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Introduction

1 Origines du modeéle

L’intérét porté par les mathématiciens aux marches aléatoires est probablement lié
a la simplicité du modéle qui permet cependant de modéliser des phénoménes naturels
complexes et donne lieu & des problémes mathématiques difficiles. L’un des modéles les
plus simples que 'on puisse considérer, comme son nom l'indique, est la marche aléatoire
simple sur Z¢. On cherche a décrire le comportement d’un marcheur partant de 'origine
du réseau de dimension d et qui saute & chaque unité de temps discréte vers I'un de ses
2d voisins, ce dernier étant choisit uniformémement i.e. avec probabilité 1/(2d). Le cas
le plus simple, celui de la dimension d = 1, décrit I'évolution de la fortune d’un joueur
dans un jeu de pile ou face.

Des quantités de questions naturelles se posent rapidement, on ne retiendra pour
I'instant que deux.

— Combien de fois le marcheur reviendra-t-il & I'origine 7

Typiquement aprés un temps n ol se situe le marcheur ?

La premiére question remonte a Polya qui la considéra en 1921. La légende veut que
Polya réfléchissait a4 ce probleme en marchant dans un parc prés de Ziirich alors qu’il
rencontrait constamment un couple de promeneurs. Informellement on peut résumer
le théoréme qu’il démontra sous la forme suivante : en dimension d < 2 on revient
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infiniment souvent & l'origine, on dit alors que la marche est récurrente, alors qu’en
dimension d > 3 on revient un nombre fini (aléatoire) de fois a l'origine auquel cas elle
est dite transiente. On résume souvent ce résultat en disant qu'un homme ivre finira par
rentrer chez lui alors qu’un poisson ivre peut se perdre i jamais.

La deuxiéme question est plus délicate & formuler mathématiquement. Cependant il
est possible de dire qu’en un certain sens le marcheur se trouve a une distance /n de
Porigine. De plus si on le regarde “de plus en plus loin”, son comportement ressemble a
celui d’un mouvement brownien. Cet objet tient son nom du biologiste Robert Brown qui
en 1828 observa que des grains de pollen suspendus dans ’eau effectuaient un mouvement
continu et désordonné. Il fut énormément étudié a partir du vingtiéme siéecle, car il est
omniprésent dans des domaines aussi différents que la finance (voir Bachelier [6]), la
physique (citons Einstein [32]) et bien sir les mathématiques.

Evidemment ce modéle a ses limites pour décrire a lui seul des problémes plus com-
plexes, en effet il ne permet pas de décrire un mouvement dans un milieu hétérogéne ou
inconnu. Il faut donc étre capable de modéliser et tenir compte de 'aléatoire induit par
un environnement. Par exemple, dans une portion de désert essentiellement plate, nous
allons rencontrer des “imperfections”, ce sont des dunes plus ou moins grandes qui vont
influencer notre marcheur, ce dernier étant plus enclin & contourner un tel obstacle.

C’est dans le but de pouvoir décrire ce genre de phénoménes que nous étudions
les marches aléatoires en milieux aléatoires. Nous utiliserons ’abréviation classique de
M.A.M.A. pour désigner “marches aléatoires en milieux aléatoires.

2 Formulation mathématique

Nous ne cherchons pas ici a donner une formulation générale des modéles de M.A.M.A.
i.e. sur des graphes généraux, on se contentera ici de formuler le probléme sur le réseau
Z pour les marches & plus proches voisins.

On note S le simplexe 2d-dimensionnel, posons ) = SZ et notons la coordonnée
de w € Q au site z € Z? par w(z,-) = {w(z, 2 + €)}eezajej=1 - Cette formulation peut
paraitre compliquée mais se représente assez simplement, on s'imagine qu’en chaque site
z on choisit une mesure probabilité sur les voisins de z, chargeant z + e avec un poids
w(z, z + €). Un exemple d’environnement est fourni dans la figure 1.1.

L’¢lément w € () est appelé environnement et c’est dans celui-ci que la marche
aléatoire va se déplacer. Etant donné un environnement w on appelle marche aléatoire
dans Penvironnement w partant de z, la chaine de Markov (X,,),>o définie par Xy = =
P*ps. et

pour tout n > 0 et z € Z%, Pl X1 =zv+e| X, =z]=w(r,z+e),

une loi que nous abrégerons dans le cas x = 0 par P, := PY.

2
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Y CGeienn L Te T

FiGg. 1.1 — Exemple d’environnement

Cette loi P, est appelée quenched, un terme signifiant “trempée” qui provient de la
métallurgie. Il est également utilisé en physique statistique pour désigner un systéme a
désordre fixé, par exemple la position de particules magnétisées dans un alliage neutre.
Cette loi a 'avantage d’étre markovienne mais n’est pas invariante par translation car
génériquement w ne l'est pas. On considére maintenant un environnement aléatoire ce
qui revient & mettre une probabilité P sur I'espace €2. Ce qui nous permet d’introduire
la loi P de la marche aléatoire moyennée sur I’environnement qui est définie comme
produit semi-direct de P et P, i.e.

P() = [ P.)P().

Cette loi est appelée annealed, ou également “recuite” dans le vocabulaire métal-
lurgique. Elle n’est jamais markovienne si P n’est pas un dirac, i.e. si I’environnement
est réellement aléatoire, mais si I'environnement est invariante par translation (ce qui
est commun) alors elle est invariante par translation.

Donnons deux types d’environnement communément utilisés :

— les marches aléatoires en environnements aléatoires o les probabilités de transi-

tions sont i.i.d., i.e. P = u®%" ou p est une probabilité sur {e € Z4, |e| = 1},

— les marches aléatoires en conductances aléatoires dont les probabilités de transi-

tions sont données pour tout = € Z? et e € Z% avec le] =1 par,

co(T,x+e)
Ze’EZd, le/|=1 C‘H(x’ T+ el>’

ou les ¢, (z,z + ¢') sont des variables aléatoires i.i.d.. Ce modéle est naturel car il

P,(r,x+e)=

3
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permet de définir des marches aléatoires réversibles en milieux aléatoires et & ce
titre est fortement lié & la théorie des réseaux électriques, voir [30] et [70].

3 Organisation de la thése

Notre objectif n’est en aucun cas de faire une introduction aux M.A.M.A. dans un
cadre complétement général, nous renvoyons le lecteur aux ouvrages de références [100]
et [104] pour plus de généralités. Cependant les modéles que nous avons étudiés sont
assez divers dans leur formulation et il nous sera donc nécessaire les présenter rapide-
ment.

Nous allons rapidement expliquer les liens qu’il existe entre les modéles étudiés
dans cette thése. Ce qui les unit est leur mode de fonctionnement, il s’agit de mod-
éles anisotropiques, ot la particule est poussée dans une direction particuliére, et qui de
plus présentent des zones qui ralentissent fortement la marche.

Le modéle constituant le point de départ de cette thése est celui de la marche aléatoire
biaisée sur le cluster de percolation. Il s’agit d’'un modéle trés important, en effet il
est a la fois naturel physiquement, ce qui explique I'intérét que les physiciens lui ont
porté, et il présente des questions mathématiques intéressantes et difficiles a traiter. Une
présentation plus précise de ce modéle est faite & la Section 4.3.

Ce modéle étant apparemment hors de portée au début de la thése, je me suis tourné
vers I’étude d’un modéle proche sous beaucoup d’aspects mais plus simple a analyser. Tl
s’agit de la marche aléatoire biaisée sur un Galton-Watson avec des feuilles, sur lequel
des comportements similaires a ceux qu’on observe sur le cluster de percolation ont été
démontré mathématiquement. En étudiant ce modéle, j’ai trés vite trouvé de fortes sim-
ilarités avec les modéles uni-dimensionnels. En effet le biais pousse la marche dans une
direction privilégiée et la trajectoire vue de loin est essentiellement uni-dimensionnelle.
De plus les résultats plus fins obtenus par les physiciens étaient trés similaires & ce que
I’on avait obtenu sur Z, il était donc naturel d’aller travailler également sur les marches
aléatoires en milieu aléatoire sur Z.

Comme souvent en recherche, on part d’un modéle complexe et I'on cherche des
modeéles plus simples ou mieux compris avec lesquels faire des paralléles. Le déroulement
de cette thése ne fait pas exception a la régle. Cependant pour la présentation des
résultats qui permettent de replacer notre thése dans le contexte nous allons suivre,
autant que possible, I'ordre historique d’apparition des résultats. Ainsi nous étudierons
des modéles de plus en plus difficiles. Plus précisément nous allons présenter les modéles
en fonction de la dimension

— dans la section 1 on présentera les M.A.M.A. sur Z,

— dans la section 2 on présentera les M.A.M.A. sur les arbres,

— dans la section 3 on présentera les M.A.M.A. sur Z¢ avec d > 2.

Nos résultats sont présentés dans le chapitre 3 et leurs preuves sont incluses (en
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anglais) dans les chapitres 4, 5, 6.




CHAPITRE 1. INTRODUCTION




Quelques modeéles d’'importance

1 La marche aléatoire en environnement aléatoire uni-
dimensionnelle

1.1 Le modéle et son histoire

[La marche aléatoire en environnement aléatoire uni-dimensionnelle est le modéle le
plus simple de M.A.M.A.. Tl a été introduit en 1967 par le biophysicien Chernov [19]
pour comprendre les phénoménes de duplication des brins d’A.D.N.. Plus récemment
de nouveaux résultats sont apparus en biologie en lien avec des expériences de micro-
manipulation des brins d’A.D.N., citons par exemple Lubensky et Nelson [64].

Ce modéle apparait également en métallurgie, comme l'indique les liens de vocabu-
laire étroits. En effet, en 1972, Temkin le réutilise pour étudier la cinétique des transitions
de phase dans les alliages. Finalement pour des résultats obtenus en physique théorique
sur ce modéle, nous renvoyons le lecteur a Le Doussal, Monthus et Fisher [61].

En raison de la simplicité du graphe portant ’environnement aléatoire les notations
sont particuliérement simples. On se donne w = (w,).cz une famille de variables aléa-
toires indépendantes et identiquement distribuées a valeurs dans |0, 1[. Les probabilités
de transition de notre chaine de Markov sont données pour n > 0 et x € Z par

P,[Xo=0=1let P X,11=2+1|X,=2|=w,=1-PF[Xpn=2—-1]| X, =1z]

7
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Typiquement on représente ’environnement comme dans la figure 2.1.

1- Wy Wy

T~ T

r—1 T r+1

Fi1G. 2.1 — Exemple d’environnement sur Z

On supposera dans la suite que 'environnement w n’est pas déterministe. La chaine
(X1)n>0 n’est donc pas markovienne, de plus dans ce cas la loi annealed est invariante par
translation. Les résultats et les méthodes classiques concernant les marches aléatoires ne
peuvent se transposer. La palette de phénoménes apparaissant en dimension 1 est déja
extrémement riche. Elle a certainement contribué au fort intérét que la communauté
probabiliste a porté aux M.A.M.A..

Avant de rentrer dans la description des résultats liées & ce modéle, précisons qu'’il
existe d’autres modéles uni-dimensionnels qui ont été étudiés. Par exemple, on peut
considérer des probabilités de transitions ergodiques, réversibles ou bien des marches
qui ne sont pas a plus proches voisins. On renvoit par exemple le lecteur a [60], [3], [74].

1.2 Transience-récurrence et loi des grandes nombres

Les premiers résultats mathématiques sont apparus en 1975, Solomon [95]| obtient
un critére de récurrence-transience pour la M.A.M.A. uni-dimensionnelle. Il va méme
jusqu’a une loi des grands nombres. Contrairement au cas de I’environnement détermin-
iste, ce n’est pas ici la dérive de la marche, i.e. E[X;], qui apparait dans la loi des grands
nombres. LLa variable aléatoire qui s’avére centrale est

_1—(4)0

Po = .
Wo

On supposera que la quantité E[ln pg] est bien définie (éventuellement infinie).

Théoréme 1.1 (Solomon-1975). On a deuz cas.

1. Si E[lnpg] <0 (resp. >0) alors la marche est transiente et on a

lim X, = o0 (resp. —o0) P-p.s..

2. SI E[ln pg] = 0 alors la marche est récurrente et

limsup X,, = o0 et liminf X,, = —oc0 P-p.s..

n—00 n—00

La loi des grands nombres se formule de la maniére suivante




1. LA MARCHE ALEATOIRE EN ENVIRONNEMENT ALEATOIRE
UNI-DIMENSIONNELLE

Théoréme 1.2 (Solomon-1975). On a

lim & =, P-p.s.,
n—oo 1
avec
%&ﬂ si Elpg] <1
v = % siE[l/p) <1
0 si 1/E[1/po] <1 < E[po].

Ce théoréme constitue le tout premier résultat significatif et on peut déja y voir les
phénomeénes de ralentissement qui constitue le coeur de cette thése. Les deux points
centraux sont les suivants

1. on a |v| < |E[X4]|,

2. il existe des régimes ot la M.A.M.A. est transiente dans une direction avec cepen-
dant une vitesse nulle.

Le premier phénoméne montre qu’en dimension 1, la marche est effectivement ralentie
par l'aléatoire dans l’environnement. Comprendre la vitesse d'une M.A.M.A. est en
fait une question trés épineuse. Nous verrons plus tard, voir Section 3, qu’il existe des
comportements plus riches en dimension d > 2 et que cette propriété n’est pas conservée.
En dimension supérieure le seul outil pour étudier la vitesse d'une M.A.M.A. est de la
relier a celle d’'une marche aléatoire dans un environnement déterministe compliqué.

Le deuxiéme phénomeéne est annonciateur de I'existence de “nouveaux régimes” qui
n’existaient pas dans le cadre des marches aléatoires classiques. Cela va de paire avec
Iapparition de plusieurs nouvelles questions. En particulier il parait naturel de se de-
mander 'ordre de grandeur des mouvements de le marche. Peut-on trouver une fonction
simple f(n) (par exemple polynomiale) telle que (X,,/f(n)),>o converge en loi? forme
une famille tendue ? etc.

Un régime similaire, de transience directionnelle a vitesse nulle, existe pour les
marches aléatoires en conductances aléatoires sur les arbres et en dimension supérieure
également. Il constitue en quelque sorte le véritable noyau de cette thése.

1.3 Le cas récurrent : le potentiel de Sinai

Avant de revenir plus en détail sur le régime transient a vitesse nulle, nous allons
introduire 'objet qui semble étre le plus pertinent pour 'analyse de la M.A.M.A. uni-
dimensionnelle. 11 s’agit du potentiel dit de “Sinai” qui fut introduit en 1982, voir [94],
et qui est défini de la maniére suivante

Zf:l In p;, six>1,
V(z):=<{ 0, §iz=0,
- z?:m—i—l In Pis si S —].7




CHAPITRE 2. QUELQUES MODELES D’IMPORTANCE

D’un point de vue physique cette quantité correspond & une énergie potentielle, d’ou
le nom, et donne une interprétation visuelle des endroits ot la marche aura tendance a
rester bloquée. Mathématiquement on pourra noter les deux faits suivants
V() est une marche aléatoire (a valeurs réelles) de pas i.i.d. de loi In py,
— V(x) permet de définir facilement une mesure invariante pour la marche dans
I'environnement w en posant 7(x) = e~V@) 4 e Vie—1),
Sous des hypothéses de moments sur les sauts du potentiel, ce dernier se comporte
essentiellement comme un mouvement brownien. La figure 2.2 correspond a un exemple
typique de potentiel.

Vi)

FiG. 2.2 — Exemple de potentiel dans le cas transient vers oo

On peut ainsi facilement expliquer le résultat de transience obtenu par Solomon, si
E[ln py] < 0 alors V(z) va aller vers —oo seulement en +oo. Or comme la marche est
attirée par les zones qui sont chargées par la mesure invariante, i.e. de bas potentiel,
elle va naturellement partir vers +o0o. En quelque sorte le potentiel de Sinai permet
d’expliquer I'importance de la variable aléatoire In py.

Bien évidemment 'utilisation de ce potentiel va bien au dela de cette interprétation
intuitive du critére de transience-récurrence. Originellement, il a permis de démontrer
dans [94] le résultat suivant.

Théoréme 1.3 (Sinai-1982). Supposons que Plwy € [e,1 —¢]] = 1 pour € > 0 et que
E[ln po] = 0, alors
Xn

In’n

loi
? bom
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1. LA MARCHE ALEATOIRE EN ENVIRONNEMENT ALEATOIRE
UNI-DIMENSIONNELLE

ol by est mon-dégénérée et non gaussienne qui ne dépend que de ’environnement.

L’expression explicite de la loi de b, a ensuite été obtenue indépendamment par
Kesten [57] et Golosov [44].

On notera que I’hypothése Plwg € [e,1 — ¢]] = 1 pour ¢ > 0, dite d’uniforme el-
lipticité, n’est pas seulement une hypothése simplificatrice pour éviter des problémes
d’intégrabilité. Il permet en effet d’approximer le potentiel “vu de loin” par un mouve-
ment brownien. Pour des potentiels plus irréguliers, le potentiel se comporte comme un
processus stable d’'indice «. Kawazu, Tamura et Tanaka |56] montrent que le déplace-
ment de la marche est alors en In®(n).

1.4 Le cas transient a vitesse nulle

Revenons-en maintenant au cas de la transience directionnelle & vitesse nulle. Ce
régime fut étudié rapidement, le premier résultat remontant a Kesten, Kozlov et Spitzer [59].
Ce résultat est important dans 1'histoire des M.A.M.A., & tel point qu’on parle souvent
de “régime Kesten-Kozlov-Spitzer” ou bien “régime K.K.S.”. Il a connu ces derniéres an-
nées un regain d’intérét sous 'impulsion du travail de Enriquez, Sabot et Zindy, voir [35]
et [36].

Théoréme 1.4 (Kesten, Kozlov, Spitzer - 1975). Supposons que la famille de v.a.i.i.d. w :=
(wi, @ € Z) vérifie

1. —oco < E[lnpg] < 0,

2. il existe 0 < k < 1 tel que E[pf] =1 et E [pfIn* py] < o0,

3. la distribution de In py n’est pas concentrée sur un réseau,
alors

T(M)  loi Xn loi
(1) = S, et — = L,
nl/x nk

ot <% désigne la convergence en loi sous la mesure P, S¢* une loi stable complétement
assymétrique d’indexe k et L, une loi de Mittag-Leffler d’indice k.

Dans le méme article il a également été démontré un comportement en n/Inn dans le
cas ou E[py] = 1 ainsi que des résultats de fluctuations dans le cas balistique a variations
non-gaussiennes.

Ce résultat a été raffiné dans |35] et [36] au sens ou la description des lois limites
est plus précises. De plus les méthodes de démonstration mises en oeuvre et utilisant le
potentiel semblent assez robustes. Elles ont fourni une grande source d’inspiration pour
deux des nouveaux résultats contenus dans cette thése, voir ([39]) et ([8]).

Concernant les théorémes limites quenched la situation est compliquée, on peut en
fait démontrer qu’il n’y a pas convergence en loi [79].

11
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1.5 Principes de grandes déviations

Un dernier type de résultat qu’il convient de citer, car il compléte en quelque sorte
les résultats obtenus précédemment, concerne les grandes déviations. Par exemple dans
le cas d’une marche transiente & vitesse positive, on cherche a savoir a quelle vitesse
va décroitre la probabilité que P[X,,/n < ¢] pour 0 < ¢ < v on v désigne la vitesse
asymptotique.

Nous citerons le premier résultat concernant un principe de grandes déviations
(P.G.D.) sous la loi quenched obtenu en 1994 par Greven et den Hollander [45]. Ce
résultat fut démontré via des méthodes d’homogénéisation et a ceci de surprenant que
la fonction de taux obtenue dans le P.G.D. est déterministe. Ce résultat fiit complété par
Comets, Gantert et Zeitouni dans [20] qui grace a des méthodes différentes ont obtenu
un P.G.D. quenched et annealed. De nombreuses propriétés sur les fonctions de taux
sont obtenues, ce qui fait de cet article un recueil complet de résultats sur les grandes
déviations pour la M.A.M.A. uni-dimensionnelle. Le cas “nestling” (voir [100] pour la
définition précise) reste cependant partiellement laissé ouvert. En effet la fonction de
taux obtenue est nulle aussi bien dans le cas quenched que annealed sur l'interval [0, v],
ce qui nous indique seulement que la décroissance est sous-exponentielle.

D’autres résultats de grandes déviations peuvent-étre trouvés dans [26], [27], [40],
[41], |81] and [82].

2 Marches aléatoires en milieu aléatoire sur des arbres

2.1 Modéle

La M.A.M.A. en dimension 1 étant essentiellement bien comprise, la recherche s’est
portée vers d’autres modéles plus complexes & analyser. Trois propriétés étaient a 1’o-
rigine de la simplicité d’analyse du modéle

1. la marche sur Z est systématiquement réversible, car Z ne contient pas de cycle,

2. pour aller d'un point z & un point y, la marche doit passer par tous les points de
Jz, y,

3. il n’y a, dans le cas transient, qu'une seule maniére de partir a I'infini.

En passant directement a I'étude des M.A.M.A. dans Z? avec d > 2, nous perdons
toutes ses propriétés et cela explique les difficultés éprouvées pour prouver de nouveaux
résultats. Les mathématiciens se sont donc penchés sur 'étude d’un modéle intermédi-
aire, celui des marches aléatoires sur les arbres, Dans ce cas, seule la troisiéme propriété
citée au-dessus est perdue. On peut également noter que le potentiel, provenant du car-
actére réversible de la marche, existe mais ne peut étre représenté en terme de marche
aléatoire comme en dimension 1.

12



2. MARCHES ALEATOIRES EN MILIEU ALEATOIRE SUR DES
ARBRES

Jusqu’ici nous avons seulement fait référence & des marches aléatoires qui vivent sur
un graphe sous-jacent fixé, par exemple Z?. Dans le cas des arbres, il est commun de
considérer des marches sur un arbre de Galton-Watson qui est lui-méme aléatoire, sur
lequel on peut également rajouter un environnement aléatoire.

Précisons le modéle le plus communément étudié. Pour cela nous avons besoin

1. d'une suite de v.a.ii.d. (Z®);5o suivant une loi de reproduction P[ZW) = k] = p;
surcritique i.e. telle que m = )", kpi € (1, 00),

2. et d’une suite de v.a.iid. (A4;);>0 & valeurs dans R*,

oti nous excluons évidemment le cas p; = 1 qui correspond a considérer une M.A.M.A. uni-
dimensionnelle.

On fixe au départ deux sommets 7 et r reliés par une aréte et on attribue une
génération & 7 (resp. r) qui est —1 (resp. 0). On construit alors récursivement 'arbre
aléatoire de la maniére suivante : lorsque la génération n est construite nous pouvons
noter les sommets de cette génération xq, ..., x;. Pour un de ses sommets x; nous ajou-
tons Z®) (o la variable utilisée est indépendante de celles utilisées précédemment dans
la construction) enfants chacun étant relié a x; par une aréte, de plus chacun de ses
enfants est affecté d'une marque aléatoire tirée indépendament suivant la loi A;.

Ce processus fournit un Galton-Watson ot les sommets sont marqués, nous le noterons
T. Notre mesure sur I’environnement est alors la loi de T conditionnée a étre infini, ce
qui est un événement de probabilité positive car nous avons supposé que notre Galton-
Watson était surcritique.

Conditionnellement & la donnée d’un tel arbre T(w) la marche aléatoire est définie
de la maniére suivante : pour tout y € T et tout n > 0, on pose

P, Xo=r]=1et B[ X1 =2| Xn =y =w(y,2),

oit w(7°,7) =1 et pour tout x € T\ {7} qui admet z, ...,z comme enfants
_ A(zs) S
1. w(z,z;) = m,pour 1=1,...,k,
—\ 1 .= \
2. w(z, @) = TS Ay 00 @ est le pére de x,

3. w(z,y) =0, sinon.

Ce nouveau type de M.A.M.A. se divise essentiellement en deux catégories bien
distinctes, le cas ot pg > 0 et le cas ou py = 0. Le premier se révéle plus difficile a
analyser pour diverses raisons. Nous allons simplement citer le fait que dans ce cas
nous perdons toute invariance par translation annealed car c’est le seul cas ou notre
mesure sur ’environnement correspond & un Galton-Watson conditionné & survivre. En
particulier ce n’est pas parce qu’un arbre est transient que la descendance de n’importe
quel point est un arbre transient (ce qui est le cas si pg = 0). Cela complique I’analyse
du modéle.

13



CHAPITRE 2. QUELQUES MODELES D’IMPORTANCE

2.2 Transience-récurrence

Les questions de transience-récurrence sur les arbres ont été énormément étudiées
au début des années 1990. Les outils développés a cette époque (voir [77| ou [70]) en
particulier les liens avec les réseaux électriques [30], se révélent relativement robustes.

Dans le cas du modéle présenté ci-dessus nous avons, voir [66],

Théoréme 2.1 (Lyons, Pemantle - 1992). Nous avons le critére suivant
1. siinfyeci 1) E[AY] > 1/m alors X,, est transiente,

2. siinfieo 1) B[AY] < 1/m alors X, est récurrente.

Lorsque le Galton-Watson est déterministe, Menshikov et Petretis [75] obtiennent un
critére en utilisant un lien entre les M.A.M.A. et la cascade multiplicative de Mandelbrot.

Cette thése est essentiellement concernée par le régime transient, pour cela nous
n’allons pas entrer plus dans les détails des résultats sur le régime récurrent. Nous
renvoyons seulement le lecteur aux articles de Hu et Shi [52], [53] qui montrent que le
cas récurrent est également intéressant car il présente plusieurs régimes différents de
ceux obtenus en dimension 1.

2.3 Loi des grands nombres

Dans le cas transient la premiére question qui apparait est de savoir si on part a
I’infini & vitesse strictement positive ou non. En d’autres termes on cherche & démontrer
une loi des grands nombres.

On a tout d’abord obtenu qu’il existe v > 0 déterministe tel que

Xn
lim —| | =

n—oo M,

v, P-p.s..

Ce résultat a été démontré par Gross [49] dans le cas ou le Galton-Watson est
déterministe et par Lyons, Pemantle et Peres [68] dans le cas ou A est déterministe,
leurs arguments s’étendant facilement au cas général.

La question est maintenant de savoir si v > 0. Elle fut d’abord traitée dans le cas de
la marche aléatoire biaisée sur un Galton-Watson, i.e. dans le cas ou A est déterministe.
Le premier résultat fut obtenu dans |68]

Théoréme 2.2. Soit X,, une marche aléatoire biaisée avec un biais A, i.e. A = X\ p.s.
telle que X,, soit transiente, i.e. A > 1/m, alors

1. si pg =0 alors X,, admet une vitesse positive i.e. v > 0,

2. sipy > 0 alors X,, admet une vitesse positive si, et seulement si, A < 1/f'(q) ou
f(x) = >0 Pk2" €t q est Uunique point fize de £(-) différent de 1.
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2. MARCHES ALEATOIRES EN MILIEU ALEATOIRE SUR DES
ARBRES

Le deuxiéme phénoméne peut paraitre surprenant a premiére vue. Il est en fait di a
un ralentissement de la marche qui reste coincée dans les piéges formés par les feuilles,
i.e. les zones de I'arbre qui possédent une descendance finie. Nous reviendrons sur ce
phénomeéne dans la Section 2.

Il convient de noter que des questions plus précises concernant la vitesse sont ex-
trémement complexes et pour 'instant majoritairement ouvertes. Nous renvoyons a [69]
pour une présentation assez détaillée de la question suivante : est-ce que la vitesse est
une fonction croissante du biais A si pg = 07 Malgré 'étonnante simplicité de ’énoncé
du probléme et le caractére “naturel” du résultat, elle demeure ouverte depuis plus de
dix ans. Cette parenthése montre la difficulté & obtenir des expressions explicites, ou
plus généralement des propriétés fines, sur la vitesse asymptotique. A ce jour seul le cas
A =1, i.e. sans biais, est compris [67].

Revenons-on maintenant au cas plus général ou A est aléatoire. Nous allons présenter
un résultat obtenu dans le cadre py = 0 par Aidekon, qui trouve un critére de ballisticité
et identifie I’exposant de renormalisation de la marche dans le cas sous-balistique. Posons

A= Leb{t €R, E[A"] < 1/(]1}7

qui est arbitrairement fixé & A := oo dans le cas ¢; = 0. On a alors, voir [2], le théoréme
suivant.

Théoréme 2.3. Si inf,c01) E[A"] > 1/m, i.e. dans le cas transient, alors
- si A > 1, alors X,, admet une vitesse positive,
- s1 A <1, alors X,, admet une vitesse nulle et

i 20Xy

, P-p.s..
n—oo Inn

On obtient donc également un régime de transience directionnelle avec vitesse nulle
avec des variations d’ordre polynomiale comme dans le cas uni-dimensionnel.

2.4 Principes de grandes déviations

L’étude des M.A.M.A. sur les arbres étant assez récente, beaucoup de résultats
restent encore a démontrer et cette partie resterait & remplir. Nous tenons juste a citer
deux des principaux résultats existants. Le premier résultat remonte a Dembo et al. [25],
ot les auteurs démontrent un P.G.D. dans les cas quenched et annealed dans le cas des
marches aléatoires biaisées (i.e. A déterministe). Ils obtiennent en particulier égalité des
deux fonctions de taux. Plus récemment le cas pyp = 0 et A aléatoire a été traité dans [1].
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3 Marches aléatoires en environnements aléatoires sur
7 avec d > 2

Nous arrivons maintenant au cadre qui aura suscité le plus d’intérét ses dix derniéres
années mais aussi sur lequel le moins de choses sont bien comprises. Nous allons séparer
les M.A.M.A. sur Z¢ en deux parties. En effet il existe deux grandes catégories de
M.A.M.A. qui ont été étudiées jusqu’a ce jour.

1. Les marches aléatoires en environnements aléatoires elliptiques, i.e. avec Plw(z, z+

e) > 0] = 1 pour tout z € Z% et e € Z% avec |e| = 1.

2. Les marches aléatoires sur un cluster de percolation qui sont définies de maniére
a étre réversible et par nature ne sont pas elliptiques.

Cette distincition est & mettre en lien avec la disjonction de cas po = 0, py > 0
faite dans la section précédente dans le cadre des marches aléatoires sur les arbres. Nous
allons commencer par traiter les marches aléatoires en environnements aléatoires.

3.1 Le modéle

Nous allons présenter le modéle quitte & faire une redite de la partie introductive
pour rappeler les notations du modéle.
On se donne p une loi elliptique sur le simplexe de Rid, i.e. une loi de probabilité sur

2d
S = {(Pl,...,pzd) € (0, l)d, tel que Zpi = 1},
i=1

.. . . 4 . d . . d
On choisit ensuite un environnement aléatoire w € (S*)%° suivant la loi P = p®%".

La marche dans w = ((w(z, €))eezd,|e|=1)zeze @ alors pour loi P, définie par
P,[Xo=0] =1,

et
P Xny1 =X, +el| Xo,..., X =w(Xn,e), ecZ|e|=1.

Nous insistons sur le fait que nous avons supposé que 'environnement est elliptique,
i.e. que les probabilités de transition sont toujours positives. Une hypothése supplé-
mentaire sera faite de temps en temps, elle est dite d’uniforme ellipticité, et revient &
supposer que

il existe € > 0 tel que, P[w(0,e) > ] = 1, pour tout e € Z% avec |e| =1.  (3.1)
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3. MARCHES ALEATOIRES EN ENVIRONNEMENTS ALEATOIRES
SUR ZP AVEC D > 2

3.2 Transience-récurrence

Le premier résultat lié aux questions de transience-récurrence pour les M.A.M.A. en
dimensions supérieures remonte a Kalikow [55]. Il démontre une loi du 0—1 et introduit
la notion d’environnement de Kalikow dont nous reparlerons dans la Section 3.2.

Il introduit la notion de transience directionnelle, que nous avons évoqué précédem-
ment sans en donner une définition précise. Nous dirons qu’une marche est transiente
dans la direction ¢ € St (ot S%~! désigne la sphére euclidienne de Z?) sur I'événement

Ag:{lim Xn£:+00}

Le résultat originel de Kalikow utilisait I'uniforme ellipticité, une hypothése affaiblie
plus tard par Merkl et Zerner dans [106]

Théoréme 3.1 (Kalikow-1981). Toute marche aléatoire en environnement aléatoire
elliptique vérifie
]P)[Ag U A,d =0 ou 1.

La question “L’événement A, satisfait-il une loi du 0 — 1”7 a été posée dans [55],
néanmoins la réponse a cette question n’a pas été trouvée, excepté en dimension d = 2,
voir [106] ou [105] pour une preuve simplifiée de Zerner. Nous renvoyons aussi le lecteur
au travail de Simenhaus [93] pour plus de résultats sur cette question.

Concernant la question de transience-récurrence proprement dite, nous devons pour
I'instant nous contenter de savoir que le probléme est bien posé au sens ot

Théoréme 3.2 (Kalikow - 1981). L’événement {(X,)n>0 est récurrent sous P,} est de
probabilité O ou 1.

Ce résultat est da au fait que cet événement fait partie de la tribu de queue de 'en-
vironnement et le théoréme est donc une conséquence de la loi du 0 — 1 de Kolmogorov.

Nous allons fournir un critére de transience directionnelle qui remonte a Kalikow [55].
La démonstration de ce critére fait appel & un outil intéréssant qui permet de comparer
des propriétés annealed d'une M.A.M.A. a des propriétés d’une chaine de Markov. Il
s’agit des environnements de Kalikow, il s’agit un des éléments clefs pour la preuve de
notre résultat principal dans [38|, voir Section 1. Nous allons donc le présenter en détail.

Environnement de Kalikow

Pour U C Z%, on note Tyy = inf{n > 0, X,, ¢ U}. Le but de I'environnement est
de relier la loi annealed, qui n’est pas markovienne, & un environnement markovien. Si
on suppose de plus que U est connexe et contient 0, on définit la chaine de Markov qui
admet U U OU comme espace d’état et dont les probabilités de transition sont donnés
par

E[g5(0, 2)w(z, e)]
E[g5(0,2)]

wy(z,x+e) = rel, |e =1,
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CHAPITRE 2. QUELQUES MODELES D’IMPORTANCE

wy(z,z) =1, x € dU,

ou nous avons utilisé la notation gjj(-,-) pour désigner

gi(x,y) = E, [i 1H{X, = ?/}}

Un lien entre les M.A.M.A. et la marche dans I’environnement de Kalikow, i.e. donnée
par les probabilités de transition py(-,-), est énoncé dans le théoréme suivant

Théoréme 3.3 (Kalikow - 1981). Notons ]507U la loi d’une marche aléatoire issue de O
donnée par les probabilités de transition wy. Si Pyy[Ty < oo] =1 alors Py[Ty < oo] = 1,
de plus Xr, a méme loi sous Py et F.

Remarque 3.1. D’autres propriétés existent, en particulier on notera que E[g{(0,x)] =
wu
g7 (0, z).
Cet environnement peut-étre utilisé en introduisant la dérive de Kalikow
CiU<fE) = EZ,U[—Xl — X()], reUU 8U,

qui permet de définir le critére de Kalikow relatif a ¢ € S4-!

inf dy(z)-0=¢e(l,p) > 0.
Uael v(@) (6n)

Cette condition peut-étre difficile a vérifier en général en dimensions supérieures.
Des critéres alternatifs plus simple a vérifier existent, voir [102]. Elle permet d’énoncer
le premier résultat de transience directionnelle

Théoréme 3.4 (Kalikow -1981). Supposons avoir une M.A.M.A. dans Z% avec qui est
uniformément elliptique et qui vérifie le critére de Kalikow relatif ¢ ¢ € S, alors

lim X, - { — oo, P-p.s..

Nous allons tout de suite voir que cette condition est en réalité bien plus forte.

3.3 Existence et étude de la vitesse

Aprés ces premiers résultats de transience directionelle de Kalikow, peu de résultats
sont apparus pendant une période assez longue. Dans cette partie, nous ne cherchons en
aucun cas a étre exhaustif concernant la litérature concernant la loi des grands nombres.
Nous allons simplement évoquer la premier résultat du genre qui est di & Sznitman et
Zerner en 1999 [102|. Ce résultat est important au sens ot il a relancé les recherches sur
les M.A.M.A. en dimensions supérieures.
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3. MARCHES ALEATOIRES EN ENVIRONNEMENTS ALEATOIRES
SUR ZP AVEC D > 2

Ce théoréme utilise de maniére centrale deux outils. Le premier est celui de 1’ex-
istence d’une structure de régénération, nous renvoyons a larticle original [102| pour
une description précise. L’idée est de découper I’environnement et la marche en blocs
i.i.d., il suffit ensuite de mesure ’avancée moyenne et le temps moyen passé dans un
tel bloc pour obtenir une loi des grands nombres pour la marche. Le deuxiéme outil
qu’ils utilisent est le lien existant entre les M.A.M.A. et les marches aléatoires dans les
environnements de Kalikow.

Le résultat principal de [102] de la maniére suivante

Théoréme 3.5 (Sznitman, Zerner - 1999). Supposons avoir une M.A.M.A. dans Z% avec
qui est uniformément elliptique et qui vérifie le critére de Kalikow relatif a ¢ € S41,
alors il existe v déterministe tel que

Xn

— — v, P-p.s.,
n

et de plus v - £ > 0.

La condition de Kalikow caractérise exactement les marches balistiques en dimen-
sion 1. En dimensions supérieures ce critére s’avére plus difficile & vérifier. On notera
I'utilisation de ce critére par Enriquez et Sabot dans [33] pour montrer que certaines
marches aléatoires dans les environnement de Dirichlet sont balistiques.

D’autres recherches pour caractériser la classe des marches balistiques ont permis
d’obtenir plusieurs autres critéres pour obtenir une vitesse positive. Le lecteur intéressé
pourra consulter les travaux de Sznitman, voir [100], sur les conditions (") et (7”) pour
plus d’informations.

Il n’existe quasiment aucun résultat plus précis sur le comportement de la vitesse, car
la tache est encore plus difficile que sur les arbres ou les résultats sont déja trés rares.
Nous citerons quand méme un résultat de Sabot [90] qui étudie des environnements
faiblement perturbés, i.e. du type w(z,e) = po(e)+e&(z, €) o les £(z, €) sont i.i.d. et ¢ est
suffisamment petit. Il obtient un développement asymptotique de la vitesse en fonction
de . En particulier il démontre qu’en dimension supérieure il est possible que la marche
soit accélérée par I'’environnement aléatoire au sens ol la vitesse asymptotique est plus
grande que la dérive moyenne. Sa méthode d’étude repose sur ’étude de I’environnement
de Kalikow associé, ne reviendrons plus en détails sur cela dans la Section 3.2.

3.4 Autres résultats
Théoréme central limite

Il existe des critéres pour obtenir des théorémes du type théoréme central limite
annealed. Nous renvoyons le lecteur a [98] (Théoréme 3.3) et au livre [100] (Chapitre 4)
pour plus de précisions.

Il existe également des principes d’invariance quenched, voir [85], [86], [87] et [16].
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Grandes déviations

Une nouvelle fois les questions des grandes déviations sont étudiées. On pourra trou-
ver des plus amples précisions dans le livre de Sznitman |98 (Théoréme 3.4) et dans un
article récent de Berger [12].

4 Marches aléatoires sur des clusters de percolation

Encore une fois, il existe plusieurs types de marches aléatoires que 'on peut définir
sur des clusters de percolation. Nous allons ici présenter la marche aléatoire simple et
la marche aléatoire biaisée sur le cluster de percolation.

Ces modéles se différentient fortement des marches aléatoires en environnements
aléatoires principalement pour deux raisons

1. ils ne sont pas elliptiques,
2. ils sont réversibles.

Ce dernier point rend plus facile I'analyse de la marche sous I’environnement quenched,
la perte de I'invariance par translation sous la loi annealed peut étre compensée par la
réversibilité du modéle. Mais il est clair que les méthodes de démonstration vont forte-
ment différer.

4.1 La percolation par arétes

Il ne s’agit pas ici de présenter toute la théorie de la percolation, nous allons nous con-
tenter d’introduire des notations et le minimum nécessaire pour comprendre la présen-
tation des théorémes. Pour de plus amples informations sur cet immense domaine, on
pourra trouver une introduction dans 'ouvrage de Grimmett [46].

Nous allons seulement présenter la percolation par arétes sur Z%. On fixe un paramétre
p € [0, 1]. Nous voulons étudier le graphe aléatoire obtenu en enlevant chaque aréte avec
probabilité p indépendamment de toutes les autres arétes. Mathématiquement, on note
Q = {0, 1}Ed ot E¢ désigne les arétes de Z9, on dira qu'une aréte est “présente” ou “ou-
verte” (resp. “ absente” ou “fermée”) si w(e) = 1 (resp. w(e) = 0). On munit cet espace
de la mesure

b= (Ber(p))®Ed-

Dans ce graphe aléatoire nous avons naturellement une notion de connexité et les
composantes connexes de ce graphe sont appelées des clusters. L’un des résultats fon-
damentaux de percolation dont nous avons besoin est résumé dans le théoréme suivant
(voir Théoréme 1.10 p.14 et Théoréme 8.1 p.198 dans [46])

Théoréme 4.1. Pour tout d > 2, il existe p.(d) € (0,1) tel que,

1. pour p < p., P,-p.s. tous les clusters sont finis,
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2. pour p > p., P,-p.s. il existe un unique cluster infini.

La premiére phase est appelée sous-critique et la deuxiéme sur-critique. Donc seule la
deuxiéme phase permet d’obtenir un graphe infini ot des questions de types récurrence-
transience pourront étre étudiées. Nous allons donc nous restreindre a 1'étude de ce
régime.

On remarque que ce théoréme implique que pour p > p.(d)

B[ K(0)| = o0] >0,

ou K(0) désigne le cluster de 0 et |K(0)| sa taille. Ainsi il est possible conditionner le
cluster infini & passer par 0 en définisant la mesure

P[] = B[ [ |K(0)] = oc].
D’autres modéles existent, nous citerons ’étude des marches aléatoires sur le “cluster
critique” [58] ou les marches ralenties sur les clusters [23] et [83].
Dans la suite on fixe p > p.(d) et par soucis de légéreté nous ometrons l'indice p

dans P, lorsqu’aucune confusion n’est possible. De plus w désignera un environnement
tiré sous la mesure P.

4.2 La marche aléatoire simple
Le modéle

La marche aléatoire simple sur un cluster de percolation est la chaine de Markov
définie sur K(0) par

w([z,x + €])
> @[z +el)

qui est une quantité bien définie car le dénominateur ne peut s’annuler sur K(0).

P Xpp1=x+e|X,=12|=

Résultats

Transience-Récurrence Parun argument classique de réseaux électriques (le théoréme
de monotonicité de Rayleigh voir [30] ou [70]) la marche aléatoire simple sur un cluster
de percolation est récurrente en dimension d < 2, car intuitivement il y a moins de
facons de partir a I'infini. Ce qui n’est pas aussi clair est le fait que la marche reste
transiente en dimension d > 3, ce qui a été démontré dans [48].

Théoréme 4.2 (Grimmett, Kesten, Zhang - 1992). La marche aléatoire simple sur le
cluster de percolation de parameétre p > p.(d) est transiente si, et seulement si, d > 3.

Nous noterons qu’il existe une preuve alternative de ce résultat par Benjamini, Pe-
mantle et Peres [11].

Le fait que la percolation ne change pas la nature transiente (ou bien évidemment
récurrente) est un fait relativement général [5].
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Principe d’invariance Le principe d’invariance annealed remonte a [24] et & [47]
pour obtenir que la variance limite est non nulle. Récemment de nombreux résultats ont
permis d’obtenir des principes d’invariance quenched, en commencant par Sidoravicius et
Sznitman [92] (pour d > 4) puis plus récemment par Berger et Biskup [13| parallélement
a un travail de Mathieu et Piatnitski [72].

Des résultats similaires existent dans des modéles plus généraux de conductances
aléatoires i.i.d. |71]. Ces questions sont fortement liés a des questions d’isopérimétries.

Autres résultats Beaucoup d’autres questions sont liées & cette notion d’isopérimétrie.
On renvoit le lecteur aux travaux de Rau [88] qui étudie le nombre de points visités par
la marche aléatoire simple sur un cluster de percolation. D’autres questions concernent
des estimées sur le noyau de la chaleur [73] et [14].

4.3 La marche aléatoire biaisée
Le modéle

Il existe plusieurs maniéres de définir une marche aléatoire biaisée sur un cluster de
percolation, deux modéles ont été proposés I'un par Berger, Gantert et Peres [15| 'autre
par Sznitman [99]. Nous présenterons le deuxiéme qui est légérement plus général car il
autorise un biais dans toutes les directions possible. On fixe e Si1et \> 0, ce qui
nous donne un biais £ = M de force A et de direction £. On peut alors définir pour tout
w, la marche aléatoire biaisée sur un cluster de percolation comme la chaine de Markov
définie sur K (0) par

etew([z,x + €])

PolXnpp=z+e| Xy =a]=p“(z,2+¢) = > et w(lz,z +€])
e le'|=1 )

Les résultats

1l existe plusieurs articles dans la littérature physique concernant ce modéle, voir [28|
et [29]. Cependant mathématiquement ce modéle reste difficile a traiter, les seuls travaux
existant jusqu’a trés récemment sont [15] et [99].

Ces deux articles démontrent essentiellement le méme résultat qui est résumé dans
le théoréme suivant

Théoréme 4.3 (Berger, Gantert, Peres - 2003 ; Sznitman -2003). On a

lim X, - ¢ = oo, P-p.s..

n—oo

De plus, il existe 0 < \; < A\, tel que

1. st A < N alors lim, oo X,,/n = v avec v - € > 0,
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2. si X > N\, alors lim,,_, X,,/n = 0.

Ce théoréme confirme partiellement les conjectures des physiciens qui de plus s’at-
tendent & pouvoir énoncer le théoréme avec \; = \,. Cependant mathématiquement
nous sommes encore incapable d’exclure I'existence d’un possible régime intermédiaire.
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Présentation des résultats

Comme il a été évoqué dans I'introduction de la thése, le modéle qui a motivé la
plupart de mes recherches est celui de la marche aléatoire biaisée sur un cluster de
percolation. Les deux questions majeures qui restaient en suspens, ayant a voir avec des
phénomeénes de ralentissement, sont

1. Pétude de la vitesse, i.e. déterminer le régime balistique et comprendre la dépen-
dance de la vitesse vis-a-vis des paramétres,

2. l'identification de I'ordre de grandeur des fluctuations de la marche.

Le premier type de problémes est partiellement étudié dans la Section 1. Concer-
nant la deuxiéme question, nous n’avons pas encore obtenu de résultats sur le cluster
de percolation. Nous nous sommes donc tourné vers la marche aléatoire biaisée sur un
Galton-Watson avec des feuilles, on pourra retrouver une présentation du résultat corre-
spondant dans la Section 2. En étudiant ce probléme nous avons eu 'occasion d’étudier
en détails le comportement de la M.A.M.A. uni-dimensionnelle. Cela nous a permis d’é-
tudier des questions de “déviations modérées” qui étaient restées ouvertes jusqu’ici, le
résultat correspondant étant présenté dans la Section 3.
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CHAPITRE 3. PRESENTATION DES RESULTATS

1 Comportement de la vitesse sur le cluster de perco-
lation vis-a-vis des paramétres

Concernant I'étude de la dépendance de la vitesse vis-a-vis des paramétres du prob-
léme, deux questions sont envisageables : la dépendance par rapport au biais ou par
rapport au parameétre de percolation. En particulier on s’intéresse a d’éventuelles pro-
priétés de monotonie.

La question la plus abordable semble étre la premiére, car il existe déja des résultats
qui, sur les arbres, vont dans ce sens (voir [18]) alors que concernant la dépendance vis-
a-vis du biais la question est encore ouverte sur les arbres de Galton-Watson. Il parait
donc un peu trop ambitieux d’attaquer directement le probléme sur Z¢. La difficulté de
cette question est a mettre en relation avec les exemples surprenants de |69].

L’un des résultats obtenus lors de cette thése concerne I’étude de la vitesse en fonction
du paramétre de percolation. Il est naturel de penser que la percolation crée des piéges,
des “culs-de-sac” dans la direction de la dérive et diminue le nombre maniéres de partir a
Iinfini. Ainsi, intuitivement, effectuer une percolation ne devrait que pouvoir diminuer la
vitesse de la marche. Pour tenter de répondre partiellement & cette question, nous avons
calculé la dérivée de la vitesse au point p = 1 vis-a-vis du paramétre de percolation et
nous avons montré que dans un large spectre de cas, la marche est effectivement ralentie.

Pour étre plus précis, introduisons les fonctions de Green de la configuration w

pour tout z,y € Z¢, GY(x,y) == E? [Z 1{X, € y}]

n>0

Rappelons tout d’abord que v,(1) = >, p*°(0,¢e)e, ot wy est I'environnement a
p = 1, i.e. §’il n’y a pas eu percolation. De plus nous posons p(e) = p*°(0,¢e) et v les
vecteurs unités de Z<.

Théoréme 1.1. Pour d > 2, p € (p.(d),1) et pour tout £ € R, on a
ve(1 =) =ve(1) = Y (ve(1) - €)(G“5(0,0) — G5 (e, 0))(ve(1) — de) + o(e),
e€v
ou pour tout e € v on note
pour f € B(ZY),  wilf) =1{f # e} andd, =3 p*(0,¢)¢,
e'cv

respectivement ’environnement ou seule l'aréte [0, | est fermée et la dérive correspon-
dante en 0.
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Proposition 1.1. Notons J¢ = G“°(0,0) — G*°(e,0) pour e € v. On peut réécrire le
terme d’ordre 1 dans le développement précédent de la maniére suivante

) = ) - u),

ecr

ot les fonctions de Green intervenant ne dépendent que de l’environnement wg. On peut
ainsi montrer que si pour tout e € v tel que vy(1)-e >0 on a ve(1) - e > ||vg(1)|]3 alors

ve(1) - vy(1) > 0,

ce qui montre que la percolation ralentit la marche au moins a p = 1.
La condition précédente est vérifiée dans les deuz cas suivants

1. L € v, i.e sila dérive est suivant un des azxes,

2. 0=\, ot \ < )\C(Z) pour un certain )\C(Z) > 0, i.e. quand la dérive de la marche
est suffisament faible.

Remarque 1.1. La propriété de monotonie de la Proposition 1.1 devrait étre vraie pour
toutes dérives, mais pour des raisons techniques nous n’arrivons pas a faire aboutir les
calculs. Plus généralement on s’attend a ce que cette propriété soit vraie dans une large
gamme de cas, par exemple dans tout le régime sur-critique. Pour une conjecture reliée
a ces phénomenes, voir [18].

Remarque 1.2. Une conséquence non triviale du théoréme est que la vitesse est locale-
ment non nulle autour de p = 1.

Remarque 1.3. Finalement ce résultat nous donne quelques idées quant a la dépendence
de la vitesse vis-a-vis du biais. En effet, fizons un biais £ et un certain u > 1, alors le
Théoréme 1.1 implique que pour tout €9 = €o(¢, ) > 0 suffisament petit, on a

V(1 —¢) 0> (1 —¢) - pour e < &.

La démonstration de ce résultat s’inspire d’un résultat de Sabot [90] qui étudie un
environemment invariant par translation déterministe soumis & une petit modification
aléatoire et i.i.d. en chacun de ses sites. Ici le contexte est assez différent car notre en-
vironnement est soumis a une perturbation trés forte, on perd 'ellipticité de la marche,
mais rare. On doit en quelque sorte démontrer que les effets potentiellement non-bornés
qui proviennent d’une aréte enlevée, sont petits une fois que I’on a moyenné sur ’envi-
ronnement.

[’outil central pour la démonstration de ce théoréme est la fonction de Green, qui
d’une part est reliée a la vitesse et d’autre part est un outil que nous savons étudier via
les théorémes de Kalikow.
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Voici une rapide esquisse de la preuve de la continuité de la vitesse, les outils pour
obtenir la dérivée étant essentiellement similaires. On note pour z,y € Z%, P un opéra-
teur Markovien et < 1, la fonction de Green tuée géométriquement avec un paramétre

1—90
Y (w,y) = EF[D° 8°1{X, = y}] and G5 (2,) = G} (),
k=0
ou P¥ est 'opérateur Markovien associé a la marche dans I'environnement w.

On introduit alors I'environnement de Kalikow associé au point 0 et a I’environ-
nement Py_.[- | Z], qui est donné pour z € Z%, § < 1 et e € v par

AE(Z 6) _ EI*E[GLJSJ<07 Z)pw(z, e) |I]
o E, .[G5(0,2)|7]

L’un des résulats démontrés par Kalikow [55], se généralise facilement de la maniére
suivante

Proposition 1.2. Pour z € Z% et § < 1, on a
E . [G;;(o, 2) |z} = G7(0, 2).

On peut directement adapter la preuve de la Proposition 1 de [90], qui ne nécessite
pas d’hypothése d’uniforme ellipticité dans le cas § < 1.

Le lien entre les fonctions de Green et la vitesse asymptotique vient de la proposition
suivante

Proposition 1.3. Pour tout 0 < ¢ < 1 — p.(Z%), on a

lim Zzezd G;jé (267 Z)dg(z) = lim E[Xﬂs]
551 ZzGZd Géé (07 Z) 51 E[Tg]

ot c/i\j;(z) = Zﬁg(z, e)e.

ecr

= Ug(l — 8),

En notant C§ I'enveloppe convexe des Jg(z) pour z € Z%, une conséquence immédiate
de la proposition précédente est que

Proposition 1.4. Pour ¢ > 0 on a que vy(1 — €) est un point d’accumulation de C§
quand 6 tend vers 1.

Ces deux propositions sont démontrées dans la preuve de la Proposition 2 de |90] et
reposent uniquement sur 'existence d’une vitesse asymptotique, ce qui est vérifié par le
résultat de [99]. Introduisons alors les notations

7 = {il existe un unique cluster infini passant par 0},
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et

C(z) ={e € v,z 2+ €] est fermée},
ou C(z) désigne donc I'ensemble des arétes adjacentes a z qui sont fermées dans la
percolation.

En omettant I'indice € dans E;_.[ -], on peut alors comprendre c?f;(z) en décomposant
la dérive de Kalikow suivant les configurations en z

E [1{I}I{C(2) = A}G%(0, 2)p(z, e)e]

HOEDSY

(1.1)

vt B[1{Z}G(0,2)]
) B[1{Z}1{C(z) = A}G3(0, ) ]
ACv, Adv E [1{I}G§(07 2’)} !

E [1{1}@*;;(0, Alez) = A}

= Y Plex)=4 da,

ACv, Atv E [1{1}(1‘3’(0, z)}

oudy = ZpA(e)e est la dérive sous la configuration A. Ici pa(-) désigne donc p“’é(O, )
ecA
oil w; est I'environnement ot toutes les arétes sont ouvertes sauf les arétes adjacentes
a 0 dans v\ A qui sont fermées.
I1 est alors suffisant de montrer qu'uniformément en z et en A on peut avoir

E[l{I}G‘g(O, J)lez) = A}
E [1{1}@;(0, z)}

< C,

ce qui entraine que

d5(z) = dy + O(e) = vy(1) + O(e),

ce qui permet d’obtenir appliquer la Proposition 1.4 et obtenir la continuité de la vitesse.
Cette estimée technique se révéle difficile a traiter et constitue une grosse partie de
Particle.

2 Un lien entre les M.A.M.A. et un modéle de piége
jouet

Le résultat principal obtenu dans [8] concerne la limite d’échelle de la marche aléa-
toire biaisée sur un Galton-Watson avec des feuilles.
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Théoréme 2.1. Notons, v = —Inf'(¢)/In5. Pour tout X\ > 0, en notant ny(k) =
AP (q)*], on a

AYRD 4y

n)\(k;>1/’7

ot Yy a une loi infiniment divisible. Ce qui implique que

In | .X,|
—_

Inn

Cependant pour B suffisament grand, la suite (An/nlm)nzo ne converge pas en loi.

Cette section est dédiée a une explication de 'intuition qui se situe derriére la preuve
de ce résultat. Nous cherchons a présenter les grandes lignes de la démonstration car
nous pensons que la méthode d’analyse est suffisament robuste pour s’étendre a plusieurs
autres modéles.

Un point central des travaux effectués dans [35], [36], [34], [8] and [9] est la clarifica-
tion des liens entre les M.A.M.A. qui sont réversibles, transientes dans une direction et
a vitesse nulle avec un modéle de piége jouet.

Il est clair depuis longtemps que le ralentissement, qui provoque un régime sous-
balistique, est essentiellement lié & l'existence de piéges dans I’environnement dans
lesquels la marche demeure suffisament longtemps. Cependant ce n’est que trés récem-
ment qu’'une méthode d’analyse précise de ses modéles a commencé a prendre forme.
La méthode n’est pas encore compléte au sens oti dans un cadre général nous ne savons
pas comment définir la notion de piege et que I'analyse du temps passé dans un piége
reste a faire au cas par cas, mais des similarités apparaissent. Le but de cette analyse
est d’obtenir des théorémes de convergence du type

X .
il existe v < 1, LNy
ny

Nous allons essayer de donner les grandes étapes de la preuve type, en illustrant via
deux modéles concrets qui sont aujourd’hui bien compris

1. la M.A.M.A. uni-dimensionnelle dans le régime transient vers l'infini & vitesse
nulle,

2. la marche aléatoire biaisée sur un Galton-Watson avec des feuilles (pg > 0) dans
le régime sous-balistique.

Nous commencons par nous intéresser au temps d’atteinte du niveau n dans la di-
rection de la transience directionelle qu’on 'on peut relié¢ a X, via un argument d’in-
version classique. On pose donc A, = inf{i > 0, |X;| = n} dans le cas de l'arbre et
A, =inf{i >0, X; =n} sur Z.
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Tout d’abord nous avons besoin de 'existence d'une structure de régénération, ce
qui nous assure que le nombre de sites vus pour atteindre le niveau n que ’on notera
S, vérifie

Sn ~ Cs’fl,

pour un certain Cs > 0. Cette propriété est naturelle, en effet dans un bloc de régénéra-
tion la marche avance d’un nombre de pas d’espérance fini et voit un nombre fini de
sites.

Lorsque la marche parcourt I’environnement elle rencontre des “piéges” qui sont a
I’origine de son ralentissement. Pour simplifier nous allons nous imaginer qu’en chaque
site notre marche rencontre un piége. Ainsi & chaque fois qu’on se situe sur un site
particulier nous avons un temps d’attente dépendant du piége (qui est aléatoire) présent
en ce site.

Vu de loin, la marche est essentiellement uni-dimensionnelle par transience direction-
nelle. Dans un souci de simplification nous allons supposer dans la suite que la marche
est sur Z. De plus nous allons supposer que la marche va toujours d’un piége au suivant,
cette hypothése est a premiére vue abusive, mais nous allons la justifier a postériori.

Finalement, nous avons donc assimilé nos deux modéles au modéle simplifié de
M.A.M.A. sur N suivant : X; = ¢ pour Z Tmt <t< ZZH Tt((ft ol Tt(ot est le temps
total passé dans le j-éme piege vu. On peut espérer que Cela soit une bonne représen-
tation pour des modéles assez généraux de transience directionelle & vitesse nulle. Nous
représentons dans la figure 3.1 ce modéle simplifié, ot les piéges sont en pointillé.

1 2 3 4 5 6 7 8
T T T Tl

Fi1G. 3.1 — Modéle de piége simplifié
Aprés ces simplifications notre probléme devient plus abordables en effet on remarque
que A, correspond essentiellement au temps passé dans les Cyn premiers piéges et donc
Cgsn '
Ay~ T,
i=1

est une somme de v.a.i.i.d..
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Dans le cas de la M.A.M.A. uni-dimensionnelle, ces piéges sont caractérisés comme
des puits de potentiel. Dans le régime transient vers co, ces puits sont caractérisés par
de grandes montées du potentiel (voir figure 3.2).

’

,/ puit de potentiel

---- potentiel
F1G. 3.2 Puit de potentiel dans la régime transient vers oo sur Z

Dans le cas des marches aléatoires biaisées sur un Galton-Watson avec feuilles, il
s'agit des “feuilles” dans le sens ot on considére I'ensemble des sommets qui possédent
une descendance finie (voir Figure 3.3).

La tache difficile est d’identifier les piéges et d’étre capable d’en décrire la structure.
Dans ces deux modéles, on remarque que pour partir a I'infini a partir d’'un piége, la
marche doit nécessairement passer par des zones ol la mesure invariante est beaucoup
plus faible. Ceci est probablement une piste assez générale pour identifier les piéges.

En effet, supposons qu’a partir d'un point x la marche doit passer par un point y
de mesure invariante inférieure. On peut alors, via un argument de réversibilité, obtenir
une majoration de la probabilité de sortie d'un piége car

PIT < oo < PATY < Ty < ™9,

m(z)
ce qui montre déja que typiquement la marche va passer un temps de I'ordre de 7(z)/7(y)
en .
Dans le cadre de Z, on obtient donc une majoration de la probabilité de sortie d’un
piége en e~ ou H est I'augmentation du potentiel dans le piége, i.e.

H = max | max V(y)—V(x)|.

repiége Ly>x,ycpiége
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—— tronc

"""" feuille

F1G. 3.3 — Les feuilles dans un Galton-Watson

Dans le cadre de la marche aléatoire biaisée sur le Galton-Watson avec des feuilles,
la quantité qui nous intéresse est la hauteur du piége (qui est directement reliée a la
mesure invariante) H, i.e. le nombre de niveaux distincts dans le piége, qui nous permet
d’obtenir une majoration du temps de sortie du piége de I'ordre de 3=1.

Analysons le comportement de la marche dans un grand piége, sous I'hypothése
simplificatrice que ces deux majorations sont en fait des égalités. Deux points vont
jouer un réle important cette analyse,

1. tout d’abord il y a le fond du piége, i.e. le point de mesure invariante maximale,
que le notera 9,

2. ensuite il y a la sortie s (dans nos deux modéles on peut identifier cette sortie & un
point) qui est un ensemble du piége a partir duquel il est facile de partir a I'infini.

Ce point de sortie est choisi, dans le cas de la marche aléatoire sur Z comme le point
qui est au sommet de la vallée du coté droit et dans le cas de la M.A.M.A. sur I'arbre
comme le point du tronc auquel la feuille est attachée.

Le phénoméne qui se produit est que la marche va effectuer un grand nombre d’ex-
cursions a partir du “fond” du piége avant d’atteindre la sortie. Ce nombre d’excursions
est une géométrique de paramétre p = P, [T5+ < T | Xo = 4] et on peut alors approximer
le temps passé durant un passage dans le piége par

Geom(p) 1

Thege = 3 T ~ Geom(p) EL[TS)] ~ ~ EL[TS]e,
=1

exc exc exc

i

ol e désigne une exponentielle de paramétre 1 qui ne dépend que de la marche et les Tp(f()r

sont des variables i.i.d. distribuées comme le temps d’une excursion a partir de § qui ne
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sort pas du piége. Ici nous avons utilisé une sorte de loi des grands nombres associée a
une approximation d’une géométrique par une exponentielle. Elles sont toutes les deux
justifiées par le fait que le comportement de la marche est essentiellement déterminé par
ce qui se passe dans les grands piéges, i.e. dans le cas ou p est petit, qui nous permet
d’obtenir les approximations faites au-dessus.

Ensuite il est possible que la marche ayant atteint s puisse retourner au fond de
celui-ci. Nous introduisons

W=card{ie N| X; =5, 35>, X; =0, Xy #s, Vi <k <j},

le nombre “d’entrées profondes” dans le piége. Le temps total passé dans un grand piége
est donc

1 0 W 1
Tiot = —E,[T5!] E e = Zy—, (2.1)
p pr p

ou les e; sont des v.a.i.i.d. indépendantes de loi exponentielle de paramétre 1. La variable
aléatoire W est essentiellement indépendantes des autres variables aléatoires car elle
dépend surtout de ce qui se passe a 'extérieur du piége.

Sans entrer trop dans les détails, la formule précédente signifie que T, est essen-
tiellement déterminé par 1/p car il est possible de montrer que E[Z,] < oo.

Dans les cas que nous développons ici, nous rappelons que 1/p ~ e (vesp. 1/p ~ 1)
dans le cas de la M.A.M.A. uni-dimensionnelle (resp. marche aléatoire biaisée sur un
Galton-Watson avec des feuilles). Dans les deux cas, il parait alors naturel de classer
les piéges en fonction de leur impact qui est 1ié a leur “taille” qui est quantifié via la
variable aléatoire H.

Il nous reste donc a déterminer l'ordre de grandeur de la queue de ces variables
aléatoires. Dans le cas uni-dimensionnel, sous I'hypothése que In pg a une distribution
qui n’est pas concentrée sur un réseau, on a un résultat de Iglehart [54] qui nous permet
d’obtenir que

P[H > t] ~ Cre " ie. Ple" > t] ~ Ot ™",

ou k est tel que E[pf] = 1.
Dans le cadre de la marche sur ’arbre, nous utilisons un résultat de Heathcote, Seneta
et Vere-Jones [50] qui nous permet de dire que

P[H > n] ~ af'(¢)" i.e. Ple” > 1] = 0O(t77),

N _ k L, . . . _ /
ou f(z) = >, Prz", ¢ désigne son unique point fixe dans (0,1) et v = —Inf'(q)/In 3.
Nous n’avons pas ici & proprement parler d’équivalent. En effet H est & valeurs entiéres,
ceci qui correspond a ce que In pg soit concentrée sur un réseau en dimension 1.

En se remémorant (2.1), nous voyons dans le cas uni-dimensionnel

1
P[Ti: > 1] = / P[Z—)u > t] dP[Z., € du] ~ / Crt " u dP[Z., € du] = CrE[Z5]t",
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ce qui nous d’appliquer des théorémes classiques sur les variables aléatoires & queues
lourdes et & variations réguliéres, voir [31], pour montrer un théoréme de convergence
(4)

vers une loi stable. En notant 7i.; une suite de v.a.i.i.d. de loi T}, on a

Cgon 7
A, YOl

nl/s nl/x

— S,

ol S, est une loi stable complétement asymétrique d’indexe , dont on peut calculer les
autres paramétres de maniére “explicite” en fonction de certain moments de la variable
Zy et de Cg.

Nous avons ici omis deux points importants,

1. les temps passés dans différents piéges ne sont pas indépendants,
2. la marche ne passe pas d’un piége au suivant sans jamais revenir en arriére.

Ces propriétés sont a proprement parler fausses, mais si nous regardons des événe-
ments génériques, i.e. des convergences en loi par opposition & des grandes déviations,
ces deux propriétés sont essentiellement vérifiées. En effet, les sommes de v.a.ii.d. a
queues lourdes sont concentrées sur les plus gros termes, par exemple sur une somme de
n la somme est concentrée sur les n® plus gros termes, elles correspondent, donc aux plus
grosses vallées qui sont génériquement a grande distance. Ainsi le nombre de retours
dans chacunes des grosses vallées sont essentiellement indépendants ce qui nous donne
la premiére propriété. De plus une fois qu'une vallée est atteinte il est peu vraisemblable
de revenir contre la direction de la transience entre deux grands piéges, i.e. sur une
distance polynomiale. Cela fournit la deuxiéme propriété.

Un raisonnement similaire peut-étre fait dans le cas de 'arbre. Seulement dans ce cas
il n’y pas de possibilité de convergence en loi. En effet le temps d’atteinte du niveau n est
réduit a ’étude de la convergence d’une suite de v.a.i.i.d. qui ont des queues qui ne sont
pas a variations réguliéres et par des résultats généraux sur les tableaux triangulaires,
voir [80], on ne peut pas trouver de renormalisation convenable. Cependant grace a
'application d’un résultat de 80| (que I'on retrouvera reformulé dans le Théoréme 10.6),
on peut obtenir une convergence selon des sous-suites

Ay 1 A d
pour A€ [1,8),  —C0- = 52 T =Y,
=1

(AB)*

ol Y est une variable aléatoire de loi infiniment divisible qui posséde une partie brown-
ienne nulle.
Ce raisonnement explique aussi essentiellement les résultats obtenus dans [35] et [36].
Il est le coeur de la démonstration dans [8] pour traiter le cas des marches biaisées sur
un Galton-Watson avec des feuilles dont le résultat a été cité au début de cette section.
Plus généralement les résultats qu’on peut obtenir sont reliés au “Bouchaud’s Trap
Model” qui fut introduit dans [17]|. Nous ne voulons pas introduire également ce modéle
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et nous renvoyons le lecteur au mini-cours [7] pour une introduction générale. Nous
signalons également 'article [107] qui est encore plus fortement relié aux modéles que
nous avons considéré ici. En effet le modéle de Bouchaud dirigé qui est étudié dans
cet article posséde des propriétés similaires & celles des M.A.M.A. présentées ici méme

concernant les événements rares du types grandes déviations.

3 Déviations modérées pour la M.A.M.A. sur Z

Nous venons de voir dans la section précédente que la M.A.M.A. uni-dimensionnelle
était fortement lié & un modéle jouet, du moins dans le cas d’un comportement typique
de la marche. Cependant lorsqu’il s’agit de regarder des événements rares certaines
approximations faites dans la section précédente sont un peu abusives. En particulier
il n’est pas vrai que la particule avance essentiellement d’un piége a un autre, il est en
effet possible d’observer de grands retours en arriére. Une modélisation plus adéquate du
modéle serait alors de conserver un temps d’attente a chaque site du type e
variable aléatoire exponentielle de paramétre 1 et H est une variable aléatoire distribuée
comme la hauteur d’une vallée, mais de remplacer les sauts de la marche aléatoire qui
étaient systématiquement vers la droite par une marche aléatoire biaisée vers la droite.

e oll e une

Cette représentation simplifiée nous permet d’aborder des problémes de “dévia-
tions modérées”. Sous les hypothéses du théoréme de Kesten, Kozlov et Spitzer, i.e.
si E[ln po] < 0 et E[p§] = 1, nous avons que

lim In X,/ Inn = k&, P-p.s..
n—oo

Une question naturelle a considérer est de savoir la probabilité d’un écart par rapport

a cet événement. Nous cherchons & comprendre les événements rares suivant
le ralentissement, ce qui signifie qu’au temps n la particule est & gauche de n*°
ol vy < 1 A K, ce qui signifie que la particule est beaucoup plus lente que son
comportement typique,

— le recul, ce qui signifie qu’au temps n la particule est & gauche de —n”,

I’accélération, ce qui signifie que la particule est a droite de n*° avec k < vy < 1.

Nous désignons tous ces événements par des “déviations modérées”. En effet, dans
le cas de ralentissement, la fonction de taux pour les grandes déviations I(-) vérifie
que 1(0) = 0, ce qui nous permet seulement de dire que les probabilités décroissent, de
maniére sous-exponentielle en n (voir [20]). Notre but est alors de préciser ce résultat
en identifiant le coefficient de décroissance sous-exponentielle.

Nous obtenons plusieurs résultats, en particulier des déviations, quenched ou an-
nealed, pour la marche ou pour le temps d’atteinte, dans le cas uni-dimensionnel nor-
mal ou bien réfléchi en 0. L’ensemble de ces résultats est assez longs a énoncer et nous
renvoyons le lecteur a la Section 6 pour tous les énoncés.
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On peut résumer une partie des résultats sous la forme d’un graphique. Dans le cas
sous-balistique, i.e. k € (0,1), les déviations modérées quenched pour la marche Z sont
représentées en 3.4 via le graphique de la fonction :

lim, oo In(—In P,[X, < —n7"])/Inn, sive (—1,0],
f(v) =< lim,_ o In(—In P,[X, < n”])/Inn, siv e (0,k),
lim,, o In(—1n P,[X,, > n”])/Inn, siv e [k, 1).

Fi1G. 3.4  Graphique de f(v)

’

Les résultats obtenus dans le cas du ralentissement, qui constitue le cas le plus
difficile, sont en fait les mémes que ce que l'on obtient en faisant les calculs dans le
modéle simplifié présenté dans le début de cette section. Il faut analyser la compétition
qu’il y a entre les deux possibilités suivantes

1. aller chercher de grandes vallées dans lesquelles il est naturel de passer beaucoup
de temps,

2. passer un temps anormalement grand dans une vallée normale.

Une ébauche détaillée de preuve se trouve dans l'article [39].
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Biased random walks on
Galton-Watson trees with leaves

We consider a biased random walk X, on a Galton-Watson tree with leaves in the
sub-ballistic regime. We prove that there exists an explicit constant v = v(3) € (0,1),
depending on the bias (3, such that X, is of order n”. Denoting A, the hitting time
of level n, we prove that A,/n'/7 is tight. Moreover we show that A, /n'/7 does not
converge in law (at least for large values of ). We prove that along the sequences
na(k) = |AB*], A,/n'/7 converges to certain infinitely divisible laws. Key tools for
the proof are the classical Harris decomposition for Galton-Watson trees, a new variant
of regeneration times and the careful analysis of triangular arrays of i.i.d. heavy-tailed
random variables.

The material of this chapter is a joint work with G. Ben Arous, N. Gantert and A.
Hammond and has been submitted for publication, see [8].



CHAPITRE 4. BIASED RANDOM WALKS ON GALTON-WATSON
TREES WITH LEAVES

1 Introduction and statement of the results

Consider a supercritical Galton-Watson branching process with generating function
£(z) =Y ,-0prz", i.e. the offspring of all individuals are i.i.d. copies of Z, where P[Z =
k] = pr. We assume that the tree is supercritical and has leaves, i.e. m := E[Z] =
f'(1) € (1,00) and py > 0. We denote by g € (0,1) the extinction probability, which
is characterized by f(q) = ¢. Starting from a single progenitor called root and denoted
by 0, this process yields a random tree 7. We will always condition on the event of
non-extinction, so that 7' is an infinite random tree. We denote (2, P) the associated
probability space : P is the law of the original tree, conditioned on non-extinction.

For w € (, on the infinite Galton-Watson tree T'(w), we consider the [-biased
random walk as in [68]. More precisely, we define, for 5 > 1, a Markov chain (X,),en
on the vertices of 7', such that if v # 0 and « has k children vy, ..., v; and parent ‘u,
then

L P[Xn = |X, = u] = 5,

2. P[X,41 =v| X, =u] = %%k, for 1 <i <k,
and from 0 all transitions to its children are equally likely. This is a reversible Markov
chain, and as such, can be described as an electrical network with conductances ¢(z , ) :=
BI*I=1 on every edge of the tree (see |70] for background on electrical networks).

We always take Xy = 0, that is we start the walk from the root of the tree. We denote
by P*[-] the law of (X},)n—0.1.2.. and we define the averaged law as the semidirect product
P=P x P“.

Many interesting facts are known about this walk (see [68]). As one might expect, it
is transient. Denote by |u| = d(0, u) the distance of u to the root. It is known that P-a.s.,
| X,|/n converges to a deterministic limit v. Moreover, the random walk is ballistic, i.e.
its limiting velocity v > 0, if and only if 5 < 5. = 1/f'(¢q). In the subballistic regime, i.e.
if 3 > (., we have v = 0. The reason for the subballistic regime is that the walk loses
time in traps of the tree, from where it cannot go to infinity without having to go for a
long time against the drift which keeps it into the trap. The hypothesis py > 0 is crucial
for this to happen.

As in all subballistic models, a natural question comes up : what is the typical
distance of the walker from the root after n steps? This is the question we address in
this paper. We always assume that

E[Z% < o0
and
p>1/tq),
recalling that 1/f'(¢) > 1. We introduce the exponent
_ —Inf'(¢g) Ing. _
" Ing  Inp

1 (1.1)
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so that 57 = 1/f'(q).
Let A, be the hitting time of the n-th level :

Theorem 1.1. (i) The laws of (A,/n'"),>0 under P are tight.
(ii) The laws of (|X,|/nY)n>0 under P are tight.
(111) We have
. In|X,]
lim

n—oo Inn

=7, P—a.s. (1.2)

Of course, this raises the question of convergence in distribution of the sequence
(A, /n'7),0. The next theorem gives a negative answer.

Theorem 1.2. For (3 large enough, the sequence (A,/n'?),>o does not converge in
distribution.

However, we can establish convergence in distribution along certain subsequences.

Theorem 1.3. For any A > 0, denoting ny(k) = |[M'(q) %], we have

Bnyt) Y,
n)\<k;>1/’7

where the random variable Yy has an infinitely divisible law piy.

We now describe the limit laws py. For some constants p and C, (the constant p is
defined in (2.2), the constant C, in Lemma 6.1), we have

Ya = (pCaM)Y Yipounin

where B
Y, has the law J(dy,0, L)) .

The infinitely divisible law J(dy, 0, £,) is given by its Lévy representation (see [80], p.
32). More precisely, the characteristic function of J(dy, 0, L)) can be written in the form

ite
1+ 22

E [eit?)\] _ /eitrj(d)\,(),ﬁ)\)(d:c) = exp Zd,\t +/ (eitr — 1= ) dﬁ)\(x)
0

where d, is a real constant and £, a real function which is non-decreasing on the
interval (0,00) and satisfies £)(z) — 0 for # — oo and [z2dL,(z) < oo for every
0

a > 0. Comparing to the general representation formula in [80], p. 32, we here have that
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the gaussian part vanishes and £,(z) = 0 for = < 0. The function £, is called the Lévy
spectral function. Note that £, is not a Lévy-Khintchine spectral function.
In order to describe Ly, define the random variable

S Bin(Wompoo)
Zoo = 11— /8—1 ; €e;, (13)

where p,, = 1 — 37! is the escape probability of a S-biased random walk on N. Further,
the random variables e; in (1.3) are i.i.d. exponential random variables of parameter 1
and the non-negative random variables (e;), Wy and S in (1.3) are independent. The
random variables S, and W, will be described in (3.6) and Proposition 6.1 respectively.
The random variable Bin (W, ps) is of law Binomial with parameters W, and p... Now,
denoting by Fo.(7) = P[Z,, > z] the tail function of Z,,, we have

Theorem 1.4. (i) The Lévy spectral function Ly is given by

0 if v <0,
Li(@) =9 =(1=p")> ¥ Fo(zp) ifz>0.

keZ

(1) for all A € [1,0) and z € R, Ly(x) =XNLy(Ax) and Lz(z) = L4(x).
(1ii) dy is given by

14+~ -y 14+ Zoo
=N =) 3B ]

keZ
(iv) Ly is absolutely continuous.
(v) The following bounds hold
1 . _—
EE[ZOO]E < —Li(2) < E[23]— (1.4)

(vi) The measure py is absolutely continuous with respect to Lebesque measure and has
a moment of order o if and only if a < 7.

(vii) When B is large enough, 7 Lx(x) is not a constant.

(viii) The random variable Z. has an atom at 0 and a smooth density 1 on (0, 00).
Further, Z,, has finite expectation.

Remark 1.1. We belicve that Theorem 1.2 holds true for all values 3 > (.. The proof
would amount to showing that the function x7L(x), with Li(x) given in Theorem 1./,
18 not a constant.
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Next we explain briefly, using a toy example, the reason for the non-convergence
of (A,/n'/7),>¢ and the convergence of subsequences in Theorems 1.2 and 1.3. The
reasons lie in the classical theory of sums of i.i.d. random variables. Consider a sequence
of i.i.d. random variables G;, geometrically distributed with parameter a. Let

Sp=Y .
=1

It is easy to see, using classical results about triangular arrays of i.i.d. random variables

(c.f. [80]), that for a = %, and ny (k) = 7, the distributions of

1
—(k)l/ Sni (k) converge to an infinitely divisible law
(5N @

(see Theorem 10.1 for a more general result). But obviously here S, /n'/® cannot con-

verge in law, if a < 2, because one easily checks that the distribution of 3% does not
belong to the domain of attraction of any stable law. This is the basis of our belief that
Theorem 1.2 should be valid for any g > (..

We now discuss the motivation for this work. If one considers a biased random walk
on a supercritical percolation cluster on Z¢, it is known that, at low bias, the random
walk is ballistic (i.e. has a positive velocity) and has gaussian fluctuations, see [99| and
[12]. It is also known that, at strong bias, the random walk is subballistic (i.e. the velocity
vanishes). It should be noted that, in contrast to the Galton-Watson tree, the existence of
a critical value separating the two regimes is not established for supercritical percolation
clusters. The behaviour of the (law of) the random walk in the subballistic regime is a
very interesting open problem. It was noted in [101] that the behaviour of the random
walk in this regime is reminiscent of trap models introduced by Bouchaud (see [17]| and
[7]). Our work indeed substantiates this analogy in the simpler case of supercritical
random trees. We show that most of the time spent by the random walk before reaching
level n is spent in deep traps. These trapping times are roughly independent and are
heavy-tailed. However, their distribution does not belong to the domain of attraction of
a stable law, which explains the non-convergence result in Theorem 1.2.

We note that it is possible to obtain convergence results to stable laws if one gets
rid of the inherent lattice structure. One way to do this is to randomize the bias 3. This
is the approach of the forthcoming paper [9].

For other recent interesting works about random walks on trees, we refer to [53],
[2], and [78]) .

There is also an analogy with the one-dimensional random walk in an i.i.d. random
environment (RWRE). This model also shows a ballistic and a subballistic regime, ex-
plicitly known in terms of the parameters of the model. We refer to [104] for a survey.
In the subballistic regime, it was shown in [59]| that depending on a certain parameter
k € (0,1], and under a non-lattice assumption, % converges to a functional of a stable
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law, if Kk < 1, and nﬁgn
using a precise description of the environment, [36] and |35] refined this last theorem by
describing all the parameters of the stable law, in the case k < 1.

Our method has some similarity to the one used in [35]. In comparison to [35], an
additional difficulty arises from the fact the traps met depend not only on the environ-
ment but also on the walk. Moreover one has to take into account the number of times
the walker enters a trap, which is a complicated matter because of the inhomogeneity of
the tree. This major technical difficulty can be overcome by decomposing the tree and
the walk into independent parts, which we do using a new variant of regeneration times.

The paper is organized as follows : In Section 2 and Section 3 we explain how to
decompose the tree and the walk. In Section 4 we give a sketch of the proof of Theorem
1.3. Sections 5 - 9 prepare the proof of Theorem 1.3 and explain why the hitting time
of level n is comparable to a sum i.i.d. random variables. Section 10 is self-contained
and its main result, Theorem 10.1, is a classical limit theorem for sums of i.i.d. random
variables which is tailored for our situation. In Section 11, we finally give the proofs of
the results. In Subsection 11.1, we apply Theorem 10.1 to prove Theorem 1.3. Subsection
11.2 is devoted to the proof of Theorem 1.2, Subsection 11.3 gives the proof of Theorem
1.1 and Subsection 11.4 the proof of Theorem 1.4.

Let us give some conventions about notations. The parameters [ and (pg)g>o will
remain fixed so we will usually not point out that constants depend on them. Most
constants will be denoted ¢ or C' and their value may change from line to line to ease
notations. Specific constants will have a subscript as for example C,. We will always
denote by G(a) a geometric random variable of parameter a, with law given by P[G, >
k] = (1 —a)k 1t for k> 1.

converges to a functional of a stable law, if x = 1. Recently,

2 Constructing the environment and the walk in the
appropriate way

In order to understand properly the way the walk is slowed down, we need to de-
compose the tree. Set

f(1-q)s+q) —q ~ flgs)
- and h(s) = _ (2.1)

g(s) =

It is known (see [65]), that a f-Galton-Watson tree (with py > 0) can be generated
by
(i) growing a g-Galton-Watson tree Ty called the backbone, where all vertices have
an infinite line of descent,
(ii) attaching on each vertex x of Ty a random number N, of h-Galton-Watson trees,
acting as traps in the environment 7',

44



2. CONSTRUCTING THE ENVIRONMENT AND THE WALK IN THE
APPROPRIATE WAY

where N, has a distribution depending only on deng(a:) and given T, and N, the traps
are i.i.d., see |65] for details.

F1G. 4.1 — The Galton-Watson tree is decomposed into the backbone (solid lines) and
the traps (dashed lines).

We will call bud a vertex at distance exactly one of the backbone. It is important
to consider the backbone together with the buds to understand the number of visits to
traps.

It will be convenient to consider the attached Galton-Watson trees together with
the edge which connects them to the backbone. We define a trap to be a graph (z U
V. [z,y] U E), where x is a vertex of the backbone, y is a bud adjacent to x and V' (resp.
E) are the vertices (resp. edges) of the descendants of y. The traps can themselves be
decomposed in a portion of Z called the spine, to which smaller trees called subtraps
are added, this construction is presented in detail in Section 3.

Let us now construct the random walk. We need to consider the walk on the backbone
and on the buds, to this end we introduce

1. og =0, =0,
2. 041 = inf{i > 0,|X;_1, X; € backbone},
3. 0,4, = inf{i > 0},|X;_1, X; € backbone U buds},

and we define Y;, = X,;, the embedded walk on the backbone, respectively Y, = X,/
the embedded walk on the backbone and the buds.

Moreover define AY = card{i > 0|o; < A,} the time spent on the backbone to reach
level n and similarly AY' = card{i > 0|0} < A, }.
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Denote, for a set A in the tree Ty = min{n > 1|X,, € A}, T} := T{J;}, Ty :=
min{n > 0|X,, € A}, and T}, := T{,.

Note that the process (Y},),>0 is a Markov chain on the backbone, which is inde-
pendent of the traps and the time spent in the traps. Here one has to be aware that
visits to root do not count as “time spent in a trap”, precise definitions will follow below.
Hence, in order to generate Y,, we use a sequence of i.i.d. random variables U; uniformly
distributed on [0, 1]. If ¥; = w with Z; children on the backbone, then

1. Y;+1 = %, if Ul € |:O7ﬁ:|,

2. Vi1 = the j-child of w, if U € |1 - 5225, 1- $=12).

For background on regeneration times we refer to [102] or [104]. In the case of a
(-biased random walk Y, on Z, a time t is a regeneration time if

Y, > maxY, and Y; < minY,.
s<t s>t

Definition 2.1. A time t is a super-regeneration time for Y,, if t is a regeneration time
for the corresponding (3-biased random walk Y, on Z defined by
(i) Yo =0,
(mmﬂzm—LUme@
(iii) Yoo =Y, + 1 otherwise.

L
) IBJ’_l 7

We denote t — SR the event that ¢ is a super-regeneration time for Y,,.

It is obvious that a super-regeneration time for Y,, is a regeneration time for Y,, in
the usual sense (the converse is false).

The walk can then be decomposed between the successive super-regeneration times

(1) T0o = 0,

(ii) 7,41 = inf{j > 7| — SR}.

Since the regeneration times of a #-biased random walk on Z have some exponential
moments, there exists a > 1 such that E[a™ ] < co and E[a™] < 0.

Remark 2.1. The advantage of super-regeneration times compared to classical regen-
eration times is that the presence of a super-regeneration time does not depend on the

Remark 2.2. The drawback of super-regeneration times is that the event that k is a
super-regeneration time depends on the random variables (U;);>o and not only on the
trajectory of the random walk (Y,,)n>0.

Denoting for k£ > 1, the o-field
Gr =0(71, .-y Tk, Yonr, )n>0, {2 € T(w), x is not a descendant of Y, }).

We have the following proposition
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Proposition 2.1. For k > 1,

P[(Yeoin — Yo )nso € -, {x € T(w), x is a descendant of Y, } € -|Gy]
:P[(Yn)nzo S ~,T(w) € |O — SR]

Remark 2.3. The conditioning 0 — SR refers only to the walk on the backbone, hence it
18 obvious that the behaviour of the walk in the traps and the number of times the walker
enters a trap is independent of that event.

We skip the proof of this Proposition for it is standard. A consequence of the propo-
sition is that the environment and the walk can be subdivided into super-regeneration
blocks which are i.i.d. (except for the first one). As a consequence we have that

card{Yy,...,Y, Elcard{Y,,,..., Y, _
= rd{Ys ax} satisfies p, — p:= [card{Y7, 1))

P—a. 2.2
n E[r, — 7] ’ a5 (22)

Pn -
which is the average number of vertices per level visited by Y,,. This quantity is finite
since it is bounded above by than 1/v(3), where v(f3) is the speed of |Y,,| which is strictly
positive by a comparison to the §-biased random walk on Z.

When applying the previous proposition, it will be convenient to use the time-shift
for the random walk, which we will denote by 6.

3 Constructing a trap

In the decomposition theorem for Galton-Watson trees, we attach to the vertices
of the backbone a (random) number of h-Galton-Watson trees. We will denote their
distribution with Q, hence Q[Z = k] = qx := prq"!, where Z denotes the number
of children of a given vertex. As stated before the object we will denote a trap has
an additional edge : to describe a trap ¢ we take a vertex called root (or root(¢) to
emphasize the trap), link it to another vertex (denoted 7;(;5(5)), which is the actual
root of a random h-Galton-Watson tree.

When we use random variables associated to a trap, we refer to the random part of
that trap (the h-Galton-Watson tree). For example the notation Z, is the number of
children at the generation n with root being generation 0. In particular, we introduce
the height of a trap

H = max{n >0, Z, > 0}, (3.1)

and we say a trap has height k if H(¢) = k, i.e. the distance between root and the
bottom point of the trap is k.

This way of denoting the random variables has the advantage that Z, (resp. H) are
distributed under Q, as the number of children at generation n (resp. the height) of a
h-Galton-Watson tree.
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The biggest traps seen up to level n are of size —Inn/Inf’(q), therefore a trap will
be considered big if its height is greater or equal to

Inn “’ (3.2)

fin = [(1 B 6)—hlf’(q)

for some £ > 0 which will eventually be chosen small enough. Such a trap will be called
a h,-trap or a big trap. It is in those traps that the walker will spent the majority of
his time and therefore is important to have a good description of them.

The traps are (apart from the additional edge) subcritical Galton-Watson trees, as
such, they can be grown from the bottom following a procedure described in [43|, that
we recall for completeness. We will denote by ¢ the starting point of the procedure,
corresponding to the leftmost bottom point of the trap, this last notation will be kept
for the whole paper.

With a slight abuse of notation, we will denote by Q a probability measure on an
enlarged probability space containing the following additional information.

We denote by (@11, %,11) with n > 0, a sequence of i.i.d pairs of random variables
with joint law given by

Q[¢n+1 = j: 77Z]n—&-1 = k] = CanQ[Zn = O]j_lQ[Zn—H = O]k_ja 1 S] < ]{7, k > 17 (33)
_ _Q[H=n]
where Cp = m
Set Ty = {d}. Construct 7,11, n > 0 inductively as follows :

1. let the first generation size of 7,,,1 be ¥4,
2. let 7,, be the subtree founded by the ¢, i-th first generation vertex of 7,1,

3. attach independent h-Galton-Watson trees which are conditioned on having height
stricly less than n to the ¢,.; — 1 siblings to the left of the distinguished first
generation vertex,

(iv) attach independent h-Galton-Watson trees which are conditioned on having height
strictly less than n+1 to the 1,11 — ¢, 1 siblings to the right of the distinguished
first generation vertex.

Then 7,1 has the law of an h-Galton-Watson tree conditioned to have height n + 1
(see [43]).

We denote 7 the infinite tree asymptotically obtained by this procedure ; from this
tree we can obviously recover all 7,. If we pick independently the height H of a h-
Galton-Watson tree and the infinite tree 7 obtained by the previous algorithm, then
Ty has the same law as a h-Galton-Watson tree.

We will call spine of this Galton-Watson tree the ancestors of d. If y # § is in
the spine, y denotes its only child in the spine. We define a subtrap to be a graph
(x UV, [z,y] U E), where z is a vertex of the spine, y is a descendant of z not on the
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spine and V' (resp. E) are the vertices (resp. edges) of the descendants of y. The vertex
x is called the root of the subtrap, and we denote

S, the set of all subtraps rooted at z. (3.4)

F1G. 4.2 — The trap is decomposed into the spine (solide lines) and the subtraps (dashed
lines).

We denote by S,’li’f and H;ﬁ with n,7,7 > 0 and k = 1,2, two sequences of inde-
pendent random variables, which are independent of (¢,,, ¥, )n>0 and given by
1. SnHLal (resp. S™92) is the j-th subtrap conditioned to have height less than n
added on the left (resp. right) of the n + 1-th (resp. n-th) ancestor of ¢,
2. TIL7k is the weight of S%* under the invariant measure associated to the conduc-
tances 37! between the level 7 and i + 1, the root of S%7* being counted as level
0.
These random variables describe the subtraps and their weights.
We denote IT"* = 0 and

pi—1

Vi—;
Ai(w) = ) TR+ Y T, (3.5)
j=1 j=1

49



CHAPITRE 4. BIASED RANDOM WALKS ON GALTON-WATSON
TREES WITH LEAVES

which is the weight of the subtraps added to the i—th ancestor of 4.
Due to the following lemma, the random variables A; will be important to describe
the time spent in traps.

Lemma 3.1. Let (G, c(e)) be a finite or positive recurrent electrical network, x € G and
P, the law of the random walk started at x. If > c([z,y]) =1, then

Yy~

E, [T =2) cle).

eeG

Démonstration. Denote 7 the invariant measure associated with the conductances of
the network. Then 7(.)/7(G) is the invariant probability of the network and the mean
return time formula yields

g =29z,

()

since 7(z) = >, c([z,y]) = 1. Then we simply notice that

7(G) =2 Z c(e).

eeG
O
Let us introduce another important random variable
S =2 Zﬁ*l’(l +A,), (3.6)
i=0

which appears in the statement of our theorem. It is the mean return time to J of the
walk on the infinite tree 7 described in the algorithm following (3.3).

Lemma 3.2. There ezists a constant Cy depending on (pi)k>o0, such that for n > 0 and
k>0,

Q[thnr1 = k] < Cykq".
In particular, for another constant 51/,, supEq ] < 6¢ < Q.

ieN
Démonstration. Recalling (3.3), we get
k
Q[ni1 =k =D Qléns1 = J, Yny1 = k]
j=1

k
= cagk ) QlZy = 0P7'Q[Zp41 = 0]F7

Jj=1
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S anQk

It is enough to show that the sequence (¢;,),>0 is bounded from above. A Galton-
Watson tree of height n + 1 can be obtained as root having j children, one of which
produces a Galton-Watson tree of height n, the others having no children of their own.
Thu-shi2s

/e, = QH =n+1]/Q[H =n] > ¢;q ",

for any j > 1. We fix j, > 1 so that ¢;, > 0 and we get

1 _
Q[wn—i-l = k] < ﬁqu 17
45040
where we used q;, = prg"~! < ¢F L O

Using this lemma we can get a tail estimate for the height of traps.
Lemma 3.3. There exists a > 0 such that
Q[H = n] ~ af'(q)".

Démonstration. Tt is classical (see [50]) that for any Galton-Watson tree of law Q with
E5[Z1] = m <1 expected number of children, we have

lim —Q[Zn > 0]

n—o00 mm

>0 B2 log" 7] < oo.

The integrability condition is satisfied for Q since q; = prg* ' < ¢*~!, and the result
follows. o

We also recall the following classical upper bound
Q[H > n] = Q[Z, > 0] = Q[Z, > 1] < Eq[Z.] =1'(q)" (3.7)

The following lemma seems obvious, but not standard, so we include its proof for
the convenience of the reader.

Lemma 3.4. We have for k > 0,
Q[Z, < k|Z, = 0] > Q[Z, < k].

In particular Eq|Zi|Z, = 0] < f'(q)", for any i >0 and n > 0.
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Démonstration. Denoting D,, a geometric random variable of parameter 1—Q[Z,,_1 = 0]
which is independent of Z;, we have Q[Z, < k|Z, = 0] = Q[Z, < k|Z, < D,]. Then
compute

i 0 QIDn > 51Q[Z1 = ]

>, QID, > j1Q[Z: = ]

) <1 L S QD > Q2 = j])l
Yo QID > 41Q[Z =4] )

now use that for all 7/ < k < j we have Q[D,, > j| < Q[D,, > k| < Q[D,, > j'], yielding

ZI?:() Q[Zl :]]
7, < k|Z, < D, > == - =Q|Z; <kl
Q4 < k4 < ]>Zj:OQ[lej] Qla < H)
]
We can now estimate Eq[A;].
Lemma 3.5. For all i > 0,

5#) / i

EolA)] < ———7—1—(fF L

Q[ ] < 1— (Bf/<q)),1( (Q)ﬁ)

Démonstration. Using (3.5), Lemma 3.2 and Lemma 3.4, we get

Eq[Ai] = Eq[¢i]Eq(Ili-1] + Eq[vi — ¢i] EQ[IL;] < Eql[IL}] sup Eqlui] < Cy Y f'(q) ¥,
1€ j=1

and the result follows immediately, since 5f'(q) > 1. O

Finally, we get the following
Proposition 3.1. We have
20, ( 3 1 )
Eql|Ss| < + < 00.
bl = TG -1t o

Démonstration. Recalling Lemma 3.5, we get

N 2C, SN A
Eq[Sx] < QZﬁ_zEQ[l +Ai] < W’%))_l Zﬂ_l(l + (Bf'(9))") < o0,
i=0 q i=0
and we conclude using f'(¢q) < 1. ]
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4 Sketch of the proof

In the first step, we show (see Theorem 5.1) that the time is essentially spent in
h,-traps.

Then we show that these h,-traps are far away from each other, and thu-shi2s the
correlation between the time spent in different h,-traps can be neglected. Moreover the
number of h,-traps met before level n is roughly pC,n®. Let

Xo(n) = the time spent in the first h, — trap met (4.1)

where we point out that there can be several visits to this trap. At this point we have
reduced our problem to estimating

An ~ Xl(n> + -+ XpC’anf(n)u

where x;(n) are i.i.d. copies of yo(n).
Now we decompose the time spent in the first h,-trap according to the number of
excursions in it starting from the root

X1 (n) = Z T(gi)’

=1

where W,, denotes the number of visits of the trap until time n and To(i) an i.i.d. sequence
of random variables measuring the time spent during an excursion in a big trap. It is
important to notice that the presence of an h,-trap at a vertex gives information on
the number of traps at this vertex, and thu-shi2s on the geometry of the backbone.
So the law of W,, depends on n. Nevertheless we show that this dependence can be
asymptotically neglected, and that for large n, W, is close to some random variable W,
(Proposition 6.1).

Now we have essentially no more correlations between what happens on the backbone
and on big traps. The only thing left to understand is the time spent during an excursion
in a h,-trap from the root. To simplify if the walker does not reach the point ¢§ in the
trap (this has probability ~ 1 — p,), the time in the trap can be neglected. Otherwise,
the time spent to go to 9, and to go directly from § back to the root of the trap can
also be neglected, in other words, only the successive excursions from § contribute to
the time spent in the trap. This is developed in Section 8, and we have

Bin(Wes,poo) G() —1

xaimy = Y YT, (4.2)
i=1 §=0

where T3 are i.i.d. random variables giving the lengths of the excursions from ¢ to ¢.
Further, G is the number of excursions from § during the i-th excursion in the trap : it
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is a geometric random variable with a parameter of order S~H. Since 37 is very small
(H being conditioned to be big), the law of large numbers should imply that

a1
Y T ~ GBI ~ GOS,

=0
and also we should have G — 1 ~ 3e;. This explains why, recalling (1.3),
x1(n) ~ B 2.

We are then reduced to considering sums of i.i.d random variables of the form Z,;3%
with X, integer-valued. This is investigated in Section 10. We then finish the proof of
Theorem 1.3 in Section 11.

Remark 4.1. The reasoning fails in the critical case v = 1, indeed in this case we
have to consider a critical height h, which is smaller. This causes many problems, in
particular in big traps there can be big subtraps and so, for example, the time to go from
the top to the bottom of a trap cannot be neglected anymore.

5 The time is essentially spent in big traps

We recall that h, = [—(1 —¢)Inn/Inf'(¢)]. Lemma 3.3 gives the probability that a
trap is an h,-trap :
M= QUH = h ~ of' (q)", (5-1)

For x € backbone, we denote
L, the set of traps rooted at x (5.2)

(if z is not in the backbone then L, = ()). Let us denote the vertices in big traps by
L(h,) ={yeT(w)|yisin a h, — trap.}.
Our aim in this section is to show the following

Proposition 5.1. For ¢ > 0, we have

An B X(n)

forallt >0, P H A

where

x(n) = card{l <i < A,|X;1,X; € L(h,)} (5.3)
is the time spent in big traps up to time A,,.

Define

54



5. THE TIME IS ESSENTIALLY SPENT IN BIG TRAPS

() Ai(n) = {AY < Cin}.
Y
(i) Ay(n) = {card U2 Ly, < Cyn}
(iii) Asz(n) = { max card{0 <i < AY|Y; €, X, ., €0} <Cy lnn},
teLy, i<AY

(iv) A(n) = Ai(n) N Az(n) N As(n).

The following lemma tells us that typically the walk spends less than Cn time units
before reaching level n, sees less than Csn traps and enters each trap at most Cs3lnn
times.

Lemma 5.1. For appropriate constants Cy, Cy and C'3, we have
P[A;(n)°] = o(n™?) and P[A(n)"] — 0.

Démonstration. By a comparison to the (-biased random walk on Z, standard large
deviations estimates yields
P[A;(n)]] = o(n?),

for 'y large enough.

On A;(n), the number of different vertices visited by (Y;);>o up to time AY is at
most Cin. The descendants at each new vertex are drawn independently of the preceding
vertices. Moreover at each vertex the mean number of traps at most the mean number
of children, thu-shi2s E[card Lg] < m/(1 — ¢). The law of large numbers yields for
Cg > Clm/(l — q) that

Cin
P[As(n)9] < IP’[Z card LY > CQn] +PA(n)] — O,
1=0

where card L(()i) are i.i.d. random variables with the law of card Ly. This yields the second
part.

For Az(n), we want, given a vertex z in the backbone and any ¢ € L, to give an
upper bound on the number of transitions from x to y, where y is the bud associated to
(. Let z be an offspring of x in the backbone. Then, at each visit to z, either the walker
does not visit y or z, or it has probability 1/2 to visit y first (or z first). Hence,

(i) the number of transitions from x to y before reaching z is dominated by a geo-

metric random variable of parameter 1/2,

(ii) the number of transitions from z to z is dominated by a geometric random

variable of parameter p.,, since the escape probability from z is at least pe.

Consequently the number of transitions from z to y is dominated by a geometric
random variable of parameter p.,/2. Thu-shi2s

P[As(n)° N As(n)] < ConlP [G(poo/2) > C3ln n] < Cp@sintizpee/2HL

and if we take C3 large enough we get the result. O
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Now we can start proving Proposition 5.1. Decompose A, into

te ULy, \ L(h,)
where N(0) ={1 <i < A,|X;,.1 € {,X; € (}.
The distribution of N(¢) conditionally on the backbone, the buds and (Y}),<ay, the

walk on the backbone and the buds, is ZE’Z R(l) Here we denoted E, the number of

visits to ¢ and Ré) is the return time during the i-th excursion from the top of ¢. These
quantities are considered for traps ¢, conditioned to have height at most h,,.
Obviously we get from (5.4) that

A, > x(n). (5.5)

From (5.4) we get for ¢ > 0,

P[Anfx(m - t} < P[A(n)° ]+p[0m+ §Can 5~Culnn i) mw]

nl/"f (5 6)
< o(1) + P L7 S R = dnth], |

where we used Lemma 5.1.
Chebyshev’s inequality yields,

Con C3lnn Con C3lnn

S S s ] < 2 afs S ] < < 260 g ooy,

=0 j=0

Using Lemma 3.4 and Lemma 3.1, we have

hn—1
[root]|H<h _2Zﬁ1EQZ|H<h]

=0

<2 (Bf(q))" < CnmIH),
i=0

E[RY] = Eq[E®

root

Plugging this in the previous inequality, we get for any € > 0 and ¢ > 0

Con C3lnn

P[Z S RO > nl/v} = o(1),

=0 j=0

thu-shi2s recalling (5.6) and (5.5) we have proved Proposition 5.1. O
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6 Number of visits to a big trap

We denote K, = maxyer, H(¢), the height of the biggest trap rooted at z for x €
backbone, where we recall that H denotes the height of the trap from the bud and not
from the root.

Lemma 6.1. We have
P[KO 2 hn] ~ Caf/(Q)hny

m—f'(q)
]_7

. recalling Lemma 3.3 for the definition of «.

where Cy = aq

Démonstration. We denote Z the number of children of a the root and Z* the number
of children with an infinite line of descent. Let P be the law of a f-Galton Watson tree
which is not conditioned on non-extinction and E the corresponding expectation. Recall
(5.1) and let H® i =1,2,... bei.i.d. random variables which have the law of the height
of a h-Galton-Watson tree. Then

B[ —n)? % (1= 1{2" = 0})]
L—q
where the indicator function comes from the conditioning on non-extinction, which

corresponds to Z* # 0.
Hence

i

P[Ky > h,)=P| max HY>h,|=1-
i=1,...2—-7Z*

E[(1 = n)?" 7] = E[(1 = na) "~ 7707]
1—¢q

and using E[sZ?=Zt7"] = f(sq + t(1 — q)) (see |65]) we get

f((1—mn)g+1—q) — £((1 = nn)q)

P[Ky > h,]=1— .
(Ko > hy] -

P[Ky > hy] =1 —

)

Now, using (5.1) and the expansion f(z — x) = f(2) — f'(2)z + o(x) for z € {q, 1},
we get the result. L]

Define the first time when we meet the root of a h,-trap using the clock of Y,
K(n) = inf{i > 0|Ky, > h,}. (6.1)

We also define £(n) to be a h,-trap rooted at Y, if there are several possibilities we
choose one trap according to some predetermined order. We denote b(n) the associated
bud.

We describe, on the event 0 — SR, the number of visits to ¢(n), by the following
random variable :

W, = card{i | X; = Yi(n), Xit1 = b(n)}, (6.2)

where w is chosen under the law P[] and X,, under Py[-|0 — SR]. We will need the
following bounds for the random variables (W,,),,>1.
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Lemma 6.2. We have W,, = G(ps/3) for n € N, i.e. the random variables W,, are
stochastically dominated by a geometric random variable with parameter p../3.

Démonstration. For n € N, starting from any point x of the backbone, the walker has
probability at least 1/3 to go to an offspring y of x on the backbone before going to
b(n) or T. But the first hitting time of y has probability at least ps to be a super-
regeneration time. The result follows as in the proof of Lemma 5.1. O]

Proposition 6.1. There ezists a random variable Wy, such that
d
W, — Wx.

where we recall that for the law of W, w is chosen under the law P[] and X, under

F§[-|0 — SR].
Remark 6.1. It follows from Lemma 6.2 that W = G(poo/3).

Fix n € N* and set m > n. We aim at comparing the law of W,, with that of W,,
and to do that we want to study the behaviour of the random walk starting from the
last super-regeneration time before a h,-trap (resp. h,,-trap) is seen. This motivates the
definition of the last super-regeneration time seen before time n,

Y(n):=max{0 <i<n| i—SR}.

For our purpose it is convenient to introduce a modified version of W,,, which will
coincide with high probability with it. For m > n, recall that 6 denotes the time-shift
for the walk and set

K(m,n) =inf{j > 0| Ky, > hy,, {(m)o0s; = Ll(n)obs;},

the first time the walker meets a h,,-trap which is the first h,-trap of the current
regeneration block and we denote by b(m,n) the associated bud. Set

Won = card{i | X; =Yg X1 = b(m,n)},

(m;n)
where w is chosen under the law P[] and (U;);<z ) under Fg’[-|0-SR].

Lemma 6.3. For m > n we have that
Wonn = W,

Démonstration. To reach a vertex where an h,,-trap is rooted, the walker has to reach
a vertex where an h,-trap is rooted. Two cases can occur : either the first h,-trap met
is also a hg,,-trap or it is not. In the former case, which has probability n,,/n, > 0,
since the height of the first h,-trap met is independent of the sequence (U;);<x(n), the
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random variables Wmm and W, coincide. In fact they coincide with the number of
transitions from the backbone to the bud of the first h,-trap met. In the latter case,
by its definition, F(m, n) cannot occur before the next super-regeneration time, hence
K(m,n) > 71 0 0x(n). In this case W, ,, = W, ,, 0 0x(n) and then by Proposition 2.1,

Wm,n o 9T109K(n) i Wm,n:
and W, 0 071005, 18 independent of (Ui)igﬁogK(n)_l.

The scenario repeats itself until the h,,-trap reached is in fact a h,,-trap, the number
of attempts necessary to reach this h,,-trap is a geometric random variable of parameter
Nm/Nn which is independent of the (U;)’s.

This means that there is a family (Wéi))izl of i.i.d. random variables with the same
law as W, such that

Wi = Wi,

where GG is a geometric random variable independent of the (W,S“)izl. Then, note that
we have

W = W LW,
O

Now we need to show that Wmm and W, coincide with high probability, so we
introduce the event

Apn = {(m) = €(n) o Ok (my) }»

on which clearly Wm,n and W, are equal.

Lemma 6.4.
sup P[A7, |0 =SR] — 0 for n — oo. (6.3)

m>n

Démonstration. Let us denote, recalling (5.2)

ij‘ = {card O{€ € Ly,,lis a hj-trap} = i},

k=0

and

ij’,+ = {card U{€ € Ly,,lis a hy-trap} > l}
k=0
Then we have
P[AC, |0 — SR] < P[V2+[VLF,0 — SR]. (6.4)

Let us denote card Trap the number of traps seen before 7,

card Trap = card{ﬁ RAS O Lyi},
i=0
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and its generating function by
o(s) == E[scardTmp]O — SR|.
The probability of A,,,, can be estimated with the following lemma, whose proof is

deferred.

Lemma 6.5. We have
Vm > n, PV V"0 =SR] < ¢'(1) = ¢'(1 = 1)

Now we have E[card Trap|0 — SR] < E[n1]0 — SR]E[card Ly] < oo because of Re-
mark 2.1 and hence ¢’ is continuous at 1, and (6.3) follows from (6.4). O

Applying Lemma 6.5, Lemma 6.3 and (6.3) we get,

P[W,, > y|0 — SR] = P[40, Wi > y|0 — SR] + o(m, n)

P[W pn > y|0 — SR] 4 o(m, n)
= P[W,, > y|0 — SR] + o(m, n),

where sup,,~,, o(m,n) — 0 as n goes to infinity.

The law of a random variable W can be defined as a limit of the laws of some
subsequence of (W,,), since the family (W,,)m>0 is tight by Lemma 6.2. Then taking m
to infinity along this subsequence in the preceding equation yields

Vt >0, P[Wa < t]0—SR] = P[W, <0 -SR]+ o(1).

This proves Proposition 6.1. O
It remains to show Lemma 6.5.

Démonstration. Note that for ¢ > 1,

) PIVi0 — SR .
BIViVE*, 0 -SR] = —nl0 7SR gy g gpy (6.5)
P[V*(0 — SR]
PVi0 — SR

< PO =SR] o > it > b
P[V,*|0 — SR]
.IP’[V,ﬂO — SR] Nm

= Z 17+
P[Vi|0 — SR

<{—.

Mn
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6. NUMBER OF VISITS TO A BIG TRAP

Then we have

> iP[V;|0 - SR]
i>2
=> ") Plcard Trap = j|0 — SR]i (‘7,)77;(1 — )i
i>2 j>i !
i i
— ' — 0 — i1 _ o \i—i
_Z]]P’[cardTrap = j|0 — SR] Z (z 1)77n(1 M)
7>0 =2
j—1 .
_nnZﬂP’ card Trap = j|0 — SR] Z ( . ) — ) UD

720 =1

=1 Zﬂ?[card Trap = 5|0 — SR] <1 (1—1n,) ] 1)

J=0
=1n(@'(1) = ' (1 = 1))
Inserting this in (6.5) we get
P[V2H|VE+T 0 -SR] = iP[VﬁVé’ﬂ 0 — SR]
i=2
< STUEVI0 ~ SR = (1) — ¢/(1— ),
noi>2
which concludes the proof of Lemma 6.5. O]
We will need the following lower bound for the random variable W,.
Lemma 6.6. There ezists a constant cy > 0 depending only on (p;)i>0, such that
PWy > 1] > cw.

Démonstration. By Proposition 6.1, it is enough to show the lower bound for all W,,.
First let us notice that

P[W, >1|0-SR]>E

1 2 ) 1
(zwy 1) p“] 2 (- F @R[y rie)

(6.6)
where Z(K(n)) is the number of offspring of Y (,,). To show (6.6), note that the particle
has probability at least §/(8Z(K(n)) +1) > 1/(Z(K(n)) + 1) of going from Yj, to
b(n) and when it comes back to Y, again there is probability at least 1/(Z(K(n)) +
1) to go from Yi(,) to one of its descendants on the backbone and then there is a
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probability of at least p,, that a super-regeneration occurs. The event we just described
is in {W,, > 1} N {0 — SR}. For the second inequality in (6.6), use 8 > §. = f'(q)~*
hence poo =1— 71 >1—f'(q).

Now, we notice that the law of the Z(K(n)) is that of Z; conditioned on the event
{an h,, —trap is rooted at 0}. Denote j, the smallest index such that j, > 1 and p,, >0
(which exists since m > 1) and Z} the number of descendants of 0 with an infinite line
of descent. All Z; — Z7 traps rooted at 0 have, independently of each other, probability
N, of being h,,-traps, so that

P[Z(K(n)) = jo] = P[Z1 = jo | an h,, — trap is rooted at 0]
_ P(Z, = jo, Bin(Zy, — Z7,n,,) > 1]

Plan h, — trap is rooted at 0]

P21 = jo, Z1 — Z7 > 1]

~— Plan h, — trap is rooted at 0]

V

Further, since P[Bin(Z; — Z{,n,) > 1] < Zin,, we have
P[an h, — trap is rooted at 0] < ZP[Zl — Z7 = J]jn, < mmn,.
=0
Putting these equations together, we get that

PZy = jo, Z1 — Z7 > 1]

PIZ(K(n)) = Jjol = —

The last equation and (6.6) yield a lower bound for P[W,, > 1] which depends only
n (pk)k>o0- O]

7 The time spent in different traps is asymptotically
independent

In order to show the asymptotic independence of the time spent in different big traps
we shall use super-regeneration times. First we show that the probability that there is
a h,-trap in the first super-regeneration block goes to 0 for n — oc.

Define

(i) Bl( ) =A{Vi e [1,n], card{Y,,...,Y,  } <n°},

(ii) Ba(n) ={Vi € [0,71], card Ly, < n*},

(iii) Bs(n) ={Vi € [0,71], YVl € Ly;, {is not a h,-trap},

(1v) 1(n) = {Vz € [2,n], card{Ly, | j € [7, 7;+1), contains a h,-trap} < 1},
( n) = Bi(n) N Ba(n) N Bs(n) N By(n).
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Lemma 7.1. For e < 1/4, we have
P[B;(n)] = o(n~?) and P[B(n)‘] — 0.

Démonstration. Since 7o — 7; (resp. 71) has some positive exponential moments and
By(n)¢ C UL {Tiy1 — 7 > n},

P[B;(n)] = o(n™?).

Using the fact that the number of traps at different vertices has the same law,

P[B,(n)] < P|By(n)] + n°Plcard Lo > n*] < o(1) + nl—‘fq = o(1),

where we used Chebyshev’s inequality and E[card Ly] < E[Z;] <m/(1 — q).
Then we have
P[Bs(n)] < P[Ba(n)] + n*n, = o(1),

yielding the result using (5.1), since € < 1/4.

Finally, up to time n we have at most n super-regeneration blocks, on Bj(n) they
contain at most n® visited vertices. But the probability that among the n® first vis-
ited vertices after a super-regeneration time, two of them are adjacent to a big trap is
bounded above by n**P[Ky > h,]? (here we implicitely used Remark (2.1)). Hence, we
get

P[Bi(n)] < P[Bi(n)] + nn*(Cn"")* = O(n*7),

yielding the result for ¢ < 1/4. O

We define R(n) = card{Y1,...,Yay} and [, the number of vertices where an h,-trap
is rooted : [, = card{i € [0,AY], Ly, contains a hn—trap}. Recall (2.2) and define

Ci(n) = {(1 = ™o < R(n) < (1 +n~"4)pn} (7.1)

Cy(n) = {(1 — ") pConf! () <1, < (1 + n_5/4)p0anf’(q)h"} (7.2)

Cs(n) = {Vl <i<AY, card{f € Ly|lis a hn—trap} < 1} (7.3)
and C(n) = Cy(n) N Cy(n) N Cs(n).
Lemma 7.2. For e < 1/4, we have

P[C(n)°] — 0.
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Démonstration. First, we notice that for ¢ > 0 and with the convention 75 := 0 we have

Z; = card{Y,, 11, ... } < G9(py),

) TH»I

where the geometric random variables G are i.i.d. Indeed at each new vertex visited
we have probability at least p., to have a super-regeneration time. Let us denote ng the

smallest integer such that AY < 7, , which satisfies ny < n since ‘er‘ — | X, > 1.
no—1 no

Now, since the random variables Z; are i.i.d. and )  Z; < card{Y1,...,Yar} <> 7,
i=1 i=1

PH card{Y1,...,Yar} B p‘ > n71/4}
- >

card{Y1,. .. YA¥}>

<n1/2Var(
( Kcard{Yl,.. ’YAX})Q} _E[card{iﬁ,ﬁ..,YAg}r)
[

< (2](32a)] =[S 4] )

Sn‘l/z(E[G(poo) | + E[G(ps)]?),

yielding P[C}(n)¢] — 0.

On C;(n) we know that there are R(n) € [pn(1—n""4), pn(1+n"1/%)] vertices where
we have independent trials to have h,-traps. Hence [, has the law Bin(R(n), P[K, >
h,]), where the success probability satisfies P[Ky > h,] < Cn°! has asymptotics
given by Lemma 6.1. Now, standard estimates for Binomial distributions imply that
P[Cy(n)* N Ci(n)] — 0.

On Cs(n), there are at most C'n® vertices where (at least) one h,-trap can be rooted,
we only need to prove that, with probability going to 1, those vertices do not contain
more than two h,-traps. Using the same reasoning as in Lemma 6.5 we get

P[0 has at least two h,-traps|0 has at least one h,-trap,0 — SR]
<f'(1) = (1 = n.) < Cny,

where we used that E[Z?] < oo, which implies that (1) < co.
The result follows from the fact that 7, = o(n™¢) for e < 1/4. O

Let us denote, recalling (3.1),

2lnn }

D(n) = max Hl) < ——
( ) {g € Ui:O,...,AZLYi ( ) N _lnf/(Q)
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Lemma 7.3. We have
P[D(n)] — 0.

Démonstration. Due to (3.7), we know that Q[H > %] < n~?, 80 using Lemma 5.1

P[D(n)¢] < P[Ay(n)] + P[As(n) N D(n)] < o(1) + Cyn™t = o(1),
which concludes the proof. ]

On B(n) there is no big trap in the first super-regeneration block, on B(n)NC(n) all
big traps are met in distinct super-regeneration blocks and Cy(n) tells us the asymptotic
number of such blocks. Moreover on D(n), we know that to cross level n on a trap, it
has to be rooted after level n — (—2Inn/Inf'(¢q)). Hence using Lemma 7.1, Lemma 7.2,
Lemma 7.3, Proposition 2.1 and Remark 2.3, we get

Proposition 7.1. Let x;(n) be i.i.d. copies of xo(n), see (4.1), and
n=n—(—2Inn/Inf'(q)). Then we have

(1-7=5/%) ppCotif! (q)7 (14+n=¢/%)pp Canf’ (q)"n
3 Yi(n) < x(n) < > Xi(n).
i=1 =1

In the light of Proposition 5.1, our problem reduces to understanding the convergence
in law of a sum of i.i.d. random variables. The aim of the next section is to reduce y;(n)
to a specific type of random variable for which limit laws can be derived (see Section 10).

8 The time is spent at the bottom of the traps

We denote by d;(n) (resp. root;(n), b;(n)) the leftmost bottom point (the root, the
bud) of the i-th h,-trap seen which is called ¢;(n). In a similar fashion y; denotes the
time spent in the ¢-th h,-trap met.

We want to show that the time spent in the big traps is essentially spent at the
bottom of them, i.e. during excursions from the the bottom leftmost point §. In order
to prove our claim, we introduce

X;(n) =card{k > 0| Xy € l;(n),k > T5,n), Ts,(n) © O < 00},

the time spent during excursions from the bottom in the j-th h,-trap met. It is obvious
that

xj(n) > x;(n).

We prove that
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Proposition 8.1. For ¢ < 1/4, we have that

I(n)
for all t >0, P W‘Z (X](n)—x;k(n))‘ >t| — 0.
j=1
In order to prove the preceding theorem, we mainly need to understand y;(n) and
Xi(n). Note that x;(n) is a sum of W,, successive i.i.d. times spent in ¢(n) and xj(n)
is a sum of W), successive i.i.d. times spent during excursions from the bottom of £(n).
We can rewrite the theorem as follows

in) W
for all ¢ > 0, P[# iwzn(Tfooti(n) ~Tduw)| 21 =0 (8.1)
i=1 j=1
where
T o = k> 0| Xy € ti(n), card{k <k, Xz, =bi(n), Xj =rooti(n)} = j},
and
T ={k> 0] X €bi(n), card{k <k, Xp,, =bi(n), Xj =rooti(n)} = j,

k> Ts,(ny, Ts;(n) © O < 00},

and (W,Si)),i > 1 are i.i.d. copies of W,,.

Consequently, in this section we mainly investigate the walk on a big trap, which
is a random walk in a finite random environment. Recall that root is the vertex Y,
on the backbone where £(n) is attached. Moreover set Q,[-] = Q[- | H > h,], Eq,[| =
Bql- | H > hy), B[] i= B2, [ and Eq, [ = Eq, [E*[]).

root

Remark 8.1. To ease notations, we add to all these probability spaces an independent
random variable W,, whose law is given by (6.2), under the law P[-|0 — SR] for n €
N U {oco}.

We will extensively use the description of Section 3, in particular we recall that a
trap is composed of root which is linked by an edge to a h-Galton-Watson tree.
We want to specify what ¢(n) looks like. Denoting

n

b = [(1+€)lnnw

—Inf'(g) I’

consider
(1) Ai(n) = {H <h},
(i) As(n) = {there are fewer than n® subtraps},
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(i) Az(n) = {all subtraps of ¢(n) have height < h,},
(iv) A(n) = A1(n) N As(n) N Az(n).

Lemma 8.1. For e < 1/4, we have

Démonstration. First

QH > ]

Qn[Ai(n )]_m

< On~% =o(n™®).

Furthermore using Lemma 3.2, Lemma 3.4 and (3.7), we get

Qn[A2(n)]
<Qu[A1(n)] + Qu[A1(n), there are n®/h subtraps on a vertex of the spine]

<o(n™%) + h:C@Z n®/hi =o(n™°).

n

Finally

Qn[A3(n)]
<Qn[A2(n)C] + Q,.[Az(n), there exists a subtrap of height > h,]
<o(n™%) +n'n, = o(n™7),
)

where we used (5.1) and € < 1/4. O

Using Chebyshev’s inequality we get, recalling (7.2),

I(n) wi
Pl X i~ | 21
=17
I(n) w9
1 " c c
< E[HCmMIAMY Y Y (T ) = T + PIC2()] + QulA(n)]
i=1 j=1
2pC,can’ "
< PCo(n)) + QulA(n) ] + =5 BI{AM) T ot ()~ Tgary )

where ¢ = FE[G(pw/3)], implying E[ D < cs. Hence using Lemma 8.1 and
Lemma 7.2

U(n) WiV
C E *,1
B[ [ S (T =T )] > €]~ o B (LA T =T )] — 0
i=1 j=1
(8.2)
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We have to estimate this last expectation. Consider an h,-trap. Each time the walker
enters the h,-trap two cases can occur : either the walker will reach 9, or he will not
reach § before he comes back to root. In the former case, T} , — Tio% is the time spent
going from root to d for the first time plus the time coming back from ¢ to root for the

last time (starting from ¢ and going back to root without returning to §). In the latter

case, Tt . — T equals T ,. This yields the following upper bound
E[L{A(n) HT o — Troor)] (8.3)

<Eq, [{AMn)}Ex[H{AMTS | T < Tl + Eq, [{AM)YES [T | Tron < T3]

+ EQn[l{A(n>}E;}oot[Trﬁot ‘ T;Zot < T;H

To tackle the conditionings that appear, we shall use h—processes, see [35] and [104]
for further references. For a given environment w let us denote ¥ the voltage (see [70])
on the trap, given by h*(z) = P*[T} , < T;"], with h*(root) = 1 and h*(6) = 0. Then
we have the following formula for the transition probabilities of the conditioned Markov

chain

h*(z)
w _ + _ w —
Py [Xl - Z|Troot < T5] - hw—(:lJ)Py [Xl - Z]: (84)
for y, z in the trap.
We recall that the voltage is harmonic except on ¢ and root. It can be computed

using electrical networks :
)1 _ ﬁ—(H-l—l—d(root,y/\é))

w _ jw __ p—d(root,yNd

In particular, comparing the walk conditioned on the event {73 > T.f 1} to the
original walk, we have the following :

1. the walk remains unchanged on the subtraps,

2. for y on the spine and z a descendant of y not on the spine, we have

Py[X:=Y|Ty,

00

¢ < T5] > Pr[X: = 2| T

00

t < T5]7
3. for y ¢ {4, root} on the spine, we have

P;[Xl = <g’,'rr—"_ot < T5] > ﬂP;[Xl = 7|Tr—got < T5]

The points (2) and (3) state respectively that the conditioned walk is more likely
to go towards root than to go to a given vertex of a subtrap and that restricted to the
spine the conditioned walk is more than (-drifted towards root.

Lemma 8.2. For z € {J,root}, we have

Eq,[H{AM)}YEZ [Ty | T < T3] < Clnn)nt =000t

68



8. THE TIME IS SPENT AT THE BOTTOM OF THE TRAPS

Démonstration. First let us show that the walk cannot visit too often a vertex of the
spine. Indeed let y be a vertex of the spine, using fact (3), we have PY[T." > T, ,| T, <
Ts5] > peo. Hence the random variable N(y) = card{n < T.f,| X, = y} with (X,,)
conditioned on {7, , < Ts} is stochastically dominated by G(ps), a geometric random
variable with parameter p...

Furthermore, we cannot visit often a given subtrap s(y) € S, (recall 3.4). Indeed, if
we denote the number of visits to s(y) by N(s(y)) = card{n < T.[ .| X, =y, Xn11 €
s(y)}, using remark (2) and a reasoning similar to the one for the asymptotics on Ag(n) in
Lemma 5.1 we have that N(s(y)) with (X,,) conditioned on {7} , < T;} is stochastically
dominated by G(poo/2).

Let us now consider the following decomposition

N(s)

Trf)ot = Tspine + Z Z Rg?

s€subtraps j=1

where Ty, = card{n < T, ,|X,, is in the spine} = > . N(z), and R] is the time
spent in the subtrap s during the j-th excursion in it. Moreover, on A(n), the law of
any subtrap s is that of a Galton-Watson tree conditioned to have height strictly less
than ¢ + 1 for some i < h,. Then Lemma 3.1 implies that for such a subtrap, E*[R/]
has the same law as 2IT"}' which satisfies using Lemma 3.4 that Eq, [II:] < C(Bf'(q))"-
Moreover, on A(n), there are at most h vertices in the spine and at most n® subtraps,
hence

Eq, [H{Am)}EF (Trho | Troo < T3] < 1y E[G(poo)]
+ hin®E[G(pe/2)IC(BF (9)™,
and using (Bf'(q))" < CnU=21/7=1 we get
EQn[l{A(n)}E(‘;j [Tr—‘got | Tr—i(;ot < T(;_]] S C(ln n)n(l_g)(l/’y_l)+5'
L]

The previous proof is mainly based on the three statements preceding the statement
of Lemma 8.2. Similarly, one can show the following

Lemma 8.3. For z € {0,ro00t}, we have

Eq, [{AM}ES[T} | T} < T3}

root

J] <C(In n)n(lff)(l/vflﬁg.

Démonstration. To apply the same methods as in the proof of Lemma 8.2, we only need
that the h-process corresponding to the conditioning on the event {75 < T ,} satisfies
that
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1. the walk remains unchanged on the subtraps,

2. for y on the spine and z a descendant of y not on the spine, we have P“’[X =
VT < Thol > P2IXy = 2T} < Ty,

3. for y # {8,700t} on the spine, we have P2[X, = Y |T) < Tjh,] > BPY[X, =
YT < T

TOOt]

This immediately follows from the computation of the voltage he, given by ﬁ“(z) =

Pe[Ts < TiE ], with h®(root) = 0 and h*(8) = 1. A computation gives
R N 6H+1 ﬁd(y/\é,é)
]
From (8.3), Lemma 8.3 and Lemma 8.2, we deduce that
E[H{AM)HT b0 — Tiog)] < Clnn)nlt=90/m03e (8:6)
Now using (8.6) and (8.2) we prove (8.1), more precisely
l(n) *
‘(n
for all £ > 0, ” 2 X]nl/v G = t] < o(1) + C(Inn)n%~1-=0/=1),
and thu-shi2s Proposition 8.1 follows for ¢ < 1/4. O
9 Analysis of the time spent in big traps
Let us denote Q,, := Q[ - | H = h%] where
R = [Inn/ —Inf'(q)].
Note that
H)m PoTY < T = — =P 9.1
pi(H) = Fy <mot]—m (9-1)

where we recall that the distance between root and § is 1 + H. Moreover let us denote

1— 37!

pQ(H)::Pé[T+t<T;]:W'

T 00

(9.2)

We have the following decomposition

Bin(Wn p1(H)) G(p2(H))" -1

Xim) = Y > 18, (9:3)

i=1 j=1
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where Te(fccj) is the time spent during the j-th excursion in the ¢-th trap, which is dis-
tributed under Q,, as T;" under P¢[ - | T;" < T.!,,] with w chosen according to Q,,, for

root
all (i, j). The T4? are independent with respect to P* and for iy # iy (T:"),+; and
(Te(ffcﬂ))jzl are independent with respect to Q,,. For k € Z and n large enough, let Z* be a

random variable with the law of x%(n)/# under Q,,, and gi be a random variable with

the law of xi(n)/B% under Q, . Furthermore we define Z,, := 1:950_1 S BIn(Woorweo) g,
see (1.3), where (e;);>; is a family of i.i.d. exponential random variables of parameter
1, chosen independently of the (independent) random variables S,, and W,. Our aim

is to show the following

Proposition 9.1. We have
AR

Moreover there exists a random variable Zg,, such that

E[Zl7¢] < 0o, for any e >0,

sup

and .
forn e N and k > —n, gn = Zoup-

Let us start by proving the convergence in law. The decomposition (9.3) for xi(n)
can be rewritten using (9.2)

Bin(Wh,p1(H))

Xi(n) = p"

. Glpa(H)) -1
L-p 7 fT-1 ) pQZ TGN (9.4)
T= 5T BT =51 1 py(H) e

=1

=1

which yields an explicit expression of ZF. We point out that E[G(ps(H)) — 1] = (1 —
po(H))/p2(H). The convergence in law is due to the following facts (more precise state-
ments follow below) :
1. For H large,
- hHE'-1) 1
Q=p1E"=p") 1=-p"

2. By the law of large numbers, we can expect

G(p2(H))™—1
S TED x (Glpa(H))D = 1) B [T,

=1

3. Since po(H) is small, (G(pa()® — 1)/E[G(pa(H)O — 1] ~ ey,
4. Eg”[Te(;’cl)] ~ S, for H large enough,
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5. Bin(W,,, p1(H)) =~ Bin(W, ps) since W, 4, W, by Proposition 6.1 and p,(H) —
Poo as H goes to infinity.

Fact (1) is easily obtained, since for £ > 0

1 1—pH gH 1

Qn (1_5)1_5—1§ 1— 31 ﬁH_ﬂ—lél_ﬁ—l

—1, (9.5)

for n large enough.
We start by computations with the measure Q,, and we will be able to come back to

6n+k‘
For (2) and (4), we need to understand P¢[-|Ty < T}

o ot) and to this end we will

consider the h-process associated with this conditioning. Recall the voltage he given as
h¥(z) = P[Ts < Troot), with h¥(5) = 1 and h*(root) = 0, see (8.5).

We shall enumerate the vertices of the backbone from 0 to H + 1, starting from §
up to root. With these new notations formula (8.5) becomes

R ﬂH—i—l _ 6y/\6
h(y) = h*(y N o) = TR 1 (9.6)
where yAJ is identified to its number which is d(yAd,d) as it is a vertex of the backbone.

The transition probabilities are then given as in (8.4). Obviously they arise from
conductances, we may take

(i) (0,1) =1,
(i) eli,i+1)=¢cli — 1,1)2
(i) e(i,z) = ¢(i,i — 1)PI:[)[()1{1@Z|12|FT+<Z$J] for i # 0 on the spine and z one of its
descendants which is not on the spine,
(iv) @y, z) = By ,y) for any vertex y not on the spine and z one of its descendants.
We can easily deduce from this that for y # root in the trap and denoting z, =
0,...,2, =y the geodesic path from ¢ to y :

P [Xl l+1‘T <Tro)t]
© <1<
PGS Ty <T ]’ for1<i< 4,

n—1
N Pw[Xl = Z]+1’T <
C(anlay)_HPw[Xl_Z] 1’T <

root]

root] ’

which gives using (9.6) that

(+DM): L= - g
h(1)h(0) (1—p=1)(1 = p=tHh) -

For a vertex z not on the spine, we have

cliyi+1)=p"

/C\(Z, ?): ﬁd(?,z/\é)/\ h(Z A 6)

c(zNd,zN0—1)
h(zAd—1)
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- 1— /82’/\57([‘14’1)
_ Bd( z ,zN0)

1 _ ﬁz/\é—l—(H-i—l)C(Z Ao, zZNG—1). (9.8)

Together with Lemma 3.1, this yields, with T,,. a generic random variable with the
law of Te(al,gl),

y (=g gy 1 gty
BT 25" ((1 . 5H;21 = 5(H+1>)) (1+ e @) (09)
=0

where A; was defined in (3.5).

We see that the random variable S is the limit of the last quantity as H goes to
infinity. More precisely, using (9.9) we have 0 < S, — E¥[Te..] and for n large enough
such that

(1= Bl (1 = gl

<
for all kf ~ hn/2, (1 — ﬁ_h")(l _ 5_(hn+1))

>1-28",

we get

hn /2

S — B [Teae] < 2(2 5_i<1 (1= (1 - g
=0

(1= 3~H)(1— g ED) )(1 + Ai))

+ 2( i A1+ Az‘)),

i=hp /241
hn/2 00
<ag (S sraa)) (Y s+ A).
i=0 i=hp /241
Hence, since Sy, > 1 and using Chebyshev’s inequality, we get
Qn |:(1 - g)Soo < Esu[Texc] < Soo] Z 1- Qn[soo - Egu[Texc] Z g] (910)
1 10
>1— =3 /2 sup Eql[l + A;
> gﬁ b Ql ]

=1+o0(1),

where we used Lemma 3.5 and the fact that ¢ < 1/4, this proves (4).
In order to prove (2), we have to bound E¢[T?] from above. This is not possible for
all w, but we consider the event

As(n) = { By 17) <57,

and show that it satisfies the following.
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Lemma 9.1. For 0 < ¢ < min(1/3,2v/3), we have
Q.[A5(n)] — 0.

Démonstration. In this proof we denote for y in the trap, N(y) the number of visits to
y during an excursion from 4, which is distributed as card{0 < n < T;|X,, = y} under
Py Ty < Tk ,,]. We have

Br) = 5[ Nw) |

yetrap

< ) EJIN@)?)'PESIN(2)*)?

y,z€trap

= (3 BN

yetrap

Now fix y in the trap, denote ¢ = Py[T,} < T3 |T;" < T,,] and ¢ = PY[T <
T} Ty < T%,]. Then we have

root
Vk>1, PYIN(y) =kl = (1 — )" o

Hence

w n— 2— q 26]
E¢[N(y)*] = ZW2Q1(1 — )" =g < 5
n>1 QQ QQ

Then by reversibility of the walk, if 7 is the invariant measure associated with the
conductances ¢, we get ¢ = 7(0)q1 = 7(y)qe. This yields

BN < 2 (9.11)
q2
Furthermore we have
@ > (1/(Z1(y) B+ 1))poc S~ /2. (9.12)

Indeed suppose that y is not on the spine, otherwise the bound is simple. Starting
from y, we reach the ancestor of y with probability at least (1/(Z1(y)5 + 1)) then the
walker has probability at least 374w to reach y A § before g, next he has probability
at least 1/2 to go to m before going to z, where z is the first vertex on the geodesic
path from y A d to y. Finally from m, the walker has probability at least p., to go to
0 before coming back to m

We denote by 7 the invariant measure associated with the (-biased random walk

(i.e. not conditioned on T3 < T.f ,), normalized so as to have m(d) = 1. Then we have
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1. For any y in the trap, 7(y) < m(y) because of (9.7) and (9.8),
2. and by definition of the invariant measure (Z,(y)3 + 1)345/)=dW:0/y) — 7(q).
Now plugging (2) in (9.12) yields a lower bound on ¢ which can be used together
with (1) in (9.11) to get
EZ[N(y)*] < Cp"0"m(y)?,

and
E;‘)[TQ ]1/2 <C Z ﬂd(é’éAy)/Qﬂ'(y).

exc
yetrap

As a consequence, with A(n) as in Lemma 8.1 we get

B, [L{AM) (T2} < CBq. [1{A()} Y5~

hit
<Y (87 (q))
=0
< C'max(L, (5" (¢))"),
where we used Lemma 3.1 and Lemma 3.4 for the first inequality.

Since (BY2f'(q)) = n+91/2-1) e get by Chebyshev’s inequality that
) < —_Eq [1{A(n)}ES[T2)2
7] < — Eq, [H{A(n)  EF[TT] /7]

n v
_1-2¢

S C maX(n T’ nBE/(Q'Y)—l—E).

Qu[L{AM)}ES[T7,]' >

The conditions on ¢ ensures that this last term goes to 0 for n — oco. Hence
P[A(n) N As5(n)] — 0
and the result follows using Lemma 8.1. O

We now turn to the study of

Glpa(H))—1
p2(H) Zz 70)

Consider the random variable
—1

N, = {me} (9.13)

where e is an exponential random variable of parameter 1. A simple computation shows
that N, has the law of G(p2(H)) — 1.
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Set £ > 0, we have using Chebyshev’s inequality,

Ng
Qn |:(1 - g)NgE;}[Texc] S ZTE(;)C S (1 + é)NgEgu[Texc]}
i=1
Ny (4)
>1-Q, [Z NTezc — B¥[Toud]| > €E2(Tune), N, # 0, B#[T2,] < 01~ 25)”]

g

- QH[EM[ gwc] > n(1_2€)/7] - Qn[Ng = 0]

exc

(1-2¢)/
Q. [” W1{N 40} = } Q.[E“[T2,) > n172)/7] — Q,[N, = 0].

We have Q, [N, = 0] = po(H) < pa(h,) < Cn~=9/7Inn, and hence

Fo. [T <[

lnpg(H)] < Cn~ U797 (Inn)2.
g
Putting together the two previous equations, using Lemma 9.1, we get for £ < 1,

Q, [(1 )N, E¥[Tone] Z ) < (14 €)N,EY [Tmﬂ 1. (9.14)

This shows (2). Turning to prove (3), we have

Qu[(1-9)| - In(1 —1p2(H))eJ <- ;Q%;H)e <(1+6)]- In(l —1p2(H))eH
21 - Q"Kl ;f;%ﬁ - —ln(ll—_gi(H))>e <1]
-a[(* ;2](9%{) B —1n(11—+;§2(H))>e > 2|
furthermore since ’% - ﬁ is bounded on (0,¢q) by a certain M > 0 so that for
n large enough with ps(h,) < &1, we get
Qn [“ -9 L In(1 —po(H))eJ = %ﬁ)}])e s (149 L In(1 —1p2(H))eH (9.15)
21- Q"K—ln(l —gpQ(H)) ~Me<1] - Q"[<__1n(1 —gpg(H)) e > 2]

2

) =1 (C/&)pa(hn),

which shows (3).
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As a consequence of (9.10), (9.14) and (9.15), we see that for all £ € (0,1),

Qn[(l —§)Sxe < ZE‘” [TW] < 1+§)Swe} —1 (9.16)

for n — oo. Using (9.2), (9.16) and (9.5) we get

Soo€ ]

5] ! (9.17)

Q.[1 5)1_ﬁ 1 _5HZEwT£;c < (1+€)

for n — oo, which sums up (2), (3) and (4). For any k£ > —n, the equation (9.17)
obviously holds replacing n with n 4 k, and since
Q.[H = [In(n+k)/Inf'(q)]|] > ¢x > 0 (this follows from Lemma 3.3), we have

Sec }

— L (9.18)

Qs [(1- 9755 _ﬁHZEWTé;L <(1+9)s

Only part (5) remains to be shown. Coupling Bin(W,,, p) and Bin(W,,,p;(H)) in
the standard way,

Q1 [Bin(Wo, po) # Bin(W,, pi (H))]
<Y PW, = j]Q, [Bin(j, pw) # Bin(j,pi(H))]

Jj=0

<3 B, = 117 () — po)

720
<E[W,] (p1(hnsr) — Do)
<C (p1(hpss) = Poo) = 0,  forn — oo

where C':= E[G(ps/3)] > E[W,] by Lemma 6.2. Hence,

Bin(Whn,p1(H)) G(p2(H))—1 Bin(Wn,poo) G(p2(H))—1

Qulzr X X mrQu[m X X T
i=1 j=1 i=1 j=1

For g; > 0, introduce N (e;) such that max, <o P[W,, > N(e1)] < (1-poo/3)VE < g
and using the independence of W,, (for n € NU {o0}) of the trap and the walk on the
trap, we get for any e; > 0,

Bin(Whp,peo) G(p2(H))— Bin(Weo,poo) G(p2(H))—1

LIRS > T 2] - Qulgr X X Tz

i=1 i=1
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. Bin(j,peo ) G(p2(H))—1

=DQualgr > X TR =
i=1 j=1

L Bl Gra()-1
> ®W. = P =) Qg7 D X T 2| +a
i=1 j=1

J€0,N(e1)]

IA
=
=
I
=,
|
]
5

IN

and the right-hand side goes to €, as n goes to infinity since

P[W, = j] — P[W., = j]| — 0,
jg}vﬁg)l[ jl =P Jll —

by Proposition 6.1. So letting £; go to 0, we see that

o 1 Bin(Whn,p1(H)) G(p2(H))—-1 o . 1 Bin(Weo,poo) G(p2(H))—1 N
Q.ik [ﬂ_H > > Th) > t} —Quik [/B_H > > T > t} -0
Jj=1 i=1 j=1

i=1
(9.19)
Let us introduce

A(€) :{for all i € [1, Bin(Wa, poo )],

GO (pa(H))—1 S g
_ (4,49) _ ©0 . "0 e
BH Z Tezc € [(1 5)1 - ﬁ—le“ (1 + 5) 1— 6_161] }a

=1

where (e;);>1 is a sequence of i.i.d. exponential random variables of parameter 1 which

satisfy i
G(i)(PQ(H» -1= Lmezj-

We have, denoting o;(1) the left hand side of (9.19)

Qi [A©)] = Y PBin(Wa, po) = (1 — 01 (1))

>0

> P[Bin(Wae, poo) = i](1 — i0y(1))

i>0
=1-E[W4loi(1) -1 forn— oco.
Hence, for any £ > 0, we get

Bin(Whn,p1(H)) G(p2(H))—1 Bin(Woo,poo)

Gal > Y wz-f e Y ez

i=1

78



9. ANALYSIS OF THE TIME SPENT IN BIG TRAPS

Bin(Wy,p1(H)) G(p2(H

Gl S e o5

Concluding by using the two previous equations with £ going to 0, we have the
following convergence in law :

Bin(Wy,p1(H)) G(p2(H))-1 Bin(Weo,peo)

— ; S
ZZ = ﬁ_H Z le Te(mg) : 1— 51 Z €;,

i=1

—k — .

where we recall that Z, has the law of x7(n)/8” under Q,,,, and the e; are i.i.d. expo-

nential random variables of parameter 1. This shows the first part of Proposition 9.1.
Now let us prove the stochastic domination part. First notice that

Bin(Wy, pr(H)) < Glpao/3) and E§[T)] < T2

exc?

where T2° is distributed as the return time to ¢, starting from J, on an infinite trap.

Hence for £k > —n
1 G(poo/3) G2(h2 1)
k

Z< LYY T,
j=1

n — hO
ﬁ n+k =1

where (Tf;c’(i’]))zpl are i.i.d. copies of T2°. Now recalling that ZG(G) G(b)® has the
same law as G(ab), where all geometric random variables are independent, and using
the fact that

ﬁhgﬁk Z CE[G<poop2(h2+k)/3)]v

for some ¢ = ¢(3) > 0, we get

o G(poopQ(h9L+k)/3)

—k

Z, = T2,
E[G(pocp2(hy 1) /3)] 12:1:

Now, we prove the following technical lemma

Lemma 9.2. Let (X;);>0 a sequence of i.i.d. non-negative random variables such that
E[Xq] < 00 and set Y; == (X1 + -+ + X;)/i. Then there exists a random variable Yy,
such that

for all i >0, Y = Youp,
and E[Y} ¢l < oo for all e > 0.

sup
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Démonstration. Using Chebyshev’s inequality we get that for any ¢ > 0,

1
forallt >0,  P[V;>t]<-E[Xi].

~

If we choose Yy, such that P[Yy,, > t] = min(1, E[X}]/t) for x > 0, then Y, stochas-
tically dominates all Y, and has a finite (1 — ¢)-th moment for all € > 0. O

Now we apply this Lemma to the random variables Texi( " which are integrable under

P and we get a certain random variable Tg,,. We add to our probability spaces a copy
of Tyup which is independent of all other random variables. Then for any ¢ > 0,

o G(poop2(hY (1) /3)
Pt > < B 120 2 1]
E[G(poop2(hf 1) /3)] ;

(]

PICsp(ta)9) = W e 73] ZT:;C’“ o]

o

>

(en)

IN

B (pacpa(S.11)/3) = KIP|C =

E[G <poop2< Ve R

o

| G (pocpa(h.4)/3)
G poap2(10,)/3)]

and since poopa(hy )/3 < 1/3, we can use the fact that for any a < 1/3 we have
G(a)/E[G(a)] < 3/2e. This shows that

o

IN
=l

Toun Zt},

for alln > 0, and k > —n, gi = CeTlgyp,

where e and Ty, are independent, so that the right-hand side has finite (1 — ¢)-th
moment for all € > 0. This finishes the proof of the second part in Proposition 9.1. [

10 Sums of 1.i.d. random variables

This section is completely self-contained and the notations used here are not related
to those used previously.

Set > 1 and let (X;);>0 be a sequence of i.i.d. integer-valued non-negative random
variables such that

P[Xl > TL] ~ Cxﬁi’yn, (101)
for Cx € (0,00) and v > 0.

Let (Xi(l))izo be a sequence of i.i.d. integer-valued non negative random variables with
the law of X conditioned on X; > f(l), where f: N — N is such that [ — f(I) — oo.
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Let (ZZ»(I))Z'Z()’[ZO be another sequence of i.i.d. non-negative random variables and let

ZO® have the law of Z" under P[ - | X" = [+ k], if this last probability is well
defined, and as Zi(l)’(k) = 0 otherwise. Define

forkeZ, 1>0, Fo(x):=P[z"® > 4 (10.2)

We introduce the following assumptions.

1. There exists a certain random variable Z_ such that
forall k€ Zand (>0, 2Z0® L 7z
2. There exists a random variable Z,, such that

forall 1 >0, k> —(l— f(I)) and i > 0, Zi(z),(k) < 7

up

and E[Z7F¢] < oo for some € > 0.

sup

Moreover set

Y;(l) _ Zi(l)ﬂxi(l) and Sill) — Z)/i(l)v
i=1

and for A € [1,3), (A\);>0 converging to A and [ € N, define

NN = g
KN = g

Finally we denote by Fo(z) = P[Z4 > 7] the tail function of Z.

Theorem 10.1. Suppose that v < 1 and Assumptions (1) and (2) hold true. Then we
have "
S (2

for all X € [1,3) and (N)i>0 going to A, — J(dy,0, L),

1
KZ(A)
where J is an infinitely divisible law. The Lévy spectral function Ly satisfies
for all X >0 and x € R, Ly(x) =NLy(Ax) and Ls(z) = L4(x), (10.3)
and
0 if v <0,
Li(@) =9 =(1=p")> ¥ Fe(zp) ifz>0. (10.4)
keZ

In particular, 3(dy,0,Ly) is continuous. Moreover, dy is given by

Z
dy=\N"1-p"7)y pltkp|l =< | (10.5)
' 2 ooz

81



CHAPITRE 4. BIASED RANDOM WALKS ON GALTON-WATSON
TREES WITH LEAVES

The fact that the quantities appearing above are well defined will be treated in the
course of the proof.

In order to prove Theorem 10.1 we will apply Theorem 4 in [10], which is itself a
consequence of Theorem IV.6 (p. 77) in [80].

Theorem 10.2. Let n(t) : [0,00) — N and for each t let {Yi(t) : 1 < k < n(t)} be a
sequence of independent identically distributed random variables. Assume that for every
e >0, it is true that

lim P [Yi(t) >¢] =0. (10.6)

t—o0

Now let L(z) : R\ {0} — R be a Lévy spectral function, d € R and o > 0. Then the
following statements are equivalent :
(i)
n(t) 4
tEIgOZYk(t) — Xgor fort— oo
k=1
where Xq 5 has law J(d, o, L).
(ii) Define for T > 0 the random variable Z.(t) := Y1(t)1{|Y1(t)| < 7}. Then if x is
a continuity point of L,

| lmyeon(t)P[Yi(t) <z,  forz <O,
L(x) = { — limy_ oo n(t)Pl[Yl(t) > x|, forx >0,

0% = lim lim sup (n(t) VGT(ZT<t))> )

0 0

and for any T > 0 which is a continuity point of L(x),

d = lim n(t)E[ZT(t)]—l—/|> * dﬁ(x)—/ C_dl(x).

n—oo 1 + 332 >|z|>0 1 + .%2

The condition (10.6) is verified in the course of the proof, in our context n(t) goes
to infinity.

10.1 Computation of the Lévy spectral function

Fix A € [1, ) and assume that x > 0 is a continuity point of £,. We want to show
that o
a !
> x| = Ly(z). (10.7)
Kl()\) ]

— lim NP

l—o0

The discontinuity points of £y are exactly Cy = {(8*y,)/\, k € Z, n € N} where
{yn,n € N} are the discontinuity points of F',, (these sets are possibly empty).
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Let us introduce
for keZ,  a:=PX">1+k. (10.8)

Since Nl(’\) ~ (ABID)Y | we can write, recalling(10.2)
O]
/U= f(l))p( Y( 5 > $)
K

="k = (= SO Qap )5 O (o) —all,).

keZ

Now recalling (10.1) and (10.8), we see that for | — oo,
BI=i)g (l) — B, (10.9)

using [ — f(I) — oo, the fact that Ax3* is a continuity point of F, (because z > 0 is a
continuity point of £,) for any k£ and Assumption (1), we see that for all k € Z

1k > —(L— FUDIFY (ap™)3 = O) (o) — o))
—Foo(Azg™")37" (1 = 377) forl — oo, (10.10)

In order to exchange limit and summation, we need to show that the terms of the sum
are dominated by a function which does not depend on [ and is summable. Recalling
Assumption (2) and using (10.1) we see that ﬁV(Z_f(l))ag) < 77 and

1k = (1~ FO)YFY (a0 () —af),)

k€eZ

<C Y Fap(Aef )57,

kEZ

where Fg,(2) = P[Zsyp > z]. This last sum converges clearly for & — oo, and to show
that it converges for k — —oo we simply notice that for any y > 0

LIS e D DR

. 0<k<[In(Zsup/y)/ n B]
<(1- B*V)*lE[g’Yln(Zsup/y)/lnﬁ] < o0,

since we assume that E[Z]°] < oo.

Hence we can exchange limit and sum. Using (10.10) and the fact that [ — f(I) — oo,
we get

— lim NV P

[—00

y O

] - S P
K keZ
and, taking into account (10.3), this proves (10.7).
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10.2 Computation of d)

Fix A € [1,3). Since the integral [ zdL) is well defined, it suffices to show that for
all7eC,, 7>0

&)

N, T * g
— lim E[Y(l)l vO < W } —/ ac / L. 10.11
d P Kl(,\) Y < TK7} ; raly + . 11 a2 A ( )

First let us notice that NI(A)/KZ(’\) ~ (A3Y)77137 D We introduce
forallu>0, GY(u)= E[Zl(%{ZY) <u}| X" =k +1]. (10.12)
Considering the first term in (10.11), we compute
BO-DI=vF ) E[Yl(l)l VO <7 51}]

=1k = (1= FO | (af — af, ) 2O FC (A5,

kEZ

Using [ — f(I) — oo, (10.9) and Assumption (1), we see that for all k € Z and 7 € C,,

1k = —( = S} (af) = afl)y) 50D 360 (rag ) (10.13)
— (1= 67780 G (TABTF),

where

Goo(2) = E[Z5o1{Zs < x}]. (10.14)

Once again we need to show that we can exchange limit and sum, which amounts to
find a summable dominating function which does not depend on [. Using the fact that
for u >0

Gg) (u) < wu and 5*(771)’“6'5;) (up™™) < BFu B[22,

sup
(to see the second inequality, use F[Y1{Y < s}] < s®E[Y1{Y < s}] with a = 1 —
v —¢)), we get that

>tk =~ = fO)}| () - ) 3O B (A5

kEZ

<C(rAY B+ (PN TEZ] Y ) < oo,

k>0 k<0
due to Assumption (2). Hence recalling (10.13), we get that for 7 € C,
&)

N
lim ﬁE[Yfl)l{Yf” < TK;”}] =N 1= )Y BOIGL(rAGY). (10.15)
l keZ
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Furthermore, recalling (10.3) and (10.4), we get for 7 € C,

/ ’ zdLy = \'(1— / vy BFd(—Fo) (M)
0 <1

kEZ
=\11 =5 (v—1k \z6kd PO

(-5 %ﬂ L, e )
=\ 1 Zﬂ(y l)kG (T)‘Bk)

keZ

and this term exactly compensates for (10.15). Hence, we are left to compute in a similar
fashion,

d :/o 1—#902d‘CA

—\'(1-B7) /Om LS (- F) (M)

1+ z? kEZ
I+ (1+y)k Azt T k
AL k% pu+ /0 s g P )

Z
=\ -7 pUtNkp| = |
Z [(AB’“)Q + Zzo]

This sum is finite since the terms in the sum can be bounded from above by
C’l()\)ﬂ_skE[Zgu;e] and Cy(X\)B7, where C1(\) = max,>o (2177 /(A2 + 22)) and Cy(\) =
max,>o /(A\? + x?). The first upper bound is summable for k¥ — oo, the other for
k — —oo and so d, is well-defined.

10.3 Computation of the variance
We show that for any A € [1, 3) we have
N 01 ry® oy
o? = lim lim sup (K(/\))Q\/ar (Yl 1{Y} <7K, }) = 0. (10.16)

=0 .0 !

First, using (10.15), let us notice that
(A)

lim E [Y“H YO < 7K™ } —0. 10.17
[ (Kl(/\))Q 1 { 1 l } ( )
Further, we have ]\fl()‘)/(Kl(’\))2 ~ (A3)772377 D Define

2
forallu>0, H"(u) = E[(Z£”) 1z <uy | X =k + l]
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We compute
2
ﬁ(W—Q)Z—'Yf(l)E |:(Y'1(l)) 1{}/1@) < T)\ﬁl}

— Z 1{k>—(— f(l))}@(772)lwf(l)ﬁ2(k+l)H’gl)(T)\ﬁfk)<a§€l) — a;(gl)+1>'

keZ

By (10.1) we have ag)ﬂw_f(l)) < C,377%, hence the terms of our sum are bounded
above by C18@V*H" (zA3-%). Note that H"” (1) < u, so that

6(2—’7)1@[{]&” (7_)\6—]4:) S ﬁ—'yk(T)\)Q,
which gives an upper bound for £ > 0. On the other hand, Assumption (2)

ﬁ(Q—V)kngl) (T)\ﬁ_k) < ﬁek(T)\)Q—fy—sE[Z'y—i-a].

sup
These inequalities imply that

(A

N,
lim sup (Ké»)QVaF(E(”l{E(” < TKZ(,\)}) < Oyr?re,
l

l—o0

where (5 is finite and depends on ¢ and A. Hence letting 7 go to 0 yields the result,
since in Assumption (2) we can assume ¢ to be as small as we need in particular it can
be chosen such that 2 —~v —¢ > 0.

11 Limit theorems

11.1 Proof of Theorem 1.3

Assume ¢ < min(1/4,2v/3). For A > 0, we will study the limit distributions of the
hitting time properly renormalized along the subsequences defined as follows

for k€N,  ny(k) = |M'(¢) "]

First, recalling (9.3), using Proposition 9.1 and Lemma 3.3, we can apply Theo-
rem 10.1 to get

LAZA(;@)BW(’C_N’C))J

* d
o > X; (na(k)) = Ya, 0.z, (11.1)
i=1
where f(k) = hp,y = [—(1 — ¢)In(na(k))/Inf'(¢)] and Yy, o, is a random vari-
able whose law J(d), 0, £,) is the infinitely divisible law characterized by (10.3), (10.3)
and (10.5), where Z, is given by (1.3).

for any (\;);>0 going to A,
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Using Proposition 8.1, (11.1) still holds if we replace x;(n) by x:(n).
Recalling Proposition 7.1 we have

[(1+01 (1) ApCaf’(q) A [(1o2(1)ApCaf! ()~ 7 mah)
> Xi(ma(k)) X Xy = > Yilma(k)).
=1 i=1
where

f'(q)" po M
1+o(1)=(1—n</t_" d1+o0y(1) = (1+2n s/
+o01(1) = (1 =7/ ORIt +0z(1) = (1 +2n77) ) N (q) F
writing n for ny(k) = [M/(¢)™*| and n =n — (=2lnn/Inf'(q)).

Hence both sides of the previous equation, properly renormalized, converge in dis-
tribution to the same limit law, implying that (the law of) x(n) converges to the same
law as well. Recalling (5.3), this yields for any A > 0

x(na(k)) 4
(pCana(R)) "~ hocant/n O eants”

where decmuwoﬁ(pcmw is a random variable with law J(d,c, /7,0, £pc,0)1/~) and

we used that 57 = 1/f'(q).
Then by Proposition 5.1, we get that

(pCana(k))/7 "~ hocant/n O eants”

which proves Theorem 1.3. O]
We note for further reference that

J(d,0, L)) is continuous (11.2)

This follows from Theorem II1.2 (p. 43) in [80], since, due to (10.4), lin%) Li(z) = —o0.

11.2 Proof of Theorem 1.2

In order to prove Theorem 1.2, assume that
(A, /n'/7),>0 converges in law. Tt follows that all subsequential limits are the same, so
that

for all A € [1,3) and x € R™, Li(z) = N Li(Az).
Plugging in the values A = 3% and = = 5~%/3 gives

Zf/ kPZ > 6’6 2/3 1/3Zf/ k:PZ > /Bk 1/3] (113)

keZ keZ
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We will show that for 5 — oo, the right hand side and the left hand side of (11.3)

have different limits. First for £ > 1, using Remark 6.1, we see that

P[Zo > 717 < B3 PE[24] < B2V E[Sw] B[G (peo/3)] = 5~F7DO(57Y7), (11.4)

for B — oo where O(37/3) = B72PE[S,]E[G(pso/3)] does not depend on k (recall

Proposition 3.1 to see that E[S,] is bounded in ) . In the same way,
P[Zs > 3727 = p~D0O(5717),
for O(+) independent of k > 1.

Hence,

hme’ )FP[Z, > [ 6 Zf/ )FP[Z, > fFTL3

00
For £ <0, we have
P[Z, > ¥ 13 <P[Z, > 0] < PBin(Wa, pos) > 0],
further, since S, > 1, we see that
on {Z, >0}, Zo > See; > eq,
where e; is independent of the event {Z, > 0} = {Bin(W., ps) > 0}. Hence

P[Z, > 353 =1 - P[Z,, < g* 1)
> 1 — P[Bin(Wae, poo) = 0] — Ple; < 877
= P[Bin(We, poo) > 0] + o(1),

for 3 — oo and hence
P[Z. > ¥ 13 = P[Bin(Was, poc) > 0] + o(1),

where o(-) does not depend on k.
In the same way,

P[Z. > ¥ 23] = P[Bin(Wae, poc) > 0] + 0o(1)

(11.5)

(11.6)

(11.7)

(11.8)

for f — oo. Plugging (11.7) and (11.8) in equation (11.3) and taking into account (11.6)

we see that

1
lim Y f'(¢) *P[Z, > "% = lim ———— P[Bin(Wa, pos) > 0]
B—00 Pyt p—oo 1 — f/( )
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and
1
lim f'(q) *P[Z2 > % = lim ———P[Bin(Wx, pse) > 0] .
ﬂ—»ookez [3—>oo]_—f( )

Hence, we would have

1 1
1 P B — 1 f/ —1/3
ATy PN Woer ) > 01 = i 0] =5

P[Bin(Wa, p) > 0].
This could only be possible if P[Bin(Wy, ps) > 0] — 0 for 3 — oo, but we know that
PBin(Wy, Poo) > 0] > pocP[Woo > 1] > ¢ > 0,

where ¢ does not depend on [, see Lemma 6.6. This proves Theorem 1.2. O]
In particular, if 5 is large enough, J(dy,0, L) is not a stable law and this implies
(vii) in Theorem 1.4.

11.3 Proof of Theorem 1.1
We will show that

hm hmsupIP’{ Al;; ¢ [1/M, M]} = 0. (11.9)

M—oco noo

This implies in particular that the family (A, /n'/7),>o is tight. We will then prove

lim hmsup[P’[’ Xl ¢ [1/M, M]] =0, (11.10)

M—oo 5o
which implies that the family (|.X,,|/n7),>0 is tight. (1.2) is then a consequence of (11.9)
and (11.10).
To show (11.9), note that for n € [f'(q)~*, f'(q)~*+V)

P [ 7?77 ¢ [1/M, M]]

Af/( )—k M Af/( )7(k+1) 1
<P a P 4
- Lf’(q)’“pCa)l/7 = (f’(Q)pCa)”’Y} - [(f’(q)’““pCa)l” ~ M (f’(q)*lpCa)l/”]

Using Theorem 1.3 we get
A,
hmsup]ID [ ¢ [1/M, M]]

1

<P ~1pC )/ (f’(q)%a)l/”H '

- Yd(pca)l/W’O’mea)l/7 ¢ [M(f’(q)
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where Yy is a random variable with law j(d(pca)l/'y, 0, L(pca)l/'y). Here we

(w7 OE gyt /1
used that the limiting law J(d,, 0, £,) is continuous, see (11.2), and has in particular no

atom at 0, so we get that

A}im PYa, 0., &[1/M, M]] =0,

which proves (11.9).

Let us prove (11.10). Let n > 0 and write n? = X\of’(¢)~ for some ic € N and
Xo € [1,1/f(q)). Let i € N. To control the probability that |X,| is be much larger than
n”, note that

|Xn| —1gr —1 —i
P| —= =X 'f(9) | < PIA g 1000080201y < of (@)™

_ ]P)|: ALf/(q)fiinJ
(pCaf’(q) 1)1/

< (Aopcaf'(q)—i)—l/ﬂ.

Hence for any € > 0, and i large enough such that (pC,f'(¢)~")~"/7 < ¢,

P[M > f’(q)_i_l} < IP[

ny

Alpr(g)=i=io]
pCaf’(q)=i=i0) 1/

] <o

S <
nYy
Now, using Theorem 1.3, taking n (i.e. ig) to infinity, we get that for any ¢ > 0,
X, ,
for 7 large enough, lim supIP’[’—vl > f’(q)_l_l} < PlYaq 0., <€,
n n

using (11.2) and hence

[\Xn!

> M] < limsup P[Yy, 0., < ] = 0. (11.11)
n

e—0

lim sup lim sup P

M—oo n— o0

Next, we will consider the probability that |X,| is much smaller than n?. Let us
denote
Back(n) = max (|.X;| — |Xj]),

1<j<n

the maximal backtracking of the random walk. It is easy to see that

Back(n) < max (i — Ti1) V71

Hence since 7 and 7 — 7 have exponential moments

P [Back(n) > n'y/2] < Cnexp(—en/?). (11.12)
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If the walk is at a level inferior to (1/M)n” at time n and has not backtracked more
than n?/2, it has not reached (2/M)n”. This implies that for all M > 0,

A\ /M)

P[5 < 1101 < Blpack(r) 2 a7+ [ Sl

ny

> (pCu2/M)V| .

Hence, using a reasoning similar to the proof of (11.11), we have

M—0o 500 ny

Xn o
lim limsupP [| | < 1/]\4 < l}\glnlan[Ydl,(w1 > M| =0. (11.13)
Using (11.11) and (11.13), we get

Xy
lim limsupP {# ¢ [1/M, M]] =0, (11.14)
n

M—oo p_so

which shows (11.10) in Theorem 1.1.
Let us prove (iii) in Theorem 1.1. We have

In|X,| In | X,|

P [ lim
n—oo Inn

# 7} <P [lim sup

n—oo

: . G|
>7}+A/lllinooIF’[hm1nf > gM

n—oo M

Using Fatou’s Lemma,

X, 1 X,
P{liminfu<—} §limian{| | <1/M},
M nYy

n—oo N7 n—o00

and taking M to infinity we get

In|X
p{hmM

n—oo Inn

In | X,
%7} <P [limsupM > ’y} :

n—oo nn

Set € > 0, we have

In | X, Xn
P [limsupnl|—| > (1+ 28)7} <P [limsup X > 1]

n—o0 nn n—o0 n(+e)y =

: Sup; <, | Xi|
Define Al
D'(n) = { max H(() < L/n}
14 S UZ-O 77777 A}L’LYl —Inf <Q)
Denoting ¢(n) such that o, , <n <o, ., we have
f D X, | <Xl <X il 11.15
orw € D'(n), \ gft(n)\ <X, < oft(nm\ + Tf’(q)’ (11.15)
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and since using Bj(n) defined right above Lemma 7.1, we get

for w € By(n), | +n°. (11.16)

|X0-Tt(n)+1| — | UTt(n)

We have using Lemma 5.1 and (3.7)

P[D'(n)°] < P[A;(n)] + P[Al(n), card UiAflLyi > nﬂ + P[card UZ-A:%LYi <n? D'(n)c}

Cin

_ (4) 41nn
S O(ﬂ 2) +P|:;Card.[/0 > n2i| + n2Q |:H Z Tf’(q)]
Cin
<O(n™?) +n *Var (Z card L(()i)> +n*n~" =0(n"?),
=0

where we used that card Lg) are i.i.d. random variables which are L? since they are
stochastically dominated by the number of offspring Z which is L? by our assumption.

By Lemma 7.1, the previous estimate and Borel-Cantelli we have w € By(n) N D(n)
asymptotically, we get recalling (11.15) and (11.16) that for ¢ < v

; Xz |X0'7' |
P [limsupMn|| > 1} <P [liminf( M)y 0(1)) > 1] )

n—00 n(1+8)7 n—00 n(l"‘s)'Y

Since | X, | <|X,| we have

Tt(n)

P | SUPiy | Xi] > 1| <P |limi f’XUT‘“")’ >1
e s S B it s

< liminfP [ X > 1]

n—o0 n(l"‘g)'Y -

—00 M—00 nYy

< lim inf lim inf P {‘Xﬂ, > M} =0,

where we used Fatou’s Lemma and (ii) in Theorem 1.1.
Now since this result is true for all ¢ > 0 small enough we get

In|X, In | X,
P | lim L|7é7 <P |limsup n X >y
n—oo Inn nooo 1NN
In|X,
< liminf P [limsup n Xl (1+2e)7] —0,
e—=0 n—o0 nn
which finishes the proof of (1.2). O
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11.4 Proof of Theorem 1.4

It remains to show (iv), (v), (vi) and (viii) in Theorem 1.4.

Démonstration. We start by proving (viii). Recall

Bin(Woo yPoo )

Zoo = 1— 6—1 Z €

i=1

and in particular the fact that Soo, W and the i.i.d. exponential random variables
e; are independent. Let S = Sw/Ps and denote its law by v... Further, let oy =
PBin(Wy,ps) = k], £k = 0,1,2,.... Conditioned on Ss and Bin(Wy, pso ), the law of
Z is a Gamma distribution. More precisely, for any test function o,

—

Blp(20)] = ane(0) + . [ | [ etom)e sy | va(asion
= app(0) + Z/ /gp(v)e_”/s (kv _1>!Sikdv Voo (ds) o

= aogp

0\8 Tlr

zak i e (5e)

We point out that, due to Lemma 6.6, we have 0 < ag < 1. Hence, Z., has an atom
of mass ag at 0 and the conditioned law of Z,,, conditioned on Z,, > 0, has the density
1, where

Using the fact that S, > 2 and lim sup % log . < 0 (see Lemma 6.2), we see that ¢
is bounded and C',. Note that since S, and W, have finite expectation, Z., has also
finite expectation and in particular

/mp(v)dv < 00. (11.17)
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This shows (viii) in Theorem 1.4. We will later need that

o0

/Ulﬂlw'(v)ldv < 00. (11.18)

0

To show (11.18), note that ¢'(v) equals

—1 . > a v k-1 1 o0 a v k—2
E _ 6*1}/300 k (N_> + — effu/SC>o k <~—>
o T HE\s) TE A A

which implies, with a := lim sup (oz,lg/k) <1,

¢ (v)] < CiEq

(gl )2 6(1a)v/§oo] '

But, for 6 € (0,1),

Eq

Nl e—(l—a)v/goo
(520)?

< Bq [ 0mS=1{5, < v~} + Eq

1 ~
—1{S, >0
GRE { }]

)

1 -
—(1—a)v
<e + —113_35 Eq [Soo:|

Now, choosing § small enough such that 35 +~v < 1 yields (11.18).
We next show that the function £, is absolutely continuous. Recalling (i) in Theorem
1.4 we see that, for x > 0,

—(1= 87 La(w) = B Foc ()

keZ

=> g 7 Y(v)dv
z 3%

keZ

o0

_ / <Z 1 {p > xﬁk}> Y(v)do.

0 \kez

Now,

S zart= 3 =)

kEZ k<K (v/z)
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where, setting u = 2, K(u) = L%j. An easy computation gives
K@)
Hence, for x > 0,
(1= BN L () = /g (3) b(v)dv = x-/g(u)w(mu)du. (11.20)
T
0 0

The last formula shows, noting that g(u) is of order u” for u — oo and recalling (11.17)
and (11.18), that £; is Cy and in particular absolutely continuous. Due to the scaling
relation (ii), the same holds true for £y. This shows (iv) in Theorem 1.4.

Due to (11.19), we have

1 iy
g1 =9 < 5

Plugging this into the first equality in (11.20) yields (1.4). This proves (v) in Theorem
1.4. To show (vi), we use a result of [103| which says that an infinite divisible law is
absolutely continuous if the absolutely continuous component £*¢ of its Lévy spectral

u”

function satisfies [ dL*(x) = oo, see also [80], p. 37. In our case, this is satisfied since

L3(x) = L4(x) and lin% L(z) = —oo. Further, the statement about the moments of p
follows from the corresponding statement about the moments of L), see [84] or [80], p.
36. ]
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The speed of a biased random walk on
a percolation cluster at high density

We study the speed of a biased random walk on a percolation cluster on Z? in
function of the percolation parameter p. We obtain a first order expansion of the speed
at p = 1 which proves that percolating slows down the random walk at least in the case
where the drift is along a component of the lattice.

The material of this chapter has been submitted for publication, see [38].

1 Introduction

Random walks in reversible random environments are an important subfield of ran-
dom walks in random media. In the last few years a lot of work has been done to un-
derstand these models on Z?, one of the most challenging being the model of reversible
random walks on percolation clusters, which has raised many questions.

In this model, the walker is restrained to a locally inhomogeneous graph, making
it difficult to transfer any method used for elliptic random walks in random media. In
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the beginning results concerned simple random walks, the question of recurrence and
transience (see |48]) was first solved and latter on a quenched invariance principles was
proved in [13] and [72]. More recently new results (e.g. [71] and [14]) appeared, but still
under the assumption that the walker has no global drift.

The case of drifted random walks on percolation cluster features a very interesting
phenomenon which was first described in the theoretical physics literature (see [28|
and [29]), as the drift increases the model switches from a ballistic to a sub-ballistic
regime. From a mathematical point of view, this conjecture was partially addressed
in [15] and [99]. This slowdown is due to the fact that the percolation cluster contains
arbitrarily large parts of the environment which act as traps for a biased random walk.
This phenomenon, and more, is known to happen on inhomogeneous Galton-Watson
trees, cf. [68], [9] and [8].

Nevertheless this model is still not well understood and many questions remain open,
the most famous being the existence and the value of a critical drift for the expected
phase transition. Another question of interest is the dependence of the limiting velocity
with respect to the parameters of the problem i.e. the percolation parameter and the
bias. This last question is not specific to this model, but understanding in a quantitative,
or even qualitative way, the behaviour of speed of random walks in random media seems
to be a difficult problem and very few results are currently available on Z< (see [90]).

In this article we study the dependence of the limiting velocity with respect to the
percolation parameter around p = 1. We try to adapt the methods used in [90] which
were introduced to study environments subject to small perturbations in a uniformly-
elliptic setting. For biased-random walk on a percolation cluster of high density, the walk
is subject to rare but arbitrarily big pertubations so that the problem is very different
and appears to be more difficult.

The methods rely mainly on a careful study of Kalikow’s auxilary random walk which
is known to be linked to the random walks in random environments (see [104] and [100])
and also to the limiting velocity of such walks when it exists (see [90]). Our main task
is to show that the unbounded effects of the removal of edges, once averaged over all
configurations, is small. This will enable us to consider Kalikow’s auxilary random walk
as a small perturbation of the biased random walk on Z?. As far as we know it is the first
time such methods are used to study a random conductance model or even a non-elliptic
random walks in random media.

2 The model

The models presented in [15] and [99] are slightly different, we choose to consider
the second one as it is a bit more general, since it allows the drift to be in any direc-
tion. Nevertheless all the following can be adapted without any difficulty to the model
described in [15].
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2. THE MODEL

Let us describe the environment, we consider the set of edges F(Z<) of the lattice
7% for some d > 2. We fix p € (0,1) and perform a Bernoulli bond-percolation, that is
we pick a random configuration w € Q := {0, 1}E(Zd) where each edge has probability
p (resp. 1 — p) of being open (resp. closed) independently of all other edges. Let us
introduce the corresponding measure

P, = (pdy + (1 — p)d)¥EE,

Hence an edge e will be called open (resp. closed) in the configuration w if w(e) =1
(resp. w(e) = 0). This naturally induces a subgraph of Z¢ which will be denoted w and
it also yields a partition of Z¢ into open clusters.

It is classical in percolation that for p > p.(d), where p.(d) € (0,1) denotes the
critical percolation probability of Z9 (see [46]), we have a unique infinite open cluster
Ko (w), P,-a.s.. Moreover the following event has positive P,-probability

7 = {there is a unique infinite cluster K, (w) and it contains 0}.

In order to define the random walk, we introduce a bias ¢ = A of strengh A > 0 and
a direction ¢ which is in the unit sphere with respect to the Euclidian metric of R%. On
a configuration w € ), we consider the Markov chain of law P¥ on Z? with transition
probabilities p*(z,y) for z,y € Z? defined by

1. Xy =2, Pr-as.,

2. p“(x,x) = 1, if x has no neighbour in w,

(2, y)
3' pw(xay) - < .7
2 ena (7, 2)

where z ~ y means that x and y are adjacent in Z? and also we set

e(y-i—z)-f if £~ Yy and w({x7y}) = 1’

for all z,y € Z¢4, &(x,y) =
Y i (@) {O otherwise.

We see that this Markov chain is reversible with invariant measure given by

™(x) = Z & (x,y).

y~x

Let us call ¢“(z,y) the conductance between x and y in the configuration w, this
is natural because of the links existing between reversible Markov chains and electrical
networks. We will be making extensive use of this relation and we refer the reader to [30]
and [70] for a further background. Moreover for an edge e = [z,y] € E(Z%), we denote
(e) = ?(z,y) and r¥(e) = 1/c“(e).

Finally the annealed law of the biased random walk on the infinite percolation cluster
will be the semi-direct product P, = P,[- | Z] x B[]
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The starting point of our work is the existence of a constant limiting velocity which
was proved in [99] and with some additional work sznitman-perco managed to obtain
the following result

Theorem 2.1. For any d > 2, p € (p.(d),1) and any ¢ € R?, there exists vy(p) € R?
such that

X
forw—"P,[-|T]—a.s., im — =v(p), Py — a.s..

n—oo N

Moreover there exist \(p,d,l), \o(p,d, ) € Ry such that

1. for X=10-0 < \(p,d, ), we have vy(p) - £ > 0,

2. for X\ =10-0> \y(p,d, (), we have vy(p) = 0.

Our main result is a first order expansion of the limiting velocity with respect to

the percolation parameter at p = 1. As in [90], the result depends on certain Green
functions defined for a configuration w as

for any x,y € Z, G“(z,y) == E¥ [Z 1{X, € y}}
n>0

Before stating our main theorem we recall that v,(1) = > _, p(e)e, where wy is the
environment at p = 1, p(e) = p*°(0, e), and v is the set of unit vectors of Z¢.

Theorem 2.2. Ford > 2, p € (p.(d),1) and for any ¢ € RS, we have
o1~ 2) = (1) — = S (wl1) - €)(G(0,0) — G e, 0)) (ve1) — i) + ofe),
ecv
where for any e € v we denote
for f € E(Z%),  wi(f)=1{f #¢e} and d, = prﬁ((),e')e’,
e'cv

are respectively the environment where only the edge [0, €] is closed and its corresponding
mean drift at 0.

Proposition 2.1. Let us denote J¢ = G*°(0,0) — G“°(e,0) for e € v. We can rewrite
the first term of the expansion in the following way

, e)Je
D) = 2_el1) )y —p<e>§£ zp(—eu—e

s0 that if for e € v such that ve(1) - e > 0 we have vy(1) - e > |[ve(1)| |5 then

(6 - 05(1»7

ve(1) - vp(1) > 0,

which in words means that the percolating slows down the random walk at least at p = 1.
The previous condition s verified for example in the following cases
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1. (e v, i.e. when the drift is along a component of the lattice,
2. 0 =\, where \ < )\C(E) for some )\C(Z) > 0, i.e. when the drift is weak.

Remark 2.1. The property of Proposition 2.1 is expected to hold for any drift, but we
were unable to carry our the computations. More generaly the previous should be true in
a great variety of cases, in particular one could hope it holds in the whole supercritical
regime. For a somewhat related conjecture, see [18].

Remark 2.2. Another natural consequence which is not completely obvious to prove is
that the speed is positive for p close enough to 1.

Remark 2.3. Finally, this result can give some insight on the dependence of the speed
with respect to the bias. Indeed, fix a bias ¢ and some p > 1, Theorem 2.2 implies that
for eg = eo(4, ) > 0 small enough we have

’ng(l—€)'Z>Ug(l—E)'Zf0T€<E().

Before turning to the proof of this result, we introduce some further notations. Let
us also point out that we will refer to the percolation parameter as 1 — ¢ instead of p
and assume € < 1/2. In particular we have 1 — ¢ > p.(d) for all d > 2.

We denote by {x < y} the event that x and y are connected in w. If we want to
emphasize the configuration we will use {z <> y}. Accordingly, let us denote K“(x) the
cluster (or connected component) of x in w.

Given a set V of vertices of Z¢ we denote by |V] its cardinality, by E(V) = {[z,y] €
E(ZY) | z,y € V} its edges and

OV ={zeV]yeZ'\V, x~y}, 0V ={lz,y € BZ") | x €V, y ¢V}
and also for B a set of edges of E(Z?) we denote
OB={x| Jy,z, [v,y] € B,[z,2] ¢ B}, OpB ={[z,y| |z € 0B,y ¢ 0BUV(B)},

where V(B) ={z € Z?| 3y € Z? [z,y] € B}.

Given a subgraph G of Z? containing all vertices of Z¢, we denote dg(x,y) the graph
distance in G induced by Z? between x and y, moreover if 2 and y are not connected in
G we set dg(z,y) = oo. In particular d,(z,y) is the distance in the percolation cluster
if {z < y}. Moreover for x € G and k € N, we denote the ball of radius %k by

Bg(w,k) = {y € G, dg(z,y) < k} and BE(v, k) = E(Ba(z, k),

where we will omit the subscript when G = Z¢. . .
Let us denote by (e®),_; 4 an orthonormal basis of Z? such that e . ¢ > e® . ¢ >
.. >e@ . >0, in particular we have e - ¢ > 1/+/d.
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In order to control volume growth let us define py such that
for all » > 1, |B(x,7)| < par® and |0B(z,7)| < par®™".

We will need to modify the configuration of the percolation cluster at certain vertices.
So given Aj, Ay € E(Z%), By € {0,1}" and B, € {0,1}2, let us denote Wﬁ;:ﬁ; the
configuration such that

1w (o) = w(le,g)), if [r,y] ¢ AU Ay
2. Wi (fwy) = Lwy] ¢ Bi). if [2.9] € A,

3. Wﬁ;gé([l’,y]) - 1{[$7y] Qf BQ}: if [x,y] € A2 \ Al?
which in words means that we impose that the closed edges of A; (resp. As) are exactly
those of By (resp. Bs), and in case of an intersection between A; and A, the condition
imposed by A; is most important. For ki, ky > 1, 21, 20 € Z% and By, B, € {0, 1}BE(Z1”“) X
{0,1}B"(28) e introduce

(21,k1),B1 . BP(21,k1),B1 v  z1,B1 . (21,1),24B1
Wi k) By "= WBE (o k) By A0 for Bi, By € {0, 1}, wiip = w7 g (2.1)

to describe configurations modified on balls. Moreover
wht = W and W0 = WA, (2.2)

to denote in particular the special cases where all (resp. no) edges of A are open. We
will use of combinations of these notations, for example, w®*-1 .= wBE (k)0
In connection with that, for a given configuration w € €2, we call configuration of z
and denote
C(Z) = {6 cv, w([z,z + 6]) = O},

the set of closed edges adjacent to z.
Hence we can denote e € v and A € {0,1}”

LO\A 0,1

(0,€e), cle) =

wO,V\A

(0. (2.3)

Furthermore the pseudo elliptic constant g = ko(¢,d) > 0 will denote

plle) =p (e) and 74 =7

: A
- m 2.4
0= o min P (€), (2.4)

which is the minimal non-zero transition probability.
Similarly we fix k; = r1(¢,d) > 0 such that

1 z A Z,
— 1M (2) < 2 < T (2), (2.5)
R1

for any A € {0,1}"\ v and z € Z%.
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Finally 75 will denote a geometric random variable of parameter 1 — § independent
of the random walk and the environment moreover for A C Z? set

Ty=inf{n >0, X, € A} and T} =inf{n > 1, X,, € A},

and for z € Z* we denote T, (resp. T.") for T}y (resp. T{J;}).

Concerning constants we choose to denote them by C; for global constants, or ; for
local constants and will implicitely be supposed to be in (0, 00). Their dependence with
respect to d and ¢ will not always be specified.

Let us present the structure of the paper. In Section 3, we will introduce the central
tool for the computation of the expansion of the speed : Kalikow’s environment and
link it to the asymptotic speed. Then, we will concentrate on getting the continuity
of the speed, mathematically the problem is simply reduced to giving upper bounds
on quantities depending on Green functions, on a more heuristical level our aim is to
understand the slowdown induced by unlikely configurations where “traps’appear. Since
getting the upper bound is a rather complicated and technical matter we will first give a
quick sketch, as soon as further notations are in place, and try to motivate our approach
at the end of the next section.

In Section 4 and Section 5, we will respectively give estimates on the behaviour of
the random walk near traps and on the probability of appearence of such traps in the
percolation cluster. Then in Section 6 we will put together the previous results to prove
the continuity of the speed.

The proof of Theorem 2.2 will be done in Section 7. In order to obtain the first
order expansion, the task is essentially similar to obtaining the continuity, but the
computations are much more involved and will partly be postponed to Section 8.

Finally Proposition 2.1 is proved in Section 9.

3 Kalikow’s auxiliary random walk

We denote for z,y € Z¢, P a Markov operator and § < 1, the Green function of the
random walk killed at geometric rate 1 — ¢ by

GF(w,y) = X[ 6°1{X, = y}] and G5 (2,) = G} (),
k=0

where P¥ is the Markov operator associated with the random walk in the environment
w.

Then we introduce the so-called Kalikow environment associated with the point 0
and the environment P;__[- | Z], which is given for z € Z%, § < 1 and e € v by

Bl G5(0,2)p%(2,0)/T]
P3(z,e) = E, .[G%(0,2)[T]
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The familly (p5(2, €)).ezd cc, defines transition probabilities of a certain Markov chain
on Z<. Tt is called Kalikow’s auxiliary random walk and its first appearence in a slightly
different form goes back to [55].

This walk has proved to be useful because it links the annealed expectation of a
Green function of a random walk in random media to the Green function of a Markov
chain. This result is summarized in the following proposition.

Proposition 3.1. For z € Z¢ and § < 1, we have
E . [G;;(o, 2) yz} = G7(0, 2).

The proof of this result can be directly adapted from the proof of Proposition 1
in [90]. We emphasize that in the case § < 1, the uniform ellipticity condition is not
needed.

Using the former property we can link the Kalikow’s auxiliary random walk to the
speed of our RWRE through the following proposition.

Proposition 3.2. For any 0 < e < 1 — p.(Z%), we have

-~

ZzeZd G;Jé (07Z)d<65(z) li E[X’Qs]

lim = lim =l —¢),

i—1 Zzezd G?g (0’ Z) i—1 ]E[T(g]

where c?f;(z) = Zﬁf;(z, e)e.

ecr

Let C§ be the convex hull of all cjfs(z) for z € Z%, then an immediate consequence of
the previous proposition is the following

Proposition 3.3. For ¢ > 0 we have that v,(1 — €) is an accumulation point of C§ as
0 goes to 1.

The proofs of both propositions are contained in the proof of Proposition 2 in [90| and
rely only on the existence of a limiting velocity, which is a consequence of Theorem 2.1.

In order to ease notations we will from time to time drop the dependence with respect
to ¢ of the expectation E;_.[-].

Let us now give a quick sketch of the proof of the continuity of the speed. A way of
understanding d5(z) is to decompose the expression of Kalikow’s drift according to the
possible configurations at z

E [1{1}1{C(z) = AYG(0, 2)p(z, e)e]

ds(2) =% (3.1)

v E [1{1}@*;;(0, z)}
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) E[l{I}l{C(z) — A}G4(0, z)}
ACv, Atv E[l{I}Gf{(Oa 2)}
E[1{I}Gg;(o, 2)|C(z) = A}

= Y Plez) = 4] da,

Acv, A#v E [I{I}Gg’(o, z)}

dg

where dy = ZpA(e)e is the drift under the configuration A.
ecA
Since P[C(z) = A] ~ ¢l for any A € v, if we want to find the limit of d(z) as € goes
to 0, it is natural to conjecture that the term corresponding to {C(z) = (0} is dominant
in (3.1). For this, recalling the notations from (2.1), we may find an upper bound on

E[1{T}G3(0,2)[C(2) = 4] B B[ 1{Z(@)}G5(0.2) (3.2)
B[LZ}G3(0.)] E[1{T}G3(0,2)] .

for 2 € Z%, A € {0,1}” \ v and § < 1 which is uniform in z for § close to 1, to be able
to apply Proposition 3.3 and show that |v(1 —¢) — dy| = O(e).

Let us show why the terms in (3.2) are upper bounded. It is easy to see that the
denominator is greater than yE[1{Z(w*')}G¥™" (0, 2)], so we essentially need to show
that closing some edges adjacent to z cannot increase the quantity appearing in (3.2)
by a huge amount. That is : for A € {0,1}",

B[1{Z(w)}65™ (0,2)] < »E[HTW™ )65 0,2)] (33)

In order to show that closing edges cannot have such a tremendous effect, let us
first remark that the Green function can be written as G¥(0, z) = Py [T, < 15]G%(z, 2).
When we close some edges we might create a trap, for example a long “corridor’can
be transformed into a “dead-end”and this effect can, in the quenched setting, increase
arbitrarily G¥(z, z), the number of returns to z .

The first step is to quantify this effect, we will essentially show in Section 4 that
G (2,2) < G¥™" (2, 2) + L.(w) (see Proposition 4.2) where L. (w) is in some sense, to
be defined later, a “local’quantity around z (see Proposition 4.1 and Proposition 5.2).
With this random variable we try to quantify how far from z the random walk has to go
to find a “regular’environment without traps where the effect of the modification around
z is “forgotten”. In this upper bound, we may get rid of the term Gg’z’l(z, z) which is,
once multiplied by 1{Z}P¢ [T, < 73] < 1{Z(w*")}P¥""[T, < 75], of the same type as the
terms on the right-hand side of (3.3).

The second step is to understand how the “local’quantity L, is correlated with the
hitting probability. The intuition here is that the hitting probability depends on the
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environment as a whole but that a very local modification of the environment cannot
change tremendously the value of the hitting probability. On a more formal level this
corresponds to (see Lemma 6.1) E[I{Z}FPy [T, < 75|L.(w)] < BE[{Z}FY[T. < 75]]
where 73 is some moment of L., which is a sufficient upper bound.

Before turning to the proof, we emphasize that the aim of Section 4 and Section 5,
is mainly to introduce the so-called “local’quantities, which is done at the beginning of
Section 4, and prove some properties on these quantities, see Proposition 4.2, Proposi-
tion 5.2 and Proposition 4.1. The corresponding proofs are essentially unrelated to the
rest of the paper and may be skipped in a first reading, to concentrate on the actual
proof of the continuity which is in Section 6.

4 Resistance estimates

In this section we shall introduce some elements of electrical networks theory (see [70])
to estimate the variations on the diagonal of the Green function induced by a local mod-
ification of the state of the edges around a vertex z. Our aim is to show that we can get
efficient upper bounds using only the local shape of the environment.

Let us denote the effective resistance between = € Z¢ and a subgraph H' of a certain
finite graph H by R (z < H'). Denoting V(H') the vertices of H’, it can be defined
through Thomson’s principle (see [70])

R(z — H') = inf{z r(e)f*(e),0(-) is a unit flow from z to V(H')},
ecH
and this infimum is reached for the current flow from z to V' (H’). Under the environment
w, we will denote the resistance between x and y by R¥(z < y).

For a fixed w € (), we add a cemetary point A which is linked to any vertex x
of K. (w) with a conductance such that at = the probability of going to Ais 1 — ¢
and denote the associated weighted graph by w(d). We denote 7%(%)(x) the sum of the
conductances of edges adjacent to z in w(§) and we define R*®) (z < A) to be the limit
of R*®)(z < w\ w,) where w, is any increasing exhaustion of subgraphs of w. In this
setting we have,

o) 1114

and ' ([z, A]) = Ty (4.1)

We emphasize the fact that changing the state of an edge [z, y] changes the values of
r“@)([z, A]) and 7@ ([y, A]), it can nevertheless be noted that Rayleigh’s monotonicity
principle (see |70]) is preserved, i.e. if we increase (resp. decrease) the resistance of one
edge the resistance of the graph the effective increases (resp. decreases).

There is no ambiguity to simplify the notations by setting R*(z < A) := R“O) (g «
A) for € Z% and r(e) := r*©(e) for e any edge of w(d). It is classic (and can be found
as an exercice in chapter 2 of [70]) that

™ (z)

0 (z) =

106
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Lemma 4.1. For any 6 < 1, we have
GY(z,x) = O (2)R*(z — A).

Hence to understand, in a rough sense, how closing edges might increase the number
of returns at z, we can concentrate on understanding the effect of closing edges on
the effective resistance. By Rayleigh’s monotonicity principle, given a vertex x, the
configuration in A = B¥(z,r) which has the lowest resistance between any point and A
is the one where all edges are open. Hence, for configurations B € {0,1}4, we want to
get an upper bound R*"”(z < A) in terms of R*"’(z <> A) and of “local’quantities.

Let us begin with a heuristic description of configurations which are likely to increase
strongly the number of returns when we close an edge. There are mainly two situations
that can occur (see Figure 5.1)

1. the vertex z is in a long corridor, which is turned into a “dead-end”if we close only
an edge, hence increasing the number of returns,

2. if closing an edge adjacent to x creates a new finite cluster K, the number of
returns to z can be tremendously increased. Indeed because of the geometrical
killing parameter, when the particle gets stuck in K for a long time it may die
(i.e. go to A), hence by closing the edge linking x to K, we can remove this escape
possibility and increase the number of returns to x.

deleted edge

T Koo — infinite cluster

K

F1G. 5.1 — Configurations where one deleted edge increases Gs(x,x)

We want to find properties of the environment which will quantify how strongly the
number of returns will increase. In order to find a quantity which controls the effect of
the first type of configurations we denote, for A = B¥(x,r),

00 if Vy € 8A, Yy ¢ Koo(wA,O)a
MA(w) = max d a0 (yl, y2) otherwise, (4'2)
Y1,42 €0ANK 50 (wA0)
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which is the maximal distance between vertices of AN K. (w??) in the infinite cluster

of w9, Tt is important to notice that the notation K, (w*?) makes sense, since it is
classical that P-a.s. modifying the states of a finite set of edges does not create multiple
infinite clusters.

This quantity will help us give upper bounds on the number of returns to = after
having closed some adjacent edges. Indeed even if the “best escape way to infinity”is
closed, M, tells us in some sense how much more the particle has to struggle to get
back onto this good escape route, even though some additional edges are closed.

In order to control the effect of the second type of bad configurations, we first want
to find out if we are likely to go to A during an excursion into the part we called K. For
this we introduce a way to measure the size of the biggest finite cluster of w? which
intersects 0A,

0 if Vy € 0A, y € Koo(w™),

Talw) = max 0K 40(y)| otherwise, (4.3)
yEOA, yg Koo (wA:0)

which gives an indication on the time of an excursion into K, hence on the probability
of going to A during this excursion.

The idea now is to find an alternate trap close to x, in which the walker is likely to
go to A before returning to x to replace the role of K. This alternate trap ensures that
the number of return to x cannot be too big even in the case where all the accesses to
parts such as K adjacent to x are closed. For this let us denote n > 1 depending on d
and ¢ such that

foralln > 1, 070" > 21 4 |B(0,n)|), (4.4)

and H',(w) the hyperplane {y, y-Zz x[—f—nTA(w)}. Any point of this hyperplane can be
seen as an alternate trap since the particle is very unlikely to return to x when it reaches
H',. Then a relevant quantity to control the effect of the second type of configurations
is the distance between x and this hyperplane, which quantifies the difficulty to reach
an alternate strong trap.

In order to define these quantities we need to know the infinite cluster K., hence they
are not “local’quantities. Nevertheless we are able to define random variables which are
“local’and fulfill the same functions. For A = BF(z,r), we denote LY (w) the smallest
positive integer such that all y € A which are connected to dB(z, LY(w)) in w??,
are connected to each other using only edges of BY(z, L}(w)) N w?. We always have
LY (w) < oo by uniqueness of the infinite cluster. Consequently there are two types of
vertices in A, first those which are not connected to dB(x, LY (w)) in w?? (hence in a
finite cluster of w™%) and then those which are, the latter being all inter-connected in
B(x, LY (w)) Nw?O,

Set H4(w) to be the hyperplane {y, y- £ > z - { +nL%(w)} and finally let us define
L4(w) the smallest integer such that
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1. either DA is connected to H4(w) using only edges of BE(z, Ls(w)) NwA?,
2. or OA is not connected to BE(x, L4(w)), which can only happen if 0A N K, = 0,

and in order to make the notations lighter we use
Lz,k = LBE(z,k) and LZ = szl. (45)

Using this definition for L, we get an upper bound for the quantities M, and
d,(x,H')) on the event that z € K., which is the only case we will need to consider.
Now we can easily obtain, the proof is left to the reader, the following proposition

Proposition 4.1. For a ball A = BP(z,r), set F,, the o-field generated by {w(e),e €
BE(z,n)}, we have the following

1. La(w) does not depend on the state of the edges in A,

2. La(w) is a stopping time with respect to (Fyn)n>0, in particular the event {La(w) =
k} does not depend on the state of the edges of BE(x, k)¢ = E(Z%) \ BE(x,k),

3.1 < Li(w) < oo, P-a.s..

The second property is one of the two central properties for what we call a “lo-
cal’quantity. Recalling the notations (2.1) and (2.2), let us prove the following

Proposition 4.2. Set A = BE(x,r) with r > 1, § < 1 and w € Q. Suppose that
y € Koo(w) and 0AN Ky (w) # 0. We have

Rw(y > A) S RMA,l(y s A) + ClLA(w>02€2/\(LA(w)7x.[),
where Cy and Cy depend only on d and £.

Here the correcting term is essentially of the same order as the largest between
1. the resistance of paths linking the vertices of A N K, (w??) inside B(x, L),
2. the resistance of paths linking = to H4 inside B(z, Lj).

Démonstration. Let us introduce

At = B(z,r)U U K,a0(a) and A = | ] {[a, A},

a€dA,a¢ Koo (wA0) acAt

moreover we set

A” = B(z,r —1)U U K, a0(a) and A~ = | ] {[a, A]}.

a€dA,a¢ Koo (wA0) acA—
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Let w, be an exhaustion of w and ng such that B(x, Ls(w)) Nw C w,, and y is
connected to 0A in w,,. Set n > ng, we denote #(-) any unit flow from y to w(d) \ w,
using only edges of w,(d). By Thomson’s principle, we get

ROy o w(0) \wa) = B Oy o wb1(5) \ wih) (4.6)
< 37 (*(e)8(e)? — 1™ ()iole)?),

ecw(9)

where io(+) denotes the unit current flow from z to w™(§) \ wt. We want to apply
the previous equation with a flow 6(-) which is close to the current flow 4y(+). Since the
latter does not necessarily use only edges of w we will need to redirect the part flowing
through A.

For a vertex a € 9A, we denote i{'(a) = > cevfnatcea fola; a + €]) the quantity of
current entering A through a. Hence we can partition 0A into

1. ay,...,a the vertices of 9A N K, (w™?) such that i3 (a) > 0,
2. ki1, ---,a; the vertices of A N K, (w™?) such that i (a) < 0,
3. i1, .-, 0y the vertices of A\ Ky (w?).

Moreover we denote

i (A) = 3 dgle) and iy (A) = 3 igle).

ec At e€ A~
Let us first assume y € K, (w??), in particular y ¢ B(x,r — 1). The following facts
are classical (see e.g. |[70] chapter 2)
1. for any e € E(Z?), we have |ig(e)| < 1,
2. the intensity entering B(z,r — 1) is equal to the intensity leaving B(z,r — 1), i.e.

Sidla) =i (A) = 3 i)

i<k jelk+1]

Using the two previous remarks, we see it is possible to find a collection v(i, 7) with
ie[l,k]and j € [k+1,1]U{A} such that

1. for all 4, j, we have v(i,7) € [0,1],

2. for all j € [k +1,1], it holds that Y., v(i,7) = —if (a;),

3. for all i € [1, k], we have 3 oy uqay v(6,5) = it (as),

4. it holds that »,_, v(i,A) = iy (A),
which should be seen as a way of matching the flow entering and leaving B(z,r — 1).

Let us denote P (i, 7) one of the directed paths between a; and a; in w*°NBE (x, L} (w)).
Let Q be one of the directed paths from 9A to Hu(w) in w° N BE(z, Lx(w)) and let
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us denote aj, (with necessarily jo <) its starting point and h, its endpoint. The exis-
tence of those paths is ensured by the definitions of LY, L4 and H, and the fact that
0AN K # 0.

Finally let us notice that the values of the resistances r([a, A]) and "' ([a, A])
might differ for a € 0A so that to get further simplifications in (4.6), it is convenient to
redirect the flow using these edges too. We introduce the unique flow (see Figure 5.2)
defined by

(0 if e € ATO,
0 if e€ E(AT),

90(5) =3 .. o Ry
i0(€) + D i<h jeporiy V(6 3)H{E € P(i, j)}

+ i i, A)L{E € Pl o)} + i (A)1{e € G}
( + Zigl io([a;, A])1{€ € P(i,jo)} else.

B(l‘, LA)

FI1G. 5.2 — The flow 6y(-) in the case where y € K. (w??)

In words, we could say that we have redirected parts of iy(-) in order to go around
A and the flow going from A to A is first sent to aj,, then to h; and finally to A. We
have the following properties

1. 6y(-) is a unit flow from y to w(d) \ wp,
2. 6o(e)| < 5|0A for all e € E(Z%),

3. 6o(+) coincides with 4o(-) except on the edges of E(AY), A9, Q, [hy, A] and P(i, 7)
fori,j <k+1,

4. r(-) coincides with 7" (-) except on the edges of E(AT) and A+,
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Hence recalling (4.6) we get

ROy o w(8) \ wn) — B O (y s w1(6) \ wit) (4.7)
< D () (Bole)* —in(e)?) + 1 ([ha, A (ig (A) + do([h1, A]))?
e€P(i,j)uQ

— Z r(e)io(e)* — r([hy, Al)io([h1, A])?

<5004 [0A|° L4ePEa=2D 4y ([, Al)(ig (A) + do([hr, A)))?
— > r(ein(e)* — r([hn, A)io([ha, A])?,

ec At

where we used that r¥(e) < e La=wd) for ¢ € P(i,7) U Q and that there are at most
(14 |0AP)pald < 2p4|0A|* L% such edges in those paths. These properties being a
consequence of the fact that P(4,7) and Q are contained in B¥(z, LY (w)).

Since |0A| < par? < pyL¢ by the third property of Proposition 4.1, the first term is
of the form announced in the proposition, the remaining issue is to control the remaining
terms. First, we have by definition

Y r(ediole) = Y (la, Alio([a, A)?,
eeAt:d acAt
and since for a € K (w), we have using (4.1) and (2.5) that
;0 1 ;0
—2Xa-¢ > W AD > — —2Xa-t )
me g zrille Al 2 e TS
Furthermore, since for any a € At we have a - < z -+ LY and since hy € H(w)
we have hy -0 > x-(+nLY > a- 0+ (n—1)LY so that the definition of 7 at (4.4) yields

i672’\“'Z> ie*”‘hl'zez’\("fl)u‘(w) > k(1 + |B(O L,14)‘>672/\h1i'
K1 - K1 - ’

Since AT is contained in B(z, L (w)), the two previous equations yield

r“(la, A]) > k(1 + |A+’)672Ah1'€m > (1+ |AT)r([ha, A]),

and hence

S (eiole)” + ([, Alio([hn, A)Y

e€ATS

>r<([hy, A])(1 + ’Aﬂ)(io([hl’ADz + z i0(6)2>

e€At+
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>7([ha, A (ig (A) +do([h1, A)))?,

where we used Cauchy-Schwarz in the last inequality.
Hence the remaining terms in (4.7) are non-positive and we have shown that

ROy o w(6) \ wn) = B0y o wh1(5) \ wih) < 50p LT Eame ),

and letting n go to infinity yields the result in the case where y € K., (w™?).

Let us come back to the remaining case where y € Ko (w) \ Ko (w??). Keeping the
same notations, we see that obviously there exists j; < [ such that a; € K, (w??)
which is connected in w to y using only vertices of AT, let us denote R path connecting
aj, and y in wN A™.

Introducing the unique flow (see Figure 5.3) defined by

(1 if e R,
0 if e c AV UE(AY)\ R,
io(A) + io([hy, A) if &= [hy, Al

D= @+ S € Pl )
Pl AN Pl))
[ +ig (A)1{€ € P(j1,50)} +id (A)1{€ € Q} else,

for which we can get the same properties as for y(-).

FIG. 5.3 — The flow 6j(-) in the case where y € K (w) \ Kuo(w??)

The computation of the energy of 6;(-) is essentially similar to that of 6y(-) and we
get

ROy = w(®) \wn) = ROy o wh(8) \ wi!)
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SC'LZdeQ)‘(LA_”Z) + Z r“(e)

e€ER
<CL174d€2A(LA7x-Z)’
since |R| < |AT| < paL% and r(e) < e2Ea==D for ¢ € R. The result follows. O
We set for 2,y € Z¢ and Z C Z¢,
Tz
Gazlw,y) = B2 |3 01 Xe = v}, (4.8)
k=0

and similarly we can define R*(z < ZUA) to be the limit of R*®) (2 « ZU{w(5)\wn})
where w,, is any increasing exhaustion of subgraphs of w. We can get

Lemma 4.2. For any § < 1, we have for x,z € 79,
G () = O ()R (z — z U A).
In a way similar to the proof of Proposition 4.2, we get

Proposition 4.3. Set A = B¥(z,7), B € {0,1}4, 6 <1, z € Z? and w € Q. Suppose
that y,z € Ky(w) and AN Koo (w) # 0. We have

Rw(y «— z U A) S RwA>1(y o 2 U A) + ClLA(w)CQGZ)\(LA(u})—Z.[)7
where C and Cy depend only on d and (.

We assume without loss of generality the constants are the same as Proposition 4.2.

Démonstration. This time let us denote ig(-) by the unit current flow from y to z U
{w(0) \wn}.

The case where 2z € K, (w??) can be treated using the same flows as in the proof of
Proposition 4.2 and we will not give further details.

In order to treat the case where z ¢ K, (w??) and y € Ko (w??). We keep the
notations of the previous proof for the partition (a;)i<i<m of A4, i (A), iy (A), AT and

A9 We set
i = Z%([Z +e,2]).

ecv

Similarly, we can find a familly v(i,7) with ¢ € [1,k] and j € [k + 1,{]U{A} U {z}
such that

1. for all 4, j, we have v(i,j) € [0, 1],
2. for all j € [k+1,1], it holds that Y., v(i, ) = —if(a;),
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3. we have Y, v(i,A) =iy (A),
4. it holds that ), v(i, 2) = if,

5. for all i € [1,k] we have 3=, 11 jirayug ¥(6:9) = o (@)
We use again the same notations for P(i,7), Q, jo and h; and add an index js <

—

such that z is connected inside A" to aj, and S the corresponding directed path. We
set

(i2() ifees,
0 if e c AV UE(AT)\ S,
io(A) +io([h1, A]) if &€= [h, Al

io(8) + i (A)1{e € O} .
+ Zigk,je[k+1,l] I/(Z',j)l_‘{é»e P(i,5)}
+ Zigk v(i,A)1{e € ?(i?j0>}
+ Y V(i 2)1{E € P(i,jg)}
L + > i fo(lai, A)1{E € P(i, jo)} else,

to(€) =

which is similar to the flow considered in Proposition 4.2 except that the flow naturally
supposed to escape at z is, instead of entering A, redirected to a;, and from there
sent to z. Using this flow with Thomson’s principle yields similar computations as in
Proposition 4.2 and thus we obtain a similar result.
The case where z ¢ K. (w??) and 0 ¢ K, (w??) can be easily adapted from the
proof above and the second part of the proof of Proposition 4.2.
O

5 Percolation estimate

We want to give tail estimates on LY and L, for some ball A = B(z,r). More
precisely we want to show for any C' > 0, we have E;__[e“T4] < oo for € small enough,
the exact statement can be found in Proposition 5.2. Let us recall the definitions of My4
and T4 at (4.2) and (4.3). We see that all vertices of 0A are either in finite clusters of
w0 which are included in B(z,r + Ta), or inter-connected in B(x,r + M,). Hence we
get by the remarks above (4.5) that

LY <7+ max(My, Ty). (5.1)
Recalling the definitions of L, and H, below (4.4), our overall strategy for proving

the existence of arbitrarily large exponential moments is the following : if L, is large
then there are two cases.
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1. The random variable L is large. This means by (5.1) that either M, or T4 is large.
The random variable T4 cannot be large with high probability, since the distance
in the percolation cluster cannot be much larger than the distance in Z? (see
Lemma 5.2) and neither can My since finite cluster are small in the supercritical
regime (see Lemma 5.3).

2. Otherwise the distance from z to H,4 in large in the percolation cluster is large
even though it is not large in Z?. Once again this is unlikely, in fact for technical
reasons it appears to be easier to show that the distance to H4NT, is small, where
T, is some two-dimensional cone. For this we will need Lemma 5.5.

The following is fairly classical result about first passage percolation with a minor
twist due to the conditioning on the edges in A, we will outline the main idea of the proof
while skiping a topological argument. To get a fully detailled proof of the topological
argument, we refer the reader to the proof of Theorem 1.4 in [42].

Lemma 5.1. Set A= B¥(z,r) and y,z € Z%\ B(z,r — 1), there ezists a non-increasing
function oy : [0,1] — [0, 1] such that for e < g,

A,0

Pl—a [?J WH 2 de*O <y7 Z) Z n+ 2dZd\B(x,r—1) (y> Z)i| S 2041(g)n—i_dZd\B(z’Til)(y,Z)a

and
A,0

P, [y “o 2 dyao(y, 2) >0+ 2dga(y, 2) + 4dr} < 20 ()" Hdaa(v:2),

where 1 and () depend only on d and lir% ap(e) = 0.
E—>

The main tool needed to prove Lemma 5.1 is a result of stochastic domination
from [63]. We recall that a familly {Y,,u € Z?} of random variables is said to be k-
dependent if for every a € Z%, Y, is independent of {Y,, : ||u — al|, > k}.

Proposition 5.1. Let d, k be positive integers. There exists a non-decreasing function
o 1 [0,1] — [0,1] satisfying lim,_, o/(7) = 1, such that the following holds : if Y =
{Y.,u € Z%} is a k-dependent familly of random variables satisfying

for all u € 7, P(Y,=1)>r,
then Py > (o/(7)81 + (1 — o/ (7))00)®%", where “>"means stochasticaly dominated.

Two vertices u, v are x-neighbours if ||u — v||__ = 1, this topology naturally induces
a notion of x-connected component on vertices.

Let us say that a vertex u € Z% is w-wired if all edges [s, t] € F(Z%) with ||u — s]|| , <
1 and ||u —¢t||, < 1 are open in w™! (recall that A = B¥(z,r)), otherwise it is called
wA-unwired.

We say that a vertex u € Z%\ B(z,r—1) is w-strongly-wired, if all y € Z%\ B(z,r—1)
such that ||u — y||, < 2 are w”-wired, otherwise u is called w-weakly-wired. It is plain
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that 1{u is w”-strongly-wired} defines a ;-dependent site percolation where v; depends
only on d. We can thus use Proposition 5.1 with this familly of random variables since
we have

for all u € Z¢, P, .[1{u is w-strongly-wired} = 1] > (1 — &)™,

and that lim(1 — €)” = 1. This yields a function «/(-) which solely depends on d.

e—0

Démonstration. Let v be one of the shortest paths in Z¢\ B(z,r — 1) connecting y to
z. For u € Z4\ B(x,r — 1), we define V (u)(w*) to be the *-connected component of the

wA-unwired vertices of v and

V(wt) = [J V).

uey

Since y and z are connected in w??, a topological argument (see Section 3 of [42]
for details) proves there is an w”%open path P from y to z using only vertices in
YU V() +{-2,-1,0,1,2}%). On the event dyao(y, z) > n+ 2dza pr—1)(y, ), this
path P has m > n + 2dga gy »—1)(y, 2) + 1 vertices and all vertices which are not in v
are w-weakly-wired thus there are at least m — dza\B(zr—1)(y, 2) — 1 of them .

Since there are at most (2d)* paths of length k in Z?\ B(x,r — 1) we get, through

a straightforward counting argument, that

WwA0
Pi-e [y < 2 dyao(y, 2) 2 n+dZd\B(z,r—l)(yaz)]
< 2 (2d)™ (1 — (1 — £)))" om0

m2n+2dzd\B(I’T,1) (y7z)+1

= Z (2d)*(1 — o/((1 — 5)71)))m*dzd\mw,r_l)(yvz)*l’

m2”+2dzd\3(z,r_ 1) (y,2)+1

where o/(-) is given by Proposition 5.1 and verifies lim 1 — o/((1 — £)”) = 0. Thus, the

e—0

first part of the proposition is verified with a4(¢) := 1—a/((1—¢)") and &; small enough
so that 1 — o/((1 — &)™) < (2d)73/2.
The second part is a consequence of

d(y7 Z) < dZd\B(m,r—l) (ya Z) < d(y> Z) + 2dr.

An easy consequence is the following tail estimate on M, (defined at (4.2)).
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Lemma 5.2. Set A = B¥(x,r), there exists a non-increasing function ay : [0,1] — [0, 1]
such that for e < g1
P, . [My > n+4dr] < Cyr*ay(e)",

where Cs3, €1 and oy (-) depend only on d and liH(l) ai(e) = 0. The function ay(-) is the

same as i1 Lemma 5.1.
Démonstration. Since |0A] < pgrd, we have
Pi_.[My > n+ 4dr]

w40
<(par®)? max P, . [a — b,dya0(a,b) >n+ 4dr] < mr¥ag(e)",
a,be

where we used Lemma 5.1 since dza p(,,—1)(a,b) < 4dr for a,b € OA. ]

A set of n edges F' disconnecting x from infinity in Z, that is any infinite simple path
starting from x uses an edge of F, is called a Peierls’ contour of size n. Asymptotics
on the number p, of Peierls’ contours of size n have been intensively studied, see for
example [62], we will use the following bound proved in [89] and cited in |62],

i < 3"
This enables us to prove the following tail estimate on T4 (defined at (4.3)).

Lemma 5.3. Set A = B¥(x,r), there exists a non-increasing function ay : [0,1] — [0, 1]
such that for e < &9
Py _.[T4 > n] < Cyrfas(e)",

where Cy, €9 and as(+) depend only on d and lin% as(e) = 0.
E—
Démonstration. First we notice that for n > 1,

Py _.[T4 > n] < pgr max Py {a ¢ Koo(w™?),
ac

8EK“’A’O (a) ‘ > n] .

For any a € OA such that a ¢ K (w™0), we have that 95 K"’ (a) is a finite Peierls’

. A,0 . . .
contour of size ‘(%;KW (a)‘ surrounding a which has to be closed in w??.

Because A is a ball at least half of the edges of 6EK“’A’O((1) have to be closed in w as
well. Indeed, take [z,y] € ANdpK“"’(a) and denote x its endpoint in K" (a), then by
definition of a Peierls’ contour there is @ > 0 such that [z+i(z—y),z+(i+1)(z—y)]isin
ek’ (a), let ig(x,y) be the smallest one. If [z+iq(z, y)(x—y), 2+ (io(z, y)+1)(x—y)]
were in A, since A is a ball all edges between x and x + ig(x, y)(z — y) would too. This
would imply that all edges adjacent to y are in A which would contradict the fact that
y is connected to a € A in wA?. See Figure 5.4 for a two dimensionnal drawing.
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| | | | aEA
O O S
|
WA,O
S e o o o 5,,‘ _ - OpK=""(a)
_ J
|
-4 - — ° K“A'O(a)

[z, Y]

F1G. 5.4 — Half of the edges of dgK*“"’(a) have to be closed in w

Hence

JANOK“" (@) — 0K (a)\ A
9] = [z +io(w,y)(x —y),x + (io(z,y) + D(z - y)],
is an injection so that at least half of the edges of OEK‘“A’O(a) are indeed closed in w.

There are at most ([m%W) < 7112™ ways of choosing those edges, thus we get for any
a € 0A

P, . [a ¢ Koo(w™0),

aEK‘UAvU(a)’ > n] <y ((m”/’ﬂ) (n)em™2

m>n

<m Z 6m8m/2 < 72€n/27

m>n

for ¢ such that £'/2 < 1/12. O

A direct consequence of (5.1), Lemma 5.2 and Lemma 5.3 is the following tail esti-
mate on LY, defined below (4.4)

Lemma 5.4. Set A = B¥(z,r), there exists a non-increasing function as : [0,1] — [0, 1]
such that for e < e3
P [LY > n+ Csr] < Cer*as(e)™,

where Cs, Cg, €3 and az(-) depend only on d and hH(l) az(e) = 0.
e—
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Recalling the definition of H4 above (4.5), let us introduce

() = 00 if Vy € 0A, y ¢ Koo(w??) (5.2)
4 d,40(0A, Hy(w)) otherwise,

it is plain that Ly < L/,.

We need one more estimate before turning to the tail of L/, (and thus L4). Define
the cone T = {ae™ + be® 0 < b < a/2 for a,b € N}. It is a standard percolation
result that p.(T) < 1 (see Section 11.5 of [46]) and well-known that the infinite cluster
is unique. We denote K (w) the unique infinite cluster of T induced by the percolation
w, provided & < 1 — p.(T).

Lemma 5.5. There exists a non-increasing function ay : [0,1] — [0,1] so that for e < e4
Py . |dn(0, KL () = 141 < Crau(e)",
where C7, ay(-) depend only on d and lir% ay(e) =0.

Démonstration. Choose ¢ < 1 — p.(T), so that KT (w) is well defined almost surely.
We emphasize that the following reasoning is in essence two dimensional, so we are
allowed to use duality arguments (see [46], Section 11.2). We recall that an edge of the
dual lattice (i.e. of Z* + (1/2,1/2)) is called closed when it crosses a closed edge of the
original lattice.

If dp(0, KL (w)) = n+1, then let x be a point for which this distance is reached, z is
one among at most n+ 2 possible points. Consider an edge e = [z, y] where dr(0,y) = n,
let ¢’ denote the corresponding edge in the dual lattice. From each endpoint of this edge
there is a closed path in the dual lattice which has to cross out of T, so that the sum of
the lengths of these two paths is at least n — 1. Thus there has to be a closed path P in
the dual lattice of length m > | (n+1)/2] (including €’ in the largest of the previous two
paths) starting from one of the endpoints of ¢’ and crossing out of T (see Figure 5.5).

Thus since there are at most 4™ paths of length m, we get for € small enough

P,_. [dT(o, KL () =1+ n} <2n+2) Y 4™ < A(n +2)(4e)",

n
m>g

and the result follows from n + 2 < 2"*! since

P, . [djr((), KT(w)>1+ n] < 3 A+ () <y (d12).

m>n

Now we turn to the study of the asymptotics of L 4.
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. j[ Koo(w)

mripulin

o o endpoints of e
____ open edges

---» P closed in the dual lattice

Fi1G. 5.5 — The closed path in the dual lattice

Proposition 5.2. Set A = B¥(x,r), there exists a non-increasing function « : [0,1] —
[0,1] so that for € < &g

Pi_.[Ls > n+ Csr] < Cor*'na(e)",

where Cg, Cy, €9 and a(-) depend only on d and £ and lim a(g) = 0.

e—0
Démonstration. Let us notice that two cases emerge. First let us consider that we are
on the event {0A N K, = 0} in which case we have
La(w) = min{n >0, JA is not connected to dB(z,n)} <r+ Ty(w) < LY,
hence because of Lemma 5.4 we have for Cy > Cj

POAN K, =0, Ly >n+ Cgr] < Cer*taz(e)™. (5.3)

We are now interested in the case where JA N K., # (. Tt is sufficent to give an
upper bound for L/, (defined at (5.2)) since Ly < L;. Set € < €1 Aey Aeg Aey, we notice
using Lemma 5.4 that

P, [0ANK. #0, L'y > n+ Csr] (5.4)
<P, .[LY >n/(8nd) + Csr]
+P_[0ANKy #0, LY, <n/(8nd) + Csr, L'y > n+ Csr]
<P, J0ANK, #0, LY <n/@8nd) + Csr, L'y > n+ Cgr]
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+ Cyr2da (e)™/Gnd),
We denote hZ, the hyperplane {y, v - (>z 0+ m}, we have
P,_[0OANK, #0, Ly <n/(8nd) + Csr, L'y > n + Csr] (5.5)
<P,_. [aA N Koo # 0, duro (DA, BE sy sncer) = 10+ cgr]

w40
<|0A] max P, [y 00, dyao(Y, Py ysayiyr) =1+ C’gr]

Set y € OA and let us denote 5 a constant which will be chosen large enough. Using
the uniqueness of the infinite cluster we get

P, [dzd <y, Koo(@™) N A5 sy oy N {y + T}) >n/2+ ’W} (5.6)
SPl—a |:dy+T (y7 Kgo+T(wA70) N hi/(Sd)—i—’yﬂ“) > n/2 + 72Tj|

SPlfa |:dy+']l‘ (y7 Kgo+T(w) N hﬁ/(8d)+'ylr> Z n/2 + 72T:| s

where we have to suppose that v, > 2 for the last inequality. Indeed then d,7(y, K4 (w)) =
dys1(y, KT (w0)) on the event {d, r(y, KL T(w)) > ~or} since the distance to the
infinite cluster is greater than the radius of A.

Moreover since e(!) -ZZ 1/\/8, we notice that

min_dy,r(x,y) > 2vVdm.

yehZ NT
Applying this for m = n/(8d) + ~1r, we get that
P, [dM <y KV (w) N AY /@d)ﬂlr) > /2 + W] (5.7)
SPl—E [dy—HT (ya Kgo+T(w>) Z n/2 + ’}/27”] )
where 7, is large enough so that 2v/d(n/(8d) + 1) < n/2 + yor.

The equations (5.6) and (5.7) used with Lemma 5.5 yield that for ~3 large enough
and any y € 0A,

P, [dzd (y7 Koo(w™) N horsay i O {Y + T}> >n/2+ 737’} < yaou(e)"?.

If we use Lemma 5.1 and the previous inequality, for Cy large enough so that n +
Csr > 2(n/2 + 1) + 4dr,

P o[04 Koo £ 0, duno (4,1 5010y ) = 0+ Cir | (5.8)
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<P [dzd (% Koo (™) N P sy e VY + T}> >n/2+ V3T’]

WA
+ Z P, [z — y,dya0(z,y) > 2d(y, z) + 4dr}
2€0Byq(y,[n/2+y3r])N{y+T}

<ya0a ()% + v5(n + yar)an (€)V? < yernas(e)”,

where £ < g5 depends only on d and ¢ for some a5(-) such that liII(l) as(e) = 0.
Adding up (5.4),(5.5) and (5.8) we get

P,_[0AN Ky #0,L > n+ Csr] < vnrd(aq ()™ 4+ ay5(e)™)

g IVBnrda(e)n7

where a(g) := a1 () 4 a5(c). As we have liH(l) a(e) = 0, this last equation and (5.3)

completes the proof of Proposition 5.2. ]

Essentially by replacing (Z%, E(Z%)) by (Z¢, E(Z%\ |2,z + ¢])) and w by w*¢ along
with some minor modifications we obtain

Proposition 5.3. Set A = B¥(x,r), 2 € Z¢ and e € v, there exists a non-increasing
function « : [0,1] — [0, 1] so that for e < &g

P, . [Ls(w™®) > n+ Csr] < Corinale)™,

where Cs, Cy, €9 and a(-) depend only on d and ¢ and lim a(e) = 0.

E—>

Here we assume without loss of generality that the constants are the same as in
Proposition 5.2.

6 Continuity of the speed at high density

We now have the necessary tools to study the central quantities which appeared
in (3.2).

Proposition 6.1. For 0 <e <e5, A€ {0,1}"\ v and 6 > 1/2
E._. [1{I(wZvA)}GgJ“‘(0, z)]

E._. [1{1}@;(0, z)]

< C,

where C' and €5 depend only on { and d .
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This section is devoted to the proof of this proposition. We have

E[1{I}G¢;(o, z)} > E[l{C(z) — 0}1{T)G%(0, z)]
—E[1{C(z) = 0}{T("")}G5 (0, 2)]
= P[C(z) = O]E [1{z(wzﬂ)}agf’“‘(o, z)} .
For & < 1/4 < 1 — p,(d), we have P[C(z) = 0] > v, > 0 for 7, independent of &, so

that
E[1{T}G5(0,2)] > wE[1{Z(*")}65™ (0,2)]. (6.1)

Now we want a similar upper bound for the numerator of Proposition 6.1. Let A €
{0,1}"\ v, then by (2.5) and (4.1) we obtain

1 71 . 71
K_lez/\z.zg <@ *A(é)(z> < /ile””g. (6.2)

This equation combined with Lemma 4.1 yields

E [1{1@%}(};”"“ (0, z)] (6.3)

;‘£1€2>‘Z'€

<
)

E [1{I(wZ’A)}P5JZ’A[TZ < R (2 o A)].

If 2 ¢ Koo(w*?) then PY""[T, < 75] = 0. Otherwise we can apply Proposition 4.2 to
get
R (2 A) S RS (2 o A) + CL L, (w)C2ePM =)0 (6.4)
where we used notations from (4.5).
Moreover we notice that P [T, < 73] < P [T, < 7] and 1{Z(w*4)} < 1{Z(w*")}.
Then inserting (6.4) into (6.3), using Lemma 4.1 and (6.2) we get since § > 1/2

E[l{Z}G‘g’(O, 2)C(z) = A] < m?E[l{Z(wZ’Q)}G;"Z’w(O, z)} (6.5)

+ 2015 E [1{I<WZ’®>}P50Z’®[TZ < Tg]Lz(w)CQe”‘Lz(‘“)] )

Now we want to prove that the even though hitting probabilities depend on the whole
environment their correlation with “local’quantities are weak in some sense. Let us now
make explicit the two properties which are crucial for what we call “local quantity”which
are the second property of Proposition 4.1 and that arbitrarily large exponential mo-
ments for € small enough, like those obtained in Proposition 5.2. We obtain the following
decorrelation lemma.
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Lemma 6.1. Set § > 1/2, then
E |:]_{_’Z‘(wz,@>}P6)z,0 [TZ < T(S]Lz (w)c’262)\Lz(w)}
<OWB[UZ(W )P [T, < 7| B[L. ()% c0nr)]

where Chg, C11 and Cio depend only on d and (.

Démonstration. First let us notice that the third property in Proposition 4.1 implies
that L, is finite. Set k € N*, recall that the event {L, = k} depends only on edges in
BF(z, k) by the second property of Proposition 4.1.

We have 1{Z(w*")} < 1{0B(z,k) <> oo}. Assume first that 0 ¢ B(z, k),

E[HZ(w )} Ry [T, < 1)L ()22 L, = k] (6.6)
—k B[ YT(w )} Py [T < 73] | L. = k|

<pak M eME [1{83(2, k) < oo} enga(Xk) PT, <715,1T, = TaB(ij)]],
indeed |0B(z, k)| < pgk?, here we implicitely used that 0 ¢ B(z, k). Now the integrand
of the last term does not depend on the configuration of the edges in B¥(z, k).

We denote z(w) a vertex of 0B(z, k) connected in w to infinity without using edges
of B¥(z,k) and accordingly we introduce {a < b} the event that a is connected in w
to b using no edges of B¥(z, k). Again we point out that the random variable zy(w) is
measurable with respect to {w(e),e ¢ B (z,k)}.

Let us set x;(w) the point for which the maximum in the last line of (6.6) is achieved,
this random point also depends only on the set of configurations in E(Z%) \ BE(z, k),
the same is true for Py [Ty, < 75, 1oy = To(sk))-

In case there are multiple choices the definition of the random variables xy(w) or
z1(w), we pick one of the choice according to some predetermined order on the vertices
of Z%. In case z¢(w) or z;(w) are not properly defined, i.e. when dB(z, k) is not connected
to infinity, we set zo(w) = z. With this definition we have {zxy < oo} = {0B(z, k) < oo}.

The definition of x; implies that

r1(w) & 0if xengagk) Py, <75, T, = Topp)] > 0.

Now let Py be a path of k edges in Z¢ between z and x, and P; a path of k edges in
Z% between z and z;. As those paths are contained in BZ(z, k), we get

E|1{0B(=,k) < oo}1{ws 4 0}F5 [T, < 75, T = Tonie)] (6.7)

=E [1{3@0 & oot l{m & 0} Py [Ty, < 75,1 = Topem][PoU P € w}
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1
SP[PO UpP € w]E[l{PO UP; € wll{zy & oco}l{z; < 0} B [T, < 7-5]]

Then we see that since we have ¢ < 1/2
1
PP, UP €w]=(1—¢)* > e (6.8)
Moreover, on the event Py € w, Markov’s property yields
(6k0)* Py [T, < 75) < PY[T, < 75).

Since § > 1/2,
E[I{Po UP; € wil{zg < co}l{z < 0VRY[TL, < 75]] (6.9)
<(2/#0)'E [1{790 UP, € whl{zy & 0}1{x, & 0o} PL[T, < 7,5]]
<(2/ko)'E [1{I}P5’[TZ < 75]},

since on 1{Py U Py € w}l{zg < 0}1{x; < oo} we have 0 < g < z < x; < 00 and
which means that Z occurs.
Adding up (6.6), (6.7), (6.8), (6.9), noticing that 1{Z} < 1{Z(w*?)} and P¥[T, <

b

5] < Pg’z’@ [T, < 5], we get
B[U{Z(w )Py (T2 < L) 22 | L = i (6.10)
<pak™ (8¢ /1) B T ()} Py [T, < 7]

Let us come back to the case where 0 € B(z, k). We can obtain the same result by
saying that Pe"'[T, < 75] < 1in (6.6) and formally replacing P¥[T, < 75, T}, = ToB(2 k)]
by 1 for any = € 0B(z,k) and x; by 0 in the whole previous proof. The conclusion of
this is that (6.10) holds in any case.

The result follows from an integration over all the events {L, = k} for k£ € N since
by (6.10), we obtain

BT )} Py [T, < m) ()%

<E [i P[L. = k|E [1{1@%“’)}13{’“’ T, < 75 L, (w)C2eP=@) | [, = k”

<paE [i P[L. = k}k:”“(862A/n0)kE[1{I(wz’®)}P§Z’®[TZ < Té]H
—oE [Lgl (8e2 /HO)Lz} E [1{1@4%}135“”’ T, < Td]} .
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We can apply Proposition 5.2 to get that for 0 < € < &g

E[Lz(w)CneCwLM} <) EMePHFPIL, > k] < O3 < o0,
k>0

where g4 is such that ag(eg) < e~ 12/2 and, as Cy3, depends only on d and /. Then
recalling (6.5), using Lemma 6.1 with the previous equation we obtain

E[1{Z(w*)}G5(0,2)]
<K’E [1{1@270)}%2’”(0, z)} 4 20,C1C1sk, E [1{1@%%}13{’”[@ < Ta]]
B[ I )6 0.2)].

Using the preceding equation with (6.1) concludes the proof of Lemma 6.1.
We are now able to prove the following

Proposition 6.2. For any d > 2, ¢ <1 — p.(d) and ¢ € R? we have
v(l—¢)=dp+O(e).
Démonstration. First notice that
P[C(z) = 0] =1+ O(e) and P[C(z) # 0] = O(e).

using (3.1) and Lemma 6.1 we get for § > 1/2,

B E, . [1{1}1{6(2) — @}Gg)(o,z)} Lo -
D E, . [1{1}@3}(0,@] ’ '

where the O(+) depends only on d and ¢. But using Lemma 6.1 again yields

B [UTH{C(:) = 0G50, 2)|
By [1{T}G5(0.2)]

— 1| < 0O(e),

and thus R
dg(Z) - d@ = O<€)7

where the O(+) depends only on d and ¢. Recalling Proposition 3.3, we get

Ug(l — 8) = dq) + 0(6)
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7 Derivative of the speed at high density

Next we want to obtain the derivative of the velocity with respect to the percolation
parameter.

In this section we fix z € Z4. Using (3.1) with Proposition 6.1 we can get the first
order of Kalikow’s drift

o E,_. 1{I ze)}Gw“(O Z)] 2
2 ( (Z o0, 5 (de—d@)>+0(5 ), (7.1)

ecr

where O(-) depends only on d and ¢. The remaining issue is the dependence of the
expectation with respect to e.

7.1 Another perturbed environment of Kalikow

We can link the Green functions of two Markov operators P and P’, since for n > 0

Gy =GP+ " (Gy(P' = P))*Gf + "G} (P — P))"'GY . (7.2)
k=1

In our case we close one edge which changes the transition probabilities at two sites,
so that the previous formula applied for n = 0,

G5 (0,2) =G5 (0,2) +0G5(0,2) (0 (€) = 1 (€)G5 (2 + € 2) (1)

e'ev

+0G57(0, 2+ €) D _(p7e(e) = P (¢)NGY (2 e+ e 2),

e'ev

where we used a notation from (2.3).
Hence to compute the numerator of (7.1) using the expansion (7.3), we can look at
quantities such as

B[1{Z(w")}G5™(0,2)G5 ™ (2 + ¢, 2)],
and
E[1{Z(w*)}GY" (0,2 4+ €)GY ™ (2 + e + ¢, )],

for e, e’ € v.
From now on we fix e € v. In order to handle the first type of terms (the proof is
similar for the second type of terms) we introduce the measure

L YT{e(z) = Gy (0,2)
E._. [{Z)1{C(z) = }G5™ (0, 2)]

dPl*fsv
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and for e, € v we introduce the Kalikow environment, corresponding to this measure
on the environment and the point z + e, , defined by

Ep[G5 (2 + e, y)p* (v, y + €)]

E;:[GY(z + eq,y)
B [H{T}G(0,2)G8 (2 + e y)p¥(y,y +€) [ C(2) = €]
Ei [{T}Gy"(0,2)G5(z+ep,y) | C(2) = €] '

ﬁz,e,z+e+ (yu 6’) =

Once again Kalikow’s property geometrically killed random walks does not use any
properties on the measure on the environment, we have for any z € Z? and e, e’ € v

E,_[1{Z}1{C(2) = e}GZ"(0,2)G4 (2 + ¢, 2)]
E[{T}1{C(z) = }G5™°(0, 2)]

— ng’e’”&/ (2 + €, 2). (7.4)

Decomposing this according to the configurations at y and denoting P77 [-] =
Py .| C(2) = ], we get

Prerter (€)= Y P*[C(y) = 4] (7.5)

Ae{0,1}¥
" E;° [1{T}GY™(0,2)G (2 + e, y) | Cly) = A]pA(y ¢)
E7° [1{T}G¥™(0,2)G% (2 + ey, y)] T

where the conditional expectation is set to be 0 when it is not well-defined.
In the next proposition we will use a* = 0V a and from now on we will omit the
subscript in p, ¢ .qe., -

Proposition 7.1. For e < 7 and z,e,e; € Z* x v* and § > 1/2, we have for y € 7%,
e ev )
Py, ) — P (y, )] < (CraeCsE0 T )

where g7, Cy4 and Ci5 depends on £ and d.

This proposition will be used to link the Green function of p,. ... to the one of
Py In view of (7.5) the previous proposition comes from

Proposition 7.2. For 0 < e <e¢g, y,2 € Z%, A€ {0,1}"\ v,

Ei_[1{Z(w*)}GY™(0,2)GY™ (2 + ey, y) | Cly) = A < OygeCrrlGe—n) Bt
E_[1{Z(w*)}G¢™"(0,2)G5™ (2 + ex,y) | Cly) = 0]

for eg, Cig, Ch7 depending only on ¢ and d for § > 1/2.

129



CHAPITRE 5. THE SPEED OF A BIASED RANDOM WALK ON A
PERCOLATION CLUSTER AT HIGH DENSITY

In order to prove Proposition 7.1, once we have noticed that we have P[C(y) = 0] > 7
and

B} [L{Z}G57(0,2)G4 (2 + ey, y)]
>P[C(y) = OB, [L{Z(w")}G5™(0,2)G¢ ™ (2 + ex,y) | Cly) = 0],

it suffices to use the Proposition 7.2 with arguments close to the ones appearing in the
proof of Proposition 6.2 to show that the dominant term in (7.5) is the one corresponding
to {C(y) = 0},

Obviously Proposition 7.2 has strong similarities with Proposition 6.1, since the only
difference is that the upper bound is weaker, which is simply due to technical reasons.
Moreover, since the proof is rather technical and independent of the rest of the argument,
we prefer to defer it to Section 8.

7.2 Expansion of Green functions

Once Proposition 7.1 is proved, we are able to approximate the Green functions
through the same type of arguments as given in [90|. Heuristically, we may say that
if environments are close then the Green functions should be close at least on short
distance scales. Compared to [90], there is a twist due to the fact that we do not have
uniform ellipticity and that our control on the environment in Proposition 7.1 is only
uniform in the direction of the drift. Moreover our “limiting environment”as ¢ goes to 0
is not translation invariant (nor uniformly elliptic). Hence we need some extra work to
adapt the methods of [90].

Proposition 7.3. For any z € Z¢, e,e’ € v, ¢" € v U {0} we get for 6 > 1/2
Gl(z+¢e +e' 2) — G:;(Z”S(z +e +e 2)| <o.(1),

where o.(+) depends only on ¢ and d.

Démonstration. The proof will be divided in two main steps :

1. prove that there exists transition probabilities p that are uniformly close to those
corresponding to the environment wy on the whole lattice and which has a Green
function close to the one of the environment @,

2. prove the same statement as in Proposition 7.3 but for the environment p. This is
inspired from the proof of Lemma 3 in [90].

For the first step, we will show that the random walk is unlikely to visit often z and
go far away in the direction opposite to the drift, i.e. we want to show that for any
g1 >0

Gh(z+¢,2)—GP

1 x~F<z-Z—A}(Z +¢€',2) < &1 for A large and ¢ small,
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where we used a notation of (4.8). This inequality comes from the fact that except at z
and z + e the local drift under p can be set to be uniformly positive in the direction ¢
in any half-space {z € Z¢, x-¢ > —A} for ¢ small.

In a first time, we show that the escape probability from z and z + €’ is lower
bounded in the environment p. For this we can easily adapt a classical super-martingale
argument, see Lemma 1.1 in [97], to get that for any 1 > 0 there exists f(n) > 0
such that for any random walk on Z¢ defined by a Markov operator P(x,y) such that
(X ye Pl y)(y — x)) .'>n, for z such that z - £ > 0, we have

PolXn-€>0,n>0]> f(n). (7.6)

Now by Proposition 7.1, it is possible to fix a percolation parameter 1 — & where &
is chosen small enough so that

— The drift d(p)(z) = Y., P(z,z + €)e is such that d(z) 0> dy - /2 for x such
that z - £ > (z + 2de®) - ¢ (this way we avoid the transitions probabilities at the
vertices z and z + e which are special).
The transition probabilities on the shortest paths from z and z + ¢’ to z + 2deV)
(with length inferior to some ~;) are greater than xq/2.

Hence we can get a lower bound for the escape probability under p :

jemin  PYITE 1y = o] (7.7)

> min PP[T;
ye{z,z+e'} y[ {z2te

>f(do-0/2(F)" =

'} > Tz+2de(1)]Pﬁ [(XTL - (Z + 2d€(1))) ’ ZZ O,TL > O}

z+2de(1)

Now we need to show that the walk is unlikely to go far to the left. Consider
any random walk on Z? given by a transition operator P(x,y) such that df(z) :=
>y P(@,y)(y — ) - £ > (dy - £)/2 = 3. We know that

Mf:Xn—XO—ZdP(X

is a martingale with jumps bounded by 2. Hence since d”(x) > 3, we can use Azuma’s
inequality, see [4], to get

PolTpepi, vieny <09 <Y Py [ij < —A- ygn}

n>0
(A A
5 o) ()
n>0
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Set ¢/ > 0 small enough. Taking A = A(¢’) large enough, depending also on d and ¢,
we can make the right-hand side lower than ;. Now let us choose € small enough so that
forany y € {z € 2%, x-0 > z-0—A—1and = # {2z, z+¢'}} we have d°(y)-0 > (dy-0)/2.
Then the previous imply

+
T{z7z+e’}]

+
T{z,z+e’}

max PP[T,
ye{z,z+e'} y[ {

D S
= Y~z (r)Irlfyir}v{z—l—e’ Py [T{xezdv zf<zl—A—1} <

(7.8)

xeZd, zl<zl—A-1} <

J<e

9

since the event in the middle depends only on the transitions probabilities at the vertices
of {reZi v-0>z-{—A—1and x # {2,2+¢€}}.
Moreover by (7.7) we have
-1 1 P 1
, < 75)7 < —and G§(z,2) < —, (7.9)

Gi(z+¢,z4+¢€) =P’ [T
V2 72

Z+6/[ z+e
which decomposing with respect to the number of excursions to z and z + ¢’ and us-
ing (7.8) yields

/

[T{IGZd, :E~Z<z[—A—1} < OO] < E (710)

For £ small enough to verify the previous conditions we have using (7.9) and (7.10)

D
Pz+e’

Gg(Z T 6/, Z) - GZ,{erd, x-Z<z~Z—A—1}(Z + 6/7 Z) (711)
SPZZ)+€, [T{mEZd, CE-[<Z~Z—A—1} < OO] yelzezd ril%i{z[—A—l} Gg(?ﬁ Z)

2" 5 2¢’
<—Gi(z,2) = —.

"2 72

So that introducing @(y, €’) so that

By, ) = iy, ¢) for y such that (y — 2)- 7> —A(€)
By, e') = p" (y,€) for y such that (y — z) - € < —A(")

A consequence of (7.11) is that
‘G’g(z +e,2) - Gh(z+¢€, z)‘ < y5e, (7.12)
where, by Proposition 7.1, @ (depending on ¢’) is such that

max
ANV

ﬁ(y, 6,) _pwgvﬁ(y’el)‘ < 0146015A(5’)€ < 5/7 (713)

for € small enough. This completes step (1).
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We can start step (2) of the proof. Since our control on the environment is uniform
and our remaining task is to use methods similar to those of [90] to prove that there
exists a o(-) depending only on d and ¢ such that

z,e

GSo (z+e +e,2)—GE(z+e +e 2) =o(1), (7.14)

which in view of (7.12) is enough to prove Proposition 7.3.
Let us define M the operator of multiplication by (7*0")'/2 given for f : Z¢ — R, by

M(f)(y) = (70" ()2 f ().
We consider a transition operator P*° of a random walk on Z¢ U {A} given by

Ps,&(x’ xT + 6(1)) — PS’(S(SU + e(z)’ :E)
= 0(n0" () 2p0" (2, 3+ €D) (740" (2 + €))7

e

= §(m0" (@ + D)) 2" (2 4 €O, 1) (w07 ()72,

forany : =1,...,2d and for z ¢ {2,z + e, A}

P (z,A) = 5+ > (¢ —e))1/2,
e(ey

PP (z,A)=(1=0)+6 > (p°(e®)p(—e))2,
e ev\{e}

PY(z4e,A)=(1=0)+6 > (p(eD)p(—e)),
e en\{—e}
and P*°(A,A) = 1.

We have for z,y # A,

G5 (2,y) = (1= 6P )y N(a,y) = (M (I = P**) " M)(z, y)
= (M7'G*M)(z,y),

where G*° is the Green function of P*°. In a similar way, we have for =,y # A
Gi(w,y) = (MG M)(x,y),
where because of (7.13) the associated operator P*° = M~1PP)M verifies

P(z,x +e) = P (z,x +€) + c&.(x, €)
and P¥°(x, A) = P*°(z, A) + e€.(z, A),
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where £.(+, ) are uniformly bounded.
Now, we expand the Green function, using (7.2) to obtain that for any n

n
— z,e

Gh(z,a) = G}° (z,2) =) ()" Sk(z,2') + (62)" " Ry (,2'),

i=1
where
Su(z,a)= D . G (,21)€ (21, 1) G (21 + €4, 29) -
T1yin €1,mCn
x & (2, en)G;Jg’e(xn +en, '),
and

R, (z,2") = Z Sz, x*) Z E (2", e)GR(z* + e, 2).

x*eZa e*ev

Consider the transformation

Sp(z,2') = (M)lﬂ Z Gs’5($,$1)fs($1,61)<M>1/2

Wwé}e (ZL’) L1,y Ty Wwé ’ (xl + e
€1,.-,En,

wy© 1/2
> Gs,6<x1 + 617352) . ( m (xn) )) Gs,é(xn + en,l'/),

0 (2, + ey

and

Rn(x7x’): <L@?>1/2 Z Gs’6($,$1)§e<$1,61)( fwg’e(:cl) ))1/2

z,€e
0 (21 + €

Wy /2 _
X Gs’a(% +e1,29) - - ( e (@) )> Gs’é(ﬁﬁn + ey, ).

—
0 (x, + e,

We have for any x € Z? and § > 1/2,

5 d . —\2
1= P2 )| 2 Gmin 3 (yoree) = o) =

Moreover for any x € Z% and ¢; € v we get by (2.5) that

0 ()

-\ <« 52€2>\
ng’e([lf‘f’ei) -

)

and for x, 2’ € Z% we obtain

Z GO (2, 21)G* (w1 + e1,29) - - - G¥ (2, + €4, 2)
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< (Z Gz, xl)(2d)) max Y G, 15) ... G (2, + €, )

d
z1 T« €L T2,...,Tp
€2;..,€n
2d
é /
max Gz, 29) ... G (2, + €y,
=1 — max, P55($ A) x*EZd ( *) ) ( n n» )
----- Tn
627“'7671.

2d \n
cos (2
1T —

where we used an easy recursion to obtain the last inequality. Finally we get

x’)) (2 2’\<sup\§€(y, >‘>1i_d%)n+1

Sp(z,2') = ( ((:c)
(:L”))l/Q n+1

< < (33) Yoo

for some positive constant 7, depending only on d and ¢. We can get a similar estimate
for the remaining term R, (z,1’) considering that 1 — P*°(x, A) ~ 1 — P*(z, A). This
implies that for ¢ < 47'/2 small enough, the series > p-(e6)¥Sy(z, ') is convergent
and upper bounded by a constant independent of § and that

e
e
e

W
Wo
z,
Wo
W
Wo
WEe
Wo

Gl (z,2') — G5° (z,2') = Z(és)kSk(x,w')

where O(-) depends only on d and /.

Applying this last result for all cases x = z + ¢’ 4+ €¢” and 2’ = z yields (7.14) and
thus the result. ]

7.3 First order expansion of the asymptotic speed

We have now all the necessary tools to compute the asymptotic speed. Applying
Proposition 7.3 (which relies on Proposition 7.1), we get

z,e

G?z,e,z-Fe’(Z + 6/, Z) = GL;O (Z + 6,7 Z) + 0<1)’

where the o(-) depends only on d and ¢. Hence putting the previous equation together
with (7.4), we obtain

E,_[1{Z}1{C(z) = e}G¥™"(0,2)G% (2 + €, 2)] (7.15)
=(1+ o(1)EL{Z}1{C(2) = e}G¥ (0, 2)|G (¢',0),
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where the o(-) depends only on d and /.
Applying the same methods for p. . .4ete yields

E[1{Z(w*)}G¢™" (0,2 + )G (2 + e + ¢, 2)] (7.16)
— (14 o(1)EL{Z(@*)}G¥(0, 2 + €)]G2 (e + ¢, 0),

where the o(-) depends only on d and /.
Let us denote

and

vie) =Y (re(e) — p()G" (e + ¢, 0).

e'ev
Hence imputing the estimates (7.15) and (7.16) into the expression of (7.1) modified
using (7.3), we get

— 8(1 + O(1>) z,e wz0
TE,_[1{Z}G3(0,2)] BTG5 (0.2) (;(1 + 66(e)) (de — do) )

+ B [T )6 (0,2 + )] (3 0v(e)(de — ) ) | + O(2),

ecr

where the o(-) and O(-) depend only on d and /.
We are not able to derive uniform estimates for d%(z), nevertheless we are still able
to estimate the asymptotic speed.

Lemma 7.1. We have for § > 1/2, 2 € Z* and e € v,

E[1{Z(w"*)}G5™ (0, 2)]

E[1{Z}G5(0.2)]

< 0(e),

where the O(-) depends only on d and (.

Démonstration. Recalling that P[C(z) = 0] = 1+ O(g), we get

E[HT(w*)}G5™(0,2)] _ 1 EMI(w)}65 0, 2)]
E[{Z}G5(0,2)] 7 P[C(2) = O] E[1{T(w*?)}G5™°(0, 2)]

<1+ 0(e).

In order to prove the other bound we will use methods very similar to those used
before and we will not give a fully-detailed proof. In words the idea is that we can
condition the environment to be open on any finite ball without changing, up to terms
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7. DERIVATIVE OF THE SPEED AT HIGH DENSITY

of order ¢, the value of the expectation of Green functions. Hence, up to a O(e), we
may suppose that B¥(z,2) contains only open edges and with this conditionning the
two terms appearing in the quotient of the lemma are the same. With more formalism,
we have

EL{Z(w*)}G57"(0,2) = > Plee BP(2,2),ccw} =A] (7.18)

Ae{0,1}872)
A0

X B[{Z(*)}G5™(0,2) [ {e € B¥(2,2),e € w} = 4],
it can be shown that for any A C B¥(2,2), A# 0

E[1{Z(w"*)}G¥™"(0,2) | {e € BE(2,2),e € w} = A]
E[1{Z(w*)}G5™(0,2)]

where ~; depends only on d and ¢. The method is the same as before

1. We apply Lemma 4.1 to decompose the Green function into a hitting probability
and a resistance.

2. With Lemma 4.2 we decompose the resistance appearing in (1) into the same
resistance in wB” 2! and a local perturbation.

3. By upper bounding the integrand by terms which do not depend on the state of
the edges of BZ(z,2) and using the same trick as in (6.7) we prove that for e small
enough

wz,(?) -
B[ U{Z(wiy )R (1 < il R [ oo A] 2
E[1{Z(w**)}G;"(0, 2)]

< Y.

We can use arguments similar to the ones in the proof of Lemma 6.1 (essentially
repeating the steps (6.6), (6.7), (6.8) and (6.9)) to prove that

wz,@
E[1{T(wf )} B A [T < 73] L6 et
E[1{Z(w*)}G57(0, 2)]

L0
E[l{Z(w(z72)7A)}PO @2AIT, < T(;]LZC,2262’\L2»2 |C(z2) = e]

= 0 <73,
E{Z}G{(0,2) | C(2) = €]

since L, has arbitrarily large exponential moments under the measure P[- |
C(z) = e], for £ small enough by Proposition 5.3. For the first equality in the pre-
vious equation, we implicitely used that L, does not depend on the configuration
at z which is true by the first property of Proposition 4.1.
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This reasoning yields (7.19) with 7, = 72+ Cv3. Now, the equations (7.19) and (7.18)
imply that

E[1{Z(w*)}G5™(0,2)] = < JE[L{Z(w*)}G4™ (0, 2)]
+ E[1{Z(v* e)}G“ (O,z), {H{e e w},e € BE(z,Z)} = BE(z,2)],

and since on {1{e € w},e € B¥(z,2)} = BF(2,2) we have 1{Z}G%(0, 2z) = l{I(wz’e)}Gg’z’w(O, ),
it follows that

E[1{Z(w™)}G5™ (0, 2)
(1+ O(e)E[1{T}G%(0, 2), {1{e € w},e € B¥(2,2)} = B¥(z,2)]
<(1+ O(e)EH{Z}GF(0, 2)],

which yields the other bound. ]

Recalling Proposition 3.1, we can use (7.17) and Lemma 7.1 to get

S czn G5 (0, 2)d5 (2)
e Ggo’ B
e T B0, 2)](1 + 56(0))(d, — dy)
=e(l+oll) S0 BL{Z}C(0,7)
5o S BIUTIGH0, 2 + 0))o(e)(d, — dy)
> BTG50, 2]
o371+ 3(0(e) + $(e))) (de — d) + ofe).

_d(Z)

since > B[I{Z}G3(0, 2)] = >, E[I{Z}G3(0, 2 + ¢)] = P[Z]/(1 - 9).
In order to simplify the previous expression we prove

Lemma 7.2. We have

STw) — ()G (€,0) + Y (7€) — pU(¢)) G (e + ¢/, 0)

e'cv e'cv

= (P"(e) — p"(—€)) (G (0,0) — G (¢, 0)) — p°(e).

Démonstration. Recalling the notations (2.3), we get

c(e’)c(e) if e 7£ ¢!
p(e) = p°(e) = {—ﬂ@

70

ife=¢.
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Hence we get that,

3 %Gwﬁi‘(e’, 0) = %(Gwﬁ‘(o, 0) — 1), (7.20)
e'F#e

and ,
3 %G% (e+¢,0) = C(;@e) G0 (e, 0). (7.21)
e'F#e

Finally using % = p@(e) and the previous equations, the computations are straight-
forward. O]

Recalling that p?(e) —p?(—e) = dy-e and 1 —p?(e) = 7¢/7?, we see that the previous
lemma means that

T 0,e 0,e
ale) = ¢le) +v(e) = g + (dg - e)(G*0 (0,0) — G*0 (e,0)),
and so Proposition 3.2 yields by letting ¢ go to 1
v(l—e)=dy+e)_ ale)(d. — dg) + ofe). (7.22)
ecv

We still may simplify slightly the expression of the speed we obtained using the
following

> ned. *ZZ =(2d—1)) cle)e = (2d - 1)r'dy = > 7°dy,

ecv 1=1 ez£e?) ecv ecv

Inserting this last equation into (7.22) yields

vl —e)=dg+e (dy-e)(G"(0,0) — G (e,0))(de — dy) + o(e),

ecv

which proves Theorem 2.2. O

8 Estimate on Kalikow’s environment

The section is devoted to the proof of Proposition 7.2 so that we still assume to have
a fixed z € Z% and e, e, € v. Before entering into the details let us present the main
steps of the proof of the previous proposition which are rather similar to the ones in the
proof of Proposition 6.1.

1. The Green functions behave essentially as a hitting probability multiplied by a
resistance (normalized by the invariant measure). See (8.19).
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2. Then we use the estimates on resistances of Proposition 4.2. This procedure will
essentially give an upper bound of the numerator in Proposition 7.2 as a finite
sum of terms which are linked to the denominator but with a local correlation
around y due to the presence of random variables similar to the random variable
“L,"which appeared in the proof of Proposition 6.1. See (8.27) and (8.28).

3. We finish the proof by decorrelation lemmas similar to Lemma 6.1 to handle the
second type of terms we just described. See sub-section 8.3

Compared to Proposition 6.1 there is an extra difficulty added by the fact that we
need to handle two Green functions instead of only one (in some sense we will even have
three), hence we will apply Proposition 4.2 recursively, this is done in Proposition 8.2.

We point out that in addition, we cannot prove a decorrelation lemma involving
one of the hitting probabilities coming from the Green functions appearing in Proposi-
tion 7.2. Hence we need to transform one of them into an expression which we will be
able to decorrelate from a local modification of the environment and this will change
slightly the outline of the proof given above. The aim of the next sub-section is to take
care of this problem.

8.1 The perturbed hitting probabilites

We want to understand the effect of the change of configuration around g on the hit-
z,0

ting probabilities Pt [T, < 75] and P, "*[T, < 75). The former term can be estimated

ztey
BE(y,k)\{[z,2+e]} }
< Yy

since if we denote B*(y, k) = {t € By, k), t and

max P2, [T, =Topr <75 if z+4+ep & B*(y, k),
P2y, k) = { weoBlor " (8.1)
1 otherwise.
then for any & > 1 such that 0 ¢ B*(y, k), we have
PIrA T, < 75) < pakp"" (y, k), (8.2)

the special notation B*(y, k) is useful because in the configuration w*¢ the walker can
only reach y by entering the ball B(y, k) through B*(y, k).

As we announced previously, the second hitting probability is more difficult to treat.
Let us introduce the following notations

max PyY[T, = Topyr <75 if0¢ By, k),
Py ) = § w0t " (53)
1 otherwise,
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max PY[T, <75 A T(;“B(%k)] if 2 ¢ B(y, k),

Py (y, k) = § ve0Bwh (8.4)
1 otherwise.
To make notations lighter we also set
R9(z) = e IR%[z & A] and R¥(y) = e Ry — A], (8.5)
and moreover we introduce
— max RSu«— zUA] if 2 ¢ B(y, k),
R (y, k) = § ueoBwh) (8.6)
1 otherwise,
where .
for any u € Z°, Re[u s zUA] = 2Ry« z U Al (8.7)

then we have the following proposition.

Proposition 8.1. Take any configuration w and set y,z € Z% and B = B(y,r) with
r>1andé>1/2. If 0,2 ¢ B and PY[T. < 75] > 2P [T, < Typ N 75), then we have

FeIT. < 5] < Car®'p (y, k)ps (y, k) RZ (y, k).
If0€ B, z¢ B and PY[T, < 15] > 2F§[T. < Typ N 5], then
PYIT. < 75] < Chor®ps (y, k)R, (y, k).
Finally if 0 ¢ B and z € B,
PY(T, < 5] < Chor®™p% (y, k).

Thanks to this lemma we can say that Py[T, < 73] is either not influenced much
by a local modification around y (in the case where naturally the walk will not visit
y when it goes from 0 to z), or upper bounded by a product of at most three random
variables. Two of them behave as hitting probabilities which are well suited for our
future decorrelation purposes, the third random variable is essentially a resistance for
which we have estimates as well.

Démonstration. We will only consider the case 0,z ¢ B, the other being similar but
simpler. Our hypothesis implies

PYIT, < 15] < 2P [Top < T, < 7],
we can get an upper bound on the right-hand term by Markov’s property

P[Ty <T.<m|= Y PYlTu="Tos < 75| P[T. < 5] (8.8)
uedB
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< “IT, = w .
< |0B] ﬁ%ﬁ PY(T, = Thp < T4 irégg PCIT, < 73]

Denoting z; — - -+ — z, the event that the n first vertices of 0B U z U A visited are,
in order, 2y, 29,...,2,, we can write for u € 0B

PeT, < 15| =EY [Z Z 1{z; = — 2z, — z}] (8.9)

n o 21,..,2n€E0B

=Y Y EYi{m = = 2 |PETL < Ty A )

n 21,..,2n€0B

< max PY|T, < 75 N T | EY [Z Z 1{z — - — zn}}

veEOB

= max PY[T, < 75 A Typ|G5 1. (u,0B),

vEDB
where
TsNT
Gy (0, 0B) = E¥ [ z% 1{X, € aB}} < |0B] max Gy (v, v). (8.10)

Since by Lemma 4.2, (2.5) and (4.1) we have for 6 > 1/2 and any v € 0B

Gy (v, v) = O W)R (v < 2Ud8) <7 max R [u < zUA]. (8.11)
’ ue

Since |0B| < pgr? adding up (8.9), (8.10) and (8.11) we get

max P¥[T. < 75| < vor® max R¥[u < 2 U Almax P°[T, < 75 A T+].
u€dB w [T 5l <7 uedB fue ]ueaB u [T 5 A Ty

Using the previous equation with (8.8) concludes the proof of the Proposition.  [J

Recalling the notations from (2.1), (2.2) and (8.7) , let us introduce

min RYYPMu — zUA]  if 2 ¢ B(y, k),
R¥(y, k) = { uecoBuk) (8.12)
1 otherwise,

For the future decorrelation part we need to rewrite R, ™' (y,r) in terms of R*(y,r’)
and local quantities. This is done in the following lemma.

Lemma 8.1. For any B = Bg(y,r) and ' > r. Suppose that z € K (w) and 0B N
Koo(w) # 0, we have

Yyt 42’ pw ! Ca1 ,CooL,, .
R* v (y,?”) <e E* (y,?" ) + CQOLyjl,e 22by o1
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Démonstration. Let us denote v € 9B(y,r) such that

max R:Y"(u o zUA) = Rwn (v 2 U A)e”‘”'z, (8.13)
u€dB(y,k)

applying Proposition 4.3 we get for any ' > r

R:’j(y,’r'),l (U o2 U A) S R%.r1 (U — zU A) —+ OlL;i,BQ)\(_y'[—FLy,T-’) (814)

< Rwi(v - zUA)+ C’lLSi,ez’\(_”'“%%“),

where we used that y - EZ v- 0 —r and that L,, > 1" > r by the third property of
Proposition 4.1.

For any u € 0B(y,7’), let us denote iy(-) the unit current from u to z U {A} in
Wy, and Q one of the shortest directed path from v to u included in B(y, ). We
can use Thompson’s principle applied to the unit flow from v to z U {A} given by

0(e) = ig(e) + (1{e € O} — 1{—e € G}) to get

Ry (0 2UA) S Rco (ue 2UA) + 8?08, (8.15)

(y,r'),1
where we skipped a simple exhaustion argument.

Hence adding up (8.14) and (8.15), we get

R7M (v e zUA) < min BRI (e zUA)
u€dB(y,r")

Ly —oxyd
JF’Yl(Ly,T’)w%y e

since Ly ,» > 1" >r.
We get multiplying the left side by > and the right one by ¢*'e?*%* (which is

—

greater than e?*"*) that
R:’(y,r),l (U U A)€2)\U‘Z < e4>\r/E:u(y7 7”’) + 74(Ly7r1)756%Ly;T'

where we used that max,cop(y,) el < 2 20l g by (8.13) we obtain the lemma.
]

8.2 Quenched estimates on perturbed Green functions

The aim of this subsection is to complete the first two steps of the sketch of proof
at the beginning of Section 8. Let us introduce

z,0 we

R.(z) = R;**(2) and R.(y) = R.*"(y), (8.16)
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and this way we reduce our problem of studying Green functions to studying resistances,
indeed using Lemma 4.1 and (6.2) we get for 6 > 1/2,

1 wz,(D wz,@
—Gs""(2,2) < Ru(2) < 2k1G5"" (2, 2), (8.17)
R1
and 1 z,e z,e
R—IG:”’A(y, y) < Ru(y) < 2G5 (y,1). (8.18)

Moreover we can now easily obtain the first step of our proof since

z,e 2,0 w>

wz,@ W w z,e
G35 (0,2)G5" (2 4 ey, y) < 4ni Py T < B P [T, < m5]Ru(2)Ruly). (8.19)

As mentionned before, we will apply recursively the resistance estimates of Proposi-
tion 4.2, for this we introduce

=10 = Ly, B = Ly and Y = Lo,
Ly (@) = 1) (@) v [} (@) and B = BF(y, Ly’). Moreover we set

Zyi = Cogh@1eT5k N0 anq 70 — 7

y, Ly

where and 023 =1V Cl vV Clg vV 020, 024 = CQ \ 021 V 2d and 025 =4\V 022. Moreover
set, for i =0,...,3

wz,e. wz,@

, M . ),
R{(y) = R.™ "(y) and RV (2) = R (2). (8.20)

Also recalling (8.12), we set

. z ) Bl _wz’m .
RY = &2 (y, L) and R =R (y, L)

*

Finally we denote for : =1,2,3 and 5 =0,1,2
i wz,(Z) . . we .
p =™ (y, LY)) and p?) = p™ (y, L)

In particular, since we assumed ngi) large enough, we can get from Proposition 8.1
that for any 2 € Z% and i € {0, 1,2},

z

PYAIT, < 75 < ZOppiRY + 2P [T, < Ty AT, (8.21)

and also from Lemma 8.1 we obtain that for any y, z € K(w,7), we have for any 7 < j
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zZ,e

Moreover for y, 2 € K (w,3), the random variables Zlgi) are large enough for us to
apply Proposition 4.2 so that we have for i € {0, 1,2}

R.(z) < RY(2) + Z{™) and R.(y) < RO (y) + Z{*V. (8.23)
The equations (8.21) and (8.22) yield that for any y, 2 € K (w, )

w?

Py " T, < 75| Re(2) Ri(y) (8.24)
< (pgo)péo)(ZéO)E(O) + Zél)) + 2P:”’A[TZ < TaBZ(,O) A Tg])R*(Z)R*(y).
The idea is now to use recursively (8.23), (8.21) and (8.22) to control all the previous

terms. We can obtain the following proposition

Proposition 8.2. For any w such that y,z € Koo(w}3),

ROR.(2)R.(y) <Cos | BV RO (2) RO ()
+(ZP BV RO () + B RD(2) + RO (2) B ()
+(ZP) (R + RO (2) + RD (y) + (Z)']

and

R.(2)R.(y) < Cor | ROERO () + 2 (RO (2) + RO (9) + (Z7)?].

This is an interesting upper bound since the resistances are only multiplied with
independent local quantities, e.g. 2152) is independent of Rg) (y), since 2152) depends only

on the “stopping time”Léz), i.e. only on the edges of BE(y, L@(,Q)) by the second property
of Proposition 4.1.

Démonstration. Let us prove the first upper bound, we use (8.23) to get
ROR.(:)R.(y) < B (RO(2) + Z{)(RO () + Z4")
<RYRO ()R (y) + Z,V(RV R (2) + RYR" (y)) + (Z,")*R.

The first term of the right-hand side is of the form announced in the proposition.
We need to simplify the remaining terms, we will continue the expansion for Eio)Rio)(z)

(the method is similar for EiO)RSkO) (y)), using (8.23) and (8.22)
RO R (2)
<(ZOWRW + ZP) RV (z) + 2?)
SZPRORD() + 2P (ZPRD + RO(:)) + (2
<ZPRORD () + (2P (ZPRE + RO () +270) + (20)
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<ZORORD () + (ZP PR + RO() +3(20),

where we used that for any ¢+ < j we have 1 < ngi) < ngj). All terms here are of the
same type as in the proposition.

The expansion for the term (Zzsl))Q_Rio) is handled by applying (8.22) for ¢ = 0 and
jJ = 1. Once again our upper bound is correct.

The second upper bound is similar and simpler since it uses only (8.23), so we skip
the details. W

Recalling the notations (8.3), (8.4) and (8.1) we have for j € {z, 1,2}
for y € Z% and ky < k, Py, k1) < paks 0% (y, k2), (8.25)
so that for ky < ko € {0, 1,2},
P < pgZkplte) (8.26)

Finally let us take notice of the trivial inequality Py[T, < TaBgo) N1 < PY[T, <

T, 5 A 7s] which used with (8.25) and Proposition 8.2 can expand (8.24). We can apply
Yy
Proposition 8.2 which can be applied since y, z € Koo (w,3) if the integrand is positive.

Then, imputing this expanded equation into (8. 19)and using (8.2) we can show that it
VJ

is possible to give an upper bound on G5**(0, 2)G5"*(z,y) with a finite sum of terms
of the form

H{Z(w )} (2D pOplpld RO RO (2) RO (y), (8.27)
and
H{Z ()} (2 pD Py “[T < Typi A )RV (y) RV (2), (8.28)

for i € {0,1,2,3} and also similar terms where R, Rg)(z) or Rii)(y) are possibly
replaced by 1.
This is what we aimed for at the beginning of the proof of Proposition 7.2 : the
. (i) - . . . C
correlation term Z,’ is associated only with terms with which it is independent. Now
we are only left with the third step of our proof that is the decorrelation part. Indeed,

yA<

wz,@
since we need to give an upper bound on E[Gay’A(O, 2)Gg" (2 y)}, we shall look for an

upper bound on the expectations of (8.27) and (8.28), which is the subject of the next
sub-section.

8.3 Decorrelation part

Let us prove the first decorrelation lemma.
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Lemma 8.2. We have for i € {0,1,2,3} and § > 1/2
B[ )1 R IR )
<C29E[(L(Z )CaoeCmL :| [I{I(u)y@)}G y‘D(O Z)G (Z+6+,y):| 6032((?472)[)4-’

where Cog, C3g, C31 and Cso depend only on d and L.

The same lemma holds, with different constants, if we replace Eff), R,(f)(z) or Rf) (y)
by 1. Indeed it can be seen using Rayleigh’s monotonicity principle that for ¢ > 1/2,
these three quantities are lower bounded by

1 A R“°(0) A min min R(u— zUA) >,
keN uedB(0,k), 2¢B(0,k)

where ~; can be chosen independent of y, ¢ and z. By Lemma 4.2,

R (u < 2UA) 2 1G5, (u,u) = 7 Py [TF < T, A7s)7°
> Pitlrs > 2, X1 =y, Xa = u] ™" > /4,

where y is some neighbour of u which is not z.

Démonstration. First let us notice that if the integrand is positive then 1{Z(w®4)}p!”
LB

is positive and necessarily {O — 83251), 0% oo} which we denote {0 & y < oo}, we
recall Lg(f) < oo by Proposition 4.1.

Let us condition on the event {Lg(]) = k} for k < oco. First suppose that 0 ¢ B(y, k),
z ¢ B(y,k) and z + e, ¢ B*(y,k), where we used a notation appearing above (8.1).
Recalling the notations (8.1), (8.3) and (8.4), we may denote xy € 0B*(y, k) and xy, x5 €
0B(y, k) such that

PE(y, k) = Pé"+e+ [Ty = Top=(yk) < To);
pi(y k) = P [Ty = T < 1),

w w0
p3 (Y k) = Py [To < 75 AT, )5

where zg is connected to y in B¥(y, k)\ [z, z+e€] and we denote Py one of the correspond-
ing shortest such paths (hence of length < k + 2). Moreover let us set x3 connecting
0B(y, k) to infinity without edges of B(y, k). Thus

B[4}l B RO ) RO () | 1) = H

<qkeeke (DR 1{0 @ y © ooplpi'py) RORD (y) RO (2) | L) = k|,
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where the integrand of the right-hand side depends only on the edges of E(Z?)\ B®(y, k),
so that the conditionning is unnecessary.

Let us denote Py, Py and P3 one of the shortest paths from respectively x;, x5 and
zgtoy and P =PyUPUPUPsU{y+e, e € rv}. Hence we need to control

B[1{0 & y & oo}plpl"p RORD (:)RO(y) | L) = k|

z,0

<E [1{0 Sy & OO}P:]_;: [Ta:o = TBB*(ch) < Tg]PS‘) [Txl = TaB(ch) < 7'5]

x PT, < 75 AT

B e 0 U AIRO (RO () | P e w]

z,0

< Qthtid+Ig [1{0 Sy oo}l{P e w}Pg)y’w [T, = Tonr < 75RO (2) RO (y)

z,0

X Pmy’w[Tz < Ts N\ T;B(y,k)

Wwe wz’m
]P y,0 [Txo = TaB*(ch) < T(;]R*W’[IQ — zU A]}’

ztey

where we used that
1. P[P € w] > 2~ (k+id+2),

z,e

. o . z,e %
2. inequalities such as P2 [Ty = Top-(yh) < T5] = Pzﬁi [Ty = Top* (k) < Ts),

3. Rayleigh’s monotonicity principle yields, for example, that
) wz,@ wz,(B
RY(y) < RY(y) and R,“""' [z & 2 UA] < R," [z — zU A

Using (4.3) and x5 € B(y, k), we get

wz,@ wz,@
P20 T, < 15 A TaJrB(y,k)]R*y’@ [T — zUA]
z,0 z,0 —1
<Pt [T < 7 AT (PR T Ay < T))
z,0
=5 Pt ° [T, < 75 AT | To A5 < T3]
z,0
:75P;2y70 [Tz < 7—5]7

moreover on w such that 1{P € w},

wz,(b

leyym[Ta:g < 7_6] Z (5/430)21{77

and putting these last two equations together we get

wz,w z,0 z,0

PO v.0 [TSL‘1 = TaB(y,k) < Tg]Pg;Qy’@ [Tz < Ts N\ TgB(y,k)]R:Jy'm [172 — z U A]

z,0 z,0
“y.0

w0 w
<v5(0ko) " Py VO [Ty, < 75| P [Ty < 75) Pud [Ty < 5]
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z,0
<75 (8k0) 2P [T, < 4.
In a similar way, we get by Markov’s property that

PI22 [Tuy = Topetyry < 73] < (r0) PP [T, < 735).

Finally
1{0 & y < co}1{P € w} < 1{Z}.

Hence for w such that P € w we have

z,0 e
1{0 =Y = OO}]_{P - w}PO y’w[TwO = TBB(y,k) < T(;]Pzi’e@+ [Tmo = T@B*(y,k) < 7'5]
z,0 z,0

X Pl [T, < 75 A Ty, o Be" 12 < 2 U AJRO (2) RO (y)

z,0 woe
<v6(2/ro)**U{T} P, ([T, < 75| P20 [T, < 6)R© (2) RO ()

ztey

z,e

z,0 w
<M UTYG0 (0, 2) G5 (2 + ey, ),

where we used Rayleigh’s monotonicity principle to say that Rio)(y) < R“’;Zg[y N
Al, (8.17) and (8.18).

The result follows by integrating over all possible values of Lg), since we have just
proved that

E[1{Z(w ) HZ) s pp{pd) RO RO(2) RO (y) | LY = k]
z,0 we -
SR B[ LZ(H ) E 0, 2)G; =+ e y) 090
For the remaining cases, we proceed as follows

1. if 0 € B(y,k), then we formally replace Fy[T, = Type.x < 75) by 1 for any
x € 0B(z,k) and z; by 0,

2. if z+ e, ¢ B*(y, k), then we formally replace P¥

z+e [TZE = TaB* z,k < 7-5} bY 1 for
any x € 0B*(z,k) and o by z +e™, e )

3. if z € B(y, k), then we formally replace P*[T, = TgB(z,k) A 7s] by 1 for any z €
z,0
0B(z,k), R."’[wy «» 2 UA] by 1 and x5 by z,

and the previous proof carries over with minor modifications. ]

We need another decorrelation lemma, which is essentially similar to the previous
one but simpler to prove.
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Lemma 8.3. We have for i € {0,1,2,3} and 6 > 1/2,

. . wz,@ . .
E [T ()20 BT < Ty AT B () RO (2)]

<CwB[ (L) e TR [T} (0, 216575 + ey, )| -9,

where the constants depend only on d and €.

Démonstration. Once again we condition on {Lg(f) = k} for k < oo and suppose that
0 ¢ B(y,k) and z ¢ B(y, k), the other cases can be handled in the same way as before.
We see that

T} < 1{0 & y & oo},

and we denote xo, 1 € 0B(y, k) such that

P = P [Ty = Tongyr) < Ts),

z

and z; is connected to oo without edges from B(y, k). Moreover denote Py one of the
shortest paths connecting zy to y and P; one of the shortest paths connecting z; to y.

Then, using the same type of arguments as 1n the proof of Lemma 8.2, we get for
P= P0U771U{y+e e € v}, on w such that {L} =k},

, Ll , . .
B[ L{Z(w" ) }(Z0) pO Py [T, < Ty Al ROW)RY (2) | L = K]

S,ylkwe%kew((y—z)-f)Jr [1{0 eyo OO}Pw [ vo = Tone gy < 7

z@

X Py T, < Tonu A 7o) RO () RO(2) | P € w]
S’ylk”22k+4d+2673ke74((y*‘z)'Z)+E [1{79 € w}l{O &y < oo}
x P2 [Toy = Tope(ymy < 75| PL T < Tom A 73] RO (y )R§°>(z)].

Now on w such that {P € w}, we have
z,0

z,0 z,0
P;y’A[TZ < T@By) A\ 7‘5] = Pg}y’@ [TZ < TaBéi) N 7‘5] < P:y’m[Tz < 7’5],

and

P Ty = Tope(yry < 75)(0kp)" < P;”+e+ [T, < 75).

Since we also have 1{P € w}1{0 & y < oo} < 1{Z(w*?)} so that,

wz,@
H{P cw}l{0 &y ootpl (y, k)P " [T. < Tapyr A 7o)
x RO (y) R (z)
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z,e

w0 w®
§'y5k76eﬁwkl{I(u)%@)}Géy"’j (0,2)G5"" (2 + ey, y),

and the results follows by integration over the values of Lg). [

Now, as we did to obtain the continuity of the speed, we need to show that the
contribution due to the local modifications of the environment has a bounded effect.
Hence we want to prove that the expectations appearing in Lemma 8.2 and Lemma 8.3
are finite for € small enough. This is proved using the following lemma.

Lemma 8.4. For g9 small enough and any € < €9 we have

B[(19)Cu+Cue(Catentl’) <

where C3; depends only on d and (.

Démonstration. Let us give an upper bound on the tail of Lg(,?’), we have

P[LY) > n] <P[LY >n, LP) <n/(2Cs)]
+P[LY > n/(2Cs), LY < n/(2Cs)?]
+PLY > n/(2C5),

and recalling Proposition 5.2 and Proposition 5.3 we get for A = B(z, )
P, [La(w)V La(w™®) > n+ Cgr] < 2Cyr*na(e)™,
so that we may use the second property of Proposition 4.1

PIL{Y > n] < 6Cy (57

d
) na(e)f(”),
8

where f(n) = (n/(2Cs)* — Cs) and a(e) can be arbitrarily small if we take ¢ small
enough. The result follows easily. O]

Now, Proposition 7.2 follows from the decomposition obtained at (8.27) and (8.28),
the decorrelation part is handled by Lemma 8.2, Lemma 8.3 and the control on the
multiplicative term appearing in these lemmas is upper bounded by Lemma 8.4 for ¢
small enough.

9 An increasing speed

We want to prove Proposition 2.1 and show that the walk slows down when we
percolate, i.e. vy(1) - vy(1) > 0 under certain conditions. We recall J¢ = (G“°(0,0) —

G“0(e,0)) > 0 and we introduce J¢ = (G“0°(0,0) — G“0" (e, 0)) > 0.

151



CHAPITRE 5. THE SPEED OF A BIASED RANDOM WALK ON A
PERCOLATION CLUSTER AT HIGH DENSITY

We use (7.2) to prove that

G0 (0,0) =G(0,0) + G (0,0) S_ (p°(¢') — p*(¢)) G0 (€', 0)

e'ev

+G(0,6) Y (p*(¢') — p"())G " (e + €, 0),

e'ev
and

G (e,0) =G0 (e, 0) + G (e, 0) > (e - ()G (', 0)

e'ev

+ G (e,e) D (7€) = p(€))G (e 4 ¢, 0).

Now, recalling the proof of Lemma 7.2 (in particular (7.20) and (7.21)), noticing the
relations, G*°(e, e) = G*°(0,0) and by reversibility G*°(e, 0) = (70 (0)/7*°(e))G** (0, e) =
(c(e)/c(—e))G0(0,€), we get

JE =J¢ + G=(0,0) [p(e)(G“"(0,0) — 1) = p(e)G*" (e, 0)

~ (p(=€)G"(6,0) — p(~) G4 (0,0))]
+ G (e,0)[(efe) fe(=e)) (p(=e)G" (e, 0) — p(~)G*F"(0,0))
= (()(G7(0,0) = 1) = p(e) G (e, 0))],

which, recalling p(e)c(—e) = p(—e)c(e), means that
Je = J°+G(0,0)((p(e) + p(=€))JE = p(e)) + G (e, 0)(=2p(e) JE + p(e)).
Now rewriting p(e)G*°(e,0) = p(—e)G*°(0,¢) = p(—e)G*°(—e,0), we get
JE = J +ple)J°J 4+ p(—e) ] J¢ — ple)Je,

P ()
CT A p—e T

In order to obtain the alternative form of the derivative we only need to use that
1 —ple) = 7¢/n° and

w%%—dg:w1—224&4@5+0@%):q@@—dm

e 70
e'#e

which proves the first part of Proposition 2.1.

152



9. AN INCREASING SPEED

Now, we need to show that this derivative is in the same direction as v,(1), for this
let us first notice that

1= ple)J* — pl—e)J
=1 — G0 (0,0)(ple) P2 [Ty = 00] + p(—e) P2 [Ty = o) > 0,

since G*0(0,0) = F° [Ty = oo] = >, p(¢/) PP [T, = oo]. Moreover the quantity in
the previous display is the same for e and —e.

Now, fix e € v such that e - dy > 0, we will show that the contribution of the terms
e and —e together are in the same direction as dy. In fact it is

ple)J*+p(=e)J  ple)J® —p(=e)J"
L—p(e)Je—p(=e)J=c  1—ple)Je —p(—e)J

and since [(|e|) =: (dy - e)/(1 —p(e)J® — p(—e)J¢) > 0 we get
H(le]) - dy = B(le]) [(p(e) ] + p(—€) T ) (dp - €) — (ple) J* — p(—€)J =) (dy - dy)] > 0,

if we suppose that

H(Jel) = (do - e) | b).

for i = 1,...,d such that dy - eV > 0, dg - e > ||dg]|*.

Finally v,(1) - vj(1) = 30| H(|e®

) - dy > 0, so that Proposition 2.1 is proved. []
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On slowdown and speedup of transient
random walks 1n random environment

We consider one-dimensional random walks in random environment which are tran-
sient to the right. Our main interest is in the study of the sub-ballistic regime, where at
time n the particle is typically at a distance of order O(n*) from the origin, x € (0, 1).
We investigate the probabilities of moderate deviations from this behaviour. Specifically,
we are interested in quenched and annealed probabilities of slowdown (at time n, the
particle is at a distance of order O(n*) from the origin, vy € (0, x)), and speedup (at
time n, the particle is at a distance of order n** from the origin, v; € (k, 1)), for the
current location of the particle and for the hitting times. Also, we study probabilities of
backtracking : at time n, the particle is located around (—n"), thus making an unusual
excursion to the left. For the slowdown, our results are valid in the ballistic case as well.

The material of this chapter is a joint work with N. Gantert and S. Popov and has
been accepted for publication in “Probability Theory and Related Fields”, see [39].



CHAPITRE 6. SLOWDOWN AND SPEEDUP OF TRANSIENT RWRE

1 Introduction and results

Let w := (w;, @ € Z) be a family of i.i.d. random variables taking values in (0, 1).
Denote by P the distribution of w and by E the corresponding expectation. After choos-
ing an environment w at random according to the law P, we define the random walk
in random environment (usually abbreviated as RWRE) as a nearest-neighbour random
walk on Z with transition probabilities given by w : (X,, n > 0) is the Markov chain
satisfying Xg = z and for n > 0,

Pj[Xn+1:x+1|Xn:x]:wx>
PlXpm=2z—-1|X,=2]=1-w,.

As usual, P? is called the quenched law of (X,, n > 0) starting from X, = 2, and
we denote by EZ the corresponding quenched expectation. Also, we denote by P the
semi-direct product P x PZ and by E* the expectation with respect to P?; P* and E*
are called the annealed probability and expectation. When z = 0, we write simply P,
E,, P E.

In this paper we will also consider RWRE on Z.,, with reflection to the right at the
origin. This RWRE can be defined as above, in the environment @ given by

~ Wi, Z#O’
W; =
1, i=0

(provided, of course, that the starting point is nonnegative). We then write PZ, EZ for
the quenched probability and expectation in the case of RWRE reflected at the origin,
P? and E? for the annealed probability and expectation, keeping the simplified notation
P, E, P, E for the RWRE starting at the origin.

For all ¢ € Z, let us introduce

1-— Wi
pPi ‘= .
Wi
Throughout this paper, we assume that
E[ln py] <0, (1.1)

which implies (cf. [95]) that lim,, .., X,, = 400 P,-a.s. for P-a.a. w, so that the RWRE
is transient to the right (or simply transient, in the case of RWRE with reflection at the
origin).

We refer to [104] for a general overview of results on RWRE. In the following we
always work under the assumption that

there exists a unique x > 0, such that E[pf] = 1 and E[pj In* py] < co. (1.2)
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This constant plays a central role for RWRE, in particular when it exists, its value
separates the ballistic from the sub-ballistic regime :

X
k > 1if and only if — — v >0, P-a.s.
n

We refer to the case k > 1 as the ballistic regime and to the case k < 1 as the sub-
ballistic regime. In this paper we mainly consider the case where the RWRE is transient
(to the right) and sub-ballistic, i.e. the asymptotic speed is equal to 0. The following
result was proved in [59] and partially refined in |35] :

Theorem 1.1. Let w := (w;, i € Z) be a family of independent and identically dis-
tributed random wvariables such that

(i) —oo < Ellnpg] <0,

(ii) there exists 0 < k < 1 for which E [p§] =1 and E [p§In* py] < oo,

Xn law 1 "
— C
o (52“) ’

where X% stands for convergence in distribution with respect to the annealed law P, Cy
is a positive constant and S is the completely asymmetric stable law of index k. If
k =1, we have

Then, if k < 1, we have

Xn law 1
—) 2 .
n/lnn Sye

In the quenched case, the limiting behaviour is more complicated, as discussed in |79].
However, one still can say that at time n the particle is “typically” at distance roughly n”
from the origin, since the weaker result lim, ., In X,,/Inn = &, P-a.s., is still valid®.

Besides the results about the location of the particle at time n, we are interested
also in the first hitting times of certain regions in space. For any set A C Z, define :

Ty:=min{n >0: X, € A}.

To simplify the notations, for one-point sets we write T, := T},;. In the case where a is
not an integer, the notation 7 will correspond to 1.
In this paper we investigate the following types of unusual behaviour of the random
walk :
— slowdown, which means that at time n the particle is around n*°, vy < 1 A K, S0
that the particle goes to the right much slower than it typically does;

Tapparently, this result is folklore, at least we were unable to find a precise reference in the literature.
Anyhow, note that it is straightforward to obtain this result from Theorems 1.2 and 1.5
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— backtracking, that is, at time n the particle is found around (—n"), thus performing
an unlikely excursion to the left instead of going to the right (this is, of course,
only for RWRE without reflection) ;
speedup, which means that the particle is going to the right faster than it should
(but still with sublinear speed) : at time n the particle is around n”*, Kk < 1y < 1
(this is possible only for x < 1).

We refer to all of the above as moderate deviations, even for the slowdown in the
ballistic case k > 1. Indeed, in the latter case the deviation from the typical position is
linear in time, but we have that the large deviation rate function I satisfies 1(0) = 0,
and the known large deviation results only tell us that slowdown probabilities decay
slower than exponentially in n (see, for instance, |20]).

We mention here that in the literature one can find some results on moderate devi-
ations for the case of recurrent RWRE (often referred to as RWRE in “Sinai’s regime”),
see [21, 22|, and also [51] for the continuous space and time version.

Now, we state the results we are going to prove in this paper. In addition to (1.2)
we will use the following weak integrability hypothesis :

b

there exists g9 > 0 such that E[p,*°] < co. (1.3)

First, we discuss the results about quenched slowdown probabilities. It turns out
that the quenched slowdown probabilities behave differently depending on whether one
considers RWRE with or without reflection at the origin. Also, it matters which of the
following two events is considered : (i) the position of the particle at time n is at most
n”, v < k (i.e., the event {X,, < n”}), or (ii) the hitting time of n” is greater than n (i.e.,
the event {7, > n}). Here we prove that in all these cases the quenched probability
of slowdown is roughly e, where B = 1—Z for the “hitting time slowdown” in the

reflected case, and 3 = (1 — %) A 7 in the other cases. More precisely, we have

Theorem 1.2. Slowdown, quenched Suppose that (1.1), (1.2) and (1.3) hold. For
v € (0,1 A k) the quenched slowdown probabilities behave in the following way. For the
reflected RWRE,

In(—In P3[T,»~
i MM PelTe ) v o (1.4)
n—00 Inn Y
In(—In P;[ X, v
lim (=10 P "<”]>(1—3)/\L, P-a.s (1.5)
n—o0 Inn K /'i—|—1
For the RWRE without reflection, we obtain
In(—1In P,[T,»
i 2P Te > ) (1—5)A " Poas, (1.6)
n—00 Inn K K+ 1
In(—In P,[X, v
lim R <”D:(1—5)/\ " Pos (1.7)
n—oo lnn K K+ 1
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For a heuristical explanation of the reason for the different behaviours of the quenched
slowdown probabilities we refer to the beginning of Section 6.

For the annealed slowdown probabilities, we obtain that there is no difference be-
tween reflecting/nonreflecting cases (at least on the level of precision we are work-
ing here) and also it does not matter which one of the slowdown events {7,. > n},
{X,, < n”} one considers. In all these cases, the annealed probability of slowdown de-
cays polynomially, roughly as n=(*=") :

Theorem 1.3. Slowdown, annealed Suppose that (1.1), (1.2) and (1.3) hold. For
ve(0,1Ak),
InP[X, < n” InP[T,.
lim InPLX, <n*] _ lim nPTo >n] _ —(k— D). (1.8)

n—00 Inn n—00 Inn
The same result holds if one changes P to P in (1.8).

In the case of RWRE on Z (i.e., without reflection at the origin) there is another
kind of untypically slow escape to the right. Namely, before going to +oc, the particle
can make an untypically big excursion to the left of the origin. While it is easy to
control the distribution of the leftmost site touched by this excursion (e.g., by means
of the formula (2.8) below), it is interesting to study the probability that at time n the
particle is far away to the left of the origin :

Theorem 1.4. Backtracking Suppose that (1.1), (1.2) and (1.3) hold. For v € (0,1),
we have

In(—InP,| X —nY
lim n(=In Al X < —n")) =V — , P-a.s. (1.9)
n—oo Inn K+1
In(—InP[X —nY
lim REWPX, < =7) (1.10)
n—oo lIlTL
and
In(—InP|T_,. In(—In P,|T_,,»
lim n(= InPT, <n]): lim n(—In AlTn <n]):V P-a.s. (1.11)
n—oo hln n—o0 lnn

Another kind of deviation from the typical behaviour is the speedup of the particle,
i.e., at time n the particle is at a distance larger than n” from the origin (here we
of course assume that x < 1). There are results in the literature that cover the large
deviations case, i.e., the case when at time n the particle is at distance O(n) from
the origin, see e.g. Section 2.3 of [104], or [20]. In this paper we are interested in the
probabilities of moderate speedup : the displacement of the particle is sublinear, but
still bigger than in the typical case. Namely, we show that the quenched probability
that X, is of order n”, kK < v < 1, is roughly e‘"ﬁ, where 3 = {=7. It is remarkable
that the annealed probability is roughly of the same order. More precisely, we are able
to prove the following result :
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Theorem 1.5. Speedup Suppose that (1.1), (1.2) and (1.3) hold. For v € (k,1) we
can control the probabilities of the moderate speedup in the following way :

lim In(—In P,[X,, > n"]) — lim In(—1In P, [T, < n]) v /@'7 Poas. (1.12)
n—o00 Inn n—00 Inn 11—k
and

lim In(—InP[X,, > n"]) ~ lim In(—InP[T,» < n]) _V—k
n—00 Inn n—0o0 Inn 1—k
The same result holds for the RWRE with reflection at the origin.

(1.13)

For the case k € (0,1), the quenched moderate deviations for the random walk on Z
are well summed up by the plot of the following function on Figure 6.1 :

lim, o In(—In P[X, < —n7"])/Inn, ifv e (-1,0],
f(v) =< lim, o In(—InP,[X, <n”])/Inn, if v € (0,r),
lim,, o In(—1n P,[X,, > n”])/Inn, if velk1).

— Kk K 14
1 o 0 LR 1

Fi1G. 6.1 The plot of f(v), -1 <v <1

The rest of this paper is organized in the following way. In Section 2 we give the
(standard) definition of the potential and the reversible measure for the RWRE. We then
decompose the environment into a sequence of valleys. In this decomposition the valleys
do not only depend on the environment but the construction is time-dependent. Also,
we derive some basic facts about the valleys needed later. In Section 3 we mainly study
the properties of that sequence of valleys. In Section 4, we recall some results concerning
the spectral properties of RWRE restricted to a finite interval, and then obtain some
bounds on the probability of confinement in a valley. In Section 5 we define the induced
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random walk whose state is the current valley (more precisely, the last visited boundary
between two neighbouring valleys) where the particle is located. Theorems 1.2, 1.3, 1.4,
1.5 are proved in Sections 6, 7, 8, 9 respectively. We denote by v, v, V1, 72,73, . .. the
“Iimportant” constants (those that can be used far away from the place where they appear
for the first time), and by C,Cy, Cs, ... the “local” ones (those that are used only in a
small neighbourhood of the place where they appear for the first time), restarting the
numeration at the beginning of each section in the latter case. All these constants are
either universal or depend only on the law of the environment.

2 More notations and some basic facts

An important ingredient of our proofs is the analysis of the potential associated
with the environment, which was introduced by Sinai in [94]. The potential, denoted by
V = (V(z), z € Z), is a function of the environment w. It is defined in the following
way :

> i Inpy, if 2> 1,
V(z):=4¢ 0, if £ =0,
- Z?:xﬂ Inp;, ifex<-—1,
so it is a random walk with negative drift, because E[ln py] < 0. This notation is extended
on R by V(x) :=V(|z]). We also define a reversible measure

m(z) = e V@ pe Vel for g e 7, (2.1)

(one easily verifies that w,m(z) = (1 — wyy1)m(x + 1) for all ). We will also use the

notation 7([z,y]) = Zi@m—l 7(i), for x <y two real numbers.
The function V(-) enables us to define the valleys, parts of the environment which

acts as traps for the random walk. The valleys are responsible for the sub-ballistic

behaviour and hence play a central role for slowdown and speedup phenomena.

We define by induction the following environment dependent sequence (K;(n));>o by

Ko(n) =—n,

Inn,

Kiy1(n) mln{] > Ki(n) : V(K;(n)) ke[rlgl(%)vj] V(k) > Trn

V(j) = maxV (k) }.

(7) = max V(k)

The dependence with respect to n will be frequently omitted to ease the notations. The
portion of the environment [K;, K1) is called the i-th valley, and we will prove that
for n large enough the valleys are descending in the sense that V(K;;1) < V(K;) for all
i € [0,n]. We associate to the i-th valley the bottom point

b; = iﬂf{w € [Ki, Kiy1) : V(z) = min V(Q)}a

yEe[K,Kit1)
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AV(z)

]|V

—n = Ky(n) 0

F1G. 6.2 — On the definition of the sequence of valleys

and the depth

H;,= max (maX V(y)— min V )
z€[K;,Kit1) \y€[w,K;41) ) yE[K;,z) )

= max V k . V . ’
meax (VR - VG)
see Figure 6.2.
Let us denote

Nalm,m') = {i = 1+ [Ks, Kia) 0 [Lm], []) # 0} (2.2)

and again we will often omit the index n. Let us emphasize that we do not include the
valley of index 0, which is different from the others because of border issues.

The valleys for ¢ > 1 are non-overlapping parts of Z, for any value of n. Moreover the
potential in the valleys are i.i.d. up to space-shift, in the sense that for any n and 7 > 1 the
sequence of vectors of random length (V' (j) — V(Kiz1(n)),j = K;(n), ..., Ki1(n) — 1),
1> 1, is iid.

We introduce the two following indices which will be used regularly

ip = card N(—n,0) and i3 = card N(—n,n"). (2.3)
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3. ESTIMATES ON THE ENVIRONMENT

To carry over the proofs easily to the reflected case, we introduce the following
notation B B

We can estimate the depth of the valleys using a result of renewal theory which
concerns the maximum of random walks with negative drift. We refer to [37] for a
detailed introduction to renewal theory. Denoting S = max;>o V' (¢), under assumptions
(1.1), (1.2) and (i7i) of Theorem 1.1, we have

P[S > h] ~ Cpe™"", h — oo, (2.5)

which is a result due to Feller which can be found in this form in [54].

If (i4i) in Theorem 1.1 fails, In py is concentrated on AZ for some A > 0, so that V()
is a Markov chain with i.i.d. increments of law In p;. In this case, under our assump-
tions (1.1) and (1.2) we can use a result in [96] (p. 218) stating the discrete version of
the previous equation. In the case of an aperiodic Markov chain we have

P[S > n)\] ~ Cpe ™\, n — 0o, (2.6)

and in the general case we obtain similar asymptotics by noticing that (V(nd + k)),>0
is aperiodic for k € [0,d — 1] and d the period of V'(-) (which is well defined and finite
by (7) and (i7)).
Hence we can easily deduce from the assumptions (1.1) and (1.2) and equations (2.5)
and (2.6) that
P[S > h] = O(e™""), (2.7)

where f(n) = O(g(n)) means that f(n) = O(g(n)) and g(n) = O(f(n)).
Let us recall also the following basic fact. For any integers a < x < b, the (quenched)
probability for RWRE to reach b before a starting from z can be easily computed :

Zz;i eV )

PI[T, < Ty = Zv=2” 2.8
w[ b ] ZZ;E V) ( )
see e.g. Lemma 1 in [94] or formula (2.1.4) in [104].
3 Estimates on the environment
Let us introduce the event
A(n) = { nax( Ky — KG) < (In n)Q}. (3.1)

The following lemma shows that the valleys are not very wide.
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Lemma 3.1. We have

Démonstration. We have

P[A(n) | =P [maX(KiJrl - K;) > (ln”)Q]

i<2n
< 2nP[K, — K; > (Inn)*] + P[K; > (Inn)?], (3.2)
where
Ki(n) = min{j >0: —kren[ég] V(k) > . i - Inn, V()= I}Clzaic\/(k)}
Now

P[K, — K; > (Inn)?] = P[K; > (Inn)? | I?%XV(i) < 0]

P[K, > (Inn)?
~ Plmax;>o V(i) < 0]’

where P[max;>o V(i) < 0] > 0 since E[ln pg] < 0. Choose ¢ such that eo¢ > 3(1 A k),
with o from (1.3). Note that if V((Inn)?) < =33 1nn, minj<qn,2 (V(j) = V(i — 1)) >
—1—1Inn and max;>@n2 V(j) — V((Inn)?) < 12 Inn, then the set

{ie 0, (Inn)2, V(i) € (— 3H1nn,_31+A%1nn>}

is non-empty. Moreover its largest element m is such that max;>,, V(j) = V(m), hence
we have K; < (Inn)2. This yields

— 3+ 3¢
PR, > (nn)?] < P[V((lnn)?) > - 1+A lnn (3.3)
K
or jgl(rllrll%)2 V(i) —-V—-1) < Thn Inn
) — Inn)? 1 :
or jzrﬂr?if)?‘/(j) V((lnn)*) > Thn nn]
Using (2.7), we obtain
P max V(j) ~ V((lnn)) > ——lnn] = O(n"?). (3.4)
j>(lnn)?2 1Ak

Furthermore, using Chebyshev’s inequality and (1.3) we get

P[ min (V(j) = V(j=1)) < = ¢

j<(Inn)2? NK

In n}
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< (lnn)zP [lnpg < “TA

: In n}
K
< (Inn)*P {pogo > exp (50 : lnn)]
1INk
< (Inn)2E[pg]n—=0t/an)
=o(n7?). (3.5)
Now, since V(+) is a sum of i.i.d. random variables with exponential moments by the
assumptions (1.2) and (1.3), we can use large deviations techniques to get
P[V((Inn)*) > —CiInn] < P[|V((Inn)*) — E[V(1)](Inn)*| > Co(Inn)?] (3.6)
< exp(—C3(Inn)?)
=o(n™?%),

since E[V(1)] = E[ln py] € (—00,0). Putting together (3.2), (3.3), (3.4), (3.5) and (3.6)
we obtain the result. O

Consider a € [0,v), and define the event
B(n,v,a)¢ = {Card{i € Ny(—n",n"): H; > “nn+ lnlnn} > n”_a}.
K

The following lemma will tell us that asymptotically, between levels —n*” and n”
there are at most n”~® valleys of depth greater than (a/k)Inn + Inlnn.

Lemma 3.2. For any a € [0,v), we have
P[B(n,v,a)] = O(n~?).
Démonstration. We have easily that (“<” means “stochastically dominated”)
card{i < Np(—n",n"): H; > %lnn + lnlnn}
< Bin(ZLn”J —|—2,P[S > %lnn—l—lnlnnD,

since we have at most 2|n”| 4 2 integers on the right of which we need an increase of
potential of (a/k)Inn + Inlnn to create a valley of sufficient depth.
Using (2.7), we have

P[S > %lnn%—lnlnn} = O<%)

Now, using Chebyshev’s exponential inequality, we can write
P [Bin(ZLn”J +2,P [S > “n+ lnlnnD > n”_“]
K
< Cyexp(—n"") exp(Csn” *(Inn) "),

and, since v > a, the result follows. O
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We introduce for m € Z* the following event, which, by Lemma 3.2, has probability

converging to 1,
m—1

B'(n,v,m) = ﬂ B(n,v,kv/m). (3.7)
k=1
Also, set

G(n)° :{maX(V(kz) —V(n)) > l(hnn +2Inln n)}

k>n K

U{maX(V(kJ) —V(-n)) > 1(lnn+ 21n1nn)}.

k>-n K
Lemma 3.3. We have 1
P[G(n)] = O<W>'
Démonstration. This is a direct consequence of (2.7). ]
We now show that Lemma 3.3 implies that asymptotically, in the interval [—n,n],

the deepest valley we can find has depth lower than £(Inn + 2Inlnn). Let

Gi(n) = { max max(V (k) — V(i) < %(lnn +21In lnn)}. (3.8)

i€[—n,n] k>i
Lemma 3.4. For P-almost all w, there is N = N(w) such that w € G1(n) for n > N.

Démonstration. By symmetry, it suffices to give the proof for

Gofn) = { max max(V (k) = V(i) < Linn +2mnm m) (3.9)

i€[0,n] k>i K

instead of G1(n). Let

ngy = min{j > 0:max(V(k) — V(7)) <

k>1

B

(1nz'+21n1m’),vz'zj}

and
K = max max(V (k) — V(i)).

0<i<ng k>i
Due to Lemma 3.3, ng is finite P-almost surely. Now, take /N large enough such that
N > ng and |

—(InN+2InlnN) > K.

K

Then for n > N, let £ € [0, n] be such that max;c(o ) maxy>;(V (k)=V (7)) = maxg>,(V (k)—
V' (€)). We have either ¢ < ng and then max;>,(V (k) =V (¢)) < K by the definition of K,
or { > ng and then, by the definition of ng, maxys,(V (k) =V (¢)) < L(Inf+2Inln¢) <
L(lnn+2Inlnn). O

166



3. ESTIMATES ON THE ENVIRONMENT

Let us define

D(n)° :{ iren[(z}j; Iilgzx(V(k) - V(@) < %(lnn —4Inln n)}
U{ e max(V() - V) < %(m —4lnlnn) ).

Lemma 3.5. We have
P[D(n)] = O(n™?).

Démonstration. First, we notice that
P[D(n)] < QP[ max  max V(i(lnn)? + &) — V(i(lnn)?)

. n 2
7’6[07 [(In n)gj } ]{:S(h’ln)

<

L

(Inn —4Inln n)} + P[A(n)9],

where P[A(n)°] = O(n™?) by Lemma 3.1.
Let us introduce

DW(n) = { max _V(k) —V(0) >

(Inn — 4lnlnn)},
k>|(Inn)?]

I

then we have

P[DY(n)] <P [max V(k)—V(0) > l(lnn —4Inln n)}

k>0 Y

+P [%; V(k) = V(0) # max V(k)— V(O)} - @(M),

k<(Inn)? n

using a reasoning similar to the proof of Lemma 3.1 (cf. equations (3.3) and (3.4)) to
show that the second term is at most O(n=2).
So, we obtain for n large enough

Ce(Inn)* ) n/(inn)?

n

P[D(n)] < 2(1 - < 2exp (—Cr(Inn)?),

hence the result. n

Finally, let us introduce

F(n)={ min (1—w;) >n"%=}.

1€[—n,n]

Lemma 3.6. We have
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Démonstration. We notice that 1 — w; > min(1/2, p;/2), so that it is enough to prove
that P[p; < 2n~%/%] = O(n~?) which is a consequence of (1.3), since by Chebyshev’s
inequality

n3/50 - 250E[pa€0}

P[p;1> 2 }—

n3
[

Using the Borel-Cantelli Lemma one can obtain that for P-almost all w and n large
enough, we have w € A(n)NB'(n,v,m)NG1(n) N D(n)NF(n). That is, the width of the
valleys is lower than (Inn)?, their depth lower than (Inn + 2Inlnn)/k, we can control
the number of valleys deeper than 2Inn — Inlnn, and there is at least one valley of
depth (Inn —41lnlnn)/k.

Due to the definition of the valleys, the potential goes down at least by ﬁ Inn in a
valley and on G(n) the biggest increase of potential is lower than %(lnn +2Inlnn) for
all valleys in [—n,n]. In particular, on G(n), (V(K;))i<2, is a decreasing sequence and
we have

3 1
V(bis1) < V(b;) — 1A&1nn+;(lnn+21nlmn)
<V(b) 2 1 —1—21 1
<V(bi) = - lnn+ —Inln

implying using (2.1) that for all valleys in [—n,n],

2/k
m(b;) < 27V ) < 2(Inn)

= 2/(7k) T(biy1) < 57 (bisa). (3.10)

1
2
In a similar fashion, we can give an upper bound for V(K;) —V (b;) on G1(n) N F(n).
We claim that on G1(n) N F(n), for a constant o,

V() — V(Kip) < VIE) - V(b) < 70 lnn. (3.11)

To show (3.11), let « be the smallest integer larger than K; such that V(z) < V(K;) —
(3/(1 A k))Inn. By definition of K;.; it satisfies V(z) < V(K;;1). But on F(n) we
know that V(z) > V(K;) — (3/(1 A k) + 3/eo) Inn. Recalling that on G1(n) we have
V(b)) > V(Kit1) — (2/k) Inn, we get for n large enough
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4. BOUNDS ON THE PROBABILITY OF CONFINEMENT

4 Bounds on the probability of confinement

In this section, let I = [a,c| be a finite interval of Z containing at least four points
and let the potential V(z) be an arbitrary function defined for z € [a — 1,¢|, with
V(a —1) = 0. This potential defines transition probabilities given by w, = e~V ® /7 (z),
x € |a, c] where m(x) is defined as in (2.1) (taking V(a — 1) = 0 is no loss of generality
since the transition probabilities remain the same if we replace V(x) by V(z) + ¢, Vz).
We denote by X the Markov chain restricted on [ in the following way : the transition
probability w, from a to a + 1 is defined as above, and with probability 1 — w, the walk
just stays in a; in the same way, we define the reflection at the other border c¢. We
denote

H, = max (max V(y) — min V(y)),

z€la,c] \yE€|z,] y€la,x)

H_ = max (maX V(y) — min V(y)),

z€la,c] \y€la,z] y€(z,c]

and
H=H,NH_.

Let us denote also by ~
M = max V(y) — min V(y)

yE[a,C] ye[a,c]

the maximal difference between the values of the potential in the interval [a,c]|. Also,
we set

f - C, lf H — H+,
B a, otherwise.

To avoid confusion, let us mention that the results of this section (Propositions 4.1,
4.2, 4.3) hold for both the unrestricted and restricted random walks (as long as the
starting point belongs to I). First, we prove the following

Proposition 4.1. There exists v1 > 0, such that for all uw > 1

T T{a,c}
max P [ = > u]
el 1(c—a)d((c—a)+ M)e
< max Pﬁ[ i = > u}
el m(e—a)3((c—a)+ M)el
<e ™

Démonstration. The first inequality is trivial, we only need to prove the second one. In
the following we will suppose that H = H, (so that f = ¢), otherwise we can apply the
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same argument by inverting the space. We denote by b the leftmost point in the interval
[a, ¢] with minimal potential.

We extend the Markov chain on the interval I to a Markov chain on the interval I’ =
[a,c+1] in the following way. Let V(c+1) := V(b), yielding w1 = (1+e*(v(0)*v(b)))_1.
Again, with probability 1 — w.;1, the Markov chain goes from ¢ + 1 to ¢, and with
probability w.;1, the Markov chain just stays in ¢+ 1.

Let us denote by X, the continuous time version of the Markov chain on I’ (i.e., the
transition probabilities become transition rates). The reason for considering continuous
time is the following : we are going to use spectral gap estimates, and these are better
suited for continuous time in this context (mainly due to the fact that the discrete-time
random walk is periodic). We define the probability measure p on I’ which is reversible
(and therefore invariant) for X in the following way

p(z) = m(x) (Z 7r(y)) -

yel’

for all x € I’, where 7 is as in (2.1) with the potential defined above, satisfying V' (a—1) =
0 and V(c+ 1) = V(b). Now, the goal is to bound the spectral gap A(I’) from below.
We can do this using a result of [76] :

<MI') < 2

pr <M =g 4D

BY (i) = max ( > (uly)(1 - wy))1> ple,c+1), i€ la, ]

xTr>1
y=1i+1

x<u

B (i) = max (i(u(y)wy)1> pla,z], i€fa+1,c+1]

y=x

and BY'(c+1) = B (a) = 0. Obviously, we have B! < B (c+1). Moreover, since (2.1)
implies that w,m(z) = ¢”V@ for any x € I’, we can write

Bl(c+1) = mé‘x(z_: wy;(y)> (Z "(v))

_ V(y) —V(y) -V(y-1)
max (D2 W) (Yo eV e V)
y=x y=a

< § V(y)
y=x =

)

y=a
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< 2(c —a)?e”.
This yields

, 1
AT 2 8(c — a)ell”

Using Corollary 2.1.5 of [91], we obtain that for x,y € I’ and s > 0

PIX, = 4]~ nly)| < (%)” exp(~A(I')s).

We apply this formula for y = ¢+ 1. Note that, using (2.1), we obtain that (u(c +

1)/ ()2 < V2eM72 for any z € (a,c). So, for s := Cy(c—a)?((c—a)+M)el | if C; > 4
is chosen large enough

X 1
Pl X, =c+1] - 1| < V2eCile-a)/s
S[Xe=c+ 1] = ple+1)| < V2e oo

and, since p(c+1) > 1/2(c+1—a) > 1/(4(c — a)), we obtain

- 1
in PP[X, = c+ 1] > .
min P”[ c+ ]_8(c—a)

zel’

Let us divide [0,¢] into N := |t/s] subintervals. Using the above inequality and
Markov’s property we obtain (7" stands for the hitting time with respect to X)

P[T, > t] < P*[T,q > 1]

< PUXy£c+1,k=1,... N]
1 N

<(1- )

_( 8(c—a)

= eXp(‘ﬁ)

t 1
: eXp(_scl(c “a(c—a) + M)eH> exp(m)’

The estimates on the continuous time Markov chain transfer to discrete time. In-
deed, there exists a family (e;);>; of exponential random variables of parameter 1, such
that the n-th jump of the continuous time random walk occurs at >  e;. These ran-
dom variables are independent of the environment and the discrete-time random walk.
Moreover, Ple; + -+ + e, > n] > 1/3, for all n. So, for any t,

1 ) . 3
SPIL.> 1) <P[T. > t]P[[. > T = P, > .1, > T < P[1, > 1]
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Hence, we have for all v > 0

mafo[ Lo - > u] < (361/8 )e “
el 8(1+v)Ci(c—a)((c—a)+ M)eH

for all u > 0. Hence for u > 1, choosing v large enough in such a way that 3 exp(% —0)
1, we obtain the result with v, = 8C}(1 + v).

RVA

Next, we recall the following simple upper bound on hitting probabilities :
Proposition 4.2. There exists vo such that for any x,y and h € [z,y] we have
m(h)
m(z)
Démonstration. We can adapt Lemma 3.4 of [21] (which used a uniform ellipticity con-
dition). We remain in the continuous time setting and, considering the event that y is vis-
ited before time s and left again at least one time unit later (on which fOSH 1{X, =y}du >
1), we have

PIT, <s] <y(l+s)

s+1
/ PP(X, = yldu > P[T, < 5] - Pley > 1] (4.2)
0
where e; is an exponential random variable of parameter 1. Hence

PT, < 5] < P*[T) < o]
/ P2(X, = hldu
/ <— ~ sldu

< e(s+1)%.

Again, one can easily transfer the estimates on the continuous time Markov chain to
discrete time. ]

Let us now introduce

H} = max (max V(y) — min V(y))

z€la+1,c—1] \y€[z,c—1] y€la+1,x)
H* = ( max V(y)— min V )
xe[ﬂ%?éfl] y€la+1,x] (y) yE(z,c—1] (y)
and
H* = H ANH”.

We obtain a lower bound on the confinement probability in the following proposition.
Recall that b is the leftmost point in the interval [a, ¢] with minimal potential.
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Proposition 4.3. Suppose that ¢ — 1 has mazimal potential on [b,c — 1| and a has
mazximal potential on [a,b]. Then, there exists y3 > 0, such that for all u > 1

Tac 1
mi}l P? [73 In(2(c — a)){—’*} > u} > —e Y
S

el = 1 7 2(c—a)
if e > 167,.
Démonstration. Noticing that
h . h .
min M < 2e % and  min L) < 2e 1%
b<h<c—1 7(b) a+1<h<b ()

we can apply Proposition 4.2 to obtain that
forall s > 1,  P[T(q < 8] < 8ypse ™, (4.3)

Hence for s = eI /(167,) > 1, the right-hand side of the previous inequality equals 1/2.
Now, using the exit probability formula (2.8), we obtain that

min PJ[T} < Tiaq) > (¢ — a)~ . (4.4)
xe

Denoting N = [t/s], we obtain for z € I,

Pi[Tiae > 1] > (2(c — a))~ MY

exp (- A=Y 510 a1,

We used the following reasoning in the above calculation. Start from any = € (a,c),
by (4.4) the particle hits b before {a,c} with probability at least (¢ — a)~!. Then,
during s time units, {a,c} will not be hit with probability at least 1/2. After that, the
particle is found in some 2z’ € (a,c) and at least s time units elapsed from the initial
moment. So the cost of preventing the occurrence of 7Y, .y during any time interval of
length s is at most (2(c — a))~!. The result follows for 3 large enough. ]

v

Our main application of Proposition 4.1 and Proposition 4.3, will be to control the
exit times of valleys, more precisely we will be able to give upper bounds on the tail of
Tk, k. and lower bounds on the tail of Tix, 1k, ,+1y in terms of H;.

5 Induced random walk

Let us denote (sg(n))g>o the sequence defined by

so(n) =0,
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Si+1(n) = min{j > s;(n) : X; € {Ki(n),l > 0}}.

Then, we define Y; = X, the embedded random walk with state space {K;,[ > 0},
enumerating the successive valleys we visit and [,(v) = max{i : s; < T,,»} the numbers
of steps made by the embedded random walk to reach [n”;o0). For the reflected case,
we will use the same notation, replacing {K;,1 > 0} with {K;,1 > 0} defined in (2.4).

Recall (2.3) and let us denote

€(i) = card{j € [0,1,(v)] : Y; = Ki1,Yj41 = K} fori=dg+1,...,4 — 1,
and in order to carry over the proofs to the reflected case
gu(l) = Card{j S [0, ln(V>] : Y} = ]’?,qu, }/}+1 = [?,} for ¢ = i() + 1, . ,il -1

Moreover, we introduce the real time elapsed, i.e. in the clock of X,,, during the first
left-right crossing of the i-th valley
Tnext( ) TK

i+1

o f(next(i)) — next (i),
where 0 denotes the time-shift for the random walk and

next(i) = inf{n > 0: X,, = K;, Tk, , 00(n) < Tk, ,00(n)}.

i+1
In this way, each time the embedded random walk backtracks, 7" (i) is the time the
walk will need to make the necessary left-right crossing of the corresponding valley.
Recall (2.2). Conditionally on (Y;);>; we have that (“dir” stands for “direct”, and “back”
stands for “backtrack”)

T = Zm't + 7:1ir + ,]-back + %eft + ,];‘ighta (51)
where
,];m't _ TKiOJrl, if T‘KioJrl < TKz‘O ,
TKz'O 4 Tnext (Zo) o Q(TKiO)7 else,
card{i < T,» : X; < K1} without reflection,
Te = n\V
o Zl ( )1{Y Klo-l—l? j+1 = }

X (TK 00(s;) —s; +T"* (i) o (Tk, o (9(3]))) with reflection,
Tright = Tnv 0 O(next™(i1)) — next™(4y),

i1—1

7-(lir = Z Tnext O 0 TK )

1=19+1
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5. INDUCED RANDOM WALK

(> é":(g) WY, = Kiy1, Y0 = K}
X (TKi 00(s;) —s;+ T (i) o (Tk, o G(Sj))) without reflection,
Thack =
Y Sy HY) = K, Yy = K}

X (TKZ. 00(s;) —sj+ T (i) o (Tk, o 9(Sj))) with reflection,

where next*(i;) = inf{n > 0: X,, = K;;, Tow00(n) < Tk, _,00(n)}. In the reflected case,

replace K; with [z’, in all the above definitions except for that of 7j.5. This decomposition
is illustrated on Figure 6.3 for the non-reflected case.

In the non-reflected case, we have the following equalities in law (for each w) :

Tinit = 7(0), (5.2)
IZ;ight = ?(ny)’
i1—1

Tiw= Y 700, (5.4)

i=ig+1
11_2 . .
Tt = _(70 @) + 70 + - 4 750+~ 0)) (5.5)
i=1
€ (i-1) .
+ TJ(FJ)(Z 1) + 7200,
j=1

where Tg)(i), 796) and 7“9 are independent sequences of i.i.d. random variables
described as follows. First, Tfr])(i) is a sequence of independent random variables with
o under PN | Ty,

independent random variables with the same law as T, (under P2 - | Tk, < Tk,,,])

last,j
and 7%

the same law as Tk < Tk, ,]. Then, T@(i) is a sequence of

is a sequence of independent random variables with the same law as Tk,

under Pf”[ | Tk,,_, < Tp»]. Clearly, the random variable 7(0) (respectively, 7(n")) has
the same law as Ty, ., (vespectively, T,,w) under P,[ - | Tk, ,, < Tk, | (respectively,

K;
P, 1[ ’ | T < TKil—l])'
In the reflected case, we simply replace K; by K, &V (i) by Eg and w by @.

ig+1

We want to give bounds on the number of backtracks between valleys before the
walk reaches [n”]. Denote

B(n):=card{i > 1:8;11(n) < Ty, Yijg <Y} = “Z_f”(z) (5.6)

i=1
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Y time

F1G. 6.3 — On the decomposition (5.1) of T,»
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6. QUENCHED SLOWDOWN

By (2.8), we obtain that for i <i;, P-a.s. for n large enough,

Kit1-1 K-t
PiTic, > T )= (30 ¢/0) 0 30 &0 (5.7)
J=Kio1 J=K;
(Inn)?/*

S maX(Ki — Ki—l)

i<n n2/(1Ak)

<n %2

since max;<,(K;11 — K;) < (Inn)? on A(n) and, due to Lemma 3.4, with the same
argument as for (3.10), we have V(K;_1) —V(z) > - Inn—2Inlnn for z € [K;, K.
Using (2.8) and (3.11), we obtain a lower bound : for w € A(n) N F(n) N Gy(n) we

have 1 1
—(14270)
- TKi_l} = KiJrl - K4 eV (Ki—1)—V(Kit1) Zn ) (5'8)

Pfl [TKi+l

During the first 3n steps of the embedded random walk there are two cases, either
the walk has reached n” or there are at least n steps back. But then if n” is reached
in less than 3n steps, B(n) is stochastically dominated by a Bin(3n,n~%/2) by (5.7).
Moreover, we get for f(-) such that f(n) = O(n), P-a.s. for n large enough,

n

PIBM) > f(n)] < (3”) (#)n—kP[Bin(Sn,n—?’/?) > f(n)].

and so using Stirling’s formula and Chebyshev’s exponential inequality, P-a.s. for n large
enough,

Fu[B(n) = f(n)] < exp(=Cin) + Crexp(—f(n)) (5.9)
< Cyexp(—f(n)).

6 Quenched slowdown

In this section, we prove Theorem 1.2. Before going into technicalities, let us give an
informal argument about why we obtain different answers in Theorem 1.2.
Suppose that g <l—-% or equivalently, v < Consider the three strategies
depicted on Figure 6.4 :
1 : The particle goes to the biggest valley in the interval [0, n"], and stays there up
to time n.
2 : The particle goes to the biggest valley in the interval [0, n7+1], stays there up to
time n — n=+1, and then goes back to the interval [0, n"].
3 : The particle goes to the biggest valley in the interval [—n=1 (] (so that typically
it has to go roughly n= units to the left), and stays there up to time n.

_k_
k41"
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time =~ n
prob. & exp(—n=+T)

time =~ n
prob. &~ exp(—n'~%)

time =~ n
prob. & exp(—n1)

F1G. 6.4 — The three strategies for the slowdown

178



6. QUENCHED SLOWDOWN

By Lemmas 3.4 and 3.5, the biggest valley in the interval [0,n"] has depth of approxi-
mately ZInn. Using Proposition 4.3, we obtain that the probability of staying there up
to time n is roughly exp(—nl_%). As for the strategy 2, analogously we find that the

biggest valley in the interval [0,n7+1] has depth around %Hln n, and the probability
of staying there is roughly exp(—n#1). Then, the probability of backtracking is again
around exp(—n#+1). The situation with the strategy 3 is the same as that with strat-
egy 2 (for the strategy 3, we first have to backtrack and then to stay in the valley, but
the probabilities are roughly the same).

So, in the case v < Z the strategies 2 and 3 are better than the strategy 1. The
only situation when we cannot use neither 2 nor 3 is when the RWRE has reflection in

the origin, and we are considering the hitting times.

6.1 Time spent in a valley
We have

Proposition 6.1. There exists v4 > 0 such that for P-almost all w, for all n large
enough we have for i <2n+1 and u > 1,

Pk [TKZ.+1 > u(’m(ln n)lOeHi*VHi) | Tk, < TKZ._J

P [Ty > u(ya(lnn) =) | T, < T

<e

<e ™.
Démonstration. We prove only the second part of the proposition, the first one uses the
same arguments. First, we have

max max V(y)— min V ) =H, |V H,.
$E(Ki—1,Ki+1)<y€[r,Ki+1) (y> Y€E[Ki—1,7) <y) !

Using (5.8) (or (5.7) for the first part of the proposition), we obtain P-a.s. for n large
enough,

pk: [TKF1 > u(’m(lnn)meHi*l\/Hi) | Ty > TKFJ

< n1+27°Pfi [T{Kifl,Kz?kl} > u(w(ln n)meHHVHi),TKZ.+1 > TKH].

To estimate this last probability, we may consider the random walk reflected at K;_;
and K;;;. On A(n) we have K; ;1 — K; 1 < 2(Inn)? and on G;(n) N F(n) we have
MaXye(k, ;. K, V (¥) — Mingek, | k) V(y) < 2vInn by (3.11). Hence for n such that
7 < (Inn)? we can apply Proposition 4.1 with a = K;_y, ¢ = K, 11, M < 2(Inn)? and
H=H;, 1V H; to get

Pf" [T{Kiﬂ,Km} > (74(110 n)weHi‘NHi)]

< exp(—uw(ln n)Q/(3271>) 4
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where @ denotes the environment with reflection at K;_; and K;,, so that
Pfi [TKF1 > u(’m(ln n)weHi‘l\/Hi) | Ty > TKFJ

< exp(—uya(Inn)?/(3271) + (1 + 2y) Inn)
<e™

)

for 4 > 3291 ((1 + 270) + 1) and n large enough. ]

Let Z; be a random variable with the same law as Tk,,, under P5i[ - | Tk, ., < Tk, ,|.
Then, for i € N(—n n’) and H = max;cy(_ne») H;, we have that P-a.s. for n large
enough
Zi <1+ (6.1)
_ e, .
~aef (Inn)to
where e is an exponential random variable with parameter 1. Since w € G;(n*"?) P-a.s.
for n large enough, there is a constant v > 0 (depending only on k) such that

Zi

@R (I )7 <1l+e. (6.2)

The same inequality is true when K; ; and K, are exchanged. We point out that the

. . . . Kig+1
same stochastic domination holds in the reflected case, even for T, under F, RAR
0

Kigre < Tk | = P(fm“[ - ] in which case it is a direct consequence of Proposition 4.1.

Using the same kind of arguments as in the proof of Proposition 6.1 we obtain

Proposition 6.2. There ezists a positive constant vy (without restriction of generality,
the same as in Proposition 6.1) such that for P-almost all w, we have for all n large
enough, with ic = card N,,(—n,0) and u > 1,
P, [TK¢0+1(n) > u(74(1n n)loeHiO_l\/Hio) | TKiO+1(7L) < TK;‘O—I(TL)} <e™"
P [TKi0+1(TL) > u(’y4(ln n)loeHi071VHi0)] <e "
Similarly we obtain

Proposition 6.3. There ezists a positive constant vy (without restriction of generality,
the same as in Proposition 6.1) such that for P-almost all w, we have for all n large
enough with iy = card N,,(—n,n") and u > 1,

P [T > u(na(n) e | T < T, o] < e

" Py [T, > u(ya(lnn) o) | Ty < Tw] <e .
This proposition implies that
rlast
W <1+e. (6.3)
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6.2 Time spent for backtracking

Recalling the definitions (5.5) and (5.6), we obtain, for the reflected case,

Proposition 6.4. For 0 <a < b < c <1, we have P-a.s. for n large enough,

%ack

[T
yan/5(Inn)y

> 0, B(n) € [, n")| < exp(—n®/4),

where v is as in (6.2).
Démonstration. On the event {9B(n) € [n% n’)}, we have > ien(om &) = B(n) < nb,
so we can use (6.2) and (6.3) to get that P-a.s. for n large enough,

< 2n’ + Gamma(2n®, 1). (6.4)

(note that Ty, is the time spent in valleys from 0 to n” because we have a reflection at
0). The factor 2 arises from the fact that each backtracking creates one right-left crossing
and one left-right crossing. We use the following bound on the tail of Gamma (k, 1) :

P[Gamma(k,1) > u] < e"?Elexp(Gamma(k, 1)/2)] = e*/?2*. (6.5)

Hence we have P-a.s. for n large enough,

T(IC
back == n¢,B(n) € [n“,nb)} < P[Gamma(2n’, 1) > n® — 2n"],

Py ——tok
[74nV/”(ln n)y —

and since (n¢—2n°)/2 —2n’In2 > n°/4 for n large enough, we conclude with (6.4). [
In the same way, we get, still for the reflected case

Proposition 6.5. For 0 < a < b < c <1, we have P-a.s. for n large enough,

7;8 ft

P [Wl//”—(lnn)'y >nf,B(n) € [naanb)} < exp(—n‘/4),

where v only depends on k.

Démonstration. On the event {B(n) € [n% n®)}, Ty is lower than the time spent in
the valleys of indexes iy and iy + 1 during backtrackings from Kj;,.; to K. Since, there

are at most n” backtracks for this valley and since (6.2) is valid even for Tk, _, under

P(fm“[ -], we can use the same argument as in the proof of Proposition 6.4. ]

Next, recalling the definition (5.5), we obtain
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Proposition 6.6. For 0 < a <b <1 and c € (bV v,1), we have P-a.s. for n large
enough,

%ack c o b .
PO IR (In n)7 > nB(n) € [n%,n )] < exp(—n°/4),

where v only depends on k.

’|

Démonstration. On the event {B(n) € [n% n®)}, Tpaer consists of the time spent in the
valleys indexed by N,(—n® n"), once this is noted we use the same argument as in the
proof of Proposition 6.4. ]

6.3 Time spent for the direct crossing

We can control Zg;, with the following proposition. Recall (3.7) and (3.8).
Proposition 6.7. For all m > my(k,v), we have for n large enough
P, [Tay > n] < Clm) exp(—n!=(1+2/m%)

Démonstration. Recall the definition (5.4) and let us take w € B'(n,v,m) N Gy(n). Let
us introduce for k= —1,...,m,

k
N(k) =card{i € N(—n",n"): H; > ZZ lnn+2Inln n}, (6.6)
Km
o(k) :card{z’ <Tw:X; €[Kjn),K;ji1(n)) for some j
1
with H; € [lnny—k+21nlnn,lnnm+21nlnn]}. (6.7)
Km Km

If 745 > n, then for some k € [—1,m| the particle spent an amount of time greater
than n/(4m) in the valleys of depth in [% Inn+2Inlnn, % Inn+2Inln n] because
w is in G1(n), so that

P,[T4ir > n] < 4mkr[n%X }Pw[a(k) > n/(4m)]. (6.8)
cl—1m

Using Proposition 6.1, since w € B'(n,v,m) NGy (n), we have N (k) < n*3=%/™) and
S0

o (k)
’)/4(1H n)llnu(lﬁ-l)/(mm)

For m > (1 — v)™! we have that n"0=Fm™ = o(pt=*¢+/m(Inn)=t) and for n large
enough (depending on v and m), we use (6.5) to obtain

< 2nY07k/m) 1 Gamma/(2n”0F/m) 1),

nl—u(k—i—l)/(/@m)]

P,lo(k) > n/(4m)] < P[Gamma(2n”(l’k/m)a 1) > (Inn)2
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Sk 1—v(k+1)/(km)
§4"< H )exp<——n )

(Inn)t?
< eXp(_gnl—v(k+2>/(m> I 4ny(1_k/m)>'
We need to check that nl~(+2/mv/s > 1n4pr(=k) for any k. if we take m large

enough, but this can be done by considering the cases kK = 0 and k = m. Hence we get
Proposition 6.7. O]

6.4 Upper bound for the probability of quenched slowdown for
the hitting time

In this section we suppose that w € A(n) N G1(n) N B'(n, v, m), which is satisfied P-
a.s. for n large enough. First, we consider RWRE with reflection at the origin. Because
of (5.1)

Py [T > n| <Py T4 > n/5]) + Py [Toaek > n/5] + Py [Tini > n/5) (6.9)
+P&[Z‘zgh12n/S]‘i‘P&[Eefon/E)]

Let € > 0 and recall (5.6), then

Py [Tyack > 1/5] <P3[B(n) > n'~1+2/mv/x]
+ Py[Tpack > n/5,B(n) < nt-0+2/mw/s)

Using (5.9), we can write
P@[%(TL) > nl—(1+2/m)u/;§] < 02 eXp(_nl—(l-i-Q/m)u/m)’
and for n large enough by Proposition 6.4,

P [Toaer > 1/5,B(n) < nt=0F2/mw/s

%ack > nl—(l—i—l/m)v/n7 %<n) < nl—(1+2/m)v/n]
nv/%(lnn)v — B

< eXp(_nl—(1+1/m)V/H/4)
< eXp(_nl—(l-l-Q/m)l//n)’

SP@[

so we obtain
Py [Tyaer > n/5] < exp(—n!-0F2/mv/r) (6.10)

By Proposition 6.2, recalling (5.2), we have

Py [Tiir > 1/5] < exp(—nt=1+2/mr/), (6.11)
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Recalling 5.3, using Proposition 6.3 and the fact that w € G1(n), we get
Py [Trign > n/5] < exp(—n!=(+2/mv/ry (6.12)

Finally, using (6.9), (6.10), (6.11), (6.12) and Proposition 6.7, we get that for all
e>0
P@ [Tnu > n] < C3 exp<—n1*(1+2/m)l’/'f)‘

Hence, letting m go to oo we obtain

i inf In(—In P [T,» > n])

n—oo Inn

14
>1--
K

P-as. (6.13)

Y

Now, we consider RWRE without reflection. All estimates remain true except (6.10)
for Tyeex. Concerning the estimates on 7.y it is easy to see that since {7 > 0} implies
that B(n) > n/(Inn)* — 1, we have using (5.9)

P, [Tieps > n /5] < exp(—n'~0F2/mw/s), (6.14)

It remains to estimate P,[Zp.cx > nl, hence we take m and we note that
Py[Toack > 1] <Y Pul[Tiaer > 1, B(n) € [nF/m nE0/m)]
k=0

Using (5.9), we obtain that P-a.s. for n large enough,
P [Tpack > 1, B(n) € [nF/™ nFHD/m)] < C5 exp(—nk/™).
Using Proposition 6.6, we obtain that
P [Thack > 1, B(n) € [n™™ pEFD/m)] < Oy exp(—Cyn! =WV (EL/m)/ry

Hence, with these estimates on 7y, (6.9), (6.11), (6.14), (6.12) and Proposition 6.7 we
obtain that P-a.s. for n large enough,

lim inf In(—In P,[T,,» > n]) > min (E y (1 vV ((k+ 1)/m)))7
n—oo Inn ke[-1,m+1]\'m K

minimizing we obtain,

lim inf
n— oo ln n

In(—1n P, [T, > n]) N (1 B z) AB 2 Poas
- k) k+1 (1AK)mM

Taking the limit as m goes to infinity yields the upper bound in (1.6), i.e

i i In(—In B,[T,» > n])

n—o00 h’l n

> (1 - 5) A—""  Pas. (6.15)

R
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6.5 Upper bound for the probability of quenched slowdown for
the walk

The argument of this section applies for both reflected and non-reflected RWRES,
for the proof in the reflected case, just replace “P,” with “P;”. We assume that w €
A(n) NGy(n) N B'(n,v, m) which is satisfied P-a.s. for n large enough.

Set m € Z*, we have using Markov’s property

m
X <n” Z Tvste-1ym < n] (6.16)
v+ (k— m .
X max x P e [(Xi <n”, Thoirsm >n—1].
First let us notice that
max P" VX <0 Toviem > n— ]
i<n
v+(k— m v+ (k— m
< (%X Pt < n”]) AP i > 1. (6.17)

Using reversibility we have for any = € Z (omitting integer parts for simplicity),

v+ (k—1)/m . m(z)
Py Xi =] < Ty
hence (I )
prt=D/m _ml=n,n"))
1?31)(]3 [(Xi <n’] < 1A (vt E=D/m)’

Recall (2.3), then by (2.1) and the definition of b; we get m(b;,) < 2e~V®1) and
m(bi,) < 2e7V0) < Cg(In n)?/rpt/meV Kira(m),

since, due to (3.8), the increase of potential in a valley is at most <(Inn + 2Inlnn).
Hence, using (3.10) and the fact that the width of the valleys is at most (Inn)?, we get

that
m([=n,n"]) < Cr(Inn)+¥/rpl/me=V i)

Furthermore, denoting by iy the index of the valley containing n**®#=1/m_ for n large
enough we have using (2.1)

ﬂ_(nu-i-(k—l)/m) > F(Kizfl (n))a

since on the event G(n) both V (K;,_1(n)) and V (K;,_1(n)—1) are bigger than V (n*+(:=1/m)
and V (nvtk=D/m _ 1),
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On A(n), we have [(iy — 1) —i1| > |[nt*"De —pn¥| /(Inn)? — 2. Since V(K;) —
V(Ki11) > 1/(1 Ak)Inn for w € Gy(n), we have for k > 2

w([=n,n*))

(v G=D/my < Cs(lnn)* /" n!* exp(—(V (K1) — V(Ki, 1)) (6.18)

v+(k=1)/m _ v
2+2/k, 1/k A n n
< Cy(Inn) n exp( Cho )2 )

Moreover, using (1.6) in the non-reflected case (or (6.13) in the reflected case), we

have
v+ (k—1)/m [T vikjm > n] S eXp(_n(l—(y+(k/m))/n)A(f@/(n—i—l))—l/m)‘

n

Fy
Hence, using this last inequality and (6.18), the inequality (6.16) becomes
P,[X, <n”]

nu-i—(k—l)/m .

1//€ 242/k _ ny
= kel [1/\ [Cgmn (Inn)* eXp( O e ﬂ

A exp(_n(lf(u+<k/m)>/H>A<n/<m+1>>fl/m)] ,

so that P-a.s.,

lim inf In{=1n P Xy < n']) > min ] [(1{u > 0}<V + E))

n—00 Inn ke[—1,m+1

Minimizing over k, we obtain

In(—1In P,[X, v 1
lim inf n(—InR[Xn < 1)) > (1——) r - —, P-as
n—o0 Inn K k+1 m
Letting m goes to infinity, we obtain
In(—In P,[X, v
lim inf 2P <) (1 - 5) A" Pas (6.19)
n—00 Inn K k+1

6.6 Lower bound for quenched slowdown

In this section we assume w € A(n) N D(n) N F(n) which is satisfied P-a.s. for n
large enough. First, we consider RWRE with reflection at the origin.

For all £ > 0, note that for n large enough there is a valley of depth at least @ Inn
strictly before level n” and denote by i, the index of the first such valley. Hence

PifTw >n] > PR [Ty, > i,
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and using Proposition 4.3 we obtain

Ki,

P [Tki2+1+1 > n] > eXp(—nl_(l—E)V/N+a)_
Letting € go to 0, yields
1 - 1 P@ Tnu
lim sup 2 FelTwe 20l v (6.20)
n—o0 Inn P

This yields the lower bound for the exit time, so, recalling (6.13), we obtain (1.4).

Now let us deduce the results on the slowdown. Set a € [0, k —v), for n large enough
there is a valley of depth (v+(1—¢)a)/k Inn strictly before n*™® whose index is denoted
3. One possible strategy for the walk is to enter the io-th valley at f(iz +1 < n¥te, stay
there up to time n—(n”™*—n")—(Inn)?, then go to the left up to time n. The probability
of this event can be bounded from below by

Pa[X, < 1”] >Ps [Tprsa < n/2) min PLo " [

Jj<n

T{f(ig—l,ffigﬂ—&-l} > j}

% n—(S/Eo)(n”+“—n”+(lnn)2) )

The first term is bigger than 1/2 for n large enough (one can see this by using e.g. (6.20)).
The second can be bounded by Proposition 4.3

) Ki.+1
min P- [

_ > _ o 1=(v+(1—€)a)/k+e
nin | = exp(n )

T{I?i3*17f(i3+1+1} >

for n large enough. Then, the last term (going left) was dealt with using the fact that
w € F(n).
This yields for any a > 0,

In(—In P5[ X v
lim sup n(—In Py Xy < "))

P00 Inn

§1{a>0}(1/+a)\/<1—(1—6)V:a+5>,

and if we choose a =0V (k/(k+ 1) — v), we obtain

1— 2
K

lim sup

hl(— IHPJJ[Xn <n ]) < ( V) A R 2 P-as.
oo Inn

Together with (6.19), this yields (1.5) by letting & go to 0.
Now, we consider the case of RWRE without reflection. Using the same reasoning,
we write

<1-2  Pas (6.21)
KR

In(—1In P, [T,
lim sup n(=1n ] [T > )
n—00 nn
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Now we can see that, if we denote by 44 the index of a valley of depth at least
(1 —¢)/(k + 1)Inn between —n*/(**1) and 0, since we are on D(n), we can go to this
valley before reaching n” and then stay there for a time at least n. This yields,

Pu[Tow > n] > Pu[T_pesieeny < Tor) P4 [Ti, i1 > 1],

bounding the first term by the probability of going to the left on the n*/ 1) first steps,
we get using Proposition 4.3 that for all n large enough

POITy > n] > n= G240 (o p1-(1-20)/ (1))

and hence
In(—In P°[T,» > n]) K £
li = < 2 P-a.s. 6.22
12anng Inn _,'<H—1Jr k417 s ( )
Moreover, it is clear that
P,[X, <n"] > P,[T,w > n], (6.23)
and letting £ go to 0 in (6.22) and using (6.21) and (6.15), we obtain (1.6) and (1.7).
This finishes the proof of Theorem 1.2. ]

7 Annealed slowdown

7.1 Lower bound for annealed slowdown

Let us define the events

A'(n,v,a) = {there exists z € [-n",n"]: H[laX]V(y) —V(z) > (1+a)lnn},
yelz,n?

and

Al (n,v,a) = {there exists z € [0,n"] : max V(y) —V(z) > (14 a)lnn}.

y€E[z,n”]
Lemma 7.1. We have for a € (—1,1),

!/ /
lim InP[A'(n,v,a)) — hm InP[A! (n,v,a)]

n—oo Inn n—o0 Inn

= —(k—v) —ak.

Démonstration. From (2.7), it is straightforward to obtain that

P[A! (n,v,a)] < P[A(n,v,a)]
<2n"P [max V(i) > (1+a)ln n]

>0
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= Q(npr—(Fa),
In order to give the corresponding lower bound, let us define the event
Ai(n,a) = {there exists k € [0, (Inn)?] such that V(k) > (1+a)Inn},
we have

P[A;(n,a)] >P[max V(i) > (1+a) lnn} —P[V(Inn)* > —Inn]

- >0

- P[ max V(i) — V((Inn)?) > (2 + a) lnn}

i>(Inn)?

=01,
where we used (2.7) and a reasoning similar to the proof of Lemma 3.1. Now, we write

v—(14a)k
P[A'(n,v,a)] > P[A, (n,v,a)] > n )

| (Inn)?] PlAi(m)] = @< (Inn)?

and Lemma 7.1 follows. ]

For any € > 0, on the event A’ (n, v, €) there exists a valley [K;, K; 1] with V(K1) —
V(b;) > (1 +¢)Inn contained in [0,n”) and we denote by i5 its index. Then we have by
Proposition 4.2

Pw[Tnv > n] > P‘Els) [TKi5+1+1 > Tl] >1-— 72(1 + n)e—(1+5)lnn >

N —

for n large enough. So
1
P[T,» > n| > E[1{A (n,v,e)}P,[T,w > n]] > EP[AQL(n,I/, e)].

Hence we obtain by Lemma 7.1 that for any ¢ > 0

nP[T,. >
lim inf BT > n) > —(v — k) — ke.
n—00 Inn
Using (6.23), we obtain the corresponding lower bound for P[X,, < n"] as well. Replacing
P, by P, and P by P, exactly the same argument can be used to obtain the result in
the reflected case.
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7.2 Upper bound for annealed slowdown

We prove the upper bound in the non-reflected case, the reflected case follows easily ;
indeed a simple coupling argument shows that 7T,,» in the environment @ is stochastically
dominated by T~ in the environment w. For m € N such that 1/m € (0,v), we have

P[T,w > n] < P[A'(n,v,—1/m)] + E(1{A'(n,v, —1/m)} PI[T,w > n)).
The second term can be further bounded by
E(1{A'(n,v,—1/m)}P[T,» > n])

< P[A(n)°U B'(n,v,m)°|
+ E(1{A'(n,v, —1/m)° N A(n) N B'(n,v,m)} P)[T,» > n}),

where B'(n,v,m) is defined in (3.7).
Using Lemma 7.1 we have that 1/n = o(P[4'(n,v,—1/m)]), and thus Lemma 3.1
and Lemma 3.2 imply that

PLA(M)* U B/ (n,v,m)] = o(P[A'(n, v, ~1/m)]).
We can turn (6.1) into the following, for i € N(—n®,n”) we have

A
Csn(=1/m)(Inn)7

on A'(n,v,—1/m)*N A(n) N B'(n,v,m), <1+e,

where Z has the same law as Tk, ) under Pf,("(")[ N Ty < Ty ¥ = Y(R)

and e denotes an exponential random variable of parameter 1. The same inequality is
true when K;_;(n) and K;;1(n) are exchanged.

This stochastic domination is the key argument for Section 6.4. We can adapt the
proof of Proposition 6.4, so that on A'(n,v, —1/m)°N A(n) N B'(n,v, m) we obtain for
all u > 1,

o cueer 1/(2m) 1/(4m) —nl/(2m) 14
ni=1/m(Inn) > exp(n ), B(n) <n ] <e ’

and n
Pw |:7;’ight > g] S Cl eXp(_nl/(4m)>'

Moreover, (5.9) still holds, so that
P,[B(n) > n'/4m)] < Oy exp(—n/Gm),

which yields
P, [Tleﬂ > g] < Cy exp(—n!/ (™),
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Finally, recalling (5.2) and using Proposition 4.1 on A’(n,v, —1/m)°NA(n), we obtain

Since Proposition 6.7 remains true and A'(n,v,—1/m)¢ C G(n), we get that for all
we A(n,v,—1/m)N A(n) N B'(n,v,m)

P,[Tw > n] < Csexp(—nt/@m).

Loosely speaking it costs at least exp(—n!'/®™) to backtrack n'/™ times, hence, on
A'(n,v,—1/m)° N A(n) N B'(n,v,m), we can only see valleys of size lower than (1 —
1/m)Inn. To spend a time n in those valleys would cost at least exp(—n'/™)). This
finally implies that for all m > 0,

mE|1{A(n,v,—1/m)¢, A(n)¢, B'(n,v, m)} P[T,,» > n]
lim sup ] =0,
n—00 nn

so that

InP|T,,»
thllpMS—(/{—V)Jri, (7.1)
n—00 nn m

the result for the hitting time follows by letting m go to infinity.
It is simple to extend this result to the position of the walk, indeed if X,, < n” then
T, 41/mw > 1 or B(n) > n'/?™ and hence using (5.9) , we get for all m > 0

n

_pl/2m)

]P)[Xn < ny] S P[T (14+1/m)v > n} + 066 ;

n

and the result follows by using (7.1) and letting m go to infinity.
This concludes the proof of Theorem 1.3. m

8 Backtracking

In this section we prove Theorem 1.4.

8.1 Quenched backtracking for the hitting time
Set v € (0,1) and consider P,[T_,» < n]. First, we get that
for all w € F(n), P[T v < n] > n~ @/
since the particle can go straight to the left during the first n” steps, hence

In(—In P, [T,
lim sup n(=1n l [ <n)) <w. (8.1)
n—00 nn
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Secondly, we remark that if (—oo, —n”] has been hit before time n then, at some
time i < n the particle is at X; € [-n, —n"”] and hence for all w

Py[T e <n] < Py[X; € [-n, —n"]]
i=1
< nmax P,[X; € [-n,—n"]]. (8.2)

In order to estimate this quantity, we use arguments similar to those in Section 6.5,
i.e., first we use the reversibility of the walk to write

isn 7(0)
then, the right-hand side can be estimated in the same way as we obtained (6.18), and
so we get on A(n) N Gy(n) that
ﬂ-([_na

—n"]) 242/k, 1/k v 2
O < Cy(Inn) 25 pt" exp(—Cyn” /(Inn)?).

The previous inequality and (8.2) yield
for all w € A(n) N G(n), P[T_ v < n] < Csn'*?/%exp(—Cyn” /(Inn)?),

so that | WP T
lim inf n(=In Ro[T e < n]) > .
n—oo ll’l?’L

Together with (8.1), this proves (1.11).

8.2 Quenched backtracking for the position of the random walk

Let us denote ag = HLH V v. We give a lower bound for P,[X,, < —n”]. For n large
enough, there exists P-a.s. a valley of depth (1 —¢)(ap/x)Inn of index iy, between —n?
and 0. Consider the event that the walker goes to this valley directly and stays there up
to time n — n® and then goes to the left for the next n® 4+ 1 steps. On this event we
have X,, < —n®, so we obtain

Pw[Xn < _nl/] 2 n7(3/50)2(na0+1)P§i2+1*1[T{Ki2_17Ki2+1+1} Z TL]

> n7(3/50)2(nao +1) exp<_n17(1725)ao//€)7

where we used Proposition 4.3 and w € F'(n). Hence we obtain

_ In(—In P,[X,, < —n"]) 2eqy
lim sup o < ap+ e
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and letting £ go to 0 we have

In(—In P, [ X, < —n”
lim sup n(=In FlX, < —n"])

00 Inn

< ap. (8.3)

Turning to the upper bound, we have for m € N,
Pu[Xn < =n"] <3 PulTy0n/m < n] max P T i > — 4, X < =], (8.4)
k=0 =

where once again

(k=1)/m ,
max P)) [Toksm >mn—1,X; < —n]

i<n
< <m<ax Pﬂ(kfl)/m (X, < —n”]) A Pﬁ(kil)/m [Ti/m > n).
First, using (1.6), for n large enough
P YT i > ] < exp(—n U EMRAG 1) =1 /my (8.5)

Then, as in Section 6.5, the reversibility of the walk yields that

max P‘f(k_l)/m [X; € [-n,—n"]] < m([=n, —n"])

i<n m(nk=D/m) " (8.6)

the right-hand side can be estimated in the same way we obtained (6.18) and we get on
A(n)NG(n)
W([_n7 _ny])
7 (nE=D/m)

Putting together (8.4), (8.5), (8.6), and (8.7), we obtain

< Cyexp(=Cys(n*=1/m L p¥) /(Inn)?). (8.7)

i inf In(—1In P,[X,, < —n"])

n—o0 lnn
. k K k—1 1
> ain (-2 25) v (2 v) - £
k€[0,m] mek k+1 m m

minimizing yields that

In(—In P,|X,, < —n¥ 2
lim inf n(=In y[Xy < —n")) > ag — —,
n—o0 Inn m

letting m go to infinity and recalling (8.3) we obtain (1.9).
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8.3 Annealed backtracking

Let 6y = E[In py] < 0. Define

R = {w :V(z) < %n” for x € [0,n], |V (x) + Opz| < |93—0’n” for x € [—n”,O)}.

Since V is a sum of i.i.d. random variables having some finite exponential moments, we
can use large deviations techniques to obtain Cj such that

P[R] > 1 — 2ne %", (8.8)
Then, on R, using (2.8), we obtain

Po[T v <n] < Py[T v < T,]

20
< Cn exp(—?on”). (8.9)
Using (8.8) and (8.9), we obtain
P[X, < —n"] < P[T_,» < n] <e &, (8.10)

On the other hand, we easily obtain that
v o\ —C
P[T_,. <n] >P[X, < —n"] > (5) n=Cs, (8.11)

where § > 0 is such that P[1 —wy > d] > 1/2. Indeed on the event of probability at
least (1/2)" that 1 —w, > 6 for x € (—n”, 0], the particle can go “directly” (to the left
on each step) to (—n”), and then the cost of creating a valley of depth 2Inn there is
polynomial and then it costs nothing to stay there for a time n by Proposition 4.2. Now,
(8.10) and (8.11) imply (1.10). This finishes the proof of Theorem 1.4. O

9 Speedup

In this section we prove Theorem 1.5. So, we have k < 1, v € (k,1); let us denote
g(e) = v+ 2 —a, and let g = k1=2. Clearly, g(«) is a linear function, g(0) = v < 1,

g(v) =% >1, and g(ag) = 1; note also that v — g = ¥==.

The discussion in this section is for the RWRE on Z (i.e., without reflection), the
proof for the reflected case is quite analogous.
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9.1 Lower bound for the quenched probability of speedup

We are going to obtain a lower bound for P,[X,, > n"].

By Lemma 3.2 and Borel-Cantelli, for any fixed m, w € B'(n, ag, m)NA(n)NF(n) for
all n large enough, P-a.s. (recall the definition of A(n) and B’(n, ap, m) from Section 3).
So, from now on we suppose that w € B'(n, ag, m) N A(n).

Let us denote M = N,,(0,n"), define the index sets

Ty = {Z eM:H,_1VH < lnlnn},

k-1 k
Ik:{ieM:(Hi,l\/Hi)—lnlnne [( )% 1, aOlnn)}
mek mek

for k € [1,m — 1], and

U= {Z eM:H,_VvV H;> wlnn—klnlnn}.
me

Note that on B'(n, ag, m)

cardU < n?~o0t S = pie (9.1)
cardZ;, < n”_k%, forall k=1,...,m — 1. (9.2)
Recalling (2.3) we define the quantities oy, = Tk, ,,, 0iy = T — Tk, , and o; =
Tx,,, — Tk, for j =149+ 1,...,41 — 1. Then for € > 0, we can write
— n n
(I—e)v < = < 2
Xy >0 2P, 3 Y o< 5| P> o< G
k=0 i€Z} €U
x P [X; > n179" for all i € [0,n — n"]]. (9.3)

Let us obtain lower bounds for the three terms in the right-hand side of (9.3). First,
we write using (9.2)

m—1 m—1
n n
Pw[z O—ig_:|2 Pw[zo—zg_}
k=0 i€T} 2 k=0 i€Ty 2m
m—1 1 1_(]}_@) ‘
> P, |:O'¢ < —n m /) for all 1 € Ik}. (9.4)
Py 2m

Now, consider any ¢ € Z; and write

P, [Ue < Lot }
2m
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> Pj{[ [TKe+1 < TK@A]
1 (ke
X pfe |:T{K271,Ke+1} < %nl (=) | TK1+1 < TKz71:|‘

By the formula (5.7), on A(n) we have

Puf(g [TKz+1 < TKZ—I] >1- n73/27

and by Proposition 6.1,

kag

1 (o
P‘f(e |:T{K271,Ke+1} < —n!~ ) ’ TKl+1 < TKZ—1:|

2m
>1-— exp(——c1 nlf(”*k%)*]%)»
m(Ilnn)y

SO
1 kag Ch kag
P < e8] 5 (-9 (1 - ep(—— S o)) (o5

Now, for £ < m — 1 we have

v

m—1 m—1 n
n —3/2 C]_ (A—r)o
P, ZZU@S 5] > H [(l—n )) (1—exp(——m(lnn)vn M ))]
k=0 €Ty k=0
—1 as n — oo. (9.6)

Now, we obtain a lower bound for the second term in the right-hand side of (9.3).

On G1(n), we get an upper bound on p; for i € [-n,n] and hence we have w, > n=,
we obtain for any ¢ € U (imagine that, to cross the corresponding interval, the particle

just goes to the right at each step)

Pw |:O_€ S %nl(l/ao)iy?] > n*Cz(lnnF, (97)

S0,

1 [e%
P, [Z o; < g} > P, [04 < §n17(”70‘°)7ﬁo for all ¢ € U]

>

por 99
_ 2\nl=-r m
(TL Ca(Inn) )
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= exp(—Cg(lnn)'n%:Jr%O) (9.8)

(recall that v — ag = ¥=5).

As for the third term in (9.3), using (2.8) we easily obtain that, on A(n) N G(n),
PYX; >0 for all j € [0,n —n”]] > P2 ([T, < Tha-ow] > Cs > 0. (9.9)
Now, plugging (9.6), (9.8), and (9.9) into (9.3) and sending m to oo, we obtain that

In(—In P,[X,, > n(=9¥]) <cVTE

lim sup < , P-a.s.
n—o0 Inn 1—k
applying this for v/ = v/(1 — €) and letting € go to 0,
In(—In P,[X, > n" ' —
lim sup n(—In Pl n’)) < y H, P-as. (9.10)
n—oo Inn 11—k

Since obviously P,[T,» < n| > P,[X,, > n”], (9.10) holds for P,[T,. < n| as well.

9.2 Upper bound for the quenched probability of speedup
Fix € > 0 such that oy + ¢ < v. Define

g+ €
K

W:{ieNn(O,n”):HiZ lnn—4ln1nn},

1
Ve = {w :card W > gn”*"“’*e}.

By Lemma 3.5, on each subinterval of length n®*¢ we find a valley of depth at least
222 In n—4 InInn with probability at least 1/2. Since the interval [0, n”] contains n”~*0~¢
such subintervals, we have

P[Us] > 1 — exp(—Cyn”~%7¢), (9.11)

in particular by Borel-Cantelli’s Lemma, P-a.s. we have w € ¥ for n large enough.
For i € W, define 6; = Tk, ,+1 — Tk, +1, and let

1 apgte

0= 47,(In n)4n ’

Then, by Proposition 4.2, for any 7 € W,
g+ €

P,[6; < s0] < 27250 exp(— Inn+4Inln n)

= 2723071*&07% (Inn)*
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1
= —. 9.12
. (912
Define the family of random variables (; = 1{6; < so}, i € W. These random vari-

ables are independent with respect to P,, and P,[(; = 1] < 1/2 by (9.12). Suppose
without restriction of generality that (recall that g(ag) = 1)

1 1 1
1o lvaoe_ 1 gt o,
3%~ 3n 3672(1nn)4n "

Then, since card W > %n”_ao_g for w € U7, we see using large deviations techniques
that for n large enough

2
P,T,» <n]| <P, [Z G > gcardW]
iEW
< exp(—C’g,n%_E) (9.13)

(recall that v — o = §==). Since € > 0 is arbitrary, we obtain

i inf In(—1n P,[T,» < n)) > vV—kK
n—o00 Inn 11—k

P-a.s. (9.14)

Together with (9.10), this shows (1.12).

9.3 Annealed speedup

As usual, the quenched lower bound obtained in Section 9.1 also yields the annealed
one, i.e. (9.10) implies that

lim sup In(—InP[X,, > n"]) S VoH

9.15
N0 Inn ~—1—k’ ( )

Turning to the upper bound, we have by (9.11) and (9.13) that
P[T, < n] = / P.[Ty < n]dP
< [p P,|T,» < n]dP + P[(¥;) ]
< ex;(—Cg)n%_E) + exp(—Cwﬁ_a),

and this implies (1.13). This finishes the proof of Theorem 1.5. ]
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