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Notations and abbreviations

e (Z,Z,p) : a separable, o-finite and non-atomic measure space. — See the
beginning of Section 1.1.

° Z,: the class of those A € Z such that pu(A) < co. — See Notation 1.1.1.

o (ZM 2ZM): abbreviation of (Z®", Z®™). — See Notation 1.1.1.

o L2%(pu): the abbreviation of L?(Z, Z, ). — See Notation 1.1.1.

o L2(u") : the abbreviation of L2(Z", Z", u") = L*(Z%", Z%" u®"), the space
of real valued functions on Z®" which are square-integrable with respect to u®". — See

Notation 1.1.1.

o f: the canonical symmetrization of function f € L?(u™). — See Notation
1.1.1.

o L2(um): the closed linear subspace of L?(1") composed of symmetric functions.
— See Notation 1.1.1.

o f(z,): the function defined on Z"~! given by (21,. .., 2n-1) = f(2, 21, -+, Zn_1),
for any f € L2(u™), (n>1)and z € Z. — See Notation 1.1.1.
o f(2,7): the symmetrization of the (n — 1)-parameter function f(z,-). — See

Notation 1.1.1.

o E(um) : the subset of L2(u") composed of elementary functions vanishing on
diagonals. — See Notation 1.1.1.

o E(um) : the subset of L2(u™) composed of symmetric elementary functions
vanishing on diagonals. — See Notation 1.1.1.
. N(A) : a compensated Poisson measure evaluated on set A. See the beginning

of Section 1.1.1.
e G(A): a Gaussian measure evaluated on set A. — See Definition 1.1.13.

o L%(0(Q),P): the space of square-integrable functionals of some Gaussian mea-
sure G. — See Proposition 1.1.21.

° : a real separable Hilbert space with inner product (-, )s. — See Definition
1.1.25.

e G(H): abbreviation of {G(h) : h € $}, an isonormal Gaussian process over $),
with E[G(h)G(R")] = (h,h")s, Yh,h' € . — See Definition 1.1.23.

o HOEM: the n-th tensorial product H®". — See the beginning of Section 1.2.1.

o HO the Hilbert space of n-th symmetric tensors, with the norm ”f”%@n =

n!||f||%®n. — See the beginning of Section 1.2.1.

. If(f) : the multiple stochastic Wiener-Ito integral (of order q) of f € L?(u9)
with respect to Gaussian measure GG. — See Section 1.1.2.
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I,(f) : abbreviation of If (f), the multiple stochastic Wiener-1t6 integral (of
order q) of f € L2(u?) with respect to compensated Poisson measure N. — See Section
1.1.1.

f®rq: contraction of order 7 between functions f € L?(uP) and g € L?(u9).
— See Definition 1.1.17.

flg: star contraction of order r,l between functions f € L?(uP) and g €
L?(u?). — See Definition 1.1.6.

H,: Hermite polynomial of order q. See Definition 1.1.19.

(v )m.s. : the Hilbert-Schmidt inner product on the class of d x d real matrices,
defined by (A, B)p.. := Tr(ABT) for every pair of matrices A and B. — See Definition
1.5.1.

Il llm.s. : the Hilbert - Schmidt norm induced by (-,-)g.s.. — See Definition
1.53.1.
| Alop : the operator norm of a d X d real matrix A given by SUD| ||y =1 | Az||ga.

— See Definition 1.3.1.

Il ||ga : the usual Euclidian norm on R%. — See Definition 1.3.1.
Hess g(z) : the Hessian matrix of g evaluated at a point z. — See Definition
1.5.1.
) —
lgllLip : the Lipschitz norm defined by supM for every function

oty 7 = yllga
g: R R. — See Definition 1.3.1.

Vyg(r) -V
Ms(g) : the Ms norm defined by sup IVo(@) 9(y) s for g € CL(RY). —
ary 17— Ylga
See Definition 1.8.1.

[Hess g(«) — Hess g(y)|

Ms(g) : the M3 norm defined by sup o for g € C2(RY).

oty 2 = yllga
— See Definition 1.3.1.
(k) o*
: the norm defined b max sup | =—¢(x)| for a positive
9™ oo ylgilg...gikgdxeﬂgz 8xi1...8x,~kg( ) P

integer k and a function g € C*(R?). — See Definition 1.3.1.

dg : the distance between the laws of two R%-valued random vectors X and Y
such that E|| X ||ga, E||Y||ge < 00, given by

dg(X,Y) = sup [Elg(X)] = Elg(Y)]I,

where G indicates the collection of some functions. — See Definition 1.5.5.
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dw : the Wasserstein (or Kantorovich- Wasserstein) distance, by taking G =
{9 : l9|lLip < 1}. — See Definition 1.3.3.

dry : the total variation distance, by taking G equal to the collection of all
indicators 1p of Borel sets. — See Definition 1.5.5.

diol the Kolmogorov distance, by taking G equal to the class of all indicators
functions 1(_aoiz]s 5 L(—ooizg)s (2155 2d) € R?. — See Definition 1.3.5.

dy : the dg distance, by taking G = {g : ¢ € C2(R?), ||g||lLip < 1, Ma(g) < 1}.
— See Definition 1.3.3.

ds : the dg distance, by taking G = {g: g € C3(RY), [|¢"loo <1, |¢""]loo < 1}
— See Definition 1.3.3.
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Résumé / Abstract

0.1 Résumé (en Francais)

Dans cette thése nous nous concentrons sur 1’établissement de certains théorémes limite et
d’approximations probabilistes. Un théoréme limite est un résultat indiquant que la struc-
ture & grande échelle de certains systémes aléatoires peut étre véritablement approchée par
une distribution de probabilité typique. Les exemples classiques sont le Théoréme Central
Limite (TCL dans la suite), le principe d’invariance de Donsker, ainsi que les lois circulaire
et semi-circulaire de la théorie des matrices aléatoires. D’autre part, nous appelons approxi-
mation probabiliste toute formalation mathématique permettant d’évaluer des distances entre
les lois de deux éléments aléatoires. Lorsque 1'une des distributions est gaussienne, on parle
d’approximation normale. Le TCL et I'approximation normale associée sont I'un des thémes
récurrents de toute la théorie des probabilités: voir par exemple [13] pour une introduction a
ce sujet.

Au cours des cinq derniéres années, I. Nourdin, G. Peccati et d’autres auteurs ont développé
une nouvelle théorie d’approximations normales et non normales pour des variables aléatoires
sur 'espace de Wiener, qui est basée sur l'utilisation d’un calcul de variations de dimension
infinie, connu sous le nom de “calcul de Malliavin”, ainsi que la célebre “méthode de Stein”
pour les approximations probabilistes. Leur travail généralise les résultats précédents par D.
Nualart et G. Peccati & propos de théorémes limite portant sur les chaos de Wiener (voir [40]).
Apres cela, G. Peccati, J. L. Solé, M.S. Taqqu et F. Utzet (voir [46]) ont étendu cette méthode
pour obtenir des approximations normales sur 1’espace de Poisson.

L’objectif de cette thése est d’étendre les résultats de [46], afin d’obtenir des théorémes
centraux limites multi-dimensionnels sur ’espace de Poisson, ainsi que plusieurs extensions,
comme on le verra dans la suite de ce résumé.

La thése est organisée comme suit:

Dans le Chapitre 1 , nous présentons plusieurs résultats classiques préliminaires, y compris
la définition d’intégrales stochastiques multiples de Wiener-1to, les décompositions chaotiques,
les opérateurs de contraction, les formules de multiplication, & la fois sur I’espace de Poisson
et sur l'espace gaussien. Nous introduisons aussi les deux principaux outils de notre théorie:
le calcul de Malliavin et la méthode de Stein. Outre les résultats existants, nous présentons
également plusieurs nouveaux lemmes techniques, y compris: le Lemme 1.1.8, qui consiste en
une inégalité de type Cauchy-Schwarz; l'inégalité (1.74) dans le lemme 1.3.12, qui donne une
estimation de la distance Ms3.

xi



xii RESUME / ABSTRACT

Dans le Chapitre 2, nous présentons la “méthode de Malliavin-Stein”, ainsi qu’une bréve de-
scription des contributions principales contenues dans cette thése. La méthode de “Malliavin-
Stein” est une méthode d’approximation probabiliste développée par I. Nourdin, G. Peccati et
d’autres auteurs, basée sur la combinaison de calcul du Malliavin et de la méthode de Stein.
Antérieurement & cette thése, cette technique a été utilisée pour obtenir le TCL pour des
intégrales multiples, dans le cadre unidimensionnel gaussien, ainsi que d’un part dans le cadre
multi-dimensionnel gaussien, et aussi d’autre part dans le cadre unidimensionnel de Poisson.
Parmi les autres sujets obtenus dans cette thése, la propriété “d’universalité” dans les chaos
de Wiener de type gaussien et les théorémes centraux limites presques stirs (TCLPSs dans la
suite) ont également été étudiés. A la fin de ce chapitre, nous présentons une introduction
aux trois contributions principales originales dans cette these: le TCL multi-dimensionnel sur
I’espace de Poisson; la propriété “d’universalité” dans les chaos de Wiener-Poisson; le Théoréme
centrale limite presque str sur ’espace de Poisson. Cependant, ces trois contributions sont
contenues respectivement dans le chapitre 3 , le chapitre 4, et le chapitre 5.

Dans le Chapitre 3, nous étudions certaines approximations normales multi-dimensionnelles
sur l'espace de Poisson avec les moyens du calcul de Malliavin, de la méthode de Stein et de
I'interpolation “smart path” utilisée beaucoup par M. Talagrand. Nos résultats impliquent de
nouveaux théorémes centraux limites multi-dimensionnels pour des intégrales multiples par
rapport aux mesures de Poisson; ainsi nous étendons significativement les précédents résultats
dans [46] par G. Peccati, J.L. Solé¢, M.S. Taqqu et F. Utzet. Plusieurs exemples explicites,
en particulier concernant les vecteurs de fonctionnelles linéaires et non linéaires de processus
d’Ornstein-Uhlenbeck généralisé, sont discutés en détail. Le contenu principal du chapitre 3
est basé sur article publié [50] par G. Peccati et C. Zheng. Les résultats du chapitre 3 ont
déja eu un certain impact dans la littérature, en particulier dans le cadre de la géométrie
stochastique (voir [59, 61]) et de la théorie générale des opérateurs de Markov (voir [24]). Voir
la section 2.3.1 pour un résumé du chapitre 3.

Dans le Chapitre 4, nous étudions la propriété “d’universalité” des sommes homogénes a
Iintérieur des chaos de Wiener-Poisson. Ce travail développe 1’idée introduite dans l'article
[35] écrit par I. Nourdin, G. Peccati et G. Reinert. Par ailleurs, nous montrons aussi que,
dans le cas particulier des éléments des chaos de Wiener-Poisson qui sont aussi des sommes
homogeénes, les conditions suffisantes pour le TCL établies dans le chapitre 3 s’avérent égale-
ment étre nécessaires. Le contenu principal du chapitre 4 est basé sur ’article en préparation
[51] par G. Peccati et C. Zheng. Voir la section 2.3.2 pour un résumé du chapitre 4.

Dans le Chapitre 5, nous obtenons certains théorémes centraux limites presques stirs pour
des fonctionnelles des mesures de Poisson, & la fois dans le cas unidimensionnel et le cas multi-
dimensionnel. La source principale d’inspiration pour ce travail vient de ’article [3] par B.
Bercu, I. Nourdin et M.S. Taqqu, qui traite TCLPSs sur l’espace de Wiener gaussien. Comme
application, nous revisitons les fonctionnelles de processus d’Ornstein-Uhlenbeck généralisé
étudiées dans le chapitre 3, et nous construisons des TCLPSs pour elles. Le contenu principal
du chapitre 5 est basé sur larticle en préparation [69] par C. Zheng. Voir la section 2.3.3 pour
un résumé du chapitre 5.
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0.2 Abstract (in English)

In this dissertation we focus on limit theorems and probabilistic approrimations. A “limit
theorem” is a result stating that the large-scale structure of some random system can be
meaningfully approximated by some typical probability distribution. Distinguished examples
are the Central Limit Theorem (CLT in the sequel), the Donsker invariance principle, as well
as the circular and semicircular laws in random matrix theory. On the other hand, we call a
“probabilistic approximation” any mathematical statement allowing one to assess the distance
between the laws of two random elements. When one of the distributions is Gaussian, one
refers to a “normal approximation”. CLTs and associated normal approximations are one of
the recurring themes of the whole theory of probability: see e.g. [13] for an introduction to
this topic.

In the last five years, I. Nourdin, G. Peccati and other authors have developed a new theory
of normal and non-normal approximations for random variables on the Wiener space, based
on the use of an infinite-dimensional calculus of variations, known as the “Malliavin calculus”,
as well as the well-known “Stein’s method” for probabilistic approximations. Their work gen-
eralizes previous findings by D. Nualart and G. Peccati about limit theorems on Wiener chaos
(see [40]). After that, G. Peccati, J.L. Solé, M.S. Taqqu and F. Utzet (see [46]) extended this
method to the framework of normal approximations on the Poisson space.

The aim of this dissertation is to extend the findings of [46] , in order to study multi-
dimensional Central Limit Theorems on the Poisson space, as well as several extensions.

The dissertation is organized as follows:

In Chapter 1, we present several classic preliminary results, including the definition of the
multiple Wiener-1t6 stochastic integrals, chaotic decompositions, contraction operators, multi-
plication formulae, on both the Poisson and Gaussian spaces. We also introduce the two main
tools of our theory: Malliavin calculus and Stein’s method. Besides the existing results, we
also present several new technical lemmas, including: Lemma, 1.1.8, which contains a Cauchy-
Schwarz type inequality; inequality (1.74) in Lemma 1.3.12, which gives an estimation of the
distance Ms.

In Chapter 2, we present the “Malliavin-Stein” method, as well as a short description of the
main contributions contained in the dissertation. The “Malliavin-Stein” method is a proba-
bilistic approximation method developed by I. Nourdin, G. Peccati and other authors, based
on the combination of the Malliavin calculus and Stein’s method. Previously to this disserta-
tion, this technique has been used to derive CLTs for multiple integrals, in the one-dimensional
Gaussian setting, in the multi-dimensional Gaussian setting, as well as in the one-dimensional
Poisson setting. Other topics, including the “Universality” property of Gaussian Wiener chaos
and Almost Sure Central Limit Theorems (ASCLTs in the sequel) have also been studied in
this framework. At the end of this chapter, we present an introduction to the three main
original contributions in this dissertation: multi-dimensional CLTs on the Poisson space; Uni-
versality of Poisson Wiener chaos; Almost Sure Central Limit Theorem on the Poisson space.
These three contributions are contained respectively, in the subsequent Chapter 3, Chapter 4,
and Chapter 5.
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In Chapter 3, we study multi-dimensional normal approximations on the Poisson space by
means of Malliavin calculus, Stein’s method and “smart path” interpolations. Our results yield
new multi-dimensional central limit theorems for multiple integrals with respect to Poisson
measures, thus significantly extending the previous findings in [46] by G. Peccati, J.L. Solé,
M.S. Taqqu and F. Utzet. Several explicit examples (including in particular vectors of linear
and non-linear functionals of Ornstein-Uhlenbeck Lévy processes) are discussed in detail. The
main content of Chapter 3 is based on the published paper [50] by G. Peccati and C. Zheng.
Note that the results of Chapter 3 have already had some impact on the literature, in partic-
ular in the framework of stochastic geometry (see |59, 61]) and the general theory of Markov
operators (see [24]). See Section 2.3.1 for a sketch of Chapter 3.

In Chapter 4, we study the “Universality” property of homogeneous sums inside the Poisson
Wiener chaos. This work develops the idea introdued in the paper [35] written by I. Nourdin,
G. Peccati and G. Reinert. As a by-product, we also show that, in the special case of elements
of the Poisson Wiener chaos that are also homogeneous sums, the sufficient conditions for the
CLTs established in Chapter 3 turn out to be also necessary. The main content of Chapter 4
is based on the paper in preparation [51] by G. Peccati and C. Zheng. See Section 2.3.2 for a
sketch of Chapter 4.

In Chapter 5, we obtain Almost Sure Central Limit Theorems for functionals of Poisson
measures, in both the one-dimensional and the multi-dimensional cases. The main inspiration
for this work comes from the paper |3] by B. Bercu, I. Nourdin and M.S. Taqqu, dealing
with ASCLTs on the Wiener space. As an application, we revisit the functionals of Ornstein-
Uhlenbeck Lévy processes studied in Chapter 3, and build ASCLTs for them. The main
content of Chapter 5 is based on the paper in preparation [69] by C. Zheng. See Section 2.3.3
for a sketch of Chapter 5.
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Chapter 1

Preliminaries

1.1 Preliminaries

Let (Z, Z, ) be a separable, o-finite and non-atomic measure space. We denote by Z, the
class of those A € Z such that u(A) < co. Note that, by o-additivity, the o-field generated
by Z,, coincides with Z.

Notation 1.1.1 e For the rest of this dissertation, we shall write (2™, Z") = (Z%", Z®") n >
2, and also (Z',Z') = (Z®1, Z9Y) = (Z, Z). Moreover, we set

2, ={C¢e€zZ": u"(C) < oo}.
o We denote by L*(u) the abbreviation of L*(Z,Z,n). And we denote by L*(u™) the

abbreviation of L*(Z™, Z", u™) = L*(Z®", Z€" u®™), the space of real valued functions
on Z®™ which are square-integrable with respect to p®".

e For every n > 1 and every f,g € L?(u™), we note

<f7 g>L2(,u,") = /Z'n f(zla Y] Zn)g(zb R Zn)iun(dzla SRR dzn)7 ||f||L2(,u,") = <fa f>é/22(lin)

o For every f € L*(u™), n > 1, and every fivzed = € Z, we write f(z,-) to indicate
the function defined on Z"' given by (z1,...,2n-1) — f(2,21,...,2n_1). Accordingly,
f(z,-) stands for the symmetrization of the function f(z,-) (in (n — 1) variables). Note
that, if n =1, then f(z,-) = f(z) is a constant.

e Given a function f € L*(u"), we denote by f its canonical symmetrization, that is
= 1
flz1,. 0 2) = o Zf(zm), ey Zn(n))s
™

where the sum runs over all permutations 7 of the set {1,...,n}. Note that, by the
triangle inequality,
1l z2umy < N Fllz2gum (1.1)
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o We write L?(u™) to indicate the closed linear subspace of L?(u™) composed of symmetric
functions, that is, f € L2(u™) if and only if: (i) f is square integrable with respect to

n

w", and (ii) for du™-almost every (z1,...,z,) € Z",

f(zh ceey Zn) = f(zﬂ'(]_)7 SRR Zﬂ(n))v
for every permutation ™ of {1,...,n}.

o We write E(u") to indicate the subset of L?>(u™) composed of elementary functions van-
ishing on diagonals, that is, f € E(u™) if and only if f is a finite linear combination of
functions of the type

(21, .y 2n) — 14, (21)1a,(22) ... 14, (2n)
where the sets A; are pairwise disjoint elements of Z,,.

o We write Es(u™) to indicate the subset of L2(u™) composed of symmetric elementary
functions vanishing on diagonals, that is, g € Es(p™) if and only if g = [ for some
f € &™), where the symmetrization f is defined above.

1.1.1 Poisson space
Poisson measure

We recall the notations at the beginning of this dissertation. Let (Z, Z, 1) be a measure space
such that Z is a Borel space and p is a o-finite non-atomic Borel measure, and Z, = {B €
Z : u(B) < co}. In what follows, we write N = {N(B) : B € Z,} to indicate a compensated
Poisson measure on (Z, Z) with control p. In other words, N is a collection of random vari-
ables defined on some probability space (€2, F,P), indexed by the elements of Z,, and such

that: (i) for every B,C € Z,, such that BNC = @, the random variables N(B) and N(C) are

independent; (ii) for every B € Z,,, N(B) (faw) N(B)—pu(B), where N(B) is a Poisson random

variable with paremeter p(B). A random measure verifying property (i) is customarily called
“completely random” or, equivalently, “independently scattered” (see e.g. [67]).

Remark 1.1.2 Due to the assumptions on the space (Z, Z, 1), we can always set (2, F,P)
and N to be such that

n
Q= w:Z(SZj,nGNU{oo},zj €z
§=0
where §. denotes the Dirac mass at z, and N is the compensated canonical mapping
wr N(B)(w) =w(B) —u(B), BeZzZ, we,

(see e.g. |52| for more details). For the rest of the paper, we assume that € and N have this
form. Moreover, the o-field F is supposed to be the P-completion of the o-field generated by
N.
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Wiener-1t6 integrals on the Poisson space

We introduce here the definition of multiple Wiener-It6 integrals on the Poisson space. The
reader is referred e.g. to Peccati and Taqqu [48, Chapter 5| or Privault [56, Chapter 6] for a
complete discussion of multiple Wiener-Ito integrals and their properties — see also [41, 67].
Single Wiener-1t6 integrals: We first define the single Wiener-1t6 integrals. In what
follows, we shall use the fact that every elementary function f € £(u) can be represented as

M
flz)= ZailAi(z), z € Z, (1.2)
i=1

where M > 1 is finite, a; € R, and the sets A; are pairwise disjoint elements of Z,,. Now con-
sider a compensated Poisson measure N on (Z, Z), with control x. The next result establishes
the existence of single Wiener-1t6 integrals with respect to N.

Proposition 1.1.3 There exists a unique linear isomorphism f — N(f), from L2(u) into
L?(P), such that

M
N(f) = aiN(A)
i=1
for every elementary function f € E(u) of the form (1.2).

The proof is standard and thus omitted. Readers may refer to [48, Chapter 5| for the detail.

The random variable N(f) is usually written as

/ f(2)N (d2), / faN, I,
7Z Z

and it is called the Wiener-Ité stochastic integral of f with respect to compensated Poisson
measure N. One can easily verify the following isometric relation

EIN()N ()] = /Z F(u(dz) = (f Bz, Ve L),

and property:

~ ~.

N(f) = N(f).
Now we consider the space
C1(N) = {N(f) : f € Li(w)}. (13)

It coincides with the L?(P)-closed linear space generated by N. One customarily says that
(1.3) is the first Wiener chaos associated with N.

Multiple integrals
Based on the discussions above, we may define multiple Wiener-It6 integrals. Fix n > 2, it is
easily seen that every f € £(u™) admits a (not necessarily unique) representation of the form

f(zh s 7Zn) = Z Aiys...in 1Ai1 (21) - -+ 1Ain(zn)

1<iy, o in <M
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where M > n, the real coefficients a;, . are equal to zero whenever two indices i, 7; are

equal and Ay, ..., Ay are pairwise disjoint elements of Z,. Then we define
INH= D e NA) . N(A4,), (1.4)
1<i1,ein <M

and we say that I,]Lv(f) is the multiple stochastic Wiener-Ité integral (of order n) of f with
respect to compensated Poisson measure N. Note that IN(f) has finite moments of all orders,
and that the definitions of IV(f) does not depend on the chosen representation of f. The

following result, as well as the fact that £(u") is dense in L?(u™), shows in particular that IT]L\A/
can be extended to a continuous linear operator from L?(u") into L?(P).

Proposition 1.1.4 The random variables I,]lv(f),n >1,f € &(u™), enjoy the following prop-
erties:

1. For every m, the application [ — I,]lv(f) is linear.
2. For every n, one has that E[I,Jy(f)] =0 and Ifff(f) = Iflv(f)

3. For everyn > 2 and m > 1, for every f € E(u") and g € E(u™),
E[If(f)[f,\{(g)] = n!<f,g>L2(un)1(n:m), (isometric property) . (1.5)

The proof of Proposition 1.1.4 follows almost immediately from the definition in equation (1.4);
see e.g. [48, Chapter 5] for a complete discussion. By combining relation (1.5) with inequality
(1.1), one infers that IV can be extended to a linear continuous operator, from L?(u™) into
L?(P), verifying properties 1, 2 and 3 in the statement of Proposition 1.1.4. Moreover, the
second line on the RHS of (1.5) yields that the application

IV L2 — LAP) s f s IN(f)

(that is, the restriction of Ify to L2(u™)) is an isomorphism from L2(u"), endowed with the
modified scalar product n!(-, ) r2(,ny, into L*(P). For every n > 2, the L*(PP)-closed space

Cu(N) = {1 (f) : f € L*(u™)} (1.6)
is called the nth Wiener chaos associated with N. One conventionally sets
Co(N) =R (1.7)

Note that the isometric relation (1.5) implies that Cy,(N)LC,,(N) for n # m, where “1 7
indicates orthogonality in L?(PP).

Attention: In the present thesis, without ambiguity, we use I, as the abbreviation of 1711\7.

The Hilbert space composed of the random variables with the form I,,(f), where n > 1
and f € L%(u"), is called the nth Wiener chaos associated with the Poisson measure N. The
following well-known chaotic representation property is essential in this thesis.
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Proposition 1.1.5 (Chaotic decomposition) Every random variable F € L?*(F,P) = L?(P)
admits a (unique) chaotic decomposition of the type

o
F=E[F]+ 3 (/) (1.9
n>1
where the series converges in L2(P) and, for each n > 1, the kernel f,, is an element of L2(u™).

The proof of Proposition 1.1.5 will be given in Section “Charlier polynomials”.

Star contractions and multiplication formulae

In order to give a simple description of the multiplication formulae for multiple Poisson inte-
grals (see formula (1.12)), we here give a formal definition of star contraction operator:

Definition 1.1.6 We define a contraction kernel fxL g on ZPT9="= for functions f € L%(uP)
and g € L2(p9), where p,g > 1, r=1,...,pAqandl=1,...,r, as follows:
f*’l/‘ 9(717 s a’YT‘—latlv cee 7tp*7” Sly--- 5(]77‘)
= /l :U’l(dzla R dZ[)f(Zl, e LY e Y=l L atpfr‘)
Z
XG(Z15 oy 2V e oo s Yrels S1y« - - 5 Sq—r)-
In other words, the star operator “«.” reduces the number of variables in the tensor product
of f and g from p+ q to p+ g —r —[: this operation is realized by first identifying r variables
in f and ¢, and then by integrating out ! among them. To deal with the case [ = 0 for
r=0,...,pA\q, we set
f*? Vs Yttt ST, e Sg—r)
= f(’Yl, cee 7’}/?“’2517 L) tpfr)g(rylv sy VrySly e ey Sq*’r‘)a

and
f*gg(tl,...,tp,sl,...,sq) =f®g(t,....tp,51,...,8¢) = f(t1,...,tp)g(s1,...,5q)-
By using the Cauchy-Schwarz inequality, one sees immediately that f %] g is square-integrable

for any choice of r = 0,...,p A g, and every f € L2(uP), g € L?(u9).

Ase.g. in [46, Theorem 4.2], we will sometimes need to work under some specific regularity
assumptions for the kernels that are the object of our study.

Definition 1.1.7 Let p > 1 and let f € L?(uP).

1. If p > 1, the kernel f is said to satisfy Assumption A, if (fx, " f) € L2(u") for every
r=1,...,p. Note that (f *2 f) € L3(pP) if and only if f € L*(uP).

2. The kernel f is said to satisfy Assumption B, if: either p = 1, or p > 2 and every
contraction of the type

(21,5 22p—rt) = |12 |1 (21,5 22p )

is well-defined and finite for everyr =1,...,p, everyl =1,...,7 and every (z1, ..., 22p—r_1) €
7Z2p—r—1
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The following statement will be used in order to deduce the multivariate CLT stated in
Theorem 3.4.9. The proof involves the Cauchy-Schwarz inequality and the Fubini theorem (in
particular, Assumption A is needed in order to implicitly apply a Fubini argument — see step
(S4) in the proof of Theorem 4.2 in [46] for an analogous use of this assumption).

Lemma 1.1.8 Fiz integers p,q > 1, as well as kernels f € L2(uP) and g € L2(u?) satisfying
Assumption A in Definition 1.1.7. Then, for any integers s,t satisfying 1 < s <t < pAgq,
one has that f %5 g € L2(uPt971=%), and moreover

1.
||f *;59 g”%,?(lupﬂrtfs) = <f *2:1; fa g *g:i g>L2(pt+S)a
(and, in particular,
—t
I1f %2 fllezquee—s—ty = [If %o FllLzut+s) );
2.
—t —t
1 # gll72(wrai—sy < I *zs Fllraqueesy ¥ lg *a—s 9llL2ur+=) (1.9)
= |f % fllzzquzo—s—ty < lg % gll L2 (u2a—5-1)- (1.10)

Remark 1.1.9 1. Writing k = p+q—t—s, the requirement that 1 < s <t < pAgq implies
that [¢—p| <k <p+q—2.

2. One should also note that, for every 1 <p < g and every r=1,...,p,
/;_+ (f*?sﬁQdup+q’"=‘/)(f*ﬁrjU(g*ZTg)duT, (1.11)
pTq—T T

for every f € L?(uP) and every g € L?(u9), not necessarily verifying Assumption A.

Observe that the integral on the RHS of (1.11) is well-defined, since f*h " f > 0 and
q—r

gx¢ 920

3. Fix p,q > 1, and assume again that f € L2(uP) and g € L2(pu9) satisfy Assumption A in
Definition 1.1.7. Then, a consequence of Lemma 1.1.8 is that, for every r =0, ..., pAg—1
and every [ = 0,...,r, the kernel f(z,-) «. g(2,-) is an element of L?(puP+4=t=5=2) for
p(dz)-almost every z € Z.

Proof. Let x",y", z",w" and dx" be shorthand for (x1,...,25), (Y1,---,Yn), (Z1,---,2n)
and (w1, ...,wy) and dridxs ... dz, repectively.

We recall that the contraction operator f «; g transforms two function f € L?(uP) and
g € L?(u9) into a function of p 4+ g — t — s, which is defined by

f *i g(XtiS, ypft7 qut) —_ / dWSf(WS, ths, yp*t)g(vvs7 ths7 qut).
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Since both f and g are symmetric functions, we have
2
I1f QHL?(M’“)
= . dxt_sdxp_tdzq_t/ dws/ dw'® f(w®, x"75 yP~ ) g(w®, x5, z777)
Z S S

f(W/S’ Xt_s? yp_t)g(wls’ Xt_s’ Zq_t)

= / dxt_s/ dws/ dW's[/ dy? ™" fy?~! X W) f(yP T X W)
Zt—s s s Zp—t
[ / 429 g(27 " X0, W) g(27 7 x5, w')]
Za~t

[ [ awe [ e w g w)

= (fL Fg*I7h g) ra (e (%)

—t —t
< f =g fllzguers) X g *i—s gllpzquers ().

Relation (*) gives point 1 in the statement, while (**) (which is obtained by Cauchy-Schwartz
inequality) yields point 2. m

To conclude the section, we present an important product formula for Poisson multiple
integrals (see [48, Proposition 6.5.1], [22], [66] for the proof).

Proposition 1.1.10 (Product formula) Let f € L2(y?) and g € L?(p?), p,q > 1, and
suppose moreover that f *ﬁq g€ Lz(uerq_T_l) foreveryr=1,....pAqandl=1,...,r such
that | # r. Then,

D) =S () () () ovart (7479). (1.12)

r=0 =0

with the tilde ~ indicating a symmetrization, that is,

1
f*'lr g(xl’”'?xp—‘rq—r—l) = —Zf*fﬂ g(‘/l“o‘(l)v"'zxa( + —'r—l))a
(p+qg—r—D'% e

where o runs over all (p+ q —r —1)! permutations of the set {1,...,p+q—1r —1}.

Charlier polynomials

In this section, we give a brief introduction of Charlier polynomials based on Chapter 10 of
Peccati and Taqqu’s book [48].

There are several possible definitions of the Charlier polynomials. We here present the
definitions used by Kabanov [22] and Surgailis [66].

Charlier polynomials {C,(x,a),n =0,1,2...} are defined through generating function:

i Onl0) i _ otay 4 gyote (1.13)

n!
n=0
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2

By simple calculation, we see that Co(z,a) =1, Cy(z,a) = x, Ca(z,a) = x° — x — a, etc. It

is not difficult to deduce the recursion relation:
Cpi1(z,a) = (x —n)Cp(z,a) — anCp_1(z,a), n > 1. (1.14)
Charlier polynomials are good companions with compensated Poisson variables. Indeed,

the following propositions illustrate the intimate relation between Charlier polynomials and
multiple integrals of compensated Poisson variables.

Proposition 1.1.11 Let N be a centered Poisson measure over (Z, Z) with control measure
w. Then, for every A € Z such that u(A) < 0o, and every n > 1, one has that

C(N(A), u(A)) = L,(15"). (1.15)

The proof of the proposition relies on the recursion relation (1.14), and the product formula
(1.12). We then complete the proof by induction on n.

Proposition 1.1.12 Let Aq,..., A be disjoint sets of finite measure . Then,

k
LG @ @15 = [] Ci(V(4a). 1(4a)) (1.16)
a=1
Proof. Notice that the functions 14,, a = 1,...,k, have mutually disjoint supports, we have,

for a # b,

. . ®ia ®ib 4 — —0-

0, else.

We apply the multiplication formula 1.12 repeatedly and then deduce that,

k k
[1 (N (A0), Ay = T] L5
a=1 a=1
= L(13) %0 %0 135)
— In(]_@?«l L® 1®1k)7

which finishes the proof. m

To end the section, we present here the proof of “chaotic representation” Proposition 1.1.5.
Proof. By Proposition 1.1.12 and the generating function (1.13), we deduce that every random
variable of the type

F= J] Q+t)N@+C) with ¢, disjoint,
can be represented as a series of multiple integrals. Notice that the linear span of random

variables of type F is dense in L2(o(N),P), we may conclude the proof by using the fact that
random variables enjoying the chaotic decomposition (1.8) form a Hilbert space. m
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1.1.2 Some results involving Gaussian space

As pointed out below, many of the results of this dissertation should be compared with those
available in a Gaussian framework. This section is devoted to some basic definitions in this
context.

Gaussian measure

Definition 1.1.13 A Gaussian measure on (Z, Z) with control p is a centered Gaussian
family of the type
G={GA):AcZ,}

verifying the relation
E[G(A)G(B)) =w(ANB), VA Be2Z,.

The Gaussian measure G is also called a white noise based on .

Example 1.1.14 Fiz d > 1, let Z = R?, 2 = B(R?), and let \? be the Lebesque measure
on R, If G is a Gaussian measure with control \%, then, for every A, B € B(RY) with finite
Lebesgue measure, one has that

E[G(A)G(B)] = /AQB (dxy, ... dxg)

It follows that the application
(tl7 s atd) = W(tla ce 7td) = G([Ovtl] XX [Oatd])7 t; > 0,

defines a centered Gaussian process such that

d

E[W(t1, ..., ta)W(s1,...,sa)] = [ [(si A ta),
i=1

that is, W s a standard Brownian motion on R if d = 1, or a standard Brownian sheet on
R? ifd > 1.
Wiener-1to integrals on the Gaussian space

The definition of multiple Wiener-It6 integrals on the Gaussian space is almost the same as
its Poisson counterpart. In this section we give a brief introduction on the subject, readers
are invited to consult Chapter 1 of Nualart’s book [38] for a full description.

For any function f € L2(u), we denote I¢(f) as the standard stochastic integral on f with
respect to Gaussian measure G:

10 = [ 116,
Now we fix n > 2, and consider a function f € £(p™) with the form

f(zh s 7Zn) = Z Aiys...in 1Ai1 (21) - -+ 1Ain(zn)

1<iy, o in<M
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where M > n, and the real coefficients a;, .. ;

stn

are equal to zero whenever two indices g, %;

are equal and Aj,..., Ay are pairwise disjoint elements of Z,. Then we define
= > . ,GAy)...G(A), (1.18)
1<iy, o in<M

and we say that I¢(f) is the multiple stochastic Wiener-Ito integral (of order n) of kernel f
with respect to Gaussian measure G. Then we may extend IS to a continuous linear operator
from L?(u™) into L?(IP) with the same procedures as showed in Poisson case. The application
thus obtained

I L2(p") — L*(P) : f = IT(f)

is an isomorphism from LZ(u"), endowed with the modified scalar product n!(, ) r2(,n), into
L?(P). Indeed, we have

Proposition 1.1.15 The random variables IG(f),n > 1,f € L2(u™), enjoy the following
properties:

1. For every n, the application f — IG(f) is linear.
2. For every n, one has that E[IG(f)] = 0 and IS (f) = IS(f).
3. For everyn > 2 and m > 1, for every f € E(u") and g € E(u™),

E[If(f)lg(g)] = n!(f, §>L2(Hn)1(n:m), (isometric property) . (1.19)
For every n > 2, the L?(IP)-closed space
Co(G) = {I5(f): f € L*(u")} (1.20)
is called the nth Wiener chaos associated with Gaussian measure G. And we set
Co(N) =R (1.21)

We know that Cy,(N)LC,,(N) for n # m.

Example 1.1.16 We consider the case where (Z,2) = (Ry,B(R4)) and p is equal to the
Lebesgue measure. As already observed, one has that the process t — Wy, = G([0,t]),t > 0, is
a standard Brownian motion started from zero. Also, for every f € L?(u),

10 = [ rwcan / F(H)dW, (1.22)

where the RHS of (1.22) indicates a standard Ito integral with respect to W. Moreover, for
every n > 2 and every n > 2 and every f € L?(u"),

t1 i tn—1 _
In =n! / |:/ / / tl, e ,tn)thn ce th2 thU (123)

where the RHS of (1.23) stands for a usual Ito- type stochastic integral, with respect to W, of
the stochastic process

t1 2 n—1 _
tf—>¢ —n'/ / / tl,...,tn)thn"'thQ, t1 > 0.

Note in particular that ¢(t) is adapted to the filtration oc{W, :u <t},t >0, and also

E UO ¢2(t)dt] < oo.
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Multiplication formulae

Definition 1.1.17 Let (Z, Z, 1) be a separable, o-finite and non-atomic measure space. For
every p,q > 1, f € L2(pP) , g € L3(p9) and every r = 0,...,q Ap, the contraction of order
r of f and g is the function f ®;g of p+q—2r variables defined as follows: forr =1,...,qAp
and (t1, ... tp—ryS1y...,Sq—y) € ZPTI72"

I ®r g(th s tp—r, ST, qu—T)
= Fzt, ozt tp—r)g(21, .oy 20, ST, - oy Sqer) 1 (d21 - . d2y),
Z’!‘

and , forr =0,
f®rg<t1,...,tp,sl,...,sq) = f®g(t1,...,tp,81,...,8q)
= f(t1,...,tp)g(s1,...,5¢).
Note that, if p=q, then f @, g = (f,9)r2(ur) -

By an application of the Cauchy-Schwarz inequality, it is straightforward to prove that, for
every r = 0,...,qP, the function f ®, ¢ is an element of L%(uPT972"). Note that f ®, g is
in general not symmetric (although f and g are): we shall denote by f®,g the canonical
symmetrization of f ®, g.

Theorem 1.1.18 For every p,q > 1 and every f € L*(uP), g € L*(u9),

IG5 () = Z%' () (8 ) tosaer (Fr3) (124

r=

This theorem can be easily established by induction, and we omit its proof.

Hermite polynomials and chaotic decomposition

Definition 1.1.19 The sequence of Hermite polynomials {H,;q > 0} on R, is defined via
the following relations: Hyo =1 and, for ¢ > 1,

(M)

Hy(xz)=(-1)%ez @e*T, reR.
For instance, Hy(z) = 1, Hy(x) = 2% — 1 and H3(v) = 2 — 3x.

Recall that the sequence {(¢!)~"/2Hy; ¢ > 0} is an orthonormal basis of L*(R, (2m) Y26~ 2dx).
Several relevant properties of Hermite polynomials can be deduced from the following formula,

valid for every ¢,z € R,
+2 e n
exp (tx — 2) => —Hn(). (1.25)

n=0

For instance, one deduces immediately from the previous expression that

d
%Hn(ac) = nHp_1, n>1, (1.26)

Hyny1 = zH,(z) —nH,—1(z),n > 1. (1.27)

The next result establish an explicit relation between multiple stochastic integrals and Hermite
polynomials.
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Proposition 1.1.20 Let h € L?(i) be such that |Allz2(n) = 1, and, for n > 2, define
R (21, ... 2n) = h(z1) X ... h(zn), (21,...,2n) € Z™.

Then,
LT (h®") = Ho(G(h)) = Ha(I1(R)). (1.28)

Proof. Evidently, Hi(I1(h)) = I1(h). By the multiplication formula (1.24), one has therefore
that, for n > 2,

L (W™ I (h) = Iy (B 4 Iy (R0

and the conclusion is obtained from (1.27), and by recursion on n. ®

Proposition 1.1.21 [Chaotic decomposition] Every random variable F € L?(a(G),P) (that
is, F'is a square-integrable functional of G) admits a (unique) chaotic decomposition of the

type
Fl+> I5(fa) (1.29)

n>1
where the series converges in L2(P) and, for eachn > 1, the kernels f,, are elements of L2(u™).

Proof. Fix h € L?(u) such that [Allz2(n) = 1, as well as t € R. By using (1.25) and (1.28),
one obtains that

2 X n
exp (tG( ) — t2> =2 Ha(G _1+Z IG hEm), (1.30)

n=0
Since E [exp (tG(h) — ;)] = 1, one deduces that (1.29) holds for every random variable of
the form F' = exp (tG(h) - %), with f, = %h@’". The conclusion is obtained by observing

that the linear combinations of random variables of this type are dense in L?(o(G),P). =

Remark 1.1.22 Proposition 1.1.15, together with (1.29), implies that

E[F?] =E[F? + ) nlllfullZ2gm)- (1.31)
n=1

1.1.3 Isonormal Gaussian process

Most of the results on Gaussian space appeared in this thesis can be generalized to isonormal
Gaussian process. In this section we give a brief introduction of isonormal Gaussian process,
which has been introduced by Dudley in [15]. In particular, the concept of an isonormal
Gaussian process can be very useful in the study of fractional fields. See e.g. Pipiras and
Taqqu [53, 54, 55], or the second edition of Nualart’s book [38, Chapter 1|. For a general
approach to Gaussian analysis by means of Hilbert space techniques, and for further details
on the subjects discussed in this section, the reader is referred to Janson [21].
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Definition 1.1.23 Let $ be a real separable Hilbert space with inner product (-, -)g. We denote
by

G($) ={G(h): h € H}
an isonormal Gaussian process over $). This means that G($) is a centered real-valued
Gaussian family, indezed by the elements of $ and such that

E[G(R)G()] = (hB)s, Vh,I € $. (1.32)

In other words, relation (1.32) means that G($)) is a centered Gaussian Hilbert space (with
respect to the inner product canonically induced by the covariance) isomorphic to $).

We now present an important example of isonormal Gaussian process.

Example 1.1.24 Let (Z, Z, 1) be a separable, o-finite and non-atomic measure space. We
denote by Z,, the class of those A € Z such that u(A) < oo. Consider a completely random
Gaussian measure G = {G(A) : A € Z,}, as defined in the precedent section. Set § =
L*(Z,Z, ) with (h,1')g = [, h(z)W (2)u(dz) for every h,h' € $, and define G(h) = I,(h)
to be the Wiener-1té integral of h with respect to G for every h € $. Recall that G(h) is a
centered Gaussian random variable with variance given by HhH?5 Then, the collection G($)) =
{G(R): h € L*(Z,Z, 1)} is an isonormal Gaussian process over L*(Z,Z, ).

In the present thesis, the example above is the only case of isonormal Gaussian process that
interests us, though many results also holds in the general case.

1.2 Malliavin operators

Before dealing with Gaussian and Poisson cases, we start with a description of Malliavin
operators based on the Fock space. We adopt the definitions in Nualart and Vives’s paper
[41].

1.2.1 Fock space

Let $ be a real separable Hilbert space. Consider the n-th tensorial product $®". We
denote by H®" the Hilbert space of n-th symmetric tensors, which are invariant under any
automorphism. The norm in HO™ is defined as

Hf”%@n = n!HfII%@n.

o

Definition 1.2.1 The Fock space associated to $ is the Hilbert space ®(9) = @ H" with

n=0
the inner product (h, g)an) = Y peo{Pn, Gn)gon for b =307 hy and g = Y202 gn, where
G, hn € HO" . Here we take H°° = R and H®! = H¥1 = §.

In the subsequent sections, we introduce two typical examples of Fock spaces: one associated
with isonormal Gaussian process, and the other with Poisson process.

In this thesis, we are in particular interested in the important case $ = L?(Z, Z, ). It is
not difficult to show that, in this special case, $®" is isometric to L?(u") = L?(Z", Z®", u®"),
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while O™ is the space of square-integrable symmetric functions L2(u") = L2(Z", Z%7, u®m)
with the norm || - | gon. So, whenever we take $ = L?(p), then H®" and H®™ can be identified
as L2(u") and L2(u™) respectively.

Now we give the definitions of several Malliavin operators on the Fock space ®($)) for
9 =L%Z Z,u).

I) The derivative operator D.

Taken $ = L*(Z, Z,p). For every F € ®($), F = Y22 f,, where f, may isometrically be
seen as element of L2(1"). We define the derivative of F, DF as the element of ®($) ® $ =
L?(1; ®(9)) given by

oo
D.F = ann(~,z), for a.e. z € Z.
n=1

DF exists whenever the above sum converges in L?(u; ®(£))), which means

IDFIZ2 oy

= [ ID-F I utd)

= X1 RIS —rs

— - 2.1 2
= Z” ! fullf2(umy < 00
n=1

We will denote the domain of D by DomD, which is a dense subspace of ®().

Moreover, for any h € L?(u), we can define a closed and unbounded operator Dj, from

B(5H) to D(5), by _
DpF = T;n/zfn(-,z)h(z)u(dz)

provided that this series converges in ®($)).

IT) The Skorohod integral 0.

Consider the Hilbert space L?(u; ®($)) = ®($) Q L?(u). It can be decomposed into the or-
thogonal sum >, v/n! - L2(p"1), where L2("t1) is the subspace of L2("t1) formed by
all square-integrable functions on x"*! which are symmetric in the first n variables.

Let u € L%(u; ®(9)) be given by

u= Zun, u, € L2 (™).

We define the Skorohod integral of u as the element of ®(5)) given by,

S(u) =) i,

n>0
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providing that

D A+ D!l 721y < 00,
n>0

where ,, is the symmetrization of u,, with respect to its n + 1 variables.
We denote by Domd the set of elements u € L?(u; ®($))) verifying the above property.

The following result provide the duality relation between the operator D and §.

Proposition 1.2.2 (Integration by parts) Let u € Domd, and F' € DomD, then,

(u, DF>L2(M;<I>(5’J)) = <F=5(U)><I>(io)
Proof. Suppose that u =3 ~gun, and F'=3_ , f. Then,

<U’DF>L2(M;‘I>(53))
- /Z (u(-,2), D F) gy pa(d2)

= ot [ unle 2 (0 D () ()

n>0

= Z(n + 1)!/ Un (4 2) frp1 (5 2)pu(dzr) - . p(dzn) pu(dz)
n>0 Zntt

- nzzo<n u /Zn+1 Un (5 2) frr1 (- 2)pldzr) - p(dzn) p(dz)

= (F,6(u))a(s)

1.2.2 Malliavin calculus on the Poisson space

In this section, we shall introduce some Malliavin-type operators associated with the random
Poisson measure N. We follow again the work by Nualart and Vives [41], which is in turn
based on the classic definition of Malliavin operators on the Gaussian space. (See e.g. [27],38,
Chapter 1].)

Note that, the square-integrable space L?(F,P) = L?(P) is a realization isometric to the
oo
Fock space ®($)) associated with $ = L?(u). We have L*(P) = @ C, with C,, = {I,(f), f €

n=0
L3 (u™)}.
I) The derivative operator D.
For every F' € L?(P), the derivative of F, DF will be defined as an element of L?(P; L?(u)),
that is, the space of the measurable random function u :  x Z — R such that E[[, u?p(dz)] <
00.

Definition 1.2.3 1. The domain of the derivative operator D, denoted DomD, is the set
of all the random variables F € L*(P) having the chaotic decomposition (1.8) such that

Z kk!”fk”i?(Mk) < o0,
k>1
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2. For any F' € DomD, the random function z — D, F is defined by
oo
D.F =Y kIi_1(fr(z,)).
k>1

Since the underlying probability space 2 is assumed to be the collection of discrete measures
as described in Remark 1.1.2, we define F, by F,(w) = F(w +0;), Yw € Q for any given
random variable F', where ¢, is the Dirac mass. The following lemma, which is essential to
the calculations in this paper, provides an elegant representation of D.

Lemma 1.2.4 (Lemma 2.7 in [46],Theorem 6.2 in [41]) For each F' € DomD,
D,F =V,F a.e.-u(dz),

with the difference transformation V,F = F, — F.

The proof of the lemma can be found in [41, Theorem 6.2].

Remark 1.2.5 Using twice Lemma 1.2.4, combined with a standard Taylor expansion, we
have, for function f with bounded second derivative,

D.f(F) = f(F.)~ f(F) (1.33)
= f(F)(F.~F) +R(F. - F) (1.34)
= [(F)(D:(F)) + R(D:(F)) (1.35)

where the mapping y — R(y) is such that R(y) < 3| flcoy?. The equation (1.35) is the “chain
rules” on the Poisson space.

Definition 1.2.6 (see Page 411 in [19]) Let D*2, k = 1,2,..., denote the set of F €
L?(P) such that

S mtm(m = 1) -+ (m = k4 D) fonl 2oy < 00. (1.36)
m=k

Dy, is then defined as the closed linear operator from DF2 to L*(Q x Z, Z @ B(Z*),P ® u¥)
such that

Dy F= Z m(m —1)---(m—k+ 1)L (fm(tr, ..., tr, ), a.s.

m=k

Furthermore, EHDkFH%Q(M) equals to LHS of (1.36). In particular, DY? = DomD.

Lemma 1.2.7 Fiz k > 1. For any F € D*2, we have that

a.s. forallty,... tp p-a.e., where \I’fl,...t 1s the kth iteration of the difference transformation

Lk
U, =F,—F.
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IT) The Skorohod integral 0.
Thanks to the chaotic representation property of IV, there exists a unique representation for
each random function u € L2(P, L?(u1)):

Uy = ZIk(fk(zv )), z€Z (137)
k>0

where the kernel f is a function of k + 1 variables, and f(z,) is an element of L2(u*). The
Skorohod integral §(u) transforms u into an element of L?(P).

Definition 1.2.8 1. The domain of the Skorohod integral operator, denoted by Domd, is
the collection of all u € L*(P, L?(u)) having the above chaotic expansion (1.87) satisfied
the condition:

Z(k + 1)!”ka%2(M<k+1)) <00
k>0

2. For u € Domd, the Skorohod integral of u is a random variable §(u) such that

S(u) = Iy (fi)

k>0
where fi is the canonical symmetrization of k + 1 variable function f.

The Skorohod integral J can be seen as the adjoint operator of derivative operator D thanks
to the following elegant result.

Lemma 1.2.9 (Integration by parts, Proposition 4.2 in [41]) For every F € DomD
and u € Domd, we have

The proof of this lemma is given at page 158 in [41] Nualart and Vives’s paper [41].

IIT) The Ornstein-Uhlenbeck generator L.

Definition 1.2.10 1. The domain of the Ornstein-Uhlenbeck generator, denoted by DomL,
is the collection of all F € L*(IP) admitting the chaotic representation 1.8 verifies the
condition:

Z k’Qk!kaH%%Mk) <

k>1

2. The Ornstein-Uhlenbeck generator L acts on random variable F € DomL as follows

LF = = kIi(f)-

E>1
The following lemma is useful for our forthcoming calculations.
Lemma 1.2.11 F € DomL iff F € DomD and DF € Domd. In addition, we have

ODF = —LF
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The proof of the lemma comes directly from the definition of operators D, § and L. The
readers can find a proof in [46, Lemma 2.10].

IV) The pseudo-inverse of L.

Definition 1.2.12 1. The domain of the pseudo-inverse Ornstein- Uhlenbeck generator, de-
noted by L3(P), is the space of centered random variables in L?(P).

2. For F =3 Ix(fr) € LA(P), we set
k>1

1
LUF==)  +I(fi)

k>1

the pseudo-inverse Ornstein-Uhlenbeck generator of F.

Remark 1.2.13 VF € L%(P), one has that L~'F € DomL and

F=LL'F=46-DL'F).

1.2.3 Malliavin calculus on the Gaussian space

Though this thesis is focused on the functionals on the Poisson space, the Malliavin calculus
on the Gaussian spaces takes part in some calculations (e.g. in the proof of multi-dimensional
Stein’s lemma). We give below the definitions and preperties introduced in Chapter 1 of
Nualart’s book [38|. Among all the properties, Mehler’s formula and the “differential charac-
terization of L” are especially interesting and important.

Derivatives

We start by defining the class S(G) C L?(o(G)) of smooth functionals of Gaussian measure
G, as the collection of random variables of the type

F = f(G(h),....,G(hn)),

where h; € $, and f is in the class of infinitely differentiable functions on R¢ such that f and
its derivatives have polynomial growth.

Definition 1.2.14 Let F' € S(G) be as shown above.

1. The deriwative DF of F is the $-valued random element given by

DF =Y 8iif(G(h1), oo, G(ha)) .
i=1

2. For k > 2, the kth derivative of F, denoted by DF, is the element of L?(a(G); H®F)
given by

m ok
DFF = Z ﬁf(G(hl)y---aG(hm))hh ® - @ i,
i =1 YT T
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Definition 1.2.15 For every k > 1, the domain of the operator D* in L*(0(QG)), customarily
denoted by D*2, is the closure of the class S(G) with respect to the seminorm

2

k
IFlle2 = |EIF?+ > DI F|3e,
j=1

We also set
o0
]Doo,Q — m ]D)k’2
k=1

Proposition 1.2.16 Fiz k > 1. A random variable F € L*(o(G)) with a chaotic representa-
tion 1.29 is an element of D¥2 if and only if the kernels {fq} verify

o
> Q! fell3e. < oo, (1.38)
q=1
and in this case
oo
E”DkFH%@k = Z(Q)k X ql”fq”%@sq
q=k

where (qQ)x = q(q—1)---(q— k + 1) is the Pochammer symbol.

Chain rules:

Proposition 1.2.17 Let ¢ : R™ — R be a continuously differentiable function with bounded
partial derivatives. Assume that F = (Fy,...,Fy) is a vector of elements of DY2. Then,
o(F) € DY2, and

De(F) =) ai‘gp(F)DFi. (1.39)
i=1

Proposition 1.2.18 Suppose that $ = L*(Z, Z, 1), and assume that F € DY admits the
chaotic expansion (1.29). Then, a version of the derwative DF = {D,F : z € Z} is given by

o0
D.F =Y nI (fu(~2), z€Z,
n=1

where, for each n and z, the integral IS | (fu(-,2)) is obtained by integrating the function on
Z" Y given by (21, ... 2n-1) = fn(21, ..., Zn_1,2).

Divergences

Definition 1.2.19 The domain of the divergence operator §, denoted by Domé, is the col-
lection of all random elements v € L?(a(G); $) such that, for every F € DY2,

|E[(u, DF)g]| < cE[F?]/?, (1.40)
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where ¢ is a constant depending on u (and not on F'). For every u € Domd, the random
variable 6(u) is therefore defined as the unique element of L*(o(G)) verifying

E[(u, DF)5] = E[Fd(u)], (1.41)

for every F € DY2 (note that the existence of 5(u) is ensured by (1.40) and by the Rietz
Representation Theorem). Relation (1.41) is called integration by parts formula.

Gaussian measure: We now consider the case $§ = (Z, Z, 1), then the space L?(c(G);$)
can be identified with the class of stochastic processes u(z,w) that are Z ® o(G)-measurable,
and verify the integrability condition

E[/Zk u(2)?pu(dz)] < oo. (1.42)

We thus infer that every u € L?(0(G); ) admits a representation of the type
u(z) = ho(2) + ) I (ha(-, 2)), (1.43)
n=1

where hg € L%(p) and, for every n > 1, hy, is a function on Z"*! which is symmetric in the
first n variables, and moreover

E[/Zk u(2)2u(d2)] = 3 0l e, < 00. (1.44)
n=0

Proposition 1.2.20 Let $ = (Z, Z, i) as above, and let u € L*(o(G); H) verify (1.42), (1.47)
and (1.44). Then, u € Dom(0) if and only if

o0

> (4 DY Anl[72 (1) < o0 (1.45)
n=0

where hy, indicates the canonical symmetrization of h,. In this case, one has moreover that

u) = Z In+1(ﬁn)
n=0

where the series converges in L(IP).

Ornstein-Uhlenbeck semigroup

Definition 1.2.21 The Ornstein- Uhlenbeck semigroup {T; : t > 0} is the set of contrac-
tion operators defined as

Ty(F) =E[F] + Y e TIF(f) =Y e "IF(f,), (1.46)
q=1 q=0

for every t > 0 and every F € L*(o(G)) as in (1.29).

The generator of the Ornstein-Uhlenbeck semigroup and its pseudo-inverse.
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Definition 1.2.22 Let F € L%(0(G)) admit the representation (1.29). We define the operator
L as

o0

LF ==Y qI¢(fy), (1.47)

q=0
provided the previous series converges in L?(P). This implies that the domain of L, denoted
by DomL, is given by

o0 o
DomL = {F € L*(o(G)), F = > I (fy) : Y a°q! | foll ooy < 00} =D (1.48)
q=0 q=1

Note that the image of L coincides with the set
Li(o(G)) = {F € L*(0(G)) : E[F] = 0},
and also that LF = L(F — E[F]).
Definition 1.2.23 Let L2(c(G)) admit the representation (1.29), with E[F] = I§(fo) = 0.
We define the operator L= (pseudo-inverse of L) as

o0

L= -3 LGy, (1.49)

g=1 q
Remark 1.2.24 1. There is an important relation between the operator D,  and L: a
random variable F' belongs to D?? if and only if ' € Dom(§D) and, in this case,
SDF = —LF. (1.50)

2. For any F € L?(0(G)), we have that L~'F € DomL, and
LL™'F = F —E[F]. (1.51)

i) Mehler’s formula.

Let F be an element of L?(c(G)), so that I can be represented as an application from
R? into R. Then, an alternative representation (due to Mehler) of the action of the Ornstein-
Uhlenbeck semigroup T (as defined in equation (1.46)) on F', is the following:

T(F)=E[F(e'a+ V1 —e2X)]|s=x, t>0, (1.52)

where a designs a generic element of R”. See Section 1.4.1 in Nualart [38] for more details on
this and other characterizations of 7.

ii) Differential characterization of L.
Let F € L?(o(@)) have the form F = f(G(h),...,G(hg)), where f € C2(R?) has bounded
first and second derivatives, and h; € §,¢=1,...,d. Then,

LF = Yo — .G(h A1
jZl 8% ax] M), G(ha)) (i, hy)s Z 70;(C G(ha))G(hil1.53)
= (C,Hess f(Xo))ms. — (X0, VI (X0))ra, (1.54)
where X¢ = (G(h1),...,G(hq)), and C = {C(i,j) : 4,j = 1,...,d} is the d x d covariance
matrix such that C (4, j) = E[G(h;)G(h;j)] = (hi, hj)g. Note that ( >HS is the Hilbert-Schmidt
inner product. (See Definition 1.3.1.)
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1.3 Introduction to Stein’s method

1.3.1 The basic idea of Stein’s method

Stein’s method is a powerful probability tool developed by C. Stein [62, 63, 64, 65], L. H. Y.
Chen [12] and many other mathematicians. A wide range of researches have been made in

this topic, see e.g. the two volumes book of Barbour and Chen(2005) [1, 2] and the recent
book by Chen, Goldstein and Shao [13].

In researches in probability theory, one often needs to show a random variable W has a
distribution close to that of a target distribution of the random variable X. To this end,
one can compare the values of the expectations of the two distributions on some class of test
functions. There are several choices of test function classes. For example, one can compare
the characteristic function ¢(u) = E[e™"] of W to that of X, thus encapsulating all expec-
tations of the family of functions e?* for u € R. As this family of functions is rich enough,
closeness of the characteristic functions implies closeness of the distributions. Since convolu-
tion in the space of measures become products in the realm of characteristic functions, the
characteristic function is indeed a convenient choice to treat the sum of independent random
variables. Another choice is to consider the family of power functions z*,k = 1,2, ..., which
leads to so-called “method of moments”. Nevertheless, all these classical methods have their
own limitations. (See, for instance, the example in Section 2 of Peccati’s Lecture Notes [43].)
Stein’s method, which based directly on a random variable characterization of a distribution,
allows the manipulation of the distribution through constructions involving the basic random
quantities of which W is composed, and coupling can begin to play a large role.

Consider, then, testing for the closeness of the distributions of W and X by evaluating the
difference between the expectations E[h(W)] and E[h(X)] over some collection of function h.
It seems clear that if the distribution of W is close to the distribution of X then the difference
E[R(W)] — E[h(X)] should be small for many functions h. Specializing the problem, for a
specific distribution, we may evaluate the difference by relying on a characterization of X.
For instance, we can prove that the distribution of a random variable X is A/(0,1) if and only
if

E[f'(X) - Xf(X)]=0 (1.55)
for all absolutely continuous functions f for which the expectation above exists. Again, if the
distribution of W is close to that of X, then evaluating the left hand side of (1.55) when X is

replaced by W should result in something small. Putting these two differences together, from
the Stein characterization (1.55) we arrive at the Stein equation

f'(w) = wf(w) = h(w) — E[(X)] (1.56)

Now given h, one solves (1.56) for f, evaluates the left hand side of (1.56) at W and takes the
expectation, obtaining E[h(W)] — E[h(X)].

To prepare the introduction of Stein’s method, we define below the norms and distances
between probability measures.
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1.3.2 Norms and distances between probability measures

Definition 1.3.1 1. The Hilbert-Schmidt inner product and the Hilbert - Schmidt
norm on the class of d x d real matrices, denoted respectively by (-,-Yg.s. and || - || m.s.,
are defined as follows: for every pair of matrices A and B, (A, B)g.s. := Tr(ABT) and

Allm.s. = V(A, A)i.s., where Tr(-) indicates the usual trace operator.

2. The operator norm of a d x d real matriz A is given by ||Allop = SUD| ||, =1 |Az||ga.
3. For every function g : R* = R, let

xT) —
gll = sup LD 9w
oty T —yllre

where || - ||ga is the usual Euclidian norm on R, If g € CHR?), we also write

Vyg(x) —Vg(y
M) o sup 199) = Vo)
oty |2 — yllga

If g € C3(RY),
[[Hess g(z) — Hess g(y)]lo
Ms3(g) := sup .
Ty H$ - yHRd

i

0%g
61’181‘ yi

where Hess g(z) = ( (z)) stands for the Hessian matriz of g evaluated
1<i<d,1<j<d

at a point z.

4. For a positive integer k and a function g € CF(R?), we set

ak

R s Ao el

1<i1 <. <ip<d y cpd

In particular, by specializing this definition to ¢® = ¢" and ¢'® = ¢", we obtain

82
" _ Y
19 = _max_ sup | 5o (a) .

83
al'il 8:@2 al'is J (:C) '

7

oo =

lg

max  sup
1<i1 <i2<i3<d yepd
Remark 1.3.2 1. The norm ||g||zip is written M;(g) in [11].

2. If g € CH(RY), then ||g||Lip = sup ||Vg(z)||ga- If g € CE(RY), then
TER

M>(g) = sup ||Hess g(z)l|op-
z€ER4
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Definition 1.3.3 The distance between the laws of two R%-valued random vectors X and Y
such that E|| X||ga, E||Y||ga < 0o, written dg, is given by

dg(X,Y) = sup [Elg(X)] = E[g(Y)]],

where G indicates some class of functions. In particular,

1. by taking G = {g : ||9||Lip < 1}, one obtains the Wasserstein (or Kantorovich- Wasserstein)
distance, denoted by dyy ;

2. by taking G equal to the collection of all indicators 15 of Borel sets, one obtains the total
variation distance, denoted by drvy ;

8. by taking G equal to the class of all indicators functions 1(_ao.z1]*** L(—ooszg) (21, -+, 24) €
R?, one has the Kolmogorov distance, denoted by d;

4. the distance obtained by taking G = {g : g € CXRY), ||gllLip < 1, Ma(g) < 1}will be
denoted by do;

5. the distance obtained by taking G = {g : g € C3(RY),[|¢"lc < 1, l¢"[loc < 1} will be
denoted by ds.

It is well acknowledged that the topologies induced by dyw,dgoi, dryv are stronger than the
topology of convergence in distribution. (See e.g. chapter 11 of [16] for details). Now we show
that do and ds have similar properties.

Lemma 1.3.4 Let d > 1 be a positive integer. We consider the distance between two random
variables with the following form:

dg(X,Y) = sup E[g(X)] — E[g(Y)]|

where G is a suitable collection of functions f : R* — R . Suppose that for any real vector
(A1, ..., Ag) € RY, there exists two non-zero constants C1 (A1, ..., \q) and Cz2(\1,. .., \q), such
that both functions

Cl()\h ceey )\d) Sin(/\lxl + ...+ /\dxd)

and
Co(A1, ...y Ag) cos( M1 + ... + Agzq)

belong to G. Then, for any collection of random variables (F, Fy, Fy,...), the condition

dg(Fn, F)— 0, as n — oo

implies the convergence in law

law

F, — F, as n — oo.
Proof. For d-dimension real vectors A = (A1,...,Ag) and z = (x1,...,24), we define

Ax(z) = C1(N)sin(Az) = C1 (A1, ..., Ag) sin(A1z1 + ... + Agzq)
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By(x) = Ca(N) cos(Azx) = Co(A1, ..., Ag) cos(A1x1 + ... + Agxq)

where
Ar =M Mx1+ ..+ Agzg, Ar = Mxy + ..+ Mgy,

For any A € R%, both Ay and B) are elements of G. By the definition of distance dg, we have,
for all A € R,

Jim E[AN(Fo)] = E[AN(F)],  lim E[By\(Fy)] = E[BA(F)],
which leads to
lim E[sin(AF,)] = Esin(AF)],  lim Efcos(AF,)] = E[cos(AF)], VA€ R4

or

lim Elexp(i\Fy,)] = Elexp(iAF)].

n—oo

The convergence in law is immediate. =

Remark 1.3.5 Now note that the classes G over which ds and ds are built satisfy the as-
sumptions of Lemma 1.5.4, this immediately yields that the topology induced by ds and ds are
stronger than that of the convergence in distribution.

Remark 1.3.6 The distances dy and d3 are related, respectively, to the estimates of Section
3.2 and Section 3.3. Let j = 2,3. It is easily seen that, if d;(F,, F) — 0, where F,, I are
random vectors in R, then necessarily F}, converges in distribution to F. It will also become
clear later on that, in the definition of dy and d3, the choice of the constant 1 as a bound
for gl Lip, M2(9), 19" ]locs |g"||oc is arbitrary and immaterial for the derivation of our main
results (indeed, we defined dy and d3 in order to obtain bounds as simple as possible). See the
two tables in Section 3.3.2 for a list of available bounds involving more general test functions.

1.3.3 The case of dimension 1

Let N ~ N(0,1). Consider a real-valued function h : R — R such that the expectation
E[h(N)] is well-defined. The Stein’s equation associated with h and N is classically given by

h(z) —E[R(N)] = f'(z) —xf(z), z€R. (1.57)

A solution to (1.57) is a function f which is Lebesgue a.e.-differentiable, and such that there
exists a version of f’ verifying (1.57) for every x € R. The following result, which is the basis
of the whole Stein’s theory, is due to Stein (|63], |65]). The proof of point (i) (which is often
referred as Stein’s lemma) involves a standard use of the Fubini theorem. Point (ii) is proved
e.g. Lemma 2.1 in [14]; point (iii) can be obtained by combining the arguments in page 25 of
[65] and Lemma 5.1 in [10] ; a proof of point (iv) is provided in Lemma 3 of [65]) ; and point
(v) is proved in Lemma 4.3 of [8]. Note that, the inequality ||f'|lcc < [|P/|lcc in (V) can be

reinforced by || f'|lcc < \/2/7||W||co. We shall present a short proof of some of the results in
(iv) and (v) in the next section.
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Lemma 1.3.7 (i) Let W be a random variable. Then, W ) N(0,1) if, and only if,
E[f'(W) =W f(W)] =0, (1.58)

for every continuous and piecewise continuously differentiable function f verifying the relation

E[f'(N)] < o0.

(i) If h(z) = 1(—oo2)(2), 2 € R, then (1.57) admits a solution f which is bounded by v/2m /4,
piecewise continuously differentiable and such that || f'||c < 1.

(111) If h is bounded by 1/2, then (1.57) admits a solution f which is bounded by \/7/2,
Lebesgue a.e. differentiable and such that ||f']|cc < 2.

() If h is bounded and absolutely continuous, then (1.57) has a solution f which is bounded
and twice differentiable, and such that ||fllce < V/7/2||h — E[A(N)]]lco, [/ llcc < 2||h —
E[R(N)]llco-

(v) If h is absolutely continuous with bounded derivative, then (1.57) has a solution f which
is twice differentiable and such that || f'||co < [|F]loc and || f"]|co < 2||A/||c0-

Recall the relation:
2dry (X,Y) = sup{[E[u(X)] — E[u(Y)]] : [uloc <1}, (1.59)

we have

Corollary 1.3.8 1.

dgo (X, N) < Sup E[Xf(X) = f(X]l, (1.60)

where Fop 15 the class of piecewise continuously differentiable functions that are bounded
by V2w /4 and such that their derivative is bounded by 1.

2.
dry(X,N) < sup [E[Xf(X)— f(X)]l, (1.61)
feFrv
where Frvy is the class of piecewise continuously differentiable functions that are bounded
by \/7/2 and such that their derivatives are bounded by 2.
3.
dw(X,N) < sup [E[Xf(X)— f/(X)]], (1.62)
feFw

where Fyy is the class of twice differentiable functions, whose first derivative is bounded
by 1 and whose second derivative is bounded by 2.
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1.3.4 Proofs

Here we present some of the proof on point (iv) and (v) in Lemma 1.3.7. The simple proofs
we give below are selected from Chatterjee’s Lecture Notes [7|. All proofs are based on the
two lemmas below which characterize the solution structure of Stein’s equation (1.57).

Lemma 1.3.9 For any given function h : R — R such that E|h(N)| < oo with N ~ N(0,1),

fla) = e / " eV (h(y) — BIW(N))) dy (1.63)
- ‘em/ e P2 (h(y) — E[R(N))) dy. (1.64)

is an absolutely continuous solution of (1.57).
Moreover, any absolutely continuous solution f of (1.57) is of the form

f(x):f(x)+cex2/2 , c€eR.

Finally, f is the only solution that satisfies lim f(a:)e_”EQ/2 =0.

|z| =00

Proof. Equation (1.57) (with unknown function f) is a standard linear Ordinary Differential

Equation. We need only to apply the First Integral method:
d 2 2 g2
(@) = e ([ ) — 2f () = e (h(w) ~ BR(X))),

which leads to a solution candidate (1.63). On the other hand, a simple verification shows
that (1.63) indeed satisfies (1.57).

The equivalence between (1.63) and (1.64) is given by the fact
0o B 2/2
e 12 (1) — E[A(N)])dy = 0.

If f is any other solution of (1.57), then

(P (@)~ ) =0,

which means f(z) = f(z) + ce®"/2 for some ¢ € R.

The last assertion is justified by applying Dominated Convergence Theorem on both (1.63)
and (1.64). m

Now we give an alternative expression of solution of of (1.57). We shall see later that this
expression can be generalized in multi-dimensional case (Lemma 1.3.12).

Lemma 1.3.10 Let h be an absolutely continuous function with bounded derivative. Then

! 1
f(x):—/ mﬂz [Nh(\/ix+\/1—tN) dt . N~N(O,1) (1.65)

is a solution of (1.57). Moreover, it is the same as (1.63), because | |lim fla)e ™2 = 0.
x|—+400
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Proof. We shall verify that (1.65) is indeed a solution of (1.57). Thanks to Dominated
Convergence Theorem, we are able to carry the derivative inside the integral and expectation,
and we have

! _ ! ]' !/ _
F(a) = /0sz [Nh(\/%x+\/1 tN)} dt. (1.66)

Thus,
fl(@) —af(z)
— /01E [(— N, $> h'(\/i:v—l—\/mN)] dt

21—t 2yt
- /OIE[;jh'(\/%x—}—\/mN)} dt

— h(z) —E[h(N)],

where the first line of the equation comes from the following relation which is deduced from
the Stein identity (1.58):

E |Nh(Vtz +vV1—tN)| =1 —tE | (Vtz+ V1 —tN)|.

Now we give simple proofs of three inequalities in (iv) and (v) of Lemma 1.3.7. The proof
of the second assertion in (v) is too lengthy to be put here.

(I) If o : R — R is bounded and absolutely continuous, then there exists a solution f of (1.57)
which is bounded and twice differentiable and satisfy

1o < V//2llh — E[R(N)]||oo;

(IT) the same f also satisfy
1 oo < 2017 = E[A(N)][loo;

(III) If his absolutely continuous with bounded derivative, then (1.57) has a solution f which
is twice differentiable and such that

£ lloe < V/2/(|H oo
Notice that this is stronger than the result in (v) of Lemma 1.3.7.

Proof. (I): We adopt a solution f in form of (1.63). Suppose x > 0. Using the representation
in (1.64), we have

@) < =B (2 [~ ay )
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Since

dx "

(o]
= —1—1—306””2/2/ e_yZ/Zdy
X

o0
< -1 +xe$2/2/ ge_yQ/Qdy
e X

= -1+ e /2 % l(3_:02/2

X
= 0,

we see that e*”/2 [.r e~¥’/2dy is maximized at = = 0 on [0, 00) with value \/7/2. Hence,

@) < \/zllh CER(N)]e, V> 0.

For x < 0, use the form (1.65), and proceed in the same way.

(II): Again, we will only consider z > 0 case. The other case will be similar.
Note that

F/(@) = h(x) = E[A(N)] — we®*/> / " e 2 (h(y) — E[R(N)))dy.

X
Therefore,

|f' ()]

IN

1h(z) — E[R(N)]lo (1 +xew2/2/ ey2/2dy)
< 2||h(z) — E[A(N)]|lco (By the same way as in the proof of (I)).
(III): From (1.66), it follows that

E | \/5
'l < (E|N h’oo/: 21 ||
[f oo < (EINDIIA]| Wi WII |

1.3.5 An interesting example

We give here an example which is taken from Lecture 3 in Chatterjee’s Lecture Notes [7] on
Stein’s method. Indeed, this simple example illustrate how Stein’s original “leave me out” idea
works (See Stein’s 1972 paper [63]).

We let W = ﬁzyzl X;, where X1, Xo,...,X,, are independent variables such that
E[X;] = 0, Var[X;] = 1, E|X;|> < oo. It is easy to see that W is “close to” a standard

normal distributed variable N ~ N(0,1) and we wish to evaluate the Wasserstein distance
dw (W, N).

Theorem 1.3.11 Suppose Xi,..., X, are independent with mean 0, variance 1, and finite

third moments. Then .
Y X 3 3
dw , N | < —= g E|X;|°,
< Vn T34 il

where N ~ N(0,1).



30 CHAPTER 1. PRELIMINARIES

Proof. By inequality (1.62), we estimate

W f(W) = f' (W]

by taking any f € C! with f’ absolutely continuous, and satisfying |f’| < 1 and |f"] < 2.
Note that

1
EWf(W)| = — E[X;f(W)]. 1.67
[f()]\/HZ[f()] (1.67)
From W, we single out the part that is independent of X;, by taking

X

Wi=W - L,
NG

Then we must have E[X; f(W;)] = 0. Therefore,

E W f(W)] = E[f'(W)]

= = E[XG(F0V) = £ (W) = (W = W) (V)] (1.68)

4 SR LXW - W (W] ~ ELF (7). (1.69)

n (1.68), we deduce that

jﬁ Z [E [X; (W) = F(W) — (W — W) f(W))]|
) Z e
SWW;M&R

On the other hand, since E[X?] = 1 and X; is independent of W;, we may rewrite (1.69) as
LS~ LE[f(W;)] — E[f/(W)], which can be bounded by " ; E|X;| as shown below:

IN

1|0 <
n

Ly ey - on)| < =St mw o wi< 2SR ix)
=1 =1 =1

By combining the estimations on (1.68) and (1.69) and the fact that E|X;| < (IE|XZ~\3)1/3 <
E|X;|?, we obtain the desired conclusion. m
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1.3.6 Multivariate case

From now on, given a d X d nonnegative definite matrix C, we write Ny(0,C) to indicate the
law of a centered d-dimensional Gaussian vector with covariance C'. Most of the results in the
following Lemma is proved in [37], and the inequality (1.74) is newly obtained by Peccati and
Zheng [50], which will play a important role in the estimations in the next chapter.

Lemma 1.3.12 (Stein’s Lemma and estimates) Fiz an integer d > 2 and let C = {C(i,7) :
i,7=1,...,d} be a d x d nonnegative definite symmetric real matriz.

1. Let Y be a random wvariable with values in RY. Then Y ~ Ny(0,C) if and only if,
for every twice differentiable function f : R* — R such that E|(C,Hess f(Y))m.s.| +
EY,Vf(Y))ra| < 00, it holds that

E[Y, Vf(Y))re — (C,Hess f(Y))p.s] =0 (1.70)
2. Assume in addition that C is positive definite and consider a Gaussian random vector

Xo ~ Ny(0,C). Let g : R* — R belong to C*(R?) with first and second bounded
derivatives. Then, the function Uy(g) defined by

11
Uog(fL‘) = / ?tE[g(\/%m + V1 - tXc) — g(Xc)]dt (1.71)
0
is a solution to the following partial differential equation (with unknown function f):
g(x) —Elg(Xe)] = (z, Vf(x))ga — (C,Hess f(z))p.s., © € R (1.72)

3. Moreover, one has that

sup [Hess Uog(x)||m.s. < 1C lop IC 1132119l ips (1.73)
S
and
V2m
My(Uog) < T ICT B2 [Clap Ma (o). (174

Proof. We shall prove the results in 4 steps.

Step 1: We prove that (1.71) is indeed the solution of Stein’s equaiton (1.72). Notice that, we
can suppose without loss of generality that X¢ = (X1,...,Xy) := (G(h1),...,G(hg)), where
G is an isonormal Gaussian process over $) = R, the kernels h; belong to $ (i = 1,...,d),
and (hi, hj)s = E[G(hi)G(h;)] = E[XiX;] = C(i, ).

Upg(x) can be rewritten as follows:

Ungla) = [ " (Blgtee + VI— e N)] - Elg(Xc)] ) du

by using a simple change of variable 2u = —log¢. This new expression of Upg(z) reminds us
the Mehler’s formula (1.52) introduced before. Indeed, by defining §(X¢) = g(X¢o)—E[g(X )],
we see that, by Mehler’s formula (1.52):

Elg(e™ e+ V1 = e X0)|la=xc—Elg(Xc)] = E[gle "2+ V1 — 72 X0)]la=xc = Tu(§(Xc)),
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where T is the Ornstein-Uhlenbeck semigroup and J,(§(X¢)) is the projection of §(X¢) on
the gth Wiener chaos. Then we have

ha(Xe) = [~ Tua(XeDdu= [~ 3 e @(Xe)du = 3 LI (a(Xe) = ~L75(Xe)
g1 q>1

by using (1.46). It is easy to see that that Upg belongs to C2(R?). By exploiting the differential
representation (1.54), we deduce that

(X, VUog(Xc))ra — (C, Hess Ung(Xc))u.s. = g(x) — E[g(Xc)],

for every 2 € R%. As a consequence, the function Uyg solves the Stein’s equation (1.72).

Step 2: To prove the estimate (1.73), we first notice that there exists a non-singular symmetric
matrix A such that A2 = C, for positive definite matrix C, and A~ Xc ~ Ny(0,1;). The
simple case for C' = I is provided by Lemma 3 in [11]. Now we let Upg(x) = h(A~'z), where

h(z) = /1 zltE[gA(\/Zx +V1—tA Xe) — ga(A7 X0 dt
0

and ga(x) = g(Ax). As A~ X ~ Ny(0, 1), the function h solves the Stein’s equation
(z, Vh(z))pa — Ah(z) = ga(z) — E[ga(Y)],

where Y ~ Ny (0, I;) and A is the Laplacian. We may use the same arguments as in the proof
of Lemma 3 in [11] to deduce that

sup |[Hessh(z)||lm.s. < |gallLip < [|Allopllgll ip-
zE€R4

On the other hand, by writing hy-1(x) = h(A~'z), one obtains by standard computations
(notice that A is symmetric) that

Hess Upg(x) = Hess hy-1(x) = A" ' Hess h(A™'z) A~

therefore
sup |Hess Upg(2)||lms. = sup |A™'Hessh(A™'2)A™ s,
zERI rER4
= sup HAleess h(x)AilnH,s,
z€R4
< [|ATY2, sup [[Hess h(z)]| s,

z€R
TATY1Z 1 Allopllg | zip
P
IC™ opl IR N9 ip-

IN

IN

In the chain of inequalities above, we used the relations

HA_IHess h(x)A_1 | m.s.

A

< | A7 lopl/Hess A(z) A~ || ir.s.
< 1A oplHess h(@) | .5.11 A7 lops
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as well as the fact that

1A lop < 4/IC " lop  and  [[Allop < 4/[ICllop-

Step 3: Now we may work on Point 1. The fact that a vector Y ~ Ny(0,C) necessarily
verifies (1.70) can be easily proved. On the other hand, suppose that Y verifies (1.70). Then,
according to Point 2, for every g € C%(R?) with bounded first and second derivatives,

Elg(Y)] = Elg(Xc)] = E[(Y, VUog(Y))ra — (C,Hess Uog(Y)) m.s.] = 0,

where X¢ ~ Ny(0,C). Since the collection of all such functions g generates the Borel o-field

on R, this implies that Y’ (taw) X¢, and the the Point 1 follows.
Step 4: Now we show inequality (1.74).

On the one hand, as Hess ga(x) = AHess g(Ax)A (recall that A is symmetric), we have

Ms(ga) = sup ||Hessga(x)|lop = sup [|AHess g(Az)Allop
z€R4 z€R4
= sup ||AHess g(z)Al|op < [|A]|12,M2(g)
zER4
= HCHOPMQ(Q)a

where the inequality above follows from the well-known relation ||AB||op < ||Allopl|Bllop- It is
easily seen that

Hess Upg(z) = Hessh -1 (z) = A" 'Hess h(A™'z) A™L
It follows that

M3(Uog) = Ms(hp-1)
|Hess hg-1(x) — Hess hg-1(y)||op

T#Y ||£L' - y”
— s |A" " Hess h(A™1x) A™1 — A= Hess h(A1y) A7Y|op

a7y [l =yl

Hess h(A™'z) — Hessh(A™'y)|lop  |A7 2 — A7
AR s ST B WAy 40— 471
_ |Hess h(A~'z) — Hess h(A™1y)][o _

< 1A4-12 P A7,
= H Hop X SI;I; HAil.'E . A*1y|| X || || P
L 20

Since M3(h) < @Mg(g/;) (according to [11, Lemma 3]), relation (1.74) follows immediately.
|

Remark 1.3.13 In the one-dimensional Stein’s Lemma, the above inequality (1.74) can be
replaced by an inequality of type M3(Uyg) < Const x Mi(g), and therefore distance ds is re-
placed by Wasserstein distance dy, as shown in [31] [37] [46].
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It is natural to ask whether this kind of improvement takes place on multi-dimensional
version. Unfortunately, the answer is negative. We take, for example,

9(z,y) = max{min{z, y}, 0},

9*(Uog)
0z2

Uog s then twice differentiable but is not Lipschitz. See [11] for details.



Chapter 2

Malliavin-Stein method and the main
contributions of the dissertation

2.1 Malliavin-Stein method

The techniques developed by Stein, Chen and other authors (that are introduced in the pre-
vious section) allow us to measure the distance between the laws of a generic random variable
F and N ~ N(0,1), by assessing the distance from zero of the quantity E[F f(F) — f'(F)],
for every f belonging to a “sufficiently large” class of smooth functions. Indeed, the bounds
of the following type hold in great generality:

d(F,N) < C x JS}elg\E[Ff(F) = ()]l (2.1)

(See Corollary 1.3.8.)

However, to assess quantities having the form of RHS of (2.1) is always a challenging
task, towards which a great number of efforts have been directed in the last 30 years. An
impressive number of approaches has been developed in this direction: the reader is referred
to the two surveys by Chen and Shao [14] and Reinert [57] for a detailed discussion of these
contributions. Among these developments, Peccati, Nourdin, Nualart and other authors have
found an creative way to effectively estimate a quantity such as the RHS of (2.1) by using
Malliavin calculus, whenever the random variable F' can be represented as regular functional
of a generic and possibly infinite-dimensional Gaussian or Poisson field.

Before the introduction of the “Malliavin-Stein method”, we list here some important works
in the development of the method. In the survey [44] by Peccati and Nourdin, the readers
may find an overview of the “Malliavin-Stein method” on the Gaussian space.

e The paper [40], by Nualart and Peccati, discovered and proved the striking Theorem
2.1.4 (without condition (iv)). In this paper, the equivalence of Conditions (i), (ii), (iii)
is proved by using techniques based on stochastic time-changes.

e The paper [39], by Nualart and Ortiz-Latorre, revisited Theorem 2.1.4. The authors
proved the equivalence between Condition (iv) and other conditions, by means of Malli-
avin calculus, but not with Stein’s method.

35
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e The paper [49], by Peccati and Tudor, studied the CLT on vectors of multiple stochastic
Wiener-1t6 integrals on the Gaussian space, and gives Theorem 2.1.7. Their calculations
rely on standard stochastic calculus.

e The paper [31], by Peccati and Nourdin, generalized and unified the results and methods
in the previous papers. It is in this paper that “Malliavin-Stein method” made its first
appearance. The authors combined Malliavin calculus with Stein’s method, to derive
explicit bounds in the Gaussian and Gamma approximation of random variables in a
fixed Gaussian Wiener chaos.

e The paper 37|, by Nourdin, Peccati and Réveillac, generalized the “Malliavin-Stein
method” to the multi-dimensional normal approximation of functionals of Gaussian
fields. The authors combined Malliavin calculus with multi-dimensional Stein’s lemma,
to build explicit bounds for Gaussian approximation, and re-established Theorem 2.1.7.
It is worth noting that they provided a new proof of the multi-dimensional Stein’s lemma,
by means of Malliavin calculus.

e The paper [47], by Peccati and Taqqu, studied the normal approximation of multiple
stochastic Wiener-Ito integrals of order 2 (I(f ("))) on the Poisson space. The authors
built an parallel of Theorem 2.1.4 for Io(f (")), by providing conditions on fourth moment
(as in the Gaussian case) and on star contraction operator *lr (instead of ®, in the
Gaussian case).

e The paper [46], by Peccati, Solé¢, Taqqu and Utzet, generalized the “Malliavin-Stein
method” on the Poisson space. The authors combined the standard Stein’s method with
a version of Malliavin calculus on the Poisson space as defined by Nualart and Vives in
[41]. They generalized the work of Peccati and Taqqu [47] and built a CLT (Theorem
2.1.10) for arbitrary fixed order multiple stochastic Wiener-Itd integrals on the Poisson
space. It is worth noting that the conditions in Theorem 2.1.10 are merely sufficient for
integrals of order ¢ > 3, which shows the complexity of Poisson space compared with
Gaussian space.

e The paper [36], by Nourdin, Peccati and Reinert, contains an application of Stein’s
method, Malliavin calculus and the “Lindeberg invariance principle”, in order to unify
former results on normal approximation in different spaces (Gausian space, Poisson
space, etc.), and study universailty for sequences of homogenous sums associated with
general collections of independent random variables.

2.1.1 One-dimensional Gaussian case

This section is based on the paper [31] by Nourdin and Peccati. We study the normal approx-
imation of functionals of a general Gaussian field in 3 steps:

1. For any centered functional F', we evaluate the distance d(F, N) (where N ~ N(0,1))
by Stein’s method and Malliavin calculus, and obtain an explicit bound using Malliavin
operators.

2. In the particular case of multiple stochastic Wiener-1t6 integrals: F' = I qG (f), we evaluate
the bound expressed by contraction operator ®.
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3. We build a CLT for sequences {If(f(")); n>1}.

Step 1:

Let G($) = {G(h) : h € $H} be an isonormal Gaussian process over some real separable
Hilbert space $). Suppose F' is a centered functional of G, such that E[F] = 0 and F is
differentiable in the sense of Malliavin calculus. According to the Stein-type bound (2.1),
we need to assess the distance between the two quantities E[F f(F)] and E[f'(F)] in order
to evaluate the distance between the law of F' and the law of a Gaussian random variable
N ~ N(0,1). According to the methods that introduced in [31], and then further developed
in the references |30, 34, 36, 37|, is that the needed estimate can be realized by the following
calculations: Let f : R — R be a C! function with bounded derivative, and let F, F € D2,
By using successively equation (1.51), equation (1.50), duality relationship (1.41), and “chain
rules” (1.39), one deduce that

E[Ff(F)] = E

I
HEHEHH
S
g
=
|
-]
5
el
=,

We will shortly see that the fact
E[Ff(F)] = E[f(F){DF,=DL™'F)g] (2.2)

constitutes a fundamental element in the connection between Malliavin calculus and Stein’s
method. By taking F' = F in (2.2), we deduce that, if the derivative f’ is bounded, then the
distance between E[F f(F)] and E[f’(F)] is controlled by the L'-norm of the random variable
1—(DF,—~DL7'F)g. For instance, in the case of the Kolmogorov distance, one obtains that,
for every centered and Malliavin differentiable random variable F,

dgo(F,N) <E[1 — (DF,—~DL 'F)g| (2.3)

We will see later that, in the particular case where F' = I, qG (f) is a multiple Wiener-1t6 integral
of order ¢ > 2 with unit variance, relation (2.3) yields the neat estimate

dcalF,N) < /S < [ELF ) (2.9

Note that E[F*] — 3 is just the fourth cumulant of F, and that the fourth cumulant of N
equals to zero. We will also show that the combination of (2.3) and (2.4) allows to recover
several characterizations of CLTs on a fixed Wiener chaos - as proved in [39, 40].

Theorem 2.1.1 Let F € D2 be such that E[F] = 0 and Var[F] = 1. Then for N ~ N(0,1),

dxo(F,N) <E1—(DF,—~DL 'F)g| < \/E[(1 — (DF,—=DL-1F)g)2?] = \/Var[(DF, -DL-1F)g]
(2.5)
dw(F,N) <E|l — (DF,—~DL™'F)4| < \/Var[(DF, —-DL-1F)g] (2.6)

dry(F,N) < 2E|l — (DF,—DL"'F)g| < 2y/Var[(DF,—DL 1 F)g] (2.7)
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Proof. We give the proof for Kolmogorov distance here, and the proofs for Total Variation
distance and the Wasserstein distance are similar. In view of (1.60), it is enough to prove
that, for every f satisfying || f'||cc < 1, one has that the quantity [E[F f(F) — f'(F)]| is less or

equal to the RHS of (2.5). For such a f, relation (2.2) yields
E[Ff(F)] = E[f(F){DF,~DL™'F)g],
so that
[E[f'(F)] = E[Ff(F)]| = [E[f (F)(1 ~ (DF, =DL™'F)5)]| <E[l — (DF,~DL™'F)g|

Therefore, by using (1.60) and Cauchy-Schwarz inequality, we infer that

dcoi(F,N) < E[l = (DF, =DL™'F)5| < \/E[(1 — (DF, -DL1F)3)?
To conclude, we choose f(z) = z in (2.2), then we obtain
E[(DF,~DL™'F)g] = E[F?] = 1,

so that
E[(1 — (DF,—~DL™'F)4)% = Var[(DF, -DL ' F)g].

]
Step 2:
We evaluate the above bound in the particular case F' = IqG(f).

Lemma 2.1.2 Fiz an integer ¢ > 1, and let F = IqG(f) (with f € $©9) be such that Var[F| =
E[F?] = 1. The following three identities are in order:

1 ! —1\? .
D23 -1 =030~ 17] ) nsE0) 2.9
r=1
1 q71r2 q 4 ~
Var | 110215 | = X 5092 () 20— 200158 Ao (2.9
r=1
and
3(171 q ! 2
h_3=2 12 — 2P\ F&
BIF 3= 3 3 r0) (1) 202058 (2.10)
In particular,
1 —1
Var [qupzng] < q?q(E[Fﬂ _3) (2.11)

As a consequence of Lemma 2.1.2, we deduce the following “fourth moment” bound on the
Kolmogorov distance (see [36]).

Theorem 2.1.3 Let F = If(f) for some q > 2 and function f € HI. Suppose moreover
that Var[F] = E[F?) = 1. Then

dico(F,N) < \/ ngl (E[F1] — 3) (2.12)
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Proof. Since L™'F = —%F, we have

1
(DF,—DL™'F)g = 5||DF||%.

So, we only need to apply Theorem 2.1.1 and formula (2.11). m
Step 3:
Now we have all the ingredients to establish a fundamental limit theorem.

Theorem 2.1.4 (see [31],[39], [40]) Let {F(™;n > 1} be a sequence of random variables
belonging to the qth Gaussian Wiener-1té chaos, for some fized integer ¢ > 2. Assume that
Var(F(")) = E[(F(”))2] =1 for all n. Then, as n — o0, the following four assertions are
equivalent:

o i) FW m—w>/\/(0,1), as n — oo;

e i) E[(F™)'] =3, as n — oo;

o iii)Vr=1,...,q—1, | f™M& f| ge22 — 0, as n — oo;
° i) HDF(")H% —qin L? | asn — co.

Proof. Let F(") = I¢(f) with f(® € $©7. The implication (iii) to (i) is a direct ap-
plication of Theorem 2.1.3 and identity (2.10), and of the fact that the Kolmogorov distance
is stronger than the topology of the convergence in law. The implication (i) to (ii) comes
from a bounded convergence argument, since Y., -, E[(F (”))4] < oo by the hypercontractivity
relation

Bl|FO[] < (p— 1) EI(F) P2, vp s o,
Now let us suppose that (ii) is in order. Then, by virtue of (2.10), we have that || (&, f()| 5292 —
0, as n — oo, for all (fixed) r = 1,...,¢ — 1. Finally, the equivalence of iii) and iv) comes
from (2.8). =

2.1.2 Multi-dimensional Gaussian case

The method presented in this section is introduced by Nourdin, Peccati and Réveillac in their
work [37]. They showed that a relation similar to (2.3) continues to hold when the random
variable F' is replaced by a d-dimensional (d > 2) Gaussian vector (Fi,...,Fy) of smooth
functionals of a Gaussian field. Their results apply to Gaussian approximations by means
of Gaussian vectors with arbitrary positive definite covariance matrices, therefore rebuilt a
multi-dimensional CLT which was firstly introduced by Peccati and Tudor in [49]. We repeat
the 3 steps scenario here:

1. For any vector F' = (Fy,--- , Fy) such that E[F;] = 0 and F; € D' for everyi =1, ,d,
we evaluate the distance d(F, X¢) (where X¢ ~ N (0,C)) by multi-dimensional Stein’s
lemma and Malliavin calculus, and obtain an explicit bound using Malliavin operators.

2. In the particular case of multiple stochastic Wiener-1t6 integrals: F; = chf (fi) for every
i=1,---,d, we evaluate the bound expressed by contraction operator ®.

3. We build a CLT for sequences of vectors of multiple stochastic integrals.
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Step 1:
The following theorem and its proof are taken from [37].

Theorem 2.1.5 Fiz d > 2 and let C = {C(i,j) : 4,5 = 1,--- ,d} be a d x d positive definite
matriz. Suppose that Xc ~ Ny(0,C) and that F = (Fy,--- , Fy) is a R%*-valued random vector
such that E[F}] = 0 and F; € DY2 for every i =1,--- ,d. Then,

dw(F, Xc) < HC_lllopllCllif\/E[HC—<I>(DF)|I?H.s] (2.13)
d

= CaplClN2 | Y E[(C(i.5) — (DF, ~DL-1F})5)?],  (2.14)
ij=1

where we write ®(DF) to indicate the matriz ®(DF) := {(DF;, — DL 'F})¢ : 1 <i,j < d}.

Proof. As any globally Lipschitz function g such that ||g||rip < 1 can be approximated
by a family {g. : € > 0} with bounded first and second derivatives, (e.g. we can choose
ge(x) = E[g(x + /eN)] with N ~ Ny(0,1;)), we need only prove that, for every g € C*(R%)
with bounded first and second derivatives,

[Elg(F)] = Elg(Xo)l| < HC_I||op||CH$,é2llglle'p\/]E[IIC — &(DF)|%.]

Now we may follow the similar deductions used to obtain (2.2). Observe that, according to
Point 2 in Lemma 1.3.12,

Elg(F)] — Elg(Xc¢)] = E[(F, VUg(F))r, — (C,Hess Upg(F)) u.s.]-
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Moreover,

[E[(C, Hess Uog(F))n.s. — (F, VUog(F)> al|

d
= |E | Ci,§)0}Uog(F ZF@ Uog(F
i,j=1
d d
= | Y E[C(,5)05Uog(F)] = Y E[(LL ™' F;)d:Upg(F)] (since E[F;] = 0)
ij=1 i=1
d d
= | > E[C(i,§)0;Uog(F)] = Y E[6(DL ™" F;)d;Uog(F)] (since 6D = —L)
ij=1 i=1
d d
= | > E[C(i,/)05Uog(F)] = Y E[(D(:Uog(F)), ~DL™"'F)s) ( by duality (1.41))
i,7=1 =1
d d
= | E[C(,5)0}Uog(F Z 2Uog(F)(DF;, —DL™'F)s] ( by “chain rules” (1.39))
i,j=1 j=1
d
= | > E[0;Uog(F)(C(i,j) — (DFj,=DL™'F)g)]
ij=1

|E[(Hess Upg(F),C — ®(DF))g.s]|
< \JEl[Hess Ung(F) |3 5 ]\/ElIC — ®(DF)% 5 (by the Cauchy-Schwarz inequality)

IN

1 1IIogDIICH1/2||9||L7;p\/IE[IIC’—‘1>(DF)||%r.s. (by inequality (1.73))

|
Step 2:
The following lemma is used to evaluate the bound (2.14) for multiple stochastic Wiener-Itd
integrals.

Lemma 2.1.6 Let F = IpG(f) and G = IqG(g), with f € HP and g € H°1 (p,q > 1). Let a
be a real constant. If p = q, one has the estimate:

2
I [(a - ;(DF, DG%) < (a—pNf,9)qer)"
p—1
+ 3 Cp)(If @pr flliezr + 19 ©pr glEenr).
r=1

for some positive constants C(r,p) depending on r,p. On the other hand, if p < q, one has
that

E

1 2
(a—q<DF,DG>ﬁ) < @+ AP Q) 1Porllg Bap gllerr

+ ZD ™p,q ||f Qp—r f”,ﬁ®2r + g ®g—r g”j’)@?T)
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for a positive constant A(p,q) depending on p,q, and positive constants D(r,p,q) depending
on r,p,q.

Step 3:
The following CLT is a direct consequence of all the estimations above.

Theorem 2.1.7 (Theorem 3.9 in [37], or see [49]) Fiz d > 2 and let C = {C(i,j) :
i,j = 1,...,d} be a d x d positive definite matriz. Fiz integers 1 < ¢ < --- < qq. For
anyn>1andi=1,...,d, let fi(n) belong to L%(u%) . Assume that

FO = (™ FMy = (G (), LIS () n>

18 such that
lim E[F"F"Y] = C(i,5), 1<ij<d.

n—oo

Then, as n — o0, the following four assertions are equivalent:

e (i) The vector F™ converges in distribution to a d-dimensional Gaussian vector Ny(0,C).

o (i1) For every1 <i<d, E [(Fi(n))‘l] — 3C(i,1)%.

e (iii) For every 1 <i<d and every 1 <r <g;—1, Hfi(n) oz fi(n)”Lz — 0.

e (iv) For every 1 <i <d, Fl-(n) converges in distribution to a centered Gaussian random
variable with variance C(i,1).

2.1.3 One-dimensional Poisson case

This section introduces the method presented in [46]. The main idea of normal approximation
on the Poisson space is similar to that on the Gaussian space. But the “chain rules” are slightly
different, so the statement has a more complicated form.

We adopt the notations introduced before. Suppose F'is a centered functional of measure
G, such that E[F] = 0 and F is differentiable in the sense of Malliavin calculus. Similar to
the Gaussian case, we aim at evaluating the distance between the law of F' and the law of a
Gaussian random variable N ~ N(0, 1), with the help of the Stein-type bound

d(F,N) < C x sup [E[Ff(F) — f'(F)]I.
fer

We need to assess the distance between the two quantities E[F f(F')] and E[f'(F)] by the
following calculations: Let f : R — R belong to some class of smooth functions, and let
F € DomD. By using respectively Remark 1.2.13 and duality relationship Lemma 1.2.9, one
deduce that

E[Ff(F)] = E[LL™'F x f(F)
= E[6D(—L7'F) x f(F)]
= E[(Df(F),=DL™"F) 2]
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Notice that the “chain rules” (1.35) on the Poisson space differs from that on the Gaussian
space (1.39). We deduce, by (1.35), that

E[Ff(F)] = E[f'(F){DF,—DL™'F)2(,y] + E{R(DF), ~DL™'F) 2(,] (2.15)

Therefore, if the derivative f’ and f” are bounded, then we may deduce that the Wasserstein
distance between E[F f(F)] and E[f'(F)] is controlled by the sum of E[1—(DF, —DL™'F) 12|
and [, E[|D.F|?|D.L~'F||u(dz). (See Theorem 2.1.8) We will see later that, in the particular
case where F' = I (f) is a multiple Wiener-Ito integral of order ¢ > 2 with unit variance, the
estimate of the Wasserstein distance between E[F f(F)] and E[f’(F')] has an explicite bound,
by using contraction star operators ;. (See Theorem 2.1.9) (It is nature to repalce operator
®, by operator «7, if we have noticed the different forms of “product formula” of multiple
integrals in Poisson case (1.12) and Gaussian case(1.24). )

Finally, a CLT (Theorem 2.1.10) for sequence of (fixed order) multiple Wiener-1t6 integral
is formed, as an analogue of Theorem 2.1.4.

Theorem 2.1.8 Let F' € DomD be such that E[F] =0. Let N ~ N (0,1). Then,

dw(F,N) < E|1—(DF,—DL1F)L2(M)!+/IE[|DZF]2|DZL1F|]u(dz) (2.16)
Z

< \/IE[(I—(DF, —DL—lF)Lz(u))Q]+/ZIEHDZF\2]DZL_1FHM(dz) (2.17)

Proof. By virtue of Stein-type bound (1.62), it is sufficient to prove that, for every function
[ such that ||f'[lcc <1 and ||f"]|c < 2, the quantity |[E[f'(F) — F f(F)]| is smaller than the
right-hand side of (2.16). Following the deductions that we have made above, we have

E[Ff(F)] = E[f(F)(DF,~DL™'F) 12(,)] + E{R(DF), =DL™'F) 12(,].
It follows that,
E[f'(F) = Ff(P)I| < [E[f'(F)(1 = (DF, =DL™'F) 12())]| + [E[(R(DF), =DL™'F) 12,y ]|-
By the fact that || f'||oc < 1 and by Cauchy-Schwarz inequality,

[E[f'(F)(1 = (DF,=DL™'F)r2(,))ll < E[l—(DF,—DL 'F)r2,|

< \/E[(l — (DF,—DL"'F) 12(,)?)-
On the other hand, one sees immediately that

E(R(DF),~DL™'F) 2]l < /Z E[|R(D.F)D. L~ F[}u(d2)

IN

/Z E[|D. P\ D, L F|]u(dz)

The proof is complete. m
The following Theorem is served to evaluate the bound for multiple stochastic integrals in
Poisson Wiener chaos.
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Theorem 2.1.9 Fiz ¢ > 2 and let N ~ N(0,1). Let f € L%(u%) be such that:
1. whenever u(Z) = oo, the following technical condition (see Section 3.4 for the definition
of GZ’C) is satisfied for everyp=1,...,2(q—1):
2
L (6500, 20) V) utas) < o 2.18)
2. for dp-almost every z € Z, everyr =1,...,q—1 and every l =0,...,7 — 1, the kernel
f(z,) % f(z,-) is an element of L?(pa~D-7=1),

Denote by 1,(f) the multiple Wiener-Ito integral, of order q, of f with respect to N. Then the
following bound hold:

q tA(g—1)
dw (Iy(f),N) < [L=alfFaun + Y. D Clsit, ) f 5 Fllzzgueei-s)
t=1 s=1
q b—-1
+ ||f||L2(/ﬂ) X ZZD(CL7 b, Q)Hf*g f”LQ(,uQ‘J_a_b)?
b=1 a=0

where C(x,y,q) and D(x,y,q) are positive constants depending on x,y,q. The explicit form
of C(x,y,q) and D(z,y,q) can be found in Theorem 4.2 in [46].

At last, we are able to present a CLT of sequences of multiple stochastic integrals. However,
the conditions are no longer necessary and sufficient, as in Gaussian case.

Theorem 2.1.10 (Theorem 5.1 in [46]) Let N ~ N(0,1). Suppose that u(Z) = oo, fix
q > 2, and let {Fy, = I,(fx); k > 1}, be a sequence of multiple stochastic Wiener-Ito integrals
of order q. Suppose that, as k — 0o, the normalization condition E[F?] = ¢!|| ||%2(Mq) — 1 takes
place. Assume moreover that the following three conditions hold:

e (I) For every k > 1, the kernel fi verifies condition (2.18) for everyp=1,...,2(q—1).

e (II) For everyr = 1,...,q and every | = 1,...,7 A (¢ — 1), one has that fi, ¥ fr €
L2(p2 =) and also || fi % Trellp2(u2a—r—1y = 0 as k — oo.

e (11I) For every k > 1, one has that qu f,?d,uq < 00 and, as k — o0,

fldu? — 0.
Z4

Then, F, "% N, as k — oo.

2.2 Some extensions of the “Malliavin-Stein” method

2.2.1 The “smart path” technique

In the previous section, we have seen that Stein’s method plays a crucial role in order to
assess the distance between the laws of two random variables (or vectors). Now we present
an alternative way for evaluating the distances. This technique is close to the “smart path”



2.2. SOME EXTENSIONS OF THE “MALLIAVIN-STEIN” METHOD 45

technique introduced by Talagrand in the context of spin glass (see[68]).

To see how it works, we revisit the one-dimensional Gaussian case discussed in Section
2.1.1.

Let G = {G(h) : h € $} be an isonormal Gaussian process over a real separable Hilbert
space 9, and F € D'2 be a functional of G, N ~ N(0,1). We shall evaluate

6 = [E[g(F)] - E[g(N)]]

for C? test function g with bounded second derivative.

Let U(t) = E[g(v/1 — tF +VtN)], we easily see that ¥ is differentiable on (0, 1), therefore

0 =|U(1) - (0) < sup [¥'(t)],
te(0,1)

with

dg 1 1
V(t) =E —(\/1—tF+ tN>><< N - F)]
®) [81: Vi 2/t 2v/1—t
By integrating by parts and Stein’s characterization of normal variable (1.58) in Lemma 1.3.7
(i), we write

E _@ (\/ﬁF+ ﬂN) x N}

- E [ag 1—tz+\fN)><N]

)
)

- E [ 1—tz+x/N)]

\/EIE [gg (\/1 —1F + \/EN)} .
x
Similarly, by relation (2.2) and integrating by parts, we write
0

afg<\/1fF+\[N) xF}
-

£|
- E [IE [83« <mF+\/i2> XF]
- VI—IE {E [32% (x/li—tF + \/i2> (DF, —DL_1F>)5]

-

— VI_iE { (\/1 “F + \fN) (DF, —DLlF);,] .
Combining these two parts, we conclude that
1 _
5 < 59" IE[lL ~ (DF, ~DL'F)g)

which is of course the reminiscent of inequality (2.3).
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The “smart path” technique is simple and direct, thus adapts to a wide range of situations.
For instance, it has been adopted in some recent developments of the “Malliavin-Stein” method,
see e.g. [3, 36]. However, the “smart path” technique usually has more stringent requirements
on the smoothness and the regularity of the test function g, with respect to Stein’s method. In
Chapter 3 of this dissertation, we draw two tables in order to illustrate a comparison between
these two methods.

2.2.2 Universality of Gaussian Wiener chaos

In the process of studying CLTs by means of the “Malliavin-Stein” method, one observes a
variety of similarities between the Poisson and Gaussian spaces. It is not surprising to see
that Gaussian Wiener chaos enjoys some kind of “Universality” property. In the paper [36],
written by Nourdin, Peccati and Reinert, the authors discovered a “Universality” result for
homogeneous sums. '

Their study concentrates on “homogeneous sums” of the type:

Nfa Z flla ’iq) Zl"'Xiq

where N, ¢ > 2 are two positive integers, X = {X; : i > 1} is a collection of centered in-
dependent random variables, and f : {1,..., N}? — R is a symmetric function vanishing on
diagonals.

We present here one of their main results (see Theorem 1.2 in |36]), which is about CLTs
of homogeneous sums. Let G = {G; : i > 1} be a collection of independent standard
Gaussian variables, and fix integers d > 1 and ¢1,...,q9q > 2. For every j = 1,...,d, let
{(N](n), f;n)); n > 1} be a sequence such that {N](n); n > 1} is a sequence of integers going to
infinity, and each function f](n) AL,...,N (")}qﬂ' — Ris symmetric and vanishes on diagonals.

Assume that, for every j = 1,...,d, the sequence ]E[qu( ; ,f G)?],n > 1, is bounded.
Let V be a d x d nonnegative symmetrlc matrix whose dlagonal elements are different from
zero. Then, as n — oo, the following two statements are equivalent:

1. The vector F((;n) = (qu (N](n), f](n), G),j=1,... ,d) converges in law to Zy = N (0, V).

2. For every sequence X = {X;;i > 1} of independent centered random variables, with
unit variance and such that sup; E|X;|> < oo, the law of the vector

(qu( f(n )j:l’_..,d)
converges to Zy = N(0,V) under the topology induced by Kolmogorov distance.

We give a sketch of the proof of the above universality statement. The crucial point is the
triangle inequality:

dK( (n) Zv)<d ( (n) F(n))—l-d ( (”) ZV)

'In general, a “Universality” result is any mathematical statement implying that the asymptotic behavior
of a large random system does not depend on the distribution of the components. Examples are the CLT, the
Donsker theorem and the semicircular law in Random Matrix Theory.
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Suppose that dK(FC(;n),ZV) — 0 as n — oo, then according to the “Malliavin-Stein” theory

(see Section 2.1), we have in particular that Hf](n) ®g;—1 f;n)Hﬁm — 0. One then use the
inequality:

2
(n) (n))12 > (n)(; - )
Hf] ®g;—1 fj ||3§®2 =z Z Z fj (325 ia)
1§i§NJ("> 1§z‘2,...,id§N;”)
2
> (¢ —1)! max Infi(f;n)) ,
1<i<N™
1
where Inf;(f) := mzlgiz,...,idSN f2(i,ia,...,4q) is called the influence of the variable

. Finally, since

max Inf(f{") =0, Vj=1,....4d
1<i<N{™

one deduces the conclusion by means of the results established in Mossel’s paper [28] and
Mossel, O’Donnell and Oleszkiewicz’s paper [29].

2.2.3 Almost Sure Central Limit Theorem (ASCLT)

The Almost Sure Central Limit Theorem is a generalization of the classic Central Limit
Theorems. For example, let {X,,;n > 1} be a sequence of i.i.d. random variables such that
E[X,] = 0 and E[X?] = 1. We denote S,, = ﬁ > p—1 Xg. Then, the CLT tells us that S,
converges to N ~ N (0,1) in law. The ASCLT shows that the sequence of random empirical
measure defined by

1 & 15
logn;k S

weakly converges almost surely to N as n — co. In other words, one has that, the convergence

: Z %@(Sk) — E[p(N)], as n — oo,
k=1

logn

takes place almost surely, for any bounded and continuous function ¢ : R — R. Generally
speaking, if {F),} converges in law towards a random variable F,, then we say that ASCLT
holds if for any bounded and continuous function ¢ : R — R,

1 1
lognkz:1 EQP(F’“) — E[p(Fx)], as n — oo.

For a history of this result, see [18], or Chapter 5.

Having seen the power of the “Malliavin-Stein” method in deducing CLTs, we may ask
whether this method can be applied to ASCLTs. In the paper [3] by Bercu, Nourdin and
Taqqu, the authors give a positive answer. They prove that, under some suitable criteria
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involving the star contractions of kernels, a sequence of multiple integral functionals that sat-
isfies a CLT must also satisfy an ASCLT.

Technically, their theory is based on Ibragimov and Lifshits’s criterion. (See Theorem 3.1
in [3], or Theorem 5.1 in [32]) In order to show an ASCLT for a sequence {F),}, one needs
only to prove that

E|An ()]
—) <X
[t|<r nlogn

for all » > 0, where

Z% (eitFk _E [eitFm]) '

k=1

1
~ logn

An(t)

On the Gaussian space, we may apply the “smart path” technique, together with Malliavin
calculus and Poincaré inequality, to obtain an upper bound for A, (¢) that involves the cross
products of second derivatives {D?Fy,k = 1,2,...}. If we restrict the problem on sequence
of multiple integrals Fj = IqG(fk), the upper bound can in turn be reduced to some sum of
contractions of the kernels {fx}. Below is one of their main results.

Proposition 2.2.1 (Corollary 3.6 in [3]) Fiz ¢ > 2, and let {F,} be a sequence of the
form F, = IqG(fn), with f, € 9. Assume that E[F?] = q!anH?j@q =1 for all n, and that

Vr=1,...,q—1, |.frn @ fallge2a—n — 0, asn — oc.

law

Then, F, — N ~ N(0,1) as n — oo. Moreover, if the two following conditions are satisfied

1 n 1
(A1) Z 2 Z *an O an,ﬁ®2(q—r) < oo, for everyr =1,...,q —1;
nse nlog”n =1 k

5§®q|<00;

(49) 3 i |(fxs f1)

ns2 nlog® n =1 kl

then {F,} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
function ¢ : R - R,

1 1
logn; E@(Fk) — E[p(N)], as n — oo.

2.3 Main contributions

The principal aim of this dissertation is to generalize the “Malliavin-Stein” method on the
Poisson space, in order to study CLTs and associated convergence result. My research focus
on three different but relevant directions: Central Limit Theorem(CLT) for random vectors on
the Poisson space, universality results on the Poisson space, and Almost Sure Central Limit
Theorems (ASCLTSs) on the Poisson space. The Chapter 3, 4, 5 are respectively dedicated to
these three subjects.
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2.3.1 Multi-dimensional CLTs on the Poisson space

This part is based on the published paper [50] by G. Peccati and C. Zheng. See Chapter 3.

The findings of this part is a multi-dimensional generalization of the theory described in
Section 2.1.1, 2.1.2 and 2.1.3, which are in turn based on the results developed in [31, 37, 46].
Our main tasks will be:

I. Let F = (F,...,Fy) be a random vector on the Poisson space, and X¢ ~ N(0,C) be
a Gaussian vector with positive definite covariance matrix C'. We shall develop new
techniques in order to evaluate the distance between F' and C, by using Stein’s method
and Malliavin operators.

II. Let F(W) = (Fl(n), e ,chn)) = (Iql(fl(n)), . ,qu(fén))) be a sequence of vectors of multiple
integrals with fixed orders ¢qq, ..., q4. We wish to build a CLT similar to Theorem 2.1.7.
In particular, the conditions of such a CLT should involve only the covariance of F}, and
thge component-wise convergence of star contractions of kernels.

To accomplish Task I, we follow the procedures shown in the previous section, and apply
the multi-dimensional Stein’s Lemma 1.3.12 in order to evaluate the distance between a ran-
dom vector and a given Gaussian vector. The known distances such as Wasserstein distance,
total variation distance no longer fulfill our needs. In view of this, we establish inequality
(1.74) and define a distance da in order to build an analogue of inequality (2.13).

We will revisit the above inequalities by using the “smart path” technique instead of Stein’s
method, in the Gaussian and the Poisson cases, both for random variables and random vector
sequences. We will draw two tables in order to analyze the specificities of these two methods.

Task II requires an explicit expression for the upper bound obtained by using the Malliavin
operators. The multiplication formula (1.12) plays a central role in the process of evaluation.
Though the main procedures are similar to those in Section 2.1.1, 2.1.2, 2.1.3, the calculations
turn out to be much more complicated.

It is worth highlighting that the Cauchy-Schwartz type inequality (1.9) in Lemma 1.1.8
paves the way for an upper bound composed only of component-wise star product contrac-
tions f *IT f- Finally, we achieve a CLT with conditions similar to that of Theorem 2.1.7.
Nevertheless, in this new CLT the conditions are no longer sufficient and necessary as in its
Gaussian case.

2.3.2 Universality of Poisson Wiener chaos
This part is based on the paper in preparation [51] by G. Peccati and C. Zheng. See Chapter 4.
The study on this subject is based on the research of CLTs on the Poisson space and

the “Universality” of the Gaussian Wiener chaos. We focus on homogeneous sums involving
Poisson variables.

Let {\;,7 > 1} be a collection of positive real numbers, under the assumption inf \; =
1

n > 0. Let P = {P,,i > 1} be a collection of independent random variables such that Vi,
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P; is a centered Poisson variable with parameter \;. Fix integers d > 1,q4 > ---q1 > 1. Let
{N;"), f](n) :j=1,---,d,n > 1} be such that for every fixed j, {N;n) :n > 1} is a sequence of

integers going to infinity, and each f](n) : [N ](n)]qj — R is symmetric and vanishes on diagonals.

We consider random vectors F(") = (F1(n)7 o aFén))a where for every 1 < j < d,
N
B = (NI Ry = 3D 17 g P Py = I (1)
i1, g
with
N
h§n) = Z fj(n)(“? T 7in)gi1 Q- giqj-‘
ily"' 7Z‘qj

We are interested in the following two questions:

1. We have succeeded in building the “Malliavin-Stein” CLT theory on the Poisson space,
but conditions are no longer equivalent as they are in the Gaussian case. Can we build a
CLT for homogeneous sums inside the Poisson Wiener chaos with necessary and sufficient
conditions?

2. We know that the Gaussian Wiener chaos has some beautiful “Universality” properties.
Is Poisson Wiener chaos universal? That is, does the convergence to Gaussian of a
Poisson homogeneous sum vector F' () imply the convergence of any homogeneous sum
vector with same parameters and kernels?

The answers of these two questions are in fact relevant. Suppose that, under certain technical
assumptions, we are able to build a CLT with necessary and sufficient conditions for Poisson
homogeneous sum vector F(. Therefore, the convergence of F(™ to a normal vector im-
plies that, for each j = 1,--- ,d, f(h§n))4 —0andVr =1,---,¢;, VI =1,--- ;7 AN (¢; — 1),

||h§-n) L hg.n)HLz — 0. Then for r = 1,--- ,gj, the convergence ]|h§n) O hg-n)HLz — 0 imme-
diately follows, which gives the convergence to normal vector of the Gaussian counterpart of
F®™) due to Theorem 2.1.4. Consequently, “Universality” of Poisson Wiener chaos is linked to
Gaussian “Universality”.

The key to the expected “equivalence version” CLT, is a technical proposition, which says
that: if ||hy, xg hnllpz — O, then: A) [hY = 0. B)Vr=1,---,¢, VI =1,---,7 A (g — 1),
| %% By || 2 — 0. The proof of this proposition involves some technical computations on star
product contraction.

2.3.3 ASCLT on the Poisson space

This part is based on the paper in preparation [69] by C. Zheng. See Chapter 5.

Here we want to study ASCLTs on the Poisson space, in both the one-dimensional case
and the multi-dimensional case.
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The research in [3] set a roadmap for us, but the study on the Poisson space always requires
more efforts and techniques. Based on Ibragimov and Lifshits’s criterion and the “smart path”
technique, the estimation of A, (t) relies on the following tools:

1) Differentiation rule:
D(DF,DF*) 2,y = (DF, D*F*) 2,y + (D*F, DF*) 12,y + (D*F, D*F*) 12,
for regular Poisson functionals F',F™.

2) Generalized chain rules:
E[Fg(F*)] = Elg'(F*)(DF*,=DL™'F) 12(,] + E(R, =DL™'F) 12,

for regular Poisson functionals F,F* and function g € C?(R), where R is a functional
satisfying

1
[BUR.~DL F)a]] < 5suwla" )| | w(a2)E 107 FIDLF).
ye

3) Poincaré inequality:
Var(F) < E||DF|7:,,

for regular Poisson functional F'.

Indeed, 1) and 2) have forms that are more complex than their Gaussian counterpart.
However, the estimation remains feasible (though very technical) since we adopt the orthog-
onal decomposition technique by means of functional Gﬁ’q(-, ).

Using these results, we shall build ASCLTs on the Poisson space with criteria that parallel
to their Gaussian counterparts. We also provide simple versions of these criteria, which are
easier to verify and apply.

We further generalize our research to the multi-dimensional case, that is, the ASCLT of
random vectors on the Poisson space. Here we apply some estimations obtained in the CLT
research, as well as the Cauchy-Schwartz type inequality (1.9) in Lemma 1.1.8. We succeed
in building criteria involving only component-wise kernel star product contractions.

At the end of the chapter, we revisit all the examples concerning Ornstein-Uhlenbeck
functionals, and build the corresponding ASCLTs.
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Chapter 3

Central Limit Theorems on the
Poisson space

This chapter is based on the published paper [50] by G. Peccati and C. Zheng.

3.1 Introduction of the chapter

We fix d > 2, let F = (Fy,...,Fy) C L*(0(N),P) be a vector of square-integrable functionals
of N, and let X = (X1,...,Xy) be a centered Gaussian vector. The aim of this chapter is to
develop several techniques, allowing to assess quantities of the type

dy(F, X) = sup [Elg(£)] = E[g(X)]], (3.1)

where # is a suitable class of real-valued test functions on R?. As discussed below, our princi-
pal aim is the derivation of explicit upper bounds in multi-dimensional Central limit theorems
(CLTs) involving vectors of general functionals of N. Our techniques rely on a powerful com-
bination of Malliavin calculus (in a form close to Nualart and Vives [41]), Stein’s method for
multivariate normal approximations (see e.g. [11, 37, 58] and the references therein), as well
as some interpolation techniques reminiscent of Talagrand’s “smart path method” (see [6§],
and also [9, 36]). As such, our findings can be seen as substantial extensions of the results and
techniques developed e.g. in |31, 37, 46|, where Stein’s method for normal approximation is
successfully combined with infinite-dimensional stochastic analytic procedures (in particular,
with infinite-dimensional integration by parts formulae).

The main findings of the present chapter are the following:

(I) We shall use both Stein’s method and interpolation procedures in order to obtain explicit
upper bounds for distances such as (3.1). Our bounds will involve Malliavin derivatives and
infinite-dimensional Ornstein-Uhlenbeck operators. A careful use of interpolation techniques
also allows to consider Gaussian vectors with a non-positive definite covariance matrix. As
seen below, our estimates are the exact Poisson counterpart of the bounds deduced in a Gaus-
sian framework in Nourdin, Peccati and Réveillac [37] and Nourdin, Peccati and Reinert [36].

o3
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(ITI) The results at point (I) are applied in order to derive explicit sufficient conditions for
multivariate CLTs involving vectors of multiple Wiener-1t6 integrals with respect to N. These
results extend to arbitrary orders of integration and arbitrary dimensions the CLTs deduced by
Peccati and Taqqu [47] in the case of single and double Poisson integrals (note that the tech-
niques developed in [47] are based on decoupling). Moreover, our findings partially generalize
to a Poisson framework the main result by Peccati and Tudor [49], where it is proved that, on
a Gaussian Wiener chaos (and under adequate conditions), componentwise convergence to a
Gaussian vector is always equivalent to joint convergence. (See also [37].) As demonstrated

in Section 6, this property is particularly useful for applications.

The rest of the chapter is organized as follows. In Section 3.2, we use Malliavin-Stein
techniques to deduce explicit upper bounds for the Gaussian approximation of a vector of
functionals of a Poisson measure. In Section 3.3, we use an interpolation method (close to the
one developed in [36]) to deduce some variants of the inequalities of Section 3.2. Section 3.4 is
devoted to CLTs for vectors of multiple Wiener-1t6 integrals. Section 3.5 focuses on examples,
involving in particular functionals of Ornstein-Uhlenbeck Lévy processes.

The main results in the current chapter are included in the published paper |50].

3.2 Upper bounds obtained by Malliavin-Stein methods

We will now deduce one of the main findings of the present chapter, namely Theorem 3.2.3.
This result allows to estimate the distance between the law of a vector of Poisson functionals
and the law of a Gaussian vector, by combining the multi-dimensional Stein’s Lemma 1.3.12
with the algebra of the Malliavin operators. Note that, in this section, all Gaussian vectors
are supposed to have a positive definite covariance matrix.

We start by proving a technical lemma, which is a crucial element in most of our proofs.

Lemma 3.2.1 Fiz d > 1 and consider a vector of random variables F := (Fy,...,Fy) C
L2(P). Assume that, for all 1 <i < d, F; € Dom D, and E[F;] = 0. For all ¢ € C*(R?) with
bounded derivatives, one has that

8 d
5 PF)D-F) + > Rij(D:Fy, D-Fy), 2 € 7,
’ irj=1

d
D.g(Fy,...,Fg) =)
=1

where the mappings R;; satisfy

2

8902-895]-

1
|Rij(y1,y2)| < 7 sup |

1
. 8(x)] * el < 510" llunpel. (3.2
zER4
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Proof. By the multivariate Taylor theorem and Lemma 1.2.4,

Dz(b(Fl,...,Fd) = ¢(F1,...,Fd)(w+5z)—¢(F1,...,Fd)(w)
= o(F(w+9,),....,Fi(w+6,)) —o(Fr(w),..., Fi(w))

O (). ... Faw)) (Fi(w + 6,) — Fi(w)) + R

Zi

I
kgﬂ&

=1

0

Zi

#(D.F;) + R,

|
kgﬂ&

=1

where the term R represents the residue:

d
R=R(D.F,...,D.F;) = Y Ri;(D.F, D.F}),
ij=1

and the mapping (y1,y2) — Ri;(y1,y2) verifies (3.2). m

Remark 3.2.2 Lemma 3.2.1 is the Poisson counterpart of the multi-dimensional “chain rules”
verified by the Malliavin derivative on a Gaussian space (see [31, 37]). Notice that the term
R does not appear in the Gaussian framework.

The following result uses the two Lemmas 1.3.12 and 3.2.1, in order to compute explicit
bounds on the distance between the laws of a vector of Poisson functionals and the law of a
Gaussian vector.

Theorem 3.2.3 (Malliavin-Stein inequalities on the Poisson space) Fiz d > 2 and
let C ={C(i,j):4,j =1,...,d} be a dxd positive definite matriz. Suppose that X ~ Ny(0,C)
and that F = (Fy, ..., Fy) is a R%-valued random vector such that E[F;] = 0 and F; € Dom D,
1=1,....d. Then,

d
do(F, X) < [|C oplICllgp? | D EI(C(i.§) = (DFy, =DL7Ey) 2 )7 (3-3)
1,7=1

o d 2 /4
+=5ICT I32IC o /Z p(d2)E (ZDZFA) (szwﬂr) : (34)
i=1 =1

Proof. If either one of the expectations in (3.3) and (3.4) are infinite, there is nothing to
prove: we shall therefore work under the assumption that both expressions (3.3)—(3.4) are
finite. By the definition of the distance da, and by using an interpolation argument (identical
to the one used at the beginning of the proof of Theorem 4 in [11]), we need only show the
following inequality:

[Elg(X)] = E[g(F)]]

d
< AIC oI CIYLZ | D EI(C(i,5) — (DF;, — DL Fj) 12(,))?] (3.5)
i,j=1

NG d 2 /4
L BICT o | wld)E (Zmzm) (Z\Dzrlmy)
=1 =1
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for any g € C*(RY) with first and second bounded derivatives, such that ||g||z;p < A and
M>(g) < B. To prove (3.5), we use Point (ii) in Lemma 1.3.12 to deduce that

IElg(X)] — E[g(F)]]
= |[E[(C, Hess Uog(F)) m.s. — (F, VUog(F))gd]|

d 2 d
0 0
— SO f) s — > Fi—Upg(F
E ijZIC(%J)axiaijog(F) 2 Fkakaﬂg( )]
d o2 d r
= § i F § E |§(DL™ ' F,)—Uyg(F
d r 9 7 d I P
= E E [C(3,7) 09(F) —E E|(D|+Uyg(F)|,-DL'F,
0z;0x; Ox
ij=1 L 1 k=1 L2(p)

0
We write TUOQ(F) = ¢p(F1,...,Fy) = ¢r(F). By using Lemma 3.2.1, we infer
T,

d

0
D.¢(Fr,...,Fy) = Zaxﬁbk(F)(DzFi)"i'Rk,
i=1 "

d
with R = > Rm,k(DzFi’Dsz); and
ij=1

2

—_— X .
al’iaxj ‘y1y2|

o1 ()

1
|Rijxk(y1,y2)] < 5 Sup
rER4

It follows that

[Elg(X)] = Elg(F)]]

d 2 d 2
0 0
= E E L, 7)=——=—Uog(F)| — g E Uog(F))(DF;,—DL™'F,

d
+ | Z E [(Ri;x(DF;, DF}),~DL ™" Fg) 12,

d
< \/IE[HHess Uog(F)H%{.S.] X \l Z E [(C(i,j) — <DF1-,—DL*1F]->L2(M))2} + | Ra|,

ij=1

where
d

Ry= Y E[Ri;x(DFi,DF}),—DL ™" Fy)p2()-
i,5,k=1
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Note that (1.73) implies that ||[HessUpg(F)||m.s. < [|C™ 1HOPHC||OP llgllLip. By using (1.74)
and the fact ||¢"]|c0 < M3(g), we have

83

WUO(Q(Q)) X |y192|

1
|Rijx(y1,y2)| < 5 sup

2z€Rd
V2T _ V2T
< YA C IO x lyrte] < S BICT EIC oy * rse,

from which we deduce the desired conclusion. =

Now recall that, for a random variable ' = N(h) = I;(h) in the first Wiener chaos of N,
one has that DF = h and L™'F = —F. By virtue of Remark 1.3.6, we immediately deduce
the following consequence of Theorem 3.2.3.

Corollary 3.2.4 For a fized d > 2, let X ~ Ny(0,C), with C positive definite, and let

~

Fn — (Fn,la"'aFn,d) = (N(h‘n,l)a"')N(h‘n,d))v n Z ]-7

be a collection of d-dimensional random vectors living in the first Wiener chaos of N. Call K,,

the covariance matriz of Fy, that is: K,(i,7) = E[N(hpi)N(hn;)] = (hni, hnj)r2()- Then,

d? \/
d2(Fo, X) < |C Hop|ICIIY? € = K5, + —e || C 3/2||0||op§j/|hm )Pu(dz).

In particular, if

K,(i,j) = C(i,7) and /|hn,i(z)\3u(dz)—>o (3.6)

(as n — oo and for everyi,j = .,d), then da(F,, X) — 0 and F,, converges in distribution
to X.

Remark 3.2.5 1. The conclusion of Corollary 3.2.4 is by no means trivial. Indeed, apart
from the requirement on the asymptotic behavior of covariances, the statement of Corol-
lary 3.2.4 does not contain any assumption on the joint distribution of the components of
the random vectors F,,. We will see in Section 3.4 that analogous results can be deduced
for vectors of multiple integrals of arbitrary orders. We will also see in Corollary 3.3.3
that one can relax the assumption that C' is positive definite.

2. The inequality appearing in the statement of Corollary 3.2.4 should also be compared
with the following result, proved in [37], yielding a bound on the Wasserstein distance
between the laws of two Gaussian vectors of dimension d > 2. Let Y ~ Ny(0, K) and
X ~ Ny(0,C), where K and C are two positive definite covariance matrices. Then,
dw (Y, X) <Q(C,K) x ||C — K||i.s., where

Q(C, K) == min{|C™ lop IClIe)% 1K lop K117
and dy denotes the Wasserstein distance between the laws of random variables with
values in RY.
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3.3 Upper bounds obtained by interpolation methods

3.3.1 Main estimates

In this section, we deduce an alternate upper bound (similar to the ones proved in the previous
section) by adopting an approach based on interpolations. We first prove a result involving
Malliavin operators.

Lemma 3.3.1 Fiz d > 1. Consider d+ 1 random variables F; € L*(P), 0 < i < d, such that
F;, € Dom D and E[F;] = 0. For all g € C*(R%) with bounded derivatives,

Elg(F, ..., Fa)Fo]=E +E [(R,—DL™'Fo)12(,)),

d
0
§ —%g(ﬂ, ..., F)(DF;,=DL™ Fo) 12,
i=1 "

where
IE[(R, —DL‘1F0>L2(M)]] (3.7)
1 02 d ?
< —max su x)| x dz)E D.F D.L7'F
< gmaxsup |2 o(w) < [ w (;Zj\ u) D.L7 Ry

Proof. By applying Lemma 3.2.1,

Elg(Fy, ..., Fy)Fy
= E[(LL'Fo)g(Fi, ..., Fy)l
= —E[(DL'Fy)g(Fy,. .., Fy)]
= E[Dg(Fy,...,Fy),—~DL™ ' Fy)12(,)]
9

d
:E;a

and E[(R, —DL™'Fy)2(,,)] verifies the inequality (3.7). m

g(F1, ..., F)(DF;,=DL™"Fy) 12, | + E[(R, —DL ™" Fo) 12,0,

As anticipated, we will now use an interpolation technique inspired by the so-called “smart
path method”, which is sometimes used in the framework of approximation results for spin
glasses (see [68]). Note that the computations developed below are very close to the ones used
in the proof of Theorem 7.2 in [36].

Theorem 3.3.2 Fiz d > 1 and let C = {C(i,7) : i,j = 1,...,d} be a d x d covariance
matriz (not necessarily positive definite). Suppose that X = (X1,...,Xq) ~ Ng(0,C) and
that F = (Fy,...,Fy) is a R%-valued random vector such that E[F;] = 0 and F; € Dom D,
1=1,...,d. Then,

d
BEX) < 5\ S E(CG.) ~ (DF.~DLE) 12, (33)
ij=1

1 d 2 /4
-1
+q [ e (;wzm) (;\DzL m) . (3.9)
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Proof. We will work under the assumption that both expectations in (3.8) and (3.9) are
finite. By the definition of distance d3, we need only to show the following inequality:

1 d
[Elp(X)] - Elp(F)]| < 5”¢”|\ooZE[|C(z',j)—<DF1-,—DL‘1FJ->L2(#)|]

i,j=1
1 d 2 /4
+1¢" lloo /Z p(dz)E <21Dzm) (Z\DzL-lFiO
i=1 =1

for any ¢ € C3(RY) with second and third bounded derivatives. Without loss of generality, we
may assume that F' and X are independent. For t € [0, 1], we set

U(t) = Elp(VI —t(Fy, ..., Fy) + ViX)]

We have immediately

[W(1) = W(0)] < sup |P'(t)]-
te(0,1)

Indeed, due to the assumptions on ¢, the function ¢ — W(t) is differentiable on (0, 1), and one
has also

d
V() = Y E
=1

) 1 1
T’ (\/1—t(F1,...,Fd)+\/EX> (2\/%)(2-— 2mF>]

1 1
Q[_
2/t 2v/1—t

On the one hand, we have

B.

i To
A= ;E _8xi¢(m(F1,...,Fd)+\/£X)XZ.]
N
= D E|E ¢(\/ﬁa+\/iX)Xi]
=1L : la=(F1,....Fy)

d 2
- \/iE C(i,j)E E[a a@ $(v1 - ta+ ViX)
;0%

i la=(F1,...,Fy)
d B 62
8$iaﬂjj

d(V1—t(Fy,..., Fy) + \/£X)] .

On the other hand,

d
B = ZE 8ii¢(\/1—t(F1,...,Fd)+\/iX)FZ-

=1 L
d o
= Y E|E ax¢(\/1—t(Fl,...,Fd)+\/%b)F,»
i=1 ' lb=X
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We now write qu’b(-) to indicate the function on R? defined by

- ai(é(ﬂ(Fl,...,Fd) + Vtb)

By using Lemma 3.3.1, we deduce that
B¢}’ (F,..., FO)F)

OO(Fy, ... Fy)

)

+E[(R), —DL ™' F}) 2] -

d
0 b 1
=K —¢ (FY, ..., Fg)(DF;, —DL™ " F;
LZ1 8%% (F1,...,Fq)(DFj, VL2 (1)

where R} is a residue verifying

‘EK éﬂ_DL_lFi>L2(u)H (3'10)

2
Y d | .
3xk8xl¢i (x)D/ZM(dZ)E |:(321D2FJ> |D. L Fz]-

1
< — [ max su

Thus,

d
B = \/17521[«:[1[4: D0,

i,j=1

p(V1—t(Fy,...,Fy) +Vtb)(DF;, —DL_1Fj>L2(u)] }
[b=X

d

+ Y E[E[(R), ~DL™ F) 120,y
=1

2

3$ia$]’

d
= VI-t) E

ij=1

d
+ZE [E [( b _DL_lFi>L2(u)}|b:X} :
i=1

d(V1—t(Fy,...,Fy) +VtX)(DF,, —DLle>L2(M)]

Putting the estimates on 2 and B together, we infer

d 2
U'(t) = ;ZlE [agj&cjgb(\/l—t(Fl,...,Fd)—i—\/fX)(C’(i,j)—<DFZ«,—DL1Fj)L2(M))]
1,]=

1 : '
———— E|E[(R},~DL"E) 2]+ | -
2@; |: H)1b=X |

We notice that

82
- < |1¢" oo
T VYT UF L )+ Vi) <116
and also
i PR F)| = (=) ik VI—H(F,...,Fy) +ib
8$k8xl¢l ITREEE) d) - - X 8x18$k81’l¢( — ( Tyeons d)—|— )

< (1= 1)1¢" oo
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To conclude, we can apply inequality (3.10) as well as Cauchy-Schwartz inequality and deduce
the estimates

[E[p(X)] — E[o(F)]|

< sup [U(1)]
te(0,1)
1 d
< §H¢”Hoo Z E[|C(i,5) = (DF;, —DL™"Fy) 12(]
i,j=1
1_ d 2 /4
3" |50 / dz)E D.,F, D,L7'F;
4ﬁll | p(dz) ;\ | ;I |
d d
< §H¢”Hoo ZE[(C(i,j)—<DF¢,—DL‘1Fj>L2<u))2]
i,j=1

1 d 2 /4
4416 [ ntaz)E (ZIDZFZ-I) (DDZL*FA) ,

i=1 =1

thus concluding the proof. m

The following statement is a direct consequence of Theorem 3.3.2, as well as a natural
generalization of Corollary 3.2.4.

Corollary 3.3.3 For a fized d > 2, let X ~ Ny(0,C), with C a generic covariance matriz.
Let . .
Fn == (Fn,la-- . 7Fn,d) - (N(hn,l)a--'yN(hn,d))v n Z 17

be a collection of d-dimensional random wvectors in the first Wiener chaos of N, and denote
by K, the covariance matriz of Fy,. Then,

ds(F, X) < S)1C - K||Hs+* /|hm Bu(dz).

In particular, if relation (3.6) is verified for everyi,j =1,...,d (asn — o0), then d3(F,, X) —
0 and F,, converges in distribution to X.

3.3.2 Stein’s method versus smart paths: two tables

In the two tables below, we compare the estimations obtained by the Malliavin-Stein method
with those deduced by interpolation techniques, both in a Gaussian and Poisson setting. Note
that the test functions considered below have (partial) derivatives that are not necessarily
bounded by 1 (as it is indeed the case in the definition of the distances d2 and d3) so that the
L norms of various derivatives appear in the estimates. In both tables, d > 2 is a given posi-
tive integer. We write (G, G1,...,Gy) to indicate a vector of centered Malliavin differentiable
functionals of an isonormal Gaussian process over some separable real Hilbert space $ (see
[38] for definitions). We write (F, F1, ..., Fy) to indicate a vector of centered functionals of N,
each belonging to DomD. The symbols D and L' stand for the Malliavin derivative and the
inverse of the Ornstein-Uhlenbeck generator: plainly, both are to be regarded as defined either
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Table 3.1: Estimates proved by means of Malliavin-Stein techniques

Regularity of Upper bound
the test function h

12l Lip 1s finite [E[A(G)] — E[R(X)]] <
Ihllzip/E[(1 — (DG, ~DL~1G)5)]

||| Lip is finite |E[h(G1,...,Gq)] — E[h(Xo)]| <
IlzipllC aplCISh* /S5y BI(C (G 9) — (DG, —~DL71Gj)s)?]

Il is finite [E[R(F)] — E[(X)]] <
Ill2ip(\/EL(L = (DF, =DL~1F) 12,y
+ [z 1(d2)E[| D F?|D. L~ F]])

h € C3(R%) |E[h(F, ..., Fy)] — Eh(Xo)]| <
Il ip is finite 14l ipll C M apllC 142\ EL(C G ) — (DFy, ~DLYE) 12, )

V2 d 2 /4
Ms(h) is finite —i—Mz(h)THC'_IH%QHCHOP fZ u(dz)E (Zl |DZF,]> (Zl |DZL_1FZ‘!>

on a Gaussian space or on a Poisson space, according to the framework. We also consider
the following Gaussian random elements: X ~ N (0,1), X ~ Ny(0,C) and Xy ~ Ny(0, M),
where C'is a d x d positive definite covariance matrix and M is a d X d covariance matrix (not
necessarily positive definite).

In Table 1, we present all estimates on distances involving Malliavin differentiable random
variables (in both cases of an underlying Gaussian and Poisson space), that have been ob-
tained by means of Malliavin-Stein techniques. These results are taken from: [31] (Line 1),
[37| (Line 2), [46] (Line 3) and Theorem 3.2.3 and its proof (Line 4).

In Table 2, we list the parallel results obtained by interpolation methods. The bounds
involving functionals of a Gaussian process come from [36], whereas those for Poisson func-
tionals are taken from Theorem 3.3.2 and its proof.

Observe that:

e in contrast to the Malliavin-Stein method, the covariance matrix M is not required to
be positive definite when using the interpolation technique,

e in general, the interpolation technique requires more regularity on test functions than
the Malliavin-Stein method.
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Table 3.2: Estimates proved by means of interpolations

Regularity of Upper bound
the test function ¢

¢ € C*(R) [E[¢(G)] — E[p(X)]] <

[¢"]l is finite 3ll¢"llc/E[(1 — (DG, —DL~1G) )%

16" [loo is finite %Hqﬁ”Hoo\/Z?,jzl E[(M(i,j) — (DGi, —=DL™'Gj)3)?]
¢ € C3(R) [E[¢(F)] — Elp(X)]| <

16"l is finite 316" llooy /EI(L = (DF, ~DLLF) 2,2

16" |loo is finite +1110" oo [ 1(d2)E[| D, F*(|D. L~ F))]
¢ € C3(RY) [E[¢(FY, - .., Fa)] — E[¢p(Xn)]| <

16" [loo is finite %IWHoo\/Zf,j:l E[(M (i, j) = (DF;, =DL7'Fj) 12(,))?]

d 2/4d
6" i inite | +510” ) [, (a0 | (£ 10:51) (£ D27

3.4 CLTs for Poisson multiple integrals

In this section, we study the Gaussian approximation of vectors of Poisson multiple stochastic
integrals by an application of Theorem 3.2.3 and Theorem 3.3.2. To this end, we shall explicitly
evaluate the quantities appearing in formulae (3.3)—(3.4) and (3.8)—(3.9).

Remark 3.4.1 (Regularity conventions) From now on, every kernel f € L2(uP) is sup-
posed to verify both Assumptions A and B of Definition 1.1.9. As before, given f € L?(u?), and
for a fixed 2 € Z, we write f(z,) to indicate the function defined on ZP~! as (z1,..., 2p—1) —
f(z,21,...,2p—1). The following convention will be also in order: given a vector of kernels
(f1,.-., fa) such that f; € L2(uP?), i =1,...,d, we will implicitly set

for every z € Z belonging to the exceptional set (of p measure 0) such that
fi(zv ) *’lr' fj(z7 ) ¢L2(:upi+pj_r_l_2)

for at least one pair (¢,7) and some r = 0,...,p; Ap; —1land [ = 0,...,r. See Point 3 of
Remark 1.1.9.

3.4.1 The operators G}? and 5’,?]

Fix integers p,q > 0 and |¢ — p| < k < p + ¢, consider two kernels f € L2(uP) and g €
L%(u9), and recall the multiplication formula (1.12). We will now introduce an operator G1'%,
transforming the function f, of p variables, and the function g, of ¢ variables, into a “hybrid”
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function GZ’q( f,g), of k variables. More precisely, for p, q, k as above, we define the function

(215, 25) = GYI(f,g)(21,. .., 2k), from Z* into R, as follows:
PAG T P q r
G%q(f’ )Zla‘-'u Z;]lz(;]'p—i-qw" = krl<r><r><l>f*£g7 (311)

where the tilde ~ means symmetrization, and the star contractions are defined in formula
(1.9) and the subsequent discussion. Observe the following three special cases: (i) when
p=¢q =k =0, then f and ¢g are both real constants, and Gg’o(f, g) = f x g, (ii) when
p=gq>1and k=0, then G§”(f,9) = p!(f,9) L2(uw), (ili) when p =k =0 and ¢ > 0 (then, f

is a constant), Gg’p(f, 9)(21,...,2¢) = fxg(z1,...,2). By using this notation, (1.12) becomes
ptq
L(NI(9) = Y (GYI(f.9)) (3.12)
k=|q—p|

The advantage of representation (3.12) (as opposed to (1.12)) is that the RHS of (3.12) is an
orthogonal sum, a feature that will greatly simplify our forthcoming computations.

For two functions f € L%(uP) and g € L?(u9), we define the function (21,...,2) —
GYU(f,9)(z1, ..., 2K), from Z* into R, as follows:

GP(f,g)() = / W(dz)GE T (f(z2, ), (2 ),
or, more precisely,

GPU(f,9) (21, - - 21)

pAg—1 r

/ (dz) Zzl(p+qu2k)!

r=0 [=0

x<p;1><q;1><§>ﬂ@q4m%xmww%)

_g%E:qutskt—l)(t_i><?:i><t:l>fﬁg@hnw%ﬂ3m)

t=1 s=1

Note that the implicit use of a Fubini theorem in the relation (3.13) is justified by Assumption
B — see again Point 3 of Remark 1.1.9.

The following technical lemma will be applied in the next subsection.

Lemma 3.4.2 Consider three positive integers p,q,k such that p,q > 1 and | —p|V1 <k <
p+q— 2 (note that this excludes the case p = q = 1). For any two kernels f € L?(uP) and
g € L2(u?), both verifying Assumptions A and B, we have

PAq —

/Zk dﬂk(qu(fa g)(zla s ,Zk))Q <C Z 11§S(t,k)§tHf *i(t’k) gH%Q(Mk) (314)
t=1



3.4. CLTS FOR POISSON MULTIPLE INTEGRALS 65

where s(t,k) =p+q—k—t fort=1,...,pAq. Also, C is the constant given by

e=y oo () (12 (it )]

Proof. We rewrite the sum in (3.13) as

G fog) (o) = Y alicsemanf % 9o, ), (3.15)
t=1

. — (1) p—1 qg—1 t—1 <<
with a; = (t 1).(75_1 f 1 stk —1 ) 1<t <pAq. Thus,

/Zk duk(&]?](fu 9)(z1,- .-, Zlc))2

PAg 2
s(t,k
= / du'“(E atllgs(t,k)gtf*t(t )9(21,---,%))
zk =1

PAqQ PAq o

< <Za§>/ dp” (Z(11<s(t,k)<tf*f ’ 9(21,---7%))2)
t=1 z* =1
S (k)

= CZ/Zk i Licomy<e(f " glo,- oo z))’
=1

= CY Licaury<llF 4 glla ),
=1

with . N .
pPAq pAq
=) al= (P qg—1 t—1
o=y ei=3 |e-0(77) (720) Cuom s

Note that the Cauchy-Schwarz inequality

(&) < (54 (5

has been used in the above deduction. =

Remark 3.4.3 The constant C(p,q, k,t) may be replaced by smaller constant. Indeed, in the
sum (3.15), the number of non-zero elements is less than pAq. In order that s(t, k) = p+q—k—t
satisfies 1 < s(t, k) < t, we need

t+1<t+s=p+q—k <2t

or
1
§(p+q—k‘)§t§p+q—k‘—1-

But t also satisfies 1 <t < pAq, we have
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Lo [3(p+a—k),pAdq, iflg—p|<k<pVvq-—1;
sp+a—k),p+q-k—=1], ifpVe<k<p+q—2.

By repeating the same deduction in the lemma, we may get the same inequality by replacing

C(p,q.k,t) by
PAq
-1 -1 t—1
Ci(p, g, k. t) >l 1)<t_1><:ﬁ—1><8@%)—1>h
t=5(p+q—k)

iflg—p| <k <pVqg-—1, orby

canano= "5 wew(12) (120) (el )r

t=3(p+a—k)

ifpVg<k<p+q—2.

3.4.2 Some technical estimates

As anticipated, in order to prove the multivariate CLTs of the forthcoming Section 3.4.3, we
need to establish explicit bounds on the quantities appearing in (3.3) (3.4) and (3.8) (3.9),
in the special case of chaotic random variables.

Definition 3.4.4 The kernels f € L2(uP), g € L?(u?) are said to satisfy Assumption C if
either p=q =1, or max(p,q) > 1 and, for everyk=|q—p|V1,....,p+q—2,

/ [\/ RGO NTERNE ]u<dz><oo. (3.16)
Z Zk

Remark 3.4.5 By using (3.11), one sees that (3.16) is implied by the following stronger
condition: for every k = [¢—p|V1,...,p+q—2, and every (r,1) satisfying p+q—2—r—1 =k,

one has
/ [\/ / (F(z,) ot g(z, ) 2dpet ]u(d2)<00- (3.17)
A Zk

One can easily write down sufficient conditions, on f and g, ensuring that (3.17) is satisfied.
For instance, in the examples of Section 3.5, we will use repeatedly the following fact: if both
f and g verify Assumption A, and if their supports are contained in some rectangle of the
type B x ... x B, with u(B) < oo, then (3.17) is automatically satisfied.

Proposition 3.4.6 Denote by L™ the pseudo-inverse of the Ornstein-Uhlenbeck generator
, and, for p,q > 1, let F = I,(f) and G = I,(g) be such that the kernels f € L?(uP) and
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g € L2(u9) verify Assumptions A, B and C. If p # q, then

El(a — (DF,—DL™'G)r2(,))’]

p+q—2
< a?+p” ) k'/ A" (GEA(f.9))?
k=|q—pl
p+q—2 PAqQ
< a2+ Cp7 ) R Ly <ollf 5 911720y
k=lg—p| =1
p+q—2 PAq
< a®+ Cp Z k'zll<stk <t(\|f*p S(tk)fHL? ths(t.k)) X Hg*q s(tk) g||L2(uf+5(tk)))

k=lg—p| 1=l

If p=q > 2, then

El(a — (DF,—DL™'G)12(,))’]

2p—2
< MF9) gy — 0)° +p22k'/ aut (GE( ., g))?
2p—2 PAQ
s(t,k)
< ML) 1age — 02+ 0P Y Y Licsam<el £ 5 gl2a0,
k=1  t=1
< ( <fa >L2,up)_a)2
2p—2 PAqQ
+ Cp Z k'zlxs t,k)<t Hf* tk)f”L? t+s(t.k)y X Hg*q s(tk) g||L2(ut+S(tk)))
k=1  t=1

where s(t,k) =p+q—k—1t fort=1,...,pAq, and the constant C is given by

PAg 2
p—1 q—1 t—1
— — 1)
o= o (72) (550) ()]

Ifp=q=1, then

(a = (DF,=DL7'G)r2(,)) = (a — (. 9) r2())*-
Proof. The case p = ¢ = 1 is trivial, so that we can assume that either p or ¢ is strictly
greater than 1. We select two versions of the derivatives D.F = pl,_1(f(2,-)) and D,G =

ql4—1(9(z,)), in such a way that the conventions pointed out in Remark ?? are satisfied. By
using the definition of L=! and (3.12), we have

(DF,=DL™'G)p2y = (DIp(f), ¢ DIg(9)) ()
= p/ﬂ(dz)lpl(f('z"))lq1(9(2"))
Z

p+q—2

= /Z w(dz) 3 LGN (F (2 ), 02, 0))

k=|q—p|
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Notice that for i # j, the two random variables
/Z p(d2)L(GY T (f(2,0),9(2,7) and /Z pld2)(GF N (f(2),9(2, )

are orthogonal in L?(P). It follows that

El(a — (DF,—DL™'G)r2(,))’] (3.18)
ptg—2

2
—ip? Y E [( /Z u<dz>fk<G§z‘1’q‘1<f<z,->,g<z,->>>) ]

k=|q—p|

for p # ¢, and, for p = ¢,

El(a — (DF,—DL™'G)r2(,))’] (3.19)
2p—2 2
= 20,0y — @)% + p? 2 p=La=l £ ) g(z, - )
= (Pfs ) r2(ury — )" +p ;E (/Zu(d M (Gl (f(z,+),9( )))) ]

We shall now assess the expectations appearing on the RHS of (3.18) and (3.19). To do this,
fix an integer k and use the Cauchy-Schwartz inequality together with (3.16) to deduce that

[ ntd2) [ n(@ [|R(G 7 (1o ) DG (A, 9 )]
Z Z
[ o) [ @ EIRGE 7 (f e DI BG4 ) (1)

Z Z
! [/Zu(dz)\//zk dpF (G (f(2,),9(2,)))? ]
/ p—1,q—1 o o
x [/Zu(dz)\//zk duk (G (f(z',),9(z',-)))? ]

= k! [/; M(dz)\//zk dlu,k<G£_1’q_1(f<z’ ')7g(zv )))2 ] < 0. (320)

IN

= k

Relation (3.20) justifies the use of a Fubini theorem, and we can consequently infer that

E (/Z u(dZ)Ik(Gﬁl’q1(f(2,~),g(2w)))>2]

— [ ) [ B (gl DIAGE .90 )

= 1t [t [y | [ G e gt NG )
2

= [ | [ utaer T ot

. /Z (G (f9))*
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The remaining estimates in the statement follow (in order) from Lemma 3.4.2 and Lemma
1.1.8, as well as from the fact that || f|[z2(un) < [|fllz2(um), for alln > 2. m

The next statement will be used in the subsequent section.

Proposition 3.4.7 Let F = (F,..., Fy) := (I4,(f1), ..., 1q,(fa)) be a vector of Poisson func-
tionals, such that the kernels f; verify Assumptions A and B. Then, writing ¢, :=min{qi, ..., q4},

d 2 /4
/Zu(dz)E (Z |DzFi|> (Z |DzL_1Fz'|>
=1 =1

d2 d g b—1
3 (a7 /(a5 = D122 ) ¥ bZZO Li<atb<ag 1 (a+b—1)12(g —a—1)!
1= =1 a=

g —1 (g—1-a a
S oy VT Flizgenas).

Remark 3.4.8 When ¢ = 1, one has that
q b—-1

qg\/(q - 1)!Hf\|%2(uq) X ZZ Licatp<og—1(a+b— D2(g—a—1)!

b=1 a=0

q—1 ? q—1—a
X ( q—1—a > ( g—>b > Hf*? f||L2(H2q—a—b)
= Hf||L2(u) X HfH%‘l(M)
Proof of Proposition 3.4.7. One has that

d 2 /4
/ZM(GlZ)IE <Z|DzFi|) (Z|DZL_1Fi|>
i=1 i=1
d 2 /4d 1
:/M(dz)E <Z|Dzﬂl> (ZDze’I)
z i=1 i=1 4

d 3
1
— [ w(dz)E (E ‘Dze’>
& Jz i=1

a2 <
<© 5" [ u@E(D.Ef)
9572

IN

To conclude, use the inequality

/ u(d=)E]|D-I,(f)[*]
Z

q b—-1
< ¢ (@ = DUy X DD Licarvezer(a+b— D2 (g—a - 1)!
b=1 a=0

q—1 ’ g—1-a "
“\g-1-a iy IR Fllzegeees)
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which is proved in [46, Theorem 4.2] for the case ¢ > 2 (see in particular formulae (4.13) and
(4.18) therein), and follows from the Cauchy-Schwarz inequality when ¢ = 1. m
3.4.3 Central limit theorems with contraction conditions

We will now deduce the announced CLTs for sequences of vectors of the type
FO) = (F™ ™) o= (I, (P, L, (1), n> 1, (3.21)

As already discussed, our results should be compared with other central limit results for
multiple stochastic integrals in a Gaussian or Poisson setting — see e.g. [31, 37, 39, 7, 47, 49].
The following statement, which is a genuine multi-dimensional generalization of Theorem 5.1
in [46], is indeed one of the main achievements of the present chapter.

Theorem 3.4.9 (CLT for chaotic vectors) Fiz d > 2, let X ~ N(0,C), with
C={C(i,j):i,j=1,....d}

For any n > 1 and

a d X d nonnegative definite matriz, and fix integers qi,...,qq > 1.
;m > 1}, according to (3.21)

i=1,...,d, let fi(n) belong to L2(u%). Define the sequence {F™)
and suppose that
Tim BIE"FM] =1, —gpait < lim (£, F7) gy = C,G), 1<) <d. (3.22)

Assume moreover that the following Conditions 1—4 hold for every k =1,...,d:

1. For every n, the kernel f,gn) satisfies Assumptions A and B.
2. For everyl=1,...,d and every n, the kernels f,gn) and fl(n) satisfy Assumption C.
3. Foreveryr =1,...,q; and every L =1,...,7 A (qx — 1), one has that
1A * £ a1y = O,
as n — oo.
4. Asn — oo, fzqk dpdx <f]§n)>4 — 0.

Then, F™ converges to X in distribution as n — oo. The speed of convergence can be assessed
by combining the estimates of Proposition 3.4.6 and Proposition 3.4.7 either with Theorem
3.2.8 (when C' is positive definite) or with Theorem 3.3.2 (when C' is merely nonnegative
definite).

Remark 3.4.10 1. For every f € L?(u9), ¢ > 1, one has that
158 gy = [ o
q

2. When ¢; # g;, then Fi(n) and Fj(") are not in the same chaos, yielding that C(7,5) = 0 in
formula (5.20). In particular, if Conditions 1-4 of Theorem 3.4.9 are verified, then Fi(n)
and F j(n) are asymptotically independent.
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3. When specializing Theorem 3.4.9 to the case ¢y = ... = gq = 1, one obtains a set of
conditions that are different from the ones implied by Corollary 3.3.3. First observe that,
if g =...=qq =1, then Condition 3 in the statement of Theorem 3.4.9 is immaterial.
As a consequence, one deduces that F() converges in distribution to X, provided that
(5.20) is verified and Hf(")||L4(N) — 0. The L* norms of the functions f(™ appear due
to the use of Cauchy-Schwarz inequality in the proof of Proposition 3.4.7.

Proof of Theorem 3.4.9. By Theorem 3.3.2,

d
. d . n n
d3(F™, X) < 3| 37 E[(C(i.j) — (DF™, ~DLVE) 12 (3.23)
ij=1
1 d 2 /4
+5 / p(dz)E (Z|DZF§">|) <Z|DZL—1F§”’|> , (3.24)
Z i=1 i=1

so that we need only show that, under the assumptions in the statement, both (3.23) and
(3.24) tend to 0 as n — oc.

On the one hand, we take a = C(i,7) in Proposition 3.4.6. In particular, we take a = 0
when ¢; # ¢;. Admitting Condition 3 , 4 and (5.20), line (3.23) tends to 0 is a direct conse-
quence of Proposition 3.4.6.

On the other hand, under Condition 3 and 4, Proposition 3.4.7 shows that (3.24) converges
to 0. This concludes the proof and the above inequality gives the speed of convergence.

If the matrix C' is positive definite, then one can alternatively use Theorem 3.2.3 instead
of Theorem 3.3.2 while the deduction remains the same. m

Remark 3.4.11 Apart from the asymptotic behavior of the covariances (5.20) and the pres-
ence of Assumption C, the statement of Theorem 3.4.9 does not contain any requirements
on the joint distribution of the components of F("). Besides the technical requirements in
Condition 1 and Condition 2, the joint convergence of the random vectors F' () only relies on
the ‘one-dimensional’ Conditions 3 and 4, which are the same as condition (II) and (III) in
the statement of Theorem 5.1 in [46]. See also Remark 3.2.5.

3.5 Examples

In what follows, we provide several explicit applications of the main estimates proved in the
chapter. In particular:

e Section 3.5.1 focuses on vectors of single and double integrals.

e Section 3.5.2 deals with three examples of continuous-time functionals of Ornstein-
Uhlenbeck Lévy processes.
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3.5.1 Vectors of single and double integrals
The following statement corresponds to Theorem 3.2.3, in the special case
F=(F,....F) = (Ii(g1)s-- -, [i(gm), Io(h1), - - -, I (ha). (3.25)

The proof, which is based on a direct computation of the general bounds proved in Theorem
3.2.3, serves as a further illustration (in a simpler setting) of the techniques used throughout
the chapter. Some of its applications will be illustrated in Section 3.5.2.

Proposition 3.5.1 Fiz integers n,m > 1, let d = n+m, and let C be a d X d nonnegative
definite matriz. Let X ~ Ny(0,C). Assume that the vector in (3.25) is such that

1. the function g; belongs to L*(p) N L3(u), for every 1 <i < m,

2. the kernel h; € L2(u?) (1 <i < n) is such that: (a) hy, *shiy, € L2(pt), for 1 <iy,ig <mn,
(b) h; € LY(u?) and (c) the functions |hi, | % |hiy|, |hiy| %9 |hiy| and |hi, | %3 |hiy| are well
defined and finite for every value of their arguments and for every 1 < i1,ia < n, (d)
every pair (hi, h;) verifies Assumption C, that in this case is equivalent to requiring that

/\// u(da)h?(z,a)h?(z,a)y(dz) < 00.
z\Jz

Then,
1
ds(F, X) < 5\/5’1 + S5+ S35+ .54
1
< 5\/51+SS+SG+S4
where
Sio= > (Clir,ia) = (girs Gin) 12())
i1,t2=1
Sy = Z (C(m +Jj1,m+ ]2) - 2<hj17 hj2>L2(u2))2 + 4”hj1 *% hjz”%ﬁ(u) + 8”hj1 *% hjz”%?(/ﬂ)
J1,j2=1
Sy = 3> 20(,m+5)? +5llgi #1 hyll3a
i=1 j=1

Sy = m? Z ng‘HiB(u) + 8n? Z thHL2(;L2)(||th%4(u2) + V2|, #) g, |2 3))
i—1 =1

S5 = > (Clm+ji,m+j2) = 2hgy, by r2gee)” + Ak, 9 Ry 2y % g, %9 Pl 22
J1,52=1
+8th1 *% hjl HLQ(p?) X th2 *% thHLQ(p?)

So = 3.9 20(m+ ) +5lgill 72 x Iy + Byllioe)
i=1 j=1
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Proof. Assumptions 1 and 2 in the statement ensure that each integral appearing in the proof
is well-defined, and that the use of Fubini arguments is justified. In view of Theorem 3.3.2,
our strategy is to study the quantities in line (3.8) and line (3.9) separately. On the one hand,
we know that: for 1 <i<m,1 <5 <n,
D.Ii(gi(1) = gi(2),  —DL7'I(gi(-)) = gi(2)
D.Ip(hi(-,-)) = 2L (hy(2,-),  =D.L™ Ia(hy(-,-)) = Lu(hy(z,-))
Then, for any given constant a, we have:

—for1<i1<m,1 <5<,

El(a = (D:11(9), ~D-L ™ 11(9:,))*) = (@ = (gi, 9i) 1))

— for 1 < j1,j2 < n,

El(a = (D:Ia(hj,), = D=L Ia(hj,)))’]
= (a— 2<hj1>hj2>L2(u2))2 + 4th1 *% thH%Z(,u) + 8th1 *% h.j2H%2('u,2);

—for1<i1<m,1 <5<,
El(a — (D:La(hy), = DL 1(9:)))°] = a” + 4llgi %1 b7
212(Nj), z 1(9i 9i *1 V51l L2 ()
El(a — (D:11(g:), = DL~ Ia(h))))?] = a® + [|gi 1 bl 72 ,0-

So
1
(3.8) = 5\/ S1+ S9 + S5

where S1, 592, 53 are defined as in the statement of proposition.

On the other hand,

2

2 2 m n
(ZIDZFH) = [ D_lgi@)+2) 1h(hi(z )Nl
i=1 =1 J=1

d m n
M IDLTE =) 1gi(2) + D k().
i=1 i=1 j=1
As the following inequality holds for all positive reals a, b:

(a+2b)2(a +b) < (a+ 2b)> < 4a® + 320,
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we have,

E (i \DZFi]>2 (zd: yDzL—lF,»\>

i=1 i=1

_ 2
= E (Z |9i(= |+2Z!h ) (Z 19:(2)[ + D 111 (hy (=, -)))]
=1 j=1

3

IN
&=

4(zgz-<z>\) i 10 ()

< 4m22|gz |3+32n22|11 KL

7=1

By applying the Cauchy-Schwarz inequality, one infers that

[ w2l )P < \/E [ / u(dz)\h(h(z,-))ﬂ % bl 2y

E [ [ maaine ~>>|4] — 2 Bl 2y + Il e

Notice that

We have

1 d 2 /4
(3.9) = mICT I Cllop /Z u(dz)E[(ZDzFi) (DDZL*F@-!)
i=1 i=1

I Z2IC o (m Zugznm

IN

4802 3 Iyl (s )+ V3R 53 hll0)
7j=1
= ICTEC opSs

We will now apply Lemma 1.1.8 to further assess some of the summands appearing the defi-
nition of 55,53. Indeed,

— for 1 <j1,j2 <n,
g %3 hja 22 < gy #1 B llz2gasy X s %3 P [l L2 sy
g %1 Ry 1722y < I *1 Ball2geey X s xR [l L2 a2
—for1<i<m,1 <5<,
g 1 hj“%z’(#) < ||g¢||%z(u) X ||y *1 hjllL2(u2)

by using the relation Hggk) *9 ggk)H%z(#g) = Hgi(k) H4LQ(u)
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Consequently,
n
Sy < ) (Clmjr,m+ Ga) = 2(hgy, by ) r2ga2)? + 4l #9 By ll2eey X Mgy %9 s [l 22 s
J1,j2=1

+8th1 *% hjl HLQ(,u?) X th2 *% thHLQ(,uZ)
= S57
S5 < YD 20(,m A+ ) +5)1gill7 2 % 15 % hyll 2z

i=1 j=1

Remark 3.5.2 If the matrix C is positive definite, then we have

V=
\/7

do(F, X)

IN

1™ oplICII223 /St + Sz + S5+ ~—— | CTHEL2ClopSa

IN

1C ™ lopllCllep® /1 + S5 + S5 + ——IC 32N CllopSi

by using Theorem 3.2.3.

The following result can be proved by means of Proposition 3.5.1.

Corollary 3.5.3 Let d = m-+n, with m,n > 1 two integers . Let Xo ~ Ny(0,C) be a centered
d-dimensional Gaussian vector, where C = {C(s,t) : s,t = 1,...,d} is a d X d nonnegative
definite matriz such that

C(i,j+m)=0, V1<i<m,1<j<n.
Assume that

FO = (FP . FWy .= (1™, ..., L(g®), L), .. L))

n

where for all k, the kernels ggk), e ,g,(ﬁ) and hgk), . .,hﬁf) satisfy respectively the technical
Conditions 1 and 2 in Proposition 3.5.1 . Assume moreover that the following conditions hold

for each k > 1:
1.
lim E[FRFEM) = C(s,t), 1<st<d

k—o00

or equivalently

tim (g, g} 2y = Clinyia),  1<iniz <m,
Jim 20000 WD) ey = Clm + i+ ), 1< jija<n.
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2. For everyi = 1,...,m and every j = 1,...,n, one has the following conditions are
satisfied as k — oo:

(k k
(a) ng )HW = 0; () 11712,y = 0;

k k k
() |h{" «} ]>|| = [1h$ 9 B 12 ) — O
k
(d) ||h< «4 1 uLz ;= 0.

Then F*®) — X in law, as k — co. An ezplicit bound on the speed of convergence in the
distance ds is provided by Proposition 3.5.1.

3.5.2 Vector of functionals of Ornstein-Uhlenbeck processes

In this section, we study CLTs for some functionals of Ornstein-Uhlenbeck Lévy process. These
processes have been intensively studied in recent years, and applied to various domains such
as e.g. mathematical finance (see [42]) and non-parametric Bayesian survival analysis (see e.g.
[5, 45]). Our results are multi-dimensional generalizations of the content of [46, Section 7| and
[47, Section 4].

We denote by N a centered Poisson measure over R x R, with control measure given by
v(du), where v(-) is positive, non-atomic and o-finite. For all positive real number A\, we define
the stationary Ornstein-Uhlenbeck Lévy process with parameter \ as

=NL(f}) = \/ﬁ/_t /Ruexp(—)\(t —z))N(du,dz), t>0

where fMu,z) = /2 Ao (w)uexp(=A(t — x)). We make the following technical assump-
tions on the measure v: fﬂ§ wy(du) < oo for j = 2,3,4,6, and [ u’v(du) = 1, to ensure
among other things that Y, is well deﬁned These assumptions yield in particular that

Var(Y;)) = E[(Y)?] = 2\ /t /]RUQ exp(—2\(t — z))v(du)dz =

We shall obtain Central Limit Theorems for three kind of functionals of Ornstein-Uhlenbeck
Lévy processes. In particular, each of the forthcoming examples corresponds to a “realized
empirical moment” (in continuous time) associated with Y*, namely: Example 1 corresponds
to an asymptotic study of the mean, Example 2 concerns second moments, whereas Example
3 focuses on joint second moments of shifted processes.

Observe that all kernels considered in the rest of this section automatically satisfy our
Assumptions A, B and C.

Example 1 (Empirical means)

1
We define the functional A(T,\) by A(T,\) = Nis fOT Y\ dt. We recall the following limit
theorem for A(T,\) , taken from Example 3.6 in [46].

Theorem 3.5.4 As T — oo,
A(T, )‘) 1 T (law)

NNy — X ~N(0,1),
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and there exists a constant 0 < a(\) < 0o, independent of T and such that

o (TN ) o)
w m, = \/T

Here, we present a multi-dimensional generalization of the above result.

Theorem 3.5.5 For A\i,...,Ag >0, as T — oo,

AT) = (AT, A, AT, M) ™9 X, (3.26)

where Xp 1s a centered d-dimensional Gaussian vector with covariance matriz B = (Bijzdxd;
with Bij = 2/y/AiXj, 1 < 4,5 < d. Moreover, there ezists a constant 0 < o = a(\) =
a(A1, ..., Ag) < 00, independent of T and such that

Mﬂﬂx@g“h

3

Proof. By applying Fubini theorem on A(T, \), we have

1 T A\
\/T/o Yo dt = I (ga7)

2x [T
i = sy 7 [ exp(-A(E - )i
V0

E[A(T, Xi) A(T, \;)]

0 2
= /RUQV(du)</ dmﬁexp (A +Xj)x) x (1 —exp(=AT)) x (1 —exp(=A\;T))

where

T
~l—/0 de\/%exp (N + Aj)z) x (exp(—Aiz) — exp(—=NT)) x (exp(—Ajz) — exp(—)\jT))>
= 7 2/\i)\j (}\i i ¥ x (1 —exp(=NT)) x (1 —exp(=\;T)) + T — ;Z x (1 — exp(=\T))

3 (1 EBAD) + 51 = e D))

2 1
= +0| = as T — oo.
Ay &J

And we may verify that HQA,TH%(

1
dvdz) ™ Nis for all A € R. (See [46] and [47] for details.)

Finally, we deduce the conclusion by using Corollary 3.3.3. m

Example 2 (Empirical second moments)
We are interested in the quadratic functional Q(T', \) given by:

T\ =T ! TYAw 1 T>0\>0
Q(?)_ (T/O(t) t_>7 >U,A>
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In [46] and [47], the authors have proved the following limit theorem for Q(7', A). (See Theorem
7.1 in [46] and Proposition 7 in [47])

Theorem 3.5.6 For every A >0, as T — oo,

T |
Q(T,\) :=VT (711/ (Y M2dt — 1) (faw) i+ 2 x X
0

where X ~ N(0,1) is a standard Gaussian random variable and ¢ = [ u*v(du) is a constant.
And there ezists a constant 0 < S(\) < oo, independent of T and such that

ATy |\ 6w
\/%4-0,%

d <
w \/T
We introduce here a multi-dimensional generalization of the above result.

Theorem 3.5.7 Given an integer d > 2. For A\i,..., g >0, as T — o0,

QIT) = (Q(T, 1), QT M) U9 X, (3.27)

where X¢ is a centered d-dimensional Gaussian vector with covariance matriz C = (Cij)dxd;
defined by
4

)\i+)\j

and 2 = [putv(du). And there exists a constant 0 < B(A) = B(A1, ..., A\g) < 0o, independent
of T and such that

Cij = +c2, 1<4,j<d,

4s(Q(T), Xc) < @(T

Proof. For every T' > 0 and A > 0, we introduce the notations

~—

1 —0o0 I !
(’T;(wx)(exp (Az + ")) x (1 — exp(—2AT)) x 1 (zvar<0)

+exp (Mz + ")) x (exp(—2A(z V 2')) — exp(—2AT)) x l(x\/x/>0))

H&T(u,x;u',x') = (uxu)

1
H p(u, ) = uQ(Z’FT)(z)(exp(mx) X (1 —exp(—2AT)) x 1(z<0)

+exp(2Az) x (exp(—2Az) — exp(—2AT)) x 1(x>0))
By applying the multiplication formula (1.12) and a Fubini argument, we deduce that
Q(T,\) = L(VTH3} 1) + L(VTHy 1),

which is the sum of a single and a double Wiener-It6 integral. Instead of deducing the
convergence for (Q(T, A1), ...,Q(T, \g)), we prove the stronger result:

law
(L(VTHS, 1), .., K(VTHS, ), L(VTHy, 7)., b(VTHy, 1)) “3 X (3.28)
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as T — oo. Here, Xp is a centered 2d-dimensional Gaussian vector with covariance matrix D
defined as:

2, ift1<i,j<d
4
DGg) =4 o Hd+l<ij<2d
i J
0, otherwise.

We prove (3.28) in two steps (by using Corollary 3.5.3). Firstly, we aim at verifying
lim E[FDFT) =D, j), 1<i,j<2d,
T—o00 J

for

p _ ] WVTH 7). if1<k<d
] LWTHy, 1), ifd+1<k<2d

Indeed, by standard calculations, we have

T [ (), (o, 2)v(du)da

RxR
= ;;,%(M x (1 —exp(—2AT)) x (1 —exp(—2\,T)) + T — oy (1 — exp(—2\T))
L 1
5% (1 = exp(=2),T)) + e Wi (1= exp(=2(\; + A))T)))

1
= c,2,+O<T>, as T — oo,

and

2T / Hy, r(u,z;u', 2" ) Hy, p(u, 250, 2" )v(du)v(du')deds!
R4

2 /(1 —exp(—2A;T)) x (1 — exp(—2\;T 2 1
_ T<( p( ()\)i)+ A(j)2 p( ) s < (T gy (1= exp(=2x)
_;Aj x (1 —exp(—2);T)) + M x (1 —exp(—2(\i + Aj)T))))
4 of!
= /\i+>\j+ 7| as I' — oo.

Secondly, we use the fact that for A = A1, ..., A4, the following asymptotic relations holds as
T — oo

1
(a) ||\/TH§7TH%3(dydm) ~ ﬁ?
1
(b) H\/THA,TH%zL((dm)z) ~ ﬁ;
1
(¢)  IVTHxr)*s VTHx 1) 2(avaw) = (VT Hxz) %0 (VT Hx 1) || 2 ((avdz)?) ~ ok

(d) H(\/TH/\,T) *% (\/THA,T)HL2((duda:)2) ~ ﬁ;



80 CHAPTER 3. CENTRAL LIMIT THEOREMS ON THE POISSON SPACE

(6) H(\/TH;:,T) *% (\/TH)\,T)HL2(dVdJ:) ~ =

The reader is referred to [46, Section 7| and [47, Section 4] for a proof of the above asymptotic
relations. m

Example 3 (Empirical joint moments of shifted processes)
We are now able to study a generalization of Example 2. We define

1 /T
Qu(T,\) :=VT (T/o YAV dt — exp(—Ah)) ., h>0,T>0\>0.
The theorem below is a multi-dimensional CLT for Q (T, A).

Theorem 3.5.8 For A1,...,A g >0and h >0, as T — oo,

Qn(T) = (Qu(T, M), -, Qu(T, M) U9 X, (3.29)

where X is a centered d-dimensional Gaussian vector with covariance matric E = (Eij)qxd,
with

4 .
Eij:)\i_'_/\j—l—c?jexp(—()\i—i-)\j)h), 1<ij<d
and ¢ = [pu'v(du). Moreover, there exists a constant 0 < y(h,A) = ~v(h, A1,...,\q) < o0,

imdependent of T and such that

v(h, A)

d3(Qn(T), Xp) < Wi

Proof. We have

T

T
| v = [ ngdnida

(12 Mo SAn) TR F) + A S )t

T

Il
c\o\ﬂo\

i) + Lk + exp(—)\h))dt
- (THA 1) + L(THM) + exp(—Ah)T

and

Qu(T,\) = L(VTH} ;) + L(VTH;})

by using multiplication formula (1.12) and Fubini theorem. By simple calculations, we obtain
that

ﬂah(u, 2w, ') = 20 (Lo g x (—oo,t4h] (2, ') X ur exp(=A(2t + h — x — 2))

i (1, 2) = 201 (g g7() X u® exp(=A(2t + b — 2z))
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as well as

h I
H)\:T<u7x) = T/O

= u21(°°T’ﬂ(x) x exp(A(2x — h)) X (1($>0) x (exp(—2Az) — exp(—2AT))

+1<0) x (1 - exp(~2AT)))

>

:;L\(u, x)dt

1 /7.
H p(u, x50, 2') = T/o iy (u, @0/, 2)dt

= uu’1(—007T}(x>1(_007T+h}(x/)
T
x (1<xv(w/,h)>o) x (exp(=2A(z V (2" — h))) — exp(—2AT))

x exp(A(z + 2’ — h))

1 —ny<o) X (1= exp(—2>\T)))

Similar to the procedures in the precedent example, we prove the stronger result:

l
(LVTH ), LVTHE ) (VTHE, 7). BVTHY, ) “% Xpe (3.30)

as T' — oo. Here, Xpn is a centered 2d-dimensional Gaussian vector with covariance matrix
D" defined as:

cZexp(—(\; + Aj)h), if1<i,j<d

4
D"(i,j) = ifd+1<i,j<2d
(4,4) NI ifd+1<4,j<
0, otherwise.
We have
T H;’:};(u,x)H;’;(u,x)u(du)dx
RxR '

0
= ;ﬁ(/_oo dzexp (X + Aj)(2z — h)) x (1 — exp(—2\,T)) x (1 — exp(—2\;T))

T
+ / dzexp (A + Aj)(2z — h)) x (exp(—2X;z) — exp(—2\T)) x (exp(—2X;z) — exp(—2)\jT)))
0
1
= clexp(—(\i +\j)h) + O (T) . as T — oo,
We notice that

Hf\‘,T(u,:U;u’,x’) = Hyr(u,z;u, 2" — h)

Then, as shown in the proof of Theorem 3.5.7, we have

4 1
2T HQT(Uan)H,’\ZT(UJ)V(dU)dJJ = +0|(=]. as T — oo.
RxR ’ ’ i+ )\j
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Just as the precedent example, we may verify that for A = Aq,..., Ay and h > 0, the following
asymptotic relations holds as T' — oc:

1
*,h
(a) ||\FH>\ THL3 dvdz) \ﬁ3
1
(0) H\FHQT”UL( dvdz)?) ™ ﬁ;
1
(c) (VT H} ) %5 (\/TH,]{THH(duda:) = |(VTH\7) « VTH 2)l| 22 (avazy?) ~ Nk
1
(d) I(VTHS 1) x1 (VTHY )l 12 (dvda)2) ~ Nk
1
*,h
(e)  [IVTHY7) 1 (VTHY p)ll 22 (dvda) ~ Wik

We conclude the proof by analogous arguments as in the proof of (3.27). m

The calculations above enable us to derive immediately the following new one-dimensional
result, which is a direct generalization of Theorem 5.1 in [46].

Corollary 3.5.9 For every A >0, as T — o0,

aw 2
Qn(T,\) — (o) \/)\—1— 2 exp(—2\h) x X

where X ~ N(0,1) is a standard Gaussian random variable. Moreover, there exists a constant
0 < y(h,\) < oo, independent of T' and such that

QT L\ ok
b V2/A + Zexp(—2\h)




Chapter 4

Universality of the Poisson Wiener
chaos

This chapter is based on the paper in preparation [51] by G. Peccati and C. Zheng.

4.1 Introduction of the chapter
In a probability space (2, F,P), we shall consider the following objects.
e G ={G;:i>1}, where G; ~ N(0,1) are independent Gaussian variables;

e E ={e;: i > 1} is a Rademacher sequence. By this expression we simply mean that the
random variables e; are i.i.d. and P(e; = 1) =P(e; = —1) = § for i = 1,2,.. ;

e P={P, :i> 1}, where P; are independent Poisson random variables, distributed as
P()\;) — X\i. Here, P()\;) indicates a Poisson variable with parameter \; > 0,7 > 1.

We introduce the notion of homogeneous sum.

Definition 4.1.1 (Homogeneous sums) Fiz some integers N,q > 2. Let [N] indicate
the set {1,2,--- ,N}. Let X = {X; : i > 1} be a collection of centered independent ran-
dom variables, and let f : [N]? — R be a symmetric function vanishing on diagonals (i.e.
flit, -+ yig) =0 4f Ik # 14y =14;). The random variable

QN £, X) = > i, igXe o X,

1<iy,ig<N

1s called the multilinear homogeneous sum, of order q, based on f and on the first N elements

of X.

Remark 4.1.2 If, for i = 1,2,..., E[X;] = 0 and E[X?] = \;, as in the examples of G
and E (where A\; = 1) and P, then we deduce immediately that the mean and variance of
Qq = Qq(N, f,X) are given by:

E[Q] =0, EQI]=q > Fi. ik N,

1<it, - ig<N

83
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The next three examples show that homogeneous sums based on G, E, P can always
be represented as “chaotic random variables”, such as the ones that are at the core of this
dissertation.

Example 4.1.3 (Homogeneous sums based on G) Let G = {G; : i > 1} be defined as
above. Without loss of generality, we can always assume that G; = I¥(h;) = G(h;) , for some
isonormal Gaussian process G = {G(h) : h € $} based on a real separable Hilbert space £,
where {h; : 4 > 1} is an orthonormal basis of £). (See Section 1.1.3 for the notations.) With
this representation, one has that Q,(N, f, G) belongs to ¢g-th Gaussian Wiener chaos of G.
Indeed, we may write

QQ(N? fa G) = IqG’(g)7

where

N
g= Z f(ll,,lq)h“@@hzq

Example 4.1.4 (Homogeneous sums based on P) Let P = {P; : i > 1} be defined as

above. Without loss of generality, we can always assume that for every i > 1, P; = I{¥(g;),
where N indicates a compensated Poisson measure on (Z, Z), with control x, and g = {g; :
i > 1} is a collection of functions in L?(u) with disjoint finite supports, such that for each i,
ng”m(u Ai. (See Section 1.1.1 for the notations.) For instance, one may take Z = R,
p =Lebesgue measure and ¢; = L1(x,4..qx,_; Aj44r] TOT & = 2, g1 = 1(g,]- Therefore,
Q,(N, f,P) belongs to ¢-th Poisson Wiener chaos of N since

QQ(N7 f7P> = Iq(h)a

where

Z f117 : g’61®®gzq

Example 4.1.5 (Homogeneous sums based on E) Fix ¢ > 1, let f : N — R be a sym-
metric function vanishing on diagonals. We consider the Rademacher sequence E = {¢; : i >
1} defined above. A random variable with the form,

Jg = Z flin, - sig)eq - ey,

where the series converge in L?(P), compose the so-called g-th Walsh chaos of E. (See [25,
Chapter IV], or Remark 2.7 in [35].) In particular, let f: [N]? — R be a symmetric function
vanishing on diagonals, then the homogeneous sums of the type

Nfu Z flla Zq 621"‘6iq

are elements of g-th Walsh chaos of E.

Recall (see Remark 2.7 in [35]) that the Walsh chaos has the following chaotic decomposi-
tion property: for every F' € L?(o(E)) (that is, the set of square integrable functional of the
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sequence E), there exists a unique sequence of symmetric functions vanishing on diagonals
fq € L2(n%), ¢ > 1, such that

F:E[F]+Zq! Z falin, o Jig)eiy -+ eqy,

qg>1 11<12<...<iq

where the double series converges in L?.

Concerning the “Universality” of these chaotic variables, the following two results have
been proved in [36].

Theorem 4.1.6 (Theorem 1.10 in [36]) Homogeneous sums inside the Gaussian Wiener
chaos are universal with respect to normal approximations, in the following sense: fix ¢ > 2,
let {N™ :n > 1} be a sequence of integers going to infinity, and let {f™:n > 1} be a
sequence of mappings, such that each function ) [N(”)]q — R is symmetric and vanishes
on diagonals. Assume that E[QQ(N(”),f("), G)?] = 1 as n — co. Then, the following three
properties are equivalent as n — oo.

1. The sequence {Qu(N™, £ G)in > 1} converges in law to N ~ N(0,1);
2. B[Qy(N™, M G&)* — 3;

3. for every sequence X = {X;;i > 1} of independent and identically distributed centered
random variables with unit variance, the sequence {Qq(N(”), f™ X);in > 1} converge
in law to N'(0,0?).

Remark 4.1.7 We do not list the property (3) in the original version of Theorem 1.10 in [36].
Indeed, according to Proposition C.3.2 in [33], the Kolmogorov distance is exactly the distance
induced by convergence in law, under the assumptions of Theorem 1.10 in [36]. Consequently,
the original property (3) is practically the same as property (4) (or the third property in the
above statement).

We also have the following negative result.

Proposition 4.1.8 Homogeneous sums inside the Walsh chaos are not universal with re-
spect to normal approzimations.

Proof. To show this assertion, we present the counter-example introduced at page 1956 in
[36]. Let G, E be defined above. Fix ¢ > 2. For each N > ¢, we define

. . 1/(¢v/N —q+1), if {ir,io, ... 0q} ={1,2,...,9—1,s} for ¢ < s < N;
fN(’LhZQa"'a,Lq): 0 else.

The homogeneous sum thus defined is

N
€
Qq(NafN,E)=€1€2---eq,1§ _
= N—-—qg+1

with E[Qq(N, fn,E)] = 0 and Var[Q,(N, fy,E)] = 1. Since ejez---e4—1 is a random sign
independent of {e; : i > ¢}, we have that Q,(N, fn,E) faw N(0,1), as N — oo, by using the
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Central Limit Theorem. However, for every N > 2, Q,(N, fn,G) (taw) G1Gy - - Gy, which is

not Gaussian (for ¢ > 2). Consequently, Qq(N, fnv, G) does not converge to a normal variable.
]
In the present chapter, we are going to address the following question.

Problem 1 Are homogeneous sums inside the Poisson Wiener chaos universal with respect
to normal approzimations?

We will see in section 4.2 that the answer is positive both in the one-dimensional and
multi-dimensional cases. Our techniques are based on the tools developped in [PSTU] and
|PZ|, that are in turn recent developments of "Malliavin-Stein method" — the combination of
Stein’s method and Malliavin calculus. (See Section 2.1)

As a by-product of our achievements, we will also prove some refinements of the Central
Limit Theorem on the Poisson Wiener chaos. Indeed, in the forthcoming Theorem 4.2.2 and
Theorem 4.2.6, we shall show that, in the special case of elements of the Poisson Wiener
chaos that are also homogeneous sums, the sufficient conditions for the CLTs established in
the precedent chapters (in particular Theorem 2.1.10 and Theorem 3.4.9) turn out to be also
necessary.

The chapter is organized as follows. In Section 4.2 we present the main results, in both
the one-dimensional and multi-dimensional cases, and demonstrate the “Universality” of the

Poisson Wiener chaos. In Section 4.3, we introduce an important technical proposition as well
as the proofs of the main theorems.

4.2 Theorems

In the forthcoming discussion, we shall use several abbreviations:

N
o We write > for > :

itysiq  1<i1, o ig<N
e For any function f in ¢ variables, we write || f||zx for || f[|Lr(ua)-
e For any function f in ¢ variables, we write | f|| for || fl|z2 = [[fllz2(ua)-

For any positive integer N, the symbol [N] indicates the set {1,2,--- N}.

The operator ® is used to denote a tensor product. In particular, for two functions
f,g € L*(u), f ® g is the tensor product of f and g. That is, f ® g(z,y) = f(x)g(y).

We recall that the definition of the contraction operators f . g and f ®, g were given in
Definition 1.1.6 and Definition 1.1.17. It is worth mentioning that ®, is a particular case of
L, in the following sense:

f@r f=F* g1, tp—r 51,5, Sq—r) (4.1)
= / pr(dza, e, dze) f(21, 5oy Ze bty ooy tpy) X (20, ooy 20y STy, Sq—r)-
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Fix integers p,q > 0 and |¢ — p| < k < p + ¢, and consider two kernels f € L?(uP) and
g € L2(u?). We recall that the operator G}? is defined as follows (see formula (3.11)):

PAg T
G ) = XS gegmrirt (2 ) (0) (7)) Toe a2

r=0 [=0

where the tilde ~ means symmetrization. By using this notation, the multiplication formula
(1.12) becomes the following orthogonal sum (see formula (3.12)):

p+q
LN = >, I(GY(f.9). (4.3)

k=|q—p|

4.2.1 One-dimensional case: fourth moments and Universality

We recall the following theorem, which is the starting point of the “Malliavin-Stein method”.
(See Section 2.1.) This theorem states the simple fact: the convergence in law of a sequence
of Gaussian Wiener-Itd integrals towards a normal distribution can be characterized by their
variances and fourth moments.

Theorem 4.2.1 (see [39], [40], or Theorem 2.1.4 in this dissertation) Let
{Z(") = If(h(”));n > 1}

be a sequence of random wvariables belonging to the qth Gaussian Wiener-1té chaos, for some
fized integer ¢ > 2. Assume that Var(Z") = E [(Z(”))z} =1 for all n. Then, as n — oo,

the following three assertions are equivalent:
o i) ZM 1% Ar(0,1);
« i) E|(20)"] 53
o iii)Vr=1,....q—1, |h™W& M| -0 .
Recall that f®,g is the canonical symmetrization of f ®, g.

Now a natural question can be raised: on the Poisson space, can the convergence in law of
a sequence of Wiener-1td integrals be characterized by their variances and fourth moments?
Theorem 2 in [47] gives a partial answer to this question, in the simple case of double Poisson
integrals. As a Poisson counterpart of Theorem 4.2.1, the theorem below provides a satisfac-
tory answer for homogeneous sums inside a fixed order Poisson chaos.

Theorem 4.2.2 Let {\;,i > 1} be a collection of positive real numbers, under the assumption:
1r>1§ Ai=n>0. Let P={P;,i > 1} be a collection of independent random wvariables such
7

that Vi, P; is a centered Poisson variable with parameter X\;. Fiz an integer ¢ > 1. Let
(N £ > 1Y be such that {N™;n > 1} is a sequence of integers going to infinity, and
each ) 1 [N(™M]7 = R is symmetric and vanishes on diagonals. We set
N®)
FW = g (N™ ™ p) = Z F™ iy, ig) Py - Py = T, (R™),
i1, i
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with
N ()

h(n) = Z f(n)(zh e 7iq)gi1 Q@ Gig;
i1, g

where the representation of F™M gsq multiple integral is the same as in Example 4.1.4. Suppose
that E [(F("))Q} — 02, for a given fized constant o. For the three statements:

o I) F™ % AF(0,02), as n — oo;

o II)E [(F(n))ﬂ —30% |, asn — oo;

o 11I) [ (KN S0 andVr=1,-- ¢, VI=1,-- ,r A(g—1), |20 L h| > = 0.
One has the following implications:

o [II) implies I);

o II) is equivalent to I11);

o 1) implies IT), whenever {(F™)*} is uniformly integrable.

The following theorem and the associated remark respond to the “Universality” question
raised in Introduction. Indeed, we show that homogeneous sums inside the Poisson Wiener
chaos possess the “Universality” property introduced in [36]

Theorem 4.2.3 (Universality of Poisson homogeneous sums) Let the notations of The-
orem 4.2.2 prevail. If either one of conditions II) and III) is verified, then

N ()
QuN™. f™. @) = 37 [Mir, - i)y - Gy = I () #5 N (0,0%),

i1, )lq

with G = {@; 24 > 1}, where CAJE,CA?;,--- are independent Gaussian variables such that
Gi ~N(0,)\;). Here, the representation of Qq(N(”), ™ @) as a multiple integral is the same
as i Erxample 4.1.5.

Remark 4.2.4 As a consequence of Theorem 4.2.3 and Theorem 1.10 in [36], we deduce that,
the Poisson Wiener chaos is universal in the following sense: if

Fn) — Qq(N(”),f(”),P) law N(0,02),

as n — oo, and {(F ("))4} is uniformly integrable, then the following universal phenomenon
takes place:

e For every sequence X = {X;;i>1} of independent and identically distributed centered

random variables with variance Var[X;] = \;, the sequence {Q,(N™, (™) X);n > 1}
converges in law to A(0,02).
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4.2.2 Multi-dimensional case

The following theorem, which is a multi-dimensional generalization of Theorem 4.2.1, is in-
troduced in [37]. For details of this theorem and its proof, please see [37, Theorem 3.9], [39,
Theorem 7|, [49, Theorem 1|, as well as Theorem 2.1.7 in this dissertation.

Theorem 4.2.5 (Theorem 3.9 in [37]) Fiz d > 2 and let C = {C(i,j) : i, = 1,...,d}
be a d x d positive definite matriz. Fix integers 1 < q1 < --- < qq. For any n > 1 and
i=1,...,d, let hgn) belong to L*(u%) . Assume that

FO = (FM L EY) = G ), 1G>,

1s such that
lim E[F"VF™M) = C(i,5), 1<ij<d.

n—oo

Then, as n — 0o, the following four assertions are equivalent:

e (i) The vector F™) converges in distribution to a d-dimensional Gaussian vector Ny(0,C);

e (ii) for every 1 <i<d, E [(Fi(n))‘l] — 30(i,4)%;
o (iii) for every 1 <i<d and every 1 <r <g¢q —1, th") ®r hl(n)HLz —0;

o (i) for every 1 < i <d, Fi(n) converges in distribution to a centered Gaussian random
variable with variance C(i,1).

As in the one-dimensional case, we are looking for an equivalence of Theorem 4.2.5 on the
Poisson space. In a recent article together with G. Peccati [50] (see Chapter 3 in this disser-
tation), we have found a partial answer by proving a CLT for vectors of multiple Wiener-1t6
integrals. (See Theorem 5.8 in [50] or Theorem 3.4.9 in this dissertation). Now we present an
actual analogue of Theorem 4.2.5 for homogeneous sums inside the Poisson Wiener chaos.

Theorem 4.2.6 Let {\;,i > 1} be a collection of positive real numbers, under the assumption
inf \; =n > 0. Let P={P,,i > 1} be a collection of independent random variables such that
(2

Vi, P; is a centered Poisson variable with parameter \;. Fix integers d > 1,qq > ---q1 > 1.
Let {N}n),fj(n) :j = 1,---,d,n > 1} be such that for every fized j, {N;n);n > 1} is a
sequence of integers going to infinity, and each fj(n) : [Nj(n)]qj — R is symmetric and vanishes

on diagonals. We consider F(") = (Fl(n), e ,Fa(ln)), where for every 1 < j <d,

N
J
Fj(n) _ qu(Nj(n)af](n)vP) — Z f}n)(ih'“ yig,)Piy - .piqj - Iqj(hg-"))
ila"'7iqj

with

h§‘n): Z fg(n)(ilv"‘aiqj)gil@)”'@gi%’
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)

and the representation of Fj(n as a multiple integral is the same as in Example 4.1.4. Given
a positive definite matriz C = (C’(i,j))d  suppose that E[Fi(n)Fj(n)] — C(i,7), then, for the
X
four statements:
o I) F™ 8 A7(0,0), as n — oo;
o [I) for each j =1,--- ,d, E[(Fj(n))‘l] —3C(4,4)% , as n — oo;

o [II) for each j = 1,--- ,d, f(hn))‘l%O and Vr = 1,--- ,q;, Yl = 1,--- ,r N (g; — 1),

15" 45 5 22 = 0;

(
J

e IV) for each j =1,--- ,d, Fj(n) la—%N(O,C(j,j)), as m — oo.
One has the following tmplications:

o II) is equivalent to I11);

o [II) implies I);

o [) implies IV);

4
e and IV) implies II), whenever {(FJ(H)> :n=1,2,---} is uniformly integrable for each
fired j=1,--- d.

Theorem 4.2.7 (Multi-dimensional Universality of Poisson homogeneous sum) Let
all the notations in the preceeding theorem prevail. If either one of condition II) and III) is
true, then

H™ = (H™, ... HM) S N0,0), n—oo

where
N
HJ(n) — qu (]\/v]@)’f;n)7 G) — Z f;n)(ila R >iqj)Gi1 . ..quj = chj(hgn))?
i1, i

with G = {a 21 > 1}, with CTl,(Tg,--- independent Gaussian variables such that a ~

N(0,)\;). Here, the representation of HJ(n) as a multiple integral is the same as in Example
4.1.3.

Remark 4.2.8 As a consequence of Theorem 4.2.7 and Theorem 7.5 in [36], the vectors of
homogeneous sums inside the Poisson Wiener chaos are universal in the following sense: if,
for sequence of vectors F(™) = (Fl(n), e ,chn)), one has:

FMm 9% Ar(0, 0,
as n — 0o, where for every 1 < j <d,
N
Y = QN[ fi7 By = 0 S ig)Pa o Py,

i17"' :iqj-

4
and {(Fj(n)) :n=1,2,---} is uniformly integrable for each fixed j = 1,--- ,d, then:
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e For every sequence X = {X’l,z > 1} of independent centered random variables with
variance Var[X;] = ); and such that sup,; E|X;|> < oo, we have that the sequence

A(”) (A(n) . )) converges in law to N(0,C), as n — oo. Here, for each j =
d, A7 = qu< N 1K)

4.3 Proofs

4.3.1 Technical results

We recall the ideas appearing in Example 4.1.4. Let P = {P; : i > 1} be defined as above,

without loss of generality, we set for every i > 1, P; = IV (g;), where N indicates a compensated
Poisson measure on (Z, Z) with control u, and g = {g; : ¢« > 1} is a collection of indicator
functions in L?(u) with disjoint finite supports Precisely, we take g; = 14, with pairwise
disjoint sets A; on Z, such that u(A;) = ||gil|2. = Ai . Of course,for every integer p > 2, we
also know that HgZHLp = Ai. As in the statements of Theorem 4.2.2 and Theorem 4.2.6, we
assume that

inf \; = 7 > 0.
7
We fix ¢ > 2. Now we consider a sequence {F(™;n > 1} such that

N ()

F(n) = QQ(N(n)vf(n)ap) = Z f(n)(“’ 7iq)Il(gi1) ’ "Il(giq)7

i1, )iq

where {N;n),f}n) :j=1,---,d,n > 1} is such that for every fixed 7, {N](n);n > 1} is a
[N

sequence of integers going to infinity, and each f](n) % — R is symmetric and vanishes

on diagonals. Thanks to the above discussion, each F(™) can be written as:
N ()
FM = 1,(h™), B — Z FO iy, yig)gi, @ - ® gi,-

(SERS 7iq

The following proposition is the key to the proof of our results in this chapter.

Proposition 4.3.1 We adopt the above notations and fir ¢ > 2. If Vp=1,2,...,q—1, one
has ||h™) <5 B2 — 0, as n — oo, then:

o A)f(h(”))4—>0, asn — oo.

e B)Vr=1,---,¢q,Vl=1,---,r A(qg—1), ||n M2 =0, as n — oco.
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Proof. We have that, for p=1,2,...,¢—1

h(")*gh(") — Z Z FO Gy, i) ™ G, dg)

(AFRE 7iq Jiseee ,jq

(gz‘l®'“®gz’q)*p(9j1®”'®9jq)

= 2 ( > X TT 10122 7 s, g vigy)

ai, 11, ylg—p J1, sJg—p I=1
Xf( )(ala"' 7ap7j1a"' 7jq—p)gi1 ®"'®giqu ®gj1 ®.”®gjq7p>
B S Y S

k1, ,kag—2p 01, ,ap
X H ”gaz ||L29k1 " O oy op

= Z Z f n) ala . aapakla"' ;k‘qup)f(n)(aly"' aapaqu*erla"' 7k‘2q72p)

ki, kag—2p a1, 50p
p
X (H)\al> Ik @ '®gk2q72p ’
=1
therefore
p
R L D DR (D Dl | B AL G R R

klv"'zk2q—2p ai, - ,ap =1
924—2p
n
Xf( )(ala”' sOpy Kgpy1,- - ’k2q—2p ) H Aoy - (4.4)

Firstly, we prove A).

(h(n))4 — Z Z Z Z FO gy i) F™ G,y G FO By k) ™ (51, 5q)

7’1 Zq.]h"v]qkly' kqslv"v
(gi1®"'®glq) (gj1®"'®gjq>X(gk1®"'®gkq)X(.gs1®"'®gsq)
4,. .
= Z (f(n)) (i1, ,ig)9i @ - ® Giy»

i1, 7iq

therefore,

J O =S () i) ] ol

i1, ig =1

= Z (f(n))4(i17"' viq)H)‘il‘

i1, ig =1
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Formula (4.4) in the case p = ¢ — 1 yields,

q—1
IR n 2 = ST (S Tl ago k)

kl,kz ai, - ,ag—1 =1

(n) 2
x f"(aq,- - 7aq—17k2)> Aiep X Aky

2 2
§ : | | HgazHL2 (a17"' 7aq—17k)> )‘k
=1

ay, - ,aq—1

Y
—

X Z (f(”))Q(ah S Ag—1, k)(f(n))Q(bl, sy by, k))\i)
%

> Y () HA

a1, ,0q—1

> /(h("))4duq x n’,

which proves statement A), since n = inf{u(4;)} > 0.
7

The proof of B) consists of two steps.
B1) Let r = ¢, for any [ € {1,--- ,q — 1}, we have,
B *l B
= Z o S i) PG d)lgn © - ® g1 % 1 © - © gj,)

Zl Zq]ly 'Jq

= Z H)\ag Z Go ® @ gy, X fAar, + a, by, bgy)

s,ap s=1 b1, ,bg—1

= Z gb1 '®gbq,,< E H)\agf ai, - 'aalabla"'abq—l)>7
b

by, ! -,a; s=1
which leads to

||h(”) *2 B ”2

q—1 l
> IDu( X [ ot b0)’

b17"'7bq—l t=1 ai, - ,ag s=1

1
ﬁ”h(n) x A,

which yields the desired conclusion.
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B2) Forany r=1,--- ,gq—1,and Il =1,--- ,r, we see that

R L p ()

I
= Z HAas Z go, @+ D G, Z Z Gir @+ & Giyp ®Gj1 @+ D Gjg_,

ai,,a; s=1 b1, —1 U1y ylg—r J1, " sJg—r
Xf(ala'” alvbl7"' b’r l7i17"' 7iq—T)f(ala"' )alvbla"' 7bT—l7jla”' 7jq—r)
— Z Y @ ®g 000 g, , ®g, O D,
b1, by 1, ig—r J1s s Jg—r

X Z H)\asf(ala"' 7alabla"' ,br—laila"' aiqfr)f(ala"' 7al>b17"' 7b7“—l7j1a"' ,jqfr)'

at,,a; s=1

Consequently,

[EEY D DD DY HAbuHszM

b1, by i1, Zq rJiy 'Jq ru=1

Z H)\aqf ag,--- ,Gl,bl,"' 7b7“7l7i17"' 7Z.q—’r)f(a/17'” 7al7b17"' 7b7“*l7j17'” 7jq—r)

ai,,a; s=1

< Fﬂh(” x h

which concludes the proof, as n = inf{u(A4;)} > 0. m
7

4.3.2 Proofs of Theorems

We give below the proof of Theorem 4.2.2.

Proof of Theorem 4.2.2.
I) to II) is a consequence of U.I. of {(F("))4}. And III) to I) is given by Theorem 5.1 in [46]

(or Theorem 2.1.10 in this dissertation). We need only to show the equivalence between II)
and IIT).

For any function f € L?(u?), the orthogonal sum of I,(f) in formula (4.3) implies that

2= L(GLUL )

k=0

As a consequence, by exploiting the orthogonality of multiple integrals with different orders,

2q
E[L(f)"] = D KIGE(Sf NI
k=0

2q—1

= GHIf HIP + OUNGEI S, HIP + Zk‘HG“ff)H2 (4.5)
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where

IGFA(F NOI7 = 11,

and

@ g2 (s

CaIGEIF, )2 = @a)!IF <5 FI? = 2411 +ZW

according to (11.6.30) in [48].

If condition IIT) holds, we know that |[A(™ +L R| — 0, as n — o0, ¥r =1,---,q,
Vi=1,---,rA(qg—1). We take f = h(™ in the above relation (4.5). In view of the defi-
nition of GZ’b in formula (4.2), and the fact that || ||> — 2, we deduce immediately that

E[(F(™)*] — 30*. So condition III) implies condition II).

On the other hand, by relation (4.5) and (4.6), E[(F(™)"] = 30% implies |2 «5 h™)|| —
0, Yp=1,---,9q—1. By takmg f = h{™ in Proposition 4.3.1, we have immediately that
S (Y 5 0and Vr =1,-- ,q, VI =1, ,7 A (g — 1), 2™ <L h™|2, = 0. So condition
III) is implied by condition II).
]

Next, we show Theorem 4.2.3.

Proof of Theorem 4.2.3.
Since

Fn) — Z JARICITR )11"'Piq:IéV(h(n))

and
N®)

Qu(N™, fM G) = Zf (i1, ig)Giy -+ Gi, = IZ (h™)

share the kernel

= Z F i, ig)gin @ ® gy,
we need only to verify condltlon iii) in Theorem 4.2.1 for kernel h(™  in order to obtain the
convergence of Q,(N™, f(®) G). In view of Jensen’s inequality,
IR ®7’h(n)”L2 = 1R h™ |2 < B 47 A 2

condition III) implies immediately condition iii) in Theorem 4.2.1, and we conclude the proof.
[

Since we have shown Theorem 4.2.2, the proof of Theorem 4.2.6 is easy.

Proof of Theorem 4.2.6.

The equivalence of II) and III) is given by Theorem 4.2.2 above. By Theorem 5.8 in [50] (or
Theorem 3.4.9 in this dissertation), III) implies I). From I) to IV) is a property of Gaussian
vectors. By using again Theorem 4.2.2, we may deduce IT) from VI) under the U.I. condition.
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|
Finally, the proof of Theorem 4.2.7 is analogous to that of Theorem 4.2.3.

Proof of Theorem 4.2.7. By Proposition 4.3.1,
IR <2 Al — 0

implies

R &, M| 2 — 0,
as n — oo. Since Qg (N](n), f]("),P) and Qy; (N](n), f]("), é) have the same kernel when rep-
resented as multiple integrals, if condition IIT) is true for qu(N](n), f}n),P)7 condition iii) in
Theorem 4.2.5 also holds for Qq].(NJ(n), f;n), G) =



Chapter 5

Almost Sure Central Limit Theorems
on the Poisson space

This chapter is based on the paper in preparation [69] by C. Zheng.

5.1 Introduction of the chapter

In a recent paper, Bercu, Nourdin and Taqqu [3] have studied Almost Sure Central Limit
Theorems (ASCLTSs in the sequel) for sequences of functionals of general Gaussian fields, by
combining Malliavin calculus and some probabilistic estimate techniques (namely Stein-type
techniques and the “smart path” technique, see Chapter 2).

The aim of the present chapter is to extend the analysis initiated in [3] to the framework
of the normal approximation of regular functionals of Poisson measures defined on abstract
Borel spaces. As the main result of our study, we obtain ASCLTs for functionals of Poisson
measures, in both the one-dimensional and the multi-dimensional settings. Concretely, we
prove ASCLTs for sequences of multiple Wiener-1t6 stochastic integrals of arbitrary fixed or-
der with respect to a general Poisson measure, as well as ASCLTs for sequences of vectors of
Wiener -1t6 integrals. We have established a set of conditions which are expressed in terms
of the “star contraction operators”, introduced in Section 2.1.3 (see also [46]) and in Chapter 3.

Definition 5.1.1 (ASCLT) Fiz an integer m > 1. Let {G,} be a sequence of R™-valued
random elements converging in distribution towards a R™-valued random element G. We
say that an ASCLT holds for {G,}, if, almost surely, for all continuous and bounded function
@ :R™ — R, we have that

L G Elo(G
logn; 72(Gr) — Elp(Gx)], as n — oo.
Remark 5.1.2 Let
k
1
S = — ZX,, E>1,



98CHAPTER 5. ALMOST SURE CENTRAL LIMIT THEOREMS ON THE POISSON SPACE

with {X;;7 > 1} a sequence of real-valued independent identical distribution random variables,
with E[X;] = 0, E[X?] = 1. Then, a classic result states that the sequence Sj verifies an
ASCLT in the sense of Definition 5.1.1, where G is a standard Gaussian variable. In other
words, the sequence of weighted random empirical measures, given by

1 & 15
logn; ko ok

almost surely weakly converges to the N'(0, 1) distribution as n — oco. This ASCLT was first
stated by P. Lévy in [26] without proof. It was rediscovered by Brosamler [6] and Schatte [60]
half a century later. After that, Lacey and Philipp 23], and other researchers (e.g. [4, 17])
studied the ASCLT for partial sums both in the case of independent random variables and in
the case of weak dependence, for instance, in the context of strong mixing or p-mixing. (See
[18] for a survey of ASCLT.) Among these authors, Ibragimov and Lifshits [20] have provided
a criterion for general ASCLTs.

We present here the important result by Ibragimov and Lifshits [20], which is the basis of
our forthcoming discussion.

For z,y € R™, we write (z,y) = z1y1 + ... + TmYm (resp. |z| = \/(x,z)) to indicate the
inner product of z and y (resp. the norm of x).

Theorem 5.1.3 (Ibragimov and Lifshits, [20]) Fiz an integer m > 1. Let {Gy} be a se-
quence of R™-valued random elements converging in distribution towards a R™-valued random
element G, and set

1 Z;(eXp(“thk»—E[GXP(MGOJ)]), t e R™.
k=1

An(t)

- logn

If, for all r > 0,
E[|A,(t 2

t|<r =, nlogn
then the ASCLT holds for {G,}.

The main technique used in this chapter is the “Malliavin-Stein” method introduced in
Chapter 2 and Chapter 3. Once again, the main idea, is to assess the distance between the
law of a functional F' in the Poisson space and that of a normally distributed element Z:

sup [E[¢(F)] - E[¢(2)]]

by means of estimates involving Malliavin operators. As shown in Chapter 3, the estimation
can be done either by Stein’s method or by the “smart path” interpolation technique.

In the present chapter, we shall consider the particular case where ¢(z) = exp(itx) (or
taking ¢(x) = exp(i(t,z)) in the multivariate case), and then derive an upper bound (see
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Proposition 5.2.5) of the type:
|Elexp(itF)] — exp(—t2/2)‘

IN

1
1t 1~ BLF?)| + 5" [ ud=) (1D.PPID.LF

+ V312 (/BIND2F, DL F) 2132 + \/EINDF, =D2L=1F) 12 |2,
+ \JEID2F,=D2L1F) 12 22, )

with the help of the Poincaré inequality stated in Lemma 5.2.1. A multi-dimensional counter-
part of this estimates(Proposition 5.5.1) will be developed along the same route.

Based on this assessment, we may deduce an upper bound for E|A,(¢)|> in Proposition
5.2.6. In the particular case of Wiener-Itd6 multiple integrals, one can obtain an explicit eval-
uation of the above upper bound, which leads to ASCLTs through Ibragimov and Lifshits’s
findings. Consequently, for each CLT built in [46] and in Chapter 3, we establish its corre-

sponding ASCLT with practical and simple criteria.

The chapter is organized as follows. In Section 5.2, we apply the the “smart path” interpo-
lation techniques in order to deduce an upper bound for the functional E|A,(¢)[?. In Section
5.3 we develop several tools crucial for the derivation of an upper bound for E|A,(¢)|?, in the
case of Wiener-1td6 multiple integrals. In Section 5.4 we find the ASCLT counterparts of the
one-dimensional CLTs built in Section 2.1.3 (or in [46]), and in Section 5.5 we study multi-
dimensional ASCLTs. To conclude the chapter, in Section 5.6, we revisit all the examples
concerning functionals of Ornstein-Uhlenbeck Lévy processes from Chapter 3.

5.2 Estimation

In order to study the ASCLTs on the Poisson space, we shall verify the conditions in Theorem
5.1.3. In this section, we present a series of estimate techniques in the framework of Malliavin
calculus leading to an explicit upper bound for E[|A,(#)|?] in Proposition 5.2.6.

Lemma 5.2.1 (Poincaré inequality — Houdré, Pérez-Abreu, [19]) Let FF € DomD
be a Poisson functional, then
Var(F) <E||DF|75,-

Lemma 5.2.2 (Nualart and Vives, Lemma 6.1 and Theorem 6.2 in [41]) Let F,F* be
two Poisson functionals such that F, F*, FF* € DomD. Then we have

D(FF*)=DF x F*+ F x DF* + DF x DF™.
The following lemma is a direct application of Lemma 5.2.2.

Lemma 5.2.3 Let F,F* be two Poisson functionals such that F,F* € D?>2. Suppose that
Vz€ Z, D.F x D,F* € DomD , and (DF, DF*)2(,) € DomD. Then we have

D(DF,DF*)2(,) = (DF, DDF*) 12y + (DD F, DF*) 12,y + (DD F, DDyF*) 2,

P-a.s. , for p-a.e. t € Z.
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Proof. We shall show that, P-a.s. , for p-a.e. t € Z:
D{(DF,DF*) 15,y = Di ( /Z 1(dz)D, F x DZF*>
Dy, (/Z ((dz)D,F x DZF*>
2 [ w2 wi(D.F % Do)
/Z u(dz) (DZF X WD, F* + U, D,F x D.F* + U, D,F x \I/tDZF*)

Q (DF, 9, DF*) 2 + (W, DF, DF*) 12, + (9, DF, U, DF*) 12,

5 * * *
© (DF,D,DF*) 2,y + (DyDF, DF*) 2 () + (DyDF, DyDF*) 2.,
where ¥, F' = F(w+ 0;) — F(w) with §; a Dirac operator on t. Now we justify relation (1)-(5).

Relation (1) and (5) are implied by Lemma 1.2.4. Relation (3) is obtained by using Lemma
5.2.2 and Lemma 1.2.4. In order to justify (2) and (4), we need the following facts.

By definition, F, F* € D2 imply that D,F and D,F* are both elements of L?(P;L?(u)).
Without loss of generality, one can alway select versions of DF and DF™ such that

{2z D,F(w)} € L*(n), Vw € Q,

{z = D, F*(W)} € L*(p), Vw' € Q.

So, for any pair (w,w’) € Q x Q, we have, by Cauchy-Schwarz inequality, that
{2+ D,F(w) x D,F*(w)} € L* (). (5.1)

To justify (2), we set ¢(w,z) = D, F(w) x D,F*(w), Since ¢ € DomD, [, ¢(w,z)u(dz) €
DomD, and {z — ¢(w, 2)} € L*(p),Vw, we have that,

v, /Z o(w, 2)uldz)
= [ st ontd) - [ o uldz)
7 7z
— [ ol uld)
Z
, which justifies (2).

To justify (4), we need to show that Vw € Q, the following applications:
{z+— D, F(w) x ¥, D, F*(w)}

{z = UD,F(w) x D,F*(w)}
{z+— VD, F(w) x V,D,F*(w)}
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are elements in L1(u).
Indeed, since D, F*(w) € DomD, by Lemma 1.2.4 and relation (5.1), we have that, for any
w € Q, the following application (with respect to z):

(W) X (WD F (w))
(W) X (D F(w +6) = D F* (w))
= F(w) x D,F*(w+ 0) — D,F(w) x D,F*(w))

belongs to L' (u).

The proofs that the other two elements belong to L' () is completely analogous. m

Remark 5.2.4 Let F = [,(f) and F* = [,(f*) for two kernel functions f € L2(uP),
f* € L2(u9). Suppose that f, f* satisfy Assumption A and B defined in Definition 1.1.7. We
look for appropriate conditions on f and f* in order to apply Lemma 5.2.3. We need only to
verify the following two conditions: (1) (DF, DF*)2(,) € DomD ; (2) D, F' x D, F* € DomD
for all z € Z.

Let f.(-) denote f(z,-). By using relation (3.12), we have,

(DF,DF*) 1200 = 11 /Z $(d2) Ly (f2) g (f7)

p+q—2
- /Z w(dz) S (G (L 1)),

k=[q—p|

Therefore, by conducting the same deductions shown in the proof of Proposition 3.4.6, Con-
dition (1) is justified under the Assumption C in Definition 3.4.4 in this dissertation.

In practice, Assumption C can be replaced by simpler (but stronger) assumptions. Indeed,
according to Remark 3.4.5, Assumption C is implied by the following stronger condition: for
every k=1|q—p|V1,...,p+q—2, and every (r,1) satisfying p+¢q—2 —r — [ =k, one has

/ [\/ [ (st e ]u(d2)<00- (5.2)
Z Zk

Then, by inequality (1.9), we have

i ¢ | G e pan ]mdz)

-/ _\/Hfz*if;"lliQM | u(a2)

/ i 1 l 2 1 * 4l £x||2

, \/2||fz *p fZHLQ(qu—T—l—Z) + §||fz *p fz ||L2(,u2q—r—l—2) ] ,u(dz)

\/5 * *
v2 ( J Vst Lelzgonrrontaz) + [ 15240 Hp(ﬂzq-r-z-z)u(dz)) .

IA

IN
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From now on, a kernel f € L2(uP) is said to satisfy Assumption D if for any integers s, ¢
satisfying 1 < s <t <p-—1,

/Z 1o el g2 uarmremrzya(d2) < . (5.3)

So Assumption C is verified whenever both f and f* satisfy Assumption D.

In order to satisfy Condition (2), we need to verify that for each z € Z,

pqlp—1(f2)Iq—1(f) € DomD.
We know from relation (3.12) that

p+q—2

Loa(f) g (f2) = Y TGN (f 1),

k=|q—p|

Therefore, Condition (2) is implied by the following
Assumption E: Vz € Z foreach k=|¢—p|/V1,--- ,p+q—2,

G ) i < e (5.4

Consequently, multiple integrals satisfying Assumption D and E are eligible for Lemma 5.2.3.

To study the functional A,, in Theorem 5.1.3, we need the estimate below.

Proposition 5.2.5 Let F' be a Poisson functional such that E[F] = 0, F € D*? | DF x
DL™'F € DomD and (DF, DL’1F>L2(#) € DomD. Then, Vt € R,

’E[exp(itF)] - exp(—t2/2)‘

1
<t 1= ELFY| + [ty Var(W) + el /Z u(d=)E [|D.FP|D.L " F]]

IN

1
1t 1= BLF?)| + 5" [ ud) (1D.FPPID.LF

+ V3P (\JEIND2F, ~DLF) 1222,y + EIDF, ~D2L71F) 12y [

+ \JEID2F,=D2L1F) 1222, )

where W = (DF, —=DL™'F) 2.

Proof. Let p(t) = exp(t?/2)E[exp(itF)], then by using the generalized chain rules Lemma
3.2.1,

O'(t) = texp(t?/2)Elexp(itF)] + iexp(t?/2)E[F exp(itF)]
= texp(t?/2)E[exp(itF)] — texp(t?/2)E[exp(itF)(DF, —DL_1F>L2(“)]
+ itexp(t?/2)E[(R,—DL™'F) 12,1,
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with
1 : _
|E[(R, —DL™"F)r2(,)]| < iﬂ(exp(ztx))ngoo X /Zu(dz)IE [|D.FP?|D.L7'F|].

sup ' (u)] < [¢]
u€(0,t]

t|? exp(t?/2)E [|1 — (DF, —DL*1F>L2(M)|]

5
=
|
5
=
A

IN

1
+ 5|t|2exp(t2/2) x || (exp(itz))” |loo x/Z,u(dz)E [|D.F]?|D.L7'F|]

|t|* exp(t?/2)E [|1 — (DF, —DL*1F>L2(M)|]

IN

1
- 5|1t|4exp(t2/2) w(d2)E [|D,F*|D.L7'F]|] .
Z

What remains to us is to evaluate the upper bound of the above inequality.
Since
Var(F) = E[F?] = E(DF,—DL™"'F)12(,],

we apply Cauchy-Schwarz inequality, and inequality
Var(W) < IE[HDWH%Q(H)] (by Poincaré inequality Lemma 5.2.1),

then we have

IN

E [|1 — (DF, —DL*1F>L2(N)|]

E[|1 - E[F2)]] + /Var(W)
< E[1-E[FY]+ E[|[DWIZ2,)]

By the definition of D and L™, it is easy to deduce that F' € D?>2 implies L™'F € D?*2, so
all the conditions to apply Lemma 5.2.3 on F and L™ F are satisfied. Note that (a+b+c)? <
3(a® + b + ¢?), Ya,b,c € R, we have:

HDWH%Q(;Q H<D2F7 _DL_1F>L2(M) + <DF7 _DQL_1F>L2(,u) + <D2F7 _DQL_1F>L2(,LL)”%2(;L)
< 3|(D*F,=DL™'F) 2|72,y + 3I{DF, =D*L™'F) 12 |22,

+ 3I(D*F,—=D*L™'F) 121 72(,)-
Finally, the conclusion is obtained by using the inequality

Va?+ b+ <la|+ bl + ||, Va,b,c € R.

[ |
To conclude the section, we present an explicit upper bound for E[|A,,(¢)|?], with the help
of Malliavin calculus.

Proposition 5.2.6 Let {F(k);k =1,...,n} be a sequence of Poisson functionals such that
F®) ¢ D22 E[F®)] = 0 and Var[F®)] = 1, for all k = 1,...,n. We also suppose that
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DF® x DL7'F® € DomD and (DF® DL™'FU) 5, € DomD for all k,l = 1,...,n
Then, for any fized positive real number r and ¥Vt < r, the functional A, (t) defined as

1 1
(0 = 1o 2 g oxplitF) ~ Blexp(ie2), N (O,1)
satisfies:
|
E[A, ()] < S° (2P E(FOFO)| + 4v3r25(FW, FO)
log n, = kl
+ ot [ R [ID(F0 - FOPID.L E - O] )
Z
2L, 1
v sl H(3vVER S0 FW) 4 | n@E (I PID.LF O] )
log? ni— 2 Jz
with

S(FFY) = \JBI(D2E, ~DLF*) 2y + /EIDE, D21 F) g [,

+ JEID?F, =D L F*) 12 |2, (5.5)

w\»a

and L, Z

Proof. Given a positive real number r. We note g(t) = E[exp(itZ)] = exp(—t2/2), |t| < r.
Then

1 X1
EA, (D)) = —— Y —E Fk)y — —itF) —
[An(t)| logZ”g%kl [(exp(itF™) — g(t)) (exp(—itF'V) — g(t))]
1 L1
_ - N H(FR — pOW] — 20) — (k)
o7 2ol (ELew (0 = FO)] = g%) — gt6) Blexp(itF )] - (1)
—g(t) (Elexp(~itFO)] - (1)) ).
Now we apply Proposition 5.2.5 to Poisson functional %, and we have

‘E[exp (it(F®) — F<l>))} - gQ(t))
") _ pO)
E[exp(it\/iF\/iF

1 - SE[(F® - FOY)

)] —9(v2t)

< 22 + 22, /Var((D(F®) — FO), - DL-Y(F®) — FO)) 2 )

+ g xart [ )k [|D. (P — FORD.LE® - FO)).
Z

Notice that

1
- (k) _ p(1))2
SEI(F® — FOY

SE[(F®)?] - SE[(FO)) + E[F® FO)

: — [E[FOFO),

-

:'1_
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and

\/Var((D(F® — F0), —DL-Y(F®) — FO)) 2 )

= \/Var (DF(®), —DL=1F®) 5,y — (DF®), ~DL=1FO) 5,y — (DFO, ~DL-LF®) 5,

+(DFW, —DL=tFW) )

< \/Var(<DF(’f),—DL—lF(’f)>Lz(#)) + \/Var(<DF(k),—DL—1F<l>>L2(M)

+ \/Var(<DF(l), —DL 1 F®) 20,) + \/Var(<DF(l), —DLFW)12,).
By similar arguments in the proof of Proposition 5.2.5, we get
‘E[exp (it(F®) — FU)))} - gz(w)
< 22 E[F® O] + 1 x 47“4/Z,u,(dz)E []DZ(F(k) — FO)2|D,L~H(F® — F<l>)|}
+o2v/32 ( (F®), plk >)+S(F<k>,F<l>)+S(F<l>,F<k>)+S(F<l>,F<l>)),
with S(-,-) defined in (5.5).

Then, by Proposition 5.2.5 and the fact that |g(¢)| < 1,

1 LI |
E|An(8)]* < o > kl(zﬂum FOFO] 4 2v/3r2(S(F®), FO) 4 S(FO| pR)Y)
k=1

+ (V3 + V32 (S(F®, FW) 4 5(FO FO))

+ ;7«4/2( [\D FOR|p, 1Rk >|} +E[|DZF(’>|2\DZL*1F<”@

+ 4B [ID.(FY — FOPIDL Y — PO Juta)

1 "1
- 2 k) 2 k) )
log2n,;1 kl(w E[F® FO]| + 4v/3r25(F®)| pO)

+ 2t [ W(@B[[DAF® — FO)RD.LE® - FO)])
Z

Mzk@fr%*( ), P04 ;#/Z (dz) (E [\D FWP2|D, L~ 1F’f>@)

log? ni_

5.3 The case of the Poisson Wiener chaos

In the previous section, we have obtained an explicit bound for E[|A,(¢)[?], but the explicit
assessment of Malliavin operators remains a obstacle. From now on, we study the Poisson
multiple stochastic integrals, for which we are able to evaluate these Malliavin functionals.
We shall establish ASCLTs for them.
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5.3.1 Two properties of the star contraction

We present here two properties of the star contraction. By convention, we denote by f,(-) the
function f(u,-) with a fixed parameter u.

Lemma 5.3.1 Given integers s,t,p,q such that 0 < s <t < pAgq, we definek =p+q—s—t.
Let f € L2(uP™1) and g € L2(p9) be two symmetric functions. Then

[ @0l a1 = 11 5 a0y

Proof. Let x", y", z", w” be shorthand for (z1,...,2s), (Y1,---,Yn), (21,...,2n) and
(w1, ...,wy)and let dx", dy", dz", dw™ be shorthand for pu(dxi)u(dzs) . .. p(dey), pldyr)p(dyz2) - . . w(dyy),
p(dz1)u(dzs) . .. p(dzy) and p(dwy)p(dws) . .. p(dw,) respectively.

By the definition of the star contraction operator, we know that

Jurg g(x'7% P 207t = / dw* f (W, x5 yP ) g(w®, x5, 277Y).

s

Then we have,

[ utdwlig s gl
= /u(du)/ dxtsdyptdzqt/ dws/ dw'” fu(w* x'75 yP ) g(w* x" 75 2971
A Zk s s

> fu(W/S’ xtfsy ypft)g(wls? ths7 zqft)

_ /Zk-H dxtfsd}—,erlftquft / dw? / ClW/Sf(WS, ths’ }—,erlft)g(Ws? ths7 qut)

> f(W/S, ths7 }—,p+1ft)g(wls, ths’ qut)

If *; QH%Q(MH)-

In the preceding calculations, the notation 7!~ is defined by

}—,p+1*t = (’11,7 yp*t) = ('LL, Y, .- 7yp—t)'

By the same deduction, one also proves the following statement.

Lemma 5.3.2 Given integers s,t,p,q such that 0 < s <t < pAgq, we definek =p+q—s—t.
Let f € L2(uP™1) and g € L2(p9%Y) be two symmetric functions. Then

[ @0l 0y = 15 #1291y
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5.3.2 Upper bounds

While studying Poisson multiple stochastic integrals, we are able to provide deterministic up-
per bounds to replace the Malliavin calculus involved in the estimation in Proposition 5.2.6.

ATTENTION: For the rest of this chapter, we suppose that all the kernel func-
tions f € L%(uP) satisfy Assumption A, B, D, E.

We shall prove three technical lemmas.

Lemma 5.3.3 Fiz two integers p,q > 2. Let F = L,(f), F* = I,(f*), with f € L?(pP) and
f* € L2(u9). Then
E|[(D*F, =DL™'F*) L2 l[72(,,

pt+q—3 (p—1)Aq

< p2(p - 1)2 Z Z C(p - ]-aQa k?t)llgs(t,k)StHf*:(t,k) f*||%2(uk+1)>
k=lg—p+1| t=1

with s(t,k) =p+q—1—k—t and C(p—1,q,k,t) given by Lemma 3.4.2 or Remark 3.4.3 in
this dissertation.

Proof.
Di,zF = p(p - 1)Ip—2(f(uﬂ 2, )) ) _DZLilF* = q—1(f*(2, ))

Then, by the “product formula” equation (1.12), we have
(D*F,—=DL™'F*) 12(,(u)

- /Z w(d=)p(p — DIpa(f( 7)) % Ips (F5(2. )
p+q—3

= p(p— 1)/Zu(dz) Z I, (Gz*2vq*1(fu(z,~),f*(z, ))) (5.6)

k=|q—p+1|

The above expression (5.6) is similar to that in the proof of Proposition 3.4.6, so we need the
following assumption (analogous to Assumption C): for every k =|¢—p|V 1,...,p+q— 3,

/ [\/ / (G297 (f(2, ), g2 ))2dat ]a(dz><oo. (5.7)
7Z Zk

As shown in Remark 5.2.4, Assumption D is stronger than the above assumption, thus permits
us to do the forthcoming calculations.

We know that line (5.6) equals

p+q—3 e
pp—-1) Y Ik<G§_1’q(fu,f*)>-

k=[q—p+1]
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Consequently, by Lemma 5.3.1,

E|[(D*F, =DL™'F*) 2 [I72 (0

p+q—3 I
= Po-17 i) Y EWQﬁ*%mFD]
Z k=|q—p+1]|
p+q—3 /T 2
= -1 Y /u@@’@%“%njﬂ)
k=lg—p+1]7Z L2(p*)
p+q—3 (p—1)Aq e
< p2(p - 1)2 Z / ,u(dz) Z C(p - 17 q, k7t)11§5(t,k)§t|’fu *: ’ f*H%Q(Mk)
k=|g—p+1] t=1
p+q—=3 (p—1)Aq "
< Pr-1? Y Clp = 1,0,k ) licsiyaillf 55 PRy,

k=lg—p+1| t=1
where s(t,k)=p+q—1—k—t. =
Remark 5.3.4 Note that, the upper bounds appeared in Lemma 5.3.3 and in Lemma 5.3.5,

Lemma 5.3.6 below can be infinite. But in the forthcoming discussions of almost sure central
limit theorems, we will only deal with the cases with finite bounds.

Lemma 5.3.5 Fiz two integers p,q > 2. Let F = I,(f), F* = I,(f*), with f € L?(pP) and
f* € L%(u?). Then
E[[(DF, —=D*L™ F*) 2172,

p+q—3 pA(g—1

)
S ,k k
< p(g—1)° E E C(p,q— 17kat)11§s(t,k)§tuf*t(t ) f H%Q(ukﬂ)a
k=lp—q+1| t=1

with s(t,k) =p+q—1—k—1t and C(p,q — 1,k,t) defined in Lemma 3.4.2 or Remark 3.4.3
i this dissertation.

Proof. Under Assumption A, B, D, E on function f and f*, we are allowed to do the following
calculations. Since

D.F :pIP—l(f(Zv‘)) ) _Di,zLilF* = (C]— 1)Iq—2(f*(u’za ))7
then, by the “product formula” equation (1.12), we have
(DF,—=D>L™'F*) 12(,(w)

= [ T (50) % (0= Dol ()
p+q—3
= pa- [ ) > (G £G)
Z k=|p—q+1]
p+q—3 e
- a0 Y B (@),

k=[p—q+1]
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Similarly, by Lemma 5.3.1,

EI(DF, —D* L™ F*) 1272,

pt+q—3 P
= P2 [ Y E [I,?(Gi’ql(f,f;*))]
7 k=lp—q-+1]
p+q—3
- pa > [ (@ )|
k=|p—q+1]| L2(u*)
p+q—3 pA(g—1)
< plg—1)° Z / (dz) Z Cp,q— 1,k t)Li<gup) <t||f*s(tk f;”%'z(#k)
k=|p—q+1]|
p+q—3 pA(g—1)
< Pa-02 Y Y Cla-LEDLcemzdlf 5 PR,

k=lp—q+1| t=1

where s(t,k)=p+q—1—k—t. =

Lemma 5.3.6 Fiz two integers p,q > 2. Let F = I,(f), F* = I,(f*) , with f € L?(uP) and
f* € L2(u?). Then

E[[(D*F, =D*L™"F*) 12|72,

p+q—4 (p—1)A(g—1)

< p2( 1 q—l Z Z Clp—1,q-1 kt)11<stk <tHf*t+1 I HLQ k1)
k=lp—q|  t=1

with s(t,k) =p+q—2—k—1t and C(p — 1,q — 1,k,t) defined in Lemma 3.4.2 or Remark
3.4.83 in this dissertation.

Proof. Under Assumption A, B, D, E on function f and f*, we are allowed to do the following
calculations. Since

Dy F =pp—Dlpa(f(uz) o =Dy L7F" = (g Dlga(f*(u,2,)),
then, by the “product formula” equation (1.12), we have
(D*F, =D*L™"F*) 12(,(u)
= /Zu(dZ)p(p = DIp—2(f(u,2,)) x (¢ = Dg—2(f"(u. 2,-))

ptHq—4
= == [ pd) 3 1 (G (). i)
k=|p—q|
ptHq—4 —
-0 3 1 (G ).

k=|p—q|
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In consequence, by Lemma 5.3.2,

E|[(D?F,—D*L™"F*) 12 32

ptq—4 -
= P11 [ ) Y E[I;?(Gi_l’q_l(fu,fi))]
7 k=[p—q]
p+qg—4
= pp-1%—-1% > / (dz) ||GP~ 0L l(fu,f)
k=lp—dl L2(n%)
p+q—4 (p— 1)/\q 1)
< pPp—1)*(g—1)? Z / (dz) Clp—1,9 — Lk, t) i<y py<tll fux; X (R) f;||%2(“k)
k=[p—q]
p+q—4 (p—1)A(g—1)
< p2( q_l Z Z C(p_17q_17kat)llgs(t,k)gtnf*f-(:ik) f*H%Q(quLI)’
k=lp—q|  t=1

where s(t,k) =p+q¢—2—k—1t. =
From these three results we obtain immediately the following lemma:

Lemma 5.3.7 Fiz two integers p,q > 2. Let F = L,(f), F* = I,(f*) , with f € L?(uP) and
f* € L2(u?). Then there exist nonnegative constants cs1,0 < s <t <pAgq, such that

I 2 uwra-t=s)

8

IN

S(FF") < ,,ZZ
t=1 s=0
\[ Aq
P

t
> cat(f % Fllzagen—ri—sy + 155 £l L2(2a-t-s))-
=0

5.4 ASCLT

Using the explicit estimates of the precedent sections, we are now able to deduce ASCLTs
for sequences of random variables with the form of Poisson multiple integrals, by providing
adequate conditions.

5.4.1 Integrals of order one

We note || fllrs) = ([, p(dz)|f(2)[?)/3. We now consider a sequence of random variables
{F®);k=1,2,...} such that F®) = I;(f®), where f¥)(-) € L?(u),k = 1,2, ... are functions
in one variable.

The following theorem gives an ASCLT for Poisson multiple stochastic integrals of fixed
order ¢ = 1, by providing a criterion on the kernels of these integrals.

Theorem 5.4.1 Let {F™} be a sequence of random variables of the form F™ = I;(f™),
with f € L2(u) N L3(w). Assume that

Var[F(")] [(F(n ) | = Hf ||%2(y) =1,
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and that
1F 3y =0 as n— oo,

law

Then, F 2% N ~ N(0,1) as n — oo. Moreover, if the two conditions (A1) and (A2) below
are satisfied :

.« (A1)
1 & EFRFRO 1 &R, O) o] ‘
nz2"10g3nk,1:1 ki - >2"10g3”k,z:1 ki =
. (42) )

then {F(")} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
function ¢ : R — R, we have

RS
ZEQO(F( )) — E[p(N)], as n — oo.
k=1

logn

Proof. The CLT part:
J QLN

follows immediately from Corollary 3.4 in [46] . In order to apply Theorem 5.1.3, we use an
argument similar to that in the proof of Proposition 5.2.6.
We fix r > 0, for every ¢ such that [t| < r,

‘E[exp (it(F(k) — F(l)))} - 92(0‘
= 22 EF®FO) 4 24 / u(d2)|f9) (2) — fO(2)?
A
< 22 BFOFOY 1859 FO 3 + 1O 20,

On the other hand, by Proposition 5.2.5, we know that

1 1
[Efexp(F™M)] = g(t)] < 21”4/Zu(dZ)lf(’“)(Z)l3 = 57 IO @ s

Therefore,
EIAOP) < o > & (2R EFOFO)
= log’n e l

LT 40 w(k) )3 OXE
+ S U g + 15V 1g,))-

This shows that the condition of Theorem 5.1.3 are verified when conditions (Al) and (A2)
in the statement are satisfied. m
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Remark 5.4.2 The following conditions are sufficient conditions for (A1) and (A2) respec-
tively:

e (Al’) Ja > 0,C > 0, such that

forall 1 <[l <k

e (A2’) 38 > 0, such that
||f(k)”?iS(u) = O(k™"), k — oo.

(A2)=(A2):
By standard calculation, we know that there exists some constant Cp, such that

n

1
> %Hf(k) 173y < Co

k=1
for all n € N.
Therefore,
> Ly l|yf(k)\\%3()<002 S
2 2 :
= nlog n— k i = nlog®n
(A1)=(A1):
For some constants C7 and C5, we have
1 & [E[FOF®)) 1 & i
> >3 D ket e
D < 3
o log M= kil o nlog”n = =1
1 "1
< C —
- 1ngfllog?’nk:lk
1
< Oy Z 3 X logn
e nlog’n
< oQ.

We point out that Condition (A1’) and (A2’) are easier to verify in practice.

We present here an example of application of the Theorem 5.4.1. Let N be a centered
Poisson measure on R.

Proposition 5.4.3 Let {F(”),n =1,2,...} be a sequence of random variables on the Poisson
space, defined by

FM = [(hy,) = /R hn (2)dN (z)

where h, = n_l/gl[om] is an element of the first Wiener chaos associated with a centered

Poisson measure N. Then F™W % N ~ N(0,1), as n — oo . Moreover, {F™} satisfies an
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ASCLT. In other words, almost surely, for all continuous and bounded function ¢ : R — R,

we have
1 21
2 (k)
logng::1 kgo(F ) — Elp(N)], as n — oo.

Proof. The fact F™ ™% N comes from a simple application of the standard CLT.

As an application of Theorem 5.4.1 and Remark 5.4.2, we now verify Condition (Al’) and
(A2).

Firstly, we notice that, for positive integers 1 <1 < k,

L l
mrOre) = [ - /L
FOFR) = [ —do =7

1
vk
As shown in Remark 5.4.2, both (A1’) and (A2’) are satisfied, which leads to ASCLT. m

On the other hand, we have
1hill7 =

5.4.2 Multiple integrals of order ¢ > 2

For a fixed integer ¢ > 2, we consider a sequence of random variables {F(k), k=1,2,...} such
that F®) = I,(f®), where f®*)(-) € L2(u9),k = 1,2,... are kernel functions with ¢ variables.

Theorem 5.4.4 We fiz an integer ¢ > 2. Let {F®)} be a sequence of the form F®) = I,(f*)),
with f®) € L2(u9). Assume that

E[(F®)] = gy ¥ 2a =1 for k=1.2,...,
and that the following conditions hold:

o for every k > 1, the kernel f%) verifies Assumption A, B, D, E for everyp = 1,...,2(q—
1);

o foreveryr =1,...,q and everyl =1,...,rA(q—1), one has that ||f(k)*lrf(k)HLz(#gqﬂ;z) —
0 as k — oo;

o [, (fON4du? — 0 as k — oo,

then, F™) o8 N~ N(0,1) as n — oo. Moreover, if the three conditions (B1), (B2) and
(B3) below are satisfied :

e (B1)

nlog n

n>2 k=

—
3
[\
N
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e (B2)
1

nlog?n

1
EHf(k) * f(k)HL2(,ﬂqfrfl) <00
k=1

D

n>2

for everyr=1,...,q, l=1,....,rAN(¢g—1);
e (B3)

D

n>2

4dq
Z/Zq put < 090,

nlog n

then {F(")} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
function ¢ : R — R, we have

: Zn: llgSO(F(k)) — E[p(N)], as n — oo.
1

lognk:
Hf*g Fllr2guey = / fAdpa.
Z4a

Condition (A3) can be seen as a complement to Condition (A2) for r = ¢, = 0.

Remark 5.4.5 Note that

Remark 5.4.6 We may use the following sufficient conditions to replace (B1), (B2) and (B3):

e (B1’) 3a > 0,C > 0, such that

forall 1 <1 <k;

e (B2’) 35 > 0, such that
1795 P lagan-rty = OK?), ko0

foreveryr=1,...,q, l=1,...,7AN(g—1);

e (B3’) 3y > 0, such that
Wy = [ Tt = 0G), k=

See Remark 5.4.2 for details.
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Proof. The CLT part of Theorem 5.4.4 is an application of Theorem 2.1.10 (or Theorem 5.1
in [46]).

In order to show the ASCLT, we apply Proposition 5.2.6 and Theorem 5.1.3.

According to Proposition 5.2.6,

E|A,( — x 2r?[E[F® ) 5.8
| < log - z:: | E[ Jl (5.8)
257, py 1 2ln 26 pk) k)
Z x 4v/3r2S(FF) Oy 4 —x 3V3r2S(F®) FR)y  (5.9)
log n Kl log? ni—=k

k=1

1 X1
+ > —x2r! /u(dz)E [[DZ(F("‘) — FOY2 D, L=Y(F® — O (5.10)
log nkl lkl 7

Z ~x 7r / d2)E [yDZF<k>|2\DZL—1F<k>|] (5.11)

with L, = >, 1/k
So, the RHS of line (5.8) is finite whenever Condition (B1) is satisfied.

As for line (5.9), we know that, by virtue of Lemma 5.3.7, for every k > 1,

() *f f(k)||L2('u‘2q7tfs)

q t
SE® F®) < 3N ey

t=1 s=0

with ¢s; nonnegative constants, 0 < s <t < ¢ . On the other hand, by Lemma 5.3.7, for
every k,l > 1,k # [, we have

S(F®)

%

q t
SN earllF® 5 £ paguza-ioy + 1FD 55 £ 220009

t=1 s=0

with ¢, nonnegative constants, 0 < s <t < ¢ . Since L, ~ logn, the finiteness of line (5.9)
is a consequence of Condition (B2) and (B3).

For the remaining lines, we take F®) = I, (f®)) and F = I,(f®), then
E|D.(F® — FO)R|D, L7} (F® — FO)]

— B1D.1,(®) - D1, (FO)F

Q\»Jk'Q

(D Le(F M) + E[ D=1 (f 7))
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By using the inequality

/Z u(d2)E| DL L, (F)F]
b—1

q
< qg\/(q - 1)!||f||2L2(Mq) X Z Licarb<ag1(a+b—1)1"23(g—a—1)!
b=1 a=0

q—1 ? qg—1—a "
“Ng-1-a iy IR Flliegaeees

which is proved in [46, Theorem 4.2] (see in particular formulae (4.13) and (4.18) therein), we
see immediately that line (5.9) and (5.10) are finite whenever Condition (B2) and (B3) are
satisfied. m

5.5 Multivariate ASCLT

In this section, we introduce the multivariate ASCLTs for sequences of vectors of Poisson
multiple Wiener-1t6 integrals, as a natural generalization of the results in section 5.4.

5.5.1 Estimation

We shall repeat the estimate procedures in section 5.2 and 5.3. As an analogue to Proposition
5.2.5, the following result is the starting point of our discussion in the multivariate case.

Proposition 5.5.1 Let F = (Fi,...,Fy) be a vector of Poisson functional, such that for
each k = 1,....d, E[F}y] = 0, F}, € D*>? | and for each k,l = 1,...,d, DFy, x DL™'F, €
DomD, (DFy, DL™'F});2(,) € DomD. Let X¢ ~ N(0,C) be a Gaussian vector, then VYt =
(t1,...,tq) € RY we have

IE[eXp( {t, F))] = Elexp(i{t, Xc))]|

< —t22< (Fi, Fy) + [E[F;F) - C(i,j)])

1,j=1
1 d 2 /d
+ St /Z u(dz)E (Zmzm) (szrlm)
=1 i=1

with t, = Hllaxd|t | and S(-,-) defined in (5.5).

EEREE)

Proof. Recall that, in the proof of Theorem 3.3.2 in Chapter 3, we have shown the following
inequality:

d
[E[¢(Xc)] - E[p(F)]| < ;lllcb”!loo > E[IC(i,j) = (DF;, =DL™ Fy) 12,y

,j=1

1 d 2 /4 1
10" | so dz)E D, F; D,L " F;
51" | na2) (;r \) (gw r)
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for any ¢ € C3>(R?) with second and third bounded derivatives, where F = (F},..., F,) is a
vector of Poisson functional, and X¢ ~ N (0, C) is a Gaussian vector with nonnegative definite
covariance matrix C.

Given a fixed d-dimensional real vector ¢t = (t1,...,tq), we take
gb(Fl, ce Fd) = exp(i(t, F>) = exp (i(tlFl +...+ tdFd)).

And we note

d

go(t) = Elexp(ilt, Xo))] = exp(—%t’Ct) _ exp(—% Sl jtity).
ig—=1

Notice that ||¢"||ec = t2 and ||¢"||ec = 12, with t, = max |t;|. Therefore, the above inequality
i=1,...,

gives

[Elexp(i(t, F))] - go(t)] < tQZ 1C(i,§) — (DF,, ~DL™ F}) 2]
i,5=1
1 d 2 /4
+4ti’/u(dz)IE (Z\Dzmy) <Z|DZL_1Fi]>
z i=1 i=1
d
< 925" (BIFE) ~ 0. 5)| + E[EIFE] — (DF;, ~DL™F) 2, )

ij=1

d 2 /4
1
+t /Z p(dz)E (szm) (DDZL*F@-O
i=1 =1

By taking g(z) = x in Lemma 3.2.1, we have immediately
E[F,F}] = E(DF;, —DL™'F}) 12,

for 1 <1i,j < d. Then, by using Cauchy-Schwartz inequality and Poincaré inequality ( Lemma
5.2.1), we have

E[|E[F:F}] — (DF:, ~DL™'F}) 13,

< /Var(Wii) ,  with W' =(DF;,~DL "F})12(,),
< EIDWU[2, ]
Since
IDW* |22y = IKD*Fy, =DL™ Fj) 2y + (DFy, =D*L™'Fy) 2y + (D*Fi, =D* L7 Fy) p2 [ 72,
< 3|(D*F;, =DL™Fj) r2(l72() + 3I(DE;, =D* L™ Ej) 2172,
+ BI{D2F;, ~D2L ) 12122
Then,

EH]E[FlF']] - <D‘F’La _DL_IF'j>L2(u)|] < \/gs(FlvFJ)a
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from which the conclusion follows. m

The proposition below is a generalization of Proposition 5.2.6 to the multivariate case.
Notice that we no longer make assumption on the covariances of (F®) k=1,2,...).

Proposition 5.5.2 Fiz an integer d > 2. Let {F®) k = 1,2,...,n} be a sequence of d-
dimensional Poisson functional vectors, where F(K) = (Fl(k‘)7 e 7thk)). Suppose that E[Fi(k)] =
0, F¥ € D*2, for alli = 1,2,...,d, k = 1,2,...,n, and DF" x DL™'F\" € DomD |,
(DF®, DLF") 2, € DomD for all i,j=1,2,....d, k,l=1,2,...,n, then

n

1
E[A. ()] < —5— r2d Y (EIEN FV] + 28R, PP
180F) < o 3 g = 2’] (ELESES + 2SR, )
d
1
+ 47“3/,udzE (§‘ 1D.(F® — F § \D. LN FH — FO))) )
Ly, 2 (k) g &) k)
d 20 F; 45 )
+ lognz (- 3:1 CGi.5) ~E[FEPFP) +as(FY, F))

1
+ 7"3/,u(dz E
2 Jz

with S(-,-) defined in (5.5) , and L,, = Z ;
=1

(Z !DzF}k)I)Q(Z ID.L7 M)
=1 =1

)

Proof. Given a positive real number 7. We note gc(t) = Elexp(i(t, X¢))], for t = (t1,...,tq)
such that |t;| <r,i=1,...,d. Then

BIAOP = e Y (et FO) = ac(0) (exp(=it, F ) - g(0)
k=1
— o 2 g (Elexalite PO — FO)) — g3 (1)

k=1
—go(t) (Elexp(i(t, F®))] = go (1)) — go(t) (Elexp(—ift, FU))] - gc(t)))-

On the one hand, we apply Proposition 5.5.1 and obtain

[Elexp(itt, 74 — FO))] - g2.()]

k) — )
= |Efexp(i(v2t, T»] — gc(V2t)
d k) _ o0 gk _ pO
1 Y _ Y F. F:
< 2 Sy o &) _ Oy p®) _ 0 i i J J
e (106.9) ~ EIEY ~ FOXEY — F+ (-, 2 i)

+ 1 [ ntas
4

(Z|D ~F® ) (Z|D L~ F(l))\>
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By the definition of S(-,-), we know that

(k) @) k) @
S(Fz B Fi 7Fj - Fj )

k) ! ik I
= JEIDAED — EO) DL () EO

k l _ k l
+ ERDED — EO), D2t~ F)ia ey

k l _ k 1)
T \/Euw?(ﬂ-( = ED). -D2LEY — ) s lla,

By writing

A= (D*F", —DLUFM) 2 % = (D*F", —DLUFY) 5

n)» ©)

2 —1 (k) _ 2@ —1 ()
¢ = (D“F;’,-DL Fj >L2(“), D =(D“F;”,-DL Fj >L2(#),

we obtain that

J ©) ||%2(u)

EIDAEY — EO), L) F) o

= VEI2-B-¢c+D|%,

< B2, + 1BI22, + €122, + 19122,

< 2 (BRI )+ BB + BT ]+ DT

We may do similar calculations for

\/E||<D<F§’“ _ED), 21 (¥ — FO) L

J U)Hiz(y)

and

k k l
EIDEY — ), 0217 EO)) gy

then deduce that

IN
NN
n
51
=
=

Notice that,

.. 1
’C(Z,]) - §E[(Fz(k) — Fl(l))(F(k) _ F(l))”

< 31069 ~EFEOEO) + 110G, 5) - EFEEO) + L EIEVED) + JJE(F

119
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therefore,

)E[ew( (t,F® — FO))] - g2.()

IN

1 0.7 l k
ZdZ( €G3 - EEY FP) + 51065 ~ B E) + 5 | EFMFY) + - | (Y EM)
i,j=1
+ SED FM) 4 sED FY) + (Y, FP) + s(FY, F(z>)>

1 d
+ 47“3/Z,u(dz1[£ (;wz(ﬂ(’“)—F“ ) (Z|DL (FP - F)

On the other hand, we have

)E[expwa FO))] = go (o)

k) -(k k k
< —er Z (|C i,j) —EEVED) + s(FY F ))>

3,j=1

4 ir?’/ {(ZD F ) (Zyp I 1#’“\)

=1

Putting these two parts together, we get

1 - k) l) () Jal
E[lA,(B)]?] < 2d E E[F; F + 25
H ()|] = 10g2nkl (T ’ | ( ] ))

d
1
+ 47"3/,u(dzE (Z]DZ(Fi(k)— Z]DL (F® — "))

Ly 2 ® ORC
+ lognz ( d;I 20 (i, 5) — EIFMVFM]| 4 45(F®, FM))

1
+ 7“3/,u(dz E
2 Jz

1,5=1

)

(Z |DZF§’“>|)2(Z ID.L FM)
=1 =1

]
5.5.2 ASCLT
Fix an positive integer d > 2, and positive integers q1,qo,...,qs. We consider sequences of

vectors of the type
k k k k
F®) = (F1( )7"'?Fd( )) = (Ifh(fl( ))7"‘7IQd(fd( )))’ k=12,...

with fi(k) € L2(u%). Tn Chapter 3 we have studied the CLTs for these vectors of Poisson
multiple integrals, now we build ASCLTs for them.
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Integral of order 1

We first suppose that g1 =g =... =qq = 1.
Theorem 5.5.3 Fiz d > 2, let X ~ N(0,C), with

C=1{Cl,j):i,j=1,...,d}

a d x d nonnegative definite matriz. Let (F®) k=1,2,...) defined by

F® = (1), Li(g{) = W (). . N(g{))

be a collection of d-dimensional random vectors living in the first Wiener chaos of the compen-
sated Poisson measure N, where gz(k) € L2(u)NL3(u) fori=1,....,dk =1,2,.... Suppose
that

lim E[F"FM] = Jim <g< L ey =Clig) L 1<ij<d

k—o00

law

If for every i, 1 <i<d, ||gl ||L3( — 0 as k — oo, then F®) =% X Moreover, if the three
conditions (C0), (C1) and (C2) below are satisfied :

o (CO) for every pair (i,5), 1 <i,j <d,

1 k) (k) 1 1 (k) (k)
3 C(i,5) — EIFOFM) =3 ——=5" 210G 5) = (9, 01 12| < oo
n>2nlog ne k" J ‘ = nlogni— k“ J
e (C1) for every pair (i,7), 1 <i,j <d,
1 E[F" F)) " g™ o)) gl
2132 K Zl JL(M) °
n>2 MO8 Ty n>2 't og’ =
o (C2) for every i, 1 <i<d,
- L k)3
7; nlog nkg ng’L HL3(M) < 0,

then {F(")} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
function ¢ : R* = R, we have

1 "1
- (k)
logn; kgo(F ) — E[p(X)], as n — oo.

Proof. The CLT part is an application of Theorem 3.4.9 and Remark 3.4.10 in Chapter 3.
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The ASCLT part is a direct consequence of Proposition 5.5.2 and Theorem 5.1.3. By
Proposition 5.5.2,

E[| A, ()] (5.12)
| 2
S ogZn 2= <4 2 (ELE (5.13)
logznkJZ_ kl ,]ZI
Ln_§~1 y (k) (k)
+ 3 £ xrid Y (2(C(,5) — E[F; FM) (5.14)
g n i — ]
Lo ! O )y I N1 ) )
7 25(F; ,F' —4S8(F. ,F, 515
* gt o i S )+ gt 2 RS (5.15)
n d
Ln 11 3/ B b
+ — X dz)E D.(F™) — F 5.16
loankZ1 ak 4" ZM( ?) [(;’ (F; ol (5.16)
d
— k 1
(Y 1D ED — FO)))] (5.17)
i=1

(5.18)

Zxr/,u(dzIE

d d
(S ID-EO) (31D FY)
i=1

1og n P

Indeed, we need only to focus on the parts having Malliavin operators (that is, line (5.16),
(5.17) and (5.18), while the rest may be treated by similar arguments as in the proof of
Theorem 5.4.1 and Theorem 5.4.4, with the help of Lemma 5.3.7. We have

[/ a
/ p(d2)E (Zmz(ﬂ"“) ) (DDL F<’>>r>
z P
- dl 3
_ /M(dz)IE (Z gE’”gf”)]
Z i=1
d
2 Ng® — D3
< d;/zu(d)\gz 9|

d
k l
< 4y (Ilg§ 330 + 1o )”iw)

=1

and

d 2/ 4 d 3 d
k — k k k
| wiaze (Z}wﬂh) (z;rDzL 1&”\) = [ uiaz) (;\gm) <@ 3 lloi g

=1

So the convergence of the sum of these parts (with a weight
(C2). m

) is justified by Condition

nlogn
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Remark 5.5.4 Notice that Condition (C0) is new with respect to Theorem 5.4.1. Indeed, we
make the assumption that Var[F(] = 1 in the statement of Theorem 5.4.1, while in Theorem
5.5.3 we no longer make analogous assumptions. Consequently, Theorem 5.5.3 is a genuine
generalization of Theorem 5.4.1.

Remark 5.5.5 By the same arguments as in Remark 5.4.2, the following are sufficient con-
ditions for (C0), (C1) and (C2):

e (C0’) for every pair (i,7), 1 <1i,j < d, there exists 6 > 0, such that

C(i,j) ~EIFVFP)| = 0(k7), k= oo

e (CY’) for every pair (i,j), 1 <1,j <d, there exists a > 0, such that

EFPFEY) <C <li> . VI<I<K

o (C2') for every i, 1 < i < d, there exists 5 > 0, such that
9 200 = OGP), k= 0.
Multiple integrals of order g > 2
Now we suppose that q1,...,qq > 2.
Theorem 5.5.6 Fiz d > 2, let X ~ N(0,C), with
C={C(,j):4,j=1,...,d}

For any n > 1 and

a d X d nonnegative definite matriz, and fix integers qi,...,qq > 2.
;m > 1} by

i=1,...,d, let fi(n) belong to L2(u%). Define the sequence {F™
FO = (F™ Py = (1, (f™), . T, (), m=1,2,...
with fi(n) € L2(u%) and suppose that
lim E[F™F™] =1 U lim (F™ Y o e = O, ) 1<ij<d (5.19)
n-soo L& T (g=a) %" 7 JERN i o T L2 (u) ) =) >0 .

Assume that the following Conditions hold for every k =1,...,d:
1. For every n, the kernel f,gn) satisfies Assumptions A , B, D , E.

2. For everyr =1,...,q; and every L =1,...,7 A (qr — 1), one has that

Hflgn) *i f]in)HLQ(qukﬂ,l) — 0’
as n — oQ.

(m)*
8. Asn — 00, [,q, du (fk ) — 0.
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law

Then, F( 2% N ~ N(0,1) as n — oo.

Moreover, if the four conditions (D0), (D1), (D2) and (D3) below are satisfied :

(D0) for every pair (i,7), 1 <1i,j <d, with ¢; = g,

1

nlog?n

"1
> |06.) —EFPFP]| < oo
k=1

D

n>2

(D1) for every pair (i,7), 1 <i,j < d, with ¢; = g,

1 & EFYFY)

1 & P A |
Z Lkl :Z 3 Z Ll < 00

k,l=1 n>2

D

n>2

nlog®n

(D2) for every pair (i,7), 1 <i,j <d and for everyr =1,...,q, l=1,...,7AN(g—1),

1

nlog®n

> I S 1 ety < oo
k=1

>

n>2

(D3) for every i, 1 <i <d,

then {F™Y satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
function ¢ : R* = R, we have

RS
ZE(,O(F( )) — E[p(X)], as n — 0o.
k=1

logn

Proof. The CLT part is an application of Theorem 3.4.9 in Chapter 3.

As for the ASCLT part, we shall use the same arguments as in the proof of Theorem 5.4.1
and Theorem 5.4.4, by applying Proposition 5.5.2, Theorem 5.1.3 and Lemma 5.3.7. Now we
need only to focus on the parts having Malliavin operators.
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Denote g, by ¢, = min{g;,i =1,...,d}. Since F( ) = Iql(f(k)), we have,

- .
/ p(dz)E (Z!DAF}’”—F}”)O <Z|DZL‘1(F('“) F(l))>
z 1=1 i=1
(& (k) _ (& &) ()
= /Zu(dz)uz <;!D2(Fi —F, )|) <;%|D2(Fi ~F, )|>

L =1
d? & k !
< | wdE | ID(FF — FO)P
&)z Li=1
2
< 5 [ a2 (BUD-FOP) + EID.FO)

and

d 2 /4
> Ip. ) (Z |DZL1F§’“’1>
i—1 i1

S ) (S i)

2
d*z/ (d2)E[|D.F™ ).

IC: (
(

- /Z (d2)E

DFk)\

IN

||M&

IN

Finally, by using the inequality in [46, Theorem 4.2] below:

/ u(d=)E]|D-I,( )]
Z

q b-1
< q3\/(q - 1)!||f||%2(“q) X Z Z Li<atb<2g-1(a+b— 1)!1/2(6_[ —a—1)!
b=1 a=0

¢—1 (q—1-a u
. g—1l-a q—b Hf*b f“LQ(uQQ—a—b),

we know that Condition (D2) and (D3) are enough to let the sum of the parts containing
Malliavin operators converge, therefore, the conclusion follows immediately. m

Remark 5.5.7 By the same arguments in Remark 5.4.2, the following conditions are sufficient
conditions for (D0), (D1) (D2) and (D3):
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e (D0’) for every pair (i,7), 1 <1i,j <d, if ¢; = g;, there exists 6 > 0, such that

Ci,j) ~ BIFVFP) = 0070, k- o,
otherwise, C(i,j) = 0;
e (DY’) for every pair (i,7), 1 <14,j <d, with ¢; = ¢;, there exists a > 0, such that

«
EFPFV) < C <li> . VI<I<K

e (D2) for every pair (i,7), 1 <i,j <dandforeveryr=1,...,q, l=1,...,rA(qg—1),
there exists 8 > 0, such that

k k -
||fz( )*i" f]( )”LQ(;;,QQ—T—Z) :O(k? B), k—>OO;
o (D3) for every i, 1 <i < d, there exists v > 0, such that

| = o). ko,
74

Mixed case

In this section, we study the ASCLT for vectors that have multiple integral components of
both order 1 and order ¢ > 2. The following theorem summarizes the results in the last two
sections.

Theorem 5.5.8 Let d = a+ b, with a,b two fived positive integers. Let X ~ N(0,C), with
C=1{C(,j):i,j=1,...,d}
a d X d nonnegative definite matriz, such that
C(i,j+a) =0, Vi<i<a,1<j<b.

Given fized integers qi,...,qp > 2. Forany k > 1 and i =1,...;a, j = 1,...,b, let gi(k)
belongs to L?(u) and let fj(k) belongs to L?(u%). Define the sequence {F®); k> 1} by

k k k k k
FO = (P FEWY = (g™, .. 0, Iy (P, 1, (FF)), k=1,2,. .

and suppose that
lim E[F,VFM] =C(i,j), 1<ij<d (5.20)

n—o0

Assume that {fi(k),i =1,...,b,k=1,2,...} satisfy Conditions 1,2,3 in the statement of The-

orem 5.5.6, and fori=1,... a, ||gi(k)|]:z3(u) — 0 as k — oo, Then, F™ 1% N~ N(0,1) as
n — 0o,

Moreover, if the five conditions (E0), (E1), (E2), (E3) and (E}) below are satisfied:
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o (E0) for every pair (i,7), 1 <i,j <a, ora+1<14,j<d with ¢i—qa = ¢j—a,

D

n>2

LRSS Py (k) (k) .
wiogn 2 7€) B < oo

(E1) for every pair (i,j), 1 <i,j <a, ora+1<14,j <d with ¢i—q = qj—a,

D

n>2

1 & EFEVEY)

Z %l < 00;

k=1

nlog®n

(E2) for every pair (i,7), 1 <i,j <band for everyr=1,...,q, l=1,...,rAN(qg—1),

D

n>2

Z %”fl( )*g« fj( )HL?(#?qw—l) < 00;

nlog?n Py

o (E3) for everyi, 1 <i <b,
1 1 (k)y4

Z 7”L10g2nZ:k:/Zq(fZ Vi <o

n>2 k=1
o (E}) for every i, 1 <i<a,

1 ~ 1 (k)13
2 Z 7ng HL3(M) < 00,
oo nlog”n =k

then {F(”)} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
function ¢ : R* = R, we have
1 1 i
Z%@(F( )) — E[p(X))], as n — 0o.
k=1

logn

Remark 5.5.9 The above conditions can be replaced by the following sufficient conditions.

e (E0’) for every pair (¢,7), 1 <i,j <a,ora+1<14,j <d with ¢;_q = ¢j_q, there exists
0 > 0, such that
C(i,j) — E[Fi(k)Fj(k)]’ =0k, k- o0

e (E1’) for every pair (i,7), 1 <i,j < a,ora+1<14,j < d with ¢i_q = ¢j—q, there exists
a > 0, such that

EFEPEY < C (;) . VI<I<k

e (E2) for every pair (i,7), 1 <i,7 <band foreveryr=1,...,q, =1,...,7rA(¢g—1),
there exists § > 0, such that

||f7/(k) *’lr f;k)HLQ(ugqfrfl) = O(k_ﬁ)7 k — OO’
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e (E3’) for every i, 1 <i < b, there exists v > 0, such that

/ B laut = 0k, k- oo
74

o (E4’) for every i, 1 <i < a, there exists 7 > 0, such that

g\ 135 = O™,k — oo,

5.6 ASCLTs for functionals of Ornstein-Uhlenbeck processes

In Section 3.5 in Chapter 3 (or Section 6 in Chapter 3), we have studied CLTs for some
functionals of Ornstein-Uhlenbeck Lévy process. We may extend our investigations and study
ASCLTs to these examples.

We keep the notations in Section 3.5 in Chapter 3. Recall that N is a centered Poisson
measure over R x R, with control measure v(du). We consider the stationary Ornstein-
Uhlenbeck Lévy process with parameter A > 0. defined by

Y =L(f) = \/ﬁ/t / wexp(—A(t — 2))N(du,dz), t>0
—oo JR

where fu,z) = 201 (oo g(7)uexp(=A(t — x)). And we make some following technical
assumptions on the measure v in order that Var(Y,)) = 1.

We are interested in the multivariate ASCLT for the vectors of the functionals of (Y;}).

Example 1 (Empirical means)

1
We define the functional A(k,\) by A(k,\) = ﬁfok Y dt. The first half part of the

following Theorem is an application of Theorem 3.5.5 in Chapter 3, while the second half part
provides a multivariate ASCLT.

Theorem 5.6.1 For A\1,..., g >0, as k — oo,

AR) = (A(k, A, - Ak M) % X, (5.21)

where Xp is a centered d-dimensional Gaussian vector with covariance matriz B = (Bij)dxd,
with Bij = 2/y\/Ai\j, 1 < 4,5 < d. Moreover, {A(n)} satisfies an ASCLT. In other words,
almost surely, for all continuous and bounded function ¢ : R4 — R, we have
1 &1 -
> 1o(Ak) — Elp(Xp)l,  asn oo
k=1

logn

Proof. The CLT part is an application of Theorem 3.5.5 in Chapter 3, we now work on the
ASCLT part. By Theorem 5.5.3 and Remark 5.5.5, we need only to verify Condition (C0’),
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(C1’) and (C27).

By applying Fubini theorem on A(k, \), we have

/ Ydt = Ii(gap),

Ik = Lo p( \/>/ exp(—A(t — x))dt.

Firstly, let 1 <1 < k be two integers, then

E[A(L, X)) A(K, Aj)]
0

. /Rqﬂy(du)( \/Tcx\/ﬁ

——————exp (M + Aj)z) X (exp(—Xiz) — exp(=Ail)) x (exp(—Ajz) — exp(—)\jk)))

where

——————exp (A + Aj)z) x (1 —exp(=Xil)) x (1 — exp(—Ajk))

/ ﬁxm

2 1
—exp(=Ail)) x (1 —exp(=Ajk)) +1— — x (1 — exp(—=Al))

Vik x ./AiAj(AiJrAj 1 Ai

(exp(Ajl — Ajk) — exp(—Ail — Aj’f)))

—i(exp()\jl) — 1) exp(—A\jk) +

/\j N + )\j

IN

+1)

2 2
\/EX w/)\i)\j 8 <)\i+/\j
< 2 X ( ° +1) x ﬂ
\/ )\i)\j )\i + >\j \/E
Secondly, we know from the proof of Theorem 3.5.5 in Chapter 3 that, for every k, and
1<4,j<d,

[ELA(K, Ai) Ak, Aj)] = B(i, 7)]

2
= |E[A(k, \)A(k, ;)] —
E[AGR A Ak, )]~ |
= O(1/k),
and
3 L VA eR
|’9)\,kHL3(d,jdx)Nﬁ, € R,
as k — oo.

In conclusion, Condition (C0’), (C1’) and (C2’) are successfully verified, which leads to
the ASCLT. m

Example 2 (Empirical second moments)
We are interested in the quadratic functional Q(k, \) given by:

1 k
Q(k, \) ::\/E</ (Y})%zt—1>, k> 0,)> 0.
k 0
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Theorem 5.6.2 Given an integer d > 2. For A\i,..., g > 0, as k — o0,

Q) = (Qk, A1), -, Qlk, M) ™ X, (5.22)

where X¢ is a centered d-dimensional Gaussian vector with covariance matriz C = (Cij)dxd,

defined by

2 .o
-+¢p, 1<4,5<d,

with ¢2 = [z u*v(du). Moreover, {Q(n)} satisfies an ASCLT. In other words, almost surely,
for all continuous and bounded function ¢ : R* — R, we have

10;12 ltcp(Q(k)) — Elp(Xo)], as n — oo.

Proof. For every k > 0 and A > 0, we introduce the notations

1« ) !
W(exp (A +2")) x (1 —exp(=2Ak)) X 1(zyar<0)

+exp (A(z + ') x (exp(—=2A(z V 2')) — exp(—2Ak)) X 1(sz'>0))7

Hy p(u,z;u/,2") = (uxa)

and

1
Q(I;M(exp@)\x) X (1 —exp(—2Xk)) X 1(<q)

+ exp(2Az) x (exp(—2Az) — exp(—2Xk)) X 1(z>0)>.

H;\(,k(u7$) = u

As shown in the proof of Theorem 3.5.7 in Chapter 3, we know that
Q(k,\) = L(VEHS ) + I(VEHy ),

and we have proved the stronger result:

law
(L(VEHS, ), L(VEHS, ), L(VEHy, g), - B(VEH, 1) " Xp (5.23)

as k — oo, where Xp is a centered 2d-dimensional Gaussian vector with covariance matrix D
defined as:
2, if 1 <i,j<d
4

Dii) =
i j
0,

, ifd+1<4,5<2d

otherwise.

We now verify Condition (E0’) — (E4’) for LHS of (5.23). Firstly, we concentrate on Condition
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(E17). Indeed, by standard calculations, we have: For 1 <[ <k,

Vik H3, (u, ) HS, ), (u, 2)v(du)dz
RxR

1 1
Sl trwmwid

1
X (1 —exp(—2X\;l))

1 —exp(—2Ail)) x (1 —exp(—2Ajk)) + 1 — o

—i(exp@)\jl) — 1) exp(—2X;k) + )(exp(Z)\j(l —k)) —exp(—\il — )\jk‘))>

2)\]' 2()\1' + )\j
c? 1
< ik X ()\i Y +1)
l
< ciX(Ai_’l_)\j—i-l)x\\/[E,
and
21k » H)\i,l(u,x;u',x')H,\wk(u,x;u',x')u(du)u(du')dmdw'
=2 v [ L Y / — exp(—2,
= \/E(/R v(du)) /_Oo dx /_OO da’ exp (N + Aj)(z 4+ 2)) x (1 — exp(—2Al))
x (1 — exp(—2Xjk)) X Lizyar<o) + exp (A + Aj) (z + 7)) x (exp (= 2Xi(zval)) - exp(—2)\il))
X (exp (—2X\j(zVva')) — exp(—2)\jk)) X 1(zvar>0)
2 0 0
— ﬁ( /OO dx /OO da’exp (A + X)) (z 4+ 2)) (1 — exp(—2Xil)) (1 — exp(—2A;jk))
l T
+2/0 dx /Oo dx’ exp (N + Aj)(z + 2')) (exp(—2Xiz) — exp(—2\il))
x (exp(—2\jz) — exp(—ZAjk)))
2 /(1 —exp(—2Xl)) x (1 — exp(—2)\;k)) 2 1
_ \/E< e et o (1- 3 (1 — exp(-2)1)
1 1
_27)\3- X (exp(2)\j(l —k))— exp(—2)\jk‘)) + m X (exp(2)\j(l —k)) —exp(—2X;(l + k) )) ))
4 1
S Vv oy Y
4 1 Vi
= )\i+)\j X ()\i+/\j+1) % ﬁ

Secondly, we use the fact that for A = A1, ..., A4, the following asymptotic relations holds as
k — oo:

1
(a) | \/EHK,k H?iis(dudx) ~

ﬁ;

1
(b) H\/EH/\,kH%zl((dydm)z) ~ ﬁ;

(¢ NWVEH\k) %3 (VEH) )| 12 (dvaz) = I(VEHR) ) (VEHR) | 22((dvd)?) ~

=~
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1
(d) H(\/EH)\,]C) *% (\/EH)‘vk)HL2((dllda:)2) ~ 77
vk
1
() I(VEHS ) %t (VEHA k)| 22 (awae) ~ 75

(f) ‘k‘ foR H}\:’k(u, x)HXj’k(u, z)v(du)ds — 2

1
(9) ’214: Jpa Haop(u, 230!, 2" ) Hy g (u, 250, 2 Yo (du)v(du' ) deda’ — ﬁ“&‘ =0 <k> :

The reader is referred to [46, Section 7| , [47, Section 4| and the proof of Theorem 3.5.7 in
Chapter 3 for a proof of the above asymptotic relations.

In summary, all the conditions are verified and the conclusion follows. m

Example 3 (Empirical joint moments of shifted processes)
We now study a generalization of Example 2. We define

1 [k
Qnk,\) = Vk (k/o YAV dt — exp(—)\h)> , h>0k>0X>0.
The theorem below is a multivariate CLT and ASCLT for Qn(k, \).

Theorem 5.6.3 For A\1,...,Aqg >0 and h >0, as k — oo,

Qn(k) = (@Qu(k, A1), Qulk, M) & X, (5.24)

where Xg is a centered d-dimensional Gaussian vector with covariance matriz E = (Ejj)dxd,
with

4 . .
Eij—)\i_'_/\j—i-c,%exp(—()\i-i-)\j)h), 1<ij<d
and ¢2 = [y u'v(du). Moreover, there exists a constant 0 < v(h,A) = v(h, A1,..., Aa) < 00,

independent of k and such that

v(h, X)
T

Proof. From the proof of Theorem 3.5.8 in Chapter 3, we know that

d3(Qn(k), Xp) <

Qu(k,\) = L(VEHL ) + LI(VEHY),
where

1
H;:Z(u,x) — uz(];k(l“) x exp(A(2z — h)) x (1($>0) x (exp(—2Az) — exp(—2Ak))

<o) X (1 - exp(~22K))),
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and

1 _ 1 _ !
Hﬁf’k(u,x;u',x’) - ud (—00,k] (17) k(: ,k-i-h](Z') % exp()\(a:—i—:c’ _ h))

% (Lavtar-ny»0) X (exp(=2M(@ V (2’ = 1)) = exp(~2k))

+1(arv(:v’—h)§0) X (1 - exp(—2)\k,‘))).
And we have proved the stronger CLT result:

(law)

(L(VEEY"), .. L(VEHY" ), L(VEHY, ). .. L(VEHY, ) = Xp (5.25)

as k — oo. Here, Xpn is a centered 2d-dimensional Gaussian vector with covariance matrix
D" defined as:
cpexp(=(N\i +Aj)h), if 1<i,j<d

4
A+ )\j’
0, otherwise.

Dh(ihj) =

ifd+1<i,j<2d

Now we work on the ASCLT part. It suffices to check Condition (E0) — (E4). Firstly, we look
at Condition (E1):
For 1 <1 <k, we have

ViIk | H (@) Hy (u,2)v(du)de
RxR
1 0
R ( /_oo daz exp ((Ni + ;) (22 — h)) x (1= exp(=2Xil) x (1 — exp(~2X;k))

l
+ /0 dzexp (N + Aj)(2z — h)) x (exp(—2Aiz) — exp(—2Xil)) x (exp(—2\;z) — exp(—2)\jk)))
1

- mc,% exp(—(\; + A;)h) (M x (1= exp(—2Xil)) x (1 — exp(—2X;k)) +
—2; x (1 — exp(—2X\il)) — 21)\j(exp(2)\jl) — 1) exp(—2\;k)
+2()\i1+)\j)(exp(2)\j(l k) = exp(=Ail = A;k)))

< \szexp(—()\i FRI) X (5 + D)

< Eexp(—(A\i + \j)h) x (AiiAﬁ 1) x \\/g

We notice that
H} (u, a0 2') = Hy g(u, 250/, 2’ — h)
Then, as shown in the proof of Theorem 3.5.8 in Chapter 3, we have

Wik [ Hyy(u, ;0 o VHy, g (u, z; 0, 2" )v(du)v(du')deds’
R4

_ 4 ( 1 i v
X X —=.
- )\i—i-)\j )\i—i-)\j \/E
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Secondly, we verify the rest of conditions.

Indeed, we know from the proof of Theorem 3.5.8 in Chapter 3 that: For A = Aq,..., Ay
and h > 0, the following asymptotic relations holds as k — oo:

1
(a) H\/EH HLS dvdz) ™ ﬁ;
1
(b) H\thk||L4( dvdz)?) ™ ﬁ%
1
(© (VR NEHQkHLz(dVdI) — VR (VREED 2 i) ~ 7
1
(d) H(\/EH/’\‘k) * (\/EH;L,I@)HLQ((dVd:cP) ~ ﬁ;
* h 1
(e) ||(\/EH>\:Z) 1 (VE Hy )|l 22 (dvde) ~ ﬁ;
1
(f) 2k [, p HY (w20, 2V HY  (u, 2,0/, 2 v (du)v(du)deda — =0|—-];
x ’ ' Ai + A k
(9) ’k Jrr /\lh(u :c)HAZ(u z)v(du)dzr — 2 exp(—(\i + Aj) ‘ = )

In conclusion, all the conditions are justified and the ASCLT holds. m
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