ❆①✐♦♠ ❞❡❝•❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ ❛①✐♦♠ a: P ■t ✐s ❡ss❡♥t✐❛••② ❛ ♣❛✐r ♦❢ ❛ ♥❛♠❡ a ❛♥❞ ❛ ♣r❡❞✐❝❛t❡ P ✳ ❚❤❡ ❛①✐♦♠ ❞♦❡s ♥♦t t❛❦❡ ❛♥② ♣❛r❛♠❡t❡rs❀ ✈❛r✐❛❜•❡s ❛♥❞ r❡❣✐♦♥s ♠✉st ❜❡ q✉❛♥t✐✜❡❞ ✐♥ t❤❡ ❜♦❞② P ✳ ❚②♣❡s ❛♣♣❡❛r✐♥❣ ✐♥ P ♠❛② ✉s❡ ❢r❡❡ t②♣❡ ✈❛r✐❛❜•❡s✱ ✇❤✐❝❤ ❛r❡ ✐♠♣•✐❝✐t❡•② ✉♥✐✈❡rs❛••② q✉❛♥t✐✜❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛①✐♦♠✱ ✐✳❡✳ t❤❡ ❛①✐♦♠ ✐s ♣♦•②♠♦r♣❤✐❝ ✐♥ t❤❡s❡ ✈❛r✐❛❜•❡s✳ ❆①✐♦♠s ❛r❡ t②♣✐❝❛••② ✉s❡❞ t♦ ❛①✐♦♠❛t✐③❡ ♣r❡❞✐❝❛t❡ ❛♥❞ •♦❣✐❝ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❞❡✜♥❡❞ ♦t❤❡r✇✐s❡ ✐♥ t❤❡ ✜rst✲♦r❞❡r •♦❣✐❝ ♦❢ ❈❛♣✉❝✐♥❡✳ ▲❡♠♠❛s ❛r❡ s✐♠✐•❛r t♦ ❛①✐♦♠s✱ ❛♥❞ ❛r❡ ❞❡❝•❛r❡❞ ❛s✿ •❡♠♠❛ l : P ❚❤❡② ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✱ ❜✉t ❝♦♥tr❛r② t♦ ❛①✐♦♠s✱ t❤❡② ♠✉st ❜❡ ♣r♦✈❡❞✳ ✹✳✶✳✾ P❡r♠✐ss✐♦♥s P❡r♠✐ss✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ Σ ::= ρ ∅ | ρ • {f } | ρ × | ρ G | ρ -• ρ P❡r♠✐ss✐♦♥ ρ ∅ st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❡♠♣t②✱ ✐✳❡✳ ❝♦♥t❛✐♥s ♥♦ ♣♦✐♥t❡r✳ P❡r♠✐ss✐♦♥ ρ • {f } st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s s✐♥❣•❡t♦♥✱ ✐✳❡✳ ❝♦♥t❛✐♥s ❡①❛❝t•② ♦♥❡ ♣♦✐♥t❡r p✱ ❛♥❞ t❤❛t ρ ✐s ♦♣❡♥✱ ✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥t p ♠❛② ❜❡ ❜r♦❦❡♥✳ ■t ❛•s♦ st❛t❡s t❤❛t ✜❡•❞s f ❛r❡ ♥♦t ✐♥✐t✐❛•✐③❡❞✳ P❡r♠✐ss✐♦♥ ρ × st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s s✐♥❣•❡t♦♥ ❛♥❞ ❝•♦s❡❞✱ ✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♣♦✐♥t❡r ❤♦•❞s✳ ■t ❛•s♦ ❡♥❝❛♣s✉•❛t❡s ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✳ P❡r♠✐ss✐♦♥ ρ G st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❣r♦✉♣✱ ✐✳❡✳ ✐t ♠❛② ❝♦♥t❛✐♥ ❛♥② ♥✉♠❜❡r ♦❢ ❝•♦s❡❞ ♣♦✐♥t❡rs✳ P❡r♠✐ss✐♦♥ σ -• ρ st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ❛♥❞ ✐s t❤✉s ❞✐s❛❜•❡❞ ❛s •♦♥❣ ❛s σ × ✐s ♥♦t ❣✐✈❡♥ ❜❛❝❦✳ ◆♦t❛t✐♦♥ ❲❡ ♠❛② ✉s❡ ρ • t♦ ❞❡♥♦t❡ ♣❡r♠✐ss✐♦♥ ρ • {}✱ ✐✳❡✳ ρ ✐s ♦♣❡♥ ❛♥❞ ❛•• ✐ts ✜❡•❞s ❛r❡ ✐♥✐t✐❛•✐③❡❞✳ ✹✳✶✳✶✵ ❊①♣r❡ss✐♦♥s ❆•• ❡①♣r❡ss✐♦♥s ❛r❡ ♣✉r❡✱ ✐✳❡✳ ❞♦ ♥♦t ❝❛✉s❡ s✐❞❡✲❡✛❡❝ts✳ ❚❤❡② ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ e ::= ✵, ✶, • • • ■♥t❡❣❡rs | true, false ❇♦♦•❡❛♥s | () ❯♥✐q✉❡ ✈❛•✉❡ ♦❢ t❤❡ unit t②♣❡ | e op e ❖♣❡r❛t✐♦♥s ✭op ∈ {+, -, ×, =, =, >, <, ≥, ≤}✮ | f arg ▲♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣•✐❝❛t✐♦♥ | x ❱❛r✐❛❜•❡ | x .f ❋✐❡•❞ s❡•❡❝t✐♦♥ ✇❤❡r❡✿ arg ::= [ρ] | (e) ❲❡ r❡str✐❝t ✜❡•❞ s❡•❡❝t✐♦♥ t♦ ✈❛r✐❛❜•❡s✳ ❚❤✐s ✐s t♦ ❡♥s✉r❡ ❛ t②♣❡ ❝❛♥ ❜❡ ❣✐✈❡♥ t♦ x .f ✇❤❡♥ f ✐s ❛ ✜❡•❞ ♦❢ ♣♦✐♥t❡r t②♣❡ ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ r ✳ ■♥❞❡❡❞✱ t❤❡ t②♣❡ ♦❢ x .f ✐s t❤❡♥ [x .r ]✿ ♥❛♠❡ x ✐s ♥❡❡❞❡❞✳ ▼♦r❡ ❝♦♠♣•❡① ❡①♣r❡ss✐♦♥s s✉❝❤ ❛s x .f 1 .f 2 ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② ❣✐✈✐♥❣ ❛ ♥❛♠❡ t♦ x .f 1 s✉❝❤ ❛s y ✉s✐♥❣ ❛ •❡t✲❜✐♥❞✐♥❣ st❛t❡♠❡♥t✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ♠❛② ❜❡ ✉s❡❞ ❛s ❡①♣r❡ss✐♦♥s✳ ❚❤❡② t❛❦❡ ❛ •✐st ♦❢ ❛r❣✉♠❡♥ts arg ✇❤❡r❡ arg ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ❛r❣✉♠❡♥t [ρ] ♦r ❛ r❡❣✉•❛r ❡①♣r❡ss✐♦♥ ❛r❣✉♠❡♥t (e)✳ ✹✳✶✳✶✶ ❙t❛t❡♠❡♥ts ❙t❛t❡♠❡♥ts ❞♦ ❝❛✉s❡ s✐❞❡✲❡✛❡❝ts ❛♥❞ ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ s ::= •❡t x = e ❱❛r✐❛❜•❡ ❞❡❝•❛r❛t✐♦♥ | ✐❢ e t❤❡♥ S ❡•s❡ S ❚❡st | •❡t x = f arg ❈❛•• | •❡t r❡❣✐♦♥ r : C ◆❡✇ r❡❣✐♦♥ | •❡t x = ♥❡✇ C [ρ] ❆••♦❝❛t✐♦♥ | ❢♦❝✉s x : ρ ❛s ρ ❊①tr❛❝t ❛ ♣♦✐♥t❡r | x .f ← e ❆ss✐❣♥ ✜❡•❞ | ❛❞♦♣t x : ρ ❛s ρ ▼♦✈❡ ❛ ♣♦✐♥t❡r | ✉♥❢♦❝✉s x : ρ ❛s ρ ❖♣♣♦s✐t❡ ♦❢ ❢♦❝✉s | ♣❛❝❦ x : C ❈•♦s❡ ♣♦✐♥t❡r | ✉♥♣❛❝❦ x ❖♣❡♥ ♣♦✐♥t❡r | ✇❡❛❦❡♥ ❡♠♣t② ρ ❲❡❛❦❡♥ ❡♠♣t② r❡❣✐♦♥ | ✇❡❛❦❡♥ s✐♥❣•❡ ρ ❲❡❛❦❡♥ s✐♥❣•❡t♦♥ r❡❣✐♦♥ | ❛ss❡rt P ❆ss❡rt✐♦♥ | •❛❜❡• L ▲❛❜❡• ✇❤❡r❡ S ❛r❡ ❜•♦❝❦s✱ ✐✳❡✳ s❡q✉❡♥❝❡s ♦❢ st❛t❡♠❡♥ts✿ S ::= {s; • • •; s} ❚❤❡ s❝♦♣❡ ♦❢ ❛•• ❜✐♥❞❡rs ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝✉rr❡♥t ❜•♦❝❦✳ ❋✉♥❝t✐♦♥ ❝❛••s ♠❛② ❜❡ r❡❝✉rs✐✈❡✳ ▲♦♦♣s ❛r❡ ❡♥❝♦❞❡❞ ✉s✐♥❣ r❡❝✉rs✐✈❡ ❝❛••s✳ ❲❡ ❝❤♦s❡ ♥♦t t♦ ❤❛✈❡ •♦♦♣ st❛t❡♠❡♥ts ✐♥ ♦r❞❡r t♦ s✐♠♣•✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ •❛♥❣✉❛❣❡✳ ■t ❛••♦✇s t♦ ❛✈♦✐❞ ❞✉♣•✐❝❛t✐♥❣ t❤❡ ✐❞❡❛s ❜❡❤✐♥❞ t②♣✐♥❣ r✉•❡s ♦❢ r❡❝✉rs✐✈❡ ❝❛••s✳ ■♥ ♣❛rt✐❝✉•❛r✱ •♦♦♣s ✇♦✉•❞ r❡q✉✐r❡ •♦♦♣ ✐♥✈❛r✐❛♥t ❛♥♥♦t❛t✐♦♥s✱ ✐♥❝•✉❞✐♥❣ ✐♥✈❛r✐❛♥t ♣❡r♠✐ss✐♦♥s✿ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s s❤♦✉•❞ ❜❡ t❤❡ s❛♠❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❜♦❞② ♦❢ •♦♦♣s✳ ❚❤❡ •❡t r❡❣✐♦♥ r : C ♦♣❡r❛t✐♦♥ ❜✐♥❞s ❛ ♥❡✇ r❡❣✐♦♥ r ✱ ♦❢ ❝•❛ss ❡①♣r❡ss✐♦♥ C✳ ❚❤❡ r❡❣✐♦♥ ✐s ✐♥✐t✐❛••② ❡♠♣t②✳ ■t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛••♦❝❛t❡ ♦r ❢♦❝✉s ♣♦✐♥t❡rs✳ ❆••♦❝❛t✐♦♥ ♥❡✇ t❛❦❡s ❛ r❡❣✐♦♥ ρ ❛s ❛r❣✉♠❡♥t ❛♥❞ ❛••♦❝❛t❡s ❛ ♥❡✇ ♦❜•❡❝t ♦❢ t❤❡ ❝•❛ss ♦❢ ρ ✐♥s✐❞❡ t❤✐s r❡❣✐♦♥✳ ❆ ♣♦✐♥t❡r t♦ t❤✐s ♦❜•❡❝t ✐s st♦r❡❞ ✐♥ t❤❡ •❡t✲❜♦✉♥❞ ✈❛r✐❛❜•❡ x ✳ ❚❤❡ ❢♦❝✉s x : ρ ❛s σ ♦♣❡r❛t✐♦♥ ❡①tr❛❝ts ♣♦✐♥t❡r x ❢r♦♠ ❣r♦✉♣ r❡❣✐♦♥ ρ t♦ ❡♠♣t② r❡❣✐♦♥ σ✱ ✇❤✐❝❤ ❜❡❝♦♠❡s s✐♥❣•❡t♦♥✳ ❚❤❡ t②♣❡ ♦❢ x ❝❤❛♥❣❡s ❢r♦♠ [ρ] t♦ [σ]✳ ❚❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ❞♦❡s t❤❡ ♦♣♣♦s✐t❡✳ ❲❤✐•❡ t❤❡ ♣♦✐♥t❡r ✐s ❢♦❝✉s❡❞✱ r❡❣✐♦♥ ρ ✐s t❡♠♣♦r❛r✐•② ❞✐s❛❜•❡❞✿ ♣❡r♠✐ss✐♦♥ ρ G ✐s r❡♣•❛❝❡❞ ❜② σ -• ρ✳ ❆❞♦♣t✐♦♥ ✐s s✐♠✐•❛r t♦ ✉♥❢♦❝✉s ✐♥ t❤❛t ✐t ♠♦✈❡s ❛ ✈❛r✐❛❜•❡ ❢r♦♠ ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✱ ❡①❝❡♣t t❤❛t t❤❡ ✈❛r✐❛❜•❡ ✇❛s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✳ P❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ❝♦♥tr♦• t❤❡ st❛t❡ ♦❢ ♣♦✐♥t❡rs ✭♦♣❡♥ ♦r ❝•♦s❡❞✮✳ P❛❝❦✐♥❣ ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✿ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣ ♣❛❝❦❡❞ ♠✉st ❤♦•❞✳ ❲❡❛❦❡♥✐♥❣ ✐s str✐❝t•② ❛ t②♣✐♥❣ ♦♣❡r❛t✐♦♥✳ ■t t❛❦❡s ❛♥ ❡♠♣t② ♦r ❝•♦s❡❞ s✐♥❣•❡t♦♥ r❡❣✐♦♥✱ ❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥ ρ ∅ ♦r ρ × ❛♥❞ ♣r♦❞✉❝❡s t❤❡ ❣r♦✉♣ ♣❡r♠✐ss✐♦♥ ρ G ✳ ❆ss❡rt✐♦♥ ❛ss❡rt P ❝❤❡❝❦s t❤❛t ♣r❡❞✐❝❛t❡ P ❤♦•❞s ❛t t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✳ ■t ❣❡♥❡r✲ ❛t❡s P ❛s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✳ ▲❛❜❡• ❞❡❝•❛r❛t✐♦♥ •❛❜❡• L ❜✐♥❞s •❛❜❡• ♥❛♠❡ L ✐♥ t❤❡ ❢♦••♦✇✐♥❣ st❛t❡♠❡♥ts ♦❢ t❤❡ ❝✉rr❡♥t ❜•♦❝❦✳ ❚❤❡ •❛❜❡• L t❤❡♥ ❞❡♥♦t❡s t❤❡ st❛t❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛t ✐ts ❞❡❝•❛r❛t✐♦♥ ♣♦✐♥t✳ ✹✳✶✳✶✷ ❋✉♥❝t✐♦♥ ❉❡❝•❛r❛t✐♦♥s ❆ ❢✉♥❝t✐♦♥ ❞❡❝•❛r❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ ❢✉♥ f param: τ ❝♦♥s✉♠❡s Σ ♣r♦❞✉❝❡s Σ ♣r❡ P ♣♦st P { s; • • • s; r❡t✉r♥ e } ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ r❡t✉r♥ t②♣❡ τ ✱ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s P ✱ ❜♦❞② s ❛♥❞ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥ e ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❆r❣✉♠❡♥ts param ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✺✳ |❡❣✐♦♥ ❛r❣✉♠❡♥ts ❛r❡ r❡❣✐♦♥ ❜✐♥❞❡rs✳ |❡❣✐♦♥s ❜♦✉♥❞ t❤✐s ✇❛② ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❞❡❝•❛r❛✲ t✐♦♥✳ ❚②♣✐❝❛••②✱ t❤❡② ❛r❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱ ♦r ♦❢ t❤❡ r❡t✉r♥ ✈❛•✉❡ ✐❢ ✐t ✐s ❛ ♣♦✐♥t❡r✳ ❆s ✉s✉❛• ✇✐t❤ r❡❣✐♦♥ ❜✐♥❞❡rs✱ ❡❛❝❤ r❡❣✐♦♥ ♣❛r❛♠❡t❡r ✐s ❣✐✈❡♥ ❛ ❝•❛ss ❡①♣r❡ss✐♦♥ C✳ ❚❤❡ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s st❛t❡ ✇❤✐❝❤ ♣❡r♠✐ss✐♦♥s Σ ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦✲ ❞✉❝❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤❡② ❣✐✈❡ t❤❡ st❛t❡ ♦❢ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❢✉♥❝t✐♦♥ ✼✹ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ ✐s ❝❛••❡❞✳ ✹✳✷ ❚②♣✐♥❣ ◆♦✇ t❤❛t ✇❡ •❛✐❞ ❞♦✇♥ t❤❡ s②♥t❛① ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛♥❞ •♦❣✐❝✱ ✇❡ ✐♥tr♦❞✉❝❡ t②♣✐♥❣ r✉•❡s✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ♠❛✐♥ ♠❡❝❤❛♥✐s♠s ✐♥✈♦•✈❡❞✿ t②♣✐♥❣ ♦❢ ❡①♣r❡ss✐♦♥s✱ t②♣✐♥❣ ♦❢ •♦❣✐❝ t❡r♠s✱ ❛♥❞ ♣❡r♠✐ss✐♦♥s✳ ❚②♣✐♥❣ ♦❢ ❡①♣r❡ss✐♦♥s ❛♥❞ •♦❣✐❝ t❡r♠s ✉s❡ r✉•❡s s✐♠✐•❛r t♦ t②♣❡ s②st❡♠s ♦❢ t❤❡ ▼▲ ❢❛♠✐•②✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡② ✐♥✈♦•✈❡ t②♣❡ ✈❛r✐❛❜•❡s✳ ❈❛♣✉❝✐♥❡ ❛•s♦ ✉s❡s r❡❣✐♦♥ ✈❛r✐❛❜•❡s✱ ✇❤✐❝❤ ❛r❡ s✐♠✐•❛r t♦ t②♣❡ ✈❛r✐❛❜•❡s ✐♥ t❤❡✐r ❜❡❤❛✈✐♦r✳ ❋♦r ✐♥st❛♥❝❡✱ ❝•❛ss❡s ♠❛② ❤❛✈❡ t②♣❡ ❛♥❞ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚②♣✐♥❣ ♦❢ ♣❡r♠✐ss✐♦♥s r❡✢❡❝ts ❤♦✇ ♣❡r♠✐ss✐♦♥s ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ❜② st❛t❡♠❡♥ts✳ P❡r♠✐ss✐♦♥s ❛r❡ ❛•s♦ ✉s❡❞ ✐♥ t②♣✐♥❣ r✉•❡s ♦❢ ❡①♣r❡ss✐♦♥s t♦ ❝❤❡❝❦ t❤❛t r❡❛❞✐♥❣ ❛❝❝❡ss ❛r❡ ❛••♦✇❡❞✳ ❚❤❡② ❛r❡ ♥♦t ✉s❡❞ ✐♥ t②♣✐♥❣ r✉•❡s ♦❢ t❡r♠s✱ ❜❡❝❛✉s❡ ♦✉r ♠♦❞❡• ❢♦r •♦❣✐❝ ✐s ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r ♣r♦❣r❛♠s ❛♥❞ ❛••♦✇s r❡❛❞✐♥❣ ❡✈❡♥ ✇✐t❤ ♥♦ ♣❡r♠✐ss✐♦♥✳ ❲❡ ❛ss✉♠❡ ❛•• ✐❞❡♥t✐✜❡rs ❛r❡ α✲r❡♥❛♠❡❞ ✇❤❡♥ ♥❡❡❞❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❛ss✉♠❡ ♣r♦❣r❛♠s s✉❝❤ ❛s✿ •❡t x = ✶; •❡t x = true; ❞♦ ♥♦t ♦❝❝✉r✳ ❚❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ❛❝t✉❛••② tr❛♥s❢♦r♠s t❤✐s ♣r♦❣r❛♠ ✐♥t♦✿ •❡t x 1 = ✶; •❡t x 2 = true; ✹✳✷✳✶ ❊①♣r❡ss✐♦♥s ❖✇♥❡❞ |❡❣✐♦♥s ❛♥❞ ❋✐❡•❞ ❋✐rst ✇❡ ✐♥tr♦❞✉❝❡ t②♣✐♥❣ •✉❞❣❡♠❡♥ts ❢♦r ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✜❡•❞s✿ s: C ′ ∈ x C f : τ ∈ x C ❚❤❡ ✜rst •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ s✱ ❞❡✜♥❡❞ ✐♥ ❝•❛ss C✱ ❤❛s ❝•❛ss C ′ ✇❤❡♥ ♦✇♥❡❞ ❜② ♣♦✐♥t❡r ✈❛r✐❛❜•❡ x ✳ ❚❤❡ s❡❝♦♥❞ •✉❞❣❡♠❡♥t ✐s t❤❡ ❡q✉✐✈❛•❡♥t ❢♦r ✜❡•❞s✿ ✐t st❛t❡s t❤❛t x .f ❤❛s t②♣❡ τ ✱ ✇❤❡r❡ f ✐s ❞❡✜♥❡❞ ✐♥ ❝•❛ss C✳ ❚❤❡s❡ •✉❞❣❡♠❡♥ts ✐♥✈♦•✈❡ s✉❜st✐t✉t✐♦♥ ♦❢ t②♣❡ ❛♥❞ r❡❣✐♦♥ ✈❛r✐❛❜•❡s✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢♦••♦✇✐♥❣ ❝•❛ss ❞❡❝•❛r❛t✐♦♥✿ ❝•❛ss C (α) [r : Long] { s✐♥❣•❡ s: List (α) [r ]; f : Array ([s]); } ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ❣✐✈❡s t❤❡ t②♣❡ ♦❢ x ✿ σ: Long, ρ: C (int) [σ], x : [ρ] ❚❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t ❤♦•❞s✿ Γ, r : C ⊢ r : C ||♦♦t Γ, x : [ρ] ⊢ ρ : C s : C ′ ∈ x C Γ, x : [ρ] ⊢ x .s : C ′ |❖✇♥ ❋✐❣✉r❡ ✹✳✶✿ ❚②♣✐♥❣ r✉•❡s ❢♦r r❡❣✐♦♥s f : Array([x .s]) ∈ x C (int) (σ) ◆♦t❡ ❤♦✇ Array ([s]) ✇❛s s✉❜st✐t✉t❡❞ t♦ Array ([x .s])✳ ❚❤✐s ✐••✉str❛t❡s t❤❡ ♥❡❝❡ss✐t② ♦❢ x ✐♥ t❤❡ ∈ x •✉❞❣❡♠❡♥t✳ ❚❤✐s s✉❜st✐t✉t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s t❤❡ ✉s✉❛• ▼▲ ♠❡❝❤❛♥✐s♠ ❢♦r t②♣❡ ♣❛r❛♠❡t❡rs✱ ♦♥ t♦♣ ♦❢ ✇❤✐❝❤ ✇❡ ❛❞❞ s✉❜st✐t✉t✐♦♥ ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s✳ ❙✉❜st✐t✉t✐♦♥ ❢♦r t②♣❡ ❛♥❞ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ✉s❡ t❤❡ ▼▲ ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ ✐s ✇❡••✲❦♥♦✇♥ ❛♥❞ ✇❡ ❞♦ ♥♦t ❞❡t❛✐• ✐t✳ ❙✉❜st✐t✉t✐♦♥ ❢♦r ♦✇♥❡❞ r❡❣✐♦♥s ✐s q✉✐t❡ s✐♠♣•❡✿ ❛•• r❡❣✐♦♥ ✈❛r✐❛❜•❡s s ✇❤✐❝❤ ❛r❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ ❝•❛ss C ❛r❡ s✉❜st✐t✉t❡❞ t♦ x .s✱ ✇❤❡r❡ x ✐s t❤❡ ✈❛r✐❛❜•❡ ❜② ✇❤✐❝❤ ∈ x ✐s ✐♥❞❡①❡❞✳ ❊♥✈✐r♦♥♠❡♥ts ❚②♣✐♥❣ r✉•❡s ❢♦r ❡①♣r❡ss✐♦♥s ✐♥✈♦•✈❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t Γ✳ ■t ✐s ❛ •✐st ♦❢✿ • x : τ ♣❛✐rs✱ ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜•❡ ❛♥❞ τ ✐s ✐ts t②♣❡❀ • r : C ♣❛✐rs✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡ ❛♥❞ C ✐s ✐ts ❝•❛ss ❡①♣r❡ss✐♦♥❀ • L: R ♣❛✐rs✱ ✇❤❡r❡ L ✐s ❛ •❛❜❡• ❛♥❞ R ✐s ❛ s❡t ♦❢ r❡❣✐♦♥ ♥❛♠❡s✳ ❚❤❡ ♦r❞❡r ♦❢ t❤❡ •✐st ❞♦❡s ♥♦t ♠❛tt❡r✱ ❛♥❞ ✇❡ ✇✐•• ✉s❡ Γ, a: b t♦ ❞❡♥♦t❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t ❝♦♥t❛✐♥✐♥❣ ♣❛✐r a: b ❛s ✇❡•• ❛s s♦♠❡ ♦t❤❡r ♣❛✐rs Γ✳ ❋♦r ❝•❛r✐t②✬s s❛❦❡✱ ②♦✉ ♠❛② ❛ss✉♠❡ Γ t♦ ❜❡ ❛ ❢✉♥❝t✐♦♥✱ ❛•t❤♦✉❣❤ ✐t ✐s ♥♦t ♥❡❝❡ss❛r②✳ ❋♦r ✐♥st❛♥❝❡✱ ❡♥✈✐r♦♥♠❡♥t x : int, x : bool ✇✐•• ♥❡✈❡r ♦❝❝✉r ♥❛t✉r❛••②✳ |❡❣✐♦♥s |❡❣✐♦♥s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ ⊢ ρ: C ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ r❡❣✐♦♥ ρ ❝♦♥t❛✐♥s ♣♦✐♥t❡rs ♦❢ ❝•❛ss ❡①♣r❡ss✐♦♥ C✳ ❋✐❣✉r❡ ✹✳✶ s❤♦✇s t②♣✐♥❣ r✉•❡s ❢♦r r❡❣✐♦♥s✳ |✉•❡ ||♦♦t st❛t❡s t❤❛t ✐❢ r : C ✐s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡♥ r ❝♦♥t❛✐♥s ♣♦✐♥t❡rs ♦❢ ❝•❛ss C✳ |✉•❡ |❖✇♥ st❛t❡s ❤♦✇ t♦ t②♣❡ ♦✇♥❡❞ r❡❣✐♦♥ x .s✳ ❋✐rst ✇❡ •♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ x ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■t s❤♦✉•❞ ❜❡ ❛ ♣♦✐♥t❡r t②♣❡ [ρ]✱ ✇❤❡r❡ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❲❡ t❤❡♥ t②♣❡ ρ ✐♥ t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ♦❜t❛✐♥ ✐ts ❝•❛ss C✳ ❲❡ ✜♥❛••② •♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ r❡❣✐♦♥ s ✐♥ ❝•❛ss ❡①♣r❡ss✐♦♥ C ✇❤❡♥ ✐t ✐s ♦✇♥❡❞ ❜② ♣♦✐♥t❡r x ✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❝•❛ss C ′ ♦❢ x .s✳ ❆❝❝❡ss✐❜•❡ |❡❣✐♦♥s ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥ts ❛✐♠❡❞ ❛t ❞❡✜♥✐♥❣ ✇❤❡t❤❡r t❤❡r❡ ❛r❡ ❡♥♦✉❣❤ ♣❡r♠✐ss✐♦♥s ❢♦r ❛ r❡❣✐♦♥ ρ t♦ ❜❡ ❛❝❝❡ss✐❜•❡✳ ❆❝❝❡ss✐❜✐•✐t② ♦❢ ❛ r❡❣✐♦♥ ❞❡♥♦t❡s ✇❤❡t❤❡r ✇❡ ❛r❡ ❛❜•❡ t♦ tr❛♥s•❛t❡ ❛♥ ❛❝❝❡ss t♦ t❤✐s r❡❣✐♦♥ t♦ ❝♦♠♣✉t❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❚♦ t❤✐s ❡♥❞ ✇❡ r❡q✉✐r❡ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ r❡❣✐♦♥ ❛♥❞ ✐ts ♦✇♥❡rs✳ ■♥ ♦t❤❡r ✇♦r❞s ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ st❛t❡ ♦❢ t❤❡ r❡❣✐♦♥✱ ✐♥ ♣❛rt✐❝✉•❛r ✇❤❡t❤❡r ✐t ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✳ • Γ, Σ ⊢ • ρ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❛❝❝❡ss✐❜•❡ ❛♥❞ ✐s ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡✱ ✐✳❡✳ t❤❛t ρ ❛♥❞ ❛•• ✐ts tr❛♥s✐t✐✈❡ ♦✇♥❡rs ❛r❡ ♦♣❡♥✳ r • {f 1 , • • • , f k } ∈ Σ (k ≥ 0) Γ, Σ ⊢ • r ❆❝❝✶ x .s • {f 1 , • • • , f k } ∈ Σ (k ≥ 0) x : [ρ] ∈ Γ Γ, Σ ⊢ • ρ Γ, Σ ⊢ • x .s ❆❝❝✷ Σ ∩ {r ∅ , r × , r G } = ∅ Γ, Σ ⊢ × r ❆❝❝✸ σ -• r ∈ Σ Γ, Σ ⊢ σ Γ, Σ ⊢ × r ❆❝❝✹ Σ ∩ {x .s ∅ , x .s × , x .s G } = ∅ x : [ρ] ∈ Γ Γ, Σ ⊢ • ρ Γ, Σ ⊢ × x .s ❆❝❝✺ σ -• x .s ∈ Σ Γ, Σ ⊢ σ x : [ρ] ∈ Γ Γ, Σ ⊢ • ρ Γ, Σ ⊢ × x .s ❆❝❝✻ x : [ρ] ∈ Γ Γ, Σ ⊢ × ρ Γ, Σ ⊢ × x .s ❆❝❝✼ Γ, Σ ⊢ × ρ Γ, Σ ⊢ ρ ❆❝❝✽ Γ, Σ ⊢ • ρ Γ, Σ ⊢ ρ ❆❝❝✾ ❋✐❣✉r❡ ✹✳✷✿ ❚②♣✐♥❣ r✉•❡s ❢♦r r❡❣✐♦♥ ❛❝❝❡ss✐❜✐•✐t② • Γ, Σ ⊢ × ρ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❛❝❝❡ss✐❜•❡ ❛♥❞ ✐s ✐♥ t❤❡ ❝•♦s❡❞ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✳ ■t ❝❛♥ ❜❡ ❛t t❤❡ ❜♦r❞❡r ❜❡t✇❡❡♥ t❤❡ ❝•♦s❡❞ ♣❛rt ❛♥❞ t❤❡ ♦♣❡♥ ♣❛rt✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥ ρ ∅ ✱ ρ × ✱ ρ G ♦r σ -• ρ ✐s ❛✈❛✐•❛❜•❡✳ ■❢ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s σ -• ρ✱ t❤❡♥ σ ♠✉st ❜❡ ❛❝❝❡ss✐❜•❡✳ ❖r ρ ❝❛♥ ❜❡ ❜❡•♦✇ t❤❡ ❜♦r❞❡r✱ ✐✳❡✳ tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ r❡❣✐♦♥ ♦❢ t❤❡ ❜♦r❞❡r✳ • Γ, Σ ⊢ ρ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❛❝❝❡ss✐❜•❡✱ ✇❤❡t❤❡r ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦r t❤❡ ❝•♦s❡❞ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✳ ❋✐❣✉r❡ ✹✳✷ ❞❡✜♥❡s t❤❡s❡ •✉❞❣❡♠❡♥ts✳ |✉•❡s ❆❝❝✶ ❛♥❞ ❆❝❝✷ ❞❡✜♥❡ •✉❞❣❡♠❡♥t ⊢ • ✳ ❆ r❡❣✐♦♥ ✐s ❛❝❝❡ss✐❜•❡ ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ ✐❢ t❤❡ r❡❣✐♦♥ ✐s ♦♣❡♥ ❛♥❞ ❡✐t❤❡r t❤❡ r❡❣✐♦♥ ✐s ❛t t❤❡ t♦♣ ♦❢ t❤❡ tr❡❡✱ ✐✳❡✳ ✐s ❛ ✈❛r✐❛❜•❡ r ✱ ♦r t❤❡ r❡❣✐♦♥ ✐s ♦✇♥❡❞ ❜② ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ✐ts❡•❢ ❛❝❝❡ss✐❜•❡ ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ tr❡❡✳ |✉•❡s ❆❝❝✸ t♦ ❆❝❝✼ ❞❡✜♥❡ •✉❞❣❡♠❡♥t ⊢ × ✳ ❆ r❡❣✐♦♥ ρ ♦♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛ ❝•♦s❡❞ ♣❡r♠✐ss✐♦♥ ✭ρ ∅ ✱ ρ × ✱ ρ G ♦r σ -• ρ ❢♦r s♦♠❡ r❡❣✐♦♥ σ✮ ✐s ❛t t❤❡ ❜♦r❞❡r ♦❢ t❤❡ tr❡❡ ✭r✉•❡s ❆❝❝✸ t♦ ❆❝❝✻✮✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ♦✇♥❡❞✱ ✐ts ♦✇♥❡r ♠✉st ❜❡ ❛❝❝❡ss✐❜•❡ ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ tr❡❡ ✭r✉•❡s ❆❝❝✺ ❛♥❞ ❆❝❝✻✮✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ t❤❡ t❛r❣❡t r❡❣✐♦♥ σ ♠✉st ❜❡ ❛❝❝❡ss✐❜•❡ ✭r✉•❡s ❆❝❝✹ ❛♥❞ ❆❝❝✻✮✳ ❋✐♥❛••②✱ ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ r❡❣✐♦♥ ✐s ❛•s♦ ❛❝❝❡ss✐❜•❡ ✐♥ t❤❡ ❝•♦s❡❞ ♣❛rt ♦❢ t❤❡ tr❡❡ ✭r✉•❡ ❆❝❝✼✮✳ ❲❡ ❝❛♥♥♦t r❡❛❞ ❢r♦♠ ♦r ✇r✐t❡ ✐♥t♦ ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛❝❝❡ss✐❜•❡✳ ❚❤✉s ♠♦st t②♣✐♥❣ r✉•❡s ✉s❡ t❤❡ r❡❣✐♦♥ ❛❝❝❡ss✐❜✐•✐t② •✉❞❣❡♠❡♥t ⊢ ✳ ▼♦r❡ ❞❡t❛✐•s ♦♥ ❤♦✇ ✇❡ ❛❝❝❡ss r❡❣✐♦♥s ❛♥❞ ✇❤② t❤✐s t②♣✐♥❣ •✉❞❣❡♠❡♥ts ❛r❡ r❡q✉✐r❡❞ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ❙❡❝t✐♦♥ ✹✳✺✱ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✷✳ x y • • • • • • • • • z z • • • s 1 s 3 s 2 s 4 r • x .s 1 × y.s 3 r ′ -• x .s 2 r ′• z .s 4 G focus ❋✐❣✉r❡ ✹✳✸✿ ■••✉str❛t✐♦♥ ♦❢ ❛ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ ❛♥❞ ✐ts ♦♣❡♥✴❝•♦s❡ ❜♦r❞❡r Σ ∩ {ρ ∅ , ρ × , ρ G } = ∅ Γ, Σ ⊢ -• ρ ρ • ∈ Σ Γ ⊢ ρ : C ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ C ❛r❡ r 1 , • • •, r n x : [ρ] ∈ Γ ❢♦r ❛•• ✐✱ Γ, Σ ⊢ -• x .r i Γ, Σ ⊢ -• ρ ❋✐❣✉r❡ ✹✳✹✿ ❚②♣✐♥❣ r✉•❡s ❢♦r ❢♦❝✉s✲❢r❡❡♥❡ss ■♥ ❢❛❝t✱ t❤✐s t②♣✐♥❣ r❡q✉✐r❡♠❡♥t ✐s ♦♥•② ✉s❡❞ ✇❤❡♥ tr❛♥s•❛t✐♥❣ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s t♦ ❲❤② ♣r♦❣r❛♠s✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ❋✐❣✉r❡ ✹✳✸ ✐••✉str❛t❡s ❛♥ ❡①❛♠♣•❡ ♦❢ ❛ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡✳ ❚❤❡ ❣r❛② ♣❛rt ♦❢ t❤❡ ✜❣✉r❡ ✐s t❤❡ ❝•♦s❡❞ ♣❛rt ♦❢ t❤❡ tr❡❡✳ |❡❣✐♦♥s r ❛♥❞ r ′ ❢♦r♠ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ tr❡❡✳ |❡❣✐♦♥ r ✐s ♦♣❡♥ ❛♥❞ s✐♥❣•❡t♦♥❀ ✐t ❝♦♥t❛✐♥s ♦♥❡ •♦❝❛t✐♦♥ x ✳ ❚❤✐s •♦❝❛t✐♦♥ ♦✇♥s ❛ ❝•♦s❡❞ s✐♥❣•❡t♦♥ r❡❣✐♦♥ s 1 ✳ ❚❤❡ •♦❝❛t✐♦♥ y ♦❢ s 1 ♦✇♥s✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❛ ❣r♦✉♣ r❡❣✐♦♥ s 3 ✳ ▲♦❝❛t✐♦♥ x ❛•s♦ ♦✇♥s ❛ ❣r♦✉♣ r❡❣✐♦♥ s 2 ✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ •♦❝❛t✐♦♥ z ✇❤✐❝❤ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐♥ r❡❣✐♦♥ r ′ ✳ ▲♦❝❛t✐♦♥ z ♦✇♥s ❛ ❝•♦s❡❞ ❣r♦✉♣ r❡❣✐♦♥ s 4 ✳ ❚❤✉s t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t z ✐♥ x .s 2 ✐s ✐♥❛❝t✐✈❡✿ ✐t ❤❛s ❜❡❡♥ ♠♦✈❡❞ ✐♥t♦ r ′ ✳ ❋♦❝✉s✲❋r❡❡ |❡❣✐♦♥s ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t ❛✐♠❡❞ ❛t ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ❛ r❡❣✐♦♥ ✐s ❢♦❝✉s✲❢r❡❡ ✿ Γ, Σ ⊢ -• ρ ❚❤✐s st❛t❡s t❤❛t ρ ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ❛♥❞ t❤❛t ♥♦♥❡ ♦❢ ✐ts ✭tr❛♥s✐t✐✈❡•②✮ ♦✇♥❡❞ r❡❣✐♦♥s ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞ ❡✐t❤❡r✳ ❋✐❣✉r❡ ✹✳✹ ❞❡✜♥❡s t❤✐s •✉❞❣❡♠❡♥t✳ ❆ s✐♠♣•❡ ✇❛② t♦ ♣r♦✈❡ t❤❛t r❡❣✐♦♥ ρ ✐s ❢♦❝✉s✲❢r❡❡ ✐s ✐❢ ρ ∅ ✱ ρ × ♦r ρ G ✐s ❛✈❛✐•❛❜•❡✳ ❊•s❡✱ t❤❡♥ ρ • ✐s ❛✈❛✐•❛❜•❡ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛ ✈❛r✐❛❜•❡ x ♦❢ t②♣❡ [ρ] ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t s✉❝❤ t❤❛t ❛•• ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s x .r i ❛r❡ ❢♦❝✉s✲❢r❡❡✳ Γ, Σ ⊢ c : typeof (c) ❊❈♦♥st (Γ, x : τ ), Σ ⊢ x : τ ❊❱❛r Γ, Σ ⊢ e 1 : int Γ, Σ ⊢ e 2 : int op ∈ {+, -, ×} Γ, Σ ⊢ e 1 op e 2 : int ❊■♥t❖♣ Γ, Σ ⊢ e 1 : bool Γ, Σ ⊢ e 2 : bool op ∈ {✫✫, ||} Γ, Σ ⊢ e 1 op e 2 : bool ❊❇♦♦•❖♣ Γ, Σ ⊢ e 1 : int Γ, Σ ⊢ e 2 : int op ∈ {=, =, >, <, ≥, ≤} Γ, Σ ⊢ e 1 op e 2 : bool ❊■♥t❈♦♠♣ Γ, Σ ⊢ e 1 : τ Γ, Σ ⊢ e 2 : τ op ∈ {=, =} Γ, Σ ⊢ e 1 op e 2 : bool ❊❈♦♠♣ ρ • {f } ∈ Σ f / ∈ f Γ, x : [ρ] ⊢ ρ : C (Γ, x : [ρ]), Σ ⊢ ρ f : τ ∈ x C (Γ, x : [ρ]), Σ ⊢ x .f : τ ❊❙❡•❡❝t❖♣❡♥ Σ ∩ {ρ × , ρ G , σ -• ρ} = ∅ Γ, x : [ρ] ⊢ ρ : C (Γ, x : [ρ]), Σ ⊢ ρ f : τ ∈ x C (Γ, x : [ρ]), Σ ⊢ x .f : τ ❊❙❡•❡❝t f : param 1 • • • param n → τ ❢♦r ❛•• i : Γ, Σ, σ ⊢ arg i : param i Γ, Σ ⊢ f arg 1 • • • arg n : σ(τ ) ❊❆♣♣ ❋✐❣✉r❡ ✹✳✺✿ ❚②♣✐♥❣ r✉•❡s ❢♦r ❡①♣r❡ss✐♦♥s ❚❤✐s •✉❞❣❡♠❡♥t ✐s ✉s❡❞ ✇❤❡♥ ❛ r❡❣✐♦♥ ✐s ♣❛ss❡❞ ❢r♦♠ ♣r♦❣r❛♠s t♦ •♦❣✐❝✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥♥♦t r❡❛❞ ❢♦❝✉s❡❞ r❡❣✐♦♥s ✐♥ t❤❡ •♦❣✐❝✱ ♥♦r r❡❣✐♦♥s ✇❤✐❝❤ tr❛♥s✐t✐✈❡•② ♦✇♥ ❛ ❢♦❝✉s❡❞ r❡❣✐♦♥✳ ❊①♣r❡ss✐♦♥s ❊①♣r❡ss✐♦♥s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ, Σ ⊢ e: τ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ✐❢ ♣❡r♠✐ss✐♦♥s Σ ❛r❡ ❛✈❛✐•❛❜•❡✱ ✇❤❡r❡ Σ ✐s ❛ ♠✉•t✐s❡t✱ ❡①♣r❡ss✐♦♥ e ❤❛s t②♣❡ τ ✳ ◆♦t❡ t❤❛t ❛•t❤♦✉❣❤ Σ ✐s ❛ ♠✉•t✐s❡t✱ ✇❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✹✳✹ t❤❛t ✐❢ ✇❡ t②♣❡ ❛ ♣r♦❣r❛♠ ✇❤✐❝❤ st❛rts ✇✐t❤ ♥♦ ♣❡r♠✐ss✐♦♥✱ ✐t ✐s ♥♦t ♣♦ss✐❜•❡ ❢♦r t❤❡ s❛♠❡ ♣❡r♠✐ss✐♦♥ t♦ ❛♣♣❡❛r t✇✐❝❡ •❛t❡r ♦♥✳ ❋✐❣✉r❡ ✹✳✺ s❤♦✇s t②♣✐♥❣ r✉•❡s ❢♦r ❡①♣r❡ss✐♦♥s✳ |✉•❡ ❊❈♦♥st st❛t❡s t❤❛t t❤❡ t②♣❡ ♦❢ ❛ ❝♦♥st❛♥t c ✐s typeof (c)✳ ■❢ c ✐s ❛♥ ✐♥t❡❣❡r✱ typeof (c) ✐s int❀ ✐❢ c ✐s ❛ ❜♦♦•❡❛♥✱ typeof (c) ✐s bool ❀ ✐❢ c ✐s t❤❡ ✉♥✐t ❝♦♥st❛♥t ()✱ t❤❡♥ typeof (c) ✐s unit✳ |✉•❡s ❊■♥t❖♣✱ ❊❇♦♦•❖♣ ❊■♥t❈♦♠♣ ❛♥❞ ❊❈♦♠♣ ❣✐✈❡ t❤❡ t②♣❡ ♦❢ ♦♣❡r❛t♦rs✳ ◆♦t❡ t❤❛t ♦♥•② ✐♥t❡❣❡rs ♠❛② ❜❡ ❝♦♠♣❛r❡❞ ✉s✐♥❣ >✱ <✱ ≥ ♦r ≤✳ |✉•❡ ❊❱❛r st❛t❡s t❤❛t ✐❢ x : τ ✐s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡♥ ✈❛r✐❛❜•❡ x ❤❛s t②♣❡ τ ✳ Γ ⊢ ρ : σ(C) Γ, Σ ⊢ ρ Γ, Σ, σ ⊢ [ρ] : [r : C] ❆|❡❣✐♦♥ σ(x ) ✐s ✉♥❞❡✜♥❡❞ Γ, Σ ⊢ e : σ(τ ) Γ, Σ, σ ⊢ (e) : (x : τ ) ❆|❡❣✉•❛r σ(x ) = y Γ, Σ ⊢ y : σ(τ ) Γ, Σ, σ ⊢ (y) : (x : τ ), σ ❆❱❛r✐❛❜•❡ ❋✐❣✉r❡ ✹✳✻✿ ❚②♣✐♥❣ r✉•❡s ❢♦r ❛r❣✉♠❡♥ts |✉•❡s ❊❙❡•❡❝t❖♣❡♥ ❛♥❞ ❊❙❡•❡❝t st❛t❡s ❤♦✇ t♦ t②♣❡ ✜❡•❞ s❡•❡❝t✐♦♥ x .f ✳ ❋✐rst ✇❡ •♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ x ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■t s❤♦✉•❞ ❜❡ ❛ ♣♦✐♥t❡r t②♣❡ [ρ]✱ ✇❤❡r❡ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t t❤❡r❡ ✐s ❛ ♣❡r♠✐ss✐♦♥ ❛✈❛✐•❛❜•❡ ❢♦r r❡❣✐♦♥ ρ✱ ❜❡ ✐t ρ • {f } ✇❤❡r❡ f ✐s ✐♥✐t✐❛•✐③❡❞✱ ✐✳❡✳ ✐s ♥♦t ✐♥ f ✭r✉•❡ ❊❙❡•❡❝t❖♣❡♥✮ ♦r ρ × ✱ ρ G ♦r σ -• ρ ✭❢♦r ❛♥② r❡❣✐♦♥ σ ✖ r✉•❡ ❊❙❡•❡❝t✮✳ ❲❡ t❤❡♥ t②♣❡ ρ ✐♥ t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ♦❜t❛✐♥ ✐ts ❝•❛ss C✳ ❲❡ ✜♥❛••② •♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ ✜❡•❞ f ✐♥ ❝•❛ss ❡①♣r❡ss✐♦♥ C✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ t②♣❡ τ ♦❢ x .f ✳ ❆s ②♦✉ ❝❛♥ s❡❡✱ t❤✐s r✉•❡ ✐s s✐♠✐•❛r t♦ r✉•❡ |❖✇♥✱ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛• ♣❡r♠✐ss✐♦♥ ❝❤❡❝❦✳ |✉•❡ ❊❆♣♣ st❛t❡s ❤♦✇ t♦ t②♣❡ •♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣•✐❝❛t✐♦♥✳ ■t ✉s❡s t❤❡ ❢♦••♦✇✐♥❣ ♥❡✇ •✉❞❣❡♠❡♥t✿ f : param 1 • • • param n → τ ✇❤✐❝❤ st❛t❡s t❤❛t f ❤❛s ❜❡❡♥ ❞❡❝•❛r❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ n r❡❣✐♦♥ ♦r r❡❣✉•❛r ❛r❣✉♠❡♥ts param 1 • • • param n ❛♥❞ r❡t✉r♥✐♥❣ ❛ ✈❛•✉❡ ♦❢ t②♣❡ τ ✳ ■t ❛•s♦ ✉s❡s t❤❡ ❢♦••♦✇✐♥❣ ♥❡✇ •✉❞❣❡♠❡♥t✿ Γ, Σ, σ ⊢ arg: param ✇❤✐❝❤ st❛t❡s t❤❛t ❛r❣✉♠❡♥t arg ❤❛s t❤❡ t②♣❡ ♦❢ ❛r❣✉♠❡♥t ❞❡❝•❛r❛t✐♦♥ param✱ ✉♥❞❡r ❡♥✈✐✲ r♦♥♠❡♥t Γ✱ ♣❡r♠✐ss✐♦♥s Σ✱ ❛♥❞ s✉❜st✐t✉t✐♦♥ σ✳ ❚❤✐s •✉❞❣❡♠❡♥t ✐s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻✳ ❚♦ s✉♠ ✉♣ ❤♦✇ ❛♣♣•✐❝❛t✐♦♥ ✐s t②♣❡❞✱ ✜rst ✇❡ ✜♥❞ ❛ s✉❜st✐t✉t✐♦♥ σ ❢♦r t②♣❡ ✈❛r✐❛❜•❡s α✱ r❡❣✐♦♥ ✈❛r✐❛❜•❡s r ✱ ❛♥❞ ✈❛r✐❛❜•❡s x ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❛s ♣❛r❛♠❡t❡rs ♦❢ ❢✉♥❝t✐♦♥ f ✳ |❡❣✐♦♥ ✈❛r✐❛❜•❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦ t❤❡ r❡❣✐♦♥s ❣✐✈❡♥ t♦ t❤❡ ❛♣♣•✐❝❛t✐♦♥✳ ❱❛r✐❛❜•❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦ t❤❡ ✈❛r✐✲ ❛❜•❡s ❣✐✈❡♥ t♦ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ✭r✉•❡ ❆❱❛r✐❛❜•❡✮ ✐❢ ♥❡❡❞❡❞✳ ❚②♣❡ ✈❛r✐❛❜•❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦ ❡♥s✉r❡ ❛r❣✉♠❡♥ts e i ❛r❡ ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ❚❤❡ t②♣❡ ♦❢ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ✐s t❤❡♥ s✉❜st✐t✉t✐♦♥ σ ❛♣♣•✐❡❞ t♦ t❤❡ r❡t✉r♥ t②♣❡ τ ✳ ■❢ ❛ r❡❣✉•❛r ❛r❣✉♠❡♥t ✐s ❛ ✈❛r✐❛❜•❡ y✱ r✉•❡ ❆❱❛r✐❛❜•❡ ♠❛② ❜❡ ❛♣♣•✐❡❞ ✐♥st❡❛❞ ♦❢ ❆|❡❣✉•❛r✳ |✉•❡ ❆❱❛r✐❛❜•❡ ❛••♦✇s t♦ s✉❜st✐t✉t❡ y ✐♥ r❡❣✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ s❛② f ✐s ❞❡✜♥❡❞ ❛s✿ •♦❣✐❝ f : [r : C ] (x : [r ]) → [x .s] t❤❡♥ f [r ] (y) ❤❛s t②♣❡ [y.s]✳ ■♥ ❢❛❝t✱ ✐❢ t❤❡ ✈❛r✐❛❜•❡ ♥❛♠❡ x ♦❢ ❛ ♣❛r❛♠❡t❡r param i = (x : τ ) ✐s ✉s❡❞ ✐♥ t❤❡ t②♣❡ ♦❢ ❛♥♦t❤❡r ❢♦r♠❛• ♣❛r❛♠❡t❡r ♦r ✐♥ t❤❡ r❡t✉r♥ t②♣❡ τ ′ ✱ t❤❡♥ arg i ♠✉st ❜❡ ❛ ✈❛r✐❛❜•❡✱ ❛s ♦t❤❡r✇✐s❡ σ(τ ′ ) ✇♦✉•❞ ♥♦t ❜❡ ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ ✐❢ arg i ✐s ♥♦t ❛ ✈❛r✐❛❜•❡ t❤❡♥ r✉•❡ ❆|❡❣✉•❛r ♠✉st ❜❡ ❛♣♣•✐❡❞ ✐♥st❡❛❞ ♦❢ ❆❱❛r✐❛❜•❡ ❢♦r param i ✱ t❤✉s ❢♦r❝✐♥❣ σ(x ) t♦ ❜❡ ✉♥❞❡✜♥❡❞✳ P❆♣♣ Γ ⊢ LT : [❴] Γ ⊢ RT : C Γ ⊢ LT ∈ RT P■♥ ❋✐❣✉r❡ ✹✳✾✿ ❚②♣✐♥❣ r✉•❡s ❢♦r ♣r❡❞✐❝❛t❡s RT ❛r❡ ✐♥✈♦•✈❡❞ ❛♥❞ get ❛❝❝❡♣t ❛♥② ♣♦✐♥t❡r t❡r♠ LT ✱ ✐♥st❡❛❞ ♦❢ •✉st ✈❛r✐❛❜•❡s✳ ❲❡ ❛•s♦ ❝❤❡❝❦ ✐♥ |❚❱❛r t❤❛t •❛❜❡• L ✐s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ |✉•❡ ❚❙❡•❡❝t ✐♥✈♦•✈❡s t❤❡ ❢♦••♦✇✐♥❣ ♥❡✇ •✉❞❣❡♠❡♥t✿ f : τ ∈ C ❚❤✐s •✉❞❣❡♠❡♥t ✐s s✐♠✐•❛r t♦ f : τ ∈ x C✱ ❡①❝❡♣t t❤❛t ❛•• ♣♦✐♥t❡r t②♣❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦ [❴]✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ •♦❣✐❝✱ ♣♦✐♥t❡r ♠❛② ❜❡•♦♥❣ t♦ ❛♥② r❡❣✐♦♥✳ ❚❤✉s ♦✇♥❡r x ✐s ♥♦t ♥❡❡❞❡❞✳ ❙✐♠✐•❛r•②✱ r✉•❡ |❚❙❡•❡❝t ✐♥✈♦•✈❡ t❤❡ ❢♦••♦✇✐♥❣ ♥❡✇ •✉❞❣❡♠❡♥t✿ r : C ∈ C ′ ✇❤✐❝❤ ❛•s♦ ❞♦❡s ♥♦t ♥❡❡❞ ❛♥② ♦✇♥❡r x ❛s ♣♦✐♥t❡r t②♣❡s ❛r❡ r❡♣•❛❝❡❞ ❜② [❴]✳ Pr❡❞✐❝❛t❡s Pr❡❞✐❝❛t❡s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ ⊢ P ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ ♣r❡❞✐❝❛t❡ P ✐s ✇❡••✲t②♣❡❞✳ ❋✐❣✉r❡ ✹✳✾ s❤♦✇s t②♣✐♥❣ r✉•❡s ❢♦r ♣r❡❞✐❝❛t❡s✳ ✽✷ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ |✉•❡s P❚r✉❡✱ P❋❛•s❡✱ P◆♦t ❛♥❞ P❖♣ ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✳ ❚②♣✐♥❣ r✉•❡s P■♥t❈♦♠♣ ❛♥❞ P❈♦♠♣ ❞❡❛• ✇✐t❤ ❝♦♠♣❛r✐s♦♥s✳ ❚②♣✐♥❣ r✉•❡s P◗✉❛♥t ❛♥❞ P|❡❣✐♦♥◗✉❛♥t ❞❡❛• ✇✐t❤ q✉❛♥t✐✜❡rs✳ ❚❤❡② ✐♥tr♦❞✉❝❡ ♥❡✇ ✈❛r✐❛❜•❡s ♦r r❡❣✐♦♥ ✈❛r✐❛❜•❡s✱ r❡s♣❡❝t✐✈❡•②✱ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t t♦ t②♣❡ t❤❡ ❜♦❞②✳ ◆♦t❡ t❤❛t r❡❣✐♦♥s ❛r❡ ❛•s♦ ❛❞❞❡❞ t♦ s♣❡❝✐❛• •❛❜❡• ❤❡r❡✳ |✉•❡ P❆♣♣ ✐s s✐♠✐•❛r t♦ ❚❆♣♣✱ ❡①❝❡♣t t❤❛t t❤❡r❡ ✐s ♥♦ r❡t✉r♥ t②♣❡✳ ■t ✐♥✈♦•✈❡s t❤❡ ❢♦••♦✇✐♥❣ ♥❡✇ •✉❞❣❡♠❡♥t✿ p: param 1 • • • param n ✇❤✐❝❤ ✐s s✐♠✐•❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❡r♠s✳ |✉•❡ P■♥ st❛t❡s ❤♦✇ t♦ t②♣❡ LT ∈ RT ✿ ✇❡ s✐♠♣•② ❝❤❡❝❦ t❤❛t LT ✐s ❛ ♣♦✐♥t❡r ✭✐✳❡✳ ❤❛s t②♣❡ [❴]✮ ❛♥❞ t❤❛t RT ✐s ✇❡••✲t②♣❡❞✳ |❡❣✐♦♥ ◆❛♠❡s ❯s❡❞ ❜② ❛ Pr❡❞✐❝❛t❡ Pr❡❞✐❝❛t❡s ❛♣♣❡❛r✐♥❣ ✐♥s✐❞❡ ♣r♦❣r❛♠s✱ ✐✳❡✳ ✐♥ ♣r❡✲ ❝♦♥❞✐t✐♦♥s✱ ♣♦st✲❝♦♥❞✐t✐♦♥s✱ ❛ss❡rt✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts✱ ♠❛② ♦♥•② ♠❡♥t✐♦♥ ❢♦❝✉s✲❢r❡❡ r❡❣✐♦♥s✳ ❚❤✐s ✐s ❡♥s✉r❡❞ ❜② t❤❡ t②♣✐♥❣ r✉•❡s ❢♦r ❢✉♥❝t✐♦♥s✱ ❝•❛ss❡s ❛♥❞ st❛t❡♠❡♥ts✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡ •❛t❡r✳ ❍❡r❡ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ freeregions✱ ✇❤✐❝❤ t❛❦❡s ❛ ♣r❡❞✐❝❛t❡✱ ❛ t❡r♠ ♦r ❛ r❡❣✐♦♥ t❡r♠ ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ r❡t✉r♥s ❛•• ❢r❡❡ r❡❣✐♦♥ ♥❛♠❡s ✉s❡❞ ❜② t❤❡ ❛r❣✉♠❡♥t✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✿ ✐t ❝♦••❡❝ts ❛•• r❡❣✐♦♥ ♥❛♠❡s r ✇✐t❤ •❛❜❡• ❤❡r❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♣r❡❞✐❝❛t❡ ✇❤✐❝❤ ❛r❡ ♥♦t ❜♦✉♥❞ ❜② ∀r❡❣✐♦♥ r ♦r ∃r❡❣✐♦♥ r ✳ ■♥ ♣❛rt✐❝✉•❛r✿ • freeregions(r ❅❤❡r❡) = {r }❀ • freeregions(r ❅L) = ∅ ✐❢ L = ❤❡r❡❀ • freeregions(get(RT , LT , s)) = freeregions(RT ) ∪ freeregions(LT )❀ • freeregions(∀r❡❣✐♦♥ r : C. P ) = freeregions(P )-r ❀ • freeregions(∃r❡❣✐♦♥ r : C. P ) = freeregions(P )-r ❀ • freeregions(p larg 1 • • • larg n ) = freeregions(larg 1 ) ∪ • • • ∪ freeregions(larg n )❀ • freeregions(f larg 1 • • • larg n ) = freeregions(larg 1 ) ∪ • • • ∪ freeregions(larg n )❀ ◆♦t❡ t❤❛t t②♣✐♥❣ r✉•❡s ❡♥❢♦r❝❡ r❡❣✐♦♥s ❜♦✉♥❞ ✉s✐♥❣ q✉❛♥t✐✜❡rs t♦ ♦♥•② ❜❡ ✉s❡❞ ✇✐t❤ •❛❜❡• ❤❡r❡ ❛♥②✇❛②✳ ❋✉♥❝t✐♦♥ freeregions ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ r❡❣✐♦♥s ✇❤✐❝❤ s❤♦✉•❞ ❜❡ ❢♦❝✉s✲❢r❡❡✳ ✹✳✷✳✸ ❙t❛t❡♠❡♥ts ❙❡q✉❡♥❝❡s ❙t❛t❡♠❡♥ts ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ ⊢ {Σ} s {Σ ′ }, Γ ′ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ❣✐✈❡♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ♣❡r♠✐ss✐♦♥s Σ✱ st❛t❡♠❡♥t s r❡t✉r♥s ♣❡r♠✐ss✐♦♥s Σ ′ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t Γ ′ ✱ ✇❤❡r❡ Σ ❛♥❞ Σ ′ ❛r❡ ♠✉•t✐s❡ts✳ ■♥❞❡❡❞✱ st❛t❡♠❡♥ts ♠❛② ❝❤❛♥❣❡ ♣❡r♠✐ss✐♦♥s✿ t❤❡② ❝♦♥s✉♠❡ s♦♠❡ ❛♥❞ ♣r♦❞✉❝❡ ♦t❤❡rs✳ ❚❤❡② ❛•s♦ ♠❛② ✐♥tr♦❞✉❝❡ ♥❡✇ ✈❛r✐❛❜•❡s ♦r r❡❣✐♦♥ ✈❛r✐❛❜•❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❙❡q✉❡♥❝❡s ♦❢ st❛t❡♠❡♥ts ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ s✐♠✐•❛r •✉❞❣❡♠❡♥t✿ Γ ⊢ {Σ} S {Σ ′ }, Γ ′ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ❣✐✈❡♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ♣❡r♠✐ss✐♦♥s Σ✱ s❡q✉❡♥❝❡ S r❡t✉r♥s ♣❡r♠✐ss✐♦♥s Σ ′ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t Γ ′ ✳ ❍❡r❡ ✐s t❤❡ t②♣✐♥❣ r✉•❡ ❢♦r s❡q✉❡♥❝❡s✿ for all i , Γ i ⊢ {Σ i } s i {Σ i+✶ }, Γ i+✶ Γ 1 ⊢ {Σ 1 } s 1 ; • • • ; s n {Σ n+✶ }, Γ n+✶ ❙❙❡q ❲❡ s✐♠♣•② ❝❤❛✐♥ t❤❡ st❛t❡♠❡♥t •✉❞❣❡♠❡♥ts✳ ❚♦ t②♣❡ ❜•♦❝❦s✱ ✐✳❡✳ s❡q✉❡♥❝❡s ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ •✐♠✐t t❤❡ s❝♦♣❡ ♦❢ ✈❛r✐❛❜•❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ ⊢ {Σ} S {Σ ′ } ❚❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ✉♥❝❤❛♥❣❡❞✿ t❤❡ s❝♦♣❡ ♦❢ ✈❛r✐❛❜•❡s ❛♥❞ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡ ❜•♦❝❦ ✐s t❤❡ ❜•♦❝❦ ✐ts❡•❢✳ ❚❤✐s ❛•s♦ ✐♠♣•✐❡s t❤❛t ❛•• ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ♠❡♥t✐♦♥ s✉❝❤ ✈❛r✐❛❜•❡ ♦r r❡❣✐♦♥ ♠✉st ❜❡ r❡♠♦✈❡❞✳ ❚❤✐s ✐s s❤♦✇♥ ❜② t❤❡ r✉•❡ ❢♦r ❜•♦❝❦s✿ Γ ⊢ {Σ} S {Σ ′ }, Γ ′ Γ ⊢ {Σ} S {scope(Γ, Σ ′ )} ❙❇•♦❝❦ ✇❤❡r❡ scope(Γ, Σ) ✐s Σ ✇✐t❤♦✉t ❛•• ♣❡r♠✐ss✐♦♥s ♠❡♥t✐♦♥✐♥❣ ❛ ✈❛r✐❛❜•❡ x ♦r ❛ r❡❣✐♦♥ r ✇❤✐❝❤ ✐s ♥♦t ✐♥ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❛ ♣❛✐r ✐♥ ❡♥✈✐r♦♥♠❡♥t Γ✳ ❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ✉♥❝❤❛♥❣❡❞ ✐s t❤❛t ✐❢ t❤❡ t②♣❡ ♦❢ ❛ ✈❛r✐❛❜•❡ ❝❤❛♥❣❡s ❞✉r✐♥❣ ❡①❡❝✉t✐♦♥ ❜❡❝❛✉s❡ ♦❢ ❛♥ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ♦r ✉♥❢♦❝✉s✱ t❤❡♥ ✐ts ♦r✐❣✐♥❛• t②♣❡ ✐s r❡st♦r❡❞✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❣r❛♠✿ •❡t r❡❣✐♦♥ r : Long; •❡t x = ♥❡✇ Long [r ]; ✐❢ true t❤❡♥ { •❡t r❡❣✐♦♥ s: Long; ✇❡❛❦❡♥ ❡♠♣t② s; ❛❞♦♣t x : r ❛s s; } ❚❤❡ t②♣❡ ♦❢ x ❛❢t❡r t❤❡ ❛••♦❝❛t✐♦♥ ✐s [r ]✳ ❆❢t❡r t❤❡ ❛❞♦♣t✐♦♥ ✐t ✐s [s]✳ ❇✉t ❛❢t❡r t❤❡ ✐❢ st❛t❡♠❡♥t✱ t❤❡ t②♣❡ ✐s r❡st♦r❡❞ t♦ [r ]✳ ■t ✐s s❛❢❡ ❢♦r x t♦ ❤❛✈❡ t②♣❡ [r ]✱ ❜❡❝❛✉s❡ t②♣✐♥❣ r✉•❡s ♣r❡✈❡♥t ❛❝❝❡ss✐♥❣ x ✇✐t❤ t②♣❡ [r ] ✐❢ ♥♦ ♣❡r♠✐ss✐♦♥ ♦♥ r ✐s ❛✈❛✐•❛❜•❡✱ ❛♥❞ t❤❡ ❛❞♦♣t✐♦♥ ❝♦♥s✉♠❡s r × ✳ ◆♦t❡ t❤❛t ✇❡ ❝♦✉•❞ ❝♦♥s✐❞❡r ❤❛✈✐♥❣ ❜♦t❤ x : [r ] ❛♥❞ x : [s] ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛❢t❡r t❤❡ ❛❞♦♣t✐♦♥✳ ❙t❛t❡♠❡♥ts ❋✐❣✉r❡s ✹✳✶✵ ❛♥❞ ✹✳✶✶ s❤♦✇s t②♣✐♥❣ r✉•❡s ❢♦r st❛t❡♠❡♥ts✳ ❚❤❡s❡ t②♣✐♥❣ r✉•❡s ❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t r✉•❡s ♦❢ ❈❛♣✉❝✐♥❡✱ ❛s t❤❡② ❛r❡ t❤❡ ♦♥❡s ✇❤✐❝❤ ❞❡❛• ✇✐t❤ ♣❡r♠✐ss✐♦♥s✳ |✉•❡ ❙❈❛•• ✐s ❡s♣❡❝✐❛••② ✐♠♣♦rt❛♥t✱ ❛s ✐t r❡q✉✐r❡s r❡❣✐♦♥ ❛r❣✉♠❡♥ts t♦ ❜❡ s❡♣❛r❛t❡❞✳ |✉•❡ ❙▲❡t st❛t❡s ❤♦✇ t♦ t②♣❡ •❡t✲❜✐♥❞✐♥❣s✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐s t②♣❡❞✱ ❛♥❞ t❤❡ ✈❛r✐❛❜•❡ ✐s ❣✐✈❡♥ t❤❡ t②♣❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♥❡✇ ❡♥✈✐r♦♥♠❡♥t✳ ◆♦ ♣❡r♠✐ss✐♦♥ ✐s ❝♦♥s✉♠❡❞ ♦r ♣r♦❞✉❝❡❞✳ |✉•❡ ❙■❢ st❛t❡s ❤♦✇ t♦ t②♣❡ ✐❢ st❛t❡♠❡♥ts✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♠✉st ❤❛✈❡ t②♣❡ bool ✳ ❚❤❡ t❤❡♥ ❜♦❞② ❛♥❞ t❤❡ ❡•s❡ ❜♦❞② ♠✉st ❝♦♥s✉♠❡ ❛♥❞ ♣r♦❞✉❝❡ t❤❡ s❛♠❡ ♣❡r♠✐ss✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢r♦♠ ♣❡r♠✐ss✐♦♥s Σ ❛✈❛✐•❛❜•❡ ❜❡❢♦r❡ t❤❡ ✐❢✱ ❜♦t❤ ❜♦❞✐❡s ♠✉st r❡t✉r♥ t❤❡ s❛♠❡ s❡t ✽✹ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ Γ, Σ ⊢ e : τ Γ ⊢ {Σ} •❡t x = e {Σ}, (Γ, x : τ ) ❙▲❡t Γ, Σ ⊢ e : bool Γ ⊢ {Σ} s 1 ; • • • ; s n {Σ ′ } Γ ⊢ {Σ} s ′ 1 ; • • • ; s ′ m {Σ ′ } Γ ⊢ {Σ} ✐❢ e t❤❡♥ {s 1 ; • • • ; s n } ❡•s❡ {s ′ 1 ; • • • ; s ′ m } {Σ ′ }, Γ ❙■❢ ❙▲❡t|❡❣✐♦♥ Γ ⊢ C Γ ⊢ ρ : C Γ, {Σ, ρ ∅ } ⊢ ρ f ❛r❡ t❤❡ ✜❡•❞s ❞❡❝•❛r❡❞ ✐♥ C Γ ⊢ {Σ, ρ ∅ } •❡t x = ♥❡✇ C [ρ] {Σ, ρ • {f }, ♦✇♥(x , C) ∅ }, (Γ, x : [ρ]) ❙◆❡✇ Γ, {Σ, σ ∅ , ρ G } ⊢ ρ Γ, {Σ, σ ∅ , ρ G } ⊢ σ Γ, x : [ρ] ⊢ {Σ, σ ∅ , ρ G } ❢♦❝✉s x : ρ ❛s σ {Σ, σ × , σ -• ρ}, (Γ, x : [σ]) ❙❋♦❝✉s Γ ⊢ ρ : C Γ, {Σ, ρ • {f } } ⊢ ρ f : τ ∈ x C (Γ, x : [ρ]), {Σ, ρ • {f } } ⊢ e : τ Γ, x : [ρ] ⊢ {Σ, ρ • {f } } x .f ← e {Σ, ρ • {f -f } }, Γ ❙❆ss✐❣♥ ❋✐❣✉r❡ ✹✳✶✵✿ ❚②♣✐♥❣ r✉•❡s ❢♦r st❛t❡♠❡♥ts ✭✶ ♦❢ ✷✮ ✹✳✷✳ ❚(P■◆• ✽✺ Γ, {Σ, σ × , ρ G } ⊢ ρ Γ, {Σ, σ × , ρ G } ⊢ σ Γ, x : [σ] ⊢ {Σ, σ × , ρ G } ❛❞♦♣t x : σ ❛s ρ {Σ, ρ G }, (Γ, x : [ρ]) ❙❆❞♦♣t Γ, {Σ, σ × , σ -• ρ} ⊢ ρ Γ, {Σ, σ × , σ -• ρ} ⊢ σ Γ, x : [σ] ⊢ {Σ, σ × , σ -• ρ} ✉♥❢♦❝✉s x : σ ❛s ρ {Σ, ρ G }, (Γ, x : [ρ]) ❙❯♥❢♦❝✉s Γ ⊢ ρ : C Γ, x : [ρ] ⊢ {Σ, ρ × } ✉♥♣❛❝❦ x {Σ, ρ • , s✐♥❣•❡(x , C) × , ❣r♦✉♣(x , C) G }, Γ ❙❯♥♣❛❝❦ Γ ⊢ ρ : C Γ, {Σ, ρ • , s✐♥❣•❡(x , C) × , ❣r♦✉♣(x , C) G } ⊢ ρ Γ, {Σ, ρ • , s✐♥❣•❡(x , C) × , ❣r♦✉♣(x , C) G } ⊢ -• root(ρ) Γ, x : [ρ] ⊢ {Σ, ρ • , s✐♥❣•❡(x , C) × , ❣r♦✉♣(x , C) G } ♣❛❝❦ x : C {Σ, ρ × }, Γ ❙P❛❝❦ Γ, {Σ, ρ ∅ } ⊢ ρ Γ ⊢ {Σ, ρ ∅ } ✇❡❛❦❡♥ ❡♠♣t② ρ {Σ, ρ G }, Γ ❙❲❡❛❦❡♥❊♠♣t② Γ, {Σ, ρ × } ⊢ ρ Γ ⊢ {Σ, ρ × } ✇❡❛❦❡♥ s✐♥❣•❡ ρ {Σ, ρ G }, Γ ❙❲❡❛❦❡♥❙✐♥❣•❡ logicenv (Γ), ❤❡r❡ ⊢ P ❢♦r ❛•• r ∈ freeregions(P )✿ Γ, Σ ⊢ -• r Γ ⊢ {Σ} ❛ss❡rt P {Σ}, Γ ❙❆ss❡rt L / ∈ Γ ❢♦r ❛•• r ∈ R✱ t❤❡r❡ ✐s C s✉❝❤ t❤❛t r : C ∈ Γ Γ ⊢ {Σ} •❛❜❡• L {Σ}, (Γ, L : R) ❙▲❛❜❡• ❋✐❣✉r❡ ✹✳✶✶✿ ❚②♣✐♥❣ r✉•❡s ❢♦r st❛t❡♠❡♥ts ✭✷ ♦❢ ✷✮ ✽✻ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ ♦❢ ♣❡r♠✐ss✐♦♥s Σ ′ ✱ ✇❤✐❝❤ ✐s ❛•s♦ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s r❡t✉r♥❡❞ ❜② t❤❡ ✐❢ st❛t❡♠❡♥t✳ ❚❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ✉♥❝❤❛♥❣❡❞✱ ❛s t❤❡ s❝♦♣❡ ♦❢ ✈❛r✐❛❜•❡s ❛♥❞ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡ ❜♦❞✐❡s ❛r❡ t❤❡✐r r❡s♣❡❝t✐✈❡ t❤❡♥ ♦r ❡•s❡ ❜•♦❝❦✳ |✉•❡ ❙❈❛•• st❛t❡s ❤♦✇ t♦ t②♣❡ ❢✉♥❝t✐♦♥ ❝❛••s✳ ❋✐rst ✇❡ t②♣❡ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ❛♥❞ ♥♦r♠❛• ❛r❣✉♠❡♥ts✳ ❲❡ ♦❜t❛✐♥ ❛ s✉❜st✐t✉t✐♦♥ σ✳ ❲❡ ✉s❡ σ t♦ ❝♦♠♣✉t❡ ❝♦♥s✉♠❡❞ ♣❡r♠✐ss✐♦♥s ❛♥❞ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s✳ ❋✐♥❛••②✱ ✇❡ ❛❞❞ t❤❡ ♥❡✇ ❜♦✉♥❞ ✈❛r✐❛❜•❡ x t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ✇✐t❤ t❤❡ r❡t✉r♥ t②♣❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ s✉❜st✐t✉t❡❞ ✉s✐♥❣ σ✳ ❚❤✐s r✉•❡ ✉s❡s t❤r❡❡ ♥❡✇ •✉❞❣❡♠❡♥ts✱ ✉s❡❞ t♦ r❡tr✐❡✈❡ t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❢✉♥❝t✐♦♥✿ f ❝♦♥s✉♠❡s Σ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ f st❛t❡s t❤❛t f ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s Σ✱ f ♣r♦❞✉❝❡s Σ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ f st❛t❡s t❤❛t f ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s Σ✱ ❛♥❞ f : param: τ ✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡❣✐♦♥ ♥❛♠❡s ❛♥❞ t❤❡✐r ❝•❛ss❡s ✐♥ t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ f ✱ t❤❡ ❛r❣✉♠❡♥t ♥❛♠❡s ❛♥❞ t❤❡✐r t②♣❡s✱ ❛♥❞ t❤❡ r❡t✉r♥ t②♣❡✳ ❚❤❡ ❙❈❛•• r✉•❡ ❛•s♦ r❡q✉✐r❡s separated (arg 1 , • • •, arg n )✱ ✇❤✐❝❤ ✇❡ ♥♦✇ ❞❡✜♥❡ ❛s ❢♦••♦✇s✿ ❢♦r ❛•• i , j ✱ ✐❢ arg i = [ρ] ❛♥❞ arg j = [σ]✱ t❤❡♥ root(ρ) = root(σ)✳ ❋✉♥❝t✐♦♥ root(σ) ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ root(r ) = r ✱ ❛♥❞ root(x .s) = root(ρ x ) ✇❤❡r❡ x : [ρ x ] ✐s ✐♥ Γ✳ ■♥❢♦r♠❛••②✱ separated st❛t❡s t❤❛t r❡❣✐♦♥ ❛r❣✉♠❡♥ts ❛r❡ ❞✐s•♦✐♥t✳ ❲❡ ❦♥♦✇ t❤❛t t✇♦ r❡❣✐♦♥s ❛r❡ ❞✐s•♦✐♥t ✐❢ t❤❡✐r r♦♦ts ❛r❡ ❞✐✛❡r❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❢✉♥❝t✐♦♥ f ❡①♣❡❝t✐♥❣ t✇♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ❝❛♥♥♦t ❜❡ ❝❛••❡❞ ❛s f [ρ] [x .s] ✐❢ x ❤❛s t②♣❡ [ρ]✳ ❚❤❡ separated ❝♦♥❞✐t✐♦♥ ♦❢ ❙❈❛•• ❡♥s✉r❡s t❤❛t ✇❡ ❦♥♦✇ ❤♦✇ t♦ tr❛♥s•❛t❡ t❤❡ ❝❛•• ✐♥ ❲❤②✱ ❛♥❞ t❤✉s t❤❛t ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ |✉•❡ ❙▲❡t|❡❣✐♦♥ st❛t❡s ❤♦✇ t♦ t②♣❡ r❡❣✐♦♥ ❜✐♥❞✐♥❣✳ ❋✐rst ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ ❣✐✈❡♥ ❝•❛ss C ✐s ✇❡••✲❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ♥❡✇ •✉❞❣❡♠❡♥t✿ Γ ⊢ C ❚❤✐s •✉❞❣❡♠❡♥t s✐♠♣•② ❝❤❡❝❦s t❤❛t ❛•• ✈❛r✐❛❜•❡s✱ ❛•• r❡❣✐♦♥s ❛♥❞ ❛•• t②♣❡ ✈❛r✐❛❜•❡s ❛r❡ ❜♦✉♥❞ ✐♥ C✳ ❚❤❡♥ ✇❡ ❡♥t❡r t❤❡ ♥❡✇ r❡❣✐♦♥ r ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ✇✐t❤ ❝•❛ss C✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥ r ∅ ✿ r❡❣✐♦♥ r ✐s ✐♥✐t✐❛••② ❡♠♣t②✳ |✉•❡ ❙◆❡✇ st❛t❡s ❤♦✇ t♦ t②♣❡ ❛••♦❝❛t✐♦♥ ✐♥ r❡❣✐♦♥ ρ✳ ❲❡ ✜rst t②♣❡ ρ ❛♥❞ ✐ts ❝•❛ss C✳ |❡❣✐♦♥ ρ ♠✉st ❜❡ ❡♠♣t② ❜❡❢♦r❡ t❤❡ ❛••♦❝❛t✐♦♥✳ ❲❡ ❝❤❡❝❦ t❤✐s ❜② ❝♦♥s✉♠✐♥❣ ♣❡r♠✐ss✐♦♥ ρ ∅ ✳ P❡r♠✐ss✐♦♥ ρ • {f } ✇❤❡r❡ f ❛r❡ t❤❡ ✜❡•❞s ♦❢ C ✐s ♣r♦❞✉❝❡❞✱ st❛t✐♥❣ t❤❛t ❛❢t❡r t❤❡ ❛••♦❝❛t✐♦♥ t❤❡ r❡❣✐♦♥ ✐s ♥♦ •♦♥❣❡r ❡♠♣t② ❜✉t s✐♥❣•❡t♦♥ ❛♥❞ t❤❛t ♥♦ ✜❡•❞ ✐s ✐♥✐t✐❛•✐③❡❞✳ P❡r♠✐ss✐♦♥s ♦✇♥(x , C) ∅ ❛r❡ ❛•s♦ ♣r♦❞✉❝❡❞✳ ◆♦t❛t✐♦♥ ♦✇♥(x , C) ❞❡♥♦t❡s t❤❡ s❡t {x .r 1 , • • •, x .r n } ✇❤❡r❡ r i ❛r❡ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ✐♥ t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ ❝•❛ss C✳ ◆♦t❛t✐♦♥ {ρ 1 , • • •, ρ n } ∅ ❞❡♥♦t❡s ρ 1 ∅ , • • •, ρ n ∅ ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ ❛ ♥❡✇•②✲❛••♦❝❛t❡❞ ♣♦✐♥t❡r ❛r❡ ✐♥✐t✐❛••② ❡♠♣t②✳ |✉•❡ ❙❋♦❝✉s st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ❢♦❝✉s x :ρ ❛s σ ♦♣❡r❛t✐♦♥✳ ❱❛r✐❛❜•❡ x ♠✉st ❤❛✈❡ t②♣❡ [ρ] ❜❡❢♦r❡✱ ❛♥❞ ✐ts t②♣❡ ✐s ❝❤❛♥❣❡❞ t♦ [σ]✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s σ ∅ ❛♥❞ ρ G ✿ s♦✉r❝❡ r❡❣✐♦♥ ρ ♠✉st ❜❡ ❣r♦✉♣✱ ❛♥❞ t❛r❣❡t r❡❣✐♦♥ σ ♠✉st ❜❡ ❡♠♣t②✳ ❚❛r❣❡t r❡❣✐♦♥ ❜❡❝♦♠❡s s✐♥❣•❡t♦♥✿ ♣❡r♠✐ss✐♦♥ σ × ✐s ♣r♦❞✉❝❡❞✳ |❡❣✐♦♥ ρ ✐s t❡♠♣♦r❛r✐•② ❞✐s❛❜•❡❞✿ ♣❡r♠✐ss✐♦♥ σ -• ρ ✐s ♣r♦❞✉❝❡❞✳ |✉•❡ ❙❆ss✐❣♥ st❛t❡s ❤♦✇ t♦ t②♣❡ ❛ss✐❣♥♠❡♥t t♦ ❛ ✜❡•❞ x .f ✳ ❋✐rst ✇❡ ❝❤❡❝❦ t❤❛t x ✐s ❛ ♣♦✐♥t❡r ❛♥❞ ✇❡ •♦♦❦ ❢♦r ✐ts r❡❣✐♦♥ ρ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ t❤❡♥ •♦♦❦ ❢♦r t❤❡ ❝•❛ss C ♦❢ ρ ❛♥❞ ✉s❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ t②♣❡ τ ♦❢ x .f ✳ ❲❡ ❝❤❡❝❦ t❤❡ t②♣❡ ♦❢ ❡①♣r❡ss✐♦♥ e ✐s τ ✳ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t x ✐s ♦♣❡♥✱ ✐✳❡✳ t❤❛t ♣❡r♠✐ss✐♦♥ ρ • {f } ✐s ❛✈❛✐•❛❜•❡✳ ❚❤✐s ♣❡r♠✐ss✐♦♥ ✐s ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣•❛❝❡❞ ❜② ρ • {f -f }✱ ✇❤❡r❡ f -f ✐s f ✇✐t❤♦✉t ✜❡•❞ f ✐❢ ✐t ✇❛s ✐♥ f ✱ ❛♥❞ f ♦t❤❡r✇✐s❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ f ✇❛s ♥♦t ✐♥✐t✐❛•✐③❡❞✱ ✐t ✐s ♥♦✇✳ |✉•❡ ❙❆❞♦♣t st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ❛❞♦♣t x :σ ❛s ρ ♦♣❡r❛t✐♦♥✳ ■t ❝❤❛♥❣❡s t❤❡ t②♣❡ ♦❢ x ✱ ✇❤✐❝❤ ♠✉st ❜❡ [σ]✱ t♦ [ρ]✳ ■t ❛•s♦ ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s σ × ✭r❡❣✐♦♥ σ ♠✉st ❜❡ s✐♥❣•❡t♦♥ ❛♥❞ ❝•♦s❡❞✮ ❛♥❞ ρ G ✭r❡❣✐♦♥ ρ ♠✉st ❜❡ ❣r♦✉♣✮✳ ◆♦ ♣❡r♠✐ss✐♦♥ ♦♥ σ ✐s ♣r♦❞✉❝❡❞✿ t❤❡ r❡❣✐♦♥ ✐s ♥♦ •♦♥❣❡r ✉s❛❜•❡✳ P❡r♠✐ss✐♦♥ ρ G ✐s r❡♣r♦❞✉❝❡❞✳ |✉•❡ ❙❯♥❢♦❝✉s st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ■t ✐s ❡ss❡♥t✐❛••② t❤❡ s❛♠❡ ❛s t❤❡ ❛❞♦♣t ♦♣❡r❛t✐♦♥✿ ❛ ♣♦✐♥t❡r ✐s ♠♦✈❡❞ ❢r♦♠ ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✳ ❍♦✇❡✈❡r✱ ✉♥❢♦❝✉s ❞❡❛•s ✇✐t❤ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣♦✐♥t❡r ❛•r❡❛❞② ✇❛s ✐♥ t❤❡ ❣r♦✉♣ r❡❣✐♦♥ ♦♥❝❡✳ ❍❡♥❝❡ t❤❡ ♦♥•② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ❝♦♥s✉♠✐♥❣ ♣❡r♠✐ss✐♦♥ ρ G ✱ t❤❡ ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s σ -• ρ✳ |✉•❡s ❙❯♥♣❛❝❦ ❛♥❞ ❙P❛❝❦ st❛t❡ ❤♦✇ t♦ t②♣❡ ✉♥♣❛❝❦✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣✱ r❡s♣❡❝t✐✈❡•②✳ ❯♥✲ ♣❛❝❦✐♥❣ ❛ ♣♦✐♥t❡r x r❡q✉✐r❡s ✜♥❞✐♥❣ ✐ts r❡❣✐♦♥ ρ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ t❤❡♥ •♦♦❦ ❢♦r ✐ts ❝•❛ss C✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♠♣✉t❡ ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s✳ ◆♦t❛t✐♦♥s s✐♥❣•❡(x , C) ❛♥❞ ❣r♦✉♣(x , C) ❛r❡ s✐♠✐•❛r t♦ ♦✇♥(x , C) ❡①❝❡♣t t❤❛t ✐♥st❡❛❞ ♦❢ ❞❡♥♦t✐♥❣ ❛•• ♦✇♥❡❞ r❡❣✐♦♥s✱ t❤❡② ❛r❡ r❡str✐❝t❡❞ t♦ r❡❣✐♦♥s ✇❤✐❝❤ ✇❡r❡ ❞❡❝•❛r❡❞ ❛s s✐♥❣•❡t♦♥ ❛♥❞ ❣r♦✉♣✱ r❡s♣❡❝t✐✈❡•②✳ ❯♥♣❛❝❦✐♥❣ ❝♦♥s✉♠❡s ρ × ✭r❡❣✐♦♥ ρ ✐s ❝•♦s❡❞✮ ❛♥❞ ♣r♦❞✉❝❡s ρ • ✭r❡❣✐♦♥ ρ ✐s ♦♣❡♥✮✱ ❛s ✇❡•• ❛s ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✳ P❛❝❦✐♥❣ ❞♦❡s t❤❡ ♦♣♣♦s✐t❡✳ ◆♦t❡ t❤❛t ♣❛❝❦✐♥❣ x r❡q✉✐r❡s ❛•• ✜❡•❞s ♦❢ x t♦ ❜❡ ✐♥✐t✐❛•✲ ✐③❡❞✳ ❆•s♦ ♥♦t❡ t❤❛t ♣❛❝❦✐♥❣ r❡q✉✐r❡s t❤❡ ♣❡r♠✐ss✐♦♥s ♦♥ ρ t♦ ❜❡ ❝♦♠♣•❡t❡ ❛♥❞ ✐ts r♦♦t ♠✉st ❜❡ ❢♦❝✉s✲❢r❡❡✱ ❛s t❤❡ ✐♥✈❛r✐❛♥t ✐s r❡❛❞✳ ❯♥♣❛❝❦✐♥❣ ❞♦❡s ♥♦t✳ |✉•❡s ❙❲❡❛❦❡♥❊♠♣t② ❛♥❞ ❙❲❡❛❦❡♥❙✐♥❣•❡ st❛t❡ ❤♦✇ t♦ t②♣❡ t❤❡ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛✲ t✐♦♥s✳ ❚❤❡② s✐♠♣•② ❝♦♥s✉♠❡ t❤❡ ❡①♣❡❝t❡❞ ♣❡r♠✐ss✐♦♥ ρ ∅ ♦r ρ × ✱ r❡s♣❡❝t✐✈❡•②✱ ❛♥❞ ♣r♦❞✉❝❡ t❤❡ ❣r♦✉♣ ♣❡r♠✐ss✐♦♥ ρ G ✳ |✉•❡ ❙❆ss❡rt st❛t❡s t❤❛t t♦ t②♣❡ t❤❡ ❛ss❡rt P ♦♣❡r❛t✐♦♥✱ ✇❡ t②♣❡ t❤❡ P ♣r❡❞✐❝❛t❡ ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t logicenv (Γ)✳ ❚❤❡ logicenv ❢✉♥❝t✐♦♥ s✉❜st✐t✉t❡s ❛•• ♣♦✐♥t❡r t②♣❡s [ρ]✱ ❢♦r ❛♥② r❡❣✐♦♥ ρ✱ ✐♥t♦ t②♣❡ [❴] ✇❤✐❝❤ ✐s t❤❡ t②♣❡ ❢♦r ♣♦✐♥t❡rs ✐♥ t❤❡ •♦❣✐❝✳ ❋♦r ✐♥st❛♥❝❡✱ ❡♥✈✐r♦♥♠❡♥t✿ Γ = x : [r ], r : List ([y.s]), y: [r ′ ], r ′ : Long ❜❡❝♦♠❡s✿ logicenv (Γ) = x : [❴], r : List ([❴]), y: [❴], r ′ : Long ▲❛❜❡• ❤❡r❡ ✐s ❛✈❛✐•❛❜•❡ ✇❤❡♥ t②♣✐♥❣ P ✳ ◆♦t❡ t❤❛t ❛•• r❡❣✐♦♥s ✉s❡❞ ❜② t❤❡ ♣r❡❞✐❝❛t❡ s❤♦✉•❞ ❜❡ ❢♦❝✉s✲❢r❡❡✳ ❋✐♥❛••②✱ r✉•❡ ❙▲❛❜❡• st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ •❛❜❡• L st❛t❡♠❡♥t✳ ❲❡ ❝❤❡❝❦ t❤❛t L ✐s ♥♦t ❛•r❡❛❞② ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ t❤❡♥ ✇❡ ❛❞❞ ✐t✳ ✹✳✷✳✹ ❉❡❝•❛r❛t✐♦♥s ❆ ♣r♦❣r❛♠ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡❝•❛r❛t✐♦♥s✳ ❚❤❡ ✉s❡r ♠❛② ❞❡❝•❛r❡ ♦r ❞❡✜♥❡ •♦❣✐❝ ❢✉♥❝t✐♦♥s✱ ♣r❡❞✐❝❛t❡s✱ ❛①✐♦♠s✱ •❡♠♠❛s✱ ❝•❛ss❡s ❛♥❞ ❢✉♥❝t✐♦♥s✳ ▲♦❣✐❝ ❉❡❝•❛r❛t✐♦♥s ❆ •♦❣✐❝ t②♣❡ ❞❡❝•❛r❛t✐♦♥✿ t②♣❡ t (α 1 , • • •, α n ) ✐s q✉✐t❡ ❡❛s② t♦ t②♣❡✿ ✇❡ s✐♠♣•② ❝❤❡❝❦ t❤❛t ❢♦r ❛•• i = j ✱ α i = α j ✳ ❚❤❡ s❝♦♣❡ ♦❢ ❛ t②♣❡ ❞❡❝•❛r❛t✐♦♥ ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ✐✳❡✳ t②♣❡ t ♠❛② ❜❡ ✉s❡❞ ✐♥ ❛•• ❞❡❝•❛r❛t✐♦♥s ✇❤✐❝❤ ❢♦••♦✇ ✐ts ❞❡❝•❛r❛t✐♦♥✳ ❆ ♣r❡❞✐❝❛t❡ ❞❡❝•❛r❛t✐♦♥✿ ✽✽ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ •♦❣✐❝ p param 1 • • • param n = P ♦r ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ❞❡❝•❛r❛t✐♦♥✿ •♦❣✐❝ f param 1 • • • param n : τ = LT r❡q✉✐r❡s ❝❤❡❝❦✐♥❣ t❤❛t ❡❛❝❤ ❛r❣✉♠❡♥t param i ✐s ✇❡••✲❢♦r♠❡❞✳ ❆ r❡❣✐♦♥ ❛r❣✉♠❡♥t [r : C] ♦r ❛ r❡❣✉•❛r ❛r❣✉♠❡♥t (x : τ ) ✐s ✇❡••✲❢♦r♠❡❞ ✐❢ ❝•❛ss ❡①♣r❡ss✐♦♥ C ♦r t②♣❡ τ ♦♥•② ♠❡♥t✐♦♥s r❡❣✐♦♥ ✈❛r✐❛❜•❡s r ❛♥❞ ✈❛r✐❛❜•❡s x ❜♦✉♥❞ ✐♥ ♣r❡✈✐♦✉s ♣❛r❛♠❡t❡rs param 1 • • • param i-✶ ✳ ❲❡ ❛•s♦ ❝❤❡❝❦ t❤❛t ❡❛❝❤ ♣❛r❛♠❡t❡r ♥❛♠❡ ✐s ✉♥✐q✉❡✳ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t ♣♦✐♥t❡r t②♣❡s✱ ❜❡✐♥❣ •♦❣✐❝ ♣♦✐♥t❡rs ❛♥❞ ♥♦t ♣r♦❣r❛♠ ♣♦✐♥t❡rs✱ ❛r❡ ♦❢ t❤❡ ❢♦r♠ [❴] ✭❛♥❞ ♥♦t [ρ]✮✳ ❚❤❡ s❛♠❡ r❡str✐❝t✐♦♥ ❛♣♣•✐❡s ❢♦r t❤❡ r❡t✉r♥ t②♣❡ τ ❢♦r •♦❣✐❝ ❢✉♥❝t✐♦♥s✳ ❆•• ❝•❛ss ❡①♣r❡ss✐♦♥s C ❛♥❞ t②♣❡s τ ♠❛② ♠❡♥t✐♦♥ ❛♥② ♥✉♠❜❡r ♦❢ ❢r❡❡ t②♣❡ ✈❛r✐❛❜•❡✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❝♦♥s✐❞❡r❡❞ ✐♠♣•✐❝✐t❡•② ✉♥✐✈❡rs❛••② q✉❛♥t✐✜❡❞✱ ✐✳❡✳ t❤❡ ♣r❡❞✐❝❛t❡ p ♦r t❤❡ ❢✉♥❝t✐♦♥ f ✐s ♣♦•②♠♦r♣❤✐❝✳ ❚❤❡ ❜♦❞② ♦❢ ❛ ♣r❡❞✐❝❛t❡ ❞❡❝•❛r❛t✐♦♥ s✉❝❤ ❛s t❤❡ ♦♥❡ ❛❜♦✈❡ ✐s t②♣❡❞ ❛s ❢♦••♦✇s✿ param 1 • • • param n , ❤❡r❡: ∅ ⊢ P ❙✐♠✐•❛r•②✱ t❤❡ ❜♦❞② ♦❢ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s t②♣❡❞ ❛s ❢♦••♦✇s✿ param 1 • • • param n , ❤❡r❡: ∅ ⊢ LT : τ ■❢ t❤❡ ❜♦❞② ✐s ♥♦t ❣✐✈❡♥ ❜② t❤❡ ✉s❡r✱ t❤✐s t②♣❡✲❝❤❡❝❦✐♥❣ ♦❢ ❝♦✉rs❡ ❞♦❡s ♥♦t ❤❛♣♣❡♥✳ ▲❛❜❡• ❤❡r❡ ✐s ❛✈❛✐•❛❜•❡ ✇❤❡♥ t②♣✐♥❣ P ❛♥❞ LT ✳ ■t ✐s t❤❡ ♦♥•② •❛❜❡• ❛✈❛✐•❛❜•❡✳ ❚❤❡ s❝♦♣❡ ♦❢ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ♦r ♣r❡❞✐❝❛t❡ ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✳ ■t ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥s✐❞❡ ✐ts ♦✇♥ ❜♦❞②✳ ❚♦ ❞❡✜♥❡ ❛ r❡❝✉rs✐✈❡ •♦❣✐❝ ❢✉♥❝t✐♦♥ ♦r ♣r❡❞✐❝❛t❡✱ t❤❡ ✉s❡r ♥❡❡❞s t♦ ❣✐✈❡ ❛♥ ❛①✐♦♠❛t✐③❛t✐♦♥✳ ❆①✐♦♠s ❛♥❞ •❡♠♠❛s ❞❡✜♥❡❞ ❛s✿ ❛①✐♦♠ a: P •❡♠♠❛ l : P ❛r❡ t②♣❡✲❝❤❡❝❦❡❞ ❛s ❢♦••♦✇s✿ ❤❡r❡: ∅ ⊢ P ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❜♦❞② P ✐s t②♣❡❞ ✐♥ t❤❡ ❡♠♣t② ❡♥✈✐r♦♥♠❡♥t✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ♥♦t ❡①♣•✐❝✐t❡•② s❤♦✇♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❢♦r ♣♦•②♠♦r♣❤✐❝ t②♣❡ ✈❛r✐❛❜•❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ❢r❡❡ t②♣❡ ✈❛r✐❛❜•❡s ✐♥ t❤❡ ❜♦❞② P ❛r❡ ❛❞❞❡❞ t♦ t❤✐s ❡♥✈✐r♦♥♠❡♥t✳ ▲❛❜❡• ❤❡r❡ ✐s ❛✈❛✐•❛❜•❡ ✇❤❡♥ t②♣✐♥❣ P ✳ ❆①✐♦♠s ❛♥❞ •❡♠♠❛s ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛•• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❞❡❝•❛r❛t✐♦♥s ✇❤✐❝❤ ❢♦••♦✇ t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦r •❡♠♠❛✳ ❈•❛ss ❉❡❝•❛r❛t✐♦♥s ❈•❛ss ❞❡❝•❛r❛t✐♦♥s✿ ❝•❛ss C (α) [r : C] { size s: C; f : τ ; ✐♥✈❛r✐❛♥t P ; } ❛r❡ t②♣❡❞ ❛s ❢♦••♦✇s✳ ❋✐rst✱ ❡❛❝❤ ❝•❛ss ❡①♣r❡ss✐♦♥ C ✐s t②♣❡❞ ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤❡r❡ ♣r❡✈✐♦✉s•②✲❞❡❝•❛r❡❞ r❡❣✐♦♥ ✈❛r✐❛❜•❡s ❛♥❞ r❡❣✉•❛r ✈❛r✐❛❜•❡s ❛r❡ ❛✈❛✐•❛❜•❡✳ ❲❡ ❛••♦✇ r❡❝✉r✲ s✐✈❡ t②♣❡s✿ ❝•❛ss C ✐s ❦♥♦✇♥ ✇❤❡♥ t②♣✐♥❣ ❛•• ❝•❛ss ❡①♣r❡ss✐♦♥s ✐♥ ✐ts ❞❡✜♥✐t✐♦♥✳ ❚❤✉s t❤❡ ✹✳✷✳ ❚(P■◆• ✽✾ s❝♦♣❡ ♦❢ C ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ♣•✉s ✐ts ♦✇♥ ❞❡✜♥✐t✐♦♥✳ ❋✐❡•❞ t②♣❡s τ ❛r❡ ❛•s♦ t②♣❡✲❝❤❡❝❦❡❞✿ ❛•• r❡❣✐♦♥s ❛♥❞ t②♣❡ ✈❛r✐❛❜•❡s ♠✉st ❤❛✈❡ ❜❡❡♥ ❞❡❝•❛r❡❞ ❜❡❢♦r❡ ✐♥ t❤❡ ❝•❛ss ❞❡❢✲ ✐♥✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛•• ♣♦✐♥t❡r t②♣❡s ♠✉st ❜❡ ♦❢ t❤❡ ❢♦r♠ [ρ]✱ ✐✳❡✳ ♥♦t [❴]✳ ❆♥❞ ♦❢ ❝♦✉rs❡ ❛•• ❝•❛ss ❡①♣r❡ss✐♦♥s ♠✉st ❤❛✈❡ t❤❡ r✐❣❤t ♥✉♠❜❡r ♦❢ ❛r❣✉♠❡♥ts ✭r❡❣✐♦♥s ❛♥❞ t②♣❡s✮✳ ❚❤❡ ✐♥✈❛r✐❛♥t P ✐s t②♣❡✲❝❤❡❝❦❡❞ ❛s ❢♦••♦✇s✿ logicenv (r 1 : C 1 , • • •, r n : C n , f 1 : τ 1 , • • •, f n : τ n ), ❤❡r❡: ∅ ⊢ P ✇❤❡r❡ r 1 , • • •, r n ❛r❡ ❛•• r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ ❝•❛ss C ✱ ♦❢ r❡s♣❡❝t✐✈❡ ❝•❛ss❡s C 1 , • • •, C n ✳ ❋✐❡•❞s ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ P ✳ ▲❛❜❡• ❤❡r❡ ✐s ❛✈❛✐•❛❜•❡ ✇❤❡♥ t②♣✐♥❣ P ✳ |❡str✐❝t✐♦♥ ♦♥ ❈•❛ss ■♥✈❛r✐❛♥ts ❲❡ ❛❞❞ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t r❡str✐❝t✐♦♥ t♦ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ ❝•❛ss❡s✿ ✐t ❝❛♥♥♦t r❡❛❞ ❢r♦♠ ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ♦✇♥❡❞ ❜② ❝•❛ss C ✳ ❋♦r ❡❛❝❤ s✉❜t❡r♠ get(r , LT , f )✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡✱ ✇❡ r❡q✉✐r❡ t❤❛t r ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ C ✭✐✳❡✳ ♥♦t ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r✮✳ ❚❤✐s ✐s ❢✉♥❞❛♠❡♥t❛• ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦•♦❣②✳ ■t ✐s s✐♠✐•❛r t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❙♣❡❝★ ❬❇❛r♥❡tt✵✹❜(✳ ❋✉♥❝t✐♦♥ ❉❡❝•❛r❛t✐♦♥s ❋✉♥❝t✐♦♥ ❞❡❝•❛r❛t✐♦♥s✿ ❢✉♥ f param 1 • • • param n : τ ❝♦♥s✉♠❡s Σ ♣r♦❞✉❝❡s Σ ′ ♣r❡ P ♣♦st Q { S; r❡t✉r♥ e } ❛r❡ t②♣❡❞ ❛s ❢♦••♦✇s✳ ❋✐rst ✇❡ ❝❤❡❝❦ ❡❛❝❤ ❛r❣✉♠❡♥t param ❜② r❡q✉✐r✐♥❣ r❡❣✐♦♥ ✈❛r✐❛❜•❡s ❛♥❞ r❡❣✉•❛r ✈❛r✐❛❜•❡s t♦ ❜❡ ❜♦✉♥❞✱ ✐✳❡✳ t♦ ❜❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛♣♣❡❛r✐♥❣ ❜❡❢♦r❡✳ ❋r❡❡ t②♣❡ ✈❛r✐❛❜•❡s ❛r❡ ♣♦•②♠♦r♣❤✐❝ t②♣❡ ✈❛r✐❛❜•❡s✳ ▲❡t Γ ❜❡ t❤❡ ❢♦••♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿ Γ = param 1 • • • param n ❲❡ t②♣❡ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s P ❛♥❞ Q ✐♥ t❤✐s ❡♥✈✐r♦♥♠❡♥t✿ Γ, ❤❡r❡: R ⊢ P Γ, ❤❡r❡: R, ♣r❡: R ⊢ Q ✇❤❡r❡ R ✐s t❤❡ s❡t ♦❢ r❡❣✐♦♥s ❞❡✜♥❡❞ ✐♥ ❛r❣✉♠❡♥ts param✳ ▲❛❜❡• ❤❡r❡ ✐s ❛✈❛✐•❛❜•❡ ❜♦t❤ ✐♥ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ■♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ •❛❜❡• ♣r❡ ✐s ❛•s♦ ❛✈❛✐•❛❜•❡❀ ✐t ❞❡♥♦t❡s t❤❡ st❛t❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❡①❡❝✉t✐♦♥✳ ❲❡ ❛•s♦ r❡q✉✐r❡✱ ❢♦r ❛•• r ✐♥ freeregions(P )✿ Γ, Σ ⊢ -• r ❛♥❞ ❢♦r ❛•• r ✐♥ freeregions(Q)✿ Γ, Σ ′ ⊢ -• r ❲❡ t❤❡♥ t②♣❡ t❤❡ ❜♦❞②✿ ✾✵ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ Γ ⊢ {Σ} S {Σ 0 }, Γ ′ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t Σ ′ = scope(Γ, Σ 0 )✳ ❋✐♥❛••②✱ ✇❡ t②♣❡ t❤❡ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥ e ✐♥ t❤❡ ✜♥❛• ❡♥✈✐r♦♥♠❡♥t✿ Γ ′ , Σ 0 ⊢ e: τ ■ts t②♣❡ ♠✉st ❜❡ ❡q✉❛• t♦ t❤❡ ❞❡❝•❛r❡❞ r❡t✉r♥ t②♣❡✳ ❚❤❡ s❝♦♣❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ♥❛♠❡ f ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ♣•✉s ✐ts ♦✇♥ ❜♦❞②✳ ■♥❞❡❡❞✱ ❛•• ❢✉♥❝t✐♦♥s ♠❛② ❜❡ r❡❝✉rs✐✈❡✳ ◆♦t❡ t❤❛t •✉st ❛s ✇❡ ❞♦ ♥♦t ♣r❡✈❡♥t t❤❡ ✉s❡r ❢r♦♠ ✇r✐t✐♥❣ ❋ ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ ❝♦♥s✉♠❡❞ ♣❡r♠✐ss✐♦♥s t♦ ❜❡ ❝♦♥s✐st❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✉s❡r ♠❛② r❡q✉✐r❡ t✇✐❝❡ t❤❡ s❛♠❡ ♣❡r♠✐ss✐♦♥ ρ × ✳ ❍♦✇❡✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥ ✇✐•• ♥♦t ❜❡ ❝❛••❛❜•❡✱ ❛s t②♣✐♥❣ r✉•❡ ❙❈❛•• r❡q✉✐r❡s ❛•• r❡❣✐♦♥s t♦ ❜❡ separated ✳ ✹✳✸ ■♥t✉✐t✐✈❡ ▼❡♠♦r② ▼♦❞❡• P❛rt✐❛• ❋✉♥❝t✐♦♥s ❲❡ ✉s❡ ♣❛rt✐❛• ❢✉♥❝t✐♦♥s t♦ ♠♦❞❡• ❈❛♣✉❝✐♥❡ ❤❡❛♣s✳ ❆ ♣❛rt✐❛• ❢✉♥❝t✐♦♥ f ❤❛s ❛ ❞♦♠❛✐♥✱ ❞❡♥♦t❡❞ ❜② Dom(f )✳ ■t ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ f (x ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ x ∈ Dom(f )✳ ❲❡ ❞❡♥♦t❡ ❜② f [x → v ] t❤❡ ♣❛rt✐❛• ❢✉♥❝t✐♦♥ g s✉❝❤ t❤❛t✿ • Dom(g) = Dom(f ) ∪ {x }❀ • g(x ) = v ❀ • ❢♦r ❛•• y ∈ Dom(f )-x ✱ ✇❡ ❤❛✈❡ g(y) = f (y)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ x ∈ Dom(f )✱ ✐ts ✈❛•✉❡ ✐s r❡♣•❛❝❡❞ ❜② v ✳ ■❢ x / ∈ Dom(f )✱ t❤❡♥ x ✐s ❛❞❞❡❞ t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ✈❛•✉❡ ✐s ♥♦✇ v ✳ ▼♦❞❡•✿ ❱❛•✉❡s✱ ❖❜ •❡❝ts✱ ❆❝t✐✈❡ |❡❣✐♦♥s ❛♥❞ ▲♦❝❛t✐♦♥s ❆ ✈❛•✉❡ ✐s ❡✐t❤❡r ❛ •♦❝❛t✐♦♥ p✱ ❛♥ ✐♥t❡❣❡r✱ ❛ ❜♦♦•❡❛♥ ♦r ✉♥✐t✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ ❛ •♦❝❛t✐♦♥ ✐s t❤❡ r❡❣✐♦♥ ρ ✐♥ ✇❤✐❝❤ ✐ts ♦❜•❡❝t s❤♦✉•❞ ❜❡ r❡❛❞✳ ❯s✉❛••②✱ ❛ ♣♦✐♥t❡r ❜❡•♦♥❣s t♦ ♦♥•② ♦♥❡ r❡❣✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡♥ ✐ts ❛❝t✐✈❡ r❡❣✐♦♥✳ ❇✉t ❛ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ❜❡•♦♥❣s t♦ s❡✈❡r❛• r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛♥❞ ✐t ♠✉st ❜❡ r❡❛❞ ❢r♦♠ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ✐t ❤❛s ❜❡❡♥ t❡♠♣♦r❛r✐•② ❡①tr❛❝t❡❞✳ ❆❝t✐✈❡ r❡❣✐♦♥s ❛r❡ ♥♦t ✐♠♣♦rt❛♥t ❢♦r t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✱ t❤❡② ❛r❡ ♦♥•② ✉s❡❞ t♦ r❡•❛t❡ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ✇✐t❤ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ❆♥ ♦❜•❡❝t ✐s ❛ ❢✉♥❝t✐♦♥ o ❢r♦♠ ✜❡•❞ ♥❛♠❡s f t♦ ✈❛•✉❡s✱ ❛♥❞ ❢r♦♠ r❡❣✐♦♥ ♥❛♠❡s r t♦ s❡ts ♦❢ •♦❝❛t✐♦♥s✳ ❚❤❡s❡ ❛r❡ t❤❡ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♦✇♥❡❞ ❜② t❤❡ ♦❜•❡❝t✳ ❙❡t o(r ) ❝♦♥t❛✐♥s ❛•• •♦❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✐♥ t❤❡ r❡❣✐♦♥ r ♦✇♥❡❞ ❜② o✳ ❚❤✐s s❡t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ♣♦✐♥t❡rs✱ ♦♥•② ♦✇♥❡❞ ♣♦✐♥t❡rs✳ ◆♦t❡ t❤❛t o(r ) ♠❛② ❝♦♥t❛✐♥ •♦❝❛t✐♦♥s ✇❤♦s❡ ❛❝t✐✈❡ r❡❣✐♦♥ ✐s ♥♦t r ✳ ❲❡ ❛ss✉♠❡ •♦❝❛t✐♦♥s t♦ ❜❡ ✐♥✜♥✐t❡✱ ❝♦✉♥t❛❜•❡ ❛♥❞ ♦r❞❡r❡❞✳ •✐✈❡♥ ❛ •♦❝❛t✐♦♥ l ✱ ✇❡ ✇✐•• ❞❡♥♦t❡ t❤❡ •♦❝❛t✐♦♥ ❢♦••♦✇✐♥❣ l ✉s✐♥❣ l +✶✳ ▼♦❞❡•✿ ▲♦❣✐❝ |❡❣✐♦♥s ❋✉♥❝t✐♦♥s ❆ •♦❣✐❝ r❡❣✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ h ❢r♦♠ •♦❝❛t✐♦♥s t♦ ♦❜•❡❝ts✱ ❛♥❞ ❢r♦♠ ❛ s♣❡❝✐❛• s②♠❜♦• contents t♦ ❛ s❡t ♦❢ ♣♦✐♥t❡rs✳ ❚❤❡ ❝♦♥t❡♥ts h(contents) ❝♦♥t❛✐♥s •♦❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ✉s❡❞ t♦ ✐♥t❡r♣r❡t ♣r❡❞✐❝❛t❡ inRegion✳ ❚❤❡ ❞♦♠❛✐♥ Dom(h) ♦❢ ❛ •♦❣✐❝ r❡❣✐♦♥ h ❝♦♥t❛✐♥s ♥♦t ♦♥•② t❤❡ •♦❝❛t✐♦♥s ♦❢ t❤❡ r❡❣✐♦♥✱ ❜✉t ❛•s♦ ❛•• ✭tr❛♥s✐t✐✈❡•②✮ ♦✇♥❡❞ •♦❝❛t✐♦♥s✳ ❲❡ t❤✉s ❤❛✈❡ h(contents) ⊆ Dom(h)✳ ❚♦ ✐••✉str❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ Dom(h) ❛♥❞ h(contents)✱ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❈❛✲ ♣✉❝✐♥❡ ♣r♦❣r❛♠✿ ❝•❛ss Long { value: int; } ❝•❛ss Pair { s✐♥❣•❡ Rleft: Long; s✐♥❣•❡ Rright: Long; left: [Rleft]; right: [Rright]; } •♦❣✐❝ PairSum [r : Pair ] (p: [r ]) = p.left.value + p.right.value ❆ss✉♠❡ •♦❣✐❝ r❡❣✐♦♥ h ♠♦❞❡•s t❤❡ r❡❣✐♦♥ r ♦❢ •♦❣✐❝ ❢✉♥❝t✐♦♥ PairSum✳ ❚❤❡♥ t❤❡ ❞♦♠❛✐♥ ♦❢ h ✐s t❤❡ ❢♦••♦✇✐♥❣ s❡t ♦❢ •♦❝❛t✐♦♥s✿ Dom(h) = {p, p.left, p.right} ✇❤❡r❡❛s t❤❡ ❝♦♥t❡♥ts ♦❢ h ✐s t❤❡ ❢♦••♦✇✐♥❣ s❡t ♦❢ •♦❝❛t✐♦♥s✿ h(contents) = {p} ❚❤❛t ✐s✱ ❛ss✉♠✐♥❣ r❡❣✐♦♥ r ✐s s✐♥❣•❡t♦♥ ❛♥❞ ❝♦♥t❛✐♥s ♦♥•② p✳ ◆♦t❡ t❤❛t Dom(h) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❢♦♦t♣r✐♥t s♦♠❡t✐♠❡s ✉s❡❞ ✐♥ t❤❡ •✐t❡r❛t✉r❡✳ ■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣•❡✱ ✐t ✐s ❡①❛❝t•② t❤❡ ❢♦♦t♣r✐♥t ♦❢ •♦❣✐❝ ❢✉♥❝t✐♦♥ PairSum✳ ■♥ ❣❡♥❡r❛•✱ t❤❡ ❢♦♦t♣r✐♥t ♦❢ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛•• •♦❣✐❝ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♣❛ss❡❞ ❛s ♣❛r❛♠❡t❡rs t♦ t❤❡ •♦❣✐❝ ❢✉♥❝t✐♦♥✳ ▼♦❞❡•✿ ❍❡❛♣ ❲❡ ♠♦❞❡• t❤❡ ❤❡❛♣ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ H✿ • H(p) r❡t✉r♥s t❤❡ ♦❜•❡❝t ❛t •♦❝❛t✐♦♥ p❀ • H(x ) r❡t✉r♥s t❤❡ ✈❛•✉❡ ♦❢ ✈❛r✐❛❜•❡ x ❀ • H(r ) r❡t✉r♥s t❤❡ s❡t ♦❢ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ ♥❛♠❡ r ❀ • H(p❄) r❡t✉r♥s t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ρ ✭♦❢ t❤❡ ❢♦r♠ r ♦r x .s✮ ♦❢ ♣♦✐♥t❡r p❀ • H(next) r❡t✉r♥s t❤❡ ♥❡①t ❢r❡❡ •♦❝❛t✐♦♥ t♦ ❜❡ ❛••♦❝❛t❡❞❀ • H(L) r❡t✉r♥s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ r❡❣✐♦♥ ♥❛♠❡s r t♦ t❤❡ •♦❣✐❝ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r ❛t •❛❜❡• L✳ ◆♦t❡ t❤❛t •♦❝❛t✐♦♥s p✱ ✈❛r✐❛❜•❡s x ✱ r❡❣✐♦♥ ✈❛r✐❛❜•❡s r ❛♥❞ •❛❜❡•s L ❞♦ ♥♦t s❤❛r❡ t❤❡ s❛♠❡ ♥❛♠❡s♣❛❝❡ ❛♥❞ next ✐s ❛ ✉♥✐q✉❡ s②♠❜♦•✱ s♦ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✳ ▲♦❣✐❝ ▼♦❞❡• ▲♦❣✐❝ ✈❛•✉❡s ❛r❡ t❤❡ s❛♠❡ ❛s ♣r♦❣r❛♠ ✈❛•✉❡s✱ ❛♥❞ ✇❡ s✐♠♣•② ❝❛•• t❤❡♠ ✈❛•✉❡s✳ ▲♦❣✐❝ ♦❜•❡❝ts ❛r❡ ❛•s♦ t❤❡ s❛♠❡ ❛s ♦❜•❡❝ts✿ ❢✉♥❝t✐♦♥s ❢r♦♠ ✜❡•❞ ♥❛♠❡s f t♦ ✈❛•✉❡s v ❛♥❞ ❢r♦♠ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡s s t♦ s❡ts ♦❢ ♣♦✐♥t❡rs P✳ ❆ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L ✐s ❛ ❢✉♥❝t✐♦♥✿ • L(L) r❡t✉r♥s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ r❡❣✐♦♥ ♥❛♠❡s r t♦ t❤❡ •♦❣✐❝ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r ❛t •❛❜❡• L❀ • L(x ) r❡t✉r♥s t❤❡ ✈❛•✉❡ ♦❢ ✈❛r✐❛❜•❡ x ✳ ❚♦ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ ❢✉♥❝t✐♦♥ ❛♣♣•✐❝❛t✐♦♥s✱ ✇❡ ❛ss✉♠❡ ❛ ♠♦❞❡• ♦❢ ✉s❡r✲❞❡❝•❛r❡❞ t②♣❡s✱ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s✳ ❚❤✐s ♠♦❞❡•✱ ❣✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ ♦r ❛ ♣r❡❞✐❝❛t❡ f ❞❡❝•❛r❡❞ ❛s✿ •♦❣✐❝ f param 1 • • • param n • • • ❞❡✜♥❡s f ❛s ❛ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ n ❛r❣✉♠❡♥ts✳ ❚❤✐s ❢✉♥❝t✐♦♥ f ✐s ❛ss✉♠❡❞ t♦ ♠♦❞❡• ✉s❡r ❛①✐♦♠s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♣r❡❞✐❝❛t❡s p✱ p (x ) ❡✐t❤❡r ❤♦•❞s ♦r ❞♦❡s ♥♦t ❤♦•❞✳ ❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝ ❲❡ ❞❡✜♥❡ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ ❛ s❡t ♦❢ •♦❝❛t✐♦♥s P ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❤❡❛♣ H ❛s ❛•• •♦❝❛t✐♦♥s ✐♥ ❛ r❡❣✐♦♥ tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② P✳ ❋♦r♠❛••②✱ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✐s t❤❡ s❡t P ′ s✉❝❤ t❤❛t p ✐s ✐♥ P ′ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ t❤❡r❡ ✐s q 1 , • • •, q n s✉❝❤ t❤❛t q 1 ∈ P✱ p = q n ❛♥❞ ❢♦r ❛•• i > 1✱ t❤❡r❡ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ r s✉❝❤ t❤❛t q i ∈ H(q i-✶ )(r )✳ ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ lor ✭•♦❣✐❝ ♦❢ r❡❣✐♦♥✮✿ ✐❢ H ✐s ❛ ❤❡❛♣ ❛♥❞ P ✐s ❛ s❡t ♦❢ •♦❝❛t✐♦♥s✱ lor (H, P) ✐s t❤❡ •♦❣✐❝ r❡❣✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ P ✐♥ H✳ ❆ss✉♠❡ P ′ ✐s t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ H✳ ❉♦♠❛✐♥ Dom(lor (H, P)) ✐s P ′ ∪ {contents}✳ ❋♦r ❛•• p ✐♥ P ′ ✱ ✇❡ ❞❡✜♥❡✿ lor (H, P)(p) = H(p) ❲❡ ❛•s♦ ❞❡✜♥❡✿ lor (H, P)(contents) = P ❲❡ ❞❡✜♥❡ loh ✭•♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❤❡❛♣✮ ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ ❤❡❛♣s H t♦ •♦❣✐❝ ❡♥✈✐r♦♥✲ ♠❡♥ts L✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ loh ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ H r❡str✐❝t❡❞ t♦ ✈❛r✐❛❜•❡s x ❛♥❞ r❡❣✐♦♥ ♥❛♠❡s r ✳ ❋♦r ❡❛❝❤ r❡❣✐♦♥ ♥❛♠❡ r ✐♥ Dom(H)✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ r ❛t •❛❜❡• ❤❡r❡ ❛s ❢♦••♦✇s✿ loh(H)(❤❡r❡)(r ) = lor (H, H(r )) ❋♦r ❡❛❝❤ •❛❜❡• L ✐♥ Dom(H)✱ ✇❡ ❞❡✜♥❡✿ loh(H)(L) = H(L) ❋♦r ❡❛❝❤ ✈❛r✐❛❜•❡ ♥❛♠❡ x ✐♥ Dom(H)✱ ✇❡ ❞❡✜♥❡✿ loh(H)(x ) = H(x ) ◆♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✇❛s ❣✐✈❡♥ ❢♦r ❛ ❤❡❛♣ H✱ ❜✉t ✐t ❛•s♦ ❛♣♣•✐❡s ❢♦r ❛ •♦❣✐❝ r❡❣✐♦♥ h✱ ❛s h(q)(r ) ♠❛❦❡s s❡♥s❡ ❛s ✇❡••✳ ❲❡ t❤✉s ❞❡✜♥❡ lor (h, P) ❛s ❛ •♦❣✐❝ r❡❣✐♦♥ ♦❢ ❞♦♠❛✐♥ contents ♣•✉s t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ h✳ ❋♦r ❛•• p ✐♥ t❤✐s ✢❛tt❡♥✐♥❣✱ ✇❡ ❞❡✜♥❡✿ lor (h, P)(p) = h(p) ❲❡ ❛•s♦ ❞❡✜♥❡✿ lor (h, P)(contents) = P ❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝✿ ❊①❛♠♣•❡ ❲❡ ✐••✉str❛t❡ ❢✉♥❝t✐♦♥ loh ♦♥ ❛♥ ❡①❛♠♣•❡✳ ❈♦♥s✐❞❡r ❝•❛ss Pair ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✳ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✿ •❡t r❡❣✐♦♥ r : Pair ; •❡t pair = ♥❡✇ Pair [r ]; •❡t left = ♥❡✇ Long [pair .Rleft]; left.value ← ✹✷; •❡t right = ♥❡✇ Long [pair .Rright]; right.value ← ✻✾; ■❢ ✇❡ st❛rt ✇✐t❤ ❛♥ ❡♠♣t② ❤❡❛♣ ❛♥❞ ❡①❡❝✉t❡ t❤❡ ♣r♦❣r❛♠✱ ✇❡ ♦❜t❛✐♥ ❤❡❛♣ H✱ ✇❤❡r❡ H ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♠❛••❡st ♣❛rt✐❛• ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿ H(r ) = {✵} H(pair ) = ✵ H(left) = ✶ H(right) = ✷ H(✵)(Rleft) = {✶} H(✵)(Rright) = {✷} H(✵)(left) = ✶ H(✵)(right) = ✷ H(✶)(value) = ✹✷ H(✷)(value) = ✻✾ H(✵❄) = r H(✶❄) = pair .Rleft H(✷❄) = pair .Rright H(next) = ✸ ▲♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t loh(H) ✐s t❤❡ s♠❛••❡st ♣❛rt✐❛• ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿ loh(H)(pair ) = ✵ loh(H)(left) = ✶ loh(H)(right) = ✷ loh(H)(❤❡r❡)(r )(contents) = {✵} loh(H)(❤❡r❡)(r )(✵)(Rleft) = {✶} loh(H)(❤❡r❡)(r )(✵)(Rright) = {✷} loh(H)(❤❡r❡)(r )(✵)(left) = ✶ loh(H)(❤❡r❡)(r )(✵)(right) = ✷ loh(H)(❤❡r❡)(r )(✶)(value) = ✹✷ loh(H)(❤❡r❡)(r )(✷)(value) = ✻✾ ❲❡ ❤❛✈❡ Dom(loh(H)(❤❡r❡)(r )) = {contents, ✵, ✶, ✷}✳ ❚❡r♠ ❊✈❛•✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿ LT L c L = c LT 1 termop LT 2 L = LT 1 L termop LT 2 L x L = L(x ) get(RT , LT , f ) L = RT L ( LT L )(f ) f larg 1 • • • larg n L = f ( larg 1 L , • • •, larg n L ) ❙❡♠❛♥t✐❝s ♦❢ •♦❣✐❝ ❛r❣✉♠❡♥ts larg✿ [RT ] L = RT L (LT ) L = LT L ❋✐❣✉r❡ ✹✳✶✷✿ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡•✮ r ❅L L = L(L)(r ) get(RT , LT , s) L = lor ( RT L , RT L ( LT L )(s)) ❋✐❣✉r❡ ✹✳✶✸✿ |❡❣✐♦♥ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡•✮ t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ t❡r♠ LT ✐♥ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L✳ ■t r❡t✉r♥s ❛ ✈❛•✉❡ v ✳ ❋✐❣✉r❡ ✹✳✶✷ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ LT L ✳ ❲❡ ❞❡♥♦t❡ ❜②✿ RT L t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ r❡❣✐♦♥ t❡r♠ RT ✐♥ L✳ ■t r❡t✉r♥s ❛ •♦❣✐❝ r❡❣✐♦♥✳ ❋✐❣✉r❡ ✹✳✶✸ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ RT L ✳ ❙❡♠❛♥t✐❝s ❢♦r ❝♦♥st❛♥ts✱ ♦♣❡r❛t♦rs ❛♥❞ ✈❛r✐❛❜•❡s ❛r❡ st❛♥❞❛r❞✳ ❆♣♣•✐❝❛t✐♦♥ ✉s❡s t❤❡ ❛s✲ s✉♠❡❞ ✉s❡r✲❞❡✜♥❡❞ ♠♦❞❡• f ✳ ❋✐❡•❞ s❡•❡❝t✐♦♥ get(RT , LT , f ) r❡❛❞s •♦❝❛t✐♦♥ LT L ✐♥ •♦❣✐❝ r❡❣✐♦♥ RT L ✱ ❛♥❞ t❤❡♥ r❡❛❞s ✜❡•❞ f ✐♥ t❤❡ ♦❜t❛✐♥❡❞ •♦❣✐❝ ♦❜•❡❝t✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ r❡❣✐♦♥ ♥❛♠❡ r ❛t •❛❜❡• L ✐s L(L)(r )✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ r❡❣✐♦♥ t❡r♠ get(RT , LT , s) ✉s❡s roh t♦ r❡str✐❝t t❤❡ •♦❣✐❝ r❡❣✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ RT ✱ t♦ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ s❡t ♦❢ •♦❝❛t✐♦♥s ✐♥ r❡❣✐♦♥ s ♦✇♥❡❞ ❜② LT ✳ Pr❡❞✐❝❛t❡ ❊✈❛•✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿ P L t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ P ✐♥ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L✳ ■t ❡✐t❤❡r ❤♦•❞s ♦r ❞♦❡s ♥♦t ❤♦•❞✳ ❋✐❣✉r❡ ✹✳✶✹ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P L ✳ ❉❡✜♥✐t✐♦♥ ♦❢ P L ✐s st❛♥❞❛r❞ ❢♦r ♠♦st ♦♣❡r❛t♦rs✳ ❚❤❡ ✜rst ♥♦✈❡•t② ✐s p larg L ✇❤❡r❡ p ✐s ❛ ♣r❡❞✐❝❛t❡ ♥❛♠❡✱ ✇❤✐❝❤ ✐s s✐♠✐•❛r t♦ f larg L ✇❤❡r❡ f ✐s ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ♥❛♠❡✳ ❚❤❡ ♦t❤❡r ♥♦✈❡•t✐❡s ❛r❡ ∀r❡❣✐♦♥ r : C. P L ❛♥❞ ∃r❡❣✐♦♥ r : C. P L ✱ ✇❤✐❝❤ q✉❛♥t✐❢② ♦✈❡r •♦❣✐❝ r❡❣✐♦♥s✳ ◗✉❛♥t✐✜❡❞ r❡❣✐♦♥s ❛r❡ ❛✈❛✐•❛❜•❡ ❛t •❛❜❡• ❤❡r❡✱ t❤❡ ❞❡❢❛✉•t •❛❜❡•✳ ❊①♣r❡ss✐♦♥ ❊✈❛•✉❛t✐♦♥ ❲❡ ♥♦✇ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ ❡①♣r❡ss✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜②✿ e H t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥ e ✐♥ ❤❡❛♣ H✳ ■t r❡t✉r♥s ❛ ✈❛•✉❡ v ✳ ❋✐❣✉r❡ ✹✳✶✺ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ e H ✳ p larg 1 • • • larg n L = p ( arg 1 L , • • •, arg n L ) P 1 ∧ P 2 L ❤♦•❞s ✐✛ P 1 L ❤♦•❞s ❛♥❞ P 2 L ❤♦•❞s P 1 ∨ P 2 L ❤♦•❞s ✐✛ P 1 L ❤♦•❞s ♦r P 2 L ❤♦•❞s P 1 ⇒ P 2 L ❤♦•❞s ✐✛ P 2 L ❤♦•❞s ♦r P 1 L ❞♦❡s ♥♦t ❤♦•❞ P 1 ⇐⇒ P 2 L ❤♦•❞s ✐✛ P 1 L ❤♦•❞s ✐❢ ❛♥❞ ♦♥•② ✐❢ P 2 L ❤♦•❞s ¬P L ❤♦•❞s ✐✛ P L ❞♦❡s ♥♦t ❤♦•❞ ❚ L ❤♦•❞s ❋ L ❞♦❡s ♥♦t ❤♦•❞ LT 1 = LT 2 L ❤♦•❞s ✐✛ LT 1 L = LT 2 L LT 1 = LT 2 L ❤♦•❞s ✐✛ LT 1 L = LT 2 L LT 1 > LT 2 L ❤♦•❞s ✐✛ LT 1 L > LT 2 L LT 1 ≥ LT 2 L ❤♦•❞s ✐✛ LT 1 L ≥ LT 2 L ∀x : τ . P L ❤♦•❞s ✐✛ ❢♦r ❛•• ✈❛•✉❡ v ♦❢ t②♣❡ τ ✱ P L[x → v ] ❤♦•❞s ∃x : τ . P L ❤♦•❞s ✐✛ t❤❡r❡ ✐s ❛ ✈❛•✉❡ v ♦❢ t②♣❡ τ s✉❝❤ t❤❛t P L[x → v ] ❤♦•❞s ∀r❡❣✐♦♥ r : C. P L ❤♦•❞s ✐✛ ❢♦r ❛•• •♦❣✐❝ r❡❣✐♦♥ h✱ P L[❤❡r❡ → L(❤❡r❡)[r → h] ] ❤♦•❞s ∃r❡❣✐♦♥ r : C. P L ❤♦•❞s ✐✛ t❤❡r❡ ✐s h s✉❝❤ t❤❛t P L[❤❡r❡ → L(❤❡r❡)[r → h] ] ❤♦•❞s LT ∈ RT L ❤♦•❞s ✐✛ LT L ✐s ✐♥ RT L (contents) ❋✐❣✉r❡ ✹✳✶✹✿ Pr❡❞✐❝❛t❡ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡•✮ c H = c e 1 op e 2 H = e 1 H op e 2 H x H = H(x ) x .f H = H(H(x ))(f ) f arg 1 • • • arg n H = f ( arg 1 H , • • •, arg n H ) ❙❡♠❛♥t✐❝s ♦❢ ❛r❣✉♠❡♥ts arg✿ [ρ] H = lor (H, H(ρ)) (e) H = e H ❋✐❣✉r❡ ✹✳✶✺✿ ❊①♣r❡ss✐♦♥ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡•✮ ❈♦♥st❛♥ts ❛♥❞ ♦♣❡r❛t✐♦♥s ❛r❡ ❡✈❛•✉❛t❡❞ ❛s t❤❡♠s❡•✈❡s✳ ❚❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ •♦❣✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❡①♣r❡ss✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❢♦r t❡r♠s✱ ❡①❝❡♣t t❤❛t t❤❡ ♠♦❞❡• ❢♦r r❡❣✐♦♥s ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ♣r♦❣r❛♠ r❡❣✐♦♥s ρ✳ ❚♦ ❡✈❛•✉❛t❡ ❛ ✈❛r✐❛❜•❡ ✐s •✉st t♦ r❡❛❞ ✐ts ✈❛•✉❡ ✐♥ t❤❡ ❤❡❛♣✳ ❚♦ ❡✈❛•✉❛t❡ x .f ✱ ✜rst ✇❡ r❡❛❞ ✈❛r✐❛❜•❡ x t♦ ♦❜t❛✐♥ ❛ •♦❝❛t✐♦♥ p✱ t❤❡♥ ✇❡ r❡❛❞ ❛t •♦❝❛t✐♦♥ p t♦ ♦❜t❛✐♥ ❛♥ ♦❜•❡❝t✱ ❛♥❞ ✜♥❛••② ✇❡ r❡❛❞ t❤❡ f ✜❡•❞ ♦❢ t❤❡ ♦❜•❡❝t✳ ❙t❛t❡♠❡♥t ❊①❡❝✉t✐♦♥ ❲❡ ♥♦✇ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ st❛t❡♠❡♥ts✳ ❲❡ ❞❡♥♦t❡ ❜②✿ H, s =⇒ H ′ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ✇❤✐❝❤ tr❛♥s❢♦r♠s ❤❡❛♣ H ✐♥t♦ ❤❡❛♣ H ′ ✳ ❲❡ ❞❡♥♦t❡ ❜②✿ H, s =⇒ ∞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ❞✐✈❡r❣❡s✳ ❲❡ ✇r✐t❡✿ H, s 1 ; • • •; s n =⇒ H ′ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ ❢♦r ❛•• i ✿ H i , s i =⇒ H i+✶ ❛♥❞ H = H 1 ❛♥❞ H ′ = H n+✶ ✳ ❲❡ ✇r✐t❡✿ H, s 1 ; • • •; s n =⇒ ∞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ t❤❡r❡ ✐s s♦♠❡ i s✉❝❤ t❤❛t✿ H, s 1 ; • • •; s i =⇒ H ′ ❛♥❞✿ H ′ , s i+✶ =⇒ ∞ ■❢ f ✐s ❛ ♣❛rt✐❛• ❢✉♥❝t✐♦♥ ✭❛ ❤❡❛♣ H✱ ❢♦r ✐♥st❛♥❝❡✮ ✇❡ ❞❡♥♦t❡ ❜② f [ρ → P] t❤❡ ❢✉♥❝t✐♦♥ g ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ■❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡ r ✱ t❤❡♥ g(r ) = P ❛♥❞ ❢♦r ❛•• x = r ✱ g(x ) = f (x )✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛•r❡❛❞②✲❞❡✜♥❡❞ f [r → P]✳ ❊•s❡ ρ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ x .r ✱ ❛♥❞ t❤❡♥ g(x ) = g(x )[r → P] ❛♥❞ ❢♦r ❛•• y = x ✱ g(y) = f (y)✳ ❲❡ ❞❡♥♦t❡ H(x .r ) = H(H(x ))(r )✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤✐s ❛••♦✇s ✉s t♦ ✇r✐t❡ H(ρ) ✇❤❡t❤❡r ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡ ♦r ❛♥ ♦✇♥❡❞ r❡❣✐♦♥✳ ❋✐❣✉r❡s ✹✳✶✻ ❛♥❞ ✹✳✶✼ ❣✐✈❡ s❡♠❛♥t✐❝s ❢♦r ❡❛❝❤ st❛t❡♠❡♥t ♦❢ t❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡✳ ❋✐❣✲ ✉r❡ ✹✳✶✻ ❞❡✜♥❡s t❤❡ s❡♠❛♥t✐❝s ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ t❡r♠✐♥❛t❡✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ✐♥❞✉❝t✐✈❡✳ ❋✐❣✉r❡ ✹✳✶✼ ❞❡✜♥❡s t❤❡ s❡♠❛♥t✐❝s ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ ❞✐✈❡r❣❡✱ ✇❤✐❝❤ ♠❛② ❤❛♣♣❡♥ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ❝♦✐♥❞✉❝t✐✈❡✳ Pr♦❣r❛♠s ✇❤✐❝❤ ♥❡✐t❤❡r t❡r♠✐♥❛t❡ ♥♦r ❞✐✈❡r❣❡ ❛r❡ ♣r♦❣r❛♠s ✇❤✐❝❤ ❜•♦❝❦ ❜❡❝❛✉s❡ ♦❢ ❛♥ ❡rr♦r✳ ❚❤❡ •❡t✲❜✐♥❞✐♥❣ st❛t❡♠❡♥t ✐♥s❡rts ❛ ♥❡✇ ✈❛r✐❛❜•❡ ✐♥t♦ t❤❡ ❤❡❛♣✳ ■t ✉s❡s t❤❡ s❡♠❛♥t✐❝s ♦❢ ❡①♣r❡ss✐♦♥s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✺ t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛•✉❡ ❣✐✈❡♥ t♦ t❤❡ ✈❛r✐❛❜•❡✳ ❚❤❡ •❡t✲r❡❣✐♦♥ st❛t❡♠❡♥t s✐♠♣•② ❛❞❞s t❤❡ ♥❡✇ r❡❣✐♦♥ ✐♥ t❤❡ ❤❡❛♣✱ ✐♥✐t✐❛••② ❡♠♣t②✳ ❚❤❡ ✉♥♣❛❝❦ ❛♥❞ ✇❡❛❦❡♥✐♥❣ st❛t❡♠❡♥ts ❞♦ ♥♦t❤✐♥❣ ❛♥❞ ❛•✇❛②s r❡❞✉❝❡✳ ❚❤❡② ❛r❡ ♦♥•② ✉s❡❞ ❛s t②♣✐♥❣ ❛♥♥♦t❛t✐♦♥s✳ ❚❤❡ ❢♦❝✉s st❛t❡♠❡♥t ✜rst ❝♦♠♣✉t❡s t❤❡ •♦❝❛t✐♦♥ p st♦r❡❞ ✐♥ ✈❛r✐❛❜•❡ x ✳ ❚❤❡♥ ✐t s❡ts r❡❣✐♦♥ σ t♦ ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ ❝♦♥t❛✐♥✐♥❣ ♦♥•② p✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ p ✐s ❝❤❛♥❣❡❞ t♦ σ✳ H, •❡t x = e =⇒ H[x → e H ] H, •❡t r❡❣✐♦♥ r : C =⇒ H[r → ∅] H, ✉♥♣❛❝❦ x =⇒ H H, ✇❡❛❦❡♥ ❡♠♣t② ρ =⇒ H H, ✇❡❛❦❡♥ s✐♥❣•❡ ρ =⇒ H H, ❢♦❝✉s x : ρ ❛s σ =⇒ H[σ → {H(x )}][H(x )❄ → σ] H, ✉♥❢♦❝✉s x : σ ❛s ρ =⇒ H[H(x )❄ → ρ] H, x .f ← e =⇒ H[H(x ) → H(x )[f → e H ] ] H, ❛❞♦♣t x : σ ❛s ρ =⇒ H[ρ → H(ρ) ∪ {H(x )}][H(x )❄ → ρ] H, ✐❢ e t❤❡♥ S ❡•s❡ S ′ =⇒ H ′ ✇✐t❤ H, S =⇒ H ′ ✐❢ e H = true ❛♥❞ H, S ′ =⇒ H ′ ✐❢ e H = false✳ H, •❡t x = f arg 1 • • • arg l =⇒ H 4 [x → e H 3 ] ✇❤❡r❡✿ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ 1 ] • • • [ρ n ]✱ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✉•❛r ❛r❣✉♠❡♥ts ✐s (e 1 ) • • • (e m )✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r 1 , • • •, r n ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✉•❛r ❛r❣✉♠❡♥ts x 1 , • • •, x m ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ❜♦❞② s 1 ; • • •; s n ; r❡t✉r♥ e✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q✱ H 1 = H[x 1 → e 1 H ]• • •[x m → e m H ]✱ H 2 = H 1 [r 1 → H(ρ 1 )]• • •[r n → H(ρ n )][ρ 1 ❄ → r 1 ]• • •[ρ n ❄ → r n ]✱ H 2 , s 1 ; • • •; s l =⇒ H 3 ✱ H 4 = H 3 [ρ 1 → H 3 (r 1 )]• • •[ρ n → H 3 (r n )][r 1 ❄ → ρ 1 ]• • •[r n ❄ → ρ n ]✱ ❛♥❞ ♦♥•② ✐❢ P loh(H 2 ) ❛♥❞ Q loh(H 3 [r❡s✉•t → e H 3 ]) ❤♦•❞✳ H, •❡t x = ♥❡✇ C [ρ] =⇒ H[p → o][x → p][ρ → {p}][p❄ → ρ][next → p+✶] ✇❤❡r❡ p = H(next) ❛♥❞ o ✐s ❛♥ ♦❜•❡❝t ❛ss♦❝✐❛t✐♥❣ ∅ t♦ ❡✈❡r② r❡❣✐♦♥ ♦✇♥❡❞ ❜② C✳ H, ♣❛❝❦ x : C =⇒ H ✐❢ Inv C (H(x )) loh(H) ❤♦•❞s✳ H, ❛ss❡rt P =⇒ H ✐❢ P loh(H) ❤♦•❞s✳ H, •❛❜❡• L =⇒ H[L → cur ] ✇❤❡r❡ cur ✐s loh(H) r❡str✐❝t❡❞ t♦ •❛❜❡•s✳ ❋✐❣✉r❡ ✹✳✶✻✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡•✮ H, ✐❢ e t❤❡♥ S ❡•s❡ S ′ =⇒ ∞ ✇✐t❤ H, S =⇒ ∞ ✐❢ e H = true ❛♥❞ H, S ′ =⇒ ∞ ✐❢ e H = false✳ H, •❡t x = f arg 1 • • • arg l =⇒ ∞ ✇❤❡r❡✿ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ 1 ] • • • [ρ n ]✱ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✉•❛r ❛r❣✉♠❡♥ts ✐s (e 1 ) • • • (e m )✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r 1 , • • •, r n ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✉•❛r ❛r❣✉♠❡♥ts x 1 , • • •, x m ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ❜♦❞② s 1 ; • • •; s n ; r❡t✉r♥ e✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q✱ H 1 = H[x 1 → e 1 H ]• • •[x m → e m H ]✱ H 2 = H 1 [r 1 → H(ρ 1 )]• • •[r n → H(ρ n )][ρ 1 ❄ → r 1 ]• • •[ρ n ❄ → r n ]✱ H 2 , s 1 ; • • •; s l =⇒ ∞ ❋✐❣✉r❡ ✹✳✶✼✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s✿ ❉✐✈❡r❣❡♥❝❡ ✭■♥t✉✐t✐✈❡ ▼♦❞❡•✮ ❚❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t r❡st♦r❡s t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ x t♦ ρ✳ ❚❤❡ ❛ss✐❣♥♠❡♥t st❛t❡♠❡♥t ✜rst r❡❛❞s t❤❡ •♦❝❛t✐♦♥ st♦r❡❞ ✐♥ ✈❛r✐❛❜•❡ x ✳ ❚❤❡♥ ✐t ♠♦❞✐✜❡s t❤❡ ♦❜•❡❝t st♦r❡❞ ❛t t❤✐s •♦❝❛t✐♦♥ t♦ ❝❤❛♥❣❡ t❤❡ f ✜❡•❞✳ ❚❤❡ ❛❞♦♣t✐♦♥ st❛t❡♠❡♥t ❛❞❞s •♦❝❛t✐♦♥ p st♦r❡❞ ✐♥ ✈❛r✐❛❜•❡ x t♦ t❤❡ s❡t ♦❢ ♣♦✐♥t❡rs ❞❡♥♦t❡❞ ❜② r❡❣✐♦♥ ρ✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ p ❜❡❝♦♠❡s ρ✳ ❚❤❡ ✐❢ st❛t❡♠❡♥t ✐s ♦♥•② ❞❡✜♥❡❞ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ❡✈❛•✉❛t❡s t♦ true ♦r false✳ ❚❤❡ ❜•♦❝❦ ✇❤✐❝❤ ✐s ❡①❡❝✉t❡❞ ❞❡♣❡♥❞s ♦♥ t❤✐s ✈❛•✉❡✳ ❚❤❡ ❝❛•• st❛t❡♠❡♥t s❡♠❛♥t✐❝s ✐s ❛ •✐tt•❡ tr✐❝❦②✳ ❇❡❝❛✉s❡ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥ f ✐s ❞❡✲ ✜♥❡❞ ✉s✐♥❣ ❢♦r♠❛• ♣❛r❛♠❡t❡rs r 1 , • • •, r n ❛♥❞ x 1 , • • •, x n ✱ ✇❡ ❜✉✐•❞ ❛ ❤❡❛♣ H 2 ✐♥ ✇❤✐❝❤ t❤❡s❡ ✈❛r✐❛❜•❡s ♠❛❦❡ s❡♥s❡✳ ❚❤❡✐r ✈❛•✉❡ ✐s t❤❡ ✈❛•✉❡ ✇❤✐❝❤ ✇❛s ❣✐✈❡♥ ❛s ❛r❣✉♠❡♥t t♦ t❤❡ ❝❛••✳ ❚❤✐s ✐s s✐♠♣•❡ ❢♦r ✈❛r✐❛❜•❡s x 1 , • • •, x n ✳ ❋♦r r❡❣✐♦♥s r 1 , • • •, r n ✇❡ ❛•s♦ ❤❛✈❡ t♦ ♠♦❞✐❢② t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❞❡✜♥❡ H[ρ❄ → r ] ❛s f [p 1 ❄ → r ]• • •[p n ❄ → r ]✱ ✐❢ {p | H(p❄) = ρ} = {p 1 , • • •, p n }✳ ◆♦t❡ t❤❛t ✇❡ ❛•s♦ r❡q✉✐r❡ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ t♦ ❤♦•❞ ✐♥ H 2 ✳ ❆❢t❡r t❤❡ ❝❛•• ✇❡ ♦❜t❛✐♥ ❤❡❛♣ H 3 ✱ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ♠♦✈❡ ♣♦✐♥t❡rs ❜❛❝❦ t♦ t❤❡✐r ♦r✐❣✐♥❛• r❡❣✐♦♥✳ ❲❡ t❤✉s ♦❜t❛✐♥ H 4 ✱ ✇❤✐❝❤ ✐s ❛•♠♦st t❤❡ ✜♥❛• ❤❡❛♣✳ ❲❡ t❤❡♥ r❡t✉r♥ ❤❡❛♣ H 4 ✇✐t❤ ❛❞❞✐t✐♦♥❛• ✈❛r✐❛❜•❡ x ✇❤♦s❡ ✈❛•✉❡ ✐s t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ r❡t✉r♥ ❡①♣r❡ss✐♦♥ e ✐♥ ❤❡❛♣ H 3 ✳ ◆♦t❡ t❤❛t ✇❡ ❛•s♦ ❛ss✉♠❡ t❤❛t ♥♦ ✈❛r✐❛❜•❡ ❝❛♣t✉r❡ ♦❝❝✉rs✳ ❚❤❡ ❛••♦❝❛t✐♦♥ st❛t❡♠❡♥t t❛❦❡s t❤❡ ♥❡①t ❢r❡❡ •♦❝❛t✐♦♥ p ✐♥ t❤❡ ❤❡❛♣ ❛♥❞ ♣✉ts ✐t ✐♥ ♥❡✇•②✲ ❜♦✉♥❞ ✈❛r✐❛❜•❡ x ✳ ❚❤❡♥ H(next) ❜❡❝♦♠❡s p+✶✳ ❆♥ ♦❜•❡❝t o ✐s ❛••♦❝❛t❡❞ ✐♥ H(p)✱ ✇✐t❤ ❡♠♣t② s❡ts ❢♦r ❛•• ♦✇♥❡❞ r❡❣✐♦♥s✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ p ✐s ρ✱ ❛♥❞ ρ ✐s s❡t t♦ ❜❡ t❤❡ s✐♥❣•❡t♦♥ s❡t {p}✳ ❚❤❡ ♣❛❝❦ st❛t❡♠❡♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❤❡❛♣✱ ❜✉t ✐t ♦♥•② r❡❞✉❝❡s ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣ ♣❛❝❦❡❞ ❤♦•❞s✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❞❡✜♥❡ Inv C (p) L ✱ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ ❝•❛ss C ❛♣♣•✐❡❞ t♦ •♦❝❛t✐♦♥ p✳ ■t ✐s ❡q✉✐✈❛•❡♥t t♦ P L ′ ✇❤❡r❡ P ✐s t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ C✱ ❛♥❞ L ′ ✐s ❛ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t s✉❝❤ t❤❛t✿ ❢♦r ❡❛❝❤ ✜❡•❞ f ♦❢ C✱ ✇❡ ❤❛✈❡ L ′ (f ) = L(p)(f ) ✭✜❡•❞ ♥❛♠❡ f ✐s ✈✐❡✇❡❞ ❛s ❛ ✈❛r✐❛❜•❡ ♥❛♠❡✮ ❛♥❞ ❢♦r ❛•• r❡❣✐♦♥ r ♦❢ C✱ ✇❡ ❤❛✈❡ L ′ (r ) = L(p)(r )✳ ❚❤❡ ❛ss❡rt st❛t❡♠❡♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❤❡❛♣✱ ❜✉t ✐t ♦♥•② r❡❞✉❝❡s ✐❢ ✐ts ♣r❡❞✐❝❛t❡ ❤♦•❞s ✐♥ t❤❡ ❝✉rr❡♥t ❤❡❛♣✳ ✹✳✹✳ ❈❖❍❊|❊◆❈❊ P|❊❙❊|❱❆❚■❖◆ ✾✾ ✹✳✹ ❈♦❤❡r❡♥❝❡ Pr❡s❡r✈❛t✐♦♥ ❚②♣❡ ♦❢ ❱❛•✉❡s ❲❡ s❛② t❤❛t t②♣❡ τ ✐s ❛ ♣♦✐♥t❡r t②♣❡ ♦❢ ❝•❛ss C ✐♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ❤❡❛♣ H ✐❢ τ ✐s [r ] ❛♥❞ r : C ✐s ✐♥ Γ✱ ♦r ✐❢ τ ✐s [x .r ]✱ x : τ ′ ✐s ✐♥ Γ✱ τ ′ ✐s ❛ ♣♦✐♥t❡r t②♣❡ ♦❢ ❝•❛ss C ′ ✱ ❛♥❞ r ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ ❝•❛ss C ✐♥ t❤❡ ❝•❛ss ❞❡✜♥✐t✐♦♥ ♦❢ C ′ ✳ ❲❡ s❛② t❤❛t p ✐s ❛ •♦❝❛t✐♦♥ ♦❢ ❝•❛ss C ✐♥ ❤❡❛♣ H ✐❢ H(p)(f ) ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ✜❡•❞ f ❞❡✜♥❡❞ ✐♥ C ❛♥❞ ✐s ❛ ✈❛•✉❡ ♦❢ t❤❡ t②♣❡ ♦❢ f ✭s❡❡ ❜❡•♦✇✮✱ ❛♥❞ H(p)(r ) ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ r❡❣✐♦♥ r ❞❡✜♥❡❞ ✐♥ C✳ ❲❡ s❛② t❤❛t v ✐s ❛ ✈❛•✉❡ ♦❢ t②♣❡ τ ✐♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ❤❡❛♣ H ✐❢✿ • τ ✐s int ❛♥❞ v ✐s ❛♥ ✐♥t❡❣❡r❀ • ♦r τ ✐s bool ❛♥❞ v ✐s true ♦r false❀ • ♦r τ ✐s unit ❛♥❞ v ✐s t❤❡ ✉♥✐t ❝♦♥st❛♥t ()❀ • ♦r τ ✐s ❛ ✉s❡r t②♣❡ ❛♥❞ v ✐s ❛ ✈❛•✉❡ ♦❢ t❤✐s t②♣❡❀ • ♦r τ ✐s ❛ ♣♦✐♥t❡r t②♣❡ ♦❢ ❝•❛ss C ❛♥❞ v ✐s ❛ •♦❝❛t✐♦♥ ♦❢ ❝•❛ss C✳ ❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❝♦✐♥❞✉❝t✐✈❡✳ ❆♥ ✐♥❞✉❝t✐✈❡ ❞❡✜♥✐t✐♦♥ ✇♦✉•❞ r❡str✐❝t ♦✉rs❡•❢ t♦ ♣r♦❣r❛♠s ✇❤✐❝❤ ❞♦ ♥♦t ♠❛♥✐♣✉•❛t❡ ❞❛t❛ str✉❝t✉r❡s ✇✐t❤ ❝②❝•❡s✳ ❈♦❤❡r❡♥❝❡ ❲❡ s❛② t❤❛t •♦❝❛t✐♦♥ p ✐s ❝•♦s❡❞ ❢♦r ❝•❛ss C ✐♥ ❤❡❛♣ H ✐❢✱ ❛♥❞ ♦♥•② ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ❤♦•❞s ✐♥ H✱ ✐✳❡✳✿ Inv C (p) loh(H) ❛♥❞ ❛•• ♦✇♥❡❞ •♦❝❛t✐♦♥s ♦❢ p ❛r❡ ❝•♦s❡❞✱ ✐✳❡✳ ❢♦r ❛•• r❡❣✐♦♥ r ✱ ❢♦r ❛•• q ✐♥ H(p)(r ) ✭✐❢ ❞❡✜♥❡❞✮✱ t❤❡♥ q ✐s ❝•♦s❡❞ ✐♥ H✳ ▼♦r❡♦✈❡r✱ ✇❡ r❡q✉✐r❡ t❤❛t ✐❢ r ✐s ❞❡✜♥❡❞ ❛s ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ ✐♥ C✱ t❤❡♥ H(p)(r ) ✐s ❛ s✐♥❣•❡t♦♥ s❡t✳ ❍❡❛♣ H ✐s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ♣❡r♠✐ss✐♦♥s Σ ❛♥❞ t②♣✐♥❣ ❡♥✈✐r♦♥♠❡♥t Γ ✐❢✱ ❛♥❞ ♦♥•② ✐❢✿ ✶✳ ✭✉♥✐❝✐t② ♦❢ ♣❡r♠✐ss✐♦♥s✮ ❢♦r ❛•• r❡❣✐♦♥ ρ✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ ρ ∅ ✱ ρ • ✱ ρ × ✱ ρ G ♦r σ -• ρ ✐♥ Σ❀ ✷✳ ✭❡♠♣t② ♣❡r♠✐ss✐♦♥s✮ ✐❢ ρ ∅ ✐s ✐♥ Σ✱ t❤❡♥ H(ρ) = ∅❀ ✸✳ ✭s✐♥❣•❡t♦♥ ♣❡r♠✐ss✐♦♥s✮ ✐❢ ρ • {f } ♦r ρ × ✐s ✐♥ Σ✱ t❤❡♥ t❤❡r❡ ✐s p s✉❝❤ t❤❛t H(ρ) = {p}❀ ✹✳ ✭❝•♦s❡❞ ♣❡r♠✐ss✐♦♥s✮ ✐❢ ρ × ♦r ρ G ✐s ✐♥ Σ ❛♥❞ Γ ⊢ ρ: C✱ t❤❡♥ ❛•• p ✐♥ H(ρ) ✐s ❝•♦s❡❞ ❢♦r C ✐♥ H❀ ✺✳ ✭❢♦❝✉s ♣❡r♠✐ss✐♦♥s✮ ✐❢ σ -• ρ ✐s ✐♥ Σ ❛♥❞ Γ ⊢ ρ: C✱ t❤❡♥ ❛•• p ✐♥ H(ρ) -H(σ) ✐s ❝•♦s❡❞ ❢♦r C ✐♥ H❀ ✻✳ ✭t②♣❡ ♦❢ ✈❛•✉❡s✮ ❢♦r ❛•• ❡①♣r❡ss✐♦♥ e s✉❝❤ t❤❛t Γ, Σ ⊢ e: τ ✱ t❤❡♥ e H ✐s ❞❡✜♥❡❞ ❛♥❞ ✐s ❛ ✈❛•✉❡ ♦❢ t②♣❡ τ ❀ ✼✳ ✭r❡❣✐♦♥s ❛r❡ ❞❡✜♥❡❞✮ ❢♦r ❛•• r❡❣✐♦♥ ρ s✉❝❤ t❤❛t Γ ⊢ ρ: C✱ t❤❡♥ H(ρ) ✐s ❞❡✜♥❡❞❀ ✽✳ ✭❛❝t✐✈❡ r❡❣✐♦♥s✮ ❢♦r ❛•• •♦❝❛t✐♦♥ p✱ ❢♦r ❛•• r❡❣✐♦♥ ρ✱ ✐❢ p ∈ H(ρ) ❛♥❞ ❡✐t❤❡r ρ • ✱ ρ × ✱ ρ G ✐s ✐♥ Σ ♦r σ -• ρ ✐s ✐♥ Σ ❛♥❞ p / ∈ H(σ)✱ t❤❡♥ H(p❄) = ρ❀ ✶✵✵ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙ ✾✳ ✭•❛❜❡•s ❛r❡ ❞❡✜♥❡❞✮ ❢♦r ❛•• L: R ✐♥ Γ✱ ❢♦r ❛•• r ✐♥ R✱ H(L)(r ) ✐s ❞❡✜♥❡❞✳ ■t❡♠ ✶ ✐s r❡q✉✐r❡❞ ❢♦r ❝♦♥s✐st❡♥❝②❀ ❤❛✈✐♥❣ ❜♦t❤ ρ ∅ ❛♥❞ ρ × ✱ ❢♦r ✐♥st❛♥❝❡✱ ✇♦✉•❞ r❡s✉•t ✐♥ ρ ❜❡✐♥❣ ❜♦t❤ ❡♠♣t② ❛♥❞ ♥♦t ❡♠♣t②✳ ■t❡♠s ✷✱ ✸✱ ✹ ❛♥❞ ✺ st❛t❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❡❛❝❤ ♣❡r♠✐ss✐♦♥✳ ■t❡♠s ✹ ❛♥❞ ✺ ❛r❡ ❡s♣❡❝✐❛••② ✐♠♣♦rt❛♥t✱ ❛s t❤❡② ❡♥s✉r❡ t❤❛t ✐♥✈❛r✐❛♥ts ❤♦•❞ ✇❤❡♥ t❤❡② ❛r❡ s✉♣♣♦s❡❞ t♦✳ ■♥ ❢❛❝t✱ t❤❡② ❛r❡ t❤❡ ✐t❡♠s ✇❤✐❝❤ ♠❛tt❡r t❤❡ ♠♦st ❢r♦♠ ❛♥ ❡①t❡r♥❛• ♣♦✐♥t ♦❢ ✈✉❡❀ ♦t❤❡r ✐t❡♠s str❡♥❣t❤❡♥ t❤❡ ❝♦❤❡r❡♥❝❡ ♣r❡❞✐❝❛t❡ t♦ ❜❡ ❛❜•❡ t♦ ♣r♦✈❡ ✐t❡♠s ✹ ❛♥❞ ✺✳ ■t❡♠ ✻ ♠❛✐♥•② st❛t❡s t❤❛t ✈❛r✐❛❜•❡s ❛♥❞ •♦❝❛t✐♦♥s ♦❢ t❤❡ ❤❡❛♣ ❛r❡ ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ■t ❛•s♦ st❛t❡s t❤❛t ❛•• ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❝❛♥ ❛❝t✉❛••② ❜❡ ❡✈❛•✉❛t❡❞✳ ■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✱ ✐t❡♠ ✼ st❛t❡s t❤❛t ❛•• ✇❡••✲t②♣❡❞ r❡❣✐♦♥s ♠❛❦❡ s❡♥s❡ ✐♥ t❤❡ ❤❡❛♣✳ ■t❡♠ ✽ ❣✐✈❡s t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❛❝t✐✈❡ r❡❣✐♦♥s✳ ■t❡♠ ✾ ❡♥s✉r❡s t❤❛t •❛❜❡•s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛r❡ ✐♥ t❤❡ ❤❡❛♣ ❞♦♠❛✐♥✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❛t ❡①❡❝✉t✐♥❣ ❛ ♣r♦❣r❛♠ ✐♥ ❛ ❝♦❤❡r❡♥t ❤❡❛♣ r❡s✉•ts ✐♥ ❛ ❝♦❤❡r❡♥t ❤❡❛♣✳ ❚❤❡♦r❡♠ ✶ ✭❈♦❤❡r❡♥❝❡ Pr❡s❡r✈❛t✐♦♥✮ ❋♦r ❛•• ❤❡❛♣ H ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✱ ❢♦r ❛•• st❛t❡♠❡♥t s✱ ✐❢ Γ ⊢ {Σ} s {Σ ′ }, Γ ′ ❛♥❞ ✐❢ H, s =⇒ H ′ t❤❡♥ H ′ ✐s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ′ ❛♥❞ Σ ′ ✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ H, s =⇒ H ′ ✳ ❲❡ ✜rst ♥♦t❡ t❤❛t ❛•• st❛t❡♠❡♥ts ♣r❡s❡r✈❡ ✐t❡♠ ✶ ♦❢ ❝♦❤❡r❡♥❝❡✳ ❲❡ ✇✐•• ✐♠♣•✐❝✐t❡•② ✉s❡ t❤✐s ❤②♣♦t❤❡s✐s ❡❛❝❤ t✐♠❡ ❛ r❡❣✐♦♥ ♦r ❛ •♦❝❛t✐♦♥ ✐s ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❤❡❛♣ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❢❛s❤✐♦♥✿ ✐❢ ✇❡ s❤♦✇ ✐t❡♠ ✷✱ ✸✱ ✹ ♦r ✺ ❢♦r ❛ ❣✐✈❡♥ r❡❣✐♦♥ ρ✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ s❤♦✇ ❛♥② ♦t❤❡r ♦❢ t❤❡s❡ ✐t❡♠s ❢♦r r❡❣✐♦♥ ρ✱ ❡①❝❡♣t ❢♦r ρ × ✇❤✐❝❤ ✐s s❤❛r❡❞ ❜② ✸ ❛♥❞ ✹✳ • •❡t x = e ■t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞ ❜❡❝❛✉s❡ t❤❡ ♦♥•② ♥❡✇ ✈❛r✐❛❜•❡ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s x ♦❢ t❤❡ t②♣❡ τ ♦❢ ❡①♣r❡ss✐♦♥ e✱ ❛♥❞ t❤✉s t❤❡ ♦♥•② ♥❡✇ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❛r❡ x ✱ ❛♥❞ ♦t❤❡r ❡①♣r❡ss✐♦♥s ♠❡♥t✐♦♥♥✐♥❣ x ✳ ❚❤❡ ✈❛•✉❡ ❣✐✈❡♥ t♦ x ✐♥ t❤❡ ❤❡❛♣ ✐s t❤❡ ✈❛•✉❡ ♦❜t❛✐♥❡❞ ❜② ❡✈❛•✉❛t✐♥❣ e✳ ■t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ♦❢ H st❛t❡s t❤❛t t❤✐s ✈❛•✉❡ ❤❛s t②♣❡ τ ✳ ❋r♦♠ t❤❡r❡ ✇❡ ♣r♦✈❡ ✐t❡♠ ✻ ♦♥ ❛•• ♥❡✇ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥s✱ ✐✳❡✳ t❤♦s❡ ✇❤♦ ♠❡♥t✐♦♥ x ✱ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡s❡ ❡①♣r❡ss✐♦♥s✳ ❖t❤❡r ✐t❡♠s ♦❢ ❝♦❤❡r❡♥❝❡ ❛r❡ tr✐✈✐❛•✳ • ✐❢ e t❤❡♥ S 1 ❡•s❡ S 2 ❲❡ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ ❡✐t❤❡r S 1 ♦r S 2 ✱ ❞❡♣❡♥❞✐♥❣ ♦♥ e H ✳ • •❡t x = f arg |❡❝❛•• t②♣✐♥❣ r✉•❡ ❙❈❛••✿ f ❝♦♥s✉♠❡s Σ 1 f ♣r♦❞✉❝❡s Σ 2 f : param 1 • • • param n → τ ❢♦r ❛•• i : Γ, Σ, σ ⊢ arg i : param i separated (arg 1 , • • • , arg n ) Γ ⊢ {Σ, σ(Σ 1 )} •❡t x = f arg 1 • • • arg n {Σ, σ(Σ 2 )}, (Γ, x : σ(τ )) ❙❈❛•• ✹✳✹✳ ❈❖❍❊|❊◆❈❊ P|❊❙❊|❱❆❚■❖◆ ✶✵✶ ❋✐rst ✇❡ s❤♦✇ t❤❛t H 2 ✐s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥t❡r♥❛• ❡♥✈✐r♦♥♠❡♥t Γ 2 ❛♥❞ ♣❡r♠✐ss✐♦♥s Σ 2 ✇✐t❤ ✇❤✐❝❤ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥ f ✇❛s t②♣❡❞✳ ❚❤❡♥ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♥❞ ♦❜t❛✐♥ t❤❛t H 3 ✐s ❝♦❤❡r❡♥t✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t H ′ ✐s ❝♦❤❡r❡♥t✳ ❍❡❛♣ H 1 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② ❛❞❞✐♥❣ ✈❛r✐❛❜•❡s x ✇✐t❤ r❡s♣❡❝t✐✈❡ ✈❛•✉❡s e H ✳ ❚②♣✐♥❣ ❡♥s✉r❡s t❤❛t t❤❡ t②♣❡ ♦❢ t❤❡s❡ ✈❛•✉❡s ✐s t❤❡ ❢♦r♠❛• t②♣❡ ♦❢ t❤❡ r❡❣✉•❛r ❛r❣✉♠❡♥ts x ♦❢ f ✱ ❛♥❞ t❤✉s ✐t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ♦❢ H 1 ✇✐t❤ r❡s♣❡❝t t♦ Γ ′ ❤♦•❞s✳ ❍❡❛♣ H 2 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H 1 ❜② ❛❞❞✐♥❣ r❡❣✐♦♥s r ✇✐t❤ r❡s♣❡❝t✐✈❡ s❡ts H(ρ)✳ ❚②♣✐♥❣ ♦❢ ♣❡r♠✐ss✐♦♥s ❡♥s✉r❡s t❤❛t ♣❡r♠✐ss✐♦♥s Σ 1 ❛r❡ ❛✈❛✐•❛❜•❡✳ ❚❤✉s ✐t❡♠s ✷✱ ✸✱ ✹ ❛♥❞ ✺ ♦❢ ❝♦❤❡r❡♥❝❡ ❤♦•❞ t♦♦✱ ❛♥❞ H 2 ✐s ❝♦❤❡r❡♥t✳ ❚❤✉s H 3 ✐s ❝♦❤❡r❡♥t✳ ❲❡ ✉s❡ ❛ s✐♠✐•❛r r❡❛s♦♥✐♥❣ ❢r♦♠ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s t♦ s❤♦✇ t❤❛t H 4 ✐s ❝♦❤❡r❡♥t ❛❢t❡r tr❛♥s❢❡rr✐♥❣ r❡❣✐♦♥s ❜❛❝❦✳ ❍❡❛♣ H ′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H 4 ❜② ❛❞❞✐♥❣ ✈❛r✐❛❜•❡ x ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✱ t❤✉s ♣r❡s❡r✈✐♥❣ ❝♦❤❡r❡♥❝❡✳ • •❡t r❡❣✐♦♥ r : C ❚❤❡ ♦♥•② ✐t❡♠s ♦❢ ❝♦❤❡r❡♥❝❡ ✇❤✐❝❤ ❛r❡ ♥♦t str❛✐❣❤t❢♦r✇❛r❞ ❛r❡ ✐t❡♠s ✷✱ ✻ ❛♥❞ ✼✱ ❛s t❤❡r❡ ✐s ♥❡✇ ♣❡r♠✐ss✐♦♥ r ∅ ❛♥❞ ♥❡✇ r❡❣✐♦♥ r ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■t❡♠ ✷ ❤♦•❞s ❜② ❞❡✜♥✐t✐♦♥ ♦❢ =⇒✳ ❚❤❡ ♦♥•② ♥❡✇ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❛r❡ •♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣•✐❝❛t✐♦♥s ✉s✐♥❣ r ✱ ✇❤✐❝❤ ❛r❡ ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ❙♦ ✐t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ r✉•❡✱ H ′ (r ) ✐s ❞❡✜♥❡❞✱ s♦ ✐t❡♠ ✼ ✐s ♣r❡s❡r✈❡❞✳ • •❡t x = ♥❡✇ C [ρ] ■t❡♠ ✻ ❤♦•❞s ❛s x ✐s ❛ ♣♦✐♥t❡r ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ❊①♣r❡ss✐♦♥s x .f ✐s ♥♦t ✇❡••✲t②♣❡❞ ❛s ♣❡r♠✐ss✐♦♥ ♦♥ ρ st❛t❡s t❤❛t ♥♦ ✜❡•❞ ✐s ✐♥✐t✐❛•✐③❡❞✳ P❡r♠✐ss✐♦♥ ρ ∅ ✐s ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣•❛❝❡❞ ❜② ρ • ❛♥❞ ❡♠♣t② ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ x ✳ |❡❣✐♦♥ ρ ✐s ✐♥❞❡❡❞ s✐♥❣•❡t♦♥ ❛❢t❡r t❤❡ ❛••♦❝❛t✐♦♥✱ ❛♥❞ ♦✇♥❡❞ r❡❣✐♦♥s ❛r❡ ✐♥❞❡❡❞ ❡♠♣t②✳ ▼♦r❡♦✈❡r✱ H(x .r ) ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ♦✇♥❡❞ r❡❣✐♦♥ r ✱ s♦ ✐t❡♠ ✼ ♦❢ ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞✳ ▲❡t p = H(next)✳ ■t❡♠ ✽ ❤♦•❞s ❛s ✇❡ ❤❛✈❡ p ∈ H ′ (ρ) ❛•♦♥❣ ✇✐t❤ H ′ (p❄) = ρ ❛♥❞ ρ • ✳ • ❢♦❝✉s x : ρ ❛s σ P❡r♠✐ss✐♦♥s ρ G ❛♥❞ σ ∅ ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣•❛❝❡❞ ❜② σ -• ρ ❛♥❞ σ × ✳ ❚❤❡ •♦❝❛t✐♦♥ ♣✉t ✐♥t♦ σ ✇❛s ✐♥ ρ❀ ✇❡ ✉s❡ ✐t❡♠ ✹ t♦ s❤♦✇ t❤❛t ✐t ✇❛s t❤✉s ❝•♦s❡❞✱ ❛♥❞ ✐s st✐•• ❝•♦s❡❞ ✐♥ σ✳ |❡❣✐♦♥ σ ✐s s✐♥❣•❡t♦♥ ❛❢t❡r t❤❡ ♦♣❡r❛t✐♦♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ =⇒✳ ❚❤✉s ✐t❡♠s ✸ ❛♥❞ ✹ ❛r❡ ♣r❡s❡r✈❡❞✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ✐s ❝❤❛♥❣❡❞ ❢r♦♠ σ t♦ ρ✱ t♦ ♣r❡s❡r✈❡ ✐t❡♠ ✽✳ ❱❛r✐❛❜•❡ x ❤❛s ❝❤❛♥❣❡❞ t②♣❡ ❢r♦♠ [ρ] t♦ [σ]✱ ❜✉t ✐t ✐♥❞❡❡❞ ❝♦♥t❛✐♥s ❛ •♦❝❛t✐♦♥ ♦❢ σ✱ s♦ ✐t❡♠ ✻ ✐s ♣r❡s❡r✈❡❞✳ • x .f ← e ❚❤✐s ♦♣❡r❛t✐♦♥ ❞♦❡s ♥♦t ❜r❡❛❦ ✐t❡♠s ✹ ❛♥❞ ✺ ♦❢ ❝♦❤❡r❡♥❝❡✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ♣♦✐♥t❡r p ✐s ❜r♦❦❡♥ ❜② t❤✐s ❛ss✐❣♥♠❡♥t✳ ❚❤❡♥ t❤✐s ✐♥✈❛r✐❛♥t ❞❡♣❡♥❞s ♦♥ x .f ✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦♥ ✐♥✈❛r✐❛♥ts r❡q✉✐r❡s t❤❛t x ✐s ✭tr❛♥s✐t✐✈❡•②✮ ♦✇♥❡❞ ❜② p✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✐t❡♠ ✹ ♦❢ ❝♦❤❡r❡♥❝❡✳ ■t❡♠ ✻ ❤♦•❞s ❛s t②♣✐♥❣ ❡♥s✉r❡s t❤❛t e H ❤❛s t❤❡ t②♣❡ ♦❢ f ✱ ❛♥❞ t❤❡ ♦♥•② ♥❡✇ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥ ✐s x .f ✭♣❡r♠✐ss✐♦♥s st❛t❡ t❤❛t f ✐s ♥♦✇ ✐♥✐t✐❛•✐③❡❞ ✐❢ ✐t ✇❛s ♥♦t✮✳ • ❛❞♦♣t x : σ ❛s ρ P❡r♠✐ss✐♦♥ ρ G ✐s ♣r♦❞✉❝❡❞✳ ❲❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ ♥❡✇ ♣♦✐♥t❡r ♦❢ ρ✱ ✐✳❡✳ x ✱ ✐s ❝•♦s❡❞✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t σ × ✇❛s ❛✈❛✐•❛❜•❡ ❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳ ❚❤✉s ✐t❡♠ ✹ ✐s ♣r❡s❡r✈❡❞✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ✐s ❝❤❛♥❣❡❞ ❢r♦♠ σ t♦ ρ✱ t♦ ♣r❡s❡r✈❡s ✐t❡♠ ✽✳ ❱❛r✐❛❜•❡ x ❤❛s ❝❤❛♥❣❡❞ t②♣❡ ❢r♦♠ [σ] t♦ [ρ]✱ ❜✉t ✐t ✐♥❞❡❡❞ ❝♦♥t❛✐♥s ❛ •♦❝❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦✇ ✐♥ ρ✱ s♦ ✐t❡♠ ✻ ✐s ♣r❡s❡r✈❡❞✳ • ✉♥❢♦❝✉s x : σ ❛s ρ P❡r♠✐ss✐♦♥ ρ G ✐s ♣r♦❞✉❝❡❞ ✇❤✐•❡ σ -• ρ ✇❛s ❛✈❛✐•❛❜•❡ ❜❡❢♦r❡✳ ❲❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ ♣♦✐♥t❡r ♦❢ σ✱ ✐✳❡✳ x ✱ ✐s ❝•♦s❡❞✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t σ × ✇❛s ❛✈❛✐•❛❜•❡ ❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳ ❚❤✉s ✐t❡♠ ✹ ✐s ♣r❡s❡r✈❡❞✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ✐s ❝❤❛♥❣❡❞ ❢r♦♠ σ t♦ ρ✱ t♦ ♣r❡s❡r✈❡s ✐t❡♠ ✽✳ ❱❛r✐❛❜•❡ x ❤❛s ❝❤❛♥❣❡❞ t②♣❡ ❢r♦♠ [σ] t♦ [ρ]✱ ❜✉t ✐t ✐♥❞❡❡❞ ❝♦♥t❛✐♥s ❛ •♦❝❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦✇ ✐♥ ρ✱ s♦ ✐t❡♠ ✻ ✐s ♣r❡s❡r✈❡❞✳ ◆♦t❡ ❤♦✇ ❝•♦s❡ t❤✐s r❡❛s♦♥✐♥❣ ✐s t♦ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❛❜♦✈❡ ❢♦r ❛❞♦♣t✐♦♥✳ ■♥❞❡❡❞✱ ❛❞♦♣t ❛♥❞ ✉♥❢♦❝✉s ❛r❡ ✈❡r② s✐♠✐•❛r ♦♣❡r❛t✐♦♥s✳ • ♣❛❝❦ x : C P❡r♠✐ss✐♦♥ ρ × ✐s ♣r♦❞✉❝❡❞✱ ✇❤❡r❡ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❲❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇ t❤❛t x ✐s ❝•♦s❡❞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ =⇒✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ❤♦•❞s✳ ▼♦r❡♦✈❡r✱ t②♣✐♥❣ ❡♥s✉r❡s t❤❛t ❝•♦s❡❞ ♣❡r♠✐ss✐♦♥s ♦♥ ❛•• ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ x ❛r❡ ❝♦♥s✉♠❡❞✳ ❙♦ ✇❡ ✉s❡ ✐t❡♠ ✹ ♦❢ ❝♦❤❡r❡♥❝❡ t♦ s❤♦✇ t❤❛t ❛•• ✭tr❛♥s✐t✐✈❡•②✮ ♦✇♥❡❞ •♦❝❛t✐♦♥s ❛r❡ ❝•♦s❡❞✱ ❛♥❞ t❤✉s t❤❛t x ✐s ❝•♦s❡❞ ✐ts❡•❢✳ • ✉♥♣❛❝❦ x P❡r♠✐ss✐♦♥ ρ • ✐s ♣r♦❞✉❝❡❞✱ ❛♥❞ ρ × ✐s ❝♦♥s✉♠❡❞ s♦ ρ ✐s ✐♥❞❡❡❞ s✐♥❣•❡t♦♥✳ P❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s ❛r❡ ♣r♦❞✉❝❡❞✳ ❲❡ ✉s❡ ✐t❡♠ ✹ t♦ s❤♦✇ t❤❛t ❛•• ♦✇♥❡❞ •♦❝❛t✐♦♥s ♦❢ x ❛r❡ ❝•♦s❡❞ ❛♥❞ t❤✉s t❤❛t ✐t❡♠ ✹ ✐s ♣r❡s❡r✈❡❞✳ ❲❡ ❛•s♦ ✉s❡ ✐t❡♠ ✹ t♦ s❤♦✇ t❤❛t ❛•• s✐♥❣•❡t♦♥ ♦✇♥❡❞ •♦❝❛t✐♦♥s ❛r❡ ✐♥❞❡❡❞ s✐♥❣•❡t♦♥s✱ ❛♥❞ t❤✉s t❤❛t ✐t❡♠ ✸ ✐s ♣r❡s❡r✈❡❞✳ • ✇❡❛❦❡♥ ❡♠♣t② ρ ❆♥ ❡♠♣t② r❡❣✐♦♥ ❤❛s ♥♦ ♣♦✐♥t❡r✱ s♦ ✐t❡♠ ✹ tr✐✈✐❛••② ❤♦•❞s✳ • ✇❡❛❦❡♥ s✐♥❣•❡ ρ P❡r♠✐ss✐♦♥ ρ × ✐s ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣•❛❝❡❞ ❜② ρ G ✱ ✇❤✐❝❤ ♣r❡s❡r✈❡s ✐t❡♠ ✹ ♦❢ ❝♦❤❡r❡♥❝❡✳ • ❛ss❡rt P ❍❡❛♣✱ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ♣❡r♠✐ss✐♦♥s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❜② t❤✐s ♦♣❡r❛t✐♦♥✳ • •❛❜❡• L ❲❡ ❛❞❞ L: R ✐♥ Γ✱ s♦ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✐t❡♠ ✾ ♦❢ ❝♦❤❡r❡♥❝❡✳ ❚❤❡ t②♣✐♥❣ r✉•❡ r❡q✉✐r❡s ❛•• r❡❣✐♦♥ ♥❛♠❡s r ✐♥ R t♦ ❜❡ ✐♥ Γ✱ s♦ ❢r♦♠ ✐t❡♠ ✼ ♦❢ ❝♦❤❡r❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t H(r ) ✐s ❞❡✜♥❡❞✳ ❙♦ loh(H)(r ) ✐s ❞❡✜♥❡❞ ❛s ✇❡••✱ ❛♥❞ t❤✉s H ′ (L)(r ) ✐s ❞❡✜♥❡❞✳ ✷ ✹✳✺✳ ❙❊P❆|❆❚❊❉ ▼❊▼❖|( ▼❖❉❊▲ ✶✵✸ ✹✳✺ ❙❡♣❛r❛t❡❞ ▼❡♠♦r② ▼♦❞❡• ✹✳✺✳✶ ❙❡♣❛r❛t❡❞ ❖♣❡r❛t✐♦♥❛• ❙❡♠❛♥t✐❝s ❲❡ ♥♦✇ ❣✐✈❡ ❈❛♣✉❝✐♥❡ ❛ ♠♦❞❡• ✇❤✐❝❤ ✐s •❡ss st❛♥❞❛r❞✱ ❜✉t ✇❤✐❝❤ ✐s ❝•♦s❡r t♦ t❤❡ ❈❛♣✉❝✐♥❡✲ t♦✲❲❤② tr❛♥s•❛t✐♦♥ ✇❤✐❝❤ ✇✐•• ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t •♦❝❛t✐♦♥s ❞♦ ♥♦t ❜❡•♦♥❣ t♦ t❤❡ ❤❡❛♣ ❜✉t t♦ r❡❣✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥st❡❛❞ ♦❢ ✇r✐t✐♥❣ H(p)✱ ✇❡ ✇r✐t❡ H s (r )(p) ✇❤❡r❡ r ✐s t❤❡ r❡❣✐♦♥ ♦❢ •♦❝❛t✐♦♥ p✳ ▼♦r❡♦✈❡r✱ ✐❢ p ♦✇♥s ❛ r❡❣✐♦♥ s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ✐ts ♦❜•❡❝t ❜② ✇r✐t✐♥❣ H s (r )(p)(s)✳ ■❢ •♦❝❛t✐♦♥ q ❜❡•♦♥❣s t♦ s✱ ✇❡ ❝❛♥ ✇r✐t❡ H s (r )(p)(s)(q) t♦ ♦❜t❛✐♥ t❤❡ ♦❜•❡❝t ♦❢ q✳ ▼♦❞❡• ❲❡ ❞❡✜♥❡ ❛ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ •♦❝❛t✐♦♥s p t♦ s❡♣❛r❛t❡❞ ♦❜•❡❝ts o✳ ❆ s❡♣❛r❛t❡❞ ♦❜•❡❝t ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ ✜❡•❞ ♥❛♠❡s f t♦ ✈❛•✉❡s✱ ❛♥❞ ❢r♦♠ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡s r t♦ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ❛s ❛ ❢✉♥❝t✐♦♥✿ • H s (x ) r❡t✉r♥s t❤❡ ✈❛•✉❡ ♦❢ ✈❛r✐❛❜•❡ x ❀ • H s (r ) r❡t✉r♥s t❤❡ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ r❡❣✐♦♥ ♥❛♠❡ r ❀ • H s (p❄) r❡t✉r♥s t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ ♣♦✐♥t❡r p❀ • H s (next) r❡t✉r♥s t❤❡ ♥❡①t ❢r❡❡ •♦❝❛t✐♦♥ t♦ ❜❡ ❛••♦❝❛t❡❞❀ • H s (L)(r ) r❡t✉r♥s ❛ r❡❣✐♦♥ ❢✉♥❝t✐♦♥✳ H s (x )✱ H s (p❄) ❛♥❞ H s (next) ❛r❡ t❤❡ s❛♠❡ ❛s H(x )✱ H(p❄) ❛♥❞ H(next)✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ♦♥•② ❝❤❛♥❣❡ ✐s t❤✉s t❤❛t H(p) ✐s ♠♦✈❡❞ ✐♥t♦ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s H s (r )✳ ❲❡ t❤❡♥ ❞❡✜♥❡ H s (p) ❛s ❢♦••♦✇s✳ ■❢ H s (p❄) = r ✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡ ♥❛♠❡✱ t❤❡♥ ✇❡ ❞❡✜♥❡ H s (p) = H s (r )(p)✳ ■❢ H s (p❄) = x .r t❤❡♥ ✇❡ ❞❡✜♥❡ H s (p) = H s (H s (x ))(r )(p)✳ ❚❤✐s ✐s ❛ r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥✱ ❛♥❞ t❤✉s H s (p) ✐s ♦♥•② ❞❡✜♥❡❞ ✐❢ t❤❡ ♣❛t❤ ❞❡s❝r✐❜❡❞ ❜② H s (p❄) ✐s ❞❡✜♥❡❞ ❛♥❞ ✜♥✐t❡✳ ❲❡ ❞❡✜♥❡ H s [p → o] ❛s ❢♦••♦✇s✳ ■❢ H s (p❄) = r t❤❡♥✿ H s [p → o] = H s [r → H s (r )[p → o] ] ■❢ H s (p❄) = x .r t❤❡♥✿ H s [p → o] = H s [H s (x ) → H s (H s (x ))[r → H s (H s (x ))(r )[p → o] ] ] ■t ✐s ♦♥❝❡ ❛❣❛✐♥ ❛ r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥✳ ❲❡ ❛•s♦ ❞❡✜♥❡✿ H s (p.r ) = H s (p)(r ) H s (x .r ) = H s (H s (x ))(r ) ❛s ✇❡•• ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣•❛❝❡♠❡♥ts✿ H s [p.r → g] = H s [p → H s (p)[r → g] ] H s [x .r → g] = H s [H s (x ) → H s (H s (x ))[r → g] ] ▲♦❣✐❝ ▼♦❞❡• ❚❤❡ s❡♣❛r❛t❡❞ •♦❣✐❝ ♠♦❞❡• ✐s ✈❡r② ❝•♦s❡ t♦ t❤❡ s❡♣❛r❛t❡❞ ♣r♦❣r❛♠ ♠♦❞❡•✳ ❆ s❡♣❛r❛t❡❞ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L s ✐s ❛ ❢✉♥❝t✐♦♥✿ • L s (L)(r ) r❡t✉r♥s ❛ r❡❣✐♦♥ ❢✉♥❝t✐♦♥❀ • L s (x ) r❡t✉r♥s t❤❡ ✈❛•✉❡ ♦❢ ✈❛r✐❛❜•❡ x ✳ L s t❤✉s •♦♦❦s •✐❦❡ ❛ ♣r♦•❡❝t✐♦♥ ♦❢ H s ♦♥ r❡❣✐♦♥s ❛♥❞ ✈❛r✐❛❜•❡s✳ ❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝ ❲❡ ❞❡✜♥❡ lor s (g)✱ ✇❤❡r❡ g ✐s ❛ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥✱ ❛s t❤❡ •♦❣✐❝ r❡❣✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ g✳ ❇② •♦❣✐❝ r❡❣✐♦♥ ✇❡ ♠❡❛♥ ✐♥t✉✐t✐✈❡ •♦❣✐❝ r❡❣✐♦♥ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ♥♦t s❡♣❛r❛t❡❞ •♦❣✐❝ r❡❣✐♦♥✳ ❋♦r♠❛••②✱ lor s (g) ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♠❛••❡st ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿ lor s (g)(contents) = Dom(g) ❛♥❞ ❢♦r ❛•• n ≥ ✵✱ ❢♦r ❛•• p 1 , • • •, p n ✱ ❢♦r ❛•• r 1 , • • •, r n ✱ ❢♦r ❛•• p✱ ❢♦r ❛•• ✜❡•❞ ♥❛♠❡ f ✱ ❢♦r ❛•• ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ s✱ ✐❢ g(p 1 )(r 1 )• • •(p n )(r n )(p)(f ) ✐s ❞❡✜♥❡❞ t❤❡♥✿ lor s (p)(f ) = g(p 1 )(r 1 )• • •(p n )(r n )(p)(f ) ❛♥❞ ✐❢ g(p 1 )(r 1 )• • •(p n )(r n )(p)(r ) ✐s ❞❡✜♥❡❞ t❤❡♥✿ lor s (p)(s) = Dom(g(p 1 )(r 1 )• • •(p n )(r n )(p)(s)) ■❢ ❛ •♦❝❛t✐♦♥ ❛♣♣❡❛rs t✇✐❝❡ ✐♥ g✱ t❤❡♥ lor s (g) ✐s ♥♦t ❞❡✜♥❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ p ∈ Dom(g) ❛♥❞ p ∈ Dom(g(p)(s))✱ lor s (g) ✐s ♥♦t ❞❡✜♥❡❞✳ ❲❡ ❞❡✜♥❡ lor s ′ (g, H s ) ✇❤❡r❡ g ✐s ❛ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥✱ ❛s t❤❡ •♦❣✐❝ r❡❣✐♦♥ ❝♦rr❡✲ s♣♦♥❞✐♥❣ t♦ g ✐♥ H s ✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ lor s ✐s t❤❛t ✇❡ t❛❦❡ ❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs ✐♥ H s ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤✉s✿ Dom(lor s ′ (g, H s )) = Dom(lor s (g)) ❛♥❞ ❢♦r ❛•• p ✐♥ Dom(lor s (g))✿ lor s ′ (g, H s )(p) = H s (p) |❡♠❡♠❜❡r t❤❛t H s (p) ✐s ❛❝t✉❛••② ❛ ♥♦t❛t✐♦♥ ✇❤✐❝❤ ✉s❡s ❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs✳ ❋✐♥❛••② ✇❡ ♦❢ ❝♦✉rs❡ ❤❛✈❡✿ lor s ′ (g, H s )(contents) = lor s (g)(contents) = Dom(g) ❲❡ ❞❡✜♥❡ loh s ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ s❡♣❛r❛t❡❞ ❤❡❛♣s H s t♦ s❡♣❛r❛t❡❞ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥ts L s ✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ loh s ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ H s r❡str✐❝t❡❞ t♦ ✈❛r✐❛❜•❡s x ❛♥❞ r❡❣✐♦♥ ♥❛♠❡s r ✳ ❋♦r ❡❛❝❤ r❡❣✐♦♥ ♥❛♠❡ r ✐♥ Dom(H s )✱ ✇❡ ❞❡✜♥❡✿ loh s (H s )(❤❡r❡)(r ) = lor s ′ (H s (r ), H s ) ❋♦r ❡❛❝❤ •❛❜❡• L ✐♥ Dom(H s )✱ ✇❡ ❞❡✜♥❡✿ loh s (H s )(L) = H s (L) ❋♦r ❡❛❝❤ ✈❛r✐❛❜•❡ ♥❛♠❡ x ✐♥ Dom(H s )✱ ✇❡ ❞❡✜♥❡✿ loh s (H s )(x ) = H s (x ) c Ls = c LT 1 termop LT 2 Ls = LT 1 Ls termop LT 2 Ls x Ls = L s (x ) get(RT , LT , f ) Ls = RT Ls ( LT Ls )(f ) f larg 1 • • • larg n Ls = f ( larg 1 Ls , • • •, larg n Ls ) ❙❡♠❛♥t✐❝s ♦❢ •♦❣✐❝ ❛r❣✉♠❡♥ts larg✿ [RT ] Ls = RT Ls (LT ) Ls = LT Ls ❋✐❣✉r❡ ✹✳✶✽✿ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡•✮ r ❅L Ls = L s (L)(r ) get(RT , LT , s) Ls = lor s ( RT Ls ( LT Ls )(s)) ❋✐❣✉r❡ ✹✳✶✾✿ |❡❣✐♦♥ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡•✮ ❚❡r♠ ❊✈❛•✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿ LT Ls t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ t❡r♠ LT ✐♥ s❡♣❛r❛t❡❞ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L s ✳ ■t r❡t✉r♥s ❛ ✈❛•✉❡ v ✳ ❋✐❣✉r❡ ✹✳✶✽ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ LT Ls ✳ ❲❡ ❞❡♥♦t❡ ❜②✿ RT Ls t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ r❡❣✐♦♥ t❡r♠ RT ✐♥ L s ✳ ■t r❡t✉r♥s ❛ •♦❣✐❝ r❡❣✐♦♥✳ ❋✐❣✉r❡ ✹✳✶✾ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ RT Ls ✳ ❚❡r♠ ❡✈❛•✉❛t✐♦♥ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ✐s ✈❡r② s✐♠✐•❛r t♦ t❡r♠ ❡✈❛•✉❛t✐♦♥ ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✳ ■♥ ❢❛❝t✱ t❤❡ ♦♥•② ❞✐✛❡r❡♥❝❡ ✐s ❡✈❛•✉❛t✐♦♥ ♦❢ r❡❣✐♦♥ t❡r♠ get(RT , LT , s)✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥♦t❤❡r ♠♦❞❡• f ❢♦r •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s❀ ✐♥st❡❛❞ ✇❡ r❡✉s❡ t❤❡ ❡①✐st✐♥❣ ♦♥❡ f ✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉•t ✇❤❡♥ ❛♣♣•②✐♥❣ f ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ❛♥❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ Pr❡❞✐❝❛t❡ ❊✈❛•✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿ P Ls t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ P ✐♥ s❡♣❛r❛t❡❞ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L s ✳ ■t ✐s s✐♠✐•❛r t♦ ♣r❡❞✐❝❛t❡ ❡✈❛•✉❛t✐♦♥ ✐♥ ❛♥ ✐♥t✉✐t✐✈❡ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L✱ ❡①❝❡♣t t❤❛t ✇❡ ✉s❡ t❤❡ s❡♣❛r❛t❡❞ t❡r♠ ❛♥❞ r❡❣✐♦♥ ❡✈❛•✉❛t✐♦♥ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤✉s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P Ls ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P L ✐♥ ❋✐❣✉r❡ ✹✳✶✹✱ ❡①❝❡♣t t❤❛t ♠♦st . ❛r❡ r❡♣•❛❝❡❞ ❜② . ❛♥❞ L ❜② L s ✳ ❲❡ ♦♥•② ❦❡❡♣ p ✐♥st❡❛❞ ♦❢ p ✐♥ ♣r❡❞✐❝❛t❡ ❛♣♣•✐❝❛t✐♦♥✱ •✉st ❛s ✇❡ ❞✐❞ ❢♦r t❡r♠s✳ ❊①♣r❡ss✐♦♥ ❊✈❛•✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿ e Hs t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥ e ✐♥ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ✳ ❋✐❣✉r❡ ✹✳✷✵ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ e Hs ✳ ■t ✐s s✐♠✐•❛r t♦ ❡①♣r❡ss✐♦♥ ❡✈❛•✉❛t✐♦♥ ✐♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H ❛s ❞❡✜♥❡❞ ✐♥ ✹✳✶✺✱ ❡①❝❡♣t t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H s (p) ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H(p)✱ ❛♥❞ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ [ρ] H ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ [ρ] H ✳ c Hs = c
e 1 op e 2 Hs = e 1 Hs op e 2 Hs

x Hs = H s (x )

x .f Hs = H s (H s (x ))(f ) f arg 1 • • • arg n Hs = f ( arg 1 Hs , • • •, arg n Hs ) ❙❡♠❛♥t✐❝s ♦❢ ❛r❣✉♠❡♥ts arg✿ [ρ] Hs = lor s ′ (H s (ρ), H s ) (e) Hs = e Hs ❋✐❣✉r❡ ✹✳✷✵✿ ❊①♣r❡ss✐♦♥ ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡•✮ ❙t❛t❡♠❡♥t ❊①❡❝✉t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿ H s , s =⇒ H s ′ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ✇❤✐❝❤ tr❛♥s❢♦r♠s s❡♣❛r❛t❡❞ ❤❡❛♣ H s ✐♥t♦ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ′ ✳ ❲❡ ❞❡♥♦t❡ ❜②✿ H s , s =⇒ ∞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ❞✐✈❡r❣❡s✳ ■♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥ ❛s ❢♦r t❤❡ ✐♥t✉✐t✐✈❡ s❡♠❛♥t✐❝s✱ ✇❡ ✇r✐t❡✿ H s , s 1 ; • • •; s n =⇒ H s ′ ❛♥❞✿ H s , s 1 ; • • •; s n =⇒ ∞ t❤❡ s❡♠❛♥t✐❝s ❢♦r s❡q✉❡♥❝❡s✳ ❋✐❣✉r❡s ✹✳✷✶ ❛♥❞ ✹✳✷✷ ❣✐✈❡ s❡♠❛♥t✐❝s ❢♦r ❡❛❝❤ st❛t❡♠❡♥t ♦❢ t❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡ ✐♥ ♦✉r s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ❛r❡ r❡s♣❡❝t✐✈❡•② ✐♥❞✉❝t✐✈❡ ❛♥❞ ❝♦✐♥❞✉❝t✐✈❡✳ ❲❡ ❞❡♥♦t❡ ❜② ∅ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❡♠♣t② ❞♦♠❛✐♥✳ ■t ✐s ✉s❡❞ ❜② t❤❡ •❡t r❡❣✐♦♥ st❛t❡♠❡♥t✱ ✇❤✐❝❤ ❛❞❞s ❛♥ ❡♠♣t② r❡❣✐♦♥✱ ✐✳❡✳ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡♠♣t② ❞♦♠❛✐♥✱ t♦ t❤❡ ❤❡❛♣✳ ▼♦st ❞❡✜♥✐t✐♦♥s ❛r❡ ✉♥❝❤❛♥❣❡❞ ❢r♦♠ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✱ ♦r ❛t •❡❛st •♦♦❦s ✉♥❝❤❛♥❣❡❞ t❤❛♥❦s t♦ ♥♦t❛t✐♦♥s s✉❝❤ ❛s H s [p → • • •]✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ♣❛rt✐❝✉•❛r ❢♦r ❛ss✐❣♥♠❡♥t ❛♥❞ ❢✉♥❝t✐♦♥ ❝❛••s✳ ❉❡✜♥✐t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥ ❝❛••s ✉s❡s ♥♦t❛t✐♦♥ f [ρ❄ → • • •] ✇❤✐❝❤ ✇❛s ❞❡✜♥❡❞ ❢♦r t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✳ ❚❤❡ ♦♥•② ❞❡✜♥✐t✐♦♥s ✇❤✐❝❤ ❛❝t✉❛••② •♦♦❦ ❞✐✛❡r❡♥t ❛r❡ ❞❡✜♥✐t✐♦♥s ❢♦r ❢♦❝✉s✱ ✉♥❢♦❝✉s✱ ❛❞♦♣t✐♦♥ ❛♥❞ ❛••♦❝❛t✐♦♥✳ ❆❞♦♣t✐♦♥ ❛♥❞ ❛••♦❝❛t✐♦♥ ♥❡❡❞ t♦ ❜❡ r❡✇r✐tt❡♥ ❜❡❝❛✉s❡ r❡❣✐♦♥s ❛r❡ ♥♦ •♦♥❣❡r s❡ts✱ ❜✉t ❢✉♥❝t✐♦♥s ❢r♦♠ •♦❝❛t✐♦♥s t♦ ♦❜•❡❝ts✳ ■♥ t❤❡ ❛••♦❝❛t✐♦♥ r✉•❡✱ ♥♦t❛t✐♦♥ (p → o) ❞❡♥♦t❡s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❞♦♠❛✐♥ {p}✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s o t♦ p✳ ▼♦r❡ ✐♠♣♦rt❛♥t•②✱ ✇❡ ♥❡❡❞ t♦ r❡✇r✐t❡ r✉•❡s ❢♦r ❢♦❝✉s✱ ✉♥❢♦❝✉s ❛♥❞ ❛❞♦♣t✐♦♥✳ ■♥❞❡❡❞✱ t❤✐s t✐♠❡ t❤❡ ♦❜•❡❝t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ •♦❝❛t✐♦♥ ♠✉st ❜❡ ♠♦✈❡❞ ✇✐t❤ t❤❡ •♦❝❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ r✉•❡ ❢♦r ❛❞♦♣t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ r✉•❡ ❢♦r ✉♥❢♦❝✉s✳ ❆•s♦ ♥♦t❡ t❤❛t ✐♥ t❤♦s❡ t✇♦ r✉•❡s✱ ✐t ❤❛♣♣❡♥s t❤❛t p = H s (x ) ❛♥❞ o = H s (p)✳ ❆••♦❝❛t✐♦♥ ❆•t❤♦✉❣❤ ♣♦✐♥t❡rs ❛r❡ s❡♣❛r❛t❡❞✱ t❤❡② ❛r❡ st✐•• ❛••♦❝❛t❡❞ ✉s✐♥❣ ❛ s✐♥❣•❡ ❝♦✉♥t❡r H s (next)✳ ❚❤❡r❡ ✐s ♥♦t ♦♥❡ s✉❝❤ ❝♦✉♥t❡r ♣❡r r❡❣✐♦♥✳ ❚❤✐s ✐♠♣•✐❡s✱ ✐♥ ♣❛rt✐❝✉•❛r✱ t❤❛t ✐❢ t✇♦ •♦❝❛t✐♦♥s ❛r❡ ✐♥ t✇♦ ❞✐st✐♥❝t r❡❣✐♦♥s ❛♥❞ ✐❢ s♦♠❡ ♣❡r♠✐ss✐♦♥s ❛r❡ ❛✈❛✐•❛❜•❡ ♦♥ t❤♦s❡ t✇♦ r❡❣✐♦♥s✱ t❤❡♥ t❤❡ •♦❝❛t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤❡ ♣❡r♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦rt❛♥t ❛s s♦♠❡ •♦❝❛t✐♦♥s ♠❛② ❛❝t✉❛••② ❜❡ ✐♥ s❡✈❡r❛• r❡❣✐♦♥s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❝✉s ❛♥❞ ❛❞♦♣t ♦♣❡r❛t✐♦♥s✳ ❲❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✺✳✼ ❤♦✇ t❤❡ ♣r♦❣r❛♠♠❡r ❝❛♥ ✉s❡ s✉❝❤ ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ H s , •❡t x = e =⇒ H s [x → e Hs ] H s , •❡t r❡❣✐♦♥ r : C =⇒ H s [r → ∅] H s , ✉♥♣❛❝❦ x =⇒ H s H s , ✇❡❛❦❡♥ ❡♠♣t② ρ =⇒ H s H s , ✇❡❛❦❡♥ s✐♥❣•❡ ρ =⇒ H s H s , x .f ← e =⇒ H s [H s (x ) → H s (x )[f → e Hs ] ] H s , ✐❢ e t❤❡♥ S ❡•s❡ S ′ =⇒ H s ′ ✇✐t❤ H s , S =⇒ H s ′ ✐❢ e Hs = true ❛♥❞ H s , S ′ =⇒ H s ′ ✐❢ e Hs = false✳ H s , •❡t x = f arg 1 • • • arg l =⇒ H s4 [x → e Hs 3 ] ✇❤❡r❡✿ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ 1 ] • • • [ρ n ]✱ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✉•❛r ❛r❣✉♠❡♥ts ✐s (e 1 ) • • • (e m )✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r 1 , • • •, r n ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✉•❛r ❛r❣✉♠❡♥ts x 1 , • • •, x m ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ❜♦❞② s 1 ; • • •; s n ; r❡t✉r♥ e✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q✱ H s1 = H s [x 1 → e 1 Hs ]• • •[x m → e m Hs ]✱ H s2 = H s1 [r 1 → H s (ρ 1 )]• • •[r n → H s (ρ n )][ρ 1 ❄ → r 1 ]• • •[ρ n ❄ → r n ]✱ H s2 , s 1 ; • • •; s l =⇒ H s3 ✱ H s4 = H s3 [ρ 1 → H s3 (r 1 )]• • •[ρ n → H s3 (r n )][r 1 ❄ → ρ 1 ]• • •[r n ❄ → ρ n ]✱ ❛♥❞ ♦♥•② ✐❢ P lohs(Hs 2 ) ❛♥❞ Q lohs(Hs 3 [r❡s✉•t → e Hs 3 ]) ❤♦•❞✳ H s , •❡t x = ♥❡✇ C [ρ] =⇒ H s [ρ → (p → o)][x → p][p❄ → ρ][next → p+✶] ✇❤❡r❡ p = H s (next) ❛♥❞ o ✐s ❛♥ ♦❜•❡❝t ❛ss♦❝✐❛t✐♥❣ ∅ t♦ ❡✈❡r② r❡❣✐♦♥ ♦✇♥❡❞ ❜② C✳ H s , ♣❛❝❦ x : C =⇒ H s ✐❢ Inv C (H s (x )) lohs(Hs) ❤♦•❞s✳ H s , ❛ss❡rt P =⇒ H s ✐❢ P lohs(Hs) ❤♦•❞s✳ H s , ❢♦❝✉s x : ρ ❛s σ =⇒ H s [σ → (p → H s (p))][p❄ → σ] ✇❤❡r❡ p = H s (x )✳ H s , ✉♥❢♦❝✉s x : σ ❛s ρ =⇒ H s [ρ → H s (ρ)[p → o] ][p❄ → ρ] ✐❢ H s (σ) = p → o✳ H s , ❛❞♦♣t x : σ ❛s ρ =⇒ H s [ρ → H s (ρ)[p → o] ][p❄ → ρ] ✐❢ H s (σ) = p → o✳ H s , •❛❜❡• L =⇒ H s [L → cur ] ✇❤❡r❡ cur ✐s loh s (H) r❡str✐❝t❡❞ t♦ •❛❜❡•s✳ ❋✐❣✉r❡ ✹✳✷✶✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡•✮ H s , ✐❢ e t❤❡♥ S ❡•s❡ S ′ =⇒ ∞ ✇✐t❤ H s , S =⇒ ∞ ✐❢ e Hs = true ❛♥❞ H s , S ′ =⇒ ∞ ✐❢ e Hs = false✳ H s , •❡t x = f arg 1 • • • arg l =⇒ ∞ ✇❤❡r❡✿ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ 1 ] • • • [ρ n ]✱ arg 1 • • • arg l r❡str✐❝t❡❞ t♦ r❡❣✉•❛r ❛r❣✉♠❡♥ts ✐s (e 1 ) • • • (e m )✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r 1 , • • •, r n ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ r❡❣✉•❛r ❛r❣✉♠❡♥ts x 1 , • • •, x m ✐♥ t❤✐s ♦r❞❡r✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ❜♦❞② s 1 ; • • •; s n ; r❡t✉r♥ e✱ f ✇❛s ❞❡❝•❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q✱ H s1 = H s [x 1 → e 1 Hs ]• • •[x m → e m Hs ]✱ H s2 = H s1 [r 1 → H s (ρ 1 )]• • •[r n → H s (ρ n )][ρ 1 ❄ → r 1 ]• • •[ρ n ❄ → r n ]✱ H s2 , s 1 ; • • •; s l =⇒ ∞ ❋✐❣✉r❡ ✹✳✷✷✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s✿ ❉✐✈❡r❣❡♥❝❡ ✭❙❡♣❛r❛t❡❞ ▼♦❞❡•✮ ✹✳✺✳✷ ■♥t✉✐t✐✈❡ ❛♥❞ ❙❡♣❛r❛t❡❞ ▼♦❞❡• ❊q✉✐✈❛•❡♥❝❡ ❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ❛♥❞ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ❲❡ ❞❡✜♥❡ ❛ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣s ❛♥❞ s❡♣❛r❛t❡❞ ❤❡❛♣s✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ❡①❡❝✉t✐♥❣ ❛ st❛t❡♠❡♥t ♣r❡s❡r✈❡s t❤✐s r❡•❛t✐♦♥✳ ❲❡ ❞❡✜♥❡ r❡•❛t✐♦♥ R o (o, o s ) ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H✱ ❛♥ ✐♥t✉✐t✐✈❡ ♦❜•❡❝t o ❛♥❞ ❛ s❡♣❛r❛t❡❞ ♦❜•❡❝t o s ❛s t❤❡ s♠❛••❡st r❡•❛t✐♦♥ ✈❡r✐❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ✶✳ ❢♦r ❛•• ✜❡•❞ ♥❛♠❡ f ✱ o(f ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ o s (f ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ o s (f ) = o(f )❀ ✷✳ ❢♦r ❛•• r❡❣✐♦♥ ♥❛♠❡ r ✱ o(r ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ o s (r ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ Dom(o s (r )) = o(r )✳ ❲❡ ❞❡✜♥❡ r❡•❛t✐♦♥ R(H, H s ) ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H ❛♥❞ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ❛s t❤❡ s♠❛••❡st r❡•❛t✐♦♥ ✈❡r✐❢②✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ✶✳ ❢♦r ❛•• ✈❛r✐❛❜•❡ ♥❛♠❡ x ✱ H(x ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H s (x ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ H s (x ) = H(x )❀ ✷✳ ❢♦r ❛•• •♦❝❛t✐♦♥ p✱ H(p❄) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H s (p❄) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ H s (p❄) = H(p❄)❀ ✸✳ ❢♦r ❛•• •♦❝❛t✐♦♥ p✱ H(p) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H s (p) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ R o (H(p), H s (p))❀ ✹✳ ❢♦r ❛•• r❡❣✐♦♥ ♥❛♠❡ r ✱ H(r ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H s (r ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ Dom(H s (r )) = H(r )❀ ✺✳ H(next) = H s (next)❀ ✻✳ ❢♦r ❛•• •❛❜❡• L✱ H(L) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H s (L) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ H(L) = H s (L)✳ ◆♦t❡ t❤❛t ❢♦r t✇♦ ❤❡❛♣s t♦ ❜❡ ✐♥ r❡•❛t✐♦♥✱ ✐t ✐s ♥❡❝❡ss❛r② ❢♦r ♣❛t❤s ❞❡s❝r✐❜❡❞ ❜② ❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs t♦ ❜❡ ✜♥✐t❡✳ ■♥❞❡❡❞✱ H s (p) ✐s ♥♦t ❞❡✜♥❡❞ ♦t❤❡r✇✐s❡✳ ❲❡ ✜rst s❤♦✇ t❤❛t t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s ❡✈❛•✉❛t❡ t♦ t❤❡ s❛♠❡ ✈❛•✉❡s ✐♥ ❜♦t❤ ♠♦❞❡•s✳ ❚❤❡♦r❡♠ ✷ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ ❚❡r♠ ❊✈❛•✉❛t✐♦♥✮ ▲❡t Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s✱ Γ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ RT ❛ ✇❡••✲t②♣❡❞ r❡❣✐♦♥ t❡r♠ ✇✐t❤ r❡s♣❡❝t t♦ Γ✱ LT ❛ ✇❡••✲t②♣❡❞ t❡r♠ ✇✐t❤ r❡s♣❡❝t t♦ Γ✱ H ❛♥ ❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ ❛♥❞ H s ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ s✉❝❤ t❤❛t R(H, H s )✳ ▲❡t L = loh(H) ❛♥❞ L s = loh s (H s )✳ ❚❤❡♥✿ ✶✳ RT L ❛♥❞ RT Ls ❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛• r❡❣✐♦♥ ❢✉♥❝t✐♦♥s❀ ✷✳ LT L ❛♥❞ LT Ls ❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛• ✈❛•✉❡s✳ Pr♦♦❢✳ ❇② str✉❝t✉r❛• ✐♥❞✉❝t✐♦♥ ♦♥ RT ❛♥❞ LT ✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ♦✉r ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ▲❡t x ❜❡ ❡✐t❤❡r ❛ ❛ ✇❡••✲t②♣❡❞ r❡❣✐♦♥ t❡r♠ ♦r ❛ ✇❡••✲t②♣❡❞ t❡r♠✳ ❚❤❡♥ ❢♦r ❛•• s✉❜✲r❡❣✐♦♥✲t❡r♠ RT ♦❢ x ✱ RT L ❛♥❞ RT Ls ❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛• r❡❣✐♦♥ ❢✉♥❝t✐♦♥s✳ ❆♥❞ ❢♦r ❛•• s✉❜✲t❡r♠ LT ♦❢ x ✱ LT L ❛♥❞ LT Ls ❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛• ✈❛•✉❡s✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ t❡r♠✳ • c ❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛••② ❡✈❛•✉❛t❡❞ ❛s t❤❡ s❛♠❡ ✈❛•✉❡s✳ • x ❋r♦♠ ✐t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ✇❡ ❦♥♦✇ t❤❛t H(x ) ✐s ❞❡✜♥❡❞✳ L(x ) ❛♥❞ L s (x ) ❛r❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ r❡s♣❡❝t✐✈❡•② ❡q✉❛• t♦ H(x ) ❛♥❞ H s (x )✱ ✇❤✐❝❤ ❛r❡ ❡q✉❛• ❜② R ✐❢ t❤❡② ❛r❡ ❞❡✜♥❡❞✳ • LT 1 termop LT 2 ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT 1 ❛♥❞ LT 2 ✳ ❖♣❡r❛t✐♦♥s termop t❤❡♥ ❡✈❛•✉❛t❡ ❡q✉❛••②✳ • f larg ❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t larg✱ ✐❢ larg ✐s ♦❢ t❤❡ ❢♦r♠ [RT ] t❤❡♥ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤✲ ❡s✐s ♦♥ RT ✱ ❡•s❡ larg ✐s ♦❢ t❤❡ ❢♦r♠ (LT ) ❛♥❞ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT ✳ ❋✉♥❝t✐♦♥ f ❛♣♣•✐❡❞ t♦ t❤❡s❡ ❛r❣✉♠❡♥ts ✐s t❤❡♥ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ♠♦❞❡•s✳ • get(RT , LT , f ) ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t lor ❛♥❞ lor s ❝♦♥str✉❝t t❤❡ s❛♠❡ •♦❣✐❝ r❡❣✐♦♥✳ ❖♥ contents✱ t❤❡s❡ •♦❣✐❝ r❡❣✐♦♥s ❛r❡ ❡q✉❛• ❜② R✳ ❖♥ ❡❛❝❤ •♦❝❛t✐♦♥ p✱ t❤❡s❡ •♦❣✐❝ r❡❣✐♦♥s ❛r❡ ❡q✉❛• ❜② R✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡s❡ •♦❣✐❝ r❡❣✐♦♥s ❛r❡ ❡q✉❛• ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✢❛tt❡♥✐♥❣s✳ ❋✐♥❛••② ✇❡ ✉s❡ R t♦ ♦❜t❛✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ f ✜❡•❞s ❛r❡ ❡q✉❛• ✐♥ ❜♦t❤ ♠♦❞❡•s✳ ❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ r❡❣✐♦♥ t❡r♠✳ • r ❅L ❚❤✐s ❝❛s❡ ❛♠♦✉♥ts t♦ s❤♦✇✐♥❣ t❤❛t lor ❛♥❞ lor s ❝♦♥str✉❝t t❤❡ s❛♠❡ •♦❣✐❝ r❡❣✐♦♥✱ ✐♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥ t❤❛♥ ❢♦r t❤❡ get(RT , LT , f ) ❝❛s❡ ❛❜♦✈❡✳ ❲❡ ❛•s♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t H(L) = H s (L)✳ • get(RT , LT , s) ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✱ ❛♥❞ t❤❡♥ ✇❡ s❤♦✇ t❤❛t lor ❛♥❞ lor s ❝♦♥str✉❝t t❤❡ s❛♠❡ •♦❣✐❝ r❡❣✐♦♥ ✐♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥ t❤❛♥ ✇❡ ❞✐❞ ❢♦r t❤❡ ❛❜♦✈❡ get(RT , LT , f ) ❝❛s❡✳ ✷ ❲❡ ❝❛♥ ♥♦✇ s❤♦✇ ❛ s✐♠✐•❛r t❤❡♦r❡♠ ❢♦r ♣r❡❞✐❝❛t❡s✳ ❚❤❡♦r❡♠ ✸ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ Pr❡❞✐❝❛t❡ ❊✈❛•✉❛t✐♦♥✮ ▲❡t Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐s✲ s✐♦♥s✱ Γ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ P ❛ ✇❡••✲t②♣❡❞ ♣r❡❞✐❝❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ logicenv (Γ)✱ H ❛♥ ❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ ❛♥❞ H s ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ s✉❝❤ t❤❛t R(H, H s )✳ ▲❡t L = loh(H) ❛♥❞ L s = loh s (H s )✳ ❚❤❡♥ P L ❛♥❞ P Ls ❛r❡ ❞❡✜♥❡❞ ❛♥❞ ❛r❡ ❡q✉✐✈❛•❡♥t✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ P ✳ ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✷ ♦♥ t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s✱ ✐♥ ♣❛rt✐❝✉•❛r ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ LT ∈ RT ♣r❡❞✐❝❛t❡✳ ✷ ❲❡ ♥♦✇ s❤♦✇ ❛ s✐♠✐•❛r t❤❡♦r❡♠ ❢♦r ❡①♣r❡ss✐♦♥s✳ ❚❤❡♦r❡♠ ✹ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ ❊①♣r❡ss✐♦♥ ❊✈❛•✉❛t✐♦♥✮ ▲❡t Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s✱ Γ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ e ❛ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ H ❛♥ ❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ ❛♥❞ H s ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ s✉❝❤ t❤❛t R(H, H s )✳ ❚❤❡♥ e H ❛♥❞ e Hs ❛r❡ ❞❡✜♥❡❞ ❛♥❞ e H = e Hs ✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ e✳ ■t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ❡♥s✉r❡s t❤❛t e H ✐s ❞❡✜♥❡❞✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ❝❛s❡ ❢♦r e✳ • c ❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛••② ❡q✉❛••② ❡✈❛•✉❛t❡❞✳ • x ❆s H(x ) ✐s ❞❡✜♥❡❞✱ s♦ ✐s H s (x ) ❜② R ❛♥❞ t❤❡② ❛r❡ ❡q✉❛•✳ • e 1 op e 2 ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ e 1 ❛♥❞ e 2 ✳ ❖♣❡r❛t✐♦♥s op t❤❡♥ ❡✈❛•✉❛t❡ ❡q✉❛••②✳ • f arg ❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t arg✱ ✐❢ arg ✐s ♦❢ t❤❡ ❢♦r♠ (e) ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ e✳ ❊•s❡ arg ✐s ♦❢ t❤❡ ❢♦r♠ [ρ]✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t lor s ′ (H s (ρ), H s ) = lor (H, H(ρ)) ❛s ✇❡ ❞✐❞ ❢♦r t❤❡ r ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❋✉♥❝t✐♦♥ f ❛♣♣•✐❡❞ t♦ t❤❡s❡ ❛r❣✉♠❡♥ts ✐s t❤❡♥ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ♠♦❞❡•s✳ • x .f ❇② ❞❡✜♥✐t✐♦♥ ♦❢ R✱ H s (p) ✐s ❞❡✜♥❡❞ ❛♥❞ R o (H(p), H s (p))✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ R o ✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t H(p)(f ) = H s (p)(f )✳ ◆♦t❡ ❤♦✇ s✐♠✐•❛r t❤❡ ♣r♦♦❢ ✐s t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ✷ ❲❡ ✜♥❛••② s❤♦✇ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ ❢♦r st❛t❡♠❡♥ts✱ r❡•❛t✐♥❣ ✐♥t✉✐t✐✈❡ ❛♥❞ s❡♣❛r❛t❡❞ ❤❡❛♣s✳ ❚❤❡♦r❡♠ ✺ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ ❙t❛t❡♠❡♥t ❊①❡❝✉t✐♦♥✮ ▲❡t s ❜❡ ❛ st❛t❡♠❡♥t s✉❝❤ t❤❛t✿ Σ, Γ ⊢ {Σ} s {Σ ′ }, Γ ′ ▲❡t H ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣✱ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✳ ▲❡t H s ❛ s❡♣❛r❛t❡❞ ❤❡❛♣✱ s✉❝❤ t❤❛t R(H, H s )✳ ❚❤❡r❡ ✐s H ′ s✉❝❤ t❤❛t✿ • •❡t r❡❣✐♦♥ r : C ❙t❛t❡♠❡♥t s ❛•✇❛②s r❡❞✉❝❡ ✐♥ ❜♦t❤ ♠♦❞❡•✳ ◆❡✇ r❡❣✐♦♥ r ✐s ❡♠♣t② ✐♥ ❜♦t❤ ❝❛s❡s✳ • •❡t x = ♥❡✇ C [ρ] ❋r♦♠ R ✇❡ ❤❛✈❡✿ p = H(next) = H s (next) ❲❡ ❤❛✈❡✿ Dom(H s ′ (ρ)) = Dom(p → o) = {p} = H ′ (ρ) H s ′ (p❄) = ρ = H ′ (p❄) H s ′ (x ) = p = H ′ (x ) ❚❤❡r❡ ✐s ♥♦ ✐♥✐t✐❛• ✈❛•✉❡ ❢♦r ✜❡•❞s ✐♥ ❜♦t❤ s❡♠❛♥t✐❝s✱ s♦ ❜♦t❤ H ′ (p)(f ) ❛♥❞ H s ′ (p)(f ) ❛r❡ ✉♥❞❡✜♥❡❞✳ ❋♦r ❛•• r❡❣✐♦♥ r ❞❡✜♥❡❞ ✐♥ H ′ (p)✱ H ′ (p)(r ) ✐s t❤❡ ❡♠♣t② s❡t ❛♥❞ H s ′ (p)(r ) ❤❛s ❡♠♣t② ❞♦♠❛✐♥✱ s♦ R o (H ′ (p), H s ′ (p))✳ ❋✐♥❛••②✱ ✇❡ ❤❛✈❡✿ H ′ (next) = p+✶ = H s ′ (next) • ❢♦❝✉s x : ρ ❛s σ ▲❡t p = x H ✱ ✇❤✐❝❤ ✐s ❛•s♦ ❡q✉❛• t♦ x Hs ❜② ❚❤❡♦r❡♠ ✹✳ ❲❡ ❛•s♦ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ r✉•❡✿ Dom(H s ′ (σ)) = Dom(p → o) = {p} = H ′ (σ) H s ′ (p❄) = σ = H ′ (p❄) ❋✐♥❛••②✱ ❜② R(H, H s )✱ ❢♦r ❛•• f ✇❡ ❤❛✈❡✿ H ′ (p)(f ) = H(p)(f ) = H s (p)(f ) = H s ′ (p)(f ) ❛♥❞ ❢♦r ❛•• r❡❣✐♦♥ ♥❛♠❡ r ✿ H ′ (p)(r ) = H(p)(r ) = Dom(H s (p)(r )) = Dom(H s ′ (p)(r )) • x .f ← e ❲❡ ❛♣♣•② t②♣✐♥❣ r✉•❡s ❛♥❞ ❝♦❤❡r❡♥❝❡ t♦ s❤♦✇ t❤❛t H(H(x ))(f ) ✐s ❞❡✜♥❡❞✱ ❛♥❞ r❡•❛t✐♦♥ R t♦ s❤♦✇ t❤❛t H s (H s (x ))(f ) ✐s ❞❡✜♥❡❞ ❛s ✇❡••✳ ❙t❛t❡♠❡♥t t❤✉s r❡❞✉❝❡s ✐♥ ❜♦t❤ ♠♦❞❡•s✳ ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✹ t♦ s❤♦✇ t❤❛t e ❡✈❛•✉❛t❡s ✐♥t♦ t❤❡ s❛♠❡ ✈❛•✉❡ ✐♥ ❜♦t❤ ❤❡❛♣s ✇❤✐❝❤ t❤✉s st❛② ✐♥ r❡•❛t✐♦♥✳ • ❛❞♦♣t x : σ ❛s ρ |❡❣✐♦♥ σ ✐s s✐♥❣•❡t♦♥ ❜② t②♣✐♥❣ ❛♥❞ t❤✉s ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ •♦❝❛t✐♦♥ p ❜② ❝♦✲ ❤❡r❡♥❝❡✳ ■ts ❛❝t✐✈❡ r❡❣✐♦♥ ❜❡❝♦♠❡s ρ✳ ❲❡ ❤❛✈❡ H s ′ (p) = H s (σ)(p)✳ ■t❡♠ ✽ ♦❢ ❝♦❤❡r❡♥❝❡ ❣✐✈❡s H s (p❄) = σ ❛s σ × ✇❛s ❛✈❛✐•❛❜•❡ ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳ ❚❤✉s H s (p) = H s (σ)(p) = H s ′ (p)✳ • ✉♥❢♦❝✉s x : σ ❛s ρ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐•❛r t♦ t❤❡ ♦♥❡ ❢♦r ❛❞♦♣t✐♦♥✱ ❛s t❤❡ ❡①❡❝✉t✐♦♥ r✉•❡s ❛r❡ t❤❡ s❛♠❡✳ • ♣❛❝❦ x ❚❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐❢✱ ❛♥❞ ♦♥•② ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦♥ x ❤♦•❞s✳ ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✸ t♦ ♦❜t❛✐♥ t❤❛t t❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ✐❢✱ ❛♥❞ ♦♥•② ✐❢ ✐t r❡❞✉❝❡s ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ❚❤❡ ❤❡❛♣s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❛♥❞ t❤✉s ❛r❡ st✐•• ✐♥ r❡•❛t✐♦♥✳ • ✉♥♣❛❝❦ x ✱ ✇❡❛❦❡♥ ❡♠♣t② x ✱ ✇❡❛❦❡♥ s✐♥❣•❡ x ❙t❛t❡♠❡♥t ❛•✇❛②s r❡❞✉❝❡ ❛♥❞ ❤❡❛♣ ✐s ♥♦t ♠♦❞✐✜❡❞✳ • ❛ss❡rt P ❚❤✐s ✐s t❤❡ s❛♠❡ ♣r♦♦❢ t❤❛♥ ❢♦r ♣❛❝❦✐♥❣✱ ❡①❝❡♣t ✇✐t❤ ♣r❡❞✐❝❛t❡ P ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t✳ • •❛❜❡• L ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤ •❛❜❡• L✱ ✇❡ ❤❛✈❡ loh(H)(L) = loh s (H s )(L)✳ ▲❡t r ❜❡ ❛ r❡❣✐♦♥ ♥❛♠❡ s✉❝❤ t❤❛t H(r ) ✐s ❞❡✜♥❡❞✳ ❚❤✉s loh(H)(L)(r ) ✐s ❞❡✜♥❡❞✳ ❋r♦♠ R✱ s♦ ✐s H s (r ) ❛♥❞ t❤✉s s♦ ✐s loh s (H s )(L)(r )✳ ❲❡ ❤❛✈❡ ❛•r❡❛❞② s❤♦✇♥ ❢♦r t❡r♠s ❤♦✇ t♦ ♣r♦✈❡ t❤❛t lor ❛♥❞ lor s ❝♦♥str✉❝t t❤❡ s❛♠❡ •♦❣✐❝ r❡❣✐♦♥✳ ❚❤❡ ♣r♦♦❢ ❢♦r ♣r♦❣r❛♠s ✇❤✐❝❤ ❞✐✈❡r❣❡ ✐s ❞♦♥❡ ❜② ❝♦✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ H, s =⇒ ∞ ♦r H s , s =⇒ ∞✳ ❊❛❝❤ ❝❛s❡ ✐s ❞❡❛•t ✇✐t❤ s✐♠✐•❛r•② t♦ t❤❡ t❡r♠✐♥❛t✐♥❣ ❝❛s❡✳ ✷ ❆ ❝♦r♦••❛r② ♦❢ t❤✐s t❤❡♦r❡♠ ✐s t❤❛t ♣❛t❤s ❞❡s❝r✐❜❡❞ ❜② ❛❝t✐✈❡ r❡❣✐♦♥s ✐♥ H ′ ❛r❡ ✜♥✐t❡✳ ■♥❞❡❡❞✱ H s ′ ✇♦✉•❞ ♦t❤❡r✇✐s❡ ♥♦t ❡①✐st✳ ❋✐♥❛••②✱ •❡t✬s ❞❡✜♥❡ t❤❡ st❛rt✐♥❣ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H 0 ❛♥❞ t❤❡ st❛rt✐♥❣ s❡♣❛r❛t❡❞ ❤❡❛♣ H s0 ✱ ❜♦t❤ ♦♥•② ❞❡✜♥❡❞ ♦♥ next✱ ❛♥❞ ✇✐t❤ H s0 (next) = H 0 (next)✳ ❲❡ r❡♠❛r❦ t❤❛t H 0 ✐s ❝♦✲ ❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♠♣t② ❡♥✈✐r♦♥♠❡♥t ❛♥❞ t❤❡ ❡♠♣t② •✐st ♦❢ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞ t❤❛t R(H 0 , H s0 ) ❤♦•❞s✳ ❲❡ t❤✉s ❞♦ ❤❛✈❡ ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ♦✉r ♣r♦❣r❛♠s✳ ◆♦t❡ t❤❛t ✇❡ ❞✐❞ ♥♦t s❤♦✇ t❤❛t ✇❡••✲t②♣❡❞ st❛t❡♠❡♥ts ❛•✇❛②s r❡❞✉❝❡✳ ❚❤✐s ❛❝t✉❛••② ✐s ❢❛•s❡✱ ❛s ✇❡ ❛•s♦ r❡q✉✐r❡s ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s t♦ ❜❡ ♣r♦✈❡♥ t♦ ❡♥s✉r❡ t❤❛t ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✱ ✐♥✈❛r✐❛♥ts ❛♥❞ ❛ss❡rt✐♦♥s ❤♦•❞✳ ❲❡ ✇✐•• ❞✐s❝✉ss t❤✐s ✇❤❡♥ ✐♥tr♦❞✉❝✐♥❣ ❤♦✇ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞✱ ✐♥ ❈❤❛♣t❡r ✺✳ ✹✳✻ ❈♦♥❝•✉s✐♦♥ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ ❝♦r❡ •❛♥❣✉❛❣❡ ♦❢ ❈❛♣✉❝✐♥❡✳ ❲❡ ❣❛✈❡ ✐ts s②♥t❛①✱ t②♣✐♥❣ r✉•❡s ✐♥✈♦•✈✐♥❣ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞ s❡♠❛♥t✐❝s ❢♦r t✇♦ ❞✐✛❡r❡♥t ♠♦❞❡•s✿ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ❛♥❞ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ❚❤❡ ❢♦r♠❡r ✐s ❝•♦s❡ t♦ ♠♦❞❡•s ♦❢ ❡①✐st✐♥❣ •❛♥❣✉❛❣❡s✱ ✇❤✐•❡ t❤❡ •❛tt❡r s❡♣❛r❛t❡s r❡❣✐♦♥s ♠♦r❡ ❛♥❞ ✐s ❝•♦s❡r t♦ t❤❡ ❲❤② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡✱ ✇❤✐❝❤ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t✇♦ ♠❛✐♥ t❤❡♦r❡♠s✿ ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ ❤❡❛♣ ✐s ♣r❡s❡r✈❡❞ ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡•✱ ❛♥❞ ❛ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ ❛♥❞ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ ✐s ♣r❡s❡r✈❡❞✳ ❋r♦♠ t❤✐s ✇❡ ❝♦♥❝•✉❞❡ t❤❛t ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ ❤❡❛♣ ✐s ♣r❡s❡r✈❡❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ❚❤✐s ✇♦r❦ ✇✐•• ❜❡ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✺ t♦ ♣r♦✈❡ ♣r♦♣❡rt✐❡s ❛❜♦✉t ✐♥t❡r♣r❡t❡❞ ♣r♦❣r❛♠s✱ ❛s ✇❡•• ❛s ❛ ♣r♦❣r❡ss t❤❡♦r❡♠ st❛t✐♥❣ t❤❛t ❛ ✇❡••✲t②♣❡❞ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ✇❤♦s❡ ♣r♦♦❢ ♦❜•✐✲ ❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ r❡❞✉❝❡s✳ ❲❡ ❝❛♥♥♦t st❛t❡ t❤✐s ♣r♦❣r❡ss t❤❡♦r❡♠ ②❡t✱ ❛s ✇❡ ✜rst r❡q✉✐r❡ t♦ ❦♥♦✇ ❤♦✇ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛r❡ ♣r♦❞✉❝❡❞✳ ❋✐♥❞✐♥❣ t❤❡ r✐❣❤t ❞❡✜♥✐t✐♦♥ ❢♦r ❝♦❤❡r❡♥❝❡✱ ❛♥❞ t❤❡ r✐❣❤t ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ R r❡•❛t✐♦♥ ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ ❛♥❞ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣✱ ✐s ❝r✉❝✐❛•✳ ❚❤❡✐r ❦♥♦✇•❡❞❣❡ ✐s ♥♦t ♥❡❡❞❡❞ t♦ ✉s❡ ❈❛♣✉❝✐♥❡✱ ❜✉t t❤❡② ♣•❛② ❛ ❝❡♥tr❛• r♦•❡ ✐♥ t❤❡ ♣r♦♦❢ t❤❛t ❈❛♣✉❝✐♥❡ ✐s ❛ s♦✉♥❞ •❛♥❣✉❛❣❡✳ ❋♦••♦✇✐♥❣ t❤✐s✱ t❤❡ s❡♠❛♥t✐❝s ♠✉st ❜❡ ❞❡✜♥❡❞ ✇✐t❤ ❣r❡❛t ❝❛r❡✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ t♦ s❡•❡❝t ✜❡•❞s ✐♥ ❡①♣r❡ss✐♦♥s✱ ❜✉t t❤❛t ♥♦ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ t♦ s❡•❡❝t ✜❡•❞s ✐♥ t❡r♠s✳ ❚❤❡ •❛tt❡r ✐s ❛ str♦♥❣ ❢❡❛t✉r❡ ♦❢ ❈❛♣✉❝✐♥❡✿ ♥♦ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ t❤❡ •♦❣✐❝ ♣❛rt ♦❢ t❤❡ •❛♥❣✉❛❣❡✳ ■♥ ♣r♦❣r❛♠s✱ ❛ ♣❡r♠✐ss✐♦♥ ♦♥ x ✐s ♥❡❡❞❡❞ t♦ r❡❛❞ x .f t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ x ✐s ❞❡✜♥❡❞❀ ❜✉t t❤❡r❡ ✐s ♥♦ ❛❝t✐✈❡ r❡❣✐♦♥ ✐♥ t❤❡ •♦❣✐❝ ♠♦❞❡•✳ ■t ✐s ♣♦ss✐❜•❡ t❤❛♥❦s t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ •♦❣✐❝ ❡♥✈✐r♦♥♠❡♥ts L ❛♥❞ L s ✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡•② t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ •♦❣✐❝ r❡❣✐♦♥s ✉s✐♥❣ lor ❛♥❞ lor s ✳ ❍♦✇❡✈❡r✱ t②♣✐♥❣ r❡q✉✐r❡s t❤❛t ♣r♦❣r❛♠ r❡❣✐♦♥s ✉s❡❞ ✐♥ t❤❡ •♦❣✐❝ ❛r❡ ❢♦❝✉s✲❢r❡❡✳ ❚❤✐s r❡str✐❝t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ♣r♦✈❡ t❤❛t t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ❛♥❞ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ❛r❡ ❡q✉✐✈❛•❡♥t✱ ❜✉t ✐t ❣r❡❛t•② s✐♠♣•✐✜❡s t❤❡ ❲❤② ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❈❤❛♣t❡r ✺ •❡♥❡r❛t✐♦♥ ♦❢ ❱❡r✐✜❝❛t✐♦♥ ❈♦♥❞✐t✐♦♥s ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss ❤♦✇ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ ♣r♦❞✉❝❡❞✳ ❲❡ ❛•s♦ ❞✐s❝✉ss ❤♦✇ ♣r♦✈✐♥❣ t❤❡s❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s r❡•❛t❡ t♦ t❤❡ s♦✉♥❞♥❡ss ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s✳ ✺✳✶ ❚❤❡ ❲❤② ■♥t❡r♠❡❞✐❛t❡ ▲❛♥❣✉❛❣❡ ■♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✱ ✇❡ ❡♥❝♦❞❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛s ❲❤② ♣r♦❣r❛♠s ❬❋✐•✲ •✐âtr❡✵✼(✳ ❲❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❲❤② •❛♥❣✉❛❣❡ ✐♥❢♦r♠❛••② ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦r♠❛••② ✐♥tr♦❞✉❝❡ t❤❡ s✉❜♣❛rt ♦❢ ❲❤② t❤❛t ✇❡ ✇✐•• ❜❡ ✉s✐♥❣ ✶ ✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ♣r❡s❡♥t t❤❡ s②♥t❛① ♦❢ ❲❤② ♣r♦❣r❛♠s✳ ❲❡ ❞♦ ♥♦t ❢✉••② ❢♦r♠❛•✐③❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❲❤②✱ ✇❤✐❝❤ ✐s str❛✐❣❤t✲ ❢♦r✇❛r❞✳ ❍♦✇❡✈❡r ✇❡ ❞♦ st❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✇❡ ✇✐•• ❜❡ ✉s✐♥❣✱ ♥❛♠❡•② t❤❛t ✐❢ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❲❤② t♦♦• ♦♥ ❛ ❲❤② ♣r♦❣r❛♠ ❛r❡ ♣r♦✈❡♥✱ t❤❡♥ t❤❡ ❲❤② ♣r♦❣r❛♠ ❡①❡❝✉t❡s s❛❢❡•②✳ ❲❡ ✐♥❞❡① ❲❤② s②♥t❛❝t✐❝ ❝•❛ss❡s ✇✐t❤ •❡tt❡r w✳ ❋♦r ✐♥st❛♥❝❡✱ ❲❤② t②♣❡s ❛r❡ τ w ✳ ❈♦♠♣❛r❡ t❤✐s t♦ ❈❛♣✉❝✐♥❡ t②♣❡s τ ✳ ✺✳✶✳✶ ❚②♣❡s ❆ ❲❤② •♦❣✐❝ t②♣❡ ✐s ♦❢ t❤❡ ❢♦r♠✿ τ w ::= t (τ w , • • •, τ w ) | int | bool | unit ■t ✐s t❤❡ s❡t ♦❢ ❈❛♣✉❝✐♥❡ t②♣❡s ✇✐t❤♦✉t ♣♦✐♥t❡r t②♣❡s✳ ❯s❡r t②♣❡s t ♠❛② ❤❛✈❡ ❛♥② ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ❜❛s❡ t②♣❡s ❛r❡ t❤❡ ✉s✉❛• ✐♥t❡❣❡rs✱ ❜♦♦•❡❛♥s ❛♥❞ ✉♥✐t✳ ❆ ❲❤② ♣r♦❣r❛♠ t②♣❡ ✐s ❡✐t❤❡r ❛ ❲❤② •♦❣✐❝ t②♣❡✱ ♦r ❛ r❡❢❡r❡♥❝❡ ♦♥ ❛ ❲❤② •♦❣✐❝ t②♣❡✿ τ w ′ ::= τ w | r❡❢ (τ w ) ✺✳✶✳✷ ❚❡r♠s ❆ ❲❤② t❡r♠ ✐s ♦❢ t❤❡ ❢♦r♠✿ ✶ ❚❤❡ s②♥t❛① ✇❡ ✉s❡ ✐s s•✐❣❤t•② ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ❛❝t✉❛• s②♥t❛① ♦❢ ❲❤②✳ ✶✶✺ ✶✶✻ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ LT w ::= c | x | LT w termop LT w | f (LT w ) | !x | !x ❅L termop ::= + | -| × | ✫✫ | || ✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ♦❢ ❛ ❜❛s❡ t②♣❡✱ ✐✳❡✳ ❡✐t❤❡r ❛♥ ✐♥t❡❣❡r •✐t❡r❛• ♦r ❛ ❜♦♦•❡❛♥ true ♦r false✳ ❚❤❡ s❡t ♦❢ ❲❤② t❡r♠s ❝♦♥t❛✐♥s ♠♦st ♦❢ ❈❛♣✉❝✐♥❡ t❡r♠s✱ ❜✉t t❤❡r❡ ✐s ♥♦ ✜❡•❞ s❡•❡❝t✐♦♥✳ ■♥st❡❛❞✱ ✇❡ ♠❛② ❞❡r❡❢❡r❡♥❝❡ ❛ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡ x ✉s✐♥❣ !x ✱ ♦r ✉s✐♥❣ !x ❅L ✇❤❡r❡ L ✐s ❛ •❛❜❡•✳ ◆♦t❡ t❤❛t r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡s ❝❛♥ ♦♥•② ❜❡ ♣r♦❣r❛♠ ✈❛r✐❛❜•❡s✱ t❤❡② ❝❛♥♥♦t ❜❡ •♦❣✐❝❛••② q✉❛♥t✐✜❡❞ ✈❛r✐❛❜•❡s✳ ❈♦♠♣❛r❡❞ t♦ ❈❛♣✉❝✐♥❡✱ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ✐s s✐♠♣•❡r✱ ❛s t❤❡r❡ ✐s ♥♦ r❡❣✐♦♥ t❡r♠✳ ✺✳✶✳✸ Pr❡❞✐❝❛t❡s ❆ ❲❤② ♣r❡❞✐❝❛t❡ ✐s ♦❢ t❤❡ ❢♦r♠✿ P w ::= p (LT w ) | P w ∧ P w | P w ∨ P w | P w ⇒ P w | P w ⇐⇒ P w | ¬P w | ❚ | ❋ | LT w relop LT w | ∀x : τ w . P w | ∃x : τ w . P w relop ::= = | = | > | ≥ | < | ≤ ❖♥❝❡ ❛❣❛✐♥✱ t❤✐s ✐s ❛ s✉❜s❡t ♦❢ ❈❛♣✉❝✐♥❡ ♣r❡❞✐❝❛t❡s✳ ❚❤❡r❡ ✐s ♥♦ r❡❣✐♦♥✱ t❤✉s t❤❡r❡ ✐s ♥♦ r❡❣✐♦♥ q✉❛♥t✐✜❝❛t✐♦♥ ♥♦r ❛♥② ∈ ♣r❡❞✐❝❛t❡✱ ❛♥❞ ❛♣♣•✐❝❛t✐♦♥ ✐s s✐♠♣•❡r✳ ✺✳✶✳✹ ❊①♣r❡ss✐♦♥s ❆ ❲❤② ❡①♣r❡ss✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿ e w ::= c ❈♦♥st❛♥t | x ❱❛r✐❛❜•❡ | e w op e w ❆r✐t❤♠❡t✐❝ ♦r •♦❣✐❝ ♦♣❡r❛t✐♦♥ | f (e w ) ▲♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣•✐❝❛t✐♦♥ | ✐❢ e w t❤❡♥ e w ❡•s❡ e w ❚❡st | •❡t x = e w ✐♥ e w ▲❡t✲❜✐♥❞✐♥❣ | (e w , • • •, e w ) ❚✉♣•❡ | proj i (e w ) ❚✉♣•❡ ♣r♦•❡❝t✐♦♥ | •❡t x = r❡❢ e w ✐♥ e w |❡❢❡r❡♥❝❡ ❝r❡❛t✐♦♥ | !x ❉❡r❡❢❡r❡♥❝❡❞ ✈❛r✐❛❜•❡ | x := e w ❆ss✐❣♥♠❡♥t | e w ; e w ❙❡q✉❡♥❝❡ | [{P w } r❡❛❞s x ✇r✐t❡s x τ w {P w }] ❇•❛❝❦ ❜♦① | •❛❜❡• L; e w ▲❛❜❡• ❊①♣r❡ss✐♦♥s ❲✐t❤♦✉t ❙✐❞❡✲❊✛❡❝ts ❈♦♥st❛♥ts ❛r❡ t❤❡ s❛♠❡ ❛s ❈❛♣✉❝✐♥❡ ❝♦♥st❛♥ts✿ ✐♥✲ t❡❣❡rs✱ ❜♦♦•❡❛♥s ❛♥❞ ✉♥✐t✳ ❖♣❡r❛t✐♦♥s op ❛r❡ t❤❡ s❛♠❡ ❛s ❈❛♣✉❝✐♥❡ ♦♣❡r❛t✐♦♥s ♦♥ ✐♥t❡❣❡rs ✺✳✶✳ ❚❍❊ ❲❍( ■◆❚❊|▼❊❉■❆❚❊ ▲❆◆•❯❆•❊ ✶✶✼ ❛♥❞ ❜♦♦•❡❛♥s✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ✐♥ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ✐❢ t❡st ❛♥❞ •❡t✲❜✐♥❞✐♥❣ ❛r❡ ❛•s♦ ❡①♣r❡ss✐♦♥s✳ ❚✉♣•❡s ❛r❡ ❛✈❛✐•❛❜•❡✱ ❛♥❞ t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ ❛ t✉♣•❡ (x 1 , • • •, x n )✱ ✐✳❡✳ x i ✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ♣r♦•❡❝t✐♦♥ proj i ✳ ❊①♣r❡ss✐♦♥s ❲✐t❤ ❙✐❞❡✲❊✛❡❝ts ❲❤② ❡①♣r❡ss✐♦♥s ♠❛② ❝♦♥t❛✐♥ s✐❞❡✲❡✛❡❝ts✳ |❡❢❡r❡♥❝❡s ❝❛♥ ❜❡ ❝r❡❛t❡❞ ✇✐t❤ t❤❡ r❡❢ ❦❡②✇♦r❞✳ |❡♠❡♠❜❡r t❤♦✉❣❤ t❤❛t t❤❡ t②♣❡ s②st❡♠ ❡♥s✉r❡s t❤❛t t❤❡r❡ ✐s ♥♦ ❛•✐❛s✳ ❆ ✈❛r✐❛❜•❡ x ♦♥ ❛ r❡❢❡r❡♥❝❡ ❝❛♥ ❜❡ ❞❡r❡❢❡r❡♥❝❡❞ ✇✐t❤ !x ✱ ❛♥❞ ❛ss✐❣♥❡❞ t♦ ✇✐t❤ := ✳ ❚❤❡ s❡q✉❡♥❝❡ ✐s ❛•s♦ ❛♥ ❡①♣r❡ss✐♦♥✳ ❇•❛❝❦ ❇♦①❡s ❇•❛❝❦ ❜♦①❡s ❛r❡ s♣❡❝✐❛• ❡①♣r❡ss✐♦♥s ✇✐t❤ s✐❞❡✲❡✛❡❝ts✿ [{P } r❡❛❞s x ✇r✐t❡s y τ w {Q}] ✐s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t②♣❡ τ w ✱ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q✱ ❛♥❞ ✇❤✐❝❤ r❡❛❞s r❡❢❡r❡♥❝❡s x ❛♥❞ ✇r✐t❡s r❡❢❡r❡♥❝❡s y✳ ❚❤❡ ❛❝t✉❛• ✈❛•✉❡ r❡t✉r♥❡❞ ❜② t❤❡ ❜•❛❝❦ ❜♦① ✐s ♥♦♥✲ ❞❡t❡r♠✐♥✐st✐❝❀ ✐t ♦♥•② ❤❛s t♦ ✈❡r✐❢② t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ✐♥ ✇❤✐❝❤ ✈❛r✐❛❜•❡ r❡s✉•t ✐s ❜♦✉♥❞ t♦ t❤❡ r❡t✉r♥❡❞ ✈❛•✉❡✳ ❲❡ ♠❛② ♦♠✐t t❤❡ r❡❛❞s ❝•❛✉s❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ x ✐s ✐♠♣•✐❝✐t❡•② ❡q✉❛• t♦ t❤❡ s❡t ♦❢ r❡❢❡r❡♥❝❡s r❡❛❞ ❜② P ❛♥❞ Q✳ ■❢ y ✐s t❤❡ ❡♠♣t② •✐st✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ✇r✐t❡s ❝•❛✉s❡✳ ❲❡ ❞❡♥♦t❡ ❜② ❛ss❡rt P w t❤❡ ❜•❛❝❦ ❜♦① [{P w } unit {❚}]✱ ❜② ❛ss✉♠❡ P w t❤❡ ❜•❛❝❦ ❜♦① [{❚} unit {P w }]✱ ❛♥❞ ❜② ❛♥② τ t❤❡ ❜•❛❝❦ ❜♦① [{❚} τ {❚}]✳ ❋✐♥❛••②✱ ✐❢ e w1 ❛♥❞ e w2 ❤❛✈❡ t②♣❡ τ w ✱ ✇❡ ❞❡♥♦t❡ ❜②✿ ✐❢ P w t❤❡♥ e w1 ❡•s❡ e w2 t❤❡ ❢♦••♦✇✐♥❣ ❜•❛❝❦ ❜♦①✿ [τ w {P w ⇒ r❡s✉•t = e w1 ∧ ¬P w ⇒ r❡s✉•t = e w2 }] ◆♦t❡ t❤❛t ❜•❛❝❦ ❜♦①❡s✱ s✉❝❤ ❛s ❛ss✉♠❡ ❋ ❢♦r ✐♥st❛♥❝❡✱ ♠❛② ✐♥tr♦❞✉❝❡ ✐♥❝♦♥s✐st❡♥t ❤②♣♦t❤❡s❡s ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ■t ✐s ✉♣ t♦ t❤❡ ✉s❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t ❜•❛❝❦ ❜♦①❡s ❛r❡ r❡❛•✐③❛❜•❡✳ ✺✳✶✳✺ ▲♦❣✐❝ ❉❡❝•❛r❛t✐♦♥s ❚②♣❡s ❯s❡r t②♣❡s ♠❛② ❜❡ ✐♥tr♦❞✉❝❡❞ ✉s✐♥❣ ❛ ❞❡❝•❛r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿ t②♣❡ t (α) ■t ✐s s✐♠♣•② ❛ ♥❛♠❡ t ❛♥❞ ❛ •✐st ♦❢ t②♣❡ ✈❛r✐❛❜•❡s ❛s ♣❛r❛♠❡t❡rs✳ ▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ Pr❡❞✐❝❛t❡s ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ♠❛② ❜❡ ✐♥tr♦❞✉❝❡❞ ✉s✐♥❣ ❛ ❞❡❝•❛r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿ •♦❣✐❝ f (x : τ w ): τ w = LT w ❚❤❡ ❜♦❞② LT w ♠❛② ❜❡ ♦♠✐tt❡❞✳ ■❢ ✐t ✐s✱ ✈❛r✐❛❜•❡ ♥❛♠❡s x ♠❛② ❜❡ ♦♠✐tt❡❞ ❛s ✇❡••✳ ■❢ ✐t ✐s ♥♦t✱ t❤❡ r❡t✉r♥ t②♣❡ ♠❛② ❜❡ ♦♠✐tt❡❞✿ ✐t ✇✐•• ❜❡ ✐♥❢❡rr❡❞✳ Pr❡❞✐❝❛t❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥✿ •♦❣✐❝ p (x : τ w ) = P w ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❜♦❞② P w ♠❛② ❜❡ ♦♠✐tt❡❞✱ ❛♥❞ ✐❢ s♦✱ ✈❛r✐❛❜•❡ ♥❛♠❡s x ♠❛② ❜❡ ♦♠✐tt❡❞ ❛s ✇❡••✳ ✶✶✽ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ ❆①✐♦♠s ❆①✐♦♠s ♠❛② ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❛ ❞❡❝•❛r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿ ❛①✐♦♠ a: P w ✇❤❡r❡ a ✐s t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❛①✐♦♠✳ ✺✳✶✳✻ Pr♦❣r❛♠ ❉❡❝•❛r❛t✐♦♥s ❋✉♥❝t✐♦♥s ❋✉♥❝t✐♦♥s ♠❛② ❜❡ ❞❡❝•❛r❡❞ ❛s ❢♦••♦✇s✳ ❢✉♥ (x : τ w ): τ w ♣r❡ P w ♣♦st P w { e w } ❚❤❡② ❛r❡ s✐♠✐•❛r t♦ ❈❛♣✉❝✐♥❡ ❢✉♥❝t✐♦♥ ❞❡❝•❛r❛t✐♦♥s✱ ❡①❝❡♣t t❤❛t t❤❡r❡ ✐s ♥♦ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞ t❤✉s ♥♦ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦❞② ✐s ♥♦t ❛ •✐st ♦❢ st❛t❡♠❡♥ts ❜✉t ❛♥ ❡①♣r❡ss✐♦♥✳ ❋✉♥❝t✐♦♥s ❣❡♥❡r❛t❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ P❛r❛♠❡t❡rs P❛r❛♠❡t❡rs ❛r❡ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❜♦❞② { e w } ✇❛s ♦♠✐tt❡❞✿ ❢✉♥ (x : τ w ): τ w ♣r❡ P w ♣♦st P w r❡❛❞s x ✇r✐t❡s x ◆♦t❡ t❤❛t t♦ r❡♣•❛❝❡ t❤❡ ❜♦❞②✱ t❤❡r❡ ✐s r❡❛❞s ❛♥❞ ✇r✐t❡s ❝•❛✉s❡s✳ ■♥ ❢❛❝t✱ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ s❡❡♥ ❛s ❜•♦❝❦ ❜♦①❡s ✇✐t❤ ❛ ♥❛♠❡ ❛♥❞ ✇✐t❤ ❛r❣✉♠❡♥ts✳ ❚❤❡② ✇✐•• ♥♦t ❣❡♥❡r❛t❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛s t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳ ❚❤❡② ❝❛♥✱ ❤♦✇❡✈❡r✱ ❜❡ ❝❛••❡❞ ❢r♦♠ ♦t❤❡r ❢✉♥❝t✐♦♥s✳ ✺✳✶✳✼ ▼♦❞❡• ❱❛•✉❡s ❱❛•✉❡s ❛r❡ ❡✐t❤❡r ✐♥t❡❣❡rs✱ ❜♦♦•❡❛♥s✱ ✉♥✐t✱ t✉♣•❡s✱ ♦r ✈❛•✉❡s ♦❢ ✉s❡r✲❞❡✜♥❡❞ t②♣❡s✳ ❍❡❛♣ ❆ ❲❤② ❤❡❛♣ H w ✐s ❛ ❢✉♥❝t✐♦♥✿ • H w (x ) ✐s t❤❡ ✈❛•✉❡ ♦❢ ✈❛r✐❛❜•❡ x ❀ • H w (y, L) ✐s t❤❡ ✈❛•✉❡ ♦❢ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡ y ❛t •❛❜❡• L✳ ◆♦t❡ t❤❛t !y ✐s ❡✈❛•✉❛t❡❞ ❛s H w (y, ❤❡r❡)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ •❛❜❡• ❤❡r❡ ✐s t❤❡ ❞❡❢❛✉•t •❛❜❡•✳ ❊①❡❝✉t✐♦♥ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❡①♣r❡ss✐♦♥s ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ r❡•❛t✐♦♥s✿ e w , H w ❲❤② =⇒ v , H w ′ ✇❤✐❝❤ st❛t❡s t❤❛t ❲❤② ❡①♣r❡ss✐♦♥ e w ✉♥❞❡r ❤❡❛♣ H w r❡❞✉❝❡s t♦ ✈❛•✉❡ v ✱ ✇✐t❤ ♥❡✇ ❤❡❛♣ H w ′ ✳ ❚❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ ❛ ❲❤② ❡①♣r❡ss✐♦♥ e w ♠✐❣❤t ❛•s♦ ❞✐✈❡r❣❡✳ ❚❤✐s ✐s ❞❡♥♦t❡❞ ❜②✿ e w , H w ❲❤② =⇒ ∞ get(set(r , p, x ), p) = x
❛①✐♦♠ getSetNeq: ∀r : region (α). ∀p: location. ∀q: location. ∀x : α. p = q ⇒ get(set(r , p, x ), q) = get(r , q)

❚❤✐s ✐s t❤❡ ✉s✉❛ 

• t❤❡♦r② ♦❢ ✐♥✜♥✐t❡ ❛rr❛②s✳ ❲❡ ❛❞❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❞♦♠❛✐♥ ❢♦r r❡❣✐♦♥s✳ ▲♦❣✐❝ ❝♦♥st❛♥t empty ✐s ❛ r❡❣✐♦♥ ♦❢ ❡♠♣t② ❞♦♠❛✐♥✿ •♦❣✐❝ empty: region (α) Pr❡❞✐❝❛t❡ inRegion t❛❦❡s ❛ •♦❝❛t✐♦♥ ❛♥❞ ❛ r❡❣✐♦♥ ❛s ❛r❣✉♠❡♥ts✱ ❛♥❞ ❤♦•❞s ✐❢✱ ❛♥❞ ♦♥•② ✐❢ t❤❡ •♦❝❛t✐♦♥ ✐s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ r❡❣✐♦♥✿ •♦❣✐❝ inRegion (location, region (α)) ❚❤✐s ♣r❡❞✐❝❛t❡ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ ❢♦✉r ❛①✐♦♠s✳ ❚❤❡ ✜rst ♦♥❡ st❛t❡s t❤❛t t❤❡ ❡♠♣t② r❡❣✐♦♥ ✐s ❡♠♣t②✱ ✐✳❡✳ ❤❛s ❛♥ ❡♠♣t② ❞♦♠❛✐♥✿ ❛①✐♦♠ notInEmptyRegion: ∀p: location. ¬inRegion(p, empty) ❆♥♦t❤❡r ♦♥❡ st❛t❡s t❤❛t •♦❝❛t✐♦♥ p ✐s ✐♥ r❡❣✐♦♥s ✐♥t
❚❤❡ •❛st ♦♥❡ st❛t❡s t❤❛t set ♦♥•② ❛❞❞s ♦♥❡ •♦❝❛t✐♦♥✿
❛①✐♦♠ notInSetRegion: ∀p: location. ∀q: location. ∀r : region (α). ∀v : α. p = q ⇒ ¬inRegion(p, r ) ⇒ ¬inRegion(p, set(r , q, v ))

◆♦t❡ t❤❛t r❡❣✐♦♥s ❛r❡ ✜♥✐t❡ ♠❛♣s✳ ❍♦✇❡✈❡r✱ ❛•• ❲❤② ❢✉♥❝t✐♦♥s ❛r❡ t♦t❛•✱ ✐♥❝•✉❞✐♥❣ ❢✉♥❝t✐♦♥ get✳ ❚❤✐s ♠❡❛♥s t❤❛t ♦♥❡ ❝❛♥ ✇r✐t❡ get(r , p) ❢♦r ❛♥② •♦❝❛t✐♦♥ p✱ ✐♥❝•✉❞✐♥❣ ♦♥❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❛❝t✉❛••② ✐♥ r❡❣✐♦♥ r ✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ❛①✐♦♠s ❞♦ ♥♦t s♣❡❝✐❢② t❤❡ r❡s✉•t✱ ❛♥❞ ✇❡ ❝❛♥♥♦t ♣r♦✈❡ ❛♥②t❤✐♥❣ ❛❜♦✉t get(r , p) ❡①❝❡♣t t❤❛t ✐t ❡①✐sts✳ ❚❤❡ ❛❝t✉❛• ❞♦♠❛✐♥ ♦❢ r ✐s ❣✐✈❡♥ ❜② ♣r❡❞✐❝❛t❡ inRegion✳ ❚②♣❡s ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(τ ) ♦❢ t②♣❡ τ ❛s ❢♦••♦✇s✿ • why(int) = int❀ • why(bool ) = bool ❀ • why(unit) = unit❀ ✺✳✷✳ ❉■|❊❈❚ ❊◆❈❖❉■◆• ❖❋ ❚❍❊ ❙❊P❆|❆❚❊❉ ▼❖❉❊▲ ✶✷✶ • why([ρ]) = location❀ • why([❴]) = location❀ • why(t (τ 1 , • • •, τ n )) = t (why(τ 1 ), • • •, why(τ n ))✳ ❚❤✐s tr❛♥s•❛t✐♦♥ ✐s r❡❝✉rs✐✈❡✱ ❛♥❞ ✐s ✇❡••✲❢♦✉♥❞❡❞✳ ❖❜•❡❝ts ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(C) ♦❢ ❝•❛ss ❡①♣r❡ss✐♦♥ C ❛s ❢♦••♦✇s✳ ❆ss✉♠❡ t❤❛t r 1 : C 1 , • • •, r n : C n ✐s t❤❡ •✐st ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ C✱ ❛♥❞ t❤❛t f 1 : τ 1 , • • •, f m : τ m ✐s t❤❡ •✐st ♦❢ ✜❡•❞s ♦❢ C✳ ◆♦t❡ t❤❛t t❤✐s ❛ss✉♠❡s t❤❛t t②♣❡ ♣❛r❛♠❡t❡rs ❛♥❞ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ ❝•❛ss ❡①♣r❡ss✐♦♥ C ❤❛✈❡ ❜❡❡♥ s✉❜st✐t✉t❡❞ ✐♥ C 1 , • • •, C n ❛♥❞ τ 1 , • • •, τ m ✳ ❚❤❡♥ why(C) ✐s t❤❡ ❢♦••♦✇✐♥❣ ❲❤② t✉♣•❡ t②♣❡✿ (region (why(C 1 )) × • • • × region (why(C n )) × why(τ 1 ) × • • • × why(τ m )) ❆❣❛✐♥✱ t❤✐s tr❛♥s•❛t✐♦♥ ✐s r❡❝✉rs✐✈❡✳ ■t ✐s ✇❡••✲❢♦✉♥❞❡❞ ✐❢ ❝•❛ss❡s ❛r❡ ♥♦t r❡❝✉rs✐✈❡✳ ❲❡ t❛❝❦•❡ t❤❡ r❡❝✉rs✐✈❡ ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳ ✺✳✷✳✷ ❊①♣r❡ss✐♦♥s ❛♥❞ |❡❣✐♦♥ ❊①♣r❡ss✐♦♥s ▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❲❡ ❛•r❡❛❞② ❛ss✉♠❡❞ ❛ ♠♦❞❡• f ❢♦r ❡❛❝❤ ✉s❡r✲❞❡✜♥❡❞ •♦❣✐❝ ❢✉♥❝t✐♦♥✳ ❲❡ ❦♥♦✇ t❤❡r❡ ✐s ❛ ♠♦❞❡• ❢♦r •♦❣✐❝ ❢✉♥❝t✐♦♥s empty✱ get ❛♥❞ set✱ ❛♥❞ ❢♦r ♣r❡❞✐❝❛t❡ inRegion✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛ ❲❤② •♦❣✐❝ ❢✉♥❝t✐♦♥ f r❡t✉r♥s t❤❡ ✈❛•✉❡ r❡t✉r♥❡❞ ❜② t❤❡ ♠♦❞❡• f ✳ |❡❣✐♦♥ ❊①♣r❡ss✐♦♥s |❡❣✐♦♥ ❜✐♥❞❡rs ✐♥ ♣r♦❣r❛♠s✱ ✐✳❡✳ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ •❡t r❡❣✐♦♥ st❛t❡♠❡♥t✱ ✐♥tr♦❞✉❝❡ t❤❡s❡ ✈❛r✐❛❜•❡s ❛s r❡❢❡r❡♥❝❡s✳ ❚❤❡✐r t②♣❡ ✐s region (why(C)) ✇❤❡r❡ C ✐s t❤❡ ❝•❛ss ♦❢ t❤❡ r❡❣✐♦♥✳ ❆ss✉♠❡ ρ ✐s ❛ ✇❡••✲t②♣❡❞ r❡❣✐♦♥✿ Γ ⊢ ρ: C ❛♥❞ ❛ss✉♠❡ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(ρ) ♦❢ ρ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛s ❢♦••♦✇s✳ • why(r ) = !r ❀ • ✐❢ x ❤❛s t②♣❡ [σ]✱ ✐❢ σ ∅ ✱ σ • ✱ σ × ♦r σ G ✐s ✐♥ Σ ♦r ✐❢ σ ✐s tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ r❡❣✐♦♥ ✭✐✳❡✳ Γ, Σ ⊢ × σ✮✱ t❤❡♥ why(x .s) ✐s✿ proj s (get(why(σ), x )) ✇❤❡r❡ proj s ✐s t❤❡ ♣r♦•❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✇♥❡❞ r❡❣✐♦♥ s ✐♥ t✉♣•❡ why(C)❀ • ✐❢ x ❤❛s t②♣❡ [σ]✱ ✐❢ σ ′ -• σ ✐s ✐♥ Σ ❢♦r s♦♠❡ r❡❣✐♦♥ σ ′ ✱ t❤❡♥ why(x .s) ✐s✿ proj r (get((✐❢ inRegion(x , why(σ ′ )) t❤❡♥ why(σ ′ ) ❡•s❡ why(σ)), x )) ◆♦t❡ t❤❛t t❤❡ ❞✉♣•✐❝❛t✐♦♥ ♦❢ why(σ ′ ) ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✉s✐♥❣ ❛ •❡t✲❜✐♥❞✐♥❣❀ ❚❤✐s tr❛♥s•❛t✐♦♥ ✐s ♥♦t ❛•✇❛②s ❞❡✜♥❡❞✳ ■♥ ♣❛rt✐❝✉•❛r✱ why(x .s) ✐s ♥♦t ❞❡✜♥❡❞ ✐❢ t❤❡r❡ ✐s ♥♦ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐❢ ρ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ t❤❡♥ why(ρ) ❞❡♥♦t❡s ❛ r❡❣✐♦♥ ❢r♦♠ ✇❤✐❝❤ t❤❡ ♦♥•② ♣♦✐♥t❡rs t❤❛t s❤♦✉•❞ ❜❡ r❡❛❞ ❛r❡ t❤❡ ♦♥❡s ✇❤✐❝❤ ❤❛✈❡ ♥♦t ❜❡❡♥ ❢♦❝✉s❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ why(ρ) ❞❡♥♦t❡s H s (ρ)✱ ❜✉t t❤❡r❡ ♠❛② ❜❡ ❛ •♦❝❛t✐♦♥ p ❢♦r ✇❤✐❝❤ get(why(ρ), p) ❞♦❡s ♥♦t ❞❡♥♦t❡ H s (p)✳ ❚❤✐s ❤❛♣♣❡♥s ✐❢ H s (p❄) ✐s ♥♦t ρ✳ ✶✷✷ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ ❊①♣r❡ss✐♦♥s ❆ss✉♠❡ e ✐s ❛ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥✿ Γ, Σ ⊢ e: τ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(e) ♦❢ e ❛s ❢♦••♦✇s✿ • why(c) = c❀ • why(x ) = x ❀
• why(e 1 op e 2 ) = why(e 1 ) op why(e 2 )❀

• why(f arg 1 • • • arg n ) = f (why(arg 1 ), • • •, why(arg n )) ✇❤❡r❡ why(arg) = why(ρ) ✐❢ arg ✐s ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r [ρ]✱ ❛♥❞ why(arg) = why(e) ✐❢ arg ✐s ❛ r❡❣✉•❛r ♣❛r❛♠❡t❡r (e)❀ • why(x .f ) ✐s ❞❡✜♥❡❞ ❜❡•♦✇✳ ❚❤❡ tr❛♥s•❛t✐♦♥ why(x .f ) ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣❡ ♦❢ x ❛♥❞ ♦♥ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s✳ ❚②♣✐♥❣ r✉•❡s ❡♥s✉r❡s t❤❛t x ❤❛s t②♣❡ [ρ] ❢♦r s♦♠❡ r❡❣✐♦♥ ρ ♦❢ ❝•❛ss C✱ ♦❢ ✇❤✐❝❤ f ✐s ❛ ✜❡•❞✳ ❚❤❡♥ why(x .f ) ✐s t❤❡ ♣r♦•❡❝t✐♦♥ proj f ♦♥ t❤❡ t✉♣•❡ ❝♦♠♣♦♥❡♥t ♦❢ why(C) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ✱ ♦❢ t❤❡ ♦❜•❡❝t obj (x , ρ) ♦❜t❛✐♥❡❞ ❜② •♦♦❦✐♥❣ ❢♦r x ✐♥ r❡❣✐♦♥ ρ✳ ❲❡ ♥♦✇ ❞❡✜♥❡ obj (x , ρ)✿ • ✐❢ ρ • ✱ ρ × ♦r ρ G ✐s ✐♥ Σ✱ t❤❡♥ obj (x , ρ) ✐s get(why(ρ), x )❀ • ✐❢ σ -• ρ ✐s ✐♥ Σ✱ t❤❡♥ obj (x , ρ) ✐s✿ ✐❢ inRegion(x , why(σ)) t❤❡♥ obj (x , σ) ❡•s❡ get(why(ρ), x )✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉•t② ✐s s❡•❡❝t✐♦♥ x .f ✱ ❛s t❤❡ ♦❜•❡❝t ♦❢ x ♠✉st ❜❡ r❡❛❞ ❢r♦♠ ✐ts ❛❝t✐✈❡ r❡❣✐♦♥✳ ❯s✉❛••② t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ✐s t❤❡ r❡❣✐♦♥ ❣✐✈❡♥ ❜② t❤❡ t②♣❡ ♦❢ x ✳ ❇✉t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐❢ x ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♠❛② ❜❡ t❤❡ ❢♦❝✉s r❡❣✐♦♥✱ ♦r ❡✈❡♥ ❛♥♦t❤❡r ♦♥❡ ✐❢ ❛♥♦t❤❡r ❢♦❝✉s ❤❛♣♣❡♥❡❞✳ ◆♦t❡ t❤❛t ❢r♦♠ ❛ •❛♥❣✉❛❣❡ ❞❡s✐❣♥ st❛♥❞♣♦✐♥t✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❝♦♥s✐❞❡r ♣r❡✈❡♥t✐♥❣ t❤❡ ✉s❡r ❢r♦♠ r❡❛❞✐♥❣ ❛ ♣♦✐♥t❡r ✇❤✐❝❤ ✐s ✐♥ ❛ r❡❣✐♦♥ ❜❡✐♥❣ ❢♦❝✉s❡❞✳ ■♥❞❡❡❞✱ ❡①♣❡r✐♠❡♥ts t❡♥❞ t♦ s❤♦✇ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ❛❝❝❡ss ✐s ♥♦t ✉s❡❢✉• ✈❡r② ♦❢t❡♥✳ ❊①❛♠♣•❡ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿ x : [y.s], y: [r ], r : C ❛♥❞ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✿ y.s × , r • t❤❡♥ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ x .f ✐s✿ why(x .f ) = proj f (obj (x , y.s))
= proj f (get(why(y.s), x )) = proj f (get(proj s (get(!r , y)), x )) • why(P 1 ∧ P 2 ) = why(P 1 ) ∧ why(P 2 )❀

✇❤❡r❡ proj f ✐s t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥ t❤❡ f ✜❡•❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝•❛ss t✉♣•❡ ♦❢ x ✱ ❛♥❞ proj s ✐s t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥ t❤❡ s ♦✇♥❡❞ r❡❣✐♦♥ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝•❛ss t✉♣•❡ ♦❢ C✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✇❡ ♦❜t❛✐♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦••♦✇✐♥❣ ❛❝❝❡ss ✐♥ ♦✉r s❡♣❛r❛t❡❞ ♠♦❞❡•✿ H s (r )(y)(s)(x )(f ) ✺✳✷✳ ❉■|❊❈❚ ❊◆❈❖❉■◆• ❖❋ ❚❍❊ ❙❊P❆|❆❚❊❉ ▼❖❉❊▲ ✶✷✸ ✺✳✷✳✸ ▲♦❣✐❝ ❆ss✉♠❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤✱ ❣✐✈❡♥ ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡ r ✱ st❛t❡s ✇❤❡t❤❡r r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥ ✭✐✳❡✳ ❛ r❡❣✐♦♥ ❜♦✉♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ r❡❣✐♦♥ ♣❛r❛♠❡t❡r ♦r ❛ •❡t r❡❣✐♦♥ st❛t❡♠❡♥t✮ ♦r ❛ •♦❣✐❝ r❡❣✐♦♥ ✭✐✳❡✳ ❛ r❡❣✐♦♥ ❜♦✉♥❞ ✉s✐♥❣ ❛ t❡r♠ ♦r ♣r❡❞✐❝❛t❡ ♣❛r❛♠❡t❡r✱ ♦r ❛ ∀r❡❣✐♦♥ ♦r ∃r❡❣✐♦♥ q✉❛♥t✐✜❡r✮✳ |❡❣✐♦♥ ❚❡r♠s ❆ss✉♠❡ RT ✐s ❛ ✇❡••✲t②♣❡❞ r❡❣✐♦♥ t❡r♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(RT ) ♦❢ RT ❛s ❢♦••♦✇s✿ • why(r ❅❤❡r❡) = !r ✐❢ r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥❀ • why(r ❅L) = !r ❅L ✐❢ r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥ ❛♥❞ L = ❤❡r❡❀ • why(r ❅❤❡r❡) = r ✐❢ r ✐s ❛ •♦❣✐❝ r❡❣✐♦♥ ✭t②♣✐♥❣ ❡♥s✉r❡s t❤❡ •❛❜❡• ✐s ❤❡r❡✮❀ • why(get(RT , LT , s)) ✐s t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥ t❤❡ s ❝♦♠♣♦♥❡♥t ♦❢✿ get(why(RT ), why(LT ))✳ ❚❡r♠s ❆ss✉♠❡ LT ✐s ❛ ✇❡••✲t②♣❡❞ t❡r♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(LT ) ♦❢ LT ❛s ❢♦••♦✇s✿ • why(c) = c❀ • why(x ) = x ❀ • why(LT 1 termop LT 2 ) = why(LT 1 ) termop why(LT 2 )❀ • why(f larg 1 • • • larg n ) = f (
• why(P 1 ∨ P 2 ) = why(P 1 ) ∨ why(P 2 )❀

• why(P 1 ⇒ P 2 ) = why(P 1 ) ⇒ why(P 2 )❀

• why(P 1 ⇐⇒ P 2 ) = why(P 1 ) ⇐⇒ why(P 2 )❀

• why(¬P ) = ¬why(P )❀

• why(❚) = ❚❀

• why(❋) = ❋❀

• why(LT 1 = LT 2 ) = (why(LT 1 ) = why(LT 2 ))❀

• why(LT 1 = LT 2 ) = (why(LT 1 ) = why(LT 2 ))❀

• why(LT 1 > LT 2 ) = (why(LT 1 ) > why(LT 2 ))❀
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• why(LT 1 ≥ LT 2 ) = (why(LT 1 ) ≥ why(LT 2 ))❀

• why(∀x : τ . P ) = ∀x : why(τ ). why(P )❀

• why(∃x : τ . P ) = ∃x : why(τ ). why(P )❀

• why(∀r❡❣✐♦♥ r : C. P ) = ∀r : region (why(C)). why(P )❀

• why(∃r❡❣✐♦♥ r : C. P ) = ∃r : region (why(C)). why(P )❀

• why(p larg 1 • • • larg n ) = p(why(larg 1 ), • • •, why(larg n ))❀
• why(LT ∈ RT ) = inRegion(why(LT ), why(RT ))✳ ❚❤✐s ✐s ♣r❡tt② str❛✐❣❤t❢♦r✇❛r❞✳

✺✳✷✳✹ ❙t❛t❡♠❡♥ts ❆ss✐❣♥✐♥❣ ❆♥② |❡❣✐♦♥ ❆ss✉♠❡ s♦♠❡ t②♣✐♥❣ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ❲❡ ❞❡✜♥❡ ♦♣❡r❛t✐♦♥ assign(ρ, w ) ✇❤❡r❡ ρ ✐s ❛ ❈❛♣✉❝✐♥❡ r❡❣✐♦♥ ✭✐✳❡✳ r ♦r x .s✮ ❛♥❞ w ✐s ❛♥② ✇❤② ❡①♣r❡ss✐♦♥✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ❡♥s✉r❡s t❤❡ ✈❛•✉❡ ♦❢ ρ ✐s ❝❤❛♥❣❡❞ t♦ w ✳ • assign(r , w ) = r := w • ■❢ x ❤❛s t②♣❡ [σ] ❛♥❞ σ ∅ ✱ σ • ✱ σ × ♦r σ G ✐s ✐♥ Σ ♦r ✐❢ σ ✐s tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ r❡❣✐♦♥ ✭✐✳❡✳ Γ, Σ ⊢ × σ✮✱ t❤❡♥ assign(x .s, w ) =
assign(σ, set(why(σ), x , set s (get(why(σ), x ), w )))

✇❤❡r❡ set s (o, w ) s❡ts t❤❡ s ✜❡•❞ ♦❢ ❛♥ ♦❜•❡❝t t✉♣•❡ o t♦ w ✳ • ■❢ x ❤❛s t②♣❡ [σ] ❛♥❞ σ ′ -• σ ✐s ✐♥ Σ t❤❡♥ assign(x .s, w ) =
✐❢ inRegion(x , why(σ ′ )) t❤❡♥ assign(σ ′ , set(why(σ ′ ), x , set s (get(why(σ ′ ), x ), w ))) ❡•s❡ assign(σ, set(why(σ), x , set s (get(why(σ), x ), w )))

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿ r : C, r ′ : C ′ , x : [r ], y: [r ′ ], y: [x .s] ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ♣❡r♠✐ss✐♦♥s✿ r ′× , r ′ -• x .s, r • ✇❤❡r❡ s ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ ❝•❛ss C ❛♥❞ t ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ t❤❡ ❝•❛ss ♦❢ s✳ ❚❤✐s s✐t✉❛t✐♦♥ ✐s ✐••✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❚❤❡♥ assign(z .t, w ) ✐s✿ ✐❢ inRegion(z , !r ′ ) t❤❡♥ r ′ := set(!r ′ , z , set t (get(!r ′ , z ), w )) ❡•s❡ r := set(!r , x , set s (get(!r , x ), set(proj s (get(!r , x )), z , set t (get(!r , z ), w )))) ✺✳✷✳ ❉■|❊❈❚ ❊◆❈❖❉■◆• ❖❋ ❚❍❊ ❙❊P❆|❆❚❊❉ ▼❖❉❊▲ ✶✷✺ x • • • y • • • z • • • y r • r × r ′ -• x .s z .t y.t s t t focus ❋✐❣✉r❡ ✺✳✶✿ ❊①❛♠♣•❡ s✐t✉❛t✐♦♥ t♦ ✐••✉str❛t❡ t❤❡ assign ♦♣❡r❛t✐♦♥ ✭y ❛♥❞ z ♠❛② ❜❡ ❡q✉❛•✮ ❚r❛♥s•❛t✐♦♥ ♦❢ ❙t❛t❡♠❡♥ts ❆ss✉♠❡ s ✐s ❛ ✇❡••✲t②♣❡❞ st❛t❡♠❡♥t✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(s, cont) ♦❢ s ✇✐t❤ ❝♦♥t✐♥✉❛t✐♦♥ cont✱ ✇❤❡r❡ cont ✐s ❛ ❲❤② ❡①♣r❡ss✐♦♥✳ ❋✐rst ✇❡ ❞❡✜♥❡ why(S, cont) ✇❤❡r❡ S ✐s ❛ st❛t❡♠❡♥t ❜•♦❝❦ r❡❝✉rs✐✈❡•②✿ why((s; S), cont) = why(s, why(S, cont)) ❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❡❛❝❤ ♣♦ss✐❜•❡ st❛t❡♠❡♥t✿ • why(•❡t x = e, cont) = •❡t x = why(e) ✐♥ cont • why(✐❢ e t❤❡♥ S 1 ❡•s❡ S 2 , cont) =
(✐❢ why(e) t❤❡♥ why(S 1 , ()) ❡•s❡ why(S 2 , ())); cont

• why(•❡t x = f arg 1 • • • arg m , cont) = •❡t r 1 = r❡❢ (why(ρ 1 )) ✐♥ • • • •❡t r n = r❡❢ (why(ρ n )) ✐♥ •❡t x = f (whyarg(arg 1 ), • • •, whyarg(arg n )) ✐♥ assign(ρ 1 , !r 1 ); • • • assign(ρ n , !r n ); cont ✇❤❡r❡ arg 1 , • • •, arg m r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ 1 ], • • •, [ρ n ]✱ ✇❤❡r❡ whyarg((e)) ✐s why(e)✱ ❛♥❞ ✇❤❡r❡ whyarg([ρ i ]) ✐s r i ✳ • why(•❡t r❡❣✐♦♥ r : C, cont) = •❡t r = r❡❢ empty ✐♥ cont • why(•❡t x = ♥❡✇ C [ρ], cont) =
•❡t x = ❛♥② location ✐♥ assign(ρ, set(why(ρ), x , ❛♥② why(C))); assign(x .r 1 , empty);

• • • assign(x .r n , empty); cont ❚❤❡ ♣♦✐♥t❡r ✐s ✐♥✐t✐❛•✐③❡❞ t♦ s♦♠❡ ✉♥❦♥♦✇♥ ✈❛•✉❡ ♦❢ location t②♣❡✳ ❲❡ ❞♦ ♥♦t ❛❝t✉❛••② r❡q✉✐r❡ t❤✐s ✈❛•✉❡ t♦ ❜❡ ✏t❤❡ ♥❡①t ❢r❡s❤ •♦❝❛t✐♦♥✑ ❛s ✐♥ t❤❡ ♠♦❞❡•✳ ■♥❞❡❡❞✱ ✇❡ ♦♥•② ♥❡❡❞ t♦ ♥♦✇ t❤❛t t❤❡ •♦❝❛t✐♦♥ ✐s ❢r❡s❤ ✐♥ t❤❡ r❡❣✐♦♥ ✐t ✐s ❛❞❞❡❞ t♦✳ ❍❡r❡ ✐t ✐s ❛❞❞❡❞ t♦ ❛♥ ❡♠♣t② r❡❣✐♦♥✱ s♦ t❤❡ •♦❝❛t✐♦♥ ✐s ♥❡❝❡ss❛r✐•② ❢r❡s❤✳ ▲❛t❡r ✐t ♠✐❣❤t ❜❡ ❛❞❞❡❞ ✐♥t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥ ρ ✉s✐♥❣ ❛❞♦♣t✐♦♥✱ ❛♥❞ ✇❡ ✇♦✉•❞ t❤❡♥ ❜❡ ❛❜•❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ •♦❝❛t✐♦♥ ✐s ❢r❡s❤ ✐♥ ρ ❛s t❤❡ •♦❝❛t✐♦♥ ✇❛s ♥♦t ✐♥ ρ ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ♦♥•② r❡❛s♦♥ ✇❡ ✐♥✐t✐❛•✐③❡ t❤❡ ♦❜•❡❝t ✐♥ ρ ✐s t♦ ❡♥s✉r❡ t❤❡ ❞♦♠❛✐♥ ♦❢ ρ ✐s {x }✳ ❖t❤❡r✇✐s❡✱ ❢r♦♠ t②♣✐♥❣ ✇❡ ❝♦✉•❞ ♣r♦✈❡ t❤❛t Dom(ρ) = {x } ✇❤✐•❡ Dom(ρ) ✇♦✉•❞ ❛❝t✉❛••② ❜❡ ❡♠♣t②✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ✇❡ ✐♥✐t✐❛•✐③❡ ♦✇♥❡❞ r❡❣✐♦♥s r 1 , • • •, r n ✳
• why(x .f ← e, cont) = assign(ρ, set(why(ρ), x , set f (get(why(ρ), x ), why(e)))); cont

✇❤❡r❡ x ❤❛s t②♣❡ [ρ] ❛♥❞ set f (x , y) ❛••♦✇s t♦ ❝❤❛♥❣❡ t❤❡ f ❝♦♠♣♦♥❡♥t ♦❢ t✉♣•❡ x t♦ y✳
• why(❛❞♦♣t x : σ ❛s ρ, cont) = assign(ρ, set(why(ρ), x , get(why(σ), x ))); cont

• why(❢♦❝✉s x : ρ ❛s σ, cont) = assign(σ, set(empty, x , get(why(ρ), x ))); cont

◆♦t❡ t❤❛t ❛s why(σ) = empty ❜❡❢♦r❡ t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ✇❡ ❝♦✉•❞ ❛❝t✉❛••② ❤❛✈❡ ✉s❡❞ t❤❡ s❛♠❡ tr❛♥s•❛t✐♦♥ t❤❛♥ ❢♦r ❛❞♦♣t✐♦♥✳
• why(✉♥❢♦❝✉s x : σ ❛s ρ, cont) = assign(ρ, set(why(ρ), x , get(why(σ), x ))); cont

◆♦t❡ t❤❛t t❤✐s ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❛s ❛❞♦♣t✐♦♥✳ • why(♣❛❝❦ x , cont) = ❛ss❡rt why(Inv (x )); cont ✇❤❡r❡ Inv (x ) ✐s t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ t❤❡ ❝•❛ss C ♦❢ x ✱ ❛♣♣•✐❡❞ t♦ x .s 1 , • • •, x .s n ❛♥❞ x .f 1 , • • •, x .f m ✇❤❡r❡ s 1 , • • •, s n ❛r❡ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ C ❛♥❞ f 1 , • • •, f m ❛r❡ t❤❡ ✜❡•❞s ♦❢ C✳ • why(✉♥♣❛❝❦ x , cont) = cont • why(✇❡❛❦❡♥ ❡♠♣t② ρ, cont) = cont • why(✇❡❛❦❡♥ s✐♥❣•❡ ρ, cont) = cont
• why(❛ss❡rt P , cont) = ❛ss❡rt why(P ); cont

• why(•❛❜❡• L, cont) = •❛❜❡• L; cont ❊①❛♠♣•❡✿ ❋✉♥❝t✐♦♥ ❈❛•• ❚r❛♥s•❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ ❝❛••s ✐s tr✐❝❦②✱ ❛s r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♣❛ss❡❞ ❛s ❛r❣✉♠❡♥ts ❛r❡ ❝♦♣✐❡❞ t♦ t❡♠♣♦r❛r② r❡❢❡r❡♥❝❡s✱ ❛♥❞ t❤❡♥ ♣✉t ❜❛❝❦ t♦ t❤❡✐r ♦r✐❣✐♥❛• •♦❝❛t✐♦♥✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣•❡✳ ❆ss✉♠❡ t❤❡ ❢♦••♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿ r : C, x : [r ], y: [x .s] ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ♣❡r♠✐ss✐♦♥s✿ r • , x .s G ❚❤❡♥ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ st❛t❡♠❡♥t✿ •❡t z = f [x .s] (y) ✇✐t❤ ❝♦♥t✐♥✉❛t✐♦♥ cont ✐s t❤❡ ❢♦••♦✇✐♥❣ ❲❤② ❡①♣r❡ss✐♦♥✿ •❡t r 1 = r❡❢ (proj s (get(!r , x ))) ✐♥ •❡t z = f (r 1 , y) ✐♥ r := set(!r , x , set s (get(!r , x ), !r 1 )); cont ✺✳✷✳✺ ❉❡❝•❛r❛t✐♦♥s ▲♦❣✐❝ ❚②♣❡s ❈❛♣✉❝✐♥❡ •♦❣✐❝ t②♣❡s ❞❡❝•❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ t②♣❡ t (α 1 , • • •, α n ) ❚❤❡② ❛r❡ ❦❡♣t ❛s ✐t ✐♥ t❤❡ tr❛♥s•❛t❡❞ ❲❤② ♣r♦❣r❛♠s✳ ▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ Pr❡❞✐❝❛t❡s ❈❛♣✉❝✐♥❡ •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡❝•❛r❡❞ ❛s ❢♦••♦✇s✿ •♦❣✐❝ f param: τ = LT ❚❤❡② ❛r❡ tr❛♥s•❛t❡❞ ✐♥t♦ ❲❤② •♦❣✐❝ ❢✉♥❝t✐♦♥ ❞❡❝•❛r❛t✐♦♥s ❛s ❢♦••♦✇s✿ •♦❣✐❝ f why(param): why(τ ) = why(LT )
✇❤❡r❡ why(param) ✐s ❞❡✜♥❡❞ ❛s✿

• why((x : τ )) ✐s x : why(τ

)❀ ✶✷✽ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ • why([r : C]) ✐s r : region (why(C))❀ ❖❢ ❝♦✉rs❡✱ ✐❢ t❤❡ ❜♦❞② LT ✐s ♦♠✐tt❡❞✱ ✐t ✐s ♦♠✐tt❡❞ ✐♥ t❤❡ tr❛♥s•❛t❡❞ ❞❡❝•❛r❛t✐♦♥ ❛s ✇❡••✳ Pr❡❞✐❝❛t❡s ❛r❡ tr❛♥s•❛t❡❞ ✐♥ ❡①❛❝t•② t❤❡ s❛♠❡ ✇❛②✳ ❚❤❡ ♦♥•② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❜♦❞②✱ ✐❢ ❛♥②✱ ✐s ❛ ♣r❡❞✐❝❛t❡ ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ r❡t✉r♥ t②♣❡ t♦ tr❛♥s•❛t❡✳ ❆①✐♦♠s ❈❛♣✉❝✐♥❡ ❛①✐♦♠ ❞❡❝•❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ ❛①✐♦♠ a: P ❚❤❡② ❛r❡ tr❛♥s•❛t❡❞ ✐♥t♦ ❲❤② ❛①✐♦♠s ❛s ❢♦••♦✇s✿ ❛①✐♦♠ a: why(P ) ❋✉♥❝t✐♦♥s ❈❛♣✉❝✐♥❡ ❢✉♥❝t✐♦♥ ❞❡❝•❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿ ❢✉♥ f param: τ ❝♦♥s✉♠❡s Σ ♣r♦❞✉❝❡s Σ ′ ♣r❡ P ♣♦st Q { S;
r❡t✉r♥ e } ❆ss✉♠❡ r ✐s t❤❡ s❡t ♦❢ r❡❢❡r❡♥❝❡s r❡❛❞ ❜② ❲❤② ❡①♣r❡ss✐♦♥ why(S, why(e))✱ ❛♥❞ w ✐s t❤❡ s❡t ♦❢ r❡❢❡r❡♥❝❡s ✇r✐tt❡♥ ❜② why(S, why(e))✳ ❋✉♥❝t✐♦♥ f ❛❜♦✈❡ ✐s tr❛♥s•❛t❡❞ ✐♥t♦ ❛ ❲❤② ♣❛r❛♠❡t❡r ❛♥❞ ❛ ❲❤② ❢✉♥❝t✐♦♥✿ ❢✉♥ f why ′ (param): why(τ )

♣r❡ why(P ) ♣♦st why(Q) r❡❛❞s r ✇r✐t❡s w ❢✉♥ f goal why ′ (param): why(τ ) ♣r❡ why(P ) ♣♦st why(Q) { why(S, why(e)) } ✇❤❡r❡ why ′ (param) ✐s ❞❡✜♥❡❞ ❛s✿ 

♥❝t✐♦♥ ✐♥t♦ ❛ ♣❛r❛♠❡t❡r f ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛••❡❞ ❢r♦♠ ✐♥s✐❞❡ t❤❡ ❜♦❞② ♦❢ ❛♥② ❢✉♥❝t✐♦♥✳ ❋✉♥❝t✐♦♥ f goal ✇✐•• ♥♦t ❜❡ ❝❛••❡❞✱ ❜✉t ❣❡♥❡r❛t❡s t❤❡ r❡q✉✐r❡❞ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❚❤✐s ✐s ❤♦✇ ✇❡ ❡♥❝♦❞❡ ♠✉t✉❛••② r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳ ❝•❛ss PosInt { value: int; ✐♥✈❛r✐❛♥t value > ✵; } ❝•❛ss Triple { s✐♥❣•❡ Ra: PosInt; ❣r♦✉♣ Rbc: PosInt; a: [Ra]; b: [Rbc]; c: [Rbc]; } ❋✐❣✉r❡ ✺✳✷✿ ❉❡✜♥✐t✐♦♥ ♦❢ ❝•❛ss❡s PosInt ❛♥❞ Triple ✺✳✷✳✻ ■••✉str❛t✐♦♥ ❲❡ ✐••✉str❛t❡ ♦✉r ❡♥❝♦❞✐♥❣ ♦♥ ❛ s✐♠♣•❡ ❡①❛♠♣•❡✳ ❲❡ ❝♦♥s✐❞❡r ❝•❛ss PosInt✱ ✇✐t❤ ♦♥❡ value ✐♥t❡❣❡r ✜❡•❞ ✇❤✐❝❤ ♠✉st ❜❡ ♣♦s✐t✐✈❡✱ ❛♥❞ ❝•❛ss Triple ✇✐t❤ t❤r❡❡ ♣♦✐♥t❡r ✜❡•❞s ♦❢ ❝•❛ss PosInt✳ ❚✇♦ ♦❢ t❤♦s❡ ✜❡•❞s ♠❛② ❜❡ ❛•✐❛s❡❞✳ ❲❡ ♣r♦❣r❛♠ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐♥❝r❡♠❡♥ts ❛•• ♣♦✐♥t❡rs ♦❢ t❤❡ tr✐♣•❡✳ ❋✐❣✉r❡ ✺✳✷ ❝♦♥t❛✐♥s t❤❡ ❈❛♣✉❝✐♥❡ ❝♦❞❡ ❞❡✜♥✐♥❣ ❜♦t❤ ❝•❛ss❡s✱ ❛♥❞ ❋✐❣✉r❡ ✺✳✸ ❝♦♥t❛✐♥s t❤❡ ❈❛♣✉❝✐♥❡ ❝♦❞❡ ♦❢ ♦✉r ✐♥❝r❡♠❡♥t❛t✐♦♥ ❢✉♥❝t✐♦♥ incrTriple✱ ❢✉••② ❛♥♥♦t❛t❡❞ ❛♥❞ ✇✐t❤ ♥♦ s②♥t❛❝t✐❝ s✉❣❛r✳ ❚r❛♥s•❛t✐♦♥ ❲❡ ♥♦✇ ❝♦♥str✉❝t✱ st❡♣ ❜② st❡♣✱ t❤❡ ❲❤② ❝♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ incrTriple✳ ❍❡r❡ ✐s t❤❡ ❤❡❛❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐♥❝•✉❞✐♥❣ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿ ❢✉♥ incrTriple (r : r❡❢ (region (region (int) × region (int) × location × location × location)), x : location): unit ♣♦st proj value (get(proj Ra (get(!r , x )), proj a (get(!r , x )))) = proj value (get(proj Ra (get(!r ❅♣r❡, x )), proj a (get(!r ❅♣r❡, x )))) + ✶ ∧ proj value (get(proj Rbc (get(!r , x )), proj b (get(!r , x )))) = proj value (get(proj Rbc (get(!r ❅♣r❡, x )), proj b (get(!r ❅♣r❡, x )))) + ✶ ∧ proj value (get(proj Rbc (get(!r , x )), proj c (get(!r , x )))) = proj value (get(proj Rbc (get(!r ❅♣r❡, x )), proj c (get(!r ❅♣r❡, x )))) + ✶ ◆♦t❡ t❤❛t proj value ✐s ❛❝t✉❛••② t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✱ ❛s t❤❡ t✉♣•❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝•❛ss Long ❤❛s ♦♥•② ♦♥❡ ✐♥t❡❣❡r ❡•❡♠❡♥t✳ ❙✐♠✐•❛r•②✱ set value (x , y) ✐s y✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .a.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿ { •❡t a = proj a (get(!r , x )) ✐♥ r := set(!r , x , set Ra (get(!r , x ), ❢✉♥ incrTriple [r : Triple] (x : [r ]): unit ❝♦♥s✉♠❡s r × ♣r♦❞✉❝❡s r × ♣♦st get(get(r , x , Ra), get(r , x , a), value) = get(get(r , x , Ra), get(r , x , a), value)❅♣r❡ + ✶ ∧ get(get(r , x , Rbc), get(r , x , b), value) = get(get(r , x , Rbc), get(r , x , b), value)❅♣r❡ + ✶ ∧ get(get(r , x , Rbc), get(r , x , c), value) = get(get(r , x , Rbc), get(r , x , c), value)❅♣r❡ + ✶ { ✉♥♣❛❝❦ x ;
•❡t a = x .a; ✉♥♣❛❝❦ a; a.value ← a.value + ✶; ♣❛❝❦ a;

• ❛s ✇❡ ❞✐❞ ❢♦r t❤❡ r ❝❛s❡✳

•❡t c = x .c; ✐❢ b = c t❤❡♥ { •❡t r❡❣✐♦♥ Fc: PosInt; ❢♦❝✉s c: r .Rbc ❛s Fc; ✉♥♣❛❝❦ c; c.value ← c.value + ✶; ♣❛❝❦ c; ✉♥❢♦❝✉s c: Fc ❛s r .Rbc; } ❡•s❡ {} ♣❛❝❦ x ; } ❋✐❣✉r❡ ✺✳✸✿ ❋✉♥❝t✐♦♥ incrTriple set(proj Ra (get(!r , x )), a, set value ( get(proj Ra (get(!r , x )), a), proj value (get(proj Ra (get(!r , x )), a)) + ✶)))); ❛ss❡rt proj value (get(proj Ra (get(!r , x )), a)) > ✵; ❚❤❡ ❛ss✐❣♥♠❡♥t t♦ r ❝♦♠❡s ❢r♦♠ t❤❡ ❛ss✐❣♥♠❡♥t t♦ a.value✳ ❚❤❡ ❛ss❡rt st❛t❡♠❡♥t ❝♦♠❡s ❢r♦♠ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❢♦❝✉s✐♥❣ ♦❢ x .b✿ •❡t b = proj b (get(!r , x )) ✐♥ •❡t Fb = r❡❢ empty ✐♥ Fb := set(empty, b, get(proj Rbc (get(!r , x )), b)); ◆❡①t ✐s t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿ Fb := set(!Fb, b, set value (get(!Fb, b), proj value (get(!Fb, b)) + ✶)); ❛ss❡rt proj value (get(!Fb, b)) > ✵; ❚❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .b ❡♥❞s ✇✐t❤ t❤❡ ✉♥❢♦❝✉s✿ r := set(!r , x , set Rbc (get(!r , x ), set(proj Rbc (get(!r , x )), b, get(!Fb, b)))); ❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛• ❛ss✐❣♥♠❡♥t t♦ x .c.value✱ ✇❤✐❝❤ ✐s s✐♠✐•❛r t♦ t❤❡ ♦♥❡ t♦ x .b.value✱ s♦ ✇❡ ❞♦ ♥♦t s❤♦✇ ✐t ❤❡r❡✳ Pr♦♦❢ ❖❜•✐❣❛t✐♦♥s ❚❤❡r❡ ❛r❡ s❡✈❡r❛• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✿ • ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .a.value✱ ✐t ✐s st✐•• ♣♦s✐t✐✈❡ ✭✐♥✈❛r✐❛♥t ♦❢ x .a✮❀ • ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value✱ ✐t ✐s st✐•• ♣♦s✐t✐✈❡ ✭✐♥✈❛r✐❛♥t ♦❢ x .b✮❀ • ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .c.value✱ ✐t ✐s st✐•• ♣♦s✐t✐✈❡ ✭✐♥✈❛r✐❛♥t ♦❢ x .c✮❀ • ✐❢ x .b = x .c✱ t❤❡♥ x .a.value✱ x .b.value ❛♥❞ x .c.value ❛•• ❤❛✈❡ ❜❡❡♥ ✐♥❝r❡♠❡♥t❡❞ ❜② ♦♥❡❀ • ✐❢ x .b = x .c✱ t❤❡♥ x .a.value✱ x .b.value ❛♥❞ x .c.value ❛•• ❤❛✈❡ ❜❡❡♥ ✐♥❝r❡♠❡♥t❡❞ ❜② ♦♥❡✳ ❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s st❛t✐♥❣ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦•❞s ✐❢ x .b = x .c✿ ∀r : (int region × int region × location × location × location) region. ∀a: location. a = proj a (get(r , x )) ⇒ ∀r 1 : (int region × int region × location × location × location) region. r 1 = set(r , x , set Ra (get(r , x ), set(proj Ra (get(r , x )), a, set value ( get(proj Ra (get(r , x )), a), proj value (get(proj Ra (get(r , x )), a)) + ✶)))) ⇒ ∀b: location. b = proj b (get(r 1 , x )) ⇒ ∀Fb: int region. Fb = empty ⇒ ∀Fb 1 : int region. Fb 1 = set(empty, b, get(proj Rbc (get(r 1 , x )), b)) ⇒ ∀Fb 2 : int region. Fb 2 = set(Fb 1 , b, set value (get(Fb 1 , b), proj value (get(Fb 1 , b)) + ✶)) ⇒ ∀r 2 : (int region × int region × location × location × location) region. r 2 = set(r 1 , x , set Rbc (get(r 1 , x ), set(proj Rbc (get(r 1 , x )), b, get(Fb 2 , b)))) ⇒ ∀c: location. c = proj c (get(r 2 , x )) ⇒ b = c ⇒ proj value (get(proj Ra (get(r 2 , x )), proj a (get(r 2 , x )))) = proj value (get(proj Ra (get(r , x )), proj a (get(r , x )))) + ✶ ∧ proj value (get(proj Rbc (get(r 2 , x )), proj b (get(r 2 , x )))) = proj value (get(proj Rbc (get(r , x )), proj b (get(r , x )))) + ✶ ∧ proj value (get(proj Rbc (get(r 2 , x )), proj c (get(r 2 , x )))) = proj value (get(proj Rbc (get(r , x )), proj c (get(r , x )))) + ✶ ❆✉t♦♠❛t✐❝ ♣r♦✈❡rs ❝❛♥ ♣r♦✈❡ t❤✐s •♦❣✐❝ ❢♦r♠✉•❛ ❡❛s✐•②✳ ■t ✐s ♦♥•② ❛ ♠❛tt❡r ♦❢ s✉❜st✐t✉t✐♥❣ ❛•• ❡q✉❛•✐t✐❡s✱ r❡✇r✐t✐♥❣ ❛①✐♦♠s r❡❣❛r❞✐♥❣ get ❛♥❞ set ❛♥❞ ✉♥❢♦•❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♣r♦•❡❝t✐♦♥s ❛♥❞ t✉♣•❡ ♠❛❦❡rs s✉❝❤ ❛s proj value ❛♥❞ set value ✳ ❍♦✇❡✈❡r✱ t❤✐s •♦❣✐❝ ❢♦r♠✉•❛✱ ✇❤✐•❡ st❛t✐♥❣ ❛ s✐♠♣•❡ ❢❛❝t✱ ✐s ❤❡❛✈② ❛♥❞ ❤❛r❞ t♦ r❡❛❞✳ ❲❤✐•❡ t❤❡ ❛①✐♦♠ ✐♥st❛♥t✐❛t✐♦♥s ❛r❡ s✐♠♣•❡✱ t❤❡② ❛r❡ q✉✐t❡ ♥✉♠❡r♦✉s✳ ❚❤✐s tr❛♥s•❛t✐♦♥ ❞♦ ♥♦t t❛❦❡ ❡♥♦✉❣❤ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❣r❛♥t❡❞ ❜② t②♣✐♥❣✳ ■♥❞❡❡❞✱ ✇❤❡♥ ♠♦❞✐❢②✐♥❣ r❡❣✐♦♥s x .Ra ❛♥❞ x .Rbc✱ ✐t ✐s t❤❡ ✇❤♦•❡ r❡❣✐♦♥ ♦❢ x ✇❤✐❝❤ ✐s ♠♦❞✐✜❡❞✳ ❙♦ ✐❢ ✇❡ ♠♦❞✐❢② x .Ra ❛♥❞ t❤❡♥ ✇❡ ♠♦❞✐❢② x .Rbc✱ t♦ ❛❝❝❡ss t❤❡ ✈❛•✉❡ ♦❢ x .Ra ✇❡ ❤❛✈❡ t♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ t✇♦ ❞✐✛❡r❡♥t ✜❡•❞s ♦❢ ❛ t✉♣•❡✱ ❛♥❞ t❤✉s t❤❛t ♠♦❞✐❢②✐♥❣ x .Rbc ❞♦❡s ♥♦t ♠♦❞✐❢② x .Ra✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✇❡ ❡①♣•♦r❡ ✇❛②s t♦ ✉s❡ t②♣❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦❞✉❝❡ s✐♠♣•❡r ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ✺✳✷✳✼ ❙♦✉♥❞♥❡ss ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ♦✉r tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s t♦ ❲❤② ♣r♦❣r❛♠s ✐s s♦✉♥❞✱ ✇❡ ❛♣♣•② ❛ ♠❡t❤♦❞♦•♦❣② s✐♠✐•❛r t♦ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳✷✳ ❲❡ ❞❡✜♥❡ ❛ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ ❈❛♣✉❝✐♥❡ s❡♣❛r❛t❡❞ ❤❡❛♣s H s ❛♥❞ ❲❤② ❤❡❛♣s H w ✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❡♦r❡♠s st❛t✐♥❣ t❤❛t ❡①♣r❡ss✐♦♥s✱ t❡r♠s✱ ♣r❡❞✐❝❛t❡s ❛♥❞ st❛t❡♠❡♥ts ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ tr❛♥s•❛t✐♦♥ ❡✈❛•✉❛t❡ ❛♥❞ r❡❞✉❝❡ ❡q✉❛••② ✐♥ r❡•❛t❡❞ ❤❡❛♣s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐•• ♦❢t❡♥ s❛② t❤❛t ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ✐s ❝♦❤❡r❡♥t✳ ❇② t❤❛t ✇❡ ♠❡❛♥ t❤❛t H s ✐s ✐♥ r❡•❛t✐♦♥ t♦ ❛ ❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ H✳ |❡•❛t✐♦♥ ❆ss✉♠❡ ❛ ❜✐•❡❝t✐♦♥ ❜❡t✇❡❡♥ ❈❛♣✉❝✐♥❡ •♦❝❛t✐♦♥s p✱ ❛♥❞ ❲❤② ✈❛•✉❡s ♦❢ location t②♣❡✳ ❲❡ ✇✐•• ❛••♦✇ ♦✉rs❡•❢ t♦ ✉s❡ ❈❛♣✉❝✐♥❡ •♦❝❛t✐♦♥s ❛s ❲❤② ✈❛•✉❡s✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ▲❡t C ❜❡ ❛ ❈❛♣✉❝✐♥❡ ❝•❛ss✳ ❲❡ ❞❡✜♥❡ r❡•❛t✐♦♥ R o (o, v ) ❜❡t✇❡❡♥ ❛ s❡♣❛r❛t❡❞ ♦❜•❡❝t o ❛♥❞ ❛ ❲❤② ✈❛•✉❡ v ♦❢ t②♣❡ why(C)✱ ❛♥❞ r❡•❛t✐♦♥ R r (g, v ) ❜❡t✇❡❡♥ ❛ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g ❛♥❞ ❛ ❲❤② ✈❛•✉❡ v ♦❢ t②♣❡ region (why(C))✱ ❛s t❤❡ s♠❛••❡st r❡•❛t✐♦♥s s✉❝❤ t❤❛t✿ • ✐❢ R r (g, v ) t❤❡♥ ❢♦r ❛•• •♦❝❛t✐♦♥ p✱ ✐❢ g(p) ✐s ❞❡✜♥❡❞ t❤❡♥✿ R o (g(p), get(v , p))❀ • ✐❢ R o (o, v ) t❤❡♥ ❢♦r ❛•• r❡❣✐♦♥ ♥❛♠❡ s✱ ✐❢ o(s) ✐s ❞❡✜♥❡❞ t❤❡♥✿ R r (o(s), proj s (v ))❀ • ✐❢ R o (o, v ) t❤❡♥ ❢♦r ❛•• ✜❡•❞ ♥❛♠❡ f ✱ ✐❢ o(f ) ✐s ❞❡✜♥❡❞ t❤❡♥✿ o(f ) = proj f (v )✳ ❲❡ ❞❡✜♥❡ r❡•❛t✐♦♥ R(H s , H w ) ❜❡t✇❡❡♥ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ H s ❛♥❞ ❲❤② ❤❡❛♣ H w ❛s t❤❡ s♠❛••❡st r❡•❛t✐♦♥ s✉❝❤ t❤❛t✿ • ❢♦r ❛•• ✈❛r✐❛❜•❡ ♥❛♠❡ x ✱ H s (x ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H w (x ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ t❤❡♥ H s (x ) = H w (x )❀ • ❢♦r ❛•• r❡❣✐♦♥ ♥❛♠❡ r ✱ H s (r ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H w (r , ❤❡r❡) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ t❤❡♥ R r (H s (r ), H w (r , ❤❡r❡))✳ • ❢♦r ❛•• r❡❣✐♦♥ ♥❛♠❡ r ✱ ❢♦r ❛•• •❛❜❡• L✱ H s (L)(r ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ H w (r , L) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ t❤❡♥ R l (H s (L)(r ), H w (r , L)) ✇❤❡r❡ R l ✐s ❞❡✜♥❡❞ ❜❡•♦✇✳ ❲❡ ✜♥❛••② ❞❡✜♥❡ r❡•❛t✐♦♥ R l (g, v ) ❜❡t✇❡❡♥ ✢❛tt❡♥❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g ❛♥❞ ❲❤② r❡❣✐♦♥ ✈❛•✉❡ v ✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ •♦❣✐❝✱ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ❡①♣❡❝t ✢❛tt❡♥❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s ❛♥❞ ♥♦t s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s✳ ❆ ✢❛tt❡♥❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ lor ♦r lor s ✭s❡❡ ♣❛r❛❣r❛♣❤s ✑❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝✑ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✹✳✺✳✶✱ r❡s♣❡❝t✐✈❡•②✮✳ |❡•❛t✐♦♥ R l (g, v ) ✐s t❤❡ s♠❛••❡st r❡•❛t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❛•• •♦❝❛t✐♦♥ p✱ ❢♦r ❛•• ✜❡•❞ f ✱ ✐❢ t❤❡r❡ ❛r❡ •♦❝❛t✐♦♥s p 1 , • • •, p n ❛♥❞ r❡❣✐♦♥ ♥❛♠❡s r 1 , • • •, r n s✉❝❤ t❤❛t ✐❢ ❢♦r ❛•• i > 1✱ v i = proj r i (get(v i-✶ , p i )) ✇✐t❤ v 1 = v ❛♥❞ inRegion(p i , v i-✶ )✱ ❛♥❞ ✐❢ inRegion(p, v n )✱ t❤❡♥ t❤✐s ♣❛t❤ t♦ p ✐s ✉♥✐q✉❡ ❛♥❞ g(p)(f ) = proj f (get(v n , p))✳ ■♥ ♦t❤❡r ✇♦r❞s✱ R l (g, v ) ✐❢ v ✐s t❤❡ s♠❛••❡st r❡❣✐♦♥ ✈❛•✉❡ ❞❡s❝r✐❜✐♥❣ g✳ ❚❤❡♦r❡♠ ✼ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❚❡r♠s✮ ▲❡t LT ❜❡ ❛ ❈❛♣✉❝✐♥❡ t❡r♠ s✉❝❤ t❤❛t✿ Γ ⊢ LT : τ ❛♥❞ RT ❜❡ ❛ ❈❛♣✉❝✐♥❡ r❡❣✐♦♥ t❡r♠ s✉❝❤ t❤❛t✿ Γ ⊢ RT : C ▲❡t H s ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ▲❡t H w ❜❡ ❛ ❲❤② ❤❡❛♣ s✉❝❤ t❤❛t R(H s , H w )✳ ■❢ ✇❤② t❡r♠ why(LT ) ❡✈❛•✉❛t❡s t♦ ✈❛•✉❡ v ✐♥ H w t❤❡♥ LT lohs(Hs) = v ✳ ■❢ ✇❤② t❡r♠ why(RT ) ❡✈❛•✉❛t❡s t♦ ✈❛•✉❡ v ✐♥ H w t❤❡♥ R l ( RT lohs(Hs) , v )✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ RT ❛♥❞ LT ✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ♦✉r ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✐s t❤❡ ❢♦••♦✇✲ ✐♥❣✳ ▲❡t x ❜❡ ❡✐t❤❡r ❛ ✇❡••✲t②♣❡❞ r❡❣✐♦♥ t❡r♠ ♦r ❛ ✇❡••✲t②♣❡❞ t❡r♠✳ ❚❤❡♥ ❢♦r ❛•• s✉❜✲r❡❣✐♦♥✲ t❡r♠ RT ♦❢ x ✱ ❛♥❞ ❢♦r ❛•• s✉❜✲t❡r♠ LT ♦❢ x ✱ RT ❛♥❞ LT ✈❡r✐❢② t❤❡ t❤❡♦r❡♠ st❛t❡♠❡♥t✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ t❡r♠✳ • c ❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛••② ❡✈❛•✉❛t❡❞ ❛s t❤❡ s❛♠❡ ✈❛•✉❡s✳ • x L s (H s )(x ) ✐s✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❡q✉❛• t♦ H s (x )✳ x lohs(Hs) ✐s t❤✉s ❡q✉❛• t♦ H s (x )✱ ✇❤✐❝❤ ✐s ❡q✉❛• t♦ H w (x ) ❜② R✳ ❆♥❞ x ❡✈❛•✉❛t❡s t♦ H w (x ) ✐♥ H w ✳ • LT 1 termop LT 2 ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT 1 ❛♥❞ LT 2 ✳ ❖♣❡r❛t✐♦♥s termop t❤❡♥ ❡✈❛•✉❛t❡ ❡q✉❛••②✳ • f larg ❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t larg✱ ✐❢ larg ✐s ♦❢ t❤❡ ❢♦r♠ [RT ] t❤❡♥ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤✲ ❡s✐s ♦♥ RT ✱ ❡•s❡ larg ✐s ♦❢ t❤❡ ❢♦r♠ (LT ) ❛♥❞ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT ✳ ❚❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ f t❤✉s ②✐❡•❞s t❤❡ s❛♠❡ r❡s✉•t ✈❛•✉❡ ✐♥ ❜♦t❤ ♠♦❞❡•s✳ • get(RT , LT , f ) ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✳ ❚❤❡ t❡r♠ ✐s ❡✈❛•✉❛t❡❞ t♦ RT Ls ( LT Ls )(f ) ✇❤❡r❡ L s = loh s (H s ) ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✱ ❛♥❞ ✐s tr❛♥s•❛t❡❞ t♦ proj f (get(why(RT ), why(LT )))✳ ❚❤❡ r❡❣✐♦♥ ✈❛r✐❛❜•❡ r ❛♣♣❡❛r✐♥❣ ✐♥ RT ✐s ❡✐t❤❡r ❜♦✉♥❞ ✉s✐♥❣ ∀r❡❣✐♦♥ ♦r ∃r❡❣✐♦♥✱ ♦r ✐s ❛ ❢♦❝✉s✲❢r❡❡ ♣r♦❣r❛♠ r❡❣✐♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R l t♦ s❤♦✇ t❤❛t✿ RT Ls ( LT Ls )(f ) = proj f (get(why(RT ), why(LT ))) ■♥ t❤❡ ❝❛s❡ t❤❛t r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥✱ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ❢♦❝✉s✲❢r❡❡ ✐s ❢✉♥❞❛♠❡♥t❛• t♦ ♦❜t❛✐♥ t❤❛t ❛❝t✐✈❡ r❡❣✐♦♥s ❛r❡ t❤❡ ♦♥❡s ✐♥ ✇❤✐❝❤ ✇❡ ❛❝t✉❛••② r❡❛❞ ♣♦✐♥t❡rs✳ ❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ r❡❣✐♦♥ t❡r♠✳ • r ❅L ❋✐rst✱ ❛ss✉♠❡ L ✐s ❤❡r❡✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ R ✇❡ ❤❛✈❡✿ R r (H s (r ), H w (r , ❤❡r❡)) ❋r♦♠ t❤✐s ✇❡ s❤♦✇ t❤❛t✿ R l (lor s (H s (r )), H w (r )) ■♥❞❡❡❞✱ •❡t p ❜❡ ❛ •♦❝❛t✐♦♥ ✐♥ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ H s (r )✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✢❛tt❡♥✐♥❣✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛t❤ t♦ p ✐♥ H s ✱ ❜② ❢♦••♦✇✐♥❣ ❛❝t✐✈❡ r❡❣✐♦♥s✳ ❲❡ ✉s❡ t❤✐s ✉♥✐q✉❡ ♣❛t❤ t♦ p t♦ ♣r♦✈❡ R l ❢♦r ♣♦✐♥t❡r p✳ ❋♦r ❛•• ✜❡•❞ f ✱ ❜② R r ✇❡ ❤❛✈❡✿ H s (r )(p)(f ) = proj f (get(H w (r , ❤❡r❡), p)) ❚❤✐s ♣r♦✈❡s R l (lor s (H s (r )), H w (r ))✳ ❚❤❡♥ ❛ss✉♠❡ L ✐s ♥♦t ❤❡r❡✳ ❲❡ ✉s❡ ❛ s✐♠✐•❛r r❡❛s♦♥✐♥❣ ❜✉t ✉s✐♥❣✿ R l (H s (L)(r ), H w (r , L)) • get(RT , LT , s) ❚❤✐s ❝❛s❡ ✐s ❜❛s✐❝❛••② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ get(RT , LT , f ) ❝❛s❡ ❛♥❞ t❤❡ s ❝❛s❡✳ |❡✲ ♠❡♠❜❡r t❤❛t t❤❡r❡ ✐s ♥♦ ♣♦✐♥t❡r ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐♥ RT ✱ ❛s •♦❣✐❝ r❡❣✐♦♥s ❛r❡ r❡❝♦♥str✉❝t❡❞ ❡♥t✐r❡•② ✇✐t❤ lor s ✳ ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✳ ❚❤❡ r❡❣✐♦♥ t❡r♠ ✐s ❡✈❛•✉❛t❡❞ t♦ lor s ( RT Ls ( LT Ls )(s)) ✇❤❡r❡ L s = loh s (H s ) ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✱ ❛♥❞
✷ ❚❤❡♦r❡♠ ✽ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ Pr❡❞✐❝❛t❡s✮ ▲❡t P ❜❡ ❛ ❈❛♣✉❝✐♥❡ ♣r❡❞✐❝❛t❡ s✉❝❤ t❤❛t✿ Γ ⊢ P ▲❡t H s ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ▲❡t H w ❜❡ ❛ ❲❤② ❤❡❛♣ s✉❝❤ t❤❛t R(H s , H w )✳ ❲❤② ♣r❡❞✐❝❛t❡ why(P ) ❤♦•❞s ✐♥ H w ✐❢✱ ❛♥❞ ♦♥•② ✐❢ P lohs(Hs) ❤♦•❞s✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ P ✳ ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✼ ♦♥ t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s✳ ■♥ ♣❛rt✐❝✉•❛r ❢♦r t❤❡ LT ∈ RT ❝❛s❡ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❞❡✜♥✐t✐♦♥ ♦❢ R l ✉s❡s t❤❡ inRegion ♣r❡❞✐❝❛t❡✳ ✷ ❲❡ ♥♦✇ st❛t❡ ❛♥ ✐♥t❡r♠❡❞✐❛r② t❤❡♦r❡♠ ✇❤✐❝❤ ✇✐•• ❜❡ ✐♠♣•✐❝✐t❡•② ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ❢♦r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥s ❛♥❞ st❛t❡♠❡♥ts✳ ❚❤✐s t❤❡♦r❡♠ st❛t❡s t❤❛t ✐❢ ❛•• ♥❡❝❡ss❛r② ♣❡r✲ ♠✐ss✐♦♥s ❛r❡ ❛✈❛✐•❛❜•❡ ♦♥ r❡❣✐♦♥ ρ✱ t❤❡♥ why(ρ) ✐s ✇❡••✲❞❡✜♥❡❞✳ ❚❤❡♦r❡♠ ✾ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ |❡❣✐♦♥s✮ ❆ss✉♠❡ ρ ✐s ❛ ✇❡••✲t②♣❡❞ r❡❣✐♦♥✿ Γ ⊢ ρ: C✳ ❆ss✉♠❡ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ❆ss✉♠❡ ❢♦r ❛•• x : [σ] ✐♥ Γ✱ σ ∅ ✐s ♥♦t ✐♥ Σ✳ ■❢ Γ, Σ ⊢ ρ t❤❡♥ why(ρ) ✐s ❞❡✜♥❡❞✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ Γ, Σ ⊢ ρ✳ ■❢ ρ = r ✱ t❤❡♥ why(ρ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐s !r ✳ ■❢ ρ = x .s✱ t❤❡♥ ❜② Γ, Σ ⊢ ρ✱ ✈❛r✐❛❜•❡ x ❤❛s t②♣❡ [σ] ❢♦r s♦♠❡ r❡❣✐♦♥ σ✳ ■❢ x ✐s ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✱ ✐✳❡✳ Γ, Σ ⊢ • σ✱ t❤❡♥ why(σ) ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, Σ ⊢ • σ✱ ❛♥❞ t❤✉s why(x .s) ✐s ❞❡✜♥❡❞✳ ❆ss✉♠❡ x ✐s ♥♦t ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✳ ■t ✐s t❤✉s ✐♥ t❤❡ ❝•♦s❡❞ ♣❛rt✱ ✐✳❡✳ Γ, Σ ⊢ × σ✳ ❲❡ ♣r♦✈❡ t❤❛t why(x .s) ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, Σ ⊢ × σ✳ • ■❢ x ✐s ❜❡•♦✇ t❤❡ ❜♦r❞❡r✱ ✐✳❡✳ σ = y.s ′ ✱ y: [σ ′ ] ❛♥❞ Γ, Σ ⊢ × σ ′ ✱ t❤❡♥ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ σ ′ t♦ ♣r♦✈❡ t❤❛t why(σ ′ ) ✐s ❞❡✜♥❡❞✱ ❛♥❞ t❤✉s t❤❛t why(σ) ✐s ❞❡✜♥❡❞✱ ❛♥❞ t❤✉s t❤❛t why(x .s) ✐s ❞❡✜♥❡❞✳ • ■❢ x ✐s ❛t t❤❡ ❜♦r❞❡r✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ ♣❡r♠✐ss✐♦♥ σ ∅ ✱ σ × ✱ σ G ♦r σ ′ -• σ ❢♦r s♦♠❡ σ ′ ✱ ❛♥❞ ✇❡ ❤❛✈❡ Γ, Σ ⊢ • σ✱ s♦ why(σ) ✐s ❞❡✜♥❡❞ ✭❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, Σ ⊢ • σ✮✳ ■❢ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s σ ∅ ✱ σ • ✱ σ × ♦r σ G ✱ t❤❡♥ why(ρ) ✐s ❞❡✜♥❡❞ ❛s✿ proj r (get(why(σ), x )) ❊•s❡✱ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s σ ′ -• σ ❛♥❞ ✇❡ ❤❛✈❡ Γ, Σ ⊢ σ ′ ✳ ❇② ✐♥❞✉❝t✐♦♥✱ why(σ ′ ) ✐s ❞❡✜♥❡❞✳ ❙♦ why(ρ) ✐s ❞❡✜♥❡❞ ❛s✿ proj r (get((✐❢ inRegion(x , why(σ ′ )) t❤❡♥ why(σ ′ ) ❡•s❡ why(σ)), x )) ✶✸✻ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ ✷ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣•❡ ✇❤✐❝❤ s❤♦✇s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s t❤❡♦r❡♠ ❛♥❞ t❤❡ Γ, Σ ⊢ ρ t②♣✐♥❣ •✉❞❣❡♠❡♥t✿ ❝•❛ss C { s✐♥❣•❡ s: Long; } ❢✉♥ f [r : C ] (x : [r ]) (y: [x .s]) ❝♦♥s✉♠❡s x .s • { y.value ← ✸; } ❲❡ ❝❛♥♥♦t tr❛♥s•❛t❡ t❤❡ ❛ss✐❣♥♠❡♥t t♦ y.value ❛s ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ♣❡r♠✐ss✐♦♥ ♦♥ r ✱ t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ x ✐s ❛❝t✉❛••② ✐♥ r ✱ ♦r ✐❢ r ❜❡✐♥❣ ❢♦❝✉s❡❞✳ ❚②♣✐♥❣ •✉❞❣❡♠❡♥t Γ, Σ ⊢ x .s r❡q✉✐r❡s s♦♠❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ♦❢ x t♦ s♦•✈❡ t❤✐s ♣r♦❜•❡♠✳ ❚❤❡♦r❡♠ ✶✵ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❊①♣r❡ss✐♦♥s✮ ▲❡t e ❜❡ ❛ ❈❛♣✉❝✐♥❡ ❡①♣r❡ss✐♦♥ s✉❝❤ t❤❛t✿ Γ, Σ ⊢ e: τ ▲❡t H s ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✳ ▲❡t H w ❜❡ ❛ ❲❤② ❤❡❛♣ s✉❝❤ t❤❛t R(H s , H w )✳ ❲❡ ❤❛✈❡✿ H w , why(e) ❲❤② =⇒ e Hs , H w Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ e✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ❝❛s❡ ❢♦r e✳ • c ❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛••② ❡q✉❛••② ❡✈❛•✉❛t❡❞✳ • x H s (x ) ✐s ❡q✉❛• t♦ H w (x ) ❜② R✳ • e 1 op e 2 ❲❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ e 1 ❛♥❞ e 2 ✳ ❖♣❡r❛t✐♦♥s op t❤❡♥ ❡✈❛•✉❛t❡ ❡q✉❛••②✳ • f arg ❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t arg✱ ✐❢ arg ✐s ♦❢ t❤❡ ❢♦r♠ (e) ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ e✳ ❊•s❡ arg ✐s ♦❢ t❤❡ ❢♦r♠ [ρ]✱ ❛♥❞ ✐s ❡✈❛•✉❛t❡❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ❛s✿ lor s ′ (H s (ρ), H s ) ❛♥❞ ❛s why(ρ) ✐♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t t❤❡② ❛r❡ ✐♥ r❡•❛t✐♦♥ R l ❛s ✇❡ ❞✐❞ ❢♦r r❡❣✐♦♥ t❡r♠s RT ✱ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ lor s ′ ✐s s✐♠✐•❛r t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ lor s ✳ ❲❡ ✉s❡ ❝♦❤❡r❡♥❝❡ t♦ ❡♥s✉r❡ t❤❛t ❛•• •♦❝❛t✐♦♥s ❛❝❝❡ss✐❜•❡ ✐♥ why(ρ) ❛r❡ ❛❝t✉❛••② ❞❡✜♥❡❞ ✐♥ lor s ′ (H s (ρ), H s )✳ ❋✉♥❝t✐♦♥ f ✐s t❤❡♥ ❡①❛❝t•② t❤❡ ❲❤② ❢✉♥❝t✐♦♥ f ✳ • x .f ❚❤✐s ❡①♣r❡ss✐♦♥ ❡✈❛•✉❛t❡s✱ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✱ t♦ H s (H s (x ))(f )✳ ❍♦✇ ✐t ❡✈❛•✉❛t❡s ✐♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ρ ♦❢ x ✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡ ♣r♦♣❡rt② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ obj (x , ρ)✳ ■❢ t❤❡ r❡❣✐♦♥ ρ ♦❢ H s (x ) ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✱ t❤❡♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ ✐s proj f (get(why(ρ), x ))✳ ❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ❛♥❞ ✇❡ ❝♦♥❝•✉❞❡✳ ■❢ r❡❣✐♦♥ ρ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥ σ -• ρ ✐s ❛✈❛✐•❛❜•❡ ❢♦r s♦♠❡ r❡❣✐♦♥ σ✱ t❤❡♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ ✐s✿ proj f (✐❢ inRegion(x , σ) t❤❡♥ obj (x , σ) ❡•s❡ get(why(ρ), x )) ■❢ x ✐s ✐♥ σ✱ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ obj (x , σ)✳ ■t x ✐s ♥♦t ✐♥ σ✱ ❜② ✐t❡♠ ✽ ♦❢ ❝♦❤❡r❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ x ✐s ρ✳ ❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ❛♥❞ ✇❡ ❝♦♥❝•✉❞❡✳ ✷ ❚❤❡♦r❡♠ ✶✶ ✭Pr♦❣r❡ss✮ ▲❡t s ❜❡ ❛ ❈❛♣✉❝✐♥❡ st❛t❡♠❡♥t s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} s {Σ ′ }, Γ ′ ▲❡t H s ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✳ ▲❡t H w ❜❡ ❛ ❲❤② ❤❡❛♣ s✉❝❤ t❤❛t R(H s , H w )✳ ❆ss✉♠❡ ❛•• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞✳ ❊✐t❤❡r t❤❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ❞✐✈❡r❣❡s✿ H s , s =⇒ ∞ ♦r t❤❡r❡ ✐s ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ H s ′ ❛♥❞ s♦♠❡ ❲❤② ❤❡❛♣ H w ′ s✉❝❤ t❤❛t R(H s ′ , H w ′ ) ❛♥❞✿ H w , why(s, unit) ❲❤② =⇒ (), H w ′ H s , s =⇒ H s ′ Pr♦♦❢✳ ❆•• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞✱ s♦ ❜② ❚❤❡♦r❡♠ ✻✱ ❡✐t❤❡r✿ H w , why(s, unit) ❲❤② =⇒ ∞ ♦r t❤❡r❡ ✐s H w ′′ s✉❝❤ t❤❛t✿ H w , why(s, unit) ❲❤② =⇒ (), H w ′′ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐•② ❤❛✈❡ R(H s ′ , H w ′′ )✳ ■♥❞❡❡❞✱ t❤❡ ❲❤② ♣r♦❣r❛♠ ✐s ♥♦♥✲ ❞❡t❡r♠✐♥✐st✐❝✳ ❋♦r ✐♥st❛♥❝❡✱ ❜•❛❝❦ ❜♦①❡s s✉❝❤ ❛s ❛♥② τ ♠❛② r❡t✉r♥ ❛♥② ✈❛•✉❡ ♦❢ t②♣❡ τ ✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ❛••♦❝❛t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✇❤❡♥ s❡✈❡r❛• ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s ❛r❡ ♣♦ss✐❜•❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ♦♥❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❈❛♣✉❝✐♥❡ ♠♦❞❡•✳ ❖t❤❡r✇✐s❡ ✇❡ ❝❤♦♦s❡ H w ′ = H w ′′ ❛♥❞ ✇❡ s❤♦✇ R(H s ′ , H w ′ )✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦r s♦♠❡ s❡q✉❡♥❝❡ s 1 ; s 2 ✳ ❇❡❝❛✉s❡ ♣r♦♦❢ ♦❜•✐✲ ❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡♥✱ ❢♦r ❛•• ❲❤② ❤❡❛♣ ✇❤✐❝❤ ✈❡r✐❢② t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ why(s 1 , unit)✱ ❡①❡❝✉t✐♥❣ why(s 1 , unit) ❡✐t❤❡r ❞✐✈❡r❣❡s ♦r r❡t✉r♥ ❛ ❲❤② ❤❡❛♣ ✇❤✐❝❤ ✈❡r✐✜❡s t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ✶✸✽ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ ♦❢ why(s 2 , unit)✳ ❇② ✐♥❞✉❝t✐♦♥✱ s 1 ❡✐t❤❡r ❞✐✈❡r❣❡s ♦r t❡r♠✐♥❛t❡s✳ ■❢ ✐t ❞✐✈❡r❣❡s✱ s 1 ; s 2 ❞✐✲ ✈❡r❣❡s✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❤❡❛♣ ♦❜t❛✐♥❡❞ ❛❢t❡r ❡①❡❝✉t✐♥❣ s 1 ✐s ✐♥ r❡•❛t✐♦♥ ✇✐t❤ ❛ ❲❤② ❤❡❛♣ ♦❜t❛✐♥❡❞ ❜② ❡①❡❝✉t✐♥❣ why(s 1 , unit) ❛♥❞ ✇❡ ❝❛♥ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ s 2 ✳ ❲❡ ❣❡♥❡r❛•✐③❡ t♦ ❛♥② s❡q✉❡♥❝❡ s 1 ; • • •; s n ❜② ✐♥❞✉❝t✐♦♥✳ ❋✐rst✱ ✇❡ ❛ss✉♠❡ t❤❛t why(s, unit) t❡r♠✐♥❛t❡s✳ ❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✶ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ why(s, unit)✳ ❲❡ ❡①❛♠✐♥❡ ❡❛❝❤ ♣♦ss✐❜•❡ ❝❛s❡ ❢♦r s✳ • •❡t x = e ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✶✵ ♦♥ e t♦ s❤♦✇ t❤❛t t❤❡ ✈❛•✉❡ ❣✐✈❡♥ t♦ x ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ❛♥❞ t❤❡ ❲❤② ✐♥t❡r♣r❡t❛t✐♦♥✳ • ✐❢ e t❤❡♥ S 1 ❡•s❡ S 2 ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✶✵ ♦♥ e✳ ■❢ ✐t ❡✈❛•✉❛t❡s t♦ true✱ ✇❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ why(S 1 , unit)✳ ❊•s❡ ✇❡ ❛♣♣•② ✐t ♦♥ why(S 2 , unit)✳ • •❡t x = f arg ❋✉♥❝t✐♦♥ f ✐s tr❛♥s•❛t❡❞ ✐♥t♦ ❲❤② ♣❛r❛♠❡t❡r f ❛s ✇❡•• ❛s ❲❤② ❢✉♥❝t✐♦♥ f goal ✳ ❲❤② ♣❛r❛♠❡t❡r f ♠♦❞✐✜❡s t❤❡ ❤❡❛♣ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝❛••② ✐♥ s❡✈❡r❛• ♣♦ss✐❜•❡ ✇❛②s✳ ❖♥❡ ♦❢ t❤❡♠ ✐s t❤❡ ♦♥❡ ♣r♦✈✐❞❡❞ ❜② ❲❤② ❢✉♥❝t✐♦♥ f goal ✱ ❛s ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❡♥s✉r❡ t❤❛t f goal ✈❡r✐✜❡s ✐ts ❝♦♥tr❛❝t✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦♥tr❛❝t ♦❢ ❲❤② ♣❛r❛♠❡t❡r f ✳ ❲❡ ✉s❡ t❤✐s ♦♥❡✳ ▲❡t H w2 ❜❡ t❤❡ ❲❤② ❤❡❛♣ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❜✐♥❞✐♥❣s ♦❢ ❲❤② ✈❛r✐❛❜•❡s r 1 , • • •, r n ✳ ❚❤❡ ✇❛② t❤❡s❡ ✈❛r✐❛❜•❡s ❛r❡ ✐♥✐t✐❛•✐③❡❞ ❛••♦✇s ♣❛r❛♠❡t❡rs ❣✐✈❡♥ t♦ f t♦ ❜❡ ✐♥ r❡•❛t✐♦♥ ✇✐t❤ t❤❡ ♦♥❡ ❣✐✈❡♥ t♦ t❤❡✐r ✈❡rs✐♦♥ ✐♥ s❡♣❛r❛t❡❞ ❤❡❛♣ H s2 ♦❢ t❤❡ s❡♣❛r❛t❡❞ ❡①❡❝✉t✐♦♥ r✉•❡✳ ❲❡ ❝❛♥ t❤✉s ❡①❡❝✉t❡ t❤❡ ❲❤② ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦❞② ♦❢ f ✐♥ H w2 ❛♥❞ ♦❜t❛✐♥ H w3 ✱ ✇❤✐❝❤ ✐s ✐♥ r❡•❛t✐♦♥ ✇✐t❤ H s3 ✐♥ t❤❡ s❡♣❛r❛t❡❞ ❡①❡❝✉t✐♦♥ r✉•❡ ❜② ✐♥❞✉❝t✐♦♥✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❜♦❞② r❡❞✉❝❡s s❤♦✇s t❤❛t t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❤♦•❞s ✐♥ H w2 ❛♥❞ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦•❞s ✐♥ H w3 ✱ ❛♥❞ ✇❡ ❛♣♣•② ❚❤❡♦r❡♠ ✽ t♦ s❤♦✇ t❤❛t ✐t ❛•s♦ ❤♦•❞s ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ▲❡t H w ′ ❜❡ t❤❡ ❲❤② ❤❡❛♣ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ assign(ρ i , !r i ) ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ✇❛② t❤❡s❡ ❛ss✐❣♥♠❡♥ts ✐s ❞♦♥❡ ❛••♦✇s ✉s t♦ ❝♦♥❝•✉❞❡ t❤❛t H w ′ ✐s ✐♥ r❡•❛t✐♦♥ ✇✐t❤ t❤❡ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ′ ♦❜t❛✐♥❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❝❛•• ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✳ ▲❡t✬s ❜❡ ♠♦r❡ ♣r❡❝✐s❡ ❛❜♦✉t H s2 ❛♥❞ H w2 ✳ ■♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥✱ r❡❢❡r❡♥❝❡s r i ❛r❡ ❣✐✈❡♥ ✐♥✐t✐❛• ✈❛•✉❡s why(ρ i )✳ ■♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡•✱ r❡❣✐♦♥s r i ❛r❡ ❛ss✐❣♥❡❞ t♦ H s (ρ i )✳ ❚❤❡✐r ♣♦✐♥t❡rs✬ ❛❝t✐✈❡ r❡❣✐♦♥ ✐s ♥♦✇ r i ✱ ❜❡❝❛✉s❡ t❤❡ t②♣✐♥❣ r✉•❡ ✐♠♣•✐❡s t❤❛t ρ i = ρ j ❢♦r ❛•• i = j ✳ ❇② R(H s , H w )✱ t❤❡② ❛r❡ t❤❡ s❛♠❡ r❡❣✐♦♥ ✈❛•✉❡s ❛♥❞ t❤✉s R(H s2 , H w2 ) ❤♦•❞s✳ ❲❡ ✉s❡ ❛ s✐♠✐•❛r r❡❛s♦♥✐♥❣ t♦ ♣r♦✈❡ R(H s ′ , H w ′ )✱ ❜② ❛•s♦ ❛♣♣•②✐♥❣ ❚❤❡♦r❡♠ ✶✵ ❢♦r t❤❡ r❡t✉r♥ ✈❛•✉❡ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t root(ρ i ) = root(ρ j ) ❢♦r ❛•• i = j ❛s ✇❡ ❞✐❞ ✐♥ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ R r❡•❛t✐♦♥✳ • •❡t r❡❣✐♦♥ r : C ❙t❛t❡♠❡♥t ❛•✇❛②s r❡❞✉❝❡ ✐♥ ❜♦t❤ ♠♦❞❡•✳ ◆❡✇ r❡❣✐♦♥ r ✐s ❡♠♣t② ✐♥ ❜♦t❤ ❝❛s❡s✱ ❛♥❞ t❤✉s R r (H s ′ (r ), H w ′ (r )) ❤♦•❞s✳ • •❡t x = ♥❡✇ C [ρ] ❲❡ ❜✐♥❞ x t♦ t❤❡ ♥❡①t ❢r❡s❤ •♦❝❛t✐♦♥ p ❛♥❞ p t♦ t❤❡ ❡♠♣t② ♦❜•❡❝t ✐♥ t❤❡ s❡♣❛r❛t❡❞ ✈❡rs✐♦♥ ♦❢ ρ✳ ■♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥✱ p ✐s ❞❡✜♥❡❞ ❜② ❛ ❜•❛❝❦ ❜♦①✳ ❖♥❡ ♣❛rt✐❝✉•❛r r❡❞✉❝t✐♦♥ ♦❢ t❤✐s ❜•❛❝❦ ❜♦① ✐s t❤✉s p✱ ❛♥❞ ✇❡ ❝❤♦♦s❡ t❤✐s ♦♥❡✳ ❚❤❡ s❛♠❡ ❣♦❡s ❢♦r t❤❡ ✐♥✐t✐❛• ✈❛•✉❡ ♦❢ t❤❡ ♦❜•❡❝t ✐♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛•s♦ ✐♥✐t✐❛•✐③❡❞ t♦ ❛ ❜•❛❝❦ ✺✳✸✳ ❙❯PP❖|❚ ❋❖| |❊❈❯|❙■❱❊ ❈▲❆❙❙❊❙ ✶✸✾ ❜♦①✱ ✇❤♦s❡ ✈❛•✉❡ ✇❡ ❝❤♦♦s❡ t♦ ❜❡ ✐♥ r❡•❛t✐♦♥ R o ✇✐t❤ t❤❡ ❡♠♣t② ♦❜•❡❝t ♦❢ t❤❡ s❡♣❛r❛t❡ r❡❞✉❝t✐♦♥ r✉•❡✳ ❙✉❝❤ ❛ ✈❛•✉❡ ❡①✐sts✳ • x .f ← e ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ assign✱ ❛s t❤❡ r❡❣✐♦♥ ρ ♦❢ x ❤❛s ♣❡r♠✐ss✐♦♥ ρ • ❛♥❞ ✐s t❤✉s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✳ ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✶✵ ♦♥ e✳ • ❢♦❝✉s x : ρ ❛s σ ▲❡t p = x Hs ✱ ✇❤✐❝❤ ✐s ❛•s♦ ❡q✉❛• t♦ H w (x ) ❜② ❚❤❡♦r❡♠ ✶✵✳ P❡r♠✐ss✐♦♥ ρ G ✐s ❝♦♥✲ s✉♠❡❞✱ s♦ r❡❣✐♦♥ ρ ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✳ P❡r♠✐ss✐♦♥ σ ∅ ✐s ❝♦♥s✉♠❡❞✱ s♦ σ ✐s ❡♠♣t② ❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ assign✱ •♦❝❛t✐♦♥ p ✐♥ σ ✐s s❡t t♦ ✐ts ✈❛•✉❡ ✐♥ ρ✳ ■ts ❛❝t✐✈❡ r❡❣✐♦♥ ✐s ♥♦✇ σ✱ ❛♥❞ t❤✉s t❤❡ t✇♦ ♦❜t❛✐♥❡❞ ❤❡❛♣s ❛r❡ t❤✉s ✐♥ r❡•❛t✐♦♥✳ • ❛❞♦♣t x : σ ❛s ρ ❚❤✐s ✐s t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❢♦r t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ❡①❝❡♣t t❤❛t t❛r❣❡t r❡❣✐♦♥ ✐s ❣r♦✉♣ ✐♥st❡❛❞ ♦❢ ❡♠♣t②✱ ❜✉t t❤❡ r❡❞✉❝t✐♦♥ r✉•❡ ♦♥•② ❝❤❛♥❣❡s t❤❡ ✈❛•✉❡ ♦❢ •♦❝❛t✐♦♥ x ✳ • ✉♥❢♦❝✉s x : σ ❛s ρ ❚❤✐s ✐s t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❢♦r t❤❡ ❛❞♦♣t ♦♣❡r❛t✐♦♥✱ ❡①❝❡♣t t❤❛t t❛r❣❡t r❡❣✐♦♥ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ❜✉t t❤❡ r❡❞✉❝t✐♦♥ r✉•❡ ♦♥•② ❝❤❛♥❣❡s t❤❡ ✈❛•✉❡ ♦❢ •♦❝❛t✐♦♥ x ✇❤✐❝❤ ✇❛s ✐♥ t❤❡ t❛r❣❡t r❡❣✐♦♥ ♦❢ t❤❡ ❛♥②✇❛②✱ s♦ ✐ts ✈❛•✉❡ ✇❛s ♦❢ ♥♦ ✐♠♣♦rt❛♥❝❡✳ • ♣❛❝❦ x ❚❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐❢✱ ❛♥❞ ♦♥•② ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦♥ x ❤♦•❞s✳ ❲❡ ❛♣♣•② ❚❤❡♦r❡♠ ✽ t♦ ♦❜t❛✐♥ t❤❛t t❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ✐❢✱ ❛♥❞ ♦♥•② ✐❢ ✐t r❡❞✉❝❡s ✐♥ ✐ts ❲❤② tr❛♥s•❛t✐♦♥✳ ❚❤❡ ❤❡❛♣s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❛♥❞ t❤✉s ❛r❡ st✐•• ✐♥ r❡•❛t✐♦♥✳ • ✉♥♣❛❝❦ x ✱ ✇❡❛❦❡♥ ❡♠♣t② x ✱ ✇❡❛❦❡♥ s✐♥❣•❡ x ❙t❛t❡♠❡♥t ❛•✇❛②s r❡❞✉❝❡ ❛♥❞ ❤❡❛♣ ✐s ♥♦t ♠♦❞✐✜❡❞✳ • ❛ss❡rt P ❚❤✐s ✐s t❤❡ s❛♠❡ ♣r♦♦❢ t❤❛♥ ❢♦r ♣❛❝❦✐♥❣✱ ❡①❝❡♣t ✇✐t❤ ♣r❡❞✐❝❛t❡ P ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t✳ • •❛❜❡• L ■♥ H w ′ ✱ ❛•• r❡❣✐♦♥ r❡❢❡r❡♥❝❡s r ❛r❡ ❝♦♣✐❡❞ ✐♥ H w ′ (r , L)✱ ✇❤✐❝❤ ✐s ✐♥ r❡•❛t✐♦♥ R l ✇✐t❤ H s ′ (L)(r )✳ ■❢ t❤❡ ❲❤② ♣r♦❣r❛♠ ♥❡✈❡r t❡r♠✐♥❛t❡s✱ t❤❡♥ ✐t ❞✐✈❡r❣❡s ❛♥❞ ✇❡ ♣r♦✈❡ ❜② ❝♦✐♥❞✉❝t✐♦♥ t❤❛t t❤❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ❞✐✈❡r❣❡s✳ ✷ ✺✳✸ ❙✉♣♣♦rt ❢♦r |❡❝✉rs✐✈❡ ❈•❛ss❡s ❖✉r tr❛♥s•❛t✐♦♥ ❝❛♥♥♦t ❡♥❝♦❞❡ r❡❝✉rs✐✈❡ ❝•❛ss❡s s✉❝❤ ❛s✿ ❝•❛ss List { ❣r♦✉♣ r : List; next: [r ]; value: int; } ❈•❛ss List ✐s r❡❝✉rs✐✈❡ ❜❡❝❛✉s❡ ✐ts ♦✇♥❡❞ r❡❣✐♦♥ r ❤❛s ❝•❛ss List✳ ❙♦ why(List) ✐s ♥♦t ❞❡✜♥❡❞✳ ❖♥❡ ❝♦✉•❞ ❝♦♥s✐❞❡r r❡♠♦✈✐♥❣ t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ region t②♣❡✿ t②♣❡ region ❚❤❡♥ why(List) ✇♦✉•❞ s✐♠♣•② ❜❡ (region × location × int)✳ ❍♦✇❡✈❡r✱ t❤✐s s♦•✉t✐♦♥ ✐s ♥♦t s♦✉♥❞ ✇❤❡♥ ♣r♦✈✐♥❣ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ✉s✐♥❣ ♣r♦✈❡rs ✇❤✐❝❤ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t ❛•• t②♣❡s ❛r❡ ✐♥❤❛❜✐t❡❞✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥ get ✐s ❞❡✜♥❡❞ ❛s✿ •♦❣✐❝ get (region, location): α •✐✈❡♥ ❛ ✈❛•✉❡ ♦❢ t②♣❡ region ❛♥❞ ❛ ✈❛•✉❡ ♦❢ t②♣❡ location✱ t❤✐s ❢✉♥❝t✐♦♥ ❝❛♥ ❝r❡❛t❡ ❛ ✈❛•✉❡ ♦❢ ❛♥② t②♣❡✱ ✐♥❝•✉❞✐♥❣ t❤❡ ❢❛•s❡ ♣r❡❞✐❝❛t❡✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣•❡ ♦❢ ❛ ❈♦q ❬❈♦q( s❝r✐♣t ✇❤✐❝❤ ✐••✉str❛t❡s t❤✐s ♣r♦❜•❡♠✿
Parameter region: Type.

Parameter get: forall A: Type, region -> location -> A.

Parameter r: region.

Parameter l: location.

Theorem bad: False. apply get. apply r. apply l.

Qed.

P❛r❛♠❡t❡r region ✐s t❤❡ tr❛♥s 

•❛t✐♦♥ ♦❢ ❲❤② t②♣❡ region✳ P❛r❛♠❡t❡r get ✐s t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ ❲❤② •♦❣✐❝ ❢✉♥❝t✐♦♥ get✳ ❲❡ ❛ss✉♠❡ ❛ r❡❣✐♦♥ r ❛♥❞ ❛ •♦❝❛t✐♦♥ l ❛r❡ ❛✈❛✐•❛❜•❡✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❚❤❡♦r❡♠ bad ✐••✉str❛t❡s ❤♦✇ False ❝❛♥ ❜❡ ♣r♦✈❡♥✿ ✇❡ s✐♠♣•② ❝♦♥str✉❝t t❤❡ ❈♦q t❡r♠ get False r l✳ ❲❡ ❝❛♥✱ ❤♦✇❡✈❡r✱ ❝❤❛♥❣❡ ♦✉r tr❛♥s•❛t✐♦♥ ✐♥ ❛ s♦✉♥❞ ✇❛②✱ ❡✈❡♥ ✇❤❡♥ t❛r❣❡tt✐♥❣ ♣r♦✈❡rs s✉❝❤ ❛s ❈♦q✳ ❆ ✜rst s♦•✉t✐♦♥ ✐s t♦ ✐♥tr♦❞✉❝❡ ♦♥❡ ❲❤② t②♣❡ region C ♣❡r ❈❛♣✉❝✐♥❡ ❝•❛ss C✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥ get ✐s t❤❡♥ ❞✉♣•✐❝❛t❡❞ ❢♦r ❡❛❝❤ ❝•❛ss C✱ ✇✐t❤ t②♣❡✿ •♦❣✐❝ get C (region C , location): why(C) ❋♦r ✐♥st❛♥❝❡✱ ❤❡r❡ ✐s t❤❡ get ❢✉♥❝t✐♦♥ ❢♦r ❝•❛ss List✿ •♦❣✐❝ get List (region List , location): (region List × location × int) ❚❤❡ ♣r♦❜•❡♠ ✐s t❤❛t ❛•• ♦t❤❡r •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ✭set✱ empty ❛♥❞ inRegion✮ ♠✉st ❜❡ s♣❡❝✐❛•✐③❡❞ ❢♦r ❡❛❝❤ ❝•❛ss ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s get✳ ❆①✐♦♠s ♠✉st ❜❡ ❞✉♣•✐❝❛t❡❞ ❛s ✇❡••✳ ❆♥♦t❤❡r s♦•✉t✐♦♥ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ❲❤② t②♣❡ C ❢♦r ❡❛❝❤ ❝•❛ss C ✳ ❚②♣❡ C ❡♥❝❛♣s✉•❛t❡s t❤❡ ♦❜•❡❝t t✉♣•❡ ❢♦r ❝•❛ss C ✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❢✉♥❝t✐♦♥ get C ❢r♦♠ C t♦ why(C ) t♦ r❡❛❞ ❛♥ ✺✳✹✳ ❙■▼P▲■❋( ❙■◆•▲❊❚❖◆ |❊•■❖◆❙ ✶✹✶ ❡♥❝❛♣s✉•❛t❡❞ t✉♣•❡ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ make C ❢r♦♠ why(C ) t♦ C t♦ ♠❛❦❡ ❛♥ ❡♥❝❛♣s✉•❛t❡❞ t✉♣•❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❤❡r❡ ✐s t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ❝•❛ss List✿ t②♣❡ EncapsulateList •♦❣✐❝ getList (EncapsulateList): (region (EncapsulateList) × location × int) •♦❣✐❝ makeList ((region (EncapsulateList) × location × int)): List ❛①✐♦♠ getmakeList: ∀x : (region (EncapsulateList) × location × int). getList(makeList(x )) = x ■♥ ❈♦q✱ ✇❡ ❝♦✉•❞ ♠♦❞❡• t②♣❡ EncapsulateList ✇✐t❤ ❛♥ ✐♥❞✉❝t✐✈❡ t②♣❡✳ ❲❡ ❝❛♥ t❤❡♥ ❦❡❡♣ t❤❡ ♣♦•②♠♦r♣❤✐❝ t②♣❡ α region✱ ❜✉t t❤❡ α ✐s ✐♥st❛♥❝✐❛t❡❞ ✇✐t❤ t②♣❡ EncapsulateList ✐♥st❡❛❞ ♦❢ why(List)✳ ❚❤✐s ✐s ♦❜✈✐♦✉s•② ❛ ❜❡tt❡r ❡♥❝♦❞✐♥❣ ♦❢ r❡❝✉rs✐✈❡ ❝•❛ss❡s✳ ❇♦t❤ s♦•✉t✐♦♥s ❛r❡ ❝♦♠♣❛t✐❜•❡ ✇✐t❤ t❤❡ ♦t❤❡r ❡①t❡♥s✐♦♥s t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥ ✺✳✹ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✺✳ ✺✳✹ ❙✐♠♣•✐❢② ❙✐♥❣•❡t♦♥ |❡❣✐♦♥s ✺✳✹✳✶ ❙✐♥❣•❡t♦♥ ▼❛♣s ❆r❡ ❱❛•✉❡s Pr♦♣♦s❛• ❖✉r ✜rst ♣r♦♣♦s❛• t♦ s✐♠♣•✐❢② ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ✐s t♦ ❡♥❝♦❞❡ s✐♥❣•❡t♦♥ r❡❣✐♦♥s ✇✐t❤♦✉t ❛ ♠❛♣✳ ■❞❡❛••②✱ ✇❡ ✇♦✉•❞ r❡♣r❡s❡♥t s✐♥❣•❡t♦♥ r❡❣✐♦♥s ❜② ♦♥❡ s✐♥❣•❡ ✈❛•✉❡ ❝♦rr❡s♣♦♥❞✲ ✐♥❣ t♦ t❤❡ ♦❜•❡❝t t✉♣•❡ st♦r❡❞ ✐♥ t❤❡ r❡❣✐♦♥✳ ❚❤❡ ✇❛② s✐♥❣•❡t♦♥ r❡❣✐♦♥s r ✇❡r❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s ✉s✐♥❣ ❛ ♠❛♣ ❢r♦♠ ❛ s✐♥❣•❡ •♦❝❛t✐♦♥ p t♦ ✐ts ♦❜•❡❝t t✉♣•❡ o✳ ❚♦ r❡❛❞ o r❡q✉✐r❡s ❛♣♣•②✐♥❣ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥✿ get(r , p)✳ ❚♦ ❝❤❛♥❣❡ o t♦ o ′ r❡q✉✐r❡s ❛♣♣•②✐♥❣ ❛♥♦t❤❡r •♦❣✐❝ ❢✉♥❝t✐♦♥✿ set(r , p, o ′ )✳ ❇✉t ✐❢ r❡❣✐♦♥ r ✐s s✐♥❣•❡t♦♥✱ t❤❡♥ t②♣✐♥❣ ❡♥s✉r❡s t❤❛t t❤❡ ♦♥•② •♦❝❛t✐♦♥ ✇❡ ✇✐•• r❡❛❞ ❢r♦♠ r ✐s ✐ts ✉♥✐q✉❡ •♦❝❛t✐♦♥ p✱ ✇❤✐❝❤ ✐s t❤✉s ✐rr❡•❡✈❛♥t✳ ❍♦✇❡✈❡r✱ s✐♥❣•❡t♦♥ r❡❣✐♦♥s ✇❡r❡ ❛❝t✉❛••② ❡♠♣t② ❜❡❢♦r❡ ❜❡✐♥❣ s✐♥❣•❡t♦♥✱ ❛♥❞ s♦♠❡t✐♠❡s ❜❡❝♦♠❡ ❣r♦✉♣ t❤r♦✉❣❤ t❤❡ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥✳ ❲❤❛t ✇❡ ❛❝t✉❛••② ♣r♦♣♦s❡ ✐s t♦ r❡♣r❡s❡♥t ❡❛❝❤ r❡❣✐♦♥ ρ ✉s✐♥❣ t❤r❡❡ ❝♦♠♣♦♥❡♥ts✿ • t❤❡ ρ P ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✉♥✐q✉❡ •♦❝❛t✐♦♥ p ♦❢ r❡❣✐♦♥ ρ ✇❤❡♥ ρ ✐s s✐♥❣•❡t♦♥❀ • t❤❡ ρ O ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✉♥✐q✉❡ ♦❜•❡❝t t✉♣•❡ o ♦❢ r❡❣✐♦♥ ρ ✇❤❡♥ ρ ✐s s✐♥❣•❡t♦♥❀ • t❤❡ ρ G ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠❛♣ r❡♣r❡s❡♥t✐♥❣ ρ ✇❤❡♥ ρ ✐s ❣r♦✉♣✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ❛ r❡❣✐♦♥ ♥❛♠❡ ❛♥❞ ✐s t❤✉s r❡♣r❡s❡♥t❡❞ ❛s ❛ r❡❢❡r❡♥❝❡✱ ✐t ✐s ♥♦✇ r❡♣r❡s❡♥t❡❞ ❛s t❤r❡❡ r❡❢❡r❡♥❝❡s✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ♦✇♥❡❞ ❛♥❞ ✐s t❤✉s ♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ ❛ t✉♣•❡✱ ✐t ✐s ♥♦✇ r❡♣r❡s❡♥t❡❞ ❛s t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ t✉♣•❡✳ ❲❡ t❤❡♥ ✉s❡ ♣❡r♠✐ss✐♦♥s t♦ ❦♥♦✇ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t t♦ r❡❛❞✿ • ✐❢ ρ ✐s ❡♠♣t②✱ ✇❡ ❞♦ ♥♦t ❛❝❝❡ss ✐t❀ • ✐❢ ρ ✐s s✐♥❣•❡t♦♥✱ ✇❡ ❛❝❝❡ss ✐t t❤r♦✉❣❤ ρ P ❛♥❞ ρ O ❀ • ✐❢ ρ ✐s ❣r♦✉♣✱ ✇❡ ❛❝❝❡ss ✐t t❤r♦✉❣❤ ρ G ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ♥❡❡❞ t♦ ❜❡ ❝❛r❡❢✉• r❡❣❛r❞✐♥❣ st❛t❡♠❡♥ts ✇❤✐❝❤ ❝❤❛♥❣❡ t❤❡ st❛t✉s ♦❢ ❛ r❡❣✐♦♥ ❢r♦♠ ❡♠♣t② t♦ s✐♥❣•❡t♦♥✱ ❢r♦♠ ❡♠♣t② t♦ ❣r♦✉♣ ♦r ❢r♦♠ s✐♥❣•❡t♦♥ t♦ ❣r♦✉♣✳ ■♥ t❤❡ •♦❣✐❝ t❤♦✉❣❤✱ ✇❡ ❞♦ ♥♦t ❝❤❛♥❣❡ ❛♥②t❤✐♥❣✿ r❡❣✐♦♥s ❛r❡ st✐•• ♠❛♣s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ ♣❡r♠✐ss✐♦♥ ✐♥ t❤❡ •♦❣✐❝✱ ❛♥❞ t❤✉s ✇❡ ✇♦✉•❞ ♥♦t ❦♥♦✇ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t ρ P ✱ ρ O ♦r ρ G t♦ ✉s❡ ✇❤❡♥ tr❛♥s•❛t✐♥❣ ❛❝❝❡ss❡s✱ ❡s♣❡❝✐❛••② ✐♥ ❛①✐♦♠s ♦r ♣r❡❞✐❝❛t❡ ❜♦❞✐❡s✳ |❡❣✐♦♥ ❊①♣r❡ss✐♦♥s ■♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ ♦♥❡ s✐♥❣•❡ ❢✉♥❝t✐♦♥ why(ρ)✱ ✇❡ ❞❡✜♥❡ t❤r❡❡ tr❛♥s✲ •❛t✐♦♥ ❢✉♥❝t✐♦♥s why P (ρ)✱ why O (ρ) ❛♥❞ why G (ρ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ ρ✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐•❛r ❢❛s❤✐♦♥ t❤❛♥ why(ρ)✱ ❡①❝❡♣t t❤❛t t❤❡② r❡t✉r♥ t❤❡ ❡①♣❡❝t❡❞ ❝♦♠♣♦♥❡♥t P ✱ O ♦r G✳ ❊①♣r❡ss✐♦♥s ❲❡ ❝❤❛♥❣❡ ❤♦✇ ❡①♣r❡ss✐♦♥ x .f ✐s tr❛♥s•❛t❡❞✳ ▲❡t ρ ❜❡ t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ■❢ ρ • {f 1 , • • •, f k } ✭k ≥ ✵✮ ♦r ρ × ✐s ❛✈❛✐•❛❜•❡✱ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ x .f ✐s proj f (why O (ρ))✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ♥❛♠❡ r ✱ t❤❡♥ why(x .f ) ✐s proj f (!r O )✱ ✇❤✐❝❤ ✐s s✐♠♣•❡r t❤❛♥ ✇❤❛t ✇❡ ❤❛❞ ❜❡❢♦r❡✿ proj f (get(!r , x ))✳ ■❢✱ ❤♦✇❡✈❡r✱ ρ G ♦r σ -• ρ ✐s ❛✈❛✐•❛❜•❡✱ ✇❡ tr❛♥s•❛t❡ ❛s ❜❡❢♦r❡ ✉s✐♥❣ why G (ρ)✳ ❙t❛t❡♠❡♥ts ■♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ ♦♥❡ s✐♥❣•❡ ❢✉♥❝t✐♦♥ assign(ρ, v )✱ ✇❡ ❞❡✜♥❡ t❤r❡❡ ❢✉♥❝t✐♦♥s assign P (ρ, v )✱ assign O (ρ, v ) ❛♥❞ assign G (ρ, v ) ✇❤✐❝❤ r❡s♣❡❝t✐✈❡•② ❛ss✐❣♥ t❤❡ ρ P ✱ ρ O ❛♥❞ ρ G ❝♦♠♣♦♥❡♥ts ♦❢ ρ✳ ◆♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♥❡✇ tr❛♥s•❛t✐♦♥ ❢♦r st❛t❡♠❡♥ts ❞❡❛•✐♥❣ ✇✐t❤ r❡❣✐♦♥s✳ • why(•❡t r❡❣✐♦♥ r : C, cont) = •❡t r P = r❡❢ (❛♥② location) ✐♥ •❡t r O = r❡❢ (❛♥② why(C)) ✐♥ •❡t r G = r❡❢ empty ✐♥ cont ❇•❛❝❦ ❜♦①❡s ❝♦♥str✉❝t ✉♥❦♥♦✇♥ ✈❛•✉❡s✱ ✇❤✐❝❤ ✇✐•• ♥♦t ❜❡ ✉s❡❞ ❛s t❤❡ r❡❣✐♦♥ ❜❡✐♥❣ ❡♠♣t②✱ ♥♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ✇✐•• ❜❡ ❛❝❝❡ss❡❞ ❛♥②✇❛②✳ • why(•❡t x = ♥❡✇ C [ρ], cont) = •❡t x = ❛♥② location ✐♥ assign P (ρ, x ); assign O (ρ, ❛♥② why(C)); cont ■♥t❡r❡st✐♥❣•② ❡♥♦✉❣❤✱ ✇❡ ❝♦✉•❞ ✐♥✐t✐❛•✐③❡ x t♦ why P (ρ)✱ ❛s t❤✐s ❝♦♠♣♦♥❡♥t ♦❢ ❡♠♣t② r❡❣✐♦♥s ✐s ✐♥✐t✐❛•✐③❡❞ t♦ ❛ ❜•❛❝❦ ❜♦① ❛s ✇❡••✳ ❙❛♠❡ ❣♦❡s ❢♦r t❤❡ ✐♥✐t✐❛• ♦❜•❡❝t t✉♣•❡✳ • why(x .f ← e, cont) = assign O (ρ, set f (why O (ρ), why(e))); cont |❡❣✐♦♥ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❚❤✐s ✐s q✉✐t❡ s✐♠♣•❡r t❤❛♥ ❜❡❢♦r❡ ❛s ✇❡ ❦♥♦✇ t❤❛t ρ ✐s s✐♥❣•❡t♦♥✱ ❛s ♣❡r♠✐ss✐♦♥ ρ • {f 1 , • • •, f k } ✭k ≥ ✵✮ ✐s ❛✈❛✐•❛❜•❡✳ • why(❛❞♦♣t x : σ ❛s ρ, cont) = assign G (ρ, set(why G (ρ), x , why O (σ))); cont ❲❡ s✐♠♣•✐❢② ❤♦✇ ✇❡ r❡❛❞ t❤❡ ♦❜•❡❝t ♦❢ x ✱ ❛s ✐ts r❡❣✐♦♥ σ ✐s s✐♥❣•❡t♦♥✳ • why(❢♦❝✉s x : ρ ❛s σ, cont) = assign P (σ, x ); assign O (σ, get(why G (ρ), x )); cont ❚❤✐s ✐s ♥♦ •♦♥❣❡r ❛♥ ✐♥st❛♥❝❡ ♦❢ ❛❞♦♣t✐♦♥✱ ❛s t❛r❣❡t r❡❣✐♦♥ ✐s s✐♥❣•❡t♦♥ ❛❢t❡r t❤❡ ♦♣❡r❛✲ t✐♦♥✳ • why(✉♥❢♦❝✉s x : σ ❛s ρ, cont) = assign G (ρ, set(why G (ρ), x , why O (σ))); cont ❖♥❝❡ ❛❣❛✐♥✱ t❤✐s ✐s ❡①❛❝t•② t❤❡ s❛♠❡ ❛s ❛❞♦♣t✐♦♥✳ • why(✇❡❛❦❡♥ ❡♠♣t② ρ, cont) = assign G (ρ, empty); cont ❲❡ ❛ss✐❣♥ t❤❡ ρ G ❝♦♠♣♦♥❡♥t t♦ ❡♠♣t②✱ ❜✉t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ❛s ✐t ❛•r❡❛❞② ✇❛s ❡♠♣t② ✭s❡❡ t❤❡ •❡t r❡❣✐♦♥ st❛t❡♠❡♥t✮✳ ■t ✐s s✐♠♣•② ❛ •✐tt•❡ ❡❛s✐❡r ❢♦r t❤❡ ✉s❡r ✇❤❡♥ ρ ✐s ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝✉rr❡♥t ❢✉♥❝t✐♦♥✱ ❛s t❤❡♥ t❤❡ ❢❛❝t t❤❛t ρ G ✐s ❡♠♣t② ✇♦✉•❞ ♦t❤❡r✇✐s❡ ❤❛✈❡ t♦ ❜❡ ❣✐✈❡♥ ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✳ • why(✇❡❛❦❡♥ s✐♥❣•❡ ρ, cont) = assign G (ρ, set(empty, why P (ρ), why O (ρ)); cont ■♥t❡r❡st✐♥❣•② ❡♥♦✉❣❤✱ ✇❤✐•❡ t❤❡ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥ ❢r♦♠ s✐♥❣•❡t♦♥ t♦ ❣r♦✉♣ ❞✐❞ ♥♦t ❞♦ ❛♥②t❤✐♥❣ ❜❡❢♦r❡✱ ✐t ♥♦✇ ❤❛s t♦ tr❛♥s❢❡r t❤❡ ρ P , ρ O ❝♦♠♣♦♥❡♥ts ✐♥t♦ ρ G ✳ ❋✉rt❤❡r ❙✐♠♣•✐✜❝❛t✐♦♥ ■❢ ❛ r❡❣✐♦♥ ρ ✐s ♥❡✈❡r s✐♥❣•❡t♦♥✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ρ P ❛♥❞ ρ O ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥✳ ❈♦♥✈❡rs❡•②✱ ✐❢ ρ ✐s ❛•✇❛②s s✐♥❣•❡t♦♥✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ρ G ❝♦♠♣♦♥❡♥t✳ ◆♦t❡ t❤❛t t❤✐s ❝❛♥ ❡✈❡♥ ❜❡ ❞♦♥❡ ✐❢ ρ ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ ❛ ❢✉♥❝t✐♦♥✳ ❈♦♥s✐❞❡r ❢✉♥❝t✐♦♥ incr ✿ ❢✉♥ incr [r : Long] (x : [r ]): unit ❝♦♥s✉♠❡s r × ♣r♦❞✉❝❡s r × { r .value ← r .value + ✶; } |❡❣✐♦♥ r ✐s ❛•✇❛②s s✐♥❣•❡t♦♥ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ incr ✳ ■♥st❡❛❞ ♦❢ ❡①♣❡❝t✐♥❣ t❤r❡❡ r❡❢❡r❡♥❝❡ ❛r❣✉♠❡♥ts r P ✱ r O ❛♥❞ r G ✱ ❢✉♥❝t✐♦♥ incr ❡①♣❡❝ts ♦♥•② t❤❡ ✜rst t✇♦✳ ❲❤② ♣❛r❛♠❡t❡r incr ❜❡❝♦♠❡s✿ ♣❛r❛♠❡t❡r incr (r P : r❡❢ (pointer ), r O : r❡❢ (int), x : pointer ): unit • • • ◆♦t❡ t❤❛t ✐♥ ♣r❛❝t✐❝❡✱ incr ✇✐•• ❛•✇❛②s ❜❡ ❝❛••❡❞ ✇✐t❤ x = !r P ✳ ❲❡ ❦♥♦✇ t❤✐s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t r ✐s s✐♥❣•❡t♦♥✳ ❆♥♦t❤❡r s✐♠♣•✐✜❝❛t✐♦♥ ❝♦✉•❞ t❤✉s ❜❡ t♦ ❛✉t♦♠❛t✐❝❛••② r❡♠♦✈❡ ❛r❣✉♠❡♥t r P ♦r x ✳ ✺✳✹✳✷ ■••✉str❛t✐♦♥ ❲❡ r❡✉s❡ t❤❡ ❡①❛♠♣•❡ ♦❢ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸✳ ❲❡ s❤♦✇ ❤♦✇ ✐t ✐s tr❛♥s•❛t❡❞ ✉s✐♥❣ ♦✉r s✐♠♣•✐✜❝❛t✐♦♥ ♦❢ s✐♥❣•❡t♦♥ r❡❣✐♦♥s✱ ❛♥❞ t❤❡♥ s❤♦✇ t❤❡ ♥❡✇ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❢♦r t❤❡ ♣♦st✲ ❝♦♥❞✐t✐♦♥✳ ❚r❛♥s•❛t✐♦♥ ❲❡ ❝♦♥str✉❝t t❤❡ ❲❤② ❝♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥❡✇ tr❛♥s•❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ incrTriple✳ ❍❡r❡ ✐s t❤❡ ❤❡❛❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐♥❝•✉❞✐♥❣ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿ ❢✉♥ incrTriple (r : r❡❢ (region (int × region (int) × location × location × location)), x : location): unit ♣♦st proj value (proj Ra (get(!r , x ))) = proj value (proj Ra (get(!r ❅♣r❡, x ))) + ✶ ∧ proj value (get(proj Rbc (get(!r , x )), proj b (get(!r , x )))) = proj value (get(proj Rbc (get(!r ❅♣r❡, x )), proj b (get(!r ❅♣r❡, x )))) + ✶ ∧ proj value (get(proj Rbc (get(!r , x )), proj c (get(!r , x )))) = proj value (get(proj Rbc (get(!r ❅♣r❡, x )), proj c (get(!r ❅♣r❡, x )))) + ✶ |❡❣✐♦♥ x .Ra ✐s s✐♥❣•❡t♦♥ ❞✉r✐♥❣ t❤❡ ✇❤♦•❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ✇✐•• ♥♦t ♥❡❡❞ t❤❡ P ❝♦♠♣♦♥❡♥t ❛s ♥♦ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ♦r ✉♥❢♦❝✉s ✇✐•• ❜❡ ❞♦♥❡✳ ❙♦ ✇❡ ♠♦❞❡• x .Ra ✉s✐♥❣ ❛ s✐♠♣•❡ ✐♥t❡❣❡r✳ |❡❣✐♦♥ x .Rb ✐s ❣r♦✉♣ ❞✉r✐♥❣ t❤❡ ✇❤♦•❡ ❡①❡❝✉t✐♦♥✱ s♦ ✇❡ ♠♦❞❡• ✐t ❛s ❜❡❢♦r❡ ✉s✐♥❣ ❛ r❡❣✐♦♥ ♠❛♣✳ ❚❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦t ♥❡❡❞❡❞✳ ❆s ②♦✉ ❝❛♥ s❡❡✱ t❤❡ r❡s✉•t ✐s ❛ s✐♠♣•✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .a.value✿ { •❡t a = proj a (get(!r , x )) ✐♥ r := set(!r , x , set Ra (get(!r , x ), set value ( proj Ra (get(!r , x )), proj value (proj Ra (get(!r , x ))) + ✶))); ❛ss❡rt proj value (proj Ra (get(!r , x ))) > ✵; ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ r❡s✉•t ✐s s•✐❣❤t•② s✐♠♣•✐✜❡❞ t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t Ra ✐s s✐♥❣•❡t♦♥✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❢♦❝✉s✐♥❣ ♦❢ x .b✿ •❡t b = proj b (get(!r , x )) ✐♥ •❡t Fb P = r❡❢ (❛♥② location) ✐♥ •❡t Fb O = r❡❢ (❛♥② int) ✐♥ Fb P := b; Fb O := get(proj Rbc (get(!r , x )), b); ❆s t❤❡ t❛r❣❡t r❡❣✐♦♥ Fb ♦❢ t❤❡ ❢♦❝✉s ✐s ❛•✇❛②s ❡✐t❤❡r ❡♠♣t② ♦r s✐♥❣•❡t♦♥✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t❤❡ G ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡❣✐♦♥✳ ❲❡ ❞♦ ♥❡❡❞ t❤❡ P ❝♦♠♣♦♥❡♥t ❢♦r t❤❡ ✉♥❢♦❝✉s ✇❤✐❝❤ ✐s t♦ ❝♦♠❡✳ ◆❡①t ✐s t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿ Fb O := set value (!Fb O , proj value (!Fb O ) + ✶); ❛ss❡rt proj value (!Fb O ) > ✵; t❤❡s❡ ✈❛•✉❡ ♠♦❞❡•s ♦♥❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡❣✐♦♥✳ ❚❤❡♥ ✇❡ ✉s❡ ♣❡r♠✐ss✐♦♥s t♦ ❦♥♦✇ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t s❤♦✉•❞ ❜❡ ✉s❡❞ t♦ ♠♦❞❡• t❤❡ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s s✐♥❣•❡t♦♥✱ t❤❡♥ g s❤♦✉•❞ ❜❡ ♦❢ s✐♥❣•❡t♦♥ ❞♦♠❛✐♥ {v P }✱ ❛♥❞ g(v P ) s❤♦✉•❞ ❜❡ ✐♥ r❡•❛t✐♦♥ R o ✇✐t❤ v O ✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ❣r♦✉♣✱ t❤❡♥ ❛•• •♦❝❛t✐♦♥ p ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ g s❤♦✉•❞ ❜❡ ✐♥ r❡•❛t✐♦♥ R o ✇✐t❤ get(p, v G )✳ ❑♥♦✇✐♥❣ ✇❤❡t❤❡r t❤❡ ❝♦♥s✐❞❡r❡❞ r❡❣✐♦♥ ✐s s✐♥❣•❡t♦♥ ♦r ❣r♦✉♣ r❡q✉✐r❡s ❛❞❞✐♥❣ ♠♦r❡ ❛r❣✉✲ ♠❡♥ts t♦ t❤❡ r❡•❛t✐♦♥s R r ✱ R o ❛♥❞ R✳ ❲❡ ♥❡❡❞ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ r❡❣✐♦♥ ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ ❛s ✇❡•• ❛s ♣❡r♠✐ss✐♦♥s Σ✳ ✺✳✺ ❋•❛tt❡♥✐♥❣ |❡❣✐♦♥s ❢♦r ▼♦r❡ ❙❡♣❛r❛t✐♦♥ ✺✳✺✳✶ •❡♥❡r❛•✐③✐♥❣ ❚❤❡ ❈♦♠♣♦♥❡♥t✲❛s✲❆rr❛② ▼♦❞❡• ❚❤❡ ✇❡ ✐♥tr♦❞✉❝❡❞ ❢♦r s✐♥❣•❡t♦♥ r❡❣✐♦♥s ✐s ♥✐❝❡✱ ❜✉t ✐t ❞♦❡s ♥♦t ✐♥tr♦❞✉❝❡ ♠♦r❡ st❛t✐❝ s❡♣❛r❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❇✉rst❛••✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲ ❛rr❛② ♠♦❞❡• ❬❇♦r♥❛t✵✵(✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✸✱ ❛♥❞ ❣❡♥❡r❛•✐③❡ ✐t ❢♦r ❈❛♣✉❝✐♥❡✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s ❣❡♥❡r❛•✐③❛t✐♦♥ ✉s✐♥❣ t❤❡ ❡①❛♠♣•❡ ♦❢ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸✳ |❡♦r❞❡r✐♥❣ ❍❡❛♣ ❆r❣✉♠❡♥ts ■♥ t❤❡ s❡♣❛r❛t❡❞ ❤❡❛♣ H s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❢✉♥❝t✐♦♥ incrTriple✱ t❤❡ ❢♦••♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✱ ✇❤❡r❡ p ✐s ❛♥② •♦❝❛t✐♦♥✿ H s (r )(p)(Ra)(p)(value): int H s (r )(p)(Rbc)(p)(value): int H s (r )(p)(a): location H s (r )(p)(b): location ❲❡ ❝❛♥ r❡♦r❞❡r t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❢✉♥❝t✐♦♥ H s ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❤❡r❡ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ r❡♦r❞❡r✐♥❣✿ H s ′ (r )(Ra)(value)(p)(p): int H s ′ (r )(Rbc)(value)(p)(p): int H s ′ (r )(a)(p): location H s ′ (r )(b)(p): location ❚❤✐s r❡♦r❞❡r✐♥❣ ❤❛s s❡✈❡r❛• ❝♦♥s❡q✉❡♥❝❡s✳ ❖♥❡ ♦❢ t❤❡♠ ✐s t❤❛t ✐t ✐s ❤❛r❞❡r t♦ ❛❝❤✐❡✈❡ ♣❛rt✐❛• ❛♣♣•✐❝❛t✐♦♥ H s (r )(p)(Ra)✱ ❢♦r ✐♥st❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✐t ❛•s♦ ❤❛s ❜❡♥❡✜ts ✇❤✐❝❤ ✇❡ ❡①♣•♦r❡ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤s✳ ❋•❛tt❡♥✐♥❣ ❋✐♥✐t❡ ❆r❣✉♠❡♥ts ❚❤❡ ✜rst ❛r❣✉♠❡♥t ♦❢ ❢✉♥❝t✐♦♥ H s ′ ❛❜♦✈❡ ✐s ❛ r❡❣✐♦♥ ♥❛♠❡✳ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ r❡❣✐♦♥ ♥❛♠❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❜♦❞② ♦❢ incrTriple✳ ❇❡❝❛✉s❡ t❤✐s ♥✉♠❜❡r ✐s ✜♥✐t❡✱ ✇❡ ❝❛♥ s♣•✐t t❤❡ ❢✉♥❝t✐♦♥ ✐♥t♦ ♦♥❡ ❢✉♥❝t✐♦♥ ♣❡r ❛r❣✉♠❡♥t✳ ❍❡r❡✱ t❤❡r❡ ✐s ♦♥•② ♦♥❡ ♣♦ss✐❜•❡ ❛r❣✉♠❡♥t✿ r❡❣✐♦♥ r ✳ ❙♦ ✇❡ tr❛♥s❢♦r♠ H s ′ ✐♥t♦ ♦♥❡ ❢✉♥❝t✐♦♥ H sr ✇✐t❤ ♦♥❡ •❡ss ❛r❣✉♠❡♥t✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✿ H sr (Ra)(value)(p)(p) H sr (Rbc)(value)(p)(p) H sr (a)(p): location H sr (b)(p): location ❚❤❡ ♥❡①t ❛r❣✉♠❡♥t ❝❛♥ ❛•s♦ ♦♥•② t❛❦❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✈❛•✉❡s✿ t❤❡ ♥❛♠❡s ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✜❡•❞s ♦❢ t❤❡ ❝•❛ss ♦❢ ♣♦✐♥t❡rs ✐♥ r ✱ ♥❛♠❡•② Ra✱ Rbc✱ a ❛♥❞ b✳ ❙♦ ✇❡ ❝❛♥ s♣•✐t ❢✉♥❝t✐♦♥ H sr ✐♥t♦ ❢♦✉r ❢✉♥❝t✐♦♥s H sr ✱Ra ✱ H sr ✱Rbc ❛♥❞ H sr ✱a ❛♥❞ H sr ✱b ✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✿ H sr ✱Ra (value)(p)(p) H sr ✱Rbc (value)(p)(p) H sr ✱a (p): location H sr ✱b (p): location ❙✐♠✐•❛r•②✱ ❝•❛ss Long ❤❛s ♦♥•② ♦♥❡ ✜❡•❞ value✱ ❛♥❞ t❤✉s t❤❡ ✜rst ❛r❣✉♠❡♥t ♦❢ ❢✉♥❝t✐♦♥s H sr ✱Ra ❛♥❞ H sr ✱Rbc ✐s ❛❝t✉❛••② ✐rr❡•❡✈❛♥t✳ ❲❡ ❞❡•❡t❡ t❤✐s ❛r❣✉♠❡♥t ❛♥❞ r❡♥❛♠❡ t❤❡s❡ ❢✉♥❝t✐♦♥s H sr ✱Ra ✱value ❛♥❞ H sr ✱Rbc✱value ✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✿ H sr ✱Ra ✱value (p)(p) H sr ✱Rbc✱value (p)(p) H sr ✱a (p): location H sr ✱b (p): location ❚♦ s✉♠ ✉♣✱ ✇❤❛t ✇❡ ❞✐❞ ✐s s✐♠♣•②✿ • r❡♦r❞❡r t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❤❡❛♣ ❢✉♥❝t✐♦♥ s♦ t❤❛t ✜♥✐t❡ ❞♦♠❛✐♥s ❛♣♣❡❛r ✜rst❀ • s♣•✐t ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ ✐♥t♦ s❡✈❡r❛• ❢✉♥❝t✐♦♥s ✇✐t❤ ♦♥❡ •❡ss ❛r❣✉♠❡♥t✳ ❚❤✐s ✐s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ ❇✉rst❛••✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡•✳ ■♥❞❡❡❞✱ ✐♥ ❛ ♥❛✐✈❡ ♠♦❞❡• t❤❡ ❤❡❛♣ ✐s ❛ ❢✉♥❝t✐♦♥ h ♦❢ •♦❝❛t✐♦♥s p ❛♥❞ ✜❡•❞ ♥❛♠❡s f ✳ ❲❡ r❡♦r❞❡r h(p)(f ) ✐♥t♦ h(f )(p)✱ ❛♥❞ t❤❡♥ ✢❛tt❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐♥t♦ h f (p)✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡•✳ ❙✐♥❣•❡t♦♥ |❡❣✐♦♥s ❚❤✐s ❛♣♣r♦❛❝❤ ❝♦♠❜✐♥❡s ✇❡•• ✇✐t❤ t❤❡ s✐♠♣•✐✜❝❛t✐♦♥ ♦❢ s✐♥❣•❡t♦♥ r❡✲ ❣✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳ ❚❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts P ✱ O ❛♥❞ G ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❛❞❞✐t✐♦♥❛• ❛r❣✉♠❡♥t ♦❢ t❤❡ ❤❡❛♣ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛r❣✉♠❡♥t ❝❛♥ ♦♥•② t❛❦❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✈❛•✉❡s✱ ♥❛♠❡•② P ✱ O ❛♥❞ G✳ ❖♥•② t❤❡ G ❝♦♠♣♦♥❡♥t ❤❛s ❛ ♣♦✐♥t❡r ❛r❣✉♠❡♥t✱ ❛s ✐t ✐s ❛ ♠❛♣✳ ■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣•❡✱ t❤❡ ❢♦••♦✇✐♥❣ ♣❛t❤s ✇♦✉•❞ ❜❡ ❞❡✜♥❡❞✿ H s (r )(P ): location H s (r )(O)(Ra)(P ): location H s (r )(O)(Ra)(O)(value): int H s (r )(O)(Ra)(G)(value)(p): int H s (r )(O)(Rbc)(P ): location H s (r )(O)(Rbc)(O)(value): int H s (r )(O)(Rbc)(G)(value)(p): int H s (r )(O)(a): location H s (r )(O)(b): location H s (r )(O)(c): location H s (r )(G)(p)(Ra)(P ): location H s (r )(G)(p)(Ra)(O)(value): int H s (r )(G)(p)(Ra)(G)(value)(p): int H s (r )(G)(p)(Rbc)(P ): location H s (r )(G)(p)(Rbc)(O)(value): int H s (r )(G)(p)(Rbc)(G)(value)(p): int H s (r )(G)(p)(a): location H s (r )(G)(p)(b): location H s (r )(G)(p)(c): location ❲❤❡♥ ❛ r❡❣✐♦♥ ✐s ❛•✇❛②s s✐♥❣•❡t♦♥✱ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ G ❝♦♠♣♦♥❡♥t✳ ❲❤❡♥ ❛ r❡❣✐♦♥ ✐s ❛•✇❛②s ❣r♦✉♣✱ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ P ❛♥❞ O ❝♦♠♣♦♥❡♥ts✳ |❡❣✐♦♥ r ✐s ❛•✇❛②s s✐♥❣•❡t♦♥✱ r❡❣✐♦♥ Ra ✐s ❛•s♦ ❛•✇❛②s s✐♥❣•❡t♦♥✱ ❛♥❞ r❡❣✐♦♥ Rbc ✐s ❛•✇❛②s ❣r♦✉♣✳ ❲❡ ❛r❡ •❡❢t ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ♣❛t❤s✿ H s (r )(P ) H s (r )(O)(Ra)(P ) H s (r )(O)(Ra)(O)(value) H s (r )(O)(Rbc)(G)(value)(p) H s (r )(O)(a) H s (r )(O)(b) H s (r )(O)(c) ❆❢t❡r ❛♣♣•②✐♥❣ ♦✉r r❡♦r❞❡r✲✢❛tt❡♥ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿ H sr ✱P H sr ✱O ✱Ra ✱P H sr ✱O ✱Ra ✱O ✱value H sr ✱O ✱Rbc✱G ✱value (p) H sr ✱O ✱a H sr ✱O ✱b H sr ✱O ✱c ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ✐♥✐t✐❛• ❤❡❛♣ ♦❢ t❤❡ incrTriple ❢✉♥❝t✐♦♥ ✉s✐♥❣ s✐① ❲❤② ✈❛•✉❡s✿ • H sr ✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r x ♦❢ r❡❣✐♦♥ r ❀ • H sr ✱O ✱Ra ✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r x .a ♦❢ r❡❣✐♦♥ x .Ra❀ • H sr ✱O ✱Ra ✱O ✱value ✱ t❤❡ ✐♥t❡❣❡r ✈❛•✉❡ ♦❢ x .a.value❀ • H sr ✱O ✱Rbc✱G ✱value ✱ t❤❡ ♠❛♣ ❢r♦♠ •♦❝❛t✐♦♥s t♦ ✐♥t❡❣❡rs ❢♦r r❡❣✐♦♥ x .Rbc❀ • H sr ✱O ✱a ✱ t❤❡ •♦❝❛t✐♦♥ ✈❛•✉❡ ♦❢ x .a❀ • H sr ✱O ✱b ✱ t❤❡ •♦❝❛t✐♦♥ ✈❛•✉❡ ♦❢ x .b✳ • H sr ✱O ✱c ✱ t❤❡ •♦❝❛t✐♦♥ ✈❛•✉❡ ♦❢ x .c✳ ✺✳✺✳✷ ❈♦♠♣✉t✐♥❣ Pr❡✜① ❚r❡❡s ❈♦♠♣r♦♠✐s❡s ■♥ ❙❡❝t✐♦♥ ✺✳✺✳✶✱ ✇❡ ❣❛✈❡ t❤❡ ✐♥t✉✐t✐♦♥ ❢♦r ♦✉r ♥❡✇ s✐♠♣•✐✜❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♦♥❡ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s✿ ❤♦✇ ❞❡❡♣ s❤♦✉•❞ ✇❡ ✢❛tt❡♥ t❤❡ ❤❡❛♣ ❄ ❋•❛tt❡♥✐♥❣ ♠♦r❡ ✐s ❣r❡❛t t♦ ✐♥tr♦❞✉❝❡ ♠♦r❡ s❡♣❛r❛t✐♦♥ ❛♥❞ ✉s✐♥❣ •❡ss ❛r❣✉♠❡♥ts ❢♦r ❢✉♥❝t✐♦♥s✱ ✐✳❡✳ •❡ss ♠❛♣s ✐♥ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✢❛tt❡♥✐♥❣ ✐♥tr♦❞✉❝❡s ♠♦r❡ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡s✳ ❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t t❤❡r❡ ❛r❡ n r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs ♦❢ ❝•❛ss C ✱ ❛♥❞ ❝•❛ss C ❤❛s m ✐♥t❡❣❡r ✜❡•❞s✳ ■❢ ✇❡ ✢❛tt❡♥ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜•❡✱ ✇❡ ♦❜t❛✐♥ n × m ✈❛r✐❛❜•❡s✳ ■❢ ✐♥st❡❛❞ ❝•❛ss C ❤❛s m r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs ✇✐t❤ o ✜❡•❞s✱ ✇❡ ♦❜t❛✐♥ n × m × o ✈❛r✐❛❜•❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜•❡s t❤✉s ❣r♦✇s q✉✐❝❦•② ✇❤❡♥ t❤❡ r❡❣✐♦♥ tr❡❡ ❜❡❝♦♠❡s ❞❡❡♣❡r✳ ❆♥♦t❤❡r ✐ss✉❡ ✐s ✐❢ t❤❡ tr❡❡ ✐s ♥♦t st❛t✐❝❛••② ✜♥✐t❡✱ ✐✳❡✳ ✐❢ ✐t ✐♥✈♦•✈❡s r❡❝✉rs✐✈❡ ❝•❛ss❡s✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✇❛②s ✇❡ ❝❛♥ ✢❛tt❡♥ t❤❡ tr❡❡✳ Pr❡✜① ❚r❡❡s ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡✜① tr❡❡✳ Pr❡✜① tr❡❡s ❞❡s❝r✐❜❡ ❤♦✇ ❞❡❡♣ ✐♥t♦ t❤❡ ❤❡❛♣ tr❡❡ ✇❡ ✇❛♥t t♦ ✢❛tt❡♥✳ ❲❡ ✜rst ❝♦♠♣✉t❡ ❛ ♣r❡✜① tr❡❡✱ ❛♥❞ ♦♥•② t❤❡♥ ✇❡ tr❛♥s•❛t❡ t❤❡ ❝♦❞❡ ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ♣r❡✜① tr❡❡✳ ❍❡r❡ ❛r❡ s♦♠❡ ♣♦ss✐❜•❡ ♣r❡✜① tr❡❡s✿ • t❤❡ ❡♠♣t② tr❡❡✱ ✇❤✐❝❤ s❛②s ♥♦t t♦ ✢❛tt❡♥ ❛t ❛••✱ ❛♥❞ ❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❣✉•❛r ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✷❀ • t❤❡ ✇❤♦•❡ ❤❡❛♣ tr❡❡✱ ✇❤✐❝❤ ✐s ♦♥•② ❞❡✜♥❡❞ ✐❢ t❤❡r❡ ✐s ♥♦ r❡❝✉rs✐✈❡ ❝•❛ss ✐♥✈♦•✈❡❞❀ • t❤❡ ♣❛t❤s t❤❛t ❛r❡ ❛❝t✉❛••② ✉s❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥❀ • t❤❡ ♣❛t❤s t❤❛t ❛r❡ ❛❝t✉❛••② ✉s❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛ ✜①❡❞ ❞❡♣t❤ •✐♠✐t✳ ❚❤✐s ❢♦✉rt❤ ✇❛② ♦❢ ❝♦♠♣✉t✐♥❣ ♣r❡✜① tr❡❡s ✐s t❤❡ ♦♥❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ■❢✱ s❛②✱ ♣❛t❤ H s (r )(p)(value) ✐s ❛❝❝❡ss❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ❜❡✐♥❣ tr❛♥s•❛t❡❞✱ t❤❡♥ ✐t ✐s ❛ ❣♦♦❞ ✐❞❡❛ t♦ ✢❛tt❡♥ t❤✐s ♣❛t❤ ❛s H sr ✱value (p)✳ ❋♦r♠❛••②✱ ❛ ♣r❡✜① tr❡❡ ✐s ❛ tr❡❡ ✇❤♦s❡ r♦♦t ✐s •❛❜❡•❡❞ H s ✳ ❚❤✐s r♦♦t ❝❛♥ ❜❡ ✢❛tt❡♥❡❞✳ ■❢ s♦✱ ✇❡ ♦❜t❛✐♥ n ❝❤✐•❞r❡♥✱ ✇✐t❤ n ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ r♦♦t r❡❣✐♦♥s ✐♥✈♦•✈❡❞ ✐♥ t❤❡ tr❛♥s•❛t✐♦♥✳ ❊❛❝❤ ❝❤✐•❞ ✐s t❤❡♥ •❛❜❡•❡❞ ✇✐t❤ ❛ r❡❣✐♦♥ ♥❛♠❡✳ ❊❛❝❤ r❡❣✐♦♥ ♥♦❞❡ ❝❛♥ ❛•s♦ ❜❡ ✢❛tt❡♥❡❞✱ ❛♥❞ t❤❡♥ ❝❤✐•❞r❡♥ •❛❜❡•❡❞ ✇✐t❤ t❤❡ ♥❛♠❡ ♦❢ ❡❛❝❤ ♦✇♥❡❞ r❡❣✐♦♥ ❛♥❞ ✜❡•❞ ❛r❡ ❛❞❞❡❞ t♦ t❤❡ r❡❣✐♦♥ ♥♦❞❡✳ ❊❛❝❤ ♦✇♥❡❞ r❡❣✐♦♥ ♥♦❞❡ ❝❛♥ ❜❡ ✢❛tt❡♥❡❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✳ ❈♦♠♣✉t✐♥❣ Pr❡✜① ❚r❡❡s ❚♦ ❝♦♠♣✉t❡ ♣❛t❤s ✇❤✐❝❤ ❛r❡ ❛❝t✉❛••② ✉s❡❞ ❜② ❢✉♥❝t✐♦♥ ❜♦❞✐❡s✱ ✇❡ ❛❞❞ ❡❛❝❤ ✉s❡❞ ♣❛t❤ ✐♥ t❤❡ ❝♦❞❡ t♦ t❤❡ tr❡❡ ❜② ✢❛tt❡♥✐♥❣ ❛•• ♥♦❞❡s ✐♥✈♦•✈❡❞ ✐♥ t❤❡ ♣❛t❤✳ ❆ ♣❛t❤ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛ r❡❣✐♦♥ ♥❛♠❡✱ ❢♦••♦✇❡❞ ❜② s♦♠❡ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡s✱ ♣♦ss✐❜•② ❡♥❞❡❞ ❜② ❛ ✜❡•❞ ♥❛♠❡✳ ❊❛❝❤ ❡①♣r❡ss✐♦♥ x .f ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❜♦❞② ❛❞❞s t❤❡ ♣❛t❤ t♦ x .f ✱ ❝♦♠♣✉t✐♥❣ ❢r♦♠ t❤❡ t②♣❡ ♦❢ x ❛♥❞ ♣❡r♠✐ss✐♦♥s✱ t♦ t❤❡ ♣r❡✜① tr❡❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ x ❤❛s t②♣❡ [y.s] ❛♥❞ y ❤❛s t②♣❡ [r ]✱ t❤❡ ♣❛t❤ r , s, f ✐s ❛❞❞❡❞ t♦ t❤❡ ♣r❡✜① tr❡❡✳ ❚❤❡ s❛♠❡ ❣♦❡s ✐❢ x .f ✐s ❛ss✐❣♥❡❞ ❜② ❛ st❛t❡♠❡♥t✳ ❆❞♦♣t✐♦♥✱ ❢♦❝✉s✱ ✉♥❢♦❝✉s ❛••♦❝❛t✐♦♥ ❛♥❞ r❡❣✐♦♥ ❜✐♥❞❡rs ❛•• ❛❞❞ ♣❛t❤s t♦ t❤❡ ♣r❡✜① tr❡❡ ❛s t❤❡② ✐♥✈♦•✈❡ ❝r❡❛t✐♥❣✱ r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣ r❡❣✐♦♥s✳ ❆•t❡r♥❛t✐✈❡ ❲❛② ♦❢ ❋•❛tt❡♥✐♥❣ ■♥st❡❛❞ ♦❢ ✢❛tt❡♥✐♥❣ ❛ ♥♦❞❡ ❜② ❛❞❞✐♥❣ ❛•• ✐ts ❝❤✐•❞r❡♥ ✐♥t♦ ✐t✱ ✇❡ ❝❛♥ ❦❡❡♣ ♦♥•② t❤❡ ♥❡❡❞❡❞ ❝❤✐•❞r❡♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s ✇✐•• ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❜❡❢♦r❡ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥✳ ❚❤✐s •✐♠✐ts t❤❡ ♥✉♠❜❡r ♦❢ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡s ✐♥✈♦•✈❡❞✳ ❲❡ ✇✐•• ♥♦t ❞❡t❛✐• t❤✐s ❛♣♣r♦❛❝❤ ✐♥ t❤✐s t❤❡s✐s✳ ✺✳✺✳✸ ❯s✐♥❣ Pr❡✜① ❚r❡❡s ❲❤❡♥ ❚r❛♥s•❛t✐♥❣ ❊①♣r❡ss✐♦♥s ❛♥❞ ❙t❛t❡♠❡♥ts ❲❤❡♥ ❛❝❝❡ss✐♥❣ ❛ ♣❛t❤ H s (x 1 )• • •(x n )✱ ✇❡ ✜rst s♣•✐t t❤❡ ♣❛t❤ ✐♥t♦ t✇♦ ♣❛rts✿ H s (x 1 )• • •(x k )(y 1 )• • •(y l ) ✇❤❡r❡ k + l = n✱ ❛♥❞ ✇❤❡r❡ ❡✐t❤❡r✿ • ♣❛t❤ H s (x 1 )• • •(x k ) •❡❛❞s t♦ ❛ •❡❛❢ ✐♥ t❤❡ ♣r❡✜① tr❡❡❀ • ♦r l = 0 ❛♥❞ t❤❡ ✇❤♦•❡ ♣❛t❤ ✐s ✐♥ t❤❡ ♣r❡✜① tr❡❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ •♦♦❦ ❢♦r t❤❡ ♣❛rt ♦❢ t❤❡ ♣❛t❤ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ♣r❡✜① tr❡❡✳ ■❢ l > 0✱ H s (x 1 )• • •(x k ) ✐s r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ❛ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡ ❛♥❞ ✇❡ r❡❛❞ ❢r♦♠ t❤✐s ✈❛r✐❛❜•❡✳ ❲❡ ❛❝❝❡ss t❤❡ r❡♠❛✐♥❞❡r y 1 , • • •, y l ♦❢ t❤❡ ♣❛t❤ ✉s✐♥❣ get ❛♥❞ t✉♣•❡ ♣r♦•❡❝t✐♦♥s✳ ■❢ ✇❡ ❛r❡ ❛ss✐❣♥✐♥❣ t❤❡ ♣❛t❤✱ ✇❡ ✉s❡ t❤❡ ✉s✉❛• set ❛♥❞ t✉♣•❡ ♠❛❦❡rs✳ ■❢ l = 0 ❛♥❞ H s (x 1 )• • •(x k ) ❞♦❡s ♥♦t •❡❛❞ t♦ ❛ •❡❛❢ ✐♥ t❤❡ ♣r❡✜① tr❡❡✱ t❤❡♥ t❤❡ ♣r❡✜① tr❡❡ ✐s ❜✐❣❣❡r t❤❛♥ ✇❤❛t ✐s ❜❡✐♥❣ r❡❛❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ H s (x 1 )• • •(x k ) ✐s ♥♦t r❡♣r❡s❡♥t❡❞ ❜② ❛ s✐♥❣•❡ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡✱ ❜✉t ❜② s❡✈❡r❛•✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❝❛s❡s ❛r❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✿ • t❤❡ ♥♦❞❡ ✐s ❜❡✐♥❣ r❡❛❞ ❛s ❛ ✇❤♦•❡✱ ❢♦r ✐♥st❛♥❝❡ ❛s ❛ r❡❣✐♦♥ ❣✐✈❡♥ t♦ ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥❀ • t❤❡ ♥♦❞❡ ✐s ❜❡✐♥❣ ❝♦♣✐❡❞ ✐♥t♦ ❛♥♦t❤❡r ♥♦❞❡✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❢♦❝✉s✐♥❣✱ ❛❞♦♣t✐♥❣ ♦r ✉♥❢♦❝✉s✐♥❣✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ r❡❝♦♥str✉❝t t❤❡ ♥♦❞❡ ❢r♦♠ ✐ts ♣❛rts✳ P❛t❤ H s (x 1 )• • •(x k ) •❡❛❞s t♦ ❛ ♥♦❞❡ ✇✐t❤ s❡✈❡r❛• ❝❤✐•❞r❡♥✱ r❡♣r❡s❡♥t❡❞ ❛s s❡✈❡r❛• r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡s✳ ❲❡ t❛❦❡ ❛•• t❤❡s❡ ✈❛r✐❛❜•❡s ❛♥❞ r❡❝♦♥str✉❝t ♦♥❡ ❲❤② ✈❛•✉❡ r❡♣r❡s❡♥t✐♥❣ H s (x 1 )• • •(x k )✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐•② ♥❡❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ ♥♦❞❡ ✐❢ t❤❡ t❛r❣❡t ♥♦❞❡ ✐♥t♦ ✇❤✐❝❤ ✇❡ ❛r❡ ❝♦♣②✐♥❣ ✐s ✐ts❡•❢ ✢❛tt❡♥❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝♦♣② ❡❛❝❤ s♦✉r❝❡ ❝❤✐•❞ ♥♦❞❡ ✐♥t♦ ❡❛❝❤ t❛r❣❡t ❝❤✐•❞ ♥♦❞❡✳ ❋✉♥❝t✐♦♥ ❈❛••s ■♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ ❲❤② ♣❛r❛♠❡t❡r t♦ ❡♥❝♦❞❡ ❢✉♥❝t✐♦♥ ❝❛••s✱ ✇❡ ❝❛♥ ✐♥•✐♥❡ t❤❡ ❢✉♥❝t✐♦♥ ❛s ❛ ❜•❛❝❦ ❜♦① ✇✐t❤ t❤❡ s✉❜st✐t✉t❡❞ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ♣♦st✲❝♦♥❞✐t✐♦♥✱ r❡❛❞s ❝•❛✉s❡ ❛♥❞ ✇r✐t❡s ❝•❛✉s❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ♣r❡✜① tr❡❡ ✉s✐♥❣ t❤❡ ✐♥•✐♥❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡s❡✳ ❚❤✐s ❛••♦✇s t❤❡ ♣r❡✜① tr❡❡ t♦ ❜❡ ❞❡❡♣❡r✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱ ❢✉♥❝t✐♦♥ f t❛❦❡s x ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ ❛ss✐❣♥s x .f ✱ ❛♥❞ f (y.g) ✐s ❝❛••❡❞✱ t❤❡♥ y.g ❝❛♥ ❜❡ ✢❛tt❡♥❡❞ s♦ t❤❛t y.g.f ❛♣♣❡❛rs ❛s ❛ s❡♣❛r❛t❡❞ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜•❡✳ ■t ✐s ❛•s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ r❡❛❞s ❛♥❞ ✇r✐t❡s ❝•❛✉s❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛ ✜♥❡r ❢❛s❤✐♦♥ ✉s✐♥❣ ♦✉r ✢❛tt❡♥✐♥❣ ♠❡t❤♦❞♦•♦❣②✳ ❙❛②✱ ❢♦r ✐♥st❛♥❝❡✱ ❢✉♥❝t✐♦♥ f t❛❦❡s ❛r❣✉♠❡♥t x ♦❢ t②♣❡ [r ]✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ❝♦♥t❛✐♥✐♥❣ Triple ♣♦✐♥t❡rs✳ ❙❛② f ♦♥•② ❛ss✐❣♥s x .a.value✳ ❲✐t❤ ♦✉r ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ t❤❡r❡ ✐s ♦♥•② ♦♥❡ r❡❢❡r❡♥❝❡✿ r ✱ ✇❤✐❝❤ ♠✉st ❛♣♣❡❛r ✐♥ t❤❡ ✇r✐t❡s ❝•❛✉s❡✳ ❲✐t❤ ♦✉r ✢❛tt❡♥✐♥❣ ♠❡t❤♦❞♦•♦❣②✱ r ❝❛♥ ❜❡ ✢❛tt❡♥❡❞ ✐♥t♦ s❡✈❡r❛• r❡❢❡r❡♥❝❡s✱ ❛♥❞ ✇❡ ❝❛♥ ♣✉t ♦♥•② t❤❡ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x .a.value ✐♥ t❤❡ ✇r✐t❡s ❝•❛✉s❡✳ ❚❤❡♥ ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ✇♦r•❞ ✇❡ ❦♥♦✇ t❤❛t ✇❤❡♥ ❝❛••✐♥❣ f ✱ x .b.value ✐s ♥♦t ♠♦❞✐✜❡❞✳ ❚❤✐s ✐s q✉✐t❡ ♣♦✇❡r❢✉• ❛s t❤❡ ✉s❡r ❞♦❡s ♥♦t ❤❛✈❡ t♦ ♣✉t ❛♥♥♦t❛t✐♦♥s ✐♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ t♦ st❛t❡ t❤❛t x .b.value ✐s ✉♥❝❤❛♥❣❡❞✳ ■♥st❡❛❞✱ t❤❡ r❡❢❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x .b.value ✐s s✐♠♣•② ♥♦t ❛ss✐❣♥❡❞✳ |❡❣✐♦♥ ❆r❣✉♠❡♥ts ♦❢ ▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ Pr❡❞✐❝❛t❡s ■♥ ❛①✐♦♠s✱ •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s✱ t❤❡r❡ ✐s ♥♦ ❛ss✐❣♥♠❡♥t✱ ❛♥❞ t❤✉s t❤❡ ♥❡❡❞ ❢♦r ✢❛tt❡♥✐♥❣ ✐s •❡ss❡r✳ ❆❝t✉❛••②✱ ✢❛tt❡♥✐♥❣ ✐♥ t❤❡ •♦❣✐❝ ❤❛s ❜❛❞ ♣r♦♣❡rt✐❡s✳ ❈♦♥s✐❞❡r ❢✉♥❝t✐♦♥ f ✿ •♦❣✐❝ f [r : Triple] (x : [r ]): int ❙❤♦✉•❞ r❡❣✐♦♥ r ❜❡ ✢❛tt❡♥❡❞❄ ■❢ s♦✱ ❤♦✇ ❞❡❡♣ s❤♦✉•❞ ✐t ❜❡ ✢❛tt❡♥❡❞❄ ■t ♥♦t ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ✱ ✇❤✐❝❤ ♠❛② ♥♦t ❡✈❡♥ ❜❡ ♣r♦✈✐❞❡❞❀ ❜✉t ✐t ❛•s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦❞❡ ✇❤✐❝❤ ❛♣♣•✐❡s f ✳ ❑♥♦✇✐♥❣ ✇❤❡t❤❡r r s❤♦✉•❞ ❜❡ ✢❛tt❡♥❡❞ ✐s t❤✉s ♥♦t ♠♦❞✉•❛r✳ ❚♦ ❜❡ ♠♦❞✉•❛r ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ♦♥❡ ✢❛tt❡♥✐♥❣ ❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ✱ ♥♦t ❛❢t❡r✳ ❈❛♥❞✐❞❛t❡s ❢♦r ✢❛tt❡♥✐♥❣ ✐♥❝•✉❞❡ ♥♦ ✢❛tt❡♥✐♥❣ ♦r ❢✉•• ✢❛tt❡♥✐♥❣✳ ❋✉•• ✢❛tt❡♥✐♥❣ ✐s ♦♥•② ♣♦ss✐❜•❡ ✇❤❡♥ ✐♥✈♦•✈❡❞ ❝•❛ss❡s ❛r❡ ♥♦t r❡❝✉rs✐✈❡✳ ❲❡ ❝♦✉•❞ ❛•s♦ ❝❤♦♦s❡ t♦ ❞❡✜♥❡ s❡✈❡r❛• ❲❤② ✈❡rs✐♦♥s ♦❢ f ✱ ❢♦r ✐♥st❛♥❝❡ ♦♥❡ ❢♦r ❡❛❝❤ ♣r♦❣r❛♠ ❢✉♥❝t✐♦♥✳ ❲❤❛t ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✐♥ ♦✉r ♣❛rt✐❝✉•❛r ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ✐s ♥♦t t♦ ✢❛tt❡♥ •♦❣✐❝ r❡❣✐♦♥s ❛t ❛••✳ |❡❣✐♦♥s ❣✐✈❡♥ ❛s ❛r❣✉♠❡♥ts t♦ •♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ❤❛✈❡ t♦ ❜❡ r❡❝♦♥str✉❝t❡❞✳ ■t ✐s ❛ ❜✐t ❤❡❛✈② s♦♠❡t✐♠❡s✱ ❛♥❞ ✐t ❝❛♥ ❜❡ ❛r❣✉❡❞ t❤❛t ❛ ❣•♦❜❛• ❛♥❛•②s✐s✱ ❛•t❤♦✉❣❤ ♥♦t ♠♦❞✉•❛r✱ ✇♦✉•❞ •❡❛❞ t♦ s✐♠♣•❡r ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❢♦r ❝•❛ss List ❛♥❞ •♦❣✐❝ ❢✉♥❝t✐♦♥ length✱ ✇❤✐❝❤ r❡t✉r♥s t❤❡ •❡♥❣t❤ ♦❢ ❛ •✐st✿ ❝•❛ss List { ❣r♦✉♣ Rnext: List; next: option ([Rnext]); } •♦❣✐❝ length [r : List] (l : [r ]): int ❲❡ ❝❤♦♦s❡ ♥♦t t♦ ✢❛tt❡♥ r ❛t ❛••✱ ❛♥❞ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ ♦❢ t❤❡ ❞❡❝•❛r❛t✐♦♥ ♦❢ length ✐s t❤✉s✿ •♦❣✐❝ length (r : region List , l : pointer ): int ❍♦✇❡✈❡r✱ ✐❢ length ✐s ❛•✇❛②s ❛♣♣•✐❡❞ ♦♥ •✐sts ✇❤✐❝❤ ❛r❡ ✢❛tt❡♥❡❞ ♦♥❝❡✱ ✐✳❡✳ t❤❡✐r r❡❣✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❛s t✇♦ r❡❢❡r❡♥❝❡s✱ ♦♥❡ ❢♦r Rnext ❛♥❞ ♦♥❡ ❢♦r next✱ t❤❡♥ ✐t ✇♦✉•❞ ❜❡ ❛ ❣♦♦❞ ✐❞❡❛ t♦ ❝❤❛♥❣❡ t❤❡ ❲❤② ❞❡❝•❛r❛t✐♦♥ t♦✿ •♦❣✐❝ length (Rnext: region List , next: pointer , l : pointer ): int ■♥❞❡❡❞✱ ✇✐t❤ t❤✐s tr❛♥s•❛t✐♦♥ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ r❡❝♦♥str✉❝t r ❢r♦♠ Rnext ❛♥❞ next ❡❛❝❤ t✐♠❡ ✇❡ ❛♣♣•② length✳ ✺✳✺✳✹ ■••✉str❛t✐♦♥ ❲❡ ♦♥❝❡ ❛❣❛✐♥ ❝♦♥str✉❝t t❤❡ ❲❤② ❝♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ incrTriple✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸✳ ❲❡ ❛•s♦ ✉s❡ t❤❡ s✐♠♣•✐✜❝❛t✐♦♥ ♦❢ s✐♥❣•❡t♦♥ r❡❣✐♦♥s✳ ❈❤♦♦s✐♥❣ ❚❤❡ Pr❡✜① ❚r❡❡ ■♥st❡❛❞ ♦❢ ✉s✐♥❣ ♥❛♠❡s s✉❝❤ ❛s H sr ✱O ✱Ra ✱P ✱ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ s✐♠♣•❡r✱ ✇❡••✲❝❤♦s❡♥ ♥❛♠❡s✿ • H sr ✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r ♦❢ r ✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ r P ❀ • H sr ✱O ✱Ra ✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r ♦❢ x .Ra✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ Ra P ❀ • H sr ✱O ✱Ra ✱O ✱value ✱ t❤❡ ✈❛•✉❡ ♦❢ x .a.value✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ Ra value ❀ • H sr ✱O ✱Rbc✱G ✱value ✱ t❤❡ r❡❣✐♦♥ ♠❛♣ ♦❢ Rbc✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ Rbc❀ • H sr ✱O ✱a ✱ t❤❡ ✈❛•✉❡ ♦❢ x .a✱ ✐s r❡♥❛♠❡❞ r a ❀ • H sr ✱O ✱b ✱ t❤❡ ✈❛•✉❡ ♦❢ x .b✱ ✐s r❡♥❛♠❡❞ r b ❀ • H sr ✱O ✱c ✱ t❤❡ ✈❛•✉❡ ♦❢ x .c✱ ✐s r❡♥❛♠❡❞ r c ❀ • H sFb✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r ♦❢ Fb✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ Fb P ❀ • H sFb✱O✱value ✐s r❡♥❛♠❡❞ ✐♥t♦ Fb value ✳ a =
Fb value✱1 = Fb value + ✶ ⇒ ∀Rbc 1 : (region (int)) ⇒ Rbc 1 = set(Rbc, b, Fb value✱1 ) ⇒ ∀c: location. c = r c ⇒ b = c ⇒ Ra value✱1 = Ra value + ✶ ∧ get(Rbc 1 , r b ) = get(Rbc, r b ) + ✶ ∧ get(Rbc 1 , r c ) = get(Rbc, r c ) + ✶ ❚❤✐s ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✐s ❛r❣✉❛❜•② ♠✉❝❤ ♠♦r❡ r❡❛❞❛❜•❡ t❤❛♥ t❤❡ ♦♥❡s ✇❡ ❤❛❞ ✇✐t❤ ♣r❡✈✐♦✉s ❡♥❝♦❞✐♥❣s✳ ■t ✐s ❛•s♦ s✐♠♣•❡r t♦ ♣r♦✈❡✱ ❛s ❛①✐♦♠s getSetEq ❛♥❞ getSetNeq ❤❛✈❡ t♦ ❜❡ ✐♥st❛♥❝✐✲ ❛t❡❞ •❡ss ♦❢t❡♥✳ ■♥ ♣❛rt✐❝✉•❛r t❤✐s ❤❡•♣s t❤❡♦r❡♠ ♣r♦✈❡rs✳ ■t t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❣r❛♥t❡❞ ❜② t②♣✐♥❣✳ ■♥❞❡❡❞✱ ✇❤❡♥ ♠♦❞✐❢②✐♥❣ x .a.value✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ♦♥•② r❡❢✲ ❡r❡♥❝❡ ✇❤✐❝❤ ✐s ♠♦❞✐✜❡❞ ✐s t❤❡ ♦♥❡ r❡♣r❡s❡♥t✐♥❣ x .a.value✳ ❚❤❡ r❡❢❡r❡♥❝❡ r❡♣r❡s❡♥t✐♥❣ x .Rbc✱ ✐♥ ♣❛rt✐❝✉•❛r✱ ✐s •❡❢t ✉♥❝❤❛♥❣❡❞✳ ✺✳✺✳✺ ❙♦✉♥❞♥❡ss ❖♥❝❡ ❛❣❛✐♥✱ ✇❡ s❤❛•• ♥♦t ♣r♦✈❡ t❤❛t ♦✉r ♥❡✇ tr❛♥s•❛t✐♦♥ ✐s s♦✉♥❞ ✇✐t❤ ❛s ♠✉❝❤ ❞❡t❛✐•s ❛s ✇❡ ❞✐❞ ❢♦r ♦✉r ♦r✐❣✐♥❛• tr❛♥s•❛t✐♦♥✳ ❲❡ s✐♠♣•② r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ❛ s✐♠♣•❡ ❜✐•❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦s❡♥ ♣r❡✜① tr❡❡✳ ✺✳✻ ❊①♣❡r✐♠❡♥ts ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ r❡s✉•ts ♦❢ ❡①♣❡r✐♠❡♥ts ❛✐♠❡❞ ❛t ❝♦♠♣❛r✐♥❣ ✇❤❡t❤❡r ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs ❛r❡ ♠♦r❡ ❡✣❝✐❡♥t ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✺ ♦r ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳ ❲❡ ❝♦♥❞✉❝t ♦✉r ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ t✇♦ t❤❡♦r❡♠ ♣r♦✈❡rs✿ ❆•t✲ ❊r❣♦ ❬❆•t❊r❣♦( ❛♥❞ )✸ ❬)✸(✱ ❛♥❞ ♦♥ t❤r❡❡ ♣r♦❣r❛♠s✿ t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s✱ t❤❡ s♣❛rs❡ ❛rr❛②s ❛♥❞ t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣•❡s ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳ ❲❡ ❝♦♥❞✉❝t ♦✉r ❡①♣❡r✐♠❡♥ts ♦♥ ❛♥ ■♥t❡• ❈♦r❡ ✷ ❉✉♦ ❈P❯ ❊✻✽✺✵ ❛t ✸✳✵✵•❍③ ✇✐t❤ ✸•❇ ♦❢ ♠❡♠♦r②✳ ❚♦ •♦✇❡r t❤❡ ✐♠♣❛❝t ♦❢ ♠❡♠♦r② s✇❛♣♣✐♥❣✱ ✇❡ r✉♥ t❤❡ ❡①♣❡r✐♠❡♥ts ♦♥❝❡ ❜❡❢♦r❡ r✉♥♥✐♥❣ t❤❡♠ ❛❣❛✐♥✱ ❛♥❞ ✇❡ ♦♥•② ❦❡❡♣ t❤❡ s❡❝♦♥❞ r❡s✉•t✳ ❚❤✐s ✇❛② ✇❡ ❡♥s✉r❡ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r② r❡q✉✐r❡❞ ❜② t❤❡ ♣r♦✈❡r ✐s ❛❝t✉❛••② ❢r❡❡ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ s❡❝♦♥❞ r✉♥✳ ❙♣❛rs❡ ❆rr❛②s ❆ss❡rt✐♦♥s ❚❤❡ ✜rst r❡s✉•t ✇❡ ♦❜s❡r✈❡ ✐s t❤❛t s♦♠❡ ❛ss❡rt✐♦♥s t❤❛t ✇❡ ♣✉t ✐♥ t❤❡ ❝♦❞❡ ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣•❡ t♦ ❤❡•♣ ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ❛r❡ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❡ ♣r♦❣r❛♠ ❡♥t✐r❡•② ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❜✉t ❛r❡ ♥♦t ♥❡❡❞❡❞ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❇♦✉♥❞❡❞ ❛rr❛②s✿ arrayCreate ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ ❛rr❛② ✵✳✶✷✵s ✵✳✵✻✽s ♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✵✹s ✵✳✵✵✵s ❇♦✉♥❞❡❞ ❛rr❛②s✿ arrayGet ♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✵✵s ✵✳✵✵✵s ❇♦✉♥❞❡❞ ❛rr❛②s✿ arraySet ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♠♦❞✐✜❡❞ ❛rr❛② ✵✳✵✵✹s ✵✳✵✵✵s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭❝♦♥t❡♥ts✮ ✵✳✵✵✹s ✵✳✵✵✹s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭•❡♥❣t❤✮ ✵✳✵✵✹s tr✐✈✐❛• ❋✐❣✉r❡ ✺✳✹✿ ❊①♣❡r✐♠❡♥t r❡s✉•ts ❢♦r ❜♦✉♥❞❡❞ ❛rr❛②s ❚❤❡r❡ ❛r❡ ✸ ♦❢ t❤❡♠✳ ❲❡ t❤✉s ❤❛✈❡ r❡♠♦✈❡❞ t❤❡♠ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts ♦♥ s♣❛rs❡ ❛rr❛②s ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❆•t✲❊r❣♦ ❲❡ ✜rst ✈❡r✐❢② ♦✉r ♣r♦❣r❛♠s ✇✐t❤ t❤❡ ❆•t✲❊r❣♦ t❤❡♦r❡♠ ♣r♦✈❡r✳ ❚❤❡ ♣r♦t♦❝♦• ✉s❡❞ ✐s s✐♠♣•❡✿ ✇❡ r✉♥ ❆•t✲❊r❣♦ ♦♥ t❤❡ ✜•❡ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛•• t❤❡ ❣♦❛•s✳ ❆•t✲❊r❣♦ r❡t✉r♥s✱ ❢♦r ❡❛❝❤ ❣♦❛•✱ ✇❤❡t❤❡r ✐t ✇❛s ❝❛♣❛❜•❡ ♦❢ ♣r♦✈✐♥❣ ✐t ♦r ♥♦t✳ ■t ❛•s♦ r❡t✉r♥s t❤❡ t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳ |❡s✉•ts ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡s ✺✳✹✱ ✺✳✻✱ ❛♥❞ ✺✳✼✳ ❚❤❡ •❡❢t ❝♦•✉♠♥ ✐s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♠✐❞❞•❡ ❝♦•✉♠♥
♣❛r❛t✐♦♥ ♦❢ t❤❡ ❤❡❛♣ ❜❡t✇❡❡♥ s❡✈❡r❛• ✈❛r✐❛❜•❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✐s ♣r♦✈❡♥ ❛•♠♦st ✐♥st❛♥t•② ❛♥②✇❛② ❡✈❡♥ ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✳ ❚❤❡ t♦t❛• t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣•❡ ✐s ♥♦t s✐❣♥✐✜❝❛♥t✿ ✐t t❛❦❡s ♠✉❝❤ •❡ss t✐♠❡ ✭❛❜♦✉t ✶✳✷s ✐♥st❡❛❞ ♦❢ ❛❜♦✉t ✶✹s✮ t♦ ♣r♦✈❡ ♦❜•✐❣❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣r♦✈❡❞✱ ❜✉t ♦♥❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✐s ♥♦ •♦♥❣❡r ♣r♦✈❡❞ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ■t ✐s✱ ❤♦✇❡✈❡r✱ ♣r♦✈❡❞ ✉s✐♥❣ )✸ ✐♥ •❡ss t❤❛♥ ✶s✳ ❚❤✐s ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ main ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ❛♥❞ ✐♥ ❛ q✉✐t❡ ❢❛st ❢❛s❤✐♦♥ ✇✐t❤ ❜♦t❤ ❡♥❝♦❞✐♥❣✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ♦♠✐tt❡❞ t❤❡ r❡s✉•ts ❢♦r t❤✐s ❢✉♥❝t✐♦♥✳ ❙♦♠❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛r❡ ♥♦t ♣r♦✈❡❞ ❜② ❆•t✲❊r❣♦ ✐♥ ❜♦t❤ ❝❛s❡s✳ ❚❤❡② ❛r❡ ♣r♦✈❡❞ ❜② ❛♥♦t❤❡r t❤❡♦r❡♠ ♣r♦✈❡r✳ ❖♥❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❜❡❝♦♠❡s tr✐✈✐❛• t❤❛♥❦s t♦ s❡♣❛r❛t✐♦♥✳ ❚❤❡ t♦t❛• t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② s♣❛rs❡ ❛rr❛②s ✐s ♠♦r❡ t❤❛♥ ✶✷✵s ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❛♥❞ ✐s ❛❜♦✉t ✷✻s ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤✐s ✐s ❛ ♣r❡tt② s✐❣♥✐✜❝❛♥t ❣❛✐♥✳ ❚❤❡ ♠♦st ✐♠♣r❡ss✐✈❡ ❝❛s❡ ✐s t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ✐♥ ❢✉♥❝t✐♦♥ ❈♦✉rs❡ ❛♥❞ st✉❞❡♥ts✿ createCourse ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ ❝♦✉rs❡ ✵✳✶✻✽s ✵✳✵✹✽s ♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✷✹s ✵✳✵✶✷s ❈♦✉rs❡ ❛♥❞ st✉❞❡♥ts✿ addStudent ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ st✉❞❡♥t ✵✳✵✵✽s ✵✳✵✵✹s ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♠♦❞✐✜❡❞ ❝♦✉rs❡ ♥♦t ♣r♦✈❡❞ ♥♦t ♣r♦✈❡❞ ♣♦st✲❝♦♥❞✐t✐♦♥ ✭♠❛r❦✮ ✶✷✳✾✶✼s ✵✳✾✷✽s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭❝♦✉♥t✮ ✵✳✵✻✽s ✵✳✵✷✹s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭s✉♠✮ ✵✳✵✽✵s ✵✳✵✷✵s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭♦t❤❡r ♠❛r❦s✮ ✵✳✷✷✽s ✵✳✵✹✵s ❈♦✉rs❡ ❛♥❞ st✉❞❡♥ts✿ changeMark ✐♥✈❛r✐❛♥t ♦❢ t❤❡ st✉❞❡♥t ✵✳✵✵✽s ✵✳✵✵✹s ❛ss❡rt✐♦♥ t♦ ❤❡•♣ ♣r♦✈❡rs ♥♦t ♣r♦✈❡❞ ♥♦t ♣r♦✈❡❞ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝♦✉rs❡ ✷✹✳✼✸✸s ♥♦t ♣r♦✈❡❞ ♣♦st✲❝♦♥❞✐t✐♦♥ ✭♠❛r❦✮ ✵✳✵✽✵s ✵✳✵✸✻s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭s✉♠✮ ✵✳✵✼✷s ✵✳✵✸✷s ♣♦st✲❝♦♥❞✐t✐♦♥ ✭❝♦✉♥t✮ ✵✳✵✵✵s tr✐✈✐❛• ♣♦st✲❝♦♥❞✐t✐♦♥ ✭♦t❤❡r ♠❛r❦s✮ ✵✳✵✵✹s ✵✳✵✵✹s ❋✐❣✉r❡ ✺✳✺✿ ❊①♣❡r✐♠❡♥t r❡s✉•ts ❢♦r ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts sset✿ ✐t t❛❦❡s ❛❜♦✉t ✷✼s ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❛♥❞ ❛ t❤✐r❞ ♦❢ ❛ s❡❝♦♥❞ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❲❤❛t ✐s ❛•s♦ q✉✐t❡ ✐♥t❡r❡st✐♥❣ ✐s t❤❛t ♠❛♥② ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛r❡ tr✐✈✐❛• ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✱ ❛♥❞ t❤❛t ❛ss❡rt✐♦♥s t♦ ❤❡•♣ ♣r♦✈❡rs ❛r❡ ♥♦t ♥❡❡❞❡❞✳ )✸ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❞♦❡s ♥♦t ♦♥•② ❤❡•♣ ❆•t✲❊r❣♦ ❜✉t ♦t❤❡r t❤❡♦r❡♠ ♣r♦✈❡rs ❛s ✇❡••✱ ✇❡ ❛•s♦ ♠❡❛s✉r❡❞ t❤❡ t✐♠❡ )✸ t❛❦❡s t♦ ♣r♦✈❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐✲ t✐♦♥s✳ ◆♦t❡ t❤❛t ✇❤✐•❡ ❆•t✲❊r❣♦ ❣✐✈❡ t❤❡ t✐♠❡ t❛❦❡♥ t♦ ♣r♦✈❡ ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ )✸ ❞♦❡s ♥♦t✳ ❆s ❛ r❡s✉•t✱ ✇❡ ❝❤♦♦s❡ t♦ ♦♥•② ♠❡❛s✉r❡ t❤❡ t✐♠❡ t❛❦❡♥ ❢♦r t❤❡ ✇❤♦•❡ ♣r♦❣r❛♠✳ ■t ❛•s♦ ❢♦••♦✇s t❤❛t t❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ♥♦t ❝♦♠♣❛r❛❜•❡✱ ❛♥❞ t❤✉s t❤❛t ♦♥❡ s❤♦✉•❞ ♥♦t ❞❡❞✉❝❡ ❢r♦♠ t❤❡s❡ ❡①♣❡r✐♠❡♥ts t❤❛t ♦♥❡ ♣r♦✈❡r ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♦t❤❡r✳ ❍♦✇❡✈❡r✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❤❡•♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ♦r ♥♦t✳ ❚❤❡ ♣r♦t♦❝♦• ✉s❡❞ ✐s ❛s ❢♦••♦✇s✳ ❲❡ r✉♥ )✸ ♦♥ ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ♦♥❡ ❛t ❛ t✐♠❡✱ ✇✐t❤ ❛ t✐♠❡♦✉t ♦❢ ✶✵ s❡❝♦♥❞s ❢♦r ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳ ■❢ )✸ ❢❛✐•s t♦ ♣r♦✈❡ ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ❛❢t❡r ✶✵ s❡❝♦♥❞s ✐t ✇✐•• ❛❜♦rt ❛♥❞ ❣♦ ♦♥ t♦ t❤❡ ♥❡①t ♦♥❡✳ ❲❡ ♠❡❛s✉r❡ t❤❡ t✐♠❡ ✐t t❛❦❡s ❢♦r )✸ t♦ r✉♥ ♦♥ ❛•• ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❲❡ ❛•s♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡♦✉ts✳ ◆♦t❡ t❤❛t ✇❤❡♥ )✸ ❝❛♥♥♦t ♣r♦✈❡ ❛ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ✐t ✇✐•• ❝♦♥t✐♥✉❡ t♦ r✉♥ ✉♥t✐• t❤❡ t✐♠❡♦✉t✳ ❲❡ ❛•s♦ tr✐❡❞ t♦ r✉♥ t❤❡ ❡①♣❡r✐♠❡♥t ✇✐t❤ ♥♦ t✐♠❡♦✉t✱ ❜✉t ✇❡ ❛❜♦rt❡❞ ✐t ❛❢t❡r ♠❡♠♦r② st❛rt❡❞ s✇❛♣♣✐♥❣ t♦♦ ♠✉❝❤✳ ❚❤❡ r❡s✉•ts ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ • ✐t t❛❦❡s ❛❜♦✉t ✼✷ s❡❝♦♥❞s✱ ✐♥❝•✉❞✐♥❣ ✼ t✐♠❡♦✉ts✱ ❢♦r t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣•❡ ✉s✐♥❣ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣❀ • ✐t t❛❦❡s ❛❜♦✉t ✸✶ s❡❝♦♥❞s✱ ✐♥❝•✉❞✐♥❣ ✸ t✐♠❡♦✉ts✱ ❢♦r t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣•❡ ✉s✐♥❣ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣❀
❡ ♦❢ ♣r♦✈✐♥❣ ♠♦r❡ ✈❡r✐✜✲ ❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❙♦♠❡ ♦❢ t❤❡ ♦t❤❡r ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❝❛♥♥♦t ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ✐♥ ❛ r❡❛s♦♥❛❜•❡ t✐♠❡ ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✳ ❈♦♥❝•✉s✐♦♥ ❊①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❣r❡❛t•② ❤❡•♣s ❛✉t♦♠❛t✐❝ t❤❡✲ ♦r❡♠ ♣r♦✈❡rs✳ ◆♦t ♦♥•② ❞♦ t❤❡② r✉♥ ❢❛st❡r✱ ❜✉t t❤❡② ❛r❡ ❛•s♦ ❝❛♣❛❜•❡ ♦❢ ♣r♦✈✐♥❣ ♠♦r❡ ♣❛rts ♦❢ t❤❡ ♣r♦❣r❛♠ ✐♥ ❛ r❡❛s♦♥❛❜•❡ t✐♠❡✳ ❲❡ ❜❡•✐❡✈❡ t❤❛t t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦✈❡r ❤❛s t♦ ✐♥st❛♥❝✐❛t❡ ❛①✐♦♠s ❢♦r get ❛♥❞ set ♠✉❝❤ •❡ss ♦❢t❡♥ ✉s✐♥❣ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❇❡❢♦r❡ ❝♦♥❞✉❝t✐♥❣ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ t❤♦✉❣❤t t❤❛t t❤❡ ♥❡❡❞ t♦ r❡❝♦♥str✉❝t r❡❣✐♦♥s ✇❤❡♥ ✉s✐♥❣ t❤❡♠ ✐♥ t❤❡ •♦❣✐❝ ✇♦✉•❞ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡♦r❡♠ ♣r♦✈❡rs✳ ■t ❞♦❡s ♠❛❦❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛ •✐tt•❡ •❡ss r❡❛❞❛❜•❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡ ✐t s❡❡♠s t❤❛t t❤✐s ❞✐s❛❞✈❛♥t❛❣❡ ✐s •❛r❣❡•② ♦✈❡r❝♦♠❡ ❜② t❤❡ ❛❞✈❛♥t❛❣❡ ❣✐✈❡♥ ❜② s❡♣❛r❛t✐♦♥✳ ■t ♠✐❣❤t ❜❡ ♣♦ss✐❜•❡ t♦ ❜✉✐•❞ ❡①❛♠♣•❡s ✇❤❡r❡ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ❜✉t ♦♥ ♦✉r t✇♦ ♣r❛❝t✐❝❛• ❡①❛♠♣•❡s t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ✐s str✐❝t•② s✉♣❡r✐♦r✳ ❲❡ ❞✐❞ ♥♦t r✉♥ t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥ts t♦ t❡st t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✹✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡r❡ ✐s ♥♦ ✈❡rs✐♦♥ ♦❢ t❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ✇❤✐❝❤ ❢❡❛t✉r❡s ❜♦t❤ s✐♠♣•✐✜❡❞ s✐♥❣•❡t♦♥ r❡❣✐♦♥s ❛♥❞ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤❡r❡ ✐s ❛ ✈❡rs✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ✇❤✐❝❤ ❢❡❛t✉r❡s s✐♠♣•✐✜❡❞ s✐♥❣•❡t♦♥ r❡❣✐♦♥s✱ ❜✉t ✐t ✐s ♦•❞ ❛♥❞ ✐s ♥♦t ❝♦♠♣❛r❛❜•❡ ✇✐t❤ t❤❡ ❝✉rr❡♥t ✈❡rs✐♦♥✳ ❲❡ ❜❡•✐❡✈❡ ✶✺✽ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ t❤❛t✱ ❛s t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✹ ❢✉rt❤❡r •♦✇❡rs t❤❡ ♥❡❡❞ t♦ ✐♥st❛♥❝✐❛t❡ ❛①✐♦♠s✱ ✐t ❝❛♥ ♦♥•② ❜❡ ❜❡♥❡✜❝✐❛•✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣❛❝t ✇♦✉•❞ ♣r♦❜❛❜•② ❜❡ ♠✉❝❤ •♦✇❡r t❤❛♥ t❤❡ ♦♥❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤❡r❡ ❛r❡ ✈❡r② ❢❡✇ ❡①✐st✐♥❣ ✇♦r❦ ❝♦♠♣❛r✐♥❣ ❡①♣❡r✐♠❡♥t❛••② t❤❡ r❡•❛t✐✈❡ ♣♦✇❡r ♦❢ ♠❡♠♦r② ♠♦❞❡•s✳ ❆ ♥♦t❛❜•❡ r❡❝❡♥t ❡①❝❡♣t✐♦♥ ✐s t❤❡ ✇♦r❦ ♦❢ ❙❛s❝❤❛ ❇ö❤♠❡ ❛♥❞ ▼✐❝❤❛➟ ▼♦s❦❛• ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❱❈❈ ♣r♦❣r❛♠ ✈❡r✐✜❡r ❛♥❞ ✉s✐♥❣ )✸ ❬❇ö❤♠❡✶✶(✳ ❚❤❡② r❡❛❝❤ t❤❡ s❛♠❡ ❝♦♥❝•✉s✐♦♥ t❤❛t ♠♦❞❡•s ✇❤✐❝❤ ✐♥❝•✉❞❡ s❡♣❛r❛t✐♦♥ ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ ♦t❤❡rs✳ ✺✳✼ ❯s✐♥❣ ❚②♣✐♥❣ ■♥❢♦r♠❛t✐♦♥ ✐♥ Pr♦♦❢s ❚❤❡ ❡①❛♠♣•❡ ♦❢ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸ ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x .a st✐•• ❤♦•❞s ❛❢t❡r ✐t ❤❛s ❜❡❡♥ ✐♥❝r❡♠❡♥t❡❞✳ ❚❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ♣r❡✜① tr❡❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✺✳✹ ❛♥❞ ❛❢t❡r r❡♠♦✈✐♥❣ ✉♥✉s❡❞ ✈❛r✐❛❜•❡s ❛♥❞ ✉s❡•❡ss ❤②♣♦t❤❡s❡s✱ ✐s t❤❡ ❢♦••♦✇✐♥❣ •♦❣✐❝ ❢♦r♠✉•❛✿ ∀Ra value✱1 : int. Ra value✱1 = Ra value + ✶ ⇒ Ra value✱1 > ✵ ❚❤✐s ❢♦r♠✉•❛ ❝❛♥♥♦t ❜❡ ♣r♦✈❡♥✳ ❲❡ ♠✐ss t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x .a ❤❡•❞ ❜❡❢♦r❡ t❤❡ ❛ss✐❣♥♠❡♥t✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s ❦♥♦✇♥ ❜② t②♣✐♥❣✳ ■♥❞❡❡❞✱ ♣❡r♠✐ss✐♦♥ x .Ra × ✐s ❛✈❛✐•❛❜•❡ ❜❡❢♦r❡ t❤❡ ✉♥♣❛❝❦ a ♦♣❡r❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛• ❢❛❝ts t❤❛t ❛r❡ ❦♥♦✇♥ ❜② t②♣✐♥❣ ❛♥❞ t❤❛t ✇❡ ✇❛♥t t♦ ✉s❡ ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❲❡ r❡✈✐❡✇ s❡✈❡r❛• ♦❢ t❤❡♠ ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ t♦ ✐♥tr♦❞✉❝❡ t❤❡♠ ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ✉s✐♥❣ ❛ss✉♠❡ ❝•❛✉s❡s✳ ❙♦✉♥❞♥❡ss ✐s ❣✐✈❡♥ ❜② ❝♦❤❡r❡♥❝❡✳ ■♥❞❡❡❞✱ t❤❡ ❲❤② ❤❡❛♣ ✐s ✐♥ r❡•❛t✐♦♥ ✇✐t❤ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣✱ ✇❤✐❝❤ ✐s ✐ts❡•❢ ✐♥ r❡•❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥t✉✐t✐✈❡ ❝♦❤❡r❡♥t ❤❡❛♣✳ ❋r♦♠ t❤✐s ✇❡ s❤♦✇ t❤❛t ❡❛❝❤ ♣r♦♣❡rt② ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ✉s✐♥❣ ❛ss✉♠❡ ❝•❛✉s❡s ❛❝t✉❛••② ❤♦•❞✳ ✺✳✼✳✶ ■♥✈❛r✐❛♥ts ❚❤❡ ✜rst ❢❛❝t ✇❡ ✇❛♥t t♦ ✉s❡ ❢r♦♠ t②♣✐♥❣ ✐s t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❝•♦s❡❞ ♣♦✐♥t❡rs ❤♦•❞✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿ ✉s❡ ✐♥✈❛r✐❛♥t x ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜•❡ ♥❛♠❡✳ ❚②♣✐♥❣ r❡q✉✐r❡s t❤❛t x ✐s ❝•♦s❡❞✱ ✐✳❡✳ t❤❛t x : [ρ] ✐s ✐♥ t❤❡ ❝✉rr❡♥t ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❡✐t❤❡r✿ • ρ × ♦r ρ G ✐s ✐♥ Σ❀ • ♦r ρ ✐s y.s✱ y: σ ✐s ✐♥ Γ✱ ❛♥❞ σ ✐s ❝•♦s❡❞ ✐♥ Σ✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s•❛t❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿ ❛ss✉♠❡ why(Inv (x )) ✇❤❡r❡ Inv (x ) ✐s t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ x ❛♣♣•✐❡❞ t♦ ✐ts ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✜❡•❞s✳ ❲❡ ❝❛♥ ❛•s♦ ❛••♦✇ ✉s❡ ✐♥✈❛r✐❛♥t x t♦ ❜❡ ❛♣♣•✐❡❞ ✇❤❡♥ x ❤❛s t②♣❡ [ρ] ❛♥❞ ♣❡r♠✐ss✐♦♥ σ -• ρ ✐s ❛✈❛✐•❛❜•❡ ❢♦r s♦♠❡ σ✱ ❜✉t t❤❡♥ t❤❡ ♦♣❡r❛t✐♦♥ tr❛♥s•❛t❡s t♦✿ ❛ss✉♠❡ ¬inRegion(x , why(σ)) ⇒ why(Inv (x )) ✺✳✼✳ ❯❙■◆• ❚(P■◆• ■◆❋❖|▼❆❚■❖◆ ■◆ P|❖❖❋❙ ✶✺✾ ■♥ ♦t❤❡r ✇♦r❞s✱ t♦ ✉s❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x t❤❡ ✉s❡r ❤❛s t♦ ♣r♦✈❡ t❤❛t x ✐s ♥♦t t❤❡ ♣♦✐♥t❡r ♦❢ ρ ❜❡✐♥❣ ❢♦❝✉s❡❞✳ ❊①❛♠♣•❡s ❙❡❝t✐♦♥ ✸✳✹ ❝♦♥t❛✐♥s s❡✈❡r❛• ✐♥st❛♥❝❡s ♦❢ t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✳ ■♥ ♣❛rt✐❝✲ ✉•❛r✱ ❢✉♥❝t✐♦♥s arraySet✱ sget ❛♥❞ sset ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣•❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✸ ❛•• ✉s❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡✐r ♣❛r❛♠❡t❡r✳ ✺✳✼✳✷ |❡❣✐♦♥ ❉✐s•♦✐♥t♥❡ss ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✱ ❜✉t ✇❡ r❡♠❛r❦ t❤❛t ✇❡ ❝❛♥ s♦♠❡t✐♠❡s ❞❡❞✉❝❡ ❢r♦♠ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s t❤❛t t✇♦ r❡❣✐♦♥s ρ ❛♥❞ σ ❛r❡ ❞✐s•♦✐♥t✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ ✇✐•• ✉s❡ t❤✐s t♦ ♣r♦✈❡ ♣♦✐♥t❡r ❞✐s❡q✉❛•✐t✐❡s✱ ❛s ✇❡•• ❛s t♦ ♣r♦✈❡ t❤❛t s♦♠❡ ♣♦✐♥t❡r ✐s ♥♦t ✐♥ s♦♠❡ r❡❣✐♦♥✳ ❖✉r ❝♦♥❞✐t✐♦♥ ♦♥ ♣❡r♠✐ss✐♦♥s ✐s ♥♦t ♥❡❝❡ss❛r②✱ ❜✉t ✐t ✐s s✉✣❝✐❡♥t✳ ❚❤❡♦r❡♠ ✶✷ ✭❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❢♦r ❉✐s•♦✐♥t♥❡ss✮ ▲❡t ρ ❛♥❞ σ ❜❡ r❡❣✐♦♥s✳ ▲❡t Γ ❜❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s✳ ■❢ Σ = Σ ′ , Σ ρ , Σ σ s✉❝❤ t❤❛t✿ • Σ ρ ✐s ❡✐t❤❡r ρ ∅ ✱ ρ • ✱ ρ × ♦r ρ G ❀ • Σ σ ✐s ❡✐t❤❡r σ ∅ ✱ σ • ✱ σ × ♦r σ G ✱ t❤❡♥ ❢♦r ❛•• s❡♣❛r❛t❡❞ ❤❡❛♣ H s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✱ t❤❡♥ Dom(H s (ρ)) ❛♥❞ Dom(H s (σ)) ❛r❡ ❞✐s•♦✐♥t✳ Pr♦♦❢✳ ❆ss✉♠❡ t❤❡r❡ ✐s p ✐♥ Dom(H s (ρ)) ❛♥❞ ✐♥ Dom(H s (σ))✳ ❚❤❡♥ ❜② ✐t❡♠ ✽ ♦❢ ❝♦❤❡r❡♥❝❡ ❛♥❞ ♣❡r♠✐ss✐♦♥s Σ ρ ❛♥❞ Σ σ ✇❡ ❤❛✈❡ H s (p❄) = ρ ❛♥❞ H s (p❄) = σ✱ t❤✉s ρ = σ✳ ■t❡♠ ✶ ♦❢ ❝♦❤❡r❡♥❝❡ st❛t❡s t❤❛t t❤✐s ✐s ♥♦t ♣♦ss✐❜•❡✱ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t❤❡ t✇♦ ♣❡r♠✐ss✐♦♥s Σ ρ ❛♥❞ Σ σ ❛✈❛✐•❛❜•❡✳ ✷ ✺✳✼✳✸ P♦✐♥t❡r |❡❣✐♦♥ P♦s✐t✐✈❡ ❆♥♦t❤❡r ❢❛❝t ✇❡ ✇❛♥t t♦ ✉s❡ ❢r♦♠ t②♣✐♥❣ ✐s t❤❛t ✐❢ ❛ ♣♦✐♥t❡r ❤❛s t②♣❡ [ρ]✱ t❤❡♥ ✐t ✐s ❛❝t✉❛••② ✐♥ ρ✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿ ✉s❡ x ∈ ρ ❚②♣✐♥❣ r❡q✉✐r❡s t❤❛t x : [ρ] ✐s ✐♥ t❤❡ ❝✉rr❡♥t ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s•❛t❡❞ ✐♥t♦ t❤❡ ❢♦••♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿ ❛ss✉♠❡ inRegion(x , why(ρ)) ◆❡❣❛t✐✈❡ ❲❡ ❝❛♥ ❛•s♦ ✉s❡ ❢r♦♠ t②♣✐♥❣ t❤❛t ❛ ♣♦✐♥t❡r ✐s ♥♦t ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿ ✉s❡ x / ∈ ρ ❚②♣✐♥❣ r✉•❡s ❛r❡ t❤❡ ❢♦••♦✇✐♥❣✿ ✶✻✵ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ x : [σ] ∈ Γ ρ ∅ ∈ Σ Γ ⊢ {Σ} ✉s❡ x / ∈ ρ {Σ}, Γ x : [σ] ∈ Γ Σ = Σ ′ , Σ σ , Σ ρ Σ σ ∈ {σ • , σ × , σ G } Σ ρ ∈ {ρ • , ρ × , ρ G } Γ ⊢ {Σ} ✉s❡ x / ∈ ρ {Σ}, Γ ❚❤❡ ✜rst r✉•❡ st❛t❡s t❤❛t ✐❢ ρ ✐s ❡♠♣t②✱ t❤❡♥ x ✐s ♥♦t ✐♥ ρ✳ ❚❤❡ s❡❝♦♥❞ r✉•❡ ✉s❡s t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✼✳✷ t♦ ❝♦♥❝•✉❞❡ t❤❛t t❤❡ r❡❣✐♦♥ ♦❢ x ✐s ❞✐s•♦✐♥t ❢r♦♠ ρ✱ ❛♥❞ t❤✉s t❤❛t x ✐s ♥♦t ✐♥ ρ✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s•❛t❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿ ❛ss✉♠❡ ¬inRegion(x , why(ρ)) ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❛ ♣♦✐♥t❡r ✐s ❢r❡s❤ ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❣r❛♠✿ •❡t x = ♥❡✇ Long [σ]; ✉s❡ x / ∈ ρ; ❛❞♦♣t x : σ ❛s ρ; ❆❢t❡r t❤❡ ❛❞♦♣t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t x ✐s ✐♥ ρ✱ ❜✉t t❤❛t ✐t ✇❛s ♥♦t ❜❡❢♦r❡✳ ❆s ✐t ✐s t❤❡ ♦♥•② ♥❡✇ ♣♦✐♥t❡r ✐♥ ρ✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t x ✐s ❞✐✛❡r❡♥t t❤❛♥ ❛•• ♣♦✐♥t❡rs t❤❛t ✇❡r❡ ✐♥ ρ ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳ ❊①❛♠♣•❡ ❚❤❡ ❈♦✉rs❡ ❡①❛♠♣•❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✺ ✐••✉str❛t❡s st❛t❡♠❡♥t ✉s❡ x ∈ ρ✱ ✐♥ ❢✉♥❝t✐♦♥ changeMark ✳ ✺✳✼✳✹ P♦✐♥t❡r ❊q✉❛•✐t✐❡s ❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t t✇♦ ♣♦✐♥t❡rs ❛r❡ ❡q✉❛• ✐❢ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐♥❣•❡t♦♥ r❡❣✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿ ✉s❡ x = y ❚②♣✐♥❣ r❡q✉✐r❡s x ❛♥❞ y t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ r❡❣✐♦♥ ρ✳ ■t r❡q✉✐r❡s ❛ ♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ ρ • {f 1 , • • •, f n } ✭n ♠❛② ❜❡ ③❡r♦✮ ♦r ρ × ✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s•❛t❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿ ❛ss✉♠❡ x = y ✺✳✼✳✺ P♦✐♥t❡r ❉✐s❡q✉❛•✐t✐❡s ❚❤❡ ✉s❡ x / ∈ ρ st❛t❡♠❡♥t ❛••♦✇s t❤❡ ✉s❡r t♦ ♣r♦✈❡ ♣♦✐♥t❡r ❞✐s❡q✉❛•✐t✐❡s✳ ❋♦r ✐♥st❛♥❝❡✿ •❡t r❡❣✐♦♥ σ: Long; •❡t r❡❣✐♦♥ ρ: Long; •❡t x = ♥❡✇ Long [σ]; •❡t y = ♥❡✇ Long [ρ]; ✉s❡ x / ∈ ρ; ✺✳✼✳ ❯❙■◆• ❚(P■◆• ■◆❋❖|▼❆❚■❖◆ ■◆ P|❖❖❋❙ ✶✻✶ ✉s❡ y ∈ ρ; ❛ss❡rt x = y; ❚❤❡ •❛st ❛ss❡rt✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡♥✳ ❇✉t ✐t ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✳ ❚♦ ❛✈♦✐❞ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿ ✉s❡ x = y ❚❤❡ t②♣✐♥❣ r✉•❡ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ x : [σ] ∈ Γ y : [ρ] ∈ Γ Σ = Σ ′ , Σ σ , Σ ρ Σ σ ∈ {σ • , σ × , σ G } Σ ρ ∈ {ρ • , ρ × , ρ G } Γ ⊢ {Σ} ✉s❡ x = y {Σ}, Γ ❖♥❡ ❛❣❛✐♥✱ ✇❡ ✉s❡ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✼✳✷ t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡❣✐♦♥s ♦❢ x ❛♥❞ y ❛r❡ ❞✐s•♦✐♥t✳ ❲❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t x ❤❛s t②♣❡ [σ] t♦ ♣r♦✈❡ t❤❛t x ✐s ✐♥ σ✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t y ❤❛s t②♣❡ [ρ] t♦ ♣r♦✈❡ t❤❛t y ✐s ✐♥ ρ✳ ❇❡❝❛✉s❡ σ ❛♥❞ ρ ❛r❡ ❞✐s•♦✐♥t✱ ✇❡ t❤✉s ❤❛✈❡ x = y✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s•❛t❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿ ❛ss✉♠❡ x = y ◆♦t❡ t❤❛t ✐❢ ❛ ♣♦✐♥t❡r ❝♦♠♣❛r✐s♦♥ x = y ♦r x = y ❛♣♣❡❛rs ✐♥s✐❞❡ ❛ ♣r❡❞✐❝❛t❡ ♦r ❛♥ ❡①✲ ♣r❡ss✐♦♥✱ ❛♥❞ ✐❢ ✇❡ ❝❛♥ ♣r♦✈❡ ❢r♦♠ t②♣✐♥❣ t❤❛t t❤❡ •♦❝❛t✐♦♥s ❛r❡ ❛•✇❛②s ❡q✉❛• ♦r ❛r❡ ❛•✇❛②s ❞✐✛❡r❡♥t✱ t❤❡♥ ✇❡ ❝❛♥ ❡♠✐t ❛ ✇❛r♥✐♥❣ t♦ t❤❡ ✉s❡r✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦❣r❛♠✿ •❡t r❡❣✐♦♥ r : Long; •❡t x = ♥❡✇ Long [r ]; •❡t r❡❣✐♦♥ s: Long; •❡t y = ♥❡✇ Long [s]; ✐❢ x = y t❤❡♥ • • • ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ ❢r♦♠ t②♣✐♥❣ t❤❛t x = y✱ ❛♥❞ t❤✉s t❤❛t t❤❡ t❤❡♥ ❜r❛♥❝❤ ♦❢ t❤❡ ✐❢ st❛t❡♠❡♥t ✇✐•• ♥❡✈❡r ❜❡ ❡①❡❝✉t❡❞✳ ❊①❛♠♣•❡ ❚❤❡ ❈♦✉rs❡ ❡①❛♠♣•❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✺ ✐••✉str❛t❡s st❛t❡♠❡♥t ✉s❡ x = y✱ ✐♥ ❢✉♥❝t✐♦♥ addStudent✳ ❚❤❡ •❛tt❡r ❛❝t✉❛••② ♥❡❡❞s ❛ s♠❛•• ❡①t❡♥s✐♦♥ ♦❢ t❤❡ st❛t❡♠❡♥t✿ ✉s❡ ∀i : int. i ≥ ✵ ∧ i < c.count ⇒ select(c.students, i ) = s ■♥❞❡❡❞✱ x ✐s ♥♦ •♦♥❣❡r ❛ ✈❛r✐❛❜•❡ ❜✉t ❛ t❡r♠ ✭❤❡r❡ select(c.students, i )✮✱ ✇❤✐❝❤ ✐s ✐ts❡•❢ ❞❡❡♣ ✐♥s✐❞❡ ❛ ♣r❡❞✐❝❛t❡✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✇❡ r❡♣•❛❝❡ select(c.students, i ) = s ❜② ❚✱ ❛♥❞ t❤❡♥ s✐♠♣•✐❢② t❤❡ ♣r❡❞✐❝❛t❡ ✉s✐♥❣ ✭❛♠♦♥❣ ♦t❤❡rs✮ t❤❡ ❢♦••♦✇✐♥❣ •❛✇s✿ P ⇒ ❚ ✐s ❡q✉✐✈❛•❡♥t t♦ ❚✱ ❛♥❞ ∀x : τ . ❚ ✐s ❛•s♦ ❡q✉✐✈❛•❡♥t t♦ ❚✳ ▼♦r❡♦✈❡r✱ t❤❡ t②♣✐♥❣ r✉•❡s ❢♦r ♣r❡❞✐❝❛t❡s ♠✉st ❜❡ ❝❤❛♥❣❡❞ s•✐❣❤t•② t♦ ❜❡ ❛❜•❡ t♦ st❛t❡ t❤❛t select(c.students, i ) ❤❛s t❤❡ ♠♦r❡ ♣r❡❝✐s❡ t②♣❡ [c.Rstudents] ✐♥st❡❛❞ ♦❢ [❴]✳ ❆•• t❤❡s❡ ❡①t❡♥s✐♦♥s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ ✇❡ s❤❛•• ♥♦t ❞❡t❛✐• t❤❡♠ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡② ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ t❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡✳ ✶✻✷ ❈❍❆P❚❊| ✺✳ •❊◆❊|❆❚■❖◆ ❖❋ ❱❊|■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙ ✺✳✽ ❈♦♥❝•✉s✐♦♥ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇❡❞ ❤♦✇ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ♦❢ ❈❛♣✉❝✐♥❡ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❲❤② ✐♥t❡r♠❡❞✐❛t❡ •❛♥❣✉❛❣❡✳ ❚❤❡ ❲❤② t♦♦• t❤❡♥ ❝♦♠♣✉t❡s ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❲❡ s❤♦✇❡❞ t❤❛t ✐❢ t❤♦s❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ✈❛•✐❞✱ t❤❡♥ t❤❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ❡①❡❝✉t❡s ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ♦❢ ❈❛♣✉❝✐♥❡ ✭❚❤❡♦r❡♠ ✶✶✮✳ ■t t❤✉s ❛•s♦ ❡①❡❝✉t❡s ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ❛♥❞ ❛•• ❛ss❡rt✐♦♥s✱ ❛•• ❢✉♥❝t✐♦♥ ❝♦♥tr❛❝ts ❛♥❞ ❛•• ❞❛t❛ ✐♥✈❛r✐❛♥ts ❢♦r ❝•♦s❡❞ ♦❜•❡❝ts ❛r❡ ✈❛•✐❞ ✐♥ t❤✐s ♠♦❞❡•✳ ❲❡ s❤♦✇❡❞ s❡✈❡r❛• ♠❡t❤♦❞s t♦ ✉s❡ r❡❣✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t②♣✐♥❣ t♦ ♣r♦❞✉❝❡ s✐♠♣•❡r ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❢❛❝t t❤❛t ❛ r❡❣✐♦♥ ✐s s✐♥❣•❡t♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❢✉rt❤❡r s✐♠♣•✐❢② •♦❣✐❝ ❢♦r♠✉•❛s✳ ❚❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡• ❛•r❡❛❞② ❜❡♥❡✜ts ❢r♦♠ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ r❡❣✐♦♥s✱ ❛♥❞ t❤✐s r❡✢❡❝ts ✐♥ •♦❣✐❝ ❢♦r♠✉•❛s t❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡✳ ❲❡ ❝❛♥ ✉s❡ ✢❛tt❡♥✐♥❣ t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ t♦ st❛t✐❝❛••② s❡♣❛r❛t❡ r❡❣✐♦♥s✳ ❋✐♥❛••②✱ ✇❡ s❤♦✇❡❞ ❤♦✇ t❤❡ t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t❤❛t s♦♠❡ ✐♥✈❛r✐❛♥t ❤♦•❞s✱ ♦r t❤❛t ❛ ♣♦✐♥t❡r ❜❡•♦♥❣s t♦ ❛ r❡❣✐♦♥✱ ♦r t❤❛t t✇♦ r❡❣✐♦♥s ❛r❡ ❞✐s•♦✐♥t ❝❛♥ ❜❡ ❛❞❞❡❞ ❛s ❛♥ ❤②♣♦t❤❡s✐s ✐♥ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❇❡✐♥❣ ❛❜•❡ t♦ ✉s❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t②♣✐♥❣ ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ✐s ❛♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ❈❛♣✉❝✐♥❡✳ ❈❤❛♣t❡r ✻ ■♥❢❡r❡♥❝❡ ♦❢ |❡❣✐♦♥ ❆♥♥♦t❛t✐♦♥s ❚❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡ ❢❡❛t✉r❡s ♠❛♥② r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ❛♥❞ ♦♣❡r❛t✐♦♥s✳ ❚❤❡s❡ ♠❛② ❜❡❝♦♠❡ t❡❞✐♦✉s t♦ ✇r✐t❡✱ ❡s♣❡❝✐❛••② ❢♦r •❛r❣❡r ♣r♦❣r❛♠s✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❡①♣•♦r❡ ❤♦✇ t❤✐s ❜✉r❞❡♥ ❝❛♥ ❜② •✐❣❤t❡♥❡❞ ✉s✐♥❣ ✐♥❢❡r❡♥❝❡✳ ■♥ ❙❡❝t✐♦♥ ✻✳✶ ✇❡ ♠♦t✐✈❛t❡ t❤❡ ♥❡❡❞ ❢♦r ✐♥❢❡r❡♥❝❡ ✉s✐♥❣ ❡①❛♠♣•❡s✳ ■♥ ❙❡❝t✐♦♥ ✻✳✷ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ♥♦ ❜❡st ✇❛② t♦ ✐♥❢❡r r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s✱ ❛♥❞ ✇❡ ❞✐s❝✉ss ✇❤✐❝❤ ♦❢ t❤❡♠ s❤♦✉•❞ ❛❝t✉❛••② ❜❡ ✐♥❢❡rr❡❞✳ ■♥ ❙❡❝t✐♦♥ ✻✳✸ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦r❡ ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✺ ✇❡ ♣r♦♣♦s❡ ❡①t❡♥s✐♦♥s t♦ ❢✉rt❤❡r s✐♠♣•✐❢② t❤❡ ✇♦r❦ ♦❢ t❤❡ ♣r♦❣r❛♠♠❡r✳ ❋✐♥❛••②✱ ✐♥ ❙❡❝t✐♦♥ ✻✳✻ ✇❡ ✐••✉str❛t❡ ❤♦✇ ✐♥❢❡r❡♥❝❡ ❤❡•♣s t❤❡ ♣r♦❣r❛♠♠❡r ✉s✐♥❣ ❡①❛♠♣•❡s✳ ✻✳✶ ◆❡❡❞ ❢♦r ■♥❢❡r❡♥❝❡ ❙✐♠♣•❡ ❊①❛♠♣•❡ ❙✐♠♣•❡ ❈ ♣r♦❣r❛♠s s✉❝❤ ❛s✿ typedef struct { int value; } long; void incr(long * i) { i->value = i->value + 1; } ♥❡❡❞ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ✐♥ ❈❛♣✉❝✐♥❡✿ ❝•❛ss long { value: int; } ❢✉♥ incr [r : long] (i : [r ]): unit ❝♦♥s✉♠❡s r × ♣r♦❞✉❝❡s r × { ✉♥♣❛❝❦ i ; ✶✻✸ i .value ← i .value + ✶; ♣❛❝❦ i ; } ■❢ t❤❡ r❡❣✐♦♥ r ✐s ❣r♦✉♣✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ ✐♥s❡rt❡❞ ❛s ✇❡••✿ •❡t r❡❣✐♦♥ s: long; ❢♦❝✉s i : r ❛s s; ✉♥♣❛❝❦ i ; i .value ← i .value + ✶; ♣❛❝❦ i ; ✉♥❢♦❝✉s i : s ❛s r ; ❆•• t❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ •✉st ❢♦r ♦♥❡ s✐♥❣•❡ ❛ss✐❣♥♠❡♥t✳ ■t q✉✐❝❦•② ❜❡❝♦♠❡s t❡❞✐♦✉s t♦ ✇r✐t❡ t❤❡♠✳ ▼♦st ♦❢ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♦❜✈✐♦✉s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ i .value ✐s ❛ss✐❣♥❡❞✱ t❤❡♥ i ♠✉st ❜❡ ✐♥ ❛♥ ♦♣❡♥ r❡❣✐♦♥ r ✳ ■❢ r ✐s ❝•♦s❡❞✱ t❤❡ ✉♥♣❛❝❦ ✐s ♦❜✈✐♦✉s✳ ■❢ r ✐s ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥✱ t❤❡ ❢❛❝t t❤❛t ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐s ♥❡❡❞❡❞ ✐s ♦❜✈✐♦✉s✳ ▼♦r❡♦✈❡r✱ ❝♦♠♠♦♥ ♣❛tt❡r♥s ❡♠❡r❣❡✱ s✉❝❤ ❛s •❡t r❡❣✐♦♥ ✕ ❢♦❝✉s ✕ ✉♥♣❛❝❦ ✕ ♣❛❝❦ ✕ ✉♥❢♦❝✉s ✐••✉str❛t❡❞ ❛❜♦✈❡✳ ❆♥♦t❤❡r ♦♥❡ ✐s ❛••♦❝❛t✐♦♥ ✐♥t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥ r ✿ •❡t r❡❣✐♦♥ s: long; •❡t i = ♥❡✇ [s]; ♣❛❝❦ i ; ❛❞♦♣t i ✐♥ [r ]; ❚❤❡ •❡t r❡❣✐♦♥ ✕ ♣❛❝❦ ✕ ❛❞♦♣t s❡q✉❡♥❝❡ ✐s ❛ ❝♦♠♠♦♥ ♣❛tt❡r♥✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ♠♦t✐✈❛t❡ t❤❡ ♥❡❡❞ ❢♦r ✐♥❢❡r❡♥❝❡ ♦❢ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ✐♥ ❈❛♣✉❝✐♥❡✳ ❚❤❡ q✉❡st✐♦♥ ✐s✿ ✇❤❛t ❝❛♥ ✇❡ ✐♥❢❡r❄ ❈❛♥❞✐❞❛t❡s ❢♦r ■♥❢❡r❡♥❝❡ ■♥ ❛♥ ✐❞❡❛• ✇♦r•❞✱ ✇❡ ❝♦✉•❞ ✐♥❢❡r ❡✈❡r② r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥ ❛♥❞ ❜❡ ❛s ❝•♦s❡ ❛s ♣♦ss✐❜•❡ t♦ •❛♥❣✉❛❣❡s s✉❝❤ ❛s ❈✳ ❚❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡✿ • r❡❣✐♦♥ ❜✐♥❞❡rs✱ ❜❡ t❤❡② ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts ♦r ❜♦✉♥❞ ✉s✐♥❣ •❡t r❡❣✐♦♥❀ • r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs✱ ❜❡ t❤❡② ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts ♦r ❛••♦❝❛t❡❞ ✉s✐♥❣ ♥❡✇❀ • ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s ♦❢ ❢✉♥❝t✐♦♥s❀ • ❛❞♦♣t✐♦♥✱ ❢♦❝✉s✱ ✉♥❢♦❝✉s✱ ♣❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ♦♣❡r❛t✐♦♥s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ tr② ❛♥❞ s❡❡ ✇❤✐❝❤ ♦❢ t❤❡s❡ ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r ✐♥❢❡r❡♥❝❡✱ ❛♥❞ ✇❤✐❝❤ s❤♦✉•❞ ❜❡ ❜❡tt❡r •❡❢t ❢♦r t❤❡ ✉s❡r t♦ ✇r✐t❡✳ ✻✳✷ ❚❤❡r❡ ■s ◆♦ Pr✐♥❝✐♣❛•✐t② Pr✐♥❝✐♣❛• ❚②♣❡s ❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t②♣❡ s②st❡♠s ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡♠ ❢♦r ✐♥✲ ❢❡r❡♥❝❡ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣r✐♥❝✐♣❛• t②♣❡s✳ ▼▲ ❡①♣r❡ss✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡✱ ❤❛✈❡ ❛ ♠♦st ❣❡♥❡r❛• t②♣❡ ❢♦r ❡❛❝❤ ❡①♣r❡ss✐♦♥✳ ❲❡ ❝❛•• ✐t t❤❡ ♣r✐♥❝✐♣❛• t②♣❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳ ❆•• ♦t❤❡r t②♣❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣r✐♥❝✐♣❛• t②♣❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦••♦✇✐♥❣ ❖❈❛♠• ❡①♣r❡ss✐♦♥✿ fun x → x ❍❛s t②♣❡s int → int ❛♥❞ bool → bool ✭❛♠♦♥❣ ♦t❤❡rs✮✱ ❜✉t ❜♦t❤ ♦❢ t❤❡s❡ t②♣❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ✐♥st❛♥❝✐♥❣ t❤❡ ♠♦r❡ ❣❡♥❡r❛• t②♣❡ α → α✱ ✇❤✐❝❤ ❤❛♣♣❡♥s t♦ ❜❡ t❤❡ ♣r✐♥❝✐♣❛• t②♣❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳ •♦♦❞ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠s ✐♥❢❡r ♣r✐♥❝✐♣❛• t②♣❡s✱ t❤✉s ❡♥s✉r✐♥❣ t❤❛t ♥♦ ❡①♣r❡ss✐✈✐t② ✐s •♦st ✐♥ t❤❡ ♣r♦❝❡ss✳ ❆r❡ |❡❣✐♦♥s ❙❡♣❛r❛t❡❞ ■♥ ❈❛♣✉❝✐♥❡ ❤♦✇❡✈❡r✱ ✐♥ ❣❡♥❡r❛• t❤❡r❡ ✐s ♥♦ ♣r✐♥❝✐♣❛•✐t②✳ ❈♦♥✲ s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ♣s❡✉❞♦✲❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✿
❢✉♥ incrPair (x : long; y: long) {

x .value ← x .value + ✶; y.value ← y.value + ✶; 

} ❲❡ ♥❡❡❞ t♦ ❣✐✈❡ r❡❣✐♦♥s t♦ x ❛♥❞ y✳ ❙❤❛•• ✇❡ ❣✐✈❡ t❤❡ s❛♠❡ r❡❣✐♦♥ ❢♦r ❜♦t❤✱ ♦r s❤♦✉•❞ t❤❡② ❜❡ ✐♥ ❞✐✛❡r❡♥t✱ s❡♣❛r❛t❡❞ r❡❣✐♦♥s❄ |❡❣✐♦♥s ❛r❡ ♣♦•②♠♦r♣❤✐❝✱ ❛♥❞ ✇❡ ❝♦✉•❞ t❤✐♥❦ t❤❛t ✐❢ ✇❡ ♣✉t x ❛♥❞ y ✐♥ t✇♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s✱ ✇❡ ❝♦✉•❞ ✐♥st❛♥t✐❛t❡ incrPair ✇✐t❤ t❤❡ s❛♠❡ r❡❣✐♦♥ ❢♦r x ❛♥❞ y✳ ❚❤❡ ❝♦❞❡ ✇♦✉•❞ ❜❡❝♦♠❡✿ ❢✉♥ incrPair [r : long, s: long] (x : [r ], y: [s]) ❝♦♥s✉♠❡s r × s × ♣r♦❞✉❝❡s r × s × • • • ❇✉t ✐❢ ❛ ❝❛•• t♦ incrPair ❣✐✈❡s t❤❡ s❛♠❡ r❡❣✐♦♥ ρ t✇✐❝❡✿ incrPair [ρ, ρ] (x , y) t❤❡♥ ♣❡r♠✐ss✐♦♥ ρ × ✐s ❝♦♥s✉♠❡❞ t✇✐❝❡✱ ✇❤✐❝❤ ✐s ♣r❡✈❡♥t❡❞ ❜② t❤❡ t②♣❡ s②st❡♠✳ ❙♦ t❤✐s ✈❡rs✐♦♥ ♦❢ incrPair ✐s ♥♦t ♠♦r❡ ❣❡♥❡r❛• t❤❛♥ t❤❡ ♦♥❡ ✇❤❡r❡ x ❛♥❞ y s❤❛r❡ t❤❡ s❛♠❡ r❡❣✐♦♥✳ ▼♦r❡♦✈❡r✱ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ incrPair ✱ ❛♥♥♦t❛t❡❞ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ♣♦st✲ ❝♦♥❞✐t✐♦♥✿ x .value = x .value❅♣r❡ + ✶ ❚❤✐s ♣♦st✲❝♦♥❞✐t✐♦♥ ♦♥•② ❤♦•❞s ✐❢ x = y✳ ❖♥❡ ❝♦✉•❞ t❤✉s ❛r❣✉❡ t❤❛t ✇✐t❤ t❤✐s ♣♦st✲❝♦♥❞✐t✐♦♥✱ ♣♦✐♥t❡rs x ❛♥❞ y ♠✉st ❜❡ s❡♣❛r❛t❡❞ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳ ❇✉t✱ t❤❡ ♣r♦❜•❡♠ ♦❢ ❦♥♦✇✐♥❣ ✇❤❡t❤❡r ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s r❡q✉✐r❡ ♣♦✐♥t❡rs t♦ ❜❡ s❡♣❛r❛t❡❞ ✐s ✉♥❞❡❝✐❞❛❜•❡✳ ❆♥❞ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r x ❛♥❞ y t♦ ❜❡ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s t♦ ❜❡ ❞✐✛❡r❡♥t✿ t❤❡② ❝❛♥ ❜❡ ✐♥ t❤❡ s❛♠❡ ❣r♦✉♣ r❡❣✐♦♥✳ ■s ❚❤❡ ■♥✈❛r✐❛♥t ◆❡❡❞❡❞ ❚❤❡ ♥❡①t ✐ss✉❡ ✐s t❤❡ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s✳ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ♣s❡✉❞♦✲❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✿ ❝•❛ss posint { value: int; ✐♥✈❛r✐❛♥t value > ✵; } ❢✉♥ incr [r : posint] (x : [r ]) ♣♦st x .value > ✵ ✶✻✻ ❈❍❆P❚❊| ✻✳ ■◆❋❊|❊◆❈❊ ❖❋ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ { x .value ← x .value + ✶; } ❙❤❛•• t❤✐s ❢✉♥❝t✐♦♥ ❝♦♥s✉♠❡ ♣❡r♠✐ss✐♦♥ r • ✱ r × ♦r r G ❄ P❡r♠✐ss✐♦♥ r • ❝♦✉•❞ ❜❡ ♣❡r❝❡✐✈❡❞ ❛s ♠♦r❡ ❣❡♥❡r❛• ❛s t❤❡ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ ❛♥②✇❛② ❢♦r t❤❡ ❛ss✐❣♥♠❡♥t✳ ❚❤❡ r❡s♣♦♥s✐❜✐•✐t② ♦❢ ✉♥♣❛❝❦✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ✇♦✉•❞ t❤❡♥ ❢❛•• t♦ t❤❡ ❝❛••❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ✐s ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ s♦ ♣❡r♠✐ss✐♦♥ r × ✐s ❛❝t✉❛••② r❡q✉✐r❡❞ ❜② incr ✳ ❆♥❞ ♦❢ ❝♦✉rs❡✱ ❦♥♦✇✐♥❣ ✇❤❡t❤❡r t❤❡ ✐♥✈❛r✐❛♥t ✐s ♥❡❡❞❡❞ ✐s ✉♥❞❡❝✐❞❛❜•❡✳ ❈♦♥❝•✉s✐♦♥ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ♥♦ ❜❡st ✇❛② t♦ ❝❤♦♦s❡ t❤❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱ ❛♥❞ t❤❡ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡s❡ r❡❣✐♦♥s✳ ◆♦t✐❝❡ t❤❛t ✏❜❡st ✇❛②✑ ✐s ❛♥♦t❤❡r ✇❛② ♦❢ s❛②✐♥❣ ✏♣r✐♥❝✐♣❛•✑✳ ■♥ ❈❛♣✉❝✐♥❡✱ ✇❡ t❤✉s ❝❤♦♦s❡ ♥♦t t♦ tr② t♦ ✐♥❢❡r r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts ❛♥❞ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s✳ ❋r♦♠ ❛ •❛♥❣✉❛❣❡ ❞❡s✐❣♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ♠❛❦❡s s❡♥s❡✿ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♣❛rt ♦❢ t❤❡ ❝♦♥tr❛❝t ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤❡② ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✐♥t❡♥t ♦❢ t❤❡ ♣r♦❣r❛♠♠❡r✳ ✻✳✸ ■♥❢❡rr✐♥❣ ▼♦st |❡❣✐♦♥ ❆♥♥♦t❛t✐♦♥s ❲❡ ❤❛✈❡ ❝❤♦s❡♥ ♥♦t t♦ ✐♥❢❡r ✇❤❛t ✐s ✈✐s✐❜•❡ ❢r♦♠ ♦✉ts✐❞❡ ♦❢ ❢✉♥❝t✐♦♥ ❞❡✜♥✐t✐♦♥s✿ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱ ❛♥❞ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s✳ ❋r♦♠ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s✱ ✇❡ ❛r❡ ❝❛♣❛❜•❡ ♦❢ ✐♥❢❡rr✐♥❣ s♦♠❡ ❛♥♥♦t❛t✐♦♥s ✇❤✐❝❤ s❤♦✉•❞ ❜❡ ❛❞❞❡❞ ✐♥s✐❞❡ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥s✳ ❋♦r✇❛r❞ ■♥❢❡r❡♥❝❡ ❲❡ st❛t❡ t❤❡ ♣r♦❜•❡♠ ❛s ❢♦••♦✇s✳ •✐✈❡♥ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s Σ✱ ❛♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ❛ st❛t❡♠❡♥t s✱ ❝❛♥ ✇❡ ❝♦♠♣✉t❡ ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡♠❡♥ts S; s ′ ✱ ❛ •✐st ♦❢ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s Σ ′ ❛♥❞ ❛ ♥❡✇ ❡♥✈✐r♦♥♠❡♥t Γ ′ s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S; s ′ {Σ ′ }, Γ ′ ▼♦r❡♦✈❡r✱ S s❤♦✉•❞ ♥♦t ❝❤❛♥❣❡ t❤❡ ♦♣❡r❛t✐♦♥❛• s❡♠❛♥t✐❝s ♦❢ t❤❡ ♣r♦❣r❛♠✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ t❤❡ ♣r♦❣r❛♠ s❤♦✉•❞ r❡t✉r♥ ❛ ❤❡❛♣ ✐♥ ✇❤✐❝❤ ✇❡••✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❡✈❛•✉❛t❡ t♦ ✉♥❝❤❛♥❣❡❞ r❡s✉•ts✳ ❙❡q✉❡♥❝❡ S ♠❛② ♦♥•② ❜❡ ❝♦♠♣♦s❡❞ ♦❢ •♦❝❛• ❜✐♥❞❡rs ✭•❡t ♦r •❡t r❡❣✐♦♥✮✱ ❛❞♦♣t✐♦♥s✱ ❢♦❝✉s✱ ✉♥❢♦❝✉s✱ ✉♥♣❛❝❦✱ ♣❛❝❦ ❛♥❞ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❋✐♥❛••②✱ ✐❢ S ❝♦♥t❛✐♥s •❡t✲❜✐♥❞✐♥❣s s✉❝❤ ❛s •❡t x = e✱ t❤❡♥ r❡♣•❛❝✐♥❣ ❛•• s✉❝❤ ✈❛r✐❛❜•❡s x ❜② t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣r❡ss✐♦♥ e ✐♥ s ′ s❤♦✉•❞ r❡s✉•t ✐♥ s✳ |❡♠❡♠❜❡r t❤❛t t❤❡r❡ ✐s ♥♦ s✐❞❡✲❡✛❡❝t ✐♥ ❡①♣r❡ss✐♦♥s✳ ❲❡ s❛② t❤❛t S; s ′ ❛♥❞ s ❛r❡ ❡q✉✐✈❛•❡♥t✳ ❲❡ ❝❛•• t❤✐s ❢♦r✇❛r❞ ✐♥❢❡r❡♥❝❡ ❜❡❝❛✉s❡ ✇❡ ❝♦♠♣✉t❡ S ❣✐✈❡♥ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s Σ✱ ✐♥st❡❛❞ ♦❢ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s Σ ′ ✳ ❖t❤❡r ❢♦r♠s ♦❢ ✐♥❢❡r❡♥❝❡ ♠✐❣❤t ❛•s♦ ❜❡ ✐♥t❡r❡st✐♥❣✱ s✉❝❤ ❛s✿ • ❣✐✈❡♥ Σ ′ ✱ ❝♦♠♣✉t❡ S ❛♥❞ Σ s✉❝❤ t❤❛t s; S ✐s ✇❡••✲t②♣❡❞❀ • ❣✐✈❡♥ S✱ ❝♦♠♣✉t❡ ❜♦t❤ Σ ❛♥❞ Σ ′ ✇❤✐•❡ ✐♥s❡rt✐♥❣ ♥❡✇ st❛t❡♠❡♥ts ✐♥ S s✉❝❤ t❤❛t S ✐s ✇❡••✲t②♣❡❞✳ ❚❤❡ ❢♦r♠❡r ❦✐♥❞ ♦❢ ✐♥❢❡r❡♥❝❡ ✇♦✉•❞ ❜❡ ❜❛❝❦✇❛r❞ ✐♥❢❡r❡♥❝❡✳ ❲❡ t❤✐♥❦ ✐t ✐s •❡ss ♣r❡❞✐❝t❛❜•❡ ❢♦r t❤❡ ✉s❡r ❛♥❞ t❤✉s ❤❛r❞❡r t♦ ✇♦r❦ ✇✐t❤ ✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡ •❛tt❡r ❦✐♥❞ ♦❢ ✐♥❢❡r❡♥❝❡ ✇♦✉•❞ ❜❡ t❤❡ str♦♥❣❡st✳ ❍♦✇❡✈❡r✱ ♥♦t ♦♥•② ✇♦✉•❞ ✐t ❜❡ ❡✈❡♥ •❡ss ♣r❡❞✐❝t❛❜•❡✱ ✐t ❛•s♦ ✐♠♣•✐❡s ❜❡✐♥❣ ❛❜•❡ t♦ ✐♥❢❡r ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ❜② ❢✉♥❝t✐♦♥s✳ ❲❡ ❛•r❡❛❞② ❡①♣•❛✐♥❡❞ ✇❤② t❤✐s ✇❛s ♥♦t ✇❤❛t ✇❡ ✇❛♥t❡❞ ❢♦r ❈❛♣✉❝✐♥❡✳ ✻✳✸✳ ■◆❋❊||■◆• ▼❖❙❚ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ ✶✻✼ ❯♥✐✜❝❛t✐♦♥ ❖✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✉s❡s t❤❡ ✉s✉❛• ▼▲ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ✉♥✐✜❝❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤✐s s♦•✈❡s t❤❡ ✐ss✉❡ ♦❢ ✜♥❞✐♥❣ s✉❜st✐t✉t✐♦♥s σ ✇❤❡♥ ❛♣♣•②✐♥❣ ♣♦•②♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ✉♥✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s ❛♣♣•✐❡❞ ♥♦t ♦♥•② ♦♥ t②♣❡ ✈❛r✐❛❜•❡s ❜✉t ❛•s♦ ♦♥ r❡❣✐♦♥ ✈❛r✐❛❜•❡s✳ ■❢ ✉♥s♦•✈❛❜•❡ ❝♦♥str❛✐♥ts r❡s✉•t ❢r♦♠ ✉♥✐✜❝❛t✐♦♥✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ❢❛✐•s✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦♥ r❡❣✐♦♥ ✈❛r✐❛❜•❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳ ▼❛✐♥ ▲♦♦♣ ❖✉r ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ t❛❦❡s ❛s ✐♥♣✉t✿ • ❛ •✐st ♦❢ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s Σ 0 ❀ • ❛♥ ✐♥✐t✐❛• ❡♥✈✐r♦♥♠❡♥t Γ 0 ❀ • ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡♠❡♥ts S 0 ✳ ■t ♠❛② ❡✐t❤❡r ❢❛✐• ♦r r❡t✉r♥ ❛ s❡q✉❡♥❝❡ S ′ ❡q✉✐✈❛•❡♥t t♦ S 0 s✉❝❤ t❤❛t t❤❡r❡ ✐s Σ ′ ❛♥❞ Γ ′ s✉❝❤ t❤❛t✿ Γ 0 ⊢ {Σ 0 } S ′ {Σ ′ }, Γ ′ ■t ✉s❡s t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛❜•❡s✿ • ❛ s❡q✉❡♥❝❡ ✭r❡♣r❡s❡♥t❡❞ ❛s ❛ •✐st✮ ♦❢ st❛t❡♠❡♥ts S❀ • t❤❡ •✐st ♦❢ ❝✉rr❡♥t•② ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s Σ❀ • t❤❡ ❝✉rr❡♥t ❡♥✈✐r♦♥♠❡♥t Γ❀ • t❤❡ r❡s✉•t ❜❡✐♥❣ ❜✉✐•t S ′ ✳ ❍❡r❡ ✐s t❤❡ ❛•❣♦r✐t❤♠✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ❛♥❞ ❤♦✇ t♦ ❛♣♣•② t❤❡♠ ✐s ❣✐✈❡♥ ✐♥ ❛ •❛t❡r ♣❛r❛❣r❛♣❤✳ ❚❤❡ ✇❛② S prod ✐s ❝♦♠♣✉t❡❞✱ ❛♥❞ ❤♦✇ ❜r❛♥❝❤❡s ❛r❡ •♦✐♥❡❞✱ ❛r❡ ❛•s♦ ❣✐✈❡♥ ✐♥ •❛t❡r ♣❛r❛❣r❛♣❤s✳ ✶✳ ■♥✐t✐❛•✐③❡ S t♦ S 0 ✱ Σ t♦ Σ 0 ✱ Γ t♦ Γ 0 ❛♥❞ S ′ t♦ t❤❡ ❡♠♣t② •✐st✳ ✷✳ ❲❤✐•❡ S ✐s ♥♦t ❡♠♣t②✱ ❞♦ t❤❡ ❢♦••♦✇✐♥❣✳ ✭❛✮ ▲❡t s ❜❡ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ S✳ ✭❜✮ ■❢ s ✐s ✐❢ e t❤❡♥ S 1 ❡•s❡ S 2 ✿ ✐✳ ❝❛•• t❤❡ ❛•❣♦r✐t❤♠ r❡❝✉rs✐✈❡•② ♦♥ S 1 ❛♥❞ S 2 ✱ t❤✉s ♦❜t❛✐♥✐♥❣ ✇❡••✲t②♣❡❞ st❛t❡✲ ♠❡♥ts S 1 ′ ❛♥❞ S 2 ′ r❡s♣❡❝t✐✈❡•② ❡q✉✐✈❛•❡♥t t♦ S 1 ❛♥❞ S 2 ❀ ✐✐✳ ✉s✐♥❣ t②♣✐♥❣ r✉•❡ ❙❇•♦❝❦✱ ❝♦♠♣✉t❡ ♣❡r♠✐ss✐♦♥s Σ 1 ❛♥❞ Σ 2 ♣r♦❞✉❝❡❞ ❜② S 1 ❛♥❞ S 2 ❀ ✐✐✐✳ •♦✐♥ Σ 1 ❛♥❞ Σ 2 ✐♥ S 1 ′ ❛♥❞ S 2 ′ ✱ ♦❜t❛✐♥✐♥❣ S 1 ′′ ❛♥❞ S 2 ′′ ❀ ✐✈✳ ❛❞❞ ✐❢ e t❤❡♥ S 1 ′′ ❡•s❡ S 2 ′′ ❛t t❤❡ ❡♥❞ ♦❢ S ′ ❀ ✈✳ r❡♠♦✈❡ s ❢r♦♠ S❀ ✈✐✳ ❞♦ ♥♦t ❡①❡❝✉t❡ t❤❡ r❡st ♦❢ t❤❡ ❝✉rr❡♥t •♦♦♣ ✐t❡r❛t✐♦♥✳ ✭❝✮ ▲❡t rc ❜❡ t❤❡ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ♦❢ s ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✳ ✭❞✮ ■❢ rc ✐s ♥♦t ❡♠♣t②✱ ❛♣♣•② r❡❣✐♦♥ ❝♦♥str❛✐♥ts rc✳ ❊•s❡✿ ✐✳ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s Σ s ❝♦♥s✉♠❡❞ ❜② s❀ ✶✻✽ ❈❍❆P❚❊| ✻✳ ■◆❋❊|❊◆❈❊ ❖❋ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ ✐✐✳ ❝♦♠♣✉t❡ ❛ s❡q✉❡♥❝❡ S prod s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S prod {Σ s , Σ rem }, Γ ′ ✐✐✐✳ ❝❤❛♥❣❡ t❤❡ ✈❛•✉❡ ♦❢ Γ t♦ Γ ′ ✱ ❛♥❞ t❤❡ ✈❛•✉❡ ♦❢ Σ t♦ (Σ s , Σ rem )❀ ✐✈✳ ❛❞❞ S prod ; s ❛t t❤❡ ❡♥❞ ♦❢ S ′ ❀ ✈✳ r❡♠♦✈❡ s ❢r♦♠ S✳ ✸✳ |❡t✉r♥ S ′ ✳ ❈♦♠♣✉t❡ |❡❣✐♦♥ ❈♦♥str❛✐♥ts ❚❤❡ ✜rst st❡♣ ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✐s t♦ ❝♦••❡❝t r❡❣✐♦♥ ❝♦♥str❛✐♥ts ❢r♦♠ st❛t❡♠❡♥t s✳ ❆ r❡❣✐♦♥ ❝♦♥str❛✐♥t ✐s ❛ tr✐♣•❡ (e, σ, ρ)✱ ✇❤♦s❡ ✐♥❢♦r♠❛• ♠❡❛♥✐♥❣ ✐s t❤❛t ❡①♣r❡ss✐♦♥ e✱ ♦❢ t②♣❡ [σ]✱ s❤♦✉•❞ ❛❝t✉❛••② ❜❡ ♦❢ t②♣❡ [ρ]✳ |❡❣✐♦♥ ❝♦♥str❛✐♥ts ❝♦♠❡ ❢r♦♠ ✉♥✐✜❝❛t✐♦♥ ❢❛✐•✉r❡s ❜❡t✇❡❡♥ r❡❣✐♦♥s✳ ■♥ ❈❛♣✉❝✐♥❡✱ r❡❣✐♦♥ ❝♦♥str❛✐♥t (e, σ, ρ) ♠❛② ❜❡ ❣❡♥❡r❛t❡❞ ✐♥ ❛♥② ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❝✐r❝✉♠st❛♥❝❡s✿ • s ✐s x .f ← e ❛♥❞ x .f ❤❛s t②♣❡ [ρ]❀ • s ✐s ❛ ❢✉♥❝t✐♦♥ ❝❛•• ❛♥❞ e ✐s ♦♥❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ✇❤♦s❡ ❡①♣❡❝t❡❞ t②♣❡ ✐s [ρ]❀ • s ❝♦♥t❛✐♥s ❛ s✉❜✲❡①♣r❡ss✐♦♥ e ′ ✇❤✐❝❤ ✐s ❛ •♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣•✐❝❛t✐♦♥✱ ♦❢ ✇❤✐❝❤ e ✐s ❛ ♣❛r❛♠❡t❡r ✇❤♦s❡ ❡①♣❡❝t❡❞ t②♣❡ ✐s [ρ]✳ ❯♥✐✜❝❛t✐♦♥ ❢❛✐•✉r❡ ♦♥ r❡❣✐♦♥s ♠❛② ❛•s♦ ❤❛♣♣❡♥ ✐♥ ♦t❤❡r ❝✐r❝✉♠st❛♥❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✉♥✐✜✲ ❝❛t✐♦♥ ♦❢ Array ([ρ]) ❛♥❞ Array ([σ]) •❡❛❞s t♦ ✉♥✐✜❝❛t✐♦♥ ♦❢ ρ ❛♥❞ σ✳ ❍♦✇❡✈❡r✱ ✐♥ ❣❡♥❡r❛• ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❡①♣r❡ss✐♦♥ e ✇❤♦s❡ t②♣❡ [σ] s❤♦✉•❞ ❜❡ [ρ]✳ ❙♦ ✐♥st❡❛❞ ♦❢ ❣❡♥❡r❛t✐♥❣ ❛ r❡❣✐♦♥ ❝♦♥str❛✐♥t✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ •✉st ❢❛✐•s✳ ❖♥•② ✐♥ t❤❡ t❤r❡❡ ❝❛s❡s ❛❜♦✈❡ ❞♦ ✇❡ ❤❛✈❡ s✉❝❤ ❛♥ ❡①♣r❡ss✐♦♥ e✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✳ ❝•❛ss Long { value: int; } ❝•❛ss Pair { ❣r♦✉♣ Rleft: Long; ❣r♦✉♣ Rright: Long; left: [Rleft]; right: [Rright]; } ❢✉♥ f [r : Pair ] (p: [r ], i : [p.Rright]): unit • • • ❢✉♥ initPair [r : Pair ] (p: [r ]): unit ❝♦♥s✉♠❡s r • {left, right}, p.Rleft ∅ , p.Rright ∅ • • • { •❡t r❡❣✐♦♥ s: Long; •❡t x = ♥❡✇ Long [s]; p.left ← x ; (✶) f [r ] (p, p.left); (✷) } ▲✐♥❡ (✶) ❣❡♥❡r❛t❡s r❡❣✐♦♥ ❝♦♥str❛✐♥t (x , s, p.Rleft)✱ ✐✳❡✳ ♣♦✐♥t❡r x ✐s ✐♥ s ❜✉t ✐t r❡❛••② s❤♦✉•❞ ♥♦✇ ❜❡ ✐♥ p.Rleft✳ ❆ss✉♠✐♥❣ ✐t ♥♦✇ ✐s✱ •✐♥❡ (✷) ❣❡♥❡r❛t❡s r❡❣✐♦♥ ❝♦♥str❛✐♥t (p.left, p.Rleft, p.Rright)✳ ❆❞❞✐t✐♦♥❛••② ✇❡ ✇❛♥t t♦ ❜❡ ❛❜•❡ t♦ ✐♥❢❡r ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥ ❢♦r x ✇❤❡♥ s = x .f ← e ❛♥❞ t❤❡ r❡❣✐♦♥ ♦❢ x ✐s ❣r♦✉♣✳ ■❢ x : [ρ] ✐s ✐♥ Γ✱ ❛♥❞ ✐❢ ρ G ♦r σ -• ρ ✐s ❛✈❛✐•❛❜•❡ ♦r ✐❢ ρ = y.s ✐s tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ r❡❣✐♦♥ ❛♥❞ s ✐s ❞❡✜♥❡❞ ❛s ❣r♦✉♣✱ t❤❡♥ ρ ✐s ❣r♦✉♣ ❛♥❞ ❛ ❢♦❝✉s ✐s ♥❡❡❞❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❜✐♥❞ ❛ ❢r❡s❤ r❡❣✐♦♥ r ✉s✐♥❣ •❡t r❡❣✐♦♥ ❛♥❞ ✇❡ ❣❡♥❡r❛t❡ r❡❣✐♦♥ ❝♦♥str❛✐♥t (x , ρ, r )✳ ❆♣♣•② |❡❣✐♦♥ ❈♦♥str❛✐♥ts ❚❤❡ ♥❡①t st❡♣ ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✐s t♦ ❛♣♣•② r❡❣✐♦♥ ❝♦♥str❛✐♥ts✳ ❋✐rst✱ ✇❡ ❛♣♣•② ❛ tr❛♥s❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ❢♦r ❛•• r❡❣✐♦♥ ❝♦♥str❛✐♥t (e, σ, ρ)✱ ❡①♣r❡ss✐♦♥ e ✐s ❛•r❡❛❞② ❛ ✈❛r✐❛❜•❡✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ■❢ e ✐s ❛•r❡❛❞② ❛ ✈❛r✐❛❜•❡✱ ❞♦ ♥♦t❤✐♥❣✳ ❊•s❡✿ • ❝❤♦♦s❡ ❛ ❢r❡s❤ ✈❛r✐❛❜•❡ ♥❛♠❡ x ❛♥❞ ❛❞❞ st❛t❡♠❡♥t •❡t x = e t♦ t❤❡ S ′ ✱ t❤❡ r❡s✉•t s❡q✉❡♥❝❡ ❜❡✐♥❣ ❜✉✐•t ❜② t❤❡ ♠❛✐♥ •♦♦♣❀ • s②♥t❛❝t✐❝❛••② r❡♣•❛❝❡ e ❜② x ✐♥ t❤❡ ❝✉rr❡♥t st❛t❡♠❡♥t s✱ ❜♦t❤ ✐♥ ✈❛r✐❛❜•❡ s ♦❢ t❤❡ ♠❛✐♥ •♦♦♣ ❛♥❞ ✐♥ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ ✈❛r✐❛❜•❡ S ♦❢ t❤❡ ♠❛✐♥ •♦♦♣ ✭✇❤✐❝❤ ✐s ❡q✉❛• t♦ s✮✳ ❊♥s✉r✐♥❣ t❤❛t ❛•• ❡①♣r❡ss✐♦♥s e ❛r❡ ❛❝t✉❛••② ✈❛r✐❛❜•❡s ✐s ♥❡❝❡ss❛r②✱ ❛s ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s ♦♥•② ❝❤❛♥❣❡ t❤❡ t②♣❡ ♦❢ ✈❛r✐❛❜•❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❝♦♥str❛✐♥t ❣❡♥❡r❛t❡❞ ❜② •✐♥❡ (✷) ✐♥ t❤❡ initPair ❡①❛♠♣•❡✳ ❚❤❡ t②♣❡ ♦❢ ❡①♣r❡ss✐♦♥ p.left ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❢r♦♠ [p.Rleft] t♦ [p.Rright] ❡✈❡♥ ✐❢ ✇❡ ❛❞♦♣t t❤❡ ♣♦✐♥t❡r✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ✐♥s❡rt •❡t x = p.left ❜❡❢♦r❡ ❛♥❞ ❛❞♦♣t x ✱ t❤❡♥ t❤❡ t②♣❡ ♦❢ x ❝❤❛♥❣❡s✳ ◆♦t❡ t❤❛t t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ♣r♦❣r❛♠ ❜❡❝❛✉s❡ ❡①♣r❡ss✐♦♥s ❞♦ ♥♦t ❤❛✈❡ s✐❞❡✲❡✛❡❝ts✳ ❲❡ ❛r❡ •❡❢t ✇✐t❤ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ (x , σ, ρ)✱ ✇✐t❤ σ = ρ✳ ❖✉r ❣♦❛• ✐s t♦ ✐♥s❡rt ❛♥ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ♦r ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ❡♥s✉r✐♥❣ t❤❛t x ✐s ♠♦✈❡❞ ❢r♦♠ σ t♦ ρ✳ ❲❡ ❝❤♦♦s❡ t❤❡ ♦♣❡r❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥s ♦♥ σ ❛♥❞ ρ✳ ❖r✱ r❛t❤❡r✱ ♦♥ ♣❡r♠✐ss✐♦♥s ✇❡ ❝♦✉•❞ ♦❜t❛✐♥ ♦♥ σ ❛♥❞ ρ✳ ❚♦ ✉♥❢♦❝✉s x ❢r♦♠ σ t♦ ρ✱ ✇❡ ♥❡❡❞ ♣❡r♠✐ss✐♦♥ σ -• ρ✳ ❚❤❡ ♦♥•② ♦♣❡r❛t✐♦♥ ✭❜❡s✐❞❡ ❢✉♥❝t✐♦♥ ❝❛••s✮ ✇❤✐❝❤ ♣r♦❞✉❝❡s σ -• ρ ✐s t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ■t ✐s ❛ ♣r♦♣❡rt② ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ t❤❛t t❤❡ ♦♥•② ✇❛② ❢♦❝✉s ♦♣❡r❛t✐♦♥s ❛r❡ ✐♥❢❡rr❡❞ ✐s ❜② ❛♣♣•②✐♥❣ r❡❣✐♦♥ ❝♦♥str❛✐♥ts✳ ❙♦ ✐❢ σ -• ρ ✐s ♥♦t ❛✈❛✐•❛❜•❡✱ ✇❡ ❦♥♦✇ t❤❛t ❛♣♣•②✐♥❣ r❡❣✐♦♥ ❝♦♥str❛✐♥t (x , σ, ρ) s❤♦✉•❞ ♥♦t ❜❡ ❞♦♥❡ ✉s✐♥❣ ❛♥ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐s σ -• ρ ✐s ❛✈❛✐•❛❜•❡✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❛t ✉♥❢♦❝✉s✐♥❣ ✐s t❤❡ ✇❛② t♦ ❣♦✳ ❚♦ s✉♠ ✉♣✱ t❤❡ ♦♣❡r❛t✐♦♥ ✇❡ tr② t♦ ✐♥❢❡r ✐s ✉♥❢♦❝✉s x : σ ❛s ρ ✐❢✱ ❛♥❞ ♦♥•② ✐❢ σ -• ρ ✐s ✐♥ Σ✳ ❚♦ ❢♦❝✉s x ❢r♦♠ σ t♦ ρ✱ ✇❡ ♥❡❡❞ ♣❡r♠✐ss✐♦♥ ρ ∅ ✳ ❚❤❡ ♦♥•② ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ♣r♦❞✉❝❡ ρ ∅ ❛r❡ r❡❣✐♦♥ ❜✐♥❞✐♥❣ ❛♥❞ ❛••♦❝❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ✐♥❢❡r ❞✉r✐♥❣ t❤❡ r❡❣✐♦♥ ❝♦♥str❛✐♥t ❛♣♣•✐❝❛t✐♦♥ ♣❤❛s❡✳ ❙♦ ✐❢ ρ ∅ ✐s ♥♦t ❛✈❛✐•❛❜•❡✱ ✇❡ s❤❛•• ♥♦t ✐♥❢❡r ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥ t♦ ❛♣♣•② t❤❡ r❡❣✐♦♥ ❝♦♥str❛✐♥t✳ ■♥st❡❛❞ ✇❡ s❤❛•• tr② t♦ ✐♥❢❡r ❛♥ ❛❞♦♣t✐♦♥✳ ■❢ ρ ∅ ✐s ❛✈❛✐•❛❜•❡✱ ✇❡ ❤❛✈❡ t✇♦ ❝❤♦✐❝❡s✿ ❡✐t❤❡r ❢♦❝✉s ✐♥t♦ ρ✱ ♦r ✇❡❛❦❡♥ ρ t♦ ♦❜t❛✐♥ ρ G ❛♥❞ t❤❡♥ ❛❞♦♣t ✐♥t♦ ρ✳ ❚❤✐s ❝❤♦✐❝❡ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r σ ✐s ❣r♦✉♣ ♦r ♥♦t✳ |❡❣✐♦♥ σ ✐s ❣r♦✉♣ ✐❢ σ G ♦r σ ′ -• σ ✐s ❛✈❛✐•❛❜•❡ ❢♦r s♦♠❡ r❡❣✐♦♥ σ ′ ❞✐✛❡r❡♥t t❤❛♥ σ✱ ♦r ✐❢ σ ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥ ✶✼✵ ❈❍❆P❚❊| ✻✳ ■◆❋❊|❊◆❈❊ ❖❋ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ tr❛♥s✐t✐✈❡•② ♦✇♥❡❞ ❜② ❛ ❝•♦s❡❞ r❡❣✐♦♥✳ ■♥ ❛•• ♦t❤❡r ❝❛s❡s✱ σ ✐s s✐♥❣•❡t♦♥✱ ❛♥❞ ✇❡ ❞♦ ♥♦t ✇✐s❤ t♦ ✇❡❛❦❡♥ ✐t ❛s ❛ ❣r♦✉♣ r❡❣✐♦♥ •✉st t♦ ❢♦❝✉s ❢r♦♠ ✐t✳ ❙♦ ✇❡ ❝❤♦♦s❡ t♦ tr② t♦ ✐♥❢❡r ❛♥ ❛❞♦♣t✐♦♥✳ ❖♥❝❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✇❤✐❝❤ ♦♣❡r❛t✐♦♥ s ′ ✇❡ ✇❛♥t t♦ tr② t♦ ✐♥❢❡r ✭❡✐t❤❡r ❛❞♦♣t✐♦♥ ❛❞♦♣t x : σ ❛s ρ✱ ❢♦❝✉s ❢♦❝✉s x : σ ❛s ρ ♦r ✉♥❢♦❝✉s ✉♥❢♦❝✉s x : σ ❛s ρ✮✱ ✇❡ ❛❞❞ s ′ ❛t t❤❡ ❜❡✲ ❣✐♥♥✐♥❣ ♦❢ ✈❛r✐❛❜•❡ S ♦❢ t❤❡ ♠❛✐♥ •♦♦♣✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ •❡❛✈❡ t❤❡ ✇♦r❦ ♦❢ ♣r♦❞✉❝✐♥❣ t❤❡ ❝♦rr❡❝t ♣❡r♠✐ss✐♦♥s ♥❡❡❞❡❞ ❜② s ′ t♦ t❤❡ ♦t❤❡r ♣❛rts ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ■❢ st❛t❡♠❡♥t s ❣❡♥❡r❛t❡s s❡✈❡r❛• ❝♦♥str❛✐♥t✱ ✇❡ ✐♥s❡rt t❤❡✐r r❡s♣❡❝t✐✈❡ ♦♣❡r❛t✐♦♥ ✐♥ ❛♥ ✉♥s♣❡❝✐✜❡❞ ♦r❞❡r✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t ✐❢ ❛♣♣•②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ✐♥ s♦♠❡ ♦r❞❡r ❢❛✐•s✱ t❤❡♥ ❛♣♣•②✐♥❣ t❤❡♠ ✐♥ ❛♥② ♦r❞❡r ✇✐•• ❢❛✐•✱ ❜❡❝❛✉s❡ ✐t ❜❛s✐❝❛••② ♠❡❛♥s t❤❛t ❛ ♣♦✐♥t❡r s❤♦✉•❞ ❜❡ ✐♥ t✇♦ r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ▲❡t✬s ✐••✉str❛t❡ r❡❣✐♦♥ ❝♦♥str❛✐♥t ❛♣♣•✐❝❛t✐♦♥ ♦♥ ❢✉♥❝t✐♦♥ initPair ✳ ❚❤❡ ✜rst ❝♦♥str❛✐♥t (x , s, p.Rleft) ✐s s♦•✈❡❞ ❜② ✐♥s❡rt✐♥❣ ❛♥ ❛❞♦♣t✐♦♥✱ ❛s s ✐s s✐♥❣•❡t♦♥ ❛♥❞ p.Rleft ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✳ ❍❡r❡ ✐s t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥ initPair ✉♣ t♦ •✐♥❡ (✶) ❛❢t❡r ✐♥❢❡r❡♥❝❡✿ •❡t r❡❣✐♦♥ s: Long; •❡t x = ♥❡✇ Long [s]; ✇❡❛❦❡♥ ❡♠♣t② p.Rleft; ♣❛❝❦ x ; ❛❞♦♣t x : s ❛s p.Rleft; p.left ← x ; ❚❤❡ ✇❡❛❦❡♥✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ❛r❡ ❛❞❞❡❞ ❜② ❛♥♦t❤❡r ♣❛rt ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ◆♦✇ ✇❡ ❤❛✈❡ ♣❡r♠✐ss✐♦♥s p.Rleft G ❛♥❞ p.Rright ∅ ✳ ❙♦ t❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t (p.left, p.Rleft, p.Rright) ✐s s♦•✈❡❞ ❜② ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ❛❢t❡r r❡♣•❛❝✐♥❣ p.left ❜② ❛ ✈❛r✐❛❜•❡✿ •❡t y = p.left; ❢♦❝✉s y: p.Rleft ❛s p.Rright; f [r ] (p, y); ❚❤❡ ❢✉♥❝t✐♦♥ ✐s ♥♦✇ ✇❡••✲t②♣❡❞✱ ❛ss✉♠✐♥❣ t❤❡ ❝♦♥s✉♠❡s ❝•❛✉s❡ ♦❢ f ❛♥❞ t❤❡ ♣r♦❞✉❝❡s ❝•❛✉s❡ ♦❢ initPair ✐s✿ p • {right}, p.Rright -• p.Rleft, p.Rright × ◆♦t❡ t❤❛t ✐❢ t❤❡ ❝♦♥s✉♠❡s ❝•❛✉s❡ ♦❢ initPair ✐s t❤❡ ♠♦r❡ ♥♦r♠❛• p × ✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✇✐•• ❢❛✐• ❛s t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ♣✉t t❤❡ ♣♦✐♥t❡r ♦❢ p.Rright ❜❛❝❦ ✐♥t♦ p.Rleft ✇✐t❤♦✉t •♦s✐♥❣ t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ p.Rright✱ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ♣❛❝❦ p✳ ❈♦♠♣✉t❡ P❡r♠✐ss✐♦♥ ❈♦♥str❛✐♥ts ❚❤❡ ♥❡①t st❡♣ ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ r❡q✉✐r❡s ❜❡✐♥❣ ❛❜•❡ t♦ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s Σ s ❝♦♥s✉♠❡❞ ❜② ❛♥② st❛t❡♠❡♥t s✱ ❣✐✈❡♥ ❝✉rr❡♥t ♣❡r♠✐ss✐♦♥s Σ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t Γ✱ ❛♥❞ ❣✐✈❡♥ t❤❛t s ✐s ♥♦t ❛♥ ✐❢ st❛t❡♠❡♥t✳ ❚❤❡ s❡t Σ s ✐s ❣✐✈❡♥ ❜② t②♣✐♥❣ r✉•❡s ♦❢ ❋✐❣✉r❡s ✹✳✶✵ ❛♥❞ ✹✳✶✶ ❢♦r st❛t❡♠❡♥ts✳ ❍❡r❡ ✐s ❛ s✉♠♠❛r②✳ • ❙t❛t❡♠❡♥ts •❡t x = e✱ •❡t r❡❣✐♦♥ r : C✱ ❛ss❡rt P ❛♥❞ •❛❜❡• L ❝♦♥s✉♠❡ ♥♦ ♣❡r♠✐ss✐♦♥s✳ • ❚❡st ✐❢ e t❤❡♥ S 1 ❡•s❡ S 2 ✐s ❛ s♣❡❝✐❛• ❝❛s❡ ✇❤✐❝❤ ✐s ❤❛♥❞•❡❞ s❡♣❛r❛t❡•②✳ • ❋✉♥❝t✐♦♥ ❝❛•• •❡t x = f arg ❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❜② f ✱ ❛❢t❡r ❤❛✈✐♥❣ ❛♣♣•✐❡❞ t❤❡ s✉❜st✐t✉t✐♦♥ σ ♦❜t❛✐♥❡❞ ❜② ✉♥✐✜❝❛t✐♦♥✳ • ❆••♦❝❛t✐♦♥ •❡t x = ♥❡✇ C [ρ] ❝♦♥s✉♠❡s {ρ ∅ }✳ • ❋♦❝✉s ❢♦❝✉s x : ρ ❛s σ ❝♦♥s✉♠❡s {ρ G , σ ∅ }✳ • ❆ss✐❣♥♠❡♥t x .f ← e ❝♦♥s✉♠❡s ❛♥ ♦♣❡♥ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ r❡❣✐♦♥ ρ s✉❝❤ t❤❛t x : [ρ] ✐s ✐♥ Γ✳ ■❢ ρ • {f 1 , • • •, f n } ✐s ❛✈❛✐•❛❜•❡ ✐♥ Σ✱ ✇❡ ❞❡✜♥❡ Σ s = {ρ • {f 1 , • • •, f n } }✳ ❊•s❡✱ ✇❡ ❝❛♥ ♦♥•② ♦❜t❛✐♥ ρ • ❜② ✉♥♣❛❝❦✐♥❣ ρ✱ s♦ ❛•• ✜❡•❞s ❛r❡ ✐♥✐t✐❛•✐③❡❞✱ ❛♥❞ ✇❡ ❝❛♥ t❤✉s ❞❡✜♥❡ Σ s = {ρ • }✳ • ❆❞♦♣t✐♦♥ ❛❞♦♣t x : σ ❛s ρ ❝♦♥s✉♠❡s {σ × , ρ G }✳ • ❯♥❢♦❝✉s ✉♥❢♦❝✉s x : σ ❛s ρ ❝♦♥s✉♠❡s {σ × , σ -• ρ}✳ • P❛❝❦✐♥❣ ♣❛❝❦ x ✱ ✐❢ x : [ρ], ρ: C ✐s ✐♥ Γ✱ ❝♦♥s✉♠❡s {s✐♥❣•❡(x , C) × , ❣r♦✉♣(x , C) G , ρ • }✳ • ❯♥♣❛❝❦✐♥❣ ✉♥♣❛❝❦ x ✱ ✐❢ x : [ρ] ✐s ✐♥ Γ✱ ❝♦♥s✉♠❡s {ρ × }✳ • ❲❡❛❦❡♥✐♥❣ ✇❡❛❦❡♥ ❡♠♣t② ρ ❝♦♥s✉♠❡s {ρ ∅ }✳ • ❲❡❛❦❡♥✐♥❣ ✇❡❛❦❡♥ s✐♥❣•❡ ρ ❝♦♥s✉♠❡s {ρ × }✳ ❙♦•✈❡ P❡r♠✐ss✐♦♥ ❈♦♥str❛✐♥ts ◆♦✇ t❤❛t ✇❡ ❦♥♦✇ ✇❤✐❝❤ ♣❡r♠✐ss✐♦♥s Σ s ✇❡ ❤❛✈❡ t♦ ♣r♦❞✉❝❡✱ ✇❡ •♦♦❦ ❢♦r S s✉❝❤ t❤❛t t❤❡r❡ ✐s Σ ′ ❛♥❞ Γ ′ s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S {Σ s , Σ ′ }, Γ ′ ❖✉r ♠❡t❤♦❞♦•♦❣② ✐s t❤❡ ❢♦••♦✇✐♥❣✳ • ❋✐rst ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ operations(Γ, Σ) ✇❤✐❝❤ r❡t✉r♥s t❤❡ •✐st ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ ♣r♦❞✉❝❡ Σ ✉♥❞❡r t❤❡ ❡♥✈✐r♦♥♠❡♥t Γ✳ ❚❤❡ •✐st ♦♥•② ❝♦♥t❛✐♥s st❛t❡♠❡♥ts ✇❤✐❝❤ ✇❡ ❛r❡ ✇✐••✐♥❣ t♦ ✐♥s❡rt ❛s ✐♥❢❡rr❡❞ ♦♣❡r❛t✐♦♥s✳ • ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ produce(Γ, Σ, Σ) ✇❤✐❝❤ r❡t✉r♥s ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ♣r♦❞✉❝❡s✱ ❛♠♦♥❣ ♦t❤❡rs✱ ♣❡r♠✐ss✐♦♥ Σ ❢r♦♠ Σ✳ • ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ producelist(Γ, Σ, Σ ′ ) ✇❤✐❝❤ r❡t✉r♥s ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ♣r♦❞✉❝❡s✱ ❛♠♦♥❣ ♦t❤❡rs✱ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s Σ ′ ❢r♦♠ Σ✳ ❋✉♥❝t✐♦♥s produce ❛♥❞ producelist ❛r❡ ♠✉t✉❛••② r❡❝✉rs✐✈❡✳ • ❲❡ ❛r❡ t❤❡♥ ❝❛♣❛❜•❡ ♦❢ ♣r♦❞✉❝✐♥❣ Σ s ✉s✐♥❣ produce(Γ, Σ, Σ s )✳ ❋✉♥❝t✐♦♥ operations ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ operations(Γ, Σ) ❜② ♣❛tt❡r♥✲♠❛t❝❤✐♥❣ ♦♥ Σ✳ • operations(Γ, ρ ∅ ) = ∅ ❚❤❡ ♦♥•② ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ♣r♦❞✉❝❡ ρ ∅ ❛r❡ •❡t r❡❣✐♦♥✱ ♦♥•② ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡✱ ❛♥❞ ♥❡✇✳ |❡❣✐♦♥ ❜✐♥❞❡rs ❛r❡ ♦♥•② ♥❡❡❞❡❞ ❜② ❢♦❝✉s ❛♥❞ ♥❡✇ ♦♣❡r❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✻✳✺ ❞✐s✲ ❝✉ss❡s ❤♦✇ r❡❣✐♦♥ ❜✐♥❞❡rs ❛r❡ ✐♥❢❡rr❡❞ ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s✳ ❚❤✐s ✐s ✇❤② operation(Γ, ρ ∅ ) r❡t✉r♥s t❤❡ ❡♠♣t② s❡t ♦❢ ♦♣❡r❛t✐♦♥s✳ • operations(Γ, ρ • {f 1 , • • •, f k }) = ∅ ❚❤✐s ❛ss✉♠❡s k ≥ ✶✳ ❖♥•② ♥❡✇ ❝❛♥ ♣r♦❞✉❝❡ s✉❝❤ ❦✐♥❞ ♦❢ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ ✇❡ ❞♦ ♥♦t ✇✐s❤ t♦ ✐♥❢❡r ♥❡✇ ♦♣❡r❛t✐♦♥s✳ • operations(Γ, ρ • ) = {✉♥♣❛❝❦ x } ❚❤✐s ❛ss✉♠❡s x : [ρ] ✐s ✐♥ Γ✳ ■❢ s❡✈❡r❛• ✈❛r✐❛❜•❡s ♦❢ t②♣❡ [ρ] ❛r❡ ✐♥ Γ✱ ✇❡ ♣✐❝❦ ♦♥❡ ❛t r❛♥❞♦♠✱ ❛s t❤❡✐r ✈❛•✉❡ ✐s t❤❡ s❛♠❡ ✭t❤❡ ✉♥✐q✉❡ •♦❝❛t✐♦♥ ♦❢ ρ✮✳ ✶✼✷ ❈❍❆P❚❊| ✻✳ ■◆❋❊|❊◆❈❊ ❖❋ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ • operations(Γ, ρ × ) = {♣❛❝❦ x } ∪ A ❚❤✐s ❛ss✉♠❡s x : [ρ] ✐s ✐♥ Γ✳ ❖♣❡r❛t✐♦♥ s❡t A ✐s ❞❡✜♥❡❞ ❛s✿ ✕ A = ∅ ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡❀ ✕ A = {✉♥♣❛❝❦ y} ✐❢ ρ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ y.s✳ • operations(Γ, ρ G ) = {✇❡❛❦❡♥ ❡♠♣t② ρ, ✇❡❛❦❡♥ s✐♥❣•❡ ρ} ∪ A ∪ B ❖♣❡r❛t✐♦♥ s❡t A ✐s ❞❡✜♥❡❞ ❛s✿ ✕ A = ∅ ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡❀ ✕ A = {✉♥♣❛❝❦ y} ✐❢ ρ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ y.s✳ ❖♣❡r❛t✐♦♥ s❡t B ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ❛•• ✉♥❢♦❝✉s x : σ ❛s ρ ✇❤❡r❡ x : [σ] ✐s ✇❡••✲t②♣❡❞ ✇✐t❤ r❡s♣❡❝t t♦ Γ✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♠❛② r❡str✐❝t t❤✐s s❡t t♦ r❡❣✐♦♥s σ s✉❝❤ t❤❛t σ -• ρ ✐s ❛✈❛✐•❛❜•❡✳ ❋✉♥❝t✐♦♥ produce ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ produce(Γ, Σ, Σ, Σ no ) ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❛•❣♦r✐t❤♠✳ ❆r❣✉♠❡♥t Σ no st♦r❡s t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ✇❡ ❛r❡ ❛•r❡❛❞② tr②✐♥❣ t♦ ♣r♦❞✉❝❡✱ t♦ ❡♥s✉r❡ t❤❡ ❛•❣♦r✐t❤♠ t❡r♠✐♥❛t❡s✳ ❚❤✐s ❛r❣✉♠❡♥t ✐s ❛•s♦ ❛❞❞❡❞ t♦ producelist✳ ✶✳ ■❢ Σ ✐s ✐♥ Σ✱ r❡t✉r♥ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡✳ ✷✳ ■❢ Σ ✐s ✐♥ Σ no ✱ ❢❛✐•✳ ✸✳ ▲❡t ops ❜❡ operations(Γ, Σ)✳ ✹✳ ❋♦r ❡❛❝❤ s ✐♥ ops✱ •❡t Σ 0 ❜❡ t❤❡ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❜② s ❛♥❞ tr② t♦ ❝♦♠♣✉t❡✿ S = producelist(Γ, Σ, Σ 0 , (Σ no , Σ))✳ ✭❛✮ ■❢ ✐t ❢❛✐•s✱ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ♥❡①t ♦♣❡r❛t✐♦♥❀ ✐❢ t❤❡r❡ ✐s ♥♦ ♠♦r❡ ♦♣❡r❛t✐♦♥✱ ❢❛✐•✳ ✭❜✮ ❊•s❡ r❡t✉r♥ S; s✳ ❲❡ t❤❡♥ ❞❡✜♥❡✿ produce(Γ, Σ, Σ) = produce(Γ, Σ, Σ, ∅) ❋✉♥❝t✐♦♥ producelist ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ producelist(Γ, Σ, Σ ′ , Σ no ) ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ❛•✲ ❣♦r✐t❤♠✳ ✶✳ ■❢ Σ ′ ✐s ❡♠♣t②✱ r❡t✉r♥ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡✳ ✷✳ ❙❡•❡❝t ❛♥② Σ ❢r♦♠ Σ ′ = Σ, Σ rem ✳ ✸✳ ❚r② t♦ ❝♦♠♣✉t❡ S = produce(Γ, Σ, Σ, Σ no )✳ ✹✳ ■❢ ✐t ❢❛✐•s✱ ❢❛✐•✳ ✺✳ ▲❡t Σ 1 ❛♥❞ Γ 1 s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S {Σ 1 }, Γ 1 ✻✳ ❚r② t♦ ❝♦♠♣✉t❡ S ′ = producelist(Γ 1 , Σ 1 , Σ rem , Σ no )✳ ✻✳✸✳ ■◆❋❊||■◆• ▼❖❙❚ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ ✶✼✸ ✼✳ ■❢ ✐t ❢❛✐•s✱ ❢❛✐•✳ ✽✳ ▲❡t Σ 2 ❛♥❞ Γ 2 s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S; S ′ {Σ 2 }, Γ 2 ✾✳ ■❢ Σ ✐s ✐♥ Σ 2 ✱ r❡t✉r♥ S; S ′ ✳ ✶✵✳ ❊•s❡✱ ❢❛✐•✳ ❲❡ t❤❡♥ ❞❡✜♥❡✿ producelist(Γ, Σ, Σ ′ ) = producelist(Γ, Σ, Σ ′ , ∅) ❚❤✐s ❢✉♥❝t✐♦♥ ❝❛♥ ❛•s♦ ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ♣❡r♠✐ss✐♦♥s ♦❢ ❝♦♥s✉♠❡s ❝•❛✉s❡s ♦❢ ❢✉♥❝t✐♦♥s✳ ❏♦✐♥✐♥❣ ❇r❛♥❝❤❡s ❲❡ ❞❡t❛✐• t❤❡ ❝❛s❡ ✇❤❡♥ s ✐s ❛♥ ✐❢ e t❤❡♥ S 1 ❡•s❡ S 2 st❛t❡♠❡♥t✳ ❲❡ ❛♣♣•② t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ r❡❝✉rs✐✈❡•② ♦♥ S 1 ❛♥❞ S 2 ✱ ♦❜t❛✐♥✐♥❣ S 1 ′ ✇❤✐❝❤ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s Σ 1 ❛♥❞ S 2 ′ ✇❤✐❝❤ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s Σ 2 ✱ ❛♥❞ s✉❝❤ t❤❛t s ✐s ❡q✉✐✈❛•❡♥t t♦ s ′ = ✐❢ e t❤❡♥ S 1 ′ ❡•s❡ S 2 ′ ✳ ❍♦✇❡✈❡r✱ s ′ ✐s ♥♦t ✇❡••✲t②♣❡❞ ✐❢ Σ 1 = Σ 2 ✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ ✇❡ tr② t♦ ❝♦♠♣✉t❡ ♦♣❡r❛t✐♦♥s S a ❛♥❞ S b s✉❝❤ t❤❛t t❤❡r❡ ✐s Σ ′ s✉❝❤ t❤❛t✿ Γ ⊢ {Σ 1 } S a {Σ ′ } Γ ⊢ {Σ 2 } S b {Σ ′ } ❚❤✐s ❡♥s✉r❡s t❤❛t✿ s ′′ = ✐❢ e t❤❡♥ S 1 ′ ; S a ❡•s❡ S 2 ′ ; S b ✐s ❡q✉✐✈❛•❡♥t t♦ s ❛♥❞ ✐s ✇❡••✲t②♣❡❞✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ r❡❣✐♦♥ ρ ❛♣♣❡❛r✐♥❣ ✐♥ Σ 1 ♦r Σ 2 ❛♥❞ ✐♥ Γ✳ ❆ss✉♠❡ ✐t ❛♣♣❡❛rs ✐♥ Σ 1 ❀ t❤❡ ♦t❤❡r ❝❛s❡ ✐s s②♠♠❡tr✐❝✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ♣♦ss✐❜•❡ ❝❛s❡ (Σ 1 , Σ 2 ) ✇❤❡r❡ Σ 1 ✐s t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ ρ ✐♥ Σ 1 ❛♥❞ Σ 2 ✐s t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ ρ ✐♥ Σ 2 ✐❢ t❤❡r❡ ✐s ❛♥②✱ ♦r ⊥ ✐❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✳ • ■❢ Σ 1 = Σ 2 ✱ ❞♦ ♥♦t❤✐♥❣✳ • Σ 1 = ρ ∅ ✕ Σ 2 = ρ • {f 1 , • • •, f k } ✭k ≥ ✵✮ ♦r Σ 2 = ρ × ❋❛✐•✳ ❲❡ ❞♦ ♥♦t ✐♥❢❡r ❛••♦❝❛t✐♦♥s✳ ✕ Σ 2 = ρ G ❆❞❞ ✇❡❛❦❡♥ ❡♠♣t② ρ ❛t t❤❡ ❡♥❞ ♦❢ S a ✳ ✕ Σ 2 = σ -• ρ ❆❞❞ ✇❡❛❦❡♥ ❡♠♣t② ρ ❛t t❤❡ ❡♥❞ ♦❢ S a ✱ ❛♥❞ ❛❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ S b ✱ ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ✕ Σ 2 = ⊥ ❋❛✐•✳ ✶✼✹ ❈❍❆P❚❊| ✻✳ ■◆❋❊|❊◆❈❊ ❖❋ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ • Σ 1 = ρ • {f 1 , • • •, f k } ✭k ≥ ✶✮ ❋❛✐•✳ • Σ 1 = ρ • ✕ Σ 2 = ρ × ❆❞❞ ✉♥♣❛❝❦ x ❛t t❤❡ ❡♥❞ ♦❢ S b ✱ ✇❤❡r❡ x : [ρ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ✕ Σ 2 = ρ G ❆❞❞ ♣❛❝❦ x ; ✇❡❛❦❡♥ s✐♥❣•❡ ρ ❛t t❤❡ ❡♥❞ ♦❢ S a ✱ ✇❤❡r❡ x : [ρ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ❊♥s✉r❡ ❛•• ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s ♥❡❡❞❡❞ ❜② t❤❡ ♣❛❝❦ st❛t❡♠❡♥t ❛r❡ ❛✈❛✐•❛❜•❡✱ ❜② r❡❝✉rs✐✈❡•② ❛♣♣•②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✳ ✕ Σ 2 = σ -• ρ ❉♦ t❤❡ s❛♠❡ t❤❛♥ ❢♦r t❤❡ Σ 2 = ρ G ❝❛s❡✱ ❡①❝❡♣t ❛•s♦ ❛❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ S b ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ × ♥❡❡❞❡❞ ❜② t❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐•❛❜•❡✱ ❜② r❡❝✉rs✐✈❡•② ❛♣♣•②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✳ ✕ Σ 2 = ⊥ ■❢ ρ = x .s ❛♥❞ s ✐s ❞❡❝•❛r❡❞ ❛s s✐♥❣•❡✱ tr② ✉♥♣❛❝❦✐♥❣ t❤❡ ♦✇♥❡rs ♦❢ ρ✱ ❡♥❞✐♥❣ ✇✐t❤ x ✱ ❢r♦♠ t❤❡ ✜rst ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ tr❛♥s✐t✐✈❡ ♦✇♥❡r ♦❢ ρ ✐♥ Σ 2 ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✱ ❢❛✐•✳ ❊•s❡✱ ❛❞❞ ❛•• t❤❡s❡ ✉♥♣❛❝❦✐♥❣ st❛t❡♠❡♥ts ✐♥ S b ✳ ❚❤❡♥ ✉♥♣❛❝❦ y ♦❢ t②♣❡ [ρ]✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ y✱ ❢❛✐•✳ • Σ 1 = ρ × ✕ Σ 2 = ρ G ❆❞❞ ✇❡❛❦❡♥ s✐♥❣•❡ ρ ❛t t❤❡ ❡♥❞ ♦❢ S a ✳ ✕ Σ 2 = σ -• ρ ❆❞❞ ✇❡❛❦❡♥ s✐♥❣•❡ ρ ❛t t❤❡ ❡♥❞ ♦❢ S a ✳ ❆❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ S b ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ × ♥❡❡❞❡❞ ❜② t❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐•❛❜•❡✱ ❜② r❡❝✉rs✐✈❡•② ❛♣♣•②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✳ ✕ Σ 2 = ⊥ ■❢ ρ = x .s ❛♥❞ s ✐s ❞❡❝•❛r❡❞ ❛s s✐♥❣•❡✱ tr② ✉♥♣❛❝❦✐♥❣ t❤❡ ♦✇♥❡rs ♦❢ ρ✱ ❡♥❞✐♥❣ ✇✐t❤ x ✱ ❢r♦♠ t❤❡ ✜rst ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ tr❛♥s✐t✐✈❡ ♦✇♥❡r ♦❢ ρ ✐♥ Σ 2 ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✱ ❢❛✐•✳ ❊•s❡✱ ❛❞❞ ❛•• t❤❡s❡ ✉♥♣❛❝❦✐♥❣ st❛t❡♠❡♥ts ✐♥ S b ✳ • Σ 1 = ρ G ✕ Σ 2 = σ -• ρ ❆❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ S b ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ × ♥❡❡❞❡❞ ❜② t❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐•❛❜•❡✱ ❜② r❡❝✉rs✐✈❡•② ❛♣♣•②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✳ ✕ Σ 2 = ⊥ ■❢ ρ = x .s ❛♥❞ s ✐s ❞❡❝•❛r❡❞ ❛s ❣r♦✉♣✱ tr② ✉♥♣❛❝❦✐♥❣ t❤❡ ♦✇♥❡rs ♦❢ ρ✱ ❡♥❞✐♥❣ ✇✐t❤ x ✱ ❢r♦♠ t❤❡ ✜rst ❛✈❛✐•❛❜•❡ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ tr❛♥s✐t✐✈❡ ♦✇♥❡r ♦❢ ρ ✐♥ Σ 2 ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✱ ❢❛✐•✳ ❊•s❡✱ ❛❞❞ ❛•• t❤❡s❡ ✉♥♣❛❝❦✐♥❣ st❛t❡♠❡♥ts ✐♥ S b ✳ • Σ 1 = σ -• ρ ✕ Σ 2 = σ ′ -• ρ ✭✇✐t❤ σ = σ ′ ✮ ❆❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ S a ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐•✳ ❆❞❞ ✉♥❢♦❝✉s y: σ ′ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ S b ✇❤❡r❡ y: [σ ′ ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ y✱ ❢❛✐•✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ × ❛♥❞ σ ′× ♥❡❡❞❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐•❛❜•❡✱ ❜② r❡❝✉rs✐✈❡•② ❛♣♣•②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✳ ✕ Σ 2 = ⊥ ❋❛✐•✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ❛r❡ s②♠♠❡tr✐❝✳ ❲❡ st❛rt ✇✐t❤ S a ❛♥❞ S b ❜❡✐♥❣ ❡♠♣t②✳ ❊❛❝❤ r✉•❡ ❡♥s✉r❡s t❤❛t Σ 1 ❛♥❞ Σ 2 ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣•❛❝❡❞ ❜② ✐❞❡♥t✐❝❛• ♣❡r♠✐ss✐♦♥s✳ ❊❛❝❤ t✐♠❡ ❛ r✉•❡ ✐s ❛♣♣•✐❡❞✱ ✇❡ r❡♠♦✈❡ t❤❡s❡ ✐❞❡♥t✐❝❛• ♣❡r♠✐ss✐♦♥s ❢r♦♠ Σ 1 ❛♥❞ Σ 2 ✳ ❆•• t❤❡s❡ r✉•❡s ❛r❡ ❛♣♣•✐❡❞ ✐♥ ❛♥② ♦r❞❡r ✉♥t✐• ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡♠ ❢❛✐•s✱ ♦r Σ 1 = Σ 2 = ∅✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥ ❛ r❡❣✐♦♥ ✐s ♦♣❡♥❡❞ ✐♥ ❛ ❜r❛♥❝❤ ❛♥❞ ❝•♦s❡❞ ✐♥ t❤❡ ♦t❤❡r✱ ✇❡ ♠❛❞❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ✉♥♣❛❝❦✐♥❣ t❤❡ r❡❣✐♦♥ ✐♥ t❤❡ •❛tt❡r ✐♥st❡❛❞ ♦❢ ♣❛❝❦✐♥❣ ✐t ✐♥ t❤❡ ❢♦r♠❡r✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ♣❛❝❦✐♥❣ ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s r❡q✉✐r❡❞ t♦ ❜❡ ❝•♦s❡❞ ❛❢t❡r t❤❡ ✐❢ st❛t❡♠❡♥t✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✇✐•• ✉♥♣❛❝❦ ✐t ❛❢t❡r t❤❡ ✐❢ st❛t❡♠❡♥t✳ ❚❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✇✐•• t❤❡♥ ❜❡ s•✐❣❤t•② ♠♦r❡ ❝♦♠♣•✐❝❛t❡❞✱ ✇✐t❤ t❤❡ t✇♦ ❜r❛♥❝❤❡s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t✱ ♦♥❡ ♦❢ t❤❡♠ ❜❡✐♥❣ tr✐✈✐❛• ❛s t❤❡ r❡❣✐♦♥ ✇❛s ❝•♦s❡❞ s♦ t❤❡ ✐♥✈❛r✐❛♥t ❤❡•❞✳ ✻✳✹ ❚❡r♠✐♥❛t✐♦♥✱ ❙♦✉♥❞♥❡ss ❛♥❞ ❈♦♠♣•❡t❡♥❡ss ❚❡r♠✐♥❛t✐♦♥ ❲❡ ♥♦✇ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t ✐t t❡r♠✐♥❛t❡s✳ ❚❤❡♦r❡♠ ✶✸ ✭❚❡r♠✐♥❛t✐♦♥✮ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ♦♥ ❛•• ✐♥♣✉ts✳ Pr♦♦❢✳ Pr♦✈✐♥❣ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡✐r ❛♣♣•✐❝❛t✐♦♥ t❡r♠✐♥❛t❡ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ Pr♦✈✐♥❣ t❤❛t ❢✉♥❝t✐♦♥s produce ❛♥❞ producelist t❡r♠✐♥❛t❡ ✐s ❛•s♦ ❡❛s②✿ t❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t ✐s t❤❛t ❛r❣✉♠❡♥t Σ no str✐❝t•② ❣r♦✇s ❡❛❝❤ t✐♠❡ produce ✐s ❝❛••❡❞ r❡❝✉rs✐✈❡•②✱ ❛♥❞ ❝❛♥♥♦t ❣r♦✇ ♠♦r❡ t❤❛♥ t❤❡ s❡t ♦❢ ❛•• ♣❡r♠✐ss✐♦♥s ♦♥ ✇❡••✲t②♣❡❞ r❡❣✐♦♥s✱ ✇❤✐❝❤ ✐s ✜♥✐t❡✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t •♦✐♥✐♥❣ ❜r❛♥❝❤❡s t❡r♠✐♥❛t❡s✳ |❡❝✉rs✐✈❡ ❝❛••s t♦ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ❛r❡ ♦♥•② ❞♦♥❡ t♦ ♣r♦❞✉❝❡ ♣❡r♠✐ss✐♦♥s ♦❢ t❤❡ ❢♦r♠ ρ × ✱ s♦ t❤❡ r❡❝✉rs✐✈❡ ❝❛•• ✇✐•• ♥♦t tr② t♦ •♦✐♥ ♦t❤❡r ❜r❛♥❝❤❡s✳ ❲❡ r❡♠♦✈❡ ♣❡r♠✐ss✐♦♥s ❢r♦♠ Σ 1 ❛♥❞ Σ 2 ❡❛❝❤ t✐♠❡ ❛ r✉•❡ ✐s ❛♣♣•✐❡❞ s✉❝❝❡ss❢✉••②✱ ❜✉t ✇❡ ❛•s♦ s♦♠❡t✐♠❡s ♦❜t❛✐♥ ♥❡✇ ♣❡r♠✐ss✐♦♥s ✇❤❡♥ ✉♥♣❛❝❦✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ♥❡✇ ♣❡r♠✐ss✐♦♥s ❛r❡ ♦♥•② ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✱ ♦♥ ✇❤✐❝❤ t❤❡r❡ ❛•r❡❛❞② ✇❛s ❛ ♣❡r♠✐ss✐♦♥ ✐♥ t❤❡ ♦t❤❡r ❜r❛♥❝❤✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ t❡r♠✐♥❛t✐♦♥ ❛r❣✉♠❡♥t ✐s t❤✉s t❤❛t ✇❡ ❝❛♥♥♦t ❣r♦✇ ❛ ♣❡r♠✐ss✐♦♥ s❡t ♠♦r❡ t❤❛♥ s♦♠❡ ❜♦✉♥❞❛r② ❣✐✈❡♥ ❜② t❤❡ ♣❡r♠✐ss✐♦♥ s❡t ♦❢ t❤❡ ♦t❤❡r ❜r❛♥❝❤ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛•❣♦r✐t❤♠✳ ✷ ❙♦✉♥❞♥❡ss ❲❡ t❤❡♥ ♣r♦✈❡ t❤❛t t❤❡ ❛•❣♦r✐t❤♠ ✐s s♦✉♥❞✳ ❚❤❡♦r❡♠ ✶✹ ✭❙♦✉♥❞♥❡ss✮ •✐✈❡♥ ✐♥♣✉ts Γ✱ Σ ❛♥❞ S✱ ✐❢ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ❞♦❡s ♥♦t ❢❛✐•✱ ✐t r❡t✉r♥s st❛t❡♠❡♥t S ′ ✇❤✐❝❤ ✐s ❡q✉✐✈❛•❡♥t t♦ S✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ Σ ′ ❛♥❞ Γ ′ s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S ′ {Σ ′ }, Γ ′ ✶✼✻ ❈❍❆P❚❊| ✻✳ ■◆❋❊|❊◆❈❊ ❖❋ |❊•■❖◆ ❆◆◆❖❚❆❚■❖◆❙ Pr♦♦❢✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❛t S ′ ✐s ❡q✉✐✈❛•❡♥t t♦ S✳ ❚❤❡ ♠❛✐♥ •♦♦♣ ❛•✇❛②s ❛❞❞s s t♦ S ′ ❜❡❢♦r❡ r❡♠♦✈✐♥❣ s ❢r♦♠ S✳ ❚❤✐s s ♠❛② ❤❛✈❡ ❜❡❡♥ ♠♦❞✐✜❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t✱ ❜✉t ♦♥•② ❜② r❡♣•❛❝✐♥❣ s♦♠❡ s✉❜✲❡①♣r❡ss✐♦♥s e ✇✐t❤ ✈❛r✐❛❜•❡s x ✇❤♦s❡ ✈❛•✉❡ ✐s ❜♦✉♥❞ t♦ e •✉st ❜❡❢♦r❡ s✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t S ′ ✐s ✇❡••✲t②♣❡❞✳ ❚❤❡ ✉♥✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✭❛•♦♥❣ ✇✐t❤ r❡❣✐♦♥ ❝♦♥str❛✐♥ts✮ ❡♥s✉r❡s t❤❛t t❤❡ t②♣❡s ❛r❡ ❝♦rr❡❝t✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ♣❡r♠✐ss✐♦♥s ❛r❡ ❝♦rr❡❝t✳ ■♥ t❤❡ ♠❛✐♥ •♦♦♣✱ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❜② s✱ ❞❡♥♦t❡❞ Σ s ✱ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t②♣✐♥❣ r✉•❡s✳ ❆ss✉♠✐♥❣ S prod ✐s ❝♦♠♣✉t❡❞ s✉❝❤ t❤❛t✿ Γ ⊢ {Σ} S prod {Σ s , Σ rem }, Γ ′ t❤❡♥ Σ s ❛r❡ ❛✈❛✐•❛❜•❡ ❛♥❞ t❤✉s S prod ; s ✐s ✇❡••✲t②♣❡❞✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t S prod ✐s ❝♦♠♣✉t❡❞ ✐♥ s✉❝❤ ❛ ❢❛s❤✐♦♥✳ ❋✐rst ✇❡ ♣r♦✈❡ ❢r♦♠ t②♣✐♥❣ r✉•❡s t❤❛t operations(Γ, Σ) r❡t✉r♥s ❛ s❡t ♦❢ ✇❡••✲t②♣❡❞ st❛t❡♠❡♥ts ✇❤✐❝❤ ❛•• ❤❛♣♣❡♥ t♦ ♣r♦❞✉❝❡ Σ✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t produce ❛♥❞ producelist r❡t✉r♥ ✇❡••✲t②♣❡❞ s❡q✉❡♥❝❡s r❡t✉r♥✐♥❣ t❤❡ r❡q✉✐r❡❞ ♣❡r♠✐ss✐♦♥ ♦r s❡t ♦❢ ♣❡r♠✐ss✐♦♥s✳ ❋♦r produce ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❋♦r producelist✱ ✇❡ ♥♦t❡ t❤❛t ✈❛r✐❛❜•❡ Σ 2 ❝♦♥t❛✐♥s Σ rem ❜② ✐♥❞✉❝t✐♦♥✱ ❛♥❞ Σ t❤❛♥❦s t♦ t❤❡ t❡st✳ ❋✐♥❛••②✱ ✇❡ ♣r♦✈❡ t❤❛t ❜r❛♥❝❤❡s ❛r❡ •♦✐♥❡❞ ❝♦rr❡❝t•② ❜② ♥♦t✐♥❣ t❤❛t ❛•• ✐♥❢❡rr❡❞ st❛t❡♠❡♥ts ❛r❡ ✇❡••✲t②♣❡❞✳ ✷ ❈♦♠♣•❡t❡♥❡ss❄ ■❞❡❛••②✱ ✇❡ ✇♦✉•❞ •✐❦❡ t♦ ♣r♦✈❡ ❛ t❤❡♦r❡♠ st❛t✐♥❣ t❤❛t ✐❢ ❛ ❈❛♣✉❝✐♥❡ ♣r♦✲ ❣r❛♠ ❝❛♥ ❜❡ ❛♥♥♦t❛t❡❞ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ✐ts r❡s✉•t s✉❝❤ t❤❛t t❤❡ ♣r♦❣r❛♠ ❜❡❝♦♠❡s ✇❡••✲t②♣❡❞✱ t❤❡♥ t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ✜♥❞s s✉❝❤ ❛♥♥♦t❛t✐♦♥s✳ ❲❡ ❝♦✉•❞ ♥♦t ✜♥❞ ❛♥② ❝♦✉♥t❡r✲❡①❛♠♣•❡✱ ❛♥❞ ✇❡ ❜❡•✐❡✈❡ t❤❛t s✉❝❤ ❛ t❤❡♦r❡♠ ❝♦✉•❞ ❜❡ ♣r♦✈❡♥✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉s✐♥❣ t❤❡ ❛•❣♦r✐t❤♠ t♦ ❤❡•♣ ✉s ✇r✐t❡ ♠♦r❡ ❝♦♥❝✐s❡ ❡①❛♠♣•❡s t❤❛♥ ✇❡ ❛r❡ ✐♥ ♣r♦✈✐♥❣ t❤❛t ✐t ✐s ❛❝t✉❛••② ❝♦♠♣•❡t❡✳ ❙♦ ❢❛r✱ ✇❡ ❛r❡ ♣•❡❛s❡❞ ✇✐t❤ t❤❡ r❡s✉•ts✳ ❲❡ ♥❡✈❡rt❤❡•❡ss ❣✐✈❡ s♦♠❡ ✐♥t✉✐t✐♦♥s ❛❜♦✉t ❝♦♠♣•❡t❡♥❡ss✳ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ✐s ❞❡✲ ✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♠♦r❡ ❜❛❝❦tr❛❝❦✐♥❣ ❝♦✉•❞ ❜❡ ❞♦♥❡ t♦ ✜♥❞ ✈❛•✐❞ ❛♥♥♦t❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♦✉r ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r② t❤❛♥❦s t♦ ♣r♦♣❡rt✐❡s ❛❜♦✉t r❡❣✐♦♥ tr❡❡s✳ ❲❡ ❛•r❡❛❞② st❛t❡❞ t❤❛t ✇❤❡♥ ❛♣♣•②✐♥❣ ♠✉•t✐♣•❡ r❡❣✐♦♥ ❝♦♥str❛✐♥ts✱ ✇❡ ❝❛♥ ❛♣♣•② t❤❡♠ ✐♥ ❛♥② ♦r❞❡r ❜❡❝❛✉s❡ ✐❢ ❛♥② ♦r❞❡r ❢❛✐•s✱ t❤❡♥ ✐t ♠❡❛♥s t❤❛t ❛ ♣♦✐♥t❡r s❤♦✉•❞ ❜❡ ✐♥ t✇♦ r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ t❤✉s ❛•• ♦t❤❡r ♦r❞❡rs ✇✐•• ❢❛✐• ❛s ✇❡••✳ ❚❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ ✇❡ ❛♣♣•② t❤❡ r✉•❡s t♦ •♦✐♥ ❜r❛♥❝❤❡s ❞♦❡s ♥♦t ♠❛tt❡r ❡✐t❤❡r✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ✇❡ ❝❛♥ ✜rst ✉♥♣❛❝❦ ❡✈❡r②t❤✐♥❣ t❤❛t ♥❡❡❞s t♦ ❜❡ ✉♥♣❛❝❦❡❞✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ ✇❡ ❛♣♣•② ❛ r✉•❡ A ✇❤✐❝❤ ❞♦❡s ♥♦t ✐♠♣•② ✉♥♣❛❝❦✐♥❣ ❜❡❢♦r❡ ❛ r✉•❡ B ✇❤✐❝❤ ✐♠♣•✐❡s ✉♥♣❛❝❦✐♥❣✳ ■❢ ✇❡ ❝❛♥♥♦t ❛♣♣•② A ❛❢t❡r B✱ t❤❡♥ A ✐♠♣•✐❡s s♦♠❡ ✇❡❛❦❡♥✐♥❣ ♦r ✉♥❢♦❝✉s✐♥❣ ✇❤✐❝❤ ✇♦✉•❞ ❝♦♥s✉♠❡ s♦♠❡ ♣❡r♠✐ss✐♦♥ ✇❤✐❝❤ ✇♦✉•❞ ♣r❡✈❡♥t B ❢r♦♠ ❜❡✐♥❣ ❛♣♣•✐❡❞ ❛❢t❡r A✳ ❙♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❛•• ✉♥♣❛❝❦✐♥❣ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ❛♥❞ t❤❛t ❡❛❝❤ ♣❡r♠✐ss✐♦♥ ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r♠✐ss✐♦♥ ✐♥ t❤❡ ♦t❤❡r ❜r❛♥❝❤✳ ❲❡ t❤❡♥ s❤♦✇ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ r✉•❡s t❤❛t ❞♦ ♥♦t ✐♠♣•② ❛♥② ✉♥♣❛❝❦✐♥❣ t❤❛t ✇❡ ❝❛♥ s✇✐t❝❤ t❤❡ ♦r❞❡r ♦❢ t❤❡ t✇♦ r✉•❡s✱ ❛s t❤❡② ❞❡❛• ✇✐t❤ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳ ❚❤❡r❡ ✐s ♦♥❡ ❡①❝❡♣t✐♦♥✱ ✇❤✐❝❤ ✐s ✐❢ ❛♥ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐s ❣❡♥❡r❛t❡❞✳ ❇✉t ♦♥❝❡ ❛❣❛✐♥✱ ✐t ✇♦✉•❞ ✐♠♣•② t❤❛t t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥

  ❢r♦♠ t❤❡ ✐♥✈❛r✐❛♥t ✐♥ ♣r❡✲❝♦♥❞✐t✐♦♥s ❝♦✉•❞ ❜❡ ✐❣♥♦r❡❞✱ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ✇r♦♥❣ ❛r❣✉♠❡♥t✿ ❛s ✐♥✈❛r✐❛♥ts ❛r❡ ❛❞❞❡❞ ❛s ♣♦st✲❝♦♥❞✐t✐♦♥s ❡✈❡r②✇❤❡r❡✱ t❤❡② ✇✐•• ❤♦•❞ ❛❢t❡r ❡❛❝❤ ❝❛••✱ ❛♥❞ t❤✉s ✇✐•• ❤♦•❞ ❡✈❡r②✇❤❡r❡✳ ❇✉t t❤❡ ❢♦••♦✇✐♥❣ ❝♦✉♥t❡r✲❡①❛♠♣•❡ s❤♦✇s t❤❛t t❤✐s ♣♦•✐❝② ✐s ✐♥❝♦♥s✐st❡♥t✿ void f(set s)/ * @ requires inv(s); ensures inv(s) * / void g(set s) / * @ requires inv(s); ensures inv(s) * / { ... / * do something to break the invariant of s * / f(s); / * we cannot ignore the pre-condition of f here * / } ❚❤✐s ❡①❛♠♣•❡ ♠❛❦❡s t❤✐s ✐ss✉❡ ♦❜✈✐♦✉s✱ ❜✉t ✐♥ ♦❜•❡❝t✲♦r✐❡♥t❡❞ •❛♥❣✉❛❣❡s t❤❡s ❛r❣✉♠❡♥t ✇♦✉•❞ ❜❡ ✐♠♣•✐❝✐t ❛♥❞ t❤✉s t❤✐s ♣r♦❜•❡♠ ✇♦✉•❞ ❛♣♣❡❛r •❡ss ❝•❡❛r•②✳ ❚♦ s✉♠ ✉♣✱ ✐❢ ✇❡ ❞♦♥✬t ✇❛♥t t♦ ❤❛✈❡ t♦ ♣r♦✈❡ ✐♥✈❛r✐❛♥ts ❡✈❡r②t✐♠❡ ✇❡ ❝❛•• ❛ ❢✉♥❝t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ ❛♥♦t❤❡r ♠❡t❤♦❞♦•♦❣②✳ ❆♥♦t❤❡r ✐ss✉❡ ✐s t❤❛t ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts ❛r❡ ♥♦t t❤❡ ♦♥•② ❛✈❛✐•❛❜•❡ ❞❛t❛ str✉❝t✉r❡s ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ❝♦♥t❡①t✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❞❛t❛ str✉❝t✉r❡✿ typedef int positive; / * @ invariant(positive p) = p > 0 invariant(pair p) = p.first < p.second * / ❚②♣❡ positive ✐s t❤❡ t②♣❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✿ ✐t ✐s ❡q✉❛• t♦ t②♣❡ int✱ ❜✉t ✇❡ s♣❡❝✐❢② t❤❛t ❛•• positive ✈❛•✉❡s ❤❛✈❡ ❛♥ ✐♥✈❛r✐❛♥t✱ ✇❤✐❝❤ ✐s t❤❛t t❤❡② ❛r❡ ♣♦s✐t✐✈❡✳ ❚②♣❡ pair ✐s t❤❡ t②♣❡ ♦❢ s♦rt❡❞ ♣♦s✐t✐✈❡ ♣❛✐rs✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ positive ✈❛•✉❡s✱ t❤❡ first ❛♥❞ t❤❡ second ♦♥❡✳ ■t ❛•s♦ ❤❛s ♦♥❡ ✐♥✈❛r✐❛♥t✿ t❤❡ first ✜❡•❞ ♠✉st ❜❡ •❡ss❡r t❤❛♥ t❤❡ second ✜❡•❞ ❢♦r ❛•• pair ✈❛•✉❡s✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❢✉♥❝t✐♦♥✿ void h(pair p) ❲❤❛t ❛r❡ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s t❤❛t ♠✉st ❜❡ ❛❞❞❡❞ t♦ h t♦ t❛❦❡ ✐♥✈❛r✐❛♥ts ✐♥t♦ ❛❝❝♦✉♥t❄ ■❢ ✇❡ str✐❝t•② ❢♦••♦✇ t❤❡ ✐❞❡❛ t❤❛t ✐♥✈❛r✐❛♥ts ❛r❡ ❛✉t♦♠❛t✐❝ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s ♦♥ ❛•• ❛r❣✉♠❡♥ts✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r h✿ void h(pair p) / * @ requires p.first < p.second; ensures p.first < p.second * / ❇✉t ✇❤❛t ❛❜♦✉t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ p.first ❛♥❞ p.second❄ ❚❤❡② ❛r❡ ✈❛•✉❡s ♦❢ t②♣❡ positive✱s♦ t❤❡② s❤♦✉•❞ ❜❡ r❡q✉✐r❡❞ ❛♥❞ ❡♥s✉r❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❙♦ ✇❡ ❛❞❞ t❤❡s❡ r❡✲ q✉✐r❡♠❡♥ts ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✿ void h(pair p) ✐s ❛ ♣✉r❡•② ❢✉♥❝t✐♦♥❛• ♣r♦❣r❛♠ ✇❤✐❝❤ s✐♠✉•❛t❡s t❤❡ ♦r✐❣✐♥❛• ✐♠♣❡r❛t✐✈❡ ♦♥❡✳ ◆♦t❡ t❤❛t t❤✐s ❛•s♦ •♦♦❦s ❛ •♦t •✐❦❡ t❤❡ ❤②♣♦t❤❡s❡s t❤❛t ✇♦✉•❞ ❜❡ ❛✈❛✐•❛❜•❡ t♦ ♣r♦✈❡ ❛ ♣♦st✲❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣r♦❣r❛♠✱ ✉s✐♥❣ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✿ ✇❡ ❝❛♥ ✈✐❡✇ t❤❡ s✉❝❝❡ss✐✈❡ ✈❛•✉❡s ♦❢ ♠✉t❛❜•❡ ✈❛r✐❛❜•❡s ❛s s✉❝❝❡ss✐✈❡ ✐♠♠✉t❛❜•❡ ✈❛r✐❛❜•❡s✳ ❚♦ tr❛♥s•❛t❡ ❢✉♥❝t✐♦♥s ✇✐t❤ s✐❞❡✲❡✛❡❝ts✱ ✇❡ ❡♥❝♦❞❡ t❤❡♠ ❛s ❢✉♥❝t✐♦♥s ✇❤✐❝❤ r❡t✉r♥ ♥♦t ♦♥•② t❤❡✐r r❡t✉r♥ ✈❛•✉❡ ❜✉t ❛•s♦ t❤❡ ♥❡✇ ✈❛•✉❡s ♦❢ t❤❡ ✈❛r✐❛❜•❡s t❤❡② ♠♦❞✐❢②✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦••♦✇✐♥❣ ✐♠♣❡r❛t✐✈❡ ❢✉♥❝t✐♦♥✿ int f(int * x, int * y) { * x = * x + * y; return * x -* y; } ❜❡❝♦♠❡s t❤❡ ❢♦••♦✇✐♥❣ ♣✉r❡ ❢✉♥❝t✐♦♥✿ let f (x: int, y: int) = let x1 = x + y in (x1 -y, x1) ❚❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡t✉r♥❡❞ ♣❛✐r ✐s t❤❡ r❡t✉r♥ ✈❛•✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ * x -* y✳ ❚❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s t❤❡ ♥❡✇ ✈❛•✉❡ ♦❢ x✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❝❛••❡r✿ int x = 1; int y = 2; int z = f(&x, &y); return x + y + z ❚❤✐s ❝❛•• ✐s tr❛♥s•❛t❡❞ ✐♥t♦ t❤❡ ❢♦••♦✇✐♥❣ ♣✉r❡ ♣r♦❣r❛♠✿ let x = 1 in let y = 2 in let (z, x1) = f(x, y) in x1 + y + z ❚❤❡ ♥❡✇ ✈❛•✉❡ ♦❢ x ✐s r❡tr✐❡✈❡❞ ❢r♦♠ t❤❡ ♣❛✐r r❡t✉r♥❡❞ ❜② t❤❡ ❝❛••✳ ✷✳✸✳ ❆▲■❆❙✲❋|❊❊ P|❖•|❆▼ ❱❊|■❋■❈❆❚■❖◆ ✷✸ ✷✳✸✳✷ ❚❤❡ ❇♦♦❣✐❡ ■♥t❡r♠❡❞✐❛t❡ ▲❛♥❣✉❛❣❡ ❇♦♦❣✐❡ ❬❇❛r♥❡tt✵✺( ✐s s✐♠✐•❛r t♦ ❲❤② ✐♥ t❤❛t ✐t ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❣r❛♠♠✐♥❣ •❛♥❣✉❛❣❡✿ ❈★ ♣r♦❣r❛♠s ❛r❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❇♦♦❣✐❡ ♣r♦❣r❛♠♠✐♥❣ •❛♥❣✉❛❣❡ ✭❇♦♦❣✐❡ P▲✮✱ ❛♥❞ ♣r♦❣r❛♠s ✐♥ ❇♦♦❣✐❡ P▲ ❛r❡ t❤❡♠s❡•✈❡s ❡♥❝♦❞❡❞ ✐♥ t❤❡ •♦✇❡r✲•❡✈❡• ❇♦♦❣✐❡ •❛♥❣✉❛❣❡✳ ❚❤❡ ❇♦♦❣✐❡ t♦♦• t❤❡♥ ❝♦♠♣✉t❡s ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❢r♦♠ t❤❡s❡ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❣r❛♠s✳ Pr♦♦❢ ♦❜•✐❣❛t✐♦♥s ❝❛♥ ❜❡ ❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② t❤❡ )✸ ❛✉t♦♠❛t✐❝ ♣r♦✈❡r✳ ❇♦♦❣✐❡ P▲ ✐s ❛•s♦ ❛•✐❛s✲❢r❡❡✳ ❍♦✇❡✈❡r t❤❡ ❇♦♦❣✐❡ •❛♥❣✉❛❣❡ ✐ts❡•❢✱ ❝♦♥tr❛r② t♦ ❲❤②✱ ✐s ♥♦t ❛♥ ❡①♣r❡ss✐♦♥ •❛♥❣✉❛❣❡ ❜✉t ❛ st❛t❡♠❡♥t •❛♥❣✉❛❣❡✳ ■ts ♠❛✐♥ ✐♥str✉❝t✐♦♥s ❛r❡ havoc✱ assume ❛♥❞ assert✳ ■t ✐s r❡♠❛r❦❛❜•❡ t❤❛t t❤❡s❡ t❤r❡❡ ♦♣❡r❛t✐♦♥s ❛r❡ q✉✐t❡ ❡①♣r❡ss✐✈❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡✐r s❡♠❛♥t✐❝s ❛♥❞ s❤♦✇ ❤♦✇ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ ❜❛s✐❝ ❝♦♥str✉❝t✐♦♥s s✉❝❤ ❛s ❢✉♥❝t✐♦♥ ❝❛••s ❛♥❞ •♦♦♣s✳ ❚❤❡ havoc x ♦♣❡r❛t✐♦♥ t❛❦❡s ❛ ✈❛r✐❛❜•❡ x ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ ❛ss✐❣♥s ✐t t♦ s♦♠❡ ✈❛•✉❡✳ ❚❤✐s ✈❛•✉❡ ✐s ✉♥s♣❡❝✐✜❡❞✿ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳ ■❢ ✇❡ s❡❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛s ❛ ♣❛t❤✱ havoc ✐s ❛ ❝r♦ssr♦❛❞s✿ ❡①❡❝✉t✐♦♥ ❝❛♥ ❝♦♥t✐♥✉❡ ♦♥ ❛♥② ♣❛t❤ ✇❤❡r❡ ♥♦t❤✐♥❣ ❤❛s ❝❤❛♥❣❡❞ ❜✉t✱ ♠❛②❜❡✱ ✈❛r✐❛❜•❡ x✳ ❚❤❡ assert P ♦♣❡r❛t✐♦♥ t❛❦❡s ❛ ♣r❡❞✐❝❛t❡ P ❛s ❛♥ ❛r❣✉♠❡♥t✳ Pr❡❞✐❝❛t❡ P ♠✉st ❤♦•❞ ❛t t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✿ assert P ♣r♦❞✉❝❡s P ❛s ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✳ ■❢ ✇❡ s❡❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛s ❛ ♣❛t❤✱ assert ✐s ❛ ❝❤❡❝❦♣♦✐♥t✳ ■t ❞♦❡s ♥♦t r❡str✐❝t ♦r ❛❞❞ ♥❡✇ ♣❛t❤s t♦ t❤❡ ❡①❡❝✉t✐♦♥✳ ❚❤❡ assume P ♦♣❡r❛t✐♦♥ t❛❦❡s ❛ ♣r❡❞✐❝❛t❡ P ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ ✐♥s❡rts ✐t ❛s ❛♥ ❤②✲ ♣♦t❤❡s✐s ✐♥ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ♣r♦✈❡♥✳ ■❢ ✇❡ s❡❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛s ❛ ♣❛t❤✱ assume r❡str✐❝ts ♣♦ss✐❜•❡ ♣❛t❤s ❜② r❡♠♦✈✐♥❣ ❛•• ♣❛t❤s ✇❤❡r❡ P ❞♦❡s ♥♦t ❤♦•❞✳ ❲❡ ❝❛♥ ❡♥❝♦❞❡ ❛ss✐❣♥♠❡♥t x := e✱ ✐❢ x ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ e✱ ✉s✐♥❣ havoc ❛♥❞ assume✿ havoc x assume x = e ■♥❞❡❡❞✱ t❤❡ havoc ♦♣❡r❛t✐♦♥ ❛••♦✇s t❤❡ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥ t♦ t❛❦❡ ❛♥② ♣❛t❤ ✇❤❡r❡ t❤❡ ✈❛•✉❡ ♦❢ ✈❛r✐❛❜•❡ x ❤❛s ❝❤❛♥❣❡❞✱ ❜✉t t❤❡s❡ ♣❛t❤s ❛r❡ ✐♠♠❡❞✐❛t•② r❡str✐❝t❡❞ ❜② assume t♦ t❤♦s❡ ✇❤❡r❡ ♣r❡❞✐❝❛t❡ x = e ❤♦•❞s✳ ❚❤✉s✱ t❤❡ ♣r♦❣r❛♠ ✇✐•• t❛❦❡ t❤❡ ✉♥✐q✉❡ ♣❛t❤ ✇❤❡r❡ ✈❛•✉❡ ♦❢ x ❤❛s ❝❤❛♥❣❡❞ ❛♥❞ ✐s ♥♦✇ e✳ ❲❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ❢♦••♦✇✐♥❣ while •♦♦♣✿ t✇♦ ❇♦♦❣✐❡ ♣r♦❣r❛♠s✳ ❚❤❡ ✜rst ♣r♦❣r❛♠ ♣r♦✈❡s t❤❡ ❜♦❞② ♦❢ t❤❡ •♦♦♣✿ // ❛ss✉♠❡ •♦♦♣ ✐♥✈❛r✐❛♥t assume P; // ❛ss✉♠❡ ✇❡ ❛r❡ ✐♥ t❤❡ •♦♦♣ assume x > 0; // ❛ss✐❣♥ y havoc y; assume y = x; // ❛ss✐❣♥ x havoc x; assume x = y -1; // ♣r♦✈❡ •♦♦♣ ✐♥✈❛r✐❛♥t ✐s ♠❛✐♥t❛✐♥❡❞ assert P; ❚❤❡ s❡❝♦♥❞ ♣r♦❣r❛♠ ❛❜tr❛❝ts t❤❡ •♦♦♣ ❛s ❛ ❜•❛❝❦ ❜♦① ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡♣•❛❝❡ t❤❡ •♦♦♣ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ♣r♦❣r❛♠ ❡♥❝♦❞✐♥❣✿ ... // •♦♦♣ ✐♥✈❛r✐❛♥t ♠✉st ❤♦•❞ assert P; // t❤❡ •♦♦♣ ♠♦❞✐✜❡s s♦♠❡ ✈❛r✐❛❜•❡s x havoc x; // ❛ss✉♠❡ ✇❡ ❛r❡ •❡❛✈✐♥❣ t❤❡ •♦♦♣ assume x <= 0; // t❤❡ •♦♦♣ ✐♥✈❛r✐❛♥t ❤♦•❞s assume P; ... ❋✐♥❛••②✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❡♥❝♦❞❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥ ❝❛••s✳ ❙❛② ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❢✉♥❝t✐♦♥✿ void incr(int * x) //@ requires x >= 0 //@ ensures x > 0 { int y = * x; * x = y + 1; } ❲❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ❢✉♥❝t✐♦♥ ❛s✿ // ♣r❡✲❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ✐s ❛ss✉♠❡❞✱ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♠✉st ❜❡ ♣r♦✈❡❞✳ ◆♦✇ s❛② ✇❡ ✇❛♥t t♦ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❝❛••✿ z = 42; incr(&z);❚❤✐s ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s✿ havoc z; assume z = 42; // ♣r❡✲❝♦♥❞✐t✐♦♥ assert z >= 0; // ❢✉♥❝t✐♦♥ ♠♦❞✐✜❡s ✐ts ❛r❣✉♠❡♥t havoc z; // ♣♦st✲❝♦♥❞✐t✐♦♥ assume z > 0;◆♦t✐❝❡ t❤❛t ♥♦✇✱ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♠✉st ❜❡ ♣r♦✈❡❞✱ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ✐s ❛ss✉♠❡❞✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t ✐t ✐s ♥❡❝❡ss❛r② t♦ ❦♥♦✇ ✇❤✐❝❤ ✈❛r✐❛❜•❡s t❤❡ ❝❛•• ♠❛② ♠♦❞✐❢②✳ ❍❡r❡✱ incr ♠♦❞✐✜❡s ✐ts ❛r❣✉♠❡♥t z✱ ❤❡♥❝❡ t❤❡ havoc z ✐♥str✉❝t✐♦♥✳ ✷✳✹ ▼❡♠♦r② ▼♦❞❡•s ❢♦r Pr♦❣r❛♠s ✇✐t❤ ❆•✐❛s ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ♣♦✐♥t❡rs ♠❛② ♦r ♠❛② ♥♦t ♣♦✐♥t t♦ t❤❡ s❛♠❡ ❛❞❞r❡ss✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ♠♦❞❡• ♦❢ t❤❡ ❤❡❛♣ ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ❙❡✈❡r❛• ♠♦❞❡•s ❛r❡ ♣♦ss✐❜•❡✱ ❛♥❞ ✇❡ ❞✐s❝✉ss s♦♠❡ ♦❢ t❤❡♠ ✐♥ t❤✐s s❡❝t✐♦♥✳ ✷✳✹✳✶ ❍❡❛♣ ❛s ❛ ❙✐♥❣•❡ ❆rr❛② ❆ s✐♠♣•❡ ♠♦❞❡• ✐s t♦ r❡♣r❡s❡♥t t❤❡ ✇❤♦•❡ ❤❡❛♣ ❛s ❛♥ ❛rr❛② H ✐♥❞❡①❡❞ ❜② ♣♦✐♥t❡r ❛❞❞r❡ss❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✳ ❲❡ ♠♦❞❡• ❛rr❛②s ✉s✐♥❣ t✇♦ ❢✉♥❝t✐♦♥s select ❛♥❞ store✳ •✐✈❡♥ ❛♥ ❛rr❛② a ❛♥❞ ❛♥ ✐♥❞❡① i✱ select(a, i) ✐s t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ❝❡•• ♦❢ a ❛t ✐♥❞❡① i✳ •✐✈❡♥ ❛♥ ❛rr❛② a✱ ❛♥ ✐♥❞❡① i ❛♥❞ ❛ ✈❛•✉❡ v✱ store(a, i, v) ✐s ❛ ❝♦♣② ♦❢ t❤❡ ❛rr❛② a ✇❤❡r❡ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ❝❡•• ❛t ✐♥❞❡① i ✐s r❡♣•❛❝❡❞ ❜② v✳ ❲❡ ♣♦s❡ t✇♦ ❛①✐♦♠s t♦ r❡❛s♦♥ ❛❜♦✉t select ❛♥❞ store✿ ∀a, i, v. select(store(a, i, v), i) = v ❛♥❞✿ ∀a, i, j, v. i = j ⇒ select(store(a, i, v), j) = select(a,j) ❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❞❡s❝r✐❜❡ t❤❡ ✇❤♦•❡ ❤❡❛♣ ✐❢ ✇❡ r❡♣r❡s❡♥t t❤❡ ❛❞❞r❡ss ♦❢ ♣♦✐♥t❡rs ❛s ✐♥❞❡①❡s i ✐♥ s✉❝❤ ❛♥ ❛rr❛② a✳ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❢✉♥❝t✐♦♥ f✿ ▼♦❞✉•❛r✐t② ❆♥♦t❤❡r ✐ss✉❡ ✐s ♠♦❞✉•❛r✐t②✳ ❙❛② ②♦✉ ❤❛✈❡ ❞❡s✐❣♥❡❞ ❛ •✐❜r❛r② ✐♠♣•❡♠❡♥t✐♥❣ s♦♠❡ ❞❛t❛ str✉❝t✉r❡ set t♦ r❡♣r❡s❡♥t s❡ts ♦❢ ✐♥t❡❣❡rs✳ ▼❛②❜❡ ②♦✉ ✉s❡❞ •✐♥❦❡❞ •✐sts✱ ♠❛②❜❡ ②♦✉ ✉s❡❞ tr❡❡s✱ ❜✉t ②♦✉ ✇❛♥t t♦ ❤✐❞❡ t❤✐s ✐♠♣•❡♠❡♥t❛t✐♦♥ t♦ ❡♥s✉r❡ t❤❛t ②♦✉ ✇✐•• ❜❡ ❛❜•❡ t♦ ❝❤❛♥❣❡ ✐t •❛t❡r ✐❢ ♥❡❡❞❡❞ ✇✐t❤♦✉t ❛❞❛♣t✐♥❣ t❤❡ ✇❤♦•❡ ♣r♦❣r❛♠✳ ❙❛② ②♦✉r •✐❜r❛r② ♣r♦✈✐❞❡s ❛ ❢✉♥❝t✐♦♥ t♦ ❛❞❞ ❛ ♥❡✇ ❡•❡♠❡♥t ✐♥t♦ t❤❡ s❡t✿ void add(set s, int i) ❚❤✐s ❢✉♥❝t✐♦♥ ❛ss✐❣♥s s♦♠❡ ♣♦✐♥t❡rs ❜❡•♦♥❣✐♥❣ t♦ t❤❡ ✐♥t❡r♥❛• r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡t✳ ◆♦✇ •❡t✬s ✉s❡ t❤✐s ❢✉♥❝t✐♦♥ add✿ void f(int * x) / * @ ensures x = 0 * / { * x = 0; add(l, 42); }

  t❡rs add ♠❛② ❛ss✐❣♥✱ ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❤✐❝❤ ♣♦✐♥t❡rs ✐t ✇✐•• •❡❛✈❡ ✉♥❝❤❛♥❣❡❞✳ ❚❤✐s ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ✉s✐♥❣ ❛♥ assigns ❝•❛✉s❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ add ♦♥•② ♠♦❞✐✜❡s ❛ ✜❡•❞ ♥❛♠❡❞ contents ♦❢ s❡t s✿ void add(set s, int i) / * @ assigns s.contents * / ❚❤✐s assigns ❝•❛✉s❡ ✐s ❝♦♠♣❛r❛❜•❡ t♦ ❛ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ ✈❛•✉❡ ♦❢ ❛•• •♦❝❛t✐♦♥s ❡①❝❡♣t s.contents ❤❛s ♥♦t ❝❤❛♥❣❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s assigns ❝•❛✉s❡ ❡①♣♦s❡s t❤❡ contents ✜❡•❞ ♦❢ t❤❡ s❡t s✱ ❛♥❞ t❤✉s ♠♦❞✉•❛r✐t② ✐s ❜r♦❦❡♥✳ ❚❤✐s ♠♦❞✉•❛r✐t② ✐ss✉❡ ❤❛s ❛•r❡❛❞② ❜❡❡♥ ❛❞❞r❡ss❡❞ ❜② ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ t♦♦•s✳ ❙♦♠❡ ♦❢ t❤❡♠ ❛••♦✇ t❤❡ ✉s❡r t♦ ❛❜str❛❝t ♦✈❡r t❤❡ s❡t ♦❢ ✈❛r✐❛❜•❡s ✇❤✐❝❤ ❛r❡ ♠♦❞✐✜❡❞✳ ❲❡ ❝❛♥ ✈✐❡✇ t❤❡ s❡t ♦❢ •♦❝❛t✐♦♥s r❡♣r❡s❡♥t✐♥❣t❤❡ ❞❛t❛ str✉❝t✉r❡ ❛s ❛ ❢r❛♠❡✳ ❋r♦♠ ♦✉ts✐❞❡ ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✱ ✐t ✐s s✉✣❝✐❡

  r♥❛t✵✵( ♠♦❞❡• ✐s ❛ s✐♠♣•❡ ✇❛② t♦ ❛❝❤✐❡✈❡ s♦♠❡ s❡♣❛r❛t✐♦♥ ✇❤❡♥ r❡❝♦r❞s ✇✐t❤ ♠✉•t✐♣•❡ ✜❡•❞s ✭❈ str✉❝t✉r❡s ♦r ❏❛✈❛ ♦❜•❡❝ts✱ ❢♦r ✐♥st❛♥❝❡✮ ❛r❡ ✐♥✈♦•✈❡❞✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ♦♥❡ s✐♥❣•❡ ❛rr❛② ❢♦r t❤❡ ✇❤♦•❡ ❤❡❛♣✱ ✇❡ ✉s❡ ♦♥❡ ✷✽ ❈❍❆P❚❊| ✷✳ ❚❊❈❍◆■❈❆▲ ❇❆❈❑•|❖❯◆❉ ❛rr❛② ♣❡r ✜❡•❞✳ ❋♦r ✐♥st❛♥❝❡✱ s❛② t❤❡ ♣r♦❣r❛♠♠❡r ❞❡❝•❛r❡❞ ❛ pair r❡❝♦r❞ ✇✐t❤ t✇♦ ✜❡•❞s first ❛♥❞ second✿ typedef struct { int first; int second; } pair; ❆ss✉♠❡ t✇♦ pair ♣♦✐♥t❡rs p ❛♥❞ q✳ ❚❤❡r❡ ✐s ♥♦ ✇❛② ❢♦r p->first t♦ ❞❡♥♦t❡ t❤❡ s❛♠❡ ♠❡♠♦r② ❝❡•• ❛s q->second ✉♥•❡ss t②♣❡ ❝❛sts ❛r❡ ❛••♦✇❡❞✳ ❚❤✐s st❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ t♦ s❡♣❛r❛t❡ t❤❡ ❤❡❛♣ ✐♥t♦ ♦♥❡ ❛rr❛② ♣❡r ❞❡❝•❛r❡❞ ✜❡•❞✳ ❚❤✐s ✇❛②✱ ✐❢ p->first ✐s ♠♦❞✐✜❡❞✱ t❤❡ ♦♥•② ♣❛rt ♦❢ t❤❡ ❤❡❛♣ ✇❤✐❝❤ ✐s ❝❤❛♥❣❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✐s t❤❡ ❛rr❛② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ first ✜❡•❞✳ ❚❤❡ ❛rr❛② ❢♦r second ✐s st❛t✐❝❛••② ✉♥t♦✉❝❤❡❞✳ ▲❡t✬s s❡❡ ❛♥ ❡①❛♠♣•❡ ♦❢ ❛ ♣r♦❣r❛♠ ✉s✐♥❣ t❤❡ pair str✉❝t✉r❡ ❛♥❞ ❝♦♠♣✉t❡ ✐ts ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✉s✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡•✳ void incr(pair * p) / * @ ensures p->first == \old(p->first) + 1 * / { p->first = p->first + 1; p->second = p->second + 1; } ■♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ \old(e) ❞❡♥♦t❡s t❤❡ ✈❛•✉❡ ♦❢ e ❜❡❢♦r❡ t❤❡ ❝❛••✳ ❲✐t❤♦✉t t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ❛♣♣r♦❛❝❤✱ t❤❡ ♣r♦❣r❛♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡ ❢♦••♦✇✐♥❣✿ void incr(pairarray * h, pair * p)

  invariant(pair p) = p.first->value < p.second->value * /❇❡❝❛✉s❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ pair ❞❛t❛ str✉❝t✉r❡ ❞❡♣❡♥❞s ♦♥ ✐ts ✜❡•❞s first ❛♥❞ second✱ ✐t ♠✉st ♦✇♥ t❤❡♠✳ ❚❤❡s❡ ✜❡•❞s ❝❛♥♥♦t ❜❡ ♠♦❞✐✜❡❞ ✐❢ t❤❡ pair str✉❝t✉r❡ ✐s ❝•♦s❡❞✳ ❚❤✐s ❛•s♦ ❤❡•♣s s♦•✈✐♥❣ t❤❡ ♣r♦❜•❡♠ ♦❢ ❦♥♦✇✐♥❣ ✇❤✐❝❤ ✐♥✈❛r✐❛♥ts ❤♦•❞✳ ■♥❞❡❡❞✱ ✐❢ ❛ pair ✐s ❝•♦s❡❞✱ t❤❡♥ ✐ts first ❛♥❞ second ✜❡•❞s s❤♦✉•❞ ❜❡ ❝•♦s❡❞ t♦♦✱ ❛s t❤❡② ❛r❡ ♦✇♥❡❞ ❜② t❤❡ pair✳ ❚❤✉s✱ ✐❢ ❛ ❢✉♥❝t✐♦♥ t❛❦❡s ❛ ❝•♦s❡❞ pair ❛s ❛♥ ❛r❣✉♠❡♥t✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❡①♣•✐❝✐t•② s❛② t❤❛t t❤❡ first ❛♥❞ second ✜❡•❞s ♦❢ t❤❡ pair ❛r❡ ❝•♦s❡❞ t♦♦✳ ❚❤✐s ❛•s♦ ❛♣♣•✐❡s t♦ r❡❝✉rs✐✈❡ ❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s •✐♥❦❡❞ •✐sts ♦r tr❡❡s✳

  assert x.inv == open; assert x.f.inv == closed; assert invariant(x);x.inv = closed; x.f.inv = committed;◆♦t❡ t❤❡ t❤✐r❞ assert ✐♥str✉❝t✐♦♥ ✇❤✐❝❤ r❡q✉✐r❡s t♦ ♣r♦✈❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ❛❝t✉❛••② ❤♦•❞s✳ ❚❤❡ ♦♣♣♦s✐t❡ ♦♣❡r❛t✐♦♥✱ unpack x✱ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s✿ assert x.inv == closed; x.inv = open; x.f.inv = closed; ❲❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t x.f.inv ✐s committed ❜❡❢♦r❡✱ ❛s t❤❡ ♠❡t❤♦❞♦•♦❣② ✇✐•• ❡♥s✉r❡ t❤✐s ❛•✇❛②s ❤♦•❞s✳ ✷✳✻ P❡r♠✐ss✐♦♥s✿ ▲✐♥❡❛r ■♥❢♦r♠❛t✐♦♥ ❆❜♦✉t P♦✐♥t❡rs ♦r |❡❣✐♦♥s P❡r♠✐ss✐♦♥s✱ ♦r ❝❛♣❛❜✐•✐t✐❡s✱ ❛r❡ ❛ ✇❛② t♦ st❛t✐❝❛••② r❡❛s♦♥ ❛❜♦✉t ✈❛r✐❛❜•❡s✳ ❯♥•✐❦❡ ✉s✉❛• t②♣❡ s②st❡♠s✱ ✇❤✐❝❤ ❡♥s✉r❡ t❤❛t t❤❡ t②♣❡ ♦❢ ❛ ❣✐✈❡♥ ❡①♣r❡ss✐♦♥ ✇✐•• ♥❡✈❡r ❝❤❛♥❣❡ t❤r♦✉❣❤♦✉t t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✱ ♣❡r♠✐ss✐♦♥s ❦❡❡♣ tr❛❝❦ ♦❢ ❝❤❛♥❣❡s✳ ❆t ❛♥② ❣✐✈❡♥ ♣♦✐♥t ♦❢ t❤❡ ♣r♦❣r❛♠✱ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ✐s ❛✈❛✐•❛❜•❡✳ ❖♣❡r❛t✐♦♥s ❝♦♥s✉♠❡ s♦♠❡ ♦❢ t❤❡♠ ❛♥❞ ♣r♦❞✉❝❡ s♦♠❡ ♦t❤❡rs✳ ❇❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s ❝❛♥♥♦t ❜❡ ❞✉♣•✐❝❛t❡❞✱ ♦♥❡ ❝❛♥♥♦t ❜♦t❤ ❝♦♥s✉♠❡ ✐t ❛♥❞ ❦❡❡♣ ✐t ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦❣r❛♠✳ •❛r❜❛❣❡ ❈♦••❡❝t✐♦♥ ❆ ✜rst ❛♣♣•✐❝❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥s ✐s t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ✇❤✐❝❤ ♠❡♠♦r② ❝❡••s ❛r❡ ❜❡✐♥❣ ✉s❡❞ ❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ❣❛r❜❛❣❡ ❝♦••❡❝t❡❞✱ ✐✳❡✳ r❡✲❛ss✐❣♥❡❞ ❢♦r s♦♠❡ ♦t❤❡r ♣✉r♣♦s❡✳ ❋♦r ❡①❛♠♣•❡✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❈ ♣r♦❣r❛♠✿ int * x = malloc(sizeof(int)); int * y = malloc(sizeof(int)); * x = 42; * y = * x + 69; free(x); t❤❡ ♠❡♠♦r② ❝❡•• ❞❡♥♦t❡❞ ❜② ♣♦✐♥t❡r x ✐s ♥♦ •♦♥❣❡r ✉s❡❞ ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ * y✳ ❚❤✉s✱ x ❝❛♥ ❜❡ s❛❢❡•② ❢r❡❡❞✳ ❚♦ ❦❡❡♣ tr❛❝❦ ♦❢ ✇❤✐❝❤ ♠❡♠♦r② ❝❡••s ❝❛♥ ❜❡ ❢r❡❡❞✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ♣❡r♠✐ss✐♦♥ t♦ ❡❛❝❤ ✈❛r✐❛❜•❡✳ ❍❡r❡ ✐s t❤❡ s❛♠❡ ♣r♦❣r❛♠ ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✿ // ◆♦ ♣❡r♠✐ss✐♦♥ ✐s ❛✈❛✐•❛❜•❡ ❤❡r❡ int * x = malloc(sizeof(int)); // P❡r♠✐ss✐♦♥ x ✐s ❛✈❛✐•❛❜•❡ int * y = malloc(sizeof(int)); // P❡r♠✐ss✐♦♥s x ❛♥❞ y ❛r❡ ❛✈❛✐•❛❜•❡ * x = 42; * y = * x + 69; free(x); // P❡r♠✐ss✐♦♥ y ✐s ❛✈❛✐•❛❜•❡ ❚♦ s✉♠ ✉♣✿ t❤❡ malloc ♦♣❡r❛t✐♦♥ ♣r♦❞✉❝❡s ❛ ♣❡r♠✐ss✐♦♥✱ t❤❡ free ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ❛ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ ❛❝❝❡ss * x r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥ x✳ ❯s✐♥❣ s♦♠❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✱ ♦♥❡ ❝❛♥ ✐♥s❡rtt❤❡ free(x) ♦♣❡r❛t✐♦♥ ❛✉t♦♠❛t✐❝❛••②✳ ■♥❞❡❡❞✱ ✐❢ ❛ ♣❡r♠✐ss✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❛❢t❡r ❛ ❣✐✈❡♥ ♣r♦❣r❛♠ ♣♦✐♥t✱ t❤❡♥ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜•❡ ❝❛♥ ❜❡ ❢r❡❡❞✱ ✐✳❡✳ ❣❛r❜❛❣❡ ❝♦••❡❝t❡❞✳ P❡r

  ❲❡ ✉s❡ ❛ t②♣❡ s②st❡♠ ✇❤❡r❡ t❤❡ t②♣❡ ♦❢ ♣♦✐♥t❡rs ✐s ❛♥♥♦t❛t❡❞ ❜② ❛ r❡❣✐♦♥✳ ❚❤❡♥✱ ✇❡ ✉s❡ ♦♥❡ ♣❡r♠✐ss✐♦♥ ♣❡r r❡❣✐♦♥✿ ✇❤❡♥ t❤❡ r❡❣✐♦♥ ✐s ❝r❡❛t❡❞✱ ✐ts ♣❡r♠✐ss✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞❀ ✇❤❡♥ ❛ ♣♦✐♥t❡r ✐s ❛❞❞❡❞ t♦ ♦r ❛❝❝❡ss❡❞ ❢r♦♠ t❤❡ r❡❣✐♦♥✱ ✐ts ♣❡r♠✐ss✐♦♥ ✐s r❡q✉✐r❡❞❀ ✇❤❡♥ ❛ ♣♦✐♥t❡r ✐s ❢r❡❡❞✱ ❛•• ♣♦✐♥t❡rs ♦❢ t❤❡ r❡❣✐♦♥ ❛r❡ ❛❝t✉❛••② ❢r❡❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s ❝♦♥s✉♠❡❞✳ ❚r❛♥s•❛t✐♥❣ ■♠♣❡r❛t✐✈❡ Pr♦❣r❛♠s t♦ ❋✉♥❝t✐♦♥❛• Pr♦❣r❛♠s |❡❝❡♥t ✇♦r❦ ❜② ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r ❬❈❤❛r❣✉ér❛✉❞✵✽( ✉s❡s ♣❡r♠✐ss✐♦

  ❡r♠✐ss✐♦♥ ♦♥ σ ✐s ♣r♦❞✉❝❡❞✿ t❤❡ r❡❣✐♦♥ ✐s ♥♦ •♦♥❣❡r ✉s❛❜•❡✳ ❯s✉❛••②✱ ❢♦❝✉s ♦♣❡r❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❛ss✐❣♥ ❛ ♣♦✐♥t❡r ✇❤✐❝❤ ✐s ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥❀ t❛r❣❡t r❡❣✐♦♥ σ ✐s t❤✉s t❡♠♣♦r❛r②✳ ◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ s✐♥❣•❡t♦♥ ❛♥❞ ❣r♦✉♣ r❡❣✐♦♥s✱ ❛s ✇❡•• ❛s ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s✱ ✇❡ ❝❛♥ ❛❝t✉❛••② ❛ss✐❣♥ ♣♦✐♥t❡rs ✐♥ ❣r♦✉♣ r❡❣✐♦♥s✳ ❍❡r❡ ✐s ❤♦✇ ✇❡ ❝❛♥ ❛ss✐❣♥

  ❡①t❡♥❞ t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ ✐♥✈❛r✐❛♥ts✱ ❛♥❞ ✇❡ ✇✐•• ❞✐s❝✉ss t❤✐s ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ❛s ❛ ✇❛② t♦ ✐♠♣r♦✈❡ ♠♦❞✉•❛r✐t②✳ ▼♦t✐✈❛t✐♦♥ ▲❡t✬s ♠♦t✐✈❛t❡ ♦✇♥❡rs❤✐♣ ✉s✐♥❣ ❛♥ ❡①❛♠♣•❡✳ ❈♦♥s✐❞❡r ❝•❛ss Pair ✱ ✇❤✐❝❤ ❝♦♥✲ t❛✐♥s t✇♦ Long ✜❡•❞s✿ ❝•❛ss Pair [ρ 1 : Long, ρ 2 : Long] { left: [ρ 1 ]; right: [ρ 2 ]; } |❡❣✐♦♥s ρ 1 ❛♥❞ ρ 2 ❛r❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ ❝•❛ss Pair ✳ ❚❤✐s ✐s s✐♠✐•❛r t♦ t❤❡ t②♣❡ ♣❛r❛♠❡t❡rs ♦❢ ▼▲✱ ❛♥❞ ✐s ❛ ❢♦r♠ ♦❢ ♣♦•②♠♦r♣❤✐s♠✿ ❝•❛ss Pair ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤ s❡✈❡r❛• r❡❣✐♦♥s ❢♦r ✐ts left ❛♥❞ right ✜❡•❞s✳ ◆♦✇ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥ incrPair ✱ ✇❤✐❝❤ ✐♥❝r❡♠❡♥ts t❤❡ t✇♦ ✜❡•❞s ♦❢ ❛ Pair ♦❜•❡❝t✿ ❢✉♥ incrPair [ρ l : Long, ρ r : Long, ρ p : Pair [ρ l , ρ r ] ] (p: [ρ p ]) ❝♦♥s✉♠❡s ρ p × ρ l × ρ r × ♣r♦❞✉❝❡s ρ p × ρ l × ρ r × { •❡t l = p.left; l .value ← l .value + ✶; •❡t r = p.right; r .value ← r .value + ✶; } ❆s ②♦✉ ❝❛♥ s❡❡✱ ❢✉♥❝t✐♦♥ incrPair ♠✉st t❛❦❡ t❤r❡❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✿ ♥♦t ♦♥•② t❤❡ r❡❣✐♦♥ ρ p ♦❢ ✐ts Pair ❛r❣✉♠❡♥t p✱ ❜✉t ❛•s♦ t❤❡ r❡❣✐♦♥s ρ l ❛♥❞ ρ r ♦❢ t❤❡ left ❛♥❞ right ✜❡•❞s✳ ❖♥ ♠♦r❡ ❝♦♠♣•❡① ❞❛t❛ str✉❝t✉r❡s✱ ✐t q✉✐❝❦•② ❜❡❝♦♠❡s t❡❞✐♦✉s t♦ ❡♥✉♠❡r❛t❡ ❛•• ✐♥✈♦•✈❡❞ r❡❣✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ✐♠♣♦ss✐❜•❡ ✐♥ s♦♠❡ ❝❛s❡s s✉❝❤ ❛s •✐♥❦❡❞ •✐sts ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥✈♦•✈❡❞ ♦❜•❡❝ts ✐s ♥♦t ❦♥♦✇♥ st❛t✐❝❛••②✳ ❇✉t t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠♦t✐✈❛t✐♦♥ ❢♦r ♦✇♥❡rs❤✐♣ ✐s ❜❡✐♥❣ ❛❜•❡ t♦ ✇r✐t❡ ❞❛t❛ ✐♥✈❛r✐❛♥ts ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ♠♦r❡ •♦❝❛t✐♦♥s t❤❛♥ •✉st t❤❡ ✜❡•❞s ♦❢ t❤❡ ❝•❛ss✳ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ✐♥✈❛r✐❛♥t ❢♦r ❝•❛ss Pair ✿ ✐♥✈❛r✐❛♥t left.value < right.value ❚♦ ♠❛✐♥t❛✐♥ s✉❝❤ ❛♥ ✐♥✈❛r✐❛♥t✱ ✇❡ ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t ✜❡•❞ value ♦❢ ♣♦✐♥t❡rs left ❛♥❞ right ❝❛♥♥♦t ❜❡ ♠♦❞✐✜❡❞ ✇✐t❤♦✉t t❤❡ ✐♥✈❛r✐❛♥t ❜❡✐♥❣ ❝❤❡❝❦❡❞✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱ ♦✇♥❡rs❤✐♣ ✐s ♦♥❡ ✇❛② t♦ ❡♥s✉r❡ t❤✐s ♣r♦♣❡rt②✳ ❖✇♥❡rs❤✐♣ ■t ✐s ♥❛t✉r❛• t♦ t❤✐♥❦ ♦❢ ✜❡•❞s left ❛♥❞ right ❛s ❜❡•♦♥❣✐♥❣ t♦ t❤❡✐r Pair ♦❜•❡❝t✳ ❚❤❡② ❛r❡ ♦✇♥❡❞ ❜② ✐t✳ ■♥st❡❛❞ ♦❢ ✉s✐♥❣ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ✜❡•❞s left ❛♥❞ right✱ ❈❛♣✉❝✐♥❡ ❛••♦✇s ❝•❛ss Pair t♦ ❡♥❝❛♣s✉•❛t❡ t❤❡✐r r❡❣✐♦♥s ✉s✐♥❣ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣✿ ❝•❛ss Pair { s✐♥❣•❡ ρ l : Long, ρ r : Long; left: [ρ l ]; right: [ρ r ]; }

  10), b = create(20); assert(a.get(5) == DEFAULT && b.get(7) == DEFAULT); a.set(5, 1); b.set(7, 2); assert(a.get(0) == DEFAULT && b.get(0) == DEFAULT); assert(a.get(5) == 1 && b.get(7) == 2); assert(a.get(7) == DEFAULT && b.get(5) == DEFAULT); } } ❋✐❣✉r❡ ✸✳✶✿ Ps❡✉❞♦✲❏❛✈❛ ❝♦❞❡ ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛②s ❝❤❛••❡♥❣❡

  why(larg 1 ), • • •, why(larg n )) ✇❤❡r❡ why(larg) = why(RT ) ✐❢ larg ✐s ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r [RT ]✱ ❛♥❞ why(larg) = why(LT ) ✐❢ larg ✐s ❛ r❡❣✉•❛r ♣❛r❛♠✲ ❡t❡r (LT )❀ • get(RT , LT , f ) ✐s t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥ t❤❡ f ❝♦♠♣♦♥❡♥t ♦❢ get(why(RT ), why(LT ))✳ Pr❡❞✐❝❛t❡s ❆ss✉♠❡ P ✐s ❛ ✇❡••✲t②♣❡❞ ♣r❡❞✐❝❛t❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s•❛t✐♦♥ why(P ) ♦❢ P ❛s ❢♦••♦✇s✿

•

  why ′ ((x : τ )) ✐s x : why(τ )❀ • why ′ ([r : C]) ✐s r : r❡❢ (region (why(C)))❀ ❚❤✉s why ′ (param) ✐s t❤❡ s❛♠❡ ❛s why(param)✱ ❡①❝❡♣t t❤❛t r❡❣✐♦♥ ✈❛r✐❛❜•❡s ❛r❡ r❡❢❡r❡♥❝❡s✳ ❲❡ tr❛♥s•❛t❡ t❤❡ ❢✉

  ❡t b = x .b; •❡t r❡❣✐♦♥ Fb: PosInt; ❢♦❝✉s b: r .Rbc ❛s Fb; ✉♥♣❛❝❦ b; b.value ← b.value + ✶; ♣❛❝❦ b; ✉♥❢♦❝✉s b: Fb ❛s r .Rbc;

  r a ⇒ ∀Ra value✱1 : int. Ra value✱1 = Ra value + ✶ ⇒ ∀b: location. b = r b ⇒ ∀Fb P : location. ∀Fb value : int. Fb P = b ⇒ Fb value = get(Rbc, b) ⇒ ∀Fb value✱1 : int.

  ✐s t❤❡ t✐♠❡ t❛❦❡♥ ❜② ❆•t✲❊r❣♦ t♦ ♣r♦✈❡ t❤❡ ✈❡r✐✜✲❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✳ ❚❤❡ r✐❣❤t ❝♦•✉♠♥ ✐s t❤❡ t✐♠❡ t❛❦❡♥ ❜② ❆•t✲❊r❣♦ t♦ ♣r♦✈❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❙♦♠❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ❛r❡ s♦ tr✐✈✐❛• ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ t❤❛t t❤❡② ❛r❡ ❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② ❲❤②✳ ❚❤♦s❡ ❛r❡ ♠❛r❦❡❞ ❛s ✏tr✐✈✐❛•✑ ✐♥ t❤❡ t❛❜•❡s✳ ❆ss❡rt✐♦♥s ✇❤✐❝❤ ✇❡r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣•❡ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❛r❡ ♠❛r❦❡❞ ❛s ✏♥♦t ✉s❡❞✑✳ ❆ss❡rt✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛••② ❜② ❆•t✲❊r❣♦ ❛r❡ ♠❛r❦❡❞ ❛s ✏♥♦t ♣r♦✈❡❞✑✳ ❚❤❡ t♦t❛• t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② ❜♦✉♥❞❡❞ ❛rr❛②s ✐s ✵✳✶✸✻s ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❛♥❞ ✵✳✵✼✷s ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤❡s❡ ♥✉♠❜❡r ❛r❡ t♦♦ s♠❛•• t♦ ❜❡ s✐❣♥✐✜❝❛♥t✳ ❲❤❛t✐s s✐❣♥✐✜❝❛♥t t❤♦✉❣❤ ✐s t❤❡ ❢❛❝t t❤❛t ♦♥❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ ✐s s♦ tr✐✈✐❛• ✇✐t❤ ♣r❡✜① tr❡❡s t❤❛t ✐t ✐s ❞✐s❝❤❛r❣❡❞ ❜② ❲❤② ❛♥❞ ✐s t❤✉s ♥♦t ❡✈❡♥ s❡♥t t♦ t❤❡ t❤❡♦r❡♠ ♣r♦✈❡r✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ s❡

  ♥❞✐t✐♦♥ ♦❢ sget ♦♥ a ✵✳✵✵✽s ✵✳✵✵✽s ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ b ✵✳✵✶✷s ✵✳✵✵✽s ❋✐❣✉r❡ ✺✳✼✿ ❊①♣❡r✐♠❡♥t r❡s✉•ts ❢♦r s♣❛rs❡ ❛rr❛②s ✭✷✴✷✮ • ✐t t❛❦❡s ❛❜♦✉t ✶✺✻ s❡❝♦♥❞s✱ ✐♥❝•✉❞✐♥❣ ✶✵ t✐♠❡♦✉ts✱ ❢♦r t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣•❡ ✉s✐♥❣ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣❀ • ✐t t❛❦❡s ❛❜♦✉t ✺✸ s❡❝♦♥❞s✱ ✐♥❝•✉❞✐♥❣ ✸ t✐♠❡♦✉ts✱ ❢♦r t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣•❡ ✉s✐♥❣ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❖♥❝❡ ❛❣❛✐♥ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❤❡•♣s t❤❡ ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡r✱ ❡s♣❡❝✐❛••② ❢♦r t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣•❡ ✇❤❡r❡ ✐t ✐s ❛❜♦✉t ✸ t✐♠❡s ❢❛st❡r ❛♥❞ ✐s ❝❛♣❛❜•

  t❤❡ s♦✉r❝❡ r❡❣✐♦♥ ✐s ♥❡❡❞❡❞ ❛❢t❡r✇❛r❞s✳ ■t r❡♠❛✐♥s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✇❤❡t❤❡r produce ❛♥❞ producelist ❝♦✉•❞ ✉s❡ ♠♦r❡ ❜❛❝❦tr❛❝❦✐♥❣ ♦r ♥♦t✳ ❲❡ ❜❡•✐❡✈❡ t❤❛t t❤❡② ❞♦ ♥♦t✱ ❜✉t ✐t r❡♠❛✐♥s t♦ ❜❡ ♣r♦✈❡❞✳ ✻✳✺ ❙✐♠♣•✐❢② ❆••♦❝❛t✐♦♥ ❛♥❞ ❋♦❝✉s ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛•t❡r♥❛t✐✈❡ ✈❡rs✐♦♥s ♦❢ ❛••♦❝❛t✐♦♥ ❛♥❞ ❢♦❝✉s ✐♥ ♦r❞❡r t♦ ❡❛s❡ t❤❡ ✇♦r❦ ♦❢ t❤❡ ♣r♦❣r❛♠♠❡r✳ ❚❤✐s ✐♠♣•✐❡s ❛❞❞✐♥❣ ❛ ♥❡✇ st❡♣ ♦❢ ✐♥❢❡r❡♥❝❡ ❜❡❢♦r❡ t❤❡ st❡♣s ✇❡ ❛•r❡❛❞② ♣r❡s❡♥t❡❞✳ ■♥❞❡❡❞✱ t❤✐s ♥❡✇ st❡♣ ✐s ❞♦♥❡ ❛t t❤❡ ❜✐♥❞✐♥❣ st❛❣❡ ♦❢ t②♣✐♥❣✳ ❆••♦❝❛t✐♦♥ ❚❤❡ ♥❡✇ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛••♦❝❛t✐♦♥ st❛t❡♠❡♥t ✐s t❤❡ ❢♦••♦✇✐♥❣✿ •❡t x = ♥❡✇ C ❈♦♠♣❛r❡❞ t♦ t❤❡ ♦•❞ ♦♥❡✱ t❤❡ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❛✉t♦♠❛t✐❝❛••② r❡♣•❛❝❡❞ ❜②✿ •❡t x = ♥❡✇ C [r ] ✇❤❡r❡ r ✐s ❛ ❢r❡s❤ r❡❣✐♦♥ ♥❛♠❡✳ ❆ r❡❣✐♦♥ ❜✐♥❞❡r✿ •❡t r❡❣✐♦♥ r : C ✐s ❛❞❞❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝✉rr❡♥t ✐♥♥❡r♠♦st ❜•♦❝❦✳ ❆ ❜•♦❝❦ ✐s ❡✐t❤❡r ❛ ❜r❛♥❝❤ ♦❢ ❛♥ ✐❢ st❛t❡♠❡♥t✱ ♦r t❤❡ ❜♦❞② ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ■t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r t❤❡ s❝♦♣❡ ♦❢ r t♦ ❜❡ •♦♥❣❡r t❤❛♥ t❤❡ s❝♦♣❡ ♦❢ x ✱ ❛♥❞ t❤❡ s❝♦♣❡ ♦❢ x ✐s t❤❡ ❝✉rr❡♥t ✐♥♥❡r♠♦st ❜•♦❝❦✳ ❋♦❝✉s ❚❤❡ ♥❡✇ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢♦❝✉s st❛t❡♠❡♥t ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ❢♦❝✉s x : ρ ❈♦♠♣❛r❡❞ t♦ t❤❡ ♦•❞ ♦♥❡✱ t❤❡ t❛r❣❡t r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s ❛✉t♦♠❛t✐❝❛••② r❡♣•❛❝❡❞ ❜②✿ ❢♦❝✉s x : ρ ❛s r ✇❤❡r❡ r ✐s ❛ ❢r❡s❤ r❡❣✐♦♥ ♥❛♠❡✱ ❜♦✉♥❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ t❤❛♥ t❤❡ ❢r❡s❤ r❡❣✐♦♥ ✐s ❜♦✉♥❞ ❢♦r ❛••♦❝❛t✐♦♥✳ ■t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r t❤❡ s❝♦♣❡ ♦❢ r t♦ ❜❡ •♦♥❣❡r t❤❛♥ t❤❡ s❝♦♣❡ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ t②♣❡ ♦❢ x ❝❤❛♥❣❡s ❢r♦♠ ρ t♦ r ✱ ✐✳❡✳ t❤❡ ❝✉rr❡♥t ✐♥♥❡r♠♦st ❜•♦❝❦✳ ❙②♥❡r❣② ❲✐t❤ ❆❞♦♣t✐♦♥ ■♥❢❡r❡♥❝❡ ❚❤❡ q✉❡st✐♦♥ ✇❤✐❝❤ ❝♦♠❡s t♦ ♠✐♥❞ ✐♠♠❡❞✐❛t❡•② ✐s✿ ❜✉t ✇❤❛t ✐❢ t❤❡ ✉s❡r ❞✐❞ ♥♦t ✇❛♥t t♦ ♣✉t t❤❡ ♣♦✐♥t❡r ✐♥ ❛ ❢r❡s❤ r❡❣✐♦♥✱ ❜✉t ✐♥ ❛♥ ❡①✐st✐♥❣ r❡❣✐♦♥ ✐♥st❡❛❞❄ ❋✐rst✱ t❤❡ ♦•❞ ♦♣❡r❛t✐♦♥ ✐s st✐•• ❛✈❛✐•❛❜•❡ ✐❢ ♥❡❡❞❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ❛❞♦♣t✐♦♥ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✻✳✸ ❝❛♥ s♦♠❡t✐♠❡s ❛✉t♦♠❛t✐❝❛••② ✐♥s❡rt ❛♥ ❛❞♦♣t ♦♣❡r❛t✐♦♥ t♦ ♠♦✈❡ t❤❡ ♣♦✐♥t❡r ❢r♦♠ t❤❡ ❢r❡s❤ r❡❣✐♦♥ t♦ ✐ts ✐♥t❡♥❞❡❞ r❡❣✐♦♥✳ ❍♦✇❡✈❡r✱ ❛❞♦♣t✐♦♥ ❝❛♥ ♦♥•② ❜❡ ❞♦♥❡ ❢r♦♠ ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✳ ■❢ t❤❡ t❛r❣❡t r❡❣✐♦♥ ρ ✐s ❡♠♣t② ✭♣❡r♠✐ss✐♦♥ ρ ∅ ✮✱ ❛❞♦♣t✐♥❣ ❛ ♣♦✐♥t❡r ✐♥t♦ ✐t r❡s✉•ts ✐♥ ♣❡r♠✐ss✐♦♥ ρ G ✇❤✐•❡ ρ × ✇♦✉•❞ ❛❝t✉❛••② ❜❡ ♣♦ss✐❜•❡✳ P❡r♠✐ss✐♦♥ ρ × ✐s str♦♥❣❡r ❛♥❞ ✐s t❤✉s ♣r❡❢❡r❛❜•❡✳ ■t ✐s ♣❛rt✐❝✉•❛r•② ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❡①❛♠♣•❡ ♦❢ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳ ❚❤✐s ✐s ♦♥❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ❛❞❞✐♥❣ ♠♦r❡ ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥s t♦ ❈❛♣✉❝✐♥❡✳ ❙❡❡ ❙❡❝t✐♦♥ ✼✳✷✳✹ ❢♦r ♠♦r❡ ❞✐s❝✉ss✐♦♥✳ ❊①❛♠♣•❡ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥str✉❝t♦r✿ ❢✉♥ newLong [r : Long] (): [r ] ❝♦♥s✉♠❡s r ∅ ♣r♦❞✉❝❡s r × { •❡t x = ♥❡✇ Long; r❡t✉r♥ x } ❚❤❡ ❜♦❞② ✐s ❛✉t♦♠❛t✐❝❛••② ❡①♣❛♥❞❡❞ ✐♥t♦✿ { •❡t r❡❣✐♦♥ s: Long; •❡t x = ♥❡✇ Long [s]; r❡t✉r♥ x } ❚❤❡ ✉♥✐✜❝❛t✐♦♥ ♦❢ t❤❡ t②♣❡ [s] ♦❢ t❤❡ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥ x ✱ ✇✐t❤ ❡①♣❡❝t❡❞ r❡t✉r♥ t②♣❡ [r ]✱ tr✐❣❣❡rs t❤❡ ✐♥s❡rt✐♦♥ ♦❢ ❛♥ ❛❞♦♣t✐♦♥✿ { •❡t r❡❣✐♦♥ s: Long; •❡t x = ♥❡✇ Long [s]; ❛❞♦♣t x ❛s r ; r❡t✉r♥ x } ❆ss✉♠✐♥❣ ❛❞♦♣t✐♦♥ ♣r♦❞✉❝❡s r × ✐♥st❡❛❞ ♦❢ r G ✭s❡❡ ❙❡❝t✐♦♥ ✼✳✷✳✹✮✱ t❤✐s ❜♦❞② ✐s ♥♦✇ ✇❡••✲t②♣❡❞✳ ✻✳✻ ❊①♣❡r✐♠❡♥ts ❊①❛♠♣•❡s ♦❢ ❈❤❛♣t❡r ✸ ✐••✉str❛t❡ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ■♥❞❡❡❞✱ t❤❡r❡ ❛r❡ ❛•♠♦st ♥♦ r❡❣✐♦♥ ♦♣❡r❛t✐♦♥s✿ t❤❡② ❛r❡ ❛•• ✐♥❢❡rr❡❞✳ ❚❤❡ ♦♥•② ♦♣❡r❛t✐♦♥s t❤❛t ❛r❡ •❡❢t ❛♥❞ t❤❛t ✇❡ ✇♦✉•❞ t♦ ✐♥❢❡r ❛r❡✿ • t❤❡ ❛❞♦♣t st❛t❡♠❡♥t✱ t❤❡ •❡t r❡❣✐♦♥ ❛♥❞ t❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ♥❡✇ ✐♥ ❢✉♥❝t✐♦♥ addStudent❀ • t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ✐ts ❛ss♦❝✐❛t❡❞ •❡t r❡❣✐♦♥ ❛♥❞ t❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐♥ ❢✉♥❝t✐♦♥ changeMark ❀ • t❤❡ r❡❣✐♦♥s ✐♥ ✇❤✐❝❤ ♥❡✇ st❛t❡♠❡♥ts ❛••♦❝❛t❡ t❤❡✐r ♣♦✐♥t❡rs✱ ✐♥ ♦t❤❡r ❢✉♥❝t✐♦♥s✳ ❆•• t❤♦s❡ st❛t❡♠❡♥ts ❛r❡ ❛❝t✉❛••② ♥♦t ♥❡❝❡ss❛r② ❛s t❤❡② ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❛s ✇❡••✳ ❲❡ ♦♥•② •❡❢t t❤❡♠ t♦ ✐••✉str❛t❡ t❤❡✐r ✉s❡✳ ❚♦ s✉♠ ✉♣✱ t❤❡ ♦♥•② ❛♥♥♦t❛t✐♦♥s r❡•❛t❡❞ t♦ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♥❡❡❞❡❞ ✐♥ t❤❡ ❡①❛♠♣•❡s ♦❢ ❈❤❛♣t❡r ✸ ❛r❡ ❢✉♥❝t✐♦♥ ❝♦♥tr❛❝ts ✭r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱ ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s✮ ❛♥❞ ✉s❡ st❛t❡♠❡♥ts✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ✐s q✉✐t❡ ❤❛♥❞② ✐♥ ♣r❛❝t✐❝❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢✉••②✲❛♥♥♦t❛t❡❞ ✈❡rs✐♦♥ ♦❢ addStudent✿ ❢✉♥ addStudent [Rc: Course] (c: [Rc], m: int): [c.Rstudents] ❝♦♥s✉♠❡s Rc × ♣r♦❞✉❝❡s Rc × ♣♦st • • • { ✉s❡ ✐♥✈❛r✐❛♥t c; •❡t r❡❣✐♦♥ Rstud : Student; •❡t s = ♥❡✇ [Rstud ]; s.mark ← m; ✉s❡ • • •; ♣❛❝❦ s; ❛❞♦♣t s: Rstud ❛s c.Rstudents; ✉♥♣❛❝❦ c; c.students ← store (c.students, c.count, s); c.sum ← c.sum + m; c.count ← c.count + ✶; ♣❛❝❦ c; r❡t✉r♥ s } ❈♦♠♣❛r❡ t❤✐s ✇✐t❤ t❤❡ •✐❣❤t✇❡✐❣❤t ✈❡rs✐♦♥ ✇❤✐❝❤ ✉s❡s t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✿ ❢✉♥ addStudent [Rc: Course] (c: [Rc], m: int): [c.Rstudents] ❝♦♥s✉♠❡s Rc × ♣r♦❞✉❝❡s Rc × ♣♦st • • • { ✉s❡ ✐♥✈❛r✐❛♥t c; •❡t s = ♥❡✇ Student; s.mark ← m; ✉s❡ • • •; c.students ← store (c.students, c.count, s); c.sum ← c.sum + m; c.count ← c.count + ✶; r❡t✉r♥ s } ❲❡ r❡♠♦✈❡❞ ✺ •✐♥❡s ♦❢ ❝♦❞❡ ♦✉t ♦❢ •❡ss t❤❛♥ ✷✵✳ ❚❤❡ t✐♠❡ t❛❦❡♥ t♦ ✐♥❢❡r ❛♥❞ t②♣❡ ❛ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ✐s ♥❡❣•✐❣✐❜•❡ ✐♥ ♣r❛❝t✐❝❡✳ ■t t❛❦❡s •❡ss t❤❛♥ ✶✻♠s ♦♥ ❛♥ ■♥t❡• ❈♦r❡ ✷ ❉✉♦ ❈P❯ ❊✻✽✺✵ ❛t ✸✳✵✵•❍③ ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛② ❡①❛♠♣•❡✱ ❛♥❞ •❡ss t❤❛♥ ✶✹♠s ❢♦r t❤❡ ❈♦✉rs❡ ❡①❛♠♣•❡✳ ◆♦t❡ t❤❛t ♠♦st ♦❢ t❤✐s t✐♠❡ ✐s ❛❝t✉❛••② s♣❡♥t •♦❣❣✐♥❣ ✈❛r✐♦✉s ❞❡❜✉❣❣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✭✶✻✸ •✐♥❡s ♦❢ t❡①t ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛② ❡①❛♠♣•❡ ❛♥❞ ✶✾✹ •✐♥❡s ❢♦r t❤❡ ❈♦✉rs❡ ❡①❛♠♣•❡✮ ✉s✐♥❣ printf ❝♦♠♠❛♥❞s✳ ❆•s♦ ♥♦t❡ t❤❛t ✇❡ ❞✐❞ ♥♦t tr② t♦ ♦♣t✐♠✐③❡ t❤❡ ❛•❣♦r✐t❤♠ ❛t ❛••✳ ✻✳✼ ❈♦♥❝•✉s✐♦♥ ❲❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ ✐♥❢❡r t❡❞✐♦✉s ❛♥♥♦t❛t✐♦♥s t♦ •✐❣❤t❡♥ t❤❡ ✇♦r❦ ♦❢ t❤❡ ✉s❡r✳ ■♥ ♣❛rt✐❝✉•❛r✿ • ♠♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ ✉s❡r ❞♦ ♥♦t ❤❛✈❡ t♦ ❛♥♥♦t❛t❡ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ♣♦✐♥t❡rs ❛r❡ ❛••♦❝❛t❡❞❀ • ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝❛••② ✐♥s❡rt❡❞ ✐❢ ♥❡❝❡ss❛r② ✇❤❡♥ ❛ ♣♦✐♥t❡r ✐s ♠♦❞✐✜❡❞❀ • ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ❛r❡ ❛•s♦ ✐♥s❡rt❡❞ ✇❤❡♥ ❛ ❢✉♥❝t✐♦♥ ❝❛•• ❡①♣❡❝ts ❛ s✐♥❣•❡t♦♥ r❡❣✐♦♥✱ ✐❢ ❛ ✈❛r✐❛❜•❡ ♦❢ t❤❡ r❡❣✐♦♥ ✐s ❛✈❛✐•❛❜•❡❀ • ♣❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ❛r❡ ❛✉t♦♠❛t✐❝❛••② ✐♥s❡rt❡❞ ✐❢ ♥❡❝❡ss❛r② ❛s ✇❡••❀ • ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝❛••② ✐♥s❡rt❡❞ ✇❤❡♥ t❤❡ ♣♦✐♥t❡r t♦ ❜❡ ❛❞♦♣t❡❞ ✐s ❛✈❛✐•✲ ❛❜•❡ ❛s ❛ ✈❛r✐❛❜•❡✳ Pr❛❝t✐❝❡ s❤♦✇s t❤❛t t❤✐s ♠❛❦❡s t❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡ ♠✉❝❤ ❡❛s✐❡r t♦ ♣r♦❣r❛♠ ✇✐t❤✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♥♦t ✐♥❢❡rr❡❞✱ ♥♦t❛❜•②✿ • r❡❣✐♦♥ ❛r❣✉♠❡♥ts✱ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝•❛✉s❡s ♦❢ ❢✉♥❝t✐♦♥s❀ • ❛❞♦♣t✐♦♥ ♦❢ ❝♦♠♣•❡① ❡①♣r❡ss✐♦♥s✳ ❲❡ ❤❛✈❡ ❡①♣•❛✐♥❡❞ ✇❤② t❤♦s❡ ✇❡r❡ ♥♦t ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r ✐♥❢❡r❡♥❝❡✳ ❲❤✐•❡ ▲♦♦♣s ❚❤❡ ❈❛♣✉❝✐♥❡ •❛♥❣✉❛❣❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ •♦♦♣s✳ ❲❡ ❡♥❝♦❞❡ t❤❡♠ ✉s✐♥❣ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥ ❝❛••s✳ ■❢ ✇❤✐•❡ •♦♦♣s ✇❡r❡ t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❝♦r❡ •❛♥❣✉❛❣❡✱ t❤❡② s❤♦✉•❞ ❜❡ ❛♥♥♦t❛t❡❞ ✉s✐♥❣ ❛ ♣❡r♠✐ss✐♦♥ ✐♥✈❛r✐❛♥t✱ ✐✳❡✳ ❛ •✐st ♦❢ ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ s❤♦✉•❞ ❜❡ ❛✈❛✐•❛❜•❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ •♦♦♣✳ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ✇♦✉•❞ t❤❡♥ ✉s❡ t❤✐s ♣❡r♠✐ss✐♦♥ ✐♥✈❛r✐❛♥t ❛s t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ❜❛❝❦ ❜② t❤❡ •♦♦♣ ❜♦❞②✳ ❈❤❛♣t❡r ✼ ❈♦♥❝•✉s✐♦♥ ❇❡❢♦r❡ ❝♦♥❝•✉❞✐♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ✇♦r❦ ✇✐t❤ r❡•❛t❡❞ ✇♦r❦✳ ❚❤❡♥ ✇❡ ❣✐✈❡ s♦♠❡ ✐❞❡❛s ❢♦r ❡①t❡♥s✐♦♥s t❤❛t ❝♦✉•❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❈❛♣✉❝✐♥❡✳ ✼✳✶ |❡•❛t❡❞ ❲♦r❦ ❛♥❞ ❈♦♥tr✐❜✉t✐♦♥s ✼✳✶✳✶ ❖t❤❡r ▼❡♠♦r② ▼♦❞❡•s ■♥ ❙❡❝t✐♦♥ ✷✳✹✳✶ ✇❡ ✐♥tr♦❞✉❝❡❞ ❛ s✐♠♣•❡ ♠❡♠♦r② ♠♦❞❡• ✇❤❡r❡ t❤❡ ❤❡❛♣ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛ s✐♥❣•❡ ❛rr❛② ❢r♦♠ •♦❝❛t✐♦♥s t♦ ✈❛•✉❡s✳ ❚❤✐s ♠♦❞❡• ✐s✱ ✐♥ ♣❛rt✐❝✉•❛r✱ ✉s❡❞ ✐♥ t❤❡ ❙♣❡❝★ ❬❇❛r✲ ♥❡tt✵✹❛( ♣•❛t❢♦r♠ ✇❤❡♥ ♣r♦❞✉❝✐♥❣ ❇♦♦❣✐❡ ❬❇❛r♥❡tt✵✺( ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❣r❛♠s✳ ❲❡ ❛r❣✉❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✷ t❤❛t t❤✐s ♠♦❞❡• •❛❝❦❡❞ st❛t✐❝ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ♣♦✐♥t❡rs✳ ■♥ ❙❡❝t✐♦♥ ✷✳✹✳✸ ✇❡ s❤♦✇❡❞ ❤♦✇ t♦ ♦❜t❛✐♥ s♦♠❡ st❛t✐❝ s❡♣❛r❛t✐♦♥ t❤❛♥❦s t♦ t❤❡ ❇✉rst❛••✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲ ❛s✲❛rr❛② ♠♦❞❡• ❬❇♦r♥❛t✵✵(✳ ❚❤✐s ♠♦❞❡• s♣•✐ts t❤❡ ❛rr❛② r❡♣r❡s❡♥t✐♥❣ t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛• ❛rr❛②s✱ ♦♥❡ ❢♦r ❡❛❝❤ str✉❝t✉r❡ ✜❡•❞✳ ■♥ ❙❡❝t✐♦♥ ✷✳✹✳✹ ✇❡ s❤♦✇❡❞ ❤♦✇ ❚❤✐❡rr② ❍✉❜❡rt ❛♥❞ ❈•❛✉❞❡ ▼❛r❝❤é ❬❍✉❜❡rt✵✼✱ ❍✉❜❡rt✵✽( ♣r♦♣♦s❡❞ ❛ s❡♣❛r❛t✐♦♥ ❛♥❛•②s✐s ❢♦r t❤❡ ❲❤② ♣•❛t❢♦r♠ ❬❋✐••✐âtr❡✵✼(✳ ❚❤✐s s❡♣❛r❛t✐♦♥ ❛♥❛•②s✐s ❣✐✈❡s ❡❛❝❤ ♣♦✐♥t❡r ❛ r❡❣✐♦♥ ✈❛r✐❛❜•❡✱ ✉♥✐✜❡s t❤❡s❡ r❡❣✐♦♥ ✈❛r✐❛❜•❡s ✉s✐♥❣ t❤❡ ▼▲ ✉♥✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❛♥❞ t❤❡♥ s♣•✐ts t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛• ❛rr❛②s✱ ♦♥❡ ❢♦r ❡❛❝❤ r❡❣✐♦♥✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ❤❛s ❛•s♦ ❜❡❡♥ ✐♠♣•❡♠❡♥t❡❞ ❬▼♦②✵✾( ✐♥ t❤❡ ❏❡ss✐❡ ✐♥t❡r♠❡❞✐❛t❡ •❛♥❣✉❛❣❡ ❬▼❛r❝❤é✵✼( ♦❢ t❤❡ ❲❤② ♣•❛t❢♦r♠✳ ❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ■♥ ❈❛♣✉❝✐♥❡✱ ♣♦✐♥t❡rs ♠❛② ♦✇♥ r❡❣✐♦♥s ❛♥❞ t❤❡ ❤❡❛♣ ✐s t❤✉s ❛ tr❡❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ ✇❡ r❡♣r❡s❡♥t t❤✐s tr❡❡✱ ✇❡ ❛❝❤✐❡✈❡ ♠♦r❡ ♦r •❡ss s❡♣❛r❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ ♣r❡s❡♥t ❛ s✐♠♣•❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ❤❡❛♣ ✇❤❡r❡ ♦♥•② r♦♦t r❡❣✐♦♥s✱ ✐✳❡✳ r❡❣✐♦♥s ❛t t❤❡ t♦♣ ♦❢ t❤❡ tr❡❡✱ ❛r❡ s❡♣❛r❛t❡❞ ❛s st❛t✐❝❛••② ❞✐✛❡r❡♥t ✈❛r✐❛❜•❡s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✺ ✇❡ s❤♦✇ t❤❛t ✉s✐♥❣ ♣r❡✜① tr❡❡s ✇❡ ❝❛♥ s♣•✐t t❤❡ ❤❡❛♣ ♥♦t ♦♥•② ❜② r♦♦t r❡❣✐♦♥s✱ ❜✉t ❛•s♦ ❜② ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ❝•❛ss ✜❡•❞s✳ ❚❤✐s ❛••♦✇s ❈❛♣✉❝✐♥❡ t♦ ❛❝❤✐❡✈❡ s❡♣❛r❛t✐♦♥ s✐♠✐•❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❏❡ss✐❡✱ ❡①❝❡♣t t❤❡ r❡❣✐♦♥ •❛♥❣✉❛❣❡ ✐s r✐❝❤❡r ✇✐t❤ t❤❡ ♣♦ss✐❜✐•✐t② ❢♦r ♣♦✐♥t❡rs t♦ ♠♦✈❡ ❢r♦♠ t❤❡✐r r❡❣✐♦♥ ✐♥t♦ ❛♥♦t❤❡r✱ t❤❡ ♣♦ss✐❜✐•✐t② t♦ ✐♠♣•❡♠❡♥t ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛••♦❝❛t❡✱ ✐♥✐t✐❛•✐③❡ ❛♥❞ r❡t✉r♥ ♥❡✇ ♣♦✐♥t❡rs✱ ❛♥❞ •❛st ❜✉t ♥♦t •❡❛st✱ t❤❡ ♣♦ss✐❜✐•✐t② ❢♦r ♣♦✐♥t❡rs t♦ ♦✇♥ r❡❣✐♦♥s✳ ❚❤❡ ❝❛✈❡❛t ✐s t❤❛t ♣r❡✜① tr❡❡s ❛r❡ ❤❛r❞❡r t♦ ✉s❡ ❢♦r r❡❣✐♦♥ ❛r❣✉♠❡♥ts ♦❢ •♦❣✐❝ ❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ s❡♣❛r❛t✐♦♥ ❣r❛♥t❡❞ ❜② ❤❛✈✐♥❣ ❞✐✛❡r❡♥t ✈❛r✐❛❜•❡s ❢♦r ♣❛rts ♦❢ t❤❡ ❤❡❛♣ ✐s ♠♦st ✉s❡❢✉• ✇❤❡♥ t❤❡s❡ ♣❛rts ❛r❡ ❛ss✐❣♥❡❞ ♥❡✇ ✈❛•✉❡s✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛♣♣❡♥ ✐♥ t❤❡ •♦❣✐❝✳ ✶✽✶ ✶✽✷ ❈❍❆P❚❊| ✼✳ ❈❖◆❈▲❯❙■❖◆ ■♥ ❙❡❝t✐♦♥ ✺✳✹ ✇❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥ r❡♣r❡s❡♥t ♣♦✐♥t❡rs ♦❢ s✐♥❣•❡t♦♥ r❡❣✐♦♥s s✐♠♣•② ✉s✲ ✐♥❣ t❤❡✐r ✈❛•✉❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤♦s❡ ♣♦✐♥t❡rs ❛r❡ st❛t✐❝❛••② s❡♣❛r❛t❡❞ ❢r♦♠ ❡✈❡r② ♦t❤❡r ♣♦✐♥t❡r✱ t❤✉s s✐♠♣•✐❢②✐♥❣ r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ♣r♦❣r❛♠✳ ❚❤✐s s✐♠♣•✐✜❝❛t✐♦♥ ✐s ✐♥s♣✐r❡❞ ❜② ✇♦r❦ ❜② ❈❤❛r❣✉ér❛✉❞ ❛♥❞ P♦tt✐❡r ♦♥ tr❛♥s•❛t✐♦♥ ♦❢ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ✐♥t♦ ♣✉r❡ ♣r♦❣r❛♠s ✉s✐♥❣ ❝❛♣❛❜✐•✐t✐❡s ❬❈❤❛r❣✉ér❛✉❞✵✽(✳ ❈❛♣❛❜✐•✐t✐❡s ❛r❡ s✐♠✐•❛r t♦ ♣❡r♠✐ss✐♦♥s✳ ✼✳✶✳✷ ❉❛t❛ •r♦✉♣s ❑✳ |✉st❛♥ ▼✳ ▲❡✐♥♦ ♣r♦♣♦s❡❞ ❞❛t❛❣r♦✉♣s t♦ r❡❛s♦♥ ❛❜♦✉t s✐❞❡✲❡✛❡❝ts ✐♥ ❛ ♠♦❞✉•❛r ❢❛s❤✲ ✐♦♥ ❬▲❡✐♥♦✾✽✱ ▲❡✐♥♦✵✷(✳ ❖♥❡ ♠❛② ❞❡❝•❛r❡ ❞❛t❛❣r♦✉♣s ✐♥s✐❞❡ ❝•❛ss❡s✳ ❖♥❡ t❤❡♥ ❞❡❝•❛r❡ t❤❛t s♦♠❡ ✜❡•❞s ❜❡•♦♥❣ t♦ s♦♠❡ ❞❛t❛❣r♦✉♣✳ ❖♥❡ ♠❛② ❛•s♦ ❞❡❝•❛r❡ t❤❛t s♦♠❡ ❞❛t❛❣r♦✉♣s ❛r❡ ✐♥✲ ❝•✉❞❡❞ ✐♥ s♦♠❡ ♦t❤❡rs✳ ❙t❛t✐❝ r❡str✐❝t✐♦♥s ♣r❡✈❡♥t ♣✐✈♦t ✜❡•❞s ❢r♦♠ ❜❡✐♥❣ ❛•✐❛s❡❞✳ ❆ ♣✐✈♦t ✜❡•❞ ✐s ❛ ✜❡•❞ ✇❤♦s❡ t②♣❡ ✐s ❛ ❝•❛ss ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❞❛t❛❣r♦✉♣ H ❛♥❞ ✇❤✐❝❤ ✐s ❞❡❝•❛r❡❞ ✐♥ ❛ ❝•❛ss ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❞❛t❛❣r♦✉♣ G✳ ◆♦t❡ t❤❛t ✐♥ s✉❝❤ ❛ ❝❛s❡ ✇❡ ♠❛② ✇❛♥t t♦ s♣❡❝✐❢② t❤❛t G ✐♥❝•✉❞❡s H ✳ ❉❛t❛❣r♦✉♣s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❤✐❞❡ ♣❛rts ♦❢ t❤❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ ❝•❛ss❡s✳ ❚❤❡ ✜❡•❞s ♦❢ ❛ ❞❛t❛❣r♦✉♣ ♠❛② ❜❡ ❤✐❞❞❡♥✳ ❊✛❡❝ts ♦♥ t❤❡ ✜❡•❞s ❛r❡ t❤❡♥ ♠♦❞❡•❡❞ ❜② ❡✛❡❝ts ♦♥ t❤❡ ❞❛t❛❣r♦✉♣✳ ❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❉❛t❛❣r♦✉♣s ❛r❡ ❝♦♠♣❛r❛❜•❡ t♦ r❡❣✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡✳ ❚❤❡ ✐♥❝•✉s✐♦♥ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ ❞❛t❛❣r♦✉♣s ✐s ❝♦♠♣❛r❛❜•❡ t♦ ♦✇♥❡rs❤✐♣✳ ■♥t✉✐t✐✈❡•②✱ ✐❢ ❛ ♣♦✐♥t❡r x ♦✇♥s s♦♠❡ r❡❣✐♦♥ x .r ✱ t❤❡♥ x .r ✐s ✐♥❝•✉❞❡❞ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❖✇♥❡❞ r❡❣✐♦♥s ❛r❡ ❡♥❝❛♣s✉•❛t❡❞ ✐♥ t❤❡✐r ♦✇♥❡rs✱ ❛♥❞ t❤❡ ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s ❛r❡ ❤✐❞❞❡♥ ✇❤❡♥ t❤❡ ♦✇♥❡r ✐s ❝•♦s❡❞✳ ❚❤✐s ✐s ❝♦♠♣❛r❛❜•❡ t♦ t❤❡ ❞❛t❛ ❛❜str❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠ ♣r♦✈✐❞❡❞ ❜② ❞❛t❛❣r♦✉♣s✳ ✼✳✶✳✸ ❙♣❡❝★ ❖✇♥❡rs❤✐♣ ▼❡t❤♦❞♦•♦❣② ❢♦r ❉❛t❛ ■♥✈❛r✐❛♥ts ■♥ ❙❡❝t✐♦♥ ✷✳✺ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦•♦❣② ✉s❡❞ ✐♥ t❤❡ ❙♣❡❝★ ♣•❛t❢♦r♠ ❬❇❛r✲ ♥❡tt✵✹❜(✳ ❚❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦•♦❣② ♦❢ ❈❛♣✉❝✐♥❡ ✐s •❛r❣❡•② ❜❛s❡❞ ♦♥ t❤❡ ❙♣❡❝★ ♠❡t❤♦❞✲ ♦•♦❣②✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥ ❈❛♣✉❝✐♥❡✱ ♦✇♥❡rs❤✐♣ ✐s ❤❛♥❞•❡❞ ❜② t❤❡ t②♣❡ s②st❡♠✳ ❆♥♦t❤❡r ❦❡② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ♦❜•❡❝ts ♦✇♥ r❡❣✐♦♥s ✐♥st❡❛❞ ♦❢ ♦t❤❡r ♦❜•❡❝ts✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥ ❈❛♣✉❝✐♥❡ ♦❜•❡❝ts ♦✇♥ ❣r♦✉♣s ♦❢ ♣♦t❡♥t✐❛••② ❛•✐❛s❡❞ ♦t❤❡r ♦❜•❡❝ts✳ |❡❣✐♦♥s ❤❛♣♣❡♥ t♦ ❜❡ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ ❈❛♣✉❝✐♥❡ ✇❤✐❝❤ ❛••♦✇s t♦ ❝♦♥tr♦• ❛•✐❛s✐♥❣ ✉s✐♥❣ t❤❡ t②♣❡ s②st❡♠✳ ❚❤✐s ❡①♣•❛✐♥s ✇❤② ♦❜•❡❝ts ♦✇♥ r❡❣✐♦♥s ✐♥st❡❛❞ ♦❢ s✐♥❣•❡ ♦❜•❡❝ts✳ ◆♦t❡ t❤❛t ✐❢ ❛ r❡❣✐♦♥ ✐s ❛•✇❛②s s✐♥❣•❡t♦♥ ✭✐✳❡✳ ✐s ♠❛r❦❡❞ ❛s s✐♥❣•❡ ✐♥ t❤❡ ♦✇♥❡r ❝•❛ss✮✱ t❤❡♥ ✐t ♣•❛②s t❤❡ s❛♠❡ r♦•❡ ❛s ❛♥ ♦✇♥❡❞ ♦❜•❡❝t ✐♥ ❙♣❡❝★ ✭✐✳❡✳ ❛ ✜❡•❞ ♠❛r❦❡❞ ❛s r❡♣✮✳ ❚❤❡ ✉s❡ ♦❢ ❛ t②♣❡ s②st❡♠ t♦ ❝♦♥tr♦• ♦✇♥❡rs❤✐♣ ❛••♦✇s ❈❛♣✉❝✐♥❡ t♦ ❣❡♥❡r❛t❡ •❡ss ♣r♦♦❢ ♦❜•✐✲ ❣❛t✐♦♥s✳ ■♥ ❙♣❡❝★✱ t❤❡ ✉s❡r ✇r✐t❡s ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s x.inv == ClassName t♦ st❛t❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❝•❛ss ClassName ❤♦•❞ ❢♦r ♦❜•❡❝t x ✳ ❚❤✐s ❡q✉❛•✐t② t❤❡♥ ❛♣✲ ♣❡❛rs ✐♥ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✐t ✇❤❡♥ ❝❛••✐♥❣ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛ss✉♠❡ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡✐r ❛r❣✉♠❡♥ts✳ ■♥ ❈❛♣✉❝✐♥❡ ❤♦✇❡✈❡r✱ t❤✐s ❡q✉❛•✐t② ✐s r❡♣•❛❝❡❞ ❜② ♣❡r♠✐ss✐♦♥ ρ × ✱ ρ G ♦r σ -• ρ✱ ✇❤✐❝❤ ✐s ❤❛♥❞•❡❞ ❜② t❤❡ t②♣❡ s②st❡♠✳ ❚♦ s♦♠❡ ❡①t❡♥t✱ t❤❡ ✉s❡ ♦❢ ❛ t②♣❡ s②st❡♠ ❛•s♦ ❛••♦✇s ❈❛♣✉❝✐♥❡ t♦ ✐♥❢❡r t❤❡ ♣❛❝❦ ❛♥❞ ✉♥♣❛❝❦ st❛t❡♠❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❈❛♣✉❝✐♥❡ ❛✉t♦♠❛t✐❝❛••② ✉♥♣❛❝❦s ♦❜•❡❝ts ❜❡✐♥❣ ♠♦❞✐✜❡❞✳ ❚❤❡ ♦❜•❡❝t ✐s t❤❡♥ ❛✉t♦♠❛t✐❝❛••② ♣❛❝❦❡❞ ✇❤❡♥ t❤❡ ✐♥✈❛r✐❛♥t ✐s r❡q✉✐r❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✉s❡ ♦❢ ❛ t②♣❡ s②st❡♠ ✐♠♣•✐❡s s♦♠❡ r❡str✐❝t✐♦♥s✳ ❖✇♥❡rs❤✐♣ tr❛♥s❢❡r ✐s ♣♦ss✐❜•❡ ✐♥ ❈❛♣✉❝✐♥❡ ✉s✐♥❣ ❛❞♦♣t✐♦♥ ❛♥❞✴♦r ❢♦❝✉s✐♥❣✱ ❜✉t t❤✐s ❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ s♦✉r❝❡ r❡❣✐♦♥✱ ❞✐s❛❜•✐♥❣ t❤❡ r❡❣✐♦♥ ❝♦♠♣•❡t❡•②✳ ■♥ ❣❡♥❡r❛•✱ ✐t ✐s ♥♦t ♣♦ss✐❜•❡ t♦ r❡♠♦✈❡ ❛ •♦❝❛t✐♦♥ x ❢r♦♠ ❛ r❡❣✐♦♥ ρ s❛❢❡•② ✇✐t❤♦✉t ❞✐s❛❜•✐♥❣ t❤❡ r❡❣✐♦♥✳ ❲❡ s❤♦✉•❞ ❡♥s✉r❡ t❤❛t t❤❡ ♦✇♥❡r ♠✐❣❤t ♥♦t ❜❡ t❤✐s ❛♥②♠♦r❡✳ ■❢ ♦♥❡ ❝♦✉•❞ ❡♥s✉r❡ t❤❛t ❛•• ❡①♣r❡ss✐♦♥s ❞❡♥♦t✐♥❣ •♦❝❛t✐♦♥ x ❤❛❞ t②♣❡ r❡❛❞♦♥•②✱ t❤❡♥ ♦♥❡ ❝♦✉•❞ ❛••♦✇ ❝❤❛♥❣✐♥❣ t❤❡ owner ❣❤♦st ✜❡•❞✳ ❇✉t ❡♥s✉r✐♥❣ s✉❝❤ ❛ t②♣✐♥❣ ♣r♦♣❡rt② ❞♦❡s ♥♦t s❡❡♠ r❡❛s♦♥❛❜•❡✳ ❲❡ ❢♦✉♥❞ ❛ s✐♠✐•❛r ♣r♦❜•❡♠ ✇✐t❤ ❈❛♣✉❝✐♥❡ ✇❤❡♥ ✇❡ tr✐❡❞ t♦ ❡①tr❛❝t ❛ ♣♦✐♥t❡r ❢r♦♠ ❛ r❡❣✐♦♥ ✇✐t❤♦✉t ❞✐s❛❜•✐♥❣ t❤❡ r❡❣✐♦♥✳ ■t ✐s ❝•❡❛r t❤❛t ❈❛♣✉❝✐♥❡ ❡♥❢♦r❝❡s t❤❡ ♦✇♥❡r✲❛s✲♠♦❞✐✜❡r ♣r♦♣❡rt②✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♦♥❡ ♠✉st ✉♥♣❛❝❦ ❛•• tr❛♥s✐t✐✈❡ ♦✇♥❡rs ♦❢ ❛♥ ♦❜•❡❝t ❜❡❢♦r❡ ♠♦❞✐❢②✐♥❣ t❤❡ ♦❜•❡❝t✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❝•❡❛r ✇❤❡t❤❡r ❈❛♣✉❝✐♥❡ ❡♥❢♦r❝❡s t❤❡ ♦✇♥❡r✲❛s✲❞♦♠✐♥❛t♦r ♣r♦♣❡rt②✳ ■♥❞❡❡❞✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ♦♥❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ✉♥♣❛❝❦ ❛♥ ♦❜•❡❝t x ❛♥❞ ✐ts ♦✇♥❡rs t♦ ❜❡ ❛❜•❡ t♦ r❡❛❞ ✐t✱ ❜✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ♦❢ x ✐s r❡q✉✐r❡❞✳ ▼♦r❡♦✈❡r✱ ❛❝❝❡ss✐❜✐•✐t② r✉•❡s ✭❋✐❣✉r❡ ✹✳✷✮ r❡q✉✐r❡ ♥♦t ♦♥•② ❛ ♣❡r♠✐ss✐♦♥ ♦♥ x ❜✉t ❛•s♦ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ ♦✇♥❡rs ♦❢ x✳ ❍♦✇❡✈❡r✱ t❤✐s ♣❡r♠✐ss✐♦♥ r❡q✉✐r❡♠❡♥t ✐s ♦♥•② ❤❡r❡ t♦ ❡♥s✉r❡ t❤❡ s❡♣❛r❛t❡❞ tr❛♥s•❛t✐♦♥ ♦❢ ❈❤❛♣t❡r ✺ ✐s s♦✉♥❞✳ ■❢ ✇❡ ❤❛❞ ❝❤♦s❡♥ ❛ ♠♦r❡ ❝•❛ss✐❝ tr❛♥s•❛t✐♦♥ ✇✐t❤ ♦♥•② ♦♥❡ ❤❡❛♣ ❛rr❛②✱ ✐✳❡✳ ❛ tr❛♥s•❛t✐♦♥ ❝•♦s❡r t♦ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡• ♦❢ ❈❛♣✉❝✐♥❡ ✭❙❡❝t✐♦♥ ✹✳✸✮ ❛♥❞ t♦ t❤❡ ❙♣❡❝★✲t♦✲❇♦♦❣✐❡ tr❛♥s•❛t✐♦♥✱ t❤❡♥ ✇❡ ✇♦✉•❞ ♥♦t ♥❡❡❞ t♦ r❡q✉✐r❡ ❛♥② ♣❡r♠✐ss✐♦♥ ♦♥ x❀ ❜✉t ✇❡ ✇♦✉•❞ ♥♦t ❜❡♥❡✜t ❢r♦♠ t❤❡ s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r tr❛♥s•❛t✐♦♥✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ❞❡❢❛✉•t ♣❡❡r t②♣❡ ✐♥ t❤❡ ❯♥✐✈❡rs❡ ✐♠♣•❡♠❡♥t❛t✐♦♥ ❝♦r✲ r❡s♣♦♥❞s t♦ t❤❡ ✉s❡ ♦❢ ❛ ✉♥✐q✉❡ ❣r♦✉♣ r❡❣✐♦♥ ✐♥ ❈❛♣✉❝✐♥❡✳ ❚❤✐s ✇♦✉•❞ •❡❛❞ t♦ t❤❡ ♥❛✐✈❡ tr❛♥s•❛t✐♦♥ ✇✐t❤ ♦♥•② ♦♥❡ ♥♦♥✲s❡♣❛r❛t❡❞ ❤❡❛♣✱ ✇✐t❤ ♥♦ ❛•✐❛s ❝♦♥tr♦•✱ ❛♥❞ t❤✉s t♦ t❤❡ s❛♠❡ r❡s✉•t✳ ✼✳✶✳✻ |❡❣✐♦♥s✱ ❈❛♣❛❜✐•✐t✐❡s ❛♥❞ ❆•✐❛s ❚②♣❡s |❡❣✐♦♥s |❡❣✐♦♥s ❛r❡ ♦r✐❣✐♥❛••② ✐♥tr♦❞✉❝❡❞ ❜② ▼❛❞s ❚♦❢t❡ ❛♥❞ ❏❡❛♥✲P✐❡rr❡ ❚❛•♣✐♥ ❬❚♦❢t❡✾✹✱ ❚♦❢t❡✾✼(✳ ❚❤❡② str✉❝t✉r❡ t❤❡ st♦r❡ ❛s ❛ st❛❝❦ ♦❢ r❡❣✐♦♥s t♦ ❝♦♥tr♦• ❛••♦❝❛t✐♦♥ ❛♥❞ ❞❡❛••♦❝❛t✐♦♥✳ |❡❣✐♦♥s ❛r❡ ❛••♦❝❛t❡❞ ❛♥❞ ❞❡❛••♦❝❛t❡❞ ❛s ❛ ✇❤♦•❡✳ ❆•• ♣♦✐♥ts ♦❢ ❛••♦❝❛t✐♦♥ ❛♥❞ ❞❡❛••♦❝❛t✐♦♥ ❛r❡ ✐♥❢❡rr❡❞ ❛✉t♦♠❛t✐❝❛••②✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣❛r❜❛❣❡ ❝♦••❡❝t♦r ✐s ♥♦t r❡q✉✐r❡❞✳ ❈❛♣❛❜✐•✐t✐❡s ❑❛r• ❈r❛r②✱ ❉❛✈✐❞ ❲❛•❦❡r ❛♥❞ •r❡❣ ▼♦rr✐s❡tt ♣r♦♣♦s❡ ❛ ❝❛•❝✉•✉s ♦❢ ❝❛♣❛❜✐•✲ ✐t✐❡s t♦ t②♣❡ ♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t ❬❈r❛r②✾✾(✱ ✉s✐♥❣ r❡❣✐♦♥s s✐♠✐•❛r t♦ t❤♦s❡ ♦❢ ▼❛❞s ❚♦❢t❡ ❛♥❞ ❏❡❛♥✲P✐❡rr❡ ❚❛•♣✐♥✳ ❈❛♣❛❜✐•✐t✐❡s ❛r❡ s✐♠✐•❛r t♦ ♣❡r♠✐ss✐♦♥s✿ t❤❡② ❝❛♥♥♦t ❜❡ ❞✉♣•✐❝❛t❡❞ ❛♥❞ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t r❡❣✐♦♥s✳ ❚❤❡✐r ✇♦r❦ ✐s ♣r❡s❡♥t❡❞ ❛s ❛♥ ❛•t❡r♥❛t✐✈❡ t♦ ❣❛r❜❛❣❡ ❝♦••❡❝t♦rs✳ ❈❛♣❛❜✐•✐t✐❡s ❛r❡ ✉s❡❞ ✐♥ ♣❛rt✐❝✉•❛r t♦ ❦♥♦✇ ✇❤✐❝❤ r❡❣✐♦♥s ❝❛♥ ❜❡ ❞❡❛••♦❝❛t❡❞✳ ❏♦❤♥ ❚❛♥❣ ❇♦②•❛♥❞✱ ❏❛♠❡s ◆♦❜•❡ ❛♥❞ ❲✐••✐❛♠ ❙ |❡t❡rt ♣r♦♣♦s❡ ❛ t②♣❡✲s②st❡♠ ❢♦r ❝❛♣❛✲ ❜✐•✐t✐❡s ❬❇♦②•❛♥❞✵✶( ❢♦r ♦❜•❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s✳ ■t ✐s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ ♠❛♥② ✉s✉❛• ❏❛✈❛ ❛♥♥♦t❛t✐♦♥s s✉❝❤ ❛s ✉♥✐q✉❡ ♦r r❡❛❞♦♥•②✳ ❚❤❡ •❛♥❣✉❛❣❡ ✐s q✉✐t❡ ❣❡♥❡r❛• ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ ♠❛♥② s✉❝❤ ♣♦•✐❝✐❡s✳ ❚❤❡ •❛♥❣✉❛❣❡ ♦❢ ♣❡r♠✐ss✐♦♥s s❡♣❛r❛t❡s r❡❛❞ ❛♥❞ ✇r✐t❡ ❛❝❝❡ss❡s✳ ❚❤❡② ❛•s♦ ♣r♦♣♦s❡ ❛ ♣❡r♠✐ss✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛••♦✇ t♦ ❛❝❝❡ss ❛ ♣♦✐♥t❡r ❜✉t ✇❤✐❝❤ st✐•• ❛••♦✇s t❤❡ •♦❝❛t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t❡r t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♦t❤❡rs✳ ❙♦♠❡ ♣❡r♠✐ss✐♦♥s ❞❡♥♦t❡ t❤❡ ❢❛❝t t❤❛t ♥♦❜♦❞② ❡•s❡ ❤❛s t❤❡ ♣❡r♠✐ss✐♦♥✳ ❚❤❡s❡ ❛••♦✇ t♦ ❝♦♥tr♦• ❞✉♣•✐❝❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ t❤✉s t♦ ❡♥❝♦❞❡ •✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❛✉t❤♦rs ❡①t❡♥❞ t❤❡✐r t②♣❡✲s②st❡♠ ✇✐t❤ ❛❞♦♣✲ t✐♦♥ ❬❇♦②•❛♥❞✵✺(✳ ❚❤❡② ❝❛•• t❤✐s ♦♣❡r❛t✐♦♥ ♥❡st✐♥❣✱ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ ✐s ♠♦r❡ ✜♥❡✲❣r❛✐♥❡❞ t❤❛♥ ❛❞♦♣t✐♦♥ ❛s ✐t ❝❛♥ ❜❡ ❛♣♣•✐❡❞ t♦ s✐♥❣•❡ ✜❡•❞s ✐♥st❡❛❞ ♦❢ ❛ ✇❤♦•❡ ♦❜•❡❝t✳ ❆•✐❛s ❚②♣❡s ❋r❡❞❡r✐❝❦ ❙♠✐t❤✱ ❉❛✈✐❞ ❲❛•❦❡r ❛♥❞ •r❡❣ ▼♦rr✐s❡tt ♣r♦♣♦s❡ ❛•✐❛s t②♣❡s ❬❙♠✐t❤✵✵✱ ❲❛•❦❡r✵✵(✱ ✇❤✐❝❤ ❛r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ ❝❛•❝✉•✉s ♦❢ ❝❛♣❛❜✐•✐t✐❡s✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♥tr♦• ❛•✐❛s✐♥❣ ✉s✐♥❣ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s✳ ■t ❛••♦✇s t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ s✐♥❣•❡t♦♥ ❛♥❞ ❣r♦✉♣ r❡❣✐♦♥s✳ ❚❤✐s ❞✐st✐♥❝t✐♦♥ ❛••♦✇s str♦♥❣ ✉♣❞❛t❡✿ ❛s t❤❡ t②♣❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡❣✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ✐ts ❝❛♣❛❜✐•✐t②✱ ✇❤✐❝❤ ✐s •✐♥❡❛r✱ ✐t ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ s❛❢❡•②✳ ▼❛♥✉❡• ❋ä❤♥❞r✐❝❤ ❛♥❞ |♦❜❡rt ❉❡▲✐♥❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛✲ t✐♦♥s ❬❋ä❤♥❞r✐❝❤✵✷(✳ ■t ❡①t❡♥❞s t❤❡ ❝❛•❝✉•✉s ♦❢ ❝❛♣❛❜✐•✐t✐❡s ❛♥❞ ❛•✐❛s t②♣❡s✳ ❚❤❡s❡ ♦♣❡r❛t✐♦♥s ❛r❡ s✐♠✐•❛r t♦ t❤❡ ♦♥❡s ✉s❡❞ ❜② ❈❛♣✉❝✐♥❡✳ ■♠♣❡r❛t✐✈❡ Pr♦❣r❛♠ ❊♥❝♦❞✐♥❣ ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r ♣r♦♣♦s❡ ❛ t②♣❡ s②st❡♠ ❜❛s❡❞ ♦♥ ❝❛♣❛❜✐•✐t✐❡s ❛♥❞ ✉s❡ ✐t t♦ ❡♥❝♦❞❡ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ✐♥t♦ ♣✉r❡ •❛♥✲ ❣✉❛❣❡s ❬❈❤❛r❣✉ér❛✉❞✵✽(✳ ❚❤❡✐r ♦r✐❣✐♥❛• ♣•❛♥ ✇❛s t♦ ✉s❡ t❤✐s ❛s ❛ ❜❛s✐s ❢♦r ♣r♦❣r❛♠ ✈❡r✐✜❝❛✲ t✐♦♥✳ ❈❛♣✉❝✐♥❡ ✐s •❛r❣❡•② ❜❛s❡❞ ♦♥ t❤✐s ✐❞❡❛✳ ❚❤❡✐r tr❛♥s•❛t✐♦♥ ✐♥t♦ ♣✉r❡ •❛♥❣✉❛❣❡s ♣r♦✈✐❞❡s ❛ s♦•✐❞ ❜❛s✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❝❛♣❛❜✐•✐t✐❡s✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❝❛♣❛❜✐•✐t✐❡s ❛r❡ ❡♥❝♦❞❡❞ ❛s ✈❛•✉❡s ✐♥ t❤❡ ♣✉r❡ •❛♥❣✉❛❣❡✱ ❡❛❝❤ ❞❡♥♦t✐♥❣ t❤❡ ✈❛•✉❡s ♦❢ •♦❝❛t✐♦♥s ♦❢ ✐ts r❡❣✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ t❤❡ r❡❣✐♦♥ ✐s s✐♥❣•❡t♦♥✱ t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ❝❛♣❛❜✐•✐t② ❞❡♥♦t❡s t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ✉♥✐q✉❡ •♦❝❛t✐♦♥ ♦❢ t❤❡ r❡❣✐♦♥✱ ❛♥❞ ✐❢ t❤❡ r❡❣✐♦♥ ✐s ❣r♦✉♣✱ t❤❡ ❝❛♣❛❜✐•✐t② ✐s ❡♥❝♦❞❡❞ ❛s ❛ ♠❛♣ ❢r♦♠ •♦❝❛t✐♦♥s t♦ ✈❛•✉❡s✳ ❆••♦❝❛t✐♦♥ ♣r♦❞✉❝❡s ❛ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ ♥❡✇ r❡❣✐♦♥✱ ✇❤✐❝❤ tr❛♥s•❛t❡s t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ ♥❡✇ ✈❛•✉❡ ✐♥ t❤❡ ♣✉r❡ ♣r♦❣r❛♠✳ ❉❡❛••♦❝❛t✐♦♥ ❝♦♥s✉♠❡s ❛ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ❜❡✐♥❣ ❢r❡❡❞✱ ✇❤✐❝❤ tr❛♥s•❛t❡s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛•✉❡ ✐♥ t❤❡ ♣✉r❡ ♣r♦❣r❛♠ ♥♦ •♦♥❣❡r ❜❡✐♥❣ ✉s❡❞✳ ▼♦❞✐✜❝❛t✐♦♥ ❝♦♥s✉♠❡s ❛ ♣❡r♠✐ss✐♦♥ ❛♥❞ ♣r♦❞✉❝❡s ✐t ❜❛❝❦✱ ✇❤✐❝❤ tr❛♥s•❛t❡s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛•✉❡ ❜❡✐♥❣ ♠♦❞✐✜❡❞ ✐♥ t❤❡ ♣✉r❡ ♣r♦❣r❛♠✳ ❚❤❡ t②♣❡ s②st❡♠ ♦❢ ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r ❛•s♦ ❢❡❛t✉r❡s str♦♥❣ ✉♣❞❛t❡✳ ❈♦♥tr❛r② t♦ ♣r❡✈✐♦✉s ✈❡rs✐♦♥s ♦❢ t❤❡ ❝❛•❝✉•✉s ♦❢ ❝❛♣❛❜✐•✐t✐❡s ❬❈r❛r②✾✾✱ ❋ä❤♥❞r✐❝❤✵✷(✱ t❤❡✐r t②♣❡ s②st❡♠ ❛•s♦ ❛••♦✇s r❡❣✐♦♥s t♦ ❝♦♥t❛✐♥ ♥♦t ♦♥•② •♦❝❛t✐♦♥s ❜✉t ❛•s♦ ❛♥② ✈❛•✉❡✳ ❚❤✐s ❛••♦✇s ♠♦r❡ ❡①♣r❡ss✐✈❡ t②♣❡s ❛♥❞ ❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s s✉♠ t②♣❡s ❛♥❞ t❤✉s •✐♥❦❡❞ •✐sts✳ ❚❤❡② ❛•s♦ ❢❡❛t✉r❡ ♣♦•②♠♦r♣❤✐s♠ à •❛ ❙②st❡♠ ❋ ❬•✐r❛r❞✼✶✱ |❡②♥♦•❞s✼✹(✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡ t②♣❡ s②st❡♠ ❢❡❛t✉r❡s ❡①✐st❡♥t✐❛• t②♣❡s✳ ❈♦♥❝✉rr❡♥❝② ❆♥♦t❤❡r ❛♣♣•✐❝❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥s ✐s t♦ ❝♦♥tr♦• ✇❤✐❝❤ ♣r♦❝❡ss ♠❛② ❛❝❝❡ss s♦♠❡ ♣❛rt ♦❢ t❤❡ ♠❡♠♦r② ✐♥ ❛ ❝♦♥❝✉rr❡♥t s❡tt✐♥❣✳ ▲❡t✬s s❤♦✇ ❛ s✐♠♣•❡ ❡①❛♠♣•❡✿ * x = 2; * y = 49 / * x; ■❢ t❤❡ ♠❡♠♦r② ❝❡•• ❞❡♥♦t❡❞ ❜② ♣♦✐♥t❡r x ✐s ❛ss✐❣♥❡❞ t♦ ③❡r♦ ❜❡t✇❡❡♥ t❤❡ t✇♦ •✐♥❡s ♦❢ t❤✐s ♣r♦❣r❛♠✱ ❛ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ♦❝❝✉rs✳ ❚❤❡ ✉s✉❛• ✇❛② t♦ ♣r❡✈❡♥t t❤✐s ❢r♦♠ ❤❛♣♣❡♥✐♥❣ ✐s ❜② ✉s✐♥❣ •♦❝❦s ♦r ♠✉t❡①❡s t♦ ♠❛❦❡ t❤❡s❡ t✇♦ •✐♥❡s ❛t♦♠✐❝✱ ✐✳❡✳ t♦ ❡♥s✉r❡ t❤❛t ♥♦t❤✐♥❣ ✇✐•• ❜❡ ❡①❡❝✉t❡❞ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♦♣❡r❛t✐♦♥s✳ P❡r♠✐ss✐♦♥s ❛r❡ ❛ ✇❛② t♦ ♣r❡✈❡♥t x ❢r♦♠ ❜❡✐♥❣ ♠♦❞✐✜❡❞✳ ❚❤❡ ♣r♦❝❡ss r✉♥♥✐♥❣ t❤❡ ❛❜♦✈❡ t✇♦ •✐♥❡s r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥s x ❛♥❞ y✱ ❛♥❞ ❜❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s ❝❛♥♥♦t ❜❡ ❞✉♣•✐❝❛t❡❞✱ ♥♦ ♦t❤❡r ♣r♦❝❡ss ❝❛♥ ♠♦❞✐❢② x✳ ❚❤♦s❡ t✇♦ •✐♥❡s ❛r❡ ♥♦ •♦♥❣❡r ❛t♦♠✐❝✱ ②❡t ♥♦t❤✐♥❣ t❤❛t ❝❛♥ ❜r❡❛❦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❣r❛♠ ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ❜❡t✇❡❡♥ t❤❡♠✳ Pr♦t♦❝♦• ❆P■ ❙♣❡❝✐✜❝❛t✐♦♥ ❑❡✈✐♥ ❇✐❡r❤♦✛ ✉s❡s ♣❡r♠✐ss✐♦♥s ✐♥ ❤✐s P❤❉ t❤❡s✐s t♦ s♣❡❝✐❢② ♣r♦t♦❝♦• ❆P■s ❬❇✐❡r❤♦✛✵✾(✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❝❤❛♥♥❡• ♠❛② ❜❡ ♦♣❡♥❡❞✱ ❛❝❝❡ss❡❞ ❛♥❞ t❤❡♥ ❝•♦s❡❞✱ ✐♥ t❤✐s ♦r❞❡r✳ ❆❝❝❡ss t♦ ❛ ❝•♦s❡❞ ❝❤❛♥♥❡• ✉s✉❛••② •❡❛❞s t♦ ❛ r✉♥✲t✐♠❡ ❡rr♦r✱ ❜✉t ❛ t②♣❡ s②st❡♠ ✉s✐♥❣ ♣❡r♠✐ss✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛t❝❤ t❤✐s ❡rr♦r ✇❤❡♥ ❝♦♠♣✐•✐♥❣✳ ■♥❞❡❡❞✱ ♦♥❡ ♠❛② s♣❡❝✐❢② ❝❤❛♥♥❡• ❝r❡❛t✐♦♥ t♦ ♣r♦❞✉❝❡ ❛ ♣❡r♠✐ss✐♦♥ ✇❤✐❝❤ ✐s ❝♦♥s✉♠❡❞ ✇❤❡♥ t❤❡ ❝❤❛♥♥❡• ✐s ❝•♦s❡❞✱ ❛♥❞ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ❛❝❝❡ss t❤❡ ❝❤❛♥♥❡•✳ ❑❡✈✐♥ ❇✐❡r❤♦✛ ❛♣♣•✐❡s t❤✐s ❛♣♣r♦❛❝❤ t♦ ♦❜•❡❝t✲♦r✐❡♥t❡❞ •❛♥❣✉❛❣❡s ❛♥❞ ♣r♦♣♦s❡ t♦ s♣•✐t t❤❡ st❛t❡ s♣❛❝❡ ♦❢ ♦❜•❡❝ts ✉s✐♥❣ ❤✐❡r❛r❝❤✐❝❛• r❡✜♥❡♠❡♥ts✳ ❊❛❝❤ r❡✜♥❡♠❡♥t ❞❡s❝r✐❜❡s ♦♥❡ ✐♥t❡r❢❛❝❡ ❢♦r ❛♥ ♦❜•❡❝t✳ P❡r♠✐ss✐♦♥s st❛t❡ ✐♥ ✇❤✐❝❤ ❡①❛❝t r❡✜♥❡♠❡♥t t❤❡ ♦❜•❡❝t ✐s✱ ❛♥❞ t❤✉s ✇❤✐❝❤ ♠❡t❤♦❞s ♠❛② ❜❡ ❝❛••❡❞✳ ❡①✐st❡♥t✐❛• t②♣❡s✱ ❛•t❤♦✉❣❤ ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s ❝❛♥ ❜❡ s❡❡♥ ❛s ❡①✐st❡♥t✐❛• r❡❣✐♦♥s✳ ❆••♦❝❛t✐♦♥✱ ✐♥ ♣❛rt✐❝✉•❛r✱ t❛❦❡s ❛♥ ❡♠♣t② r❡❣✐♦♥ ❛s ❛♥ ❛r❣✉♠❡♥t✳ P❡r♠✐ss✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡ ❛r❡ ❝❛♣❛❜•❡ ♦❢ tr❛❝❦✐♥❣ t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts✳ P❡r♠✐ss✐♦♥s ρ × ❛♥❞ ρ G ✐♠♣•② t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❛•• ♦❜•❡❝ts ♦❢ ρ ❤♦•❞✱ ❛♥❞ ♣❡r♠✐ss✐♦♥ σ -• ρ ✐♠♣•② t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❛•• ♦❜•❡❝ts ♦❢ ρ✱ ❡①❝❡♣t ♣♦ss✐❜•② t❤❡ ♦❜•❡❝ts ✇❤✐❝❤ ❛r❡ ❛•s♦ ✐♥ σ✱ ❤♦•❞✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❝❤❛♥❣❡ ✐s t❤❛t ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ❛ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡✳ ❆ ❝•♦s❡❞ ♣❡r♠✐ss✐♦♥ ❡♥❝❛♣s✉•❛t❡s ♦t❤❡r ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✱ ❛s ✐❢ t❤❡s❡ ♣❡r♠✐ss✐♦♥s ✇❡r❡ ♣❛rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ ✐s ✉s❡❞ t♦ ❡♥s✉r❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦•♦❣② ✐s s♦✉♥❞✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ t②♣❡ s②st❡♠ ♦❢ ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r✱ t❤❡ r❡❣✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡ ♠❛② ♦♥•② ❝♦♥t❛✐♥ •♦❝❛t✐♦♥s✳ ❚❤❡② ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥② ✈❛•✉❡✳ ❈❛♣✉❝✐♥❡ ✐s t❤✉s ❝•♦s❡r t♦ t❤❡ ♦r✐❣✐♥❛• ❝❛•❝✉•✉s ♦❢ ❝❛♣❛❜✐•✐t✐❡s ❛♥❞ ❛•✐❛s t②♣❡s✳ ❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❞❡❛••♦❝❛t✐♦♥✳ ❲❡ ❛ss✉♠❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣❛r❜❛❣❡ ❝♦••❡❝t♦r✳ ❆❞❞✐♥❣ ❞❡❛••♦❝❛t✐♦♥ ✇♦✉•❞ ♥♦t ❜❡ ❤❛r❞ t❤♦✉❣❤✿ t❤❡ ♦♣❡r❛t✐♦♥ ✇♦✉•❞ s✐♠♣•② ❝♦♥s✉♠❡ t❤❡ ♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ r❡❣✐♦♥ ✐t ❞❡❛••♦❝❛t❡s✱ •✉st ❛s ✐t ✐s ❞♦♥❡ ✐♥ t❤❡ ❝❛•❝✉•✉s ♦❢ ❝❛♣❛❜✐•✐t✐❡s✳ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛•❣♦r✐t❤♠ ♦❢ ❈❛♣✉❝✐♥❡ ✐s ♠♦r❡ s♣❡❝✐❛•✐③❡❞ t❤❛♥ t❤❡ ♦♥❡s ♦❢ ❲✐••✐❛♠ ❙ |❡t❡rt ❛♥❞ ❑❡✈✐♥ ❇✐❡r❤♦✛✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❢r❛❝t✐♦♥❛• ♣❡r♠✐ss✐♦♥s✱ ❝♦♥❞✐t✐♦♥❛• ♣❡r♠✐ss✐♦♥s✱ ♦r ♣❡r♠✐ss✐♦♥s ❞✐s•✉♥❝t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❞♦❡s ❢❡❛t✉r❡ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s✱ ❛s ✇❡•• ❛s r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ✭✐✳❡✳ ♣❡r♠✐ss✐♦♥ ♥❡st✐♥❣✮✳ ▼♦r❡♦✈❡r✱ ❈❛♣✉❝✐♥❡ ✐♥❢❡rs r❡❣✐♦♥ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ❛♥ ❡✛❡❝t ✐♥ t❤❡ r❡s✉•t✐♥❣ ❲❤② ♣r♦❣r❛♠✳ ❆s ❛ r❡s✉•t✱ s♦♠❡ ❝❛r❡ ❤❛s t♦ ❜❡ t❛❦❡♥ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣r♦❣r❛♠ s❡♠❛♥t✐❝ ✐s ✉♥❝❤❛♥❣❡❞✳ ✼✳✶✳✼ ❙❡♣❛r❛t✐♦♥ ▲♦❣✐❝ ❏♦❤♥ |❡②♥♦•❞s ♣r♦♣♦s❡ s❡♣❛r❛t✐♦♥ •♦❣✐❝ t♦r❡❛s♦♥ ❛❜♦✉t ♣♦t❡♥t✐❛••②✲❛•✐❛s❡❞ ❞❛t❛ str✉❝✲ t✉r❡s ❬|❡②♥♦•❞s✵✷(✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t ♣r❡❞✐❝❛t❡s ❞❡s❝r✐❜❡ t❤❡ ❤❡❛♣ ✉s✐♥❣ t❤❡ s❡♣❛r❛t✐✈❡ ❝♦♥•✉♥❝t✐♦♥ P * Q✱ ✇❤✐❝❤ st❛t❡s t❤❛t P ❤♦•❞s ✐♥ ❛ ♣❛rt ♦❢ t❤❡ ❤❡❛♣ ✇❤✐❝❤ ✐s s❡♣❛r❛t❡❞ ❢r♦♠ Q✳ ❋♦r ✐♥st❛♥❝❡✱ i ֒→ v * j ֒→ w st❛t❡s t❤❛t t❤❡ ❤❡❛♣ ❝♦♥t❛✐♥s ❡①❛❝t•② t✇♦ ❞✐st✐♥❝t •♦❝❛t✐♦♥s i ❛♥❞ j ♦❢ r❡s♣❡❝t✐✈❡ ✈❛•✉❡s v ❛♥❞ w✳ ❚♦ r❡❛s♦♥ ❛❜♦✉t r❡❝✉rs✐✈❡ ❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s •✐sts ✉s✐♥❣ s❡♣❛r❛t✐♦♥ •♦❣✐❝✱ ✇❡ ✉s❡♣❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ s❛② P list (i ) ✐s ❛ ♣r❡❞✐❝❛t❡ st❛t✐♥❣ t❤❛t i ✐s ❛ •♦❝❛t✐♦♥ ❢♦r ❛ •✐♥❦❡❞ •✐st✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ❝❛♥ ❜❡ ✉♥♣❛❝❦❡❞ t♦ ♦❜t❛✐♥ i ֒→ (v, j) * P list (j) ✐❢ t❤❡ •✐st ✐s ♥♦t ❡♠♣t②✳ ❱❛•✉❡ v ✐s t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ♥♦❞❡ st♦r❡❞ ❛t •♦❝❛t✐♦♥ i✱ ❛♥❞ •♦❝❛t✐♦♥ j ✐s t❤❡ •♦❝❛t✐♦♥ ♦❢ t❤❡ ♥❡①t ♥♦❞❡✳ ❙❡♣❛r❛t✐✈❡ ❝♦♥•✉♥❝t✐♦♥ * ❤❛s ❛ ❞✉❛• ♦♣❡r❛t✐♦♥ P - * Q✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ❞❡s❝r✐❜❡s ❛ ❤❡❛♣ ✐♥ ✇❤✐❝❤ Q ✇♦✉•❞ ❤♦•❞ ✐❢ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ ✐♥ ✇❤✐❝❤ P ❤❡•❞ ✇❡r❡ ♣r♦✈✐❞❡❞✳ ❚❤✉s P ❞❡♥♦t❡s ❛ ✏❤♦•❡✑ ✐♥ Q✳ ❱❡r✐❋❛st ❬❏❛❝♦❜s✵✽( ✐s ❛ ♣r♦❣r❛♠ ✈❡r✐✜❝❛t✐♦♥ t♦♦• ❢♦r ♣r♦❣r❛♠s ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣r❡✲ ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s ✇r✐tt❡♥ ✐♥ s❡♣❛r❛t✐♦♥ •♦❣✐❝✳ ❚❤❡ ♣r♦❣r❛♠♠❡r ♠❛② ✉s❡ ♦♣❡♥ ❛♥❞ ❝•♦s❡ ♦♣❡r❛t✐♦♥s t♦ r❡s♣❡❝t✐✈❡•② ✉♥♣❛❝❦ ❛♥❞ ♣❛❝❦ ♣r❡❞✐❝❛t❡s s✉❝❤ ❛s P list ✳ ❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❙❡♣❛r❛t✐♦♥ •♦❣✐❝ ❢♦❝✉s❡s✱ ❛s ✐ts ♥❛♠❡ s✉❣❣❡sts✱ ♦♥ t❤❡ •♦❣✐❝✱ ✇❤❡r❡❛s ❈❛♣✉❝✐♥❡ ❢♦❝✉s❡s ♦♥ ✐ts t②♣❡ s②st❡♠✳ ❙❡♣❛r❛t✐♦♥ •♦❣✐❝ ❡♥❝♦❞❡s s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛✲ t✐♦♥ ✐♥ •♦❣✐❝ ❝♦♥♥❡❝t✐✈❡s ✇❤❡r❡❛s ❈❛♣✉❝✐♥❡ r❡•✐❡s ♦♥ ✐ts t②♣❡ s②st❡♠✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s ♥❡❡❞ s♣❡❝✐❛• t❤❡♦r❡♠ ♣r♦✈❡rs t♦ ❜❡ ♣r♦✈❡♥✱ ❛✉t♦♠❛t✐❝❛••② ♦r ♥♦t✳ ❍♦✇❡✈❡r✱ s❡♣❛r❛t✐♦♥ •♦❣✐❝ ✐s ❛•s♦ ♠♦r❡ ❡①♣r❡ss✐✈❡ ❛s ❛ r❡s✉•t✳ ◆♦t❡ t❤❛t ♣❡r♠✐ss✐♦♥s ❛r❡ s✐♠✐•❛r t♦ s❡♣❛r❛t✐♦♥ •♦❣✐❝ ♣r❡❞✐❝❛t❡s✳ ■♥❞❡❡❞✱ ❛ ♣❡r♠✐ss✐♦♥ ❞❡♥♦t❡s s♦♠❡ ♣r♦♣❡rt② ❛❜♦✉t s♦♠❡ r❡❣✐♦♥✱ ✐✳❡✳ s♦♠❡ ♣❛rt ♦❢ t❤❡ ❤❡❛♣✳ ■❢ ❛ ♣❛✐r ♦❢ ♣❡r♠✐ss✐♦♥s ♣r♦❣r❛♠♠✐♥❣ •❛♥❣✉❛❣❡s s✉❝❤ ❛s ❖❈❛♠• s❤♦✉•❞ ❜❡ ❡♥❝♦❞❡❞ ❜❡❝❛✉s❡ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❢✉♥❝✲ t✐♦♥s✳ ❲♦r❦ ❜② ❏♦❤❛♥♥❡s ❑❛♥✐❣ s❤♦✇ ♦♥❡ ♣♦ss✐❜•❡ ✇❛② t♦ ❤❛♥❞•❡ ❡✛❡❝ts ✐♥ s✉❝❤ ❦✐♥❞ ♦❢ •❛♥❣✉❛❣❡s ❬❑❛♥✐❣✶✵(✳ ✼✳✷✳✷ ❈♦♥❞✐t✐♦♥❛• P❡r♠✐ss✐♦♥s ❆♥ ✐❞❡❛ ✇❡ ✇♦✉•❞ •✐❦❡ t♦ ✐♥✈❡st✐❣❛t❡ ✐s t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥❞✐t✐♦♥❛• ♣❡r♠✐ss✐♦♥s✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥s ♦❢ t❤❡ ❢♦r♠ P ⇒ Σ ✇❤❡r❡ P ✐s ❛ ♣r❡❞✐❝❛t❡ ❛♥❞ Σ ✐s ❛ r❡❣✉•❛r ♣❡r♠✐ss✐♦♥ s✉❝❤ ❛s ρ ∅ ✱ ρ • ✱ ρ × ✱ ρ G ♦r σ -• ρ✳ ■♥❢♦r♠❛••②✱ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s ♣❡r♠✐ss✐♦♥ ✐s✿ ✏✐❢ P ❤♦•❞s✱ t❤❡♥ Σ ✐s ❛✈❛✐•❛❜•❡✑✳ ❚❤✐s ✐❞❡❛ ❤❛s ❛•r❡❛❞② ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ♦t❤❡r ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ t②♣❡ s②st❡♠s ❬❇♦②•❛♥❞✵✺✱ |❡t❡rt✵✾✱ )❤❛♦✵✽(✳ ❲❡ ✇♦✉•❞ ❛❞❞ ❛ ♥❡✇ st❛t❡♠❡♥t ✉s❡ Σ✳ ❚❤✐s st❛t❡♠❡♥t ✇♦✉•❞ ❝♦♥s✉♠❡ P ⇒ Σ✱ ♣r♦❞✉❝❡ Σ✱ ❛♥❞ ✇♦✉•❞ r❡q✉✐r❡ P ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❆t ❛♥② t✐♠❡ Σ ❝♦✉•❞ ❜❡ ✇❡❛❦❡♥❡❞ t♦ P ⇒ Σ✳ ❖✉r ♦r✐❣✐♥❛• ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥❞✐t✐♦♥❛• ♣❡r♠✐ss✐♦♥s ✐s •✐♥❦❡❞ •✐sts✿ ❝•❛ss List { ❣r♦✉♣ Rnext; next: option ([Rnext]); } ❚❤❡ ❢❛❝t t❤❛t Rnext ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥ ✐s ♥♦t ✈❡r② s❛t✐s❢②✐♥❣✱ ❛s Rnext ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ •♦❝❛t✐♦♥✳ ❲❡ ❝❛♥♥♦t ♠❛r❦ t❤❡ r❡❣✐♦♥ ❛s s✐♥❣•❡ ✐♥st❡❛❞ ♦❢ ❣r♦✉♣ ❡✐t❤❡r✱ ❜❡❝❛✉s❡ t❤❡♥ ♥♦ ❝•♦s❡❞ •✐st ❝♦✉•❞ ❜❡ ❜✉✐•t ❛s ❛ ❝•♦s❡❞ •✐st ✇♦✉•❞ ♥❡❝❡ss❛r✐•② ❜❡ ✐♥✜♥✐t❡✳ ■♥st❡❛❞✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡①♣•✐❝✐t•② st♦r❡ t❤❡ st❛t❡ ♦❢ t❤❡ r❡❣✐♦♥ ✭✐✳❡✳ ✐ts ♣❡r♠✐ss✐♦♥✮ ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ❛s ❢♦••♦✇s✿ ❝•❛ss List { r❡❣✐♦♥ Rnext; next: option ([Rnext]); ✐♥✈❛r✐❛♥t (next = none ⇒ Rnext ∅ ) ∧ (next = none ⇒ Rnext × ); } ❚❤❡ ✐♥✈❛r✐❛♥t ❝♦♥t❛✐♥s t✇♦ ❝♦♥❞✐t✐♦♥❛• ♣❡r♠✐ss✐♦♥s✳ ❚❤❡ ✜rst ♦♥❡ st❛t❡s t❤❛t ✐❢ next ✐s none t❤❡♥ Rnext ✐s ❡♠♣t②✱ ✇❤✐•❡ t❤❡ s❡❝♦♥❞ ♦♥❡ st❛t❡s t❤❛t ✐❢ next ✐s ♥♦t none t❤❡♥ Rnext ✐s s✐♥❣•❡t♦♥ ❛♥❞ ❝•♦s❡❞✳ ❚♦ ✉s❡ t❤❡ ♣❡r♠✐ss✐♦♥s ♦❢ t❤❡ ✐♥✈❛r✐❛♥ts✱ ♦♥❡ ✇♦✉•❞ ✜rst ✇r✐t❡ ❛ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✱ ❢♦••♦✇❡❞ ❜② ✉s❡ Rnext ∅ ♦r ✉s❡ Rnext × ✳ ■♥t❡r❡st✐♥❣ q✉❡st✐♦♥s ❛r✐s❡✳ ❈❛♥ ✇❡ s✐♠♣•✐❢② t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ Rnext ❛s ✇❡ ❞✐❞ ✐♥ ❙❡❝✲ t✐♦♥ ✺✳✹❄ ❍♦✇ ♠✉❝❤ ❡①♣r❡ss✐✈❡♥❡ss ✇♦✉•❞ t❤✐s ❡①t❡♥s✐♦♥ ❛❞❞ t♦ ❈❛♣✉❝✐♥❡❄ ❆r❡ t❤❡r❡ ♦t❤❡r ✐♥t❡r❡st✐♥❣ ❡①❛♠♣•❡s t❤❛t ✇♦✉•❞ ❜❡♥❡✜t ❢r♦♠ ❝♦♥❞✐t✐♦♥❛• ♣❡r♠✐ss✐♦♥s❄ ✼✳✷✳✸ ❈♦♠❜✐♥❡ ❲✐t❤ ❖t❤❡r ❆♣♣r♦❛❝❤❡s ❢♦r •r♦✉♣ |❡❣✐♦♥s ❊✈❡♥ t❤♦✉❣❤ ❈❛♣✉❝✐♥❡ ♣r♦✈✐❞❡s ♠❛♥② t♦♦•s t♦ s❡♣❛r❛t❡ ♣♦✐♥t❡rs✱ s♦♠❡t✐♠❡s ✇❡ ❤❛✈❡ ♥♦ ❝❤♦✐❝❡ ❜✉t t♦ ❣r♦✉♣ ♠❛♥② ♦❢ t❤❡♠ ✐♥ ❛ s✐♥❣•❡ ❣r♦✉♣ r❡❣✐♦♥✳ ❆•s♦✱ ❛s ✇❡ ❛•r❡❛❞② ♥♦t✐❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✶✳✶✶✱ s♦♠❡ ❞❛t❛ str✉❝t✉r❡s ❞♦ ♥♦t ❜❡♥❡✜t ❢r♦♠ t❤❡ ♦✇♥❡rs❤✐♣ ❛♣♣r♦❛❝❤✳ ❲❤❡♥ ✇❡ ❡♥❝♦✉♥t❡r t❤❡s❡ •✐♠✐t❛t✐♦♥s ✇❡ ❤❛✈❡ t♦ ♣✉t ❛•• ♣♦✐♥t❡rs ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡ ✐♥ ❛ s✐♥❣•❡ ❣r♦✉♣ r❡❣✐♦♥✳ •r♦✉♣ r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ •✐♠✐t ♦❢ ✇❤❛t t❤❡ ❈❛♣✉❝✐♥❡ t②♣❡ s②st❡♠ ❝❛♥ ♣r♦✈✐❞❡ ❛s ❛ ♠❡❛♥s ❢♦r s❡♣❛r❛t✐♦♥✳ ❇❡②♦♥❞ t❤✐s •✐♠✐t✱ ✇❡ ♥❡❡❞ t♦♦•s ✇❤✐❝❤ ❛r❡ ♥♦t ❜❛s❡❞ ♦♥ t②♣❡s✳ |✐❣❤t t♦ ❜❡ ❛❜•❡ t♦ ✇r✐t❡ ♣❡r♠✐ss✐♦♥s s✉❝❤ ❛s (σ, σ ′ ) -• ρ✳ ❙✉❝❤ ❛ ♣❡r♠✐ss✐♦♥ ✇♦✉•❞ st❛t❡ t❤❛t t✇♦ ♣♦✐♥t❡rs ♦❢ ρ ❛r❡ ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐♥ σ ❛♥❞ σ ′ r❡s♣❡❝t✐✈❡•②✱ ❛♥❞ t❤❛t ρ ✐s ❞✐s❛❜•❡❞ ✉♥t✐• σ × ❛♥❞ σ ′× ❛r❡ ❣✐✈❡♥ ❜❛❝❦✳ ❆ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ s❤♦✉•❞ ❜❡ ♣r♦❞✉❝❡❞ ✇❤❡♥ ❢♦❝✉s✐♥❣ ❢r♦♠ ρ ✐♥t♦ σ ′ ✐❢ σ -• ρ ✐s ❛✈❛✐•❛❜•❡✳ ■♥❞❡❡❞✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐s ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ♣♦✐♥t❡r ✇❤✐❝❤ ✇❛s ❢♦❝✉s❡❞ ✐♥ σ✳ ❲❡ ❝❛♥ t❤❡♥ ❣❡♥❡r❛•✐③❡ ✇✐t❤ ❛♥② •✐st ♦❢ ♣❡r♠✐ss✐♦♥s✿ (σ 1 , • • •, σ n ) -• ρ ❲❤❡♥ ❢♦❝✉s✐♥❣ ❢r♦♠ ρ ✐♥t♦ σ✱ ✇❡ ✇♦✉•❞ ❤❛✈❡ ❛ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐s ❞✐✛❡r❡♥t t❤❛♥ ❛•• ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥s σ 1 , • • •, σ n ✳ ❚❤❡ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥ ♦♥ ρ ✇♦✉•❞ ❜❡✿ (σ 1 , • • •, σ n , σ) -• ρ ❚❤✉s ❣r♦✇✐♥❣ t❤❡ •✐st ♦❢ r❡❣✐♦♥s ❛t t❤❡ •❡❢t ♦❢ t❤❡ •♦••✐♣♦♣✳ ❆♥♦t❤❡r ♣♦ss✐❜✐•✐t② ✇♦✉•❞ ❜❡ t♦ ❤❛✈❡ ❣r♦✉♣ r❡❣✐♦♥s ❛t t❤❡ •❡❢t ♦❢ t❤❡ •♦••✐♣♦♣✱ t♦ ❢♦❝✉s s❡✈❡r❛• ♣♦✐♥t❡rs ✐♥t♦ t❤❡ s❛♠❡ r❡❣✐♦♥ σ✳ ■t r❡♠❛✐♥s t♦ ❜❡ ❡①♣•♦r❡❞ ✇❤❡t❤❡r t❤✐s ❡①t❡♥s✐♦♥ ✇♦✉•❞ ❛❝t✉❛••② ❜❡ ✉s❡❢✉• ♦r ✐❢ ✐t ✇♦✉•❞ •✉st ❝♦♠♣•✐❝❛t❡ t❤❡ t②♣❡ s②st❡♠✳

  Rvalue: array (α), Ridx : array (int), Rback : array (int);

	value: [Rvalue];
	idx : [Ridx ];
	back : [Rback ];
	n: int;
	default: α;
	size: int;

❝•❛ss sparse (α) { s✐♥❣•❡

✹✳✷✳✷ ❚❡r♠s ❛♥❞ Pr❡❞✐❝❛t❡s ❚❡r♠s ❛♥❞ |❡❣✐♦♥ ❚❡r♠s ❚❡r♠s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ ✽✵ ❈❍❆P❚❊| ✹✳ ❈❆P❯❈■◆❊ ▲❆◆•❯❆•❊ ❙(◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙Γ ⊢ c : typeof (c) ❚❈♦♥st Γ, x : τ ⊢ x : τ ❚❱❛r Γ ⊢ LT 1 : int Γ ⊢ LT 2 : int op ∈ {+, -, ×} Γ ⊢ LT 1 op LT 2 : int ❚■♥t❖♣ Γ ⊢ LT 1 : bool Γ ⊢ LT 2 : bool op ∈ {✫✫, ||} Γ ⊢ LT 1 op LT 2 : bool ❚❇♦♦•❖♣ Γ ⊢ RT : C Γ ⊢ LT : [❴] f : τ ∈ C Γ ⊢ get(RT , LT , f ) : τ ❚❙❡•❡❝t f : param 1 • • • param n → τ ❢♦r ❛•• i : Γ, σ ⊢ larg i : param i Γ ⊢ f larg 1 • • • larg n : σ(τ ) ❚❆♣♣ L : R ∈ Γ r ∈ R Γ, r : C ⊢ r ❅L : C |❚❱❛r Γ ⊢ RT : C ′ Γ ⊢ LT : [❴] s : C ∈ C ′ Γ ⊢ get(RT , LT , s) : C |❚❙❡•❡❝t ❋✐❣✉r❡ ✹✳✼✿ ❚②♣✐♥❣ r✉•❡s ❢♦r t❡r♠s Γ ⊢ RT : σ(C) Γ, σ ⊢ [RT ] : [r : C] ▲❆|❡❣✐♦♥ σ(x ) ✐s ✉♥❞❡✜♥❡❞ Γ ⊢ LT : σ(τ ) Γ, σ ⊢ (LT ) : (x : τ ) ▲❆|❡❣✉•❛r σ(x ) = y Γ ⊢ y : σ(τ ) Γ, σ ⊢ (y) : (x : τ ) ▲❆❱❛r✐❛❜•❡ ❋✐❣✉r❡ ✹✳✽✿ ❚②♣✐♥❣ r✉•❡s ❢♦r •♦❣✐❝ ❛r❣✉♠❡♥ts Γ ⊢ LT : τ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ t❡r♠ LT ❤❛s t②♣❡ τ ✳ |❡❣✐♦♥ t❡r♠s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ ⊢ RT : τ ❚❤✐s •✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ r❡❣✐♦♥ t❡r♠ RT ❤❛s ❝•❛ss C✳ ❋✐❣✉r❡ ✹✳✼ s❤♦✇s t②♣✐♥❣ r✉•❡s ❢♦r t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s✳ |✉•❡ ❚❆♣♣ ✐♥✈♦•✈❡s t②♣✐♥❣ •♦❣✐❝ ❛r❣✉♠❡♥ts ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ •✉❞❣❡♠❡♥t✿ Γ, σ ⊢ larg: param ■t ✐s s✐♠✐•❛r t♦ t❤❡ •✉❞❣❡♠❡♥t ❢♦r t②♣✐♥❣ ❛r❣✉♠❡♥ts ✐♥ ❡①♣r❡ss✐♦♥s ❛♥❞ ✐s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✽✳ |✉•❡s ❛r❡ s✐♠✐•❛r t♦ ❡①♣r❡ss✐♦♥ ❛♥❞ r❡❣✐♦♥ t②♣✐♥❣ r✉•❡s✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❛r❡ ❢♦r t❤❡ ❛♣♣•✐❝❛t✐♦♥ r✉•❡ ❚❆♣♣ ❛♥❞ ❢♦r t❤❡ s❡•❡❝t✐♦♥ r✉•❡s ❚❙❡•❡❝t ❛♥❞ |❚❙❡•❡❝t✱ ❛s r❡❣✐♦♥ t❡r♠s ✹✳✷✳ ❚(P■◆• ✽✶ Γ ⊢ ❚ P❚r✉❡ Γ ⊢ ❋ P❋❛•s❡ Γ ⊢ P Γ ⊢ ¬P P◆♦t Γ ⊢ P 1 Γ ⊢ P 2 op ∈ {∧, ∨, ⇒, ⇐⇒ } Γ ⊢ P 1 op P 2 P❖♣ Γ ⊢ LT 1 : int Γ ⊢ LT 2 : int op ∈ {>, ≥} Γ ⊢ LT 1 op LT 2 P■♥t❈♦♠♣ Γ ⊢ LT 1 : τ Γ ⊢ LT 2 : τ op ∈ {=, =} Γ ⊢ LT 1 op LT 2 P❈♦♠♣ Γ, x : τ ⊢ P quant ∈ {∀, ∃} Γ ⊢ quant x : τ. P P◗✉❛♥tΓ, r : C, ❤❡r❡ : (R ∪ {r }) ⊢ P quant ∈ {∀, ∃} Γ, ❤❡r❡ : R ⊢ quant r❡❣✐♦♥ r : C. P P|❡❣✐♦♥◗✉❛♥t p : param 1• • • param n ❢♦r ❛•• i : Γ, σ ⊢ larg i : param i Γ ⊢ p larg 1 • • • larg n

f ❝♦♥s✉♠❡s Σ 1 f ♣r♦❞✉❝❡s Σ 2 f : param 1 • • • param n → τ ❢♦r ❛•• i : Γ, Σ, σ ⊢ arg i : param i separated (arg 1 , • • • , arg n ) Γ ⊢ {Σ, σ(Σ 1 )} •❡t x = f arg 1 • • • arg n {Σ, σ(Σ 2 )}, (Γ, x : σ(τ )) ❙❈❛•• Γ ⊢ C Γ ⊢ {Σ} •❡t r❡❣✐♦♥ r : C {Σ, r ∅ }, (Γ, r : C)

✉rs❡ ❛♥❞ st✉❞❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺ ✺✳✻ ❊①♣❡r✐♠❡♥t r❡s✉•ts ❢♦r s♣❛rs❡ ❛rr❛②s ✭✶✴✷✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻ ✺✳✼ ❊①♣❡r✐♠❡♥t r❡s✉•ts ❢♦r s♣❛rs❡ ❛rr❛②s ✭✷✴✷✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼ ✶✾✾

r Pr♥✈❛r✐❛♥ts ❯s✐♥

✶✹✺

❚❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .b ❡♥❞s ✇✐t❤ t❤❡ ✉♥❢♦❝✉s✿ r := set(!r , x , set Rbc (get(!r , x ), set(proj Rbc (get(!r , x )), b, !Fb O ))); ❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛• ❛ss✐❣♥♠❡♥t t♦ x .c.value✱ ✇❤✐❝❤ ✐s s✐♠✐•❛r t♦ t❤❡ ♦♥❡ t♦ x .b.value✱ s♦ ✇❡ ❞♦ ♥♦t s❤♦✇ ✐t ❤❡r❡✳ Pr♦♦❢ ❖❜•✐❣❛t✐♦♥s ❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜•✐❣❛t✐♦♥s st❛t✐♥❣ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦•❞s ✐❢