The symbols only dreamt about by most human beings are expressed in graphic form by the artists... We participate in the myth of creation. Order comes out of disorder, form out of chaos, as it did in the creation of the universe." "But what the artist or creative scientist feels is not anxiety or fear; it is joy." "The harmony of an internal form, the inner consistency of a theory, the character of beauty that touches your sensibilities -these are significant factors that determine why one given insight comes into consciousness rather than another."

Rollo May -The courage to create.
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English version

An origami is a covering of the torus T 2 , possibly ramified above the origin. It is endowed with a flat metric coming from that on the torus and having conical singularities at the ramification points. If the covering is connected then the origami is also called connected.

Notice that the torus is obtained from a unit square by identifying the opposite sides, and the preimages of that square under a covering f : O → T 2 provide a tiling of O. Therefore, an origami can be viewed as a finite collection of copies of the unitary Euclidian square together with a gluing of the edges: the right edge of each square is identified to the left edge of some square, i -j or i -the top edge of each square is identified to the bottom edge of some square.

i - k - or i - -
That is why origamis are widely called square-tiled surfaces -the term was first suggested to Anton Zorich by Alex Eskin. It seems that the connected square-tiled surfaces came into sight in 1970s through the works of William P. Thurston [92] and William A. Veech [95] on the moduli spaces of curves. Their growing popularity is due to research papers by Alex Eskin, Giovanni Forni, Eugene Gutkin, Frank Herrlich, Pascal Hubert, Chris Judge, Maksim Kontsevich, Samuel Lelièvre, Howard Masur, Carlos Matheus, Curtis T. McMullen, Martin Möller, Andrei Okounkov, Thomas A. Schmidt, Gabriela Schmithüsen, John Smillie, Barak Weiss, Jean-Christophe Yoccoz, Anton Zorich and others.

The name 'origami' appeared around 2000 and is attributed to Pierre Lochak [START_REF] Lochak | On arithmetic curves in the moduli spaces of curves[END_REF].

An n-square origami can be encoded by a pair of permutations (σ, τ ) ∈ S n × S n , where S n is the symmetric group on the set {1, 2, . . . , n}. Indeed, number the squares by the integers from 1 to n and define the permutations as follows: σ(i) = j, if the right edge of the i th square is glued to the left edge of the j th one, τ (i) = k, if the top edge of the i th square is glued to the bottom edge of the k th one.

Since an origami is defined regardless of numbering of the squares, it corresponds to the conjugacy class of (σ, τ ) which we denote by (σ, τ ) * = (µ -1 σµ, µ -1 τ µ) | µ ∈ S n .

CHAPTER 1. INTRODUCTION

Let O be a connected square-tiled surface with s ramification points over the origin of T 2 . A small circle of length 2π • ε around the origin of the torus T 2 lifts to a closed curve of length 2π(d i + 1) • ε around the i th ramification point of O with d i ∈ N. By the Gauss-Bonnet formula we have

d 1 + d 2 + . . . + d s = 2g -2,
where g is the genus of the surface O. The set of connected origamis with the same parameters {d 1 , d 2 , . . . , d s } forms a 'discrete' subset of a complex-analytic orbifold H(d 1 , d 2 , . . . , d s ) which is called a stratum (see the chapter 2).

It is easy to check that the origami O encoded by a pair (σ, τ ) is connected if and only if the subgroup gp {σ, τ } ⊆ S n is transitive, and O belongs to H(d 1 , d 2 , . . . , d s ) if and only if the commutator [σ, τ ] is a product of s nontrivial disjoint cycles of lengths (d 1 + 1), (d 2 + 1), . . ., (d s + 1). The group gp {σ, τ } will be called the monodromy group of the origami O and denoted by Mon(O). This group is defined up to isomorphism. Conversely, if we have a finite two-generator group G, a pair of generators (g, h) of G, a faithful representation ρ : G → S n , then the pair of permutations (ρ(g), ρ(h)) gives an n-square origami O with Mon(O) G. By the way, any finite non-abelian simple group is generated by two elements. There are two types of faithful permutation representations: the first is induced by the action of G on its elements and the second by the action of G on the cosets {g 1 H, . . . , g n H} for some proper subgroup 1 ⊂ H ⊂ G such that g∈G gHg -1 = 1. An origami O obtained in the first case will be called regular and in the second case -coset. Due to the classification of transitive representations (Proposition 2.10), any connected origami is either regular or coset.

We say that O covers an origami O if the following diagram

O O T 2 p f f
commutes for a (possibly ramified) covering p. A square-tiled surface is called primitive if the only square-tiled surfaces it covers are the torus T 2 and itself.

A nonempty subset ∆ of Λ n = {1, 2, . . . , n} is called a block for a permutation group G ⊆ S n if, for each g ∈ G, either g(∆) = ∆ or g(∆) ∩ ∆ = ∅. A permutation group G is said to be primitive if it has no blocks except the singletons and the entire set Λ n . It is straightforward that a connected nsquare-tiled surface O is primitive if and only if its monodromy group Mon(O) ⊆ S n is primitive (see Proposition 2.4). We can thus apply results from the theory of permutation groups, e.g. Theorems 2.5 and 2. [START_REF]The probability of generating the symmetric group[END_REF], to conclude that in a given stratum for large enough n the monodromy group of any primitive n-square origami is either A n or S n .

There is a natural action of the general linear group GL 2 (Z) on the square-tiled surfaces. It is seen geometrically in the plane: a matrix transforms the squares that can be cut and re-glued in order to get new squares, as shown in the figure below (parallel edges with the same marking are identified). In terms of permutations, we will have

1 0 0 -1 • (σ, τ ) * = (σ, τ -1 ) * , 1 1 0 1 • (σ, τ ) * = (σ, τ σ -1 ) * , 0 -1 1 0 • (σ, τ ) * = (τ -1 , σ) * , 1 0 -1 1 • (σ, τ ) * = (στ, τ ) * .
The stabilizer of an origami O for this action is called the integer Veech group of O and is denoted by GL(O). An immediate and important remark is that the monodromy group is an invariant of the GL 2 (Z)-orbits.

For any group G, the automorphism group Aut(F 2 ) acts on the set G × G by Nielsen transformations. Recall the exact sequence (see the section 2.4): 0 → Inn(F 2 ) → Aut(F 2 ) Φ -→ GL(2, Z) → 0, Φ : γ -→ e x (γ(x)) e x (γ(y)) e y (γ(x)) e y (γ(y))

,

where e x (w) and e y (w) denote the sums of the exponents of x and y, respectively, in the word w ∈ F 2 . This induces a GL 2 (Z)-action on the set (G × G) * = (G × G)/Inn(G) of conjugacy classes of pairs such that the following diagram commutes

Aut(F 2 ) × (G × G) G × G GL 2 (Z) × (G × G) * (G × G) *
which is given explicitly in section 2. [START_REF]The probability of generating the symmetric group[END_REF]. It turns out that the case of G = S n corresponds to the action of GL 2 (Z) on the n-square origamis.

Structure of the thesis Chapter 2

We recall and discuss some known notions and facts on translation surfaces, permutation groups, Nielsen equivalence classes. An interpretation of those notions in the language of square-tiled surfaces leads to the definition of primitivity, monodromy groups, direct and dual GL 2 (Z)-actions on origamis.

Chapter 3

We start by noticing that in the stratum H(2), due to the works [START_REF]Prime arithmetic Teichmüller discs in H(2)[END_REF] and [START_REF] Curtis | Teichmüller curves in genus two: discriminant and spin[END_REF], the monodromy group is a complete invariant of the GL 2 (Z)-orbits of primitive square-tiles surfaces: for any n ≥ 4 there is exactly one orbit corresponding to S n and at most one orbit corresponding to A n . A natural question arises what monodromy group can a primitive origami from a given stratum have. Using results from the 19th, 20th and 21st centuries we obtain the following theorem:

Theorem (3.12). If p ≥ 5 is a prime but not Mersenne, then in the stratum H(p-1) the monodromy group of any primitive n-square-tiled surface with n ≥ p + 2 is either A n or S n . If p ≥ 7 is a Mersenne prime, then the same is true for n ≥ p + 3.

In the stratum H(m), where m is an even positive integer, the monodromy group of any primitive n-square-tiled surface with n ≥ 3 2 m + 2 (the bound is not exact) is either A n or S n . Due to a work of Camille Jordan [53] going back to 1875, we also get: Theorem (3.21). For each integer n = 6, the monodromy group of any primitive n-square-tiled surface from H(1, 1) is either A n or S n .

Afterwards, we construct and study two families of n-square-tiled surfaces in H(1, 1) for which the alternating and symmetric groups are realized.

Chapter 4

We investigate the regular square-tiled surfaces corresponding to Cayley diagrams of finite twogenerator groups. We develop a method of determining the Veech group of such an origami through a presentation of its monodromy group in terms of generators and relations. It turns out that the GL 2 (Z)-orbits of regular origamis such that Mon(O) = G are in bijection with the T 2 -systems of G (see Theorem 4.4). Among all square-tiled surfaces with a given monodromy group, the regular ones possess the largest Veech groups: Theorem (4.7). Consider a finite group G generated by two elements g and h. Let ρ reg : G → Sym(G) be its regular representation, and ρ : G → S m another faithful permutation representation. Denote by O reg and O ρ the origamis defined by the pairs (ρ reg (g), ρ reg (h)) and (ρ(g), ρ(h)) respectively. Then

GL(O ρ ) ⊆ GL(O reg ).
Moreover, if the representation ρ is structural 1 , then one has the equality GL(O ρ ) = GL(O reg ).

In this chapter, several old families of regular square-tiled surfaces are revisited and new interesting families are constructed. The idea is to take a finite two-generator group (for instance, a simple one), to fix a pair of generators and to consider a presentation with (if possible) few relations. In some cases we succeed to find the strata and the Veech groups for a family of origamis, in the others we explain the degree of difficulty and connect the questions with well-known conjectures.

We also estimate the number of distinct GL(2, Z)-orbits and strata of regular square-tiled surfaces with a given monodromy group. In order to find a lower bound for alternating origamis, we prove the following theorem: Theorem (4.26). Let d be a positive integer, and let p be the least prime number such that 3d 4 ≤ p ≤ d -3. Every permutation µ ∈ A d moving at least p + 2 points can be presented as the commutator of a generating pair of A d , one of the elements being a p-cycle.

Remark that when d ≥ 14 and d = 19, there exists a prime p such that 3d 4 ≤ p ≤ d -3.

Corollary (4.31). For some real C > 0 and any positive integer d, the number of different strata containing a regular origami O such that Mon(O) = A d is greater than C d e π 2d 3 .

Chapter 5

We partially generalize the theory of the chapter 4, and consider the square-tiled surfaces corresponding to coset digraphs of groups. Projective and alternating coset origamis are studied. In particular, since the permutation representations PSL(2, p) → S p+1 and A n → S n in question are structural, we apply Theorem 4.7 to show that the Veech groups coincide with those of the regular origamis.

Chapter 6

We consider the orbits of the Veech group SL(O) of an origami on the projective line P 1 (Q). It turns out that in particular cases, the set of elements Ā ∈ PSL 2 (Z) such that p q and Ā • p q lie in the same SL(O)-orbit for all p q ∈ P 1 (Q) coincides with SL(O)/{±I}. This inspires us to introduce the following notion. Let G be a group acting transitively on a set M , A subgroup Γ ⊆ G is called M -straining if the stabilizer of the Γ-orbits on M is exactly Γ. When G = PSL 2 (Z) we have: Theorem (6.3). There exist infinitely many subgroups Γ ⊆ PSL 2 (Z) of finite index which are not P 1 (Q)-straining.

Version française

Un origami est un revêtement du tore T 2 , éventuellement ramifié au-dessus de l'origine. Il est muni d'au moins une métrique plate provenant de celle standard sur le tore et ayant des singularités coniques en les points de ramification. Si le revêtement est connexe, alors on dit que l'origami est connexe.

Remarquons que le tore est obtenu du carreau unitaire en collant ses côté opposés, et les images réciproques de ce carreau pour un revêtement f : O → T 2 fournissent un pavage de O. Donc, un origami peut être vu comme un ensemble fini de copies du carreau unitaire euclidien qui sont collées en respectant les règles suivantes : chaque côté droit est identifié par translation avec un et un seul côté gauche, i -j ou i -chaque côté haut est identifié par translation avec un et un seul côté bas.

i - k - ou i - -
Voilà pourquoi les origamis sont aussi appelés surfaces à petits carreaux, le terme ayant été proposé à Anton Zorich par Alex Eskin. Les surfaces à petits carreaux ont été découvertes dans les années 1970 à travers des travaux de William P. Thurston [92] et William A. Veech [95] sur les espaces des modules de courbes. Leur popularité croissante est due à des articles de Alex Eskin, Giovanni Forni, Eugene Gutkin, Frank Herrlich, Pascal Hubert, Chris Judge, Maksim Kontsevich, Samuel Lelièvre, Howard Masur, Carlos Matheus, Curtis T. McMullen, Martin Möller, Andrei Okounkov, Thomas A. Schmidt, Gabriela Schmithüsen, John Smillie, Barak Weiss, Jean-Christophe Yoccoz, Anton Zorich et d'autres. Le nom "origami" est apparu autour de 2000, il est attribué à Pierre Lochak [START_REF] Lochak | On arithmetic curves in the moduli spaces of curves[END_REF].

Un origami à n carreaux peut être encodé par une paire de permutations (σ, τ ) ∈ S n × S n , où S n est le groupe symétrique sur l'ensemble {1, 2, . . . , n}. En effet, on numérote les carreaux de l'origami par les entiers de 1 à n et on lui associe deux permutations σ and τ telles que : σ(i) = j, si le côté droit du carreau i est collé au côté gauche du carreau j, τ (i) = k, si le côté haut du carreau i est collé au côté bas du carreau k.

Puisqu'un origami ne dépend pas de la numérotation de ses carreaux, il correspond à la classe de conjugaison diagonale de (σ, τ ) que nous allons désigner par (σ, τ ) * = (µ -1 σµ, µ -1 τ µ) | µ ∈ S n .

Soit O une surface à petits carreaux connexe avec s points de ramification au-dessus de l'origine de T 2 . Un petit cercle de longueur 2π • ε autour de l'origine du tore T 2 se relève en une courbe fermée de longueur 2π(d i + 1) • ε autour du i ième point de ramification de Un sous-ensemble non vide ∆ de Λ n = {1, 2, . . . , n} est appelé un bloc pour le groupe de permutation G ⊆ S n si pour tout g ∈ G on a g(∆) = ∆ ou g(∆) ∩ ∆ = ∅. Un groupe G est dit primitif s'il n'a pas de blocs excepté les singletons et l'ensemble Λ n . Il est immédiat qu'une surface à n carreaux O est primitive si et seulement si son groupe de monodromie Mon(O) ⊆ S n est primitif (voir la proposition 2.4). Ainsi, nous pouvons appliquer des résultats de la théorie des groupes de permutation, par exemple les théorèmes 2.5 et 2.6, afin de conclure que dans une strate donnée pour n suffisamment grand le groupe de monodromie d'un origami primitif à n carreaux est soit A n soit S n .

- = ≡ = ≡ - = - - = - = ≡ = ≡ - = - - = 1 5 2 3 4 = - = - = - = - = 5 3 1 4 2 1 1 1 2
Il y a une action naturelle du groupe général linéaire GL 2 (Z) sur les surfaces à petits carreaux. On la décrit géométriquement dans le plan : une matrice transforme les carreaux en parallélogrammes que l'on peut découper en morceaux, que l'on recolle en respectant les identifcations de telle façon que l'ensemble obtenu soit encore un origami (cf. un exemple sur la figure ci-dessus, où les côtés parallèles avec le même nombre de traits sont identifiés). En termes de permutations, on aura 

1 0 0 -1 • (σ, τ ) * = (σ, τ -1 ) * , 1 1 0 1 • (σ, τ ) * = (σ, τ σ -1 ) * , 0 -1 1 0 • (σ, τ ) * = (τ -1 , σ) * , 1 0 -1 1 • (σ, τ ) * = (στ, τ ) * .
0 → Inn(F 2 ) → Aut(F 2 ) Φ -→ GL(2, Z) → 0, Φ : γ -→ e x (γ ( 
Aut(F 2 ) × (G × G) G × G GL 2 (Z) × (G × G) * (G × G) *
ce qui est explicitement donné dans la section 2. [START_REF]The probability of generating the symmetric group[END_REF]. Il se trouve que le cas G = S n correspond à l'action de GL 2 (Z) sur les origamis à n carreaux.

La structure de la thèse Chapitre 2

Nous rappelons et discutons plusieurs notions et faits connus concernant les surfaces de translation, les groupes de permutation, les classes d'équivalence de Nielsen. Une interprétation de ces notions en langage des surfaces à petits carreaux nous conduit à la définition de la primitivité, d'un groupe de monodromie, des GL 2 (Z)-actions directe et duale sur les origamis.

Chapitre 3

On commence par remarquer que dans la strate H(2), grâce aux travaux [START_REF]Prime arithmetic Teichmüller discs in H(2)[END_REF] et [START_REF] Curtis | Teichmüller curves in genus two: discriminant and spin[END_REF], le groupe de monodromie est un invariant complet des GL .

2 c'est-à-dire pour tout automorphisme φ ∈ Aut(ρ(G)) il existe σ ∈ Sm telle que φ(τ ) = στ σ -1 pour tout τ ∈ ρ(G).

Chapitre 5

Nous généralisons partiellement la théorie du chapitre 4 et considérons les surfaces à petits carreaux correspondant aux graphes quotients de groupes. 

Chapitre 6

Nous considérons les orbites du groupe de Veech SL(O) d'un origami sur la ligne projective P 1 (Q).

Il se trouve que dans des cas particuliers, l'ensemble des éléments Ā ∈ PSL 2 (Z) tels que p q et Ā • p q sont dans la même SL(O)-orbite pour tout p q ∈ P 1 (Q) coïncide avec SL(O)/{±I}. Cela nous invite à introduire la notion suivante. Soit G un groupe agissant transitivement sur un ensemble M , un sousgroupe Γ ⊆ G est dit M -contraint si le stabilisateur de toutes les Γ-orbites sur M est exactement Γ. Pour G = PSL 2 (Z), nous montrons : Théorème (6.3). Il existe une infinité de sous-groupes Γ ⊆ PSL 2 (Z) d'indice fini qui ne sont pas P 1 (Q)-contraints.

Chapter 2 Conception

Translation surfaces

In this work, a surface is a two-dimensional topological manifold that is not necessarily connected. Let M g denote the moduli space of compact connected Riemann surfaces of genus g ≥ 1. This space is defined as follows. First, fix a compact connected orientable topological surface S of genus g. Second, consider the space C g of all complex structures on S. Finally, say that two complex structures are equivalent if there exists an orientation preserving homeomorphism of S carrying one structure to the other. We obtain, thus, the moduli space

M g = C g /Diff + (S),
where Diff + (S) is the group of orientation-preserving homeomorphisms of S acting on C g by pullback.

If M is a compact connected Riemann surface of genus g ≥ 1, then the vector space Ω(M ) of holomorphic 1-forms on M (also called Abelian differentials) has dimension g over C. The moduli space of Abelian differentials, denoted by ΩM g , forms a natural vector bundle over the space M g . A point (M, ω) of ΩM g consists of a Riemann surface M ∈ M g equipped with a holomorphic 1-form ω ∈ Ω(M ). Such a pair (M, ω) is called a connected translation surface if ω = 0. An arbitrary, not necessarily connected, translation surface is just a finite disjoint union of connected translation surfaces.

We are going to explain the term 'translation' involved here. Let Σ = {Z 1 , . . . , Z s } be the set of zeros of the 1-form ω. In local coordinates, outside Σ, this form can be written as ω = dz. Indeed, if ω = f (v)dv in a chart (U, v) on M with U ∩ Σ = ∅, then for a point P 0 ∈ U we take z(P ) := P P 0 ω for any P ∈ U . Furthermore, defining in such a way local coordinates z 0 and z 1 on two charts (U 0 , v 0 ) and (U 1 , v 1 ) for some base points P 0 ∈ U 0 and P 1 ∈ U 1 , we will have z 0 (P ) -z 1 (P ) = A graphic way of constructing translation surfaces consists in taking a finite set of polygons in the real plane R 2 and gluing pairs of their sides: every side is identified by translation to another one.

As for a neighbourhood of a zero, in an appropriate local coordinate z the holomorphic 1-form ω can be written as ω = z d dz, where d is the multiplicity (or order ) of the zero. Since

z d dz = d z d+1
d+1 , the zero is a conical point with cone angle 2π(d + 1). For example, the vertices of the polygon in By the Gauss-Bonnet formula we have

s i=1 d i = 2g -2,
where d i is the multiplicity of the zero Z i .

The connected translation surfaces (M, ω) such that ω has zeros of orders d 1 , . 

) = 2g + s -1, while dim C M g = 3g -3.
For example, in genus 2, we have a decomposition of the moduli space of Abelian differentials into ΩM 2 = H(1, 1) H(2), where dim C H(1, 1) = 5 and dim C H(2) = 4.

Square-tiled surfaces and their monodromy groups

A special 'integer' case of translation surfaces is that of the surfaces which can be tiled by squares.

To every translation surface (M, ω) corresponds a class [ω] ∈ H1 (M, Σ; C) in the relative cohomology group, where Σ = {Z 1 , . . . , Z s } is the set of zeros of the holomorphic 1-form ω. The cohomology space

H 1 (M, Σ; C) contains a natural integer lattice H 1 (M, Σ; Z ⊕ √ -1 Z). In the case where [ω] ∈ H 1 (M, Σ; Z ⊕ √ -1 Z), all relative periods of ω are integer-valued, that is, Z k Z j ω ∈ Z ⊕ √ -1 Z
for any j, k ∈ {1, . . . , s}. Consider then the map f from M to the standard torus

T 2 = C /(Z ⊕ √ -1 Z)
set by

f : P → P Z 1 ω mod Z ⊕ √ -1 Z,
where P ∈ M . Since f is holomorphic and onto, it is a ramified covering. Moreover, it has exactly s ramification points -the zeros Z 1 , . . . , Z s of ω, they project to 0 ∈ T 2 . Conversely, a covering M → T 2 ramified only above the origin gives rise to a translation surface (M, ω) whose cohomology class [ω] belongs to H 1 (M, Σ; Z ⊕ √ -1 Z), and we suggest the following definition: Definition 2.1. A square-tiled surface, or else an origami , is a translation surface corresponding to a covering of the torus T 2 unramified everywhere except, possibly, above the origin 1 .

The torus itself is obtained from a unit square by identifying the opposite sides, and the preimages of that square under the covering f : M → T2 provide a tiling of M . Therefore, an origami can be viewed as a finite collection of copies of the unit square {z ∈ C | 0 ≤ (z), (z) ≤ 1} together with a gluing of edges: the right edge of each square is identified to the left edge of some square and the top edge of each square is identified to the bottom edge of some square. Examples of origamis represented in such a way are shown in Figure 2.2, where any boundary edge without marking is identified with its opposite boundary edge (in the horizontal or the vertical direction).

Let O = (M, ω) be an origami with n squares. This origami can be encoded by a pair of permutations (σ, τ ) ∈ S n × S n , where S n denotes the symmetric group on the set {1, . . . , n}. Indeed, number the squares by integers 1, . . . , n, and define the permutations as follows 2 : σ(i) = j, if the right edge of the ith square is glued to the left edge of the jth one; τ (i) = k, if the top edge of the ith square is glued to the bottom edge of the kth one.

Since renumbering of the squares causes conjugation of σ and τ by the same permutation, an n-squaretiled surface corresponds to the diagonal conjugacy class of (σ, τ ), that is, to an element of the set (S n × S n )/Inn(S n ) of orbits under the diagonal action of the group of inner automorphisms.

Obviously, the origami O represented by a pair (σ, τ ) is connected if only if the permutation subgroup gp {σ, τ } generated by the permutations σ and τ is transitive. Besides, it is the commutator [σ, τ ] = στ σ -1 τ -1 that indicates to which stratum the origami belongs: if [σ, τ ] is a product of s nontrivial disjoint cycles of lengths (d 1 + 1), . In fact, for a given n-square-tiled surface O such a definition does not determine its monodromy group uniquely, but only up to conjugation in S n . However, what we really mean here is that Mon(O) is being regarded as an abstract group (isomorphism class), and also we keep in mind an embedding into the symmetric group S n . More precisely, if we have a finite two-generator group G, a pair of generators (g, h) of G, a faithful representation ρ : G → S n , then the pair of permutations (ρ(g), ρ(h)) gives an n-square origami O with Mon(O) G. Furthermore, two triples (G, (g, h), ρ) and (G, (g, h), η) correspond to the same origami if and only if the representations ρ and η are equivalent 3 .

The monodromy groups of well-known square-tiled surfaces are listed in Table 2.1, where C n is the cyclic group of order n and D n is the dihedral group of order 2n. Let us, for example, explain how we found the group of the corner origami L(m, n), where m, n > 1. This origami is represented by the permutations σ = (1 2 . . . m) and τ = (m m+1 . . . m+n-1). It is a matter of direct verification (see also [START_REF] Torus | 26 punctured[END_REF] for a proof using Jordan's theorem), that gp {σ, τ } is the whole symmetric group S m+n-1 , unless both m and n are odd, in which case we get the alternating group A m+n-1 . 

T (m, n) 1 H(0) C m × C n no, if mn is composite X(2n) n H(n-1, n-1) C n × D n for n odd no, if n > 1 L(m, n) for m, n > 1 2 H(2) A m+n-1 for m, n odd, S m+n-1 otherwise yes E(2n-1) n H(2n-2) D 2n-1 no, if 2n -1 is composite E(2n) n H(n-1, n-1) D 2n no, if n > 1
The word 'monodromy' is not used by chance. Let O = (M, ω) be the square-tiled surface corresponding to a covering f : M → T 2 ramified above 0. If we puncture the origin 0 of the torus and the points on the surface M belonging to the fiber f -1 (0), we will obtain an unramified covering f 0 : M 0 → T 2 0 . Consider a point x ∈ T 2 0 , let Λ = f -1 (x) be the fiber over x, so that |Λ| is the number of squares of M . For any loop γ : [0, 1] → T 2 0 based at x and any point x ∈ Λ, denote by γ • x the endpoint γ(1), where γ is the lift of γ starting at x. This gives a well-defined action of the fundamental group π 1 (T 2 0 , x) F 2 on the set Λ, that is, a homomorphism π 1 (T 2 0 , x) → Sym(Λ) into the symmetric group on Λ. The image of this homomorphism is known as the monodromy group of the covering f 0 with base point x, and it is isomorphic to Mon(O). Choosing another base point results in conjugating the group.

Primitivity

Let O = (M, ω) be a connected origami, and f : M 0 → T 2 0 the corresponding unramified covering of the punctured torus. The preimage Definition 2. [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF]. A connected square-tiled surface (M, ω) is called primitive5 if it is not a proper ramified covering of another square-tiled surface.

M 0 = f -1 (T 2 0 ) is
Let us see what it means in terms of permutations. A nonempty subset ∆ of Λ n = {1, . . . , n} is called a block for a permutation group G ⊆ S n if, for each α ∈ G, either α(∆) = ∆ or α(∆)∩∆ = ∅. In particular, the singletons {x} and the whole set Λ n are blocks, which are called trivial . A permutation group G is said to be primitive if it has no nontrivial blocks.

It is easy to see that a primitive permutation group is automatically transitive. The inverse is not always true when n is composite: a transitive group can have a nontrivial block ∆, and, if it does, the images α(∆) form a G-invariant partition of Λ n in which all parts have equal size 1 < |∆| < n. In this case |∆| must divide n. This observation can also be stated as: Lemma 2.2. Let G be a transitive permutation group on V , and x ∈ V . Then G is primitive if and only if the only blocks containing x are {x} and V .

The following lemma and proposition are useful criteria for a group and an origami, respectively, to be primitive: Lemma 2. [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF]. A transitive permutation group G on a set V is primitive if and only if the point stabilizers G x (x ∈ V ) are maximal subgroups of G. Proof. Recall that in a transitive permutation group all point stabilizers are conjugate. ⇐= If G is not primitive and ∆ ⊂ V is a nontrivial block, then for any x ∈ ∆ the subgroup G x is not maximal, since it is properly contained in the subgroup

G ∆ := {α ∈ G | α(y) ∈ ∆ for any y ∈ ∆} = G. =⇒ Conversely, suppose that a subgroup G x is not maximal, G x H G.
Let us show that the orbit ∆ = H • x is a nontrivial block for G. First, ∆ = {x} and ∆ = G, since H = G x and H = G respectively. Second, if for some α ∈ G and β, γ ∈ H we have α(β(x)) = γ(x) ∈ ∆ then γ -1 αβ ∈ G x . Therefore, α ∈ H and α(∆) = ∆. Thus ∆ is a nontrivial block for G, and G is not primitive. It is evident that the alternating and symmetric groups of degree n > 2 are transitive and primitive. An old conjecture of Eugen Netto [START_REF] Netto | The theory of substitutions and its applications to algebra[END_REF]1892], which is now a theorem of John D. Dixon proved in [START_REF] Dixon | The probability of generating the symmetric group[END_REF]1969], states that the probability that a random pair of permutations from A d generates the entire A d tends to 1 as d → ∞. As László Babai showed in [START_REF]The probability of generating the symmetric group[END_REF]1989], the probability has the asymptotic form 1 -1/n + O(1/n 2 ).

Question 2. [START_REF] Adian | The Burnside problem and identities in groups[END_REF]. Let p n be the probability that a random pair (σ, τ ) of permutations from S n , such that the commutator [σ, τ ] = στ σ -1 τ -1 is conjugate to a given even permutation, generate S n or A n . Is it true that p n tends to 1 as n → ∞? (For instance, is the following limit

lim n→∞ # {(σ, τ ) ∈ S n × S n | [σ, τ ] is a 3-cycle and gp {σ, τ } = S n or A n } # {(σ, τ ) ∈ S n × S n | [σ, τ ] is a 3-cycle }
equal to 1, where #M denotes the cardinal of a set M ?)

The following classical theorem will be of interest to us:

Theorem 2.5 (Jordan [52], 1873). Let G be a primitive subgroup of S n .

1. If G contains a transposition then G = S n .

2. If G contains a 3-cycle then G ⊇ A n . [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF]. In general, if G contains a cycle of prime order p n -3, then either G = A n or G = S n .

We refer the reader to Helmut Wielandt's textbook [START_REF] Wielandt | Finite permutation groups[END_REF]1964] for a proof (e.g. Theorem 13.9). See also the article [START_REF] Torus | 26 punctured[END_REF]1995] giving an elementary proof in the cases p = 2 and 3.

Since the result of Camille Jordan, several generalisations have been achieved. One of them is the theorem below (that can be found in the book [25], see Theorems 5.3A and 5.4A). For a permutation σ ∈ G acting on a set V denote by supp(σ) its support, i.e. the set of moved points, and let m(G) be the minimal degree of G defined as the minimum of |supp(σ)| over all nontrivial elements in G:

supp(σ) := {v ∈ V | σ(v) = v} and m(G) := min |supp σ∈G, σ =1 (σ)|.
Theorem 2.6 (Babai [START_REF] Babai | On the order of uniprimitive permutation groups[END_REF]- [START_REF]On the order of doubly transitive permutation groups[END_REF], 1981-1982, and Pyber [80], 1991). For every primitive permutation group G of degree n which does not contain the alternating group, we have n < 4(m(G)) 2 The corollary follows from the fact that the commutator of two permutations representing an origami from H(d 1 , . . . , d s ) is a product of s cycles of orders (d 1 + 1), . . . , (d s + 1), and therefore its support contains exactly

. Moreover, if G is 2-transitive, then n ≤ (m(G) -1) 2 and n ≤ 8m(G).
s + s i=1 d i = s + 2g -2 = dim C H(d 1 , . . . , d s ) -1
points, where g is the genus of the origami.

Within a fixed stratum, the corollary tells us that for n large enough, all primitive n-square-tiled surfaces will have the monodromy group A n or S n . An estimation of the starting moment for n to have such a property is given by the corollary in an effective way but not optimally. For instance, in the stratum H(1, 1), we have 4(s + s i=1 d i ) 2 = 4(2 + 1 + 1) 2 = 64, however, as we shall establish in Section 3.4, the monodromy group of a primitive origami with n 7 squares must be A n or S n (and 7 < 64).

Nielsen equivalence and T -systems

An important technical tool of the combinatorial group theory are Nielsen transformations (see [START_REF] Magnus | Combinatorial group theory: Presentations of groups in terms of generators and relations[END_REF] or [START_REF] Lyndon | Combinatorial group theory[END_REF]). Recall the definition. Let G be a group and let (g 1 , . . . , g k ) be an ordered k-tuple of its elements. The following operations are called elementary Nielsen moves:

(N1)
interchange g i and g j , where i = j;

(N2) replace g i by g -1 i ;

(N3) replace g i by g i g j or g j g i , where i = j.

A composition of such elementary operations is a Nielsen transformation. The set of Nielsen transformations of

G k = G × . . . × G k is denoted by NT(G k ).
One has a well-defined equivalence relation on G k : two k-tuples g and g of elements of G are said to be Nielsen equivalent if there exists a Nielsen transformation mapping one tuple to another. Write g N ∼ g . Notice that the set NT(G k ) forms a subgroup of permutations on G k , and the Nielsen equivalence classes are the transitivity sets for this subgroup.

Besides, a Nielsen transformation carries any generating vector (that is, a tuple of elements which generates G) to a generating vector. In particular, a Nielsen transformation of a free basis of the free group F k defines an automorphism of F k : with a Nielsen transformation sending (x 1 , . . . , x k ) to (y 1 , . . . , y k ) we associate the automorphism (x 1 , . . . , x k ) → (y 1 , . . . , y k ). Let x 1 , . . . , x k be a free basis of F k , the following automorphisms are called elementary:

(A1) x i → x j , x j → x i , x l → x l (l = i, j); (A2) x i → x -1 i , x l → x l (l = i); (A3) x i → x i x j or x j x i , x l → x l (l = i).
The classical results of Jacob Nielsen give us valuable information about the free group F 2 = x, y of rank two: Theorem (Nielsen [START_REF] Nielsen | Die Isomorphismen der allgemeinen, unendlichen Gruppe mit zwei Erzeugenden[END_REF], 1917). 

3.

One has an exact sequence

0 → Inn(F 2 ) -→ Aut(F 2 ) Φ -→ GL(2, Z) → 0,
for the homomorphism Φ : γ -→ e x (γ(x)) e x (γ(y)) e y (γ(x)) e y (γ(y))

,

where e x (w) and e y (w) are the sums of the exponents of x and y, respectively, in the word w ∈ F 2 .

The first statement of this theorem holds for a free group of any finite rank (also proved by Nielsen, see [START_REF]Ober die isomorphismen unendlicher gruppen ohne relation[END_REF]): the group Aut(F k ) is generated by the elementary automorphisms on a free basis. We would like to make three important remarks, of which the reader should be aware: Using the commutator invariant, Robert Guralnick and Igor Pak [START_REF] Guralnick | On a question of B. H. Neumann[END_REF] showed that the number of Nielsen classes in PSL(2, F p ) is unbounded as p → ∞. Such a result was generalised by Shelly Garion and Aner Shalev [START_REF] Garion | Commutator maps, measure preservation and T-systems[END_REF] to other families of finite simple groups. As for the case that G is infinite, in particular we know that the group of a torus knot G(p, q) = g, h | g p = h q , where p, q > 1 and p + q > 4, has infinitely many distinct Nielsen classes of generating pairs (Heiner Zieschang [START_REF] Zieschang | Generators of the free product with amalgamation of two infinite cyclic groups[END_REF]).

-It
In contrast to the case of F 2 , the commutator invariant is not always complete. For example, in the alternating group A 6 the permutations σ = (1 3 6), τ = (1 2 3 4 5) and σ = (1 3)(2 6), τ = (1 2 6 4 5) satisfy [σ, τ ] = [σ , τ ] = (1 3 6 4 2). However, the generating pairs (σ, τ ) and (σ , τ ) belong to distinct Nielsen classes (and even to distinct T -systems, a consequence of calculations by Daniel Stork [89]).

-Let us illustrate an easy criterion for two tuples to be Nielsen equivalent (confining ourselves to the case k = 2). Consider a two-generator group G, and let (g, h) and (g , h ) be two generating pairs of G (see Figure 2.4). By Nielsen's theorem, given free bases (x, y) and (x , y ) of F 2 , there always is a sequence ε 1 , ε 2 , . . . , ε m of elementary Nielsen moves carrying the pair (x, y) to (x , y ). Applying analogous moves to (g, h) we will get another generating pair (g m , h m ), and (x, y)

(x 1 , y 1 ) . . . (x m , y m ) = (x , y ) ε 1 ε 2 ε m F 2 (g, h) (g 1 , h 1 )
. . . it will coincide with (g , h ) if and only if the epimorphism f : F 2 G, x → g, y → h also sends the pair (x , y ) to (g , h ).

(g m , h m ) (g , h ) ε 1 ε 2 ε m G f f f f
-We already mentioned that a Nielsen transformation of a free basis of F k gives rise to an element of Aut(F k ). We are going to give a generalisation to this, as a corollary to an easy but fundamental theorem of Walther Dyck (see [START_REF] Collins | Combinatorial group theory and applications to geometry[END_REF], page 8).

Theorem (Dyck [START_REF] Dyck | Gruppentheoretische Studien[END_REF], 1882). Let H = X; R and K be groups. Given a mapping ψ : X → K there exists a homomorphism Ψ : H → K such that

Ψ (x) = ψ(x) for any x ∈ X
if and only if the set ψ(X) ⊂ K satisfies the relations R. Moreover, the homomorphism Ψ is uniquely determined.

Proof. ⇐= For any x 1 , . . . , x k ∈ X and 1 , . . . , k ∈ {-1, 1}, we put

Ψ (x 1 1 • . . . • x k k ) = ψ(x 1 ) 1 • . . . • ψ(x k ) k .
As soon as ψ preserves the relations R, the mapping Ψ is well-defined and a homomorphism. It is unique, because X generates H.

=⇒ Obvious.

Since an action of a group H on a set V is given by a homomorphism from H to the symmetric group Sym(V ), we immediately obtain:

Corollary 2.8. Let H = X | (R k (X)
) k∈K be a presentation of H with X = (x i ) i∈I . Suppose that to each generator x i ∈ X corresponds a permutation α i of a finite set V . Then these permutations determine (uniquely) an action of the group H on the set V if and only if R k ((α i ) i∈I ) is the identity permutation of V for all k ∈ K.

We have the following corollary (cf. [START_REF] Magnus | Combinatorial group theory: Presentations of groups in terms of generators and relations[END_REF], p. 134):

Corollary 2.9. Let G = g 1 , . 

W (g 1 , . . . , g k ) = 1 we automatically have W (h 1 , . . . , h k ) = Ψ (W (g 1 , . . . , g k )) = 1.
Let G be a finite group, let d(G) be the minimal number of generators in G, and for k ≥ d(G) denote by G k (G) the set of k-tuples generating G. The group Aut(F k ) acts on this set by Nielsen transformations, and the orbits are just the Nielsen equivalence classes. More accurately, if we fix a free basis (x 1 , . . . , x k ) of F k , then G k (G) can be identified with the set of epimorphisms Epi(F k , G) = {f : F k G}. Indeed, a surjective homomorphism f sends (x 1 , . . . , x k ) to a generating k-tuple of the group G, and any generating k-tuple of G is obtained in such a way due to the universal property of the free groups. From this point of view, the left action of Aut(F k ) on G k (G) is given by composition

γ • f = f • γ -1 for γ ∈ Aut(F k ) and f ∈ Epi(F k , G).
This action defines the same permutation subgroup on the set G k (G) that the left action of NT(G k ) does. Take, for instance, the automorphisms γ 1 : x → x, y → yx -1 and γ 2 : x → xy -1 , y → y of the free group F 2 , and compare them to the Nielsen transformations ε 1 : (g, h) → (g, hg) and ε 2 : (g, h) → (gh, h). Since we have (x, y) (x, yx) (xy, yxy)

γ -1 1 γ -1 2 , γ 1 γ 2 • [ (x, y) (g, h) ] f = γ 1 • [ (x, y) (gh, h) ] f • γ -1 2 = [ (x, y) (gh, hgh) ] f • γ -1 2 • γ -1 1 , ε 1 ε 2 • (g, h) = ε 1 • (gh, h) = (gh, hgh),
the permutations of G k (G) induced by γ 1 , γ 2 , γ 1 γ 2 and ε 1 , ε 2 , ε 1 ε 2 respectively are the same.

In fact, extending this reasoning to the action of Aut(F k ) on the set G k by considering the set of all homomorphisms Hom(F k , G) instead of Epi(F k , G), we obtain an epimorphism

Aut(F k ) NT(G k ). (2.2) 
And also we have Aut(F k ) NT(G k (G)) as a restriction of (2.2). Now, consider the diagonal action of the group Aut(G) on G k (G). This action commutes with that of the group Aut(F k ), as we have

ϕ • (γ • f ) = ϕ • f • γ -1 for ϕ ∈ Aut(G), γ ∈ Aut(F k ) and f ∈ Epi(F k , G).
The orbits of the product Aut(F k ) × Aut(G) acting on the set G k (G) are called the systems of transitivity (or T k -systems) of G. As a result, we have got new equivalence classes, larger than the Nielsen ones: two generating vectors g = (g 1 , . . . , g k ) and g = (g 1 , . . . , g k ) lie in the same T k -system if and only if there exist an automorphism γ of F k and an automorphism ϕ of G such that g = ϕ • (γ • g).

We denote the set of Aut(G)-orbits on G k (G) by G k (G).

Another way to obtaining the systems of transitivity comes from the action of Aut(F k ) on the set of G-defining subgroups of F k . A G-defining subgroup of F k is a normal subgroup N such that F k /N is isomorphic to G. Clearly such subgroups are in one-to-one correspondence with the Aut(G)-orbits of G k (G), and the action of Aut(F k ) on G k (G) is equivalent to its action on G-defining subgroups. For if we have an exact sequence

1 → N -→ F k f -→ G → 1, then, for any automorphism γ ∈ Aut(F k ), 1 → γ(N ) -→ F k f •γ -1 ----→ G → 1
is an exact sequence as well.

Systems of transitivity were introduced by Bernhard H. Neumann and Hanna Neumann in [START_REF] Neumann | Zwei Klassen charakteristischer Untergruppen und ihre Faktorgruppen[END_REF], where they also discuss the significance of T -systems. A connection with the product replacement algorithm and an overview of results can be found in Igor Pak's article [79].

Real Veech groups

There is a natural action of GL + (2, R) on the moduli space ΩM g . Let A be a real matrix and (M, ω) a translation surface. The new surface A

• (M, ω) = (M, A • ω) is defined in local coordinates as follows: if (U, v) is a chart for ω, then (U, A • v) is a chart for A • ω, where v : U → C and A • v : U v → C R 2 A → R 2 C.
If the translation surface is presented as a polygon in the real plane, then the action is effectuated in a common way (see Figure 2.5). The orientation of M being induced by the complex structure, any matrix A ∈ GL + (2, R) preserves it.

-
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1 1 1 2

Figure 2.5: Action of a matrix on a translation surface.

As is easy to check, the GL + (2, R)-action on ΩM g doesn't change orders of the zeros of holomorphic 1-forms, and thus descents to an action on each stratum. The stabilizer of a translation surface (M, ω) is called its (real ) Veech group. We will denote it by

Γ(M, ω) := Stab GL + (2, R) (M, ω).
Note that translation surfaces are endowed with a choice of vertical direction. For instance, the origamis and differ while isomorphic as Riemann surfaces. Let us mention the action of some subgroups of GL + (2, R):

the special linear group SL(2, R) preserves area; the diagonal group t 0 0 t , t ∈ R rescales the surface; the special orthogonal group SO(2, R) rotates the surface (or else its vertical direction), and corresponds to multiplying the holomorphic 1-form by a complex number of norm one;

the diagonal group e t 0 0 e -t acts continuously on each stratum and induces a natural flow, which is called the Teichmüller geodesic flow. A theorem of Howard Masur and William A.

Veech states that both actions of this group and the group SL(2, R) are ergodic on connected components of normalized strata with respect to a well-defined measure (see [START_REF] Masur | Interval exchange transformations and measured foliations[END_REF], [START_REF] Veech | Gauss measures for transformations on the space of interval exchange maps[END_REF], and also the survey [START_REF] Zorich | Flat surfaces[END_REF] of Anton Zorich, pp. 464-465). Moreover, Artur Avila, Sébastien Gouëzel and Jean-Christophe Yoccoz [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF] proved the exponential rate of mixing for the Teichmüller geodesic flow.

the parabolic groups 1 t 0 1 and 1 0 t 1 shear the charts of the surface horizontally and vertically, respectively, and determine the horocycle flows in strata.

Veech groups have been intensively studied since the late 1980s (e.g. [95]), in particular, with the purpose of classifying closures of orbits of translation surfaces in a given stratum. Recently, the closures of the SL(2, R)-orbits of elements (M, ω) ∈ ΩM g were fully described by Curtis T. McMullen (see [START_REF]Dynamics of SL 2 (R) over moduli space in genus two[END_REF]) for genus g = 2. In the general case, this is an open problem.

In fact, the Veech group of a translation surface (M, ω) is the derivative of its affine group. The affine group Aff + (M, ω) is defined to be the subgroup of orientation-preserving homeomorphisms of the surface M which keep the set Σ of zeros of ω invariant and which are given by affine maps in the charts (U, z : P → P P 0 ω) outside Σ. So, an element f ∈ Aff + (M, ω) can be locally written as

f : z → A • z + c for some A ∈ SL(2, R) and c ∈ C,
where the matrix A is independent of the charts, since all transition maps are translations. This provides a homomorphism

D : Aff + (M, ω) → SL(2, R),
and the Veech group of the surface is just the image of D. One has an exact sequence

1 → Aut(M, ω) -→ Aff + (M, ω) D -→ Γ(M, ω) → 1,
where Aut(M, ω) is the automorphism group of (M, ω), consisting of those homeomorphisms of M which preserve Σ and induce translations in the charts.

Martin Möller shows in [70] that the affine group of a generic surface of genus g ≥ 2 is trivial or isomorphic to Z/2, where 'genericity' (in a stratum) means 'all outside a countable union of real codimension one submanifolds'. Therefore, the real Veech group of a translation surface from a stratum

H(d 1 , . . . , d s ) = H(0) almost surely is trivial or {±I}.
Special attention has been paid to investigation of several properties of the Veech group of a connected translation surface: Γ(M, ω) is always a discrete subgroup of SL(2, R), this fact is originally due to Veech [95], an easy proof can be found in the article [96] of Yaroslav Vorobets; Γ(M, ω) is never cocompact, that is, in the natural quotient topology the space SL(2, R)/Γ(M, ω) is not compact (see [46]

); if Γ(M, ω) is a lattice in SL(2, R), that is, the quotient SL(2, R)/Γ(M, ω) is of finite volume, then (M, ω) is called a Veech surface.
A theorem of John Smillie states that in this case and only this case the GL + (2, R)-orbit of (M, ω) is closed in its stratum (for a proof, see the paper [START_REF] Minsky | Nondivergence of horocyclic flows on moduli space[END_REF] of Yair Minsky and Barak Weiss).

Speaking of the geometry of Veech surfaces, let us first recall some notions. By a direction δ on a given translation surface we mean the pullback of the straight lines of slope δ from R 2 C using the charts. A linear flow F δ on (M, ω) is the map from M × R + to M sending a pair (P, t) to the point P t such that the line segment from P to P t has direction δ and length t. A saddle connection is a geodesic segment for the flat metric |ω| joining a zero of ω to another one (or to itself), and not containing any zero in its interior. The saddle connections lie on orbits of the flows F δ and bound cylinders, that is, maximal connected sets of homotopic simple closed geodesics. The modulus of a cylinder equals µ = h/l, where h is its height and l is its circumference.

The linear flow F δ is called periodic if in the direction δ the surface decomposes into a finite number of cylinders. The following important result is referred to as the Veech dichotomy or alternative (see also [96]):

Theorem (Veech dichotomy [95]). If (M, ω
) is a Veech surface, then for each direction δ the flow F δ is either uniquely ergodic or periodic with commensurable moduli of cylinders (i.e. the ratio of any two moduli is rational).

if Γ(M, ω) is arithmetic, that is, commensurable 7 to SL(2, Z), then the translation surface (M, ω) is in the SL(2, R)-orbit of an origami. This fact together with the converse statement, which is true, compose the well-known theorem of Eugene Gutkin and Chris Judge, see the papers [35] and more detailed [36]. A proof different from the original one is given in [START_REF]Prime arithmetic Teichmüller discs in H(2)[END_REF].

Actions of GL(2, Z) on origamis

The action of the real special linear group SL(2, R) on translation surfaces descends to an action of SL(2, Z) on square-tiled surfaces. This comes from the following fact: if all relative periods of ω are integer-valued (i.e.

Z k Z j ω ∈ Z ⊕ √ -1 Z for any Z j , Z k ∈ Σ), then so are those of A • ω for any A ∈ SL(2, Z).
In the real plane one applies a 'cut-and-glue' procedure to picture how an integer matrix acts on an origami (see Figure 2.6, where parallel edges with the same marking are identified). 

- = ≡ = ≡ - = - - = - = ≡ = ≡ - = - - = 1 
p / / f ( C /Per(ω), dz) f w w (T 2 , dz)
where the degree of

f equals [Z ⊕ √ -1 Z : Per(ω)].
A connected origami will be called reduced when Per(ω) = Z ⊕ √ -1 Z. Thus, reduced square-tiled surfaces are exactly those surfaces which do not cover a torus of area > 1 with one branch point. For example, all primitive origamis are automatically reduced.

In theory, classification of square-tiled surfaces is brought to that of reduced surfaces. This is explained by the first of the following properties: a) Any origami belongs to the GL + (2, Q)-orbit of a reduced one. Indeed, for a square-tiled surface (M, ω) let (e 1 , e 2 ) be a basis of the lattice Per(ω) over Z and let A be the rational matrix sending this basis to (1, √ -1). Then the origami A

• (M, ω) is reduced, because Per(A • ω) = A • Per(ω) = Z ⊕ √ -1 Z.
b) For any reduced origami (M, ω), its real Veech group is a subgroup of SL(2, Z). Indeed, if a matrix A preserves the origami, then it sends a saddle connection to a saddle connection and, thus, preserves the lattice Per(ω

) = Z⊕ √ -1 Z. (One just has A•Per(ω) = Per(A•ω) = Per(ω) = Z ⊕ √ -1 Z.) c) The SL(2, Z)-orbit of a reduced origami (M, ω) consists of all reduced origamis in its SL(2, R)- orbit. Indeed, another square-tiled surface (M, A • ω) with A ∈ SL(2, R) is reduced if and only if A • Per(ω) = Z ⊕ √ -1 Z = Per(ω), that is, A ∈ SL(2, Z).
In view of the property b), one is interested in finding integer Veech groups of square-tiled surfaces, namely, the following groups

SL(M, ω) := Stab SL(2, Z) (M, ω) and GL(M, ω) := Stab GL(2, Z) (M, ω).
We are now going to describe two actions of the integer linear group GL(2, Z), having the presentation (2.3) below, on the set (S n × S n ) * of conjugacy classes of pairs, that is, on the set of n-square origamis. The first one -the natural (or else direct) action '•' -is the restriction of the natural action of GL(2, R) on the moduli space ΩM g , it will be given by (2.4). The second one -the dual action '×' -corresponds to Nielsen transformations through the isomorphism GL(2, Z) Aut(F 2 )/Inn(F 2 ), it will be defined by the diagram (2.5). Stabilizers for the two actions will be related by (2.6). An important property of the actions, as we will see, is that they don't change the monodromy group of an origami.

The natural action of GL(2, Z). Moving towards the description of a GL(2, Z)-action, let us introduce the matrices

J = 1 0 0 -1 -axial symmetry, T = 1 1 0 1 -horizontal shear, S = 0 -1 1 0 -rotation by π /2, U = 1 0 -1 1 -vertical shear.
As is well-known, the group GL(2, Z) is generated by J and any two of the other three matrices.

Consider the following presentations:

SL(2, Z) = T, U T U T = U T U, (T U T ) 4 , GL(2, Z) = T, U, J T U T = U T U, (T U T ) 4 , J 2 , (JT ) 2 , (JU ) 2 . ( 2.3) 
We already mentioned that the natural action of the group SL(2, R) on the moduli spaces gives an action of the group SL(2, Z) on the square-tiled surfaces. Defining in the standard manner an orientation-reversing action of the matrix J, one gets an action of the general linear group GL(2, Z) on the origamis. We call this action direct and write it as A • (M, ω).

Let O be a square-tiled surface encoded by a pair of permutations (σ, τ ) ∈ S n × S n , we write O = (σ, τ ) * , where (σ, τ ) * = (µ -1 σµ, µ -1 τ µ) | µ ∈ S n denotes the conjugacy class of (σ, τ ). Our affirmation is that the matrices above act on the origami O in the following way:

J • (σ, τ ) * = (σ, τ -1 ) * S • (σ, τ ) * = (τ -1 , σ) * T • (σ, τ ) * = (σ, τ σ -1 ) * U • (σ, τ ) * = (στ, τ ) * . (2.4)
This can be rapidly checked by considering a geometric presentation of the origami O = (σ, τ ) * in the real plane. The matrix J reflects the squares with respect to the first coordinate axis, the matrix S performs a counterclockwise rotation around the origin by angle π /2 as shown in the figure.

1 3 2 = = -- S 1 3 2 = = -- J 1 3 2 = = --
The matrix T shears the squares horizontally, and we have to apply a cut-and-glue procedure: the new ith square will contain the image of the bottom left triangle of the old ith square. Likewise we do for U , which is a vertical shear.

1 3 2 = = -- T 1 3 2 = = -- = 1 3 2 = = --
Therefore, the equalities (2.4) are correct. Moreover, just by looking at the actions of J, T and U , we draw an important conclusion8 :

the monodromy group Mon(O) is an invariant of the GL(2, Z)-orbit of O.
To be specific, Mon(O) = gp {σ, τ } gets conjugated inside S n when another conjugacy class representative (σ, τ ) for the origami O is chosen, but it does not change whatsoever as an abstract group.

Generalities: direct and dual actions of GL(2, Z). Recall that, for any group G, we have a left action of Aut(F 2 ) on the set G × G by Nielsen transformations. It is given by

γ • (g, h) := (w 1 (g, h), w 2 (g, h)), for any γ ∈ Aut(F 2 ), such that γ -1 : x → w 1 (x, y) y → w 2 (x, y) ,
and any (g, h) ∈ G × G.

Since generators of the linear groups satisfy non-redundant relations, one cannot define a nontrivial model action of GL(2, Z) on G × G as we did for Aut(F 2 ). However, we shall introduce a GL(2, Z)-action on the set

(G × G) * = (G × G)/Inn(G) of conjugacy classes of pairs, by means of a commutative diagram Aut(F 2 ) × (G × G) G × G GL(2, Z) × (G × G) * (G × G) * (2.5)
It is constructed in details as follows:

(γ, (g, h))

(g , h ) (A, (g, h) * ) (g , h ) *
where (g, h) * denotes the conjugacy class of a pair (g, h), and

• γ is an automorphism of F 2 = x, y such that γ -1 : x → w 1 (x, y) y → w 2 (x, y) , • (g , h ) is equal to γ • (g, h) = (w 1 (g, h), w 2 (g, h)),
• A is the matrix such that A = Φ(γ), where Φ is the epimorphism from Nielsen's theorem giving the exact sequence

0 → Inn(F 2 ) → Aut(F 2 ) Φ -→ GL(2, Z) → 0, Φ : γ -→ e x (γ(x)) e x (γ(y))
e y (γ(x)) e y (γ(y)) , e x (w) and e y (w) denote the sums of the exponents of x and y, respectively, in the word w ∈ F 2 .

For instance, if γ :

x → xy y → y then γ -1 : x → xy -1 y → y , γ • (g, h) = (gh -1 , h), A = Φ(γ) = 1 0 1 1 , and so (A, (g, h) * ) = (gh -1 , h) * .
The action of GL(2, Z) on the set (G × G) * defined by the diagram (2.5) will be called direct and written as A • (g, h) * . Remark that, in the case where G = S n , the direct action coincides with the natural action of GL(2, Z) on the origamis.

If we replace in the definition above the equality A = Φ(γ) by the equality A = Φ(γ -1 ) t , then we will obtain another GL(2, Z)-action on (G × G) * . We will call that action dual , and write A×(g, h) * .

For instance, we have

1 0 1 1 • (g, h) * = (gh -1 , h) * , 1 0 1 1 ×(g, h) * = (g, gh) * , but 1 -1 0 1 ×(g, h) * = (gh -1 , h) * .
Let us give several examples for the dual action (checking, by the way, that the relators in the presentations (2.3) induce the identity permutation on the set (G × G) * ):

J×(g, h) * = (g, h -1 ) * , T ×(g, h) * = (gh, h) * , U ×(g, h) * = (g, g -1 h) * , T U T ×(g, h) * = T U ×(gh, h) * = T ×(gh, h -1 g -1 h) * = T ×(hg, g -1 ) * = (h, g -1 ) * , U T U ×(g, h) * = U T ×(g, g -1 h) * = U ×(h, g -1 h) * = (h, h -1 g -1 h) * = (h, g -1 ) * , (T U T ) 4 ×(g, h) * = (T U T ) 2 ×(g -1 , h -1 ) * = (g, h) * , J 2 ×(g, h) * = (g, h) * , (JT ) 2 ×(g, h) * = JT ×(gh, h -1 ) * = (g, h) * , (JU ) 2 ×(g, h) * = JU ×(g, h -1 g) * = (g, g -1 hg) * = (g, h) * ,
The stabilizers of a conjugacy class (g, h) * for the direct and dual actions will be denoted respectively by

GL(g, h) := {A ∈ GL(2, Z) | A • (g, h) * = (g, h) * } , GL × (g, h) := {A ∈ GL(2, Z) | A×(g, h) * = (g, h) * } .
In particular, when G = S n , the elements of the set (S n × S n ) * encode the n-square-tiled surfaces. The stabilizer GL(O) of an origami O = (σ, τ ) * for the direct action is the integer Veech group, the stabilizer GL × (O) for the dual action will be called the dual (integer) Veech group.

In general, the direct and dual stabilizers are not the same thing. We shall see how they are related. One may notice that

J • (g, h) * = J×(g, h) * = (J -1 ) t ×(g, h) * , T • (g, h) * = U ×(g, h) * = (T -1 ) t ×(g, h) * , U • (g, h) * = T ×(g, h) * = (U -1 ) t ×(g, h) * .
By these relations and the fact that GL(2, Z) is generated by the matrices J, T and U , we conclude that the stabilizer GL(g, h) is obtained from the stabilizer GL × (g, h) by transposing its elements:

GL(g, h) = (GL × (g, h)) t .
And so we have

GL(O) = (GL × (O)) t , (2.6) 
in the case where G = S n .

Labeled digraphs

By a labeled digraph we mean a triple (V, E, L) consisting of a set V , a totally ordered alphabet L and a subset E ⊂ V × V × L. The elements of V are called vertices, those of E edges and those of L labels. If the alphabet L = {l 1 , . . . , l k } has k letters and for any i from 1 to k there is an edge with label l i , then the digraph is also called k-labeled . We say that a finite sequence of edges

(v 0 , v 1 , l i 1 ), (v 1 , v 2 , l i 2 ), . . . , (v p-1 , v p , l ip ) is a directed path from v 0 ∈ V to v p ∈ V . A path is closed if v 0 = v p .
An isomorphism between two labeled digraphs (V, E, L) and (V , E , L ) is a pair of bijections f : V → V and φ : L → L , such that φ respects order and we have (u, v, l)

∈ E if and only if (f (u), f (v), φ(l)) ∈ E .
Along with L and E, we consider the set of inverse labels

L -1 = {l -1 1 , . . . , l -1 k } and the set of inverse edges E -1 = {(v, u, l -1 ) | (u, v, l) ∈ E}. It allows us to introduce an undirected path as a sequence of edges (v 0 , v 1 , l 1 i 1 ), (v 1 , v 2 , l 2 i 2 ), . . . , (v p-1 , v p , l p ip ) from E ∪ E -1
, where 1 , 2 , . . . , p ∈ {1, -1}.

Definition 2. [START_REF] Babai | On the order of uniprimitive permutation groups[END_REF]. Let V be a finite set and let O be an origami corresponding to a pair of permutations (σ 1 , σ 2 ) ∈ Sym(V ) × Sym(V ). We define a digraph of the square-tiled surface O, or else an origamal digraph of O, to be a 2-labeled digraph (V, E, L) with the set of vertices V , an ordered alphabet L = {l 1 , l 2 }, l 1 ≺ l 2 , and the set of edges

E = i=1,2 {(v, σ i (v), l i ) | v ∈ V }.
The labels l 1 and l 2 correspond to the horizontal and vertical directions respectively. For any vertex v ∈ V and any label l i ∈ L of an origamal digraph (V, E, L), there is exactly one edge with label l i beginning at v and one edge with label l i ending at v. Therefore any path (v

0 , v 1 , l 1 i 1 ), (v 1 , v 2 , l 2 i 2 ), . . . , (v p-1 , v p , l p
ip ) is uniquely determined by the initial point v 0 ∈ V and the labels l m im ∈ L ∪ L -1 . We denote such a path by l p ip . . .

l 2 i 2 l 1 i 1 [v 0 ]
, and by l p ip . . . l 2 i 2 l 1 i 1 • v 0 its endpoint v p . Two 2-labeled digraphs stand for the same origami if and only if they are isomorphic. The digraph of the origami defined by the permutations σ 1 = (1 2 3) and σ 2 = (1 4) is shown in Figure 2. [START_REF] Bechtell | Theory of Groups[END_REF], where V = {1, 2, 3, 4}, the edges with label l 1 are solid, and those with label l 2 are dashed. 

The main idea of construction

Given a two-generator9 group G acting on a finite set V , we can construct origamis associated to this action. Indeed, we have a permutation representation ρ : G → Sym(V ), and for any generating set {g, h} of G the pair (ρ(g), ρ(h)) defines an n-square origami O, where n = |V |. The number of connected components of O is equal to the number of orbits under the action of G, so that O is connected if and only if this action is transitive.

Whenever the representation ρ is faithful (i.e. ker ρ = {1}), the monodromy group of the squaretiled surface O is isomorphic to G:

Mon(O) = gp {ρ(g), ρ(h)} G.
Among the most curious choices of the group G are classical groups. For instance, this can be a finite nonabelian simple group (as Gunter Malle, Jan Saxl and Thomas Weigel proved in [START_REF] Malle | Generation of classical groups[END_REF], such a group is generated by two elements, one of which is an involution).

We will focus our attention, first, on the regular representation ρ reg corresponding to the left action of G on the set of its elements, and, second, on coset representations ρ H corresponding to the action of G on the set of left cosets modulo a subgroup H. Moreover, two coset representations ρ H and ρ H are equivalent exactly when H and H are conjugate in G.

For a proof, see Lemma 1.6B of the book [25] by John D. Dixon and Brian Mortimer.

Chapter 3

The moduli space ΩM 2 and beyond Consider a connected square-tiled surface (M, ω) of genus 2. Suppose that it is not primitive, and let (M , ω ) be an intermediate square-tiled surface, so that we have a commutative diagram of ramified coverings:

M M T 2 p f f
Denote by g the genus of M and by k the degree of the ramified covering p. Since the surface M topologically is a pretzel, its Euler characteristic is equal to χ(M ) = -2, and by the Riemann-Hurwitz formula we have

-2 = χ(M ) = k • χ(M ) - (r i -1) k • χ(M ) = k(2 -2g ).
where r i are ramification indices: at some conical points P ∈ M the cone angle is r i • 2π(d i + 1) whilst the angle at p(P ) ∈ M equals 2π(d i + 1). The only possibilities to satisfy the inequality k • (g -1) ≤ 1 are either k = 1 or g = 1. In the first case M coincides with M , and in the second case M is a torus. We conclude that in order to verify the primitivity of a square-tiled surface of genus 2, it suffices to check that it is not a covering of any torus of area greater than 1. Recall that by definition, a reduced square-tiled surface must not cover a torus of area > 1 with one branch point. Therefore, in the stratum H(2), all reduced origamis are automatically primitive (there is a unique branch point). In general, it is not prohibited for a reduced surface to be a proper covering of a torus ramified over two points. Thus, Lemma 3. 1. In the stratum H(1, 1), the reduced origamis which are not primitive correspond to coverings of tori with two ramification indices r 1 = r 2 = 2.

In the next sections (see Proposition 3.3, Theorems 3.12 and 3.21), we will investigate the following question: given a stratum H and a positive integer n, is there a primitive n-square-tiled surface in H with monodromy group different from the alternating and symmetric groups of degree n?

Minimal number of squares in a given stratum

We have the following statement: Conversely, let n ≥ s+d 1 +• • •+d s and let µ ∈ S n be a permutation that decomposes into a product of s disjoint cycles of lengths d 1 + 1, . . . , d s + 1. Obviously, µ is even as

d 1 + • • • + d s = 2g -2,
where g is the genus of the origamis in H(d 1 , . . . , d s ). Our goal is to show that the permutation µ is a commutator of two permutations σ, τ ∈ S n such that σ is an n-cycle.

A. M. Gleason proved in 1962 that any permutation µ ∈ A n is a product of two n-cycles, cf. [49, Proposition 4]. Since two n-cycles are conjugate, this means that µ = σ(τ στ -1 ) = [σ, τ ] for some σ, τ ∈ S n , where σ is an n-cycle. Such permutations σ and τ obviously generate a transitive subgroup of S n , and so (σ, τ ) * is a connected origami belonging to the stratum H(d 1 , . . . , d s ). We conclude that

N = s+d 1 +• • •+d s .
Moreover, since σ is an n-cycle, for any n ≥ N , an n-square origami O ∈ H(d 1 , . . . , d s ) encoded by the pair of permutations (σ, τ ) consists of one horizontal cylinder of height 1.

Remark. Preceding Gleason's result, a theorem of Øystein Ore [78,1951] states that each even permutation is a commutator of permutations. Thus, the famous Ore conjecture arose: any element of a finite non-abelian simple group is a commutator. In his Ph.D. thesis [10, 1972, SL 2 (Z)-orbits versus GL 2 (Z)-orbits

Let O be an origami. Denote its stabilizers for the SL 2 (Z)-and GL 2 (Z)-actions respectively by Γ := SL(O) and Γ := GL(O). Since the special linear group is a normal subgroup of the general one, we may apply the second isomorphism theorem: the product Γ

•SL 2 (Z) = AB A ∈ Γ, B ∈ SL 2 (Z)
is a subgroup of GL 2 (Z), the intersection Γ ∩ SL 2 (Z) = Γ is a normal subgroup of Γ, and

Γ/( Γ ∩ SL 2 (Z)) = ( Γ • SL 2 (Z))/SL 2 (Z).
This implies the following inequalities:

1 ≤ | Γ/Γ| ≤ 2.
• In the case that | Γ/Γ| = 2, the SL 2 (Z)-and GL 2 (Z)-orbits of the origami O coincide.

• In the case that | Γ/Γ| = 1, the GL 2 (Z)-orbit is twice bigger and consists of the SL 2 (Z)-orbits of the origamis O and J • O, where J = 0 1 1 0 .

In other words, we have

GL 2 (Z) • O = SL 2 (Z) • O if J • O ∈ SL 2 (Z) • O, GL 2 (Z) • O = SL 2 (Z) • O ∪ SL 2 (Z) • (J • O) else, ( 3.1) 
because GL 2 (Z) = J, SL(2, Z) .

The stratum H(2)

The number N pr n (2) of primitive n-square-tiled surfaces in the stratum H( 2) is given by the formula

N pr n (2) = 3 8 n 2 (n -2) p|n p prime 1 - 1 p 2 , (3.2) 
as indicated in the paper [START_REF] Eskin | Billiards in rectangles with barriers[END_REF] So, we have Mon(O) = A n or S n for every primitive n-square-tiled surface belonging to H(2). If for some n both groups are realized, then we obtain at least two GL(2, Z)-orbits, because the monodromy group is GL(2, Z)-invariant. On the other hand, due to the work [START_REF] Curtis | Teichmüller curves in genus two: discriminant and spin[END_REF] of Curtis T. McMullen and the work [START_REF]Prime arithmetic Teichmüller discs in H(2)[END_REF] of Pascal Hubert and Samuel Lelièvre we know that the primitive n-square origamis in H(2) constitute at most two GL(2, Z)-orbits. Precisely, if n 4 is even, then there is only one orbit: it is represented by the origami

P n = encoded by σ n = (1 2 . . . n), τ 2 = (1 2).
If n 5 is odd, then besides the orbit of P n there is another orbit represented by

Q n = encoded by σ n = (1 2 . . . n), τ 3 = (1 2 3).
Remark. For even n, the origamis P n and Q n are in the same GL(2, Z)-orbit.

We obviously have Mon(P n ) = gp {σ n , τ 2 } = S n for any n and

Mon(Q n ) = gp {σ n , τ 3 } = S n if n is even; A n if n is odd.
Therefore, we have just described a complete invariant of the orbits of primitive origamis in the stratum H( 2 It does not take long to determine in which orbit the origami O defined by (σ, τ ) falls: if at least one of the permutations σ and τ is odd, then O is in the orbit of P n , otherwise both permutations are even and O is in the orbit of Q n .

As a consequence of the paper [44] by P. Hubert -S. Lelièvre and the paper [58] by S. Lelièvre -E. Royer, we have the following result: Theorem 3.4 (Hubert, Lelièvre, Royer, 2005). For any k 2, the Veech groups GL(P 2k ), GL (P 2k+1 ) and GL (P 2k+1 ) are noncongruence subgroups of GL(2, Z) of indices

[GL(2, Z) : GL(P 2k )] = 3(k -1)k 2 p|2k 1 - 1 p 2 , [GL(2, Z) : GL(P 2k+1 )] = 3 8 k(2k + 1) 2 p|2k+1 1 - 1 p 2 , [GL(2, Z) : GL(Q 2k+1 )] = 3 8 (k -1)(2k + 1) 2 p|2k+1 1 - 1 p 2 ,
where p stands for a prime number. 

A generalization: the strata H(m)

Given a set Ω, denote by Ω (k) the set of k-tuples with distinct entries.

If |Ω| = n, then |Ω (k) | = n! (n-k)! .
A permutation group G acting on Ω is called k-transitive if the diagonal action of G on the set Ω (k) is transitive, that is, for any two k-tuples (x 1 , . . . , x k ) and (y 1 , . . . , y k ) ∈ Ω (k) there exists a permutation σ ∈ G such that (σ(x 1 ), . . . , σ(x k )) = (y 1 , . . . , y k ). In this definition, requiring uniqueness of the permutation σ brings the notion of a sharply k-transitive permutation group. Lemma 3. [START_REF]On the order of doubly transitive permutation groups[END_REF]. Let G be a transitive permutation group on a set Ω, and

x ∈ Ω. Then G is k-transitive if and only if the stabilizer G x is (k -1)-transitive on the set Ω \ {x}.
As a corollary of the lemma, the order of a k-transitive subgroup G of S n is a multiple of

n(n -1) . . . (n -k + 1) = n! (n -k)! , or else the index [S n : G] divides the number (n -k)!.
Obviously, the symmetric group S n is sharply n-transitive. The fact that the alternating group A n is (n -2)-transitive follows by induction from Lemma 3.5. We also have: Lemma 3. [START_REF]The probability of generating the symmetric group[END_REF]. A permutation group of degree n, which is neither alternating nor symmetric, can be at most n 3 +1 -transitive. Proof. This is the statement of Theorem IV, §138 in the book [START_REF]Theory of groups of finite order[END_REF] For n = 4, the Klein four-group

C 2 × C 2 = {id, (1 2)(3 4), ( 1 3) 
(2 4), ( 1 4) 
(2 3)} is an index 3 subgroup of S 4 .
2. If H is a subgroup of index n in S n , then the action on the left cosets gives a homomorphism ρ H : S n → Sym(S n /H) S n . The kernel of ρ H is a normal subgroup of index at least n, and so is trivial (for n = 4, S n does not have proper normal subgroups except of A n , as for n = 4, the Klein fourgroup and A 4 are the only proper normal subgroups of S 4 ). Therefore, we obtain an automorphism S n → S n , for which the image of H is the stabilizer Stab Sn (i) S n-1 of the letter i ∈ {1, 2, . . . , n} corresponding to the coset H through ρ H . According to Lemma 3.7, all automorphisms of S n where n = 6, are inner, that is, H is conjugate to the stabilizer of a letter, and so it is the stabilizer of a letter itself.

Given a group G acting on a set Ω and a subset ∆ ⊆ Ω, denote by G ∆ the subgroup of G stabilizing all elements x ∈ ∆. We say that a subset Γ ⊆ Ω is a Jordan set for G if |Γ| > 1 and the group G Ω\Γ acts transitively on Γ. In this case, the set ∆ = Ω \ Γ is called a Jordan complement. Theorem 3.9 (Bernhard Marggraf [START_REF] Marggraf | Über primitive Gruppen mit transitiven Untergruppen geringeren Grades[END_REF], 1892). Let G be a primitive permutation group of degree n.

If the group G contains an

m-cycle with 1 < m < n, then it is (n-m+1)-transitive. 2. If the group G contains an m-cycle with 1 < m < n -n 3 , then G ⊇ A n . 3. If G has a Jordan set of size m with 1 < m < n 2 , then G ⊇ A n .
4. If the group G has a Jordan set Γ of size m with 1 < m < n -n 3 and the group G Ω\Γ acts primitively on Γ, then G contains the alternating group.

Proof. 1. See Theorem 13.8 in the textbook [START_REF] Wielandt | Finite permutation groups[END_REF] by Helmut Wielandt, 2. By the first part of the theorem, the group G is (n-m+1)-transitive. If G does not contain A n , then according to Lemma 3.6, we have n -m + 1 13.5 in [START_REF] Wielandt | Finite permutation groups[END_REF] or Proposition 7.4B in the textbook [25]. [START_REF] Babai | On the order of uniprimitive permutation groups[END_REF]. See Theorem I, §160 in Burnside's textbook [START_REF]Theory of groups of finite order[END_REF].

≤ n 3 + 1, that is, n -n 3 ≤ m. 3. See Theorem
The theorem stated below is another refinement of Jordan's theorem (see Theorem 2.5), in which the cases n = p, p + 1, p + 2 are accomplished. Theorem 3.10 (Thilo E. Zieschang [START_REF] Thilo | Primitive permutation groups containing a p-cycle[END_REF], 1995). Let G be a primitive permutation group of degree n containing a p-cycle, where p is prime. Then one of the following situations occurs (see the remark below for the notation): m,q) ⊆ G ⊆ PΓL(m, q), where n = q m -1 q-1 .

1) G = A n or G = S n ; 2) n = p + 2 = 2 k + 1 and G PSL(2, 2 k ) or G PΓL(2, 2 k ); 3) n = p + 1 and G PSL(2, p) or G PGL(2, p); 4) n = p and G ⊆ AGL(1, p) such that G F p H,
Remark. The following mostly standard notation is used:

• q = p k 0 is a power of a prime number p 0 (not to be confused with p).

• T r(m, q) denotes the group of translations on an m-dimensional vector space over the field F q , so T r(m, q) F m q .

• GL(m, q) and SL(m, q) are the general and special linear groups of degree m over F q with orders |GL(m, q)| = q m(m -1) /2 (q -1)(q 2 -1) . . . (q m -1) and

|SL(m, q)| = 1 q -1 |GL(m, q)|. (3.3)
• AGL(m, q) and ASL(m, q) are the general and special affine groups of degree m over F q , that is, AGL(m, q) = F m q GL(m, q) and ASL(m, q) = F m q SL(m, q), (

where GL(m, q) acts on F m q in the natural manner. The group AGL(m, q) acts faithfully on the space F m q by x → A • x + y, where A ∈ GL(m, q) and y ∈ F m q . The groups ASL(m, q), T r(m, q), GL(m, q), SL(m, q) can be viewed as subgroups of AGL(m, q) corresponding to the additional conditions det A = 1, A = 1, y = 0, y = 0∧det A = 1, respectively. Hence, all these groups constitute subgroups of S q m .

• PGL(m, q) and PSL(m, q) are the projective general and special linear groups of degree m over the field F q with orders

|PGL(m, q)| = 1 q -1 |GL(m, q)| and |PSL(m, q)| = 1 gcd(m, q -1) |PGL(m, q)|, (3.5) 
since we have PGL(m, q) = GL(m, q)/Z and PSL(m, q) = SL(m, q)/SZ, where Z consists of all nonzero scalar transformations of F m q and SZ consists of those with unit determinant. In particular, we have |PGL(2, q)| = q(q 2 -1) and |PSL(2, q)| = q(q 2 -1) if q = 2 k , 1 2 q(q 2 -1) else. 1 The affine group AGL(m, q) contains the subgroup of translations T r(m, q) F m q and the diagonal subgroup λI λ ∈ F × q F × q . In the case that m = 1, we have AGL(1, q) Fq F × q . 2 The stabilizer U of 0 for the action of SL(m, q) on the vector space F m q is a group of order q m -1, since U acts regularly on F m q -{0}. In our case, q = 2 and p = 2 m -1 is prime, so U Zp. See also the textbook [48] by Bertram Huppert and Norman Blackburn.

The group PGL(m, q) acts faithfully and transitively on the projective space P m-1 (F q ), which has n = q m -1 q-1 points. This gives faithfull representations of PGL(m, q) and PSL(m, q) in S n . Moreover, as Évariste Galois showed in 1832, the groups PSL(2, p) have exceptional faithful transitive actions of degree p when p = 5, 7 and 11.

• ΓL(m, q) is the general semilinear group of degree m over F q , that is, the semidirect product ΓL(m, q) = GL(m, q) Gal(F q ), (

where Gal(F q ) is the Galois group of the field F q = F p k 0 over F p 0 , acting componentwise on the vectors from F m q . Recall also that Gal(F q ) is cyclic of order k.

• AΓL(m, q) is the affine semilinear group of degree m over F q , AΓL(m, q) = F m q ΓL(m, q). (

The group AΓL(m, q) acts faithfully on the space F m q by x → A • x σ + y, where A ∈ GL(m, q), y ∈ F m q and σ ∈ Gal(F q ). Thus, we have embeddings of AΓL(m, q) and ΓL(m, q) in S q m .

• PΓL(m, q) is the projective semilinear group of degree m over F q , PΓL(m, q) = PGL(m, q) Gal(F q ). (

The faithfull action of the group PΓL(m, q) on the projective space P m-1 (F q ) corresponds to the permutations [x 1 : . . . :

x m ] → A • [x σ 1 : . . . : x σ m ],
where A ∈ PGL(m, q) and σ ∈ Gal(F q ). This gives an embedding of PΓL(m, q) in S n for n = (q m -1) /(q -1). Notice that the elements of PΓL(m, q) are semilinear transformations of P m-1 (F q ), i.e. bijections preserving the property of points to be collinear. If m ≥ 3, then the projective semilinear group PΓL(m, q) is the full collineation group of the projective space P m-1 (F q ), cf. Theorem 2.26 in the textbook [START_REF] Artin | Geometric algebra[END_REF] by Emil Artin.

• M 11 , M 12 , M 23 , M 24 are Mathieu groups, which are the first sporadic simple groups discovered (we will not explicit these groups here).

Linear groups play a special role here, and we shall give more information. -two conjugacy classes if q is even: the class of -I = -1 0 0 -1 and the class containing all other matrices with trace -2;

Fact 1. The commutator [A, B] of two elements A, B ∈ PSL(2, q) is well-defined in SL(2, q).
-three conjugacy classes if q is odd: the class {-I} and two classes represented by -1 z 0 -1 and -1 z 0 -1 , where z, z ∈ F × q such that z is a square and z is a non-square. The last two classes are conjugated by u 0 0 1 ∈ GL(2, q), where u ∈ F q is a non-square.

We will need the following theorem:

Theorem 3.11 (Darryl J.
McCullough and Marcus Wanderley [START_REF] Mccullough | Writing elements of PSL(2, q) as commutators, to appear in Communications in Algebra[END_REF], 2008). When q ≥ 13 is an odd prime power, every non-identity element of PSL(2, q) is the commutator of a generating pair. When q = 2 k , an element of PSL(2, q) is the commutator of a generating pair if and only if its trace is distinct from 0. When q < 13, necessary and sufficient conditions for a matrix A ∈ SL(2, q) \ {-I} to be the commutator of a generating pair of SL(2, q) are:

tr(A) = 2, for q = 2, 4, 8; tr(A) / ∈ {1, 2}, for q = 3, 9, 11; tr(A) / ∈ {0, -1, 2}, for q = 5; tr(A) / ∈ {0, 1, 2}, for q = 7.
Sketch of proof. For q < 13, the statement of the theorem can be checked by direct calculations.

We assume from now on that q ≥ 13. Let x, y ∈ F × q such that x generates F × q . Consider the matrices

H x = x 0 0 x -1 and J y = y + 1 1 y 1 .
It can be shown that these matrices generate SL(2, q), using the following points (it suffices to prove that the images of H x and J y in PSL(2, q) generate the whole group):

Point 1. Let q = p k with p prime and denote d = gcd(2, q-1). Then every subgroup of PSL(2, q) is isomorphic to one of the following groups3 :

(a) (small subgroups) The dihedral groups of orders 2(q ± 1)/d and their subgroups;

(b) (triangular subgroups) A group H of order q(q -1)/d and its subgroups;

(c) (exceptional subgroups) A 4 , S 4 or A 5 ;

(d) (linear subgroups) PSL(2, p r ) or PGL(2, p r ), where r divides k.

Point 2. The orders of nonparabolic4 elements of PSL(2, q) are exactly the divisors of (q ± 1)d, as is shown in the paper [32] by Henry Glover and Denis Sjerve. So, the maximum order of a nonparabolic element of PSL(2, q) is (q + 1)/d. Point 4. As q > 7, the elements [H x , J y ] and [H -1 x , J y ] do not commute in PSL(2, q).

Point 5. Let G be the group generated by H x and J y . Since small and triangular subgroups of PSL(2, q) have abelian commutator subgroups, Point 4 implies that G is neither of type (a) nor of type (b). The order of H x is q-1 2 ≥ 6, and so G is not of type (c). Furthermore, the matrix H x is not parabolic: its trace x + x -1 is not ±2 as x generates F q -{0}. The linear groups PSL(2, p r ) and PGL(2, p r ) with r < k are ruled out by Point 2, because the inequality p k -1 2 ≤ p r +1 doesn't hold for p k ≥ 13. Therefore, we have SL(2, q) = H x , J y . Remark that, for a fixed generator x ∈ F × q , the trace tr([H x , J y ]) = 2 -D 2 y runs over all elements of F q -{2} as y runs over F × q . Let A ∈ SL(2, q) be a matrix with tr(A) = 2. Consider a generating pair (H x , J y ) such that tr(A) = tr([H x , J y ]). Evidently, [H x , J y ] is not -I, since the images of H x and J y generate PSL(2, q).

When tr(A) = -2 or q is even, it follows from Fact 4 above that [H x , J y ] = C -1 AC for some C ∈ SL(2, q), and so the generating pair (CH x C -1 , CJ y C -1 ) has commutator A.

When tr(A) = -2 and q is odd, by Fact 4 there exists D ∈ GL(2, q) such that [H x , J y ] = D -1 AD, and the generating pair (DH x D -1 , DJ y D -1 ) of SL(2, q) has commutator A. Now, we are able to establish the main result of the section (recall that by Theorem 3.2 the number of squares of an origami from H(m) can be equal to m+1, m+2, . . . ): Theorem 3.12. Let m be an even positive integer. Denote by a(m) the minimal natural number greater than m such that, for any primitive n-square-tiled surface in the stratum H(m) with n ≥ a(m), the monodromy group is either A n or S n . We have Let us now show that, for n = p + 1 and p, primitive groups distinct from A n and S n occur as monodromy groups of n-square origamis in the stratum H(m): → Case n = p + 1 = m + 2 = 6. When p = 5, the 6-square origami given by the permutations σ = (1 2)(5 6) and τ = (1 3 4)(2 5 6) belongs to the stratum H(4), and its monodromy group is PSL(2, 5) A 5 , see Table B. [START_REF] Adian | The Burnside problem and identities in groups[END_REF]. Then the commutator h = [f, g] satisfies h(x) = x + ab -b, and so it's an element of order p.

→ Case n = p + 1 = m + 2 ≥ 8.
→
Translating to G, we obtain a generating pair (σ, τ ) such that [σ, τ ] is a p-cycle. Hence, the (p+1)-square origami O given by this pair belongs to H(p-1) and has primitive monodromy group G AGL(1, p) of order p(p -1) < 1 2 (p + 1)!, when p ≥ 5. 

m + 1 ≤ 2 3 (n -2) + 1 < 2 3 n ≤ n - n 3 .
By Theorem 3.9, the monodromy group of O contains the alternating group A n .

Example 1 (the stratum H(4)). Let us give a list of the primitive monodromy groups which can occur in the stratum H(4). The minimal number of squares of an origami in H( 4) is 5, so take n ≥ 5.

Consider the following n-square origamis:

O n = 1 2 3 • • • n-2 n-1 n encoded by σ n = (2 3 . . . n-1 n), τ n = (1 2)(n-1 n)
and

O n = 1 2 3 • • • n-2 n-1 n encoded by σ n = (2 3 . . . n-1), τ n = (1 2)(n-1 n).
We have [σ n , τ n ] = [σ n , τ n ] = (1 n n-1 2 3), so these origamis belong to H(4). Moreover, their monodromy groups are primitive. Indeed, let ∆ and ∆ be some blocks for Mon(O n ) and Mon(O n ), respectively, containing 1 and another integer x = 1. Since σ n and σ n don't move 1, we have that (σ n ) k (∆) = ∆ and (σ n ) k (∆ ) = ∆ for any k ∈ N. Therefore, the block ∆ contains all integers from 1 to n, and ∆ contains the integers from 1 to n-1, as well as the integer n, because |∆ | divides n. By Lemma 2.2, the groups Mon(O n ) and Mon(O n ) are primitive.

According to Theorem 3.12 part 2, for all primitive n-square origamis in H(4) with n ≥ 7, the monodromy group must be A n or S n . Therefore, when n ≥ 7, we obtain

Mon(O n ) = S n if n is odd, A n if n is even. and Mon(O n ) = S n if n is even, A n if n is odd, (3.9) 
which depends on the parities of σ n and σ n . This shows that both A n and S n are realized as monodromy groups in H(4).

The cases of n = 5 and 6 are brought in Table B.1, and we are going to display them. Let O(σ, τ ) * be an n-square-tiled surface in H(4) with monodromy group G = Mon(O) containing a 5-cycle [σ, τ ].

Suppose that n = 5 and G doesn't contain A 5 . By Theorem 3.10 (cf. the cases 4 and 6.c), either

G F 5 H for a subgroup H ⊆ F × 5 , or PSL(m, q) ⊆ G ⊆ PΓL(m, q)
, where m is a natural number and q is a prime power satisfying the equality q m -1 q-1 = 5. For the first case, since G has a 5-cycle which is a commutator of two elements, the subgroup H cannot be {1}, and so it is either {1, 4} or F × 5 . For the second case, the equality q(5 -q m-1 ) = 4 implies that m = 2 and q = 4. However, the order of PSL(2, 4) is 4(4 2 -1) = 60 = 5! /2, and so if G ⊇ PSL(2, 4), then G contains A 5 by Lemma 3.8. Thus the second case is excluded.

Suppose that n = 5 + 1 = 6 and G doesn't contain A 6 . Then Theorem 3.10 (cf. case 3) implies that either G = PSL [START_REF] Artin | Geometric algebra[END_REF][START_REF]On the order of doubly transitive permutation groups[END_REF] or G = PGL(2, 5). (See Table B.1 classifying the 5-and 6-square SL 2 (Z)-orbits in H(4). It turns out that all 5-and 6-square origamis in this stratum are primitive.)

Background: orbitals and their graphs

Let G be a transitive permutation group on a set Ω (possibly infinite). An orbital of G is an orbit of G for its usual action on the cartesian product Ω × Ω. The cardinal r = r(G) of the set of orbitals is called the rank of G. We have the following extremal cases: 6 (there is a one-to-one correspondence between the orbitals and the orbits of a point stabilizer G x acting on the set Ω, see below).

r = 1 if and only if G = {1}, r = 2 if and only if G is 2-transitive, r = |Ω| for a finite Ω if and only if G is regular
The orbital {(x, x) | x ∈ Ω } is called diagonal , the others are nondiagonal . The orbital paired with an orbital Θ is the following set (denoted by Θ * )

Θ * := {(y, x) | (x, y) ∈ Θ } .
We say that Θ is self-paired if Θ = Θ * .

For each orbital Θ, the orbital graph Graph(Θ) is the digraph with vertex set Ω and edge set Θ: there is a directed edge from x to y if and only if (x, y) ∈ Θ. For instance, the orbital graph of the diagonal orbital has one loop at each vertex. None of the other orbital graphs have loops. The digraph Graph(Θ * ) is obtained from Graph(Θ) by reversing the directions of the edges.

The orbital graphs for the cyclic group C Recall that, by definition, an automorphism of a digraph (Ω, E) is a permutation σ ∈ Sym(Ω) of its set of vertices such that, for any edge e = (x, y) ∈ E, the pair σ(e) = (σ(x), σ(y)) is also an edge. Clearly, the automorphism group of each orbital graph for the group G contains G: G ⊆ Aut(Graph(Θ)), for any orbital Θ.

(3.10)

Other properties of orbital graphs:

the orbital graphs are vertex-transitive digraphs: for any two vertices x and y of Graph(Θ), there is an automorphism of the digraph that sends the vertex x to the vertex y (it is given by a permutation σ ∈ G such that σ(x) = y);

each vertex has the same indegree, as well as outdegree 7 (this follows from vertex-transitivity);

if G is finite, then the indegree and outdegree of each vertex are equal to each other (since the sums of the indegrees and outdegrees are equal).

Thus, all finite nondiagonal orbital graphs are regular digraphs (i.e. there are no loops, each vertex has the same indegree and outdegree that are equal to each other).

There is a natural bijection between the orbitals of G and the orbits of a point stabiliser G x (recall that since G is transitive, the point stabilizers are conjugate in G). To the orbital Θ corresponds the following G x -orbit

Θ(x) := {y ∈ Ω | (x, y) ∈ Θ } = G x • y 0 , for an arbitrary y 0 ∈ Ω such that (x, y 0 ) ∈ Θ.
In other words, Θ(x) is the set of vertices lying on an edge from x in the digraph Graph(Θ). The bijection Θ → Θ(x) in particular tells us that the number of G x -orbits is equal to the rank r of G.

The G x -orbits are called suborbits, and their cardinalities are the subdegrees of G. If the transitive permutation group G is of finite degree n, then the list of its subdegrees

1 = n 1 ≤ n 2 ≤ . . . ≤ n r , where n = n 1 + n 2 + . . . + n r ,
is an invariant of G (that is, of the equivalence class of representations G → Sym(Ω)). The first subdegree n 1 = 1 corresponds to the trivial orbit {x}, or else to the diagonal orbital. As for the second subdegree, remark that the set ∆ = fix(G

x ) = {y ∈ Ω | G x • y = {y} } is a block for G: if y ∈ ∆ then G x ⊆ G y , and so G x = G y due to transitivity of G, if also σ(y) ∈ ∆ for some σ ∈ G, then G x = G σ(y) = σG y σ -1 = σG x σ -1
, and so σ(∆) = ∆.

Therefore, in the case where G is primitive, there are two possibilities:

either fix(G x ) = {x} implying the inequality n 2 > 1, or fix(G x ) = Ω, that is, G x = {1}
and the group G is regular of prime degree (in a primitive group, the point stabilizers are maximal subgroups). In this case, we have r = n and

n 1 = n 2 = . . . = n r = 1.
Recall that a digraph is connected if for any two vertices x and y there exists an undirected path from x to y (that is, a sequence of vertices x = v 0 , v 1 , . . . , v m = y such that, for each i, the vertices v i and v i+1 are adjacent). The digraph is called strongly connected if such a path can always be chosen directed (for each i, there is an edge from v i to v i+1 ).

A graph-theoretic test of primitivity is provided by the following theorem.

Theorem 3.13 (Higman). A transitive permutation group G is primitive if and only if all its nondiagonal orbital graphs are connected. Proof. =⇒ Let Θ be a nondiagonal orbital. The set ∆ of vertices of a connected component of the graph Graph(Θ) is a block for G. This is due to (3.10) and the fact that the automorphisms of a graph permute its connected components. Therefore, if G is primitive, then Graph(Θ) is connected.

⇐= Let Graph(Θ) be a connected orbital graph and ∆ be a block for G. For any point x ∈ ∆, the set N (x) of the neighbours of the vertex x in the orbital graph satisfies the condition:

either N (x) ∩ ∆ = ∅ or N (x) ⊂ ∆.
Indeed, if y ∈ N (x) ∩ ∆ and z ∈ N (x) then, by definition of Graph(Θ), there exists a permutation σ ∈ G such that σ -1 • {x, z} = {x, y} ⊂ ∆. Since ∆ is a block for G and x ∈ σ(∆) ∩ ∆, it follows that σ(∆) = ∆ and so z ∈ ∆. Suppose now that ∆ has at least two points x 0 and y, and let Θ be the orbital which contains the pair (x 0 , y). Then y ∈ N (x 0 ) ∩ ∆ implies that N (x 0 ) ⊂ ∆. Furthermore, for any neighbour x 1 of the vertex x 0 , we have x 0 ∈ N (x 1 ) ∩ ∆ and thus N (x 1 ) ⊂ ∆. By recurrence on k, we prove that any undirected path {x 0 , x 1 , . . . , x k } of length k in the orbital graph is a subset of ∆. Since the graph Graph(Θ) is connected, we obtain ∆ = Ω, that is, the block ∆ must be trivial. Proposition 3. [START_REF]Theory of groups of finite order[END_REF]. If a finite vertex-transitive digraph is connected, then it is strongly connected. In particular, each nondiagonal orbital graph for a finite primitive permutation group G is strongly connected. Proof. Let x be a vertex of the connected digraph, and denote by D(x) the set of vertices which can be reached by directed paths from x. For any vertex y ∈ D(x), we have the evident inclusion D(y) ⊆ D(x). Moreover, if σ is an automorphism of the graph such that σ•x = y, then σ•D(x) = D(y). Thus D(x) and D(y) have the same (finite) cardinality, and so are equal. As a conclusion: if there is a directed path from x to y, then there is a directed path from y to x as well. Since the digraph is connected, it is strongly connected.

The proposition above is false in the infinite case: let G = σ be an infinite cyclic group acting on Z by the shift σ • n = n + 1. Then the graph of the orbital Θ = {(n, n + 1) | n ∈ Z } is connected but not strongly connected (see the figure). Proposition 3. 15. Let G be a primitive permutation group of finite degree n and rank 1 < r < n.

The following inequalities for the subdegrees 1 = n 1 < n 2 ≤ . . . ≤ n r of the group G are satisfied:

n i+1 ≤ n i (n 2 -1) for all i > 1.
In particular, we have the following upper bound

n ≤ 1 + n 2 + n 2 (n 2 -1) + • • • + n 2 (n 2 -1) r-2 = n 2 (n 2 -1) r-1 -2 n 2 -2 . 
Proof. See Theorem 3.2B and Lemma 3.2B in the book [25] by John D. Dixon and Brian Mortimer, or Theorem 3.14 in the book [15] by Peter J. Cameron.

Remark.

Recall that for r = 1 and r = n, we have

n 1 = n 2 = . . . = n r = 1.
Lemma 3. [START_REF] Campbell | Symmetric presentations and linear groups, Finite Groups -Coming of Age[END_REF]. Let (V, E) be a connected graph with edges colorod blue and red. Suppose that the subgraph induced by the blue edges has r connected components and that the subgraph induced by the red edges has s connected components and m vertices. Then one has the inequality r + s ≤ m + 1.

Proof. Denote by C 1 , C 2 , . . ., C s the red connected components. Since the graph (V, E) is connected, through each blue connected component passes at least one C i .

C i C j
Let us compress the vertices from every blue connected component into one point and erase the blue edges -we will obtain a connected graph (V , E ) with r vertices and only red edges (more accurately, (V , E ) will be a multigraph, that is, it may contain multiple edges). Such a graph is also a union of the s red connected components, in which some vertices are identified And so on, the graph C k is glued to C 1 C 2 . . . C k-1 for k from 2 to s, due to the connectivity of (V , E ). Since the graph (V , E ) is the result of s -1 such gluings plus possibly other identifications of vertices, and since after each gluing the number of vertices is decreased by 1, we get Lemma 3. [START_REF] Campbell | Nice efficient presentions for all small simple groups and their covers[END_REF]. Let G ⊆ S n be an arbitrary permutation group, and let ∆ 1 and ∆ 2 be two subsets of {1, 2, . . . , n}. If we have σ(∆ 1 ) ∩ ∆ 2 = ∅ for all σ ∈ G, then there exists

r ≤ m -(s -1) = m -s + 1, where m = |C 1 | + |C 2 | + . . . + |C s |.
x 0 ∈ ∆ 1 such that |G • x 0 | ≤ |∆ 1 | • |∆ 2 |.
Proof. We will use the following classical lemma of Bernhard Hermann Neumann (see [START_REF] Hermann Neumann | Groups covered by finitely many cosets[END_REF]1954]): if a group G is a finite union of left cosets

G = m i=1 g i H i
for some subgroups H i ⊆ G and some elements g i ∈ G, then |G : H i | ≤ m for at least one i.

Delegate to every x ∈ ∆ 1 and y ∈ (G • x) ∩ ∆ 2 a permutation σ xy ∈ G sending x to y. By the hypothesis, for any σ ∈ G there exists x ∈ ∆ 1 such that σ(x) ∈ ∆ 2 . Hence, the permutation σ lies in the coset σ xy G x , where y = σ(x). Since there are at most

|∆ 1 | • |∆ 2 | of these cosets, Neumann's lemma shows that |G : G x 0 | ≤ |∆ 1 | • |∆ 2 | for some x 0 ∈ ∆ 1 as required.
Lemma 3. [START_REF] Carmichael | Abstract definitions of the symmetric and alternating groups and certain other permutation groups[END_REF]. Let σ, τ ∈ S n be two permutations, and denote ∆ = supp(σ) ∩ supp(τ ). Then

supp([σ, τ ]) ⊆ ∆ ∪ σ(∆) ∪ τ (∆).
In particular, if the supports of σ and τ have exactly one point in common, then [σ, τ ] is a 3-cycle.

Proof. A point x ∈ supp([σ, τ ]) belongs to the union supp(σ) ∪ supp(τ ), say σ(x) = x. Let us suppose that x / ∈ ∆ ∪ σ(∆) ∪ τ (∆). y x σ σ τ τ
Then it follows from x / ∈ ∆ and σ(x) = x that τ -1 (x) = x. Furthermore, from σ -1 (x) / ∈ ∆ and σ(σ -1 (x)) = σ -1 (x) we have that τ (σ -1 (x)) = σ -1 (x). This gives

[σ, τ ] • x = στ σ -1 τ -1 (x) = στ (σ -1 (x)) = x,
which contradicts the assumption that x ∈ supp([σ, τ ]). Therefore, x ∈ ∆∪σ(∆)∪τ (∆) as required. Therefore, the supports of the permutations σ and τ -1 στ have exactly one point in common, namely supp(σ) ∩ supp(τ -1 στ ) = {x}, and so Lemma 3.19 shows that G contains a 3-cycle. By Jordan's theorem, the group G must be A n or S n , which is not the case. Now, we have that τ (∆) ∩ ∆ = ∅ for any τ ∈ G x . According to Lemma 3.18, the group G x has an orbit G x • x 0 , where x 0 ∈ ∆, of length

|G x • x 0 | ≤ |∆| • |∆| = (m -1) 2 .
In particular, the second subdegree n 2 of the permutation group G is not greater than (m -1) 2 . Using Proposition 3.15 and the fact that the rank r = r(G) of G is at most m (see Proposition 3.17), we get:

n ≤ 1 + n 2 + n 2 2 + . . . + n r-1 2 < n r 2 ≤ (m -1) 2m .
When G is 2-transitive, we have r = 2 and n ≤ 1 + n 2 ≤ 1 + (m -1) 2 as required.

The stratum H(1, 1)

The total number N pr n (1, 1) of primitive n-square-tiled surfaces in the stratum H(1, 1),

N pr n (1, 1) = 1 6 n 2 (n -2)(n -3) p|n p prime 1 - 1 p 2 , (3.11) 
that can be derived from the results of the papers [START_REF] Bloch | The character of the infinite wedge representation[END_REF] by Spencer Bloch and Andrei Okounkov and [START_REF] Dijkgraaf | Mirror symmetry and elliptic curves, The Moduli Space of Curves[END_REF] by Robbert Dijkgraaf. The theorem below is based on results of Camille Jordan going back to 1875 (see [53]). The proof, that we are going to present, mostly follows Example 3.3.1 of the textbook [25] by John D. Dixon and Brian Mortimer.

Theorem 3. [START_REF] Harold | Generators and Relations for Discrete Groups[END_REF]. For each integer n = 6, the monodromy group of any primitive n-square-tiled surface from H(1, 1) is either A n or S n . Proof. By Theorem 3.2, the smallest origamis in the stratum H(1, 1) have 4 squares. The SL(2, Z)orbits of n-square-tiled surfaces with n ∈ {4, 5, 6} are given in Table B.2 (the data is obtained using mathematics software systems Sage and GAP). As we see in the table, when n = 4, only one primitive group occurs, namely A 4 . When n = 5, there is only S 5 . An exception for n = 6: besides A 6 , we have another primitive monodromy group, which is an index 6 subgroup of S 6 .

When 7 ≤ n ≤ 17, there are two orbits of primitive origamis in H(1, 1) -they correspond to the monodromy groups A n and S n . This is illustrated in Table B. [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF], obtained using a program in Sage.

An algorithm for such a program is quite simple: for a given n from 11 to 17, pick an origami O A with monodromy group A n , and an origami O S with monodromy group S n , find the lengths l A and l S of the SL 2 (Z)-orbits of the origamis O A and O S , respectively, check that l A + l S = N pr n (1, 1), see Table 3.1, and conclude that there are only two orbits of primitive n-square origamis. This is closely related to Conjecture 1 stated at the end of the section. Now, assume that n ≥ 18 and consider a primitive n-square-tiled surface O = (σ, τ ) * from the stratum H(1, 1). The monodromy group G = Mon(O) is a primitive permutation subgroup of S n containing the following element (up to conjugation of σ and τ ):

µ = [σ, τ ] = (1 2)(3 4).
Note that |supp(µ)| = 4. According to Proposition 3.17, the rank r of G is not greater than 4-2+1 = 3. Suppose that G is distinct from A n and S n . Then by Theorem 3.20, when G is 2-transitive (the case that r = 2), we have the upper bound n ≤ 1+(4-1) 2 = 10, which is false. Thus, the rank of G is 3. Denote by H ⊂ G the stabilizer of 1 for the action on the set {1, 2, . . . , n}, and let ∆ 1 = {1}, ∆ 2 and ∆ 3 be the orbits of H. The respective lengths 1 = n 1 ≤ n 2 ≤ n 3 of these orbits are the subdegrees of the group G. Due to Proposition 3.15, we obtain

18 ≤ n = n 1 + n 2 + n 3 ≤ 1 + n 2 + n 2 (n 2 -1) = 1 + (n 2 ) 2 ,
from where n 2 ≥ 5.

By the primitivity of G, the subgroup H is maximal (see Lemma 2.3), and so G = gp {H, µ}. Hence, neither ∆ 2 nor ∆ 3 contains all the numbers 2, 3 and 4.

Define the following subsets of H:

B xy = {λ ∈ H | λ(x) = y } , where 2 ≤ x, y ≤ 4.
Let us show that the union of these subsets is the whole H, 

H = 2≤x,y≤4
|B xy | = |B xx | = |B yy | = |B yx | = |H| |∆ i | = |H| n i .
If x and y belong to distinct orbits, then B xy is empty, |B xy | = 0. Since a ∆ p , where p ∈ {2, 3}, contains exactly two of the numbers 2, 3, 4 and another ∆ q , where q ∈ {2, 3} \ {p}, contains the third one, we get

|H| = 2≤x,y≤4 B xy ≤ 2≤x,y≤4 |B xy | = 4 • |H| n p + |H| n q .
However, the lower bounds 5 ≤ n 2 ≤ n 3 and 18 ≤ 1 + n 2 + n 3 imply that 4 np + 1 nq < 4 5 + 1 5 = 1. This contradiction shows that the primitive group G is either A n or S n .

Let us give, for n ≥ 4, two families of n-square-tiled surfaces from H(1, 1) with monodromy groups containing the alternating group of degree n. Consider the following n-square-tiled surfaces ("panties"), where 1 ≤ l < h ≤ n /2:

P l,h n = 1 • • • l l+1 • • • h h+1 • • • h+l h+l +1 • • • n-1 n encoded by σ n = (1 2 . . . h)(h+1 h+2 . . . n), τ n = (1 h+1)(2 h+2) . . . (l h+l)
and

Q l,h n = 1 • • • l l+1 • • • h h+1 • • • h+l h+l +1 • • • n-1 n = = - - encoded by υ n = (1 2 . . . n) = (1 h+1) σ n , τ n = (1 h+1)(2 h+2) . .

. (l h+l).

We have [σ n , τ n ] = [υ n , τ n ] = (1 h+1)(l+1 h+l+1), so these origamis belong to H(1, 1).

Proposition 3. [START_REF] Dénes | On some statistical properties of the alternating group of degree n[END_REF]. The origamis P l,h n and Q l,h n are reduced if and only if gcd(l, h, n) = 1. They are primitive if and only if gcd(h, n) = 1.

Proof. (Reducibility) ⇐= Consider an origami P l,h

n , the case of Q l,h n being analogous. It has two ramification points, indicated at the picture below by • and •:

• • • • • • • 1 • • • l l+1 • • • h h+1 • • • h+l h+l +1 • • • n-1 n
The lattice of periods Per(ω) ⊆ Z ⊕ √ -1 Z of the square-tiled surface P l,h n = (M, ω) is the set of linear combinations of the relative periods Z k Z j ω with integer coefficients, and thus contains the vectors

1 + 0 √ -1, l = 0 + l √ -1, h = 0 + h √ -1 and n = 0 + n √ -1.
Suppose that gcd(l, h, n) = 1, then there exist integers a, b, c ∈ Z for which al + bh + cn = 0 + 1 √ -1. Hence, we have Per(ω) = Z ⊕ √ -1 Z, and the origami P l,h n is reduced.

=⇒ Conversely, if gcd(l, h, n) = m > 1, then the origami P l,h n is a one branch point covering of the torus obtained from the rectangle 1 × m by gluing its opposite sides (see the picture below). In this case, the origami is not reduced.

• • • • • • •
(Primitivity) ⇐= Suppose that the integers h and n are coprime, where 1 ≤ l < h < n /2. Let us show that the monodromy group G = Mon(P l,h n ) = gp {σ n , τ n } is primitive. Indeed, take a block ∆ for G, containing 1 and another integer x = 1. Consider the case where h ≤ x ≤ n. Since gcd(h, n-h) = 1, for any integer c there exists a ∈ Z such that ah ≡ c mod (n -h). Then the permutation (σ n ) ah = (h+1 h+2 . . . n) c stabilizes 1, and, for a suitable c, sends x to any integer from h + 1 to n. Therefore, we have (σ n ) ah (∆) = ∆, and so the block ∆ contains the integers 1, h + 1, h + 2, . . . , n, which is more than n /2 elements. As the cardinal |∆| divides n, it must be n, and Lemma 2.2 implies that the group G is primitive. In the case where 1 < x ≤ h, let k be a positive integer such that (1 2 . . . h

) k • 1 > l but (1 2 . . . h) k • x ≤ l. Then we have σ -k n τ n σ k n • 1 = 1 and σ -k n τ n σ k n • x = y with h ≤ y ≤ n.
This means that σ -k n τ n σ k n (∆) = ∆ and the block ∆ contains 1 and y, which allows us to use the previous argument to conclude that the group G is primitive.

Let us now show that the monodromy group H = Mon(Q l,h n ) = gp {υ n , τ n } is primitive too. Consider a block ∆ for H containing 1 and another integer x = 1. Denote λ = τ (υ n ) h . Since υ n is an n-cycle and gcd(h, n) = 1, the permutation (υ n ) h is also an n-cycle. Each integer a ∈ [1, l] is sent by (υ n ) h to the integer h+a ∈ [h+1, h+l]. As (a h+a)(. . . s a h+a t . . .) = (. . . s h+a t . . .), the permutation

λ = τ •υ h n = (1 h+1)(2 h+2) . . . (l h+l)•υ h n
is an (n-l)-cycle fixing the integers 1, 2, . . . , l. In particular λ stabilizes 1, implying that λ(∆) = ∆ and λ k • x ∈ ∆ for any k ∈ Z. Therefore, if l < x ≤ n, then the integers from l+1 to n belong to the block ∆, that is |∆| > n /2 and so |∆| = n. By Lemma 2.2, the group H is primitive. In the case where 1 < x ≤ l, we have

τ (υ n ) h+1-x • x = 1 and τ (υ n ) h+1-x • 1 = y, where y = h + 1 -x if h + 1 -x > l, 2h + 1 -x if h + 1 -x ≤ l.
Hence, τ (υ n ) h+1-x (∆) = ∆ and the block ∆ also contains an integer y such that l < y ≤ n, allowing us to apply the previous argument for the primitivity of H.

• • • • • • • =⇒ Conversely, if gcd(h, n) = m > 1,
then the origamis P l,h n and Q l,h n are ramified coverings of the torus obtained from the rectangle 1 × m by gluing its opposite sides (see the picture above).

Remark. Let us sketch another proof of the fact that the condition gcd(h, n) = 1 implies the primitivity of P l,h n and Q l,h n . By the first part of the proposition, we obtain that the origamis P l,h n and Q l,h n are reduced. Suppose that they are not primitive. Then they must be ramified coverings of tori with two branch points (see Lemma 3.1). Therefore, P l,h n and Q l,h n are paved by horizontal rectangles 1 × m with m > 1. For the origami P l,h n , this means that m is a common divisor of h and n, which is impossible, and so P l,h n is primitive. As for Q l,h n , we have a commutative diagram:

Q l,h n T T 2 p f f
where T is a trivial origami of area m (rectangle 1 × m with glued opposite sides) and p : Q l,h n → T is a covering with two branch points. The ramification point x ∈ Q l,h n (corresponding to • at the picture) is projected by the map p to one of the branch points, denote it by x ∈ T . The conditions gcd(h, n) = 1 and m|n imply that gcd(h, m) = 1, and so x occurs at vertices and in the interior of sides of the pavement rectangles, as shown at the picture below:

- = - = • • • • • • • x x p x u
Namely, the preimage p -1 (u) of a point u from a neighbourhood of x ∈ T has at least n /m + 1 points, whilst the degree of the covering p is n /m. This contradiction proves that the origami Q l,h n is primitive. Lemma 3. [START_REF] Dijkgraaf | Mirror symmetry and elliptic curves, The Moduli Space of Curves[END_REF]. Let l, h, l , h be positive integers such that 1 ≤ l < h ≤ n /2, 1 ≤ l < h ≤ n /2 and (l, h) = (l , h ). Then the origamis P l,h n , Q l,h n , P l ,h n and Q l ,h n are distinct.

Proof. The square-tiled surfaces in question are encoded by the following permutations:

σ n = (1 2 . . . h)(h + 1 h + 2 . . . n), τ n = (1 h + 1)(2 h + 2) . . . (l h + l), υ n = (1 2 . . . n), σ n = (1 2 . . . h )(h + 1 h + 2 . . . n), τ n = (1 h + 1)(2 h + 2) . . . (l h + l ), namely, P l,h n = (σ n , τ n ) * , Q l,h n = (υ n , τ n ) * , P l ,h n = (σ n , τ n ) * and Q l ,h n = (υ n , τ n ) * .
Remark at once that P l,h n = Q l,h n and P l,h n = Q l ,h n , since the permutations σ n and υ n are not conjugate. If l = l , then we have P l,h n = P l ,h n and Q l,h n = Q l ,h n , because τ n and τ n are not conjugate. When l = l but h = h , we also have P l,h n = P l,h n , since the permutations σ n and σ n are not conjugate. Finally, the origamis Q l,h n and Q l,h n are distinct as well. Indeed, the only connected figures with a 2 × l rectangle, that can be obtained from the figure 

Q l,h n = 1 • • • l l+1 • • • h h+1 • • • h+l h+l +1 • • • • • • n-1 n
-l ≤ n -h -l, we have Q l,h n = Q l,h n . Let 1 = d 1 < d 2 < . . . < d ϕ(n)
= n -1 be the numbers less than n that are coprime to n. Denote by ϑ 1 (n) and ϑ 2 (n) the following sums

ϑ 1 (n) := ϕ(n) i=1 d i and ϑ 2 (n) := ϕ(n) /2 i=1 d i .
(3.12)

By ϑ 1 (n) and ϑ 2 (n) we denote the following sums

ϑ 1 (n) := ϕ(n) i=1 d i 2 and ϑ 2 (n) := ϕ(n) /2 i=1 d i 2 . (3.13) 
Lemma 3. [START_REF] Dixon | The probability of generating the symmetric group[END_REF]. a) For any positive integer n > 1, one has

8 ϑ 1 (n) = nϕ(n) 2 . 
b) In the case that n is a multiple of 4, one has

ϑ 2 (n) = nϕ(n) 8 . c) If n > 1 is odd, then ϑ 1 (n) = ϑ 1 (n) 2 - ϕ(n) 4 , else ϑ 1 (n) = ϑ 1 (n) 2 - ϕ(n) 2 . d) If n > 1 is even, then ϑ 2 (n) = ϑ 2 (n) 2 - ϕ(n) 4 .
Proof. a) From the relations

d 1 + d ϕ(n) = n, d 2 + d ϕ(n)-1 = n, . . . , d ϕ(n) /2 + d ϕ(n) /2+1 = n, (3.14) 
we obtain ϑ

1 (n) = n • ϕ(n)
2 that shows the first part of the lemma. b) If n is divisible by 4, then we have gcd

( n 2 + d i , n) = 1 and the sets {d 1 , d 2 , . . . , d ϕ(n) } and {d 1 , . . . , d ϕ(n) /2 , n 2 + d 1 , . . . , n 2 + d ϕ(n) /2 } coincide. Therefore, ϑ 1 (n) = ϕ(n) i=1 d i = ϕ(n) /2 i=1 d i + ϕ(n) /2 i=1 n 2 + d i = 2 • ϕ(n) /2 i=1 d i + n 2 • ϕ(n) 2 ,
and so

ϑ 2 (n) = 1 2 ϑ 1 (n) -nϕ(n) 4 = nϕ(n) 8 as required. c) If n is odd, then all numbers d i and d ϕ(n)-i+1 = n-d i have opposite parities for all 1 ≤ i ≤ ϕ(n) 2 . Thus d i 2 + d ϕ(n)-i+1 2 
= d i 2 + d ϕ(n)-i+1 2 
-1 2 , and so

ϑ 1 (n) = ϕ(n) i=1 d i 2 = ϕ(n) i=1 d i 2 - 1 2 • ϕ(n) 2 = ϑ 1 (n) 2 - ϕ(n) 4 .
If n is even, then all d i are odd and 

d i 2 = d i 2 -1 2 . Therefore, ϑ 1 (n) = ϕ(n) i=1 d i 2 = ϕ(n) i=1 d i 2 - 1 2 = ϑ 1 (n) 2 - ϕ(n) 2 . ( 3 
ϑ 2 (n) -ϕ(n) 2 origamis P l,h n such that Mon(P l,h n ) = S n , ϑ 2 (n) origamis Q l,h n such that Mon(Q l,h n ) = S n , ϑ 2 (n) -ϑ 2 (n) -ϕ(n) 2 origamis Q l,h n such that Mon(Q l,h n ) = A n .
If n is even, then one has the following 2ϑ 2 (n) -ϕ(n) distinct primitive n-square-tiled surfaces in the stratum H(1, 1):

ϑ 2 (n) 2 -ϕ(n) 4 origamis P l,h n such that Mon(P l,h n ) = S n , ϑ 2 (n) 2 -ϕ(n) 4 origamis P l,h n such that Mon(P l,h n ) = A n , ϑ 2 (n) -ϕ(n) 2 origamis P l,h n such that Mon(P l,h n ) = S n .
Proof. According to Proposition 3.22, for any pair (l, h) of positive integers such that 1 ≤ l < h ≤ n /2

and gcd(h, n) = 1, the square-tiled surfaces P l,h n and Q l,h n are primitive. By Theorem 3.21 for n ≥ 7, the monodromy group of such a surface is either the alternating A n or symmetric S n , which depends on the parities of σ n , υ n and τ n . We obtain Table 3 Due to Lemma 3.23, all square-tiled surfaces P l,h n and Q l,h n are distinct. Among them, there are 2

• 1≤l<h≤ n /2 gcd(h,n)=1 1 = 2 • ϕ(n) /2 i=1 1≤l<d i 1 = 2 • ϕ(n) /2 i=1 (d i -1) = 2ϑ 2 (n) -ϕ(n)
primitive ones, where 1 = d 1 < d 2 < . . . < d ϕ(n) = n -1 denote the positive integers less than n and coprime to n (we have d ϕ(n) /2 < n/2 and d ϕ(n) /2+1 > n/2 by (3.14)). The number of distinct primitive origamis P l,h n and the number of distinct primitive origamis Q l,h n coincide and are equal to

1≤l<h≤ n /2 gcd(h,n)=1 1 = ϑ 2 (n) - ϕ(n) 2 .
• If n is odd, then the number of distinct n-square origamis Q l,h n with Mon(Q l,h n ) = S n is given by

1≤l<h≤ n /2 gcd(h,n)=1 l odd 1 = ϕ(n) /2 i=1 1≤l<d i l odd 1 = ϕ(n) /2 i=1 d i 2 = ϑ 2 (n).
So, the number of distinct n-square origamis

Q l,h n with Mon(Q l,h n ) = A n equals ϑ 2 (n) -ϑ 2 (n) -ϕ(n) 2 .
• If n is even, then the number of distinct n-square origamis P l,h n with Mon(P l,h n ) = S n is given by

1≤l<h≤ n /2 gcd(h,n)=1 l odd 1 = ϕ(n) /2 i=1 1≤l<d i l odd 1 = ϕ(n) /2 i=1 d i 2 = ϑ 2 (n) = ϑ 2 (n) 2 - ϕ(n) 4 , due to Lemma 3.24-d.
This is also half of the number of all primitive n-square origamis P l,h n .

Remark. Compare the statement of Proposition 3.25 with the total number N pr n (1, 1) of primitive n-square-tiled surfaces in the stratum H(1, 1), see (3.11).

We end the section by formulating a conjecture: Conjecture 1. For any n ≥ 7, there are exactly two orbits of primitive n-square-tiled surfaces in the stratum H(1, 1). Moreover, when n is odd, the positive integers

A n (1, 1) = 1 24 n 2 (n -3)(n -5) p|n p prime 1 - 1 p 2 , S n (1, 1) = 1 8 n 2 (n -1)(n -3) p|n p prime 1 - 1 p 2
are the cardinals of the orbits of n-square-tiled surfaces with monodromy group A n and S n , respectively.

When n is even, the positive integers

A n (1, 1) = 1 24 n 3 (n -2) p|n p prime 1 - 1 p 2 , S n (1, 1) = 1 8 n 2 (n -2)(n -4) p|n p prime 1 - 1 p 2
are the cardinals of the orbits of n-square-tiled surfaces with monodromy group A n and S n , respectively.

Chapter 4 Regular representations

General theory

Suppose here that G is finite, and consider the action of the group G on the set V = G induced by left multiplication: u • v = uv, where u ∈ G and v, uv ∈ V . The corresponding representation ρ reg : G → Sym(G) is called (left) regular . It is always faithful, in particular any finite group can be embedded into a symmetric group.

Recall that for any generating set {g, h} of G one constructs a labeled digraph, called Cayley diagram, that illustrates the multiplicative structure of G in terms of generators. The set of vertices of such a digraph is the set of elements of G and the directed edges are labeled by g and h: there is an edge with label g (resp. h) from a vertex u ∈ G to a vertex v ∈ G if and only if v = gu (resp. v = hu). The Cayley diagram of a group G = X | R with a set of generators X and a set of defining relators R is denoted by C(X; R) (or simply by C(G), once X and R are fixed).

Remark that the Cayley diagram of a finite two-generator group G = g, h | R is isomorphic to the graph of the origami O defined by (ρ reg (g), ρ reg (h)) ∈ Sym(G) × Sym(G), and the monodromy group Mon(O) = gp {ρ reg (g), ρ reg (h)} G is a regular1 subgroup of Sym(G). Here in purpose to distinguish directions on the origami, we order the set of generators X = {g, h}, say g ≺ h, attaching g to the horizontal direction and h to the vertical one (or else we consider the ordered pair (g, h) that indicates 'g ≺ h').

Conversely, we would like to understand when a graph of an origami is isomorphic to a Cayley diagram of a group. The answer to this is given by the following proposition (see [START_REF] Magnus | Combinatorial group theory: Presentations of groups in terms of generators and relations[END_REF], Theorem 1.6, for a proof). Proposition 4.1. An origamal digraph (V, E, L) is isomorphic to the Cayley diagram of a group if and only if for any vertices v, v ∈ V and any sequence of labels

l 1 i 1 , l 2 i 2 , . . . , l p ip ∈ L ∪ L -1 the path l p ip . . . l 2 i 2 l 1 i 1 [v] is closed whenever the path l p ip . . . l 2 i 2 l 1 i 1 [v ] is closed.
Using this criterion, we can in a finite number of steps verify whether an origamal digraph (V, E, L), where L = {l 1 , l 2 }, is isomorphic to the Cayley diagram of a given group G = X | R , where X = {g 1 , g 2 } and R is a finite set of relators (the method is not effective though):

• check that |V | = |G|,
• check that there is a bijection λ : X → L such that for any word 2 W (g 1 , g 2 ) from R and any vertex v ∈ V the path W (λ(g 1 ), λ(g 2 ))[v] is closed.

Further, for a finite group G = g, h | R we will denote the corresponding origami by O G,g,h , or implicitely by O G or O reg , and call such an origami regular . To make it clear: the origami O G,g,h is defined by the group G together with the choice of a generating pair (g, h). Then, we would like to know when two different generating pairs of a group give rise to the same origami: Lemma 4.2. Let (g, h) and (g , h ) be two pairs of generators of a finite group G. The origamis O G,g,h and O G,g ,h coincide if and only if there exists an automorphism α ∈ Aut(G) such that α(g) = g and α(h) = h . Proof. ⇐= If an automorphism α ∈ Aut(G) sends (g, h) to (g , h ), then the induced set bijection α : G → G determines an isomorphism of the labeled digraphs C(g, h; R) and C(g , h ; R ) of G. Indeed, for any vertices u, v ∈ G there is an edge from u to v with label g, resp. h, if and only if there is an edge from α(u) to α(v) with label g = α(g), resp. h = α(h), that is,

g • u = v ⇐⇒ α(g) • α(u) = α(v) and h • u = v ⇐⇒ α(h) • α(u) = α(v).
=⇒ Conversely, if the origamis O G,g,h and O G,g ,h coincide, then the labeled digraphs (G, E, {g, h}) and (G, E , {g , h }), i.e. the corresponding Cayley diagrams of G, are isomorphic. Thus, by Proposition 4.1 for any word W the path W (g, h) [START_REF] Adian | The Burnside problem and identities in groups[END_REF] is closed if and only if the path W (g , h ) [START_REF] Adian | The Burnside problem and identities in groups[END_REF] is closed, that is, W (g, h) = 1 if and only if W (g , h ) = 1. Due to Dyck's theorem there exists an automorphism α ∈ Aut(G) such that α(g) = g and α(h) = h .

Besides, if α : G → G is a group isomorphism then the origamis O G,g,h and O G ,α(g),α(h) are the same. In other words, we have a one-to-one correspondence between regular origamis and isomorphism classes of finite two-generator marked groups.

Lemma 4. [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF]. Let (g, h) and (g , h ) be two pairs of generators of a group G. If for a matrix A from GL(2, Z) we have (g , h

) * = A • (g, h) * then O G,g ,h = A • O G,g,h .
2 Let L be a system of letters. A word over L is a formal expression

W ≡ W ( L ) ≡ L 1 1 L 2 2 . . . L m m
, where Li ∈ L and i = ±1.

Given a generating system X for a group G such that there is a bijection L → X, it is convenient to identify L with X.

Care must be taken to distinguish a word W ( L ) from the element W (X) it represents -this should always be clear from the context.

Proof. Consider the regular representation ρ reg : G → Sym(G). By the description of the GL(2, Z)actions on origamis, the condition (g , h ) * = A • (g, h) * signifies that there exist an automorphism η A ∈ Aut(F 2 ) and an element u ∈ G such that

u(g , h )u -1 = η A • (g, h), where (η A • (g, h)) * = A • (g, h) * .
Recall that, for any group H, the group Aut(F 2 ) acts on H × H by Nielsen transformations (see Section 2.4). We have σ (ρ reg (g ), ρ reg (h )) σ -1 = η A • (ρ reg (g), ρ reg (h)), where σ = ρ reg (u) ∈ Sym(G). Therefore, (ρ reg (g ), ρ reg (h )

) * = A • (ρ reg (g), ρ reg (h)) * , that is, O G,g ,h = A • O G,g,h .
The following theorem is a useful tool for finding the Veech group of an origami, given a presentation of its monodromy group. Moreover, the number of GL(2, Z)-orbits of regular origamis O G,g,h over all pairs of generators (g, h) is equal to the number of T 2 -systems of the group G.

Remark 1 (The dual version of the theorem). Remind that there are two GL(2, Z)-actions on origamis, the natural and dual ones. The orbits for these actions coincide and the stabilizers are related by (2.6). Thus, we could replace GL by GL × and '•' by '×' in the statement above. Proof. Let (g , h ) * = A • (g, h) * for a matrix A ∈ GL(2, Z), then by the previous Lemma 4. [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF] we have O G,g ,h = A • O G,g,h . The matrix A belongs to the Veech group GL(O G,g,h ) if and only if the squaretiled surfaces O G,g,h and O G,g ,h coincide. By Lemma 4.2 it is equivalent to say that there exists an automorphism α ∈ Aut(G) such that α(g) = g and α(h) = h . As we know from the definition of the natural GL(2, Z)-action (2.4), the mapping (g, h) → (g , h ), up to conjugation by an element of G, is a Nielsen transformation. By Corollary 2.9 we conclude that a necessary and sufficient condition of the inclusion A ∈ GL(O G,g,h ) is for the pair (g , h ) to satisfy the relations R.

Moreover, due to Lemma 4.2 for a given group G, the regular origamis O G,g,h are in bijection with the Aut(G)-orbits of pairs (g, h), that is, in bijection with the G-defining subgroup of F 2 (see Section 2.4). The dual action of GL(2, Z) on origamis O G,g,h corresponds to the action of Aut(F 2 ) on G-defining subgroups. Therefore, the number of GL(2, Z)-orbits in question equals the number of T 2 -systems of the group G.

Corollary 4. [START_REF]On the order of doubly transitive permutation groups[END_REF]. Let G be a finite group generated by two elements g and h such that the origami O G,g,h is stabilized by GL(2, Z). Then, for any pair (u, v) Nielsen equivalent to the pair (g, h), the four elements g, h, u and v are of the same order in the group G.

First proof. Consider a presentation g, h | R of the group G. Let k, l, m and n be orders of the elements g, h, gh and gh -1 respectively, and let us add the corresponding four relations to the set R (if there are not already in) so that

G = g, h R, g k = 1, h l = 1, (gh) m = 1, (gh -1 ) n = 1 . (4.1)
The Veech group of the origami O G,g,h is the whole group GL(2, Z). Then by Theorem 4.4 the following conjugacy classes

(h -1 , g) * = S×(g, h) * , (gh -1 , h) * = T -1 ×(g, h) * , (gh, h) * = T ×(g, h) *
satisfy the new relations. In particular we have h k = g l = 1, (gh -1 ) k = g m = 1 and (gh) k = g n = 1, that is, l|k, k|l, n|k, k|m and m|k, k|n. Hence, k = l = m = n.

We conclude that for any pair (u, v) = ε 1 • (g, h), where ε 1 is an elementary Nielsen move, the elements g, h, u and v are of the same order in G. Suppose that the same is true for Second proof. The origami O G,g,h is defined by the pair of permutations (ρ reg (g), ρ reg (h)). For any pair (u, v) Nielsen equivalent to the pair (g, h) there exists a matrix A ∈ GL(2, Z) such that (u, v) * = A×(g, h) * . The origami O G,g,h coincides with the origamis O G,u,v = A×O G,g,h , and so the pairs of permutations (ρ reg (g), ρ reg (h)) and (ρ reg (u), ρ reg (v)) are conjugate. Since ρ reg : G → Sym(G) is an injective homomorphism the elements g and u must have the same order in G, as well as h and v. Applying this argument to the pair (v -1 , u), where (v -1 , u) * = (SA)×(g, h) * , we conclude that g, h, u and v are of the same order in G. 

(u, v) = ε N -1 • . . . ε 1 • (g, h), N ≥ 2,
∈ Aut(ρ(G)) is a composition ρ • α • ρ -1 for some α ∈ Aut(G) (consequently α ∈ Sym(G)).
Let us show that φ(ρ(g)) = αρ(g)α -1 for any g ∈ G, that is, ρ(α(g)) = αρ(g)α -1 . Recall that the permutation ρ(g) ∈ Sym(G) is defined by ρ(g) : h → g • h, and so one has αρ(g)α -1 : h → α(g • α -1 (h)). In other words, we want to show that α(g) • h = α(g • α -1 (h)) for any g, h ∈ G, which is obviously true, since α is an automorphism of G.

Note that for any subgroup H ⊆ S m and any permutation σ from the normalizer of H in S m , the mapping φ σ : µ → σµσ -1 , where µ ∈ H, is an automorphism of H. Hence, if ρ : G → S m is a faithful structural representation, then we have

Aut(G) N S m (ρ(G)) /C S m (ρ(G)),
where N Sm (ρ(G)) and C Sm (ρ(G)) are the normalizer and the centralizer of ρ(G) in S m respectively. Proof. Let A ∈ GL(2, Z) be a matrix which stabilizes the origami O ρ = (σ, τ ) * , where σ = ρ(g) and τ = ρ(h). Then, by the definition of the direct GL(2, Z)-action (see Section 2.6), there exist γ A ∈ Aut(F 2 ) and δ ∈ S m such that

γ A • (σ, τ ) = δ(σ, τ )δ -1 ,
where γ A is actually a preimage of A in the exact sequence

0 → Inn(F 2 ) → Aut(F 2 ) Φ -→ GL(2, Z) → 0, that is, Φ(γ A ) = A We have γ A • (σ, τ ) = (w 1 (σ, τ ), w 2 (σ, τ ))
, where γ -1 A :

x → w 1 (x, y) y → w 2 (x, y) , implying

γ A • (σ, τ ) = (w 1 (ρ(g), ρ(h)), w 2 (ρ(g), ρ(h))) = (ρ × ρ)(w 1 (g, h), w 2 (g, h)) = (ρ × ρ)(γ A • (g, h)),
and also

γ A • (σ, τ ) = δ(σ, τ )δ -1 = δ(ρ(g), ρ(h))δ -1 = φ δ • (ρ × ρ)(g, h).
Here φ δ : µ → δµδ -1 is an automorphism of ρ(G), since the pair (σ, τ ) generates the group ρ(G) and

δ(σ, τ )δ -1 = (w 1 (σ, τ ), w 2 (σ, τ )) ∈ ρ(G) × ρ(G). Therefore, the mapping ρ -1 • φ δ • ρ is an automorhism of G such that (ρ -1 • φ δ • ρ)(g, h) = γ A • (g, h),
and so by Lemma 4.2 we have A ∈ GL(O reg ). This proves the inclusion GL(O ρ ) ⊆ GL(O reg ). Now, suppose that ρ is a structural representation, and let A ∈ GL(O reg ). We have the following logical order:

A ∈ GL(O reg ) Lemma 4.2 =⇒ ∃α ∈ Aut(G) such that (α × α)(g, h) = γ A • (g, h)
,

where γ A ∈ Aut(F 2 ) with Φ(γ A ) = A =⇒ φ = ρ • α • ρ -1 ∈ Aut(ρ(G)) and (φ × φ)(σ, τ ) = γ A • (σ, τ ),
where σ = ρ(g) and τ = ρ(h)

ρ is structural =⇒ ∃δ ∈ S m such that γ A • (σ, τ ) = δ(σ, τ )δ -1 =⇒ A ∈ GL(O ρ ).
Thus, together with the first part of the proof, we obtain the equality GL(O ρ ) = GL(O reg ).

Rephrasing the statement of the theorem gives an immediate In order to find out the stratum of a regular origami O G,g,h , we shall look at the cycle pattern of the permutation ρ reg ([g, h]). Let n be the order of the group G, and k the order of its element [g, h] = ghg -1 h -1 . For the action of the commutator [g, h] by left multiplication on G, we get n /k orbits of length k. Therefore,

O G,g,h ∈ H(k-1, . . . , k-1 n /k ) and genus(O G,g,h ) = k -1 2 • n k + 1, (4.2) 
with the regular origami O G,g,h having n squares.

Before we proceed to the examples of regular square-tiled surfaces, we shall point out that much work was done in that direction by Frank Herrlich and Gabriela Schmithüsen. Also in a similar with ours spirit, that is, from the point of view of monodromy groups, Karsten Kremer studies families of origamis in his Ph.D. thesis [START_REF] Kremer | Invariants of complex and p-adic origami-curves[END_REF].

Examples

Trivial or abelian origamis

Consider a finite group G generated by two elements g and h, and let ρ reg : G → Sym(G) be its regular representation. We affirm that G ia abelian if and only if the origami O G is a torus. Indeed, the origami O G belongs to the stratum H(0) if and only if the commutator [ρ reg (g), ρ reg (h)] is the identity pemutation, i.e. [g, h] = 1.

Any finite two-generator abelian group is a product of two cyclic groups and has the following presentation in terms of generators and relators:

G = Z m × Z n = g, h | g m = h n = [g, h] = 1 ,
where one takes g = (1, 0) and h = (0, 1). Remark that for m and n coprime the group Z m × Z n is generated by (s, r), where mr + ns = 1, and thus it is isomorphic to Z mn .

The corresponding regular origami is the trivial origami T (m, n), see For the dual action of GL(2, Z) we have

J×(g, h) * = (g, -h) * , T ×(g, h) * = (g + h, h) * and U ×(g, h) * = (g, h -g) * ,
where

J = 1 0 0 -1 , T = 1 1 0 1 and U = 1 0 -1 1 .
Since an action of a group is uniquely defined by the action of its generating system (cf. 

GL × (T (m, n)) = a b c d ∈ GL(2, Z) | b ≡ 0 mod n gcd(m, n) , c ≡ 0 mod m gcd(m, n) .

Dihedral origamis

A regular polygon with m ≥ 3 sides has 2m symmetries: m rotations and m reflections. These symmetries form a group denoted by D m and called dihedral group. It is non-abelian and has the following presentation:

D m = s, t s 2 = t 2 = (st) m = 1 Z n Z 2 , (4.3) 
where s and t are two reflections as shown in has order m if the number m is odd, and m /2 else. Thus, by the formulas (4.2), we have 

O Dm belongs to    H(m-1, m-1) and has genus m if m is odd, H( m 2 -1, m 2 -1, m 2 -1, m 2 -1) and has genus m-1 if m is even. 1 s ts sts tst st t • • • • • • s t (st) m-1 2 s = t(st) m-1 2 if m is odd, (st) m 2 = (ts) m 2 if m is even
w 2 1 = 1, w 2 2 = 1 and (w 1 w 2 ) m = 1.
Remark that if the integers a + b and c + d are both odd then the three equalities are satisfied in D m , because in this case each of the words w 1 and w 2 is of the form (st) k s or t(st) l with k, l ∈ N∪{0}. Thus, the group Γ consisting of the matrices A with a + b and c + d odd is a subgroup of GL × (O Dm ). Since Γ is exactly the stabilizer of the point [1 : 1] for the transitive action of GL(2, Z) on the projective line P 1 (F 2 ), it is an index three subgroup of GL(2, Z).

Taking into account the fact that the origami O Dm is not preserved by the matrix T ,

T / ∈ GL × (O Dm ) as T ×(s, t) * = (st, t) * and (st) 2 = [s, t] = 1, we conclude that GL × (O Dm ) = Γ.

Heisenberg origamis

Let p > 2 be an odd prime number. The Heisenberg group modulo p is the following non-abelian subgroup of SL(3, F p ) of upper-triangular matrices:

H p =      1 a b 0 1 c 0 0 1   ∈ SL(3, F p ) | a, b, c ∈ F p    .
It has order p 3 and can be presented as

H p = s, t | s p = t p = [s, t] p = 1, s[s, t] = [s, t]s, t[s, t] = [s, t]t ,
where

s =   1 1 0 0 1 0 0 0 1   , t =   1 0 0 0 1 1 0 0 1   , [s, t] =   1 0 1 0 1 0 0 0 1   .
The Heisenberg group H p is periodic of period p, since

  1 a b 0 1 c 0 0 1   k =   1 ka kb + k(k-1) 2 ac 0 1 kc 0 0 1   .
The corresponding regular origami O Hp is called a Heisenberg origami (they were first studied by Frank Herrlich in [START_REF] Herrlich | Teichmüller curves defined by characteristic origamis[END_REF]). 

J ∈ GL × (O Hp ) as J×(s, t) * = (s, t -1 ) * and [s, t -1 ] = t -1 (tst -1 s -1 )t = t -1 [s, t] -1 t = [s, t] -1 ; T ∈ GL × (O Hp ) as T ×(s, t) * = (st, t) * and [st, t] = [s, t]; U ∈ GL × (O Hp ) as U ×(s, t) * = (s, s -1 t) * and [s, s -1 t] = s -1 [s, t]s = [s, t],
and so O Hp is stabilized by GL(2, Z), By the formulas (4.2), the square-tiled surface belongs to the stratum H(p-1, . . . , p-1

p 2
) and is of genus 1 2 p 2 (p -1) + 1. For p = 3 the Heisenberg origami O H 3 coinsides with the Burnside origami O B(2,3) . Indeed, by Dyck's theorem there is an homomorphism Ψ : H 3 → B(2, 3), s → g, t → h, since the orders of the elements of H 3 divide 3 and thus the relations (4.6) are also satisfied in H 3 . Moreover, Ψ is an isomorphism in view of the fact that

|H 3 | = |B(2, 3)| = 27.

The quaternion origami

The quaternion group Q 8 is a non-abelian group of order 8. It has the following presentations:

Q 8 = -1, i, j, k (-1) 2 = 1, i 2 = j 2 = k 2 = ijk = -1 = x, y x 2 = y 2 , xy = yx -1 ,
where, for instance, i = x, j = y , k = xy, and we have x 4 = y 4 = 1.

The regular origami O Q 8 ,x,y , called the quaternion origami , has a lot of interesting properties (see, for instance, the paper [START_REF] Herrlich | An extraordinary origami curve[END_REF] by Frank Herrlich and Gabriela Schmithüsen). In particular it is stabilized by GL(2, Z), what we are going to establish. Let us verify the invariance of the relations x 2 = y 2 , xy = yx -1 under each of the three substitutions y → y -1 , x → xy, y → x -1 y. We have (y -1 ) 2 = y 2 = x 2 and xy -1 = x(x -1 y -1 x -1 ) = y -1 x -1 ,

(xy) 2 = (xyx)y = y 2 = x 2 and (xy)y = xy 2 = x 3 = x -1 = y(xy) -1 , (x -1 y) 2 = x -1 (yx -1 )y = x -1 (xy)y = y 2 = x 2 and x(x -1 y) = y = (x -1 y)x -1 .
Therefore, by Theorem 4.4 the quaternion origami is preserved by the matrices J, T, U , and so

GL × (O Q 8 ) = GL(2, Z).
Since the commutator [x, y] = x(yx -1 y -1 ) = x 2 is of order 2, the origami lies in the stratum H(1, 1, 1, 1) and has genus 3 by the formulas (4.2).

Generalized quaternion origamis

The generalized quaternion group Q 4n , where n ≥ 2, is the group of order 4n given by the presentation

Q 4n = x, y x 2n = 1, x n = y 2 , xy = yx -1 .
(4.4)

The case that n = 2 corresponds to the classical quaternion group Q 8 considered above. The generalized quaternion group is di-cyclic, that is, an extension of a cyclic group by a cyclic group,

1 -→ C 2n -→ Q 4n -→ C 2 -→ 1.
The group Q 4n can be realized as the subgroup of GL 2 (C) generated by 0 -1 1 0 and e iπ /n 0 0 e -iπ /n .

The generalized quaternion group has a close connection with the dihedral group:

Q 4n /gp y 2 D n .
Indeed, the set {1, y 2 } = gp y 2 is the center of Q 4n , and if we add the relation y 2 = 1 to (4.4) we will obtain the presentation (4.3) of the dihedral group, where s = xy -1 and t = y. The regular origami O Q 4n ,x,y will be called a generalized quaternion origami . By the formulas (4.2), since the commutator [x, y] = x(yx -1 y -1 ) = x 2 is of order n, the origami belongs to the stratum H(n-1, n-1, n-1, n-1) and has genus 2n -1.

Let m be a positive integer, introduce the following notation

Γ 0 (m) = a b c d ∈ GL(2, Z) | b ≡ 0 mod m ,
which is a congruence subgroup of GL(2, Z).

Let us establish a known result: 

= b p k + xp, 0 ≤ x < p k-1 , d = d p k + y, 0 < y < p k , p y,
there exists an integer 0 ≤ z < p k-1 such that zy ≡ x mod p k-1 , and

1 zp 0 1 a b c d = a + zcp b + zdp c d ∈ Γ 0 (p k ).
Therefore, we have

ψ(p k ) = |Γ 0 (p) : Γ 0 (p k )| • |GL(2, Z) : Γ 0 (p)| = p k-1 (p + 1)
. Now, let us show that ψ is a multiplicative function (in terms of number theory), that is,

ψ(mn) = ψ(m) • ψ(n)
for any coprime positive integers m, n.

First, recall that for any subgroup H and K of a group G, there is a natural bijection

H/(H ∩ K) ←→ HK/K, h(H ∩ K) ↔ hK,
where HK denotes the set of products hu with h ∈ H, u ∈ K. Else, if d and n are not coprime then, as gcd(b, d) = 1 for ad -bc = ±1, there is an integer z such that gcd(zb + d, n) = 1, for instance we can choose z to be the greatest divisor of n coprime to d. Thus, by what we have just seen, one gets a presentation (4.5) for the matrix

U -z A = 1 0 z 1 a b c d = a b za + c zb + d = B • C, where B ∈ Γ 0 (m) and C ∈ Γ 0 (n), implying A = (U z B) • C, where U z B ∈ Γ 0 (m) and C ∈ Γ 0 (n).
Hence, we have Γ 0 (m)Γ 0 (n) = GL(2, Z), and finally

|Γ 0 (m) : Γ 0 (mn)| = |Γ 0 (m) : Γ 0 (m) ∩ Γ 0 (n)| = |Γ 0 (m)Γ 0 (n) : Γ 0 (n)| = |GL(2, Z) : Γ 0 (n)| = ψ(n).
This proves that ψ(mn) = ψ(m) • ψ(n). In particular, we conclude that if

m = p k 1 1 • • • p ks s then ψ(m) = ψ(p k 1 1 ) • • • ψ(p ks s ) = m(1 + 1/p 1 ) • • • (1 + 1/p s ).
Proposition 4. [START_REF] Burnside | On an unsettled question in the theory of discontinuous groups[END_REF]. For n > 2, the dual Veech groups of the generalized quaternion origamis are

GL × (O Q 4n ) = Γ 0 (4) if n is odd, Γ 0 (2) if n is even,
which are congruence subgroups of GL(2, Z) of index 6 and 3 respectively. 

w 2n 1 = 1, w n 1 = w 2 2 and w 1 w 2 = w 2 w -1 1 .
Let us show that the three relations are satisfied if 2 | b and 4 | bn. Indeed, if b is even then y 2b = 1, x commutes with y b and the integers k and d are odd, as ad -bc = ±1. In particular, x kn = x n and y 2d = y 2 . Also, y bn = 1 when bn is divisible by 4. Therefore, we have:

w 2n 1 = (x k y b ) 2n = (x 2n ) k y 2bn = 1, w n 1 = (x k y b ) n = x kn y bn = x n and w 2 2 = (x l y d ) 2 = x l-l y 2d = y 2 = x n , w 1 w 2 = (x k y b )(x l y d ) = x k+l y b+d and w 2 w -1 1 = (x l y d )(y -b x -k ) = x k+l y d-b = x k+l y b+d .
One concludes that Γ 0 (4) ≤ GL × (O Q 4n ) for any n, and Γ 0 (2) ≤ GL × (O Q 4n ) if n is even. We know from Proposition 4.12 that the congruence subgroups Γ 0 (4) and Γ 0 (2) are of indices 6 and 3 in GL(2, Z) respectively. By Theorem 4.4, there are at least 4 (resp. 2

) different cosets in GL(2, Z)/GL × (O Q 4n )
when n > 2 is odd (resp. even):

T / ∈ GL × (O Q 4n ) as T ×(x, y) * = (xy, y) * and (xy)y = xy 2 = x n+1 = x -1 = y(xy) -1 ; T 2 / ∈ GL × (O Q 4n ) if 2 n as T ×(x, y) * = (xy 2 , y) * and (xy 2 ) n = x n y 2n = y 2(n+1) = 1 = y 2 ; T 3 / ∈ GL × (O Q 4n ) as T ×(x, y) * = (xy 3 , y) * and (xy 3 )y = xy 4 = x = x -n-1 = y(xy 3 ) -1 .
So, the dual Veech group GL × (O Q 4n ) is exactly Γ 0 (4) and Γ 0 (2) respectively for n odd and even.

The tetrahedral origami

The group of orientation-preserving symmetries of a regular tetrahedron has 12 elements (identity, 8 rotations by 120 • and 3 rotations by 180 • ). It can be presented as

T et = s, t s 2 = t 3 = (st) 3 = 1 A 4 ,
where s is a rotation by 180 • with respect to an axis connecting the midpoints of two opposite edges, and t is a rotation by 120 • with respect to an axis passing through a vertex and the center of the opposite face (see Figure 4.7).

s, 180 • t, 120 • The corresponding regular origami O T et,s,t is called tetrahedral . Since [s, t] = (sts)t 2 = t -1 s -1 t has order 2, from the formulas (4.2) follows that the regular origami O T et belongs to H(1, 1, 1, 1, 1, 1) and has genus 4. Proof. Since T et A 4 , the order of any element in T et is 1, 2 or 3. Moreover, by Dyck's theorem we have a homomorphism ϕ :

T et Z 3 , s → 0, t → 1,
which is surjective, so that an element w(s, t) is sent to e t (w) mod 3, where e t (w) denotes the sum of the exponents of t in the word w. The kernel ker ϕ consist of the identity and three elements of order 2, namely s, tst -1 and t -1 st -the three rotations by 180 • . This gives a criterion: w 2 = 1 in the group T et if and only if e t (w) is a multiple of 3. (In particular if 3 e t (w) then w has order 3.)

Now, for the dual action of GL(2, Z) we have

A×(s, t) * = (w 1 (s, t), w 2 (s, t)) * , A = a b c d ,
where words w 1 and w 2 can be chosen such that e s (w 1 ) = a, e t (w 1 ) = b, e s (w 2 ) = c, e t (w 2 ) = d.

According to Theorem 4.4 a matrix A stabilizes the regular origami O T et if and only if

w 2 1 = 1, w 3 2 = 1 and (w 1 w 2 ) 3 = 1.
By the argument above,

w 2 1 = 1 implies 3 | b. Conversely, if 3 | b then w 2 1 = 1.
Besides, 3 d, as ad -bc = ±1, and so w 3 2 = 1, (w 1 w 2 ) 3 = 1. Therefore, according to Theorem 4.4,

GL × (O T et ) = a b c d ∈ GL(2, Z) | b ≡ 0 mod 3 ,
which is an index 4 congruence subgroup (see Proposition 4.12).

An octahedral origami

The octahedral group Oct is the group of orientation-preserving symmetries of a regular octahedron (or a cube, which is its dual). It has 24 elements (identity, 6 rotations by 90 • , 8 rotations by 120 • , 3 rotations by 180 • about a 4-fold axis and 6 rotations by 180 • about a 2-fold axis). The octahedral group is isomorphic to S 4 and can be presented as

Oct = s, t s 2 = t 3 = (st) 4 = 1 S 4 ,
where s is a rotation by 180 • with respect to an axis connecting the midpoints of two opposite edges (a 2-fold axis), and t is a rotation by 120 • with respect to an axis passing through the centers of two opposite faces (see the figure below).

s, 180 • t, 120 • The corresponding regular origami O Oct = O Oct,s,t is called octahedral . By the formulas (4.2), the regular origami O Oct belongs4 to the stratum H(2 8 ) and has genus 9, since the commutator [s, t] = (sts)t 2 = t -1 s -1 t -1 s -1 t = (st) -1 t -1 (st) has order 3 in Oct.

Proposition 4. 15. The direct Veech group of the octahedral origami O Oct is

GL(O Oct ) = gp 1 0 0 -1 , -1 0 0 -1 , 1 -2 0 1 , -5 -2 3 1 , -3 -2 5 3 ,
which is a noncongruence subgroup of GL(2, Z) of index 9.

Proof. The symmetries from Oct permute the four pairs of opposite sides of the octahedron, and there is an enumeration of the pairs providing an isomorphism ρ : Oct -→ S 4 such that ρ(s) = (1 2) and ρ(t) = (2 3 4).

Since all automorphisms of the group ρ(Oct) = S 4 are inner (cf. Lemme 3.7), the representation ρ is structural and by Theorem 4.7 we have

GL(O ρ ) = GL(O Oct ),
where O ρ is the 4-square-tiled surface encoded by the permutations (1 2) and (2 3 4), or else it is the corner origami L(2, 3).

L(2, 3) = S = 0 -1 1 0 L(3, 2) =
According to Gabriela Schmithüsen [85], the SL(2, Z)-stabilizer of

L(3, 2) is SL(L(3, 2)) = gp -1 0 0 -1 , 1 0 2 1 , 1 3 0 1 , 1 -3 2 -5 , 3 -5 2 -3 ,
where the generator

1 3 0 1 is actually redundant. The group SL(L(3, 2)) is a noncongruence subgroup of SL(2, Z) of index 9 = 3(2 -1)2 2 (1 -1 2 2
), due to [85] or by Theorem 3. [START_REF] Babai | On the order of uniprimitive permutation groups[END_REF].

We have SL(O ρ ) = S • SL(L(3, 2)) • S -1 , and S a b c d S -1 = 0 -1 1 0 a b c d 0 1 -1 0 = -c -d a b 0 1 -1 0 = d -c -b a .
Finally, the matrix J = 1 0 0 -1 belongs to GL(O ρ ), since

J • O ρ = J • (( 1 2), (2 3 4) 
) * = (( 1 2), (2 4 3) 
) * = (δ(1 2)δ -1 , δ(2 3 4)δ -1 ) * = O ρ , where δ = ( 3 4). 
Therefore, the statement of the proposition is verified.

Two icosahedral origamis

A regular icosahedron has 20 identical equilateral triangular faces, 30 edges and 12 vertices (see the picture below). The icosahedral group Ico is the group of orientation-preserving symmetries of a regular icosahedron (or its dual -a regular dodecahedron). The group Ico consists of 60 elements:

• the identity,

• the rotations by k • 72 • with k = 1, 2, 3, 4 about the axes passing through two opposite vertices (i.e. 4 × 12 2 = 24 rotations),

• the rotations by 180 • about the axes passing through the midpoints of two opposite edges (i.e. The icosahedral group is isomorphic to A 5 and PSL(2, F 5 ), and can be presented as

Ico = s, t s 2 = t 3 = (st) 5 = 1 A 5 PSL(2, F 5 ).
An isomorphism ρ 1 : Ico -→ A 5 is constructed as follows 5 . Let us divide the 30 edges of the icosahedron into 5 disjoint subsets, containing six edges parallel or perpendicular to each other: Further, define t to be the counterclockwise rotation by 240 • about the axis passing through the centers of the opposite faces 1-6-2 and 7-12-8. Then t is represented by the permutation (a c e).

a = {1-2,
Since Ico is generated by the rotations s and t, we obtain an isomorphism

ρ 1 : Ico -→ gp {(a b)(c d), (a c e)} = Alt({a, b, c, d, e}) A 5 .
The corresponding regular square-tiled surface O Ico,s,t is called the first icosahedral origami . By the formulas (4.2), the origami O Ico,s,t belongs to the stratum H(4 12 ) and has genus 25, since the commutator [s, t] = (sts)

t 2 = t -1 s -1 t -1 s -1 t -1 s -1 t = (tst) -1 (st)(tst)
is of order 5 in Ico.

Proposition 4. [START_REF] Campbell | Symmetric presentations and linear groups, Finite Groups -Coming of Age[END_REF]. Let O 1 be the 5-square origami encoded by the permutations (1 2)(3 4) and (1 3 5).

Then GL(O Ico,s,t ) = GL(O 1 ).

Proof. The composition of the isomorphism ρ 1 : Ico -→ A 5 defined above and the inclusion A 5 → S 5 gives a faithful permutation representation ρ : Ico → S 5 . This representation is structural, since all automorphisms of the alternating group of degree 5 are conjugations by a permutation from S 5 , that is, Aut(A 5 ) = S 5 . By Theorem 4.7, we have GL

(O 1 ) = GL(O ρ ) = GL(O Ico,s,t ).
The origami O 1 in the proposition belongs to the stratum H(4) and is of genus 3.

O 1 = 1 2 3 4 5
Using the mathematics software system Sage, we found its Veech group

GL(O 1 ) = gp 1 0 0 -1 , -1 0 0 -1 , 1 2 0 1 , 1 0 3 0 , - 4 3 -7 5 
which is a subgroup of GL(2, Z) of index 10.

The icosahedral group has another presentation

Ico = u, v u 3 = v 3 = (uv) 5 = (uv -1 uv) 2 = 1 ,
where u the counterclockwise rotation by 120 • about the axis passing through the midpoints of the faces 5-9-6 and 11-3-12, and v is the counterclockwise rotation by 240 • about the axis passing through the midpoints of the faces 5-8-9 and 11-2-3. The rotations u and v correspond to the permutations (a b c) and (c d e). Thus, we obtain an isomorphism

ρ 2 : Ico -→ gp {(a b c), (c d e)} = Alt({a, b, c, d, e}) A 5 .
The regular square-tiled surface O Ico,u,v is called the second icosahedral origami. We have Proof. Analogous to the proof of the previous proposition.

(uv) -1 • [u, v] • (uv) = u -1 v -1 uv = u(uv -1 uv) = u(uv -1 uv) -1 = uv -1 (u -1 )vu -1 , i.e.
The origami O 2 belongs to the stratum H(2) and has genus 2.

O 2 = L(3, 3) = 3 1 2 4 5
Using Sage, we found that its Veech group is generated by the following matrices

GL(O 2 ) = gp 1 0 0 -1 , 0 -1 1 0 , 3 -1 1 0 , 5 -9 4 -7
and is a subgroup of GL(2, Z) of index 9.

Burnside origamis

Consider the Burnside group B(m, k), m > 1, defined as the largest m-generator group in which the identity x k = 1 holds for all elements x. Burnside's famous problem asks whether the group B(m, k) is finite. For instance, the group B(m, 2) is elementary abelian of order 2 m , since xyx -1 y -1 = x 2 (x -1 y) 2 y -2 . In the historical 1902 paper [START_REF] Burnside | On an unsettled question in the theory of discontinuous groups[END_REF], William Burnside himself showed that the order of B(m, 3) is bounded by 3 2 m -1 , and also |B(2, 4)| ≤ 2 12 . Only almost 40 years later Ivan N. Sanov [START_REF] Sanov | Solution of Burnside's problem for n = 4[END_REF] proved that B(m, 4) is finite, and in 1958 Marshall Hall Jr. [START_REF] Hall | Solution of the Burnside problem for exponent six[END_REF] established finiteness of B(m, 6). The particular case of B(2, 5) remains open: it is not known whether this group is finite. In a series of fundamental articles published in 1968, Petr S. Novikov and Sergei I. Adjan [START_REF] Novikov | Infinite periodic groups i, ii, iii[END_REF] gave the negative answer to the question of Burnside for odd k ≥ 4381. Afterwards, Adjan [START_REF] Adian | The Burnside problem and identities in groups[END_REF]1975] 

B(2, k) = g, h (W (g, h)) k = 1 for any word W , (4.6) 
and by applying Theorem 4.4, we immediately conclude.

Case k = 3. Let us show that any Burnside group B(m, 3) is finite. First, introduce two definitions.

A group is called periodic if all its elements have finite orders (not necessary the same). A group G is called locally finite if any finitely generated subgroup of G is finite.

Proposition 4. [START_REF] Carmichael | Abstract definitions of the symmetric and alternating groups and certain other permutation groups[END_REF]. If some normal subgroup N and the quotient G/N of a group G are locally finite, then G is locally finite as well. Proof. Let S = {s 1 , . . . , s p } be a finite subset of G. By assumption, the cosets s i N generate a finite group H = {t 1 N, . . . , t q N }, q ≥ p. The set of representatives T = {t 1 , . . . , t q } can be chosen such that all s i and s -1 i belong to it. For any 1 ≤ i, j ≤ q we have

t i • t j = t r n ij , where 1 ≤ r ≤ q and n ij ∈ N.
Therefore, any word

t i 1 • • • t ir is equal to a word t • n, where t ∈ T and n is a product of n ij 's (for instance, t 1 t 2 t 3 = t 1 t a n 23 = t b • n 1a n 23 ).
Since the finite set {n ij } generates a finite subgroup of N , the subgroup of G generated by the set S ⊂ T is finite as well.

Corollary 4. [START_REF] Collins | Combinatorial group theory and applications to geometry[END_REF]. Any periodic solvable group G is locally finite.

Proof. An abelian periodic group is locally finite because any elements a 1 , • • • , a p with orders k 1 , . . . , k p generate a subgroup of order at most

k 1 • • • k p .
The corollary follows by induction on the length of a subnormal series of G using Proposition 4. [START_REF] Carmichael | Abstract definitions of the symmetric and alternating groups and certain other permutation groups[END_REF].

Remark that in a periodic group G of period 6 3, any element commutes with its conjugates, that is, x(yxy -1 ) = (yxy -1 )x for any x, y ∈ G. Indeed, we have (xy) 3 = y 3 = (x -1 y) 3 = 1, and so

(xyx)(y -1 )(x -1 yx -1 )(y -1 ) = (y -1 x -1 y -1 )(y 2 )(y -1 xy -1 )(y 2 ) = 1.
Let now {g 1 , . . . , g m } be a generating system of G = B(m, 3). Take the subgroup N 1 generated by all conjugates of g 1 . Obviousely, it is normal in B(m, 3), and by the remark we made N 1 is abelian. Further, consider the group G/N 1 which is also periodic with period 3. Let N 2 /N 1 , where N 1 N 2 ≤ G, be the subgroup of G/N 1 generated by the conjugates of g 2 N 1 . Again, it is normal and abelian. Continue this procedure recursively on i from 1 to m -1 by defining N i+1 /N i , where N i N i+1 ≤ G, to be the subgroup of G/N i (G/N i-1 ) /(N i /N i-1 ) generated by the conjugates of g i+1 N i . We will get a subnormal series

{1} N 1 N 2 • • • N m = G,
whose factor groups are abelian. Thus, the group B(m, 3) is solvable. By Corollary 4.20 it is locally finite, and so finite.

Friedrich Levi and B. L. van der Waerden [START_REF] Levi | Über eine besondere Klasse von Gruppen[END_REF]1933] showed that

|B(m, 3)| = 3 m+( m 2 )+( m 3 ) .
In particular, the Burnside group B(2, 3) has order 27 and is given by the following presentation:

B(2, 3) = g, h g 3 = h 3 = (gh) 3 = (gh -1 ) 3 = 1 (4.7) 
By Proposition 4.18, the corresponding regular origami is invariant under the action of GL(2, Z),

GL × (O B(2,3) ) = GL(2, Z).
Further, the order of the commutator [g, h] is 3, thus by the formulas (4.2) this Burnside origami belongs to the stratum H(

) and is a surface of genus 10.

Case k = 4. In his Ph.D. thesis [START_REF] Tobin | On groups with exponent 4[END_REF]1954], Sean Tobin proved that B(2, 4) has order 2 12 and can be presented in the following way (see also [55]):

B(2, 4) = g, h g 4 = h 4 = (gh) 4 = (g -1 h) 4 = (g 2 h) 4 = (gh 2 ) 4 = 1, (g -1 h -1 gh) 4 = (g -1 hgh) 4 = 1 .
The corresponding regular origami O B(2,4) is also stabilized by GL(2, Z). It belongs to the stratum H(3, . . . , 3

) and has genus 3 • 2 9 + 1.

Case k = 6. Marshall Hall Jr. showed in [START_REF] Hall | Solution of the Burnside problem for exponent six[END_REF] that the group B(m, 6) has order

2 a 3 b+( b 2 )+( b 3 ) , where a = 1 + (m -1)3 m+( m 2 )+( m 3 ) , b = 1 + (m -1)2 m .
In particular, we have |B(2, 6)| = 2 28 3 25 . The square-tiled surface O B(2,6) corresponding to the presentation (4.6) is stabilized by GL(2, Z), lies in the stratum H(5, . . . , 5

Polynomial origamis

The following set of polynomials over a finite field F p , where p is prime,

G n (p) = x + a 2 x 2 + • • • + a n x n | a i ∈ F p
forms a group under the binary operation of composition of functions modulo x n+1 . This is a twogenerator group of order p n-1 , see the textbook [51, p. 68] by D. L. Johnson. The corresponding regular origamis O Gn(p) are called polynomial .

• When n = 3, wa have a group of order p 2 :

G 3 (p) = x + ax 2 + bx 3 | a, b ∈ F p .
Take an element R = x + ax 2 + bx 3 and calculate its powers. Denote

R k = x + a k x 2 + b k x 3 ,
where a 1 = a and b 1 = b. Then

R k+1 = R • R k = (x + a k x 2 + b k x 3 ) + a(x + a k x 2 + b k x 3 ) 2 + b(x + a k x 2 + b k x 3 ) 3 = x + (a k + a)x 2 + (b k + 2aa k + b)x 3 , that is, a k+1 = a k + a and b k+1 = b k + 2aa k + b, from where 
a k = ka, b k = kb + 2aa 1 + 2aa 2 + . . . + 2aa k-1 = kb + 2a 2 (1 + 2 + . . . + k -1) = kb + k(k -1)a 2 ,
for any k ≥ 1. Therefore, one has R p = x, which is the identity element.

Recall that any group of order p 2 is abelian 7 , i.e. isomorphic to

C p × C p or C p 2 . Since R p = x for any element R ∈ G 3 (p), we conclude that G 3 (p) C p × C p .
In particular, according to the subsection 4.2.1 we get the following proposition:

Proposition 4.21. The origami O G 3 (p) is trivial and GL(O G 3 (p) ) = GL(2, Z).
• When n = 4, we are dealing with a group of order p 3 :

G 4 (p) = x + ax 2 + bx 3 + cx 4 | a, b, c ∈ F p .
7 Indeed, let G be a group of order p 2 and Z its center. The group G acts on its elements by conjugation, each orbit has length [G : Gg] for some g ∈ G and Gg = h ∈ G hgh -1 = g . Denote by g1, g2, . . . , g l representatives of the conjugacy classes of G. Then we obtain that

p 2 = |G| = l i=1 [G : Gg i ] = g i ∈Z 1 + g i / ∈Z [G : Gg i ].
Since the first sum equals |Z| and the second one is a multiple of p, the order of the center |Z| is a multiple of p as well (for the same reason, the center of a nontrivial p-group is never trivial). If |Z| = p 2 , then the group G = Z is abelian. Else |Z| = p, implying that both Z and G/Z are cyclic groups of order p. Suppose that Z is generated by u and G/Z by vZ, where u, v ∈ G. Then the group G is generated by u and v that do commute as u ∈ Z.

The group G 4 (p) is never abelian. Indeed, the elements V = x + x 2 and W = x + x 3 don't commute:

V • W = (x + x 3 ) + (x + x 3 ) 2 = x + x 2 + x 3 + 2x 4 , W • V = (x + x 2 ) + (x + x 2 ) 3 = x + x 2 + x 3 + 3x 4 .
Consider an arbitrary element F = x + ax 2 + bx 3 + cx 4 of the group G 4 (p), and let

F k = x + a k x 2 + b k x 3 + c k x 4
with a 1 = a, b 1 = b and c 1 = c. Then

F k+1 = F • F k = (x + a k x 2 + b k x 3 + c k x 4 ) + a(x + a k x 2 + b k x 3 + c k x 4 ) 2 + b(x + a k x 2 + b k x 3 + c k x 4 ) 3 + c(x + a k x 2 + b k x 3 + c k x 4 ) 4 = (x + a k x 2 + b k x 3 + c k x 4 ) + (ax 2 + 2aa k x 3 + 2ab k x 4 + aa 2 k x 4 ) + (bx 3 + 3ba k x 4 ) + cx 4 = x + (a k + a)x 2 + (b k + b + 2aa k )x 3 + (c k + c + 2ab k + 3ba k + aa 2 k )x 4 . This means that a k+1 = a k + a, b k+1 = b k + b + 2aa k and c k+1 = c k + c + 2ab k + 3ba k + aa 2
k , from where we find that

a k = ka, b k = kb + 2a k-1 i=1 a i = kb + 2a 2 k-1 i=1 i = kb + k(k -1)a 2 , c k = kc + 2a k-1 i=1 b i + 3b k-1 i=1 a i + a k-1 i=1 a 2 i = kc + 2a k-1 i=1 ib + i(i -1)a 2 + 3b k-1 i=1 ia + a k-1 i=1 (ia) 2 = kc + 5ab k-1 i=1 i + a 3 k-1 i=1 2i(i -1) + i 2 = kc + 5ab k(k -1) 2 + a 3 k-1 i=1 3i 2 -2i = kc + 5ab k(k -1) 2 + a 3 3 (k -1)k(2k -1) 6 -2 k(k -1) 2 = kc + 5ab k(k -1) 2 + a 3 k(k -1)(2k -3) 2 for any k ≥ 1.
Therefore, one has

F p = x + (ab + a 3 )x 4 if p = 2, x if p ≥ 3. (4.8) 
It is known (see Exercise 7.5.2 of the textbook [START_REF] Bechtell | Theory of Groups[END_REF] by Homer Bechtell) that up to isomorphism there are exactly 5 distinct groups of order p 3 : the abelian groups

C p × C p × C p , C p 2 × C p and C p 3 ;
(for p = 2) the dihedral group D 4 = s, t s 2 = t 2 = (st) 4 = 1 of order 8 and the quaternion group

Q 8 = s, t s 2 = t 2 , st = ts -1 ;
(for p ≥ 3) the Heisenberg group

H p =      1 a b 0 1 c 0 0 1   ∈ SL(3, F p ) | a, b, c ∈ F p    = s, t | s p = t p = [s, t] p = 1, s[s, t] = [s, t]s, t[s, t] = [s, t]t and the group L p = a b 0 1 a, b ∈ F p 2 , a ≡ 1 mod p = s, t t -1 st = s 1+p , s p 2 = t p = 1 .
The polynomial group G 4 (p) is a non-abelian group of order p 3 . For p = 2, it follows from (4.8) that G 4 (2) has exactly 6 involutions corresponding to (a, b, c) ∈ {(0, 0, 0), (0, 0, 1), (0, 1, 0), (

Since in the quaternion group there are exactly two involutions 1 and -1 and all other elements have order 4, we obtain G 4 (2) D 4 . For p ≥ 3, the equation 

F p = x is satisfied for each F ∈ G 4 (3) 
GL(O G 4 (2) ) = a b c d ∈ GL(2, Z) | a + c and b + d are odd .
For any prime p ≥ 3, the origami O G 4 (p) is Heisenberg, and

GL(O G 4 (p) ) = GL(2, Z).
• Now, let us study the case that n = 5 and p = 2 corresponding to the group G 5 (2) of order [START_REF] Campbell | Symmetric presentations and linear groups, Finite Groups -Coming of Age[END_REF]. It has the following presentation:

G 5 (2) = P, Q P 4 = Q 4 = (P Q) 2 = (P Q -1 ) 2 = 1 ,
where P = x + x 2 , Q = x + x 3 and the identity 1 stands for the polynomial x, see [51, p. 68]. For instance,

P 2 = (x + x 2 ) + (x + x 2 ) 2 = x + x 4 , P 3 = (x + x 4 ) + (x + x 4 ) 2 = x + x 2 + x 4 , Q 2 = (x + x 3 ) + (x + x 3 ) 2 = x + x 5 , Q 3 = (x + x 5 ) + (x + x 5 ) 3 = x + x 3 + x 5 .
Using the relations P Q = Q -1 P -1 and P Q -1 = QP -1 , one concludes that any element w(P, Q) of the group G 5 (2) can be uniquely presented in the form

P i Q j , for some 0 ≤ i, j ≤ 3.
Moreover, such integers i and j have the same parities as e P (w) and e Q (w) respectively, where e P (w) and e Q (w) are sums of the exponents of P and Q in the word w. Denoting χ(k) = 1 + (-1) k ∈ {0, 2}, one has

P i Q j = Q (-1) i j P (-1) j i , (P i Q j ) 2 = P χ(j)i Q χ(i)j ,
and so (P i Q j ) 2 = 1 if and only if (i -j) is even (if i is odd and j is even then χ(j)i is not a multiple of 4). Also, since χ(k) is always even,

(P i Q j ) 4 = P χ(j)i Q χ(i)j P χ(j)i Q χ(i)j = P 2χ(j)i Q 2χ(i)j = 1,
that is, the order of any nontrivial element in G 5 (2) is either 2 or 4.

The order of the commutator [P

, Q] = P (QP -1 )Q -1 = P 2 Q -2 = P 2 Q 2 is 2.
Therefore, by the formulas (4.2), the origami O G 5 (2),P,Q is of genus 5 and belongs to the stratum H(1 8 ). 

w 4 1 = 1, w 4 2 = 1, (w 1 w 2 ) 2 = 1 and (w 1 w -1 2 ) 2 = 1.
The first two relations are automatically satisfied, since the group G 5 (2) has only elements of order 1, 2 and 4. For the third relation, we shall present the element w 1 w 2 in the form P i Q j , where i and j have the same parities as a + c and b + d respectively. Thus, (w Remark that the groups G 5 (2) and D 8 are both of order 16, and the corresponding regular origamis have the same Veech groups (cf. Propositions 4.10 and 4.23). However, the group G 5 [START_REF] Artin | Geometric algebra[END_REF] is not isomorphic to the dihedral group, since the order of any of its elements is at most 4, meanwhile D 8 has an element of order 8 (rotation by π /4). 

1 w 2 ) 2 = 1 if and only if (i -j) is even, that is, k = (a + c) -(b + d) is even. By analogy, (w 1 w -1 2 ) 2 = 1 if and only if (a -c) -(b -d) = k + 2(d -c) is even.

Projective origamis

Let p be a prime number. The projective special linear group PSL(2, p) = PSL(2, F p ) over the field F p is a quotient of the special linear group SL(2, p), PSL(2, p) = SL(2, p)/SZ, where SZ consists of nonzero scalar transformations of F 2 p with unit determinant, that is,

SZ = a 0 0 a a ∈ F p , a 2 = 1 .
Since SZ = {±I} = {I} for p = 2 and SZ = {±I} for p ≥ 3, where I = 1 0 0 1 , we obtain

n := |PSL(2, p)| = 1 gcd(2, p -1) |SL(2, p)| = p(p 2 -1) gcd(2, p -1) = 6 if p = 2, 1 2 p(p 2 -1) if p ≥ 3.
The regular square-tiled surfaces with monodromy group PSL(2, p) will be called projective, and denoted by O PSL(2,p) , or explicitely by O PSL(2,p), Ā, B with ( Ā, B) a generating pair of PSL(2, p).

Proposition 4. [START_REF] Dixon | The probability of generating the symmetric group[END_REF]. The number of distinct GL(2, Z)-orbits of projective n-square origamis O PSL(2,p) , where p > 2 is prime and n = p(p 2 -1)/2, tends to infinity as p → ∞. Proof. By Theorem 4.4, the number of GL(2, Z)-orbits of regular origamis O PSL(2,p) is equal to the number of T 2 -systems in the group PSL(2, p). Due to a result of Martin J. Evans [29], the number of T 2 -systems in PSL(2, p) tends to infinity as p → ∞. (See also the paper [START_REF] Guralnick | On a question of B. H. Neumann[END_REF] by Robert Guralnick and Igor Pak.) Remark. As Darryl J. McCullough and Marcus Wanderley showed in [START_REF] Mccullough | Writing elements of PSL(2, q) as commutators, to appear in Communications in Algebra[END_REF], the number of T 2 -systems in PSL(2, p s ), for p = 2 or p s ≥ 13, is greater than 1 s r|s ϕ s r p r , where ϕ is the Euler totient function.

• When p = 2, an isomorphism PSL(2, 2) S 3 is easily observed though the faithful action of PSL(2, 2) on the projective line P 1 (F 2 ) = F 2 ∪ {∞}. In the symmetric group

S 3 Sym(P 1 (F 2 )) = {id, (0 1), (0 ∞), (1 ∞), (0 1 ∞), (0 ∞ 1)},
there are exactly 2 • 5 2 -2 = 18 generating pairs:

G 2 (S 3 ) = {(σ, τ ) | σ, τ ∈ S 3 \ {id}, σ = τ } \ { ((0 1 ∞), (0 ∞ 1)), ((0 ∞ 1), (0 1 ∞))}.
The commutator of any generating pair is a 3-cycle. Moreover, the elements of G 2 (S 3 ) form a single T 2 -system. Therefore, by Theorem 4.4 all 6-square projective origamis O PSL(2,2) belong to the same GL(2, Z)-orbit (cf. also below).

• When p ≥ 3, the projective group PSL(2, p) is a two-generator group with the following presentation8 :

PSL(2, p) = t, u t p = 1, tut = utu, (u 4 t (p + 1) /2 ) 2 = 1 , (4.9) 
where t and u are the images of the matrices T = 1 1 0 1 and U = 1 0 -1 1 from SL(2, p).

The commutator of two elements from PSL(2, p) being well-defined in SL(2, p), we have

[t, u] = [T, U ] = 1 1 0 1 1 0 -1 1 • 1 -1 0 1 1 0 1 1 = 0 1 -1 1 • 0 -1 1 1 = 1 1 1 2 .
It follows by induction on m ≥ 1 that the positive powers of the integer matrix

C = 1 1 1 2 = 0 1 1 1 2 ∈ SL(2, Z) are C m = f 2m-1 f 2m f 2m f 2m+1 ,
where (f m ) is the Fibonacci sequence defined recurrently via

f 0 = 0, f 1 = 1 and f m+1 = f m + f m-1 for any m ∈ N.
Denote by C the image of the matrix C in the projective group PSL(2, p). Let k be the order of C, that is, the minimal integer greater than 1 such that

f 2k-1 ≡ f 2k+1 ≡ ±1 mod p, f 2k ≡ 0 mod p.
• When p = 2, we have n = 6 and k = 3, so according to (4. is an index three subgroup of GL(2, Z).

• When p ≥ 3, the order k of C divides (p ± 1)/2 due to the following lemma:

Lemma 4. 25. Let A ∈ SL(2, p) be a nonparabolic9 matrix, and Ā its image in PSL(2, p). Then the order of Ā is a divisor of p-1 2 or p+1 2 .

Proof. Let λ 1 , λ 2 ∈ F p 2 be the eigenvalues of A = a b c d -we have λ 1 λ 2 = 1 and λ 1 = λ 2 . Take z = λ 1 /λ 2 = (λ 1 ) 2 . The cyclic group gp Ā acts faithfully on the projective line

P 1 (F p ) = F p ∪ {∞} via Ā • x = ax + b cx + d for any x ∈ F p and Ā • ∞ = a c .
If the eigenvalues of A belong to F p , then this action is equivalent to the multiplication by z ∈ F p , since the matrix A is conjugate to λ 1 0 0 λ 2 . The equivalence means that the actions of gp Ā and gp {z} on P 1 (F p ) correspond to conjugate subgroups in the symmetric group Sym(P 1 (F p ))). Thus the order of Ā is equal to the order of z = (λ 1 ) 2 in the multiplicative group F × p , and so it must divide the integer p-1 2 as (λ 2 1 )

p-1 2

= λ p-1 1 = 1. If the eigenvalues of A don't belong to F p , then we also consider the faithful action of gp Ā on the projective line P 1 (F p 2 ) = F p 2 ∪ {∞}. Again, it is equivalent to the multiplication by z ∈ F p 2 , implying that the lengths of the respective orbits for the actions of the cyclic groups gp Ā and gp {z} on P 1 (F p 2 ) are the same. Let k be the order of z in F × p 2 . Multiplying the elements of P 1 (F p 2 ) by z, there are exactly two orbits of length 1 and p 2 -1 orbits of length k. Since A is not parabolic, the element Ā has no fixed points in P 1 (F p ). Therefore, all orbits of gp Ā on P 1 (F p ) ⊂ P 1 (F p 2 ) have length k. In particular, k divides p + 1, that is, z p+1 = 1. Since λ 2 1 -(a + d)λ 1 + 1 = 0, we obtain

1 = (λ 2 1 ) p+1 = (λ 2 1 ) p • λ 2 1 = ((a + d)λ 1 -1) p • λ 2 1 = ((a + d)λ p 1 -1) • λ 2 1 = (a + d)λ p+2 1 -(a + d)λ 1 + 1,
and so (a + d)λ p+1 1 = (a + d).

When (a + d) = 0, we have λ p+1 = ±I as required.

In particular, the lemma implies that k ≤ p+1 2 . According to (4.2), we have O PSL(2,p),t,u ∈ H((k -1) n/k ) and genus(O PSL(2,p),t,u ) = 1 -

1 k • n 2 + 1 ≤ 1 - 2 p + 1 • p(p 2 -1) 4 + 1 = 1 4 p(p -1) 2 + 1.
Note that k is equal to k or k/2, where k is the order of the image of the integer matrix C in the finite group SL(2, p). As easy to show, the integer 2 k > 1 is the period of the Fibonacci sequence (f m ) modulo p. There are several papers on the subject, see for instance [97] by Donald D. Wall. Finding a general formula for the order k, that depends on the prime p, seems to be a hard problem. To solve this problem, one should be able to determine the orders of the golden ratio 1+ √ 5 2 in the fields F p 2 for all prime numbers p > 2. The degree of difficulty is comparable with that of Artin's conjecture on primitive roots 10 . We also refer the reader to the subsection 5.2. 1. Recall, by the way, some well-known isomorphisms for groups PSL(2, q), where q is a power of p: PSL(2, 3) A 4 , PSL(2, 4) PSL(2, 5) A 5 , PSL(2, 9) A 6 .

10 A famous conjecture of Emil Artin states that, given a non-square integer a = -1, there are infinitely many prime numbers p, for which a is a primitive root. See Problem F9 in the book [37] by Richard K. Guy.

• Moreover, τ can be chosen even. We have just obtained two permutations σ ∈ A d and τ ∈ S d satisfying 1), 2) and 3). It follows from ( 4 In the second situation, we have γ 1 = (A x y), γ 2 = (B x y ) and so

τ • (y y ) = (A x y B x y ) • γ 3 . . . γ s .
So far, the commutator hasn't changed,

[σ, τ (y y )] = στ • (y y )σ -1 (y y ) • τ -1 = στ σ -1 τ -1 = [σ, τ ],
and gp {σ, τ (y y )} is still a transitive subgroup of S d due to Lemma 4. 27. Since the permutations τ and τ (y y ) have distinct parities, one of them is even, as required.

Second, let us show that permutations σ, τ ∈ A d satisfying the conditions 2) and 3) above, actually generate the entire alternating group A d . By Jordan's theorem, we know that a primitive group containing a p-cycle with p ≤ d -3 is either alternating or symmetric. So, it is enough to check that the group G = gp {σ, τ } is primitive, which is true due to Therefore, the group G = gp {σ, τ }, where σ, τ are even and σ is a p-cycle with p ≥ [3d/4], is primitive, and by Jordan's theorem G = A d . We conclude that any even permutation µ moving at least p + 2 points is the commutator of a generating pair of A d , one of the elements being a p-cycle.

Remark. When d ≥ 14, except for d = 19, there exists a prime p such that 3d 4 ≤ p ≤ d -3. Indeed, Jitsuro Nagura [START_REF] Nagura | On the interval containing at least one prime number[END_REF]1952] proved that, for any m ≥ 25, the interval between m and 6 5 m contains a prime number. b) If r > 4 then the number h = 4 3 • r-1 r is greater than 1. Take a real ε > 0 satisfying h -ε > 1. For any integer d large enough, there exists a prime p between 3d 4 and (h -ε) 3d 4 . Indeed, for each k > 1 and n large enough there is always a prime between n and kn: due to the asymptotic estimate π(n) ∼ n /ln n of the prime-counting function, we have π(kn

) -π(n) -→ n→∞ ∞. Therefore, 3d 4 ≤ p ≤ 4 3 • r -1 r -ε 3d 4 ≤ r -1 r d -ε 3d 4 = d - d r -ε 3d 4 . 
In particular, p ≤ d - Corollary 4. [START_REF] Garion | Commutator maps, measure preservation and T-systems[END_REF]. The probability that a random element of the alternating group A d is the commutator of a generating pair tends to 1 as d → ∞.

Proof. The number of permutations in S d that fix at least k points doesn't exceed n k (d -k)! = d! k! . Indeed, for given k points there are (d-k)! permutations fixing them, and there are n k ways to choose k points among d.

The number of permutations in A d fixing at most k -1 points is not less than d! 2 -d! k! . Therefore, due to Corollary 4.29a, the probability p d that a random element of the group A d is the commutator of a generating pair is bounded by

p d ≥ d! 2 -d! [d/10]! d!/2 = 1 - 2 [d/10]! for d ≥ 33.
This implies that lim d→∞ p d = 1, as required.

Remark. It is well known and easy to prove by inclusion-exclusion principle, that the number of permutations in S d fixing no point (such permutations are called derangements) is equal to 

a d = d! d m=0 (-1) m m! = d! e + 1 2 . ( 4 
b d = 1 2 d! e + 1 2 + (-1) d-1 (d -1) 2 .
So, the number of even permutations fixing at most k points is equal to

d 0 b d + d 1 b d-1 + . . . + d k b d-k = 1 2 k i=0 d i (d -i)! e + 1 2 + 1 2 k i=0 (-1) d-1-i d i (d -1 -i).
Corollary 4. 31. For any real r > 4 and sufficiently large integer d, the number of different strata containing an alternating origami of degree d is greater than

1 2 P (d) - 1 2 P d -[ d /r] ,
where P (m) denotes the number of unrestricted partitions 12 of a positive integer m. [START_REF] Dénes | On some statistical properties of the alternating group of degree n[END_REF]1969], the number c(d) of conjugacy classes in the alternating group

A d is equal to 13 c(d) = 1 2 P (d) + 3 2 Q(d), (4.15) 
where Q(d) denotes the number of partitions of d into distinct odd summands (see also [31,1980] 12 that is, the number of ways of writing m as a sum of positive integers; two sums that differ only in the order of their summands are considered to be the same partition. 13 from this equation they derived the expansion c(d)

∼ 1 2 P (d) ∼ 1 8d √ 3 e π √ 2d 3 as d → ∞.
It is easy to see that 

Q(d) > Q d -[ d /
c(d) -c(d -[ d /r]) = 1 2 P (d) -P (d -[ d /r]) + 3 2 Q(d) -Q(d -[ d /r]) > 1 2 P (d) -P (d -[ d /r]) ,
when d is large enough, as required.

Remark 1. A famous result of Godfrey H. Hardy and Srinivasa Ramanujan [39,1918] states that

P (d) ∼ 1 4d √ 3 e π 2d 3 as d → ∞.
From this asymptotic behaviour follows that

lim d→∞ P d -[ d /r] P (d) = r r -1 lim d→∞ e π 2 3 √ d-[ d /r]- √ d = 0,
and so P (d)

-P d -[ d /r] ∼ 1 4d √ 3 e π 2d 3 as d → ∞.
Therefore, we obtain a lower bound

1 2 P (d) -P d -[ d /r] ≥ C d e π 2d 3 ,
for any d > r and some real constant C > 0 small enough. Proof. The generating function for the sequence (Q(m)) m∈N is

f (x) = ∞ l=1 (1 + x 2l-1 ) = (1 + x)(1 + x 3 ) . . . (1 + x 2l-1 ) . . . = 1 + m∈N Q(m)x m .
Denote by R(m) the number of partitions of m into distinct odd summands greater than 2. Then

∞ l=2 (1 + x 2l-1 ) = 1 + m∈N R(m)x m ,
and so we obtain

1 + ∞ m=2 Q(m) -Q(m -1) x m = (1 -x)f (x) = (1 -x 2 ) ∞ l=2 (1 + x 2l-1 ) = 1 -x 2 + ∞ m=3 R(m) -R(m -2) x m , as Q(1) = 1 and R(1) = R(2) = 0. Therefore, the relation Q(m) -Q(m -1) = R(m) -R(m -2) is satisfied for any m ≥ 3. Let us show that R(m) ≥ R(m -2). Indeed, if m -2 = a 1 + a 2 + . . . + a r
is a partition of m -2 with all a i 's odd and such that a 1 > a 2 > . . . > a r ≥ 3, then we get a partition of m having the same property:

m = (a 1 + 2) + a 2 + . . . + a r .
This gives an injection from the set of partitions for m -2 with distinct odd summands ≥ 3 into the set of such partitions for m. As a result,

Q(m) -Q(m -1) = R(m) -R(m -2) ≥ 0.
The number of GL(2, Z)-orbits of regular origamis with monodromy group A d is equal to the number of T 2 -systems in A d . Thus, we obtain Table 4.2, by using the following papers, where the T 2 -systems in the alternating group were calculated: [START_REF] Neumann | Zwei Klassen charakteristischer Untergruppen und ihre Faktorgruppen[END_REF]1951] by Bernhard H. Neumann and Hanna Neumann, and [38, 1936] by Philip Hall (for d = 5), [89,1972] by Daniel Stork (for d = 6), [42,1998] by Osamu Higuchi and Izumi Miyamoto (for d = 7, 8, 9). • When d > 3 is odd, we have the following presentation:

A d = σ, τ σ d-2 = τ 2 = (στ ) d = 1, (τ σ -k τ σ k ) 2 = 1 for any 1 ≤ k ≤ d -3 2 , ( 4.16) 
where σ = (3 4 . . . d), τ = (1 2 3).

The commutator [σ, τ ] = (1 3 4) is of order 3. According to the formulas (4.2), the alternating origami O A d ,σ,τ belongs to the stratum H(2 d!/6 ) and has genus d! /6 + 1.

• When d > 3 is even, we have the following presentation: The presentations (4.16) and (4.17) were found by Carmichael in [19, 1923, p.262], they are also given in the classical textbook [START_REF] Harold | Generators and Relations for Discrete Groups[END_REF] by Harold S. M. Coxeter and William O. J. Moser. The complexity of these presentations, as for finding Veech groups using Theorem 4.4, is that the number of relations grows together with d. The existence of presentations with uniformly bounded number of generators and relations was established by several mathematicians (e.g. [START_REF] Bray | Short presentations for alternating and symmetric groups[END_REF]2011] and [33,2008]). For instance, R. M. Guralnick, W. M. Kantor, M. Kassabov and A. Lubotzky showed in the paper [33, Lemma 2.2 and Theorem 3.17] that, for any natural d, the group A d has a presentation with at most 35 generators and 116 relators.

A d = σ, τ σ d-2 = τ 2 = (στ ) d-1 = 1, (τ (-1) k σ -k τ σ k ) 2 = 1 for any 1 ≤ k ≤ d -2 2 , (4.17 
However, we are interested only in two-generator presentations, because the alternating origamis are given by the choice of a pair of elements generating A d . Definition 4.2. Let G be a finite group, and let G be a covering group of G, that is, a group of maximal order for which there exists a subgroup A ⊆ G with the properties14 

A ⊆ Z( G) ∩ [ G, G] and G/A G.
In general, G is not uniquely defined, but A is unique up to isomorphism and is called the Schur multiplier of G -it is denoted by M (G).

Consider a presentation G = X | R . It is known that the Schur multiplier M (G) is isomorphic to the second homology group H 2 (G, Z), or else to the second cohomology group H 2 (G, C × ), and satisfies the formula

M (G) = R ∩ [F, F ] [R, F ] ,
where F = F (X) is the free group on X, and R is the normal closure of R in F . In the important paper [START_REF] Schur | Untersuchungen über die Darstellung der endlichen Gruppen durch gebrochene lineare Substitutionen[END_REF]1907], Issai Schur proved that is the cardinal of a minimal generating system for the abelian group M (G).

When G has a finite presentation for which the equality |R| -|X| = rg(M (G)) takes place, we say that the group G is efficient (after D. B. A. Epstein [27]). For instance, the projective groups PSL(2, p), where p is an odd prime, are efficient due to (4.9) and the fact that M (PSL(2, p)) = Z 2 according to the textbook [START_REF] Huppert | [END_REF]Theorem 25.7] by Bertram Huppert. In the case of the alternating group G = A d , Issai Schur [88,1911] found that

M (A d ) =      0 for d < 4, Z 6 for d = 6, 7, Z 2 for d = 4, 5 and d ≥ 8.
The group A d is efficient for d ≤ 9. However, it is not known whether A d is efficient for all d, see the paper [START_REF] Campbell | Nice efficient presentions for all small simple groups and their covers[END_REF]2004] 

= g∈G gHg -1 .
Thus, the kernel of ρ H is the largest normal subgroup of G contained in H.

Let G = X | R be a presentation of the group G, where the system X is finite. The ideas used for constructing Cayley diagrams now lead to their generalization -to coset diagrams. More precisely, it is a labeled digraph: the set of its vertices is {g 1 H, . . . , g n H} and its directed edges are labeled by generators from X, so that an edge with label g ∈ X from g i H to g j H means that g • g i H = g j H. We suppose that the finite set X is endowed with a total order.

We will denote the coset diagram of G by C(X; R /H), or if it is clear simply by C(G/H). In the trivial case we have C(G) = C(G/{1}). An example for the free group F 2 = x, y | -and its subgroup H = gp x 2 , y 2 , xyx, yxy is given in Figure 5. In a coset diagram C(G/H) the subgroup H is exactly the stabilizer of the vertex v ='H', that is, consists of all words W (X) such that the path W (X) [v] For example, we always can assign G = F 2 (the construction that follows is due to Gabriela Schmithüsen, see [83]). Indeed, take a look at an origamal digraph Υ of O, let x and y be its labels with x ≺ y. Fix a vertex v 0 and consider the set S 0 of all words W (x, y) over the letters {x, y} ∪ {x -1 , y -1 } such that the path W (x, y)[v 0 ] is closed. Endowed with the standard formalism (concatenation of pathes, inverse path and empty path), the set S 0 is a group with two-generators x and y. It is a subgroup of the free group F (x, y) = x, y | -, and the origamal digraph Υ is isomorphic to C(F (x, y)/S 0 ). For there is a bijection between the vertices of Υ and the cosets F (x, y)/S 0 : if v is a vertex and

W v (x, y)[v 0 ] a path from v 0 to v then v → W v (x, y) • S 0 .
Thus the group F 2 satisfies the property (5.1).

In general case we have: Proof. ⇐= Suppose that the path W (g, h)[v] is closed for any vertex v of Υ and any W (g, h) ∈ R.

For a fixed vertex v 0 construct its stabilizer S 0 as above so that Υ C(F (l 1 , l 2 )/S 0 ), where the group F (l 1 , l 2 ) is free of rank 2. Consider the epimorphism f : F (l 1 , l 2 ) G, l 1 → g, l 2 → h, and take H = f (S 0 ), which of course is a subgroup of G. By assumption a word W (l 1 , l 2 ) belongs to S 0 whenever W (g, h) = 1 in G, that is, the subgroup S 0 contains the kernel ker f . Therefore, S 0 is the full preimage of the subgroup H (if f (s) = f (t) ∈ H for some s ∈ S 0 and t ∈ F (l 1 , l 2 ), then s -1 t ∈ ker f and t ∈ S 0 • ker f = S 0 ).

We have a mapping from the cosets F (l 1 , l 2 )/S 0 onto the cosets G/H :

wS 0 → f (w)H, which is also injective, since f (w 1 )H = f (w 2 )H implies w -1 1 w 2 ∈ f -1 (H) = S 0 .
At the same time, in the coset diagram C(F (l 1 , l 2 )/S 0 ) there is an edge labeled by l i from wS 0 to w S 0 if and only if there is an edge labeled by f (l i ) from f (w)H to f (w )H in the diagram C(G/H). Indeed, l i wS 0 = w S 0 implies f (l i )f (w)H = f (w )H, and the converse is true because only one edge with label f (l i ) starts at f (w)H. This shows that Υ C(F (l 1 , l 2 )/S 0 ) C(G/H) for the subgroup H = f (S 0 ), which is of index n in G since the diagram C(G/H) has n vertices. =⇒ Conversely, suppose Υ C(G/H). For any relation W (g, h) = 1 in G and any coset uH, we have W (g, h) • uH = uH. Thus, the path W (g, h)[v] is closed in Υ, where the vertex v corresponds to uH under the bijection between the sets of vertices of Υ and C(G/H). Given an origamal digraph Υ with two labels {l 1 , l 2 }, we can use this proposition to describe in terms of presentations all groups G such that, for some H ⊆ G, the coset diagram C(G/H) is isomorphic to Υ. Denote by R(Υ) the set of formal words W over two letters such that the path W (l 1 , l 2 )[v] is closed for any vertex v of Υ. We will call R(Υ) the realizer of the origamal digraph Υ. If we consider the words in R(Υ) as elements of the free group F 2 = F (l 1 , l 2 ) then for any vertex stabilizer S 0 we have R(Υ) = ∩ w∈F 2 wS 0 w -1 being a finite index subgroup of F 2 .

Let g, h | R be a presentation of a group G. We obtain that

Υ C(G/H) for a subgroup H of G ⇐⇒ R ⊆ R(Υ).
The following is a generalisation of Lemma 4. 

∈ Aut(G) such that α(g) = g , α(h) = h and α(H) = H.
Proof. Let us show that an automorphism α ∈ Aut(G) satisfying the above conditions determines an isomorphism of the labeled digraphs C(g, h; R /H) and C(g , h ; R /H). First of all, we have a bijection uH → α(u)H between their sets of vertices. Secondly, for any two vertices uH and vH, there is an edge from uH to vH with label g (analogically for the label h) if and only if there is an edge with label g = α(g) from α(u)H to α(v)H. Indeed,

g • uH = vH =⇒ α(g) • α(u)H = α(v)H and α(g) • α(u)H = α(v)H =⇒ α(gu) = α(v) • w =⇒ gu = v • α -1 (w),
where w and α -1 (w) belong to H. 

Examples

Projective coset origamis

Let p be a prime number, and q = p m for some m ∈ N. Consider the projective general linear group PGL(2, q) and the projective special linear group PSL(2, q) over the finite field F q . By definition, PGL(2, q) = GL(2, q)/Z and PSL(2, q) = SL(2, q)/{±I}, where I is the 2×2 identity matrix and Z is the subgroup of nonzero scalar matrices aI with a ∈ F × q . It is well known that PSL(2, q) is a simple two-generator group, with two exceptions: PSL(2, 2) S 3 and PSL(2, 3) A 4 . Note that PSL(2, q) is not necessary a subgroup of PGL(2, q). However, PSL(2, q) is isomorphic to a normal subgroup of PGL(2, q) via PGL

(2, q) = GL(2, q) Z ⊇ SL(2, q) • Z Z SL(2, q) SL(2, q) ∩ Z = PSL(2, q), where SL(2, q) • Z = {A • B | A ∈ SL(2, q), B ∈ Z } ,
so we shall ignore the subtle distinction. For a matrix A ∈ GL(2, q) we will denote by Ā its image in PGL(2, q). Consider the projective line over the field F q ,

P 1 (F q ) = {[x : y] | x, y ∈ F q } / [x : y] ∼ [ax : ay] for any a ∈ F × q = F q ∪ {∞} with ∞ = [1 : 0].
The group PGL(2, q) acts on P 1 (F q ) in the following way: This action is faithful and transitive, giving a permutation representation of degree q + 1, ρ : PGL(2, q) → Sym(P 1 (F q )) S q+1 .

For instance, the images of the matrices T = 1 1 0 1 and U = 1 0 -1 1 permute the elements

x ∈ P 1 (F q ) = F q ∪ {∞} by the rule T • x = x + 1 and Ū • x = x -x + 1 = 1 x -1 -1 , or else Ū • 1 x = 1 x -1 .
If p is odd, there are three types of elements in the group PGL(2, q) according to the number of distinct eigenvalues, or else to the action on the projective line, as shown in Table 5. [START_REF] Adian | The Burnside problem and identities in groups[END_REF].

The automorphisms of the group PSL(2, q) are well-understood. Let PΓL(2, q) be the projective semilinear group over F q , that is, a semidirect product PΓL(2, q) = PGL(2, q) Gal(F q /F p ). This group acts on PSL(2, q) via Ā → B A φ B-1 , where B ∈ PGL(2, q) and A φ is the matrix obtained by applying an automorphism φ of F q to each entry of A ∈ SL(2, q). This gives a homomorphism f : PΓL(2, q) -→ Aut(PSL(2, q)),

which is onto as the following theorem states.

Table 5.1: Three types of elements in the groups PGL(2, q) and PSL(2, q).

Number of distinct eigenvalues in F q

Action on P 1 (F q ) Order in PGL(2, q) Order in PSL(2, q) 0 no fixed points divides q + 1 divides 1 2 (q + 1) 1 fixes 1 point p p 2 fixes 2 points divides q -1 divides 1 2 (q -1)

Theorem 5.6 (O. Schreier and B. L. van der Waerden [START_REF] Schreier | Die automorphismon der projektiven gruppen[END_REF], 1928). The homomorphism f defined above is onto. In particular when q = p, every automorphism of PSL(2, p) is induced via conjugation by an element of PGL(2, p).

Let us now examine the case where m = 1 and q = p. In this case,

P 1 (F p ) = {0, 1, . . . , p -1, ∞}, ρ( T ) = (0 1 . . . p-1)(∞) and ρ( Ū ) = (∞ 1 p-1 . . . 1 2 1 1 ) (0). 
As easy to notice, the stabilizer of the point ∞ = 

O ρ 1 = (ρ 1 ( T ), ρ 1 ( Ū )) * = O p .
For the purpose of finding the genus and stratum of O p , one should take a look at the commutator

C = [T, U ] = 1 1 0 1 1 0 -1 1 1 -1 0 1 1 0 1 1 = 1 1 1 2 , C • x = x + 1 x + 2 for any x ∈ P 1 (F p ).
The eigenvalues of the matrix C are the roots of the polynomial P (λ) = (λ-1)(λ-2)-1 = λ 2 -3λ+1.

Both of them belong either to F p or to F p 2 \ F p .

• When p = 2, we have ρ( T ) = (0 1), ρ( Ū ) = (∞ 1) and ρ

( C) = [(0 1), ( 1 
∞)] = (∞ 1 0), so the origami O 2 = 0 1
∞ is in the stratum H(2) and has genus g = 2.

• When p = 3, we have ρ( T ) = (0 1 2), ρ( Ū ) = (∞ 2 1) and ρ

( C) = (0 2)(1 ∞), so the origami O 3 = 0 1 ∞ 2 - - = =
is in the stratum H(1, 1) and has genus g = 2.

• When p = 5, we have ρ( T ) = (0 1 2 3 4), ρ( Ū ) = (∞ 4 2 3 1) and ρ( C) = (0 3 ∞ 1 4), so 4) and has genus g = 3.

the origami O 3 = 0 1 ∞ 2 3 4 - - = = ≡ ≡ × × is in the stratum H(
• When p ≥ 7, the characteristic polynomial P (λ) has two distinct roots

λ -= 3 - √ 5 2
and

λ + = 3 + √ 5 2 ,
that are elements of the field F p if and only if 5 is a quadratic residue modulo p. As easy to determine, 1 and 4 are quadratic residues modulo 5, while 2 and 3 are not. By quadratic reciprocity, we obtain

5 p = p 5 (-1) 5-1 2 • p-1 2 = p 5 = +1 if p ≡ 1, 4 mod 5, -1 if p ≡ 2, 3 mod 5,
where a p stands for the Legendre symbol 1 . We have the following decomposition

C = 1 1 1 2 = B λ -0 0 λ + B -1 , where B =   1 ( √ 5) -1 1- √ 5 2 1+( √ 5) -1 2   . (5.4) 
•• If p ≡ 1 or 4 mod 5, then λ -, λ + ∈ F p and B ∈ SL(2, p). So, there is a one-to-one correspondence between the orbits for the action of C ∈ PSL(2, p) on the projective line P 1 (F p ) and the orbits for the multiplication by

z = λ - λ + = 3 - √ 5 3 + √ 5 = (3 - √ 5) 2 4 = 7 -3 √ 5 2 , or else z = 1 - √ 5 2 4 , since λ -0 0 λ + • x = λ - λ + • x.
Obviously z • 0 = 0 and z • ∞ = ∞, and so the fixed points of C are

B • 0 = 2( √ 5) -1 1 + ( √ 5) -1 = - 1 - √ 5 2 and B • ∞ = 2 1 - √ 5 = - 1 + √ 5 2
.

1 For a prime p and an integer a, the Legendre symbol is

a p =      0 if p divides a, +1 if x 2 ≡ a mod p has a nonzero solution in Fp, -1 if x 2 ≡ a mod p has no solution in Fp.
Let k ∈ N be the order of z in the group F × p . Then there are exactly 2 orbits of length 1 and p -1 k orbits of length k, when one multiplies the elements of the projective line P 1 (F p ) by z. The orbits of length k are the cosets in F × p of the cyclic subgroup generated by z. We obtain that the cycle pattern of the permutation ρ( C) is 1 

(x) = { B • x, B • zx, B • z 2 x, . . . , B • z k-1 x},
where k is the order of z in the cyclic group F × p 2 and the order of C in the projective group PSL(2, p) at the same time. Since λ 0

-= 2-0• √ 5 2 , λ 1 -= 1-1• √ 5 2 and λ r+1 -= λ r -+ λ r-1 -, for any r ∈ N, it follows by induction on r that λ r -= 1 - √ 5 2 r = (f r + 2f r-1 ) -f r • √ 5 2
, where f r is the r th Fibonacci number 2 . Therefore, the order s of λ -in the group F × p 2 is the smallest positive r such that f r ≡ 0 mod p and f r-1 ≡ 1 mod p. In other words, s is the period of the Fibonacci sequence modulo p (it is also called the p th Pisano period ). This period is always even (p ≥ 7), because

f r+1 f r-1 = f 2 r + (-1) r for all r ∈ N,
and in particular f s+1 ≡ (-1) s mod p. We conclude that the order k of z = In other words, we define Ā • Ō to be A • O = {A • O, -A • O}. Definition 6.2. The integer Veech group of a modular origami Ō is its stabilizer for the action of the projective group PSL 2 (Z). It will be denoted by PSL( Ō).

Recall that there is a transitive action of PSL 2 (Z) on the projective line P 1 (Q), namely, Ā • [p : q] = [ap + bq : cp + dq],

where A = a b c d .

Without loss of correctness we will refer to P 1 (Q) by means of the expanded set of rational numbers Q = Q ∪ {∞}, where ∞ stands for [1 : 0] = 1 0 . In this context, the action of the modular group on Q is given by

A • p q = ap + bq cp + dq .
The stabilizer of ∞ is the group T generated by the matrix T , and the stabilizer of 0 is the group U generated by Ū . We are going to see how this action is related to Veech groups of modular origamis.

Let Ō be a connected modular origami. Consider the decomposition of its PSL 2 (Z)-orbit into T -orbits PSL 2 (Z) • Ō =

1 i N T • ( Āi Ō), (6.2) 
where Āi • Ō are some representatives of the T -orbits with Āi ∈ PSL 2 (Z) and 1 ≤ i ≤ N . This gives rise to a partition of the set Q into equivalence classes The geometric source of the above definition is the following: let ∞ correspond to the horizontal direction on the square-tiled surface O, then any rational direction p q on O (imagine a directional flow with the slope p q ) will, in its turn, correspond to the horizontal direction on another square-tiled surface O(p/q). More exactly, if p q = A -1 ∞ for some A ∈ SL(2, Z), then O(p/q) = A • O. Now from this perspective, two rational numbers p q and r s are T -equivalent if and only if the corresponding square-tiled surfaces O(p/q) and O(r/s) are in the same gp {-I, T }-orbit, roughly meaning that they have similar decompositions into horizontal cylinders.

Q = 1 i N [ Ā-1 i ∞] O (6.
Replacing ∞ by 0, horizontal direction by vertical one and T -orbits by U-orbits we obtain the notions of U-equivalence and U-classes: Thus, the fractions Ā-1 S • 0 = p q and B-1 S • 0 = r s are U-equivalent (recall that S = S-1 ).

Ā-1 • 0 ∼ U B-1 • 0 ⇐⇒ Ā = Ū k B C
In fact, A) is also a direct consequence of the following property that allows us to speak of "classes" without reference 1 to T or U. 1 From now on, if p q and r s are in the same T -class or U-class for a modular origami Ō, we will also write p q ∼ O r s or implicitly p q ∼ r s . Indeed, for any rational number x we have

T • x = x + 1 and Ū -1 • 1 x = 1 1 + x .
Thus, it is easy to check by induction that in both case (m odd and even) we obtain the equalities p q = Cm • ∞ and p q = Dm • 0. So, we will always have p q ∈ [ Cm • ∞] O = [ Dm • 0] O . Now, let m be odd. The following equality holds (check by induction on m):

p k q k = Bm T k B-1 m p q .
If we suppose that k is divisible by the number of origamis in the T -orbit of B-1 m Ō, then T k B-1 m Ō = B-1 m Ō, that is, the matrix Bm T k B-1 m is in the Veech group of Ō. Therefore, we can conclude that p k q k ∼ O p q using the property E) below.

If m is even and k is divisible by #(U • B-1 m Ō), then p k q k = Bm Ū -k B-1 m p q and p k q k ∼ O p q by analogy. In the stratum H(2), all primitive origamis have this property: Proposition 6.1. Let O be a primitive origami from H(2). If C ∈ PSL 2 (Z) preserves the classes of Q for the modular origami Ō, then C ∈ PSL( Ō).

Proof. Due to the property C), once we fixed a PSL 2 (Z)-orbit, it is enough to verify the proposition for just one modular origami in the orbit. As we already know from the section 3.1, all primitive n-square origamis from the stratum H(2) get to at most two SL 2 (Z)-orbits: the first one contains the origami

P n = =
and in the second one, which exists for odd n 5, there is

R n =
2 this means that C • p q ∼ O p q for any p q ∈ Q.

(the origami R n is primitive and both permutations encoding R n are even). Remark that the origamis P n and R n are stabilized by -I, and does any origami in their SL 2 (Z)-orbits. Therefore, for each primitive origami O ∈ H(2) we have Ō = {O}. We are going to proceed in two different ways.

1st method. Consider an element C ∈ PSL 2 (Z) preserving the classes for Pn . By the property E), the modular origamis Pn and C • Pn must be in same T -and U-orbits. However, in the U-orbit of Pn there are exactly two modular origamis: Pn and the origami Ū • Pn , where

U • P n = .
The modular origamis Pn and Ū • Pn are not in the same T -orbit, since the origami U P n has two horizontal cylinders whilst P n only one. We conclude that C • Pn = Pn , that is, C ∈ PSL( Ō).

The case of the second PSL 2 (Z)-orbit is even easier, because there is a U-orbit consisting of only one modular origami, due to the relation R n = U • R n . 2nd method. Suppose there exists a matrix C ∈ PSL 2 (Z), that preserves the classes for Pn but doesn't preserve the modular origami Pn . In order to get a contradiction, it suffices to look at two classes: (σ, τ ) * S / / (τ -1 , σ) * T / / (τ -1 , στ ) * S -1 / / (στ, τ ) * T -k / / (στ, τ (στ ) k ) * .

As the element T -k S-1 T S preserves the modular origami Pn = {P n }, the pairs (σ, τ ) and (στ, τ (στ ) k ) should be conjugate, which is impossible because the permutations σ and στ have unmatched parities. Contradiction.

Speaking of the modular origami Rn , we notice that it is U-invariant. So, ( * * ) shows that if C-1 0 ∼ U 0 then C ∈ PSL( Rn ).

For any subgroup Γ ⊆ PSL 2 (Z), we can consider the orbits for the action of Γ on the projective line Q and determine which elements of PSL 2 (Z) preserve those orbits. Definition 6. [START_REF] Babai | On the order of uniprimitive permutation groups[END_REF]. A subgroup Γ ⊆ PSL 2 (Z) will be called Q-straining if it is exactly the stabilizer of the Γ-orbits on Q.

In other words, Γ is Q-straining if from the fact that C • p q ∈ Γ • p q for any p q ∈ Q , follows that C ∈ Γ. We can now reformulate the question 6.1: for which modular origamis the integer Veech group is Q-straining?

As shown in Proposition 6.1, the Veech group PSL( Ō) for any primitive origami O ∈ H(2) is Q-straining. We have the following theorem: Theorem 6. [START_REF] Avila | Exponential mixing for the Teichmüller flow[END_REF]. There are infinitely many finite index subgroups Γ ⊆ G which are not Q-straining.

Proof. Take m ∈ {2, 3, 6}. Let Γ 0 be a finite index subgroup of G such that the smallest positive integers x, y for which T x , Ū y ∈ Γ 0 , are coprime with m. Moreover, we assume that the same is true for any conjugate of Γ 0 : the smallest positive exponents of T and Ū in ĀΓ 0 Ā-1 are coprime with m. There are infinitely many such subgroups Γ 0 (for instance, principal congruence subgroups of level coprime with m). According to Proposition 5.2, the coset diagram Π = C(G/Γ 0 ) has the following property: (P) the paths ( T Ū T ) 2 [v] and Ū -1 T -1 Ū -1 T Ū T [v] are closed for any vertex v.

We are going to construct another coset diagram with this property. Let Υ = Π × Z m be a 2-labeled digraph with vertices (v, k), where v is a vertex of Π and k ∈ Z m . We connect any two vertices (v, k) and ( T • v, k + 1) by an edge with label T , and any two vertices (v, k) and ( Ū • v, k + 1) by an edge with label Ū . See an example in Figure 6.1, where v k := (v, k). The digraph Υ is connected: if v = W ( T , Ū ) • Γ 0 for a word W , then we have W ( T , Ū ) • (Γ 0 , 0) = (v, l), where l is the length of the word W.

Since x is coprime to m, there exists an integer z such that zx ≡ k -l mod m, and so W ( T , Ū ) T zx • (Γ 0 , 0) = W ( T , Ū ) • (Γ 0 , k -l) = (v, k).

Thus, any vertex (v, k) is connected to (Γ 0 , 0). Also, the property (P) is verified for Υ:

( T Ū T ) 2 • (v, k) = (( T Ū T ) 2 • v, k + 6) = (v, k), Ū -1 T -1 Ū -1 T Ū T • (v, k) = ( Ū -1 T -1 Ū -1 T Ū T • v, k) = (v, k).
Due to Proposition 5.2, the digraph Υ is the coset diagram C(G/Γ) for a finite index subgroup Γ ⊆ G that can be taken to be the stabilizer of the vertex (Γ 0 , 0). By what we assumed in the beginning, the vertex v gets into a U-cycle of the digraph Π of length b ∈ N which is coprime to m. Thus there is an integer z such that zb ≡ x mod m, and so

Ū zb Ā • Γ = Ū zb • (v, l) = (v, l + x) = Ā C • Γ.
We conclude that the element C preserves the Γ-orbits on Q. It is left to notice that C doesn't belong to Γ, since C • Γ = T x • (Γ 0 , 0) = (Γ 0 , x) = (Γ 0 , 0) = Γ. This completes the proof that the subgroup Γ is not Q-straining. Table B.1: SL 2 (Z)-orbits of the 5-and 6-square origamis in the stratum H(4). Note that the monodromy groups of all such origamis are primitive. 
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  x)) e x (γ(y)) e y (γ(x)) e y (γ(y)) , où e x (w) et e y (w) désignent les sommes des exposants de x et y respectivement dans le mot w ∈ F 2 . Cela induit une GL 2 (Z)-action sur l'ensemble (G × G) * = (G × G)/Inn(G) des classes de conjugaison diagonale des paires telle que le diagramme suivant commute

ω

  = c ∈ C constantly, for any point P ∈ U 0 ∩ U 1 . Therefore, the transition maps are just translations.

Figure 2 . 1 :

 21 Figure 2.1: A translation surface as a polygon with identification of pairs of sides.

Figure 2 . 1

 21 Figure 2.1 after gluing the pairs of sides with the same marking will turn into one conical singularity of angle π(8 -2) = 2π(2 + 1).By the Gauss-Bonnet formula we have

Figure 2 . 2 :Definition 2 . 2 .

 2222 Figure 2.2: Some well-known series of origamis.

Proposition 2 . 1 .

 21 a finite union of open squares whose closure tile O. Denote by Sq(O) the set of these squares. The origami O is encoded by two permutations σ, τ ∈ Sym(Sq(O)) corresponding to gluing to the right and to the top respectively. We say that O covers an origami O = (M , ω ) if the following diagram ramified covering p. Moreover, we say that O is a proper ramified covering of O if the degrees of the ramified coverings p and f are greater than 1. Interpreting the former definition in terms of permutations, we have: Consider two connected square-tiled surfaces O and O represented by permutations σ, τ ∈ Sym(Sq(O)) and σ , τ ∈ Sym(Sq(O )). The origami O covers the origami O if and only if there exists a function π : Sq(O) → Sq(O ) such that π • σ = σ • π and π • τ = τ • π. Proof. ⇐= Suppose such a function π exists, then it must be surjective since the origami O is connected (that is, the group gp {σ , τ } is transitive). Let Sq(O) = {D 1 , . . . , D n }. If two squares D i and D j are glued in one direction, say σ(D i ) = D j , then so are the squares π(D i ) and π(D j ), as π(D j ) = σ (π(D i )). Therefore, define p to be a mapping from O to O projecting a square D i to π(D i ). This is a ramified covering and we have the commutative diagram (2.1). =⇒ Suppose the diagram (2.1) commutes. If the right (top) edge of a square D i of O is glued to the left (bottom) edge of a square D j , then obviously the same is true for the squares p(D i ) and p(D j ) of the origami O . Therefore, we can take π : D i → p(D i ).

Proposition 2 . 4 .

 24 A connected n-square-tiled surface O is primitive if and only if its monodromy group Mon(O) ⊆ S n is primitive. Proof. Let (σ, τ ) ∈ S n × S n be a pair of permutations corresponding to the n-square-tiled surface O, so that we have Mon(O) = gp {σ, τ }. =⇒ Suppose that the permutation group G = Mon(O) is not primitive, i.e. that it has a nontrivial block ∆ ⊂ Λ n = {1, . . . , n}. Denote by B = {∆ 1 , . . . , ∆ k } the G-orbit of the block ∆, it gives a G-invariant partition of Λ n , since G is transitive. The action of σ and τ on the set B induces two permutations σ and τ from Sym(B) S k respectively. Let O be the origami represented by (σ , τ ). We affirm that the ramified covering f : O → T 2 factorizes the ramified covering f : O → T 2 (see an example in Figure 2.3).

Figure 2 . 3 :

 23 Figure 2.3: The left origami covers the origami induced by the graph on the right.

Corollary 2 . 7 .

 27 In the stratum H(d 1 , . . . , d s ) the monodromy group of any primitive origami with at least 4(s + s i=1 d i ) 2 squares is equal to A n or S n .

Figure 2 . 4 :

 24 Figure 2.4: Nielsen equivalence classes.

Figure 2 . 6 : 1 ω

 261 Figure 2.6: Action of a matrix on an origami.

Figure 2 . 7 :

 27 Figure 2.7: A digraph of the origami L(3, 2).

Proposition 2 . 10 (

 210 Classification of transitive representations). Every transitive representation of a group G is equivalent to its coset representation ρ H for some H ⊆ G. It is faithful if and only if g∈G gHg -1 = 1.

Theorem 3 . 2 .

 32 The minimal number N = N (d 1 , . . . , d s ), for which there exists an N -square-tiled surface in the stratum H(d 1 , . . . , d s ), is equal to s+d 1 +• • •+d s . Moreover, for any n ≥ N , there exists an n-square-tiled surface in H(d 1 , . . . , d s ) consisting of one horizontal cylinder of height 1.

Proof .

 . First of all, an n-square origami O encoded by two permutations σ, τ ∈ S n belongs to H(d 1 , . . . , d s ) if and only if the commutator [σ, τ ] is a product of s disjoint cycles of lengths d 1 + 1, . . . , d s + 1 respectively. Therefore, we have N ≥ s+d 1 +• • •+d s .

  ): one has Mon(O) = Mon(O ) if and only if O and O are in the same GL(2, Z)-orbit.

  For instance, consider the corner origami L(m, n), where m, n > 1 and (m, n) = (2, 2). It has N = m+n-1 squares, belongs to H(2) and is primitive. If both m and n are odd, then Mon(L(m, n)) = A N L(m, n) = n m with σ = (1 2 . . . m), τ = (m m+1 . . . m+n-1), and so L(m, n) is in the GL(2, Z)-orbit of Q N . If at least one of m and n is even, then Mon(L(m, n)) = S N and the origami is in the GL(2, Z)-orbit of P N . Therefore, the integer Veech groups GL(L(m, n)) are noncongruence subgroups.

2 H

 2 where 1 H ⊆ F × p ; 5.a) n = p + 1 = 12 and G M 11 or G M 12 ; 5.b) n = p + 1 = 24 and G M 24 ; 5.c) n = p + 1 = 2 m and G ⊆ ASL(m, 2) such that G = F m , where 2 Z p ⊆ H ⊆ SL(m, 2); 6.a) n = p = 11 and G PSL(2, 11) or G M 11 ; 6.b) n = p = 23 and G M 23 ; 6.c) n = p and PSL(

Fact 2 .Fact 3 .λ 0 1 .

 231 If [A, B] = ±I, then A and B don't generate the group PSL(2, q), since it is non-abelian. If tr([A, B]) = 2, then A and B don't generate PSL(2, q). Indeed, we can assume by conjugation that [A, B] = 1 For λ = 0, use Fact 2. Otherwise, we have ABA -1 = 1 λ 0 1 • B = a + λc b + λd c d , and equating the traces shows that c = 0. Therefore, the matrices B and A (by symmetry argument) are upper-triangular, and so they don't generate PSL(2, q).

Fact 4 .

 4 Let A, B ∈ SL(2, q) be two matrices such that tr(A) = tr(B) = ±2. Then the matrix A is conjugate to B. For each of the traces 2 and -2, there are:

Point 3 .

 3 One has the commutator [H x , J y ] = 1 -Dxy Dx(y + 1) -Dx -1 y 1 + Dx -1 y and the trace tr([H x , J y ]) = 2 -D 2 y, where D = x -x -1 .

1 .

 1 1. a(2) = 3; 2. if p = m + 1 ≥ 5 is a prime but not Mersenne 5 , then a(m) = m + 3, and for n ∈ {m+1, m+2} there are primitive n-square origamis in H(m) with monodromy group not containing A n ; 3. if p = m + 1 ≥ 7 is a Mersenne prime, then a(m) = m + 4, and for n ∈ {m+1, m+2, m+3} there are primitive n-square origamis in H(m) with monodromy group not containing A n ; 4. a(m) ≤ 3 2 m + 2 for all even m ∈ N. Proof. Consider an n-square primitive origami O ∈ H(m) corresponding to a pair (σ, τ ) ∈ S n × S n . The monodromy group G = Mon(O) = gp {σ, τ } is primitive and contains [σ, τ ], which is an (m+1)cycle. We saw in Section 3.1 that the monodromy group of any primitive n-square origami from the stratum H(2) is either A n or S n . 2. Let p = m + 1 be a prime but not Mersenne. If n ≥ p + 3 = m + 4, then by Proposition 3.3 the group G contains A n . For n = p + 2 = m + 3, due to Theorem 3.10 case 2) we have that either G contains A n or p + 2 = 2 k + 1. Since the latter is false (p is not Mersenne), we obtain a(m) ≤ m + 3.

  Case n = p = m + 1. Corresponding to Theorem 3.10 case 4), the action of AGL(1, p) on the space F p is faithful and primitive, that is, we have a primitive permutation group G ⊂ S p+1 isomorphic to AGL(1, p). Let a ∈ F × p and b ∈ F p such that ab -b = 0. Consider the elements f, g of AGL(1, p) such that f (x) = ax and g(x) = x + b for any x ∈ F p .

3 .

 3 Let p = m + 1 = 2 k -1 be a Mersenne prime. If n ≥ p + 3 = m + 4, then by Proposition 3.3 the group G contains A n . If n = p + 2 = m + 3 = 2 k + 1, then Theorem 3.10 case 2) and Theorem 3.11 provide a primitive origami in H(p-1) with monodromy group PSL(2, 2 k ). For n = p + 1 = m + 2 ≥ 8 and n = p = m + 1, we also construct primitive origamis in H(p-1) with monodromy group not containing A n , as in the part 2 of the proof.

4 .

 4 Let n ≥ 3 2 m + 2. Then we have the following inequality

4 =

 4 gp {(1 2 3 4)} and the dihedral group D 5 = gp {(1 2 3 4 5), (1 4)(2 3)} are shown in Figure 3.1.

Figure 3 . 1 :

 31 Figure 3.1: Orbital graphs for the groups C 4 and D 5 .

Proposition 3 . 17 .

 317 Let G ⊆ S n be a primitive permutation group containing a permutation σ with s nontrivial disjoint cycles and |supp(σ)| = m. Then the rank of G is bounded from above by: r(G) ≤ m -s + 1.Proof. Let u ∈ supp(σ). Since the group G is primitive, the stabilizer G u is a maximal subgroup and so G = gp {σ, G u }. Construct an undirected graph (V, E) with edges colored blue and red as follows: the set of vertices is V = {1, 2, . . . , n}, two vertices x, y ∈ V are connected by a blue edge if there is a permutation τ ∈ G u such that τ (x) = y, and they are connected by a red edge if x = y and σ(x) = y. The subgraph of (V, E) induced by the blue edges has n vertices and r(G) connected components. The subgraph induced by the red edges has m vertices and consists of s disjoint cycles, denote them by C 1 , C 2 , . . ., C s . Since the group G is transitive and G = gp {σ, G u }, the graph (V, E) is connected. By Lemma 3.16, we obtain r(G) ≤ m -s + 1, where m = |C 1 | + |C 2 | + . . . + |C s | as required.

Theorem 3 . 20 .

 320 Let G be a primitive permutation group of degree n not containing A n . Suppose that the group G has an element σ with |supp(σ)| = m, where m ≥ 4. Thenn < (m -1) 2m . Moreover, if G is 2-transitive, then necessarily n ≤ 1 + (m -1) 2 .Proof. Consider the set ∆ = supp(σ) \ {x} for some point x ∈ supp(σ). Suppose that there exists a permutation τ ∈ G x such that τ (∆) ∩ ∆ = ∅. Then for any y ∈ supp(σ) \ {x} one has τ (y) / ∈ supp(σ) \ {x}, that is, either σ(τ (y)) = τ (y) or τ (y) = x, and so y / ∈ supp(τ -1 στ ) \ {x}.

B

  xy . Indeed, for any permutation δ ∈ H such that δ : 2 → a 3 → b 4 → c we must have {a, b, c}∩{2, 3, 4} = ∅. Otherwise, the commutator of the permutations µ = (1 2)(3 4) and δµδ -1 = (1 a)(b c) would be a 3-cycle (1 2 a), and by Jordan's theorem G would contain A n . Furthermore, let us find the cardinals of B xy . If x and y belong to the same orbit ∆ i for i ∈ {2, 3}, then B xy is a coset of the point stabilizer B xx in the group H acting transitively on ∆ i , and we have

  {a + d, b + c} = {h -l, n -h -l}. Since either b or d must be less than h

2 -ϕ(n) 4 Proposition 3 . 25 .

 24325 .15) d) For even n, we obtain that ϑ 2 (n) = ϑ 2 (n) if we replace ϕ(n) by ϕ(n) /2 in (3.15). Let n ≥ 4 be a positive integer. If n is odd, then one has the following 2ϑ 2 (n)-ϕ(n) distinct primitive n-square-tiled surfaces in the stratum H(1, 1):

Figure 4 . 1 Figure 4 . 1 :

 4141 Figure 4.1: The Cayley diagram of S 3 = g, h g 3 , h 2 , (gh) 2 .

  Hereafter, if a pair (a, b) ∈ G × G satisfies a relation W (a, b) = 1, then we also say that the conjugacy class (a, b) * = {c(a, b)c -1 | c ∈ G} satisfies the relation W .

Theorem 4 . 4 .

 44 Let g, h | R be a presentation of a finite group G. The integer Veech group of the square-tiled surface O G,g,h consists of the matrices which preserve R, namely, A ∈ GL(O G,g,h ) ⇐⇒ the conjugacy class A • (g, h) * satisfies the relations R.

Remark 2 .

 2 The first part of the theorem (the direct version) can be viewed as a special case of a result by Gabriela Schmithüsen, see [83, Proposition 2.1].

  and prove it for (u , v ) = ε N • (u, v), where ε N , ε N -1 , . . . , ε 1 are elementary Nielsen moves. Indeed, by definition of the GL(2, Z)-action there exists a matrix A ∈ GL(2, Z) such that (u, v) * = A×(g, h) * , and so O G,u,v = A×O G,g,h . The origami O G,g,h is stabilized by GL(2, Z), we have O G,u,v = O G,g,h , and according to what was already shown the four elements u, v, u and v are of the same order in G = u, v | . . . , as (u , v ) = ε N • (u, v). We are done by induction.

Definition 4 . 1 .

 41 A faithful permutation representation ρ : G → S m is called structural if for each automorphism φ ∈ Aut(ρ(G)) there exists σ ∈ S m such that φ(τ ) = στ σ -1 , for all τ ∈ ρ(G).

Proposition 4 . 6 .

 46 The regular representation ρ = ρ reg : G → Sym(G) is structural.Proof. Indeed, an automorphism φ

Theorem 4 . 7 .

 47 Consider a finite group G generated by two elements g and h. Let ρ reg : G → Sym(G) be its regular representation, and ρ : G → S m another faithful permutation representation. Denote by O reg and O ρ the origamis defined by the pairs (ρ reg (g), ρ reg (h)) and (ρ(g), ρ(h)) respectively. ThenGL(O ρ ) ⊆ GL(O reg ).Moreover, if the representation ρ is structural, then one has the equality GL(O ρ ) = GL(O reg ).

Remark .

 . In her Ph.D. thesis[START_REF]Veech groups of origamis[END_REF] Corollary 5.2], Gabriela Schmithüsen showed that the Veech group of an origami O is related (by inclusion) to the Veech groups of three regular origamis naturally associated to O.

Corollary 4 . 8 .

 48 Let O = (σ, τ ) * be an m-square origami, and G = Mon(O) = gp {σ, τ } ⊂ S m its monodromy group, then GL(O) ⊆ GL(O G,σ,τ

Figure 4 . 2 Figure 4 . 2 :

 4242 Figure 4.2: The Cayley diagram of Z m × Z n .

  Corollary 2.8), we conclude that A×(g, h) * = (ag + bh, cg + dh) * = ((a, b), (c, d)) * for any A = a b c d ∈ GL(2, Z). According to Theorem 4.4, a matrix A preserves the origami O G if and only if m • (a, b) = (ma, mb) = (0, 0) and n • (c, d) = (nc, nd) = (0, 0), that is, we obtain

Figure 4 Figure 4 . 3 :

 443 Figure 4.3: Symmetries of regular polygons.

Figure 4 . 4 :Proposition 4 . 10 .

 44410 Figure 4.4: The Cayley diagram of D m .

Proposition 4 . 11 .

 411 The dual Veech group of O Hp is the entire GL(2, Z), GL × (O Hp ) = GL(2, Z). Proof. By Theorem 4.4, it follows that

Figure 4 . 5 :

 45 Figure 4.5: An origamal digraph for O Q 8 .

Figure 4 . 6 :

 46 Figure 4.6: An origamal digraph for O Q 12 .

Proposition 4 . 12 .Proof .

 412. The index of the subgroup Γ 0 (m) of GL(2, Z) is equal to m Denote by ψ(m) the index |GL(2, Z) : Γ 0 (m)|. For a prime number p, the subgroup Γ 0 (p) is exactly the stabilizer of the point [0 : 1] for the transitive action of GL(2, Z) on the projective line 3 P 1 (F p ), and so ψ(p) = p + 1. Further, the index |Γ 0 (p) : Γ 0 (p k )| of the subgroup Γ 0 (p k ) in Γ 0 (p) is equal to p k-1 , since {I, T p , T 2p , . . . , T (p k-1 -1)p } is a complete list of representatives of the cosets Γ 0 (p)/Γ 0 (p k ). Indeed, for any matrix a b c d ∈ Γ 0 (p), where b

  Second, any matrix A = a b c d from GL(2, Z) can be presented in the form A = B • C for some B ∈ Γ 0 (m) and C ∈ Γ 0 (n). (4.5) Indeed, if gcd(d, n) = 1 then there exist x, y ∈ Z such that xmd + yn = b, and so

Proof .

 . Recall, as usual, that for the dual action of GL(2, Z) we have a b c d ×(x, y) * = (w 1 (x, y), w 2 (x, y)) * , and words w 1 and w 2 can be chosen such that e x (w 1 ) = a, e y (w 1 ) = b, e x (w 2 ) = c, e y (w 2 ) = d, where e x (w) and e y (w) denote the sums of the exponents of x and y in the word w respectively. Moreover, using the relation xy = yx -1 , it is easy to see that w 1 (x, y) = x k y b , where k ≡ a mod 2, w 1 (x, y) = x l y d , where l ≡ c mod 2. According to Theorem 4.4, a matrix A = a b c d stabilizes the regular origami O Q 4n if and only if

Figure 4 . 7 :

 47 Figure 4.7: Symmetries of a regular tetrahedron.

Figure 4 . 8 :Proposition 4 . 14 .

 48414 Figure 4.8: An origamal digraph for O T et .

Figure 4 .

 4 Figure 4.9: A regular octahedron.

30 2 =

 2 15 rotations), • the rotations by k • 120 • with k = 1, 2 about the axes passing through the centers of two opposite faces (i.e. 2 × 20 2 = 20 rotations).

Figure 4 .

 4 Figure 4.10: A regular icosahedron.

7 - 8 , 4 - 5 ,

 7845 10-11, 6-9, 3-12}, b = {1-3, 7-9, 5-6, 11-12, 4-8, 2-10}, c = {1-4, 7-10, 2-6, 8-12, 5-9, 3-11}, d = {1-5, 7-11, 2-3, 8-9, 6-10, 4-12}, e = {1-6, 7-12, 3-4, 9-10, 5-8, 2-11}. Define s to be the rotation by 180 • about the axis passing through the midpoints of the opposite edges 1-6 and 7-12. Then in the alternating group Alt({a, b, c, d, e}), it is represented by the permutation (a b)(c d).

  the commutator [u, v] is of order 3 in the group Ico. Hence, by the formulas (4.2), the origami O Ico,u,v belongs to the stratum H(2 20 ) and has genus 21.Proposition 4.17. Let O 2 be the 5-square origami encoded by the permutations (1 2 3) and (3 4 5). Then GL(O Ico,u,v ) = GL(O 2 ).

Proposition 4 . 23 .

 423 The dual Veech group of the polynomial origamiO G 5 (2),P,Q is GL × (O G 5 (2),P,Q ) = a b c d ∈ GL(2, Z) | a + b and c + d are odd ,which is an index three subgroup of GL(2, Z).Proof. The dual action of GL(2, Z) on the conjugacy classes of pairs is given byA×(P, Q) * = (w 1 (P, Q), w 2 (P, Q)) * , A = a b c d ,where words w 1 and w 2 can be chosen such thate P (w 1 ) = a, e Q (w 1 ) = b, e P (w 2 ) = c, e Q (w 2 ) = d.According to Theorem 4.4, a matrix A stabilizes the regular origami O G 5 (2),P,Q if and only if

  For integers a, b, c, d such that ad -bc = ±1, the condition 2 | (a + c) -(b + d) is equivalent to the condition that both a + c and b + d are odd (as ad -bc = d(a + c) -c(b + d)), or else that a + b and c + d are odd. This proves the proposition.

Question 4 . 1 .

 41 Study the polynomial origamis O Gn(p) with n ≥ 5. For instance, is it true that the Veech group of such an origami is a congruence subgroup?

  2),O PSL(2,2),t,u ∈ H(2, 2) and genus(O PSL(2,2),t,u ) = 3.Under the isomorphism PSL(2, 2) Sym(P 1 (F 2 )) described above, the elements x and y correspond to the permutations σ = (0 1) and τ = (1 ∞) respectively, since T : x → x+1 and U : x → x/(-x+1) for any x ∈ P 1 (F 2 ). Hence, the regular origamis O PSL(2,2),t,u and O S 3 ,σ,τ are the same. The latter is also the dihedral origami O D 3 , and by Proposition 4.10 we find that the Veech group GL(O PSL(2,2),t,u ) = GL(O D 3 )

1 = 1 . 2 = 1 ). Hence, λ p+1 1 = 2 = 1 . 2 = 2 .

 112112122 When (a + d) = 0, we have λ 2 1 = -1. Moreover, p ≡ 3 mod 4: otherwise, λ 1 ∈ F p as -1 is a quadratic residue modulo p if and only if p ≡ 1 mod 4 (a nonzero a ∈ F p is a square if and only if a p-1 In any case, we obtain λ p+1 1 = 1, and so (λ 1 ) p+1 ±1 = (λ 2 ) p+1 This gives the relation A p+1 2

. 11 )

 11 and |supp(µ)| ≥ p + 2 that at least two distinct integers x, x ∈ [1, p] are sent by τ to some integers y, y ∈ [p + 1, d]. In terms of a cycle decomposition (4.10), we are dealing with situations of two kinds: either γ 1 (x) = y and γ 1 (x ) = y or γ 1 (x) = y and γ 2 (x ) = y In the first situation, we have γ 1 = (A x y B x y ) and so τ • (y y ) = (A x y)(B x y ) • γ 2 γ 3 . . . γ s .

Lemma 4 . 28 .

 428 If a transitive permutation group G of degree d contains a p-cycle, where p > d/2 is prime, then it is primitive. Proof. Let ∆ ⊆ {1, . . . , p, p + 1, . . . , d} be a block for the transitive group G such that 1 ∈ ∆. If this block contains an integer x > p, then σ m (∆) ∩ ∆ = ∅ for any m ∈ Z, and so {1, 2, . . . , p} ⊂ ∆. Thus |∆| = d, because |∆| divides d and |∆| ≥ p > d/2. Now, If ∆ ⊆ {1, 2, . . . , p} then it is a block for the subgroup gp {σ} ⊆ G acting transitively on the set {1, . . . , p}, and so either ∆ = {1} or |∆| = p, which is impossible as p d. In all cases we obtained that |∆| = 1 or d. By Lemma 2.2 the group G is primitive.

d r - 2

 2 when [3d/4] ≥ 2/ε. Thus for sufficiently large d, any permutation µ ∈ A d that fixes at most d r points, moves at least d -d r ≥ p + 2 points. According to Theorem 4.26, such a permutation µ is the commutator of a generating pair of A d .

. 13 )

 13 Moreover, denote by b d and c d the numbers of even and odd derangements respectively. Then 11 b d -c d = (-1) d-1 (d -1). (4.14)Indeed, let A = (x ij ) d i,j=1 be the d × d matrix with zeroes on the diagonal and ones elsewhere, that is,x ii = 0 and x ij = 1 for any 1 ≤ i = j ≤ d. We have det A = λ∈S d sign(λ) • x 1λ(1) x 2λ(2) . . . x dλ(d) ,where each even derangement contributes 1, each odd derangement contributes -1 and the permutations that fix a point contribute 0. It is easy to show that the eigenvalues of the symmetric matrix A are -1 with multiplicity d -1 and d -1 with multiplicity 1. Thus, we obtain that det A = (-1) d-1 (d -1), implying the relation (4.14). From (4.13), (4.14) and a d = b d + c d follows the formula

  by Robert D. Girse). Notice that the number of conjugacy classes in A d containing permutations that fix at least k points is clearly c(d -k). Therefore, the number of conjugacy classes in A d of permutations fixing at most k -1 points is equal to c(d) -c(d -k). For k = d r this gives c(d) -c d -[ d /r] classes.11 See, for instance, the note [9, 2005] by Arthur T. Benjamin, Curtis T. Bennett and Florence Newberger.

Remark 2 .

 2 In the proof of the corollary above we used the fact that Q(d) -Q d -[ d /r] > 0 for sufficiently large d. Actually, we even have Lemma 4.32. For m ≥ 3, the function Q is non-decreasing: Q(m) ≥ Q(m -1).

  ) where σ = (1 2)(3 4 . . . d), τ = (1 2 3). The commutator [σ, τ ] = (1 3)(2 4) is of order 2. According to the formulas (4.2), the alternating origami O A d ,σ,τ belongs to the stratum H(1 d!/4 ) and has genus d! /8 + 1.

  (i) the group M (G) is an invariant of G, that is, independent of the finite presentation X | R , (ii) the group M (G) is finite abelian, (iii) the inequality |R| -|X| ≥ rg(M (G)) holds for any presentation G = X | R , where rg(M (G))

Figure 5 . 1 :

 51 Figure 5.1: The coset diagram C(F 2 /gp x 2 , y 2 , xyx, yxy ).

Proposition 5 . 1 .

 51 Given a finite two-generator group G, let O be a square-tiled surface with monodromy group Mon(O) G. Then there exist a generating pair (g, h) ∈ G × G and a subgroup H ⊆ G such that O = O G/H,g,h . Proof. The statement is an immediate consequence of the classification of the transitive permutation representations G → S n , see Proposition 2.10. Now, a natural question arises: given a connected origami O, what are the groups G such that O = O G/H for a subgroup H ⊆ G? (5.1)

Proposition 5 . 2 .

 52 Let G = g, h | R be a group, and Υ a connected origamal digraph with n vertices and two labels {l 1 , l 2 }, l 1 ≺ l 2 . The digraph Υ is isomorphic to a coset diagram C(G/H) for some subgroup H ⊆ G of index n if and only if for any vertex v of Υ and any relator W (g, h) ∈ R the path W (l 1 , l 2 )[v] is closed.

Corollary 5 . 3 .

 53 The monodromy group Mon(O) is the smallest group satisfying the property (5.1).

Proof .

 . Let (σ, τ ) be a pair of permutations encoding the origami O. Consider an origamal digraph Υ for O with labels {l 1 , l 2 }. By the definition of an origamal digraph, a path W (l 1 , l 2 )[v] is closed in the digraph Υ whenever W (σ, τ ) = 1 holds in the monodromy group Mon(O) = gp {σ, τ }. It follows from Proposition 5.2 that Mon(O) satisfies the property (5.1). On the other hand, for any group G such that O = O G/H for some H ⊆ G we have by construction of the coset origami that ρ H (G) Mon(O). Therefore, |Mon(O)| = |G/ ker ρ H | ≤ |G|.

  q), then Ā • [x : y] = [ax + by : cx + dy] = a x /y + b c x /y + d .

Proposition 5 . 7 .

 57 [1 : 0] for the action of PSL(2, p) on P 1 (F p ) is the cyclic subgroup H = gp T generated by T . The square-tiled surface O p = O PSL(2,p)/H, T , Ū will be called a projective coset origami . This is a (p+1)-square origami encoded by the permutations ρ( T ) and ρ( Ū ). The Veech groups of the projective coset origami O p = O PSL(2,p)/H, T , Ū and the regular origami O reg = O PSL(2,p), T , Ū coincide, GL(O p ) = GL(O reg ). Proof. Denote by ρ 1 the restriction of the faithful representation ρ in (5.2) to the normal subgroup PSL(2, p) PGL(2, p), ρ 1 : PSL(2, p) → S p+1 . According to Theorem 5.6, any automorphism of the group PSL(2, p) is induced via conjugation Ā → B Ā B-1 by an element B ∈ PGL(2, q). Hence, any automorphism of the image ρ 1 (PSL(2, p)) comes from conjugation ρ 1 ( Ā) → ρ( B) • ρ 1 ( Ā) • ρ( B) -1 by a permutation ρ( B) ∈ S p+1 . This means that the representation ρ 1 is structural, and by Theorem 4.7 we obtain GL(O ρ 1 ) = GL(O reg ), where

Definition 6 . 3 .

 63 Consider two fractionsp q = Ā-1 • ∞ and r s = B-1 • ∞, where Ā, B ∈ PSL 2 (Z),We say that p q and r s are T -equivalent, and write p q∼ T r s , if the modular origamis Ā • Ō and B • Ō lie in the same T -orbit, that is, if T • Ā Ō = T • B Ō.The equivalence class of p q ∈ Q is denoted by p q Oor [ Ā-1 ∞] O , and called a T -class.An explicit way of expressingT -equivalence is Ā-1 ∞ ∼ T B-1 ∞ ⇐⇒ Ā = T k B C for some k ∈ Z, C ∈ PSL( Ō), ( * )and an integer k can actually be chosen in the interval [0, #(T • Ā Ō) -1], where #(T • Ā Ō) is the number of origamis in the T -orbit of Ā Ō.

5 )

 5 for some k ∈ Z, C ∈ PSL( Ō). ( * * ) To the decomposition of the PSL 2 (Z)-orbit of Ō into U-orbits PSL 2 (Z) • Ō = Here are some immediate properties of the T -and U-equivalences: A) The partitions of Q into T -classes and U-classes corresponding to a modular origami O coincide: for any Ā ∈ PSL 2 (Z) we have[ Ā-1 • ∞] O = [ Ā-1 S • 0] O .Indeed, since U = ST S -1 , together with the decomposition (6.2) into T -orbits we get the decomposition into U-orbits:PSL 2 (Z) • Ō = 1 i N U • ( S Āi Ō). Furthermore, a fraction p q = Ā-1 ∞ is T -equivalent to r s = B-1 ∞ if and only if Ā • Ō = T k B • Ō for some k ∈ Z, that is, S Ā • Ō = ( S T k S-1 ) S B • O = Ū k S B • Ō.

B) (

 ( Lemma of Anton Zorich)The T -classes and the U-classes are exactly the PSL( Ō)-orbits of Q.If two fractionsp q = A -1 ∞ and r s = B -1 ∞ drop in the same T -class, then Ā-1 = C B-1 T k for some k ∈ Z and C ∈ PSL(O), implying that p q = C B-1 T k ∞ = C • B-1 ∞ = C • r s . Conversely, if p q = C • r s with C ∈ PSL(O), or else ∞ = Ā C B-1 • ∞, then Ā C B-1 = T kfor some k ∈ Z, and so p q ∼ T r s by ( * ). Therefore, the T -classes are the PSL( Ō)-orbits of Q, and the same is true for the U-classes.

C)

  Swapping initial modular origami Ō for a modular origami C • Ō, where C ∈ PSL 2 (Z), means multiplying initial classes by C.Indeed, by definition two fractionsp q = C-1 A -1 ∞ and r s = C-1 B -1 ∞ are T -equivalent (for Ō) if the origamis Ā • C Ō and B • C Ō lie in the same T -orbit, that is, if the fractions Ā-1 ∞ = C • p q and B-1 ∞ = C • r s are T -equivalent (for C • Ō). k be continued fractions with a i , k ∈ Z.If m is odd introduce three matricesB m = T a 1 U -a 2 . . . T a m-2 U -a m-1 , C m = B m T am-1 U -1 and D m = B m T am .Then the number p q lies in the class[ Cm • ∞] O = [ Dm • 0] O . Moreover, if k is divisible by the number of modular origamis in the T -orbit of B-1 m Ō, then p q ∼ O p k q k .If m is even introduce three matricesB m = T a 1 U -a 2 . . . U -a m-2 T a m-1 , C m = B m U -am and D m = B m U -am+1 T.Then the number p q lies in the class[ Cm • ∞] O = [ Dm • 0] O .Moreover if k is divisible by the number of origamis in the U-orbit of B-1 m Ō, then p q ∼

For instance, T a 1 Ū= T a 1 Ū 1 a

 111 -a 2 . . . T a m-1 Ū -am • 1 0 = T a 1 Ū -a 2 . . . T a m-1 • 1 a m = T a 1 Ū -a 2 . . . Ū -a m-2 • a m-1 + 1 a m -a 2 . . . Ū -a m-2 • 1 m-1 + 1 a m = T a 1 Ū -a 2 . . . T a m-3 • 1 a m-2 + 1 a m-1 + 1 a m = . . . = p q .

E)Ā- 1 ∞

 1 An element C ∈ PSL 2 (Z) preserves 2 the classes for Ō if and only if, for any Ā ∈ PSL 2 (Z), the modular origamis Ā • Ō and Ā • C Ō belong to the same T -orbit. The statement stays true when one replaces "T -orbit" by "U-orbit". In particular, if C ∈ PSL( Ō), then C preserves the classes for Ō. Indeed, an element C preserves the classes whenever C -1 does. From the definition 6.3 follows that, for each Ā ∈ PSL 2 (Z), we have C-1 Ā-1 ∞ ∼ T if and only if the modular origamis Ā • Ō and Ā C • Ō are in the same T -orbit. By analogy one proves the U-version of the statement.

6. 2 Question 6 . 1 .

 261 Subgroups that are not Q -strainingA natural question arises whether the inverse of the last statement of the property E) is satisfied. Describe the modular origamis Ō such that if an element C ∈ PSL 2 (Z) preserves the classes of Q for Ō, then C is in the Veech group PSL( Ō).

  [∞] Pn and [ S • ∞] Pn . Since C-1 ∞ ∼ T ∞ and C-1 S-1 ∞ ∼ T S-1 ∞, according to ( * ) we obtain C = T k C1 and C = S-1 T l S C2 for some k, l ∈ Z and C1 , C2 ∈ PSL( Pn ). Moreover, such an integer l can be chosen in the set {0, 1, . . . , #(T • S Pn )-1}, where #(T • S Pn ) is the number of modular origamis in the T -orbit of S • Pn , that is, #(T • S Pn ) = 2 and 0 l < 2. Since C is not in PSL( Pn ), it follows that l = 1. Therefore, T -k S-1 T S = C1 C-1 2 ∈ PSL( Pn ). In terms of permutations, we have P n = (σ, τ ) * for σ = (1 2 . . . n), τ = (1 2) and

Lemma 6 . 2 .

 62 Let Γ be a subgroup of PSL 2 (Z). An element C ∈ PSL 2 (Z) preserves the Γ-orbits on Q if and only if, for any Ā ∈ PSL 2 (Z), there exist B ∈ Γ and k ∈ Z such thatĀ C = T k Ā B.The same is true if we replace T by Ū .Proof. The element C-1 preserves the Γ-orbits if and only if, for any Ā ∈ PSL 2 (Z), we haveC-1 • Ā-1 ∞ = B-1 • Ā-1 ∞ for some B ∈ Γ, that is, there exists k ∈ Z such that Ā C B-1 Ā-1 = T k , or else, Ā C = T k Ā B.The same is true if we replace ∞ by 0 and T by Ū .The projective group G = PSL 2 (Z) has the following presentation:G = T , Ū T Ū T = Ū T Ū , ( T Ū T ) 2 = 1 . (6.6) To every subgroup Γ ⊆ G of finite index corresponds a coset diagram C(G/Γ), that is a 2-labeled digraph with labels T and Ū . Moreover, a finite connected 2-labeled digraph Υ is isomorphic to a coset diagram C(G/Γ) for some subgroup Γ ⊆ G if and only if the paths ( T Ū T ) 2 [v] and Ū -1 T -1 Ū -1 T Ū T [v] are closed for any vertex v of Υ. This is shown in Proposition 5.2.

Figure 6 . 1 :

 61 Figure 6.1: Two coset diagrams Π and Υ = Π × Z 3 .
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 37 SL 2 (Z)-orbits of the primitive n-square origamis in H(1, 1) with 7 ≤ n ≤ 17. An orbit representative Orbit length G = gp {σ, τ } Order of G

E

  . . . . . . . . . . . . . . . . regular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . strongly connected . . . . . . . . . . . . . . . . . . . undirected path . . . . . . . . . . . . . . . . . . . . . . vertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vertex-transitive . . . . . . . . . . . . . . . . . . . .. . Dimension of a stratum . . . . . . . . . . . . . . . . . . . Elementary Nielsen move . . . . . . . . . . . . . . . . . Euler's totient function . . . . . . . . . . . . . . . . . . .

F

  Fibonacci sequence . . . . . . . . . . . . . . . . . . . . . . . period . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pisano period . . . . . . . . . . . . . . . . . . . . . . . Free group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . automorphism . . . . . . . . . . . . . . . . . . . . . .. . elementary automorphism . . . . . . . . . . . . inner automorphism . . . . . . . . . . . . . . . . . .

  Cayley diagram of the group G = X | R gp {g 1 , . . . , g k } subgroup generated by g 1 , . . . , g k

	R(Υ)	realizer of the origamal digraph Υ
	G = X | R	presentation of G in terms of generators X and relators R
	C(X; R)	
	F k	free group of rank k
	C n or Z n	cyclic group of order n
	D n	dihedral group of order 2n
	H p	Heisenberg group of order p 3
	Q 8	quaternion group of order 8
	Q 4n	generalized quaternion group of order 4n
	T et, Oct, Ico	tetrahedral, octahedral and icosahedral groups
	B(m, k)	Burnside m-generator groups
	G n (p)	polynomial group x + a 2 x 2
	dim C V	complex dimension of V
	T (m, n)	trivial origami with mn squares
	L(m, n)	corner origami with m+n-1 squares
	X(n), E(n)	tress and stair origamis with n squares
	Sq(O)	set of squares of the origami O
	Mon(O)	monodromy group of O
	Aff + (M, ω)	affine group of the translation surface (M, ω)
	Aut(M, ω)	automorphism group of (M, ω)
	Γ(M, ω)	real Veech group of (M, ω)
	SL(M, ω), GL(M, ω)	integer Veech groups of (M, ω)
	GL(O)	direct integer Veech group of O
	GL × (O)	dual integer Veech group of O
	N pr	

. . , d s ) stratum of connected translation surfaces (M, ω) such that ω has zeros of orders d 1 , . . . , d s H 1 (M, Σ; C) first relative cohomology group of M over C n (d 1 , . . . , d s ) number of primitive n-square origamis in H(d 1 , . . . , d s ) A n (d 1 , . . . , d s ) number of n-square origamis in H(d 1 , . . . , d s ) with monodromy A n S n (d 1 , . . . , d s ) number of n-square origamis in H(d 1 , . . . , d s ) with monodromy S n O G,g 1 ,g 2 regular origami with monodromy group G generated by g 1 , g 2 O G/H,g 1 ,g 2 coset origami defined by the group G, the subgroup H and the pair of generators (g 1 , g 2 ) of G

  • H 2 set of products h 1 • h 2 with h 1 ∈ H 1 and h 2 ∈ H 2 (G × G) * conjugacy classes of pairs, i.e. (G × G)/Inn(G) (g 1 , g 2 ) *conjugacy class of the pair (g 1 , g 2 )

	M (G)	Schur multiplier of G
	G × H, G m	direct product, direct power
	G H	semidirect product
	H 1 A → B	mapping from A into B
	A	B	mapping from A onto B
	ker(f ), Im(f )	kernel and image of f
	Aut(G)	automorphism group of G
	Inn(G), Out(G)	inner and outer automorphisms of G
	Hom(G, H)	set of homomorphisms from G to H
	Epi(G, H)	set of epimorphisms from G onto H
	d(G) or rg(G)	minimal number of generators of G
	Graph(Θ)	orbital graph of Θ
	r(G)		rank of G
	ρ reg : G → Sym(G)	left regular permutation representation of G
	ρ H : G → Sym(G/H)	representation defined by the action of G on the left cosets of H
	H ⊆ G, H G	subgroup, normal sungroup
	G/H		left cosets of H in G
	[g Z(G)	center of G
	[G, G]	commutator subgroup of G

e. min {|supp(σ)| | σ ∈ G } 1 , g 2 ] commutator of g 1 and g 2 , i.e. g 1 g 2 g -1 1 g -1 2 [G : H] or |G/H| index of the subgroup H in G N G (H), C G (H)

normalizer and centralizer of H in G

  O avec d i ∈ N. D'après la formule de Gauss-Bonnet on a d 1 + d 2 + . . . + d seulement si le commutateur [σ, τ ] est un produit de s cycles non-triviaux disjoints de longueurs (d 1 + 1), (d 2 + 1), . . ., (d s + 1). Le groupe gp {σ, τ } sera appelé le groupe de monodromie de O, on le désignera par Mon(O). Ce groupe est défini à isomorphisme près. Inversement, si l'on a un groupe fini G, un couple générateur (g, h) de G, une représentation fidèle ρ : G → S n , alors la paire de permutations (ρ(g), ρ(h)) détermine un origami O à n carreaux avec Mon(O) G. (Par ailleurs, tout groupe fini non-abélien simple est engendré par deux éléments.) Il y a deux types de représentations fidèles : la première est induite par l'action de G sur ses éléments et la deuxième par l'action de G sur les classes {g 1 H, . . . , g n H} suivant un sous-groupe propre 1 ⊂ H ⊂ G tel que g∈G gHg -1 = 1. Un origami O obtenu dans le premier cas sera appelé régulier et celui obtenu dans le deuxième cas quotient. Selon la classification des représentations transitives (le théoréme 2.10), tout origami connexe est soit régulier soit quotient. On dit que O est un revêtement d'un origami O si le diagramme suivant

	O	O
	T 2	

s = 2g -2, où g est le genre de la surface O. L'ensemble des origamis connexes avec les mêmes paramètres {d 1 , d 2 , . . . , d s } forme un sous-ensemble "discret" d'une orbifolde complexe analytique H(d 1 , d 2 , . . . , d s ) que l'on appellera une strate. Il est facile de vérifier que l'origami O encodé par une paire (σ, τ ) est connexe si et seulement si le sous-groupe gp {σ, τ } ⊆ S n est transitif, et que O appartient à la strate H(d 1 , d 2 , . . . , d s ) si et p f f commute pour un revêtement p (éventuellement ramifié). Une surface à petits carreaux O est dite primitive si le tore T 2 et O sont les seules surfaces à petits carreaux dont elle est un revêtement.

  Le stabilisateur d'un origami O pour cette action s'appelle le groupe de Veech entier de O et est désigné par GL(O). Une remarque immédiate et importante est que le groupe de monodromie est un invariant des GL 2 (Z)-orbites. Pour tout groupe G, en notant F 2 le groupe libre sur {x, y}, le groupe des automorphismes Aut(F 2 ) agit sur l'ensemble G × G par les transformations de Nielsen. Rappellons la suite exacte (voir la partie 2.4) :

  Si p ≥ 5 est un nombre premier qui n'est pas de Mersenne, alors dans la strate H(p-1) le groupe de monodromie de toute surface à n petits carreaux primitive avec n ≥ p + 2 est A n ou S n . Si p ≥ 7 est un nombre premier de Mersenne, alors le même résultat est vrai pour n ≥ p + 3. Dans la strate H(m), où m est un entier positif pair, le groupe de monodromie de toute surface à n petits carreaux primitive avec n ≥ 3 2 m + 2 (la borne n'est pas exacte) est A n ou S n . Théorème (3.21). Pour tout entier n = 6, le groupe de monodromie de toute surface à n petits carreaux primitive dans H(1, 1) est A n ou S n . Ensuite, nous construisons et étudions deux familles de surfaces à n petits carreaux dans H(1, 1) pour lesquelles les groupes alterné et symétrique sont réalisés. Alors chaque permutation µ ∈ A d qui bouge au moins p + 2 points peut être présentée comme le commutateur d'une paire engendrant A d , dont l'un des éléments est un p-cycle. Remarquons que quand d ≥ 14 et d = 19, il existe un nombre premier p tel que 3d 4 ≤ p ≤ d -3.

	Grâce à un travail de Camille Jordan [53] publié en 1875, on obtient aussi :
	Chapitre 4
	π 2d 3

2 (Z)-orbites de surfaces à petits carreaux primitives : pour tout n ≥ 4, il y a exactement une orbite correspondant au groupe S n et au plus une orbite correspondant à A n . Une question naturelle se pose : dans une strate donnée, quels groupes apparaissent comme groupe de monodromie d'un origami primitif ? En utilisant des résultats des 19 ième , 20 ième et 21 ième siècles, nous obtenons le théorème suivant :

Théorème (3.12).

Nous examinons les surfaces à petits carreaux régulières correspondant aux diagrammes de Cayley de groupes finis à deux générateurs. Nous développons une méthode pour déterminer le groupe de Veech d'un tel origami en utilisant une présentation de son groupe de monodromie en termes de générateurs et relations. Il se trouve que les GL 2 (Z)-orbites des origamis réguliers O tels que Mon(O) = G sont en bijection avec les T 2 -systèmes de G (voir le théorème 4.4). Parmi les surfaces à petits carreau avec un groupe de monodromie donnée, les origamis réguliers possèdent le plus grand groupe de Veech :

Théorème (4.

7). On considère un groupe fini G engendré par deux éléments g et h. Soit ρ reg : G → Sym(G) une représentation régulière, et soit ρ : G → S m une autre représentation fidèle. On désigne par O reg et O ρ les origamis définis par les paires (ρ reg (g), ρ reg (h)) et (ρ(g), ρ(h)) respectivement. Alors GL(O ρ ) ⊆ GL(O reg ). De plus, si la représentation ρ est structurelle 2 alors on a l'égalité GL(O ρ ) = GL(O reg ).

Dans ce chapitre, plusieurs familles connues de surfaces à petits carreaux régulières sont revisitées, et de nouvelles familles intéressantes sont construites. L'idée est de prendre un groupe fini à deux générateurs (par exemple, un groupe simple), de fixer une paire de génératrice et de considérer une présentation avec (si possible) peu de relations. Dans certains cas, nous réussissons à trouver les strates et les groupes de Veech pour des familles d'origamis, dans d'autres cas, on explique le degré de difficulté et on lie les questions avec des problèmes ouverts.

Nous estimons également le nombre de GL(2, Z)-orbites et strates distinctes des surfaces à petits carreaux régulières avec un groupe de monodromie donné. Afin de trouver une borne inférieure pour les origamis alternés, nous montrons le théorème suivant :

Théorème (4.

26). Soit d un entier positif, et soit p le plus petit nombre premier tel qu'on ait les inégalités 3d 4 ≤ p ≤ d -3. Corollaire (4.31). Il existe un réel C > 0 tel que, pour tout entier positif d, le nombre de strates différentes qui contiennent un origami régulier O tel que Mon(O) = A d est au moins C d e

  Les origamis réguliers projectifs et alternés sont étudiés. En particulier, puisque les représentations PSL(2, p) → S p+1 et A n → S n en question sont structurelles, nous appliquons le théorème 4.7 pour montrer que les groupes de Veech coïncident avec ceux des origamis réguliers.

  . . , d s form a stratum H(d 1 , . . . , d s ) in ΩM g . This stratum may be naturally endowed with a structure of complex-analytic orbifold of dimension dim

C H(d 1 , . . . , d s

Table 2 .

 2 1: Characteristics of some origamis.

	Origami	Genus Stratum	Monodromy group	Primitivity 4

  Indeed, define a map p : O → O such that, for all 1 ≤ i ≤ k, the squares of O enumerated by integers from the block ∆ i ⊂ Λ n project to the ∆ i -th square of O (i.e. the one enumerated by ∆ i ∈ B). By construction of the origami O , if the right (resp. top) edge of the a-th square of O is identified with the left (resp. bottom) edge of the b-th square of O, then the same is true for the ∆ i -th and ∆ j -th squares of the origami O , where a ∈ ∆ i and b ∈ ∆ j . Thus, the map p is a well-defined ramified covering, and O is not primitive. different from O and T 2 . Let D ⊂ O be the interior of one of the squares by which the surface O is tiled (the open square D is projected by f onto the torus T 2 deprived of two loops). Consider the preimage p -1 (D), it is a disjoint union of open squares from the tiling of O. Denote by ∆ D ⊂ Λ n = {1, . . . , n} the subset of integers enumerating these squares. Obviously, the set B = {∆ D | D is an open square of O } forms a nontrivial partition of Λ n . We want to show that this partition is invariant under the action of the permutations σ and τ and, thus, is G-invariant, where G = Mon(O) = gp {σ, τ }. Indeed, for any open square D i ⊂ O , the integers from the set σ(∆ D i ) ∪ τ (∆ D i ) correspond to the squares which are glued to the squares of O enumerated by integers from ∆ D i . Therefore, we have σ(∆ D i ) = ∆ D j and τ (∆ D i ) = ∆ D k , where D j is the square glued to the right edge of D i and D k is the one glued to the top edge of D i . So, the partition B is G-invariant, and the permutation group G is not primitive.

	⇐= Conversely, suppose that the following diagram of ramified coverings
	p	
	O	O
	f	f
	T 2	
	commutes for some origami O	

1 .

 1 The automorphism group Aut(F 2 ) is generated by the elementary automorphisms on x, y, and all pairs of generators of F 2 form a single Nielsen equivalence class.

2. (Nielsen's commutator test) A pair (a, b) of elements of F 2 is Nielsen equivalent to (x, y) if and only if [a, b] is conjugate to [x, y] ±1 .

  is easy to check that if an elementary Nielsen move sends a pair (g, h) of elements of a group G to (g , h ), then [g, h] is conjugate to [g , h ] ±1 . This observation gives us the first invariant of the Nielsen equivalence classes, namely, the union of two conjugacy classes[g, h] G ∪ [h, g] G ,where u G stands for the set g -1 ug | g ∈ G . For instance, in the alternating group A

	5 the
	commutator of a generating pair is either a 3-cycle or a 5-cycle. Since both can occur, for
	[(1 2 3), (1 2 3 4 5)] = (1 2 4) and [(1 3 4 2 5), (1 2 3 4 5)] = (1 4 5 2 3), there are at least two
	nontrivial Nielsen equivalence classes in A 5 .

  . . , g k ; R be a hopfian6 group, and let ψ : G k → G k be a Nielsen transformation sending the tuple (g 1 , . . . , g k ) to (h 1 , . . . , h k ). There exists an automorphism Ψ of G such that Ψ (g i ) = h i for any 1 ≤ i ≤ k if and only if the tuple (h 1 , . . . , h k ) satisfies the relations R. Proof. ⇐= Suppose that the tuple (h 1 , . . . , h k ) satisfies the relations R. Then, according to Dyck's theorem, there exists a homomorphism Ψ : G → G with the property that Ψ (g i ) = h i for any 1 ≤ i ≤ k. It is surjective, because (h 1 , . . . , h k ) is a generating vector of G. Since the group G is hopfian, the epimorphism Ψ must be automorphism. =⇒ Conversely, if there exists such an automorphism Ψ ∈ Aut(G), then for any relation

  Corollary 2.1] Edward Bertram generalized the Gleason's result by showing that any element of A n , n = 4, is a product of two l-cycles if and only if 3n

4 ≤ l ≤ n.

  by Alex Eskin, Howard Masur and Martin Schmoll. As for the monodromy group of a primitive origami in H(2), we have the following statement: Proposition 3.3. Let p > 2 be a prime number and let n p + 3 be a positive integer. Then for any primitive n-square origami O from the stratum H(p-1), the monodromy group Mon(O) is either alternating (A n ) or symmetric (S n ).In H(2), the monodromy group of any primitive origami is either alternating or symmetric.

Proof. 

For the square-tiled surface O from H(p-1) represented by a pair (σ, τ ), we have that the commutator [σ, τ ] is a cycle of prime order p belonging to the group Mon(O) = gp {σ, τ }. If now the origami O is primitive, then the permutation group Mon(O) is primitive (see Proposition

2.4

) and, thus, must be equal to A n or S n by Jordan's theorem (Theorem 2.5).

  by WilliamBurnside. Lemma 3.7 (Otto Hölder[START_REF] Hölder | Bildung zusammengesetzter Gruppen[END_REF], 1895). If n is a positive integer different from 2 and 6, then Aut(S n ) = S n , that is, all automorphisms of the symmetric group of degree n are inner. Else, Aut(S 2 ) = 1 and Aut(S 6 ) = S 6 C 2 .Proof. See Theorem 8.2A in the book[25], Theorem 7.5 in the book[START_REF] Rotman | An introduction to the theory of groups[END_REF] by Joseph J. Rotman or the original paper[START_REF] Hölder | Bildung zusammengesetzter Gruppen[END_REF] by Otto Hölder. Lemma 3.8. Let n > 2 be a positive integer. 1. If n = 4 then the alternating group A n is the only subgroup in S n of index less than n.2. If n = 6 then S n has exactly n subgroups of index n, which are the symmetric groups of degree n -1 fixing one of the letters 1, 2, . . . , n.

Proof. 1. 

Suppose that H = A n is a subgroup of S n of index k, where 2 ≤ k < n. The group S n acts transitively on the set of left cosets S n /H, and we have a homomorphism ρ H : S n → S k . The kernel ker ρ H = ∩ g∈Sn gHg -1 is a normal subgroup of S n of index at least 2, and so is trivial (when n = 4, the only proper normal subgroup of S n is A n ). In other words, we obtain an isomorphic copy of S n in the group S k , which is impossible, since k! < n!.

  Corresponding to Theorem 3.10 case 3), the natural action of PSL(2, p) on the projective line P 1 (F Translating to G, we obtain a generating pair (σ, τ ) such that [σ, τ ] is a p-cycle. Hence, the (p+1)-square origami O encoded by this pair belongs to H(p-1) and has primitive monodromy group G PSL(2, p) of order 1 2 p(p 2 -1) < 1 2 (p + 1)!.

p ) is faithful and primitive, that is, we have a primitive permutation group G ⊂ S p+1 isomorphic to PSL(2, p). When p ≥ 7, we know from Theorem 3.11 that there exist two elements A and B generating PSL(2, p) such that

[A, B] = -1 1 0 -1 ,

which is an element of order p.

  . Identifications of vertices from distinct components can be performed in order. Namely, if s > 1, then the graph C 1 is glued to another red component, let it be C 2 . (We say that two graphs X and Y are glued if a vertex x of X is identified with a vertex y of Y , giving a graph of cardinal |X| + |Y | -1, that we will denote by X If s > 2, then another component, for instance C 3 , is glued to C 1 C 2 .

x=y

Y or simply by X Y .)

Table 3 .

 3 1: The number of primitive n-square-tiled surfaces in the stratum H(1, 1) for 4 ≤ n ≤ 17.

	n	4 5	6	7	8	9	10	11	12	13	14	15	16	17
	N pr n (1, 1) 4 24 48 160 240 504 672 1440 1440 3080 3168 4992 5824 10080

Table 3 .

 3 .2.

	2: The monodromy groups of P l,h n and Q l,h n , when gcd(h, n) = 1.
	n	l	τ n	σ n	υ n	Mon(P l,h n ) Mon(Q l,h n )
	odd odd odd odd even	S n	S n
		even even				A n
	even odd odd even odd	S n	S n
		even even			A n

  ).

	Proposition 4.9. A regular square-tiled surface O G,g,h is primitive if and only if G is a cyclic group
	of prime order or trivial.

Proof. 

=⇒ Due to Proposition

2.4

, if the square-tiled surface O G is primitive then its monodromy group Mon(O G ) = ρ reg (G) G is a primitive permutation group on the set V = G, and so any point stabilizer G x (x ∈ V ) is a maximal subgroup (see Lemma 2.3). On the other hand, the stabilizer of 1 for the action of G on itself by left multiplication trivially equals {1}. Thus {1} is a maximal subgroup of G, that is, G has prime order or trivial. ⇐= Conversely, if |G| = p is prime then the origami O G has p squares and is primitive.

  improved the result by showing that already for odd k ≥ 665 the group B(m, k) is infinite. Proposition 4.18. Let B(2, k) be a finite two-generator Burnside group. The integer Veech group of the regular origami O B(2,k) is the whole group GL(2, Z).

Proof. 

By presenting the Burnside group B(2, k) as follows

  , and so G 4 (3) H p . Denote by (X, Y ) the generating pair of the group G 4 (p) that is sent by an isomorphism to the generating pair (s, t) of D 4 and H p respectively for p = 2 and p ≥ 3 (see the presentations of D 4 and H p above). Consider the origami O G 4 (p) = O G 4 (p),X,Y . According to the subsections 4.2.2 and 4.2.3, the following proposition takes place: Proposition 4.22. The origami O G 4 (2) is dihedral and its Veech group is

  For d ∈[START_REF]Theory of groups of finite order[END_REF] 33] \ {19}, a prime p is given in Table4.1. 

	Therefore, for 3d 4 ≥ 25, or else for all d ≥ 34, there exits a prime p such that
		3d 4	≤ p ≤	6 5	3d 4	≤	9d 10	,	(4.12)
	and so	3d 4	≤ p ≤		9d 10	= d + -	d 10	.

Table 4 .

 4 1: A prime number p such that 3d 4 ≤ p ≤ d -3, where d ∈ [14, 33] \ {19}. Corollary 4.29. a) When d ≥ 20, except maybe for d = 32, every permutation µ ∈ A d that fixes at most d 10 -1 points is the commutator of a generating pair of A d . b) Given a real number r > 4, there exists an integer D(r) such that for all d ≥ D(r), any permutation µ ∈ A d fixing at most d r points is the commutator of a generating pair of A d . Proof. a) Take an integer d ≥ 20 not equal to 32. It follows from (4.12) and Table 4.1 that there exists a prime p such that 3d 4 ≤ p ≤ d -d 10 -1. If a permutation µ ∈ A d fixes at most d 10 -1 points, then it moves at least d -d 10 + 1 ≥ p + 2 points. The required statement is, thus, a consequence of Theorem 4.26.

	d	14 15 16 17 18 20 21 22 23 24 25 26 27 28 29 30 31 32 33
	3d 4	10 11 12 12 13 15 15 16 17 18 18 19 20 21 21 22 23 24 24
	p	11 11 13 13 13 17 17 17 17 19 19 19 23 23 23 23 23 29 29

  Proof. By Theorem4.4, the number of GL(2, Z)-orbits of regular origamis with monodromy group A d is equal to the number of T 2 -systems in A d . If a pair of even permutations (σ, τ ) is a representative of a T 2 -system, then the conjugacy class of the commutator [σ, τ ] is an invariant of the T 2 -systems. Hence, the number of T 2 -systems in A d is not less than than the number of conjugacy classes of the commutators [σ, τ ], where (σ, τ ) generate A d . Due to Corollary 4.29b, this includes all conjugacy classes of even permutations fixing at most d r -1 points for sufficiently large d. According to József Dénes, Paul Erdős and Paul Turán

  r] for sufficiently large d. From this and the relation (4.15), we deduce a lower bound for the number of conjugacy classes of permutations in A d fixing at most [ d /r] -1 points:

Table 4 .

 4 2: Alternating n-square-tiled surfaces of degree d with 3 ≤ d ≤ 9.

	n = |A d |	Monodromy group (A d )	Number of strata	Number of GL(2, Z)-orbits	Number of origamis
	3	A 3	1	1	4
	12	A 4	1	1	4
	60	A 5	2	2	19
	360	A 6	3	4	53
	2520	A 7	6	16	916
	20160	A 8	7	18	7448
	181440	A 9	10	38	77004

  by C. M. Campbell, G. Havas, C. Ramsay and E. F. Robertson. Moreover, a much weaker question appears to be open: Question 4.2. Does there exist a two-generator presentation A d = X | R such that the number of relations |R| is independent of d?For any group G and any subgroup H ⊆ G of finite index, the action of G by left multiplication on the set of left cosets {g 1 H, . . . , g n H} defines a representation ρ H : G → Sym(G/H). It will be called a coset representation of G. Obviously, it is transitive but not necessary faithful.If an element u ∈ G lies in the kernel of ρ H then ugH = gH for any g ∈ G, that is u ∈ gHg -1 , and we have ker ρ H

	Chapter 5
	Coset representations
	5.1 General theory

  is closed. The stabilizer of the vertex 'gH', for g ∈ G, obviousely is gHg -1 . The corresponding square-tiled surface will be denoted by O G/H or explicitely by O G/H,g,h . It will also be called a coset origami . By construction we have Mon(O G/H ) ρ H (G).

By definition, for a two-generator group G = g, h | R and a finite index subgroup H ⊆ G, the coset diagram C(g, h; R /H) is an origamal digraph (say, with g ≺ h).

  The origami O G/H,g,h is primitive if and only if H is a maximal subgroup.First proof. =⇒ Let H ⊆ H 1 be two subgroups of G. Then the origami O G/H,g,h covers the origami O G/H 1 ,g,h . Indeed, for the natural mapping π : G/H → G/H 1 , sending uH to uH 1 , we haveπ(w • uH) = wuH 1 = w • π(uH) for any w, u ∈ G.Thus Proposition 2.1 can be applied. In particular, if O G/H,g,h is a primitive square-tiled surface, then the subgroup H must be a maximal in G. =⇒ Suppose that the origami O = O G/H,g,h is not primitive, that it covers properly another origami O 1 by means of p : O → O 1 . Let us draw origamal digraphs of O and O 1 directely on the square-tiled surfaces by choosing for the vertices the centers of the squares, and for the edges (labeled by g and h)Second proof. By Proposition 2.4 the origami O G/H,g,h is primitive whenever the permutation group Mon(O G/H,g,h ) = ρ H (G) is primitive. The permutation group ρ H (G) on the set V = G/H is primitive if and only if all point stabilizers G x (x ∈ V ) are maximal subgroups of G (see Lemma 2.3). On the other hand, the stabilizer of a coset uH for the left action of G is the subgroup uHu -1 . It is maximal if and only if H is a maximal subgroup of G.

Therefore, the origamal digraphs of O G/H,g,h and O G/H,g ,h are isomorphic.

Proposition 5.

[START_REF]On the order of doubly transitive permutation groups[END_REF]

. Let G = g, h | R be a two-generator group, and H a finite index subgroup of G. geodesics connecting these vertices. Further, pick such a vertex v on O, and let v 1 = p(v). Then for any word W such that W (g, h)[v] is a closed path on O, the path p(W (g, h)[v]) will be closed as well. Therefore, by Proposition 5.2 the origamal digraph of O 1 is isomorphic to a coset diagram C(G/H 1 ). Assuming without loss of generality that the subgroups H and H 1 are the stabilizers of the vertices v and v 1 = p(v) respectively, we obtain H H 1 G. So, H is not a maximal subgroup of G.

  2 k If p ≡ 2 or 3 mod 5, then λ -, λ + ∈ F p 2 \ F p and B ∈ SL(2, p 2 ). In this case, we have a one-to-one correspondence between the orbits in the projective line P 1 (F p 2 ) for the multiplication by z = λ - λ + ∈ F p 2 and the orbits for the action of C ∈ PSL(2, p) on P 1 (F p 2 ). Namely, for any x ∈ P 1 (F p 2 ) = F p 2 ∪ {∞}, to the orbit orb z (x) = {x, zx, z 2 x, . . . , z k-1 x}

	p-1 k , and so			
	the origami O PSL(2,p)/H, T , Ū belongs to the stratum H (k-1) p-1 k	and has genus	(k-1)(p-1) 2k	+1.
	•• corresponds the orbit			
	orb C			

  orbits of length k for the action of C on the projective line P 1 (F p ). Thus, the cycle pattern of the permutation ρ( C) is k In TableB.4 are given the strata and genera of the projective coset origamis O PSL(2,p)/H, T , Ū for the first 328 primes p. This table is obtained by a program written in Java (see Appendix A).

		1-2 √ 5	4	in F × p 2 is the
	minimum integer amongst s 4 and s 2 . There are exactly p+1 k p+1 k , and so			
	the origami O PSL(2,p)/H, T , Ū belongs to the stratum H (k-1) p+1 k	and has genus	(k-1)(p+1) 2k	+1.
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that is, for each automorphism φ ∈ Aut(ρ(G)) there exists σ ∈ Sm such that φ(τ ) = στ σ -1 for all τ ∈ ρ(G).

Note that, by definition, it is not compulsory for an origami to be a connected surface.

If ν is a permutation on a set V , then ν(x), or ν • x, denotes the image of x ∈ V under ν.

Permutation representations ρ : G → Sym(V ) and η : G → Sym(V ) are equivalent if there exists a bijection λ : V → V such that λ(ρ(u) • x) = η(u) • λ(x) for all u ∈ G and x ∈ V . In the case that V = V this means the following: for some α ∈ Sym(V ) we have η(u) = αρ(u)α -1 .

See the definition of primitivity in Section 2.3. 

In some articles the notion of primitivity stands for a different property. We will also introduce reduced origamis in Section 2.6. 

A group is called hopfian if it is not isomorphic to any of its proper quotients. For instance, finite groups and finitely-generated free groups are hopfian. In 1951, Graham Higman discovered a non-hopfian group G and a Nielsen transformation ψ : (g1, . . . , g k ) → (h1, . . . , h k ) such that the tuple (h1, . . . , h k ) satisfies the relations of G but an automorphism Ψ as in Corollary 2.9 does not exist.

In a group G two subgroups H and K are commensurable when for some G-conjugate H g the intersection H g ∩ K has finite index both in H g and K.

Announced by the author during his talk at the workshop Dynamics in the Teichmüller space, Roscoff, France, June 2008.

We consider that cyclic groups are particular cases of two-generator groups.

cf. Theorem 6.25 (Chapter 3) in the textbook [91] by MichioSuzuki. 

An element of PSL(2, q) is called parabolic if its trace is ±2.

A Mersenne prime is a prime of the form 2 k -1. In this case, it is easy to show that a number k must also be prime.

that is, Gx = 1 for any x ∈ Ω.

The indegree of a vertex x is the number of edges to x, its outdegree is the number of edges from x.

Here ϕ is Euler's totient function, ϕ(n) = n p|n p prime 1 -1 p .

A permutation group is called regular if none of its elements, except the identity, fixes a point.

A projective line over an (associative, with 1) ring R is the space of equivalence classes of pairs from R 2 such that (a, b) ∼ (c, d) if and only if a = uc, b = ud for some u ∈ U , where U is the group of units (i.e. invertible elements) of the ring R. The projective line over R is denoted by P 1 (R), and its points by [a : b]. If R is a field then P 1 (R) consists of the points [a : 1], where a ∈ R, and the point ∞ = [1 : 0].

The abbreviation H(a b ) = H(a, . . . , a b ) is employed.

There are several distinct ways to obtain such an isomorphism. A peculiar one lies in the fact that the centers of the faces of the icosahedron form the 20 vertices of a regular dodecahedron, which is, in its turn, the compound of five tetrahedra (the convex hull of the compound is the dodecahedron), or else the compound of five cubes. Each rotational symmetry of the icosahedron permutes these five tetrahedra.

A period of a group G is a positive integer n such that x n = 1 for all x ∈ G.

27 

24) and has genus 5 • 2[START_REF] Dyck | Gruppentheoretische Studien[END_REF] 3 24 + 1.

This presentation was obtained in the dissertation of J.H. Renshaw (1982). He applied the results of the paper[START_REF] Sunday | Presentations of the groups PSL(2, m) and SL(2, m)[END_REF] by J. G. Sunday and the paper[START_REF] Behr | A presentation of the groups PSL(2, p)[END_REF] by H. Behr and J. L. Mennicke. See also the paper[START_REF] Campbell | On the minimal length of semigroup presentations[END_REF] by Colin M. Campbell and Peter P. Campbell, the Ph.D. thesis[START_REF] Williams | Presentations of linear groups[END_REF] by P. D. Williams and the paper[START_REF] Campbell | Symmetric presentations and linear groups, Finite Groups -Coming of Age[END_REF] by Colin M.Campbell. 

that is, with trace distinct from ±2.

As usual Z(H) and [H, H] stand for the center and the commutator subgroup of H:Z(H) = g ∈ H ghg -1 = h for any h ∈ H , [H, H] = gp {[g, h] | g, h ∈ H} .

The Fibonacci numbers are defined recurrently by f0 = 0, f1 = 1 and fr+1 = fr + fr-1 for all r ∈ N.
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Alternating origamis

Let d ≥ 3 be a positive integer. The alternating group A d is a two-generator group of order n := |A d | = d!/2. For any generating pair (α, β) of A d , the regular n-square-tiled surface O A d ,α,β will be called alternating of degree d.

Due to Øystein Ore [78,1951], any element of the alternating group A d with d ≥ 5 is a commutator of two elements. Shelly Garion and Aner Shalev showed in [30, 2009, Theorem 1.7] that almost all elements of A d are commutators of generating pairs of A d . We are going to establish the following strong and apparently new result: Theorem 4. [START_REF] Dyck | Gruppentheoretische Studien[END_REF]. Let d be a positive integer, and let p be a prime number such that 3d 4 ≤ p ≤ d -3. Then every permutation µ ∈ A d moving at least p + 2 points can be presented as a commutator [σ, τ ], where (σ, τ ) generates A d and σ is a p-cycle. Proof. First, let us show that for any permutation µ ∈ A d moving at least p + 2 points, there are two permutations σ, τ ∈ A d such that 1) µ = [σ, τ ], 2) σ is a p-cycle and 3) σ, τ generate a transitive subgroup of A d .

According to Edward Bertram [START_REF] Bertram | Even permutations as a product of two conjugate cycles[END_REF]1972], every even permutation is a commutator [σ, τ ], where σ is an l-cycle and τ ∈ S d , if and only if 3d 4 ≤ l ≤ d. So, this is true if one takes l = p: we have µ = [σ, τ ] for a p-cycle σ ∈ A d . We may suppose that σ = (1 2 . . . p), otherwise conjugate σ, τ, µ by a suitable permutation. We have to prove two things:

• The permutation τ ∈ S d can be chosen so that gp {σ, τ } is a transitive subgroup of S d . Indeed, consider the decomposition of τ into disjoint cycles: We may suppose that each cycle γ i of τ moves at least one integer in the interval [1, p], otherwise remove all cycles permuting only integers from p + 1 to d, this will not affect the commutator 

and the group gp {σ, τ } is transitive by Lemma 4. 27.

Chapter 6 Subgroups of PSL 2 (Z) and Veech groups

We will use the following notation:

Ā is the image of a matrix A ∈ SL 2 (Z) in the projective group PSL 2 (Z) = SL 2 (Z)/{±I};

T and U denote the subgroups of PSL 2 (Z) generated by T and Ū respectively;

O denotes the set of all square-tiled surfaces, including non-connected ones;

Ō denotes the set of orbits of O for the action of the two-element group gp {-I};

Ō is the element of the set Ō corresponding to an origami O, that is, Ō = {O, -I • O}; denotes the PSL( Ō)-orbit of an element p q ∈ Q.

Definition 6.1. The elements of the set Ō are called modular square-tiled surfaces, or else modular origamis. In terms of permutations, a modular n-square origamis corresponds to the union of two conjugacy classes (σ, τ ) * ∪ (σ -1 , τ -1 ) * , where σ, τ ∈ S n .

A modular origami Ō is said to be connected if the origami O is connected.

6.1 Action of PSL 2 (Z) on P 1 (Q)

In the section 2.6, we described the natural action of the special linear group SL 2 (Z) on the set O of origamis. Consider the action of the projective group PSL 2 (Z) on the set Ō of modular origamis such that the following diagram commutes: 

Number of squares

An orbit representative

Orbit length

Monodromy group (G)

Order of G Prim.