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RESUME DE LA THESE D'ETAT DE

Jean LEVINE

Sur Quelques Structures d'Information
Intervenant en Jeux, dans les Problémes
d'Equipe ou de contrdle et en Filtrage.

Ce mémoire est consacré a 1'étude de certains aspects de la
prise de décision ou de la commande avec information incompléte sur

1'environnement déterministe ou aléatoire.

Dans la 1&re partie, on présente des structures d'infor-
mation classique déterministes, comprenant la boucle ouverte, la
structure de Stackelberg, la boucle fermée et la boucle fermée sur
le futur On compare, sur un exemple de duopole dynamique issu de
la théorie de la firme, les équilibres en boucle ouverte et fermée
Puis on étudie la structure feedforward et on montre, en générali
sant la méthode des caractéristiques pour les systémes d'équations
d'Hamilton-Jacobi-Bellman, une condition nécessaire d'existence
locale, suggérant qu'il existe une infinité d'équilibres dans cer-

tains cas

Dans la 22me partie, on étudie 1'information non classique
pour les problémes d'équipe stochastiques dans le cas de décideurs
multiples ayant des observations différentes et une mémoire limi-
tée. On généralise la méthode de programmation dynamique en prenant
la loi des trajectoires jusqu'a 1'instant présent comme variable
d'etat. On obtient une équatlon d'Hamilton-Jacobi-Bellman sous des
hypothéses de régularité, donnant une définition rigoureuse de la
notion de "signalisation”. Ces hypothéses de régularité sont
vérifiées dans le cas du contréle des diffusions avec observations

partielles.



La 3éme partie est consacrée 2 1l'étude d'uns classe de

mes nonlinéaires admettant des filtres de dimension finie Les

sys

systénes considérés, a temps discret ou continu, sont caract:
par le fait que les bruits n'agissent pas sur la dynamique du
systéme, mais seulement sur les observations. On donne la condition
nécessaire et suffisante d'existence d'un filtre de dimension finie
ainsi que sa réalisation minimale, et on mentre le lisn entre
dimension finie du filtre et immersion dans un systéme linéaire. Un
exemple concret permet d'évaluer les performances de la méthode de

filtrage, ot de la comparer au filtre de Kalman étendu.

de pour

La 4éme partie, enfin, propose un algorithme ra
le calcul des commandes réalisant le découplage ou le rejet des
perturbations d'un systéme nonlinéaire (commandes pouvant servir a
définir une sous-optimalité raiscnnable pour certains problémes de
contréle stochastique) Cet algorithme nécessite la dérivation
formelle (et peut étre programmé dans un langage comme REDUCE ou
MACSYMA) ct utilise 1'interprétation des nombres dits ‘“carac-
téristiques” comme la longueur de chemins minimaux dans le grache du
systéme. Cette méthode est appliquée au calcul des commandes qui

découplent la dynamigue d'un bras de robot.
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INTRODUCTION






INTRODUCTION

1 - LES STRUCTURES DYNAMIQUES D'INFORMATION

Lorsqu'un décideur veut &laborer rationellement sa stratégie,
par exemple dans le cadre de la gestion d'une firme, il doit bien
entendu tenir compte des informations qu'il a ern sa possession,
mais aussi d'un certain nombre d'autres facteurs dont 1l'oubli

risquerait de faire &chouer ses projets :

combien y a-t-il d'autres décideurs et quelles sont les

informations en leur possession ?

. Savent-ils la nature des informations que poss&de notre
décideur, et celui-ci connait il la nature des informations de ses

coéquipiers ou/et de ses concurrents ?

. ¥ a-t-il des informations dont on sait qu'elles existent
mais que certains décideurs uniquement peuvent connaltre sans en

trahir le contenu ?

. Est-ce que le fait méme de libeller ces questions est

connu de tous ?

. Si chaque décideur adopte une stratégie donnée, comment
le résultat sera-t-il évalué par chaque décideur et cette

évaluation est-elle connue de tous ?

. Le résultat d'une telle stratégie influence-t-il les

observations des décideurs et si oui comment ?

On pourrait prolonger cette liste encore longtemps, mais
notre but n'est pas de tenter de décourager le décideur potentiel !
I1 s'agit simplement de sensibiliser le lecteur non pas au concept

vague et multiforme qu'est l'information, mais plus précisément,



3 la structure dynamigue d'information qui intervient dans la

prise de décision ou le guidage automatigue.

Notons que dans les questions précédentes ont été employés

deux termes assez proches : information et observation.

C'est en fait l'ensemble des observations auxquelles les déci-

deurs ont accds 3 un instant donné et la manidre dont cet

ensemble varie avec le temps qui servira de définition informelle

3 l'expression "structure dynamique d'information" Et comme
précisé plus haut, on prétera plus particulidrement attention &
l'influence guantitative de certaines structures d'information
sur les décisions qui en résultent ; ce qui n'interdit pas,

d'ailleurs, de tirer des conclusions qual

Ainsi, les cadres théoriques que l'on s'est donné sont les
Jeux Dynamiques, les Problémes d'Equipe, et la Théorie du Contrdle,
déterministes ou stochastiques, et l'influence de l'information sur
les décisions se traduit ici par la notion de bouclage (voir pour

certains cas particuliers [1] et [2]).

Dans tous ces problémes, l'état est donné par la solution
d'une équation d'évolution influencée par une ou plusieurs
commandes, et cet état est soit observé compldtement, soit observéd
par l'intermédiaire de mécanismes qui rendent impossible la
connaissance exacte de l'état, soit encore pas observé du tout.
Dans les deux premiers cas, on peut avoir une mémoire parfaite, ou
se souvenir d'une partie seulement du passé des observations, ou
encore n'observer qu'une fonction instantanée de l'état et oublier
tout ce qui précé&de l'observation & chaque instant. Mais dans tous
les cas, la structure dynamique d'information peut s'exprimer d'une
manidre simple, comme la donnée d'une famille de o-algdbres
indexées par le temps (voir Ben&s [3]), contenant 3 chaque instant
l'ensemble de toutes les observations dont on peut tenir compte
dans la loi de commande, et la loi de commande est dite admissible
si elle est mesurable par rapport a cette famille de o-algdbres.

Cette définition contient naturellement

les notions classiques de boucle ouverte (pas d'information autre



que le temps) ou de boucle fermée (information compléte instantanie
mails sans mémoire), et a un sens aussi blen dans des problémes

déterministes que stochastiques.

“n contrdle ou dans les probldmes d'équipe, les performances
réalisées par l'utilisation des commandes, sont évaluées i l'aide
d'une fonction colit qui est une fonctionnelle des trajectoires et

des commandes, et que l'on cherche 3 minimiser dans la classe des

lois de commande admissibles.

En jeux, chaque joueur dispose d'une fonction colit et on
suppose que les joueurs cherchent 3 réaliser un type donné
d'équilibre (équilibre de Nash par exemple) 3 l'aide des lois de
commande admissibles pour chaque joueur.

Dans tous les cas, on s'attachera 3 développer des technigues
de calcul adaptées aux diverses structures d'information, i mettre
en évidence l'influence de ces structures sur les conditions
d'optimalité et, lorsqu'on le pourra, sur le minimum ou 1'équilibre

obtenus.

On peut trouver de nombreux exemples pratiques pour lesquels
le formalisme présenté convient parfaitement. Citons, sans les
détailler, les probldmes d'oligopole dynamique en &conomie,
d'zllocation des td3ches dans un ordinateur multiprocesseur ou dans
un atelier flexible, d'évaluation des transitoires et des capacités
temps réel d'un réseau de communication, et enfin de guidage
automatique en général avec observation partielle de 1'état (l'un

des problimes les plus fréquents en Ingénierie !)

Cependant, 3 part de rares exceptions ayant trop souvent un
caractére académique, le calcul effectif des stratégies optimales
dépasse les possibilités des ordinateurs actuels, ce qui compromet
gravement les possiblités d'application en 1'état actuel de la
théorie. Notamment, en contrdle stochastique avec observations
partiellesclassique (mémoire parfaite), on est amené & calculer la
loi de probabilité de 1'état conditionnellement aux observations
passées (le filtre), voir [4],[5],[6],[7],[8],[9],[10], loi qui

dépend des commandes de manidre extrémement compliquée. Le cas



linéaire quadratique gaussien joue ici un rdle singulier puisque

i de paramé@tres et

le filtre s'y calcule & l'aide d'un nombre
que seule la moyenne conditionnelle dépend des commandes (principe
de séparation de Wonham [11]). On peut donc essayer de trouver des
classes de problémes dont le filtre est de dimension finie, ce

qui simplifie notablement la conduite des calculs :cette idée, popu-
larisée par Brockett [12], a fait l'objet de tentatives encore trds
limitées [13],[14],[15] et nous avons cherché 3 la développer pour
une classe de problémes 3 temps discret ou continu.(Partie III.).

Une seconde approche permettant d'espérer des simplifications
substantielles, consiste, & l'instar de [16], 3 renoncer 3
l'optimalité, pour l'utilisation de lois de commande induisant une
structure beaucoup plus simple et méme, éventuellement, permettant
de se ramener 3 un probldme déterministe. Ainsi, on proposera
l'utilisation des techniques de découplage et de rejet de
perturbations [17], [18], permettant en particulier de linéariser
le systéme par bouclage, et d'appliquer, aprds rejet des
perturbations, si besoin est, les techniques du linéaire quadratique

déterministe !

Avant de passer 3 une revue de détail sur les points que 1l'on
vient d'aborder, précisons que ce travail est la réunion d'une
série d'articles publiés ou & publier, dont le soucis majeur est
de développer des technigues de calcul lorsque celles-ci sont
parcellaires (18re partie), ou inexistantes (2&me et 3&me parties),

ou déj3 connues mais trop lourdes (4éme partie).

Bien entendu, les divers développements proposés n'apportent
pas de solutions miracles, et d'importants efforts restent & faire,
aussi bien théorigues que pratiques, particuliérement dans la
seconde partie, avant de pouvoir s'attaquer & des applications

réelles dont la taille est généralement colossale ! Cependant

les deux dernidres parties (Filtrage nonlinéaire de dimension finie
et découplage des systémes nonlinéaires) nous semblent, du point

de vue des applications, extrEmement prometteuses comme le suggdrent
les exemples présentés (conduite de tir et guidage rapide d'un bras
de robot, exemples émanants de secteurs industriels dont la demande

d'innovation n'est plus 3 démontrer !).



2 -

RESUME DE LA THESE

Ce travail rassemble 10 articles organisés en guatre parties

II -

II1I

III

- Généralités sur les structures d'information, étude de

quelques structures d'information en jeux différentiels

déterministes non coopératifs, application au duopole

dynamique.

Dynamic duopoly theory (en collaboration avec J. Thépot),
publié dans 1'Encyclopédia of Systems and Control. Pergamon
Press. 1983.

Open-loop and closed-loop equilibria in a dynamical duopoly
(en collaboration avec J. Thépot), publié dans "Optimal
Control Theory and Economic Analysis, G. Feichtinger Ed.,
North-Holland, 1982.

On the solutions of Hamilton-Jacobi systems and applications
to the dynamic duopoly. A paraitre. 1983.

Etude des conditions d'optimalité avec information non

Classique pour les probldmes de contrdle et d'équipe
stochastiques.

Non classical information and optimality in continuous-time

dynamic team problems. A paraitre. 1984.

- Filtrage nonlinéaire de dimension finie pour une classe de

systémes 3 temps discret et continu.

1.a. Exact finite dimensional filters for a class of nonlinear
discrete-time systems. (en collaboration avec G Pignié)

A paraitre. 1983



III 1.b The finite dimensional filtering problem for a class of
nonlinear discrete-time systems Proc of the 9th IFAC
World Congress Budapest. 1984 (en collaboration avec
G. Pignié).

III.2 Une classe de systémes nonlinéaires 3 temps continu admettant

des filtres de dimension finie. A paraltre. 1984,

IV - Méthodes de graphe pour le découplage et le rejet de

perturbations des systimes nonlinéaires.

IV.1. A fast graph theoretic algorithm for the feedback decoupling
problem of nonlinear systems. (en collaboration avec A. Kasinski).
in Mathematical Theory of Networks and Systems. P.A. Fuhrmann.
ed. Lecture Notes in Control and Information Sciences, N°58,
pp. 550-562. (1983). Springer.

IV.2. A fast algorithm for systems decoupling using formal calculus
(en collaboration avec F. Geromel et P. Willis). In Analysis
and Optimization of Systems. A. Bensoussan, J.L. Lions ed.
Lecture Notes in Control and Information Sciences, N°63, Part.2,
pp. 378-390, (1983). Springer.

ANNEXE : Un apercu élémentaire de la théorie moderme des systimes
nonlinéaires, publié dans la RAIRO - Automatique. (Dec. 83).

Partie 1 :

Dans la premidre partie, on donne une présentation informelle
de différentes structures d'information dans le cadre de la théorie
des jeux dynamiques non coopératifs i 2 joueurs (duopole dynamique).
Les structures d'information sont classées en deux séries :
Winformation complite" (qui est d'ailleurs un choix malheureux
puisqu'on n'y connalt pas nécessairement tout ! mais qui veut
simplement dire gu'une structure probabiliste n'est pas nécessaire)

et "informatique incompléte".



L'information complite regroupe la boucle ouverte, la boucle
fermée, les structuces du type Stackelberg (disymétrique) et enfin
la "boucle fermée sur le futur".Les techniques hamiltoniennes de
calcul des stratégies optimales sont présentées Aucune structure

ne donne le méme résultat en général.

Cette affirmation est étayée par les deux papiers complémentaires
1.2 et I.3 de ce chapitre ol l'on montre (I.2) que la notion de
boucle fermée n'impligue pas, malgré la présence d'information
compléte instantanée, une concurrence plus exacerbée : au contraire,
dans le cas de firmes se partageant le marché par le contrdle des
prix, pour un marché de biens substituables avec une demande i
élasticité constante, la boucle fermée induit une certaine coopération
parce que chaque firme sait que les 2 ont intérét a saturer les
contraintes,ce qui limite les choix stratégiques au lieu de créer
des menaces supplémentaires, et produit en définitive un consensus

pour avoir des prix plus élevés qu'en boucle ouverte. Le second

papier (I.3) présente une structure d'information originale que 1l'on
rencontre naturellement dans le cas général de la résolution des
conditions d'optimalité : 1'équilibre de Nash des Hamiltoniens

donne les stratégies optimales comme des fonctions de 1'état, mais
aussi des variables adjointes (donc contenant des informations sur

le futur). Or, on montre par le calcul du systéme caractéristique

que ces stratégies donnent lieu en général & une infinité d'équilibres
possibles en tout point régulier générique. On termine en donnant un
exemple linéaire quadratique ol aucun des équilibres en boucle
ouverte, fermée ou fermée sur le futur ne coincide. On peut
certainement en conclure que l'équilibre de Nash n'est pas une notion

d'équilibre suffisamment précise pour &tre vraiment pertinente...

Dans la seconde série de structures d'information incompléte,
on présente les structures de boucle fermée sur les observations
et de boucle fermée sur la loi de probabilité de 1'état. Nous

reviendrons sur ces structures dans la seconde partie.



Partie II

Cette partie est entiérement consacrée 3 l'information non
classique, A savoir lorsque les o-algébres d'observation ne sont
pas croissantes en fonction du temps On peut donner 2 exemples
simples de structuresd'information ol cela a lieu : lorsque le
contréleur (décideur dans un probléme de contrdle) oublie une
partie du passé des observations, ou, lorsqu’'il y a plusieurs
joueurs, si chaque joueur a des informations différentes sur 1l'état
du systéme et n'a pas accés aux informations des autres On voit
que cette derniére structure est générale en théorie des jeux ou
dans les problémes d'équipe. On montre que 1l'on peut utiliser la
méthode de programmation dynamique & condition de "grossir" l'espace
d'état : au lieu de l'état du systéme de départ, il faut utiliser

sa loi de probabilité non conditionnelle comme nouvelle variable

d'état. Dans ce cas, la programmation dynamique donne la ou les
stratégies optimales en fonction des observations et de la loi, ce
qui oblige i considérer une structure d'information plus générale
ol le bouclage des commandes sur la loi est permis, et que l'on a
appelée "boucle fermée". On montre alors que l'optimum en boucle
fermée est égal au précédent, puis on dérive les conditions d'opti-

malité.

Cette étude est menée dans deux cas : lorsque les bruits sont
4 temps discret ou dans le cas des diffusions
On montre dans ces deux situations que la fonction valeur est concave
et continue par rapport a la loi des trajectoires, et donc sur-
différentiable, et, moyennant une condition de régularité sur le
sur-différentiel, on peut obtenir une équation du type Hamilton-
Jacobi-Bellman caractérisant la fonction valeur et la ou les
stratégies optimales. L'Hamiltonien associé & cette équation comporte
alors un terme supplémentaire par rapport & celui du contrdle 2
information compléte, terme que l'on peut interpréter comme la
variation du colt correspondant i une variation d'information; on
donne ainsi une définition précise de la notion de "signalling",
introduite heuristiquement dans [19] et [20], disant qu'a l'optimum
la commande devait réaliser le meilleur compromis entre minimiser le
coit et coder des informations dont la connaissance pourrait améliorer

les décisions futures



Dans 1le cas particulier du contrdle des diffusions avec observations
partielles et information classique, on montre en plus que 1'équation
d'Hamilton-Jacobi-Bellman peut &tre obtenue sans hypothése de
régularité sur la fonction valeur, donnant ainsi une condition
nécesssaire et suffisante d'optimalité, généralisant les

conditions nécessaires obtenues par A. Bensoussant [5]

Partie III

Comme précédemment annoncé, c'est la pénurie de techniques de
calcul efficaces en contrdle stochastique, méme 3 information
classique (4 1'exception du cas linéaire-quadratique gaussien) qui
montre l'importance soit des techniques de filtrage approché, soit

de filtrage exact mais de dimension finie.

C'est le probléme du filtrage exact de dimension finie qui est

abordé ici pour une classe de systémes nonlinéaires i temps discret

ou continu , ne comportant pas de bruits de dynamique.

Du point de vue des applications, une telle modélisation peut
se justifier au moins dans les deux cas suivants :

- la durée de vie ou d'observation du processus est trés courte.

- les bruits de dynamique n'agissent que sur les composantes
"lentes" du processus. On peut ainsi filtrer sur un court intervalle
de temps la dynamique rapide non bruitée (situation précédente),
puis réactualiser la loi en fonction de la dérive du processus lent

et recommencer.

Les deux premiers papiers sont consacrés au temps discret, le
premier exposant la théorie et le second comparant différentes
méthodes de filtrage dans le cadre d'une application, et le troisiséme
est consacré au temps continu Les systémes i temps discret étudiés
ici sont plus généraux que ceux & temps continu puisque, pour les
premiers, l'intensité des bruits d'observation peut &tre correlée

4 l'état (bruits colorés).



Dans le premier papier, on commance par prouver une formule
récursive donnant la loi conditionnelle non normalisée, puis on

montre qu'une orientation naturelle consiste a généraliser & la

dimension infinie les techniques de réalisation des systémes

nonlinéaires & temps discret.

On montre, dans le cas des bruits gaussiens, que l'on peut construire
explicitement une base canonique du filtre qui donne lieu & une

condition nécessaire et suffisante d'existence de filtre de dimension

finie,Cette condition est particuliérement simple et accessible au calecul,

et permet de décrire explicitement la réalisation minimale du filtre

dont la dimension est égale & la dimension de l'espace engendré par

la base canonique. Bien entendu, on vérifie que cette réalisation
minimale est bien localement faiblement observable et localement
faiblement accessible, au sens de la théorie des systémes nonlinéaires.
De plus, on montre qu'un systime nonlinéaire admettant un filtre de
dimension finie peut &tre transformé en un systéme linéaire si et
seulement si l'intensité des bruits n'est pas correlée a l'état.
Enfin, on tente d'évaluer le nombre des systdmes admettant un filtre
de dimension minimale donnée r, et pour une équation d'observation
donnée. On montre que,

sous certaines hypothéses de régularité sur la base canonique, on

peut effectivement construire au moins autant de systémes satisfaisant
aux conditions ci-dessus que d'éléments d'un sous-groupe du groupe
linéaire de dimension r. En plus d'exemples académiques, on présente
une application réelle 3 un problime de conduite de tir, donnant

des résultats probants, alors qu'aucune méthode linéaire ou approchée
ne donne de bons résultats. Ce point est particulilrement développé
dans le second papier ol l'on montre, toujours pour le problime de
conduite de tir, que le filtre de Kalman étendu diverge presque
systématiquement, que le filtre de Kalman sur un systdme linéaire
obtenu en dérivant deux fois le systéme de départ est complidtement
inefficace puisque l'état n'y est plus observable, alors que le

filtre nonlinéaire obtenu par les techniques précédentes donne, pour
une erreur initiale de l'ordre de 40 %, une estimée en moins de 15
observations ( 2 secondes réelles) dont l'erreur est inférieure a
5 %. Notons enfin que pour des temps de calcul aussi courts
lrutilisation du filtre nonlinéaire général (de dimension infinie)

était rigoureusement impossible.



Dans le troisiéme papier, on montre qua la pluparrt des résultats
précédents se généralisent au cemps continu Ainsi, aprés avoir
calculé explicitement la solution de l'équation de ZakaI pour le cas
de la dynamique non bruitée, on fait apparaitre comme précédemment
la base canonique du filtre donnant ainsi la condition nécessaire
et suffisante d'existence d'un filtre de dimension finie, ainsi que
la réalisation minimale du filtre. La condition obtenue est équiva-
lente & la dimension finie de 1l'algébre de Lie associée 2 1'équation,
de Zakal, généralisant ainsi des résultats heuristiques [21] obtenus
précédemment dans le cas ou l'algébre de Lie est nilpotente. On donne
enfin un exemple d'observation polyndmiale de degré quelconque d'un
systéme linéaire non bruité ol le filtre est toujours de dimension
finie, alors que lorsque la dynamique est bruitée et l'observation

cubique, il n'y a pas de filtre de dimension finie (voir [14]).

Partie IV :

La motivation de cette derniére partie, qui n'est pas donnée
dans les papiers présentés, comportant en soi un intérét plus
général, peut &tre vue comme le développement de méthodes permettant
de transformer un probléme stochastique nonlinéaire en un probléme
éventuellement découplé et linéaire, mais surtout déterministe
(rejet des perturbations). La classe naturelle des lois de commande
assurant une telle propriété est donc la classe dans laquelle on

peut chercher la "sous-optimalité".

Le premier papier IV.1, aprds avoir rappelé les conditions
nécessaires et suffisantes de rejet de perturbation et de découplage,
prouve que le calcul des lois de commande assurant le rejet de
perturbations et le découplage peut &tre trés largement simplifié
3 1'aide de 1l'interprétation, en terme de graphe, des nombres

caractéristiques. Ces nombres s'interpritent comme le nombre minimal
d'intégrations qu'il faut i une commande pour &tre "visible" dans
une sortie donnée. On donne l'algorithme de calcul, utilisant des

méthodes de calcul formel (Reduce ou Macsyma).




Le second papier IV.2 donne un résumé du papier IV 1 et montre
comment est organisé le programme de calcul formel. L'intérdt de
la méthode de graphe est chiffré sur l'exemple du découplage de la
dynamique d'un bras de robot. Cet exemple montre le gain que l'on
retire des méthodes de calcul formel, sans lesquelles le découplage

de tels systémes nécessiteraient des efforts extrément lourds.

Annexes :

On donne un exposé élémentaire des résultats les plus modernes
en théorie des systémes nonlinéaires qui pourra servir i éclaircir
un certain nombre de définitions et propriétés utilisées dans les

deux derniers chapitres.

Conclusion :

Ce travail comportant essentiellement des méthodes de calcul,
il est clair qu'un travail de comparaison et d'approfondissement
sur chaque structure d'information est nécessaire. Ce travail semble
cependant trés difficile dans le cas de l'information non classique
ol de gros efforts théoriques restent a faire, surtout concernant

les méthodes numérigues.

Drautre part, la généralisation des méthodes développées en
filtrage, au cas comportant des bruits de dynamique semble 3tre une
question trés importante aussi bien théoriquement que pour les

applications.

Finalement, il serait intéressant de savoir s'il est possible
de trouver des algorithmes performants pour le découplage et le
rejet de perturbations par retour de sortie puisqu'ici les méthodes

proposées nécessitent la connaissance exacte de 1'état.
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PARTIE I

Généralités sur les structures d'information.

Etude de quelgues structures d'information en jeux différentiels

déterministes non coopératifs,

application au duopole dynamique






RESUME DE LA Iére PARTIE

Généralités sur les structures d'information. Duopole dynamigue

Cette partie sert a introduire les diverses structures
d'Information qui ont été étudiées jusqu'a présent dans le cadre des
jeux dynamiques Le premier article, publié dans l'Encyclopedia of
Systems and Control, en collaboration avec J. Thépot, sert en quel-
que sorte de fil directeur pour les 2 premiéres parties: on y
présente, sans les démontrer, les principaux résultats sur les con-
ditions d'équilibre pour chague structure d'information, et les
résultats originaux sont développés et démontrés dans les autres
articles des parties I et II.

Tes structures d'information présentées sont classées en
deux groupes: l'information de nature déterministe et l'information
de nature probabiliste.

a) Dans le premier groupe, on trouve la boucle ouverte (la seule
information pour les 2 joueurs est le temps et le point de départ
du jeu), la boucle fermée (les joueurs ont une information com-
pléte sur 1l'état du jeu mais purement instantanée), les struc-
tures disymétriques du type Stackelberg ol 1l'un des 2 joueurs est
le meneur et 1l'autre le suiveur. Le meneur joue en boucle ouverte
alors que le suiveur joue en boucle fermée et connaissant la
stratégie du meneur; et enfin, la boucle fermée sur le futur
(information compléte instantanée des 2 joueurs et en plus, ob-
servation exacte de leur revenu marginal).

Deux contributions originales y sont annoncées, et déve-
loppées dans les deux articles qui suivent. Il s'agit d'une part
de la comparaison entre équilibres en boucle ouverte et en boucle
fermée, dans le cas d'un duopole ou 2 firmes se partagent le
marché par le contrdle des prix et de 1'investissement, les biens

produits par les 2 firmes étant substituables, et la demande



b)

stant supposée a élasticité constante. On montre que, contrai-
rement a ce gue l'on attend, la boucle fermée induit une certaine
coopération entre les firmes car chaque joueur sait que chacun a
intérét a saturer les contraintes sur les investissements, ce
qui limite leurs choix stratégiques et produit, en définitive,
des prix plus élevés qu'en boucle ouverte en régime permament.

11 s'agit d'autre part du calcul des équilibres en boucle
fermée sur le futur. On montre d'abord que c'est cette structure
d'information qui apparalt naturellement lorsque l'on cherche un
équilibre de Nash des Hamiltoniens, puisqu'alors on obtient les
stratégies optimales comme des fonctions du temps, de 1l'état, et
des variables adjointes (revenus marginaux des 2 joueurs), et
lorsque les stratégies optimales ne saturent pas les contrain-
tes, on ne peut éliminer les variables adjointes. On montre
alors, en généralisant & ce cas la théorie des caractéristiques
de Cauchy de 1'équation d'Hamilton-Jacobi, qu'il existe en tout
point générique une infinité d'équilibres possibles. Enfin, on
donne un exemple élémentaire ou aucun des équilibres (boucle
ouverte, fermée et fermée sur le futur) ne coincide.

Dans le deuxiéme groupe, on présente des structures d'infor-
mation incompléte: boucle fermée sur les observations instan-
tanées ou, d'une part, les joueurs observant 1l'état par des
procédés différents, ils ne peuvent comparer leurs informations,
et, d'autre part, les observations étant instantanées et sans
mémoire, ils ne peuvent utiliser ce qu'ils auraient pu apprendre
dans le passé. Ce type d'information non classique ne vérifie pas
les conditions "habituelles"™ sur les O-algébres d'observation
que l'on suppose en contrdle avec observation partielle. On pré-
sente alors une équation de programmation dynamique qui sera
largement développée dans la partie II, consacrée exclusivement
a l'étude de 1l'information non classique.



DYNAMIC DUQPOLY THEORY

3. LEVINE * . THEPOT **

Since the prominent contribution 5 von Neumann and Morgen-
stern (1244), oligopely theory is widely recognized as part of
Game Theory. Static fermulations of the cligcpoly game have bpeen
developed tc explain how the competitive interdependencies deter-
mine the price, guantity or advising decisions of the firms. How-
aver, it is clear that Time plays a determinant part in the defir
ition of the strategies of the competitors. Differential Games
techniques have therefore been used to extend the static tradit-
ional models to dynamic situations. By emphasizing here duopoly
situations, we are going to outline the main issues arising in

this Thesry and tc present illustrative and recent models.

I - General Statement and Informational Structures of a

Oynamic Duapoly

Let us consider two firms (firm 1 and firm 2) competing
on the same market over a horizon [0,T]. At time t, the state

n
of firm i is representsd by s vectar x,(t) of R :

lex :
preducticn capacity, inventory levels, balance-sheet accaunts,
etc...), ana its decision by a vector function of its opsery-
ations (to be defined later) with velues u,(t) in &L, The
result u (&) of firm 1's decision at time © knowing its observ-
ations is called a control (ex : price, quantity to be sold by
unit of time, etc...], and a sequence of decisions over the
norizon is called a strategy.

At any time, esach firm has to take its decision according
to given constraints

¢j[t.x(tl.u1(t1.uzitll<ﬂ s 3=t .iom 1)

where x(t] = (x,(t),x,(t))" ¢ R" (prime denoting transpose),
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denctes the state of the duspoly. If firm i must satisfy the

set of constraints q’ = {s.

.¢ji} ingependently of its
cppenent's decision, we say that this set c# constraints is
under firm i's responsibility.

The dynamics of the duopoly are described by the follow-
ing differential system

%(t) = FlE,x(t), u1[t],u2(t1J (2]
in which the initial state x(0) = § is given.

During the interval [t,t+dt], firm i's profit is definea
by gift.x,u1.u2]dt, so that the net present value 11 aver the

horizon (with a discount rate a;) can te written as

T -a,t
Jylugauy) = S0 gy Ceax(e)u ) uy(e))e Bitae + My (x (T, ;
i=1,2,
where Mi describes &he evaluation of firm i at time T.

Before to discuss the various structures of information
that can be met in these game problems, we suppose that an
information structure S is given, and that Ui[S] is firm 4i's
set of strategies adapted to S, and satisfying the constraints
under i's responsibility, i = 1,2. Thus, we assume tnat the
two competitors try to realize a non-caooperative Nash esquilibr-
ium; namely, if S is a complete information structure (see
below), they want to find a pair of strategies (u:.uéz in
U (8] x U,(S) such that

sl < oty vu

4 E U]

x x x
I Cudhug) < I tulu,) Yu, € U (S)

If $ is an incomplete information structure, (4) must se

adapted in replacing J, by E(J;) the mathematical sxpectation

of Ji' i=1,2.



Finally, let us present a brief survey of the informatiomal
structures that have been studied or, at least, pointed out, im
the literature until now : they are classified into complete and
incomplete information structures.

1. Complete informatiom.

In all this paragraph, both firms are supposed to have at
least a perfect knowledge of the set of data

((03},f,1,,J2.5,t,T)- (5)
For all the structures introduced below, simple counterexamples
prove that they yield different solutions to the Nash game.

1.1. Open-loop structure : Both firms have only the know-
ledge of (5). This structure is called "static" since there is no
change of information during the game. The strategies of U (S)
are thus measurable functions of t and §, and, when § is fixed,
reduce to controls. This class of games is by far the most
studied and the reader will find a complete bibliography in
(Feichtinger, Jorgensen 1983).

1.2. Feedback structure : Both firms observe exactly the sta

state X at any time t. Ui(S) is thus made of measurable functioans
u (t,x). & careful definition of the solution of (2) must be
provided in order to allow strategies that are discontinuous with
respect to x.

As in (Basar,Olsder 1982); we distinguish between "Feedback" and
"Closed-Loop" structures, where the initial condition £ is also
remmmbered. Thus strategies take the form ui(t,x,i). When, further
more, the competitors perfectly remember the past of the state,

we say that we are in a "Full memory structure”. Whether these

three structures coincide or not is not clear at all.



1.3. Stackelberg structure : The leader, say firm I, plays

open-loop and gives its control at every time to the follower
which, in addition, perfectly observes the state. Thus U,(S) is
made of controls u,(t); whereas U,(S) is made of measurable
functions of the form u,(t,x,u; (£)). Details can be found in
(Basar 1977).
1.4.Feedforvard structure : Each firm takes decisions of the

form u; (t,x,p,q) where p (resp. q) is the oprimal marginal revenu
for firm | (resp 2) of the game starting at (t,x) over the
horizon [t,T]. This information structure is naturally adapted

to Dynamic Programming methods (Levine 1983). As a result, the

structures 1.3. and 1.4. coincide in the zero-sum situationm.

2. Incomplete Information.

This is the case where at least onme firm does not observe
perfectly the state because of disturbances and/or of the non
injectivity of the observation function. Precisely, suppose that
the observations equations are given by

yi(e) = hyGx(e),v (e)) , &= 1,2 6)
where v, and v, are exogemeous disturbanmces.
Conceptually, nothing would change if, in place of (6), the
observations were described by a stochastic differential system.
Following (Harsanyi 1968), the firms must agree on an a priori
probability measure on the initial state § and om the disturbances
Let P(£,v,,v,) be this a priori probability measure. Thea J, and
J, must be replaced by their mathematical expectation with respect
to P, namely

’Ei(u],uz) = JIjCu,up)dR , is=1,20 (1)

We shall assume that the comstraints (1) are of the form

i :
o (tyy yuphuy) 1= 1,2,



2.1. Output Feedback Structure : Each firm perfectly knows

. i 5
the set of data : (uj},f,hl,hz,t(l,.xz,r,:,t}, and observes y, at
every time t (and possibly all or part of the past yi). Decisions
take the form u,(t,y.) or u, (t,{y.(s)| s < t}).

i i i i

2.2. Closed-Loop Structure : In addition to the preceding

one, the decisions take into account the actual probability
measure Pt, image of P by (2), which plays the role of the state
of the game with incomplete information. Thus firm i's decision
is of the form “i(t’yi‘P:)‘ For details see (Levine 1981).2.1.
and 2.2. are referred to as non-classical information structures
(Witsenhausen 1968) since firms 1 and 2 have different observation

and the associated sigma-fields are not included one in another.

II - Characterizations of Nash Equilibria.

We shall review the existence results and the characterizat-
ions of the solutions for the preceding information structures.
We shall use the same numbering as in paragraph I.

1.1. Open-Loop structure : Existence results of an open-loop
Nash solution can be proved for linear-quadratic games (Starr,

Ho 1969). For the characterization of open-loop solutioms, it

can be proved that a two-sided minimum principle holds (Starr,

Ho 1969):
) ] .

Theorem | : Let £,g,,8,,4,,4, be C° functions and "; depend only

on  (3,,u,),¥ i,j. Then a mecessary condition for (u},u}) to

be an open-loop Nash solution is that there exist two continuous
functions Py and Py satisfying :

*  x
* = £(c,x,u,uy) x(0) = &

. i My
P, = = == + a.p. pi(T) =H(X(T)) i=1,2.




*

* * x
with H = p].f(:,x.ul.uz) + g](t,X,u],uﬁ

* * 1 *
< pl.f(:,x,uj,uz) + Sl(:,x,u),uz) Yous.t.o (ul,uz) <0

R * e g e LA
and By = p,.£(t,x,u;,u,) 8y (E,x,u,,u,
< * - *u) v e 92wt ,u) <0
Pz'f(‘-“'“z-“z) sz(l:,x,u],u2 uy set. 6% (up,u, .
1.2. Feedback structure : Existence results over a small
horizon can be derived for linear-quadratic games (Lukes 1971),
(Bensoussan 1974). Also characterizations can be obtained under
regularity assumptions on the optimal value functions, by means
of the Dynamic Programming method, and under the assumption that
the "local" Nash equilibrium of the Hamiltonians at every point
can be obtained as functions of (t,x). Namely (Case 1969) :

Theorem 2 : f,gl,gz,nl,xz are chosen as in theorem 1. Let

—a,t T * % o-as
e i Vi(t,x) = I:gi(s,x(s),“l,uz)e ids + Mi(x(T))
n
def Ji(:,x,ul,u'z) , i = 1,2, where (u’;,u;) are
supposed to realize a Feedback Nash equilibrium over the horizon

[t,T], from the initial point x. Suppose furthermore that v] and

Vv, are piecewise continuously differentiable. Then V , V,,

and u, must solve the following system of Hamilton-Jacobi

equations at every regular point :

av, av, * *
3T 4Vt . Min . GGz -E(e,x,up,u))%g, (e,x,u ,u,))=0
o (£,x,u,,u))<0
(8)
av 3v
2 . 2 * *
T 4Vt Min GGz .f(:.x,wl,uz)*gz(t,x,ul,uz))=0 =

2 *
#7(t,x,u),u,)<0

Corollary (Case 1969) : Under the same assumption and if (u';,u';)
SOEOTSREY -
obtained by (8) are of the form u}(t,x),uj(t,x), then

av, av,
Py < 3% and Py 7 3% solve, at every regular point, the adjoint

equations :



. oMy
b= - szt vapy o ey (T = gp (M), i=1,2 9
with §, = pi.s(:,x,u'l(:,x),u’z(c,xn + g, (eyx,u] (8,0 up (2,x)) .
Remark : in (9) appear the derivatives of u;, i= 1,2, with
respect to x, so that its solution is genmerally different from
the open-loop adjoints.

Let us also point out that the optimization problem of (8)
determines u: and u; as functions of (t,x,p,,p,). Thus, a method
to obtain u'i as functions of (t,x) comsists in making the change

of variables :

p; = Pi(t,x) , io=11,2. (10)
Thus P, must satisfy cthe system : L.
e?£+ari P ) ser, 280,200
T e cf T TR ak, AR T T
ayi apf LehE an
=, ",

where £* denotes f evaluated at u;(t,x,P (£,%),2,(t,x)), and the
same for g;.
For linear f and quadratic g , and if we look for u'] and u; as
linear feedback functions of x, (11) becomes the well known.
system of two coupled Riccati equations. Nevertheless, there is
no proof of the fact that, in the linear quadratic case, the
linear solution of (11) is unique, and the author comjectures
the contrary.

On the other hand, ome can find verification theorems ia
(Stalford, Leitmenn 1973), (Mehlmann 1982), but an open problem
remains the derivation of necessary conditions om singular surface:

1.3. Stackelberg structure : Since the leader plays open-

loop and the follower closed-loop knowing the leader's control,



the characterization of the Stackelberg equilibrium can be
obtained by crossing the two preceding methods. It can be seen
in (Basar 1977) that there exist infinitely many equilibria even
in the simplest linear-quadratic case with strictly convex cost
functions. This result illustrates the sensitivity of the Nash
equilibrium to the information structures.

1.4, Feedforward : It was seen in 1.2. that one generally
obtains the optimal strategies in (8) in the form :
I T PN T N S T
Thus, since the information structure allows the competitors to
use their optimal strategies as such, without introducing the a
priori change of variables (10), it remains to find the adjoint
system for p,,p, in order to compute the optimal trajectories.
Thus, if we mote £ (t,x,p),p,)=E(t,x,u](E,%,0;,0,) 5 (E,x,p;,p,)
and the same for g:,g;, and if we set
El-i - pi.f'(t,x,p],Pz) + g:(t,'x,pl,pz) , i=1,2,
;i - i=,2,
the following theorem (Levine 1983) holds true :

Theorem 3 : in the feedforward structure the adjoint equations

are given, in addition to % = f'(z,x,p],pz), by

. L : .
P R * i i
14 kn]zjk(t,X.pJ,pz)fk(t,X.pJ,pz) BT

n 3i, . .
s 1 J - i_ i
j(e.xp Py, (e,x,p,,p,) @iPy” 3x (E.x.py,p,)
1 k-lipk 1

2
z

(12)

i=1,2;1=1,...,n,
o,
with terminal comditions : p;(T) = == (x(1)).

Note that > in (12), ve must determine the n(n+l) functions



a;k with 2n equations,and suitable transversality conditions. This

.
suggests that non-uniqueness of Nash equilibria is a generic property.

* *
Remark : The non-uniqueness of (12) disappears whem u; amd u, are

independent of PysPys in which case the informatioms on the
future contained in PP, are wotthless, and the adjoint system
reduces to (9). However, it can be proved that the solutions
obtained by (12) are generally different from the open and closed-
loop solutionms.

2. Incomplete Information. Feedback structure : We shall

just sketch the dynamic programming methods, for example when the
observation equations are givem by (6), with v; a piecewise

constant process on prescribed intervals [:j,:jM
partition of [0,T] . We note vi the projection of v, on the interval

[ forming a

[tj’tjﬂ[ and we suppose that vi is independent of x and of
v§, k # §, and we note p(v) the probability measure of (v ,v,).
Let us denote :
@ity (6,2 )= ([Tgy (s, K] (6,30 0],y e T 1T de e, (X1 (e,2)))

4P (x)dp (v) , i=1,2 (13)
' ; are supposed to be a Nash pair in the Feedback
structure (precisely, for every c,yi(:) and Pc’ they are given by

*
where u, ,u

" -
W1 e,y (8),2 ), Wy(e,y,(8),2)), and where X_(£,x) is the solution
0f (2) at time s starting from (t,x) and gemerated by u’;,u’;.
Finally, let us recall that the Lie derivative of P, in the

direction of u,u, is the limit when it exists :
1012

L (P) = lim (X (e,2) - 2 ) (14)

u‘,uz t 0 € € t t

u,u
1’ 3 1
where X_ 2(:,1’:) is the image of ?_ by the flow of trajectories
solutions of :
u,u
PRI v
dx

2 up,u,
RN (t,x) = £(s,X_ (e,x),u,u,)



u,u
with xt1 2(e,x) = x.
The following results hold true (Levine 1981)
Propositionm : Vi has the integral representation :
= H i=1,2,
Vi(e,R ) = fw, (e,x5e,P AR (1),
*

with wi(t,x;s,P’) = v (e,x56,X (s,P)) V¥ (t,s,P ), a.e.x.

Theorem 6 : If (u},uy) is a Nash point and if w,,w, are c!

functions of all their arguments, then we have
aw, L3V * *
e '“1"|)dP:d“(“)'I(§‘“I[§; SE(E,x,uy,up) 48, (£,x 0 ,up) %
1

3w
1 1 -
<35 ,Lul,u;(l’[)-l-u:‘“‘;(l’:)ﬂd(PtDc)(x,v\yJ)}th(yJ) 0

(1s)
It 2w ydR do( )~I(mnj[a—"2 E(t,x,u) ,u,) %8, (£, x,u5,0,)+
(5T Tap¥p)dRde O . 3x cT(EX,u,u)78, (U,

2

3w
2 2
+<35 ,Lu:‘“z(Pt)'Lu:,u;(Pc)>]d(PtDa)(x,v\yz))dQ:(yz) =0

with the boundary conditions :
wi(T,x56,R) = M (x) ¥ x,£,R5 1= 1,2,

where qi = y,(c,) , i = 1,2, and vhere the brackets <,> demote
the duality between C]functions and first order distributions.
Remark : Very little is known about the solutions of (15) which
constitutes a non-linear integro-differential system. It is
interesting to interpret the coupled minimization problem of (15)
as a trade-off between cost and information, since the Lie
derivative term describes the variation of probability induced
by a variation of comtrol.

To conclude this survey of theoretic methods for non-zero
sum differential games, let us just mention the analysis in
(Dockner, Feichtinger, Jorgensen 1983) of classes of games

showing simplifications on the open-loop Hamiltonians, so that
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the optimal controls can be directly obtained by a system of

differential equations :
@, = ¥, sU,ysE s, i=1,2.
g 1 (ugsuy,t) -

. . i
This situation occurs for example when 3
i

. i
contain those adjoint components pJ corresponding to x
i

III1 - An Illustrative Example : Growth Strategies in a Price-

Setting Duopoly. (Lévime , Thépot 1982)
Let us consider a price setting duopoly aver an infinite
horizon when the outputs of the competitors are substituable. At
time t, firm i charges the price Pi(:); its demand % by unit of

time is supposed to depend om both prices :

2 (8) = x; (p; (£),p;(6),0). (16)
Without a great loss of generality, we will assume henceforth
that the demand functions are time independent and constant

-e, 0.

i
i By o, where By is

a constant depending on the variable units, € the elasticity

elasticities functions in the form x; = Bip
with respect to i's own price, ng the crosselasticity with respect
to competitor j's price, satisfying the following inequalities :

€, >1,n, »0; D=cce

i i 152 7 My > 0 an

which merely express classical assumptions on the demand functionms

Definition of the differential game.

Each firm is supposed to maximise its net present value; then

the problem can be stated as the following differential zame

3= [0y = e R - viT) exp (-4 0)dr ; (18)
)"i =I; -9y yi(0> =5 (19)
0 <1, < (1/v)(p; = e)x; (20)

x; <y, - 21)
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where v is the output capacity of firm i, Ii the rate of invest-
ment in volume of capacity, ey the production cost by unit of out
put, w; the rate of depreciation of capacity, v; the price of
unit volume of investment, ;i the level of capacity at time O.
Rels. (20) express that the investment is irreversible and that
firm i is not allowed at any time to lose money; all the para-
meters v, c;, w; are supposed to be comstant throughout the
horizon. Hence it is a differential game with two state variables
¥,»¥, and two control variables p,,I, at the disposal of each

competitor.

2. Open loop strategies in the duopoly

By using the classical results (see sect. II.1.1.), we defin
the current value dualized Hamiltomian H; of firm i as follows :

H, = (pi-ci)xi—vili+qi(li-miyi)+wi(Ij-ujyj)*ui(yi‘xi)- 22)

with q;, ¥;

i % being respectively the costate variables

associated to capacity y;, y; are the Kuhn and Tucker multiplier

associated to constraint (21). The classical necessary conditions

yield : (wg*ddagmay , dy=aged e s (23)
ax; .
(x;+(py Ci)ﬁ.)“' "%, =0 (24)
i i
lim q.(t)exp(=d.t) = lim \y,(r.)exp(-dit) =0 ; (25)
o i o i
< v = =0, q; =v, = I >0 undetermined,
1 (26)
ViT Ity (s e
0, (yy - x) >0, alyy = %) =0 . (27)

For the sake of simplicity we do not comsider situations where
excess capacity may occur. Accordingly (26) determine the three
policies likely to be chosen by each firm along the equilibrium
path : [policy | (q; < v;):I, = 05 policy 2 (permament policy,

. ; 1=l B N
a; = vy)s peliey 3 (q; > v):I; = & (p; - ¢)x;] . A combination
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(k-s) of policies where firm i and firm j use respectively polic’
k and s is called a duopoly regime.

It is easy to show that regime (2-2) is the final regime of the
duopoly to be held from a time t' (t' < + =); this regime coin-
cides with the long term classical static equilibrium of the
duopoly with comstant prices py=c,(c;+(u;+d;)v;)/(e;=1) .

To emphasize growth strategies of the firm, we suppose that the
initial production capacities g; are lower than the long term
production levels xj = Xi(pz,p;); as a result the firms are
both incitated to invest and to grow from the -beginning. Three
types of equilibrium paths can be found according to the values
of the initial capacities §, and &, :

For imitial capacities of same magnitude; the equilibrium
path is in the form (3-3) » (2-3) + (2-2) : at the beginaing,
the competitors use their maximum investment policies 3 while
decreasing the prices and increasing the production until time
c: when the price  reaches the value p;. Then, firm i adopts
the permanent policy 2 with its price being kept constant; firm

j's production is still increasing but firm i's is decreasing.

At time ‘} price p; becomes equal to » and the duopoly adopts
its permanent regime with production and prices being constant
up to infinity.

For a high initial capacity §, and a low initial capacity
§; the equilibrium pach is either in the form (3-3) » (1-3) ~
(1-2) + (2-2) or (3-3) = (1-3) + (2-3) + (2-2).Initially, the
firms use their maximum investment policies as previously. Howeve
at a time ;i, firm i stops its investment although price p; has
0t yet reached the value p;. As a result, firm i goes through a

stop in investment period while its production decreases.
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It turns out that the growth of the firms is not created
through monotonically increasing productions for both competitor
Moreover, in some cases, one of the firms has to stop investment
during a transitory period, as the decrease of the competitor's

price causes too much of a declime in demand.

3. Feedback strategies
In the closed Loop formulation, the prices and the rates of

investment are to be sought in the feedback form :

. (28)

P PSR AR

The feedbacks are determined by the Nash equilibrium of the
Hamiltoniang ﬂl and EZ at any point in time t and for any
production capacities y, and y,. As a result, the rates of
investment Ii are given by (26), as in the open loop case, and
the capacities comstraints (21) are saturated : Xi<pi,pj)-yi,

from which we deduce the feedback laws of the prices :

(=e5/D) (-n;/D)

Py =g v; , and consequently those of the investments

The characteristic equations (9) actually take the form

. ap a1,

a; (qi-vi)g;i‘(uj*di)q1 H (29)
3p a1 31

by o= 3y yx'(qi"i)ﬁj‘((“j"’i)'Wj)”i H (30)

+ (25).

Clearly, the feedback strategies are sequences of the three
policies defined above in the open loop case. However, some
differences have to be pointed out :

a) The feedback final regime (2-2) holds with comstant
prices p; = (eg#(;*+d;)v,)/(1=¢;/D) which are higher than

: * : .
permanent open loop prices P This means that, in the long runm,
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and contrarily to what is intuitively expected, feedback stra-

tegies imply more cooperative behaviour than the open loop

strategies do.
b) In the growing phase of the duopoly, regime (2-3) does

not hold in feedback with firm i keeping its price comstant. In
this regime, the prices evolve according to a non linear differen
tial equations system (see L&vine,Thépot 1982) which indicates
that both prices are decreasing. It turns then out that the
feedback strategies express a tendency towards some mimetism and

synchronization of the competitor's decisioms.

IV - Generalized Competition Dymamic Models

Price (or quantity) manipulation is basically comsidered by
the managers as a two-edged sword which jeopardizes the profit-
ability of the firm rather than really affects the rival's
position. Accordingly, the firms are more and more involved in
using other competitive weapons. Some dynamic duopoly models there
fore have emphasized more accurate types of competition on
advertising, quality of the products or R & D projects for
instance. Let us outline some typical and recent contributioms
in this field.

1. An_advertising model (Deal 1979)

Deal -has developed extension of the classical monopolistic
sales response model of (Vidale, Wolfe 1957) :
Let x_(t) and ai(:) the sales and the advertising expenditures
per unit of time at date t of firm i. The evolution of the sales
are given by the following differential equations

ko= -6px, +Biag[Mex mx,] /M (31)

x,(0) =g, x +x

) g S M. (32)
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where 8., = the sales decay parameter, 8. = the sales response
i

parameter and M = the total potential market size (8,

> 0)
Eqn. (31) indicates that advertising expenditures increase the
sales; however, such an increase is more efficient when the
market is saturated (namely whem x; + X, is close to M). As a
result, advertising expenditures of a firm have a direct effect
on its own sales and an indirect one on the competitor's as they
contribute to saturate the total market.

Deal defines the objective function Ji of firm i as a
weighted sum of the market share at time T and the sum of the

profits earnmed over the horizom.

= x5 (M) + %, (M1 + [(lpx;(8) = al(e)lds . (33)
with P being the net revenue coefficient and Ch the weighting
factor for the performance index. The problem is then stated as a
differential game which is numerically solved in Open Loop. The
obtained results for a wide range of values of the parameters give
interesting insights on the relative importance over the horizon
of the direct and indirect effects of advertising.

2. A marketing mix model (Thépot 1983)

This model is related to the price setting model presented
above in Section 3. The demand of firm i is assumed to be in the

form :

x;(£) = Xi[pi(:),pj(c).Ai(:).Aj(t)] exp(y;e) . (34)
where 4;(t) denotes the goodwill of firm i, definmed by the
differential equation A, = a;-r A; with a representing the
advertising expenditures per unit of time, r, the depreciation rat

of the goodwill and Yi the growth rate of the demand. Then the

problem is stated as the differential game
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3= Gl (eyme ) x;v T maglexp (-4 0)de (35)

9 .
=af (36)

37

In this model each firm has three control variables at its
disposal : the price p;, the investment I, and the advertising

expenditures a;

By emphasizing the Open Loop equilibrium and the case where
the demand functions are constant elasticities functions, it is
shown how Competition and Growth interact in the investment and
marketing strategies of the firms. It turms out that the cross-
elasticities of the demand with respect to the goodwill play an
important role : they determine whether Competition holds through
pricing or advertising decisions. This is due to the fact that
pricing and advertising decisions quite differently affect the
profits : the first omes have an instantaneous effect while the
impact of the second onmes are displayed over time through
goodwill variationms.

Two situations may occur : either the competitors behave in
a close way to the monopoly case by cohabiting in the industry
while increasing their sales and both benefiting of the growth,
or one of them is self eliminated of the market. In some case,
this elimination process leads this firm to manipulate its price
in order to avoid excess capacity.

3. A model of R & D competition (Reinganum 1982)

J.F. Reinganum addresses the problem of resource allocation
to Research and Development in a competitive context by developin
a dynamic duopoly (in fact oligopoly) model which incorporates
the main aspects of this type of competition over a non already

existing market. Each firm is assumed to accumulate knowledge
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relevant to the innovation by expending resources on research
activity or knowledge acquisition. The knowledge acquisition
process is assumed to be deterministic whereas the date of
successful completion of the project is a random variable. Then
the problem can be stated as the differential game :

- Ig[yLAui+PFAuj-ci(ni))[EXp - (z,+z,)1dc

- ~0; 0<y, <3,
By s 2300 =0 0%y <3

where ui(:) is firm i's rate of knowledge acquisition, Ci(‘ni) the
discounted cost of additionmal knowledge acquired at time t, B is
an upper bound of knowledge acquisition; P| is the presemt value
of firm i's reward if it is the first to succeed in the completio
of the project, Pp if it is the second (PF < PL)' Let t; be the
time at which firm i succeeds; it is supposed that

Ptub{:i <t} = 1 - exd - zi(:)] and that the conditional probab-
ility that firm i will succeed in the next instant, given that it
hos not already dome so, is Prob{:i:(t,c'd:)/:i>t}-lui(t),(l > 0)

Consequently, is the expected net present value of the

gain of firm i according to the fact that imitation is costless
and immediate.

Due to the specific features of the exponential distribution,
it turns out that Open Loop and Closed Loop strategies coincide
Analytical solutions are obtained for interior solutions

€0 < u; < B}

4. Conclusion

Differential games techniques are an appropriate comceptual
framework to analyse the competitive strategies of firms in a
dynamic context, although a very limited number of models can be
completely analytically solved. However, they provide a unified

language which makes comparisons and economic interpretations

meaningful. It turns out also that Competition does not exhaust
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the game situations in which firms are involved : relatioms
between industrial firms and banks, industrial firms and umions
may be studied with similar tools. Many applicatioms of

Differential Games in Economics are therefore expected.
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This paper anawses a dynamical duopoly when each firm is able

strategies of the firms in Open loop and in Closed loop formu-
lation. Analytical results are obtained in both cases.

INTRODUCTION
The aim of this paper is to compare the open loop and the closed loop solution in
a price-setting dynamical duopoly and to give some economic interpretation of the
differences observed between them. As far as we know, there is no closed loop
analytical Nash equilibrium solution except in the classical linear-quadratic case
without constraints. By emphasizing a particular case of our model where the
demand functions are constant elasticities functions, analytical results are
obtained. That allows us to give economic interpretations. The paper is divided
into 4 sections The first one is devoted to the statement of the model ; in the
second one we recall the results previously obtained by one of us in the ooen looo
case ; in the third one we study the closed looo solution. The Tast section deals
with the economic interpretations of the results.

1. THE MODEL
We present there the main features of a model of dynamical duopoly which has been

introduced previously by one of the authors (see [5])

1.1. The demand functions
Let us consider two firns (firm 1 and firm 2) involved in a price-setting duopoly
throughout the horizon [0, + = [ At time t, fim { sells its output at the price
p;(t); 1ts demand x; by unit of time is assuned to depend on both prices

X = % (py(8), p3(8),0)

1 For convenience, we will note in the following 1, j for i = 1,2; 1 4§

143
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wWithout a great loss of generality we will assume nenceforth that the demana
functions xg are time independent constant elasticities functions (no trends) of
e forn

(1) 5 = agpy o

where 3 s a constant depending on the variables units, &5 the elasticity of
the demand with respect to i's own price, " the elasticity of the demand with
respect to the competitor orice. Let us introduce now the conditions

(2) e linge 0 (3) D=¢

& g > 0.

The inequalities (2) express merely classical assumptions on the demand functions
The inequality (3) expresses that the determinant of the counling matrix of the
demands M defined by

sxy

M= is always strictly positive. It means that the direct
3, 0%, effects of a prices variation are giobally stronger than
% W, the undirect ones.

1.2. Qefinition of the differential game

Each firm is supposed to maximize its net present value. Then the problem can be
stated as a non-zero sun differential game:

A
Yy =l oy - o) X (papp) - vy Iyle dat,
® -dyt
= o7 Tog = ) xplppapg) vy Iy le dt.
5) Loy Jp=lp wps
® | yz=0, :

)| 1y 50 (yrey) x(pyupp)s Ty S(1/%p)(0y76p) xplpys By 5
(8) |pyz0. ppz0 s

9) [ xprg) ¥ %y (byp) Sy b

(10) | 11(0) = &+ %(0) = &5

where  y(t) is the output capacity of firm i st time t, L,(t) is the rate of
investment in volume of output capacity at time t, c; is the production cost by
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unit of output, u; is the rate of depreciation of capacity, v; is the price of
unit volume of investment, d; is the discount rate of fim i which equals the rate
of interest of its shareholders, ¢; is the level of output capacity at time t = 0.

Differential equations (5) state that a change in capacity equals the gross
increase in capacity less depreciation for each firm; Constraints (6) that gross
investment must be nonnegative (investment constraints); Constraints (7) that the
cash flow nust be greater or equal to the investment (financing constraints)
according to the fact that no borrowing opportunities are allowed to finance the
activity of the firms; Constraints (3) that the productions of the fims are
limited by the capacities.

Ve suppose that the parameters c;, wj, d;, v are constant over the horizon. On
the other hand, the firms are assumed to have a perfect knowledge of all the ele-
ments determining the dynamical system set up. In particular, each firm is
supposed to know the demand functions x) and xp and all the parameters like v;,
Gjo djs ug describing the competitor's activity.

Relations (4) - (10) define a non-zero sum differential game with complete infor-
mation, with two state variables y; and y, and two control variables p; and I, at
the disposal of each player. As it is well known, there are two types of non
cooperative equilibriun solutions of differential games the Open Loop equilibrium,
the Closed Loop equilibrium.

2. OPEN LOOP SOLUTION
In this section we will recall the main results in open loop formulation. For an
extensive presentation of them, the reader is invited to refer to [5].

2.1. Characteristic equations of open loop equilibrium
Open loop soiution consists in considering the problem (4) - (10) as a classical
optinal control problem for firm 1 (resp. firm 2) when the control variables py(.)
and T,(.) (resp. py(.) and 1;(.)) are fixed over the horizon. The Current Value

dualized Hamiltonian ¢ may be written as

HE = (pymeg) &y = vilpoay(Lmugr ) %, (T mugyy) vaglyyoxg)

where 9 and ¢; are the costate variables associated to the output, capacities
J; and y respectively, a; s the Kumn and Tucker multipier associated to the

capacity’ constraint.

The necessary conditions may be written as
(11) 4 = (o + &) 95 - 3y
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(12) ¥y = (o + ) 1

ax;
(13) (g + (g =€) 550) (e (Ivy) (gg = v)) =
2

4y - vy 0= = (1)

(py = cq)oxqn

(19)]qy = vy  €21; > 0 undetermined,

0.

- vy 0

(15) ag 20, y; -

§7 0l mxy) =0

N.8. We suppose here that the capacity constraint and the financial constraint of

each firm is under its responsibility; consequently none of the firms has to take

into account in its strategy the fact that the competitor's constraints are satis-
S sy, and - o).

fied, namely x; < y; and Iy < (1vy)(py = ¢5)ox;

2.2. Policies of the firms; regines of the duopoly

Relations (14) - (15) determine the policies that firm i will adopt in open loop
equilibriun. Hence, six policies are a priori possible according to the various
combinations of positive or zero a; and (¢ - v;). But it is easy to prove that
the firms do not invest when they have excess capacities (see [51) Only four
policies therefore are liable to be part of an equilibrium trajectory
the following characteristics

they have

Policy 0 The firm has excess capacity, it does not invest and distributes all the
cash flow to shareholders. The output capacity is decreasing a0, qg-vi< 0.
Policy 1 The firm has no excess capacity. It does not invest and distributes all
the cash flow. The output capacity and the production are decreasing

ay > 0, g4vy< O

Policy 2 The firm has no excess capacity. It invests to adapt the production to
the demand; it distributes the remaining cash flow to the shareholders. This
policy is called "balanced policy” a; > 0, q;-v; = 0.

Policy 3 The firm has no excess capacity. It invests at the maximum level witn-
out distributing anything to the shareholders o, > 0, qy-v; > 0.

Let us specify the terminology by the following cefinitions

Definition 1 A combination (k,s) k = 0,... 3; 5 = 0,...3, of policies where
firm 1 uses policy k and firm 2 policy s is called a duopoly regime.

Definition 2 : A sequence of regimes is called a path ; the corresponding sequence
of policies of fim i is called Strategy of fim i.
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In the case where the demand functions are constant elasticities functions, it is
possible to conpute the investnent rates 1) and I, the variation rates w=p/a
and my=py/p, of the prices py and p, for each duopoly regine. Without a great
loss of generality, we do not consider the policies O with excess capacity since
they may occur only in very specific situations ° which are not economically rele-
vant with regard to our problen. Let pi be the balanced price held by fim i in
valanced policy 9§ = [eg/(ey1) 1 (og + ) vy + ;)

Let 5} be the price level defined by (ug +(e/nylag) vy + ¢; and bimupviscy

A regime (k-s) is said to be feasible if policies k and s are feasidle respectively
for firms 1 and 2 according to the investment and financing constraints.

2.3. Open loop strategies over the horizon

2.3.1. The analysis of the open loop equilibrium will be done here under the
following assumptions :

) At time t = 0 the firms have no excess capacity, they are selling their outputs
at prices pj and p3 such that  (16) x(p{, P3) = &) ; X, (P{,P3) = &5

b) The initial prices pj and p3 are higher than the balanced prices pf and pj.
(17) 93 2 p§ 5 P3 = P4
c) The costate variables q;(t) and q,(t) are continuous along the equilibrium path.

Under these circumstances, the open loop equilibrium path has to be chosen among
the following types of trajectoires

s (33) - (23) - (22)

(33) = (1-3) = (23) > (2-2)

(33) » (1-3) = (1-2) > (2-2)

2
53
2.3.2. To simplify the analysis, we will give the results on the basis of Figure 1
where the situations are represented in the plane{p , p,} (i) the initial con-
ditions correspond to a point of coordinates (pj, p3) belonging to the area 5,55,
(i1) whatever are the initial conditions, the duopoly reaches the balanced regime
in a finite tine; all the paths are thus ending at the point S of coordinates

(311) the curve USz represents a specific situation for any initial
conditions lying on it, the firms will both adopt the policy 3 of maximum invest-
nent and decrease their prices until the date t when the prices are togethér equal
to the balanced prices. This curve can be numerically obtained as the solution of

the differential equation
ZDue to the Fact that in general each Firm can 3voTd excess capacity by manipulat-
ing the price in order to fit the production and the demand at every moment.
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Figure 1 Open loop trajectories of the duopoly
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do, 5y (eg%)(83 = B) + (np/vy) (9] = B .
90, 5 Tt e e ¢ oD T
The curve USz divided the plan into two main areas (i) the area SZSI where firm
1 has the possibility to reach the balanced price by using policy 3 before firm 2
can do it ; (i) the area Slsl where firm 2 has the possibility to reach the
balanced price by using policy 3 before firm 1 can do it. We will emphasize there-
fore the area SZSZ. The results corresponding to the area Slsl are easy to obtain
by using symetrical arguments. Two situations have to be considered

1) When the top price p;" is higher than the initial price p3 of firm 2, the
regine (2-3) is feasible because firm 1 can keep a positive flow of investment
although its production is decreasing because of the price decrease of fim 2.
Consequently the equilibrium path is of the fom s, At the beginning (represented
by the point Aj), the firms use their maximum investment policy 3, they decrease
their prices and increase their productions until the date t; where the price ”
reaches the value py (point A)). Then, fim 1 adopts the balanced policy by keeping
its price constant and equal to py, its production is decreasing while the produc-
tion of fim 2 is increasing again (and its price p, decreasing) until the date

ti when price p, becomes equal to pj (point S).

2) When the top price pj’ is lower than the initial prices p3, the regime (2-3) is
non feasible as long as p, = p3*  Accordingly, two cases may occur : (a) in the
area 7S V v, nothing is changed with respect to the above situation. Fim 1 is
able to adopt the balanced policy as soon as its price reaches the value py
(nitial point A'(): (b) in the area v V s, the situation becomes more complicated.
At the beginning the firms use their maximum investment policies, as previously.
At a tine t, fim 1 will stop its investment although its price p) has not resched
yet the balanced value p, (point By) After this moment, the price and the
production of firm 1 are decreasing while the price of firm 2 is always decreasing
and its production increasing. Clearly price p; becomes Tower than the balanced

py. When the price p, reaches the value p?» (point B,), firm 1 begins to increase
its price in order to find again the level p). Two situations may occur, depending
whether firm 1 is the first of the two to be able to put its price at the balanced
price Tevel (point 83) or not (point 8'y). Accordingly the open Toop equilibrium
path is on the type s, or 55

2.4. coments
(i) In the open loop formulation, the selling prices of the firms are the key
variables which determine the strategies held by the competitors throughout the
norizon. The productions are just a consequence of the prices levels
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(i1) As a result, it turns out that the growth of the firms does not nold ever witn
monotonically increasing productions. Moreover, in some cases, one of the firms
has an interest in stopping the investment during a certain period because the
decrease of the competitor's price makes its demand decline too much.

3. CLOSED LOOP SOLUTION
In closed loop formulation, at any time t the firms are able to observe the product-
fon capacities y)(t) and y,(t) Such an information structure induces different
strategies since the prices and the rate of investment p; and I, are now to be
Sought on the feedback form, say

R A R A A S 7))

3.1. Feedback laws of the dynamical duopoly

The feedback laws are determined by applying the Dynamic Programming approach
It amounts to say that there is Nash equilibrium of the no dualized hamiltonians
Hy and H, at any point in tine and for any values of the production capacities
yyandy, :

Max = (g - cxg = il au(ly - wyy) ¢ (1
(19) 05 Iy < (I/vy)(py - ¢4 ) xj (Pyr P5)

(20) x;(pys By) < 4o for uJ. Tjs Ygo vge Gy ¥y b fixed.

- ugyy)

3

Since the hamiltomian H‘ is a linear function of I.
respect to [i gives
04 qge vy
= |undetermined if o = v;
Ly =€) X (ops 2 1 0y >

the maximization of H; with

@

8y maximizing with respect to the price p;, we gef that the constraint (20) is
saturated except. in the case when x; + (py - ¢;) 35 As mentioned above,

that corresponds to a very specific situation whichlcan be avoided by supposing
thet the average production costs c, are small As a result, the capacity con-

straints are saturated @
(22) xq(pys Pg) = ¥y » Xp(P1py) = ¥y
from which we deduce the feedback laws of the prices which can be written for the
constant eiu,uc\r.{es functions
@) py =y WO, O ey ()
1= 2 by » g ) Ly 7
Thus, the feedback Taws of the Investaent are given by (21) where the prices o,
and p, are replaced by the feedback laws (23)
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3.2. Characteristic equations of closed loop equilibrium
By applying sufficient conditions (see [11), we get the relations whicn determine
the closed loop equilibrium of the dynamical duopoly

(24) g = -(p; - ;) - 7

3D, al aly
i i
(@) 4 = mgys (g - vp) 7 (tog + 4y -Ty;})

= iy = Tk =

tee te=

¥;) are given by the feedback laws.

where pq(ygs y) and Ly(

Clearly, rules (21) define the three policies which candidate to be part of the
strategies of tne firms. Although these policies have the same economic inter-
pretation as they have in open 100p solution, they differ in terms of prices and
production levels. In the following, we will specify all the elements of the
model by a superscript "o" or "c' according to whether they are defined in open
Toop or in closed loop formulation.

3.3. Closed loop regimes of the duopoly
3.3.1. Final regime of the duopoly
Thanks to conditions (26) the final regine the duopoly will hold is the regine

(2-2)° with q = v; and y; = 0. Consequently, relation (26) may be written as

“1

(@) (ag = vy = (g =€) + ok vy 0y + ddvy = (5 - ) + F: Yo

We deduce that the prices p; and p, are constant in the regime (2-2) and equal
to the balanced prices in closed loop p;° and p,° defined by
cy + (g + dv v €t lup*dy) v,
1t (ot dvy 2 * 4) v
(28) o1 = A T R
1 CY 2 B
As in the open loop equilibrium, the final regime of the duopoly is characterized
by constant prices. But the open loop balanced prices differ from the closed loop

ones. We have the inequalities py < p,C . B

Clearly they coincide when one of the cross elasticities nj or ny vanishes.
Let us study now the transitory regime the duopoly is allowed to hold in order to
reach this balanced regime. Clearly, regimes (1-3), (2-1), (3-1) and (3-3) have
the same characteristics as in the open loop formulation. However, specific differ-
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ences will occur with the semi-balanced regine (2-3) (symetrically with regime
(3-2))
3.3.2. Semi-balanced regime z-z)‘
In this situation, we have q =Py m ¢ e
We deduce from relations (24) and (25) enak
(1- :Z/D)(ol Y
2
Wy

(29 v«

3l,
(30) «,--—‘ R CEENEE I
By differentiating ¥) with respect to time t in relation (23) and by putting the
result in the differential equation (30), we get after some computations

(31) 7y (pye (g * m) (5 = p)) *+ iyl =y =€) (85 = py) =

n
Uy = )5 = py)(1 = e/0) (1= eg/0) = o oy B1 JugllL = /0)

And for firm 2 which holds the maximum investment policy, we have

(32) egry + gy =5, (7 )

N + (uy + 4V,
where g = pi and B, « L2 L2 5 (5« g ira -

Consequently the evolution of the prices p; and p, is determined by the system of
differential equations (31)-(32). It differs considerably from the results obtained
in open loop formulation. It must be pointed out that the constant price py=p; is
solution of (31) only in the case where n, or n, equals zero. in this particular
situation open loop and closed Toop regimes coincide since one of the Firmsis
decoupled from its competitor. In regime (2-3), neither the production nor_the
price of fim 1 remains constant.

3.4. Closed loop strategies over the horizon

We are going to study the strategies that the firms will adopt along the closed
100p equilibrium path. The analysis will be done under conditions which are close
to those introduced in the open laop case

a) At time t = 0, the firms have no excess capacity; they are selling their outouts
at price pj and p3 such that

(33) x(p30 P3) = &y 3 % (P30 07 =

o) The initial prices f and pz are Mg...- than the closed loop balanced prices
¢ and p3° o5 2 o =3¢
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c) The costate variables q)(t), g5(t), ¥;(t), vz(t) are continuous along the
equitibriun path.

d) The crosselasticities n and n have the same magnitude. This condition will

be discussed later.

Under these circumstances, the closed loop equilibrium path has to be chosen among
the following types of trajectories

$§ (39 - @ @2)°

s§ (3 - (@3- (2-2)°

The results will be illustrated and discussed in the plane{ Py 92) (Figure 2). As
in the open 1o0p case, the plane is divided into two main areas by the curve US .z
of equation (18)

The curve S, Wy (and symetrically S_ W) represents the evolution of the prices in
regime (2-3)° (resp. (3-2)°)  The equation of this curve is given by relations
(31) and (32) with the boundary conditions meaning that for some value t, p)(t%)

= B, pp(t) = Although this system of differential equations has no evident
solution, it can be easily implemented. The numerical experiments we made indicate
clearly that, for values of the crosselasticities of the same magnitude, the prices
py and p, are monotonically decreasing while the productions y) and y, are fncreas-
ing along this curve; in addition, the investment rate of firm 1 remains positive.
Consequently, it can be arqued that, under this condition, the regime (2-3)° is
feasible. But for high values of the crosselasticity ny, the situation becomes
more complicated and appears to be very different from that intuitive guessing.

It requires a more systematic use of numerical experiments that we have made by
now. As in the open loop case, we consider just the case where the initial values
of the prices correspond to a point in the area s° S.z. Accordingly, two
situations may occur (1) In the area w) S.z (point A)), the firms begin to invest
at the maxinun level up to a time tj (point A, on figure 2) where firm 1 is dble
to use the balanced policy 2° It will use it until the time t when the two
prices py and p, are equal to the closed loop balanced prices pf and pj. It is
important to notice that, along this path, the productions of both firms increase
nonotanically while the prices are strictly decreasing. None of the firms will
reach its balanced price before the t when they are able to reach it together;
(i) In the area s, S_H; (point B)), firm 2 begins to invest at the maximum level
while firm 1 does not. Price p, is decreasing and price p) is increasing up to the
time tf when firm 1 s sble to use the balanced policy (point B,)  After this
time, the duopoly will be in regime (2-3)° up to the time ti when both prices are
equalling the balanced orices, as previcusly. It is interesting to observe that
f£irm 1 will adopt a stop in investment policy at the beginning even in the parti-
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Figure 2 The dotted lines correspond to the open loop trajectories and

the continuous Tines to the closed loop trajectories
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cular situation where the initial production level £, fs lower than the balanced
production y§ = x§ (3% #5°) (since the production ;, is increasing along the

curve v S, )

4. OPEN LOOP VERSUS CLOSED LOOP FORMULATION - WHAT ABOUT THE DIFFERENCE ?
4.1. Economic interpretation of the difference between open loop and closed loop

ecuilibria.

In this paper we did not complete the study of the closed loop formulation it
remains to investigate the cases where one of the crosselasticities is high while
the other remains low. Such cases deal clearly with specific situations where the
duopoly is unbalanced. In these cases, some technicalities appear in the diffe-
rential equation (31) which require suitable treatments. Nevertheless some hints
can be given about the differences occuring in the strategies of the firms when
they operate in open loop or closed loop context.

(1) As mentioned above, the final state of the duopoly holds with constant prices
in both cases. But the prices are lower in open loop than they are in closed laop.
If the crosselasticities ny and n, are small enough, the productions are higher
in open loop than they are in closed loop. Such a difference can be explained as
follows : in closed loop, at any time, each firm knows that the competitor has no
excess capacity; this information mdifies the evaluation of the marginal revenves
and consequently the prices. More precisely : in open loop, each firm computes its
marginal revenue as if the competitor will not change its price ; in closed loop,
each firm computes its marginal revenue taking into account that the competitor
will react to any price variation by a suitable variation of its price in order
to equal always capacity and production.

(1) We have seen that regime (2-3) is differently defined in open loop or in
closed loop. It holds with constant price for firm 1 equal to the balanced price
in the first case and with a price changing over time in the second. As regime
(2-2) is a transitory regime in the equilibrium paths, such a difference implies
qualitatively as well as quantitatively different strategies.

Let us illustrate it on the examples given in figure 2  For initial values of the
prices (and the capacities) represented by the point A, the open l00p path corres-
ponds to the curve Ay A’y S,. Disregarding the differences in balanced prices, the
closed 100p and the open loop strategies are qualitatively close enough : in both
situations, the firms begin to invest, then firm 1 holds its balanced policy until
the time when the competitor is able to do s0. But it appears that the productions
and the prices evolutions are more smoothed in closed loop than they are in open
T00p; For initial conditions defined by the point B,, the strategies are in addition
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qualitatively different in closed loop, firm 1 begins by stopping the investment
while in open loop it begins by fnvesting at the maximum level (curve 8, 8' S )

4.2. Concluding remarks

The open loop and closed loop equilibria of differential games are theoretically
well recognized to be different. They deal with different information structures
and their characteristic equations are not identical Unfortunately, closed looo
equilibrium is defined as a solution of a partial differential system wnich is
highly untractable in most cases, and economic interpretations ,comparisons and
empirical investigations generally remain out of touch. Under these circumstances
our paper may be seen as a contribution to the difficult tool of modelling the
competitive behaviour by comparing the influence of two specific information
structures on the strategies of the firms.
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ABSTRACT :

We derive the general characteristic equations solving the

namic

systens of parvial differentizl equations of a closed-loop
equilibrium solution can be seen to belong to an information structure incluain
some knowledge of the future through the observation of the marginal cos ts-to-go
and we call sich an equilibrium a feedforward equilibrium.

We prove that the nonunicueness of this equilibrium surface is generic.



I - INTRODUCTION

In regard to the number of papers on Optimal control, the
litterature on Nash equilibria in dynamic non zero sum oligopolies
appears to be very poor, particularly concerning gquestions like

existence, unigueness, qualitative behaviour, etc

The most studied point of view until now remains the open-
loop one, since a generalized version of the helpful minimum
principle applies The open-loop solution may be interpreted as
an equilibrium without a posteriori information and it is often
noted ([1],[2],[41,[5]) that the information structure plays a
basic role, yielding,for example,very different behaviours in

open-loop or in closed-loop form.

Oon the other hand, closed-loop solutions still deserve a
great deal of work if we want to answer questions like : "can
we be sure to have all the possible solutions and hew can we
compute them, how does the information structure interfere into
their computation, are thereintermediate information structures
between open-loop and closed-loop that can be obtained without
introducing probabilistic models, are there games without

solution of a given type, and so on"...

To specialize our subject, let us first state a fundamental
remark : the local or global characterizations of the closed-loop
solutions ([31,[5],[6]) always assume that we directly have a
candidate solution in closed-loop form, whereas such a candidate
solution is computed as a Nash equilibrium of the Hamiltonians
and is thus generally a function of the state x and of the whole
adjoint vector A Therefore, we have to complete the solution
of the game to be able to express A as a function of X and
finally to put the Nash Strategies into their closed-loop form,
but we are just in the case where no theory exists to solve the

game !



The aim of this paper is thus to give a generalized theory of
characteristics to solve the coupled Hamilton-Jacobi systems of
partial differential equations obtained by the dynamic programming
method and to draw some conclusions about the number of possible

equilibria.

II - STATEMENT OF THE PROBLEM

II.1 Open-loop and closed-loop eguilibria

For obvious notational reasons, we shall restrict ourselves

to the duopoly case. We shall suppose that the state equation is

given by
.
X(£)=£(£,x(£) yu, (£,x(£)) ,u, (e, x(8)))
(1) (:
x(0) =x
°
in which x is an n-vector, and u, and u, are m and
m, vectors representing respectively player 1's and 2's strategy.
u, and u, are subject to constraints u,(t,x) €U, ,

u, (t,x) €U, and are such that (1) has at least onme solution.
The cost functions for players 1 and 2 are given by
T
gty = e (e u (ex(e)) su, (Ex(6))) e % ae
11804, ] SatEr ruy e rup e
°
(2) 7

[

- -t
Jy(uy ey = Joqz(t,x(t) sug (E,x(e))u,(e,x(t)))e

dt

where a and B are positive actualization coefficients.
The functions £, 9y and g, are supposed regular in all their

arguments.

We recall that an open-loop Nash equilibrium (u‘;,u‘z’) is a

pair of functions (u‘l’(.) ,u‘z‘( )) depending on t and the initial
condition x, only, such that (u?(t),ug(t)) €U, x U, ¥t and



° o o ;
< , 2 £ , €u
Jl(ul,uz) < ;rl(u1 uz) uy function of t only ul(t) .

(3)
Jztuf,u‘z’) < J2<u‘1’,uz) vu, function of t only

A closed-loop Nash equilibrium (u},u}) is a pair of functions
of t and x satisfying (u}(t,x),u}(t,x)) € U x U, V(c,x) such
that

Jl(ur,u-) < Jl(ulu;) Vu, closed-loop function, u, (t,x) €

2 1

1
(4)
g, (u*,u® ¢ 7 (u®,u) vu closed-loop function, u, (t,x) € U
2(8yprtg) S I luyety 2 ® c e te 2

An open-loop equilibrium is not generally a closed-loop one
and we generally have J, (uf,u}) # Jl(u?,u;) and

) -] - - N N
I, (ayeuy) # J,(up,uy) if both exist.

II.2. The Hamilton-Jacobi system for closed-loop strategies :

If we set

T
v (e = e J[ g, (s,x(s),u}(s,x(s)) ,u}(s,x(s)))e™* as
t
(5) :
votex) = ePE [ g (s xis),u(s,x(s)) 0% (s, x(s)))e PS5 as
2 )52 1 2
and if V1 and V2 are regular enough, it is a well-known
result that Vl and V2 solve the following Hamilton-Jacobi

system of first-order partial differential equation

3v
1 * =]
TTC Wy fi(t,x,ul,uzlﬂ;ltt.x,u‘.uz)J =0
(6)
3v
2 - » 1
rai BVZ fi(t.){.ul.uz)ﬂ;z(t.x,ul,uz)J =0



We shall use the classical notations :

v v v EN

1 1 2 2 _
EES ©FE T Parl v 3w, - %t FT T Gper v Lo eome
i i
and (6) can be rewritten as follows
avy=p ax, + .. + pdx  + p_dt
av + + qndxn + qn+1d:
o ~av. + Min lp £ (a0 +g, (u IR
Pa+1 1 (SR R AP LR S R R 1 |
uIEu
. E » 1.
Q. - BV, * Min [qifi(ul,u2)+gz(u1,u2)J =0

\.\2€U2

Thus, if we perform the two minimization problems of (7)
it appears that, in general, u} and u} are functions of
(t,x,p,q), that is

- -
(8) uy (tx,peq) , wy(t,x,p,q) .

Useful exceptions appear when, for example u: and u} are

"bang-bang", or, more generally, satisfy :

ufex,p,@) = T (ex,00
(9) if (p,q) € pk x Qk ¥k € N

* ~
uz(t,x,p,q) = uz(t,x,k)

. * .
that is u, . u; are constant with respect to (p,q) in given

P, x
open sets X Qe

Situation (9) generally holds when the constraints are
saturated and allow the elimination of (p,q) (for an example see
[4]) Then, the classical method of [3],[6] give a local solution

of (7)



On the other hand, when the constraints are degenersted, or when the

orium (7) is attained in an interrior coint of U, X7, , the pair

\LT,L\") takes the generzl form (8). We shall now investigate = metnod to
compute & .ocal solution of (7) in this case. he shall also assume that up end
uf are uniquely cefined by (7) and piecewise regular in all heir argiments. In
the sequel, it will be implicitly assumed that we restrict our analysis to

reguler points for (uT,us).

It must be remarked that the informstional Structure induced by strategies
of the form (8) is mot & oriori included in the closed-loon structure. Furiher-ore,

since p and q summarize the future in the point of view of players 1 and 2

respectively, the strategies (8) will be called feedforward strategies and the
cooresponding information structure, the feedforward structure.

III - THE CHARACTERISTIC EQUATIONS

Let us denote :

%% )y p=(pyseein )y @ (aseensa)s

x__ =t, x:(x‘,xz NE-

n+

(1034 7, (x,2,0)=t, (2,03 (x,2,0) 35 (2,3, 0)), 100001,

g; (xp,0)=g, (x,u3(x,9,0),u8(x,0,0)), 1212,

av.
Th is remarkable that uf and ug do not depend on p . =3zh and
v aoa
2 N
a,.1=3f » hence the notation uf(x,p,a).
Then (6) becomes :
DoV .oV oV, OV .oV
Sy B £ luga) e g — s Gy
(11) i= i n+
v, GV év oV, ov, ov

2 o, .
- BV * i EER £ Gt

2
—2) . + & (xy
ox ox %2 ex



eorem : If the pair <u<‘k,u§) is uniquely defined by (7) zno sufficiently

aifferentiable in a neignborhood of a regular roint (%,3,3), then one can find

a loeal solution to (11) satisfying :

ovy

5 ® =3 , i=t,e..,mH.

i

FPurthermore, this locel solution depends on n(n#) arbitrary functions, and its
sharscteristic system is given by (12), (13):

a4t OH, o8, ) =
LG %t % =ap, = == , i=,.0.,n4
oo 0%y ok T 0a, Yk 17 ox;
(12)
n# OE, OF, oH,
2 2
2=, +T=¢ ) =8q -T==, i=t,...,nH
k= 0Py ik T oq ik 1 0%
no. . . .
with =L p.f. +g +pvp ., Hy =L of +g, +a_
P T B sy 11782 T e
and @
. n -
.= I 9, T, +o s i=lye..,n#
P 1 Pi,5 %5 F Pimn i=tyeee,n#t
. n -
q, = .L;' “’1,;‘ fJ + d‘i,n«w s i=,000nH
(13) : .
x, = £, (x,p50) i=t,...0n

n+, we obtain :



O OX.
XL

*3
2ay

oxx; T oq oxo
¥ % ONEF

52" n o,
3 dxlbx_‘ﬂ * 3;:1
PRI i oy ng , =0, i=1,...,04
S 3x, Ty 03, omox, g, dxkd ) A=eea,nt.

a. . n.
g =,z_1pifi+gt Fogag o BT Eagfy tey va

(14) vecomes :

2
nel O 0N, oK 8%,

7 (—L
oy O, omoE, o Ox_ka

i=l 000,04

(15)
nst oF, v, em, 0%,

z 15,0004
AT O)Lkéx qu axkex

2,
o7, ) 0%V, R .
ax;01; Pi,5 7 ox 0%y i3

which is precisely (12) with o

But (15) is a linear system of rank 2(n+) (see Remark 2) in the (n+1)(n+2)

variables : {g, ., & . , i<i<isa#1}. Thus (n#)(n+2)-2(n#1) = n(n+1) functions

1,37 1,3

among the {:pi’j Yy, j} remain arbitrary. Finally, using :
N A

(16) G2 = L s ot smar— 11,2, 39,0 nH,
w75 exaxk it axPx

we obtain (13).



Conversely, suppose that (¢ } are smooth functions

T
1,J 1.3
cesvect to the variables (x,p,q) in a ne:

¢ of a given goint (%,%,3), anc

satisfy (12). Then, p; ana q;, i=1,...,n+1, can be obrained by solving /13).

Furthermore, using the classical method of Cauchy, Py and Qg can be obtained as

funcrions of (x,yees,x ,,) only, i=l,...,n+1, and one can denote:

n+
93, ;p(x),a(x)) :;—ii_(X), sEpG)alx) = (X), 1,35 5000,
3

07(2,) = £, (0,5(x),a()), 2ot500m,

30 -

is1,2.

s A=l,eean 3 31,000,040,

and similarly for

Sx 7 ox, ¢ dThseeamd.

J
Thus (12), (13) become :

(3 ) IO 3, of
b - apg + G = —i
o2 P T P & P;,(exi *ZGe e )
og, n o, a8,
%, 5 2% _
+dxi E(pk’i,k*aqk‘”,k)’o IR
(19)
(z ) % (Ofv n 6;. (3;.
£ < Ba, + (i i i
e ) TP ¢ Boaslte B G e s )
oe n o :
=24 3 (=2 — = i
L 5 (Opk [ e ) =0 s it nH

or, with (17) and (18)



. n o, og,
o —ap, + ¥ p, el =0, i=1,...,n4
PuT T 2 Pyexg Toxy

(20) = ~

v
ram
o

=0, i=lye00,n#

-
so fadw Ty

whieh is the characteristic system of the pair of equations :

n ov
-, D L7 4
TG e e
(21)
XEJGV2_
R —=F +—=
EIA T

Thus at a regular point, p and with (17), (1) is

i Tox 1t Tox !
solved, which achieves to proves that (12), (13) is a characteristic system of

(11). =

Remerk 1 : when uf do not depend on p and q, the general system (12), (13) gives

no. o, . n

ki B9 Pine T 9P - o 0 T xa TP,k * %504

n . 6H2

E T " Yine TPy - ox, ! * 4 0
or :

o8, >
(22) -3 L TE 0 iTaeeent
5 1

which is precisely the classical characteristic system of the closed-loop
equilibrium.
As a result, (22) defines a unique local solution for suitable initial
* ouf
conditions, whereas the presence of —— , —= in (12), (13) yield an
3p, ’ Oqy

indeternination of n(n+1) functions among the . m

—_—
Oijxk

- 10 -



Remark 2 : the system (15) has alvays rank 2(n#) since it can be written :

n n
9. + (s Ep

; 3
(N T

9.
—2 =2
“4n0 * Z (( E 3 epk T )

2 :
=8ag =35 s =, nH
i

and thus, the submatrix corresponding to the vector :

)* (prime denoting transposition),

* Pt nit? Y net? 00 annm

(9 ,n+?
2(n+1 x2(n1)
,

is the identity of R’ which proves the assertion. ®

ITI - EXANPLE

We shall try to compare the open-loop, closed-loop and feedforward solutions

on a very simple example :

1
x=utv, J() =x2(1) +%J G2 +uat,
o

1
3,(w,w) = (1) +13J- (ax® +8u® +v2)dt, >0, B> o.
o
1. The open-loop equilibrium
The Hamiltonians are :
%) %)

() B =plw) + 5 (Ped), B =alew) + 5 (@l

- 11 -



and he unique Nesh poiat of (F,,F,) is
(1.2) w =-p, v?=-q

The ad;oint equations for oper-loop

% = =(psa) x(o) = x,
(1.3) b =-x p(1) =a1) =2x(1)
=

Thus, the Nash equilibrium is unique and given by :

x(t) =4 ST, 5 iR

(1.4) o(t) == (c - &

etﬁ B e_t./<7) ~0(s)

a(t) :/11_7 (- C-aa ™ pan &) L 0()

with @
. T,
() © (4T - geyTm)e T °
1.5

4x (a-1)
¢ -
(erm)e” ™ - ()T

2. The closed-loop equilibrium :
Now, (1.1) and (1.2) still hold, but we look for u* and v* in the form :
(@.1) u* = _Px-R , v* = -Qx-5

with p = Px+R , o= Qx+S.

- 12 -



Thus, replacing (2.1) in (1.1) :

B = p((PQ)x+R15) +‘5(x2+92x2+zpax+az)
(2.2)
>
By = —q((P+)x4R+5) +‘5(<zx2+ﬁ(?2x242mxm2) + % + 265z +57)
. 3:33 . oHy
and, since p =-# ) =-33= s weobtain :
N 2
p =o(Pw) - (1+7%)x - BR
(2.3)

3 =a(ex) - (aspp°)x - BFR - G5

Thus, with p=Px +R , a =Qx + 5, it results that :

Pod? s 1, (1)

0= +2p0- P - a, Q1) =2
(2.4) A

R = (P+)R + Ps, rR(1) =0

S = (P4)s + (@BPR, s(1) =0

Obiously, R =S =0 and the closed-loop equilibrium is finally given by :

x = -(pa)x, x(0) = x

2 sopg - 1, »(1)

(2.5) );=P
Q= +2m -8 - a, Q(1) =2

But it is easy to check that (p,a) solution of (1.4) satisfy :
p(t) = P°(£)x(¢), a(t) =a(e)x(t) with 2° and Q° solution of :

{ P = (%24 28%° - 1, (1) =2
Q= (@)% 2p%° - a,  Q°(1) =2

- 13 -



(7°,0°) cannot be solution of (2.5) if B #0, which proves that

and ]
(since B is assumed > 0) the closed-loop equilibrium does not coincide with

the open-

loop one.

e feedforward ecuilibrium @

Going back to (1.1), (1.2) and notving u; and E, the optimal feedforward

strategies and Hamiltonians for i=1,2, we have :

o =-p , U, =-q

1 2
(3.1) };1 = -p(p+a) +%x2 +‘3p2
Az = s(p) + €57 +%p2 +
Thus
th(pﬂ):%hp, %:x
ZTE=EP-Q.%=—(1W), %:n

o o

. . . 2.
Now, looking for the solution for which Tt =335 =0

(2 functions being arbitrary since n =1), we have :

o
02 ot?
o,
-(p+a)  -p B -x
ox -
62‘12 -
Br-a  =(p+a) > -ax
ox
or :
» -(pr) -\ (p4a)x

(3.2) K =
a/ 8p-qa  -(p+a) (p+q)ax



or also :

P Lm)_(_(\__a)_m) L _.(ml%&ﬂo;(‘-_a)glx’;h(p‘q)
(p+a)’+o(ep-c) (p+a)“+p(Bp-a)
(3.3)

p(1) =a(1) = 2x(1), x(o) =

In order to compare the solution of (3.3) to the closed-loop equilibrium
or to the open-loop one, let us try to solve (3.3) under the forme p = Px ,
q =Qx , which is necessary to have the coincidence. P and Q must be solution of :

. A N - . N
C3) = ) =ep () Ly, P((3=a)P-(142)0)

l:s A AD A AAlT + == CRR
(p+)"+2(gP-Q) (p4)"#(gp-0)
(3.4) . R . .
§o 364 - - WEAE0E0) | GEaN(-ai)

(+0)2 42 (8P-) T (P40)? 4 (pP-0)
But if (};,&) solves also (2.5), we must have :

(5.5) Do B =Fan 1, 4-aG4) =Fa- - a
Thus @

B((8-a)p-( Ha)Ql Q((w-a)mQL
(PaVe(EP-0)  (240)24P(p2-0)

(5.6) Pq =

S fAidad .
=WB_a 2 d8f \ 5r 1w > 4,

and we see that for 148 < a« the feedforward and closed-loop solutions are

e
But also ¢ (B-a)P? - 2PQ - Q% =0 , or ¢

oo

o

fferent. But if 148 > «, we Tind that ¥ =y and, using (3.6) we find that

d

X Q

P =Q=0 and that « and B must satisfy a set of 4 independent relations
(

(

if we take into account that P(c) 2 and Q(t) 2) which is impossible,

and thus the feedforward and closed-loop solutions never coincide (Va,B > 0).
Using the same method, ore can check that also the gpen-loop solutioa never

coincide with the last two soluvions (Va,p > 0).

- 15 -



W - co

We have derived the adjoint eauations, for an arbitrary dime

ion n,
solving the Nash equilibriun problem when the optimel stategies uf and up

are sotained as functions of (t,x,p,q). It appears that Vn, these equations
depend on (n’+n) arbitrary functions and this proves that, generically, there
are infinitely many surfaces that locally solve the necessary condirions. This
remark is complementary to T. Basar's [1] and A. Mehlmann's [5] claim of non
uniqueness depending on the information structure. It is finally worth noting

that the non-uniqueness disappears when uf and uf are independsnt of p and q.

- 16 -
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PARTIE II

Etude des conditions d'optimalité avec information

non classique pour les problémes de contréle et

d'équipe stochastiques.






RESUME DE_ L&

Cette partie est consacrée aux problimes d'équipe  information non classicue,
3 savoir lorsque les o-algdbres d'observations ne sont pas croissantes en fonction
du temps. Cette situation se présente en particulier lorsque plusiexrs décideurs
effectuent indépendanment des observations de 1'état sans échanger ces observations
et /ou lorsque des décideurs ont des capacités de mémorisation limitée, et doivent

minimiser une fonction coft commune & 1l'aide de stratégies n'ut

isent que lears

observations.

Ce problime est sbordé dans deux cas extrlmes : le premier, lorsque la
structure probabiliste des bruits est discréte et le second dans le cas des

diffusions.

On y développe une méthode de programmation dynamique ol la loi de probabilité
destrajectoires du processus joue le réle d'état. On montre, sous des hypothdses
de régularité du collt optimal, que les stratégies optimales sont obtenues par
intégration d'une équation d'Hamilton-Jacobi-Bellman généralisée, comportant un
terme supplémentaire par rapport & la théorie classigue. le terme de "signalling"
qui mesure 1'utilité marginale d'une variation d'information. Ces résultats sont

Justifiés sans hypothése de régularité dans le cas d1 contrdle des diffusions

on classique,

avec observations partielles et informa






NON _CLASSICAL INFORMATTION AND OPTIMALITY
IN CONTINUQUS-TIME DYNAMIC TEAM PROB LEMS

LEVINE

Centre d'Automatique et Informatique
de 1'Ecole Nationale Supérieure des Mines de Paris
35, Rue Saint-Honoré
P-77305 Fontainebleau - FRANCE

fbstract : This paper is devoted to the study of optimality criteria in dynamic
team problems where the decision makers have noisy observations of the state and
ziven maximal memory capacities. Thus the information structure is non classiecal
for two reasons : on the one hand because each decision maker has no access to

the observations of the other decision makers, and on the other hand because his

memory can be limitved.

Ve develop in the cases with discrete-time noises and for diffusions, & generaiized
dynamic programming method giving rise to efficient optimality characterizations
via generzlized Hamiltonians minimizations, Hamiltonians contsining a "signalling
term". This theory is also applied to the control of partially observed diffusions

with classical information and to the famous Witsenhausen's counterexample.



I - INTRODUCTION
I.1. The team problems with non elassical information

Non classical information control or team problems have been Tirstly
introduced by H.S. Witsenhausen ([31]) and, since they appear naturally in

many exanples in commmications ([3],(18],(311), in mathematical economics
([51,[181,[19]), in large scale sysvems ([3],[4],[5],[101,(171,[18],[19],[251,[30],
[311,[321,[33], and more briefly, in decision problems with both estimation

and control, they have motivated an important literature.

However, besides particular examples, almost no genersl results are
known concerning existence and optimality characterizations (see [5],[12],[21]
and [31] for existence results in particular cases, and [21],[22] for optimality

criteria in discrete time problems). The aim of this paper is to obtain

optimality criteria for two kinds of team problems

ith non classical
information, the only difference between them lying in the probabilistic
structure of the noises : in the first model, the roises are discrete-time

processes, whereas in the second they are assumed 1o be Wiener processes.

In both cases, the team is made of N stations observing independently,
with an individual noisy observation function, the state of a system with roise
perturbations, and governed by control varisbles. The informational structure
is supposed to be the following : at each time t, the decision maker k has no
access to the other decision makers observations and cannot remember his past
observations before ?ﬁk(t). ¥, being a given function Vk=1,...,N, known by

every decision maker, satisfying :
(1.1) o<k (t) <t vt e[o,7], We=t,...,n

This function ¥_ may be interpreted s the maximal memory capacity allocated
vo decision maker k at time t.

The admissible decisions for each sta-ion are thus assumed to be based on
these informations, and satisfying evenwually addivional constraints on the
controls. Finally, the N team olayers wish to minimize = common cost funcrion

with respect to their admissible strategies.



In the first case, the system is given by a controlled differeatial

equation, perturbed by piecewise constant noises ocouring at the given

dates : t ;T 5.0t with
ic s o Tyt Wl

(1.2) o= fy <t <aee <ty =T (the horizon T is fixed),
the noise realizations in two different intervals being uncorrelated. The
observations are also perturbed by piecewise constant noises occuring at the

seme dates % ,...;ty, having the same time-uncorrelation property.

In the second case, the system is given by a controlled stochastic
differential equation driven by white noise, and the observations are also
given by a stochastic differential equation driven by an independent white

noise.

This problem generalizes the control problem for partially observed
aiffusions (see [1],[21,(51,06]1,[71,[9],[11],[12],[14],(15],(24],(34],(35]) where
information structure is classical : N =1 and X(t) =0, thus the controller
has perfect memory and the o-fields of his observations are incressing with

time.

For N >1, even if Mk(t) =0 Vk =1,...,N, and except for some rare
situations with partially nested information structures (see [10],[17],[18],
[19],(301,[331]), the increasing property of the o-fields of observations
vanishes, and the computation of conditional expectations with respect to the
past observations becomes untractable. This explains why we shall avoid as

much as possible the use of conditional expectations.

On the other hand, our approach generalizes the ones of [21],[22],[511],
[ 32, essentially based on discrete-time properties.

Finally, the reasons to restrict ourselves to the cases of discrete-time
incorrelated noises or to Wiener processes are essentially tochnical : these
types of noises are extreme cases since the first is everywhere degenerated
(in terms of infinitesimal generator), whereas the second is nowhere degenerarted.
Thus we hope to convince the reader on the flexibility of our Dynsmic
Programming approach. On the other hand, it is also clear that the complexity

of the analysis incresses with the degree of generality of the noise processes,



and for clarity's sake, we have assumed the simplest probabilistic frameworks.

I.2. QOrientations of the paper

In order to explain and motivate the oriel .ions of the paper, let us

briefly recall the methods used in the precedently cited control for partially

observed diffusions, with classical information structure, to obtain optimality
conditions via Dynamic Programming technioues. Most of the results in this area
are based on the fact that the infimm of the cost funciion with respect to u,
namely the Value function, depends on a conditional probability measure
(eventually unncrmalized) of the state with respect to the past observations,

and this conditional measure satisfies an evolution equation where u appears as

a control varisble. It results that the conditional messure can be used as the
genuine state variable, and the minimization problem can be stated in an

equivalent way in terms of this new state variable (see for example [1],[2],[6],[7],
[111,[141,0151,[241,[251,134],[35], The advantage, as clained sbove, is that the

Dynamic Programming equations can be derived in this state space.

In our non classical informational structure, such a method does not work
because of the non nestedness of the o-fields of observations, as was firstly
remarked in [31]. However, the same type of approach can be applied in our
framework if one replaces the conditional measure by an unconditional probability
measure on the space of trajectories, playing here the role of the controlled
state variable. This approach hus been already developed in particular cases in

[211,[22],[31 1, [32].

Thus, the paper is organized as follows :

In section II, we shall deal with the team problem with discrete-time noises,
and in section ITI, with the team problem for diffusions.
These two sections follow almost the same lines
Section II : The team problem with discrete-time noises.
IT.1. : the model and the assumptions
II.2. : reformulation of the problem in the space of bounded measures, with :

I1.2.1. : first reformulation into a purely final cost,

I1.2.2. : the value function and the optimality principle,

I1.2.3. : the closed-loop formulation



II.3.

II.4.

some regularity properties of the value function : concavity,
subdifferentisbility and integral regresentatiors. Directional

tive formula .

ceriv:

the Hamilton-Jacobi-Bellman equations snd the Signalling.

Section ITI : The team problem for diffusiors

I1I.1.
IIT.2.

II1.3.

TII.4.
III.5.

Section IV

Model and assumptions

The dynamic programming method in the space of bounded measures
IIT.2.1. Reformilation into a purely final cost

IIT.2.2. The value function and the optimelity principle
II1.2.3. The closed-loop formilation

Some regularity properties of the value function (concavity,
subdifferentiability and integral representation ; directional
derivative formula )

The Hamilton-Jacobi-Bellmen equations and the signalling
Application to the control of partially observed diffusions wilh
classical information.

ITI.5.1. The Eamilton-Jacobi-Belluan theory and the waximum principle.

III.5.2. The link with Mortensen's equation.

is devoted to examples, the last one being the well-known counterexample

of H .S. Witsenhesusen [31].



I - IHE TEAM PROBLEM WITH DISCRETE-TIME NOISES

II.1.

del and assumptions

Since the measurability properties play a central role to ueseribe the
infornation structure, we shall have to give the precise definitions of the
o-fields of observations and of progressive messurability of a process with
respect to « family of o-fields which is not increasing. These rotions will
be used to define the admissible strategies. Furthermore, the concept of a
solution, or trajectory, of a differential equation with such admissible
strategies is not completely standard and deserves a careful introduction.
We want to point out that, though heavy, these developments are essential

for the sequel.

Finally, the cost function and the minimization problem will be defined

with some comments on the public and private informations.

IT.1.1. The dynamics and observations eguations

The interval [0,7] is subdivided into yreeesty @S in (1.2).

The system is given by :

x(t) = 2(t,x(8)u(t),v.)
J Vi € [t

() = B (6D, ety gl T 0

(2.1) 34

where :

< £.h,5..esky are smooth functions of all Their evgumens, f satisfying the
classical linear growth condition and zonvexity condition :
2 n
sup|x.£(s,xm,v)| < c(i+x][7)  vx €®

(2.2) Tausv 3
£(t,x,0,v) is convex ¥(t,x,v), U=U, X... X, elosed subset of R "% xR
. we demote = (v, vl,eees) €RT, and w = CRESTRAE Y
a realization of a noise sequence. We set p. = probability measure on

(R",&.)y §05eves¥-1. w, and @, being supposed independent V3 #k, the
probebility messure p of ® is given by :
Mt . Mt
(2.3) p=® p, on (2,0 with Q=R and @= 1 @, .
jo ¢ s 3



e shall oo derote @, = [y wieh 3(r) sefined by ¢ € [o vy [

The initizl state x(0) is supposed to be a random vector independent on w,

with probebility messure p on R and o-field 3 . Tus, the natural
measurzble space of the proolem is : (R" X Q, 3 X p @)

4 stochastic process & on [0,T] X R X @ is thus said progressively seasur
with res ect to {3 X ;tE [0,7]} if the restriction of & to [0,t] is

xg x b K W is th ~field
Bo,4] X B, X @, measursble YVt € [0,7], vhere By,] is the Borel o-field
of [o0;t].

“ole

Let Y (t) be the sub o-field of J X & generated by the observation paths :
(2.4) 1 (1) = by (e) = 1 (s,x(s),v )IM ()) <s <t, x: {3xa]} orogressively

k

messureble, and vy = ory (m), w€Q}, k=t,...,N,

with pri@) = (en)*F
Denote %(s,t) u Y (o), end y (0,7) the space of observation path
on [0,7]. <ot

Clearly, the family {u&(t) ; t € [0,7]} is not increasing in general.

component of . 5

Definition 2.1 : we shall say that a process w_ on [o,7] x Yk(o,’l‘) is
progressively measurable with respect to {'yk(t) 5 t€,r] if :

uk(t) is 'yk(t)-measurable vt € [0,T], and W restricted to [o,t]
is By 4 % % (0,t)-measurable ¥t € [o,7]. ®

Thus, we shall say that w_ is an admissible strategy for decision maker k if
u, is progressively-measursble with respect to Wk(t) 5 v €fo,r]} and if :

(2.5) u (61, (6)) €0 v € fo,], VY () €7 (0,1), Wet,uua,N,

The set W of sdmissible 5% 'itegies for station k is thus :
(2.5) u = ("k : ('uk(t)}-p"ngressivelv neasuratle process setisfying (2.5)}

We denote U =l X ... X U.



o Finally, z soluvion of (2.1) starting from (0,x) and generalea by

w=(4,.000) €U and w € Q, may be defined in the sense of Krassovski
(see [20] =nd the Appendix 1). Fowever, such solutions neea not oe uni.ve
and we wust introduce the set 2°'“(0,x) cf all such solutions (in
®([0,7];8") : the space of contimious functions from [0,T] to R%), issued
trom (0,x) and genersted by (w,w)s X;"(0,x) will derote the value at time
t of an element of 2°’%(0,x) (nsmely z solution of (2.1) for (0,x) =nd
(2,0) evaluated at time t). Also Z'(0) will denote the.set of flows of
trajectories generated by u from time o, that are {:;0 x a, }J-progressively

measursble, namely :

(2.7)  20) = K" (0,.)[x¥(0,x) € 27“(0,x) ¥(x,0) € B” x @, and the
process t — X‘:’m(o,x) is {5, X @} progressively messurable}

Since 2°7®(0,x) is a compact subset of C°([0,T];R") depending upper-
semicontinuously on (x,w) (see [20]), one can prove (see for example [8])

that 2%(0) #¢ W €U

To specify the dimensionalities, let us set :
q N
o2
x€R, v €R° (I q =)
p, N
w (1, (1)) €RF (& p =p); with Y (t) piecewise contimious path on
[)ﬁ((t),t] xR v, W

IT.1.2. The cost functional

(2.8) Jo,uo(u|,.-.,\ln) = swp =[] ele,x(0m) (e, Ty (0,x)))at

x*e (o) +6(x3"(0,x))]

The expectatior being taken with Tespect to B ¥ p , with :
. g and G smocth and bounded functions,
. the notation u(t,Y‘:’w(o,x)) meaning precisely :

u(e, 1y 0,x)) = (, (t,‘l?:‘l’(m:)). ,uN(t.Y;;“t’(o,X))): and 3

(2.9) 12¢

2200,2) = 166D 5, () = by (,53%(0,2),95) wizn v = o),

Vs € [tj,t [N (6),e]s ¥imosenestint]

i+



x s
£or Xk = 1,000, prj(m) being the (k#1)%% component of  j

II.1.3. Statement of the problem

Hintaize J (given by (2.8)) with respect to u = (u1 ,...,uN)
,
o

(2.10) in U=l X XU (given by (2.6)), and for trajectories
given by (2.1)

Remark that, because of the non-unicqueness of the trajectories of (2.1),
the team is interested in a minimum guaranteed cost obtained via the supremum
for every possible flow generated from time O by each stratezy u € u. Of course,
if for a given u € U, (2.1) admits a unique solution, then we recover the usual

definiti £ J u).
efinition o: O,PO( )

IT.1.4. The public and private informations

To summarize, the publis informations are :
the sequence {tj|j=o,...,lﬂ, the functions I, ¥ (k=1 500 ,l),
£,8,G, tihe o-fields 'yk(t) vt € [0,7], Vk=t,...,N, the probability space
(&R x @, 3, Xy ou, ® p) and the family of increasing sub o-fields
{30 Xa, ;te€ [0,7]}, the system (2.1), U= UoX e X Uy (and thus the
form of the controls), Jo,uo(“) Ta € U

Bach team player has the seme clock and agrees on the concept of solution for

(2.1).

On the other hand, player k's private information is, at every time t,
a path of the form (2.9).

Finally, with this formalism, the fact that the information structure is
non classical may be written :

(2.11) neither (Vi, k € {1,...,N} pj(t) C'yk(t) vt € o,7]),
nor ('yk(t)c '“K(S) ¥t <8, ¥k =1j,...,01), hold true in genersl.



II.2. Reformulstion in the space of Dbounced measures

The aim of this paragraph is to prove that the team provlem (2.10) can
be reformulated in terms of bounded measures on the space of trazjectories
of (2.1), and that the infimum of J"’"o , the Value function, satisfies the
well-known transition or optimality)principle of Dynamic Programming with respect

to these measures. This reformulation will be done in three steps :
o a first reformulation into a purely final cost where the dependence of

the cost function on the measure of the final state is linear,

. the definition of ihe Value function for any initial time * € [o0,T]
where we prove the desired transition principles (on the value function and
on the measures),

. the final reformulation for closed-loop strategies (depending on
the measures) and the comparison result between the optimal values
with respect to closed-loop strategies and the current strategies defined in
(2.6).

II.2.1« A first reformulation into a purely final cost

The most natural way to show how measures appear &s new
state varisbles, consists in making the classical change of varisbles to have
a purely final cost :

Let us introduce a new scalar variable T and the differential

equation :

i) Fou (1) = &(6,X70(0,3) u(1"%(0,x))) ¥t € [o,7]
2y (©) =0

with X'"%(0,x) satisfying (2.1) (in the generalized sense of Krassovski),
and let us dente :



z = (x,xn” )

Ftyz,u,v) = (£(t,xu,v)* , glt,x,u))r , ¥(t,2,u,v)
gk(r,z,vk) =hk(t,x,vk) s T(6,2,95) ) VE = 150ee,l ,
6(z) =6(x) +x__, , vz

(2.13)

n+

—

Thus, the system (2.1), (2.12) becomes :

[

it

:'”(O,Z) =z = (x,0)*

e { S 208) =P80, (6,102 )y ) W€ o,

with u(t,1y"(0,2)) = (u, (¢, Y“ w(o,Z)),...,m (e,1y” w(om))) and @
1%00,2) = (e ()l () = B (e,207°(0,2),95), V5 = p(a),
¥s € [tj,tjﬂ[ N % (6),e]} e =1,0.0,m

Thus, since  x . (8) = J:g(s,x‘s"“’(o,x),u(s,v:’”(o,x)))ds

and since 6(z) =6(x) +x,, , veobrain the :

Provosition 2.1

(2.15) Joyuo(n) :Z“S;E(o) JMM (2379(0,2))ap, (2)ap(w) °FF l)’PD(L\)

with 2%(o) defined exactly as in (2.7) with 2" and z in place of X
and x, and with P =p ® 8 ; namely :

(2.16) Jn+1¢(z)uP ) _J'wq,(x,xw o, ()38, (5, ) = Jrﬂnm,o)auc(x)

Yo € cf;(n"”) (space of continuous bounded functions on ROT')

Proof : It suffices to prove that 22(0) = {(X%x , (F*)[x* € 2(0)}
with x . (X") the solution of (2.12) associated to X' ; and this is

straightforward since x__ (X") is simply the integral between O and T

n+



of a finotion indeendent on x . . s, unicuely cefined. Hence, if
7% € %), it is necessarily of the form (5{“,;;w @) for € 20),

anc the result follows., ®

It turns out from (2.15) that J is purely final but also it can be expressed

. a . .
as 2 linear functional of the measure Py , imege of P by the applicstion z* .

precisely, let us demote :
waef Ju; oy def [ u,w
(217) 5 2.7, ¥ [ 246,27, 00)
or, equivalently :
. - ot
(2.18) jRnﬂcp(zmT(z) ‘Lﬂ**xg“’(ZT (002 (2)ap(w) Vg € RE).
a J- Pa = <g,P%> 1 Sl i
We shall also denote @dP = <@, 3 to recall that FT is a linear

On the other hand, since we shall need to
extend the problem to P : general bounded measure on (::7’(11“H ), we shall aluays

continuous functional on &),
suppose that the measures considered are bounded with arbitrary total nass and sisn.

Corollary 2.1 :

_ oY
(2.19) .TO,PO(u) = nms <GPy >
Pperpo,2,)
with :
(2.20) F0,2)) = () = 2300, ))|z" € Z°0)}. =

Remark 2.1 : Clearly, P;(O,Po) can be interpreted as the set of probability
measures of z at time T knowing that the strategy u = (u|,...,1LN) has been used
between o and T. Formula (2.19) shows that P';(o,Po) sums up 21l the Gynaminal
informations needed to compute the cost, and thus P can be seen as the controlled
state varisble of the problem ; this is the point of view that we shall develop

in the sequel. W

Remark 2.2 : It can be proved thstsince g and C are bounded on [0,T] X R® x U
and on R” respectively, the supremum in (2.19) is attained.
We shall not prove this result since we shall not use it
in the sequel, but it is an easy consequence of the equicontinuity of the
solutions of (2.1) with (2.2)-(see also [20]). ®



* R
Resark 2.3 : If we denote 4gi(, ) the support function ([25]) of #2(0,2 )
2(0,E 7015,

in the peired spaces <c§(RrM )» MEF)>  (vounded messures on 2 with the

weak* - topology), then by aefinivion :
(2.21) T () =4 (5) o € W
0,P 0,P ) ’
o 9%
4 result of the seme nature can be found in [32] in a simpler context.

From the properties of support functions, we easily obvain :

*

a () weuw,
@ fl0,P ) ) ’

(2.22) R () =
o

where @ P (o, 2, ) is the weak* - closed convex rull of © 2, 1N ). It is

interesting to note that oo P-(o N ) corresponds to Flllppov's defm n of

the trajectories of (2.1) (seeT[|3] and the proof in the Annex). Moreover, if a
concept of solution for (2.1) is such that the resulting Qm(o,}' ) satisfies :
[ (o,P )cq (0, I k-1 FT(o By ) Vu € W, then, with (2.41) and (2.22), th
cost funccmn w11 not be affected. In particular, this property holds with the
solution concepts of Krassovski [20], Sentis [28], and Filippov [13] that,
consequently, yield the same cost function. ®

II.2.2. The value function and the optimality principle
Let us define :

(2.23) v(,P ) =Inf Jop (u) = Inf Sup <G, p‘T‘>.
° ueu 9% uel g
T o
In the light of the preceding paragreph, we shall define the value function ¥
for any initial time t € [0,T] and initi=l measure. However, since (2.14) is a

delayed - differential equation by the contribution of the controls, one must be

careful on the nature of such an initial measure : if (2.14) begins at time t, to

define completely the solutions, one needs a function Z . , contimious on lo,t],
,

as an initizl condition. Accordingly, the initiazl me=sure turns ou: to be a

n+1 3

R, 4. (an

neasure on  ¢°([o,t]; e. on the set of continuous irajectories 7, .
y

elementary theory of measzures on C° can be found in [29]). Such a measure will be

noted P _ .. Precisely, we define z“’“’(t,zo ;) as a generalized soluvion of:
s

o,t



’“’(t,zo’t) B F(s,z‘s"“’(t,z PRER i) 5

(2.24) Vs € [cj,tjﬂ[ ~ [t,T

*""\t z ,t) =2, e [ost]
with u(s,!:"”(c,z .)) defined as in (2.14) with z:’“’(r,zcyt) in place of
29%0,2), and 7, € C([o,e] 5 &)
Accordingly, Z“(t) is the set of a1l solutions Z%7°(t,.) of (2.14) such that
s —~z“’“’(t 2, o) s g, x 3,58 € [t,7]} progressively measurzble, LA
2 given o-field on C° ([c,*] ; R !

Finally, if B is e bounded  measure or (®([o,t] 3
y

being
24

)i 3, )s one can
define :

(2.25) P‘;(t,?u’t) = By - Z;(t,Po,t)|Z“ € Z(t)}

with similar formulas as (2.17), (2.20)
u def u def 0,0
(@26) 7}, ) F [ @r, e

or, equivalently, noting C . for ¢°([0,t]; )
,

2.27) jww(zm () = Jg L, D, (G, Jeele) e € ),

0,6 %0,
0.t
Finally, we shall define J (w) vy :
+,P
0t
(2.28) LA () = Sup <@, P;> Ta € u
0,t SV
Plesp(a.e, )
and :
(2.29) v(t,P

) = Inf J, (u).
0,t el t’Pn,t

We have the following transition properties :



Provo: ion 2.2 :

(520 (2

“ =
(2.30)  fh(e,e )= L Pplenzy (B o

)) veel[t,0], Waucecu
0% P §
€z (v)

where z» (P .) is the bounied measure on C°([o,s] ; ®*') defined bv

sV 0t

(2.31) Jc oz, Jalz} (2, Nz, )=JC XQW(Z“’w(t,ZO’t));Pc’t(Zo’t)dp(m)
0,8 0,t

vy € c:(co’s)
Consequeatly :

(2.32) 7 (u) = sup Iy (P )(u) Y €u, vs € [t,T]

t,P
Fo,t e (4) t,.;

and  (optimality principle) :

(2.33) V(e )‘Inf Sup v(s,z ts(p

22’ (1) o

2roof : (2.30) follows from the fact that Py € Py(t,2 .
,

82" €Z%(t) suon that Py =7zp(t,P) ), which in tum is equivalent to
,

By 0
)€ Zne%(t) Fpleszy (7, )

))  ¥s € [t,7]s

) is equivalent to

_z(s’ts 0,t

To prove (2.32), it suffices to rewrite the definition (2.28) with (2.20)

e @)= Sup <G,F;> = Sup <s,p“_‘>
o,t . o
ppeep (2, o) e uUu( y #(s,2) 5,0 Bo,1)
o U
= Sup Sup <6,P>

u uo o
zez'(v) mpem(s,zg (e, )

= Sup I 0 (a).
e (1) "Zt,s(Po,t)



Let us now prove (2.33) : from (2.32), we have :

(2.34) v(t,Po’t) < “Sus JS’Z: Q(Po c>(“) Ya € u
2'ez’(t) I
This, since U can be seen as the product U, _ X W . of concatenated
,

u, _ end u . defined respectively on [,s[ and [s,Tj, {4(t)}~progressively
s )T

measurasble on each subinterval (the concatenation (ut Sl T) being trivially
558,

{Y(t) }-progressively neasurable on [t,7]), aud catisfying (2.5) on [t,s[ and [s,7],
s’z:,s(Pc,t)(u) is only defined on U o
w €U 5 in the right-hand side of (2.34), ve obtain, noting Z“(t)l[t o[ the
s, ,
restriction to [t,s[ of the trajectories of Z (t) :

and since J tacing vhe Inf for

A
vt ) < . ZE vizg (B ) weu o,
Z o (t)|[t S[
ths :
u
Inf Sup V(S’Zt,s(Pa,t))

0,t
“e“‘t

»s z‘:,sa“(t)| [ts[

u
» N t,s(Po,t
past of Z  so that 2  can be chosen aritrarily on [s,T], we have :

and finally, using once more the fact that V(s,2 )) depends only on the

u
(2.35) V(t,PO’t) < igﬁ uSuE RGN CAIIN
z'ez ()

Since, by assumption, g and G are bounded, we have : [v(e,?o t)1 <+, and
s
consequently there exists a sequence {u } o in U such that :

)

(2.36) lim  J, (w ) =v(t,?
m—e g 0 o,

t

Thus, Vm €N, we have :



Sup Iy (u )
u, u, n
R OO BTN
U
> sup V(sz, (2 )

20 o

> Inf S v(s,zt (2 )
uzu Z“e';g(t) 't,5" 0yt

for the same reason as in (2.35). But the right-hand side is independent on m and
we can take the limit as o — :
B o))

N Q.
V(t,Ac’t)EInf Sup v(s,Z':’sxo’t

uelh Zuau(t)

and the result is proved. W

To have a complete picture of the new state space of probasility measures

here introduced, we need to describe the state varisble Pi . as the result of
an evolution equation zontrolled by u for every +t € [0,T]. This i

the purpose

of the :

Proposition 2.3 @

vit € (), W L € ., the spacs of bounded measures on
orr n+t
Gy = Cllest]l 5 &7, L
N VA z% N o
& unique messure P’ defined on 3, 1 =o-field on C . senerated by 2%,
, ,

defined on J o-field on C ; there exists
0, 0,T

satisfying °Z“(Zo,t €3) =P () ¥ €3, , and deterniaed by the family

of transition probability funetions :

u
(2.351) ¥% (0,2, 5 58) =pllo € o|z‘;""(:,z°,t) z_ (o) vo€fo,t], ana

st 0,1

Y
0, 0 T8 € [t,1].

Yoet,s] ¢ 2z, ) eB)) we &

satisfying the Chapman - Kolmogorow equation j



- S o
2762, 5 00B) -JC o (onzy 5 oaB) BY (52 0aazg )
0,0
(2.38)
2
B = 2z .
P (t,Zo’c 5 t,B) 13(..o,t) V€T, .

u
Surcherzors, we have i P° =7y o(P ) defined by (2.31), and since 2% satisties :
s,

a4 a0 - 0,0 R
Ty )=, (2700 ) pens s € [t,7]

1,0
(2.39)
1,0 .
z, (t,Zoyt) = 0,,cw) Vo € [ost]
-~ 2,0, = Rty 1,0
with FLE ez, ) €Tz (822, Dsulsny] (t,zo,t)),vj)

(defired in the Ammer : ¥ is the set of accumulation points of F(s,z,u,v,) when

u is piecewise tonstant on intervals whose magnitude tend to 0), it follows that :

s
(2.20) Epzu(“’(zs) - L %f(zu)';u,m(zo,a)d"zc,t) = o(z,)

Yo € c:)(R“*‘), vz, €0, . with z =2 (o) Vo € [t,8],

or equivalently :

o) S e saz ) =| 2 e, ( (ez s s
2. s | s *%,t 7 “o,e ¢ 0278w, o, P ¥ e
0,2 0,8
1 (m0H
v € ¢ (R™), and for almost every s € [t,T].

Proof : let us first remark that (2.37) is equivalent to :

(2.42) jc oz, PP, 5 ez, ) =Jﬂ"(z:i:("zo,t))‘“’(“) Yo € lc, )
0,5

and iz, 2.35) flowllows trivial_v Irom tue semi -group propert’ z“"“(t,zo t)
B

with respect to the concatenation.

On the other hand, from (2.37) we have, Vo € t‘{”(co S



u
Z .
_L XC oz, JP7 (6i2, 5 ssdzy Japg

15" 0,t Za,t) =
0,8 0,5t
r 5
ngca,tv(z;’:(t,za,t))ﬂo (2, )0
:f 9(z, )d(zt (P o, t))(z ) (defined by (2.31)).
C
0,48

Finally, (2.38) ensures that the family (z‘;
(see [29]) and thus, if we define :

tHs € [t,7]} is consistent

u
z‘: S(Po t) = P: 5 »_ it follows from Kolmogorov's extension theorem that there
s 0, s o u
exists a unique P whose projection on [o0,s] is Pi s W€ [v,7], and
Zu s
consequently, 7y T( - ) =p¢ .

Let us now prove (2.40) and (2.41
let o€ C;(R'M), and let € o.

(2.43) D

u

Z .
. olzg, )P (6,2, 5 s+e,dzo’s+g) -
0,S+E

2
J oz ) (6,2, 5 502 )
C

0,8
0,8

xc oz s+:)P (s,Z 3 S+E’dzo,s+z) -
0,5+€ 0,8

w(zs)]PZu(t,zolt sz, )
(from (2.38)). Also, using (2.42) :
[ e, ) - o, RO
. .

0,8

(2.46) D_=% 12,y 5 50z, Japl).

Finally, since ¢ € Q;(RnM ), it follows that lim D

. exists and, from (2.43),
.-
we have : °

lin D =—J. q:(z)P (tz FREERA
c—o
Cors

)

0,8
and, from (2.44) and (2.39) :
ua oo =[2G )F

u
VA
] Xz,)- u’m(zo,s)P (t;ZO’t 3 S’dzo,s)
€—o C
0,8



and (2.4° ) is groved. To prove (2.40), it suffices to integrate (2.41) between

t and s. Conversely, if (2.40) holds, it suffices to write it in the form :

s s
4 [e e 7
J—t & EPZ“("(zaMza,t)d" IR PZ“(ez(zo,d)'Fu,m(zo,c)‘Zo,t)dc

and thus (2.40) is equivalent to (2.41) which achieves to prove the Proposition. ®

Proposition 2.4 :

Suppose that (P,3) ere given on G 1, savisfying (2.40) Yo € ql(R““) s
2 %,

Yz €C

oyt 0yt ? for a given F“’_ and u € U, with :

(2.45) p(z,  €B) =2 (B) WeF

[¢3

Then there exists 2 € Z'(t) such that P =7 .
)

).

05t

Eroof : lLet us denote P, - the restriction of P to [0,s] Vs € [0,T].

(2.40) and (2.45) imply et -
0y t

(2.46) B t(EP (o(z,) - o(z,) 2 = Ep‘J s(w(zs) - 9(z)) =
, 50

E
P,

L P
dz(zc)'F\l,m(Zo,G)dc)
0,8

But it is not difficult to check that :

. .
Car) 5 (365, 6,00 - [S] @, D, G, D)
’ 0,t

where 217°(t,z ) satisfies :
0,t

4 _u,w o U5,

d_dzd, (t'zo,t) = Fu,u(zcid(t’zu,t))
(2.48)

0,0 _

z,’ (t'Zo,t) = Zo,t(") Yo € [0,t]

with F as in (2.39). Thus 2" obviously satisfies 2" € Z°(t), and (2.46)
yields :



s

(2, Ko (w) o

jrq’(z:’m(t’zc,t))dPo,t

) (Fw(z 2y s = [
(2449 J o) 0,0 Jydo

(® ) Yo € [t,7], and the result is proved. ®

u
Hence, P 7> (P
fences Fo,0 T %,00 0yt

Remark 2.4 : Proposition 2.3 and its converse 2.4 give the solution to a
problem which is the analogue, in the context of discrete-time noises, of the
problem of martingales of Stroock and Varadhan ([29]), for the infinitesimal

7450 N oy s
generator I 9o(z) = M(zu).r‘“’u(zo,a) The fact that 1% s is of order 1
confirms that the diffusion is degenerated, that we knew from the beginning ! ®

Remark 2.5 Po + is never assumed to be positive with total mass |.
B
This generality will be useful in the sequel since

the funetion V(t, P ) can in fact be defined on the whole vector space WE t

0st BH ).

of general bounded measures on C°([0,t] ; ]

Remark 2.6 : For simplicity's sake, we have introduced measures P on

o,t
the whole past, whereas the observations of station k are only defined on

[)(.‘(t),t]. However, the result is the same since we take expectations of

functions of the observations between ¥ (t) and &, k=1,...,N, the observations

paths before )(k(t) being arbitrary, and giving no contribution to the integrals.

Remark 2.7 : Going back to (2.33), we see that this eauation is simply the
principle of transition of Dynamic Programming, and therefore constitutes a
) = <G,PT> VPO,T,

) w<mT, L

backward equation : from the final condition :V(T,Po %

s
going backward in time, one progressively computes V(t,PO N
A "dual" approach can also be developed, as in [32] or, in the classical

informational structure, with the nonlinear semigroup theory, which gives rise

to an onward equation (see [11][14])

Let us define the family of nonlinear operators {J_}

slss0 PV F

2.50) S (V(t,p .)) =1Inf Su V(t+s,20 (® ) ¥s €[o,n-
( s 0yt “:uzuezﬁ(t) #9124 54s Pt s € [o,0-t].

Thms, the reader can easily check that (2.33) becomes



3, WeE, ) =3 (5 (w2 1)) =3 (3, ((e,e 1))

(2.51) ¥s,6 > o such that s+ < T-t.

HO(V(t,Po’t)) =V(t,P°’t), or equivalently

forms a semigroup of nonlinear operators. However,

Hence, the family {:xs}s%
is clear that this method is equivalent to the Dynamic Programming and the
translation of the results in the sequel in terms of nonlinear semigroup is left

to the reader. ®

Remark 2.8 : If we look at (2.33) as an optimization problem, and if we try
to compute 2 solution u* & U, supposed to exist, then obviously u* will be 2
function of P . , whereas this is not allowed in the definition of W. By
analogy to the deterministic control theory, we shall say that the current
definition of U is in open-loop (the controls do not depend on the state I t)
and that u* is obtained in gclosed-loop form. Thus, if we want to solve (2. 10) or
(2.29) by means of (2.33), we need a comparison result between open-loop and

closed-loop solutions. This point will be analyzed in the next section. ®

II.2.3. The closed-loop formulation

B™) endowed

Let Wt o be the space of bounded measures on ([0,1] 3
with the weak* topology, let be its Borel o-field, and @'m its projection
on ®([0,t] 5 &%), ¥t € [0,7]. Let us also denote Bj,  the Borel o-field of
T s k=1,ee0sl, and ¥
between 0 and T satisfying (2.4), with the family (% (t) 5 t € [0,7]} of swo

o-fields of F X & Ve recall that this family I'K((t)} is not supposed to be

(0,T) the space of piecewise continuous observation paths

increasing with respect to t.

Définition 2.2 : An admissible closed-loop strategy “k for decision maker
k is an application from [o,T] x ¥, (0,7) x 7n 0 to U which is
progressively measurable with rsspect to {'yk(t) x @” t € [o,7]} ,
namely :

uk(t) is ('yk(t) x 49 EUR)-measurable Tt e [0,7] , and :
u, restricted to [o,t] 1s (eo’t] X yk(o,t) x /3,,[ ) /EUk)—measura'cle,
vhere we recall that Y (0,t) = yk(s) ]



GK the set of every adaissible closed-loop strategies for station
Koawa X Wj . .

Clearly, we have WS U and every w € U is, by definition, a nonantici-
pative application of (8,%, (t),P, ), with
t = uk(t,Yk(t),P

= - ble, = yeue sl
0't) Bpo,p]messureble, Vit

In order to compare cpen-loop and closed-loop types of optimality, we need
to extend the definitions of Z°(t), Pa(t,? ), J (u) for u €U, and,
50,1 P

consequently, of V(t,P ).
o,

Tn fact all these extensions follow directly from the extension of the
concept of trajectories for closed-loop strategies. Thus, adapting Krassovski's
definition [20], we set :

%“""(t,zo’t,P L) is the set of all the uniforn limits in O . of trajectories
z""“(t,cg"t,no‘t) of (2.24) generated by the piecewise constant approximations
of u of the form

(2.52) u(':?,‘{m;)w(t,ﬁ:’c),nzm 2
< 0,77

for every deterministic sequence {t-} of subdivisions of [t,T]
such that 1lim sup(1%_,-17) = o, for every (¢ .} such that
- Pl LB 0t
n—w j
a2 -zl =o,
(2.53) 4 e T0stT 0,810,
and for every {n° .} in 7}& such that lim 7% =P
ot )t o ost T oyt
in the wesk* - topology of 7)& o
s

A precise definition of Z"""(c,zo 41%,¢) is given in the Appendix, as
,t70,

well as some of its properties.

Also, e define Z'(t) as the set of all the solutions 2°7°(t,.,.) defined
here above such that the process :

(2.56) s =20,z B ) i g, x 3, x By s € [4,0]}-progressively

measurable.



Consequently, we set #3(t,P ) = P% = 2%(t,p )|2% € Z2(t)}] with the
T o,t o,t

notation : Zp(t,2) ) for the inage by Zy of P ., namely :
f “u f 1,0
. d t,P = ’ N
(2.55) Jﬂnﬂw(z) (z,(t, o,t))(Z) Joxe oz (¢ ZO,C,PO’t))d?o,c(zn’t)dp(w)
0,t
Vo € cg(R"*‘
Finally :
(2.56) Ip () = sw <G,P¥> Vu € U, and V(t,Po t) =InfJ .
o,t Pepl(s,p ) ’ uel  o,t
PR A

Proposition 2.5. : The conclusions of the proposition 2 2,3 and 2.4 hold

for W, Z, P, J and V in placeof U, Z, P, J =nd V. m

The proof follows exactly the same lines as those of propositions 2.2 to 2.4 and

is left to the reader.

In order to compare V and V, the value functions for open-loop and closed-
loop strategies, we want to point out that the situation is not as clear as
in a deterministic control problem : in this case, it suffices that a closed-loop
strategy u(t,x) generates a unique solution x(.) of the differentizl equation,
to obtain an open-loop strategy, namely u(t,x(t)), giving the same cost. Here

though we use the same kind of idea, we have to be sure that the open-loop

representation of u does not generate other trajectories yielding a higher cost
(remember that we tske the supremum of every cost induced by every possible

trajectories generated by a given u !).

We have the following lemma :
Lemma 2.1 : VYe >o and ¥Yu € U, one can find u € U satisfying :

u
(1) Z ®(t) contains exactly one element.



) 1, W=, @)l<e

»
L"o,t 0,t
Proof : Let u € U. Clearly, [, 5 @] <een
,
- 0,

By definition of J, one can find 2t e 24 (),

Tuo_ g SO

and | ZT(t,PO’t) such that :

- .o R

(2.57) IJC’P (u) - <a,2p> | < .
0yt

Also, by definition of 2 , one can find a swbdivision 7 <%, <..<7 of [t,1],
an initial condition (. in a neighborhoad of Z_ ,
, )
and an initial probability measure
3 Lyu,w
Poyt such that the trajectory 2 (t’Ca,t’no,t

scheme (2.52), (2.53), which is uniquely defined for each Lw,Cy o and L
s ,

,4 in a neighborhood of
,
) obtained by the approximations

satisfies, by the uniform convergence

o) [ G, m, hon, (6, o0l - G <
0,1t

with LA 't satisfying

o) I ([ St m, ), (o, ) -
Q To,t

[ s, m e, (e D) <%,
. %,

0,t

2.59) being a consequence of the uniform convergence of zl on
T
compect subsets of Cy ..
Thus, putting (2 57) to (2.59) together :

0,

(2.60) 1]M SRz MR (5 Dsew) = Ty L (] <k
0,t

Finally, it suffices to define :

Bt Lu,w z
(2.61) u (s, (t,Zo,t)) =u(tj,YTj (°’Zo,n)’“o,1j) €U

€C ..

Vs € [tj,rjﬁ[ N [t,7], ¥izosees,lm1, Vo € Q V2, o -



Tt is straightforvard to check that u_ is {y(s) 5 s € [t,7]}-progressively
neasurable, for example by Bene¥ lemma [5], and thus u_ €U On she other

hand, u_ generates only one trajectory for each w and Z by construction,

u I,u,. 0,t’
and tms  Z °(t) = 2" (t50,7, )} has only one element. Finally :
,

Nar (2, )de(w)

- u -
L,u,0
= <G,P. & = 78

J (“J sup 2By J-Qxc c(zT (t,2 0,0,

u. w ‘0,t7%0,t
0,t € € ’ )
B ey (62 ) 0%
and (ii) follows from (2.60). =
Theorem 2.1 :
(2.62) V(t,Po’t) =v(t,1>°,c) vt € [o,1], Y,y € WE’t B
In other words the open-loop and closed-loop team problems are equivalent.

(u).

(u) < Inf J
0yt uelt Pt

But it is easy to check that if u € U, J (u) =7, (u),
4,P t,P
0,t o,t
and thus :

Proof : Since UGS U, V(t,p ) = Inf J
0t et 8P,

(2.63) Ve, ) <V(E, ).

On the other hand, since V is the infimum over U, Ve > o, one can find T € U

such that :

. P .
(2.64) I (u) ‘V(“’Po,t) 5.

0,t

Thus, by lemma 2.1, there exists a w € U such that :

(2.65) E; @) -7 @ <£ .
t,Foyt £ P L 2

0,

Finally, from (2.64) and (2.65), we obtain :

- 5 . £ 7
(2.66) V(sp, ) < S, t(uE) < J”’Po () +3<v(se, ) +e

B

and, since € is arbitrary, the result is proved. ®



To conclude, theorem 2.1 answers to the question raised in remark 2.8,
and asserts that the solution to (2.10) or (2.29) can be found via the

Dynamic Programming equation (2.33) for V or V indifferently.

Remark 2.9 : The assumption that g and G are bounded is not valid in general
for linear quadratic problems : However, one can restrict the analysis to a

neighborhood of the optimum where this theory applies. ®

II.3. Some regularity properties of the value function

This paragraph is devoted to the proof of three regularity properties of V
that will be very useful for the sequel.

. The first property states that V is not only the minimun guaranteed cost,
but also the absolute minimum, giving thus the same result as if the trajectories
were uniauely defined for every u € U. Furthermore, if the minimum is attained

at u* € U, every trajectories generated by u* give the same minimum cost.

. The second one is an integral representation of V that will be useful to
interpret the directional derivatives obtained in the sequel in the optimality

criteria.

o Finally, the third one states that V 1is concave and continuous with respect
to ? ., and thas everywhere subdifferentisble (in the sense of concave functions).

E
The subdifferentiability will be used to obtain the derivative of V along the

2
trajectories of P2,
Proposition 2.6 : V satisfies :
) =1Inf  TInf G2, woelon], w € 7IE
uew Suu - ’
[ZE R

(2.67) V(t,P

0,

)t

Purthermore, if u* € U is such that J, (u*) =v(t,P_ ,), then
o,t

0t

~oMax ~u pL
(2.68) V("Po,t) =<G,B> , Yy € Ry (t,PO,t) , vt € [0,7] Ty € ’@t.



Proof : By definition of V and by theorem 2.1, we have

<c,?¥> Hu € W

)

Let u €l and QF €P5(t,P ) be such that :
"%,

@ < s <GP
(2.69) Pren (.2 )

G0 <V(6,B) )= with >0,
,

0,t

the last inequality being feasible since V > - =

But, by lemma 2.1, tvere exists u_ € U such that :

u u . u .-
€ e _ e o
(2.70) A (t’Pa,t) = (PT } and Jt’PO t(“t) = <GB, <6, + ey
,

and, with (2.69) :

o QU
(2.71) V(t"Po,t) < Jt,Fc ("s) < <c,QT> +e< V(t,Po’t) +e-¢
B

which is a contradiction, and (2.67) is proved. (2.68) follows immediately by

changing u in u*. ®

Provosition 2.7

X Bynat X By - measurable function W,

(Po,t

There exists a

0,1] n+

integrable with respect to every measure on R of the forn P, = pr,

pr, being the projection operator defined by pr (z_ ) =2 (t), and
t t To,t 0,t

)

satisfying
[ »
(2.72) RICE N = Jgnet wltsz 5 7y Jap(z) ve e [o,n], v, e .

: W can be interpreted as the "density of value" of V with

Remark
respect to the probability measure of z(t), or, more precisely, as the density
of cost-to-go from time t and position z(t), knowing that z(t) is the end point

. s o
of any 7, with probability P



Proof of the Proposition 2.7 : Let [um}m>o be a ninimizing sequence in U,
namely a sequence satisfying

(2.73) lim T, (u,) =V(t,P°yt) , with u €U Vm>o.

m = o,

such a sequence exists since V is finite everywhere .

Let us denote :

.
. N o

(2.74) wm(t,z 5 Payt) -Jc ><§2G(zT (t,Zo’t,Po’t))dPo’t(ZO,E|Z°"(t)=z)dp(u).

~U ot ..\lm

72 ™  being chosen arbitrarily in Z "(t). Clearly, since :

ety o
. . _ m . mo_ o
(2.75) J‘Rnﬂwm(t,z ; Poyt)al’t(z) =<,y with Pyt =2y (t,Po’t),

w, is P, - integrable for P, =pr (B, ) WP . € 7’E,¢. , and

Bo,1] X Bt X B measurdble. On the other hand, the w = are
unifornly bounded below by & constant (the constants being P, integrable) and :
(2.76) mlimw J.R“"‘ wm(t,z i Poyt)dPt(z) =V(t,P°’t) ,

thus, by Faton's lemma :

(2.77) JR""' (..,li_mm um(t,z 5 Pu’t))dPt(z) sV(t,Po’t
et us denote :

(2.78) w(t,z 3 P K

o,t) = mli;m wm(t,z s Poyt) Vt,z,Po’ .

then, clearly, W is Bry 1] X et X By -umeasursble as linit inf of a sequence
of measurasble functions, and, by (2.77) w is P, integrable. Finally, by
Proposition (2.6), we have :

V(t,Po,t) sjwm(t,z 5 PO’t)dPt(z) V¥m, and consequently.

(2.79) UCEARE RS RREXGH



and, together with (2.77), we obtain :

v(t,P t) = J w(t,z 3 ?, k)dm\'z), and (2.72) is proved il we remark that the
N 0y I <
definivion of w does not depend on che choise of the seanence {u}.

But ir f{u,} is anether minimizing sequence, let us denote

e (6232 e

Also, noting

n
" (t,25 i < tisfies :
W (t,z,Po,t) e ,t) sati:

wi(eyzspy ) < wt(thzip, L)

V(t,PQ,t) and thus :

Bus By (4) = EPt(m) = Ept(w'

wo=w o= - almost everywhere. m

Provosition 2.8 3 V satisfies the following properties :
(1) ¥t € [0,7], the application P —V(t,?) from 7}5 , % R is concave.
)
(i1) v(t,P) is everywhere finite and P —V(t,?) is continuous on WE -
s

(1i1) P —V(t,P) is subdifferentiable on 7)@ ; end the subdifferential
B

OPV(t,F) (in the sense of concave functions) defined by :
(2.80) o(5,2) = th e o, IV(60)T(e,p) < he-p> wen ]

is a convex compact subset of c]‘;(co ) (with the uniforn topology),
e evE’t , vt € [o,7]-

b
Proof : let P, Q €7 . and a€ [0,1]. From Proposition 2.6, we have :
,
¥e>o, Eu_ €U such that :



(-8) V(sapa(i-al) > [ QE(Z:E’“(t,zo Dalare(i-a))(z, ip(o) - ¢
o x . .
0,t . “E;W
- o 8z, ez, Do)

0,t

f e ue
+ (1-a) JC XQG(th (ts2, ez, )dole)-e
0,t

by the .inearity of the integral. Also, once more applying Proposition 2.6 :

. u_0
. o(z,° (t,ZO,t))dP(Zolt)dp(w) > v(t,P
(2.82) 0yt

JC o 5(2‘;5’“0,20’,‘))dq(zo,t)ap(m) >7(t,0)
0y

and (2.81) becomes : V(t,aP+(1-a)a) = ov(t,P)+(1-a)V(t,Q) which proves the
concavity of P = V(t,P), ¥t € [0,T].

Then (ii) and (iii) follow from standard results of convex analysis
in infinite dimensional vector spaces (see [26]), the only thing to prove being
thet wtit and G(c, ) are paived spaces when 7 . is endowed with the
weax* ~ topology and Q:(co,t) with the uniform topology, and this result can
Ye found in [29]. =

1,4
Remark that the continuity property of V cannot be obtained in 7' with

this method sinde this subspace of has an empty interior. ®

0,T
We shall apply the subdifferentisbility property of V for 2 special type of
; LA o T ot
increments, namely : E(Pc,tﬂ o, t), %o obtain a formuls for I3 . 7y that
will be of special interest in the next section.
. N i . :
In fact, since P .. end P are not in the same space, We must define
> 0.
v(:,?o’t‘s) ¥e > o
Definition 2.2 : Demote 6, - the translation operator from C ., to Cj
- , P
with t' > t, defined by : O, (za IICOES Lo (a+(tr=t)).
oY u
Then, we define PT(t,PO,“ - = z,!(t,ec, (B t.))\z €2%)}, and

<G,P> Wa € U, V(t,Pcyt‘

) ) = Inf Top ()
o,t! uel

t,P u
’ o,t!

() = sup
o,t" per(t,P,



If P is & measure on (C ) satisfying (2.40) or (2.41), and

0,7 o T
if one of the two following assumptions hold :

o4
[CONN 3 ewﬁ’t

(1) o(er, ING @) s

Then, the directional derivative of V(t,P ) in the direction s exists
0,t at ‘o,
and is given by :
1 ot
i L ~ _ :
(2.83) lim s("“"’o,na) V<"”o,t)) o :;LE : ) WA, 5P .
7oy P 0,1
Proof : Remam firstly that HPO , i8 not in general & measure on C .
o,

since, by (2.41), &2 S8, is @ lineer functional on C; T(R*"), and thus a

distribution of order 1 (see [27]) on R™ . and is defmed on a smaller space

then cb( ). Consequently, it ig clear that (2.83) does not make sense for
re e, ,t i general. But if —tf €7, , (2.83) is the clsssisal

formulu of the directional derlvat:.ve of a concave subdifferentisble function
(see [26]). On the other hand, if A € on(:,Po’t) mcb @),

definition of a subgradient :

we have, by

(2.80) Lter, 0 -ve, N<d Ll » .

0,t+e o,t+£_Po,t

. ap
and since <A, —g-;% is finite by assumption, the right-hand side of (2.84) can
be majorized by a finite constant for ¢ sufficiently small.

Conversely, since V is concave and finite, one has

(2.85) ~ o (P IRERICH: )s'—g(v(td‘

PIRL) o, )-V(t,Poyt)), Ye > o,

o,t4e

thus :

1= lim lﬁ v (¢, ) -v(t,P_.)) exists and is finite, and, by (2.84),

Ry o, t+e 0.t

1<<n, —g;% . Ths (2.83) follows by using once more the formula of the

airectional derivative for concave subdifferentisble functions. m



Corollary 2

Suppose that the function w of Proposition 2.7 is differsntiavle

N n+ . N Py "
with respect to z on R" ', and with respect to P in the following sense :

2—;(:,z 3 B, ) is supposed to be given by a kernel g—;!) .

,

O, _r du B i
(2:88) G3lerz 57, )0 = | (000,00 W €m v with Q= pr, (@),
and  sith ;} differenticble with respect to C.

2
Then (2.83) becomes :

1

(2.87) = ey ) - V(6R, ) =
.
o] Q
J;o txng(w(t’m“) +JRYH" B3 (at,2)ap, ().
.Fm(zo R NNCARIO)
and thus :
(.89)  fule. iz )+ jw{ 168,002, @)} = o8 (6,2, ).

Proof : Combining (2.88) and (2.72), one obtains :

1= uw H(eR ) - v(R )] =
£ = O*
1 z .
s ?Jknn Dote,zg, (6,2 )seg o, 0) - wltazy (052, Ol
.dPt(th(t)dp(m)
[
(2.89) 1 =JC° a? (t,z, ) 5 Wy, )08, (2 dde(w)

@
Qug, 0.t o 4
*Lnﬂ <Spleszip, )y > ap (2)

by (2.40) and by the assumption oa w's differentiability.

It remains to evaluate the last tera of the right-hand side of (2.89).



By assumption

4P
(2.90) Lm_ﬁ Lels,aipy ) 52> ap(a) =
[osar, o B im0, @eetye)
SR (P o NIRRT

o,t
applying once more (2.40). Thus (2.87) follows after the exchange of z and C in the
right-hand side of (2.90). Finally, since V is differentiable (since w is), there
is exactly one subgradient, thus given by (2.88). ®

N 4 N N
1 : Since at Po  1s not in general a measure, the existence of

subgradients of V is not sufficient to compute the variation of V along a

Remark

u
trajectory P2, and we finally have to assume regularity on the subgradients or
a . .
- uch that P, = P .
on Gy By i+ Remark that if . is such that P, pl; ( °’t) is absolutely
continuous with respect to the lebesgue measure of R™'' with a smooth density
and if Fu(Z ) is regular enough, one can prove, by integration by parts in
the r1ght—hand side of (2.41), that d— P € wﬁ y - Nanely, it p(2) is the
density of P, with respect to dz :
< d—(P ys ol J(z)?(z Ye(s,2 3 t,42_ )
P73t o,t Jc w'%,t 19,8 7 P1%%,
0,t

u

[ s $200). <j R, PGz, s ez, 1z, (1) = 2)p,(2)ae
X o,

[ o o(z)mz(qc 72y, Pz, ¢ iz 12, () = 2o, (a))am
0,t

and the right-hand side can be defined Vg € (:“Z(R“”) (space of ccnfigﬁus
R D g

functions with compact support), where we have noted : div ¢ = L, Fmy for

= (45 14y,,) of olass C'. s, if p, hss compact support in R°*' the

equality can also be written ¥p € G2(R™™) ‘and this proves that %(Po e wi .
, ,

In this case, d—t(Po t) coincides with the Lie derivative of P . in the
- B ,

direction F .
w



On the other hand, the assu

ion (ii) of Propos=tion 2.9, althoush strange,
is natural in the case ¥ (t) =t Vt, Vk, since in this cemoryless case the

neasures P on c®([o,t]; R**! n-t

X ), degenerate to measures P, on R' . Ths
o7 (£,2,) S (&™) and (i1) mears that ve assume trat there is at least one
suogradient which is tot only continuous and bounied on R™'', but zlso
differentisble. In the generai case, (ii) means that firstly there exists a
subgradient in Cg(Co([o,t]; E™)) that depends only on the point Zo’t(t> =z,
and secondly that this dependence is differentisble with bounded and continuous
partial derivatives with respect o z.

Another case of interest is when N =1, X(t) =o ¥t (control with partial
observations and classical informatvion) where P . 1is replaced by the filter,
i.e. the conditional probability weasure of z =2 (%), knowisg al. the past
observations Yc(o,zo). In this case also the conditional measure is a measure
on R% (parametrized bv ¥ (0,2))) and oy(e,2,([¥ (0,2,)) is = subset

of c.:(R”‘), as in the case ¥ (v) =t. ®

TI.4. The Hamilton-Jacobi-Bellnan equations and the Signallin

1s+ s )
Let 7’}),1‘. denote the probability measures on Co %

Theorem : Assume that V is differentizble with respect
1,4+

to t and that %{t,P) is finite V% € [o,T), VP € Wg't , and assume finally
,

1+ - u u
veoefo,n], VB €707, Bew 2 €7 (t), Eay €oy(e,p )

(7)

i
such that < A, S=P% > is well-defined and finite.
o’ dt “o,t

Then V satisfies the Hamilton-Jacobi-Bellman equation :

el's 3 4 pu =
(2.91) (6P L)+ Inf Min A=Y > =0
st fg e el X n X Uy Aan(t’PO r) dt o,t
a, Y (t)-neasurable ’
LS

" -« 1+ -
(2.92) V(T’Po,t) = <G,Pp> V'PO’T € 7’5,1‘ s By prT(quT).



Conversely (here (1) is aot supposed to hold), if V

is differentizble

with respect to t with 2‘2 (t,P t) finite Vi, P, cossave eni subuifferen-
tiable in P, and satisfies (2. f\} (2.92), then v(:, g =Inf I, o (W)
ucu  To,t
1,4+
vt € [0,T], LA é?ﬂoyt .
Proof : from (2.33) and (2.67), we have :
(2.93) e H(ese,d 2 ore(Py ) - V(B N =0 e o
u€l
7%z’ (t)
or :
ire ou
(2.94) Inf z[\v(t.ﬂ:’zt,t*&(l’o,t)) - (s, Zt she o’t))) +
u€y,
“u_u
2 €2 () -
+ (e, z, JerelBo ) = 762 )] =0
By assumption, we have :
(2.95) 11m —(v(m,zt eaelBy,)) - V(s zt relBy, ) =
o
)
1im - v(
lim z[v(t+E’Pc,t) V\t,Polt) +o(e)]
€0
+
:%(t,l’o t), since V is uniformly continuous on the compact
v s
u
Z < .
[teee)] x ‘o,tm"’ <ec<e}
On the other hand, by (2.83) and (H ), with u in (2 ), we have :
lim —[V(t 22 N -v(eB, )= Min < 22D
t, t-“E 0 1 o, dt “o,t
e=o, neer(t,PO,t)
1 Z -
> e]_imc ‘Ilréﬁ e["“’zz,wa(l’o,t)) —V(t,Po,t)] = Ina < A,dt o
~uin u=y(t)-neasurable
2z LGRS )
0,t
o, . .
Se(tp, ) oy (2.94) and (2.95),



and this proves (2.91), (2.92) following from

e cefinition (2.29) at time T.

Conversely, if V is such that SL is finite evervuhere and such that

opv(t,Po t) # # everywhere, and if V satisfies (2.91), (2.92), then clearly :
,

Inf Loy Fgu )| vt € [o,7]
ueu as o,s’ls=t T © -
2%z (v)

Thus, integrating between s snd T, with o <s <T :

u
Z o ou o 1+
Vg ) 2 V(R ) mel, vztezie), W € My end
u
P =
and 0,7|[0,s] Pa,s'
~ g
so that, finally : V(s,P ) = Inf Inf  <G,PT >
0% uel Suu T
2'ez'(s)
and thus : V(s,? ) = Inf J (2) , by proposition 2.6, and the theorem
018" qeu %1% ,s

is proved. ®
Remark 2.12 : The converse part of the theovem ie in fact a uniqueness result
of the solution of (2.91), (2.92) in the class of functions which are differen—

tiable in t and concave and subdifferentiable in P. ®

Corollary 2,3

Let w, defined by Proposition 2.7, satisfy

o)y () e L[o1] <R W=, mn, @ 677&’; ,
2y ,
and with ;—;’ satiefying (2.86). Then w satisfies the generalized Hamilton —

Jacobi - Bellman equations :



/ duy, . A .
(2.%6) Inf J’ Q[H(t,z,?w) (6,232, ,)- SFleszu(en (2, ) )]
0,1t

U
uk='¢K(L)-measurable @ b(z Yo ()
VK= yauo,ll o
1+
ve € fo,1), v em iy,

2. . _a n+ 1,4+
(2.97) w(Tyz 5 Pp) =6 v er T, Yo, r €My e
with :

(2.%8) Moz pM) =ulsz 5B ) +J.R“*“ B 5 2)ar, ()

and u(t,H (2 = (a, (B )y, u“(z0

o,t) v+, t t

Wz, )= {a‘(s,zo,t<s),v§)ls € D6 (), e Moty [ ¥amosnn it

x
Wj = prl;(m), VK = 1,000,

Consersely, if w satisfies (2.96), (2.97), (2,98), wunder the preceding
assumptions, then V(t,2 Q)= o w(tyz 3 )dp (z) = Inf J () ,
1ot o t

,1].

w, €M, welo R

s P sion : O - Qipy
Proof : We have, by assumption : M(t,PO’t) = Jgan H(t,“,Po,t)dPt(z),

and by (2.87), (2.88) and (2.91) (the assumptions of theorem 2.2. being
trivially satisfied) :

2.99) Inf Jf [Z—Z(t,z;}’o Je It g—’;(c,z;;\o e
, z )
€ ] Fu’m(zo’t)ecawuw(zo’t)
'Jk=’yk(t)—meas\;ra.ble
kA yaue,N .Fu,w(Zo’t)]d.Fo’t[Zo’t)dp(m) =0
with @:’w(zo't) = w”ﬂ F(t’Zo.t(t)’u(t’uv(v(zo,t)))’vj> with t € [t],tjq[
o,
and v =prg °(w), v‘ic = pri(w), and v(z, ) veing any neighborheod of Z . in
i , B

Cort (see Apnemnx)



: i iz th s k o
But, since the Inf on @u’w(zc,c) iz the same as the one on co '.:,m(zo,t>’

which, on turn, is also the same as the one on :
v 1 = (£ )= b - .
{F(L,Zc’t(t)u,vj)’ak €U 5 u 'yk\c) measurable, ¥k = 1,...,0} ,
then (2.96) is proved. (2.97) follows trivially from (2.92) and (2.72). The

oroof of the converse iz exactly the same as in tne theorem 2.2 and is left to

the reader. ®

Corollary 2.4

Under the proceding assumption, the oprimel strategy wr for station k is

determined at each time t, for each observation vath Yk(t), and each F
1+,
Nt
Port €Ty

(2.100) W [ bz, DR gtz B, D )i, (©0)
5,70 (2, golt (0)

d)\(
0,6
with sowe(e (20 0,2 L) = (up(e, st\,(z0 Py e
'~--’“1‘2_1(t"‘5—1(za,t)"’ D (45 (@ 00 e
P o (t, )ﬁ"(z° 5 )),

ut being the optimal strategy of all the stations except k, and with A given by
(2.98).

Proof : trivial from (2.96).

Remark 2.13 : (2.100) shows that this problem can be solved by Hamiltonian

techninues. Nevertheless, this Hamiltonian is far to be the classical one since

the adjoint % is given by (2.98). One can see that g—’,‘ —z’ PRTEN :—: being
the classical interpretation of the adjoint (the sensitivity of the cost for a

variation of control, the probability measure being fixed) and
& %) (t,652)aP,(¢) can be interpreted as the variation of cost indused

by a variation of information (and thus of probability measure), the controls
being fixed. To summarize, the interpretation of the adjoint is :



(2.101) adjoint = sensitivity of cost w.r. to control + sensitivity of cost

w.r. to information

This phenomenon hss been intuitively noted by H.S. Witsenhausen [31 ] in 1968, and
has received the name of sismalling (see also [10],[17],[18],[19],[21],022],[30],
[321,[331)s For the first time in [22], this notion has received a rigorous

definition in the discreve-time case. Finally, one can zee the optimization

problem (2.100) as a trade-off between cheap controls, but containing poor

informations, and expensive controls containing more irformation to recover the

state as precisely as possible. In this point of view, u can also be

z
0,1
interpreted as & normal vector to the direction where the lesrning is the

"steepest". ®

Remark 2.14 : The only time when we need to take conditional expectation
with respect to observations, is to compute the optimal u* by (2.100). Once
uﬁ(c,Yk(t),Po’t) is computed ¥t, ¥ Y, ,

2.96), (2.97), by replacing Yk(t) in (2.9) by ”\,(Zg c), and P by P
s t

cbtained through (2.39), (2.41). We shall see more precisely how to handle all

(t)s Y2 ., one can compute w by o

these quantities in the examples of section IV. ®

Remark 2.15 : A similar equation to (2.9i) was first d

[23], in the classical information case, giving rise to a parvisl differencial

29 by Mortensen

equation with derivatives with respect to the conditional density. (see also [1],

71,0111,[141,[35]) of the same nature as 2L, However, the reason why ve obtain
5%

here more precise conditions lies on the representation (2.72) of the /alue

function. ®

Remark : A partial statement of the Corollaries 2.3, 2.4 can be found
an Quadrat [25] in the case uk(t) =t V¥t € [0,7], Vi =1,..0,8 , withsn

adjoint compuved via an algorithm of Howard's type bitv without explicit formula

for the adjoint, and without convergence proof of the algorithu. ®



IIT - THE TEAM PROBLEM FOR DIFFUSIONS

As announced in the introduction, we shall follow almost the same lines as in

section II for discrete-time noiszes. In fact, in spite of appearences, this case

will appear easier, essentially because of the nice and simple formalism of the

problem of martingale and of Girsanow's absolutely continuous change of measures,

and this whatever the complexity of the information structure.

We recall that the five p:ragr:phs of this section are :

III.1.

III.2.

IIT.3.

IIT.4.

IT1.5.

Model and assumptions.

The dvnamie programming method in ihe space of bounded measures.
IIT.2.1. Reformilation into a purely final cost.

III.2.2. The value function and the optimality principle.
II1.2.3. The closed-loop formilation.

Some regularity properties of the value function.

The H amilton-Jacobi-Bellman equations and the signalling.

Application to the control of partially observed diffusions with classical

information
III.5.1. The Hamilton-Jacobi-Bellman theory and the mavimum prineiple.

IIT.5.2. The link with Mortensen's equa‘ion.
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III.1. Model and assumptions

JII.1.1. The dvnamics and observations eguations

Let us consider the following stoshastic idfferential system on [0,7] :

o
dx, = t’o(t,x,ut)dt + f'(t,xt)dvt

(3.1)
dvlé = h:(t,x,vlf)dt + h‘f(t,yt)dvlf, X1,

2N

where the state Xy lies in R" and station k's observation ylz at time ¢,

e N
lies in R Ye=1,...,N, with % o, = q.
P
As in the preceding section, we shall focus attention on the probability

measure generated by the process (xt,yt) for each strategy N-tuple u = (u|,...,u“)
adapted to a suitable observation o-field, and the approach via the problem of
martingales and Girsanow's transforma‘ions is particul.rly appropriate. For this
purpose, let us give a precise statement of the problem and of the assumptions.
The basic probability space (2, F, p) is defined by :

- . gitay def
2 = ([o,r]; &) 7= ¢ o
3, = 5{(xs,rs)|s € [o,t]} : the borel o-field generated by the family
(3.2) of coordinate funstions g = (X,Y,) = (XS,Y;,...,Y:), with
wls) = (£, (0), YL()yeeiTh () = £ (), ¥ € [0,1], W € 2,

F =3, and p : the Wiener messure on (2,3).

The station k's observation o-field {7};'0 < t <7} is defined by :
( 3 X
3.3) Y = B(Ys\xk(t) <s <t} k=t,...,N, t€[o,1].
with w_ defined as before.

et us denote & = (x,v)* € R™*Y, and :



g (t’ﬂhl (') 0
(5.4) m(£,%) = I ¢ plnw)x(nsa)

0 . h‘f(t,,v")

(3.5) a(t) =

ACHILHINI]

We assume that m, : [0,7] x ¥ — pEr)x()
invertible and :

is continuous, everyuwhere

[nf3(6,8) = nb 32| < aylletll, Ve, ¢ e B, e € [oy],

(3.6) Vi, 3=1,0..,n4q
m, end n;’ are unifornly bounded.

Let us also denote :

ny(8280) = (£ (byx,0) 1m0 (6myt ) e 1 (™) 1)1

with ot o] xc o xU = R
K

T continuous, and :

(t,8) = n (t,8,u) 5, adapted Vu €U, n (£,5,U) is convex Vt,E.
(3.7)

u,u)ifi,ﬂm lIng Ces2)l < a (1 + se?:!:t] @) Ve € ¢, e

where U =T, X ... XUy , as in the preseding sestion, U being a given closed
subset of  RYK  Vkst,...,N.
Definition 3.1 : Vk=1,...,N, we say that P [0,7] x @ =T, is zdmissible iff :

(1) w is 9 adapted, namely : u1§ is 'y‘: neasurable Vi € [0,7], and uT[s,t] is

Bat] X 9(s,t) mesourable Vo <5 <t <T, with 9(s,t) = U 9,
s, s<ost O

(1) et vielon]

We denote uK the set of all admissible strategies for station k, and
u=u‘ X ose XUN. L]
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In order to define a solution to :

ag, =n (t,8,u, (1))at + n, (6,8, )av, V>
(3.8)
£(o) = E'o,s(") Vo € [o,s]
with £ random initial function in G|  , u €U, and s € [0,7], and, more
) s

precisely, to give a sense to the measure generated by & and u in (3.8) from [
given bounded measure on G, ., let us introdice the following :

Definition 3.2 : Let u € U, s € [0,7], and uy € wt‘s (the space of bounded
measures on C, . endowed with the weak*-topology). Ve say that the bounded messure

V! solves the problem of martingale relatively to (ngom

o ,u,s,us) iff :

1

(1) v:u(;(c)es, owe) =p @), Wex = U 7 .
s o<o<s

(i1) vt =>s, Vpe ci(g) 3
t
2
w(g(t))-qz(g(s))-J [ng (0,2, (N)F(E(6))+ Ftr(alo,2(0)) 2(E(0)))Jaw
s oF
. " )
is a (st, vsms)—martmgale. "

Remark 3.1 : if V] . solves the martingale problem for (1 .m,,u,5,k,),
s
s

let us show how 2 solution to (3.8) is deduced :
N
Iet us deote My =E - £ - J: ENCRNWCOPLEN

Taking ¢ (€) =

s i=1,..0,n4q, dn (i1), ve see that My is a local v,  -mertingale
|
after s. Also : s

i

exp[re'(a)dM: - %re‘(a)a(c,&(u))s(q)dg] isa looal v} o -mertingale after s, for
s )

every ¥ -adapted process 6.
"~ — —
Thus, teking 6(c) = n 1(6,8(c))8  with © € R™™?, we obtain that :
2

‘(a,i(a))dM: - Jl_gJL (+5)] isa vy , -Tertingale which proves that
Fs

HoseloNanl is a (3, ¥ »)- Wiener yrocess. Finally we have :
Fy

ny (6,8(0))avy = a} = ag, - n (+,8,u,(1))at, or :
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g, = m (4Eu (1)) + 0, (t,8,)avy

with &(o) =& (o) vo € [0,8], & _ = random function with law p_.
0,8 0,8 s
One can also easily check that v: i the image of o ®p by £ since v: '
, ,
evolution is given by (ii) of defin s

on 3.2, m
Remerk 3.2 : We have introduced general bounded measures p and v: o rather
,
than probability measures since this extension is needed in the sequell 9
Lemna 3.1 : Under the preceding assumptions, Yo €U, Vo € [0,7], Wa, € 7/'@ .
)
there exists s unique solution Vi to the problem of martingale associated to
B
s

(ngsmy s 85 w)e

Proof : Existence : let v oy —Jp(.lgo’s)eps(ga’s), be defined, for any B € 3, by:

s
G9) v, , @) = fipetastole o) =5, (o) o € fossDn (e, )
where £(w) is the unique strong solution of the stochastic differential equation j

(3.10) cE(t) =

(2@ (6), > s, (o) =2 (o) Vo€ [oss],

with v, a :i:—'diener process, p its associated measure, vs(u) =0 Vo € [o,s]e
Let us denote :

T
G11) B) = expl] (5 2D, (0,803, 000 e (o)

T
- Lnﬁ;’<a,z<a))n°<a,s,uu(r>>||?aul,

u def —u
we have that vs,us = Rs . vs,us

Vi) v () - f

is such that Vt>s :

H(0,8(6))n, (,8,u,(1))ao

is a (3, vy

- ) Wiener process (Girsanov theorem) and since :
s
s

ny (6,8(6))avi(6) = ag(t) = n (6,8, (r))at Ve > s,

ition 3.2 is an easy consequence of Ité's formula, and v: u Solves
B
s

the problem of martingale for (ng,m,su,5,11 ).
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Unigueness : let v) . Dea solution to the problem of martingale for (n ,n, u,s,
,

. . T
w)e As in Remark  ° 3.1, there exists a 3, - Wiener process v? such that :

a5 () = (£,5,u, (1))dt + n (+,5(8))avy(t).

This, noting V) . the bounded measure defined by :
s
s
dv: u
s
(3:12) — =@,
av; 2
sy
ve have that v s0lves the problem of martingales for (o,m;,s,u ) (independant
, 2
of u) which is ° uniquely defined. Consequently v: b = Vg, ¢ ond the
, B
uniqueness of v: . follows imediately. 8 s
,
s

Let us now introduce the following family of bounded measures
u b N
i (t38,m) |t € [s,7], By E”E,s) defined by :

b
" (tis,n,) € .

u, u t
(3.13) = (t59,0) () = VS'“E(B) VB ez = U 5

vt € [s,T], Vg 675,5 .

Thus, in particular :

u
v,

u
(3.14) © (s5,m,) s u,

, mi(ms,m) =

Lemma 3.2 : the family m— forms a weakly * continuous semi-group on wt o oend
,

(3.15) v

u b
o, = vt’"u(t;s’“s) vie[s,1], VaEu, W € s

Proof : let g(.;s,go 4o0) denote the solution of
s

ag, =, (5,8, )av,_(¢)

(3.16)
o) =g, (o) Vo € [o,5]




where w] is the application t —w: for L > s, with :
o L <
5.17) ) = {v,(e) - v (s) | sost].
Recall that, since p is the Wiener measure on (Q,%), we have :

(3.18) plaf €3) = p(o? €3N ¢, 4) plog €3 ne, ;)

¥YBEF , We<o<t

The following formula holds :

(5.19) w(&)du"(t;s,us)(;hjc XQV(Z(.;s,é’,ms,m;))R:,L(§(~;S,Eo’s,m;))dus(ims)do(M)
0,5

Vo € C:(Co,t)’ with :

EOR exp[f (5 (022 ng (02,3, (1)) 1av (o) = & 7" (0,8 )n (08, (1)) Pac]

vt € [s,7].
sinee [ol@hnt(usen)0) - [ a0, ©)
0t s
=ch q:(a)n‘;,t(é)avsms(z) , and since :

0,5t

Joeres, , @ = [ elelesnne, e (e, Jeote) ¥ e cle, )

c xQ
0,8

The formala (3.19) is proved.
But a(.;s,go s,m;) satisfies the following semi-group property :

(5.20)  B(tisgy wl) = E(tio,Elois g, L03)ul)

for almost every (w,E) ) € @€ Vo <o <, and thus (5.19) becomes :
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Enu(t;s,us)(q’) =
. . Gy ayy gt ; 5y .
[ e, D) R (ot w)e)) x

0,8’

xRy (ee,8 wi))an (g, dplw)

=jc x;z o(e(esone, 7)) RE’t(&(.;a,Eomyw;))dn“(c;s,us)(Eola)dp(w)

(by (3.19) and (3.18)

[ sttt @ weg, )

0,t
and thus :
(5.21) w'(t3s,m)) = (k50w (o35,m))) Ve SO <ty Ve, Vao

And, together with (3.14), we have proved that m has the semi-group property.
Also, since :

T (T3s,ng) = w05t (455 ,m))

we obtain :

S
soug T V(e )

and (3.15) is proved.
Tt remains to prove that m is weakly * continuous but this is obvious since
Vo € cp(a) :

-E )| = R - -0
|Eu“(t+c:s,us)(") n“(t;s,ps)(“”l I Eyc‘-l(t;s,us)( 4 yeac? = ) e

and the result is proved. ®m




onal

IIT.1.2. The cost

Let g be a contimious function from [o0,T] X cg p XU toR with
,
. =c®([0,7]; R") satisfying :
0,T
(t,%) = g(t,x,u) is J, - progressively measurable Yu € U

(3.22) N
g ¢ uniformly bounded on [0,T] X e g X T
B

Let also G be a continuous funciion from R” to R with :

(3.23) G : uniformly bounded on R",

The cost functional is thus defined by :

T
G2 7, )=, (] stesmm (2t + 6]
25hy
for u = (“1"""'1!) €U and g Gﬂ};’su
that, contrarily to what we saw in section II, a sophisticated definition

Remark
cost function is not needed because of the uniqueness of the measure vi N
K

s

of the

IIT.1.5. Stotement of the problem
given s € [0,T] and p e® _, evaluate Inf J (u) ana
s 0,8 weu Sty

(3.25) {
characterize the optimal u¥* = (ur,...,\kﬁ) if it exists.
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III.2. The dvnamic programming methoi in the space of bounded measures
iII.2.1. Reformulation into a purely final cost.
As in II.2.1, we introduce the auxiliary varisble § by :

dg, = z(t,x,ut(‘{))dt vt € [s,1]

t
(3.26)

¢, given
Let us now introduce some notations :
2= (£1,0)1 = (xt,90,0)r € RV

G.21) 8(z) = ¢ +6(x)

Fo(t,2,0) = (n (6,8,0)1, gt,xu))!

F (4,2) = (“‘“’5) O) s Al6z) =7, (4,2) B2 (t,2)
o o

clearly, the (n+q+) - dimensional process Z = (£,£)" given by (3.8) and (3.26)
must satisfy (in the sense of ihe problem of martingales defined hereafter) :

az, =F°(t,z,ut(Y))dc + F1(t,Zt)dvt vt € [s,7]

(3.28)
= (et ' s
2y = (g3 (o) g, () v € los]
with v, = (v{,o)‘, v, being a suitably defined (n4q) - Wiener process.
We shall also denote c;”‘;” the space  °([o,t]; ®™*4™), 5, (nsan)
its Borel g-field, @ = c*'9* | 5299 3 (14), and WE (n+qH) the space
0,1 T R
of bounded Radon measures on c;“‘%“ with bhe weak ¥ - topology. If no confusicn
,
is possible, we shall write C_ ,(resp 77 ,) in place of ¢°"4* (resp. 7IE (nsa+1))e
0,t oyt 0,t it

Remark that, by (3.6), (3.7) and (3.22), (3.23), we have :
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ng H

Iy esz)ll <, (1 o Iz, vz e 373

5
(t,u)e\[xg,'l‘]xu

(3.29) G : unifornly bounded on R°F*!

F, : unifornly bounded, unifornly Lipschits
Definition 3.3 : Given P € w}; s(n«m), u€Uand s € [o0,7], we say that the
s
bounded measure P, , solves the problem of martingale relatively to (F ,F,,u,s,P )
s
s
iff :

(1) P:!P (2(0) €3, 0 <o<s) =B (B) VB €3 (nvas1)
s

) ve>s, Vpe (@) :
t
2
p2(4)) - 9(2(e)) - [ 02,9,0) §2 (2(0D) +§ ex(h(e,2(e)) 2 (ale)) e
s 2

. u s
is a (3t(xﬂq+1 ), PS'PS) - martingale. =
Provosition 3.1 : Under the preseding assumptions, W € U, Vs € [0,7],
Ve € wE S(m#a#1),  there exists a unique solution Y: p to the problem of
, ,
s

martingale relatively to (F ,F,u,8,P ), and :

(:30) 3, @ =, @) =GR, 1>
s s

Fs,p,
wmexe 7% p (1) = pegflp , namely : k s, @) = an PHELp (@)(e)
Voe c{‘)(n’“‘“+1 ), end where < g,P > = Ep(q:) denotes the duality product between
RE) ama R @),
Proof : let us demote p, the projection of P on "::\; , namely
P = J-Ps(.lg)dps(g) . Clearly p, € wt,s. Let V:"‘s be the solution of the

problem of martingale relatively to (n ,n,,,5,u,), and define P: p BV :
s
s

o) [purt @ - [ 5 Golec + Lg(“""“a“'))“”“'s'.ps‘5) e @ .

v
with the notation Lg 4o for the process t —J: gdo .



u i u 5
Clesrly, P € WO’T(nﬂH )y PS:PS(Z(U) €B,0%0 =2,() 7B & (ntas).

5P,
: u
Furthermore, since v_ . solves the problem of martingsle relatively to
s
(“o’”1 ,u,s,ps), as in Remark 3.1, there exists a § - adapted (n+q) dimensional
Wiener process vl after time s, such that :

g, = n (4,8, (Y))at + n, (5,8, )avi(¢).
t

Tms, since &, = +jg(c,x,u6(y))ds, it is clear, by It3's formula that :
s

0,8

t
2(£(4),8(6)) - g((s),8(s)) - JF [ng (0,8, (1)) %? (£(0)se(0)) +
+ glo,Xu (Y)) 7 (8lo)se(e)) + 7 tr(a(a,é(c)) —‘1 (&(0),2(a)))]do
j(n (6,2(0)) 22 (2(0),2())1es(e) Vo € cbw)
and thus :
* 2
(3:32) 9(a(e) - 9(2(6)) - | [73(0,20, (1) 22 (2(0)) + 5 tx(ao,06)) Z—g ()]s

is clearly a P | - martingale, vp € uf}(e).
3,7,

The uniqueness of P is deduced from the one of v: “ sinee by (ii)
,
s

definition 3.3 with ¢ e cb(Q) independent of L, we obtain (ii) of definition 3.2

for which V' is uniquely defined with p_ as precedently : P =JP (o]8)an, (&),
Saky s s s s

Consequently P‘s‘ p  is the product of Ps(.|i) by the image v: . bV the
, s
application : N s

el $14 +jg(6,Xy“6(Y))dd, and is thus unique.
s
Finally, since g and G are bounded, we obtain from (3.31) that :

T
=5, (8 ([ s ) olxim)lz, ) = 5. Gl
oty J,P

- ool
=< G,PSIPS(T) >e ®
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Let us now introduce the family of bounded measures :
{m(tss,p )|t € [s1], P, € 7/:1; S(n#a#1)] defined by
u b
Me,2) € o
(3.33)
Y _u t
m(t58,2,)(8) ~P5YPS(B) VB €3 (n+ar)
vt e [s,0], vr, €7 _(nsast).
s €7,

: the femily I forms a weekly * continuous semi-group on

Proposition
P .
'I/’oyT(quH), and :

u u ) L)
(3.34) Tor, Femlusr) Y€ or], weu, vr em (nas).

Y

Furthermore, I satisfies the following evolution equation :

%;fw(Z(t))dn“(ns,Ps) :f-Lﬁw(Z)dn“(t,s,Pg) Vo € (M)
(3.35) { ¢ @
m(s5s,7,) = Py
with :
2
(5.36)  19(2) = 71 (6,20, (1)) 82 (2(6)) + Fer(alnz(s)) 2 (2()))
oz
Proof : by (3.31) and (3.33), one has :

(3.31) E (2, (o[e))
) Ts

() =&
(t38,,) ! LGS
[ [y ot s [ stormm e, el wioum ) 0)

‘05t o5t

and, using the same argument as in lemma 3.2, and since :

- 129 -



a t

e * Lgdu =t * Lg("x'“x(‘”)‘“ +era(r,x,u1(v))dr

t o
= CO,G +J°gd1 with Co’o_ = CO,S +J‘sgﬁ‘t » we obtain :
s @ = ® B ) O)
w, nq v s
(t58,P,) PSR NCERS
=E (), Vo2
(30,1 (055,7,))

since T%(c3s,P,)'s projection on Gy is =(oss,m,) (see proposition 3.1).
Also, (3.37) for t =s yield ﬂ“(s,s,? )
a

m is proved.

(3.34) follows from the fact that n“('r;s,yg)
with t =1T).

On the other hand, it suffices to prove the wek * contimuity at t =s :

, » ond the simi-group property of

P¥ _ (easy consequence of (3.37)
EB

n (stess,n,

Eﬂ“(s+z;s,Ps) V- (9 =E s)(F.Psupls)) - Eus(Eps(cpIE))
=8, (05, 6) - 1) 5, (sl2)))—0 vp € (3)
s €0

Finally, (3.35) is obtained by integra‘ion of (3.37) with respect to n“(t;s,Ps),
and the Proposition is proved. m
Remark 3.3 : (3.35) plays the role of a state equation controlled by u. m

III.2.2. The Value function and the optimality prineciple

Now, provlem (3.25) can be reformulated as follows :

given s € [0,7] and Py s?ﬁo‘ S(n+q+1), evaluaie :
s

(3.38) Inf b (u) = Inf <G,p% p (1)
weu 7 u€Eu Si%g
and characterize the optimal u* if it exists.

For this purpose, let us introduce ihe Value fanction, representing Lhe optimal
cost-to-go from time s with initial messure P :
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= 0 b
(3.39)  V(sip) = o JS"’s(u) Vs € o], VR e (nast).

Theorem 3.1 : The following transitior properties hold true
Vo e fo,r], woels,n], v €7 (nwas) :

(3.40) 3,5 () =3y (g p @) Taew
s s

(G.41)  V(sR) = ulzf V(eI (t5e,P,))

(3.41) is often called the optimalily principle of dynamic progremming.

Proof : e (u) =< E,P‘S‘ (1) > and, by (3.34) :
s

)> = (w).

_ Pt
Js’Ps(J)~<G,P .

+,T(t58,P )(T Jt,n“(t;s,P )
s A

Finally, (3.41) follows immediately by taking the infimun with respect to u in

both sides of (3.40). =
Remark 3.4 : As in remark 2.7, one can define a "dual" equation to the backward
one (3.41), namely the onward equation of the nonlinear semi-group of operators.

) :rt(v(s,Ps)) = uxzexfuv(s«-t,n“(sw;s,Pa))

One can easily check that {It1 o Ktz Vt1 ,tz. L]

t +t2

ts, as a

As in remark 2.8, (3.41) defines the optimal N-tuple u*, if ii exi:
function of P_. Such a u* need not belong to U, 2nd we must extend the adaissi-

tilitv of strategies in order to take into account this closed-loop dependence.

III.2.3. The closed-lcop formulation

Let us introduce, as indefinition 2.2 of IT.2.3, the filtration
£ v .
{e,ml i € [0,7]] where By, i3 the Borel o-field of Wt,t(nvqﬂ), and Lhe
Borel o-field B of U_, k=i,cou,N.
" 3
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Definition 3.4 : an admissible closed—loop strategy e for decision maker
k(k=t,...,N) is a (B[o,t] % 57,) - adapied grocess wizh values in Up. The
set of admissiole closed-ioop strategies for station k is noted \& N and

U= u‘ X aee X “n' L]

An admissible N-tuple 2 € U is Lhus allowed to depend in a non-&

way on the family of measures (n“(t;,s,Ps)l 0<s <t<T}. TItresults that the

ticipative

definition of the problem of martingales misi be extended. We shall proceel as
follows ©
Iet us introduce the family of subdivisions of [o,T]

(3.43) 0=th;< t,IL... <tL=T VL €N, with :

lim rax |t -
L= o<i<l1

Starting from P € B EY, e buila n‘xl,s as follows

[

Suppose that n‘; B(tj 0,P)) is given. Then on [t St
4 o
nL,ﬂ(th’o'Po) = nL,B(er,t n (c BLEX )) is the unique solution of the

i ati to (P , . s 3 icted
problem of martingale relstively to (P ,F,( ,nj’B),tj n‘i,ﬂ(tj 0,B)); restricte

3+

to the interval [tA,t [, wnere nj s is an arbitrary bounded measure on
c:"‘”‘ belonging to a given weak * neighborhood of n Jp(ts50P,)s moted
st

i+

8 (nL,B (t550,2.))

Thus, on eash [t

J.ﬁ(t>

(3.44) az, =F°(t,Z,ﬁt(‘!,ﬂj,B))dt +F, (t,Zt)dvj IJ(t), with vjyp(t) =

Consequently, on [u,'r], for each L and for each denumersble basis of neighborhoods

B of the measures T+ (with respect to the weak * topology) there exists a

“L,8
L8’
Defanition 3.5 : We say tha. nﬁ(T;o,P ) = Pﬁp solves the problem of martingales
relatively to (P F,,%,0,P ) with & en e
subdivisions e {t Ll of [o0,T] and a demumersble basis of neighborhoods B
in 7/1” (mq+|) such that Hﬁ('l‘,o,P ) is ihe weak * limit of the sequence :

unique semi-group I

if there exists a family of

{HZ’B(T;O,PO)} , defined as aboves



% R

The set of such solutions IT (t;s,l’s) is demoted P (t;s,0_), Va €U, Wt € [s,7],
S 5

Vs € [0,7], ¥ Ps Emoys(n*qﬂ). L]

Remark 3.5 : the denumersble basis B of weak * neighborhoods of each I u(t.;o,Po),
RO ]

in which is chosen II is introduced in order to obtain a property of

387
concatenation of M(t3s,n% (s30,7)) with ﬂﬂ(s;o,l’u), since the approximations
fa(s;o,r’o) belong to a weak * neighborhood of ﬂﬁ(s,o,l’o) bui are different

“
from the starting point of n“(t;s,n“(a:o,Po)) (see Appendix A.ITI). This
definition is in the spirit of Krassovski's concept of solution for a deterministic

differential equation with measurable right-hand side [20]. =
Proposition 3.3 : p“(t;s,Fs) A9 WeEU, v s, VP € m‘; S(miast).
B
o a . k3
Furthernore, for each P, €F (133,P.), there exists 2 Bro,e] X % X% X &,

measurable selection Fo of the multifunction :

(3.45)  e(t.z y,u,P ) = LS a(n (t:2,0) 7 (£,2,5,6_(1),m),

where BE(Y) is the eball of c: ; centered at Y, namely F_ satisfying :
s

(:46) Ty (enzaT i 60,2,)) €20BUTE p )y Fp e

such that P: p solves the problem of martingale relatively to (1@0,1?1 ,U,s,l’s).
s
Proof : see Appendix A.ITI. ®

Indeed, Pu(T;s,PS) contains generally more then 1 element, and the cost
fractional (3.30) must be replaced, in the closed-loop case, by the minimum
guarenteed cost functional :

(3.47) Jsips(ﬂ) = g < c,“,y (>, wmeuy

e s,
%, € (TR
end the Volue function (3.39) becomes :

s

v 7 X o o
(3.48)  V(s,2)) = ﬁnéfﬁ JS’Ps(u)' Vs € [o,0], VR €m (nsan).
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vs € [0,7], i€ [sr], VP € WE S(nta#),  ihe following
transition properties hold true.

(3.49) #1590 ) = o) P, weu

Gs0) 3, () =

o, (), Wwewu
s

Sup I,
m e e’ (is,n,) UM%

(3.51) V(a,8,) = Inf. Sup v(t,n)
s wet mer(tsp) *

Proof : (3.49) is proved in Appendix A.III.
By definition of J, we have :

_ oopt
= < G,FS’PS(T) >

s v, 6 & (15,7,

gty

Sup, Sup <ot (1)
u Supy u SUWP L w
n e (t.s,Ps) Pt’“: € (T,t,nt) t “1,

Sup J, () , which proves (3.50).
e P (t5a,P,) K2k

To prove (3.51), we begin by taking the infimm of the Jeft-hand side of (3.50) :

‘;(S,P )< sup 3 (u) Vi€ %
s m o #(33,2) v.,n‘:
and thus
V(s,p) < . V(e,m)  woen
s e [RCTERY ) "
or
(3.52) G(S,Ps) < mf.sw V().

P
wen e eies,r)
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Conversely, since G is iniformly bounded, V(s,P ) is finite and there exists

a sequence {um} in U such that :

(3.53) Lm T (w)

s,P_"n
m = e s

V(s.E,).

but Vm > o we have :

- T \
- “msup U, Jt n“’“(u”*/
L ep ts,p) T

-

n

> umSup N v('c,nt )
0" € "{t;s,p)

or
7, ()> . 51 ¥ (t,m%)
S R S A (PR ) e
s
and, as m ~, using (3.53) :
(3.54) V(s,?.)> TInf. _sup ¥ (t,1)
T yew € e’ (t3s,2,) T

anc we have proved (3.51). m

Theoren 3.3 : The closed-loop and open-loop value functions coincide, namely :
o b

Vi) =V(s.p) ¥ € [on], VR €m (nwan).

Proof : Clearly V(s,P ) <%(s,P)) ¥?®_, Vs, since USu.

On the other hand, by definition of the infimm, Ve > o onme can find u_€U
such that :

e

(3.55) Js,Ps(ue) SV(e,2) + O

Parthermore, by lemsa 3.3 below, one can find u_ € U such that :

(3.56) Ia, 5 @&

i €
S p ) 1<%
s s

Tis Js,Péuva) <V(s,? ) +e , and e fortiori :
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(5.51) Vi) <T(s,2) + e

Finally, € being arbitrary, the result is proved, ®

Temna 3.3 : Ve > o , Yu € U, one can find u € U such that :

(W l<e

- J
8,

Proof : lLet € > o be given. By definition of J, one can find
P* e p(138,P.)  such that :
ER s

< o op < €
(3.58) | Tp, )= < c,ps,PS(T) > <,

Also, by conmstruction of F’u('l‘;s,Ps), there exists a sequence {n'; ﬁ(’l‘;s,l’s))
"

weekly * converging to P
.2,

Now, since G is continuous and bounded, we have :
. SR (e e
lim < G’“L,a(""s"’a)lT > =< &P 5 () > .
5B s
Thus, choosing L and P such that @

g . gty o €
|< c,nLls(T,s,PS)‘T > < G,PS,PS(A) >| =<

s
ard calling :

(3.59) uy p(61) = "‘(t""”‘;,g(“s’ys» vt € [s,7], VY,

wo tave : up o € and JS’PS(uL’s) =< E',rl‘;,a('r;s,l’s)l,r >, since I, is

uniquely defined for each L,f. It results that :

. s y ~ o .
@) =3y Capg) =13, 5 () = <Gty (25,7 ) g > |
s s s
< a ool gty a1y .
< | Js,Ps(u) - < G,PS’PS(T) >+ < G,PS’PS(T) > = el o (tsap ), >

<& and the result is proved, ®
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IIT.3. Some rezulerity properties of the value functicn

Proposition 3.4 : The value function satisfies :
(3.60) V(s,Pg) = Infa Inf < q,n(r) >
: weu meei(rs,p)
=  Infe G,n(r) > .

Sup <
welu 1meri(ns,p)

Furthermore, if w* € U is such that J (u*) =V(s,PS), we have :
B
s

(3.61) VissE,) =< ¢,m(z) > vi'e Ou*(T;s,PE).‘

Proof : same as proposition 2.6

Proposition 3.5 : There exists a B[a T] X X Em measurable function w,
B

BRn—wqm
unifornly bounded on [o0,T] x RM9H x 7{ plntast), end satistying :
,

b
.6 J2) = »23P, )all v , 1],
(3.62) V(t,2,) J’meu(t 2B )N (s) VP e (nsas1), ¥ € [o,7]

with T =pr>P,

L+ nasely :Jnmqu(z)dﬂt(z) =J’ R

0,t

vy € Q).

be a minimizing sequence in U, namely :

}

Proof : Let n > o

'n
(3.63) um g g () = V(2.

m = t
Such a sequence existe since V is finite. Let us denote :

(5.64)  w (t,52,) =J'_5(z(r))dnu“‘(w:t,!=t)(z | 2()=) va e R¥*M
Q

u u
with I 7(T3t,P,) erbitrarily chosen in @ rse,r,)e

wou
Clezrly, we have : J-Wm(b,z;l’t)dﬂt(z) =<G,n m(T;t,Pt)lT >, since



un
L, =prP, =pr,d (’!‘;t,Pt). Furthernore {wm) are uniformly bounded on

[o,7] x rE¥H ><7n2 pln), and s

(3.65) lin By (wm) =v(t,PL) s
m = o L

by (3.63) and proposition 3.4.

Applying Fatoa's lemma to (3.65), we obiain :

(3.66) By (lim w (6.,0)) <v(s,p,).
tm—o
Tet us denote :

(3.67) wlt,z;Py) = ;izmwm(t,z;l’t) ¥t,2,P

Then w is 5[0 T] x X Bmmeasurable znd bounded on
B

Equ #

5 .
nhaH X7 plaast), and, by (3.65) :

[0,7] x R’

(ut,052)) <V (E,2 )0

On the other hand, since, by proposition 3.4 and (3.64) :

v(t,p,) <

t(um(t,.;?t)) Vi > o

we have that By (w) =v(t,P )a
' t

We have to check that w is independent of the sequense | m) :

for ihis purpose, if {um,} is enclher minimizing sequence, let us denote
w'(':,z:?t) = lim wm,(t,z;l’t)

=

But, noting u

w(tszP) = lin ECHT N
=

is also a minimizing sequence and, if

But clearly, sinse fu } < fu,} and {

m?

wte3P ) < w(t,zsPy)
(3.68) Vt,2,P,
w(tya32, ) < ut(b,e5P,)




and Eﬂt(w“) = Eﬂt(u‘) =By (w) =V(L,PL)

13
which imply that w" =w! =w I - almost sursly. =

(1) vt € [0,7], the application P =V(,P) from 7@ ; to R is concave,

everywhere finite, and thus contiauous on 7} .
,

(11) P —V(t,P) is subdifferentiable on 7}’ (in the sense of concave

functions) and its subdifferential o V(t P) is a nonempty convex

compact subset of un(b’”q“) endowed with the uniform topologye
Proof : same as proposition 2.5, ®

In order to give a formula for the directional derivatives of V in the
direction of :—t ﬁ“(t;s,Ps), we must iniroduce the following translation

operator
00y ? c‘:‘z*‘ =M for 1>t is defined by :

(3.69) 0,_4(2)(0) = 2(cx(11=1)) Vo € [o,t] Vi€ c;‘:‘;ﬁ .

8oy, con @120 be extended by duality as an application 0f, . from 7”2,1’

610 [ atmats], 200 = [ oo, @k, e .
o

ort D
)
N ' ; .
VWe define for s'>s and P, €7 ., » Yt s oz
4 * def *
(3.11) #(t3s,7,,) of W trs,00,_ 2. ))s Visp,) “Fu(s,el, P ).

Proposition Z.7 : Assume that MN(Tis,B)) € p“(T;s,Ps) and that ihere exists
Ay €05 V(6,0(658,P)) such that < A, g—t N(t;s,P ) > is finite. Then Lhe
divectional derivative of V(t,li(t;s,P ) in the direction ﬂt 0(t3s,P,)
exists and is given by :

G.72) 1w L @(eM(bees,p)) - V(e 0(ks,20))) =
ad Q* <

Min ond n(t5s,2) >
[ERICRER DM



dl'l
Furthermore, < /\ v = > is well defined if one of these two condi%

sons hold :
(1) n(t;s,P ) E’"o N

(1) o (e,m) NAEEM) # g

(1

|, denotes ﬁ(t;s,?s))n

Proof : fcllows the same lines as proposition 2.9, the only difference being

that < 9, T

=5y (1 ¢) is finile for ¢ € QS(R‘”““) whereus in
L

proposition 2.9 L: was a first order operalor and thus the same formula
was weil-definec for g € cl . Here,

L:'q: -12-tr<A(t z) ——1 2 (2(+)) + F (42,7, 1, ) —- 2 (2(+))

with Fg measurabls selection of @ (uee proposition 3.3). ®
Corollary 3.1 : Assume that w, defined by proposition 3.5, is twice

0 H

differentisble with respect to z on R with bounded partial derivatives,

and satisfies :

SR> =J M{i—; Hezn)0(t)@) wen

st

(3.73) with 0(t) = pr (2), wnd with :

e {2 1 mn0) s i R ¥(t,e) e [o,0] x B
then (3.72) Decomes :

(3.74)  lim 1? ((e,m )= v(t,m)) = Jr (I;“t‘ A)(¢,2,1,)an, (2)
€~o, - cmqﬂ
0,

. a
with T = 0(t5s,2.) € 0%(t53,2), “L(t) < (),

5.75) (,',. A)(t,7, ) =L 3 tr(alt, A(L)) (Z(t)) * F“(t 2,01, )' oA (Z(t)y

i‘: measurahle selection of @, and :
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(3.75 A(t,z,0 ) = w(t,z;0,) 2L} {1,8,2)am, (£)(2).
3.75) Ao, = e <jﬁwiﬂ}\tc>nt<><>

Consequently oV (t,1,) = (k(t,.,ﬂt)l is reduced lo a single gradient.

in the corollary 2.2, lnking once more into

Proof : follows Lhe same lines as

account the fact ihat, here Lu is a second - order operator.

Remork 3.6 : The condition —¥ ¢ WL , is satistied for example when N is
sbsolately continious vwi'h reapect lo the lebesgie messure of RN g

ci density, and if \O‘ and A in (3.75) are C° functions wivh respect

to z. ’ths is easily seen, as in remark 2.11, by integrating by parts :

< g, > —J e;(z)(t‘) (py)(z)dz , where p, ic the demsity of n, and

where (L) is the edjoini of Lt .=

obi — Belimun eguations and_lhe Signalling

ITIT.4. The Hemilcon -

We note 7/('7’: the space of probability measares on c""“"' .
s
Theorem 3.4 : Assume that V is differentiable with respest to t, wx‘,hz—v

everywhere finite, and assume that :

vt € 0,7, VP, eml't , Tueu, ames(nue) .
)
(2 )

" : A My e
ﬂ/\o €9, »(b,Pt) such that < At T my > is finite :

4 L
4 N Lation for 4= .
with gp T stort notation for ZT(ost,P))
Then V satisfies the Familton - Jacobi - Bellman equation :

———(tP)+ Inf. Min <A =—Lt> =0
weu FuEP(TtP) Aeogu(se,) 7 at
(3.77) ;
=prT(PT).

1
V(D2 = <Gry(n) > VR e,

Conversely, if V is differentisble in t, uu.% everyuhere finite,
ries (3.77), then :

concave and subdifferentiable in P, and seiis

(3.78)  v(4,p.) = Tuf. 7. . (W) Vi€ [os7], VP, €%°
* ueu ©Py ! - 7@’

+
t

VR



Proof : (3.77) follows by combining (3.5.1) of theorem 3.2 with proposition 3.7,
which is velid vnder (H )
Conversely, since (3.77) m-ans that Inf Tnf v n“) =0,
ot
wveu mMep ( Tis,P
(3.7 8) follows by integration with respect to t o ‘,T]

Corollary 3.2 : Assume that w, derined in proposition 3.5, catisfies :

D (Lp) € $[o,7] X B, widt .l nmn,

o £1

(3.79) { . veenh,
and Jp satiefies (3.73). ’

Then w satisfies the following Hamilton - Jacobi - Bellman eqnation :

Inf. Jf [ ¥(s,2,) + (82 A)(5,2:2)]ar (2) =0 ¥ € [0,1]
uEu o 1,4
(3.80) ot VR €My

w(n,532,) = 6(s) VR € Mia s Ve R
with
>
(.81)  A(t,257,) = w(t,25P,) + J‘Rnﬂﬁ" (35 Msat,2)ar, (£)(2),

Pt(t) =prP , and :

G.82) (1} 9)(2) —— tr(4lt, z(t))—‘2 (3(6)) + % (.20, ()22 22 (2(+)
Vo € o),

Conversely, if w satisfies (3.79), (3.80) with (3.81), (3.82), then :

v(t,p,) =JM+1“("Z?P¢)“”J”(Z) - e Jtlpt(u), Vi € [0,7]
R

1.+
Ve eml.
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Proof : This is just a translation of theorem 3.4 in the language of corollary

3.1, the only thing to prove being the fact that Fo(t,z,u'('()) appears in L‘;
rather than any measursble selection of the corresponding o(t,2,Y,u,N). But
this is a consequence of the faci that :

(3.83) ulgi‘u B, (\E)) =u12ru vlreﬂ‘u B, (M(¢,2).F, (£,2,v(¥)))

u Inf
7y € 2(t,2,7,u,P)

since  3(t,2,Y,u,P) = S

n n 125
AP E‘o(t z ut(at(v),n))

and p‘; € @(t,2,7,u,P) is eauivalent to the existence of

r -
@yseens 0, 13 @ =1, and vi,e..,v, €U such that :

"
D aF (6,2, (1,P) = B (4,2,1,u,P),
i=t

and, using the coavexity of Fo(t,Z,U) vy (3.7), we have :

Tv €U such that Fo(t,z,v(Y,P)) = F:(t,z,Y,u,P), which proves (3.83).
Finally, the right-hand side of (3.83) being independent of u, the proof is
complete. @

Corollary 3.3 : the statemeat of corollary 2.4 is true with FO(C,Z,\:;(&,Y,P';))
in place of F in (2.100), and with :

up(6,1,2,) = @y (6, 2 )iy (6,057,200, (5,757 R ),
N
weeuy(8,77,P,))
with 2 = (Y. 00,

Furthermore, with A given by (3.81), the adjoint is % » and can be written in

two parts as in (2.101) :
oA _ 2w O 24
(3.84) 5 = +57 J—(M } (6,8,2)ap (2)

the second term being called the "signalling term". @&



Remark 3.7 : In practice, to compute the optimal u‘{',

Jug and V, one has to
look at the Hamiltonians

B = fg—;‘- (t,z;Pt)Fo(t,Z,\ﬁ:{(t,Y,Pt),Lﬁ()d?t(zrr];,uk(t) <o<t)

(Corollary (3.3)), Vk=t,...,N, and to minimize B with respect to u_ for every t,
h{‘;, uk(t) <o<t}], Aand P, , all the stations, except k, using their optimal
of the Hamilto

After having obtained the oplimal N-tuple uf,...,ut for every (t,Y,Pt,A), we

strategies : thus we are looking for a Nash eguilib:

compute V and W by :

— l =0, 103 = EE 2 2Cae
- B (3% + 1700 <o, A(hien) <ate Pt»RLM(eP](u ap, (£)()

w(?,z,P) =G(z) vz, vP.

*
together with P: + obtained through :

< ﬁydP: =5, (B%) o ci(!z“"“'H ).
(5.86) N
pro(wtv) =P

remark that in (3.85) and (3.86), u* is considered as a stochastic process whereas
in the Nash equilibrium it is computed as a function depending on the observations'
realizations.

On the other hand, if P{ and w are regular erough, one can solve
numerically the system of PDE's.

2
e . - du
el A—W+J{6P]ntdt

(3.87)

K
To.0m. (yym) =0
EN]
or (n) =m , u(T,z,m) =clz)
where m, is supposed to be the density of P (supposed to exist), t“e only

umsual problen being that we need an approximate expression for |(oElm,dc that
can be obtained by :



[w(t,25%8, ) = w(tJZ;Pi)]

(3.88) ﬂﬁi—_;‘ﬁy— 122 (5232)

with & a neighborhood of the point C, the restriction of P to A. MNore
details can be found in Section IV.2.
Tt remains after to integrate (3.88) with respect to P, and to exchange z and {

to obtain the desired approximation. @
Remark 3.8 : in the case uk(t) =t ¥t, Vk, one can introduce a slightly

different function » defined by : V(t,Pt) = (;(t,z;e,l’e)d?t(z) where

W(t,25+,.) 1is invariant along the optimal trajectory (8,P;) passing through
(t,Pt) (see for example [22]). This approach needs more regularity but leads to
a @ifferent equation then (3.80), containing a difference of Lie derivatives of

P, in place of the actual signalling term g—z R

TII.5. Application to the control of vartially observed diffusions with
classical information

III.5.1. The Hamilton-Jacobi-Bellman theory and the maximum principle

In this section, we assume that N =1, %, (t) =0 Vt, namely there is

only one decision maker having a perfect memory.

Our purpose is to prove that in this case, the Hamilton-Jacobi-Bellman equation
(3.77) can be obtained without the regularity assumptions (H) or (3.79).

4 candidate state varidole is here the unnormelized conditional density but some
slight technical differences must be introduced in our general approsch : this
density 7::"[ is random end its evolution is given by a stochastic pertial
differential equation (Zakai equaticn (3.95)). In order to avoid these technica-
lities, we use, as in [15], an exponential transformation to change Zakai's
equation in an ordinary partial differential equation whose solution is noted p';‘"{

(equation (3.98)).
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ver haviag proved th an be used

R
nemely that p‘;” has the stitsble sen

2t p,

ihe state varizble, (Proposition 3.8),

group property ard thal the corresponding
Value function V(t,p,Y) satisfies the optimality principle, we cpply our general
dynamic programming method zad prove that, because of pl’' 's regularity, the
assumpvion (H) is satisfied (proposition 3.10), implyin; immadiately that the Value
function

satisfies the Hamilton-Jacobi-bellman equation {3.109), analog of {(3.77 ).
Finally, inverting the exponential tramsformation, we prove that the value function
V(t,n:’Y,Y), with state variable n‘t"Y , savizfies 2 stochastic parti=l iifferenzial

equation, dual in some sense to ZaxeI's equation (corollery 3.4),

To finish tkis paragraph we prove t the adjoint verisble obtained by this method
satisfies the maximum principle of A. Bensoussan [6].

The second part of this cection estsblishes the links with Nortemsen's equation [24].

The state and observation euations are given by :

axy = £ (x,5u )dt + £, (xt)dvt
(3.89)
4y, h(xt)u‘t +af, , ¥y =0
with 3
£, € CRY < R%RY , £, € CERURYY), e gRR)
(3.90)

alx) =2, )81, gra@e > alkl? w e, wert,

and v, 7 independent Wiener processes in R" and R® respectively.




Ve note s before Y =ofy lo <5 <t} endvehave y Sy v <,
1 2

(classical information structure).
The set U of admissible controls is, by definition, the set of every ¥, -
measurable processes u, wilh values in U, a given closed and convex subset of

K™, We also assune thut £ (x,U) is convexinR" wx € R™.

et pel (@) NIPE"), end u €u Ve note P‘s‘ the solution of the

problem of mertingale associated to (3.89) on [s,T].

Let also :
t t
Gea) o, =exp ([ w0y, 1 [ [t )|Pao)
o syt s oeT2 Js o
Then, the measure Q) , definedby
)
S fo.m)
(3.2) =1z vt € [s,1],
apt ‘Zﬁ s,t
E

has the property that, under Q) , # ¥ 15 a Wiener process after s, independent

of x and v, and ;

(3.93) Ea (oly) =B, (omg (1) v € Q&Y
Y £

(3.95) B, (9 =55, (o, %) v eqg®),
AT £H

where p is Wiener messure on €°([0,7]);RP).
Let us also denote n:’y ihe unnormalized conditional density given by :

(o) B, G, 40 - [ ot oo
S, 1

Applying the results of Fleming-Pardoux [15], this density exists in

2(03¢°([5,71; 2 ®%))) NP (s,T3H' (RY)) and satisfies Zakal's equation :

u,Y o u, Yk u,Y u,Y.
amy =((L) mg et + w ntay, . V€ [s,1]
(3.95)
RN
's 13
with :
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Go) B =1 T a0 5200 Ef(x.u ) e
¢

55 Sxg0x; ) ox,
Vo € cﬁ(n“).
=1 alx) —‘E(x) + £y )
Furthermore, if we meke the change of varisbles :
(3.97) p“'v(x) ’Y(x) exp(-nt(x)y,), for each fixed Y € c®([o,1]s8%) ,

then p:’y satisfies the non-stochastic partial differential equation :

LT o (B L TN L v [an]
(3.98)
w,Y
Ps
with :
B7g0x) = 2o - (& (wrly e 22 (1) o € D),
(3.99)

() = (& eyt (e (xr)) - T (ar ()yy) - § [P
Precisely, p*’% ¢ 17(s,138 (8%)) N°(e, 12 (R™)), and, with (3.90),
(.100) $7oiT € P W€ [sve,1), woel, VY€ C([o,0]iRP), Ve o.

the cost functional is defined by :

T
Gao) g @) = E":,p( Isg(xtyut)dt +6(x))
with @
(.102) g e QRMMR), (o) € FE) wmeu, 6 e CERYR).

Ve also introduce :

T
Ga03) g, (1) =f <ErAT s ar e comt s

s

- A .



where g‘é’y(x) =gl (), and <gm> :JR“ g(x)n(x)ax.
Toting &

Gaon) g6 = g ety ), () = o(xex(nt (),
we have, by (3.97) 3

(3.105) EANCRY) =J‘ < ;“;Y, p'z’y > dt o+ < C.vY,p‘;’Y >

0f course : EP(JS,“(u,Y)) = Jsm(u).

Finally, let us introduce :

(3.106) V(sop,¥) = Int I (a,7)
weu *’

Proposition 3.

(1) p‘t‘vY =7 (t,s)p , where MY is the strongly contimious semi-group
v
generated by ()" + &2) in (o, HI(R))-

X _[fe Yy 5
(1) g (@) = A (o59)0 > do + 9 vy o), (07)
vooe o], weu vYec®(o,mRP), W, and :

(135)  V(s,w¥) = Tne[[V (6,1 (6,0)0,1) + [ < gZ’Y,U“’Y(G,s)u > do]
u€u o

Proof : (i) is classical and (ii), (iii) follow exactly the same lines as in

the preceding sections. ®

45 before, we need to extend the value function V(s,u,¥) for any u € 7 (R%).
This can be obtained by considering p:'y as the distributional solution of :

a u,y Yo ¥ | o,
<o Ll o = (B v el T)g, 22T 5 vp e Q)

(3.107)
u,¥
no=w

and ¥ (t,s) can be extended by density to (7 ("), &")).

Proposition 3.9 : V(t,u,¥) is finite on [0,7] x W (&") VY € ¢°(0,T;8%) and

uw —=V(t,s,Y) is concave, continuous and subdifferentiable.
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Furthermore the subdifferential Op\l(t,p,‘{) is compact in cg(R").
Proof : The finiteness of V is obvious by (3.9.) and (3.102).

Let o B>o, a+B =1, and uv e @Y.

Ve have :

ar(tow,t) +BV(E,v,Y) <o dy (Y) 463y () = (u,¥)

Jt,awﬁv

weu vYe(,mr?), v e lo,n].

and thus : o V(t,p,Y) + B8 V(t,v,¥) <V(t,on +pv,¥)

which proves the concavity, and the proposition follows by classical convex

analysis results (see [26]).w

4s before, we have to extend the cost functional and therefore the value
function to closed-loop strategies u €U, namely the set of By .y XY
adapted processes with values in U. This extension is made exactly as in section
IIT.2.3 and is left to the reader. One can prove exactly as in the general case
that the extented value function for closed loop controls coincides with the
value function for % adapted controls (open-loop).
Proposition 3.10 : Let 1 € L (R") NI*(R®) and t > s. Then the following
directional derivative formula holds true :

(3.108)  1im L @ (T (bre,5)u,v) - (8T (4,8)0,1))
e-o

v
Min . < (L:’Y + e‘t"y)x, Y (5,80 >,
A€o v (eI (4,0 )0,7)

this limit being finite W €u, VY € Co(o,'l‘;Rp).

Proof : The only thing to prove is that ihe directional derivative formula can be
applied, namely that :

tm T (e - 1T (e e)e)= 4 1T (kede € R @Y.
c=o

But this is a consequence of the regularity property (3.100) of the solution of
(3.98) sinoe  § 6" =S (4,000 € @) < (AP, Finally, since :

<A, i—t Y (4,80 > = < x,((vL‘:")’ + e‘:’y)ﬂ“"{(t,s)u >

v
=< (U7 + @M, 17 (6,8)n >, the proposition is proved. ®



Theoren 3.5 : let ny € P(RY) NI (R"). & necessary and sufficient condition
for W lo be optimal is that there exists a function V defined on

[0,1] x R (®") x °([0,T];R), continuous and concave on I (R®) for every
fixed t,Y, right-differentisble on [0,7] Wu,Y, and measurable on

c"([o,T];Rp) Vt,u, satiefying the following Hamilton -Jacobi -Bellman equation :

o . Nu,Y T ~u,Y
6t+(t,pL,‘[) +uM2n NS L S

Min
A € épV(t,pt,Y)

v .
= E+(t,pt,y) + Min

e . -
< T+ DY
(5.109) Ay €0 (t2,.Y)

o

vieJol, vYe(fonliR?), w, € [ (o fu € ul,

V(,0.%) = <8p> WeRE"), VY e ([o,1]:7°)

Proof : From (iii), proposition 3.8, we have, Vo, € {n“’Y(t,o)polu cul

Inf [V(t+z,ﬂ“’y(t+:,t)pc,‘f) = V(t,p,7)
weu t4e

e <Y, Y (o,t)p, > o] =0
t 3 t

[

me [ %(V(t“:,ﬂu"y(c-ﬁz,t)pt,y) — (6,1 (e, 0)p,,7))
weu

+ L0 (5, (e, )y Y) - V(EipT))
t+e
+‘~J gt (o,t)p, > o]
ey G t

Taking the limit as € — o, the last term converges io :

“u,¥
<gglapy >
The second term, by (3.108), converges to :
Vu,Y | Y
<Lt e e e >

Min
A€ ﬁp‘l(t,pt,‘i)
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and this the limit of the first term also exists, equal to -g—z (t,pt,Y) , and
(3.109) is proved with V(T,p,¥) = < GLp > . +
Conversely, (3.109) can be rewritten as :
t
4. Y T, WY _
o (61 (4,0)u 1) +J-o< gy’ M (g,0)uy > do) =0
+
<& G (o) + [ BT o0), > @) weu
o

and, integrating between o and T, one obtains :

T
J< g:’Y ,ﬂ“’Y(t,o)uo >at +< E",n""’(q-,o)p0 > =V(osmyY)
o
T .
< j < g:’Y,ﬂ“’Y(t,o)uo >at +< Ey,rx‘"Y(T,c)po > Tueu
o

or, by (3.105) : g (§,¥) <3 (2,Y) W €wu, and finally :
CITN CITN

I @) =2 (7 (@Y)) <E Y)) =

o,uo( ) P( oyuo("’ ) p(‘To,uc(“’ )l Jo,uo(“)
W& € U, which achieves to prove the theorem. §
Remark 3.9 : since in (3.109) A% € ap‘l(t,pt,‘{), it results that

Y _ o(an
Ay € GGRY) veYe w
Corollary 3.4 : The equation (3.109) can be transformed, by the change of
varisble :
(3.110) Fle,aT,1) =v(60T,), w5 = oY exp(nry,)

t 't 't t ©
into the stochastic pertial differential equation :

:ﬁt(t,n‘é,v) + Mmoo oamn ooy (€ L‘t"‘"it +g‘t"Y,u‘§ > at
BEu A eauv(t,wc,y)

(3.111) +<;th',n‘i>dyt) =0

V(T,n‘;,‘{) =< G,q% >
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and Ay =\, exp(n'(y,).
Proof : Requires tedious but not difficult calculations, .m

2 -
Theoren 3.6 : let p € @) NIP(RY), and T € Ube an optinal control. We

B3
denote “ the corresponumg unnormalized conditional demsity starting form
wy s and >. €3 V(t,n ,y) satisfying, with the notations of (3.111) :
(3.112) u <namrt s =< {‘i,anf"’

A e e V(t 5t ,Y)

Then ;’t{ is the unique solution of the adjoint equation :

- q{{ + (L_‘:’Y }T‘{ + ;‘illhu?)dt = (;}:h' - exp(n", t)r;)dyt
+ (gz"’ +xfh exp- (nty,))as
Ga13) A = o)
e glo,mE @) N o e @)

4 € F(esc(o,msm ' (@),
Proof : It suffices to remark that (3.108) implies (2.19) of [6] with :

1im 5 @I (8001) - (T (,s),Y) =
8 =0

d 6,7
Min _ <Ay 5 17 eu >
Fvl he ’ ae °
re J (1,10 (1,500,7) ¢

and the result is a restatement of theorem 2.2. of [6] . =

Remark 3.10 : VWhen V is differentisble with respect to p, using the
representation of proposition 3.5 together with the assumption (3.73), one

obtains :

Goa) A = (wexel) j (35} (1,2,x)ap](2)exp(nr (x)y,)
-

and w51 = [ wlemse]dask ().
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From Corollary 3.4 to the end, < kt,dn‘:’y > is written formally since it

contains the stochastic integral:

t
Y a7 y
j <antmt > ay
o
which is not a priori an It integral:
X, is 9] - measurable whereas T is 9 - measurable.
s a s o
This integral must thus be defined throsgh the preceding transformation :
T . u, ¥ _ u,Y .
A=Ay e (), ;" e (n'y,).

The equations (3.118) and (3.119) are of course written in the same

formal way. ®

To conclude this paragraph, we have proved that the machinery developed in
the preceding sections can be completely justified in the case of the control
of partially observed diffusions with classical information. Furthermore, it
provides a necessary and sufficient condition of optimality, improving the
results of Bensoussan [6].

III1.5.2. The link with Mortensen's ecuation

In this classical information structure, it appears that there are two
fundamental diffusion processes:the state and the filter. In III.5.1., both
are used. However, the early approach of Mortensen [24] is based on filtering
properties only. Namely, one considers the semi-group ﬂu(t;s,us) defined as in
(3.33) by :

u
(5.115) (k55,0 () =9, @) Vo T
with Q) defined by (3.%2),
s
and : s .
. ;i (450 = .
(3.116) V(4,1 (t58,0)) uzzru Js,us(")

We clearly have :

GN1) T ee)) = B ().



Ascuming that V is smooth enough, following [35], [24], or [7]
context, the following It§'s formila can be proved :

®
- - o Ty
(3.118) T (t,m27) = V(e,mY) = (—(c,n“*") + <2 8L (o, mT), 2T
5 s BN o (I e
w,Y 2% azv
K

o WYy w,¥y u,¥
+L<h- (o), BT, 5 ay

<hm

WYy o, u,Y
oy’ )t >)ds

A ~
Lip a2 Lo OL

; u ; . v i
with Ltv) ) axz 5 Ox o bslng the Frechet derivative of V with

respect to the second varisble, and 6—2 being the second Frechet derivative
on

of V with respect to m.

Thus, from (3.118), it is easy to obtain ihe following Hamilton - Jacobi —
Bellman equation.:

(3.119) E(—+ Mm(< &, ) et —sz,h'n:ﬂ:o
61:

which is known as Mortensen's equation (see [24]).

When V is smooth enough, the adjoint in (3.119) is S—Y‘ » and it can be easily
checked that it coincides with the one obtained in (3.114). Nevertheless, this

approach is formal where2s the one of III.S.

1 is rigorous. m

in a cifferent



IV - EXAMPLES

TVe1. A monlinesr guadratic tesm problem

Let x be a scalar stochastic process observed by 2 stations

(uwf‘ (xt) + u2f2(xt))dt vy

1 1
(4.1) dy, = b, (x)at + dvy

2 2
ayy = hz(xt)dt + v

w, and u, are scalars without comstraints; f,,£,,h,,h, are smooth functions
of x ul(t) = uz(t) =0 ¥t (perfect memory for each station).

The cost function is given by :
T
2 2
@2)  3am,) = E(L(go(xt) S (o) + ey () +ap? v pd 2w )ar)

ith g s, €, Swooth functions and v,,7, > O
To apply the preceding theory, we introduce :
(43) at, =g (x,) +u5,(x,) +uye,(x,) + v + v02 + 2wy , L =0
t = %0 181 262\ %y 1M T T 1"2 7 %o
2
and s = Gy’ 2o
Thus : 3(u ) = B(g,).
The Hemiltonians are :
oA ar a A

o QA Sh oL 2
(4.4) 5 =EB(§E (a£, +ugr)) +()y‘ b, +6y2 by + 57 (g, +wg +uge, +

- yz(u§)2 + 2yu1u5)|Y‘t)
2

— gl & (s fe2. 58 oA 2
(4.5) ", =8( 37 (u1f1 +uyf) Poy‘ b, +0y2 hy + 352 (go +ute, +u,

2
*
ARACH
2 o2
vy w2y, )[r3)

wich Y5 =

; ;0 <o %t} k=1,2; (afug) is obrained by :




& rx( g" £, +—(g|+2w2)lY)u (M \Y ) =0

(4.6)
on
ou, (e & e, ot

2 2 L0 ON |42y7 L
o+ ZYuT)‘ ¥Pu, 1, B( 3 |Yt)] =0

Remark that (4.6) corresponds to the minimization of two coupled strictly convex

functions of (u;,u,)) end the minimm is unique. Thus :

1 o a *yiy!

wr(e, v}, ) = ——A (2 + (g, +2v))|ry)

i t 7t 2v|EP<“Y') Ept ox 1 Tor & 2710

(4.7) )

ax £, 42 *

ug(t, Vo s By) =0 ———loee B (5272 S e, 2v)[7)
272sP( |Y

Tt must be noted that (4. 1) is a system of 2 intesral equations in u,uy since,

if we denote a, —— , i=1,2, we obtain :
2yiEPt(aE|Yt)

1

1 O\ 2 1 2 1
wi(e, Yy By) = 2ve L 3 w15, )ar (5,7, 05,2 |vy)

%ot
+a1'[4 (—f + g|)dP (x,y',¥? ,C|Yt)
(4.8) Co,t
2 a 1 12 12
w(t, % o B,) =2y, j4 Loupe,r' 2 ar, (1,7 0 |v3)
¢

0,t

+u2j (a—xf2 *cr, &,)r, (x,v',¥ ,:IY)

Nevertheless, when there is no instantaneous couvling in the cost between the

two controls, namely when Y=o, (4.8) can easily be solved :

AL LA gyl (R LR 42
(4.9)  wp =BTt +ialv) s woos(r +°C &l Ty

and the value function satisfies :
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(o3 e d o r + 3 mBhr, + B )P

2

*3 EP*(OX 2 * ;52|‘yt)‘

(4.10)
oA an o
+P=h S5, b5 ] =0
oyt 1 o2 2 T B

12
w(Tyz,p) =8 ¥z = (xy' 35,0), VP,
2. 2, 2,
with 8, A =22, 2R —

NCERARE B MR RN TR [F- S ICRIBEAOIGH
and V(5,7 =J-w(t,x,y1 FE BN A OICFURARIIN

*
P" standing for theprobsbility messure generated by u¥ , uj between 0 and %,
given by :

u ux
(a11) :—tfc wl=] 1wl wednh
C
o,t o

P:‘ta’ =z,
with :
(4.12) L o)) =292, (x Dz (', 2]) + £, (x Juy (12 ,])]
"Z—:T(Zt)h\ (x,) +:—y%(zt)h2(xt) + 32z )6, (x,) + g (1 )ur(r',7y)
+ gy (ks (2,7 v, (ar (e 2P # ,ax(2,2)))%]

2
+10 ?(zt) + —("—)z-(z ) +W<zt>].

A first remurk, to simplify a little (4.10), is thet :

(4.13) % =1 if w, solution of (4.10), is regular enough.
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This can be seen from the fact that g—:(’!‘,z,l’) =
ou .

and Ig T,258) = 0, since w(t,z,P) =Z VP.

Thus : %%(T,Z,P) =1 vz, VP

But, going back to (4.10), one can evaluate w(T-€,z,P) by a Taylor's expansion

in €, from the knowledge of w and A at t =T, and since 2 =2 o,
ox|er T NP

i=1,2, and g »g, and g, ave functions of x only, » vt
one can see that w(T-g,2,P) = - @ (x,y R) ,ﬂth f' =0. Ths g_\cv

ou e > e |t=r-e
and {53 ) =lm but QC{BP =0,

|t=r-e |t=1-¢ |t=1-¢
thus %l =1 for ¢ sufficiently small, But, using the same argument on
t-e

[P-2€,T-€] and the fact that £,15,18,8, 18,s0, sh, are functions of x only,

we find that =1 b € [0,7] Vs, VP,

aC
Thus uf 5 uj and (4.10) can be rewritten :
1 4L @ 1
(409)v (wrlry , 2) =~ ek Gt e [rg)s
2 1_ o\ 2
ug(rs , 2,) =- (ox >+ 8,17,)
and
o g (& IR (o 212
F‘Pg( - 4y, EP;( x5t e Wc) T, E'P*( ox T2 * gZWt)
(4.10)" +Q‘Th °" hy, +g) =0
oy oy

w(t,z,p) =t Wy yh, V.

Remark also that in (4.10) or (4.10)t, u} is a progressively measurable function
of the process YT, which can be considered as a current variable for the
integration with respect to F: and their expressions in (4.10), (4.10)' make
sense.

Now, if we try to give more insight into qualitative properties of the
solution of (4.9)', (4.10)t, (4.11), (4.12), some comments may be necessary :
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. Firstly, (4.9)" states ihat the optimal stravegy for each decision maker is
obtainea through an opvimal estimate, namely the condiiional expeciation of
s ';_x fi + gi) knowing Yi and thus, it confirms the intuilive rule that
"a good coatrol may be obtained through a good estimaie".

« Secondlv, this opiimal estimate is obtained for each decision mecker as a
linear functional of his filter : namely, if we nole :

. i * _
{4.14) ﬂi(z|¥tl) = l’t(zlzt = 2,70 =‘{t1), 11,2,

the conditional measure of the state z knowing Y}C (the filter of player i), then
wry B} =< % £+ aGD > . % may be obtained via the
solution of Zzkai's equation for its unnormalized version.

Remark also that the filter lepends on uf and uf , =s can be seen in (4.11),
(4.12), (4.14) ard this is generally called the "duzl effect" : the controller
minimizes the cost on the one hand and, on the other hand, tries to improve the
quality of his information by choosing a food observation path.

Tt must be remarked that the filters of plavers 1 and 2 ave not in general
state varisbles since one camnot recover Py from 7, w2, whereas P, is needed
to compute A (compare to IIIe4).

This displeys the gap between classical and non classical information structures.
Farthermore, remark thal, even in the classicel case, the well-known Separation
Principle does not hold in general. Thus, a fortiori, in our non classical
information case (see [10],[17],[211,[30],[31],[33]).

. Thirdly, the only difference between the minimization of our Hamiltonians
and the classical information's ones, at least when there is no instentaneous
coupling in the cost function between the controls (y =0), lies in the ajoint's
{g—; }(t,2,2)ap, (£)(E)-
A numerical e;:;:ression for this signalling term can be obtained from (3.92).

Remark that 3z = O can happen when the trade-cff between cost and information

is such that :

formila, and more precisely, in the signalling tern :

(4.15)

o [jou
T I‘ o Jery

«
end, in such a case, and if there is no cost on the controls (g =g, =V, =V, = 0);
boih Bamiltonians are singular similtaneously. This situation seems to be
aualitatively very specific Lo mon classical information structures.

Let us now deal with the sene problem when f,,%,,6 €, s6,,h, and hy are linear.

T



IV.2. A linear guadratic team problem

IV.2.1. The optimality conditions

The system is given by :

dx (x+u +u)dt+dvt

t

4

! = N 1
(4.16) dyg = Hxdt o+ dvy

2 2
dyt = Hzxtdt + dvt

and the information structure is the same as in IV.1.

The cost function is quadratic :

T
_ 2 2 2
(4.17) ::(u1 ,uz) = E(Io(xt +EW T, b e, YU+ ypuy ¢ 2w1u2)dt)

Applying the preceding method, we find that the Hamiltonians are :

oA

A
(4.18) H o= (—— (Fx + 3, +u*)+TH + S5 Bx v op

2
- 5+ g x + gyugx

+v1u| +v2(u*) + 2y uy) | !)

&

*
(Fx +up o+, (x + g U + gux

(4.19) 1, = 8(

o

x

+y1(u*) +y2\x2 + 2yara,) | ¥ 2)
for simplicity's sake (this can be proved, if w

Thus, takiag as before E =
is regular enough, as in IV.1), we find uf and up by :

1 4 . . 1
wple T, 0P) < By (5 gk + apg(e,2,2,) | 1))
(4.20)

2 _ A 1 2
uz(t, ¥y 5P) == 3 EPt( St ex v avar(e, Y 2) | X))

* are given by a system of Two

As in the preceding example, u¥ and uy
integral equations, that can be interpreted, in view of the discussion of IV.1,
by the fact that each player estimates (or filters) the other player's strutesy
through his own observations, and takes into account that the other player does

the same.



This cen be seen more easily by the equivalent setting :

¥
4 _ 1 1Y L
ur(t, v}, ) = - _' B & M +g‘xi‘{t) + =, 5 (5( 2 +g2x\'ft)|!t)
i BB (6,72, ){9) [r!)
71 T, 7 1% 1Y
(4.21)
] _ 2 y 14142
up(e, Y5, ) = 2( v +gax|‘ft) + oy, E(E( g1x|‘yt)|‘it)

. (y v2 1142
oy B(s(ug(e,v%, ) 9) Y5)

Of course, the chained conditional expectations cannoi be simplified because
of the non nestedness of y't and 9, end up, for instance, must be computed
knowing thet the second player knows the estimator : E(u*(Y )Iyt) ) and
thus plaver one must also estimate this last estimator by : E(E(u*(Y >|1;t)h'1¢)'
The main qualitative result that can be extracted from (4.21) is that there is no
need for & second guessing 3 namely, the players do not have lo estimate

E(.... E(uﬂ"(i)h/l I‘IJ ) , the estimator of the estimator of ....... of

ihe estimator of u¥, after step 1 (guess what ihe other player has observed),

s
since,firstly, every estimates are obtained iteratively through (4.20), and secondly
since the adjoint %:—' summarizes the complementary informations sbout the other
player's strategy.

IVe2.2. The case y =0

Finally, let us conclude by a sharper analysis in the case y =0, when
there is no instantanecus coupling in the cost function netween the two team

players. The optimal stralegies are here unigquely defined by
1 1 oA 1
(4.22) [up(t, Yy 4 P) == E I:‘.P (2 g,‘x“{t)y

ux(t, Yt s P) == 2v B\, (2 oz +g2x|‘li),

and the value function is given by :

oA 9‘2\_ LR 2 1 2A 142
R A e e o g B, (52« gyxl9)
oA 212
.2 - -
(4.23) - E (ux *gz"wc) ) =0

1
Wy P nE) 2wt y?, v



Also, P{ is given by :

L capp>=c L‘*’uz o P: > Vee f(n”)
(4.24)
Pilt=o = %o
with :
(8.25) Lt' o)) =1 (—% 73? —(gL); )
a op [Fx - 2y F‘P*( ox t & x|%) - 2 F'Pié ﬁ "52"?&)]

g, X

s0_ 2o 20 .2 2 ]
* 1H|x*0252"*a [ -, EP»(ex*31‘|7t)

ox
- Ziz %» Lvexh) +qh- 4y EP§( ezl

Ty, By v g2l

In fact, if we set ¥ = (¥',1%), and :

(a:26), 17 (9)=Y) = 1; qz(x,‘!t)+ (¥ ) [Fx = 5=

1
2y EP*( ARl

1 (2N 29 20
-, EPé( e g2x|y )+ o (x,Y )H x +6y2 [CAM):

o € (&),

(4.26), L‘gjt(cP)(Z) =3¢ G )= - 2*« EP* E +g1x|‘i1) - 21 EP* ox +32XIY )

i o 142 242
* T, EP;( ox +&xlrh) 1,7 Ep*( 55 +exlt)]
Vo € 2",

one can see that P can he obtained in two steps :

. Firstly, eomp\xts P (x ' Y )by ‘the operator (4.26) in (4.24),

- and. then teke the inage of ?} by the integral part of the cost w obtain
Py H(2) = P (x,7 7%0).



* « N *
Bui, vecause of the presence of u"f(Y1 ), uj;(YZ,Pt), and of %;(x,f ,yz,Pt)

in (4.24) with (4.26)1, one cannot sevarate anymore the compuiation of

71 (2,1',Y%) into a compatation in X only and then in ¥' and ¥2. An interesting
but open problem would be to characterize when do we have wesk interactions
between the state and Lhe observations to be able to compute F‘t "almost only
function of X' ? Remark that if, in place of Hyx, i=1,2, we put eHX with

€ =0, and if the corresponding Pf_ converges to some 1=_t weakly *, then,
by proposition 3.6 the value function converges to v(t,ﬁ), 2nd the limit
problem (e = 0) is a linear quadratic prcblem without information that is much
essier (Pontryaguine's necessary conditions apply). More precisely, for & = o0,
we easily obtain that 2—; = o (no observation), and A becomes the classical
adjoint satisfying A(t) =Q(t) x(t), where x(t)
time the mean valuc of x(t) and the best estimate at

Ep @p(x(t)) is atthe same
° time t knowing nothing !
Thos the soluvion can be completed vis the separation principle.
Conversely, with ¢ =1, there is no reason why, in (#.22), (uf,u3) would

be linear in the observations, and thus, if we compute W, and w, by (4.14),

t
these conditional measures are generally infinite dimensionel filters, whereas
1 2

for linear Uy i=,2, Ty and ®, are given by two Kulman filters wkich are,
of course, finite dimensional. A more detailed discussion on the nonlinearity

of (nT,utz) in a simpler context can be round in the next example.

VI.2.3. Sketch of a m

cal method

To conclude this exanple, we shall sketch a nuuerical method giving the
approximate solution of (4.22) to (4.25).

To this eim, let us first insist on the fact thet P} is a measure on
,8) of c: 4 § thus the fugt that uf depends on
Y ana wg on Y%, does rot create additional difficulties in (4.23) and
(4.26), and ut is a well-defined l’: measurable function, i=1,2. Consequently
of course, one cannot expect the operztor (4.25) to be locel. Nevertheless, the
"mon-local" elemert of (4.23), (4.24) can be easily isolated as we shall

demonstrate.

the continuous paths (X,1',7°

Let us introduce the discretizations of [0,7] and R' by a subdivision :

0<8<20< ... <MO =T of mesh 6 ="/¥, sndby a covering of R' by

4 .
closed balls B (s,) = 1[5 - nd,zd ¢ n?] witn n = (') 4 een + (n4)2)1/2

being given, and {z;} & denumercble subset of % nade of points satistying

|| > 29 Vi, i, and Vi, @, , Gi€ {1,...,4] such that :

2
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Thus we have :

i LeJN Balsy)

For clarity's sake, we shall omit the numerical expressions, with the finite
0w Ow  dw_ QW ou 2y 2

differences method, of oo, 4, O S b O _O0Tu. 0w
at ox ay1 ayz 14 ox? a(y1 )2 e(yz )2

that can be found in classical textbooks of numerical analysis. But we shsall

N N 2. £ i
focus attention on the non local tarms ineluding ﬁ ana conditional exvectations.

Let us first derive an approximation of A. We have seen that :

L (52,2002, (2)

(4.27) AMt,z;P) = w (t,2;P) +j

with {‘;—; } defined by :

(4.28) < é— Q5> = lin ‘; (w(t,23P46Q) = w(t,23P))
E—0

J{ Jezgee)  wen (@)
Thus, if we define :

(4.29) Izsc Iz es(v)l,VieN,

And if we choose an erbitrary measure C € WE t {for lmtaxlce the Brownian
’ P

measure, or, more naiurally, ihe incremental measure T‘ ), noting Q
the restriction of Q to A; , and supposing thet Q is ouitsdly chosen to have :

q_t (s (z )) #0  ¥i €N, then (4.28) czn be approximated as follows :

{oP HOERS )xqtl(B () -1(_.__.1’_*90._.)—_“(3._1.._1
(4.30) it KPR )-“_(_ﬁ.wz}ﬂ view,

o, @)

© being the mesh of the time discretization.
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Thus slso, one can spproximet

w{t,E 3P+6Q 1) - w(t,E3P)
[l eeme@- 3 & ot ) - egn), (5, e,

! e w0t ()

for 1z € En(zi).

B
Accordingly, to derive (4.31) in x, y' and y°, we denole :

K, N
(4.32) 31(2;) = h_g‘l [ ) 3.(7,), k=1,2,3,4, 1€,
i1

and

@33) A =lzedt [z en)), ke lia), ien

Thus we approximate :
k

A
o fee u(t,E sPeea T)-u(t,E 5P)
(a38) % | {22 §(,8,2)ap,(s) ~ E[——l—-ﬂ——
e ool (8, (z N

A,
w(t,g 3P40 How(tsE ,P)
S T e )0 e € (et

A,
il (2,))

for m€B (), with o' =x, 2% =y, 0 =y, Far, Woen

Finally :
w(t,E ;P46G 1)— w(t,8.5P)
(4.39) Az i) wulesngsn) + 3 (ot 2 TR g g )

= eaj(nq(zi))
and 3
(t,a,+n1, P) = wlt,z 5P)
(4.36) %k (t252) = z——-«k—“—‘——yl—— + (4.38)

W€ {14}, ViET,



with oz, +7l, being the point of coordinztes zg for j Ak and 25+ for
tre k' coordinate, k=1,.c.,de -
Mso :

oA

(371) B (Regall) - [°"

1 1
(t22,57) + gz JPr (a7,

and the same for E( g—i + g2x|vf).

Thus, one can check that, knowing w(b,zi,P) for every z.,i €N, and

PP r Y, v 4;» one can deduce uft_e,zi,P) (backward in time since the
boundary condition is for t=I). Thus, it remains to find F:_e such that with
the optinel uf, uy . one ob leins Pt at time t, and this is done as follows :
find Py_o such that, Va €N,

N o x N *
(4.38) < 92 > = <opy o> =0 <L) 2 9%Py o > Py given,

where (:p"}aen is a Galerkin's basis of the space c2(R4), the space ¢f twice
continuously differentisble with unifornly continuous bounded gartial derivatives,
and where L, 1; 3 is obtained by (4. 25) and the approximation formulas (4.36),
(4.37). The equation (4.38) is therefore transformed into a system of polyromial
equations of degree <3 in the (P;e(Ai)}iE“ that canbe solved by =lgebraic methods.
Finally, when w(0,2,P) and Pz are obtained, one has to choose P in
order to have P =B (two point boundary value problem).
his hewrisiic mmerics] method ic justified if w and P" are regular enough,
but the main problem is the very large nuer of operations needed to solve these
ight be very difficalt to apply for

equations. Consequently, such a method
dimensions higher than this example without a computer mechine with very large

memory capacities.

IV.3. Witsenhsusen's counterexsmrle

IV.3.1. Formulation in discrete-time

This well-known counterexample to the separation principle of Jinear-
quaératic stochastic control, shows that when the observation o-fields are not
nested, the optimal control i3 not generally give: by an affine function of the

observations. Though a non-linear coniro., giving a lower cost %'.an linear contrcls,
can be exhibited, the optimum is not known until now. We shall show that the

method of section IT.1. applies to this problem.

~ 167 -



We recall that the two-stage system is :

(439) = =x +u(x)s - u,(),

Xy is a random variable with probability PO and y = L where v is a
random variable independent of =, and with probability p. It is crucial to

assume that u, depends on y only (non ciassical information), unless the

2
problen becomes trivial.
The cost function is
2 2, 2
(4.40) 30w yu,) = B ui +x3), k oo
In [30] is used a discrete-time dynamic programming equation that leads to a

minimization problem which has many local minima, that maoke the numerical
methods faile

1V.3.2. The continuous-time equivalent oroblem

We shall introduce a continuous time analogue to (4.39), (4.40) :

let t € [0,1], [0,1] representing the first period, and :

(@) x(6) =u(6x(t)), o <t<t, x(6o) =%

Ve denote x, =x(1), and x, =x, - u,(r)
The cost function is :

1
(4.42) J(u' '“2) = E(J kzu?(t,x(t))dt + xg)
o
E(xg) is thus the final cost.
Lemma : If (u,u,) reslize the minimm of J , then
i
uf(xn) = J 1’11(t,x(t))dt, and u;(y) =1,(y) realize the minimun of J,
3
* % P led
and J(u1,u2) =J(u1 ,uz).

Proof : We clearly have Min J < Min J since the controls in J are richer than
in J. On the sther hand,




1
uf(xo) =L G(L,X‘;(t,xo))dt, with Xﬁ(t,xo) the trajectory of (4.41)

generated by ¥, is admissible for the two-stage problem, and satisfies :

I(uxsuy) = 07| f At Xt Yat|?
< B J | &ty et + xz) (by Cauchy-Schuartz)
= 3(6‘ ,62) and thus both problems are equivalent.

Remark : The second part of the proof has been kindly communicated to me by
Prof. T. Basar.

It was noted in [31] by a simple dynamic programming argument that :

(4.43)  w(.F) = B(x;ly) = JbTFEX)d_P‘)l(_E) arli(x)
with Py = xu1(| 2,

Thus, the final cost is :

2o (y-£)aP} (2)
52) = B((e, - )2 = fetx - [ € jp—ul—)P(y-x)dy)dP“(x)
Jel-e)arf(c)

and we call :

(1) wmtp) = e - [ B, oG-

The problem is thus to determine w(t,x;t,Pt) Ve < 1.
Applying the corollary 2.4, we minimize the Familtonian :

(eas) 1 =B( i Bl]x) =8 (e (50) + 15 ().
yielding :
(4046)  ur(t,x,p,) =-1—2 % (t,x57,)
2K’
with @

Goat) B i) =2 leaxinr,) + [ 12 )0z, ()



and (2.95) becomes :

(4.49) Jege- 25 (8 Gonr )P0 -

with the boundary condition (4.44).
The probsbility P, is finally given by its density :

m)-—; & (xlex) 2 (5,:37,)) =
(4.49)
L o) = 5 (0

and the solution of (4.47), (4.48), (4.49), with boundary condition (4.44),
give finally u:.
This set of equations canbe solved numerically with the same techniques as in

IV.2.3, and it is easy to ootain an approximation of IXT on a small interval

J1-€,1] by replacing g—;’ (1,x31,2,) oy ls (w(1,m51,2,) = w(i-e,xi1,2,)).
(4.48), (4.47) vecome :

(50) v (rmemtn) = wimne) - =5 ( 2 (1,800
But with (4.44)
(4.51) % (,x2,) = 2(x - J (¥)p(y=x)dy +x Jﬁ (y) v (r-x)ay
-1 e, 0F 22 e
with 2, (v) = B(x, |y) given by (4.43)
Finally, ve have the desired approximation u%(i-£,%,P,) on Ji-e,21] by (4.46)
and (4.51). An approximation on [0,1] should require the use of the numerical

method of IV.2.3.
If p satisfies | ]I.im p(x) =0, then (4.51) becomes, after integration by parts :
x| =

u (1-e,5,7, )

G fe, Geando)ey - x [ & (2, emnloloay

o1 [0, ) Toer)

or :




(8:52) wC1memp, ) == 5 G- (% 06+ 50T o8, 00)%) # o))

where (9 * ¢)(x) is the convolution between ¢ and ¢ at the point x.
u, can tms be interpreted as follows : the first part of u_ corresponds to
- (x -(fi1 * p)(z)) which is the distance between the real x known
before® time 1, and the best estimate after time 1, re-estimated knowing the
observation x before time 1, but without knowing what is the observed y.
Shortly, (x - (st1 # p)(x)) is the error of estimation between x and the
second guessing of x knowing that uy =% (v).
The second term : - ‘—2 ( g—y‘ (x - %, 2 % p)(x), corresponds to the guessing
before time 1 of the 2% first order expansion of the variance of error, that
can be interpreted as a correction term taking into account the fact that the
variance of error could vary with a small variation of control or of probability.
To conclude, we see that the nonlinearity of u_ is a conseauence of the
second guessing and of the estimated correction on the variance of error. This
completes the picture already drawn by H.S. Witsenhausen, since in [31], no
characterization in terms of second guessing was obtained. Finally, the most
important consequence of our method lies in the fact that it avoids the problem
of many local minima of the discrete-time version, by embedding it into a
continuous-time version where more precise characterizations of the optimal
strategy are available, namely : equations (4.47) to (4.49), and for which a
numerical solution cante obtained by the method of IVe2.3,
Furthermore, e know by the Corollary 2.3 that if w is obtained (in a suitable
function space), then the value function is unicuely defined through w, and thus

there is no risk to find a local minimum by this method.
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V - CCHCLUDINS REMARKS

In the preceding sections, we have shown five types of results :
1) The dynamic programming method can be applied Lo non - classical information
tear and control problems. Altrough tais fact was implicitly noted in [31]

and [32], no fruitful results wers obtained until now,

2) This method gives efficient characterizations of the optimal strategies when

combined with the integral representation of the value function.

3) Non - classical team information problems do have an Hemiltonian structure
(this fact is suggested in a particular case in [25)).
A netural question from now is whether adjoint equations can be derived or
not. The answer is yes, at lesst in particular coses, as shown in the clessical
information case, where, moreover, the derivation of the Hamilton-Jacobi-Bellman

equation is rigorous.

4) The nethod developed saits as well diffusions as non diffucions models and
generalizes the techniques of control of parvizlly observed diffusions ([1],

[21,061, (71,0111, (141, 151, [24]).

5) The optimality conditions allow = qualilative but precise deseription of
phenomena like signalling, dnal effeet, ceccrnd guessing, that were until now,
at least in this context, introduced henristically and imprecisely by many
authors ([10],[17],[18],[19]1,[30],(311,[33])s Furthermore, numericzl methods
can be used to integrate the Hamilton - Jacobi - Bellman equations, and thus

to obtzin the value function and the optimal strategy.

Ackmowledzement : The author ic indebted to Frofessors P.L. Jions and
4. Bensoussan for helpful suggestions on stochastic differential equations
techniques, and for their kind euacouragements.
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APPENDIX

A.I. KRASSOVSKI'S CONCEPT OF SOLUTION FOR OUTPUT-FEEDBACK STRATEGIES

The system and the assumptions are ihe same as in section II.
Let w € U. The problem consists in defining solutions to the differential

system with measursble right-hand-side :

x(t) = e(e,x(e)ult,1(8)),vy
ve et 0N [5:7]  Vimoserest-te
(A1) ¢ w(8) = nex(),v)

x(t) =g, () vt € [0,s]

For simplicity's seke, we state the results in the case N = 1. Their generalization
to arbitrary N is trivial.
The results presented here follow the same lines as those of [20] in a slightly
more general context : in [20], (A.1) is studied for purely instantaneous state
feedbacks of the form u(t,x(t)), whereas here, the right-hand-side of (A.1)
depends on the whole past history of the observations between x(t) and t
through the dependence on u.

Let us be given a family of subdivisions of [s,T] given by :

. < =T

n
L,
(a.2) n
N ; n my -
with @ lin (. swp (tj+| - =o.
T §0seees Lt

o . .
let also & €C ([0,8]; R®) , and the sequence {g:‘,s}m satisfy

(a.3)  mm g - 90 1
aa o foal e G,

o
lleg o (+) = &, ()} =0
Let us also define :

(a.4) um(Y(t))=u(’r';,Y(‘rr§)) if tE[t';,x‘;”[ Vi0senalymts
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and :

(e) = £(8,x"(), u"'(Y'"(t)),vj)

n
vt € [rr,zm

[

[Nlt,.t,
(1:5) { 570) = ne, (0, s

Vr =o, 2M-1.

:Lm_h Vi =o,

(1) =55 (1) e fo,s]

we shall say "K-solution" for "solution in the sense of Krassovski".
Definition A.1 : We say that x is a K-solution of (4.1) on [s,7] if there exists
a sequence of subdivisions of [s,T] satisfying (4.2), a sequence (5‘: o)

;
satisfying (A.3) and a subsequence f{x"T} of solutions of (A.5), with u™r
defined by (A.4), such that :

(a.6) ally =0 m

s,T

Theorem A.1 : If the assumptions of IT.1.1 hold, there exists at least one
K-solution to (A.1), and every K-solution is an absolutely continous solution
on [S,T] of @

(1) € D £lex(e)alen,0))w ) Vo e lese [
o1t Vi = 0geeeslnt.
[ NDx()st] N [smd,

Vo= 0yeee,M-1}

(a.7) ¥ (

(5, ) = br(e) = nloyx(e),v o € [t

T4

x(e) =2, (o) Vo€ los]

where v(xc t) is a basis of neighborhoods of x . for the uniform topology of
; R
c®([o,t]; RR).

Proof : Let fr?l N (5:,5) be given as in (A.2), (A.3). Then, by classical
results on differential equalions, since the right-hand-side is smooth in x and
measurable in t, x" is uniquely defined Vm > o, and by (2.2), =" is defined on
[s,7].

Furthermore, using once more (2.2) and classical inequalities, it is
straightforward to prove Lhat the sequence {x"} 1is equicontinuous and

equibounded for each £ satisfying 3 <+, Thus, by Ascoli's
,

o,5llg

0,8
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theorem, ome can extract a subsequence converging uniformly to x € ¢°([0,7]; ™).

S
. also, if we note {x T} the subsequence, we hzve :

n
{% 7} converges to Z in 1°([s,7]; R?) weakly, and
3

=2 in the sense of distributions.

Furthermore, by Mazur's theorem one can extraci another subsequence, still noted
ne .
(") such that  { % a £} comverges to 2 in 12([s,7]; %) strongly.
n3c"r ok

Thus X =2 € LZ([S,T]; R") end x is absolutely continuous on [s,T], and
using the upper seri continuity of X, -Q(xoyt) = ;vso . f(t,x(t),u(t,)!v(v),vl)
0,

(see [8]), it is straightforward that x(1) € @(xmt) and (A.7) is established. ®
Remark : If x is a K-solution, x does not generally satisfy (A.1), even for
almost every t € [s,7] (see [20]). FHowever, K-solutions are ithe most intuitive
notion of a solution that satisfy the basic property needed for control theory,
namely semi-group property.

On the other hand, every solution of (A.7) is not generally a K-solution
(see [20]). =
Definition A.2 : We say that x is an F-solution (or solution in the semse of
Filippov (see [13])) of the system (A.1) if x is absolutely continuous on [s,T]
and satisfies (4.7). ®
Proposition A.1 : if K“(s,;a’s) denotes the set of every K-solution on [s,T],
sterting from (s,gc’s) and generated by u, then x“(s,go,s) is compact in

o
Cyp =C ([0sT]; B?) for ihe uniform topology, and the multivalued mapping

u
£ - ¥ fos i semi~
S,s ~E (s:8, ) from C . to the compact supsets of O, is upper send
contimious. Furthermore, the tuo following properties hold Ve € C o

, »
X Y u u s u
(1) if x (S’Eo,s) €x (S’EO,S) then xsﬂ(s,io s), restriction of X on

[e,7], is a K-solution on [s,7], Vv € [s,T]-
(1) ara (she ) exz,t(s,aols) md :

x:'t(nx:ﬂ(syioys)) € K:’t(r,x:ﬂ(syio,s))

for s<t<t<T, with K:_' . the set of K-solutions restricted to [s,7],
s,
then :

(s,& ) such that :

" u
XS,‘t(S’go,s)exg,t oy




u u
B A CH N

Proof : compactness and upper semicontinuity of K'(s,E ) follow the same
argument as in [20], lemmas 7.2 and 7.3 page 33, and ChE'lI' adaptation to our
formalism is straightforward.

For property (i), if {u™} is a sequence converging to x“(s, ) € x%(s,z s)
and satisfying (A.5), it suffices to restrict {x™ s, t]l to ohtam nm

|[S <] is also a K-solution on [s,t].

Finally, for property (n), if x L€ x L(o08) (), and if tx"s‘ o) is the
s, s

associated sequence, if X, (,xLl (s,r, ))EK“ ey Lo(9:8, () end it
,

)t

'
(x: (x> (s,6_ )} is the associated eonverg:'mg sequence, it is not difficult

- u
to prove, using the upper semi contimity of X', that the sequence

)

2 ( 1,x (a,; ))} contains a subsequence converging to x> ,(T,x° _(s,Z
Tt 0 g, 105 g

and thus the sequence {x (1,: ))} contains a converging subsequence

S
to an element of x‘s‘,t(s,go’s) which achieves the proof.
Proposition A.2 : Let us denote Fu'm(s,io.‘s) the set of every F-solution of
(A1) starting from (s’;’o,s) and generaled by (u,w), and let us introduce F(s),
the set of progressively measurable flows which are P-solutions of (A.1), namely,
satisfying (i) amd (ii)

(1) (o, ) -x“’“(s,5°’s) is {3, | x a,|t € [s,1[} progressively measurable

(1) *0ez, ) e, ) vewr, Jeexc,

Then the measures image of Po s by Filippov's flows are contained in
B

—
P, 1y
co F’I‘(S O’S) namely

(a.8) oy = xy(s,py e € 7)) =0 elilsip )
[,

with the notations of IT.2.1 : Jqd(x;(s,Po’s)) =J‘(p(xgrm(s,goYs))dPo’s(go‘s)dp(u)
vp € Cp( &),

Proof : Let x* € F'(s). Then, by definition §

(8.9)  %"°s,8, ) €0 N £(t,x)(s08, ) (W),
N 0,8 vev(x‘;::’(s,ﬁo’s)) N 0 v J
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Applying Caratheodory's lemma, there exists n+ positive numbers :

n+
(2.10) a, (L,xu “(s,s Nos T mi(t,xz’,‘:(s,ioys)) =1
it
and n#  elements of £(t,x, 7,8, )@ (7))iv,)
veri(e,e, )y b eV
3 0,8
denoted f(t,x ’“(s,g 3 u G : ‘:(u,g )),vj), 151,00 nt,
with  u (1 (0(s 8,5 €N u(y (V)),
Vet ver(sig, )Y

since f is continuous with respect to all his arguments. uy is thus an accumulation

< Wyl s
point of u at uv(xs,t(s’io,s))’ i=1,ee.,mH.

Furthermore, the a,'s can be chosen progressively measursble (see [8]).

ow. i u
Now, if we call y‘; = xt(s,Pa’s), ve have :

wan) & foari) = fottee, ar, (2, el
2T 8 e, )y s, e e, )
—i=1 ox Xt S,E u X, S,E £ t"xt S,EO’S »
a, O, G (o108, D)o D)ar, (2 Dap(w)e
But if ve denote dP::‘: =P ., i-l,e..nit, ve have :

(8012) G5y

4 ( “( n+ 20 Pi,\l .
$ ol <8 [82 (rteinn bn,0r, Do Jord i, oo,
o € (=Y,

and, detining ¥ M(s,5 ) €KV(s,E ) by :
0,8 0,5

B0, ) = el 0ee, O O G008, D))

with initial condition go,s s for i=t,...,n#, it follows that :

(19 & et = Mw(x)d(xl’“(t A, w e sl
&



In particular for t = s,
u n+ N
G & oo, = b & [ oraz, N6,

But, this means that on a small interval [s,s+e[, we have :

n+ N
uo_ E
(a.15) P = 121 A CR N

)

)8

and, integrating (4.13), we find that (A.15) holds vt € [s,T] and thus

X iu o n_— a
o ’s). since x''" €K'(s), them Pp €0 PT(s,Po’s)

and the result is proved. w

u n+l iu
_ ,
Pp = g o a%p (57,

A.IT. Krassovski's concept of solution for closed-loop strategies

As in section IT.2.3, we have to define solutions to (A.1) where u depends
on the measure x. (212, ) at time t, and on Y(t) as before. For this purpose,
let us take a subdivision as in (4.2), a sequence (g‘: s} as in (A.3), and a

B

sequence {n" _} satisfying :
0,5

in the weak * topology of wt o
s

(2.16) lin 70 =
ph Toss T Foss
We define :

(217) um(Y(t),Pc,t) =u(1’§,‘1(1§),?0ﬂm) if t € [<§‘,r‘;_‘+‘[, LLETIRPR A
J

for every Y and P ., and we build the sequence {z"} as follows :

LI By B Iy By (g h
SR A CE R RS CNC i CR IR S )
v e [ [N Lot [ wosees o1, Vimo,enn i,

(a.18) Kv(x:::’”(S,E.:,s)) = {y(o) = h(c:x:::’w(s,ifys),vj)l

[N D()t] N [som], Viso,enw i1}




Definition A.3 : We say that (x*,P") is a K-soluiion of (A.1) for the closed-loop
strategy u € U, if there exist a sequence of subdivisions of [s,T] satisfying
(2.2), a sequence (r,: o} satistying (A.3), a seauence (w: ) satistying (4.16),

E )
and a subsequence "% P} gatisfying (A.18) with u"T defined by
(4.17), such that :

n_u £
(4.19) 1 =¥ - x| =0 and lim P % =
r - C, r -~
5,7

Theorem A.2 : under the assumptions of II.2.3., there exists at least one

(weakly * in WE peo®
,

u .
K-solution (x*,P"), and every K-solution (x°,P") satisfies :

(1) e, $1P,5) s an absolutely contimious solution on [s,7] of :
;s70,

cuu —
(a.20) x” (5’50 . 0’s) €co an(xu,w(s . ))f(t,x s,k LI o,s)
Vg, £490%0,57%0,9
u
pe(ry 1) o, (V),8),v )
vt € [tJ,th[, Vi=o,...,M-1, with M defined as in (4.18), and

with B(P® ,) a demumersble filter converging to Po in 7/Z weak *.
0yt 0yt t
iy P U
(1) P =xGep, )
n o
Proof : Let {zr], (r,o’s]

and {vr: o} be given as in the definition A.3. We
,
shall proceed by induction on r with fixed m to prove that the sequence {x™,P"}
is uniquely defined :
on [12,1’:‘[, one can define x™"'“(s, go o :‘ ;) in a unique way by classical
,s’%0,
arguments on differential equations, and the application :

(0,8 ) =x""%s,e ," ) is measursble. Thus there is no difficulty to
0,8 0,8 0,8

define in 2 unique way the measure P o = " (s,m ). Suppose that this
» 7 ,
property holds up to the order r, then for r+l, the same argument ss at the order
u s
o proves that (x™%,P") is uniquely defined Vm > o.
By the same argument as in theorem A.1, the sequence {x"’"} is equicontinuous in
c®([s,7]; R"), equibounded for every initial g, . lving in a bounded subset of

C,,o » 2nd satisfying :
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. mu
(a.21) oup Bl AlCR ora"%, S)HC Y<+o
0,t

(by Gronwall's inequality).
Thus, if ve take a family of bounded subsetsof C_ _ whose union is C_  (for
s 0,8

example [Hgo SH <r} ), e have ihat on each bounded subset B, there
s

o, B
exists a converging subsequence {x'T’"} to X;I , and the corresponding
n B
subsequence P ¥, with the inequality (A.21) converges to P" in the weak *

topology, P satisfying :

u . u_
S (s,Po S lu with B =x (s,Br).
r g B
r
. u u
. - - coots -
Finally, if B, By, velhave xy 1 =x;  and thus by a projective limit
argument x' is uniquely defined on ¢, o and M- x“(s,l’o J)s vhich proves
, ,
the existence of a K-solution. The proof of (ii) follows exactly the same lines
as the preceding argument. Finally (i) is proved exactly as in theorem A.1. m
Finally, the proposition A.1, adapied in the closed-loop context, holds true
and its proof, following the same lines as proposition Al's proof, is left to

the reader. ®

A.ITI. Existence of solutions to the problem of martingale for closed-loop

strateg:

5 b
Theorem A.3 : Pu(t;s,F ) AP meEW, Viss, VR € m, Slnrast) -
Turthermore, for each Y 2, et (T55,2,), there exists a
ti i L
/9[0 t.] X 3t X 7« x %measurable selection F of the multifunction

such that Pl . solves the problem of martingale relatively to (F,F, ,u,s,P ).
. " n -
Proof : Since UnL ﬁ(T;s,PS)H = HPSH Vu,L,B, the sequence (nL’ﬂ} lies in a

weak * compact subset of 7}‘; T(n+q+| ), and one can extract a subsequence, still
s
: ey b
}, converging to I € %’T(nﬂqﬂ).

"
noted (“L,s

Let us firstly analyze the convergence of the projections of n‘; s on

niq u
C,,¢ nemely of m o ¢
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® g€ cg(cgj‘i), ve have :

(s.22) E (o) = E, (p) with b, es in the proof of
"l';,‘,(t;s,Ps) WL’B(t;S,ps)

Proposition 3.1. Thus since u (L;~,u ) = “’5( )v with
S, s
s Ls6 - -1
(a.23) R 7F(E) = exl L(”' (6,8(0)In, (ostsu (1,15 y o)) tav, (o)
t

i 2
-%Js”*H‘("'g("))“("’g’“g“'"j(c),a))” as]

where we have noted j(o) =k Vo € [tk,tkﬂ[ N [s,7], and n, having linear

growth (see (3.7)), ve know (see for example [12]) that (R“’L’B]
remains in a veakly compact subset of I (v, , )y and hat there exists a
subsequence, still noted {R;‘"i}, weakly converg1ng to n in L‘(;z,\rs’Il )
such that : ’ s
(ae28)  pr, B(ms,r,) 0 W(risin,) v

n+q s s s,T Sy

Consequently there exists T Blo,5] X % X U X B;nmeasurable such that :
(a.25) ﬁ:’t(i) = exp[ I (!1;1 (6,8(0) )7, (0,8,Y,7 (035,50 )))"av ()
—jnn, (0,8 ()R, (0387, 7 a0, )l ac]

But, noting 1;(z) the function equal to 1 if |zl <R and o otherwise, it is
clear by (3. 29) that for each R > o, the sequence :
(F“’L LR ) is bounded in L‘(Q,v54 p)  vhere :
B
s

))

21,8
(8.26) F: (£,2,7, n“ ) =T (4,2, (1, o),

and T, is defined by By (9) =J:;:(;,c)dvs(;:|r,)c1v$’p (2), vp € (a).
s s,!’s s
Thus, one can extract ancther subsequence such that

weakly to F 1, in L(Qv ), with :
o 'R s,Py

b8
w7 PP, converges

(a.27)

=@ .
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wore, applying Mazur

. L,
tions of the Iro *s, strongly converging to Foetp in
N - N
(Q,\)S’P ) But this meuns Lhut for every (i,2,Y) such that llzll < &,
ve have :°

(a.28) T (,2,7,M(t;5,p)) € ( N n 12 7)),
© N “ ( (>4 n@(ﬁl(t;SvPs>)W0(t ‘ t(BE(I)n,))

ane, letting R =@, we obtain :

(a.29)  F, (4,2,1,M(tss,P,)) EQ(t,Z,Y,u;’:,PS)y VS'PS as.
flow, going back to (4.22), we have :
. Lo o(cha
(8.30) ﬁ B s o )(w) = Jw(e)ns’T(&)avs’us(s,) e € ¢)(c, )
o s

and @

(a.31) lin E

HE B e )(w 1, el +Jrsé(o,éy‘i,ﬁ“(o;s,l’s))dc)
BT TieTs

0,8

ae_(c|e)i; p(elav, | (2)

- Y € (2).
"rsae @ S

v , it follows that
ERERT

Finally, since, by (8.30), =(fs,m) =R

°

-y
- o

v (1) Jot
iion ks . i

as in Proposition J.1, I solves ihe problem of martingale relatively to

()?a,i‘1 ,u,5,P ), and the resnlt is proved. ®

- o b
Pro W€l vte€[s,7], ¥s € [o,T], VP E%,S(nﬁw), we

nave 3

(£.32) Srsp) = Uy (15¢,1)
S e (35,7 )

0of : Clearly, we huve the inclusion :

5 theorem, one can find a sequence of finite convex

(0)ao ica (3, , ?Lu(ﬂ';s,us)) Wiener process, and concluding



#(138,7,) © P (r5t,m).
(t ER )
u Y . R
Conversely, let I, €9 (t,s,Ps) ana T ('r,u, ) e f(tst, n N
By definition, I _ is the weak * limit of a sequence n‘; o
,

s

Yow, choosing L,8 large enough, we have :
u
g (t50,m,) € (i} ).
Thus it remains to build the sequence associated to n“(w;t,n’;l s) by letting u,
s
Gepend on I 1,(t35:7,); and to choose the other I j's to have the desired
L,

convergence to M(T3t, nt J)e Thus, for every fixed L,8, we have :
)6

) . > . =
(a33) G G (me,I07 o (ks,2,))

and, eventually extracting a subsequence :
(2.34) 1f‘(!‘;t,n‘:’s) = weak * i“; ﬂ';,B(T;s,Ps).
y

which means, by definition, that n“(T;t,ﬂ: e P‘(T;S,Ps), und the result is
s

proved. ®



PARTIE III

Filtrage nonlinéaire de dimension finie pour

une classe de systémes & temps discret et continu.






RESUME DE_.A IITdéme PARTIE

2 temps discret ou continu.

On étudie dans cette partie, le problme de 1l'existence et de la réalisation

minimale de filtre de dimension finie pour des systéemes de la forme:

T =f(xk) ax, f(xt)dt

e = Bl) + ol v ay, = h(x,)at + av,

sans bruits de dynamique, mais avec, dans le cas du temps discret, des bruits

d'observation dont 1l'intensité est correlée & 1'état.

Dans le premier papier (temps discret) le systdme évolue sur une variété
différentisble de dimension n et f est un diffeomorphisme. L'observation est dans
RP , et n est telle que {x|det n(x) =0} est une sous-variété de dimension au

plus n-1.

Les bruits v, sont blancs, gaussiens, stationnaires. On commence par le caleul
de 1'équation d'évolution (récurrente) de la densité conditionnelle non normalisée de

x, sachant toutes les observations passées v,

s ¥y » Duis on montre que cette
densité pent s'interprdter comme la sortie d'un systime oll les entrées sont .es
observations. Clest cette application entrée-sortie aque l'on va réaliser en

dimension finie. Pour cela, on montre que 1'état de ce syst>me (de dimension

infinie) s'exprime de manitre naturelle dans une "b-se canonique" obtenue simplemer

% partir des fonctions f, h et n, et on montre que la condition nécessaire et

suffisante d'existence de filtre de dimension finie est précisément que la base
canonique soit finie.

De plus,ladimension de la base canonique est £gale : la dimension minimale du filsre,
et on donne les équations explicites du filtre minimal. On montre ensnite des
propriétés de théorie des systimes pour le filtre minimal et pour _e systime (f,h,n),
et on essaie d'évaluer la "grosseur" de l'ensemble des systimes ayant un filtre de

dimension finie. On donne enfin un exemple d'application & un problime de poursuite

de cible mopile (conduite de tir).



Dans le second papier, on développe l'application za problime e conauite ae
tir en appliquent .es méthodes précédentes (le £il:re minimal obteru est ze
dimension 4) et en les comparant sux techniques de filtrsge de Kalman dtemdu (qui
1iverge presque systématiquement) ainsi qu'h un filtre e Kalmen obtenu sar .e

systime lindaire 2 fois dérivé duystime de départ (cui s'svire inobservable).

Dans le troisi*me papier, on généralise les techniques précédentes au temss
convinu. On donne une soluvion explicite de l'équationde Zakal et on dédait la base

canonicue comme précédemment, ainsi que la CNS d'eristence d'un filtre de dimension

finie et la réalisation minimale de ce filtre. La CNS est ae plus équivalente & 1a
condition de dimension finie de .'algibre a'est mation (zlgtbre de Lie de

1'équation de Zakal).



EXACT FINITE DIMENSIONAL FILTERS FOR A CLASS OF

+
NONLINEAR DISCRETE-TIME SYSTEMS

* *
J. LEVINE , G. PIGNIE

ABSTRACT

We obtain a necessary and sufficient condition for the nonlinear
discrete-time system:

Hepp= 050
Y = hGg) +nGivy

@)

to have a finite dimensional filter.

This condition is used to obtain an explicit formula of the minimal
filter, as well as various systems theoretic properties of (I) or of

the minimal filter. These results are applied to a tracking problem for
a moving target.
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INTRODUCTION

The filtering problem, recursive estimation of a partially observed
Markov process ([14],[22],[42]), has been studied by many authors. Among
these papers, the Kalman filter plays a central role since it can be
computed through a finite number of sufficient statistics. This property
has received the name of "finite dimensionality" and the very serious
difficulties met when computing monlinear filters, have motivated to
study the systems having an exact finite dimensional filter ([1],(2],[5],
[61,0181,[191,[29],[301,[32],(40]), or whose filter can be approximated
by a sequence of finite dimensionmal filters ([9],[17],[24],[25],[26],
[311,038D).

Unfortunately, in the case of exact filters, most of the results
prove to be negative and establish non-existence of finite dimensional
filters ([5],[19],[40]), at the exception of very rare examples ([1],[5],
[61,[29]), whose applicability is questionable.

Concerning the approximation by finite dimensional filters, the
situation is only cleat for processes of "small" dimension since the
dimensionality of the n increases ially with the degree
of accuracy ([91,[171, [24] (251, [26] [31]1,[38]).

Starting from a different viewpoint, some authors have tried to
characterize the stochastic properties of the processes that can be "rea-
lized" by a partially observed Markov chain ([31,[11],[20],[35],[411),
their finite discrete-state structure inducing naturally a finite dimen-
sional filter.

Thus, the finite dimensionality has been mostly studied for conti-
nuous-time systems or for discrete-state systems, but very few work has
been done in the case of discrete-time, continuous-state, nonlinear
systems.

The aim of this paper is to study the finite dimensionality of the

exact filter for a class of discrete-time (continuous-state) nonlinear
systems of the form:

Xeyp= £0q)

Ve = RO+ nm)v,

(@)

These systems are particularized by the fact that there is no noise on
the dynamics, but the observations are perturbed by gaussian noises vy
whose 1n(enslty is correlated with the state x,. (One sometimes says that
n(x).v is a coloured noise, but in a different sense of the ome in [34]).



This correlation with the intensity of the noise can be useful in filter-
ing applications as in communications networks with analog/digital conver-
sions, or for systems with saturations in the observations: a simple example
can be found in the observation of the state of a valve in a water reservoir
by imperfectly measuring the level of water. When the water overflows, the
noise cannot change the level, and we must have n(x) =0 where X is the height
of the reservoir.

We begin the paper by a precise definition of the finite dimensional
filtering problem. To this aim, we derive the evolution equation of the
unnormalized conditional density in section I.2, and then define the
notions of realization of this conditional demsity (I.3); we give the
orientations of the paper in I.4.

The section IT gives a complete caracterization of those systems (I)
that admit a finite dimensional filter. The fundamental result is that
the functional space generated by the functions:

" P L
(oot (NI} L T et ot ] nyoft (),
I
for i,j = l,...,p , k > 0, is finite dimensional if and only if there
exists a finite dimensional filter. Furthermore, the dimension of this
space is equal to the minimal dimension of the filter. (Here ' denotes
transposition, and £X is the kth iterate of f). The preceding space is
called the canonical space (II.1). In II.2 we give an explicit formula
for the minimal filter and bounds on its dimension, as well as observa-
bility and local weak reachability properties, providing thus another
proof of the minimality of the filter. Three elementary examples are
given. In II.3, we characterize the systems () having the same minimal
filter by the notion of subordination, and deduce a necessary and suffi-
cient condition for a system (L) to be immersed into a linear system.

The section III is devoted to the application of this theory to a
tracking problem for a moving target.

Finally, in section IV, we evaluate the number of systems that admit
a finite dimensional filter of given minimal dimension.



1 - STATEMENT OF THE PROBLEM

Once the assumptions stated, we shall prove a recursion formula
for the unnormalized conditional density, and then state the finite
dimensional filtering problem in terms of systems realization.

I.1. The basic assumptions

We consider the following class of discrete-time nonlinear systems:

Kot ™ £O50
.1 k=0, 1,...
Ve = hGg) + kv

where:

. the state variable x, at time k, k=0, l,... belongs to a pure
paracompact connected C! manifold X of dimension n;

. the initial state X, is a random vector in X with probability
density P, € C° (X;R,) with respect to L, a given Lebesguian measure
on X;

. the observation vector yy, and the noise realization vy at time k,

k=0, 1,..., are inR";

and:
(1) £ is a c'-diffeomorphism from X to X. [
®2) h e cx:RP), n e ¢! (GRP*P) ana:

(detn) ™' () %€F(xex|detn(x) = 0 } is a ' manifold of dimension
at most n-l. |
(H3), the noise sequences ka}p_o are stationary and time-uncorrelated,
namely: E(v,v}) =E()E(v}) ¥k#j (prime denoting cranspose) and
E(§(w)) = E@(v)) ¥k, j, ¥ continuous and bounded on RP; furthermore,
cach v, has a density VeC (R"iR,) with respect to the Lebesgue measure
of RP, ¥k = 0,1,... . ||

We shall talk gbout the analytic, or shortly c”, case when X, Pg,
£, h, n and V are C°.



Remark 1.1: The system (1.1) is a partially observed Markov process with
eferministic transitions:

(1.2) B@Gy)/x) = 6(EG)) ¥ 0 & CLOGR), ¥kel

where C?(X;R) stands for the space of continuous and bounded functions
from X to R.

This quite restrictive assumption is balanced by the fact that the
intensity o4 the observation's noise depends on the state. Note that, up
to the authors knowledge, the filtering problem for (1.1), or for its
continuous-time counterpart, has never been studied.

Remark 2.1: (Hl) holds true for example when (l.1) is obtained by "exact
discretization" of an ordinary differential equation. Namely, if F is a
complete vector field on X, having the form:

T 5
F(x) = I F(x) —
i=1 Bx

with respect to a system of locgl coordinates (x',...,x™ in a neighbor-
hood of x€X, and if Et(x) = (Et(x),..., E:(X)) denotes the flow defined
by:

SEim = PG , ¥ >0, =,
(1.3

£,60 = x

then, if 6 > 0 is given, and if we denote:

%

(1.4) £ = k8, x = Q:k(x) s £CG) = E5(0)
we obtain that:

Kw1™ £ k=0, 1,

and, if 9 is small enough, it is a well-known result that f is a
c! diffeomorphism of X.

This remark is very important for the applications. ||
1.2. The evolution of the unnormalized conditional density

We shall denote Yi&(yy,...,yy), ¥k > 1, the history of observations

up to time k, and Y the empty sequence.



Theorem 1.1: The unnor&alized conditional law of X kpowing \/khas a _.
demsity P (.|Y,) € C°(X;R,) with respect to 1y, with X - U (detnof )
k1Y + o it

and Py(.|Y,) is given by:
Sl -1 -1 -l -1
.5) Ry = [deen( |7V 60 Gy mhGON TG T GNP (6T G0 Iy, )
¥k > 1, ¥x € X (and thus almost everywhere),
with: Po(x[Yy) = Bo(x),

and where Jf(x) denotes the Jacobian of f relatively to X, evaluated at
the point x € X.

The proof can be found in the Appendix 1. ||

Theorem 1.2: Pk(. Yk) is the (infinite dimensional) output of the system.

0.6 (&l = v @ )T @YD s T GlY,) = B
-1

k- . N
a7 | plyp = 1 rdeencei oo | 3, oy
j=o

BEACI) B

whose state is T, (.|¥,) in C°(4R,), and whose inputs are the sequences
v e R iy L
In (1.7), £5(x) denotes the ;™ iterate of £ ', namely:
1

e = e e e

Proof: Expressing the outputs of (1.5) and of (1.6), (1.7) respectively,
as functions of P, it is easy to check that they coincide ¥k ¢ N. 1

Remark 1.3: Though apparently more complicated, the system (1.6), (1.7)
has two advantages: on the one hand, we have separated P, (.|Y) into a
part, (1.6), where the inputs Y, play a dynamic role, and into a second
one, (1.7), without dynamic contribution of the inputs. On the other hand,
it becomes natural, with this language, to try to find a minimal realiza-
tion (finite dimensional or not) of the system (1.6), (1.7). This will
motivate the definition of a finite dimensional filter in the next para-
graph. |:[

Remark 1.4: One can summarize the relations between inputs and outputs
of (I.1) and (1.6), (1.7) by the functional diagram of Figure 1, where
the noises are the inputs of the first subsystem whose outputs are

the observations, which are, in turn, the inputs of the second subsystem
having the conditional density as output. We shall call indifferently
the second subsystem or its outputs the {ilter.

)3



In subsystem 2 of Figure I, we have noted:

for the translation operator defined by T, (m) = =,

T
ke j 1
and (D) = jgo [|detnof 3(.) .Jfof_J_ 17

Clearly, our aim is to realize the second subsystem by a finite
dimensional "box", having thus the same inputs and outputs, when the
subsystem | has a suitable structure. |_|

|
[ . 4 '

L —_— e - = —— e - - -
Subsystem 4 Subsystem L
(system (1.1)) (Filter)

Figure 1

I.3. Definition of a finite dimensional filter through systems
realization

By realization, we mean the general definition of Automata Theory
(see Kalman-Falb-Artib [22] page 11).

Definition 1.1: A {{lter (resp. local filter) for (l.1) is a realization
(resp. local realization), with unspecified dimension, of (1.6), (1.7)
of the form:

LSRR AR ]
(1.8) ¥k > 0
P (x|t =0, (a0 ¥xe X (resp. ¥x e U = £,



where U is a given open subsgt of X and where £ is the k™ iterate of £,
9y (a,.) being con:muouf¥ on X (resp. U ) ¥a, and aj being such that
oK(as,x) = Pox) ¥x € X (resp. ¥x ¢ US. ]

Definition 1.2: 1) a §dnite dimensional {ilter (resp. finite dimensional
Tocal filter) is a realization of the form (1.8) where a, € A ¥k > 1

A being a finite dimensional C! manifold, called the parameters space,
with

o, € ¢! (axkPsm)

(1.9)
o e el @R (resp. ¢l asetw iR

If dim A=r, we say that the dimension of the corresponding filter is r.

2) a filter is said to be stationary if & = @, O 9,
¥k, and pseudo-stationany if 9, = ¢ and 7 Gy = olay,) ¥k
’ ke 13
(p independent of k).

a_finite dimensional fl%ter is called amz,ly&c if A
is ¢, if o C (AxRP-A), and o, CY(A3C°(K3R,)) (resp. C¥(asC° R

4) a filter is said to be <{nverntible AF % (Hy) is a
cl- dxffTomorphlsm from A to A, ¥yeRP, ¥k € N, (and C° in the analytic
case)

Remark 1.5: In the case of a local filter, &, and o, depend on U.
Clearly, this notion is 1ntere?t1ng in the case of a finite, partitioning
of X into open submanifolds {Ul,...,U0%} such that on each UL a finite
dimensional filter exists of dimemsion r;, i=l,...,q; we thus obtain a
finite collection of finite dimensional focal filters which generalize
the global case. But apart from this situatiom, the interest of a finite
dimensional local filter may be questionable for the applications. |

Remark 1.6: It must be noted that definitions 1.l and 1.2 cover all the
classical definitions of filters. As a result, if (0,,0,) is a finite
dimensional filter, then, firstly, P, can be obtained af a function of
a 4inite number aﬁ parametens (ak,...,a ) (¥k > 1) whose evolution is
Jeseribed by a = ¢ (a ,ykq) akd secofidly, for every ¢ continuous and
bounded on R", E (¢>lvk = &, can also be obtained as the {nfinite dimen-

sdonal output of the finite dimensional system:
™ i)

(1.10)
[ f¢(x)ok(ak,x) dx.



In the continuous-time context, such a filter is called a "universal
finite dimensional filter" (see [5]), to distinguish from the less res-—
trictive notion of finite dimensional filter for onme or a finite number
of functions {,) , that may be defined by (1.10) with the given
functions (¢) 1.

1 r

In the language of statistics, the parameters (@ ,...5a) are
called sufficient statistics since they sum up all the informations
needed about the observations to compute the conditional_densxty, and
reject part of, or all, the redundancies of the observations (Yk)k>°
(see for example [27]). 2

. . n_ onxn

For example, in the linear gaussian case, one can choose A = R xR

and a = (ik, L) with ik the conditional mean of x and zk the conditional

variance of (x.~%,), & being thus defined by the Kalman filter equation,

and the output Pk(‘
(42) = ap.
Another example is the heuristic definition of remark 1.4 as a com-

pensator (subsystem 2 of Figure 1). The next proposition proves that
definition 1.1 fits with this heuristic definition. [J]

¥,) being the gaussian density with parameters

Proposition 1.1: The system (1.6), (1.7) is a filter in the sense of defi-
nition I.1. Consequently, a filter of the form (1.8) always exists (but
generally infinite dimensional) and can be chosen pseudo-stationary.

Proof: Let us set: & = C°(R), a = M (.[%), a, = 2 (),

D ey = VA ORI T (@), with T @) = aT (),

(12) o (a0 = T [|de:nof‘j<.)\.Jfof' (1 e, w1, 0, (2, =as
j=o

5, (a,.) being continuous on X ¥a, (1.6), (1.7) takes the form (1.8), and
thus (1.6), (1.7) is a filter (or equivalently the subsystem 2 of Figure
is a filter), and since the realization (1.6), (1.7) always exists and,
since in (1.11), (1.12), & = ¢ and 0(a,.) = a, m (.[¥) =p(ay,.), this
realization can be chosen pseudo-stationary, and the result is proved. ||

Remark 1 In terms of functional diagram, (1.8) factorizes the subsystem
as shown in Figure 2:

S a 2

'

%k
J I -

|




This diagram suggests another simplification : since only ¢, and A are
concerned with finite dimensionality, then the system made Sf equation
(1.6) and output function m (.[Y ) (the state itself) must have the
same realization structure Fhan {1.6),(1.7). We prove this result in
the following proposition.

Proposition 1.2: To each filter (resp. local filter) of (l.1), there
Corresponds a realization (resp. local realization) of (1.6) with output
function T. (.'Yk), and conversely. Furthermore, if (I.1) admits a finite
dimensionaf (refp. local finite dimensional, resp. amalytic, resp. inver-
tible) filter, then (1.6) with output m (.[¥,) has a realization with

the same property. Finally, (1.1) has a pseudo-stationary filter if and
only if (1.6) with output m (.|Y,) has a stationary realization.

Proof: Let (1.8) be a filter of (1.1). Then, denoting:
k-1 .
(1.13) o (a) = T Ddetnof I

=0

.Jfof’j"(.ﬂ 0y (a0,

it follows that, for a, such that p,(ag,.) = 0y(ag,.) = Po(.) :

A= YY)
(1.14)
Ml

) = o lagse)

is a realization of (1.6) with output nk(.\vk), and the converse is

trivial. In the local case, the proof oS exactly the same with

m 1Y) |y = 0 (@, )|y - For the finite dimensionality and invertibility
€l ok o . o ertib

propertiesk they depe: only on the equation ay, = & (ak,ykﬂ)whlch is

the same in both systems. Finally, the analytility propérty follows from

the fact that p, is analytic with respect to a if and only if o, is,

and the stationarity property is an easy consequence from the definitions

and (1.13), (1.14).

1.4. Statement of the existence problem for finite dimensional filters
and orientations

We want to characterize the triples (f,h,n) such that, given X, V
and P, a finite dimensional (resp. local finite dimemsional) filter
of the form (1.8) exists.

Furthermore, we want to know if there is a relation between the
dimension of the minimal (resp. locally minimal) realization of the
filter and the dimensions of X and of the observations space.

Finally, can we obtain the equations of the minimal (resp. locally
minimal) filter ?



In fact, it is not surprising that we cannot answer these questions
in such a generality. However, when the noises are gaussian, we shall
give a complete solution to the three questions hereabove by algebraic
and geometric methods (section IT). We shall also characterize the
triples (f,h,n) that admit a finite dimensional filter in terms of sub-
ordination to a system having a linear dynamics and nonlinear observa-
tions (systems of the filtering class).

A non academic example of tracking for a moving target is given in
section III to illustrate these results.

A final section IV is devoted to the evaluation of the number of
functions f such that (X,f,h,n,RP) admits a finite dimensional filter
of a given minimal dimension, h,n and the canonical basis being given.
A partial result is obtained via algebraic topological methods.

The concluding remarks will be partly devoted to a discussion on
possible methods to deal with the gemeral case, namely the case where
the noises are not gaussian, and the case of noises in the dynamical
equation.

II - FINITE DIMENSIONAL FILTERS FOR GAUSSIAN NOISES

In this section, we shall suppose that:
120 vl

with [[v %= v

-1/2

(2.1) V() =e v

Remark that the normalizing coefficient (2m) is useless since we
consider only unnormalized densities.

Also, there is no loss of generality to assume that the variance
of the noise is the identity of RP since one can easily deduce thf same
results for a variance matrix I by changing n into n(x) = n(x) ©1/2
The same remark applies if v is not centered.

Taking into account the algebraic properties of the exponential
function, and generalizing to this context the methods of expomential
families in statistics (see [27]), we shall easily obtain a functional
basis of the filter that will be called canonical basis by analogy with
the classical realization theory. This canonical basis will provide the
necessary and sufficient condition of existence of a finite dimensional
filter, the equations of the minimal realization of the 4ilter and, of
course, the minimal dimension of the filter, as well as system theoretic
caracterizations of the triples (£,h,n) by means of the concept of
4immension (or subordination) (see [12]).



II.1. The canonical basis and the fundamental theorem

With (2.1), one can rewrite (1.6) as follows:
1205 h(E@)) (EE)N (£ (7 mh (s 600

(2.2) nk(f(x)\yk) =e
e K1Y

and, by induction:

X -l/z[<yj—h(fj<x)))'(n(fj<x))n'(fj<x>>>"<yj—h<fj<x)>)]

(2.3) Wk(fk(x)I\'k) - jzl e

L0
¥x ¢ X (resp., in the local case, ¥x € U).
Let us now denote:

(i, component of the matrix

B, () = (Gon" oy}
H H (Gon' @)=

P
(2.4) Hi(x)=jfl H GOby(0 i=1,uinp

P P
Ho () = ‘151 Hy GOhy (%) = §= Hij(x)hi(x)hj x).

Thus, (2.3) becomes:

kK »p . » . .
j a.B_ 3] o, i
(a 8= Has(f (X>)yjyj 2,k B (£ (X))yjﬂio(f x)))

k -l
(2.5) ™ (£°(x) 1) =e
P

h

where y‘}‘ is the a™ component of v i

at time j, @ = 1,...,p,
Thus, it appears that for gaussxan noxses, the conditional density
is the exponential of a polynomial in the {y, yj'yj la,8=1,...,p, j > 1
with functional coefficients Hygof) and Hyof!, o,B=1,...,p, > 1,
the major fact being that these coeffidents are independent of ¥, ¥j > |
J

Also, one can see that the set of functions:

2.6 H= {4 ofj ) Hofj | o,B=l,ueuypy § 21}
) and P, (.[7)

plays a central role in the filtering problem, since T (.|Y,
¥1 proveSin

are completely determined by H and the observations. We sha
the sequel that H has intrinsic properties, as suggested by the word

"canonical™:



Definition 2.1: Span H is called the canonical space and a basis of
Span H is called canonical basis. ||

Recall that Span H is the vector space obtained by limear combina-
tions with constant coefficients of the functions of H.

Remark 2.1: We have not included (Hoof", 5 > 1} in the canonical space
since this set is not affected by the observations. Furthermore, one can
also reject it in the output function by considering the equivalent
system:

®
T zB- Hp Ok - 2 o (x)yk) ¥

x| v) Ty (€7 (x)wk_l)
n
(2.7) T (x|Yy) =1 k-1 .
e - . P B VE R S WEa o))
PxY) = T [|detnof (o[ .Jof ol e i=e .
I

RN SR

Remark 2 an H does not depend on Py We shall see that this implies

Sp:
that the finite dimensionality of the filter does not depend on P, .

Remark 2.3: Formula (2.5) can be seen as a discrete-time analogue of the
Kallianpun-Striebel's formula (see [14]), giving the conditional measure
by its density with respect to dP, ﬁ dvk, and then condjtioned by the
observations. In the same way, the exponenual defining T (. |Y ) in
(2.7) can be seen as a £ikelihood ratio.

On the other hand, the functions H, ofk, Huofk summarize the
contribution of the dynamics f in the obsérvations. Consequently, Span H
has the system theoretic interpretation of an obseavation space for (1.1)
(see [33]).

Theorem 2.1: (Fundamental theorem): the following properties are equivalent.
(1) (1.7) admits a finite dimensional filter (resp. finite dimensional
local filter).
(ii) Span H is finite dimensional (resp.3 U open subset of X such that
pan H\U is finite dimensional).
(iii) Jr eN,38,...,8,cSpan H, IR matrix (r,r) with constant coef-

Ficients such that det R # 0, and3L N P N
such that: >
8y0f (x) 6l(x)
~
: =R : ¥x € X
2.8 0,0f (%) 6, (x)
r r
Ha(x) = izl hm’iei(x) ’ Hm,B(X) - iEl a,e,lal(x)

¥ou,8 = 1,...p , ¥xeX.



"
(resp. 3U open subset of X such that (2.8) holds ¥x € U).
Proof: See Appendix 2. ||

Remark 2.4: With (2.8), we recover the intuitive idea that the filter is
finite dimensional if and only if the likelihood ratio's evolution
remains in a finite dimensional space.

Remark 2.5: As previously announced, the conditions (ii) and (iii) do
not depend on B .

We shall now state various of the f al theorem
or of its proof.

II.2. The minimal realization of the filter

II.2.1. The equations of the minimal filter

A particularly important consequence of theorem 2.1 is the following:

Theorem 2.2: If dim Span H = r <#» , there exists an invertible anmalytic
and pseudo-stationary minimal realization of the filter of dimension r,
explicitly given, in matrix form, by: a, = (al,...,al)’, and:

1 ; 1o
A < A M T Vi PV 0 2070

k+1

k=1
2.9 7] DHo(fJ(x))

k-1 s N -1
ety =T taeens .3, a1 e
E*6)} pla,0
Eoale, o0

i=1

with o(ak, x) = e , where {8 ,8_} is a canonical basis
with R as in (2.8), where M is the (p,r. } matrix whose element ¥y is
the coordinate of Hj with respect to e , namely:

r
(2.10) Hy(x) = jil P Sj(x) s, i=1,...,p,

and where A is the tensor of order 3 defined by:



with x;,B the coordinate of H, o with respect to 9, namely:

bg 900 s A= )g,, ¥a,8=1,...,p, i=l,...,r.

(2.12) HO(,B(X) = B

Wt

Furthermore, any other minimal invertible analytic and pseudo-
stationary filter can be obtained from (2.9) by C’-diffeomorphism.
Finally, if the collection (H“_B H |l <a <8 <p)is linearly indepen-
dent, there exists an integer k, = l such that p(p+3)/2 < r < k p(p+3)/2
and = k p(p+3)/2 if the collection {H, ofJ,HuofJ |1 <a<B< p,
0< j< k-1) is a canonical basis. @8

Proof: (2.9) has been proved to be a minimal filter in Appendix 2, proof
OF (iii) => (i) and remark A.

The equivalence of every minimal invertible c” and pseudo-stationary
realizations up to a C' diffeomorphism is proved in Jakubezyk [21]

Finally, the bound on r follows from (iii) of \:heorem 2.1 since

there exists at least an integer kg such that {H Haof [t cac<B<yp,
0 < j < ko-1} contains a canonical basis. Since tﬁe maxifial number of
independent functions in this collection is ko(p(p+1)/2+p) = kop(p+3)/2,

the result is proved. |_

Remark 2.6: Theorem 2.2 has been stated in the global case. The local
case can be easily obtained by restricting Span H, 0 and P, to U, open
subset of X, and these straightforward modifications are 1eft to the

reader. [ ]

Remark 2.7: Until now, we have used the simplest definition of a minimal
realization, namely, the realization having the smallest dimension of
the state space (here called the parameters space A), and we have proved
that dim A . = dim Span H = r, with similar methods as [21].

Another approach to obtain minimal realizations consists in charac-
terizing them through observability and reachability properties (see for
example [131,[21],[33],(371,[39]). We shall prove that the minimal reali-
zation (2.9) is observable and locally weakly reachable after recalling
these basic definitions.



Definition 2.2: The system (2.9) is cbservable iff for every sequence

Yis---oVioe--) » afb, ach, bea, implies play,.) # plby,.) ¥k > 1
where a, and bl& are the solutions of the inductlon (2.9) generated by
{y]s+es¥o--+) and initial a =a and by =b respectively.

Definition 2.3: The reachable set R(a,) from a, €4, for (2.9), is:
R(a,) = lach | 2kel, aYlf (v, ,...,yE)“RP such that a¥(ac S —a}
uti

wheZe ay (ay,Y,) is the sofution 108 (2.5) generated by ¥, from ar-.

Definition 2.4: A backward transition of length ke N, generated by Yy
Wz 9), is the transition noted al(a,Y,), defined by
- = - -1
a a,,Y) <=> a, ak (ak,Y ). ap is well de: 1ned since R is
invertible. | |

Definition 2.5: The weakly reachable set R,(a,) from a €A, for (2.9),
is

R, (ag) = {acA| F seN, !kl,...,kssN, 3vkl,...,v such that

k,
s

k

a=a (a; Coulay (3557 )5ee)s ¥, ),Yk)}
s s-l 1 1 s-1 s

(namely a is obtained by k onward transitions, followed by k, backward
transitions, followed by..., folloved by k| backward transitions,
followed by k, onward transitions).

Definition 2.6: (2.9) is Kocw@[y weakly neachable at a, iff, given a
neighborhood V, of ag in R, Ry(ag) V, is a neighborhood of a . [ ]
3

Remark 2.8: These definitions are borrowed from [21] and [33] and gene-
ralize the classical concepts of continuous time systems theory. It has
been proved in [21] that Ry(a;) is a manifold. If we demote T, (R, (a,))
its tangent space at the point a,, it is not difficult to prnve hat

dim Tao(Ru(ao)) = dim A
is equivalent to the local weak reachability of (2.9). This idea is

also borrowed from [33] and will be used to prove the local weak reacha-
bility of (2.9). [

Theorem 2.3: The minimal filter (2.9) is observable and locally weakly
reachable.

: see Appendix 3. [ ]



The examples presented in this paragraph are purely academic and
our aim is just to prove the simplicity and efficiency of our method.
A "real" applied problem will be developed in Section IV.

Example 1.

Let X = ]0,1[ . The system is given by:

e
k1™ Tox

(2.13) vkeN
Vi = NIV

where n(.) is an arbitrary scalar function from 0,1 to JO+w[, and
where X, is a random variable in ]0,1[ whose probability density is
P on 10,1[.

Here, we have:

(2.14) H](x) =0, H] l(x) = 7 ¥x € ]0,1[.
’ ()
Thus:
@15  H={—! ! ! L) with £(x) = 42X
T+x

e mEon? aeEEenn?
But it is easy to check that

a6 Xe=x , 21

) =, ¥xelol, W0,
and that:
@I 86 = N, 6,00 = dE)?
=
is a canonical basis of H, with dim Span H = 2.

Furthermore, el(f(x)) = ez(x) 5 ez(f(x)) = el(x), so that:

e]cf 01 el 01
(2.18) = and R =

8,0f 1 o/\s, 1o
On the other hand, since Hl (x) = 0 and H] ](X) = Sl(x), we have:
@219 M=0©0 , o =1, ¥ =0,

and the minimal filter, using (2.9), is:



1
01 a 1
2 B L B 2,
(2.20) 2 “\ o 2 A R
3 -1
with, ¥k > 1t
P_(x) )2
By, (e[ ¥,0 —
M)
2.21) 2 2
2kl 2k+1
1-x (—— + ——)
2P (0?0’
P, (x| Y. Y E— T 5 - ¢
211 F[Yor1 P

Remark that the local weak reachability of (2.20) is equivalent to the
controllability of the £inear system:
01 1

B " E + uy
kel 1o k o) K

since the backward transitions have the same result than (-y°) and,
taking u=+y“, assertion is proved. Of course, Kalman's criterion

the
gives: 10 1\/1 10
rank | = rank = 2 which is the desired
o \1 oo 01

result.

To conclude, the same kind of example,can be obtained with any
function f such that: 3 ko eN for which f °(x) =x ¥xeX, or, also,
when 1 satisfies n(ux) =é()n(x) ¥xeX, ¥acR, and when TkoeN such
that £0(x)=ax ¥xeX. All these models correspond to the filtering
problem for periodic or oscillating state variable. |

Example 2 (linear gaussian system)

R
2.22)



where J is an invertible (p,p) matrix, H:a(p,n) matrix, and F an inver-
tible (n,n) matrix. X = R®

We have:

2.23 Hetamt, b E el o e, wse k>0,

(2.23) - da,8? Ui ag Mgy Flygxs ®B=leeop, k2 0y
B=1 v,6=1

with (J13'g the (@.8) gomponent of the matrix (JJ') ! and (F)!:6

the (1,8) component of FX. Thus:

(2.24) Span H < Span {,x",...,5" , dim Span H <+l

where x' denotes the i™ component of x.

More precisely, if:

‘H
HF
(2.25) rank : = m<n,
HFn—l
it)is easily seen that dim Span H = m+l and, taking a basis of R™

X ,...,X} , we have:
(2.26) Span H = Span {1, x!, ..., x™

It must be noted that the classical Kalman filtering theory asserts
that, under the assumption (2.25), the Kalman filter of (2.22) is the
minimal 8fochastic realization of (2.22), or, equivalently, the minimal
realization of the imput-output system with inputs the observations and
output function the noamalized conditional demsity, with dimension m
(see for example [10]) and not m+! as (2.26). But the normalization imposes
one more relation, JSP, dx=1, between the coefficients of the unnorma-
lized filter and thus makes the dimension decrease of | unit. (see also a
discussion about this problem in [2]). This example shows that the ummor-
malized minimal realization can have a higher dimension than the normalized
minimal one; nevertheless, with our local methods, it seems to be very dif-
ficult to take into account the normalizing factor which is defined by a
global relation.

Let us now suppose that m=n for simplicity's sake. From (2.26),
the canonical basis is given by:
(2.27) 8, () =1, 8;(x) = x* ,i=1,...,n.

Thus, since 8(Fx) = RO(x) with:

(2.28) I o! l’n
e 4



-1
8100, HgG) = (UL 80

nop
and: H (x) = T gi[ (65N )ue o1

i=1

a,8=1,0u0,p,

we have:
(2.29) M=(0: (YW [p
s ,
and vy )L !
(2.30) y'Ay-= 0 ! .
i n
6
Thus, noting (a, b', ..., b™) the filter's variables, the minimal
filter is given by:
. -1 _
S @l ey =0
(2.31) I
@y, b =0
and: el
Loz e x|
-k 7 j=o -k
(2.32) P x[y) = [3]7IF ] B (F ) e

It can be seen, Hhen Py is gaussian, that ay and by can be obtained
as functions of 7y and %, the conditional variance and mean, respectively,
of the Kalman filter at time k (see [101,[22],[23]). Namely,

- e .
b0l & -F %o, and a) is the parameter left for the normalization:
exp a = (2m)

1/2 | ‘kl

n/2

o J||F| ,exp(i(xk; " EXCN )‘(O))JPk(ka)dx.

These tedious calculations are left to the reader.

(2.31) is known as the "information filter" (see [23]) and is numerically
well adapted to degenerated initial data. Also, (2.31) is valid even if
P is not gaussian whereas in this case the Kalman filter doesn't work. a

Example 3 (polynomial observations). Let X =0, e[ and:

el T X

x
Ch P e nxd
(L S
where F, h and n are non zero real numbers, F > 0, and where p, qeN {0}
are arbitrary. As before, v is supposed gaussian and Po is a given density
on 10, .

(2.33)
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It is easily checked that:

R ~ 20~
(2.34) Span H = Span { x 20, P20 | 24P
and dim Span H = 4 if p # 2q (if p=2q, dim Span H = 3).

Let us denote:

- 2 - -
@35 800 =20, 8,00 = K, 8500 = T, 6,00 = TP
It is easy to check that:
i 2
o F°1 o o Y
0 0 o N ) 0
(2.36) R = o o 0 @2 L M=0,0,05,0) LayTs | g
0 o FP g 0
and thus, since
! =
2
az =
'«
(2.37) 5
2k
& =
i
and: 4y
- Lzlﬁ_[(xp-Zq + P29, 20p) . E]azkai()()
- m2pdyk
Py (6 ¥y = (2FH e Bo(x) . e
(2.38) _%[(kxp—zq*(k_l)Fp-quzq-pl
—(k-1)| =1 q+2 -
Pyt &Y ) = (02FD [nF” x93 e
4 i
Iy 85
L e i wes 1.
0% H

Remark that the same kind of result can also be obtained with the system

(2.39) ? 1
e = B+ gy

without any restriction on p and q, whereas for continuous-time models,

(see for example the cubic sensor problem [5],[19],[40]) finite dimen-

sional filters for linear systems with polynomial observations genmeri-

cally don't exist. This assertion must be however cooled down by the

fact that we have no noise in the dynamics, which makes quite a difference.| ]
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Remark 2.9: The systems (2.13) and (2.33) of examples | and 3 canmnot be
obtained, by a nonlinear transformation, from a limear system (see
corollary 2.1 below). But there exist transformations that change the
original systems (2.13) and (2.33) into systems having linear dynamics
but nonlinear observations: for (2.13), it has been seen that

1 ; . .
9,00 = rayyz » 9200 = Iy satisty,cwith 8 =8 (5,8, 1 =0, Gy
G
X
1k 0 Bk ) o,
= €]O@[x]0>[ = 8, ¥k

52,5 POJA B2k 52,k

(2.13) 12

Ve T8 K

which is equivalent to (2.13) in the filtering point of view.
For (2.33), we had:

8,00 = x 29, 0,00 = %%, 0,00 = xPT2 0,00 = x29P

and, noting =8,(x) , i=1,...,4, ve easily see that (2.33) is
equivalent in Ene filtering point of view to:

o F¥o o

81k 2q 81 k-1
8. F 0 0 0 8.
2 2,k-1
ok o o o F2) o’ L6 1050 ‘e, v
3,k | = 20p 3, k-1
@.39" )\ %k 00 FEEO SN Cu ket

1/2
Ve T8y O3 N0 Vi -

In both examples, the functions of the canonical basis play the role
of the nonlinear transformation (immersion, see next section). This
transformation does not preserve the dimension of the original system
since (2.13) and (2.33) have dimension | whereas (2.13)' has dimension 2
and (2.33)' has dimension 4. This result is in fact general and will be
discussed in the next section where the concept of subordination or
immersion, introduced in [12] and [33], is used. Here (2.13) (resp.(2.33))
is subordinated to (2.13)' (resp. (2.33)").

Remark 2.10: The relation (2.8) gives a systematic technique to build
Systems having finite dimemsional filters: fix (h(.) and f1(.), compute
H,,6(-)s H,(.), @,8=1,....p, and then find £(.) such that for a given
k,» all the B, gof ©, H of ° are linear combinations of the preceding
B, BofJ B of) j < k51 . It is particularly simple for k =1 where we

just have to solve:



P
-5 Y ¥8 =1,..0,p.
H&‘BOf . §=1 (raB Hy * 8.8 HY&) aB8=1,...,p
? Y
= ¥é = .
Hof = . é:l (r, HY *sy Hyé) a seeesP

It follows that in fact "many" nonlinear discrete-time systems
of the form (l.1) have a finite dimensional filter, contrarily to the
appearances. The epithet "many" will be precised in section IV.

1I.3. Subordination of the systems (X,f,h,n) having a finite dimensional
filter

Let us consider two systems:

(X,f,h,n,Rp,xu) defined by:

Xy ™ fx) x, € X

@

v = hGx) + vy
with assumptions (Hl), (H2) and v, € RP arbitrary, (X may be replaced

by an open subset UcX in the local case. The local statements are straight-
forward and left to the reader),

and I' = (Z,g,0,% RP,z,) defined by:

P 1 B
ENN ey = vz + Xy,

where zkEZ ¥k, z: C' r-dimensional manifold, gec' (x;%), vec! (3;RP),
yecl@; &P ), where ¥ is an open dense subset of 2, ¢ eRP ¥k, v, eRP k.

Defini : We say that L' {8 subordinated to I if there exists an
open dence subset X of X and an application 6 € C! (¥;2) such that if
8(x,) = z,, we have:
o) = %o
(2.40) RGq) + NIV, = ¥ + x(3)v, ¥vee RP , wkeN,
. I
onek, vith x = H‘(xu), 7 =9 (z,).

'
We say that 8 is an {mmersion from I to I . ||



Remark 2.11: This definition is slightly adapted from [33] to make it
fit with our problem: the system I' can be less regular than I and

the immersion 8 is only of class C! on a dense subset of X, whereas in
the classical definition, everything is C¥.

We shall now specialize to systems I' "of the filtering class".

Definition 2.8: A system I' belongs to the filtering class iff:
(i) z < R"
(ii) g(z) = Rz with R: invertible (r,r) matrix.

(i) there exists 22" vectors ) o eR, 1< a< 8¢ p, such
that the symmetric (p,p) matrix: 4

N -

: |
(2.41) L(z) = : |

Nz Y/

g weeoees gt

is positive definite ¥z€Z, and a (p,r) matrix M such that:
W(z) = L-1(2)Mz and x(z) = N(z) , ¥zeZ, with N(z) satisfyin,
N(z)N'(2) =L1(z), N(.): C! on an open dense subset Z of Z. ‘Tj

Theorem 2.4: I admits a finite dimensional filter if and only if there
exists a system L' of the filtering class subordinated to I.

Proof: Suppose that I admits a finite dimensional filter. Then, by
theorem 2.2, the canonical basis 8‘,...,6‘, of Span H satisfies:
fof = RO with R invertible (r,r) matrix. Let us prove that 6 is an
immersion of I into:

r
z, =Rz, 2,eZ & R

(O] -1
Y = L (Mg + Nz vy

with L(z) defined by (2.41) with ) o given by (2.12), the matrix M
given by (2.10), and N(.) suitably chosen.
But this isstraightforward since (2.12) implies that:

' -1 _ . _
(nG)n (X))u,ﬁ = )\a,se(x) ¥a,B=1,...,p with AaB - )Bu’
or:

1

(2.42) MEON' )7 = LEE).



Also, by (2.10):
(2.43) (G0 @) Theo = 1 G
or:
2.4 0 = LM

But, from (2.42), one can find a "square root" of '@ ), noted

N(8(x)), namely such that: N(z)N'(z) = L~1(z), and:
(2.45) n(x) = N(6(x)) ¥xe x,

N(.) being of class C' on an open dense subset of R® (see for example
[15]). Thus, finally:

= hixg) + nGgIv, = LT (00q)IM () + N(B(xk))vk
and the result is proved since O(x) = R“8(x)) = Rz = z,

Conservely, let I' of the filtering class be subordinated to I,
and let 6 = (8),...,6,) be the associated immersion from I to I'.

Since  ¥xy,z, such that  z, = e(xo) :

(2.86) hix) +nlxJv, = Lz, + Nz v, Yy e R, v,
ve have, taking V=0

(2.47) h(x) = Lk, nlx) = NGz

since  N(zN'(z) = L™N(2), wve obtain :

(2.68) (n(xn' ()™ = Lz, Oyt () i) =

or, WxgeX:
(2.49) () (PO = LRKa(x)
(N (F0x ) (K (x)) = 1R¥a(xy)
Hence +  H, of(xg) = L o (R00x)) =2y o RO(x;)
Kk 1K 3
H,of (xg) = MR O(xg)s Uxy € X, VYo,8, Yk,
and thus:

H = {Ha’Bufk,Hao(k,u,a:l,...,p, kso} is spanned by  {@),---,0}
or : dim Span  H < T, uhich is the desired result. [T
Curnllarx 2.1: A necessary and sufficient condition for the existence of a

Iinear system subordinated to I is that I admits a finite dimensional filter
and n(.) = constant.



26.

Proof: It suffices to prove that I' is linear if and only if n ? constant.

Suppose that L' is linear and subordinated to I. Then, noting I

Zial T RE
@n
Yy = Hzy + Iy

we have: h(x) + N(x)v, = B8(x) + Jv,  ¥v, ¥k, ¥x
S being the SorrespoSdile immerSion Frfm 7 tok3!. o

Thus, we immediately obtain:
h(x) = HO(x), n(x) = J, which is the desired result.

Conversely, if I admits a finite dimensional filter and if n is constant,

by the same method as in the first part of the proof of theorem 2.4,

(2.42) holds and thus: (nn')™] = L(B(x)) ¥x , or: L = constant on

8(X), and by (2.44), h(x) = L-IMB(x) on 8(X). Thus, T is immersed in

5" defined by:
Zkel T R

@ o

v = L+ v

and the result is proved. [ ]

Remark 2.12: Theorem 2.4 can be used to classify the systems having a
finite dimensional filter : the relation L ~v L' defined by: "I is subordinated
to L' or L' is subordinated to 5", is an equivalence relation and it

can be easily checked that if I~ I', I and I' have the same parameters
equation of their minimal filter (the output functions can differ).
Conversely, if © and I' have the same parameters equation for their
minimal filters, the associated R, M and A are the same and, using the
same method as before, one can find a system " such that I" is subor-
dinated to both I and L', if and only if the same choice of N(8) fit to

T and I'. If this is the case,we have: I ~ I' v I". Consequently, a
complete description of the systems of the fornm (1.1) with the asswnptions
(H1), [(H2), and with gaussian noises, admitting a finite dimensional
§ilten can be made in tenms of the quadruple (R,M,A, N ).

To illustrate this assertion, it is not difficult to see that the
system

I
Terl T T,
)
Y = n vy

of Example II.2.1, is equivalent to:

™
el T T2

@"
¥y = d(sin xk)vk with ¢ : arbitrary function satisfying



and also to:
1 1

e+ ot K

" 2 2

@ Zs 1o 7

since these three systems have in common the parameters equation:

1 1

a 0 1 a, 1

k+1 ~ k 1 yz

- 7
2 2 k+1
Al 10 a. 0
0 1 1

I . : PRI
wuhR-(l of M=o, A= ], N@ = @hHTE

Note also that, by corollary 2.1, this equivalence class contains no
linear systems since N depends on z.

Remark 2.13: It may be noted that there is no remartkable simplification
concerning the practical computations of a filter for a system that
can be immersed in a Linean system T':

Firstly, if 6 is the corresponding immersion from L to L', and
if dp§ = 8(p, dx) is the image by O of P,, there is no reason why

dPY would have a density on R¥, and a fortiori a gaussian density.
Thus, the Kalman filter formulas cannot be used.

Secondly, 6 is generally not a diffeomorphism and it is thus quite

difficult, at least numerically, to recover P, (.|Y,) from dP®(.[v,) the
¢ kR ke
image of Pk(.\‘{k)dx by 6.

IT1 - APPLICATION : TRACKING FOR A MOVING TARGET

A moving target is observed through an optical system giving a
noisy measurement of the inverse of the angular velocity of the target
The target's linear velocity V is supposed to be constant and known. Ve
want to estimate the initial distance L, from the system to the target
and the nodal distance d (shortest distance from the system to the
target's trajectory). The distances L, and d are displayed in the
following figure:



N +
Target
A
e}
Opical system
B L 5 measurements : & 4 newse
6
Figure 3

An appropriate choice of coordinates consists in taking the origin
at the point 0, the x'-axis supported by OA, and the x“-axis supported
by OB. We shall denote || 0|l = x!, || 0B| = x* = d.

In these coordinates, the evolution of (x',x?) is: x' ==V, x%=0.
The observation equation being y(£) = 1/8(t) +noise, since tg 6 = x!/x2,
we have: -6(t) (1+£g28(t)) = - V/x2, or y(t) =((x1)2+ (x222)/Vx? + noise.
The noises are supposed to be gaussian, stationary, uncorrelated, and
the initial vector (x!(o), x2(0))' is a random vector whose dgnsity Py
is the uniform density on the given rectangle [x!,x1] x [x2,%%].

Finally, since the measurements are digital, they are obtained in
discrete-time with the given time mesh At. Thus the problem is the
following:

1 1
Teel T X T VAE
2 2

a0 el T M
2 6D’
Tz T ™
&
6o plad ! . ) 2 ¥

— 1
Glaxh @) 7

and the filter may be used to compute:
2 1
3.3) By = EGPlY) and E@|Y) - s((xo)2+(xz)2)”2\vk).

It can be easily checked that dim Span H = 4 <+,
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A numerically well conditioned choice of the canonical basis is:

1
6.0 D), 0y = 0 X, 8, s van? L
x x «

We immediately obtain from (2.8) to (2.12) that:

100 0 i 00 0
(3.5) Bof =R8 with rRa=[ O ' "2 1 0100
0 0 1 -1 02 1 0
0 00 1 o111
and:
L
1 n®
6o w-0, 00,  a-f o0
n 0
0
Thus, the minimal filter is:
1 12 1
Al roo T Ykl =0
2 1 2
A+l oo W Ykl 3% =0
3.7 U D . i
2, 02 1 0 2-0
4 4
e, o 11 o -0

and one can check that:
k 2 2
L LT a0 D005 e ) () (89,3
(3.8) P (x,x \vk) =— e .
nk

32
2 (k=1) (6k7=9k+k+1) 2
_e[k(k D%e,e, » STl o1

! 4
(a8, ,+...+2,9,)
e K1 K4 vty

Thus, the filtering numericgl procedure consists in computing (3.7)
in real time and to tabulate E(x“|Y)) and E(Lo|Y,) as functions of
(al,a2,a3,a%k). At each step k, ong observes the new yy and, by (3.7),
we deduce the new value of (al,a?,a?,a%) which, in turn, is used to find in
a memorized table the new values of E(d V), E(LylY,). This algorithm
is very fast and can easily be implemented on a microcomputer.



The efficiency of the filter is shown in Figure 4. However, this
filter is very sensitive to the initial measure P, and can be improved
by adapting the support of P, from time to time in order to obtain a
more precise estimate.

It msut be noted that this example is in the class of systems that
can be immersed into a linear system (n = constant). However, the
reader can check that it is more difficult to take this property into
account by computing a linear filter for the immersed system and then
pull it back to recover E(d|Y) and E(L,|Yy), than to use a nonlinear
filter. A complete discussion on the modelling of this example and
comparisons between the various corresponding filters can be found in
[28].

Remark finally that if, in place of y = 1/8 +noise, we had
= § +noise, the problem would be infinite dimensional. |

IV - ON THE NUMBER OF SYSTEMS HAVING A FINITE DIMENSIONAL FILTER

We shall deal, in this section, with the following problem:

Given X and the observation equation y =h(x)+n(x)v, with v gaussian,
given the canonical space Span H, with dim Span H = r <+® and

with a basis{8),...,8,}, can ve build the set of dynamics f that
are local Gl-diffeomotphisms of X, such that the resulting system
(X,£,h,n,RP) has an r-dimensional minimal filter, and what is

the cardinality of this set of dynamics ?

4.1

Roughly speaking, given the observation equation and a canonical
basis, are there many f that satisfy the condition (2.8) that ensure
that the minimal filter is r-dimensiond?We shall give a partial answer
under the following additional assumptions:
(MGON' ()1 is everywhere defined in X and of class C' from X

H2) to RP*®, and hec! (x:RP). []
(#6) with the notations (2.4), Hyj,H; & Span (8),...,6,), ¥1< i< j< p. []

Noting 0(x) = (8,(),...,0, (x)', 0 ec' (XRY) ana:
(H5) { (X,8(X),0) is a covering of 8(X) (see for ex. [7],[16]),

8(X) is connected and simply comnected. [ |

Theorem 4.1: 1f (H2)', (H4), (HS) hold, for each R scL(r,R) such that
RE(X) = B(X), there exists at least a function f X + X which is a
local C'-diffeomorphism such that:

(4.2) eofR =R6 on X.
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Furthermore, since Y = Card 67 (8(x)) is constant ¥xeX, there
are y possible choices of fy for each R. Consequently, the set of f
solving (4.1) has at least the cardinality yCard Ry, with:
(4.3) Ry = {ReGL(x,R)| RE(X) = B(X)].
Proof: Using the monodromy principle ([7], [16]), and assuming that
RE R, , there exists a unique cl-lifting gp:8(X) >X of the linear
mapping y ~ Ry, satisfying gg(f) = x,, for an arbitrary £ e 8(X) and
with xo € 671 (RE). Otherwise speaking, there exists a unique C! function
gg such that:
.3 g8 =%, » B(gy(») =Ry ¥y € 8

Thus, denoting:

(4.4) fo(x) = gg(8(x)) ¥x € X,

we obtain that £eC'(X3X), and, with (4.3):

(4.5) B(fg () = RE(X)  ¥x e X.

Thus, tg prove that fp solves (4.1), it suffices to show that f
is a local C'-diffeomorphism of X, since, by the theorem 2.1, fp is R
such that (X,fR,h,n,Rp) has a minimal filter of dimension r.

Since K| exists and satisfies RT'6(X) = 8(X) for R & Rg , let
us denote g _, the unique Cl-lifting of y > R™ly satisfying:

R
2 -
(4.6) e (B0 =, 8 _ ) =Ry we o,
R- ° R-1

x, and £ being defined as in (4.3).

Also, noting:
.7
we have:
(4.8) 8(f 1) = k0G0 wxex.

R

Furthermore, using (4.4) and (4.7), it is easy to check that:

(4.9) B0(f _jog) (v) = (Bog__)o(Bog)(y) = R 'Ry=y ¥y €80
R R

(4.10) SO(vagR_l)(y) - (SOgR)O(eogR_l)(w = ¥y € 8 (X)

and, by (4.3) and (4.6):



2
@D (g (R =g 0G0 (RE) = g (KO = x,

(4.12) (fROgR_I)(RE) = gRO(GOgR_l)(RE) = gg® = x,

Consequently, (4.9) and (4.10) mean that £ _jogy and frog | are

)

two sections of 8, and, by (4.11), (4.12), they coincide at
the point RE. Thus, using (HS), it is a well-known result (see [7],
[16]) that two sections that coincide at one point are everywhere
equal; thus:
(4.13) fR_‘ogR = fpogy o X.

But using once more the covering property, there is a neighbor-
hood V of RE in B(X) and a neighborhood U of x, in X such that:

(4.14) x= (fR_logR)(e(x)) = (ER_lofR)(x) = (fRogR_l)(e(x)) - (fROfR‘l)(X)
¥x €U, and it results that

4.15 (f _0f)) = (fpof ) = id,

(¢ ) 1OR ’u Rt |y v

and, by a classical homotopy argument, f. is a local C'-homeomorphism
of X with local inversefy_=(£ )~l. Thus, since f,_; is also Cl, we
have proved that fp is a local Cl-diffeomorphisn'satisfying (4.5) and
thus, solving the problem (4.1).

Finally, let v(x) = Card 07! (8(x)). By (HS), we have that
Y(x) =y >1 ¥xeX (see [7],[16]), and, since there are y possible
choices of x, € 871 (RE), using once more the monodromy principle,
there exists exactly Y possible choices of 2 and thus of fp, which
achieves the proof.

V_- CONCLUDING REMARKS

The work presented here solves in great details the finite dimen-
sional filtering problem for a class of discrete-time nonlinear systems
without noise in the dynamics and with gaussian observations' noise.

We give a complete characterization of the systems having a finite dimen-
sional filter as well in terms of the canonical space as in terms of
subordination of a system having linear dynamics (system of the filtering
class) to our original system. This efficient characterization allows to ob-
tain the gemeral equations of the minimal filter, and of course, its
dimension.



On the other hand, our analysis is entirely based on the properties
of exponentials of polynomials and seems to be difficult to generalize
to other kinds of noises. Nevertheless, in the particular case of
bounded noises with uniform demsity, the same kind of method can be
extended because of the elementary properties of the indicator functions,
and will be developed in a forthcoming paper.

But, in the genmeral noises case, another idea can be explored.
Coming back to Proposition 1.1, it is both necessary and sufficient

for a finite dimensional filter Qe ®(ak,yk’l) to exist, that f and
® satisfy the equation:

-1
.1 0(Hay, ¥, )»E () = VT (E()) (3, ~h(EG))) p(ay,x

that can be considered as an implicit function problem for f and .
But f and & are submitted to the constraints:

f must be independent of a, y
62 © must be independent of x
and the only method known by the authors to carry on such contraints
consists in differentiating (5.1), (5.2) with respect to all the
variable (x,y,a) and to solve the system of partial differential equa-
tions obtained this way, applying the geometric methods of Cartan [ 4]
(for more modern methods see Pommaret [36]). However the computations
are very huge and general existence results seem to be out of touch.

Another extension of interest is in the case of noises in the
dynamics. But in this case, the equation (1.5), which is a local
equation (in the sense that the operators are local), becomes an inte-
gral equation, and thus global, because of the noise convolution. And
so, the preceding methods fail. This problem is currently widely open.
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APPENDIX 1

Proof of Theorem 1.1

Theorem 1.1: The unnormalized conditional law of Xy knowing yUk

Jensity P, (.|Y,) € c°(X;R,) with respect to with X=X - _
and 2( [£) 18 given by:" tor izo
a5 p &Y = e | v e o)) 7 )

-1
SR E @Y
Iy
¥e> 1, ¥xeX
B, (x[Y)) = P (),
where J¢(x) denotes the Jacobian of f relatively to X, evaluated at

the point x € X.

Proof: P, is supposed to be demsity, P & C°(X;R,).

Let us suppose that P, (. Yk_]) is a C°(X;R,) density with respect
oy, with ¥ = x - jgu(de:nof_J)_l(D), and let us prove the same

77

property for Pk(.

Let us denote B, (.|, ) the conditional measure of ¥, knowing ¥,_,
and let us complite ifs'density with respect to 1.

1f ¢ € C°,(X) (the space of continuous functions with compact support
in X), we have, by definition of the image of the measure
Pk_l(‘]‘(k_l) =P Gl Ddug by £:

@r.n EQe) [Y ) = £ w(EE)P_ €Y, DduE).

Considering an atlas of X with local charts, noted (Uy, %), @ € N, such

that each U, is relatively compact, the collection {U,} Being a locally

finite covering, and considering (Fa) N2 partition of unity associated

to Uy, each F_ having its support in ﬁ&, one can define 1, as follows:
_ -1 -1

GLD) SO0 duy0) = T Ly OCET @) 7y (1 (©) )

¥0 € C° (X), where ) is the Lebesgue measure of R™, ¢ (U) being an open
o o U
subset of R.

Then, putting together (Al.1) and (Al.2):
-1 -1
(A1.3) Ewx Y, _) = © J YEEG @NP, _, (@ (@)Y, _))
W M) T L Ty (o k-1 = k-1
‘Fu@u (€))dME) .

has a . _.
(detnot™) 71 (0y,
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Let us now make the change of variables:
_ -1 -1
(a1.4) 2= G(E( €))) on e (UNE (U)) , ¥a,8eN

The application @0 f o8;' being a C'-diffeomorphism from
0w 0 1w fo o,lugnE), ve obtain with (a1.3):
-1 1
ver' @r e enly

EwOy) Y =é § fqas(ué\f(ua)) k=10

.

Fael@n T e @ @maa
®aof0

1

o
where J o

is the usual Jacobian on R" of dgofod
@ gofody,

, and summing in o:

-1 -1, -1
(A1.5) E@(x)|Y,_) =TI J Yo (2P _ (@, ()Y, _ ).
W e1? T fegwy) Y8 k-1 8 k-1

-1 -1 1,.-1
Fs(@s (2)) . J (f (@B (2)))dX(z)
where J;l(x) is the Jacobian of f relatively to X defined by:

-1 -1
(al.6) I Fa(f ) J
o

®0fo
8 o
¥x € Supp Fo© Ug , ¥, .

@, ) = Fwir ¢ e

Thus, by definition of y, (see (Al.2)), (Al.5) becomes:

AL EOG YD = Sy b T ey 7 E ) o

v
which proves that Py (.[Y) _|) has a C° density with respect to M:

"~
(a1.8) P (

-1 -1,
Vo) = @ O Y ) T E O, ,

o
or, noting Pk(.\‘{k_]) the density of Pk(.\yk_]):

-1 -1 -1
(a1.9) PGy ) = TP ET ) B (TG ).
. . Y
Now, it remains to compute P, (.|Y,) the conditional measure of x
knowing Y), and to prove that it has a C° density on

For this purpose, if Q; is the conditional measure of (x,y) knowing

Y _;» and if Ve CY(XxRP;R), we have:

k-1 K 4 o

(A1.10) TbG,)dQ (x,y) = S ¥ (x,h ()N (x)VIV (V) dvdP, (x|,
XxRP

k

k—l)

x
Vi and X being independent by construction.



- o -
Also, since (detn)™}(0) has 1 measure 0, P, ((detm) ™' (0) ¥,
by (Al.9), and, by Fubini:

=) =0

QLI S uGe,y)dQ (x,y) =/

- €3 w(x,h(x)+n<x>v)v(v)dv)d;k(x\Y
X-(detn) RP

l(O) k=1

=7 . (/Rpw(x,z)v(n"(x)(z-h(x)))\detn(x)\"dz>d3k<x|vk_l>

X-(detn)” (0)
by the change of variables in RP: z=h(x)+n(x)v, and thus:

@1.12) g Gy = VT () (b (0)) [deenGo) | Ty ¥, Dau, Gody.
Finally, the unnormalized conditional measure ;k(.l‘{k) is simply:

" = -1
a1.13) RGN = VO (0 (ymh (0)) [deen () |7 Py (x| ¥ Ddig (o),

and its denmsity with respect to y, is C° on )‘(,
given by:

T . -
@18 Ry = [demnt | V0T 00 o) 37 eore_ ooy

k-1 k—l)

which is the desired result. [ ]|
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APPENDIX 2

Proof of Theorem 2.1 (Fundamental theorem)

Theorem 2.1: The following properties are equivalent:
(i)  the system (1.1) admits a finite dimensional filter (resp. local)

"
(ii) Span H is finite dimensional (resp.3 U open subset of X such that
Span ) is finite dimensional)

(iii) IreN, 36,,...,0 Span H, IR invertible,(r,r) matrix with
constant real coefficients such that, on X (resp. on U):

j Bof =R6  with

LHa -1 Vo1 8
i=1

(2.8)

Proof: 1°)(i) => (ii)

Let us suppose that (1.1) admits a finite dimensional filter of
dimension r given by:

At = o)
(A2.1)

x
T &l Y) =0 (3%
with A r-dimensional C! manifold, ¢, ¢ c!(ax®;8), 0 € ¢! (azc°(¥; R))
(in the local case, the only changeconsists in repfacing
Lasce X Leasce .
¢l ase* (iR, by ¢l aset R with U = W),
Since we have:
¥ (xl o (@ 3
®2.2) Tl =0 O (O (B @)y )ay ) E)

and since py is differentiable with respect to a and &y is differentiable
with Tespect to y .| ¥a = 0,...,k, ¥k, then ¥, is differentiable with
respect to ¥ ,...,y,, and:

~
awk r
(a2.3) a—;(xlvk) ., I Do P C] —-(ak_l.yk)
¥5 ottt
a0 ko3 .

1
@y = T AP
R a0
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with:
. r 300
(42.4) Mo (a_,yiseey) = % B T
. 1,3,k 0517570k i =1 gatl KK
R ]
i
20,
[CHREAN
oy} 1775
o i
o,
It follows that the Span of { — (.[¥,) [i=1,.00,p, 3=1,...,k}
ayt
is generated by the r functions:]
3p, 3p,
13 k
42.5)  —fla, e, —(a,0)
3a 3a
and thus:
o,
(42.6) Sup dim Span {—(.|¥) [i=1,...,p, j=1,...,k} < r.
FRNY <
k>l dy:
v i

k

On the other hand, using (2.7), we have:

k k
W 1R Y7k o B 2 y-k ol
(A2.7) T, (x|Y,) =exp-z [Z I H JET(®))yy-2 T L H(ETTE)y,
Kk 2 oygal ym1 08 YY U gml iy @ l
and:
a7, ?
k [ jk o -k o
we o Gy { I B TR0 - mye (x))J T x| v
3 L

Then, with (A2.6), it follows that:

P ‘i .
(42.9)  sup dim span{ - = H_, (£37KC))yT + u, (£ k(.))‘ i=l,...,0,
K21 a=t @ it .

j=l,..k} < ¢
Y

Now, let us choose p+l observation vectors ‘r'l_k,Au,‘x‘pH’k with

= ceeypt . i i
¥p) > m=leeptl vy o being the observation vector

Yo,k T Gh1o )
.,p) at time j on the mth trajectory, such that the

o =
(g, 50 @=1,

(p+1»p+1) matrix:



(42.10) is invertible ¥j=1,...,k

Such,a choice is always possible since { h(x)+n(x)v|v ¢ RP} = RP,
x € X.

For the n"" observation trajectory ¥m,k, notim o100t eadn i
the corresponding parameters of the filter, we havé’by (a2.3%;

(A2.8):

Hofi 7k
i
(a2.11) gik -
H_.of)
i
3p,
o k
M50k, 517,10 5 )
3 3p
a k . 1
= Y@ Y )@,
aor 3ok m, i1 Tn,x aau( k) Do)
¥izl,o.p, ¥i=l,..k, ¥m=1l,...,p+l
~ p,
B s e
’ 3a P,k
Thus: HiofJ_ v -
5 DR CRNS A )
! . J j=k 5,3,k 51,60 Pk
5o H)jof a=l ,
(a2.12) : =
1 p C ik T a
- eee = ) \H_.of
Yottt Yoer,5) \Fi® R SYCHERE SRR
¥isl,oeo,p, ¥j=l,...,k.
But this means that, with (A2.10),
@2.13) sy din sPan(Hich"‘,ﬂB £37K| 5=, .00,y B=1,eeu,ps G=1,...,k)

< dim Span { D:,k(') | a=l,...,r, m=l,...,p+l} < (p+Dr
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Finally, since f is a C! diffeomorphism from X to X, it is easy
to deduce from (A2.13) that:

(A2.14)  dim Spsn(Hiofk, Hoff| i,i=1,..

i , k> 0} =dim Span # < (p+D)r

wich proves (ii).

2°) (ii)=> (iii)

Suppose that dim Span H = r and that {6,,...,8 } is a basis of Span H.
If (iii) does not hold, this means that there exlsts at least one §.of
that cannot be expressed as a linear combination of {8),...,0 } w whidh
is a cnntradxctlon since 8.0f is a linear combination of elements of the
form H ofK, H cof¥, and thus 0 0f € Span H .

Thus, we necessarily have 8of =R8 . With the same argument and since
£ is a diffeomorphism, one also has Bof~! = s@.

Therefore 6 = Bofof | = REof | = RSE

and 8 = 8of~lof = SBof = SRE

which proves that R =5 and thus R is invertible.

Finally, since {8,...,8,} is a basis of Span H, the relations

r r
u, = 5 Ugis » Hyg = E Mogif; are trivial, and (ITT) is proved.
3°) (i) => (1)

1€ 8 ..,e sa:xsfv (2.8), let M be the (p,r) matrix made of the
coefficiehts Yoy s = P, i= .,r with:
(A2.15) =z umiel s

.
(a2.16) vy Ay =

(A2.17) with H(x,B-
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Let us also denote § = R | and S;j the entries of S.

:
I ag8;(x)
If we set : ,r\(k(x|‘{k) = ! , with (2.7), we have:
o »
i a B Q.
RIS S l() L - 2u0; (0
A2.18] B =e ’
e i 1553050
a x
i, TET
or:
Lo . » P s
i_ J o _ 1 i aB im
(219 ap= Tospal v Doy I0L s itheor,
j=1 a1 a,8-1
or also:
~—1 ' 1 '
42.200 o =®'Ta_ 'y -3yl by

Now, denoting @(a_;,y,) =R

o
: 3 . :
and since T (x|Y,) = exp a‘tei(x), it follows that there exists a
i=1

finite dimensional filter of dimension r.
Furthermore, this filter is C¥, invertible and pseudo-stationary.

Remark A2: For (i) => (ii), ome can prove a sharper result if the filter
(AZ.1) is supposed invertible: in this case if dimA=r, then dim Span H < r.
Let us prove this fact. The only difference with the praceding proof

lies in the choice of Y, ,,.. . The idea consists in making profit
of the backward tramsitidiis <see"§gf1mnons 2.4 and 2.5) in order to
finish always at the same point a, (and not a a as in
(A2.12)) so that Span H cam be expressed as linedt combmgnéns of

90y /33 (a,2), i=1,...,r, implying that dim Span # < r. Thus to achieve
thé proof; it only remains to give a suitable choice of Y

beensY s
and to build the corresponding sequences of a ., m= 1,.. 0k, ek
§=0,. .0kl ™

Let us choose Y, ,...,Y so that (A2.10) holds true,
fix a A, and set: °* prlk

(A2.21) a

- -1
myo = o @ GO oy 0senayy 9)oyy ) ¥m= kel

Thus:

(A2.22) o (a,%) = ok(fbk_]( (¢a(am

o ,1).~~~,ym’k),X) ¥m=1,...,p+l,

and (A2.12) beccmes, vith :

ck( o= (ak,.) 7[(—,7



uiafj'k
1 p .
1=y, Yy J-k
1,3 1,j H of
(A.2.23) . =
! _P =k
D e Tprl,j Hpiof
", ", -
1 T %
)‘i,j,k(yl,k) e Ai,j,k Yl,k) Dk")

gl
24,5,k Tpet 1

ERPLARY

and thus concluding as before:

Sup dim Span H < r, which proves the assertion. | ]

k>

As a_consequence of this result, one can see that the system (A2.20)
is minimal since it is invertible with dimension r, and since
dim Span H = r < dim A = r.

Also, dim (minimal realization of the filter) = dim Span H . ||



APPENDIX 3

Proof of Theorem 2.3
Theorem 2.3: The minimal filter (2.9) is observable and locally weakly

reachable.

Proof: 1°) Observability
Zae(x)

We have p(a, ,x) = 6),-..,8_ being a basis of Span H.
Thus, if for somé k, a “and by generated by ¥ = (F1seesyy) from a, and

b, with a #b_, we have 0(a,x) = p(b,x) ¥x € X (or in Uy), then

z (uk bk)e (x) = 0. But since 0,...,0

ak -l oW

But,since the system (2.9) is invertible, this immediately implies
that a, =b, which is contrary to the assumption. Thus a,#b, implies
D(a,-) # (b,.) ¥k, and (2.9) is observable.

r is a basis, this implies that

[T

2°) Weak local reachability
As announced in Remark 2.8, we shall compute dim T, (R (a))). For

this purpose, we shall proceed as follows: Let us introdace p+l observa—
tion trajectories of length k (k is given) depending on a vector of
perturbation € = { (El.l""’El,k)’“"(Epﬂ,]""’ip»l,k)} with

..k, and:

o =1,...,p+], ¥j=1
€a,j eRY ¥m=1,...,p+l, ¥j=1,

k(E) = (y“I 1*€n, 1 Ym ki, W) ¥m=l,...,p+l

We also suppose that the vectors y . satisfy (A2.10) ¥j
and we demote Y, | (0) the sequence where’ ’sm §70 ¥isl ke
s

To generate T, (R (ay)), we shall make:
- an onvard transicion of length k from a_with ¥, (). The endpoint
will be noted a; | ().

. a backward transition of length k from a) k(E) with Vl (0). The
endpoint will be noted a, ((c). > k

. an onward transition of length k from a) D(E) with Y. Yy (e). The
endpoint will be noted 2y 1 (€). ok
s

. a backward transition of length k from a, k(E) with ‘(2 (0). The
endpoinc will be noted a, ((c). , R
(€).

- and so on, up to a_,,



Since a,

' Lo se s
- -yt .
R koM Y =7 Yy N Yy it is easy to prove that:

K+l
_x k= -3
@3 g () =R e jio R0 =307 e PO e
and that:
Kl kej 2
(a3.2) al_0<c) =a, + on R (M —yl ke ny E"k_j+c( HalH )

Also, the reader can check that:

prl k-1

o i
(A3.3) "p+1,o(5) I LR ¢ Y, k- e
m=1 j=o
Consequenl’.ly:
9a, ( ) Memi 1 T P e

(83.4) : =@My, o oz @'
i,o
% el el

Cn k=5 | €=0

Ay 8
iu' a8 Ym,k-j

¥i=1,...,r, ¥a=1l,...,p, ¥m=1,...,p+l, ¥j=o,...,k=1, ¥k > 1,

with the notation A, for the coefficient of the line i and column o of

the matrix A.
Thus, denoting:

da_(¢)
(43.5) B(a) = Span {—2

a=l,..0,p 5 m=1,...,p+l 5 j=0

we have B(a,) C T%(R‘,(aon by construction, and, using

(A3.4):

Badee) N\

\ P
R e
le k=i ‘ e=o | /
|
*3.6) : = |
Bag(e) / \t

! P
| e/ okttt Ve kg
aewl k=j| © \

¥i=l,...,r, ¥a=1l,...,p, ¥j=0,...,k-1, ¥k 31

Tl
[z @

i)

prl )
k- ‘O(mil Il el

cokel 3R 2 1),

gt
(R M )i.(x
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and since (A2.10) holds, we have:

@3.7)  Blay = Span (® 7Iy

a=l,.00sp 5 ]
But, since by definition:
= M9 and K= g6 ,3=1,...,p, taking into account the

fact that 6of = RO, we have:

- k="
iulta,s ™ W gt s

T it s T s
k-j _ k-j k-j u
@3.8) T 8 ® ), = (et Ie ®TH 1
i=1 i=1
¥o,B=1,...,p, ¥j=0,...,k-1, ¥k.
Thus, immediately, this yields: dim B(a,) = dim Span H, and:
dim B(a) = r < din T, (R,(a)) < dim & = x,
so that dim Tao(Rw(ao)) = r and the result is proved. | ]
Remark: Clearly the number p+l of onward +backward transitions is the
minimum number such that the matrix in (A2.10) is square, and thus can
be assumed to be invertible.
This proof is very similar to the ideas of [33]. However, we have
kept our elementary proof since, as a byproduct, we obtain a criterion

of local weak reachability very similar to the Kalman criterion of linear
discrete-time systems:

Doy v
AR -y,M)

IR IR
= dim B(a,) = Sup o Fank(G -y IR0 -y,
YpsenesY ER
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FILTIRING TRO3IEM TOR
5-IDIE STSTES

5. mIE,

Gamtre dijutonatiaus e Inforaatique de 10Boale

tionale Supérieuce dw ines a0 7
35, re
T35 oA BIES 1545 (Peance)

This work is suprorted by Franch Army uncer
cantract, RET 70 83.34.177

sbataact. ¥ obtain 4 necmsery aat sufficient condition for the noclizesr

dlscrete-tize sys

{‘m =f<&’

T, =nlg) +nln e,
to have finite dimensional filters.
This condition 13 used to obtain an explicit

filter. Tho result i3 applied to a tracking prob:

Eayigrds. Nonlinear filtaring, Discrete-time
Realization Theory.

INTRODUCTION

Among the muuerous papars; on filtering (see for
“ampie b1 Gl el [ti Tr]), the Kalaan filter
11 can b computet

b party kas recteved the neme o o
dizensionality”, and the very serious difficulties
set b computing oonliness filters bave motire-

premoerde

S aens maving un sxnor tinite
s, s-ﬂ:nd upmma conaists in appro:

inite cimensional ones
ioadiNG

Bk Taoe [ hﬁ &5

(e oan also dbtain finite dtmmstonal rilters fron
ian reslization for discrete-state processes

rioy:
(:o- (el (5], L7D).

Thus, the finite dimensionality bas sostly been
studied for continuous-time systems, or discrete-
state systems, but very few work hes been done in
the case of discrete-tize (continuous-state.
onlinear systess.

The aim of this peper is to study th
Coamatonalies of the sace fiitar for a siess of
aonlinesr systems of the form

Tew = )

@ | 7y = nlmy) gy
Theso system are particularized by the fact that
there ia o oiss on the Avoanics
obaervations are perturbated by Caussian noises
Correlated to the siate e
¥o firat derive a recurston formila for the
@rolution of the unnaraalized condstional

7, ‘snalos in disorete cise o ihe Zakal
eauation (18],

Ta section IT, we state, in the Saussian case the

262

formula of the minimal
ez for a coving target.

nonlinesr systems,

ental results and deduce the minizal

dam

realization of the filter.

Section IIT is devoted to an application : a
tracking problen for a Goving target. o give

the nonlinear £ilter and compare Lts performances
%o filters obtained by lineer metiods.

For complete proofs, the reader may refer to [12].

STATEMENT OF TEE PROBLEM

L. Thes uapeion
7o constaer the systems of the folling fora
5z, X=0,1,2, .

7 = wlm el v k=1,

where :

is supposed to belong to a pure sars
compact Gonnected C' manifold X of dimemsion =
and the imitial state to be a random rarissle
with value tn X sr8babils

2,ECO(X; R,) with respect to o

weasizo an

. The ohservm:mn vestor
realization v, 3t =0f
to belong to
- Turthermore, ve suppose tha
Ho: f isa C‘-d‘f"-omryhum from X to

ity
2 Tewesgutan

and the moise
are supzosed

2, P(x:2?) , n € o (e™P) ana
O i A I
aubzamfold of X, of dimemsion at meat

B3 : The noises v, k1,2, atesyomnsy,
rimo-uncorrelated and bafe a density vzc'(r 2,)
with respect to the Leb

e ahall ¢

about the analytic, or shortly ¢
X £ihyn,7, and 7 are CV.

case, «hen



for of the

X aiffer from X by a =all

£ Tnzer T1-T, the contriomal lav of
covite a8 an unforzalizea Zensity on %
. :ZQ R, athrestect 0w, sivea by:

1) e meN (7 ()

=izetn(x)|

BlxlTy (7 (2) G, .KL:JLZ @,
(1.2)

ol _.c??ou =2, )
- By Llaoen(e @) g e ™!
=lr,) (1.5)

wiose state i3 tn °(E,R,) and whose inputs
ero tho finite” sequences YEPE Yoot

Tho results in the secuel are atated for
global filters on X. But one can have the same
results with local filters, up-to a straightforvard
“raraforsation on the Wysothesis. Por nore detaila
see [12)+

1.3, Systems
Lilcering.
o stall uso the gogeral definifion of reaii-
zations given in Kalman-Falb-Arbid [10].
vefizitign 1.1, A filter of (1.1} is a realization
vith uzapecified dimensions of (1.4)-(1.5), of

and finite

(1.8)
e R
being continwous on & for each a and a
oeing auch that g (a,x)= () weX.
It 19 said to be atationary if 9,2 and
5, év:.e«.E:J«B and

(Y, )o(.1a,) ¥ith b independant of .

It i3 seid to be firite dimensjonal if

a i Ve >1, A being a finite dimensional C'
;».E?E _esilen cho e Zumu

: A filter of the form (1.6) aluays

or example (1.4)-(1.5) i3 such a filter.
Also one can see that to sach filter for

(1.1) correszonas a realization for (1.4)

erties (except the stationa~

Horeover if o realization

) ia stetionary, the corresponding filter

) i3 pseudostationary.

iter exi:ti, find cze
£ tae filter ani craraczerize

Zet us supjose that, up to the sormalization
coefficient :
P

-1
Tv) =e 2

for general gaussisn demsities, it suffices to
a0ke 2 straightforvers change or © and n
1.1, Zhe_cenorscal besta.

In the gaussizn case, (1.4) aay e revrittem :

w2y )=
expl Hr,-202(x)) (o (x)ntor(x))"

BT I 4

Lot us danote :

B @) @]
Dz ((43) wertiotont of e sacrsd
BE <L g e s @)

H
g (x) u»w B (x)n (x)

Then using (2.2) and (2.3), ve obtain :

2 (E@r) =

it m Am.w; o®
H
=22 Bord(rfegped(x))].p, (x)

or(x)r ) (2.4)

Y

where y° denotes the a'® commnent of the

vector y.
S0, up to the teras E of, indegendant from the
inputa T, vo sca thal 3 the erzomential

of a Linefir combination ofthe functions in the

set :

daligord ot , a8 =1, s 121] (25)

sl The vector srace spanned by M,
danoved spas ¥ 4a callad  the canonical smace
and a basis of s3an ¥ is called a camontcal
basia.

: The following vroperties are

1) sdnits 3 finite cizensional filter.
Sean ¥ 12 Ciate 3iaensional,

I
§ L iR et ancs
Soeh that |
o,0(x) (x8)
: = (2.8)
8,07 (z), 8.(x)
- E o a0 - Eahew
Va3 =t




A e

vensor of order 3
r{2.6)

. Ter us
2_}, anc call
3

<+ =, there
Pseudo-statio-
iizension r.

in zatrix form

sistear celisarion o civen,
by :.-’a“ -,zk and by @
@
7, (xl)- 0, [\da:mt"(x)\! (= @
exsi- 5§‘;2n of” (x)l.’oit’k(x))?

A ;o =0

ola,,x)
with <

olam) = e( T ate () ant ‘2 e (

3 this s ble and
m“ui eakly reachable in the sens given in [9]
o .

Any other ninizal invertible analytic and

F3oudo-stationary ilter can be obtatned fron
57 & C-aiffeomorphism.

o FROS

One can find sany examples of oystems having
finite dizensional filters, for example, the sys-
tems with linear dymamics and polymomial

OB a8 he systen i3 lLizear , the zethod sives
a finite fisensional filter, whataver the iaital
iensity zay b herzore, 42 the initial state
is jaussian, the filter is exactly the "<nfor.
Zacions ilier” of the Linoar filtering theory,
4ith an extra saveseter left for mormalizat.
(zee [12]).

Ta the following application, we hav
gompared our onlinear filter to filters obtatned
7 iizear zettods.

& targer is coservel throug
osetear’ syates, gviag a noisy easuzenont of the

e 'ant to estimate the initial distance L
and the nodal distance d as displayed on The
figure

o shall susgose thac the noises are
st Sk s etk e
Ritial demsiey s s igifera densies on the
)
rectangle T2 E | X (20, ond-sa”the sessuzanent
iscTe tize

are "Lgt.nl. treate thegoblem

T e e Ha e e e e e
B
2 2 (3.1)
Tem T

@Ry A -
e = (G2 A2+,
o can check that 13 Span ¥ =4 and 2

,((,\)5“3' ?fs AL

e = 7(6t2 A% o obeatn then the mamzal fiiter.

7))

iceo
Lo o
B cz21 0
o
4 5
B o
2 .
* Ten
[ o °
+| ’ 5= 3.2)
a 0
o 2
L 4
ay o

Glr) = o el(ce/e) (830201 85
E

* (om) (2m1 (2,8~ () (i1 08,
(1 /50h (et Y (67- 5 e )82) ). .3)
a3, ity gs,)
< B (= wrat, )

For real tize implementation, E(¢[T,) and
3(z,|T,) =ay be precomputed es runations of

(ay ,....{.k). So the only calmlatien to be done
"on Line” is (3.2).

Stmlation have shovn that such a filter is
efficient. But it is very semsitive o the noise
level 0 and the initial messure P . Yoreover,
& in (3.2) thave are two intosratols, it is
very seasitive to mumerical errors.

o iagrove it's bekviour. one can adapt th
supgest of P, from tine fo time and retaitiarize
the filter affer a certain tizm

II1.2. Comparison wich lizear iltes
This filter has been compared with two linear

sorhads. e e one 1o excen

2titer on (2.1) oconc 1is doduce fron the

2ov st we can replece (3. 1) by the syates,

aitren in contdnuous time

S ey IR
o = Uy
2 - 0 12 =d
° (3.4)
33 4 3 2 s
£ =1 =g /e

" 2 2y
£ an ) 2

5 a2
BT
7(8) = (Pa®)f + 0130
testing = (PA°
,.,, /x by .Lm&-s.mu the initial cor

T are mt 4g\u-i§5 oy a
,as.m.m Foctor st ther by SETIiE « Faiman

Lzt e A2

ditions

“Ge can see that

3:6) 5 v somionty
observables. In parciciler

t observasle



and x° is only pertially chservable. and
fhct, the falzan Filter Layvers unefficient
Cor sstimaricg T sad

3ut the
relizeti

= this caze it exrloses
m..xo Lrerationa.
forlinear filter, for an inirial estiza-
tion error of 30-40 rer ceat gives in less than
15 iterations an estization at 8 jer cent in the
oS e Tig. 3.2.-3.5

Ty firally that i ) “inatesd of
y-n/ + noise we.tad y = § + moise, the

would be infinite dimensionsl and ve would
rorization techmiques to use a conlinear

blem
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UNE CLASSE DE SVSTEMES NONLINEAIRES
A TEMPS CONTINU ADMSTTANT DES
FILTRES DE DIMENSION FINIE.

*
J. LEVINE

RESUME :

On é

e la propriété de finitude du filtre associé & un systdme differentiel
stochastique nonlinéaire sans bruits dans la dynamique de l'état. On obtient la
condition nécessaire et suffisante pour qu'un el filtre existe, ainsi aue la
réalisation minimale du filtre gréce & l'obtention de la solution explicite de
1'4guation de Zakal. On montre de plus que le filtre est de dimension finie si et
seulement si l'algtbre de Iie de 1'équation de Zakal est de dimension finie., Enfin
tous les systémes de la classe étudiée dont le filtre est de dimension finie sont
immergeables dans un systdme lindaire.

* CAI-ENSMP, 35 rue Saint-Honoré, 77305 FONTAINEBLEAU - FRANCE.
Cette étude a été financée par contrat DRET No 83.34.177.



I - INTRODUCTION

Le but de ce trava_l est de généraliser en temps continu les résultats de [6].

Précisément, on étudie es conditions sous lesquelles le systime:

(1.1.2.) dxy =f(x )t t>0

(1.1.0.) dy, =h(xt)dt +avy )

P

avec x, € R,y €R , x, =léatoire de densité p per Tapport & la mesure de

Lebesgue sur R™ ,tet v, un mouvement Brownien sur (2, 3, P) & valeurs dans R,
admet un filtre de dimension finie, en sbrégé FDF.

Notre définition de FDF est légdrement différente de celle de filire universel de
dimension finie de [3], mais a l'avantage d'apparaitre naturellement par le calcul
de la loi conditionnelle non normalisée de (1.1.a) par rapport sux observations
(1.1.b), et sans faire les hypothbses d'intégrabilité de la propriété (P) (voir [3]).
Définition 1. Btent donnée la loi conditionnelle =, de x, sachant la trajectoire

¥ = {y(s)|o<s<t}, on dit que (1.1) admet un FDF ssi il existe un entier r fini,

une équation différentielle stochastique sur R :
(.2)  da, =oladit + 5 4y (aart
t t im b t t

avec 9. 4 yeeesd) € G(RTRT) & dérivées de tous ordres bornées,

une application o € c“(nrm“;x), et une application o € c“(x“xngn*) telles que :

(1.3) wz(x) = o(a,,x) 5(tyx), P-pes., V(t,x) € R, X R,

ol a est tel aue u(x) = c(su,x) 5(0,x), et ou a, est le solution de (1.2)
engendrée par Y 2 partir de a . ®
Cette définition généralise les définitions (1.1) et (.2) de [6].

Ltusage en filtrage est de considérer les douations au sens de Stratonovitch pour
des raisons géométriques. Cependant, comme on se place ici dans R® et comme nous
ne caleulons pas de développements fonctiomnels stochastiques (tout au moins pas
directement) il nous a semblé que les résultats revétaient une forme plus simple

en calcul d'Ito.



Bien -u'on puisse partout raisomner localement, pour la clarté de .'exposé, sous

faisons .'hvpothese simplificatrice:

Supposons que £ et h sont O et que (1.1.a) admet un groupe de €
(g ) difféomorphismes {x, » vt €R}, clest-d-dire:

Lx,(0) =2(x, ) e R, X (x) =x X, ¢ ¢ aifréonorshisme de
R" sur 2% m
Notons if(hi)(x) la dérivée de lie de h; suivant le champ de vecteurs f évalude

au point x
n dh,
18 40 = T fj(X)a—x;(X) ot £(n)) =468 (0 ))().

Le principal résultat de ce papier est la caractérisation suivente des systimes
(1.1) admettant un FDF :

une condition nécessaire et suffisante pour cue (1.1) admette un FDF est gue
dim Span ¥ < 4+, ou:

(1.5) n,{hi,@(hi)iﬁ,...,p, Vo> 1},

Cette caractérisation permet de calculer la réalisation minimele du filtre sous la

forme:

(1.6) aa,

==~ R'a dt + § M,dyi
t t P t

ol R et M' ,...,Mp sont respectivement une matrice et des vecteurs gue l'on
calcule & partir des données.

Pour faire le lien avec l'approche utilisant 1'Algdbre de Lie, de 'équation
de Zakal de la densité conditionnelle non normalisée (voir par exemple [1], [2],
(31, [5], [7], [8]), 1a condition (1.4) est équivalente & la finitude de la
dimension de cette algdbre de Lie. Un cas particulier de ce résultat, dans le cas
ol 1'Algtbre de Lie est nilpotente a 6t6 obtemu récemment par Roth et Loparo [9]
par des méthodes heuristiques, utilisant en particulier la forme robuste de
1'équation de Zakal sans démontrer sa validité, et sans méme démontrer 1'existence
d'une densité conditiomnelle.

Ltapproche que nous suivons ici est inverse: on caleule explicitemeat la
densité conditionnelle "1 et on calque ladérivation de la condition (1.5) sur
celle de [6].



Y
II - LA DENSITE CONDITIONNELLE vr.;

Théorbme 1 : Si 'ypothdse (H) = liew, w. est domnde par

t & .
2y, ) el S

(2.1) n‘i(x) = exp[ig hi(x)y: - é‘ j%

9.

t
‘2 i Lhi(}(s_c(x))ds].‘det §;‘(x)|.u(x_ (x)),

1
¥t > 0, ¥x € R, P-p.s.

Preuve : Designons par Q la loi de (x,y), solution du probléme de martingale assozié

& (1.1). Par le théoréme de Cameron-Martin-Girsanov, la mesure Q définie per :
t t
aq, .
—o = iR -1
(2) g " (o ig [Johi(xs_t(x))dys -1 Johi(xs_t(x))ds])

est telle que vy est un QO-BI'ovmien, indépendant de Xy

Comme d'autre part on vérifie facilement que la loi de x_ a pour densité par rapport

+
3 la mesure de Lebesgue de R :

24
@3) ) = aet 52wl (),

il vient que Qois = p,dx @Pls ol P est la mesure de Wiener, et, avec (2.2):
t t

(2.4) Qg = (2, pydax ® P|5t
t
ol
t
@.5) 7, - ew ig [Lhims_t(x))dy;-% W2(x,_, ()as],

ol imédistement m(x) = Z (x,¥)u,(x), et, intégrant par parties

J‘thi(xs_t(x))d&: , ou plus précisément, appliquant la formule d'Ito &

° .
hi(Xt(x))y: , on trouve, pour tout x € R :

. a on, . .
@) myteye0r} = [ 8o 52 G oniee + [ mtc et



soit, changeant x en X_ (x) :
t t
o) [yt =nGit- [ 3 o @) B2 G Gk
ML e R Vg = BTy 2 Tt 3x, s\ FISES
o o j=1 d
et, aprés avoir remplacé dans (2.5), on trouve (2.1). w
Remargue 1 : 1' nypothdse (H) a lieu par exemple lorsque f est & croissance lindaire
et & divergence bornée.  m
Corollaire 1 : %, est solution de 1'équation de Zakel eu sens A'Tt§ :
Y Y Y o3 _
(2.8), amy = - div(ew )as +i§1 nmdyy o, om=w
ou, de manidre equivalente, au sens de Stratonovitch :
(2.8), anf = (- asv(enl) - L % e « ¥ natayt, of -,
2 t t 2 i it i ittt o

ol dyt est la différentielle de yt au sens de Stratonovitch.
Preuve : Il suffit d'appliquer la formule d'It§ & :

t t
[rermimns - fotn, 0 exe B ([ my 0 0005] - § [ 1, 000 et o

Corollaire 2 : On a la décomposition suivante:

(2.9) = =n”Yt .oy , avee :

1

* on, X
(2-10)  7(x) = exp ig {1, e - L é ) 5 (6, ]

t
- &K
@11) 5,G) -ew-1 [ij W0, ()as) | aet 32| w(x_ ()
1=1vo

ol seul ;Yt dépend des observations Y.

Preuve : évident. ®



III - CARACTERISATION DES FDF

Z P R he
Grace & (2.9), (2.10), (2.11), on a réussi & isoler la partie de ™, aui ne
dépend pas des observations, et, dans (2.10), i obtenir une connaissance précise
de la manidre dont sont pondérées les observations.

En effet, avec la notation (1.4), on a :
t
) T e Bt - [ 4000, k)

On va développer la méme méthode que dans [6], qui consiste & montrer que l'espace
vectoriel engendré par 1es(ni,=4(hi)]dait atre de dimension finie pour avoir un FDF.

Théordme 2 : les 3 assertions suivantes sont équivalentes :
(1) (1.1) admet un FDF.
(ii) dim Span ¥ < + (3 donné en (1.5))

(11) @ €N, ,...,0, €Span ¥, EREXT, Tl e € R, tels que 3

2 (8)(x) =re(x) e RS
hi(x) =m 6(x) , i=ljeeesp

'
o 8 = (85.00,8)
Prewve : (i) = (ii)
Si (1.1) admet un ¥DF, d'aprés la définition 1, il existe un entier r fini,
une équation différentielle stochastique sur R :
i
(3.2) da, =glag)at + § 4 (ay ayy
iz
et une fonction o : C° de R X R" dans R, tels que :
-y
(3.3) olay,x) == (x)
Bn effet, la partie o, peut dtre choisie comme en (2.11) sans restreindre la
généralité.

Utilisant alors (3.1), il vient :

A7
Ge)  depaleps) = § Do Gd - [ g (vtas)
i= o



(s)ds, a* e L' (R+;R), V¥i=l,e.e;p.  On va

chaiger, dass (3.4), 12 trejectoire ¥ en Y4e U-, et notons :

Soit alors U defini par Uy

(e) da (r+e0?) = ;l)(u*(‘lo»eﬂ ))dt+ o, (2, (v+er®)) (ot een} av)
3.5
(Y*s‘J ) =a,(¥) =

o

. N i . .
1a trajectoire du filtre corresvondant & Y+eT™ qui existe et est unique poir P-

oresque tout ¥ et ¥ U'. Dlaprés (3.4), il vient :

(-6) L (10g ola, (7+e0M),X,(x)) - Tog owa, (1)X,(x)))
N t N
= 0 (2 G0t - Lir(hi)(xs(x))j;' @

done la limite lorsque € —o existe, et comme o est C en a & x fixé, le second
membre de (3.6) étant lindaire et continu sur .'espace AC(R ) des fonections
apsolument continues sur R, on peut trouver r formes Lindeices continues sur

A (R, ) notées D, (a ) k=t,.00,r, telles que :

G.) 1 L (10g o(a,(veerh) 2, (7)) - 1og o(e,(¥),%,(x)
£ ™o
S5 2 (g 5,0t

R o (DR <Dt

- hi(xt(x))ﬂi - J: {r(hi)(xs(x))l?;ds EEARFCICH BT

Yotons g, (a,(7),x) = "—k (2,00, (x)), et

1
o(a, (1), (x)) o

montrons que hy, 4(}. ) s'expriment comme des combinaisons linéaires, & coefficients

indépendants ds x, aes r fonctions p, (a (Y),.),...,p (s (),.). Dans ce but,
def

renplacons d'abord dans (3.7) U™ par 1, % {Us =1, 0<s<t}. Onoovtient :
N r 5 k
(3.8)  ny(x) =0, (x, () - o"1,(hi)(xs\x))ns =k§ o (a (1),x) <Dy(a)sry >
Remplagant ensuite U' dans (3.7) par U,  défini par :
,

Ty, = 10, =1 v €[0,6], 7 € [0,1] Vo e o060, T ¥ >0, Ty € acR)]

Sour 6,0 > o tels que 6+x < t, il vient, pour o petit :
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| 2 @as o) = 3 p(a,(00m) <3, (6D g o>

o 2 k=1 - ’

et donc :

s T

[*’f(hi)(xs(‘))“ = gt e lag(1)x) ( Ja < D, (85),7g , 0)e
e

Aussi, comme l'application 6 -J 4(h (x (x))as est ¢ sur [0,t], on peut

trouver r fonctions 6 — Ck(at, ,e), de classe O sur [o0,t] ‘elles que :
e r
[ 200,600 = T e, )0) 6 (e19)
o k=
6m & T am
G| )y =00 = oG 4oy

Done, regroupant (3.8) et (3.9), on obtient :
= {n, L) |i=, s w1}
< span {p, (a,(1)50)5e00p, (2, (1)50)}

Ce qui prouve que dim Span ¥ < T.

(i) = (§ii) évident : si dim Span ¥ =r et si (e1,...,er} est une base de
#(8) =R6 avec R matrice (r,r).

De plus, comme by €}, ona : h (x) = L Ml " k\x) = M'G(x) Vi=1,...,p, d%0U

Span M, comme gr(u) S ¥, on doit avoir

ar

(iii).
iii) = (i). Posons c(at,x) = exp 2 a 8 (x) = ;Y(x), et identifions les
coefficients @ et dyyeesydy de la ‘ffusmn associde & a :

Par 1a formile d'Tt8 appliauée 2 o(a,, X, (x)) =% (X, (), on o, w € 2* :



o) (F (a ot (x, e dig o) g B (B oy (e (x,) o,  (e0ben

bl .
e 3 Ta (o)l x, (st
k=t i= ,

2.2 VAT
- B o emae vn e hlle, o)
e%, identifiant les parties & variations borndes et mariingales, avec

o fait que,
par définition, "(at") = nt(x): et que X estbijectif:

o ee® = n@, s
(3.11)

3 (g, (a6, )+ 52,606 + 5 B (5 o (a5, <1
o et e (6 ) (x 2i=1k=1“‘ikat ) =2

fhi(x)
i
soit, comme le second membre de la 1ére équation est égal par hypothese &

r

Tow e (x):

iy ik E

(3.12) "’i,k(a)="i,k il ,0005D; K= ,0ee,T

et la 2&me Zquation devient
x
2 (g, (2,08 (x)+ 2l (8,)(x) = ©

Utilisant enfin 1'identité : £,(8) =R 0, on ootient

T ;
(3.13) g a) =~ j2:21 Ropat o Klieeom

Soit finalement, comme d(ao,x) =1 =

=exp ( kg'ag'ek(x)) :

" & i
{dat=—Rat*.Z M dyy

a =0
o

(3.14)

o(a,,x) = ;Yt(x)
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et a, €R° Yo >0, ceoul prowe que (1.1) simer _e fi

dimension finie, et le -héortme est démontré. w

Corollaire 3 : Considérons les opérateurs Lo, L',. R

2 N (Rl
(3.15) 1,9 =-divl(ze) - T o é Hh Lp = he ishe.np ., Y€ O

Llelgibre de Lie {LO,L1,...,LD}LA engendrée par T ,I, ,...,Lp est de dimeusion
£
Prewe : 0n a : [Lo,Li]qa=4f(ni)w, [Li,Lj]qJ =0 Vi #i,
- 2 (pht

(1,011 1]e = - .(f(hi)qz. etc.... Vo€ C(RY.
Done {LO,LW,...,LP}LA = Span {Lo,hi,%(hi)(izi yeeesDs Ve >0}

ol By et () désignent les opérateurs lindaires ¢ = hp et ¢ = Li(k)p,
¥ ¢ € C7(RY). Posons ¥ = lhi,zg(hi)h:w yeeesps T >1}. Or a évidemment
din Spen M = dinm Span ¥ et :

{L)50y5eeesD by =Span (L} ® ¥) et le résultat est démontré, m
Corollaire 4 : Si dim Span M = r, la réalisation minimale du filtre est de
dimension r, et indistingusble de la réalisation linéaire suivante :

e si et seulement si dim Span ¥ < + o

dat=-R'atdt+§ M ody; , a =0

R S o
(5.16) y L
_ i
©(x) = erp(ig 2,9, (x)).0, (x)
ol (e‘ ) ,er) est une base de Span ¥, R et My,... M comme (iii) du théoréme 2,

et o, domné par (2.11).
Preave : en prouvant que (i) = (ii) au théordme 2, on a montré cue si dim (filtre

minimal) = r, alors dim Span ¥ < r.
Inversement, dans la preive de (iii) = (i), on =vait dim Span ¥ = r d'ol 1'sxistenze
d'une réalisation de dim r done :
dim Span ¥ > din (filtre minimal),d'ol 1'égalité.
Bnfin, comme (3.16) est une réalisation de méme dimension cue dim Span ¥ (voir
prewve de (iii) = (i) du théordme 2) le résultat est établi. m
Remarque 2 : contrairement & ce qui se passe en temps discret, R peut ne pas &tre
“e. C'est .e cas d®s qu'il existe ket i tels que .i;°(ei ) = 0.

°

inversit
Si cette propriété i liew Vi=l,...,p, & savoir :

. R 3 - " . . .
¥i, &k €N vel aue £ (h;) =0, on dit aue l'algtdre de Lie {I.O,L1 S

est nilpotente. Ce cas a été étudié dans [9].
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Cependant .a réalisation qui ¥ est présentée n'est pas m

paiscatelle n'élimine pas les dépendances .indaires éventuelles entre es
{,(S(hi) vi < 3(i), Vi}, o i(i) est .a premidre puicsance telle qie
5(1)

f(‘%hi) =o0. =

Remarcue 3 : Si 1'on discrétise en temps, et si l'on pose :
£(x) =x + atf(x) , ol At est le pas ue temps,

les conditions de (iii), théordme 2 redonnent au premier ordre celles déjh obtenues
dans [6], (iii), théordme 2.1 dans le cas n(x) = I. Cependant le filtre minimal &
temps discret n'est pas le discrétisé du filtre minimal continu, alors que la

N N Y
densité conditionnelle & temps discret converge vagument vers L Y-pes. « u=

Remarcue 4 : Les méthodes développées dans [3] ne permettent pas d'obtenir aue
dim Span ¥ < + =, En effet, on obtiendrait que dim Span M(x) < +% ¥x € R",
ce qui est besicoup plus faible puisqu'zlors .es relations de dépendance entre
les Si(x) peuvent dépendre de x. Une telle situation est impossible dans notre
cas puisque la matrice R dépendrait de x et 1'équation (3.16) ne pourrait done
plus 8tre un filtre. ®

IV - EXEMPLE : Capteur polynomial de degré p guelconsue
dxt=FxLﬂt x €R, y, €R, v €R,y =0.
(4.1) B
i
iy, = (iiaixt)dt +av, p > o aquelconcue.

On vérifie que : dim Span ¥ = p#, une base de Span ¥ étant :

@2) o,x) =1, 8, =x,  8,(x) =2, 0, (x) =

En effet, il suffit de calculer Fx 3— ( § a
i=o

i & i .
) = 3 «ifx et d'itérer cette
x e §

i

opération. Le degré du polvnéme obtemu est toujours infériear ou €zal i p, d'o

le résultat.



De plus, on 2 1ans cette base :

. o 9
n= Nad, =(a,..,a)8, soit : M= , avec © =[ I
e o D M H
D b3
BEnfin : Fx %; (e.l) = iFxt = iF9; , i=0,...,p, donc R est .z matrice diagonale.
o
Fop 0
R = c. et le filtre minimal est donné par :
0 oF
da Fop 0 a9 a 2 0
(4.3) Do=- t. I N A e s
P © P
as} 0 F) 2y o ap 0
. b4 § iy "
(4.4)  m(x) =exp( 2 apx Yooy (x),
i=o
@s) 5 -e J.j (% £ s FP(ema) ez, o (P

V - IMMERSION DANS UN SYSTEME _INEAIRE

On adapte ici les définitions et résultats de [4].

Définition 2 : on dit oue (1.1) est imnmergé dans .e systdme

dz =g(zt)dt N 3

t
(5.1)

day, =n(z,)dt +dv,
avee z_ € R® ¥t et g, nC , s'il existe une application 0 de R® dans R®
de classe O telle aue si 6(x) =z, alors :
( - >
(5.2) n(x (x))) = n(z,(2))) ¥ >0

N . . 4 _ -
ot z,(a)) est le flov solution de T+ 2. (s ) = g(zt(zo)), Z(z) =z. =



Théorime 3 : Une condition nécessaire et suffisante pour que (1.1) zdmevte un FDF

est cu'il soit immergeable dans an systime lindaire la forme :

dzt = uztot

= Kztat +dvy

Preuve : si (1.1) admet un FDF alors, par (iii) du théordme 2, on pose S(xc) =25
4
3, = G(Xt(xo)), h(xt<x°)) -M'O(Xt(xo)), et 7 zt-—-\’f(e)(xt(xo)) =R e(xt(xc)) =Rz

=e(x,(x))) et n(x(x)) =

t

t
done G =R, K=M, 1z =KeRzo,

t
1'immersion est done réalisée.

Gt
i = = > H
Inversement, si h(X (x)) =Kz (z)) =Ke 'z Vt>o, ona

n(x,) =Kz, =K e(xa). Puis, en dérivant par rapport & t :
Gt
(r(h)(xt(xp)) =KGe 'z

ou, pour t=0:# (n)(x ) =XG6(x ). De méme, on voit facilement aue

%’;‘(h)(xo) :Ker(xo) Ve >1, et ceci pour tout x) €X' donc © = (8 r--+10)
engendre Span ¥ et dim Span ¥ < m, CQFD. w

Remsrque 5 : De méme qu'en [6] dans le cas n(x) = I, tous les systémes (1.1) qui
sdmettent un filtre de dimension finie peuvent tre transformés par changement de
coordonnées nonlinéaires en un systdme linéaire. Cependant pratiouement, aussi
bien pour des questions de dimension que de stabilité mumérique, il est souvent

plus ircéressant de travailler en nonlinéaire. m

Conclusion : La classe des systdmes (1.1) étudide ici, ou son équivalent 2 temps
discret (étudide en [6]), a pour spécificité de ne pas avoir de bruits entrant

dans la dynamique. C'est cette

opriété qui, aussi bien en continu qu'en diseret,

permet d'obtenir des FDF sous des conditions moins rastrictives aue dans le cas
des brui:s de dynamique. Notons que la condition de finitude de l'algibre de Lie
de 1'équation de Zakal est obtenue ici, comme dans les queliues exemples connus

avec bruits de dvnamiaue ([1],[21,[3),[51,{71,[8]).



[1

[2]

(3]

(4]

(5]

(6]

{71

[e]

[9
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PARTIE IV

Méthodes de graphe pour le découplage et

le rejet de perturbations des systémes nonlinéaires






RESUME DE LA IVime PARTIE

Méthodes de graphe pour le découplage et le
r:jet de perturbations des systémes nonlinéaires

Cette partie est consacrée & 1'étude du découplage et du rejet des perturbations
pour les systimes nonlinéaires de la forme:
B ¥y Mo
=1 (x) +3 e (x) + T v, (x)
° . i . i
i=t iz

@)

=h (x)

hp(x)

ol x évoluesur une variétd anslytique, ol £ s £ seevs £y €L & seee, gy son:
des champs de vecteurs analytiques, et ol les fonotions h,...,h sont analyviques,

chaque ¥, , i=f,...,p Stant scalaire.

On montre que les algorithmes de découplage existants pewvent tre améliorés de
manitre sensible en évitant un grand nombre de calculs de dérivées de Lie des sorties
b, le long des chemps de vecteurs £ , £ , g, car celles-ci peuvent s'inver-
préter de manidre élémentaire sur le graphe du systime (J). Plus précisément, on
aérive les sorties -e long de £, £, et g, pour connaltre les retards minimeux du
systeme (2). Or ces retards se lisent directement, tout ax moins gérériquement,

comme la longueur du plus court chemin reliant l'une des entrées i la ilme sortie.
L'algorithme est présenté dans le fer article.

Le second article est consacré i l'zpplication de cet algoritnme =a découplage

d'un bras de robot.

Les commandes ainsi obtenues dépendent de param®tres que l'on peut optimiser

pour obtenir un comportement entrée-sortie donné, en particulier linéaire stadle.
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A_PAST CRAPH TWEORETIC ALGORITEN
FOR THE FEEDBACK DECOVPLING PROBLEM OF

NONLINEAR 5

A, kasmuskr and LEVINE -

CT : The feedback decoupling problen of nonlinear syatems is sctually well
understood in a theoretic point of view. fowever, to compute the decoupling
feedbacks, the only method known by the autlors, corsists in using a foraal
derivation program to check if differential expressions are null [3].

» snd deduce a faster algoritha using the mininal length of the
paths joining one of the inputs to the ith output.

(*)  Instizut Automatyki Politechnika Poznanska
60965 POZNAN, ul. Piotrowo, 3A,

L.

(#* ) Centre d'Automatique et Informatique
Bcole Nationale Supérieure des Mines de Paris

5, rue St Honoré
77305 PONTAINEBLEAU - FRANCE.

(+#)  The first author was supported by a scholarship of the
Himstire des Relations Brtérieures de la République Frangaise.

I - The feedback decoupling probles

Ve consider a linear-analytic system, given in local coordinates, by
Xy [T
=g (x) e 0 outr ()¢ I wig (x)
° o b FE

=n(x), 1

)t

where x belongs to a connected n-dimensional
are the iaput functions, Ry, -y By and ki,
analytic on X, and where :

n
3
Py (x) .Lrg(x) RIS

analytic manifold X, u « (',

i

<eus kg are the output functions,

)

o0 -8 el 2,
3= 3

are analytic vector fields on X.

The feedbac decounling problen consiats in finting analytic functions (a*83),
ety

eventually define! on an open subset O of X such that




551

the feedback control

X
wix) = d' ) + %l PR SR P | (>)
FE ]

mekes the p outputs ¥, ...,y locally independent of W', i =1, wu, Ko

«» N, the vector fields obtained by the feedback (2) :

¥e shan) denote F, 1 =0,

R Xy R n
B0 =g,) 02 ety R0 <2

#(x) 2
o
)

- p 3 - L 3
£.(x) =3 pl0r, ), F(x) =2 k) s A=, K.
1 1y 1 i) 5

31 EEt 3

The problen is actuslly well understood and the differentisl geometric
methods [4] together with the slgebraic ones [1] draw an almst complete picture
of the theoretic solution. In the geometric approach of the “structural” decoupling,
Ve introduce the mextzal involutive distribution 5 of constant rank, vhich is
(7,7, Fy)-invarient. Isidors, Krener, Gori-Giorg: and Yonaco (4] have proved
the following :

: The structural decoupling probles has a local solution if

span { 6yeensBy}l S B © e

and only if
Yy (a)

Furthermore, J can be obtained by the following induction (see [5]) :

8, = span {ahy,e.an ) (5)
X
5= 3 + )
e = L e Aer e
where 1L, is the Lie derivative with respect to the vestor field 7, and
s (UR) . ()
k?OﬁK

The algebraie methods, u:

£ Fliese! anputeoutput mep repressentation, cive
“functional® point of view : in place of a distribution, one looks for a module 7
of vestor fields, playing the same role as the distribution 5  bur eventaslly
Vith a ron comstant rank (see [1]). Claude {1] has proved the followng :

rem 2 : The OULPIS ¥, +er, ¥y Gre decoupled with respeot 0 ¥, wey ¥

if and only if there exiats an snalytic mocule 7 which is also a Lie subalgebra
of vector fields on X such that :

N r
e N e ©
&

with Py defined by (3). w

Furthermore, a and B can be computed in a purely algeoraic way (that is to
say without solving differentisl or partasl differentil eysations) by the
procedure descrived hereafter.
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For this purpose, ve need the :
Definition 1 : The characteristic number py of orer i is the unique integer
satisfying :

L p L .
35 € [1,0..,0) [N 0, and : (9)

¥3 € {1,000, va €lo,.

FFh = 0. (10)
Ficks

I - m, se, enaar R iFB AU, p =0
o3 ylv:hi,c ¥3, ¥a, we set o, n L X

Remaric that Fh = 7 (F2'h) s a polynomial of differentials of hy up to the
order m, and  that F°h = h. p _canbe interpreted os the minimel nusber
of such that y. is affected by one of the u .

To compite a and B, e introduce the following quantities :

PP 3T, e W (1)

&0 < p RE G L 5=,

06 = 5, (0 (&), 7,0 (@), eny B CIR(0)) = (0,50 (2)
6(x) = Bny ()R (I (7 s ooy B8 @) 4 1 =1, yp (3)
FEE PO

with § and 3} arvitrary analytic functions.
Letus call : & the p XN asatrizvalued analytic function whose (1,3)
), and ¢ the p XN matrix-valued analytic

element is 47 , ¢ = (9,
function wkose (1,4)™ elesent Lo o],
Theorend : 1r o F%h =0 Ve €it,.
condition for (a,8) to realize the local functional decoupling of (¥), is
that (a,B) locally solve the systea :

)t

M), ¥ <p, , a necessary and sufficient

s
(14)
% =u
In this case, the change of variadles :
3
i B
By eees Xg S F v i (15)
puts the systen () locally into the form
(16)

n

5 i
22k, L x
FE R PsTa
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Clearly, this procedure anvolves a huge smount of formal caleulus, especizlly io
determine the characteristic numers p 4 1, .., p ¢ one aust dafferentaate p)
tines the expressions h, PRy, etc..., whose conplerity it groving very fast,

and then oheck if Ffh. ia null or not. A progran has been developpea by

Claude and Dufresne "[3), using the langusge KACSTMA, to compute these forsal
expressions.

The ain of this paper is to introduce s faster methoq o cospite o vith
the mimizal nusber of forsal differertiations : for this purpose, e shall prove
that the nuabers Py can generically be very easily obtained on the system's graph.
Ve shall also give a lover bound v, for b, in the non-generic case, still
obtatned fron the graph, and prove that exther v, € mei or

0
s
These results are finally synthesized in an algoritha to compute (@)

I1-The systea’s graph

As in [6], we introduce the following system's graph :
Definition 2 : We call T the system's graph of L in a given open subset O of X
“ith given local coordinates, the oriented graph whose input-nodes are

fu'yesay'y¥ 4uea, W), Whose intermediate-nodes are the state variables (x,

=),
and wnose a6 (3y,0mry ). The orsented arca of T are obtained s

follows :

« There exists an oriented arc wigning u to x, iff fi(x) 70 ino
. N
comy and Soigmng W' to xm aff g(x) Y0 ino

n.

2
- There exiats an oriented arc joining % to x| iff Mx) 7o
00 3K =1, ey e %y
dY\£
. There exists an oraented are joining x, to v, iff —* (x) £0
in0y i=1, ., p k=1, ., 00w 3

Definition 3 : We call d(u,y) the minisal nusber of oriented arcs of T forming
an oriented path joimng w to v, and 4, =Mun dluly,) =
2 N s
1@ 2
ntroductory exspple tn =3, K =1, ¥ =1, p =1, £(x) {0, > (x,3,) 70.
- N
£ = )+ ()
2
1o (xp0x,)
T, =10 + .
) |5, = 120, m,0my) + e, (xyn0my)
vy = nlx,)
The systents gravh T
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It san be easily seen that &, =d(uw,yy) =3, d(wy,)
We shall prove that we can predict that, generically, Py ﬁ' -2 =1, and that
aluy,) >d, asplies Gh=0 and CF h % 0. To check our assertion, let us &
back to (9) and (|a], nmi compute p,  We first :hnnk that (5 n)(x)=r, (x) & — (x ) =0,
@) = g, () 22 (x,) w0, Thom H(r,)e) - £ (x) 28 (;S)A}(x',xzfgf( iy
2R ) - N YR G G - 0
wd s 5o

A
pinatin, ve siso veve = (2 B 0] 8

RS ETE

) =0, as claimed above.

Thus, almost without computations, p, and the relations Gh =0 and
GyFyh =0, can be deduced fron the systea's graph (ve only need to compute F F b !).

Clearly, the systea's graph the structure of the of the

input end output variables versus intesration of the state varisbles. Thug, it

is not surprising that, in seneral, bue renerically only, the minime) length d;

represents the minicug nusber of for the wnputa to affect ¥,

namely py, up o a constant equal to 2 since the first and last arcs do not
represent integrations.

lemark :in T, we do not take into account the fact that £, «..y fy» Bs -es
depend on X, ..., X, OF mot. For our purpose these interactions do mot play

any role in generic situations and, if they play a role in non-generic cases,

the profit of the graph's method vanishes, as will be seen after.

III-The characteristic nuabers

, their lover bounds , and the systea's graph

2%
Besidea the characteristic nusbers

3

we shall introduce the nusbers v

i
defined as follows :

Definition & : The number v, ,
E I LN

.y By i3 the unique integer satysfying :

Ky € 11y wegn] such that

40 in o, (18)

e, €l el e have

" o o i
F 3 ap 20 im0 w (19)
% %, %,
Now we can state the main result :
Theorem 4 : . vy =d =2, 1=, ey P (20)
Ly e, and by generically =1y ey B (21)
By generically, we mean : for every systes L whose coefficients
20 outside a closed subaet, with
S R R T ed aub
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empty interior, of the space of analytic veetor-values furctions on O X.
Proof of (20) : From the definitionof vj, since :
¥
A A
e s foin o,

PR TSR TS
B, P
on
we also heve 3= ¥ 0 , which means that there is an arc from X, to ¥
%, o
*o
o1, Ky,
w neans e Jx, ) belongs to T, ete..., a 1
T ¥0 . weh et ne are (s, 15, ) velons o wa £y
1
s0 that (uJ.xkv )er Fnaly (a, %, T ;) dsan
oriented path of I Joimng W to y, of length v +2. Thus, sunce & s
the mimoum, v, +2 2
On the other hand, suppose that there exists a path of T of length
T <v; 42 joining w toy By defimition of T, end using the same argument
as before, we must have :
\ X
K, 57 o omy ,
1752 32 3= FO i o
xS T
" %
but this is contrary to the definition of v, and finally and  (20)

o
is proved. ®

7o prove  (21), e need the following notations :
Lot ua sntroduce the suwvsets 12 snd 13 of {1, o, nl, Y320, by tndsotion ¢

o
L. ™ s
Ry €l el I 0 ol = (22)
3

and , 3>t s

3 ot -t P en X

ri = el eenl-FT E G e e = 70 in o},
",

oy -

# Ui (2»)

Let us wlso denote by = (i, .., k) the analytic function an G defined by
X
of > a1 ° 3h,
- o 1
ox, &, o
y “

73 4o thus the set of state varadles 5, hat sppecr for the farst tase in

. 4)

xy s e 6
o

Fl
m ey veey kJ) (product of 341 factors), and that do not appear in any of the

ORI N
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ko) + 2,52 (25)

where @ (%) 1a o Linear combination with anslytic coefficients of all the terss
of the form %, (k;, . gy €T, and

w11y

a-1-r

2 o2

o wlepennnk)  Yo<mt, Yo, e k€T
o1 o0

¥ith the convention : 9, (f]') = 0.

Proof : By induction on m. The lemna is trivial for @

LR M, and tus 9 20,
o e o
° >

o

Suppose it holds up to m. For m 41 :

: .
0B - 6 0

. o
s 2 o -2
= E{o ox, (qu £, "‘i(kn' ey kn—l) ‘Qm(l‘i )
TR
o
o e
ST T (e, ek ) e aylieys eer )
PRl S U SR 'y Ugr woen Ky
L Xkl
«
VR 8 (7))
o
P
o or
}Eu"‘ DA SR Y [CIEEN N e k)
X ‘.

2
s () L

X o
Clearty £ )l )
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i . € efinition
o Ry (kg ook, () B0 Ve €T by defintion of 17,
> .
© (P2) =0 W, € ¥ for the same reason, and 1t 15 eusy to see that :
&, alh s ¢ Ty
s
X,
— et
2,5 k) £ — e Giegoe

satisfies the desired property, and thus the Lempa 13 proved. ®

Proof of (21) : a) let us prove thav o > v,

Fron Lemma 1, ve have

. v
Foln o= D0 (3
R

XAt
[ed

and, uring the swse grgimerts s an leras 1, v £ind
.
"
R
o

ps o

iy o= i +
L e k’;) k}: .
i o’ ""p£

Kk _€er®
3
s
kpirl
B R T D S R AR 6)
o o) * b %,

o a
Stnce ) €11, ..N] such that P¥C%, ¥ 0, there 10 at least one tern of (26)
not identicelly 0. If the first ters is mon O, nemely %1 (k, oy k) ¥ 0O
s

by defimition of v, we have p ® v.
If the farst tem is O but not the second, namely ¥, ) o

, this means that there is

o5 . -
for ko ..k, (B}, using the definition of T
which is non zero, and without loss of

also a subproduct of w(k,, ..y k, )
X, )70, and this piot > v,

generalaty, it can be assuned that > 1173 % (i,

Applying the same argument to each tera of (26), we finally have p > v,
) Let us now orove ihat b, - v, Eenerically.
Suppose that py > v, This means that

T N, W= -1 (21)

PR =0 Y
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But (27) 1o a systemof N(p,-v,) non trivial partial differential ecuations
in the variables {7, £, by and their particl derivatives, systea which is
integrable in O since the coefficients of J give an analytic solution, by
assumption. Thus, it is well-known that the set of solutions of (27) is a

closed subset with empty interior of the space of analytic vector-valued functions
on O, endowed with the unifors topology on the compacts of O. This, py
for almost every 5, ard the proof of Theorem 4 is achieved. m

Sorollary £ If v> o1, then by =y, =+

Lot ua firat prove that I8 =, ¥ <1, ooy b

Proof.

Tvo cases can happen ¢ ettrer 7 =f , or 17! A4

Fron (23), it is clear that if 7' =4, then [ = § also.

0n the otker hand, 1f I}~ ¥, once more fron (23), we see that
#

there mist be n elesents in :

4+ T3 # §, and, since there is at least one clement in each I},

B U U, Ut e el b= T < 6, and e have
proved that [} = § in every case.
Now, if vy >n-1, onehas ®(k, .eey k) =0 Mk, .oy kg, YrSnt, and
since 2=, one has also %, (k) oo k) 1O Yo n, and thus v = e
Finally, since p, > vy, U
Remari | : From the corollary, we conclude that v, is computed in at most -1
steps, and, generically, the same folds for py. The result for p, was proved in
[2).
Fouever, it is remrkable that one can have v, <n-i wheress p, = +® as the
follox

result is proved. w

ing exazple proves :

Xy = - ux,
v o=xx,
It ia very casy to see that v :0, but p = + < since

:ix‘x2> A

ox,

1 2

. Pinally, this suffices to prove that p = + = since

and FFh =0 since F,
n=2.m

Remaxk 2 : It would be a nice result, if p, >v,, that there exists a (non
mininal) oriented path from one of the u’ to y, of length p <2
Unfortunately, this is not true, as the next example shoxs :




& “wm

' 1
Boe e v
s

reas o=

We hsve v =0, wh

2 S (s - PR L
Fhoox = (x,x,2, )my e (x, % 0, Gn-x, = (2, %%, »ox, e (22,7, )20,
Pne fug 70

T, there is no oriented path joining uw to y sth

But 1t can be seen that, in

path of length larger than 2 as

Length squel to p 5 2

(61 550 %0 5,07) of length & This, 26 g >, ve ew tht the graph doss ot

sive anyeare dnforsation on b, tovever, to compute FETh Witk >,

and 35 there S ro path of length £ 42 in

first term of (26) (vith r in plece of v, ) since if there were a non zero expres-
eh ontraicta

T, it is 10 need to compute the

here atould exist ¢ path of length r 4+ 2,uh

sion in this ters,
cur acsuzptaon. &
emerk 7 : the two preceding examples give a good illustration of non-generic
setems : in both there were orthogonality relations between F, aid h, fo tnst

fons ®(k,) wre 70, but their sun fa 0. Of course, this i

erk 1, wxin (e

¢ gmenie, for afwe change, for sunple 1
(e zgory 3y = cay%, 70, 8
worth rhting that 1f 5 < vy, %o necesssrily have

ve obt:

1oy N In the

example, ve rave

12 useful to wvoid computirg a musber of formsl o

3 3,
or, more precisely d;, is obtained only for paths joining w'l, ...,u’r
3g» and one needs to

o ¥y, one can be sure that BRI R =0 W7, .

oheck on2y thone expressions B Fuing, -y Ty Fobh, for miniaal patia. #
IV - Deserition of the slroriti.

11 the following computatiors mst be done formally, for exasple with the
Languages MACSYMA or RENDCE.
4. The graph T

To s

©0id a cosplete construction of T with a number of useless nedos




one can deteraine 4
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2, and U the subset of the (u)...,uJcorresponding

to the miniaal paths, direstly from the data of T, and by a dynusic programming

aettod ©
. Starting tron y,(4 =1,

Then, for every x, such that

o, o
(uj,xk) tn T by £ 0 I (ahg )ET, then 42,y
o

- - )T Yo, ve change
o ok

T, Y L
=,

ve test 1f there

is no arc from ud, W3,

'

the subset of the

Computation of b,
. We first compute P“‘n‘,ihs
Two cases can happen :

" 1)
+ either P8I0 40 for at

Thea b, = v, 8] = Yo sueh that wd € u
¥ such that ud Vur
If v =4, then p =+ and the 1" lineof 4 can be deloted.
v
g 3
cor BESh w0 ¥y suchthar wl ¢ u‘
Then g > v, and one mat cospute PETh Y3y, s
¥5 =1, veey N, until the moment when one of these expressions becomes non 0
(p, 1is then equal to the corresponding r) or until r =n-1 if every
expression s null (then p, = + ).
it p, s finite, the 1" line of the matrix 8 is cbtained by computing
erery expreasion (11) for =1, ..
It p, <+ one candelete the 1"
3. The comsarimon between o amd .
L1f by <uy, wo have GET S0 Ya<p, Vi
LI by >, ¥e have to look further if
4, o ]
o =0 ¥y suen tnat W €,

st atter it GE%n, =0
Tuo cases can mappen ¢
Cogth o <o, ¥,

» ), we build every incident arc with:

70 ; then again, for every x.K

isanarc(u,l. ) in T by r
to evers'path of length <n-1, then
The same procedure can be done in parallel to deteraine Min d(vl,y.)
f

<y

and the matrix

oy
° i’ﬂxk

(x 4y;) €T, we test if there is an are  ©

=0 anaudeu
f i

12

. , and build every incident are to

such that (vk‘,ﬁ‘n) €r,

into x_

' %0, and 20 on. If there

u

o ") correszonding to the (u42) length

a
¥i such that uw’ € U,

leastone j with we Y-

Ya

S IR P N

then the ecoupling problem has a local
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solut.

iff the systea

hus o local solution (a,f)

Bl el such tha

y 70, then tne

decoupling problen has no solution, i the system is fi
Ple up to the order ), ¥a,). (see [2].
4. Inversion of tre systes (16). Same ue &n [2). ®
Remark 5 & 1f vy < Py &nd if 5 has a lorge dimmsion, 1t ean be useful, an tue

eralustion of

wely decon

hy with m > v, to remurk that if th

3 ro path of length

v 42 joining Wity in T, ever oxpressior 58w (s k) o
necessartly mull, Thio, we eliminote this wey n Tormal differeniiations dn
PEtn w

don

Remark 6 : Tt i clear tnan tma: method in more efficrent for larger vis and
b, und if U does noT contmm t00 mun elements,

larger m, By By po IT vy
we need & very low nuber of formsl derivations and the efficiency of thicmthod is

the highest. On the other hand, if v, <p,, since 4 minimal length in T i

computed mich faster than a formul derivation, the economy of time grows with vi. ¥

¥ - Conoluaion.
Ve have proved that the fessback decouplang mothod of Cluude and Dafresno [3]

can be significantly sumplaficd by the antroduction of the systests graph.

graph has the property th

and the inguis (o,

t tne mimal length ¢ between the i output
U, i y ool to the 1'" cherscteristic
musber o, Plus 2, and in gereral susller or sauel to p, +2. This property

can be used to avoid a nusber of forml computations and 1s all the mor:

generics

officient
es 4, is large.
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A PAST ACORTTEM POR SYSTEMS
DECOUPLING USING FORMAL CALCULUS

F. cmovs).', J. LB’INB“, P. wILLis®

MBSTRACT : The feedback decoupling problea of nonlinear systems is actually well
understood 1n a theoretic pownt of view. However, to compute the decoupling feedbucks,
apart of [9] the only method known by ‘heauthors, consists in using a formal
derivation progras to check if differential expressions are mill [3]. We firstly

n of these expressions in terss of the graph of the

recall the g
systes and recall the algorithm of [9] using the mimmal length of the paths joiming

ric interpretat

one of the inputs to the i output. Secondly, we describe the program, and give an

application to the control of robot arms.

(+) Ecole Polytechniaue
91128 PALATSEAY

(**) Centre d'Automatique et d'Inforsatique
Ecole Nationale Supérieure des Mines de Paris
35, Rue Saint-Hororé
77305 FONTAINEBLEAU ~ FRANCE

A - THEORY

T - The foedback decoupling problen :

We consider a linear-snalytic system, given in local coordinates, by %

W ¥

£ a0 00+ Babr () v

() i

v = m () k=t
where x belongs to a connected n-dimensional analytic manifold X, u = (u ... ,u")
are the input functions, b,...sh, 87 the autpat fusotions, analytic on X
and where

B = L0, Lo

B )

a0 = E i, s

e fa on

are analytie vector fields on X.
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The Seeduuck decouytins br conelatn dn Findine wilvite fanetions (ab63),
Lty g =M, eventuslly defined on an open subset O 0f X cuch that the
feedbuck conirol

»
wix) = o) s T8V L e (2)
2=t 2
aakes the g outputs ¥, ,eee,y locully wmaependent of v =l,...,N. ¥e chall
P20, 0N, the vector fields obtained by the feesbeck () :
B " B Ny e
00 =600 v 2 a6, R _‘E,ro(” S
N " )
3 7 . 3 o _
£,6) = JE]’;“”J(”- B« ,E:,r‘(’) & oM

The problem 1c sctually well understood ny the differenti) geometric methods

[4] together with the algebraic ones [1] drav an almost comglete pictre of the
theoretac solation. In the ceometric spyrosch of the "structural® decospling, ¥e
antroduce the maimal amvolutive distribution A of constant rark, whach is

(8P, oo s Fy)-snvarsant. Toxdors, Krener, Gori-Grorca and Honaco (4] have proved

following :
Theoren 1 The structurol decoupling prodlem has a local solution 1f and only af

—

®
o< ae 0 ver . ()

Furthernore, 5 can be obtained by the following induction (see [5])

ang} (s)
: =)
- + g
LA SRR )
wnore 1 e Lie deravative sath resvect 1o the vestor faela F,. u
()

pe(U ) w
k=0 A
The algebrasc methods, using Fliess® inmut-outin! may
in place of a distribution, ore looks for a aodule M

representation, give a

"funetaonal® point of viev
155, plaving the same role as the distribution B but eveniua

% (see [1]). Clunde [1] has proved the following

of vector f:

a non constant =
Theoren 2 The outpits ¥y yeeeiyy
and orly 1f there exists an wrelitic module 77 which 1o slso s lie suoalgebra of

“re decourled nilh respect to

vector fieids on X such thet

oyd = P ¥ ®

walanen oG

- oan
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ceople

wath B, defined by (3), and ¥ = {p: vector field on X|g(n) =0 ¥

Furthersore, a and B can be computed in a purely algebrarc way (that is to say
without solving differential or ,artial differentisl equations) by the procedure
described hereafter.

For this purpose, we need the :

Definition 1 : The characteristic number p of order i is the unique integer
satisfying @

N Py T
& € {1y W) s P FOIR 70, and (9)

Vi€ Dyensti]y Yo € (0,enip 1)y FEDn 200 (10)

1 Flvfhkio ¥i Ve, weset p, =+, and if 3y :®h 70,0 0. ®

Hemark that Fohy = F(F2'h) i3 a rolynonial of differentials of hy up to the

order =, and that #h = n,. can be interpreted as the minimal number of

3
¢y
such that v, is affected by one of theu.

To conpute a and 8, we introduce the following quantities :

B0 = 2R (), L=ty 3= 1)

e (12)

)
- (om0,

00 =

(0, (2,8, (01, (0),

Pi
LN DA S PRt (13)
FET ]

) = W, (0,7, (On, (<),

with g and w;’ arbitrary analytic functions.
Let uo call : 4 the p X N matrix-valued anelytic function whose (i,3)™ elenent

is 83 9= (9ee009)" and 4 the p XN matrix-valued snalytic funotion

whose (1,3) element is o
Theoren 3 : If Gﬁs"x =0 Ve € {t,...,M], Yo <p, anecessary and sufficient

condation for (a,8) to realize the local functional decoupling of (E), is that (a,8)
loeally solve the systea :
fa =

?
o 08

In this case, the charge of varisvles :

(15)




. ¥
o iy, E g i
_.i(xo,....xpl) jz wA(xo,...,xoi)vl

ope m

[t
deternine the characterstic pusbers p. , i =1,
Fhy» ete..., whoze compleraty 1o growing very fast

rly, this procedure involves a huge amount of formal caleulus, especially to
)P i one must differentiate

by ‘times the expressions h

and then check if FFon, 16 nul or not. A progran has been developed by Claude
and Dufresne [3], using the language MACSYMA, to compute these formal expressions.

The 218 of this paper is to antroduce s faster metod to compute b ¥ith the
minimal number of formal differentietions : for this purpose, we shall prove cthat
the nusbers p; can generically be very easily obtaned on the systen's graph. We
shall also give a lower bound v, for p in the ron-geveric case, still cbtained
from the graph, and prove that ether v, % m-i or v =p =+ These resulis
are finally synthesized in an algorithn to compute (a,B).

T1 - The systests grash :
45 1n [6], ve antroauce the folloving svstea’s graph :

Definition 2

Ve call T the systea's graph of T an a gaven open subset O of X
with given local coordinates, the oriented graph whose input-nodes are

o'
and whose tes sre (3,,---,,)- The oriented sres of T are cbtawned z¢
follows :

i), whose anternedtatenotes are the state varaables (x,,

- There erists an oraented arc joigmng u' to x f £} (x) 70w o,
£= el ko= fn, and jounging ¥T o x, oy & “(x) ¥0 1 0,

FE T A n.

« There exiats an oriented arc joining % t X Aff f(,) 700,

30 K = 1peeene

re ex re oining x to jact
. There exists an oriented arc joining x to ¥ iff “k(x) #0ano,
Pk =) w
Definition s : Ve call d(ul,y,) the mrinal mumer of oriented res of I formn:

orsented path okning vl to v, end 4. = tan 4(udy ) w
o

1=t

- 283 -
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213
An introductory example : n =3, N =1, M=1, p =1, £,(x) ¥0, ;3> (x,,x,) ¥ 0.
1

R A CH NS (
M 2
£o(xpx,

o {7 G0
f

3
Ty m 2k vmprmg) e Gy xy0x;) ®

= n(x,)
systeats grash T

Tt can be easily seen thdt 4y = d(uy,) =5, d(wy,) = ¢.
We shall prove that we can predict that, generically, Py = 4 -2
4(uy,) > ¢, izplies Gh=0 and GF h %0, To check our sssertion, let us go
back to (3) and (10), and compute p,. We first check that (7n)(x)=t, (x)3iAx, )= 0,
]
B ) e o, then (ot 2 on
(M) = g (fx;) = 0. Then : (2m)x) = ) 2ty ¢ 220n, By &
3010 ~ oh - of, oh "
+ Q) = 12l ) (AR = 1 (1R 5, () 70, ant thus

and that

2

o Maon , 2 o2
vo also tave 0,70 - g (RO, @2 2%y, I
Finaliy, o a1so tave 0,2+ (2 H ¢ € 2E) 20, s crosses wove

Thus, almost without computations, p, and the relations G,h =0 and GF h =0,

can be deduced fron the system's graph (we only need to compute FF h !). Clearly,
the systen's sgragh synthesi the structure of the £ the input and
outout varichles versus interration of the state varisbles. Thua, it is now sur-
prisige that, in eneral, but penerically only, the ninipa) lensth d; represents
the ainmum rusber of for _the inputs to affect y,, namely p; up to a

constant equal to 2 since the first and last ares do not represent integrations.

Rerark : in T, we 40 ro% take into accoust the fact thab fiyeesyfyigysess iy

deperd on X,,...,x, or not. For our purcose hese interactions io rol jlay an/ role

oee
in geseric situations and, if they play 3 role in non-zeneric cases, the profit of

the gruph's nethod vamshes, as will be seen sfter.

III - The characteristic b,» their lover bounis v, ind the sugtents ur

Besudes the churacreristic nuabers p , e shall iatroduce the rumbers v,

v
defined 1) follows

Definiion 4 : Tho mumber v, & 1,
€1,

by 13 the unique interer satisfying :

Py € [1hein] aueh that
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K,

K, of 21 #1.° on

R —“—hy = Joino, (1a)
v, ky o

and 2 Y3 € {1, N, e <y W peek € [yeend, e huve

kr—v ko
T e o
? ‘kr xKi ﬁ‘o
Theotem 4 :. v, =4 =2, 2 = Thene (20)
and v, = p, genericallyt =1, (21)

By gencrically, we mean : for every systen I whose coefficients
» lie outside a closed subset, with empty interior,

£orTysmee s TEy s By
of the space of analyiic vector-valued functions on OC X, the functions f.f .0,

hys depending locally on the seme varisbles s those of the oraginal systes

Vo=

Corollary : If v > n-1, then pg
Resark 1 : From the corollary, e conclude that v, is compu‘ed in at most n-i steps,
and, generically, the same holds for p,  The result for p; proved in [2).
However, it is renurkuble that one can have v < n-1 wherew p =4 % = the

following exanple proves :

‘ ®
| e &

Tt i3 very essy to see that v =0, but p =+ since
a(xx,) ) 3(x,%,)
>, 2 ox,

and FFh =0 since P, =0  Fanally, this suffices to yrove that p =+
since n=2. w

It vould be a mace remilt, AT o > v, thet there exists a (ren mamsl)

Renzrk 2
oraented path from one of the uw' to y, of length py +2.
OUnfortunately, this 1s only true for laneer systems. A counterexemple in the non

linear case



t)
i = xg
i =u
v =xne
- -
We have v =0, whereas p =1 :
A (y 2 xx,) = =x, = (xxx )ox, 3 (2 x
Bk o (ryxx5)-x, %, (xyxx5) w0, oh=x, ox, (Gryxxs)-x; oy %y 255" 0

Foh = x,xs%, 5 BEh = xxx, ¥o.

But it can be seen that, in T, there is no oriented path joining u to y with length

equal to p +2 = 3. The only path of length larger than 2 is (uyxgx,,x,,¥) of
length 4. Thus, if py > v, ve see that the gragh does rot give anymore information
on . Towmver, to cospute ®,F%h with ¥ > v, end if there fa 0 path of length

T +2in T, it i3 no need to compute the terss of the form (18) (with r in place of
v,) since if there were & non zero exprension in these teras, there should exiat a
path of length r +2, vhich contradicts our assumption. §

Remark 3 : the two preceding exemples give a good illustration of nom-generic aystess:
in both there vere orthogonality relations between 7y and h, 5o that the expressions
(18) are ¥ 0, but their sun is 0. Of course, this is non generic, for if we change,

(15 0)x, x5, 5 e, 7 0.0

for example in Resark 1, ux, in (1+c)ux,, ve obtain :

Hemari 4 ¢ Tt is worth noting that € v, v necessarily have FFTh %0
AC RPN In the same way, going back to the system (17) of the introductory
exanple, we have d(w,y,) = 4, and thus G FTh =0 ¥r < 4-2 = 2. Alao, this remerk

is useful to avoid computing u nusber of formal expressions : if or, more

ST to g, one can be

expressions

TV - Description of the aleoritha :
ALL the following computations must be done formally, for example with the
languages MACSYHA or REDUCE.




1. Ine grarh T
To avoid & Gomplete cow trustion of I vath a mnber of useless poces und ares,
one cun deterrane 4. = v ¢ )

L and W the subser of the (u'

-u") correspondang
to the munmsl patha, directly from the dute of I, and by o dynamie procrammne
method :

- Starting fromy (3 =

Then, for_every % such thet (x, v,) € T, ve tost 18 there is an are ()
o

o o
inTby £°¢0. If (u".ﬁ( )€r, then d
3 o )

wd
0 and u’ €U

<3 G V0 Yo v chance v, anto x,
2100

and buald every incident arc to x
o
by 5= ¥0 i then sgoin, for every ,

such that (5“ y%) €r,

e mx if there is en are (wlx ) in Ty £ 'do,

and 50 on. If there 15 no arc
from ud, Y3, to every pathof

longth < o1, then v e
The sne procesure cun b done  gerallel to deteraine Hin d(uJ,yx) .
and 1, the subset of the (v ,...,") corresponding to the (u 7 7) length in T.

2. Conputation of p; and the matrax .
™) uch that u’
Ve first compute FEh ¥ such that u’ €U

Two cases can happen :

- exther P in 70 for at esst one 3 withud €
Then vy 3= sue ud
Then p 0] Pjr h,  ¥a such that cu
¥y such that ul gu
+ =, then Py =+ and the x"'
r iy o= su u?
. o Fll‘o h1 0, Y3 ch that € HL

line of & can be deleted.

B
, #nd one sust conpute FFh Ve v,

, watal the monent when one of these expressions becomes non O
(p; 29 then equal to the corresponding r) or until r = n-1
expression is null (then p = ¢ o).

Ir e is fimte, the 2

af every

line of the matrax & is obtained by computing
kR

every oxpression (11) for 3 = 1,
If Py =+ ™ one cin delete the i"h line of 4.

3. The compericon betveen p; and b

< If g <, wehawve CFin FO0 ¥m<p, Y

Tf g »u . e have to look further if

¥) such that €, ,
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an o, = S * ey s Yo
d ofter if G FTh ®0 Ya s +lip s B

Tvo cases can happen :

OET =0 Tacp, ¥, then the desoupling probles b 4 local

solution iff the system(14) h2s a local solution (a,8).

-
3. X G, ° n i
.« T3, € [yeu), I Cp such that PJaP" h, 70, then the decoupling

probles has no solution, and the systea is finitely decoupled up to the order

5, o wwg). (e [2).

4. Ioversion of the systen (18). Same ss in [3). ®

Remark 5 : If v, <p,, and if T has a large dimension, it can be useful, in the

oratuation of FFIh MLh 8> v, to remsrk that 1F there 19 70 ath of length
= +2 joining wd to y, in T, every expression (18) with m 1n place of
vy is necessarily null. Thus, we elimnate this way n forsal differentiations in
FEn

Pk
Bemark 6 @ It is clear that this method is more efficient for larger v;s and larger
8, N, M, po If vy =py and if U loes not contain too muny elecents, ve need a very

low nusber of formal derivations and the efficiency of this method is the highest.
On the other hand, if v, <p, , since a minimal length in T is computed mich faster

than a formal derivation, the ecorony of time grows with vi. ®

Remark 7 : Por linear systems, the graph's method can be significantly improved since
p; can be completely obtained from the graph : in place of step 2 of the algorithm,
wo have :
i vy < Pyt delete every path of length v o 2, in ng'grgyh, and find the
new minimal length vl > vi. Check if 3 such that P th ¥ 0.
If yes, Vi =Py If not, Jelete again everv path of length vl +2 and so on,
untal every path of length <n +2 is deleted, then py = + .

B - TIE PROSEAM

I - Organization of the crorran
The programming language 1s MACSYMA.
The prograsaing ia made of :

1) The msin vrograg : prov ()

It asks questions to the user and decides which subroutines to run.

2) The subroutines
) exoli( ) : gives informations, if needed, on the projrents use.

v) mie( ) : memorizes tne formal equations of tre system o
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o) galmu( ) ¢ compatation of v by the cruph's metlos
4) galro( ) : computation of p
o) pmied() - trap{ ) - reou() :

© solve the & - sy.tew ufter reor
of &
) : gives the fanal result on the feedd cxs.

of line .ou coluny

1) feedbu

For further informations and examples of sesoions, see [8)

I1 - Session's display
At each step of the session, the user may choose between different tasks

1) 8t the berimng ¢ the anuts can be checked wnd corrected, and the wer cen sk
for further inforsations (exjla( ).

2) during the session  the user must answer the questions of recognizang mull

expressions. For example the progrin cannot check the mullity of &n exprescion

such as %, G-

x, £ when £ 15 not specafied.
o,

3) at _the end : the user may help the progrum to samplify the results, for examgle,
by giving rules of tricorometric simplificetions. The user must be avare of tho
fact that some simjlificiations automstically cone by MACSYMA msy be sometimes
worse than no simplification at all.

Resark

In oraer to protect the intermedlate results frop mzmipulation's errors,
the main program seves thes step bv step an auxiliary fales.

C - EXANPLE : THE ROROT ARM

We study the decoupling problem for a 3 decrees of freedon robot ar
conposed of three semments of lencth 1., 1., 1,

1tas

4 The links huve relatave uncles
g e Lhe Tesyective anzular velocities. The
cortesien coordinates of the evtremity sre ¥, ¥y, /5 and we wish to control s

noted x, X, Xy anc x,, ¥ and x

Botion along the ¥, - exes - suck & urobles trien in sutomatic iz
The motion's equations ([1]) srs

-x
:

< Gty gy ntgong) STy

B N A

gyt x )y bt ny 5 e Ty
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b egrxgrg g
by et 2 ) (x5 x5055))

= (o lxguxgirghuy +
:
Wiy,
vith detagxgng) = (0,05 - by (ax k)
The outputs are ¢
¥, = conx, (Lyatnlagom,) 4 sine,)

¥, = sinx, (Lsin(xyex,)+le:

7y = Lyoon(agex, ) olc0m, 01,

The program finds that : v,

oy =1 and that
1,1 sinx.

By, (xgoy %, et (g x, w

The expressions of @ and B, ., 1<, jF, expressed as functions of 9,995

and 4y 50ty as dn (12),(13) are ¢

dota = (1gptn(agm,) + Ly0inx,)

o == (219, con (xyomy Dy (xging) 21008 (x, b, x5 =18, sin(xgom, -1t atnx,
i
st ) = o o ) ¢ Tt

2 42 2
@ = [(@o”.uz])mx;q})b,z);s . (21§h”0(2)213ce913>213)b32)x5x5 .

2 2,2 2
+ (1525008 (x5) 41500 54(22 515003 (x5 ) 41501500, )xg.

2, 2, 102
+ ((1pgz 130 Jain” (xemy )
(1,1 8n(x, oy 21, Lsin(x, oy Dstn(xyomg Je13in (x, Doy )5
+ ((9151n(x, )s9, ycos(x, oy + (5, 1501n(x, Jopy Lycos (x, )b, Jstn(xyex, )

a1y eos(xp0m,)

355% 52

+ ind sx, )3i 033 - —1l
((ngzs (5,49, Lycos, Jatnr, 491,001, g, - 1ylfyainns] x Tiein,
1,b! > {2!: Py -

)

det(xgxg,xg
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oyt ) et )
2 2 2 4 (217, (2 ox 4212 x,
B R R O R CLOIC IRy I N

2 - e 2
+ ((lzlleosx}ol))bab(,x21’ms(x,) 15 12)"2?)‘5

2,

.03

2
0501505 sin” (e x, ) (3,1 gsan(x, o g
22 2
&2]2551!:(1?)bze)sh-(xstx?)uzsn\ 12b22)x‘
* (aytyinln, )49, Lyo0s (x, o5 +(0,15n(x, )49, 15008 (x, Do, deinison,)
gyl Jeos (xyox,)
+ Ugytgranta, Yo, tpeos o Donney (o dpeono ] X Tt
T
7T Tl e,
4y,c08(x, b,

Bip = Ty, 1o oinlx
12 T Tsin(e, ey,

—_
O oy (b dosn(ag oy e osaley o) % T

sinx
Bap = ppllylogy Jean(aen, Jedjsanm b, ] xm
oy = Syy(lg(ogpay, Joos(zgex, Yl 008 (x, o, ) xm
83, == 4y, 008x, (150,40 oin(xyx, )l yainx;p ) ) T
Bap == dppeinx (15(0p 0, dounlxgen, Yol sannyb ) X e

.
B33 = = iy )oostassnydtyomey) x T

In ths example a carect compitation would need 198 jurtizl cerivations and

Renark
198 eultiplications, whereas with the greph's method, only 85 pertial dervetions

and 56 multaplications have been exccuted. For other examples see [8].

CONCLUSTON

We have proved that cthe feedback decoupling method of Clsude and Dufresue [3]
can be significantly simplafied by the introuuction of the svetem's graph. T
P output zna the

graph has the property that tne mimwal length d, bet<een the 1



390

snpats (u',...,u"), 53 gonerically eaual to the 1" charicteristic muber o, plus 2,
+2. Thia property can be used to avoid a

and in general szaller or equal to
nusber of formal computatiors and 13 all Lhe more efficient 13 4 is large. Thia
method requires the use of MACSYMA because of the forsal manipulations, and gives

an efficient CAO tool for non linesr systens decoupling.
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UN APERGCU ELEMENTAIRE DE LA THEORIE MODERNE
DES SYSTEMES NON LINEAIRES (*)

par J. LEVINE (1)

Présenté par P. BERNHARD

Résumé. — On présente un exposé sur la théorie des systémes non linéaires détermimistes. aisant
I sythise des résuats les plus récens donsun wocabulaire accessbe oux ingimeurs lird de
nombreux exemples. et comportant des indications d'applications déjd réalisées ou en cours.
ste particuterement sur 168 difficultés d'étendre es méthodes du Iméae d-un part sur I proe

inéaire des techmiques de descriptions externe et nterne d'autre part. et enfin sur
Tadaptation des méthodes d'échelles de temps multiples.

\bstract, — We present a survey of the determimistic nonlinear svstem theory, including the most
recent results, in a language adapted to engineers, with many examples and applications. We focuse
on the diffcunes o exiend the mathods o nea systeru o the on hand. ot gevraization 0 the
noninear framewors of external and nena descriptons o the other hand.and ially o the adop-
o of the maliple time.scaies meth

INTRODUCTION

Ce rapport traite des développements récents de la théorie des systémes
non linéaires et répond 4 un besoin d'information d'une part 4 cause de ques-
tions de plus en plus nombreuses émanant des industriels. d’autre part 4 cause
de la difficulté relative @ accéder a ces informations. disponibles dans un
langage mathématique assez peu vulgarisé. L'auteur s'est donc particuliérement
attaché d’une part & présenter les résultats de la maniére la moins technique
possible, en motivant par des exemples simples les techniques algébriques vu
géométriques qui sont. somme toute, encore trés nouvelles en Automauque.
la rigueur mathématique n'ayant généralement pas a en souffrir: et d'autre
part & donner un grand nombre d'exemples d'applications réelles dans de
nombreux domaines allant de I'aéronautique aux réseaux de distribution d’eau.
en passant par la biologie...

Requ cn avril 1983, Cette étude a été financée par 'AEPA pour le compte de la DRET.
1) Commes ‘Automatiqu t [nformatuque de [Ecole Natonale Supércue des Minesde Paris.
35, rue St Honoré, 77305 Font

RALR.O. Automatique:Systems Analysis and Control. 0399-0524/1983 277/5 5.00
© AFCET Bordas-Dunod



278 J. LEVINE
Le rapport est organisé en trois chapitres
A. Les difficultés d'extension du linéaire au non linéaire.
B. Méthodologies des systémes non linéaires. Systémes linéaires-analytiques
(représentations externe et interne des systémes non linéaires).
C. Perturbations  singuliéres. Aggrégation. Cohérence.

Dans les chapitres B et C. on insiste particuliérement sur le paralléle formel
complet avec la théoric linéaire, concernant les descriptions interne et externe
et les échelles de temps multiples. Ainsi. les notions de « fonction de transfert »
et de « réponse i i » se générali aux « séries géné ices » et
«série de Volterra» respectivement, la « notion d'espace d'état » devient
«variété d'état », etc... On a pris soin toutefois de détailler et dillustrer par des
cxemples les cas oi la géné brutale du
linéaire st en défaut.

Seuls s systémes déterminisis y sont abordés car un rapport DRET de
G. Pignié et I'auteur est ponible sur les systémes
et le filtrage non linéaire [1].

Enfin, les problémes du non linéaire en commande optimale ne sont abordés
qu'en conclusion pour éviter l'alourdissement du rapport par des dévelop-
pements trop hétéroclites.

SYSTEMES DETERMINISTES

A. LES DIFFICULTES D’ETENDRE LES METHODES DU LINEAIRE AUNON LINEAIRE

1. Les inconvénients de la linéarisation

Historiquement. les premiéres tentatives d’approche des systémes non
linéaires (qu'on notera toujours dans la suite NL) sont basées sur la linéari-
sation autour d'une trajectoire nominale. Cette méthode sapplique & divers
domaines d'étude : stabilité 2
locales [3], identification au voisinage d’un point de fonctionnement [4], fil-
trage de Kalman étendu [5] (bien que ce dernier point ne concerne pas les
systémes déterministes, il s'agit d’une question de théorie des systémes qui
déborde du caractére strictement probabiliste), etc...

Bien que son efficacité soit reconnue dans des situations particuliéres. elle
comporte des défauts majeurs qui la condamnent comme outil général

et observabilits

® La linéarisée d'un systéme NL ne donne qu’une description trés partielle
du comportement entrées-sorties.

RALRO. AutomatiqueSystems Analysis and Control
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o Lalinéari de non-linéarités non bornées (par exemple
n ‘est pas robuste.

@ Le filtre de Kalman étendu n'offre aucune garantie théorique d'efficacité.

© Un systéme linéaire ou affine par morceaux qui approxime localement
un systéme NL peut avoir un comportement entrées-sortiés qualitativement
différent de celui du systéme NL.

Détaillons ces 4 points

o Point 1 : Nous allons donner un exemple de mauvaise description entrées-
sorties par linéarisation. ou le systéme NL est commandable alors que sa
linéarisée ne lest pas au voisinage de I'origine. Cet exemple. tiré de [6], repré-
sente sous forme simplifiée. la dynamique d’un satellite rigide non sphérique
propulsé par un couple de tuyéres.

Le systéme est donné par :

X;=a;x3%3 + bu
Xy =ayx3x, + byu (1)
By =ayx

avec|u| < let:ay # 0,0, b # a, b,

(ay # 0 s'interpréte comme le fait que le satellite n’est pas sphérique.) On
peut montrer (voir [6] et plus loin) que ce systéme est complétement comman-
dable, c'est-a-dire que 'on peut atteindre tout R® & l'aide de commandes u(r)
continues par morceaux avec |u(t)| < 1 Vi

Avant détudier la commandabilité du systéme (1) linéarisé, rappelons la
condition de Lee-Markus (3]

THEOREME : Soit le systéme NL

(NL) %= f(x,u) xeR" wueR*®

tel que
£0.0) =0

Notons

F Z—/(0.0) G
x

Alors si le systéme linéaire (linéarisée de (N L) au voisinage de (0, 0))

(L) X =Fx+ Gu

est complétement commandable, il existe un voisinage de I'origine sur lequel (NL)
est commandable. ®

vol. 17, 4. 1983



280 J. LEVINE
On note que (1) satisfait bien f(0,0) = 0 avec

f,lx,.xz.x,.u]> (u, X3 %, + b, u)

Sleu = (/,lx‘.x,.x,.ul ayx, %3 + byu

e xzmw)  layxx
Ona
o u,ox, Y, b
=|ayxs Lixuy=|b,
ayx,  ayx, o/
donc

0o 0 o by
F= ( 0o 0 0| 6= (b,)
0 0 o 0
et le systéme linéarisé % = Fx + Gu = Gu nest évidemment pas comman-
dable. Remarquons aussi que méme si I'on avait un troisiéme coefficient b,

dans G. le résultat serait identique puisque l'on ne dispose que d’unc seule
commande pour 3 dimensions.
 Point 2 : On va considérer un systéme scalaire dont la non-linéarité est
quadratique (donc non bornée) :
#0) = ule) (e
(1) (£) x*(1) @
x(0) = xo # 0

ueR xeR

et on va considérer le probléme de la robustesse de la linéarisée de (2) pour une
erreur sur | x, |, lorsque | o | est trés voisin de 0.
Notons d’abord que la solution de (2) est donnée par

x(t) = o Vi>0 telque 1—x, | uls)ds#0 (3)
1- xOJ uls) ds b
o
Siu(n) = — ata > 0) et xo > 0. il est clair que le systéme (2) est stabilisé
puisque

i = lim—2 =
lim ) = lim ot = @

RALRO. Automatique:Systems Analysis and Control
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et ceci pour tout x, > 0 puisque

. X,
lim ——— =0 vt
wom0. L T axg t

Notons que pour x, < 0. le systéme (2) diverge en temps fini avec u = — a.
puisque pour t,(xg) = — —— > 0,0na
ax,
’ X
lim 2 — =+ et lim f(x) =
-~ 11(x0) T+ axo t x=0
oS,

Si maintenant on linéarise autour de la trajectoire (3), on obtient

0= - 0y
0= - T 0 Y T a0 5

En choisissant la commande v. en boucle fermée, comme suit

(L + axo 1) (2 = er)axy — €)

ot 3, xo) m 0 D 0C TSI 7 B, ®
Xo
avec & > 0, on obtient § = — ey qui cst bien un systéme stable. Or
. (e, y,
Jim %) yy“‘) —+@ Yy Ve Wl
-0

Ainsi, la commande (6) qui assure la stabilité de (5) autour de la trajectoire de
x
référence ——2— n'est pas robuste puisque son gain tend vers + = lorsque
T+axg !
X, approche de 0.

© Point 3 :On va consi
de Stratonovitch. par

rer un systéme NL stochastique donné. au sens

dx, = f(x,)dt + g(x,) dv,

(NLS'{ = hx)dt + dw,

ou, au sens de It6 (de maniére équivalente). par

(LI dx, = ([bw +3 ;lx)gtx.r) dr + g(x,) dv,

= hix,) dt + dw,

vol. 17. o 4. 1983



282 J. LEVINE

ou (: ) est la différentielle du brownien ( ) au sens de Stratonovitch et ou

; ) est la différentielle de ( ) au sens de Ito.
On rappelle que y est le processus d'observation de I'état x. On va montrer
que la linéarisation rigoureuse (NLS) seffectue comme pour les systémes
‘mais ne pas a la liné utilisée pour le filtrage
de Kalman étendu qui, elle, n'est pas rigoureuse.
On peut montrer [7] que la linéarisation de (NLS) ou de (NLI) a bien un sens
et consiste a linéariser (VLS) au sens de Stratonovitch. Elle est donnée par

dz, = flx)z dr+ (x).ldx.,
(NLSL)
d =P )z de + dw,
B

Insistons sur le fait important que (NLSL) n'est pas un systéme linéaire mais
bilinéaire puisque z se multiplie au bruit v, et donc que le procéde de liné-
arisation classique nest pas, en stochastique, un procédé de linéarisation.

Pour appliquer les méthodes de filtrage, il faut en plus traduire (VLSL)

au sens de 1t5. Pour cela, il sufft de remplacer 2 z L (0 par

;%u,):, (3-< D x) z))%m):r=

_d
=% Uch.-(—E

o9
Fr b +1 3 —(xl
Or dans le second membre de (8) apparait

& L Zixo)

ax

ou @,(x. o) est la solution de (NLS) a trajectoire v,(®) fixée et pour la condition
initiale @,(x. ®) = x. Rappelons qu'avec cette notation.
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Ainsi. pour résoudre (NLSL) au sens de 1to, il nous faut connaitre
oz _ o
= === (x0
X ax? )
L'équation donnant dz,/éx peut étre calculée comme précédemment en reli-

néarisant (VLSL) au sens de mais, lors de la trad au sens
de Ito. apparaitra

&, o,
7 = ko)

et ainsi de suite.
Pour conclure, on a montré que le procédé de linéarisation classique ne
permettait pas de linéariser en stochastique, et, pire, les équations au sens de It6

o
donnant 52 (x. @) sont en nombre infini. O e procédé de linéarisation formelle
du filtre de Kalman étendu qui consiste simplement & écrire. %, désignant
I’estimée & I'instant ¢

dz, = L 5) 2 di + gl do,

sans toucher au terme de bruit, ne construit pas un filtre des variations au
premier ordre autour d’une trajectoire nominale, méme dans le cas particulier
odg(x) = G. matrice constante, puisque 3G/3x = 0. En fait.le filtre de Kalman
étendu correspond & un développement de fau 1°F ordre et de g 4 lordre 0,
et l'amélioration de la précision sur fn’a aucune raison d'dtre significative
comparée & la mauvaise précision sur g.

© Point 4 : Jusqua présent. nous avons examiné les problémes liés 4 la
linéarisation « simple » mais on peut objecter qu'avec une suite de modéles
linéarisés, donc un modéle linéaire ou affine par morceaux. le comportement
entrées-sorties du modéle NL doit étre mieux approché. En fait il n'en est rien
comme va nous le montrer I'exemple ci-dessous (inspiré de 8]).

On suppose que I'on connait le flot des trajectoires d’un systéme inconnu
dans un certain voisinage, I'état x étant scalaire.

Le flot est donné par la figure 1.

Considérons la trajectoire en trait plein de la figure 1, échantillonnons-la
aux instants t, = 0. t; = ..., t, = k..... et notons x, lordonnée du point
dabscisse f, =
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Figure 1.
On obtient
Xo = = L1112 x, =06668 x, = 06670 x; = 06675
x, = 06688 x; =06719 x, = 06797 x, = 06992
xs = 07480 x, =08701 x,0= 11753 x,, = 19382
X2 = 38456 x5 =86140 x4 = 205349 x,, = 503372

On se pose alors le probiéme de trouver un modéle affine par morceaux. de la
forme

{x.,‘ =Fx + 0¥ hx) k=014 .

Xo = — L1112
ol F, et g, sont  déterminer.
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On vérifie que le modéle suivant

Ex—l sio x20

2 10)
et s x<o
redonne exactement les points X, ..., X;s.
Or, si 'on perturbe légérement la condition initiale — L1110 (soit

une variation de 2.107), on trouve avec ce modéle (9), (10) la trajectoire
de la figure 2 dont on montre qu'elle est chaotique, x, variant toujours entre

10 2
-gety

Donc I'approximation (9), (10) qui est exacte pour la trajectoire partant
dex, = — 1,111 2, et donc qui suit une trajectoire monotone non décroissante,

donne un comportement qualitativement différent lorsque I'on fait varier x,
de 2.107* puisqualors on obtient une trajectoire non monotone et bornée !
On peut méme, en perturbant un peu plus X,, obtenir des trajectoires pério-
diques de période arbitraire : par exemple, pour la période 3

34 14

Xo= -5 09189 x =35 =033, x = _3_272-0,0541

Xy =Xg X4 =X, Xg = XpelC.

En conclusion, contrairement & ce qui se passe en linéaire. la donnée du
champ le long d’une trajectoire ne permet pas de décrire ce qui se passé autour.
et les méthodes de linéarisation par morceaux sont ici en défaut.

I Quelques points spécifiques aux systémes NL & temps continu

Nous savons que les systémes linéaires jouissent de propriétés trés par-
ticuliéres comme : existence et unicité de la solution sur ]— oo, + [ tout
entier (pas d'explosion en temps fini), I'ensemble de ces solutions engendrant
un espace vectoriel (lespace d'état) lorsque 'on fait varier les lois de com-
mande sans contraintes. De telles propriétés cessent généralement d'exister
pour des systémes NL, et I'espace détat devient une variété différentiable,
variété qui peut quelquefois avoir une structure topologique délicate 4 manier.

D'autre part, il va sans dire que de nombreux phénoménes non triviaux
comme les bifurcations, peuvent apparaitre en NL, mais nous n'aborderons
pas ces problémes ici.
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Donnons quelques exemples élémentaires
a) Non-unicité
Le systéme
X = ult) x"
[ty
X(0) = xo

avec u(t) fonction mesurable bornée et 0 < m < 1. a pour solution générale
L
x(t) = (r;"‘ +(1=m u(s)ds)""
do
Or, pour x, = 0, il est clair que x(z) = 0Vt est une solution triviale et donc

.
x(6) = ((1 - M)J" u(s)d:)""‘ et x(1) =0
o

pour x(0) = Oetu £ 0, sont deux solutions distinctes de (1).
Remarquons bien sir que la fonction x™ n'est pas Lipschitzienne au voisinage
de 0 lorsque 0 < m < L.
b) Explosion
Le systéme
%= uln)x? N
x(0) = x, @

toujours avec u mesurable borné, mais, cette fois, avec p > 1. admet pour
unique solution

Xo

(1 - -nxt u(sus)
Jo

3)

x(t)

Or si le dénominateur s’annule, c'est-a-dire si I'équation

“ .
L s ds = o—hm )
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admet une solution 1, €]0. + [, on a

lim | x(t) | = + = (explosion au temps ¢, fini)

o
en particulier. si u(t) = v ¥, avec v > 0 et xo > 0. I'équation (4) devient

1
T
et lexplosion a lieu au temps

1
Ry
(Insistons sur le fait que ¢, dépend de la commande utilisée et de la condition
initiale.)

¢) Variété d’Etat

Considérons le systéme bilinéaire :

Xo= ult)x; x,(0) =&, } ©
f= - u)x, x,(0) =5,
avec u mesurable et bornée.
Ilestclairquel'onax, X, + x, X, =0 Vu, et donc
d+xd=8+E vu ©)

(6) exprime qu'aucune commande u ne pourra faire sortir I'état du cercle C
de centre origine et de rayon (&} + £3)"? qui joue donc le role de variété
d'Etat. La commande u ne sert qua faire varier la vitesse de parcours sur C.

Remarquons enfin que la v C est de dimension 1 alors que (5) est de
dimension 2, et ne constitue donc pas la réalisation minimale. Celle-ci s'écrit
simplement

% = uen abscisse curviligne !

Donnons un autre exemple un peu plus riche

/= X3\ EN
u|+' 0‘u2+‘—x,|u3 )
\x ! Lo

X1(0) = &, %,(0) = &3, x3(0) = &

\5,/
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On vérifie immédiatement que x, %, + x; %, + X3 %3 = 0 ¥iuy. uy. u3)
etve.
La variété d’état est donc la sphére S, de R? de centre (0. 0. 0) et de rayon
(&2 + 23 + 59" = R uy. u, et uy représentant la vitesse de parcours sur S.
Comme précédemment, dim S, = 2 et une réalisation minimale locale
de (7) peut étre calculée, par exemple, en coordonnées en projection stéréogra-
phique

2Ry, 2Rn

X Xy + R z R
on obtient
. 2
X\ w o rr s XY Y
¥ TR s r: - 7R Xy Tlox
_ 2R, 2RE,
X0 =R YO =%
®)
Précisons que (8) n'est qu'une réalisation locale puisque la transformation
utilisée est singuliére au point x, = — R. On laisse au lecteur le soin d'écrire
la réalisation de (7) au voisinage de x, = — R en utilisant cette fois
—2Rx, - 2Rx,
5 -R % -R

Notons quon pourrait aussi utiliser d’autres changements de coordonnées
pour écrire une réalisation minimale de (7), comme les coordonnées polaires
(latitude, longitude), etc..., mais tous contiennent des singularités et il n'existe
pas ici de réalisation minimale globale.

d) Singularité topologique [9)

On va montrer que pour le systéme bilinéaire

x; X0 =1
—(-ux —‘;lDl=0}

%

avec |u| < € < 1, 'ensemble des points que I'on peut atteindre en un temps
«petit » est simplement connexe. alors qu'il ne I'est plus & partir de l'instant
T=2m
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La solution de (9) pour u constant est donnée par
(1 —ux}+xi=R? (10)
Pour u > 0. ces courbes sont des ellipses e foyers
QNS
= T=u

pour u < 0, ce sont les ellipses de foyers

(0. +R [— u) et de grand axe 2 R

On montre par des considérati éle que lensemble
atteignable A(1.0) & partir de (1, 0) et pour x, > 0, x, < 0 est situé entre les
2 branches d'ellipse dont la branche supérieure est donnée par (voir fig. 3)

Ao) et de grand axe :
Ji-u

) l-e)xd+x3=1-¢ (w=+8 x20 x,<0
et dont la branche inférieure est donnée par

) M+e)yxd+xdi=1+e w=-28 x,20 x,<0

Figure 3. — 4,1, 0).
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sur (e}). le temps mis & atteindre x, = Oestt, = 1/2/1 — & et sur (e3). il est
G=r2yTre<t,.

En particulier. l'ensemble atteignable avant t,, noté A,,(1. 0). est clairement
simplement connexe.

Continuons & construire I'ensemble A(1.0). I1 est situé entre les courbes e,
et e, (voir fig. 3), avec

e, ={el,elelel} et e, ={e} e} edel}

les ¢f étant les branches d'ellipse suivantes (e} et ¢} étant définies plus haut)

d=(+exi+d=1-¢ X <0x, <0 (u=—¢)
J
ei=11—e)x{+x§:% X <0x, 20 w=+e)
(1 —e?
z:=(l+s)x}+x;=ﬁ X 20x20 (= —-¢)
et
d=(-gxi+xi=1+¢ X €0.x,<0 (u= +¢)
2
ei=(l+£]x§+x§=“+_? <030 W=—¢)
1+e?
d=t-9xd+xd=25L (50030 w=+0

On voit alors facilement que ¥t < 2, I'ensemble A,(1, 0) des états attei-
gnables par le systéme (9) 4 partir du point (1, 0) et dans 'intervalle de temps
[0. ], est simplement connexe. alors que pour ¢ > 2 7. A,(1,0) contient des

ériodi et n'est plus si connexe a cause du voisinage
de lorigine non contenu dans A,(1. 0). Il sopére donc une singularité topo-
logique de I'ensemble atteignable pour ¢ = 2 .

B. DESCRIPTIONS EXTERNE ET INTERNE DES SYSTEMES NON LINEAIRES
1. Quelques exemples concrets, et non académiques, de systémes NL

La liste ci-dessous n'est évidemment pas exhaustive, mais donne une indi-
cation sur la fagon dont on a cherché & appliquer jusqu présent la théorie
non linéaire.

a) En Aéronautique

De nombreux problémes familiers des ingénieurs comme le controle de
Iattitude d'un satellite rigide [10], comme la commande non interactive des
avions en mouvements rapides (11, [12] ou comme la modélisation et la
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commande du vol des hélicoptéres [13] ont contribué & démontrer 'importance
et la spécificité du non linaire 1 ou le linéaire n'apportait pas de réponse
viable.

b) En Robotique

Certaines tentatives d'utilisation du NL existent déja pour la modélisation
et la commande des bras manipulateurs souples [14].

¢) En Biologie et en Chimie

Les systémes bilinéaires y ont trés tat été introduits pour modéliser lévolution
des recombinaisons de certaines molécules dans une solution. Leur utilité
théorique est trés largement reconnue dans ces domaines [15].

d) En Pétrochimie

La régulation et la commande non interactive des colonnes 4 distiller [16],
[17] ont aussi apporté un exemple d'application du NL ot le linéaire ne donnait
que des résultats médiocres.

) Dans les centrales nucléaires

Pour 'identification du comportement en charge par un modéle bilinéaire
obtenu & partir des modéles linéarisés en différents points de fonctionnement
(18].

1) Dans les circuits électriques et électroniques

Le convertisseur de courant continu par commutations entre circuits RLC
[20] est I'un des premiers essais d"application des systémes bilinéaires.

) Dans les réseaux de distribution d’eau et d'électricité

D'une part se pose le probléme de la classification en équilibres stables et
instables des solutions du systéme d’équations non linéaires du régime per-
manent du réseau, — pour les réseaux électriques, une littérature abondante
existe [21], [22] —, et d’autre part, le pilotage du réseau oi commence & se
développer une généralisation des méthodes par échelles de temps du linéaire
[23),(24].

Remarque d’orientation

Il est facile de voir sur cette suite d'exemples que la « théorie » non linéaire
est multiforme  suivant que ['on s'intéresse a une modélisation fine ou a
T'optimisation d'un systéme aggrége, le formalisme est radicalement différent.
D'une part la modélisation fine demande une structure précise (structure
bilinéaire par exemple) pour pouvoir répondre & des questions aussi délicates
que la commandabilité ou I'observabilité, et d’autre part I'optimisation des
réseaux se contente de modéles relativement grossiers du moment que le nombre
de variables d'état soit diminué et que le systéme réduit ainsi que son systéme
de commande soient robustes, c'est-a-dire permettent d’obtenir du systéme réel
les performances désirées en dépit des erreurs de modélisation. Dés lors, le
lecteur pourra arguer que sans modéle précis, on ne peut avoir d'idée précise
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sur le systéme ou, au contraire. que la précision des résultats avec un modéle fin
nest qu'apparente si les données pour construire ce modéle sont peu fiables
et/ou peu nombreuses. Nous nous garderons bien de conclure et nous insiste-
rons par contre sur I'enrichissement potentiel et réciproque des 2 approches
(et des autres a venir) dans un tel débat !

Pour essayer de dresser un tableau synthétique sur les résultats représen-
tatifs du non-linéaire. nous avons groupé toutes les théories et méthodes ayant
un « degré de parenté » évident les théories géométrique et algébrique des
systémes bilinéaires ou. plus généralement. non linéaires-analytiques sont le
pendant direct des méthodes interne et externe du linéaire et sont donc groupées
dans le chapitre « descriptions externe et interne des systémes non linéaires ».

Nous avons par contre séparé cette derniére approche de celle par pertur-
bations singuliéres, aggrégation et cohérence, qui n'a pas les mémes objectifs.

Pour terminer, en ce qui concerne la forme, nous nous contenterons le plus
souvent de faire une bibli i ée, en i i Jjuste ce qu'il
faut des concepts mathématiques pour pouvoir garder le fil. Par contre, nous
n'hésiterons pas a illustrer les résultats par des exemples lorsque ceux-ci sont
suffisamment simples et... courts.

IL. Comment faire un systéme non linéaire avec plusieurs systémes linéaires ?

On va donner une interprétation (presque générique) d’une classe impor-
tante de NL : les bilinéaires. Pour éviter de compliquer I'exposé. considérons
seulement 2 systémes linéaires

Ay x et X=Ayx

et supposons que, entre ces 2 systémes. un interrupteur nous serve a piloter
le dispositif (voir fig. 4).
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Les deux seuls degrés de liberté dont nous disposons sont donc le temps
passé entre deux commutations et le choix du systéme sur lequel on commute.

Modélisation

On introduit les variables de commande u* et u® 4 valeurs binaires 0 ou 1.
avec la contrainte u' + u? < 1 puisque les 2 systémes A, et 4, ne peuvent
étre branchés si ément (ce point n'est mentionné que pour la vraisem-
blance de la modélisation mais ne constitue en rien une limitation théorique ).
Le systéme de la figure 4 est alors donné par

X(t) = u'(r) Ay x(t) + wP(0) Ay x(0) = (u'(2) A, + u?(t) A;) x(r)} m
wl(e) WHe{01} uw@+u<l vt

Un tel systéme est appelé bilinéaire ou régulier. la non-linéarité venant de la
multiplication de I'état par la commande. On trouvera un tel dispositif par
exemple dans les convertisseurs de courant continu (voir [20]).

Discussion

o Tlestclair que (1) ne peut pas étre représenté par un systéme linéaire : (1) est.
par construction. linéaire par morceaux.

1l ne s'agit pas de controle impulsionnel puisque les trajectoires de (1)
ne comportent pas de sauts mais des commautations (sauts sur la dérivée pre-
‘mieére).

11 existe par ailleurs d'autres techniques apparemment proches pour
modéliser des systémes 4 commutations comme les techniques d'équations
différentielles multivoques qui s"avérent beaucoup moins riches du point de vue
qualitatif, les inéquations variationnelles ou les systémes linéaires impli
dont le spectre, plus restreint. reste a la frontiére de ce type de probléme.

III. Nomenclature des systémes NL

a) Bilinéaires ou Réguliers (voir § IT)
Un systéme bilinéaire est un systéme NL de la forme

.
B * (2:. “ A‘)“
y=Cx

ou C est la matrice d’observation et les A, des matrices carrées (n. n), n étant la
dimension du vecteur d'état x. Les matrices peuvent dépendre du temps. Dans
ce cas, il s'agit d'un systéme bilinéaire non stationnaire.
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PROPOSITION  Les systémes linéaires sont contenus dans les systémes bili-
néaires.

Démonstration : Considérons le systéme linéaire

Fx + Gu
o )

avec xe RY, ue R™etye R”. FER¥, Ge R*™ HeR™
Notons 0, ; la matrice nulle de R*. G, la i-iéme colonne de G et

O | G
A= i
Op | 0y

up=1 E=1 X=<2)5R”‘

(F o
o _( )
o004

€ = (H0,,,). puis notons

On vérifie alors facilement que le systéme biliz

)‘{=(z U'A,)X xro):(x!")} 6]
&

y=cx
est « indistinguable » du systéme linéaire (2), d’ou le résultat. =

Par un raisonnement analogue, on montre facilement que les bilinéaires-
affines

5
BLayd ¥ ‘_Zl w4 x + by)

y=Cx

sont eux aussi des cas particuliers des bilinéaires. On ne gagne donc pas en
généralité en rajoutant des termes affines. Il wen va pas de méme lorsqu'on
rajoute des termes non linéaires.
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b) Linéaires-analytiques
Ce sont les systémes linéaires en I'entrée et analytiques en I'état

x
= folx) + 2’ u' filx)

y = hx)

(LA)

lorsque h, fo, ... fy sont analytiques. (On fera souvent I'abus de langage
consistant 4 désigner par le méme nom un systéme o A, fo, ..., fy sont C=.)

En fait, en toute rigueur. et compte tenu du fait que le vecteur d’état est
supposé évoluer dans une variété (C* ou analytique), il faut parler de fy, ..., fy
en terme de champs de vecteurs et I'écriture de (LA) est alors dans un systéme
de coordonnées locales.

Précisément, dans un systéme de coordonnées locales (x',...x"), les
Jor s fi sont les coefficients des champs de vecteurs Fi, ... Fy associés par
la formule :

i=0.

. Il
Fi(x) = :)-:x fx) ™

Les F, étant, eux, insé ‘est-a-dire invariants par de
coordonnées.

Le cas ot les f; sont des polynomes a longtemps été étudié séparément, mais,
étant donnée leur faible spécificité par rapport 4 (LA) nous n'en parlerons pas
(voir [25]).

On retrouve souvent, par ailleurs, le reproche que les systémes non linéaires
étudiés ne sont généralement pas vraiment intéressants parce que trop « régu-
liers ». En fait, dans la pratique, il est buen rare de trouver des non-linéarités qui
ne sont pas C* ou Des
sont généralement considérées par les ingénieurs comme redoutables & juste
titre. Ceci ne veut pas dire qu'il ne faille pas considérer de systémes plus géné-
raux, mais cette remarque véhicule fréquemment une confusion entre com-
portement non linéaire et comportement discontinu.

<) Non linéaires généraux. Approximation bilinéaire

X = flxu)
N,
( LG){y= by

De tels systémes sont trés peu étudiés d’abord pour leur trop grande géné-
ralité, et aussi grice au résultat d’approximation suivant i & Fliess [26].
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En fait. au lieu du systéme (NLG) on va considérer la relation entrées-
sorties causale qu'il définit. ow. plus généralement encore. n'importe quelle
relation entrées-sorties causale et continue sur T x C ou T (resp. C) est un
compact de [0, [ (resp. de C°(T) espace des fonctions continues sur T
muni de la topologie de la convergence uniforme).

THEOREME D'APPROXIMATION  Tout systéme non linéaire décrit par une
fonctionnelle entrées-sorties causale et continue sur T x C peut étre arbitrai-
rement approché (au sens de la topologie de la convergence uniforme) par des
bilinéaires de dimension finie que I'on peut choisir nilpotents. ®

On trouvera un résultat légérement différent dans Sussmann [27], et un
résultat analogue dans le cas des systémes & temps discret (échantillonnés) [26]
ot la nomenclature précédente s'adapte de maniére évidente.

IV. Description externe de systémes NL. Approche algébrique

Les résultats de ce paragraphe sont empruntés & (Fliess [28], Jacob [29]).
On sait que les systémes linéaires sont décrits de maniére externe par leur
fonction de transfert et/ou leur réponse impulsionnelle, ces 2 notions étant
reliées par une relation biunivoque. Le paralléle exact existe (presque en
général) pour les systémes non linéaires réguliers ou analytiques : I'analogue
de la fonction de transfert est ici la série génératrice, et la série de Volterra
tient lieu de réponse impulsionnelle. Avant de préciser ces notions. rappelons
la méthode de Peano-Baker pour approximer la solution d’une équation
différentielle par une série (aussi appelée méthode des approximations succes-
sives).

Soit

X
i=(A,,+ ZM’A‘):‘ x(0) = X,
&

=Cx

(BL)

Le calcul est classique et consiste & écrire
N o
x,(t) = xo + (m,, + Y J u(s) dsA,) Xo
Silo
puis, par récurrence
g X
Xy () = Xo + ]‘ (A,, + Y uils) A,) Xy(s)ds Yk >1

Jo S
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On montre que pour et { u* } bornés, la limite lorsque k — = des fonctions
x, existe uniformément sur tout compact, que cette limite est x. solution de
I'équation différentielle (BL), et que x(r) est donnée par la série de Peano-

Baker
x(1) = [ A,.J u"mlj wh(ty)
o o

et y(t) = Cx(t).

x

W) dr .. dr,] X

a) La série génératrice de (BL)
On commence par coder les intégrales des entrées par

Eolt) = £.5,() = I ul(s) ds. ... Eylt) = ru"(s) ds
o Jo

de sorte que (1) devient -

O (N AI.J-dé,.-u'fE,,)xn )
e Sio \

lintégrale J- @&, ... d&,, étant une notation condensée pour la suite dintégrales
o

itérées de (1).
Considérons alor Talphabet X = { Gp, .. y ). et X * Fensemble des mots
¢ =, formés a partir de symbo]es de X.
Povns enfin WC) = A4, i=0,..N, et pour

=58, wQ= Aj = plGy) @, VeX*

On définit alors la série formelle rationnelle g en variables non commutatives,
dite série génératrice de (BL), par la formule

=3 Cult)xo ¢ 3)
=y

qui 'est autre qu'un codage de la formule (2).

Cette série génératrice détermine complétement le comportement entrées-
sorties de (BL). On montre, voir Pexemple 2, que pour les systémes linéaires.
cette série redonne la matrice de transfert 2 un changement de variable prés.
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On mesure ainsi l'importance du concept de série génératrice qui, comme la
matrice de transfert. ne dépend que de la fonctionnelle entrées-sorties et
permet. en particulier, de définir correctement la notion de réalisation dans
I'espace d'état.

Exemple 1 : La série génératrice de X = ux est

g=(l+ Z;‘)xﬁu‘;')"xo @)
S

On vérifie facilement que g est aussi la série génératrice de

() = aim ) G2) = (i )
& ay(x %) aylxq,x2)) \o)  \ulay (v %3) %y + @3y 30) x3)

y= (1.0)(“) =%
X2,

ol a, et a, sont des fonctions analytiques arbitraires.
Ceci illustre donc bien que g ne dépend que de la fonctionnelle entrées-
sorties. ®

Exemple 2 : La série génératrice du systéme linéaire
x
$=Fx+ Y WG x(0)=x
&
y = Hx

est donnée pour

—HUI =GP (x.’ + 3 G.) ®

En effet, reprenant I'équivalent bilinéaire de I11. a), et les combinant avec (2).
on est amené & calculer des produits Y. A, ... 4;, 0 A, ..., Ay sont donnés

=
4 partir de F et G, par les formules de I1L, a). On vérifie alors facilement que

,=0 Vi=
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Finalement. faisons xo = 0 dans (6). On obtient alors

X
-Z. H(I =5 F)™' G,§, ™

qui n'est autre que la matrice de transfert de (5) au changement de variable prés
=" m
b) La série génératrice de (LA)
La formule de la série génératrice dans le cas linéaire analytique (en coor-
données locales)
. .
o) = folx(0) + Y w0 filx(0)  x(0) = x,
. &

W(t) = h(x(t)

avec

2 2
= I(x) = | =
Fix) = l; fzg i=

est donnée, pour et (max | u(t) ||) « petits », par *
osese

N
o + Fpyo Fp by Gy oG 8
D A R ®

et généralise donc exactement (2).
<) La série de Volrerra de (LA)
Rappelons que 'on appelle séric de Volterra une fonctionnelle de la forme

(SV) ytu) = wolt) + f wyt,7,) ult,) de, +
o

+ ‘ J Wyt Ty, 1) u(ty) ulxy) de, de, +
Jodo

+j r J Tl Ty ) U e (e, diy oy
o o

Jo
ou wy est un tenseur dordre k. pris sous forme triangulaire pour
2T 220
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Pour un systéme linéaire, la série de Volterra est simplement formée des
deux premiers termes. le second étant la réponse impulsionnelle en effet
la série e Volterra du systéme linéaire (5) s'écrit

~
Wtu)=He'xg + 3 J‘He""'\' G, w(t,) dr, ©)
Silo

Ainsi, la série de Volterra décrit le comportement temporel alors que la série
génératrice décrit les entrées-sorties dans un espace abstrait de variables non
commutatives généralisant le « domaine fréquentiel ».

On a le résultat général suivant .

THEOREME : Une condition nécessaire et suffisante pour que (SV) définisse
une fonctionnelle causale analytique (et donc représente les entrées-sorties d'un
systéme (LA)) est qu'elle vérifie les deux conditions suivantes .

(i) les w, sont analytiques en (t, Ty, .., 7,) au voisinage de (0, ... 0),
(ii) les rayons de convergence des w, sont uniformément minorés par une
quantité strictement positive. W

Les formules explicites des w, peuvent étre trouvées dans [28].
Exemple : On va donner ces formules dans le cas bilinéaires :
X
k=Fx+ Y uWGx x(0)=x,
=t (10)
y = Hx
Transformons d'abord (10) en posant : z(z) = ¢~ x(r). On obtient alors
x

H) = Y woe TG e ), =(0) = x,
i

S
i) = H ™ =(0),
x
posant alors Y. (1) e”F G, & = ®(t), et utilisant la série de Peano-Baker
&

e e
o) = H!'(r +3¥ J j - r ou,]...ou_)m,...m,)xo
o

ez [l A

X TG, € TP Gy P (T, (g, di . ux,) Xo
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e k-iéme noyau de Volterra est donc le tenseur d'ordre k dont le coeflicient de
WD) o (T est
Hef(e ™ G, e L e™™ G My, ® an
d) Fonctionnelles entrées-sorties des systémes d temps discret

Pour un systéme linéaire analytique & temps discret

¥
xit + 1) = x(0) + fo(x(0) + L wie) f(x(0)  x(0) = x,

=1 12)
o) = hix(t)

il est clair que les loyé écé ne s’ plus.
puisqu'elles utilisaient les propriétés de différentiabilité par rapport au temps.
ce qui n'a plus de sens lorsque le temps est discret. En fait. on peut encore
définir la notion de série génératrice pour de « petites entrées ». en utiiisant
ces entrées comme des variables jouant un réle analogue au temps et en diffé-
rentiant d’une certaine maniére par rapport a ces entrées. Le lecteur peut se
référer a [30], [31] pour plus de détails.

V. Réalisation des systémes non linéaires
a) A temps continu

Le probléme de la réalisation consiste 4 se donner une fonctionnelle entrées-
sorties, et a dé un systéme, c'est-d-dire une équation é
excitée par les entrées et une équation de sortie

X = flx.u)

NL
( '{y hix)

que redonne la fonctionnelle entrées-sorties.

La question subsidiaire est de trouver la dimension la plus petite possible
du vecteur d'état x. et un procédé permettant de construire cette « réalisation
minimale ».

Dans le cas linéaire, la fonctionnelle est la matrice de transfert et on sait
depuis Kalman [32], que la dimension minimale d'un systéme linéaire qui
réalise cette matrice de transfert, est égale au rang de la matrice de Hankel
associée: on connait divers algorithmes donnant la réalisation minimale a
partir de la matrice de Hankel. par exemple I'algorithme de B. L. Ho [32].

RAIRO Automatique Systems Analysis and Control



THEORIE MODERNE DES SYSTEMES NON LINEAIRES 303

Pour ce qui est du non linéaire. il est clair que le probléme général tel quiil

vient d'étre posé est beaucoup trop vague pour qu'une réponse puisse y étre
apportée. D'abord la notion de fonctionnelle entrées-sorties en non linéaire
est une notion locale (temps et entrées petits) définie au voisinage de la condi-
tion initiale x,. Ensuite. I'espace d'état est localement une variété différentiable
mais des singularités. et donc des sauts de dimension, peuvent se produire.
Donc I'énoncé est a prendre, sauf mention du contraire. au sens local. et on
parlera donc de réalisation locale (voir § A. IL ¢)). Jusqu'a présent. seul le cas
bilinéaire a regu une description globale des réalisations locales [33], [34], [35].
(36).
Dans le cas général global. des réponses partielles ont été données [37), [38].
(39), [40] sous des conditions trés fortes de régularité de l'équation différentielle
obtenue : celle-ci doit avoir une solution réguliére sur un horizon infini pour
toute entrée.

Des résultats plus fins sont obtenus localement dans le cas linéaire ana-
Iytique et la dimension minimale locale de la variété d'état est donnée par le
rang de Lie de la série génératrice (voir [41]). qui est au plus égal au rang de la
matrice de Hankel associée.

Enfin. la réalisation localement minimale est caractérisée par le fait qu'elle
est faiblement et i observable
(voir toujours [41]). Les notions de commandabilité et d’observabilité seront
discutées au paragraphe suivant.

Exemple : Le systéme

(z,r{‘ - X(0) =0

u

y =sinx

de dimension | est évidemment minimal. Sa série génératrice est
9= T (= IFEH =g -0

o

Or on vérifie facilement qu'il posséde un équivalent bilinéaire de dimension 2

f=ux,  x00=0
()4 % = —ux, x,000= 1
vo=x
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(On le vérifie directement en posant x, = sin x, x; = cos x), donc de méme
série génératrice 9. Or la matrice de Hankel de g est donnée par

1 0 -1
0 -1 0
H=|-1 0 1

de rang 2, ce qui montre que (E,) est minimal dans la classe des bilinéaires
sans Iétre en général, et d'autre part que le rang de Hankel est supérieur ou égal
4 Ia dimension du systéme minimal. W

b) A temps discret

Le probiéme de la réalisation minimale & temps discret peut sénoncer
comme précédemment & condition de changer « équation différentielle » par
«équation récurrente » & savoir

Xt + 1) = f(x(e, u() x(0) = x,

lNLTD){ ¥(t) = h(x(1)) r=01,.

Lorsque f est bilinéaire, la réponse compléte est donnée par [42], [29].
Une réponse partielle a été donnée dans [43), pour le cas od I'on cherche f
polynomiale, utilisant des concepts de géométrie algébrique. Une réponse
plus compléte peut étre apportée lorsque I'on demande & f d'étre inversible
(voir [44]). Dans ce cas. on peut caractériser les fonctionnelles entrées-sorties
qui admettent une telle réalisation, et déterminer la dimension minimale
sous des hypothéses de régularité. Le systéme minimal peut alors étre construit
par un algorithme donnant les transitions du systéme (NLTD) analogue 4 celui
de la théorie des automates, et satisfait aux conditions d'accessibilité et d'obser-
vabilité (voir paragraphe suivant).

Notons que cette théorie suffit pour l'étude d'un systéme obtenu par discré-
tisation d'un systéme a temps continu, puisqu'alors la discrétisée exacte est
inversible.

VL. Description interne des systémes non linéaires. Approche géométrique

On a vu au paragraphe précédent que la réalisation minimale d’un systéme
non linéaire est caractérisée par des propriétés d'accessibilité et d’observabilite.
Le but premier de la description interne des systémes est donc de donner des
critéres facilement vérifiables d'accessibilité ilité, d' ilité
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etc... Comme on va le.voir. cette étude se fait naturellement. depuis Lobry [6].
dans le langage de la géométrie différentielle.

Avant de donner les définitions formelles et les principaux résultats. nous
allons tenter de motiver, sur un calcul élémentaire. 'emploi de notions telles
que «algebre de Lie». Une autre présentation élémentaire se trouve dans
Brockett [45].

a) Un calcul élémentaire

Considérons le systéme bilinéaire

X(t) = Fox(t) + Y. u'(t) F, x(t)
=N 1
x(0) = xo

On peut, par un changement de variables classiques. retirer le terme en F,

2(t) = e~ x(z). En dérivant, il vient

N
He) = Y u(e) (e Fo F, eF) z(t)
=1 2)
2(0) = x,
Si maintenant on veut avoir une idée des directions dans lesquelles le systéme
peut aller pendant une durée infinitésimale. il suffit d’écrire que
M
) = (1 + Y J‘u‘(sl(e”‘“ F, e'-»us) %o 3
Sl
et de combiner, dans (3), le développement de Taylor
2
e F, e = F, + slFo, F] + 5 [Fo, [Fo. FJ] + “@

o [F,G] = GF — FG est le « commutateur » ou « crochet de Lie» de F
et G (la formule (4) est un cas particulier de la célébre formule de Baker-
Campbell-Hausdorfl). Ainsi, en notant -

a-=fu-1s;ds p

~ @
J su(s)ds v = f7 wistds  ete...
o o o

on obtient
w0 = (: + 3 @ F, + BlFo ) + 7lFo,[Fo. Fl = v-)) © 6
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donc si I'ensemble des combinaisons linéaires des matrices F,. [F,. F,),
[Fo. [Fo, F,]], etc.... sont de rang n. il est clair que =(t), et donc x(t), va pouvoir.
avec des commandes bien choisies, se trouver n'importe ot dans un voisinage
de x,, pour t petit.

L'algébre de Lie engendrée par { Fo, F . ..., Fy ) etnotée : { Fo, Fy,....Fy} 0,
est par définition la plus petite algébre contenant toutes les combinaisons liné-
aires des crochets de Lie e Fo, F, ..., Fy. Son rang, noté rg{ Fo, Fy, ... Fy },0,
est la borne supérieure des rangs des éléments de cette algébre. On voit donc,
avec (5), que ce rang joue un role fondamental dans I'accessibilité et donc dans
la commandabilité¢ du systéme (1). Pour ce qui suit, le lecteur non introduit
au langage des « variétés différentiables » pourra, presque sans perte de
généralité, considérer qu'il s'agit de R” ou de surfaces réguliéres de dimension .

Enfin précisons que les techniques de géométrie différentielle sont diffi-
cilement généralisables aux systémes a temps discret. C'est pourquoi la com-
mandabilité et l'observabilité des systémes non linéaires 4 temps discret
contiennent encore de nombreuses questions ouvertes et un exposé sur ces
problémes sort du cadre de ce rapport (*).

b) Accessibilité. Commandabilité

Etant donné un systéme linéaire-analytique

x
o) = folx(0) + T w(e) fi(x()

(LA) =i

X(0) = x,

ou les u' sont choisis dans I'ensemble U des commandes admissibles (que I'on

précisera plus tard), et ou I'état x évolue sur une variété analytique X connexe

de dimension n. on introduit les définitions suivantes .

DEFINITION 1 . Un point x est dit accessible a partir de x, d I'instant T sil
existe une loi de commande mesurable u de [0, T] dans U. telle que la trajectoire
de (LA) engendrée par u et issue de x,, passe par x d I'instant T

Leensemble des états accessibles  linstant T depuis x, est noté Aixo, T)
(voir exemple I1.c)) et I'ensemble des états accessibles : A7 (xo) = U A(xo. T).

30

On dit que (LA) est commandable si A*(x) = X VxeX m

On rajoute le qualificatif local lorsque I'on remplace X par un voisinage
V < X, dont tous les points sont joints par des trajectoires restant :nuemncm
dans V. On note que la locale ¢ implique la

() L'auteur a prs tardivement connaissance des travaux de D. Normand-Cyrot sur ce sujet.
Le lecteur pourra consulter avec profit sa thése - « Théore et pratique des systémes non linéaires
en temps discret ». Unversité Paris-Sud, mars 83
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DEFINITION 2 : Lensemble des érats faiblement accessible & partir de x,
est Pensemble A(xo) = U A(xo, T) (contenant les états accessibles en temps

rétrograde), et on dit que (LA) est faiblement commandable si A(x) =
VxeX. =

Bien entendu un systéme est aussi
alors que le contraire n'est generalemem pas vrai. Une lmerature extrémement
existe sur les des états et faiblement

accessibles, et la commandabilité en général. Au lieu d'exposer les subtilités
des jeux d'hypothéses sous lesquelles A *(x,) ou A(x,) sont ouverts dans X
ou engendrent tout X, nous nous contenterons de renvoyer le lecteur aux
deux principaux auteurs Lobry [6] et Sussmann [46], ainsi qu'a la bibliographie
de 'article [6]. Nous insisterons par contre sur I'un des résultats les plus com-
plets di a Bonnard [10]. Il s'agit du cas od les commandes sont constantes
par morceaux  valeurs dans { — 1:0; + 1 } (le plus difficile !). Nous aurons
besoin des définitions suivantes :

DEFINITION 3 : Soit équation différentielle définie sur X
1) = folx(0)  x(0) = xo (6)

obtenue d partir de (LA) en faisant ' = 0 Vi = 1,... N.

Si Pon note X(t, x,) la solution d linstant t de (6), on dit que x, est Poisson-
stable si pour tout voisinage V. de x, et pour tout T > 0, il existe t > T tel que
X(t, xp)€ V.

En outre. le systéme (6) est dit Poisson-stable si I'ensemble des points Poisson-
stables est dense dans X. m

DEFINITION 4 : L'algébre de Lie engendrée par les champs de vecteurs
analytiques

{ Fo,

F, i F, 5 02
W)t R= Y g

les ; étant ceux qui apparaissent dans(LA) dans un systéme donné de coordonnées
locales, est la plus petite algébre de champs de vecreurs contenant toutes les

isons linéaires d des crochets de Lie obtenus d
partir de F ..., Fy, le crochet de Lie de deux champs de vecteurs

&2
F:,Z.ﬁa
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étant le champ de vecteurs défini par

(F.G) = GF - FG = _);(g'%—ﬂé : ™

Cette algébre est notée { Fo, Fi... Fy }oee

On définit son rang au point x & X. noté : 1g { Fo, Fy. ... Fy }, (x). comme
la dimension de I'espace vectoriel engendré par les vecteurs de { Fo. ... Fy )4
évalués au point x. W

Cette définition généralise clairement celle qui a été donnée en (B. VL. a))
pour des matrices.
On aalors le résultat [10]

TuEOREME | : Si F, est tel que le systéme (6) est Poisson-stable. alors
T8 { oy Fy Ju () = 1 ¥x& X. st une condition nicessaire et suffsante
de é de (LA) avec des tantes par morceaux prenant
les valeurs

wi)e{ - 1:0:+1} Vi=1,..N Y>>0 =
Exemple 1 . Reprenons I'exemple de A. L 1. a une entrée scalaire

X =a, X, %3 + bu
=ayxyx, +byu ®)

=3 X X,

onaia X = R> ue{ = 1;0: + 1},ay # Oeta, b} # a, b,
é g <

Folxys X2 %3) = 0, X3 X 3= + 0 X5 Xy g + 03 X Xy e

ay X3 X3
Sol) = ("z X3 X\)

ayx, x;

o by
by=—. filx) =| b
"" zaxz- 1 01

Fy(xy.x5.%3) = by

On peut montrer que. si I'on fait u = 0. le systéme est Poisson-stable.
Montrons que rg { Fo, F };,(x) =3 VxeR?®
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Pour cela calculons

7 a é
Fa = Fo Fil = by x5 + 6 by %y 2+ by 52 + by %) 2

a
Fy = [IFo FiLF,] = 20y by b 5

F)
Fo=[Fs Pl = 20,03 by b + 20y, b by o

X,

En un point x = ( q) € R, F,, Fy et F, ont pour coefficients f3, f; et f, res-
x

3
pectivement, définis par

a, by x3 0
fax) =( a3 by Xy ) ) =( 0 )
ag(by x; + by x;)

2a,b, b,
2a, ay by b}
Salx) = (Z ay a3 b1 b,
0
Enfin, on remarque que f,, f; et f, engendrent R* puisque

rg\bz 0 2aya5b7 b,
\0  2a,b,b, 0

(& 0 zu,a,b,bg)

=3 saufsi a,=0 ou ab! =a, b

ce qui est exclu par hypothése.

Donc (8) est commandable sur R>  m

Exemple 2 : Le systéme linéaire % = Fx + Gu est commandable sur R"
avec ue{ — 1:0: + 1} scalaire si et seulement si:
(i) Re MF) = 0

(spectre imaginaire pur)
(ii) rg { G, FG....,F""' G} = n_(critére de Kalman).
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En effet, Re A(F) = 0 assure la Poisson-stabilité. D'autre part rg { F. G },
se calcule facilement en faisant

. P .
Folx) = w};‘ Fy, x’B_x, et Fix)= “Z‘ G,

8

;== (le coefficient est donc FG)
ox;

tFuFl= 3 FyG

[FolFo Fll= S FyFa G.% (I coefficient est donc F? G)

k=1

etc... on vérifie enfin que le n — l-iéme crochet [Fo, [Fo, . [Fou Fy]l ..
a pour coefficient F"~' G donc rg{F, G}, =n Vxe R"équivaut a (i,

On peut montrer (Brockett [45]), lorsque u peut prendre des valeurs arbi-
traires, que la condition (i) seule (critére de Kalman), équivaut 4 la comman-
dabilité, ce qui est cohérent par rapport 4 la théorie linéaire | @

<) Observabilité

(Pour tout ce paragraphe, le lecteur peut se référer 4 Isidori [47])

DEFINTION 5 : Un état xe X est dit observable pour le systéme linéaire-
analytique

5
o) = o) + 3 WO f0) x(0) = %
y = h(x(z))

(L4)

Si pour tout X' € X, X' # x, il existe t > 0 et une entrée u admissible tels que
HX,(t. x)) # h(X,(t, X), 0t X,(t. X,) est la solution de (LA) pour Pentrée u et la
condition initiale x,. Le systéme (LA) est dit observable si tout état de X est
observable. W

On note que, dans ce cas, la série génératrice correspondant a lentrée u et d la
condition initiale x ne peut étre égale 4 celle correspondant & u et & X’ (voir
29)).

Ici encore, on rajoute le qualificatif local lorsqu'on remplace X par un voi-
sinage ouvert.

DEFINITION 6 : x et x'€ X sont dits faiblement distinguables si pour toute
fonction continue o de [0, 1] dans X avec o(0) = x et o(1) = x'. il existe au
moins un s (0. 1] tel que o\s) et x soient distinguables, ¢ est-d-dire. avec les
notations précédentes, 3t > 0 et u admissible tels que

A(X,(t. X)) # h(X,(t. o(s))
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x est dit faiblement observable s'il est faiblement distinguable de tout x' € X.
et le systéme (LA) est faiblement observable si tout état x € X est faiblement
observable. m

On a les implications

observabilité locale = observabilité faible

mais il 'y a pas de relation simple entre obscrvabilité et observabilité locale.
Le résultat fondamental suivant est di 4 Hermann et Krener [39]

THEOREME 2 : Soit ["la famille de fonctions donnée par

[ ={FFyh Y20 Vg .jo=1..N}

M (xw=0 wyerl } Alors si

ox

et notons : ker (dT) (x) = {ve R

ker (dT') (x) = {0}
x est localement observable. Inversement, si (LA) est localement observable. alors
Ker (dT') (x) = { 0 } pour presque tout x€ X. m
[ %=Fx+Gu _
Exemple 1 Pour un systéme lindaire, § |~ la condition
ker (dT') = {0} redonne la condition classique :

H
HF
g =
HF™1
En effet, par définition. T est engendré par { H, HF, HF? ..}. m
Exemple 2 : Le systéme
=Xy %
n'est pa rvable : en effet [ est ¢ par la fonctiony=x, x,

seule et donc le systéme est inobservable lorsque x, x, = constante. puisque
ker @) = { (v, v3) [ X, 0, + X, v, = 0} # {0}. Pour faire le lien avec le
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paragraphe sur la réalisation. 1l est clair que l'on peut trouver un systéme
équivalent de dimension |

=1+ 2ux

o

obtenu par le changement de variable x = x, x;.

VIL Rejet de perturbations. Commande non itéractive. Linéarisation par
bouclage
C'est. pour I'heure, dans cette partie que les méthodes par descriptions
interne et externe réalisent le mariage le plus harmonieux.

a) Rejet de perturbations par bouclage. Commande non iteractive
Considérons le systéme linéai q

~ u
X(0)-= folx(0) + ¥ W) fi(x(@) + Y w(0) gi(x(r)) W
& &

¥(t) = hix.1)

ou les w' sont des perturbations non connues (le terme « non mesurable »

est souvent employé ici de maniére malheureuse : il veut dire ici « que Ion ne

peut »etil nest ion de théorie des fonct .
Le probléme consiste & trouver une loi de bouclage statique :

5
Wix) = 2'(x) + 3. Bie) o! )
A

telle que la sortie y soit indépendante des w'

Les o/ seront alors les nouvelles commandes du systéme bouclé, et «, B; sont
supposés analytiques Vi, j.

Les conditions nécessaires et suffisantes de rejet de perturbations par bou-
clage ont &é obtenues par Isidori-Krener-Gori-Giorgi-Monaco (48] par la
méthode gé i ion interne) générali les (A4, B) invariants
de Kalman développés ensuite par Wonham [49): et par Claude [50] d'autre
part. par des méthods T'approche
par variable d’état et donnant des algorithmes algébriques de calcul des lois
de bouclage.

Sans entrer dans le détail de ces résultats dont on trouve un exposé complet
dans 0], il apparait que la notion de « nombres caractéristiques » joue un rdle
clé dans cette théorie. Il s'agit schémati du nombre d'inté
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quiil faut réaliser dans le systéme (1) pour que I'une des entrées apparaisse
dans la k-iéme sortie. On peut montrer [51] que ces nombres sont reliés au
systéme (1) par les propriétés de son graphe. ce qui permet d’écrire un algorithme
plus rapide. A peu e choses prés, ces conclusions valent aussi pour le probléme
de la commande non interactive ot 'on fait w' =0 Vi = 1,... M dans (1),
et ot I'on suppose que la dimension de la sortie y est égale a N.

Le probléme est alors de trouver des lois de bouclage du type (2) telles que
la i-iéme entrée n'influence que la i-iéme sortie. Remarquons que dans de nom-
breux cas pratiques le probléme linéarisé n'est pas découplable alors que le
modéle non linéaire I'est (voir [52]).

b) Linéarisation par bouclage
Ici encore, on se donne un systéme linéaire-analytique

50 = 5lst0) + 3 wiofixe)

3
yit) = h(x)
et on cherche des lois de bouclage :
, 5
wix) = a'(x) + ¥ Bjv/, i=1 @)
<
qui rendent le systéme bouclé linéaire et commandable c'est-a-dire
= Ax + Bo )

Dans (4}, on suppose que /() = Ot = (B)) est inversible en 0. La solution
de ce probléme (proposé par Brockett (53]) a été donnée par Jakubczyk et
Respondek [54], Hunt et Su 55, Isidori et Krener [56]. Le fait interessant est que
les conditions d’existence d’un tel bouclage, lorsque le nombre d'entrées est au
moins égal au nombre de sorties, sont « presque toujours » vérifiées ! Il s'agit
13 d’'un moyen (pour I'nstant le seul) d'étudier la stabilisabilité et la stabilité d'un
systéme non linéaire. Pour plus de détails, le lecteur peut se référer & [S7).

VIIL Stabilité. Stabilisabilité
A part cette derniére idée, la stabilité des systémes non linéaires en est a ses
balbutiements. le probléme principal venant de la difficulté de passer du local

au global. On trouvera un exposé relativement technique dans Gauthier et
Bornard [58], généralisant les techniques de fonctions de Lyapunov.
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IX. Identification

1l existe deux techniques didentification non linéaire  la premiére (9],
consiste a calculer les noyaux de la série de Volterra a partir des signaux du
systéme. Cette méthode nécessite une énorme quantité de mesures et savére
trés instable dans la pratique. La seconde consiste & construire. & partir de
modéles linéaires obtenus en différents points de fonctionnement. un modéle
global non linéaire dont les linéarisées aux points de foncti sidéré
redonnent le plus fidélement possible les modéles linéaires de départ. Cette
technique s'avére beaucoup plus fiable. On trouvera des détails et des exemples
d'application dans Normand-Cyrot [18].

C. ECHELLES DE TEMPS MULTIPLES. AGGREGATION. COHERENCE

L'idée qui sous-tend cette approche (Peponides-Kokotovic-Chow [23])
est que si. dans un systéme différentiel, certaines variables sont « faiblement
couplées ». leur influence se fait sentir sur le long terme et, a court terme, il
suffit de résoudre un systéme de dimension plus petite. On dit alors qu'on
aggrége le systéme par échelles de temps. Si les couplages des sous-systémes
obtenus gardent au cours du temps le « méme comportement » que le compor-
tement asymptotique, on dit qu'il y a cohérence.

Formellement, considérons le systéme

%xmx,.:wwx.m i=1l..LyeR" 1

ou

€ est un petit paramétre, et £g,(x. £) représente le couplage faible entre x, et le
vecteur d'état complet x.

On suppose alors que

(i) fi(x. 0) = 0 définit une variété A, de dimension v, < n, appelée variété
asymprotique. On suppose qu'elle est définie par n, — v, équations

g = v,
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I admet une variété intégrale B,

(ii) I'équation dx, dt = f(x,. 0. i

de dimension n, — v, donnée par B, = ' x,| o,(x(%) = o,(x(0) ' avec
2\
re | 7 |=n vx (cohérence)
‘o,
=3

Doncaussi. il existe une application différentiable 1 telle que

x =1l sioy = oilx) 2)
Alors. si I'on fait le changement de variables dans (1)
yi = oilx) ofx) 1 3)
on obtient, au premier ordre en &
dy, _ o, i,
& Bt (Feutsez + 210 & £
“
o452 20 20) (it 200 8) + gy 1)
dt — ox;
2 Gy, zp8) + eH(y. 2 8)
soit
dy,
& = Flv.ze)
(5)
s% = Gly.z,8) +eH(y,z¢) i

Les variables y, s'interprétent donc comme des modes lents et les variables =,
comme des modes rapides. Heuristiquement. le systéme peut alors étre approxi-
mé par un équivalent long terme , et un équivalent court terme =,

= F(7.0.0)

k3

=Gy

On a donc aggrégé (1) en 2 sous-systémes lents-rapides.
Naturellement. les hypothéses faites sont trés fortes, mais le point de vue
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local suffirait en fait & définir une aggrégation locale. Remarquons qu'en (6),
3 est paramétré par y,.

On trouvera dans Peponides et al. [23] et dans Cohen [24] des exemples
dapplication et une discussion dans différents cas de figures de Iimportance
des concepts respectifs d’aggrégation et cohérence. Notons enfin que si (1)
comportait des entrées, celles-ci pourraient détruire la séparation en variables
lentes et rapides par des bouclages qui ne respectent pas cette structure. Pour
déterminer les bons bouclages, on peut alors utiliser les techniques de com-
‘mande non interactive et de rejet de perturbations.

Exemple(24] : On considére le réseau de distribution d’eau formé de 3 noeuds
comportant chacun un réservoir et une pompe. Les équations des niveaux
d’eau x, en chaque noeud sont données par

. X X, N
S5 =K~ T | = s —x) = i=123 (@
% v

ol S, est la section du réservoir i, K est la caractéristique de la pompe au nceud i,
¢, est la consommation en ce noeud, et R;, la résistance de la canalisation de i
aj.
Supposons alors que R,y = R,y = R et que R, = €* R (¢ petit), avec
Sy, S, et S, du méme ordre de grandeur.

On vérifie alors que I'on a *

BN

1 S,
e sgn (x; = X;),f;(x1, %3, 8) = S—'Zf,(nvxz. €)

Silx3,8) =0 Ve,
et

a9 =g (xm Sy L ey x,)) i=12,
o) =L (Ko = ey + = Z i~ xy +
g%, = - Katm) = 63 sk - X

+ ka’lssn(xz‘x,)), ve

La variété asymptotique est donc x, — x, = Oet:

S % + 5, x;
c,\x,,xz)=%$:_l

Sy
Oalx3) = x5
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L'hypothése de rang est trivialement vérifiée et on déduit le systéme asympto-
tiqueen posant : x = x, = X,

5, + 5% = (K04 Katr) =€, +C)-2

d:
8,2 = Kylxs)=cs +2

qui est de dimension 2.

L'interprétation de (8) est évidente : on aggrége les noeuds 1 et 2 en les rem-
plagant par un seul noeud oi la pompe est la somme des pompes, ot la consom-
mation est la somme des consommations et ou la résistance de la canalisation
au noeud 3 est R/4. ®

CONCLUSION
En guise de que T'aché de la théorie des
systémes linéaires a été réalisé en grande partie grice au formalisme de la
optimale li En effet, clest dans ce formalisme

simple qu'ont pu étre réglés les problémes de stabilité des systémes bouclés,
du placement de poles pour le contréleur-observateur, etc...

Or la commande optimale non linéaire est encore loin de pouvoir donner
des réponses aussi précises. Le probléme de fond est que Poptimalité, comme
les propriétés en général des systémes non linéaires, ne se caractérise facilement
que localement alors que C'est du comportement global dont on a besoin pour
T'étude de la stabilité. On voit donc I'importance de développer les recherches
en commande optimale. Nous allons passer en revue trés briévement les
développements récents en ce domaine, 4 la lumiére de la théorie non linéaire.

Tout d’abord, la théorie non linéaire déterministe a permis d’obtenir des
résultats trés fins sur les extrémales singuliéres et le principe du minimum
dordre élevé [10). En ique, ce sont les dé
récents sur le filtrage non linéaire de dimension finie qui permettent d'espérer
des résultats plus calculatoires. D'autres travaux cherchent a dégager des
classes de problémes plus vastes que le linéaire-quadratique, mais suffisam-
ment simples pour avoir des notions globales sur la solution : ainsi [60] pré-
conisent les problémes linéaires a coiit exponentiel ; dans [61], on remarque
que la solution compléte est donnée lorsque I'on peut avoir une équation

ifférentielle donnant di la et on donne des classes de
problémes ou I'élimination de I'état et de I'état adjoint sont possibles. Cepen-
dant, d’autres travaux tendent 2 montrer qu'il faut s¢loigner du linéaire-
quadratique puisqu'en changeant « légérement » les hypothéses, peuvent
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apparaitre des non-linéarités uniquement dues & I'optimisation  le meilleur
exemple dit 4 Wi [62) est liné g la seule
différence avec le cadre classique étant le manque de mémoire. C'est ce manque
de mémoire qui oblige  faire un compromis entre une commande peu coi-
teuse et une commande qui revele suffisamment les actions passées pour
T'oubli, d’oi la non-li éde la optimale par rapport
4 l'observation (alors quavec une mémoire parfaite, la commande est affine
en T'observation). On trouvera la solution théorique générale des problémes
4 « information non classique » dans [63], [64].
Cependant, tous ces développements ménent généralement a des calculs
qui sont encore trés loin des prérsquis du temps réel. Ainsi I'approche par

cherche i 4 éviter des calculs compliqués
pour obtenir une grande précision, et 4 remplacer les objectifs doptimalité
par une P lité qui respecte un donné.

Ces méthodes prolongent la théorie linéaire et peuvent étre appliquées a des
systémes non linéaires qui varient « assez » lentement (voir [65]).

Citons pour terminer les méthodes qui utilisent des développements par
rapport 4 un petit paramétre pour diminuer la Oompll:xlle des calr:uls dans la

lignée du C [66], et les techniques de

tion [67).
1 est bien entendu hors de propos de donner un apergu comple des déve-
tuels di et &t ici en insistant

de nouveau sur l'lmponanoc de progresser aussi dans cette théorie pour
pouvoir enfin parachever la stabilité non linéaire, etc...
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COMMENTAIRE DU RAPPORTEUR ‘

L'article de J. Levine a le grand mérite de faire précéder I'exposé des résultats « théo-
riques ». d'exemples simples ct convaincants qui montrent pourquot il ne suffit pas de
linéariser pour aborder 'analyse et la régulation de certans systémes linéa

Ceci mdique quelles sont les limites des approches, extrémement efficaces dans
dautres cas. du type « commande adaptative ».

1l me semble maintenant évident qu'une bonne maitnse des deux domaines est
devenue nécessaire pour aborder les problémes trés non linéares. Il est non moins
évident que des progrés importants restent 4 faire pour simplifier et approfondir notre
compréhension de ces différents modéles non linéaires.
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